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ABSTRACT

The�nonlinear� theory�of� radial� correlation� reflectometry� (RCR)�predicts� that� the� cross� correlation� function�of� a� signal� follows� a�Gaussian�
distribution�with�a�cutoff�separation,�where�the�correlation� length�is�determined�by�both�the�turbulence�amplitude�and�its�radial�correlation�
length.�In�contrast,�phase�spectrum�analysis�provides� information�solely�on�the�turbulence�amplitude.�This�work�describes�the�possibility�of�
applying� both� signal� analysis�methods� and� demonstrates� that� turbulence� amplitude� and� radial� correlation� length� can� be� simultaneously�
measured�using�RCR�diagnostics�in�the�nonlinear�regime.

Chttps://doi.org/10.1063/5.0204394

I. INTRODUCTION
The radial correlation reflectometry is a widely used technique

proposed to diagnose plasma turbulence in fusion machines. Initially,
it was believed that probing plasma with multiple frequencies could
determine the turbulence radial correlation length locally, simply from
the difference in the cutoff positions where the correlation of the sig-
nals disappears. However, it was discovered that this naive approach is
not always correct, leading to overestimation of the correlation length
in the linear scattering regime1,2 and underestimation in the nonlinear
regime typical for large devices. This was demonstrated in the nonlin-
ear theory of radial correlation reflectometry (RCR) in both 1D3 and
2D4 models and confirmed by numerical analysis in the 1D case.5

According to the developed models, in the case of strong turbulence,
the signal’s spatial correlation length depends on both the turbulence
radial correlation length and its amplitude, thus rendering it unhelpful
for determining either of them.

Another method of analyzing reflectometry signals was developed
to extract information on the turbulence spectrum and its amplitude.6

This approach relies on the relationship between the radial wavenumber
spectrum of density fluctuations and the phase fluctuation wavenumber
spectrum of a reflectometer signal, established through a transfer func-
tion under the Born approximation,7,8 valid in cases of weak turbulence.
Parceval’s theorem is employed in this method to locally recover the

density fluctuation level and, consequently, the density fluctuation pro-
file. It has been demonstrated that reconstructing the wavenumber spec-
trum is not feasible when the Born approximation is violated. However,
it was observed that the turbulence amplitude can still be determined
using Parceval’s theorem.9 This phenomenon was noted in 1D RCR
simulations, where the turbulence amplitude was significant enough to
break the Born approximation but still within limits where RCR remains
within a moderately nonlinear regime.9 The non-linear regime has been
characterized in Ref. 10, demonstrating a reduction of the probing vol-
ume above a threshold in turbulence level and diffuse behavior of the
probing wave scattering. At the same time, it exhibits the role of the
wave resonance in turbulent plasma in maintaining, on average, the elec-
tromagnetic flux until the non-linear threshold10 is reached.11 This work
tests the validity of phase variation spectrum analysis, originally devel-
oped for linear RCR regimes, in the nonlinear regime.

Hypothetically, the two methods can be combined to obtain
information on both the turbulence amplitude and its radial correla-
tion length under conditions where the nonlinear regime of RCR
occurs. However, this concept has not been put into practice yet. This
study aims to demonstrate and verify the feasibility of simultaneously
utilizing the two methods of RCR signal interpretation as well as to
evaluate the applicable domain for these techniques in intermediate
turbulence levels encountered in actual fusion plasma devices.
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II. REVIEW OF THE INTERPRETATIVE MODELS
OF THE RADIAL CORRELATION REFLECTOMETRY

We will first discuss the two analytical interpretative models of
RCR.We assume a slab geometry, which is typically adequate for charac-
terizing microwave beam propagation in large machines. Cartesian coor-
dinates are selected as follows: the x-axis denotes the direction of plasma
inhomogeneity, with a probing ordinary mode polarization beam
launched along this axis; the z-axis represents the direction of the external
magnetic field; and the y-axis is perpendicular to both x and z, typically
treated as the poloidal coordinate. We will consider 1D wave equation,
assuming that the probing beam is wide, and also due to the lack of a 2D
interpretative model for analyzing the spectrum of signal phase perturba-
tions. In this model, the wave equation for the O-mode is as follows:

@2

@x2
þ x2

c2
1"

x2
pe xð Þ
x2 " dn xð Þ

nc

 !" #

E ¼ 0; (1)

where E represents the electric field amplitude (E is directed along the
z-axis for O-mode polarization), xpe denotes the electron plasma fre-
quency, nc corresponds to the critical density value for a given probing
frequency x, and dn represents the turbulent density perturbation.
The critical density determines a cutoff position xc. The O-mode wave
number k is given by the expression

k2 x;xð Þ ¼
x2 " x2

pe xð Þ
c2

: (2)

The reflected electric field at the receiver Er appears as follows:

Er xð Þ ¼ Eieiur xð Þ; (3)

where Ei represents the probing wave electric field amplitude and
ur ¼ u0 þ du denotes the reflected field phase. This phase consists of
two components: u0, which is the phase associated with the wave
propagation in the background plasma, and du, the phase perturbation
caused by plasma turbulence.

One of the assumptions in the RCR interpretative models is a sin-
gle cutoff position xc for a probing frequency x. It can be showed that
this assumption is valid for

jdnj
nc

& lcx
xc

; (4)

where lcx represents the radial correlation length of the turbulence.
Additionally, the frozen turbulence approximation is employed in
reflectometry analysis. This assumption entails that the characteristic
variation time of turbulence is significantly longer than the time it
takes for the probing wave to propagate. This condition typically holds
true in reflectometry experiments. Both of these criteria are presumed
to be met for both RCR interpretative models, which are further dis-
cussed in the text. Also long wavelength of the turbulence is assumed
lcx ' k, with k being the probing wave wavelength. This criterion
is necessary for applying the Wentzel–Kramers–Brillouin (WKB)
description. Nevertheless, it is not always the case in a real experiment.
Numerical simulation in this study demonstrates sensitivity of the
interpretative models accuracy to this criterion.

A. Phase spectrum analysis
In the WKB approach, the phase variation linked to the density

fluctuations dn can be expressed as a function of the cutoff position xc,

du ¼ "x
c

ðxc

0

dx0ffiffiffiffiffiffiffiffiffiffiffiffi
1" x0

xc

r dn x0ð Þ
nc

: (5)

A frequency sweep is employed to measure duðxcÞ across a range of
cutoffs. Assuming that the main contribution comes from the cutoff
layer, the phase variation wave number (qx) Fourier transform duqx in
a RCR experiment can provide information about the turbulence
amplitude. This is due to the relationship between the Fourier trans-
form of the phase variation and the Fourier transform of the turbu-
lence, which is as follows:

hjduqx j
2iN ¼ p

x2

c2
xc
n2c

1
jqxj

hjnqx j
2iN ; (6)

where h…iN refers to the statistical average over N samples of the fre-
quency ramp. This relation between the turbulence and phase pertur-
bation spectra was initially derived under the Born approximation in
Ref. 7 and further analyzed in detail in Ref. 9. It was demonstrated that
even when the Born approximation is violated and the turbulence
spectrum cannot be reconstructed, the turbulence amplitude can still
be determined. This phenomenon was observed in 1D RCR simula-
tions, where the turbulence amplitude was sufficiently large to break
the Born approximation, yet not large enough to classify the RCR as
deeply embedded in the nonlinear regime.

A set of N frequency sweep samples is required for the statistical
analysis procedure. Two assumptions regarding the acquisition time
are implicit in this technique of reflected wave phase analysis. The first
assumption of independent samples implies that the correlation time
of density fluctuations must be shorter than the time between two con-
secutive sweeps. For micro-turbulence measurements, this condition is
met for repetition rates higher than 100kHz, as the correlation of
micro-turbulence typically lasts around 10 ls in tokamak plasmas.
The second assumption of stationary plasma requires that the averaged
plasma parameters, particularly the density profile, remain constant
during the acquisition time of the N sweeps. These conditions can be
reached experimentally by setting the duration of a frequency ramp to
1 ls and the time delay between two ramps greater than the correla-
tion time.12 When these criteria are satisfied, the root mean square
(RMS) amplitude of turbulence (essentially its profile) can be evaluated
from the measurements of reflected signal phase. It is also worth not-
ing that this RCR analysis was described in a 1D model;9 as of now,
there is no 2D theory for phase perturbation analysis. To address 2D
effects, numerical simulations are also conducted in this study.

B. Cross correlation function analysis in nonlinear
regime of reflectometry

The cross correlation function (CCF) of the signal, corresponding
to two probing frequencies xi and xj so the two cutoff positions xci
and xcj, is given by the following expression:

CCF xci"xcjð Þ¼
h Er xið Þ"hEr xið Þi
# $

E(
r xjð Þ"hE(

r xjð Þi
# $

i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hj Er xið Þ"hEr xið Þi
# $

j2ihj Er xjð Þ"hEr xjð Þi
# $

j2i
q :

(7)

The nonlinear theory makes use of the high phase variation due to the
turbulence,
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hdu2iP 1; (8)

this is in contrast to the criterion set by the Born approximation.
When the condition Eq. (8) (what we consider as the nonlinear regime
criterion) is met, according to the theory,3,4 the probing wave line
extinction is observed hEri / e"hdu2i=2, and the RCR CCF takes on a
relatively simple form,

CCF xci " xcjð Þ ¼ ei u0 xið Þ"u0 xjð Þð Þe
"

xci"xcjð Þ2

l2
ceff ; (9)

where lceff represents the effective correlation length of the signal,
which is determined by the following expression:

lceff ¼
x2xc
4c2

d~n2

n2c

ð
dqxjqxj~n2

qx

!"1=2

; (10)

where dnRMS denotes the RMS amplitude of the turbulence and ~n2
qx

represents the turbulence spectrum. They are defined as follows:

hdn x0ð Þdn x00ð Þi ¼ dnRMSð Þ2 x0 þ x00ð Þ=2
# $ ð dqx

2p
~n2
qx e

iqx x0"x00ð Þ: (11)

In the case of a Gaussian turbulence spectrum, characterized by the
turbulence radial correlation length lcx and given by the expression

~n2
qx ¼

ffiffiffi
p

p
lcxe"

l2cxq
2
x

4 ; (12)

the effective RCR correlation length is given by

lceff ¼ p"1=4 c
x

nc
dnRMS

ffiffiffiffiffi
lcx
xc

s

: (13)

As shown in Refs. 3 and 4 in the case of an arbitrary turbulence spec-
trum, the RCR signals’ CCF is also Gaussian in the nonlinear regime,
though the numerical coefficient in dependence Eq. (13) may vary.
From expression Eq. (13), it follows that measuring the CCF in the
nonlinear regime of radial correlation reflectometry provides informa-
tion on combinations of the turbulence amplitude dnRMS and its radial
correlation length lcx. When the turbulence amplitude is known, the
radial correlation length can be determined.

It is worth noting that the analysis of the signal cross correlation
function in the nonlinear regime is conducted here within the frame-
work of the 1D reflectometry model [considering the 1D wave equa-
tion as in Eq. (1)]. According to Ref. 4, when an emitter and receiver
are situated sufficiently close, the analytical analysis of the 2D cross
correlation function yields the same expressions as those in the 1D
model. This analytical prediction is also verified numerically in the
present study.

III. NUMERICAL SIMULATION OF RCR
The two techniques of the radial correlation reflectometry signal

analysis were briefly outlined earlier. The phase perturbation spectrum
analysis is not applicable for the turbulence wave number spectrum
reconstruction when the Born approximation is violated; however, the
turbulence amplitude can still be determined using Parceval’s theorem.
This observation was made in 1D RCR simulations, where the turbu-
lence amplitude exceeded the threshold to break the Born approxima-
tion but remained within the moderately nonlinear regime.9

In this section, we numerically test the possibility of evaluating
turbulence amplitude in the strongly nonlinear regime of RCR through
2D simulations. If this approach proves effective well beyond the Born
approximation, the phase perturbation spectrum could offer insights
into plasma turbulence amplitude in the nonlinear regime of radial
correlation reflectometry. Consequently, assuming knowledge of the
turbulence amplitude, the signal cross correlation function would then
describe the radial correlation length of the turbulence. To assess the
feasibility of simultaneously extracting information about both turbu-
lence amplitude and its radial correlation length in an RCR experi-
ment, numerical simulations of the RCR experiment were conducted.

The simulations were performed in the 2D geometry by the full-
wave code IPF-FD3D.13 In the simulations, a linear density profile
within the slab 2D model was employed, and the radiating and receiv-
ing antennas are considered the same (no poloidal separation), pro-
ducing Gaussian radiation pattern of the size q for the electric field. In
the plasma parameters in the range of those encountered in
experiments,

nðxÞ ¼ n0
x
L

(14)

with L¼ 16.2 cm and the density amplitude at x¼ L n0 ¼ 1 ) 1014

cm–3, the simulations were conducted using a probing frequency range
f 2 f50 : 80gGHz with a frequency step Df ¼ 100MHz. This fre-
quency range corresponds to a set of the cutoff positions ranging from
xcmin ¼ 4:9 cm at the lower probing frequency to xcmax ¼ 12:4 cm at
the upper one. The probing beam width was set to q¼ 2 cm in all sim-
ulations, except for one case where the influence of 2D geometry on
RCR simulation results was investigated. In this case, a probing beam
width of q¼ 5 cm was also tested.

In the simulations, homogeneous turbulence was set as input,
with its constant RMS amplitude relative level, defined as

A ¼ dnRMS

n xcmaxð Þ
: (15)

The isotropic Gaussian turbulence spectrum is employed in most sim-
ulations, spanning regimes with different correlation lengths lc¼ 1 cm
and lc¼ 3 cm. The selection of the Gaussian spectrum facilitates clear
control over turbulence parameters, helping in the comparison of
numerical results with analytical predictions. The Gaussian turbulence
spectrum Eq. (12) in the 2Dmodel specifies the turbulence cross corre-
lation function,

CCFdn x; yð Þ ¼ e
"x2þy2

l2c : (16)

A simulation incorporating a realistic turbulence spectrum, built from
experimental measurements, was also implemented. In this realistic
scenario, the turbulence is assumed to be isotropic in 2D space, and its
correlation length is defined as

lc ¼
1ffiffiffi
p

p
ð
dxCCFdn x; 0ð Þ; (17)

where the turbulence cross correlation function CCFdn is computed
using the averaging procedure Eq. (11). The turbulence was generated
as a sum of spatial harmonics with its spectral weight ~nq? and a ran-
dom phase /k;l , and this is a standard approach often used for
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modeling the turbulence, which allows us to control the turbulence
characteristics accurately,

dn x; yð Þ ¼ dnRMS 1
2

X

k;l

~n2
q?

!"1=2X

k;l

~nq? cos qkx þ qly þ /k;l
% &

;

(18)

where qk;l are the discrete wavenumbers, for the Gaussian spectrum
~n2
q? ¼ ~n2

qx~n
2
qy (12). The simulations are conducted for different turbu-

lence amplitudes and different turbulence spectra, and the results of
the cross correlation function and the phase spectrum analysis are
averaged over 1000 random turbulence realizations.

To facilitate the comparison between analytics and numerical
modeling results, the cross correlation function Eq. (9) can be reduced
to the following expression:

CCF xci " xcjð Þ ¼ e
"

xci"xcjð Þ2

l2
ceff : (19)

The unperturbed phase u0ðxÞ, associated with the wave propagation
in plasma, can be excluded from the registered signal. Thus, the simu-
lated cross correlation function can be fitted with a Gaussian function
to determine the effective correlation length lceff . Consequently, assum-
ing the turbulence amplitude is known, the radial correlation length lc
of the turbulence can be determined. The reference point for con-
structing the cross correlation function is xcmax so the cross correlation
function CCF is presented as a function of CCFðxcmax " xÞ in all figures
presented throughout this paper.

A. Study on the beamwidth dependencies at fixed
correlation length

The initial set of radial correlation reflectometry 2D simulations
is conducted within the regime characterized by a Gaussian turbulence
spectrum with a correlation length lc¼ 1 cm, covering different turbu-
lence amplitudes A ranging from 1.3% to 12.6%. The outcomes of the
numerical evaluation of the signal cross correlation function are com-
pared to the predictions of the analytical model, as illustrated in Fig. 1.
By fitting the numerical CCF with a Gaussian function using the least

squares method, the effective correlation length lceff is determined. Its
dependence on the average phase variation squared is illustrated in
Fig. 2. Assuming that the turbulence amplitude is known, the radial
correlation length lc can be found using Eq. (13). The numerically
obtained radial correlation length is depicted in Fig. 3 for the simulated
turbulence scenarios. It should be noted that the agreement between
the analytical lceff and the numerically evaluated effective correlation
lengths is relatively good (see Fig. 2), whereas the discrepancy for the
radial correlation length lc is much more pronounced (Fig. 3). This is
due to the fact that lc / l2ceff Eq. (13).

There are two applicability criteria of the non-linear radial corre-
lation reflectometry theory, which describes the signal cross correlation
function. The first criterion is the strong modulation of the phase per-
turbations Eq. (10), which means that the turbulence amplitude A is
assumed to be sufficiently high. The second criterion is related to the
RCR model with a single cutoff Eq. (4), which limits maximal turbu-
lence amplitude. The first point on Fig. 2 demonstrates that the average

FIG. 2. The signal correlation length lceff vs the signal average phase variation
squared, the different points correspond to the different turbulence amplitudes, and
the turbulence amplitudes set is shown in Fig. 1. The blue circles represent the
numerically evaluated lceff , and the red squares stand for the analytical values. The
turbulence spectrum is Gaussian with lc ¼ l cm and the probing beam width
q¼ 2 cm.

FIG. 1. CCF for the different turbulence
amplitudes A. The solid curves represent 
the analytical cross correlation function,
while the dotted curves depict the numeri-
cal results. The turbulence spectrum is 
Gaussian with the radial correlation length
lc ¼ 1 cm, and the probing beam width q 
is set to 2 cm.
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phase variation is approximately 1 for the turbulence amplitude
A ¼ 1:3%, which represents the boundary of applicability for criterion
Eq. (10). All the other points, corresponding to higher turbulence
amplitude values, satisfy the strong phase modulation regime. It is also
evident from Fig. 2 that in the strong phase modulation regime, the
relation lceff & lc holds, which was utilized in the CCF nonlinear the-
ory. Within the framework of the simulation model of the radial corre-
lation reflectometry lc

xcmax
* 0:08, thus, the boundary of applicability

criterion for a single cutoff existence Eq. (4) is approximately A ¼ 8%.
Therefore, the simulated turbulence amplitude set that roughly satisfies
both criteria is as follows:

A 2 f2:5; 3:8; 5:0; 6:3g%: (20)

This amplitude range corresponds to the points from the second to
fifth on Figs. 2 and 3. The relative error of the radial correlation length
lc obtained in the turbulence amplitude range Eq. (20) is within 23%.
The upper limit of the turbulence amplitude for the theory applicabil-
ity explains the increase in discrepancy clearly observed from the sixth
point onward in Fig. 3.

The next set of the numerical simulations was conducted using
the same Gaussian turbulence spectrum with lc¼ 1 cm and the same
range of the tested turbulence amplitudes as it is specified in Fig. 1, but
with a wider probing beam width q¼ 5 cm. Increasing the probing
beam width brings the radial correlation reflectometry experiment
closer to the 1D model. As stated in Sec. II B, the 1D and 2D models of
the RCR in the nonlinear regime yield the same expression for the
cross correlation function. The 1D nonlinear RCR theory was validated
through 1D numerical simulations in Ref. 5; in this work, the compari-
son of 2D RCR numerical simulations with the 2D theory is performed
first. Additionally, the analytical analysis of the phase perturbations
spectrum was considered within the framework of 1D geometry.9

Therefore, the importance of 2D effects for this analysis needs to be
evaluated.

The results of the CCF numerical evaluation in the simulations
with the different turbulence amplitudes (ranging from A ¼ 1:3% to
A ¼ 12:6%) are depicted in Fig. 4. The effective correlation length,

FIG. 3. The turbulence radial correlation length lc evaluated numerically (red dot) vs
the turbulence amplitude. The solid line is the analytical value of the turbulence cor-
relation length lc in the tested turbulence regime. The turbulence spectrum is
Gaussian with lc ¼ l cm and the probing beam width q¼ 2 cm.

FIG. 4. CCF for the different turbulence
amplitudes A, the analytical cross correla-
tion function is represented by the solid
curves, and the dotted curves demon-
strate the numerical results. The turbu-
lence spectrum is Gaussian with lc ¼ l
cm and the probing beam width q¼ 5 cm.

FIG. 5. The effective correlation length lceff vs the average phase variation squared,
the different points correspond to the different tested turbulence amplitudes, and the
corresponding turbulence amplitudes set is shown in Fig. 4. The blue circles repre-
sent the numerically evaluated lceff , and the red squares stand for the analytical val-
ues. The turbulence spectrum is Gaussian with lc ¼ l cm and the probing beam
width q¼ 5 cm.
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lceff , evaluated from fitting the simulated cross correlation function is
depicted in Fig. 5. Finally, the turbulence radial correlation length lc,
determined from the evaluated effective correlation length lceff , is
shown in Fig. 6. The applicability conditions in the simulations with a
wider probing beam width remain the same as in the first set of the
simulations with q¼ 2 cm so the analytical analysis is applicable for
the same range of tested turbulence amplitudes Eq. (20). Comparing
the results of the simulations with the different probing beam widths
(q¼ 2 cm and q¼ 5 cm), one can observe that the signal cross correla-
tion function CCF, demonstrated in Figs. 1 and 4, is almost the same
in both numerical experiments. Consequently, there is minimal differ-
ence in the evaluated radial correlation length lc depicted in Figs. 3 and
6. Therefore, we can conclude that the 2D theory of radial correlation
reflectometry in the nonlinear regime4 has been verified using the
simulations.

B. Study on correlation length dependencies at fixed
beamwidth

The next set of numerical simulations for radial correlation reflec-
tometry is conducted in the regime with a Gaussian turbulence

spectrum with a higher radial correlation length lc¼ 3 cm. Increasing
the turbulence radial correlation length allows for an extension of the
turbulence amplitude range where the nonlinear RCR theory is appli-
cable, Eq. (4). The CCF for different turbulence amplitudes is illus-
trated in Fig. 7. The effective correlation length lceff and the radial
correlation length of the turbulence lc, obtained from the evaluated
value lceff, are demonstrated in Figs. 8 and 9, respectively. According to
the simulated RCR model, lc

xcmax
* 0:24, then the turbulence amplitude

limit, restricting the applicability of the non-linear RCR theory, Eq.
(4), is about A * 24%. It should also be noted that even for the first
point on Fig. 8, corresponding to the turbulence amplitude A ¼ 1:3%
and the average phase modulation squared hdu2i * 2:5, the signal
correlation length lceff is approximately two times smaller than the tur-
bulence correlation length lc, indicating that the RCR is almost in the
nonlinear regime. Thus, all the simulated regimes with different turbu-
lence amplitudes can be described within the framework of the nonlin-
ear theory of radial correlation reflectometry.

FIG. 6. The turbulence radial correlation length lc as a function of the turbulence
amplitude. The solid line is the tested value of the turbulence radial correlation
length lc. The turbulence spectrum is Gaussian with lc ¼ l cm and the probing
beam width q¼ 5 cm.

FIG. 7. CCF for the different turbulence
amplitudes A, the analytical cross correla-
tion function is represented by the solid
curves, and the dotted curves stand for
the numerical results. The turbulence
spectrum is Gaussian with lc¼ 3 cm, and
the probing beam width q¼ 2 cm.

FIG. 8. The signal correlation length lceff vs the average phase variation squared,
and the different points correspond to the different turbulence amplitudes. The blue
circles represent the results of the CCF fitting by the Gaussian function of lceff , and
the red squares stand for the analytical values. The turbulence spectrum is
Gaussian with lc¼ 3 cm, and the probing beam width q¼ 2 cm.
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C. Dependencies on the turbulent spectrum shape
close to the experiment

The analogous simulations of RCR described earlier were con-
ducted using the same model but with a turbulence spectrum gener-
ated from the experimental measurements at ASDEX Upgrade.14 The
turbulence spectrum nq? is illustrated in a logarithmic scale in Fig. 10,
and the spectrum is cut at nq?0 ¼ 2p

2a, where a represents the minor
radius, qi denotes the ion Larmor radius on Fig. 10, and the used
parameters are a¼ 200 cm and qi ¼ 0:3 cm. The radial correlation
length of the turbulence lc, corresponding to the realistic turbulence
spectrum and given by the definition in Eq. (17), is approximately
0.75 cm.

The cross correlation function evaluated for the turbulence
regime with the experimental spectrum nq? is depicted in Fig. 11 for
the different turbulence amplitudes A. The effective correlation length
lceff, defined from fitting the simulated CCF, is illustrated in Fig. 12. To
obtain the turbulence radial correlation length lc from lceff, the relation

FIG. 9. The turbulence radial correlation length lc evaluated numerically vs the tur-
bulence amplitude. The solid line is the value of the turbulence correlation length lc
used in simulations. The turbulence spectrum is Gaussian with lc¼ 3 cm, and the
probing beam width q¼ 2 cm.

FIG. 10. The turbulence spectrum adapted from the experimental measurements at
ASDEX Upgrade. The model spectrum is in logarithmic scale, and the spectrum is
cut at q ?0.

FIG. 11. CCF for the different turbulence
amplitudes A, the analytical cross correla-
tion function is represented by the solid
curves, and the dotted curves stand for
the numerical results. The turbulence
spectrum is adapted from the experimen-
tal measurements at ASDEX Upgrade,
and the probing beam width q¼ 2 cm.

FIG. 12. The signal correlation length lceff vs the average phase variation squared,
the different points correspond to the different turbulence amplitudes, and the turbu-
lence amplitudes set is shown in Fig. 11. The blue circles represent the numerically
evaluated lceff , and the red squares stand for the analytical values. The turbulence
spectrum is adapted from the experimental measurements at ASDEX Upgrade,
lc * 0:75 cm, the probing beam width q¼ 2 cm.
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Eq. (13) is used, though strictly speaking, it was derived for the
Gaussian turbulence spectrum. The effective correlation length lceff in
the case of an arbitrary turbulence spectrum is given by the expression
Eq. (10). However, to obtain the turbulence radial correlation length lc,
the normalized turbulence spectrum ~n2

qx must be described with a sin-
gle parameter lc. Since the turbulence spectrum in the considered
model is described with two factors, which describe the wave number
spectrum behavior before the knee position q?qi ¼ 1 and after it
(factors"0.3 and "3.6 in Fig. 10), and it also depends on the ion tem-
perature and the tokamak size a, characterizing of the spectrum with a
single parameter lc is not possible. Therefore, the approximation based
on the Gaussian turbulence spectrum Eq. (13) is used for evaluating
the turbulence radial correlation length lc, and the results of its evalua-
tion are demonstrated in Fig. 13. A significant discrepancy between
the tested turbulence radial correlation length lc and the numerically
evaluated values is observed. The relative error ranges from about 25%
at the low turbulence amplitude value up to about 75% for the highest
tested turbulence level. A pronounce discrepancy is also observed for
lceff in Fig. 12; the numerically evaluated values for lceff are also signifi-
cantly larger than the theory predicts, Eq. (10). This deviation indicates
that this discrepancy is not related to the Gaussian spectrum interpre-
tative model used for lc definition.

According to the applicability criteria of the RCR non-linear the-
ory [Eqs. (8) and (4)], the first tested turbulence amplitude A ¼ 1:3%
corresponds to hdu2i * 1:6, indicating that reflectometry is not deep
in the nonlinear regime. Criterion Eq. (4) also sets the upper limit for
the turbulence amplitude. For lc * 0:75 cm, the turbulence amplitude
is restricted by the value A * 6% [this is the border of the applicability
criterion Eq. (4); the tractable in terms of the theory turbulence ampli-
tudes should be much smaller], which explains the growing variance
between the simulated turbulence radial correlation length lc and the
evaluated values starting from the third point in Fig. 13. Nevertheless,
even for smaller amplitudes A, the relative error for lc is within 43%.
This discrepancy can be associated with a relatively small turbulence
correlation length lc ¼ 0:75 cm compared to the probing wavelength
0.46 cm for an average probing frequency of 65GHz. It should be
mentioned that the WKB approach used for the CCF analysis also

works well only for turbulence components with long wavelength.
This fact is consistent with the results of the CCF simulations in the
tested turbulence regimes. Namely, the consistency (in terms of the rel-
ative match between the theory and simulations) is the best for the
simulations with the Gaussian turbulence spectrum possessing
lc¼ 3 cm, and it is the worst for the simulations with the realistic tur-
bulence spectrum with lc ¼ 0:75 cm.

D. Turbulence level evaluation
The turbulence amplitude can be defined from phase spectrum

analysis using the relation Eq. (6) and Parseval’s theorem, which is
similar to previous method.15 We utilized the homogeneous turbu-
lence distribution in the described radial correlation reflectometry sim-
ulations. Hence, the RMS turbulence amplitude averaged within the
radial window R ¼ xcmax " xcmin should coincide with the tested value
dnRMS. The tested analytical values of the turbulence amplitude,
denoted as dnan, are compared to the numerically evaluated values
dnnum in Fig. 14. Figure 14 shows the evaluated turbulence amplitudes
in all four tested regimes with different turbulence spectra: Gaussian
spectra with lc¼ 1 cm and q¼ 2 and 5 cm, Gaussian spectrum with
lc¼ 3 cm, and the spectrum measured in experiment with lc * 0:75
cm. In the last two modes, the beam width q¼ 2 cm. The most signifi-
cant discrepancy between dnnum and dnan is observed in the regime
with the high turbulence correlation length lc¼ 3 cm. The reason for
the pronounced variance is a relatively high contribution of the turbu-
lence modes with small wave numbers qx to the phase variation. This
leads to an increase in contribution of small-angle scattering (this pro-
cess can be significant in the nonlinear scattering regime16) to the
phase variation, whereas the linear theory interprets du as the Bragg
backscattering;9 the Bragg backscattering dominates in the cutoff layer
where the WKB approximation is not applicable, and the condition
lcx ' k is not met.7 However, even in this case, the phase spectrum
analysis provides the information about the turbulence amplitude with
good accuracy, with a maximal relative error of about 30%.

FIG. 13. The turbulence radial correlation length lc evaluated numerically vs the tur-
bulence amplitude. The solid line is the analytical value of the turbulence radial cor-
relation length lc * 0:75, evaluated according to Eq. (17) in the tested regime of
the turbulence based on the experimental measurements. The probing beam width
q¼ 2 cm.

FIG. 14. The relation between the turbulence amplitudes evaluated from the phase
perturbations spectrum analysis dn num and the simulated amplitudes dn an vs the
relative tested turbulence amplitudes A ¼ dn an

n c
. The blue circles and red squares

represent the results for the simulations with the Gaussian turbulence spectrum
with lc¼ 1 cm for q¼ 2 cm and q¼ 5 cm, respectively, the black triangles stand for
the simulation with the Gaussian spectrum with lc¼ 3 cm, and the green diamonds
correspond to the simulations set with the experimental-like turbulence spectrum.
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Also, it should be noted that the turbulence amplitude obtained
from the phase spectrum analysis is almost the same in the two simula-
tions with the Gaussian turbulence spectrum lc¼ 1 cm and different
probing beam widths q¼ 2 cm and q¼ 5 cm. This supports that the
2D effects do not play a significant role in the phase analysis technique,
suggesting that the 1D description appears to be accurate.

IV. CONCLUSION
The phase perturbations spectrum analysis can provide informa-

tion about turbulence amplitudes, and its analytical description was
developed under the Born approximation in Refs. 6–9. In this paper, it
is demonstrated that this method can be generalized far beyond the
Born approximation criterion in the range of higher turbulence ampli-
tudes. Then, we have a technique of the turbulence amplitude mea-
surements in a RCR experiment for regimes with high turbulence
amplitudes. This technique can be combined with the non-linear the-
ory of the RCR, which describes the signal cross correlation function
in the non-linear regime, Eqs. (10) and (13), and provides information
about the combination of turbulence amplitude and its radial correla-
tion length. The possibility of combining these two data analysis meth-
ods was verified by means of 2D full-wave numerical simulation in
this work. It is demonstrated that turbulence amplitude and turbulence
radial correlation length can be measured simultaneously in high-
turbulence plasma scenario in an RCR experiment. A comparison with
experiment would be useful as well; for this, it is necessary to compare
the results of the proposed analysis with the results of other diagnostics
measuring the amplitude of turbulence and its correlation length, if
any.

The numerical simulations demonstrated that the turbulence
amplitude dnRMS can be determined from the phase perturbations
spectrum analysis with a relative error ranging from few percents up to
30%, depending on the turbulence spectrum regime, as shown in
Fig. 14. The effective correlation length lceff can be evaluated from fit-
ting the cross correlation function, and the radial correlation length of
the turbulence lc can be defined according to the analytical relation Eq.
(13). The simulations showed that lc is normally overestimated for all
the tested turbulence regimes, and the best agreement between the
non-linear RCR theory and the results of the modeling is observed for
the simulations with high radial correlation length lc¼ 3 cm. In the
simulated turbulence regimes with relatively low turbulence radial cor-
relation lengths lc * 0:75 cm (which can be considered as realistic),
the error in the definition of lc is significantly bigger (see Fig. 13). This
is associated with the applicability limits of the non-linear RCR theory,
mostly due to the single cutoff criterion when the radial correlation
length is small enough according to Eq. (4), which can strongly restrict
the range of suitable turbulence amplitudes for the non-linear RCR
theory. To enhance the interpretative model of the CCF analysis in
RCR experiments, a correction procedure should be implemented.
Namely, the radial correlation length lc, evaluated according to the
described procedure of the CCF analysis, should be multiplied by a
correcting factor. Assuming that the turbulence amplitude is known
from the phase spectrum analysis, the correction factor can be esti-
mated from simulations with the realistic turbulence spectrum, dem-
onstrated in Fig. 13. This correction factor accounts for discrepancies
between the evaluated lc and the true turbulence radial correlation
length. By applying this correction factor, the accuracy of the radial
correlation length estimation in RCR experiments can be significantly
improved.

Both�techniques�of�RCR�data�analysis�were�previously� tested�by�
1D�numerical�modeling.�However,�in�this�work,�we�conducted�2D�sim-
ulations� to� test� and� verify� these� techniques� for� the� first� time.� The�
results� demonstrate� that� 2D� geometrical� effects� do� not� significantly�
impact�the�data�analysis.�This�finding�aligns�with�the�predictions�from�
2D� analytical� analysis� of� the�RCR� cross� correlation� function� in� the�
non-linear� regime.�While� it�was� previously� unclear� how� 2D� effects�
might�influence�the�phase�perturbation�spectrum�analysis,�our�results�
confirm�that�they�do�not�play�a�significant�role�in�this�context�either.�
As�to�the�influence�of�3D�effects,�their�role�is�not�expected�to�be�large�
because�of�strong�elongation�of�the�drift-wave�turbulence�in�the�mag-
netic�field�direction.
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