N

HAL

open science

Marches aléatoires, arbres et optimalité d’algorithmes

Jean-Francois Marckert

» To cite this version:

Jean-Francois Marckert. Marches aléatoires, arbres et optimalité d’algorithmes.
générales [math.GM]. Université Henri Poincaré - Nancy 1, 1999. Francais. NNT: 1999NAN10310 .

tel-01747525

HAL Id: tel-01747525
https://hal.univ-lorraine.fr/tel-01747525
Submitted on 29 Mar 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Mathématiques


https://hal.univ-lorraine.fr/tel-01747525
https://hal.archives-ouvertes.fr

UNIVERSITE
DE LORRAINE

AVERTISSEMENT

Ce document est le fruit d'un long travail approuvé par le jury de
soutenance et mis a disposition de I'ensemble de Ila
communauté universitaire élargie.

Il est soumis a la propriété intellectuelle de l'auteur. Ceci
implique une obligation de citation et de réeférencement lors de
I'utilisation de ce document.

D'autre part, toute contrefacon, plagiat, reproduction illicite
encourt une poursuite penale.

Contact : ddoc-theses-contact@univ-lorraine.fr

LIENS

Code de la Propriété Intellectuelle. articles L 122. 4

Code de la Propriété Intellectuelle. articles L 335.2- L 335.10
http://www.cfcopies.com/V2/leg/leg droi.php
http://www.culture.gouv.fr/culture/infos-pratiques/droits/protection.htm



mailto:theses.sciences@scd.uhp-nancy.fr
http://www.cfcopies.com/V2/leg/leg_droi.php
http://www.culture.gouv.fr/culture/infos-pratiques/droits/protection.htm
http://www.culture.gouv.fr/culture/infos-pratiques/droits/protection.htm

Tg o4 S0 M ne32 2408

U.F.R. S.T.M.I.A.
Ecole Doctorale I.LA.E.+M.

Université Henri Poincaré Nancy I
D.F.D. Mathématiques.

THESE

présentée pour I’obtention du

Doctorat de I’Université Henri Poincaré Nancy I
(Spécialité Mathématigues Appliquées)

par

Jean-Francois Marckert

Marches Aléatoires, Arbres
et

Optimalité d’Algorithmes
soutenue publiquement le 7 décembre 1999 devant le jury composé de :

Philippe CHASSAING  Directeur de thése Université Nancy |

Philippe FLAJOLET  Rapporteur, INRIA Rocquencourt
Président du Jury

Guy LOUCHARD Rapporteur Université Libre de Bruxelles

Bernard ROYNETTE  Examinateur Université Nancy |

René SCHOTT Examinateur INRIA Nancy

Pierre VALLOIS Examinateur Université Nancy |

Marc YOR Examinateur Université Paris VI

Institut Elie Cartan Nancy



A ma famille,

Jean—Michel, Thérése, Virginie, Emmanuelle et Laurence



Avant Propos

Je tiens d’abord & remercier Philippe Chassaing avec qui j’ai beaucoup travaillé
durant ces trois années et sous la direction duquel ce travail a été réalisé. Sa grande
disponibilité, son soutien amical, son enthousiasme ainsi que ses critiques m’ont permis
de progresser et de mener a bien cette these.

Je remercie Philippe Flajolet et Guy Louchard pour 'intérét qu’ils ont porté a ce
travail et I’honneur qu'ils m’ont fait d’accepter d’étre rapporteur.

Je remercie René Schott d’avoir accepté d’examiner cette thése et pour la sympathie
qu’il m’a toujours témoignée.

Je sais également gré & Bernard Roynette et Pierre Vallois d’avoir accepté de faire
partie de ce jury. J'apprécie & leurs justes valeurs les conseils amicaux et les critiques
qu’ils m’ont prodigués tout au long de ces trois années.

Ce fut un réel honneur et plaisir pour moi de travailler avec Marc Yor que je remercie
également de participer a ce jury.

Enfin, j’aimerais insister sur la trés bonne ambiance de travail et d’amitié que j’ai
rencontré au sein de 1’équipe de probabilité de Nancy. En particulier, jaimerais re-
mercier Midalina Deaconu, Jean—-Sébastien Giet et Etienne Tanré pour les nombreuses
discussions qui ont égayées ces trois années.



Table des matiéres

INTRODUCTION

Réferences

CHAPITRE I

An average case quasi optimal search algorithm for the zeros of a random walk
1 Introduction

2 The “double-jump” algorithm
2.1 A set of moderate variation . . . ... ... ... ... ...
2.2 Description of the “double-jump” algorithm . .. . ... ... ... ..

3 Quasi-optimality of dj{n)
3.1 Sketch of proof of Theorems 1.2 and 1.3 . . . . . . . ... . ... ...
3.2 Proofof Theorem 3.1 . . . . . . . . . . . . . i i i
3.3 Proofof Theorem 3.2 . . . . . . . . . . . . . e
3.4 Proofof Theorem 3.3 . . . . . . . . . . . .« . . e

4 QOther case
References
CHAPITRE 11

A Stochastically Quasi-Optimal Search Algorithm for the Maximum of the Simple
Random Walk

1 Introduction
2 Optimality criteria
3 Main steps of proofs of Theorems 1.1 and 1.2

4 Proof of Theorem 1.3

10

13

15
15
16 -

16
16
18
20
23

25

30

31

33

35

37

40



il

5 A counting principle
6 Proof of Theorem 3.3

References

CHAPITRE III
Stochastic properties of two algorithms searching the zeros of simple random walks,
and applications

1 Introduction
1.1 The simple and double jump algorithms . . .. ... ... .. .. ...
1.2 Trees and Brownian excursions . . . . . .. . . . ... ...

2 Quasi-Optimality of dj(n) for the stochastic order
2.1 Sketch of the proofs of Theorems 1.3and 1.4 . . . . . ... ... .. ..
2.2 A counting principle . . . . . ...
2.3 Proofof Theorem 2.4 . . . . . . . . . . . .. ... ... ...

3 Relation befween the search of zeros, trees and excursions
3.1 The couple height-width . . . . . .. ... ... ... .. ... ...
331 Excursions . . . ... ... e
3.1.2 Expression of (HP, W) in term of Bernoulli excursions
3.2 Harmonic mean of depth of nodes in size n general trees . . . ... ..
3.21 Tableofconvergences . . . . . . . ... .. ... .. ... ...

References
CHAPITRE IV
Parking functions, empirical processes and the width of rooted labeled trees

1 Introduction
1.1 Rooted labeled trees . . . . . . . . . L
1.2 Results. . . . . . . .

48

55

62

67

69
69
72

73
73
74
79

30
81
82
84
90
92

93



i

2 Rooted labeled trees, parking functions and empirical processes
2.1 The breadth first searchrandom walk . . . . . . .. ... . ... . ...
2.2 Rooted labeled trees and parking functions . . . . . . .. ... ... ..
2.3 Short and loose historic of empirical processes . . . . . . ... ... ..
2.4 Parking functions and empirical processes . . . . . ... ... ... ..
2.5 Generation of a random rooted labeled tree . . . . . . . ... ... .

3 Bounds for moments
3.1 Proofof Theorem 3.1 . . . . . . . . . . . . e
3.2 Proofof Theorem 2.1 . . . . . . . o e

4 Concluding remarks
References

Appendice

CHAPITRE V
La montée de barre optimale en présence d’une échéance aléatoire

1 Introduction
1.1 Cadregénéral . . . . ... . . .. ...
1.2 Quelques exemples . . .. . .. .. ... Lo

2 Le cas T de loi exponentielle
2.1 Uneéquationde Bellman . . . . . . . ... ... .. ... .. ......
2.2  “Unicité” de la solution de l’équation de Bellman . . . ... ... ...
2.3 Lien avec un systéme différentiel “exotique” . . . ... ... ... ...
2.4 Preuve de la Proposition 2.7 . . . . . .. . ... . ... ...
2.5 Preuve de la Proposition 2.8 . . . . . .. ... ... .
2.6 Une “sous” solution . . . . . . . . . . . .
2.7 Existence d’'unesolutionz . . . .. . ... .. Lo
2.8 Approximationdezetde ¥ . .. .. .. .o 0oL L

Références

99
99
101
103
104
106

107
107
109

111

113

116

119

121
121
123

124
125
126
128
130
131
132
132
133

135



ANNEXES

1 Processus browniens

1.1 Marches aléatoires et excursions discrétes . . . . . . . . . . . ... ...

1.2 Mouvement brownien .
1.3 Méandre brownien . .
1.4 Pont brownien . . . . .

1.5 Excursion brownienne renormalisée . . . . . . . . . . . ... ...

1.6 Décompositions . . . .

2 Arbres - Processus de Galton-Watson
2.1 Processus de Galton-Watson . . . . ... .. .. .. .. ... ......
2.2 Arbresde Galton-Watson . . .. .. .. ... ... .. ... ... ...
2.3 Hauteur et largeurdes arbres . . . ... ... ... ... ... .....

2.4 Parcours d’arbres . . .

2.5 Largeur de bande (bandwidth) . . . . .. ... ... ... .. .....
2.6 Arbres binaires de recherche . . . . . . . . ... . .. ... ... ...

2.7 Arbres et combinatoire

Références

137

139
139
140
144
144
145
145

147
147
149
152
153
156
157
158

160



Introduction

En informatique comme dans beaucoup d’autres domaines, une tiche peut souvent &tre
exécutée de diverses maniéres. Chacun des procédés, des algorithmes, permettant d’obte-
nir le résultat désiré, posséde ses caractéristiques propres et le choix de I'un ou autre
n’est en général pas anodin. On compare deux algorithmes en mesurant leurs efficacités
respectives en terme de temps, de place mémoire utilisée ou encore en nombre d’utili-
sations d’une sous tiche élémentaire caractéristique de cette efficacité. Par exemple, il
existe de nombreux algorithmes permettant de ranger par ordre croissant une liste de n
nombres. La plupart de ces algorithmes ont pour point commun d’utiliser et de reposer
sur la tache élémentaire suivante : 1a comparaison de deux nombres. Ainsi, dans ce cas,
on identifie le cofit de chaque algorithme de iri avec le nombre de comparaisons qu'il
effectue (voir [7], [10], [15]).

L’analyse du cofit des algorithmes informatiques est une science qui a I’ge des
premiers ordinateurs. On peut étre enclin i penser que 'intérét de cette science diminue
au fur et & mesure que les ordinateurs deviennent plus puissants. C’est en partie vrai
pour les petites applications. Mais, en dehors du fait qu’elle méne 4 de jolis problémes
combinatoires ou probabilistes (on pourra voir & ce sujet les livres de Knuth [10] et de
Flajolet & Sedgewick [15]), Pimportance de cette science reste considérable en pratique
et risque de I'étre encore trés longtemps. Pour illustrer I'importance du choix d’un
algorithme, on peut donner 'exemple spectaculaire suivant (voir Ciarlet [6]) : le calcul
du déterminant d’une matrice n X n par la méthode de Gauss nécessite de ’ordre
de n® opérations. Un ordinateur modeste peut donc en quelques secondes, calculer
le déterminant d’une matrice 100 x 100. Ce méme calcul par la méthode de Cramer
demande, quant & lui, de I'ordre de (n - 2)! opérations, ¢’est-a-dire pour le cas qui nous
intéresse environ 10'%? opérations et on peut douter du fait qu’un jour, il existe un
ordinateur suffisamment puissant pour venir & bout de ces calculs. Dans les applications
gourmandes en calculs, C.A.O., météorologie, résolutions de grands systémes linéaires,
approximation des solutions des équations différentielles..., 'efficacité des méthodes et
algorithmes employés est donc primordiale et fait 'objet de beaucoup de recherche
comme en témoigne la vaste Littérature a ce sujet.

Pour comparer les algorithmes, on munit ’ensemble des tiches d'une mesure de
taille. Par exemple, dans le cas du tri, le nombre d’éléments & ranger sera la taille du
probléme, dans le cas des matrices, ce sera la taille de la matrice. On compare alors
les algorithmes lors de leurs exécutions sur des tiches de méme taille. Un probleme
se pose alors : en général, le cofit d'un algorithme n’est pas une fonction de la taille
du probléme, c’est-a-dire qu’il peut prendre des valeurs trés différentes pour un taille
donnée.

Par exemple, considérons le calcul du produit de deux entiers de longueur n a la
main par la méthode habituelle; la complexité des nombres employés prend une part
déterminante dans la vitesse de calcul (pour un calculateur normall). 11 est plus rapide
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de calculer 10000 x 10000 que 67897 x 79876. Ce phénomeéne apparait & peu pres sur
tous les types de problémes et & peu prés pour tous les algorithmes.

Un autre probléme qui apparait également est que le nombre d’algorithmes a notre
disposition est une fonction de la taille. Reprenons le cas du probléme du tri de n
nombres. Si n = 2 il n'y a clairement qu’un seul algorithme, ce qui n’est plus le cas si
n est plus grand. Chercher le meilleur algorithme pour un probléme donné, ne pourra
donc se faire qu’a taille fixée et devra tenir compte des fluctnations du colit sur les
différents problémes. Ainsi, divers types d’optimalité sont considérés par les informa-
ticiens et les deux types les plus fréquemment étudiés sont les suivants (la taille du
probléme est fixée) :

- L’optimalité dans le pire des cas : un algorithme est dit optimal dans le pire des cas si
son colit maximal est inférieur au cotit maximal de tous les autres algorithmes. Certains
auteurs Cormen et al. [7] ou encore Aho et al. [1] s’intéressent tout particulierement &
cette optimalité. Utiliser un algorithme optimal dans le pire des cas permet d’étre siir
d’avoir le résultat escompté avec un colit maximal connu a l'avance et garantit donc
une certaine sécurité. On peut reprocher & ce critére de n’étre pas trés révélateur de
Pefficacité d’un algorithme : souvent le coiit maximal est considérable par rapport au
colit moyen et il est atteint sur des données trés peu probables.

- L’optimalité en moyenne. On suppose que les taches (de taille fixée) se présentent
selon une loi de probabilité x. Un algorithme est dit optimal en moyenne s’il a réalisé
le coiit moyen minimal par rapport & u. Par exemple, pour le probléeme du tri de n
nombres, on considére que les n! permutations sont équiprobables. Les résultats d’opti-
malité en moyenne sont relativement rares et difficiles & obtenir ; les méthodes utilisées
sont, la plupart du temps, particuliéres au probléme rencontré et donc non applicables
a4 d’autres cas. Le Chapitre II dresse 'historique (probablement non exhaustif) des
résultats obtenus pour ce type d’optimalité.

Afin de mieux connaitre les algorithmes, on s’intéresse depuis peu & la loiou 4 la
limite en loi de leur colit. On peut citer par exemple les travaux de G. Louchard [12] qui
fut 'un des premiers & utiliser les outils probabilistes afin d’analyser les algorithmes.
Connaitre la loi du cofit d’un algorithme donne évidemment toutes les informations
souhaitables. Elle permet bien siir de calculer le cofit moyen, de connaitre le cofit
maximal ou minimal, mais surtout elle permet d’analyser le comportement de ’algo-
rithme lorsque 'on doit 'exécuter un grand nombre de fois. En pratique, il s’avére
souvent que l’on ne parvient & obtenir qu'un comportement limite de ces lois lorsque
la taille n des problémes tend vers Vinfini et aprés renormalisation.

Le travail présenté ici porte sur étude de certains algorithmes et sur leur optimalité.

La premiere partie traite de résultats obtenus lors de I’étude des algorithmes de
recherche de valeurs attachées & des marches aléatoires simples symétriques.

La deuxiéme partie est I’étude d'un probleme d’optimisation de ressources provenant
de Iinformatique.

Avant de décrire succinctement le contenu des chapitres, il me semble nécessaire de
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signaler que des annexes placées en fin de thése donnent certains éclaircissements sur
les objets mathématiques utilisés; en particulier, on vy trouvera des éléments sur les
marches aléatoires, sur les processus browniens et sur les arbres.

Premiére partie :

Elle est composée de quatre chapitres. La plupart des questions auxquelles je me
suis intéressé dans cette premiere partie ont pour origine commune le probléme résolu
par A.M. Odlyzko [13] en 1995. Dans son article Search for the maximum of a random
walk, Odlyzko s’intéresse au probléme suivant :

Un oracle a tiré au sort de fagon équiprobable une marche aléatoire simple symétrique
w = (Sp(w))r=0,n, So{w) = 0 parmi les 2" marches aléatoires de longueur n. On note

My (w) = max{S,(w}|0 < k < n},

le maximum de la marche sur {0,--- ,n}. On doit payer 1 & l'oracle pour connaitre la
valeur de S;(w) pour une position [ de notre choix. On se propose de trouver M, (w) en
dépensant le moins possible. La somme nécessaire pour trouver la valeur M, dépend
donc de la marche aléatoire bien slir mais aussi de la stratégie employée {on emploiera
indifféremment les mots stratégie et algorithme pour désigner la suite d’opérations
que Pon exécute pour trouver le maximum). La question que I'on se pose est donc la
suivante : Existe-t-il une stratégie qui permet de minimiser le coiit de la découverte de
M, et si oui, laquelle ?

Parmi les différents résultats obtenus par Odlyzko, le principal est celui de ’analyse
en moyenne du coit de ces algorithmes. Ainsi, il prouve que pour trouver le maximum
M, on devra payer au moins ¢y1/n(1+0(1)) en moyenne et ceci quelque soit la stratégie
employée, cy étant une constante décrite dans le Chapitre II. Il donne ensuite un al-
gorithme que l'on appellera Od(n) (décrit dans le Chapitre II, Section 5) dont le cofit
est également cg/n(1 + 0(1)). L’algorithme Od(n) est dit quasi optimal en moyenne,
quasi signifiant que le coflit de Od(n) et la borne inférieure sont équivalents. Pour don-
ner une borne inférieure au coilit des algorithmes, il étudie les points (mE“), Sm(a.))«gef

sondés pendant la recherche du maximum par un algorithme a quelconque. Ces points
sondés doivent garantir que le maximum trouvé est le vrai maximum ce qui mene 3 la
condition nécessaire (*) suivante vérifiée par ces points : (on suppose ici que les (mga))z—
sont rangés par ordre croissant)

o )
Smgi)l + Smga) + m§+)1 — mga < 2M,.

Odlyzko associe alors & chaque entier k de {m{® +1,--- ,m{®} un poids W (k) =
1/(m, — m{®) exprimant la densité de points sondés par ¢ “autour” de k; de cette
fagon, le coiit de 'algorithme a est égal & la somme des W(®(k). Ainsi, en utilisant (*),
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Odlyzko prouve que le nombre moyen de points sondés posseéde une borne inférieure :

o= (15 o)E(5 > ——)-
=1 n k

11 fournit alors un algorithme Od(n) dont le colt est asymptotiquement le méme. Ces
arguments de densité sont repris dans le Chapitre II et systématisés.

Chapitre 1

Apreés la recherche du maximum, il est de coutume de s’intéresser a la recherche des

racines. Le Chapitre I consiste donc en 'analyse en moyenne des stratégies de recherche
de tous les zéros de w, c’est-a-dire des indices k tels que Sy(w) =0 pour k € {0,--- ,n}.
Certaines techniques mises en oeuvre par Odlyzko, sont employées ici, en particulier
la notion de poids d’un point. Les principales différences proviennent du fait que le
temps passé par la marche aux alentours du maximum est trés faible relativement &
celui passé autour de zéro. On construit deux algorithmes que on nomme sj(n) et
dj(n); sj(n) ( the single jump algorithm) est ’algorithme le plus simple que l'on puisse
construire. Il consiste a4 sonder la marche de gauche & droite et & sonder le premier
endroit olt un zéro est possible. Par exemple, si 'on sait que So = 6, le prochain point
sondé sera 26, puisque la marche ne peut pas s’annuler entre l'indice 20 et I'indice 26.
Une description de sj{n) est donnée au début du Chapitre I. Malgré sa simplicité cet
algorithme et ses propriétés sont fondamentaux dans le Chapitre III.
L’algorithme dj(n) (the double jump algorithmn) ne sera pas décrit ici. Comme son
nom l'indique, il consiste (moralement...) & faire des sauts de longueur deux fois plus
grande qu’avec le simple saut et revenir en arriere s’il existe un risque d’avoir manqué
un zéro. En utilisant la notion de densité de points sondés d’Odlyzko, on donne une
borne inférieure au coiit moyen de tout algorithme et on montre que le coiit de dj(n)
atteint cette borne, en tout cas pour le premier terme du développement asymptotique.
Ce coiit minimal moyen est donné par la quantité :

1 < 1
wn = (1 +o(1))E(§;———~—-—|Sk| n 1)

et on montre alors que
E(W,.) 1
— s
Vrlogn n—too /27

Suite & un exposé de ce résultat, Ph. Flajolet a suggéré de nous intéresser aux lois limites
de ces deux algorithmes ainsi qu’a celui d’Odlyzko, ces lois ne semblant pas classiques
a priori ni méme apres simulation. Cette recherche s’est révélée vite fructueuse, la loi
limite de l'algorithme d’Odlyzko n’étant pas connue et celle des algorithmes sj(n) et
dj(n) nous amenant 4 étudier les bijections existant entre les excursions de Bernoulli,
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les arbres binaires et les arbres généraux; ainsi, on a pu obtenir la loi limite du couple
hauteur-largeur dans les arbres binaires de taille n, la loi limte de la moyenne harmo-
nique de la hauteur des feuilles de I'arbre général de taille n...

Les deux chapitres suivants ont été 'objet de deux articles écrits avec Philippe
Chassaing et Marc Yor. La premiére motivation était, & l'origine, de trouver la loi
limite des deux algorithmes Od(n) et dj(n), mais comme on va le voir, ces objectifs ont
été débordés assez largement.

Chapitre II

Ce deuxiéme chapitre traite donc de I’étude des propriétés stochastiques du coiit de
lalgorithme Od(n). En premier lieu, on affine légérement le raisonnement d’Odlyzko
pour prouver plus que I'optimalité en moyenne de son algorithme. Notons Tpgn) le
colit de Od(n) et V, la v.a.

1« 1
Vilw) = = )
(@) 2£;m@yﬁmm+1
On montre alors que

1V — Toam)ll1 = o(v/n)
et que’

Voo lei 7
\/7_1 n—+oa

oti I est une fonctionnelle du mouvement brownien standard B et de son maximum
ME sur Vintervalle [0, 1] :

I
;=1/_mﬂLﬁ
2/, MP-B
Cette convergence n’est pas une conséquence du principe de Donsker (ni du théoréme de
Komlos-Major-Tusnady), la fonctionnelle mise en jeu étant trop irréguliére. On utilise
alors le plongement de Skohorod qui consiste & construire le mouvement brownien
B et une marche aléatoire w sur le méme espace de probabilité; on prouve alors la
convergence de V,//n vers I “a la main”. La loi de la limite I que I'on obtient se
révele difficile & appréhender. La Section 4 du Chapitre II fait le tour des propriétés
de I que l'on a obtenues. On peut remarquer que ces propriétés découlent toutes de la
transformée de Laplace de 1/1? qui identifie [ entiérement :

¢ )] _ 2log(cosh \/ﬂ)_

E[ &P ( - I? sinh? /2t
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En particulier, bien que I’on ne réussisse pas 3 inverser explicitement cette transformée
ni & exprimer celle de I, on parvient & calculer tous les moments (entiers) de I en
fonction de la fonction ¢ de Riemann. La densité de I est également exprimée comme
produit de convolution de deux densités de types © (Sexprimant en fonction de la
fonction theta de Jacobi), densités connues comme étant celle de certaines v.a. lides a
des processus browniens (on pourra voir par exemple V'article de Biane & Yor [5]).

L’autre point de cet article que je voudrais souligner est la preuve de la quasi-
optimalité pour ’ordre stochastique du cofit de Od(n). C’est & notre connaissance, la
premiere fois que ce type de résultat est établi. Une v.a. X est dite inférieure stochas-
tiquement & une v.a. ¥ si pour tout x € R, on a :

P(X > z) <PY > z).

Ainsi, les théorémes 1.1 et 1.2 du chapitre II prouvent que la limite en loi de Tpgm)
(normalisé par 1/n) est celle de I et que le colit de tout autre algorithme (normalisé
par 4/n) est supérieur stochastiquement & I.

L’optimalité pour Pordre stochastique du colit d’un algorithme A parmi tous les
algorithmes donne une garantie que ne donne pas sa seule optimalité en moyenne. En
effet, dans le contexte des files d’attente, on voit souvent I’ordinatenr comme un serveur,
les taches & traiter comme des clients et le cofit d'un l'algorithme comme le temps de
service. Comme le montre la discussion de la partie 2 du Chapitre II, I’optimalité pour
l'ordre stochastique de A garanti que le temps moyen de séjour dans le systéme par un
client est minimal avec A parmi tous les autres algorithmes; ceci n’est pas garanti par
la seule optimalité en moyenne.

Chapitre III

Ce chapitre contient ’analyse de la limite en loi des algorithmes sj(n) et dj(n) et la
preuve du caractere quasi-optimal pour P'ordre stochastique de Ty,), le colit de dj(n).
Notons W, la v.a. définie par

1w 1
Walw) = ,
() 2 pauy |Se(w)] +1
On montre que :
Wn loi |N|

ol [V est une normale réduite centrée.

Le deuxiéme point & souligner est Vanalyse de algorithme sj(n) et en particulier
I’étude de son cofit pour traverser une excursion de Bernoulli. On sait en effet que les
excursions de Bernoulli de longueur 2n sont en bijection avec les arbres binaires ayant
n— 1 noeuds internes et avec les arbres que ’on appellera généraux conditionnés & avoir
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n noeuds. Certaines de ces bijections ont des propriétés tout a fait remarquables. Par
exemple, il existe une bijection entre les excursions de Bernoulli et les arbres généraux
qui transforme le maximum de 'excursion en la hauteur de 'arbre associé (4 une unité
prés). Lors de P’étude de 'algorithme sj(n}, on a remarqué que le nombre de coups de
sondes nécessaires a la traversée d’une excursion de longueur 2n était égal 4 la hauteur
de l'arbre binaire associé & Pexcursion lors de son parcours en largeur. Cette loi est
connue comme étant une loi @ (voir Flajolet & Odlyzko [9]).

D’autre part, comme pour les problémes précédents, on prouve que le coit de la
traversée d’une excursion de Bernoulli & = (S,(&)) . est approximativement :

k=0, 2
_ 2n—1 1
Von(0) = —.
; Se(@)

Ces considérations ménent 4 un calcul élémentaire de la limite en loi du couple (hauteur,
largeur) dans un arbre binaire ayant n feuilles. On donne une preuve élémentaire de

L, wiy L, ([13613 M{e))
\/2—?,; BB o € 3 1

ol H(Bn} (resp. Wl(g"} ) désigne la hauteur (resp. la largeur) d’un arbre binaire ayant n
feuilles. Ce résultat est également un corollaire direct d’un théoréme récent d’Aldous [4,
th. 3] (beaucoup plus général) dont la preuve repose sur trois papiers particulierement
techniques : Aldous [3], Jeulin [11] et Drmota & Gittenberger [8].

L’utilisation de ce résultat et de la bijection entre arbres généraux (& n noeuds) avec
les excursions de Bernoulli (4 2n pas) permet d’obtenir la loi de la moyenne harmonique
des hauteurs des noeuds d’un arbre général conditionné par sa population totale.

Chapitre IV

Ce chapitre porte sur 1’étude des moments de la largeur des arbres non ordonnés,
étiquetés, conditionnés & avoir n noeuds (les arbres de Cayley de taille n). C’est un
travail commun avec Philippe Chassaing.

La largeur d’un arbre T est le nombre maximal de noeuds sur un des niveaux de
I'arbre; autrement dit, si on note Zy, Z1,- - , Zy () le nombre de noeuds a la distance
0,1,--- ,H(T) de la racine (H(T) étant la hauteur de T'), la largeur W(T) de l'arbre
T est définie par :

W(T) = Il'la.X{Zo, Zi, R aZH(T)}-

A propos de la largeur des arbres de Cayley de taille n on peut citer principalement
deux résultats :

o Odlyzko & Wilf [14] ont prouvé qu’il existait deux constantes positives Cy et Cy (ne
dépendant pas de n) telles que :

C1 vVn < E(W,) < Cy y/nlogn.
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¢ En ce qui concerne la loi limite de la largeur, Takécs [16] a prouvé que :

o1 m est le maximum de Vexcursion brownienne normalisée.

Notre travail répond & la question de Odlyzko & Wilf quant au terme principal du
développement asymptotique de W,,. En effet, on prouve que :

Pour tout p > 1, il existe une constante C), telle que

|B(n~?*W?P) — E(mP)| < C, n~Y*\/logn

Ainsi, la convergence prouvée par Takacs est également une convergence des moments.

Pour obtenir ce résultat, on rappelle tout d’abord la correspondance exacte existant
entre les arbres étiquetés et le probléme de parking. On exhibe ensuite un lien fort entre
le probléme de parking et le processus empirique, cher aux statisticiens. Il apparait alors
par un argument de couplage (en fait le théoréme de Komlos, Major et Tusnady) que
Yon peut prouver la convergence des moments de la largeur de 'arbre vers ceux de
Pexcursion brownienne renormalisée.

En appendice de ce chapitre, on trouvera une preuve (légérement différente de celle
proposée par Takdcs) que les moments de la largeur (normalisée) des arbres binaires
de taille n convergent vers ceux de l’excursion brownienne normalisée. Les premiers
arguments utilisés (similaires & ceux du cas des arbres de Cayley), en particulier, I'uti-
lisation du parcours en largeur, montrent que ce probléme n’est pas si éloigné qu’il y
parait des chapitres précédents.

Deuxieme partie :

Chapitre V

La deuxiéme partie est composée d’un seul chapitre relativement étranger aux
précédents et malheureusement, il n’a pu étre totalement achevé, un léger (7711
probléme nous entravant jusqu’a aujourd’hui. C’est un travail commun avec Philippe
Chassaing.

Le probléeme auquel on s’intéresse ici est issu d’'un probléme d’optimisation de res-
sources issu de 'informatique et plus particulierement de l'intelligence artificielle.

On a vu au début de 'introduction, des algorithmes (tri, calculs) qui permettent de
donner un réponse exacte a un certain type de guestions. Par opposition, pour nombre
de problémes, la qualité de la réponse dépend d’un paramétre, par exemple du temps.
On peut par exemple penser 3 la digitalisation d’une image ou méme plus simplement
au calcul numérique d’une intégrale,  ’approximation décimale de ... Les algorithmes
effectuant ces tiches se regroupent grossiérement en deux classes : les algorithmes
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interruptibles et les autres. Les algorithmes interruptibles comme leurs noms 'indiquent
ont la propriété agréable de fournir un résultat méme s’ils sont interrompus en cours
d’exécution (par exemple, la recherche d’une racine par dichotomie); la plupart des
algorithmes ne possédent pas cette propriété. En général, un algorithme interrompu ne
donne pas de résultat valable. (Tri, calcul d’une intégrale par la méthode de Newton,
des trapezes, etc... C'est également le cas pour la digitalisation d’une image avec les
algorithmes classiques. Si on l'interrompt, on obtient une image tronquée et non pas
une image de plus faible précision. )

Supposons que l'on ait toute une classe d’algorithmes (A(%)), .y de durée ¢ non

interruptibles permettant de traiter une certaine tiche. Le traitement de la téche par
Ualgorithme A(f) donne un résultat auquel on associe une valeur f(¢), f étant une
fonction croissante de t. On se pose le probléme suivant :
On dispose d’un temps T aléatoire (et inconnu) pour traiter une tache. On va procéder
de la maniére suivante : on va tenter d’exécuter un algorithme A(¢;); si on n’est pas
interrompu, on tentera d’exécuter un algorithme A{ts) (2 > t1), etc... La valeur d'un
algorithme interrompu avant terme est f(0). Au temps T, on disposera du résultat de
Palgorithme le plus long que I'on ale pu exécuter entierement et donc, de sa valeur.

Le but recherché est de maximiser cette valeur moyenne obtenue en choisissant
judicieusement la suite (%;);>1 des durées d’algorithmes & exécuter. Une fois fixée ces
durées, on disposera en quelque sorte d’un algorithme interruptible composé de plus
petits algorithres non interruptibles.

Dans ce chapitre, on formalise ces notions de valeurs, et de temps T aléatoire; on
montre, au travers de quelques exemples, les difficultés mathématiques qui apparaissent
lorsque I'on cherche & trouver une suite (¢;);>; qui maximise la valeur moyenne obtenue.

En particulier, lorsque T suit une loi exponentielle de moyenne 1, cette recherche de
la suite (Z;);>1 meéne & une équation de Bellman et également & I'équation fonctionnelle
non standard suivante :

o(2) = 1+ 5+ e~ (g _ gL,

Pour prouver I'existence (et calculer) d'une suite (#;} optimisante, on est amené & prou-
ver que cette équation fonctionnelle posséde une solution sur tout R* ; pour I'instant,
on n'est parvenu & montrer I'existence d’une telle solution que sur [0.4, +oc0f.
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An average case quasi optimal search algorithm for
the zeros of a random walk!

Jean-Francois Marckert
Laboratoire de Mathématiques,
Institut Elie Cartan,

BP 239
54 506 Vandoeuvre les Nancy Cedex

Odlyzko [8] proves that on average ¢/ + 0(/n) probes are necessary and sufficient
to find the maximum of a simple symmetric random walk with n steps (in which ¢ =
+/8/mlog2). In this paper we prove that \/—12—;\/7_1 logn + o(y/nlogn) probes are necessary
and sufficient to find all the zeros of a simple symmetric random walk with n steps.

1 Introduction

Consider a length n simple random walk w = (Sg(w))refo,.,n} defined by Sy = 0 and
S = X1 +- -+ X, where the X; are independent random variables such that

P(X:= 1) = P(X; = 1) = %

We assume the sample path w unknown. The knowledge of one of the Sj(w) for an ! of our
choice costs 1. The question is: how much do we pay to find each & such that S = 07

The cost of an algorithm is paturally identified with the number of probes it uses. Let
us describe a fairly natural algorithm for the search of all the zeros, say, the simple jump
algorithm, sj(n) :

At step 1, we first probe position 2. Then we cover the walk from left to right. Assume that
at step T, we probed position m. At step T+1:

- If §;, = 0 we probe position m+2.

- Else we probe position m + |Sp,|,

and this until m + | S| > n. Figure 1.1 shows a sample path where we have blackened the
points probed by sj(n). Due to the bounded variation of the sample path, sj(n) does not
miss any zero.

The cost of the simple-jump algorithm is

Theorem 1.1

2

Denote by A, the finite set of algorithms that determine all indices & such that Si(w) = 0.
For an algorithm a in A,, denote by T,(w) the number of probes used by a to find all the
zeros of w. The mains result of this paper are

1AMS 1991 subject classifications. Primary: 68Q25; Secondary: 68P10, 90B40
Key words and phrases: analysis of algerithms, searching, random walk, average case
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o o e s

Figure 1.1

Theorem 1.2 For any algorithm a in A,, we have:
1
E(I;) > —=+v/nlogn+o logn).
( G) - \/2—71:\/_ g (‘\/';E g )

Theorem 1.3 There exists an algorithm dj(n) in A, such that
1

This algorithm is described in Section 2. Note that the rather natural algorithm sj(n) is
actually twice slower.

In this paper, we are essentially interested by the average cost analysis of algorithms that
determine all the zeros of w. There is a general concern for fast search of roots of functions
(see Novak & Ritter [7] for a survey). Though the problem of finding the zeros of a random
walk does not arise directly in any application, we believe that the fairly complete answer
we give in this rather simple setting will help to understand similar search problems. For
instance, it is interesting to compare our result to the result obtained in [8): Odlyzko proved
that the search of the maximum M, needs ¢\/n probes (on the average). Knowing that the
mean number of zeros is v/2n/7(1 4 o(1)), while the mean number of maxima is O(1), the
“best” algorithm needs only, on the average, O(log n) probes for each zero, but O(+/n) probes
at least for one maximum. From a more probabilistic point of view, the behavior of these
algorithms gives informations about the sample paths, particularly about the distribution of
their zeros and about their local time near the maximum and at 0.

As regards the worst case complexity, it is nearly the same as in the case of the search
of the maximum: let us describe the worst paths, say w: So(w) = 0, Sp(w) = +1 for &
odd, Si(w) = 0 for k even. Clearly, any algorithm needs at least [n/2] probes to find every
zero of w. Consider now the algorithm which consists in probing each even position k. This
algorithm uses [n/2] probes to find all the zeros of any path. (The simple jump algorithm
uses at most {n/2] probes on any path too.) .

For related results, one can see Odlyzko [8] who studied the search of the maximum of
random walks with n steps, in the symmetric case. He proved that, on average, ¢v/n+ o{y/n)
probes are necessary and sufficient to find the maximum, where ¢ = /8/7log2 (Hwang

14
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[5], Chassaing [2]). In the asymmetric case (where P(X; = 1) =1 - P(X; = -1) = p # 3),
Chassaing [2] proved that only log n/(]log(p) —log(1—p)!) probes are necessary and sufficient
on average.

The paper is organized as follows: Section 2 contains the description of dj{n). Section 3
contains the proofs of Theorems 1.2 and 1.3 (the computation of the mean cost of sj(n) being
similar to the one of dj(n), the proof of Theorem 1.1 will be omitted). Section 4 is devoted
to the study of the following problem: p being a fixed real number, how many probes are
needed to find out all indices k such that S, = |uv/n]?

2 The “double-jump” algorithm

2.1 A set of moderate variation

We prove the existence of a large subset of sample paths satisfying a property of moderate
variation. Following Odlyzko (8], we consider the set Q,(n) of sample paths w such that for
any positive k and m, m+k < n,

[Smar(w) — Smlw)] < av/klogn.
We have

Lemma 2.1 {Odlyzko[8]) For each positive number B there exists a constant ¢ such that
for any n

P(Q(n)) > 1—n""

For the sequel of the paper, we choose a real number 5 > %
* Proof : We have

n—1n—m
P(Ik, 3m\|Smik — Sm) = ev/klogn) < Y " B(|Spik — Sml| = cy/klogn)
m=0 k=1
1
< 2n(n +1) exp(—c2 ogn)
2 2
22
< 2?7, (2.1)

where the second inequality follows from Chernov bounds (Bollobas [1] p.12.): for any o > 0
and k € N,

012

2k (22)

P(|Sk| > o) £ 2exp(—

Then we choose ¢ = /2(f+3) in (2.1). O

In the sequel, we will often note £2, instead of Q.(n).

15
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2.2 Description of the “double-jump” algorithm

Let us describe the algorithm dj{n) mentioned in the introduction. At step 1, we probe
position 2. Then we cover the sample path from left to right. Assume that at step T we
probed position m. Two cases arise:

a) |Sm| < log!ten

b} |Sm! > log' ™ n (¢ being any fixed real number in the interval [0,1[).

At step T+ 1:

In Case a), we do a “simple jump”: we probe position m + 2 or m + |Sp,! depending on
whether S, = 0 or not.

In Case b), we do a “double jump”: we probe position m + K where

K =|2|8,] —-cx/210gnkSm| , (2.3)

and we compute

By

Without loss of generality, assume that Sy > 0.

If B, > 0, w does not cancel on the interval [m, m + K|, since the minimum of the sample
path on the interval [m, m+ K| is not smaller than B, (see Figure 2.1). We have found every
zero at the left of m + K, and the algorithm is ready for the next step.

On the other hand, if B;, < 0, w is in (9, (the complement of ) and may cancel. Then,
we use any algorithm that finds the zeros, for instance we probe every position starting from
m. These probes contribute for at most O(n=5%1) to E{T4j(ny) (due to Lemma 2.1). Figure
2.2 explains the choice of K in (2.3): if w is in Q,, the sample path remains inside the
parabola and, in particular, the probed point (m + K, Sy,+x). Note that for small values of

Sm

Sm—I—K
Sm + Sm+K -K
2

m m + K
Figure 2.1

| S|, we might have K < |Sp| or even K negative; a double-jump is an improvement on the
simple-jump only when |S,,| > logn.

3 Quasi-optimality of dj(n)
3.1 Sketch of proof of Theorems 1.2 and 1.3

o There exists a lower bound for the mean cost of any algorithm.

16
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m + v/ — my/logn

S — vz — my/logn

m mFK
Figure 2.2

We assume that an algorithmn o has succeeded after exactly T, probes and has probed
the locations m; < my < ... < mg,. This order is not necessarily the chronologic order of
the probes (algorithms don’t necessary probe from left to right). We set k; = my;1 — m; for
i € {1,...,T, — 1} and kg = m;. As in Odlyzko [8], the main idea is to introduce the concept
of density of probed points. We define a density function Wt, associated with g by:

) 1
Wita (i) = %

for any j in Jm;, m; + k;}. The “weight” WT,(w) of a sample path w associated with a is
defined by

WT(w) =Y Wta(3).
j=1

Since 222111 1/k; = 1, WT,(w) is exactly the number of probes used by ¢ on w, thus:
WT,(w) =Tplw) and E(WT,)=E(T,). (3.4)

In the description of dj{n) (Section 2) we have seen that Sp,; + Sm,+x;, — ki has to be positive.
This is also true for any algorithm a, otherwise some zeros may be missed. This explains why
one can compare 1/k; with 1/(Sp,. 4+ Spm,+k,;} and thus E(WT,) (using the moderate variation
of the paths) with U,,, where U, is the r.v. defined by:

1 /< 1
0= 8L )

Theorems 1.2 and 1.3 appear to be the corollaries of the three following theorems (proved in
the three following subsections).

Theorem 3.1
1
Un ~ E\/T_Llogﬂ.

Un is a “quasi lower bound” to the cost of every algorithm:

17
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Theorem 3.2 For any a in Ay,
E(T,} > (1 +o(1))U,. (3.5)

The proof of Theorem 3.1 (resp. 3.2} is given in subsection 3.2 (resp. 3.3).

Now, the second point explains why dj(n) is quasi-optimal in the average case.
o The cost of dj(n) is equivalent to Uy:

Theorem 3.3
E(Tgi(ny) = E(WTyi(ny) ~ Un.

To prove this theorem, we use again the sequence k; (k; being in this case the length of the
th jump done with dj(n)), and define

= {i|k; > log*** n} (3.6)
and
Ly = {ilk; < log*** n}. (3.7)

#ILy (resp. #Lg) is the number of double (resp. simple) jumps, if n is large enough. #1L;
and #L, are related with Ty, by:

E(WTgmy) = E(Tg(ny) = E(F#L1 + #La).

If 7 is in Ly, k; is a double jump defined at (2.3). One has k; ~ 25, and using the moderate
variation properties of the paths of €., we show that

w3 5 bz ¥ L)oo

iely J—mi—!-l el j=mi+1
In a second step, we prove that E(#Ls) is negligible (¢f. Lemma 3.13).
The proof of Theorem 3.3 is the object of subsection 3.4.
3.2 Proof of Theorem 3.1

Theorem 3.1 is a corollary of the two following lemmas. Let o be a fixed real number in
]0,1[. We decompose U, into two parts.

1 /e 1 Z = PS5 =
§E(lek|+1) > =t 20 +1 = A(n,a) + B(n, a) (3.8)
k=1 =0 k=1 7
where
[Vrlog®n] n
= P15 = 5) P(|S¢| = )
Aln,a) = Z Z J‘+1 and B(n,a)= 5. S —aok=d) e
J=[vnlog® n]+1 k=1 j=0 k=1

18
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Lemma 3.4

A(n,a) <

n
2log®n’
Proof:

A(n,0) < mz E P([Sk) = 7)

k=1 j=[ log® n]+1

m;ﬂww > [yalogen)). O

B(n,a) ~ 1/%logn.

Proof: As in Spitzer {10], we define

Lemma 3.5

Gn(0,5) = Y _(P(S; = j) ~ P(S = 0))
k=1

Gn(0, ) satisfies:
1Ga(0,4)] < Il (3.9)

This result follows a standard formula in potential theory:

2%
P(Sk =j) = %/{] cos™(6) cos(j6)d8.

Thaus,
1 [ 1 —cos™t1g
NI _ g L~ cos"T 8
'Gn(oaj)l — 271_ 0 (1 COS(jB)) 1 . (3059
< 1 2 1 — cos(j6)
- 2n Jy 1—cosf
<

We decompose B(n,q) into two parts:

B(n,a) = f(n,a)+ g(n, o)

where
n [vnlog® n]
fln,0) = (ZP(5k=0))( § 3_415)
k=1 Jj=1

19
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and
[vnlog® n] .
_ § : Gn{0,7)

Since 0 < e < 1, we have immediately

F(n,0) ~ 4 3= logn,

and using (3.9), we obtain

[vnlog® n] j
lg(n, a)f < z m <+vnlog®n. O
Jj=1

3.3 Proof of Theorem 3.2

We assume that algorithm o has succeeded after exactly T, probes. The set Pry(w) =
{{m1, Sm, (@), ..., (M1, Sy, (W)} of probed points makes up a proof of all the zeros of w,
that is, it locates uniquely all the zeros. We will assume that mg =0 < m; < --- < mq,.
Recall that we do not assume that the algorithm o has probed these positions in this order,
but that they have been ordered afterwards (if needed).

Denote by I; the interval |m;, m;+;], for 0 < i < T, — 1. Assume that all the zeros of w
are in Pry(w); this condition will be removed later. Then, we know that the sample path has
a constant sign between two probes. Without loss of generality, assume that w is positive on
[mg, m4y1]; on [my, msy1], only four possible situations arise. See figures 3.1.

—A—

™m m+k m m+k ™m m+ k& m m+2
Figure 3.1

In these four cases, we have for any
ki — Iszl_ ISmi-i-k,-I <2 (3.10)

In order to bound the cardinality of Pr, in the three following lemmas, the following identity
will be useful:

i+l

>y %:#D.

i€D h=mi+1 ¢

20
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For w in £, we define

Aw) = {ilk; > log'** n}
B(w) = {ZUC,, < ].OgH-E n and k; — ISmil — iSmi-i-kiI -+ ]_ogl'i'e n < 0}
Clw) = {k <log'**n and ki — [Sm;| — [Smy4r,| + 1o’ n > 0}

Lemma 3.6 For n large enough,
Z Z <(1 +delog™¢/ 2 n) #A
icd h=m;+1 2 IS | + 1

Proof: for i € A and h €)m;, miy1],

1 1

—_— <«
2(18p| + 1) = ki + [Sal — [Smi! + [Sa] — | Stk
1 1
s E,‘_ Selogl/2n
(1 - gl

< }—(1 + 4clog™¢/? n)
ki

the last inequality is true for w € £, and for n > exp({4c)~/?).0

Lemma 3.7 For n large enough,

mi+k;
> 2 5 < #B.
i€B h=m;+1 IShl +1)
Proof: for ¢ € B and h €]rn;, miy),
1 1 1 1
< — <=,
2(|Shi + 1) — k; 1— ch%zn + 10g:;-en =L
if n > exp{(2¢)~/%). O
Lemma 3.8
my+k;
E(Z Z 2(iS, |+ 1 ) = O(v/nloglogn).
ieC h=my+1

Proof: for i € C and h €]m;, miy1),

|Shl S_ ISm,,r -+ ki and 18h| _<_ |Smi+ki| + ki—
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So, 8] < 3(18m;| + |Smitk! + 2k: < 3k; + log'** n) < 2log™** n. Now,

(2.2 msie) <% )

E —— _V<E nlS

120 hetmeyr 208k +1) £ IS+ 1)

To end the proof of Lemma 3.8, we use:
1 Lot |8ul<2 108t n)
E RS log1 3.11
2 (}; 1S =1 ) O(v/nloglogn}. (3.11)

L2 .
To prove (3.11), we use that for any 1, C‘,[f} > C}. Thus

I 14e leg il goitioh ¢
{h] |Si<log " n} Y Z A < >4
E( |Sp| + 1 ) it 1T T \/Hloglogn' -
=U1=

Proof of Theorem 3.2: Using Lemmas 3.6, 3.7, 3.8, we obtain:

- p(S~_ luen ~_ logn,
% = XX e n) *H L5 1)
mi+Fk;

=5 > 3 i) Sty

i€ AUBUC h=m; +1
< (14 4clog™*? n)E(#A + #B) + O(vnloglogn) + O(n~%1).

Using Theorem 3.1, we deduce that
E(T,)=E(#Pr,) =E(#A + #B + #C) + E(#Pro Ipg,) 2 B(#A +#B) > (1+0o(1))U,. O

Remarks

We have shown that for an algorithm a, if the set Pr, contains the zeros, then it satisfies
E(#Pry) = (1 + o(1))U,. What about E(#Pr,) if Pr, does not contain all the zeros? The
set Pr, make up a proof of all the zeros. Denote by PrJ the union of Pr, and the set of
zeros. Since the average number of zeros of a length n symmetric random walk is ~ /2n/m,
we have

E#Pry) = E(#Pra.) + O(v/n).
Pri locates and contains the zeros. So,
E#Pry) 2 (1+0(1))Un,
and thus

E(#Pro) = (1 +0o(1))Un,

too.,
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3.4 Proof of Theorem 3.3
Write

E(W Tyitn)(w)) = Ar(n} + Az(n) + As(n)

where

Ai (n) ) E( zg'l: h_g—kl E ]IQC(w))’
i1

As(n) = (Z > -—I[n., )
i€Lg h=m;+1 ki
FE S ]

sy = B Y =g @)

h=m;+1 z
and L) and Ly are defined in (3.6) and (3.7).
Proposition 3.9

Ai(n) = (14 0(1))Un

Proof: Proposition 3.9 follows immediately from Lemmas 3.10 and 3.11 and Theorem 3.1. O

Lemma 3.10 There ezists o constant Cy such that for any n large enough,

mi+k;

E(‘ Z Z kz —m)\)gcologhs/zn\/ﬁlogn.

i€l ,wEQc h=m;+1

Proof: Consider 7 an element of Lq; for w in {2, we have :
s = 218 ma| — ev/ZSomi log 7 = 21 [(1 — 7(0))

where

logn <= log™¢/?n

2Sm| " V2

Spn; and Sp,;+k; have the same sign; for h €]m; + 1,m41], we have

T

0<y(i)=c

1 1 b
- — ’ 3.12
P (A Iyl (A y (3812)
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and

77i,0] = [Sn] = 218m;| +2+2ASm;y(1) | _ 2evkilogn 2 ()

ks - k; ki 1—y(i)
Using that 1 z p is bounded on [0, —\;—Qlog“s/ 2n] by C: log“E/ 2n for n large enough, we
obtain,
imip| < Colog™/?n
and thus
I mi-k; ( 1 ) mi+k;
S Y (r-gmr)ialsGle ey S
i€Ly h=m;+1 ki IShI +1) i€ L1 h=m;-+1 2 lsh' + 1)

and we conclude using Theorem 3.1. O

Lemma 3.11

mi+ki

ZONDY |SI,[1T11) Un.

i€l h=m; +1

Proof: Since {h I h €]mi, miy1],i € Lz} - {h' |8h| < 21oglte n}, we have:

ik ks n
. ]Iﬂc __ ]IQC I[C.Qc
‘ (Z|Sh]+1 EZLhZ lSh|+1)‘ - ] (ZEZ:LthZ+1 Z!ShH-l)!
Lisul< (2108 mi++ I,
= E(}; IEAES )+E(f§|sh|+1)'
Moreover, we have
=~ Ig, -
(Zl S| oTy) S "B € 009 <n 7P,
and using (3.11), we obtain that
E 3 __la. _ E 3 __r log O(n At
(EZLM_Z IShi+1)) (}LZ=;2(|:3',Z|+1))”’O(‘/ﬁ oglogn) + O(n™""). O

Proposition 3.12

As(n) = O(v/nlog™¥* n).
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Proof: Since Y 325 | & =1, we have E(As) < E(#Ls). We will prove that

h=m5+1
2n 1+
E(#L2) < 64/ ?log z . (3.13)

Proof: Assume that 7 is in L2 and m; < h < miy1. We have |Sm,| < log!™ n. So,
|Sh| < [Sm;| + ki < 2log' .

E(#{hlh Eng‘, mi+1]ai € L?})

< E(#{h/|Sk] < 2log'** n})
< 4(log"™* n)EF#{h/S, = 0})

4/ log'**n
T

A

So, E(#Ls)=E(#{i € Lolk; <log'F n}) + E(#{i € Ls|log™ n < k; < logi*t n}).

If Iogl_te n < k; < log!t®, any 1 in [mi, m; + logl_h;s n} is also in [m;,m;41]. 1t follows that
with each element ¢ of {i € Lp/ loglzﬁ n<k< 10g1+€ n} we can associate at least log% 7
elements of {h/|Sy| < 2log'**n}. So

2n
T

lte
log'nxlog™ "z n

E(#{i € Lyjlog' T n <k <logi**n}) < 4

< 44/ 1gEE (3.14)
T
On the other hand
E(#{i € La|ks <log 't n}) <E(#{m/|Sm| < log's" n}) <2 2?” log3°n  (3.15)

Using (3.14) and (3.15), relation (3.13) is proved.
Lemma 3.13

As(n} = o(v/n).

Proof: We have Az(n) = O(n=?%1) and 8 > -;— [
Using Propositions 3.9, 3.12 and Lemma 3.13, we obtain Theorem 3.3.0

4 QOther case

A natural extension of the problem of finding the zeros is the problem of finding the
indices m such that S, = a. One can see that for « constant, the cost of the best algorithms
searching ¢ are equivalent (when n goes to +o00) to the cost of the best algorithms searching
the zeros. The behavior of the cost of the “best algorithms” really changes when a is of the
order of /n. We study here the search of all the indices m such that S, = a, = [uv/n],
u being a fixed positive real number. Following the notations given in the introduction, we
denote by A%~ the set of algorithms doing this job. We have
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Theorem 4.1

min E(T,) ~ Cyv/nlogn
aCA™

f\/'exp(m—)dx— procss r(-15) if b0

where I'(z,a) = | a+°° t*~Lexp(—t) dt is the incomplete Euler gamma function.

The quasi optimal algorithm dj%=(n) is an obvious generalization of the double jump
algorithm dj(n). (If we take u = 0, we obtain Theorem 1.2)
di®(n} algorithm: We consider that at time 0, we have probed 0. Assume that at time T,
we have probed m and that we know S,,. Two cases can occur:
1) |Sm — o] < logtten
2) [Sm — an| > logi™en
In the first case, at step T + 1, we probe Sp42 or Sp4),-5,,| depending on S = oy or not.
In the second case, at step T+1, we probe Sp.x where K = |2|an~Sm|—cv/2|an ~ Smilogn]
and for the same reason as in the Section 2, if |Sypax — S| > ¢/K logn we probe every
position of the sample path. Note that for dj*"(n), the first jump is a double jump. Let us
compute the cost of this algorithm.

Proof of Theorem 4.1. Applying (3.11), Propositions 3.9, 3.12 and Lemmas 3.10, 3.11,
3.13 and relation (3.13), we obtain

E(Tyjon (m)) = (1 + 01U

in which

in which

on - L P(S = 1)
Ugen) = (leQﬂan sm|+1)) sz T

Lemma 4.2 Let 0 < TI < 1, if n is sufficiently large, ¥y > 0,Yk > n®/6
Vi € (1 — M)an, (1 + ), b = 1[2], we have

i2
(1- ’Y)\/-GXP(- YSP(Sp =4 <(1 +’Y)\/%GXP(—§-]5)

Proof: see Feller [3] p. 83-84 for instance.

Proof of Theorem 4.1: We have to compute U We have immediately the two following
equations:

1 « L P(Sy, =) 1

- <

22_ Z lop —d|+1 Z,Lm\/ﬁ
n (1-nan P(Sy, = 1) . 1

.
ot = T V"
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Due to monotonicity of P(S, = ¢) and by Lemma 4.2, we have:

n?/% (14+n)o, )

P(S, = 2 n3/12]
P S e A s (4.16)
k=1i=(1—nan ' " T

because
n8/6  (1+n)an n5/6 {I4+7)on

P(S; = 1
o S SR e

k=Li=(i—n)om i=(l-n)an

o B p(g, =4)
The rema.'lning term Fan ,ﬂ(n) = Z Z m satisfies
" —

k=n5/6 i=(1—n)an
Proposition 4.3 For 0 <n < 1, we have

limsup Fanpn) < (1+9)Cua-n end liminf Fann() > (1

n—too Vnlogn ~ n—+oo \/nlogn = % NCutrsn)-

Proof: The proof of this two inequations are analogous. Using Lemma 4.2, we have

n (1+nen exp{— %% )E{Ek[z]}

Fo,n(n) < (1+7) -
k:%/ﬁ i=(§)an Vark(loy, — i + 1)
n 2.2
n (e 5= =g

exp(—*—
< U+ 2, D Verk(lag ~i| + 1)

k—nsls i—(l-—»n)a

(1—n)?p®n

< (1+7y (10gn+clx/‘z —_exp( 5T

k=n5/6 n
So by Riemann integration,

Fo, n(n)
limsup 22—~ < (1 4+ 4)Cp(1my). O
n-__)_i_oI:Q) \/H].Ogn ( ’Y) ,U,(l 1?)
To end the proof of Theorem 4.1, we note that Proposition 4.3 is true for any p and 5 and
that a —— C, is continuous. O
The optimality of these algorithms follows from the results of Section 3.3. With similar
notations, we found

n 1 .
}E(hzzlﬂ{sh—anwl)) < E((1+4log /2 ) (#A + #B)

+ Z Z 2ISh-anI<logﬂ'5L_ ) + O(n—B—H)

jEChel; (1Sh — | + 1)
so E(Ty) > (1 + o(1))Un Uler) for every algorithm a of AL o
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Remark :
Set Ay, = inf{k|S; = e}, the first hitting time of o, by w.
E(dean (n}) = Vi(an) + Va(an)

where
Aan AR n
Vl(an)=E( > Wtdj“n(n)(j)) and Vz(an)ﬂ]E( > Wtdj"n(n)(j))-
F=1 J=Agp Al

Vi(ay) is the number of probes used by dj**{n) to find the first index m such that Sy, = an,
(the first passage in a,); one may interpret Va(os,) as the number of probes required to find
the zeros of a length (n — Ay, An) random walk @, such that Sp{w) = 0.

Proposition 4.4

Va(am) ~ B{Tygen ()-

and thus,
V1 (O:n) = O(E(dean (n))) .

That is, the number of probes required to find the first solution is negligible.
Proof: Using Theorem {1.3), we obtain

B > Wgjenimy (7)) ~ E(_}gmbgm_%m))

j=AanAn+l
. [n In—Aqs, AN n—Ay AN
a ZW]E( n log( 7 ))
n n— Ay, AN
+ Uglognl’&(\/——n )

e

We have
1— (A5 AL (4.17)

in which Aff is the hitting time of y by a standard Brownian motion B (see the proof below).
The functions z — +/1 — z and z — /1 — zlog(1—z) are sufficiently “nice” (see Revuz-Yor
[9]), so we have

2
. n— Ay, AN n— Aan/\n P(‘“‘%})
nﬂg{l_ooIE(\/ - log( fx/l—:clogl—-:c ———-—\/x_s—dm
2
. n—Ag, AN pexp(—5)
i By ) = /“1_ B~
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The first integral converge and the second one satisfies

1 N 2
pexp( =) I 1 u f—
/1 o —_ !' - rig
~/(; ’ Vs az 2 ( 2’ 2) 2 Cly

due to formula 9 p. 319 of Gradshteyn [4]. So, as expected,
3
IE( 3 Wtcﬁan(n)(j)) ~ Cyy/mlogn. O
i=Aap An+l
Proof of equation (4.17): We define the random variables {7} }ix1,... 4. by:
T =inf{k|Sy = 1}, T = inf{k|Sp =2} = T4, , T, =inf{k|Sk = 0} — (T + ... + T, 1)

We have T, = A, — A,_1 and Ao, =500, T%. The random variables 7 are i.i.d. and have
{see Feller [3] p. 272) the following Laplace transforms

(5) = E(e=* ) = ed (1~ /1 - %)

So, the Laplace transform of A, satisfies

¢

a5

lim ®4, (s)= nﬂ)xfll-oo (@_71(5))% = e VI = Pi(s)

n——+o0

for the last equation see Karatzas-Shreve [6] p.196. We conclude by Paul Lévy’s continuity
Theorem. O

Acknowledgments. The author is grateful to Philippe Chassaing for the many helpful
discussions, careful reading and stimulating criticisms about this work and to Hsien-Kuei
Hwang for his useful remarks.
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1. Introduction CHAPITRE 11

A Stochastically Quasi-Optimal Search Algorithm

for the Maximum of the Simple Random Walk!
P. Chassaing, J.F'. Marckert, M. Yor

Odlyzko (1995) examines the efficiency of various strategies for searching in an unknown
environment. He describes an average case quasi-optimal algorithm for the search of the
maximum of a length-n symmetric random walk. In this paper, we prove that the same
algorithm is also quasi-optimal for the stochastic order and we characterize the limit law
of its cost.

1 Introduction

In a remarkable paper, Odlyzko (1995) introduces a new model that proves to be partic-
ularly suitable for the study of various searching strategies in an unknown environment (see
the discussion in Odlyzko (1995} p.278-279, and also Chassaing (1999), Marckert (1997)).

The model is as follows: consider w = (S} (‘”))k=0,--- » & simple symmetric random walk.
That is, Sy(w) = 0 and for any 0 < k < n — 1, Sp1{w) = Sp(w) £ 1, the 2" such sample
paths being equiprobable. Set

Mp{w) = max{Si(w) | 0 < & < n).

The knowledge of one of the Sj{w)’s for an integer ! of our choice costs 1. The question is:
How much will we have to pay in order to find M,? The cost of an algorithm is naturally
identified with the number of probes it uses. For instance, the simplest and worst algorithm
consists in probing each position [, for 1 <1 < n; its cost is n.

Figure 1.1

In (Figure (a)), n = 10 and M, = 3. At the beginning, we know that 0 < Mjp < 10. The
first probe shows that Sjp = 0 and accordingly 0 < My < 5 (Figure (5)). The second probe
! AMS 1991 subject classifications. Primary: 68Q25, 60J65; Secondary: 60F17, 68P10, 90B40

Key words and phrases: analysis of algorithms, searching, random walk, stochastic order, Brownian motion,
queues
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indicates S5 = 1; we can deduce that 1 < Mg < 3 as one can see on the Figure (). Finally
the third probe (Figure (§)) gives us Mo = 3.

Denote by A, the set of algorithms that find M,,. For an algorithm ¢ in A,, set To{w)
the number of probes that a requires to find the maximum of the path w. (7, is the cost of
algorithm a). Odlyzko (1995) proves that

min E(T,) = cov/n + o(v/n)

acAn

where ¢p is given by

2 +ce dy /1 1 ,y2 y
=4/— — | —exp(—Z)erf(~——F—m)dw
=2 [T [ Lot Ly
and bhe describes an algorithm, which we shall denote Od(n), such that
E(To4ny) = cov/n+ o(+/n).

Od(n) is called average case quasi-optimal. A description of Qd(n) is given in Section 5.
Hwang (1997) and Chassaing (1999) independently computed

/8
=4/ —log2.
Cy . og

In this paper, we prove that Od(n) is quasi-optimal, not only through its expectation, but
through its probability distribution, for the stochastic order.

In the last decades, the probabilistic analysis of algorithms has been going more and more
frequently beyond the mere computation of the average cost; in fact one has often studied
the variance or even the limit distribution (see for instance [24], [23], [43] or the Algorithmica
issue [2] of 1998). Except for the study of comparison sorting (see [1] p.92, [33] p.193-195
or [45] Ch. 1, for historical notes), to our knowledge, the average case quasi-optimality has
been proven only in a few cases (see [3], [12], [13], [17], [38], [39]).

In Section 2 we present a motivation to go farther than mere average case quasi-optimality,
as we do in the next theorems.

Set

1—1/1 dt

2 )y ME-B’

where (B;)i>0 is a one-dimensionnal Brownian motion, and ME = max{B;|0 <t < 1} ; also,
let

@, (z) = min Pr (—i > a:)

GAEAn

Theorem 1.1 For every z >0,
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Theorem 1.2

lim &,(z) = Pr(I > z).
m

To be formal, in a context where A4, is the set of algorithms solving a given problem for an
input of size n, we call a sequence of algorithms a(n) (a(n) € A,,) stochastically quasi-optimal
if there exists a normalizing coefficient ¢, (here ¢, = /n) such that

. . Ta(n)
1131 On(z) = h}ln Pr (“—c;— > m),

and such that the limit is the tail of a proper distribution or of a point mass at some positive
constant. Concerning I, a rather unusual functional of the Brownian motion, the simpiest
deseription of its distribution (previously unknown, to our knowledge) is given by the Laplace

transform of Té-:

Theorem 1.3 For every t > 0,

¢ )] _ 210g(cosh\/2_t).

Blee (- 7)) = " ve

The paper is organized as follows: Section 3 contains the main steps of the proofs of Theorems
1.1 and 1.2. Section 4 contains the proof of Theorem 1.3 and its consequences: expressions
of the density of probability of I in terms of Jacobi’s theta function, and of the moments
of I in terms of the Riemann zeta function. Sections 5 and 6 contain the key counting
principle leading to the limit law of Tpa(n), a description of the algorithm Od(n) and some
technicalities.

2 Optimality criteria

In the queuing context, a computer is usually seen as a server, the customers are, for in-
stance, computations to be made by the computer (see Kleinrock (1976) or recently Louchard
et al. (1997)), and the service time is the cost of the algorithm the computer uses. In this
Section we discuss the choice between two algorithms a and b, solving the same problem, and
with respective costs (service times) 7, or Tp. We focus on how this choice affects various
parameters of the queuing system.

A first parameter is the total busy time until the departure of the n®® customer, that is,

fori € {G,, b}
T+ 1 + .+ T = nB(T) + /aVarlT) 2"

where Tfn) denotes the service time of the nt* customer, when algorithm i is in use, and
where Zi{n) converges weakly to a standard Gaussian r.v.. According to this criterion, only
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the average case analysis is really relevant, as the variance of the cost appears in the second
term of the expansion.
Another possible parameter, of great concern to the customer, is the average sojourn time,

1 n
v = im =BV + v 4 L+ ™)
n n

where Vi(n) denotes the sojourn time (i.e. waiting time plus service time) of the n‘* customer
in the queuing system, when algorithm ¢ is in use. Unfortunately v; depends not only on the
distribution of T; but also, implicitly, on the distribution of the arrival point process. We
give two examples of arrival point processes.

If customers arrive according to a Poisson process with intensity A, the average sojourn
time is given by one of the Pollaczek-Khintchine formulas:

ME(T?) _ E(T;)} + AVar(T;)
1-J2E(T}) ~  1-AE(T)

(A} = BE(T}) +

if AE(T;) < 1, v;(A) = 400 otherwise. The second moment of the distribution comes here into
play, with the consequence that for a given value of A, it is quite possible that E(T,) < E(T3)
but that the use of algorithm b in place of algorithm ¢ results in an improvement of the
average sojourn time for small X's, for instance if Var(T}) is a lot smaller than Var(7T,). It
is also possible that Var(T,) < Var(7}) but that the use of algorithm a in place of algorithm
b increases the average sojourn time for any A, if E(T;) is smaller than E(T,). Actually, a
will behave better than b, in the sense that v,(2\) < v(A) for any A, if and only if we have
simultaneously B(T,) < E(T}) and E(T2) < B(T?).

()] V(T

[ 2w

6 +

Figure 2.1 : Repercussion
of the service time on the sojourn time (i € {a,b,c}).

Now, if the customers arrive according to a renewal process with interarrival law p and
ntt interarrival time o, v; (1) is given by Spitzer’s identity:

(k) = B(T) + Y El(on)a]

n>1
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(see Asmussen (1987) Ch. VIII, Spitzer (1957), or Kleinrock (1975) p.185) where s, is the
random walk with increment ’1’;(”} — oy, starting from 0.

It would be highly valuable to the algorithm designer to be sure that the average sojourn
time will be smaller for some algorithm a than for some algorithm b, regardiess of the arrival
process. Unfortunately, we cannot discard the possibility that for some p we have simultane-
ously B(T,) < E(Tp), E(T?} < E(I?) and nevertheless v,(u) > vp(p). But we know that if
Ty is stochastically greater than T, (Ty >g¢ Ty), that is, if

Vz € R, Pr(T}, > z) > Pr(T, > z)

then we shall have (Stoyan (1983), Baccelli & Bremaud (1994)), for any probability measure
7%

Uy (lu) > 'Ua(/"")'

So the existence of an algorithm a(n) € A, such that for every z

T,
Pr (—\a/(-—%l > a:) = ®p(x)
would guarantee the optimality of ve,)(p) for any u, as well as the optimality of similar
parameters such as the average waiting time or the average queue length. Unfortunately, it is
doubtful that an optimal algorithm for the stochastic order will exist. Nevertheless Theorems
1.1 and 1.2 show that Od{n) enjoys asympiotically the desired property. We shall say that
Od(n) is stochastically guasi-optimal.

Note that there exists a weaker sufficient condition for T, to dominate T}, with respect to
the average sojourn time: according to Stoyan (1983) Ch. 5.2 or Baccelli & Brémaud (1994)
Ch. 4, v, is smalier than v, independent of the arrival process, as soon as T, is smaller than
Ty, for the increasing convezr order, that is, as soon as:

+00 +o0
Vz, / Pr(T, > u)du < / Pr(Ty > u)du.
x T

3 Main steps of proofs of Theorems 1.1 and 1.2

Set
1< 1
V. == -
i 2;MR—S;C+1

The idea of the proofs of this theorems is, as in Odlyzko (1995), that on one hand Tpg(,) is
well approximated by V;, (Lemma 3.2}, while on the other hand V,, is a lower bound for the
cost T, of any algorithm a in A, (Lemma 3.1), due to a counting principle explained briefly
at the end of this Section, and at length in Section 5. Compared with [39] or [13], note that,
at a small additional cost, we replace convergence of expectations by £;-convergence . Set

Th(w) = inf{T,(w)ja € An}.
We have:
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Lemma 3.1
WD)y a1y
/D
and
Lemma 3.2
TOd(n) —Va L3
v

Having in mind Donsker’s invariance principle, it is natural to think that the following holds
Theorem 3.3
Vo oy 1 f t dt
— == ——
. N 2Jo ME-B,
However the result is not so straightforward, as I is not a continuous functional of the
Brownian path. The proof of Theorem 3.3 is delayed to Section 6, where we exhibit a
coupling of V},/+/n and I through a Skorohod embedding.
Theorem 1.1 is an immediate consequence of Lemma 3.2 and of Theorem 3.3. Let us

prove Theorem 1.2:
Proof of Theorem 1.2: We have

Pr(TOd(n) 2 x\/ﬁ) 2 On(x) 2 Pr(Tn 2 w\/ﬁ): (3.1}
the last inequality being due to the fact that Va € A,, T, < T,. On the other hand, as
Tod(n) Z Tn, we obtain

(foun 1), _ (121
+ > -
N - N

so that Lemmata 3.2 and 3.1 yield

Ton—Va L
7 — 0.

Finally, owing to Theorem 3.3, both sides of {3.1) have the same limit, and

IiT{n o, (z) = Pr(I > z). o
Remark : Let us explain briefly the (somewhat unexpected) appearance of V,. If the speed

of a traveler at point y of the line is bounded above by some function z(y), then the duration
t of the journey from point 0 to point  satisfies:

tZ/c; ) (3.2}
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But every algorithm ¢ in 4, defines an increasing sequence & of positive integer-valued random
variables {my,--- ,mr, }, the sequence @ of positions probed by & during its runtime, and two
consecutive positions m; and m;4.1 of & satisfy, as will be explained below:

Ml — My < 2M, — sz. - S (3.3)

it1°
Moreover, due to slow variation of many of the paths of the random walk, with a high
probability we can replace inequality (3.3) by

Mir: — My < Zf,fi,)(l + o(n)),
where
ZM™ = (M, - 5 +1).

Thus mjy; — m; can be seen as the speed of the algorithm at point m;, and Z,(,?l. as the
speed limit, yielding a lower bound of V;, for the running time of the algorithm. So to prove
Lemmata 3.2 and 3.1 we need a stochastic variant of inequality (3.2). This variant is given
by Theorems 5.1 and 5.2 of Section 5. Note that we do not assume the m;’s to be numbered
chronologically: the lower bound V}, holds also for algorithms which do not probe the sample
path from left to right.

Inequality (3.3) is better understood by looking at Figures 1.1(J), or 3.1. We see on

Figure 3.1 that the upper envelope of paths that agree with the result of probes at positions
m; and m;,1 has a maximum, on the interval [m;, m,4:], that is given by

Smi + Smi+}. + wi

S,

£

Smi+1

Yy mi41

Figure 3.1

(see Figure 3.1). If (3.3) does not hold, we still do not know M, for sure at the end of the
runtime (see Figure 1.1(6)).
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4 Proof of Theorem 1.3

Theorem 1.3 is a consequence of the following remarkable property of I:

Theorem 4.1 :

VST '% arctanh U + arctanh V' (4.4)

where U and V are independent uniform variables on [0,1] and S is an ezponential vari-

able, with mean value 2, independent of I. The function arctanh is defined as usual by

arctanh (u) = 3 log (%lf—g-)

In the sequel, arctanh UV will be denoted by X, Y or Z.
Proof of Theorem 1.3 : On one hand:

[

z z2

Pr(vV/SI > z) =Pr(S > )= E(GXP(““Q“TQ“))

by

and on the other hand:

Pr{arctanh U +arctanh V >z) = Pr ( 1U++UI; > tanh:c)

— 1 2
= e log (cosh x) O

Proof of Theorem 4.1: Let g = sup{s < 1: B; = 0} be the last zero in [0,1] of Brownian
motion. The Brownian meander 27z is the process

1
28 = | ———— <t <
l Ty —'ng,J'_(l__g)ti for 0 =~ t =~ 1
Let @ be the unique time ¢ in ]0,1] such that
MP = B,.

Using the decomposition due to Denisov (1983) (see also Biane & Yor (1988)) of the sample
path (83)05551:

By = V(272 — 228]_s ) Iogs<o + (VOr75) — VI 09725) Io<oss (4.5)

i—

where (#72;,0 < s < 1) and (#72],0 < s < 1) are two independent Brownian meanders also
independent from 8. We get:

1 I L 1 s
- - ) )

Set

sz(/el du)

2702,
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4. Proof of Theorem 1.3 CHAPITRE II

and

Y:W(/OIQZ)_

Owing to (2) and (ii) below, X and Y are independent and identically distributed, and (4.4)
reduces to proving that tanh(X) is uniform. This last fact relies upon (#¢:) and (iv):

i) 8, 1 — 6@ and g are arcsine distributed,

i1) § 6 and S(1 — @) are independent, and satisfy:

V56'¥ /51— 8) '€ |N| (4.6)

where N denotes a Gaussian random variable with mean 0 and variance 1,

o1 du : N
i) = = sup |b:], where (b;,0 <t < 1) is a standard Brownian bridge,
2J0 28 o0<t<1

iv) Z, defined by Z o |N{sup |b:], where N is independent of b, satisfies: Pr(Z < z} =
e <1
tanh(z).

Points () and (#¢) are well-known, and (4ii) can be found in Biane & Yor (1987) formula
5)c)i) p. 69 (see also [7]); (tv) may be obtained using excursion theory (see Revuz & Yor
(1994), Ch. XII, Exercise (4.24), question 3), but we shall give below a nice proof which is a
special instance of methods developed in Carmona et al. [11]. Let A; = sup,,{B?}. Using
the fact that (B(2)), <<t = (ﬁB@) o<t<1 18 & Brownian bridge independent of g, we obtain

44=g Osslggl{b?}
and thus,
S A4, ' 72
Set o, = inf{s > 0] A; > a} and d; = inf{u > ¢| B, = 0}. For a > 0, we have:

{Ag <o} ={g<a}={1<ds,}

Using the scaling property of Brownian motion we obtain:

da, ', de,
and thus
1
A —
g dcu
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Finally,

Pr(Z>2)=Pr(S 4, > z%) = E[exp ( - %Edal)]

But o1 and dy, — o are independent due to the Markov property, and
day — a1 ' inf{t > 0|B, = 1}
s0, using the well known Laplace transforms of ) and d,, — o1, we get

Pr(Z>z)=

cosh(z) exp(—x) = 1 — tanh(z). i
Joint law of M? and I
Through Skorohod embedding, it is straightforward to extend Theorem 3.3 to the follow-
ing:
1

vn

Furthermore, arguments similar to those of Theorem 4.1 (see the computations p.268 in
Pitman & Yor (1996)) vield that

(Vio My, My, — ) 224 (1, MB, MB ~ B)).

! du .Ia'w
N f _—, = (2X,tanh(X)I),
INI( [ s #) ' (2, tanb(X)T)
where s72, is the value of the meander (%)gSusl at time 1. As a consequence
VE(I, ME, ME — B.) '¥ (X 4+, (tanh X)T, (tanh Y)T’) (4.7)

where X, YV, T' and I are independent, and T’ and I are 2 ;-distributed random variables.
From (4.7), one finds

1 h2 ¥ du Y~ u
e L e
where y = tanh(a). This shows, in some sense, how M, and Tpg(,) are related.

Density of I
Writing Theorem 1.3 in the form
f_ )] _ log(cosh® a) a
212/1 ao? sinh® o’

2

E [exp (- (4.8)
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4. Proof of Theorem 1.3 CHAPITRE II

we observe the familiar Laplace transform (a/sinh(a))? in a?/2: indeed, if £; denotes the
hitting time of 1 for a Bessel process of dimension 3, starting from 0, then (see Chung (1976}
p.168-169)

A
sinh A’

E(e_)‘2/2 El) =

So (a/ sinh(a))* appears as the Laplace transform of the sum 2 of two independent copies

of £,. As noted by Chung, £, and ¥y are surprisingly related to the supremum M; Bl of the
absolute value of the Brownian bridge, i.e. the asymptotic distribution of the Kolmogorov—
Smirnov statistic, resp. to the maximum MF of the normalized Brownian excursion, by:

5, e : ()2 | 3, j (M5)?

on this topic, see also the nice developments by Louchard (1984). The distributions of these
variables are discussed in details in [7] and we have kept the notation of that paper for ease
of reference. The distribution of M7 is also the distribution or Iimit distribution of:

e the maximum of a Bernoulli excursion ([28], [47], [50}),
e the normalized height for several classes of trees of size n ([21],{20]),
e the range of the Brownian bridge ([34], [41], [44], [52]).
Denote by U a uniform r.v. and let
S =inf{t:|B,) =1} and G =sup{t < = : B, =0}

then Williams decomposition [53], [54] tells us that G and (X} — @) are independent, that
supy<¢ 1Bu | =V where V is uniform on [0, 1], whereas Knight [32] showed that

B 0) = BNEL p(ee 4-0) s’n}):()\)'
1

Theorem 4.2 We have

1 i
= LU.G+5, Y D + o,

where, on the right hand side, U, G and Iy are independent, H, Eg and Yo are independent,
Eﬁz is the sum of two independent copies of 2§ and H is distributed as:

P(H ¢ dh) = (%- 1)dh locnar (4.9)
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Proof : Owing to (4.8), the first identity in law reduces to

E[exp(-—)\UG)] = lE[ [ Y a6 dm]
an ‘\/-_
/\[ tanh 2z
log(cosh\/_)
DB

To prove the second identity in law, we use G o Vng which follows from Williams’ decom-

position and H = UV? is easily shown to be distributed as in (4.9).
According to Biane & Yor (1987) p. 74, the density of G is:

00 ~ 2
Rz - 1

Z_:EX})(—T), x> 0, n= ’J‘T(TL - 5),

thus U.G has density:
+co d
B1{z) = / exp(— u 4
T
According to Chung (1976) or Kennedy (1976), we have:
Pr(Z2<z) = .  (1—4nz?) exp(-22%n%)
—coLn<+o0

N2 o7
= (3) (=)
where 6 denotes the usual Jacobi’s (theta) function

Ba)y= Y, e (z > 0),

—e0 N 00

and where the second equality makes use of the Poisson identity:

1 1
(for some probabilistic insight on Poisson identity, and other related identities, see Biane &

Yor (1987) pp. 72-74, or Smith & Diaconis (1988)).
Thus, the density of ¥ is given by:

Oo(z) = % Z (1- n27r2$)e_”2”2‘°/2,

—oo<n<+o0

and the density © of 1/I? is given by:

o(z) = [0 “dy 01(y)a(z — ), (22 0) (4.10)
We finally obtain
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Theorem 4.3 If we denote by v the density of I, we have:
2 1
y(uw) = E@(F) (> 0).

Using the power series expansion for il(%g_%f—), one can write the Laplace transform of 1/12
taken at a?/2:

log(cosh? a) 0
— " = 8) bpem ™
sinh? a smh2 + Z ne

where:

bn = ’!’L—H— ”ﬂlng—l{n odd}s
— 1)t
e Z( )

and we obtain the following formula, to be compared with (4.10):

@(m):% /:;"2_’5_ dt-}-S\/' annexp )

Moments of 1

Let T" (resp. {) denote the Euler gamma (resp. Riemann zeta) function. According to
the notations of Flajolet & Salvy [22], set

sc3 =S
&(0) = 1/2, {(1) = log 2 and for k > 2:
i =3 —2175)¢(R).

n>1

Proposition 4.4 E(I) = \/g log2, and forn > 2

(n+1 L
E(I") = (R (n — k) (4.11)
R
which is also equal to:
Bl -
B(I") = 45%) (25;;;_1 —2log 2¢(n — 1) + (n ~ 1)¢(n) — C(n)). (4.12)

As a conseguence, E(I?) = log®2 + T, and Var(I) = (1 — 8)1og? 2 + & ~ 0.0794565... .
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Proof:
o Using (4.4) we obtain
E ((X + Y)"')
B = ———=-~.
{1 E(8Sn/2)

Straightforward computations yield
(/%) =T (5 +1)2"/2
and

ks
BE(X") = o=k,
yielding (4.11).
e Thanks to Theorem 1.3, we have for every positive function f:

+oo 2 log(cosha)

o 1@ amay = ()

E(I /D ™ @D exp(I-é"f)dm).

+oo 2

(a) exp{ — ;?)da)

Hence, the choice f{z) = z"! yields:

21—-’21 +00

_12log{cosha)
E(I) = i peston A hebituntuc Y, £
D =tom ), ¢ Tempa

Using the duplication formula for the Gamma function and the same power series
expansions as in the preceding subsection, we obtain (4.12). O

Note that we recover this way a surprising identity concerning Euler sums, due to Sitara-
machandra Rao [46] and rederived by residue computations in Flajolet & Salvy [22]:

k]

n—1
257, = 2log?2 ((n—1)~ (n—1)(n) +2{(n) + Zf(k)f(n — k).
k=1

Laplace transform of 7

Corollary 4.5 The Laplace transform of I? is given by:
2

32
‘I’Iz (?) = E(exp ( — T))
1
= E(LEMX +Y)) = % /_ 1 -—\/—fi:?“?(E(exp(%ArX)))z (4.13)

where X and Y have the same meaning as in Theorem 4.1, and moreover:

1Y dr )
JO(g) dj:f ;[—l \/i__’rQeXp(ZET)
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Proof of Corollary 4.5 : We multiply both sides of the identity in law (4.4) by £,/g, where
¢ is a symmetric Bernoulli variable (ie: Pr{e = x1) = %), and g is arcsine distributed,
independent of ¢, and the pair {¢, g} is independent of either side of (4.4). Consequently, we
obtain, on the new left-hand side of (4.4): NI, where N is a standard Gaussian variable,
independent of I. Now, we take the characteristic functions, with respect to the argument A,
of both sides. On the left-hand side, we obtain:

s(en (- 0))

whereas, on the right-hand side, we obtain

E(J,(MX +Y))),

since the c.f. of e1/g is Jo(¢) = %fjl \/ld_LTfexp(zfr)_ 0.

It may be of some interest to make formula (4.13} in Corollary (4.5) more explicit. For
this purpose, we present the following results:
we first introduce the incomplete beta function:

T
By(a,b) = f w1 —w)du
1]

We are now able to express the characteristic function of X in terms of B, /9. Recall that the
distribution of X is given by P(X < z) = tanh(z) Iz>g}-

" Proposition 4.6 The c.f. of X is identical to:

E(exp(iaX)) = 2B, ,2(1 - % 1+ ?‘—;"-) (4.14)
s0 that
E(cos(aX)) = — T . E(sin(aX)) = 2/1/2 sin (2 log(—1+ I/u))du
sinh (%"-) ’ 0 2
Proof:
i) We shall show the general identity:
/0 i exP(ax)mdx — 96-1p, ,2(5 = @ B '; a) (4.15)

for 3> 0 and Re a < 3, @ € C. Assuming for a moment that formula (4.15) holds, we
deduce formula (4.14) by taking 8 = 2, and replacing o by ia.

i) We now prove formula (4.15): making the change of variable ¢ = exp(~2z) on the left
hand of (4.15) , which we now denote {{e, §), we obtain:

1 1 —
= 5-1 _1dt
o, 8) =2 fo e 455514y,
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and making a further change of variable u = -l—jft, we have:
B—-—a B+ a)
2 72

Ha,B) = 25*131/2(

i11) Denoting by C(«) the left-hand side of (4.14), we deduce from (4.15) that:
Re C{a) =2 Re By j5(1 - ia/2,1 +ia/2) = B(1 —ia/2,1 +ia/2),

so that with the help of the classical formula of complements for the gamma function,
we obtain:

o

Re C(a) = -S-:;lnhz———(—%&“)—.

The formula for I'n C(«) is deduced directly from {4.14).

5 A counting principle

A variant of this principle is the key result in the proof of average case optimality in
Odlyzko {39] as well as in Chassaing {13]. At the end of this Section, we shall use it to prove
Lemmata 3.2 and 3.1. We believe Odlyzko’s principle can be interesting in its own right:
for instance, it gives a combinatorial proof of a surprising identity involving functionals of
the Brownian excursion due to Biane & Yor (1987) (see Chassaing et al. [15]), and it gives
also results about the maximal width of trees Chassaing & Marckert [14]. We try to give
Odlyzko’s principle in a general form, in order to spare the reader many references to very
similar arguments in this paper, and also [15].

Let (Z,(f’))0 <p<p, denote an array of positive integer-valued random variables. Let o be a
positive constant, less than 1, and let G(n) and H{n) be two sequences of positive numbers.
We set

and

Note that U, < n so that u, = E(U,) is well defined. We assume that there exists a set {2,
of sample paths such that

— 24
Pr((,) = o(f—) (5.16)
and that for any w € Q,

V&, 1, |20, - 27 < 1°G(n).
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Furthermore we assume that
G(n) < H(n)'™",
and that
E(Un) < un. (5.17)

We consider a finite or denumerable set A, of strictly increasing sequences a of positive
integer-valued random variables {my,--- ,myq)}, whose length T'(a) is random, such that
mg = 0, Mmp(g) = n, and such that the increments

Wy = M43 — My
satisfy
w; < Z& v H(n), (5.18)

at least when w € Q, (at the end of this Section, we shall choose Z; (m) = =2(M, — S +1){(1+
o{n))} in order to prove Lemmata 3.2 and 3.1). Let T}, denote the infimum of lengths of
sequences in A,
Maybe hypothesis (5.16) and (5.17) will seem less arbitrary if one considers a simple
problem of ccomputation, where a strictly increasing sequence u( ¢) satisfy u( ) = 0 and

ugfj_l - ui(f) = sz(u(e)) The first index k. such that u( ) > 1 {see Figure 5.1) is easily seen to

satisfy

1
1
k ~ f E £ & €T d$
: 0 ko e2(u (E)) [ug )’ugl( :

1 [1 dy
e Jo #(y)’
under hypothesis of continuity of 2, if z is positive. One can see hypothesis (5.16) as a

stochastic analog of the latter. As regards hypothesis (5.17), obviously it is the stochastic
analog of a — strong — integrability hypothesis for 1/z, if z has a pole.

Theorem 5.1

Un—Tn), I,
Un

Theorem 5.2 Assume that, for o sequence a, = (mz{-n} Jo<i<T(an) € An,

E(#{i|Z{7 < H(n)} In,) < tn,
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| | NN T
0 U U9 us l'uk

Figure 5.1

and that there exist a positive number §, and a sequence &, of positive numbers decreasing to
0, such that for eny integer n and any w € {1y, the sequence a, satisfies

w™ > (1— )28 if (1+8)Z) > H(n).

Then

Uy~ T(an) -{4_1_> 0
U,

Proof of Theorem 5.1

We shall prove that for n large enough, independently from the sequence a € ﬁn, there
exists a constant C such that:

(Un = T(a))1 <nIg + U+ CU, Gn) Hn)* ™) I, (5.19)
so that:
(Un—~To)s Snlg +Un+C U, G(n) Hn)* ™

Then hypothesis (5.16) and (5.17) yield Theorem 5.1 at once.
The obvious formula

T(a) 1 Mit:

T@=3 3 o

=0 k—m,+l

reflects the fact that -w— is somehow the density of presence of points of the sequence a over
the interval [m;, m;y1]. Inequality (5.18) entails that

Mit1
i k-mz+1
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Theorem 5.1 follows from the fact that we can replace 271;5 by ﬁ in the last sum, due to
™y k

the hypothesis (5.16) of slow variation of Z{"), obtaining thus a uniform lower bound U,.

This approximation is tight only if Z, ( } and Z; () are far enough from 0, but relation (5.17)
" takes care of the terms close to 0. So in order to obtain (5.19) we bound (U — T,)_ by »

for w in €2, and we proceed as follows for w in 0,

Mit1 ;- Z( )
(Un—T(a))s+ = (Z > wZ{n) £ )+
i k=m; k
M1 1 (n)

[
N
]
—
S
gl
N
—’
+

- Assume that w; > Hg”)

. For k € [m;, mjy1], we have

(_._.WL())+ < (M)+ < Gln)uy < C G(n)H(n)*™1

wy, w;

- Assume that Zf(,’fi) —w; > -}ir-gﬂ For k € {m;, miy1], we have

~H(n)+ 25 - 2" _ —H(p) + H(n)*G(n)
3 = 3

w; — Zg”) <

the last term being negative if n is large enough, independently of ¢ and w, so that (wz- -
zM) =o.
+
- Finally, let A be the set of indices ¢ such that w; < E—g"—)- and ZT(%) —w; < -I-I% For
k € [m;,m;1], we have

H(n)*G(n) + 2H(n)

zV = 7" - 25) + (25) — wi) +wi S ——5 3 < Hin),
for n large enough so that
i1 Mi+1 mid1
>Y - o), <X Y
(ieA k=m;+1 Zl(cn) k=m+1 wf)"’ €A k=mg+1 Zx(cn)
< Un. =

Proof of Theorem 5.2

Similarly, let A’ be the set of indices ¢ such that (1 + 8)Zp (n) < H(n). For w € Q,, we
have:

mitl m1+1 M1
r
X3 o L gls#e T ¥ o
1EA! k=141 k=m;i+1 ieN k=m;+1
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But for i € A’ and k € [m;,m;41], we have

Z™

(A

Zm; + G(n)uwd

H(n) a
T3 + G(n)H(n)

H(n),

IA

tA

provided that n is large enough, so that

EE;J < Un,
€A k=mi+1 “k

and finally:

IEA k=mi+1 “k k=rmn;+1

On the other hand, for i ¢ A’ we have (1 + 5)Z,($;) > H(n), so that for k € [ms, miqa),

_z Iz(n) z
‘ w; \ S wy wy
En
< . + Gn)ws!
= 1 inen * (11;8;)0:_16;(”)&?_1’
and
DI S HEESER S S L
—| =
IEA! k=m;41 Z(n) Wi €A k=m;+1 Z(n) Wi
< Uy o(n).
Finally:

|Un = Tlan)| _ Un oln) + U + #4i|Z0) < Hin)}a, +nl5,
Unp - Un, )
Proof of Lemma 3.1

We set a = 3,G(n) = cv/logn, H(n) = log® n, and for a in A,, we consider the sequence
@ = {my,- -+ ,my} obtained once we sort positions probed by @ in increasing order, & being
eventually supplemented by position n. So the finite set A, of such sequences satisfy

T, —1<T, < T, (5.20)
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For w € @, (3.3) yields:
w; € 2AMp, — Sm,) + c/wilogn

and when w; > H(n),

w; < 2-——Mﬂ — Smi + l.
1—c¢/logn

Thus, choosing:

Z’(gn) _ 2Mn — S+ 1’

1—c/logn
on one hand we see that
Un Vo by
Un

and on the other hand, owing to {5.20) and to Theorem 5.1,

(Un+1—Tn)Jr Iy,

Un

To finish the proof, we recall that, according to [39], [26] and [13}:

E(Vy) = \/g log2 v/,
T
so that
Un = 9(\/5)

We also have to check hypotheses (5.16) and (5.17). First, for n large enough (else, let €2,
be void), let £, be the set Q4(n) of sample paths w such that for any positive £ and m

m+k £ n=|Sntr — S| < dvklogn

for some d such that d < ¢/2. Due to Chernoff bounds (see for instance Bollobas (1985)
p-12):

2
Yz >0, ¥k, Pr{|Sk| > ) < Zexp(-—g—k) (5.21)
we deduce as in [39]:
2
Pr(Qa(n)) > 1 - 20>~ %F. (5.22)

so finally ¢ = 5 does the job. To check hypothesis (5.17) we introduce the local time Dg(n)
of M,, — Si at height g, that is, Dy{w) = #{k|0 < k < n» and M,, — Sx = ¢}. According to
[39], we have
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Proposition 5.3 There erisis a constant C such that for everyn € N

E(Dy(n)} < Clg+1)

so that
~ 1—c/logn 1
< ——— ——
b < 2 2. s Mn—Sp+1
Mp—5,<log®n
log®n
< Z Dq(‘nl)
g=0 q+
and
E(U,) = O(log® n). |

Proof of Lemma 3.2

Let us sketch a brief description of algorithm Od(n) (for details we refer to [39}, p. 285-
286). Note that if at any step Od(n) detects that w belongs to ©,, then Od(n) probes the
n positions. In a first stage, Od(n) searches a tight estimate M* of M, that is an estimate
that satisfies

M, — M* < cn (log'/? n) (5.23)

for every w € 1y, (and M, > M* for any w), at a low cost. To do this, Od(n) probes the
sample path w at positions (j!);=1,... nsy Where ! = [n1/2log n], then it scans the vicinity of
the "large” 5.

In the second stage, Od(n) covers the sample path from left to right (independently of
the probes of the first stage), as follows: assume that, at step ¢, Od(n) just probed m. At
step £+ 1:

. I 8y, is close to M* (M* — Sy, < n1/®), Od(n) probes Sy,
. If Sy, is far away from M* (M* — Sp, > n1/8), Od(n) probes Sy, where
k= 2(M* — 8p) — 10¢(M™ — Sp)Y?(log n)!/2. (5.24)

According to {39], this value of k ensures that Sy + Sp, + & < 2M* if w is in Q4(n),
and that the random walk does not exceed M* on [m,m + k].

Let a(n} = (m1,- - ,mp(,)) be the sequence of positions probed during the second stage.

According to [39], the first stage needs 0(1“{@) probes, in the average, so that the proof of
Lemma 3.2 reduces to:

R{n)-Vn L,
7 =50,
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that is, it reduces to prove that a{n) satisfies the hypothesis of Theorem 5.2. For o, G{n)
and ), we keep to the same definitions as in the preceding proof, but, due to the definition
of Od{n), we take H(n) = 4n'/®. Hypothesis (5.18) is satisfied for

Z™ = 2(M,, — Si +1),
so that this time U, is equal to Vj, ; checking (5.17), we get E(Uy,) = O(n!/%). We have

#{1Z0 <H(n)} < #{kZ < H(n))
H{n)

< Y D,

g=0

thus, due to Proposition 5.3
E(#{i12) < H(n)}q,(ny) = O(H(n)?).

Using (5.23) and (5.24), one can see that for any w € Qn, and provided that Zi¥ > 3n1/6
(i.e. we choose 6 =1/3 in Theorem 5.2),

wi ™) 2 — 9enl/B log¥? n — 10¢y/ 25 logn

z) = z5)
> 1 - 10en~12/logn,
for n large enough (else let g, = 1), independent of w &€ . |

6 Proof of Theorem 3.3

Set

Va

1 — 1
I = —_—= :
"y Zﬁ;Mn‘“Sk-i—l’

we shall now prove that I, converges in distribution to I.
The operator T defined by

1 dx
0= |, =7

does not satisfy the continuity hypothesis for Donsker’s invariance principle, so we exhibit
a coupling of I, and I through a Skorohod embedding, and prove that I — I, converges
to 0 in probability. Let (Bi)i>0 denote a standard Brownian motion and let (S,(cn))ogksﬁ
be the embedded random walk associated to B through the standard construction due to
Knight (1962) (see Figures 6.1 and 6.2): consider the successive times (T,E"})OS,CSR, defined
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by Tén) =0 and for kK > 1, Tén) = inf {t > ngfi)l, |B; — BTIS,PJ = n~1/2} where the Brownian

motion has moved by n~/2 and set:
{") \/‘B(T(ﬂ))

The sample path (S,(ﬁ"))kmo,‘..,n has the same law as w = {Si(w))k=0,..,» introduced in the

beginning of the paper. Note that for every k& > 0, n('r,g’:_)l - T,En)) has the same law as S,

the hitting time of 1 for a reflected Brownian motion, already defined in Section 4.
Consider the piecewise constant process ﬁ,E”) equal to B(rE ) = n~Y 2,5',(:1)1 for t in the

interval ]'r,gn)l, T,Eﬂ') ] ; hence, by construction:

g < L

\B(t) — 5; I_\/ﬁ
% oL
ﬁ A f\vjll'Mf. /\ ‘(AVA\'M WVV\;
0 ,\/i\f T3 T4 Tsm\/\M Wy m’ru’rlz T4
aff 2, M” Ty T8 7‘9‘@0 14
¥
v s y
v
7l

Figure 6.1 :The Skorohod embedding

Figure 6.2 : The embedded random walk
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Let MY denote the maximum of ( é”) and set (for 0 < e < 1/2)

)OStSn’

I =
n 2\/“2 M(n) Sk; + n_E+1/2
o]
[ dt ~
W, = ]0 M(ﬁ) ﬁ(n) ot - 2I,

7™ ) )
= vn Z M S g et/ ~2h

n (ﬂ) (n) ) -1
T VRE Z M(n} (n) Py

(n)
e dt

Ws = 2I-— f
0 Méﬁ) — ﬂt{ﬂ) +n—¢
ne

dt
- fwE ) e

We are to prove that I, — I,,, Wi and Wy converge to 0 in probability. First

. B 1
E(In_ln) S n E(g(MT(lﬂ)_S]gn)+l)2)
(L R
= O(n*logn),

the last line being due to Proposition 5.3. Since ('rk )g<k<n and B(‘I‘kn Jo<k<n are inde-
pendent, and the r.v.s n(fxg 'r,,C 1) — 1 are independent, centered, with variance 1, we
obtain

1 /v !
EW]) = EE(Z;I — 8 4 petl/2) )

so that W L2 0. Next, we consider Wy. Set 7, = T,(L ) Noting that 7, has the same law as

the average of n independent copies of Zﬁ, and that E% belongs to any £, (see for instance
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Lépingle (1981)), it is routine to deduce that

I17n — 1ic, = O(%). (6.25)

We shall also need the following results:

Proposition 6.1 For any positive 7,

”—n+1/4|Mr(zﬁ) - M’F| proba

Proposition 6.2 For0 < a < i,

o I ) —a
p( [ wtemt) 4 _ oy
0 My — t(n) +n—¢

Proposition 6.3 For a > 0,

1] -
{ME-Bi<n—a} —o
B( | 22T a) =0
(/0 MB B, ) =0

Proofs of Propositions 6.1, 6.2 and 6.3 are delayed to the end of the Section. Now:
|W2! <A+B+C

where

_ f 1 1B — Byl + M — MP A nTE
0

(M) — B+ m-e)(MB - By)

1AT,
< (207 + 1M — mP)) / T dt
0 (MP = =) (ME - By)

1
dt
B = I~ f ———
™= s MPB - B,
g dt

™
C = I—n>1/
Ay O

By routine application of Hélder’s inequality, we have successively:

. dt /g
B<(1- Tn)lh’( )q) Ir<1

5 (MP — B
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and:

2

1
EB]| L E[|1 - TM]UPE[fD “(Mlscf Bt)qr/q

the last term in both equations being finite provided that ¢ < 2, so, due to (6.25), for any
positive 5, we have

n~mip By g (6.26)
We also have
C < nf|7, ~ 1]

which converges to 0 in any L, thanks to (6.25). Finally, let

A< (24 nf|MYP) — MP ;) (A1 + As) (6.27)
where
4 ffﬂ dt
1 #,>1
o (MP — g™ +n-e)(MF - B,)

A = /Tn dt
2 o=y
o (M — B 4 ne)(ME - By)

Iz, <

Note that the second term on the right hand side of (6.27) converges in probability to 2, due
to Proposition 6.1, provided that ¢ = 1/5, for instance.
We have, for o < 1/2,

17 1r
w1 and MP—Bi>n—e ME _Bi<n-
A < n“[ Tne T AR gpqent | LTS g
0

. MP @(") +n—c 0o MP-B

< — & dt.
- 2 tn 0 Mfi — B;
Note that the second inequality holds since
2
MP — g > MP ~ B, - Nk

when 7, = 1. Thanks to Proposition 6.3,
n2a
E(A]_) s 7 + O(HE-Q).

Finally, for o = 1/20 (for instance), we obtain:

n~* (2 +nf| M — Mﬂ)Al o,
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Similarly
Fo L 8 a0, —a Fa I &) amder _o
Ay < n® [ s L f R dt

o Mi-B o (MF - BYMD — B +n~)

- ?Ei ffn IMéﬁ)—ﬁé“) <n—a @

T2 e (P - By - B )

n "nI n
< e[ IM{S;Btsn-E dtans [ A e B B
2 ") TME-B AV

where the second inequality holds since
ME = By > M) — ) a7

when 7, < 1. Owing to Propositions 6.2 and 6.3, we obtain

2

E(4s) < %— + O(1) + O(ns™®).
Finally:
n_s(Z + 0| M — 11/1{30142 AL

Proof of Proposition 6.1: Let n and @ be positive. Assuming first that 7, > 1, we obtain:

1
|MP - M| < ﬁ'i'Mg‘M{g

Hence, for any positive ¢(n),
Pr(n "tV4 M) — MP| Ir »1 > a) < An + B,
where

A, = Pr{fn—1> ¢(n)),

1
B, = Pr(n_"+1/4(\/—ﬁ + Mls-l-qi(n) - Mls) > a)

1
< Pr(n_”"'l/‘l(% + M) > a)

= Pr(n-"““(—% +VEMIND > a),

for N a standard Gaussian 1.v., so the choice #(n) = n7~1/2 gives the desired result. The
case T, > 1 can be proven with the same method. O
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Proof of Proposition 6.2 . Using Proposition 5.3, we have:

I PPT) ) ey 1 I —a+1/2
E f {Ma™ =B <n—=} dt) = —F {Mn—5r<n }

p—atl/2
1 D, (n)
= —F —g\'’"
vn ( _7‘.—_20 g+1 )
C
< —a+1/2
= _\/ﬁn -

Proof of Proposition 6.3: Using the Denisov decomposition (4.5), as in Section 4, we
obtain:

) VI ' A
/ PIP-Besn) gy \/5/ {9725 VI }ds+mf (e T2y
o M7 -5 0 772 0 #9725

the two last terms, say A and B, being identically distributed. We have

A:\/af éidﬂ?

0S$$n—ag—1/2 T

where L, denotes the local time at level z of the Brownian meander. On the other hand,
according to Durrett & Iglehart (1977):

e 2
E(L,) = 2/0 exp(—(i:;y—))dy
= V2r Pr{z < |N| < 2z),

where N is standard Gaussian. Finally:

1
E4) = ¢ / f s TSI <)< %

< G f [ % iz
<:c\/_<n—°‘ 1- Yy

-2

+oo pn” 2%z d o2
= ( / - 2 d / / Y e” zdx
2( 0 S Ay A -y )
+co 22
20, (n_a +/ (1-+v1—-n20z-2) e"Tda:)
k2]

-

+00 22
/ (1=V1-n"2eg2)e " 7dr = n~
n—<

IA

and:

f’l_““'_u__2) —n— 2 2
- /1 —u"?)du. !

[A

»\N
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1. Introduction CHAPITRE III

Stochastic properties of two algorithms searching the zeros of
simple random walks, and applications
P. Chassaing !, J.F. Marckert 1, M. Yor 2.

The main object of this paper is to prove the quasi optimality for the stochastic order
of an algorithm searching the zeros of simple symmetric random walk. The study of the
behavior of an other algorithm allows us to give a simple computation of the limit law of
the couple height-width in binary trees of size n and the limit law of the harmonic mean
of the depth of nodes in size n general trees.

1 Introduction

Consider w = (Sk(w)) k=0,.. n & Symmetric random walk. That is, So(w) = 0 and for
any 0 <k <n—1, Spy1{w) = Se(w) £ 1, the 2™ such trajectories being equiprobable. The
knowledge of one of the S;’s for a [ of our choice costs 1. The question is: How much must
we pay to find each % such that Sp = 07

The cost of an algorithm is naturally identified with the number of probes it uses. For
example, the simplest and worst algorithm consists in probing each position {, for 1 <1 < n;
its cost is n.

The average case analysis of algorithms for the search of all the zeros has been done: the
double jump algorithm, dj(n) (described in the next subsection) is already known to be quasi
optimal in the average case (see Marckert [21]).

The first aim of this work is to study the limit law of the cost of algorithm dj(n) and to
prove its quasi-optimality for the stochastic order. The analysis of the simple jump algorithm,
sj(n), leads us to study again the properties of the relations between trees and Bernoulli
excursions and thus, to derive asymptotic results on trees involving Brownian excursion.

1.1 The simple and double jump algorithms
The “simple-jump” algorithm sj(n}):

At step 1, we first probe position 2. Then we cover the walk from left to right. Assume
that at step 7', we probed position m. At step 7"+ 1:

- If §,, = 0 we probe m+2.

- If S, # 0 we probe m + | S|,

and we proceed like this until m + |Sp,| > n. On the following figure, we have blackened
the probed points.

Laboratoire de Mathématiques, Institut Elie Cartan
BP 239 54 506 Vandoeuvre les Nancy Cedex

?Université Paris VI, Laboratoire de Probabilités
Tour 56 - 4, place Jussien - 75252 Paris Cedex 05
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26 3

Figure 1.1 : simple jump algorithm

Theorem 1.1 Let Tj;y,) be the cost of sj(n). We have
2n
E(Tyimy) ~ \/—;r—logn.

The “double-jump” algorithm dj{n):

At step 1, we probe position 2. Then we cover the sample path from left to right. Assume
that at step T' we probed position m. Two cases arise:

a) [Sm| < log'** n. (e being any fixed real number in the interval J0,1])

b) (S} > log!*e n.
In Case a}, at step T+1 we apply the simple-jump algorithm, that is, we probe position rn+2
or m + |Sy,| depending on S, = 0 or not.
In Case b), at step T+1 we probe m+K in which

K = |2|Sm| — ev/21log n|Sn|].

Here is the reason: assume that S, > 0 . Due to the bounded variation of w, the minimum
of the sample path on the interval [m, m + K is not smaller than

_ Sm+5m+K_K
= 5 .

By, > 0 ensures that w does not cancel on the interval [m,m + K] and that we have found
every zero on the left of m 4+ K. The algorithm is ready for the next step.

If By, €0, w may cancel in {m, m + K] and then, we probe every position starting from m.
Due to the moderate variation properties of the simple symmetric random walks (see [21]
and Subsection 2.2), this situation occurs with a very small probability (for ¢ large enough).

B

Stochastic properties of dj(n)

Let Ay, be the set of all algorithms that find every zero of w. For an algorithm a in A,,
let T, (w} be the mumber of probes it uses. Marckert [21] gives the lower bound of the average
cost of T, and proves that dj(n) is quasi optimal in the average case:
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Theorem 1.2

. 1
» min E(T,) = E\/ﬁlogn—l—o(\/ﬁlogn)

and
1
© E(Tyitny) = \/—Q_;Jﬁlogn + o{v/nlogn).

“Quasi” means that E(Ty,) is equivalent to the lower bound. For an algorithm a, let us
consider the tails of the distribution function of T,:

P(T, > z).

This is the probability that algorithm a uses more than z probes. Theorem 1.2 suggests that
the suitable normalization for T; is /nlogn. So, we define

®alz) = mm{jp(\/-logn“‘$)|ae‘4n}'

@, (z) is also the tail of a probability measure, but there does not necessarily exist an algo-
rithm o, such that for every z > 0,

&, (z) =P(——-\/—g%——~“gn Zm). (1.1)

If such an algorithm o, exists for every z, one will say that a,, is optimal for the stochastic
order in A,. This kind of optimality gives more guarantees that the only optimality in the
average case (see discussion in Chapter 2 of Chassaing et al. [9]). Actually, dj(n) satisfies
{1.1) asymptotically. The two following theorems give the stochastic properties of dj(n).

Theorem 1.3
e > ) =2(] >

where N denotes a centered Gaussian variable with variance 1, and
Theorem 1.4

lim @ () = P(lzﬂ > a:)

We say that dj(n) is quasi optimal for the stochastic order.

We have seen (Theorem 1.1 and Theorem 1.2) that sj(n) is twice as expensive as dj{n) in
average. This fact is due to the assumptions made on the distribution of the random walks.
Although, one can imagine that $7(n) is very suitable for searching the root practically when
it is possible to obtain some bounds on the derivatives (which often arises).

For related reading, one can find in Odlyzko [22] the case of the search of the maximum
of symmetric random walks; Odlyzko provides a quasi-optimal algorithm in the average case;
Chassaing [6] studies the search of the maximum of a non-symmetric random walk. Chassaing,
Marckert & Yor [9] prove that Odlyzko’s algorithm is quasi-optimal for the stochastic order
and characterize the limit law.
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1.2 'TFrees and Brownian excursions

Denote by Tg”) the set of binary trees with n leaves (2n — 1 nodes). For a tree t € Té”),
the profile of ¢ is the sequence (Z;(£));>0 where Z;(t) is the number of nodes of ¢ at distance

i from the root (Zy(t) = 1, Z1(t) = 2}). The width Wén} {t) of ¢ is defined to be the maximum
of the profile:

W () = max{ Z;(8)}.

Denote by HU™(t) the height of £. The limit law of the height (see [1, 2, 5, 15, 23, 29]) and
of the width (see [8, 31]) are well known:

H (Bn) law
—_ — V, 1.2
V2n n—tee (1-2)
ng') law Vv
—_— - 1.
\/E TLmd o OO 2 ( 3)
where V' has cumulative function of theta type:
k22
Fy()=P(V <z)= Y (1—kz%)exp (——2-—) : (1.4)

—oo<k<+oo

Set

(H,W) = (-/: e—(ls—ids, 22 e(.s))

where (e(s)) is a standard normalized Brownian excursion (see Subsection 3.1.1).

0<s<1
Theorem 1.5

(n) {n) law
Hp , We > (H,W).
V2n 2n | noteo

The dependence between H and W reflects the dependence between ng) and Wg").
Donati-Martin[12] has studied the couple ( fol E—(l;;ds » Jpax e(s)). Here are some of her
-—-sn-

results which characterize the couple (H, W} :
e Let A >0, >0 then

]E(Wexp ( - 5% - %/E)) = \/gAz(A,a)

where

_ exp(A)
A ) = ST N 220
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and ® denotes the confluent hypergeometric function :

o:kz
C!' ’Y, Z ((7 k:k' fOI' |Z| < "f"OO,’Y?éO,——l’-—z,---

e For Re(s) > 1, Re(t) < 0 and Re(s +t) > 1, we have:

s 17t 2L +eo s+t=2,—(1+2) 42

Incidentally, a conseguence of Theorem 1.5, (1.2) and (1.3) is the Biane & Yor [4, p. 69]
identity for the normalized Brownian excursion:

! 1 law
_/Qg(.s_)d :2015[1%}{13(3). (1.5)

The paper is organized as follows: Section 2 contains the stochastic analysis of dj(n) and
the proof of its quasi-optimality for the stochastic order. In Section 3, we give the proof
of Theorem 1.5. Also, one can find in Section 3, the computation of the limit law of the
harmonic mean of depth of nodes in size n general trees. Section 3 can be read independently
of Section 2.

2 Quasi-Optimality of dj(n) for the stochastic order

2.1 Sketch of the proofs of Theorems 1.3 and 1.4

Consider the random variable

The proof of the quasi optimality on the average case in [21] or for the stochastic order of
dj(n) results from the fact that we can compare the cost of any algorithm with V,,, as stated
by the two following lemmas. Set

Tp(w) = inf {To(w)|a € 4,}.
We have

Lemma 2.1

(Vn - Tn)_l_ I X O
Vnlogn n—too
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This implies immediately that for every algorithm a in A,, we have

Corollary 2.2

(Vn - Ta)_l_ Ly . 0
Jrlogn n—otoo

Vp is a “quasi lower bound” for the cost of the algorithms and dj(n) “achieves” it:

Lemma 2.3

L

lej(n) -V .
Jrlogn asis

This normalization is not trivial since

E(V,) ~ \/—%\/ﬁlogn (2.6)

) Va
Vnlogn and Vnlogn

see [21]. A consequence of Lemma 2.3 is that have the same limit law,

which is given by
Theorem 2.4
Vo Law | N}

—_—l
vrlogn nstoo 2
where N denotes a centered Gaussian variable with variance 1.

Theorems 1.3 and 1.4 follow immediately Lemma 2.3, Corollary 2.2 and Theorem 2.4. The
object of the rest of Section 2 is devoted to the proofs of Lemmas 2.1, 2.3 and of Theorem
2.4.

2.2 A counting principle

A variant of this principle is the key result in the proof of average case optimality in
~ Odlyzko [22] as well as in Chassaing [6]. At the end of this section, we shall use it to prove
Lemmata 2.1 and 2.3. We believe Odlyzko’s principle is interesting in its own right: for
instance, it leads to a simple proof of Theorem 1.5. We try to give Odlyzko’s principle in
general form, in order to spare the reader many calls to very similar arguments in this paper,
and also in [9].

Let (Z,E"))G <x<y, denote an array of positive integer-valued random variables. Let o be a
positive constant, less than 1, and let G(n) and H(n) be two sequences of positive numbers.
We set

1
Uﬂzzz(n)’
k=1
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and
b - 1
D DR -
2P <H(n) Tk

Note that U, < n so that u, = E(U,) is well defined. We assume that there exists a set £,
of sample paths such that

Pr({),) = o(ffﬂ), (2.7)

n

and that for any w € Q,
VE, 1, |2, — 2| <i1eam).
Furthermore we assume that
G(n) < H(n)'~%,
and that
E(U,) € tn. (2.8)

We consider a finite or denumerable set A, of strictly increasing sequences a of positive
integer-valued random wvariables {my,--- ,mp(,)}, whose length T'(a) is random, such that
mo = 0, Mre) = n, and such that the increments

W =ML — My
satisfy
wi < 25 v H(n), (2.9)

at least when w € ©,, (at the end of this Section, we shall choose Z,(cn) = 2(|Sk] +1)Y1+40(n)))
in order to prove Lemmata 2.1 and 2.3). Let T,, denote the infimum of lengths of sequences
in A,.

Maybe hypothesis (2.7) and (2.8) will seem less arbitrary if one considers a simple problem

of computation, where a strictly increasing sequence u,(f) satisfy uée) =0 and ”1(5—1)-1 - ugf) =

sz(uf)). The first index % such that ugf) > 1 (see Figure 2.1) is easily seen to satisfy

1
1
kg ~ _/OZ_—-—_I{“(E) {e)](z)dm

k>0 ez(ul)) M bk
1 /1 dy
), sy
under hypothesis of uniform continuity of z, if z is positive. One can see assumption (2.7) as

a stochastic analog of the latter. As regards assumption {2.8), obviously it is the stochastic
analog of a — strong — hypothesis of integrability for 1/z, if z has a pole.
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U Ugp] Uit Uit Ug U;+2
Figure 2.2

T\

Proposition 2.7 For any positive number b, we have:

1 (o Lnl Isai<210gb n)
2E(h=1 FAES ) O(v/nloglogn).

Proof: For any i, we have ([2]) > (i:) Thus
2

wols

h —h
[t b} 2( )2
(S _ Y
T

|Snl +1 i=0, i=h2]

(log® n}
ol h 1
<2 ([ﬁl) 2 T3

2 i=0
C(b)
< =

where C(b) is a function depending only of . This checks (2.8). OJ
Equation (2.6) and Theorem 2.5 lead to:

loglogn. d

(Vo —Th)y L s 0
vnlogn nesico
This ends the proof of Lemma 2.1 [
Proof of Lemma 2.3 : Let a(n) = (m1,--- ,mp(n) be the sequence of positions probed
by dj(n). Take ¢ = 2/3 in the double-jump a.lgorlthm For o, G(n) and €, we keep to the
same definitions as in the preceding proof. Hypothesis (2.9) is satisfied for

Z™ = 2(8, + 1),

so that this time U, is equal to V,,; by Proposition 2.7, we can notice that if Z,,, > (logn)***
then w; = |2{8m;| —c\/2logn|Sp,|], and it is clear that there exists a sequence &, such that

w; > (1— En)Zang)-

Now, denote as in [21], introduce the set Ly = {i|Z& < (logn)1+5} N Qc(n). We have
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Lemma 2.8

2 e
B(#Lo) < 61/?”10&— n.

Proof: See [21] Section 3.4. O

2.3 Proof of Theorem 2.4
Denote by £(n,!) the local time of w at level [, that is:
£(n,1)(w) = #{k]l <k < n| Si(w) =1}.
Using

6(3%0) L

(see Révész [25] p.100), Theorem 2.4 follows immediately from

Proposition 2.9

1 - 1 £(n,0) proba
— =0
\/ﬁlogn;]SH—l—l N

Proof :
n 1 n é(n l) +§(n _l)
Z :Z H ? :an+bn+cn+dn
k=1 Sk + 1 =0 i+l
where
levnlogn) 1
n
B &(n, 1) + &(n, 1)
b'n, - Z l+ 1 ’
t:[c:\/‘ngnJ'i'l
-l
- Lmigj ™ &(n,1) + £(n, 1) — 2(n,0)
Cp = ot I+1 ’
L VITERL e 1)+ E(n, —1) — 2(n,0)
I=|vrlog? nj+1 o
‘We have
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and thus

bn proba
Vnlogn — 0

Set

bp = sup
|| vFilog™* n]

According to Cséki & Foldes [10], see also Révész [25] p. 122, we have

{Iﬁﬂl) E(nﬁl}

Op =50
Now,.
nlog™2n
el E00) M"Zg et ) = £, 0)| + €02, ~1) ~ £(n, )|
vnlogn = +/nlogn 4 £(n, 0)(1 + 1)
2¢(n, 0) 1
< Xm0, s L
- 1 I+1
VRN T et
A 0.
dn WEE0) T 1
]E(\/ﬁlogn) = Vnlogn Z I+1
I=|/Rlog™2n]+1
— 0.
Finally
Gn §(n,0) proba
Trlogn NG -— 0. D

3 Relation between the search of zeros, trees and excursions

The one-to-one correspondences between discrete excursions and trees provide some ef-
ficient and fine methods to study the trees. A lot of functionals of trees (height, width,
profile, total displacement...} can be expressed as functionals (maximum, local time, area...)
of related discrete excursions (see Aldous [1] for a survey on this topic). Hence, the Hmit law
of these functionals can often be expressed as the law of functionals of normalized Brownian
excursion (maximum, area, local time...) by invariance principles (see [1]). In this paper, we
use the properties of the Bernoulli excursions associated to the binary trees by the breadth
first search. The algorithin sj{n) gives a strong relation between the height of a binary tree
t and its cost on the Bernoulli excursion associated to ¢ by the b.f.s.. As a consequence, we
can give a simple description of the limit law of the couple height-width in random binary
trees, in term of Brownian excursion.
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3.1 The couple height-width
In the case of labeled trees with n nodes, Aldous [3, Th. 3] proves that:

i. {n) (n)y law 1
7 H W) 2% (2 max (), 5l (),

where ! is the local time of the normalized Brownian excursion e, defined by:

a 1
/;l(m)dsczfo ]I{o,a](e(s))ds.

The proof given by Aldous is also valid in the case of binary trees with n leaves and gives:

o] n 1 1
HD Wiy (2 max e(t) Eonéx?gcll(t)). (3.13)

=
2n

In the case of general trees with n nodes, it gives:
1

N

Similar results can be obtained for other families of simple trees.

Using the result of Aldous (3.13), we can give a first proof of Theorem 1.5.
First proof of Theorem 1.5 : in order to relate Aldous result (3.13) involving the local time
of Brownian excursion to Theorem 1.5 (where the results are expressed in term of Brownian
excursion) we use the following Jeulin’s identity.

(n) rin)y low 1
(HZ WS — (\/ﬁong%e(t), ﬁl?ggcl(t)).

Jeulin’s identity

Let (e(s)) o<s<y D€ @ normalized Brownian excursion with local time { (s))s>0. Define

LW = [ 1e)da
and
k(t) = L7t) = sup {y‘ foyl(z)dm < t}.

Jeulin [17] (see also [4, p. 70]) proved that the process (&(s)) defined by:

0<s<1
&(s) = %l(k(s)) (3.14)

is itself a normalized Brownian excursion. It can be written

1
==LY=F
2~ ( ) ?

3]
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with the consequence:

&
1
— = 28(s). 1
l(/o 2é(u)du) 2&(s) (3.15)
A direct corollary of that is the identity:
L1
(2 g e 3gp19) = ( ] sy g o00) 316
The first component of (3.16) follows from (3.15) because
1
inf {z > 0]i(z) =0} = max e(s) =f H-I——ds
0<s<1 0 28&(s)

The second by taking the maximum at each side of (3.15). Thus, (3.13) is equivalent to
Theorem 1.5. 0O

Hence, this first proof of Theorem 1.5 (valid in the general case with minor modifications)
relies on Jeulin’s identity {17} and on Aldous [3] which relies itself on two particularly technical
papers: Aldous [2] and Drmota & Gittenberger [13].

We give below a second proof of Theorem 1.5, direct and simple, that does not use any
of the results mentioned above (]2, 3, 13, 17]).

3.1.1 Excursions

Let us consider a standard linear Brownian motion B = (Bt)tzo. Consider g the last zero
before 1 of B and d the first after:

g = sup{0 <t < 1|B; =0},
d = it{t>1|B, = 0).

Then, we have g < 1< d a.s. The process e defined for 0 < s <1 by

8(5 _] 9’+(d 9}3

is called the standard normalized Brownian excursion (see Figure 3.1).
Constder Fs(2n) the subset of 2n steps simple symmetric random walks & = (Sk (w))

=0,---,2n
conditioned to satisfy:

S50(@) =0, Syn(@)=0and 5;(@) >0for ke {l,---,2n 1}

Es(2n) is called the set of Bernoulli excursions of size 2n; its cardinality is given by the n—1%

Catalan number:
2n—2\1
Cn_l = ( )_.
n—1)n
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//\MW

v Lk f I I
d 1 g

Figure 3.1

Thus, the Cj,_; excursions of Es(2n) are equiprobable and we will write [P for the conditional
probability P to Es(2n), that is:

P@cAd) =P(@ <€ 4|we Es(n)).

For any positive integers [, &, such that & <1 < 2n — k, we have

N n 2 (i‘;)(gi};j)

) (2n—2 Li=if2)-

n—1

(3.17)

In this formula, ( kﬁ; ) is the number of positive paths from (0, 0) to (k,{), 2_7:—7; ( f,f_;_"} )
7 2

the number of positive paths from (k,1) to (2n,0) (generalization of the ballot problem).
There exists, as in the case of simple symmetric random walks (see Subsection 2.2), a

large subset of excursions in Fs(2n) satisfying a property of moderate variation. Denote by

Qc(2n) the set of 2n-length excursions such that for any I, % in the set {O, j ,2n},

15, — Sif < ev/]k — 1] log n.
Lemma 3.1 For every 8 > 0 there exist ¢ > 0 such that, for n sufficiently large:

P((2n) >1-n""

Proof : Following (2.11), we have:

PCQ(n)) _ 2(2n)2 %

P(& € 00(2n)) = P(@ € 0R.(2n)/@ € Es(2n)) < BEm) S o3
1N 2

The normalized Brownian excursion can be naturally viewed as the weak limit of Bernoulli
excursions; see for example [1, 11, 27, 28, 30] for applications.
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3.1.2 Expression of (Hy ) (n)) in term of Bernoulli excursions

The breadth first search allows us to express the couple height-width in term of Bernoulli
excursion.

Correspondence binary tree - excursion :

This correspondence associates with each 2n-length excursion @ a binary tree with n — 1
internal-nodes.

t{;) : Es(2n) — Tl(;n)
& — t=£D@)

Figure 3.2 shows a binary tree in correspondence with an excursion (breadth first search).

qd 2 2 3 1 183
“uiuluufu[d[ulu]d{d[d][d[u]u[d][d][d!d]d
3121212 2102 2[0]0T0] 0122101016 0]0

Figure 3.2 : Excursion - Binary tree

The height

With this correspondence, one can observe that Tsj(gn) (@), the number of probes used by
the simple jump algorithm on the excursion &, and the height ng) (t) are related by:

Hgl)(t) = C17%5;,\'(2'.'1&}("-:J') -1 (3.18)

Indeed, denote by m; = 2, ..., my, the (ordered) positions probed by sj on the first excursion
of w (which is assumed to be positive). By definition of sj, the i+ 1% jump is Sy, (for 7 > 0)
so that

Mit] = Mi + S,

The i + 2% jump, Sm, 4. Satisfies:

mi+8mi mi+Sm2 mz+Smi
St =Sme+ D Xa= > (I+Xn)= 3 Y
h=m;+1 h=m;+1 h=m;+1
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where the r.v. ¥}, are i.i.d. and

P(¥h =0) = (Y =2) = 5,
since w is a simple symmetric random walk (that is, we have Sp(w) = 0; Sp(w) = Xy (w) +-- -+
X (w) where the (X;)i>p are iid. r.v. with P(X; = 1) = P(X; = —1) = 1/2). If we condition
the first excursion to be 2n long, the process (Z;)i>1 = (Sm,;}i>1 is a Galton-Watson process
with offspring distribution 0 and 2 with probability 1/2 (the initial population is Z; = 2)
conditioned to have a total progeny of 2n — 1 individuals. The number of jumps used by
57(2n) on an excursion @ is simply the number of generations in the processus (Z;);>1; the
height of the binary tree representation of this Galton-Watson process is exactly the number
of generations minus 1.
Denote by 17'2” the r.v.:

2n—1 1
1/2 (~) - =
k g;&()
where @ = (S3(®), - ,520(@)) is a Bernoulli excursion. The height Hy () (¢) and Vo, are

related by:

Lemma 3.2

Z=HE 0 — V@) 2 0
" Proof : Using (3.18), we just prove

"}\/__ﬁlﬁj(%) (@) — I’}2?2(‘-:’)' ‘Ii} 0.
Denote by (mi)g=1, T oms the set of ordered probed points by sj and by k; = m; — m;-1
the difference between two probes (mg = O). The cost of 57(2n) is exactly

s;u i{2n} Mit+1l

33(271) = Z Z

i=0 h=m;+1 ki

Let « be a real number in ]0,1/2].

s_;' (2n) Mip1 2n

R L i | samioes 4,45,

2

i=0 h=m;+1
where
TSJ'(%) Ti+1
1 1
An <) ( > };'g—h) Ik 0gi+ ) Lnts2-a on_n1/2-e)(h)
=0 h=m;+1
TSJ'(M) {41
1 1
Bno < ) ( 2. ;—S—h) Ikicgognyi+e n1/2=a 2n_ni/2-ey(h)

1=0 he=m;+1
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First, using (3.17), Stirling formula and that (5} > (4,5, /) for any { and &,

E(Bn) < E(#{hlh € [n/*%,2n —n!/?], 8 < (logn)'**})

2nqn1/2-c‘ l:l()gl-‘-E 'n,]

< 2 2 F

h=nli2—c =1

= O(log3+3s )
A simple computation gives that, we have:

Iy (@4 < (log™/2n) Vo,

We choose ¢ large enough in order to have 5 > 3/2 in Lemma 3.1, and Lemma 3.2 is proved. 0

.

The width
Thanks to the b.fs., the profile of ¢ can be read on @:

Zo (t) =1
Zi(t) = S5(@)
L) = Sez@)
Zrsa(t) = Saiziyr+z.(@).

Then denoting by I(k) = 2+ Z1(t) +--- + Zi(t), we have
Wi (t) = max Sy(x) (@).
As a consequence, we have:
oy, def & (~ & (5 = W
Mon = max Se(@) = max Sy (@) = Wy ().

The moderate variation of the paths {cf. Lemma 3.1) yields:

Lemma 3.3

1 Y n
ﬁllen(w) Wi (8)ll = O~/ \/logn)

Proof: We have

0 < B(Mon(@) — W () = E(Men — max Syqe)).
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We consider an index K(&) such that Mo, (&) = Sx(&). There exists an integer (@) such
that '

(i) <K <l(i+1) An.

Then,
E(May, — max Siry) < E(Sk - Sia))
< E(In.c/log(2n)|K — 1(5)] + nlgg,)
< E(ey/log(2n) Manlg,) +n P(CQ.)

O(n**\/logn),

Il

for a suitable ¢, by Jensen inequality. O

The couple height-width

Using Lemmas 3.2 and 3.3, we have:

= | B0, W6 — (T, (@), = o)

Thus, \/— (ng) s W{n)) and —= v (Vgﬂ, Mgn) have the same limit law. The proof of Theorem 1.5
reduces to the proof of Proposition 3.4.

Proposition 3.4
1 ~ ~ law L
—= | Vo, Mo, | —>
m( 2ns 2n) (/0 e( ) ax 6(3))

To prove Proposition 3.4 we need the following Lemma:

Lemma 3.5 Let (X,)n and (Xf(f’))n,a be two families of R2+ valued r.v. on the same
probability space P, such that:

(X, = x@.

t—r =400

Suppose that there exists a probability space P and a R? + valued r.v. X on P such that, for
any a >0,

1X, ~ X < Cia foranya >0,
X —Xx@); £ Cra foranga>0

for two constants C1 and Cz. Then

X, 8 x.
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Proof : For any a > 0 and A = (A1, A2) € R%2+, we have:
(-3 () a
(B ) ~Ee™ )| < [Ble M) — Ble )|+ [Be ) — Be M)
+HE(e™ ™) - E(e™X)]
Where u.v is the scalar product of u with v. Thus,

lim sup [E(e™**") — Ble™¥)| < [Aloo C1a + 0+ Ao Caa.
n
Since this relation is true for any a > 0, Lemma 3.5 is proved. O

Proof of Proposition 3.4 : Denote by e, the continuous process
en(t) = 5 \2ne] T {2nt} (5' 12nt]+1 — g[zm])
" V2n ’

where [z}, (resp. {z}} is the integer (resp. fractional) part of z. When n — 00, it converges
weakly to the Brownian excursion (see Gikhman & Skorohod [16]). We have

M2n/m = Olgféxl en(t)

0<t<1,

and

1’;‘.2'” 1 2n--1 1

Von _ on g en(k/2n)

Define V(a') by

2n—1

@) _ L Len>a}
n T on kzzzl en{k/2n)
Set
Xy = \/‘?(VZmMZn)
1
nga) = \/?(‘Véﬂ ,Mzn)

1
X = (/0 E("l.'sjds’&?aé‘l ())
“fe(s)>a}

I
(@) _ e(s)>a}
X (_/0 (.s) ds, org?é{l e(s))
Proposition 3.4 is equivalent to
X, 1 x.

We shall prove this convergence using Lemma 3.5.
The convergence of X,S“) to X() when n goes to oo results from the continuity of the func-
tional. To conclude, we just need to prove the two following lemmas:
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Lemma 3.6 There exisis a positive constant C; such that, for any a > 0,

27’1.1

1, — X, = \/T_E( z sk;c:/z—n) <G

Lemma 3.7 There exists a positive constant Coy such that, for any a > 0,

11
X - x|, = IE(/; ————:{5“ dS) < Caa.

Proof of Lemrma 3.6 : Using Formula (3.17), we have
1 E( 2”2‘1 ng%am) _ 1 i aZZR (S = l)
v 2n Sk v 2n =1 !

k=1 1

£
]

IA
S
B
sy s
2,
NE

n—~1/ k=1 I=1
1 a2 n l(%)
< — —J9]-
s e 2. ; S Le=il2]
Note that
H(s) I
2’°2k lip=tz) = P(Sk=l);5
! A O
P(S; =l)E = T3 | cos”(t) cos(lt)dt
2 7w f2
= ;/ sin(lt) cos®*1(t) sint dt for k > 1.
0
Thus,
2n—1 2 )
1 15 <ovm / ~/ 1—cos™t
— < —dt
\/2—nE( kz_:l A ) < \/_ Z sin(lt) sint T cost

(1 4 cost)(l — cos™t)

= \/_ Z / lt) — dt. (3.19)
Let us expand this sum and bound its terms. Setf

5 = /”/2 sin(lt)costdt
P 0 sint ’

w2 o
/ 311.1(lt) gt
0 sint
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We notice that

sin((l —1)%)

Sin(%—t)
[-1 '

J=La+ ]

and I; = J;_1 +

So J; and I are uniformly bounded. We have

T2 o
‘f sin(l cos"’t dt’ < ] FIE(—IQ cos™t dt
0

sint sint
/2
< 1 / cos™ ¢ dt
0

T2
Mn/2+1)

= \/'
This last term is uniformly bounded for [ € {1,--- ,av/2n} because

vl (25)
T(n/2 + 1}

converges when n —» +oc0. So each term of the sum in (3.19) is bounded and the proof is
complete. O3
Proof of Lemima 3.7 : According to [14, Prop. 3.4],

1
E(/ He(s}(a ds) =1- 26—2a2
0 sy ?

so, we have:

Ir
e(s)<a <
E(fo —_e(s) ds) <8a. O

3.2 Harmonic mean of depth of nodes in size n general trees

Denote by Tg”) the set of rooted, plane, general trees with n unlabeled vertices. For a
treet € T, (n), denote by N () (t) the set of its nodes (different from the root). For s a node of

(”) (1), denote by h(s) its distance to the root. The trees of T( ) are assumed equiprobable.
We have:

Theorem 3.8 (Harmonic mean of depth of nodes)
2 i
(3 )y
T h(s) Ty 00
seNS (1)
Using Lemma 3.2 we just have to prove that — > L .nd 27, have the sa
8 “wel P Jn A(s) 0 3 m e
seNin)
limit law. It will follow from (3.21) and Lemma 3.9 below.
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Correspondence general tree - excursion:

This classical correspondence associates with each excursion of Es(2n), a general tree
with n nodes. The nodes are visited in the same order as in the depth first search; one can
consider the height of a fly walking clockwise around the tree from the root to the root; see
Cormen et al. [7] chap. 23, Takacs [27] or Le Gall [20} p. 454 (see Figure 3.3).

tg"):Es(2n) — Tc(;n)

5 — P@)

Figure 3.3 : Excursion - General tree

This correspondence associates with each edge of £, two steps of the excursion & (the two
extreme steps of the excursion are figured by the root). So, with each node at height &£ > 0,
one can associate two steps [Sk,, Sky+1], [Skss Ska+1] of the excursion such that

Sg, ASpa1= Sy NS = k. -
Thern,
n—1
1 1 1
2 T2 3 ' (3.21)
h 2 Z Z -
SENén)(tg‘)(@)) (3) k=1 Sk(b)) N Sk—|—1 (&.?)
Lemma 3.9
L e -of5)
\/_ Sk A Sk+1 1 \/ﬁ
Proof :
2rn—1 om—1 o1
1 1 1
0< o 1 1
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2n-1 2n—1kA(2n—k) =

1 P(S, =1)
(Y 5) = X > —o
k=1 “k k=1 I=1
< 2i§; (=3y2) Qzﬁ”ﬁyz)i
T oo k(2n — k) (2;1_—12) k=i[2]

< 2Zn: on = k) Zk:( _g)/z) ((2nz—f-zk“—kl)/2)

k=1 =1

To conclude, note that

?; (6 202) (n i Spa) < (= )

3.2.1 Table of convergences

In the case of simple symmetric random walks, we have seen:

T
dj{n} law i N!

Vnlogn =
Vo lawy
vnlogn — N

In the case of excursion & of length 2n:

Random variables

ng) W}gﬂ) Hg‘) Wg” 2 ( Z 1 ) Mon | Van | Tsjom)
Van | V2n | V7 vn n NPy h(s) Vin | V2n Van
s& fe]
o v | v | v v
Limit law v 5 E 7—5 v 2 v v

where V' has for distribution function:

Fy(z) =PV < z) Z (1—k*z)exp (——%) .

—oo<h<+o0
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1. Introduction CHAPITRE IV

Parking functions, empirical processes and the width of

rooted labeled trees !
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BP 239, 54 506 Vandoeuvre Cedex, France.
chassain@iecn.u-nancy.fr, marckert@iecn.u-nancy.fr

Abstract. This paper provides tight bounds for the moments of the width of rooted
labeled trees with n nodes, answering an open question of Odlyzko and Wilf (1987). Essen-
tial to the proof are the one to one correspondences between trees and parking functions,
and also a coupling between parking functions and empirical processes of mathematical
statistics. Qur result turns out to be a comnsequence of the strong convergence of the
empirical process to the Brownian bridge (Komlos, Major and Tusnady, 1976).

1 Introduction

1.1 Rooted labeled trees

A size n labeled tree is a connected graph with set of vertices {1,2,3,...,n}, and withn—1
edges. If we specify that one vertex is to be the root we have a rooted labeled tree. According

to Cayley (1889) the number of such trees is n®~!.

For w chosen at random in the set €, of size n rooted labeled trees, let Z,S"') {w) denote
the number of nodes at distance & from the root of w, and let Hy{w) denote the maximum

distance of a node from the root, the height of w ; (Z,,(:“)) k>0 is the profile of the tree. The
width W, (w) is defined by:

W, = z™,
" okt k

Odlyzko and Wilf (1987) used a surprising Perron-Frobenius-like theory to derive asymp-
totics for the cumulative function of W,,. They also proved that

Civn < E(W,) < Cav/nlogn,

and left the first term in the asymptotic of E(W,) as an open question. Denote by (¢} the
local time of the normalized Brownian excursion e. at level ¢, L.e.

.1t
i) = 31_1510 . fo Tt s1c1e(s) ds.

Aldous (1992) conjectured that 7 Zf%ﬂ /v/n would converge weakly, as a stochastic

process, to t — 1/2 £(t/2). Aldous’s conjecture was settled in 1997 by Drmota and Gitten-
berger. As noted by these last authors, their result entails the weak convergence of W, //n

!Key words. Rooted labeled trees, moment, width, Brownian excursion, empirical processes, hashing
with linear probing, parking.
A.M.S. Classification. 05C05, 60J65, 60J80, 62G30.
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to the maximum m of the Brownian excursion, as 1/2 £(¢) is itself a normalized Brownian
excursion under a change of time (see Jeulin [23], p. 264): for an account of these and other
nice results about Brownian excursion, see [7]. Previously, the weak convergence of W, /v/n
to m was proved directly by Takacs (1993).

However weak convergence does not answer completely the question of Odlyzko & Wilf,
as 1t does not yield convergence of the first moment, and even less the speed of this conver-
gence. The aim of our paper is to fill this gap. Note that the results of Aldous, Drmota &
Gittenberger, and Takdcs are actually about general simple trees. Rooted labeled trees are
a special case of simple trees, but an important one (see [28] p. 389-390, [33], [34] or {44]).

1.2 Results

It is part of history of probability that:
Pr(m <z) = Z (1 — 4k2g2)e 2"
—oo<k<toa

and, for r > 1:

pr = B(m") =27 Pr(r = DD (2)¢(r), = \/g

(see [12], [13], [27], [32], [7], [46]). We shall say that m is theto-distributed by reference
to Jacobi’s Theta function [6] [8]. Incidentally, it is also well known that theta-distributed
random variables occur as a limit for the height of trees: see Renyi and Szekeres (1967) for
rooted labeled trees, Flajolet and Odlyzko (1982) for general simple trees. Aldous (1993)
finally explains both Flajolet and Odlyzko’s results and Takdcs’ results (1992) about the
total path length of simple trees, by proving convergence of the rescaled search depth process
of a simple tree, to the normalized Brownian excursion (see Section 2 of [1]).

We prove that, at the price of enlarging the probability spaces, there exists a sequence of
theta-distributed random variables m,, satisfying:

Theorem 1.1 Forp>1,
E(ln~Y2W,, — m,P) < C, n7?4(log n)?/2,
in which Cp does not depend on n.
yielding, as a corollary:
Theorem 1.2 Forp > 1,
[B(n~*?W2) — B(m?)| < G} n~V/*/logn

The proof uses essentially the breadth first search random walk (see Spencer (1997) or
Aldous (1997}}, also exploited in Takdcs (1993): Takdcs’ approach leads to convergence of
moments of the width for binary trees, or general unlabeled trees, due to a clever use of the
ballot theorem.
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For rooted labeled trees, Takdcs’ approach needs an additional ingredient: we use a close
connection between rooted labeled trees and empirical processes of mathematical statistics,
which, we believe, has interest in itself. For instance, it gives an O(n) algorithm for the
generation of a random rooted labeled tree, an alternative to the O(n} algorithm using Prufer-
Knuth’s correspondence (see Moon [33] Chap. 2, Knuth [28] p.389-391, or Alonso and Schott
[5] p. 25-30). It also gives an alternative proof of the recent result of Flajolet, Viola & Poblete
(1998), about the total displacement for linear probing hashing.

1.3 Motivations

One of the motivations of Odlyzko and Wilf, when they study the width of labeled trees,
is to give a tight estimate for the average bandwidth of this class of tree.

Denote by E(T) (resp. V(T)) the sets of edges (resp. vertices) of a tree 7. Assume
#V(T) = n and let Qp, be the set of one-to-one mappings between V(T') and {1,--- ,n}. The
bandwidth 5(T) of T is defined by:

T) = mi -
B(T) ﬁgﬁ((%ggéTﬂfﬁﬂ f@OD
Let W(T') (resp. H(T)) denote the width (resp. the height) of 7. Height, width and
bandwidth of T' are related by:

Proposition 1.3

n—1
—— < <2 T).
3 g < AT S2W(T)
For a proof see [35]. Analysis of the width is also a first step towards the study of the
average complexity of drawing trees nicely (see [48]).

2 Rooted labeled trees, parking functions and empirical pro-
cesses

2.1 The breadth first search random walk

A first correspondence between parking functions and acyclic functions was discovered
by Schutzenberger (1968) (see also {20] [21]). For seek of convenience we shall describe the
merely equivalent connection between rooted labeled trees and parking functions, borrowing
an important ingredient to [47], [3], among others: the breadth first search random walk. We
start the breadth first search of the rooted labeled tree with vertex (), that is, we maintain a
queue @ that is initially (0). At each stage we take the vertex z at the head of the queue,
remove z from the queue, and add all “new” neighbors of z at the end of the queue, in
increasing order.

At siep 0, the search produces the set Ay of neighbors of vertex 0, so that after step 0
the queue contains exactly the elements of Ay, but not 0 anymore. At step 1, the search
produces the set A; of new neighbors of the smallest element z in Ay, so that after step 1 the
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queue contains Ag U A; — {z}. Let Ay denote the set of new elements in the queue after step
k, and let ; = #A4;. A labeled tree with vertices {0,1,2,3,...,n}, rooted at 0, is described
by a sequence of disjoint sets (4;)o<i<n, Whose union is {1,2, ...,n}, and whose cardinalities
x; = ##A; satisfy the following set of constraints:

Ty 2
To+z1—=1 >

VA
“I--‘

g+ T+ —k (2.1)

To+zr1 4+ ...+ Tpg—-n+1 > 1,
To+zx1+ ...+, —n = O

Constraints 2.1 are necessary and sufficient conditions for a tree to be connected, or for the
queue to become empty only after step n:

Yr=To+ T +..+Tp—k
denotes the number of vertices in the queue after step £. We have clearly
Yk —Yk-1 =2k — L.
Note that Z:E"H) = g, Zz(""'l) =y 2 and more generally

(n+1)} _
L1 Ut g g

At step Zl(n+1) + Zénﬂ) +.4+Z ,Enﬂ), we explore the last vertex at a distance k£ from the root,

and the queue contains exactly the vertices at distance k£ + 1 from the root. Actually this

is Kendall’s embedding of a Galton-Watson process in the process of queue lengths, between

two successive idle periods, when studying a single-server queue (see {25], [50], Section 4, or

[38]), with only one difference: we assume that exactly n + 1 clients arrive in this interval.
The main point is that the width W,,, defined by

Wn = 111’:‘-:3.}{ Zl(cn+1)?

is the maximum of a sample of y;, and our proof of the convergence of moments will be in
two steps, one of them being that this sample is “representative”, in the sense that
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N RCn f~3

ofollco
=2 I ED RE1ET & e

Theorem 2.1 Foranyp>1
|Wa — max yill, = O(n!/*/logn),

due to slow variation of the sequence y = (yx)o<i<n (See Section 3).

For the second step, quoting Spencer (1997), we note that if a rooted labeled tree (or a
parking function, as we shall see later) w is drawn at random, the corresponding sequence
(#i(w))o<i<n has the distribution of independent Poisson random variables with mean value
1 conditioned to satisfy constraints 2.1: the number of n-tuples {4;)o<i<n with cardinalities

(z:)o<i<ns

n!
z1lzol..an!’

is proportional to the product of Poisson probabilities e™!/z;!. In other words, the corre-
sponding unlabeled tree is a Galton-Watson tree with Poisson(1) progeny, constrained to
have n + 1 nodes. In terms of Galton-Watson processes, Ay is the prog