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Nonlinear Observer Design for Vehicle Lateral Load Transfer Ratio
Estimation

S. Meng1, F. Meng2, F. Zhang3, M. Alma1, M. Haddad4 A. Zemouche1

Abstract— This paper proposes a nonlinear observer design
for estimating the lateral load transfer ratio (LTR), a type of
rollover index for vehicle safety, with a reduced reliance on
measurable signals, applicable to both untripped and tripped
rollovers. The dynamics of the four-degree-of-freedom vehicle
are modeled to include tripped rollover, treating tire forces as
unknown inputs. To address output nonlinearity, the observer
employs a generalized inverse, offering an innovative solution.
Benefiting from the unique structure of the state-space equa-
tions of the vehicle model, only three measurable signals are
required for state and unknown input estimation. An algorithm
for the observer is presented, ensuring the asymptotic stability
of error through parametric solutions for matrix equations and
the Lyapunov stability theorem. Validation conducted via Car-
Sim simulations demonstrates the effectiveness of the proposed
nonlinear observer in accurately estimating the vehicle states
and tire forces. This accuracy positions it as a valuable tool for
rollover prediction in vehicle safety applications.

Index Terms— Lateral load transfer ratio, rollover index
estimation, nonlinear observer, nonlinear outputs, autonomous
vehicle

I. INTRODUCTION

As autonomous driving technology advances, proactive
rollover prevention systems have gained prominence for
ensuring vehicle safety [1], [2]. Vehicles are susceptible
to rollovers, especially during sharp turns, owing to exces-
sive lateral acceleration, commonly referred to as untripped
rollovers. Conversely, high-speed vehicles encountering un-
expected external factors, such as obstacles or veering off
the road, face an increased risk of rollovers, referred to as
tripped rollovers [3], [4]. Accurately predicting both types of
rollovers serves as a fundamental requirement for effective
rollover prevention systems [5].

The lateral load transfer ratio (LTR) is a widely-used
rollover index for evaluating the risk of vehicle rollovers
[6]. It quantifies the difference in forces between the left and
right tires relative to the total force on both sets of tires [7].
This ratio provides a crucial understanding of the lateral load
distribution on the vehicle’s tires, a key factor in assessing
vehicle stability and susceptibility to rollovers [8]. However,
real-time estimation of LTR poses a significant challenge due
to the unavailability of tire force measurements.
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In response to the challenge of tire force measurement,
researchers have developed various algorithms for real-time
LTR estimation [9]. An adaptive Kalman filter, in conjunction
with a Butterworth filter, facilitated real-time LTR estimation
in [10]. A simplified LTR as a rollover index was employed
in [11], taking into consideration the road slope angle. LTR
improvement was addressed, and a low-cost unknown input
observer (UIO) was introduced to estimate the vehicle’s state
even in the presence of uncertain disturbances, such as road
irregularities, enabling LTR estimation in scenarios involving
both tripped and untripped rollovers in [12].

In this study, we design a nonlinear observer to estimate
the LTR by introducing a novel representation of state-
space equations governing vehicle dynamics, utilizing a four-
degree-of-freedom model. The inherent nonlinear outputs are
preserved without necessitating additional transformations.
To counteract the impact of output nonlinearity, we creatively
integrate the generalized inverse operation of matrices within
the observer’s framework. Furthermore, our innovative ob-
server distinguishes itself from previous research by reducing
the required number of measured signals for LTR estimation
to only three. The conditions for the observer estimation error
converging to zeros are established by linear matrix inequal-
ities (LMIs), relying on parameter solutions from matrix
equations and Lyapunov stability theorem. To evaluate our
proposed observer’s performance, we conducted simulations
using CarSim software, demonstrating its high effectiveness
in LTR estimation.

In this paper, we adopt the following notation: M+ denotes
the generalized inverse matrix of matrix M, adhering to the
condition MM+M = M. I represents the identity matrix with
dimensions suitable for the context.

II. THE DYNAMIC MODEL OF VEHICLE

A half-car model is utilized to estimate the rollover index
for a vehicle, as depicted in Fig. 1. The model encompasses
four degrees of freedom, namely the heave zs, roll angle φ ,
and the vertical motions of each unsprung mass, zur and zul
[7].

In this model, the spring mass ms represents the vehicle
body, while the unsprung mass mu consists of mur and
mul , representing the mass associated with the axles and
tires. The parameter hR denotes the height of the center
of gravity from the roll center. Iz corresponds to the roll
moment of inertia, and ls represents the distance between the
left and right suspension locations. The suspension damping
coefficient and the suspension stiffness are denoted by d and
k, respectively.
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Fig. 1. Four degrees of freedom vehicle model.

Notably, in this model, it takes into account the right
and left road displacement inputs, as indicated by zrr and
zrl . Moreover, Fzr and Fzl represent the total right and left
tire forces, respectively. Therefore, this model can be used
to estimate the tripped rollovers, making it a valuable tool
compared to the one-degree-of-freedom model, which may
not account for these important factors [5].

Based on the distinction between the loads on the left and
right sides of the vehicle tires, the LTR is defined as follows,
as mentioned in [7]:

LTR =
Fzl−Fzr

Fzl +Fzr
, ‖ LTR ‖≤ 1. (1)

When LTR equals 0, it indicates that the vehicle is traveling
straight, with equal tire forces on both the left and right sides.
On the other hand, if one side of the vehicle experiences a
significant reduction in tire force, for instance, due to the
lifting of a tire off the ground during a sharp turn or abrupt
maneuver, the LTR will approach 1 or −1.

The definition of LTR as rollover index is indeed concise
but can be challenging to implement in practice because mea-
suring the tire forces. Especially when considering the effects
of road displacement input, LTR estimation is complex and
often requires the use of advanced sensor systems..

To address this challenge, the design of an observer to esti-
mate the total right and left tire forces, Fzr and Fzl , becomes
crucial. Such an observer would enable the estimation of
these critical parameters indirectly, based on available sensor
measurements and the known dynamics of the vehicle. This
estimation process can significantly enhance the practical
applicability of LTR as a stability indicator, particularly in
real-time vehicle monitoring and control systems.

The right and left tire forces of the vehicle, represented
as Fzr and Fzl , are treated as unknown inputs denoted by
the vector µ =

[
Fzr Fzl

]T . The state variable is defined
as x=

[
zs− zur żs− żur zs− zul żs− żul φ φ̇

]T . Then,
the dynamic model of vehicle can be written as [13]:

ẋ = Āx+α (x)+ B̄µ, (2a)
z = Ex+β (x)+bµ, (2b)
y =Cx+Ψ(x), (2c)

where

Ā =



0 1 0 0 0 0
− k

ms
− k

mu
− d

ms
− d

mu
− k

ms
− d

ms
0 0

0 0 0 1 0 0
− k

ms
− d

ms
− k

ms
− k

mu
− d

ms
− d

mu
0 0

0 0 0 0 0 1
kls
2Iz

dls
2Iz

− kls
2Iz

− dls
2Iz

0 0



α(x) =



0
kls

2mu
sinφ + dls

2mu
φ̇ cosφ

0
− kls

2mu
sinφ − dls

2mu
φ̇ cosφ

0
msayhR

Iz
cosφ +

(
msghR

Iz
− kl2

s
2Iz

)
sinφ − dl2

s
2Iz

φ̇ cosφ


B̄ =

[
0 1

mu
0 0 0 0

0 0 0 1
mu

0 0

]T

E =

[
k

mu
d

mu
0 0 0 0

0 0 k
mu

d
mu

0 0

]
, C =

[
1 0 0 0 0 0
0 0 0 0 0 1

]

β (x) =

[
− kls

2mu
sinφ − dls

2mu
φ̇ cosφ

kls
2mu

sinφ + dls
2mu

φ̇ cosφ

]
b =

[
− 1

mu
0

0 − 1
mu

]

C =

[
1 0 0 0 0 0
0 0 0 0 0 1

]
Ψ(x) =

[
− ls

2 sinφ

0

]
and the measurable outputs z and y are

z =
[

z̈ur
z̈ul

]
, y =

[
zs− zur− ls

2 sinφ

φ̇

]
.

Since the matrix b is invertible, the unknown input variable
µ can be expressed as follows:

µ = b−1 (z−Ex−β (x)) , (3)

From the above equation, if the state vector x is known, the
unknown input variable µ can be computed.

By substituting (3) into (2a), we obtain

ẋ = Āx+α (x)+ B̄b−1 (z−Ex−β (x))

=
(
Ā− B̄b−1E

)
x+ B̄b−1z+α (x)− B̄b−1

β (x).
(4)

In accordance with (4), (2a) and (2c) can be rewritten as
follows:

ẋ = Ax+Bz+D f f (Flx),

y =Cx+Dgg(x),
(5)

where

A = Ā− B̄b−1E, B = B̄b−1, D f =
[
0 0 0 0 0 1

]T
,

Dg =
[
1 0

]T
, g(x) =− ls

2
sinφ ,

f (Flx) =
msayhR

Iz
cosφ +

(
msghR

Iz
− kl2

s

2Iz

)
sinφ − dl2

s

2Iz
φ̇ cosφ .

(6)
Prior to designing the observer, it is imperative that the

following assumptions be met:
Assumption 1: The function f (Flx) satisfies the following

Lipschitz condition:

‖ f (Flx1)− f (Flx2) ‖≤ λ ‖ Fl(x1− x2) ‖, (7)



where λ represents the Lipschitz constant.
Assumption 2: There exists a matrix W such that:

rank
[
W
C̄

]
= n, C̄ = (I−DgD+

g )C. (8)

These two assumptions are not definitely strict. It is
evident that Assumptions 1 and 2 are satisfied based on (6).

III. NONLINEAR OBSERVER DESIGN

Our objective is the design of a nonlinear observer for
system (5) given by the following form:

ζ̇ =Nζ + Jz+F
(
I−DgD+

g
)

y+T D f f (Fl x̂)

x̂ =Pζ +Q
(
I−DgD+

g
)

y
(9)

where ζ ∈ Rq is the state vector of the observer, x̂ ∈ Rn is
the estimated state vector of x, and N, J, F , T , P and Q are
are undetermined matrices with dimensions suitable for the
problem at hand.

Remark 1: The particular structure of the observer, incor-
porating the generalized inverse operation of matrices Dg,
enables the accommodation of fewer measurable outputs
than [13]. This is attributable to the specific form of the

matrix Dg, resulting in I−DgD+
g =

[
0 0
0 1

]
. Consequently,

the measurement signal y(1) = zs − zur − ls/sinφ is not
necessitated for input into the observer.

Let us define the following two errors δ = ζ−T x, and e=
x̂− x. Subsequently, we derive the error system as follows:

δ̇ =ζ̇ −T ẋ

=Nζ + Jz+F
(
I−DgD+

g
)

y+T D f f (Fl x̂)

−T
(
Ax+Bz+D f f (Flx)

)
=Nζ −NT x+(J−T B)z+F

(
I−DgD+

g
)
(Cx+Dgg(x))

+T D f ∆ f −TAx+NT x,

=Nδ +(NT +FC̄−TA)x+(J−T B)z+T D f ∆ f

e =Pζ +Q
(
I−DgD+

g
)

y− x−PT x+PT x

=Pδ +(PT +QC̄− I)x,
(10)

where for convenience, we define ∆ f = f (Fl x̂)− f (Flx).
Remark 2: Based on the previous analysis, it can be

inferred that the application of the generalized inverse oper-
ation to Dg within the observer (9) effectively mitigates the
influence of output nonlinearity on error dynamics. Despite
the assertion made in Remark 1 that output nonlinearity is
dispensable for the estimation of vehicle states, the distinc-
tive architecture of this observer nonetheless introduces a
novel approach for addressing and managing output nonlin-
earity.

If the following equation holds:

NT +FC̄−TA = 0, (11a)
J = T B, (11b)
PT +QC̄ = I. (11c)

Then, the error system described by (10) can be simplified
as follows:

δ̇ =Nδ +T D f ∆ f ,

e =Pδ .
(12)

Rewrite (11a) and (11c) as[
N F
P Q

][
T
C̄

]
=

[
TA
I

]
. (13)

The necessary and sufficient condition for its solution is

rank


T
C̄

TA
I

= rank
[

T
C̄

]
= n. (14)

For convenience, define the following two matrices as

W =

[
W
C̄

]
, E =

[
In
C̄

]
. (15)

Then, there are matrices T and K that satisfy[
T K

][ I
C̄

]
=W, (16)

and the parameterized results of the matrices T and K are

T = T1−η1T2, K = K1−η1K2, (17)

where the matrices T1, T2, K1 and K2 are as follows:

T1 =WE +

[
I
0

]
, T2 = (I−E E +)

[
I
0

]
,

K1 =WE +

[
0
I

]
, K2 = (I−E E +)

[
0
I

]
.

(18)

From (16) and (11a), there is NW −FC̄−NKC̄ = TA, which
can be rewritten as[

N F
][I −K

0 I

]
W = TA.

The matrices N and F can be expressed as

N = N1−η1N2−η2N3,

F = F1−η1F2−η2F3,
(19)

where η2 is a parameter matrix, and the matrices N1, N2, N3,
F1, F2 and F3 are

N1 = T1AW +

[
I
0

]
, N2 = T2AW +

[
I
0

]
,

N3 = (I−W W +)

[
I
0

]
, F1 = T1AW +

[
K
I

]
,

F2 = T2AW +

[
K
I

]
, F3 = (I−W W +)

[
K
I

]
.

(20)

Similarly, the matrices P and Q are

P = P1−η3N3, Q = Q1−η3F3, (21)

where η3 is a parameter matrix, and P1 and Q1 are as follows:

P1 = W +

[
I
0

]
, Q1 = W +

[
K
I

]
. (22)

Using this parameterization, we can address the following
theorem.

Theorem 1: For a nonlinear system (5), if there exist
positive definite matrices X and a positive constant ρ < 1,



along with matrices of appropriate dimensions Y1, Y2 and η3
satisfying the following LMIsM11 M12 M13

MT
12 −ρ 0

MT
13 0 −(I +λ 2FT

l Fl)
−1

< 0, (23)

where

M11 = XN1 +NT
1 X−Y1N2−NT

2 Y T
1 −Y2N3−NT

3 Y T
2 ,

M12 = XT1D f −Y1T2D f , M13 = PT
1 −NT

3 η
T
3 ,

then there is a nonlinear observer in the form of (9) with (13)
such that the error system (12) asymptotically converges to
zero.

Proof 1: Let Y1 =Xη1 and Y2 =Xη2. From the LMIs (23)
and the parameters solutions of N, T , P as shown in (17),
(19), and (21), there are the following matrix inequalitiesNT X +XN X(T D f ) PT

(T D f )
T X −ρ 0

P 0 −(I +λ 2FT
l Fl)

−1

< 0, (24)

Choose the Lyapunov function as V = δ T Xδ , there is

V̇ =δ̇
T Xδ +δ

T X δ̇

=δ
T (NT X +XN)δ +∆ f T (T D f )

T Xδ +δ
T X(T D f )∆ f

=δ
T (NT X +XN)δ +∆ f T (T D f )

T Xδ +δ
T X(T D f )∆ f

+∆ f T
ρ∆ f −∆ f T

ρ∆ f

<δ
T (NT X +XN)δ +∆ f T (T D f )

T Xδ +δ
T X(T D f )∆ f

+∆ f T
∆ f −∆ f T

ρ∆ f

Here ρ < 1 is applied. Due to the Lipschitz nonlinear
function f (Flx), we have ∆ f T ∆ f < λ 2eT FT

l Fle. Further,

V̇ <δ
T (NT X +XN)δ ++∆ f T (T D f )

T Xδ +δ
T X(T D f )∆ f

+λ
2eT FT

L FLe−∆ f T
ρ∆ f

<δ
T (NT X +XN +PT ((I +λ

2FT
l Fl))P)δ +∆ f T (T D f )

T Xδ

+δ
T X(T D f )∆ f −∆ f T

ρ∆ f

=

[
δ

∆ f

]T [NT X +XN +PT (I +λ 2FT
l Fl)P X(T D f )

(T D f )
T X −ρ

][
δ

∆ f

]
.

According to the Schur Complement Lemma and matrix
inequalities (24), there is V̇ < 0. Therefore, the error system
(12) is asymptotically stable. The proof is completed. �

IV. SIMULATION

This section presents the simulation results obtained by
applying the algorithm described in Theorem 1. The vehicle
model used in these simulations is a standard SUV sourced
from CarSim. The parameters of the vehicle model are ms =
1592 kg, mu = 80 kg, hR = 0.73 m, Iz = 614 kg ·m2, g =
9.81 m/s, k = 260000 N/m, ls = 1.565 m, d = 4800 kg/s.

During the simulation, we consider a scenario in which
the SUV vehicle encounters road bumps while cornering.
The resulting lateral acceleration and the road displacement
inputs in this scenario is depicted in Fig. 2.
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Fig. 2. Lateral acceleration input and the road displacement input.

For convenience, we select the matrix W to be an identity
matrix. Applying Theorem 1 to the vehicle model (5), the
designed matrices in the observer (9) are determined to be:

N =


−0.446 0.992 0.446 0.008 0 −0.027
−163.935 −3.026 −162.698 −3.004 0 2.513

0.447 0.008 −0.447 0.992 0 −0.023
−162.654 −3.003 −163.980 −3.027 0 2.609

0 0 0 0 0 0
−0.014 0 0.014 0 0 −1.511



J =


0 0
1 0
0 0
0 1
0 0
0 0

 , T =


1 0 0 0 0 −0.001
0 1 0 0 0 −0.002
0 0 1 0 0 0.001
0 0 0 1 0 0.002
0 0 0 0 1 0
0 0 0 0 0 0

 ,

F =


−0.013 0.001
0.076 −0.001
−0.013 −0.001
0.076 0.002

0 1
0 0

 , Q =


1 0.001

−1.013 0.002
1 −0.001

−1.013 −0.002
1 0
1 1

 ,

P =


1 0 0 0 0 0.015
0 1 0 0 0 −0.469
0 0 1 0 0 0.017
0 0 0 1 0 −0.619
0 0 0 0 1 −0.029
0 0 0 0 0 0.001

 .
(25)

The estimated results are displayed in Fig. 3. While these
figures reveal that there are still some discrepancies between
the actual values and the estimated values, it’s important
to note that the observer is built upon a four-degree-of-
freedom vehicle model, whereas the actual vehicle model
has a greater number of degrees of freedom. Despite this
disparity, the estimated states closely approximate the actual
values, underscoring the effectiveness of the observer.

The unknown input µ and its estimates are depicted in
Fig. 4. Additionally, the LTR and its estimates are presented
in Fig. 5. It’s noteworthy that the estimation error is minimal,
demonstrating that the provided estimates are sufficient for
preventing rollover in the vehicle.
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V. CONCLUSIONS

This paper develops a novel nonlinear observer for LTR es-
timation, requiring fewer measurable signals and applicable
to both untripped and tripped rollovers. Our approach retains
inherent output nonlinearities without additional transforma-
tions, effectively addressing this challenge. The conditions
for observer error convergence is established by the paramet-
ric solutions for matrix equations and the Lyapunov stability
theorem. In future, we aim to develop our strategy with
intelligent algorithms, such as neural networks, to enhance
robustness against inaccuracies in the model.
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