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Homogenized models of conduction-advection-radiation heat transfer in
porous media

T. D. Le?, C. Moyne?, M. Sans®

 University of Lorraine, CNRS, LEMTA, F-54000 Nancy, France

Abstract

Upscaled models are derived from the periodic homogenization technique for conduction-convection-
radiation problem in porous media for the case of an opaque solid and transparent fluid. Thermal
radiation at the pore-scale level is first described through a differential view factor between ele-
mentary surfaces. Such heat transfer mode is coupled with the conduction-convection mechanisms
by a radiative flux in the fluid phase and a jump of conductive fluxes at the solid/fluid interface.
In the framework of the periodic homogenization procedure, a macroscopic model is built with
upscaled effective coefficients. Both cases of closed and open pores are studied. In the second case
the radiative transfer cannot be restricted to the central unit cell. The radiation at the macroscale
only affects the effective conductivity. The validity of the approach is illustrated by some simple
examples. The main objective of this work is to establish the macroscopic equation form of the
conduction-convection-radiation problem and to understand how the radiation affects the macro-
scopic behavior.

Keywords: Conduction-advection-radiation, Homogenization procedure, Macroscopic model

1. Introduction

Porous media are widely used in thermal engineering applications such as volumetric solar ab-
sorbers [1]], heat exchangers [2], gas-phase heat recovery [3], porous burners [4] or insulators [5]. Such
interest is justified by numerous remarkable thermal, mechanical, geometrical and optical proper-
ties and by improved manufacturing processes of a wide diversity of materials. Their heterogeneous

nature allows the coupling between different modes of heat transfer such as convection, advection,
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conduction in the fluid/solid phases and radiation. The optimization of the systems where they
are used necessarily requires a better understanding of the link between structural parameters of
heterogeneous structures and the coupled heat transfer mechanisms [6 [I]. This can be achieved

through the deployment of efficient theoretical, numerical and experimental tools.

Solving combined heat transfer on three-dimensional and complex geometries is particularly
tricky and cost consuming. Hence, it is very common practice to simplify the thermal problem
by considering a homogeneous equivalent medium. A unique Equivalent Thermal Conductivity
(ETC), which represents the overall thermal transport, is defined and has to be identified. In this
framework, the interested reader can refer to the review of Ranut [7], which provides a general
overview of the studied geometries, considered thermal transfers and their scope of validity at am-
bient temperature. In the simplest cases, analytical or semi-analytical solutions are provided for
closed structure [8, 9] and for open-cell medium [10, 11} 12} 13]. For more complex heterogeneous
geometries, experiments using for example guarded hot plane [14], transient plan source [I] or flash
method [15] were performed and followed by an identification procedure. These studies have allowed
to investigate the validity of simplified models, the numerical or experimental characterization pro-

cedure and to quantify the influence of structural parameters on the overall heat transport.

Applications often involve high temperatures, where radiative transfer plays a leading role.
Nevertheless, characterization of the equivalent radiative behavior of heterogeneous media has of-
ten been performed independently of other heat transfer modes. Monte Carlo Methods, projection
methods or analytical methods were performed to identify equivalent radiative properties for struc-
tures of interest [16, [I7]. Considering both conductive and radiative transfers, very few studies
proposed a numerical procedure to identify equivalent properties of the porous medium. This can
be explained by the difficulty to reach a sufficiently finely resolved geometry and requires efficient
solvers for both modes of heat transfer [18] [I9]. Recently, Mendes et al. |20} 2] or Patel et al. [22]
developed a numerical hot-guarded plate method to investigate the validity of simplified radiative
modelling such as the Rosseland’s approximation or the assumption of equivalent homogeneous
medium. More recently, Vignoles [23] and Sans et al. [24] proposed stochastic approaches to iden-
tify total equivalent diffusivity of heterogeneous structures such as ceramic, metallic foams and

fibers. Luo et al. [25] analyzed the ETC of porous materials at the pore level using a discrete
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ordinate ray-tracing for the radiation combined with a finite volume method to solve the energy
balance equation including heat conduction.

To our knowledge, no studies are dedicated to ETC estimations of heterogeneous structures for
combined conductive, radiative and advective heat transfers. Experimentally, most studies were
carried out at ambient temperature on packed sphere [26] 27] or on metal foams [28] 29] 30]. High
temperatures measurements remain an unsolved problem and an interesting scientific challenge. Nu-
merically, characterization of equivalent thermal behaviour of each transport mode are performed
separately. Depending on the applications, direct model of the equivalent homogeneous structure
are often based on correlations obtained on a specifically developed bench [31]. Very recently, some
authors like Ibarrart et al. [I9] or Ma et al. [32] provided new efficient tools to simulate combined
heat transfers on the heterogeneous structure but these studies were not particularly focused on

ETC identification.

In this context, upscaling techniques such as the homogenization technique, the volume aver-
aging method or the multiscale expansion method can provide a practical tool for identifying the
ETC for a given heterogeneous structure. Most studies have focused on thermal dispersion, i.e., the
coupling between conduction and convection through the fluid phase (see, for example, [33]). Only
Whitaker [34] has studied by volume averaging the coupling between conductive and radiative heat
transfer for a transparent gas phase and an opaque solid phase. To our knowledge no study has
used a scaling technique to describe the simultaneous conductive, convective and radiative transport

through a porous medium.

This work aims to employ the homogenization technique in the sense of [35, B3] to obtain
a macroscopic law for combined conduction/advection and radiation in heterogeneous medium.
We first detail the methodology associated to such homogenization techniques in the simplified
case of the combined conduction and radiation within enclosed cavities with opaque interfaces.
The approach is validated on two benchmark cases. Then, the model is extended to continuous
pore network i.e. open cavities. Finally, adding heat transport through the fluid phase, a full
combined model, which consider conduction, advection and radiation is proposed. Results of this
new proposed approach are compared to solutions obtained from a computational fluid dynamic

commercial software in the case of a three-dimensional simple geometry.
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2. Homogenization of radiation-conduction heat transfer for disconnected closed-pores

medium

2.1. Radiation in a closed-pore
Let consider a closed-inclusion with gray diffuse surface S of emissivity e. The cavity is occupied
by a transparent gas (air for example). The incident flux per unit area H; at the point M; on the
surface S; is given as a function of the apparent emittance (or radiosity) Bs at the point Ms of the
surface S
HydS, = / dFys,—as, B2 dSs = / dFys,—ds, B2 dSy (1)
S,=8 S,=8
where dFys, a5, denotes the differential view factor of a radiation which leaves the elementary sur-
face dS; for arriving at dSs, satisfying the reciprocal relationship dS; dFys, a5, = dS2 dF4s,ds, -

The incident flux on the surface is thus given by

H; :/ dFys, sas, B2 = {B} 5|, @)
Sp=8

where {B} |, is an average radiosity of the inclusion weighed by the differential view factor seen

from the point M. It should be noted that if the surface is closed

/ dFys, —as, =1 (3)
So=5

Following the Stefan-Boltzmann law and considering the definition , the radiative balance on

the surface allows writing the radiosity in the form

Bi = ol +(1—oH = ol +(1— ) {B} |, = eoTf + (1—¢) / AFys, a5, (4)
So=8

where o is the Stefan-Boltzmann constant and 73 the temperature at point M.
The heat flux lost per unit area ¢; at M; is defined as the difference between the radiosity and

the incident flux
¢ = By — Hy = By — {B}p|, = € (o1} — H1) = € (o} — {B}zl,) (5)
which must satisfy the following condition for a closed-surface

/ 0dS; :/ (B — {B}4],)dS, =0 (©6)
S1=8 S1=8
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This relation is easily verified using the reciprocal relationship of the view factors as

/ (B}, ds, = / ds; / BsdFus, sas, — / / By dFus, a5, S
$1=8 $1=8 Sp=8 =8 Js,=8

_ / By dS, / AFas, sas, = / By dSs = |S| {B} 4 1)
So=8 S1=8 So=8

by noting {B} the surface average radiosity. Note that relation is valid regardless of the

quantity B varying over the S surface of the inclusion.

2.2. Homogenization procedure

We now apply the periodic homogenization technique to obtain the macroscopic laws for the
coupled conduction-radiation problem. The porous medium is composed of a solid phase occupied
by the volume V, and disconnected closed-pores of volume V; containing a transparent fluid, with
the solid/pore interface A¢,. In this context, the radiation within the fluid phase and the conduction

mechanism in both phases are considered leading to the pore-scale model as follows

(PC)f% = V- (\VI;—q%) inVy
(pc)ﬁ;?t; = V- (\VT) in V;
Ty = T, on Ay, (8)
A\ VT;-ny —AVT-n, = —q-ng
qt-n; = —(B—{B}r)

where q® is the radiative flux in the fluid phase. (pc); and \; represent the volumetric heat capacity
and conductivity of the phase ¢ (i = f, s refers to fluid or solid phases). n; is the unit normal vector
at the solid/fluid interface outward to the phase 7. The radiosity B given by is solution of the
integral equation on the interface S of the closed inclusion
B=ceoT* + (1 —¢) / dFys—as,B1 = ecT* + (1 —€) {B}p (9)
51=8

where the view factor average operator is defined as:

{ftr = /S:SdFdSadslf (10)

The above equation system is supplemented by boundary conditions on the external boundary and

the temperature field at the initial time.



110

120

The medium is characterized by a periodic Representative Elementary Volume (REV) Y of
size ¢, composed of a fluid phase Y; and a solid phase Y; with an interface 0Y;s. The space is
separated into two different spatial scales: the microscopic scale of characterized length ¢ and the
macroscopic scale of length L where n = ¢/L is a small perturbation parameter. A dimensional
analysis is firstly carried out to construct the n-microscopic model. The reference time can be
chosen as the characteristic conductive time at the macroscale of the solid phase, t*f = L?/a,
where a5y = Ag(5)/(pC)s(y) is the thermal diffusivity of the solid (fluid) phase. As a macroscopic
point of view is adopted, the reference length is chosen to be the macroscopic length L. The
dimensionless quantities are indexed with *. Finally, the set of dimensionless equations is written
as

as 8T; LqR,ref

— = VT -2 v g Y,
ay Ot* P\ Tref 4 A
Ty 2 :
e = VT in v,
7 = 17 on 0Yy, (11)
)\S LqR,ref R*
—-V*'T; - ng— =V'I)-n, = ————q -ny
f >‘f gg’frcf
" n; = T gRet (B* —{B}F)

where ¢t Bref and 7! are the reference quantities of the radiative heat flux, radiosity and
temperature.

The most interesting case to observe the radiation impact on the conduction problem is the
case when the radiative flux is of the same order of magnitude as the conductive heat flux in the
fluid phase at the macroscale, i.e. ¢t = O(A\;T7/L). On the other hand, at the pore-scale,
the radiosity B and the conductive flux at the solid/fluid interface should be of the same order of
magnitude yielding B™f = O(\ ;T /¢) leading to B! /¢®*ef = O(n~1). If the order of magnitude
of the radiative term is lower than the conductive one, the radiation is dominated by the conduction
and therefore can be ignored in Eq. . Moreover, the predominant radiation case can also be

treated by the same approach as demonstrated at the end of this section.
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It will be assumed that as/ay = O(1) and A;/Af = O(1). The system (1) becomes

Z—; Zf = V-V gt Yy
%::j* = VT in Y,
T = T; on 9Y}, (12)
=V} -ny = VT -ng, = —q*" ny
¢ ng = (B - {B))

The temperature T is function of the two separated space variables: macroscopic (or slow) variable
x associated with the length scale L (x* = x/L = O(1)) and microscopic (or fast) variable y
associated with ¢ (y* =y /¢ = O(1)). The space derivative operator is given by

1 1 1
V' =LV=L(V.+V,)=1L <Lvm* + gvy*) =V, + 5%* (13)

The problem is finally rewritten in dimensional form by formally keeping the n factor to indicate

the order of magnitude of the different terms in a Y unit-cell, yielding the n-microscopic model

(pc)f% = V- (MVTy—q%) inYy
(pc)sé?: = V- (\VI) in Y
Ty = T on 0Yy, (14)
~AfVTf -np = A VT n, = —q" -y
dony = (B~ {B)e)

with V = %Vy + V. In the framework of the homogenization technique, the temperatures are

sought in the form of a series expansion of the small parameter 7

k
Tytxy) = Y 0"TM(txy)
0 (15)
To(t,xy) = > n"TH(tx,y)
k=0

where T;k) (t,x,y) and 7*) (t,x,y) are y-periodic functions. The successive problems for the differ-
ent orders of T)(ck) and Ts(k) for k = 1,2,... will be then collected. In a similar fashion, the radiosity

B is also decomposed in a series expansion as

B(t,x,y) =Y 1" BM(t,x,y) (16)
k=0



Inserting and in @D yields

4
> " BW(t,x,y) =eo (ZWkT(k)(taXJ)) +(1=e)> 7 / dFysoas, B (tx,y) (17)
k k k

So=8

135 e Problem for T(®

The problem for T(®) at the order O(n~2) is written as

0 = v, (V1) in Yy
0 = Vy.()\SVyTs(O)) in Y,
TJSO) — Té(o) on ans
~q"Vn; = AV, ny - AV, o, (18)
qf=D ‘n; = — (B(O) — {B(O)}F)
BO = TO®" 4 (1-e){BO)p
and {BO} = / dFus_as, B
51:6Yf5

The solution of the preceding problem is Tf(o)(t, X,y) = 70 (t.x,y) =TO(t,x), B = {BO b=
UT(0)4(t,x) and =Y .n; = 0.

e Problem for T

140 The problem for T(!) at the order O(n~1!) is written as
1 (0) .
0 = 9, (M9, 1Y) -V, - af in Y,
0 =V (AsvyTs(l)) b (19)
" = 1 on Yy,
—* n; = (VyT;” + VIT(O)) ny— A (VyTs(l) + VwT(O)) 1,

It should be noted that the radiative flux is not absorbed by the transparent fluid phase leading to
v, - q*” = 0 in the fluid phase Y;. The solution is sought in the form
1 =~ .
T(xy) = x3) VT Otx) + TN (k%) in Y

TOMxy) = x.(y) VoTO@t,x)+TM(t,x) inY, (20)
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where f(l)(u x) plays the role of an integration constant. From , the problem in B is written

as
o7 (t,x) + 1BV = eo [T (1,%) + 47’ T0)]

4
+(1—e) / AFasas, |07 (t,%) + B + 0% (21)
$1=0Y}.

To compute the radiative transfer through the fluid phase, a precise evaluation of the local tem-
perature in the unit cell at the order O(n) is needed. Denoting by 0 the origin of the y-axis in the

unit cell (y = x — xg), a Taylor development gives
TO®x) = TO(t,x0) + 1y - VT + O(7) (22)

Noting that V,7©) can be considered constant in the unit cell and the above equation is correct at
order O(n?). Therefore, by inserting in and noting that the first order terms JT(0)4(X0)
cancel out, the equation for B(Y) reads as

BD +4(1 - )oT®’y . v, TO© = 4ec7®’7(M)

3
+ (11— /S _ dFusoas, (4aT<0) y1V,T© +B§”)23)
1=0Y};,

Using the closure for T with x = X = X, on the solid/fluid interface 0Yys, the solution for

BW is searched in the form
BO(tx,y) = 40TO%(t,x) [T (t,%) + B(y) - VT (t,%)] (24)
The vector B(y) satisfies

B+(1—€y = ex+(1- e)/ dFas—as, (B1 +y1)
51=0Ys

= ex+(1-{B+vy}r (25)

where {8} p is the view factor average of B defined in (I0). x and B are defined to within one
additive constant that plays no role since only the quantity 8 — {3} appears in the boundary
condition on the interface 0Y},. It can be noted that the problem is independent on the origin

of the y vector. For the particular case of a black cavity with e = 1, the solution of the integral

equation is: B=x.
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The radiative flux on the fluid-solid interface is given by
0 3
7 np = 40TO ({y}p—y) - VLTO 4 (BW}p — BO

= 40T’ [{y + BYr — (y + B)] - V, T (26)

From (19), and (24), the vectors x;(y) and x,(y) are solution of the following problem

0 = Vy, (\Vyxy) in Yy
0 = V,-(AV,x,
y ( yX) (27)
Xf = Xs on ans
g (Vxs +1) = Ang - (Vyx, +I) = 40TO% (y+ 8 {y +B}r)

where the vector 3 is the solution of the integral equation (25). Thanks to the relation , it is
immediate to verify that the surface integral of the radiative source term in vanishes in the

unit cell, which is a necessary condition to have a solution for x ; and x.
e Problem for 7

The problem in T at the order O(n°) is given as
oT®)

2 1 1)
(pc)s o V- P‘f (VyT]E '+ VmT]E )) —qt ]
+ Vo [ (VT 4 0T - gt in Y}
or” @ o m 2%)
(b= = Vo A (V1P 10,1 4 v [0 (9,180 4 LT @)] iy,
~a® oy = o (U1 VL) oy - A (VI £ VLTY) ng on 9Y
The intrinsic phase averages ( )f (*) over the unit cell are classically defined by
1
(Y = av (29)

|Yf(5)| Yis)
By using the divergence theorem, the interface condition (28c) and solutions , equations (28p)
and (28pb) are averaged over the unit cell and then added leading to

{pe) a{;jf) = Vo { [n AT+ (Tx)) + AT+ (Vx| 910 = (@)} (30)

where ng) = |Yy(5)|/[Y] is the fluid (solid) volume fraction and (pc)) = nys(pc)’ + ng(pc). It
remains to calculate <qR(O)>. It should be kept in mind that as the fluid phase is transparent,

vV, - ql;‘(o) = 0 in the fluid phase. Let consider the identity

v, (af ¥ ey) =af” + 9, qf " y = o} (31)

10
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By using relation , we obtain

rRo)\ _ L (RO _ 1 R(0) |
<qf > - Y /vay (qf ®y) V=15 ov. (qf nf) ds
46T
_ dol / y®({y +B}r — (v +8))dS - V,TO (32)
|Y| Bst

Finally the macroscopic equation for the conduction/radiation coupled heat transfer is written as:

9T
<pC> ot =V, ()\eq : VxTO) (33)

with an equivalent thermal conductivity tensor given by
A 4eT©?
Ay = ny /\f(I+<Vyxf>)+ /8 yoy+B—{y+B}r)ds

Yel Joy,.
+ nsAs (I + <Vst>s) (34)

The classical case of pure conduction is immediately recovered neglecting the radiative part. It
must be emphasized that the surface-to-surface radiation in a porous medium composed of closed
pores modifies the effective conductivity and the macroscopic equation form is similar to the one
of a conductive heat transfer problem.

In particular geometries as parallel solid layers or spherical pores, the equivalent thermal con-

ductivity can be analytically evaluated as demonstrated in

2.3. Predominant radiation

We now consider the predominant radiation case when the order of magnitude of the radiative
term is higher than the conductive one, i.e. 40T > Ay or As. The left-hand side of the
boundary condition ) on the interface 0Y}s vanishes, leading to 8 = —y. Inserting this value
of 3 into Eq. gives x = —y. The problem for x is now written as

0 = VQXf in Yy
0 = Vx, in Y (35)
X = Xs=-y ondYy

which is a decoupled problem for x; and x,. The solution in Yy is xy = —y (the temperature

inside the fluid inclusion Y7 is uniform due to high radiative effect). It remains to solve the problem

11



for x, which depends only on the geometry. We adopt here the technique introduced by Lévy in
this case [36] 37]. The time-dependent equations at O(¢°) read as

o170 )

(pe)s=g— = ~(Verd” +9,-q") iy 56)
3T(O) (0) M\ .

(b0)s 5 = —(Va-a”+9,-a) v,

190 Where

qffo) = Af( V.70 + v, T(1)+qR
a” = - (V.10 v, 1) an
qgcl) — *>‘f (V T(l) +V T(Q)) +qR(1)
qV = —)\S(V 70+ v, 1 )

Averaging over the unit cell, taking into account the periodicity and the continuity of the

normal fluxes (qgcl) n=q" non 0Yss) leads to

or©® 1 ©)
- _ _ R (0)
{pc) 5 Vs v (/Yf qay dV—|—/YS qy/dV (38)

AsVy-q =0and V, q(O)—O we have

(0) (0)
a5 = V, (Qf ®Y)
& - v, (qgo) @ y) (39)

Noting that qg‘-o) ‘n = qgo) -n on JYy,, we obtain

o oyise [, (o)
_ _vm.nl/'[ /aYsens-(ng)@)y)dS} (40)

1
= V.- |: (/ As (y®n) - (I+Vyx,) dS) ’ VxT(O):| =V, ()‘eq ) VmT(O))
Y] \Jov..

a7 1

15 It is important to note that in the case of predominant radiation, the thermal conductivity of the

fluid phase Ay and the radiative terms do not appear in the final form of the equivalent conductivity

Aeq.

12
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3. Extension to the case of a continuous fluid phase

We now analyze the case of a porous medium composed of a continuous fluid phase. In this
context, the main difficulty stems from the fact that while the diffusive problem can be solved in
a single unit cell, radiation emitted or received by one unit cell can come from solid surfaces of
adjacent unit cells. Nevertheless, it is assumed that the radiation retains a local behavior as the
radiative transport occurs only between the neighboring cells close to the central cell. Therefore,

the scale separation hypothesis can be verified.

3.1. Problem for B

Each unit cell is identified by an integer multi-index k € Z3. k = (0,0, 0) denotes the central

cell in which the calculation is made. Let define the diagonal matrix

L 0 0
L=|0 1, 0 (41)
0 0 I

where ¢;,i € {1,2,3} denotes the spatial periods corresponding to the size of the parallelepipedic
unit cell in the three space directions. To simplify the notations, the variable ¢ is omitted in this
section.

The closure problem for x (s remains the same. However, equation @ for the radiosity

in the unit cell i is now written as

Bi(xi+y,y) = eoTi(xi+y,y)+ (1 —e{Bi}r
= 60Ti4(Xi + y,y) + (1 — 6) Z / dFdS;*}dSkBk (42)
kezs Y OVrs

where Bi(x; +y,y) (or Ti(x; +y,y)) denotes the radiosity (or temperature) within the unit cell i
whose center is located at the position x; = xo + L - i and 0Y}, the interface fluid-solid within one
cell. The coordinate y designates the position of the point in the cell i relative to the cell center

x;j. It should be noted that

/ dFdSi*)dSH_k = 1 and dFdSi*)dSH_k = dFdSQ*)dSk (43)
keZ3 (ayfs)Hk

so that the integration surface Sk can be systematically brought to the central cell Yp.

13
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Writing the equation for the cells 0 and i whose centers occupy the position xg and x; and

making the difference for two points occupying the same position y respectively in the cells 0 and

ilead to
Bi(xi +y,y) — Bo(xo +y,y) = eo(T{(xi+y,y)—Tp(x0+y.,y))
+ (1-9 ) / dFas,—asi (Bitk — Bxk) (44)
kezs ’ OVrs

Performing a Taylor expansion of the temperature from the center xg of the central cell gives:
To(xo+y.y) = TO(xo) +1 [TV +(y +x(y)) - VT + O(?) (45)

We do the same development from the point xg of the cell 0 to compute now the temperature in

the cell i:
Tixo+L-i+y,y) = TO(xo)+n[TW+(y+L-it+x(y) VaT®|+00?) (46)
Hence for two points located at the same position y in the cells 0 and i, we have:
T (xi+y.y) ~ Ta(xo +y.y) = 4T (L) - V.7 + O() (47)

As Zkezg fBst dF4s,—ds, = 1, the solution of the previous integral equation for two points

occupying the same position y in the cells 0 and i satisfies
- 3 (.3 (0) 2
Bi(xi +y,y) — Bo(xo +y,y) = 4noT™ (L -i) - V., + O(n") (48)
Equation in the cell 0 now reads as
4
BO 4Bl = e (T<0> T nT(l))
+ 1-9Y / AF5ysds, (B((,O) 4+ BSY + dneT©°(L - ) - VIT(O))

keze / (0V5s)k

+ O0(n?) (49)

At the order O(1), the solution of equation is BOO) = aT(0)4(x). At the order O(n), similarly
to , using the integral equation for B(()l) is given by

BVx,y) + 4(1—-)oT’y. v, 7O = 4eo7®° (f“) +x- VIT(°)>

3
+ (1-0 > / AFusysas. |BY + 40T (L -k +y)- v, 70| (50)
kez3 6Y,fs

14
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Note that B((,l) is function of x and y. The radiosity B((,l) is sought on the Yp-cell in a form similar

to
B (x,y) = 40T(0)3(X) TW(x) + B(y) - VxT(O)(X)} (51)

where the vector B(y) with y € (9YFs)o is now solution of the integral equation

B = ex+t(l-9g{y+Bir-vy) (52)
where {y + B} r is defined by
{y+B8r = > / dFaso—dsy (Ye + B, + L - k) (53)
kezs Y OYrs

and yi and B3, are the values of y and 3 in the unit cell Yx. For two opposite points located on
two opposite faces of the unit cell, it can be verified that the quantity {y + 8}r — y is identical.
Let A and B be the two opposite points on the faces y; = 0 and y = ¢; of the unit cell Yp, we have

{y+Btr(A) = dFus,—as, (y1 + 81 + L -k)

F kgz:& /6ny ds ds, 1 1

+B)e®) = ¥ [ dfuspoes 48+ LK) (54)
kezs Y 9Yss

By periodicity, we have dFys,as, = dFas,—as,, with k' =k — (10 0)*.
{y +B}r(B) —{y +B}r(A) = L-(k-k)=y(B)-y(A) (55)

As X y(s) 1s a y-periodic function, from and , it is verified that 8 and B (as V,T( is

constant) and the radiative heat flux through the gas phase are also y-periodic.

3.2. Radiative flux

Since V,, - q®(%) = 0 in the fluid phase (see Section 2) according to , we have
ay’ = V- (qg) ®y) (56)

Averaging the preceding relation over the unit cell leads to

<q§(0)> _ ﬁ /Yf Vv, (ql;»(t)) ® y) dv = Dl’il v, Uovs, y (qf}<0) ) Ilf) ds (57)
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where 0Y}. denotes the external fluid surface of the unit cell. The first part of equation on
dYy, is calculated according to Eq. (32):

46TO?

Y

1

¥ Joy,, ¥ (af” ns)as =

/ Y&y +B—{y+Blr)ds V.70 (58)
aY}.

The second term corresponding to the radiative exchange with neighboring cells is calculated in the
frame (e, €2, e3) of coordinates y related to the axes of the unit cell assumed to be a rectangular
cuboid of sides 1 x £5 x £3. Since the radiative heat flux is y-periodic, its value is the same on two

corresponding points of two parallel faces. It yields

1
Y1 Joy,.

1

y (0 mpe)as = g

22 53
R(0
/ / qff Jtre1dyadys
y2=0 Jy3=0
01 L3
+ / / q?éo)ﬂzezdyldyg
y1=0 Jyz=0

Zl 42 R(O)
+ / / g3 {3esdyidys
y1=0 Jy2=0

_R(0 _R(0 _R(0
= qfl( ey +qf2( )62+q]f‘§ es (59)

where the surface average of the radiative flux crossing the facet of normal e; of the unit cell is

given by

R(0) 1 b R(0)
q = — dyod 60
51 lols /y2—0 /y3—0 i1 Y2ys ( )

1 3
—= %Z Z/ / [40—T<0> (Yk—Ym)'VIT(O)JrBS)—BEi)] 1 dSid Py, s as...
¢ Yy

keZ meZ? O

k1 <0 m >0

where v, = 1 if the line joining dSk and dSy, crosses the face y; = ¢; of the central unit cell 0, 0

otherwise. Similar relationships can be written for 6?2(0) and 6%0). Since

B{") — B = 40T’ [L- (k —m) + By — By] - V. T + O(?) (61)
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where 3, = B(yk), we have

3
_R(0) _ 40T
51 Ul

S>> [ / / [L-(k—m)+yi+ By — Ym — Bum) 1145 dFdsﬁdsmk] -V, T
Y ;o) DY s

ke Z’me7Z?

ki1 <0mqy >0

= 40T’ . v, T® (62)

Here, o' is a vector whose coordinates are a length. Finally, the average radiative flux reads as

1
<ql}‘(°>> = —4oT? (IYI / yoy+B8—{y+ptr)dS+ a) -V, IO = A" v, 7O (63)
(9Yf3

T
where a = [al o? a3] is a square matrix. Since the radiative incoming flux into the cell Yy

is the same as the outgoing flux for two points of the external surface of the cell corresponding

RO _ 0, the global radiative contribution on the fluid-

to each other by periodicity and as V, - q
solid interface is zero. The problem for x satisfies thus the necessary existence condition. As

discussed in Section [2] the effective conductivity of the homogenized medium is obtained as
Aeg = npdy (T+(Vyxp)) + A"+ nd (T+ (Vyx,)?) (64)

which depends on the radiation through the term AR, This is an important result highlighting that

the radiation at the macroscopic scale only modifies the apparent conductivity.

4. Homogenization for the convection-diffusion-radiation problem

In this section, we now consider heat transfer by convection through the fluid phase together
with the diffusion-radiation problem. In this context, a new non-dimensional number appears, the
Péclet number Pe = v}'ef L/ay where v}'ef is the average velocity chosen as a reference. The order
of magnitude of the Péclet number depends obviously on the fluid velocity. The most interesting
case is Pe = O(n~1) which corresponds to the so-called Taylor dispersion regime containing all
the results for lower orders of magnitude of the Péclet number. For higher orders of magnitude
of the Péclet number, it has been well discussed in [35] that this case leads to a so-called non-

homogenizable situation. In the Taylor regime, the microscopic convective time in the fluid phase
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(f/v;ef) is of the same magnitude as the diffusion time ¢?/a. The physical properties of the fluid
and the solid phases are assumed to be of the same order of magnitude.

Two methods are available to homogenize this dispersion problem: first the method introduced
by Auriault and Adler [35] and used by Moyne et al. [33] to study thermal dispersion and secondly
the drift method introduced by Allaire et al. [38]. Both methods lead to almost the same result

and the second method will be considered here.

4.1. Problem to be solved

The problem is first written in a non-dimensional form. Two macroscopic time scales exist:
diffusive and convective ones corresponding to L?/a ¢ and L/v;ef respectively. The diffusive time
is chosen as the reference time and this choice will be explained further. The conductive flux and
radiative fluxes are assumed to be of the same order of magnitude at the macroscale. The problem

to be solved can be written in dimensional form with powers of 7 formally indicating the order of

magnitude of each term.

oTy v .
(pC)f |:atf + ?f . VT;J = V. ()\fVTf — qR) mn Yf
o7
s = V- -(A\VT, in Y
(00)s 5 (VT in .
Ty = T
1 Yis
A VTpong = AVTone = aonp = (B {B}r) }Ona f
1
with V=V, + EVy
where B is solution of the integral equation (42]).
4.2. Problem for T(®)
The problem in T(®) at the order O(n~2) in Y, is written:
(p)pvs -V, I =V, (AnyT}O) - qm*”) in Yy
e ) e,
©  _ 70
E 0Y,
_)\nyT;O) 0y —AV,T n, = —qfD.n;=BO _{BO}, } on olrfs

whose solution is TJSO) (t,x,y) = 7 (t,x,y) =TO(t,x), BO) = {B(O)}F — oT©®* and gt=b = 0.
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4.8. Problem for T

The integral equation for B is identical to equation whose solution is given by where
the vector 3 is solution of the integral equation .

The problem for TJ}( 5) is written in a frame moving at a drift velocity v (to be determined further)
of the same order of magnitude as the flow velocity v;ef . In the moving frame, the convective
heat motion is “cancelled” and the reference time is the macroscopic diffusive time L?/ay. Thus
X =x— vt/e and T]}(S) is searched in the form T]}(S)(i, y)- The derivation operators are defined as

9
ot

v

z

1
V = Vi;+ ;Vy (V. =V3) (68)
The problem is written as

(pe)s [—% - V.10 4 v, (VyTJE” n VxT(O)ﬂ =V, (AfvyTJE”) ~V, O inY;

(69)
—(pe)sV - V,T° = V,, - <)\5VyTs(1)) in Y,
with the following transmission conditions on the interface 0Yy,
T;l) 7
-2 (V1) + V.70 - ny (70)
2 (VI £ 9, TO) ny = —gRO ny
with q®(9) given by Equation . The solution is searched in the form
1)/, ~ S ~ ~
TiL%y) = TOWGR) + x40 () VaTO(t,%) (71)
BO(R,y) = 40TO (%) [TD(1R) + B(y) - V.TO (%) (72)
where T() (%, ) plays the role of an integration constant and x #(s)(¥) is solution of
(po)p (~V+vr+ve-Vyxs) = Vi (A Vyxy) in Yy
0 = V,- qt©
—(pc)sv = V- (AsVyx, in Y,
(pc) v ( yXs) (73)
Xf = Xs
—ny- A (I+ Vyxf) on 0Yy,
AT VX)) = 4O (v + B {y + B)r)
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where the vector 3 is solution of the integral vector equation (52)).
The necessary and sufficient condition for the previous problem to have a solution is that the
sum of the sources is zero. On the interfaces Y%, the sum of the conductive and radiative sources

is null. Therefore, it is necessary that the volume average of the convective source terms is null:

ns(pely (<5 + (v)!) = nalp. T =0 or 5= "M () o v (74)

with (pc) = ny(pc) s +ns(pe)s and yy(s) = nps) (pe) ys)/ (pC)s v +7s = 1.
The problem for x ¢, is finally written:

(pe)s (v = (v +vy - Vyxg) = Vi (A Vyxy) in Yy
—(p)svplve)! = V- (AVyx,) in Y,
Xf = Xs (75)
—nys-Af (I+ Vyxf) } on 0Yy,
0, AT+ Vyx,) = 40T (y+ 8 {y +B}r)

Note that the problems for 7(!) and x are defined to within one additive constant. For the unique-

ness of the solution, we impose
ns(pe)s (xg) + malpo)s (x)* = 0 (76)
which leads to
T (x,6) = nppe) (T + s (pe) (T = (1) (77)
where <T(1)> is the enthalpic average temperature of the medium at the order O(n).

4.4. Problem for T

The problem for T(?) at the order O(n) is written as

(pe) s {agf) A LA RERTE (VxT(l) n VyTJSQ))] _
Vy: [/\f (Vx;“]gl) + Vny(2)) _ qg)} +V,- {)\f (VxT(O) n VyTJE”) B qfr?)] n v,
MO o g v _
pcg{ ot 5’V‘Vst ] .
Vi [AS (Vf W vny))] + Ve PS (VwT © + VyTs(l))] in Y,
T]@ =T on 0Yy;
—As (VxT;D + VyTJEz)) ‘np— A (Vsz(l) + VyTS(2)> ‘n, = —g"W . n;
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The compatibility condition is obtained by integrating the preceding equation over the volume of

the unit cell. Note that using the divergence theorem

! f
(vi v, 07) = (v, (1v;)) =0 (79)
as the velocity is null on the fluid-solid interface dY}, and due to periodicity conditions on the fluid

frontiers of the unit-cell 0Ys.. Moreover
<VITJS1)>f _v. <T;1)>f _v, (<Xf>f v, TO 4 <T(1)>) (80)

Thanks to the periodicity of the radiative flux, the integral of the terms in V,, also vanishes

/Yf vy [ (Wt + v, 1) [av + / vy [\ (VT + v, 1P ) [av =

Ys

/ A (VT + 9, 1) ngds + / A (VT + 9, T®) - ngds =
OY s+0Y5, OY;s+0Yse
/ q®V .n;dS=0 (81)
Yy,

The surface integrals cancel each other by periodicity on the external borders of the cell 9Y;. and
0Yse. On 0Yy,, the condition on the normal flux at the interface ) is used. For the radiative
term, the null value of the integral on 0Y}, comes from the divergence-free property of the radiative
flux and from its periodicity on the cell frontier. Finally, the result is written

oT©
ot

{pc)

- ny(pe) v -Vy (<xf>f VT + <T(1)>)

(el (vr e (g VT @ 4 (TN i p),9 - V. (()* - 9,70 1 (1))
-V, { [anf (I n <Vyxf>f> EAR L (I + <Vyxs>5)} : VmT(O)} (82)

where AR is defined by equation . Taking into account relation yields

wo (5

ot

VeV, <T(1)>> +ns(pe)s (vi) - Vs <T(1)> = Ve <Adisz’ ' VJ(O)) (83)
with
Rdisp =npds (T+(Vyx) ) + A% 4 nod (T4 (9,x)° ) =nslo)s (vix)' (89

Coming back to the fixed frame of the laboratory at the order O (no), we have:

{pc) 0 é?

+ny (pC)f <Vf>f -V, <T> =V, (Adisp Vg <T>) (85)

x
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o <T(1)>
ot

T
which have the order of magnitude O(n). The consideration of radiative transfer for the convection-

where (T') = 70 4 <T(1)> ~ T adding the terms and V, - (Adisp -V <T(1)>),

diffusion transport in porous media only modifies the diffusion-dispersion tensor.
It should be noted that the equivalent conductivity tensor can be straightforwardly reduced

to the conduction-dispersion coefficient reported in [33] in the case without radiation effect.

5. Numerical simulations and validation of the model

The aim of this section is to derive an analytical solution of the effective conductivity (84) in
the case of a porous medium made of an arrangement of circular cylindrical parallel pores. This
solution will be compared with direct numerical simulations of the microscopic model in order to

validate the macroscopic model.

5.1. Analytical solution

To derive an analytical solution, instead of considering a cubic unit cell, the problem is reduced
to periodic unit cells composed of a thin layer of an outer cylinder of radius r; made of a solid
phase of thermal conductivity As together with an inner cylinder of radius rg occupied by a fluid
phase of conductivity Ay (see Figure . It should be emphasized that the problem in the unit
cell is independent on the longitudinal axis of the cylinder. The periodicity conditions refer to the
equality of the (vector) functions and their normal derivative at two diametrically opposite points
on the outer boundary of the domain as described in Chang [39].

Due to the cell geometry (a disk), the vectors 3 and x do not depend on y; and are therefore
given by

/8 61 é\1 + Br ar (86)

X = xa(r) e +x.(r)e. (87)

where €; is the unit vector parallel to the axis of the cylinder, €. = r/r the radial vector. 5; and
B, are constant. x; and X, are functions of r.
The calculations of 3, x and « in this geometry are detailed in The main result

obtained for the effective conductivity are given as follows.
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Figure 1: Fluid flow through a cylinder

The macroscopic equation for (T') is given by:

() 2D g gy 1)

1 =V (Adisp : V<T>) (88)

with the effective conductivity Ag;s, is composed of dispersion and radiation parts AP and AR

respectively:
Agicy = AP+ AR (89)

The dispersion tensor is given by:

AP = {anf + s
6vF — 167 + 11 ag(pc)s(pc)s(2logny —4nys + n% + 3)
ApPe? | —L - ! é1@e (90
+ ngAgPe l ) 8a, (pc)? el ®er (90)
(91)
f
345 with the Péclet number is defined as Pe = <v}2 o,
f
The radiative tensor is given by:
32nye UT(O)3T0 0 0
3
R _
A= 0 Lo (92)
0 0 g/

where AT, is the effective radiation conductivity in the longitudinal direction whereas A5, = Ay =

/\S]J;f represents the effective radiation conductivity in the radial direction given by:
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)\eff _ (1+nf)/\}+(l—nf)/\s (93)
2D ® (1—nf))\}—|—(l+nf)/\s

with

16eaT©%r,

)\; = )\f+ 1.

(94)

5.2. Numerical results

Direct numerical simulations are carried out in order to compare with the macroscopic results
for a cylindrical geometry.

First, the longitudinal effective dispersion-radiation coefficient result is used to solve the
macroscopic equation in one dimension. The parameters used in simulations are presented in
Table. [Il At the inlet z = 0, a fluid flux of velocity v; and temperature Tj, enters the porous medium
initially at temperature T;,;. At the outlet z = L., Danckwerts condition (closed to conduction)
is imposed. Moreover, a Poiseuille flow in a cylindrical pore is considered for the fluid phase. On
the other hand, direct numerical simulations (DNS) resolve the unsteady pore-scale model in three
dimensions using COMSOL Multyphysics 5.6 with similar conditions to the macroscopic simulation.
In Figure a), the averaged temperature of the fluid phase at the middle point z = L, /2 is plotted
versus time. The results obtained by DNS and predicted by the macroscopic law are in very good
agreement with a relative error around 2% represented in Figure b). This comparison proves the
accuracy of the homogenized result in the longitudinal direction.

Secondly, the homogenized result in radial direction is verified by comparison with DNS.
The unit cell of the porous medium of porosity n; is made of a cylindrical pore of diameter rg
in a solid cube. For the DNS on the lower and upper faces, Dirichlet conditions with two fixed
temperatures T, and Ty (I, > Ty) are imposed whereas periodicity conditions are considered
for the other ones (see Figure . In this configuration, the effective conductivity )\;{)f can be
estimated from the averaged flux on the two faces and the temperature difference T, — 7. In
Figure a), the effective conductivity in the radial direction given by the DNS and the homogenized
result are displayed according to the averaged medium temperature of the medium. Excellent
agreement between both approaches is observed with a relative error of around 2% (see Figure (b))

The effective coefficient increases with the averaged temperature when the radiation contribution
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Parameter Symbol | Value Unit
Pore Radius ro 2 mm
Porosity ny 0.5 -
Cylinder length L, 100 mm
Fluid thermal conductivity oy 0.03 | Wm L.K!
Solid thermal conductivity As 1 W.m LK!
Fluid density pf 1 kg.m~3
Solid density Ps 1000 kg.m~3
Fluid heat capacity cr 1000 | Jkg 'L.K!
Solid heat capacity Cs 1000 | J.kg '.K~!
Averaged fluid velocity vy 0.1 m.s!
Initial temperature Tini 1000 K
Inlet temperature T; 990 K

|
200

| |
400 600
Time (s)

Table 1: Parameters used in the simulation
T T
Proposed model
| -=-=- DNS 21
S
L 5 151
£
i £ 1
=
Q
[t
L 0.5
| | | | 0
0 200 400 600 800 1,000 0
Time (s)
(a)

(b)

|
800 1,000

Figure 2: (a) Temperature of the fluid phase at z = Lz/2 vs time obtained from the proposed model and the DNS

(b) Relative error.

increases as expected. Again, the upscaling approach provides a very accurate approximation to

estimate the macroscopic effective coefficients.
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R A

Figure 3: 3D domain for the DNS to compute the effective conductivity in radial direction.

0.7 |- Proposed model |
- == DNS A 2.2
T 4 B 9
i 5
‘ -
g 5 18
= 1 £
= | é 1.6
1.4
0.3 | | | | 1. | | |
600 700 800 900 200 600 700 800 900
) 7(K)

(a) (b)

Figure 4: (a) Effective conductivity in radial direction vs temperature obtained from the proposed model and the

DNS (b) Relative error.

6. Conclusion

A multiscale approach based on the homogenization technique has been developed to study the
conduction-convection-radiation coupled problem in porous media. The surface-to-surface radiation
is investigated for both closed and connected-pores systems. The latter is combined with the con-
vection problem in the fluid phase. Macroscopic results obtained from the periodic homogenization
procedure highlight that radiation modifies the effective conduction coefficient of the macroscopic
one temperature-equation through a radiative term Af. In addition, the classical closure problem
for the conductive part is also modified by the local surface-to-surface radiation. Application to a
specific geometry of cylindrical pores allows to analytically derive the effective coefficients issued

from the homogenization results. Direct numerical simulations of the pore-scale model carried out
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with COMSOL Multiphysics show an excellent agreement with the numerical results obtained from
the homogenized models. This underlines the accuracy of the proposed approach for estimating the
effective coefficients.

This work contributes to a better understanding of the form of the macroscopic equation to be
used to describe a conduction-convection-radiation transport problem in porous media. Although
the closure problems are difficult to be numerically solved in complex geometries, the form of the
macroscopic laws is rigorously derived by a periodic homogenization technique. This form can be

used to identify the model parameters in real or numerical experiments.

Appendix A. Application to particular geometries

Appendiz A.1. Parallel layers

The proposed model is now applied to the case of a medium consisting of periodic parallel solid
layers of thickness 2e, and fluid layers of thickness 2e; (see Figure [A.5). Consider the unit cell
located at —(es +ef) < y1 < es + ey. It is a closed-inclusion problem for a monodimensional

medium.

Y2

@Hs

Y1

2e; 2ey

Figure A.5: Configuration of a periodic porous medium made of parallel solid and fluid layers
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The closure problem in the unit-cell is written as

d

0 = — (A
dy1<
d

0 = — (A
dy1<

X o= x

dy{

—_— —er<yr <e

fdyl f f

dX‘i) —(ef+e,) < y1 < —ey
S

dy: er < y1 < ef+te;

at y; = ey

dy! 3
s (dei + 1) + 40T (y1 + B1 — {y1 + B1}r)

where the component ; is solution of the integral equation ([25)

B = exr+(l—e

Hyr + Bi}r — w1l Y1 = *es

(A1)

(A.2)

X1 is determined by the problem (A.1)) within a constant chosen to have a zero average. Eq. (A.1))

shows that X{ and xj vary linearly with y; and can be determined by the two extremities a and

—a at the solid/fluid interface (see Figure [A.5). Let denote (D be the plane y; = —ey and @) be

the plane y; = ey. The view factors are F1; = Fyy = 0 et Fio = Fo; = 1. Hence, we have

AP = —e(a+ep) + (1 —€) (B + 2¢y)

B = elater) +(1

leading to
g =

(yi+ B —{yi +Btp)® = —

The interface condition at y; = %ey is given as

i-2)

leading to

2—¢€

2€f

Denoting Ar/(2e5) = 460T(0)3/(2 —€) gives

2e,

Y1 = —ey
—) (B —2e5)  y1=ef
2(1—¢€)ef —ea
_pR® - 7 -
b 2—c¢€
® 2e
(y1+ 61 —{y1 + Bi}p)l Z—Q_G(fl"‘@f)
1+a) —460T(0)372<a+ef>
ey 2—c¢€

2 2—¢€

4eaTO A, AS] A=Ay 40T

2eg

2

2€f
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The integral term in is given as

1 y1 (1 + B —{y1 + Bu}r)dS = (y1 4+ b1 — {1 + B} p)|® =
Yyl Yy 2

Finally, the effective conductivity in the y; direction is obtained as

X (ater) (A9

2
(Aeg)iy = ngAs <1 * a> s <1 - a> +nf4€UT(O)3M
ey €s 2—c¢
1
Mo+ Ar A

which is an expected result.

Appendiz A.2. Spherical pore

In the particular case of a spherical cavity of radius R the view factor is uniform on the sphere

surface (dFys, yas, = dS2/(47R?)) and therefore the view factor and the surface average are

identical ({ } ={ }r ={ }s). Averaging relation leads to {8} = {x}. Equation can now

be written

y+B8—-{y+B8}=¢ely+x—{y+x}=eRns+x—{x}) (A.11)

where R is the sphere radius and ny the normal vector to the sphere. As noted before the result
is independent of the origin of the coordinates y chosen here as the center of the spherical pore.
Using relation , the radiative contribution to the equivalent conductivity is given by
f 460’T(O)3
R(0
(af) =220 [y @ny 4 x- (xhds- 0,10 (A12)
Yyl Jov,

Using the following relations

R/ y®nydS = R/ IdV =R|Yy|I (A.13)
Yys Yy
/ y®xdsS = R/ ny@xdS=R [ V,x; dV:R|Yf|<VyXf>f (A.14)
BYfS 8st Yf
/ y®{x}tsdS = (/ y d5> ®{x}ts =0 (A.15)
anS 6st
the equivalent thermal conductivity is given by
Ay = 1y (Af n 4eaT(0)3R> (I + <Vyxf>f) F gk (I + (Vyxs>s> (A.16)
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To conclude we consider the closure problem to be solved for x #(s)- The boundary condition
at the fluid-solid interface 9Y%, is written

3
Ay (T+Vyxg) — A - (T+Vyx,) = 40T (Rny+x; — {x;}) (A7)

Expanding in a Taylor series the vector x, with respect to the sphere center, for a point on the

surface of the sphere, it comes

Xy = xs0) + Rng-Vyx;0) +
{x;} = x40 + .. (A.18)
Xr—{xs} = Rng-V,x,(0) +

If the gradient of x; is assumed to be nearly uniform within the sphere, the interface condition is

written:
- (Af + 4eaT(0)3R) g (I+Vyx;) = A, (I+V,x,) =0 (A.19)

Note that the hypothesis of a constant temperature gradient inside the inclusion is the key of
the effective-medium approximations based on the single inclusion problem [40]. In the case of a
spherical pore, taking into account the radiation in the cavities is equivalent to adding to the thermal
conductivity of the fluid Ay a radiative contribution equal to 4ecTO° R, This good approximation
allows the use of standard methods to evaluate the equivalent thermal conductivity of the medium

in a simple way.

Appendix B. Effective coefficients in cylindrical pore geometry

In this appendix, the calculation of the effective conductivity in the case of a cylindrical pore

geometry is detailed.

Appendiz B.1. Problem in 3
The problem has to be solved with 3 defined on the surface element dS(y;) = rodfdy,
where S(y;) is the lateral surface of the cylinder at the abscissa y; and 6 the polar angle in the

plane Oysys. First in the section of the origin frame, we have

“+o0 27
Brylr = / dFas0) s [B1 @1 + (Br +70) &)
Yy

1=—o00 J0=0

“+o0 2
pie1 + 2/ dFas(0)—as(y.) (Br +10) € (B.1)
y1:0 0=0

{(Br+r0) €-}F
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The quantity {(5, +ro) €,}r independent on 6 is determined at point A of coordinates (0,7¢,0)

while the current point B belonging to S(y1) has the coordinates (y1,7r9cosf,rosind) (0 < 6 < 27).

The vector 1@ is given by

Y1 0 0
AL = ro(cos@ —1)|; ma=|—-1|; np=|—cosb
7o Sin 6 0 —sinf

||ABH2 = y% + 27“8 (1 —cosf) = y% + 47‘8 sin2(9/2)
E-HA  2rgsin®(0/2)

cosfy = =
[AB]| [AB]|
cosfm — B.1>4-n3 ~ ro(l—cosf)  2rgsin®(6/2)
T 4Bl T 4Bl 4B
ass  The view factor is written as
dFys0)—=ds@) = $as©)—asy)dS )
Q cosfa cosfp 412 sin(0/2)
dS(0)—ds = =
O7astn) Tl ABIZ 1 (42 + 4r2sin®(6/2))°
Hence, we have
2 2 4 0
N > 4 4rg sin”*(0/2
{(Br+710) €&}r = / dyl/ . 0 5 (2/ ) 5(Br+10) | cosf | ro dO
NS o m(yi+4rgsin®*(0/2)) »
sin
2 2 4 0
T 4rgsin®(6/2)
= ——— L (B +T 0| rodd
/0 2 (2rg sin(9/2))3( o) Cf’sg ’
sin
0
1 2m ) /ér
= 1/ sin(0/2) (Br +10) | cosf | df = —(Br + 10) 3
0
sin 6
Eq. is now written as
B = ext(1-{y+B}r—vy)
~ ~ ~ N N e, N
Bgier + fpre, = € [Xl(TO) e + XT‘(TO) er] + (1 - 6) Bier — (/Br + TO) E — To€r
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(B.8)

(B.9)



Therefore

A
Br

y+B8—{y+B}r

Appendiz B.2. Problem in x

450

0
Xt
—n, - As (I +Vyx,)

The problem to be solved in x is given by

= Xl(To)
3 4
= 1 exr(ro) — g(l —e)ro
€ ~
= g [rotxi(ro)ler (B.10)
>\f 2 f :
= (pc)fvyxf—f—’)/f <Vf> —Vy In Yf
= ﬁV;XS—i—W <Vf>f inY,
~ ‘ (B.11)
} on 0Yy,

10T (y + B = {y + B} r)

2
where the velocity profile obeys a Poiseuille law vy = 2 <v>f 1- <r> e; and the vector y+3—

To

{y + B}F is given by relation (B.10). The uniqueness of the problem in x is ensured by condition

(76).
The solution of X t(4)(r) in the fluid phase (or in the solid phase) is sought in the form
X9 (1) = x{ () & +xIP () & (B.12)
ass Appendiz B.2.1. Problem in x{(s)(r)
The problem in x1(r) is written:
1d [ dyf ! :
0 = ——(rS4 +<vf> Yr—2+2 - 0<r<m
rdr dr af o
1d dxj v
0 = ’/‘d’r(rci’(/‘1>+,yf<6{é> ro<r<rmr
o e 3 (B.13)
X1 = Xi r=To
g _ o, 4y
ar *dr f
0 = () (x )+ (pe)s (x5’
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We obtain the following solution

<xf>f (1 =) (o) 13 [alf (éf - é) + 1 (—; + 873” + mn (B.14)

s\ 8 f 2 1 Vf 1 07 1 3 lognf
— S (07 R TN (T .- LU A B.1
6 = | (L)t L (e ets)| e

with vy = ns(pc) s/ (pc). The longitudinal component of Ay, given by equation (84) is equal to:

2
! (s)’ ro 677 — 167 + 11 (pe)s(pc)s a
—ng(pe)s <fo{> =ngAs ( faf ’ 13 + <pfc>2 - (Tf (=3 = 2logny +4ns —nj)

(B.16)
Note that if n; = 1 (and therefore 4 = 1), the dispersion coefficient becomes \;Pe®/48 with

Pe = <vf>f ro/ay, which is an expected result.

Appendiz B.2.2. Problem in Xff(s)(r)
The problem (B.11) is now solved for the function x,(r)e, which satisfies the following differ-

ential equation:
Xr+——=%5=0 (B.17)

where the symbol ’ indicates a derivation with respect to 7. The solution of problem (B.17) for

) in the fluid (or the solid) phase reads as

xI = Cr 0 < r < 19
A (B.18)
Xi:?+BTT0<T<T1
The transmission conditions at r = ry are given by
X o= x (B.19)
166077, f
A1+ 0d)) = A+ () + (1 + T) (B.20)
4—¢€ 7o
As x/ is proportional to 7, the condition for the flux at r = ry can be written:
N AHOD)) = A (G)) (B.21)

1660T(0)3r0
4—
(r = r1) requires that

with A} = Ay + . Since ¥, is supported by the vector €,, periodicity at the cell frontier

A
Xpr=m) = —+Bri=0 (B.22)
1



Note that the tensor Vix* is identical at two diametrically opposed points, thus ensuring the

periodic condition for the flux. From the three relations (B.19iB.22)), the coefficients B, C' can be

determined:
. ng (N =)
(I —np)A;+ (L+np)As (B.23)
1ony (=) (= 27)
C = -B -
ng o (L=ngp)Xp+ (1 +np)As
with ny = r2/r}. B, is given by
o+ Br = o (ro  xe(r)) = 2 (14C) (B.24
0 r=g_c\o X7~0—4_6 ‘

Working in the 2D (Oy2ys) space perpendicular to the axis Oy;, the average gradients in the fluid

and solid phases are given by:

f 1

<fo}2D> = T(%/O (rXy + xy) dr Inp = C Iop (B.25)
s 1 1

< sz\2D> = M/ (rXs + xs)dr Isp = BIsp (B.26)
To

where Iop is the 2D unit tensor. To compute the effective conductivity )\Sg in the transverse
direction, the integral part of the radiative conductivity acting in the transverse direction has
to be added, leading to

. f 40T(0)3
N Ln = ny lAf (12D+<fo]2D> >+|Yf/ay y® (y+8—{y +8},) dSB.27)
fs
+ nsAs (Lap + <VXs|2D>S) (B.28)

The calculation of the radiative part of the conductivity is easy using relation (B.10) and (B.24]):

4 der
— [ yo+B-{y+B}r)dS = ~(ro+B)Ip=——"(1+C)p (B.29)
|Yf| 6st 3 4 — €
From Equation. (B.24]) and (B.25)
f
A (Teo + (VX)) = A1+ O)Eap (B.30)

N 40T
A IgD+<fo]2D> +Yf|/8Y yoy+B—{y+pB}p)ds
fs

=N (IQD + <fo]2D>f> (B.31)
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The conductivity in the plane perpendicular to the cylinder axis using (B.23)) is finally given by

(1 + nf))\? + (1 — ’n,f)>\5
(= npAs + (1 np)hs

ML= A1+ C) + nas(14 B) = A (B.32)

. 16€O'T(0)3T‘0 . ) ) ) ..
with )\; =X+ i This two-dimensional problem for a continuous phase of conductivity

As and a dispersed phase of conductivity A% is similar to the 2D conductive homogenization known

as Maxwell’s formula [39] 40].

Appendiz B.3. Radiative flux in the longitudinal direction

The radial part of the conductivity has already been calculated. For the second term c«,

only the component o' is non-null and given by

Z Z [/ / (m — k)] dS g dFas i, —dS m (B.33)
Stxy/ Sim)

keZme7?

k<0 my >0
which is a longitudinal vector, a' = a'€;. To simplify the notations, y designates the coordinate
y1, the coordinates in the plane perpendicular to the cylinder axis are represented using polar
coordinates with radius r and angle 6. The view factor between two annular elements dS; and d.S,
is equal to the view factor from a current point 1 of the surface (6; = 0) with the annular element

dSy at distance y = |y2 — y1| of width dys.

2m
dFas;—ds, = dFisas, =/ Qo710 dfadys
92:0
3y +2v3 . ly2 — 1|
= - ——— | dY. th YV ="—"— B.34
( 2(1+Y2)> 2" 2ro (B-34)
We can have
o 8mrd 8r
at p—) / 27Tr0dy1/ (Y2 — y1) dFus, sdsy = ——9 =Nj—" 0 (B.35)
1 Yy1= y2=0 37TT1 3
Finally, the average radiative conductivity in the longitudinal direction reads as
32 ¢ oT(©°
AR‘ _ 2enf€eot 7 To (B.36)
11 3
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