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MULTIPLICITY RESULTS FOR NONLOCAL CRITICAL
PROBLEMS INVOLVING HARDY POTENTIAL IN THE WHOLE SPACE

B. ABDELLAOUIY2, A. ATTAR?, Y.O. BOUKARABILA?, E.-H. LAAMRI*

ABSTRACT. The aim of this paper is to study a non-local elliptic problem in RN (denoted as
(P») below) involving the fractional Laplacian, a linear Hardy potential term and a critical non-
linear term. According to suitable assumptions on the set of extremal points of the functional
coefficients, we prove that (Py) has multiple positive solutions, and we determine their precise
behavior near the extremal points. This work extends a previous article by the first author et
al. on the local case.

1. INTRODUCTION

The main objective of this work is to study a class of nonlocal nonlinear Schrodinger equations
with singular potential. More precisely, we consider the problem

A+ h .
(—A)u = (hz(x))u + k(z)u®~1  in RV,
x S
(P3) uw > 0 in RV,
u € D¥RN),
where s € (0,1), N > 2s, A > 0, 2% = NQiVQS, and the functions h, k are nonnegative, continuous

and bounded with additional assumptions that we will specify later. The fractional Laplacian of
order s is given by

u\r) —u
(—A)Su(x) ‘= CN,s P.V. . x(—):(JJVJ'(‘:gZ dy, s € (0, 1), (11)
where
84SF(NJ£25)
CNg = ———,
M AT (1 — )

is the normalization constant such that the following identity
(—A)u(z) = FHE* Fu())(x), z € RY

holds in S(RY), the class of Schwartz functions. For an overview of the fractional laplacians, the
interested reader is referred to [12, 27] and the references therein.
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Nonlinear Schrédinger equations with singular potentials arise in different areas of quantum field
theory where the singular potential is used to describe a particle which is free to move between
two or more regions of the space separated by some barrier. See for instance [28, 29, 21, 20, 6]
and the references therein for more general discussion and other models and applications. They
are also used in some models of condensed matter physics, see for instance [36].

Related equations with Hardy potential appear also when analyzing the properties of Aharonov—
Bohm magnetic potentials, we refer to [14, 7, 26] for more details about this relation.

As we will see later on, Problem (P)) is related to the classical Hardy—Sobolev inequality. In
order to be precise and for the ease of the reader, let us recall this classical inequality: for all

u € C°(RY)
ANS/ < // ( I’ dx dy (1.2)
* Jrn RN xRN |~’C—y|N+2S ’

0 12 ( NZQS )
FQ(NZQS)
One should note that Ay s is optimal but not achieved ; we refer to [16] for more details about

(1.2) and its improved version.

where

AN,s =2 (13)

To put our work in context, let us review what has been done concerning Problem (Py).
—Local case s = 1. When h = 0 and k = 1, the problem was treated in [37]. In that paper,
the author proved that if A > Ay, Problem (Py) does not have any positive solution, while if
A€ (0,ANn1), (Py) has a one-dimensional manifold of positive solutions given by

where > 0 and

—2

2(x) = (N(N_Z)UQ)NQ withnp=1{1-— A %.
@ (J (1 J[2m)) = ! < ANJ)

The case where h,k # 0 was studied by the first author et al. in [2]. Using concentration-
compactness arguments and a suitable version of the Palais—Smale condition, the authors showed
the existence of a solution.

In addition, denoting A = {z; € RV\{0} where z; is a local maximum of k}, then under addi-
tional assumptions on the behavior of k near the points of A, they also got a multiplicity of
positive solutions.

—Nonlocal case 0 < s < 1. The case h = 0 and k = 1 was analyzed in depth in [13]. Using the
moving plane method, the authors proved that the problem, in this case, has also a one-dimensional
manifold of positive solutions given by z,(x) = p~ e z(%) where z is a normalized radial solution
to the same problem. The asymptotic behavior of this solution as  — 0 or x — 400 was also
obtained. However, an explicit formula as in the local case is yet missing.

We refer also to [33], [11], [15] where some partial existence results are obtained using the Caffarelli—
Silvestre extension. In those works, the main problem is transformed to another local one defined
in RY x (0, 4+00). The analysis of Palais-Smale condition is obtained using suitable trace Theorem
in RY x (0, +00). It is worth to notice that the authors in [15] consider also the case of multi-pole
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singular potential.

It is also interesting to note that in the case where Problem (P)) is defined in a bounded star-
shaped domain  with Dirichlet boundary condition and h = k = 1, It is proved in [32] that the
unique solution is u = 0 by using the Pohozaev-type identity, see [32, Proposition 1.6].

One should not end this short review without mentioning that Problems with Hardy potential and
critical nonlinearity have already been studied in the literature, see for instance [3, 15, 17, 33, 31]
and the references therein.

Our goal in this work is to extend the results obtained in [2] to the nonlocal case, especially
the multiplicity results. To this end, we shall construct a separation functional that allows us to
get the existence of multiple positive solutions. Contrary to the local case, some fine estimates are
needed in order to show this multiplicity.

Let us summarize the main results and difficulties of the paper.

e We will begin by analyzing the perturbed problem in the Hardy potential, namely we
assume that A #Z 0 and k£ = 1. We prove that under suitable assumptions on the size and
the shape of h, the associated energy function satisfies a local Palais—Smale condition. The
proof is based on a nonlocal version of the concentration-compactness argument obtained
in [30, Theorem 5]. However, some very technical difficulties are to be solved due to the
nonlocal character of the operator and to the fact that the fractional laplacian of a product
is not easy to estimate.

e In the second part of the paper, we deal with the question of the multiplicity of positive
solutions. In general this phenomenon occurs under additional assumptions on the set of
critical points of k. Hence, in order to simplify the presentation, we will assume that h = 0
and £ #Z 1. We begin by proving a local Palais—Smale condition. Then to achieve the
desired multiplicity result we assume that k has a finite set of local maximum points with
some precise behavior. Our objective is to prove the existence of a solution with some
prescribed behavior in the neighborhood of each maximum. The main difficulty will be
to distinguish between the different solutions. This will be achieved by defining a suitable
separable functional. Let us recall in the local case, the form of the separable functional
follows by using a cut-off function that concentrates near a fixed maximum point. However,
in the nonlocal case, we have to modified this form since we have to take into consideration
the nonlocal character of the problem.

The paper is organized as follows. In Section 2, we gather some useful tools: we introduce the
right Sobolev space associated to Problem (P, ), and we recall some classical functional inequalities,
including Hardy—Sobolev inequalities and a Picone’s inequality, which will be useful to prove the
nonexistence results.

In Section 3, we deal with the case k = 1 and h # 0. For the sake of clarity, we have split this
section into two subsections. The first one establishes a nonexistence result using a suitable version
of the Pohozaev identity. Then, in Subsection 3.2, we show a local Palais-Smale condition and,
as a consequence, the existence of non-trivial solutions will be proved under suitable assumptions
on the behavior of h near to 0 or near to co. The case h = 0 and k > 0 is considered in Section
4, where we first prove another Palais—-Smale condition, and then that the number of positive
solutions depends on the set of points where k reaches its maximum. |
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2. PRELIMINARY AND USEFUL TOOLS

In this section, we will recall some useful tools that we will be used in this paper. First, we
introduce a natural functional framework for our Problem (Py). Then, we will recall some classic
inequalities that we will use to prove our results. Also, we specify the sense in which solution are
considered.

e Functional framework The appropriate space for our study is the classical fractional Sobolev
space

s 2(RN 2 (RN) Ju(z) — uy)|*
D>(RY) = {UEL (R //]RNX]RN |w—y|N+23 dxdy<oo}, (2.1)

endowed with the norm

2 u(y)[?
||UH’DS‘2(RN) //RNXRN |l‘—y|N+2$ dx dy (22)

which makes it a Hilbert space.

The fact that the above formula actually defines a norm on D*2(R¥) is a consequence of the
following point.
e Classical Sobolev inequality Let s € (0,1) and N > 2s, there exists a positive constant
S = S(N, s) such that, for any function v € D*2(RY), we have

u(y )|2
S x s dx dy, 2.3
||u||[2 SRV < en, //Nx N \x y\N‘*‘Q“" Y ( )

2N

op—
where 2 = <.

Now, let us introduce the following functional defined for A € (0, Ay s) by

u(y)|? / u? (@)
=cCNs drdy — A dz, 2.4
o [l g ey dets—a [ e 24
with u € D¥2(RY).
Thanks to Hardy—Sobolev inequality (1.2), we obtain

A
(1 o ) ey < Qa) < lulowsam.

Now, we define the quantity S(A) b

S(A

Qal(u)

= inf :
{ueD=2(RM)\(0}} 2 %
/]RN |u|*s dx

It is clear that S(A) > 0 and S(0) = S (the Sobolev constant defined in (2.3)).
From [13], we know that S(A) is achieved in one-dimensional manifold of w4, given by wa ,(z) =

M*Ngzsw(%) where w is a normalized radial minimizer of S(A). The behavior of w near 0 and
400 is also known and it is given by :

q
(e (1 + afP)

Cs
(e (1 + )

—2s

5 S w(z) <
2
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where 1, 4 € (0, N ;25) is the unique solution to the following equation

D(75)T(559) FQ(NZ%))

FEENG) ()

We refer to [13] for more details about the existence and the behavior of w.

U(ns,.4a) = A where ¥(o) = 225< (2.6)

e Notion of solution Let us now make precise what we mean by a solution to Problem (Py).

Definition 2.1. Let u € D*2(RY) and u > 0. We say that u is a solution to Problem (Py) if for
all p € C°(RY), we have

A+ h(x))u «
NPV // N+25) (p(@) — »(y))dy do = / (TxQ(S))stx + /k(x) u* o dr.

RN xRN RN RN
(2.7)

It is clear that, if u is a solution to Problem (Py), then u is a critical point of the functional
N5 u(y)l? 1/ (A + h(z))ui 1 2
= drdy— - ——drx— — k sdr. (2.8
5 o e et [ 27 Jon N (25

e Fractional version of Picone’s inequality

The next Picone type inequality will be used in order to show the nonexistence results. For a proof
of this inequality, see for instance [22, Proposition 18] or [1, Lemma 2.3].

Proposition 2.2. Assume that Q is a strict subset of RN or Q = RN, Let w € H*(Q) be such
that w > 0 in Q and w > 0 in RN. Assume that (—A)*w = 9 with ¥ € L}, (RY). Then, for all
p € C5° (), we have

loc

2 —A)Sw
//RN . |x— |N(+21 dmy?/ﬂ(w)w%' (2.9)
X

The following lemma will be useful to estimate some singular integrals and will be used systemat-
ically in the paper. see [35, Chapter V].

e An useful Lemma

1
Lemma 2.3. Let 0 < a < N and 1 < p < g < 0o be such that — =

. For g € LP(RY), w
q
define

@\H
Z\Q

halo)e) = [ 9(v)

N |z —yNe
Then, it follows that:

a) he is well defined in the sense that the integral converges absolutely for almost all x € RN,
b) Ifp > 1, then [lha(9)llLa@y) < cpallgllLe@y)-

q
¢) Ifp=1, then [{z € RN ; ha(g)(z) > o}| < (M())

g
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3. EXISTENCE AND NONEXISTENCE RESULTS: PERTURBATION IN THE POTENTIAL TERM.

In this section, we take k = 1 and we consider a perturbation on the Hardy potential. More
precisely, we study the existence and the nonexistence of solutions to the following Problem

(_A)su — (>\—||-}12(1'))U 4 u2:—1 in RN,
|28
n Ds2(RY),

c (3.1)
w > 0 inRN

3.1. Nonexistence Results.

In this subsection, we will prove some nonexistence results according to some hypotheses on the
datum h. Namely, we shall show that the size and the shape of the perturbation are important for
existence of a solution. More precisely, we have the following nonexistence result.

Theorem 3.1. Assume that one of the following conditions hold:

(1)

where
% de =1},

D := {u € D**(RY) ; / |u
RN
or
(2) h is a differential function where (x.Vh) has a fixed sign.

Then, Problem (3.1) does not have any positive solution.

Proof.

e Let us begin by proving the first point. We proceed by contradiction. Assume that Problem
(3.1) has a positive solution ug € D*2(RY) and let ¢ € C5°(RY). Using the Picone inequality of
Proposition 2.2, it follows that

(¢(z) — ¢(y))? (=A)*uo (A + h(z))¢? 212 o
CN’S//RNX]RNWCZIC@>/RNT¢dx}/RNde—F/RNUO Qsdl'

Thus, for all ¢ € C5°(RY), we have

(¢(z) — d(y))* (A + h(z))¢? 22 g
R e B

Hence, by a density argument,
_ 2 A h 2
L i on, [f DO g, [ DM,
peD RN xRN |7 — y|NT2s RN ||
which is a contradiction.

ee Now, we deal with the second case. The main idea is to use a Pohozaev-type identity. Let h be
a bounded differentiable function and suppose that u is a nonnegative solution to (3.1). Using u
as a test function in (3.1), it holds that

A+ h(z))u? .
||u‘|2st2(RN) = / % dzx +/ u?s dz.
RN RN

|x‘25
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Now, using (z.Vu) as a test function in (3.1) yields
/ (x.Vu)(—A)’udx = / W(xvm dx +/ u® (2. Vu) d.
RN RN | RN
Or

O\ + (@) [ Oh), g,
RN

« 1 «
u? (2. Vu) = —/ . Vu?s)dzx, —— = (z.Vu)dr = =
o v =g [ @vihde, [ SRR vga=; | S

Thus, we obtain

()\+h(x))ux e — 1 ix I_(NfQS) (A + h(x))u? -
/RNi( Vu)d /R (.Vh)d /RN d

|CE|2S 2 N |{E|2S 2 |{E|2S

and

/ (x.Vu?)de = —N u® dx.
RN RN
On the other hand, from [32, Proposition 1.6], we get

2s — N 2s — N
/ (x.Vu)(—A)’udx = i mal
RN

u(—A)Yudr =
RN 2
Putting together the above estimates, we conclude that
1

2
f/ ¢ (z.Vh)dx =0,
R

2 Jrw |x|?s
which is a contradiction if (z.Vh) has a fixed sign. Thus, Problem (3.1) does not have any positive
solution.lJ

|\U||2Ds,2(RN)-

Applying again the Picone inequality, it is easy to prove the following result

Corollary 3.2. If there exists v > 0 such that A + h(z) > Ay, in B,(0). Then, Problem (3.1)
does not have any positive solution. |

3.2. Existence Results.

We recall that the solutions to Problem (3.1) are the critical points of the functional E). a
continuous bounded function in RY such that the following conditions hold: As already in Section
2, solutions to Problem (3.1) are the critical points of the functional Ey. So, we shall use a
variational approach in order to prove the existence results. On the other hand, in what follows
we will assume that A is a continuous bounded function in RY such that the following conditions
hold:

(Hy) A+h(0)>0;

(Hz) there exists cg > 0 such that A+ ||h||cc < An,s — co where Ay 5 is given by Formula (1.3).

Our first main result is the next nonlocal Palais-Smale conditions.

Lemma 3.3. Suppose that the conditions (Hy) and (Hs) hold, and denote h(oco) = limsup h(z).

|| —o00

Let {ty yneny C DS2(RY) be a Palais-Smale sequence for Ey, namely,
Ex(up) — ¢ and E\(u,) — 0 as m — oo. (3.2)

If
c<ct = %min{S(/\-l—h(oo))%,S()\-i-h(O))%}a (3:3)
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then, {un}nen has a converging subsequence in D*2(RY).

Proof Let {u,}neny C D*?(RY) be a Palais-Smale sequence. Using (Hs) and applying Hardy—
Sobolev inequality, it holds

9 2
[ ORI < il [ < e [
x RN : RN |T]?

ol
co

< (1= 52 )l
)8

In addition, we have

1 / 1 1 2 1 1 ()\+h( )) Ugp,
27 < E)\(Un)aun >= <2 — 22) ||Un||Ds,2(RN)<2 - 2:> /]RN — T dr = C+O(1).

FEy(u,)—
/\(U) - ‘m|2s

Hence
1 1 Co
(53 ) Ao llunlsqer, < -t o).

Thus, {uy,}, is bounded in D*?(RY). Consequently, up to a subsequence, u, — u weakly in
D*%(RY), u,, — u strongly in L (RY) for all @ < 2% and u,, — u a.e. in RV,

Moreover, |(—A)3u,|? is bounded in L'(R™). Therefore, up to a subsequence, |(—A)3u,|?dx
converges in the weak* topology to some bounded Radon measure dew. Similarly, |u,|? dz — dw
where w € My(RY) (the set of bounded Radon measures).

Using the generalization of the concentration-compactness (see [30, Theorem 5]), there exists a
set of distinct points {z;};c; C RY and nonnegative numbers {y;,v;};cs such that

(1) [(=A)2u,|?de — dw > |(—A)Zul?de + ;}ujéxj ;
VIS

(2) |unl? de = dw = [u* + 3 v, ;
jeJ

2

23

(3) Sv;* <y
2 2

U U
4 T = —— do ;
(4) FES $ = TE + 7000
(5) An.s70 < po-

In order to analyze the concentration at infinity, we proceed in the same way as before. To this
end, let us introduce the following quantities

o |Un un( )‘
s dr, Moo = hm hmbup/ / dx dy
Oo |z|>R JRY |$— |V +2s

R—o0 pooco

Voo = lim limsup/ |t
|lz|>R

R—o0 posoo

2

(2 .
Voo = hm lim sup ’2L dx where Yoo, ftoo and v, are concentrations at co.
R0 nooo Jia>r |2[**

From now on, we will present the remainder of the proof in two steps.
First step: J is finite.

— Let j € J be fixed. For € > 0, let us consider a regular function ¢, such that 0 < ¢. < 1 and

1 if -2 <5,

oo ={ o & hIvsE (3.4)
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and |Vo| < g
So,
o(1) =< E\(up), peuiy > = / (—A)’uy, (upde)dz
RN
_/ wui@ daz—/ |Un\2:¢adl‘-
Ry |z]?® RN

For z; # 0, we have

2
n—oo Jgn  |w]?* RN ||
then )
lim Lim M 2¢€ dr = lim m dr = 0.
e=0n—oo Jpn |x‘28 e—0 B (¢) |$‘28
J

On the other hand, we have

lim [ feocde= [ o= [ uocde+ Y v
RN

n—oo
RY ieJ

Thus
lim lim [un|? pe dz = v;. (3.5)

e—=0n—oo JpN

— Now, we deal with the term (=A)’up(uppe) de. As we have
RN

/ (=AY, (unse) dar = / (=A) (1) (=A) (un.) da
RN RN
we obtain

“AVu (u S CAViu () e (Un(2)¢e(2) — un(y)de(y)) ,
Lo = [ oy, [ 000 gq

e (@) [un(2) — un(y)]
/RN dy) dx

|z —y|N+s

(
O I G e

Consequently,

LAy ogde = [ -8 w)Po @) N
e [ 0@ ( [ om0 a0 .

/ (=A% (u,) > pe (z)da = / ¢e(z) du(z) +o(1), as n — oo,
RN RN

Moreover

hence
limsup lim [(—A)2 (un)2pe (x)d = p;. (3.7)

e—0 N0 JRrN
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— Now we analyze the term

[RN(—A)Sun(x)</]RN un(y)W dy)dx.

Given that (—A)Z2u, is bounded in L?(RY), we will prove that
limsup lim (/ un(y)w dy) =0 in L*(RY).
RN

e—0 N |z — y|N+s

For this, let us define
¢6(x) - ¢s(y)
lep(2) = n(y) —————> dy.
() /RNU ) P

So we have,
2 _ st(m) - ¢E(y) 2
/]RN Es,n('x) d'r - /]RN ([RN Un(y) |x—y|N+5 dy dl‘
$e () — e (y) >
= Up(Y) —————=dy | dx
/Bwj(6)</RN ) |z — y|NFs
e (y) >2
+ / (/ Up(Y) —————dy | dx
RN\B,, () \JB,, (c) ( )|$—Z/|N+s
= Il(gan) + 12(6777‘)'
Note that,
hen) < o [ = <>¢<>d)2
, N X T NS Unp e
? =g, () [V B, (@) yesyay

e (@) = ¢e(y) )2
n —_— 7 d d
" /sz(l) (/sz(g) un(y) |z — y|N+s y ) ar

o[ o dy>2 T Do)

N

N

||Un||2L2(RN)H¢6H%2(ij @)t Ja(e,n)
< CeN + Jo(e,n).

Let us estimate Ja(e,n). We have

2
Jo(e,n) < 0672/ (/ u"(y)dy> dzx
&) Bo, (1) \JB,,(e) [&—y[N 7!

2
< 05*2/ (/ ”"(y)dy) da,
B, (1) \JrN |z —y[N+s=t

where vy, (y) 1= un(y) XB,, (e)(y). Since {vy,},, is bounded in L4(R™) for all 1 < ¢ < 27, let introduce

vn(Yy)
hy, = —— dy.
(@) /]RN lz — y[NFo1 Yy
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Thanks to Lemma 2.3, {h,,},, is bounded in LA (RY) for all 8 € (x—N—,2*] and

N—(1-s)"
1 ellLowry < Cllunllzos,, )
1 1-s
where — = — —
B a N
Fix 1 — . Th h
1X <q<N+2—2s en, we have

< Ce?

()

where d = N(% — 2Z)—2> 0. Hence we conclude that

Jao(n,e) < Cet ||Un||i2:f(3

limsup lim I(e,n) =0.
e—0 N0

— Next, we estimate the term I;(g,n).

(Lo n)

zj

2
un(y)
ot (| W i
/ij@) @ RN\B,, (¢) [T — "+

[ o S )

zj zj

= Di(e,n) + Da(e,n).

Il(E,TL)

+

With the same decomposition made for the term Jo(e,n), we get

limsup lim Ds(e,n) = 0.
e—0 N

2
2 (x (/ dy) dz
/ij(s) (=) RN\B,_ (¢) |z — y|N+s
/ ¢§<x>(/ “"%dy)gdx
B, (¢) RN\B,_ (1) |z — y[VFs

2
+ Ce? / ( / __unly) dy) dz.
B, () \JB, (D\B.,(e) |z —y[N+s=1

By Cauchy-Schwarz inequality and the fact that {u,,}, is bounded in L2(R"), we get

2
Uy, (y)
2 (x (/ dy) dz
/ij(s) (@) RN\B,_ (1) |z —y|N+s

1
< ‘?2(95)( / UZ(y)dy) ( / S — dy>
/Bwj ©  \Jrvs,) w5, (1) 17— YT

For D;(e,n), we have

Dl(a,n)

N

11
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Since x € By, (¢) and y € RV \ B, (1), then |z —y| > 1 — > 5. Hence

1
sup / T <O
2€B,,(5) JRN\B,, (1) [& — yP(VH)

Thus )
/ ¢?($)</ Ly]\)u_ dy) dx < C ¢2(x)dx < CeN.
Ba, (e) R y|NFs

N\B; (1) |z — Bz (¢)
We note

lun(y)| lu(y)]
hne(2) ::/ ———dy, and h(z):= ————dy.
e B, (1\Ba, () |z — y|N+s—1 B, (1D\Ba, () |z —y[N+s=1

Thanks to Lemma 2.3, we obtain
IBnllz2t (B, (0\Ba, (0) S Cllunll g2z @y < C.
Moreover, for fixed € > 0, we have for all m < 2%,
lhn = BllLa(B,,;\B., () < Cllun —ullLm(B,, @)
S < 2*. Thus, h,, converges strongly to hin LY(B,;(1)\ By, (¢)), in particular

s—m(l—2s) i
for ¢ = 2. Therefore

2 2
lim 672 / </ % dy> dr = 672 / </ L%Q)H dy> dz.
n—00 By, (e) Ba; (1\Ba;, () |z — y|Nts By (e) Ba; (1\Ba;, () |z — y|Nts

Moreover
2 u(y) 2
€ / </ N+sldy) dx
Bay () N B, 0\B, () 17— Y

SC’(/ hQ*(x)dx) —0ase—0.
ij (5)

where ¢ =

So, we obtain

2
limsup lim &2 / (/ %dy) dzx = 0.
e0 Moo Bu,(e) \J B, (\\Bs, () |7 = ¥l

limsup lim D;(e,n) =0. (3.10)

e—s(0) MN—00

So, by combining (3.6) and (3.7), we conclude that

Consequently

limsup lim (=A)’up (upoe) dx = limsup lim [(=A)2 (up)2pe(x)da = pj. (3.11)

e—0 N0 JpN e—=0 NP JrN

2
Finally, combing (3.5) and (3.11) yields p; — v; < 0. Since SV;S < pj, then we get that either
v; =0or S < v; which implies that J is finite.
Hence we conclude the proof of the first step.

Second step: Now, we analyze the concentration at x; = 0 and at oo.
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For R > 1, we consider a regular bounded function ¢ such that

B 1 if |z| >2R
vl(z) = { 0 if |z[<R (3.12)
4
and |Vy| < —. In addition, let us introduce
Q =c // [u@) —w@)F . —(/\+h(oo))/ “
dentoa) (1) 7= e RN xRN |5C - |NJr2s Y ry |2
and consider
SA+h() = inf Qrehion)(®)
ueD=2(RN)\{0} . 2F
(/ || %= da:)
RN
We deduce from [13, Theorem 1.5] that S(A + h(oc0)) > 0. Setting w = u,, it holds
_ 2
v [ O G
" J RN xRN @ — y|N+2s
Z (3.13)

(A—l—h(oo))/RN |;|7’/}2d + SO0+ h(co ))</sz 2 dx)

We will estimate each term of (3.13). For this purpose, we will write |(u,%)(z) — (unt)(y)|? under
the following form

Jun () = un(y)9?(2) + 9 (2) = DY) Pup (y) + 20 (@)un(y) (@) = ©(y)) (un(z) — un(y)). (3.14)

and we set
—P(y)Puz(y)
mri= [ e

B B) — // () () (@) = V) () —wnle)

o=y

We claim that
lim limsup I;(n, R) = lim limsup Iz2(n, R) = 0. (3.15)

R—o0 pnooo R—o0 pnooo

e Case of I(n, R)
Thanks to (3.14), we have

Y(y)Pun (y) Y(y)*un (y)
Ii(n,R) = / / dxdy—i—/ / dx dy
i(n B) Bar(0) BQR(O) |$ _y|N+25 1 (0) Bag (0 |CU — y|NH2s

Y(y)[*un (y) Y(y)*un (y)
+ / / dxdy—i—/ / dx dy
Bar(0) J B, (0) |x — y| N2 < (0) /B3, (0) |CE —y| N2

I} (n, R)—i—[l(n R) + I}(n,R) + I}(n, R).

First, it is clear that I{(n, R) = 0.
Second, taking into consideration that for all (x,y) € Bag(0) x Bar(0), |¥(x) — ¢ (y)| < C"“‘;Ly‘,
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we reach that

Ii(n,R) = / / Yly) Py )dxdy
7 lyl<2R J|z|<2R |33— y| N2
d¢ dg
< Ui(y)/ dy + 7 up ( / s W
lyl<2R |€|>2R |e|N2s ly|<2R e|<ar [§[V T2
So,
C
limsup I{ (n, R) < T u?(y) dy,
n—o0o |ly|<2R
which implies
lim limsup I} (n, R) = 0. (3.16)

R—o0 posoo

Third, we deal now with IZ( R)

2 2 |w _1‘2 2( )
IF}(n,R) = / / Py)lPu d dy—/ / dx dy
! ¢ (0) J Bar(0) |~T—y|N+28 ly|>2R J|z|<2R |55—y\N+2S
2 da [¢(z) — 1 da
Y ST "
/|y|>2R wl<® |z -y ly|>2R Bojgl<2r |T—y[NHEs
= 1121(an)+]122(an)'
R
Notice that, if |y| > 2R and |z| < X then |z —y| > u and we have

Cs c

dz
I R 2 ————dy < ——.
f1(n, R) < R y|>2Run(y) /|m|<§ || N+25-2 Y'S pos

Now, we have

Y(x) =y
I, R) < / / [l) = v(w)I" N521| dx dy
>2R L <|z|<2R,|z—y|<2R |z — vy

1

+ / / —————dx dy

[>2 B |g|<2R,|o—y|>2R [T — Y[V T2

d§ d§

< U ( 7dy+/ Ui(y)/ ey

/ |>2R /§<2R |§|V+2s—2 ly|>2R €2k [§IN 28

/ C
< Y < g

|>2R Re#

Thus
lim limsup I (n, R) = 0.

00 n—o0

Finally we deal with I3 (n, R) First, we have

P(y)|Puz( 11 = (y)Pun(y)
B(n,R) / / d dy—/ / dz dy
! Bar(0) |9'j — y|NH2s lyl<2R J|z|>2R |33 — y|NH2s

dx dx
[ ww [ e | 1P [
/y<R lz|>2r |7 — y[N T2 R<|y|<2R o|>2r |7 — YN T2
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By letting n — 0o, we obtain

dx dx
lim sup I(n, R) = / W (y) / W gy / 1= () Pu2(y) / S
n—o0 ly|<R |z|>2R |z — y| N+ R<|y|<2R |z|>2R |z — y| N2

Moreover, we have

dx C C
2 2
U (y)/ ~dy < s/ u*(y)dy < —55-
/|y|<R |¢|>2R |z —y|N+2 R2 lyl<R R?

Now, let us estimate the term

dx
11— (y)Pu(y / —— = dy.
/R<|y<2R () z|>2r [T —y[N+2e

Putting p = |z|, r = |y|, then y = ry/, & = pa’ with |2’| = || = 1. So,

dx v dz’ 1 < dx’
/ N+2s :/ a 1/ NP = N+2s/ I 1/ Nzs dp-
lz|>2R |7 — Y] 2R SN=1 | pa — ry| Iyl 2R SNt |y — ' 2|

By denoting o = B, we obtain
r

dx 1 N
= K(o)d
/w|>2R \x _ y‘N-‘rQS ‘y|25 /2,R o (0) a,

da’ dH" (")
K(o) == /SN—1 |y/_x,£|N+25 - / |y/_0-x/‘N+2s'

|/ |=1

where

Since p > 2R, then ro > 2R. So, as ¢ — 00, we get
K(o)oN ™t o172 ¢ L1((2,00)).
On the other hand, as ¢ — 1, we obtain
K(o)= (0 —1)72 € LY((1,2)).

Whenever A is big and € is small enough, we get

dz 1 * No1
- K (o)do
/MR = g P / oK)

1 o N1 1 1+e N1
o T K(o)do + — 0" " K(o)do+ C,

P s [yl Ji-
1 1
~CA™ 40+ 05 <C+C—
[yl [yl
1
SC+ 0Oy

Hence, for large R > 0,

/ \1—w(y)|2u2(y)/ dim[v_msdyi C / u?(y)dy = o(1) as R — oo.
R<|y|<2R z|>2R |z -yl

|
R<|y|<2R
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Consequently, the result follows.
As a conclusion we obtain that

hm limsup I3 (n, R) = 0. (3.17)

R—o00 nooo

e Case of Iz(n,R)
We treat now the term Ir(n, R). Using Cauchy-Schwarz inequality, it holds

<//W G aew) ([, R )

1
un un(y))Z 2 1
n R <//];N><RN ‘x—y|N+28 dﬂ?dy < 0112 (n,R)

w\»—A

Hence
hm limsup I>(n, R) = 0. (3.18)
R—oo posoco
Therefore
hm limsup I (n, R) = hm limsup I2(n, R) = 0. (3.19)
R—oo pooco R—oo pooco

Hence the claim is proved.

As a conclusion, we get

_ 2
CN,s hm lim sup // [(unt)(2) ](Vugw)(y” drdy = oo
RN xRN |z — y|N+2s

R—00 n—soco

Thus, passing to the limit in (3.13), we obtain

a*""

> (A + (00))7sc + S(A+ h(00))vss (3.20)

Or
o(1) =< By(un)y >= [[ LD (o) — wlaun) o dy

(A+h(x)) ,
,/RN Wsunwx/w .

Then, by using the same decomposition as in (3.14) and following closely the same kind of com-
putations as in the previous integrals, we obtain

2 d.

0= hm limsup < B} (un), Yty > 2 poo — (A + h(00)) Yoo — Voo- (3.21)

—)oonoo

Hence Voo = oo — (A + h(00))700- From (3.20) and (3.21), it holds that
2

Voo 2 S(A+ h(oo))uozO

1—
Then either vs, = 0 nor Voo -

B *‘N

S()\ =+ h( )) Then either Voo = O nor Voo > S()\ + h( ))2ﬂ
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In a similar way we can treat the concentration where x; = 0, to reach that either vy = 0 or
vo = S(X + h(0))2:. Therefore, we obtain

% dz +0(1)

1
¢ = Ex(up)— 3 < E\(un),un > +o(1) N/

w2 da:+y0+yoo+21/j}.

JjeJ

|
==
—N
%;\

If there exists j € JU{0,00} such that v; # 0, we obtain ;5 < c¢. Then if j = 0, it holds that
~FS(A+ (0 )2 <y <c Thus

N

c> NS()\—l—h( )2 = (3.22)
If j = oo, then we conclude that
S N *
> Ve NS(/H— h(o0)) % > ¢, (3.23)
Finally, if j # 0 and j # oo, it holds that
cz %Vj > %S% > " (3.24)

As a conclusion, we get that ¢ > ¢*. Or, this is in contradiction with the main assumption on ¢ in
(3.3). Hence, for all j € JU {0, 00}, v; = 0 and consequently

/ |un %= / |u 2
RN RN

By Brezis—Lieb Lemma (see [8]), we deduce that

s +o(1).

U, = u  strongly in L (RY),
which implies that

u, —u strongly in D*3(RY).
And the result follows.[]

Now let us set H := max{h(0), h(co)} and consider {w,}, the parameter family of minimizer of
S(A), where A is replaced by A + H. Then, we have the following result :

Theorem 3.4. Suppose that (Hy) and (Hy) hold. Assume the existence of ug > 0 such that

A+h w;,
/ wuﬂ de > H EO d. (3.25)
ry |zl RO R | 7]
Then, Problem (3.1) has at least one positive solution.
Proof.
Let o satisfying (3.25). Then,
E,\(twuo

100 () — 0, (0) (A h(@)yu? i :
e - ML
RN xRN RN s JRN
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We can easily see that E) achieves its maximum at some ¢y > 0. Since < Ef(towy, ), tow,, >=0,

then )
// |wu0 Z"VUMOQ(?/” dl’dy 7/ %d
2*72 RN xRN |z — y|NF2s RN ||

[ tunal da
RN
Ex (towuo) m>aXE>\<th«0)
2 A+ h(z
// |wuo xug(y)‘ d:vdyf/ %dz ~
RN xN o —y[NH RN [ (/ S|
. ]RN '

Using (3.25), we obtain that

Thus

Wy, (2 wﬂo(y)|2 / wi
dedy — (N + H O dr., N
[ [/RNX]RN |$—y\N+2g wdy— A+ H) Ry |2[* xrv <c*
c*.

(/ |wH0|2: dx) .
RN
(3.27)

In the same way, we can prove the existence of p > 0 such that if |[tw,,|| > p, we have

E\(tw,,) < 0. On the other hand, let us introduce
I:={y € C([0,1], D**(R")) ; 7(0) =~(1) = 0 and Ex(v(1)) < 0},

d set ¢ := inf E t)).
and set ¢ := inf, max A((1))
Since we have the geometry of Mountain pass, then by [4, Theorem 2.1], we get the existence of
a Mountain pass sequence {uy}, € D*?(RY) such that E(u,) — ¢ and E}(u,) — 0 as n — oo.
Thanks to Lemma 3.3, we reach that, up to a subsequence, u,, — ug where ug is a critical point of
E). So, in order to complete the proof, we have just to prove that we can choose ug > 0. Notice
that, since ¢ > 0, then ug # 0. Consider the Nehari manifold

% da:} .

M = {ueD*RY); u#0and < F}(u),u >=0}
A+ h(x
- {u e D2RY); w0 and [ulfbnger) = [ At h@)u [ w
RN RN
It is clear that ug € M. Since ug is a solution to Problem (3.1), we can prove easily that
¢ = Ex(u) = gélAI}E)\(u)

E)\(towﬂo

|£U|25

Moreover, as Ey(Jug|) = Hli]\I/lI E)(u), then |ug| is also a critical point of Fy. O
ue

As a consequence and under suitable behavior of h near 0 or co, we have the next existence
result.

Corollary 3.5. Assume that k =1 and h > 0 such that A + ||h]|cc < An,s. Moreover, assume
that one of the following conditions holds
o If h(0) > h(c0), there exists r > 0 such that h(x) > h(0) + c|z| N =28)12+1 for all 2 € B,(0) ;
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or
e if h(co) > h(0), there exists R >> 1 such that h(x) > h(oo) + clz|~N=28)1sa+5 for all |z| > R,
where Ns x4+ m 15 defined in (2.6) by substituting A by A+ H.

Then, Problem (3.1) has a positive solution.

Proof.
For simplicity of notation, we note 7 := 1, x4 . Consider a small € > 0 such that if |z| < ¢ one
has h(x) > h(0) + ¢|z|(N=28)7. Taking in consideration the behavior of w(-), let define

dx
I, = / (h(z) — H) .
14 |z|<e |1~|(177])N+2577 (u2"+|x|2’7)N 2s

We have
|£U|17(N—2S) dx

e,p)c

|lz|<e |x|(1777)N+2sn (ﬂ2n 4 ‘x|2n)N*25‘

By Fatou’s lemma and since (1 —n)N +2sn+2n(N —2s) —n(N —2s) = N, we get that I , — 400
as u — 0. Moreover,

dz dz
h(z) — H < C/ ————— < C(e).
/w|26 =4 | A=mN+2sm (20 4 ||20) 7 | e |2 VTN =29) )

Consequently, there exists pg > 0 big enough such that

(he) ~H) 5 @) —H) o W) —H o
/]RN ~/|z|<e »/|w|>5 Ho ~

|I|29 #0 |x|29 ‘Jf|25

Therefore the condition (3.25) is fulfilled, which implies the existence of a solution.

Concerning the second case, we use closely the same argument as above.
Hence the result follows. [

4. PERTURBATION IN THE CRITICAL TERM

In this section, we deal with the following Problem

(_A)SUZ/\| B + k(z)u® "t in RY,
u>0 and u € D¥*(RY).

As mentioned before, solutions to Problem (4.1) are critical points to the functional

0= [ e ey =5 [ e [k
// \x— |N+2s B =Y fo T hlo) fulx

In what follows, we suppose the function k is continuous, bounded and such that

(Ko) lk]loo > max{k(0), k(co0)} where k(oc0) = limsup k(z).

|z|— o0
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4.1. A compactness result and application.
Let us begin by proving the following Palais—Smale condition.

Lemma 4.1. (P.S condition) Suppose that (Ko) holds and let {u, }nen C D*2(RY) be a Palais—
Smale sequence for Ey, namely

Ex(un) — ¢ < o0 and Ej(uy,) — 0.

If
N
2

c< = k| T S
N ’
then {un}n has a converging subsequence in D*2(RN).

Proof.
We argue as in the proof of Lemma 3.3. It is not difficult to show that {u,, }, is bounded. Hence,
up to a subsequence,

u, — u weakly in D*?(RY) and u,, — u strongly in L .(RY) Va with 1 < o < 2%,

Using the concentration compactness Theorem [30, Theorem 5], we deduce that
(1) [(=A)2upPdz = dw > |(=A)Ful*dz + 3 p;0a,; ;

jeJ
(2) Lder — dw = |u)* + 3 Vila, ;
JjeJ
2
(3) Sv;* <y

u2 u?
(4> |CC‘25 - d§ = | ‘25 +7050 )

(5) An7o < ho-
In the same way, we define the concentration at infinity by

. . * U
Voo = lim hmsup/ [t |% de, fhoo = hm hmbup/ / [ N+(25)‘ dzx dy
R—=00 nooo Jjz|>R R—c0 nooo Jiz|>R JRN |x—y\
u2
Yoo = hm lim sup / '2L dx where Yoo, ftoo and v, are concentration at co.
R0 nooo Jia|>r 2%

Following the estimates as in the proof of Lemma 3.3, it follows that E) is finite and for all z; # 0,
we have either v; = 0 or S%k(;vj)’% <.
Respect to vy and v, we reach that

N
2

either vy = 0 nor vy = k(0)~! k|5 & S(V) %,

and
N
2

_N
cither Vs = 0 or vao = k(00) 1 ||kloe 2 S(A)2s
Therefore, it holds that

¢ = E,\(un)—;<Ef\(un),un>+o(1)=(—)/ k(o
;{/RNk(m)szdx—l—k( o + h(o)vae + 3 k() }

jeJ

% dx + 0(1)
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If there exists j € J such that v; # 0, then {k(x;)v; < c. So, if j # 0 and j # oo,
_N
NS Ikl <
If =0 or j = oo such that v; # 0, then

11—
Ellso > < c.

S N

As a conclusion, we reach that ¢ > ¢* which contradicts the main assumption on ¢. Thus v; =0
for all j. Hence

/RN k)l = /RN k() [ul* + o(1).

/RN E(x)|uy

2 2

9 u; 9 u

s - A dx = ||u||Ds - A ——dzr +o0(l), as n — oo.
Ds:2(RN) /]RN |£L"2S || HD 2(RNV) /]RN ‘$|28 ( )

On the other hand
2

* un
2 = Yt gy — A / dz + o(1),

N |$|23

we conclude that

Moreover A < Ap s, then by using the above estimate, we deduce that w, — wu strongly in
DS’Q(RN).D

As a direct application of the previous compactness result, we get the next existence result that
can be proved in a similar way as Theorem 3.4.

Theorem 4.2. Suppose that (Ko) holds. Assume the existence of pg > 0 such that
/ k(m)wig dz > K wio dz, (4.2)
RN RN

where K = max{k(0), k(co)}. Then, Problem (4.1) has at least one positive solution.

Some sufficient conditions such that estimate (4.2) holds are given in the next corollary.

Corollary 4.3. Assume that (Kg) holds and one of the following conditions is satisfied
o if k(0) > k(oc0), there exists r > 0 such that k(z) > k(0) + c|z|?* for all x € B,(0),
or

o k(x) > k(co) + c|z| "> if |x| > R for some R >> 1 if k(co) > k(0).

Then, Problem (4.1) has a positive solution.

4.2. Multiplicity of positive solutions.

The goal of this subsection is to analyze the existence of multiple positive solutions to Problem
(4.1) according to the existence of critical points of the function k. More precisely, we will assume
that k satisfies the following assumptions :

(K1) there exists a finite set of points C(k) such that for all a € C(k) : k(a) = max k(z) ;
x

)

(Ks) there exists 6 € (2, N) such that if a; € C(k), then k(a;) — k(z) = o(|z — a;|°) as © — a;.
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Let us fix 0 < rp << 1 such that By, (a;) N By, (a;) =0 for i # j, with 1 < ¢,j < Card(C(k)). Let

2
0= %0 and define the next separation functionals

u(y)|?
RN xRN |{E—y|N+25 ey Vi) ¥ (y) de dy
v u(y)|?
/ANXRN ‘Z‘—y|N+28 dx dy

where v;(z) = min{1, |z — a;|}. Note that T;; = T};, for i = j we simply denote T; = T;.

We begin by proving the next technical Lemma.

Lemma 4.4. Assume that u € D*2(RY) such that T;j(u) < 6. Then

5/ / d dy dzdy. 4.4
RN\B,, (a;) JRN\ By, (a;) |:1:— |N+2s BN RN |x— |N+23 (4.4)
Proof.

Let u # 0 such that T;;(u) < 6, then

N 2
r% / / 7|u(x) ]L\L[(_zs‘ dxdy
RN\ B, (a;) JRN\B,, (a;) lz -yl

|u(z) — u(y)[?
< ¥;(@) ¥i(y) dzdy
/]RN\BTO(aj) /RN\B,,,O(W) ! |z — y[N+2s

() () L@ — u)?
e 00
[u(z) —uly)?

<6 dxd

o i
i u(y)?

<5 Lo e e

n

As a consequence, we get the first separation result that will be useful to show the multiplicity
of positive solutions.

Corollary 4.5. Let u € D*2(RV)\{0} such that max{T;(u),T;(u)} < 8. If Ti;(u) < 3, theni=j.
Proof.

Let suppose ¢ # 7, then from the previous Lemmas, we get

_ 2 _ 2
5[2 / / ule) = w1y 4 / / [ule) ~ w4 g,
RN\B,, (a;) JRN\ By, (a;) |z -y ]RN\BTU(a ) RN\BTO(a ) |z — y

|u(x) — u(y)|? ] / / )*
+/ / dxdy.
RN\B,, (a;) /RN\B (a;) |1‘ — |N+28 RN JRN |.7,‘ — |N+25
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Therefore,

[ L R
RN JRN |9U— |N+25 RN xRN |93_ |N+2b

which is a contradiction. Hence we conclude. [J
Now let us consider the Nehari manifold associated to Problem (4.1),

M) ={ueD?RY); u#0and <J,(u),u>=0}. (4.5)
It is clear that if u € DS?(RV)\ {0}, then ¢t -u € M(/\) where

N—2s

2 A/

[JullZ
t:= (4.6)
/ k(z) - |u(z)|? do
RN
Using Sobolev and Hardy—Sobolev inequalities, we deduce that if u € M (\)
) 2: N4—S2s
lull ps.2 ey > {(1 — A;,}S )\) 22 —=1)7" ||klloo-1 S =c >0. (4.7)

For 1 < j < Card(C(k)), we introduce the following family of subsets of M (\),
M;(X\) :={u € M(X) such that Vi T;;(u) < d},
and its boundary
L;(A) :=={u e M(X) such that Vi T;;(u) = 4}.
Let us set
mj(A) == 1inf{Ex\(u) ; v € M;(A\)} and n;(A) :=inf{Ex(u); vwel;(\)}.
We have the next lemma.

Lemma 4.6. Suppose that (Ko), (K1) and (Ks3) hold. Then, M;(X) # 0 and there exists e; > 0
such that

mj(A) <é forall0 < A<e and 1 <j < Card(C(k)). (4.8)
Proof.
Let us set
v, (x) ! and u R, (4.9)
J = N-2s [T T :
(2 + |z —a; )=
Then ||u, ;]l2: =1 and ||u,, ;|7 Deryy =S where S was given by (2.3). Notice that t, ;(\) -u,; €
M (X) where

N—2s

4s
2 _ 2 —2s
D=2(RN) )‘/ g |27 da
RN

/ k(@) - gy (@) de
RN

For the clarity of the exposition, we will use the following notations. More precisely, we set
2s—N
T —a; =p-x, then uy, j(a; + pz1) =p~ 2 ug(x1) where ug = u, ; with g =1 and z; = 0.

[[ttp,51
tlw’()‘) =
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For j fixed, going back to the definition of T;; given in (4.3) and setting y — a; = p - y1, it holds
that

|uo (1) — uo(y1)[?
dxy d
M{NxRN aJ + luyl) 7»[’] (a’] + M.’El) |.131 — y1|N+2$ Z1 aY1

\Uo Z1 —Uo(yl)\
dzid
/]RN /RN | — gy [V F2s i

Thanks to Lebesgue’s dominated convergence Theorem, we obtain

Tij(tu; (N upj) =

Vi i Tt 5 () - wpg) = ¢5(az) - ilag) =0
pn—0
uniformly in A\. Hence, we get the existence of uy > 0 independent of A such that if u < pg, we

have t,, ; u, ; € M;(X). Thus M;(\) # 0.

Now, we will prove (4.8).
First, by using Hardy—Sobolev inequality, we get

2s— N A 4s
s > RIS (1= ) s) (4.10)
N

for all u, j

As in [2], to prove (4.8) it suffices to show the existence of p < g such that if 0 < A < €7, then

t?%?(};) IA(E(N) - up, ) <€

Moreover, we have

Ex(t-up;) ‘ 0,517 & / k(@) |u ;% d Aﬁ/ sl
cUy i) = — || Uil Ds - — ) Uy i|° de — = T.
A ] 9 Hwalips2(RN) 2t Jan s 9 . mgs

Then

¢ 2 % 27 A 2 |12
max Ex(t-uy;) S max 5 [[uu;lpee@yy) = 55 k(x) sdx p — = t1(N)°. - da.
2 RN 2 RN |1‘| S

t>t1(N) t>0 2%

So, we obtain

t2 2
{5 Tl = [ K@) o
s JRN

t>0

=

2 dx};(/wk() S . dx) o (4.11)

@) [up,j (@)
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As a consequence of the assumption (K3), there exists two positive constants ¢; and ¢y such that

) sl do = [l = [ ((as) = bla) e o
RN RN
k(a;) — k(x
o — e [ g
ry (02 + |z — a;?)
co |z —a;|? dz dx
> bl - e { [ + 2k
> Bs(ay) (B2 + |z —a;P)N oc RN\ Bs(ay) (B2 + |z —a;2)N
_ [y’ dy
> bl = ens™{ e [t dy 4 20k
ry (L4 [y~ wizs 12N
Thus
[ Bl o > bl + O,
RN
Consequently,
N 2
max E)\(t-u, ;) < 2 o(u?) - 1)\151()\)2 / Up,j dz (4.12)
t>t1 () WIS N I|K| gﬂg 2 RN |x]|? '
Following closely the same argument as in [34], we obtain
ulzu' 2
2 dx > s, 4.13
/]%N |§C|2S T CIJ/ ( )
Therefore,
N
s Sz 1
Ex(t-u,;) < — — 4+ O(u?) — =Xt (V)% 2
e At upg) < e +0(") = At (N

1
<étezpl — 3 e Aty (N)? .
Hence, there exists €; and po such that if 4 < pp and 0 < A < €1, we get

max FE)(tu, ;) <¢,
>0 A( HJ)

which is the desired result.[J

Lemma 4.7. Suppose that (Ky), (K1) and (K2) are satisfied. Then, there exists ea such that for
all 0 < A < €3, we have

&< ni(\). (4.14)

Proof.
We proceed by contradiction. Assume there exists a sequence {(A,,un)}n € IRT x T';(\,) such
that A\, » 0 as n — oo and

_N
B (up) = c<é= % S5 ||||as %
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It is not difficult to show that {u, }nen is bounded in D%2?(RY). Thus, up to subsequence, we get
the existence of £ > 0 such that

hm |t [|%s.2 ®y) = lim E(z) - [un(x)|% do = 2.
n— n—oo JpN
Or
_Zs 2%
[ K@ ¥ e < S
RN
then

1-X N
0> ||k % - S

On the other hand,

&> By (un) = %e + o(1).

n

1-X N
Therefore ¢ = ||k||oc >* - S2= and then

lim [ (ko = k(@) - [un]* = 0. (4.15)

n—oo RN

Let w,, = , then [|wy,[|2: =1 and hm ||wnHDS 2(RN) = =S.

I H
Thus, up to a subsequence, w, — w weakly in DS’Q(RN ), and again by the concentration-
compactness principle [30, Theorem 5], we conclude that only one of the following alternatives
holds:

1) w # 0 and w,, — W strongly in D*2?(RM)
2) w =0 and either
i) |(~A) 2w, |* = dw = S d,,
or
i) [(—A)2w,|? = dwe = S 0o and |wy,

% dw = 6y

20 5 dweo = 0

where

% dy = 1,

Voo = lim hmsup/ |w
R—oo nooo |z|>R

[wn () = wa(y)? _
Lhoo = hm hmsup/lx>R /RN E —y|N+25 dydx = S.

R—o00 nooco

If the first alternative holds, then

/ (koo — k(z)) - [@
RN

which is impossible since k is not a constant function.

sdr =0
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Now assume that @ = 0 and 2.i) holds. Since for alli € {1,---,Card(C(k))}, we have T;;(wy) =
T;j(up) = 6. Then, for all s € {1,--- ,Card(C(k))},

0= hm T”(wn)
|wn () — wn(y)?
I i i(y)dxd
n1—>H<;lo //RNX]RN |z — y|N+23 Yi(x) P (y) de dy

2
lim // [on(@) = wn ()| dxdy
n—oo J Jpnxpy [T — Z/‘NHS

= 9;(z0)-

Thus, using the main assumption on k, it holds that o # a; for all j. Hence, we deduce from
(4.15) that

lim [ (5l = k(2)) - [wn[* = 0.

n—00 R

Consequently

= l[klloc — k(o).

0= lim | (|[ko —k(z))
RN

n—oo

Hence we reach a contradiction.

Finally, let us suppose w = 0 such that 2.ii) holds. Consider a regular function & satisfying

1 if |[z|>R+1
£a) = itz
0 if || <R

where R is chosen in such a way that |a;| < R —1 for all j. So we have

5= lim Tij(w,)
‘wn wn<y)‘2
i(x)Y;(y)dxd
- 1 //]RNXRN |I—y|N+25 ¢( )%(y) Y
= 1m

n—o0 Jwn () — wn (y)]?
dxd
//RNXRN ‘x _y|N+2S Y

/ |wT;(fi mfvﬁéf” EW)Yi(x) Y (y) dedy

. RN xRN
= lim

nooc [n (@) — wn(y)]
dxd
// |sc — |V Y

[wn (2) — wn (y)]?
dxd
//RNXRN |x_y‘N+28 v
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Since Supp(1 — £) is a compact subset of R, then for R fixed, we have

// |wrllx xigijﬂ (1 = &()vi() ;(y) dz dy
lim sup Sikt

n—00 |wn, (z wn(y)|2
dxd
//w oL daty

2
//]RN RN |w7xy|ng;y)| EW)vi(x) Y (y) do dy
§= lim lim X

R—0c0 n—00 // |wn wn( )|2 dmdy
RN xRN |x—y|N+2S

By a duality argument, the right-hand side of (4.16) is actually equal to 1. So, 6 = 1 which is a
contradiction. [J

Let u € M;(\) be fixed and consider the functional G : R x D*?(RY) — R defined by

u—19)? .
G(t,9)=t <|u - 19||2DS,2(RN) - )\/ % dac) — |t 1/ k(z)|u—19
Ry |7l RN
It is clear that G(1,0) = 0 and

Thus,

(4.16)

% d. (4.17)

2

u
Gi(1,0) =l <A [ o= 2i-1) [ ko)
RN |T[* RN

Thanks to the implicit functions Theorem, there exists p, > 0 and a differentiable function f* :
B(0, p,) C D*%(RY) — R such that f“(0) = 1 and for all ¥ € B, (0), we have f*“(9) - (u—19) €
M;(X). Moreover for all v € D*2(RY),

< Gy(1,0),v >
Gt(L O)

2Cn. 5 //]RNxRN (u(=) _|Z(E)T2(f2)s_ U(y))d;v dy — 2 /RN %dw —2F /RN k(x).

% da # 0 since u € M;(N).

< Df*“0),v >=—

2 2yvdx

// N( 2)|2d:cdy - uz dr — (2% —1) / k(z).|u|? da
RN xRN |$* y|NF2s Ry |z[* RN

Remark 4.8. Let C' > 0. Using the implicit functions theorem, one can get a quantitative estimate
on p which in general is very small. However, in this case we can show that in the set

A(C) == {u € Mx(N) ; [|ullps2@nyy = C} with X € [0, Ay,s — al,

we get the existence of p > 0 depending only on C and Ay s — a such that f* is well defined in
B,(0) for allu € A(C) and for all A\ < An s — a.

This is due to the fact that
2 (u—1)* * 2*
Gi(1,9) = ([lu =9 pe2g@y) — A e dr | — (25 -1) k(x) Ju — 9% da.
ry |2 RN

Indeed, let uw € A(C) and A < An,s — a. By using Sobolev and Hardy-Sobolev inequalities, we can
show that if |[9]|ps2mny < p for p > 0 depending only on C' and Ay s — a, there exists Ca > 0 such
that |G¢(1,9)| = Cy > 0. Hence, we can conclude.
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It is worth to point out that for ¥ € DS2(RN), f*(9)(9 — u) € M;(N\) if and only if

N —2s
u—19 2 —a
= 03z vy — )\/N (Ix“’) dx
) = E : O

/ k(x)|u— 9% dz.
RN

Now, we are in position to state the main multiplicity result of this section.

Theorem 4.9. Assume that the conditions (Ko), (K1) and (K2) hold. Then, there exists e3 > 0
such that, for all 0 < A < e3, Problem (4.1) has Card(C(k)) distinct positive solutions u;x.
Moreover, as A\ — 0, we have

1—-N

EUNEITANE £ 2 Xl .
[(—A)2uja> = S= ||klloe = -84, and |uja|® — S5 ||| - ba,- (4.18)

Proof.
Assume that 0 < A < €3 = min{e1, €2} where €; and €y are given by Lemmas 4.6 and 4.7. For j
fixed, we consider {uy, }nen, a minimizing sequence to Ex(-) in M;(X), that is

Uy € M]()\)
Ey(uy) » mj(A) as n — oo.
Since Ey(Jun|) < Ex(uyn) we can assume from the beginning that w, > 0. Using the definition of
M;()), we obtain that
c1 < |[tn||ps 2@y < c2 uniformely in n.
By the Ekeland variational principle, there exists a subsequence, still denoted {uy, },, such that
1

1
Ex(w) > Ex(un) — n [|w — Un|

Ds2(RN) Yw € MJ()\)

We claim that E)(u,) — 0, which means that {u,}, is Palais-Smale sequence for E}.

In fact, as u, € M;(X), then [|uy||ps2@yy > c1 and A < Ay s —a < Ay . So according to Remark
4.8, there exists 0 < p < p, = py,, and f, := f"», defined above, such that :

for v € DH2(RY) with ||v||ps.2@y) = 1, we define v, = p - v.

Consequently, v, € B, (0) and w, := f(v,)(un —v,) € Mx(j). Thus

—llwp = unllps 2@y = Ex(un) — Ex(w))

>< By (un),tn — w0y > +o(llttn = w,llpeaqen))

2 p fu(pv) < Ej\(un),v > +0([[un — wpllpe2@y))-
Therefore,

) ”wp — Uyl

1
< Bl (up),v >< —
A(n) n p-falpv)

(I4+0(1)) as p—0.
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On the other hand, |f,(pv)| = |fn(0)] = c as p — 0 and

[|w, — Un || ps2 @) _ £ (0) un = fu(pv) (un — pU)HDSvQ(RN)
P P
< Munllpez@y) [£a(0) = fu(pv)l + o - | fu(pv)]
h p

< C -1 0)] - vllpsz@yy + 3 < e

Hence, for all v € D*2(RY) with ||v|

Ds2(RN) = 1, we have
c

< E\(up),v >< —.
n

Thus ||E} (un)||(ps2®~y)y — 0 as n — oo and the claim follows.

S0, {tn}nen is a Palais-Smale sequence for Ey. Since m;(a) < ¢ = ¢(\), thanks to Lemma
4.1, we reach that, up to a subsequence, u, — wu; strongly in D*?(R") where u; € M;()),
Ex(u;) = m;(X\) and u; is a critical point of Ey. Thus, u; is a positive solution to Problem (4.1).

Now, let us prove (4.18). Consider A, — 0 and let u, = uj,,n, € M;,(An) be the solution

obtained above. Then, up to a subsequence, there exists £; > 0 such that

. 2 . 2
A ellpeaqary = g fo M) funf = b1

N
Using the same approach as in Lemma 4.7, we obtain ¢; = §2: - ||k\|<1>o % and

lim [ (k] — k(2)) uZ dz = 0.

n—oo RN

As before, let us set w, = *4—, then [lwnll2s =1 and lim [jw,| %S,z(RN) = S. Hence, we get the
nll23 N n—00
existence of w € D*2(RY) such that either w # 0 and w,, — W strongly in D*2(RY) or w = 0 and

1) |[(-A)2w,|* = dw = S d,, and |w,
or
2) [(=A) 3w, |? = dwee = S 0o and |w,|* — dwoee = dsc.
As in the proof of Lemma 4.7, the cases W # 0 and w = 0 with the alternative 2) can be ruled out
using the same computations. Hence the only possible case is that w = 0 and

w=0; |(-A)2w,|? = dw=S6,, and |w,

% S dw= Oz

% 5 dw = 0y,

for some point zo € RY. Or,

fnlbsgry = S+o) =5 [ fuwnf¥ do + o)

S
- T / k()
(zo) + o(1).

% dx + o(1)

S
—k
£l

then zg = a; € C(k). Corollary 4.5 allows us to conclude that zy = a;, and the result follows.l



(1]

NONLOCAL CRITICAL PROBLEM 31

REFERENCES

B. Abdellaoui, R. Bentifour, Caffarelli-Kohn-Nirenberg type inequalities of fractional order with applica-
tions. J. Funct. Anal. 272 (2017), no. 10, 3998-4029.

B. Abdellaoui, V. Felli, I. Peral, Ezxistence and multiplicity for perturbations of an equation involving Hardy
inequality and critical Sobolev exponent in the whole RY. Adv. Differential Equations 9 (2004), no. 5-6,
481-508.

B. Abdellaoui, M. Medina, I. Peral, A. Primo, The effect of the Hardy potential in some Calderon-Zygmund
properties for the fractional Laplacian. J. Differential Equations 260 (2016), no. 11, 8160-8206.

A. Ambrosetti, P.H. Rabinowitz, Dual variational methods in critical point theory and applications. J.
Funct. Anal. Vol. 14 (1973), 349-381.

A. Ambrosetti, J. Garcia, 1. Peral, Elliptic variational problems in RN with critical growth. J. Diff. Equa-
tions, Vol. 168, no. 1 (2000), 10-32.

A. Altybay, M. Ruzhansky, M. E. Sebih, N. Tokmagambetov, Fractional Schrédinger equations with sin-
gular potentials of higher order. Reports on Mathematical Physics, 87, no. 1, (2021), 129-144.

A. A. Balinsky, Hardy type inequalities for Aharonov-Bohm magnetic potentials with multiple singularities.
Math. Res. Lett., 10 (2003), no. 2-3, 169-176.

H. Brezis, E. Lieb, A relation between pointwise convergence of functions and convergence of functionals.
Proc. Amer. Math. Soc. 88 (1983), 486-490.

D. Cao, J. Chabrowski, On the number of positive solutions for nonhomogeneous semilinear elliptic prob-
lem. Adv. Differential Equations, Vol. 1, (1996), no. 5, 753-772.

W. Chen, C. Li and B. Ou, Classification of Solutions for an Integral Equation. Communications of Pure
and Applied Mathematics, Vol. LIX, 0330-0343 (2006).

G. Chen, Y. Zheng, Fractional nonlinear Schrédinger equations with singular potential in RYN. J. Math.
Phys. 59, 071507 (2018). https://doi.org/10.1063/1.5046690.

M. Daoud, E.-H. Laamri, Fractional Laplacians : a short survey. To appear in DCDS-S, doi:
10.3934/dcdss.2021027.

S. Diepierro, L. Montoro, I. Peral, B. Scuinzi, Quantitative properties of positive solutions to nonlocal
critical problems involving the Hardy-Leray potential. Calc. Var. Partial Differential Equations, 55 (2016),
Art. 99, 29 pp.

V. Felli, A. Ferrero, S. Terracini, Asymptotic behavior of solutions to Schréidinger equation near an isolated
singularity of the electromagnetic potential. Journal of the European Mathematical Society, 13 (2011), 119-
174.

V. Felli, D. Mukherjee, R. Ognibene, On fractional multi-singular Schrodinger operators: positivity and
localization of binding. J. Funct. Anal. 278 (2020), no. 4, 108389, 47 pp.

R. Frank, E. H. Lieb, R. Seiringer, Hardy-Lieb- Thirring inequalities for fractional Schridinger operators.
Journal of the American Mathematical Society (2008), Vol. 20, no. 4, 925-950.

N. Ghoussoub, F. Robert, S. Shakerian and M. Zhao, Mass and asymptotics associated to fractional Hardy
Schrodinger operators in critical regimes. Comm. Part. Diff. Eq. 43, (2018), 859-892.

D. Gémez-Castro and J. L. Vazquez, The fractional Schrédinger equation with singular potential and
measure data. Disc. Cont. Dyn. Syst. 39(12), (2019), 7113-7139.

N. Laskin, Fractional quantum mechanics and Levy path integrals. Phys. Lett. A 268 (2000), 298-305.

N. Laskin, Fractional Schrédinger equation. Phys. Rev. E (3) 66 (2002), no. 5, 056108, 7 pp.

N. Laskin, Fractional Quantum Mechanics. World Scientific Publishing 2018.

T. Leonori, I. Peral, A. Primo, F. Soria, Basic estimates for solution of elliptic and parabolic equations for
a class of nonlocal operators. Discrete Contin. Dyn. Syst. 35 (2015), no. 12, 6031-6068.

P.-L. Lions, The concentration-compactness principle in the calculus of variations. The limit case, part. 1.
Rev. Mat. Iberoamericana 1 (1985), no. 1, 145-201.

P.-L. Lions, The concentration-compactness principle in the calculus of variations. The limit case. I11. Rev.
Mat. Iberoamericana 1 (1985), no. 2, 45-121.

L. Martinazzi, Fractional Adams-Moser-Trundinger type inequalities. Nonlinear Analysis T.M.A. 127
(2015), 263-276.

M. Melgaard, E.-M. Ouhabaz, G. Rozenblum, Negative discrete spectrum of perturbed multivortex
Aharonov-Bohm Hamiltonians. Ann. Henri Poincaré, 5(2004), no. 5, 979-1012.




B. ABDELLAOUI, A. ATTAR, Y.O. BOUKARABILA, E.-H. LAAMRI

[27] D. G. Molica Bisci, V. D. Radulescu, R. Servadei, Variational Methods for Nonlocal Fractional Problems.
Encyclopedia of Mathematics and its Applications, 162. Cambridge University Press, Cambridge, 2016.
xvi+383 pp.

[28] E. C. de Oliveira, F. S. Costa, J. Jr. Vaz, The fractional Schrédinger equation for delta potentials. J.
Math. Phys. 51 (2010), no. 12, 123517, 16 pp.

[29] E. C. de Oliveira, J. Jr. Vaz , Tunneling in fractional quantum mechanics. J. Phys. A 44 (2011), no. 18,
185303, 17 pp.

[30] G. Palatucci, A. Pisante, Improved Sobolev embeddings, profile decomposition, and concentration-
compactness for fractional Sobolev spaces. Calc. Var. Partial Differential Equations 50 (2014), no. 3-4,
799-829.

[31] I. Peral, F. Soria, Elliptic and Parabolic Equations Involving the Hardy-Leray Potential. De Gruyter Series
in Nonlinear Analysis and Applications 38, 2021.

[32] X. Ros-Oton, J. Serra, Pohozaev indentity for the fractional laplacian. Arch. Ration. Mech. Anal. 213
(2014), no. 2, 587-628.

[33] X. Shang, J. Zhang, R. Yin, Ezistence of positive solutions to fractional elliptic problems with Hardy
potential and critical growth. Math. Meth. Appl. Sci. 42 (2018), 115-136.

[34] D. Smets, Nonlinear Schrodinger equations with Hardy potential and critical nonlinearities. Trans. Amer.
Math. Soc. 357 (2005), no. 7, 2909-2938.

[35] E. M. Stein, Singular Integrals and Differentiability Properties of Functions. Princeton University Press,
Princeton N.J. 1970.

[36] B. A. Stickler, Potential condensed-matter realization of space-fractional quantum mechanics: The one-
dimensional Lévy crystal. Phys. Rev. E 88 (2013), DOI: 10.1103/PhysRevE.88.012120.

[37] S. Terracini, On positive entire solutions to a class of equations with singular coefficient and critical
ezponent. Adv. Diff. Equa., 1 (1996), 241-264.

B. ABDELLAOUI, A. ATTAR, Y.O. BOUKARABILA, LABORATOIRE D’ANALYSE NONLINEAIRE ET MATHEMATIQUES
APPLIQUEES.

DEPARTEMENT DE MATHEMATIQUES, UNIVERSITE ABOU BAKR BELKAID, TLEMCEN,

TLEMCEN 13000, ALGERIA.

E.-H. LAAMRI, INSTITUT ELIE CARTAN DE LORRAINE, UNIVERSITE DE LORRAINE, B.P. 239, 54506 VANDEUVRE-
LES- NANCY, FRANCE.

E-mail addresses:
boumediene.abdellaoui@inv.uam.es,
ahm.attar@yahoo.fr,
boukarabila.youcef.oussama@gmail.com,
el-haj.laamri@univ-lorraine.fr.



