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Influence of In-induced resonant level on the normal-state and superconducting properties of Sn1.03Te

Normal-state transport properties (2 -300 K) of the polycrystalline series Sn1.03--xInxTe (0  x  0.07;   0.0025) were investigated by means of electrical resistivity, thermopower, Hall effect and thermal conductivity measurements. The distortion of the valence band structure by the Ininduced resonant level (RL) has a profound influence on the evolution of the normal-state 2 properties with x and on the emergence of superconductivity evidenced by specific heat measurements down to 0.35 K. In addition to a nearly forty-fold increase in the residual electrical resistivity 𝜌 0 on going from x = 0.0 to 0.05, the thermopower 𝛼 shows a nonlinear, complex behavior as a function of both temperature and x. While Hall measurements indicate a dominant holelike response across the entire composition and temperature ranges, 𝛼 changes sign below about 100 K and remains negative down to 5 K for 0.0015  x  0.0045. Additional measurements under magnetic fields 𝜇 0 𝐻 of up to 14T further shows that 𝛼(𝜇 0 𝐻) gradually shifts towards positive values, suggestive of a dominant holelike contribution to 𝛼. Superconductivity emerges for x = 0.02 at a critical temperature 𝑇 c = 0.67 K, with 𝑇 c increasing with x to reach 1.73 K for x = 0.07. The variations in the superconducting parameters with x, notably the specific heat jump at 𝑇 c , confirms the results reported in prior studies and suggests a non-trivial role of the RL on the electron-phonon coupling strength. The striking similarities between this series and the canonical resonant system Pb1-xTlxTe provide an excellent experimental opportunity to gain a deeper understanding of the close interplay between resonant level, anomalous transport properties and superconductivity.

I. Introduction

Narrow-band-gap chalcogenide semiconductors continue to be of prime interest for the design of highly-efficient thermoelectric materials for applications in power generation. [START_REF] Goldsmid | Thermoelectric Refrigeration[END_REF][START_REF]Thermoelectrics and its Energy Harvesting[END_REF] The electronic band structure of most of these semiconductors can be manipulated by specific dopants that induce a distortion near the valence or conduction band edge, a mechanism known as resonant level (RL). [START_REF] Heremans | Enhancement of thermoelectric efficiency in PbTe by distortion of the electronic density of states[END_REF][START_REF] Mahan | The best thermoelectric[END_REF][START_REF] Heremans | Resonant levels in bulk thermoelectric semiconductors[END_REF] A significant increase in the thermopower 𝛼 is observed when the chemical potential resides in this local distortion, ultimately leading to enhanced thermoelectric properties. A canonical example of such a behavior is the p-type Tl-doped PbTe compounds for which the Tl atoms act as the resonant impurities. [START_REF] Heremans | Enhancement of thermoelectric efficiency in PbTe by distortion of the electronic density of states[END_REF] In addition to this system, resonant levels have been induced in a restricted set of narrow-band-gap chalcogenide semiconductors that include Sn-doped Bi2Te3 and -As2Te3 and In-doped GeTe. [START_REF] Heremans | Enhancement of thermoelectric efficiency in PbTe by distortion of the electronic density of states[END_REF][START_REF] Wiendlocha | Localization and magnetism of the resonant impurity states in Ti doped PbTe[END_REF][START_REF] Jaworski | Resonant level formed by tin in Bi2Te3 and the enhancement of room-temperature thermoelectric power[END_REF][START_REF] Wiendlocha | Resonant Levels, Vacancies, and Doping in Bi2Te3, Bi2Te2Se, and Bi2Se3 Tetradymites[END_REF][START_REF] Wiendlocha | An Sn-induced resonant level in β-As2Te3[END_REF][START_REF] Whu | Resonant levelinduced high thermoelectric response in indium-doped GeTe[END_REF] In Pb1-xTlxTe, a concomitant effect to the formation of the RL is the emergence of superconductivity beyond a critical Tl concentration of around 0.3%. [START_REF] Nemov | Thallium dopant in lead chalcogenides: investigation methods and peculiarities[END_REF]12 What makes this observation particularly intriguing is the high critical temperatures 𝑇 𝑐 of up to 1.5 K achieved at relatively low hole densities of around 10 20 cm -3 , which are unexpected based on the standard version of the BCS theory. In addition, these 𝑇 𝑐 are orders of magnitude higher than those measured in other superconducting, doped semiconductors. The difficulty to explain superconductivity in Pb1-xTlxTe with a conventional phonon-mediated pairing triggered the development of alternative scenarios. While the presence of additional carrier pockets in the Brillouin zone resulting in an increased density of states and promoting interband scattering or the creation of Te vacancies counterbalancing the additional holes provided by Tl have been proposed, 12,[START_REF] Wiendlocha | Thermopower of thermoelectric materials with resonant levels: PbTe:Tl versus PbTe:Na and Cu1-xNix[END_REF] a number of circumstantial evidence points to a possible role played by charge fluctuations of the Tl atoms between Tl + and Tl 3+ valence states. [START_REF] Dzero | Superconductivity in Charge Kondo Systems[END_REF][START_REF] Matsuura | Theory of Charge Kondo Effect on Pair Hopping Mechanism[END_REF][START_REF] Costi | Charge Kondo Anomalies in PbTe Doped with Tl Impurities[END_REF][START_REF] Matusiak | Evidence for a charge Kondo effect in Pb1-xTlxTe from measurements of thermoelectric power[END_REF] This valence-skipping mechanism has been proposed theoretically to provide a superconducting pairing interaction and to give rise to a charge-Kondo effect, explaining several normal-state and superconducting properties of the Pb1-xTlxTe compounds. [START_REF] Matsushita | Evidence for Charge Kondo Effect in Superconducting Tl-Doped PbTe[END_REF][START_REF] Matsushita | Type II superconducting parameters of Tl-doped PbTe determined from heat capacity and electronic transport measurements[END_REF] Recent photoemission spectroscopy measurements have lent experimental credit to this scenario by evidencing the presence of the two valences Tl 1+ and Tl 3+ and the absence of a second band at the Fermi energy. [START_REF] Giraldo-Gallo | Evidence of incoherent carriers associated with resonant impurity levels and their influence on superconductivity in the anomalous superconductor Pb1-xTlxTe[END_REF][START_REF] Walmsley | Direct spectroscopic evidence for mixed-valence Tl in the low carrier-density superconductor Pb1-xTlxTe[END_REF] The binary Sn1-Te ( is the concentration of Sn vacancies), crystallizing in a rock-salt cubic structure, exhibits an electronic band structure similar to PbTe leading to high thermoelectric performance when appropriately doped. The presence of inherent Sn vacancies acting as double acceptors, the contribution of two valence-band maxima to the transport in highly-doped samples and a ferroelectric transition accompanied by a cubic-to-rhombohedral lattice distortion near 100 K are the main traits that distinguish SnTe from PbTe. Despite these important differences, the partial substitution of In for Sn also leads to the formation of a resonant level, which strongly influences the transport properties above room temperature. [START_REF] Tan | Codoping in SnTe: Enhancement of Thermoelectric Performance through Synergy of Resonance Levels and Band Convergence[END_REF][START_REF] Tan | High Thermoelectric Performance SnTe-In2Te3 Solid Solutions Enabled by Resonant Levels and Strong Vacancy Phonon Scattering[END_REF][START_REF] Wang | Manipulating Band Convergence and Resonant State in Thermoelectric Material SnTe by Mn-In Codoping[END_REF]45,[START_REF] Misra | Band structure engineering in Sn1.03Te through an In-induced resonant level[END_REF] While Sn1-Te is superconducting below 0.3 K in agreement with BCS predictions, superconductivity in Sn1--xInxTe strongly resembles that in Pb1-xTlxTe at low In concentrations. Doping with In significantly enhances 𝑇 𝑐 up to 2 K for an In content of around 10% with possible signs of topological superconductivity connected to the topological crystalline insulating nature of Sn1-Te. [START_REF] Erickson | Enhanced superconducting pairing interaction in indium-doped tin telluride[END_REF][START_REF] Allen | Carrier-Concentration-Dependent Superconductivity in SnTe and GeTe[END_REF][49][50][51][52] Further increasing the In concentration to its solubility limit of 40% results in a continuous increase in 𝑇 𝑐 that ultimately reaches 4.5 K. [START_REF] Haldolaarachchige | Anomalous composition dependence of the superconductivity in In-doped SnTe[END_REF][START_REF] Zhong | Optimizing the superconducting transition temperature and upper critical field of Sn1-xInxTe[END_REF][START_REF] Balakrishnan | Superconducting properties of the In-substituted topological crystalline insulator SnTe[END_REF] Due to the valence-skipping nature of In observed in various compounds, [START_REF] Matsuura | Theory of Charge Kondo Effect on Pair Hopping Mechanism[END_REF][START_REF] Pardoe | Development of the Chemistry of Indium in Formal Oxidation States Lower than +3[END_REF] these striking similarities with Pb1-xTlxTe suggest that a valence-fluctuation scenario may equally apply to Sn1--xInxTe. While prior studies have mainly focused on the evolution of superconductivity with x at high In contents, [START_REF] Erickson | Enhanced superconducting pairing interaction in indium-doped tin telluride[END_REF][START_REF] Allen | Carrier-Concentration-Dependent Superconductivity in SnTe and GeTe[END_REF][49][50][51][52][START_REF] Haldolaarachchige | Anomalous composition dependence of the superconductivity in In-doped SnTe[END_REF][START_REF] Zhong | Optimizing the superconducting transition temperature and upper critical field of Sn1-xInxTe[END_REF][START_REF] Balakrishnan | Superconducting properties of the In-substituted topological crystalline insulator SnTe[END_REF] no detailed investigation of the lowtemperature transport properties and the concomitant emergence of superconductivity at low In concentrations has been reported so far. Because the non-monotonic evolution of the lowtemperature thermopower in Pb1-xTlxTe has been interpreted in terms of the charge-Kondo effect, [START_REF] Matusiak | Evidence for a charge Kondo effect in Pb1-xTlxTe from measurements of thermoelectric power[END_REF] it is of interest to extend these measurements to the series Sn1--xInxTe and determine the extent to which both systems behave similarly. Furthermore, it is worth underlining that, so far, no theoretical studies were able to simultaneously explain the resonant enhancement of thermopower and the presence of superconductivity, with both phenomena coexisting in the same samples in the Pb1-xTlxTe and Sn1--xInxTe systems. While electronic band structure and transport calculations successfully explained thermopower enhancement in the former, [START_REF] Wiendlocha | Thermopower of thermoelectric materials with resonant levels: PbTe:Tl versus PbTe:Na and Cu1-xNix[END_REF] mixed-valence behavior, proposed to be responsible for superconductivity, is beyond density functional theory (DFT) calculations. On the other hand, the experimentally observed resonant increase in the roomtemperature thermopower was not addressed by the mixed-valence and charge Kondo models. The lack of unifying physical picture of superconductivity and thermopower enhancement in Pb1-xTlxTe and Sn1--xInxTe motivate further theoretical and experimental studies.

Here, we provide a comprehensive study of the transport and galvanomagnetic properties of the self-compensated In-doped Sn1.03--xInxTe series for x varying between 0.0 and 0.07 between 2 and 300 K. These results are complemented by thermodynamic measurements performed down to 0.35 K. The introduction of Sn excess in the nominal composition was used as an efficient mean to decrease the concentration of Sn vacancies  to its minimum value (0.0025) that tunes the position of the chemical potential in the In-induced RL. We show that the resonant nature of In gives rise to signatures on normal-state transport properties similar to those observed in Tl-doped PbTe. [START_REF] Matusiak | Evidence for a charge Kondo effect in Pb1-xTlxTe from measurements of thermoelectric power[END_REF] In particular, the thermopower 𝛼 experiences sign changes upon cooling below 100 K, which strongly depends on x despite the very low In concentrations probed. Our results confirm the development of a superconducting state above 0.35 K for x  0.02, with several x-dependent anomalies that points to a central role played by the RL in enhancing the critical temperature 𝑇 c .

The distinct role of In in Sn1-Te is supported by DFT calculations of the residual electrical resistivity and carrier lifetime inferred from the shape of the Bloch spectral functions (BSF).

II. Experimental and computational details

Polycrystalline samples of Sn1.03--xInxTe with nominal compositions x = 0.0, 0.0005, 0.0015, 0.0025, 0.0035, 0.0045, 0.0100 and 0.0200 were synthesized by powder metallurgy. Transport properties measurements indicated that the concentration of Sn vacancies are likely decreasing with increasing x, possibly disappearing above x = 0.02. For this reason, the additional x = 0.05 and 0.07 samples were prepared without Sn excess (that is, starting from the nominal compositions Sn1-xInxTe). Prior to use, elemental Sn, In and Te (5N, 99.999%) were purified to remove any traces of oxides. These materials were sealed under high vacuum in a quartz glass tube and kept in a rocking furnace for 5h at 1100 K. The tubes were then quenched in room-temperature water.

The obtained ingots were hand-ground into fine powders inside an argon-filled glove box. The powders were consolidated by Spark Plasma Sintering at 750 K in a graphite die for 10 min under an uniaxial pressure of 65 MPa. All the samples show a relative density of more than 96% of the theoretical density. The dense cylindrical pellets were then cut into rectangular bar-shaped samples of typical dimensions 822 mm 3 for transport property measurement.

The crystal structure and phase purity were verified by powder X-ray diffraction (PXRD) at 300 K using a D8 Advance diffractometer (Bruker). Chemical composition and homogeneity was assessed by electron dispersive X-ray spectroscopy (EDXS) using a Quanta FEG scanning electron microscope. Transmission and scanning electron microscopy (TEM -STEM) analyses were performed on a thin slice of the x = 0.02 sample prepared by the dual focused ion beam (FIB)scanning electron microscope system using the in situ lift-out technique. STEM images in highangle annular dark-field (HAADF) mode were collected with a JEOL ARM 200Fcold FEG TEM/STEM microscope equipped with a spherical aberration (CS) probe and image correctors and operating at 200 keV. EDXS analyses were further realized to assess the chemical homogeneity at the nm scale.

Low-temperature electrical resistivity, thermopower and thermal conductivity (5 -300 K) were simultaneously measured in the continuous mode using the thermal transport option of a physical property measurement system (PPMS, Quantum Design). Additional measurements under magnetic fields 𝜇 0 𝐻 of up to 14T were performed between 5 and 120 K. Hall effect measurements were performed using the ac transport option of the PPMS between 5 and 300 K.

The Hall resistivity 𝜌 𝐻 was determined by measurements of the transverse electrical resistivity 𝜌 𝑥𝑦 under magnetic field reversal following the relation 𝜌 𝐻 = [ 𝜌 𝑥𝑦 (+𝜇 0 𝐻) -𝜌 𝑥𝑦 (-𝜇 0 𝐻)]/2.

The Hall coefficient 𝑅 𝐻 was derived from the slope of the 𝜌 𝐻 (𝜇 0 𝐻) data for fields -1 ≤ 𝜇 0 𝐻 ≤ 1T. The Hall carrier concentration 𝑝 𝐻 and the Hall mobility 𝜇 𝐻 were determined from the singleband relations 𝑝 𝐻 = 1/𝑅 𝐻 𝑒 and 𝜇 𝐻 = 𝑅 𝐻 /𝜌 where 𝑒 is the electron charge. We note that the second, heavy-hole valence band starts to contribute to the transport at high temperatures for pristine and lightly-doped Sn1-Te samples, [START_REF] Tan | High thermoelectric performance of p-type SnTe via a synergistic band engineering and nanostructuring approach[END_REF][START_REF] Tan | Codoping in SnTe: Enhancement of Thermoelectric Performance through Synergy of Resonance Levels and Band Convergence[END_REF][START_REF] Tan | Valence Band Modification and High Thermoelectric Performance in SnTe Heavily Alloyed with MnTe[END_REF][START_REF] Tan | Extraordinary role of Hg in enhancing the thermoelectric performance of ptype SnTe[END_REF][START_REF] Tan | High Thermoelectric Performance SnTe-In2Te3 Solid Solutions Enabled by Resonant Levels and Strong Vacancy Phonon Scattering[END_REF][START_REF] Ibrahim | Comprehensive study of the low-temperature transport properties of polycrystalline Sn1+xTe (x = 0 and 0.03)[END_REF] making the use of single-band formulas reasonable below 300 K. Specific heat measurements were performed in the temperature ranges 1.8 -10 and 0.4 -4 K using the [START_REF] Mahan | The best thermoelectric[END_REF] He and [START_REF] Heremans | Enhancement of thermoelectric efficiency in PbTe by distortion of the electronic density of states[END_REF] He option, respectively, of the PPMS. Both measurements were performed on the same small polycrystalline piece (approximately 15 mg) glued onto the sample holder by a minute amount of Apiezon N grease. Electronic band structure calculations were done using the Korringa-Kohn-Rostoker (KKR) method with the coherent potential approximation (CPA), applied to simulate the presence of dopant atoms. The Munich SPRKKR package was used. [START_REF] Ebert | Calculating condensed matter properties using the KKR-Green's function method-recent developments and applications[END_REF][START_REF] Ebert | The Munich SPR-KKR package[END_REF] The experimentally-determined rocksalt crystal structure and lattice parameter (6.32 Å) were used. Regular k-point mesh was considered in calculations, with the irreducible part of the Brillouin zone (BZ) sampled with 2500 k-points for the self-consistent cycle and 210 [START_REF] Heremans | Resonant levels in bulk thermoelectric semiconductors[END_REF] for the density of states (DOS) and Bloch spectral density functions (BSF) calculations. The local density approximation (LDA) version of Vosko, Wilk and Nussair was used to construct the effective crystal potential. [START_REF] Vosko | Accurate Spin-Dependent Electron Liquid Correlation Energies for Local Spin Density Calculations: A Critical Analysis[END_REF] For all atoms, angular momentum cut-off lmax = 3 was set and full-potential full-relativistic calculations were performed.

High convergence limits were put on the self-consistent cycle (10 -5 Ry for the Fermi level EF and for the total energy). The position of EF was obtained using the Lloyd formula. [START_REF] Ebert | Calculating condensed matter properties using the KKR-Green's function method-recent developments and applications[END_REF][START_REF] Lloyd | Wave propagation through an assembly of spheres: II. The density of single-particle eigenstates[END_REF] In addition, the zero-temperature electrical conductivity was calculated using the Kubo-Greenwood formalism, [START_REF] Ebert | Calculating condensed matter properties using the KKR-Green's function method-recent developments and applications[END_REF][62][START_REF] Greenwood | The Boltzmann Equation in the Theory of Electrical Conduction in Metals[END_REF][START_REF] Butler | Theory of electronic transport in random alloys: Korringa-Kohn-Rostoker coherent-potential approximation[END_REF] with the spherical potential approximation.

III. Results

A. Electronic band structure calculations

Figure 1 presents the calculated electronic band structure and densities of states near the band gap of SnTe. The calculated value of the band gap is about 0.16 eV, which is very close to the experimental one (0.18 eV at 300 K). [START_REF] Zhou | Optimization of thermoelectric efficiency in SnTe: the case for the light band[END_REF] Panel (a) shows the case of SnTe containing a small amount of Sn vacancies (0.32%, corresponding to a hole carrier concentration of 10 20 cm -3 typically measured in real samples), while panels (b-d) show the effect of In with increasing In concentration from 2% to 7%. As discussed in previous studies (Refs. 45 and 46), we observe the formation of the resonant state on 5s orbitals of In, which is evidenced by a "hump" in DOS curve near the valence band edge, well seen in panel (b), in contrast to the rigid-band-like behavior induced by Sn vacancies in panel (a). As characteristic for the presence of a resonant impurity, [START_REF] Wiendlocha | Thermopower of thermoelectric materials with resonant levels: PbTe:Tl versus PbTe:Na and Cu1-xNix[END_REF][START_REF] Misra | Band structure engineering in Sn1.03Te through an In-induced resonant level[END_REF] we observe an accompanying strong smearing of the resonantly-distorted valence band. Such a band-smearing effect was experimentally observed by ARPES measurements on single-crystalline In-doped SnTe for x = 4.5%. [START_REF] Sato | Fermiology of the Strongly Spin-Orbit Coupled Superconductor Sn1-xInxTe: Implications for Topological Superconductivity[END_REF] When the concentration of In increases (Figures 1c and1d), both the DOS hump and the region of the band smearing broadens, reaching the width of the L- band, which determines the normal-state transport properties of the studied material. As discussed below, this qualitatively explains the "saturation" tendency of the resonant level, that is, the electronic transport properties of the system do not change significantly above 2% of In doping.

Figure 2 presents the Bloch spectral functions plotted for a single k-vector as a function of energy. We have chosen a k-point ks marked in Fig. 1, which is located halfway between the L and  points as a representative one. However, this specific choice has no consequences on the qualitative conclusions we draw here. For a non-resonant impurity (Sn vacancy), shown in panel (a), this single-point BSF adopts the shape of the Lorenz function (see Refs. 13, 64 and 66) and its full width at half maximum  corresponds to the carrier lifetime 𝜏 = ℏ/∆ of about 2.610 -13 s (ℏ is the reduced Planck constant). For the resonant In dopant (Figures 2b to 2d), the BSF can no longer be described by a single Lorentzian. A rough estimate of 𝜏 indicates a drop by two orders of magnitude to 10 -15 s, for the heavy In doped case. This effect was in details analyzed in previous studies (Ref. 13 and 67) and allows to detect the presence of the resonant state through measurements of the low-temperature residual electrical resistivity and carrier mobility. The important observation made here is that the BSF width saturates for higher In concentrations, and the effect of resonance band smearing does not increase further above 5%. As shown below, the experimental data confirms this predicted trend as a function of the In concentration.

B. Crystal structure and phase purity

The x-ray diffraction patterns of powdered samples of Sn1.03--xInxTe evidenced that all samples crystallize with a cubic lattice described in the 𝐹𝑚3 ̅ 𝑚 space group (Figure 3). The Sn excess intentionally introduced to pin the Sn vacancy concentration to its lowest value (  0.0025) is the only secondary phase visible on the PXRD patterns. In agreement with prior studies, a tends to plateau below x = 0.01 (a = 6.3242(2) Å for x = 0.0) before monotonically decreasing with increasing x up to x = 0.07 (a = 6.3197(2) Å for x = 0.02 and 6.3140(2) Å for x = 0.07). SEM analyses did not evidence the presence of secondary phases other than elemental Sn at the µm scale. For x  0.01, SEM images did not evidence the presence of In-rich areas suggesting a homogeneous spatial distribution of In. We note that the substitution levels probed are too low to make the x-ray mapping of In meaningful. For this reason, the nominal x value will be used hereafter as an adequate representation of the actual In concentration. The elemental x-ray maps collected on the x = 0.02, 0.05 and 0.07 samples show an overall good chemical homogeneity, with notably a homogeneous spatial distribution of In. The chemical homogeneity of the x = 0.02 sample was further investigated by scanning transmission electron microscopy (Figure 4). The EDXS mappings evidence the homogeneous spatial distribution of In without any evident signs of In-rich phases or segregation of In down to this scale. In agreement with prior results on the binary Sn1-Te, [START_REF] Ibrahim | Comprehensive study of the low-temperature transport properties of polycrystalline Sn1+xTe (x = 0 and 0.03)[END_REF] elemental Sn is observed at the grain boundaries due to the Sn excess used in samples with In concentrations lower than x = 0.02.

B. Normal-state transport properties

The temperature dependences of the electrical resistivity 𝜌 for the series Sn1.03--xInxTe are presented in Figure 5a. For all samples, 𝜌 exhibits metallic character, consistent with the degenerate nature of transport in Sn1-Te. [START_REF] Ibrahim | Comprehensive study of the low-temperature transport properties of polycrystalline Sn1+xTe (x = 0 and 0.03)[END_REF][START_REF] Brebrick | Anomalous Thermoelectric Power as Evidence for Two-Valence Bands in SnTe[END_REF][START_REF] Brebrick | Deviations from stoichiometry and electrical properties in SnTe[END_REF][START_REF] Kafalas | Evidence that SnTe is a semiconductor[END_REF] Despite the low In doping levels studied, 𝜌 significantly increases with increasing x from 1.4 .m for x = 0.0 up to 9.5 .m for x = 0.05 at 300 K. The monotonic evolution with x in this concentration range no longer holds upon increasing x to 0.07. The large difference in 𝜌 (𝜌(𝑥 = 0.05) /𝜌(𝑥 = 0.0) ≈ 5.6 at 300 K) is enhanced upon cooling resulting in a strong increase in the residual electrical resistivity 𝜌 0 on going from x = 0.0 to x = 0.05 (𝜌(𝑥 = 0.05) /𝜌(𝑥 = 0.0) ≈ 430 at 5 K). For all samples, the slight but noticeable change in the slope observed below about 100 K corresponds to the well-documented ferroelectric structural phase transition. [START_REF] Kobayashi | Carrier-Concentration-Dependent Phase Transition in SnTe[END_REF][START_REF] Littlewood | The crystal structure of IV-VI compounds. I. Classification and description[END_REF][START_REF] Littlewood | The crystal structure of IV-VI compounds. II. A microscopic model for cubic/rhombohedral materials[END_REF][START_REF] O'neill | Inelastic x-ray investigation of the ferroelectric transition in SnTe[END_REF] (Figure 5b). Prior studies showed that the structural phase transition temperature 𝑇 SPT tends to decrease with increasing the hole concentration 𝑝 𝐻 from 100 K at  10 20 cm -3 to 0 K at  10 21 cm -3 . In the present series, 𝑇 SPT was estimated using the midpoint of the change in the first derivative 𝜕𝜌/𝜕𝑇. The lower hole concentration achieved in the x = 0.0 sample due to the Sn excess explains the increase in 𝑇 SPT to 112 K. In agreement with the expected trend in 𝑇 SPT (𝑝 𝐻 ), 𝑇 SPT smoothly decreases with increasing the In content to 76 K in the x = 0.02 sample and is no longer discernible in the x = 0.05 and 0.07 samples.

The fact that 𝑇 SPT (𝑝 𝐻 ) follows the trend observed in self-doped Sn1-Te suggests that In behaves as an acceptor. The magnetic field variations of the transverse electrical resistivity 𝜌 𝑥𝑦 (𝜇 0 𝐻) and the inferred temperature dependence of 𝑝 𝐻 , shown in Figures 6a and6b, respectively, confirm this behavior. Across the entire temperature and In concentration ranges, 𝜌 𝐻 varies linearly with 𝜇 0 𝐻 within the magnetic field range covered, indicating that a single hole type dominates the transport. 𝑝 𝐻 hardly evolves upon cooling, in agreement with the degenerate nature of the transport, and increases continuously with increasing the In content at 300 K from 8.010 [START_REF] Matsushita | Type II superconducting parameters of Tl-doped PbTe determined from heat capacity and electronic transport measurements[END_REF] cm -3 for x = 0.0 to 1.210 21 cm -3 for x = 0.07. This increase in 𝑝 𝐻 is accompanied by a strong decrease in the Hall mobility 𝜇 𝐻 values at 5 K, which drop by three orders of magnitude from 3200 cm 2 V -1 s -1 for x = 0.0 to 9 cm 2 V -1 s -1 for x = 0.07 (Figure 6c). Furthermore, a progressive change in the scattering mechanisms occurs concomitantly with increasing x. While 𝜇 𝐻 (𝑇) follows a 𝑇 -0.5 law in the x = 0.0 sample above 30 K characteristic of alloy scattering, [START_REF] Ibrahim | Comprehensive study of the low-temperature transport properties of polycrystalline Sn1+xTe (x = 0 and 0.03)[END_REF] 𝜇 𝐻 (𝑇) remains nearly constant (∝ 𝑇 0 ) over the entire temperature range for x  0.02. This dependence is consistent with the strong valence band smearing induced by the presence of In resonant state (see Figure 1). At higher In concentrations and below room temperature, electron-phonon scattering is weaker than the temperature-independent resonant scattering, giving rise to the observed weak temperature dependence of the charge carrier mobility. Phonon-induced scattering of charge carriers becomes more important above room temperature, with a continuous increase in electrical resistivity being observed experimentally. [START_REF] Misra | Band structure engineering in Sn1.03Te through an In-induced resonant level[END_REF] Measurements of the temperature dependence of the thermopower 𝛼, shown in Figure 7a, reveal a complex evolution with both temperature and x. At 300 K, 𝛼 increases with increasing x up to x = 0.02, before slightly decreasing with further increasing x to 0.07. No simple trend between 𝛼 and x emerges at lower temperatures. The strongly non-linear 𝛼(𝑇) of Sn1.03Te has been attributed to the presence of a positive phonon-drag contribution superimposed to the diffusion thermopower expected to vary linearly with temperature for a degenerate hole gas. [START_REF] Ibrahim | Comprehensive study of the low-temperature transport properties of polycrystalline Sn1+xTe (x = 0 and 0.03)[END_REF] An In concentration as low as 0.05% is sufficient to significantly lower the phonon drag contribution. A magnification of the low-temperature region (Figure 7b) shows that this contribution nevertheless survives as indicated by the local maximum observed near 15 K. A further increase in x to 0.0015 then leads to a crossover from positive to negative values near 100 K. The negative sign remains unaffected down to 5 K and with increasing x to 0.0035. For these three compositions, a small maximum seems to be attained around 10 K, suggesting that the positive phonon-drag contribution is still present, albeit strongly reduced. Such a change from a dominant holelike to electronlike response suggests either the development of electron pockets with increasing x or a possible negative diffusion contribution to 𝛼. For x = 0.0045, the temperature range over which 𝛼 is negative is reduced to below 60 K. Finally, positive values are recovered over the whole temperature range for x  0.01. None of the samples show a linear temperature dependence characteristic of a diffusive regime, with the superlinear dependence observed below 200 K in the x = 0.01 sample being lessened in the x = 0.02 sample.

Figure 8 shows the temperature dependence of the total thermal conductivity 𝜅. The x = 0.0 sample is characterized by a large room-temperature value of 7.8 W m -1 K -1 and a low-temperature Umklapp peak that reaches nearly 14 W m -1 K -1 at 35 K. While the overall shape of 𝜅(𝑇) is only weakly affected by the substitution of In for Sn up to x = 0.02, increasing the In content results in a significant decrease in both the 𝜅 values and the magnitude of the Umklapp peak, which is nearly fully suppressed in the x = 0.07 sample. The overall evolution of its magnitude with x is consistent with enhanced point defect scattering that plays a prominent role in shaping the heat transport of SnTe at low temperatures. [START_REF] Ibrahim | Comprehensive study of the low-temperature transport properties of polycrystalline Sn1+xTe (x = 0 and 0.03)[END_REF] The variations in 𝜅 with x are mainly due to the marked increase in the 𝜌 values which strongly reduces the electronic contribution 𝜅 𝑒 according to the Wiedemann-Franz relation 𝜅 𝑒 = 𝐿𝑇/𝜌 where 𝐿 is the Lorenz number.

C. Superconducting properties

The emergence of a superconducting state upon In doping has been investigated through specific heat (𝐶 𝑝 ) measurements between 0.35 and 4 K on the x = 0.0, 0.0035, 0.01, 0.02, 0.05 and 0.07 samples (Figure 9a). The electronic contribution to the normal-state specific heat 𝛾 𝑛 was inferred from linear fits of the 𝐶 𝑝 /𝑇 data measured under zero magnetic field following the conventional relation [START_REF] Mahan | The best thermoelectric[END_REF] , with the 𝛽 and 𝛿 2 terms accounting for the lattice contribution. This last term corresponds to the lowest order of the low-temperature expansion

𝐶 𝑝 𝑇 = 𝛾 𝑛 + 𝛽𝑇 2 + 𝛿 2 𝑇
∑ 𝛿 𝑖 𝑇 2𝑖+1 𝑛 𝑖=2
, usually used to better account for the non-linear temperature dependence of the lattice contribution beyond the 𝛽 term. For all samples, the data were fitted between 0.12 and 4 K 2 for non-superconducting samples and above the superconducting transition and between 4 and 7 K 2 for x  0.02 depending on 𝑇 c (Figure 9b). The fitted 𝛾 𝑛 values vary between 0.18 for the x = 0.0 and a maximum of 0.84 mJ mol -1 K -2 achieved in the 0.05 sample. All these values are indicative of small densities of states at the Fermi level (see Table I), in agreement with those inferred from specific heat data measured on single-crystalline specimens. [START_REF] Erickson | Enhanced superconducting pairing interaction in indium-doped tin telluride[END_REF] The Debye temperatures 𝜃 D , determined by the relation 𝜃 D = √12𝜋 4 𝑁𝑅/5𝛽 3 where 𝑅 is the ideal gas constant and 𝑁 is the number of atoms per formula unit (here, 𝑁 = 2 for all samples), tends to be lower in the Incontaining samples ( 172 K) compared to the value of the binary sample (185 K). This last high 𝜃 D value may be a consequence of the small concentration of Sn vacancies in the In-free sample due to the Sn-rich conditions of the synthesis. In metals, 𝜃 D has been linked to the vacancy formation energy 𝐸 𝑉 according to the relation

𝜃 D = 𝐶 √𝐸𝑉 Ω 1/3 √𝑀
where 𝐶 is a constant, 𝑀 is the atomic mass and Ω is the atomic volume. [START_REF] Mukherjee | Monovacancy formation energy and Debye temperature of closepacked metals[END_REF][START_REF] March | Vacancy formation energy and Debye temperature in close packed metals[END_REF] Samples with low vacancy concentrations are thus expected to show higher 𝜃 D values compared to more heavily-doped samples. As discussed below, the 𝑝 H data of the In-substituted samples do not corroborate the presence of a high concentration of vacancies that might explain the lower 𝜃 D consistently observed over the entire In concentration range, suggesting that an additional lattice softening is induced by the substitution of In for Sn.

Upon cooling, well-defined superconducting transitions are observed for the x = 0.05 and 0.07 samples while a pronounced broadening in the transition occurs for x = 0.02. No superconducting transition is detected down to 0.35 K for x < 0.02. Using an equal entropy construction procedure, the critical temperatures 𝑇 c and normalized superconducting jumps Δ𝐶 𝑝 /𝛾 𝑛 𝑇 c were estimated to be 0.67 K, 1.34 K and 1.73 K and 1.01, 1.42 and 1.40 for the x = 0.02, 0.05 and 0.07 samples, respectively. Both the 𝑇 c values and the magnitudes of Δ𝐶 𝑝 /𝛾𝑇 c are consistent with those determined in prior studies on single crystals of Sn1--xInxTe for similar substitution levels. [START_REF] Erickson | Enhanced superconducting pairing interaction in indium-doped tin telluride[END_REF][START_REF] Allen | Carrier-Concentration-Dependent Superconductivity in SnTe and GeTe[END_REF][49][50][51][52][START_REF] Haldolaarachchige | Anomalous composition dependence of the superconductivity in In-doped SnTe[END_REF][START_REF] Zhong | Optimizing the superconducting transition temperature and upper critical field of Sn1-xInxTe[END_REF][START_REF] Balakrishnan | Superconducting properties of the In-substituted topological crystalline insulator SnTe[END_REF] For x = 0.05 and 0.07, the values of Δ𝐶 𝑝 /𝛾𝑇 c are in reasonable agreement with the BCS, weak-coupling value of 1.43 suggesting that these samples can be classified as weakly-coupled superconductors.

Taking the 𝜃 D and 𝑇 c values, the electron-phonon coupling constant 𝜆 el-ph was estimated using the inverted McMillan formula 78

𝜆 el-ph = 1.04 + 𝜇 * ln ( 𝜃 𝐷 1.45𝑇 c ) (1 -0.62𝜇 * )ln ( 𝜃 𝐷 1.45𝑇 c ) -1.04 (1) 
where 𝜇 * is the Coulomb pseudopotential parameter, typically assumed to fall in the range 0.10 -0.15. As the electronic densities of states are very low in this series, we assumed 𝜇 * = 0.10, resulting in 𝜆 el-ph values of 0.41, 0.47 and 0.50 for the x = 0.02, 0.05 and 0.07 samples, respectively, indicative of a weak coupling regime. From the values of 𝜆 el-ph and 𝛾, the noninteracting density of states at the Fermi level 𝑁(𝐸 F ) was calculated from the equation

𝑁(𝐸 F ) = 3𝛾 𝜋 2 𝑘 𝐵 2 (1 + 𝜆 el-ph ) (2) 
yielding 0.16, 0.24 and 0.26 states per eV and per formula unit for the x = 0.02, 0.05 and 0.07 samples, respectively.

IV. Discussion

A. Influence of the RL on the normal-state transport properties

The presence of an In-induced RL provides a consistent picture that explains several traits observed in this series. The strong increase in the residual electrical resistivity 𝜌 0 with x, shown in Figure 10, reflects the significant drop in 𝜇 𝐻 at 5 K by three orders of magnitude. This strong sensitivity to the In content is clearly beyond what may be expected from strain field effects and mass fluctuations induced by the substitution of In for Sn due to the small difference in molar mass. Of note, variations in the concentration of Sn vacancies, estimated to be around 0.0025 in the parent Sn1.03Te compound, [START_REF] Ibrahim | Comprehensive study of the low-temperature transport properties of polycrystalline Sn1+xTe (x = 0 and 0.03)[END_REF] cannot account for the strong increase in 𝜌 0 . Recent lowtemperature transport property measurements on the binary SnTe prepared by various synthesis routes have shown that 𝜌 0 remains below 0.5 .m at 5 K despite variations in the vacancy concentration from 0.25 up to nearly 1.8%. [START_REF] Ibrahim | Comprehensive study of the low-temperature transport properties of polycrystalline Sn1+xTe (x = 0 and 0.03)[END_REF] Although the presence of grain boundary scattering contributes to decrease 𝜇 𝐻 , the strong effect observed is rather a natural consequence of enhanced scattering of holes by the RL, which strongly decreases their electronic lifetime, as indicated by the analysis of the Bloch spectral functions reported in our prior study. [START_REF] Wiendlocha | Residual resistivity as an independent indicator of resonant levels in semiconductors[END_REF] Moreover, using the Kubo-Greenwood formalism, a comparison of 𝜇 𝐻 (𝑇) data with various rigid-like and non-rigidlike, non-resonant impurities have shown that the impact of the In-induced RL on 𝜇 𝐻 is a hallmark of resonant impurities, providing a simple and straightforward mean to discern the effect of an impurity on the electronic band structure of semiconductors. [START_REF] Wiendlocha | Residual resistivity as an independent indicator of resonant levels in semiconductors[END_REF] Thus, the marked increase in 𝜌 0 as

x increases supports the major role played by the RL on the low-temperature transport properties up to x = 0.05. As evidenced by our band structure calculations, increasing the In concentration above x = 0.02 widens the resonant DOS "hump", leading to a saturation of the resonant band smearing. The band smearing effect is maximized at x = 0.05, where the width of a single-point Bloch spectral function  (see Figure 2) reaches the L- bandwidth. This explains the saturating tendency of 𝜌 0 (𝑥) above x = 0.02, where  was already very large, with the maximum in 𝜌 0 (𝑥) reached around 5%. Further increasing x leads to an enhanced hybridization and gradual resonance blurring, only slightly reducing the mobility. The estimation of the single-k-point relaxation time in Figure 1 showed a small decrease of 𝜏 between 0.05 and 0.07. However, this estimate of 𝜏 should be taken with caution since the Lorentzian function does not describe the shape of the spectral functions at these In concentrations (see Figure 2). To better quantify this effect, we have performed calculations of the electrical conductivity at T = 0 K using the Kubo-Greenwood formalism (see Ref. 67 for technical details and for calculations at lower In concentrations). These calculations yield 𝜌 0 values of 4.1 and 3.3 µ.m for x = 0.05 and 0.07, respectively, which compare well to the experimental values of 5.5 and 4.7 µ.m, respectively. The decrease in 𝜌 0 is due to the increase in carrier concentration between the x = 0.05 and 0.07 samples, accompanied by a small decrease in charge carrier mobility.

In agreement with prior studies, the lower hole concentration achieved in the x = 0.0 sample, thanks to the initial Sn excess introduced, results in the emergence of the ferroelectric transition at a higher temperature. [START_REF] Kobayashi | Carrier-Concentration-Dependent Phase Transition in SnTe[END_REF][START_REF] Littlewood | The crystal structure of IV-VI compounds. I. Classification and description[END_REF][START_REF] Littlewood | The crystal structure of IV-VI compounds. II. A microscopic model for cubic/rhombohedral materials[END_REF][START_REF] O'neill | Inelastic x-ray investigation of the ferroelectric transition in SnTe[END_REF] Although ARPES and quantum oscillation measurements have evidenced a reconstruction of the Fermi surface accompanying this transition, [START_REF] O'neill | Changes of Fermi surface topology due to the rhombohedral distortion in SnTe[END_REF] it has little influence on the electrical and thermal properties and hence, does not affect the resonant nature of In.

From simple electron counting rules, In should behave as a hole dopant in Sn1- Te due to its number of valence electrons with one fewer electron than Sn, that is, In 1+ versus Sn 2+ . Detailed investigations of the superconducting properties as a function of x between 0.05 and 0.40 revealed that a simple hole-doping picture only holds true up to about 0.09, a critical value above which the impact of In on the electronic band structure is too severe for a rigid-band-like shift of the chemical potential to be a consistent description of the system. [START_REF] Erickson | Enhanced superconducting pairing interaction in indium-doped tin telluride[END_REF][START_REF] Allen | Carrier-Concentration-Dependent Superconductivity in SnTe and GeTe[END_REF][49][50][51][52][START_REF] Haldolaarachchige | Anomalous composition dependence of the superconductivity in In-doped SnTe[END_REF][START_REF] Zhong | Optimizing the superconducting transition temperature and upper critical field of Sn1-xInxTe[END_REF][START_REF] Balakrishnan | Superconducting properties of the In-substituted topological crystalline insulator SnTe[END_REF] The non-rigid-like behavior above x = 0.09 further manifests in the Hall data with a crossover from a dominant holelike to electronlike response at 50 K. [START_REF] Haldolaarachchige | Anomalous composition dependence of the superconductivity in In-doped SnTe[END_REF] For substitution levels lower than 0.09, the compounds remain p-type regardless of the In content with a good correlation between the In concentration and measured hole densities. Our experimental results support well this last conclusion with a hole-dopant behavior persisting across the entire doping range. As shown in Figure 11, where the hole density 𝑝 𝐻 as a function of x is presented, 𝑝 𝐻 (𝑥) increases quasi-linearly with x. For x  0.01, a very good agreement is achieved between the experimental 𝑝 𝐻 values and the expected hole concentrations calculated by assuming that each In atom provides one hole (i.e. In 1+ valence state). The slight but clear disagreement at lower doping levels likely reflects the concentration of Sn vacancies which progressively disappear as x increases. From these data, it seems reasonable to postulate that vacancies are no longer present beyond x = 0.01 or, at least, that their concentration is sufficiently low to have a negligible influence on the measured 𝑝 𝐻 . Thus, these results confirm that In behaves as a hole dopant with a formal In 1+ valence state, which constrains the possible amount of In 3+ in this In concentration range.

While the increase in the room-temperature 𝛼 values with the In content is consistent with the RL picture, evidenced by a strong departure of the 𝛼(𝑝 𝐻 ) dependence from the theoretical Ioffe-Pisarenko curve, 45,[START_REF] Misra | Band structure engineering in Sn1.03Te through an In-induced resonant level[END_REF][START_REF] Wiendlocha | Residual resistivity as an independent indicator of resonant levels in semiconductors[END_REF] the non-monotonic evolution of 𝛼 with x at low temperatures and, notably, the crossover from positive to negative values for 0.0015  x  0.0045 is another intriguing aspect revealed by our experimental results. Several scenarios may be invoked to explain the overall trend in 𝛼(𝑥, 𝑇) that include a charge-Kondo effect, a RL-induced effect or a phonon-drag contribution. The first scenario, a charge-Kondo effect, has been discussed in the series Pb1-xTlxTe (Ref. 17) for which the 𝛼(𝑥, 𝑇) data are qualitatively similar to those obtained here for the series Sn1.03--xInxTe. In particular, a crossover from positive to negative 𝛼 values below 100 K has been evidenced for a Tl content of 0.3%. Above this value, positive 𝛼 values are recovered, which slightly increase with increasing x to 1.1% and eventually to 1.3%. [START_REF] Matusiak | Evidence for a charge Kondo effect in Pb1-xTlxTe from measurements of thermoelectric power[END_REF] Because of these similarities between the two series, it is tempting to posit that Sn1.03-xInxTe also harbors a charge-Kondo effect.

However, this mechanism requires In in both In 1+ and In 3+ charge states, the presence of which is not supported by the Hall data.

The fact that both Tl and In act as resonant impurities suggests that the complex evolution of 𝛼(𝑥, 𝑇) below 100 K may rather arise from band structure modifications induced by the RL.

However, low-temperature measurements of 𝛼 on the series Pb0.99Na0.01Te1-xSx for x = 0.0, 0.04 and 0.12 have also evidenced a temperature region extending from 50 to 130 K over which 𝛼 is negative. [START_REF] Mukherjee | Monovacancy formation energy and Debye temperature of closepacked metals[END_REF] In this series, neither Na nor S behave as resonant impurities showing that the presence of a RL is not a prerequisite to a positive-to-negative crossover in 𝛼. Furthermore, additional measurements under magnetic fields 𝜇 0 𝐻 of up to 7T showed that positive values are progressively recovered with increasing 𝜇 0 𝐻. The overall 𝛼(𝜇 0 𝐻) evolution has been interpreted as a positive phonon-drag peak superimposed to a magnetic-field-dependent, negative diffusion contribution to 𝛼 attributed to interband scattering between the valleys located at the L and  points of the BZ. [START_REF] Jaworski | Valence-band structure of highly efficient p-type thermoelectric PbTe-PbS alloys[END_REF] In the limit 𝜇 0 𝐻 → ∞, 𝛼(𝜇 0 𝐻, 𝑇) becomes scattering independent, [START_REF] Ravich | Semiconducting Lead Chalcogenides[END_REF] explaining why positive 𝛼 values are recovered at high magnetic fields.

To determine whether a similar dependence 𝛼(𝜇 0 𝐻) is observed in the series Sn1.03--xInxTe, 𝛼 of the x = 0.0035 sample has been measured under magnetic fields of up to 14T (Figure 12).

These data show that the temperature window over which 𝛼 < 0 is significantly reduced upon increasing 𝜇 0 𝐻. In addition, the shape of 𝛼(𝑇) is practically unaffected by the application of the magnetic field, as observed in Pb0.99Na0.01Te1-xSx for x = 0.04. [START_REF] Jaworski | Valence-band structure of highly efficient p-type thermoelectric PbTe-PbS alloys[END_REF] The similar behavior of 𝛼(𝜇 0 𝐻) in these two series suggests that a negative diffusion contribution to 𝛼 also exists in Sn1.03--xInxTe, which evolves with both the In concentration and, for a fixed x value, with 𝜇 0 𝐻. The fact that 𝛼 tends to positive values at high 𝜇 0 𝐻 further indicates that the dominant charge carriers are holes, in agreement with the Hall data. The similar valence band structures of PbTe and SnTe, with notably valleys at the L and  points of the BZ, suggests that the negative diffusion thermopower in the latter may also originate from interband scattering. As an alternative scenario, electron pockets possibly emerging upon In substitution may undergo a strong Zeeman splitting effect, thereby progressively suppressing their contribution to 𝛼. This possibility has nevertheless been ruled out in Tl-doped PbTe and Pb0.99Na0.01Te1-xSx, 20,79 making a scattering-related effect more likely in In-doped SnTe.

B. Influence of the RL on superconductivity

In agreement with previous studies on single-crystalline and polycrystalline Sn1--xInxTe, 47- 55 a superconducting state emerges upon In doping above a critical concentration that possibly falls between x = 0.01 and x = 0.02. The existence of this threshold is consistent with the estimate of 0.017 deduced from transport and thermodynamic data in single-crystalline specimens. [START_REF] Erickson | Enhanced superconducting pairing interaction in indium-doped tin telluride[END_REF] The xdependence of the critical temperature 𝑇 c follows the reported general trend with a nearly linear increase in 𝑇 c for In contents of up to 0.09 followed by a weaker dependence up to x = 0.50 (Figure 13).

The evolution of the magnitude of the electronic contribution to the normal-state specific heat 𝛾 𝑛 with the hole concentration 𝑝 𝐻 measured at 5 K is consistent with the development of a RL near the top of the valence band manifold. The comparison of the 𝛾 𝑛 values of the In-substituted samples with that measured for Sn1.03Te (𝛾 𝑛 = 0.18 mJ mol -1 K -2 for 9.210 19 cm -3 at 5 K) indicates that the presence of In tends to give rise to enhanced 𝛾 𝑛 values (between 0.39 and 0.55 mJ mol -1 K -2 for x = 0.0035 and 0.02, respectively, and for 𝑝 𝐻 varying between 2.1710 20 and 4.510 20 cm - 3 at 5 K, respectively). Noteworthy is the fact that a direct comparison with the values measured for In-free samples Sn1-Te with  > 0.0025 is complicated by the second, heavy-hole valence band that starts to contribute above 210 20 cm -3 resulting in a rapid increase in 𝛾 𝑛 up to 1.5 mJ mol -1 K -2 for   0.035 (corresponding to 𝑝 𝐻 ~1.6610 21 cm -3 at 5 K). [START_REF] Tan | High thermoelectric performance of p-type SnTe via a synergistic band engineering and nanostructuring approach[END_REF][START_REF] Zhou | Optimization of thermoelectric efficiency in SnTe: the case for the light band[END_REF][START_REF] Ibrahim | Comprehensive study of the low-temperature transport properties of polycrystalline Sn1+xTe (x = 0 and 0.03)[END_REF] Upon In doping, the enhancement in 𝛾 𝑛 is qualitatively consistent with our calculations predicting an increase in 𝑁(𝐸 F ).

However, the electron-phonon interactions present in all of the studied samples, which may be responsible for superconductivity, additionally enhance the electronic specific heat over the pure band structure values, 𝛾 𝑛 = 𝛾 𝑏𝑎𝑛𝑑 (1 + 𝜆 𝑒𝑙-𝑝ℎ ), complicating the analysis and direct comparison with calculations. As already mentioned, assuming that superconductivity observed for x  0.02 is due to electron-phonon interactions, we may use the 𝜆 𝑒𝑙-𝑝ℎ estimated from the McMillan formula (Eq.1) to calculate the non-interacting 𝑁(𝐸 F ) 𝑒𝑥𝑝 values with Eq.( 2) and compare them to our DFT results (see Table I). For the non-superconducting samples, 𝜆 𝑒𝑙-𝑝ℎ = 0 was assumed, giving an upper bound for 𝑁(𝐸 F ). Taking into account how relatively small the values of 𝑁(𝐸 F ) are, qualitative agreement is found, but the computed values are visibly overestimated. The reason behind this issue is most likely the well-known problem faced by DFT calculations for Pb-and Sn-based chalcogenides, which is related to inaccuracy of the local-density approximation in reproducing the shape of the valence band at the L and between the L and  points of the BZ. The LDA band at the L point is too flat, and the energy separation between the two band maxima at the L and  points is too small, which leads to several disagreements between calculations and experiments. Among them, we may list an overestimated DOS effective mass in SnTe:In (Ref. 46) and PbTe:Tl (Ref. 13) as well as a widely-discussed problem of an overestimation of the computed thermopower of p-type PbTe. [START_REF] Wiendlocha | Thermopower of thermoelectric materials with resonant levels: PbTe:Tl versus PbTe:Na and Cu1-xNix[END_REF][START_REF] Berland | Thermoelectric transport of GaAs, InP, and PbTe: Hybrid functional with 𝑘. 𝑝 ̃ interpolation versus scissor-corrected generalized gradient approximation[END_REF] This local-density inaccuracy is directly related to the computed too large 𝑁(𝐸 F ) values. Of note, if we assume that the electron-phonon interaction is responsible for superconductivity in SnTe:In, the 𝜆 𝑒𝑙-𝑝ℎ values inferred from the McMillan formula should be considered as reliable, as all the samples of this series are in the adiabatic regime where the condition ℏ𝜔 𝐷 ≪ 𝐸 𝐹 prevails (𝜔 𝐷 is the Debye frequency). [START_REF]Interaction between electrons and lattice vibrations in a normal metal[END_REF] Based on our calculations, 𝐸 𝐹 is found to increase from 130 meV for x = 0.005 (with Sn vacancies) to 250 meV for x = 0.07, while ℏ𝜔 𝐷 remains on the order of 15 meV across the entire substitution range. The fact that this condition is fulfilled ensures that all corrections small in ℏ𝜔 𝐷 /𝐸 𝐹 can be safely neglected by Migdal's theorem, [START_REF] Mukherjee | Monovacancy formation energy and Debye temperature of closepacked metals[END_REF][START_REF]Interaction between electrons and lattice vibrations in a normal metal[END_REF] one of the prerequisite the McMillan formula is based on. Here, the inaccuracy of LDA in predicting 𝐸 𝐹 is not a threat to meeting the above-mentioned criterion, as the "true" band structure with smaller density-of-states effective mass and 𝑁(𝐸 F ) will have larger 𝐸 F at the same hole concentration. Thus, our LDA estimates of the Fermi energy can be considered as lower bounds, further ensuring that the above-mentioned condition is not compromised.

Intriguingly, our results further confirm the anomalous evolution of the normalized specific heat jump Δ𝐶 𝑝 /𝛾𝑇 c with x, which significantly broadens as the In concentration is lowered. While the polycrystalline nature of this sample may provide a natural explanation for the absence of a sharp transition, similar results were reported on single-crystalline samples of Sn1--xInxTe and Pb1-xTlxTe, [START_REF] Matsushita | Type II superconducting parameters of Tl-doped PbTe determined from heat capacity and electronic transport measurements[END_REF][START_REF] Erickson | Enhanced superconducting pairing interaction in indium-doped tin telluride[END_REF] demonstrating that this broadening is independent of the nature of the samples.

Inhomogeneities in the spatial distribution of In has been proposed as a possible origin of this behavior. [START_REF] Erickson | Enhanced superconducting pairing interaction in indium-doped tin telluride[END_REF] However, our TEM analyses carried out on the x = 0.02 sample did not evidence any significant inhomogeneity in the spatial distribution of In in this sample, suggesting that this behavior is an intrinsic property of RL-containing superconductors.

All these results, that closely parallel those reported in Pb1-xTlxTe, 12-21 naturally raise the question of the driving mechanism behind the enhanced 𝑇 c values observed upon In doping. A first possibility is related to the ferroelectric structural phase transition observed in the 𝜌(𝑇) data at low temperatures that persists upon In doping. In Sn1-Te, this structural instability is connected to the lowest-energy transverse optical phonon mode that softens upon cooling to nearly zero energy at 𝑇 SPT , before hardening as the temperature is further decreased below 𝑇 SPT . [START_REF] O'neill | Inelastic x-ray investigation of the ferroelectric transition in SnTe[END_REF] The coupling between this soft polar optical phonon mode and charge carriers has been suggested to play a key role in enhancing the electron-phonon coupling and hence, 𝑇 c , in several ferroelectric compounds. [83][START_REF] Lin | Fermi surface of the most dilute superconductor[END_REF][START_REF] Van Der Marel | Possible mechanism for superconductivity in doped SrTiO3[END_REF] However, our results confirm the linear decrease in the transition temperature 𝑇 SPT with increasing 𝑝 𝐻 and the lack of correlation with 𝑇 c reported previously, [START_REF] Erickson | Enhanced superconducting pairing interaction in indium-doped tin telluride[END_REF] suggesting that the ferroelectric instability plays a secondary role in determining 𝑇 c in Sn1--xInxTe.

A second mechanism proposed to explain the observed trends in the superconducting properties with x is related to a mixed-valence scenario for which fluctuations between +1 and +3

In valence states would be required. [START_REF] Matsuura | Theory of Charge Kondo Effect on Pair Hopping Mechanism[END_REF][START_REF] Costi | Charge Kondo Anomalies in PbTe Doped with Tl Impurities[END_REF][START_REF] Matusiak | Evidence for a charge Kondo effect in Pb1-xTlxTe from measurements of thermoelectric power[END_REF][START_REF] Matsushita | Evidence for Charge Kondo Effect in Superconducting Tl-Doped PbTe[END_REF][START_REF] Erickson | Enhanced superconducting pairing interaction in indium-doped tin telluride[END_REF] These two valence states, when degenerate, may be associated to a charge Kondo effect that would provide both a pairing mechanism with variations in the pairing interaction 𝑉 with x and a source of DOS enhancement related to Kondo physics.

Although the tendency for In to skip a +2 valence state has been observed in several In-containing compounds, [START_REF] Pardoe | Development of the Chemistry of Indium in Formal Oxidation States Lower than +3[END_REF][START_REF] Kang | Material design of indium-based compounds: Possible candidates for charge, valence, and bond disproportionation and superconductivity[END_REF] the variation in 𝑝 𝐻 with 𝑥 can be well explained by considering the presence of only In +1 cations in addition to a small amount of Sn vacancies that seem to be progressively removed with increasing the In content. In this regard, further x-ray photoelectron spectroscopy would be worthwhile to provide experimental evidence or rule out a mixed-valence scenario in Sn1--xInxTe.

In contrast to these exotic mechanisms, a phonon-mediated pairing interaction varying with the In concentration may provide a more mundane explanation. The development of the RL might selectively enhance some electron-phonon coupling matrix elements, explaining the higher-thanexpected 𝑇 c values observed in RL-containing superconductors. However, the exact role played by the In-induced RL on the phonon-and electron-momentum dependence of the electron-phonon

coupling is yet to be fully understood. Although computationally-demanding, detailed calculations of this coupling taken into account the smearing of the valence bands induced by the RL would be helpful to elucidate the origin of the apparent anomalies in the superconducting parameters found in RL-containing superconductors.

V. Summary and conclusion

We have reported a detailed investigation of the evolution of the normal-state and superconducting properties of the series Sn1.03--xInxTe for doping levels spanning a wide range of

In concentrations from 0.5% up to 7%. Even though most of the substitution levels probed herein are very low, the results reveal a strong sensitivity of the transport and superconducting properties to the In concentration. The main characteristics of the variations with x can be well explained within an In-induced resonant-level scenario, conforming to the main predictions of our electronic band structure calculations. Our results notably evidence a complex evolution of the low- 
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Table I .

 I The presence of negative 𝛼 values over restricted temperature and compositional ranges are strikingly similar to those observed in Tl-doped PbTe. However, unlike Pb1-xTlxTe where the disproportionation of Tl into Tl 1+ and Tl 3+ has received experimental support, the x dependence of the carrier concentration suggests that In behaves as a hole dopant. The development of the RL is accompanied by the emergence of superconductivity, detectable for x ≥ 0.02 above 0.35 K, with a critical temperature increasing with x to reach 1.73 K for x = 0.07. While the BCS theory provides a relevant framework to understand qualitatively the observed trends in the superconducting parameters, some experimental evidences hint at a non-trivial enhancement of the phononmediated pairing strength with x that is likely induced by the formation of the RL. Whether this mechanism applies to the present series and can be generalized to other RL-containing these results show that the series Sn1.03--xInxTe provides another valuable system where the Experimental values of the Sommerfeld coefficient 𝛾 𝑛,𝑒𝑥𝑝 , Debye temperature 𝜃 𝐷 , electron-phonon coupling parameter 𝜆 𝑒𝑙-𝑝ℎ and density of states at the Fermi level 𝑁(𝐸 F ) 𝑒𝑥𝑝 (Eq.2) compared to the computed values 𝑁(𝐸 F ) 𝑐𝑎𝑙𝑐 .

				Tables			
	interplay between RL-induced enhanced thermopower and superconductivity can be
	systematically investigated.					
	x	𝑝 𝐻 (cm -3 )	𝛾 𝑛,𝑒𝑥𝑝 (mJ mol -1 K -2 )	𝜃 𝐷 (K)	𝜆 𝑒𝑙-𝑝ℎ	𝑁(𝐸 F ) 𝑒𝑥𝑝 (eV -1 )	𝑁(𝐸 F ) 𝑐𝑎𝑙𝑐 (eV -1 )
	0	1.0410 20	0.18	185	/	0.08*	0.13
	0.0035	2.1710 20	0.39	170	/	0.17*	0.18
	0.02	4.5110 20	0.55	173	0.41	0.17	0.25
	0.05	8.1010 20	0.84	171	0.47	0.24	0.34
	0.07	1.5010 21	0.65	172	0.50	0.18	0.42
	* computed assuming 𝜆 𝑒𝑙-𝑝ℎ = 0				

temperature thermopower with x. A crossover from positive to negative values that sets in near 100 K exists over the narrow In concentration range 0.0015 ≤ x ≤ 0.0045. The magnetic field dependence of 𝛼(𝜇 0 𝐻), measured for the x = 0.0035 sample, nevertheless suggests a dominant holelike response, as indicated by the progressive shift of 𝛼 towards positive values with increasing 𝜇 0 𝐻.
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