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Non-reciprocal electromagnetic metasurface based on the nonlinearity of a liquid metamaterial

In this paper, we propose the design of a non-reciprocal electromagnetic metasurface, which uses a highly nonlinear liquid metamaterial as a source of non-reciprocity. We show that the proposed metasurface, whose thickness is comparable to the wavelength, can exhibit a difference between the transmission coefficients in the forward and backward directions of up to 0.95. Moreover, the particularly high nonlinearity of the liquid metamaterial enables the radiation power required to induce the nonlinear effects to be considerably reduced compared with natural materials. The feasibility of the proposed metasurface has been verified by numerical simulations.

http://dx.doi.org/10.1364/ao.XX.XXXXXX In recent years, metasurfaces (MSs) have attracted immense interest from the research community, moving from theoretical concepts to well-developed industrial production [1,2]. Electromagnetic MSs are typically composed of an array of resonant subwavelength elements arranged in a specific pattern. By carefully designing these elements and their layout, MSs can be tailored to perform a wide range of functions, including focusing light, orienting beams, and even creating holograms [3][4][5]. As a result, MSs have a number of potential applications in fields such as optics, telecommunications, and sensing, and are an active area of research in both academia and industry [6,7].

One of the current problems in modern electromagnetics is the development of non-reciprocal optical elements, as this is crucial to the creation of devices such as optical isolators [START_REF] Asadchy | Proc. IEEE[END_REF]. Non-reciprocity refers to the property of a system in which the response to an input signal is different depending on the direction of this signal. In other words, the system is not symmetric under time reversal transformation. This condition significantly limits the number of possible ways of achieving non-reciprocity. One such method is based on the nonlinear optical response of a material to electromagnetic excitation [START_REF] Mahmoud | [END_REF][10][11][12]. However, in general, optical nonlinearity is relatively low, requiring extremely high light intensities to produce the desired effect. To increase the nonlinear response, metamaterials can be used [13][14][15].

In general, a metamaterial is a material designed to have properties not found in natural materials. These properties arise from the way the material is structured at the nanoscale, rather than from the properties of its constituent parts [16]. One particular type of metamaterials, called liquid metamaterials (LMMs), has received a great deal of interest because of its high potential for tunability and reconfigurability [17].

LMMs are a type of artificial material that can exhibit unique and 32 highly tunable mechanical, optical, and electromagnetic properties 33 [18][19][20][21][22][23]. An example of an LMM is a colloidal suspension, i.e., a 34 liquid containing small particles that can be manipulated by electric sible visualizations to be presented. However, the substrate material 49 can be arbitrary, but for higher-refractive-index materials, an additional 50 dielectric layer is desirable to avoid excessive reflection.
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The appearance of non-reciprocity can be understood within the 52 framework of a simplistic model. First, let us consider a purely lin-53 ear problem involving the interaction of a dielectric cylinder with an 54 electromagnetic wave. Down to the lowest order, the electromagnetic 55 response of the cylinder can be approximated as the excitation of elec-56 tric and magnetic dipole modes. Consider a plane electromagnetic 57 wave incident normal to the MS. In general, the excited electric and 58 magnetic dipole moments can then be written as follows [24]:

59 p = αe E + αem H; m = αme E + αm H, (1) 
where p and m are the electric and magnetic dipole moments, E and the plane wave, one can obtain the expressions for the dipole moments:

66 p x = α xx e ± Z -1 0 α xy em E x ; m y = ±Z -1 0 α yy m -α xy em E x , (2) 
where "±" represents the forward (along the z-axis) and backward
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(opposite to the z-axis) propagation directions of the plane wave, re-68 spectively, and Z 0 is the impedance of the surrounding medium. In Each cylinder has a silicon layer (green) and a silica layer (purple).

The inset (b) shows the unit cell of the MS with its primary parameters.

Eq.( 2), we took into account that α yx me = -α xy em due to the reciprocity of the medium in the linear regime [24]. Finally, the absolute values of 71 the dipole moments can be calculated as follows:

|p x | 2 = |α xx e | 2 + Z -1 0 α xy em 2 ± 2Z -1 0 Re (α xx e α xy * em ) |E x | 2 , (3) 
m y 2 = Z -1 0 α yy m 2 + |α xy em | 2 ∓ 2Z -1 0 Re (α yy m α xy * em ) |E x | 2 , (4) 
where the asterisk corresponds to complex conjugation. For a homoge- 122

neous
ε eff = ε 0 ε h 1 + 3ν ε MA -ε h ε MA (1 -ν) + ε h (2 + ν) , ( 5 
)
where ε 0 is the permittivity of vacuum, ε h and ε MA are the relative 123 permittivities of the host medium and meta-atom material, respectively, counterbalanced by the pressure gradient force, making the average 135 current of the meta-atoms zero (see [15] and references therein):

136 j = nµ (f em + f p ) = 0, ( 6 
)
where µ is the particle mobility, f em is the electromagnetic force, and 137 f p is the pressure gradient force. The electromagnetic ponderomotive 138 force can be calculated as follows:

139

f em = α 4 ∇ |E| 2 , (7) 
where 

α = 3V 0 ε 0 ε h ε MA -ε h ε MA +2ε h is
(ν) = 1 + ν + ν 2 -ν 3 / (1 -ν) 2
is the compressibility factor.
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The Carnahan-Starling equation is applicable for volume fractions up 146 to ν 0.55 [START_REF] Hansen | Theory of Simple Liquids[END_REF]. Thus, the pressure gradient force can be expressed as:

147 f p = - k B T n ∇ (nχ (ν)) . (8) 
Combining Eqs. ( 6), (7), and ( 8), an analytical solution relating field 148 intensity and meta-atom filling fraction can be obtained:

149 α 4k B T |E| 2 = g (ν) -g (ν 0 ) , (9) 
where g (ν) = (3 -ν) / (1 -ν) 3 + log ν and ν 0 is the unperturbed 150 filling fraction. Equation ( 9) cannot be solved analytically with respect to the filling fraction, but it provides an unambiguous correspondence between intensity and filling fraction. Hence, Eq. ( 9) together with Eq. ( 5) allow the nonlinear effective permittivity of the LMM to be calculated.

In the case of relatively low field intensity, i.e., α 4k B T |E| 2 1, Eq. ( 9) can be simplified and solved analytically:

ν ≈ ν 0 exp α 4k B T |E| 2 ≈ ν 0 1 + α 4k B T |E| 2 . ( 10 
)
Consequently, an approximate expression for the nonlinear permittivity of the LMM can be obtained by substituting Eq. ( 10) into Eq. ( 5):

ε eff |E| 2 ≈ ε 0 ε h 1 + 3ν 0 ε MA -ε h ε MA + 2ε h 1 + α 4k B T |E| 2 . ( 11 
)
Certainly, the simplistic model considered here cannot be applied directly to the real world, as the finite-sized cylinder cannot be regarded as a point dipole, the actual electromagnetic mode of the cylinder is generally not a dipole mode, the nonlinearity cannot be treated as local, and the overall scattering problem must be solved self-consistently.

However, the calculations can be performed numerically.

Full-wave simulations were performed using COMSOL Multiphysics with RF frequency domain solver. The MS was modeled as a periodic structure with a primitive cell supplemented by periodic boundary conditions. The primitive cell contained one dielectric cylinder composed of two layers, namely a silicon layer and a silicon dioxide layer (see again Fig. 1). The dielectric parameters of silicon and silicon dioxide were obtained from the refractive index database [26].

The dielectric cylinder was immersed in an LMM, treated as an aqueous suspension of 10-nm gold nanospheres. The permittivity of the nanospheres was approximated by the Drude model [START_REF] Blaber | [END_REF], and the dielectric parameters of water were also obtained from the refractive index database [26]. The effective nonlinear permittivity of the LMM was calculated using Eqs. ( 5) and [START_REF] Mahmoud | [END_REF]. Additionally, the permittivity was constrained by the conservation of the total number of meta-atoms, such that (V 0 /V ) V n (r) d 3 r = ν 0 , where V is the volume filled by the LMM. The MS was then illuminated by a plane electromagnetic wave of a given frequency incident normally to the MS in the forward and backward directions. Finally, the transmission coefficients were calculated. The parameters of the primitive cell were optimized using a combination of Monte-Carlo and gradient descend methods. The details of the optimization are presented in the Supplement 1.

Figure 2 shows the simulation results for one of the optimized combinations of parameters. It can be seen that forward propagation has a transmission coefficient above 0.9, while backward propagation is strongly blocked with a transmission coefficient below 0.1. The sharp contrast between forward and backward transmissions takes place in a narrow frequency region of several THz. Figures 2 (c) and(d) show the distribution of the volume fraction in the LMM.

Figure 3 shows the simulation results for another optimized parameter combination. Unlike the previous example, in this case transmission in the forward direction is almost completely suppressed, while backward transmission reaches 0.8. Once again, the high contrast between transmission coefficients for forward and backward propagation directions lies within a relatively narrow frequency range.

Figure 4 shows the multipole decomposition of the modes excited in linear regime in the systems shown in Figs. 2 and3, which will be further referred to as System 1 and System 2, respectively. Firstly, it is evident that the excited modes differ significantly from purely dipolar excitations. Moreover, while the excitations in System 1 are predominantly dipolar, the excitations in System 2 show a much richer multipole composition. This can be explained by the fact that the cylinder radius in System 2 is larger with respect to the wavelength. results from the peculiar properties of the LMM. 

  35or magnetic fields. The ability of these particles to move and regroup 36 under the action of electromagnetic field makes such an LMM a highly 37 nonlinear medium. In this Letter, we propose the design of a non-38 reciprocal MS using the exceptionally high nonlinearity of an LMM.39The proposed MS consists of a two-dimensional square lattice of 40 identical dielectric resonatorsas schematically shown in Fig. 1. The 41 unit cell contains a dielectric cylinder composed of two layers with 42 different dielectric permittivities immersed in an LMM. The LMM is 43 considered a highly nonlinear medium, whose mechanism of nonlin-44 earity will be discussed further in the text. The cylinders are installed 45 on a substrate whose origin is irrelevant. For calculation purposes, its 46 refractive index has been set to 1.2, as such a low refractive index does 47 not require additional layers and allows simpler and more comprehen-48
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  are the local electric and magnetic fields, αe and αm are the elec-61 tric and magnetic polarizability tensors, and αem and αme represent 62 the magneto-electric couplings, respectively. Taking into account the 63 isotropy of the cylinders in the xy-plane and the relations between elec-64 tric and magnetic fields in a plane wave, and assuming x-polarization of 65

Fig. 1 .

 1 Fig. 1. Schematic view of the proposed MS (a). It consists of a square lattice of dual-layer cylinders immersed in an LMM (blue).Each cylinder has a silicon layer (green) and a silica layer (purple). The inset (b) shows the unit cell of the MS with its primary parameters.

  dielectric cylinder, the cross-term Re α xx e α xy * em vanishes due to 75 the absence of magneto-electric coupling, αem = 0. Therefore, the ex- 76 citation of the magnetic and electric dipole moments in a homogeneous 77 cylinder is independent of the direction of light propagation. At the 78 same time, the asymmetry of the cylinder with respect to the direction 79 of wave propagation gives rise to spatial dispersion, which leads to 80 the appearance of magneto-electric coupling [12]. In our case, the 81 asymmetry is brought in by the difference in the dielectric constants of 82 the two layers constituting the cylinders. As a result, the excitation of 83 the dipole modes becomes asymmetric with respect to the light propa-84 gation direction. It should be noted that, despite the asymmetric dipole 85 excitation, the total scattering does not depend on the propagation 86 direction, thus preserving reciprocity in the linear regime. 87 The asymmetric dipole excitation results in different near-field dis-88 tributions for forward and backward illumination. In particular, the 89 near-field distribution produced by an electric dipole moment can be 90 expressed as E (r) = (3 (p • r) r -r 2 p)r -5 , where r represents the vec- 91 tor connecting the dipole to the observation point and r is the absolute 92 value of vector r. Evidently, the near-field amplitude is proportional to 93 the absolute value of the electric dipole moment. As a result, a large 94 difference between the amplitudes of electric dipoles excited by an 95 electromagnetic wave propagating forwards or backwards leads to a 96 large difference in the amplitudes of the electric field near the dipoles. 97 On the other hand, when nonlinearity comes into play, the scat-98 tering changes drastically. Let us assume for the moment that the 99 nonlinearity is local. In this case, the dielectric permittivity can be 100 expressed as a function of electric field, ε (r) = ε |E (r)| 2 . As a 101 result, the difference in electric field distribution causes the difference 102 in nonlinear permittivity distribution, thus modifying the scattering. In 103 other words, forward-and backward-propagating waves induce differ-104 ent distributions of nonlinear permittivity, which can lead to reciprocity 105 violation. 106 As the non-reciprocity of the proposed MS relies solely on the 107 nonlinearity of the LMM, it is necessary to give its theoretical descrip-108 tion. The origin of this nonlinearity is due to the rearrangement of the 109 structural elements of the LMM under the action of an electromagnetic 110 field, which leads to the appearance of field-dependent, non-uniform 111 effective permittivity. We presume that the LMM under consideration 112 here is formed by a suspension of identical polarizable nanospheres, 113 called meta-atoms, in a viscous liquid. The size of each sphere is as-114 sumed much smaller than any other scale of the problem, including the 115 wavelength of the electromagnetic radiation. In addition, we assume 116 that the concentration of the meta-atoms is such that their number in the 117 field inhomogeneity scale is much larger than 1. Thus, the suspension 118 can be treated as a continuous medium whose effective permittivity 119 depends on the volume fraction of nanospheres. For relatively low 120 volume fractions of meta-atoms, the effective permittivity ε eff can be 121 approximated by the Maxwell Garnett formula:

  124 and ν = nV 0 is the volume fraction of meta-atoms, where n is the 125 meta-atom concentration and V 0 is the volume of a single meta-atom. 126 In the absence of an external field, the distribution of meta-atoms 127 in thermal equilibrium is spatially uniform. At the same time, in the 128 presence of an inhomogeneous electromagnetic field, the meta-atoms 129 undergo the action of a ponderomotive force that leads to their rear-130 rangement. As a result, the concentration of meta-atoms becomes 131 coordinate-dependent. The distribution of meta-atoms in the presence 132 of an inhomogeneous electromagnetic field can be calculated by ap-133 plying the equilibrium condition such that the ponderomotive force is 134

  the polarizability of a meta-atom. 140 To find the pressure gradient force, we assume that the meta-atom 141 suspension can be treated as a hard-sphere fluid governed by the 142 Carnahan-Starling equation of state [25]: P = nk B T χ (ν), where P 143 is the pressure, k B is the Boltzmann constant, T is the temperature, 144 and χ
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 2 Fig. 2. Example of unidirectional transmission. (a) Electric field distributions for forward and backward propagation. (b) Frequency dependencies of transmission coefficients for forward and backward propagation. (c,d) Distributions of the filling fraction of the LMM meta-atoms for forward propagation (c) and backward propagation (d). The parameters of the MS are as follows: lattice period a = 1710 nm; dielectric cylinder radius b = 210 nm; silicon thickness h Si = 520 nm; silica thickness h SiO 2 = 800 nm; and LMM thickness h MM = 1520 nm.

Fig. 3 .

 3 Fig. 3. Same as Fig. 2, but with the following parameters: lattice period a = 1890 nm; dielectric cylinder radius b = 330 nm; silicon thickness h Si = 770 nm; silica thickness h SiO 2 = 300 nm; and LMM thickness h MM = 2380 nm.

Fig. 4 .

 4 Fig. 4. Multipole decomposition of the electromagnetic modes excited in System 1 (a) and System 2 (b). The partial multipole crosssections are normalized with respect to the total extinction crosssection, such that the sum of all partial cross-sections is equal to 1. The x-axis represents the order of the multipole: 1 corresponds to dipole, 2 -to quadrupole, 3 -to octupole, etc.

Fig. 5 .

 5 Fig. 5. Absolute value of the difference between forward and backward transmissions as a function of radiation frequency and radiation power for the MS with parameters similar to those in Fig. 2.
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