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Abstract

A novel modeling framework is presented for the peroxide-initiated radical

polymerization of styrene, in the presence of ground-tire rubber particles.

The model takes into account the previously observed effects of the rubber

particles, and their highly-reactive additives, on the course of the polymeriza-

tion. To this end, a generalized kinetic mechanism is proposed, on the basis

of a typical styrene homopolymerization scheme, including also a series of

additional chemical reactions that are implemented to describe the deviation

of the system from the respective homopolymerization case when ground-tire

rubber is present in the mixture. This deviation is mainly manifested through

an accelerated peroxide decomposition and significant retardation and inhi-

bition of the reaction and displays a non-linear dependence on the contents

of rubber particles and initiator. The proposed model succeeds in predicting

this behavior under different reaction conditions, while its generality makes it
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suitable for implementation in other similar grafting polymerization systems.

Keywords: styrene, radical polymerization, ground-tire rubber, kinetic

model, method of moments, peroxide

1. Introduction

Automobile tires constitute an irreplaceable product of modern every-

day life and an example of continuous scientific research and advancements

in terms of its durability and performance. At the same time, they also

constitute a significant source of pollution since an important part of end-

of-life tires (i.e., tires that can no longer be used on automobiles, even after

retreading) end-up in land fills or are burnt for energy recovery. Hence, an

increasing scientific interest is nowadays directed towards the exploitation of

eventual solutions to this ecological problem [1, 2, 3]. This need is further

amplified by the increasing global demand in reducing, reusing and recycling

plastic waste, since a significant proportion of tires is composed of a mixture

of elastomers (i.e., rubber) [4].

In this respect, a promising solution consists in mechanically grinding

the rubber part of tires, after removal of tissue and metallic parts, to form

a powder of micrometric particles that can be subsequently used as raw

material for new products and applications. For example, this powder, which

is commercially called Ground Tire Rubber, GTR, is often used to modify

the mechanical properties of new polymeric materials. For instance, it can be

employed as a filler of otherwise brittle polymers, such as polystyrene (PS)

[5], to improve their stress cracking resistance and their impact strength

[1, 6, 7].
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The addition of pure rubber particles of nanometric size to the matrix

of PS, a brittle thermoplastic commodity polymer of a very wide range of

applications, is a well-established commercial process that imparts significant

strength to the final polymeric product, commercially known as high-impact

polystyrene (HIPS) [4, 5, 8]. Accordingly, an idea that has been followed

by several research studies focuses on replacing the fresh rubber with GTR

particles in an attempt to achieve a similar improvement in the mechanical

properties of polystyrene [9, 10, 11]. This idea is even more interesting as

it promotes, at the same time, the recycling of used tires within a general

sustainability perspective.

However, a simple mixing of the two materials (i.e., of pure PS and GTR)

does not result in the expected outcome as the two phases display low adhe-

sion towards one another. Hence, the produced blend is highly heterogeneous,

with respect to the dispersion of the GTR particles within the PS matrix,

thus severely limiting the improvement of its stress cracking resistance. Sev-

eral solutions have been proposed to overcome this low adhesion by targeting

its main sources, including compatibilization techniques and surface modifi-

cation treatments of GTR. Among them, a particularly interesting strategy

is to render the two phases compatible by grafting the polymer directly onto

the surface of the GTR particles via in-situ radical polymerization [1, 12, 11].

When particulate fillers are present in radical polymerization systems,

they may often interact with other reactive species that are present in the

mixture, thus affecting the kinetic developments and the overall course of

the polymerization. The degree to which these effects may be more or less

pronounced depends mainly on the filler’s physicochemical characteristics as
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well as on the nature of the system. As a result, the polymerization may be

mildly or significantly accelerated or retarded, in terms of the evolution of the

monomer conversion and/or the chain length characteristics, by the presence

of a filler that displays strong interactions with other reactive components of

the system (e.g., the monomer(s) or the initiator agent(s)) [4, 13, 14].

GTR has been shown to display such effects when present in radical poly-

merization systems. For example, when added to acrylate polymerization

systems, such as methyl methacrylate (MMA), glycidyl methacrylate (GMA)

and hydroxy ethyl methacrylate (HEMA), initiated using benzoyl-peroxide

(BPO), an acceleration of the course of the polymerization was observed

[13]. At the same time, the presence of GTR in the radical polymerization of

styrene displayed an overall inhibition effect, when BPO was used as initiator,

but when an azo-initiator, such as azobis(isobutyronitrile) (AIBN), was used

instead of BPO, its impact was merely observed [11, 15]. Previous studies

[13, 16, 17, 18, 19, 20, 21, 22] have pointed out that important interactions

may take place between peroxide initiators and active groups that exist on

the surface of carbon black (see Scheme 1), the most widespread reinforcing

agent of rubber tires. However, these interactions may be of different nature

and extent in different reactive systems. In this respect, the way in which

GTR may affect the course of the polymerization, displaying an overall ac-

celerating or inhibiting effect on different polymerization systems, has been

attributed [13, 23] to the e-value of the monomers, which is characteristic of

their polarity and reactivity, as defined in the original work of Alfrey and

Price [24].

In an attempt to elucidate these effects, differential scanning calorimetry
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Scheme 1: Aromatic layer plane of carbon black with different functional

groups [25].

(DSC) has been used, in the framework of a previous work, to study the

bulk radical polymerization of styrene in the presence of different amounts

of GTR [23]. The results of that study confirmed that the presence of GTR

displays a significant inhibition effect on the course of the peroxide-initiated

polymerization. They also revealed that these effects were more pronounced

at GTR content of around 30% wt and that a further increase of its content

did not necessarily aggravate the observed inhibition effects, thus suggesting

the interplay of ”coverage” or ”masking” phenomena of the carbon black sur-

face active groups, a phenomenon similar to the saturation of the surface of

catalysts, observed in catalytic systems. Finally, the findings of that study,

including the calculation of the apparent activation energy of the polymeriza-

tion under the different tested conditions, were also in line with a previously
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reported effect of accelerated decomposition of peroxide initiators, also in-

duced by the presence of carbon black [13, 16].

Following up on that experimental study, this work presents a comprehen-

sive modeling framework for the radical bulk polymerization of styrene that

is consistent with the observed evolution of the system, both in the absence

and in the presence of GTR. The proposed model is based on an extended ki-

netic scheme that includes the typical chemical reactions that are commonly

encountered in styrene homopolymerization studies, as well as chemical reac-

tions that have been introduced to simulate the effects observed when GTR

is added to the system. For the calibration and the validation of the model,

a series of experimental data have been collected from different literature

studies, initially corresponding only to the case of pure styrene homopoly-

merization. These data were then enriched with additional experimental data

produced in the framework of this study, including DSC measurements [23]

and bench-scale solution polymerization runs [26], both in the presence and

in the absence of GTR.

The mathematical modeling of the radical polymerization of styrene has

been extensively studied and several modeling frameworks have been pro-

posed. The reported works of the group of Hamielec [27, 28, 29, 30], as well

as the work of Mayo [31], were certainly pioneering in the domain and have

set the grounds for later modeling developments. In the following years, the

diffusion-controlled phenomena, governing the termination, propagation and

initiation reactions, were also extensively analyzed and different models were

proposed to describe them [32, 33, 34]. Among the relatively more recent

studies, one can distinguish the works published by Penlidis [35, 36], Ko-
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toulas et al. [37] and, more recently, Woloszyn [38, 39], since they present

accurate models combining thermal and chemical initiation mechanisms and

diffusion phenomena, explore the cases of multifunctional initiators and focus

on parametric identification problems.

Several studies are also reported for the modeling of styrene radical poly-

merization including grafting mechanisms. A very early study, published by

Manaresi et al. [40], presented a kinetic mechanism that included grafting

reactions of styrene on pure 1,4-polybutadiene and a corresponding kinetic

model. A series of relevant studies has also been published by Cameron

and coworkers, extending over a long period of time and including different

systems in terms of rubber polymers (e.g., polybutadiene and polyisoprene)

and monomers (e.g., styrene and methyl-methacrylate) [12, 41, 42]. Simi-

larly, Huang and Sundberg [43, 44, 45, 46] published a series of studies on the

grafting mechanisms of different monomers (i.e., styrene, methyl acrylate and

methyl methacrylate) on polybutadiene, in the presence of various initiators

and on the basis of a detailed kinetic mechanism, including homopolymer-

ization and grafting reactions. Meira and coworkers also presented detailed

kinetic models on the production process of high-impact polystyrene (HIPS)

[47, 8]. Very recently, the groups of d’Hooge, Zhou and Luo published two

relevant studies, one using Monte Carlo for the prediction of the molecular

topology of the grafting products for single phase grafting of polybutadiene

with styrene ([48]) and another one investigating advanced parametric esti-

mation routes for the same system ([49]). Other modeling studies can also be

found in the relevant literature, with slight modifications in terms of the re-

acting components and/or the process [50, 51, 52]. In certain cases, inhibition
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reactions were also included in the proposed kinetic mechanisms to account

for the effect of impurities, or other additives, that could be present in the

mixture and could lead to the termination of growing radicals [8]. However,

to the best of the authors’ knowledge, the presence of used tire rubber parti-

cles in the styrene radical polymerization system has not yet been addressed

by any modeling study. Note that, as mentioned above, GTR is a mixture of

different rubbers and additives whose exact composition and structure are of-

ten unknown. This is a major difference with respect to the aforementioned

works on well-identified elastomers. The present work is the first attempt

to propose a complete kinetic modeling framework of this system, capable

of describing the evolution of the polymerization both in the absence (i.e.,

homopolymerization case) and in the presence of used tire particles as well

as the effects of the contents of the GTR and additives on the course of the

polymerization.

2. Experimental

2.1. DSC experiments

All DSC measurements were carried out in a Q2000 calorimeter of TA

Instruments, using hermetic aluminum pans, specifically adapted for volatile

products. Two consecutive isothermal scans were performed with an inter-

mediate cooling step down to 50 °C. All the reagents used, namely, styrene

monomer (with a purity ≥ 99.5% and stabilized with ∼ 0.005% of 4-tert-

butylcatechol) and BPO (75%, remainder water), were purchased from Sigma-

Aldrich and used without further purification. Commercial GTR, in the form

of powder, was obtained from DeltaGom France and was used without pu-
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rification. The relevant details about the sample preparation process, the

scanning and recording details, as well as the exploitation of the recorded

data, can be found elsewhere [23].

2.2. Bench-scale polymerization experiments

Isothermal solution homopolymerization of styrene, in toluene, was car-

ried out in an agitated batch reactor of total volume capacity of 1 liter [26].

Styrene was purified, prior to the polymerization, by filtration in an alu-

minum oxide (Al2O3) column. The initial mass of toluene in the system was

equal to that of styrene in all experiments. Polymerizations were performed

at 80 °C and 90 °C. BPO was previously dissolved in the solvent and the

mixture was introduced in the reactor and purged with nitrogen atmosphere

during 20 minutes under permanent agitation. Subsequently, the monomer

was added and the medium was heated to the reaction temperature at 2 °C

/min. The total reaction time was 4 to 6 h, under permanent stirring at

300 rpm. The degree of monomer conversion was measured by gravimetry

and the number- and weight-average molecular weights were determined by

size exclusion chromatography (SEC), using a refractive index Obtilab REX

(RI) detector and a multi-angle light scattering MALS WYATT mini dawn

TREOS detector, in combination with three separation columns PLgel with

pore sizes of 100 Å, 1000 Å and 105 Å. Measurements were carried out at a

flow rate of 1 mL/min in THF at 40 °C, at a concentration of about 6 to 8

mg/mL.
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3. Polymerization kinetic mechanism

The following kinetic scheme was employed to account for all possible

reactions taking place in the system, both in the absence and in the presence

of GTR:

• Chemical initiation

– Thermal decomposition of initiator:

I
kd,f1−−−→ 2PR (1)

– Decomposition of initiator induced by carbon black:

I + CB
kdCB ,f2−−−−→ PRl (2)

– Free radical initiation:

M + PR
kI−→ R1 (3)

– Formation of grafted primary radicals:

G+ PR
kIG−−→ GPR (4)

– Grafted radical initiation:

M +GPR
kpG−−→ GR1 (5)

– Initiation of reduced-activity free radicals:

M + PRl
α·kI−−→ P1 (6)
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– Initiation of reduced-activity grafted radicals:

G+ PRl
α·kIG−−−→ GP1 (7)

• Thermal initiation

– Diels-Alder dimerization of styrene:

2M
k1←→
k−1

AH (8)

– Initiation from Diels-Alder adduct (AH):

AH +M
k2−→ AR +MR (9)

– Initiation from 1-phenyltetralyl radical (AR):

AR +M
kA−→ R3 (10)

– Initiation from styryl radical (MR):

MR +M
kB−→ R2 (11)

– Trimerization reaction of Diels-Alder adduct:

AH +M
kC−→ D3 (12)

• Propagation:

– of free radicals:

M +Rn
kp−→ Rn+1 (13)

– of grafted radicals:

M +GRn

kpG−−→ GRn+1 (14)
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– of reduced-activity free radicals:

M + Pn
α·kp−−→ Pn+1 (15)

– of reduced-activity grafted radicals:

M +GPn
α·kpG−−−→ GPn+1 (16)

• Transfer:

– to monomer from free radicals:

M +Rn

kfm−−→ Dn +R1 (17)

– to adduct from free radicals:

AH +Rn

kfAH−−−→ Dn + AR (18)

– to monomer from grafted radicals:

M +GRn

kfmG−−−→ GDn +R1 (19)

– to adduct from grafted radicals:

AH +GRn

kfAHG−−−−→ GDn + AR (20)

– to GTR from free radicals:

G+Rn

kfG−−→ Dn +GPR (21)

• Scission (induced by primary-radicals):
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– of free polymer

PR +Dn
ks−→ Rm +Dn−m (22)

– of grafted polymer

PR +GDn
ksG−−→ Rm +GDn−m (23)

• Termination:

– by combination of free radicals

Rn +Rm
ktc−→ Dn+m (24)

– by disproportionation of free radicals

Rn +Rm
ktd−→ Dn +Dm (25)

– by combination between free and grafted radicals

Rn +GRm
ktcG−−→ GDn+m (26)

– by disproportionation between free and grafted radicals

Rn +GRm
ktdG−−→ Dn +GDm (27)

– between free and reduced-activity radicals

Rn + Pm
α·ktc/td−−−−→ Dn+m/Dn +Dm (28)

– between grafted and reduced-activity radicals

GRn + Pm
α·ktcG/tdG−−−−−−→ GDn+m/GDn +Dm (29)
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– between free and reduced-activity grafted radicals

Rn +GPm
α·ktcG/tdG−−−−−−→ GDn+m/Dn +GDm (30)

– between reduced-activity radicals

Pn + Pm
α2·ktc/td−−−−−→ Dn+m/Dn +Dm (31)

– between free and primary-radicals

Rn + PR
ktPR−−−→ Dn (32)

– between grafted and primary-radicals

GRn + PR
ktPRG−−−→ GDn (33)

• Radical deactivation by carbon black:

– of primary-radicals

PR/GPR + CB
kdea−−→ DPR (34)

– of MR radicals

MR + CB
kdea−−→ D1 (35)

– of AR radicals

AR + CB
kdea−−→ D2 (36)

– of free radicals

CB +Rn
kdea−−→ Dn (37)

– of grafted radicals

CB +GRn
kdeaG−−−→ GDn (38)
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– of reduced-activity free radicals

CB + Pn
α·kdea−−−→ Dn (39)

– of reduced-activity grafted radicals

CB +GPn
α·kdeaG−−−−→ GDn (40)

All symbols are described in the Nomenclature (section 7). The postu-

lated kinetic scheme contains all the chemical reactions that are commonly

encountered in studies of the radical polymerization of styrene, including

both chemical and thermal initiation mechanisms (i.e., reactions (1), (3), (8)-

(12)), propagation, transfer and termination reactions (i.e., reactions (13),

(17)-(18), (32), and (24)-(25)), as well as scission reactions by primary rad-

icals (i.e., reaction (22)), as reported in some studies [38, 39]. Note that, a

much simpler thermal initiation mechanism has been proposed by Hui and

Hamielec [29], employing a single kinetic chemical reaction. Although this

mechanism is attractive and has been adopted by several subsequent stud-

ies, it limits the flexibility of the model in terms of its possibility to track

the intermediate species, such as the Diels-Alder adduct, which may partici-

pate in other reactions (e.g., transfer reactions). Thus, the complete thermal

initiation mechanism, reported in Kotoulas et al. [37] and in other similar

modeling studies [38, 39], has been adopted in this work.

In addition to the above, a series of additional chemical reactions are

included in this general kinetic scheme to simulate the kinetic developments

taking place in the system in the presence of GTR, which is taken into ac-

count by considering its chemical groups, exposed to the rest of the reacting
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species, denoted as G in the above equations. These reactions have been

employed in accordance to the effects observed previously and reported in

the literature [13, 23]. More specifically, these effects can be broadly classi-

fied into two general categories. The first one includes the grafting reactions,

describing the formation of radicals on the surface of the GTR particles and

their subsequent participation in the polymerization reactions (i.e., reactions

(4)-(5), (7), (14), (16), (19)-(21), (33), (23), (26)-(27), (29)-(30), (34), (38)

and (40)). The second category includes the reactions of catalyzed decompo-

sition of the initiator (i.e., reaction (2)) and radical deactivation (i.e, reactions

(34)-(40)), both induced by the presence of carbon black in the formulation

of GTR. The observed retardation effect, also attributed to the presence of

carbon black [13, 17, 16], has been included in the kinetic scheme by the fact

that the carbon black-induced initiation leads to the formation of radicals of

reduced activity with respect to the radicals formed by the classical chemical

and thermal initiation mechanisms. These are denoted as PRl, Pn and GPn,

for the primary-radicals, the free radicals and the grafted ones, respectively.

Accordingly, the overall inhibition/retardation effect of carbon black is

taken into account by considering that its presence will either lead to com-

plete or partial deactivation of primary radicals, as has been observed for

different chemical substances that can act as both inhibitors and retarders in

a polymerization system [53]. In this sense, the consideration of additional

chemical reactions for the deactivation of reduced-activity primary radicals

has been considered redundant in terms of its effect on the overall course of

the polymerization and has not been included in the kinetic scheme. Note

that, the two aforementioned general categories, grafting and catalyzed ini-
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tiator decomposition, are not independent of one another as some reactions

of the proposed kinetic scheme belong to both of them (e.g., reactions (7)

and (29)).

From the above, it becomes obvious that the postulated kinetic scheme

displays a general form, allowing the incorporation of different effects and

observed phenomena. In the case of the absence of GTR, the kinetic scheme

reduces to the typical homopolymerization case. This is taken into account

in the proposed model by setting the quantity of GTR equal to zero, without

the necessity to modify any other parameter or equation of the model. A

global set of kinetic rate constants has been identified and employed for the

simulation of all tested cases and conditions, either in the presence of GTR

or for the pure homopolymerization system. Two different peroxide initiators

have been tested, namely dicumyl peroxide (DCP) and BPO. DCP has been

implemented in order to compare the results of the model with reported

homopolymerization data [37]. On the other hand, BPO has been shown

to display more interesting behavior in terms of its interactions with carbon

black and, as such, has been extensively tested by the present model.

To avoid the multiplication of the parameters of the model, the reduced

activity of the carbon black-initiated radicals has been taken into account by

a correcting coefficient, α. Accordingly, the kinetic rate constant of a chem-

ical reaction containing reduced-activity radicals has been considered equal

to the rate constant of the respective reaction of normal-activity radicals,

multiplied by α. In the case of reactions between reduced-activity radicals,

the respective rate constant has been multiplied by α2. Details about the

parameters of the model are given later in section 4.5. Note also that some
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of the postulated chemical reactions have been denoted in a condensed form

to avoid redundant repetitions. This is, for example, the case with the ter-

mination reactions including grafted and/or reduced-activity radicals, where

the combination and disproportionation reactions have been condensed in a

single chemical reaction (i.e., Eqs. (28)-(30)).

4. Model developments

On the basis of the postulated general kinetic scheme (i.e., reactions (1)-

(40)), the net rates of production of the different species that are present in

the reacting mixture can be established. They are divided into the rates of

the macromolecular and the non-macromolecular species. The first category

includes the free, grafted and reduced-activity radicals as well as the free and

grafted polymer chains, while the second category includes all the remaining

species, such as initiator agents, styrene, GTR, carbon black, primary radi-

cals, AH adduct and AR and MR radicals. Note that, in this study, GTR has

been considered as a non-macromolecular species, despite its macromolecular

nature. In fact, in the framework of the present kinetic model, GTR partic-

ipates in the kinetic developments by its chemical groups that are exposed

to the rest of the reacting species and are prone to react. As such, it is not

the macromolecular character of the different elastomers, that are present

in the formulation of GTR, that constitutes an element of interest for the

model, but rather the quantity of these groups. This quantity is denoted in

the model equations by G and details on its calculation are given later in the

text (see Eq.(65) in section 4.4).

Finally, it should be noted that the present approach is based on the
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assumptions of i) chain-length independent rate constants for all the reac-

tions and ii) homogeneous reacting mixture. In fact, the majority of previ-

ous modeling studies of the system of rubber-grafting polymerization have

treated the system as homogeneous, with some exceptions where a hetero-

geneous approach was implemented mainly to describe the phase-inversion

stage of the formation of HIPS [8, 51]. The consideration of mass transfer

and diffusion phenomena within the structure of GTR is expected to provide

a more realistic representation of the system, notably at high GTR loading,

as well as a more plausible concentration profile of the different species at

the grafting sites. However, this would further complicate the model and in-

crease its number of parameters. It would also necessitate accurate relevant

measurements that, for the moment, are not reported for this system. In this

respect and considering the nature of the systems and the conditions studied

in this work, the aforementioned diffusional limitations, beyond the point

to which the difference in the kinetic rate constants between grafting and

homopolymerization reactions can capture, have been considered negligible.

4.1. Rate functions of the macromolecular species

In this section, the development of the net rate of production of only

one macromolecular species is presented, namely that of the free radicals of

size ‘n’, Rn, while the rest of the rate functions are presented in detail in

Appendix A:
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rRn =

(
kI · [PR] · [M ] + kfm · [M ] ·

∞∑
k=1

[Rk]

)
· δ(n− 1)

+ kA · [AR] · [M ] · δ(n− 3) + kB · [MR] · [M ] · δ(n− 2)

+ kp · [M ] · ([Rn−1]− [Rn])− (kfm · [M ] + kfAH · [AH]) · [Rn]

+ ks · [PR] ·
∞∑

k=n+1

[Dk]− (ktc + ktd) · [Rn] ·
∞∑
k=1

[Rk]

− ktPR · [PR] · [Rn] +

(
kfmG · [M ] ·

∞∑
k=1

[GRk]

)
· δ(n− 1)

− kfG · [G] · [Rn] + ksG · [PR] ·
∞∑

k=n+1

[GDk]

− (ktcG + ktdG) · [Rn] ·
∞∑
k=1

[GRk]− kdea · [CB] · [Rn]

− α · [Rn] ·

(
(ktc + ktd) ·

∞∑
k=1

[Pk] + (ktcG + ktdG) ·
∞∑
k=1

[GPk]

)

(41)

In the above equation, the rate of production of Rn, rRn is expressed in

units of molar concentration over time (i.e., mol.l−1.min−1), while the molar

concentrations of the different species (i.e., in mol.l−1) are denoted with the

use of brackets [ ]. Also, δ(n− 1) is the Kroenecker’s delta, given by:

δ(n− i) =

1 for n = i

0 for n 6= i

(42)

Note that, in the present work, the complete mathematical model was

developed in Matlab to allow for a maximum control over the derivation of

the model equations (i.e., in contrast to commonly employed polymerization-

specific software).
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4.2. Method of Moments

Since the rate functions of the macromolecular species (Eq.(41) and Eqs.(A.1)-

(A.5)) are described with respect to their chain length, the resulting system

of differential equations (see Eqs.(62)-(63)) will be of size equal to the con-

sidered maximum chain-length. In this respect, one of the most commonly

employed techniques to reduce the size of the system and the associated com-

putational effort is the method of moments [54]. It is a widely-used technique

that is based on the statistical representation of the average molecular prop-

erties of the macromolecular species in terms of the leading moments of their

number-chain-length distribution. Accordingly, one can define the moment

of order k, for the free radicals, Rn, as:

λk =
∞∑
n=1

nkRn (43)

The moments for the rest of the macromolecular species can be defined

accordingly. Following the above definition, the rate function of the free

radicals (Eq.(41)) can be readily transformed to express the rate function of

their leading moments:
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rλk = kI · [PR] · [M ] + kfm · [M ] · λ0

+ 3k · kA · [AR] · [M ] + 2k · kB · [MR] · [M ]

+ kp · [M ] ·

(
k∑
r=0

(
k

r

)
λr − λk

)
− (kfm · [M ] + kfAH · [AH]) · λk

+ ks · [PR] · T1 − (ktc + ktd) · λk · λ0 − ktPR · [PR] · λk

+ kfmG · [M ] · ν0 − kfG · [G] · λk + ksG · [PR] · T1G − (ktcG + ktdG) · λk · ν0

− kdea · [CB] · λk − α · λk · ((ktc + ktd) · θ0 + (ktcG + ktdG) · ω0)

(44)

In the above expression,
(
k
r

)
denotes the binomial coefficients and T1 and

T1G are given by:

T1 =
k∑

m=0

Bm

k −m+ 1
(µk−m+1 − µ0) ; T1G =

k∑
m=0

Bm

k −m+ 1
(ξk−m+1 − ξ0)

(45)

with the Bernoulli numbers defined as:

B =

[
1, −1

2
,

1

6
, 0, ...

]
(46)

In these expressions, νk, ξk, θk and ωk denote respectively the moments

of GRn, GDn, Pn and GPn. The notation of all the different moment species

is defined in the Nomenclature section and the corresponding rate functions

are detailed in Appendix A (Eqs.(A.6)-(A.10)).
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4.3. Rate functions of the non-macromolecular species

The net production rates of the non-macromolecular species of interest

can be defined on the basis of their participation in the different chemical

reactions of the postulated general kinetic scheme (Eqs.(1)-(40)):

• Styrene monomer, M

rM = − (kI · [PR] + (kp + kfM) · λ0) · [M ]

− ((k2 + kC) · [AH] + kA · [AR] + kB · [MR]) · [M ]

− (kpG · ([GPR] + ν0) + kfmG · ν0) · [M ]

− 2 · k1 · [M ]2 + 2 · k−1 · [AH]− α · kI · [PRl] · [M ]

− α · (kp · θ0 + kpG · ω0) · [M ]

(47)

• Ground Tire Rubber, G

rG = − (kIG · ([PR] + α · [PRl]) + kfG · λ0) · [G] (48)

• Carbon Black, CB

rCB = − (kdCB · [I] + kdea · (λ0 + α · θ0) + kdeaG · (ν0 + α · ω0)) · [CB]

− kdea · ([PR] + [GPR] + [AR] + [MR]) · [CB]

(49)

• Initiator, I

rI = − (kd + kdCB · [CB]) · [I] (50)

• Diels-Alder adduct, AH

rAH = k1 · [M ]2 − (k−1 + (k2 + kC) · [M ]) · [AH]

− (kfAH · λ0 + kfAHG · ν0) · [AH]
(51)
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• Styryl radicals, MR

rMR = k2 · [AH] · [M ]− kB · [M ] · [MR]− kdea · [MR] · [CB] (52)

• 1-Phenyl tetraryl radicals, AR

rMR = ki · [AH] · [M ]− kA · [M ] · [AR]

+ (kfA · λ0 + kfAG · ν0) · [AH]− kdea · [AR] · [CB]
(53)

• Primary radicals, PR

rPR = 2 · f1 · kd · [I]− kI · [M ] · [PR]

− kIG · [G] · [PR]− (ks · µ0 + ksG · ξ0) · [PR]

− (ktPR · λ0 + ktPRG · ν0 + kdea · [CB]) · [PR]

(54)

• Grafted primary radicals, GPR

rGPR = kIG · [G] · [PR]− kpG · [M ] · [GPR] + kfG · [G] · λ0

− kdea · [CB] · [GPR]
(55)

• Reduced-activity primary radicals, PRl

rPRl = f2 · kdCB · [CB] · [I]− α · (kI · [M ] + kIG · [G]) · [PRl] (56)

• Deactivated primary radicals, DPR

rDPR = kdea · [CB] · ([PR] + [GPR]) (57)

It should be noted that the deactivated primary radicals, DPR, are not

consumed in any reaction and, thus, the rate function of their concentration

(Eq.(57)) serves only in the overall mass balance check. For the calculation
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of the evolution of the concentration of the different primary radical species

(i.e., PR, GPR and PRl), as well as for the Diels-Alder adduct, AH, the

quasi-steady-state assumption (Q.S.S.A.) has been employed, leading to the

following expressions:

• Diels-Alder adduct, AH

[AH] =
k1 · [M ]2

k−1 + (ki + kC) · [M ] + kfAH · λ0 + kfAHG · ν0
(58)

• Primary radicals, PR

[PR] =
2 · f1 · kd · [I]

kI · [M ] + kIG · [G] + ks · µ0 + ksG · ξ0 + ktPR · λ0 + ktPRG · ν0 + kdea · [CB]

(59)

• Grafted primary radicals, GPR

[GPR] =
kIG · [G] · [PR] + kfG · [G] · λ0

kpG · [M ] + kdea · [CB]
(60)

• Reduced-activity primary radicals, PRl

[PRl] =
f2 · kdCB · [CB] · [I]

α · (kI · [M ] + kIG · [G])
(61)

4.4. Reactor design equations

The reactor design equations, for a batch polymerization system, can

be directly derived for all the species of interest (i.e., non-macromolecular

species and leading moments of the macromolecular species), on the basis

of the established rate functions. In this respect, the resulting system of

ordinary differential equations (ODEs) will be of the form:
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dnS
dt

= rS · V (62)

where S denotes the different species of interest and V is the volume of the

reacting mixture, which also varies according to:

dV

dt
= rM ·

(
1

dM
− 1

dP

)
·M0 · V (63)

where M0 is the molecular weight of styrene and dM and dP are the

respective densities of styrene and polystyrene in g.mol−1, calculated by the

following expressions [37]:

dm = 9.236 · 10−1 − 0.887 · T (°C) ; dp = 1.085− 0.605 · T (°C) (64)

The above system of ODEs is completed by the algebraic equations for

the calculation of the concentrations of AH, PR, GPR and PRl (Eqs.(58)-

(61)). This system of ODEs was numerically solved using a variable step and

variable order numerical integration method, as implemented in the function

“ode15s” of the toolbox of Matlab, which is specifically adapted for stiff sys-

tems. For the determination of the initial concentration of G, corresponding

to the available reaction sites on the accessible internal and external surface

of the GTR particles, the following approach has been adopted: the com-

position of GTR, in terms of the type and weight fraction of elastomers, as

provided by the supplier, has been considered in order to calculate a the-

oretical estimation of the molar quantity of double bonds. This quantity

has also been found to coincide with the experimental determination of the

concentration of double bonds of the elastomer chains of GTR, which was
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Scheme 2: Chemical structure of (a)cis-Polysioprene, (b)Styrene-Butadiene

Rubber, (c)cis-1,4-Polybutadiene, (d)trans-1,4-Polybutadiene, (c)Vinyl-1,2-

polybutadiene.

carried out according to the standard test method for iodine value of drying

oils and fatty acids (ASTM D-1959). Both experimental and theoretical val-

ues were found to be of the order of 3.5 · 10−3 mol of double bonds per gram

of GTR. The composition of GTR is shown in Table 1 while the chemical

structures of the most commonly encountered elastomers in GTR are given

in Scheme 2. The calculated value of double bonds was multiplied by an

efficiency factor in the model (i.e., parameter fGTR, whose value was set to

0.53 - see Table2) to transform it to available reaction sites, prone to react.

Finally, to account for the exposure and coverage of these possible reaction

sites on GTR, the initial concentration of G was calculated according to the

following expression:
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[G]0 =

(
GRat
GRatc

)6
1 +

(
GRat
GRatc

)6 · [MDB] · fGTR ; GRat =
WGTR

WGTR +WSt

(65)

In the above expression, Grat and Gratc denote the actual mass fraction

of GTR in the mixture and a critical value of this mass fraction, respectively

(Gratc = 0.43 - see Table 2). MDB is the calculated molar concentration of

double bonds of GTR according to the procedure described previously.

According to the relative literature, there exist two principal mechanisms

for the grafting reactions, namely the addition of radicals to the unsaturated

double bonds of the elastomers of GTR and the mechanism of hydrogen

abstraction by the radicals [4, 11, 12, 41, 55, 42]. The extent to which graft-

ing by any of these two mechanisms will take place is primarily dictated by

the type of radicals and elastomers as well as by the position of the double

bonds (i.e., as pendant side-chain groups or within the main backbone of the

elastomer, see also Scheme 2). The same factors affect also the competition

between homopolymerization and grafting reactions. In this respect, and

given that GTR is composed of a mixture of different elastomers, as shown

in Table 1, the calculation, in the model, of the quantity of sites of GTR

that are prone to participate in grafting reactions has been based on the

above simplified and generalized approach. Thus, the initial calculation of

the amount of double bonds of GTR allows the consideration of the actual

composition and characteristics of GTR, while the implementation of the

parameter fGTR provides a degree of liberty and includes the aforementioned

variations. In addition, the first term of Eq.(65) was introduced to account
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Table 1: Formulation of GTR.

Elastomer Weigh fraction

Styrene-butadiene rubber 0.4

Polyisoprene 0.3

Polybutadiene 0.2

Butadiene-acrylonitrile rubber 0.05

Isobutylene-isoprene rubber 0.05

for the coverage and masking effects that have been observed for different

GTR contents [23]. In fact, the sigmoidal curve, resulting from the applica-

tion of Eq.(65), allows for the consideration of a critical GTR concentration,

beyond which the observed effects are gradually attenuated. As such, any

mathematical expression resulting in similar functional forms could provide

similar results. The previous experimental study of Florez et al. [23] has

shown that this critical concentration should be below 50% of GTR and the

parametric estimation of the model proposed in this work has resulted in

a value equal to 0.43 for this parameter, as shown in Table 2, which is in

accordance with the previous findings. Finally, the initial concentration of

carbon black, in the model, was considered equal to a fixed percentage of

[G]0, set to 30% in this study.

4.5. Kinetic rate constants

The values of the model parameters were estimated in a two-step process,

on the basis of reported values (when available). More specifically, in the first

step, the kinetic rate constants of the reactions corresponding only to the pure

homopolymerization case (i.e., in the absence of GTR) were estimated on the
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basis of the available homopolymerization data. Among them, the values of

kd,DCP , kd,BPO, k−1, k1/k−1, k2 and ktc were taken directly from the relevant

literature [37, 56], as shown in Table 2. The values of kp, kC , kfAH and

kfm, were tuned via the implementation of the Nedler-Mead optimization

algorithm of Lagarias et al. [57], from the optimization toolbox of Matlab,

using all the available homopolymerization data, presented in this work (see

Figures 1-4). This concerned both pre-exponential factors and activation

energies, simultaneously. The values of these parameters were then kept

constant throughout the rest of the estimation process. In addition to the

parameters defined in Table 2, the commonly adopted assumption of kA =

kB = kI = kp has been adopted.

The second step of the estimation process concerned only the model pa-

rameters of the reactions related to the presence of GTR in the system.

However, given the fact that, in the framework of this work, the only rele-

vant available data concerned the temporal evolution of monomer conversion,

the proposed kinetic model has been reduced accordingly. In this respect,

only the chemical reactions of the proposed general kinetic scheme that are

directly associated with the evolution of monomer conversion, in the presence

of GTR, were considered in the parametric estimation process (see Table 2).

The kinetic rate constants of the rest of the reactions involving GTR and

carbon-black were set to zero. In fact, it would be meaningless to attempt to

estimate at this point the complete set of rate constants solely on the basis of

monomer conversion measurements. A new study has been launched aiming

to acquire additional experimental data on molar mass and grafting efficiency

indexes, which will allow the estimation of all the kinetic constants of the
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model. Until then, and in the absence of relevant data in the literature,

the present work aims to demonstrate that the proposed unified modeling

framework is capable of predicting the behavior of the system, as observed

through the currently available data, both in the absence and in the presence

of GTR. In addition, it presents a general kinetic scheme that can be im-

plemented for the modeling of other polymerization systems in the presence

of GTR. The final reduced form of the kinetic scheme, corresponding to the

retained chemical reactions in this study, is presented in Appendix B.

Accordingly, the parameters presented in Table 2, besides the previously

estimated ones on the basis of the homopolymerization data, were estimated

via the Nedler-Mead algorithm using the DSC data of Florez et al. [23]. More

particularly, an initial set of values was estimated on the basis of the DSC

data at 90°C and then another one at 120°C. From the values of the parame-

ters obtained for the two above temperatures, the pre-exponential factor and

the activation energy of kdCB, as well as the linear correlation parameters

(i.e., with respect to temperature) of kpG/kp and kIG/kp were determined

via linear regression. On the other hand, the values of ktcG/ktc, kdea/kp and

kdeaG/kdea were kept fixed, as they did not display significant variation with

temperature. Finally, all the parameters, related to the copolymerization

system, were fine-tuned to their final values in an ultimate optimization step

using all available DSC data (i.e., at 85°C, 90°C and 120°C). Note that, the

implementation of rate constant ratios for the reactions involving GTR over

their homopolymerization counterparts was made in an attempt to constrain

the number of parameters of the model.

31



Table 2: Model parameters

Parameter Value Units Reference

kd,DCP 5.500 · 1017 · exp(−36650/R/T ) min−1 [37]

kd,BPO 2.289 · 1014 · exp(−27233/R/T ) min−1 [56]

kp 1.149 · 109 · exp(−7513/R/T ) l.mol−1.min−1 This work

k−1 6.840 · 103 · exp(−13533/R/T ) min−1 [37]

k1/k−1 6.400 · 104 · exp(−12907/R/T ) l.mol−1 [37]

k2 9.800 · 107 · exp(−23883/R/T ) l.mol−1.min−1 [37]

kC 2.360 · 106 · exp(−21346/R/T ) l.mol−1.min−1 This work

kfm 1.032 · 107 · exp(−10545/R/T ) l.mol−1.min−1 This work

kfAH 7.360 · 107 · exp(−30800/R/T ) l.mol−1.min−1 This work

ktc 7.530 · 1010 · exp(−1677/R/T ) l.mol−1.min−1 [37]

kdCB 2.147 · 10−1 · exp(−1478.7/R/T ) l.mol−1.min−1 This work

log(kpG/kp) 5.34 · 10−2 · T (°C)− 5.1574 - This work

log(kIG/kp) 7.52 · 10−2 · T (°C)− 7.1353 - This work

ktcG/ktc 9.823 - This work

kdea/kp 0.310 - This work

kdeaG/kdea 3.770 - This work

α 3.70 · 10−6 - This work

f1 0.65 (0.83 for DSC data) - This work

f2 0.40 - This work

fGTR 0.53 - This work

GRatc 0.43 - This work

am; ap 1.4 · 10−3; 4.8 · 10−4 K−1; K−1 [39], this work

δ;σ 3.8 · 10−9; 3.7 · 10−9 m;m This work

jc; δc 175; 5.0 · 10−4 −; l.g−1 [39], this work

Acr;Ecr/R 9.0; 1960 g1/2.mol−1/2;K This work

Acrm;Ecrm 0.231; 1670 −; cal.mol−1 [39], this work

A;B;C/B;n 0.4315; 0.7; 0.9; 2.5 −;−;−;− This work

R = 1.9872 cal.mol−1.K−1
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The final set of estimated parameter values, as presented in Table 2, has

been kept constant and unchanged for all the simulations presented in this

work, both in the absence and in the presence of GTR. However, the effi-

ciency factor of the initiator decomposition (Eq.(1)), f1, was set to a higher

value for the simulations of the DSC data, in order to compensate the ex-

pected differences between the experimental systems in terms of the level

of impurities and homogeneity (see Table 2). Finally, some rate constants

of reactions related to the pure homopolymerization case (e.g., termination

by disproportionation, Eq.(25), termination by primary radicals, Eq.(32), as

well as scission reactions, Eq.(22), which are expected to have an impact only

when the polymerization is kept to relatively high temperatures for long pe-

riods of time [39]), were also set to zero, in accordance with reported studies

and/or with the generated data. The same was done for their copolymeriza-

tion counterparts. These parameters are not reported in Table 2.

The proposed model also takes into account the diffusion controlled phe-

nomena affecting the reactions of termination, propagation and initiation,

also known as the gel-, glass- and cage-effects, respectively. To this end, the

model originally proposed by Marten and Hamielec [32] was employed. The

equations of this model are omitted here but can be found in the original

study, as well in more recent studies that have adopted it [39], while the val-

ues of its parameters are given in Table 2. Note that, the model of Marten

and Hamielec [32] was adopted in its complete form, including all the above

diffusion-controlled phenomena, for the sake of completeness and generality

in the applicability of the presented kinetic model. It is worth noting at this

point that the choice of the diffusional model largely affects the parametric
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estimation process and, as such, the final values of the kinetic constants of

the model, as shown in D’hooge et al. [58]. Alternative diffusional models for

the polystyrene system can also be found in the reported literature [33, 59].

5. Model results and discussion

The model has been initially validated against reported data for the pure

styrene hopolymerization system, in the absence of GTR. Different data

sources and polymerization conditions have been tested to assure its gen-

erality and robustness. Monomer conversion and average molecular weight

predictions have been compared to their respective experimental data, ei-

ther as specific point predictions or as complete temporal evolution profiles,

depending on the availability of the data. In all presented cases, the predic-

tions of the model are plotted as curves and the experimental data as discrete

points.

In this respect, Figure 1 compares the experimental data for the temporal

evolution of monomer conversion and average molecular weights, reported in

Villalobos et al. [56], with the respective predictions of the model. It is seen

that the model succeeds in following with great accuracy the evolution of all

three experimental data sets. Note that the same set of data has also been

used previously as reference for the validity of other reported models [39].

34



Figure 1: Comparison between model predictions and reported experimental data [56]; up-

per figure: time evolution of monomer conversion; lower figure: time evolution of number-

average (left y axis, filled circles and solid curve) and weight-average (right y axis, filled

diamonds and dashed curve) molecular weights. (T = 90 °C; BPO 0.01 mol.l−1; f1 = 0.65).

Similarly, another set of data that can be used as a reference point, is

the one presented in the work of Kotoulas et al. [37], as it covers a wide

range of temperatures and, thus, incorporates the significance of the ther-

mal initiation mechanism. The comparison of these data, for four different

reaction temperatures (i.e., from 120 °C to 150°C), with the respective pre-

dictions of the model developed in this work, are shown in Figure 2. As can

be seen, the model succeeds in following with high accuracy all the monomer

conversion time-histories as well as the molecular weights at the highest tem-

peratures, but under-predicts the average molecular weights at high monomer

conversions, notably for temperatures ≤ 130 °C. The observed disagreement

may be related to the incapacity of the employed gel-effect model to accu-

35



rately describe the related phenomena, as also evidenced by the fact that this

disagreement is principally located in the conversion range where diffusion-

controlled phenomena become very important, marked by the characteristic

s-shape of the curves at these temperatures. In fact, in the original work

of Kotoulas et al. [37], a more comprehensive model has been employed for

the description of the diffusion-controlled phenomena [33], instead of the one

selected here [32]. In any case, the selected gel-effect model was considered

to be sufficient to describe the observed behavior of the rest of the tested

data.

Figure 2: Comparison between model predictions and reported experimental data for

different reaction temperatures [37]; left figure: time evolution of monomer conversion;

upper right figure: evolution of number-average molecular weight with respect to the

monomer conversion; lower right figure: evolution of weight-average molecular weight

with respect to the monomer conversion. (Filled circles and solid curves: T= 120 °C; filled

diamonds and dashed curves: T= 130 °C; stars and dash/point curves: T= 140 °C; filled

squares and point curves: T= 150 °C; DCP 4000 ppm; f1 = 0.65).
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The model has also been tested on solution polymerization experiments,

carried out in a bench-scale reactor, as described in Section 2.2. These ex-

periments were realized within the framework of a study that was focused on

the final average molecular weight of the produced polystyrene [26]. As such,

not enough intermediate data were recorded to allow the tracking of the com-

plete temporal evolution of the course of the polymerization. Nonetheless,

the comparison with the model predictions, depicted in Figure 3, provides

evidence that the model remains coherent in this solution polymerization

case as well, under two different polymerization temperatures.

Figure 3: Comparison between model predictions and experimental data of a solution

polymerization system [26]; left figure: time evolution of monomer conversion; upper

right figure: time evolution of number-average molecular weight; lower right figure: time

evolution of weight-average molecular weight. (Filled circles and solid curves: T= 80 °C,

BPO 0.54 %wt; filled diamonds and dashed curves: T= 90 °C, BPO 0.36 %wt; f1 = 0.65).

The last set of data of pure styrene homopolymerization, on which the
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model has been tested, is the DSC data set that has been produced and

reported in the framework of our previous study [23]. This comparison is

shown in Figure 4, where the conversion-time histories are plotted for three

different reaction temperatures, namely at 85 °C, 90 °C and 120 °C. In all

three cases, the model succeeds in tracking both the initial stages of the

reaction as well as the onset of the gel- and glass-effect stages that are clearly

distinct on the curves of the two lowest reaction temperatures (i.e., marked

by the characteristic S-shape of the curves).

Figure 4: Comparison between model predictions and experimental DSC data of the

homopolymerization system [23]. (filled circles and solid curves: T= 85 °C; filled squares

and dot/dashed curves: T= 90 °C; filled diamonds and dashed curves: T= 120 °C; BPO/St

4.6 %wt).

Subsequently, the model has been calibrated and tested over a range of

DSC data, all produced in the framework of the previously reported exper-

imental DSC study of Florez et al. [23], in the presence of GTR. The first
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comparison, shown in Figure 5, concerns the evolution of monomer conver-

sion under different GTR contents and for a given ratio of BPO initiator

to styrene. The case of a pure homopolymerization, under the same initia-

tor content, is also included to demonstrate the effect of GTR content on

the course of the polymerization. All cases are isothermal at 90 °C. The

observed effects of accelerated reaction during the first stage of the poly-

merization, which is particularly evident in the case of 30% GTR content,

and the overall inhibition, in terms of the final monomer conversion, that is

proportional to the content of GTR, are both well-captured by the model

and coherent to the experimental data. This is due to the inclusion, in the

adopted general kinetic scheme, of the reactions of accelerated decomposition

of BPO for the production of radicals of reduced activity (Eq.(2)) and the

reactions of deactivation of the radicals (Eqs.(34)-(40)), induced by carbon

black [23].
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Figure 5: Effect of the GTR content on the evolution of monomer conversion, during the

isothermal BPO-initiated polymerization of styrene in the presence of GTR particles [26].

(Filled circles and solid curves: pure homopolymerization; filled squares and dot/dashed

curves: 30% GTR; filled diamonds and dashed curves: 50% GTR; T= 90 °C; BPO/St 4.6

%wt).

In Figure 6, the evolution of styrene conversion is plotted for two different

initiator contents at a given GTR content of 50%. The respective homopoly-

mer case is also shown on the same plot, to emphasize the difference between

the effect of GTR content and that of initiator content on the course of the

polymerization. In fact, it is seen that, even a very significant increase of

the BPO content, from 4.6% to 9.6%, with respect to the mass of styrene,

has a minor positive impact on the evolution and final value of monomer

conversion, in comparison to the inhibition induced by the presence of GTR

in the mixture. In all cases, the proposed model predicts these effects with

very good accuracy.
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Figure 6: Effect of the initiator content on the evolution of monomer conversion, during

the isothermal BPO-initiated polymerization of styrene in the presence of GTR particles

[26]. (Filled circles and solid curves: BPO/St 4.6 %wt with 0% GTR; filled squares and

dot/dashed curves: BPO/St 4.6 %wt with 50% GTR; filled diamonds and dashed curves:

BPO/St 9.4 %wt for 50% GTR; T= 90 °C).

In an attempt to clarify the observed inhibition, the developed model was

employed to generate the evolution of additional indicators with time, under

the same conditions. Accordingly, the temporal trajectories of monomer

conversion, BPO quantity, total radical concentration and ratio of reduced-

activity primary radical generation by the decomposition of BPO are shown

in Figures (7) and (8). More precisely, Figure (7) shows, on the left, the

evolution of monomer conversion for the three copolymer cases of GTR and

BPO contents that have been presented previously in Figures (6) and (5),

but for longer simulation times than the experimental ones. On the right, the

respective evolution of the initiator content is presented for the same cases.

From these plots, it becomes evident that, at high GTR content of 50%, the
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monomer conversion becomes quickly limited by the rapid consumption of

the peroxide initiator, while at a lower GTR content of 30%, the consumption

of BPO is significantly slower allowing the system to reach higher values of

monomer conversion, which is limited asymptotically at ∼60%, after 800

minutes of reaction.

Figure 7: Evolution of monomer conversion (left figure) and BPO content (right figure)

with reaction time, for different initial content of GTR and BPO. (Solid curves: BPO/St

4.6 %wt with 30% GTR; dashed curves: BPO/St 4.6 %wt with 50% GTR; dotted curves:

BPO/St 9.4 %wt for 50% GTR; T= 90 °C).

Figure (8), shows, on the left, the temporal variation of the total radical

quantity (i.e., λ0+ν0+θ0+ω0) for the same cases. The observed peaks, which

are typical of radical polymerization systems, are completely consistent with

the monomer conversion trajectories, since the two cases corresponding to the

higher GTR content display more pronounced peaks, that are narrower and

are positioned earlier than the 30% GTR case. At the same time, between
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the two cases of 50% GTR content, the one with the higher initial BPO

content displays a taller and broader peak, thus explaining the achievement

of higher monomer conversion than the respective case of equal GTR content

but lower BPO initial concentration. This is due to the fact that, in the

case of 9.4% BPO content, the polymerization takes place at a higher rate,

as evidenced by the height of the respective peak, and for longer reaction

time, as evidenced by the larger width of the same peak, as well as by the

respective BPO consumption curve (see right Fig.(7)). Finally, the right

Figure (8) plots the evolution of the fraction of the reduced-activity primary

radicals over the total amount of radicals produced by the decomposition of

BPO (see Eqs.(34) and (35)). It is seen that, in both cases of 50% GTR

content, the production of reduced-activity primary radicals is favored over

the production of normal primary-radicals (i.e., the ratio is constantly higher

than 0.5), which is consistent with the observed inhibition. At the same time,

the higher BPO content slightly favors the normal-activity radicals, which is

again pertinent with the higher monomer conversion achieved. On the other

hand, in the 30% GTR content case, the reactions proceed with a very low

percentage of reduced-activity radicals, due to the low GTR content, thus

leading to higher polymerization rate and monomer conversion.
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Figure 8: left figure: Evolution of the total quantity of radicals in the system with reaction

time, for different initial contents of GTR and BPO; right figure: Temporal evolution of

the fraction of reduced-activity primary radicals, produced by the decomposition of BPO,

for different initial contents of GTR and BPO. (Solid curves: BPO/St 4.6 %wt with 30%

GTR; dashed curves: BPO/St 4.6 %wt with 50% GTR; dotted curves: BPO/St 9.4 %wt

for 50% GTR; T= 90 °C).

To further investigate the effect of GTR content on the evolution of the

polymerization, a series of simulations were carried out for varying GTR

content, at conditions different than the realized DSC experiments. Figure

9 shows the effect of the initial GTR content on the final values (i.e., after

120 min of reaction) of four different quantities, namely the monomer con-

version, number average molecular weight, Mn, of the free and the grafted

polymer and grafting efficiency. The overall trend of the final monomer con-

version is pertinent to the previous observations since it gradually decreases

with increasing initial GTR content, as shown in the top Figure. The same

behavior is observed for Mn of the free polymer, which seems to gradually
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decrease in parallel to the monomer conversion, as one would expect. At the

same time, the grafting efficiency, defined as the ratio of the mass of grafted

polymer over the total mass of polymer formed in the system, displays an

inverse effect of gradual increase along with the increase of the initial GTR

content, as shown in the bottom Figure. However, the final number average

molecular weight of the formed grafted polymer seems to be unaffected by

the initial GTR content, keeping a relatively constant value close to the re-

spective value of the free polymer, as shown by the ratio of the final Mn of

the grafted polymer over that of the free polymer, plotted on the right y-axis

of the middle Figure. All these effects show that, as the initial amount of

GTR increases, GTR-participating reactions are clearly favored in the sys-

tem, leading to increased inhibition that lowers the monomer conversion and

the free polymer molecular weight. At the same time, the grafting reactions

are favored thus leading to the formation of more active sites on the particles

of GTR and to a higher grafting efficiency. Nonetheless, although the ratio of

the grafted polymer radicals over the free ones increases proportionally to the

initial GTR content, their rate of polymerization remains comparable in this

temperature, as a result of the respective propagation and termination rates.

In this sense, free and grafted polymer chains will grow to reach comparative

average chain lengths in this temperature, even though their relative popu-

lation might vary significantly with the initial GTR content. Note that the

conditions of the simulations presented in this figure have been selected in

order to have a maximum coverage of the monomer conversion and grafting

efficiency domains.
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Figure 9: top figure: Effect of the initial GTR content on final monomer conversion (filled

black circles, left y axis) and on the final grafting efficiency (filled red squares, right y axis);

bottom figure: effect of the initial GTR content on the final number average molecular

weight of the free polymer (filled black circles, left y axis) and on the ratio of the final

number average molecular weight of the grafted polymer over that of the free polymer

(dashed red line, right y axis). (BPO/St 8 %wt; T= 110 °C; reaction time = 120 min).
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Figure 10: top figure: Effect of the reaction temperature on final monomer conversion

(filled black circles, left y axis) and on the final grafting efficiency (filled red squares, right

y axis); bottom figure: effect of the reaction temperature on the final number average

molecular weight of the free polymer (filled black circles, left y axis) and on the ratio of

the final number average molecular weight of the grafted polymer over that of the free

polymer (dashed red line, right y axis). (BPO/St 5 %wt for 50% GTR; reaction time =

120 min).

In Figure 10, the variation of the same quantities is plotted with respect to

the reaction temperature, for constant GTR and BPO contents (i.e., BPO/St

= 5 %wt and 50% GTR). In this case, a different behavior is observed as the

final (i.e., after 120 min of reaction) monomer conversion and Mn initially

remain relatively constant, for temperatures lower than 100-110 °C, and then

display a rather rapid increase (for monomer conversion) and decrease (for

Mn), respectively. At the same time, the ratio of the final Mn of the grafted

47



polymer over that of the free polymer displays a behavior similar to the one

of monomer conversion, while the final grafting efficiency increases rapidly

and reaches a value close to 100%, already at a temperature of about 120

°C. In fact, at lower temperatures, the mild increase of the rate of radical

production with temperature seems to be counterbalanced by the parallel in-

crease of the rates of radical termination and deactivation, thus limiting the

monomer conversion and molecular weight at a constant level. However, as

the temperature rises to values higher than 100-110 °C, the rate of creation

of new radicals, both by the very rapid decomposition of the initiator and

the thermal initiation mechanism, increases exponentially. Monomer prop-

agation rates also increase. At the same time, the increase in the radical

deactivation rate becomes limited by the saturation of the active sites of car-

bon black, thus allowing the system to reach high monomer conversion rates

very rapidly, before complete consumption of the initiator. The increased

number of radicals also contributes to the decrease of Mn. On the other

hand, as the rate of propagation of the grafted radicals becomes significantly

more important than the relative propagation rate of the free polymer (cf.

Table 2), the respective average molecular weight constantly increases and

so does the grafting efficiency as well. As a result, at very high temperatures

and for the given GTR and BPO contents, the polymerization seems to take

place principally on the grafted chains instead of the free radicals.

Figures 9 and 10 provide insights about the trends of the plotted magni-

tudes that are useful mainly within the perspective of a qualitative analysis.

Note, however, that, as mentioned previously in section 4.5, the parametric

estimation of the constants related to the grafting mechanisms, affecting the
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values of molecular weights and grafting efficiency in a copolymerization sys-

tem, has been carried out solely on the basis of monomer conversion data

(i.e., the only available data). As such, the actual values predicted by the

model for the molecular weights, in the presence of GTR, should be consid-

ered with caution. In fact, the experimental measurement of the molecular

weight of the free polymer and of the grafting efficiency, requires an initial

step of separation of the free polymer (and the remaining monomer) from

the grafted polymer and the GTR particles. This step is typically carried

out via solvent extraction. Then, the molecular weight can be determined by

size exclusion chromatography while grafting efficiency can be calculated by

gravimetric analysis [11, 26]. In this work, given that all copolymerization

experiments were carried out at milligram scale during the DSC experiments,

such analyses were not carried out. On the other hand, the molar mass of the

grafted polymer cannot be experimentally measured by the above procedure,

since the remaining mixture of GTR and grafted polymer is insoluble. In this

respect, a kinetic model that can accurately predict the evolution of the poly-

merization under varying conditions, becomes of even greater importance in

the analysis and understanding of such systems.

Finally, the predictions of the model have been tested against experi-

mental DSC data for different reaction temperatures, as shown in Figure 11.

More specifically, the evolution of monomer conversion under varying GTR

and BPO contents is compared to the model predictions for two additional

temperatures (i.e., besides the temperature considered in Figures 4-6, equal

to 90°C), namely at 85°C and 120°C. The comparison further validates the

capacity of the proposed model to capture the behavior of the system, in
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the presence of GTR, under different conditions and up to relatively high

temperatures.

Figure 11: Evolution of monomer conversion, during the isothermal BPO-initiated poly-

merization of styrene in the presence of GTR particles, under different temperatures [23].

Upper figure: T = 85 °C; lower figure: T = 120 °C. (Filled circles and solid curves: BPO/St

4.6 %wt with 50% GTR; filled squares and dot/dashed curves: BPO/St 4.6 %wt with 30%

GTR; filled diamonds and dashed curves: BPO/St 9.4 %wt with 50% GTR).

6. Conclusions

The radical polymerization of styrene in the presence of ground-tire rub-

ber particles is a system that displays significant deviation from the respec-

tive pure styrene homopolymerization case, when a peroxide initiator is used.

This deviation has been attributed to various factors, notably associated with

the presence of highly-reacting additives in the formulation of GTR, such as

carbon black, and with its three-dimensional network structure [23]. In this

respect, a unified mathematical modeling framework, capable of predicting
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the behavior of the system both in the absence and in the presence of GTR

and under different conditions in terms of GTR content, initiator content and

reaction temperature, would be extremely valuable to the relative research

in this field.

The modeling framework proposed in this work attempted to respond to

this exact need. In this sense, a general and comprehensive kinetic scheme

was proposed to describe all the kinetic developments taking place in the

system, on the basis of previously established models on styrene polymeriza-

tion. A series of additional chemical reactions were included to account for

the accelerated decomposition of peroxide radicals as well as for the grafting

and the deactivation (partial and total) of the chain radicals. The diffusion-

controlled phenomena were also incorporated in the model.

The proposed model was capable of describing the available polymeriza-

tion data with high accuracy and of capturing the effects of the GTR and

initiator content under different polymerization temperatures. Additional

simulation runs were implemented to further illustrate the predicted effects

of the different reaction conditions on the monomer conversion, molecular

weight and grafting efficiency developments. Overall, the presence of GTR

particles in the reacting system seems to affect mostly the reactions of initia-

tion and termination via the acceleration of both decomposition of BPO and

deactivation of the formed radicals, in parallel to the formation of grafted

polymer chains. The generality of the kinetic scheme of the proposed frame-

work allows further development and validation in the light of new data

for the polymerization system under study, and makes it suitable for im-

plementation in other similar systems employing different monomers and/or
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initiators.
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Nomenclature

Greek Characters

α Reduced-mobility multiplicative coefficient

αm Monomer thermal expansion coefficient (K−1)

αp Polystyrene thermal expansion coefficient (K−1)

δ Average chain root mean square end-to-end distance (m)

δc Segmental diffusion parameter for styrene (l.g−1)

λk Moment of the number-chain-length distribution of the free radicals,

of order k (mol.l−1)

µk Moment of the number-chain-length distribution of the free polymers,

of order k (mol.l−1)

νk Moment of the number-chain-length distribution of the grafted radi-

cals, of order k (mol.l−1)

ωk Moment of the number-chain-length distribution of the reduced-activity

grafted radicals, of order k (mol.l−1)

σ Lennard Jones diameter (m)

θk Moment of the number-chain-length distribution of the reduced-activity

free radicals, of order k (mol.l−1)

ξk Moment of the number-chain-length distribution of the grafted poly-

mers, of order k (mol.l−1)
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Symbols

A Adjustable parameter for the onset of the 2nd stage of gel-effect

AH Diels-Alder adduct

AR 1-Phenyltetraryl radical

B Adjustable parameter for the onset of the 3rd stage of gel-effect

C Adjustable parameter for the onset of the 4th stage of gel-effect

CB Carbon black

Dn Polymer of chain length ‘n’

DPR Deactivated primary-radical

f1 Efficiency factor of chemical initiation

f2 Efficiency factor of CB-induced initiation

fGTR Efficiency factor of the GTR double bonds

GDn Grafted polymer of chain length ‘n’

GPn Reduced-activity grafted radical of chain length ‘n’

GPR Grafted primary-radical

GRn Grafted radical of chain length ‘n’

GRatc Critical value of mass fraction of GTR in the reacting mixture

I Initiator agent
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jc Average number of monomer units between chain entaglements (m

k kinetic rate constant (units: mol; l; min)

M Monomer, styrene

M0 Molecular mass of styrene (g.mol−1)

MDB Initial molar concentration of double bonds of GTR (mol.l−1)

MR Styryl radical

nS Molar quantity of species S (mol)

Pn Reduced-activity free radical of chain length ‘n’

PR Free primary radical

PRl Reduced-activity primary-radical

Rn Free radical of chain length ‘n’

rX Net formation rate of species X (mol.min−1.l−1)

V Volume of the reacting mixture (l)

GRat Mass fraction of GTR in the reacting mixture

Subscripts of the kinetic constants

−1 Diels-Alder dimerization inverse reaction

1 Diels-Alder dimerization forward reaction

2 Thermal initiation reaction from AH
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A Thermal initiation reaction from AR

B Thermal initiation reaction from MR

C Trimerization reaction

d Initiator decomposition reaction

dCB CB-induced decomposition reaction

dea Radical deactivation reaction

fx Transfer reaction to species ‘x’

I Initiation reaction

p Propagation reaction

S Scission reaction

tc Termination by combination reaction

td Termination by dispropportionation reaction

tPR Transfer reaction to primary-radicals

xG Grafting reaction analogous to the respective free radical mechanism

‘x’
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Appendix A. Model Equations

Appendix A.1. Rate functions of the macromolecular species

The net formation rates of all the macromolecular species that participate

in the different chemical reactions can be established, on the basis of the

postulated general kinetic scheme (Eqs.(1)-(40)), as follows:

• Free polymer, Dn

rDn = kC · [AH] · [M ] · δ(n− 3) + (kfm · [M ] + kfAH · [AH]) · [Rn]

+ ks · [PR] ·

(
∞∑

k=n+1

[Dk]− (n− 1) · [Dn]

)
+ ktPR · [PR] · [Rn]

+
1

2
ktc ·

n−1∑
k=1

[Rk] · [Rn−k] + ktd · [Rn] ·
∞∑
k=1

[Rk] + kfG · [G] · [Rn]

+ ktdG · [Rn] ·
∞∑
k=1

[GRk] + kdea · [CB] · ([Rn] + α · [Pn])

+ α ·

(
1

2
ktc ·

(
α ·

n−1∑
k=1

[Pk] · [Pn−k] + 2 ·
n−1∑
k=1

[Rk] · [Pn−k]

))

+ α · ktd ·

(
α · [Pn] ·

∞∑
k=1

[Pk] + [Rn] ·
∞∑
k=1

[Pk] + [Pn] ·
∞∑
k=1

[Rk]

)

+ α · ktdG ·

(
([Rn] + α · [Pn]) ·

∞∑
k=1

[GPk] + [Pn] ·
∞∑
k=1

[GRk]

)
+ kdea · [CB] · ([MR] · δ(n− 1) + [AR] · δ(n− 2))

(A.1)
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• Grafted radicals, GRn

rGRn = (kpG · [GPR] · [M ]) · δ(n− 1) + kpG · [M ] · ([GRn−1]− [GRn])

− (kfmG · [M ] + kfAHG · [AH]) · [GRn]

− (ktcG + ktdG) · [GRn] ·

(
∞∑
k=1

[Rk] + α ·
∞∑
k=1

[Pk]

)
− ktPRG · [PR] · [GRn]− kdeaG · [CB] · [GRn]

(A.2)

• Grafted polymer, GDn

rGDn = (kfmG · [M ] + kfAHG · [AH]) · [GRn]

+ ktcG ·
n−1∑
k=1

[Rk] · [GRn−k] + ktdG · [GRn] ·
∞∑
k=1

[Rk]

+ ktPRG · [PR] · [GRn] + kdeaG · [CB] · ([GRn] + α · [GPn])

+ α · ktcG ·

(
n−1∑
k=1

[GRk] · [Pn−k] +
n−1∑
k=1

[Rk] · [GPn−k] + α ·
n−1∑
k=1

[Pk] · [GPn−k]

)

+ α · ktdG ·

(
α · [GPn] ·

∞∑
k=1

[Pk] + [GPn] ·
∞∑
k=1

[Rk] + [GRn] ·
∞∑
k=1

[Pk]

)
(A.3)

• Reduced-activity free radicals, Pn

rPn = (α · kI · [M ] · [PRl]) · δ(n− 1)

+ α · kp · [M ] · ([Pn−1]− [Pn])− α2 · (ktc + ktd) · [Pn] ·
∞∑
k=1

[Pk]

− α ·

(
(ktc + ktd) ·

∞∑
k=1

[Rk] + (ktcG + ktdG) ·

(
∞∑
k=1

[GRk] + α ·
∞∑
k=1

[GPk]

))
· [Pn]

− α · kdea · [Pn] · [CB]

(A.4)
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• Reduced-activity grafted radicals, GPn

rGPn = (α · kIG · [G] · [PRl]) · δ(n− 1) + α · kpG · [M ] · ([GPn−1]− [GPn])

− α ·

(
(ktcG + ktdG) ·

(
∞∑
k=1

[Rk] + α ·
∞∑
k=1

[Pk]

))
· [GPn]− α · kdeaG · [GPn] · [CB]

(A.5)

Note that the rate function for the free radicals has already been pre-

sented in section 4 (Eq.(41)). Note also that the derivation of these rate

functions, on the basis of the postulated kinetic scheme, is subject to dif-

ferent interpretations, mostly with respect to the factors accompanying the

terms corresponding to bimolecular reactions involving identical species (e.g.,

termination reactions). This is a phenomenon that is well established in

the literature [53, 60, 61]. Accordingly, extreme care should be taken when

adopting parts of reported mathematical models or their respective kinetic

rate values.

Appendix A.2. Moment rate functions

In accordance to the definition given in Eq.(43), the moments µk, νk,

ξk, θk and ωk have been defined for the macromolecular species Dn, GRn,

GDn, Pn and GPn, respectively. Next, on the basis of the previously defined

rate functions (Eqs.(A.1)-(A.5)) and according to the procedure followed

previously forRn (Eq.(44)), the following rate functions can be established for

the leading moments of the number-chain-length distributions of the above

macromolecular species:
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• Moments of the free polymer, µk

rµk = 3k · kC · [AH] · [M ] + (kfm · [M ] + kfAH · [AH]) · λk

+ ks · [PR] · (T1 − (µk+1 − µk)) + ktPR · [PR] · λk

+
1

2
ktc ·

k∑
r=0

(
k

r

)
λr · λk−r + ktd · λk · λ0

+ kfG · [G] · λk + ktdG · λk · ν0 + kdea · [CB] · (λk + α · θk)

+ α ·

(
1

2
ktc ·

(
α ·

k∑
r=0

(
k

r

)
θr · θk−r + 2 ·

k∑
r=0

(
k

r

)
λr · θk−r

))
+ α · ktd · (α · θk · θ0 + λk · θ0 + θk · λ0) + α · ktdG · ((λk + α · θk) · ω0 + θk · ν0)

+ kdea · [CB] · ([MR] + 2 · [AR])

(A.6)

• Moments of the grafted radicals, νk

rνk = kpG · [GPR] · [M ] + kpG · [M ] ·

(
k∑
r=0

(
k

r

)
νr − νk

)
− ktPRG · [PR] · νk

− (kfmG · [M ] + kfAHG · [AH]) · νk − (ktcG + ktdG) · νk · (λ0 + α · θ0)

− kdeaG · [CB] · νk

(A.7)
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• Moments of the grafted polymer, ξk

rξk = (kfmG · [M ] + kfAHG · [AH]) · νk + ktdG · νk · λ0

+ ktcG ·
k∑
r=0

(
k

r

)
λr · νk−r + ktPRG · [PR] · νk

+ kdeaG · [CB] · (νk + α · ωk) + α · ktdG · (αωk · θ0 + ωk · λ0 + νk · θ0)

+ α · ktcG ·

(
k∑
r=0

(
k

r

)
νr · θk−r +

k∑
r=0

(
k

r

)
λr · ωk−r + α ·

k∑
r=0

(
k

r

)
θr · ωk−r

)
(A.8)

• Moments of the reduced-activity free radicals, θk

rθk = α · [M ] ·

(
kI · [PRl] + kp ·

(
k∑
r=0

(
k

r

)
θr − θk

))
− α · ((ktc + ktd) · (α · θ0 + λ0) + (ktcG + ktdG) · (ν0 + α · ω0)) · θk

− α · kdea · θk · [CB]

(A.9)

• Moments of the reduced-activity grafted radicals, ωk

rωk
= α ·

(
kIG · [G] · [PRl] + kpG · [M ] ·

(
k∑
r=0

(
k

r

)
ωr − ωk

))
− α · ωk · ((ktcG + ktdG) · (λ0 + α · θ0))− α · kdeaG · ωk · [CB]

(A.10)

The definitions of the terms T1 and T1G are given in Eq.(45). Note that,

some terms of the above rate functions create a dependency of a moment

of order k on a moment of order k+1 (i.e., the so-called moment-closure

problem). To overcome this problem and close the mass balances of the
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system, the following closure technique has been adopted in this study, on

the basis of an assumed log-normal distribution [62]:

Φ3 = Φ0 ·
(

Φ2

Φ1

)3

(A.11)

where Φk denotes the moment of order k of any of the macromolecu-

lar species of the system. The above expression provided satisfactory mass

balance closure (i.e., ≥ 99.9%) for all the tested systems and conditions.

Appendix A.3. Calculation of properties

The implementation of the method of moments provides a straightforward

calculation of many average properties of interest of the various macromolec-

ular species of the system. In this respect, the number- and weight-average

molecular weights of the free polymer, Dn, will be directly calculated by:

Mn =
µ1

µ0

·M0 ; Mw =
µ2

µ1

·M0 (A.12)

Accordingly, the respective properties of any of the macromolecular species,

that are present in the reacting mixture, can be calculated at any instant of

the polymerization.

Appendix B. Reduced Kinetic Scheme

All the model equations presented in the rest of this work correspond to

the complete general kinetic scheme, as presented in Eqs.(1)-(40). In this

section, a reduced kinetic scheme is presented, as established following the

parametric estimation process (see Section 4).
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In fact, as explained in Section 4.5, given the available experimental data,

it would be meaningless to estimate the values of all the parameters corre-

sponding to all the reactions of the postulated kinetic scheme. In addition,

some of these reactions have been considered negligible in the tested condi-

tions (e.g., termination by disproportionation, termination by primary rad-

icals, scission reactions, see Section 4.5). Accordingly, the general kinetic

scheme, under the conditions and data considered in this work, can be re-

duced to the following kinetic scheme:

• Chemical initiation

I
kd,f1−−−→ 2PR (B.1)

I + CB
kdCB ,f2−−−−→ PRl (B.2)

M/G+ PR
kI/kIG−−−−→ R1/GPR (B.3)

M +GPR
kpG−−→ GR1 (B.4)

M/G+ PRl
α·kI/kIG−−−−−→ P1/GP1 (B.5)

• Thermal initiation

2M
k1←→
k−1

AH (B.6)

AH +M
k2−→ AR +MR (B.7)

AR/MR +M
kA/KB−−−−→ R3/R2 (B.8)

AH +M
kC−→ D3 (B.9)

• Propagation:

M +Rn(GRn)
kp/kpG−−−−→ Rn+1/GRn+1 (B.10)

M + Pn/GPn
α·kp/kpG−−−−−→ Pn+1/GPn+1 (B.11)
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• Transfer:

M +Rn

kfm−−→ Dn +R1 (B.12)

AH +Rn

kfAH−−−→ Dn + AR (B.13)

• Termination:

Rn +Rm/GRm
ktc/ktcG−−−−−→ Dn+m/GDn+m (B.14)

Rn/GRn + Pm
α·ktc/α·ktcG−−−−−−−→ Dn+m/GDn+m (B.15)

Rn +GPm
α·ktcG−−−→ GDn+m (B.16)

Pn + Pm
α2·ktc−−−→ Dn+m (B.17)

• Radical deactivation by carbon black:

PR/GPR + CB
kdea−−→ DPR (B.18)

MR/AR + CB
kdea−−→ D1/D2 (B.19)

CB +Rn/Pn
kdea/α·kdea−−−−−−→ Dn (B.20)

CB +GRn/GPn
kdeaG/α·kdeaG−−−−−−−−→ GDn (B.21)
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