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ABSTRACT 

Colloidal nano/micro-(bio)particles carry an electrostatic charge in aqueous media and this charge is 

critical in defining their stability or (bio)adhesion properties, or their toxicity towards humans and aquatic 

biota. Determination of interfacial electrostatics of these particles is generally performed from zeta potential 

estimation using historical electrophoresis theory by Smoluchowski. The latter, however, strictly applies to 

the ideal case of hard particles defined by a surface charge distribution under the strict conditions of particle 

impermeability to background electrolyte ions and to (electroosmotic) flow. Herein, we review sound 

theoretical alternatives for capturing the electrokinetic and therewith electrostatic features of soft colloids 

of practical interest defined by a 3D distribution of their structural charges, and by a finite permeability to 

ions and/or flow (e.g. bacteria, viruses, nanoplastics, (bio)functionalized particles or engineered 

nanoparticles). Reasons for the inadequacy of commonly adopted hard particle electrophoresis models 

applied to soft particulate materials are motivated, and analytical expressions that properly capture their 

electrophoretic response are comprehensively reviewed. 
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1. Introduction 

1.1. Standard theory for DC electrophoresis of colloidal particles, and concept of zeta ( ) potential. 

DC Electrophoresis refers to the motion of colloidal particles in a dispersing medium under the action 

of a constant (frequency-independent) applied electric field. Under stationary condition, the charged 
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colloids surrounded by their accompanying electric double layers (EDLs) move at constant 

(electrophoretic) velocity as a result of the balance between electrostatic driving force and opposing viscous 

drag [1]. Electrophoresis is adopted to separate macromolecules (e.g. proteins, nucleic acids) [1-3], to 

fabricate thin films [4-5], to sequence DNA [6-7] or even microencapsulate droplets for e-paper display 

application [8-9]. Electrophoresis is further routinely employed to derive quantitative information on the 

electrostatic properties of colloidal (nano)particles (NPs) and, therewith, infer key information on e.g. their 

stability against aggregation [2,10]. Pending proper interpretation of electrophoretic data, measured 

electrophoretic mobility of colloidal particles (defined as the particle electrophoretic velocity per unit 

applied field strength) can be converted into an electrokinetic potential, more usually referred to as zeta (

 ) potential  [1,10]. The  -potential is defined as the potential at the slip plane that separates the immobile 

fluid in the vicinity of the particles (the so-called stagnant layer) from the mobile fluid phase under 

electrophoresis measuring conditions. This potential is commonly viewed as an indicator of the density of 

the charges carried by the particle surface, and we refer the reader to [10] for detailed descriptions of the 

quantitative connections between  -potential, surface charge density and charge density pertaining to the 

EDL diffuse component within classical Stern-Gouy-Chapman representations of colloidal interfaces. The 

reader is further referred to Delgado et al. [11] for important discussion on the contribution of the stagnant 

layer to particle surface conductance and its implications in terms of interpretation of electrokinetic data 

and -potential. With respect to aspects connected to (measurable) surface conductivity of soft interfaces 

that are of interest in this review, readers are referred to e.g. Zimmermann et al. [12]. 

In literature, electrophoretic mobility values and corresponding  -potentials can be found for 

numerous colloidal systems, including environmental nanoparticles like humic and fulvic acids [13-15], 

bacteria [16], viruses [17], engineered core-shell nanoparticles [18], aquatic contaminants like nanoplastics 

[19], or bio-inspired particulate systems [20].  -potentials have even been reported to be an adequate proxy 

for classifying NPs according to their respective toxicity towards microorganisms or biological tissues [21], 

thereby underlying the role played by electrostatics on the interactions between charged NPs and biological 

targets. As mentioned earlier, the  -potential of a given colloidal particle does not correspond to a 

measured quantity but, instead, it is estimated from electrophoretic mobility data using theoretical 

expressions that largely differ with respect to their treatment of interfacial electrostatics and hydrodynamics 

[1,2,10]. Validities of these expressions are necessarily tied to some approximations, mainly with respect 

to the magnitude of the particle charge and/or to how the particle size compares with the Debye layer 

thickness, which leads to differentiation between thin and thick electric double layer regimes. Strikingly, 

studies reporting  -potential values often lack a critical discussion on the choice of the theories adopted 

for converting the measured electrophoretic data and the true applicability of these theories to the 
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(bio)colloidal systems under consideration [22]. Such a discussion is however mandatory given that  -

potential concept and standard electrokinetic theories involving this historical parameter are actually only 

valid for so-called hard colloids, i.e. colloids that are strictly impermeable both to ions from background 

electrolyte and to fluid flow [1,13]. These particle impermeability conditions allow indeed an accurate and 

unambiguous location of the slip plane often assimilated to the very surface of the particle where charges 

are distributed (i.e. Stern layer contributions are ignored). Metal oxide particles (e.g. hematite) and metallic 

colloids (e.g. AuNPs) devoid of any surrounding polyelectrolyte-like layer are illustrative examples of such 

hard particles.  

The relationship that is most frequently used for converting measured electrophoretic mobility, E , 

into  -potential is the Smoluchowski equation [23] given by  /eE   where e  and   are the 

dielectric permittivity and the viscosity of the particle dispersing medium, respectively. Smoluchowski 

equation can be straightforwardly derived assuming that there is no ion-conduction behind the shear plane 

and that particle radius (denoted as a ) is immaterial compared to the Debye layer thickness, 1 , which is 

certainly true for sufficiently large particles and high salt concentrations in solution in line with the 

condition 1a   (thin EDL regime). In the other extreme of thick EDL, i.e. 1a  , the relevant 

electrophoretic mobility expression derived by Hückel [24] differs from Smoluchowski’s result by a factor 

2/3 due to significant effect of the retardation force [10] acting on the particles during particle 

electrophoretic displacement under 1a   condition. Generic formulation of E  versus  -potential was 

elaborated by Henry [25] for the case of weakly charged colloids, a situation that renders possible the 

elaboration of a tractable solution of the governing set of electrohydrodynamic equations for hard particles. 

Henry’s result reads as )( af H
e

E 



  , where  )( afH   is the so-called Henry function which captures 

the contribution of the retardation force on particle electrophoresis depending on the magnitude of a  that 

may vary between values <<1 and >>1, i.e. without restrictions on the particle size nor on the electrolyte 

concentration. These historical formulations by Smoluchowski [23], Hückel [24] and Henry [25] all refer 

to hard (impermeable) colloidal (nano)particles featuring homogeneous distribution of electrostatic charges 

at their surface (2D charge distribution). Obviously, many practical colloidal systems do not meet this 

condition, e.g. colloids that are decorated by 3D charged (bio)polymers or biocorona in complex 

environmental or biological media [26], porous nanodendrimers [27], or polymeric nanoparticles featuring 

a ‘fuzzy’ or ‘hairy’ outer surface layer [28]. Adopting too simplistic  -potential-based approaches to 

interpret electrokinetic data collected on such complex particles may lead to erroneous assessment of their 

electrostatic surface properties, both with respect to magnitude and sign [27]. This is particular true for 
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colloidal interfaces or particles harboring a zwitterionic functionality as a result of a spatial separation of 

their anionic and cationic functional groups in the direction perpendicular to the particle/solution interface 

[27,29]. For such systems, the pH value defining zero electrophoretic mobility (commonly referred to as 

the isoelectric point) may even depend on the concentration of indifferent monovalent electrolyte [27,29], 

a finding that cannot be predicted by standard electrohydrodynamic theories for hard particles [10]. The 

qualification ‘indifferent’ for ions from background electrolyte means that these ions, in contrast to so-

called charge-determining ions (like protons for oxide particles), do not modify -via e.g. specific adsorption 

processes- the density of (structural) charges carried by the particles. In this paper, we review sound 

theoretical alternatives for interpreting particle electrokinetics beyond the traditional Smoluchowski or 

Henry levels. We further review some literature on colloidal systems of biological and environmental 

relevance and argue the inapplicability or approximation of standard interpretations reported for their 

electrokinetic properties on the basis of theoretical framework applicable to hard particles. All in all, this 

review paper intends to illustrate the merits of soft surface electrokinetic theories for deciphering the 

electrostatic characteristics of engineered particles, environmental contaminants or even biocolloids from 

a proper interpretation of their electrophoretic response and full integration of their fundamental particle 

properties including their size, structure (core-shell), 3D charge distribution, ion and flow permeabilities or 

interfacial heterogeneity. This paper collects useful explicit analytical expressions defining the 

electrophoretic mobility of such various types of so-called soft particles (polyelectrolyte, core-shell, porous, 

membrane-like decorated NPs), and we show that the ideal case of hard particle electrophoresis corresponds 

to very specific limits of these more generic expressions.  

The here-reported analytical equations thus detail how the electrophoretic mobility of soft particles of 

practical interest (e.g. of the core-shell type) depends on electrolyte concentration, on the density of charges 

distributed across the inner and/or outer components of the particles, on the dimensions of particle core 

and/or shell components when relevant, or on the ratio between dielectric permittivities and viscosities 

operational in these components. The reported expressions (and the conditions underlying their legitimate 

applicability) further highlight how electrophoresis is sensitive to particle and interface structures (few 

computational examples are provided here to illustrate this aspect), a feature that is missing from 

Smoluchowski-based formulation of particle electrophoretic mobility. In turn, this review is intended for 

specialists as well as to non-specialists in the electrokinetic field, especially environmental scientists and 

ecotoxicologists who face the requirement to properly characterize the interface and reactivity of particles 

of societal concerns because of e.g. their potential toxicity towards aquatic biota or human (e.g. coated 

metallic particles, nanoplastics found in rivers and oceans, or particulate pharmaceutical residues, to quote 

only a few). This review is thus a comprehensive summary of relevant soft particle mobility expressions 
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that can be used for practical purposes, while insisting on the inherent limits of the Smoluchowski 

expression that is strictly valid for hard particles. 

 

1.2. Invalidity of  -potential concept for soft (permeable) particles, and theoretical alternatives 

specifying the inherent connections between particle structure and particle electrophoresis.  

1.2.1 Polyelectrolyte (nano)particles (soft particles devoid of inner hard core)  

Nanoplastic particles have gained a considerable and recent interest by the scientific community as they 

constitute a serious environmental challenge to terrestrial and aquatic ecosystems. These plastic debris may 

indeed affect e.g. living forms in oceans and rivers via their ingestion by (micro)organisms as facilitated by 

their small size [30]. These nanoplastics obviously present a potential threat to health of people, all the 

more so as there is a concern on their roles as carriers of other contaminants like heavy metals and organic 

pollutants [31]. Examples of nanoplastics found in the environment include polystyrene, polyvinylchloride, 

polyethylene, polypropylene [32-35], inks for 3D printers [36] or manufactured cosmetic and biomedical 

nanomaterials [37]. Accordingly, the required assessment of the fate, behavior and toxicity of these 

colloidal systems in aquatic environments are tied to proper evaluation of their stability properties and 

physical-chemical features including electrostatic charge. 

 Schwaferts et al. critically reviewed methods for separating nanoplastics using various force fields of 

thermic, electric, centrifugal or hydrodynamic origins [38]. Ramirez et al. [39] reported the surface potential 

of amidine polystyrene nanoplastics using Smoluchowski formulation of particle electrophoretic mobility 

and the electrostatic surface properties of polystyrene nanoparticles were addressed by different authors 

using similar formalism [40-42]. Following such Smoluchowski equation-based strategy, Hadri et al. 

further estimated the surface potential of nanoplastics prepared from the degradation of various 

microplastics including polystyrene and polyethylene [43]. Kobayashi [44] made an extensive 

experimental study on polystyrene latex spheres with sulfate and sulfonate functional groups, and the 

obtained electrophoretic mobility results were argued to be consistent with Smoluchowski equation 

corrected for hydrophobicity via modulation of slip length [45].  In all these studies, electrophoretic data 

on polymeric nanoplastics are interpreted by theoretical expressions applicable for hard colloids with 2D 

surface charge distribution. Nanoplastic particles are however composed of entangled polymer chains with 

resulting 3D distribution of the carried functional groups. This 3D polyelectrolyte-like structure confers 

upon the particles a certain permeability to ions and/or electroosmotic flow, which makes their assimilation 

to hard particle type very crude or even inappropriate. More generally, particles featuring 3D charge 

distribution and harboring some permeability to ions from background electrolyte and/or to flow, are termed 

as soft particles. It is emphasized here that the qualification ‘soft’ does not refer to the mechanical rigidity 

of the particles but to their ion and hydrodynamic permeation features. 
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 In addition to nanoplastics, soft (nano)particulate systems include coiled polyions, biological 

macromolecules, proteins, nucleic acids, DNA, all being polyelectrolytes that partially or fully dissociate 

in electrolyte solutions depending on solution pH, with a resulting generation of a volumic charge [46-47], 

in contrast to the particle surface charge involved in electrokinetic theories for hard particles. 

Aforementioned soft particles may be devoid of hard internal core component and are accordingly 

sometimes qualified as porous particles [1]. The electrokinetic (or electrohydrodynamic) features of these 

colloidal systems, as reflected by their electrophoretic mobility properties, may significantly differ from 

that of hard particles depending on their so-called electrostatic softness and hydrodynamic softness defined 

by the extents of ions and flow penetrations into the particle, respectively. Hydrodynamic softness is 

reflected by the Brinkmann screening length [48-49] and electrostatic softness by an ion partitioning 

coefficient that depends on e.g. the difference between dielectric permittivity inside the particle structure 

and that of the aqueous medium. It is noted that depending on hydrophobicity of- and water content in- the 

particle, the dielectric permittivity therein can be significantly lower than that of the aqueous medium, 

thereby inducing a significant ion partitioning effect [50]. Based on the Debye-Hückel assumption and 

ensuing linearization of Poisson-Boltzmann formulation of particle electrostatics, Hermans and Fujita [51-

52] derived explicit analytical expressions for the electrophoretic mobility of soft porous spheres by 

adopting Brinkmann and Stokes equations [48-49] to model the electroosmotic flow field distribution 

within and outside the particle under electrokinetic conditions. Noda et al. [53] supported the theoretical 

results in [51-52] upon confrontation of theory to electrophoretic mobility measurements on poly(sodium 

acrylate) polyelectrolyte at high background electrolyte concentrations. Other studies reported numerical 

analyses of the governing set of electrohydrodynamic equations for spherical porous particles without 

invoking linearization of Poisson-Boltzmann equation [54-59]. The inapplicability of the zeta potential 

concept for soft particles stems from the impossibility to accurately define the location of a shear plane at 

the particle/solution interface recalling that particle permeability to fluid flow goes in pair with a spatial 

distribution of the electroosmotic flow field within the soft particle. Even for particles defined by 

insignificant permeability to flow but featuring 3D charge distribution, Smoluchowski-like formulations of 

electrophoretic mobility are not directly applicable as they essentially ignore the way the potential 

distributions inside and outside the particle (and therewith the potential at the slip plane) are affected by the 

volumic repartition of their structural charges [27,29].  

 

1.2.2 Composite core-shell (nano)particles  

 Paradigms of soft particles also encompass composite core-shell (bio)colloidal systems like viruses 

[60-61], bacteria [62-67], organic particulate matter in aquatic ecosystems [13,65,68], (bio)functionalized 

nanoparticles [69-71] or composite nanoparticles designed for drug delivering purpose [72]. The 
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electrophoretic properties of such core-shell structured particles depends generally on the physicochemical 

properties of the internal core (e.g. size, volumic charge density therein if relevant) as well as those 

pertaining to the peripheral polyelectrolyte-like layer (PEL), including density of charges, thickness, 

electrostatic and hydrodynamic softnesses, not to forget the impacts of pH and salt concentration [73-78]. 

Theoretical expressions for the electrophoretic mobility of core-shell particles comprised of a hard core 

(impermeable to ions and flow) and a surrounding soft PEL were elaborated mainly by Ohshima [79-81] 

under various electrostatic scenario (e.g. assumption or not of Donnan potential distribution inside the 

shell). These expressions clearly evidence that a priori location of the slip plane at the core/shell/solution 

interfaces can lead to dramatic misevaluation of the particle electrophoretic mobility, thereby supporting 

the lack of physical meaning of surface  -potentials for soft particulate systems.  

In addition, it is worth mentioning that an electrophoretic mobility measurement performed at a single 

electrolyte concentration value -as often reported in literature together with associated Smoluchowski-

based evaluation of  -potential- cannot lead to proper estimation of soft particle electrostatic features. This 

statement is motivated by the multiple factors that affect soft particle mobility, e.g. electrolyte 

concentration, particle structure (core and shell dimensions), core and shell electrostatic and/or 

hydrodynamic characteristics, as evidenced by refined soft surface electrokinetic formalisms [63-70,73-

81]. Instead, proper electrokinetic characterization of soft particles requires electrophoretic mobility 

measurement as a function of medium salinity and/or pH, which allows retrieving relevant particle charge 

density and hydrodynamic softness at the proper level of rigor [65-66,82].    

In line with this latter remark, Ohshima mobility expressions were applied successfully to interpret the 

electrophoretic response of various colloidal nanoparticles, including soft cationic latexes [83], antigen and 

antibody carrying latex particles [84], IgG-coated polystyrene particles [85], environmental humic 

nanoparticles [13], bacterial microorganisms [86-89], human erythrocytes of various groups [90-91], plant 

proteins and polysaccharides [92], microcapsule membrane [93] or guinea-pig polymorphonuclear 

leucocytes [94]. In addition to Ohshima, several research groups worldwide have contributed significantly 

to the elaboration of theories for electrophoresis of core-shell soft particles. Among them, Hill and co-

workers [95-97] studied extensively the electrophoresis of core-shell particles defined by fuzzy (hairy) 

surface layer with analyzing the impacts of heterogeneity in charge and monomer distributions across the 

peripheral polymeric surface layer. Lopez-Garcia et al. [98] further studied the effects of exponentially 

distributed monomers and charges across particle surface layers on resulting electrophoretic mobility of 

core-shell particles. Duval and Ohshima [99] introduced the concept of diffuse soft interface with 

implementation of distribution of charges and permeable material in the governing electrohydrodynamic 

equations for soft core-shell and porous particles, and they analysed how such heterogeneities impacted on 

particle electrophoresis response versus electrolyte concentration. Additional work by Duval and 
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collaborators [60-61,64-69] include confrontation between soft electrokinetic theory to experimental data 

on various viral particles or virus-like particles with or without internal genome, respectively, on bacterial 

cells differing with respect to cell surface phenotype, on ion-responsive nanoparticles, and they further 

reported the elaboration of electrophoresis theory for multi-layered soft interfaces, which is required for 

viruses, or solid particles decorated by polycationic and polyanionic polyelectrolyte multilayers prepared 

according to e.g. the layer-by-layer deposition method [100]. A soft-step model for the segment and charge 

distribution across the polymer layer was introduced by Ohshima and others [101-102] and their analysis 

reports closed form mobility expression under Donnan electrostatic limit applicable at sufficiently high 

electrolyte concentrations in the thin EDL regime. Account for the impact of nonlinear effects on soft 

particle electrophoresis (effects that originate from e.g. relaxation/polarization of EDL) requires numerical 

solving of the governing electrohydrodynamic equations [cf. e.g. 60-61,66,95-99,103-110] and it is only 

under specific conditions of particle size, particle charge and hydrodynamic softness that closed form 

expressions of core-shell particle mobility with relaxation effects included can be elaborated [111]. Finally, 

reported soft surface electrokinetic theories differ with respect to the implementation or not of gradient of 

dielectric permittivity at the core/shell/solution interfaces (dielectrics-mediated ion partitioning effects) in 

the governing electrostatic and hydrodynamic equations [112-116]. For further details, the reader is referred 

to the review by Ashrafizadeh et al. [117] on most recent developments of analytical and numerical studies 

in soft particle electrophoresis.  

All in all, in agreement with experimental data, the major features captured by adequate theories on 

electrophoresis of soft porous and core-shell particles may be summarized as follows : 

- the existence of a finite, non-zero plateau value asymptotically reached by particle electrophoretic 

mobility at sufficiently high electrolyte concentrations: this remarkable property is the direct signature of 

the flow permeability properties of the particle that feature 3D-distributed structural charges [65,79,95,99]. 

This plateau is reached under salt concentration conditions in line with a complete screening of particle 

charge and of the electrostatic potential distribution. In contrast, such conditions lead to zero electrophoretic 

mobility for hard particles. 

- the existence of an electrokinetically-active interfacial region within the soft permeable 

component of the charged particles, this region being that which is effectively probed by the electroosmotic 

flow developed under electrophoresis condition. The thickness of that intraparticulate electrokinetically-

active zone depends on electrolyte concentration and hydrodynamic softness of the particle [27]. The lower 

is the salt concentration, the larger the electric double layer recedes within the soft particle component and 

the more the electrophoretic mobility will reflect electrostatic and hydrodynamic characteristics of the 

internal structure of the particles. This property actually makes it possible to derive spatial distribution of 

soft material density pending proper interpretation of the measured dependence of particle mobility on 
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electrolyte concentration [66, Supporting Information therein]. Analogies between electrophoresis of soft 

particles and streaming potential/current of macroscopic soft polymeric interfaces have been further 

established theoretically and well supported by experiments [12,29,118]. 

As stated above, one of the key electrokinetic properties of soft particles is that their electrophoretic 

mobility is not zero under conditions where their electrostatic charge is fully screened, as demonstrated by 

many research groups, starting with Ohshima in the 90’s. In turn, a way to ‘recognize’ the soft character of 

a given particle, regardless of its nature, shape, roughness or charge distribution, is to measure by 

electrophoresis its mobility as a function of salt concentration. If the mobility asymptotically tends to a non-

zero plateau value at sufficiently large electrolyte concentrations (which is recognized from plot of particle 

electrophoretic mobility versus salt concentration or logarithm thereof), then the particle can be qualified 

as soft because  this finite plateau value is the direct result of intraparticulate penetration of electroosmotic 

flow. As mentioned earlier in this review, there are basically two types of softnesses that can be defined for 

soft particles: an electrostatic softness connected to the penetration of background electrolyte ions in the 

charged particle body, and a hydrodynamic softness that refers to the flow permeation features of the 

particles. For a particle defined by a 3D distribution of structural charges, impermeable to flow but 

permeable to background electrolyte ions (e.g. a particle with a Donnan phase), the electrokinetic 

interpretative framework for hard particles (strictly defined by a 2D surface charge distribution) can be 

applied only for qualitative orientational purpose because the magnitude and sign of the particle surface 

potential (which would correspond to the zeta potential for the particle considered in this development) are 

inherently depending on the very electrostatic properties of the inner particulate body, a feature that is not 

accounted for in the derivation of e.g. the Smoluchowski equation. The electric double layer structure and 

composition of soft interfaces are indeed fundamentally different from those of hard interfaces, as illustrated 

by the different Poisson-Boltzmann formulations of their respective interfacial potential distributions 

operational over the intraparticulate and extraparticulate regions [116,119]. 

In some of the studies mentioned so far on the electrophoresis of core-shell soft particles, theoretical 

interpretation applies to particulate systems whose hard core component is impermeable to ions from 

background electrolyte and to electroosmotic flow. However, there are various examples of nanoparticles 

where both the core component and the peripheral shell layer consist of polyelectrolyte-like chains with 

different composition with a resulting core and shell components that can be prone both to fluid and ion 

penetration depending on their respective hydrodynamic and electrostatic softness. Accordingly, Maurya 

et al. [119] refined the standard classification of soft particles between core-shell and porous types upon 

definition of five different classes of core-shell composite soft particles denoted as Sc-Ssl (e.g. virus 

particles [60]), SSc-Ssl (e.g. natural rubber particles [120]), SSc-SSsl (dendrimer nanoparticles [27]), hard 

core-Ssl (carboxyl-modified polymer nanoparticles [28]), hard core-SSsl (metallic particles decorated by 
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a layer of flow-impermeable polyelectrolyte) nanoparticles, where the nomenclature ‘c’ and ‘sl’ refers to 

the core and shell particle compartments, respectively, and ‘S’ stands for soft polyelectrolyte i.e. permeable 

to both ions and fluid flow (with finite non-zero value of the Brinkmann screening length) whereas ‘SS’ 

refers to semi-soft polyelectrolyte, i.e. permeable to ions but not to flow (the Brinkmann screening length 

approaches here zero) (Figure 1). For all these different particle types, Maurya et al. [119] derived explicit 

analytical expressions for the electrophoretic mobility in the thin EDL regime operational for sufficiently 

large particles and/or at sufficiently high electrolyte concentrations. The mathematical formulations 

provided by the authors illustrate the deviations of predicted electrophoretic mobility from that estimated 

from standard Smoluchowski-expression depending on the electrohydrodynamic features pertaining to both 

the core and shell compartment of the examined particles. In a recent study, Mahapatra et al [116] further 

extended the results by Maurya et al. [119] on core-shell composite soft particles electrophoresis upon 

account of dielectric-mediated ion partitioning effects at the core/shell/solution interfaces. These various 

theoretical studies make explicit the inherent connections between particle structure and electrophoretic 

particle properties, connections that are essentially absent from hard particle electrokinetic models. 

The above classification of core shell composite soft particles and associated electrokinetic behavior 

beyond the Smoluchowski level is probably a plus point for an optimized design of composite particle 

structures featuring versatile and tunable electrostatic properties in relation to applications e.g. for 

delivering drugs. Instead of using free therapeutic agents to cure various diseases like cancer or diabetes, it 

is indeed convenient to elaborate particulate nanocarriers capable of delivering specific drugs at targeted 

locations so as to enhance treatment efficacy and reduce toxicity side-effects. There is an enormous 

development of techniques for (bio)functionalization of nanoparticles and their use as targeted drug 

delivering systems (TDDS), and examples include nanocarriers of core-shell composite structure, 

polymeric micelles, or dendrimers [121-127].  

Besides the above composite core-shell soft nanoparticles, particle nanocarriers decorated by a lipidic 

bilayer are a promising option for TDDS engineering as (biomimetic) membrane-coated particle surfaces 

may prevent the occurrence of undesired immune responses [128-130]. In addition, membrane coating can 

increase the circulation time of the nanocarriers inside the living body and therefore enhance their targeting 

efficacy [131]. There is a large body of work available in literature that details possible techniques for 

functionalizing composite biomimetic nanocarriers with cell membrane [128-139]. Unsurprisingly, these 

experimental aspects have been accompanied by theoretical modelling of the electrostatic and electrokinetic 

properties of cell membranes and membrane-coated particles assuming fixed immobile charges within the 

membrane component of the particles [140-143]. As membrane layers may contain mobile molecules (e.g. 

free lipid molecules, charged surfactant molecules in the form of free mobile monomers) in addition to ions 

from electrolyte solution, Ohshima et al. [144] studied extensively the electrostatic features of lipid 
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membranes with account of such mobile lipid molecules therein. Jing et al. [145] further made an extensive 

analysis of the electrostatics of several functionalized nanoparticles like lipid-bilayer-encapsulated 

nanoparticles and NP-supported lipid bilayer systems. Recently, Carpenter et al. [146] calculated the 

surface zeta potential of an oil-water interface carrying charges due to presence of surfactant molecules 

from electrophoretic mobility data using Ohshima’s approximation [79] for Henry’s function applicable to 

hard colloids. Mahapatra et al. [147] analyzed the electrophoretic behavior of core-shell composite particle 

comprised of a hard core coated by a cell membrane-like layer without resorting to the approximate zeta-

potential concept, and they evidenced how the evaluation of the intrinsic electrostatic properties of such 

systems from conventional electrophoretic mobility expressions for hard colloids may lead to significant 

error. 

In the next section, we report some of the explicit analytical and tractable expressions invoked above 

and derived in literature for the electrophoretic mobility of composite core-shell soft particles, and we 

further report original expression for the specific case of polyelectrolyte particles devoid of hard core. 

Mobility expressions for cell membrane coated core-shell composite (nano)particles are further reviewed. 
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Figure 1. Schematic illustration of polyelectrolyte (nano)particles (a), various core-shell (nano)particles 

(Sc-Ssl, SSc-Ssl and Hard core-Ssl (nano)particles are shown in panels (b), (c) and (d), respectively) and 

cell membrane-like- coated (nano)particle is schemed in panel (e). ‘S’ stands for soft polyelectrolyte particle 

component, i.e. permeable to both ions and fluid flow (with finite non-zero value of the Brinkmann 

screening length), and ‘SS’ refers to semi-soft polyelectrolyte particle component, i.e. permeable to ions but 

not to flow (the Brinkmann screening length approaches here zero). For the sake of conciseness, the 

schemes pertaining to two other soft particle types (SSc-SSsl and Hard core-SSsl) [119] are not indicated. 

The dielectric permittivity and hydrodynamic screening length of the polyelectrolyte (nano)particle type 

are denoted by 휀  and 휆 , respectively, and 휅  defines the intraparticulate EDL thickness of such a 

particle. Here we use the nomenclature ‘p’ for polyelectrolyte. The dielectric permittivities and the 

hydrodynamic screening lengths pertaining to the core and shell compartments of the core-shell 

(nano)particle type are denoted as 휀 , 휀  and  휆 , 휆 , respectively.  The EDL thicknesses  휅  and 휅  

are operational in the core and particle shell component of the core-shell (nano)particles, respectively, and 

the classical EDL thickness is denoted by 휅 . The dielectric permittivity and viscosity of the background 

aqueous medium and the peripheral membrane layer of the membrane-coated (nano)particles are 휀 , 휂 and 

휂 , 휀 ,  respectively. All in all, the nomenclature ‘c’ and ‘sl’ refers to the core and shell compartments for 

the core-shell (nano)particles, respectively, and ‘m’ refers to the membrane layer of the membrane-coated 

(nano)particles. In panel (f), schematic representation for the distribution of the electrostatic potential 휓 in 

the direction perpendicular to the particle/solution interface, with the Donnan potential 휓  (potential 

deep inside the layer of polymer/the cell-membrane layer, strictly reached in the thin EDL limit), and with 

the interfacial potential denoted as 휓(0). In panels (a) to (e), ions from background electrolyte are 

represented in the core and/or shell particle component depending on the nature of the particle considered. 

Everywhere in this work, volumic densities of structural charges distributed within e.g. the core and/or shell 

component of a core-shell particle are denoted as core and shell, quantities that should not be confused with 

e.g. the volumetric density of a mass. 

 

2.  Overview of analytical expressions for the electrophoretic mobility of polyelectrolyte, composite 

core-shell and membrane-coated nanoparticles: connecting particle structure, electrohydrodynamics 

and electrophoretic response. 

 

2.1. The case of porous polyelectrolyte (nano)particles. 

For the sake of demonstration and illustration, we consider here a uniform distribution of structural 

charges carried by a soft polyelectrolyte particle with radius 푏 and volume charge density  휌   (in -3C m ). 
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The polyelectrolyte particle is permeable to fluid flow and the corresponding hydrodynamic Brinkmann 

screening length is denoted as 휆 . The dielectric permittivities of particle and electrolyte solution are 

hereafter denoted as 휀  and 휀 , respectively, and the formulations thus account for dielectrics-mediated ion 

partitioning effects. Considering similar radius for hydrated cations and anions (푟 ) in a symmetrical z:z 

electrolyte, the partitioning coefficient that relates to the concentrations of mobile electrolyte ions within 

the polyelectrolyte and in the electrolyte medium, can be written as  

푓 = exp − ( ) −                   (1) 

where 푘 , 푇 and 푒 are Boltzmann constant, absolute temperature and elementary charge, respectively. The 

standard set of equations governing the electrophoresis of such polyelectrolyte particles includes the 

Poisson equation for the interfacial electrostatic potential distribution, the Boltzmann equation for the 

concentration profiles of the electrolyte ions, the conservation mass for the mobile ions and the fluid 

incompressibility condition. The fluid flow distribution is governed by the Darcy-Brinkman equation inside 

the particle whereas Stokes equation applies outside the particle in the electrolyte solution. In addition, the 

electrostatic potential, displacement vector, fluid velocity and shear stress are continuous across the 

polyelectrolyte particle/electrolyte interface. A detailed description of the corresponding governing 

equations describing the electrophoretic motion of polyelectrolyte particles suspended in symmetric 

푧: 푧 electrolyte solution of concentration 푛  (expressed in number of ionic charges per unit volume) can be 

found in literature, e.g. [45-54, 58-59, 78-79]. For such particles, the relevant expressions for the 

electrophoretic mobility 휇  derived under low to moderate charge conditions for which Debye-Hückel 

approximation is legitimate, are summarized in Table 1 (Eqs. (2)-(6)). Practical limits of these expressions 

under various electrostatic and hydrodynamic scenario corresponding to different ratios between particle 

size b, Brinkman length 휆  and Debye layer thickness 휅  are detailed for particles where 휀 /휀 = 1 and 

휀 /휀 ≠ 1. The reader is further referred to the Supporting Information for a full demonstration of the 

original result (Eq. (2)) derived in this work and that we also specify in Table 1 together with results from 

literature. 

2.2 The case of core-shell composite (nano)particles. 

In order to model electrokinetics of composite core-shell nanoparticles (particle core diameter and 

peripheral polymeric shell layer thickness are here denoted as 퐿 and 푑, respectively) in a  푧: 푧 symmetrical 

electrolyte solution of dielectric permittivity  휀  and ionic concentration 푛 , the electrostatic and 

hydrodynamic features of the core and shell compartments must be specified explicitly. As mentioned 

earlier (cf. Figure 1), core-shell nanoparticles can be classified according to Sc-Ssl, SSc-Ssl, SSc-SSsl, 
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hard core-Ssl, hard core-SSsl types depending on the extent of electrostatic softness and hydrodynamic 

softness of the core and shell compartments. We recall that the nomenclature ‘c’ and ‘sl’ refers to the core 

and shell compartments, respectively, ‘S’ stands for soft polyelectrolyte component permeable to both ions 

and flow and ‘SS’ refers to semi-soft polyelectrolyte component which is permeable to ions but not to flow. 

The dielectric permittivities and Brinkman screening lengths of the particle shell and particle inner core are 

hereafter denoted as 휀 ; 휀  and 휆 ; 휆  , respectively, with the inequalities of practical interest  휀  > 휀   

and 휀  >  휀  and  휆 < 휆 . The difference in dielectric permittivity of electrolyte medium, core and shell 

compartments contributes to the partitioning of mobile electrolyte ions. The partitioning of mobile 

electrolyte ions between inner core and electrolyte solution, outer shell and electrolyte medium are now 

given by 

푓 = exp − ( ) −   ,    푗 = 푐, 푠푙                (7) 

Like Eq. (1), Eq. (7) holds for similar radius of the electrolyte cations and anions (푟 ). We further denote 

the densities of net amounts of charges entrapped in the inner core and in the outer shell volumes as  휌 =

푧 퐹푁  and  휌 = 푧 퐹푁 , respectively. Here 푧 , 푧  and 푁 ,  푁  are the valences and concentrations of 

immobile structural charges carried by the core and by the shell particle component, respectively. A detailed 

description of the governing electrohydrodynamic equations and associated boundary conditions are given 

in literature [79-81,116,119] for core-shell particle types. Table 2 collects the resulting mobility 

expressions (Eqs (8)-(22)) for Sc-Ssl (Eqs. (8)-(12)), SSc-Ssl (Eq. (13)), SSc-SSsl (Eq. (14)), hard core-Ssl 

(Eqs. (15)-(21)), hard core-SSsl types (Eq. (22)) in the thin EDL regime where particles curvature effects 

on electrostatics and hydrodynamics are negligible (so-called flat-plate representation) and with assuming 

low to moderate particle charge limit for which the Debye-Hückel approximation is valid. Table 2 

systematically specifies the conditions underlying the validity of the reported expressions and obviously, 

any application of these equations is tied to verification of these conditions. It is stressed that Ohshima 

developed the general form of the electrophoretic mobility of hard core-Ssl nanoparticles for poorly charged 

particles, albeit the derivation involves complicated definite integrals [78-81]. Most results given in Table 

2 were derived from the work by Mahapatra et al. [116] and they correctly match the expressions developed 

by Maurya et al. [119] in the limit  휀  = 휀 =  휀 . Ashrafizadeh [117] made a specific review on the 

electrophoresis of hard core-Ssl nanoparticles and the reader is referred to that review for further details. 

2.3. The case of cell membrane coated core-shell (nano)particles. 

In this section, we comment on the theoretical expressions available in literature for the electrophoretic 

mobility of functionalized core-shell nanoparticles coated with cell-membrane. In general, the membrane 

of various biological cells bears mobile charges due to the presence of free lipid molecules, or charged 
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surfactant molecules, and this generates surface charge along the membrane-to-electrolyte interface. 

According to Singer and Nicolson [148], the cell-membrane consists of a lipid bilayer that can be considered 

as a two-dimensional oriented viscous solution. In addition, the dielectric permittivity of the membrane-

coating is generally much lower than that in the aqueous medium, and therefore a significant dielectrics-

mediated ion partitioning effect is expected. We denote as 휂  and 휀  the viscosity and dielectric 

permittivity of the membrane (subscript ‘m’), respectively. The particle with peripheral cell-membrane of 

thickness 훿 is immersed in a symmetric 푧: 푧 electrolyte solution of bulk concentration 푛  (volume density 

of ions in bulk solution). The spatial distribution of electrolyte concentration of ions in solution and along 

the membrane-to-electrolyte interface satisfies 푛 (훿 ) = 푓 푛 (훿 ) , where the ion partitioning coefficient 

푓  (considering equal radius re  of electrolyte cations and anions) is given here by 

푓 = exp − ( ) −                            (23) 

The density of additional free lipid molecules in the peripheral shell layer is denoted as 푁  with valence Z. 

Furthermore, the surface charge at the membrane/electrolyte interface must be introduced and it is denoted 

as  휎 (in C m-2). Under the assumption 휅훿 ≫ 1, where 휅  is the EDL thickness, the potential inside the 

cell membrane reaches Donnan potential. For membrane decorated core-shell particle, the Donnan potential 

휓  deep inside the peripheral membrane coating (Figure 1f) is given by [147] 

휓 = + 1 +               (24) 

and the potential along the cell membrane/electrolyte interface 휓(0) (Figure 1f) can be obtained from the 

relationship [147] 

휓(0)  =
ɛ

( ( )) ɛ
ɛ ( )

( ( )) ɛ
ɛ ( )

                (25) 

where 푦  is the Donnan potential scaled by the thermal potential 푘 푇/푒. As the membrane is treated as 

a viscous solution (Singer and Nicolson [148]), the fluid flow along the peripheral membrane and in the 

electrolyte solution are governed by Stokes equation upon considering differences between viscosity of the 

membrane (휂 ) and that in bulk aqueous medium (휂). The body force term operational inside the 

peripheral liquid layer must be further modified via consideration of the ion partitioning effects. Finally, as 

in previous sections, spatial profiles of mobile ion concentrations are dictated by Boltzmann equation, and 

the electrolyte potential distribution is governed by Poisson equation. Applying the relevant electrostatic 

and hydrodynamic boundary conditions at the membrane/electrolyte interface (e.g. continuity of potential, 

displacement vector, velocity, shear stress and Maxwell stress), the electrophoretic mobility of such particle 

under 휅훿 ≫ 1 condition takes the simple form [147] 
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휇 = − 휓(0) + 휓               (26) 

where 휓(0) and 휓  are defined by Eqs. (25) and (24), respectively. Under the limit 휂 ≫ 휂 , the above 

expression correctly reduces to the following Smoluchowski limit  

휇 = ( )                 (27) 

The electrophoretic mobility expressions applicable to particulate polyelectrolytes (Table 1), core-shell 

composite NPs (Table 2) and cell membrane-coated NPs (Eq. (26)) are all superior to the Smoluchowski 

formulation of hard particle electrophoresis mobility as they offer a way to account for contributions from 

core-shell particle structure, relevant volumic charge densities and ion/flow permeabilities. It is only under 

specific conditions in terms of respective magnitudes of core/shell dimensions, salt concentration and 

Brinkman length scale, that the defining mobility expressions of composite soft (nano)particles or 

membrane-coated (nano)particles adopt a structure reminiscent of that of the standard Smoluchowski 

equation. We report in Table 3 all these conditions together with the corresponding Smoluchowski-like 

mobility expressions (Eqs. (28)-(37)) and the type of (nano)particles they apply to. It is remarkable that all 

these Smoluchowski-like expressions systematically involve the interfacial potential 휓(0) (Figure 1), with 

the noticeable difference that -unlike in the historical Smoluchowski formulation- 휓(0) is intimately 

connected to the structure and to the electrohydrodynamic properties of the particles as specified in Table 

3.  

3.  Computational illustrations of the dependence of electrophoretic mobility on particle type.  

In this section, we illustrate how the scaled electrophoretic mobility 휇 /휇  (with 휇 = 휀 푒/(휂푘 푇))  

of various NPs considered in the preceding sections (e.g., polyelectrolyte (nano)particles, core-shell 

composite NPs, membrane-coated NPs) are affected by salt concentration or other key variables including 

particle core and/or shell permeabilities to fluid flow. The underlying effects, commented in the literature, 

are discussed. For the examples provided below, the dielectric permittivity and viscosity of the background 

electrolyte solution are taken to be 휀 = 80 휀  and 휂 = 10  Pa s, where 휀   refers to the dielectric 

permittivity of the vacuum.  

In Figure 2a we show some results for the electrophoretic mobility of polyelectrolyte NPs (Eq. (2)) as 

a function of dielectric permittivity ratio of polyelectrolyte to background electrolyte solution (i.e.,  휀 /휀 ).   

Note that the quantity 휀 /휀  mediates the electrostatic softness of the polyelectrolyte and it can take values 

between 0 and 1 depending on the specific chemical composition of the polyelectrolyte. With  0 < 휀 /휀 <

1, an increase in 휀 /휀  increases the NP electrostatic softness and enhances the accumulation of electrolyte 

ions within the polyelectrolyte NPs, which in turn reduces bulk electrostatic potential and therewith  particle 

electrophoretic mobility. In line with expectation, particle electrophoretic mobility derived from Eq. (2) 
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reduces to that defined by Eq. (3) for 휀 = 휀 . Figure 2a further illustrates that particle mobility increases 

with increasing  휅  which refers to the EDL thickness inside the polyelectrolyte particle where operational 

dielectric permittivity is 휀  ( 휅  reduces to 휅  in the limit 휀 /휀 = 1). An increase in 휅  goes in pair 

with a decrease in background electrolyte concentration, which leads to a decrease of the particle charge 

neutralization by counterions as intraparticulate accumulation of the latter decreases, so that in turn particle 

electrophoretic mobility increases.  

 

  

(a)       (b)   

Figure 2: Key variations of scaled electrophoretic mobility 휇 /휇  for polyelectrolyte NPs are shown.  

Results derived from Eq. (2) in (a) as a function of permittivity ratio 휀 /휀  for different 휅  (=0.1, 1, 2, 5, 

10, 20 nm) at fixed 휆 = 20nm (lines). The direction of the arrow in (a) represents increasing values of 

휅 . Symbols in (a) correspond to predictions from Eq. (3) valid for  휀 = 휀 . In (b), scaled electrophoretic 

mobility derived from Eqs. (3) and (5) (specified) versus  휆 휅  for different values of 휆  (=1, 2, 5, 10 

nm) at fixed 휀 = 휀 . The direction of the arrow in (b) represents increasing values of 휆 . Symbols in (b) 

correspond to predictions from Eq. (4) valid in the thin EDL limit (i.e.,  휅 → ∞ ). Other model parameters: 

푏=50 nm, 푧 = 1 and 푁 =1mM.  

 

To illustrate the importance of the relative magnitude of EDL thickness (휅 ) as compared to the 

hydrodynamic screening length (휆 ) on the electrophoretic mobility of polyelectrolyte NPs, we report in 

Figure 2b electrophoretic mobility versus 휆 휅  for various values of hydrodynamic screening length 휆  

under the condition 휀 = 휀  on the basis of Eq. (3). At a given 휆 , the particle mobility increases with 

increasing 휆 휅 , which is according to expectation as particle charge screening then reduces. As 

mentioned in preceding developments, a plateau value is reached by the particle electrophoretic mobility 



18 
 

for sufficiently thin EDL (sufficiently high salt concentration), and expression of that plateau value is given 

by Eq. (4) applicable when 휅  goes to 0. As anticipated, with increasing 휆  the screening of the 

electroosmotic flow across the polyelectrolyte NP becomes less pronounced and this is thus accompanied 

by an increase in electrophoretic mobility. It is noted that the simplified mobility expression given by Eq. 

(5) valid under the inequalities conditions  휅푏 ≫ 1 and  휆  푏 ≫ 1 systematically overestimates particle 

mobility predictions from Eq. (3) in the regime corresponding to 휆 휅 > 1. In this regime, the 

approximations underlying the applicability of Eq. (5) for the example treated in Figure 2b are indeed not 

verified. 

 

  (a)    (b)      (c) 

Figure 3: Variations of scaled electrophoretic mobility 휇 /휇  for various core-shell composite NPs are 

shown. Results are given in (a) for Sc-Ssl particle (Eq. (8)) as a function of 휆 휅  for different values of 

휅  (=0.1, 1, 2, 5, 10 nm) at fixed 휆 푑 (= 1). The direction of the arrow in (a) represents increasing values 

of 휅 . In (a) we have further indicated results valid for SSc-Ssl NPs (Eq. (13)). In panel (b), results are 

provided for SSc-Ssl NPs (Eq. (13)) and hard core-Ssl NPs (Eq. (15)) as a function of 휅 푑 for different 

values of 휆 (= 0.01, 0.1, 1, 5, 10 nm). The direction of the arrow in (b) represents increasing values of 휆 . 

Predictions for SSc-SSsl NPs (Eq. (29)) and hard core-SSsl NPs (Eq. (34)) are also included in panel (b). 

For comparison purpose, we have further reported data from Smoluchowski-like mobility expressions given 

by Eqs. (30) and (35). Other model parameters in panels (a) and (b): 푧 = 1, 푧 = 1, 푁  =1 mM,  푁  

=1mM, 휀 = 0.5 휀 , 휀 = 0.75 휀 , 푑=10 nm, 퐿 = 100 nm. In panel (c), results are given for hard-core Ssl 

NPs (Eq. (16)) as a function of the ratio 2푑/퐿 between thickness of the peripheral soft layer and particle 

inner core radius at fixed 푑=100 nm and 휅 = 1 nm. The results are given for different values of 휆  (= 

0.01, 0.1, 1, 5, 10 nm) and direction of the arrow represents increasing values of 휆  . We have further 

reported the electrophoretic mobility results for the limiting cases defined by Eqs. (17), (19), (32) and (33). 

Here 휅  and 휅  stand for the EDL thicknesses operational in the core and particle shell component where 

operational dielectric permittivities are 휀  and 휀 , respectively. 
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In Figure 3a, the impact of hydrodynamic screening length (휆 ) in the particle core-compartment of 

Sc-Ssl NPs on the electrophoretic mobility (Eq. (8)) is shown for different EDL thickness 휅  (=0.1, 1, 2, 

5, 10 nm) at fixed 휆 푑 (= 1).  Readers are referred to the figure caption for specification of other adopted 

model parameters. At given 휅 , particle mobility reduces with increasing 휆 휅 and reaches a non-zero 

plateau value at sufficiently small hydrodynamic screening lengths (i.e., large  휆 휅 ). With increasing 

휆 휅  at fixed 휅 , the screening of the electroosmotic flow (EOF) inside the inner particle compartment 

increases, which leads to an increment of counterion accumulation across the inner compartment. As a 

result, particle mobility reduces with increasing 휆 휅  at fixed 휅 . At fixed 휆 , particle mobility 

increases with EDL thickness 휅  for reasons already invoked in Figure 2. The particle mobility achieved 

in the thin EDL regime is again non-zero, which is -as previously discussed- an intrinsic property of core-

shell composite NPs. In Figure 3a, we have further reported results derived from Eq. (13) for SSc-Ssl NPs 

(where inner core allows penetration of ions but not fluid flow) to make a quantitative comparison between 

electrophoresis of Sc-Ssl and SSc-Ssl NPs. We observed that electrophoretic mobility of SSc-Ssl NP is 

smaller (in magnitude) than that of Sc-Ssl NP, especially in the thick EDL regime (large 휅 ). In this 

regime, screening of EOF across the core compartment of the Sc-Ssl NPs is indeed less significant, and the 

electrokinetically-active particle region is thus more extended than that for SSc-Ssl NPs type. At sufficiently 

small 휅  (thin EDL regime), the screening of EOF across the core compartment is largest, which leads to 

similar mobility of Sc-Ssl NPs and SSc-Ssl NPs under such conditions.  

In Figure 3b, results are given for SSc-Ssl (Eq. (13)) and hard core-Ssl (Eq. (15)) NPs as a function of 

electrolyte concentration at fixed shell layer thickness (푑 = 10 nm). Data are presented for various values 

of the hydrodynamic screening length of the shell compartment. For the sake of comparison, results 

pertaining to SSc-SSsl (where both inner core and shell are permeable to ions but not fluid flow) are also 

included (Eqs. (29)) together with those for hard core-SSsl NPs (where shell is permeable to ions but not 

to fluid flow) (Eq. (34)). At sufficiently small hydrodynamic penetration lengths, mobilities of SSc-Ssl  and 

hard core-Ssl particles correctly merge with those of SSc-SSsl and hard core-SSsl particles, respectively.  

In addition, we observe that the mobility of hard core-Ssl NPs is higher compared to that of SSc-Ssl NPs. 

Indeed, SSc-Ssl NPs allowing penetration of mobile electrolyte ions in their core compartment, their 

interfacial electrostatic potential is reduced (larger screening of the particle charge) and so is their 

electrophoretic mobility. In line with expectation, the mobility of both SSc-Ssl and hard core-Ssl NPs 

decreases with decreasing EDL thickness and hydrodynamic screening length. This finding is explained by 

a significant screening of the EOF through the shell compartment. At sufficiently large 휅 푑 (with the 

Donnan potential limit being reached for 휅 푑 ≫ 1), the electrophoretic mobility of SSc-SSsl and hard core-

SSsl NPs correctly approaches the limits given by Eqs. (30) and (35), respectively. 
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We have reported in Figure 3c predictions from the mobility expression Eq. (16), which applies to both 

hard core-Ssl and polyelectrolyte NP pending proper specification of L and d. Data are provided as a 

function of the shell layer thickness (푑) to core radius (퐿/2) ratio for various hydrodynamic screening 

lengths of the shell layer. As expected, particle mobility increases with increasing 휆 . We have further 

explicitly reported the limiting cases 푑 ≪ 퐿/2 and 푑 ≫ 퐿/2 given by Eqs. (17) and (19), which corresponds 

to the mobility expressions for hard core-Ssl under Donnan limit and for polyelectrolyte NPs (i.e. devoid 

of inner hard core), respectively. It is remarkable that results from Eqs. (17) and (19) differ by a factor 2/3. 

This factor originates from the presence of the polyelectrolyte where electric field lines are significantly 

distorted, unlike the case of hard core-Ssl particles for which the electric field lines remain parallel to the 

surface of the hard inner core. In the limit 휆 → ∞  where the shell layer is impermeable to fluid flow, the 

mobility expressions (17) and (19) approach the results derived from simplified Smoluchowski and Hückel 

expressions, respectively, with an interfacial potential that is half of the Donnan potential. We finally 

mention that expressions (32) and (33) also differ by a factor 2/3, whose origin is similar to that explaining 

why mobility expressions for hard colloids are different in the thin and thick EDL regimes.  

 

 (a)      (b)   

Figure 4: Variation of scaled electrophoretic mobility 휇 /휇  for cell (biomimetic) membrane-coated NPs 

with 훿 = 50 nm, 휎 = 2.5 × 10 C/m2 , 푁 = 10 mM and 푍 = 1. Results are derived from Eq. (26) and 

(27) as specified in the figure. Results in panel (a) are shown for the electrophoretic mobility versus the 

viscosity ratio 휂 /휂 and different dielectric permittivity ratio  휀 /휀 =0.09875, 0.1125, 0.125, 0.15, 0.175, 

0.2, 0.225, 0.25 at fixed molar concentration of background electrolyte 퐶 = 100 mM for which 휅훿 ≫ 1,  

with 퐹퐶 = 푒 푛 . In panel (b), variations of electrophoretic mobility as a function of dielectric permittivity 

ratio 휀 /휀  for different molar concentrations of background electrolyte 퐶  (10, 50, 100, 200, 500, 1000 

mM) at fixed viscosity of cell membrane (e.g., 휂 = 2.269 mPa s [147]).  
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Finally, we give in Figures 4a,b results derived from the mobility expressions (26) and (27) applicable 

to cell (biomimetic) membrane-coated NPs. The results are indicated in Figure 4a as a function of the 

viscosity ratio 휂 /휂 for different dielectric permittivity ratios 휀 /휀  and in Figure 4b as a function of the 

dielectric permittivity ratio 휀 /휀   for different molar concentrations of background electrolyte 퐶  with 

퐹퐶 = 푒 푛 .  From Figure 4a,b it is clear that the mobility of membrane-coated NPs reduces with increasing 

the dielectric permittivity ratio 휀 /휀  at fixed 휀  and it approaches a plateau values for 휀 /휀 > 0.25. A 

decrease in 휀 /휀  leads to more significant accumulation of electrolyte ions across the cell membrane layer. 

As a result, neutralization of membrane charges increases, which leads to a reduction in particle 

electrophoretic mobility. In addition, particle mobility decreases with increasing electrolyte concentration, 

in line with enhanced particle charge screening. We further note that particle mobility decreases with 

increasing viscosity of the membrane layer simply because the frictional force at the membrane-electrolyte 

interface then increases. At sufficiently high values of the viscosity ratio 휂 /휂, the particle mobility is 

correctly predicted by the plateau value given by Eq. (27). We also observe that for cases where the viscosity 

of the membrane layer is comparable to that of the surrounding aqueous medium, the particle 

electrophoretic mobility correctly identifies to the Smoluchowski-like expression given by Eq. (27) for 

휀 /휀 ≥ 0.25. Last, the difference between Eqs. (26) and (27) substantially reduces at sufficiently high 

electrolyte concentrations.  

  

4. Conclusions and perspectives.  

This paper reviews progress achieved in the modelling of soft particle DC electrophoresis and it details 

the various particle types for which such modeling is required so as to retrieve properly their electrostatic 

properties and, thereby, gain insights into the importance of electrostatics on their stability and, more 

generally, their reactivity towards neighboring charged (bio)colloids or (bio)surfaces. In particular, the 

inapplicability of the historical Smoluchowski formulation for particle electrophoretic mobility and 

underlying zeta potential concept are discussed in relation to the structure of the particles (core-shell, 

polyelectrolyte, membrane-coated colloids), their defining ion and flow permeability properties as well as 

their 3D charge distribution. Typical particle systems for which Smoluchowski-based formulation of 

electrophoretic mobility are inappropriate encompass colloids as diverse as bacterial cells, viral particles, 

(bio)functionalized (nano)particles, particulate polymeric systems like nanoplastics or environmental 

particles like humics, fulvics and more generally colloidal organic matter. This review reports useful 

analytical equations detailing how the electrophoretic mobility depends on key parameters including 

electrolyte concentration, density of charges distributed across the inner and outer components of the 

particles, dimensions of particle core and/or shell components when relevant or ratio between dielectric 

permittivities and viscosities of these components. Future research orientations deal with the corrections of 
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mean-field electrostatic and/or hydrodynamic formalisms adopted in soft particle electrokinetic modeling 

so as to include molecular details associated with counterion hydration process, ion polarizability, ion-ion 

correlation or structure/orientation of interfacial water molecules. 
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[62] ** One of the first evidence that electrophoretic response of bacteria reflects their differentiated surface 
phenotype. 

[65] ** Review on electrophoresis of biological cells as tackled beyond the classical hard particle limit. 

[70] * Comprehensive electrokinetic characterisation of functionalized gold nanoparticles for biomedical 
application without invoking inappropriate zeta potential concept. 

[74] ** Theoretical (analytical) model for electrophoresis of soft particles in the Donnan electrostatic limit. 

[76] ** Theoretical (analytical) model for electrophoresis of soft biological cells. 

[79] ** Exhaustive review of the governing set of electrohydrodynamic equations operational in soft 
particle electrophoresis, and elaboration of analytical expressions in limits of practical interest. 

[89] * Comprehensive analysis of surface biopolymers decorating bacteria on the basis of soft surface 
electrokinetics. 

[90] * Application of advanced electrophoresis modelling for adressing electrostatics of erythrocytes. 

[95] ** Among the first studies that investigate soft particle electrophoresis from numerical analysis of the 
complete set of governing electrohydrodynamic equations. 

[119] ** Definition of composite soft particles and elaboration of analytical expressions for their 
electrophoretic mobility in the Debye-Hückel limit. 

[145] * Comprehensive description of electrostatics of protocells. 

[147] ** Theoretical (analytical) model for the electrophoresis of liquid layer-coated particles applicable to 
membrane-decorated colloids. 
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Table 1. Electrophoretic mobility expressions for soft polyelectrolyte particles elaborated under electrohydrodynamic conditions that are specified (left column). 

The mathematical model and detailed derivation of the original mobility expression reported in this Table (Eq. (2)) are provided in Supporting Information. 

The constants C1, C2, L1, L2 and 휖  involved in the mobility expressions collected in Table 1 are defined below:  
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Table 2. Summary of several closed form analytical expressions for the electrophoretic mobility of several composite core-shell soft particles specified in the 
main text. Here 휅  is the EDL thickness defined by 휅 = 휀 푘 푇/2푒 푧 푛  and the parameters  휅  and 휅  are defined b푦  휅 = 푓 휅 휀 /휀  and   휅 =
푓 휅 휀 /휀 , respectively. Here  푓  and 푓  are ion partitioning coefficients of the mobile electrolyte ions within the core and shell compartments, respectively. 
A detailed description of the ion partitioning coefficients are described in the main text. The Donnan potential 휓  and potential 휓(0) at the interface between 
the outer shell layer and electrolyte solution are defined as 휓 =      and 휓(0) = 휓 푃 + 푄 .  The various parameters involved in the mobility 

expressions provided in Table 2 are given below 
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Particle type Additional conditions 
(other than the conditions 
of (i) a particle size that 
well exceeds the EDL 

thickness and (ii) a low to 
moderate particle charge)  
underlying the validity of 

the reported electrophoretic 
mobility expressions 

 

Electrophoretic Mobility Expressions Equation 

Sc-Ssl NPs 휆 퐿 ≫ 1,휆 푑 ≫ 1, 
 휅 퐿 ≫ 1, 휅 푑 ≫ 1 and  

휆 → ∞ 

휇 = ( ) with  휓(0) = 휓 /2 and 휓 =   (28) 

 
 
 
 
 

SSc-SSsl NPs 
 

No additional restriction 휇 = ( ) with 휓(0) = 휓  푃 +  푄  (29) 

휅 퐿 ≫ 1, 휅 푑 ≫ 1 
and 휅푑 ≫ 1 

휇 = ( ) with 

휓(0) = 휓 /(1 + ) and 휓 =  

(30) 

휅 퐿 ≫ 1, 휅 푑 ≫ 1, 휅푑 ≫ 1 
and 휀 = 휀  

휇 = ( ) with 

휓(0) = 휓 /2 and 휓 =  

(31) 

 
Hard Core-Ssl NPs 

휆 → ∞, 휅 푑 ≫1 휀 =
휀 ,휌 = 0 and 

 퐿/2 ≫ 푑 

휇 = 휓(0)  with  휓(0) = 휓 /2 (32) 

휆 → ∞, , 휅 푑 ≫1 휀 =
휀 ,휌 = 0 and 퐿/2 ≪ 푑 

휇 = 휓(0)  with  휓(0) = 휓 /2 
 

(33) 

 
 

Hard Core- SSsl NPs 

No additional restriction 휇 = ( ) with 

휓(0) = 휓 푅 + 푆 and 휓 =  

(34) 

휅 푑 ≫ 1 휇 = ( ) with 휓(0) = 휓 /(1 + ) and 휓 =  (35) 

휅 푑 ≫ 1and  휀 = 휀  휇 = ( ) with 휓(0) = 휓 /2 and 휓 =  (36) 



 

Table 3. Summary of several Smoluchowski-like mobility expressions for several core-shell composite NPs specified in the main text. Symbol Notation are 
specified in the main text and Figure captions. 

Cell membrane coated 
core-shell NPs 

휂 ≫ 휂 
휇 = ( ), with 휓(0)  =

ɛ
( ( )) ɛ

ɛ ( )

( ( )) ɛ
ɛ ( )

  and  

휓 = + 1 +  and y = 푒휓 /푘 푇 

(37) 
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