N

N

Multilinear smoothing and local well-posedness of a
stochastic quadratic nonlinear Schrodinger equation
Nicolas Schaeffer

» To cite this version:

Nicolas Schaeffer. Multilinear smoothing and local well-posedness of a stochastic quadratic nonlinear
Schrodinger equation. 2022. hal-03632235

HAL Id: hal-03632235
https://hal.univ-lorraine.fr /hal-03632235

Preprint submitted on 6 Apr 2022

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.univ-lorraine.fr/hal-03632235
https://hal.archives-ouvertes.fr

Multilinear smoothing and local well-posedness of a stochastic quadratic
nonlinear Schrodinger equation

Nicolas Schaeffer?

Abstract. In this article, we study a d-dimensional stochastic quadratic nonlinear Schrédinger
equation (SNLS), driven by a fractional derivative (of order —ar < 0) of a space-time white noise:

{ i — Au = p?lul> +(V)"*W, t€[0,T], 2R,
Uo :(ba

where p : RY — R is a smooth compactly-supported function. When o < g, the stochastic
convolution is a function of time with values in a negative-order Sobolev space and the model
has to be interpreted in the Wick sense by means of a time-dependent renormalization. When
1 < d < 3, combining both the classical Strichartz estimates and a deterministic local smoothing,
we establish the local well-posedness of (SNLS) for a small range of «, in the spirit of [2]. Then,
we revisit our arguments and establish multilinear smoothing on the second order stochastic
term. This allows us to improve our local well-posedness result for some «. We point out that
this is the first result concerning a Schrédinger equation on R¢ driven by such an irregular
noise and whose local well-posedness results from both a stochastic multilinear smoothing and
a deterministic local one combined with Strichartz inequalities.

CONTENTS
1. Introduction and main results 2
1.1. Interpretation of our model 3
1.2. Interpretation and local well-posedness of equation (?7) 5
1.3.  Multilinear smoothing 6
1.4. A deformed version of equation (77?) 7
1.5. Notations 9
1.6. Organization of the paper 9
2. On the construction of the relevant stochastic objects 9
2.1.  Technical lemmas 10
2.2.  Construction of the first order stochastic process 11
2.3.  Construction of the second order stochastic process 13
2.4.  Construction of the convolution with the second order stochastic process 16
3. Deterministic analysis of equation (?7?) 25
3.1. Technical lemmas 26
3.2. Statement and proof of our main result 28
References 35

Institut Elie Cartan, Université de Lorraine, BP 70239, 54506 Vandoeuvre-lés-Nancy, France.
1



1. INTRODUCTION AND MAIN RESULTS

In this article, we study a d-dimensional stochastic quadratic nonlinear Schrédinger equation,
driven by a fractional derivative (of order —a < 0) of a space-time white noise:

i — Au = p?lul> +(V)"°W, t€[0,T], 2 € R,
(1.1)
ug = (ba

where, for any a > 0, (V)™ is the Bessel potential of order «, W denotes a space-time white
noise on R% and p : R* — R is a smooth compactly-supported function.

Schrédinger equations with polynomial nonlinearities and forced by white noises have aroused
the curiosity of researchers for many years by giving birth to numerous challenging questions
and because of their applications in physics. A major objective in this field would be for instance

to obtain the local well-posedness of the following equation:
{ i — Au = |[uPu+W, tel0,T],ze€D,
u = ¢,

where D = R% or D = T Indeed, the cubic nonlinear Schrédinger equation describes for
instance the propagation of light waves in optical fibers or can be used to study a simplified
model of Bose-Einstein condensates [4] or even freak waves in the ocean [9]. The space-time
white noise W represents a stochastic perturbation whose values at each space-time points are
independent and thus allows a generalization of the classical model.
Some progress have been made in this direction. Forlano, Ho and Wang [5] have managed to
prove the local well-posedness of a stochastic cubic nonlinear Schrédinger equation with almost
space-time white noise on the one-dimensional torus, namely:
{ 10 — O%u = |uPu+ (V)" °W, tel0,T],z€T,
Uy = gba
with a > 0. In the following, let us(den)ote by ¢ the associated stochastic convolution, defined by,
t —i(t—t)A
for all t € [0,T7], ?(¢,.) = —z'/ e<v7>aW(t', .)dt'. Their key arguments have been to measure
0
the regularity of ¢ in terms of Fourier-Lebesgue spaces and, after a suitable renormalization of
the equation, to establish a fixed-point argument in Bourgain spaces thanks to new trilinear
estimates. We underline the fact that, in their paper, the stochastic convolution has for spatial
regularity s < a — % so that, given « > 0, they can choose sufficiently large p in such a way that
? has for spatial regularity s > 0 and is consequently a function of time with values in a space
of functions. Then, the previous work has been extended to some nonlinearity of order p > 1,
that is of the form |u|P~'u (see [12, 14]), on R%. Another model is the one proposed by Deya,
Schaeffer and Thomann [2] and whose dynamic is described through the equation below:

{ 0w — Au = p?*lul>+ B, tel0,T], z R,

uo = &, (1.2)

for 1 < d < 3 and with p : R* — R a smooth compactly-supported function. In their article, the
authors have considered a quadratic nonlinearity and a very rough noise, namely the derivative
of a fractional (in time and in space) Brownian field. In what they call the rough case, that
is when the stochastic convolution ¢ is only a function of time taking values in a space of
distributions, there is a difficulty in defining |¢|2. Resorting to a Wick renormalization combined
with a local smoothing effect of the Schrédinger operator, they have established the local well-
posedness of (1.2) in Sobolev spaces of negative order, namely H—2*(R%), for small a > 0. We
will make a comparison between their model and ours in Subsection 1.2. In fact, the litterature
concerning Schrédinger equations with nonlinearities and additive white noise is rather poor.
The main reasons are that the stochastic convolution has very low regularity and that the



Schrédinger operator, contrary to the heat or waves operator, does not offer any form of global
regularization. To end with, let us mention the work of Deng, Nahmod and Yue [3]. In order to
study the propagation of randomness under nonlinear dispersive equations, they have developed
the theory of random tensors. Thanks to these new tools, they have been able to prove local well-
posedness for semilinear Schrodinger equations in spaces that are subcritical in the probabilistic
scaling. Before coming back to our model, let us present two other works that are not dealing
with Schrodinger equations but with waves equations (another kind of dispersive equations) but
that share an important common point with our model. The first one is the article of Gubinelli,
Koch and Oh [8] in which they have used ideas from paracontrolled calculus to establish the
local well-posedness of the following equation:

Ru+(1—Au=—u?+W, tel0,T], zecT>.

It is well-known that the waves operator provides a gain of one derivative (measured for instance
in term of Sobolev norms). What interests us in this work is that the authors have proved a %—
extra smoothing for the convolution between the waves operator and the second order stochastic
term: Y = (87 + (1 — A)) " 'ap where a2 denotes a renormalized version of 2. That was the first
time that such a smoothing resulting from stochastic tools combined with multilinear dispersive
analysis was obtained. In a similar manner, Oh and Okamoto [13] have obtained a %—extra
smoothing for the convolution between the waves operator and the second order stochastic term

when studying the model below:
Ru+ (1 —Ayu=—|u? +(V)*W, te€[0,T], zeT?

with « > 0. The main novelty of our work lies in the fact that, as in the wave setting, we will
be able to prove an extra smoothing for the convolution between the Schrodinger operator and
the second order stochastic term (see Proposition 1.8 for more details) thanks to which we will
be able to establish the local well-posedness of our model for some range of «. This is the first
time that such a smoothing resulting both from stochastic and dispersive analysis is proved.

1.1. Interpretation of our model. In this article, our aim is to establish the local well-
posedness of the following equation:

(1.3)

{ 10 — Au = p?lul> + (V)"°W, t€0,T], z € R?,
Uo :gba

for some o > 0 and where p : R? — R is a fixed smooth compactly-supported function. Here,
W is a space-time white noise, that is a distribution-valued random variable such that for every
test function f, (W, f) is a centered Gaussian random variable with variance

E[|<W,f>|2] = HfH%mQT]XW)-

As usual, in order to isolate the expected worse term, we intend to resort to the Da Prato and
Debbusche trick. We thus consider the stochastic convolution denoted by ¢, the solution of the
linear equation

{ 0% — A= (V)" W, tel0,T], zcR?,
20,.) =0.

Rewriting equation (1.3) under the mild form, we see that u is solution of

) t
w = e A p — 2/ e DA (2 ?)dr +9, te0,T].
0



Consequently, v := u — ¢ has to verify the equation below
) t t
v=e g —i [ By ar —i [ eI () - (i)

t ) - t .
—i [ A (puy) - @) dr i [ eI P dr, e (0,7, (L)
0 0

We see that there are three major obstacles in the treatment of the latter equation, namely the
proper definitions of the products pv - p?, pv - p? and [f|? and how to deal with the quadratic
term p2|v|?. Let us first focus our attention on [?|2. We need to measure the regularity of the
stochastic convolution that is formally defined for every t € [0, T by:

t o—it—t)A , ,
t,.) = —1 ——F W, .)dt".
f(t) =i [ W)
In fact, by considering a sequence of smooth processes (7,,)nen (see Section 2), we will be able
to propose a rigorous construction of ¥ and to prove the following result:

Proposition 1.1. Let d > 1 be a space dimension and T > 0 a positive time. Fix o a positive

number and
d

s > 5 — Q.
Let p : R4 = R be a C® compactly-supported function and 2 < p < oco. Then, the sequence
(PTn)nen converges almost surely in the space C([0,T]; W™5P(R9)).
Denoting by pY the almost sure limit, it holds that

pt € C([0, T, WP (RY)).

The latter proposition sheds light on an important feature. Two regimes have to be dis-
tinguished. When o > g, ¢ is a function of time with values in a space of functions (up to
multiplication by p) whereas, when a < g, ? is a function of time taking values in a negative
order Sobolev space. In the first case, for all 0 <t < T, [2(¢,.)|? makes sense as product of two
functions. But, in the second one, we cannot define |7|? as a product of distributions of negative
order. In the following, we will only deal with the case where a < %l that is the hardest one.

In order to define [¢|?, a first idea would be to use a sequential argument and to see |7|? as the
limit of the stochastic processes (|%,|?)nen in a convenient space. But, a quick computation

shows that, for all z € R? and t € (0,77,
2 ¢ 1 d—2
E t = d¢ ~ Cut @
16 90] = e e TR e Ot

that tends to 400 as n goes to infinity, preventing us from applying our strategy. In fact, as
in [2], we will proceed with a Wick renormalization and rather consider for every x € R? and
0<t<T,

Wnlts) = [0a(t, D) ~ E[[fa(t, )]

Remark 1.2. The value of the renormalization constant E U?n(t, :U)ﬂ does not depend on = € RY,

an already underlined point in [2] in the case of the fractional (in time and in space) noise.
We are now in a position to define our second order stochastic process ap.

Proposition 1.3. Let d > 1 be a space dimension and T > 0 a positive time. Fix o and s two
positive numbers verifying

1 (6 5 an S 5 Q.



Let p: RT — R be a C®° compactly-supported function and 2 < p < co. Then, the sequence
(p22n)nen converges almost surely in the space C([0, T]; W~25P(R%)).
Denoting by pap the almost sure limit, it holds that

pae € C([0,T); WP (RY)).

Replacing [7|2 by a2, we rewrite equation (1.4) under the form
. t t
b= e 12— i [N oy dr =i [ () - (680) dr

¢ ¢
—i [ A (o) - ) dr i [ DA (Pap)dr, e 0.T]. (1)
0 0

We can now come back on the definitions of the products pv - p? and pv - p?. Having a look
on equation (1.5), we see that v is expected to live in C([0,T]; H~2*(R%)), inheriting the bad
regularity of p?ape. Again, we cannot define a product between two distributions of negative
order. In fact, as p : R? — R is a test function, we can benefit from a local smoothing effect of
the Schrodinger operator described in Lemma 3.4. To be more precise, the latter lemma imposes
an additionnal assumption on p, that is to take p of the form

p(x1;. - 2q) = p1(z1) - pa(Ta) (Fp)

for smooth compactly-supported functions py,...,pq on R. Thanks to this smoothing, up to
multiplication by p, for all 0 < ¢t < T, v(t,.) lives in W™25T7P(R%) for small 5 > 0 such that
—2s +n > 0 and where p > 2. Applying the classical rule (see Lemma 3.6) that states that
we can define the product of two distributions of Sobolev regularities —s < 0 and 8 > 0 as a
distribution of Sobolev regularity —s as soon as 3 > s, we see that the two terms pv - p? and
pU - p? make sense. And, thanks to the local smoothing again, the quadratic term p?|v|? can
be interpreted as a product of two functions. Finally, each term in the expression of (1.5) is
well-defined. We can now propose our interpretation of the model (1.1).

1.2. Interpretation and local well-posedness of equation (1.1).

Definition 1.4. Let d > 1 be a space dimension and T > 0 a positive time. Fiz o and s two
real numbers verifying

d d d

Z<a<§ and s>§—a.
A stochastic process (u(t, ))e(0.1),zerd 8 said to be a Wick solution on [0,T] of equation (1.1)
if, almost surely, the process v :=u — ¥ is a solution of the mild equation

) t t
v=e g —i [T DA R By ar —i [ e D2 () - (i)
t o t
=i [ eI (pun) - @R dr =i [ A sy ar e 0.7
Let us now present our first result. As in [2], the key point is the introduction of the local
Sobolev space below

—92s / —2s+n
H,2"(RY) = {v e S RY); [lp-(1d—A)7= (v)ll2@ey < oo},

for s € R and 7 > 0, that permits us to benefit from the local smoothing of the Schrédinger
operator. We only present our result under the form of a proposition because we want to insist
on the fact that the main novelty of this paper lies in Theorem 1.12 resulting from the multilinear
smoothing developed in the next subsection.



Proposition 1.5. Let 1 < d < 3 be a space dimension and p : R? — R be a C® compactly-
supported function of the form (F,). Besides, assume that

p 7/20 ifd=1
ad<0z<§, where ag =< 18/20 ifd=2
29/20 ifd=3

Fiz s > 0 such that g —a < s < sg, where

3/20 ifd=1
sd:{ 110 ifd=2
1/24 ifd=3

Then the following assertions hold true:

(i) One can find parameters n € [2s,1/2] and p,q > 2 such that, almost surely, for every
¢ € H25(RY), there exists a time Ty > 0 for which equation (1.1) admits a unique Wick
solution u (in the sense of Definition 1.4) in the set

Spy =+ X5 PO(Ty),
where .
Xpm e (T) = C([0, T); H™* (RY) N LP(0, T W2(RY) 1 L H, 247

(73) For everyn > 1, let U, denote the smooth Wick solution of (1.1), that is @y, is the solution (in
the sense of Definition 1.4) associated with the pair (o3, p?a2,). For all C*° compactly-supported
functions x : R4 — R | the sequence (Xin)n>1 converges almost surely in C([0, To]; H~24(R%)) to
Xxu, where u is the Wick solution exhibited in item (i).

This proposition can be proved with analogous arguments as those developed in [2]. Precisely,
the stochastic processes ¢ and a2 being constructed, it results from a deterministic fixed-point
argument.

Remark 1.6. In [2], the authors have studied a similar model, the noise (V)~*W being replaced
by the derivative of a fractional (in time and in space) Brownian field B. They have not
constructed the second order stochastic process a2 when B is a white noise, that is when Hy =
H =.---=H; = % Proposition 1.3 shows that this construction can be realized under a
hypothesis of spatial regularization, namely when % < a< %. In fact, we suspect that this
condition on « is optimal and that a2 could not be defined as a function of time taking values

in a space of distributions in the case of the white noise, that is when o = 0.

We can observe that we are able to solve equation (1.1) only for a small range of «. This
comes from the difficulty to bound |v|?. Let us now follow a different strategy. We have seen
that p?ap € C([0,T]; H~2*(R%)) and that, consequently, v inherits its bad regularity. That is

t
why we propose a stochastic construction of qf)(t, )= —i/ et (ap(1, .))dr and hope for
0

a better regularity. Let us develop this point in the next subsections.

1.3. Multilinear smoothing. In order to construct the convolution between the Schrédinger
operator and the second order stochastic process a2, we consider the following sequence:

Definition 1.7. For every t € [0,T],

CRfon(ta ) =—i /Ot eii(tiT)A(ovon(T, ))dT

As usual, the strategy is to show that the latter sequence is a Cauchy sequence in a convenient
subspace. Our next result reads as follows.



Proposition 1.8. Let 1 < d < 3 be a space dimension and T > 0 a positive time. Fix o and s
two real numbers verifying

Cene g 592
1 o 5 and s 5 Q.
Assume that
l—a ifd=1
3 .
k=4 5@ ifd=2

2—a ifd=3anda>1
1 ifd=3anda<1.

Let p : R4 = R be a C® compactly-supported function and 2 < p < oco. Then, the sequence

(qu)n) o converges almost surely in the space C([0,T); W~2st%P(R%)). Denoting by pY the
€
almost Zure limit, it holds that

pY e c([o,T); w2trr(RY).

Remark 1.9. Suppose that the assumptions of the latter proposition are verified.

e Whend=1,forall 0 <t <T, ,oqf)(t, .) € H*¢(R) for every € > 0. In particular, if ¢ is small
enough, qu) is a function of time with values in a space of functions. Thanks to this multilinear
smoothing, we will be able to settle a fixed-point argument for all the range of a;, namely when
t<a<i

e When d =2, forall 0 <t < T, p%f(t, )€ H‘k%*s(R% for every € > 0. In particular, if ¢ is
small enough, pCY) is again a function of time with values in a space of functions. This time, we
will be able to settle a fixed-point argument only when % < a < 1. Asin [2], this constraint will
result from the deterministic part of our study.

e Whend =3 and a > 1, forall 0 <t < T, p(Y)(t, ) € Ho 17¢(R3) for every ¢ > 0. In
particular, if £ is small enough, qu) is a function of time with values in a space of functions
but, when o < 1, despite the multilinear smoothing, pCY) is a function of time with values in a
negativ order Sobolev space. Here, as in dimension 2, the deterministic part of our study will
impose a more restrictive condition on «, namely % <a< %

Remark 1.10. The multilinear smoothing defined by the real £ > 0 of Proposition 1.8 is better
than the local smoothing of Lemma 3.4 that only provides a gain of a half of a derivative
(understood in the Sobolev meaning). One can observe that the smoothing effect is a decreasing
function of a. In other words, the more the noise is regular, the less the extra smoothing is
strong. This a common point shared with the waves setting. Indeed, when d = 2, Oh and
Okamoto [13] proved a gain of min(«, 1) of a derivative.

1.4. A deformed version of equation (1.1). Let us go back to equation (1.5). Replacing
t

—i/ e TR (p2ap ) dr by pﬁﬁ we obtain
0

. t t
vt::e‘”A¢-—iU£ e‘“*””A(pﬂvTP)dT-—ijé e TR (o) - (1)) dr

—z'/otei<tT>A((va)-(E))dT+p2?, tel0,T]. (1.6)

t
We underline the fact that replacing —i/ e A (p2ap ) dr by ,02%}) in (1.5) changes the
0

model (1.1) since we have extracted the test function p? from the integral. Precisely, the previous



equality corresponds to the following deformed version of (1.1):
{ iOu — Au = p?|ul® + C, + (V)W , t€[0,T], z € R?,
ug = (ba
where C), is a renormalization variable whose expression is given by
Cp = (10 = 8) () = e — P[],

Now we define what we will call a solution of equation (1.7):

(1.7)

Definition 1.11. Let d > 1 be a space dimension and T > 0 a positive time. Fiz o and s two
real numbers verifying

< <d d >d
4 (6% 9 an S 5 [’

A stochastic process (u(t,))icio1],0cre 8 said to be a solution on [0,T] of equation (1.7) if,
almost surely, the process v := u — 9 is a solution of the mild equation

4 t t
v = e MG — / e DR (P, 2) dr — i / e DA ((pT,) - (p8,)) dT
0 0

i [ () N a4 Y te0.T), (1)

where p: R — R is a C*° compactly-supported function.

Let us study the regularity of each term in equation (1.8). Suppose that pzqﬁ is a function of
time with values in a space of functions (that is possible for some range of a according to the
multilinear smoothing of Proposition 1.8). Then, the term with the worst regularity is p? and
v is expected to live in C([0,T]; H—*(R%)). Again, there is an issue in making sense of pv - pf,
pv - p? and p?|v|?. In fact, resorting to the local smoothing effect of the Schrédinger operator, up
to multiplication by p, for every 0 < ¢ < T, v(t,.) lives in W**7P(R9) for small > 0 such that
—s+mn > 0 and where p > 2. Consequently, using the same arguments as in Subsection 1.2, the
quadratic term p?|v|? can be interpreted as a product of two functions and, under the additional
assumption —s + 1 > s allowing us to define pv - p? and pv - pf as two functions of time with
values in a Sobolev space of order —s, we see that each term in equation (1.8) is well-defined.
We can now state our main local well-posedness result:

Theorem 1.12. Let 1 < d < 3 be a space dimension and p : R — R be a C>® compactly-
supported function of the form (F,). Besides, assume that

d 1/4 ifd=1
ad<0z<§, where ag =< 5/6 ifd=2
17/12 ifd=3
Then the following assertions hold true:
(2) There exists e > 0 small enough such that, denoting by s > 0 the real number s = %—a—i—s, one

can find parameters n € [s,1/2] and p,q > 2 such that, almost surely, for every ¢ € H™35(R?),
there exists a time Ty > 0 for which equation (1.7) admits a unique solution u (in the sense of
Definition 1.11) in the set

S, =%+ Yps,m(p,q)(TO) ,
where )
Y meO(T) = ([0, T]; H*(RY) N LP([0, T, W™*4(RY)) N Li.H, .
(ii) For everyn > 1, let @, denote the smooth solution of (1.7), that is w, is the solution (in the
sense of Definition 1.11) associated with (p%,, pﬁfn). For all C*° compactly-supported functions



x : R = R, the sequence (XTn)n>1 converges almost surely in C([0,To); H=*(R%)) to xu, where
u is the solution exhibited in item (i).

Remark 1.13. The proof of this theorem results from a deterministic fixed-point argument. A
precise description of the different tools we will resort to is given in Section 3.

Remark 1.14. Thanks to the multilinear smoothing, we see that, in dimension one, we are able

to solve our model for all % <a< % (that is as soon as we are able to construct CY)) and that,
when d = 2 or d = 3, an additional constraint on « appears. This condition comes from the
deterministic part of our work. See Section 3 for more details.

Remark 1.15. In all this study, the C*° compactly-supported function p plays a major role.
Formally, when p = 1, Definition 1.11 is equivalent to the mild form of equation (1.1) (after
renormalization). An important step would be to establish the local well-posedness of (1.1)
without any cut-off but, insofar as the Schrédinger operator does not provide any form of global
regularization, it currently lies beyond our ken.

1.5. Notations. Let d > 1 be a space dimension. Let us recall some classical notations.
e S(RY) is the space of Schwartz functions on R
e For all se Rand 1 <p < o0,

WY = {f € S®Y: [ flhwer = |F ({1 +.PYFAHIPRY] < 00}

where the Fourier transform F and the inverse Fourier transform F~! are defined by the following
formula: for all f € S(Rd) and x € R,

F(Da) = fa) = [ f)e ey and FAP@) = g7 [ f@eay.

e For every s € R, HS(Rd = W2(RY).
e The operator (V> is defined through the Fourier transform formula:

FUV)™* @)(€) = {1 + €} 2 Fo(€).

1.6. Organization of the paper. In section 2, we prove Propositions 1.1, 1.3 and 1.8. Then,
in Section 3, we establish the deterministic fixed-point leading to the local well-posedness of our
model.

2. ON THE CONSTRUCTION OF THE RELEVANT STOCHASTIC OBJECTS

In this section, we propose a rigorous construction of the three stochastic processes 7, a2 and
CY) at the core of our problem. The first order stochastic process 7 is solution of

{ 00 — A= (V)"*W, te€[0,T], z<c R,
200,.) =0.

Formally, it is defined for every t € [0,T] by:

¢ —i(t—t")A
) = —i/o e<v7>aW(t’,.)dt’.

Let us introduce the sequence of truncated stochastic processes (2, )nen defined for all ¢ € [0, T
by:

to—i(t—t")A .
it ) =i | (T,



10

where x,, is the indicator function of the ball of radius n in R%. One may observe that an
analogous regularization procedure has been used in the waves setting by Tolomeo (see [18]).
Let us consider, for every n € N, the operator A,, defined for any t € [0, 7] by:

—itA

It holds that, for all ¢ € S(R?),

eitlel”
A0l@ = 7 (e (7)) @)

L e )
= e <o

= an(t, ) % @(2),

1 citlEl? 4
ap(t,x) = / e e
"D = G Jn, (Ur iEP)8
Consequently, ¢, can be properly defined in the following way: for all (t,z) € [0,T] x R,

t ) t
W(t,x) = —i/ / an(t —t,x — 2 YW, 2" )dt'dx’ = —i/ / an(t —t',x — 2" YW(dt',da"),
0 JRd 0 JRd (2 1)

where

and Ito’s isometry allows us to compute the associated covariance function.

Definition 2.1. Let d > 1 be a space dimension and T > 0 a positive time. We call regularized
stochastic convolution any centered complex Gaussian process

{ta(s,2),n €N,0<s < T,z €R?}

whose covariance function verifies: for all (n,m) € N2, (s,t) € [0,T])? and (z,y) € RY,

— (s=1)[¢] A
E[5, (5, 2)Tm (%, y)] = min(s,t) —— / T iteage,
BnNB (

(2m)d L+ [¢[?)
o 0 min(s,t) z(s-l—t 2t"))¢|2 " y)d v
n m(t e U,
2faatnten] =g [ [, 0, TR ¢

where B, = {& € RY, [¢| < n}

2.1. Technical lemmas. We begin by introducing our stochastic tools. The first one is Wick’s
formula that assures that the mean of a product of Gaussian random variables can be written
as a sum of product of means of only two Gaussian random variables. The interested reader
shall find more details in [11] for instance.

Lemma 2.2. Let (2, F,P) be a probability space. Let n > 1 and Xi,...,Xo, be real-valued
jointly Gaussian random variables. Then, it holds that

E[X; - Xon] = Z H E[X;X;]
pairings P of {1,...,.2n} (i,5)€P
where a pairing of {1,...,2n} is a partition P = {{i1,51},..., {in,jn}} of this set into disjoint
subsets of two elements.
The lemma below describes the hypercontractivity of Wiener Chaoses and deals with products

of Gaussian random variables. It will permit us to turn L?(£2)-bounds into LP(2)-bounds for
p > 2. A classical reference on this topic is [11].



11

Lemma 2.3. Let (2, F,P) be a probability space. Let k > 1 and c¢(ni,...,n,) € C. Let d > 1
and gi,...,94 a sequence of independent standard complex-valued Gaussian random variables.
Let Si : Q@ — C the random variable defined by, for all w € €,

Sk(w) = Z c(n17 s 7nk)gn1 (w) © Ony (w)7
I'(k,d)

where
T(k,d) = {(n1,...,np) € {1,...,d}*}.
Then, for every p > 2, it holds that

k
1Skl L) < VE+1(p = 1)2 Skl 12(0)-

Let us now present our two main deterministic tools. The following lemma will be of constant
use to bring back computations on compact domains. In particular, we will be able to construct
our stochastic processes in W™P(R%) for some s € R and for all 2 < p < oo, up to multiplication
by a test function. A proof of this lemma can be found in [2].

Lemma 2.4. Let a € R and p: R — R a C® compactly-supported function. For allp > 1 and
(M1, ---,mp) € (RYP, it holds that

/ dzx ﬁ // Dl e N BN — i) p(Ni — )| < ﬁ T
Rt Iy (14 (N2)2 (14 |N)2)2 T Y L @ )

where the proportional constant only depends on p and .

Our last lemma will allow us to control some continuous convolutions in the proof of a e and CYD
constructions. A proof can be found for instance in [7] for d = 1 or in [10, Lemma 4.1 p 26] for
all d > 1 in the discrete case (it suffices to replace the summation by an integral to obtain the
result below).

Lemma 2.5. Let d > 1 be a space dimension and o and 3 be two non-negative real numbers. If
a<d, p<d and a+p>d,

then, for every x € R%, the following bound holds true

/ dy 1 < 1
Ri (Lo —y)2 1+ |y2)F "~ (1 + [a)2) =5
2.2. Construction of the first order stochastic process.

Proof of Proposition 1.1.

Let p: R? = R be a C*> compactly-supported function and 2 < p < co. Let s and ¢ be two real
numbers such that 0 < s <t < T. In the following, for all (m,n) € N2, we will use the shortcut
notations: T = Um — Ty Gmn = Am — Gy and By, , = By, \By. As in [2, 16], our aim is to
prove that for all (m,n) € N? such that 1 < n < m, the following bound holds true:

/R d deEUf‘1<(1 + 1B 2 F (plomn(ts ) = T (s, »]))(w)ﬂ S “;7)
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for £ > 0 small enough.
First of all, for every z € R, we write

E[‘J—"l((l + 1) EF (plomnts ) = Smn(s, ')]))(x)ﬂ

dA\d\ GileA-X)
27T4d//Rd PRI // ddB p(r — B)p(\ — B)

E [F(?m,n(tv ) - ?m,n(37 )) (/B)F(?m,n(t7 ) - ?m n( )) (B)J

= 77 [ 1+\>\\d>\?1)\+\>\! 0 [y 4998 50~ PR3 5)

[ e 0 [ g P0E @ t.9) ~ S (59)) G (055) — Fron(5:)

Let us focus on the estimation of the previous mean. Coming back to the definition of ¢, (2.1),
we compute

t s
S (6 Y) = Ymn(s,y) = —z'/ / amn(t =ty — 2 YW (dt', dz'") + 2/ / amn(s =ty — 2 YW (dt', dx')
0 JRd 0 JRrRd

t s
= —z'/ / amn(t =ty — 2 YW (dt', dz'") — 2/ / [amm(t —thy—a)—amn(s—t,y— x')} W (dt',dx")
s JR4 0 Jrd

and, in a similar way,

?mn t y ?mn(s y)

= Z/ / am n 7 - .%',)W(dt/, dw,) + Z/ /d {am,n(t - t/7 g - 1'/) - am,n(s - tla g - .%',)} W(dt/7 dw,)
0 JR

Resorting successively to Ito’s isometry and Plancherel’s identity, we obtain

B[ G t:9) =t 5:0) G 6o7) T 5 70)| = [ [t =t = = 75— e’

S
+ / / [am,n(t —ty—a)— Am,n (s — t,y — x')} [am,n(t -t g —a') —ampn(s —t,7— x’)}dt'dx'
0 JR4

i—tE[2 _ gils—t)IéP |2
e gyge + L 5 / / e e . —ilew—D) gy de.
7T m,n

o (LT [EP)° (1+1€2)>
(2.2)
Now, using equality (2.2), it holds that
[ dye” Y /]R el PIE [(?m,n@, Y) = i (5,9)) Qo (6,9) = T (5, 9)
4 5 5 5 5 ett=t)[E? _ gils t')\&\Q‘Qd 1y
-t [, do-abeariem + @0 [ ], fo-otaa s

(2.3)
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that leads us to

IEU}'_l (C+ 1P ZF (pltmn(ts ) = Smnls, ')]))(5”)‘1

// d)‘d)‘ _ z(x,)\—S\)
5 [uos TR T

(
PN — ) P —¢€) 7|ei(t—t/)\§\2_ei(s—t/)|§|2|2 ,
[(t_s)/m e as+ [ /mn (A= p(x—©) . dtdg].

(1+1¢?)

Using the hypercontractivity of Gaussian variables, we deduce that

B[ (14 1) 2 (pltmalt) = Tl ) @]

< |7 (1 1) EF (ol () — B, ) ) 0|

and summoning Lemma 2.4, we get the following estimate

/Rd deEUfl((l + 1P TEF (pltmnts ) = Smnls, .)]))(x)m

(2 2 (S— 22 p
<</ g E / e t)mdt’ =P (2.4)
> \Us,.. T+IPY @

(14 [€%)" 1+ [gP)e o
Let 0 < e < 1. A straight application of the mean value theorem entails that

d¢ t—s s (t—s) ,
Linin 5 /Bm,n TESERE l(l PR + T+ |s|2>“dt]

c dg
L A e

t— s)° too g
S ( 2;:9) [1 + / 25+2a2€d+1] )
n 1 r

where we have performed a hyperspherical change of variables to get the last inequality. As
s> % — «a, we can pick € > 0 small enough so that 2s +2a —4e —d+1 > 1 and

(t—s)°
Lo S (2.5)

Injecting (2.5) into (2.4), we deduce the desired bound

/Rd deEU]—"1<(1 + 1) EF (plomn(t, ) —?m,n(s,-)]))(w)lzp} S (tnT

for € > 0 small enough.

The end of the proof is classical and is the result of a combination of Kolmogorov’s criterion and
of the Garsia-Rodemich-Rumsey lemma (see [6]). The interested reader shall find the details in
2, 16]. 0

2.3. Construction of the second order stochastic process.

Proof of Proposition 1.3. Let p : R — R be a C* compactly-supported function and 2 < p < co.
Let s and ¢ be two real numbers such that 0 < s < ¢ < T. Asin [2, 16|, our strategy is to obtain
a bound of the form:

/Rd deU]—"_1<(1 +1P) 7 F(plasa(t, ) —aeals, .)]))(x)fp} < (t—s)P
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where € > 0 is small enough and uniformly in n. Indeed, a small adaptation of the proof leads
to similar results concerning the variation a2, ,, = a2y, — 2,, namely

_ _ 2p (t —s)eP
1 2\—S _ <> 7
/R , dwE[\f (1 + 1P F(platmnlts ) = 38mn(s, )]) ) (@) } S
First of all, for every z € R we write

|| 7 (1 1) F (plesalts) = wn(s ) ) )] |

= a7 [ 1+|A|dAdf+|M) e [ BB~ B D)

E {f(o\pn(t, ) —appy(s, .)) (B)Jf(wn(t, ) — (s, -)) (5)} -

We focus on the estimation of the latter mean.

E[f(ovon(t7 ) - ovon(37 )) (/B)F(ovon(t7 ) - ovon(37 )) (B)J

= | dye o /Rd dﬂe“g’g)E[(%(ty)—Qﬁn(s,y))(%(t,ﬂ) —a2n(5,9)) |

Resorting to Wick’s formula (see Lemma 2.2), we can expand E [(Ovon(t, y)—2n(s,9)) (22, (t, 7) — a2 (s, ﬂ))}

in the following way

E| (520 (t.9) — 220(5,)) @l 0) (5 9)| =

E[(?n(t,y) (5, 9))n(t, 7 }E{?n(t,y n(t,7) } +E[?n(s Y)Tn(t, y)]E[(?n(ty) —?n(s,y))?n(t,z?)]

+E (?n(s Y) =l y))n(s

Ehﬁy% ]+Ehsy%&ﬂE%zy %tw%<ﬂ
B [ e )

'Y
+E (?n(t,y) (s,9))n(t,9) } — 0 (5,9))n(t, y)}

?nty?nty}JrE[?nsy?nty E[(?n

:| S
+E (?n(s y) — %lt,y)) ?nsy}E[?nty?n ]+E[?nsy?n (s, )]E (Tn(5,y) = Tu(t,9))Tn (s, y)]
(2.6)

Consequently, we have to bound eight integrals. Since their treatments are quite the same, we
will only detail the computations related to the first one. Namely, our aim is to control the
quantity:

)

&7 1+\A\dAd1A+rAr> D ] e 1947 90— D

/R (Aye 0 [ age OB Guty) - ta(s ) Tl6 D) | E[RE DI D)| (27
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Expanding the previous mean thanks to Ito’s isometry and Plancherel’s identity, we obtain

E{(?n(uy)—?n(s,y))?n(t,g)} {?n(t Y)n(t y} l/ / an(t =ty —aan(t — ', § — «)dt'da’

—i—/ / [an(t—t',y—x')—an(s—t',y—x')}an(t—t x)dt’ dx}

0 JRd
t

X l/ / an(t—t’,y—x’)an(t—t',g—m')dt'dx']
0 JRd
1 t 1 i(t—t)|&l* _ gi(s—t)l&al?
= o5y // — i(€1,y— ydtdf +// € )
@2m) [ Js S, (L4 16]*)* " (1 +[&[?)

‘ ‘ _ t 1 ‘ _
—i(t—t) &1 |2 g—i(€Ly—) gy / / —~i{€2.y=1) gy!
e e t'd e dt'd
&H 0 /B, (1+ &))" @

(2.8)
and, consequently, injecting equality (2.8) into (2.7), we get that
// d)\d)\ _ 6i<$7>\_5\>
@n# Mo (15 |A| S Ry
— (L + &) — (& + &)

(t—s)t / / dé1d

l P e D AT
_ cilt=tle* _ ei(s—t’)\&\Q) e 12

t (N — —it=ll gy de de, |

+ / /n/ £1+£2)) ( (£1+£2)) (1+|£1|2)a(1+|£2|2)a € 51 52

Combining the hypercontractivity of Wiener chaoses (see Lemma 2.3) and Lemma 2.4, we get
the following estimate

[ B [[F (@ 1) F (plene) — oo, ) @) 7] £ (Z%) ,
k=1

where the eight integrals are the one related to the terms in (2.6). As above, let us focus on the
treatment of the first term denoted by I;. Let 0 < € < 1. A straight application of the mean
value theorem entails that

[, 1 dg1dSs
h= =) /]Rd/]Rd (1 + 8+ &2)% A+ &)1+ [&)

. 1 el el
+t/ / / ¢
0 oo Jes T 16 TP (TGP0 TGP T ke

) d1dg 1 !
S(t—s) //(]Rd)2 (L4161 + &) (1 +[&]2)>7= (1 + [§22)~

g : :
S(t=s) /Rd (1+ lef?)> /Rd (1 + 161 = &[*)* (1 + &)

St-sr [ T
R4 (1+‘§1’2)23+2a—5—5
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where we have used Lemma 2.5 to derive the last inequality for small € > 0 verifying 4a—2¢ > d.
Now, resorting to a hyperspherical change of variables,

déy <1+/+°° dr
1

/Rd (1 + |£1|2)23+2a7%75 ~ M'

Ass>%—a, we can pick € > 0 so that 4s+4a —2¢ —2d+ 1> 1 and

Il ,S (t — 8)6.
The end of the proof is classical and is the result of a combination of Kolmogorov’s criterion and
of the Garsia-Rodemich-Rumsey lemma (see [6]). The interested reader shall find the details in
2, 16]. 0

2.4. Construction of the convolution with the second order stochastic process.

Proof of Proposition 1.8. Let p : R — R be a C* compactly-supported function and 2 < p < co.
Let s and ¢ be two real numbers such that 0 < s <t < T. Again, our objective is to obtain a
bound of the form:

/. de“]—“l((l 1B (o[ Vot ) = Vals, .)D)(m)fp] < (- sy,

where £ > 0 is small enough and uniformly in n. Indeed, a small adaptation of the proof leads
to similar results concerning the variation Cﬁpmm = Q{Dm — q{)n, namely

L' [lF (0 B (o[t ) = Vo)) ) @] 7] £ 2
First of all, for every z € R we write

Bl (@ L) R (oYt ) - Yot .>}))<x>\2]

= —1 d)\dj\ zx)\ ) VAN
-~ (2m)4ud //(]Rd)Q (14 [\2)*~ —(1+|)\| // dﬁdﬂp (A=B)p(A = B)

E[f(%ﬁn@, )- ms, NEF(Talt) = Tl )

— ; dAd;\ l:v)\ )\ DN
- (2m //(Rd>2 1+ P51+ A2y % // 484 A = PAX =)

B| (Yt = Falo))(0)F (Valt:) B)

1 dAdA i
_<2w>4d//<uw>2 L+ AR5 (LT AR5 “// 4BaB p(A = B)p(% - B)

B|F(Falt) = Vol ) 0F (Yoo )) D)) (29)

Based on Definition 1.7 of q{)n, it holds that, for every 5 € R¢,
t .
F(Flt) = Fals,0)(8) = =i [ O Fepn(r))(B)dr

_ Z'/S (62‘(1577)“3\2 _ ei(S*T)WIQ)}-(%On(T, N(B)dr.
0
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The previous identity entails that

B|F(Fa(t.) = Falo)JOF (Valt) )] = B|F(Valt) = Vls,0) (97 (Ya5:0) B)
¢ t A A . A o -
_ / dtl/ ity it =ilt—t2) B2 // dydj 6—Z<va>el<ﬁvy>}E{q{on(-ﬁ1,y)ovon(t2’g):|
s 0 (Rd)2
N /s dtl /t dt2 (ei(t*tl)mﬁ . ei(sftl)‘m?)e—i(t7t2)|5\2 // dydg eii<5’y>€i<5’g>E[Ovon(t1, y)ovon(tz7 g)}
0 0 (]Rd)2
t K] i i ~ . . -
_/ dtl/ dty Gt—tIB2 —i(s—t2)] 317 // dydij 6—1(67y>el<57y>E{o\pn(tl,y)ovon(t2’g):|
s 0 (]Rd)2

_/ dtl/ dts (ei(t*tl)\ﬁp _ei(S*tl)WR)e*i(S*t2)\B|2 / dydge*ﬂﬁﬂ)&(&ﬂ)[@{ovon(tl’y)ovon(t27g)]
0 0 (R)2

(2.10)

Resorting to Wick’s formula (see Lemma 2.2), we can write

E[3ou(ts, 9)n(2.0)] = [Efu(t )Tl )| + Efltnntuten] - 211)

Consequently, combining (2.10) and (2.11), and coming back to (2.9), we obtain that
_stE 2
HV%ww%*wM%mewmeH
1 // dAd\ ) //
= — et dBdp p(A — B)p(A — 3
(2m)3d JJray2 (14 [N2)*~2(1 + |\]2)° R)2 o~ B)
. 2
[/ dtl/ dty it t1)|8]? g—i(t—t2)|B|? // dydij e~ i(B.y) oi(B,7 ‘E{?n t1,9)%n (t2, )”
2
+/ dtl/ dty elt=1) BI? p—i(t—t2)| B // ., dydge™ i(B,) oi(B.3 ’E{?n t1,Y)%n(t2, )”
(Rd)
. s )
+/ dtl/ dty (I _ et IAF) gile AP // dydgj e 0 P E[5, (11, )0t 9)||
0 0 R4)2
s t . . . = . Py 2
+/ dtl/ dts (ez(t7t1)|5‘2 _ez(sftl)‘m?)672(t7t2)|5\2 // dydgefz<5,y>ez(5,y>‘E[?n(t1,y)?n(tg,g])}’
0 0 (]Rd)2
t s ~ ~ 2
_/ dtl/ dty 1B g=ils—t2) B // dydgje_iw’y)eiw’g)‘E{?n(tl,y) )”
s 0 d 2
t s . 2
_/ dtl/ dt2 ez(tftl)‘m —i(s—t2) ‘5|2 // dydye 5?] 5 ’E{ tl, )?n(t%g)”
s 0 R4)2
s s ) . . 2
_ / it / dty (AN _ im0 gilota) / / dydgj e 0 P E[5, (11, 9)0nlt2.9)||
0 0 (R4)2

s s . . . = . . 2
_/ dtl/ dt (ez(tftl)\m?_ez(sftl)m‘?)671(37t2)‘5|2 / dydgefzw,wez(ﬁ,w’E[?n(tl,y)?n(tg,g])}’ }
0 0 (R%)2
(2.12)

?n(t27 g

The latter computation shows that EU}"_l ((1 + |.|2)_8+§]:(p ﬁpn(t, - (Y)n(s, )D)(m)ﬂ isa

sum of eight integrals. Let us focus our attention on the two following since the treatment of
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the six others is quite the same:

1 dNd\
= —— a _ z (x,A— )\ //
! (27T)4d //(Rd)z (1 + |)\|2)S*§(1 + |)\|2)s d,@dﬁ p()‘ /8) ()‘ /8)
s t . o
[ — )t [ 0009, 5
0 0 (R)2

1 dAd\
I = Il oA A(// dBdf p(x -
2 (2m)4 ) Jmaye (14 |A)2)*~5 (1 + [N2)5~ % BdB p(A — B)p ( )
s t . 5
[ [ eyt [ ot
0 0 (R)2

e Study of I;: Using Definition 2.1 of the covariance function of ¢,,, we get that

L, 1 ety )€
po _ . _Z< o
B[t (t1,9)% (2, 9) || = ‘mm(tl’t?)(zw)d /B (T +eP)”

: / d&rdg el tEr-en —i(61—&2,y—7) (2.13)
—_— (& ’ . .
@2m2 Jp, J, (L4 G (1 + &)

Injecting (2.13) into the definition of I, it holds that

=t // A e
(2m)* JImae (14 A2)*72 (14 [A2)*2

. VY dédés
/n /Bn PA = (&1 = §2))p(A — (&1 — &2)) AFaP0+Gpe

S t . 2 . 2 . 2 . 2 2
/‘dh}/(ﬁ2<da_ﬁﬂﬁ—&\__é@_HH&—&\)eﬂ@_hN&—&\nﬂn@htﬂQJQY*ﬂﬂﬁ\ﬂ&\k
0 0

= min(tl, t2)2

e Study of Is: Using Definition 2.1 of the covariance function of ¢,,, we get that

IRIL 1 min(t1,t2) ci(ti+t2—2t")[¢]? e
’E[?n(tlay)?n(t%y)” = W/ / WB &y y>d§dt/

1 min(ty,t2) pmin(ty,t2) 2(t1+t2)(\§1\2—|§2\2)6—2it’1|§1\262it'2\§2|2 ‘ _
(2m)** Jo 0 (L4 &) (L + [&2[*)*
(2.14)

2

Injecting (2.14) into the definition of I, it holds that

L= // dAA i)
(2m)* S may (14 |A2)*75 (1 + [A2)*2

. Y dé1dés
/n /Bn PN — (&1 = &2))p(N — (& —52))(1 ARCENTADE

t
/ﬁdh}/‘ﬁQ(a@—Hﬂﬁ—&P__g@—Hﬂﬁ—&P)eﬂﬁ—hﬂﬁ—&Pg@rHﬂﬂ&P—Kﬂ%
0

min(t1,t2 min(t1,t2 . .
| | )/ ) Gty e 26 ity el
0 0

e Come back to (2.12): Combining the hypercontractivity of Wiener chaoses (see Lemma 2.3)
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and Lemma 2.4, we get the following estimate
-1 9\ —s+5 2p LI
L dwEﬂf (C+ 1) 2 F (o[ YVult,) - Yals,)])) @) ] S (; |Ik|> ,

where the eight integrals are the one related to the terms in (2.12). As above, let us focus on
the treatment of the two first terms denoted by I; and Is.

e Bound on I;: Two changes of variables lead to the following equalities:

i :/ / d€1ds
w By (1416 — &2)2 7 (1 + &) (1 + &)
/ Sty / Lt (ez(tftmsrsz\? _ ez’(smnsrsz\?)eﬂ(tftz)\srszﬁ min(ty, t) 21— 12) (612~ eal?)
0 0

_ / / d€1d&s
By /B, (1+ &+ &[*)2 7 (1 + &) (1 + |&f*)>
/ Yty / ' dts (ci-tletel _ ciletlertal) il tletal min(p,, )2 -2 P -leaP)
0 0

:/ / d§1d&s
e1—gal<n JB, (L+[612)27 (1 + |61 — &)*(1 + [€2*)”
/ dtl/ dto ei(t*tl)|€1|2_ei(sﬂfl)|€1|2)6*2‘(15*152”51\2 min(tl,t2)2ei(t1’m)(‘gl’&'Q’KQF),
0 0
Let us introduce the additional notation: (&) = [£1]2—|&1— &> +|¢a|?. Then, treating separately

the cases where t; < to and ty < t1, performing an integration by part in the second term of the
following sum and using the mean value theorem, we obtain:

dtl/ dto (it _ i(S*t1)|§1|2)e*i(t*t2)|€1\ min(ty, t2)2e!t—t2) (16— —&2~1&2?)

dt1 t dt2 (ei(t*tl)lﬁl\2 _ ei(sftl)\il\2)e*i(t*tz)\il\Qt%ei(trb)(lﬁl*iz\2*|€2\2)
1

t
Y dty / " dty (eIl _ il ) ittt it —ta) 66l
0

t dto em“(é)‘
t1

sdtl(ei(t—t1)|§1|2 — eils— t1)|§1\2) 20— ité | gt (J61—62/*—[€2]?)
0

t
’ dt (ei(t*tl)lﬁll2 _ ei(sftl)lﬁl\Q)6*“\51\262‘151(\51*52\2462\2) / ' dto tgeitw@‘
0 0

< (t — 8)8
A SIDRCE SN

for all 0 < e < 1.
Finally,

d§1d§2
RIS [[ e GTTEPP o6~ 6P TP T RED
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e Bound on I5: Two changes of variables lead to the following equalities:

sz/ / d€1dés

w By (L4 (6 — &2)2 77 (1 + [&f2)(1 + [&2f*)*
/ Sty / ' dty (ewm)\&r&z\? _ ez’(sftl)\&r&z\?)efz'(tftz)\@fazwaﬁtaxml\2452\2)
0 0

min(ti,t2) pmin(ti,t2) . .
/ / dt dtly e 20 1 2ty €21
0 0

:/ / d€1d&s
n By (L4 60+ &) 77 (1 + [&[2)* (1 + &)™
s t
/ dty / dty (G _ GOl el) i)l Gl it r )6 6l
0 0

min(t1,t2 min(ty,t2 X X
/ (f1,t2) / (t1,22) dt’ dt, o 2ity €117 J2it5|€2|?
0 0

:/ / d§1dés

o By (L 16102)2 77 (1 + 61 — &) (1 + [&2f?)~
/ Sty / ' dty (emm)\m? _ ez’(sftmm?)eﬂ‘(tftznsl|2ez’(tl+t2><\5r£2|27\52|2>
0 0

min(tq,t2) pmin(ti,t2) . .
/ / dt dtly e~ 2t 16—l 25 [,
0 0

Let us introduce the additional notation: ro(€) = &1 + [& — &[* — [&2]%. Then, treating

separately the cases where t; < t5 and t9 < t1, changing the order of integration and using the



mean value theorem, we obtain:

/ Yty / ' dbs (il _ gil—tnleal) it it +a)6 &P —leal)
0 0

min(tq,t2) min(t1,t2) . .
/ / dtlldt/2 6_22tl1‘§1_§2‘2€22tl2‘§2|2
0 0

<

/ Sty / ' dty (ci-tlal _ gt ittt it t2) (-6l ol
0 t1

t1 t1 . .
/ / dt dty e~ 21161 -El 2l
0 0

n / Sty / "ty (emmnslﬁ _ ez‘(sftl)\slﬁ)eﬂ(tftz)\sl|2ez‘(tﬁta)(mrsﬂ%\@\2>
0 0

to to R .
/ dtlldt,z 6_22tl1‘§1_§2|2€22tl2|§2|2
0 0

/S dty (ei(t—tl)\&IQ — ei(s—t1)|§1|2)e—itlfl|2€it1(\§1—§2|2—\§2|2)
0

21

t1 gt t
/1 / ' dt, dt) o 2ith [§1—&21% J2ith|€2|? dts ez’tgm(g)‘
o Jo

t1

_l’_

/S dt, (ei(t*tl)‘glp _ ei(sft1)|§1|2)e*it|§1|2eit1(\§1—§2|27\52|2)
0

t1 rt1 . . t1
[ [* e e [
0 0

. (t—s)
SO ER) 0+ @)’

forall 0 <e < 1.
Finally,

i ] dé1dss
B1S 6= [0 TP 0TI PO BRI E]

e g1 dé
= (=9 //(Rd)2 (L+ &)= (1 + & — &) (1 + &) (1 + [(E])

The end of the proof consists in showing that the integral

[ // d&1dés
®a)2 (14 [€12)257F(1 4 &1 — &2f2)>(1 + [&22) (1 + |x(£)])

is finite.
We split R? x R¢ into two domains defined by

Dy ={(£1,&) ER xR |61 <1} and Dy ={(&1,6) € R xR% &1 > 1}
and we denote by I1 and I, the associated integrals.

e Bound on I7:

dty e'2r2 © ’
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It holds that:
/ / d§1d§2
<t Jra (1+[&[2)2577 (1 + 161 — &) *(1 + [&2)*(1 + [x()])

/ / dé1dés
grj<t Jra (14 [€1]2)257F (1 4 |61 — &) (1 + [&2]?)>
/ d§y
€<t (1 4+ J€1[2)2%= (1 + [&1[2)%2
<1 (2.15)

where we have used Lemma 2.5 with the condition % <a< % to derive the second inequality.

e Bound on Is:
We split Dy into two domains defined by

Dj ={(&1,6) € Dy, |61 — &| < €|} and D3 = {(&1,&) € Da, &1 — & > |6},

and we denote by I3 and I3 the associated integrals.

e Bound on T3:

Let us observe that on Dj, the following bound holds true: |x(§)| > [£1]*. Now, resorting to
Lemma 2.5 again, one has

:/ / L{je1—eo|<|&o)y dE1dE2
& )>1JrRe (141612277 (1 + |& — &[2)(1 + |&l?) (1 + |<(§)])

/ / dédés

ga)>1 SR (14 [&1]2)25 75 (L + |1 — Eof2)>(1 + [&2]*)
/ S

€1>1 (14 |& ! )2 mtlt20—g

A

/ 7f.45 25+2+4a 2d+1
1

A

(2.16)
where we have used the fact that 4s — 2k + 2 + 4 — 2d + 1 > 1 resulting from s > %l —ato
obtain the last inequality.

e Bound on I3:
Using the law of cosines, we write

k(€)= &1 — &1 — &l + 6] = 2/&1]|&2] cos(0),

where 0 = Z(&1,&) € [0, 27].
We split D3 into two domains defined by

Dy = {(&1,&) € D3, [cos(0)| 2 1} and  D5? = {(é1,&) € D3, | cos(6)] < 1}

and we denote by 13’1 and 13’2 the associated integrals.

e Bound on 13’1:
The aim is to prove that the integral

:/ / L{je1—&)> 163 {] cos(9)[21} FE1dE2
al>1Jre (1[G (1 + 16 - &) (1 + &) (1 + (D)
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is finite. By dyadically decomposing &2 into |§a| ~ N2 for dyadic numbers Ny (ie No = 27 for
j>1or Ny =277 for j > 1), it holds that

121</ Z/ 1 (6o~ Na)} L {61 —Ea|> 6oy @162
1>1 R (1+]&1]2)2 (1 + €1 — &[2)(1 + |&[?)2 (1 + [&1]1&])

dyadlc

</ Z/ L {jgal~N2} 41062
~ s 57 Jra (L [6[7)P 7 max([€r], N2)?* (1 + NF)*(1 + |62 N2)”

dyadic

Né
<
~ |€1]>1 14 & s=r max(|&; |, No a1+N20‘1—|— 1N2’ 2.17)
Jaa 32 T TGP s T NPT VBT TG (

dyadic

where we haved used the fact that [£; — &a| ~ max(|&1], |£2]) to derive the second inequality.
Or, for 0 <e < 1,

)3 Al
(14 |&1]2)2s =% max([&; ], Na)2(1 + N3 )2 (1 + [&1] No)

N2
dyadic
< Z Ny
~ N &GP max(|é ], No)2e (1 + N3)ofé 1o Ny T
dyadic
NélflJrE
<
~ % (14 1&[2)~F max(|&1], N2)?*(1 + N3)*|&1]1—=
dyadic

A

1
N2221 (1+ |§1|2)2s7ﬁ+%*% max(|& |, N2)2aN22afd+175
dyadic

NdflJrs
+ > 2
No<1 (1+1&1?) 272
dyadic
p> 1 + > ! (2.18)
- a 273 —dt+l- T e da—dt+1— :
1<No<|&1] (1—{—|£1|2)23 Kta+t3 2N2204 +1—¢ NaSTen] (1+|£1| )23 Ii+ N a—d+1—¢
dyadic dyadic

1
+ —.
(1+ |6 [2)2rrots—3

Let us focus our attention on the first term in (2.18). When d = 1 or d = 2, as a > d;217
2ac —d+1—¢ > 0 for € > 0 small enough and this term is bounded by

1 ) In([&1])

272 ~ _ 1_e-
Lot (14 &[22 mrtotamg NGadtloe ™ (1 4 g |2)2mrbats—
dyadic

Now, let us remark that, when d = 3, € can be removed from the previous computations. When
a > 1, the following bound holds true

1 R (131)

— 1 —d ~ — T
1< Naefey) (L [€1[2)2 et s NGOt ™ (1 4 |gy2)2omrtots
dyadic
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whereas, when o < 1, one has
1 < 1
— 1o 2a—d+1 ™~ _ -
1<No<|&1] (1 —+ ’51’2)23 H+0£+2N2a’ + (1 + |£1|2)23 k+20+1-3

dyadic

Now, forall 1 <d <3,as a> 9L 4o —d+1—e > 0 for ¢ > 0 small enough and the second
term in (2.18) is bounded by

> ! < 1
1_¢ N — —-
No>|&| (1 + |£1| )23 n+ N4a d+1—¢ (1 + ‘51’2)25 rt+2a+1-§—¢

dyadic

Finally, coming back to (2.17), when d =1 or d = 2,

2,1 </ In(|&:[)dé / d& +/ d&y
P et (L g PEeriTE Slabt (1 )Pt ge e (14 [g )Rt
When d =3 and o > 1,

21 </ In(|&:])d&: / 3! +/ 3!
2~ |€1]>1 (1 + ‘51‘2)25—5—1—@4—% l€1]>1 (1 + ’51’2)28—54‘2@4—1—% €1]>1 (1 + ’51’2)25—5—1-044-%’

and, when d =3 and a < 1,

21 dé) dé
12 ~ d + 1°
€1 |>1 (1 + ‘51‘2)25—5—1—204-1-1—5 l&1|>1 (1 + ‘51‘2)25—54—@—1—5
In all cases, according to the value of x and since s > % —
12! <1 (2.19)

as soon as € > 0 is small enough.
e Bound on 13’2:
First of all, we can remark that, whend = 1, 13’2 = O since, for all (&1, &) € R2, cos(Z£(&1,&2)) =

or —1. Consequently, in the following, d = 2 or 3. As |cos(0)| < 1,

T
——0 1
5 ’<< or

3T
——0 1.
5 ’<<

We will only deal with the case where

™
5~ 9‘ < 1 since the other case is quite the same (it

suffices to replace in all the computations). By dyadically decomposing

T 3
T _glby X9
2 ‘y‘2

2
Ny =277 for j > 1) again we get that

13’5 |
|
<

\

where we haved used the fact that |, — €| ~ max(|¢1],[£2|) to derive the last inequality.
Suppose that d = 2. Then, for every &1 € R?, we see that the set of possible & with |&5| ~ Ny,
o

2

’I — 9‘ ~27% for k > 0 and & into |&] ~ Ny for dyadic numbers Ny (ie No = 2/ for j > 1 or

/ Lo~ Ny L (2011} L {12 —0j~a#} L {61 —gal>]ea]y AE10E2

1>1 N = re (L [ 2)> 75 (1 + 61 — &*)* (1 + &) (1 + [k(9)])

dyadic

/ 1{jeamNo} L {12 -0l <1} ] {12 —g|~a—k} dE1dED 2.30)
(1 +1[&/?) :

11>1 N k=0 2o max (6], N2)?(1 + N7)* (1 + [ Na27F)
dyadic

< 1 and ‘% - 9‘ ~ 27% is included in an axially symmetric trapezoid D whose height is
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~ Ny and the top and bottom widths are ~ 27% Ny with an axis of symmetry given by (R&;)™*.
Consequently, vol(D) ~ N227* and

20—k
/RQ Leal~nay 15 -0l<iyl (5 -0nz-rpdéa S No 275
Suppose now that d = 3. Then, this time, for every & € R?, the set of possible & with [£] ~ Ny,

’z —0| < 1and g— 0| ~ 27% is included in a cone D whose height is ~ Na, whose radius of base

2
disc is ~ 27¥ Ny and that presents a symmetry given by the plan (R&;)*. Thus, vol(D) ~ N§2~2F
and

—2k
/Ra Helna} L (5 -0yl 5-oinarydz S Ny2 70

To sum up,

/Rd Lflealmnat L {15011} ] (|5 -0~z rydéa S Ng2~ 07D,
Coming back to (2.20), we deduce that, for 0 < e < 1,

S Z/ L{jeal~Na} L {3 )2+ dE2
5 R (14 1€ 2) % max([€1], N2)2e (1 + N3)*(1 + [€1|N227F)

dyadic
<y Z Ngo-(d-1k
N = (L4 &) max(|€1], N2)2o(1 + N3 )a &y [1e Ny~ o2k

dyadlc

Ng—l-f—a
~ Z (14 |€1]2)% =% max(|&1], N2)2*(1 + N3)|&r '

dyadlc

(2.21)

Now, we are dealing with the same sum as in the computations related to I%’l. We can mimic
the arguments to obtain that

172 < 1. (2.22)

e Come back to I:
Combining the four bounds (2.15), (2.16), (2.19) and (2.22), we deduce that the integral I is
finite. That concludes the proof. O

3. DETERMINISTIC ANALYSIS OF EQUATION (1.1)

Let 1 < d < 3 be a space dimension and 7" > 0 a positive time. Fix a a real number verifying

d d

Z <a< 5
The aim of this section is to establish the local well-posedness of equation (1.1), that is to
present the proof of Theorem 1.12. Let us remember that our model is understood in the sense

of Definition 1.11. In other words, we have to prove that there exists v verifying the fixed-point
equality

‘ ¢ t
v = e tAG — / e DR (P, 2) dr — / e DA ((pT,) - (p8,)) dT
0

0

i /Ot eI (puy) - (05)) dr + p*Y, t€[0,T], (3.1)
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where the processes p? and pﬁfo are defined through Proposition 1.1 and Proposition 1.8. Recall
that, for all p > 2,

d
2

pt € C([0, T); W= (G ==P(RY)),

and that, thanks to multilinear smoothing,
P e c(lo, 1] Wt —etmr (Re))

for every € > 0 and where

l—a ifd=1

3 .

——a ifd=2
k=1<{ 9

2—a ifd=3anda>1
1 fd=3anda<1.

Fix € > 0 and let s > 0 the real number defined by s = 54 = (% — a) + €. In the following,
we will use a deterministic approach to deal with equation (3.1) and we will henceforth consider

the pair (p?, pﬁfo) as a given element in the space
Ewi= [ CO,TEW*P(RY) x C([0, T]; W FP(RY)),
2<p<oo
and then try to solve the more general deterministic equation: for (¥, ¥?) € &, ,,,

. t t
v = e—ztA¢ _ Z/ e—z(t—T)A(p2|vT|2) dr — Z/ e_l(t_T)A((pﬁT) . (‘I’T)) dr
0 0

iy /Ote_i(t_T)A((Pvr)'(‘I’_r))dr—lr‘l’za te[0,7]. (32)

In the next subsection, we present the different tools that will permit us to deal with each term
of the above equation.

3.1. Technical lemmas.

3.1.1. About the Schridinger operator. Before stating the well-known Strichartz inequalities, let
us define the notion of Schrodinger admissible pair.
Definition 3.1. A pair (p,q) € [2,+00]? is said to be Schrodinger admissible if

d d

Lemma 3.2 (Strichartz inequalities, see [1, Paragraph 2.3]). Fiz d > 1 a space dimension and
s € R. Let u stand for the mild solution of equation

{ i0pu(t,z) — Au(t,z) = F(t,z), tcl[0,T], z€R?,

u(0,z) = é(x).

Then, for all Schrodinger admissible pairs (p,q) and (a,b), it holds that
lull oo, r1 s arayy S Nl ars way + 1 | Lot o 1y (ma)) »

where the notations a’, b refer to the Hélder conjugates of a,b.

Remark 3.3. Strichartz inequality is a fundamental tool to deal with nonlinear Schrédinger
equations. It presents the advantage to provide a gain of integrability but the drawback that
the solution inherit the (potentially bad) regularity of the initial condition and of the second
member F.
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The Schrédinger operator can generate a local gain of regularity. This latter is described in
[2] where the authors have generalized the so-called Kato smoothing effect that offers locally a
gain of a half of a derivative (understood in the Sobolev meaning).

Lemma 3.4. Fiz d > 1 a space dimension. Let p : R* — R be of the form (F,),0<s,n< %
and 0 < T < 1. Suppose that ¢ € H=*(R?) and F € L'([0,T]; H~*(RY)). Let u stand for the
mild solution of equation

{z@tu(t,x Au(t,x) = F(t,xz), te€[0,T], z€R?,
(0,2) = p(x) .

Then, it holds that
l[ull 1

LH (0,75 Ry S ola-s@ey + 1Fl L1 go,17: 55 (me)) »

where the proportional constant only depends on p, s and 7.
Let us go back to equation (3.2). We see that, compared with [2], the main difference lies in the
) t

—i=TA (W) dr and ¥2 is now —z'/ e AW ) dr

with its —s 4+ 7 derivatives (according to the previous local smoothing). Consequently, here,

t
fact that the worst term between —i / e

t
v is expected to inherit the regularity of —i/ eil(th)A(\IlT)dT and should be an element
0

of C([0,T); H—*T"(R%)). Precisely, by resorting to the local smoothing of the Schrédinger
operator (see Lemma 3.4), we will be able to prove that, up to multiplication by p, v €
C([0, T); W—stmP(R)) (for some p > 2) with > 0 such that —s + 7 > 0. Thus, for all
0 <t <T,w(t) will be locally a function, allowing us to give a rigorous meaning to p?|v|%.

3.1.2. About the product in Sobolev spaces. The following lemma states that the product of two
functions of regularity s > 0 stays a function of regularity s > 0 and precises its integrability
under an Hoélder type condition. See for instance [17, Proposition 1.1, p. 105].

Lemma 3.5 (Fractional Leibniz rule). Let s > 0, 1 < r < oo and 1 < p1,p2,q1,q2 < o0
satisfying
1 1 1 1 1

T p1 P2 g1 Q2
Then, it holds that

[ - vllys.r@ay S llullys e @ayllvll Loz may + lull Lo mey |01l 502 (ra) -

Now, we are interested in defining the product f - g when g is a function (of regularity g > 0)
and f is only a distribution of Sobolev regularity —a < 0. This is the subject of the lemma
below that guarantees that the product makes sense as soon as § > « and inherits the worst
regularity, namely —a. The proof of this result can be found in [15, Section 4.4.3].

Lemma 3.6. Fiz d > 1 a space dimension. Let o, >0 and 1 < p,p1,p2 < 0o be such that
1 1 1

—=—4+— and 0<a<p.
p P11 P2

If f € W™oPLH(R?) and g € WOP2(RY), then f-g € W*P(RY) and the following bound holds

true

1f - glw-erray S [ Flw—ers @ayllglls.ra gay -
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3.1.3. An interpolation result and a commutator estimate. To end with, we recall a classical
interpolation result followed by a commutator estimate proven in [2] that permits to swap a C*°
compactly-supported function with the fractional Laplacian.
Lemma 3.7. Fiz d > 1 a space dimension. Let s,51,50 € R and 1 < p,p1,ps < 00. Suppose
that there exists 0 € (0,1) such that
1 0 1-94
s=0s1+(1—0)sy and —=—+ .
p n b2

If v € W3LPL(RE) N We2P2(RY), then v € WSP(RY) and it holds that

[% 1-0
||U||WS7P(R‘1) < HUHWSLIH(]Rd)HUHWSQJ)Q(Rd) :

Lemma 3.8. For every s > 0 and for all C* compactly-supported functions p,g : R* — R, it
holds that

I(d = A)3(p- g) = p- (1d = A)2(g)ll 2 ety S N9l iz ey -

where the proportional constant only depends on p and s.

3.2. Statement and proof of our main result. Let us fix once and for all a C* compactly-

supported function p : R? — R of the form (F,). Forall T > 0,1 >0, p,q>2,let Yps’n’(p’q)(T)
be the space defined by

1
Y1) = €0, T) H* (RY) 1 LP([0, T W 4(RY) 1 L, ™.

Theorem 3.9. Let 1 < d < 3 be a space dimension and p : R — R be a C>® compactly-supported

function of the form (F,). Besides, assume that oo < 3 verifies a > «ag, where
1/4 ifd=1
ag=1{ 5/6 ifd=2 . (3.3)
17/12 ifd=3

Recall that, for all fived € > 0, the real number sqo . > 0 is defined by s = 544, = (%l —a)+e.
Then, if € > 0 is small enough, one can find parameters n € [s,1/2] and p,q > 2 such that, for
all p € H=3(RY) and (¥, W2) € & ., there exists a time T > 0 for which equation (3.2) admits

a unique solution in the above-defined set Yps’n’(p’q)(T),
Our strategy is to establish a fixed-point principle on I'p ¢ g2 the map defined for all ' > 0 and
(‘Ila \I,Z) € gs,n by

. t t
'ty w2 (v) = e_ZtA¢ - Z/ e_z(t_T)A(PQIUT‘Z) dr — Z/ e_l(t_T)A((PWT) (¥r))dr
0 0

t _
—i [ (o) - (@) dr + W, te[0,T).
0
This will result from the two bounds described in the proposition below.

Proposition 3.10. Assume that 1 < d < 3 and that oy satisfies condition (3.3). Then, if ¢ > 0
is small enough, one can find parameters n > 0, p,q > 2 and € > 0 such that, setting Y (T) :=

Yps’n’(p’q)(T), the following bounds hold true: for all0 < T < 1, ¢ € H*(RY), (¥, ¥?) ¢
Es iy (B2, W3) € &, and v,v1,v2 € Y(T),

100,02 @) vy S 6l + T [0l + 11l ew-srlloly | + 193y @), (34)
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and
HFT,%,\I;% (v1) — FT,\Pg,\IJ% (U2)||Y(T)
S Té{HUl = v2llymy{llvrlly ) + lvally @} + (11 = Wal[Leow-sr [[o1]ly(7)
+ H\I’ZHL%‘JV\/*SW”W - UQHY(T)} + e - ‘I’g\\Y(T) , (3.5)
where r depends on s and n and the proportional constants depend only on p and s.

The choice of the three parameters 7, p, ¢ in the above proposition depends on the space dimen-
sion d € {1,2,3}. For the sake of clarity, we divide our proof into three subcases. As usual, our
objective is to bound each term in the expression of I'r g g2 separately. In the following, we
will suppose that 0 < T < 1.

3.2.1. Proof of Proposition 3.10 when d = 1. As soon as € > 0 is small enough, there exists
n > 0 such that

.., 13
25 < n < 1nf(§, Z — S).
Let (p,q) = (00,2). Then,
1
Y(T) = C([0,T]; H*(R)) N LpH, .

Also, we define 6 = % € (0, %) Notice that a quick computation shows that the pair (p,q) is

Schrodinger admissible.
Bound on e #2¢: As e "2 is a unitary operator on H*(R), it holds that

lle * ¢||L§9H*S = HngH*S(R)-
Besides, since s < % and n < %, by local regularization (see Lemma 3.4),

—itA
172004

g H¢|’H‘5(R) )

and, combining the two previous inequalities, we have established that

le™ ™ 2@ lly(ry < 91l -5 (R)-

t
Bound on —i/ e A (2|, |?) dr: Since > 0 and since p is a C> compactly-supported
0

function, one has

t
H _ Z/ efz(th)A(p2‘UT’2) dr
0

t
H - Z/ efz(th)A(p2‘UT’2) dr
0

Y(T)

1
n p—s+n
L1H,

t
+ H - z/ e A (2o, [?) dr
0

L H—s

t .
S H _ Z/ eil(t*T)A(pﬂvT‘Q)dT + H _ Z/ efz(th)A(p2’UT‘2)dT )
0 0

L H=s+n L; H—s+n
t
S H _ Z/ efz(th)A(p2‘UT‘2)dT
0 LS H=s+n
Resorting to Strichartz inequalities (Lemma 3.2), it holds that
t
—i [ e A2, |?) dr <P s . 3.6
i W] SRRy, (3.6)
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Now, according to Leibniz fractional rule (Lemma 3.5), for all ¢ > 0,

12?0, llw-sna S Novt, Mla-seallpv(t, Iz
and, by interpolation (Lemma 3.7),
9 1-6

o, )Lz < [lpo(E, g-seallov(t; )=

leading to
1?0 (2, lw-snr S oot s I, Il
1+ 1-0 2
S ol Ml Zen o s + o il

where we have used a commutator estimate (Lemma 3.8) to obtain the second inequality. Con-
sequently,

T 21,12 3
| a1t )y

4(1-0) 3(1+0) 3
< ”0”13/ / dt || ;I ot +THUH§’<(T>
2(146)n
P 1(1-0) 3( 8
< 7130y ||3 </ dt [Jv(t, s+n> +Tlollcr
< T1‘§(1+9)"IIUII§(T>

and thus, coming back to (3.6), we can conclude that

—i(t—7 3_ s
& )A( ST 0rte) ”U|’§/(T)

~

Y(T)
t t -

Bound on —i/ e DA ((pT,) - (8,)) dr, —i/ e A ((poy) - (¥5)) dr: Since s < 1 and
0 0

n < < , by local regularization (Lemma 3.4), the following bound holds true

t
—1 € pQ‘UTP) dr
0

t t _
=i [ oy s | i [ o) @
0 L? H;S+77 0 L7] H s+n
Slev- g - (3.7)
Let I > sand 2 < r,p < oo be such that 1/2 = 1/r+1/p. According to Lemma 3.6, for all ¢ > 0,
(v - ®) (&, M- S 12 )llw-so Lot )i - (3.8)
As soon as L J J
—s+n—Il=dlz—-)=- & Il=—-s+n——,
2 p r T

we have the Sobolev embedding H~*+7(R%) < W!'P(R?). Now, as —s+7 > s, we can pick r > 2
large enough such that I = —s+7 — ¢ > s, and from (3.8), we get that

[(pv - ®) (&, - S (R E )lw-srllpv(E, )l r-s+n -
With the help of a commutator estimate (Lemma 3.8), for all £ > 0,
lpv(ts M a=stn S o ) gy rotn + Mo -,
entailing that
1p7 - ®ll s -« S Il ooy T 0] 1
LT

n Hp—3+71

+ T[[v]l zeo s}

ST e [olly ()
T
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which, going back to (3.7), leads us to

L [ e G @ ar

n pr—s+n
LIH,

1
n pr—s+n
LTH,

=i [ 2wy (wyar

N Tl_n”‘I’HL;wv—w”UHY(T) : (3.9)

On the other hand, resorting to Strichartz inequalities (Lemma 3.2), it holds that

S e
L¥H-s

=i [ e (@) ar

=i [ et (o) (0. ar

0

LEH—s

We are thus in the same position as in (3.7), and we can repeat our arguments to establish that

| =i [ 2 ) - (wyar

t . _
+ H —i [ (o) - (7)) dr
L%’?H*S 0 L%OHfs

N Tl_nH‘I’HLgsw—wHUHY(T) -

Combining this estimate with (3.9), we have finally obtained that

=i [t @ ar| i [ S () @ ar

= Tl_"H‘I’HL;Ow—w||U||Y(T) -

Y/(T) Y/(T)

Bound on ¥2: Keeping in mind that kK = 1 — « and n < %, —s4+1n < =254k if € > 0 is small
enough and we immediately have that

H‘IJ%HY(T) < ||W%‘|L§9H—23+)€.

Combining the above bounds provides us with (3.4). (3.5) can easily be obtained in an analogous
manner.

3.2.2. Proof of Proposition 3.10 when d = 2. As soon as € > 0 is small enough, there exists
n > 0 such that

1
25 << = —s.
s<n<g5—s
Let (p,q) = (4,4). Then,

Y(T) = C((0.T]: H~*(B2)) 1 L([0, T); W~ (R2)) 1 LJH; *+7

Also, we define 6 = % € (0, %) Notice that a quick computation shows that the pair (p,q) is
Schrédinger admissible.

Bound on e #2¢: Exactly as for d = 1 (see Section 3.2.1), we show that

He_itAQSHY(T) S Al s 2y
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t
Bound on —i/ e A (2|, |?) dr: Since n > 0 and since p is a C> compactly-supported
0

function, one has
t
H _ Z/ e—z(t—T)A(p2|vT|2)dT
0 Y(T)
t
4+ H _,L-/ e—z(t—T)A(p2|,UT|2) dr
0
t
S H _ Z/ e—z(t—T)A(p2|,UT|2) dr
0 L%onern
t
+ H — z/ e DR (P o, ?) dr
0

t
S H _ Z/ e—z(t—T)A(p2|,UT|2) dr
0

t
— H _ ’L/ e—z(t—T)A(p2|vT|2) dr
0 LXH-s

t
+ H —z'/ e DA (PP lo ) dr
L%w—s,4 0

t
+ H —z’/ e DR (P o, ?) dr
0

1
n pr—s+n
LIH,

4N —s41,4
Liw—s+n

1
n rr—
LT H=s+n

t
+ H —z’/ e DR (0o, ?) dr
0

)

L H—s+n Liw—stnA
and, resorting to Strichartz inequalities (Lemma 3.2), we deduce that
t
|=i [ @R nyar| S 1 e (3.10)
0 Y(T) ’
where
4 4
l)=(—,—
D) = (15 7p)

is a Schrodinger admissible pair. Now, according to Leibniz fractional rule (Lemma 3.5), for all
t>0,

0% [0 (s Mlyy-sinar S Mov(ts M=snlov(t, ) sy -
Then, by interpolation (see Lemma 3.7), the bound below holds true

lpo(t, oy < oo, M-t lo0(E, )l s
L1490

and, consequently,

0
12102 (2, Mlyy—ctner S No0(E I e lpo(E, Dl
0 0
S llo(t, ')H};—;HWHU( Mo + o, JEE o, iy Ces

where we have used a commutator estimate (Lemma 3.8) to obtain the second inequality.
Holder’s inequality with A = 252 > 1 yields

T
20,12 !
|l )l e
1
1+9 ‘A 1— 0 oY
< ([ e ([ a2 ) 1oy [
According to the assumptions on our parameters (recall that n < % —sand 0 = %),

1
1+0)r'x=2(1+0) < p and (1—0)r'\N =4,
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yielding
r 21,12 !
| a1 el

1-2n(146) T (1+6)r'n 4 _ 1+0) (1—6
<T7( [ el ) ol + T2 ol o ol 1y
(1+€r+ —
= o Vlly L T o (1) -

The previous estimate can be reformulated as
=l
1?10yt - S AT+ T2H 0 () »
with € = 1(1 — 2 — 2s). Coming back to (3.10), we have finally obtained that

t
H _ Z/ efz(th)A(p2’UT‘2)dT
0

t t -
Bound on —z'/ e A (pp,) - (®,)) dr, —i/ e A ((pv,) - (¥;))dr: Repeating the
0

arguments used for d = 1, we first establish that

—i [Fet S e ar] i [ S () @) ar

—s4n
; PS

= 1
SAT + T2 ol -

Y(T)

1 S oo ®lps g

n pp—st+n
L7H,

167 ¥l s S T17"||‘I’||L§9W*wHUHY(T) :

On the other hand, resorting to Strichartz inequalities (Lemma 3.2), we can write

(- / ) | [ ) (@

L H—s
(=i [ e omn - @ ar

S v ‘IIHLITH*S :

+ H ~if LD (o) - (T7)) dr

Liw—s4

Combining the two previous bounds, we obtain that

t t J—

=i [ o war| i [ o @ ar| ST s vy
0 Y(T) 0 Y(T)

Bound on ¥%: Keeping in mind that x = % —aand n < %, —s54n < —2s+kif € > 0 is small

enough and we immediately have that

€T [ly(ry < 1RF[| g0 pr-zotn + LT[ goyy-2osnaa.

3.2.3. Proof of Proposition 3.10 when d = 3. As soon as € > 0 is small enough, there exists
n > 0 such that

1
2s < < 1 s.
Let (p,q) = (2,6). Then,

Y(T) = C((0.T]: H* (%)) N L([0, T); W5 (%)) 1 LjH *+7

Also, we define =
Schrédinger admissible

€ (0, %) Notice that a quick computation shows that the pair (p,q) is

»—4:; lw
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Bound on e #2¢$: Again, the arguments are those used for d = 1 and d = 2 yielding

He_itAQSHY(T) S Al s (msy-

t
Bound on —i/ e =2 (p?|u,|?) dr: By definition,
0

t . t )
H _ Z/ e—z(t—T)A(p2|vT|2)dT — H _ ’L/ e—z(t—T)A(p2|vT|2) dr
0 Y(T) 0
t ) t .
+ H _,L-/ e—z(t—T)A(p2|,UT|2) dr + H _ Z/ e—z(t—T)A(p2|vT|2)dT
0 L%W*S’G 0

i . t .
|- [ e AR ar b =i [ eGP on P ar
0 0

L¥H-s

1
n pr—s+n
LIH,

)
2 W —s+7,6
LZW—stn

L3P H—s+n

since 7 > 0 and since p is a C* compactly-supported function. Now, resorting to Strichartz
inequalities (Lemma 3.2), we deduce that

t .
|=i [l yar| 1 e (3.11)
0 Y(T) T
where
4 3
)= (—— —
D) = (s 7o)

is a Schrodinger admissible pair. Now, according to Leibniz fractional rule (Lemma 3.5), for all
t>0,
1[0t Mlyy—ssnir S Moot Ml=senllpo(, )| s

LT+20

Then, by interpolation (see Lemma 3.7), the bound below holds true

loo(t, M o < Mot |- llpo(t, s

[, T+20
and, consequently,

0 —0
12?101 (& Vlyy-stnar S Nov(E 5 s I (E IRY

,Sllv(,-)ll}gsmlv( ][ 56+Hv( MEZ ot e

where we have used a commutator estimate (Lemma 3.8) to obtain the second inequality.
Holder’s inequality with A = 3 — 26 > 1 yields

T !/
|l e
1
(1+6)r' X 1-6)r' A\ Y
< ([ amen ) ([ a2 ) 1oy [
According to the assumptions on our parameters (recall that n < i —sand 0 = %),

1
1+0)r'x=41+0) < p and (1 —0)r'\ =2,
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yielding

Tdt 2 2 t 7"/

; 1071017 (s =i,
1—dn(146) T 1 (1+6)r'n 2 7r/( 146) "(1—0

< pren </ dt |[v(t, .)||;Is+,,> ol ry + T el el i

P

1— 47] 4s (1+9)T‘+ 1_’"’(1_0) 2

ST vllyr +T 7 vl

The previous estimate can be reformulated as
=l
1?10 - S AT+ T () »
with & = %(1 — 4n — 4s). Coming back to (3.11), we have finally obtained that

t
H _ Z/ e—z(t—T)A(p2|,UT|2)dT
0

t t S

Bound on —z'/ TR (pp,) - (®,)) dr, —i/ e A ((pv,) - (¥;))dr: Repeating the
0 0

arguments used for d = 2 (remark indeed that —s + 7 > s), we establish that

=i [ et pyar| i [ e ) @) ar

Bound on ¥2: Keeping in mind that k = 2 — a and 1 < %, —s4n < —2s+k if € > 0 is small
enough and we immediately have that

Y
SATE + T3} ol ) -
Y(T)

+

= Tl_"H‘I’HL;Ow—w||U||Y(T)
Y(T)

Y(T)

12 lly 2y < 193l Lo 2o + [P E| Loey—204m0-
That concludes the proof.
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