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Abstract:

In this study, we present a new analytical model for the analysis of transient heat transfer (the model is
solved after Laplace transformation) in geothermal monotube heat exchangers (GHE). The model
accounts for various factors, including the heat exchanger's geometric parameters, the nature of the
fluid (air and water), flow characteristics (laminar and turbulent), and heat transfer boundary
conditions. Initially, the model's performance is validated by comparing its results with those obtained
from computational fluid dynamics simulations using OpenFOAM. This validation process ensures the
reliability and accuracy of the model. Additionally, an analysis of the heat transfer mechanisms and
key modeling parameters identified from the comparison is provided. In the subsequent section, the
analysis is extended by comparing the proposed model to four existing analytical models available in
the literature. These reference models employ distinct approaches to simulate heat transfer to the
ground. By examining a range of cases, the performance of the model is systematically evaluated
against these conventional methods. This work closes by an analysis of the analytical models and the
impact on the accuracy of the results highlighting the advantages of the proposed method in
geothermal applications.

Nomenclature

as Soil thermal diffusivity (m® s™)

¢ Fluid specific heat (J kg™ K™)

h Convective heat transfer coefficient (W m?K™)
L Tube length (m)

ms  Fluid mass flow rate (kg s™)

Laplace parameter (s™)

p

P Pressure (Pa)

r Space variable (m)

T Inner radius of the tube (m)
T, Outer radius of the tube (m)
t Time variable (t)

Tr Fluid temperature (K)

T; Initial soil temperature (K)

T Soil temperature (K)

T; Tube temperature (K)

vy Fluid velocity (m s™)

z Space variable (m)

As Fluid Thermal conductivity (W m™* K™)

A Soil Thermal conductivity (W m™ K™)

A Tube Thermal conductivity (W m™ K™)

pr Fluid density (kg m™)

R Laplace transform of the soil temperature (K s)
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0r Laplace transform of the fluid temperature (K s)
1. Introduction

The increasing emphasis on sustainable heating and cooling solutions has propelled geothermal energy
into the forefront of efforts to electrify and decarbonize the space heating and cooling sector [1].
Geothermal Heat Exchangers (GHES) harness the potential of shallow geothermal reserves by utilizing
embedded ground heat exchangers, offering both economic and environmental benefits. Essentially, a
GHE comprises a conduit within a vertical or horizontal borehole through which a heat-carrying fluid
circulates, enabling heat absorption in winter and discharge in summer [2]. The intricate heat exchange
phenomena, coupled with the distinctive ground properties and flow dynamics, present both
opportunities and challenges. Understanding the thermal processes in the ground is crucial for
optimizing strategies in energy systems that integrate GHES. Experimentation is generally impractical
due to the large scale of GHEs and their thermal coupling to the ground, where geometric
configurations and location-specific soil properties significantly influence performance. For engineers
and researchers alike, the value of any design solutions lies in their applicability in the design of heat
transfer equipment in a practical manner with reasonable accuracy. Consequently, theoretical
predictions from heat-transfer models emerge as the most practical and cost-efficient approach to
developing these strategies [3].

Theoretical analyses rely on heat transfer and fluid flow considerations, employing both analytical and
numerical methods. These methods vary in terms of accuracy, complexity, and computation time.
Their primary goal is to predict the returning fluid temperature and ground temperature near the heat
exchanger [4, 5]. Additionally, they serve as tools for inverse parameter estimation, such as thermal
response tests, for estimating critical parameters like soil thermal conductivity and diffusivity [6, 7].
Many analytical models are rooted in Kelvin's theory of heat sources and the Laplace transform
method, as extensively described in the classic work of Carslaw and Jaeger [8]. These models,
including the infinite cylindrical-surface source model [9], infinite line-source model [9], finite line-
source model [10], and composite-medium line-source model [11], can be incorporated into building
simulation tools due to their computational efficiency and, in specific cases, acceptable accuracy. A
comprehensive comparison of these conventional models, considering temporal and spatial scales, can
be found in [2]. The infinite line-source model and its derivatives are widely adopted in GHE
simulations for their simplicity and relatively good accuracy [12-14].

Numerical models, on the other hand, can be based on finite-difference, finite-volume, and finite-
element methods [15-20]. While these methods offer detailed insights into thermal, fluid flow, and
pressure fields, they are often impractical for engineering applications for several reasons [2, 21]. They
demand extensive computational resources and require important computation time, particularly in
complex scenarios where all time and space scales are significant. Developing a versatile in-house
code is challenging as these codes may have limitations in handling a wide array of GHE
configurations, particularly when rapid prototyping and extensive model variations are necessary.
Moreover, integrating such software into existing building simulation tools (e.g., EnergyPlus) can be
cumbersome. Commercial software packages like ANSYS and COMSOL, often used for numerical
simulations, may not be readily adaptable to specific applications. Consequently, many researchers
advocate for general design and simulation tools grounded in analytical heat-transfer models for GHE
modeling. For these reasons, numerical simulations in this work, utilizing open-source codes, are used
to validate and compare with our proposed analytical model. A comprehensive review of analytical
and numerical methods used for GHE can be found in recent literature [1, 2, 22].

This paper proposes an analytical model based on the quadruple formalism (Laplace transform) for
transient heat transfer modeling in geothermal monotube heat exchangers. Traditionally, analytical
models using the Laplace transform faced challenges due to the computational complexity of
conducting the inverse Laplace transform. However, recent advancements in mathematical algorithms



and computational capabilities, as demonstrated in this work, have substantially mitigated this
limitation. The primary objectives of our study are to achieve heightened precision compared to
conventional analytical models while maintaining rapid computational efficiency, as opposed to
numerical methods. We explore various configurations, accounting for diverse geometrical parameters,
fluid types (air and water), flow regimes (laminar and turbulent), and thermal conditions. Our
approach begins with a detailed mathematical description of the model and its underlying assumptions,
followed by a comparison with numerical results obtained using computational fluid dynamics codes
with OpenFOAM. Additionally, we compare the proposed model to four existing analytical models
from the literature, including the commonly employed infinite line-source model, under similar
conditions. One of the main advantages of the proposed model is its accurate use of the convolution
product, which improves the accuracy of calculations, particularly when the exchanger inlet
temperature is variable. Our model increases the reliability of forecasts in transient heat transfer
scenarios.

2. System and mathematical model
2.1. Description

The geothermal heat exchanger under consideration is a tube buried under ground at a depth D from
the ground surface. A fluid flows inside the tube with an inlet velocity v ;,,, inlet temperature Tr(0)
and outlet temperature T¢(L). The tube has a length L, inner radius r; and outer radius r, = r; + e. The
ground is assumed to be an infinite medium (D, sufficiently large).

D; Ground (infinite medium)

Vftin Tf(o)

_Tube
(thickness e)

Ground (infinite medium)

L

Figure 1. Schematic of the modeled system

2.2. Proposed analytical model
The analytical model is based on the heat equation with the following assumptions:

- Ground temperature variations in time and space are very small, so the temperature far away from
the pipe will be considered constant throughout the problem.

- In soil, the axial temperature gradient is negligible compared to the radial gradient.

- The mass of the tube is neglected.

- Thermophysical properties of the soil, tube and fluid are assumed homogeneous and constant.

- The fluid velocity is assumed to be constant along the length of the tube.



These assumptions are inherent in the approach of many analytical methods, including ours, and will
be justified through validation by comparing our model against comprehensive numerical simulations
conducted without the numerous assumptions commonly found in analytical models.

The heat equation applied to the soil is:

1oL _10(,0m), O,
ag Ot r or

ar) T o 1)
Neglecting the axial gradient:

19 _1 a(r%) )

ag Ot r or ar
With the initial condition:
Ty(r,z,t =0)=T; 3

And boundary conditions:

Ts(r - 00,2,t) =T; 4)

s . — _Td-Tr _ Te)-Te(r) _ Te(re)-Ts
As— (r =1p)2mr, = R x = R ©)
T (1) = Ts(7e) (6)
and therefore:

Ty .\ _ 7
Asa_r(r - re) - hg[Ts(re) - Tf] ( )
Where:

1 1
hg = 27, X Rf+Re (8)
1 . .
Ry = p— (thermal resistance of the fluid) 9
ln(%)
R; = ﬁ (thermal resistance of the tube) (10)
t
With:
T; initial temperature of the soil
Ag soil thermal conductivity
h convective heat transfer coefficient
At tube thermal conductivity.

The Laplace transformation applied to equation (1) with the Laplace transformed soil temperature
0(r,z,p) = L[Ts(r, z,t) — T;] leads to:

p2=12(r22) (1)

ag r or or

The solution is of the form:

65(r,z,p) = Aloy(qr) + B Ko(qr) (12)

Where q = \/az and I, and K, are the zero order modified Bessel functions of first and second kind
respectively.

Using the boundary condition (4):
O,(r » 0,2,t) =0 (13)



Therefore A = 0, and using the boundary condition (7):
—As qB K; (qre) = hges(re) - hg 9f = hg B K, (qre) - hg ef (14)

. o
we obtain: B = = (15)
Ko(qre)‘ki K1(qre)

with & the Laplace transform of fluid temperature.

Equation (12) can then be written as:

_ Ko(qr)
95(7", Z, p) KO(CITE)'FqTe K,(qre) f( p) (16)

Where: Bi =

‘ )

The soil model can then be coupled with the fluid heat balance between z and z + dz in the tube’s
axial direction, which is written as:

9Ty
ZﬂTe/lsta—’:(T = Te) = prfo T[Tiz [Tf(Z + dZ) — Tf(Z)] (18)

Where py, ¢r,and vy are respectively the fluid density, specific heat, and velocity. Relation (18) can
also be written as:

aZf (19)

Ty oT
225152 (r =12) = ppepvy r? =L
The Laplace transformation of this equation, with 6, = L[Tf(z, t)] and Tf(z, t) = Tr(z,t) — T;, leads
to:

a0 a0
22sTe =2 (r =1.) = prcyvy 12 a_zf (20)

Using equation (16) and solving equation (20) leads to:

20, _ 2, _ 00,

_ _ __ 2Aqre K1(qre)
8z  pgegvpr? O r=r)= 9 (1)

Prefvr T Ko(are) +E Ki(are) !

We obtain the Laplace transformed fluid temperature 6;:

0r(z,p) = 6¢(0,p) exp[ s e K1 (qre) z] -

PrCrvFT; Ko(qre)+q £ Ki(qre) Ti

And the Laplace transform of the soil temperature 8(r, z,p) :

— Ko(qr) _ 245 qre Kq(qre) z
6s(r2,p) = 8r(0.P) S s e e exp[ Prer vt Kol@ro+ it Ky(are) 71 23)

If the fluid inlet temperature is constant T (z = 0) = T, then using (22) we obtain:

225 qre K1(qre) z
- B a z 24
f(Z t) L~ { exp [ PFCrVFT Ko(qre)+% K1(qre) Ti]} ( )

However, if the fluid inlet temperature is not constant:
Tr(z,t) = Tr(0,)® L7 {H(z,p)} (25)
Where:



H(z,p) = exp [—A\/E 5(EVP) ] (26)

Ko(C\D)+Byp K1(Cy/P)
_ 2A5Te Z
prepvpyasti? (@7)
B @
Te
C = = (29)

In this case, calculating the convolution product is not a problem unless the limit, when t — 0% for one
of the two terms, is infinite. This is the case here because when t - 07, p > o and H(p) —

exp (— %) thus £7{H(z,p)} - oo.

If this is caused by a Dirac at t = 0 (which is the case here) we can get around this numerical problem

by calculating the inverse Laplace transform of the transfer function integral, i.e., @ which tends

towards exp | — 2) when p — oo. Applying the preceding to (22), we obtain:
B

Ty(z,0) = S {Tr (0, n@L [FE2]} (30)

Equations (24) and (30) are used to calculate the fluid temperature at the outlet of the geothermal heat
exchanger. A MATLAB program was developed to evaluate the inverse Laplace transform of the
transfer function (Denlseger [23]) before carrying out the convolution product.

3. Validation

In this section, the proposed analytical model performance is validated by comparing its results with
those obtained from numerical simulations codes developed based on OpenFOAM.

3.1. Cases

The system under consideration is a geothermal heat exchanger buried below the ground surface,
consisting of a circular tube where the working fluid (air or water) flows inside, surrounded by a soil
layer (cf. Figure 2). The geometric parameters for each fluid are listed in Table 1.

.
aa

Figure 2. Schematic representation of the physical model (not to scale)

Table 1: Geometrical parameters

Parameter | Air | Water




Inner tube radius r; (m) | 0.05 | 0.01

Outer tube radius r, (m) | 0.052 | 0.012

Soil distance D (m) 5 5

Length L (m) 20 30

Table 2 presents the ten considered validation cases. These cases consider two fluid types (air and
water), two tube materials (PVC and steel), different flow regimes and different inlet temperature
boundary conditions where:

- Initial soil temperature: T; = 0°C
- Constant temperature boundary condition: T (0) = 20°C

- Periodic temperature boundary condition: T;(0, t) = T cos(wt) with Trq = 20°C; w = ﬁ
(one day period)

Table 2. Analytical and numerical comparisons cases (‘X’ represents Yes)

Case Inle;:'(ezm:pe(rgture Fluid type m-gftjebrei}al Flow inlet velocity vs

Nr I : 2829ms™t | 01ms | 1ms™?
Constant | Periodic | Air | Water | PVC | Steel (Turbulent) | (Laminar) | (Turbulent)

1 X X X X

2 X X X X

3 X X X X

4 X X X X

5 X X X X

6 X X X X

7 X X X X

8 X X X X

9 X X X X

10 X X X X

The thermo-physical properties for the various materials and fluids are given in Table 3.

Table 3. Thermo-physical properties

Matter | A(Wm 2K ) [ pkgm™) | c(Jkg7?K)| up(Pas)
Air 0.025 1.2 1006 1.8 x 1075
Water 0.6 1000 4180 1073
PVC 0.2 1459 1034
Steel 15 7864 460
Soil 1.9 1500 1269

3.2. Numerical simulations

In this section, we present the numerical simulations performed to investigate the dynamic heat
transfer within the configurations under consideration. We utilized in-house numerical codes
developed with the OpenFOAM toolbox [24], an open-source library for computational fluid
dynamics. Heat transfer in the geothermal heat exchanger and the surrounding soil was modeled and
the simulations considered the coupled, conjugate transient heat transfer between each zone.

3.2.1. Governing equations




The problem under consideration involves an axisymmetric transient heat transfer in a laminar or
turbulent developing flow of a Newtonian and incompressible fluid with constant properties.
The governing equations are solved through OpenFOAM C++ codes. They are expressed as follows:

For the fluid:

Continuity equation:

V-7 =0 (31)
Where 5 is the fluid velocity.

Momentum equation:

a—’ —_— —_—
Where pr is the fluid density and P the pressure.
Energy Equation:
)4 — .
pr o+ V- ((pE +P)) = V- (1'VTy) (33)
Where:
P v
E = hgy, o7 +- (34)
T P .
Ren = fofr y cpdTy + o (hey, is the enthalpy) (35)

A" = A + A, where A, represents the turbulent thermal conductivity.

For the turbulent case, two additional closure equations based on the k — e realizable turbulence
model were employed to calculate turbulent properties. A turbulent boundary layer based on y+ was
utilized for near-wall treatment.

For the solid (soil and tube):

Energy Equation:

T,

PsCs5 = V- (4sVTy)
(36)
3.2.2. Boundary and initial conditions

With reference to section 3.1, the boundary conditions applied are illustrated in Figure 3:

Inlet: A boundary condition with uniform velocity vy = vy ;, and temperature T¢(t) = T¢(0,t). In
cases with turbulent flow, a turbulence intensity of 5% and the hydraulic diameter are specified.
Outlet: The outlet is set as pressure outlet with P,,,; = 0.

Outer soil: A constant temperature boundary condition with Ts(r = 1, + D) = T;.
Wedge/axisymmetric: Axisymmetric faces where the circumferential derivatives of flow variables
are zero.

There are three regions (1 fluid and 2 solid) with a fluid-solid interface and a solid-solid interface. No-
slip and no-penetration boundary conditions were imposed with energy flux conservation. Initially, all
three computational domains are set to T;, and the fluid region is initialized using the resolved steady-
state solution for flow/turbulence fields.



Outer soil

Wedge/axisymmetry

Outlet

Figure 3. Regions and boundary conditions
3.2.3. Simulation approach

For each case, numerical simulations are conducted to evaluate heat transfer quantities for a duration
of 10 days. Due to the long simulation time, various tests are performed to optimize computational
efficiency. The computational regions are meshed using hexahedral blocks, and mesh sensitivity tests
are conducted to determine the optimal mesh size, with adaptive time stepping. OpenFOAM is used to
solve the governing equations in the computational domains for each set of boundary conditions. The
simulation procedure is as follows (see figure 4):

First, the solution for laminar (or turbulent) flow is calculated in a steady-state condition, where only
the flow/turbulence equations are solved until a converged flow-field solution is obtained. In this
problem, the flow and heat transfer are decoupled since the thermo-physical properties are constant
(no temperature-dependent properties or buoyancy forces). Therefore, the obtained velocity field is not
time-dependent, so it is kept fixed for the transient heat transfer simulation. In the transient simulation,
the flow field and turbulence are frozen, and the time-dependent temperature is specified at the inlet.
The governing equations are iteratively solved using the finite-volume formulation with the PIMPLE
algorithm (The PIMPLE Algorithm is a combination of PISO (Pressure Implicit with Splitting of
Operator) and SIMPLE (Semi-Implicit Method for Pressure-Linked Equations)) [29], and convergence
is determined by monitoring residuals and key integrated quantities.

STEADY-STATE FLOW FIXED FLOW FIELDS
SIMULATION * No temperature-dependent

 Laminar or Turbulent properties or buoyancy forces

TRANSIENT HEAT
TRANSFER SIMULATION
* Time-dependent thermal

« SIMPLE using finite-volume * Frozen flow field and turbulence

formulation with the SIMPLE
algorithm

boundary conditions

* Solved using finite-volume
formulation with the PIMPLE
algorithm

Figure 4. Simulation process

3.2.4. Data reduction

The physical quantities for fluid flow and heat transfer are calculated from the numerical velocity and
temperature fields for each time step using the following definitions:



Fluid mean axial velocity is the integrated average axial velocity with respect to the flow area A_:

m

1
Ufm = A_CfAc deAC = oA, (37)

The peripheral mean tube temperature T;(t, z, 1;), fluid bulk mean temperature T (t, z) and-peripheral
mean tube heat flux ¢, (t, z, ;) at an arbitrary cross section in z are respectively calculated using:

T (t,z,1;) = pl—efpe Trdpe where pe is the inside perimeter of the tube. (38)
1

Tf(t, Z) = mfAc Uf deAC (39)

@:(t, z,1;) = ifpe @; dpe  where ¢, is the flux density on the tube inner wall (40)

3.2.5. Numerical Results

For the flow field, the numerical simulation results are compared with available literature data for the
steady flow field. Analytical solutions and correlations exist for the velocity profile of
hydrodynamically developed laminar flow [25], and turbulent flow regime [26], in the latter case, the
1/7th power law an analytical and empirical formulation of the turbulent velocity profile. Figure 5
shows a good agreement between the analytical and simulated velocity profiles in the laminar and
turbulent regimes for both water and air.

0245y ‘ ' . 35 ——
b * OpenFOAM PRt B S e * OpenFOAM
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Figure 5. a) Radial water velocity profile for v, = 0.1 m/s (laminar flow); b) Radial air velocity
profile for v, = 2.829 m/s (turbulent flow)

In the next section, and for all case, the analytical model will be compared to the numerical results. It
is worth noting that all numerical computation took 40 hours using a 6 cores Ubuntu machine each
with max frequency of 4800 MHz.

3.3. Quadrupole analytical model validation

The aim of this section is to compare the analytical model with the complete numerical solution (2D
axisymmetric) for the several cases described in Table 2. Two approaches are considered, one where
the convective heat transfer coefficient in R is estimated using the following empirical correlation
[27]:
- Laminar flow:

Nu = 4.36 (41)



- Turbulent flow:
Nu = 0.023 Re%8 pr1/3 (42)

The second approach is where the fluid convective heat transfer coefficient is identified from the
numerical results using curve fitting.

3.3.1. Air ground-coupled heat exchanger

This sub-section considers cases 1, 2, 7, and 8 where the working fluid is air. For these cases, the
analytical model is used to predict the air outlet temperature considering the following values of the
parameters:
- Buried pipe: length 20 m, internal radius 5 cm, wall thickness 2 mm.
- Initial soil temperature: T; = 0°C
- Constant fluid inlet temperature (cases 1 and 2): T¢(0) = 20°C
- Periodic fluid inlet temperature (cases 7 and 8): T;(0,t) = Ty cos(wt) With Try = 20°C; w =
21
24x3600
- Convective heat transfer coefficient calculated through relation (42): h = 13.6 Wm™2 K1

Figure 6 shows the heat exchanger outlet temperatures obtained for cases 1 and 2 (constant inlet
temperatures). Each figure features 2 curves, the temperature calculated with OpenFOAM and the
temperature calculated using the quadrupole analytical model. Figure 7 shows the air outlet
temperature obtained for case 7 and case 8.

a) b)
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Figure 6. Outlet Air temperature in a) Case 1; b) Case 2
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Figure 7. Outlet Air temperature in a) Case 7; b) Case 8




The agreement between the numerical and analytical results is very good, with a temperature
difference of less than 0.2°C between the two. Moreover, if we identify the fluid convective exchange
coefficient from the numerical result, the 2 curves overlap perfectly, as can be seen for example in
Figure 8 for Case 1, having h = 13.9Wm™2 K1 (instead of the calculated 13.6 Wm™2 K™1).
Bearing in mind that correlations only provide orders of magnitude, therefore the results obtained
validate the analytical approach for air-ground heat exchanger.
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Figure 8. Outlet Air temperature with identified h

3.3.2. Water ground-coupled heat exchanger

The same validation steps will be used for the remaining cases 3, 4, 5, 6, 9, and 10 where the working
fluid is water. The analytical model parameters are:

Buried pipe: length 30 m, internal radius 1 cm, wall thickness 2 mm.

Initial soil temperature: T; = 0°C

Constant fluid inlet temperature (cases 3, 4, 5, and 6): T¢(0) = 20°C

Periodic fluid inlet temperature (cases 9 and 10): T(0,t) = T¢o cos(wt) with Try = 20°C;

2m

w =
24x3600
The calculated laminar convective heat transfer coefficient through relation (41)

h=131Wm 2K,
The calculated turbulent convective heat transfer coefficient through relation (42) h =
3620 Wm™2K™!

Figure 9 show the outlet water temperatures for cases 3 to 6 with constant inlet temperature. Figure 10
show the outlet water temperatures for cases 9 and 10 with periodic inlet temperature. Each plot
features 2 curves, the temperature calculated with OpenFOAM and the one calculated with the
analytical model. The differences are even smaller than for the air geothermal heat exchanger. In fact,
the higher the exchange coefficient, the closer the two models are.
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Figure 9. Outlet water temperature in a) Case 3; b) Case 5; ¢) Case 4; d) Case 6
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Figure 10. Outlet water temperature in a) Case 9; b) Case 10

4. Comparison with some analytical models in the literature:

In this section, the analysis is extended by comparing the proposed model to four existing analytical
models available in the literature. These reference models employ distinct approaches to simulate heat
transfer between the fluid and the ground. By examining a range of cases, the performance of the
model is systematically evaluated against these conventional models. As brief description of the
models now follows.



4.1. Model 1: The ground is at constant temperature
This model considers the following assumptions [28, 29]:

- Ground temperature is uniform and constant.

- Tube temperature is uniform and equal to ground temperature (low tube thickness and low
convection coefficient).

- The heat balance in the tube is applied locally.

The temperature at distance L from the tube inlet is therefore given by:

(43)

Tr(L) = T; + [T;(0) — T;] exp (_ ZnhriL)

mece

Where m; = psvyA is the mass flow rate and h is the convection transfer coefficient between the fluid
and the tube.

4.2. Model 2: The ground is a thermal resistance
This model considers the following assumptions [30, 31]:

- Soil temperature is uniform and constant at a distance 6 from the tube.
- Thermal inertia of the ground is neglected.

- Tube temperature is uniform.

- The balance in the tube is applied locally.

The temperature at distance L from the tube inlet is therefore given by:

2nUr;L
Te(L) = T; + [Tf(0) — T;] exp (— %) (44)
Where:
=1 1 (45)
2nriL Rf+Rt+Rs
ln(ri+6)
s = 2mAgL (46)

Rf and R, are given by relations (8) and (9).

withr, =7, +e; 4, =19Wm 1 K™?; p.cs = 1.9 x 10 Wm™3 K1, § is the depth of penetration
into the ground of the heat flux produced by a daily period excitation of the tube, according to [30],
6 = 0.17 m for a period of one day and § = 3 m for a period of one year.

4.3. Model 3: Ground resistance variable with time, global heat balance
This model considers the following assumptions [2, 8]:

- Ground resistance is modeled by the infinite source line model.
- Tube temperature is uniform.
- The balance in the tube is applied globally.

Based on equations provided in [3], we have:

2
Te

G(©) = B (1) /(4 pi A) (47)

G (t) is the transient part of the thermal resistance and E; the exponential integral:



12\ _ oo exp(-u)
B (o) = [ =5 (9

The resistance per unit length is:

R() = (Rf+R) L+ G(D) (49)
The overall heat balance on the tube:

mece(Tr(0) — Tp(L)) = q L (50)

With T;(0) and T;(L) the temperatures at the inlet and outlet of the tube respectively. The heat
exchange between the tube and the ground is:

__Tg-Ty

) (51)

With T the fluid average temperature Ty = (Tf(O) — Tf(L)) /2. Using equations (49), (50), and (51),
we obtain the temperature at distance L from the tube’s inlet:
Tf(L)=Tf(0)(1+K)/(1—K)—TL-ZK/(l—K) (52)
Where: K = L/(2mgcy R(t)) (53)
4.4. Model 4: Ground resistance varies with time, local heat balance

This model corresponds to model 2, in which the constant ground resistance is replaced by the variable
resistance of model 3. The assumptions are:

- Ground resistance is modeled by the infinite source line model.
- Tube temperature is uniform.
- The balance in the tube is applied locally.

The temperature at distance L from the tube’s inlet:

Te(L) = T; + [T(0) — Ty exp (— %) (54)
1

Where: U =
2nriL Ry+Re+G(t)/L

(55)

4.5. Analytical models’ comparison

The proposed analytical model “quadrupole” is compared to the four preceding models for the cases
described in table 4.

Table 4. Analytical models’ comparisons cases

Initial Tube

Case N Inlet temperature T¢(0) temperature T; Fluid type material v (m/s)
11 Constant 0°C 12°C Air PVC 2.83

12 Constant 30°C 12°C Air PVC 2.83

13 Constant 0°C 12°C Water PVC 0.1

14 Constant 30°C 12°C Water PVC 0.1

15 Variable 0°C to 30°C 12°C Air PVC 2.83

16 Variable 0°C to 30°C 12°C Water PVC 0.1

Figures 11 and 12 show the results of the five models for the different cases. In the case of water
ground-coupled heat exchanger, i.e., with a high fluid convective heat exchange coefficient, apart from




the elementary models 1 and 2, the 3 other models give similar results (Figure 11.c, Figure 11.d, and
Figure 12.b). On the other hand, for air ground-coupled heat exchanger (low convective heat exchange
coefficient), all the models presented in the literature deviate from our model, validated by a numerical
calculation without approximation (figure 12.a). It is interesting to note that Model 4 gives identical
results to our model when the inlet fluid temperature is constant (Figure 11.a and Figure 11.b). In fact,
in model 4, the convolution product has been approximated by a simple product, which is correct if
one of the 2 terms of the product is a constant (for case 15, figure 12.a, model 4 is no longer
satisfactory).

a) Air b) Air

" Quadrupole 1
—— Model 1 O 15+
Model 2 g

13 Model 3
-~~~ Model 4

C

Qutlet Air temperature(°C)

Qutlet Air Temperature (
IS

" 7Quadrupole.
10
\\-, . ——Model 1
; e—— 1or Model 2
1 ol Model 3
8 - ---- Model 4
1] 2 4 B8 8 10 12 14 16 18 20
time (day) % 5 10 15 20
Time (day)
c) Water d) Water
1 26
) 10 :6 24 K/——‘——‘—-—'v
© o
g ° =
= 2 1
5 3
g 7 Model 3 g 20
e - --- Model 4 E
g B T 4| —Quadrupole
. = 7| —Model 1
E = Model 2
o) 2 16
4 o Model 3
----Model 4
% ! 2 3 4 ° “ 1 2 3 4 5
Time (day)

Time (Day)
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Figure 12. Outlet temperature for a) Case 15; b) Case 16

Conclusion

The aim of this study is to propose a new analytical model for the prediction of the transient thermal
performance of single tube geothermal heat exchanger. The proposed model is validated for different
cases with different geometrical, flow, and thermal conditions against numerical simulations using
OpenFOAM. The proposed model is then compared to four analytical model available in the literature
covering different approach to ground modeling. The following conclusion are drawn:

Prediction based on analytical heat-transfer models is the most practical and cost-efficient
approach to modeling ground heat exchangers compared to numerical simulations. In the present
work, numerical simulations took a total of 40h while all analytical calculation with the proposed
model took less than 5 min with less than 0.1 K of difference.

Elementary ground models cannot make sufficiently accurate transient temperature predictions.
Models based on the infinite line source model can provide appropriate temperature predictions
for cases with high convective heat transfer coefficient, but with limited accuracy where the fluid
convective heat transfer is low.

The proposed “quadrupole” analytical model is more accurate as it can predict the thermal
performance without the limitations on heat and flow conditions.
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Appendix 1:

Figure A.1 present the radial velocity profile for water in turbulent flow conditions.
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Figure A.1: Radial water velocity profile for vy = 1 m/s (turbulent flow)



