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Abstract: We propose the design of all-dielectric isotropic micro- or nanoparticles which,
when used as structural elements of a metamaterial, can simultaneously provide negative
effective electric permittivity and negative magnetic permeability. The particles comprise
three dielectric layers with specially adjusted parameters, which ensure simultaneous
excitation of the electric and magnetic Mie dipole modes. The layer parameters were found
by the Mie scattering analysis and then verified by the simulations, which confirmed the
double-negative behavior of the metamaterial at up to visible light frequencies. The isotropy
of such particles suggests the possibility of using them in a double-negative liquid
metamaterial.

1. Introduction

In recent years, metamaterial studies have become a distinct branch of modern
electrodynamics. Metamaterials are artificial media with specially designed structural sub-
wavelength elements, called meta-atoms, which allow obtaining macroscopic electromagnetic
properties unattainable in natural materials. Since the theoretical predictions [1-3] and the
first experimental observations [4,5], many different metamaterials have been developed,
such as linear and nonlinear double-negative metamaterials (DNMs) for the wavelength range
from microwaves to visible light [6-12], hyperbolic materials [13-15], near-zero-index
metamaterials [16,17], and liquid metamaterials [18-20], among others. Another particularity
of metamaterials is their extremely high potential tunability, which can be achieved, for
example, by immersing them in a nematic liquid crystal, allowing the use of various
strategies, including those based on temperature, the application of external voltages or
magnetic fields, and all-optical methods that make use of the highly nonlinear responses of
materials [21-23]. Their unique properties have motivated applications such as invisibility
cloaking [24,25], superlensing [26,27], transformation optics [28,29], phase and polarization
manipulation [30,31], and enhancement of chirality and optical activity [32,33].

In general, DNMs, i.e., metamaterials with simultaneously negative permittivity and negative
permeability, are based on metallic components [34-38]. For instance, in microwave DNMs,
split-ring resonators are generally used, while in optical or infrared (IR) DNMs, fishnet
structures are common. The main limitation in the use of metallic constituents is the
unavoidable occurrence of Ohmic damping, which results in strong absorption at higher
frequencies. In addition, as the plasmon resonance frequency is approached, the magnetic
response weakens, further limiting the use of metal-based DNMs at high frequencies [39]. To
overcome these issues, high-index dielectric particles have been suggested as building blocks
of metamaterials [40]. Indeed, as Mie has shown [41], such particles may have both electric
and magnetic resonant responses, which were analyzed in [42,43]. However, in homogeneous
spherical particles, these resonances appear at different frequencies. To match both magnetic
and electric responses at the same frequency, several methods have been proposed, such as
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metallic coatings for an additional plasmonic response [44-46], non-spherical particles [47],
sub-lattices of particles of different sizes [48], and dielectric-coated metal particles with
perfect conductor-like response [49]. Moreover, all-dielectric core-shell particles were
suggested for double-negative response at microwave frequencies [50]. However, the design
proposed in [50] relies on the exceptionally high values of the refractive index, which are not
available in the higher-frequency regions.

In this paper, we propose theoretical studies of an all-dielectric meta-atom design for a DNM,
which may provide low loss and high scalability. By using three-layer radially
inhomogeneous dielectric spherical structures, one may achieve a simultaneous excitation of
electric and magnetic dipole Mie resonances at up to visible light frequencies. As a result, an
array of such particles at a sufficient concentration shall simultaneously have negative
effective permittivity and negative permeability, i.e., shall behave as a DNM. Moreover, due
to isotropy, an ensemble of the proposed meta-atoms does not need any special arrangement
[51] to provide a double-negative response. Thus, as a particular realization, such particles
can be suspended in a fluid, forming a liquid DNM, which presents even more possibilities
for controlling electromagnetic waves.

2. Dielectric spherical particles: electric and magnetic responses

The original Mie theory describes the scattering of a plane electromagnetic wave over a
spherical homogeneous dielectric particle. It predicts the existence of both magnetic and
electric dipole resonances in such a particle. However, these resonances are always separated.
Namely, the fundamental magnetic dipole resonance has a lower frequency than the
fundamental electric resonance. Therefore, to control the relative positions of the resonances,
structures that are more complex have to be considered.

The Mie theory can be generalized for the case of a layered dielectric spherical particle
with different permittivity values assigned to each layer [52,53]. The analytical solution is
obtained by expanding the fields in vector spherical harmonics, and the scattered field is
entirely characterized by the scattering coefficients a,, and b,,, which represent electric and
magnetic 2™-pole mode amplitudes, respectively. In a sphere, each layer can be characterized
by its relative refractive index m; = n;/n;, and the dimensionless size parameter x; =
21,1 /A = nyrik,. Here, n; and n, are the refractive indices of the i™ layer and the
surrounding medium (host medium), respectively; r; is the radius of the i™ layer; A is the free-
space incident radiation wavelength; and k, = w/c is the free-space wavenumber, in which
w is the radiation frequency and c is the speed of light. Thus, for an L-layer sphere, the
scattering coefficients can be expressed as:
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where ,(z) = zj,(z) and (,(2) = zh,(ll)(z) are the Riccati-Bessel functions expressed
through the spherical Bessel functions j,,(z) and h;l)(z). H2 and HE can be found using the
following recursive expressions [53]:
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where i = 2..L and the prime represents a derivative with respect to the argument. The
layered structure of a particle is accounted for by the recursive expressions (2). Namely, all
information about the internal structure of the particle is contained in the coefficients H¢ and
H?, which are calculated layer-by-layer from the center to the surface of the particle. When
the particle is small compared to the wavelength, only the dipole terms can be taken into
account, while the higher-order multipole terms can be neglected. As the scattered electric
and magnetic dipole fields are proportional to a; and b,, respectively, the corresponding
polarizabilities a, and «,, can be calculated as follows [54]:
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To estimate the macroscopic electromagnetic behavior of a composite based on such particles
distributed in a host medium, the Maxwell Garnett (MG) effective medium approximation
can be applied [55]. In this context, the relative material parameters of the composite can be
calculated as:
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where f = VN, is the filling fraction of the composite; V = 4nr;?/3 is the particle volume
and N, is the concentration of particles. Expressions (4) and (5) imply resonant behaviors of
electric permittivity and magnetic permeability. Thus, at sufficiently high values of the filling
fraction, either of the two indices can become negative. At the same time, the resonance
frequencies of €, and p.rr depend on the specific composition of the particles and are
defined by dipole scattering coefficients a, and b,. For instance, as is well known in a
homogeneous particle (L = 1), the fundamental magnetic resonance has a frequency
essentially lower than that of the fundamental electric one. However, by varying the design of
a layered particle, it is possible to change the relative positions of the magnetic and electric
resonances. Hence, expressions (4) and (5) may be used to detect combinations of parameters
that would simultaneously provide negative electric permittivity and negative magnetic
permeability.



To manipulate the relative positions of electric and magnetic resonances, we considered
three-layer particles (L = 3) with different refraction coefficients assigned to each layer. The
detailed design of this structure is shown in Fig. 1. We examined two frequency ranges,
terahertz (THz) and visible light, to demonstrate the scalability of the system. Within the
considered frequency ranges, we neglected the frequency dispersion of the layer materials and
assumed the refraction indices constant. For each frequency range, we set the core radius ry
and the refraction index m, and varied the layer thicknesses h, and h, as well as the layer
refractive indices m, and mg; 1, =1, + hyandr; =1, =1, + hy + h,.

Np
n3
ny

Fig. 1. Structure of a dielectric three-layer particle. The radii of the layersare ry, r, =1, + hy,andr; =, + hy +
h,. The refractive indices of the layers are n,, n,, and n;. The particle is surrounded by a host medium of refractive
index n,.

First, we optimized the particle design for the THz frequency range. In THz, materials with
extremely high permittivity exist. For example, processed SrTiOs; with a relative permittivity
as high as ~340 at 0.3 - 0.9 THz has been reported [56]. Nevertheless, we set the maximum
relative permittivity to €,,,, = 100, which corresponds to a refractive index of n,,, =
Emax = 10. The relative permittivity of the host medium was set to 1. The results of the
optimization are shown in Fig. 2. To estimate the left-handed performance of a material, we
used the value of ¥, which represents a measure of the overlap of the negative real parts of
effective electric permittivity and magnetic permeability and can be calculated as follows:
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where e(w) and u(w) are the effective permittivity and permeability calculated using the MG
approximation and w is the frequency. It can be seen that the function ¥ is non-zero only
when there is a frequency region with simultaneously negative permittivity and permeability.
In addition, the larger this region is, the larger this function becomes. To illustrate this, let us

consider first the function ¥ (w) = Re <\/Ree(w),/Reu(oo)), Eq. (7). Clearly, Y (w) is

positive when Ree(w) and Repu(w) are both positive, negative when Ree(w) and Rep(w) are
both negative, and zero when Ree(w) and Reu(w) have different signs. Then, the function ¥,
Eg. (6), which integrates the negative values of yi(w) over all the frequencies, thus represents
some measure of the frequency region of simultaneously negative permittivity and
permeability. Although the function ¥ does not have a well-defined physical meaning, it
gives an idea of whether or not the frequency region of double-negative behavior exists.
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Fig. 2. Optimization of the particle design for negative refraction in the THz band. The color scale represents ¥
(Egs. (6,7)); x and y axes correspond to the layer thicknesses h; and h,. The core radius was set to 20 um; the core
relative permittivity was set to 10. The layer relative permittivity values were varied from 1 to 10; the relative
permittivity of the host medium was set to 1; the filling fraction was 0.52. The blue crosses represent two sets of
particle parameter used for the simulations.

Second, we repeated the procedure for the visible frequency range. The main difference
compared to THz is that in the optical frequency range, the maximum value of material
permittivity is significantly lower. Namely, silicon has a relative permittivity value of ~11,
germanium has relative permittivity of ~16, and the relative permittivity of tellurium is as
high as ~25. Therefore, in our calculations, the maximum refractive index was limited to 5,
which correspond to Te. The results of the optimization are presented in Fig. 3. Compared to
the THz range, in the visible we could not simultaneously find negative permittivity and
negative permeability for filling fractions lower than ~0.68.
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Fig. 3. Same as Fig. 2, but for the visible light band, using the following parameters. The core radius was set to 30
nm; the core relative permittivity was set to 5. The layer relative permittivity values were varied from 1 to 5; the
relative permittivity of the host medium was set to 1; the filling fraction was 0.685. The blue crosses represent two
sets of particle parameters used for the simulations.

Figures 2 and 3 show that the proposed particle design offers some flexibility with respect to
variations in particle parameters. Namely, the parameters corresponding to the double-
negative behavior on the parametric planes in Figs. 2 and 3 form a continuous set. Therefore,
a small deviation from a chosen point does not cause the double-negative behavior to break,
as long as the new parameters are always located in the areas highlighted in Figs. 2 and 3.

It should be noted that, strictly speaking, the validity conditions of the MG approximation are
violated for the sets of parameter representing the optimal designs. Indeed, in these cases, the
particles cannot be treated as point dipoles and the filling fractions reach values near those of



a close-packing structure, which is unacceptable for a thorough treatment within the limits of
the MG approximation. However, the obtained results may be considered as possible designs,
which should be subject to additional verification. In the next section, we present the results
of full-wave simulation of the proposed material to support the analytical considerations. The
experimental verification, however, is well beyond the scope of the present theoretical study,
which should be seen as preliminary work intended to encourage future experimental work.

3. Simulation results and discussion

In accordance with the above reasoning, several specific particle designs were chosen as
illustrative examples. Again, we considered particles for THz and visible-light applications.
The simulations were performed using COMSOL Multiphysics. The effective material
parameters were calculated with the field-averaging method [57].

First, we examined the THz-optimized designs. Figure 4 shows the simulated effective
relative electric permittivity and magnetic permeability, as well as the effective refractive
index, of a medium composed of layered dielectric particles as a function of frequency. The
parameters of the particles were set as follows: (a,c) r, = 20.0 um; h; = 3.28 um; h, =
18.5 um; m; = 10 + 0.01i; m, = 1.5 + 0.01i; my = 6 + 0.01i and (b,d) r, = 20.0 um;
h,; =16.0 um; h, = 4.5 um; m; =10+ 0.01i; m, =3 + 0.01i; m3 = 10 + 0.01i. The
figure of merit (FOM), i.e., the ratio of the real negative part of the refractive index to its
imaginary part, was found to be as high as ~3.16. The refractive index of the host medium
was set to 1, and the filling fraction was ~0.30. In Fig. 4, it is clearly seen that there are
regions of simultaneously and markedly negative material indices. This indicates that in these
regions, such materials must exhibit negative refraction.
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Fig. 4. Relative electric permittivity and magnetic permeability (a,b) and effective refractive index (c,d) of a medium
composed of three-layer dielectric particles in the THz frequency band. In (a) and (b), the thick blue lines represent
real (solid) and imaginary (dashed) parts of complex electric permittivity, e, = €', + i€”f; the thin brown lines
represent real (solid) and imaginary (dashed) parts of complex magnetic permeability, perr = Weps + i efp. In (C)
and (d), the red lines represent the real part of the refractive index, and the blue line represents the imaginary part of
the refractive index. The shaded area represents the frequency range where the real parts of both the effective
permittivity and permeability, as well as the refractive index, are negative. The parameters of the particle were as
follows: (a,c) r, =20.0 um; hy = 3.28 pm; h, = 18.5 um; m; = 10 + 0.01i; m, = 1.5+ 0.01i; m3 = 6 + 0.01i



and (b,d) r, =20.0 um; h; = 16.0 um; h, = 4.5 pm; my; = 10 4+ 0.01i; m, = 3 + 0.01i; m3 = 10 + 0.01i. The
refractive index of the host material was set to 1; the filling fraction was ~0.30.

Figure 5 shows the effective relative electric permittivity, magnetic permeability and
refractive index of a medium composed of two different particle designs optimized for the
visible-light frequency band. The parameters of the particles were set as follows: (a,c)
r, = 30.0 nm; h; = 6.5nm; h, = 25.5nm; my =5+ 0.1i; m, = 4.5+ 0.1i; my; = 3.8 +
0.1i and (b,d) , =30 nm; h; =21 nm; h, =3 nm; my =5+ 0.1i; m, = 3.5+ 0.1i;
m3 = 54 0.1i. The FOM was found to be as high as ~3.14. The refractive index of the host
medium was set to 1; the filling fraction was ~0.39. According to refractive index databases,
the desired properties of the materials discussed here might be obtained from particles with,
for instance, a tellurium core and outer shells made of different metallic tellurides. Again, in
both cases, there are distinct regions of simultaneously negative permittivity and negative
permeability. It should be noted that the filling fraction in the simulation was significantly
lower than the fraction expected to be necessary for the double-negative response by the MG
approximation.
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Fig. 5. Same as Fig. 4 but for the visible-light frequency band, using the following particle parameters: (a,c) r; =
30.0 nm; h; = 6.5 nm; h, = 25.5 nm; m; =5+ 0.1i; m, = 4.5+ 0.1i; my = 3.8+ 0.1 and (b,d) r, = 30 nm;
hy =21nm; h, =3 nm; my; =5+ 0.1i; m, = 3.5+ 0.1i; my = 5 + 0.1i. The refractive index of the host material
was set to 1; the filling fraction was ~0.39.

As the proposed metamaterial uses resonance effects, there is an intrinsic amplification of the
losses at the resonance, which corresponds to the peak of the imaginary part of the effective
refractive index. It is evident that such a loss amplification reduces the metamaterial
performance and may compromise the advantages over metallic metamaterials. As mentioned
above, the FOM of the proposed metamaterial is approximately 3.15 in both the THz and
visible ranges. For comparison, the following values of FOM are given in the literature: 0.6 at
3.65 THz [45]; 10.9 at 1 THz [35]; 23 at 1.3 THz [37]; 5 at 1 THz [38] in the THz range and
0.2 at 775 THz [46]; 0.3 at 176 THz [34]; 0.3 at 517 THz [36] in the visible range. Therefore,
it is clear that the use of the proposed metamaterial is reasonable in the higher-frequency
ranges, e.g. in the visible range.

In order to analyze the influence of changes in particle parameter on the metamaterial
performance, several simulations with various parameters were carried out. Figure 6 shows



the frequency dependencies of the effective permittivity and permeability for three sets of
parameters in the THz and visible bands. It can be seen that slight deviations of the meta-
atom parameters do not jeopardize the double-negative behavior.
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Fig. 6. Influence of changes in the particle parameters on the double-negative behavior of the metamaterial in THz
(a,b,c) and visible (d,e,f) ranges. The area of simultaneously negative effective permittivity and permeability is
highlighted in gray. The parameters of particles are as follows: (a) r; = 20.0 um; h; = 3.1 um; h, = 18.8 um;
my; =10+ 0.01i; m, = 1.4 4+ 0.01i; m3 = 6.5+ 0.01i; (b) r; = 20.0 um; hy = 3.5 um; h, =19.0 um; m, =
10 4+ 0.01i; m, = 1.840.01i; my = 6.2+ 0.01i; (c) 1, = 20.0 um; h; = 3.0 pm; h, = 20.5 pm; m; =10 +
0.01i; my =2+ 0.01i; my = 5.5+ 0.01i; (d) r, =30.0 nm; h; = 7.5 nm; h, = 22.5 nm; m; =5+ 0.1i; m, =
45+ 0.1i; my =3.840.1i; () r, =30.0 nm; hy = 8.5 nm; h, =20.0 nm; my =5+ 0.1i; m, = 4.7+ 0.1i;
my = 4.0+ 0.1i; (f) , =30.0 nm; h, = 8.5 nm; h, = 18.5 nm; my =5+ 0.1i; m, = 4.8 + 0.1i; my = 4.5+ 0.1i.
The refractive index of the host material was set to 1; the filling fraction was ~0.30 for THz and ~0.39 for visible
range.

As mentioned above, the effective permittivity and permeability of the material were
calculated using the field-averaging technique [55]. The most common method for extracting
the effective material parameters is based on the analysis of the scattering parameters. The
comparison of the S-parameters calculated with the effective permittivity and permeability
with those obtained by direct simulation is shown in Fig. 7. The S-parameters were calculated
for the transmission of an electromagnetic wave through a slab made of three layers of
particles. It can be seen that, even for such a thin slab, the homogenized effective parameters
produce a fairly good agreement.
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Fig. 7. Comparison of transmission (red) and reflection (blue) coefficients for the effective parameters of the slab of
metamaterial (full line) and direct simulations (dotted line) in the THz (a) and visible (b) frequency ranges.



The visualization of transmission through a slab of the proposed metamaterial demonstrating
the evident left-handed behavior are available in the Supplementary Information.

The above results indicate that both negative permittivity and negative permeability can be
simultaneously achieved by the special design of all-dielectric meta-atoms. The particular
property of the proposed design is its isotropy, which allows macroscopic metamaterials to be
produced in bulk without any special spatial arrangement. For instance, the proposed meta-
atoms might be suspended in a low-refractive index liquid (e.g, water with refractive index of
1.33 at visible band or transformer oil with refractive index of ~1.5 at THz), which would still
provide negative refraction as far as the filling fraction is sufficient. Alternatively, such a
material might be immersed in a liquid crystal, which could offer infinite possibilities of
additional tunability by external factors such as temperature, electric or magnetic field, and
optical nonlinearity.

4. Conclusion

In this work, we have proposed the design of isotropic all-dielectric meta-atoms, which
simultaneously provide negative permittivity and negative permeability. The proposed design
is based on specially adapted layer properties of three-layer spherical particles. The isotropy
of the particles suggests the possibility of using them in a negative-refraction liquid
metamaterial, because no special arrangement is needed for such particles to exhibit the
double-negative behavior. Thus, the proposed meta-atoms may be suspended in a low-
refractive index fluid or in a nematic liquid crystal, forming a highly tunable liquid double-
negative metamaterial. In the current study, first, the layer parameters were optimized within
the framework of the Mie scattering theory and the MG homogenization method. It has been
shown that, when the layer parameters are within a certain area of the parametric space, an
ensemble of such particles can exhibit double-negative behavior in a wide range of
frequencies. The feasibility of the proposed design was then verified using numerical
simulations. The simulation results confirm the double-negative behavior of the medium
composed of such particles, for instance in the THz and visible frequency ranges. In addition,
the sensitivity of the proposed design to variations in the layer parameters was studied. It has
been shown that a slight deviation from the optimal parameters does not lead to a break in the
double-negative behavior. Finally, the effective medium approach was compared with direct
simulations applied to the transmission through a metamaterial slab.
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