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Trapped ion modes (TIM) belong to the family of ion temperature gradient (ITG) modes

which are one of the main instabilities that govern heat turbulent transport at the ion scale in

tokamak plasmas. Trapped electron mode (TEM) turbulence drives electron particle and heat

transport. In an unstable system, the most unstable mode grows by extracting free energy from

the system which finally cascades into other higher and lower modes during nonlinear evolution.

Therefore it is essential to properly estimate their linear growth rate to understand their influence

on turbulent transport. For studying the TIM we have considered a reduced 4-dimensional gyro-

kinetic model with averaging over gyro-motion and the banana orbit, and adiabatic response of

passing particles [3]. According to this model the gyro-bounce averaged Vlasov Equation can

be written as,

∂
¯̄fs

∂ t
−
[
J0,sφ ,

¯̄fs

]
α,ψ

+
ΩD(ψ,κ)E

Zs

∂
¯̄fs

∂α
= 0. (1)

¯̄fs is the banana centric distribution function for the species s. J0,s is the gyro-bounce average

operator. [. . .]α,ψ is the Poisson bracket in the phase space of toroidal precession angle α and

poloidal magnetic flux ψ . In this model ψ is used as radius (ψ ∼ −r2). ΩD is the precession

frequency of the particle which is function of magnetic flux ψ , and the trapping parameter

κ . κ can vary between 0 (for deeply trapped particles) to 1 (at separatrix for barely trapped

particle). In this manuscript we consider only κ = 0. In equilibrium condition three constant of

motions are Energy E, magnetic moment µ and toroidal kinetic momentum PΦ. The potential φ

is calculated from the quasi-neutrality equation [3]. In all the previous study, this gyro-bounce

averaged model is simplified by considering Heq ≈ E in both quasi-neutrality equation and

equilibrium gyro-bounce averaged distribution function Feq. This approximation is valid for

ψ = 0 and precession frequency ΩD doesn’t depends on ψ . In this present study, the radial

profile of the particle drift velocity is taken into account by considering the magnetic flux ψ

dependency of the equilibrium Hamiltonian Heq(ψ) in both the quasi-neutrality equation and

equilibrium gyro-bounce averaged distribution function Feq.



Modification due to radial variation of precession motion

The magnetic flux ψ dependent expression for equilibrium Hamiltonian is,

¯̄Heq(ψ,κ) = E
(

1+
∫

ψ

0
ΩD(ψ̃,κ)dψ̃

)
= EΛD(ψ,κ), (2)

where we define ΛD =
(
1+

∫ ψ

0 ΩD(ψ̃,κ)dψ̃
)
. With this new equilibrium Hamiltonian the equi-

librium banana centric distribution function becomes,

Feq,s(ψ,E,κ) =
neq,s(ψ)

T 3/2
eq,s (ψ)

exp
(
−EΛD(ψ,κ)

Teq,s(ψ)

)
. (3)

With this new equilibrium Hamiltonian the elementary phase-space volume can be written as

d3v = 4π
√

2m−3/2
√

EΛ
3/2
D dE dλ

4ΩD
, where λ is the pitch angle. Using this new elementary vol-

ume element expression the modified quasineutrality condition can be written as,

2ΛD(ψ,κ)3/2
√

πneq(0)
∑
s

Zs

∫ 1

0
κK (κ2)dκ

∫
∞

0
J0,s fs

√
EdE = ∑

s

eZ2
s

Teq,s(0)

[
1− ft

ft
(φ − εφ ,s〈φ〉α)− ∆̄sφ

]
, (4)

where K (κ2) is the complete elliptic function of first kind. ∆̄ is a non-isotropic Laplacian

operator [3]. The expression for Vlasov Eq. (1), remain unchanged with this new Hamiltonian.

Global linear analysis: spectral method

A global linear analysis of this 4D-reduced model is performed to account for the radial

boundary conditions. A spectral method based on [2], is proposed to solve the linear dispersion

relation for calculating real part of frequency ωr and growth-rate γ of different TIM modes n.

We consider small amplitude perturbation of ¯̄f and ¯̄
φ , as f̃s = ∑n,ω fs,n,ω(ψ)exp{i(nα −ωt)}

and φ̃ = ∑n,ω φn,ω(ψ). From the linearised Vlasov equation the solution fn,ω can be written as

function of potential φn,ω in Fourier space (n is the mode no. along α). Using this fn,ω in the

quasi-neutrality condition, we can write a 2nd-order differential equation for φn as [1],

d2φn

dψ2 +Qn(ψ)φn = 0, (5)

with Qn(ψ) =
N ∗

n,i−
√

π

2Ti(0)

[
Cad +Cpol(ρ

∗
i

2 + τρ∗e
2)n2

]
√

π

2Ti(0)
Cpol(δbi

2 + τδbe
2)

and

N ∗
n =

Λ
3/2
D

ns(0)

∫
∞

0

√
EJ0,n

[
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T 3/2 exp
(
−EΛD

T

)
κn +κT

(
EΛD

T −
3
2

)
−κΛ

EΛD
T

Z−1ΩD(ψ)(E−χ)
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]
dE,

is an differential operator acting on φn,ω [1], where κn = 1
ns(ψ)

dns
dψ

, κT = 1
Ts(ψ)

dTs
dψ

and κΛ =

1
ΛD(ψ)

dΛD
dψ

= ΩD(ψ)
ΛD(ψ) are the logarithmic gradients of density, temperature and equilibrium Hamil-

tonian Heq(ψ), respectively. Cpol =
qiω0Lψ

T0
, Cad = 1− ft

ft
(1− τ)Cpol , τ = Ti

Te

∣∣
ψ=0, χ = ω

nZ−1ΩD(ψ)
,

and ω = ωr + iγ . The quantity (E− χs) in denominator gives a resonance condition. For ions

the resonance occurs only when ω > 0, ie. the wave propagates along ion precession drift.
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Figure 1: (a) Blue: Temperature profile (T (ψ)−T0) where T0 = 1. Red: κT (ψ) profile. The gradient in

T (ψ) profile GT = 1.9 (for Heq(ψ) case) and GT = 0.19 (for Heq ≈ E case). (b) Blue: ΩD(ψ) profile,

and red: ΛD(ψ) profile, which are used for the case Heq(ψ). For Heq ≈ E case we choose ΩD = 1 and

ΛD = 1. (c) Spectral convergence of φ̂n,m for Heq(ψ) (red + markers) and Heq ≈ E (blue dots). In both

the cases they follow |φ̂n,m| ∼ A0 exp(−βm) (black dashed line), with β = 0.6. (d)real part of frequency

(ωr−n), for Heq(ψ) (red line) and Heq ≈ E (blue line). For Heq ≈ E: ωr ∼ 2n and for Heq(ψ): ωr ∼ 10n

( for n < 10). (e) growth-rate (γ−n), for Heq(ψ) (red line) and Heq ≈ E (blue line). Dots: data from the

TERESA simulations. (f) potential solution φ(ψ). Red line: Heq(ψ) case. Blue line: Heq ≈ E case.

Spectral method

According to spectral method solution φn of Eq. 5 can be expressed as, φn(ψ)=∑
M
m=1 φ̂n,mCm(ψ).

The convergence of this method suggests, coefficients φ̂n,m should be go down exponentially to-

wards zero, and φ̂n,m=M ≈ 0. We choose orthogonal polynomials, Chebyshev polynomials of

first kind T2(m−1), for constructing Cm as, Cm(ψ) = ψ(1−ψ2)T2(m−1)(ψ). Using this choice

Eq. 5 can be written as,

M

∑
m=1

φ̂n,m
d2Cm(ψ)

dψ2 =−
M

∑
m=1

φ̂n,mQn(ψ)Cm(ψ), (6)

where m is the index of the spectral function Cm, and n is wave number of TIM. We solve this

Eq.(6), at the the collocation points, ψl = cos
(
(2l−1)π

4M

)
for l ∈ {1, . . . ,M}, where first dropped

higher order term of the expansion, namely the term CM+1, vanishes. We can re-write this Eq.

as a matrix problem,



MDφ̂n =−MQφ̂n; with φ̂n =


φ̂n,1

...

φ̂n,M

 and

 (MD)l,m = d2

dψ2
l
Cm(ψl),

(MQ)l,m = Qn(ψl)Cm(ψl)
(7)

Then for finding the final solution, search for values of ω in the the (ωr,γ) plane, such that one

eigenvalue of the matrix M = MD +MQ vanishes within machine precision. For this purpose

a method that finds the minimum of a scalar function of several variables, starting at an initial

guess value, and iterates using the simplex search method [5] is used.

Results

We use this spectral method for global-linear analysis for both the two cases, (i) Heq ≈ E and

(ii) ψ dependent Heq(ψ). For both the cases we choose similar temperature profile (Fig. 1a),

T (ψ) = T0 +
GT

2

(
1+L1

[
log
(

cosh
ψ−ψ1

L1

)
− log

(
cosh

ψ− (1−ψ1)

L1

)])
, (8)

with L1 = 0.025, ψ1 = 0.1 and GT = 0.19 for Heq ≈ E and GT = 1.9 for ψ dependent Heq(ψ).

Also we consider κn = 1 for both the cases. In case of ψ dependent Heq(ψ), the precession

frequency profile is chosen as Fig. 1b, and associated ΛD(ψ) profile is obtained from Eq. (2). For

Heq ≈ E case we choose constant ΩD = 1 and ΛD = 1. The spectral coefficients φ̂n,m decrease

exponentially for both the cases (Fig. 1c), which confirms the spectral convergence of φ̂n,m. In

the global linear analysis, ωr ∼ 2n which is different from the local linear analysis, ωr ∼ 3/2n.

The inclusion of the radial profile of drift velocity in the model, the ψ dependent Heq profiles

introduces a new parameter κΛ in the dispersion relation. Due to this modification real-part of

frequency ωr increases compared to Heq ≈ E case (Fig. 1d). In case of ψ dependent Heq(ψ),

ωr ∼ 10n (for n < 10) whereas for Heq ≈ E case ωr ∼ 2n. κΛ term reduces the effect of κT and

κn, whereas for Heq≈E case, growth-rate (γ) only depends on κT (κn = 0). Therefore, relatively

a higher temperature gradient is required to obtained equal growth-rate of most unstable mode

in case of Heq(ψ), compared to Heq ≈ E case. Fig. 1e, present growth-rate profiles for both

the cases which agree with a semi-Lagrangian-based linear Vlasov solver TERESA with good

accuracy [1]. The potential solution for both the cases is presented in Fig. 1f. In the nonlinear

evolution, after the linearly growing phase, the growthrate of TIMs decreases and nonlinear

saturation occurs.
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