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Asymptotic numerical method for problems coupling
several nonlinearities

H. Abichou **, H. Zahrouni °, M. Potier-Ferry °

4 Ecole Nationale dIngénieurs de Tarbes, 47, Av d Azereix BP 1629-65016 Tarbes Cedex, France
® LPMM, UMR CNRS 7554, ISGMP, Université de Metz, Ile du Saulcy, 57045 Metz Cedex 01, France

The objective of this paper is to assess the efficiency of the asymptotic numerical method to solve problems coupling
various nonlinearities. The 3D hemispherical stretching of a circular sheet, that involves geometrical, material and red
unilateral contact nonlinearities is chosen as an example. An elastoplastic model based on the plasticity deformation
theory is adopted. The structural discretization is performed by a shell finite element well adapted for problems in-
volving large displacements and large rotations. The unilateral contact problem is identified to boundary conditions
which are replaced by force-displacement relations and solved using a special algorithm. Comparisons with results
obtained by the help of an industrial code establish the interest and the performance of the present method.

1. Introduction

We propose an asymptotic numerical method (ANM) to solve problems coupling various nonlinearities.
We choose as an example, the numerical simulation of the 3D hemispherical stretching of a circular sheet.
This kind of problems involves various nonlinearities due to geometry, plasticity and contact; this leads to a
large computing time in the numerical simulation.

The present work is mainly devoted to study the influence of the unilateral contact nonlinearity. This
choice is justified by the great complexity of the unilateral contact conditions involved in the numerical
simulation. Furthermore, general methods dealing with this kind of problem are usually time consum-
ing [13]. The contact problem is generally solved by minimizing the potential energy and taking into
account the equations giving the displacement constraints. Technical difficulties come from the
contact regions which are not known prior to the analysis and must be defined from the numerical pro-
cedure.
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To solve such nonlinear problems, one usually uses a predictor—corrector method. This latter consists in
following the solution branch in a stepwise manner via a succession of linearizations and of some iterations
to achieve the equilibrium. To take into account the contact conditions, generally, two well known for-
mulations are used: the Lagrange multipliers method [8,18] and the penalty method [8,15].

In the Lagrange multipliers method, an additional vector is introduced representing the contribution of
the contact forces. So, the contact problem with displacement constraints is replaced by an unconstrained
problem but with the vector of Lagrange multipliers as an additional variable. This leads to an augmented
stiffness matrix with a dimension which is greater than the one of the initial problem. Numerical difficulties
arise since zero terms appear in the diagonal of the stiffness matrix [14] and the computing time increases
because of the resulting size of the matrix. The penalty function method introduces an arbitrary penalty
number in the energy function to take into account the displacement constraints relation. This number is
sufficiently great by comparison with the terms of the stiffness matrix. This method does not increase the
size of the stiffness matrix but generates an ill-conditioning of this latter. In the contact literature, there are
other methods which are generally based on these two latter techniques.

In this paper, we adopt another way to take into account the contact forces. This is already presented by
Elhage et al. [11] in the ANM context for 2D elastic problems. The contact sheet-tools is assimilated to an
interaction between a deformable body and a rigid one. This contact problem is identified to boundary
conditions which are replaced by force—displacement relationships. In this way, the size of the stiffness
matrix does not increase and there is no spurious penetration phenomenon.

The ANM allows us to search solution branches in the shape of power series [6] which can be improved
by using a new approximation expressed in terms of rational fractions named Padé approximants [12,17].
Thus, it transforms the nonlinear problem into a recursive sequence of well posed linear problems having
the same tangent operator; these latter are generally solved numerically by the finite element method. The
ANM is very efficient and easy to implement when the equations of the problem are formulated in a
quadratic framework. Then we obtain a part of the solution branch by carrying out only one stiffness
matrix decomposition (MD).

The asymptotic expansions have a radius of convergence which limits the validity range of the solution.
Consequently, to compute the entire solution branch, it is necessary to apply the ANM in a step by step
manner [5].

This method has shown its efficiency to solve problems involving geometrical nonlinearities [5], flow of
the viscous fluids [4,25], shell structures with large displacements and large rotations [27], plasticity [1,28],
frictionless contact problems [11] and large viscoplastic strains [24].

The constitutive law as well as the contact relations are not analytic and this property is required to
apply an asymptotic procedure. To overcome this difficulty, these relations are regularized in such a way
that solution curves can be expanded into power series [20].

The aim of this paper is to assess the ability of the ANM to solve problems combining various non-
linearities, as it has been performed in the case of viscoplastic materials [24]. This work will constitute a first
step towards a new approach for the numerical simulation of the sheet forming process where the geo-
metrical nonlinearity is coupled with the material one as well as the nonlinearity induced by the contact
conditions. It is well known that the contact analysis is numerically the most difficult problem in the metal
forming simulation context despite the simplest constitutive relations used. The present contact algorithm
contributes to reduce this difficulty by means of a simple technique: there is no modification of the size of
the stiffness matrix, the kinematic compatibility condition is respected (no penetration) and the obtained
solution path is continuous.

In this study, the unloading is not taken into account. Furthermore we limit ourselves to a frictionless
contact problem as well as to simple tool shapes. We are sure that it is possible to introduce friction [2] and
various tool shapes [11]. However, an efficient algorithm is not yet available in the case of a consistent
plastic material.



2. Basic formulation

The present study is based on the shell formulation proposed by Biichter et al. [3]. It has been chosen for
two reasons; on one hand, the geometrical nonlinearity can be written in a quadratic form, which allows us
to apply easily the perturbation techniques and to obtain the fastest algorithm. On the other hand, this
formulation uses a 3D constitutive law without condensation, which allows us to implement nonlinear
constitutive laws in an easy way.

2.1. Equilibrium

The shell formulation adopted in this study allows us, thanks to the enhanced assumed strain (EAS)
concept [21], to use a complete 3D constitutive law without condensation. The principle of this concept is to
introduce an additional part of the strain y which is independent on the displacement and orthogonal to the
stress field:

y—Bu=7, /’S:ﬁdv:O, (1)

where 7y is the Green Lagrange strain field, Bu the compatible part of the strain and S is the second Piola
Kirchhoff stress tensor. The equilibrium condition is expressed by the following relation:

/’S : 0ydv — Pe(ou) = 0, (2)
where P.(ou) denotes the virtual work generated by the contact forces and expressed as following:
P.(ou) = / R - duds, (3)
Se

where S. and R denote respectively the contact surface and the contact forces. In the present study, the
contact forces are the only external loads.

2.2. Constitutive law

In this study, we do not take into account the elastic unloading, so we adopt the deformation theory of
plasticity which is convenient for the application where the physical nonlinearity is more important than the
effect of the irreversible process and of the history of the loading. In this work, we choose an elastoplastic
constitutive law based on the Ramberg-Osgood relation which is written in the 3D case in the following
form [10]:

n—1
Ey:(1+v)sd—(1—2v)PI+§a[%] s, (4)
y

where E, v, o, n, S, P, T and o, respectively relate the Young’s modulus, the Poisson’s ratio, the yield offset,
the hardening exponent, the stress deviator, the equivalent hydrostatic pressure (P = —(1/3)S : I), the unit
matrix and the yield stress. As the hardening exponent is not an integer, this relation is not analytic for a
null stress, a regularization procedure is introduced by slightly modifying the equivalent Mises stress Seq. In
order to make easier the power series application, a differential relation is introduced:

o E(14+a(n,)")y = (1+v)S*— (1 —2v)PI 4 xS,
p 3 i 2

2
5
e {dx=(n—-1)xd¢,



where 7, denotes the regularization parameter of the constitutive law, xk and { are two intermediate
variables defined as follows:

B 3 Seq n—1 B 3 -
Kiﬁzﬂ =5 ©

y

For more details concerning this subsection, readers are referred to [1] and [28].
2.3. Contact problem

The contact sheet-tool is assumed to be an interaction between a deformable body and a rigid one that
can move during the process. This interaction adds new sources of difficulties in the numerical simulation
due to the nonlinear aspect of the boundary conditions [19]. In the literature, different formulations for the
treatment of the contact problem have been proposed. The well known formulations are the penalty
method and the Lagrange multipliers one. In the penalty method, a penalized functional is introduced,
hence the initial constrained problem is transformed into an unconstrained one. In this method, the penalty
parameter must be large to satisfy approximately the nonpenetration condition. Furthermore, this leads to
an ill-conditioning of the stiffness matrix. The main advantage of this method is the simplicity of the im-
plementation. The Lagrange multipliers technique consists in introducing a new field to the functional of
the problem, which increases the number of the unknowns and then the number of equations to be solved.
The appearance of a block of zeros in the diagonal of the tangent operator can lead to a numerical in-
stability during the computation process. The main advantage of this method is that the boundary con-
ditions are exactly satisfied [29]. The other methods are generally based on these two latter: we can quote
the perturbed Lagrange multipliers and the augmented Lagrange multipliers, barrier method [22].

In the literature, the contact problem remains the most sensitive problem by means of the several
conditions to be satisfied and the care that must be taken to ensure the convergence of the solution with a
reasonable computing time, especially in 3D models, where the increase in the number of contact points
causes a considerable reduction in time increment size [16].

The application of the ANM to the frictionless contact problem has shown its efficiency in Elhage-
Hussein et al. [11] work. To develop a modelling using shell elements, we have extended this work to a three
dimensional case and taken into account the displacements of the rigid bodies (denoting tools) during the

process.
The classical unilateral contact conditions are expressed by
(R-n)h =0, R-n=0,h>0, (7)

where R, / and n respectively denote the contact force, the current clearance and the normal in the current
point. These conditions are not analytic, so to apply a perturbation technique, they are replaced by the
following hyperbolic relationship:

Rh = (5 — hn, (8)

where ¢ and 7, respectively denote the initial clearance and the contact regularization parameter. The
regularized relation between the contact force R and the clearance # is depicted in Fig. 1. One notices that
for n, sufficiently small, this law sticks with the perfect one. Likely the hyperbolic relation (8), proposed in
[11], is the simplest analytic law, that can be brought arbitrarily near the perfect unilateral contact condition
(7). In the contact literature, there are many ways to regularize the unilateral law (7). A quite similar
regularization has been applied recently by Kloostersman et al. [22], but in a quite different context. Indeed
in [22], the hyperbolic distance-multiplier relation is replaced by a linear function in the case of a strong
penetration: this results in a C' relation, i.e. a C*> Lagrangian functional, and not an analytical relation as
required here. But the computational algorithm is the main difference between the two approaches: in the
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Fig. 1. Contact law regularization with different values of contact parameters Ry (hg = 0.05).

present paper, the regularization (8) defines a new contact law and the global problem is solved by ANM
continuation, while, in [22], the regularization appears only in the internal loop of an iterative algorithm to
solve the exact unilateral contact problem. The regularized law (8) has been chosen to avoid any pene-
tration. To allow for such a penetration, the following modified law could be used, as presented and dis-
cussed in [23], where the number K is a sort of tool stiffness:

(R +Kh)R = 5,(3 — h). 9)

As the contact conditions introduce /4 and n as supplementary unknowns, complementary equations are
needed to solve the contact problem. These equations are given by taking into account the geometry of the
rigid bodies. In this study, we limit ourselves to a simple rigid body shape. To represent the punch, con-
sidered as the principal tool in the 3D hemispherical stretching model, we choose a spherical rigid body
(Fig. 2). This model, considered as a standard manufacturing process, was used experimentally by Ghosh

Rigid body

Current configuration

Fig. 2. 3D modelling of the contact problem: case of a spherical rigid body submitted to an arbitrary displacement.



and Hecker [7] and has been numerically treated, for the first time, by Wang and Budiansky [26] in a model
based on an axisymmetric membrane shell finite element formulation [9].

In the considered hemispherical stretching problem, the deformation is only due to the displacement of
the rigid body, that will be chosen here in the form Aw, where the direction w is prescribed and the real
parameter A is the control parameter of the problem. A point P of the structure defined by the position
vector X and the initial contact parameters (9, np) in the initial configuration occupies the position P’ in the
current configuration after a displacement u (Fig. 2). So, we can express the clearance and the normal by
these two quadratic equations:

(h+p) =X+u—C—/w,X+u—C—2w), (10)

(h+pn=(X+u-C-—iw). (11)
We denote by p, X and C respectively the punch radius, a vector defining the initial position of the current
point and a vector defining the initial position of the rigid body. These two Egs. (10) and (11) could be
substituted into Eq. (8) to obtain an expression of the contact force R as a function of the displacement and
of the control parameter A only. In this study, the contact problem is assumed to be frictionless.

3. Perturbation technique
3.1. Computing a step of the solution path

In this section, we apply the asymptotic method to solve the global problem corresponding to the
equilibrium Eq. (2), the compatibility condition (1), the constitutive law (5) and the contact relations (8, 10
and 11). So, we apply a perturbation technique which consists in expanding all the variables of the problem
into power series. We denote by U = (u, 7,7, S, #,n, R) the global unknown vector. This vector as well as the
control parameter A are expanded into power series with respect to a path parameter “a’:

U(a) = Uy + aU; + a*Uy + - - -,
l( ):/ﬂuo+ail+a2/12+"'.

cc 2

(12)

The introduced parameter “a’’, which represents an additional unknown, is similar to the control parameter
of the classical iterative algorlthms. We choose to define it by the following classical expression [5]:

a = <ll—ll0,ll1>+(/1—/10))v1. (13)
Substituting this set of Egs. (12) and (13) into those governing the problem (equilibrium, constitutive re-
lation and compatibility) and by identifying like powers of “a”, we obtain a recurrent sequence of well

posed linear problems, which will be solved by a finite element method until a series truncation order p.
These linear problems will have the same tangent stiffness matrix. We then obtain an analytical repre-
sentation of a part of the solution branch with only one stiffness MD, which is very significant for strongly
nonlinear problems and problems with large sizes.

The development of the equilibrium and the compatibility equations until a series truncation order p
gives:

/ {"So : 27, (wp, 8u) + S, + (7,(8u0) + 7, (wo, 3u)) } dv

/Z S, : 2y,,(u,_ ,,Bu)dvf/R;Suds:O, (14)
v SC

=1

/'s,, . 87dv = 0. (15)



Then the expansions of the constitutive law lead to these two equations:

{order 1:S;=Dy:y,

order p: S, =D :9,+S.7, (16)

where D, is the tangent stiffness tensor and S;es is a sort of residual stress (for more details see [28]). The
stress expressions are substituted into the equilibrium equations to obtain problems with the displacement
field as the main unknown.

After expansion into power series and identification of like powers of the parameter
conditions (8, 10 and 11) give the following expressions:

cc 2

, the contact

At order 1:
(X+uy—c— Zow,u; — 4yw)
hl = )
ho +p
n = (u; — 41w) g 7 (17)
hy +p ho + p
o—h h
R1 = n(TO)n —h—l(nno +R0)
At order p:
hy — X+u —c—iw, u, — _ZI: u,_, — Ay W, 0, — AW) — b, ’
ho+ p 3 ho+p
hpn() rnp r
n, = 18
P h0+P Zh0+p ( )
n(6 — ho) hy
R, = Tn e (my + Ry) Zh n,_. +R,_,).

One notes that after substituting the clearance 4, and the normal n, into the contact force, this latter will
depend only on the displacement field and on the load parameter A, which will make easy the finite element
discretization.

3.2. Padé approximants

In the ANM literature, the series representation has been improved by replacing the polynomial ap-
proximations by rational ones named Padé approximants [11,17]:

D,_ D,_ _
U(a) =Uy+a 2U1—|—a2—3U2+~~-+a"1

D D D Unfl7
n—1 n—1 n—1 19
;u(a) = ;LO + aDth }v] + az D”73 )‘2 + e + a”71 1 Anfla ( )
Dn—l Dn—l Dn—l

where D;(a) are polynomials of degree (i) with real coefficients (&), :
Di(a) =1 +ady + d*dy + - - - + d'd,. (20)

It has been proved in [12] and [2] that these rational representations increase significantly the range of
validity of the polynomial series which permits a considerable reduction of the computing time.

Hereafter, in the numerical applications, the presented results correspond to an ANM algorithm based
upon the Padé approximants. Indeed, in this work, this technique has been implemented and has improved
significantly the validity range as compared to the ANM algorithm based upon polynomial series. In most
cases the rational representations allow one a reduction of about 50% of the number of steps needed to
achieve the computation.



3.3. Finite element discretization

After perturbation technique and discretization by finite element method, the problem at order p is
written as follows:

Ktl{u,} = {F;'} + {R}, (21)

where [Kt] denotes the contactless tangent stiffness matrix computed at the initial solution (Uy, 49), {u,} is
the discretized displacement vector at order p, {F;l} is the classical right-hand side within the ANM. In this
study, this vector and the matrix Kt have the same expression as the one used in [28]. As it has been done in
[11], the vector {u,} is decomposed into two components {u,} = {uj, w)°}, where {u°} is the displacement of
the contact nodes and {u™} is the displacement of the other ones. The vector {R]} = {R;, 0} representing
the contact force can be expressed in the following form:

{R} = [Kte[{u;} + 2,{F} + {F,"}, (22)

where [Kte] is a symmetric contact stiffness matrix, {F°} is a force vector that depends on the prescribed
displacement vector w and F;lc a vector which depends nonlinearly on contact terms computed at previous
orders.

The problem is discretized using a shell element. It is a quadrilateral eighth nodes element and, to ensure
the development of the yielding and of the elastoplastic bending response, five Gauss integration points
through the thickness direction are used. For more details about the shell finite element adopted in the
present study and the strategy of the contact algorithm, readers can refer to [11,27].

3.4. Continuation procedure

As the validity range of series is limited, a continuation procedure had been proposed by Cochelin [5] to
describe the whole solution path in a step by step manner. At each step, the maximal value of the path
parameter ‘@’ is defined automatically. A simple criterion is to require that the difference between the so-
lutions at two consecutive orders remains below a given value €l:

i, (Y
range of validity a, = | € TN . (23)
P

Here, we apply a continuation technique based on the Padé approximants, that has been recently proposed
by Elhage-Hussein et al. [12]. In this case, the range of validity (am,) of the solution is defined by the
following expression:

€ ~ ||Pn(amp) - Pn—l(amp)”
||Pr1(amp) - uOH

where the maximal value ay, of the path parameter “a” is sought in the interval [a,,, first pole] and deter-
mined by some bisection iterations. The first pole is the smallest real root of the denominator D,_; of Eq. (19).

: (24)

4. Numerical results

The proposed algorithm has been applied to simulate the 3D hemispherical stretching. In this study, we
compare the results with those obtained with the help of the industrial code Abaqus which uses an updated
Lagrangian formulation and the Newton method coupled with the Lagrange multipliers when the contact
conditions are involved.
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Fig. 3. Hemispherical deep-drawing process: geometry and mechanical properties.

In Fig. 3, we show the geometry and the mechanical properties used in this study. The sheet is 1 mm
thick, has a circular shape and supposed to be clamped at its edges. Given the symmetry of the structure, it
is sufficient to model only a quarter for the computation. The considered blank is made of aluminium-killed
steel, which is assumed to satisfy the Ramberg-Osgood stress—strain relation (4).

The structure is discretized into the shell (8 nodes) element mentioned previously. In Fig. 4 the deformed
mesh is displayed, it corresponds to a vertical punch displacement of 27.8 mm.

In Fig. 5, we report the equivalent Mises stress versus the loading parameter . which allows the
control of the punch displacement. Curves correspond to the integration point located near the sheet
center. Fig. 6 shows the punch force-travel evolution. This force corresponds to the total contact
force. We can notice that we are able to obtain a very good estimation of the drawing force and of the
stress.

4.1. Optimal truncation order of series

To look for the optimal order, we have studied for different orders the CPU time needed to reach
the solution path. For three sizes of the problem (600, 1537 and 5766 dof) corresponding respectively to the
tables of Figs. 7-9, we present for each considered order, the number of steps required to achieve the
computation, the ratio between the time necessary to evaluate the right-hand sides Fnl and the time ¢1
needed for the evaluation and the decomposition of the tangent stiffness matrix Kt and finally the total
relative time corresponding to the ratio between the total CPU time and the time 1. We notice that the

Fig. 4. Deformed configuration of the sheet after a punch travel of 27.8 mm. In the computation, symmetry conditions are taken into
account and only a quarter of the sheet is considered.
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Fig. 5. Evolution of the equivalent Mises stress versus the load parameter (1): comparison with the industrial code Abaqus.
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Fig. 6. Evolution of the punch force versus the travel (it corresponds to the total equivalent contact force): comparison with Abaqus.

Order | Nb step tt((b;gl)) Total relative time
8 110 0.49 163.90
12 73 0.85 135.05
13 68 0.95 132.60
14 64 1.08 133.12
15 61 1.19 133.59
20 90 1.85 142.50

Fig. 7. Study of the CPU time: determination of the optimal order in a problem of 600 dof. Computer used HP 9000/712.

10



Order | Nb step tt((b;("tl)) Total relative time
8 94 0.52 142.88
12 63 0.84 115.92
13 59 0.94 114.46
14 57 1.04 116.28
15 54 1.26 122.04
20 44 1.88 126.72

Fig. 8. Study of the CPU time: determination of the optimal order in a problem of 1537 dof. Computer used HP 9000/712.

Order | Nb steps tt(if’f)) Total relative time
8 86 0.54 132.85
12 60 0.93 115.57
13 55 1.01 110.56
14 53 1.14 113.31
15 51 1.23 113.89
20 43 1.83 121.69

Fig. 9. Study of the CPU time: determination of the optimal order for a problem with 5766 dof. Computer used HP 9000/712.

obtained optimal order is 13. This result is in good agreement with some results in the ANM literature
where the optimal order varies between 10 and 15 and the corresponding ratio Fnl/sKt is often close to 1.

As we have introduced two regularization parameters in the present algorithm, a contact regularization
parameter (here noted 7,) and a material one (noted 1,,), we propose to study the effect of these parameters
on the quality of the solution as well as on the computing time.

4.2. Influence of the material regularization

We have undertaken four computations with different values of the material regularization parameter
(n, =1,0.1,0.01 and 0.001) introduced in formula (5). We have observed that for the three values (0.1, 0.01
and 0.001) the algorithm gives about the same quality of the solution and with the same number of MDs
(39 MDs). A value 5, =1 of the regularization parameter induces an unacceptable modification of the
global response curve (Fig. 10). This is not surprising because this leads also to a strong modification of the
constitutive law. In what follows, we keep the value 5, = 0.1.

11
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Fig. 10. The equivalent Mises stress for different values of the material regularization parameter.

4.3. Influence of the contact regularization

If the material regularization parameter 7, can be chosen more or less arbitrarily in a wide range, it is
known that the contact regularization has to be defined carefully [2,11]. The regularized contact law in-
volves the initial clearance ¢ that is function of the material point X, so that the regularization can be not
uniform along the contact surface. To homogenize the contact regularization, we define a parameter #,
depending on the contact point as in [11]

Rdhd
X)=———
ne(X) 50X) — Iy’
where A4 is a typical and given distance (%4 = 0.05 in our calculation) and Ry is a typical and given contact
force. We shall make vary this force R4 to define a strong or a weak regularization. For the same problem
studied above, and the same mesh density (600 dof), we compare the results for Ry = 5 and Ry = 0.5 with
the one obtained by the help of Abaqus.

(25)
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Fig. 11. Comparison of the equivalent Mises stress: influence of the contact regularization parameter on the solution quality

(hg = 0.05).
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Fig. 12. Comparison of the punch force: influence of the contact regularization parameter on the solution quality (hq = 0.05).

Rd=5 | Rd=0.5
39 68

Fig. 13. Influence of the contact regularization parameter Ry (kg = 0.05), number of MDs needed to reach a punch depth of 27.8 mm
for a problem of 600 dof.

One notices that the contact regularization parameter (Ry) has a significant influence on the accuracy of
the solution. As it is shown in Fig. 11, smaller the parameter R, is, better is the quality of the solution. This
is not the case when we deal with the punch force corresponding to the global contact force as it is shown in
Fig. 12. Indeed, on the contrary to the local variable (for example stress), the total contact one (global
variable) is directly related to the total equilibrium which is satisfied even with large values of the contact
regularization parameter.

Now what is the effect of these regularization parameter values on the computing time, i.e., the fastness
of the algorithm?

In Fig. 13, we show the effect of the contact regularization on the fastness of the algorithm. We notice
that the number of steps, corresponding to the number of MDs, increases for small values of the contact
regularization parameter. Indeed, when the regularization parameter (Ry) is small the nonlinearity becomes
very strong, so more steps are needed to obtain the solution path. In what follows, we retain the value
R4 = 0.5 to get a sufficient accuracy in the calculation of the local variable.

4.4. Efficiency of the present algorithm

The problem has been treated for three meshes involving respectively 600, 1536 and 5766 degrees of
freedom and using the shell element presented previously. In the table of Fig. 14, we compare the number of
MDs needed to reach a punch displacement of 27.8 mm.

We notice that the mesh refinement makes more difficult the convergence of the iterative methods
(Abaqus) contrary to the ANM algorithm which preserves its efficiency. Note that for a large size problem,
the number of points in contact with the tool is great. This induces an ill-conditioning of the tangent matrix
for iterative algorithms which leads to a slower convergence and induces a great number of Kt decom-
positions as it is shown in the table of Fig. 14. Contrary to the iterative algorithms, the ANM remains
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d.o.f. | A.N.M. | Abaqus

600 68 185
1536 59 197
5766 55 326

Fig. 14. Number of the MDs: ANM, compared to Abaqus, truncation order of series 13, Ry = 0.5, el = €2 =107".
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Fig. 15. Equivalent Mises stress: influence of the mesh refinement on the solution quality, comparison with Abaqus.
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Fig. 16. The residual versus the punch travel evolution along the process: comparison with Abaqus.

efficient for a large problem size, which is due to the special treatment of the contact conditions. This result
is very important in problems dealing with the numerical simulation of material forming processes where
several nonlinearities are combined. Furthermore, the problems treated have generally large sizes and a
very fine mesh is often required to reach satisfactory solutions.
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We note that these results are obtained by using the same contact regularization (Rg4, q). One remarks a
slight reduction of the ANM number of steps when the size of the problem, i.e. the number of the contact
points, increases. This is due to the following fact. After discretization, each node of the slave surface is
submitted to a contact force Rc. When the mesh is made finer, the global contact force remains about
constant and therefore the nodal contact forces are reduced. Thus an increase of the mesh density is more
or less equivalent to a softening of the regularization,so the nonlinearity becomes smooth (Fig. 15). In this
figure, we notice that in spite of this phenomenon, accuracy of the solution remains very good for the three
considered meshes.

A common strategy within ANM is to choose sufficiently small accuracy parameters to limit the increase
of the residual along the solution path. The obtained residual has been plotted in Fig. 16, with the choices
€l = €2 =10"". One can observe that we have got a much better accuracy than the industrial code, that
requires a maximum residual of about 5 x 1073 after iterations. Thus the studied problem can be solved
without correction phases and with a very good accuracy.

5. Concluding remarks

In this paper, we have presented an ANM to solve problems coupling several nonlinearities. As an
example, we have chosen a 3D simulation of the hemispherical stretching which involves nonlinearities due
to geometry, plasticity and contact conditions. We have limited ourselves to a material model based on the
deformation theory of plasticity as well as simple tool shapes and frictionless contact model. The 3D
hemispherical stretching is a well known benchmark for the numerical simulation of sheet metal forming. In
view of this type of application, it should be interesting to account for many material and technical data, for
instance anisotropy and friction. Unfortunately, this is not necessary so long as an efficient and reliable
ANM algorithm has not been established for more consistent models of plasticity.

In this work, we have emphasized the efficiency of the ANM to deal with contact conditions. The
classical iterative algorithms present generally some numerical problems (instability, penetration, large
computing time. . .). The algorithm presented in this work does not increase the size of the stiffness matrix
and does not allow the penetration phenomenon. It is very convenient for problems with a great number of
contact points, which is always the case in the simulation of sheet forming processes.

The obtained results show the accuracy of the present method and especially its efficiency when the size
of the problem becomes very large and the number of contact points increases. Compared to the industrial
code Abaqus used as a reference, the ANM needs less MDs and then less computing time. The reason of
this performance is the ability of the method to decompose only one stiffness matrix by step and to adjust
automatically the step size according to the local nonlinearity encountered.
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