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ON SOME ELLIPTIC FRACTIONAL s(.) PROBLEMS WITH SINGULAR POTENTIAL
AND GENERAL DATUM

KHEIREDDINE BIROUD*, EL-HAJ LAAMRI**

ABSTRACT.

English: The purpose this work is to address the question of existence and regularity of solutions to a class of
nonlocal elliptic problems with variable-order fractional Laplace operator and whose behaviors are complicated
by the presence of singular nonlinearities. First, we prove the existence of weak solutions for a large class of
data, including measures in some cases. We also obtain additional regularity properties under suitable extra
assumptions. Second, we show that, in the case of measures datum, existence analysis is strongly related to the
fractional capacity associated to the fractional Sobolev spaces. As a consequence, we get the natural form of the
adequate “fractional gradient” when dealing with the Hamilton-Jacobi fractional equation with nonlocal gradient
term in the sense of Boccardo-Gallouét-Orsina decomposition Problem.

1. INTRODUCTION

Let us consider the following problem

(=A) Oy = 5{52) + f(z,u) in  Q
(P) U > 0 in €,
u =0 in RNV\Q,

where s(.) : RV x RY — (0,1) is a continuous function, 2 is a bounded regular domain of RY (C!! regularity
is sufficient) with N > 2s(z,y) for all (z,y) € Q x Q, f and g are nonnegative measurable functions or Radon
measures with suitable assumptions, ¢ is a positive continuous function on €.

The variable-order fractional Laplace operator is defined as follows: for each z € RY and for all u € C§°(9)

u(r) — u(y)

(1.1) ( A) u(m) =2P.V. RN |1. _ y|N+2s(:1:,y)

)

where P.V. denotes the Cauchy principal value.

If s(.) = constant € (0,1), (—A)*") is nothing but the so-called regional fractional Laplacian. See, for instance,
[38, 63, 43, 26, 33, 31, 17, 57] and the references therein for more details about this operator.

In the case where s(.) # constant, the operator (—A)*() arises in a quite way in many applications such as
continuum mechanics, phase transition phenomena,... ; see [58, 59] for more details. We refer also to [71, 50,
54, 66] and the references therein for the analytic theory of variable-order fractional Laplace operators and their
properties.

It is a natural question to ask for which data g, f and o, Problem (P) admits a solution and to study the
regularity of the solution according to the regularity of the data. This is the main goal of this work. As far as
we know, this paper is the first time to study the Problem (P) driven by the variable-order fractional Laplace
operator (—A)50).

To put our work in context, let us review some well known results about Problem (P) in some particular cases.

1) The case s(.) =1, o(.) = const and f = 0. The problem was studied by Crandall, Rabinowitz and Tartar
in [35], where they proved existence of solution. Additional properties of the solution are also obtained.
In [53], the regularity of the solution is analyzed up to the boundary of the domain in the case where g
is a continuous function. In [23], according to the summability of the datum ¢ and the value of o, the
authors studied the summability of the solution. Other properties of the solution are also obtained in
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[27, 28] such as symmetric properties if Q is symmetric. The case f(x,u) = Af(z) is considered in [49]
where existence of bounded solution is proved if f,g € LP(Q) with p > &.

2) The case 0 < s(.) = const < 1, o(.) = const = 0 > 0 and f = 0. The problem has been recently
considered in [19]. The authors have shown the existence of a positive solution under suitable assumptions
on g. The behavior of the solution near the boundary is also studied for bounded data g. See also [48]
and [1].

3) The case 0 < s(.) = const < 1, o(.) = const = o and f # 0, has been studied using monotony and
variational arguments. The existence of a positive solution is obtained when f has some subcritical or
critical behavior in u. See for instance [19] and [48] and the references therein.

Before ending this short review, let us mention two related works:

e the first one considers a similar problem where the variable-order fractional Laplacian in the left-hand
side is replaced by the local anisotropic operator ), ., n 0; (|87u1 pi’Qa,;ui), see [62] for more details. In
that paper, existence and regularity of the solution is established under some conditions on the behavior
of the function o(x) near the boundary of 2 ;

A+ h(x)
RY where 0 < s(.) = const < 1, A > 0, h and k are nonnegative functions. We refer the interested reader
to [5] where the second author and his coworkers have shown that (Py) has multiple positive solutions
and have determined their precise behavior near the extremal points under some suitable assumptions
on the data.

e the second one deals with the problem (Py) : (—A)*0y = w(z)+k(z)u®0 " and u > 0set in

In this work, we will consider the general case s(.) # constant and f, g € L'(Q2). We treat also some particular
cases where f and g are nonnegative Radon measures. We will analyze the impact of the singular term on the
existence and nonexistence of a positive solution according to the regularity of the data.

One of the major difficulties is to estimate the singular term on the set where u = 0. When s(.) = constant, this
is done by using the classical strong maximum principle, which is a consequence of the weak Harnack inequality
for weak solutions. To the best of our knowledge, there is no similar result in the case where s(.) is variable.
Thus, the first part of this work will be dedicated to prove a suitable weak Harnack inequality for our operator.
The proof is inspired from [41, 52], see also [9], taking into consideration the lack of homogeneity caused by the
new form of the function s(.).

As a consequence, we get a strong maximum principle for nonnegative solution that allows us to obtain suitable
estimates on the singular term.

The other major difficulty is that, unlike the case where s(.) = constant, the behavior near the boundary 92
of the solution to the Poisson equation

(-A)*QDw = h in Q,
(1.2) w = 0 in RN\Q
w > 0 in

is unknown. If s(.) = constant, then for bounded datum h, we know that w behaves like dist®(.,0€). This
estimate turns out to be useful in order to control the singular term.

To circumvent this difficulty in our case, we adopt a new approach using suitable test functions. As a first
step towards understanding the full Problem (P), we begin by analyzing the Problem (1.2), where the function
s(.) satisfies two basic assumptions (H;) and (Hz) (see Section 2), and h is a measurable nonnegative function
satisfying suitable summability conditions that will be specified later. We prove the existence, uniqueness and
summability of the weak solution in the corresponding fractional Sobolev space. To establish the corresponding
regularity result in our case, we will follow the nonlinear approach of [3] and [8].

Then, we will focus our attention on the main Problem (P). In order to take in consideration the difficulties
due to the singular term, one is naturally led to distinguish between the case where o(.) is constant or not.

e Case where o(.) is constant.

— First, we begin with the sub-case where f depends only on x. We show the existence of a solution for all
g9, f € L(Q).

— Second, we treat a model case where f depends also on u.

— Third, we study the case where g is a bounded Radon measure and f = 0. Here we will show that the solution
u lives in a suitable fractional Sobolev space.



It is interesting to note that, one of our main contributions is to relate the existence of a solution to the
regularity of the measure g with respect to the corresponding fractional capacity. A strong nonexistence result
is also proved if the measure g is singular respect to a suitable fractional capacity. Partial uniqueness results are
also proved according to additional hypothesis on o. As we will show, a relation between the measure g and the
fractional capacity is needed in order to prove the existence of a weak solution (or a solution obtained as a limit

of approximations). Therefore, when g = g, a singular measure with respect to the relative capacity Cap?(.)yg
(see Definition 5.7), we are able to prove a strong nonexistence result.

However, if g = g+ s with go € L1(Q) and pu, is as above, then the sequence of solutions to the corresponding
approximated problem converges to the unique solution of the singular problem with datum gq.

e Case where o(.) is nonconstant. In this case, the situation is more complicated as we will see later. However,
we are also able to prove the existence of a solution but with less regularity compared to the case o(.) = constant.

The paper is organized as follows. In Section 2, we give some auxiliary results on the variable-order fractional
Sobolev spaces and some functional inequalities, as well as and some useful tools that will be used systematically
throughout the paper. The existence and the regularity of the Poisson equation 1.2 is dealt with in Section 3. In
Section 4, we prove a weak Harnack inequality for our operator. This result will be used to obtain some useful
a priori estimates. In Section 5, we deal with the main Problem P in the case where o(.) is constant (i.e does not
depend of z). In Subsection 5.1, we consider the case where g, f € L'(2). Subsection 5.2 is devoted to a model
case where f depends on u. The case where g is a general nonnegative Radon measure is treated in Subsection
5.3. Finally, we study the main Problem P in the case where o(.) is nonconstant in Section 6.

To carry out our study, particularly in the case where g is a Radon measure, we shall need a number of technical
results form capacity theory. We have felt it necessary to expound them in order of make the paper self-contained.
However, as this theme is not central in the paper, we have gathered them in a quite long appendix, which can
be skipped in a first reading.

Nevertheless, the appendix may be useful, as a first introduction, to readers not already familiar with capacity
theory. More precisely, it deals with two main issues:

1) A theory of capacities linked to fractional Sobolev spaces of variable order, where two types of capacities
are treated: variable fractional (s(.),p) — capacity (see Definition 7.2) and variable fractional relative
(s(.),p) — capacity with respect to Q (see Definition 7.4).

2) A decomposition Theorem for regular signed measures with respect to (s,p) — capacity, inspired by
the paper [22]. More precisely : (i) any such measure can be written as the sum of an element of
W52 (Q) (dual space of W*(€2)) and a function in L*() ; (ii) any bounded Radon measure y, with
pe LYQ) + W= (Q), is regular with respect to (s, p) — capacity.

As an interesting application of the above decomposition, we extend the famous result of [22] about a nonlinear
problem involving a usual Laplacian, with gradient term and measure data. More precisely, let D?(u) be a version
of a nonlocal gradient term given by

aN s u(z) — u(y)?
) = 2 [ HO=LEg,
where
(1.3) a(N, s) := s (s + 5)

Y T(1—s)"
Notice that this operator can be at least tracked to [69]. Moreover, it naturally appears as the nonlocal equivalent

to the gradient when considering the minimization of fractional harmonic maps into the sphere. See for instance
the recent papers [30, 65, 68]. Then, by using the above decomposition result, we prove that if the problem

(1.4) (—=A)*u+uD?(u) = pin Q and v = 0 in RV \ Q,
has a nonnegative solution u with uD?(u) € L'(f2), then u must be a regular measure.

It should be noted that several “fractional gradients” can be defined. The two examples often found in the
literature are :
— the so-called “half s-Laplacien”

Ay = [ | Wdy, rERY
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— the so-called “Riesz s-Laplacien”

gy |z =yt |z —ylle -y’

In this regard, let us mention that the following nonlocal Kardar-Parisi-Zhang Problem
dw + (—A)*w = [(=A)*2w|P + f , w(z,t) =0in (RY\ Q) x (0,T) , w(z,0) = wo(z) in Q

is considered in [2]. For other existence and nonexistence results involving the fractional Laplacian and local
gradient, see [15, 16] and the references therein .

Now, setting

8Su(x)'=/ ulw) —uly) v —vi _dy zeRY i=1,.,N
i ey =yl -yl e -y ’ T

then it is interesting to note that for u € C§°(RY), we have

(=A)°u = —=div’( Z

We refer to [67, 60, 30] for additional properties of these nonlocal gradients and some relations between them.

In our opinion, our existence result for Problem (1.4) can be seen as a justification of the fact that Dg(u) is the
natural fractional gradient best suited to fractional capacity. |

2. THE FUNCTIONAL SETTING AND TOOLS

In this section, we present some useful tools related to our operator. Inspired by the works [8, 55, 71], we
assume in the whole paper that s(.) : RY x RY — (0,1) is a bounded continuous function and satisfying
these two following assumptions:

Hy)) 0< sg:= inf s(x,y) < s1:= sup s(x,y) <1
( ) (z,y)ERN xRN ( y) (z,y) ERN xRN ( y)

(Hy) s(.) is symmetric, that is s(z,y) = s(y, z) for all (z,y) € RN x RV,

2.1. The functional setting.
In this subsection, { denotes an arbitrary (unless otherwise specified) open subset of RY and p € [1, +o0).

As in the case where s(.) is constant, we start this paragraph by introducing the definition of Fractional

Sobolev Spaces W*():?(Q). Then, we define the spaces WS( )P (Q) which are the appropriate space functional
framework to study our Problem (P)

e Fractional Sobolev Spaces W*():?(Q), Wg(')’p(ﬁ), WS(')*”(Q)
We define

1) the space W*()P(Q) by

S(P(Q)) i r( u(y)|”
w (Q).—{ueL //QXQ = |N+ps(xy)dxdy<+oo .

Endowed with the norm

1
u@l o\
w0y = (Il + [ PO )

W=()P(Q) is a Banach space.
— wsChr
2) WpUr(@) =@
3) WeOr(Q) := WsOr(Q) N Co(Q)

Let us observe that W()S(')’p(Q) is the smaller closed subspace of W*():P(Q) containing C§°(Q). In addition,
W(f(')’p(Q) C W()P(Q) ; in the case where s(.) is constant, see [70] for additional details about this inclusion.

WS(-)YP(Q)




e Other type of fractional Sobolev Spaces W:)"*(Q)
In order to take in consideration the interaction betvveen Q and RY \ ©, we need appropriate fractional Sobolev
spaces. For this purpose, we introduce the following space

WP(Q) = {u e WOr®RY); u=0n RV \ 0}

endowed with the norm induced by [[ully <)o @)
It is clear that WS(')’p (Q) is a Banach space. Moreover, if Q is a bounded domain, then by using Poincaré’s
inequality, we can endowed the space Wg(')’p (Q) with the norm

/p
QLI
||u||wg<-> P(Q) (//DQ |z — y|N+ps(»L,y) To g Vps(eg) P2 ’

where Dgq := R?V\ (Q¢ x Q°).
e Particular case p =2 : In that case we denote by Hs( )(Q) = Wg(')’Q(Q). It is worth to mention that, as in
the case where s(.) is a constant, (Hj ( ) |-l

50 Q)) is a Hilbert space.

Under the assumptions (H;) and (Hs), we can show that the space (H*()(€2), ||.|[s(.)) is separable. The proof
closely follows the arguments of [63] and [71]. Let us provide some details.
Assume that (Hy), (Hz) hold.
Define the operator T : H*()(Q) — L?*(Q) x L?*(Q x Q) with

[z =y THC)

Notice that L?(Q) x L?(2 x Q) is a separable space. Using the fact that T(H*()(Q)) is a closed subspace in
L?(Q) x L*(Q x Q) and since T is an isometry between H*()(Q) and T(H*()(Q)), we deduce that H*()(Q) is a
separable space.

Remark 2.1. As in [71], under the assumptions (H1) and (Hsz), we can prove that the embedding Wsl p( ) —
WS(')’p(Q) — WP(Q) are continuous. Moreover, if N > pso for any fived constant exponent p € [1, v2—], the

) N Sop
space Wg(‘)’p(Q) is continuously embedded into LP(S).

Let us recall the next Hardy inequality proved in [40] or [47].

Theorem 2.2. Let Q C RY be a bounded regular domain. Then, there exists a positive constant C' = C(sg, )
such that for all p € W*P(Q), we have

// )|p dxdy
ppso Dq |‘T - ‘N+pso ’

Since WS(')’p(Q) — W”P(€Q), under the same hypotheses as in Theorem 2.2, we obtain the next result.

(2.1) C

where p(x) = dist(x, 09).

Theorem 2.3. Let Q C RN be a bounded reqular domain. Then, there exists a positive constant C = C(sq, )
such that for all ¢ € WS(')’p(Q), we have

) P
(22) C 0 pps[) //DQ ‘x _ y|N+ps($,y) dxdy

As we will consider problems with general data, we need the concept of the truncation. For k£ > 0, we define

Ti,(t) by

t i |t <k
2.3 Ti(t) =
(2:3) (®) LT

|
and

Gr(t) ==t — T(t).

The following lemma will be very useful in this paper.
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Lemma 2.4. Let ¢ € Lip(R) (the space of global lipschitz functions) with $(0) = 0. Then, ¢(u) € HS(')(Q).
Moreover, for any k > 0, Ti(u) and Gi(u) € Hs(')(Q) ; and if u > 0, we have

e() @ = / Gr(u)(=A)*Oude,

Tl o ) < /Tk( (- Ay Oud.

[|Gr(u

The proof is similar to the proof of [55, Proposition 3].
U

2.2. Some useful inequalities.
First, we recall the next Kato type inequality, whose proof can be found in [55] in the special case of the
classical fractional Laplacian.

Theorem 2.5. Let ® € C?>(RY) be a convexr function. Let u € Wg(')’l(Q) such that ®(u) € Ws() (Q),
(=A)*Qu e LN Q), (—A)*Od(u) € L (Q) and &' (u)(—A)*Du € LY(Q). Then

(2.4) (=A)POD(u) < & (u)(—A)*Du in the weak sense,
namely, for all ¢ € C§°(QY) with ¢ > 0, we have

(2.5) /Qcp( w)(— )S()wdx</w<1> “AYOuda,

In particular, we have the next corollary.

Corollary 2.6. Let u € Hg(')(ﬂ) be a nonnegative function. Suppose that (—A)*Du € LY (Q) is a nonnegative
function. Then for any k > 0, we have

(*A)s(')Tk(U) 2 X{zeQ; u(m)gk}(fA)s(‘)u weakly in Q.
Namely, for all v € C§°(Q2) with 1 > 0, we have

(2.6) [ T80 > [ ixuen . woron (-8) Vuds,

O
The next Picone type inequality will be useful in order to prove comparison principles. The proof is a simple
variation of the arguments used in [55] and [3].

Proposition 2.7. Let u € HS(')(Q) be a nonnegative function such that (—A)*Ou € LY(Q) with —A)*Ou > 0
Y NLOM
% € Lj,.(Q). Then, for all ¢ € C§°(£2), we have

(= A)‘S()u // ¢(y)®
(2.7) /Q " < 2 . |$_ |N+28 T NT2s(eg) dz dy.

As a consequence, we have the next comparison principle that extends to the fractional framework the classical
one obtained by Brezis and Kamin in [25]. See [55] and [3] for the case where 0 < s(.) = constant < 1.

a.e. in Q. Suppose in addition that

Theorem 2.8. Let f be a nonnegative continuous function with f(x,r) > 0 ifr > 0 and r — @ is decreasing
forr>0. Letu, v € HS()( 0) be such that u, v >0 a.e. in Q and
{ (A Ou > flmu) O
(=A)*COy < f(z,v) in Q.
Then v > v in .
The proof follows from suitable rescaling arguments. O

Before closing this section, let us recall some useful algebraic inequalities that will be used throughout this
paper.
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Lemma 2.9. Let (a,b) € [0,+00) x [0,+00) and (a, k) € (0,+00)2. Then, there exist positive constants c;,i =
1,..5 such that

(2.8) (a+0)* < cra® + c2b” ;
(2.9) (a—Db)(a® —b*) > csla™™ —b™ T |2;

1 N\2
(2.10) (a = )(Ti(a®) = Tu(6) > s (Th(a*F) - T ()
moreover, if « > 1 we have
(2.11) la 4+ b|°Ya — b|? < esla™F — b2,

The proof of this lemma is elementary and is left to the reader. [J
Finally, we need also the following well-know iteration lemma.
Lemma 2.10. Let, >0 and let {A;};<0 be a sequence of real positive numbers such that
Aj < CobjAfH,
with ¢g > 0 and B> 1. If Ay < cg%b_f%z, then
A; <b B A

In particular, lim A; =0.
j—oo

3. EXISTENCE AND REGULARITY RESULTS FOR THE POISSON PROBLEM

In this section, we prove the main existence results for Problem (P) in the case where g = 0. More precisely,
we consider the following problem

5.) { art

u

h in Q,
0 in RM\Q

where h € L™ () with m > 1.

We begin by analyzing the Poisson equation with the variable-order fractional Laplace operator. According
to the regularity of the datum, we will prove that the solution lives in a suitable fractional Sobolev space. Our
approach is based on the choice of suitable test functions as in [3]. To make the paper self-contained as possible,
we will include details of the proofs.

To carry out this study, we have to distinguish two cases depending on whether h is only integrable or not.

e The case where h € L™ (Q)) with m > Ni]geo
We will start by specifying the sense of solution to (3.1) in this case.
Definition 3.1. Let @ C RN be bounded regular domain and h € H=3()(Q) where H*()(Q) = (HS(')(Q))’. We

say that u € HS(')(Q) is a finite energy solution to (3.1) if
a(u,v) =< h,u> Yve Hg(')(Q),

() (u(z) — u(y))
a(u,v) = //DQ |x N2 dxdy.

Since h € H—¢ )(Q) then usmg Lax-Milgram Theorem we get the existence and the uniqueness of u. Notice
that if h € L*(Q) with a > , then h € H=*()(Q).

where

N+2
Following closely the argument used in [55], we are able to prove the next regularity result.

Theorem 3.2. Assume that (Hy), (Hz) hold and h € L™(Q) where m > Ni-]gso' Then, we have :

N
1) if m > S with so is defined in (Hy), there exists a constant C' = C(N, S, [|h|[pmq)) > 0 such that the
S0
unique energy solution of (3.1) satisfies,

(3.2) ]|z ) < Cllhl|Lm @) ;
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N
2 ) = —
) ifm= o,

the if u is the unique solution to (3.1) (in the sense of Definition 3.1), then,

/ea“<oo;
Q

3) if N+230 <m < 2S , then u € L™<6" () where mgz =

(33) [ull 7o+ o) < CIA]

then, there exists a > 0 depending only on the data and it is independent of h and u such

mN
N—2msg

and there exists a constant C such that

Lm (Q

Remark 3.3. Notice that if (Hy), (Hz) hold and h > 0, then uw > 0. Indeed, by using u~ as a test function in
(3.1), we get,

0< CHU_”;IS(.)(Q) < /Qhu_ <0.

Hence u~ = 0 and the result follows.

e The case where h € L™ () with 1 <m < N+2SO
Unfortunately, we cannot expect the existence of a solution of finite energy, unlike the local case. To address

this difficulty, we extend the meaning of solutions, and we prove the existence of solution, in this weaker sense,
to Problem (3.1).

Definition 3.4. First of all, let us define the class of test functions,
(3.4) TQ) ={p e HV(Q); (-A)Up =19 in Q where ) € C5°(Q)}.
For h € LY(Q), we say that u € L*(2) is a weak solution to (3.1) if

(3.5) / uw(=A)Opdr = / ho da,
Q Q
for any ¢ € T().
Remark 3.5.
e Observe that, if ¢ € T(Q), then under assumptions (Hy) and (Hg) it follows that ¢ € HS(‘)(Q) N LOO(Q)
o Assume now that (Hy) and (Hz) hold. Suppose in addition that h € (L™ ()" with 1 <m < fuisa
solution to Problem (3.1) in the sense of Definition 3.4, then u > 0.
In fact, let ¢ € C3°(2) be a nonnegative function. Define ¢ € T () to be the unique solution to the problem
(=AY p =4 in Q, then 1 > 0. Using ¢ as test function in Problem (3.1), we get,

/Qm/;dx:/ﬂhwxzo.

Hence / up dx >0 for all ¢ € C§°() with ¢ > 0. Thus u >0 a.e. in RY.
Q

N+2s

Now, we are ready to state our existence result for L'-data.

Theorem 3.6. Let Q@ C RY be bounded regular domain. Then, for any h € L'(Q), there exits a unique weak
solution u in the sense of Definition 3.4 to Problem (3.1) such that

N
. a 1, —
(3.6) u € LI(Q), qu[,Ni%o)y
(3.7) Vk >0, Ti(u)eH(Q),
and
u(y)l? N ;
(3.8) //QXQ - |N+ps dxdy < oo Vpe€ [LN—SO) and V5§ < sp.

Proof. Without loss of generality, we can assume that h = 0. We follow closely the argument used in [55, 3, 6].
The proof will be split into several steps.

Step 1. Uniqueness.
Let u be the weak positive solution in sense of definition 3.4 with h = 0, then

/ wpdr =0, Vi € C5°(N).
Q



Thus, v = 0 and then the uniqueness follows.

Step 2. FExistence.
Let u,, be the solution to the following problem :

(-A)*Ou, = h, in Q,
(3.9) u, = 0 in RN\ Q,
U, > 0 in

where h,, = min{h,n}. Therefore, h,, € L>(Q) and h,, /* h in L'(Q). Moreover, we claim that, there exists a
positive constant C' = C(N, sp, ) such that

N
(3~10) HunHL’I(Q) < OHhHLl(Q)a Vg € [1, m)

To establish (3.10), we take Ty (u,) as test function in (3.9) where & > 0. Then

(311) |\Tk(un)| ]?-]IS()(Q) < /QTk(Un)(*A)S()Und:C < k||hn||L1(Q)

Therefore, using Remark 2.1 and the Sobolev inequality, we get the existence of Cy > 0 such that,

(3.12) L) g < 2 lllosco
Let A, k(upn) :i={x € Q ; uy, >k}, then
Bl nan)] T < T 2, ) < o llinllrco:
Thus
oo
(313) [Anatun)| < (€0 (Tl

This means that {u,} is bounded in the Marcinkiewicz space M~ T (©) and estimation (3.10) holds true.

Step 3.

Now, we will establish an estimate of u,, in a suitable fractional Sobolev space. For this purpose, we will choose
a suitable test function taking into consideration that the datum h,, is only bounded in L*(2).

Let § < s be fixed and assume that p < L_ We claim that

|un () — un(y)|”
dxdy < C for all n.
/KZXQ |x_ |N—Hms

To prove the claim, we follow closely the arguments used in [3].
1

(un(z) + 1)

Using z, as a test function in (3.9), it follows that

(tn () — n (1)) (<un<x> 1% (un(y) + )dydx

1
2 hn(2) dx < C.
2 //DQ (un () + 1) (up(y) + 1)z — y|V+2s(=y) / z

Let wy,(z) = uy(z) 4+ 1, then

Let o > 0 to be chosen later. Define z,(z) =1 — then z, € H‘S(')(Q) NL>(Q) and ||z,|[Le o) < 1.

Hence
(wn(2) = wn(y)) | wi (z) —wi(y)
//D wmm)wz(y)m( — [Ny >

Since w, > 0, by Lemma 2.9 there exists Cy > 0 such that

1+o<

(@) —wa® (y)?
(314) //DQ wa a y)| |N+25(a: y) < CQ'

<.
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Now, since p < 2, using Holder’s inequality, we obtain

/ |wn(‘r) — w"(y)|pdxdy _
QJQ :

|z — y|N+ps h
| () = wa )P (wa(x) + wa(4)*"" (wale)wn)® |z —y|? o0 Pidyda
alo |z— y|p8(x’y) (wn(2)wn(y)*  (wn(z) +wn(y))*—! |z — y|NV
o Jn(2) — wa ()P (waa) + wa@)°) | \E
/ / |x _ y|N+25(z 9 (wn (2 )m (y)) dy2 d:z:)
o [ [ ) L lon(@un@)TEE | meggen dy do )55
(wn (z)wn (y))™ (wp(z) + wn(y))(a—l)ﬁ |z — y|N :
But

152

[wn () = wa () (wn(2) + wa(y))* ™" < Clwn(z) = — wa(y)
Hence, taking in consideration that Q x Q C Dg and by (3.14), we get

// el \x_ wn () (wn (2) +wa(y)* !

|N+25(m Y (w(z)w(y))®

i 52 z
Dq

|z — |N+23(w’y)(wn($)wn(y))”‘

(3.16)

Therefore we conclude that

[ [ )b, 4, o
[ <

T

(3.17) n(y))* 5 . dydx 2-p
([, Gt Fate) ) 1) )

On the other hand

(wn(0) + 02 () (2SI < () 4 0, () < o (w0 4w )

then

[wn (7) — wn(y)P

/ A |x— ST dy dxr <

3.18 +1>P _ (a+1>p -
(3.18) - dxdy — 7 (y)dx dy \ ="

Q |N 217(5(1 y) 5) Q |N 217( (I y) 5)) :
Notice that

(a+1)p (a+1)p

7 (z)dx dy 7 (y)dx dy
2p( (L y) 3) 2P(&(L y)—38) °
S e

Now, since s(x,y) — 8 > sg — § > 0 for all (z,y) € RY x RN7 then using the fact that 2 is a bounded domain,

(a+1)p

—-p d:E dy (atl)p dy (utl))p
// 2P(S(z D) :/wn2 ! (x)dx/ N_ 2G5 SC/w,ﬁ " (z)da.
Q |x—y‘ 2—p Q Q |x— | - 2=p Q
Since p < 72— <o+ by choosing « small enough we deduce that (aH)p <N iVQSO.

Using the fact that u,(z) — un(y) = wy(x) — w,(y) and since

(at+1)p (a+D)p
[ @ide < [0 @de <0 torallm,
Q Q

we reach that for all

|un () — un(y) |
dxdy < C for all n
//QXQ |:L‘— |N+ps

with § < sg and p < Hence the claim follows.

N
N—-5"
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Step 4.
Taking into consideration the previous estimates and since {u, }, is an increasing sequence, we get the existence
of a measurable function u such that u, T w a.e. in Q, w, T wu strongly in L%(Q) for all a < N—L%:U and

Tk (uy) — Tk (u) weakly in ]HIS( )(Q) Moreover, using Fatou’s lemma we deduce that

u(y)?
<
// |xf o g Qv <C

To end this proof, we show that u is a weak solution to Problem (3.1) in the sense of definition 3.4.
Let ¢ € T(92). Let us recall that ¢ € HS(')(Q) N L®(Q) and (—A)*O ¢ =9 where 1 € C§ ().
Using ¢ as a test function in (3.9), it holds that

/Qun(—A)s(‘)qu:c:/th¢dm.
/Q hnodr — /Q hoda.

Now, since [, Up (—A)*) pda = Jo untdz, then using the strong convergence of the sequence {uy, }, in L*(Q) for

It is clear that

N
all a < N5 We get, as n — oo,

/Qunwd:r—>/Quwdx:/gu(—A)s(‘%dx.

Hence u solves Problem (3.1) in the sense of Definition 3.4. O

In the next theorem, we show more regularity result on the solution w if h is more regular. More precisely, we
have :

Theorem 3.7. Assume that 1 <m < N+25 (where sq is defined in (Hy)) and let u be the unique weak solution
to Problem (3.1) in the sense of Definition 3.4. Then

N
//DQ o —y N+p)s| dxdy < oo for allp < p:= NTimsoandforall§<so.

Proof.
Without loss of generality we can assume that h = 0. We follow closely the argument used in [3]. Notice that,
since m < w75, then p < 2.

o*

= Nm=1) “then am/ = = —2(a+1). Using a suitable approximating argument, we can take

_ N
Let & = (x=asoym=N = Noasgm’
u® as a test function in (3.1) to obtain

//D |x - Z)ﬁ(jﬂ)ﬁ ey = o)

W) (u*(z) —u*(y)) «
C//DQ \a: — [ dedy < [ h(z)u®(z)dz.

Hence

Q
From the algebraic inequality (2.9), we deduce that

C’//DQ \m— |]3:ilo( ))2dxdy§ /Qh(:c)u“(x)dx

Hence, by using Holder’s inequahty, we obtain

(3.19) C= //DQ |x_ |13‘+2+( D vy < (/th(x)dx>:n(/Quam/(;v)dx);ﬂ.

mN
N—2som*

Using the definition of «, we obtain am’ = Hence, estimate (3.3) in Theorem 3.2 implies

1

(/ uam’(x)dx> < O[] .
Q
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Going back to (3.19), we obtain

atl

—u 2 (y))° o+l
(3.20) //DQ |I — y‘NwLQSo ddy < C||h]|7 0 o
By using Hardy’s inequality stated in Theorem 2.3, it follows that
ulte(a (u*F (z) —u"F (y))?
a+1
(3.21) c/ () //D ‘x N dzdy < C||hl[7m q)-
Q

Now, let § < sg be fixed and define p = gf) < p. Thanks to Hélder’s inequality, we obtain

Ju ( ) -l
.’17— N+5p
// u(z) — u(y)[” (u(z) +u(y))*~ ‘ _yjplso=9) dy dx
yl”*‘) (u(@) + u(y))*—" |z —y¥

(3.22)

([ _u|x—(yf(V+)21U(y)) —dydr)’

// (u(z (y))>1 dy dx );
J} (a D25 lz — Lﬂpé) .

y| ™

Recall that, from (2.11), we have

[u(@) = uly) P(ule) + u(y)* " < Cu'=
Hence, using (3.20), we get

[u(a) = u(y)*(u(w) + uly)* !
(3.23) // — [V +2s0 Y dy dx)

Now, we deal with the term

a+1

( / /D ’ |J$L+;O(y))2 " dy)%

CHhHLm(Q)

(/ / (u(@) + u(y)* ! dy dx )2;
o Jo (u(@) +u(y) @7 |y N
As a < 1, we get

(u(x) + u(y))o‘_1 dy dx p(21:a> dy dx
(a_ )22p | 21)(%‘0 B) o 2p(<0 B

—ylv |z —y|V

< // Sl pz ?ygfdx Cy // o p2 <dyQ d>x‘
pLs b p(s
Q |x_ Q |x— 2—p

Using a symmetric argument, we deduce that

// Qded,'I,‘ // 2dedx
2p(50 2p(50 3
2 |z — y\ Q |z — y\

Hence we have just to estimate the first term, indeed

IA

IN

(3.24)

2 P dy dq,‘ p(l—o) 1
// 2p(5‘0 5 /(u(m)) 2-p dw/ N_ 20609 dy
(3.25) 2 |z — yl o o le—ylm
< 0@ [ ().
Since Z (21:;) = Nf;];fo — and £ (1 0‘) < B (21 ?‘), then by using Hélder’s inequality and estimate (3.3), it follows
that,

= dy dz e
/ / S < 0@ / (u(@)) 55 dz < CI|hl 2 oy -
Q Iw—yl Q
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Thus

w(x) +u(y))*! dy dx =" P
(326) (/ / ( ( ) ( (?x)fl)i 2p(so 3) ) < C||h| L"L(Q)'
eJo (u(x) + u(y)) 7 g —y|NT T

And then
ul\r) —u
(3.27) / [ule) = W - g, o
QJSC

|z —y|NHep

As a conclusion, we obtain

// y)|Pdydx / / |u(z |pdyd9c / / @
(3.28) Do |x - y|N+gp |33 - Z/|N+”’ EV\Q Ix - y|N+§P
< C|lA[Gm ) + C(£2 / _ dx’

where we have used the fact that

1 ()
N W S sp
rV\Q € — y[N P (0(z))*»
Since p < 2, by using estimate (3.21) and Holder’s inequality, we deduce that

/. <|§L<%)>|:p o= /Q?M(;)i()dx -
. < ([ Ges) ([ mor='ae)

(NS

(14« p(l—a) =
< It m’(/ﬂm 5
1+a 11—«
< ClrllE sy 1l
L 2=
Recall that o = §5=1. then 20=2) = -mN _ Thus
lu(z)|
< C|[RllFn
/9(5(96))5” Lm@)
Hence
(y)|Pdydx
3.30 // < C||h||®..
(3:30) e 1RITz 0
and the result follows. O

As a consequence of the previous theorem, we get the next compactness result.

Theorem 3.8. Let § < s and p < = be fized. Consider the operator T : L'(Q) — Wg’p(Q) defined by
T(h) = u where u is the unique weak solution to Problem (3.1). Then, T is continuous and compact.

Proof.

e We begin by proving that the operator T' is compact.

Let § < sg and p < -~ be fixed and consider {h,}, to be a bounded sequence in L'(£2). Define {u,}, to be
the unique solution to Problem (3.9).

From the previous results, we deduce that the sequence {T}(uy)}, is abounded in HS(')(Q) for all k& > 0 fixed
and

n2) = () N V
//DQ \m— |N+p5 dxdy<Cfora11p<mandforalls<so’

where C' > 0 does not depend on n.
Thus we conclude that the sequence {Tj(uy)}y, is bounded in HE°(€2) for all k > 0. Hence we get the existence

of a measurable function u such that, up to a subsequence, Ty (u) € Hg(')(Q),u e L7(Q) for all o < and

N—2s0 25
Tr(uy) = Tg(u) in HS(') (Q). Thus, using the Rellich-Kondrachov compactness result, then up to a subsequence,
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we deduce that u, — u a.e in . Moreover u,, = 0 in RY \ €, it follows that u = 0 a.e. in RY \ Q.
Now, let us introduce

Up, un(y) [P U p
Un(z,y) := | |5(Cz |N+(py§)| and U(z,y) := |9(62 |N(fp)§| ’
with p < %
Thanks to Theorem 3.7, {U,} is bounded in L'(Q x €2). Hence, by using Vitali’s lemma, we conclude that,
U, — U, strongly in L}(Q x Q), and compactness of T' follows.
e Finally, to show that 7" is continuous, we will use the same argument as above showing the strong convergence
of the whole sequence. |

4. WEAK HARNACK INEQUALITY

In order to address the difficulties caused by the singular term, we need to know the precise location of the
set where the solution is zero. When s(.) = constant, this information is given by the strong maximum principe,
which is a direct consequence of the weak Harnack inequality. Thus, for our purpose, we begin by proving a
similar inequality in the more general case where s(.) is not constant. To this end, we closely follow the argument
used in [41, 52] (see also [9]), where a weak Harnack inequality is proved for weighted fractional operators.

Let u € Hg( )(Q) be a nonnegative weak solution of

(-=A)»*Oy = h in Q,
(4.1) {u — 0 in RNM\Q

where h € L?(Q) and h > 0. Then, we have the next weak Harnack inequality.

Theorem 4.1. (Weak Harnack inequality)

Let xy € Q and r > 0 be such that Bay(x9) C Q. Let v € HS(')(Q) be a supersolution (see Definition 4.2 below)
o (4.1) withv 2 0 in RYN. Then, for every q < N_L%O there exists a positive constant C = C(N, sg,r) such that

1
(42) ( qul‘) ! < Clessinfp, (20) V-
B (z0) LI

Notation : For the sake of legibility, and since xq is a generic point in ), we will denote B,.(xo) by B

Before starting the demonstration of the previous theorem, let us make precise what we mean by sub and
surpersolution to Problem (4.1) in the following definition.

Definition 4.2. Let h € Hg(')(Q)+ . We say that, u,v € (]HIS(')(Q))Jr sub and supersolution respectively to (4.1)

if
5/ /D fz)v(fz(f LD gy < /Q hode, Vo € Hy ()4

() (u(z) — uly)) .
//Dn Isc - leHs(I v drdy = /Qhwd:v, Vo e HSV ()4

and

are satisfied
Let us now come back to the proof of Theorem 4.1. This proof is quite long and will be decomposed into six
lemmas.

First of all, we start by the following nonlocal Caccioppoli-type inequality.

Lemma 4.3. (Caccioppoli’s inequality)

Let u € HS(')(Q) be the weak solution to (4.1) with u = 0 in RN. Then, for any B, C Q and any nonnegative
function ¢ € C§°(B,), the following estimate holds true

/ / lwy (z |x_ |N+u;;:iy3)¢(y)| dz dy
(max{wz (z), wt (y)})*|o(x) — o(y)?

(4.3) s JB. |z — y|N+2s(@y)

2 o ws(@)
+/B w ()¢ (x)dJL’(/RN\BT eSSSUPyGSupm‘x — y|[N+2s(z,9) dx),

dzx dy

r
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where wy := (u — k)1 and ¢ is a positive constant.

Proof. The proof follows the same ideas as the proof of [42, Theorem 1.4], (see also [41, Theorem 2.2]). O
Let us begin by proving the next useful lemma.

Lemma 4.4. Let R > 0 such that Br C Q and assume that u € HS(')(Q) with u 2 0 is a supersolution to (4.1).
Let k > 0 and suppose that for some o € (0,1] we have

(1.4) Be (1 {u > k)| = o] B,
with 0 < r < %. Then, there exists a positive constant C = C(N, sg,s1) such that

C

(4.5) |Ber N {u < 20k} < ————
ars1=s0 log(55)

|B6'r|

for all§ € (0,1).

Proof. Without loss of generality, we can assume that v > 0 in Bg, (if not, we can consider u + ¢ and we let
e — 0 at the end.) Let ¢ € C§°(Bgr) be such that 0 < ¢ <1, supp+ C Bz, ¢ =1 in Bg, and |V¢| < % Taking
2u~! as a test function in (4.1), it follows that

/ / u) (W@ (@) — W) g

|z — y|N+2s z,y)

Then

() (L8 - 2 u(y)) L)
(4.6) 0</ / ) dd +2/ / ) gy
Bs,. J B, |$C — y|N+2s(@) RN\ B, J Bg, |ZL‘ - y|N+25(1 )

/|_

Denote z = |z|2’ and y = py’ where |x |y'| =1 and p := |y| as in [9]. Then, we obtain

u(y))® (
u(z) d dx </ / dx dy
/RN\BST /Bgr |$— |N+23(”) RN\Bg, J B, [T =Y \N”g |z — y|N+2s(0)

0o N—1
P dy’
<C 7#2(1’)/ 7(/ >d dx.
By, s [@NF2 A Jgna ||7p|yl_9’3’|1\’+2‘“1
x

(4.7)

We set 7 := L, then

||

dx dy
Jounu fo i

P (x) [ N-1 dy’
<c T ( e )dT dz,
B, ‘T‘ % SN-1 |Ty x |

dy’
D(r) =: /SN_l Ty — /[N

Then using the fact that |2/| = |y/| = 1, taking into consideration that we are integrating in S¥~! and using an
orthogonal transformation, we can show that D(7) does not depend on z’. Now as in the proof of Theorem 1.1,
p 5-6 in [45], using the spherical coordinates, it holds

(4.8)

Now, introduce

N2_1 ™ 2 N—2
D(r)=2 71-Nfl / — ) ~ A0
D(Z5=) Jo (1 —27cos(f) +72)" =+

2
u(y)) 4 2 >

(4.9) / / ~ 13 ()) dydr < C L (Qz)/ TNilD(T)deZE

RN\Bs, J Bs, |x—y\ +2s(zy By, |z?*1 Js
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Therefore, we have that, TN_lD(T) ~ 7717251 a5 7 — 400. Thus
L:= / N7ID(r)dr < C.
8

Hence, we obtain

u(y)) ¥ ((90))
(4.10) / / ) dy de < CrNT2,
RN\ Bs, J Bs, |91j - y‘NHé 2.y)

Now, from [42, Proof of Lemma 1.3], we get

Vi) PR (y)
u(z)  u(y)

(4.11) (u(z) = uly)) ( ) < —Ci(log(u(x)) — log(u(y)))*¥*(y) + Ca(v(z) — ¥ (y))?,

where C7 and (50 are two universal positive constants.
Hence

) @2((;)) (log(u(x)) — log(u(y)))*v*(y)
(4.12) /BgT /BgT — y|N+2s(z9) d dy < —C /BST /BST |w—y|N+26(»Lay) dzdy
/ e,
Bs. /B

. |.13 _ y|N+2s(ac Y)

We claim that
_ 2
Bsr J Bsr |Jj - y| +2s(z.y)
Indeed, since |1(x) — ¥ (y)| < M, it follows that

(Y (z) —¥(y))? c / / dady
MO =) fedy < G _
/BST‘ /BST‘ |.'I/' — y|N+28(:I;1y) ray > T Bs, J Bs, ‘.’If _ y|N+28((L'7y)—2

Then setting z = y — z, it follows that

dxd dz
/ / N+ZZ(1: y -2 — / dl’/ N+2s,— QdZ < CTN 281+2
Bsy J Bsr |I - y| Bs, Bisr |Z|

Hence the claim follows.

Now going back to (4.12), we conclude that
(4.13)

)) (w%c) 3 (y)

ole)  uly) ) (log(u(x)) — log(u(y)))*¥*(y) N—2s
dzdy < -C / dxdy + Cr™ ~=%1.
/Bm ‘/BM |(E — y‘NJrZs z,y) 1 e, J B, |1, _ y|N+25 z,y)

Combining estimates (4.6), (4.10) and (4.13) and using the fact that ¢ = 1 in Bg,, it holds that

{1 1 2
(414) / / Og N+2g(( (;U))) d.’Edy < C?”N_2sl )
Bﬁr Bﬁr | Sy

Let 6 € (0,1/4) and define w(z) := min { log (216)

_ 2
[ O g
Ber J o, | — y|NT25@0)

log( )} Thanks to (4.14), we have

Also, let us denote

1
<w>BG'V' = |B6r|

w(z) dz.
Be-

Thus, using Remark 2.1, Holder and fractional Poincaré inequalities (see formula (4.2), page 297 in [61]), we get



1
2

LJM@—WMMmSCﬂ<LJMw—wmf> |
(4.15) <&””(Lmémﬁf5ﬁifwwy
ot ([ [ (O )

< OpNtso=s1,

On the other hand, it is clear that {z € Q; w(z) =0} = {z € Q; u(z) > k}, and then from (4.4) we have
o
[Ber N {w = 0}| > 6W|BGT|‘

Moreover

o1 =t (5 )1 < oo [ o) = (b |

olog(z;)
Hence we get the result by applying (4.15) and using the fact that
1
B, N {u < 26k} = Bey N {w = log (25)}

The key lemma in our proof is the following.

Lemma 4.5. Assume that the assumptions of Lemma 4.4 hold. Then, there exists 6 € (0, %) depending only on

N, sg, s1,0 and r and it is independent of u such that

(4.16) inf u > 0k.

4r

17

Proof. We follows closely the same arguments used in [41]. For the reader’s convenience we include here some

details.

Let w := (¢ — u)4 where ¢ € (6k,26k) and consider 1) € C§°(B,), with r < p < 6r. Thus, using wi? as a test

function in (4.1) and following the computations as in the proof of Lemma 3.2 in [41], it holds that

/ / |x_yN+U;£y275)(y)) drdy
(4.17) / / max{w(z | s w(y) P(¥(e) — ())2dxdy

T — |N+23(m y)
+£2‘Bpﬂ{v<£}|du>< sup / %
{zesupp(y)} JRN\B, |!E - y‘ Y

To estimate the terms of (4.17) and in order to apply Lemma 2.10, we define the sequences, {{;};en, {p;}jen

and {p;};en such that
Pi + Pj+1

gj =0k —+ 2_j_1(5k, pj = 4r + 21_j7’, ﬁj = 5

Let us define
Wy 1= (gj — U)-‘r’ Bj = Bpj'
Consider 9; € C3°(Bs,) such that 0 < < 1, ¢ =1 in Bjyq with [Vep;| < 2073 /.

Using Remark 2.1, it follows that
—w(y)Y(y))®
/|wﬂ/@ 50 d:l: %o </ / |N+23(xy) dzxdy.

Therefore, taking into consideration that

wjth; > (6 — €3 + 1) in Bjpy N{v <L},
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with C independent of j, we reach that,

2 2
(/ w0 da“") S0 > (4 = £541)%| By N {v < 410} To
B;
Hence we conclude that
B:i1N {’U <l 1}|d 2%
0 — 0. 2 | j+1 Jj+ i\ 23,
(J l J+1) ( |Bj+1|d,u )
2
—(N—2s0) —w(y)v(y))
0 / / |33 — |N+25(1,y) da:dy.
Applying (4.17) to wj, it holds that
B, 1N {’U <V 1}| T
i — 0, 2 | Jj+1 J+ S0
=t (FH g )
max{w(z), w(y)}* (¢ (z) —P(y))*
(4.18) S TNozeg) r(N=2s0) 230) < / / |x — y|N+2s(zy) dudy
dy
+02\B;Nn{v<t; sup / _ ]
]| J { J}| (wesupp(6;)} JRN\ B, ‘x_y‘N+2s($,y)

Using again Remark 2.1, we get

/ / max{w(z L _(y)]\};+(zsgy)) Y(y)) drdy
<0/ / max{w(z), w(y)}*(P(z) — ())dedy

|z — y|N+2s1

(4.19)
< C||Vy,|)2 / dgc/ mdy
- L= (Bs) B;n{v<t;} B, lz—yl¥
< OV 5r20 / do = C2¥ 03~ [B; N {v < {;}].
Bjﬂ{’v<lj}

Now, we estimate the term

sup / _dy
{z€supp(v;)} JRN\B, |z — y|N+2s(zy)”
Since s(z,y) < s1, we get
Sup / T Nizay =€ sup / %y
fresupp(v)} JrN\B, [T = YN IR T cpp )y Jrrs, [ — gV
Thus, as in [41, lemma 3.2], and by taking into consideration (4.18) and (4.19), it follows that

‘B 1ﬂ{’0<]+1}‘ s s C —2s
(65— i) ( = Byl ) 0 < 042 1+N)€2W 1By n{v < 4}
CYCH2aNE B 0 {v < 5}

<
= T B;]

where C is a positive constant which is independent of ;.

Setting
1B; N{v <4}
(4.20) A= 10 V >S
! | Bj
Notice that, -
|Bﬁrﬂ{u<€0}| < C 1
| Bor| = orsi7o0 log (55)
Then, the previous estimate can be written as follows
2 C'Qj(2+2sl+N)g? (1,21 (4+2s1+N)

Ao < A; < ;.
j+1 —= rz(sl—so)(gj _ €j+1)2 J = r2(s1—50) J
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Hence, we get that,

. 2*0N .
Cs (= 50+51250)

14250 .(2§3N
2;0(81—50) J

N=250 — (1,9
4

2s
sO) A1+ N— 20a0

Ajr < j

r

where Cy = % is a positive constant independent of j. Now, we are able to use Lemma 2.10 with
22

0 997 400 P
00204,b:2<2 o™ 0)>1 andﬂ=¢>0.
N — 280
Then, if
1 6031\72_32030 2(%+51+2)L(1\;;2230> 1
0<6:=— - -
SO0 gew JEC SRS T <3
and it depends only on N, sg, s1,r, we deduce from (4.20) and (4.5)
_ N7250 N N(N 250)
Ay < 03( 250 2 —(+s1+2) 2 ,r]\(])(m bo)
Hence, Lemma 2.10 implies
lim A; = 0.
j—o0
Taking into consideration that ¢; N\, k6 and p; \, 47 as j — oo, it follows that |Bs, N {v < dk}| = 0. Hence
infp,, u > 0k and the result follows. (]

Now, we prove the following reverse Holder’s inequality.

Lemma 4.6. Let r > 0 such that Bs, ;o C Q and suppose that u is a supersolution to (4.1) with u 2 0. Then,
for every 0 < B1 < B2 < N—L&so’ we have

B2
1 1

(4.21) /UBQ(x)dx <C| = / uP' (z) da
|Br|B | B3y 2|

Bs;/2
with C = C(N, so, 51, B1, B2) > 0.

Proof. We follow closely [9, 42]. Let q € (1,2) and d > 0. Set @ := (u+ d), and assume that ¢ € C§°(€2) such
that supp(¢) C By, =1 in B/, and \Vz/)| < = T,)r where 3 <7/ <7< 2.
Using 47992 as a test function in (4.1), it follows that,

))( Piz) () ) ¥ (2)
o</ / ) W) g +2/ / W) et
|9C — y[Vrsley) / RN\B,, |$ — y|NH2e@) v

By using the fact, |x\ < \y| in B x (RN \ B:.), and the positivity of & we obtain,

)) e 1( dy
Y dxdy < / 0292 dx sup / _ |
/IRN\BT’!‘/TT |£C —y‘N-‘rQs (z,y) {zesupp(¥)} JRN\ B, ‘SL’ _y|N+2s(I,y)

Now, by the pointwise inequality in [46, Lemma 3.3, (1)], there exist two positive constants Cy and Cs, depending
on ¢ such that

SN V) () dzxdy
/B /B (U(ﬁ) U(y)) (ﬂq—l(w) aq—1(y)> |.%' — y|N+28($7y)

(4.22) < —01/3 B (’112%(1($)¢(1‘) — azgq(y)d)(y)fdlx_ﬁ'v%
T ~o_ dxdy
w0 [ [ (@ )+ ) ) ) e

By symmetry, we get

az [ [ W Ry [ ]l -,

N+2s(z,y) N+2s(z,y)
| | —yl
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and using the same reasoning as in [9 Proof of Lemma 3.7], it follows that

0) + ) ) — Y)dady _ O [
/ / [z — y|N+2s@) < =) /u dz.

Tr

On the other hand, we have
dy -2
sup / — < Cr7*%.
{resupp()} JRV\B,, [# — y[NT2e(20)
Then, by combining the estimates above we obtain

// (@ |()a25“(y)w(y))2dwdy§0r28°/azqu,

T — |N+25(z y) (T _ 7./)250
B

Hence, we deduce from the previous inequality, Remark 2.1 and Sobolev’s inequality :

N—2s _
=0 N—2sg

Lt /~33_“2’Nd < /~* d
uN-2¢0 dx %o €z
(4.24) |Brr] ‘BT T'

B,
<———— [ 4>
N |BTT|(T_T)28° / -

Tr

Morover ¢ € (1,2) is arbitrary and > 1, then, by using Holder’s inequality we obtain the estimate (4.21)

N
N - 280
foriu=u+dand 0 < B < B2 < y=5 23 . Finally, letting d — 0 and applying Monotone Convergence Theorem to
conclude. O

Lemma 4.7. Let r > 0 such that B, C Q. Assume that u is a nonnegative supersolution to (4.1). Then, there
exists a constant n € (0,1) depending only on N and sy such that

1

1 m
4.25 —/ u"dac) < Cinfu
( ) (|Br B, B

where C' > 0 depends on N, sq, So,7 and it is independent of u.

To prove Lemma 4.7 (see [41],[51] and the pioneering work [39]), we will use the next covering lemma in the
spirit of Krylov-Safonov theory. This Lemma is taken from [51, Lemma 7.2].

Lemma 4.8. Let 20 € RY and r > 0. Let E C By.(x0) be a measurable set. For § € (0,1), we consider the set
of balls Bs,(z) C RN with x € By, (r) and |E N Bs,(x)| > §|B,(x)|. Now, define covering

Els := | {Bsp(x) N By(20), & € Bx(x0) : |EN Bsy(x)| > 6| B, ()|}

p>0
Then, either
(1) |[E)s| = §|E|, or
(2) [Els = Br(xo).

where C depends only on N.

Proof of Lemma 4.7. Let us recall that for every n > 0, we have

1 1B, N {u > t}]
(4.26) —/ u”d:z::n/ A R S 1 )
|Br| JB, | Br|

For t > 0 and i € N, we set A} := {z € B, ; u(z) > td'} where § is given by Lemma 4.5. It is clear that
Ai7' C AL Let p> 0 and = € B, such that Bs,(z) N B, C [Ai"!]5. Hence, we get

|47 N By, (w)] > 0| B,| = STleSplo
Thus, thanks to Lemma 4.5, we obtain

u(z) > 6(t6*) = 6" for all x € B,,
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and therefore [Ai~']; C Al Hence by Lemma 4.8, it follows that,
i i< O yict
(4.27) A, =B, or |4} > E\At .
So, if for some m € N we have
S m
(1.29 401> (2) 18
then A" = B,. If not, it follows from (4.27) that
m é m—
A7) > S1ap)

On the other hand, we have A;~' C A7 C B, for all i < m. Thus, by the second point of the alternative (4.27)

we reach A:™! and then
C’ m—1 C’ -1
AT 2 2 <5> A7 > <5> |Br.

Therefore |A7"| > |By|. Or this contradicts the fact that A7* C B,. Hence A" = B,.
Now let us observe that (4.28) holds if

1 A7
(4.29) m > — log < ,
1og(%) | B,

and fixing m to be the smallest integer such that (4.29). Then m > 1 and

1 AP
0<m-1< 3 log<| t|)
log(%) |Br|

Thus, using the fact that § € (0, 3), it can be checked that

Oq\‘ (@Y}

A7 >

A9
infu > t6™ = t66™ 1>t ,
B, |By|

log(Z)
ith g := ¢’
NIt = 300)
Setting £ := infp_wu. Then, we have
1Br n{u>t} A} _ Acp, -
—_ = < Co PP,
| By | By

Moreover, we deduce from (4.26)

/ u"dwﬁn/ t”_ldt—i—né/ t=16Pt=PePdt
0 a

3

| By |
(4.30)

=a" —nCs PP ——.
n 3 3

By choosing a := ¢ and n := g, we can conclude. O

an_B
n—

Now, we are ready to prove the weak Harnack inequality stated in Theorem 4.1.

Proof of Theorem 4.1.
Thanks to Lemma 4.7, we obtain

<|Blr/BTu"dx)717 SCilI?lrfu

for some n € (0,1). Fixing 1 < ¢ < %250 By Lemma 4.6 with $; = n and 2 = ¢, we get,

1
q
; / 1 /
uwl dz <C u' dx
B1) By, |

7
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Hence

1
|B|/uqda: < Cinf u

B

and we conclude. O

As a consequence, we get the next strong maximum principle.

Theorem 4.9. (Strong maximum principle) Let u € HS(')(Q) be a nonnegative function such that (—A)*Ou >0
in the weak sense. Then, either u =0 or u > 0 a.e. in Q. Moreover, if u = 0, then for all zg € Q and ro > 0
such that Bayy(x0) C Q and for all ¢ < N%SO, we have

1
essinfp (IO)UZC(T,N,So,Sl)( / uqdaz)q
570
Bro(l’O)

where C(r, N, so,s1) > 0.

5. EXISTENCE RESULTS FOR THE SINGULAR PROBLEM IN THE CASE WHERE ¢ IS CONSTANT

In this section, we come back to the main Problem:

(—=A)*y = L(f) + f(z,u) in
(5.1) u > 0 n 0
u =0 in RM\Q,

in the case where o is constant.

As mentioned in the Introduction, we will concentrate on the following sub-cases: (i) f = f(z) and g € L(Q)
are nonnegative measurable functions; (i) f(z,u) = u® with 0 < a < 1 and (iii) f = 0 and ¢ is a nonnegative
Radon measure satisfying additional assumptions that will be specified below. .

Let us begin by defining the concept of distributional solution in the case where f,g € L}, ().

Definition 5.1. Let u be a nonnegative function such that u € L*(Q)). We say that u is a distributional solution
o (5.1) if for any compact set K CC ) there exists a positive constant C'(K) such that essinfgu > C(K) > 0
and for all ¢ € C§°(Q), we have

(5.2) [ a2 Vstapae= [ l@%awdﬁ | r@otada

provided that every term of (5.2) exists.
In the case where [ depends also on w, we suppose that f is a Carathéodory function such that f(.,u(.)) €
L (Q).0

loc

5.1. Case o = constant, f = f(z) and g € L'(Q).

Let us begin by the following useful comparison principle, whose proof follows from the comparison principle
of Theorem 2.8.

Proposition 5.2. Assume that f,g € L>(Q) are nonnegative functions with g £ 0 and a > 0. Let u,v € HS(')(Q)
are nonnegative sub and supersolution, in the sense of Definition 4.2, to the following Problem

g .
(=AY = —F——+f in Q
(5.3) (w+a)7®)
: w > 0 in
w =0 in RY\ Q.

Then v < wv in .
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Proof.
Let u and v are nonnegative sub and supersolution to (5.3) in the sense of Definition 4.2, then

1 1
—APO) (y— < - .
(=8 u—v)(@) < g [(u+a)a(w) (v+ a)U(w)]
Using (u — v)™T as test function in the last inequality, we get

1 1
a2 < _ _ o\t
CH(U U) HHS(-)(Q) —= /Qg {(u—i—a)"(l) (v+a)“(l)} (U U) dr.

Notice that,

[(u + z)a(w) v+ i)o’(z):l (u—v)* <0,

since g > 0, then

0 S ||(U - U)+| Hz'ﬂg(‘)(ﬂ) S O

Thus (u —v)*(z) = C a.e. in RY with C € RY. Since u = v = 0 in RVM\Q, then (u — v)* = 0. Therefore the
result follows. O

As a consequence, Problem (5.3) has a unique positive solution u € Hg(')(Q). Moreover, if g1 < g2, f1 < f2
and a1 > as, then u; < us where u; is the solution corresponding to the data f;, g; and a;.
Before stating the main existence result of this subsection, we need the following auxiliary existence result.

Theorem 5.3. Let g be a nonnegative measurable function such that g € L™(Q) with m > 1 and 0 = const.
Then, Problem

(A = % in  Q
u
(5.4) U > 0 in €,
u = 0 in RV\Q,

has a distributional solution u such that u*z € Ho( (Q). Moreover, u is the unique solution to Problem (5.4)
in the sense of Definition 5.1 such that u"s € H, o )(Q)

Proof.
Let n > 1 and define wu,, to be the unique positive solution to the approximating problem
(=A)* V), = 97n1 in Q
(5.5) (un 30)7
’ Up, > 0 in €,
Up, = 0 in RV\Q,
where g, := min(n, g). The existence in this case follows from a classical minimization argument. We set
In
L(z,a) = ——— where a > 0.
= oy

Using the fact that L(“L 9 s decreasing for a > 0, then by the comparison principle of Theorem 2.8, we deduce

that {u,}n is 1ncreasmg with respect to n. Moreover, from the weak Harnack inequality, it holds that for any
compact set K CC € and for all n > 1

(5.6) essinfru, > essinfxu; > C(K).

Using u? as a test function in (5.5), it follows that

un (@) — un(y)) (ug () — ug (y))
//DQ ‘Jf - :Z|N+25(Ivy) : dxdy < /Qg(a?)dx

From the algebraic inequality (2.9), we get

o+1 o+1
lun® () —un® (y)I? /
C dxdy < dx.
//DQ |z — y[NT2s(@y) rdy < Qg(x) o

otl .
Thus the sequence {un? }, is bounded in HS(')(Q). In addition, the sequence {u,}, is monotone on n. Then,
o+l -
there exists a measurable function u such that u, 1 u a.e. in RV, u,> — uwE weakly in HS(')(Q). Hence
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we conclude that w, 1 u strongly in L%(Q) for all a < M. Since u > u,, for all n, we deduce from (5.6),
that essinfru > C(K) for any compact set K CC (. Hence by the above estimate and passing to the limit in

Problem 5.5, we can prove that u is a distributional solution to Problem (5.4) with uE € HS(‘)(Q).

o4l od1
To prove the uniqueness, we suppose that Problem (5.4) has two positive solutions vy, ve with v;? ,v,° €
HS(')(Q). Denote v; the solution obtained as a limit of the monotone sequence {u,},. Then, by the comparison
principle in Proposition 5.2 applied to Problem (5.5), it holds that w, < v for all n > 1. Thus v; < vy. Now, by

substraction, we obtain that

(5.7) (—A)* O (vy —vy) 0.

. o4l ot1 efl ot s(.) .
Notice that (v52 —wv;? ) is a nonnegative function with vy? ,v;* € Hy (). Define 9 to be the unique
positive solution to the problem

(=AW = 6§ in Q,
(5:8) { ) = 0 in RM\Q

where 0 € C5°(Q2) and § > 0. By Theorem 3.2, we know that v € HS(')(Q) N L*>(£2). Using ¢ as a test function
n (5.7), we deduce that

/(’1}2 —v1)0dz < 0.
Q
Hence we conclude that vo — v; = 0 and then the result follows. [l

Now, we are in position to state the main existence result of this subsection.

Theorem 5.4. Assume o(.) = o. Let f and g be nonnegative measurable functions such that f,g € LI(Q) .
Then, Problem ( 1) has a unique positive distributional solution u such that w € L*(Q2) for all a < W and

Tp(u®s) EH ( ) for all k > 0.

Proof.

The proof is based on sub and supersolution method and iteration arguments.
For this purpose, let us build a supersolution to (5.1). In fact, let v be the unique solution to Problem (5.4)
obtained in Theorem 5.3 and let w be the unique solution to Problem (3.1) with h = f.

Then, by Theorem 5.3, we know that v € Hb( )(Q) thus v3" € HZ° (€2). Hence using Sobolev inequality, we
obtain that v*3 € L% for all a; < — 2 . Now, since f € L*(f2), then w € L(Q) for all ay < N_L% Setting

u = v + w, then, we deduce that w € L%() for ever a < mln{ (]‘\7:2?, N72SO} = Ni\gs(]

(—A)Va(e) = =+ f > ; +/

and

Thus @ is a positive supersolution to (5.1) with u € L“(Q) for all a < 250.

Now, let u,, be the unique solution to the approximating Problem

(=A)* Oy, = L — +/fn iIn Q,
(5.9) (un +3)7
) Up, > 0 in  Q
Up, = 0 in RV \97

By the comparison principle in Proposition 5.2, u, < @ for all n. Moreover, {u,}, is increasing. Using now
Ti(u?) as a test function in (5.9), it follows that

/ /D e _unﬁx))_(Tkz(wzi m))y)_ Tk(u%(y)))dxdys / g+k / f.

Hence by the algebraic inequality (2.10), we deduce that the sequence {Tk(un )}n is bounded in H ()(Q)
Moreover, the sequence {u,}, is monotone on n, we get the existence of positive measurable function u such

o+l P
that u, T u a.e. in RN, Thus u > C(K) a.c in K, for any compact set of Q and Tj(un® ) — Tp(u"z" ) weakly in
H:(Q). Since u < @, then @ € L3() for all a < 5
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Let ¢ € C§°(92) with Supp ¢ C K, where K is a compact set of 2. We have

dn g g
mldﬂ + faldl < E¢>+f|¢\ < O(K)0¢>+f|¢|,

where we have used the fact that u; > C(K) a.e. in K. Then, by the Dominated Convergence Theorem, we
obtain

/g7n1[,¢dx+/fn¢—>/ %¢dx+ fodr as n — oo.
Q *) Q Qu Q

(un + oy
On the other hand
: —_A)s() — T —_A)s() — 7 _A)s()
nll)rfoo /Q (=AY, d ngr—lr-loc A un (=AY dde n,gg-loo A u(=A)"pda.
Hence, u is a weak solution to Problem (5.1) with uw € L*(Q2) for all a < %M and Ty(u”s") € HS(‘)(Q) for all
k> 0.

Concerning the uniqueness, we proceed in the same way as in the proof of the uniqueness part in Theorem
5.3. O

5.2. Case o = constant, f(z,u) =%, and g € L}(Q).

Now, we deal with the case where f depends on the unknown function u. To simplify the presentation, we
will only consider the potential case i.e. f(x,u) = u® with « > 0. Namely, we study the following Problem:

(A = g(:(r)) +u® in 9,
uO'.
(5.10) u > 0 o Q
u = 0 in RN\Q

where g € L'(Q) and g = 0.
Theorem 5.5. Let 0 < g € LY(Q) . Then, for every o > 0 and for every a € (0,1), Problem (5.10) has a
distributional solution u > 0 such that "% € H )(Q)

Proof.

We will use monotonicity argument. Let ug = 0 and for n > 1, we define u,, € Hg(')(ﬂ) to be the unique solution
to the Problem

—~

s(. 9n W

(—=A) Oy, = m +ud_, in

(5.11) " >0 oo
Up, =0 in RNV\Q,

where g, := min(n, g). The existence of {u, }, follows by using an induction argument. For the convenience of
reader, we will include some details. Recall that ug = 0, we define u; to be the unique solution to the Problem

CAPOy, = Iy
( )"y (Ul +1)° n )
U > 0 in Q,
U = 0 in RM\Q.
Notice that the existence of u; follows using minimizing argument. Since (gﬁ < g1, then we can show that
41
uy € L*°(Q). Thus, again using minimizing argument, we can define us as the unique solution to the Problem
CAY Oy = 92 +uf in Q
( ) 2 (ug + % )o 1 )
U9 > 0 in €,
U =0 in RM\Q.
Notice that (iill)g +uf <2995 +uf € L°(Q). Hence by an induction argument, we get the existence of u,,
U9 3

that solves Problem (5.11) with u,, € L>(2) N Hg(')(Q). In addition, {u,} is an increasing sequence.
Now, using uZ as test function in (5.11), we get,

2 < /7911112 dm+/u°‘+gdm.
H(S)(*)(Q) - Q (un_i_l)a O n

n

o+l
Cllun®|




26 K. BIROUD, E.-H. LAAMRI

Since a < 1, it follows that a + 0 < ‘%‘12;0. Hence, applying Holder and Sobolev inequalities imply that

ol o+l o+l
{un? }, is bounded in Hé( )(Q) Therefore there exists a measurable function w such that up,? — wu,> weakly
2
in HO( )(Q), un T w strongly in L —= () and u, — u a.e. in RY. Hence, we easily conclude that u is a

distributional solution to (5.10).00

Remark 5.6. The above existence result still holds if we replace the term u® by the linear term Au with \ small
enough. The case where a > 1 is more complicated and left as an open problem.

O

5.3. Case 0 = constant, f =0, g is a nonnegative Radon measure.

In this paragraph, we study Problem (5.1) when g = p is a nonnegative Radon measure. To this end, we
shall need of definition and some properties of fractional relative (s(.),2) — capacity with respect to Q. Readers
who are not familiar with the concept of relative capacity might want to start by reading the first part of the
Appendix.

Before stating the main results of this section, we need the following three definitions.

Definition 5.7. -
— Let U C ) be a relatively open set, that is, open with the relative topology of Q). The variable order fractional
relative (s(.),2)-capacity of U with respect to Q is defined by

C’apz(_m)(U) = inf {||u||§15(,)(9) ;u€ HsO(Q)and u > yy a.ein Q}

— More generally, for any subset B C Q,
Capg('m)(B) = inf{Cap y,2)(U) 3 U relatively open in Qand BC U} .

In the previous definition, we have denoted H*()(Q) := W*():2(Q) and H*()(Q) = W():2(Q).

Definition 5.8. Let u be a Radon measure on . We say that p is concentrated on a Borel subset E of Q, if
w(B) = u(B N E) for every Borel subset B of RY. See, for ezample, [37, page 746].

Definition 5.9. Let u be a nonnegative Radon measure in Q. We say that y is singular if it is concentrated on
a subset B2 C ) such that C’apg(.m) (E) = 0. We denote the set of singular positive measures by M.

Now we are ready to state and to prove the principal theorems of this section.

Theorem 5.10. Let p be a nonnegative Radon measure concentrated on a Borel set E such that Capg(,)}Q)(E) =
0. Let {gn}n be a sequence of nonnegative bounded functions such that g, — p in the narrow topology of measures.
Let u,, be the unique solution to the approximated Problem (5.5). Then, up to a subsequence,

o+1

un®> — 0 weakly in HS(')(Q) as n — oo.

Proof. We follow closely the argument used in [4]. Since p is a singular measure with respect to the capacity

Cap?(_m, then for all € > 0, we get the existence of an open set U, CC €2 such that £ C U, and Cap?(.m(Us) <e.
Thus there exists a regular function ¢. in C§°(£2) such that ¢. > 0, ¢ =1 in U, and

6:(2) ~ 9.l
I, et <=

Using Picone’s inequality stated in Proposmlon 2.7 to u, and ¢, we obtain

oyt 6.a)  6.(0)
Q/ ( ) ¢ d <//DQ |$— ‘N+291y)d xdy < €.

Thus
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Applying this time Holder’s inequality, we obtain

- 1
gn gn o+1 CES
o a < ([ ) ([ )
/U5 (Un"'%)g U, (uvz+%)g+1 U.

=

gn 011 o
C(/ 76[.%’) < Ceo+t,
v. (un + %)G-H B

€

IN

We claim that for all ¢ € C5°(Q),

lim 971
n—oo Q (Un + E)U

gn 9n gn
I eldz < o — gy I 1d
/Q(uﬁi)gw : < ol /E<un+;>v v /Q\Ua ol

gn
< ¢l 8+/ — 1 |Pldr.
Il a\v. (un + l)"| |

€ n

¢dx = 0.

First, we have

Second, since p(2\ U:) = 0, we can choose a sequence {gy, }» such that Supp (g,,) C Ue if n > ng. Thus

In .
————|¢|dr =0 if n > ng.
/Q\UE (unJr%)gl |

Hence

(5.12) lim In

——— ¢ dr=0
n—=oo Jqo (un+%)a¢

and the claim follows.
By using the same computation as above and again applying Holder’s inequality, we easily get

(5.13) lim I —¢dr =0 for all a < o and for all ¢ € C5°(1).

n—o0o [o (un + ﬁ)

o4l
Now, using uZ as test function in (5.5) as in the proof of Theorem 5.3. Then, we get the sequence {un? }n is

bounded in H s )(Q) Thus, there exists a subsequence still denoted by {uw,}, such that un — 4% weakly in

]I-]IS( )(Q) It is clear that u solves (—A)*)u = 0. Moreover, by using an approximation argument, we can take
u? as a test function in 5.5 to obtain that

o41
Clo)fu="

B0 S /W(—A)S(')u =0.

O
Since u = 0 in RN \ €, then « = 0 and the result follows. O

For the more general case g = jus + h where h € L'(Q2) and pu, is a singular measure, we can prove the next
improvement.

Theorem 5.11. Let {{,},, and {hy,}, be two sequences of nonnegative bounded functions such that £, — p in
the narrow topology of measures and h,, — h strongly in L*(2). Let u,, be the unique solution to the approzimated
Problem (5.5) with g, = £, + hy,.

Let w be the unique distributional solution to the Problem

s h . o+l s(.
(5.14) (=AY Oy = I D(Q),wF € H: (),

obtained by approxrimation. Then, up to a subsequence,
o+l

otl . s(.
up? —w 2 weakly in ]HIO( )(Q)

Proof. Using the same arguments as in the proof of Theorem 5.3, we deduce that the sequence {un } is bounded

o+1
in HO( )(Q) Hence, up to a subsequence, we get the existence of w such that w o e ]HIS( )(Q) and un —~ T

weakly in HO( )(Q)
By the same techniques used in the proof of Theorem 5.10, we obtain

Ly
lim ————¢dx =0 for all ¢ € C°(Q).
n—oo Jq (un + %)Ud) ¢ 0 ( )
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Let v,, be the unique positive solution to Problem

—A)sOy, = Q,
(=AW ot %)U in
v, >0 in Q,
Up = in RY\Q.

Then according to the comparison Principle in Proposition 5.2, we obtain u,, > v, > v for all n > 1. Thus for
any compact set K of Q, we have u,, > C(K) > 0 for all n.
Finally, we can easily show that w solves (5.14) at least in the sense of distributions.

O

6. EXISTENCE RESULTS FOR THE SINGULAR PROBLEM WHERE THE FUNCTION o(.) IS NOT CONSTANT

Throughout this section, we assume that o : x +— o(z) is a positive continuous function and nonconstant.
As mentioned in the introduction, the situation is more complicated in this case. In fact, several estimates, valid
in the case ¢ is constant, no longer hold.

In the beginning, assume that f = 0. Then, Problem (5.1) can be written as

(—=A)*Cy = % 5 in Q
ua’ x
(6.1) U > 0 in Q
u =0 in  RM\Q.

Then we have the next existence result.

Theorem 6.1. Let g be a nonnegative function such that g € L™ () with m > 1. Then, Problem (6.1) has a

unique distributional solution u such that u € L*(Q) and Tk(ua*;l) € Hg(')(Q) where o* = ||o|| L () -

Proof.
Let n > 1, define u,, to be the unique solution to the approximating problem
CAPGy, = I
) (=AW, (n %)U(I) in Q,
(6.2) Up, > 0 in Q,
Up = 0 in RNM\Q,

where g, := min(n, g).
First of all, the existence in this case follows from Schauder fixed point Theorem.

To make the paper self-contained as possible, we include here some details.
Fix n > 1 and consider the operator R : L?(Q2) — L?(2) defined by M(v) = u with u being the unique solution
to the problem

gn .
(A Oy = — —— in Q
(6.3) (b4 + )76
: U > 0 in  Q
u =0 in RNV\Q,
Since In < C(n,||o]]eo), then R is well defined. Hence we get the existence of R > 0 depending

(v4 +5)7@) —
only on n, ||o||« such that if R(Br(0)) C Br(0), where Br(0) is the closed ball of L?({2) centered at the origin
with radius R. It is not difficult to show that R is continuous and compact. Hence using the Schauder fixed
point Theorem, we get the existence of u, € L?(Q) such that R(u,) = u,. It is clear that u, is a positive
solution of (6.2). The uniqueness of w,, follows using Theorem 2.8, where in the same way we deduce that {uy},
is increasing in n.

Let 0* = max,cq o(z). Using Ty(ug ), where Ty is defined in (2.3), as a test function in (6.2). We obtain

// (00(0) = O (0D =T ) g ¢ [ 9T 0D,
Dq e

|$ _ y‘N+2s(w,y) (un + %)o’(r)

Notice that
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o (u, + n)"(z) {(ug* <k} (un + )"(I) (ug >k} (Un + 5)7@

o —o(x) In
gn(ud (z))dx + k/ —dz
/{uz* <k} fug >k} (Un + 35)7@

C(k) / gdz.
Q
Thus we deduce that

;//DQ (Un () — U (Y)) (T (uG () — Ti(ug (y)))dmdy < C)lgllson.

|l’ _ y‘N+25(z,y)

IA

IN

In addition, we have

S ICCREC 0 @) = Tl W) g0 S o ) 2

|z — y[N+2s() HO ()

Hence as in the past subsection and taking into consideration that {u, }, is monotone, we get the existence of a

o*+1 o
measurable function u such that u, 1 u a.e. in RN, Ty (un 2 ) — T(u"2 ) weakly in HS(‘)(Q). It is clear that
essinfru > C(K) for any compact set K C Q and that u,, — u strongly in L'(Q). Hence by the above estimate
and passing to the limit in the problem of u,,, we can show that u is a distributional solution to problem (6.1)
with T (u” i ) e Hg(') () and u € L' (). The uniqueness follows thanks to comparison principle in Proposition
5.2 and the monotonicity of the singular term. O

In order to show more regularity result for the solution to Problem (6.1), in the case where o(.) is not a
constant, we will consider the set

Qs :={x € Q; dist(z,00) > §} with § > 0,
and we will distinguish two cases, depending on whether ||o||; ) > 1 or not.
More precisely, we have the next regularity result.

Theorem 6.2. Assume that o is positive continuous function in . Let u be the unique distributional solution
to Problem (6.1) obtained in Theorem 6.1 and define o™ := ||o|| (). Then
1) If o(z) <1 in Qs for some § >0 and g € L(on)/(Q), then u € ]HIS(')(Q)

2) Ifo(x)>1inQs, 0* > 1 and g € L™ (Q) where m; = J]:,[fQS:;) , then u = ]HIS( )(Q)

Proof. Let u, be the unique solution to the approximating problem (6.2) and consider the set ws := Q\ Q5.
Thanks to the Harnack inequality and the monotonicity of {u,},, we get the existence C,,, independent of n
such that u, > C,,.

In the first case we have just to show that {u, } is bounded in HS(‘)(Q). More precisely, using u,, as test function
n (6.2), it holds that

[l

gn 9n
. = T ——Uyd g Und.
H; O () /Qé (tn + L)7@@ + /M (tn + L)r@@ "
/ gnd:c+/ gnunder/ —g? Undx
Qsn{un<1} Qsn{un>1} ws O

lgllzr@ + (1 4+ 11C57O | p=ey) / Gntind.
Q

IN

IA

Therefore, by applying Holder and Sobolev inequalities, we get

2 % |un ) ( )|2 %
/gnundx<llgl\L<25 >(Q)(/Un°) v <0 //D dedy)
Q

Thus, we obtain ||un||H5(.)(Q) < C. Thus we conclude. For the second case, we use uJ as test function in (6.1)
0

and proceed as in the first case. U
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Now, going back to Problem (5.1), with o(.) # constant. By following the same arguments as in the proof of
Theorem 5.4, we get the next existence result.

Theorem 6.3. Suppose that o(.) is a nonnegative continuous function in . Then for all f,g € L'(Q) with
f > O and g = 0, Problem (5.1) has a unique positive distributional solution u such that w € L'(Q) and

T (u® )GHS()( Q) for all k > 0. O

In the case where f and g are more regular, we can improve the regularity of the solution. In particular, we
have the next improvement.

Theorem 6.4. Let o be a positive continuous function in Q and consider u to be the unique distributional
solution to Problem (5.1) obtained in Theorem 6.3. Then

1) Ifo(z) > 1in Qs and f, g € L™ (Q) with my = 2XZ D 4hen o5 € HV(Q).

N+2sg0*?
2) If o(z) <1 in Qs and f, g € L) (Q), then u € HY ().
Proof. We use the same reasoning as in the proof of Theorem 6.2. O

In this regard, we can prove the existence of a solution for all g € L'(Q) when o(x) > 1 in Q. This is the
purpose of the following theorem :

Theorem 6.5. Assume that hypotheses of Theorem 6.4 hold. Suppose that g € L*(Q) and f € L(Q;O)/(Q). Let u

o 41
be the solution to Problem (5.1) obtained in Theorem 6.3. Then, Gy (u) € HS(')(Q) and Ty, * (u) € H‘S(')(Q) for
all k> 0.

Proof. Recall that u,, is the solution to the approximating Problem (5.9). Then, using G (u,) as test function
n (5.9), Hélder and Sobolev inequalities, we get

Gr(u
2 < dn k n
HO(@) = /Q(un I8 a(m) f”Gk (un)d

< [ e+ 10, o |Gul 25

||kt ||Loo(9)||g\|L1(Q)+C||Gk(un)\ s<->(9)~

Cl|Gr(un)

IN

o*

ot
Hence {G(un)}n is bounded in HS(‘)(Q). We prove now that {T (tn)}n is bounded in H ()(Q). Testing
with T¢ (u,) in (5.9), it follows that,

o*+1 T° (
2 2 < gnki

< / guT] ‘““’(un)dmc(a*,k,\|f||u<m>
< KT O ey llgll ) + Co™ Ky [ fl £1 o))
< Ck, o || fllzr@)s lgllr@)

o* 41
Taking into consideration the monotony of the sequence {uy, }n, it follows that Gy (u) € HS(') (Q)and T, > (u) €
HS(')(Q). Hence we conclude. O

Remark 6.6. The existence results in Theorems 5.4 and 6.3 hold if we replace f with a nonnegative bounded
Radon measure . This follows by using the fact that we can approximate p by a sequence of bounded functions

{fntn with ||fn||L1(Q) <C.
|

7. APPENDIX

Inspired by the papers [70, 18], we will introduce two notions of (s(.),p) — capacities connected with the
variable order fractional Sobolev spaces W#*():» (©2). Then, we will give a decomposition Theorem for regular
signed measures with respect to (s, p) — capacity. As an interesting application, we will extend the famous result
of [22] about a nonlinear problem involving the usual Laplacian to a nonlinear problem driven by the regional
fractional Laplacian.

In order to make this paper self-contained, we include some details for the reader’s convenience.
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7.1. Different notions of capacity.
In this paragraph, we will introduce three notions of capacity and gather some of their properties that we have
already used in section 5 or will use in the last part of this appendix.

Throughout this paragraph, we will assume that p € [1,+00) and the function s(.) satisfies the hypothesis
(Hl) and (HQ)

e Choquet capacity
First, let us recall the definition of the so-called Choquet capacity.

Definition 7.1. Let T be a topological space and let P(T) be the power set of T. A mapping C : P(T) — [0, o]
is called a Choquet capacity on T if the following properties are satisfied:

(1) C(0) =
(2) Let (A,B) € P(T) x P(T) such that A C B, then C(A) < C(B),

(3) Let {An}n be an increasing sequence of subsets of T. Then hm cA U Ay)

(4) Let {K,}, be a decreasing sequence where K,, is a compact subset of T . Then

lim C(K ﬂK

n—-+oo
n=0

For more details on the Choquet capacity, we refer the interested reader to [34, 44].00

e Variable order fractional (s(.),p) — capacity

Definition 7.2. Let O be an open set of RN . The variable order fractional (s(.),p) — capacity of O is defined by
Cap(y()p(U) = inf{HuHﬁvs(_)yp(RN) cue WOP(RY) and u>1 a.e. in O} .

Now, we will gather some properties of the variable order fractional Cap(s(.),p) that can be proved by using the
same approach as for the “classical” Sobolev-capacity, see [12, 43, 70].

Theorem 7.3. Assume that (H1) and (Hz) hold. Then, the variable order fractional capacity Capy() ) has the
following properties :

(i) Cap(s(y,p) i a Choquet capacity.

(i) For any subset M of RN, we have

Cap(s(.y,p) (M) inf{ Capy( ), (O) ; O open subset of RN and M C O}
(K); K compact subset of RY and K C M}.

= sup{ Cap p)

(iii) For any compact subset K of R, we have
Capy(y2(K) = inf{”“||€vs(.>,p(RN) ; we€CP(RY) and u>1ae on K}.O

e Variable order fractional relative (s(.),p) — capacity

Before going further, one should note that the fractional Sobolev version of the relative (s, p) — capacitie has
been introduced in the case where s(.) is constant in [70] (see also [18]). Here, we will extend this notion to the
case where the function s(.) is not a constant function.

In what follows, € is an arbitrary (unless otherwise specified) open subset of RY with boundary 952.

Definition 7.4. Let U C Q be a relatively open set, that is, open with the relative topology of Q. The variable
order fractional relative (s(.), p)-capacity of U with respect to Q) is defined by

C’ap?s(‘)’p)(U) 1nf{||u||ng(Q ;ueWsP(Q) st. u>1 ae on Ul

_ N Q —
Remark 7.5. [fQ =R 5 Ca‘p(s(),p) = Ca’p(s(.),p)‘

Theorem 7.6. Assume that (Hy) and (Hz2) hold. Then, the variable fractional relative capacity Capg(.)yp) has
the following properties :
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(i) Capg(%p) is a Choquet capacity on Q.
ii) For any subset M C Q, , we have
(i) Y
C’apg(.m) (M) = inf{ C’ap?&)Q(U) ;U relatively open in Q and B C U}
= sup{C’ap?s(.)’p)(K) ; K compact subset of RY and K ¢ M C Q}.
(iii) For any compact K subset of Q, we have
Cap?(_),p(K) = inf{\|u||€vs(‘),p(ﬂ) s ue WOP(Q)NC(Q) and u > 1 ae. on K}.O

e Decomposition of a signed measure in M} (Q2)

Before stating the main result of this paragraph, we will introduce two notations. We denote by :
— M,y(Q) the set of all bounded signed measures on 2 ;

— M7 (Q) the space of all measures in M, (Q2) such that u(E) = 0 for every set E fulfilling Capgp(E) =0.
Inspired by the papers [22, 72], we have the following decomposition of a measure of M, ().

Theorem 7.7. Let Q2 be bounded domain in RN with boundary OS2, u be an element of My(Q), s € (0,1) and
1 <p<+oo. Assume that Capgp(aﬁ) =0. Then, p € LY(Q) + W=7 (Q) if and only if p € MP(Q).

The main idea in the proof of Theorem 7.7 is similar to the proof of [72, Proposition 2.6], see also [22, 37, 36]. O

7.2. Application. In this subsection, we deal with the following Problem,

(=Au+uD?(u) = pu in Q,
(7.1) u = 0 in RM\Q
U > 0 in €,
where () is bounded regular domain of RN and s € (4,1). Here D?(u) is a nonlocal term that plays the role of

the gradient square in the nonlocal case and it is given by

e [ Jule) )
Diw =32 [ drdy

2 |z — y| N2

with ay s is the normalization constant given by (1.3).

It is worth to mention that the case, where the nonlocal gradient term D?2(u) appears as a reaction term, was
studied recently in [7]. Existence of a solution is proved under restrictive condition on the datum p.

Since we are considering our problem with general datum, we need to specify the concept of solution. We

begin by the following definition, see [13] and [3].

Definition 7.8.
— Let u be a measurable function. We say that u € Tg> () if Ti(u) € W2(Q) for all k > 0.

— Let u € Tg*(Q). We say that u is a renormalized solution to (7.1) if uD?(u) € L'() and the following
conditions are satisfied :

(i)
. (v)|
7.2 1 =0
(7:2) htoo //A(h |z — y\N”é ’

where
A(h) = {(z,y) € RY x RV 5 h+1 < max{|u(2)], [u(y)|} and min{|u(z)], [u(y)[} < or u(z)u(y) < 0}
(ii) for any ¢ € C(Q) and S € WE(RY) with compact support, it holds that

(u(@) — u(y)) ((S(w)o(x) — (S(u))o(y) y )
//DQ o — y| V2 drdy + ; S(u)puDs(u) = A S(u)pdu.

The main result of this subsection is the following :

Theorem 7.9. Let Q be bounded regular domain in RN such that Capgp(aQ) =0, u € Mp(R2) and s € (
Assume that u is a solution to (7.1) in the sense of the definition 7.8. Then p € MY ().

1).

1
2
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Proof. Let u be a renormalized solution to (7.1). To prove that p € M¥ (), it suffices to prove that u € WO‘52(Q)
Moreover Ty (1) € WE2(€2), then we have just to prove that Gy (u) € W2 (Q).
Define the following subsets

Ay = {(z,y) € RN xRV ; u(x) < k and u(y) < k},

Ay ={(z,y) € RN xRY ; u(z) > k and u(y) > k},

As = {(z,y) e RN xRY ; w(z) < k and u(y) > k},
and

Ay = {(z,y) e RN xRN ; u(z) > k and u(y) < k}.
Thus, if Gy (u) € WS’Q(Q) for every k, then, by using the previous sets, we obtain

//Dn <Gk(u|(§)i;|]€igg( //A2 |x— |N+2s) dady
(7.3) //A |$_ |N+2gda:dy

———————dx dy.
//,44 |z — yIN“S
In addition, uD?(u) € L*(2). Then, we obtain

) y))?
/ ubs( / / |x— |N+23 o g B

( ) —u(y)?
7.4 / / —dwd
( ) {u(x)>k} ]RN |:C ; y|N+2s Y
>k/[42 |z—y\N+25 ————"dxdy.
Hence
(7.5) //A = |N+2) dxdy < C(k).

On the other hand, we have

2( y)*
/uD /]RN / |N+2g ——————"dxdy

Ry = e
> C’/RN /RN E _|11\L/j-(23i)) dxdy,

which implies that u2 € W3(Q) and Gy (u?) € W2(Q) for all k > 0.
Thus, by using the same computation as in (7.3), we get,

// (Grlui( G’“(“%(y)))Qdacdy _ // (uf (2) - u%(y))gdxdy
Do |~’C - |N+253 Wi @skud@sey | -y y|NF2s
(uz(y) — k)? (uz () — k)*
(7.7) // oo gy Ay [ e Ve Y
(03 (@) <k (y)>k} |z -y {u2 (z)>k,u2 (y)<k} |z -y

— k)2 —k
2 // 3 3 (UZ(y) N+2)s dxdy+// 3 3 (U2(I) N+2)s dmdy
{ud @) <kt )=k} [ =Yl {ud @)>kud <y [Tl

Now we claim that, by choosing k; > 0 such that u? (y) > ki1, we obtain
2
(78) (u? (y) = k1)* = Clk) (uly) - k{)?

where C'(k1) is a positive constant.
Indeed, since u? (y) > ki, we have

(u? (y) — k1)? = u®(y) <1 - fl > > kyu(y) <1 _ ke )
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By setting 7 = —1— we have 7 € (0,1) and

u2 (y)

uly) (1= 7)° 2 kf (L= 7)° 2 Clk) (1-72)

where we have used the fact that (1 —7)% > C(1—173)2 for all 7 € (0,1). Thus (7.8) follows. So, inequality (7.7)
implies

3
3 _k 2
(7.9) //{ e ” }dedy< oo for every k > k.
u?2 (z)<k,u?2 (y)>k -

Hence, by using the same computations as above, we obtain

3
3 _k 2
(7.10) // . . %dm dy < oo for every k > k.
{u2 (y)<k,u2(z)>k} |z —yl
Combining (7.3), (7.5), (7.9) and (7.10), we get Gy(u) € WS*(Q). Or u = Ti(u) + G (u), then u € W2 (Q).
Hence (—A)*u € W~*2(Q) (the dual space of W;*(Q)) and we conclude that u € ME(Q). O
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