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Abstract

A thermohydraulic analytical model of a capillary cylindrical heat pipe in steady-state is proposed in this article.
It is based on an original representation by thermal quadrupoles to describe heat transfer in the wall and in the
porous wick, via the use of Fourier integral transforms. Thanks to a validation from literature results, this model
provides two-dimensional axisymetric thermal fields and one-dimensional pressure and velocity profiles of both
liquid and vapour flows. Different developments and solutions are introduced according to the kind of boundary
conditions at evaporator and at condenser, and with a more or less strong thermohydraulic coupling at the liq-
uid/vapour interface. For the simple case with imposed uniform heat fluxes, intrinsic properties of the heat pipe
are originally defined. The introduced model offers a generalisation of analytical models of standard heat pipe
as a design or optimisation tool. Wider developments of analytical models for more complex three-dimensional
geometries of heat pipe and in transient regime can be expected.

Keywords: Cylindrical heat pipe, Steady-state analytical model, Thermal quadrupoles, Thermohydraulic
coupling

1. Introduction

Many modelling developments and analyses of heat pipes have been carried out and can be found nowadays,
thanks to the increase of application opportunities, either to improve heat transfer (electronic cooling, ...) or to
reduce thermal gradients [1]. While some modelling improvements still remain for loop heat pipes and pulsating
heat pipes, much work has already been done to develop sizing or analysis tools for capillary heat pipes.

Today, numerical studies are often selected to study precise thermohydraulic effects in the vapour flow or in
the liquid flow in the porous media, but some analytical developments can be found, even in recent years. While
sizing models were firstly focused on hydraulic considerations, that is evaluating a capillary limit from liquid and
vapour pressure drops [2], more precise thermal models have been introduced now.

Zuo and Faghri [3] propose a transient thermal network to describe the behaviour of a standard cylindrical
heat pipe through simple radial or axial thermal resistances. Solving the ordinary differential equations system is
done by numerical standard Runge-Kutta method. From boundary conditions, the operating temperature of the
heat pipe can be evaluated in particular. With Darcian pressure drops for the vapour and liquid flows and from
the Clausius-Clapeyron equation, a dimensionless criterion of "thermal compatibility" is proposed between the
geometric parameters of the heat pipe, the thermal conductivity of the material and the fluid properties.

Zhu and Vafai [4] focus on an analytic development of velocity and pressure profiles of the vapour and liquid
flows in a cylindrical heat pipe under axisymetric boundary conditions in steady-state. In particular, non-Darcian
transport and interfacial effects are taken into account. The method of matched asymptotic expansions is used
to obtain a closed-form solution. Assuming that the vapour phase is saturated with a uniform temperature along
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the heat pipe, the external wall temperature profile is obtained by a simple radial heat conduction model without
heat losses, from the heat input at evaporator and the coolant temperature at condenser.

In the case where the capillary structure is merely grooves in the heat pipe wall, some specific modelling have
been also developed. For example, Kim and Seo [5] propose a mathematical model to evaluate the maximum
heat transport capability of a miniature heat pipe with a special shape grooved wick structure. From continuity
and momentum balances of the vapour and liquid flows, the evaluation of the axial evolution of the interface
curvature and the liquid block length at condenser are assessed first. A mean thermal resistance of the heat pipe
is then calculated from mean resistances specific to heat transfer at evaporator, to the evolution of the saturated
vapour temperature and to heat transfer at condenser, according to the various liquid levels in the grooves at both
evaporator and condenser.

In 2011, Aghvami and Faghri [6] introduce a two-dimensional analytical thermohydraulic model for flat heat
pipes with various sollicitation configurations in steady state. Temperature field in the wall of the heat pipe are
evaluated under the form of infinite Fourier cosine series, with coefficients under exponential form. A constant
saturation temperature is imposed at the liquid/vapour interface and a linear temperature profile across the wick
structure is assumed, through an equivalent thermal conductivity. The velocity and pressure distributions for the
vapour flow and for the liquid flow are obtained thanks to the assumption of a parabolic velocity profile. The
overheating of the vapour is then evaluated from the Clapeyron equation and the effective capillary pressure is
deduced. In a parallel work, Shabgard and Faghri [7] propose an equivalent analytical model for capillary cylin-
drical heat pipes. With the same assumptions, two-dimensional wall temperature field, and velocity and pressure
profiles for vapour and liquid flows are written under the form of infinite series of products of cosine and modified
Bessel functions. All the analytical results are compared with full numerical simulations. From a parametric anal-
ysis, Shabgard and Faghri propose an improvement of the previous equivalent thermal networks by introducing
some additional thermal resistances for a better consideration of axial heat transfer in the wall, which is not nec-
essarily negligible in certain cases, especially in the calculation of the pressure drops in the heat pipe. In 2014, Lips
and Lefèvre [8] generalise this kind of approach by introducing an analytical design model for flat and cylindrical
capillary heat pipes. Three-dimensional calculations are here made with double Fourier cosine and sine series.
The thermal problem of the cylindrical case is solved in rectangular coordinates as well as in the flat case, by as-
suming a thin thickness for the wall with respect to the perimeter of the heat pipe. An imposed uniform saturation
temperature and imposed heat fluxes at evaporator and at condenser are taken as boundary conditions.

In the last years, full numerical analyses have been achieved. Three-dimensional thermohydraulic solving is
performed by the finite volume method [9, 10], by finite elements [11] or by the more recent Lattice-Boltzmann
method [12]. The main disadvantage of these numerical modelling is naturally the long duration of the calculation
compared to previous analytical models. Simulation time of several hours are needed against few seconds for the
calculation of analytical Fourier series (with 200 terms) [7]. So, even if some additional assumptions are required
with some small inaccuracies, the analytical models are always interesting in order to develop a fast and quite
accurate design tool for a capillary heat pipe. The present article introduces thus a generalisation of the analytical
approach by Fourier series [6, 7, 8] for a capillary cylindric heat pipe via an original mathematical representation
by thermal quadrupoles.

2. Problem description

The developed model is focused in this article on the standard axisymetric problem of a capillary cylindrical
heat pipe in steady state. The heat source and the heat sink can be either located at each extremity (Fig. 1) for
usual applications or anywhere along the axis. The problem of multi-sources positioning of the x axis can even
be considered. The only constraint is to consider these sources as uniform around the axis of the heat pipe. Fur-
thermore, the studied heat pipe is composed of a hollow tube with an inner porous layer, but the model can be
extended to a heat pipe with several porous layers.

The considered problem relies on the following assumptions, mainly posed for an achievable analytical solu-
tion:

• the vapour and liquid flows are considered unidirectional along the x axis ;

• the vapour flow is supposed at saturation with a parabolic axial velocity profile ;
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Figure 1: Heat pipe geometry

• 2D-axisymetric heat transfer by conduction in the wall of the pipe and in the porous wick are taken into
account ;

• the thermodynamic properties of the fluid and of the solid parts are supposed constant ; properties of
the vapour and of the liquid are assumed to be evaluated at the mean saturation temperature at the liq-
uid/vapour interface along the heat pipe ; due to a low velocity liquid flow, an equivalent thermal conduc-
tivity λeq is assumed for the capillary structure full of liquid. In the literrature, different formulations can
be found to determine it, according to the fluid-material pair and the kind of capillary structure [13]. For
example, for a wrapped screen [14], λeq can be evaluated by:

λeq = λl [λl +λw − (1−εw )(λl −λw )]

λl +λw + (1−εw )(λl +λw )
(1)

where εw is the porosity of the wick ;

• the heat pipe operation is supposed to be regular : the liquid/vapour interface is located at the inner diam-
eter, corresponding to the vapour domain, and no thermal effect of the interface curvature or of a possible
liquid slug is considered.

In the rest of the document, the solid geometry of the heat pipe will be defined by the axial abscissa x from 0 to
the length of the heat pipe L, and by the radius abscissa r varying from the inner radius Ri of the vapour domain
to the outer radius Ro of the solid wall. The radial location of the contact between the wall and the porous wick is
noted Rw .

The following boundary conditions for the global problem are considered (they correspond to the most stan-
dard conditions met in the literature):

• the heat pipe is insulated at each extremity, x = 0 and x = L ;

• a heat flux qE is imposed at the evaporator ; according to axisymetric assumptions, qE can only depend on
x ;

• a condition of convection is considered at the condenser, with a reference temperature TC and a heat trans-
fer coefficient hC ;

• heat losses with ambience can be taken into account at a temperature T∞ through a heat transfer coefficient
h∞.

Some of these conditions could be simplified according to cases considered in the next sections.
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With these external conditions, different models are developed depending on the coupling between thermal
model and hydraulic model (with or without the assumption of a uniform saturation temperature for the evalua-
tion of heat transfer) and on the considered vapour pressure drop (with or without non-linear dynamic pressure
drop).

3. Model development

3.1. Thermal model

Heat equations in the two layers (solid and porous wick) are simply defined in steady state by the Laplace
equation, written in cylindrical coordinates:

∂2T

∂x2 + 1

r

∂

∂r

(
r
∂T

∂r

)
= 0 (2)

To solve more easily this Laplace equation, it is interesting to work with temperature variation around a refer-
ence temperature, rather than directly with absolute temperature. In our case, a good idea is to take the reference
temperature as the mean fluid saturation temperature in the axis direction and at r = Ri , noted T sat . So we pose
thereafter θ = T −T sat . The heat equation is then written:

∇2θ = 0 (3)

The adiabatic boundary conditions at x = 0 and x = L are written:

∂θ

∂x

∣∣∣∣
x=0

= ∂θ

∂x

∣∣∣∣
x=L

= 0 (4)

Due to these conditions, the Fourier integral transform of θ, noted θ̃n , relative to the space variable x ∈ [0;L],
is defined as:

θ̃n(r ) =
∫ L

0
θ(x,r )cos(αn x)d x (5)

where the eigenvalues αn are defined for any natural number n by αn = nπ/L. The associated inverse transform
for returning to the original domain is:

θ(x,r ) = θ̃0(r )

L
+ 2

L

∞∑
n=1

θ̃n(r )cos(αn x) (6)

The integral tranforms of the heat equation (3), taking into account boundary conditions (4), become:

• for the fundamental eigenvalue (n = 0):
1

r

d

dr

(
r

d θ̃0

dr

)
= 0 (7)

• for the harmonic eigenvalues (n > 0):
1

r

d

dr

(
r

d θ̃n

dr

)
−α2

n θ̃n = 0 (8)

Introduction of the integral transform of the rate of heat flux through a cylindrical surface, per unit length in
the axial direction, φ = −2πrλ∂θ/∂r , makes a corresponding quadrupole form possible for a layer with constant
thermal conductivity located between two radii R1 and R2:(

θ̃n

φ̃n

)
r=R2

=
(

An Bn

Cn Dn

)(
θ̃n

φ̃n

)
r=R1

(9)
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Notation Expression
A0 1
B0 l n (R1/R2)/(2πλ)
C0 0
D0 1
An αnR1[I0(αnR2)K1(αnR1)+ I1(αnR1)K0(αnR2)]
Bn [I0(αnR1)K0(αnR2)− I0(αnR2)K0(αnR1)]/(2πλ)
Cn 2πλα2

nR1R2[I1(αnR1)K1(αnR2)− I1(αnR2)K1(αnR1)]
Dn αnR2[I0(αnR1)K1(αnR2)+ I1(αnR2)K0(αnR1)]

I0, I1 and K0, K1 are the modified Bessel functions of zero and
first order, respectively, of first and second kind

Table 1: Quadrupole coefficients in cylindrical coordinates

where the matrix coefficients An , Bn , Cn and Dn are defined in Table 1 [15]. It has to be noted that the coefficient B0

corresponds to the radial conductive resistance, and so the two fundamental scalar equations above correspond
to a one-dimensional model.

The two-layers conductive problem can also be written under the quadrupole form, linking both interfaces
r = Ri and r = Ro : (

θ̃n

φ̃n

)
r=Ro

=
(
An Bn

Cn Dn

)(
θ̃n

φ̃n

)
r=Ri

(10)

where the quadrupole matrix is the product of the two matrices related to each of the two layers.

3.2. Thermodynamic considerations at the liquid/vapour interface

The boundary condition at r = Ri corresponds to the liquid/vapour interface.

3.2.1. Thermal conditions
By definition of the mean vapour temperature T sat , the fundamental θ̃0

∣∣
r=Ri

is null.
Furthermore, a heat balance written for the whole vapour domain implies :∫ L

0
φ

∣∣
r=Ri

= 0 ⇒ φ̃0
∣∣
r=Ri

= 0 (11)

3.2.2. Thermodynamic condition of saturation
As a first approximation, the saturation temperature variation along the heat pipe can be neglected for the

estimation of the heat transfer, typically when the vapour pressure drop is small compared to the variation of the
saturation pressure, for example with a large vapour diameter. In that case, it implies in addition :

θ̃n
∣∣
r=Ri

= 0 (12)

However, in order to have a stronger coupling between heat transfer and hydraulics, for example for heat pipes
with smaller vapour space, it can be interesting to take into account the axial variation of the saturation tempera-
ture.

The idea of the model is to linearise the saturation equation near the mean temperature T sat :

dPv

dTv
= Ksat (13)

where Ksat is a constant depending on T sat only.
This linearisation implies the relationship :

Pv −Psat (T sat ) = Ksat θ|r=Ri (14)

and so the mean vapour pressure is equal to the saturation pressure at T sat .
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3.3. Hydrodynamic model

3.3.1. Vapour flow
Velocity profile.

The axial velocity profile of the vapour flow is assumed to be parabolic. With symetry at r = 0 and slip condition
at the interface (r = Ri ) [7], it is expressed as:

ux (x,r ) = 2uv (x)

(
1− r 2

R2
i

)
(15)

where uv (x) is the mean vapour velocity defined by:

uv (x) = 2

R2
i

∫ Ri

0
r ux (x,r )dr (16)

The mass balance is written:

r
∂ux

∂x
+ ∂(r ur )

∂r
= 0 (17)

Integrating Eq. (17) between 0 and r provides the expression of the radial velocity:

ur (x,r ) =−duv

d x
r

(
1− r 2

2R2
i

)
(18)

At r = Ri , assuming that conductive effects are negligible compared to phase change, the balance at the inter-
face gives the relation between the mean velocity and heat flux:

duv

d x
=

− φ
∣∣
r=Ri

πρv hl v R2
i

(19)

Integrating Eq. (19) between 0 and x, and developing the Fourier series of φ
∣∣
r=Ri

, the mean velocity of vapour
is finally expressed as:

uv (x) = −2

πρv hl v R2
i L

∞∑
n=1

φ̃n
∣∣
r=Ri

αn
si n(αn x) (20)

Pressure profile.
The momentum balance of the vapour flow is written assuming that pressure variations are unidirectional

following x:
∂Pv

∂x
=µv

(
1

r

∂

∂r

(
r
∂ux

∂r

)
+ ∂2ux

∂x2

)
−ρv

(
ur
∂ux

∂r
+ux

∂ux

∂x

)
(21)

Thanks to expressions of axial and radial velocities (Eqs (15) and (18)), integrating Eq. (21) between 0 and Ri

gives:
dPv

d x
= −8µv

R2
i

uv +µv
d 2uv

d x2 − 4

3
ρv

du2
v

d x
(22)

Integrating Eq. (22) between 0 and x and introducing the mean vapour pressure result in a vapour pressure
profile that can be expressed by:

Pv (x) = Psat (T sat )+ 8µv

R2
i

(
1

L

∫ L

0

∫ x

0
uv (x ′)d x ′d x −

∫ x

0
uv (x ′)d x ′

)
+µv

duv

d x
+ 4

3
ρv

(
1

L

∫ L

0
u2

v (x)d x −u2
v (x)

)
(23)

From the expression of the mean vapour velocity (20), Eq. (23) finally gives:

Pv (x) = Psat (T sat )− 16µv

πρv hl v R4
i L

∞∑
n=1

(
1

α2
n
+ R2

i

8

)
φ̃n

∣∣
r=Ri

cos(αn x)+ 16

3π2ρv h2
l v R4

i L2

1

2

∞∑
n=1

φ̃2
n

∣∣
r=Ri

α2
n

−
( ∞∑

n=1

φ̃n
∣∣
r=Ri

αn
si n(αn x)

)2


(24)
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Simplifying assumption.
If the dynamic pressure drop (last term in Eq. (24)) is considered negligible, the vapour pressure profile be-

comes linear and can therefore be written as a Fourier serie where the pressure harmonics are linked to the heat
flux harmonics at r = Ri by:

P̃v,n = −8µv

πρv hl v R4
i

(
1

α2
n
+ R2

i

8

)
φ̃n

∣∣
r=Ri

(25)

Thanks to the linearisation of the saturation curve (13), heat flux and temperature harmonics at r = Ri are then
linked by:

φ̃n
∣∣
r=Ri

= −Ksat

8µv

πρv hl v R4
i

(
1
α2

n
+ R2

i
8

) θ̃n
∣∣
r=Ri

=−Kn θ̃n
∣∣
r=Ri

(26)

3.3.2. Liquid flow
Velocity profile.

In the same way as the vapour flow, the global mass balance of the liquid flow can be written:

dul

d x
=

φ
∣∣
r=Ri

ρl Aw hl v
(27)

with Aw =π(R2
w −R2

i ) the liquid section, and ul the mean liquid velocity defined by:

ul (x) = 2

R2
w −R2

i

∫ Rw

Ri

r ux dr (28)

Integrating Eq. (27) between 0 and x gives:

ul (x) = 2

ρl Aw hl v L

∞∑
n=1

φ̃n
∣∣
r=Ri

αn
si n(αn x) (29)

Pressure profile.
Liquid pressure drop in the porous wick is supposed to follow the Darcy law. Neglecting the dynamic pressure,

the global momentum balance of the liquid flow is:

dPl

d x
=− µl

kw
ul +ρl g si n(γ) (30)

Integrating Eq. (30) between 0 and x, and then assuming that the minimum capillary pressure (corresponding
to the minimum of the difference ∆Pv (x)−∆Pl (x)) is null (flat interface) and located at x = x0, the expression of
the liquid pressure can be written as:

Pl (x) = Pv (x0)+ 2µl

ρl kw Aw hl v L

∞∑
n=1

φ̃n
∣∣
r=Ri

α2
n

(cos(αn x)− cos(αn x0))+ρl g si n(γ)(x −x0) (31)

where Pv (x0) is evaluated directly from Eq. (24).

3.3.3. Capillary pressure
In the general case, the capillary pressure is just determined from the general expressions of the vapour and

liquid pressures (Eqs (24) and (31)):
Pcap (x) = Pv (x)−Pl (x) (32)

If the dynamic vapour pressure and the effects of the variation of the mean vapour velocity are considered neg-
ligible, with the evaporator and the condenser at each side of the heat pipe (standard configuration), the minimum
capillary pressure is located at x0 = L and the maximum capillary pressure at x = 0. In this case, this maximum
capillary pressure can be simply written:

Pcap,max = ρl g si n(γ)L− 4

L

[
8µv

πρv hl v R4
i

+ µl

ρl kw Aw hl v

] ∞∑
m=0

φ̃2m+1
∣∣
r=Ri

α2
2m+1

(33)
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3.4. Calculation method

3.4.1. Quadrupole model used according to the model assumptions
From the previous development, the thermal quadrupole model can be more or less simplified according to

the assumptions made on the effects of the temperature axial variation on heat transfer, and of taking into account
the dynamic vapour pressure drop.

Whatever the assumptions, the fundamental (n = 0) of the quadrupole model gives:

θ̃0
∣∣
r=Ro

= 0 (34a)

φ̃0
∣∣
r=Ro

= 0 (34b)

The first equation corresponds to the equality between the two mean temperatures at r = Ri and r = Ro . The
second equation explicits a null global heat balance for the heat pipe.

With regard to the thermal harmonics, the different assumptions lead to more or less simple models:

• if the saturation temperature is considered uniform to estimate heat transfer, the quadrupole model is sim-
plified by: (

θ̃n

φ̃n

)
r=Ro

=
(
An Bn

Cn Dn

)(
0
φ̃n

)
r=Ri

(35)

This model is then decoupled from the hydrodynamic model. Both models can so be used independently
of each other. From this quadrupole model, the harmonics of temperature and heat flux at r = Ro can be
directly linked:

φ̃n
∣∣
r=Ro

= Dn

Bn
θ̃n

∣∣
r=Ro

(36)

• if the thermohydraulic coupling is taken into account at the liquid/vapour interface :

– in the case that dynamic vapour pressure drop is neglected, the thermodynamic coupling is linear
(thanks to the linearisation of the saturation curve). The thermal quadrupole model can be written
under the form: (

θ̃n

φ̃n

)
r=Ro

=
(
An Bn

Cn Dn

)(
θ̃n

0

)
r=Ri

(37)

where the modified quadrupole coefficients are defined by:(
An Bn

Cn Dn

)
=

(
An Bn

Cn Dn

)(
1 0

−Kn 1

)
(38)

with Kn defined in Eq. (26).

From this modified quadrupole model, we can write then the direct relationship:

φ̃n
∣∣
r=Ro

= Cn

An
θ̃n

∣∣
r=Ro

(39)

– if no vapour pressure drops are neglected, the initial quadrupole model (10) is used.

3.4.2. Estimation of temperature and heat flux fields
Solving the considered thermal quadrupole model from the external conditions of the heat pipe (see next

section) provides the expressions (or calculations) of the integral transforms of θ and φ at the outer wall of the
heat pipe (r = Ro). The integral transforms at r = Ri are easily deduced from the global quadrupole model. From
there, the integral transforms can be evaluated for any radius r thanks to the thermal quadrupole of each layer
(Eq. 9), with a reference : for the wall layer the results at r = Ro , and for the porous layer the results at r = Ri .
Finally, the temperature and heat flux fields can be calculated for all x and r by the inverse transform (Eq. 6),
knowing that the fundamental transforms (n = 0) are null according to the developed model.
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4. Model solution following external conditions

4.1. Solution with two heat flux sources

4.1.1. Problem description
The external boundary conditions can be simplified (Fig. 2) at first, with some assumptions:

• heat fluxes at both boundaries (evaporator and condenser) are imposed, with respective values qE and qC ;
this assumption is perfectly correct for the evaporator but it can be questionable for the condenser, for
example if its size is not small compared to the size of the heat pipe ; both heat fluxes can be considered
non-uniform on their respective length ; finally, the two heat fluxes can be considered as a single heat source,
noted q , defined on the entire length of the heat pipe and equal to −qE at the evaporator, equal to qC at the
condenser and equal to zero along the adiabatic zone ;

• the heat losses with ambience are considered over the entire length of the heat pipe.

x

r

0

Ro

L

xE xC

qE(x) qC(x)
h∞, T∞

q(x)

Ri
saturation

Rw

Figure 2: Simplified model of the cylindrical heat pipe with two heat flux sources

The integral tranforms of the heat flux at r = Ro can be directly evaluated here:

φ̃0
∣∣
r=Ro

= q̃0 +2πRoh∞ θ̃0
∣∣
r=Ro

+2πRoh∞L(T sat −T∞) (40a)

φ̃n
∣∣
r=Ro

= q̃n +2πRoh∞ θ̃n
∣∣
r=Ro

(40b)

4.1.2. Solution of the quadrupole model
Eqs. (34a) and (34b), coupled with the expression (40a), provide the expression of T sat :

T sat = T∞− q̃0

2πRoh∞L
(41)

From this expression, it can be noticed that this mean saturation temperature can be only calculated if heat
losses are defined (h∞ 6= 0). If it is not the case, the value of T sat must be provided with this model.

Direct analytical solution achievable.
If the saturation temperature is considered uniform in the estimation of heat transfer, Eqs. (36) and (40b)

provide the expressions of the harmonics at r = Ro :

θ̃n
∣∣
r=Ro

= Bn

Dn −2πRoh∞Bn
q̃n (42a)

φ̃n
∣∣
r=Ro

= Dn

Dn −2πRoh∞Bn
q̃n (42b)
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If the thermohydraulic coupling is considered with linear vapour pressure drop, from Eqs (39) and (40b), these
equations turn into:

θ̃n
∣∣
r=Ro

= An

Cn −2πRoh∞An
q̃n (43a)

φ̃n
∣∣
r=Ro

= Cn

Cn −2πRoh∞An
q̃n (43b)

With both above first assumptions, if in addition the heat fluxes at evaporator and at the condenseur are uni-
form, the integral transforms of the heat source q can be easily evaluated. The temperature and the heat flux fields
can be explicitly evaluated from the two total sources QE and QC , under the form:(

θ

φ

)
x,r

=
(

ZE ZC

WE WC

)
x,r

(
QE

−QC

)
(44)

The impedances Z and the transmittances W are independent of the values of the imposed heat fluxes. So
they are intrinsic properties of the heat pipe, depending on the fluid and material properties and on the location
of the boundary conditions. Their expressions, with a thermohydraulic coupling, are for J ∈ {E ,C } (in parentheses,
the references R1 and R2 for the coefficients of Table 1):

• for the porous wick layer (R1 = Ri and R2 = r , where Ri ≤ r ≤ Rw ):

ZJ
∣∣

x,r =
2

L

∞∑
n=1

An −BnKn

2πRoh∞An −Cn

χ̃J ,n

χ̃J ,0
cos(αn x) (45a)

WJ
∣∣

x,r =
2

L

∞∑
n=1

Cn −DnKn

2πRoh∞An −Cn

χ̃J ,n

χ̃J ,0
cos(αn x) (45b)

• for the wall layer (R1 = Ro and R2 = r , where Rw ≤ r ≤ Ro):

ZJ
∣∣

x,r =
2

L

∞∑
n=1

AnAn +BnCn

2πRoh∞An −Cn

χ̃J ,n

χ̃J ,0
cos(αn x) (46a)

WJ
∣∣

x,r =
2

L

∞∑
n=1

CnAn +DnCn

2πRoh∞An −Cn

χ̃J ,n

χ̃J ,0
cos(αn x) (46b)

The χJ (x) functions are the indicator functions, equal to 1 if x is in the considered domain (referenced by
subscript J ) and equal to 0 everywhere else.

Finally, the reference temperature T sat is, from Eq. (41):

T sat = T∞+ QE −QC

2πRoh∞L
(47)

From this last equation, the temperature and heat flux fields can be rather expressed as a function of the arith-
metic average of the source at evaporator and the source at condenser, (QE +QC )/2, and of the temperature dif-
ference T sat −T∞: (

θ

φ

)
x,r

=
(

Z Wsat

W Ysat

)
x,r

(
QE+QC

2
T sat −T∞

)
(48)

with the relationships: Z = ZE −ZC , W =WE −WC , Wsat =πRoh∞L(ZE +ZC ) and Ysat =πRoh∞L(WE +WC ).

If no heat loss is taken into account (h∞ = 0), no more link exits between saturation temperature and heat
sources. The mean saturation temperature has to be imposed and the last relation can not be written. However, in
that case, the heat fluxes at evaporator and condenser are necessarily equal: QE =QC =Q. Eq. (44) is then simply
written as: (

θ

φ

)
x,r

=
(

Z
W

)
x,r

Q (49)
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The previously defined transmittance Wsat and the admittance Ysat characterise thus the effects of heat losses
with ambience for a given temperature difference T sat −T∞.

With regard to the capillary pressure, in the case of uniform heat fluxes at evaporator and at condenser, located
at each extremity of the heat pipe, and with Darcy-Weisbach vapour pressure drop only, the following explicit ex-
pression of the maximum capillary pressure is obtained from Eq. (33), all calculations done (with a thermohy-
draulic coupling):

Pcap,max = ρl g si n(γ)L− 4L

π3Leff

(
8µv Leff

πρv hl v R4
i

+ µl Leff

ρl Aw hl v kw

) ∑
J∈E ,C

Q J
L J

L

∞∑
m=0

−K2m+1

2πRoh∞A2m+1 −C2m+1

si n(α2m+1L J )

(2m +1)3

(50)
with Leff = L−0.5(LE +LC ), the effective length of the heat pipe.

Moreover, if the heat pipe is perfectly insulated, it can be assumed that h∞ = 0 and the heat power Q is the
same at evaporator and at condenser. The following expression of the heat pipe capillary limit can be deduced:

Qcap,max =
2σ
Reff

−ρl g si n(γ)L

8µv Leff

πρv hl v R4
i
+ µl Leff

ρl kw Aw hl v

π3Leff
4L∑

J∈{E ,C }

∞∑
m=0

L
L J

si n
( (2m+1)πL J

L

)
(2m+1)3

−K2m+1
C2m+1

(51)

with Reff the effective pore radius of the wick.
This expression is similar to the analytical expression given by Lips and Lefèvre [8]. The first factor in the

product corresponds to the well-known analytical expression of the capillary limit when the heat conduction in
the wall and in the porous wick is neglected [2]. The second term is a correction factor taking into account this
phenomenon. This term is always greater than 1. It has to be noticed that, when the solid structure is neglected,
coefficients Cn tend to −Kn , and so the correction factor is well equal to 1:

π3Leff
4L∑

J∈{E ,C }

∞∑
m=0

L
L J

si n
( (2m+1)πL J

L

)
(2m+1)3

= 1 (52)

Finally, still in the case of the simplified model with uniform heat fluxes at evaporator and at condenser, in-
trinsic relationships can be developed between each hydrodynamic variables (pressure or velocity) and the heat
flux inputs, as well as for the thermal variables (with impedances and transmittances).

Iterative analytical solving required.
If no assumption is made (thermohydraulic coupling and nonlinear vapour pressure drop), a direct analytical

solution is not possible. An iterative procedure is thus necessary.
On the one hand, from the quadrupole model (10) and Eq. (40b), the following linear relation can be written:

φ̃n
∣∣
r=Ri

=
q̃n − (Cn −2πRoh∞An) θ̃n

∣∣
r=Ri

Dn −2πRoh∞Bn
(53)

On the other hand, the linearisation of the saturation curve (14) and the expression of the vapour pressure (24)
provides the expression for θ|r=Ri as a function of the harmonics of φ

∣∣
r=Ri

. From the definition of the integral
transform (5), the following equation is finally obtained:

θ̃n
∣∣
r=Ri

=− 8µv

πρv hl v R4
i Ksat

(
1

α2
n
+ R2

i

8

)
φ̃n

∣∣
r=Ri

− 4

3π2ρv h2
l v R4

i LKsat

(
2

∞∑
m=1

φ̃m
∣∣
r=Ri

φ̃m+n
∣∣
r=Ri

αmαm+n
−

n−1∑
m=1

φ̃m
∣∣
r=Ri

φ̃n−m
∣∣
r=Ri

αmαn−m

)
(54)

The very fast iterative procedure between the two above equations provides the harmonics of temperature and
heat flux at r = Ri . The quadrupole model allows to go back to the values of the harmonics at r = Ro .
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4.2. Solving with one heat flux source and one temperature source

Under real conditions, described in section 2, the problem can not be solved directly by thermal quadrupoles
anymore, because the external conditions are localised at specific lengths of the heat pipe (Fig. 3).

x

r

0

Ro

L

xE xC

qE(x)

h∞, T∞

Ri
saturation

hC, TC

Rw

Figure 3: Model of the cylindrical heat pipe with one heat flux source and one temperature source

The idea is here to mesh the external wall following the direction x, with points xi ,1≤i≤N ∈ [0;L] and to find the
unknown variables (temperature and/or heat fluxes) on this side of the heat pipe. To simplify the notation, the
mentioned variables in the original domain (depending on x and r ) are at r = Ro in the rest of this paragraph.

On the one hand, the heat flux at r = Ro can be written:

φ(x) =−χE (x)qE (x)+χA(x)2πRoh∞(T (x)−T∞)+χC (x)2πRohC (T (x)−TC ) (55)

On the other hand, from the quadrupole model (10) and for any case, this heat flux can be written:

φ(x) = 2

L

∞∑
n=1

Dn

Bn
θ̃n

∣∣
r=Ro

cos(αn x)− 2

L

∞∑
n=1

1

Bn
θ̃n

∣∣
r=Ri

cos(αn x) (56)

If uniform saturation temperature is supposed in the thermal model (with any kind of vapour pressure drop) or
if a thermohydraulic coupling is considered with linear vapour pressure drop, Eq (56) can be simplified with only
the harmonics θ̃n

∣∣
r=Ro

(Appendix A). In any case, the expressions of these harmonics are developed as function
of the external temperatures from Eq (5) by a standard Newton-Cotes method.

Equality of Eqs. (55) and (56) is then written for all xi of the mesh. For both cases of uniform T sat for the ther-
mal model and of thermohydraulic coupling with linear ∆Pv , it leads to a linear system under the form AX = BU
(Appendix A), linking the unknown variables X , namely the temperatures T (xi ), and the inputs U , namely qE (xi ),
T∞ and TC . An iterative procedure is nevertheless necessary to solve this system by introducing a closure equation
to evaluate T sat on which matrix A depends (Fig. A.1).

For the case of a thermohydraulic coupling with nonlinear vapour pressure drop, a more complex iterative
procedure is necessary (Fig. A.2), involving in particular the nonlinear expression of θ̃n

∣∣
r=Ri

(Eq. (54)). It leads to a
system under the form AX = BU +C , with C is a vector taking into account the nonlinearities at the liquid/vapour
interface (Appendix A).

Once the system is solved, the integral transforms of temperature at r = Ro are deduced from the discretisation:

θ̃n
∣∣
r=Ro

=
N∑

j=1
w j (T (x j )−T sat )cos(αn x j ) (57)

with w j the coefficients of the Newton-Cotes method.
Then, the quadrupole model will provide temperature and heat flux fields (see section 3.4.2).
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4.3. Summary

The different ways to solve both models (according to the external thermal conditions) for the three assump-
tions introduced at the liquid/vapour interface are summarised in Table 2 as a synthesis of the introduced math-
ematical developments.

External Uniform Tv Thermohydraulic coupling Thermohydraulic coupling
thermal for thermal model at the interface at the interface

conditions Any∆Pv Linear∆Pv Nonlinear∆Pv

Two heat Direct analytical expressions Iterative solving
flux sources* of thermal harmonics for inner thermal harmonics

Heat flux source Iterative solving for (x,r ) depending Iterative solving for (x,r ) depending
+ external thermal variables external thermal variables

Temperature source and for inner thermal harmonics
*in the case of imposed heat flux sources and with no ambient losses, the value of T sat is required

Table 2: Solving summary of the model according to external conditions and saturation thermohydraulic coupling

It can be noticed that iterative procedures are very fast with respect to other numerical methods, even in the
worst case (less than five minutes with a standard computer for the case of a thermohydraulic coupling with non-
linear vapour pressure drop).

5. Comparison between model and literature results

To confirm the results of the developed model, they are compared with two different cases from Shabgard and
Faghri studies [7] on copper/water heat pipes. The first case, named case A, corresponds to a standard heat pipe,
with evaporator and condenser at each extremity, without heat losses and with a convective cooling boundary
condition at the condenser. The second case, named case B, is a heat pipe subjected to four evaporators and one
condenser with conditions of imposed heat fluxes, still without heat losses. The main specifications of both cases
are given in Table 3.

While case A is compared directly to the model with one heat flux and one temperature sources (section 4.2),
case B is compared to the model with imposed heat fluxes (section 4.1.2). The different conditions at the liq-
uid/vapour interface are studied for both cases.

5.1. Single uniform heat source and convective cooling

For case A, the mean saturation temperature calculated by the model is in particular evaluated from boundary
conditions. The axial temperatures are plotted in Fig. 4a. The axial capillary pressure and vapour velocity are com-
pared in Fig. 4b. It appears that the influence either of the thermohydraulic coupling or of the vapour pressure
drop on these variables is not very significant. The presented profiles are thus quite similar regardless of these
conditions.

External wall temperatures fit almost perfectly. It can be noticed that the mean saturation temperature matches
to the temperature in the adiabatic zone very well, even if the thermal gradient in this zone is the strongest.

The capillary pressure and vapour velocity profiles are likewise well reproduced. It can be noticed in that case,
that the capillary pressure mainly balances the liquid pressure drop. The evolution of the mean vapour velocity is
standard with an increase along the evaporator, a maximum in the adiabatic zone and a decrease along the con-
denser.

To complete this study, it is interesting to analyse the evolution of the vapour pressure according to the mod-
elling assumptions (Fig. 5). Even if the vapour pressure drop is of the order of a dozen pascals, the nonlinear
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Specification Case A Case B
Working fluid Water Water
Wall material Copper Copper
Wick material Copper Copper
Total length 0.89 m 1 m
Number of heater(s) 1 4
Location of heater(s) [0, 0.6] m [0.02, 0.0835] m

[0.159, 0.222] m
[0.298, 0.361] m
[0.436, 0.500] m

Location of condenser [0.69, 0.89] m [0.68, 0.98] m
Inner radius 7.9 mm 10.29 mm
Wall thickness 0.9 mm 1.7 mm
Wick thickness 0.75 mm 0.71 mm
Wick porosity 0.9 0.7
Wick permeability 1.5 10−9 m2 1.3 10−9 m2

Wick effective 1.97 W m−1 K−1 1.16 W m−1 K−1

thermal conductivity
Heat flux 455 W 50 W per heater
at evaporator(s)
Boundary Convective cooling Uniform cooling
at condenser hC = 1800 W m−2 K−1 QC = 200 W

TC = 26°C Tsat = 71.4°C
Comparative model Heat flux source + Two heat

Temperature source flux sources

Table 3: Main specifications of the two heat pipes from Shabgard and Faghri [7]

dynamic pressure drop is important to consider and are of the same order of magnitude as viscous pressure drop.
Considering these latter, it can be noticed that the term depending on the acceleration of the vapour velocity (sec-
ond term in Eq. (22)) is negligible compared to Darcy-Weisbach pressure drop. Taken all the pressure drops into
account, the well-known phenomena of injection at the evaporator (due to the increase of the vapour velocity)
and of suction at the condenser (due to the decrease of the velocity) are highlighted.

Finally, regardless of the losses considered, a shifting of the absolute value of the vapour pressure is noted if
the thermohydraulic coupling at the liquid/vapour interface is considered. This difference comes simply from the
evaluation of the mean saturation temperature corresponding to the mean external temperatures. From a zoom
on the wall temperatures at the evaporator and the condenser (Fig. 6), a slight difference on the profiles is noted.
It comes directly from the slight axial variation of the saturation temperature. With any vapour pressure drop, the
thermohydraulic coupling implies a small change of T sat and so of the reference vapour pressure.

5.2. Multiple uniform heat sources and uniform cooling

For case B, equal multi-sources are directly applied at four different evaporators and the cooling is also con-
sidered uniform. However, no heat losses are considered, which implies that no reference temperature exists and
the mean saturation temperature has to be provided for the model as previously mentioned. As for case A, axial
temperatures, and axial capillary pressure and vapour velocity, are plotted, respectively, in Fig. 7a and 7b.

Results of literature and the simulations match perfectly. The increases and decreases of temperature at and
between evaporators are well determined. Here the mean saturation temperature corresponds to the temperature
in the main adiabatic zone (between evaporators and condenser). While capillary pressure evolution is similar to
case A with one heat source, the impact of the multi-sources is well highlighted by the distribution of the vapour
velocity, with a more or less high increase following the evaporators and the adiabatic zones. The impact of the
dynamic pressure drop on the vapour pressure is the same as for case A, but the thermohydraulic coupling has no
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Figure 4: Case A - Comparison with results from Shabgard and Faghri [7]

more effects because T sat is imposed.

As mentioned in section 4.1.2, the behaviour of the heat pipe in this example can be intrinsically characterised
by impedances and transmittances. For example, the temperature field can be deduced from the transferred heat
flux and the impedance of the system, illustrated in Fig. 8, by T |x,r = T sat + Z |x,r Q (from Eq. (49)). This thermal
impedance is completely independent of the total imposed heat flux Q. In Fig. 8, it can be observed that this
impedance is strongly linked to the locations of the evaporators and the condenser, especially in the wall of the
heat pipe. Its value becomes more and more homogeneous along the axial length within the porous, until a zero
value at the liquid/vapour interface. It means that, for an imposed saturation temperature, when the heat flux
increases, the axial temperature gradient increases more in the wall than in the porous wick. Finally, in the main
adiabatic zone, its value is also close to zero over most of the area, both in the porous wick and in the wall.

For the same case with heat losses, with for example h∞ = 10 W.m−2.K−1, the thermal impedance field is quite
similar to the previous one in Fig. 8 with a maximal variation of 2.5 10−4 K.W−1. The transmittance Wsat field,
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Figure 6: Case A - Zoom on wall temperatures at evaporator and condenser depending on model assumptions

defined in Eq. (48), is highlighted in Fig. 9. This transmittance is positive in evaporators and condenser, and
negative in the adiabatic zones. It means that, for a fixed ambience temperature and at fixed mean heat flux, if
the saturation temperature T sat increases, the difference between T sat and the temperatures at evaporators and
at condenser increases, while the temperatures in adiabatic zones get closer to T sat . It implies an increase of the
axial thermal gradients. It can be noticed that this impact affects both temperature fields in the wall and in the
porous wick, even if it is attenuated in the latter. Finally, it is verified that this transmittance Wsat is near zero
at the liquid/vapour interface, as well as the impedance Z , which indicates a quasi uniformity of the saturation
temperature along the axial direction.

6. Significance of the thermohydraulic coupling

After the previous validation of the model, an analysis is finally proposed to study a case where the influence
of the non-uniformity of the saturation temperature along the length of the heat pipe affects substantially its ther-
mohydraulic behaviour. The fixed geometrical specifications and boundary conditions of the studied case are
gathered in Table 4. The standard problem of a heat pipe under realistic boundary conditions (model with heat
source and one temperature source), with evaporator and condenser at each extremety is considered. The chosen
heat pipe is especially small in diameter and the heat flux imposed at evaporator is relatively low (small mean
saturation temperature). Due to the effects of the thermohydraulic coupling on the evaluation of T sat (see sec-
tion 5.1), the imposed heat flux at evaporator is adapted to have nearly the same T sat in both cases (QE = 4.7 W
with thermohydraulic coupling and QE = 5.2 W without).
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(b) Axial capillary pressure and mean vapour velocity

Figure 7: Case B - Comparison with results from Shabgard and Faghri [7]

Figure 8: Case B - Thermal impedance field (Z from Eq. (49)) of θ from the total heat source Q

The temperature and pressure profiles are illustrated in Fig. 10. A variation of more than 2.5°C is present for
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Figure 9: Case B with additional heat losses (h∞ = 10 W.m−2.K−1) - Thermal transmittance field (Wsat from Eq. (48)) of θ from the temperature
difference T sat −T∞

Working fluid Water
Wall material Copper
Wick material Copper
Total length 1 m
Location of evaporator [0, 0.3] m
Location of condenser [0.7, 1] m
Inner radius 1.5 mm
Wall thickness 1 mm
Wick thickness 0.5 mm
Wick porosity 0.7
Wick permeability 1.5 10−9 m2

Effective thermal conductivity of the wick 1 W m−1 K−1

Mean saturation temperature 20°C
Convective cooling at condenser hC = 100 W m−2 K−1

TC = 10°C

Table 4: Specifications of the heat pipe for the analysis

the saturation temperature around 20°C. It involves an increase of 1.2°C of the maximal temperature at evaporator
and a decrease of 1.15°C of the minimal temperature at condenser, compared to the case without thermohydraulic
coupling. It implies an increase of the lengthwise thermal gradient and a non-uniformity of temperatures in the
adiabatic zone, equal to that of saturation. The consideration of the uniformity of the saturation temperature for
the thermal model implies also a decrease of both liquid and vapour pressure drops, slightly more substantial for
the vapour flow. It involves a 10% decrease of the maximal capillary pressure in that case. Compared to a standard
heat pipe, it can be noticed that liquid and vapour pressure drops are of the same order of magnitude.

Finally, we can look in more details at the difference of temperature fields inside the wall and the porous of the
heat pipe (Fig 11). With the thermohydraulic coupling, the lengthwise thermal gradient is conserved in the wall
thickness while the thermal gradient in the porous media is more two-dimensional. With a considered uniform
saturation temperature, the thermal gradient is mainly radial in the porous wick, while relatively constant tem-
peratures are observed in each part of the wall of the heat pipe.
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Figure 10: Micro heat pipe with an operating temperature of 20°C

To conclude this section, it is to highlight that, in the studied conditions, the model with two heat flux sources
with a uniform imposed heat flux at condenser gives similar results, whatever the coupling is taken into account.
The only drawback of this simple model is that the variation of the mean saturation temperature with respect to
the transferred heat flux has to be known if no heat losses with ambience are considered.

7. Conclusion

A generalisation of steady state analytical models of cylindrical heat pipe by Fourier integral transforms has
been proposed in this article. By assuming axisymetric boundary conditions, two types of models have been de-
veloped via an original mathematical representation by thermal quadrupoles for the two-dimensional conductive
heat transfer. A first simplified model with both imposed heat fluxes at evaporator and at condenser enables a
direct analytical solution for heat transfer in the wall and in the porous wick and for the pressure drops in liq-
uid and vapour flows, under specific thermodynamic conditions at the liquid/vapour interface. A second model
with more realistic boundary conditions, especially a convective cooling at condenser, requires a mesh over the
outer wall of the heat pipe and a fast iterative procedure. For either models, three kind of inner thermohydraulic
conditions have been taken into account: a decoupling of thermal and hydraulic models, or a stronger coupling
between heat transfer at the interface and the vapour pressure drop, considered either linear or nonlinear. It has
been shown that the operating temperature of the heat pipe can be evaluated from boundary conditions in the
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Figure 11: Temperature fields (°C) for micro heat pipe with an operating temperature of 20°C

case where some heat losses with ambience are taken into account. If no reference temperature exists in the prob-
lem definition, this operating temperature has to be provided additionally to solve analytically the heat transfer
equations.

The model results have been validated by comparison with literature results in both cases with uniform or
convective cooling at condenser, as well through temperature, capillary pressure and velocity distributions. An
example with multiple sources at evaporator has been easily treated with this methodology.

In the case of uniform heat fluxes at evaporator and at condenser, an original determination of temperature
and radial heat flux fields for imposed boundary conditions have been introduced, with the definition of thermal
impedances, transmittances or admittances of the heat pipe. These latter are intrinsic properties of the heat pipe
subject to any thermal sollicitations. They depend directly on fluid and material properties and on the location of
the boundary conditions.

The introduced analyses have shown that the uniformity of saturation temperature can be considered to model
a large diameter heat pipe, but not a micro heat pipe where strong vapour pressure drop and two-dimensional
thermal gradients in the wick are present.
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As well as previous analytical models proposed in literature, this model have some limits regarding some spe-
cific phenomena, as for example no thermal effect on the interface curvature or no possible inclusion of liquid
slug at the condenser. However, as the previous models, the introduced model can be used to design a capillary
cylindrical heat pipe or to be included more easily in an optimisation process than a complete numerical tool.
Furthermore, the original quadrupoles representation suggests simpler developments of more complex models in
three-dimensional or in transient regime, with an additional Laplace time integral transform. The development
of analytical models for flat heat pipes can also be easily considered under the same formalism.

Nomenclature

Latin letters
A section m2

g gravitational acceleration m.s−2

h heat transfer coefficient W.m−2.K−1

hl v latent heat J.kg−1

kw permeability of porous wick m2

Ksat linearisation coefficient of the saturation curve Pa.K−1

L heat pipe length m
N number of mesh points
P pressure Pa
q heat flux W.m−1

Q heat power W
r radius coordinate m
R radius m
T temperature K or °C
u velocity m.s−1

W transmittance
w j quadrature coefficients m
x length coordinate m
Y admittance W.K−1

Z impedance K.W−1

Greek letters
αn eigenvalue of order n following x m−1

γ angle of heat pipe with horizontal
ε porosity
θ temperature difference K
λ thermal conductivity W.m−1.K−1

µ dynamic viscosity Pa.s
ρ density kg.m−3

σ surface tension N.m−1

φ radial heat flux W.m−1

χ indicator function
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Subscripts and superscripts

A adiabatic zone
C condenser
E evaporator

eff effective
eq equivalent
i inner radius
l liquid
o outer radius
r radial

sat saturation
v vapour
w porous wick
x axial
∞ ambience

Appendix A. Setting up the system for the model with one heat flux source and one temperature source and
iterative procedure

Appendix A.1. Linear system

If a uniform saturation temperature is supposed for the thermal model (with any vapour pressure drop) or if a
thermohydraulic coupling is considered with linear vapour pressure drop, Eq. (56) can be simply written as:

φ(x) = 2

L

∞∑
n=1

Yn θ̃n
∣∣
r=Ro

cos(αn x) (A.1)

with the admittance Yn =Dn/Bn in the case where a uniform saturation temperature is assumed and Yn =Cn/An

with thermohydraulic coupling and linear vapour pressure drop.
In this equation, the integral transforms of temperature can be evaluated by a standard Newton-Cotes method,

as trapezoidal rule, under the form:

θ̃n
∣∣
r=Ro

=
∫ L

0
T (x ′)cos(αn x ′)d x ′ =

N∑
j=1

w j T (x j )cos(αn x j ) (A.2)

From the equality of Eqs. (55) and (56), for all xi of the mesh, a relationship of the following form is derived:

2πRo[h∞χA(xi )+hCχC (xi )]T (xi )+
N∑

j=1
ωi j T (x j ) =χE (xi )qE (xi )+χA(xi )2πRoh∞T∞+χC (xi )2πRohC TC (A.3)

with the coefficients ωi j defined as:

ωi j =− 2

L
w j

∞∑
n=1

Yncos(αn xi )cos(αn x j ) (A.4)

Eq. (A.3) can be written under matrix form, for 1 ≤ i ≤ N and 1 ≤ j ≤ N :(
ωi j

)+
 0NE 0NE ,NA 0NE ,NC

0NA ,NE 2πRoh∞INE 0NA ,NC

0NC ,NE 0NC ,NA 2πRohC INC

(
T (x j )

)=
 INE 0NE ,1 0NE ,1

0NA ,NE 2πRoh∞1NA ,1 0NA ,1

0NC ,NE 0NC ,1 2πRohC 1NC ,1


(
qE (xi )

)
T∞
TC


(A.5)

which can be written under the form AX = BU , with X the unknown external temperatures and U the heat and
temperature sources.
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Through the expressions of the quadrupole coefficients in the terms of ωi j coefficients, matrix A depends on

the unknown temperature T sat . So, an iterative procedure is necessary. The iterative closure equation to evaluate
the new value of T sat stems from Eq. (34a) by using the mesh:

T sat = 1

L

N∑
j=1

w j T (x j ) (A.6)

Initial values

External temperatures

X=A-1BU (Eq. (A.5))

Saturation temperature

Eq. (A.6)

Convergence ?

End

No

Yes

Figure A.1: Flowchart of the iterative procedure for solving linear system

If the assumption of a uniform saturation temperature is considered and if the liquid conductivity can be
considered as independent of T sat , the same is true for matrix A. No more iterative procedure is necessary and
the linear system (A.5) can be solved directly.

Appendix A.2. Nonlinear system

In the case of a thermohydraulic coupling with nonlinear vapour pressure drop, Eq. (56) can not be simplified
any more. With a similar development as in the previous linear case, the equality of Eqs (55) and (56) leads to a
system under the form AX = BU +C , with Yn =Dn/Bn in matrix A while vector C is expressed as:

Ci =− 2

L

∞∑
n=1

1

Bn
θ̃n

∣∣
r=Ri

cos(αn xi ) (A.7)

In that case, each harmonic θ̃n
∣∣
r=Ri

can be expressed from Eq. (54) as nonlinear function of the harmonics

φ̃n
∣∣
r=Ri

. Furthermore, from the quadrupole model and the Newton-Cotes method, these latter harmonics can be
expressed as:

φ̃n
∣∣
r=Ri

=
N∑

j=1
w j

(
Anφ(x j )−CnT (x j )

)
cos(αn x j ) (A.8)

where the heat fluxes φ(x j ) are evaluated from Eq (55) as function of the T (x j ) variables (deduced by solving the
matrix system).

The iterative procedure involves finally the closure equation for the evaluation of the new value of T sat (Eq. (A.6)).

Appendix A.3. Comments

It can be noticed that some numerical precautions must be implemented for a good convergence of iterations.
The main one is imposing the equality between the number of subintervals for the Newton-Cotes method (N −1)
and the number of harmonics for the calculation of the infinite sum. The purpose is to numerically preserve the
orthogonality of the cosine functions.

The previous developments can be done for any kind of boundary conditions, especially at the condenser.
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Initial values

External temperatures

X=A-1(BU+C)

Saturation temperature

Eq. (A.6)

Convergence ?

End

No

Yes

External heat lux

Eq. (55)

Inner harmonics of heat lux

Eq. (A.8)

Inner harmonics of temperature

Eq. (54)

Vector C

Eq. (A.7)

Figure A.2: Flowchart of the iterative procedure for solving nonlinear system
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