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et collaboré pendant ma thèse : Ola Makhoul, Rafael Hererra, Georges Habib et Julien
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J’ai aussi une pensée très particulière pour Christine Ohanian. Merci pour sa pa-
tience, ses encouragements, son amour et sa protection.

Enfin, je ne saurais trop exprimer ma gratitude envers ma mère, mon père, mon frère
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Introduction

Le sujet principal de cette thèse est d’exploiter les structures Spinc dans le but
d’étudier la géométrie de certaines sous-variétés. Nous commençons par établir des
résultats de base pour l’opérateur de Dirac Spinc. Ensuite, nous examinons les hyper-
surfaces des variétés Spinc admettant des spineurs spéciaux.

La géométrie et la topologie d’une variété riemannienne compacte Spin sont forte-
ment reliées aux propriétés du spectre d’un opérateur fondamental dit l’opérateur de
Dirac. Cet opérateur différentiel linéaire d’ordre 1 agit sur les sections d’un fibré vec-
toriel appelé le fibré des spineurs qui est comparable à une “racine carrée” du fibré des
formes différentielles mais il s’en distingue par sa dépendance par rapport à la métrique.
C’est surtout à travers la formule de Schrödinger-Lichnerowicz [Lich63] que l’opérateur
de Dirac se révèle porter des renseignements sur la géométrie et la topologie de la
variété. Cette formule montre que la différence entre le carré de l’opérateur de Dirac et
le laplacien spinoriel est proportionnelle à la courbure scalaire. Ainsi, avec la condition
faible de positivité stricte de la courbure scalaire, A. Lichnerowicz [Lich63] en a déduit
la trivialité du noyau de l’opérateur de Dirac. Ce fait, combiné avec le théorème de
l’indice d’Atiyah-Singer [Atiy-Sing68], fournit une obstruction topologique à l’existence
de métriques à courbure scalaire strictement positive.

Raffinant l’argument de A. Lichnerowicz, T. Friedrich [Fri80] a minoré le carré de
toute valeur propre de l’opérateur de Dirac par un nombre proportionnel à l’infimum
de la courbure scalaire. Le cas limite est caractérisé par l’existence d’un spineur de
Killing réel : c’est une section du fibré des spineurs dont la dérivée covariante est pro-
portionnelle à la multiplication de Clifford. L’existence d’un tel spineur entraine des
restrictions sur la variété. Par exemple, celle-ci doit être d’Einstein, et en dimension 4
doit être à courbure sectionnelle constante. La caractérisation des variétés Spin admet-
tant des spineurs de Killing réels [Bär93] fait apparâıtre en certaines dimensions d’autres
exemples que la sphère. Ces exemples intéressent les physiciens en relativité générale
où l’opérateur de Dirac joue un rôle important.

L’étude du spectre de l’opérateur de Dirac sur des sous-variétés des variétés rie-
manniennes Spin a été l’objet de plusieurs travaux. Même si la sous-variété est Spin,
des difficultés apparaissent. Il est bien connu que la restriction du fibré des spineurs
sur une sous-variété Spin est un fibré hermitien, donné par le produit tensoriel du fibré
des spineurs extrinsèque de la sous-variété avec un certain fibré associé au fibré normal
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10 INTRODUCTION

de l’immersion [Bär98, Gi-Mo00, HMZ01a, HMZ01b, Gin09]. En général, on n’a pas
d’informations précises sur ce fibré hermitien à part dans le cas où le fibré normal est
trivial, comme par exemple dans le cas des hypersurfaces. On sait dans ce cas, que la
restriction du fibré des spineurs ambiant ou une partie du fibré des spineurs ambiant
est le fibré des spineurs de l’hypersurface et l’opérateur de Dirac induit n’est autre que
l’opérateur de Dirac de l’hypersurface.

T. Friedrich [Fri98] a caractérisé les surfaces simplement connexes immergées
isométriquement dans R3 par l’existence d’un champ de spineur dit spineur de Killing
généralisé. Ce spineur provient de la restriction à la surface d’un spineur parallèle de R3

et sa dérivée covariante est proportionnelle à la multiplication de Clifford d’un champ
d’endomorphismes symétriques dit le tenseur d’énergie-impulsion. En 2000, O. Hijazi, S.
Montiel et X. Zhang [HMZ01a, HMZ01b] ont minoré, à une constante près, la première
valeur propre strictement positive de l’opérateur de Dirac défini sur le bord compact
d’une variété Spin à courbure scalaire positive, par la courbure moyenne du bord sup-
posée positive. Comme application du cas limite, ils donnent une preuve spinorielle
élémentaire du théorème d’Alexandrov.

Actuellement, la géométrie spinorielle complexe Spinc est devenue un domaine de
recherche actif suite à la théorie de Seiberg-Witten [KM94, Wit94, Sei-Wit94, Fri00].
Cette théorie repose essentiellement sur le fait que toute variété riemannienne compacte
orientée de dimension 4 possède une structure Spinc. Les applications en topologie
et en géométrie de dimension 4 de cette théorie sont célèbres : plusieurs théorèmes
qui découlent des travaux de Donaldson retrouvent leurs preuves d’une manière assez
élémentaire [Don96]. C. LeBrun [LeB95, LeB96] a obtenu des restrictions topologiques
sur les variétés d’Einstein de dimension 4 et avec M.J. Gursky [GL98], ils ont calculé
l’invariant de Yamabe pour certaines variétés de dimension 4 comme l’espace projectif
complexe CP 2.

D’un point de vue intrinsèque, les variétés Spin, presque complexes, complexes,
kählériennes, de Sasaki et certaines variétés CR possèdent une structure Spinc canon-
ique. Par exemple, en utilisant les structures Spinc, A. Moroianu [Moro99] a montré la
conjecture de Lichnerowicz sur les variétés kählériennes Spin limites pour l’inégalité de
Kirchberg en dimension complexe paire.

En 2006, O. Hijazi, S. Montiel et F. Urbano [HMU06] ont construit sur les variétés
Kähler-Einstein à courbure scalaire positive, une structure Spinc admettant des spineurs
de Killing kählériens. La restriction de ces spineurs sur les sous-variétés lagrangiennes
minimales fournit des informations topologiques et géométriques sur ces sous-variétés. Il
semble que la restriction des spineurs Spinc est un outil efficace et même incontournable
pour étudier la géométrie et la topologie des sous-variétés et spécialement des hypersur-
faces. C’est même un cadre plus naturel que la cadre Spin qui est devenu maintenant
classique.

Dans un premier temps, on rappelle les notions de base de la géométrie spinorielle
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complexe en adoptant le point de vue de S. Montiel [Mon05], pour ensuite citer les
résultats obtenus durant la thèse.

Structures Spinc et survol sur
les résultats obtenus

Sur une variété riemannienne compacte (Mn, g), de dimension n, on considère
un fibré vectoriel complexe ΣM de rang l muni d’un produit scalaire hermitien 〈., .〉 et
d’une connexion ∇ compatible avec ce produit scalaire, i.e.

X(〈ψ, φ〉) = 〈∇Xψ, φ〉+ 〈ψ,∇Xφ〉 ,

pour tous X ∈ Γ(TM) et ψ, φ ∈ Γ(ΣM). On suppose qu’il existe une application
C∞(M)-linéaire

γ : TM −→ End(ΣM),

qui à chaque vecteur X tangent à M , définit un endomorphisme γ(X) de ΣM . On note
(ΣM, 〈., .〉 ,∇, γ) tout fibré vectoriel complexe sur M vérifiant les conditions ci-dessus.
Sous ces hypothèses générales, on définit un opérateur naturel elliptique d’ordre 1 par

D : Γ(ΣM) −→ Γ(ΣM)

ψ 7−→ Dψ :=
n∑
j=1

γ(ej)∇ejψ,

où {e1, · · · , en} est un repère local g-orthonormé. Pour que l’opérateur D soit auto-
adjoint par rapport au produit scalaire L2 de Γ(ΣM), il faut que l’application γ satisfasse
les deux conditions suivantes :

〈γ(X)ψ, φ〉 = −〈ψ, γ(X)φ〉 , (1)

∇X(γ(Y )ψ) = γ(∇XY )ψ + γ(Y )∇Xψ, (2)

pour tous X, Y ∈ Γ(TM) et ψ, φ ∈ Γ(ΣM). La seconde dérivée covariante ∇ est
la dérivée covariante de Levi-Civita sur M . Si on demande que l’opérateur elliptique
d’ordre deux D2 ait un symbole principal égal à celui du laplacien 4 défini sur Γ(ΣM),
il faut imposer à γ la condition suivante :

γ(X)γ(Y ) + γ(Y )γ(X) = −2g(X, Y ), (3)

pour tous X, Y ∈ Γ(TM). Dans ce cas, on a

D2 = 4+
1

2

n∑
j,k=1

γ(ej)γ(ek)R(ej, ek),

où R est le tenseur de courbure associé à la connexion ∇ définie sur ΣM . Un fibré
de Dirac sur M est un fibré vectoriel complexe (ΣM, 〈., .〉 ,∇, γ) sur M vérifiant les
conditions (1), (2) et (3). Dans ce cas, γ est appelée la multiplication de Clifford et D
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l’opérateur de Dirac associé à ce fibré de Dirac.

L’exemple le plus simple d’un fibré de Dirac qu’on peut considérer sur une variété
riemannienne (Mn, g) est le fibré ΣM = Λ∗M ⊗R C des formes complexes sur M . En
effet, la métrique riemannienne de M induit un produit scalaire naturel sur les formes
complexes de n’importe quel degré et la connexion de Levi-Civita s’étend de manière
unique pour agir sur les formes. Cette connexion et ce produit scalaire sont compatibles.
Pour tous X ∈ Γ(TM) et ω ∈ Γ(Λ∗M ⊗R C), on définit une application γ par

γ(X)ω = X[ ∧ ω −Xyω,

où y est le produit intérieur et ∧ le produit extérieur. Il est facile de démontrer que γ
vérifie les équations (1), (2) et (3) et donc Λ∗M ⊗R C est un fibré de Dirac de rang 2n.
De plus, l’opérateur de Dirac associé à ce fibré n’est autre que l’opérateur d’Euler et son
carré est le fameux opérateur dit le laplacien de Hodge, i.e.

D = d+ δ et D2 = 4H ,

où d est la différentielle extérieure, δ son adjoint par rapport au produit scalaire L2 et
4H est le laplacien de Hodge agissant sur les formes différentielles.

On a appelé γ la multiplication de Clifford puisque la relation d’anticommutativité
(3) qu’on a imposé est la même que celle qui définit l’algèbre de Clifford associée à un
espace vectoriel muni d’un produit scalaire. Donc on peut étendre naturellement γ
au fibré de Clifford Cl(TM), i.e. au fibré vectoriel dont les fibres sont les algèbres de
Clifford complexes construites sur l’espace tangent en tout point de la variété :

γ : Cl(TM) −→ End(ΣM).

Par suite, en tout point x ∈M , (γx,ΣxM) est une représentation complexe de l’algèbre
de Clifford Cl(TxM) ' Cln. En général, cette représentation n’est pas irréductible mais
il est connu qu’une représentation complexe de Cln est irréductible si et seulement si
elle est de dimension complexe 2[n

2
] [LM89, Fri00, Hij01]. On en déduit que le rang l

d’un fibré de Dirac est toujours supérieur ou égal à 2[n
2

].

La question est : sur une variété riemannienne (Mn, g) existe-t-il un fibré de
Dirac ΣM de rang minimal, i.e. l = 2[n

2
] ? En d’autre termes, existe t-il sur (Mn, g)

un fibré de Dirac ΣM tel que, en tout point x ∈ M , (γx,ΣxM) est une représentation
complexe irréductible de Cl(TxM) ? Si un tel fibré de Dirac existe, on l’appelle un fibré
des spineurs et une section de ce fibré sera dite un champ de spineurs. Il faut noter
que, si on a un fibré des spineurs (ΣM, 〈., .〉 ,∇, γ) sur M , on peut construire plusieurs
autres en prenant le produit tensoriel de ΣM par un fibré complexe en droites D muni
d’un produit scalaire et d’une connexion compatible avec ce produit scalaire. En effet,
Σ
′
M = ΣM ⊗D est aussi un fibré des spineurs.

Une variété riemannienne orientée (Mn, g) possède une structure Spinc si et seule-
ment s’il existe sur M un fibré complexe en droites L tel que

[c1(L)]mod 2 = ω2(M),
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où ω2(M) est la deuxième classe de Stiefel-Whitney de M et c1(L) est la première classe
de Chern de L. Cela est équivalent à dire que le SOn×S1-fibré principal PSOnM×MPS1M
admet un revêtement à deux feuillets non trivial. Ici, PSOnM désigne le SOn-fibré des
repères orthonormés de M et PS1M est le S1-fibré principal correspondant au fibré en
droites L. Dans le cas particulier où le fibré en droites L a une racine carrée, i.e.
ω2(M) = 0, une structure Spinc est dite une structure Spin.

Sur une variété riemannienne orientée (Mn, g), la donnée d’un fibré des spineurs
permet de montrer que le fibré déterminant det ΣM admet une racine d’ordre 2[n

2
]−1.

On note L ce fibré complexe en droites, i.e.

L = (det ΣM)21−[n2 ]

.

Ce fibré en droites, appelé fibré auxiliaire, vérifie

[c1(L)]mod 2 = ω2(M),

et donc la variété M admet une structure Spinc. Inversement, si on fixe une structure
Spinc sur M , i.e. s’il existe sur M un fibré complexe en droites L tel que [c1(L)]mod 2 =
ω2(M), on peut construire [Mon05], à un isomorphisme près, un unique fibré des spineurs
ΣM . Par conséquent, un fibré des spineurs sera appelé le fibré des spineurs Spinc associé
à une structure Spinc donnée. Quand la structure Spinc est Spin, le fibré des spineurs
Spinc est dit le fibré des spineurs.

Lorsque M est une variété Spin, le fibré des spineurs peut être choisi de sorte
que le fibré auxiliaire soit trivial. En effet, supposons qu’il existe un fibré complexe en
droites E tel que L = E2. Le fibré vectoriel Σ

′
M = ΣM ⊗ E−1 est aussi un fibré des

spineurs dont le fibré auxiliaire L
′

est relié à L par L
′

= L ⊗ E−2, donc il est trivial
puisque L

′
= L⊗ E−2 = L⊗ L−1 = 1.

Considérons une variété riemannienne (Mn, g) munie d’une structure Spinc et ΣM
son fibré des spineurs Spinc. Localement, le fibré des spineurs existe toujours. On note
Σ
′
M le fibré des spineurs dont le fibré auxiliaire L

′
est trivial et on rappelle qu’il existe

un fibré complexe en droites D tel que Σ
′
M = ΣM ⊗D et L

′
= L⊗D2. Localement et

comme L
′

est trivial, on a D2 = L−1. Ainsi, ΣM = Σ
′
M ⊗ L 1

2 . Cela signifie que même
si le fibré des spineurs et L

1
2 peuvent ne pas exister globalement, leur produit tensoriel

(le fibré des spineurs Spinc) est défini globalement.

Supposons maintenant que Mn (n = 2m) admet une structure kählérienne. La
complexification TM ⊗R C de l’espace tangent se décompose en une somme directe de
deux sous-espaces propres associés aux valeurs propres ±i de l’extension de la structure
complexe J à TM ⊗R C. En effet,

TM ⊗R C = T1,0M ⊕ T0,1M,

où T1,0M = T0,1M = {X − iJX, X ∈ Γ(TM)}. Cette décomposition induit une autre
décomposition des p-formes complexes sur M (p = 0, ...,m)

ΛpM ⊗R C = ⊕r+s=p Λr,sM,
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où Λr,sM = Λr,0M ⊗ Λ0,sM et Λr,0M = Λr(T ∗1,0M). Le fibré complexe Λ0,∗M =
⊕mr=0Λ0,rM , de rang 2m, est muni d’un produit scalaire (l’extension de la métrique)
et d’une connexion (l’extension de la connexion de Levi-Civita sur M) qui sont compa-
tibles. De plus, l’application γ : TM −→ End(Λ0,∗M) définie par

γ(X)ψ =
1√
2

(X + iJX)[ ∧ ψ −
√

2Xyψ,

satisfait les conditions (1), (2) et (3) pour tous X ∈ Γ(TM), ψ ∈ Γ(Λ0,rM) et r =
0, ...,m. Par suite, toute variété kählérienne admet une structure Spinc. Cette structure
possède des spineurs parallèles (les fonctions complexes constantes).

Après ces préliminaires sur la géométrie spinorielle complexe, donnons une brève
description des résulats obtenus.

Sur une variété Spin, le spectre de l’opérateur de Dirac a été largement étudié
puisqu’il se révèle porter des renseignements subtils sur la géométrie et la topologie de la
variété. Sur les variétés Spinc, A. Moroianu and M. Herzlich ont montré une estimation
de type Friedrich pour les valeurs propres de l’opérateur de Dirac [HM99] : sur une
variété riemannienne (Mn, g) compacte et Spinc , toute valeur propre λ de l’opérateur
de Dirac satisfait

λ2 > λ2
1 :=

n

4(n− 1)
inf
M

(S − cn|Ω|), (4)

où cn = 2[n
2
]

1
2 , S est la courbure scalaire de (Mn, g) et iΩ est la 2-forme de courbure

associée à une connexion fixée sur le fibré auxiliaire L de la structure Spinc. Le cas
d’égalité est caractérisé par l’existence d’un spineur de Killing Spinc ψ vérifiant

γ(Ω)ψ = i
cn
2
|Ω|ψ, (5)

où γ(Ω) est l’extension de la multiplication de Clifford aux formes différentielles. No-
tons que l’inégalité (4) donne une information sur le spectre si S − cn|Ω| > 0. L’idée
introduite par O. Hijazi [Hij95] est de modifier la connexion ∇ dans la direction d’un
tenseur symétrique. Ainsi, on obtient une estimation optimale pour les valeurs propres
de l’opérateur de Dirac en fonction d’un tenseur symétrique appelé le tenseur d’énergie-
impulsion. Cette estimation implique l’inégalité (4) et a un intérêt même si S−cn|Ω| 6 0.
Le cas d’égalité dans cette nouvelle estimation est caractérisé par l’existence d’un spineur
de Killing Spinc généralisé vérifiant l’équation (5). Ce type de spineurs joue un rôle im-
portant dans l’étude extrinsèque des structures Spinc.

Le tenseur d’énergie-impulsion apparâıt dans différentes situations géométriques.
En effet, sur les variétés Spin, J.P. Bourguignon et P. Gauduchon [BG92] ont montré
que le tenseur d’énergie-impulsion intervient naturellement dans l’étude des variations
du spectre de l’opérateur de Dirac. T. Friedrich et E.C. Kim [FK01] ont obtenu les
équations de Dirac-Einstein comme les équations d’Euler-Lagrange d’une certaine fonc-
tionnelle. Nous démontrons ces résultats sur les variétés Spinc. Même si ce n’est pas
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un invariant géométrique, le tenseur d’énergie-impulsion est, à une constante près, la
seconde forme fondamentale d’une immersion isométrique dans une variété Spinc ad-
mettant un spineur parallèle. Enfin, sur les surfaces Spinc, nous exprimons ce tenseur
en termes d’invariants topologiques, comme le nombre d’Euler-Poincaré.

Les structures Spinc sont des structures naturelles sur certaines classes de variétés,
comme les variétés de dimension 2 ou 4, les variétés kählériennes, les variétés de Sasaki
et certains types de variétés CR. Une hypersurface réelle d’une variété Spinc a une struc-
ture Spinc. Nous nous focalisons sur l’étude des structures Spinc sur les hypersurfaces
réelles de CP 2 et E(κ, τ). L’espace projectif complexe CP 2, qui n’est pas une variété
Spin, a une structure Spinc naturelle, dite structure Spinc canonique. Cette structure
porte un spineur parallèle. Lorsque nous restreignons ce spineur parallèle à une hy-
persurface M , nous obtenons un spineur de Killing Spinc généralisé qui caractérisera
l’immersion de M dans CP 2.

Les variétés E(κ, τ) sont les variétés homogènes de dimension 3 dont le groupe
d’isométries est de dimension 4 (S2 × R, H2 × R, Nil3,...). Ces variétés sont Spin
avec un champ de spineurs spécial ψ. J. Roth a prouvé que, sous certaines conditions
supplémentaires, la restriction de ψ sur une surface, permet de caractériser l’immersion
de la surface dans E(κ, τ). Mais les variétés E(κ, τ) ont également une structure Spinc

portant un spineur de Killing Spinc, dont la restriction donne lieu à un champ de spineurs
spécial φ, qui permet de caractériser l’immersion de M dans E(κ, τ) sans aucune hy-
pothèse supplémentaire. À partir de cette caractérisation nous obtenons une preuve
spinorielle de la correspondance généralisée de Lawson pour les surfaces à courbure
moyenne constante dans E(κ, τ). Notons qu’il n’existe pas de preuve de ce résultat en
utilisant les structures Spin sur E(κ, τ).

Les spineurs sont devenus un outil efficace dans l’étude des hypersurfaces. En fait,
O. Hijazi, S. Montiel et X. Zhang ont montré que si Mn est une hypersurface délimitant
un domaine d’une variété Spin portant un spineur parallèle et si la courbure scalaire de
la variété ambiante est positive et la courbure moyenne H positive, alors la première
valeur propre strictement positive λ1 de l’opérateur de Dirac extrinsèque satisfait

λ1 >
n

2
inf
M
H.

Comme application, ils donnent une preuve spinorielle du théorème d’Alexandrov. Sur
les variétés Spinc, nous établissons une estimation similaire. Les hypersurfaces réelles
compactes plongées dans CPm, à courbure moyenne constante et strictement positive,
sont des exemples de variétés où l’égalité est atteinte.

Parmi toutes les variétés munies d’une structure Spinc naturelle avec un champ
de spineurs spécial, les variétés kählériennes, de Sasaki et, comme cela a été remarqué
plus récemment, les variétés CR jouent un rôle central. Nous montrons que, sur une
variété M , l’existence d’une structure Spinc avec un champ de spineurs spécial, appelé
spineur pur ou bien spineur transversal, est équivalente à l’existence d’une structure
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complexe ou bien d’une structure CR sur M . En outre, l’existence d’un champ de
spineurs transversal sur une variété riemannienne Spinc conditionne sa géométrie. Plus
précisément, l’existence d’un spineur parallèle ou de Killing transversal sur M implique
que M est une variété feuilletée.

Dans les sections suivantes, on détaille les résultats obtenus qui ont fait l’objet
des chapitres 2, 3, 4, 5, 6 et 7.

Le spectre de l’opérateur de Dirac et
le tenseur d’énergie-impulsion

L’étude du spectre de l’opérateur de Dirac, défini sur une variété Spin, a fait
l’objet d’investigations intenses du fait qu’il contient des informations subtiles sur la
topologie et la géométrie de la variété. La formule de Schrödinger-Lichnerowicz [Lich63]
reliant le carré de l’opérateur de Dirac au laplacien spinoriel est donnée par :

D2 = 4+
1

4
S.

Plusieurs conséquences découlent de cette formule. Tout d’abord, si la variété est à
courbure scalaire strictement positive, le noyau de l’opérateur de Dirac est trivial.
Dans ce cas, par le théorème d’Atiyah-Singer, les indices topologiques et analytiques
de l’opérateur de Dirac sont nuls et toute valeur propre λ vérifie

λ2 >
1

4
inf
M
S.

En 1980, T. Friedrich a minoré le carré de n’importe quelle valeur propre λ, à une con-
stante près, par l’infimum de la courbure scalaire supposée positive. Plus précisément,
toute valeur propre λ de l’opérateur de Dirac satisfait [Fri80]

λ2 > λ2
1 :=

n

4(n− 1)
inf
M
S. (6)

Le cas d’égalité est caractérisé par l’existence d’un spineur de Killing. C’est une section
ψ du fibré des spineurs qui vérifie, pour tout X ∈ Γ(TM),

∇Xψ = −λ1

n
X · ψ,

où on a noté “·” la multiplication de Clifford γ. Comme conséquence de l’existence des
spineurs de Killing, la variété est d’Einstein [Fri80]. C. Bär [Bär93] a caractérisé toutes
les variétés Spin simplement connexes admettant de tels spineurs.

L’inconvénient avec l’estimation de Friedrich est qu’elle n’apporte aucune infor-
mation sur le spectre de l’opérateur de Dirac et sur la géométrie de la variété dans le cas
où la courbure scalaire est négative ou nulle. D’où l’idée de O. Hijazi [Hij95] de modifier
la connexion dans la direction d’un tenseur symétrique. Ainsi, sur le complémentaire



INTRODUCTION 17

des zéros d’un spineur ψ, O. Hijazi a défini un 2-tenseur symétrique `ψ, dit tenseur
d’énergie-impulsion associé à ψ, par

`ψ(X, Y ) = g(`ψ(X), Y ) =
1

2
Re

〈
X · ∇Y ψ + Y · ∇Xψ,

ψ

|ψ|2

〉
,

pour tous X, Y ∈ Γ(TM). Il montre que, pour tout spineur propre ψ associé à une
valeur propre λ, on a [Hij95]

λ2 > λ2
1 := inf

M
(
1

4
S + |`ψ|2). (7)

Il faut noter que C. Bär a montré que, comme le spineur ψ est un spineur propre,
l’ensemble de ses zéros est de dimension de Hausdorff au plus égale à n − 2 et donc
de mesure nulle [Bär99]. La trace de `ψ étant égale à λ, l’inégalité (7) améliore celle
de Friedrich puisque, par l’inégalité de Cauchy-Schwarz, |`ψ|2 > 1

n
(tr(`ψ))2 = 1

n
λ2, où

tr(`ψ) est la trace de `ψ. Le cas limite de (7) est caractérisé par l’existence d’un spineur
de Killing généralisé, i.e. une section ψ du fibré des spineurs qui satisfait, pour tout
X ∈ Γ(TM), l’équation

∇Xψ = −`ψ(X) · ψ.

N. Ginoux et G. Habib [GH09] ont montré que la variété d’Heisenberg est une variété
compacte limite pour (7) mais que l’on n’a pas égalité dans (6). Inversement, si sur une
variété Spin, on suppose qu’il existe un spineur ψ vérifiant

∇Xψ = −E(X) · ψ, (8)

où E est un endomorphisme symétrique de TM , il est simple de voir par les propriétés
de la multiplication de Clifford que E = `ψ et on est dans le cas limite de (7) [Mor02]. Si
la dimension de M est égale à 2, T. Friedrich [Fri98] a prouvé que l’existence d’une paire
(ψ,E) satisfaisant (8) est équivalente à l’existence d’une immersion locale de M dans
l’espace euclidien R3 avec un tenseur de Weingarten égal à 2E. Plus tard, G. Habib
[Hab07] a étudié l’équation (8) pour un endomorphisme E qui n’est pas nécessairement
symétrique. Il a montré que la partie symétrique de E est `ψ et la partie antisymétrique
de E est qψ définie sur le complémentaire de l’ensemble des zéros de ψ par

qψ(X, Y ) =
1

2
Re

〈
Y · ∇Xψ −X · ∇Y ψ,

ψ

|ψ|2

〉
,

pour tous X, Y ∈ Γ(TM). Puis, il a établi l’estimation suivante

λ2 > inf
M

(
1

4
S + |`ψ|2 + |qψ|2), (9)

pour toute valeur propre λ à laquelle est attachée un spineur propre ψ. Pour une
meilleure compréhension du tenseur qψ, il a étudié les flots riemanniens et a montré que
si le fibré normal porte un spineur parallèle, le tenseur qψ est le tenseur d’O’Neill du flot.
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Dans le cadre des variétés Spinc, la formule de Schrödinger-Lichnerowicz est
donnée par [LM89]

D2 = 4+
1

4
S +

i

2
Ω · .

Par l’inégalité de Cauchy-Schwarz, on a [HM99]

〈iΩ · ψ, ψ〉 > −cn
2
|Ω||ψ|2.

Cette inégalité combinée avec la formule de Schrödinger-Lichnerowicz permet de montrer
l’inégalité (4) dite de type Friedrich Spinc. Le cas d’égalité dans (4) est caractérisé
par l’existence d’un spineur de Killing Spinc vérifiant l’équation (5), i.e. une section
ψ ∈ Γ(ΣM) vérifiant pour tout X ∈ Γ(TM),

∇Xψ = −λ1

n
X · ψ et Ω · ψ = i

cn
2
|Ω|ψ.

Dans ce cas aucune géométrie particulière n’est obtenue sur la variété Spinc du fait que
l’estimation dépend de la 2-forme de courbure associée à une connexion fixée sur le fibré
auxiliaire.

On étend l’inégalité de Hijazi pour les valeurs propres de l’opérateur de Dirac sur
une variété Spinc.

Theorem 0.0.1. [Nak10] Sur une variété riemannienne compacte Spinc de dimension
n > 2, toute valeur propre λ de l’opérateur de Dirac à laquelle est attachée un spineur
propre ψ, satisfait

λ2 > λ2
1 := inf

M
(
1

4
S − cn

4
|Ω|+ |`ψ|2). (10)

Le cas d’égalité dans (10) est caractérisé par l’existence d’un spineur de Killing
Spinc généralisé vérifiant l’équation (5), i.e. une section ψ ∈ Γ(ΣM) vérifiant pour tout
X ∈ Γ(TM),

∇Xψ = −`ψ(X) · ψ et Ω · ψ = i
cn
2
|Ω|ψ.

La trace de `ψ étant égale à λ, l’inégalité (10) améliore l’inégalité (4). En guise
d’exemple, la sphère S3, équipée d’une structure Spinc spéciale, est une variété lim-
ite pour (10) mais on n’a pas l’égalité dans (4). Les spineurs de Killing Spinc généralisés
seront étudiés dans les sections suivantes. Sur les variétés Spinc, l’inégalité (9) est donnée
par

λ2 > inf
M

(1

4
S − cn

4
|Ω|+ |`ψ|2 + |qψ|2

)
. (11)

Dans un premier temps, on ne considère la déformation de la connexion que dans la
direction de l’endomorphisme symétrique `ψ.
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Sur les variétés Spin, en utilisant la covariance conforme de l’opérateur de Dirac,
O. Hijazi [Hij86] a montré que, en dimension n > 3, toute valeur propre de l’opérateur
de Dirac vérifie

λ2 > λ2
1 :=

n

4(n− 1)
µ1, (12)

où µ1 est la première valeur propre de l’opérateur de Yamabe donné par

L := 4
n− 1

n− 2
4+S,

où4 est le laplacien agissant sur les fonctions. En dimension 2, C. Bär [Bär92] a montré
que toute valeur propre de l’opérateur de Dirac Spin vérifie

λ2 >
2πχ(M)

Aire(M, g)
, (13)

où χ(M) est le nombre d’Euler-Poincaré de la surface M . Le cas limite de (12) et
(13) est aussi caractérisé par l’existence d’un spineur de Killing. En terme de tenseur
d’énergie-impulsion, O. Hijazi [Hij95] a montré que, sur de telles variétés, toute valeur
propre de Dirac satisfait

λ2 >


πχ(M)

Aire(M,g)
+ inf

M
|`ψ|2 si n = 2,

1
4
µ1 + inf

M
|`ψ|2 si n > 3.

(14)

Encore une fois, la trace de `ψ étant égale à λ, l’inégalité (14) implique les deux inégalités
(12) et (13). Le cas limite de (14) est caractérisé par l’existence d’un champ de spineurs
ϕ vérifiant, pour tout X ∈ Γ(TM),

∇Xϕ = −`ϕ(X) · ϕ, (15)

où ϕ = e−
n−1

2
uψ, le champ de spineurs ψ est un spineur propre associé à la première

valeur propre de l’opérateur de Dirac et ψ est l’image de ψ par l’isométrie entre les fibrés
des spineurs de (Mn, g) et (Mn, g = e2ug).

En 1999, A. Moroianu et M. Herzlich ont montré que sur les variétés Spinc de
dimension n > 3, toute valeur propre de l’opérateur de Dirac satisfait [HM99]

λ2 > λ2
1 :=

n

4(n− 1)
µ1, (16)

où µ1 est la première valeur propre de l’opérateur de Yamabe tordu,

LΩ = L− cn|Ω|.

Le cas limite de (16) est caractérisé par l’existence d’un spineur de Killing Spinc vérifiant
l’équation (5). En fonction du tenseur d’énergie-impulsion, on montre :
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Theorem 0.0.2. [Nak10] Sur une variété riemannienne Spinc, toute valeur propre λ de
l’opérateur de Dirac à laquelle est attachée un spineur propre ψ satisfait

λ2 >


πχ(M)

Aire(M,g)
− 1

2

R
M |Ω|vg

Aire(M,g)
+ infM |`ψ|2 si n = 2,

1
4
µ1 + infM |`ψ|2 si n > 3,

(17)

où µ1 est la première valeur propre de l’opérateur de Yamabe tordu.

Comme corollaire du Théorème 0.0.2, on exprime, en dimension 4, l’estimation en
fonction d’un invariant conforme (le nombre de Yamabe) et d’un invariant topologique.
En effet, on a :

Corollary 0.0.1. Sur une variété compacte Spinc de dimension 4 dont la 2-forme de
courbure iΩ est autoduale, toute valeur propre de l’opérateur de Dirac satisfait

λ2 >
1

4
vol(M, g)−

1
2

(
Y (M, [g])− 4π

√
2
√
c1(L)2

)
+ inf

M
|`ψ|2,

où c1(L) est le nombre de Chern du fibré auxiliaire L associé à la structure Spinc.

Le problème du tenseur d’énergie-impulsion est lié aux problèmes de variations
du spectre de l’opérateur de Dirac. En effet :

Proposition 0.0.1. [Nak11a] Soit (Mn, g) une variété riemannienne Spinc et gt = g+tk
une famille lisse de métriques. Pour tout champ de spineurs ψ ∈ Γ(ΣM), on a

d

dt

∣∣∣∣
t=0

∫
M

Re
〈
DMtτ t0ψ, τ

t
0ψ
〉
gt
vg = −1

2

∫
M

〈k, `ψ〉 vg,

où DMt est l’opérateur de Dirac associé à la variété Mt = (M, gt), `ψ(X) = |ψ|2 `ψ(X) =
Re 〈X · ∇Xψ, ψ〉 et τ t0ψ est l’image de ψ par l’isométrie τ t0 entre les fibrés des spineurs
Spinc de (M, g) et de (M, gt).

Cela a été prouvé par J.P. Bourguignon et P. Gauduchon [BG92, BGM05] pour les
variétés Spin. En s’appuyant sur ce résultat, T. Friedrich et E.C. Kim [KF00] ont montré
que, sur une variété Spin, les équations d’Einstein-Dirac sont les équations d’Euler-
Lagrange d’une fonctionnelle. On étend ce résultat sur les variétés Spinc :

Theorem 0.0.3. [Nak11a] Soit (Mn, g) une variété riemannienne Spinc. Une paire
(g0, ψ0) est un point critique du lagrangien

W(g, ψ) =

∫
U

(
Sg + ελ|ψ|2g − εRe 〈Dgψ, ψ〉

)
vg,

(λ, ε ∈ R) pour tout ouvert U de M si et seulement si (g0, ψ0) est une solution du
système suivant {

Dgψ = λψ,
ricg − 1

2
Sg g = ε

2
`ψ,

où ricg est la courbure de Ricci de M considérée comme une forme bilinéaire symétrique.
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En général, nous ne pouvons pas calculer le tenseur d’énergie-impulsion puisqu’il
dépend d’un spineur. Mais en petites dimensions et surtout en dimension 2, il peut être
exprimé en termes de certains invariants topologiques :

Proposition 0.0.2. [Ha-Na10] Sur une surface compacte munie d’une structure Spinc

quelconque, toute valeur propre de l’opérateur de Dirac à laquelle est attachée un spineur
propre ψ satisfait

λ2 =
S

4
+ |`ψ|2 + ∆f +

〈
i

2
Ω · ψ, ψ

|ψ|2

〉
,

où f est une fonction réelle définie par f = 1
2

ln|ψ|2.

Comme conséquence directe, nous obtenons [Ha-Na10]∫
M

det(`ψ)vg >
πχ(M)

2
− 1

4

∫
M

|Ω|vg, (18)

où χ(M) est le nombre d’Euler-Poincaré de la surface. L’égalité est atteinte si et seule-
ment si Ω est nulle ou si la fonction Ω(e1, e2) a un signe constant pour tout repère
g-orthonormé local {e1, e2}. On note que, dans le cas d’égalité, l’expression

∫
M
|Ω|vg

est un invariant topologique. Les surfaces de S2 × R sont des exemples de surfaces où
le cas d’égalité dans (18) est atteint. De plus, de la Proposition 0.0.2, on peut déduire
facilement l’estimation en dimension 2 du Théorème 0.0.2.

En dimension 3, on montre :

Theorem 0.0.4. [Ha-Na10] Soit (M3, g) une variété riemannienne compacte munie
d’une structure Spinc quelconque. Toute valeur propre λ de l’opérateur de Dirac à laque-
lle est attachée un spineur propre ψ satisfait

λ2 6
1

vol(M, g)

∫
M

(
|`ψ|2 +

S

4
+
|Ω|
2

)
vg. (19)

L’égalité est atteinte si et seulement si la norme de ψ est constante et Ω · ψ = i|Ω|ψ.

La preuve de ce théorème repose essentiellement sur la formule de Schrödinger-
Lichnerowicz et une écriture locale de la dérivée covariante de Levi-Civita spinorielle.
Les hypersurfaces réelles compactes de CP 2 sont des exemples de variétés de dimension
3 où l’égalité dans (19) est atteinte.

On se limite à ces résultats intrinsèques classiques et nous procédons à l’étude
des structures Spinc d’un point de vue extrinsèque.

Formule de Gauss Spinc

et interprétation géométrique du tenseur d’énergie-impulsion

Dans cette section, nous étudions les structures Spinc sur les hypersurfaces et
comme nous le verrons, ces structures fournissent un cadre naturel pour étudier certains
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problèmes extrinsèques riemanniens.

Soit Z une variété riemannienne Spinc sans bord de dimension n+1. Soit M ⊂ Z
une hypersurface orientée. Par restriction, l’hypersurface M est à son tour munie d’une
structure Spinc et le fibré des spineurs Spinc sur M est donné par{

ΣM ' ΣZ|M si n est pair,
ΣM ' Σ+Z |M si n est impair.

De plus, la multiplication de Clifford par un champ de vecteurs X, tangent à M , est
donnée par

X • φ = (X · ν · ψ)|M , (20)

où ψ ∈ Γ(ΣZ) (où ψ ∈ Γ(Σ+Z) si n est impair), φ est la restriction de ψ à M ,
“·” est la multiplication de Clifford sur Z, “•” celle sur M et ν le vecteur normal
unitaire entrant. La 1-forme de connexion définie sur le S1-fibré principal restreint
(PS1M =: PS1Z|M , π,M) est donnée par

A = AZ|M : T (PS1M) = T (PS1Z)|M −→ iR.

Ainsi la 2-forme de courbure iΩ sur le S1-fibré principal PS1M est donnée par iΩ = iΩZ|M ,
qui n’est rien d’autre que la 2-forme de courbure du fibré en droites L, la restriction du
fibré en droites LZ sur M .

On note ∇ΣZ la dérivée covariante de Levi-Civita spinorielle sur ΣZ et par ∇
celle sur ΣM . Pour tout X ∈ Γ(TM) et pour tout champ de spineurs ψ ∈ Γ(ΣZ) on
considère φ = ψ|M . La formule de Gauss Spinc est donnée par [Nak11a]

(∇ΣZ
X ψ)|M = ∇Xφ+

1

2
II(X) • φ, (21)

où II est la seconde forme fondamentale de l’immersion. De plus, si DZ et D sont les
opérateurs de Dirac respectifs sur Z et M , en notant par le même symbole un spineur
et sa restriction sur M , on a [Nak11a]

D̃φ =
n

2
Hφ− ν ·DZφ−∇ΣZ

ν φ, (22)

où H = 1
n
tr(II) est la courbure moyenne, D̃ = D si n est pair et D̃ = D ⊕ (−D) si n

est impair. Dans ce cas, les formes de courbure Ω et ΩZ sont reliées par

|ΩZ |2 = |Ω|2 + |νyΩZ |2, (23)

(ΩZ · ψ)|M = Ω • φ− (νyΩZ) • φ. (24)

Par la formule de Gauss Spinc, le tenseur d’énergie-impulsion est, à une constante près,
la seconde forme fondamentale de l’immersion. En effet :
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Proposition 0.0.3. [Nak11a] Soit Mn ↪→ (Z, g) une hypersurface compacte orientée
immergée isométriquement dans (Z, g), une variété riemannienne Spinc admettant un
spineur parallèle, de courbure moyenne H et de seconde forme fondamentale II. Le
tenseur d’énergie-impulsion associé à φ =: ψ|M vérifie

2`φ = II.

De plus, si la courbure moyenne H est constante, l’hypersurface M satisfait le cas
d’égalité dans (10) si et seulement si

SZ − 2 ricZ(ν, ν)− cn|Ω| = 0. (25)

Dans les conditions de la Proposition 0.0.3, l’hypersurface M admet un champ de
spineurs φ vérifiant

∇Xφ = −1

2
II(X) • φ, (26)

pour tout X ∈ Γ(TM). Maintenant, soit (Mn, g) une variété riemannienne Spinc ad-
mettant un spineur φ tel que, pour tout X ∈ Γ(TM),

∇Xφ = −1

2
E(X) • φ, (27)

où E est un champ d’endomorphismes symétriques. Il est naturel de se demander si le
tenseur E peut être réalisé comme le tenseur de Weingarten d’une certaine immersion
isométrique de M dans une variété Spinc admettant un spineur parallèle. B. Morel
[Mor02] a étudié cette question dans le cas des variétés Spin où le tenseur E est parallèle.
C. Bär, P. Gauduchon et A. Moroianu [BGM05] l’ont étudié dans le cas où E est de
Codazzi. Sur une variété Spinc, on a :

Theorem 0.0.5. [Nak11a] Soit (Mn, g) une variété riemannienne Spinc admettant un
spineur φ satisfaisant (27) tel que E est de Codazzi. Alors, le cylindre généralisé Z :=
I×M muni de la métrique dt2 + gt, où gt(X, Y ) = g((Id + tE)2X, Y ), et de la structure
Spinc provenant de celle donnée sur M , possède un spineur parallèle dont la restriction
sur M n’est autre que φ.

Grâce à ce théorème, on classifie les variétés de dimension 3 qui satisfont le cas limite
de (10). En effet :

Corollary 0.0.2. Soit (M3, g) une variété riemannienne compacte orientée et φ un
spineur propre associé à la première valeur propre λ1 de l’opérateur de Dirac tel que le
tenseur d’énergie-impulsion associé à ce spineur est de Codazzi. La variété M est une
variété limite pour (10) si et seulement si le cylindre généralisé Z4, muni de la structure
Spinc provenant de celle sur M , est une variété kählérienne de courbure scalaire positive
et l’immersion de M dans Z est de courbure moyenne H constante.
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Cette question qui consiste à se demander si le tenseur E peut être réalisé comme
le tenseur de Weingarten d’une certaine immersion isométrique de M dans une variété
Spinc, est aussi liée à un problème classique en géométrie riemannienne : quand une
variété riemannienne peut-elle être isométriquement immergée dans une autre variété
riemannienne fixée ? Par exemple, les équations de Gauss et les équations de Codazzi-
Mainardi sont des conditions nécessaires et suffisantes pour immerger isométriquement
une variété dans Rn, Sn ou Hn. Il s’avère que les structures Spinc permettent l’étude des
caractérisations des hypersurfaces des variétés kählériennes, de Sasaki et d’autres types
de variétés. Dans la suite, nous présenterons quelques résultats dans cette direction.

Caractérisation Spinc des surfaces de E(κ, τ)
et correspondance de Lawson généralisée

En dimension 3, la classification des variétés homogènes simplement connexes
dont le groupe d’isométries est de dimension 4 est bien connue. Ces variétés, notées
E(κ, τ), ont la propriété qu’elles admettent une fibration riemannienne au dessus de la
surface simplement connexe M2(k) de courbure constante k et à courbure de fibration
τ . Lorsque τ = 0, la fibration est triviale et E(κ, τ) n’est autre que l’espace produit
M2(k)×R, soit S2×R ou H2×R. Si τ 6= 0, E(κ, τ) sont les sphères de Berger, le groupe
de Heisenberg Nil3 ou le revêtement universel du groupe de Lie PSL2(R). À l’exception
des sphères de Berger et avec R3, H3, S3 et le groupe résoluble Sol3, les variétés E(κ, τ)
définissent la géométrie de Thurston [Bon02, Mil76, Sco83].

Récemment, H. Rosenberg et U. Abresch ont donné un intérêt particulier aux
surfaces de E(κ, τ). La majorité de ces travaux concerne les surfaces minimales ou à
courbure moyenne constante dans les deux espaces produits S2 × R et H2 × R. Suite
à ces travaux, de nouveaux exemples de surfaces minimales ont été obtenus comme
les caténöıdes et les hélicöıdes. Au vu de ces résultats, il est naturel de penser que
l’utilisation des spineurs pourrait permettre d’aborder des questions toujours ouvertes.
En 2007, B. Daniel [Dan07] a donné une condition nécessaire et suffisante pour qu’une
surface soit immergée isometriquement dans les E(κ, τ). Cette condition est donnée par
l’existence d’un triplet (E, T, f) composé d’un 2-tenseur symétrique E, d’un champ de
vecteurs T et d’une fonction f définis sur M, et qui satisfont aux équations de Gauss et
Codazzi correspondantes, ainsi qu’à deux relations supplémentaires.

La correspondance de Lawson est une correspondance naturelle entre surfaces
à courbure moyenne constante dans R3, S3 et H3 : toute surface minimale simple-
ment connexe de S3 est isométrique à une surface simplement connexe dans R3 à cour-
bure moyenne égale à 1 et toute surface minimale simplement connexe dans R3 est
isométrique à une surface simplement connexe à courbure moyenne constante 1 dans
H3.

Dans le cas des 3-espaces homogènes, B. Daniel [Dan07] a aussi montré une cor-
respondance de Lawson. Par exemple, toute surface minimale simplement connexe de
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Nil3 est isométrique à une surface simplement connexe à courbure moyenne constante 1
2

dans H2×R. J. Roth [Roth10] avait caractérisé les surfaces des 3-espaces homogènes via
les spineurs. En effet, il utilise la structure Spin triviale existant sur ces variétés. Cette
structure admet un spineur spécial provenant du spineur de Killing défini sur la fibration
riemannienne. Notons qu’il n’existe pas de preuve spinorielle de la correspondance de
Lawson démontrée par B. Daniel.

Les variétés homogènes de dimension 3 dont le groupe d’isométries est de dimen-
sion 4 possèdent une structure Spinc naturelle. Cette structure est le relèvement de la
structure Spinc canonique sur M2(κ) via la submersion E(κ, τ) −→M2(κ). La structure
canonique sur M2(k) admet un spineur parallèle et induit sur les E(κ, τ) un spineur de
Killing Spinc de constante de Killing τ

2
, i.e. un champ de spineurs ψ satisfaisant

∇E(κ,τ)
X ψ =

τ

2
X · ψ,

pour tout X ∈ Γ(T (E(κ, τ))). Par la formule de Gauss Spinc [Nak11a], la restriction de
ψ à toute hypersurface M donne lieu à un champ de spineurs spécial φ. Plus précisément,
le spineur φ satisfait l’équation

∇Xφ = −1

2
II(X) • φ+ i

τ

2
X • φ, (28)

pour tout X ∈ Γ(TM). Ici, φ = φ+ − φ− désigne le conjugué de φ = φ+ + φ− par
la décomposition du fibré des spineurs Spinc en spineurs positifs et spineurs négatifs.
Inversement, l’existence sur une surface d’une structure Spinc admettant un champ de
spineurs satisfaisant l’équation (28) permet d’immerger la surface dans E(κ, τ). En effet
:

Theorem 0.0.6. [NR11] Soient κ, τ ∈ R avec κ−4τ 2 6= 0. Considérons une surface rie-
mannienne (M2, g) simplement connexe et E un champ d’endomorphismes symétriques
de TM , de trace égale à 2H. Les assertions suivantes sont équivalentes :

1. Il existe une immersion isométrique F : (M2, g) −→ E(κ, τ) de seconde forme
fondamentale E, de courbure moyenne H et telle que le vecteur vertical est donné
par ξ = dF (T )+fν, où ν est le vecteur normal unitaire entrant, f est une fonction
réelle sur M et T est la composante tangentielle de ξ.

2. La surface M est une variété Spinc admettant un champ de spineurs non-trivial φ
vérifiant, pour tout X ∈ Γ(TM),

∇Xφ = −1

2
E(X) • φ+ i

τ

2
X • φ.

De plus, le fibré auxiliaire a une connexion de courbure donnée, dans un repère

local orthonormé {e1, e2}, par iΩ(e1, e2) = −i(κ−4τ 2)f = −i(κ−4τ 2) < φ, φ
|φ|2 >.

3. La surface M est une variété Spinc admettant un champ de spineurs non-trivial φ
de norme constante et vérifiant

Dφ = Hφ− iτφ.
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De plus, le fibré auxiliaire a une connexion de courbure donnée, dans un repère

local orthonormé {e1, e2}, par iΩ(e1, e2) = −i(κ−4τ 2)f = −i(κ−4τ 2) < φ, φ
|φ|2 >.

Il faut noter que la caractérisation établie par J. Roth, en utilisant les structures
Spin, impose des conditions supplémentaires.

Comme application, cette caractérisation Spinc permet de redémontrer la corre-
spondance de Lawson pour les surfaces de E(κ, τ). Plus précisément, on a :

Theorem 0.0.7. [NR11] Soient E(κ1, τ1) et E(κ2, τ2) deux variétés homogènes de di-
mension 3 dont le groupe d’isométries est de dimension 4. On suppose que κ1 − 4τ 2

1 =
κ2 − 4τ 2

2 . On note ξ1 et ξ2 les vecteurs verticaux de E(κ1, τ1) et E(κ2, τ2) respective-
ment. Considérons (M2, g) une surface simplement connexe immergée isométriquement
dans E(κ1, τ1) de courbure moyenne constante H1 de sorte que H2

1 > τ 2
2 − τ 2

1 . Soient
ν1 le vecteur normal unitaire entrant de l’immersion, T1 la projection de ξ1 sur TM et
f = 〈ν1, ξ1〉. On choisit H2 ∈ R et θ ∈ R tels que

H2
2 + τ 2

2 = H2
1 + τ 2

1 ,

τ2 + iH2 = eiθ(τ1 + iH1).

Ainsi il existe une immersion isométrique F de (M2, g) dans E(κ2, τ2) de courbure
moyenne H2 et telle que sur M

ξ2 = dF (T2) + fν2,

où ν2 est le vecteur normal unitaire entrant de l’immersion et T2 est la composante
tangentielle de ξ2. De plus, les secondes formes fondamentales II1 et II2 sont reliées
par

II2 −H2Id = eθJ(II1 −H1Id).

Caractérisation Spinc des hypersurfaces réelles
de l’espace projectif complexe CP 2

Une autre situation intéressante est lorsque la variété ambiante est kählérienne.
Dans ce cas, nous considérons la structure Spinc canonique admettant des spineurs
parallèles. Par restriction, toute hypersurface M possède un spineur de Killing Spinc

généralisé. En petites dimensions et dans certains cas, l’existence d’un spineur de Killing
Spinc généralisé est une condition nécessaire et suffisante pour réaliser M comme une
hypersurface de la variété kählérienne.

L’espace projectif complexe CP 2 de dimension complexe 2 n’est pas une variété
Spin mais il admet une structure Spinc canonique provenant de la structure complexe.
On va caractériser les hypersurfaces de CP 2 par restriction des spineurs parallèles. En
effet :
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Theorem 0.0.8. [NR11] Notons (M3, g) une variété riemannienne simplement connexe
admettant une structure de contact (X, ξ, η). Soit E un champ de tenseurs symétriques
de trace 3H. On suppose que E satisfait une des équations de Codazzi correspondantes
à CP 2. Les assertions suivantes sont équivalentes :

1. Il existe une immersion isométrique de (M3, g) dans CP 2 de seconde forme fonda-
mentale E, de courbure moyenne H telle que la restriction sur M de la structure
complexe sur CP 2 est donnée par J = X+η(·)ν, où ν est le vecteur normal unitaire
entrant de l’immersion.

2. La variété M a une structure Spinc admettant un spineur non-trivial φ vérifiant,
pour tout X ∈ Γ(TM),

∇Xφ = −1

2
E(X) • φ et ξ • φ = −iφ.

La 2-forme de courbure de la connexion sur le fibré auxiliaire est donnée par
iΩ(e1, e2) = −6i et iΩ(ei, ej) = 0 sinon dans la base {e1, e2 = X(e1), e3 = ξ}.

3. La variété M a une structure Spinc admettant un spineur non-trivial φ de norme
constante vérifiant

Dφ =
3

2
Hφ et ξ • φ = −iφ.

La 2-forme de courbure de la connexion sur le fibré auxiliaire est donnée par
iΩ(e1, e2) = −6i et iΩ(ei, ej) = 0 sinon dans la base {e1, e2 = X(e1), e3 = ξ}.

Estimation de la première valeur propre de l’opérateur de
Dirac sur les hypersurfaces et applications géométriques

Nous continuons d’explorer les structures Spinc d’un point de vue extrinsèque.
Cette fois-ci, on donne une estimation de la première valeur propre de l’opérateur de
Dirac sur l’hypersurface et on compare cette estimation à celle de Friedrich (4). En
utilisant l’inégalité de Reilly spinorielle, nous montrons :

Theorem 0.0.9. [Nak3] Soient Zn+1 une variété riemannienne Spinc vérifiant SZ >
cn+1|ΩZ | et Mn une hypersurface orientée compacte. On suppose que M a une courbure
moyenne positive et que M est le bord d’un domaine D de Z. La première valeur propre
strictement positive λ1 de D̃ satisfait

λ1 >
n

2
inf
M
H. (29)

On a égalité si et seulement si H est constante et l’espace des spineurs propres associés
à λ1 est formé des restrictions des spineurs parallèles sur le domaine D.

Cela a été prouvé par O. Hijazi, S. Montiel et X. Zhang [HMZ01a, HMZ01b] sur
les variétés Spin. Dans certains cas, cette inégalité démontre l’inégalité (4) de Friedrich
Spinc. En effet :
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Proposition 0.0.4. Soit (Mn, g) une variété compacte plongée dans une variété Zn+1

riemannienne Spinc. Si le tenseur d’Einstein ricZ−SZ

2
gZ est semi-défini positif, l’inégalité

(29) implique l’inégalité (4) de Friedrich Spinc.

Caractérisation Spinc des structures CR

Sur une variété différentiable Mn, une structure presque CR de dimension m et
de codimension k = n− 2m est la donnée d’un sous-fibré réel D de TM de rang 2m et
d’un automorphisme J de D tel que J2 = −Id. Une structure presque CR est intégrable
si et seulement si l’automorphisme J vérifie

[X, Y ]− [JX, JY ] ∈ Γ(D) et J([X, Y ]− [JX, JY ]) = [JX, Y ] + [X, JY ],

pour tous X, Y ∈ Γ(D). Dans ce cas, la structure presque CR est dite une structure CR
de type (m, k).

Sur une variété différentiable Mn, on considère une structure CR de type hyper-
surface, i.e. une variété CR de type (m, 1). Dans ce cas, la dimension de M est impaire
et il existe une 1-forme globale θ, appelée une structure pseudohermitienne, vérifiant
D = ker θ. La forme de Levi est donnée par

Gθ(X, Y ) = dθ(JX, Y ) pour tous X, Y ∈ Γ(D).

La structure CR est dite non dégénérée (resp. strictement pseudoconvexe) si la forme
de Levi Gθ est non dégénérée (resp. définie positive). Si M est non dégénérée, on définit
un champ de vecteurs T par

θ(T ) = 1 et Tydθ = 0.

Ce champ de vecteurs, appelé vecteur caractéristique de dθ, est unique et non nul.

Comme pour les variétés kählériennes, toute variété strictement pseudoconvexe
possède une structure Spinc canonique. Il est donc naturel de se demander quand est-ce
qu’une variété est kählérienne ou bien strictement pseudoconvexe.

Soit (Mn, g) une variété riemannienne Spinc et ψ un champ de spineurs. En tout
point x ∈M , on définit le sous-espace du fibré tangent

Dx = {X ∈ TxM | X · ψ = iY · ψ, pour un Y ∈ TxM r {0}}.

Un champ de spineurs non nul est appelé un champ de spineurs pur si et seulement si
Dx = TxM , en tout point x ∈ M . Tout champ de spineurs pur définit une structure
presque complexe J sur M et il est dit intégrable si et seulement si

Z · ∇Wψ −W · ∇Zψ = 0,

pour tous Z,W ∈ Γ(T1,0M). En utilisant les spineurs purs, nous caractérisons les
variétés kählériennes et hermitiennes.
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Proposition 0.0.5. [HN10] Soit Mn une variété différentiable. Il y a équivalence entre
les 3 assertions suivantes :

1. M est une variété riemannienne Spinc admettant un spineur pur intégrable ψ.

2. M est une variété riemannienne (M, g) admettant une structure complexe J telle
que (M,J, g) est une variété hermitienne.

3. M est une variété riemannienne admettant une structure CR de type (m, 0).

Pour obtenir une structure kählérienne sur M , il faut supposer que le spineur pur
est parallèle. En effet :

Theorem 0.0.10. [HN10] Une variété riemannienne M admet une structure Spinc avec
un spineur pur parallèle si et seulement si elle est kählérienne.

Soit (Mn, g) une variété riemannienne Spinc. Un champ de spineurs ψ est dit
transversal s’il définit une distribution D de rang constant tel qu’en tout point x ∈ M
la fibre est donnée par Dx. Un spineur transversal est appelé m-transversal si le rang
de D est 2m. De la définition d’un champ de spineurs m-transversal, si (Mn, g) est
une variété riemannienne Spinc portant un champ de spineurs m-transversal intégrable,
alors elle admet une structure CR de type (m, k = n− 2m) (voir [HN10]).

L’existence d’un champ de spineurs transversal sur une variété riemannienne Spinc

influence la géométrie et la topologie de la variété. En fait :

Theorem 0.0.11. [HN10] Considérons (Mn, g) une variété riemannienne Spinc admet-
tant un champ de spineurs m-transversal ψ tel que ψ soit un champ de spineurs parallèle
ou de Killing dans les directions orthogonales, i.e. il existe λ ∈ R tel que

∇Y ψ = λY · ψ, pour tout Y ∈ Γ(D⊥).

Alors la variété est feuilletée.





Introduction

In this thesis, we make use of Spinc Geometry to study special submanifolds.
We start by establishing basic results for the Spinc Dirac operator and then move to
examine hypersurfaces of Spinc manifolds with special spinors.

The geometry and topology of a Riemannian compact Spin manifold are strongly
related to the spectral properties of a fundamental operator called the Dirac operator.
The Dirac operator is a first order differential operator acting on sections of a vector
bundle called the spinor bundle. The spinor bundle is roughly speaking a “square root”
of the bundle of differential forms but it differs by its dependence on the metric. An
interesting tool when examining the Dirac operator is the Schrödinger-Lichnerowicz for-
mula [Lich63]. This formula says that the difference between the square of the Dirac
operator and the spinorial Laplacian is proportional to the scalar curvature. Thus, with
the weak condition of the positivity of the scalar curvature, A. Lichnerowicz [Lich63]
deduces that the kernel of the Dirac operator is trivial. This fact, combined with the
Atiyah-Singer index theorem [Atiy-Sing68], provides a topological obstruction for the
existence of positive scalar curvature metrics.

Refining the argument of A. Lichnerowicz, T. Friedrich [Fri80] proved a lower
bound for the eigenvalues of the Dirac operator involving the infimum of the scalar
curvature. The equality case is characterized by the existence of a real Killing spinor:
it is a section of the spinor bundle whose covariant derivative is proportional to the
Clifford multiplication. The existence of such spinors leads to restrictions on the mani-
fold. For example, the manifold is Einstein and in dimension 4, it has constant sectional
curvature. The classification of simply connected Riemannian Spin manifolds carrying
real Killing spinors [Bär93] gives, in some dimensions, other examples than the sphere.
These examples are relevant to physicists in general relativity where the Dirac operator
plays a central role.

The study of the spectrum of the Dirac operator on submanifolds of Riemannian
Spin manifolds has been extensively studied. Even if the submanifold is Spin, many
problems appear. It is well known that the restriction of the spinor bundle to a Spin
submanifold is a Hermitian fiber bundle given by the tensor product of the spinor bundle
of the submanifold with a certain fiber bundle associated with the normal bundle of the
immersion [Bär93, BHMM, BFGK, Gi-Mo00]. In general, it is not easy to have a control
on such a Hermitian bundle except in the case where the normal bundle is trivial, for
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example in the case of hypersurfaces [Bär98, Gi-Mo00, HMZ01a, HMZ01b, Gin09]. We
know that in this case, the restriction of the spinor bundle or a part of the spinor bundle
of the ambient manifold is the spinor bundle of the hypersurface and the induced Dirac
operator is the Dirac operator of the hypersurface.

T. Friedrich [Fri98] characterised simply connected surfaces isometrically im-
mersed in R3 by the existence of a special spinor field called a generalized Killing spinor
field. This spinor is the restriction to the surface of a parallel spinor on R3 and its
covariant derivative is proportional to the Clifford multiplication of a field of symmetric
endomorphism called the energy-momentum tensor. In 2000, O. Hijazi, S. Montiel and
X. Zhang [HMZ01a, HMZ01b] gave a lower bound for the first positive eigenvalue of
the Dirac operator defined on the compact boundary of a Riemannian Spin manifold
of nonnegative scalar curvature. This lower bound involves the mean curvature of the
boundary, assumed to be nonnegative. As an application of the limiting case, they give
an elementary spinorial proof of the Alexandrov theorem.

Recently, complex Spin geometry became a field of active research with the advent
of Seiberg-Witten theory [KM94, Wit94, Sei-Wit94, Fri00]. This theory is based on the
fact that every oriented Riemannian compact 4-dimensional manifold has a Spinc struc-
ture. Applications of the Seiberg-Witten theory to 4-dimensional geometry and topol-
ogy are already notorious: several theorems arising from Donaldson theory found an
elementary proof [Don96]. C. LeBrun [LeB95, LeB96] obtained topological restrictions
on 4-dimensional Einstein manifolds and with M.J. Gursky [GL98], they calculated the
Yamabe invariant for some 4-dimensional manifolds like the complex projective space.
At the same time, the lift from classical Spin geometry to Spinc geometry has led to
many new questions and several results have now been proved.

From an intrinsic point of view, Spin, almost complex, complex, Kähler, Sasaki
and some classes of CR manifolds have a canonical Spinc structure. For example, using
Spinc structures, A. Moroianu [Moro99] proved the Lichnerowicz conjecture on Kähler
Spin manifolds which are limiting manifolds for the Kirchberg inequality in even com-
plex dimension [Kir86].

In 2006, O. Hijazi, S. Montiel and F. Urbano [HMU06] constructed on Kähler-
Einstein manifolds with positive scalar curvature, a Spinc structure carrying Kählerian
Killing spinors. The restriction of these spinors to minimal Lagrangian submanifolds
provides topological and geometric restrictions on these submanifolds. Hence, the re-
striction of Spinc spinors is an effective tool to study the geometry and the topology of
submanifolds. Moreover, from the extrinsic point of vue, it seems that it is more natural
to work with Spinc structures rather than Spin structures, which are by now very classic.

First, we introduce Spinc structures on manifolds according to S. Montiel [Mon05].
Then, we quote the results obtained in my thesis.
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Spinc structures and results overview

On an oriented Riemannian manifold (Mn, g), we consider a complex vector bun-
dle of rank l equipped with a Hermitian metric 〈., .〉 and a connection ∇ which paral-
lelizes the metric. We assume the existence of a C∞(M)-linear map,

γ : TM −→ End(ΣM),

mapping vectors tangent toM onto endomorphisms of ΣM . We denote by (ΣM, 〈., .〉 ,∇, γ)
any complex bundle over M endowed with the above data. Under these general hypothe-
ses, we can define a natural first order elliptic operator D : Γ(ΣM) −→ Γ(ΣM) by

D =
n∑
j=1

γ(ej)∇ej ,

where {e1, · · · , en} is any orthonormal local basis tangent to M . If we ask whether the
operator D is a self-adjoint with respect to the L2-scalar product of Γ(ΣM), we must
add the following two conditions on γ:

〈γ(X)ψ, φ〉 = −〈ψ, γ(X)φ〉 , (30)

∇X(γ(Y )ψ) = γ(∇XY )ψ + γ(Y )∇Xψ, (31)

where X, Y ∈ Γ(TM), ψ, φ ∈ Γ(ΣM) and the second ∇ is the Levi-Civita connection
on M . The operator D2 is also an elliptic operator of second order and if we request
that D2 and the the Laplacian 4 defined on Γ(ΣM) to have the same principal symbol,
we should impose the following condition

γ(X)γ(Y ) + γ(Y )γ(X) = −2g(X, Y ), (32)

for every X, Y ∈ Γ(TM). A Dirac bundle is a complex fiber bundle (ΣM, 〈., .〉 ,∇, γ)
such that the conditions (30), (31) and (32) are fulfilled. In this case, γ is called the
Clifford multiplication and D the Dirac operator associated with this Dirac bundle.

We called γ the Clifford multiplication because the anticommutativity relation
(32) that we imposed is the same as the one defining the Clifford algebra on a given
metric vector space. Then, there exists a natural extension of γ to the bundle whose
fibers are the Clifford algebras constructed on the tangent space at every point of the
manifold:

γ : Cl(TM) −→ End(ΣM).

Hence, at every point x ∈ M , Clifford multiplication provides a representation of the
complex Clifford algebra Cl(TxM) on the vector space ΣxM . This representation is not
irreducible in general but it is known that it is irreducible if and only if it is of complex
dimension 2[n

2
]. We deduce that the rank l of a Dirac bundle is always greater than or

equal to 2[n
2

], i.e. l > 2[n
2

].
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The question is: does there exist a Dirac bundle ΣM , such that the rank is min-
imal, i.e. l = 2[n

2
] ? In other words, does there exist a Dirac bundle ΣM supplying

an irreducible representation of the complex Clifford algebra at each point? If such a
Dirac bundle exists, it is called a spinor bundle. We should point out that, if we have
a spinor bundle (ΣM, 〈., .〉 ,∇, γ) over M , we can contruct many others by taking the
tensor product of ΣM with a complex line bundle D endowed with a Hermitian metric
and a metric connection, i.e. Σ

′
M = ΣM ⊗D is also a spinor bundle.

A Riemannian manifold has a Spinc structure if and only if there exists a complex
line bundle L on M such that

[c1(L)]mod 2 = ω2(M),

where ω2(M) is the second Stiefel-Whitney class of M and c1(L) is the first Chern class
of L. In the particular case, when the line bundle has a square root, i.e. ω2(M) = 0,
the manifold is called a Spin manifold.

Given a spinor bundle ΣM on a Riemannian manifold M , we can prove that the
determinant line bundle det ΣM , has a root of index 2[n

2
]−1. We denote by L this root

line bundle over M and we will call it the auxiliary line bundle. The auxiliary line
bundle L satisfies [c1(L)]mod 2 = ω2(M) and so M has a Spinc structure. Conversely, if
we fix a Spinc structure on M , i.e. if there exists a complex line bundle L on M such
that [c1(L)]mod 2 = ω2(M), then we can construct [Mon05], up to isomorphism, a unique
spinor bundle ΣM . Hence, a spinor bundle will be called the Spinc bundle associated
with a given Spinc structure. In the particular case, when M is a Spin manifold, the
Spinc bundle is called the spinor bundle.

When M is a Spin manifold, the spinor bundle ΣM can be chosen such that the
associated auxiliary line bundle L is trivial. Indeed, assume that there exists a line
bundle E such that L = E2. The fiber bundle Σ

′
M = ΣM ⊗E−1 is also a spinor bundle

whose auxiliary bundle L
′

is related to L by L
′

= L ⊗ E−2, hence it is trivial because
L
′
= L⊗ E−2 = L⊗ L−1 = 1.

Consider a Riemannian Spinc manifold (Mn, g) and ΣM its Spinc bundle. Lo-
cally, the spinor bundle always exists. Hence, we denote by Σ

′
M the possibly (globally)

non-existent spinor bundle whose auxiliary line bundle L
′

is trivial and we recall that
there exists a line bundle D such that Σ

′
M = ΣM ⊗ D and L

′
= L ⊗ D2. Locally, we

have that D2 = L−1 since L
′

is trivial. Thus ΣM = Σ
′
M ⊗ L 1

2 . This essentially means
that, while the spinor bundle and L

1
2 may not exist globally, their tensor product (the

Spinc bundle) could be defined globally.

After these preliminaries about Spinc geometry, I give a brief description of the
results obtained during my thesis. These results will be developped in the next sections.

The study of the spectrum of the Dirac operator has been investigated on Spin
manifolds since it contains subtle information on the geometry and topology of the
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manifold. On Spinc manifolds, A. Moroianu and M. Herzlich proved a Friedrich type
inequality [HM99]: on a compact Riemannian Spinc manifold (Mn, g), any eigenvalue λ
of the Spinc Dirac operator satisfies

λ2 > λ2
1 :=

n

4(n− 1)
inf
M

(S − cn|Ω|), (33)

where cn = 2[n
2
]

1
2 , S is the scalar curvature of M and iΩ is the curvature form associated

with a fixed connection on the auxiliary bundle. The equality case is characterized by
the existence of a Spinc Killing spinor ψ satisfying

γ(Ω)ψ = i
cn
2
|Ω|ψ, (34)

where γ(Ω) is the extension of the Clifford multiplication to differential forms. Note
that Inequality (33) is of interest only in the case S− cn|Ω| > 0. The idea introduced by
O. Hijazi [Hij95] is to modify the connection ∇ in the direction of a symmetric tensor
field. Thus, we get an optimal lower bound for the eigenvalues of the Dirac operator in-
volving a symmetric tensor field called the energy-momentum tensor. This lower bound
improves the Friedrich lower bound (33) and is of interest although S−cn|Ω| is negative
or zero. The equality case of this new lower bound is characterized by the existence of a
generalized Spinc Killing spinor satisfying Equation (34). This type of spinors will play
a key role in the study of extrinsic Spinc structures.

Studying the energy-momentum tensor on a compact Riemannian Spin or Spinc

manifolds has been done by many authors, since it is related to several geometric situa-
tions. Indeed, on compact Spin manifolds, J.P. Bourguigon and P. Gauduchon [BG92]
proved that the energy-momentum tensor appears naturally in the study of the varia-
tions of the spectrum of the Dirac operator. T. Friedrich and E.C. Kim [KF00] obtained
the Einstein-Dirac equation as the Euler-Lagrange equation of a certain functional. We
extend these last results to compact Spinc manifolds [Nak11a]. Even if it is not a
computable geometric invariant, the energy-momentum tensor is, up to a constant, the
second fundamental form of an isometric immersion into a Spinc manifold carrying a
parallel spinor [Nak11a]. Finally, on Spinc surfaces, we express this tensor in terms of
topological invariants, such as the Euler-Poincaré number [Ha-Na10].

Spinc structures are natural structures on some classes of manifolds, like mani-
folds of dimension 2 or 4, almost complex manifolds, Sasaki manifolds, some types of
CR-manifolds. A real hypersurface of a Spinc manifold can be endowed with a Spinc

structure. We investigate the study of Spinc structures on real hypersurfaces of CP 2

and E(κ, τ). The complex projective space CP 2, which is not a Spin manifold, has a
natural Spinc structure, called the canonical Spinc structure, carrying a parallel spinor.
When we restrict the parallel spinor to a hypersurface M , we get a generalized Spinc

Killing spinor which will characterize the immersion of M into CP 2 [NR11].

The manifolds E(κ, τ) are the homogeneous 3-manifolds with 4-dimensional isom-
etry group (S2 ×R,H2 ×R, Nil3,...). These manifolds are Spin, having a special spinor
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field ψ. J. Roth [Roth10] proved that, up to some additional assumptions, the restric-
tion of ψ to a surface, allows to characterize the immersion of the surface into E(κ, τ).
But, the manifolds E(κ, τ) have also a Spinc structure carrying a Killing Spinc spinor,
whose restriction gives rise to a special spinor field, which allows the characterization
of the immersion of M into E(κ, τ) without any additional assumption. Moreover, from
this characterization we get a spinorial proof of the generalized Lawson correspondence
for constant mean curvature surfaces in E(κ, τ) [NR11].

Spinors have now become an effective tool in the study of hypersurfaces. In
fact, O. Hijazi, S. Montiel and X. Zhang [HMZ01a, HMZ01b] proved that, if Mn is a
hypersurface bounding a domain of a Spin manifold carrying a parallel spinor and if the
scalar curvature of the ambient manifold is nonnegative and the mean curvature H is
nonnegative, then the first positive eigenvalue λ1 of the extrinsic Dirac operator satisfies

λ1 >
n

2
inf
M
H.

As an application, they give a spinorial proof of the Alexandrov theorem. On Spinc

manifolds, we establish a similar lower bound. Compact embedded hypersurfaces into
the complex projective space CPm with positive constant mean curvature are examples
of manifolds satisfying the equality case.

Among all manifolds endowed with a natural Spinc structure with a special spinor
field, a central role is played by complex manifolds and recently by CR-manifolds. We
prove that, on a manifold M , the existence of a Spinc structure with a special spinor
field, called a pure spinor field or a transversal spinor field, is equivalent to the existence
of a complex structure or a CR-structure on M . Moreover, the existence of a transversal
spinor field on a Riemannian Spinc manifold gives constraints on its geometry. In fact,
we find that the existence of a parallel or a Killing transversal spinor field on M implies
that M is a foliated manifold.

In the following sections, we present, with some details, the results which are the
subject of chapters 2, 3, 4, 5, 6 and 7.

Spectrum of the Spinc Dirac Operator and
the Energy-Momentum Tensor

Useful geometric informations have been obtained by estimating the first eigen-
value of the Dirac operator on a compact Riemannian Spin manifold (Mn, g). We will
attempt to extend some lower bounds to the Spinc Dirac operator. First and for sim-
plicity, the Clifford multiplication γ will be denoted by “·”. On the complement set of
zeroes of a spinor field ψ, O. Hijazi [Hij95] modified the spinorial Levi-Civita connection
in the direction of the energy-momentum tensor, a symmetric 2-tensor `ψ defined by

`ψ(X, Y ) = g(`ψ(X), Y ) =
1

2
Re

〈
X · ∇Y ψ + Y · ∇Xψ,

ψ

|ψ|2

〉
,
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for any X, Y ∈ Γ(TM), to get a lower bound involving `ψ and the scalar curvature of
the manifold. We extend the Hijazi inequality for the eigenvalues of the Spinc Dirac
operator:

Theorem 0.0.12. [Nak10] On a compact Riemannian Spinc manifold of dimension
n > 2, any eigenvalue λ of the Dirac operator to which is attached an eigenspinor ψ
satisfies

λ2 > λ2
1 := inf

M
(
1

4
S − cn

4
|Ω|+ |`ψ|2). (35)

The equality case in (35) is characterized by the existence of a generalized Spinc

Killing spinor satisfying Equation (34), i.e. a spinor field ψ satisfying for every X ∈
Γ(TM),

∇Xψ = −`ψ(X) · ψ and Ω · ψ = i
cn
2
|Ω|ψ.

Note that since the spinor field ψ is an eigenspinor, C. Bär showed that the zero set
is contained in a countable union of (n − 2)-dimensional submanifolds and has locally
finite (n − 2)-dimensional Hausdroff density [Bär99]. The trace of `ψ being equal to
λ, Inequality (35) improves Inequality (33) since, by the Cauchy-Schwarz inequality,

|`ψ|2 > (tr(`ψ))2

n
, where tr(`ψ) denotes the trace of `ψ. As an example, the sphere S3,

equipped with a special Spinc structure, is a limiting manifold for (35) but equality in
(33) cannot occur. Generalized Killing spinors on Spin manifolds have been studied by
many authors. In fact, assume that on a Spin manifold M , there exists a spinor field ψ
such that for all X ∈ Γ(TM),

∇Xψ = −E(X) · ψ, (36)

where E is a symmetric 2-tensor defined on TM . It is easy to see that E must be equal
to `ψ. If the dimension of M is equal to 2, T. Friedrich [Fri98] proved that the existence
of a pair (ψ,E) satisfying (36) is equivalent to the existence of a local immersion of
M into the Euclidean space R3 with Weingarten tensor equal to 2E. Later, G. Habib
[Hab07] studied Equation (36) for an endomorphism E not necessarily symmetric. He
showed that the symmetric part of E is `ψ and the skew-symmetric part of E is qψ

defined on the complement set of zeroes of ψ by

qψ(X, Y ) =
1

2
Re

〈
Y · ∇Xψ −X · ∇Y ψ,

ψ

|ψ|2

〉
,

for all X, Y ∈ Γ(TM). Then he established that, if ψ is an eigenspinor associated with
an eigenvalue λ, one has

λ2 > inf
M

(
1

4
S + |`ψ|2 + |qψ|2). (37)

For a better understanding of the tensor qψ, he studied Riemannian flows and proved
that, if the normal bundle carries a parallel spinor, the tensor qψ is the O’Neill tensor
of the flow. On Spinc manifolds, the lower bound (37) is given by

λ2 > inf
M

(1

4
S − cn

4
|Ω|+ |`ψ|2 + |qψ|2

)
. (38)
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As a first step, I only consider the deformation of the connection in the direction of
the symmetric endomorphism `ψ. In the next sections, we will study generalized Spinc

Killing spinors in more details.

We now study the variations of the spectrum of the Dirac operator:

Proposition 0.0.6. [Nak11a] Let (Mn, g) be a Riemannian Spinc manifold and gt =
g + tk be a smooth 1-parameter family of metrics. For any spinor field ψ ∈ Γ(ΣM), we
have

d

dt

∣∣∣∣
t=0

∫
M

Re
〈
DMtτ t0ψ, τ

t
0ψ
〉
gt
vg = −1

2

∫
M

〈k, `ψ〉 vg, (39)

where DMt is the Dirac operator associated with Mt = (M, gt), `ψ(X) = |ψ|2 `ψ(X) =
Re 〈X · ∇Xψ, ψ〉 and τ t0ψ is the image of ψ under the isometry τ t0 between the Spinc

bundles of (M, g) and (M, gt).

This was proved by J.P. Bourguignon and P. Gauduchon for Spin manifolds [BG92].
Using this, we extend to Spinc manifolds a result by T. Friedrich and E.C. Kim in [KF00]
established for Spin manifolds:

Theorem 0.0.13. [Nak11a] Let M be a Riemannian Spinc manifold. A pair (g0, ψ0) is
a critical point of the Lagrange functional

W(g, ψ) =

∫
U

(
Sg + ελ|ψ|2g − εRe 〈Dgψ, ψ〉

)
vg,

(λ, ε ∈ R) for all open subsets U of M if and only if (g0, ψ0) is a solution of the following
system {

Dgψ = λψ,

ricg − Sg
2
g = ε

2
`ψ,

where ricg denotes the Ricci curvature of M considered as a symmetric bilinear form.

In general, we cannot compute the energy-momentum tensor but in low dimensions
and especially in dimension 2, it can be expressed in terms of some topological invariants:

Proposition 0.0.7. [Ha-Na10] On a compact surface equipped with any Spinc structure
any eigenvalue λ of the Dirac operator to which is attached an eigenspinor ψ satisfies

λ2 =
S

4
+ |`ψ|2 + ∆f +

〈
i

2
Ω · ψ, ψ

|ψ|2

〉
,

where f is the real-valued function defined by f = 1
2

ln|ψ|2.

As a direct consequence, we get [Ha-Na10]∫
M

det(`ψ)vg >
πχ(M)

2
− 1

4

∫
M

|Ω|vg, (40)

where χ(M) is the Euler-Poincaré number of the surface. Equality holds if and only
if either Ω is zero or has constant sign. In the equality case, we get that

∫
M
|Ω|vg is a
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topological invariant.

We limit ourselves to these intrinsic classical results and we proceed to study
Spinc structures from an extrinsic point of vue.

The Spinc Gauss Formula
and Geometric Interpretation of the Energy-Momentum

Tensor

In this section, we study Spinc structures on hypersurfaces and as we will see,
these structures are natural framework to study some extrinsic Riemannian problems.

Let Z be an oriented (n + 1)-dimensional Riemannian Spinc manifold without
boundary. Let M ⊂ Z be an oriented hypersurface. The hypersurface M inherits a
Spinc structure from that of Z, and the Spinc bundle of the hypersurface is given by
[Nak11a] {

ΣM ' ΣZ|M if n is even,
ΣM ' Σ+Z |M if n is odd.

Moreover Clifford multiplication by a vector field X, tangent to M , is given by

X • φ = (X · ν · ψ)|M , (41)

where ψ ∈ Γ(ΣZ) (or ψ ∈ Γ(Σ+Z) if n is odd), φ is the restriction of ψ to M , “·” is the
Clifford multiplication on Z, “•” that on M and ν is the unit inner normal vector. The
connection 1-form defined on the restricted S1-principal bundle (PS1M =: PS1Z|M , π,M),
is given by

A = AZ|M : T (PS1M) = T (PS1Z)|M −→ iR.

Then, the curvature 2-form iΩ on the S1-principal bundle PS1M is given by iΩ = iΩZ|M ,
which is the curvature form of the auxiliary line bundle L, the restriction of the auxiliary
line bundle LZ to M . We denote by ∇ΣZ the spinorial Levi-Civita connection on ΣZ
and by ∇ that on ΣM . For all X ∈ Γ(TM) and for every spinor field ψ ∈ Γ(ΣZ) we
consider φ = ψ|M and we get the Spinc Gauss formula [Nak11a]:

(∇ΣZ
X ψ)|M = ∇Xφ+

1

2
II(X) • φ, (42)

where II denotes the Weingarten map. Moreover, let DZ and D be the Dirac operators
on Z and M , denoting by the same symbol any spinor and its restriction to M , we have
[Nak11a]

D̃φ =
n

2
Hφ− ν ·DZφ−∇ΣZ

ν φ, (43)

where H = 1
n
tr(II) denotes the mean curvature and D̃ = D if n is even and D̃ =

D ⊕ (−D) if n is odd. Now, by the Spinc Gauss formula, we interprete the energy-
momentum tensor as the second fundamental form of the hypersurface M . Indeed,



40 INTRODUCTION

Proposition 0.0.8. [Nak11a] Let Mn ↪→ (Z, g) be any compact oriented hypersurface
isometrically immersed in an oriented Riemannian Spinc manifold (Z, g) of Weingarten
map II. Assume that Z admits a parallel spinor field ψ, i.e. ∇ΣZψ = 0, then the
energy-momentum tensor associated with φ =: ψ|M satisfies

2`φ = II.

We point out here that under some additional assumptions, the hypersurface M
is a limiting manifold for Inequality (35) (see [Nak11a]). Under the same conditions
as Proposition 0.0.8, the hypersurface M carries a special spinor field φ satisfying the
so-called generalized Spinc Killing spinors equations, i.e.

∇Xφ = −1

2
II(X) • φ, (44)

for all X ∈ Γ(TM). Now, let M be a Riemannian Spinc manifold carrying a generalized
Spinc Killing spinor φ, i.e. a spinor field satisfying, for all X ∈ Γ(TM),

∇Xφ = −1

2
E(X) • φ,

where E is a field of symmetric endomorphisms. It is natural to ask whether the tensor
E can be realized as the Weingarten tensor of some isometric immersion of M into a
manifold Z carrying parallel spinors. This question is related to a classical problem in
Riemannian geometry: when can a Riemannian manifold be isometrically immersed into
a fixed Riemannian manifold. For example, the Gauss and the Codazzi-Mainardi equa-
tions are necessary and sufficient conditions for the existence of isometric immersions of
manifolds into Rn, Sn or Hn. It turns out that Spinc structures are natural structures
to help characterize of hypersurfaces of Kähler, Sasaki and other manifolds. Next, we
will present some results in this direction.

Spinc Characterization of Surfaces into E(κ, τ)
and Generalized Lawson Correspondence

In dimension 3, the classification of simply connected homogeneous manifolds with
4-dimensional isometry groups is well known. These manifolds, denoted by E(κ, τ), have
the property that they admit a Riemannian fibration over the simply connected surface
M2(κ) of constant curvature k with bundle curvature τ . When τ = 0, the fibration
is trivial and E(κ, τ) is nothing but the product space M2(κ) × R, namely S2 × R or
H2 × R. If τ 6= 0, E(κ, τ) are the Berger spheres, the Heisenberg group Nil3 or the
universal cover of the Lie group PSL2(R). Except the Berger spheres and with R3, H3,
S3 and the solvable group Sol3, the manifolds E(κ, τ) define the geometry of Thurston
[Bon02, Mil76, Sco83].

The manifold E(κ, τ) admits a canonical Spinc structure. This Spinc structure is
the lift of the canonical Spinc structure on M2(κ) via the submersion E(κ, τ) −→M2(κ).
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We know that the canonical Spinc structure on M2(κ) carries a parallel spinor so the
Spinc structure on E(κ, τ) admits a Killing spinor of Killing constant τ

2
, i.e. a spinor

field ψ satisfying, for all X ∈ Γ(T (E(κ, τ))),

∇E(κ,τ)
X ψ =

τ

2
X · ψ.

With the help of the Spinc Gauss formula (42), the restriction of ψ to any hypersurfaceM
is a special spinor field φ. More precisely, the spinor field φ satisfies, for all X ∈ Γ(TM),

∇Xφ = −1

2
II(X) • φ+ i

τ

2
X • φ, (45)

where φ = φ+ − φ− is the conjugate of φ = φ+ + φ− given by the decomposition of the
Spinc bundle into positive and negative spinors. Conversely, the existence on a surface
of a Spinc structure carrying a spinor field satisfying Equation (45) allows to immerse
this surface into E(κ, τ). Indeed,

Theorem 0.0.14. [NR11] Let κ, τ ∈ R with κ− 4τ 2 6= 0. Consider a simply connected
Riemannian surface (M2, g) and a field of symmetric endomorphisms E of TM , with
trace equal to 2H. The following statements are equivalent:

1. There exists an isometric immersion F : (M2, g) −→ E(κ, τ) with Weingarten
tensor E, mean curvature H and such that, over M , the vertical vector is given
by ξ = dF (T ) + fν, where ν is the unit inner normal vector to the surface, f is a
real function on M and T the tangential part of ξ.

2. There exists a Spinc structure on M carrying a non-trivial spinor field φ satisfying,
for all X ∈ Γ(TM),

∇Xφ = −1

2
E(X) • φ+ i

τ

2
X • φ.

The auxiliary line bundle has a connection of curvature given in any orthonormal

tangent frame {e1, e2} by iΩ(e1, e2) = −i(κ− 4τ 2)f = −i(κ− 4τ 2) < φ, φ
|φ|2 >.

3. There exists a Spinc structure on M carrying a non-trivial spinor field φ of constant
norm and satisfying

Dφ = Hφ− iτφ.

The auxiliary line bundle has a connection of curvature given in any orthonormal

tangent frame {e1, e2} by iΩ(e1, e2) = −i(κ− 4τ 2)f = −i(κ− 4τ 2) < φ, φ
|φ|2 >.

As an application, we get an elementary Spinc proof of the generalized Lawson
correspondence for constant mean curvature surfaces in E(κ, τ), proved by B. Daniel
[Dan07]. For example, via spinors, we obtain the Lawson correspondence between mini-
mal surfaces of Nil3 and surfaces of H2×R of constant mean curvature 1

2
. More generally,

we get:
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Theorem 0.0.15. [NR11] Let E(κ1, τ1) and E(κ2, τ2) be two 3-dimensional homogeneous
manifolds with four dimensional isometry group and assume that κ1−4τ 2

1 = κ2−4τ 2
2 . We

denote by ξ1 and ξ2 the vertical vectors of E(κ1, τ1) and E(κ2, τ2) respectively. Consider
(M2, g), a simply connected surface isometrically immersed into E(κ1, τ1) with constant
mean curvature H1 so that H2

1 > τ 2
2 − τ 2

1 . Let ν1 be the unit inner normal of the
immersion, T1 the tangential projection of ξ1 and f = 〈ν1, ξ1〉. We take H2 ∈ R and
θ ∈ R so that

H2
2 + τ 2

2 = H2
1 + τ 2

1 ,

τ2 + iH2 = eiθ(τ1 + iH1).

Then, there exists an isometric immersion F from (M2, g) into E(κ2, τ2) with mean
curvature H2 and so that over M ,

ξ2 = dF (T2) + fν2,

where ν2 is the unit inner normal vector of the immersion and T2 is the tangential part of
ξ2. Moreover, the respective Weingarten tensors II1 and II2 are related by the following

II2 −H2Id = eθJ(II1 −H1Id).

Spinc Characterization of Hypersurfaces into the
Complex Projective Space CP 2

Another interesting situation is when the ambient manifold is Kähler. In this
case, we consider the canonical Spinc structure which carries parallel spinor fields. By
restriction to any hypersurface M , we get a generalized Spinc Killing spinor φ. In low
dimensions and in some cases, the existence of a generalized Spinc spinor field φ on a
3-dimensional Spinc manifold is a necessary and sufficient condition to realize M as a
hypersurface of a Kähler manifold.

The complex projective space CP 2 is not a Spin manifold. But, it carries always a
natural Spinc structure coming from the complex structure. This natural Spinc structure
admits a parallel spinor. We will attempt to characterize hypersurfaces of CP 2 via
restrictions of parallel spinor. We have:

Theorem 0.0.16. [NR11] Denote by (M3, g) a simply connected Riemannian manifold
endowed with a contact metric structure (X, ξ, η). Let E be a field of symmetric endo-
morphisms on M with trace equal to 3H. We assume that E satisfies one of the Codazzi
equations corresponding to CP 2. Then, the following statements are equivalent:

1. There exists an isometric immersion of (M3, g) into CP 2 with Weingarten tensor
E, mean curvature H and so that, the restriction over M of the complex structure
of CP 2 is given by J = X + η(·)ν, where ν is the unit inner normal vector of the
immersion.
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2. The manifold M has a Spinc structure carrying a non-trivial spinor φ satisfying,
for all X ∈ Γ(TM),

∇Xφ = −1

2
E(X) • φ and ξ • φ = −iφ.

The curvature 2-form of the connection on the auxiliary line bundle is given by
iΩ(e1, e2) = −6i and iΩ(ei, ej) = 0 elsewhere in the basis {e1, e2 = X(e1), e3 = ξ}.

3. The manifold M has a Spinc structure carrying a non-trivial spinor φ of constant
norm and satisfying

Dφ =
3

2
Hφ and ξ • φ = −iφ.

The curvature 2-form of the connection on the auxiliary line bundle is given by
iΩ(e1, e2) = −6i and iΩ(ei, ej) = 0 elsewhere in the basis {e1, e2 = X(e1), e3 = ξ}.

An Estimate for the first Eigenvalue for the Hypersurface
Dirac operator and a Geometric Application

We continue to explore Spinc structures from an extrinsic point of vue. This time,
we give a lower bound for the first eigenvalue of the hypersurface Dirac operator and we
compare this lower bound to the Friedrich lower bound (33). Using the spinorial Reilly
inequality, we prove:

Theorem 0.0.17. [Nak3] Let Zn+1 be a Riemannian Spinc manifold satisfying SZ >
cn+1|ΩZ | and Mn an oriented compact hypersurface. We assume that M has nonnegative
mean curvature H and it bounds a compact domain D in Z. Then, the first positive
eigenvalue λ1 of D̃ satisfies

λ1 >
n

2
inf
M
H. (46)

Equality holds if and only if H is constant and the eigenspace corresponding to λ1 consists
of restrictions to M of parallel spinors on the domain D.

This was proved by O. Hijazi, S. Montiel and X. Zhang for Spin manifolds [HMZ01a,
HMZ01b]. In some cases, this lower bound improves the well known Friedrich lower
bound (33). In fact:

Proposition 0.0.9. Let M be an embedded hypersurface on a Riemannian Spinc man-
ifold Zn+1. If the Einstein tensor ricZ − SZ

2
gZ of Z is positive semidefinite, then the

extrinsic lower bound (46) for the first eigenvalue of the Dirac operator D̃ of M is
sharper than the Friedrich inequality (33). The two lower bounds coincide if and only if
the embedding is totally umbilical and the restricted Spinc structure has a flat auxiliary
line bundle.
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Spinc Characterization of CR-structures

Strictly pseudoconvex nondegenerate CR-manifolds and Kähler manifolds have a
canonical Spinc structure. It is natural to ask when a Riemannian manifold is a strictly
pseudoconvex CR-manifold or a Kähler manifold. Let (Mn, g) be a Riemannian Spinc

manifold and ψ a spinor field. Define at every x ∈ M the following subspace of the
tangent bundle

Dx = {X ∈ TxM | X · ψ = iY · ψ, for some Y ∈ TxM r {0}}.

A nowhere zero spinor field ψ is called a pure spinor field if and only if Dx = TxM , for
every x ∈M . Every pure spinor field defines an almost complex structure J on M and
a pure spinor field is called integrable if and only if

Z · ∇Wψ −W · ∇Zψ = 0,

for every Z,W ∈ Γ(T1,0M). Using the notion of pure spinor fields, we characterize
Kähler and Hermitian manifolds:

Proposition 0.0.10. [HN10] Let Mn be a differentiable manifold. There is a corre-
spondence between the following data:

1. M is a Riemannian Spinc manifold carrying an integrable pure spinor field ψ.

2. M is a Riemannian manifold (M, g) having a complex structure J such that
(M,J, g) is a Hermitian manifold.

3. M is a Riemannian manifold having a CR-structure of type (m, 0).

In order to get a Kähler structure on M , we should assume that the pure spinor ψ
is parallel. Indeed,

Theorem 0.0.18. [HN10] Let (Mn, g) be a Riemannian manifold. The manifold M has
a Spinc structure carrying a parallel pure spinor field if and only if M is Kähler.

Let (Mn, g) be a Riemannian Spinc manifold. A nowhere zero spinor field ψ is
called transversal spinor field if it defines a distribution D of constant rank with fiber
at every point x given by Dx. A transversal spinor is called m-transversal if the rank
of D is 2m. From the definition of m-transversal spinors, if (Mn, g) is a Riemannian
Spinc manifold carrying an m-transversal integrable spinor field ψ, then M admits a
CR-structure of type (m, k = n − 2m) (see [HN10]). The Heisenberg group H2m+1 of
dimension 2m+ 1 is a strictly pseudoconvex nondegenerate CR-manifold of type (m, 1)
(see [DT]) and hence it carries an m-transversal integrable spinor field.

As for parallel and Killing spinors, the existence of a transversal spinor field on
a Riemannian Spinc manifold restricts the geometry and the topology of the manifold.
In fact:
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Theorem 0.0.19. [HN10] Consider (Mn, g) a Riemannian Spinc manifold carrying an
m-transversal spinor field ψ such that ψ is a parallel or a Killing spinor field in the
orthogonal directions, i.e. there exists λ ∈ R such that

∇Y ψ = λY · ψ, for every Y ∈ Γ(D⊥).

Then the manifold is foliated.





Chapter 1

Introduction to Complex Spin
Geometry

1.1 The complex spin group and the spinor repre-

sentation

The aim of this section is to introduce the complex Clifford algebra of the n-dimensional
Euclidean space, in which the Spinc group is constructed. Then, we will restrict the
irreducible representations of the complex Clifford algebra to the complex spin group to
get the complex spinor representation. For basic notions on Clifford algebras and Spinc

geometry, we refer to [LM89, Fri00, Hij01, Mon05, BHMM].

1.1.1 The complex Clifford algebra

We consider Rn (resp. Cn) equipped with the canonical scalar product given by

〈v, w〉 :=
n∑
j=1

vjwj,

for any v, w ∈ Rn (resp. Cn).

Definition 1.1.1. The real Clifford algebra Cln (resp. the complex Clifford algebra Cln)
is the unitary algebra generated by Rn (resp. Cn) subject to the relations

v · w + w · v = −2 〈v, w〉 , (1.1)

for any v, w ∈ Rn (resp. Cn).

It is easy to check that if (ej)16j6n is an orthonormal basis of Rn (resp. Cn), then

{1, ei1 · ... · eik , 1 6 i1 < ... < ik 6 n, 0 6 k 6 n}

is a basis of Cln (resp. Cln), thus dimR Cln = 2n (resp. dimCCln = 2n). The algebra
Cln can be also viewed as the exterior algebra of Rn by the following isomorphism of

47
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vector spaces

Λ∗Rn −→ Cln

ei1 ∧ ... ∧ eik 7−→ ei1 · ... · eik .

Similary Λ∗Cn = Cln. But, it is well known that Λ∗Cn ' Λ∗Rn⊗RC, hence the complex
Clifford algebra is isomorphic to the complexification of the real one, i.e. Cln ' Cln⊗RC.

The complex Clifford algebra is periodic with period 2 (Cln+2 ' Cln ⊗ Cl2) and
the real Clifford algebra is also periodic but with period 8 (Cln+8 ' Cln ⊗ Cl8). For
simplicity, we restrict ourselves to the study of the complex Clifford algebras. The
algebra Cln decomposes into the direct sum of odd and even elements. In fact, the
following map

β : Cln −→ Cln

ei1 · ... · eik 7−→ (−1)kei1 · ... · eik
satisfies β2 = Id. Hence, it gives rise to the decomposition

Cln = Cl0n ⊕ Cl1n,

where Cljn = {u ∈ Cln, β(u) = (−1)ju}, j = 0 or 1. The subspace Cl0n is called the
even part and Cl1n is called the odd part of Cln. It is easy to see that Cl0n is a subalgebra
of Cln, but not Cl1n. The classification of complex Clifford algebras is given by:

Proposition 1.1.1. The complex Clifford algebras are either isomorphic to C(2m), or
to C(2m)⊕ C(2m). Indeed,

Cl2m ' C(2m) ' End(Σ2m), (1.2)

Cl2m+1 ' C(2m)⊕ C(2m) ' End(Σ2m)⊕ End(Σ2m), (1.3)

where C(2m) denotes the ring of 2m × 2m complex matrices and Σ2m ' C2m.

The above isomorphisms can be given explicitly in terms of the Pauli matrices defined
by:

E =

(
1 0
0 1

)
, g1 =

(
1 0
0 −1

)
, g2 =

(
0 1
1 0

)
, T =

(
0 −i
i 0

)
,

with the relations
g2

1 = g2
2 = 1 and g1g2 + g2g1 = 0.

The isomorphism (1.2) is then given by

ej −→ iE ⊗ ...⊗ E ⊗ gγ(j) ⊗ T ⊗ ...⊗ T︸ ︷︷ ︸
[ j−1

2
] times

,

where γ(j) = 1 if j is odd and 2 if j is even. For n = 2m+ 1, the isomorphism (1.3) is
given by

ej 7−→


(iE ⊗ ...⊗ E ⊗ gγ(j) ⊗ T ⊗ ...⊗ T︸ ︷︷ ︸

[ j−1
2

] times

, iE ⊗ ...⊗ E ⊗ gγ(j) ⊗ T ⊗ ...⊗ T︸ ︷︷ ︸
[ j−1

2
] times

), for 1 6 j 6 2m,

(iT ⊗ ...⊗ T,−iT ⊗ ...⊗ T ), for j = 2m+ 1.

From Proposition 1.1.1, we deduce:
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Theorem 1.1.1. When n = 2m is even, Cl2m has a unique irreducible complex repre-
sentation χ2m of complex dimension 2m,

χ2m : Cl2m −→ End(Σ2m).

If n = 2m + 1 is odd, Cl2m+1 has two inequivalent irreducible representations both of
complex dimension 2m,

χj2m+1 : Cl2m+1 −→ End(Σj
2m) for j = 0 or 1,

where Σj
2m = {σ ∈ Σ2m, χj2m+1(ωC)σ = (−1)jσ} and ωC is the complex volume element

ωC =

{
im e1 · ... · en if n = 2m,
im−1 e1 · ... · en if n = 2m+ 1.

Finally, we give the following isomorphism α, which is of particular importance to
study the irreducibility of the spinor representation and for the identification of the
Spinc bundles in the context of immersions of hypersurfaces:

α : Cln −→ Cl0n+1

ej 7−→ ej · ν, (1.4)

where Cn is embedded in Cn+1 such that (Cn)⊥ is spanned by a unit inner vector ν.

1.1.2 The complex spin group and the spinor representation

The real spin group Spinn is the multplicative subgroup of Cl∗n generated by even prod-
ucts of vectors of length 1, i.e.

Spinn := {v1 · ... · v2k ∈ Cln | vj ∈ Rn such that 〈vj, vj〉 = 1} ⊂ Cl0n.

The spin group is a compact, connected, simply connected (for n > 3) Lie group of real

dimension n(n−1)
2

. The complex Clifford algebra contains the group Spinn as well as the
group S1 of all unit complex numbers. Together, they generate a group which we denote
by Spincn. Since S1 ∩ Spinn = {±1}, the complex spin group Spincn is given by

Spincn = Spinn ×Z2 S1,

where

[a, z] = [a′, z′]⇐⇒


(a, z) = (a′, z′)

or
(a, z) = (−a′,−z′)

.

The complex spin group is not simply connected since π1(Spincn) = Z. Moreover, it can
be identified with a subgroup of Cl∗n. In fact, we consider the map

 : Spinn × S1 −→ Cl∗n
(a, z) 7−→ ı(a)z,

where ı : Cln ↪→ Cln is the canonical injection. We remark that ker  = Z2, hence
Spincn ' Im, and it is a subgroup of Cl∗n.
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Example 1.1.1. The groups Spinc4 and Spinc2. We know that

Spin2 ⊂ Cl02 ' Cl1 ' C.

So Spin2 ⊂ C∗. But, it is a commutative connected Lie group of dimension 1. The only
commutative connected Lie groups of dimension 1 are S1 or R. Finally, Spin2 = S1 and
Spinc2 ' S1 ×Z2 S1. Now, recall the following identifications:

R4 −→ C2 −→ H ⊂ C(2)
x1

x2

x3

x4

 7−→
(
u = x1 + ix4

v = x2 + ix3

)
7−→ x = x1E − ix2T + ix3g2 + ix4g1 =

(
u −v̄
v ū

)
.

Note that det x = uū+ vv̄ = (x,x) and xtx̄ = (x,x)Id2. We define the map

ξ : Spin4 ' SU2 × SU2 −→ Gl(H)

(a, b) 7−→ ξ(a, b) : x −→ bxa−1 = X.

Since the Euclidean scalar product on H ' R4 is left invariant by ξ(a, b), i.e.

(X,X) = det X = det x = (x,x),

it follows that the surjective map ξ : Spin4 −→ SO4 has kernel Z2. By the above
identifications, the group Spin4 can be realized as:

Spin4 =
{(a 0

0 b

)
: a, b ∈ SU2

}
,

and the complex spin group as

Spinc4 =
{(za 0

0 zb

)
: a, b ∈ SU2 and z ∈ S1

}
.

Now, we define the adjoint map Ad by

Ad : Cl∗n −→ End(Rn)

w 7−→ Adw : v −→ Adw(v) = w · v · w−1.

It is straighforward to check that, for all x ∈ Rn with ‖x‖ = 1, the map Adx is an
endomorphism of Rn and −Adx is the reflection across x⊥, hence an element of SOn.
By the Cartan-Dieudonné theorem, every element of SOn is a product of an even number
of reflections. We thus have the proposition:

Proposition 1.1.2. The linear map ξ := Ad|Spinn : Spinn −→ SOn is surjective and
Spinn is the double cover of SOn, i.e. the following sequence is exact

1 −→ Z2 −→ Spinn
ξ−→ SOn −→ 1.
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If n > 3, Spinn is the universal cover of SOn. Since S1 is the double cover of S1, the
complex spin group is the double cover of SOn × S1, this yields to the exact sequence

1 −→ Z2 −→ Spincn
ξc−→ SOn × S1 −→ 1,

where ξc = (ξ, Id2).

Example 1.1.2. From Example 1.1.1, we have:

ξc : Spinc4 −→ SO4 × S1 ⊂ GL(H)× S1(
za 0
0 zb

)
7−→

(
ξc(za, zb) : x −→ zbx(za)−1 = bxa−1, z2

)
.

It is well known that the Lie algebra spinn of Spinn lies in Cl∗n and is isomorphic to
the Lie algebra son of SOn by the following isomorphism

ξ∗ : spinn −→ son ' Λ2Rn

ej · ek 7−→ 2 ej ∧ ek.

The Lie algebra spincn = spinn ⊕ iR of the group Spincn is then isomorphic to son ⊕ iR.

(ξc)∗ : spincn ' spinn ⊕ iR −→ son ⊕ iR
ej · ek + it 7−→ 2 ej ∧ ek + 2it.

Using Theorem 1.1.1 and the isomorphism (1.4), we have:

Proposition 1.1.3. For n = 2m, the restriction of χ2m to Cl0n ' Cln−1 splits into Σ2m =
Σ+

2m⊕Σ−2m, where Σ+
2m and Σ−2m are two complex inequivalent irreducible representations

of Cl0n. For n = 2m+ 1, the restrictions of χ0
2m+1 and χ1

2m+1 to Cl0n are irreducible and
equivalent.

We define the complex spin representation ρcn (resp. ρn) by the restriction of an
irreducible representation of Cln to Spincn (resp. Spinn):

ρcn :=


χ2m|Spincn

if n = 2m,

χ0
2m+1|Spincn

if n = 2m+ 1,

ρn :=


χ2m|Spinn

if n = 2m,

χ0
2m+1|Spinn

if n = 2m+ 1,
.

The complex subalgebra generated by Spincn ⊂ Cln or by Spinn ⊂ Cln is the even part
Cl0n of Cln. Hence, two representations of Cl0n are irreducible or equivalent if and only if
it is the case for their restrictions to Spincn. By Proposition 1.1.3, we have:
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Theorem 1.1.2. When n = 2m, ρcn decomposes into two inequivalent irreducible repre-
sentations (ρcn)+ and (ρcn)−, i.e.

ρcn = (ρcn)+ + (ρcn)− : Spincn → End(Σ2m).

The space Σ2m decomposes into Σ2m = Σ+
2m⊕Σ−2m, where ωC acts on Σ+

2m as the identity
and minus the identity on Σ−2m. If n = 2m + 1, when restricted to Spincn, the two
representations χ0

2m+1|Spincn

and χ1
2m+1|Spincn

are equivalent and we simply choose Σ2m :=

Σ0
2m. The above facts are also true for ρn.

The natural inclusion i : Spinn ↪→ Spincn, given by i(a) = [a, 1] relates the spinor
representations ρn and ρcn. In fact, we have:

ρcn([a, z]) = zρn(a).

It is well known that det(ρn(a)) = 1, thus det ρcn([a, z]) = z2[n2 ]

.

The complex vector space Σ2m carries a natural Hermitian scalar product 〈·, ·〉. This
scalar product satisfies

〈v · σ1, σ2〉 = −〈σ1, v · σ2〉 for all σ1, σ2 ∈ Σ2m and v ∈ Rn.

Moreover, for this scalar product, the spinor representation ρcn is unitary, i.e.

〈[a, z] · σ1, [a, z] · σ2〉 = 〈σ1, σ2〉 for all σ1, σ2 ∈ Σ2m and [a, z] ∈ Spincn.

1.2 The Dirac operator on Riemannian Spinc man-

ifolds

We introduce Spinc structures on a Riemannian manifold N which is needed to define
globally a complex vector bundle ΣN (called the Spinc bundle) such that at every point
x ∈ N , the fiber is given by ΣxN = Σn. On sections of the Spinc bundle ΣN , we then
define the Dirac operator and we give its basic properties.

1.2.1 Spinc structures on manifolds

Let Nn be an oriented Riemannian manifold and PSOnN the SOn-principal bundle of
orthonormal tangent frames. A complex Spinc structure onN is a Spincn-principal bundle
PSpincnN over N , an S1-principal bundle PS1N over N together with a twofold covering
map Θ : PSpincnN −→ PSOnN ×N PS1N such that

Θ(u[a, z]) = Θ(u)ξc([a, z]),
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for every u ∈ PSpincnN and [a, z] ∈ Spincn, i.e. the following diagram commutes

PSpincnN × Spincn PSpincnN N

(PSOnN ×N PS1N)× (SOn × S1) PSOnN ×N PS1N

-

?

Θ×ξc

?

Θ

-π

-
��
��
�
��
�
��
�
��
�*

π

The horizontal maps are respectively the action of Spincn and SOn × S1 on the prin-
cipal fiber bundles PSpincnN and PSOnN ×N PS1N . We denote by PSOnN ×N PS1N the
SOn × S1-principal fiber bundle obtained by the pull back of the SOn × S1-principal
fiber bundle (PSOnN × PS1N, π,N ×N) via the diagonal map.

Equivalently, N has a Spinc structure if and only if there exists an S1-principal
bundle PS1N over N such that the transition functions gαβ× lαβ : Uα∩Uβ −→ SOn×S1

of the SOn × S1-principal bundle PSOnN ×N PS1N admit a lift to Spincn denoted by

g̃αβ × l̃αβ : Uα ∩ Uβ −→ Spincn, such that ξc ◦ (g̃αβ × l̃αβ) = gαβ × lαβ, i.e. the following
diagram commutes

Spincn

Uα ∩ Uβ ⊂ N SOn × S1

?

ξc

�
�
�
�
�
��3egαβ×elαβ

-
gαβ×lαβ

This, anyhow, is equivalent to the second Stiefel-Whitney class w2(N) being equal,
modulo 2, to the first Chern class c1(L) of the auxiliary line bundle L. It is the complex
line bundle associated with the S1-principal fiber bundle via the standard representation
of the unit circle, i.e. L = PS1N ×ρ C, where ρ is the representation of S1 given by

ρ : S1 −→ End(C) = C∗

z 7−→ ρ(z) : w → zw.

Let ΣN := PSpincnN×ρcnΣn be the vector bundle associated with the spinor representation
ρcn. It is called the Spinc bundle and a section φ of ΣN will be called a spinor field. Any
spinor field φ is locally given by

φ|U = [b̃× s, σ],

where U ⊂ N is an open set of N , σ : U → Σn a function, b = (e1, . . . , en) is a local

orthonormal tangent frame, s : U −→ PS1N is a local section of PS1N and b̃× s is the
lift of the local section b × s : U → PSOnN ×N PS1N to PSpincnN , i.e. the following
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diagram commutes

PSpincnN

U ⊂ N PSOnN ×N PS1N
?

Θ

�
�
�
�
�
�
��3

b̃×s

-b×s

The transition functions of the Spinc bundle ΣN are given by ρcn(g̃αβ× l̃αβ) = ρn(g̃αβ)×
l̃αβ.

Proposition 1.2.1. The Spinc bundle ΣN can be written as

ΣN = Σ
′
N ⊗ L

1
2 ,

where Σ
′
N is the locally defined spinor bundle and L

1
2 is locally defined too but ΣN

is globally defined. Moreover, the auxiliary line bundle L is a root of det ΣM of index
2[n

2
]−1, i.e.

L = (det ΣN)21−[n2 ]

,

where det ΣN is the complex line bundle whose transition functions are given by det(ρcn(g̃αβ×
l̃αβ)).

Proof. It is clear that ξc ◦(g̃αβ× l̃αβ) = ξ(g̃αβ)×(l̃αβ)2 satisfies the cocycle condition

but l̃αβ = (lαβ)
1
2 and ξ(g̃αβ) don’t necessary satisfy the cocycle condition. Since ξ(g̃αβ) =

gαβ, the functions ρn(g̃αβ) present the locally defined spinor bundle, thus ΣN = Σ
′
N ⊗

L
1
2 . Moreover, we have

det(ρcn(g̃αβ × l̃αβ)) = det(ρn(g̃αβ)× ρ(l̃αβ)) = (l̃αβ)2[n2 ]

= (lαβ)2[n2 ]−1

,

which gives L = (det ΣN)21−[n2 ]

.

The tangent bundle TN = PSOnN ×ρ0 Rn, where ρ0 stands for the standard matrix
representation of SOn on Rn, can be seen as the associated vector bundle

TN ' PSpincnN ×pr1◦ξc◦ρ0 Rn,

where pr1 is the first projection. One defines the Clifford multiplication “·” at every
point x ∈ N :

TxN ⊗ ΣxN −→ ΣxN

[b̃× s, v]⊗ [b̃× s, σ] −→ [b̃× s, v] · [b̃× s, σ] := [b̃× s, v · σ = χn(v)σ],

where σ ∈ Σn and χn = χ2m if n is even and χn = χ0
2m+1 if n is odd. Clifford

multiplication inherits the relations of the Clifford algebra, i.e. for X, Y ∈ TxN and
φ ∈ ΣxN we have

X · Y · φ+ Y ·X · φ = −2g(X, Y )φ.
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In even dimensions the Spinc bundle splits into

ΣN = Σ+N ⊕ Σ−N,

where Σ±N = PSpincnN ×(ρcn)± Σ±n . Clifford multiplication by a non-vanishing tangent
vector interchanges Σ+N and Σ−N . The Spincn-invariant scalar product on Σn and Σ±n
induces inner products on ΣN and Σ±N which we again denote by 〈·, ·〉 and it satisfies

〈X · ψ, φ〉 = −〈ψ,X · φ〉 ,
for every X ∈ Γ(TN) and ψ, φ ∈ Γ(ΣN) or ψ, φ ∈ Γ(Σ±N).

Example 1.2.1. Every Spin manifold has a trivial Spinc structure. In fact, denoting
by PSpinnN the Spinn-principal fiber bundle given by the Spin structure, we can enlarge
the structure group via the inclusion i : Spinn ↪→ Spincn, i.e. we define a Spincn-principal
bundle PSpincnN by PSpincnN := PSpinnN ×i Spincn. This principal fiber bundle, with the
trivial S1-principal fiber bundle, defines a Spinc structure on N .

1.2.2 The Levi-Civita connection on the Spinc bundle

We fix a connection A on the S1-principal fiber bundle PS1N ,

A : T (PS1N) −→ Lie(S1) = iR.

The connection A with the connection 1-form ω on PSOnN for the Levi-Civita connection
∇,

ω : T (PSOnN) −→ Lie(SOn) = son,

defines a connection

ω × A : T (PSOnN ×N PS1N) −→ son ⊕ iR = spincn,

on the principal fiber bundle PSOnN ×N PS1N . It is not difficult to see that this con-
nection lifts to the 2-fold covering ξc as a connection ω̃ on the Spincn-prinicipal bundle
PSpincnN , i.e.

ω̃ = (ξc)−1
∗ ◦ (ω × A) ◦Θ∗.

In fact, the following diagram commutes

T (PSpincnN) spincn

T (PSOnN ×N PS1N) son ⊕ iR

-

?

Θ∗

-eω

?

(ξc)∗

--ω×A

Now, ω̃ induces a covariant derivative ∇ on ΣN and we would like to find its local form:

let φ a spinor field given locally by φ|U = [b̃× s, σ]. The following diagram commutes

T (PSpincnN) spinc
n

TU ⊂ TN T (PSOnN ×N PS1N) son ⊕ iR

-eω

?

Θ∗

?

(ξc)∗

��
�
��
�
��*

(̃b×s)∗

-
(b×s)∗ -ω×A
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It is easy to show that, for every X ∈ Γ(TU), we have

ω(b∗(X)) = −
∑
j<k

g(∇Xej, ek) ej ∧ ek.

Hence we have

ω̃((b̃× s)∗(X)) = (ξc)−1
∗ ◦ (ω × A) ◦ (b× s)∗(X)

= (ξc)−1
∗ (ω(b∗(X)), A(s∗(X)))

= −
∑
j<k

g(∇Xej, ek)(ξ
c)−1
∗ (ej ∧ ek, A(s∗(X)))

= −1

2

∑
j<k

g(∇Xej, ek)ej · ek +
1

2
A(s∗(X)).

The covariant derivative ∇ on ΣN is given by

∇Xφ = [b̃× s,X(σ) + (ρcn)∗(ω̃ ◦ (b̃× s)∗(X))σ],

where X(σ) is the Lie derivative of σ in the direction of X. Since ρcn is linear, i.e.
(ρcn)∗ = ρcn we conclude

∇Xφ =
[
b̃× s,X(σ)− 1

2

∑
j<k

g(∇Xej, ek)ej · ek · σ +
1

2
A(s∗(X))σ

]
= X(φ) +

1

4

n∑
j=1

ej · ∇Xej · φ+
1

2
A(s∗(X))φ. (1.5)

The curvature of A is an imaginary valued 2-form denoted by FA = dA, i.e. FA = iΩ,
where Ω is a real valued 2-form on PS1N . Using Equation (1.5) and the fact that the
curvature R of ∇ is given by R(X, Y ) = [∇X ,∇Y ]−∇[X,Y ], we get

R(X, Y )φ =
1

4

n∑
j,k=1

〈R(X, Y )ej, ek〉 ej · ek · φ+
i

2
Ω(s∗(X), s∗(Y ))φ,

for any X, Y ∈ Γ(TN). Here R is the curvature tensor of the Levi-Civita connection ∇.
We know that Ω can be viewed as a real valued 2-form on N [Fri00, Ko-No96]. In this
case, iΩ is the curvature form of the auxiliary line bundle L. Finally,

R(X, Y )φ =
1

4

n∑
j,k=1

〈R(X, Y )ej, ek〉 ej · ek · φ+
i

2
Ω(X, Y )φ. (1.6)

Using the Bianchi identity and Equation (1.6), we easily get the Ricci identity
n∑
k=1

ek · R(ek, X)φ =
1

2
Ric(X) · φ− i

2
(XyΩ) · φ, (1.7)

where Ric denotes the Ricci curvature considered as a field of endomorphism on TN .

Remark 1.2.1. Consider a Spin manifold N with its trivial Spinc structure (see Ex-
ample 1.2.1). On the trivial S1-principal fiber bundle, we choose the trivial connection
whose curvature form is zero, i.e. iΩ = 0. Hence Formulas (1.5), (1.6) and (1.7) are
well known on Spin manifolds.
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1.2.3 The Spinc Dirac Operator

Definition 1.2.1. The Dirac operator is the composition of the covariant derivative
acting on sections of ΣN with the Clifford multiplication. Locally, it is given by

D : Γ(ΣN) −→ Γ(ΣN)

φ 7−→
n∑
j=1

ej · ∇ejφ.

The Dirac operator is a first order partial differential operator, which is elliptic and
formally self-adjoint with respect to

∫
N
〈., .〉 vg, if N is compact, where vg denotes the

volume element. It means that, for any φ, ψ ∈ Γ(ΣN), we have∫
N

〈Dφ,ψ〉 vg =

∫
N

〈φ,Dψ〉 vg.

We should point out that, in even dimensions, the Dirac operator sends positive spinors
to negative ones and conversely, i.e.

D : Γ(Σ±N) −→ Γ(Σ∓N).

An important tool when examining the Dirac operator is the Schrödinger-Lichnerowicz
formula. It relates the square of the Dirac operator to some geometric data, like the
scalar curvature.

Theorem 1.2.1 (The Schrödinger-Lichnerowicz formula). Denoting by S the scalar
curvature of a Riemannian Spinc manifold N , we have

D2 = ∇∗∇+
1

4
S IdΓ(ΣN) +

i

2
Ω·, (1.8)

where Ω· is the extension of the Clifford multiplication to differential forms and ∇∗∇
is the Hodge-Laplacian defined on the Spinc bundle given in local normal coordinates by
∇∗∇ = −

∑n
j=1∇ej∇ej .

Proof. For normal coordinates at any point x ∈ N , we have

D2 =

( n∑
j=1

ej · ∇ej

)( n∑
k=1

ek · ∇ek

)
=

n∑
j,k=1

ej · ek · ∇ej∇ek

= −
n∑
j=1

∇ej∇ej +
n∑

j,k=1;j 6=k

ej · ek · ∇ej∇ek

= −
n∑
j=1

∇ej∇ej +
n∑
j<k

ej · ek ·
(
∇ej∇ek −∇ek∇ej

)
= ∇∗∇+

1

2

n∑
j,k=1

ej · ek · Rej ,ek .
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Using Equation (1.6), we get

D2 = ∇∗∇ +
1

2

n∑
j,k=1

ej · ek ·
(1

4

n∑
l,m=1

〈R(ej, ek)el, em〉 el · em ·
)

+
i

4

n∑
j,k=1

Ω(ej, ek) ej · ek·

But an easy computation yields

1

2

n∑
j,k=1

ej · ek ·
(1

4

n∑
l,m=1

〈R(ej, ek)el, em〉 el · em ·
)

=
1

4
S,

i

4

n∑
j,k=1

Ω(ej, ek)ej · ek· =
i

2
Ω·,

which finishes the proof.

1.3 Spinc structures on complex manifolds

Now, we assume that Nn is a differentiable manifold carrying an almost complex struc-
ture. An almost complex structure on a differentiable manifold Nn is given by a (1, 1)-
tensor J satisfying J2 = −IdTN . The pair (N, J) is then referred to as an almost
complex manifold. An almost complex manifold should have an even real dimension,
i.e. n = 2m. The integer m is called the complex dimension of the manifold N . The
endomorphism J can be extended by C-linearity to the complexified tangent bundle
TCN = TN ⊗R C, then

TCN = T1,0N ⊕ T0,1N,

where T1,0N (resp. T0,1N) denotes the eigenbundle of TCN corresponding to the eigen-
value i (resp. −i) of J . The bundle T1,0N is given by

T1,0N = T0,1N = {X − iJX |X ∈ Γ(TN)}.

Fix a Hermitian metric g compatible with the almost complex structure, i.e. a Rieman-
nian metric g with the proprerty

g(JX, JY ) = g(X, Y ),

then n(X, Y ) = g(X, JY ) is a real 2-form on N . We will call (N, J, g) a Hermitian
manifold. On a Hermitian manifold (N, J, g), the almost complex structure is called a
complex structure if and only if T1,0N is formally integrable, i.e. [T1,0N, T1,0N ] ⊂ T1,0N .
This integrability condition is equivalent to say that the Nijenhuis tensor NJ vanishes.
The Nijenhuis tensor NJ is the (2, 1)-tensor defined by

NJ(X, Y ) = [X, Y ] + J [JX, Y ] + J [X, JY ]− [JX, JY ],
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for any X, Y ∈ Γ(TN). A Kähler manifold is a Hermitian manifold (N, J, g) such that
J is a complex structure and ∇J = 0, where ∇ is the Levi-Civita connection on N .

Consider (N, J, g) a Hermitian manifold and {e1, Je1, · · · , em, Jem} an orthonormal ba-
sis of TN . We point out that, as a complex vector space, TN is C-isomorphic (resp.
C-anti-isomorphic) to T1,0N (resp. T0,1N). We define a complex vector Zj by

Zj =
1

2
(ej − iJej).

It is easy to check that {Z1, · · · , Zm} forms a basis of T1,0N and {Z1, · · · , Zm} forms a
basis of T0,1N . Moreover, we have for any k, l = 1, · · · ,m

g(Zk, Zl) = g(Zk, Zl) = 0,

g(Zk, Zl) = g(Zk, Zl) =
1

2
δkl.

Hence, the dual space T ∗1,0N of T1,0N is C-isomorphic to T0,1N by

T0,1N −→ T ∗1,0N

Zj 7−→ Zj
∗ =: 2g(Zj, .)

Similary, T0,1N is C-isomorphic to T ∗0,1N . The set {Z1
∗, · · · , Zm∗} forms a basis of T ∗1,0N

and {Z1
∗
, · · · , Zm

∗} forms a basis of T ∗0,1N .

Proposition 1.3.1. Every Hermitian manifold (Nn, J, g) has a canonical Spinc struc-
ture whose Spinc bundle is given by ΣN = Λ0,∗N = ⊕mr=0Λ0,rN, where Λ0,rN = Λr(T ∗0,1N)
is the bundle of complex r-forms of type (0, r). The auxiliary line bundle of this canon-
ical Spinc structure is given by K−1

N , where KN = Λm(T ∗1,0N) is the canonical bundle of
N [Fri00].

Proof. A Hermitian structure on N2m produces a reduction of the SO2m principal
bundle PSO2mN to the subgroup Um, where Um is viewed canonically as a subgroup of
SO2m. We denote the Um-reduction by U(N). Besides, there exists a homomorphism
F : Um −→ Spinc2m such that the following diagram commutes

Spinc2m

Um SO2m × S1

?

ξc

�
�
�
�
�
��

F

-
f

Here, f is defined by f(A) = (A, detA), A ∈ Um and the homomorphism F can be
explicitly described. In fact,

F (A) =
[ m∏
j=1

(
cos(

θj
2

) + sin(
θj
2

)fjJ(fj)
)
, e

i
2

Pm
j=1 θj

]
,
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where {f1, · · · , fm} is a unitary basis in Cm with respect to which A has diagonal form
A = (eiθ1 , · · · , eiθk) and J is the complex structure of Cm. The lift F induces a Spinc

structure on N via the Spinc2m-principal fiber bundle

PSpinc2m
N = U(N)×Um Spinc2m.

The corresponding S1-principal bundle is given by

PS1N = U(N)×det S1.

By definition, the auxiliary line bundle of this canonical Spinc structure is given by

L = PS1N ×ρ C = U(N)×ρ◦det C = Λm(TN) = Λm(T ∗0,1N).

Now, using that Clm ' Σ2m we can easily check that ρc2m ◦ F = ρ̃m, where ρ̃m : Um −→
End(Clm) is the extension of the standard representation of Um to Clm. Hence, the
Spinc bundle is given by

ΣN = U(N)×ρc2m◦F Σ2m ' U(N)×eρm Clm = Cl(TN) = Λ∗(TN) = Λ∗(T ∗0,1N) = Λ0,∗N.

For any other Spinc structure the associated Spinc bundle can be written as [Fri00]

ΣN = Λ0,∗N ⊗ L,

where L2 = KN ⊗ L and L is the auxiliary bundle associated with this Spinc structure.
In this case, the 2-form n can be considered as an endomorphism of ΣN via Clifford
multiplication and it acts on a spinor ψ locally by [Fri00]

n · ψ = −
m∑
j=1

ej · Jej · ψ,

where {e1, Je1, · · · , em, Jem} is any local frame of tangent vector fields. Moreover, we
have the well-known orthogonal splitting

ΣN = ⊕ml=0ΣlN,

where ΣlN denotes the eigensubbundle corresponding to the eigenvalue i(m− 2l) of n,

with complex rank
(m
l

)
. Moreover, for any Z ∈ Γ(T1,0N) and for any ψ ∈ Γ(ΣrN), we

have Z · ψ ∈ Γ(Σr+1N) and Z · ψ ∈ Γ(Σr−1N).

Remark 1.3.1. If we choose the function f to be f(A) = (A, 1
detA

), we get on N another
Spinc structure called the anti-canonical Spinc structure for which ΣN = Λ∗,0N and the
auxiliary line bundle is given by KN .

Proposition 1.3.2. Consider (N2m, J, g) a Hermitian manifold. For any Spinc struc-
ture, we have

(Σ0N)2 = KN ⊗ L,
where L is the auxiliary line bundle associated with the Spinc structure.
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Proof. First, we can prove that there is an isomorphism between Λ0,rN ⊗ Σ0N
and ΣrN for any r = 0, · · · ,m [Fri00, Kir86]. Hence, ΣN = Λ0,∗N ⊗ Σ0N . But,
ΣN = Λ0,∗N ⊗ L, where L2 = KN ⊗ L. Finally, (Σ0N)2 = KN ⊗ L.

For the canonical Spinc structure and since L = (KN)−1, we deduce that Σ0N is trivial.
Hence, if M is Kähler, the canonical Spinc structure carries parallel spinors lying in Σ0N
(the complex constant functions).

Remark 1.3.2. We can view the canonical Spinc structure on Kähler manifolds dif-
ferently using the definition of Spinc structure given in the Introduction. In fact, the
complex fiber bundle Λ0,∗N = ⊕mr=0Λ0,rN , of rank 2m, has a scalar product (the exten-
sion of the metric) and a connection (the extension of the Levi-civita connection on N)
which are compatible. Moreover, the map γ : TN −→ End(Λ0,∗N) defined by

γ(X)ψ =
1√
2

(X + iJX)[ ∧ ψ −
√

2Xyψ,

satisfies the conditions (30), (31) et (32) for every X ∈ Γ(TN), ψ ∈ Γ(Λ0,rN) and
r = 0, · · · ,m. Hence, every Kähler manifold has a Spinc structure.

In 1997, A. Moroianu [Moro97] classified all simply connected Spinc manifolds car-
rying parallel spinors:

Theorem 1.3.1. A simply connected Spinc manifold N carries a parallel spinor if and
only if it is isometric to the Riemannian product N1×N2 of a simply connected Kähler
manifold N1 and a simply connected Spin manifold N2 carrying a parallel spinor.

In this case, the Spinc structure of N is the product of the canonical Spinc structure
of N1 and the Spin structure of N2 and the parallel spinor is the product ψ1 ⊗ ψ2 of a
parallel spinor ψ1 of the canonical Spinc structure of N1 (this spinor lies in Σ0N1) and the
parallel spinor of the Spin manifold N2. Moreover, the connection on the auxiliary line
bundle associated with this product Spinc structure is the extension of the Levi-Civita
connection to (KN1)−1. Hence, the curvature 2-form iΩ is given by iΩ = iρN1 , where ρN1

is the Ricci 2-form on N1 defined by ρN1(X, Y ) = ricN1(X, JY ) for every X, Y ∈ Γ(TN1).
Here, ricN1 is the Ricci curvature of N1 considered as a bilinear symmetric form.





Chapter 2

Lower Bounds for the Eigenvalues of
the Spinc Dirac Operator1

2.1 Introduction

On a compact Riemannian Spin manifold (Nn, g) of dimension n > 2, T. Friedrich
[Fri80] showed that any eigenvalue λ of the Dirac operator satisfies

λ2 > λ2
1 :=

n

4(n− 1)
inf
N
S, (2.1)

The limiting case of (2.1) is characterized by the existence of a special spinor called a real
Killing spinor. This is a section ψ of the spinor bundle satisfying, for every X ∈ Γ(TN),

∇Xψ = −λ1

n
X · ψ.

In [Hij95], O. Hijazi defined, on the complement set of zeroes of any spinor field φ, a field
of symmetric endomorphisms `φ associated with the field of quadratic forms, denoted
also by `φ, called the energy-momentum tensor which is given, for any vector field X,
by

`φ(X) = Re

〈
X · ∇Xφ,

φ

|φ|2

〉
.

The associated symmetric bilinear form is then given for every X, Y ∈ Γ(TN) by

`φ(X, Y ) =
1

2
Re

〈
X · ∇Y φ+ Y · ∇Xφ,

φ

|φ|2

〉
.

Note that, if the spinor field φ is an eigenspinor, C. Bär showed that the zero set is
contained in a countable union of (n − 2)-dimensional submanifolds and has locally
finite (n− 2)-dimensional Hausdroff density [Bär99]. In 1995, O. Hijazi [Hij95] modified
the connection ∇ in the direction of the endomorphism `ψ where ψ is an eigenspinor
associated with an eigenvalue λ of the Dirac operator and established that

λ2 > inf
N

(
1

4
S + |`ψ|2). (2.2)

1This chapter is the subject of a published paper [Nak10]

63
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The limiting case of (2.2) is characterized by the existence of a spinor field ψ satisfying
for all X ∈ Γ(TN),

∇Xψ = −`ψ(X) · ψ. (2.3)

The trace of `ψ being equal to λ, Inequality (2.2) improves Inequality (2.1) since, by

the Cauchy-Schwarz inequality, |`ψ|2 > (tr(`ψ))2

n
, where tr(`ψ) denotes the trace of `ψ.

N. Ginoux and G. Habib showed in [GH09] that the Heisenberg manifold is a limiting
manifold for (2.2) but equality in (2.1) cannot occur.

Using the conformal covariance of the Dirac operator, O. Hijazi [Hij86] showed that,
on a compact Riemannian Spin manifold (Nn, g) of dimension n > 3, any eigenvalue of
the Dirac operator satisfies

λ2 > λ2
1 :=

n

4(n− 1)
µ1, (2.4)

where µ1 is the first eigenvalue of the Yamabe operator given by

L := 4
n− 1

n− 2
4+S,

where 4 is the Laplacian acting on functions. In dimension 2, C. Bär [Bär92] proved
that any eigenvalue of the Dirac operator on N satisfies

λ2 > λ2
1 :=

2πχ(N)

Area(N, g)
, (2.5)

where χ(N) is the Euler-Poincaré number of N . The limiting case of (2.4) and (2.5)
is also characterized by the existence of a real Killing spinor. In terms of the energy-
momentum tensor, O. Hijazi [Hij95] proved that, on such manifolds any eigenvalue of
the Dirac operator satisfies the following

λ2 > λ2
1 :=


πχ(N)

Area(N,g)
+ inf

N
|`ψ|2 if n = 2,

1
4
µ1 + inf

N
|`ψ|2 if n > 3.

(2.6)

Again, the trace of `ψ being equal to λ, Inequality (2.6) improves Inequalities (2.4) and
(2.5). The limiting case of (2.6) is characterized by the existence of a spinor field ϕ
satisfying for all X ∈ Γ(TN),

∇Xϕ = −`ϕ(X) · ϕ, (2.7)

where ϕ = e−
n−1

2
uψ, the spinor field ψ is an eigenspinor associated with the first eigen-

value of the Dirac operator and ψ is the image of ψ under the isometry between the
spinor bundles of (Nn, g) and (Nn, g = e2ug). Suppose that on a Spin manifold N , there
exists a spinor field φ such that, for all X ∈ Γ(TN),

∇Xφ = −E(X) · φ, (2.8)
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where E is a symmetric 2-tensor defined on TN . It is easy to see that E must be equal
to `φ. If the dimension of N is equal to 2, T. Friedrich [Fri98] proved that the existence
of a pair (φ,E) satisfying (2.8) is equivalent to the existence of a local immersion of
N into the Euclidean space R3 with Weingarten tensor equal to 2E. In [Mor05], B.
Morel showed that if Nn is a hypersurface of a manifold carrying a parallel spinor, then
the energy-momentum tensor (associated with the restriction of the parallel spinor) is,
up to a constant, the second fundamental form of the hypersurface. G. Habib [Hab07]
studied Equation (2.8) for an endomorphism E, not necessarily symmetric. He showed
that the symmetric part of E is `φ and the skew-symmetric part of E is qφ defined on
the complement set of zeroes of φ by

qφ(X, Y ) = g(qφ(X), Y ) =
1

2
Re

〈
Y · ∇Xφ−X · ∇Y φ,

φ

|φ|2

〉
,

for all X, Y ∈ Γ(TN). Then, he modifies the connection in the direction of `ψ + qψ

where ψ is an eigenspinor associated with an eigenvalue λ and gets that

λ2 > inf
N

(
1

4
S + |`ψ|2 + |qψ|2). (2.9)

The Heisenberg group and the solvable group are examples of limiting manifolds [Hab07].
For a better understanding of the tensor qφ, he studied Riemannian flows and proved
that, if the normal bundle carries a parallel spinor, the tensor qφ plays the role of the
O’Neill tensor of the flow. In this chapter, we prove the corresponding inequalities for
Spinc manifolds:

Theorem 2.1.1. Let (Nn, g) be a compact Riemannian Spinc manifold of dimension
n > 2. Then, any eigenvalue of the Dirac operator to which is attached an eigenspinor
ψ satisfies

λ2 > inf
N

(1

4
S − cn

4
|Ω|g + |`ψ|2 + |qψ|2

)
, (2.10)

where cn = 2[n
2
]

1
2 and |Ω|g is the norm of Ω with respect to g.

We will only consider deformations of the connection in the direction of the sym-
metric endomorphism `ψ and hence under the same conditions as Theorem 2.1.1, one
gets

λ2 > inf
N

(1

4
S − cn

4
|Ω|g + |`ψ|2

)
. (2.11)

In 1999, A. Moroianu and M. Herzlich [HM99] proved that on Spinc manifolds of di-
mension n > 3, any eigenvalue of the Dirac operator satisfies

λ2 > λ2
1 :=

n

4(n− 1)
µ1, (2.12)

where µ1 is the first eigenvalue of the perturbed Yamabe operator defined by

LΩ = L− cn|Ω|g.
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The limiting case of (2.12) is characterized by the existence of a real Spinc Killing spinor
ψ satisfying Ω · ψ = i cn

2
|Ω|gψ, i.e. a section ψ satisfying

∇Xψ = −λ1

n
X · ψ and Ω · ψ = i

cn
2
|Ω|gψ.

In terms of the energy-momentum tensor we prove:

Theorem 2.1.2. Under the same conditions as Theorem 2.1.1, any eigenvalue λ of the
Dirac operator to which is attached an eigenspinor ψ satisfies

λ2 >


1
4
µ1 + infN |`ψ|2 if n > 3,

πχ(N)
Area(N,g)

− 1
2

R
N |Ω|gvg

Area(N,g)
+ infN |`ψ|2 if n = 2,

(2.13)

where µ1 is the first eigenvalue of the perturbed Yamabe operator.

Using the Cauchy-Schwarz inequality in dimension n > 3, we have that Inequality
(2.13) implies Inequality (2.12). As a corollary of Theorem 2.1.2, we compare the lower
bound to a conformal invariant (the Yamabe number) and to a topological invariant, in
case of 4-dimensional manifolds whose auxiliary line bundle has self dual curvature (see
Corollary 2.3.1 and Corollary 2.3.2). Finally, we study the limiting case of (2.11) and
(2.13), and we give an example.

2.2 Eigenvalue estimates of the Spinc Dirac operator

In this section, we prove the lower bound (2.10). This proof is based on the following
Lemma given by A. Moroianu and M. Herzlich in [HM99]:

Lemma 2.2.1. Let (Nn, g) be a Riemannian Spinc manifold. For any spinor field
ψ ∈ Γ(ΣN) and a real 2-form Ω, we have

〈iΩ · ψ, ψ〉 > −cn
2
|Ω|g|ψ|2, (2.14)

where |Ω|g is the norm of Ω with respect to g, given by |Ω|2g =
∑

i<j(Ωij)
2, in any

orthonormal local frame. Moreover, if equality holds in (2.14), then

Ω · ψ = i
cn
2
|Ω|gψ. (2.15)

In this case, Ω = 0 or Ω has maximal rank, i.e. Ω = 0 or of rank n if n is even and
n− 1 if n is odd.

Proof. Consider Ω as a skew-symmetric Hermitian operator on TN ⊗R C. Then iΩ
is Hermitian, so that all its eigenvalues are real and TN⊗RC decomposes as a direct sum
of the corresponding eigenspaces. This easily shows that we may find an orthonormal
basis {e1, e2, · · · , en} of TN such that

Ω =

[n
2

]∑
j=1

αj e2j−1 ∧ e2j.
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By the Cauchy-Schwarz inequality, we have

〈ie2j−1 · e2j · ψ, ψ〉2 6 |ie2j−1 · e2j · ψ|2|ψ|2 = |ψ|4.

It follows that ( [n
2

]∑
j=1

|αj|
)
|ψ|2 =

[n
2

]∑
j=1

|αj||ψ|2

6
( [n

2
]∑

j=1

|αj|2
) 1

2
( [n

2
]∑

j=1

|ψ|4
) 1

2

=
[n

2

] 1
2 |ψ|2

( [n
2

]∑
j=1

|αj|2
) 1

2
,

and so

−
[n

2

] 1
2
( [n

2
]∑

j=1

|αj|2
) 1

2 |ψ|2 6 −
[n
2

]∑
j=1

|αj||ψ|2 〈 iΩ · ψ, ψ 〉 .

If equality holds in (2.14), then all above inequalities are actually equalities. Then,
Ω · ψ = i cn

2
|Ω|gψ. Moreover,

[n
2

]∑
j=1

|αj| =
[n

2

] 1
2
( [n

2
]∑

j=1

|αj|2
) 1

2
,

and all the αj’s must have equal absolute values, thus showing that Ω = 0 or has maxi-
mal rank.

Proof of Theorem 2.1.1. Let E (resp. Q) be a symmetric (resp. skew-symmetric)
2-tensor defined on TN . For any spinor field φ, the modified connection

∇̃Xφ := ∇Xφ+ E(X) · φ+Q(X) · φ,

satisfies

|∇̃φ|2 = |∇φ|2+|E|2|φ|2−2
n∑

i,j=1

E(ei, ej)`
φ(ei, ej)|φ|2+|Q|2|φ|2−2

n∑
i,j=1

Q(ei, ej)q
φ(ei, ej)|φ|2,

where {e1, ..., en} is any orthonormal local basis tangent to N . Let ψ be an eigenspinor
corresponding to the eigenvalue λ of D. For E = `ψ, Q = qψ, we get

|∇̃ψ|2 = |∇ψ|2 − |`ψ|2|ψ|2 − |qψ|2|ψ|2.

By Lemma 2.2.1 and the Schrödinger-Lichnerowicz formula, it follows

λ2

∫
N

|ψ|2vg >
1

4

∫
N

S|ψ|2vg +

∫
N

(|`ψ|2 + |qψ|2)|ψ|2vg

+

∫
N

〈
i

2
Ω · ψ, ψ

〉
vg

>
∫
N

(1

4
S − cn

4
|Ω|g + |`ψ|2 + |qψ|2

)
|ψ|2vg.
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Finally,

λ2 > inf
N

(1

4
S − cn

4
|Ω|g + |`ψ|2 + |qψ|2

)
.

2.3 Conformal geometry and eigenvalue estimates

Before proving Theorem 2.1.2, we give some basic facts on conformal Spinc geometry.
The conformal class of g is the set of metrics g = e2ug, for a real function u on N .
At a given point x of N , we consider a g-orthonormal basis {e1, . . . , en} of TxN . The
corresponding g -orthonormal basis is denoted by {e1 = e−ue1, . . . , en = e−uen} . This
correspondence extends to the Spinc level to give an isometry between the corresponding
Spinc bundles. We put a “ ” above every object which is naturally associated with the
metric g, except for the scalar curvature where S (resp. Su or Sh) denotes the scalar

curvature associated with the metric g (resp. g = e2ug = h
4

n−2 g). Then, for any spinor
fields ψ and ϕ, one has 〈

ψ, ϕ
〉

= 〈ψ, ϕ〉 ,

where 〈., .〉 denotes the natural Hermitian scalar products on Γ(ΣN) and on Γ(ΣN).
The corresponding Dirac operators satisfy

D ( e−
(n−1)

2
u ψ ) = e−

(n+1)
2

u Dψ. (2.16)

The norms of any real 2-form Ω with respect to g and g are related by

|Ω|g = e−2u|Ω|g. (2.17)

O. Hijazi [Hij95] showed that on a Spin manifold the energy-momentum tensor verifies

|`ϕ|2 = e−2u |`ϕ|2 = e−2u |`ψ|2, (2.18)

where ϕ = e−
(n−1)

2
uψ. We extend the result to a Spinc manifold and get the same

relation.

Lemma 2.3.1. Under the same conditions as Theorem 2.1.1, any eigenvalue λ of the
Dirac operator to which is attached an eigenspinor ψ satisfies

λ2 >
1

4
sup
u

inf
N

(Sue
2u − cn|Ω|g) + inf

N
|`ψ|2.

Proof. For any spinor field φ and for any symmetric 2-tensor E defined on TN , the
modified connection introduced in [Hij95]:

∇E
Xφ = ∇Xφ+ E(X) · φ,

verifies |∇Eφ|2 = |∇φ|2+|E|2|φ|2−2
∑n

i,j=1E(ei, ej)`
φ(ei, ej)|φ|2. Using the Schrödinger-

Lichnerowicz formula on N , applied to the spinor field φ with respect to the metric g,
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yields ∫
N

|∇E
φ|2vg =

∫
N

|D φ|2vg −
∫
N

1

4
Su|φ|2vg +

∫
N

|E|2|φ|2vg

−2

∫
N

n∑
i,j=1

E(ei, ej)`
φ(ei, ej)|φ|2vg −

∫
N

〈
i

2
Ω · φ, φ

〉
vg. (2.19)

For the spinor ϕ = e−
(n−1)

2
u ψ with Dψ = λψ, one gets D ϕ = λe−u ϕ, and hence by

Lemma 2.2.1 and for E = `ϕ∫
N

[
λ2 − (

1

4
Sue

2u + |`ψ|2 − cn
4
|Ω|g)

]
e−2u|ϕ|2vg > 0. (2.20)

Lemma 2.3.2. Let (Nn, g) be a compact Riemannian Spinc manifold of dimension
n > 2 and S (resp. Su or Sh) the scalar curvature associated with the metric g (resp.

g = e2ug = h
4

n−2 g). We have

sup
u

inf
N

(Sue
2u − cn|Ω|g) =


4πχ(N)−2

R
N |Ω|vg

Area(N,g)
if n = 2,

µ1 if n > 3,

(2.21)

where µ1 is the first eigenvalue of the perturbed Yamabe operator LΩ.

Proof. For n > 3, let h > 0 be an eigenfunction of LΩ associated with the eigenvalue

µ1 such that
∫
N

h2vg = 1. For a conformal metric g = e2ug = h
4

n−2 g, we have

Shh
4

n−2 − cn|Ω|g = Sue
2u − cn|Ω|g = h−1LΩh.

So µ1 = h−1LΩh = Shh
4

n−2 − cn|Ω|g. For any positive function H, we write fH = h,
where f is a positive function, and refering to [Hij91] we get

µ1 =

∫
N

(H−1LH)f 2H2 vg − cn
∫
N

|Ω|gf 2H2 vg +

∫
N

H2|df |2 vg.

Finally,
µ1 > inf

N
(H−1LΩH) = inf

N
(Sve

2v − cn|Ω|g),

where e2v = H
4

n−2 , then µ1 = supu infN(Sue
2u − cn|Ω|g). For n = 2 and for every u we

have Sue
2u = S + 24 u. The Stokes and Gauβ-Bonnet theorems yield

inf
N

(Sue
2u − 2|Ω|g) 6

∫
N

(
Sue

2u − 2|Ω|g
)
vg

Area(N, g)
=

4πχ(N)− 2
∫
N
|Ω|gvg

Area(N, g)
.

Let u0 be a solution of the following equation [Aub82]

24 u =

∫
N

(S − 2|Ω|g)vg
Area(N, g)

− S + 2|Ω|g, (2.22)
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hence,

Su0e
2u0 − 2|Ω|g = 24 u0 + S − 2|Ω|g =

4πχ(N)− 2
∫
N
|Ω|gvg

Area(N, g)
.

Proof of Theorem 2.1.2. Combining Lemma 2.3.2 and Lemma 2.3.1, Theorem 2.1.2
follows.

Remark 2.3.1. Inequality (2.11) improves Inequality (2.12), which itself implies the
Friedrich Spinc inequality (33). Equality holds in (33) if and only if equality holds in
(2.12), i.e. if and only if the eigenspinor ψ associated with the first eigenvalue of D is
a Spinc Killing spinor satisfying Ω · ψ = i cn

2
|Ω|gψ.

Corollary 2.3.1. Any eigenvalue of the Dirac operator on a compact Riemannian Spinc

manifold of dimension n > 3, satisfies

λ2 >
1

4
vol(N, g)−

2
n

(
Y (N, [g])− cn‖Ω‖n

2

)
+ inf

N
|`ψ|2,

where Y (N, [g]) is the Yamabe number given by

Y (N, [g]) = inf
η 6=0

∫
N

4n−1
n−2
|dη|2 + Sη2( ∫

N
|η|

2n
n−2

)n−2
n

.

Proof. Using the Hölder inequality, it follows

µ1 = inf
η 6=0

∫
N

4n−1
n−2
|dη|2 + (S − cn|Ω|g)η2∫

N
η2

> inf
η 6=0

∫
N

4n−1
n−2
|dη|2 + (S − cn|Ω|)η2( ∫

N
|η|

2n
n−2

)n−2
n

vol(N, g)
2
n

.

Using the Hölder inequality again, we deduce

µ1 vol(N, g)
2
n > inf

η 6=0

∫
N

4n−1
n−2
|dη|2 + Sη2( ∫

N
|η|

2n
n−2

)n−2
n

− cn
(∫

N

|Ω|
n
2

) 2
n

= Y (N, [g])− cn‖Ω‖n
2
.

Finally, replacing in (2.13), we get the result.

Corollary 2.3.2. On a compact 4-dimensional Riemannian Spinc manifold with self-
dual curvature form iΩ, any eigenvalue of the Dirac operator satisfies

λ2 >
1

4
vol(N, g)−

1
2

(
Y (N, [g])− 4π

√
2
√
c1(L)2

)
+ inf

N
|`ψ|2,

where c1(L) is the Chern number of the auxiliary line bundle L associated with the Spinc

structure.

Proof. It follows directly from Corollary 2.3.1 and the fact that if n = 4 and Ω
self-dual, then

∫
N
|Ω|2gvg = 4π2c1(L)2 (see [Fri00]).
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2.4 Equality case

In this section, we study the limiting case of (2.11) and (2.13). An example is then
given.

Proposition 2.4.1. Under the same conditions as Theorem 2.1.1,

Equality in (2.11) holds ⇐⇒
{
∇Xψ = −`ψ(X) · ψ,
Ω · ψ = i cn

2
|Ω|gψ,

(2.23)

for any X ∈ Γ(TN) and where ψ is an eigenspinor associated with the first eigenvalue
of the Dirac operator.

Proof. If equality in (2.11) is achieved, the two conditions follow directly. Now,
suppose that ∇Xψ = −`ψ(X)·ψ and Ω·ψ = i cn

2
|Ω|gψ. The condition ∇Xψ = −`ψ(X)·ψ

implies that |ψ|2 is constant. Denoting by R the curvature tensor on the Spinc bundle
associated with the connection ∇, one easily gets the following relation

RX,Y ψ + d`ψ(X, Y ) · ψ + [`ψ(X), `ψ(Y )] · ψ = 0,

where d`ψ is a 2-form with values in Γ(TN) given by

d`ψ(X, Y ) = (∇X`
ψ)Y − (∇Y `

ψ)X.

Taking Y = ej and performing its Clifford multiplication by ej yields by the Ricci
identity (1.7) on a Spinc manifold

− 1

2
Ric(X) · ψ +

i

2
(XyΩ) · ψ +

∑
j

ej · d`ψ(X, ej) · ψ

+
∑
j

ej · [`ψ(X), `ψ(ej)] · ψ = 0. (2.24)

We then decompose the last two terms in (2.24) using that X · α = X ∧ α − Xyα for
any form α, it follows∑

j

ej · d`ψ(X, ej) · ψ =
∑
j

[ej ∧ d`ψ(X, ej)] · ψ − [X(tr `ψ) + div `ψ(X)]ψ.

∑
j

ej · [`ψ(X), `ψ(ej)] · ψ = 2 (tr `ψ) `ψ(X) · ψ − 2
∑
j

g(X, `ψ(ej)) `
ψ(ej) · ψ.

Taking the scalar product of (2.24) with ψ, and after seperating real and imaginary
parts, yields for every vector field X the relation(

X(tr `ψ) + div `ψ(X)
)
|ψ|2 =

i

2
〈(XyΩ) · ψ, ψ〉 . (2.25)

But, since Equality (2.15) holds, we compute

〈(XyΩ) · ψ, ψ〉 = 〈(X ∧ Ω) · ψ, ψ〉 − 〈X · Ω · ψ, ψ〉

= 〈(X ∧ Ω) · ψ, ψ〉 − i
[n

2

] 1
2 |Ω|g 〈X · ψ, ψ〉 .
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After separating real and imaginary parts, 〈(XyΩ) · ψ, ψ〉 must vanish. Using this and∑n
j=1 ej · (ejyΩ)· = 2Ω·, Clifford multiplication of (2.24) with ek, and for X = ek, gives

−1

2
Sψ − iΩ · ψ =

∑
k,j

ej · (ek ∧ d`ψ(ej, ek)) · ψ − 2(tr `ψ)2ψ + 2|`ψ|2ψ.

An easy computation implies that
∑
k,j

ej · (ek ∧ d`ψ(ej, ek)) · ψ = 0, hence

− 1

2
S +

[n
2

] 1
2 |Ω|g = −2(tr `ψ)2 + 2|`ψ|2, (2.26)

which implies equality in (2.11).

Proposition 2.4.2. On a compact Riemannian Spinc manifold (Nn, g) of dimension
n > 3, assume that the first eigenvalue λ1 of the Dirac operator to which is attached
an eigenspinor ψ satisfies the equality case in (2.13). Then, |`ψ| is constant and if
h > 0 denotes an eigenfunction of the Yamabe operator corresponding to µ1, then for
any vector field X

g(X, `ψ(dh)− λ1dh) = g(λ1X − `ψ(X), dh) = 0. (2.27)

Proof. If n > 3 and equality holds in (2.13), we consider the positive function v > 0

defined by e2v = h
4

n−2 where h is an eigenfunction of the Yamabe operator corresponding
to µ1. Inequality (2.20) with u = v gives |`ψ| is constant, ∇Xϕ = −`ϕ(X) · ϕ and
Ω · ϕ = i cn

2
|Ω|gϕ. By Proposition 2.4.1, Equality (2.26) and (2.25) can be considered

for the conformal metric g = e2vg = h
4

n−2 g to get

(tr `ϕ)2 := f 2 =
1

4
Sv −

cn
4
|Ω|g + |`ϕ|2,

grad f = −div `ϕ.

It is straightforward to see that these two equalities give (2.27).

2.5 An example

If the lower bound (33) is achieved, automatically equality holds in (2.11). Here, we will
give an example where equality holds in (2.11) but not in (33).

Let (N3, g) = (S3, can) be endowed with its unique Spin structure and consider a real
Killing spinor ψ with Killing constant 1

2
. As the norm of ψ is constant, we may suppose

that |ψ| = 1. Let ξ be the Killing vector field on N defined by

ig(ξ,X) = 〈X · ψ, ψ〉 .
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First, we have idξ(X, Y ) = −〈X ∧ Y · ψ, ψ〉 for any X, Y ∈ Γ(TN). In fact,

2idξ(X, Y ) = X(〈Y · ψ, ψ〉)− Y (〈X · ψ, ψ〉)− 〈[X, Y ] · ψ, ψ〉
= 〈Y · ∇Xψ, ψ〉+ 〈Y · ψ,∇Xψ〉 − 〈X · ∇Y ψ, ψ〉 − 〈X · ψ,∇Y ψ〉

=
1

2
〈Y ·X · ψ, ψ〉 − 1

2
〈X · Y · ψ, ψ〉 − 1

2
〈X · Y · ψ, ψ〉+

1

2
〈Y ·X · ψ, ψ〉

= 〈Y ·X · ψ, ψ〉 − 〈X · Y · ψ, ψ〉
= −2 〈X ∧ Y · ψ, ψ〉 .

Using the Hodge operator ∗ and the volume form which acts as the identity on the
spinor bundle, we get

idξ(X, Y ) = ig(dξ,X ∧ Y )

= −〈X ∧ Y · ψ, ψ〉

=

〈
X ∧ Y · ∗(X ∧ Y ) · ∗(X ∧ Y )

| X ∧ Y |2
· ψ, ψ

〉
=

1

| X ∧ Y |2
〈
| X ∧ Y |2 vg · ∗(X ∧ Y ) · ψ, ψ

〉
= 〈∗(X ∧ Y ) · ψ, ψ〉

= ig
(
ξ, ∗(X ∧ Y )

)
= ig(∗ξ,X ∧ Y ),

hence dξ = ∗ξ. We have

2dξ(X, Y ) = X(g(ξ, Y ))− Y (g(ξ,X))− g(ξ, [X, Y ])

= g(∇Xξ, Y ) + g(ξ,∇XY )− g(∇Y ξ,X)− g(ξ,∇YX)

−g(ξ,∇XY ) + g(ξ,∇YX)

= g(∇Xξ, Y )− g(∇Y ξ,X)

= 2g(∇Xξ, Y ).

Moreover, d|ξ|2 = −2dξ(ξ, .) = −2∇ξξ. Indeed,

d|ξ|2(X) = X(g(ξ, ξ))

= g(∇Xξ, ξ) + g(ξ,∇Xξ)

= 2g(∇Xξ, ξ)

= −2g(∇ξξ,X)

= −2dξ(ξ,X).

But dξ(ξ, .) = g(∇ξξ, .) ' ∇ξξ, so

d|ξ|2 = −2dξ(ξ, .) ' −2∇ξξ.

Since dξ(ξ, .) = ∗ξ(ξ, .) = 0, we conclude that d|ξ|2 = 0 and then |ξ| = cte. Moreover,

dξ · ϕ = ∗ξ · ϕ = −ξ · ϕ for any spinor field ϕ.
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The Killing vector ξ is not zero because if ξ = 0 we get,

〈ξ · ψ, ψ〉 = ig(ξ, ξ) = i|ξ|2 = 0,

hence ξ · ψ ⊥ ψ and the vector space TxN · ψ of dimension 3 is orthogonal to ψ. This
is a contradiction because ψ⊥ has complex dimension 1. Let{ ξ/|ξ|, e1, e2} be a local
orthonormal frame of N and φ a spinor field generated by ψ⊥. We have 〈ei · ψ, ψ〉 =
ig(ξ, ei) = 0 hence ei · ψ ⊥ ψ, i.e, ei · ψ = aiφ where a1 and a2 are no zero complex
functions. Hence,

ξ · ψ = −|ξ|e1 · e2 · ψ = −|ξ|e1 · (a2φ) = |ξ|a2

a1

ψ,

so there exists a complex function a such that ξ · ψ = aψ. By definition, we have
ig(ξ, ξ) = 〈ξ · ψ, ψ〉 = a, hence i|ξ|2 = a. On the one hand,

ξ · ξ · ξ · ξ · ψ = −|ξ|2(−|ξ|2)ψ = |ξ|4ψ,

and on the other hand, we have

ξ · ξ · ξ · ξ · ψ = |ξ|2|ξ|2ψ = |ξ|2(−ia)ψ

= (−ia)2ψ = −a2ψ

= −a(ξ · ψ) = −ξ(a · ψ)

= −ξ(ξ · ψ) = |ξ|2ψ.

Finally, |ξ|4 = |ξ|2 and since |ξ| is constant, we get |ξ| = 1. As a conclusion,

a = i and ξ · ψ = iψ.

Let h be a real constant such that h > 1. We define the metric gh on N , by:{
gh(ξ,X) = g(ξ,X) for any X ∈ Γ(TN),
gh(X, Y ) = h−2g(X, Y ) for X, Y ⊥ ξ.

By the following isomorphism,

(TN, g) −→ (TN, gh)

Z 7−→ Zh =

{
Z if Z = ξ,
hZ if Z ⊥ ξ,

if {ξ, e1, e2} is a local orthonormal frame of (N, g), {ξh = ξ, eh1 , e
h
2} is a local gh-

orthonormal frame of (N, gh).

Lemma 2.5.1. The Levi-Civita connection ∇h associated with the metric gh is given
by

∇h
ξ ξ = ∇ξξ = 0,

gh(∇h
ξ e
h
i , e

h
j ) = g(∇ξei, ej) + (h2 − 1)dξ(ei, ej),

gh(∇h
ehi
ξ, ehj ) = dξ(ehi , e

h
j ) = h2g(∇eiξ, ej).
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Proof. By the Koszul formula, we get

2gh(∇h
ξ ξ, e

h
i ) = ξ(gh(ξ, ehi )) + ξ(gh(ξ, ehi ))− ehi (gh(ξ, ξ))

+gh(ehi , [ξ, ξ])− gh(ξ, [ξ, ehi ])− gh(ξ, [ξ, ehi ])
= ξ(hg(ξ, ei)) + ξ(hg(ξ, ei))− hei(g(ξ, ξ))

+hgh(ei, 0)− 2hgh(ξ, [ξ, ei])

= −2hgh(ξ, [ξ, ei]).

Similary, 2gh(∇ξξ, e
h
i ) = −2hgh(ξ, [ξ, ei]).Again, by the Koszul formula, we have gh(∇ξξ, ξ) =

0 and gh(∇h
ξ ξ, ξ) = 0. Hence, ∇h

ξ ξ = ∇ξξ = 0 since ∇ξξ = 0. It follows

2gh(∇h
ehi
ξ, ehj ) = ehi (g

h(ξ, ehj )) + ξ(gh(ehi , e
h
j ))− ehj (gh(ehi , ξ))

+gh(ehj , [e
h
i , ξ])− gh(ξ, [ehi , ehj ])− gh(ehi , [ξ, ehj ])

= hei(hg
h(ξ, ej)) + ξ(h2gh(ei, ej))− hej(hgh(ei, ξ))

+h2gh(ej, [ei, ξ])− h2gh(ξ, [ei, ej])− h2gh(ei, [ξ, ej])

= h2
[
gh(ej, [ei, ξ])− gh(ξ, [ei, ej])− gh(ei, [ξ, ej])

]
= h2

[
h−2g(ej, [ei, ξ]) + (1− h−2)g(ξ, ej)g(ξ, [ei, ξ])

−h−2g(ξ, [ei, ej])− (1− h−2)g(ξ, ξ)g(ξ, [ei, ej])

−h−2g(ei, [ξ, ej])− (1− h−2)g(ξ, ei)g(ξ, [ξ, ej])
]

= h2
[
h−2g(ej,∇eiξ)− h−2g(ej,∇ξei)− g(ξ, [ei, ej])

−h−2g(ei,∇ξej) + h−2g(ei,∇ejξ)
]

= h2
[
− g(ξ, [ei, ej])− h−2ξ(g(ei, ej))

]
= −h2g(ξ, [ei, ej]).

Moreover, we have

2g(∇eiξ, ej) = ei(g(ξ, ej)) + ξ(g(ei, ej))− ej(g(ei, ξ))

+g(ej, [ei, ξ])− g(ξ, [ei, ej])− g(ei, [ξ, ej])

= −g(ξ, [ei, ej]) + g(ej,∇eiξ)− g(ej,∇ξei)

−g(ei,∇ξej) + g(ei,∇ejξ) = −g(ξ, [ei, ej]).

Thus, 2gh(∇h
eih
ξ, ehj ) = −h2g(ξ, [ei, ej]) = 2h2g(∇eiξ, ej) and finally

gh(∇h
eih
ξ, ehj ) = h2g(∇eiξ, ej) = h2dξ(ei, ej) = dξ(ehi , e

h
j ).
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Again, by the Koszul formula,

2gh(∇h
ξ e
h
i , e

h
j ) = ξ(gh(ehi , e

h
j )) + ehi (g

h(ξ, ehj ))− ehj (gh(ξ, ehi ))
+gh(ehj , [ξ, e

h
i ])− gh(ehi , [ξ, ehj ])− gh(ξ, [ehi , ehj ])

= h2gh(ej, [ξ, ei])− h2gh(ei, [ξ, ej])− h2gh(ξ, [ei, ej])

= h2
[
h−2g(ej, [ξ, ei]) + (1− h−2)g(ξ, ej)g(ξ, [ξ, ei])

]
−h2

[
h−2g(ei, [ξ, ej]) + (1− h−2)g(ξ, ei)g(ξ, [ξ, ej])

]
−h2g(ξ, [ei, ej])

= g(ej, [ξ, ei])− g(ei, [ξ, ej])− h2g(ξ, [ei, ej])

= 2g(∇ξei, ej)− 2g(∇eiξ, ej)− h2g(ξ, [ei, ej])

= 2g(∇ξei, ej) + g(ξ, [ei, ej])− h2g(ξ, [ei, ej])

= 2g(∇ξei, ej) + (1− h2)g(ξ, [ei, ej]),

since we have

2g(∇eiξ, ej) = g(ej, [ei, ξ])− g(ξ, [ei, ej])− g(ei, [ξ, ej])

= g(ej,∇eiξ)− g(ej,∇ξei)− g(ξ, [ei, ej])

−g(ei,∇ξei) + g(ei,∇ejξ)

= −g(ξ, [ei, ej]).

Hence, gh(∇h
ξ e
h
i , e

h
j ) = g(∇ξei, ej) + (h2 − 1)dξ(ei, ej). Similary, we get

gh(∇h
ehi
ei
h, ej

h) = hg(∇eiei, ej).

The following isomorphism

PSO3Ng −→ PSO3Ngh

u = {ξ, e1, e2} 7−→ uh = {ξ, eh1 , eh2},

can be extended in a natural way to

PSpin3
Ng −→ PSpin3

Ngh

ũ 7−→ ũh.

This isomorphism defines the following isomorphism of vector spaces:

ΣgN −→ ΣghN

ψ = [ũ, σ] 7−→ ψh = [ũh, σ].

The Clifford multiplication with respect to g and gh will be denoted by the same symbol.
Hence, we have

〈ψ1, ψ2〉ΣgN =
〈
ψh1 , ψ

h
2

〉
Σ
gh
N
,

(X · ψ)h = Xh · ψh for every X ∈ Γ(TN).
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Lemma 2.5.2. The spinorial Levi-Civita connection ∇h of the Spin manifold (N, gh)
is given by

∇h
Xhψ

h =
h2

2
Xh · ψh + i

(
(1− h2)ξ

)
(Xh)ψh,

for every ψh ∈ Γ(ΣghN).

Proof. For every ψh ∈ Γ(ΣghN), we compute

∇h
ξψ

h = [ũh, ξ(φ)] +
1

2

∑
i<j

gh(∇h
ξ e
h
i , e

h
j )e

h
i · ehj · ψh

= [ũh, ξ(φ)] +
1

2
gh(∇h

ξ e
h
1 , e

h
2)eh1 · eh2 · ψh

= [ũh, ξ(φ)] +
1

2

(
g(∇ξe1, e2)eh1 · eh2 · ψh

+(h2 − 1)dξ(e1, e2)eh1 · eh2 · ψh
)

= (∇ξψ)h +
h2 − 1

2

(
dξ(e1, e2)e1 · e2 · ψ

)h
= (∇ξψ)h +

h2 − 1

2
(dξ · ψ)h

= (∇ξψ)h − h2 − 1

2
(ξ · ψ)h =

1

2
(ξ · ψ)h − h2 − 1

2
(ξ · ψ)h

= (1− h2

2
)ξ · ψh,

and

∇h
eh1
ψh = [ũh, eh1(φ)] +

1

2
gh(∇h

eh1
eh1 , e

h
2)eh1 · eh2 · ψh

+
1

2
gh(∇h

eh1
ξ, eh2)ξ · eh2 · ψh +

1

2
gh(∇h

eh1
ξ, eh1)ξ · eh1 · ψh

= h[ũh, e1(φ)] +
1

2
[hg(e1, [e1, e2])eh1 · eh2 · ψh] +

1

2
[h2g(∇e1ξ, e2)ξ · eh2 · ψh]

= h(∇e1ψ)h +
h2 − h

2
g(∇e1ξ, e2)(ξ · e2 · ψ)h

= h(∇e1ψ)h +
h2 − h

2
dξ(e1, e2)(ξ · e2 · ψ)h

= h(∇e1ψ)h +
h2 − h

2
(e1 · ψ)h

=
h

2
(e1 · ψ)h +

h2 − h
2

(e1 · ψ)h

=
h2

2
(e1 · ψ)h.

Similary, we have ∇h
eh2
ψh = h2

2
(e2 · ψ)h.
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We consider the trivial S1-principal bundle (N × S1, π,N) and let L be the trivial line
bundle associated with this S1-principal fiber bundle via the standard representation.
We know that if∇L denotes the covariant derivative on L, then there exists a real 1-form
α and a global section l of L such that

∇L
X l = iα(X)l,

for every X ∈ Γ(TM). We choose α = (1 − h2)ξ and we consider the connection
∇h,L = ∇h ⊗ Id + Id⊗∇L on the bundle ΣghN ⊗ L. We have

∇h,L
Xh (ψh ⊗ l) =

h2

2
Xh · (ψh ⊗ l) + 2i

(
(1− h2)ξ

)
(Xh)(ψh ⊗ l).

Hence,

∇h,L

eh1
(ψh ⊗ l) =

h2

2
eh1 · (ψh ⊗ l),

∇h,L

eh2
(ψh ⊗ l) =

h2

2
eh2 · (ψh ⊗ l),

∇h,L
ξ (ψh ⊗ l) = (

−3h2

2
+ 2)ξ · (ψh ⊗ l).

The spinor field ψh ⊗ l is a section of ΣghN ⊗ L, which is the Spinc bundle associated
with the Spinc structure whose auxiliary line bundle is given by L2. This spinor field is
an eigenspinor associated with the eigenvalue h2

2
− 2. In fact,

D(ψh ⊗ l) = ξ · ∇h,L
ξ (ψh ⊗ l) + eh1 · ∇

h,L

eh1
(ψh ⊗ l) + eh2 · ∇

h,L

eh2
(ψh ⊗ l)

=
(
− h2

2
− h2

2
− (
−3h2

2
+ 2)

)
(ψh ⊗ l)

= (
h2

2
− 2)(ψh ⊗ l).

It is clear that ψh ⊗ l is not a Spinc Killing spinor field since h > 1, and hence (N, gh)
is not a limiting manifold for the Friedrich type Spinc inequality. But, it is a limiting
manifold for (2.11) since we will prove that{

∇h,L
Xh (ψh ⊗ l) = −`ψh⊗l(Xh) · (ψh ⊗ l),

dα · (ψh ⊗ l) = i cn
2
|dα|gh(ψh ⊗ l),

where idα is the curvature form associated with the connection ∇L of L. We have

idξ(eh1 , e
h
2) = ih2dξ(e1, e2) = −h2 〈e1 · e2 · ψ, ψ〉 = h2 〈ξ · ψ, ψ〉 = ih2,

idξ(ξ, eh1) = ihdξ(ξ, e1) = −ih 〈ξ · e1 · ψ, ψ〉 = −h 〈e1 · ψ, ψ〉 = 0,

idξ(ξ, eh2) = ihdξ(ξ, e2) = −ih 〈ξ · e2 · ψ, ψ〉 = −h 〈e2 · ψ, ψ〉 = 0.

Hence,

dξ = dξ(ξ, eh1)ξ ∧ eh1 + dξ(ξ, eh2)ξ ∧ eh2 + dξ(eh1 , e
h
2)eh1 ∧ eh2 = h2 eh1 ∧ eh2 .
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The Clifford multiplication of dα by ψh ⊗ l is given by

dα · (ψh ⊗ l) = (1− h2)dξ · (ψh ⊗ l)
= (1− h2)h2eh1 · eh2 · (ψh ⊗ l)
= −i(1− h2)h2 ψh ⊗ l
= i(h2 − 1)h2 ψh ⊗ l.

Hence, it follows that

|dα|2gh = (1− h2)2|dξ|2gh = (1− h2)2(dξ(eh1 , e
h
2))2 = h4(1− h2)2.

Since, h > 1, |dα|gh = h2(h2 − 1). So, we have

dα · (ψh ⊗ l) = ih2(h2 − 1)(ψh ⊗ l) = i
cn
2
|dα|gh(ψh ⊗ l).

Moreover, it is easy to check that `ψ
h⊗l(eh1 , e

h
1) = `ψ

h⊗l(eh2 , e
h
2) = −h2

2
. In fact,

`ψ
h⊗l(eh1 , e

h
1) =

1

2
Re

〈
h2

2
eh1 · eh1 · (ψh ⊗ l) +

h2

2
eh1 · eh1 · (ψh ⊗ l),

ψh ⊗ l
|ψh ⊗ l|2

〉
= −h

2

2
.

Similary, we have

`ψ
h⊗l(eh1 , ξ) = `ψ

h⊗l(eh2 , ξ) = `ψ
h⊗l(eh1 , e

h
2) = 0,

`ψ
h⊗l(ξ, ξ) =

3h2

2
− 2.

Now, we compute

−`ψh⊗l(eh1) · (ψh ⊗ l) = −`ψh⊗l(eh1 , eh1)eh1 · (ψh ⊗ l)

=
h2

2
eh1 · (ψh ⊗ l)

= ∇h,L

eh1
(ψh ⊗ l).

Similary, we have

−`ψh⊗l(eh2) · (ψh ⊗ l) =
h2

2
eh2 · (ψh ⊗ l) = ∇h,L

eh2
(ψh ⊗ l),

−`ψh⊗l(ξ) · (ψh ⊗ l) = (
−3h2

2
+ 2)ξ · (ψh ⊗ l) = ∇h,L

ξ (ψ ⊗ l).

Finally, the manifold (N, gh) is a limiting manifold for (2.11).





Chapter 3

The Hijazi Inequalities on Complete
Riemannian Spinc Manifolds1

3.1 Introduction

We recall that on a compact Riemannian Spinc manifold (Nn, g) of dimension n > 2, any
eigenvalue λ of the Dirac operator satisfies a Friedrich type inequality [HM99, Fri80]:

λ2 >
n

4(n− 1)
inf
N

(S − cn|Ω|), (3.1)

Equality holds if and only if the eigenspinor ψ associated with the first eigenvalue λ1 is a
Spinc Killing spinor satisfying Ω ·ψ = i cn

2
|Ω|ψ, i.e. for every X ∈ Γ(TN) the eigenspinor

ψ satisfies {
∇Xψ = −λ1

n
X · ψ,

Ω · ψ = i cn
2
|Ω|ψ. (3.2)

In Chapter 2, it is shown that on a compact Riemannian Spinc manifold any eigenvalue
λ of the Dirac operator to which is attached an eigenspinor ψ satisfies an Hijazi type
inequality [Hij95] involving the energy-momentum tensor `ψ and the scalar curvature:

λ2 > inf
N

(
1

4
S − cn

4
|Ω|+ |`ψ|2), (3.3)

Equality holds in (3.3) if and only, for all X ∈ Γ(TN), we have{
∇Xψ = −`ψ(X) · ψ,
Ω · ψ = i cn

2
|Ω|ψ, (3.4)

where ψ is an eigenspinor associated with the first eigenvalue λ1. By definition, the
trace tr(`ψ) of `ψ, where ψ is an eigenspinor associated with an eigenvalue λ, is equal
to λ. Hence, Inequality (3.3) improves Inequality (3.1) since, by the Cauchy-Schwarz
inequality, |`ψ|2 > 1

n
(tr(`ψ))2 = 1

n
λ2.

1This chapter is the subject of a published paper [Nak11b]

81
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In the same spirit as in [Hij86], A. Moroianu and M. Herzlich (see [HM99]) general-
ized the Hijazi inequality [Hij86], involving the first eigenvalue of the Yamabe operator
L, to the case of compact Spinc manifolds of dimension n > 3: any eigenvalue λ of the
Dirac operator satisfies

λ2 >
n

4(n− 1)
µ1, (3.5)

where µ1 is the first eigenvalue of the perturbed Yamabe operator defined by LΩ =
L− cn|Ω|g = 4n−1

n−2
4+S− cn|Ω|g. The limiting case of (3.5) is equivalent to the limiting

case in (3.1). The Hijazi inequality [Hij95], involving the energy-momentum tensor and
the first eigenvalue of the Yamabe operator, is then proved in Chapter 2 for compact
Spinc manifolds. In fact, any eigenvalue of the Dirac operator to which is attached an
eigenspinor ψ satisfies

λ2 >
1

4
µ1 + inf

N
|`ψ|2. (3.6)

Equality in (3.6) holds if and only, for all X ∈ Γ(TN), we have{
∇Xϕ = −`ϕ(X) · ϕ,
Ω · ψ = i cn

2
|Ω|gψ,

(3.7)

where ϕ = e−
n−1

2
uψ, the spinor field ψ is the image of ψ under the isometry between the

spinor bundles of (Nn, g) and (Nn, g = e2ug) and ψ is an eigenspinor associated with the
first eigenvalue λ1 of the Dirac operator. Again, Inequality (3.6) improves Inequality
(3.5). In this chapter we examine these lower bounds on open manifolds, and especially
on complete Riemannian Spinc manifolds. We prove the following:

Theorem 3.1.1. Let (Nn, g) be a complete Riemannian Spinc manifold of finite volume.
Then any eigenvalue λ of the Dirac operator to which is attached an eigenspinor ψ
satisfies the Hijazi type inequality (3.3). Equality holds if and only if the eigenspinor
associated with the first eigenvalue λ1 satisfies (3.4).

The Friedrich type inequality (3.1) is derived for complete Riemannian Spinc man-
ifolds of finite volume. This was proved by N. Grosse in [Nad08a] and [Nad08b] for
complete Spin manifolds of finite volume. Using the conformal covariance of the Dirac
operator we prove:

Theorem 3.1.2. Let (Nn, g) be a complete Riemannian Spinc manifold of finite volume
and dimension n > 2. Any eigenvalue λ of the Dirac operator to which is attached an
eigenspinor ψ satisfies the Hijazi type inequality (3.6). Equality holds if and only if
Equation (3.7) holds.

Now, the Hijazi type inequality (3.5) can be derived for complete Riemannian Spinc

manifolds of finite volume and dimension n > 2 and equality holds if and only if the
eigenspinor associated with the first eigenvalue λ1 satisfies (3.2). This was also proved
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by N. Grosse in [Nad08a] and [Nad08b] for complete Spin manifolds of finite volume and
dimension n > 2. On complete manifolds, the Dirac operator is essentially self-adjoint
and, in general, its spectrum consists of eigenvalues and the essential spectrum. For
elements of the essential spectrum, we also extend to Spinc manifolds the Hijazi type
inequality (3.5) obtained by N. Grosse in [Nad08b] on Spin manifolds:

Theorem 3.1.3. Let (Nn, g) be a complete Riemannian Spinc manifold of dimension
n > 5 with finite volume. Furthermore, assume that S− cn|Ω| is bounded from below. If
λ is in the essential spectrum of the Dirac operator σess(D), then λ satisfies the Hijazi
type inequality (3.5).

For the 2-dimensional case, N. Grosse proved in [Nad08a] that, for any Riemannian
Spin surface of finite area, homeomorphic to R2 we have

λ+ >
4π

Area(M2, g)
, (3.8)

where λ+ = infϕ∈C∞c (N)
(D2ϕ,ϕ)

(ϕ,ϕ)
(in the compact case, λ+ coincides with the first eigen-

value of the square of the Dirac operator). Recently, in [Bär09], C. Bär showed the same
inequality for any connected 2-dimensional Riemannian manifold of genus 0, with finite
area and equipped with a Spin structure which is bounding at infinity. A Spin structure
on N is said to be bounding at infinity if N can be embedded into S2 in such a way that
the Spin structure extends to the unique Spin structure of S2.

3.2 Preliminaries

In this section we briefly introduce basic notions concerning complete Riemannian Spinc

manifolds. Then we recall the refined Kato inequality which is crucial for the proof.

The Dirac operator on complete Riemannian Spinc manifolds. Let (Nn, g)
be a connected oriented Riemannian Spinc manifold of dimension n > 2 and without
boundary. We denote by Γ(ΣN) the set of all spinors and those of compactly supported
smooth spinors by Γc(ΣN). Like in the compact case, the Spinc bundle ΣN is equipped
with a natural Hermitian scalar product, denoted by 〈., .〉, satisfying

〈X · ψ, ϕ〉 = −〈ψ,X · ϕ〉 for every X ∈ Γ(TN) and ψ, ϕ ∈ Γ(ΣN),

where X ·ψ denotes the Clifford multiplication of X and ψ. With this Hermitian scalar
product we define an L2-scalar product

(ψ, ϕ) =

∫
N

〈ψ, ϕ〉 vg,

for any spinors ψ and ϕ in Γc(ΣN). The Dirac operator is an elliptic and formally
self-adjoint operator with respect to the L2-scalar product, i.e. for all spinors ψ, ϕ at
least one of which is compactly supported on N we have (Dψ,ϕ) = (ψ,Dϕ).
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For the Friedrich connection ∇f
Xψ = ∇Xψ + f

n
X · ψ where f is real valued function

one gets a Schrödinger-Lichnerowicz type formula:

(D − f)2ψ = 4fψ + (
S

4
+
n− 1

n
f 2)ψ +

i

2
Ω · ψ − n− 1

n
(2fDψ +∇f · ψ), (3.9)

where 4f is the spinorial Laplacian associated with the connection ∇f .

A complex number λ is an eigenvalue of D if there exists a nonzero eigenspinor ψ ∈
Γ(ΣN) ∩ L2(ΣN) with Dψ = λψ. The set of all eigenvalues is denoted by σp(D), the
point spectrum. We know that, if N is closed, the Dirac operator has a pure point
spectrum but on open manifolds, the spectrum might have a continuous part. In gen-
eral the spectrum of the Dirac operator σ(D) is composed of the point, the continuous
and the residual spectrum. For complete manifolds, the residual spectrum is empty and
σ(D) ⊂ R. Thus, for complete manifolds, the spectrum can be divided into point and
continuous spectrum. But often another decomposition of the spectrum is used: the
one into discrete spectrum σd(D) and essential spectrum σess(D).

A complex number λ lies in the essential spectrum of D if there exists a sequence
of smooth compactly supported spinors ψi which are orthonormal with respect to the
L2-product and

‖(D − λ)ψi‖L2 −→ 0.

The essential spectrum contains all eigenvalues of infinite multiplicity. In contrast, the
discrete spectrum σd(D) := σp(D)�σess(D) consists of all eigenvalues of finite multi-
plicity. The proof of the next property can be found in [Nad08a]: on a Spinc complete
Riemannian manifold, 0 is in the essential spectrum of D − λ if and only if 0 is in
the essential spectrum of (D − λ)2 and in this case, there is a normalized sequence
ψi ∈ Γc(ΣN) such that ψi converges L2-weakly to 0 with ‖(D − λ)ψi‖L2 −→ 0 and
‖(D − λ)2ψi‖L2 −→ 0.

Refined Kato inequalities. On a Riemannian manifold (Nn, g), the Kato inequality
states that away from the zeroes of any section ϕ of a Riemannian or Hermitian vector
bundle endowed with a metric connection ∇, we have:

|d(|ϕ|)| 6 |∇ϕ|. (3.10)

This could be seen as follows 2|ϕ||d(|ϕ|)| = |d(|ϕ|)2| = 2| 〈∇ϕ, ϕ〉 | 6 2|ϕ||∇ϕ|. In
[CGH00], refined Kato inequalities were obtained for sections in the kernel of first order
elliptic differential operators P . They are of the form |d(|ϕ|)| 6 kP |∇ϕ|, where kP is a
constant depending on the operator P and 0 < kP < 1. Without the assumption that
ϕ ∈ kerP , we get away from the zero set of ϕ

|d|ϕ|| 6 |Pϕ|+ kP |∇ϕ|. (3.11)

A proof of (3.11) can be found in [CGH00], [Nad08a], [Bran00] or [Nad08b]. In [CGH00]
the constant kP is determined in terms of the conformal weights of the differential
operator P . For the Dirac operator D and for D − λ, where λ ∈ R, we have kD =

kD−λ =
√

n−1
n

.
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3.3 Proof of the Hijazi type inequalities

First, we follow the main idea of the proof of the original Hijazi inequality in the compact
case ([Hij95], [Hij86]), and its proof in the Spin noncompact case obtained by N. Grosse
[Nad08b]. We choose the conformal factor with the help of an eigenspinor and we use
cut-off functions near its zero-set and near infinity to obtain compactly supported test
functions.

Proof of Theorem 3.1.2. Let ψ ∈ C∞(N,S)∩L2(N,S) be a normalized eigenspinor,
i.e. Dψ = λψ and ‖ψ‖ = 1. Its zero-set Υ is closed and lies in a closed countable union
of smooth (n−2)-dimensional submanifolds which has locally finite (n−2)-dimensional
Hausdorff measure [Bär99]. We can assume without loss of generality that Υ is itself a
countable union of (n− 2)-submanifolds described above. Fix a point p ∈ N . Since N
is complete, there exists a cut-off function ηi : N → [0, 1] which is zero on N \ B2i(p)
and equal to 1 on Bi(p), where Bl(p) is the ball of center p and radius l. In between, the
function is chosen such that |∇ηi| 6 4

i
and ηi ∈ C∞c (N). While ηi cuts off ψ at infinity,

we define another cut-off near the zeros of ψ. Let ρa,ε be the function

ρa,ε(x) =

{ 0 for r < aε,
1− δ ln ε

r
for aε 6 r 6 ε,

1 for ε < r,

where r = d(x,Υ) is the distance from x to Υ. The constant 0 < a < 1 is chosen such

that ρa,ε(aε) = 0, i.e. a = e−
1
δ . Then ρa,ε is continuous, constant outside a compact

set and Lipschitz. Hence, for ϕ ∈ Γ(ΣN) the spinor ρa,εϕ is an element in Hr
1(ΣN) for

all 1 6 r 6 ∞. Now, consider Ψ := ηiρa,εψ ∈ Hr
1(ΣN). These spinors are compactly

supported on N \ Υ. Furthermore, g = e2ug = h
4

n−2 g with h = |ψ|
n−2
n−1 is a metric on

N \ Υ. Setting Φ := e−
n−1

2
uΨ (ϕ = e−

n−1
2
uψ), Equations (2.14), (2.17), (2.18) and the

Schrödinger-Lichnerowicz formula imply

‖∇`Φ

Φ‖2
g = ‖D Φ‖2

g −
1

4

∫
N−Υ

S|Φ|2vg −
∫
N−Υ

|`Φ|2|Φ|2vg

−
∫
N−Υ

〈
i

2
Ω · Φ,Φ

〉
vg

6 ‖D Φ‖2
g −

1

4

∫
N

(Se2u − cn|Ω|g)|Ψ|2e−uvg −
∫
N

|`Ψ|2|Ψ|2e−uvg

= ‖D Φ‖2
g −

1

4

∫
N

(h−1LΩh)|Ψ|2e−uvg −
∫
N

|`Ψ|2|Ψ|2e−uvg,

where ∇`ϕ

X ϕ is the spinor field defined in [Hij95] by ∇`ϕ

X ϕ := ∇Xϕ + `ϕ(X) · ϕ and
where we used |Φ|2vg = eu|Ψ|2vg and Se2u − cn|Ω|g = h−1LΩh (see [Nak10]). Using
Dϕ = λe−uϕ and 〈∇(ηiρa,ε)· ϕ, ϕ〉 ∈ C∞(N, ıR), we calculate

‖D Φ‖2
g = ‖∇(ηiρa,ε) · ϕ‖2

g + λ2

∫
N

η2
i ρ

2
a,ε e

−(n+2)u|ϕ|2vg. (3.12)
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Inserting (3.12) and ‖∇`Φ

Φ‖2
g > 0 in the above inequality, we get

‖∇(ηiρa,ε) · ϕ‖2
g >

1

4

∫
N

(h−1LΩh)|Ψ|2e−uvg +

∫
N

|`Ψ|2|Ψ|2e−uvg

− λ2

∫
N

η2
i ρ

2
a,ε|ϕ|2e−(n+2)uvg.

Moreover, we have ‖∇(ηiρa,ε)· ϕ‖2
g =

∫
M

|∇(ηiρa,ε) ·ψ|2e−uvg. Thus, with eu = |ψ|
2

n−1 , the

above inequality reads∫
N

|∇(ηiρa,ε)|2|ψ|2
n−2
n−1vg >

1

4

∫
N

ηiρa,ε|ψ|
n−2
n−1LΩ(ηiρa,ε|ψ|

n−2
n−1 )vg − λ2

∫
N

η2
i ρ

2
a,ε|ψ|

2n−2
n−1vg

−n− 1

n− 2

∫
N

|∇(ηiρa,ε)|2|ψ|2
n−2
n−1vg +

∫
N

|`ψ|2|ψ|2
n−2
n−1η2

i ρ
2
a,εvg.

Hence, we obtain

2n− 3

n− 2

∫
N

|∇(ηiρa,ε)|2|ψ|2
n−2
n−1vg >

(µ1

4
+ inf

N
|`ψ|2 − λ2

)∫
N

η2
i ρ

2
a,ε|ψ|

2n−2
n−1vg,

where µ1 is the infimum of the spectrum of the perturbed Yamabe operator. With
|ηi∇ρa,ε + ρa,ε∇ηi|2 6 2η2

i |∇ρa,ε|2 + 2ρ2
a,ε|∇ηi|2 we have

k

∫
N

(η2
i |∇ρa,ε|2 + ρ2

a,ε|∇ηi|2)|ψ|2
n−2
n−1vg >

(µ1

4
+ inf

N
|`ψ|2 − λ2

)
‖ηiρa,ε|ψ|

n−2
n−1‖2,

where k = 22n−3
n−2

. Next, we examine the limits when a goes to zero. Recall that

Υ ∩ B2i(p) is bounded, closed and (n − 2)-C∞-rectifiable and has still locally finite
(n− 2)-dimensional Hausdorff measure. For fixed i we estimate∫

N

|∇ρa,ε|2η2
i |ψ|

2n−2
n−1vg 6 sup

B2i(p)

|ψ|2
n−2
n−1

∫
B2i(p)

|∇ρa,ε|2vg.

Furthermore, we set Bε,p := {x ∈ Bε | d(x, p) = d(x,Υ)} with Bε := {x ∈ N | d(x,Υ) 6
ε}. For ε sufficiently small, each Bε,p is star-shaped. Moreover, there is an inclusion
Bε,p ↪→ Bε(0) ⊂ R2 via the normal exponential map. Then, we can calculate∫

Bε∩B2i(p)

|∇ρa,ε|2vg 6 voln−2(Υ ∩B2i(p)) sup
x∈Υ∩B2i(p)

∫
Bε,x\Baε,x

|∇ρa,ε|2vg′

6 cvoln−2(Υ ∩B2i(p))

∫
Bε(0)\Baε(0)

|∇ρa,ε|2vgE

6 c′
ε∫

aε

δ2

r
dr = −c′δ2 ln a = c′δ → 0 for a→ 0,
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where voln−2 denotes the (n − 2)-dimensional volume and g′ = g|Bε,p . The positive
constants c and c′ arise from voln−2(Υ ∩ B2i(p)) and the comparison of vg′ with the
volume element of the Euclidean metric. Furthermore, for any compact set K ⊂ N
and any positive function f , it holds ρ2

a,εf ↗ f and thus by the monotone convergence
theorem, we obtain, when a −→ 0,∫

K

ρ2
a,εfvg −→

∫
K

fvg.

When applied to the functions ρ2
a,ε|∇ηi|2|ψ|

2n−2
n−1 , with K = B2i(p) we get∫

B2i(p)

ρ2
a,ε|∇ηi|2|ψ|

2n−2
n−1vg →

∫
B2i(p)

|∇ηi|2|ψ|2
n−2
n−1vg

as a→ 0 and thus,

k

∫
N

|∇ηi|2|ψ|2
n−2
n−1vg >

(µ1

4
+ inf

N
|`ψ|2 − λ2

)∫
N

η2
i |ψ|

2n−2
n−1vg.

Next, we have to study the limit when i→∞: since N has finite volume and ‖ψ‖ = 1,

the Hölder inequality ensures that
∫
N

|ψ|2
n−2
n−1vg is bounded. With |∇ηi| 6 4

i
, we get

the result. Equality is attained if and only if ‖∇`Φ

Φ‖2
g −→ 0 for i → ∞, a → 0 and

Ω · ψ = i cn
2
|Ω|gψ. But we have

0← ‖∇`Φ

Φ‖2
g = ‖ηiρa,ε∇

`Φ

ϕ+∇(ηiρa,ε)· ϕ‖g > ‖ηiρa,ε∇
`ϕ

ϕ‖g − ‖∇(ηiρa,ε)· ϕ‖g.

Since ‖∇(ηiρa,ε)·ϕ‖g → 0, we conclude that ∇`ϕ

ϕ has to vanish on N \Υ.

Remark 3.3.1. By the Cauchy-Schwarz inequality, we have

|`ψ|2 > 1

n
(tr(`ψ))2 =

1

n
λ2, (3.13)

where tr(`ψ) denotes the trace of `ψ. Hence the Hijazi type inequality (3.5) can be
derived. Equality is achieved if and only if the eigenspinor ψ associated with the first
eigenvalue λ1 satisfies (3.2). In fact, if equality holds, then λ2 = n

4(n−1)
µ1 = 1

4
µ1 + |`ψ|2

and equality in (3.13) is satisfied. Hence, it is easy to check that

`ψ(ei, ej) = 0 for i 6= j and `ψ(ei, ei) = ±λ
n
.

Finally, `ψ(X) = ±λ
n
X and `ϕ(X) = e−u`ψ(X) = ±λ

n
e−uX. By (3.7) we get that ϕ is a

Spinc generalized Killing spinor and hence ϕ a Spinc Killing spinor for n > 4 ([HM99,
Theorem 1.1]). The function e−u is then constant and ψ is a Spinc Killing spinor. For
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n = 3, we follow the same proof as in [HM99]. First, we suppose that λ1 6= 0, because if
λ1 = 0, the result is trivial. We consider the Killing vector ξ defined by

ig(ξ,X) = 〈X· ϕ, ϕ〉g for every X ∈ Γ(TN).

In [HM99], it is shown that

dξ = 2λ1e
−u(∗ξ),

∇|ξ|2 = 0,

ξ · ϕ = i|ξ|2ϕ,

where ∗ is the Hodge operator defined on differential forms. Since ∗ξ(ξ, .) = 0, the 2-
form Ω can be written Ω = Fξ + ξ ∧ α, where α is a real 1-form and F a function. We
have [HM99]

Ω(ξ, .) = |ξ|2α(.) = −4λ1d(e−u)(.), (3.14)

Ω · ϕ = −iF ϕ− i|ξ|2α · ϕ.

But equality in (3.1) is achieved, so Ω· ϕ = i cn
2
|Ω|gϕ, which implies that Ω· ϕ is collinear

to ϕ and hence α· ϕ is collinear to ϕ. Moreover, d(e−u)(ξ) = − 1
4λ1

Ω(ξ, ξ) = 0, so

α(ξ) = 0. It is easy to check that 〈α· ϕ, ϕ〉g = 0 which gives α· ϕ ⊥ ϕ. Because of
α· ϕ ⊥ ϕ and α· ϕ is collinear to ϕ, we have α· ϕ = 0 and finally α = 0. Using (3.14),
we obtain d(e−u) = 0, i.e. e−u is constant, hence ϕ is a Killing Spinc spinor and finally
ψ is also a Spinc Killing spinor.

Proof of Theorem 3.1.1. The proof of Theorem 3.1.1 is similar to Theorem 3.1.2.
It suffices to take g = g, i.e. eu = 1. The Friedrich type inequality (3.1) is obtained
from the Hijazi type inequality (3.5).

Next, we want to prove Theorem 3.1.3 using the refined Kato inequality.

Proof of Theorem 3.1.3. We may assume vol(N, g) = 1. If λ is in the essential
spectrum of D, then 0 is in the essential spectrum of D − λ and of (D − λ)2. Thus,
there is a sequence ψi ∈ Γc(ΣN) such that ‖(D − λ)2ψi‖ → 0 and ‖(D − λ)ψi‖ → 0
while ‖ψi‖ = 1. We may assume that |ψi| ∈ C∞c (N). That can always be achieved by a
small perturbation. Now let 1

2
6 β 6 1. Then |ψi|β ∈ H2

1 (N). First, we will show that
the sequence ‖d(|ψi|β)‖ is bounded: by the Cauchy-Schwarz inequality, we have

∣∣∣ ∫
|ψi|6=0

|ψi|2β−2
〈
(D − λ)2ψi, ψi

〉
vg

∣∣∣ 6 ‖|ψi|2β−1‖{|ψi|6=0}‖(D − λ)2ψi‖

6 ‖ψi‖2β−1‖(D − λ)2ψi‖ = ‖(D − λ)2ψi‖.
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Using (2.14) and the Schrödinger-Lichnerowicz type formula (3.9), we obtain

‖(D − λ)2ψi‖ >
∫

|ψi|6=0

|ψi|2β−2|∇λψi|2vg +2(β − 1)

∫
|ψi|6=0

|ψi|2β−3
〈
d|ψi|·ψi,∇λψi

〉
vg

+

∫ (
S

4
− cn

4
|Ω| − n− 1

n
λ2

)
|ψi|2βvg

−2
n− 1

n
λ‖|ψi|2β−1‖{|ψi|6=0}‖(D − λ)ψi‖.

The Cauchy-Schwarz inequality and the refined Kato inequality (3.10) for the connection
∇λ imply ∫

|ψi|6=0

|ψi|2β−2|∇λψi|2vg +2(β − 1)

∫
|ψi|6=0

|ψi|2β−3
〈
d|ψi|·ψi,∇λψi

〉
vg

> (2β − 1)

∫
|ψi|6=0

|ψi|2β−2|d(|ψi|)|2vg = (2β − 1)
1

β2

∫
|ψi|6=0

|d(|ψi|β)|2vg.

Hence, we have

‖(D − λ)2ψi‖ > (2β − 1)
1

β2

∫
|ψi|6=0

|d(|ψi|β)|2vg +

∫ (
S

4
− cn

4
|Ω| − n− 1

n
λ2

)
|ψi|2βvg

−2
n− 1

n
λ‖(D − λ)ψi‖.

Since S − cn|Ω| is bounded from below,∫
(S − cn|Ω|)|ψi|2βvg > inf(S − cn|Ω|) ‖ψi‖2β

2β > min{inf(S − cn|Ω|), 0}

is also bounded. Thus, with ‖(D − λ)ψi‖ → 0 we see that ‖d|ψi|β‖ is also bounded.
Next we fix α = n−2

n−1
and obtain

µ1

4
− n− 1

n
λ2 6

(
µ1

4
− n− 1

n
λ2

)
‖|ψi|α‖2

6
1

4

∫
|ψi|αLΩ|ψi|αvg −

n− 1

n
λ2‖|ψi|α‖2

=

∫
|ψi|2

n−2
n−1
−2
[ n

n− 1
|d(|ψi|)|2 +

1

2
d∗d(|ψi|2)

+

(
S

4
− cn

4
|Ω| − n− 1

n
λ2

)
|ψi|2

]
vg,

where we used the definition of µ1 as the infimum of the spectrum of LΩ and

|ψi|αd∗d(|ψi|α) =
α

2
|ψi|2α−2d∗d(|ψi|2)− α(α− 2)|ψi|2α−2|d(|ψi|)|2.
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Next, using the following:

1

2
d∗d 〈ψi, ψi〉 6

〈
D2ψi, ψi

〉
− 1

4
(S − cn|Ω|)|ψi|2 − |∇ψi|2,

|∇λψi|2 = |∇ψi|2 − 2
λ

n
Re 〈(D − λ)ψi, ψi〉 −

λ2

n
|ψi|2,

we have

µ1

4
− n− 1

n
λ2 6

∫
|ψi|2

n−2
n−1
−2

(
n

n− 1
|d(|ψi|)|2 − |∇λψi|2

)
vg

+

∫
|ψi|2

n−2
n−1
−2
〈
(D − λ)2ψi, ψi

〉
vg

+

∫
2

(
1− 1

n

)
λ|ψi|2

n−2
n−1
−2Re 〈(D − λ)ψi, ψi〉 vg.

The limit of the last two summands vanish since∣∣∣∣∫ |ψi|2n−2
n−1
−2
〈
(D − λ)2ψi, ψi

〉
vg

∣∣∣∣ 6 ‖(D − λ)2ψi‖ ‖ |ψi|
n−3
n−1‖ → 0,

∣∣∣ ∫ |ψi|2n−2
n−1
−2Re 〈(D − λ)ψi, ψi〉 vg

∣∣∣ 6 ‖(D − λ)ψi‖ ‖ |ψi|
n−3
n−1‖ → 0.

For the other summand we use the Kato type inequality (3.11),

|d(|ψ|)| 6 |(D − λ)ψ|+ k|∇λψ|,

which holds outside the zero set of ψ and where k =
√

n−1
n

. Thus, for n > 5, we can

estimate∫
|ψi|2α−2

(
n

n− 1
|d(|ψi|)|2 − |∇λψi|2

)
vg

=

∫
|ψi|2α−2

(
k−1|d(|ψi|)| − |∇λψi|

) (
k−1|d(|ψi|)|+ |∇λψi|

)
vg

6 k−1

∫
{|d(|ψi|)|>k|∇λψi|}

|ψi|2α−2|(D − λ)ψi|
(
k−1|d(|ψi|)|+ |∇λψi|

)
vg

6 2k−2

∫
{|d(|ψi|)|>k|∇λψi|}

|ψi|2α−2|(D − λ)ψi||d(|ψi|)|vg

6 2k−2n− 1

n− 3
‖(D − λ)ψi‖ ‖d(|ψi|

n−3
n−1 )‖.

For n > 5, we have 1 > n−3
n−1
> 1

2
and, thus, ‖d|ψi|

n−3
n−1‖ is bounded. Together with

‖(D − λ)ψi‖ → 0 we obtain the following: for all ε > 0, there is an i0 such that, for all
i > i0, we have ∫

|ψi|2
n−2
n−1
−2

(
n

n− 1
|d|ψi||2 − |∇λψi|2

)
vg 6 ε.
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Hence, we have µ1

4
6 n−1

n
λ2.





Chapter 4

The Energy-Momentum Tensor on
Spinc Manifolds1

4.1 Introduction

Studying the energy-momentum tensor on a Riemannian or semi-Riemannian Spin man-
ifolds has been done by many authors, since it is related to several geometric construc-
tions (see [Hab07], [BGM05], [Mor02] and [Fri98] for results in this topic). In this
chapter we study the energy-momentum tensor on Riemannian and semi-Riemannian
Spinc manifolds. First, we prove that the energy-momentum tensor appears in the study
of the variations of the spectrum of the Dirac operator:

Proposition 4.1.1. Let (Mn, g) be a Riemannian Spinc manifold and gt = g + tk a
smooth 1-parameter family of metrics. For any spinor field ψ ∈ Γ(ΣM), we have

d

dt

∣∣∣∣
t=0

∫
M

Re
〈
DMtτ t0ψ, τ

t
0ψ
〉
gt
vg = −1

2

∫
M

〈k, `ψ〉 vg, (4.1)

where the Dirac operator DMt is the Dirac operator associated with Mt = (M, gt),
`ψ(X) = |ψ|2 `ψ(X) = Re 〈X · ∇Xψ, ψ〉 and τ t0ψ is the image of ψ under the isom-
etry τ t0 between the Spinc bundles of (M, g) and (M, gt).

This was proven in [BG92] by J.P. Bourguignon and P. Gauduchon for Spin mani-
folds. Using this, we extend to Spinc manifolds a result by T. Friedrich and E.C. Kim
in [FK01] on Spin manifolds:

Theorem 4.1.1. Let M be a Riemannian Spinc manifold. A pair (g0, ψ0) is a critical
point of the Lagrange functional

W(g, ψ) =

∫
U

(
Sg + ελ|ψ|2g − εRe 〈Dgψ, ψ〉g

)
vg,

1This chapter is the subject of two papers: one is published [Nak11a] and the other is submitted
[Ha-Na10]
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(λ, ε ∈ R) for all open subsets U of M if and only if (g0, ψ0) is a solution of the following
system {

Dgψ = λψ,
ricg − 1

2
Sg g = ε

2
`ψ,

where ricg denotes the Ricci curvature of M considered as a symmetric bilinear form.

Now, we interprete the energy-momentum tensor as the second fundamental form of
a hypersurface. In fact, we prove the following:

Proposition 4.1.2. Let Mn ↪→ (Z, g) be any compact oriented hypersurface isomet-
rically immersed in an oriented Riemannian Spinc manifold (Z, g) of mean curvature
H and Weingarten map II. Assume that Z admits a parallel spinor field ψ, then the
energy-momentum tensor associated with φ =: ψ|M satisfies

2`φ = −II.

Moreover, if the mean curvature H is constant, the hypersurface M satisfies the equality
case in (2.11) if and only if

SZ − 2 ricZ(ν, ν)− cn|Ω| = 0, (4.2)

where SZ is the scalar curvature of Z and ricZ is the Ricci curvature of Z.

This was proven by B. Morel in [Mor02] for a compact oriented hypersurface of a
Spin manifold carrying a non trivial parallel spinor but in this case the hypersurface M
is directly a limiting manifold for (2.2) without the condition (4.2). Finally, we study
generalized Killing spinors on Spinc manifolds. They are characterized by the identity,
for any tangent vector field X on M ,

∇Xψ =
1

2
E(X) · ψ, (4.3)

where E is a given symmetric endomorphism on the tangent bundle. It is straightforward
to see that

2`ψ(X, Y ) = −〈E(X), Y 〉 .
These spinors are closely related to the so-called T–Killing spinors studied by T. Friedrich
and E.C. Kim in [FK01] on Spin manifolds. It is natural to ask whether the tensor E can
be realized as the Weingarten tensor of some isometric embedding of M in a manifold
Zn+1 carrying parallel spinors. B. Morel studied this problem in the case of Spin mani-
folds where the tensor E is parallel and in [BGM05], the authors studied the problem in
the case of semi-Riemannian Spin manifolds where the tensor E is a Codazzi-Mainardi
tensor. We establish the corresponding result for semi-Riemannian Spinc manifolds:

Theorem 4.1.2. Let (Mn, g) be a semi-Riemannian Spinc manifold carrying a gener-
alized Spinc Killing spinor φ with a Codazzi-Mainardi tensor E. Then the generalized
cylinder Z := I ×M with the metric dt2 + gt, where gt(X, Y ) = g((Id − tE)2X, Y ),
equipped with the Spinc structure arising from the given one on M has a parallel spinor
whose restriction to M is just φ.

A characterisation of limiting 3-dimensional manifolds for (2.11), having generalized
Spinc Killing spinors with Codazzi tensor is then given.



4.2. THE DIRAC OPERATOR ON SEMI-RIEMANNIAN MANIFOLDS 95

4.2 The Dirac operator on semi-Riemannian Spinc

manifolds

In this section, we collect some algebraic and geometric preliminaries concerning the
Dirac operator on semi-Riemannian Spinc manifolds. Details can be found in [Baum81]
and [BGM05]. Let r + s = n and consider on Rn the nondegenerate symmetric bilinear
form of signature (r, s) given by

〈v, w〉 :=
r∑
j=1

vjwj −
n∑

j=r+1

vjwj,

for any v, w ∈ Rn. We denote by Clr,s the real Clifford algebra corresponding to
(Rn, 〈·, ·〉). This is the unitary algebra generated by Rn subject to the relations

ej · ek + ek · ej =

{
−2δjk if j 6 r,

2δjk if j > r,

where (ej)16j6n is an orthonormal basis of Rn of signature (r, s), i.e. 〈ej, ek〉 = εjδjk
and εj = ±1. The complex Clifford algebra Clr,s is the complexification of Clr,s and
it decomposes into even and odd elements Clr,s = Cl0r,s ⊕ Cl1r,s. The real spin group is
defined by

Spin(r, s) := {v1 · ... · v2k ∈ Clr,s | vj ∈ Rn such that 〈vj, vj〉 = ±1}.

The spin group Spin(r, s) is the double cover of SO(r, s), in fact the following sequence
is exact

1 −→ Z/2Z −→ Spin(r, s)
ξ−→ SO(r, s) −→ 1,

where ξ = Ad|Spin(r,s)
and Ad is defined by

Ad : Cl∗r,s −→ End(Rn)

w 7−→ Adw : v −→ Adw(v) = w · v · w−1.

Here, Cl∗r,s denotes the group of units of Clr,s. Since S1 ∩ Spin(r, s) = {±1}, we define
the complex spin group by

Spinc(r, s) = Spin(r, s)×Z2 S1.

The complex spin group is the double cover of SO(r, s) × S1, this yields to the exact
sequence

1 −→ Z2 −→ Spinc(r, s)
ξc−→ SO(r, s)× S1 −→ 1,

where ξc = (ξ, Id2). When n = 2m is even, Clr,s has a unique irreducible complex
representation χ2m of complex dimension 2m, χ2m : Clr,s −→ End(Σr,s). If n = 2m + 1
is odd, Clr,s has two inequivalent irreducible representations both of complex dimension
2m, χj2m+1 : Clr,s −→ End(Σj

r,s), for j = 0 or 1, where Σj
r,s = {σ ∈ Σr,s, χj2m+1(ωr,s)σ =

(−1)jσ} and ωr,s is the complex volume element

ωr,s =

{
im−s e1 · ... · en if n = 2m,
im−1+s e1 · ... · en if n = 2m+ 1.
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We define the complex spinorial representation ρcn by the restriction of an irreducible
representation of Clr,s to Spinc(r, s):

ρcn :=


χ2m|Spinc(r,s)

if n = 2m

χ0
2m+1|Spinc(r,s)

if n = 2m+ 1
.

When n = 2m is even, ρcn decomposes into two inequivalent irreducible representations
(ρcn)+ and (ρcn)−, i.e. ρcn = (ρcn)+ + (ρcn)− : Spinc(r, s) → Aut(Σr,s). The space Σr,s

decomposes into Σr,s = Σ+
r,s⊕Σ−r,s, where ωr,s acts on Σ+

r,s as the identity and minus the
identity on Σ−r,s. If n = r+s is odd, when restricted to Spinc(r, s), the two representations
χ0

2m+1|Spinc(r,s)
and χ1

2m+1|Spinc(r,s)
are equivalent and we simply choose Σr,s := Σ0

r,s. The

bundle Σr,s carries a Hermitian symmetric bilinear Spinc(r, s)-invariant form 〈·, ·〉, such
that

〈v · σ1, σ2〉 = (−1)s+1 〈σ1, v · σ2〉 for all σ1, σ2 ∈ Σr,s and v ∈ Rn.
Now, we give the following isomorphism α, which is of particular importance for the
identification of the Spinc bundles in the context of immersions of hypersurfaces:

α : Clr,s −→ Cl0r+1,s

ej 7−→ ν · ej, (4.4)

where we look at an embedding of Rn onto Rn+1 such that (Rn)⊥ is spacelike and
spanned by a spacelike unit vector ν.

Let Nn be an oriented semi-Riemannian manifold of signature (r, s) and let PSO(r,s)N be
the SO(r, s)-principal bundle of positively space and time oriented orthonormal tangent
frames. A complex Spinc structure on N is a Spinc(r, s)-principal bundle PSpinc(r,s)N
over N , an S1-principal bundle PS1N over N together with a twofold covering map
Θ : PSpinc(r,s)N −→ PSO(r,s)N ×N PS1N such that

Θ(ua) = Θ(u)ξc(a),

for every u ∈ PSpinc(r,s)N and a ∈ Spinc(r, s), i.e. N has a Spinc structure if and
only if there exists an S1-principal bundle PS1N over N such that the transition func-
tions gαβ × lαβ : Uα ∩ Uβ −→ SO(r, s) × S1 of the SO(r, s) × S1-principal bundle

PSO(r,s)N×NPS1N admit lifts to Spinc(r, s) denoted by g̃αβ× l̃αβ : Uα∩Uβ −→ Spinc(r, s),

such that ξc ◦ (g̃αβ × l̃αβ) = gαβ × lαβ. This, anyhow, is equivalent to the second Stiefel-
Whitney class w2(N) being equal, modulo 2, to the first chern class c1(LN) of the
auxiliary line bundle LN . It is the complex line bundle associated with the S1-principal
fiber bundle via the standard representation of the unit circle.

Let ΣN := PSpinc(r,s)N ×ρcn Σr,s be the Spinc bundle associated with the spinor represen-
tation. A section of ΣN will be called a spinor field. Using the cocycle condition of the
transition functions of the two principal fiber bundles PSpinc(r,s)N and PSO(r,s)N×NPS1N ,
we can prove that

ΣN = Σ
′
N ⊗ (LN)

1
2 ,
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where Σ
′
N is the locally defined spinorial bundle and (LN)

1
2 is locally defined too but

ΣN is globally defined. The tangent bundle TN = PSO(r,s)N ×ρ0 Rn, where ρ0 stands
for the standard matrix representation of SO(r, s) on Rn, can be seen as the associated
vector bundle TN ' PSpinc(r,s)N ×pr1◦ξc◦ρ0 Rn where pr1 is the first projection. One
defines the Clifford multiplication at every point p ∈ N :

TpN ⊗ ΣpN −→ ΣpN

[b, v]⊗ [b, σ] 7−→ [b, v] · [b, σ] := [b, v · σ = χn(v)σ],

where b ∈ PSpinc(r,s)N , v ∈ Rn, σ ∈ Σr,s and χn = χ2m if n is even and χn = χ0
2m+1

if n is odd. The Clifford multiplication can be extended to differential forms. Clifford
multiplication inherits the relations of the Clifford algebra, i.e. for X, Y ∈ TpN and
φ ∈ ΣpN we have X · Y · φ + Y · X · φ = −2 〈X, Y 〉φ. In even dimensions the Spinc

bundle splits into ΣN = Σ+N ⊕ Σ−N, where Σ±N = PSpinc(r,s)N ×(ρcn)± Σ±r,s. Clifford
multiplication by a non-vanishing tangent vector interchanges Σ+N and Σ−N . The
Spinc(r, s)-invariant nondegenerate symmetric sesquilinear form on Σr,s and Σ±r,s induces
inner products on ΣN and Σ±N which we again denote by 〈·, ·〉 and it satisfies

〈X · ψ, φ〉 = (−1)s+1 〈ψ,X · φ〉 ,

for every X ∈ Γ(TN) and ψ, φ ∈ Γ(ΣN). Additionally, given a connection 1-form AN

on PS1N , AN : T (PS1N) −→ iR and the connection 1-form ωN on PSO(r,s)N for the
Levi-Civita connection ∇N , we can define the connection

ωN × AN : T (PSO(r,s)N ×N PS1N) −→ son ⊕ iR = spinC
n

on the principal fiber bundle PSO(r,s)N ×N PS1N and hence a covariant derivative ∇ΣN

on ΣN [Fri00] given locally by

∇ΣN
ek
φ =

[
b̃× s, ek(σ) +

1

4

n∑
j=1

εj ej · ∇N
ek
ej · σ +

1

2
AN(s∗(ek))σ

]
= ek(φ) +

1

4

n∑
j=1

εj ej · ∇N
ek
ej · φ+

1

2
AN(s∗(ek))φ, (4.5)

where φ = [b̃× s, σ] is a locally defined spinor field, b = (e1, . . . , en) is a local space and
time oriented orthonormal tangent frame, s : U −→ PS1N is a local section of PS1N and

b̃× s is the lift of the local section b× s : U → PSO(r,s)N ×N PS1N to the 2-fold covering
Θ : PSpinc(r,s)N −→ PSO(r,s)N ×N PS1N . The curvature of AN is an imaginary valued
2-form denoted by FAN = dAN , i.e. FAN = iΩN , where ΩN is a real valued 2-form on
PS1N . We know that ΩN can be viewed as a real valued 2-form on N [Fri00]. In this
case iΩN is the curvature form of the auxiliary line bundle LN . The curvature tensor
RΣN of ∇ΣN is given by

RΣN(X, Y )φ =
1

4

n∑
j,k=1

εjεk
〈
RN(X, Y )ej, ek

〉
ej · ek · φ+

i

2
ΩN(X, Y )φ, (4.6)
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where RN is the curvature tensor of the Levi-Civita connection ∇N . In the Spinc case,
the Ricci identity translates, for every X ∈ Γ(TN), to

n∑
k=1

εk ek · RΣN(ek, X)φ =
1

2
RicN(X) · φ− i

2
(XyΩN) · φ. (4.7)

Here RicN denotes the Ricci curvature considered as a field of endomorphisms on TN .
The Dirac operator maps spinor fields to spinor fields and is locally defined by

DNφ = is
n∑
j=1

εjej · ∇ΣN
ej
φ,

for every spinor field φ. The Dirac operator is an elliptic operator, formally selfadjoint,
i.e. if ψ or φ has compact support, then

∫
N

〈
DNφ, ψ

〉
vg =

∫
N

〈
φ,DNψ

〉
vg.

4.3 Semi-Riemannian Spinc hypersurfaces and the

Gauss formula

In this section, we study Spinc structures of hypersurfaces, such as the restriction of a
Spinc bundle of an ambient semi-Riemannian manifold and the complex spinorial Gauss
formula.

Let Z be an oriented (n+ 1)-dimensional semi-Riemannian Spinc manifold and M ⊂ Z
a semi-Riemannian hypersurface with trivial spacelike normal bundle. This means that
there is a vector field ν on Z along M satisfying 〈ν, ν〉 = +1 and 〈ν, TM〉 = 0. Hence,
if the signature of M is (r, s), then the signature of Z is (r + 1, s).

Proposition 4.3.1. The hypersurface M inherits a Spinc structure from that on Z,
and we have {

ΣM ' ΣZ|M if n is even,
ΣM ' Σ+Z |M if n is odd.

Moreover Clifford multiplication by a vector field X, tangent to M , is given by

X • φ = (ν ·X · ψ)|M , (4.8)

where ψ ∈ Γ(ΣZ) (or ψ ∈ Γ(Σ+Z) if n is odd), φ is the restriction of ψ to M , “·” is
the Clifford multiplication on Z, and “•” that on M .

Proof. The bundle of space and time oriented orthonormal frames of M can be
embedded into the bundle of space and time oriented orthonormal frames of Z restricted
to M , by

Φ : PSO(r,s)M −→ PSO(r+1,s)Z|M (4.9)

(e1, · · · , en) 7−→ (ν, e1, · · · , en).
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The isomorphism α, defined in (4.4) yields the following commutative diagram:

Spinc(r, s) Spinc(r + 1, s)

SO(r, s)× S1 SO(r + 1, s)× S1

-

?

ξc

-

?

(ξc)∗

--

where the inclusion of SO(r, s) in SO(r + 1, s) is that which fixes the first basis vector
under the action of SO(r + 1, s) on Rn+1. This allows to pull back via Φ the principal
bundle PSpinc(r+1,s)Z|M as a Spinc structure for M , denoted by PSpinc(r,s)M . Thus, we
have the following commutative diagram:

PSpinc(r,s)M PSpinc(r+1,s)Z|M

PSO(r,s)M ×M PS1Z|M PSO(r+1,s)Z|M ×M PS1Z|M

-

?

Θ

-

?

Θ

--

The Spinc(r, s)-principal fiber bundle (PSpinc(r,s)M,π,M) and the S1-principal fiber
bundle (PS1M =: PS1Z|M , π,M) define a Spinc structure on M . Let ΣZ be the Spinc

bundle on Z,
ΣZ = PSpinc(r+1,s)Z ×ρcn+1

Σr+1,s,

where ρcn+1 stands for the spinorial representation of Spinc(r + 1, s). Moreover, for any

spinor ψ = [b̃× s, σ] ∈ ΣZ we can always assume that pr1◦Θ(b̃× s) = b is a local section
of PSO(r+1,s)Z with ν for first basis vector where pr1 is the projection into PSO(r+1,s)Z .
Then we have

ψ|M = [b̃× s|U∩M , σ|U∩M ],

where the equivalence class is reduced to elements of Spinc(r, s). It follows that one can
realise the restriction to M of the Spinc bundle ΣZ as

ΣZ|M = PSpinc(r,s)M ×ρcn+1◦α Σr+1,s.

If n = 2m is even, it is easy to check that χ0
2m+1 ◦ α = χ0

2m+1|Cl0r+1,s

. Hence χ0
2m+1 ◦ α

is an irreducible representation of Clr,s of dimension 2m, as χ0
2m+1|Cl0r+1,s

, and finally

χ0
2m+1 ◦ α ∼= χ2m. We conclude that

ρc2m+1 ◦ α ∼= ρc2m, and ΣZ|M ∼= ΣM.

If n = 2m + 1 is odd, we know that χ0
2m+1 is the unique irreducible representation of

Clr,s of dimension 2m for which the action of the complex volume form is the identity.
Since n+ 1 = 2m+ 2 is even, ΣZ decomposes into positive and negative parts,

Σ±Z = PSpinc(r+1,s)Z ×(ρc2m+1)± Σ±r+1,s.
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It is easy to show that χ2m+2 ◦ α = χ2m+2|Cl0r+1,s

, but χ2m+2 ◦ α can be written as the

direct sum of two irreducible inequivalent representations, as χ2m+2|Cl0r+1,s

. Hence, we

have
χ2m+2 ◦ α = (χ2m+2 ◦ α)+ ⊕ (χ2m+1 ◦ α)−,

where (χ2m+2 ◦ α)±(ωr,s) = ±IdΣr,s . The representation χ0
2m+1 being the unique repre-

sentation of Clr,s of dimension 2m for which the action of the volume form is the identity,
we get (χ2m+2 ◦ α)+ ∼= χ0

2m+1. Finally,

(ρc2m+2)+ ◦ α ∼= ρc2m+1 and Σ+Z |M ∼= ΣM.

Now, Equation (4.8) follows directly from the above identification.

Remark 4.3.1. 1. The algebraic remarks in the previous section show that, if n is odd,
we can also get Σ−Z |M ' ΣM, where the Clifford multiplication by a vector field tangent
to M is given by X • φ = −(ν ·X · ψ)|M .
2. The connection 1-form defined on the restricted S1-principal fiber bundle (PS1M =:
PS1Z|M , π,M) is given by

A = AZ|M : T (PS1M) = T (PS1Z)|M −→ iR.

Then the curvature 2-form iΩ on the S1-principal bundle PS1M is given by iΩ = iΩZ|M ,
which can be viewed as an imaginary 2-form on M and hence as the curvature form of
the line bundle L, the restriction of the auxiliary line bundle LZ to M .
3. For every ψ ∈ Γ(ΣZ) (ψ ∈ Γ(Σ+Z) if n is odd), the real 2-forms Ω and ΩZ are
related by the following formulas:

|ΩZ |2 = |Ω|2 + |νyΩZ |2, (4.10)

(ΩZ · ψ)|M = Ω • φ+ (νyΩZ) • φ. (4.11)

In fact, we can write

ΩZ =
n∑
i=1

ΩZ(ei, ν) ei ∧ ν +
n∑
i<j

ΩZ (ei, ej) ei ∧ ej = −(νyΩZ) ∧ ν + Ω,

which is (4.10). When restricting the Clifford multiplication of ΩZ by ψ to the hyper-
surface M , we obtain

(ΩZ · ψ)|M =
(
ν · (νyΩZ) · ψ

)
|M

+ (Ω · ψ)|M = (νyΩZ) • φ+ Ω • φ. (4.12)

Proposition 4.3.2 (The Spinc Gauss formula). We denote by ∇ΣZ the spinorial Levi-
Civita connection on ΣZ and by ∇ that on ΣM . For all X ∈ Γ(TM) and for every
spinor field ψ ∈ Γ(ΣZ), then

(∇ΣZ
X ψ)|M = ∇Xφ−

1

2
II(X) • φ, (4.13)
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where II denotes the Weingarten map with respect to ν and φ = ψ|M . Moreover, let DZ

and D be the Dirac operators on Z and M . Denoting by the same symbol any spinor
and its restriction to M , we have

ν ·DZφ = D̃φ+
isn

2
Hφ− is∇ΣZ

ν φ, (4.14)

where H = 1
n
tr(II) denotes the mean curvature and D̃ = D if n is even and D̃ =

D ⊕ (−D) if n is odd.

Proof. The Riemannian Gauss formula is given, for every vector fields X and Y on
M , by

∇ZXY = ∇XY + 〈II(X), Y 〉 ν. (4.15)

Let {e1, e2, ..., en} a local space and time oriented orthonormal frame of M , such that

b = {e0 = ν, e1, e2, ..., en} is that of Z. We consider ψ a local section of ΣZ, ψ = [b̃× s, σ]
where s is a local section of PS1Z. Using (4.5), (4.15) and the fact that X(ψ)|M = X(φ)
for X ∈ Γ(TM), we compute for j = 1, ..., n

(
∇ΣZ
ej
ψ
)
|M

= ej(φ) +
1

4

n∑
k=0

εk(ek · ∇Zejek · ψ)|M +
1

2
AZ(s∗(ej))φ

= ej(φ) +
1

4

n∑
k=1

εk(ek · ∇Zejek · ψ)|M +
1

4
(ν · ∇Zejν · ψ)|M +

1

2
A(s∗(ej))φ

= ∇ejφ+
1

4

n∑
k=1

εk 〈II(ej), ek〉 (ek · ν · ψ)|M −
1

4
(ν · II(ej) · ψ)|M

= ∇ejφ−
1

2
(ν · II(ej) · ψ)|M

= ∇ejφ−
1

2
II(ej) • φ.

Moreover (DZψ)|M = is
∑n

j=1 εj(ej · ∇ΣZ
ej
ψ)|M + is(ν · ∇ΣZ

ν ψ)|M , and by (4.13),

is
n∑
j=1

εj(ej · ∇ΣZ
ej
ψ)|M = is

n∑
j=1

εj (ej · ∇ejφ)− is1

2

n∑
j=1

εj (ej · ν · II(ej) · ψ)|M

= −isν ·
n∑
j=1

εj ν · ej · ∇ejφ+ is
1

2

n∑
j=1

εj (ν · ej · II(ej) · ψ)|M

= −ν · D̃φ− is

2
tr(II)(ν · ψ)|M .

Proposition 4.3.3. Let Z be an (n + 1)-dimensional semi-Riemannian Spinc mani-
fold. Assume that Z carries a semi-Riemannian foliation by hypersurfaces with trivial
spacelike normal bundle, i.e. the leaves M are semi-Riemannian hypersurfaces and there
exists a vector field ν on Z perpendicular to the leaves such that 〈ν, ν〉 = 1 and ∇Zν ν = 0.
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Then the commutator of the leafwise Dirac operator and the normal derivative is given
by

i−s[∇ΣZ
ν , D̃]φ = DIIφ− n

2
ν · gradM(H) · φ+

1

2
ν · divM(II) · φ+

i

2
ν · (νyΩZ) · φ.

Here gradM denotes the leafwise gradient, divM(II) =
∑n

i=1 εi (∇M
ei
II)(ei) denotes the

leafwise divergence of the endomorphism field II and DIIφ =
∑n

i=1 εi ν · ei · ∇II(ei)φ.

Proof. We choose a local oriented orthonormal tangent frame {e1, . . . , en} for the
leaves and we may assume for simplicity that ∇Zν ej = 0. Now, we compute

i−s[∇ΣZ
ν , D̃]φ =

∑
εj
(
∇ΣZ
ν (ν · ej · ∇ejφ)− ν · ej · ∇ej∇ΣZ

ν φ
)

=
∑

εj ν · ej ·
(
∇ΣZ
ν ∇ejφ−∇ej∇ΣZ

ν φ
)

(4.13)
=

∑
εj ν · ej ·

[
∇ΣZ
ν (∇ΣZ

ej
+

1

2
ν · II(ej))

−(∇ΣZ
ej

+
1

2
ν · II(ej))∇ΣZ

ν

]
φ

=
∑

εj ν · ej ·
(
RΣZ(ν, ej) +∇ΣZ

[ν,ej ]
+

1

2
ν · (∇Zν II)(ej)

)
φ

(4.7)
= −1

2
ν · RicZ(ν) · φ+

i

2
ν · (νyΩZ) · φ

+
∑

εj ν · ej ·
(
∇ΣZ
II(ej)

+
1

2
ν · (∇Zν II)(ej)

)
φ

(4.13)
= −1

2
ν · RicZ(ν) · φ+

i

2
ν · (νyΩZ) · φ

+
∑

εj ν · ej ·
(
∇II(ej) −

1

2
ν · II2(ej) +

1

2
ν · (∇Zν II)(ej)

)
φ

= −1

2
ν · RicZ(ν) · φ+

i

2
ν · (νyΩZ) · φ+ DIIφ

+
1

2

∑
εj ej ·

(
− II2(ej) + (∇Zν II)(ej)

)
φ.

The Riccati equation for the Weingarten map (∇Zν II)(X) = RZ(X, ν)ν+ II2(X) yields

i−s[∇ΣZ
ν , D̃]φ = −1

2
ν · RicZ(ν) · φ+

i

2
ν · (νyΩZ) · φ+ DIIφ

+
1

2

∑
εj ej · (RZ(ej, ν)ν) · φ

= −1

2
ν · RicZ(ν) · φ+

i

2
ν · (νyΩZ) · φ+ DIIφ+

1

2
ricZ(ν, ν)φ

= DIIφ− 1

2

∑
εi ric

Z(ν, ej) ν · ej · φ+
i

2
ν · (νyΩZ) · φ. (4.16)

The Codazzi-Mainardi equation for X, Y, V ∈ TM is given by
〈
RZ(X, Y )V, ν

〉
=
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(∇M

X II)(Y ), V
〉
−
〈
(∇M

Y II)(X), V
〉
. Thus,

ricZ(ν,X) =
∑

εj
〈
RZ(X, ej)ej, ν

〉
=

∑
εj

(〈
(∇M

X II)(ej), ej
〉
−
〈

(∇M
ej
II)(X), ej

〉)
= tr(∇M

X II)−
〈
divM(II), X

〉
.

Plugging this into (4.16) we get

i−s[∇ΣZ
ν , D̃]φ = DIIφ− 1

2

∑
εj

(
tr(∇M

ej
II)−

〈
divM(II), ej

〉)
ν · ej · φ

+
i

2
ν · (νyΩZ) · φ.

= DIIφ− 1

2

∑
εj ej(tr(II))ν · ej · φ+

1

2
ν · divM(II) · φ

+
i

2
ν · (νyΩZ) · φ.

= DIIφ− n

2
ν · gradM(H) · φ+

1

2
ν · divM(II) · φ+

i

2
ν · (νyΩZ) · φ.

4.4 The generalized cylinder on semi-Riemannian

Spinc manifolds

Let M be an n-dimensional smooth manifold and gt a smooth 1-parameter family of
semi-Riemannian metrics on M , t ∈ I where I ⊂ R is an interval. We define the
generalized cylinder by

Z := I ×M,

with semi-Riemannian metric gZ := 〈·, ·〉 = dt2 + gt. The generalized cylinder is an
(n+ 1)-dimensional semi-Riemannian manifold of signature (r+ 1, s) if the signature of
gt is (r, s).

Proposition 4.4.1. There is a 1-1-correspondence between the Spinc structures on M
and that on Z.

Proof. As explained in Section 4.3, Spinc structures on Z can be restricted to Spinc

structures on M . Conversely, given a Spinc structure on M , it can be pulled back to
I × M via the projection pr2 : I × M −→ M to give a Spinc structure on Z. In
fact, the pull back of the Spinc(r, s)-principal bundle PSpinc(r,s)M on M gives rise to a
Spinc(r, s)-principal bundle on Z denoted by PSpinc(r,s)Z

PSpinc(r,s)Z PSpinc(r,s)M

Z = I ×M M

-

?

π

-

?

π

--
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Enlarging the structure group via the embedding Spinc(r, s) ↪→ Spinc(r + 1, s), which
covers the standard embedding

SO(r, s)× S1 ↪→ SO(r + 1, s)× S1

(a, z) 7→
(( 1 0

0 a

)
, z
)
,

gives a Spinc(r + 1, s)-principal fiber bundle on Z, denoted also by PSpinc(r+1,s)Z. The
pull back of the auxiliary line bundle L on M defining the Spinc structure on M , gives
a line bundle LZ on Z such that the following diagram commutes

LZ = pr∗2(L) L

Z = I ×M M

-

?

π

-

?

π

--

The line bundle LZ on Z and the Spinc(r+ 1, s)-principal fiber bundle PSpinc(r+1,s)Z on
Z yield the Spinc structure on Z which restricts to the given Spinc structure on M .

Remark 4.4.1. If M is a Riemannian Spinc manifold and if we denote by iΩ the
imaginairy valued curvature on the auxiliary line bundle L, we know that there exists
a unique curvature 2-form, denoted by iΩZ , on the line bundle LZ = pr∗2(L) defined by
iΩZ = pr∗2(iΩ). Thus we have

ΩZ(X, Y ) = Ω(X, Y ) and ΩZ(ν, Y ) = 0 for any X, Y ∈ Γ(TM).

Proposition 4.4.2. [BGM05] On a generalized cylinder Z = I×M with semi-Riemannian
metric gZ = 〈·, ·〉 = dt2 + gt we define, at every p ∈ M and X, Y ∈ TpM , the first and
second derivatives of gt by

ġt(X, Y ) :=
d

dt
(gt(X, Y )) and g̈t(X, Y ) :=

d2

dt2
(gt(X, Y )).

Hence the following formulas hold:

〈II(X), Y 〉 = −1

2
ġt(X, Y ), (4.17)〈

RZ(U, V )X, Y
〉

=
〈
RMt(U, V )X, Y

〉
(4.18)

+
1

4

(
ġt(U,X)ġt(V, Y )− ġt(U, Y )ġt(V,X)

)
,〈

RZ(X, Y )U, ν
〉

=
1

2

(
(∇Mt

Y ġt)(X,U)− (∇Mt
X ġt)(Y, U)

)
, (4.19)〈

RZ(X, ν)ν, Y
〉

= −1

2

(
g̈t(X, Y ) + ġt(II(X), Y )

)
, (4.20)

where X, Y, U, V ∈ TpM , p ∈M .
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4.5 The variational formula for the Dirac operator

on Spinc manifolds

First we give some facts about parallel transport on Spinc manifolds along a curve
c. We consider a Riemannian Spinc manifold N , we know that there exists a unique
correspondence which, to a spinor field ψ(t) = ψ(c(t)) along a curve c : I −→ N
associates another spinor field D

dt
ψ along c, called the covariant derivative of ψ along c,

such that

D

dt
(ψ + φ) =

D

dt
ψ +

D

dt
φ, for any ψ and φ along the curve c,

D

dt
(fψ) = f

D

dt
ψ + (

d

dt
f) ψ, where f is a differentiable function on I,

∇ΣN
ċ(t)ψ =

D

dt
φ, where φ(t) = ψ(c(t)).

A spinor field ψ along a curve c is called parallel when D
dt
ψ(t) = 0 for all t ∈ I. Now,

if ψ0 is a spinor at the point c(t0), t0 ∈ I, (ψ0 ∈ Σc(t0)N) then there exists a unique
parallel spinor φ along c such that ψ0 = φ(t0). The linear isometry τ t1t0 defined by

τ t1t0 : Σc(t0)N −→ Σc(t1)N

ψ0 7−→ φ(t1),

is called the parallel transport along the curve c from c(t0) to c(t1). The basic property
of the parallel transport on a Spinc manifold is the following: let ψ be a spinor field on
a Riemannian Spinc manifold N , X ∈ Γ(TN), p ∈ N and c : I −→ N an integral curve
through p, i.e. c(t0) = p and d

dt
c(t) = X(c(t)), we have

(∇ΣN
X ψ)p =

d

dt

(
τ t0t (ψ(t))

)
|t=t0 . (4.21)

Now, we consider gt a smooth 1-parameter family of semi-Riemannian metrics on a Spinc

manifold M and the generalized cylinder Z = I × M with semi-Riemannian metric
gZ = 〈·, ·〉 = dt2 + gt. For t ∈ I we denote by Mt the manifold (M, gt). Let us write
“·” for the Clifford multiplication on Z and “•t” for that on Mt. Recall from Section
4.4 that Spinc structures on M and Z are in 1-1-correspondence and ΣZ|Mt = ΣMt as
hermitian vector bundles if n = r+s is even and Σ+Z|Mt = ΣMt if n is odd. For a given
x ∈M and t0, t1 ∈ I, the parallel transport τ t1t0 on the generalized cylinder Z along the
curve c : I → I ×M, t→ (t, x) is given by

τ t1t0 : Σc(t0)Z ' ΣxMt0 −→ Σc(t1)Z ' ΣxMt1 .

This isomorphism satisfies

τ t1t0 (X •t0 ϕ) = (ζt1t0X) •t1 (τ t1t0 ϕ),〈
τ t1t0 ψ, τ

t1
t0 ϕ
〉

= 〈ψ, ϕ〉 ,
where ζt1t0 : T(x,t0)Z ' TxMt0 → T(x,t1)Z ' TxMt1 is the parallel transport on Z along
the same curve c, X ∈ TxMt0 and ψ, ϕ ∈ ΣxMt0 .



106 CHAPTER 4. THE ENERGY-MOMENTUM TENSOR

Theorem 4.5.1. On a Riemannian Spinc manifold M , we consider gt a smooth 1-
parameter family of semi-Riemannian metrics. We denote by DMt the Dirac operator
of Mt, and Dġt =

∑n
i,j=1 εiεj ġt(ei, ej)ei •t∇ΣMt

ej
. Then, for any smooth spinor field ψ on

Mt0, we have

d

dt

∣∣∣∣
t=t0

τ t0t D
Mtτ tt0ψ = −1

2
Dġt0ψ +

1

4
gradMt0 (trgt0 (ġt0)) •t0 ψ −

1

4
divMt0 (ġt0) •t0 ψ.

Proof. The vector field ν := ∂
∂t

is spacelike of unit length and orthogonal to the
hypersurfaces Mt := {t}×M . Denote by IIt the Weingarten map of Mt with respect to
ν and by Ht the mean curvature. If X is a local coordinate field on M , then 〈X, ν〉 = 0
and [X, ν] = 0. Thus,

0 = dν 〈X, ν〉 =
〈
∇Zν X, ν

〉
+
〈
X,∇Zν ν

〉
=
〈
∇ZXν, ν

〉
+
〈
X,∇Zν ν

〉
= −〈IIt(X), ν〉+

〈
X,∇Zν ν

〉
=
〈
X,∇Zν ν

〉
.

Differentiating 〈ν, ν〉 = 1 yields
〈
ν,∇Zν ν

〉
= 0. Hence∇Zν ν = 0, i.e. for x ∈M the curves

t 7→ (t, x) are geodesics parametrized by arclength. So the assumptions of Proposition
4.3.3 are satisfied for the foliation (Mt)t∈I . By Remark 4.4.1, the commutator formula
of Proposition 4.3.3 gives for a section φ of ΣMt, (or Σ+Mt if n is odd)

i−s[∇ΣZ
ν , DMt ]φ = DIItφ− n

2
gradMt(Ht) •t φ +

1

2
divMt(IIt) •t φ. (4.22)

From Proposition 4.4.2 we deduce

divMt(IIt) = −1

2
divMt(ġt), Ht = − 1

2n
trgt(ġt) and DIIt = −1

2
Dġt .

Thus, Equation (4.22) can be rewritten as

i−s[∇ΣZ
ν , DMt ]φ = −1

2
Dġtφ+

1

4
gradMt(trgt(ġt)) •t φ−

1

4
divMt(ġt) •t φ. (4.23)

Now, if φ is parallel along the curves t 7→ (t, x), i.e. it is of the form φ(t, x) = τ tt0ψ(t0, x)
for some spinor field ψ on Mt0 , then using (4.21) at t = t0, the left hand side of (4.23)
could be written as

i−s[∇ΣZ
ν , DMt ]φ = i−s∇ΣZ

ν DMt φ = i−s
d

dt

∣∣∣∣
t=t0

τ t0t D
Mt φ

= i−s
d

dt

∣∣∣∣
t=t0

τ t0t D
Mtτ tt0ψ, (4.24)

which gives the variational formula for the Dirac operator.

Corollary 4.5.1. Let (Mn, g) be a Riemannian Spinc manifold, if we consider the family
of metrics defined by gt = g + tk, where k is a symmetric (0, 2)-tensor, we have

d

dt

∣∣∣∣
t=0

τ 0
t D

Mtτ t0ψ = −1

2
Dkψ +

1

4
gradM(trg(k)) · ψ − 1

4
divM(k) · ψ, (4.25)

where “· = •t0=0” is the Clifford multiplication on M .

This formula has been proved in [BG92] for Spin Riemannian manifolds and in
[BGM05] for Spin semi-Riemannian manifolds.
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4.6 The energy-momentum tensor on Spinc mani-

folds

In this section, we study the energy-momentum tensor on Spinc Riemannian manifolds
from a geometric point of vue. We begin by giving the proofs of Proposition 4.1.1,
Theorem 4.1.1 and Proposition 4.1.2.

Proof of Proposition 4.1.1. Using Equation (4.25) we calculate

d

dt

∣∣∣∣
t=0

∫
M

Re
〈
τ 0
t D

Mtτ t0ψ, ψ
〉
gt
vg =

d

dt

∣∣∣∣
t=0

∫
M

Re
〈
DMtτ t0ψ, τ

t
0ψ
〉
gt
vg

= −1

2

∫
M

Re
〈
Dkψ, ψ

〉
g
vg

= −1

2

∑
i,j

∫
M

k(ei, ej)Re
〈
ei · ∇ΣM

ej
ψ, ψ

〉
vg

= −1

2

∫
M

〈k, `ψ〉 vg.

Proof of Theorem 4.1.1. Let ϕ be a spinor field and k a symmetric (0,2)-tensor field
on (Mn, g). At t = 0, we compute

d

dt
W(g + tk, ψ + tϕ) =

d

dt
W(g + tk, ψ) +

d

dt
W(g, ψ + tϕ)

=
d

dt

∫
U

{
Sgt + ελ|τ t0ψ|2gt − εRe

〈
DMtτ t0ψ, τ

t
0ψ
〉
gt

}
vgt

+
d

dt

∫
U

{ελ|ψ + tϕ|2g − εRe 〈Dg(ψ + tϕ), ψ + tϕ〉g}vg

=
d

dt
{
∫
U

Sgtvg +

∫
U

Sgvgt}+
d

dt

∫
U

ελ|ψ|2gvgt

− d

dt

∫
U

εRe
〈
DMtτ t0ψ, τ

t
0ψ
〉
gt
vg −

d

dt

∫
U

εRe 〈Dgψ, ψ〉g vgt

+
d

dt

∫
U

ελ|ψ + tϕ|2gvg −
d

dt

∫
U

εRe 〈Dg(ψ + tϕ), ψ + tϕ〉g vg

Moreover, the following holds

d

dt

∣∣∣∣
t=0

vgt =
1

2
〈g, k〉 vg and

d

dt

∣∣∣∣
t=0

∫
M

Sgtvg = −
∫
M

〈ric, k〉 vg.

Hence,

d

dt
W(g + tk, ψ + tϕ)

= −
∫
U

〈ricg, k〉g vg +
1

2

∫
U

〈Sgg, k〉g vg +
1

2

∫
U

〈
ελ|ψ|2gg, k

〉
g
vg
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+
1

4

∫
U

〈ε`ψ, k〉g vg −
1

2

∫
U

〈
εRe 〈Dgψ, ψ〉g g, k

〉
g
vg

+2

∫
U

Re 〈ελψ, ϕ〉g vg − 2

∫
U

Re 〈εDgψ, ϕ〉g vg

=

∫
U

〈
−ricg +

1

2
Sgg +

ελ

2
|ψ|2gg −

ε

2
Re 〈Dgψ, ψ〉g g +

ε

2
`ψ, k

〉
g

vg

+

∫
U

Re 〈2ελψ − 2εDgψ, ϕ〉g vg.

Therefore, (g0, ψ0) is a critical point of the Lagrange functional W(g, ψ) for all open
subsets U of Mn with compact closure if and only if it is a solution of the equations

−ricg +
Sg
2
g +

ελ

2
|ψ|2gg −

ε

2
Re 〈Dgψ, ψ〉g g +

ε

2
`ψ = 0 and λψ = Dgψ.

Inserting the second equation into the first one yields ricg − Sg
2
g = ε

2
`ψ.

Proof of Proposition 4.1.2. Let ψ be any parallel spinor field on Z. Then Equation
(4.13) yields

∇Xφ =
1

2
II(X) • φ. (4.26)

Let {e1, ..., en} be a positively oriented local orthonormal basis of TM . For j = 1, ..., n
we have

∇ejφ =
1

2

n∑
k=1

IIjk ek • φ.

Taking Clifford multiplication by ei and the scalar product with φ, we get

Re
〈
ei • ∇ejφ, φ

〉
=

1

2

n∑
k=1

IIjkRe 〈ei • ek • φ, φ〉 .

Since Re 〈ei • ek • φ, φ〉 = −δik|φ|2, it follows, by the symmetry of II

Re
〈
ei • ∇ejφ+ ej • ∇eiφ, φ

〉
= −IIij|φ|2.

Therefore, 2`φ = −II. Using Equation (4.14) it is easy to see that φ is an eigenspinor

associated with the eigenvalue −n
2
H of D̃. Since SZ = S + 2 ricZ(ν, ν)− n2H2 + |II|2

we get

1

4
(S − cn|Ω|) + |`φ|2 =

1

4
(SZ − 2 ricZ(ν, ν)− cn|Ω|) + n2H

2

4
,

hence M satisfies the equality case in (2.11) if and only if (4.2) holds.

Corollary 4.6.1. Under the same conditions as Proposition 4.1.2, if n = 2 or 3, the
hypersurface M satisfies the equality case in (2.11) if RicZ(ν) = 0 and SZ > 0.



4.6. THE ENERGY-MOMENTUM TENSOR ON SPINC MANIFOLDS 109

Proof. Since Z has a parallel spinor, we have (see [Fri00])

|RicZ(ν)| = |νyΩZ |, (4.27)

i(Y yΩZ) · ψ = RicZ(Y ) · ψ for every Y ∈ Γ(ΣZ). (4.28)

In Equation (4.28), replacing Y by ej then taking Clifford multiplication by ej and
summing from j = 1, ..., n+ 1, we get

i
n+1∑
j=1

ej · (ejyΩZ) · ψ =
n+1∑
j=1

ej · RicZ(ej) · ψ = −SZψ.

But 2 ΩZ · ψ =
∑n+1

j=1 ej · (ejyΩZ) · ψ, hence we deduce that ΩZ · ψ = iS
Z

2
ψ. By (4.27)

and (4.11) we obtain Ω • φ = iS
Z

2
φ. Since n = 2 or 3, we have |Ω| = SZ

2
and Equation

(4.2) is satisfied.

Corollary 4.6.2. Under the same conditions as Proposition 4.1.2, if the restriction of
the auxiliary line bundle LZ is flat, i.e. L is a flat complex line bundle (Ω = 0), the
hypersurface M is a limiting manifold for (2.11).

Proof. Since Ω = 0, Equation (4.11) yields iS
Z

2
φ = ΩZ · ψ|M = (νyΩZ) • φ. But,

i(νyΩZ) • φ = i(ν · (νyΩZ) · ψ)|M = (ν · RicZ(ν) · ψ)|M

= −ricZ(ν, ν)φ+
n∑
j=1

ricZ(ν, ej) ej • φ. (4.29)

Taking the real part of the scalar product of Equation (4.29) with φ yields SZ

2
=

ricZ(ν, ν), hence Equation (4.2) is satisfied.

Now, let M be a Riemannian Spinc manifold having a generalized Killing spinor field φ
with a symmetric endomorphism E on the tangent bundle TM . As mentioned in the
introduction, it is straightforward to see that 2`φ(X, Y ) = −〈E(X), Y 〉 . We will study
these generalized Killing spinors when the tensor E is a Codazzi-Mainardi tensor, i.e.
E satisfies

(∇M
XE)(Y ) = (∇M

Y E)(X) for X, Y ∈ Γ(TM). (4.30)

For this, we give the following lemma whose proof will be omitted since it is similar to
Lemma 7.3 in [BGM05].

Lemma 4.6.1. [BGM05] Let gt be a smooth 1-parameter family of semi-Riemannian
metrics on a Spinc manifold (Mn, g = g0) and let E be a field of symmetric endomor-
phisms of TM . We consider the metric gZ = 〈., .〉 = dt2 + gt on Z such that gt(X, Y ) =
g((Id− tE)2X, Y ) for all vector fields X, Y on M . We have

〈
RZ(U, ν)ν, V

〉
= 0 for all

vector fields U, V tangent to M and if E satisfies the Codazzi-Mainardi equation then〈
RZ(U, V )W, ν

〉
= 0 for all U, V and W on Z.
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Proof of Theorem 4.1.2. We define ψ(0,x) := φx via the identification ΣxM ∼=
Σ(0,x)Z (resp. Σ+

(0,x)Z for n odd) and ψ(t,x) = τ t0ψ(0,x). By Equation (4.17), the endo-

morphism E is the Weingarten tensor of the immersion of {0} ×M in Z and hence by
construction we have for all X ∈ Γ(TM)

∇ΣZ
X ψ|{0}×M = 0 and ∇ΣZ

ν ψ ≡ 0. (4.31)

Since the tensor E satisfies the Codazzi-Mainardi equation, Lemma 4.6.1 yields

gZ(RZ(U, V )W, ν) = 0,

for all U, V and W ∈ Γ(Z) and gZ(RZ(X, ν)ν, Y ) = 0 for all X and Y tangent to M .
Hence RZ(ν,X) = 0 for all X ∈ Γ(TM). Let X be a fixed arbitrary tangent vector field
on M . Using (4.6) and (4.31) we get

∇ΣZ
ν ∇ΣZ

X ψ = RΣZ(ν,X)ψ =
1

2
RZ(X, ν) · ψ +

i

2
ΩZ(X, ν)ψ = 0.

Thus showing that the spinor field∇ΣZ
X ψ is parallel along the geodesics R×{x}. Now,

Equation (4.31) shows that this spinor vanishes for t = 0, hence it is zero everywhere
on Z. Since X is arbitrary, this shows that ψ is parallel on Z.

Corollary 4.6.3. Let (M3, g) be a compact, oriented Riemannian manifold and φ an
eigenspinor associated with the first eigenvalue λ1 of the Dirac operator such that the
energy-momentum tensor associated with φ is a Codazzi tensor. The manifold M is
limiting for (2.11) if and only if the generalized cylinder Z4, equipped with the Spinc

structure arising from the given one on M , is Kähler of positive scalar curvature and
the immersion of M in Z has constant mean curvature H.

Proof. First, we should point out that every 3-dimensional compact, oriented,
smooth manifold has a Spinc structure. Now, if M3 is a limiting manifold for (2.11),
by Theorem 4.1.2, the generalized cylinder has a parallel spinor whose restriction to
M is φ. Since Z is a 4-dimensional Spinc manifold having parallel spinor, Z is Kähler
[Atiy78]. Moreover, using (4.11), we have

Ω • φ = i
SZ

2
φ = i

cn
2
|Ω|φ,

so SZ > 0. Finally H = 1
n
tr(II) = 1

n
tr(−2`φ) = − 2

n
λ1, which is a constant. Now, if

the generalized cylinder is Kähler and M is a compact hypersurface of constant mean
curvature H, thus M is a compact hypersurface immersed in a Spinc manifold having
parallel spinor with constant mean curvature. Since SZ > 0 and νyΩZ = RicZ(ν) = 0,
Corollary 4.6.1 gives the result.

4.7 The energy-momentum tensor in low dimensions

Spinc manifolds

On a compact Riemannian Spin surface, T. Friedrich and E.C. Kim proved that any
eigenvalue λ of the Dirac operator satisfies the equality [FK01, Thm. 4.5]:

λ2 =
πχ(M)

Area(M)
+

1

Area(M)

∫
M

|`ψ|2vg. (4.32)
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The proof of Equality (4.32) relies mainly on a local expression of the covariant derivative
of ψ and the use of the Schrödinger-Lichnerowicz formula. This equality has many direct
consequences. First, since the trace of `ψ is equal to λ, we have by the Cauchy-Schwarz
inequality that |`ψ|2 > 1

n
(tr(`ψ))2 = 1

2
λ2, where tr(`ψ) denotes the trace of `ψ. Hence,

Equality (4.32) implies the Bär inequality [Bär92] given by

λ2 > λ2
1 :=

2πχ(M)

Area(M)
. (4.33)

Another direct fact of Equality (4.32) is that
∫
M

det(`ψ)vg = πχ(M), which gives an
information on the energy-momentum tensor without knowing the eigenspinor nor the
eigenvalue. Finally, for any closed surface M in R3 of constant mean curvature H, the
restriction to M of a parallel spinor on R3 is a generalized Killing spinor with eigenvalue
−H, with energy-momentum tensor equal to the Weingarten tensor II (up to the factor
−1

2
) [Mor02] and by (4.32), we have

H2 =
πχ(M)

Area(M)
+

1

4Area(M)

∫
M

|II|2vg.

Indeed, given any surface M carrying such a spinor field, T. Friedrich [Fri98] showed
that the energy-momentum tensor associated with this spinor field satisfies the Gauss-
Codazzi equations and hence M is locally immersed into R3.

Having a Spinc structure on manifolds is a weaker condition than having a Spin
structure because every Spin manifold has a trivial Spinc structure. Additionally, any
compact surface or any product of a compact surface with R has a Spinc structure
carrying special spinors. In the same spirit as in [Hij86], when using a suitable conformal
change, we proved in Chapter 2 a Bär-type inequality for the eigenvalues of the Dirac
operator on a compact surface endowed with any Spinc structure. In fact, any eigenvalue
λ of the Dirac operator satisfies

λ2 > λ2
1 :=

2πχ(M)

Area(M)
− 1

Area(M)

∫
M

|Ω|vg, (4.34)

Equality is achieved if and only if the eigenspinor ψ associated with the first eigenvalue
λ1 is a Spinc Killing spinor satisfying Ω · ψ = i|Ω|ψ. In this section, we give a formula
corresponding to (4.32) for any eigenspinor ψ of the square of the Dirac operator on
compact surfaces endowed with any Spinc structure (see Theorem 4.7.1). It is moti-
vated by the following two facts: first, when we consider eigenvalues of the square of
the Dirac operator, another tensor field is of interest. It is the skew-symmetric tensor
field qψ. This tensor was studied by G. Habib [Hab07] in the context of Riemannian
flows. Second, we consider any compact surface M immersed in S2 ×R where S2 is the
round sphere equipped with a metric of curvature one. The Spinc structure on S2 × R,
induced from the canonical one on S2 and the Spin structure on R, admits a parallel
spinor [Moro97]. The restriction to M of this Spinc structure is still a Spinc structure
with a Spinc generalized Killing spinor [Nak11a].
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In Section 4.7.1 we deduce a formula for the integral of the determinant of `ψ + qψ

and we establish a new proof of the Bär-type Inequality (4.34). In Section 4.7.2, we
consider the 3-dimensional case and treat examples of hypersurfaces in CP2.

4.7.1 The 2-dimensional case

In this section, we consider compact surfaces endowed with any Spinc structure. We
have:

Theorem 4.7.1. Let (M2, g) be a Riemannian manifold and ψ an eigenspinor of the
square of the Dirac operator D2 with eigenvalue λ2 associated with any Spinc structure.
Then, we have

λ2 =
S

4
+ |`ψ|2 + |qψ|2 + ∆f + |Y |2 − 2Y (f) +

〈
i

2
Ω · ψ, ψ

|ψ|2

〉
,

where f is the real-valued function defined by f = 1
2

ln|ψ|2 and Y is a vector field on
TM given by g(Y, Z) = 1

|ψ|2 Re 〈Dψ,Z · ψ〉 for any Z ∈ Γ(TM).

Proof. Let {e1, e2} be an orthonormal frame of TM . Since the Spinc bundle ΣM
is of real dimension 4, the set { ψ|ψ| ,

e1·ψ
|ψ| ,

e2·ψ
|ψ| ,

e1·e2·ψ
|ψ| } is orthonormal with respect to the

real product Re 〈·, ·〉. The covariant derivative of ψ can be expressed in this frame as

∇Xψ = δ(X)ψ + α(X) · ψ + β(X)e1 · e2 · ψ, (4.35)

for all vector fields X, where δ and β are 1-forms and α is a (1, 1)-tensor field. Moreover
β, δ and α are uniquely determined by the spinor ψ. In fact, taking the scalar product

of (4.35) respectively with ψ, e1 · ψ, e2 · ψ, e1 · e2 · ψ, we get δ = d(|ψ|2)
2|ψ|2 ,

α(X) = −`ψ(X)− qψ(X) and β(X) =
1

|ψ|2
Re 〈∇Xψ, e1 · e2 · ψ〉 .

Using the Schrödinger-Lichnerowicz formula, it follows that

λ2 =
∆(|ψ|2)

2|ψ|2
+ |α|2 + |β|2 + |δ|2 +

1

4
S +

〈
i

2
Ω · ψ, ψ

|ψ|2

〉
.

Now it remains to compute the term |β|2. We have

|β|2 =
1

|ψ|4
Re 〈∇e1ψ, e1 · e2 · ψ〉2 +

1

|ψ|4
Re 〈∇e2ψ, e1 · e2 · ψ〉2

=
1

|ψ|4
Re 〈Dψ − e2 · ∇e2ψ, e2 · ψ〉2 +

1

|ψ|4
Re 〈Dψ − e1 · ∇e1ψ, e1 · ψ〉2

= g(Y, e1)2 + g(Y, e2)2 +
|d(|ψ|2)|2

4|ψ|4
− g(Y,

d(|ψ|2)

|ψ|2
)

= |Y |2 − 2Y (f) +
|d(|ψ|2)|2

4|ψ|4
,

which gives the result by using the fact that ∆f = ∆(|ψ|2)
2|ψ|2 + |d(|ψ|2)|2

2|ψ|4 . �
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Remark 4.7.1. Under the same conditions as in Theorem 4.7.1, if ψ is an eigenspinor
of D with eigenvalue λ, we get

λ2 =
S

4
+ |`ψ|2 + ∆f +

〈
i

2
Ω · ψ, ψ

|ψ|2

〉
.

In fact, in this case Y = 0 and

0 = Re 〈Dψ, e1 · e2 · ψ〉 = Re 〈e1 · ∇e1ψ + e2 · ∇e2ψ, e1 · e2 · ψ〉
= Re 〈−e2 · ∇e1ψ + e1 · ∇e2ψ, ψ〉 = 2qψ(e2, e1)|ψ|2. (4.36)

This was proven by T. Friedrich and E.C. Kim in [FK01] for Spin structures on M .

In the following, we will give an estimate for the integral

∫
M

det(`ψ+qψ)vg in terms of

geometric quantities, which has the advantage that it does not depend on the eigenvalue
λ nor on the eigenspinor ψ. This is a generalization of the result of T. Friedrich and
E.C. Kim in [FK01] for Spin structures.

Theorem 4.7.2. Let M be a compact surface and ψ any eigenspinor of D2 associated
with eigenvalue λ2. Then we have∫

M

det(`ψ + qψ)vg >
πχ(M)

2
− 1

4

∫
M

|Ω|vg. (4.37)

Equality in (4.37) holds if and only if either Ω is zero or has constant sign.

Proof. As in the previous theorem, the spinor Dψ can be expressed in the orthonor-
mal frame of the Spinc bundle. Thus the norm of Dψ is equal to

|Dψ|2 =
1

|ψ|2
Re 〈Dψ,ψ〉2 +

1

|ψ|2
2∑
i=1

Re 〈Dψ, ei · ψ〉2 +
1

|ψ|2
Re 〈Dψ, e1 · e2 · ψ〉2

= (tr `ψ)2|ψ|2 + |Y |2|ψ|2 +
1

|ψ|2
Re 〈Dψ, e1 · e2 · ψ〉2 , (4.38)

where we recall that the trace of `ψ is equal to 1
|ψ|2 Re 〈Dψ,ψ〉 . On the other hand, by

(4.36) we have that 1
|ψ|2 Re 〈Dψ, e1 · e2 · ψ〉2 = 2|qψ|2|ψ|2. Thus Equation (4.38) reduces

to
|Dψ|2

|ψ|2
= (tr `ψ)2 + |Y |2 + 2|qψ|2.

Now, using the equality Re 〈D2ψ, ψ〉 = |Dψ|2 − divξ, where ξ is the vector field given
by ξ = |ψ|2Y, we get

λ2 +
1

|ψ|2
divξ = (tr `ψ)2 + |Y |2 + 2|qψ|2. (4.39)

An easy computation leads to 1
|ψ|2 divξ = divY + 2Y (f) where we recall that f =

1
2
ln(|ψ|2). Hence substituting this formula into (4.39) and using Theorem 4.7.1 yields

S

4
+ (

i

2
Ω · ψ, ψ

|ψ|2
) + ∆f + divY = (tr`ψ)2 + |qψ|2 − |`ψ|2 = 2det(`ψ + qψ).
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Finally, integrating over M and using the Gauss-Bonnet formula, we deduce the required
result. Equality holds if and only if Ω · ψ = i|Ω|ψ. In the orthonormal frame {e1, e2},
the 2-form Ω can be written as Ω = Ω12 e1 ∧ e2, where Ω12 is a function defined on M .
Using the decomposition of ψ into positive and negative spinors ψ+ and ψ−, we find
that the equality is attained if and only if

Ω12 e1 · e2 · ψ+ + Ω12 e1 · e2 · ψ− = i|Ω12|ψ+ + i|Ω12|ψ−,

which is equivalent to saying that,

Ω12ψ
+ = −|Ω12|ψ+ and Ω12ψ

− = |Ω12|ψ−.

Now, if ψ+ 6= 0 and ψ− 6= 0, we get Ω = 0. Otherwise, it has constant sign. In the last
case, we get that

∫
M
|Ω|vg = 2πχ(M), which means that the l.h.s. of this equality is a

topological invariant. �

Next, we will give another proof of the Bär-type Inequality (4.34) for the eigenvalues of
any Spinc Dirac operator. The following theorem was proved by the second author in
[Nak10] using conformal deformation of the spinorial Levi-Civita connection.

Theorem 4.7.3. Let M be a compact Riemannian surface. For any Spinc structure
on M , any eigenvalue λ of the Dirac operator D to which is attached an eigenspinor ψ
satisfies

λ2 >
2πχ(M)

Area(M)
− 1

Area(M)

∫
M

|Ω|vg. (4.40)

Equality holds if and only if the eigenspinor ψ is a Spinc Killing spinor satisfying Ω ·ψ =
i|Ω|ψ.

Proof. With the help of Remark (4.7.1), we have that

λ2 =
S

4
+ |`ψ|2 +4f +

〈
i

2
Ω · ψ, ψ

|ψ|2

〉
. (4.41)

Using the Cauchy-Schwarz inequality, i.e. |`ψ|2 > λ2

2
and 〈iΩ · ψ, ψ〉 > − cn

2
|Ω||ψ|2, we

easily deduce the result after integrating over M . Now the equality in (4.40) holds if and
only if the eigenspinor ψ satisfies Ω ·ψ = i|Ω|ψ and |`ψ|2 = λ2

2
. Thus, the second equality

is equivalent to saying that `ψ(X) = λ
2
X for all X ∈ Γ(TM). Finally, a straightforward

computation of the spinorial curvature of the spinor field ψ gives in a local frame {e1, e2},
after using the fact β = −(∗δ), that

1

2
R1212 e1 · e2 · ψ =

(λ2

2
+ e1(δ(e1)) + e2(δ(e2))

)
e2 · e1 · ψ − λδ(e2)e1 · ψ

+λδ(e1)e2 · ψ +
(
e1(δ(e2))− e2(δ(e1))

)
ψ.

Thus the scalar product with e1 ·ψ and e2 ·ψ implies that δ = 0. Finally, β = 0 and the
eigenspinor ψ is a Spinc Killing spinor satisfying Ω · ψ = i|Ω|ψ. �
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Now, we will give some examples where equality holds in (4.40) or in (4.37). Some
applications of Theorem 4.7.1 are also given.

Examples.

1. Let S2 be the round sphere equipped with the standard metric of curvature one.
As a Kähler manifold, we endow the sphere with the canonical Spinc structure
of curvature form equal to iΩ = iρ, where ρ is the Ricci 2-form. Hence, we
have |Ω| = |ρ| = 1. Furthermore, we mentionned that for the canonical Spinc

structure, the sphere carries parallel spinors, i.e. an eigenspinor associated with
the eigenvalue 0 of the Dirac operator D. Thus equality holds in (4.40). On the
other hand, equality in (4.37) also holds, since the sign of the curvature form Ω is
constant.

2. Let f : M → S3 be an isometric immersion of a surface M2 into the sphere
equipped with its unique Spin structure and assume that the mean curvature H
is constant. The restriction of a Killing spinor on S3 to the surface M defines a
spinor field φ solution of the following equation [Hab-Roth10]

∇Xφ = +
1

2
II(X) • φ− 1

2
J(X) • φ, (4.42)

where II denotes the second fundamental form of the surface and J is the complex
structure of M given by the rotation of angle π

2
on TM . It is easy to check

that φ is an eigenspinor for D2 associated with the eigenvalue H2 + 1. Moreover
Dφ = −Hφ− e1 · e2 ·φ, so that Y = 0. Moreover we have `φ = −1

2
II and qφ = 1

2
J .

Hence, by Theorem 4.7.1, and since the norm of φ is constant, we obtain

H2 +
1

2
=

1

4
S +

1

4
|II|2.

3. On two-dimensional manifolds, we can define another Dirac operator associated
with the complex structure J given by D̃ = Je1 ·∇e1 +Je2 ·∇e2 = e2 ·∇e1−e1 ·∇e2 .

Since D̃ satisfies D2 = D̃2, all the above results are also true for the eigenvalues
of D̃.

4. Let M2 be a surface immersed in S2 × R. The product of the canonical Spinc

structure on S2 and the unique Spin structure on R define a Spinc structure on S2×
R carrying parallel spinors [Moro97]. Moreover, by the Schrödinger-Lichnerowicz
formula, any parallel spinor ψ satisfies ΩS2×R ·ψ = iψ, where ΩS2×R is the curvature
form of the auxiliary line bundle. Let ν be a unit normal vector field of the surface.
We then write ∂t = T + fν, where T is a vector field on TM with ||T ||2 + f 2 = 1.
On the other hand, the vector field T splits into T = ν1 + h∂t, where ν1 is a
vector field on the sphere. The scalar product of the first equation by T and the
second one by ∂t gives ||T ||2 = h which means that h = 1− f 2. Hence the normal
vector field ν can be written as ν = f∂t − 1

f
ν1. As we mentionned before, the
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Spinc structure on S2 × R induces a Spinc structure on M with induced auxiliary
line bundle. Next, we want to prove that the curvature form of the auxiliary
line bundle of M is equal to iΩ(e1, e2) = −if , where {e1, e2} denotes a local
orthonormal frame on TM . Since the spinor ψ is parallel, by Equation (1.7), we

have that for all X ∈ T (S2 × R) the equality RicS2×RX · ψ = i(XyΩS2×R) · ψ.
Therefore, we compute

(νyΩS2×R) • φ = ν · (νyΩS2×R) · ψ|M = −iν · RicS2×R ν · ψ|M

= +
1

f
iν · ν1 · ψ|M = −iν · (ν − f∂t).ψ|M

= (iψ + ifν · ∂t · ψ)|M .

Hence, by Equation (4.11), we get that Ω•φ = −i(fν ·∂t·ψ)|M . The scalar product
of the last equality with e1 · e2 · ψ gives

Ω(e1, e2)|φ|2 = −fRe 〈iν · ∂t · ψ, e1 · e2 · ψ〉 |M = −fRe 〈i∂t · ψ, ψ〉 |M .

We now compute the term i∂t · ψ. For this, let {e′1, Je′1} be a local orthonormal
frame of the sphere S2. The complex volume form acts as the identity on the Spinc

bundle of S2 × R, hence ∂t · ψ = e′1 · Je′1 · ψ. But we have

ΩS2×R · ψ = ρ · ψ = n · ψ = −e′1 · Je′1 · ψ.

Therefore, i∂t · ψ = ψ. Thus we get Ω(e1, e2) = −f . Finally,

〈iΩ • φ, φ〉 = fRe 〈ν · ∂t · ψ, ψ〉 |M = −fg(ν, ∂t)|φ|2 = −f 2|φ|2.

Hence, equality in Theorem 4.7.1 is just

H2 =
S

4
+

1

4
|II|2 − 1

2
f 2.

4.7.2 The 3-dimensional case

In this section, we will treat the 3-dimensional case.

Theorem 4.7.4. Let (M3, g) be a compact oriented Riemannian manifold. For any
Spinc structure on M , any eigenvalue λ of the Dirac operator to which is attached an
eigenspinor ψ satisfies

λ2 6
1

vol(M, g)

∫
M

(|`ψ|2 +
S

4
+
|Ω|
2

)vg.

Equality holds if and only if the norm of ψ is constant and Ω · ψ = i|Ω|ψ.

Proof. As in the proof of Theorem 4.7.1, the set { ψ|ψ| ,
e1·ψ
|ψ| ,

e2·ψ
|ψ| ,

e3·ψ
|ψ| } is orthonormal

with respect to the real scalar product Re 〈·, ·〉. The covariant derivative of ψ can be
expressed in this frame as

∇Xψ = η(X)ψ + `(X) · ψ, (4.43)
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for all vector fields X, where η is a 1-form and ` is a (1, 1)-tensor field. Moreover

η = d(|ψ|2)
2|ψ|2 and `(X) = −`ψ(X). It follows that

λ2 =
∆(|ψ|2)

2|ψ|2
+ |`ψ|2 +

|d(|ψ|2)|2

4|ψ|4
+

1

4
S + (

i

2
Ω · ψ, ψ

|ψ|2
)

= ∆f − |d(|ψ|2)|2

2|ψ|4
+ |`ψ|2 +

1

4
S +

〈
i

2
Ω · ψ, ψ

|ψ|2

〉
.

By the Cauchy-Schwarz inequality, we have 1
2

〈
iΩ · ψ, ψ

|ψ|2

〉
6 1

2
|Ω|. Integrating over M

and using the fact that |d(|ψ|2)|2 > 0, we get the result. �

Example 4.7.1. Let M3 be a compact 3-dimensional Riemannian manifold immersed
in CP2 with constant mean curvature H. Since CP2 is a Kähler manifold, we endow
it with the canonical Spinc structure whose auxiliary line bundle has curvature equal
to 6in. Moreover, by the Schrödinger-Lichnerowicz formula we have that any parallel
spinor ψ satisfies ΩCP2 · ψ = 12iψ. As in the previous example, we compute

(νyΩCP2

) • φ = −i(ν · RicCP2

(ν) · ψ)|M = 6iφ.

Finally, Ω • φ = 6iφ. Using Equation (4.14), we have that −3
2
H is an eigenvalue of D.

Since the norm of φ is constant, equality holds in Theorem 4.7.4 and hence

9

4
H2 +

3

2
=
S

4
+

1

4
|II|2.





Chapter 5

Hypersurfaces of Spinc Manifolds
and Lawson Correspondence

5.1 Introduction

It is well-known that a conformal immersion of a surface in R3 can be characterized by
a spinor field satisfying

Dφ = Hφ, (5.1)

where D is the Dirac operator and H the mean curvature of the surface (see [Ku-Sc]). In
[Fri98], T. Friedrich characterized surfaces in R3 in a geometrically invariant way. More
precisely, consider an isometric immersion of a surface (M2, g) into R3. The restriction
to M of a parallel spinor of R3 satisfies, for all X ∈ Γ(TM), the following relation

∇Xφ = −1

2
IIX • φ, (5.2)

where ∇ is the spinorial connection of M , “•” denotes the Clifford multiplication of M
and II is the Weingarten map of the immersion. Hence, φ is a solution of the Dirac
equation (5.1) with constant norm. Conversely, assume that a Riemannian surface
(M2, g) carries a spinor field φ, satisfying

∇Xφ = −1

2
EX • φ, (5.3)

where E is a given symmetric endomorphism on the tangent bundle. It is straightfor-
ward to see that E = 2`φ. Then, the existence of a pair (φ,E) satisfying (5.3) implies
that the tensor E = 2`φ satisfies the Gauss and the Codazzi equations and by Bonnet’s
theorem, there exists a local isometric immersion of (M2, g) into R3 with E as Wein-
garten map . T. Friedrich’s result was extended by B. Morel [Mor05] for surfaces of the
sphere S3 and the hyperbolic space H3.

Recently, J. Roth [Roth10] gave a spinorial characterization of surfaces isometri-
cally immersed into 3-dimensional homogeneous manifolds with 4-dimensional isometry

119
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group. These manifolds, denoted by E(κ, τ), are Riemannian fibrations over a simply
connected 2-dimensional manifold M2(κ) with constant curvature κ and bundle curva-
ture τ . This fibration can be represented by a unit vector field ξ tangent to the fibers.

The manifolds E(κ, τ) are Spin having a special spinor field ψ. This spinor is con-
structed using real or imaginary Killing spinors on M2(κ). If τ 6= 0, the restriction of ψ
to a surface gives rise to a spinor field φ satisfying, for every vector field X tangent to
M ,

∇Xφ = −1

2
IIX • φ+ i

τ

2
X • φ− iα

2
g(X,T )T • φ+ i

α

2
fg(X,T )φ. (5.4)

Here, α = 2τ− κ
2τ

, f is a real function and T is a vector field on M such that ξ = T +fν
is the decomposition of ξ into tangential and normal parts (ν is the normal vector field
of the immersion). The spinor φ is given by φ := φ+ − φ−, where φ = φ+ + φ− is
the decomposition into positive and negative spinors. Up to some additional geometric
assumptions on T and f , the spinor field φ allows to characterize the immersion of the
surface into E(κ, τ) [Roth10].

In this chapter, we consider Spinc structures on E(κ, τ) instead of Spin structures.
As Sasakian manifolds, the manifolds E(κ, τ) have a canonical Spinc structure carrying a
natural spinor field, namely, a real Killing spinor with Killing constant τ

2
. The restriction

of this Killing spinor to M gives rise to a special spinor field satisfying

∇Xφ = −1

2
IIX • φ+ i

τ

2
X • φ.

This spinor, with a curvature condition on the auxiliary line bundle, allows the character-
ization of the immersion of M into E(κ, τ) without any additional geometric assumption
on f or T (see Theorem 5.4.1). From this characterization, we get an elementary Spinc

proof of a generalized Lawson correspondence for constant mean curvature surfaces in
E(κ, τ) (see Theorem 5.5.1).

The second advantage of using Spinc structures in this context is when we consider
hypersurfaces of 4-dimensional manifolds. Indeed, any oriented 4-dimensional Kähler
manifold has a canonical Spinc structure with parallel spinors. In particular, the complex
space forms CP 2 and CH2. Then, using an analogue of Bonnet’s Theorem for complex
space forms, we prove a Spinc characterization of hypersurfaces of the complex projective
space CP 2 and of the complex hyperbolic space CH2. This work generalizes to the
complex case the results of [Mor05] and [La-Ro10].

5.2 Preliminaries

In this section, we give a short description of the complex space form M2
C(c) of com-

plex dimension 2, the 3-dimensional homogeneous manifolds E(κ, τ) with 4-dimensional
isometry group and their hypersurfaces (see [Dan07, Sco83, Roth10]).
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5.2.1 Basic facts about E(κ, τ) and their hypersurfaces

We denote a 3-dimensional homogeneous manifold with 4-dimensional isometry group
by E(κ, τ). It is a Riemannian fibration over a simply connected 2-dimensional manifold
M2(κ) with constant curvature κ and such that the fibers are geodesic. We denote by
τ the bundle curvature, which measures the defect of the fibration to be a Riemannian
product. Precisely, we denote by ξ a unit vertical vector field, that is tangent to the
fibers. The vector field ξ is a Killing vector field and satisfies for all vector field X,

∇Xξ = τX ∧ ξ, (5.5)

where ∇ is the Levi-Civita connection on E(κ, τ). When τ vanishes, we get a product
manifoldM2(κ)×R. If τ 6= 0, these manifolds are of three types: they have the isometry

group of the Berger spheres if κ > 0, of the Heisenberg group Nil3 if κ = 0 or of ˜PSL2(R)
if κ < 0.

Note that if τ = 0, then ξ = ∂
∂t

is the unit vector field giving the orientation of R
in the product M2(κ) × R. The manifold E(κ, τ), with τ 6= 0, admits a local direct
orthonormal frame {e1, e2, e3} with

e3 = ξ,

and such that the Christoffel symbols Γ
k

ij =
〈
∇eiej, ek

〉
are given by

Γ
3

12 = Γ
1

23 = −Γ
3

21 = −Γ
2

13 = τ,

Γ
1

32 = −Γ
2

31 = τ − κ
2τ
,

Γ
i

ii = Γ
i

ij = Γ
i

ji = Γ
j

ii = 0, ∀ i, j ∈ {1, 2, 3}.

(5.6)

We call {e1, e2, e3 = ξ} the canonical frame of E(κ, τ).

Let M be an orientable surface of E(κ, τ) with Weingarten tensor II associated with
a unit normal inner vector ν. Moreover, we decompose ξ as ξ = T + fν, where the
function f is the normal component of ξ and T is its tangential part. By a computation
of the curvature tensor of E(κ, τ), we deduce the Gauss and Codazzi equations:

K = det(II) + τ 2 + (κ− 4τ 2)f 2, (5.7)

∇XIIY −∇Y IIX − II[X, Y ] = (κ− 4τ 2)f(g(Y, T )X − g(X,T )Y ), (5.8)

where K is the Gauss curvature of M . Moreover, from (5.5), we deduce

∇XT = f(IIX − τJX) and df(X) = −g(IIX − τJX, T ),

where J is the rotation of angle π
2

on TM and ∇ the Levi-Civita connection on (M2, g).
Now, we ask if the Gauss equation (5.7) and the Codazzi equation (5.8) are sufficient
to get an isometric immersion of M into E(κ, τ).
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Definition 5.2.1 (Compatibility Equations). Let E be a field of symmetric endo-
morphisms on a surface M , T a vector field on M and f a real-valued function on M
so that f 2 + ‖T‖2 = 1. We say that (M, g,E, T, f) satisfies the compatibility equations
for E(κ, τ) if and only if for any X, Y, Z ∈ Γ(TM),

K = det(E) + τ 2 + (κ− 4τ 2)f 2, (5.9)

∇XEY −∇YEX − E[X, Y ] = (κ− 4τ 2)f(g(Y, T )X − g(X,T )Y ), (5.10)

∇XT = f(EX − τJX), (5.11)

df(X) = −g(EX − τJX, T ). (5.12)

In [Dan09, Dan07], B. Daniel proved that these compatibility equations are necessary
and sufficient for the existence of an isometric immersion F from M into E(κ, τ) with
Weingarten tensor dF ◦ E ◦ dF−1 and so that ξ = dF (T ) + fν.

5.2.2 Basic facts about M2
C(c) and their real hypersurfaces

Let (M2
C(c), J, g) be the complex space form of constant holomorphic sectional curvature

4c and complex dimension 2, that is for c = 1, M2
C(c) is the complex projective space

CP 2 and if c = −1, M2
C(c) is the complex hyperbolic space CH2. It is a well-known fact

that the curvature tensor R of M2
C(c) is given by

g
(
R(X, Y )Z,W

)
= c

{
g(Y, Z)g(X,W )− g(X,Z)g(Y,W ) + g(JY, Z)g(JX,W )

−g(JX,Z)g(JY,W )− 2g(JX, Y )g(JZ,W )
}
, (5.13)

for all X, Y, Z and W tangent vector fields to M2
C(c).

Let M3 be an oriented real hypersurface of M2
C(c) endowed with the metric g induced

by g. We denote by ν the unit normal inner vector globally defined on M and by II
the Weingarten tensor of this immersion. Moreover, the complex structure J induces
on M an almost contact metric structure (X, ξ, η), where X is the (1, 1)-tensor defined
by g(XX, Y ) = g(JX, Y ) for all X, Y ∈ Γ(TM), ξ = −Jν is a tangent vector field and
η the 1-form associated with ξ, that is η(X) = g(ξ,X) for all X ∈ Γ(TM). Then, we
see easily that, for every X ∈ Γ(TM), the following holds:

X2X = −X + η(X)ξ, g(ξ, ξ) = 1, and Xξ = 0. (5.14)

Moreover, from the relation between the Riemannian connections ∇of M2
C(c) and ∇ of

M , ∇XY = ∇XY + g(IIX, Y )ν, we deduce the two following identities:

(∇XX)Y = η(Y )IIX − g(IIX, Y )ξ and ∇Xξ = XIIX,
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for every X, Y ∈ Γ(TM). From the expression of the curvature of M2
C(c) given above,

we deduce the Gauss and Codazzi equations. First, the Gauss equation says that for all
X, Y, Z,W ∈ Γ(TM),

g(R(X, Y )Z,W ) = c
{
g(Y, Z)g(X,W )− g(X,Z)g(Y,W ) + g(XY, Z)g(XX,W )

−g(XX,Z)g(XY,W )− 2g(XX, Y )g(XZ,W )
}

(5.15)

+g(IIY, Z)g(IIX,W )− g(IIX,Z)g(IIY,W ).

The Codazzi equation is

d∇II(X, Y ) = c
(
η(X)XY − η(Y )XX − 2g(XX, Y )ξ

)
. (5.16)

Now, we ask if the Gauss equation (5.15) and the Codazzi equation (5.16) are sufficient
to get an isometric immersion of (M, g) into M2

C(c).

Definition 5.2.2 (Compatibility Equations). Let (M3, g) be a Riemannian manifold
endowed with a contact metric structure (X, ξ, η) and let E be a field of symmetric
endomorphisms on M . We say that (M, g,E,X, ξ, η) satisfies the compatibility equations
for M2

C(c) if and only if, for any X, Y, Z,W ∈ Γ(TM), we have

g(R(X, Y )Z,W ) = c
{
g(Y, Z)g(X,W )− g(X,Z)g(Y,W ) + g(XY, Z)g(XX,W )

−g(XX,Z)g(XY,W )− 2g(XX, Y )g(XZ,W )
}

(5.17)

+g(EY,Z)g(EX,W )− g(EX,Z)g(EY,W ),

d∇E(X, Y ) = c
(
η(X)XY − η(Y )XX − 2g(XX, Y )ξ

)
. (5.18)

(∇XX)Y = η(Y )EX − g(EX, Y )ξ, (5.19)

∇Xξ = XEX. (5.20)

In [PT08], P. Piccione and D.V. Tausk prove that the Gauss equation (5.17) and
the Codazzi equation (5.18) together with (5.19) and (5.20) are necessary and sufficient
for the existence of an isometric immersion from M into M2

C(c) such that the complex
structure of M2

C(c) over M is given by J = X + η(·)ν.

5.2.3 Hypersurfaces and induced Spinc structures

Here, we recall the relations between the extrinsic and the intrinsic Spinc data. Let
N be an oriented (n + 1)-dimensional Riemannian Spinc manifold and M ⊂ N be an
oriented hypersurface. The manifold M inherits a Spinc structure induced from the one
on N , and we have

ΣM '


ΣN|M if n is even,

Σ+N|M if n is odd.
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Moreover, Clifford multiplication by a vector field X, tangent to M , is given by

X • φ = (X · ν · ψ)|M , (5.21)

where ψ ∈ Γ(ΣN) (or ψ ∈ Γ(Σ+N) if n is odd), φ is the restriction of ψ to M , “·” is
the Clifford multiplication on N , “•” that on M and ν is the unit inner normal vector.
The relation (5.21) differs from the relation (4.8) in Chapter 4, since we choose here the
isomorphism (1.4) and not the isomorphism (4.4) to identify Clifford multiplications on
N and M . In this case, for every ψ ∈ Γ(ΣN) (ψ ∈ Γ(Σ+N) if n is odd), the real 2-forms
Ω and ΩN are related by

(ΩN · ψ)|M = Ω • φ− (νyΩN) • φ. (5.22)

We denote by ∇ΣN the spinorial Levi-Civita connection on ΣN and by ∇ that on ΣM .
For all X ∈ Γ(TM), we have the Spinc Gauss formula:

(∇ΣN
X ψ)|M = ∇Xφ+

1

2
II(X) • φ, (5.23)

where II denotes the Weingarten map of the hypersurface. Moreover, let DN and D be
the Dirac operators on N and M , after denoting by the same symbol any spinor and its
restriction to M , we have

D̃φ =
n

2
Hφ− ν ·DNφ−∇ΣN

ν φ, (5.24)

where H = 1
n
tr(II) denotes the mean curvature and D̃ = D if n is even and D̃ =

D ⊕ (−D) if n is odd.

5.3 Isometric immersions into M2
C(c) via spinors

In this section, we consider the canonical Spinc structure on M2
C(c) carrying a parallel

spinor field ψ. This spinor field lies in Σ0(M2
C(c)) ⊂ Σ+(M2

C(c)). The restriction of this
Spinc structure to any hypersurface M defines a Spinc structure on M with a special
spinor field. This spinor field characterizes the isometric immersion of M into M2

C(c).

5.3.1 Special spinor fields on M2
C(c) and their hypersurfaces

Assume that there exists an isometric immersion of (M3, g) into M2
C(c) with Weingarten

tensor II. We know that M has a contact metric structure (X, ξ, η) such that XX =
JX − η(X)ν, for every X ∈ Γ(TM).

Lemma 5.3.1. The restriction φ of the parallel spinor ψ on M2
C(c) is a solution of the

generalized Killing equation

∇Xφ+
1

2
II(X) • φ = 0. (5.25)

Moreover, the spinor field φ satisfies ξ • φ = −iφ. The curvature 2-form of the con-
nection on the auxiliary line bundle associated with the induced Spinc structure is given
by iΩ(X, Y ) = 6ic n (X, Y ) for every X, Y ∈ Γ(TM), where n is the Kähler form of
M2

C(c).
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Proof. First, since ψ is parallel, we have DM2
C(c)ψ = (∇M2

C(c))∗∇M2
C(c)ψ = 0. Hence,

by the Schrödinger-Lichnerowicz formula (1.8), we get

ΩM2
C(c) · ψ = 12ciψ. (5.26)

By the Spinc Gauss formula (5.23), the restriction φ of the parallel spinor ψ on M2
C(c)

satisfies

∇Xφ = −1

2
II(X) • φ.

Since the spinor ψ is parallel, by Equation (1.7), we have

RicM2
C(c)(X) · ψ = i(XyΩM2

C(c)) · ψ,

for all X ∈ T (M2
C(c)). Therefore, we compute,

(νyΩM2
C(c)) • φ = (νyΩM2

C(c)) · ν · ψ|M
= −ν · (νyΩM2

C(c)) · ψ|M
= iν · RicM2

C(c) ν · ψ|M
= −6ciφ.

By Equation (5.22), we get that

Ω • φ = 6ciφ. (5.27)

Now, for any X, Y ∈ Γ(TM), we have

Ω(X, Y ) = ΩM2
C(c)(X, Y ) = ρ(X, Y ) = ricM2

C(c)(X, JY ) = 6cg(X, JY ) = 6cn (X, Y ).

Let e1 be a unit vector field tangent to M such that {e1, e2 = Je1, ξ} is an orthonormal
basis of TM . In this basis, we have

Ω • φ = Ω(e1, e2) e1 • e2 • φ+ Ω(e1, ξ) e1 • ξ • φ+ Ω(e2, ξ) e2 • ξ • φ.

But
Ω(e1, e2) = −6c and Ω(e1, ξ) = Ω(e2, ξ) = 0.

Finally, Ω • φ = −6ce1 • e2 • φ. Using (5.27) and the fact that e1 • e2 • ξ • φ = −φ, we
conclude that ξ • φ = −iφ.

Lemma 5.3.2. Let E be a field of symmetric endomorphisms on a Riemannian Spinc

manifold M3 of dimension 3, then

E(ei) • E(ej)− E(ej) • E(ei) = 2(aj3ai2 − aj2ai3)e1

+2(ai3aj1 − ai1aj3)e2

+2(ai1aj2 − ai2aj1)e3, (5.28)

where (aij)i,j is the matrix of E written in any local orthonormal frame {e1, e2, e3} of
TM .
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Remark 5.3.1. Consider (M3, g) a Riemannian Spinc manifold endowed with a contact
metric structure (X, ξ, η). In the basis {e1,Xe2, e3 = ξ}, it is easy to check that the Gauss
equation (5.17) and the Codazzi equation (5.16) are equivalent to

R1332 = a12a33 − a32a13,
R1223 = a22a13 − a32a12,
R1221 = a22a11 − a2

12 + 4c,
R1331 = a33a11 − a2

13 + c,
R2113 = a23a11 − a12a13,
R2332 = a22a33 − a2

23 + c,
d∇E(e1, e2) = −2ce3,
d∇E(e1, e3) = −ce2,
d∇E(e1, e3) = ce1,

(5.29)

where Rijkl denotes the curvature tensor of (M3, g) and i, j, k, l ∈ {1, 2, 3}.

Proposition 5.3.1. Let (M3, g) be a Riemannian Spinc manifold endowed with a con-
tact metric structure (X, ξ, η). Assume that there exists a non-trivial spinor φ satisfying

∇Xφ = −1

2
EX • φ and ξ • φ = −iφ,

where E is a field of symmetric endomorphisms on M . We suppose that the curvature
2-form of the connection defined on the auxiliary line bundle associated with the Spinc

structure is given by iΩ(e1, e2) = −6ic and iΩ(ei, ej) = 0 elsewhere in the basis {e1, e2 =
Xe1, e3 = ξ}. Then, the Gauss and the Codazzi equations for M2

C(c) are satisfied (i.e. all
the equations of System (5.29) are satisfied) if and only if one equation among System
(5.29) is satisfied.

Proof. We compute the spinorial curvature R on φ and we get

RX,Y φ = −1

2
d∇E(X, Y ) • φ+

1

4
(EY • EX − EX • EY ) • φ.

In the basis {e1, e2 = Xe1, e3 = ξ}, the Ricci identity (1.7) gives that

1

2
Ric(e1) • φ = e2 • R(e2, e1)φ+ e3 • R(e3, e1)φ+

i

2
(e1yΩ) • φ

= −1

2
e2 • d∇E(e2, e1) • φ+

1

4
e2 • (Ee1 • Ee2 − Ee2 • Ee1) • φ

−1

2
e3 • d∇E(e3, e1) • φ+

1

4
e3 • (Ee1 • Ee3 − Ee3 • Ee1) • φ

+
i

2
(e1yΩ) • φ.

It is easy to check that Ric(e1) = (R1221 + R1331)e1 + R1332 e2 + R1223 e3 and by Lemma
5.3.2 we have

e2 • (Ee1 • Ee2 − Ee2 • Ee1) • φ+ e3 • (Ee1 • Ee3 − Ee3 • Ee1) • φ
= 2(a11a33 + a11a12 − a2

13 − a2
12)e1 • φ

+2(a13a33 − a32a13)e2 • φ+ 2(a22a13 − a32a12)e3 • φ.
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Finally, we get

(R1221 + R1331)e1 • φ+ R1332e2 • φ+ R1223e3 • φ
= −e2 • d∇E(e2, e1) • φ− e3 • d∇E(e3, e1) • φ

+(a11a33 + a11a22 − a2
13 − a2

12)e1 • φ
+(a12a33 − a32a13)e2 • φ+ (a22a13 − a32a12)e3 • φ
−6ice2 • φ. (5.30)

Since ξ • φ = −iφ, we have −ie2 • φ = e1 • φ and Equation (5.30) becomes

(R1221 + R1331 − a11a33 − a11a22 + a2
13 + a2

12 − 5c)e1 • φ
+(R1332 − a12a33 + a32a13)e2 • φ
+(R1223 − a22a13 + a32a12)e3 • φ

= −e2 • d∇E(e2, e1) • φ− e3 • d∇E(e3, e1) • φ
+ce1 • φ. (5.31)

The same computation holds for the unit vector fields e2 and e3 and we get

(R2331 − a12a33 + a13a23)e1 • φ
+(R2332 + R2112 − a22a33 − a22a11 + a2

13 + a2
12 − 5c)e2 • φ

+(R2113 − a23a11 + a12a13))e3 • φ
= −e1 • d∇E(e1, e2) • φ− e3 • d∇E(e3, e2) • φ

+ce2 • φ. (5.32)

Again, we have

(R3221 − a13a22 + a23a21)e1 • φ
+(R3112 − a32a11 + a31a12)e2 • φ
+(R3113 + R3223 − a22a33 − a11a33 + a2

13 + a2
23)e3 • φ

= −e1 • d∇E(e1, e3) • φ− e2 • d∇E(e2, e3) • φ. (5.33)

Since |φ| is constant (say |φ| = 1), the set {φ, e1 • φ, e2 • φ, e3 • φ} is an orthonormal
frame of ΣM with respect to the real scalar product Re 〈., .〉. Hence, from Equation
(5.31) we deduce

R1221 + R1331 − (a11a33 + a11a22 − a2
13 − a2

12 + 5c) = g(d∇E(e1, e3), e3)

−g(d∇E(e1, e3), e2) + c,

R1332 − (a12a33 − a32a13) = g(d∇E(e1, e3), e1),

R1223 − (a22a13 − a32a12) = g(d∇E(e1, e2), e1),

g(d∇E(e1, e2), e2) = −g(d∇E(e1, e3), e3).
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Similary, from Equations (5.32) and (5.33) we have

R2331 − (a12a33 − a13a23) = −g(d∇E(e2, e3), e2),

R2332 + R2112 − (a22a33 + a22a11 − a2
13 − a2

12 + 5c) = g(d∇E(e2, e3), e1)

+g(d∇E(e1, e2), e3) + c,

R2113 − (a23a11 − a12a13) = −g(d∇E(e1, e2), e2),

g(d∇E(e1, e2), e1) = g(d∇E(e2, e3), e3),

R3221 − (a13a22 − a23a21) = −g(d∇E(e2, e3), e3),

R3112 − (a32a11 − a31a12) = g(d∇E(e1, e3), e3),

R3113 + R3223 − (a22a33 − a11a33 + a2
13 + a2

23) = g(d∇E(e2, e3), e1)

−g(d∇E(e1, e3), e2),

g(d∇E(e2, e3), e2) = −g(d∇E(e1, e3), e1).

The last twelve equations imply that, if one of the equations in System (5.29) is satisfied,
the Gauss and Codazzi equations for M2

C(c) are satisfied.

5.3.2 Spinc characterization of Hypersurfaces of M2
C(c)

Now, we give the main result of this section:

Theorem 5.3.1. Consider (M3, g) a Riemannian manifold endowed with a contact
metric structure (X, ξ, η), E a field of symmetric endomorphisms on M with trace equal
to 3H. Assume that E satisfies at least one equation in System (5.29). Then, the
following statements are equivalent:

1. There exists an isometric immersion of (M3, g) into M2
C(c) with Weingarten tensor

E, mean curvature H and so that, over M , the complex structure of M2
C(c) is given

by J = X + η(·)ν, where ν is the unit normal inner vector of the immersion.

2. There exists a Spinc structure on M carrying a non-trivial spinor φ satisfying, for
all X ∈ Γ(TM),

∇Xφ = −1

2
EX • φ and ξ • φ = −iφ.

The curvature 2-form of the connection on the auxiliary line bundle is given by
iΩ(e1, e2) = −6ic and iΩ(ei, ej) = 0 elsewhere in the basis {e1, e2 = Xe1, e3 = ξ}.

3. There exists a Spinc structure on M carrying a non-trivial spinor φ of constant
norm and satisfying

Dφ =
3

2
Hφ and ξ • φ = −iφ.

The curvature 2-form of the connection on the auxiliary line bundle is given by
iΩ(e1, e2) = −6c and iΩ(ei, ej) = 0 elsewhere in the basis {e1, e2 = Xe1, e3 = ξ}.
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Proof. By Lemma 5.3.1, the first statement implies the second one. Using Propo-
sition 5.3.1, to show that 2 =⇒ 1, it suffices to show that ∇Xξ = XEX and (∇XX)Y =
η(Y )EX − g(EX, Y )ξ for every X, Y ∈ Γ(TM). In fact, we simply compute the deriva-
tive of ξ • φ = −iφ in the direction of X ∈ Γ(TM) to get

∇Xξ • φ =
i

2
EX • φ+

1

2
ξ • EX • φ.

Using that −ie2 • φ = e1 • φ, the last equation reduces to

∇Xξ • φ− g(EX, e1)e2 • φ+ g(EX, e2)e1 • φ = 0.

Finally ∇Xξ = XEX. Now, we compute the derivative of −ie2 • φ = e1 • φ in the
direction of e1 to get

∇e1(Xe1) • φ− 1

2
e2 • Ee1 • φ = i∇e1e1 • φ−

i

2
e1 • Ee1 • φ.

But, using that ξ • φ = −iφ, we have

1

2
e2 • Ee1 • φ−

i

2
e1 • Ee1 • φ = −a11ξ • φ− a12φ.

Denoting by Γkij the Christoffel symbols of {e1,Xe1, ξ}, we have ∇e1e1 = Γ1
11e1 + Γ2

11e2 +
Γ3

11e3. Moreover, using that ∇e1e3 = XEe1, we get

Γ3
11 = g(∇e1e1, e3) = −g(e1,∇e1e3) = a12.

Hence, ∇e1(Xe1) • φ = −a11ξ • φ+ Γ1
11e2 • φ+ Γ2

11e2 • φ. Finally

∇e1(Xe1) • φ− X(∇e1e1) • φ = −a11ξ • φ,

which is Equation (5.19) for X = Y = e1. Similary, we compute the derivative of
−ie2•φ = e1•φ in the direction of e2 and ξ to get Equation (5.19) for any X, Y ∈ Γ(TM).
It is easy to see that Assertion 2 implies Assertion 3. For 3⇒ 2, since φ is of constant
norm (say |φ| = 1), the set {φ, e1 • φ, e2 • φ, e3 • φ} is a local orthonormal frame of ΣM
with respect to the real scalar product Re 〈., .〉. Hence, for every X ∈ Γ(TM), we have

∇Xφ = η(X)φ+ `(X) • φ, (5.34)

where η is a 1-form and ` is a (1, 1)-tensor field. Moreover, it is easy to check that

η = d(|φ|2)
2|φ|2 and `(X) = −`φ(X). Since φ is of constant norm we have η = 0. Moreover,

`(X) = −`φ(X) is symmetric and it suffices to consider E = 2`φ to get the second
assertion.

5.4 Isometric immersions into E(κ, τ ) via spinors

The manifold E(κ, τ) has a Spinc structure carrying a Killing spinor with Killing constant
τ
2
. The restriction of this Spinc structure to any surface M defines a Spinc structure on
M with a special spinor field. This spinor field characterizes the isometric immersion of
M into E(κ, τ).



130 CHAPTER 5. HYPERSURFACES OF SPINC MANIFOLDS

5.4.1 Special spinor fields on E(κ, τ) and their hypersurfaces

On Spinc manifolds, A. Moroianu defined projectable spinors for arbitrary Rieman-
nian submersions of Spinc manifolds with 1-dimensional totally geodesic fibers [Moro96,
Moro98]. These spinors will be used to get a Killing spinor on E(κ, τ).

Proposition 5.4.1. The canonical Spinc structure on M2(κ) induces a Spinc structure
on E(κ, τ) carrying a Killing spinor with Killing constant τ

2
.

Proof. By enlargement of the group structures, the two-fold covering Θ : PSpinc2
M −→

PSO2M×M PS1M, gives a two-fold covering

Θ : PSpinc3
M −→ PSO3M×M PS1M,

which, by pull-back through π : M := E(κ, τ) → M := M2(κ), gives rise to a Spinc

structure on E(κ, τ) [Moro98, Moro96] and the following diagram commutes

PSpinc3
M PSpinc3

M

PSO3M ×M PS1M PSO3M×M PS1M

-

?

π∗Θ

-

?

Θ

--

The next step is to relate the covariant derivatives of spinors on M and M . We point
out an important detail: since we are actually interested to get a Killing spinor on M ,
the connection on PS1M (which defines the covariant derivative of spinors on M) that
we will consider will be the pull-back connection if τ = 0 and will not be the pull-back
connection if τ 6= 0. Hence, when τ = 0, the connection A0 on PS1M is given by

A0((π∗s)∗(X
∗)) = A(s∗X) and A0((π∗s)∗ξ) = 0. (5.35)

Now, if τ 6= 0, we consider a connection A0 on PS1M given by

A0((π∗s)∗(X
∗)) = A(s∗X) and A0((π∗s)∗ξ) = i(2τ − κ

2τ
), (5.36)

where e3 = ξ is the vertical vector field on E(κ, τ) if τ 6= 0 or e3 = ∂
∂t

if τ = 0, X∗ is the
horizontal left of a vector field X on M, A is the connection defined on PS1M and s a
local section of PS1M. Recall that we have an identification of the pull back π∗ΣM with
ΣM [Moro98, Moro96], and with respect to this identification, if X is a vector field and
ψ a spinor field on M, then

X∗ · π∗ψ = π∗(X · ψ) and ξ · π∗ψ = iπ∗(ψ). (5.37)

The sections of ΣM which can be written as pull-back of sections of ΣM are called
projectable spinors [Moro98, Moro96]. Now, we want to relate the covariant derivative
∇E(κ,τ) of projectable spinors on E(κ, τ) to the covariant derivative ∇ of spinors on

M2(κ). In fact, any spinor field ψ is locally written as ψ = [b̃× s, σ], where b = (e1, e2)
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is a basis of M2(κ), s : U −→ PS1M is a local section of PS1M and b̃× s is the lift of
the local section b× s : U → PSO2M×M PS1M by the 2-fold covering. Then π∗ψ can be

expressed as π∗ψ = [π∗(b̃× s), π∗σ]. It is easy to see that the projection π∗(b̃× s) onto
PSO3M is the canonical frame (e∗1, e

∗
2, e3 = ξ) and its projection onto PS1M is just π∗σ.

We have

∇E(κ,τ)
e∗1

π∗ψ = [π∗(b̃× s), e∗1(π∗σ)] +
1

2
g(∇e∗1

e∗1, e
∗
2)e∗1 · e∗2 · π∗ψ

+
1

2

2∑
j=1

g(∇e∗1
e∗j , e3)e∗j · e3 · π∗ψ +

1

2
A0((π∗s)∗e

∗
1)π∗ψ

(5.6)
= [π∗(b̃× s), π∗(e1(σ))] +

1

2
g(∇e1e1, e2)π∗(e1 · e2 · ψ)

+
τ

2
e∗2 · e3 · π∗ψ +

1

2
A(s∗X)π∗ψ

= π∗
(

[(b̃× s), (e1(σ))] +
1

2
g(∇e1e1, e2)e1 · e2 · ψ

+
1

2
A(s∗X)ψ

)
+
τ

2
e∗1 · π∗ψ

= π∗(∇e1ψ) +
τ

2
e1 · π∗ψ.

The same holds for e∗2. Similary, if τ 6= 0, we have

∇E(κ,τ)
e3

π∗ψ = [π∗(b̃× s), e3(π∗σ)] +
1

2
g(∇e3e

∗
1, e
∗
2)e∗1 · e∗2 · π∗ψ

+
1

2

2∑
j=1

g(∇e3e
∗
j , e3)e∗j · e3 · π∗ψ +

1

2
A0((π∗s)∗e3)π∗ψ

(5.6)
=

1

2

( κ
2τ
− τ
)
e∗1 · e∗2 · π∗ψ +

i

2

(
2τ − κ

2τ

)
π∗ψ

=
1

2

( κ
2τ
− τ
)
e3 · π∗ψ +

1

2

(
2τ − κ

2τ

)
e3 · π∗ψ.

Now, the canonical Spinc structure on M2(κ) carries a parallel spinor ψ ∈ Γ(Σ0M) ⊂
Γ(Σ+M), so ψ = ψ. Hence, the spinor π∗ψ is a Killing spinor field on E(κ, τ), since

∇E(κ,τ)
e∗j

π∗ψ =
τ

2
e∗j · π∗(ψ), for j = 1, 2 and ∇E(κ,τ)

ξ π∗ψ =
τ

2
ξ · π∗ψ.

Now, if τ = 0, a similar computation of ∇E(κ,τ)
e3 π∗ψ gives that π∗ψ is a parallel spinor

field on E(κ, τ).

Remark 5.4.1. Every Sasakian manifold has a canonical Spinc structure: in fact, giving
a Sasakian structure on a manifold (M2m+1, g) is equivalent to giving a Kähler structure
on the cone over M . The cone over M is the manifold M×r2R+ equipped with the metric
r2g + dr2. Moreover, there is a 1-1-correspondence between Spinc structures on M and
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that on its cone [Moro97]. Hence, every Sasakian manifold has a canonical (resp. anti-
canonical) Spinc structure coming from the canonical one (resp. anti-canonical one) on
its cone.

In [Moro97], A. Moroianu classified all complete simply connected Spinc manifolds carry-
ing real Killing spinors and he proved that the only complete simply connected Spinc man-
ifolds carrying real Killing spinors (other than the Spin manifolds) are the non-Einstein
Sasakian manifolds endowed with their canonical (or anti-canonical) Spinc structure.

The manifold E(κ, τ) is a complete simply connected non-Einstein manifold and hence
the only Spinc structure on E(κ, τ) carrying a Killing spinor is the canonical one (or
the anti-canonical). Hence, the Spinc structure on E(κ, τ) described above, (i.e. the one
coming from M2(κ)) is nothing but the canonical Spinc structure on E(κ, τ) coming from
the Sasakian structure.

From now on, we will denote the Killing spinor field π∗ψ on E(κ, τ) by ψ. Since, it
is a Killing spinor, we have

(∇E(κ,τ))∗∇E(κ,τ)ψ =
3τ 2

4
ψ and DE(κ,τ)ψ = −3τ

2
ψ.

By the Schrödinger-Lichnerowicz formula, we get

i

2
ΩE(κ,τ) · ψ =

3τ 2

2
ψ − (κ− τ 2)

2
ψ,

where iΩE(κ,τ) is the curvature 2-form of the auxiliary line bundle associated with the
Spinc structure. Finally,

ΩE(κ,τ) · ψ = i(κ− 4τ 2)ψ. (5.38)

5.4.2 Spinc characterization of hypersurfaces of E(κ, τ)

Let κ, τ ∈ R with κ − 4τ 2 6= 0 and M2 a Riemannian surface immersed into E(κ, τ).
The vertical vector field ξ is written ξ = T + fν where T be a vector field on M and f
a real-valued function on M so that f 2 + ||T ||2 = 1. We endow E(κ, τ) with the Spinc

structure described above, carrying a Killing spinor of Killing constant τ
2
.

Lemma 5.4.1. The restriction φ of the Killing spinor ψ on E(κ, τ) is a solution of the
following equation

∇Xφ+
1

2
II(X) • φ− iτ

2
X • φ = 0, (5.39)

called the restricted Killing spinor equation. Moreover, f = <φ,φ>
|φ|2 and the curvature

2-form of the connection on the auxiliary line bundle associated with the induced Spinc

structure is given by iΩ(t1, t2) = −i(κ− 4τ 2)f , in any local orthonormal frame {t1, t2}.
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Proof. We restrict the Spinc structure on E(κ, τ) to M . By the Spinc Gauss formula
(5.23), the restriction φ of the Killing spinor ψ on E(κ, τ) satisfies

∇Xφ+
1

2
II(X) • φ− τ

2
X · ψ|M = 0.

Let {t1, t2, ν} be a local orthonormal frame of E(κ, τ) such that {t1, t2} is a local or-
thonormal frame of M and ν a unit normal inner vector field of the surface. The action
of the volume forms on M and E(κ, τ) gives

X • φ = i(X • t1 • t2 • φ)

= i(X · ν · t1 · t2 · ψ)|M
= −i(X · ψ)|M ,

which gives Equation (5.39). The vector field T splits into T = ν1 + hξ where ν1 is a
vector field generated by e1 and e2 and h a real function. The scalar product of T by
ξ = T + fν and the scalar product of T = ν1 + hξ by ξ gives ||T ||2 = h which means
that h = 1 − f 2. Hence, the normal vector field ν can be written as ν = fξ − 1

f
ν1. As

we mentionned before, the Spinc structure on E(κ, τ) induces a Spinc structure on M
with induced auxiliary line bundle. Next, we want to prove that the curvature 2-form
of the connection on the induced auxiliary bundle is equal to iΩ(t1, t2) = −i(κ− 4τ 2)f .
Since ψ is a Killing spinor field, by the Ricci identity (1.7), we have

RicE(κ,τ)(X) · ψ − i(XyΩE(κ,τ)) · ψ = 2τ 2X · ψ, (5.40)

for all X ∈ T (E(κ, τ)). Therefore, we compute

(νyΩE(κ,τ)) • φ = (νyΩE(κ,τ)) · ν · ψ|M
= i(2τ 2ψ + ν · RicE(κ,τ) ν · ψ)|M .

But, we have RicE(κ,τ)e3 = 2τ 2e3, RicE(κ,τ)e1 = (κ− 2τ 2)e1 and RicE(κ,τ)e2 = (κ− 2τ 2)e2

[Dan07]. Hence,

RicE(κ,τ)ν = fRicE(κ,τ)e3 −
1

f
RicE(κ,τ)ν1 = 2τ 2fe3 −

1

f
(κ− 2τ 2)ν1

= 2τ 2fe3 + (κ− 2τ 2)(ν − fe3)

= −(κ− 4τ 2)fe3 + (κ− 2τ 2)ν.

Using Equation (5.37), we conclude that

(νyΩE(κ,τ)) • φ = −i(κ− 4τ 2)φ− (κ− 4τ 2)f(ν · ψ)|M .

By Equation (5.22), we get Ω •φ = −(κ− 4τ 2)f(ν ·ψ)|M . The scalar product of the last
equality with t1 • t2 • φ gives

Ω(t1, t2)|φ|2 = f(κ− 4τ 2)(ψ, t1 · t2 · ν · ψ)|M = −f(κ− 4τ 2)|φ|2.
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We write in the frame {t1, t2, ν}

ΩE(κ,τ)(t1, t2)t1 · t2 ·ψ+ΩE(κ,τ)(t1, ν)t1 ·ν ·ψ+ΩE(κ,τ)(t2, ν)t2 ·ν ·ψ = i(κ−4τ 2)ψ. (5.41)

But we know that ΩE(κ,τ)(t1, t2) = Ω(t1, t2) = −(κ − 4τ 2)f . For the other terms, we
compute

ΩE(κ,τ)(t1, ν) = ΩE(κ,τ)(t1,
1

f
e3 −

1

f
T ) = − 1

f
g(T, t2)ΩE(κ,τ)(t1, t2) = (κ− 4τ 2)g(T, t2),

where the term ΩE(κ,τ)(t1, e3) vanishes since, by Equation (5.40), we have e3yΩE(κ,τ) = 0.
Similarly, we find that ΩE(κ,τ)(t2, ν) = −(κ − 4τ 2)g(T, t1). By substituting these values
into (5.41) and taking Clifford multiplication with t1 • t2, we get

T • φ = −fφ+ φ.

Finally, taking the real part of the scalar product of the last equation by φ, we get

f = <φ,φ>
|φ|2 .

Remark 5.4.2. Using also the equation T • φ = −fφ+ φ, we can deduce that

g(T, t1) = Re

〈
it2 • φ,

φ

|φ|2

〉
and g(T, t2) = −Re

〈
it1 • φ,

φ

|φ|2

〉
.

Proposition 5.4.2. Let (M2, g) be an oriented Spinc surface carrying a non-trivial
solution φ of the following equation

∇Xφ+
1

2
E(X) • φ− iτ

2
X • φ = 0,

where E denotes a symmetric tensor field defined on M . Moreover, assume that the
curvature 2-form of the asssociated auxiliary bundle satisfies iΩ(t1, t2) = −i(κ−4τ 2)f =

−i(κ − 4τ 2)<φ,φ>|φ|2 in any local orthonormal frame {t1, t2} of M . Then, there exists an

isometric immersion of (M2, g) into E(κ, τ) with shape operator E, mean curvature H
and such that, over M , the vertical vector is ξ = dF (T )+fν, where ν is the unit normal
vector to the surface and T is the tangential part of ξ given by

g(T, t1) = Re

〈
it2 • φ,

φ

|φ|2

〉
and g(T, t2) = −Re

〈
it1 • φ,

φ

|φ|2

〉
.

Proof. We compute the action of the spinorial curvature tensor R on φ. We have

∇t1∇t2φ = −1

2
∇t1E(t2) • φ+

1

4
E(t2) • E(t1) • φ− τ

4
E(t2) • t2 • φ

−τ
2
∇t1t1 • φ+

τ

4
t1 • E(t1) • φ− τ 2

4
t1 • t2 • φ,
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as well as

∇t2∇t1φ = −1

2
∇t2E(t1) • φ+

1

4
E(t1) • E(t2) • φ− τ

4
E(t1) • t1 • φ

−τ
2
∇t2t2 • φ+

τ

4
t2 • E(t2) • φ− τ 2

4
t2 • t1 • φ.

So, taking into account that [t1, t2] = ∇t1t2−∇t2t1, a straightforward computation gives

R(t1, t2)φ = −1

2
(d∇E)(t1, t2) • φ− 1

2
detE t1 • t2 • φ−

τ 2

2
t1 • t2 • φ.

On the other hand, it is well known that

R(t1, t2)φ = −1

2
R1212 t1 • t2 • φ+

i

2
Ω(t1, t2)φ.

Therefore, we have

(R1212 − detE − τ 2)t1 • t2 • φ = (d∇E(t1, t2)− if(κ− 4τ 2))φ. (5.42)

Now, let T a vector field of M given by

g(T, t1)|φ|2 = Re 〈it2 • φ, φ〉 and g(T, t2)|φ|2 = −Re 〈it1 • φ, φ〉 .

It is easy to check that T • φ = −fφ+ φ and hence f 2 + ‖T‖2 = 1. In the following, we
will prove that the spinor field θ := iφ − ifφ + JT • φ is zero. For this, it is sufficient
to prove that its norm vanishes. Indeed, we compute

|θ|2 = |φ|2 + f 2|φ|2 + ||T ||2|φ|2 − 2Re
〈
iφ, ifφ

〉
+ 2Re 〈iφ, JT • φ〉 . (5.43)

Therefore, Equation (5.43) becomes

|θ|2 = 2|φ|2 − 2f 2|φ|2 + 2Re 〈iφ, JT • φ〉
= 2|φ|2 − 2f 2|φ|2 + 2g(JT, t1)Re 〈iφ, t1 • φ〉+ 2g(JT, t2)Re 〈iφ, t2 • φ〉
= 2|φ|2 − 2f 2|φ|2 + 2g(JT, t1)g(T, t2)|φ|2 − 2g(JT, t2)g(T, t1)|φ|2

= 2|φ|2 − 2f 2|φ|2 − 2||T ||2|φ|2 = 0.

Thus, we deduce ifφ = −f 2t1•t2•φ−fJT •φ, where we used the fact that φ = it1•t2•φ.
In this case, Equation (5.42) can be written as

(R1212 − detE − τ 2 − (κ− 4τ 2)f 2)t1 • t2 • φ = (d∇E(t1, t2) + (κ− 4τ 2)JT ) • φ.

This is equivalent to saying that both terms R1212 − detE − τ 2 − (κ − 4τ 2)f 2 and
d∇E(t1, t2) + (κ − 4τ 2)JT are equal to zero. In fact, these are the Gauss-Codazzi
equations (5.9) and (5.10). In order to obtain the other two equations, we simply
compute the derivative of T • φ = −fφ + φ in the direction of X in two ways. First,
using that iX • φ = JX • φ, we have

∇XT • φ+ T • ∇Xφ = ∇XT • φ−
1

2
T • E(X) • φ+ i

τ

2
T •X • φ

= ∇XT • φ−
1

2
T • E(X) • φ+

τ

2
T • JX • φ. (5.44)
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On the other hand, we have

∇X(T • φ) = −X(f)φ− f∇Xφ+∇Xφ

= −X(f)φ+
1

2
fEX • φ+

1

2
EX • φ− iτ

2
fX • φ− i

2
τX • φ

= −X(f)φ+
1

2
fEX • φ− 1

2
fτJX • φ

+
1

2
E(X) • (T • φ+ fφ)− i

2
τX • φ

= −X(f)φ+
1

2
fEX • φ+

1

2
EX • (T • φ+ fφ)

− i
2
τX • φ− 1

2
fτJX • φ. (5.45)

Take Equation (5.45) and substract (5.44) to get

−X(f)φ+ fE(X) • φ− g(T,E(X))φ−∇XT • φ−
τ

2
T • JX • φ = 0.

Taking the real part of the scalar product of the last equation with φ and using that
〈iX • φ, φ〉 = −g(T, JX)|φ|2, we get

X(f) = −g(T,E(X)) + τg(JX, T ).

The imaginary part of the same scalar product gives ∇XT = f(EX − τJX), which
implies that there exists an immersion F from M into E(κ, τ) with shape operator
dF ◦ E ◦ dF−1 and ξ = dF (T ) + fν.

Now, we state the main result of this section, which characterizes any isometric im-
mersion of a surface (M2, g) into E(κ, τ).

Theorem 5.4.1. Let κ, τ ∈ R with κ − 4τ 2 6= 0. Consider (M2, g) a Riemannian
surface. We denote by E a field of symmetric endomorphisms of TM , with trace equal
to 2H. The following statement are equivalent:

1. There exists an isometric immersion F of (M2, g) into E(κ, τ) with shape operator
E, mean curvature H and such that, over M , the vertical vector is ξ = dF (T )+fν,
where ν is the unit normal vector to the surface, f is a real function on M and T
the tangential part of ξ.

2. There exists a Spinc structure on M carrying a non-trivial spinor field φ satisfying,
for all X ∈ Γ(TM),

∇Xφ = −1

2
EX • φ+ i

τ

2
X • φ.

Moreover, the auxiliary bundle has a connection of curvature given, in any local

orthonormal frame {t1, t2}, by iΩ(t1, t2) = −i(κ− 4τ 2)f = −i(κ− 4τ 2)<φ,φ>|φ|2 .



5.4. ISOMETRIC IMMERSIONS INTO E(κ, τ) VIA SPINORS 137

3. There exists a Spinc structure on M carrying a non-trivial spinor field φ of constant
norm satisfying

Dφ = Hφ− iτφ.
Moreover, the auxiliary bundle has a connection of curvature given, in any local

orthonormal frame {t1, t2}, by iΩ(t1, t2) = −i(κ− 4τ 2)f = −i(κ− 4τ 2)<φ,φ>|φ|2 .

Proof. Proposition 5.4.2 and Lemma 5.4.1 give the equivalence between the first
two statements. If (2) holds, it is easy to check that in this case the Dirac operator acts
on φ to give Dφ = Hφ− iτφ. Moreover, for any X ∈ Γ(TM), we have

X(|φ|2) = 2Re 〈∇Xφ, φ〉
= Re

〈
iτ X • φ, φ

〉
= Re 〈JX • φ, φ〉 = 0.

Hence, φ is of constant norm. Now, consider a non-trivial spinor field φ of constant
length, which satisfies Dφ = Hφ− iτφ. Define the following 2-tensors on (M2, g)

T φ±(X, Y ) = Re
〈
∇Xφ

±, Y • φ∓
〉
.

First note that
trT φ± = −Re

〈
Dφ±, φ∓

〉
= −H|φ∓|2 . (5.46)

Moreover, we have the following relations [Mor05]

T φ±(t1, t2) = τ |φ∓|2 + T φ±(t2, t1), (5.47)

∇Xφ
+ =

T φ+(X)

|φ−|2
• φ−, (5.48)

∇Xφ
− =

T φ−(X)

|φ+|2
• φ+ , (5.49)

|φ+|2T φ+ = |φ−|2T φ−, (5.50)

where the vector field T φ+(X) is defined by g(T φ+(X), Y ) = T φ+(X, Y ) for any Y ∈ Γ(TM).

Now let F φ := T φ+ + T φ−. Thus, we have

F φ

|φ|2
=

T φ+
|φ−|2

=
T φ−
|φ+|2

.

Hence F φ/|φ|2 is well defined on the whole surface M , and

∇Xφ = ∇Xφ
+ +∇Xφ

− =
F φ(X)

|φ|2
• φ, (5.51)

where the vector field F φ(X) is defined by g(F φ(X), Y ) = F φ(X, Y ), for all Y ∈ Γ(TM).
Note that by Equation (5.47), the 2-tensor F φ is not symmetric. It is easy to check that
the energy-momentum tensor `φ associated with φ is given by

`φ(X, Y ) = − 1

2|φ|2
(
F φ(X, Y ) + F φ(Y,X)

)
.
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It is straigthforward to show that

`φ(t1, t1) = −F φ(t1, t1)/|φ|2 , `φ(t2, t2) = −F φ(t2, t2)/|φ|2 ,

`φ(t1, t2) = −F φ(t1, t2)/|φ|2 +
τ

2
and `φ(t2, t1) = −F φ(t2, t1)/|φ|2 − τ

2
.

Taking into account these last relations in Equation (5.51), we conclude

∇Xφ = −`φ(X) • φ+ i
τ

2
X • φ.

5.5 Application: a spinorial proof of a Generalized

Lawson Correspondence

In [Dan07], B. Daniel gave a generalized Lawson correspondence for constant mean
curvature surfaces in E(κ, τ). Namely, he proved the following:

Theorem 5.5.1. Let E(κ1, τ1) and E(κ2, τ2) be two 3-dimensional homogeneous man-
ifolds with four dimensional isometry group and assume that κ1 − 4τ 2

1 = κ2 − 4τ 2
2 .

We denote by ξ1 and ξ2 the vertical vectors of E(κ1, τ1) and E(κ2, τ2) respectively. We
consider (M2, g) a simply connected surface isometrically immersed into E(κ1, τ1) with
constant mean curvature H1 so that H2

1 > τ 2
2 − τ 2

1 . Let ν1 be the unit inner normal
vector of the immersion, T1 the tangential projection of ξ1 and f = 〈ν1, ξ1〉. We choose
H2 ∈ R and θ ∈ R so that

H2
2 + τ 2

2 = H2
1 + τ 2

1 , and τ2 + iH2 = eiθ(τ1 + iH1).

Then, there exists an isometric immersion F from (M2, g) into E(κ2, τ2) with mean
curvature H2 and so that over M ,

ξ2 = dF (T2) + fν2,

where ν2 is the unit normal vector of the immersion and T2 the tangential part of ξ2.
Moreover, the respective Weingarten tensors II1 and II2 are related by the following

II2 −H2Id = eθJ(II1 −H1Id ).

With the help of Theorem 5.4.1, we give an alternative proof of this results using
spinors.

Proof of Theorem 5.5.1. Since M2 is isometrically immersed into E(κ1, τ1) there
exists a spinor field φ1 of constant norm satisfying

Dφ1 = H1φ1 − iτφ1,

associated with the Spinc structure whose auxiliary line bundle has a connection of
curvature given, in any local orthonormal frame {t1, t2}, by iΩ(t1, t2) = −i(κ − 4τ 2)f ,

where f = <φ,φ>
|φ|2 . We deduce that

Dφ+
1 = H1φ

−
1 + iτ1φ

−
1
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Dφ−1 = H1φ
+
1 − iτ1φ

+
1 .

We define φ2 = φ+
1 + eiθφ−1 . First, we have

Dφ2 = Dφ+
1 + eiθDφ−1

= (H1 + iτ1)φ−1 − ieiθ(τ1 + iH1)φ+
1 .

Since τ2 + iH2 = eiθ(τ1 + iH1), we deduce that H1 + iτ1 = eiθ(H2 + iτ2) and so

Dφ2 = H2φ2 − iτ2φ2.

Secondly,
< φ1, φ1 >

|φ1|2
=
< φ2, φ2 >

|φ2|2
.

Now, since κ1 − 4τ 2
1 = κ2 − 4τ 2

2 , the auxiliary line bundle has a connection of curvature
given by iΩ(t1, t2) = −i(κ2−4τ 2

2 )f and hence, by Theorem 5.4.1, there exists an isometric
immersion F from (M2, g) into E(κ2, τ2) with mean curvature H2 and so that the vertical
vector field is given by ξ2 = dF (T2) + fν2, where ν2 is the unit normal inner vector of
the surface and T2 the tangential part of ξ2.

Remark 5.5.1. By the proof of Proposition 5.4.2, we have that

g(T2, t1)|φ2|2 = Re 〈it2 • φ2, φ2〉 and g(T2, t2)|φ2|2 = −Re 〈it1 • φ2, φ2〉 .

So, it is easy to see that T2 = eθJ(T1).





Chapter 6

Eigenvalue Estimates for the Dirac
Operator on Spinc Hypersurfaces

6.1 Introduction

It is well known that the spectrum of the Dirac operator on a closed hypersurface of
a Spin manifold detects informations on the geometry of such manifolds and their hy-
persurfaces ([HMZ01a, HMZ02, HMR02]). In this chapter, we will study the spectrum
(lower and upper bounds) for the Dirac operator of a closed hypersurface in a Spinc

manifold.

In the first part of this chapter, we give an upper bound for the eigenvalues of the
Dirac operator on a closed hypersurface in a Spinc manifold carrying parallel or Killing
spinors. We recall that a spinor field ψ on a Riemmanian Spinc manifold Z is called a
Killing spinor with Killing constant α ∈ C if

∇ΣZ
X ψ = α X · ψ, (6.1)

for all X ∈ Γ(TZ). When α = 0, the spinor ψ is called a parallel spinor. Now, we define

µ = µ(Z, α) := dimC{ψ, ψ is a Killing spinor on Z with Killing constant α}.

We prove the following:

Theorem 6.1.1. Let Z be a Riemannian Spinc manifold. Let α ∈ R and M be an
n-dimensional closed Riemannian hypersurface. Then, there are at least µ(Z, α) eigen-

values λ1, . . . , λµ of the Dirac operator D̃ on M satisfying

λ2
j ≤ n2α2 +

n2

4vol(M)

∫
M

H2vg, (6.2)

where H denotes the mean curvature of M .

Kähler and Sasaki manifolds are examples of Spinc manifolds carrying parallel or
Killing spinors. We should point out that this theorem has been proved by C. Bär

141
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[Bär98] for hypersurfaces of Spin manifolds.

In the second part of the chapter, under suitable boundary conditions and some cur-
vature assumptions, a lower bound for the eigenvalues of the Dirac operator on the
boundary is given. In fact, using the spinorial Reilly inequality, we prove:

Theorem 6.1.2. Let Zn+1 be a Riemannian Spinc manifold satisfying SZ > cn+1|ΩZ |
and Mn a compact hypersurface. We assume that M has nonnegative mean curvature
H and it bounds a compact domain D in Z. Then, the first positive eigenvalue λ1 of D̃
satisfies

λ1 >
n

2
inf
M
H. (6.3)

Equality holds if and only if H is constant and the eigenspace corresponding to λ1 consists
of the restrictions to M of parallel spinors on the domain D.

This was proved by O. Hijazi, S. Montiel and X. Zhang for Spin manifolds (see
[HMZ01a], [HMZ02] and [HMR02]). Examples of the limiting case in (6.3) are then
given where the limiting case of the upper bound holds too. In the last part, we compare
the lower bound (6.3) to the well known Friedrich Spinc lower bound [HM99, Fri80].

6.2 Preliminaries

In the case of a compact manifold without boundary, the Dirac operator is formally
self-adjoint with respect to the L2-product, so it has a real discrete spectrum. In the
case of a manifold with boundary, a defect of symmetry appears, given by∫

M

〈Dψ,ϕ〉 vg −
∫
M

〈ψ,Dϕ〉 vg = −
∫
∂M

〈ν · ψ, ϕ〉 sg, (6.4)

for ψ, ϕ ∈ Γ(ΣM), where ν is the inner unit vector field along the boundary and vg
(resp. sg) is the volume form of the manifold M (resp. the boundary ∂M).

Bounding Domains. Now we assume that the hypersurface M is the boundary of
a compact domain D in the Spinc manifold Z (the domain D could be the manifold Z
itself). In this case, we will give an inequality called spinorial Reilly inequality relat-
ing the geometry of the domain D and that of its boundary ∂D. For all spinor fields
ψ ∈ Γ(ΣD), we have∫

∂D

(〈
D̃ϕ, ϕ

〉
− n

2
H|ϕ|2

)
sg >

∫
D

(1

4
(SZ − cn+1|ΩZ |)|ψ|2

− n

n+ 1
|DZψ|2

)
vg, (6.5)

Moreover, equality occurs if and only if the spinor field ψ is a twistor-spinor and verifies

ΩZ · ψ = i
cn+1

2
|ΩZ |gψ, (6.6)
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i.e. if and only if it satisfies

{
Pψ = 0,

ΩZ · ψ = i cn+1

2
|ΩZ |gψ,

where P is the twistor operator acting on ΣZ locally given for all X ∈ Γ(TZ) by
PXψ = ∇ΣZ

X ψ + 1
n+1

X · DZψ. The proof of this spinorial Reilly inequality on Spinc

manifolds having compact domains with boundary is similar to that on the spin case
([HMZ01a], [HMZ02], [HMR02]).

The Min-Max principle. We recall the Min-Max principle for the Dirac operator
[Cha84] on a compact Riemannian Spinc manifold M : let (λk)k>1 be the spectrum of
the Dirac operator with 0 6 |λ1| 6 |λ2| 6 ... 6 |λk| 6 .... For any natural integer k > 1,
we have

λ2
k = min

Ek⊂Γ(ΣM)

{
max

ψ∈Ek−{0}

∫
M

Re 〈D2ψ, ψ〉 vg∫
M
|ψ|2vg

}
,

where the minimum is taken on all k-dimensional vector subspaces Ek of Γ(ΣM). Ap-
plying this theorem means choosing a subspace Ek of sections of ΣM called test-sections,

on which the Rayleigh quotient
R
M Re 〈D2ψ,ψ〉R

M |ψ|2vg
is evaluated.

6.3 Upper bounds for the Eigenvalues of the Dirac

operator

In this section, we give an upper bound for the eigenvalues of the Dirac operator of
a closed hypersurface in a Spinc manifold carrying Killing spinors or parallel spinors.
Examples are then given.

Proof of Theorem 6.1.1. First, note that the set of Killing spinors with Killing
constant α is a vector space and since linearly independent Killing spinors are linearly
independent at every point the space of restrictions of Killing spinors on Z to M , i.e.

{φ := ψ|M , ψ is a spinor on Z satisfying ∇ΣZ
X ψ = α X · ψ ∀X ∈ Γ(TZ)}

is also µ-dimensional. Now, let ψ be a Killing spinor on Z with Killing constant α ∈ R.
Such Killing spinors have constant length and we may assume that |ψ| ≡ 1. Using the
Killing equation (6.1), we compute DZψ = −(n+ 1)α ψ, and hence using (5.24) we get

D̃φ = nα ν · φ+
n

2
Hφ.



144 CHAPTER 6. EIGENVALUE ESTIMATES

Now, we compute the Rayleigh quotient of D̃2

∫
M

Re
〈
D̃2φ, φ

〉
vg∫

M
|φ|vg

=

∫
M

Re
〈
D̃φ, D̃φ

〉
vg

vol(M)

=

∫
M

Re
〈
nα ν · φ+ n

2
Hφ, nα ν · φ+ n

2
Hφ
〉
vg

vol(M)

= n2α2 +
n2

4

∫
M
H2vg

vol(M)
.

Since the Rayleigh quotient of D̃2 is bounded by n2α2 + n2

4

R
M H2

vol(M)
on a µ-dimensional

space of spinors on M , the Min-Max principle implies the assertion.

Remarks and examples.
1. Since every Spin manifold has a trivial Spinc structure, we obtain all estimates of C.
Bär obtained in [Bär98] for hypersurfaces of Spin manifolds.
2. Simply connected Spinc manifolds carrying parallel spinors are described in [Moro97].
A simply connected Riemannian Spinc manifold M carrying a parallel spinor is isometric
to the Riemannian product of a simply connected Kähler manifold M1 with a simply
connected Spin manifold M2 carrying non trivial parallel spinors. Moreover, the Spinc

structure of M is the product of the canonical Spinc structure of M1 and the Spin struc-
ture of M2 . We look at the most prominent examples:

• The only Spinc structure on an irreducible non Ricci-flat Kähler manifold M which
carries parallel spinors is the canonical one and in this case, µ(M, 0) = 1 [Moro97].

Hence, Inequality (6.2) holds for the first eigenvalue of the Dirac operator D̃ defined
on any compact Riemannian hypersurface (the complex projective space CPm with the
Fubini-Study metric is an example of an irreducible Kähler not Ricci-flat manifold).

• The product of the canonical Spinc structure on S2 (resp. H2) with the unique Spin
structure on R gives a Spinc structure on S2 × R (resp. H2 × R). This Spinc structure
carries a parallel spinor coming from the tensor product of the parallel spinor on S2 with
the parallel spinor on R. Hence, the first eigenvalue λ1 of the Dirac operator D̃ of any
compact Riemannian hypersurface of S2 × R or H2 × R satisfies Inequality (6.2).

Now, we want to give some examples of Kähler Spinc manifolds carrying parallel
spinor and endowed with a Spinc structure other than the canonical one. For this, we
begin with the following lemma:

Lemma 6.3.1. [HM99], [Atiy78] A 4-dimensional Spinc manifold Z carries a parallel
spinor if and only if it is Kähler.

Proof. First, we recall some well-known facts on parallel spinors in dimension 4
[Atiy78]. By taking the projection of ψ onto Σ±Z and changing the orientation of Z if
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necessary, we may assume that ψ is a section of Σ+Z. The equation

iX · ψ = I(X) · ψ,

defines a parallel, almost complex structure I on Z, i.e. a Kähler structure. Conversely,
every Kähler manifold admits at least one Spinc structure carrying parallel spinors,
namely the canonical Spinc structure whose Spinc bundle Λ0,∗Z obviously has constant
functions as parallel spinors.

Corollary 6.3.1. Let M be a 3-dimensional compact Riemannian manifold, isometri-
cally immersed in a 4-dimensional Kähler manifold. Then the first eigenvalue of the
Dirac operator D̃ defined on M , endowed with a Spinc structure coming from the re-
striction of any Spinc structure on the Kähler manifold, satisfies

λ2
1 6

9

4

∫
M
H2vg

vol(M)
. (6.7)

Proof. Since any 4-dimensional manifold has a Spinc structure (hence many other
Spinc structures), we endow the Kähler manifold with one of these structures and we
restrict it to M . By Theorem 6.1.1 and Lemma 6.3.1, we deduce the result. This is the
case for the torus T4 (not simply connected Kähler manifold).

Corollary 6.3.2. Let M be a compact Riemannian hypersurface isometrically immersed
in a simply connected non-Einstein Sasakian manifold endowed with the canonical Spinc

structure. Then the first eigenvalue of the Dirac operator D̃ satisfies

λ2
1 6

n2

4
+
n2

4

∫
M
H2vg

vol(M)
.

Proof. The result is trivial since simply connected non-Einstein Sasakian manifolds
with the canonical Spinc structure carry Killing spinors of normalized Killing constant
1
2

and µ(Z, 1
2
) = 1 [Moro97].

Example:
3. Homogeneous 3-dimensional manifolds with a 4-dimensional isometry group, denoted
by E(κ, τ 6= 0) are simply connected manifolds given by [DHM]:
- The Heisenberg group Nil3 (κ = 0),
- The universal cover of the Lie group PSL2(R) (κ < 0),
- Berger spheres (κ > 0).
These manifolds are Sasaki non-Einstein [Boyer06] and hence, endowed with the canon-
ical Spinc structure, carry Spinc Killing spinor fields of Killing constant τ

2
.

6.4 Lower bounds for the Eigenvalues of the hyper-

surface Dirac operator

In this section, we assume that the manifold Z has a compact domain D with boundary
M = ∂D and we will use suitable boundary conditions for the Dirac operator DZ to
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prove a lower bound for the eigenvalues of the extrinsic hypersurface Dirac operator
D̃. First, since the hypersurface M is compact, the Dirac operator D̃ has a discrete
spectrum. We denote by π+ : Γ(ΣM) −→ Γ(ΣM) the projection onto the subspace

of Γ(ΣM) spanned by the eigenspinors corresponding to the positive eigenvalues of D̃.
The projection π+ provides an Atiyah-Patodi-Singer type boundary conditions for the
Dirac operator DZ of the domain D.

Proof of Theorem 6.1.2. Since SZ > cn+1|ΩZ | and the mean curvature H of the
boundary is nonnegative, the following boundary problem{

DZψ = 0 on D
π+ψ = π+ϕ = ϕ on M = ∂D,

has a unique solution [HMZ01b], where ϕ is an eigenspinor on M corresponding to the

first eigenvalue λ1 > 0 of D̃, i.e. D̃ϕ = λ1ϕ and π+ϕ = ϕ. From the Reilly inequality
(6.5), we get ∫

M

(λ1 −
n

2
H)|ψ|2sg >

1

4

∫
D
(SZ − cn+1|ΩZ |)|ψ|2vg,

which implies (6.3). If the equality case holds in (6.3), then ψ is a harmonic spinor and
a twistor spinor, hence parallel. Since π+ψ = ϕ along the boundary, ψ is a non-trivial
parallel spinor and λ1 = n

2
H > 0. Futhermore, since ψ is parallel, we deduce by (5.24)

that D̃ϕ = n
2
Hϕ. Hence we have ϕ = π+ψ = ψ. Conversely, if H is a constant, the fact

that the restriction to M of a parallel spinor on D is an eigenspinor with eigenvalue n
2
H

is a direct consequence of (5.24).

Remark 6.4.1. We should point out that, if equality holds in (6.3), we have SZ =
cn+1|ΩZ |, i.e. the parallel spinor whose restriction to M is the eigenspinor associated
with λ1, is a parallel spinor satisfying (6.6).

Examples:
4. We consider the complex projective space CPm with the Einstein Fubini-Study
metric, endowed with the canonical Spinc structure whose auxiliary line bundle is L =
(KCPm)−1. It is a Spinc structure carrying parallel spinors. Moreover, the curvature
2-form of the connection on L is the Ricci 2-form of CPm. Hence,

c2m|ΩCPm| = c2m
SCPm

2m
|nCPm | = SCPm .

By Theorem (6.1.2), the first eigenvalue of the Dirac operator D̃ of any compact hy-
persurface with positive constant mean curvature H, bounding a compact domain D in
CPm, satisfies the equality case in (6.3), hence the equality case in (6.2). Compact em-
bedded hypersurfaces are examples of manifolds viewed as a boundary of some enclosed
domain in CPm.

5. The only embedded compact surface with constant mean curvature in S2
+ × R is

the standard rotational sphere [Ros02, DHM]. This is the Alexandrov theorem for
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S2
+ × R. The vector field ∂t is a Killing vector field when we consider the product of

the standard metric on S2 with the standard one on R. The manifold S2 × R admits
rotations with respect to the vertical direction given by the canonical Killing vector field
∂t [DHM]. It is shown that there exists rotationally constant mean curvature spheres.
For example, for H > 0, the rotational constant mean curvature H sphere in S2 × R is
given by

i(u, v) = (− cos k(u), sin k(u) cos v, sin k(u) sin v, h(u)),

where i is the embedding and

k(u) = 2Arctan (
2H√
1− u2

), h(u) =
4H√

4H2 + 1
Arcsh(

u√
1− u2 + 4H2

).

Now, the canonical Spinc structure on S2 × R carries a parallel spinor and we have
SS2×R = c3|ΩS2×R|. Hence, the first eigenvalue of the Dirac operator D̃ of the rotational
sphere satisfies the equality case in (6.3) and hence the equality case in (6.2).

6.5 A geometric application

In this section, we prove that, under some additional assumptions, the extrinsic lower
bound (6.3) is sharper than the corresponding intrinsic Friedrich lower bound.

Let M be an embedded hypersurface into a Riemannian Spinc manifold Z. If S de-
notes the scalar curvature of the induced metric on M , we have the Friedrich Spinc

inequality [HM99]

λ2
1 >

n

4(n− 1)
inf
M

(S − cn|Ω|). (6.8)

A consequence from the Gauss formula for the embedding is that

S = SZ − 2ricZ(ν, ν) + n2H2 − |II|2,

and hence we get

S − cn|Ω| = SZ − 2ricZ(ν, ν) + n2H2 − |II|2 − cn|Ω|, (6.9)

where ricZ is the Ricci tensor of Z. From the last equation, it is clear that in general we
cannot hope getting a relation between S and H allowing us to compare the Friedrich
inequality (6.8) and Inequality (6.3).

Proposition 6.5.1. Let M be an embedded hypersurface on a Riemannian Spinc man-
ifold Zn+1. If the Einstein tensor ricZ − SZ

2
gZ of Z is positive semidefinite, then the

extrinsic lower bound (6.3) for the first eigenvalue of the Dirac operator D̃ of M is
sharper than the Friedrich inequality (6.8). The two lower bounds coincide if and only if
the embedding is totally umbilical and the restricted Spinc structure has a flat auxiliary
line bundle.
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Proof. Since the Einstein tensor ricZ− SZ

2
gZ is positive semidefinite, we get by (6.9)

that
S − cn|Ω| 6 n2H2 − |II|2 − cn|Ω|.

Using the Cauchy-Schwarz inequality and the fact that |Ω| > 0, we get

S − cn|Ω| 6 n(n− 1)H2,

and the result follows. It is clear that the two lower bounds coincide if and only if
ΩM = 0 and II(X) = H X for X ∈ Γ(TM).
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Chapter 7

Spinc Characterization of
CR-structures

7.1 Introduction

It is well known that the existence of a special spinor on a Spin or Spinc manifold
imposes severe restrictions on the geometry and the topology of the manifold. For ex-
ample, the existence of a Killing spinor (resp. parallel spinor) on a Spin manifold implies
that the manifold is Einstein (resp. Ricci-flat) [Fri80, Hij01]. There is a notion of pure
spinor, due to E. Cartan [Cart66], related to the existence of almost complex structures
on Spin manifolds. There are also related to the notion of calibration introduced by
Harvey-Lawson [Ha-La82, Dad83]. Moreover, distinguished differential forms are natu-
rally associated to a given spinor field and, in particular, special Spin or Spinc spinors
on a given manifold give rise to special differential forms on any immersed hypersurface.

Pure spinors are also related to the Penrose formalism in General Relativity [Pen86a,
Pen86b]. They are implicit in Penrose’s notion of “flag planes”, which correspond to the
maximal isotropic spaces of a complex 4-dimensional orthogonal space. As the underly-
ing real space has Lorentzian signature, pure spinors also exhibit a real structure: they
determine a real null direction, or “flagpole”, in Penrose’s terminology [Pen75]. This
correspondence means that pure spinors are useful for studying the properties of null
congruences. It is well known that a vector field tangent to a congruence of null shear-
free geodesics corresponds to a spinor field satisfying Sommers’ equation [Somm76]. This
equation is a generalisation of the twistor equation involving an additional vector field.

For instance, if (Mn, g) is a Riemannian Spin manifold, it admits a parallel pure spinor
if and only if M is Kähler and Ricci-flat [LM89]. Note that, not all Kähler manifolds are
Spin but they are always Spinc. Hence, by considering Spinc structures on manifolds,
we characterize Kähler structures by the existence of a parallel pure Spinc spinor (see
Corollary 7.3.1). In this case, the manifold is not necessarily Ricci-flat.

CR-structures on manifolds attempt to intrinsically describe the property of being a
hypersurface of a complex space form by studying the properties of holomorphic vector
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fields which are tangent to the hypersurface. Recently, it has been proved that every
strictly pseudoconvex CR-manifold M2m+1 has a canonical Spinc structure determined
by the CR-structure [Pet05]. In this paper, we define an analogue of pure spinors on
CR-manifolds, called transversal spinors. These spinors will characterize CR-structures
on the manifold (see Corollary 7.3.1).

Analogous to the situation of parallel or Killing spinors, the existence of a transver-
sal spinor on a Riemannian Spinc manifold determines certain features of the geometry
of the manifold. In fact, on a Spinc manifold, we prove that the existence of a Killing
or a parallel transversal spinor field in certain directions implies that the manifold is
foliated (see Proposition 7.3.4).

7.2 CR-structures on manifolds

Let Mn be a differentiable manifold of real dimension n and m ∈ N an integer such that
1 6 m 6 [n

2
]. An almost CR-structure on Mn of CR-dimension m and codimension

k = n−2m is a complex subbundle T1,0M of TCM = TM ⊗RC of complex rank m such
that

T1,0M ∩ T0,1M = {0},

where T0,1M = T1,0M . In this case the almost CR-structure is called of type (m, k).

Definition 7.2.1. On a differentiable manifold Mn, an almost CR-structure of type
(m, k) is called a CR-structure of type (m, k) if T1,0M is formally integrable, i.e.

[T1,0M,T1,0M ] ⊂ T1,0M.

It is easy to see that an almost CR-manifold (resp. a CR-manifold) Mn of type
(m, 0) is an almost complex manifold (resp. a complex manifold) [Ko-No69]. CR-
manifolds arise mainly as real hypersurfaces of complex manifolds. Indeed, let (N, JN)
be a complex manifold of complex dimension l and complex structure JN . We consider
a real hypersurface M of N , i.e. M is a hypersurface of N of real dimension 2l− 1. We
set

T1,0M := T1,0N ∩ (TM ⊗R C),

where T1,0N is the holomorphic tangent bundle over N , i.e. T1,0N is the eigenbundle
corresponding to the eigenvalue i of the extension of JN to TCM . The bundle T1,0M
defines a CR-structure on M of type (2l − 1, 1).

Proposition 7.2.1. Having a CR-structure on Mn of type (m, k) is equivalent to having
a real subbundle H(M) of TM of real rank 2m, a bundle automorphism J of H(M) such
that J2 = −Id and, for every X, Y ∈ Γ(H(M)), we have

[X, Y ]− [JX, JY ] ∈ Γ(H(M)) and J([X, Y ]− [JX, JY ]) = [JX, Y ] + [X, JY ]. (7.1)

In this case, H(M) is called the maximal complex or the Levi distribution of the CR-
structure.



7.2. CR-STRUCTURES ON MANIFOLDS 153

Proof. Given H(M) and J satisfying (7.1), we extend J by C-linearity to H(M)⊗R
C. The set T1,0M = {Z ∈ H(M)⊗R C, JZ = iZ} defines a CR-structure on M of type
(m, k). Conversely, given a complex subbundle T1,0M of TM ⊗RC of rank m, we define
the automorphism J1 of T1,0M ⊕ T1,0M which acts as multiplication by i (resp. −i) on
T1,0M (resp. T1,0M), i.e.

J1 : T1,0M ⊕ T1,0M −→ T1,0M ⊕ T1,0M,

Z +W 7−→ i(Z −W ).

The real subbundle H(M) := Re (T1,0M ⊕T1,0M) of TM is of rank 2m. The restriction
J of J1 to H(M) satisfies (7.1).

Now, we will consider an oriented CR-manifold Mn of hypersurface type, i.e. an oriented
CR-manifold Mn of type (m, 1). In this case, the dimension of M is odd, n = 2m + 1
and there exists a global 1-form θ (not unique), called a pseudo-Hermitian structure on
M such that H(M) = ker θ (see[DT]). Given a pseudo-Hermitian structure θ on an
oriented CR-manifold of type (m, 1), we define the Levi-form Gθ by

Gθ(X, Y ) = dθ(JX, Y ) for every X, Y ∈ Γ(H(M)).

We say that an oriented CR-manifold of type (m, 1) is nondegenerate if Gθ is nondegen-
erate for some choice of a pseudo-Hermitian structure θ on M . If Gθ is positive definite
for some θ, the CR-manifold is said to be strictly pseudoconvex.

Remark 7.2.1. Any two pseudo-Hermitian structures θ and θ̂ are related by

θ̂ = fθ, (7.2)

for some nowhere zero function f : M → R. Then, Gθ is nondegenerate if and only
if Gθ̂ is nondegenerate. Hence nondegeneracy is a CR-invariant property, i.e. it is in-
variant under a transformation (7.2). But, strict pseudoconvexity is not a CR-invariant
property. Indeed, if Gθ is positive definite, then G−θ is negative definite.

Proposition 7.2.2. Let Mn be an oriented nondegenerate CR-manifold of type (m, 1)
and θ a pseudo-Hermitian structure on M . There is a unique globally defined nonwhere
zero tangent vector field T on M , such that

θ(T ) = 1 and Tydθ = 0.

The vector field T defines the characteristic direction of M and we have

TM = H(M)⊕ RT.

Under the same conditions as in Proposition 7.2.2, we define a semi-Riemannian
metric gθ by

gθ(X, Y ) = Gθ(X, Y ), gθ(X,T ) = 0, gθ(T, T ) = 1,

for any X, Y ∈ Γ(H(M)). This is called the Webster metric of the nondegenerate CR-
manifold M . If θ is chosen in such a way that Gθ is positive definite, then gθ is a
Riemannian metric on M .
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Example 7.2.1 (The Heisenberg group). The set Hm = Cm × R is a group with
group law

(z, t).(w, s) = (z + w, t+ s+ 2Im 〈z, w〉),
where (z, t) = (z1, . . . , zm, t), (w, s) = (w1, . . . , wm, s) and 〈z, w〉 =

∑m
j=1 zjwj. We

consider the complex vector fields on Hm,

Tj =
∂

∂zj
+ i zj

∂

∂t
,

where ∂
∂zj

= 1
2
( ∂
∂xj
− i ∂

∂yj
) and zj = xj + iyj, 1 6 j 6 m. We define T1,0Hm as the space

spanned by the Tj’s, i.e.
T1,0Hm = ⊕mj=1CTj.

It is a CR-structure of type (m, 1). Next, we consider the real 1-form θ on Hm defined
by

θ = dt+ i

m∑
j=1

(
zjdzj − zjdzj

)
.

Then, θ is a pseudo-Hermitian structure on Hm and Gθ is nondegenerate and positive
definite [DT]. Hence Hm is a strictly pseudoconvex CR-manifold of type (m, 1). We
may easily check that T = ∂

∂t
defines the characteristic direction.

On an oriented strictly pseudoconvex CR-manifold M2m+1 of type (m, 1), the com-
plexified tangent bundle TCM can be written

TCM = T1,0M ⊕ T0,1M ⊕ CT.

We set Λp,q
H M = Λp(T ∗1,0M) ⊗ Λq(T ∗0,1M). It is the complex bundle of forms of type

(p, q). The bundle KM = Λm,0
H M is called the canonical bundle of M .

Proposition 7.2.3. [Pet05] Every strictly pseudoconvex CR-manifold M2m+1 of hyper-
surface type has a canonical Spinc structure whose Spinc bundle can be identified with
the bundle Λ0,∗

H M = ⊕mr=0Λ0,r
H M and whose auxiliary line bundle is given by K−1

M .

Obviously, Every strictly pseudoconvex CR-manifold M2m+1 of hypersurface type
has also an anti-canonical Spinc structure whose Spinc bundle can be identified with the
bundle Λ∗,0H M = ⊕mr=0Λr,0

H M and whose auxiliary line bundle is given by KM .

For any other Spinc structure, with auxiliary line bundle L, the Spinc bundle can be
written [Pet05]:

ΣM = Λ0,∗
H M ⊗ L,

where L2 = KM ⊗ L. Moreover, the action of the 2-form dθ via Clifford multiplication
gives the orthogonal splitting [Baum81]:

ΣM = ⊕mr=0ΣrM,

where ΣrM is the eigenbundle corresponding to the eigenvalue i(m−2r) of dθ [Baum81].
As in the complex case, we have Z · ψ ∈ Γ(Σr+1M) and Z · ψ ∈ Γ(Σr−1M) for any
Z ∈ Γ(T1,0M) and ψ ∈ Γ(ΣrM). We point out that for the canonical Spinc structure,
the subbundle Σ0M trivial, i.e. Σ0M = Λ0,0

H M .
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7.3 CR-structures and complex structures via Spinc

spinors

Let (Mn, g) be a Riemannian Spinc manifold. We call a nowhere zero spinor field ψ
transversal if it defines a distribution D of constant rank with fiber at every point x
given by Dx, where

Dx = {X ∈ TxM | X · ψ = iY · ψ, for some Y ∈ TxM r {0}}.

Multiplying the defining equation X · ψ = iY · ψ by i gives

Y · ψ = −iX · ψ.

Setting JX = −Y leads to a well defined endomorphism J of D such that J2 = −Id.
This means that the rank of D is even, say 2m. Moreover, this almost structure is
orthogonal. In fact, for every X ∈ Γ(D), it follows

X · JX · ψ = −i|X|2ψ and JX ·X · ψ = i|JX|2ψ.

Hence,
−2g(X, JX)ψ = X · JX · ψ + JX ·X · ψ = i(|JX|2 − |X|2)ψ,

so that g(X, JX) = 0 and |X| = |JX|, i.e. J is orthogonal.

A transversal spinor is called m-transversal or of rank m if the rank of D is 2m. When
D = TM , i.e. n = 2m, an m = n

2
-transversal spinor is called a pure spinor. We should

point out that our definitions of pure and transversal spinors will make no emphasis on
isotropic subspaces (see [LM89]). From the definition of m-transversal spinors, we have:

Lemma 7.3.1. Let (Mn, g) be a Riemannian Spinc manifold carrying an m-transversal
spinor field ψ, then M admits an almost CR-structure of type (m, k = n− 2m) given by
(D, J).

Definition 7.3.1. An m-transversal spinor field ψ is called integrable if and only if

Z · ∇Wψ −W · ∇Zψ = 0,

for every Z,W ∈ Γ(T1,0M), where T1,0M is the bundle of complex rank m defining the
almost CR-structure (D, J) of type (m, l = n− 2m).

Proposition 7.3.1. Consider (Mn, g) a Riemannian Spinc manifold admitting an m-
transversal spinor field ψ. Then, ψ is integrable if and only if the almost CR-structure
(D, J) is a CR-structure of type (m, k = n− 2m).

Proof. For any X ∈ Γ(D), we have (X + iJX) ·ψ = 0. Differentiating this identity,
we get

∇YX · ψ +X · ∇Y ψ + i∇Y (JX) · ψ + iJX · ∇Y ψ = 0, (7.3)
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where Y ∈ Γ(D). Substituting X with Y and Y with X gives

∇XY · ψ + Y · ∇Xψ + iJY · ∇Xψ + i∇X(JY ) · ψ = 0. (7.4)

Take Equation (7.4) and substract (7.3) to get

[X, Y ] · ψ = −i∇X(JY ) · ψ + i∇Y (JX) · ψ − iJY · ∇Xψ + iJX · ∇Y ψ

+X · ∇Y ψ − Y · ∇Xψ. (7.5)

Substituting X with JX, and Y with JY gives

[JX, JY ] · ψ = i∇JXY · ψ − i∇JY (X) · ψ + iY · ∇JXψ − iX · ∇JY ψ

+JX · ∇JY ψ − JY · ∇JXψ. (7.6)

Finally, subtracting (7.6) from (7.5), we get

([X, Y ]− [JX, JY ]) · ψ = −i[X, JY ]ψ − i[JX, Y ] · ψ
+(X + iJX) · ∇Y+iJY ψ − (Y + iJY ) · ∇X+iJXψ.

If ψ is integrable, then

J([X, Y ]− [JX, JY ]) = [X, JY ] + [JX, Y ],

and, on the other hand, [X, Y ] − [JX, JY ] ∈ Γ(D). Hence (D, J) is a CR-structure of
type (m, k). Conversely, if the almost CR-structure (D, J) is a CR-structure, the spinor
ψ is integrable.

Remark 7.3.1. If D = TM , i.e. if the spinor ψ is a pure spinor field, Proposition 7.3.1
means that the almost complex structure J is a complex structure on M if and only if
the pure spinor field ψ is integrable.

Next, we will consider separately m-transversal spinors for n 6= 2m and for n = 2m
(pure spinors).

7.3.1 CR-structures via Spinc structures

We will focus our attention on oriented Riemannian manifolds of dimension n = 2m+ 1
carrying an m-transversal integrable spinor ψ. In this case, TM = D ⊕ D⊥, where D⊥

is a trivial real line bundle over M and hence there exists a global 1-form θ, called
a transversal structure, such that D = ker θ. The transversal form is then given by
Tθ(X, Y ) = dθ(JX, Y ) for all X, Y ∈ Γ(D).

Definition 7.3.2. Let M be a Riemannian manifold of real dimension 2m+ 1 carrying
an m-transversal integrable spinor field ψ. The spinor ψ is called strictly pseudoconvex
if Tθ is positive definite for some choice of θ.

Proposition 7.3.2. A differentiable manifold M2m+1 is a Riemannian Spinc manifold
carrying an m-transversal integrable strictly pseudoconvex spinor field if and only if M
is a strictly pseudoconvex CR-manifold of type (m, 1).
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Proof. If M is a Riemannian Spinc manifold carrying an m-transversal integrable
spinor field ψ, then by Proposition 7.3.1, M has a CR-structure of type (m, 1). Since
ψ is strictly pseudoconvex, Tθ is positive definite for some choice of θ. Hence Gθ is
also positive definite. Now, if M is a strictly pseudoconvex CR-manifold of type (m, 1),
the canonical Spinc structure on (M, gθ) carries an m-transversal integrable spinor field
ψ ∈ Γ(Σ0M = Λ0,0

H M). Moreover, ψ is strictly pseudoconvex since Tθ is positive definite.

Examples 7.3.1. 1. The Heisenberg group Hm of dimension 2m+ 1 is a strictly pseu-
doconvex nondegenerate CR-manifold of type (m, 1) and hence it carries m-transversal
integrable spinor fields.
2. Every Sasakian manifold M2m+1 is a strictly pseudoconvex CR-manifold and hence
it carries m-transversal integrable spinor fields.

Now we come to a point in which we can start adding familiar conditions on the
spinors, such as being parallel in certain directions or being Killing in certain directions.

Parallelness conditions

We have three choices: ψ is parallel in all directions, ψ is parallel in horizontal directions
D or ψ is parallel in the vertical direction D⊥. The first possibility would tell us that
the manifold admits a parallel spinor, which would imply that locally M is a product of
a Kähler manifold and a Spin manifold carrying parallel spinors [Moro97]. The second
possibility gives the following:

Proposition 7.3.3. Let (Mn, g) be a Riemannian Spinc manifold admitting an m-
transversal spinor ψ such that

∇Y ψ = 0, for Y ∈ Γ(D).

Then the orthogonal almost complex structure J on D is parallel in the directions of D,
i.e.

∇J(X, Y ) = 0, for X, Y ∈ Γ(D).

Proof. For every X ∈ Γ(D), the covariant derivative of X · ψ = −iJX · ψ, gives
∇Y (X · ψ) = ∇YX · ψ = −i∇Y (JX) · ψ. Hence,

∇YX · ψ = −i∇Y (JX) · ψ. (7.7)

Then ∇YX ∈ Γ(D) and J(∇YX) = ∇Y (JX). This implies

∇J(X, Y ) = ∇Y (JX)− J(∇YX) = 0.

The third possibility (ψ is parallel in the vertical direction D⊥) will be considered with
the partial Killing condition.



158 CHAPTER 7. SPINC CHARACTERIZATION OF CR-STRUCTURES

Partial Killing condition

First, we need the following Lemma:

Lemma 7.3.2. Let Mn be a Riemannian Spinc manifold.

1. ψ is an m-transversal spinor if and only if for every u ∈ Γ(D⊥), u · ψ is an
m-transversal spinor.

2. Let u ∈ Γ(TM) be such that for every X ∈ Γ(D), we have

X · u · ψ = −iJX · u · ψ.

Then u ∈ Γ(D⊥).

Proof. 1. Using that X · u = −u ·X and JX · u = −u · JX for every X ∈ Γ(D),
we get the result.

2. Assume that X · u · ψ = −iJX · u · ψ for every X ∈ Γ(D). Since X ∈ Γ(D),
we have X · ψ = −iJX · ψ. Thus,

−2g(u,X)ψ = 2ig(u, JX)ψ,

so that g(u,X) = −ig(u, JX),i.e. g(u,X) = g(u, JX) = 0.

Proposition 7.3.4. Let M be a Riemannian Spinc manifold admitting an m-transversal
spinor field ψ such that

∇uψ = λu · ψ, for all u ∈ Γ(D⊥) and some λ ∈ R,

i.e. ψ is a Killing or a parallel spinor field in the directions orthogonal to the distribution
D. Then,

1. The orthogonal almost complex structure J on D is parallel in the directions or-
thogonal to D,

∇J(X, u) = 0, for X ∈ Γ(D), u ∈ Γ(D⊥).

2. The orthogonal distribution D⊥ is integrable:

[D⊥,D⊥] ⊂ D⊥,

i.e. the manifold M is foliated.

Proof. 1. For every X ∈ Γ(D), take the covariant derivative of X · ψ = −iJX · ψ,
we get

∇uX · ψ +X · ∇uψ = −i∇u(JX) · ψ − iJX · ∇uψ,
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for every u ∈ Γ(D⊥). If ψ is a parallel spinor field (λ = 0), the result holds. If ψ is a
Killing spinor field (λ 6= 0), we have

∇uX · ψ + λX · u · ψ = −i∇u(JX) · ψ − iλJX · u · ψ.

By Lemma 7.3.2, we know that X · u · ψ = −iJX · u · ψ, so that

∇uX · ψ = −i∇u(JX) · ψ.

This means that J(∇uX) = ∇u(JX), i.e. ∇J(X, u) = 0.

2. By Lemma 7.3.2 and since ψ is an m-transversal spinor field, u · ψ is also an m-
transversal spinor field for every u ∈ Γ(D⊥). Hence,

X · u · ψ = −iJX · u · ψ.

Take the covariant derivative in the direction of v ∈ Γ(D⊥),

∇vX · u · ψ +X · ∇vu · ψ +X · u · ∇vψ = −i∇v(JX) · u · ψ − iJX · ∇vu · ψ
−iJX · u · ∇vψ. (7.8)

The first assertion of this proposition implies that ∇vX ∈ Γ(D), so ∇vX · u · ψ =
i∇v(JX) · u · ψ. Hence, if ψ is a parallel spinor field, Equation (7.8) gives

X · ∇vu · ψ = −iJX · ∇vu · ψ.

If ψ is a Killing spinor field, we have

X · u · ∇vψ = λX · u · v · ψ
= −iλJX · u · v · ψ
= −iJX · u · ∇vψ,

and hence Equation (7.8) yields to

X · ∇vu · ψ = −iJX · ∇vu · ψ. (7.9)

If the role of u and v is exchanged, then

X · ∇uv · ψ = −iJX · ∇uv · ψ. (7.10)

Subtracting (7.10) from (7.9), we conclude

X · [u, v] · ψ = −iJX · [u, v] · ψ,

which means that [u, v] is orthogonal to every X ∈ Γ(D).
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7.3.2 Complex structures via Spinc spinors

In this subsection, we study pure spinors on Riemannian Spinc manifolds. We recall that
in this case, n = 2m, i.e. D = TM . Moreover, having a pure spinor on a Riemannian
Spinc manifold M2m implies that M has an almost complex structure and, if the pure
spinor is integrable, the almost complex structure is a complex structure.

Proposition 7.3.5. Let M be a differentiable manifold of real dimension n. The fol-
lowing statements are equivalent:

1. M is a Riemannian Spinc manifold carrying a pure spinor ψ.

2. M is a Riemannian manifold (M, g) with an orthogonal almost complex structure
J such that (M,J, g) is a Hermitian manifold.

3. M is a Riemannian manifold having an almost CR-structure of type (m, 0) for
some m ∈ N.

Proof. Assume that (Mn, g) is a Riemannian Spinc manifold carrying a pure spinor
ψ. Hence, M has an orthogonal almost complex structure J . Moreover, for any X1, X2 ∈
Γ(TM), we have

g(X1 +X2, X1 +X2) = g(J(X1 +X2), J(X1 +X2))

= g(JX1, JX1) + g(JX2, JX2) + 2g(JX1, JX2)

= g(X1, X1) + g(X2, X2) + 2g(JX1, JX2).

But g(X1 + X2, X1 + X2) = g(X1, X1) + g(X2, X2) + 2g(X1, X2). Hence, g(X1, X2) =
g(JX1, JX2) and the Riemannian metric g is compatible with the almost complex struc-
ture J . Conversely, if (Mn, J, g) is a Hermitian manifold (n = 2m), we consider the
canonical Spinc structure on M . The line subbundle Σ0M of the complex spinorial bun-
dle ΣM is trivial. Hence, it has a nowhere zero global spinor field ψ. Since ψ ∈ Γ(Σ0M),
we have Z · ψ = 0 for every Z ∈ Γ(T1,0M), which means that

(X + iJX) · ψ = 0 for any X ∈ Γ(TM).

Then, the first two statements are equivalent. Now, the last two statements are equiva-
lent because, if Mn is an almost complex manifold, we have that n is even (n = 2m). The
eigenbundle T1,0M corresponding to the eigenvalue i of J gives the desired almost CR-
structure of type (n

2
= m, 0). Conversely, it is easy to see that an almost CR-manifold of

type (m, 0) is an almost complex manifold ([Ko-No69], p.121). Denote by J the almost
complex structure and define the metric h by h(X, Y ) = g(X, Y ) + g(JX, JY ), for any
X, Y ∈ Γ(TM). Then (M2m, J, h) is a Hermitian manifold.

Proposition 7.3.6. Let Mn be a differentiable manifold. The following statements are
equivalent:

1. M is a Riemannian Spinc manifold carrying an integrable pure spinor.
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2. M is a Riemannian manifold (M, g) having a complex structure J such that
(M,J, g) is a Hermitian manifold.

3. M is a Riemannian manifold having a CR-structure of type (m, 0).

Proof. Let (Mn, g) be a Spinc manifold carrying an integrable pure spinor field
ψ. By Proposition 7.3.5 and Proposition 7.3.1, M admits a complex structure J such
that (M,J, g) is a Hermitian manifold. Now, if (M,J, g) is a Hermitian manifold, by
Proposition 7.3.5, the canonical Spinc structure on M admits a pure spinor field ψ ∈
Γ(Σ0M). By Proposition 7.3.1 and since J is a complex structure, the pure spinor field is
integrable. Hence, the first two statements are equivalent. The last two statements are
also equivalent because if (M,J, g) is a Hermitian manifold with a complex structure
J , the eigenbundle T1,0M of TM ⊗ C corresponding to the eigenvalue i of J gives
the desired almost CR-structure of type (n

2
= m, 0). Because T1,0M is integrable,

the almost CR-structure is a CR-structure of type (m, 0). Conversely, a Riemannian
manifold having a CR-structure of type (m, 0) is a complex manifold ([Ko-No69], p.121).
Denoting by J the complex structure, we get again that the metric h, defined by by
h(X, Y ) = g(X, Y )+g(JX, JY ) for any X, Y ∈ Γ(TM), is compatible with the complex
structure.

Corollary 7.3.1. Let (Mn, g) be a Riemannian manifold. The manifold M has a Spinc

structure carrying a parallel pure spinor field ψ if and only if M is Kähler.

Proof. Assume that M is a Spinc manifold carrying a parallel pure spinor. First of
all, since X|ψ|2 =< ∇Xψ, ψ > + < ψ,∇Xψ >= 0, the norm of ψ is constant. Since ψ is
parallel and pure, ψ is integrable. Hence, by Proposition 7.3.6, M is a complex manifold.
It remains to show that ∇J = 0. By taking the covariant derivative of X ·ψ = −iJX ·ψ,
we get

∇Y (X · ψ) = ∇YX · ψ +X · ∇Y ψ = ∇YX · ψ
= −i∇Y (JX) · ψ − iJX · ∇Y ψ

= −i∇Y (JX) · ψ.

Hence, ∇YX · ψ = −i∇Y (JX) · ψ. But ∇YX · ψ = −iJ(∇YX) · ψ. It gives (∇Y JX −
J(∇YX)) · ψ = 0 so that ∇J = 0 and M is Kähler. Now if M is a Kähler manifold,
then the canonical Spinc structure carries parallel spinors (constant functions) lying in
the trivial subbundle Σ0M = Λ0,0M , hence they are pure.

Corollary 7.3.1 was proved by A. Moroianu in [Moro97] to classify simply connected
Spinc manifolds carrying parallel spinors. Using the classification of Spinc manifolds
having parallel spinors [Moro97], we deduce:

Corollary 7.3.2. Let M be a simply connected irreducible Kähler manifold. The only
Spinc structures on M carrying a parallel pure spinor are the canonical and the anti-
canonical ones.
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Remark 7.3.2. For transversal spinor fields, we should point out that if we replace −J
by J , we have to consider the anti-canonical Spinc structure in all the proofs. In this
case, the integrability condition of a transversal spinor ψ is given by

Z · ∇Wψ −W · ∇Zψ = 0,

for every Z,W ∈ Γ(T1,0M), where T1,0M is the subbundle of TCM given by the almost
CR-structure (D, J).



Bibliography

[Atiy-Sing68] M. Atiyah and I. Singer, The index of elliptic operators I, Ann. of Math.,
87 (1968), 484-530.

[Atiy78] M. Atiyah, N. Hitchin and I. Singer, Self-duality in four-dimensional Rieman-
nian geometry, Proc. Roy. Soc. London A 362 (1978), 425-461.

[Aub82] T. Aubin, Nonlinear Analysis on Manifolds, Monge-Ampre Equations, Springer
Verlag, 1982.

[Bär92] C. Bär, Lower eigenvalue estimates for Dirac operators, Math. Ann. 239 (1992),
39-46.

[Bär93] ———, Real Killing spinors and holonomy, Commun. Math. Phys. 154 (1993),
525-576.

[Bär96] ———, Metrics with harmonics spinors, Geom. and Functional Anal. 6 (1996),
899-942.

[Bär99] ———, Zero sets of solutions to semilinear elliptic systems of first order, Invent.
Math. 138, 1 (1999), 183-202.

[Bär98] ———, Extrinsic bounds for eigenvalues of the Dirac operator, Ann. Glob. Anal.
Geom. 16 (1998) 573-596.

[BGM05] C. Bär, P. Gauduchon and A. Moroianu, Generalized cylinders in semi-
Riemannian Spin manifolds, Math. Z. 249 (2005), 545-580.

[Bär09] C. Bär, Spectral bounds for Dirac operators on open manifolds, Ann. Glob. Anal.
Geom. 36 (2009), 67-79.

[Baum81] H. Baum, Spin-Strukturen und Dirac-Operatoren über pseudoriemannschen
Mannigfaltigkeiten, B. G. teubner Verlagsgesellschafy, Leipzig, 1981.

[BFGK] H. Baum, T. Friedrich, R. Grunewald and I. Kath, Twistor and Killing spinors
on Riemannian manifolds, Teubner-Texte zur Mathematik 124, 1991.

[Baum94] H. Baum, Eigenvalue estimates for Dirac operators coupled to instantons,
Ann. Glob. Anal. Geom. 12 (1994), 193-209.

163



164 BIBLIOGRAPHY

[Bon02] F. Bonahon, Geometric structures on 3-manifolds, In Handbook of geometric
topology, Amsterdam (2002), 93-164.

[BG92] J.P. Bourguignon and P. Gauduchon, Spineurs, opérateurs de Dirac et varia-
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Le sujet principal de cette thèse est d’exploiter les structures Spinc dans le but d’étudier
la géométrie de certaines sous-variétés. Dans un premier temps, nous commençons
par établir des résultats de base pour l’opérateur de Dirac Spinc. On donne ainsi des
inégalités de type Hijazi en terme du tenseur d’énergie-impulsion. Ce tenseur intervient
dans l’étude des variations du spectre de l’opérateur de Dirac et dans les équations de
Dirac-Einstein. L’étude des hypersurfaces des variétés Spinc permet de mieux compren-
dre ce tenseur puisque ce dernier est le tenseur de Weingarten de l’immersion. Étant
des structures naturelles sur les variétés homogènes E(κ, τ) de dimension 3, les struc-
tures Spinc permettent d’aborder des problèmes riemanniens sur les hypersurfaces de ces
variétés. En effet, on donne une correspondance de Lawson pour les surfaces à courbure
moyenne constante de E(κ, τ). Finalement, on caractérise les structures complexes et
CR sur une variété par les structures Spinc admettant un champ de spineurs spécial
appelé un spineur pur ou bien un spineur transversal.

Special submanifolds of Spinc manifolds:

In this thesis, we aim to make use of Spinc geometry to study special submanifolds. We
start by establishing basic results for the Spinc Dirac operator. We give then inequalities
of Hijazi type involving the energy-momentum tensor. Studying the energy-momentum
tensor on a Spinc manifold is related to several geometric situations. Indeed, it appears
in the study of the variations of the spectrum of the Dirac operator and in the Einstein-
Dirac equation. The study of hypersurfaces of Spinc manifolds allows us for a better
understanding of this tensor since it is the second fundamental form of the immersion.
Being natural structures on the 3-homogeneous manifolds E(κ, τ), Spinc structures will
be investigated in the study of some Riemannian problems on hypersurfaces of these
manifolds. In fact, we prove a Lawson correspondence for constant mean curvature
surfaces in E(κ, τ). Finally, we characterize complex structures and CR structures by
Spinc structures admitting a special spinor, called pure spinor or transversal spinor.
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