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On the number of crossings and bouncings
of a diffusion at a sticky threshold

Alexis Anagnostakis*' Sara Mazzonetto'™

1Université Grenoble-Alpes, CNRS, LJK, F-38000, Grenoble, France
2Université de Lorraine, CNRS, IECL, Inria, F-54000 Nancy, France

Abstract

We distinguish between three types of crossing of a sticky threshold by a one—
dimensional diffusion. We examine the limit behavior of the corresponding number of
crossings statistics and prove that each of these statistics has a different asymptotic
regime. We define the notions of bouncing as the symmetric counterparts of crossings.
We prove similar results for the number of bouncings at reflecting and non-reflecting
sticky thresholds. Using these, we develop consistent stickiness parameter estimators
for sticky diffusions and sticky—reflecting Brownian motion.

1. Introduction

The subject of threshold crossing by a process has been extensively studied in probabilistic
literature. For a one-dimensional diffusion that solves a classical stochastic differential
equation (SDE) with sufficiently regular coefficients, the number of crossings of a threshold
¢ € R is known to provide consistent estimations of the local time at ¢ (e.g. [6, 20, 21]). For
a definition of local time see Section 2.1l Similar results were devised for a diffusion with a
skew threshold or with irregular coefficients. These allow to estimate localized features of
a diffusion, like the localized diffusion coefficient (e.g., [14]), the skew parameter [25] 26]
and the oscillation jump of the diffusion coefficient [26]. Despite these advances, at a
sticky threshold, the limit behavior is not well understood.

In this paper, we study the limit behavior of the number of crossings of the sticky
threshold 0 by the sticky Brownian motion. The sticky Brownian motion is a diffusion
process that behaves like the standard Brownian motion away from 0, and whose zeroes
form a totally disconnected random set of positive measure (see a definition in Section .
This contrasts with the standard Brownian motion, whose zeroes form an uncountable,
totally disconnected set of Lebesgue measure 0 (see, e.g., [29, Proposition 111.3.12]).
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To the best of our knowledge, the only established result about number of crossings for
a sticky Brownian motion (X;):>¢ is the following: as n goes to infinity, the statistic

[nt]

converges in law to some non-trivial discrete random variable (see |28, §8], stated in
the next Theorem [2.8]). This contrasts with the standard Brownian motion, where this
statistic, renormalized by the sequence \/7/2n, converges in probability to its local time
at 0.

In the case of sticky Brownian motion, we distinguish between three different kinds
of crossings and show that, for each type of crossing, establish the limit behavior of the
respective re-normalized number of crossings statistic. Unlike the case of the non-sticky
Brownian motion, we show that the normalizing sequence depends on the type of crossing
considered. Understanding the limit behavior of these statistics is crucial for obtaining
the convergence rates to the local time at a sticky threshold. See [20, Theorem 1.2] and
its proof for a classical diffusion and [I1, Theorem 1] and its proof for a skew threshold.

We introduce the symmetric counterpart of crossings of the process, called bouncings.
As with crossings, we distinguish three kinds of bouncing and prove that for each kind of
bouncing, the respective number of bouncings has the same asymptotic properties as the
number of crossings of the same kind. We combine the results on bouncings and crossings
to establish results on the Brownian motion with sticky reflection at 0 (see Section
for a definition), where only bouncing behavior is possible, and also on some sticky 1t
diffusions. We use these results to set up a consistent stickiness parameter estimator and
numerically show that it converges at least as fast as the one devised from other statistics
in 3, 5].

The paper is organized as follows: In Section [2] we introduce the sticky Brownian
motion along with several notions and results, which are useful for this paper. In Section [3]
we state the main results of this paper, namely, the limit behavior of the considered
number of crossings and bouncings statistics (Theorems , and the consistency of a
stickiness parameter estimator based on these (Proposition . In Section , we prove
these results. In Section [f] we extend the results to the sticky-reflected Brownian motion
and to smooth It6 diffusions with a sticky point. Section [6] is dedicated to numerical
experiments on the stickiness parameter estimator devised in this paper.

In the Appendix we prove several useful results for our derivations. More precisely, in
Appendix [A] we prove asymptotic results on the sticky Brownian motion transition kernel.
In Appendix B we prove a reflection principle at zero for the sticky Brownian motion.

Acknowledgments. Tha authors were partially supported by the Programme Ex-
ploratoire Pluridisciplinaire (PEPS) of CNRS Mathématiques.

2. Preliminary notions and results

In this section we state preliminary notions and results useful for the rest of the paper.
We begin by defining the sticky Brownian motion, recall its probability transition kernel



and its space-time scaling property. We then recall two notions of convergence. The first
is the convergence uniform in time, in probability, in which the local time approximation
results are expressed and which retains the functional character of the approximation.
The second is the conditional convergence in probability, in which the estimation results
are expressed. The estimators are indeed consistent only on the event that the threshold
of interest (0 in our case) is hit by the process. Last, we state convergence results, in
particular a local time approximation result previously established in [5], to which the
proofs of our main results are reduced to.

2.1. Local time

We now define the local time which is an object that plays a fundamental role in our
analysis. Indeed, it will be in many cases the limiting process of our statistics of interest.

Let P = (2, F, (Ft)i>0, P) be a filtered probability space. The local time of a semi-
martingale X, defined on this space, is the random field (L{(X); a € R, t > 0), defined
for all t > 0, a € R as the term L{(X) so that the following equation holds (see [29,
Theorem 1.2])

¢
| Xy —a| =|Xo—a| + / sgn(Xs — a)dXs + LX),
0

In the above equation we used the convention sgn(z) = 1,~0 — L. <o.
For all a € R, t — L¢(X) is increasing and is fully supported on {t > 0: X; = a}.
This means that

t
Vi > 0: / ]1|Xs—a\7é0 dLZ(X) =0. (1)
0

The local time field can alternatively be defined as an almost sure limit (see [29]
Corollary VI.1.9]):

t

1
Vt>0,a€R, P-as.: L{(X)=Ilim- 1x,cla,ate) HX)s-
0

e—0 €

2.2. The sticky Brownian motion

The sticky Brownian motion of stickiness parameter p > 0 is the diffusion process on R, on
natural scale, with speed measure m(dz) = dz + pdo(dx) (see, e.g., [8, p.123-124]). The
parameter p > 0, called stickiness parameter, expresses the propensity of the process to
stick at 0. The higher it is, the more time it spends on average at 0. The asymptotic case
p = 0 corresponds to the standard Brownian motion and p = oo to the Brownian motion
with an absorbing boundary at 0. In this paper we deal only with the case p € (0,00).
The standard Brownian motion case is known and the absorbing case is trivial.

We now provide some useful equivalent characterizations of sticky Brownian motion.
Let P, = (Q, F,(Fi)i>0, Ps) be a filtered probability space. The following hold (see
e.g. [19, Sections 5.1, 5.2], [30, Theorem 47.1 and Remark (ii), p.277]):

t1l Let X be a sticky Brownian motion of stickiness parameter p, defined on P, such
that P,-a.s., Xo = x. (In particular, X is (F;):>o-adapted.) There exists a Brownian
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motion Z, defined on an extension of P,, such that X = (Z,4))i0, Where the
time—change ~ is the right-inverse of

A(t) :=t+pLY(Z), t>0,

given by v(t) := inf{s > 0: A(s) >t} and where L?(Z) is the right local time at 0
of the process Z.

t2 Let Z be a standard Brownian motion, defined on the probability space P,, such
that P,-a.s.: Zy = x. Then, the process X := (Z'y(t))tZO with ~ defined in , is a
sticky Brownian motion of stickiness parameter p, and, P,-a.s.: Xy = x.

Also, the following SDE characterization holds.

pl Let X be a sticky Brownian motion of stickiness parameter p, defined on the
probability space P,, such that P -a.s., Xy = x. There exists a Brownian motion W
defined on an extension of P, such that (X, W) solves

dX; = Ix,20dW;, Xo=u,
{ (2)

Ly,—odt = pdLJ(X).

p2 The system has a jointly unique weak solution [12, Theorem 1] and it is a sticky
Brownian motion of stickiness parameter p.

A proof of the last two statements for some sticky diffusions can be found respectively in
13, Proposition 4.2] for [p1]and in [3, Theorem 4.1] for [p2] For sticky Brownian motion
these proofs are contained in the proof of [12, Theorem 1].

For an historical overview of the sticky Brownian motion, see [27]. For results on this
process, see,e.g., [2, 3, [5, 10, 18, B1]. For applications, see [9] and references therein.

Remark 2.1 (Occupation time and local time). The second line of the system states
that the occupation time of the process at 0 is proportional to its local time at 0. This
shows that the process spends a positive amount of time at the threshold 0.

2.3. Notions of convergence

The local time approximation results are expressed in the following type of convergence.
Definition 2.2. Let (A"),>o be a sequence of processes defined on the probability space
(Q, F,P). We say that (A"),>; converges locally uniformly in time, in probability to A° if

n—oo

Vi >0: sup‘AZ—AS} 250
s<t

We denote this convergence with
A R 0,

n—oo

The following result gives a sufficient condition for ucp convergence to occur.

4



Lemma 2.3 (cf. [22], §2.2.3). Assume that A™ and A have increasing paths and A is
continuous. If there exists D dense in [0,00) such that A} N Ay, Yt € D, then
An 2P 4

n—o0
For the estimation result, we consider the notion of conditional convergence in probability.
Indeed, the estimators we are going to consider are consistent conditionally on the event
that the threshold of interest (that we consider to be 0) is reached. For an event H, let
P?(.) := P(-|#) be the conditional probability on H.

Definition 2.4. Let (A"),>0 be a sequence of processes defined on the probability space
(Q,F,P). We say that (A"),>; converges to A° in probability, conditionally on H, if
A" — A in P™-probability. We denote this convergence with

Ar P g0

n—oo

2.4. Existing useful asymptotic results

For establishing the limit behavior of the number of crossings statistics we need the
following existing results on the sticky Brownian motion: an approximation of the local
time, an approximation of the occupation time at 0, and a result on discrete martingales.
We conclude the section by recalling a previously established limit in law of the number
of crossings of type 0, that we do not use in the paper because we do not have access to
the proof.

Proposition 2.5 ([5] Proposition 6.2). Let X be the sticky Brownian motion of stickiness
parameter p > 0, defined on the filtered probability space (2, F,(Fi)i>0, Pz) such that
Py-a.s., Xo = . Let m s, be the measure defined for all x € R by

m. m,(dz) = d 4+ /np do(da) (3)

and (gn)n a sequence of measurable real functions such that for all x € R

<gi(ﬁw) N M /i (90)
n NG
(/72 |2|ga(z) dz) (1 + log(n)) gn(v/n) N (1 +1log(n))m /m,(|gnl)
n NG

and limy, 0o M. /5,(gn) = M. Then, for all t >0,

lim
n—oQ

+

)=0 @

[nt]

1 P.
Tn Z%(\/EXT) — MLY(X).
=1

Also, if holds and sup,, (m\/,;p(|gn|)) < 0o then the above convergence is localy uniform
i time, in P,-probability.



In the above proposition, as well as in the entire paper, we use the notation
+oo
m m,(9) = / g(x)m s, (dr) = / g(z)dz + v/np g(0) (5)
R —o0

for any integrable function g.

Lemma 2.6 ([5], Lemma 2.9). Let X be a sticky Brownian motion of stickiness parameter
p > 0, defined on the filtered probability space (2, F, (F¢)i>0, Pr) such that Py-a.s., Xy = x.
Then, it holds that, for all intervals U (including singletons),

1 Py -ucp ¢
- E Ix, ,ev — | lx,evds.
n n—oo  J,

. n
=1

In particular, taking U = {0}, it yields that

[nt]

1 P.
— E ]1Xi—1 -0 —— pLg(X)
n P - n—>00

See also [I], for the approximation of smooth occupation time functionals.

Lemma 2.7 ([16], Lemma 9). Let P = (2, F,P) be a probability space, ((F}')i)n a family
of discrete filtrations on P, (X})in @ family of random variables on P such that for
all (i,n), xI' being Fi'-measurable and U a random variables on P. The following two

conditions imply > XI LU
n—o0

(i) S0 B (x| Fry) —— U,

n—o0

(i) S B () | Fry) — 0.

n—o0

Theorem 2.8 (Efimenko-Portenko (1989), see [28]). We consider the setting of Lemmal2.6,
For allt > 0, Zyiﬂl Lx, , x, <o converges in law to some discrete random variable Zy with

i—

values in Ny such that far all k €Ny

where (by(t))r+ are defined via their Laplace transform

o) B A)\ 1/)02 )k
e b (t) dt = ,
[ e =t (s

with Ay = VX (VA+v2/p).




3. Main results

Let (2, F,P) be a probability space. We consider three types behaviors on the time
interval [t,t + s] of the process X at the threshold 0. For simplicity, we consider the
threshold to be located at 0.

1. The crossing of type 0: the process crosses from one open half-plane to the other.
For example if X; < 0 and X;,s > 0.

2. The crossing of type 1: the process crosses from one open or closed half-plane to its
complementary. For example if X; <0 and X;, 4 > 0 orif X; <0 and X;,s > 0.

3. The crossing of type 2: the process crosses from one closed half-plane to the other.
For example X; < 0 and X, 5 > 0.

4. The bouncing of type 0: the process bounces from (0,00) back into (0,00) after
hitting 0. For example if X; > 0, X;,, > 0, and for some h € [0, s], X1, = 0.

5. The bouncing of type 1: the process bounces from the closed half-plane to the open
one or vice-versa. For example if X; > 0 and X;,, > 0 or if X; > 0 and X;,4 > 0,
and for some h € [0, s], Xiyp = 0.

6. The bouncing of type 2: the process bounces from [0,00) to [0,00). For example
X; >0, X415 >0, and for some h € [0, s], Xyyp =0.

We consider the following crossings statistics. Let us assume we are given n observations
of the process per unit of time on [0, ¢], equally spaced in time, i.e. we are given (Xj/p)i<[n-
The sampling frequency is therefore n: we have n observations on a unit time interval.
For j € {0,1,2}, the number of crossings statistic of type j is the number of times the
high-frequency discretization (X, )<y of the process executes a crossing of type j at 0.
In particular, for all ¢ € (0,00),n € N,

[nt] [nt]

(0) Zﬂx X ;<05 <1X X, <0— Lx,_ —Xi.:0>;

i=1 "

[nt]

(2) Zﬂx X . <0-

4
n

\
-

Similarly, for all ¢ € (0,00),n € N, we define the number of bouncings statistics as

[nt] [nt]
B(O) Zﬂm(xﬂlx X, >0 7(112 Z]lm <]1X§Xi20 - ]lXFl:Xi:O)a
Z 1 n n n n
. [nt]
Bf% ZﬂUn(X)ﬂx X ; 20,
=1

where, for all n,i, U*(X) is the event defined as

UMX) = {336 {i_l,i} : XS:O}.

n n
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We note that these statistics are different when the process spends a positive amount
of time at 0 with positive probability. Indeed, if we define the difference statistics:
Zy1(X) = Ol (X) = Oy (X) = BU(X) = BU(X)

n,t

[nt] [nt]

—Zﬂx —0; X . 7&04‘2]1)( 17£0X707

then, for all ¢,n and ¢ = 1,2, it holds that P(ZS’)t(X) > 0) > 0. If X is a Brownian motion,
then P(ZY,(X) = 0) = 1.
One may say that BU) are not statistics, since they depend on the events (Uni)n; which

are not in the o-algebra generated by high-frequency samples of the process. However,
they are related to the difference statistics Z(M, Z(?).

3.1. Limit behavior of the considered statistics

The main result of this paper is:

Theorem 3.1. Let X be the sticky Brownian motion of stickiness parameter p > 0 defined
on the filtered probability space P, = (Q, F, (Ft)i>0, Ps) such that Py-a.s., Xo =z and
that X is (Fi)iso-adapted, and let L°(X) be the right local time at O of X. Then, the
following convergences holds,

(i) for every diverging sequence u,, it holds that: C'(O (X )/un

(ii) ZO(X))/m Frrer 4\/> LO(X) and CY(X)//m Lz 4\[ LO(X

n_ﬂ)o
(2) Pg -ucp 0 . (2) Py -ucp 0
(111) Zn (X)/n — pL°(X) = [, Ix,—0ds and Cy/(X)/n n——=p pLP(X).

We note that in the case of the standard Brownian motion W, all three statistics have
the same non-trivial limit for the same normalizing sequence y/n. Indeed, from, e.g., [20,
Theorem 1.1,

(o) o (GU) G\ _ 20
Pt () ot () <o (S427) iy

Also, the rates of convergence are known. In [20, Theorem 1.2], a central limit theorem is
proven for this convergence, with a rate of n'/%.

Unlike the standard Brownian motion, we observe that there is a factor 4 in the limits

of ¢V //n, Zg) /+/n for the sticky Brownian motion (see Theorem ‘) The factor 4



comes from the fact that ZE}Q //n rewrites as sum of 4 different terms, all converging to
V2/mLY(X
[nt]

1 1
%ZSE(X) \/—Z<]1X =0, X, >0+]lX 1=0; X, <0+ILX >0 X, —0+1x, <0 X, 0)-
1 ’VL

Each term converges to 0 if the process is a standard Brownian motion W. Instead, for
the sticky Brownian motion, the limit is non trivial and it corresponds to the case of the
renormalized number of crossings statistic for Brownian motion: C. ( )/

Regarding the bouncing statistics, we prove that:

Theorem 3.2. Consider the setting of Theorem[3.1. Then
(i) for every diverging sequence u,, B,(LO)/un has the same limit as C’fl?.) (X)/un,
(ii) BY) /ni’? has the same limit as CY)(X)/ni/?, for j =1,2.

The difference statistics Z) are the leading parts of number of crossings and bouncings
statistics of type 1 and 2.

For better deahng with the result i m Theorem 3.1], we define the conditional versions of
the statistics C(©, CM, C®?), Let co C C be the statistics defined, for all n,t, by

[nt]

[nt]
21X1<0‘J—'.inl>7 Cr(:t)(X>:ZEx (ﬂX X <0_]1X —X —O‘fl 1>7

. n n
=1

For these, the following result holds.

Proposition 3.3. Consider the setting of Theorem [3.1. Then

(i) CR2(X) == (1/p) L°(X),

(i1) 57(1])()()/71]/2 has the same limit as C’,sj)(X) forj=1,2.

The proof of Theorem is done by bounding the distance between C©® and C©
and showing that, if renormalized by 1/u,,, both the distance and the limit of C©(X) /u,
vanish in probability, as n — oo.

Let us note that the only case, for which the limits of the expected and non-expected
versions of the number of crossings statistics are not necessarily the same, is for the
O-type of crossings (strict crossings). In fact, they cannot be the same since C’,(L?g (X) and
its limit take values in NU(+00), while the law of (1/p)L?(X), the limit of 57(:)2 (X), is
continuous. The discrete limit law of C'*) ( ) is described in [28] §8], which is stated here
in Theorem [2.8] Let us also mention that Theorem 3 3.1}(i)| can also be inferred directly
from Theorem 2.8



3.2. Estimation

In [3, 5] an estimator was proposed based on a test function g and a normalizing sequence
u,. More precisely, let g be a bounded integrable function that satisfies g(0) = 0
and (u,), a sequence that as n — oo: u, — 00, u,/n — 0, H; be the event
{r¥ <t} ={3Fs<t: X, =0} and o (X) the statistic

odO(X) = ( / gdx) uizz[;: = (6)

n

Then, @(10) (X) is a consistent estimator of p, conditionally on the event H,, i.e. Q%O) (X) —
p, in P?t—probability, as n — 00.

We now devise a consistent stickiness parameter estimator based on number of crossings
statistics. This provides an alternative estimator to @

Like @, this new estimator also converges conditionally on the event that 0 has been
reached before time ¢. If the threshold is not reached, the number of crossings statistics
are all trivially null.

Then, the following conditional convergences in probability hold:

Proposition 3.4. Consider the setting of Theorem and let t > 0. The statistic

2\ 1 cP(X)
on(X) = (4%) NPT (7)
7T nCn,t (X)
is a consistent estimator of p, conditionally on the event H;, i.e. 0,(X) — p, in
Pl{t -probability, as n — 0.

Remark 3.5. The result holds also if in (7)) one replaces (C,Slg (X ),C’(?)(X )) with
(Bri(X), B (X)) or (Z1(X), Z,(X)).

n,t n,t

4. Proof of the main results

In this section we prove Theorem separately for each type of crossing. By the way, we
prove Proposition as well. Next we prove Theorem [3.2] Finally, in Section [£.5 we

prove Proposition
For these, we first establish the following result on the asymptotic behavior of the kernel,

whose proof is the subject of Appendix . In the statement we use the notation —.

Lemma 4.1. Consider the setting of Theorem . Let (fun, kn, gn, hn; n € N) be the func-
tions defined for alln € N and x € R by f,(z) :== Py (X1, = 0), kyn(2) := Lysofo(z/V/n),
gn(2) =Py, (2 X1/, <0), ho(z) := \/ng,(z/\/n). It holds that

(1) Ty oo fu(0) = 1 and Timy oo ii(1 = £u(0)) = 22/ py/7,

(ii) the sequence (ky), satisfies and imy, oo M 77,(kn) = 24/2/T,

10



(iii) the sequence (hy)n satisfies () and lim, o m. /m,(hn) = 1/p.

For convenience, we define the conditional version of the Z0) statistics as

[nt]

Zng,t :ZEgc(]l i_ -0, X . 7504—1)( ;éOX _0}f11>
=1

N [nt]

Zg :ZEI <1X@:X1:0‘F%>
i=1 " "

4.1. Crossings of type 0

Proof of Proposition[3.4(i) Let (gn)n, (hn)n be defined as in Lemma [4.1] Then, it holds
that
] ] ]

6720 ZE ILX X, <0|~7'_z1 :Zgn(X“ _\/—Zh \/_le)
i=1

=1

From Proposition 2.5/ and Lemma [4.1|(iii), we have

This finishes the proof. O

Proof of Theorem |3.4(i). We consider the families of o-algebras (F}');, and random vari-
ables (xI")in, defined for all i,n by

1
Fi=Fim, and Xi = —1lx 1 X, <0

n n

so that

[nt] [nt]

c9(x wa and ZE ([ Fia)
From Proposition [3.3(1)]

[nt]

EE (xr| 72 n?,?(X)n—fgo
and, since (x?)% = x1/uy,
[nd] ) R I ~0 P
DOE (0| Fi) = DB (0| Fi) = OO0 0
i=1 moi=1 n
Thus, from Lemma [2.7]
1

n n—oo

From Lemma , the convergence is also uniform in time, in probability (ucp). This
finishes the proof. O

11



4.2. Crossings of type 1
Lemma 4.2. The following convergences hold:
! —ZN(x) L 4\/§L§(X).
NG n—00 s
Proof. Regarding the first term of 2(1), from Lemmas and

[nt]

[nt]
1 1
% Z Eq []lxiilzo; Xﬁ“" ‘7:% ] - % Po <X% 7 O) Z Lx,_, -0
i=1 g " i=1 "

1 N 2
S VRO KLY I, S 2200 o) =2/ 218(x). (&)

Regarding the second term of Z()
[nt] [nt]
\/—ZE .717&0;Xi=0|.7:i1 _\/—Zﬂx

[nt]

\/_Zk; (VnXis),

where (k,), is the sequence of functions defined in Lemma From Proposition and
Lemma [4.1§(ii)},

P, (X, =0)

[nt]

\/_Zk: (VX o) 2 (nle m iy (ki )) LY(X) = Q\EL?(X). 9)

Combining the relations and @D yields the desired result. O]

Proof of Proposition|3.4(i1) for j = 1. Let us observe that

P, 2
NG n,t(X);_:‘l ;L?(X)-

From Lemma , the convergence is also uniform in time, in probability (ucp). O]

Proof of Theorem|3.4(ii). We consider the families of o-algebras (F7');, and random
variables (x!); ., defined for all i € N;n > 0 by

12



so that

[nt]

1 7 n (A
\/—Z(l ZXZ ) —nani(X) = Z E, (Xi }-7'—1'—1) .
From Lemma [4.2]
[nt]
n Py 2 0
;Eax (Xi ‘ -7:?—1) m 4\/;[% (X)
and, since (x}')* = xi'/v/7,

[nt]

S TR ()| Fry) — 0.

n—oo
i=1
Thus, from Lemma [2.7]
g @ 2 0
fz (X)mwl\/;Lt(X).

Combining this with Theorem [3.1(i)| ensures that \}C( 4\/» LY(X). From
Lemma - 3l the convergence is also uniform in time, in probablhty (ucp). This ﬁnlshes
the proof. O

4.3. Crossings of type 2

Proof of Theorem |3.4(i7i). We recall that C’,(?z (X) = !l ( )+ Z[nt] ]lX 1=0X, =0 We
note that
Ix, 1 =0 —0=1Ix, ,—0o—1x, —ox,%o

i—1
n n n

Since {X, , = 0, X # 0} corresponds to a specific case of type 1 crossing, we have

0 S Cr(:t? (X) - z[nt] ]lX —O,Xl;éO S Cr(:z‘? (X) Hence7

[nt]
1 L@ 1 L0
— Z Ix, =0 < ECn,t (X) < - Zl ﬂxi#:o + ﬁCn,t (X)

From Item and Lemma [2.6] we have that

1 t
vE>0: —CP(X) 2 | Iy_ods = pLd(X).
n ’ n—o00 0 s
Lemma ensures ucp convergence. The proof is thus completed. O]
Proof of Proposition|3.4(11) for j = 2. We observe that
1 ~ -

1 1~
~O(X) = ~Z75(X) + ~CL)(X).



With the same argument as in the proof of Theorem [3.1)iii)}

From Item and Lemma , we have that

1 - t
Vi>0:  —CO(X) = [ lx_ods=pLY(X).
n n—o00 0
From Lemma , the convergence is ucp. This finishes the proof. Il

4.4. Proof of Theorem |3.2

For the proof we use the following result which is a reflection principle at 0 for the sticky
Brownian motion. The proof is the subject of Appendix [B]

In the statement and the proof, for a process Y, we set 79 to be the hitting time of 0
by Y, defined by
=inf{t>0: Y, =0}. (10)

Lemma 4.3. Let X be the sticky Brownian motion of stickiness parameter p > 0 defined
on the filtered probability space P, = (0, F, (Ft)i>0, Ps) such that Py-a.s., Xo = x. Let
X' be the process defined for all t > 0 by

, Xt t < 7'5(7
X, = X
The process X' defined this way is a sticky Brownian motion of stickiness parameter p.

We are now ready to prove Theorem [3.2]

Proof of Theorem|3.4(1). In this proof, let BO be the conditional version of B defined
for all n,t > 0 by

fnt
BY(x Z (]1Un ST X>O\FH).

We also introduce the notation of Markovian families used in [I5], Section 2.1]. Let X’ be
a diffusion on J, an interval of R, defined on the probability space P, such that P -a.s.,
X, = z. We denote by ( 5', y € J) the canonical diffusion on the path-space C([0, c0), R)
and Y be the coordinate process. Then, for every almost surely finite stopping time 7, we
have

§; (h(Yt)) = Eq; ( 7'+t |‘7:
From the strong-Markov property, using the above notation and , we have

E, <1U;L(X)1Xi;1xi.>o| f%) = Q§ﬂ <]17-3’<%]1Y0Yl>0>

— X X
- 1Xi-1>0QXi_1 (ILT(¥<%ILYL>O> + ]lXi—l <0QX1‘—1 (ILTOY<%ILYL<O)’
n 7 n n - n

14



and

E, <1X X, <0

n

) QX (ﬂYOY}l <0>

=1x,_, <0QXﬂ (Ilyl >0) + ]1XH>0Q§Q (11@ <o>-

n

From Lemma [.3] we have

X _ X _ X
Ly, ,>0Qx | (Lg<%ﬂyl>o> =1x, >0@x, | (173’<%1YL<0> =1x, >o@x | <1YL<O>
n - T n

n n n n n n n

and

X _ X _ X
IlX,F1 <OQXZ._1 <1T3/<%1Y;<0> - ILXF1 <0Qxi_1 (1173/<%ILYl >0> - ]lX,F1 <0QX1._1 <ILYl >0>-
n n n T n

n n n n n ™

Therefore, we obtain

E, (HUZ‘(X)EXQXLM]‘}—%):E (]1X X, <0 -7:27L1>
and thus
BY) =) (11)

Let us consider the families of o-algebras (F}');, and random variables (x!');, defined

for all 7,n by

1
Fl=Fyn  and  x'=—luly, x50

n nn
Then,

[nt]

0 Z x;  and Z E. (x ‘ Fi
From Proposition [3.3(i)| and .

[nt]

1 1 ~
ZE (2| Fi) = —BY(X) = —CY)(X) = 0
Unp, Unp, ’ n—o0

anda since (X?) =X /Un,

[nt] [nt]

1 1 ~
DB (00 F10) = - 3 (1) = B = 50000 o
i=1 Uy, 2

Thus, from Lemma [2.7]

O Z Xl n—00

From Lemma , the convergence is also uniform in time, in probability (ucp). This
finishes the proof of Item . ]

15



Proof of Theorem[3.4(ii), We observe that, for j = 1,2, Z,(f)(X) = Bﬁbj)(X) — Bfﬂfl)(X).
Thus, from Theorem [3.1] and Item it holds that

1 P 2 1 P
—BW(x —’>4\/iL”X ZBW(X) = hL0(X).
NG  ( )HX) p (X), - e )Hoo pL;(X)

From Lemma the convergence is uniform in time, in P,-probability (P,-ucp). This
completes the proof. O

4.5. Proof of Proposition |3.4

Proof. From Theorem , c® (X) SLEEN pLY(X) and c') (X) SLEEN 4\/EL?(X). From
’ n—00 ’ n—00 ™
[29, Theorem VI.2.3], (1)), and the Markov property, if B is the standard Brownian motion,

P.as.: {18 <t} = {LY(B) > 0}. Hence, from [t1| and [29, Exercise VI.1.27], we have
that P,-a.s.:

He = {75 <t}={L}(X)>0}= {/Ot ly,—gds > 0}.

Thus,
MLC’S?(X) P P
VROR(X) oy, 2

and so,

&‘

2
s

1 CP(X) »p,
L 02(X) = (4 ) A% .

—= p
Vi o) (X) e

Since the convergence is in P -probability and P,(#;) > 0, from Bayes rule, we prove the
desired convergence. O]

5. Extensions

In this section we extend the results on the sticky Brownian motion to the sticky-reflected
Brownian motion and to sticky Ito diffusions, i.e. processes that solve a homogeneous
SDE away from a sticky point.

5.1. Bouncings of the sticky—reflected Brownian motion

The sticky-reflected Brownian motion, also known as slowly reflected Brownian motion,
was first discovered by Feller in his attempt to describe all possible ways to define a
Brownian motion on the positive semi-axis [0, 00), see [I3]. In particular, he discovered
that the operator L = D? with domain

dom(L) = {f € Cy([0,00)) NC?((0,00)) : f'(0+) = (p/2) f"(0+)},

16



with p > 0, is the infinitesimal generator of a diffusion that spends a positive amount of
time at 0 and that behaves like a Brownian motion away from 0. Replacing the boundary
condition f/(0+) = (p/2) f"(0+) by the lateral condition f(0+) — f(0—) = (p/2) f"(0+)
defines the sticky Brownian motion, or two-sided sticky Brownian motion, introduced in
Section A nice historical overview can be found in [27].

For simplicity, we define the sticky-reflecting Brownian motion of stickiness parameter
p > 0 as the unique (in law) weak solution of the system

1
dX; = Lo dB; + 5 dL{(X),

(12)
Iy, odt = gdLg’(X),

where B is a standard Brownian motion (see [12, Theorem 5]).

Let us note that the absolute value of a sticky Brownian motion is a sticky-reflected
Brownian motion with the same stickiness parameter. More precisely, if Y is a sticky
Brownian motion of stickiness parameter p, from the Tanaka formula [29, theorem VI.1.2]
and [p1] there exists a Brownian motion B on an extension of the probability space such
that

I = s, + dLo(Y) »
gn(Y:) Ly 0 ABy + dLy(Y).

This, along with [p1] yield that d<Y>t = d([Y|): = 1y,40dt and that, since Y is a
martingale, from [29, Corollary VI.1.9],

1 t

L0(|Y|) = lim — Lo<y,|<eds
0

e—0 €

1/t 1/t
= lim — To<y,<cds + lim — To<—yv,<eds (14)
e—0 € 0 e—0 € 0

t
=2LY(Y) = 2p/0 ly,—ods.

From (13) and (14), if B’ = [, sgn(Y;) dB;, the pair (|Y], B') solves (12).
We are now ready to state our main results regarding the number of bouncings of this
process.

Theorem 5.1. Let X be the sticky—reflected Brownian motion of stickiness parameter
p > 0, defined on the filtered probability space (2, F,(Fi)i>0, Pz) such that P,-a.s.:
Xo=x>0. Let also L°(X) be the right local time at 0 of X and B, BY B2 7M1 72
be the quantities defined in Section[] for the process X. Then, the following convergences
holds,

(i) for every diverging sequence u,, it holds that: B,(q?.) (X)/uy, Lo vep, 0,
n—oo

(ii) B (X)) 2 2, 210X

(iii) B (X)/n u 2I0(X).

n—oo

17



(iv) Z9(X)/ni’? has the same limit as BY)(X)/ni’? for j =1, 2.

Proof of Theorem[5.1. Let Y be a sticky Brownian motion of stickiness parameter p
defined on the probability space P, = (', F', (F})i>0, P,) such that P/-a.s., Yy = z and
Y is (F})i>0-adapted. We note that X and |Y| are equal in law (see discussion before the
statement) and that
BY(|Y]) = BY(Y) + 0(0)( );
BR(|Y)) = Z3(Y) + BY(IY]), (15)
BE(Y) = ZY() + BV

From Theorems and for every diverging sequence (uy,),,

S=BUY) 4\/;20/), LBO(v)) e pL(v).

Consider the notation (10)) for ¥ and 7. We recall that LY(]Y|) > 0 on {7 < t} (see
proof of Proposition [3.4). Observing LY(|Y]) = 2L%(Y) and {7y < t} = {rf < t}, we
have

BO(Y]) —= 0,
’ n—o00

b L BOYD e \/2 Ly BA(YD) »  p
7_‘_7

BO(Y]) —=0 £
n—ro0 Vi LI(Y]) o n LAY]) o 2

It is known that in the case of constant limits convergence in probability is equivalent to
convergence in law (see [7, Theorem 25.2] and the discussion thereafter). Hence,

(0)(|Y|) law 0 ]lX<tB (|Y|) law\2 z ]lX<tB (|Y|) law\g
i O T LYD) e N E T LIY]) w2

and since |Y| = X in law (which entails that (]Y], L°(|Y])) = (X, L°(X)) in law), we have
the same statement with X instead of |Y|. Since convergence in law towards a constant is
equivalent to convergence in probability, we get

BY(x) P 0 Lo BE(X) b, . 2\/? Ly Bt (X) P
i n—00 ’ \/_ L?(X) n—00 7'('7 n Lg(X) n—oo 2
Hence, it holds
1]'7'0x<t (1) P, 2 0 ]170X<t 2) P P o
NG = B (X) = 2/ —Li(X)Lox e, Dt (X) —— SLi(X)Lrx o

We observe that on 75° > ¢, L)(X) = 0, BY)(X) = 0, Z)
Zi)(X) € {0,1}.
Therefore, we have

P, 1 P, 2 1 P, P
Bij(X) —=0, %BSE(X)EQQ\/;L?(X), ~B(X) — DLY(X). (16)

From Lemma , the convergences are uniform in time, in P,-probability (P,-ucp). This

proves . From and , we infer . This completes the proof. O]

18



Corollary 5.2. We consider the setting of Theorem and H; be the event {1 <t} =
{3s€0,t): Xy =0}. The statistic

2\ 1 Z(x
on(X) = 4\/i I ({)( )
™ ] Vnzil)(x)
is a consistent estimators of p, conditionally on the event H;, i.e. 0,(X) — p, in

Pz‘t -probability, as n — 0.

Proof. Similar to the proof of Proposition , using ZW, Z®? instead of CM, C® and
Theorem instead of Theorem (3.1 O

5.2. Bouncings and crossings of sticky It6 diffusions

In this section we generalize Theorem and Theorem [3.2] to sticky Ito diffusions. The
generalization procedure is analogue to the ones in, e.g., [3, 5l 6] 20, 26].

We consider the system

(17)

dXt = ﬂXt;éO ([l,t dt + O'(Xt) th> s
]1Xt=0 dt = p dL?(X)v

with W a standard Brownian motion, defined on the probability space P, = (2, F,P,)
such that P,-a.s., Xo = x. We suppose (u, o) satisfy the following conditions.

cl The diffusion coefficient ¢ is strictly positive and C*.
c2 Weak existence and uniqueness in law holds for the system

{dxg = 1y 200(X;) AW, 18

Tx;—odt = pdL)(X"),
on P,, such that P,-a.s., Xj = x.

c3 The laws of the solutions X, X’ of , are locally equivalent in the sense of [23),
Definition II1.3.2]. Basically, this means

Vt Z 0, Lawpw (X|[07t]) ~ Lawpx (X,|[07t])
c4 The state-space of X’ that solves is an open interval J of R, i.e. X’ has only

inaccessible boundaries (see, e.g., [24, Section 33]).

Remark 5.3. Condition [c2|is equivalent to the weak existence and uniqueness of classical
SDE
dX! = o(X]) dW,. (19)

This is a consequence of [3, Theorem 4.1] and [3, Proposition 4.2].

Under conditions the following results hold.
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Theorem 5.4. Let CO CcM 0@ BO) BMH B2 7ML 7O pe the quantities defined in
Section [1 for the process X. Then,

(i) for every diverging sequence (un)n,

(BO(X)/un), (CO(X) Ju,) =% 0,

n—oo

(ii) (B(X)/ V), (C(X)/v/m), (20)(X) [v/m) 22 4o [200(x),
(iii) (B2(X)/n), (C(X)/n), (Z2H(X)/n) =2 pL0(X).

n—o0

Proof. Let T' > 0 be fixed. Consider all processes restricted to the time interval [0, T].

Let us first assume that the diffusion coefficient and its derivative satisfy the following
conditions: there exists a real constant ¢ > 0 such that

VieR: §<o(z) <1/, |o'(z)] <1/6.

We note that under this condition, the state-space of the diffusion J is R. We consider X'
to be the process, solution to , defined on P, that solves . We let (Fy)i>o be the
natural filtration generated by X'. Let £(), 6 be the processes defined by

! 1/t 1
£,(0) = exp (/ 0, AW, — 5/ 0 ds), b= 50'(X0), t20.
0 0

Since ¢’ is bounded, from the Girsanov theorem [3, Lemma 4.4], there exists a measure
Q, such that the process (X', W?) jointly solves

1
X} = 50(X0)o" (X)) Lixpz0y dt + 0 (X0) Lixpzoy awy,

IJ—X{:O dt = deg(X/)a

(20)

where W is the Q,-Brownian motion defined by W*? = W — [ 0,ds. Moreover the
Radon-Nikodym derivative dQ, /dP, |z, = Er(h).
Let S be the function defined by

Y1
S(y):/o mdu, yeR.

The function S is strictly increasing, S(0) = 0, S € C*(R), and

Sy) = ()" 8" =-o'W(ow) ", yeRr.
Let Y/ := S(X’), then from [3, Lemma 4.5], and the fact that S(0) = 0, it holds that
(Y, W?) solves
1 1 o'(X])
——dX] —
o(X1) 202(X])
Iy,_odt = pdLY(X') = (po(0)) dLI(Y").

dy; = (X" = Lyvy 20} dw?,

From , the process Y is a sticky Brownian motion under Q, of stickiness parameter
po(0) and Theorems , do apply to Y’ for the probability Q,. In particular, it holds
that
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L (B Jun), (C2 (V) Jun) QetueR

2. (BRY)/Vi), (CL) /), (20 /i) S a4, [210(r7),

3. (B /n), (CR")/n), (ZE(Y")/n) Q—>pa(O)L0(Y’).

n—oo

Since S is strictly increasing and S(0) = 0, then,
1. for all n,t and j € {0,1,2}, CY)(v") = J)(X"), BY)(Y") = BY)(X"),
2. for all n,t and j € {1,2}, ZY)(Y") = ZY)(X"),
3. for all i,n, UMY') = UMX')

and Q,-a.s., LY(X') = o(0)LY(Y"). From equivalence of measure P, ~ Q, when restricted
to Fr, and the fact that £(0)r is an exponential martingale (even square integrable),
these yield that the convergences hold also under P,.

Let us consider a standard localization argument to go from bounded to unbounded
0,1/0,0’, by considering X' = (X!, , );0. More precisely, let (F;)i>o be the filtration
generated by X', let (Km)m be an i;nlcreasing sequence of compacts of J such that
U,, Km = J, and let (7],), be the sequence of stopping times defined by 7/ = inf{t >
0: X, ¢ Km} AT and X' be the stopped process, defined by X'™ = (X], , )i>0.
Condition [c4] ensures that "

lim P,(t > 7 )=0. (21)

m—o0

For an process Z and all t > 0, let (f,,(Z, 1)), be a sequence of statistics such that f,,(Z,t)
is Fi-measurable. These quantities represent the difference between the statistics of
interest and their limits. We also observe that

Po(|fu(X" 1) > €) S Po(lfu(X' 6)] > & t < 1) + Pu(t > 77,)
=Po(Ifu(X tAT ) > e t < 7)) + Pult > 7,)

We use the previous part to pass to the limit as n — oo. Next, we let m — oco. From (21)),
this proves the result for X’.

From these convergences also hold in P -probability for the solution to ((17)).

From Lemma the convergence is also uniform in time, in P -probability (P, -ucp).
This completes the proof. O

Corollary 5.5. Let P, = (0, F, (Ft)e>0, Pz) be a filtered probability space and let X be
an (Fi)i>o-adapted process solution to on P,. The statistic defined by

4 2\ 1 ¢@x)
Qn(X):<ﬂ\/>>\/_ t) n e N,
nCR(X)
is a consistent estimators of p, conditionally on the event H; = {7;* <t} = {3 s €

[0,t): Xs = 0}. This means that (see Definition , 0n(X) — p, in P* _probability, as
n — oo.
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Proof. The proof is the same as the proof of of Proposition using Theorem instead
of Theorem [3.1| and the fact that H; = {LY(X) > 0}.

For the latter it suffices to remark that, as seen in the proof of Proposition [3.4] this is the
case for the sticky Brownian motion, so using the notations of the proof of Theorem [5.4]
for Y under Q,. From [29, Exercise VI.1.23], this is the case for X = S~1(Y") under Q,.
From the equivalence of probability measures, this is also the case for X under P,. This
completes the proof. O

Remark 5.6. Corollary 5.5 holds by replacing (C)(X), ) (X)) with (Z{)(X), Z%)(X)).

6. Numerical experiments

In this section we aim to numerically establish the properties of the stickiness parameter
estimator g, devised in Proposition [3.4 We compare it with the stickiness parameter
estimator o) of 5] (recalled in (6])) in term of variance and convergence rate.

We simulate sample paths of the sticky Brownian motion of stickiness parameter p = 1.
For this, we use the STMCA approximation scheme with the tuned grid defined in [4]
Section 2.3] of size criteria h = 0.005 (the nomenclature tuned grid and size criteria is the
one used in [4], it is a grid adapted to the diffusion we aim to approximate). This ensures
good convergence properties of the scheme [4, Corollary 2.5]. We consider initial value
Xy = 0 and time horizon T = 1.

For each generated path X @ we consider the Monte Carlo estimator of P

1 Nue © 1 Nuc
— v (4) — 0)( x &)
= g o0n (X)), = — g 0, (X)),
Hwmc NMC pa ( ) /‘LMC NMC p ( )

where Ny is the Monte Carlo simulation size and the estimator QSLO), defined in @, is
considered for: test function g : [# — Loc|zj<5/10] and u, = n® for different values of
close to 0.5. For Brownian motion o = 0.5 yields the higher convergence speed [20].

estimator n Monte Carlo estimation Monte Carlo std.
0n(X) 200000 1.030 0.0872
oV (X) with u, = n®* | 200000 1.062 0.3710
o'V(X) with u, = n® | 200000 1.039 0.2975
oV (X) with u, = n®® | 200000 1.019 0.3710
o'V(X) with u, = n5 | 200000 1.014 0.1793

Table 1:  Stickiness parameter estimation for the sticky Brownian motion: o vs 0.
Simulation size: Nyc = 2000. High values of a;, n induce some bias to the approximation
due to the grid nature of the STMCA approximation scheme (see discussion in [4]).

We also consider the associated Monte Carlo variance estimators:

1

R s N o LSS o0y 02
N i o 0 i
e = (= 2 (@ E) = ie)?) s ol i= (o (X - if)?)

i=1 =1
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estimator n Monte Carlo estimation Monte Carlo std.
on(X) 25000 1.018 0.149
on(X) 50000 1.012 0.133
on(X) 100000 1.012 0.121
on(X) 200000 1.011 0.077
on(X) 300000 1.012 0.079

Table 2:  Stickiness parameter estimation of the sticky Brownian motion using the
estimator p: variance as function of n. Simulation size: Nyic = 5000.

Numerical simulations indicate that the choice of the normalizing sequence affects the
overall convergence rate of o)’ (X). Comparing to o) (X), the estimator p,(X) has the
advantage that it does not depend upon a test function and a normalizing sequence.
Moreover, numerical simulations indicate the following:

1. The estimator o seems superior to 0¥ for any normalizing sequence as it has less
variance (see Table [l] also compare Table 2| with [3, Table 2]).

2. The Monte Carlo standard deviation decreases as a function of the sampling frequency
n (see Table [2)).

A theoretical analysis of the convergence speed is object of further research.

A. Proof of Lemma 4.1

For reader’s convenience, we recall the statement of Lemma [£.1] Let us also remind that

we consider notation —.

Lemma. Let X be the sticky Brownian motion of stickiness parameter p > 0, defined
on the probability space (0, F,P,) such that Xg = x, Py-a.s.. Let (fu,kn, gn, hn; n € N)
be the functions defined for allm € N and x € R by f,(x) := P, (Xl/n = 0), kn(z) :=
Lozofu(z/y/N), gn(x) == Py (2X1/n < 0), hy(x) := /ngn(x/y/n). It holds that

(1) limy o0 fn(0) = 1 and lim,_, v/n(1 — f,,(0)) = 2v/2/p\/7,

(ii) the sequence (k). satisfies (4) and lim, o m 75,(kn) = 24/2/T,

(iii) the sequence (hy), satisfies and limy, 0o M. /5,(hn) = 1/p.

Let us also recall some useful results.

Lemma A.1 (e.g., [8], p.124). The probability transition kernel of the sticky Brownian
motion of stickiness parameter p with respect to its speed measure m,(dy) = dy + pdo(dy)
is the function defined for allt > 0, x,y € R by

—(z—y)?/2t —(Jz|+y])2/2t
e/ — el + 162(\ﬂﬂl+\y|)/p+2t/p2 erfc <|x| + 1] + \/%)

t7 x? -
pp( ?J) or P \/Z_t P
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Lemma A.2 (e.g., [3], Corollary 2.7). The probability transition kernel of the sticky
Brownian motion with respect to its speed measure m,(dx) = dx + pdo(dx) satisfies for
all c,p,t >0 and x,y € R

pp(Ct7 z, y)mp(dy) = pp/\/E(t7 LC/\/E, y)mp/\/a(dy)
We are now ready to provide the proof of Lemma .1} From Lemma[A2] for all n € N
and x € R, we have that:
fn(‘r) = (\/ﬁp) p\/ﬁp(17 \/ﬁxa O)? gn(x) - / ]J-zy<0p\/ﬁp(17 \/ﬁl‘, y) dy7
- (22)
kn(x) = IL:(:;&O (\/ﬁp) p\/ﬁp(an O), hn<x) = \/ﬁ/ 1zy<0pﬁp(1>$a y) dy
R
Proof of Item . Regarding the first relation, from and Lemma ,
V2

Fa(0) = (Vnp) pyip(1,0,0) = €/ erfe <W>

Taking the limit as n — oo yields the result. Indeed, it holds that
lim f,(0) = lim " erfe(y) = 1.
n—00 y—0

Regarding the second relation, from the I’'Hospital’s rule,

1 2
%g%g (1 —e erfc(y)) =— Zl/lil(l) e’ erfc(y) = 7

Taking the limit as n — oo yields

- o VE(VEY T VB2 2 2
lim V(1= £,(0) = Jim ¥ ( ﬁp> (=0 == 2y

which is the desired result. This completes the proof. O
Proof of Item|(ii)| Since k,(0) = 0, from and Lemma we have that

m./my(kn) :/Rkn(x) dz = (Vnp) /Rp\/ﬁp(l,x,O) dz

_ / 2l Vpt2/ng? g, (ﬂ L V2 > Q.
R V2 Vnp

Regarding the function we integrate, from the Mills’ ratio on the Gaussian random variable
(see [17, p.98]), for some constant Kyuys > 0, we have that

lim e2lel/vVrot2/ne® opge (m + —) = erfc (—>,
n—o0 V2 Vnp V2

V2 V2np x?
1y o2l Vio+2/mo® o 2l V2 1oy Kt —— P orfie [ — 2
|z|>1€ ertc \/5 + \/ﬁp S Ljg>18Min \/ﬁp\x ) eric

22
< V2K s erfe ( — 3)»

V2 2 2]
1. e2lel/Vrpr2/ne? oo fe (m + —) < Ly €729 erfe (_)7
|| <1 \/5 \/ﬁp = dz|<1 9
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where both upper bounds are L'(R). Thus, from the dominated convergence theorem,

: . |z| 2
nh_)n;o M. fmp(kn) = nh_{go Rerfc <E de =2 —
This proves the second assertion.

Regarding the first assertion, we observe that

|| 211/ Vrot2/m0% e (m + —\/5 )
V2 Vnp

V2np|z| z? > |z]
< 1oy Ktine fo | — 20) 4 1o 202 1l
S L1 v C( 5 ) + Liz|<1€ exp /2

—————er
Vvnplx| + 2

< T ipps1 Kwins V2 exp _x_2 + ey /P20 erfe Izl

> Ljz|>142 Mills 9 lz|<1 \/§ )

where the upper bound defined a function in L*(R). Hence, from the dominated conver-
gence theorem,

+00 5
lim ||k, (2) dz = / lim (|;lg|62|m|/\/ﬁp+2/np2 orfe (M + i)) da
meed - R0 V2 Vnp

_ /R 2] exfe (%) dr=1.

With similar arguments, one can prove that m(k?) converges to some constant K > 0.

[e.o]

Also,
5 2
lim k2 (y/nz) = lim <62|m|/p+2/””2 erfc (\/ﬁm - i)) =0.
n—00 n—00 \/§ \/ﬁp
From all the above, (k,), satisfies . This completes the proof. O

Proof of Item . The first assertion is proved with similar arguments as in the proof of
[tem Regarding the second assertion, from and Lemma , we have that

\/E]]-wy<0p\/ﬁp(17 z, y)

1
= ;ﬂxy<0 <]l|;t\+|y|21 + ]1\$|+\y|<1

)eQ(\ﬂfl+\y|)/\/ﬁp+2/np2 orfe <|x| + |y X V2 )
V2 Vnp

V2np(|z] + |y)  _ deltiun? 2 || + |y
<2(1, Kitis -3 1, 2/p+2/p" orfe | 2L
< 2Bt T e S o et (L

_ Uzl +]yD? x| +
= 2<1|$|+'y21KMi”S\/§e 2 Ly et <| |\/§|y|)>,

where the upper bound defined a function in L'(R). Hence, from the dominated conver-
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gence theorem,
mfp \/_// acy<0pfp ]- x y) dydl’

2
2aHyl)/ VD +2/ne? g (le +lyl V2 ) dy de
/ / V2 Vnp

2
2(@+y)/vVrpt2/ne® o fe (_ + L) dy dz
/ / V2 o Vnp

w ol e (e

This completes the proof. O

B. Proof of Lemma 4.3

For reader’s convenience, we recall the statement of Lemma using notation for
the first hitting time.

Lemma. Let X be the sticky Brownian motion of stickiness parameter p > 0 defined
on the filtered probability space P, = (2, F,(Ft)i>0, Pz) such that Py-a.s., Xo = x. We
consider the process X', defined for all t > 0 by

, Xt t < TéX,
X, = X
_Xt t Z Ty -
It holds that X' is also a sticky Brownian motion of stickiness parameter p.

Proof. Let Z be the Brownian motion defined in [t1] on an extension of P,, so that
\% Z 0: Xt = Zv(t)

with « the time—change defined in [t1] . We observe that 755 = ~v(77). Let Z' be the process
defined for all ¢ > 0 by
Z/ . {Zt t < T()Z,
/=

_Zt tZTOZ

From the reflection principle of the Brownian motion Z (see [29, Exercise HI 3.14]), w
have that Z’ is also a Brownian motion. Moreover, L%(Z) = L%(Z"), ¥ = 7", Therefore
Alt ) =1+ pLY(Z') and 7 = y(77) = v(7¢") which, by the definition of X', is equal also
to 7. From all the above, we show that X’ (Z.)e=0- Indeed, on the event {t > 75}
it holds that

Xi=—Xo=~Zy = (=2)y0) = Zy,

and, since X; = Z,y),
Xt/ = Zw(t)1t<7—x +7Z, (t)ﬂt275< =Z ()

To finish the proof, it suffices to observe that [t2] ensures that X’ is a sticky Brownian
motion of stickiness parameter p. [
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