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Abstract

In this work, we study the existence and nonexistence of nonnegative solutions to a class
of nonlocal elliptic Systems set in a bounded open subset of R with different diffusion, where
the gradients of the unknowns act as source terms (see (iS) below). This work extends previous
results we obtained in the case s1 = s2 (see [8]).
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1 Introduction

The main objective of this paper is to investigate the existence and nonexistence of weak solutions
to fractional elliptic systems of type

(A = |Vol?+Af in Q
(S) (=A)2v = [VufP+pg in Q
u=v = 0 in RV\Q,

where % < 51 <89 <1,QcRY is a bounded regular domain with N > 2so, p,q¢ > 1, A\, u > 0, f
and g are measurable nonnegative functions.
The operator (—A)® denotes the fractional Laplacian defined as :

u(z) — u(y)

(1.1) (—A)*u(z) :=ans P.V. WIEET

A dy, s € (0,1).

The constant ) N9
S
s2%T (AE22)

W%F(l —5)

aN,s ‘=
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is a normalization constant chosen so that the following pair of identities :

lim (—A)’u =u and lim (—A)°u= —Au

s—0t s—1—

holds. For further details, see, e.g., [32, Proposition 4.4] or [31, Proposition 2.1].

Let us emphasize that Fractional Laplacians are the prototypic nonlocal operators. They occur
naturally in diverse scientific disciplines, including Biology, Ecology, Finance, Materials Science,
Nonlinear Dynamics and Anomalous Diffusion. In fact, such operators play a fundamental role
in modeling complex systems and phenomena with long-range interactions. For more details, we
refer the reader, for instance, to [1, 31, 26] and references therein.

Besides, it is worth noting that many types of elliptic systems with gradient terms arise when
studying electrochemical models in engineering and some fluid dynamics models. More details
can be found in [30, 33] and their references.

As for models incorporating fractional diffusion, we refer to [47, 43, 42] for a rigorous justification
for introducing the fractional Laplacian into the continuum equation of the growing surface as
another relaxation mechanism.

In the present work, we look for natural conditions on (f, g), (A, u) and (p, ¢) which allow us
to establish existence of (weak) solutions to System (5).

Before going further, let us recall some previous results related to our study.
e Case of single equation. System (S) is then reduced to

(1.2) (-A)Pu = |[VulP+Af in Q
' u = 0 in RN\ Q.

— Local case s = 1. When f = 0, Problem (1.2) is no other than the stationary viscous
Hamilton-Jacobi Problem (also known as the stationary diffusive Hamilton-Jacobi Prob-
lem), see, e.g., [55] and references cited therein. When f # 0, we find the stationary
generalized Kardar-Parisi-Zhang (KPZ) Problem (see, for instance, [41] and its references).
Problem (1.2) has been extensively investigated, see [7, 15, 16, 17, 18, 19, 14, 38, 39, 4, 35, 36]
and their references. We note that the references provided are not exhaustive, but rather a
selection of some relevant sources.

— Nonlocal case 3 < s < 1. Although Problem (1.2) has received significant attention when
s = 1, there has been relatively limited research in the case 3 < s < 1. In [29], the authors

established the existence of solutions when p < Additionally, they treated

N—-2s+1
the case where f is a Radon measure. In the same paper, as well as in [6], the authors
have considered natural conditions on f in order to examine the existence of solutions to

Problem (1.2) depending on the value of p.
e Case of systems when s; = s9 = s.

— Local case s = 1. Unlike the case of single equation, few results are known on systems
where the gradients of the unknowns act as source terms. Let us review the known results
regarding such systems. In [10], the fourth author and his coworkers have established the
existence of nonnegative solutions to System (S) for any (p,q) € [1, +0oc0)? such that pg > 1,
under suitable integrability conditions on f and g, and smallness conditions on A and pu.
In addition, nonexistence results were also identified for A (or u) large, or f and g of low
integrability. Similar results was obtained in [3] about an elliptic System where the right-
hand sides are potential and gradient terms, namely, —Au = v? + Af , —Av = |VulP + ug,
as well as its parabolic version. Moreover, we refer to [9] where the authors studied the
particular case 0 < p < 2, ¢ > 0 with pg < 1, and A = p = 1. Many other studies, such as
[20, 21, 33|, have also investigated the existence of solutions to local elliptic systems with
gradient terms.



— Nonlocal case 3 < s < 1. We have recently studied System (S) in [8]. Our work appears to
be a novel contribution in this case. Let us summarize the main existence and nonexistence
results that we obtained.

s \2

17) , under appropriate
—s

integrability assumptions on f and g and smallness conditions on A and pu.

¢ Nonexistence results was proven in the following three cases :

o The existence of weak solutions was obtained for (p,q) € [1,

1) X and p are large even if 1 < p,q < 13 ;
—s

2) max{p,q} > 1 even if f and g are bounded and no matter how small are A and u;
-5

3) f and g have less regularity.

To the best of our knowledge, the case of systems where s; # so and 0 < s1, 59 < % has not yet
been considered. This is the objective of this work which complements our earlier study in [8]
(s1 = s2). Both studies represent an extension of the results obtained in [10] for the local version
of System (.5), and those obtained in [6] for the nonlocal single equation (1.2). Needless to say,
this extension is much more difficult than it appears at first sight. Indeed, in addition to the
difficulties faced in the case s; = so, there are other challenges that arise due to the fact that
the diffusion operators are different. Hence, the techniques used in the local case are no longer
applicable to handle the new situation. In fact, the major difficulties are coming from the loss of
regularity caused by the fractional Laplacian and the lack of the homogeneity of this operator.
In order to overcome these difficulties we will use in a convenient way (as we have done in [8]) :
(i) sharp estimates on the Green’s function of the fractional Laplacian obtained in [23];

(ii) fine weighted estimates on the solution to the corresponding fractional Poisson equation,
see Theorems 3.1 and 3.2 below. We mention that the latter estimates improve those obtained
in [28, 29, 6] and extend those of [13] regarding the local case.

51

Relying on these estimates, the existence of weak solution will be obtained for 1 < g < 1
52

and 1 <p< 7 under suitable regularity assumptions on f and g, and smallness conditions
on A and pu, see Theorems 4.1 and 4.2. Nonexistence results will be also obtained in these three

cases :

i and 1 <p < 1 52 , see Theorem 4.3;
1

(i) A and p are large even if 1 < ¢ < 7

.. 1
(i) max{p,q} > -

Theorem 4.4;

even if f and g are bounded and no matter how small are A and p, see
1

(iii) f and g are less regular, see Theorem 4.5.

We point out that our nonexistence Theorems 4.3, 4.4 and 4.5 show, in some sense, that our
assumptions on the data in Theorem 4.1 are indeed necessary.

S1 1

Regarding the existence, we believe that Theorem 4.1 holds for ¢ € [1 ' ) and
— 51 — 51

S9 1

pE 1 ' ) However, we have not been able to prove the existence in this case. We
=51 1—s51

leave it as an open problem.

As a matter of fact, this question is still open even in the case s; = s5 as well as in the case of a

single equation.

The rest of this paper is organized as follows. In Section 2, we give some useful tools such as
the regularity results for nonlocal Poisson problem with general datum in L! or in the space of
Radon measures. Furthermore, we recall important results on Green function which will be used
to prove our existence theorems. In Section 3, we prove some new regularity and compactness



results in weighted spaces. In Section 4, we prove the main existence results of nonnegative
solutions to System (S) in suitable Sobolev spaces. Moreover, we present some nonexistence
results that show, in some sense, the optimality of the assumptions considered in our existence
theorems. In the last section, we study different variant of System (S) where the question of
existence and nonexistence of solutions is also treated.

Notations. Let us fix some notations which will be used throughout this paper.

— Qis a bounded regular open subset of RY with N > 2s, and so € (%, 1).
— By definition d(x) := dist(x, 9Q).

— For >0, L'(Q,0%(x)dz) := {h : @ — R measurable ; / \h(x)|6P (x)dx < +00} and
Q

IRl 58y = | |h(2)]6" () da
Q

— If ¢, 9 are nonnegative functions, then we write ¢ ~ 1 if there exist two positive constants
C1 and C5 such that
Cip <9 < Crop.

2 Preliminaries and tools

This section is devoted to the basic knowledge on functional settings and some auxiliary results
that will play an important role throughout this paper.

2.1 Fractional Sobolev Spaces

Let s € (0,1) and p € [1,400)
e Fractional Sobolev Space WP (RY)
The space

WeP(RN) = {¢ e IP(RVY) ; // Mwip)svjda:dy < +oo},

RN xRN

endowed with its canonical norm

_ AOLPR
HQZ)HWS’P(]RN = ||¢||Lp(RN NXRNW Lay

is a Banach space.

e Fractional Sobolev Space WP (€2)
The space Wy*(2) is defined by

WP (Q) == {¢p € WPRY) ;¢ =0in RV \ Q}.

Endowed with the norm induced by || - [[yys.»(gny which we denote |- |ysr(q), Wg”(€2) is a Banach
space.

For ¢ € WP(Q), we set

QOIS
(F— (//D b d:cdy) |
Q

where

= RY xRY)\ (RM\ Q) x RV \ Q).
It is clear that || - [lysr(q) defines a norm on Wy" (). In addition, 2 is assumed to be bounded,
then the norms | - [ysr(q) and || - [lys» (o) are equivalent.

4



2.2 Green’s function

Let us recall the definition of the Green’s function of the fractional Laplacian (—A)® in Q. For
x € Q) fixed, then Gs(z,y) solves the problem

(=A)¥Gs(x,y) = D, if yeq,
(2.1) { Gury) = 0 if yeRM\Q,

where D, is the Dirac mass at x.

In the following Lemma, we give some useful properties of this function and its gradient. We
refer the interested readers to [6, 27, 25, 23] for a detailed proof (which relies on probabilistic
tools).

Lemma 2.1. Assume that s € (0,1). Then, for a.e. x,y € 2, we have

2.2) Gu(ery) 1 <6S(m) /\1>< 0 (y) M>'

lz —yN=2s \ |z —y|* |z —yl*

In particular, there exists C' > 0 such that

23 G(e.) gcmin{ 1 5 (x) 5*(y) }

|z —y[N727 |z —y| N7 o —y| N

Moreover, for any n € (0,1), we get

(2.4) Gu(e) < 0T WD i Gey <o MO
Ifse (%, 1), then there exists C > 0 such that
(25) 9.0.(e.0)| < CGu(apyma { L oL
|z —y| o)
Therefore,
(2.6) VaGe(a,y)] < ¢ O

|$ _ y|N728+15173(1:)

2.3 Fractional Poisson equation: Regularity and compactness

Let us consider the Problem

(—A)w = h in Q,
(27) { w = 0 in RNV\Q,

where 0 < s < 1 and h is a measurable function such that h € L™(£) with m > 1. But before

giving the definition of weak solution to Problem (2.7). Let us first recall that the solution w to
Problem (2.7) is giving by

(2.8) w(z) = /Q G (i, y)h(y)dy.

Definition 2.1. We say that w is a weak solution to Problem (2.7) if w € LY(Q), and for any

¢ € X, we have
/ w(—A)’¢dr = / ohdx,
Q Q

Xy = {¢> e C(RY); supp(¢) € Q, (—A)°¢ exists and (—A)5¢p € LOO(Q)}.

where

5



Theorem 2.1 ([46, Theorem 23]). Assume that h € L'(Q2). Then, Problem (2.7) has a unique
weak solution w, which is the limit of the sequence {wy,}n>1, where wy, is the unique solution to
the approximating Problem

—AYw, = T, in Q,
(29) { - 1wun = on(h) in  RM\Q.
Namely
(2.10) wy, — w strongly in W7 () Vy < L
N—-2s+1
Moreover,
(2.11) Ti(wy) — Ti(w) strongly in Wg’2(Q),

where Ty, is the truncating function defined by Ty(s) := max(—k, min(k,s)) for any ¢ € RY and
k> 0.

(2.12) wel’Q), Ve (=52
and
(2.13) (-A)z:weL"(Q), Vre(l, N]\i 8) .

The following result will be used to prove our existence results.

Proposition 2.1 ([29, Proposition 2.3]). Let s € (3,1). Assume that h € L'(Q,6°) with 0 < 8 <
2s —1. Then, Problem (2.7) has a unique weak solution w € Wg‘g*%p(Q) for any p € (1, %)
where'yzﬁ—f—g if B>0 and’y>g if B=0.

Moreover, there exists C := C(p, s,Q) > 0 independent of w and h such that

lwllgze—n gy < CllAllzs @0

For a datum ho*(1—5) ¢ L™(Q) with a > 0 and m > 1, we have the following weighted regularity
result.

Theorem 2.2 ([8, Theorem 3.2]). Let s € (3,1) and h be a measurable function such that

hé?(1=5) ¢ L™(Q) withm > 1 and 0 < a < li
i
N-—m(s—a(l-s)))+

. Let w be the unique weak solution to Prob-

lem (2.7). Moreover, let us set Mg q := 0

and Mg, =: Min{Mg q, ( mN }.
Then, we have the following points.

N—m(2s—1))+

(i) If m < max{%,%}, then |[Vw|d6'=% € LY(Q) for any v < Msa, and there exists
C > 0 such that:
w

a(l—s
ey 1Dl ).

where S : L™(Q) — LY(Q) is a linear operator defined by

9(y) ,
/Q |z — y\N—(s—a(l—s))dy if a>1,

9(y) :

(2.14) 1197218 2| . g < C(‘

Lms,a(

(2.15) S(g)(w) =

Moreover for any v < msq, there exists a constant C' > 0 such that

(2.16) || Vw|st—* < C|[hS* =) || pm -

Hm(n)

6



(ii) If m = max{%,ﬁ%}, then |Vwl|d'=% € LY(Q) for any v < +oo and there exists
C > 0 such that

(2.17) [1Vwl6' =[] L ) < C(‘ % + ||%(h5“(18>)|ym(g)>.

L7 ()

(iii) If m > max{fj\il, %}, then |Vw|6'=% € L*>(Q) and there exists C > 0 such that

1—s w a(l—s
(2.18) [1720[8" [ L g < c(( 5 iy IS (ha* >)||Lo<,(m>.
Moreover, for v < min{ N—(s—]Yz(l—s))’ N—(J;]s—l)} fized, the operator T : L' (Q, 691=9)) — Wé’ﬂ/(ﬂ, 51(1=9)y

defined by I'(h) = w, where w is the unique weak solution to (2.7), is compact.

2.4 Some useful tools

Let us begin by the next useful tool that will be used systematically in the rest of the paper.

2.4.1 Stein Lemma

Lemma 2.2 ([54, Chapter V, Section 1.2]). Let 0 < A < N, 1 < p < £ < 400 be such that

1 1 A
~+1= *—I-N. For g € LP(RY), we define
p

/
Ty(9) () = /R g(y;‘xdy.

N |z —

a) Jy is well defined in the sense that the integral converges absolutely for almost any x € RN,

b) Ifp > 1, then [|Jx(9)lle < cpgllgllp-

A||g||1>€

c) If p=1, then ’{x e RN |\ (9)(z) > U}’ < ( .

2.4.2 Interpolation Inequality

Proposition 2.2 ([12, Theorem 1]). Let h € LY(Q) and {h,}, C L"(Q) with 1 < r < +o0.
Assume that hy, — h strongly in L*(Q) and {h,}n is bounded in L"(£2).
Then h € L"(Q2), and for any a € [1,r) we have the following interpolation inequality

a(r —1)

(2.19) 1 = Pl o) < Ihn = BlG1 gy lhn = hll () where 6 :=
In particular, h, — h strongly in L*(Q2).

2.4.3 Weighted Hardy inequality

In the following theorem, we give a version of the weighted Hardy inequality that will be used
throughout this paper.

Theorem 2.3 ([50, Theorem 1.6]). Let v € (1,400) and 0 < p < v — 1. Then, there exists a
positive constant C = C(Q, p,v) such that for any ¢ € C§°(Q2), we have

(2.20) /Q5pl'(x)|go(a:)|”d:z < C’/Q(Sp(x)\Vgo(:c)de.

Regarding the proof, we refer also to [34].



3 Regularity and compactness results in weighted spaces

The main goal of this section is to prove a weighted regularity result to the linear Problem

(—A)2w = h in £,
(3.1) { w = 0 in RM\Q.

The first result reads as:

Theorem 3.1. Let h be a measurable function such that h6®1=1) € L™(Q) with m > 1 and
0<a< >

positive constant C' such that

with sy > s1. Let w be the unique solution to Problem (3.1), then there exists a

N N w ~ N
(i) if1<m< 55351 —a(i=s1)’ then — € LY(Q) for any v < My, 5.0 = N_m(2527_”51_a(1_81)).

§s1
Moreover,
(3.2) | < OYIR6“=| g
. 551 Q) = Lm(Q)
(il) if m = m, then 5% € L(Q) for any v < oo and
w a(l—s .
(3.3) 5], = C1A8 =l
oy w -
(111) me > m, then 5?1 €L (Q) and
3.4) v < C||hsad=s1)|
(3. 5 | ey = \ | Lm (@)

Proof. We give the proof for the case (i). The demonstration of the other cases is quite similar.
We follow closely the arguments used in [8]. To make the paper self-contained as possible, we
include here some details. In what follows, we denote by C a positive constant that may change
from line to line.

Let h > 0 and let w be the unique solution to Problem (3.1). Then, from the representation
formula, we get

mmzlyaammw@.

Thus,
(3.5)
w(z) s, (2, y)
< = h(y)d
551 (IL‘) - Q 531 (17) (y) Y,
Gso(T,Y) G, (2,7)
= o hy) dy + / 22222 P h(y) dy
{z€Q); \r—z|<%6(w)} )51 (1:) (z€Q; %5(w)§\x—z\<6(x)} 551 (:L‘)
gSQ (LU, y)
+ / a7 hy)dy
{2€Q; §(2)<|z—2|<6(2)} )51 (.’L’)
g82 (x7 y)
* / T2 h(y)dy,
{260 [o—2|>max{s().0@)}} 0 (%)
= Ji(2) + Ja(2) + J3(2) + Ju(2).

e Let us start by estimating .J;. Notice that, since § is a Lipschitz function. Then, for any z €
andy € {z € Q; |z — 2| < 16(x)}, we have |6(z) — 6(y)| < |z — y| < 36(z). Hence,
3

o=yl < 50(x) < 8(y) < 50(a).



On the other hand, from (2.2) we get ey (%,9) < T-— Typg; - Thus,
h(y)
Ji(z) < C dy.
( ) {zeQ; \x—z|<%5(x)} )51 (:E)’l‘ _ y|N7252
h(y)
= ¢ / dy,
{zeQ2; ‘x—z|<%5(7;)} ’x — y’N—252+s1
(3.6) < c/’ h)s D)o (y)
. o {zeQ; \x—z|<%5(ﬂc)} |;1; — y‘N—QSQ-‘,—sl )
< C h(y)d* >V (y) )
B {z€0; ‘$—Z|<%5(x)} ’1‘ — y’N—(282—81—a(1—s1)) ’
a(l—sl)
C oo M)

\

Q |CIZ _ y|N—(252—31—a(1—s1))

Since h6*1=51) ¢ L™(Q), then by using Lemma 2.2, it follows that J; € L™s1s2:¢() and

11l 20y < CIh6“ Y| gy for any 7 < fig, spa-

e Now, we deal with Jo. Using estimate (2.4) with n = a% < 1, it holds that

ga(l—s1) (y)552_(1_51)a(;g)
|z — y| Vs '

Gsy(z,y) <C

Hence, it follows that

(3.7)

Jo(z) =

/ gS2 (.’IJ, y)
(269 ; 18(2)<la—z|<(x)} 0 (2)

a(l—s1) sa—a(l—s1)
< C h(y)o® 1 (y)o V()

= N—
{zeQ; %6($)§\x—z\<5(ax)} ’.CC - y| st

h 5a(1fsl)
{2€9; L8(2)<|a—2|<6(x)} |z — y|N—(2s2=s1—a(l=s1))

. h(y)a! =) (y)
= 0 ‘.ﬁ _ y’N—(232—sl—a(1—sl))

h(y) dy,

dy.

Thus, we conclude as in the estimating of the term Jj.
e Now, let us treat J3. Since sg > s1, then by using estimate (2.2) we get

,

s2
Jg(l‘) S Cl/ M]\[(_x)dya
05(7) Jizeq ;s s(w)<|a—z|<s(z)} 1T — YN 72

h(y)
=¢ Y,
(269 ; 8(@)<la—z|<b(2)} [T — Y[V 722

-C h(y)a*! =) (y)
T Jeq; s@)<la—z|<s(z)} |@ — y[NT2s2tsigall=s) ()

h(y)8® =) (y)
y’N—(252—51—a(1—51))

dy,

<C

dy.
alr—

Hence, using again Lemma 2.2, it follows that

1301 24y < ClIRS“T| 1n ) for any v < Mg, 550

9

dy,



Now, let us deal with the last term Jy. From (2.2) and since a <

with sg > s1, then

( <c h(y)6°2(y)d°2 ()

J4 T dy7
(=) (260 ; [o—2|>max{o(2).0(x)}} 051 (x)|x — Y|V

O () L () i D)

3.9 <C dy,
(8:9) (29 ; [o—2|>max{6(2).0(x)}} |z —y|N
a(l—s1)
o b))
\ (269 ; |o—z|>max{5(2),5(x)}} | — Y|V~ (2s2ms1—all=s1))

Hence, we conclude as in the previous estimates. Thus, we have proven that

w
551

< O||hs*=s1)|| . f < Mg, 50 .a-
- [ () or any v < Mg, s,

O

In the next result, we give a weighted regularity result for the gradient of the solution to
Problem (3.1). This result will play a crucial role in the proof of the main existence result for

System (.9).

Theorem 3.2. Let s1,s89 € (%,1) be such that so > s1. Assume that all the hypotheses of
Theorem 3.1 hold. Let w be the unique weak solution to Problem (3.1). Furthermore, let us set

mN mN

Mgy, s9,a = mln{msl,SQ,a7 (N_m(QSQ—l))+} where Mgy, s9,a = (N—m(2s3—s1—a(1—s1)))+ Then, we have

the following points.

(i) If m < min{ QSJQV_I, 2527511\;(1751)}7 then |Vw|d6'=51 € LY(Q) for any v < M 59,0 ANA

w

(3.10) 11972181 | o < C(‘ =

P(hye(1==1)
Lmsl,sz,a(m+\| ( )HLV(Q)>7

where P : L™(Q) — LY(Q) is a linear operator defined by

/ 9(y) dy if a>1,
Q

|ZL‘ _ y|N7(2327517a(1731))

(3.11) B(g)(x) =

9(y) :

Moreover, we have

(3.12) [1V720[8 ] 1 gy < ClR* = [y Wy < ity 55,0
(i) 1 m = max { 2, s b then [Vul'=t € L1(Q) for any v < o0

(3.13) V18| g < C(’ 5l * HP(WC‘““))Hm(m)-
(iii) If m > max{zsiv_l, 252_51]_Va(1_81)}, then |Vw|d1=51 € L>®(Q) and

(3.14) [Vl ] o gy < C(‘ 52 iy T |]P(h5“(1‘51))]Loo(Q)>.
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Hence, for v < min{N,(ersjjfa(lfsl)),N7(£271)} fized, the operator T' : L'(Q,5e01=s1)) —

Wé’V(Q, §70=51)) defined by T'(h) = w, where w is the unique weak solution to (3.1), is compact.

Proof. The idea of the proof is the same used in our previous paper [8] ( see also [6]). We will
split it into two parts:
1) Weighted regularity.
2) Compactness.
e Weighted Regularity:
Recall that w is given by

w@) = [ Gualo.)hiw) dy.
Without loss of generalities, we suppose that A > 0. Then,

|vxg82 (x,y)’

o UGs(z,y) Gs, (@, y)h(y)dy.

V()| < /Q VaGen (.9 [1(y) dy <

Using the estimate (2.5), we get

gS ( i )
Vo@)] D'<Cfrco o siesen Togl MWW+ 555 Jroca s omsizow) 9o (2, 9)(y)dy.

Thus,

V@) < o8t ([ )., . y)dy
(29 ; [o—z|<5(2)} 1T — Yl
(3.15) h(y)
L8V () / G @)y |
{z€Q ; |[x—z|>0(x)} 5(1.) 2<
\ = Q1(z) + Q2(x).
— Let us begin by estimating Q2. We have
w(x)
1 <
(316) Q2(2) < O
As soon as ¥ < Mg, sp,0 < Mg 59,0, WE Obtain
(3.17) Qs < ¢ [ 220 0 < opget—s|p
| N TR @
— Now, we deal with @)1. We have
r B L
) =5 | [ L), ey )
(269 ; Jo—z|<5(2)} T — Y
_ h(y)
<) ([ G (. )y
(3.18) (=) ( (269 ; Lo(2)<[a—2|<(x)} 1T — Y] 2(:9)
h
+61%1 (2) / (0) Gso (T, y)dy |
{z€Q; |[z—2|<$5(x)} ’33 - y’
= Qu(z) + Qu2(w).
Regarding 11, we have
(3.19) Qu() <c5@) [ h(y)Gen g}y < C2EL
(269 ; 16(2)<|o—z|<5(x)} 651 (z)

11



As above, since v < Mg, s5.0 < M, 5.0, then

Y w’Y(:C) a(l—s1) |17
(3.20) /QQll(a:)da: < C/Q §em g < OO .

Now, we estimate the term Q2. Recall that for any z € Q and y € {z € Q; |z — 2| < 36(z)}, we
have £6(z) < 6(y) < 26(z). Hence, from (2.2), we find

IO ()30 )
3.21 Q2(x) < C’</ dy ).
(3.21) 12() (o2 fos|< 26} 7 — y| V2ot

Hence, according to the value of a, we have

h(y)6*1=s1) () '
C</Q |z — y|N—(2s2—s1—a(1=s1)) dy if a>1,

a(l—s1)
o([HE,) g
Q

|$ _ y|N7252+1

(3.22) Qu2(z) <

Taking into consideration the definition of P, it follows that
/ Qly(z)dz < C’/ (P(h6*1 =5V (2)) d.
Q Q
Combining the estimates (3.16) and (3.22), it holds that

(3.23) V()61 () < C ;fl((”;)) + P(hd?(=0) (x).

Hence (3.10) follows.
Finally, by using Theorem 3.1 and Lemma 2.2, we deduce that from (3.23),

[[Vaw|s' = < C[h | g ),

HLW(Q)
for any v < ms, s5.a-
e Compactness:

Now, let us prove that T' is compact. So, let {h,}, C L*(,%1~51)) be a bounded sequence and
set wy, = I'(hy,). Then, w, solves

(—A)*2w, =h, in Q,
(3.24) { w,=0 in RNVN\Q
For ¢ < N7(2327S]¥7a(1781)) fixed, by Theorem 3.2, there exists C' > 0 independent of n such that
‘w”(x)‘q a(l—s
(3.25) | o) dz < C||hypo™ 1)”%1(9) < C.

Hence, using the estimate (3.10) and choosing ¢ such that v < ¢ < N—(252—5]¥—a(1—51)) , we conclude
that

-s Wn a(l—s
I e P (e e ]

< COhad®=5) | 1q) < C.

|wn ()]
051 (x)

sequence {w,d'~*1},, is bounded in the space Wé’V(Q) for any v < min{ e

Taking into consideration that |V (w,d'~51)| < §1751|Vwy, |+ (1 — s1)

, we deduce that the

N N }
2s9—s1—a(l—s1))’ N—(2s2—1)J"

12



Then, up to a subsequence, we get the existence of a measurable function w such that wd' =51 €

Wéﬁ(g)’ wnd' T — wdt T weakly in W(l)ﬁ(Q) and w, — w a.e. in Q. Thanks to (3.25), {%}

is bounded in L(Q2) for any ¢ < N—(232—s]¥—a(1—51))' Therefore, we conclude that 5% € L1(Q) for
N

any q < N=(@s3=s1—a(1=s1)) by Fatou’s Lemma. Finally, since 2 is a bounded domain, by using
Vitali’s Lemma we obtain that

Wy, w g
S G strongly in L?(Q),
for any qvn< Nﬁ(ngis]La(liSl)). Now, setting vj; U: w; — w; and h;; = h; — hj;, it holds
that v, 6%31 — 0 a.e. in Q as i,j — 400 and 6%]1 — 0 strongly in L4(2) for any ¢ <
N

N=(ss=s1—al=s1))" Since v;; solves Problem

(3.27)

(*A)SQ’UM = hij in Q,
v =0 in RV \ Q.

From (3.10), we get

Uij

5o

[1Voiglot =ty < C(‘ +Hp(hz‘j5a(1sl))HLWm)'

L4(Q)
N
—s1—a(l—s1))"
we deduce from [44 Theorem 8.1] that the operator P : LY(Q) — L7(2) is compact for any
v < min{g— @ 81 o= 51))’ N (é\; ey }. Hence, up to an other subsequence, we conclude that

wy, — w strongly in WO’W(Q, 5= 51)). This ends the proof. O

Recall that :;%]1 — 0asi,j — +oo strongly in L4(QQ) for any ¢ < N Now,

4 Existence and nonexistence results

As we mentioned in the introduction, our main objective is to discuss the existence and nonnex-
istence of solutions to

(=A)"u = |[Voul2+Af in Q,
(S) (=A)2v = [VufP+pg in Q
u=v = 0 in RV\Q.

In the first subsection, we will establish the existence of a solution to System (S) under natural
assumptions on data. Then, we will establish nonexistence results in the second subsection.
4.1 Existence results

In this subsection, we first specify what we mean by a weak solution to System (S). Then, we
state and prove the existence theorems in the two cases:

S
N1<g< ,1<p<
Jlsg<{— <p<jy

2)p=q=1

Definition 4.1. Let (f,g) € (L'(Q)")2. We say that (u,v) € WiP(Q) x WyU(Q) is a weak
solution to System (S) if for any (p,) € X5, x Xy, (see Definition 2.1), we have

/u(—A)Slgpdx :/ ]Vv|q<pdx+)\/fcpdx
(4.1) Q Q
v(—A)%2y dx :/ \VulPde 4+ | gy de.
Q Q

S
2 and pg > 1;

Q
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411 Case: 1<g< - i

,1<p< 52 and pg > 1
S1 1—81

S S
L 1<p< 2
— 851 1

Theorem 4.1. Assume that 1 < g < 1 such that pg > 1 and s3 > s7.

1
Suppose that (f,g) € L™(Q)t x Lo ()" where (m,0) € [1,+00)? satisfies one of the following
set of conditions:

q+1 p+1
<51 <1, —— <89 < 1,
g+2 ! p+2 7
N N
l<m<— 1<o< )
(4'2) S1 —q(l—sl)/\ 289 — 81 _p(l_Sl)
po <m = Ma19 where Mg, 4 = m
51,82, * 7 4 + 7/7\1317(](82 _ 51) SLETTN — m(Sl - Q(l - 51))7
N o
< = ;
qMm < Os;,s9,p N —o(2s2 —s1 —p(1 — s1))

or
1 < < g+1 1 < < p+1
. LR i
9 1 q+27 92 2 p+27
(4.3) ! <m < N ! <o< N
° PN m M O- M
251 —q(1 —s1) s1—q(1—s1)" 283 —p(1—s2) 259 — 51 — p(1 — 51)
PO <My ,s9,q, qM < Tsy,50,p:
or
g+1 1 p+1
I g <], s <sy< = g<p,
g+2 71 g SRS pr ISP
N 1 N
(4.4) l<m< , <o< ,
s1—q(1—s1)" 2s9 —p(1 — s9) 2s9 —s1 —p(1 —s1)
pG < m517827q7 qm < &\31732717’
or
1 1 1
*<8p<gtﬂgi*<3y<L
2 q+2 p+2
(4.5) ———————7<nw<———g———,1<a< N ,
251 —q(1 — s1) s1—q(1—s1) 259 — 51 — p(1 — 51)
pO' < m51732,q’ qm < 851,82,}’)5
or
N gmN
4.6 >— o> and po < ,
(4.6) 51— q(1—s1) N + qm(2s2 — 51 — p(1 — 51)) 52 — 81
or
N
4.7 > d <m .
( ) o=z 232_81 _p(l_sl) an pU m313527q
Then, there exists A > 0 such that for any (X, u) € II where
(4.8) I i= { (A 1) € 10,400) X [0,400) & X[} iqy + pllgllioo) < A},

System (S) has a nonnegative solution (u,v). Moreover, (u,v) € ng)’el (,60721)) XV\V(lJﬁ2 (2, 80722))
fO’I“ any 91 < msl,SQ,q (]/n/d 92 < 851»32717'
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Proof. We follow closely the arguments used in [6, 8, 10]. Also, we will give the proof under
the assumptions (4.2) and (4.3). The other cases follow by using the same reasoning. Since we
will use Schauder’s fixed point Theorem, and in order to make our demonstration clear for the
readers, we will proceed by three steps.

First case. Set (4.2).

Let us define the following function

T(a) = ar — Ca Vo > 0,

where C is a positive constant depending only on the data and which we will specify later.
Since pg > 1, then there exists oy > 0 such that T(ap) = 0, T(«) > 0 for any o € (0,p) and
Y (a) < 0 for any « € (g, +00). Hence, there exist two positive constants £ > 0 and A* > 0 such
that

Igg{}){T(a) =7T{) = A"

zplqzé(HAN).
C

Let £ > 0 be fixed as above. Since (A, 1) € II with the choice A = %, we have

Thus,

~ 1
(19) O+ XU+ o) < 657

Since gm < T, s0p = Nﬁg(%gfgip(lisl)), then there exists r > 0 such that gm < r < G, g, p-

Furthermore, let us consider the set H such that

(4.10) H:= {(p e Wy'(Q); 987 € Wy (Q) and (/ |V(¢6151)]Tda:>r < eé}.
Q

It is clear that H is a convex and closed subset of W(l)’l(Q).

Notice that, if ¢ € H, then setting » = ¢ 6'~°1, we deduce that @ € Wé’T(Q). Then, by using
Hardy’s inequality (Theorem 2.3) with p = 0. Then, we get

21 3
/Q(é(a;))rdx = C(Q)/Q\Vgoy da.

Thus,
lo]” / .
Y ge <o) | |VoId.
L et =c@ [ 199

Since |Vé(x)| =1 a.e. in €2, we deduce that

[Vl 671750 = |V(8151) — V61" < CIVT +

Therefore, |Ve["6"(1=51) ¢ L1(Q) and

1
</ |w’5r<1—81>d:g> < .
Q

We observe that, if ¢ € H, then |Vy|®6¢1=51) ¢ LY(Q) for any a < 7. In particular,
IVp|9590-51) € L™(Q).
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Step 1. We claim that if ¢ € H, then there exists 8 < 2s; — 1 such that |[V¢|?%6% € L'(Q).
Indeed, let ¢ € H, then by using Holder’s inequality, we get

/‘qu(gﬁdx — /‘Vw‘q(gq(lsﬂ(gﬁq(lsﬂdx’
Q Q

1 1
(4.11) < </ |V@Qm5q(1—51)mdw>m </ 5(5_Q(1—81))m/dx>m ’
Q ) Q
< c( / 5<ﬂq(181>>m’dx> "
\ B Q
1
Since + 5 <51 (from the set of conditions (4.2)), then there exists S > 0 such that ¢(1 —s1) <

B < 2s1 — 1. Therefore, |Vp|96° + Af € L'(Q). By Proposition 2.1, we get the existence of a
unique weak solution u to Problem

(=A)%u = |[Velt+Af in O,
(4.12) { u = 0 in RV\Q.
N

Moreover, u € Wé’a(Q) for any a < N_—2s, +1+8

Now, we claim that |Vu[P6%t € L1(Q) for any B; < 2s5 — 1. Indeed, by Theorem 2.2 and by
taking s = s1, a = ¢ and h = |Vp|? + Af, we have

H|Vu|51731 HL“/(Q) < C’( H\Vgolélfsl H(I{qm + )\Hf||Lm(Q)> for any ~ < myg, 4.

Since gm < r, then by Hoélder’s inequality we get

[IVuldt=>]| ) < C( IIveldt== {17 @) + A”f”mm))’
(4.13)

1
< C(“ + /\’f\Lm(Q)>,

for any v < g, 4. Thus, |Vu[PeP(=51) € [7(Q) C L'(Q). Since po < s, s,.4, then by using
Holder’s inequality, we obtain |Vu[P6P(1=52) ¢ L7(0).

1
On the other hand, as p i 5 < s2, we get by using the same computation as above, the existence
p

of B1 < 2s3 — 1, such that |Vu|Pé? € LY(Q).
Thus, using again Proposition 2.1, we get the existence of a weak solution v to the following
Problem

(4.14) {(_A>52v = |Vulf+pg in Q

N
N—=2s5+1+p5

such that v € V\V(l]’a1 (Q) for any oy <

Therefore, the operator
T:H— Wy'(Q)

pr—T(p)=v

is well defined. Moreover, if v is a fixed point of T', then (u,v) is a weak solution to System (S).
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Step 2. In this step, we want to show that T'(H) C H.
Indeed, by taking h = |Vu|P + pg with a = p and by using Theorem 3.2, it holds that

(4.15)  |||Volo'—=|

1— ~
LY (Q) = < C< H|VU‘5 o HLpa + /‘HQHLU(Q)> for any v <0y, 59
Since, po < Mg, 55,4 < Mg, ,q and thanks to estimate (4.13), it follows that

(4.16) IO

1
Lo <0@W@5“um+mwm +vwwm).
Since r < T, s,,p, then by choosing v = r in the previous inequality, we get

|[Vo]st ==

iy < O NI 2 g + oy + Wy )

Recall that ¢ € H, thus

1197016 [ <0@+mwwm+vwwm).

By choosing C = C and taking into consideration the definition of ¢, we conclude that

Vo], ooy < £73.

Lr(Q)
Thus, v € H and therefore T(H) C H.

Step 3. Continuity and Compactness of T'.
e Continuity

— Let {¢n}n C H and ¢ € H be such that ¢, — ¢ strongly in Wé’l(Q). Moreover, let us define
vn =T (n), v =T(p). Then, (up,v,) and (u,v) satisfy

(—A)1u, = |Veu|74+ A f in Q,
(4.17) (=A)"u = |[Vpl274+Af in Q,
Up =U = 0 in RN \ Q,
and
(—A)*2v, = |Vuy/P+pg in Q,
(4.18) (—A)2v = |VulP+pg in
vjp=v = 0 in RN\ Q.

Thus, by using Proposition 2.1, we get
IVt = Yl oy < C 11Vl = [Vl 1
for any a < #ﬂ% where 8 < 2s; — 1.

Since ¢, — @ in Wé’l(Q) and {pn}n C H, then, by Fatou’s Lemma, we get

1
s 1
</ \wraﬂl—sﬂdaz) < Ctra.
Q

Hence, for a € (1,r) fixed and due to Proposition 2.2, we get
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(4.19)

1
. n
</ IVn — V(p‘a&l(lsl)d:c) < (/ Ve, — V(p‘(slsldl“)
Q Q
1—n
X </ Von — Vsol””y(l‘sl)dw) :
Q
n
< C(/ Vn — V(p\él_sld:c> — 0 as n — 400,
Q
r—a
where n = m

Since gm < r, thus by choosing a = ¢gm we can find as in Step 1, 8 < 2s; — 1 such that

1

/ |V, — Vgo!qé’gdx < C(/ |V, — Vap\qméqm(l_sl)dx> " L0asn— +00.
Q Q

Thus, it follows that
[Vup = Vul[ o) = 0 as n — +o0,
N

N-—2s1+1+p3
Now going back to (4.13), we deduce that

In particular, u, — u strongly in W[1)71(Q).

for any a <

(4.20) | V|6t~ HLmsl,q(Q) < C(zé + A\|f||m(ﬂ)>.

Thus, {|Vu,|6'1}, is bounded in L™s1:4(Q).
Now, we claim that

(4.21) {|Vun|6' 72}, is bounded in L7() for any v < g, ,.4-

Indeed, let v < 7, s, 4, then by using the fact that {|Vu,|6'~*1},, is bounded in L™s1:4(2) and
Holder’s inequality, we get

7 12
[Vup|7670752)dg < |V |10 10 (1=51) gy o Ad7$ < oo
Q n — Q n Q Msq,q7(s2—51) ’

5 Msy,q—"

Here, we have used the fact that v < my, 4, 4. Then, the claim follows. Therefore, by Fatou’s
Lemma, it follows that

/ |Vau|? §70752)d < +o0.
Q

Let v < My, s,,4 be fixed such that po < v, then by using Proposition 2.2 we get

(4.22)
v n
( / ]Vun—Vu|p"5pU(182)dx> < < / ]Vun—Vu|5132dx>
Q Q
1-m
X </ |V, — Vu|757(182)da:2 k ,
Q
1
< C’(/ |V, — Vu|51_s2da:) — 0 as n — 400,
Q
where n; = p;(;p_"l).

Since po < M, 55,4, then by repeating the same computations as in the first step, we can find
b1 < 2s9 — 1 such that

/ |V, — VuPéPrdz < C’(/ |V, — Vu|p05p0(1_82)dx) " S 0asn— +oo.
Q Q
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Hence , by using Proposition 2.1, we deduce that v, — v strongly in W(l)’l(Q) and then the
continuity of 7" follows.

e Compactness

— Let {¢n}n C H be such that HSO"HW};I(Q) < C and v, = T(¢y). Since {pp}n C H, then

1
(/ [Veon| 5T(131)d37> ' < C for any n.
Q

Thus, as in the first step, there exists 5 < 2s; — 1 such that {Vgpn|q55 + )\f} is bounded in

n
L'(Q). Then, according to Proposition 2.1, we deduce that, up to a subsequence, u,, — u strongly

in Wy*(€) for any a <

N—2s1+1+8
Recall that, from (4.22), we have proven that |Vu,|[d17%2 — |Vu|d6'~%2 strongly in LP7(Q) .
Thus by using the same arguments as in the first and second steps, we get the existence of
B1 < 289 —1 such that (|Vu,|P+pg)é®t — (|VulP +pg)é®t strongly L'(Q). Thanks to Proposition
2.1, we conclude that v, — v strongly in Wé’al (Q) for any a; < #—H-ﬁ-ﬁ In particular, v, — v
strongly in Wé’l(Q). Hence, T is compact.
Therefore, by applying Schauder fixed point Theorem, the operator T' admits at least one fixed
point v € H such that T'(v) = v. Hence, we get the existence of (u,v) € Wé’l(Q) X Wé’l(Q)
which is the solution of System (S) such that (u,v) € Wé’91(9,51_51) X Wé’gQ(Q, §1752) for any
0 < Mgy s0,q and 0y < 831,3271,.

Now, we briefly describe the main changes regarding the set (4.3).
Second case : The set (4.3).
The main difference between the two sets is revealed when we show that for every ¢ € H, there
exists B < 251 — 1 and By < 25y — 1 such that |V|96°1, [Vu|P§P, V|67, [VulPé®t € L1 (Q).

. g+1 1 .
Since s1 < and m > ————— it follows that (¢+1—s1(¢+2))m’ < 1. Then, we can
1 q+2 251 — q(1 — 51) (g 1(¢+2))

find 8 < 2s7 — 1 such that (¢(1 — s1) — 8)m’ < 1. Hence, / §B=a(1=s))m" g2 < 50 (respectively
Q

/ 5P =P=52))0" gy < 4 00).
Q
O

4.1.2 Case: p=q=1

Notice that, the above convexity argument can not be used to get the existence of a solution.
Then, we need to find a priori estimate to the solution to the following System

(—A)'u = A(]Vv|—|—f) in Q,

(4.23) Ay — M<WU|+9> in 0

u=v = 0 in RV\ Q.
By using a suitable compactness result, we get the following existence result for this case.

Theorem 4.2. Assume that s1,s2 € (3,1) with sy > s1. Suppose that (f,g) € L™(Q)T x L7(Q)*
where (m, o) satisfies one of the following conditions:

2 2
- <51 <1, §<32<1,

3
1 < m < mi N5 1 <o < mi N a1
m mm<E§ ————,0 y g min 5 ~
(424) 251 — 1 52 289 — 1 1+ ms1,1(32 - 31)
~ L mN ~ . olN
where Mg, 1 = N = m(@s 1) and Og, := No(2s5-1)
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(4.25)
L <51 < L < 89 < 2
2 "~y Ty
1 < m < mi N 5 L <o < mi N My 1
m min ag D —— ag min
3s1 — 1 251 — 1777 359 —1 289 — 1" 1+ Mg, 1(s2 — 1)
or
<85 <o, =< sy <1,
(4.26) { 2 R -
' < m < mi AP 1 <o < mi N Ms1,1
m mms§ —.,0 g min
351 —1 251 — 1727 289 — 17 1+ g, 1(s2 — 81)
or
N mN
4.27 > > do <
( ) m_251—1’ g N +m(2sy — 1) anaeao S9 — 81
or
ﬁlsl 1
4.28 o> and o< — : .
( ) T 259 —1 1+ m5171(32 — 81)

Then, there exist \* > 0 and p* > 0 such that if A < X* and p < p*, System (4.23) has a solution
(u,v) with (u,v) € Wl GI(Q, S1s1) x VV(l)’a2 (Q,617%2) for any 01 < My, s, and 2 < Ts,.

Proof. We give the proof under the assumption (4.24). The others are similar.
By using Schauder’s fixed point Theorem. We get the existence of a solution (u,,v,) to the
following System

[V, f .

Ay, = A + Q,

( ) +%|an| 1—|—%f mn
4.29
(4.29) (—A)%20, = ]Vlun] gl in Q,

+ E!Vun] 1+ Eg
Up =0, = 0 in RV\ Q.

Let us V v

By using the regularlty result in Theorem 2.2 with a = 1 and s = s1, it follows that

B . mN
(4.30) [[IVunl8' =] o, ) < CA(Hywnyal ey + Hf”Lm(Q)> Vo, < N—m(2s1 —1)°

Since o < Mg, s,, then as in the proof of Theorem 4.1, it holds that

N
(4.31)  [[IVvn]d" 2] 1o, ) < Cﬂ( V720l o ) + ”g”L”(Q)) Vo< = 00(252 —1y
Thus,
11V2nl8" 4| oy (g + 11V0R18 752 1o ) <
(4.32)

c(MWunralﬁHLa sl + MIT0 I iy + Ml )

Since o < My, s,, We can choose 0 close to My, s, such that o < 61 < My, s,. Thus using Holder’s
inequality, we deduce that

H\Vunwl_sl < C’H|Vu |(51 slH

HLU L%1(Q
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In the same way, by using the fact that ss > s1, we obtain

|| Vo, |61~ o < C ||| Vvp|6'—*2 o < C ||| Vvp|s'—*2

HLm( HLm( HLGz(Q)'

Hence, by choosing max{\, u} < Cj such that Cjy is small enough, it follows that
19018 o1 gy + 1V 182 g < C<Q’CO><A”f e + uugnmm)-

As a consequence, {(uy,vy)}rn is bounded in W(l]’al(Q, §010=s1)) Wéﬁ? (Q, 6%2(1=52)) for any for
any 61 < Mg, s, and O < 0, p.

Thus, the rest of the proof follows by using the same compactness computations as in the proof
of Theorem 4.1. O

Remark 4.1.

1. The same existence result holds without any positivity assumptions on the data.
2. Under the same hypothesis of Theorem 4.1, we can prove that the following System

(=A)'u+|Vol? = Af in Q
(4.33) (=A)20+ |VulP = pg in Q
u=v = 0 in RV\Q,

admits a nontrivial weak solution (u,v) for so > sq.

4.2 Nonexistence results

In this subsection, we prove the optimality of the assumptions imposed on the data in Theorem
4.1. We start by the next nonexistence result to prove that the smallness condition on (A, ) is
necessary to obtain the existence of a solution to System (5).

4.2.1 Nonexistence: Optimality of smalness condition on A and u
S1 52

Theorem 4.3. Let s1, s € (%, 1) with sg > s1, 1 < g < . Assume that

and1l <p<
— 51 1—81

(f,g) € (L>®(Q)T)2. Then, there exist two positive constants T'(f) and T'(g) such that if X > T'(f)
or > T(g), System (S) does not have any nonnegative solution.

Proof. Let A\, > 0 be fixed such that System (S) has a nonnegative solution (u,v). Given
0 € C°(R) with 0 = 0. Let ¢p € W81’2(Q) N L () and ¢y € WSQ’z(Q) N L*(£2) be the unique
positive solutions to the following Problems respectively

(=A)1gg = 0  in Q,
(4.34) { ¢g = 0 in RV\Q,
and

(=A)2pp = 0 in Q

(4.35) { ©o 0 in RM\Q.

Since # is bounded, and according to [53], we know that ¢y = 0%1 and g = 6°2. Let 1pg be the
unique solution to the following quasi-linear Problem

(4.36) {‘div(@elvwelasze)z 6 in Q,

9= 0 on 09,
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where 1 < a < min{p, q}. Notice that the existence of 1y follows by using an approximating
argument. It is clear that (o — 1)p’ < o and (o — 1)¢' < .
Now, we use ¢y as a test function in the first equation of System (.5), we get

/(]Vv!qu)\f)(bgdx _ /9udx,
Q Q

(4.37)
/waw@\alyw\ dx.

IN

Therefore, by using Hélder’s and Young’s inequalities, it follows that

1

1 1
Lavereanads < ([ 1vareads)( [ 1wvoregna)”
(4.38) Q Q Q
< e / IVulPpy dz + C' () / IV i|P @Dy da.
Q Q

Analogously, using g as a test function in the second equation of System (.5), we get

(4.39) /(!VU\”+MQ) ppdr < 6/ Vol dw+0é(6)/ [Vabo|” @ Dipg dr.
Q Q Q

Combining (4.38) and (4.39), it holds that

/(\Vv\q—i—/\f)@da; < 82/]Vfu]qcpgdx+01(5)/\nglq/(anggdw
Q Q Q

(4.40) /
+oCe) / VP @D gy da
Q

By using the fact that, @y = 6°2 and ¢y = §°! in the previous inequality, we obtain

[ Vel a0 8@y da <20 [ [Tofts (o) do+ Tae) [ [Vaal? @ V5% @) da
Q Q Q

(4.41)
+Oo(e) / VP D62 () da.
Q

Since 2 is bounded and s2 > s1, then §°2(z) < C(Q2)d* () for any x € Q.
Thus, from the inequality (4.41), it follows that

/ (Vol? 4 A )5 (z) do < £2C / Vo|76% (2) d + Ci(¢) / V0|7 5% () da
Q Q Q

(4.42)
£TE) [ VUl 5 0)
Q

Hence, by choosing 0 < € << %, we get

(443) A / 6% dz < Cr () / Vel @D 5% (2) d + Ce) / V0|7 @D 5% () d.
Q Q Q

Otherwise, we obtain

A / fopde < Cs(e) / IVapa|P' @ Vg dz + Ciy(e) / Vapg|? @D da
Q Q

(4.44) Q , ,
C(e) ( / |Vpo[P" @Dy d + / |V¢9|Q(a_l)¢9d93>,
Q Q

IN

where C(¢) = max {C3(¢), Cy(e) }.
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Let us set

(4.45) F(0) 32/Q|V¢9|p/(a_1)80ed$+/§2|V¢0|q/(a_1)@edfﬁ

Then, A <T'(f) = C(e)X\*(f) where
N (f) = inf F ) ; dr=15;.
U= tosollteion { ) /szf¢0 ’ }
Conversely, if A > I'(f), System (S) does not have any nonnegative solution. By a similar way,
we get the result for p.
L]

4.2.2 Nonexistence: Optimality of smalness conditions on the exponents p and ¢

Now, we give the optimality result of the assumption on the exponents ¢ and p. More precisely,
we have the following nonexistence result.

Theorem 4.4.

1
1) Assume that max{p,q} > . +

ative solution (u,v) € W(l]’l(Q) X Wé71(§2) such that

with s9 > s1. Then, System (S) does not have any nonneg-

/ |Vu|Pé®2(x)de < +oo  and / |Vol91§°t (z) dx < 4o0.
Q Q

2) Assume that max{p,q} > 0
(u,v) € WP (Q) x Wy(Q).

. Then, System (S) does not have any nonnegative solution
51

Proof.

First case : Let us start by proving the first case. Without loss of generality, we can suppose
1+s
thathqandpzl 2

. Assume by contradiction that System (5) has a solution (u,v) such

that (u,v) € Wé’l(Q) X ;%17(1)1((2) and

/Q|Vu\p532(a;) dr < 400 and /Q\Vv]qésl(:v) dx < 400.
Since so < p—1, by using the weighted Hardy’s inequality (Theorem 2.3) with p = §%2, we obtain
(4.46) /Qgid”(x) dx S/Q]Vu|p(582(x) dx < 400.

From the maximum principle proved in [11], we have u > C¢°'. Hence,

1 d
o 5p(—s1)—52 r < +00.

1+s
t 52 which is contradiction.

Thus, p < 1

— s
Second case : Now, we prove the second case. Suppose that System (S) has a nonnegative
solution (u,v) with (u,v) € Wé’p(Q) X Wé’q(Q). Then, by the same reasoning as in first case, by
using Hardy’s inequality (Theorem 2.3 with p = 0), it follows that

up
/ —dx < / |Vu|P de < +00.
q o7 Q

Furthermore, by using the fact that v > C§°! it holds that

1

which is a contradiction. This completes the proof. ]

Hence, p <
1-— S1
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4.2.3 Nonexistence: Optimality of the integrability conditions on f and g

Before ending this subsection, we prove an optimality result related to the assumption on f and
g in some particular cases. More precisely, we have the following result.

Theorem 4.5. Let sq, s9 € (%, 1) with sy > s1. Assume that the following condition

mN oN

4.47 d
(447) PT= N s —1) M T N —o(2s - 1)

holds. Then, there exist (m,o) and f € L™(Q),g € L7(Q) with f,g > 0 such that System (S)
does not have any positive solution for any X\, p > 0.

Proof. Let us construct f, g such that, under the hypotheses of Theorem 4.3, we get I'(f) = 0 or
I'(g) =0.

Without loss of generalities, we Suppose that Q = B(0,1) and m,o0 < N. Let ¢ > 0 (it will be
chosen later), and define f(r) = —4—=. Then, f € L™(Q). Assume by contradiction that System

|| "m
(S) has a solution (u,v) € Wy'(Q) x Wy (Q) such that (u,v) € WP(Q) x W, 9(Q). Then, by
following the calculations done to prove Theorem 4.3, we deduce that

(4.49) 3 [ gode < C [ 190l Dpdo 0 [ (9007 Dgpda.
Q Q Q
Moreover, let us consider the function 6 such that
1
f <1
oy ={ @ W=

(I—faly i L<lal<t,
where v > 1 and a > 2s; satisfying

N+251—%<a< N+281—p,(282—1),
N+281—%<a< N +2s1 — ¢ (259 — 1).

Notice that the existence of a follows using the hypothesis (4.47).

By using the definition of ¢y as the solution to Problem (4.34), we obtain that ¢y ~ |z|>17% in a
small B(0,rg).

Regarding the function 1y which is the solution to Problem (4.36), choosing 1 < a < 2s3, we can
prove that in a small B(0,r1), we have

_ 2s9—a _2s9-—1
(4.49) Yo(x) >~ |z|” o1 and |Viy| < Clz|” o1

Thus, taking into consideration estimates (4.48) and (4.49) and choosing € small enough such
that % +a —2s1 > N, we deduce that

/ foodx > C'/ = —————dx = 4o00.

b |2

Moreover, we have

/Q [Vapg[P' D + /Q [Vapg|? @Dy da

<C dr < 400

Q <|$|(252—1)p’+a—282 + ’x|(252—1)q’+a—252>

Thus, using a suitable approximation argument, we conclude that I'(f) = 0. Hence, the nonexis-
tence result follows. O
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5 Extensions and further results

In this section, we deal with some extensions of the existence result to other nonlinear systems
with different structures. By using the same approach as in the previous section, we can establish
existence results for different cases.

5.1 Systems with drift

Let us consider the following System

(=A)*'u+ Bi(xz).Vu = |[Vol?+Af in Q,
(SD) (=A)2v + Ba(x).Vv = |VulP +pug in Q,
u=v = 0 in RV\Q,

where sy > s1 and B; is a vector fields satisfies |B;| € L () with o; > 5.

In our previous paper [8] , we have explained how for Systems of type (SD), we can establish the
existence of solutions.

5.2 Systems with potential-gradient term

Now, let us consider the following System with potential-gradient in the right-hand side ;

(=A) 'y = vi4\f in
(SPG) (=A)2v = |VulP+pg in Q,
u=v = 0 in RV\Q.

Then, we have the following existence result.

51 82

Theorem 5.1. Let s1,59 € (%,1) with so > 51, 1 < q < ] and 1 < p < 7
— 51 — 851

pq > 1. Assume that (f,g) € L™(Q)" x L7(Q)* where (m,0) € [1,+00)? satisfies one of the
following set of conditions:

such that

(g+1 p+1
—— <51 <1, —<s9 <1,
q+2 ! p+2 2
l<m< N l<o< N
m< ————, o 7
(5.1) s1—q(l—s1) 259 — 51— p(1 —s1)
po < m, = Ms1.0 where Mg, ¢ := mN
T T (s — s1) 00 N (e — g(1 = s1))
qmnN <3 oN
— <o = ,
\ N n qm 51,82, N — 0'(282 — 51 —p(l — 81))

or
ot o prl
2 g+2 2 p+2
N 1 N
(5.2) 251—q(1—51)<m<51—q(1—31)’ 252—p(1—52)<0<282—51—p(1—81)’
po < Mis, 55,9, M<85152p,
\ e N+qm ' ’
or
Zi;<31<1,;<32<§i;,q<p
1<m< N ! <o < N
(5.3) s1—q(1—51)" 283 —p(1 — s2) 259 — 51 —p(1 — 1)’
po < My 55,95 _am_ Os1,5,ps
20 N 1 om 52,
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or
g+1 p+1

1
s <= P <sy <,
2 S g2 p2 R
< < N l<o< N
o /1 N m 1 o 9
(5.4) 251 —q(1—s1) s1—q(1—s1) 289 — 51— p(1 — 1)
_ qgmN ~
DO < Misy 59, N +qm Os1,52,p>
(5.5)
> N > qmN dpo <
or m>——— © and po
~s1—q(l—s1) N+ gm(2sg —s1+1—p(l —s1)) b 89 — 81
N _
(5.6) or o> S S——C p— and  po < Mg, s.q-
Then, there exists A > 0 such that for any (A, u) € II where
(5.7 1= {0 € [0.409) ¥ [0,+00) s 1y + ooy < 4},

System (SPG) has a nonnegative solution (u,v). Moreover, (u,v) € Wé’el (Q, 51_51)><W(1)’92(Q, §1=s2)
for any 61 < Mg, 509 and Oy < T, s, p-

Proof. The proof follows closely the arguments used in the proof of Theorem 4.1 by taking into
consideration the potential term in the first equation. For the reader’s convenience, we give some
details under the condition (5.1). The others are quite similar.

mN =R mN
a < 0g,,s0,p, then we can find 7 > 1 such that _amr

N +gm N +gm
r < N, thus we have

Since < r < 0, s0,p- Therefore, if

(5.8) gm <r* =

and if » > N, then it is clear that r* = oco.
Let ¢ and r be fixed where /¢ satisfies (4.9). Furthermore, let us consider the set H defined as
follows

(5.9)  H:— {@ e WEL(Q) 5 81" € WL (Q) and ( /Q ]V(gp&l_sl)\rdx>r < g}

Notice that, if ¢ € H, then by Sobolev’s inequality, it holds that

( / rw”w*dw)r sc( / rvw“wmm)r < oo,
Q Q

We observe that if ¢ € H, then ¢®5®(1=51) ¢ L1(Q) for any a < r*. In particular, p?§90—s1) ¢
L™(Q). Hence, by the same computations as in the first step of the proof of Theorem 4.1, we can
prove the existence of 3 < 2s; — 1 such that ©96° € L'(Q) for every ¢ € H.

Thus, from Proposition 2.1, there exists a unique weak solution v to Problem

(510) {(—A)Slu = ¢l 4Af in Q

u = 0 in RN\ Q.

Moreover, |Vu| € L*(Q2) for any a < ﬁﬂ%ﬁ
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Now by applying Theorem 2.2, with s = s; and a = ¢, we have
G (198 g < C (108" Ly + Al flmey)  forany oy < ay
where C' is positive constant. Since gm < r*, it follows that
(5.12) 1718 ]| - ) < € (I8 1 ) + A F L))
for every v < my, 4. Thus, by Sobolev’s inequality, we get

(5.13) || Vuls' ==

Hm( <C (HV 5t 81)‘ o T M fllpm Q)) for any v < myg, 4.

Since po < M, 5.4 < Ms,.q, then by (5.13), it holds that |Vu|PoP(1752) € L7(Q).

Moreover, po < Mg, s, 4 and % < s9. Thus, by using Hélder’s inequality, we get the existence
p

of B1 < 25y — 1 such that |Vu[P§% € L1(Q).

Therefore by Proposition 4.1, we get the existence of v as a unique weak solution to Problem

(5.14)

(=A)2v = |VulP+pug in Q,
v = 0 in RM\Q,

such that v € W(l)’al (Q) for any a; < #—FH& with 81 < 289 — 1.
Hence, the operator
T:H — W' (Q)

pr—T(p)=v

is well defined. Moreover, if v is a fixed point of T, then (u,v) is a weak solution to System
(SPQG).
Now, by using Theorem 3.2 with h = |Vu|P + ug, we get

(5.15) (901" |y < © (V06 ey + mllglloiey)  foramy < G

Since po < Mg, s, and gm < r*, then by using (5.13) and (5.15), we get

(516) (Ve gy < € (111" [ ) + Hllgllzow) + NS I miey)

Since 1 < T, ,s,,p, by choosing p = r in the previous inequality it holds that

(5.17) || Volst—*| ey T HlI9lLe @) AprHpm(Q)) :

Ly < C (1916 =17

Recall that ¢ € H. Thus,

|| Vo6t |

s <O (€ allglio@) + W17 )
By choosing C = C and taking into consideration the definition of ¢, we conclude that

Vol =1, ) < ClPi.

Lr(Q)
Therefore, v € H and then T'(H) C H.

Thus, we conclude that T has a fixed point in H. So, System (SPG) has a solution (u,v) such
that (u,v) € Wy (Q,61751) x W5 (€, 61752) for any ) < Ty, ey and 0y < Gy s p-
O
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To end this section, we prove that the smallness condition on the parameters A, ;1 is necessary
to guarantee the existence of a nonnegative solution to System (SPG). To be more precise, we
have the following nonexistence result.

Theorem 5.2. Assume that s1, so € (1 1) with s3 > s1, p>1 and ¢ > 1. For 6 € C°() with
0 = 0, let us consider ¢g € W81’2(Q) NL>®(Q), @g € WSQ’ (Q)NL>®(Q) and g € Wé’a(Q, 6%2(x))
to be the solutions to Problems (4.34)-(4.36) respectwely

Moreover, let us set

pl(a=1)

H(0) = ( /Q |w9|a¢9dx> + /Q 07 61 da,

A*(f) :_{0<9écoo Q)}{ /fd)edx—l}

*(g) = f H(0); dz=1;.
(9) ﬂ%$é2awﬂ)}{ ( ),‘A;g¢w x }

Then, there exists C(e) such that if System (SPG) has a solution (u,v), then A < C(e)A*(f) and
p < Ce)l(g)-

and define

and

Proof. Without loss of generality, we assume that f,g € L*(£2). By using ¢y as a test function
in the first equation of System (SPG), we get
/ Oudzx|,
Q

< A#MVWW”WMML

/ (VI + \f) ppdx =
Q

(5.18)

A

Since p'(a — 1) < a, then by Holder’s and Young’s inequalities we have that

P (a=1)
[e%

(5.19) A@Hﬂﬁ%ﬂ:SaAWW%M%HM@<£WWWMW>

Now, by using ¢y as a test function in the second equation of System (SPG) and by applying
Young’s inequality, we deduce that

/(|Vu\p—|—ug)cp9da: < /v@dwﬁ/v(ﬁgedw
Q Q o ¢

0

(5.20) o
ge/wwm+@@/m@ﬂm.
Q Q

The last integral is finite using the fact that 0 < 6 € C°(Q) and ¢p ~ §°2(x).
Combining (5.19) and (5.20), we get

p(a=1)

(5.21) )‘/Qf‘ﬁ@dx < 01(5)</§2|V¢6|a¢6d$> ) +03(6)/Q<9q/¢>éqldx,
C(e)H(6)

A

for some 0 < & << 1.
Hence, A < C(e)A*(f) with

A= {o<egcl£<> Q)}{ / Joo du = 1}

In the same way, we get the estimate on pu. O
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