
HAL Id: hal-04361406
https://hal.univ-lorraine.fr/hal-04361406v1

Submitted on 15 May 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Numerical simulation and modeling of the hydrodynamic
forces and torque acting on individual oblate spheroids

R. Ouchene

To cite this version:
R. Ouchene. Numerical simulation and modeling of the hydrodynamic forces and torque acting on
individual oblate spheroids. Physics of Fluids, 2020, 32 (7), �10.1063/5.0011618�. �hal-04361406�

https://hal.univ-lorraine.fr/hal-04361406v1
https://hal.archives-ouvertes.fr


Numerical simulation and modelling of the hydrodynamic forces and torque acting on

individual oblate spheroids

R. Ouchene
1, 2, a)

1)Elisa-aerospace, 48 rue Raspail, 02100 Saint-Quentin,

France
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Computation of a three dimensional uniform, steady Newtonian flow past oblate

spheroidal particles is undertaken. The main objective of the present study is to

compute the hydrodynamic forces on oblate spheroidal particles as a function of the

particle orientation, for different particle aspect ratio and a large range of particle

Reynolds number. Results of simulations are used to provide a new complete set of

correlations for drag, lift and torque coefficients. These correlations are derived for

an aspect ratio ranging from 0.2 to 1, for particle Reynolds number up to 100 and for

all orientation. In addition, it is found that the Stokesian evolution of the drag and

lift coefficient as a function of the incidence remains still valid at moderate particle

Reynolds number, i.e., drag coefficient evolves as a sine squared and lift coefficient

evolves as (sinφ cosφ).
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I. INTRODUCTION

Fluid-solid flows carrying non-spherical particles are widely found in many environmental

and industrial applications such as pollen transport1 micro-organisms2, pulp and paper3 or

pulverized solid fuels4. Most methods for modeling a gas-solid flows require information

on the behavior of an individual solid particle in a gaseous flow. These particles can have

an indefinite possibility of shapes and sizes such as ellipsoids, cylinder, discs or more often

irregular in shape. Owing to the importance of the particle shape on the particle motion, the

non-sphericity is more and more considered in the euler-lagrange modeling and simulations

of particles transport in fluid flows5–15. However, in the listed works, the hydrodynamic

forces are estimated under the Stoksian assumption using the Brenner’s models16 to deter-

mine the hydrodynamic forces which are in principle strictly valid in the absence of slip

between the particle and the fluid flow. Indeed, while the Brenner’s formulas are accurate

in Stokes flow, significant deviations can be observed when the particle Reynolds numbers

is greater then 117–20.

Until now, investigations of the hydrodynamic forces acting on non-spherical particles

were mainly devoted to the drag force18,19,21–26. Only few works have been focused on the lift

force as well as the torques27–35. Furthermore, the developed expressions, characterizing one

of the mentioned hydrodynamic coefficients (CD, CL and CT ) remain specific to a particular

aspect ratio and to a definite interval of Reynolds numbers.

Restricting the discussion to the oblate spheroids, there are few works devoted to the

hydrodynamic forces acting on such particles. Using a finite difference technique, Rimon

and Lugt36 obtained time-dependent viscous flow past an oblate spheroid of aspect ratio

0.05 and 0.2 at Reynolds numbers of 10 and 100. Masliyah and Epstein37 and Comer and

Kleinstreuer38 have numerically solved the steady ow past an oblate spheroid of aspect ratio

λ ∈[0.2-1] up to Reynolds numbers of 100. These studies examined the effects of the aspect

ratio and the Reynolds number on streamlines and vorticity contours, surface pressure and

drag coefficients. Pitter et al.39 performed numerical simulation of a steady ow around oblate

spheroids of aspect λ ∈[0.05-0.2]. In addition, the authors performed some experiment as

a validation cases for two aspect ratios 0.3 and 0.5. However, both works were focused on
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a specific incidence angle (φ = 0◦), i.e., the revolution axis is parallel to the flow. Unfor-

tunately, no formula were proposed is these studies37,39. O’Donnell & Helenbrook17 extent

these earlier reported works to develop a quadratic correlation for the drag correlation for a

particle Reynolds number up to 200 and aspect ratio λ ∈ [0.2-1]. Li et al.40 investigate nu-

merically the interfacial transport characteristics of spheroid bubbles and solid particles for

the range of Reynolds numbers up to 100. The authors focused the analysis on comparisons

of the drag, wake structures, and mass transfer rates between spheroid solid particles and

spheroid inviscid bubbles. Only few informations were provided on individual and total drag

coefficients of spheroid particles. Compiling the experimental and numerical drag values

provided in the literature, Militzer et al.21 proposed a new correlation for the drag coefficient

of ellipsoidal particles in the range of aspect λ ∈[0.05-5] and Reynolds number up to 200.

However, this correlation does not take particle orientation into account. In addition, their

results overestimate the drag values both at low and high Reynolds numbers in the case of a

sphere λ = 1. Kishore & Gu41 used data issued from 2D simulation to propose a drag model

for an aspect ratio 0.25 ≤ λ ≤ 2.5 and moderate range of particle Reynolds numbers up to

200. Recently, Ke et al.42 used the IB-LBM simulation on a classic problem where a hot sta-

tionary ellipsoidal particle is passed by continuous cold fluid flows. Despite the wide range of

working conditions (0.25 ≤ λ ≤ 2.5, 0◦ ≤ φ ≤ 90◦, 10 ≤ Rep ≤ 200andPr = 0.744), the au-

thors focused only on providing correlations for drag coefficient and average Nusselt number.

To sum up, based on the aforementioned discussion, it is clearly noticeable that all these

works were focused on the drag coefficient and no complete set of correlations was proposed

to quantify the drag lift and torque coefficient for different incidence angles.

Up to now, only investigations performed by Zastawny et al.30 using an immersed bound-

ary method and Sanjeevi et al.32 using Lattice Boltzmann Method provided a complete

set of correlation for oblate spheroidal particles. However, both studies focused on specific

aspect ratios, λ = 0.2 and λ = 0.4, respectively.

According to this literature review, it seems undeniable that further efforts are necessary

to develop a complete set of correlations for the hydrodynamic coefficients (CD, CL and

CT ). Therefore, the main focus of this work is to use the results of numerical simulations to

develop new correlations for drag, lift and pitching torque coefficients for oblate spheroids
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of an aspect ratio ranging from 0.2 to 1 and a particle Reynolds number up to 100 and for

all orientations.

The paper is organized as follows. The motion of non-spherical particles are reported

in the second section. The third section is devoted to the numerical simulation technique

and the validation cases. The results obtained for the hydrodynamic coefficients and the

proposed correlations are given in the fourth section before the conclusion.

II. MOTION OF NON-SPHERICAL PARTICLE

To describe the motion of rigid non-spherical particles (see fig.1), the translational and

rotational dynamic have to be solved. The translational dynamic of a heavy non-spherical

particle is given in the inertial frame by the following set of differential equations43,44:

ρpVp

dvp

dt
= FD(Rep, λ, φ) + F L(Rep, λ, φ) + (ρp − ρf )Vpg (1)

Here, ρf , ρp, and Vp represent respectively the fluid density, particle density and the volume

of the particle; FD and F L are respectively the drag and lift forces.

The rotational dynamic of an oblate spheroid is given by Euler’s equation29 and reads in the

particle frame as:

I
dωp

dt
+ ωpI × ωp = T R + T P , (2)

where, I is the inertia matrix which is diagonal in the particle frame, ωp = (ωp,x′′, ωp,y′′, ωp,z′′)

is the particle angular velocity vector, while TR = (TR,x′′ , TR,y′′ , TR,z′′) and T P = (TP,x′′, TP,y′′, TP,z′′)

denote respectively the rotational and pitching torques with respect to particle axes.

The hydrodynamic forces and torques acting on a non-spherical particle are characterized by

the dimensionless coefficients drag CD, lift CL and torque CT coefficients that can obtained

using the following expressions.

CD =
‖FD‖

0.5ρf‖uR‖2 πdp
2

4

, (3)

CL =
‖F L‖

0.5ρf‖uR‖2 πdp
2

4

, (4)
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Table I. Parameters of the simulations

Rep λ = c
a

φ

0.1 to 100 0.2, 0.5, 0.8 and 1 0◦ to 90◦

CT =
‖T P‖

ρf‖uR‖2 πdp
3

8

, (5)

where dp is the diameter of the volume equivalent sphere and uR = uf − up is the relative

velocity between the particle up and the fluid uf .

In the present work, all simulations were conducted under the assumption of a fixed

particle. Thus, the rotational torque is not considered.

III. NUMERICAL SOLUTION METHODOLOGY

A. Parameters of the simulation

The present work is undertaken to fill the gap in the literature. Thus, quantifying the

influence of shape and orientation of spheroids on the hydrodynamic coefficients (CD, CL

and CT ) and providing a complete set of correlations for these coefficients are the main

objectives of this study. In Table I, the aspect ratios λ and particle Reynolds numbers Rep

are summarized. Here, the aspect ratio is defined as the ratio between the revolution axis

and the major axis λ = c
a
, the incidence angle φ is the angle between the revolution axis

and the relative velocity, whereas the particle Reynolds number is Rep = ‖uR‖dp
ν

, where

uR = uf − up is the relative velocity between the particle up and the fluid uf . dp is the

diameter of the volume equivalent sphere, and ν is the kinematic viscosity.

Owing to the asymmetry of wake structures formed behind the inclined spheroids, a

complete 3D configuration is considered in all simulations. Thus, the particle is supposed

to be fixed and immersed in a tridimensional uniform flow.

B. Governing equation and numerical details

In the present study, it is assumed that the flow is isothermal, incompressible and the

fluid is considered as Newtonian. In addition, it is worthwhile mentioning that the flow
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fields behind the oblate spheroids when 0.2 ≤ λ ≤ 1 and Rep ≤ 100 show steady regimes.

Indeed, Zastawny et al.30 showed that the flow remains steady event for wider particle

Reynolds number 300, and inclined spheroid φ = 10◦ and φ = 40◦. Moreover, Sanjeevi et

al.32, noticed a steady flow behavior behind the oblate spheroids with aspect ratio λ = 0.4

and Re ≤ 100, whatever the incidence angle. Recently, Ke et al.42 noticed that the flow

fields behind the particles show unsteady regimes when (Rep = 200, λ = 0.25, φ = 0◦) and

(Rep = 200, λ = 0.25, φ = 30◦).Thus, the unsteady term in the Navier–Stokes equations has

been neglected and the final form of governing equations reads as:

∇ · u = 0, (6)

(u · ∇)u = − 1

ρf
∇p+ ν∆u, (7)

where p is the pressure.

The drag and lift are the components of the fluid forces acting on the considered particle

in the three principal directions. These forces are obtained by integrating the total stress

acting on the particle surface area:

F =

˛

S

[

−pn+ µ(∇u+∇uT) · n
]

dS. (8)

Here, the drag force FD = nx ·F is the force acting in the x direction and FL = ny ·F is the

force acting in the y direction.

Since the pitching torque is resulted from the resistance force acting the pressure center, the

general formula reads as:

T =

˛

S

[

r× (−pn+ µ(∇u+∇uT) · n)
]

dS, (9)

where, the vector r is defined as the vector between the specific wall cell and the center

point and the pitching toque Tp = nz ·T acts in the z direction.

Simulations are performed using the CFD code Ansys Fluent c© 14.5. Centered scheme is

used for discretizing all the numerical fluxes in the Navier–Stokes equations. The problem

of the coupling between velocity and pressure is tackled with a Semi-Implicit Method for

Pressure-Linked Equations (SIMPLE)45. The geometrical configuration (figure 2) is a par-

allelepiped fluid box surrounding the particle. A constant velocity flat profile is imposed in
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Table II. Influence of the domain size on the drag coefficient for the sphere and for Rep = 0.1

Mesh h
dp

CD Deviation from the analytical solution (%)

1 20 247.67 3.20

2 40 245.43 2.26

3 60 245.09 2.12

the inlet boundary, Homogeneous Neumann conditions are chosen at the outlet an no-slip

condition is specified on the lateral boundaries. The dimensions of the box (figure 2) were

determined to prevent any disturbance of the flow due to boundary conditions, particularly

in the boundary layer. From a practical point of view, these dimensions were imposed by the

case Rep = 0.1 resulting in a greater boundary layer where the revolution axis is parallel

to the flow (φ = 0◦). As a test of the influence of the boundary conditions, three dimensions

were tested and the results of the drag coefficient are reported in table II. It can be seen

that the geometrical configuration (domain 2) is accurate to perform the simulations since

the deviation of the analytical solution of the drag coefficient is not significant compared

to that obtained for the domain 3. In addition, the length of the computational box was

set to have an adequate distance for the development of the wake. Thus, dimension of the

numerical domain are of 120dp ∗ 80dp ∗ 80dp. Note that, in order to maintain the size of the

box accurate for the simulations, the major axis are fixed to be equal to the sphere diameter

used to fix the box size, whatever the aspect ratio.

C. Mesh dependence

The mesh of the fluid domain consists of tetrahedral elements (fig.3). The influence of

the number of mesh cells on the drag coefficient for an oblate spheroid (λ = 0.2) and an

incidence angle equals to φ = 0◦ at Rep = 100 is shown in TabIII. As it can be seen, the

drag coefficient can be considered mesh independent with a number of cells greater than

900000. The difference with the finest grid result is less than 0.27 %. For this aspect ratio

and incidence angle, the computed values of the lift and torque coefficients are close to zero.

It has to be noted, that the number of cells chosen for the entire simulations is always

greater than 900000 (this number varies with λ and φ). In addition, for the particle Reynolds

7

    
Th

is 
is 

the
 au

tho
r’s

 pe
er

 re
vie

we
d, 

ac
ce

pte
d m

an
us

cri
pt.

 H
ow

ev
er

, th
e o

nli
ne

 ve
rsi

on
 of

 re
co

rd
 w

ill 
be

 di
ffe

re
nt 

fro
m 

thi
s v

er
sio

n o
nc

e i
t h

as
 be

en
 co

py
ed

ite
d a

nd
 ty

pe
se

t. 
PL

EA
SE

 C
IT

E 
TH

IS
 A

RT
IC

LE
 A

S 
DO

I: 1
0.1

06
3/5

.00
11

61
8



Table III. Influence of the mesh resolution on drag coefficient, for λ = 0.2, φ = 0◦ and Rep = 100

Mesh Cells number CD Deviation from finest grid (%)

1 739749 1.126 0.626

2 993488 1.122 0.268

3 3039817 1.119 -

number greater than unity, the boundary layer is always represented by at least 20 nodes31.

Because of the high number of nodes, the calculations are performed by MPI parallel pro-

gramming (8 processors). The CPU time ranges between 5 and 7h.

D. Validation cases

To improve the numerical technique, different validation tests were conducted for both

small and a high particle Reynolds number.

The first test case concerns the ability of the numerical technique to compute the drag

coefficient for a spherical particle at higher particle Reynolds number. This can be done

by comparing the numerical results with the well known correlation given by Schiller &

Naumann46:

CD =
24

Rep

[

1 + 0.15Re0.687p

]

. (10)

This comparison is reported in a previous work20 for a large range of particle Reynolds

number than of that concerned in the present study (Rep up to 240). The mean relative

deviation from Schiller & Naumann’s correlation (Eq.10) was found less than 2 %.

The second test case concerns the ability of the numerical technique to compute the drag

coefficient for the oblate spheroids at small particle Reynolds number. Results of simulations

at Rep = 0.1 are reported in table IV for the drag of both extremums φ = 0◦ and φ = 90◦.

These results are compared to the analytical solution given by Happel & Brenner16:

CD,φ=0◦ = KD,φ=0◦CD,sphere, (11)

CD,φ=90◦ = KD,φ=90◦CD,sphere, (12)
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Table IV. Drag coefficient at Rep = 0.1. Comparison between the results of simulation and the

analytical solution (Eqs. 11 and 12)

λ CD,φ=0◦ CD,φ=90◦

- Eq:11 Simulation Deviation Eq:12 Simulation Deviation

0.2 353.54 372.15 5.27 270.69 281.75 4.09

0.5 273.75 287.76 5.20 239.70 245.56 2.44

0.8 248.34 249.92 0.64 237.57 237.17 0.17

where,

Kφ=0◦ =
8

3
λ− 1

3

[

2λ

1− λ2
+

2(1− 2λ2)

(1− λ2)
3

2

tan−1(

√
1− λ2

λ
)

]−1

, (13)

Kφ=90◦ =
8

3
λ− 1

3

[

−λ

1− λ2
− 2λ2 − 3

(1− λ2)
3

2

sin−1(
√
1− λ2)

]−1

, (14)

and,

CD = CD,φ=0◦ + (CD,φ=90◦ − CD,φ=0◦) sin
2 φ, (15)

CL = (CD,φ=0◦ − CD,φ=90◦) sinφ cosφ. (16)

It can be seen that the results of simulations are in good accordance with the theoretical

results since the mean relative deviation never exceeded 5%. A possible reason for such

deviations is that the particle Reynolds number Rep = 0.1 is not small enough. Compared

to the earlier investigations, Zastawny et al.30 and and Sanjeevi et al.32 found a deviation

of about 17% and 13% for λ = 0.2 and λ = 0.4 respectively. Therefore, it is fair to conclude

that these deviations can be considered as acceptable.

The third test case concerns the accuracy of the numerical technique to compute the drag

coefficient for the oblate spheroids at higher particle Reynolds number. Due to the scarcity

of experimental results, the validation case concerns only the spheroid with an aspect ra-

tio of λ = 0.5 and incidence angle of φ = 0◦ for Rep = 100. The computed value is

CD,simulation = 1.634 agree well with the experimental value given by Stringham et al.47,

CD,experiment = 1.592. The relative deviation is 2.652%.
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According to the different validation tests, i.e., domain size dependence, mesh influence

and the comparison with the theoretical; empirical and experimental results, the numerical

technique can be used to perform simulations of the flow around the oblate spheroidal

particle at higher range of the particle Reynolds number.

IV. RESULTS AND DISCUSSION

The main focus of this study is to develop models for the hydrodynamic coefficients (CD,

CL and CT ). Because of the number of parameters (Rep, λ and φ) and in order to provide

a wide database for the best fitting, 126 cases are investigated in this work.

Before showing the different results, it is interesting to illustrate the flow past the

spheroids at φ = 0◦ and φ = 90◦. It is a well-known for the sphere that, at Rep = 100,

the recirculation domain exists in the wake of the sphere and remain symmetric48 even

for Rep = 200. It can be expected that similar wake structures can be observed for the

spheroids. Figure 4 illustrate the flow around spheroids when the revolution axis is parallel

to the flow (φ = 0◦). It can be seen in figure 4 that the recirculation domain increases

with decreasing aspect ratio. In addition the flow remain symmetric for the spheroids with

λ = 0.5 and λ = 0.8 while the symmetry in the wake is broken for the spheroid with an

aspect ratio of λ = 0.2. This is consistent with the earlier finding by Militzer et al.21 who

observe a substantial effect of the aspect ratio on the separation start and the size of recircu-

lation wake. Since the frontal area is the same for all spheroids, only the shape (curvature)

can be expected behind this behavior. In contrast to φ = 0◦, when the revolution axis

is perpendicular to the flow (φ = 90◦), the recirculation domain increases with increasing

aspect ratio. In addition, the recirculation wake remains symmetric whatever the aspect

ratio, which is in accordance with the observation of Kishore and Gu41. One can explain

such a behavior by the size of the frontal area which acts as an obstacle in the uniform flow.

In summary, when the revolution axis is aligned with the flow, the recirculation wake size de-

creases with increasing aspect ratio and increases with increasing particle Reynolds number.

When the revolution axis is perpendicular to the flow, size of recirculation wake increases

as the values of the aspect ratio and the particle Reynolds number increase.
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In this section, the methodology used to develop the new correlations is presented. Thus,

a comparison between the results obtained by numerical simulations and the proposed cor-

relations are depicted in different graphs.

A. Drag coefficient

Drag coefficient as a function of the particles Reynolds number is reported in figure 6 for

the three aspect ratios and at both extremums incidence angles (φ = 0◦ and φ = 90◦). It

is seen that drag coefficient decreases with increasing particle Reynolds number whatever

the aspect ratio and for both incidence angles. In contrast to the prolate ellipsoids30,31,

drag coefficient is larger when the revolution axis is aligned with the flow (φ = 0◦ ) com-

pared to the case of a revolution axis perpendicular to the flow (φ = 90◦). Regarding the

evolution of the drag coefficient as a function of aspect ratio, it is observed that the drag

coefficient decreases with increasing the aspect ratio when the revolution axis is aligned

with the flow. Unlike at φ = 90◦ , i.e., when the revolution axis is perpendicular to the

flow, a non-monotonically evolution of the drag coefficient as a function of the aspect ratio

is observed. This observation is qualitatively consistent with the results of an earlier study

by O’Donnell & Helenbrook17. According, to these evolutions of the drag coefficient as a

function of the particle Reynolds number, aspect ratio and incidence angle, the general form

of the correlation can be inspired from the earlier study31:

1. The drag coefficients φ = 0◦ and φ = 90◦ evolve as a function of the particle Reynolds

number.

2. The aspect ratio λ is taken to be the main shape parameter of the spheroids.

3. The correlation has to degenerate to Schiller & Naumann correlation46 for λ = 1 (sphere

Eq. 10).

4. For small particle Reynolds numbers, the correlation tends towards the Brenner’s16 ana-

lytical solution (Eqs.11 and 12).

Using those criteria, results were fitted using the robust regression residuals proposed in

Matlab. The algorithm using the bisquare weight method49 which provides an effective alter-

native to deleting specific points was chosen. To analyze how robust is the fitted parameter
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values, a statistical measure named R-squared (R2) is computed:

R2 = 1− Unexplained Variation

Total Variation
(17)

In the best case, the modeled values exactly match the simulation values, which results

in R2 = 1.

The best fitting of the results with R2 = 0.9996 and R2 = 0.9995, respectively for φ = 0◦

and φ = 90◦, gives the new following formula:

CD,φ=0◦ =
24

Rep
(Kφ=0◦ + 0.15λ95.91Rep

0.687 + 0.2927(1− λ)0.4374Rep
0.7512), (18)

CD,φ=90◦ =
24

Rep
(Kφ=90◦ + 0.15λ100.7Rep

0.687 + 0.1411(1− λ24.75)Rep
0.7143). (19)

It is noteworthy that the functional form of the present correlation is not trivial. Indeed,

the present correlation tends to the theoretical results given by Happel & Brenner (Eqs. 14

and 13). In addition, for an aspect ratio λ = 1, the correlation degenerates to Schiller and

Naumann correlation (Eq.10). Thus, this correlation can be considered as an extension of

Schiller & Naumann correlation to the oblate spheroidal particles.

Figure 6 shows a qualitative comparison between the results of simulation and the proposed

formulas (Eqs. 18 and 19). For comparison, correlation provided by Zastawny et al.30 for

λ = 0.2 is also plotted in figure 6. Qualitatively, it can be seen that the drag coefficient is

well estimated by the proposed formula, whatever the aspect ratio. This is confirmed by

computing the mean relative deviation
|CD,Correlation−CD,similation|∗100

CD,simulation
which varies between 4%

and 10.87%. In addition, the present correlation gives a better estimation of CD,φ=0◦ and

CD,φ=90◦ compared to Zastawny et al.30. This observation is confirmed by computing the

mean relative deviation
|CD,Zastawny−CD,similation|∗100

CD,simulation
, which was found to be about 12.5% and

26.5% respectively for CD,φ=0◦ and CD,φ=90◦.

To confirm the accuracy of the present correlation, an independent test case is performed

(see fig.7). The results obtained using the equation Eq: 18 are compared with the experi-

mental results given by Pitter et al.39 for the spheroid with an aspect ratio λ = 0.3. It is

seen from figure 7 that Eq. 18 agree well with the experimental results. the mean relative

deviation confirms this qualitative observation since it is found to be approximately 2%.

To show the effect of orientation, the drag coefficient normalized by CD = 0◦ is depicted

in figure 8. It can be seen that the drag coefficient of the oblate spheroids decreases with
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increasing incidence angle whatever the particle Reynolds number and aspect ratio. However,

the influence of incidence angle is seen to be less important for the higher aspect ratio

λ = 0.8. This is consistent with the earlier finding for the prolate ellipsoids for which the

incidence angle has less influence when the aspect ratio is close to λ = 1 (sphere case). In

addition, we observe that the influence of the incidence angle increases with an increase of

the particle Reynolds number. In addition, as in the creeping flow, drag coefficient evolves

as a sinus function with respect to the incidence angle. According to these observations,

an extension of Brenner’s formula to a higher particle Reynolds number is tested. Figure 8

shows a comparison of the normalized drag coefficient with the analytical solution (Eq.15).

It can be seen that the results of simulation are in a good accordance with the analytical

formula (15) (the mean relative deviation is less than 2 %). This means that, the evolution

of the drag coefficient as sine squared with respect to the incidence angle, exhibited in the

creeping flow, remains valid for higher particle Reynolds numbers up to 100. Thereby, the

final form of the new correlation for the drag coefficient is:







































CD,φ=0◦ =
24
Rep

(Kφ=0◦ + 0.15λ95.91Rep
0.687 + 0.2927(1− λ)0.4374Rep

0.7512),

CD,φ=90◦ =
24
Rep

(Kφ=90◦ + 0.15λ100.7Rep
0.687 + 0.1411(1− λ24.75)Rep

0.7143),

CD = CD,φ=0◦ + (CD,φ=90◦ − CD,φ=0◦) sin
2 φ.

(20)

B. Lift coefficient

In the present work, the particle is supposed to be fixed and immersed in a uniform flow.

Thus, the only lift force calculated is the hydrodynamic lift, i.e., the lift force arising from

the orientability of the particle. This lift appears when the revolution axis is not parallel

or perpendicular to the flow. There are few works dedicated to the hydrodynamic lift in

the literature. Recently, some efforts have been made to propose new models for the hydro-

dynamic forces29,30,50,31. Unfortunately, most of these works are focused on the elongated

particle. The only works which proposes a model of the hydrodynamic lift for an oblate

spheroid is performed by Zastawny et al.30 and Sanjeevi et al.32. However, the proposed

models concerns a single aspect ratio, namely λ = 0.2 and and λ = 0.4, respectively. From

this point of view, the second aim of this work is to develop a new correlation for the hy-
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drodynamic lift for the spheroid concerned in the present study. Figure 9 shows the profile

of the lift coefficient as a function of incidence angle. For the sake of brevity and clarity,

only results of the extremum particle Reynolds number concerned in this work (Rep = 1

and Rep = 100) are reported. It is seen that the lift coefficient is zero when the revolution

axis is parallel or perpendicular to the flow while it is non-zero elsewhere. In addition, as

in the creeping flow, the profile of the lift coefficient exhibit a maximum lift at φ = 45◦.

Since the maximum CL generated at a given Rep is a function of the particle aspect ratio

and also of the projected area of the particle at φ = 45◦, evolution of the maximum CL as

a function of Rep is reported in figure 10. It can be seen that, as for the drag coefficient,

the lift force decreases with increasing of the particle Reynolds number and aspect ratio.

However, in contrast to the creeping flow, the maximum lift coefficient do not coincide with
CD,φ=0◦−CD,φ=90◦

2
. This results is in accordance with the observation of Sanjeevi et al.51 and

can be explained by non-linear behavior of the lift force for the higher particle Reynolds

number.

According those observations, the approach used to determine the new formula for the

lift coefficient is based on the four following points:

1. The lift coefficient has a similar profile to that of the creeping flow (sinφ cosφ).

2. The aspect ratio λ is taken to be the main shape parameter of the spheroids.

3. The lift coefficient exhibits a maximum at φ = 45◦.

4. For small particle Reynolds numbers, the correlation tends towards the analytical solution

proposed by Happel & Brenner16.

Based on the listed criteria, the proposed general form of the correlation for the lift coefficient

reads as :

CL = [(CD,φ=0◦ − CD,φ=90◦) + F (λ,Rep)] sinφ cosφ, (21)

where F (λ,Rep) is the correction function of the lift coefficient over the creeping flow. This

function is obtained by fitting the entire results using the same methodology as for the drag

coefficient with R2 = 0.9974:

F (λ,Rep) =
2(1−λ

λ
)0.542

(1 + λ)7.85
Rep

0.1516. (22)

Thus, the final form of the lift coefficient as a function of the aspect ratio, incidence angle

14
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and particle Reynolds number reads as:

CL =

[

(CD,φ=0◦ − CD,φ=90◦) +
2(1−λ

λ
)0.542

(1 + λ)7.85
Rep

0.1516

]

sinφ cosφ. (23)

To show the qualitative accuracy of the present correlation Eq. 23, it was plotted with

results of simulations in figure 10. Correlation proposed by Zastawny et al.30 is also reported

for comparison. It can be seen that the profile of the present correlation (Eq.23) is in a good

accordance with the profile of the lift coefficient, whatever the particle Reynolds number

and aspect ratio. Compared to correlation proposed by Zastawny et al.30, equation 23 gives

a better estimation of the lift coefficient for λ = 0.2. Quantitatively, the mean relative

deviations are 1.67, 5.11 and 10.31 respectively for λ = 0.2, 0.5 and 0.8 while it is of about

13% for the correlation proposed by Zastawny et al.30. Nonetheless, it is difficult to achieve

a better fit due to the fact that CL is a function of CD and any small deviation is amplified.

Interestingly, the mean relative deviations decreases with increasing aspect ratio and allow

us to consider this new correlation Eq.23 as trustworthy.

C. Pitching torque coefficient

The pitching torque is one of the contributions to the rotational motion of the spheroids.

It is inherent to the orientability of the particle with respect to the relative motion of the

particle. Indeed, when the revolution axis is not parallel or perpendicular to the flow, drag

and lift forces appears at the center of pressure rather than the gravity center, thus inducing

a hydrodynamic torque which is perpendicular to the plane defined by the flow velocity vec-

tor and the revolution axis of the spheroid. Despite a numerous works on the non-spherical

particle motion, the pitching torque is less investigated for the oblate spheroids. Indeed,

the only correlation of the pitching torque coefficient is that proposed by Zastawny et al.30

which, unfortunately, concerns a single aspect ratio λ = 0.2. According to this scarcity of

data and correlations for the pitching torque, the thirds part of the present work is devoted

to prose a new correlation for the pitching torque taking the particle Reynolds number,

the aspect ratio and the incidence angle into account. Results of simulations are depicted

in figure 11 as the pitching torque coefficient with respect to the incidence angle. For the

sake of clarity, only results of the extremums of particle Reynolds number (Rep = 1 and

Rep = 100) are shown. It is seen that the pitching torque coefficient has a similar trends as

15

    
Th

is 
is 

the
 au

tho
r’s

 pe
er

 re
vie

we
d, 

ac
ce

pte
d m

an
us

cri
pt.

 H
ow

ev
er

, th
e o

nli
ne

 ve
rsi

on
 of

 re
co

rd
 w

ill 
be

 di
ffe

re
nt 

fro
m 

thi
s v

er
sio

n o
nc

e i
t h

as
 be

en
 co

py
ed

ite
d a

nd
 ty

pe
se

t. 
PL

EA
SE

 C
IT

E 
TH

IS
 A

RT
IC

LE
 A

S 
DO

I: 1
0.1

06
3/5

.00
11

61
8



lift coefficient and exhibit a maximum at φ = 45◦. Hence, in order to reveal the effect of

the aspect ratio and the particle Reynolds number, the evolution of the maximum torque

coefficient is reported in figure 12. It is seen that the pitching torque coefficient decreases

with increasing the particle Reynolds number and aspect ratio. In addition, as for the lift

coefficient, the profiles of pitching torque exhibit a maximum located at φ = 45◦ and seems

to evolve as a (sinφ cosφ) function. Nevertheless, there is no analytical formula for the

pitching torque in the creeping flow. Therefore, the new formula is obtained according only

to the mentioned observations. Hence, the relevant criteria considered in the fitting for the

proposed formula are:

1. The aspect ratio λ is taken to be the main shape parameter of the spheroids.

2. The pitching torque coefficient exhibit a maximum at φ = 45◦ and seems to evolves as

(sinφ cosφ).

3. The pitching coefficient decreases with increasing the particle Reynolds number Rep.

According these criteria and the profile of the pitching torque, the general form of the new

formula reads as:

CT =
1.85

[

1−λ
λ

]0.832

Rep
0.146 sin φ cosφ. (24)

As for the lift coefficient, the accuracy of the new correlation is a analyzed both qual-

itatively and quantitatively. Figure 12 shows that the present correlation is in a good

accordance with the results of simulations whatever the particle Reynolds number, aspect

ratio and incidence angle. The quantitative accuracy is shown by computing the mean rel-

ative deviations for all cases concerned in this study. Those deviations are 7.09%,4.99%

and 5.58% respectively for λ = 0.2, 0.5 and 0.8. For a comparison correlation provided by

Zastawny et al.30 is plotted for λ = 0.2 and mean relative deviation of this correlation is

found to be 20%. This shows clearly that equation 24 gives a significantly better estimation

of the pitching torque coefficient even when it is compared to a correlation provided for a

single aspect ratio.

V. CONCLUSION

In the present work, numerical simulations were successfully performed for the uniform

flow around oblate spheroids λ ∈ [0.2-1] for Rep ≤ 100. Different validation tests have been
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conducted to assess the numerical methodology and to ensure the quality of the results.

On the basis of extensive results of hydrodynamic coefficients (CD, CL and CT ) a new

simple, complete set of correlations taking the shape and the orientation into account for a

moderate particle Reynolds number Rep ≤ 100 is provided. The accuracy of the proposed

correlations is discussed through the mean relative deviations and R2. It shows clearly that

the correlations are trustworthy since the mean relative deviation remains in the order or

less than 10% for the drag and lift coefficient, and less than 8% for the pitching torque

coefficients. In addition, it is noteworthy that the proposed correlations of the drag and

lift coefficients are well recorded to the analytical solution given by Happel & Brenner16

in the creeping flow. Furthermore, it is noticed that the evolution of the hydrodynamic

coefficient (CD, CL) as a function of the particle orientation is not significantly altered by

the particle Reynolds number. Indeed, it is found that the evolution of the drag coefficient

as sine squared and the lift coefficient as (sin φ cosφ) in the creeping flow remains adequate

despite the high particle Reynolds number. Regarding the pitching torque coefficient, there

is, unfortunately, not an analytical formula. Thus, the correlation is valid only in the range

of Rep ∈ [0.2-1].

The correlations provided in this study can be useful in the Eulerian-Lagrangian sim-

ulations of the dispersion of spheroids. In the case of prolate ellipsoid, it is shown in52,53

that the non-linearity of the hydrodynamic forces and torque has a substantial influence on

the collective dynamic of the ellipsoids. Thus, using the present correlations, the effects of

non-linear hydrodynamic forces and torques on the oblate spheroids can be included in the

numerical simulation. This is the aim of the future investigations.
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VIII. FIGURE CAPTIONS

Figure 1. The fluid velocity in frame of reference (x,y,z) and in and the particle frame (x”,y”,z”).

The angle of incidence φ is the angle between the fluid velocity vector and the revolution axis of

the spheroid.

Figure 2. Geometrical configuration.

Figure 3. Computational mesh for flow past an oblate spheroid with an aspect ratio λ = 0.2.
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Figure 4. Streamlines for the oblate spheroids at φ = 0◦ and Rep = 100. Aspect ratio from left to

right are λ = 0.2, 0.5 and 0.8.

Figure 5. Streamlines for the oblate spheroids at φ = 90◦ and Rep = 100. Aspect ratio from left

to right are λ = 0.2, 0.5 and 0.8.

Figure 6. Drag coefficient as a function of particle Reynolds numbers for φ = 0◦ and φ = 90◦.

Symbols correspond to the results of simulations and corresponding solid lines in respective colors

indicate thee correlations (Eqs.18 and 19); the dashed line corresponds to Zastawny et al.30.

Figure 7. Variation of the drag coefficient as a function of particle Reynolds number for an oblate

spheroid with an aspect ratio λ = 0.3 and an incidence angle φ = 0◦.

Figure 8. Normalized drag coefficient given by the theory (Eq.15) at low Reynolds numbers. (line)

and results of simulations (symbols).

Figure 9. Lift coefficient as a function of incidence angle. Symbols correspond to the results of

simulations and corresponding solid lines in respective colors indicate thee correlations (Eq.23);

the dashed line corresponds to Zastawny et al.30.

Figure 10. Maximum lift coefficient as a function of particle Reynolds number. Symbols corre-

spond to the results of simulations and corresponding solid lines in respective colors indicate thee

correlations (Eq.23); the dashed line corresponds to Zastawny et al.30.

Figure 11. Pitching torque coefficient as a function of incidence angle. Symbols correspond to the

results of simulations and corresponding solid lines in respective colors indicate thee correlations

(Eq.24); the dashed line corresponds to Zastawny et al.30.

Figure 12. Maximum torque coefficient as a function of particle Reynolds number. Symbols

correspond to the results of simulations and corresponding solid lines in respective colors indicate

thee correlations (Eq.24); the dashed line corresponds to Zastawny et al.30.
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