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����� � �!� "$#%� �!& "'& �)(*�,+.-/(*0
g ≥ 1

(1+2� ��+.�!� " Ag 3 (547698�:<;)= (5:>�?= & 3 (*"2= (*"'"@4A6 B*:C8D"�8�E�B 3 -/(*� "; 0.-F� 4*-/;98 3 (*:<(*�,+G;H� 3 8D0.-F".B*"I= (KJ�(*� 0.( g LNM (K47698�:<;>(*"O+P8 3 J�B*E 0.-FQ?& (K(1+ 3 -/".".(K".& 0 Spec(Z) R :>8�-F"G;98�"
; 0.��; 0.( L�S �)(1TH(1+ R 3 (U4*0.-V+@W*0O(5XD8 3 &98D+@-VYZ= (U; 0O�!; 0O(1+@BU�\[](*"O+�;98D"'X^B*0O-F_9BU4`8D02".- R (*".+2& �a8D� � (`8�&)= (
XD8 3 &98D+.-/���b= -F"@4*0OW1+@('= ('4*�!0O; "P= (*"IYc0@8D41+@-/��� "

K R - 3 (edf-F".+.(2= (*"GXD8�0O-/B1+.B*"g8�E�B 3 -/(*� � (*"P; 0O-/� 4*-F;98 3 (*:>(*�^+
;�� 3 8�0O-/".B*(*"G".& 0 Spec(K)

Q?& - � (K".(K; 0O� 3 �!� J�(*�,+G;98�"G(*�>= (*"Z"@4A6 B*:C8D"I8�E�B 3 -F(*� "G".& 0 Spec(R) L!h 3 (*".+= �!� 4i�98j+@& 0O( 3 = (i4*�!� "O+.0.& -F0.(i= (*"k4`��:>;98D41+@-V_94`8D+.-/��� "k= ( Ag LlM (i; 0O�!E 3 W*:>( R -F� -F+.-/Bi;98D0'mn& :<Yc�!0O= R(*"O+�0.-F476 (o=\[p& � ( 3 ��� J!& (o6 -F"O+@��-/0O(rq]sbt,uwvlxNy L�z ".6 R mn& :<Y{��0.= RH| 8�;���;H��0O+�(1+�}~8�-Pq]����s���yw=\[p& � (
;98�0$+ R
� 8 3 +@-F� J!"i(1+ M 698�-gq]����v9� y~=\[p8�&f+.0.(�;98D0O+ R �!�,+i4*��� "O+@0O& -F+i= (*"C�A����� �,�7��� �k�@�j�����j�f�o���j�@�j���^�D�/�A�
= ( Ag LIM (*"<= (*0.� -FW*0.(*"<".�!�,+<= (*">4A698�:>; ">8 3 J�B*E 0.-FQ?& (*">= B*;�(*� =98D�,+>= &�476 ��-Vd =\[]& ��B1X^(*�,+@8�- 3 Σ L¡2�D+@��� " AΣ

g 3 8>4*�!:<;98�41+.-F_94`8j+@-F�!�n+@��0.�D¢�=98 3 (o8D".".�?4*-/B*(U£>& �n+@( 3 B1X!(*�,+@8�- 3 Σ L
¤ ��& "2& � (56,¥N;��D+@6 W*".(= (n�98j+@& 0O(n4*�!:oE -F�98D+.�!-F0.(n".& 0
Σ R 3 (n47698D:>; AΣ

g

(*"O+ 3 -F"@".(¦"@& 0
Spec(Z)

(1+ 3 (n4*�!:<; 3 B*:<(*�,+@8�-/0O(= ( Ag Y{�!0O:>(�& �§= -FXN-F".(*& 0�£r4*0O�!-/".(*:<(*�,+."�� �!0O:C8D&Nd L\¨ 8r"O+.0@8j+@-V_94`8D+@-F�!�§-F� = & -F+.(�;98D0i4*(�= -FXN-F".(*& 0
(*"O+©;98�0.8�:<B1+@0OB*(I;98D0

Σ
(1+ 3 [p���U;�(*&f+w8D"@".�?4*-F(*0©£K47698DQ?& (G".+.0@8j+@(G& �50@8D� J r ≤ g L�¨ (I4*��:>; 3 B1+@BZY{��0.:>( 3= ( 3 8�4*��:>;98D41+@-V_94`8D+.-/��� 3 ( 3 �!� J�=\[p& � (�"O+.0@8j+@(�= (�0.8�� J r (*"O+G-F".�!:<�!0O; 6 (K8�&<4*��:>; 3 B1+@BkY{��0.:<( 3 =\[p& �4*(*0O+@8�-F�r_9E 0.Bi(*��; 3 �!� J�(*:>(*�^+@"g+@��0.-FQ?& (*" Mr → Br 3 ( 3 �!� J�=\[p& � (i"O+@0.8D+.( R �!ª Br → Ag−r (*"O+�& �".476 B*:C8<8�E�B 3 -/(*� L

¤ - g ≥ 2 R �!�b� (�= -F".;H��".(�:>8 3 6 (*& 0.(*& ".(*:<(*�,+g;98�"P=\[]-/�,+.(*0.; 0OB1+A8j+@-F�!�b:>�,= & 3 8�-F0.(2= (*"P4*�!:<;98�41+.-F_f#4`8D+.-/��� "I+.�!0O��¢�=98 3 (*"I= ( Ag LN« �b;�(*&f+I+@��&f+@(1Y{��-/"P8D¬>0.:<(*0IQ?&\[p( 3F3 (*"I;98�0.8�:<W1+@0O(*�,+Z%+@��& " 3 (*"P".476 B*:>8�"
".(*:>-®#¯8�E�B 3 -F(*� "°".& 0 3 (*"~+.0@8D-F+."°Q?& -N".���,+°J!B*� B*0O-/Q,&9(1:>(*�,+°= (*"~".476 B*:C8D"Z8DEHB 3 -/(*� "~; 0.-F� 4*-/;98 3 (*:>(*�^+°;��D#
3 8D0.-F".B*"$± LD¨ 82; 0O�!; 0O(1+@BP= (P4*(*"w4*�!:<;98�41+.-F_94`8j+@-F�!� "w0.B*".& 3 +@(g8 3 �!0O"w= &o4*0.-V+@W*0O(PXD8 3 &98j+@-VY9(1+~= &U+.6 B*�!0OW*:>(
= (�0.B*= & 41+.-/���n".(*:>-®#%".+@8�E 3 (�;��!& 0 3 (*"�XD8�0O-/B1+.B*"28DEHB 3 -/(*� � (*"5qSGA7 ²´³ +.6 LlµNL·¶ y L

¸w��& 0�= -VX^(*0O"@(*"�0.8�-F"@��� " R - 3 (*"O+�B*J^8 3 (*:<(`�^+©�98j+@& 0O( 3 =\[]B1+@& = -F(*0 3 (*"©4A698�:<; "�=9(G:<�?= & 3 (*"�= (ZX�8D0.-FB1+@B*"8�E�B 3 -/(*� � (*"�; 0O-/� 4*-F;98 3 (*:>(*�,+�;�� 3 8�0O-/".B*(*"�:o& � -/(*"�= (§"O+.0.& 41+.& 0.(*"�= (§� -VX^(`8D& L�¨ (*"�"O+.0.& 41+@& 0O(*"�= (
� -FX!(`8�&§� �j�@��¹ �j�7��º1»l�A�C���,+ 3 [·8`XD8��,+@8�J�(>=\[]¼1+@0O(<= B1_9� -/(*"�"A8D� "U8D:oE -/J!&f¢�+.B<"@& 0

Spec(Z) R "A8D� "5Q,&½[]- 3".�!-V+©� B*4*(*"."@8�-F0.(G=\[p-F�,X!(*0.".(*0�4*(*0$+A8D-/� "�� �!:oE 0.(*"�; 0.(*:<-/(*0O" L�¨ (*"©(*".;98�4*(*"�= (G:>�?= & 3 (*"©4*��0.0O(*".;H��� =98��^+@"� (b"@���,+�� -P; 0O�!; 0O(`"o� - 3 -F".".(*"�".& 0 Spec(Z) R (1+ 3 (bE &f+�= (r4*(1+O+@(C+@6 W*".(b(*".+�=\[](*�¾4*��� "O+@0O& -/0O(r= (*"
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�����! �"#��$&%('��)"*$+%(��,�-.$+�#/&�#021�"43�5�-�6879":1�%(;�<�/=5�,���5>3?": �3(@�-A%(�B C��/D$E"4,�$+5F �"#/G/&"# � C��/D$H"#@I�)"#-A1�5 Ag 5�-=$3?"J �/&<�-&5�,���5K1�5K-&%�,�L#@�3?"4/&%M$+<�-�N�O8@�%P/=5�,�1Q3SRT<�$+@�1�5KL#<����!<�$+/=%�O8@�5K �3(@�-F1�<�3(%��)"*$+5#6
U �#%�5�,V$ p @�,W,��#�YX�/=5Z �/&5��!%�5�/�N s ≤ g @�,W5�,�$&%�5�/[5�$ D = {d1 < d2 < . . . < ds} @�,W-&��@�-D\

5�,�-&5��YX�3(5��#/&1��#,�,�<�,���,W]^%�1�5_1�5 {1, . . . , g} 6a`b<�'�,�%(-&-+�#,�-J3(5��dc�"#�! Ag, 0 �����!�B5_3SRT5�-+ �"4��5�1�5
�B��1�@�3�5�-e/&5�3�"4$&%(f�-&@�/ Ag O8@�%� �"#/&"#�!g�$&/&5A3(5�-h1�/&"# C5)"#@^i[1�5A-&��@�-D\jL#/&�#@� �5�-k'�,�%�-�N* �3�"4$&-h5�$e$&�#$+"#3(5��B5�,V$%�-&�4$+/=�� C5�-

H1 ⊂ H2 ⊂ . . . ⊂ Hs

1�@lL#/&�#@� �5m1�5 p \2$+��/=-&%��#,l1�5m3?"n]4"#/=%�<�$&<K"#XC<�3�%(5�,�,�5m@�,�%(]�5�/&-&5�3(3�5#N^$+5�3(-oO�@�5 Hi
-&��%M$o1�5m/&"#,�L di  C�#@�/$+�#@�$ i ≤ s 6apq,r1�%($[O8@�5 Ag, 0 5�-&$[3�5I�dc�"4�B r1�5�-n-&�dc�<��I"#-n"4X�<�3(%�5�,�-[ �/&%(,���%� �"43�5��!5�,�$n C��3�"#/=%�-&<�-

1�5_L#5�,�/&5 g �Y@�,�%(-Y1�RT@�,�5Z-=$+/=@���$+@�/=5_1�5_,�%M]V5)"4@s �"4/+"4c���/=%�O8@�5Z1�5Z$ut^ C5 D 5�, p 6wvA5_�dc�"4�B W5�-=$
"#3(L�<�X�/=%�O�@�5o�I"4%�-.,�RT5�-=$G �"4-.3�%(-&-&5o-&@�/ Spec(Zp) x ��,B1�%M$.O8@�Ry%(3�"JzB{4|^}4{*~?���F�+�+�4|��d�S~2�*�_5�, p 6��u3�,�RT5�-&$ �"#-: �/&�# �/&5B-&@�/ Spec(Z) N95�$[,��#@�-n"#3(3��#,�-[3(5I���#�B �"4��$+%M'�5�/�6k�H%(5�,r-&��/�N9�#,r,�5B �5�@�$[ �"4-[�#X�$+5�,�%(/
1�5I���#�B �"4��$+%M'��)"4$&%��#,�-[3�%(-&-+5�- x �#,�]���@�1�/&"#%M$[$&��@�$&5�f��#%�-[���#,�$+/=��3(5�/:3�5�@�/=-[-&%�,�L#@�3?"4/&%M$+<�-�6k795B/&<�-&@�3M$E"*$
-&@�%(]4"#,V$F-&5�/&"! �/&<���%(-&<K1�"#,�-o3�5m$&c�<���/=g��B5n�������
���?��6
�G�k�������#�s��� 6e�  E¡��=¢#~?�£�¤�A|^�_�E¥�{*zq¦�{4¡y§��)¨£�£~�©�|��o�+{4������~S©�|�� AΣ

g, 0
©£|^~P�+�£�8¦C�+�E¦C�+�G�d|^� Spec(Z) ª©�|^~A�E�*����~2�£��� Ag, 0 �E��zJzZ�Y�*|^}#�d�£�«���£���)�J�£�A�u�£¡e©�|w¬ ~¡h�=¢#~?�£�¤�:|8���.®o¯E�E¥��«¦C�+�E¦C�+�

AΣ

g, 0 −→ A
Σ

g

¦C�+�*¡?���^§��+{4���o¡?�YzZ�*�j¦�¥�~?�£zZ�B�9¬°�*|�¨�¡±~o�*|²��~}4�+{4|�³h´k�I�E¥�{*zq¦ AΣ

g, 0
�+�£�ozY|^��~µ�9¬ |^���n�£�S�&{4�S~ ¶H�+{4�S~2���

¦�{4�&{4zI�£�S�+�E�H¦�{4� Σ �£�.¡&¬°�*�B¦��£|^�H���E�d�£~�+�q���*�·�+�*zq¦C¡��£�¤�a¸)�*�dzZ�d¡�¡��K¡��*�^§Z�9¬ |8���q�£�S�&{4�¤�H¦�{4�[�E�£�d�u{4~
���
¶H¨��+�E�m�£�n¦C¡��*�^§��dzZ�£����>�¤���£~�©�|��E�)³�¹A�n¦�{4�d�S~2�£|^¡º~2�£� ª �)�E�µ�£~�^§4|8¡�{4�d~�¤�E�µ���*���C¦��E���4|^~���b���µ�£~�8§4|^¡�{*�£~�u�E��¤�*�d~S©�|��E�J�£�«���E�b�£~�^§4|8¡�{4�d~�¤�E�n���E�J�+¥�{4zq¦�� Ag−r, 0 ¦��*|8� r ≥ 0 ³
79"J �/&<�-&5�,���5K1�5K-+%(,�L�@�3�"#/=%($&<�-µ$+�#/&%�O�@�5�-F5�-=$o1�@�5["4@Q�)"#/&"#��$&g�/&5m$+/=�� Q/=5�-=$+/=%���$&%(fh1�@Q�dc��#%Mil���#�nX�%M\

,�"4$&��%(/&5 Σ 6�»e��@�/a/&5��!<�1�%�5�/w¼b��5µ �/&�#X�3�g��!5#N#,���@�-w/=5��B �3�"#½��#,�-w3�5«�dc���%±iJ1�5 Σ  �"4/a��5�3�@�%�1�Ry@�,J<�]V5�,^\
$E"4%�3

S
/&5����#@�]^/+"4,�$«@�,����#�B �3(5£i�5b���#,�%�O8@�5b"#1�<�O8@�"*$)6�`b"#,�-H3�5q$&c�<���/=g��B5K���?¾��
¿�����N^,���@�-«���#,�-=$+/&@�%±\

-&��,�-n@�,�5Z�����! �"#��$+%M'��)"4$&%��#,r$+�#/&�4021�"#3(5·ÀK"4�B<�3(%��#/&<�5bÁ·1�<� C5�,�1�"#,�$n1�5
S
6 U 5)-n-&%�,�L#@�3?"4/&%M$+<�-n-&��,V$

��5�3�3(5�-«1�5�-«�dc�"4�B �- Ag−r, 0  C��@�/ r ≥ 0 6�Â.,� �"4/=$&%���@�3(%�5�/�N�3�"Y���#�B �"4��$+%M'��)"4$&%��#,l"#�!<�3�%(��/=<�5b5�-=$µ3(%�-&-&5-&@�/ Spec(Z[1/p]) 5�$o3�5K���#�B �3(<��B5�,�$+"#%(/&5K1�5 Ag, 0 5�-&$o@�,Q1�%(]8%�-&5�@�/F¼J��/&�#%�-&5��!5�,�$+-o,��#/&�B"#@^i�6
79"��B<�$&c��81�5�1�5ÄÃ�"#3M$+%(,�L�-Z5�$QvAc�"#%>@�$&%�3(%�-&5�1�5��I"4,�%�g�/=5��)/=@���%?"43�5�3�"r3�%(-&-&%($&<Å1�5 Ag NA5�$_,�RT5�-=$1���,��B �"#-[1�%�/=5���$+5��!5�,�$:$+/&"#,�-& C��-+"4X�3�5Z"4@^i��)"4-[1�5B�I"4@�]#"4%�-&5I/=<�1�@���$+%(��,�6kÆ>��@�-:�)�#,�$&��@�/=,���,�-[��5

 �/&�#X�3�g��!5:5�,Q/=5� �/=5�,�"#,V$F3?"!���#,�-&$&/&@���$&%��#,Q1�5)-o�����! �"#��$&%('��)"*$+%(��,�-o1�5 Ag 5�$F5�,Q3?"!�!�81�%('�"4,�$�6�Â.,
 �"#/D$+%(��@�3�%(5�/�Nk,��#$&/&5_"# � �/=�)i�%��B"4$&%��#,W-+@�/[3?"Q]#"4/&%(<�$+<Z-+"#,�-n,�%(]�5)"#@�¦C�+�E�)�£�£}4�Z¡?�B���*|��dÇS§4�+�*|�¦��l�V� p Ç�¤�*�+�£~2����6�pq,:$+/&�#@�]V5�/&">1��#,��A1�"#,�-e��5�$=$+5G$&c�g�-&5A3?"F����,�-=$&/&@���$+%(��,[-+%(�n@�3($+"#,�<�5A1�5�-e�����! �"#��$&%('��)"*$+%(��,�-
1�5 Ag 5�$Y1�5 Ag, 0 6hÆ>�#@�-Y1��#,�,���,�-Y@�,�5_ �/=<�-&5�,�$E"*$+%(��,W1�%(;�<�/&5�,V$+5_1�5�-Y/=<�-&@�3($+"4$&-Y1�5ÄÈTÉµÊJË�Ì�ÍH5�,
%�,V$+/=�81�@�%�-+"4,�$F3(5�-o,��#$&%��#,�-F1�5!Î£\j�B�4$+%Mfh1�5nÏQ@��!f��#/&1Q5�$o1�5K�)"4$&<�L��#/&%(5m'�X�/&<�5:¼J3?"Yf�/&�#,�$+%(g�/&5#6
79"�$+5��dc�,�%(O8@�5Å@�$+%(3�%(-&<�5Ä%(��%q5�-=$_$&/+"4,�-+ C�#-E"4X�3�5Ä¼r1�5Ä�n@�3($&%� �3(5�-_�)"#-�»e6ÐÂµ6Ð7wNH���#�B�!5Ä��5�3(@�%q1�5�-

]4"#/=%�<�$&<�-k1�5AÑF%�3(X�5�/D$=\ U %(5�L�5�3V�#@[��5�3�@�%V1�5�-P]#"4/&%(<�$+<�-k1�5 U c�%��n@�/+"o@�,�%M$E"4%�/=5�-�N�5�,:@�$+%(3�%(-+"#,�$k3(5�-k/&<�-&@�3M$E"*$+-
1�5ÅÈºÒ�Ó�Ô*Ì��^ÍA5�$Y1�5ÅÈºÒ�Ó�Ô*Ì9��Í26eÕk��@�$&5�f���%(-�Ne3�"����#,�-=$+/=@���$+%(��,W1�5Z���#�B �"#��$&%('��)"*$+%(��,�-[$&��/=�#021�"43�5�-n5�,
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�������� �!#"$��%���&'!#��()!#*,+-��.-/$%���"�0-*�1#�324��*�%�*,(4*�+-�� ,��%��$56.7/�%��� 8!9�:16 �!#.7*�+;!<0;*,16�31#�3 ���%�*,+-"$.-*,&'*,��!#��0=%��
 ?>@!#�����A!)�B%�>C�$��%�16&D16.7��E�*�+-&D�$+F.-�$+70-�G���H��.-1#I� �J$&D�G1#��(K�$.L0NM< ��$+O&'/�0;E�1�%��$+F%��QP@RTSVU�W�XY���G+-�$&HI� ��$�K0
��!#+Z+$>\[]!#%�!)��0;�$.�^
_ �$+`"$16&D��!#"�0-*,a�"A!<0;*,16��+b0;1#.-1)cd%�!) ��$+`%�� Ag, 0 16��0e�����T5#/$16&'/�0-.-*,��!)+-+-�$fZ+-*,&'�� ,�#g6&3!)*�+`%�/$��$��%��$�K0%�>@���]"hE�16*ji�"$16&HI�*,��!)0-16*,.-�#^�kl ��$+70Z��!)0-��.-�$ �%��m"nE��$.7"nE��$.T�����9!)��0;.7�m"$16&D��!#"�0-*,a�"A!)0-*�1#�]%�� Ag, 0 2���*+-16*o0F"A!)��16��*,24���#gp24��*,070;�rqs �!s+-�����:1#+;�$.t�� ���+t+;*,��56�� ,*�J$.7�r24���r ,�$+O"$16&D��!#"�0-*,a�"A!<0;*,16��+t0-16.71#cd%�!) ��$+$^#u416*o0

n ≥ 3 ���'�$��0;*,�$.e��.7�$&'*,�$.=q p ^6kv ��$+-0=!w()!)��0h!)56�$�YiD%��Z.7�$&'�� �!#"$�$. Ag, 0 ��!#. Ag,n,0 gK24��*��$+-0e ?>C�$+-��!)"$�%��V&'1�%��� ��$+m.-�$ �!)0-*,xr+-��. Ag, 0 %��$+m+70;.7��"�0;��.7�$+9%��V��*o(K�A!)�y��.-*,��"�*���!# ,�$+m�$� n ^Nz`�y��{���0$g Ag,n,0 �$+70���|+-"nE�/$&'!]2���!)+-*o}~��.71p�-�$"�0;*oxG+-��. Spec(Z[1/n]) ��09��!#+9+-�$�� ��$&D�$��09���|"nE�!)&'��!) �5#/$I�.-*,24���#^���16��+
"$16��+70-.-��*,+-16��+� 8!��h�<�s�������?� �G�;�)�?�d�p���V�����	�3�)�8� A∗

g,n, 0
%�� Ag,n,0 M�"#>C�$+70�����+-"nE�/$&3!]��.-1p�7�$"�0;*ox�+-��.

Spec(Z[1/n]) 2���*���+-0b*,��%�/$��$��%�!)��0b%�� Σ ^#ze�B"$16��0-.-�$��!).70-*��#g)1#�V����"$1#��0-.-�# ��G��!#+b+-�$+b+-*,��56�� �!#.7*,0-/$+$^�s1)0;1#��+ G0
 ,�]+-"nE�/$&'!|!)I:/$ �*,�$������*,(6�$.-+-�$ �+-��. Ag,n,0 ��0 Gi = G0/Hi

+-16��2���1#0-*��$��0D��!#.V ,� i }J$&'��+-16��+L}~56.716���:������*,(6�$.-+-�$ ��1#��. 1 ≤ i ≤ s ^ _ �$+Vx�1#.-&D�$+D%�*,{/$.7�$��0;*,�$ � ,�$+D*��K(#!).-*�!#�K0;�$+D+-��. Gi%�/�a���*�+-+-�$��0V+;��. Ag,n,0 ����x�!)*�+-"$�A!#��*,��(K�$.7+-*�I� ,� ωi �:1#��. 0 ≤ i ≤ s ^=�Q����.-/$"$*,+-�$.;!� ,��.-/$+-�� o0h!)0
+-��*,()!#�K0�%�!)��+Z ��m0-E�/$1#.-J$&D�9���	���8U�^
�= t¡p¢�£p¤#¥�¦¨§ ^O© ª�«p�K���A¬w�<��¬ g ≥ 2 e® �T�7¯6��¬��v�°«4��¬w�;±�²��3�'�:³;�v´A�h�n�?� µ A∗

g,n, 0 ¶ �3�?·n�����e����¬�«Y³
Spec(Z[1/n]) ¸r¹ «Y�=�;�<���?�d�n��� Ag,n,0 �;�<�V�3�H�<«4º#��³n� ¶ ����¬w� ® �t�h¬n�e�B«Y��� ¶�» «Y��µ$�)�8¬A�h�;�)«¨�)�Q���8� ¹ «Y�²��v�n� ¶ ⊗si=0 ωi

���=� » �<�|�

A∗
g,n, 0 = Proj

(⊕

k∈N

H0

(
Ag,n,0 ,

s⊗

i=0

ωki

))
.

¼ �����)³n�?�d��«4�j�d��³ ¸ � » �)�@½�¾$¿�³;��½<³;� ¶ «�²h� ⊕k∈N H0
(
Ag,n,0 , ⊗si=0 ω

k
i

) �h¬�� ¶ �H�?·h���r�e���`¬�«4³ Z[1/n] OÀ �¬w�h±�²��3� A∗
g,n, 0

�h¬��O¬��?³-�)�?� ��²=���)³ ¶ �h¬Áº<�)³n�d²��v²h¬ ¶ �Qª��d�~½K��� ¶ �Z½�����³;� ≤ g ��� ¶ �Á����º#�;�)«����)³-�p±��<³n� ¹ «��º)�)³n�?�6¿��8� 3Â �<«4�v�|�;�<�Q���K���?� �G�;�)�?�d�<�Ã�l�<³h�pÄ ¶ �)�8� ¶ � Ag,n,0 ¬A���r¿�³;�Å¬n«Y³ A∗
g,n, 0 ¸ �n�B�8�¨�3�<³~��±4�8¬��3��6¿��l����«¨³;�h¬~���h���v�9�8�h¬m¬n�?³;�<�?� ���;�<�?�d�<��¬ 

Æ ��0;E�/$1#.-J$&D�|�:1#��.-.-!#*o0Å/$5K!) ��$&D�$��0Å+-�y56/$��/$.-!# ,*�+-�$.Å!)�YiÇ()!#.7*�/�0;/$+]%��|Ès*, �I:�$.70L}Lu4*��$5#�$ m��0¨!)�Yi
()!#.7*�/�0-/$+T%��Hu4E�*,&H��.;!VÉO^ÊzT^ _ ^�!#+-+-14"$*�/$�$+ZqB%��$+T56.716���:�$+T����*,0;!#*,.-�$+NM�16�]��0-*� ,*�+-�$.-!#*o0Z �!V��1#.-&'!# ,*,0-/m��0
 ?>C��i�*,+70;�$��"$�9%��9"$16&D��!#"�0-*,a�"A!<0;*,16��+T0;1#.-1)cd%�!# ,�$+Z%��9"$�$+Z()!).-*,/�0;/$+$^
u41#*,0 Ag, 0 ������"$1#&'��!)"�0;*oa�"A!)0-*�1#�'0;1#.-1)cd%�!# ,��%�� Ag, 0 ^Y�Q�3&'1#��0-.-�$.-!�%�!)��+r ,�Z0-E�/$16.7JA&D�ÁË��?Ì��8Í��	Ë24���� ���+-"nE�/$&3!Ã!#I:/$ �*,�$�Î����*o(K�$.7+-�$ V+-��. Ag, 0 +A>C/�0;�$��%Ï"A!#��1#��*�2����$&'�$��0|�$�Ï���Ï+;"hE�/$&3!Ã+-�$&D*o}

!#I:/$ ,*��$� G0
+-��. Ag, 0 ^ _ >@!#%�E�/$.7�$��"$�m%��Å%�.-!#�:�A!#�]����*,(6�$.-+-�$ H•

%�!#��+ G0
�$+70Z24��!)+;*j}da���*��m��0Z�� 8!<0;�

+-��. Ag, 0 gt&'!#*,+H��!)+�a���*,�#^OÐs!)���:�$ �1#��+H24��>C����+-"nE�/$&'!¨�$��5#.-1#���:�$+H+-�$&'*j}~+70h!)I� ,�3�$+-0H���Ñ+-"nE�/$&'!
�$�Ò56.716���:�$+Q �*,+-+;�H%�1#��0Á ,�$+sa�I�.-�$+Q+-16�K0Á��iY0-�$��+;*,16�Ò%�>C���Ò56.716���:��a���*O/�0;!# ,�B��!).Q���Ò+-"nE�/$&'!°+-�$&D*o}
!#I:/$ ,*��$��^ekl T�$+-0'��!)0-��.-�$ T%��¨+-�Å%��$&'!#��%��$.'+$>C*� T��i�*�+70-�¨���Ó+-"nE�/$&'! G +-�$&'*j}~+-0;!#I� ,�Å+-��. Ag, 0 2���*
/�0;�$��%��� ,�H+-"nE�/$&'!°!#I:/$ �*,�$�Ô����*,(K�$.7+-�$ ?g:��0s0-�$ t24���� ?>@!#%�E�/$.7�$��"$�H%�� H•

%�!)��+ G +;1#*,0sa���*,���$0s�� 8!<0;�
+-��. Ag, 0 ^
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������ "!$#&%��('�)���'� +*-,.!$/.*-0214365&/758'60:9.;&5�0<0<5>=?��5& $021@��'A)�*('� "B�5C;8*( ")�DE��'�5GFIHKJML�NMHKLOJ2P7Q�P>R�SUT(P<VWL

Q�PYX[Z\SURO]�PIR�^_��` D = {1} a �b���� b��c�0<5&'���'� bB�5C!<#& <��B40d*-0" <��143W*('�0&^_=?��1e <5&!<*.%�!<#&;&1@ <#>)�*W'� "B@5C0<f�#8�-g!<h&/75Ci�j
k�jml a�n *(%�%_5&B��('� o 21@/G%�B@5&/G5&'�0o=?��5:Bp*q;&��/7%��( 2*('�0<5:'�5&��02!$5:)�DE��'r <;If�#&/.*q <5&/G1\gs <02*(c�B@5:5& <0B�5r <;If�#&/.*t <5&/G1\gu*(c_#&B@1�5&'v#&w�*(Bx9tBKDy��'�1��('v)�5& G;&�(/G%_�� 2*W'�0<5& G;&��'�'�5Mz�5& G)�5rBKDy#&B�#&/75&'�0G'�5&��02!$5{)�5
;If�*W=?��5:|�c�!<5 a
}�~e�������(���v� a�� �C� H � R�F Ag, 0 ZpP�Nd��VW�"��V�FdF � NMSK�q� D = {1} PIH H ZpP:F � L6FM�K]WJ � L���PYLOR�SUTWPMJdF8PMZ� R�S�PMH_�_Z@VWH�Q�P�J2V-RO]

p
FILOJ Ag, 0 ��� � SUH Ag, 0 LOR�P[N � �"��V6NMHKS � N2VWHKS � R�H � J �-� Q6V-ZpP:Q�P Ag, 0 � �C� H � R�F G0ZpP�F�N2���M�.VrF8PM��SU�$V��I�MZ\S�PIR�FMLOJ Ag, 0 � LOS"�MHuPMR�Q ZpP�F�N2���M�.V¡V6�I�MZ\S�PIR�LOR�SUT(PIJdF8PMZ¢FMLOJ Ag, 0 �¤£ Z¥P$¦�SpFIH§PLOR�F�Nd���I�.V¨PIR�]WJ � L���PdF7F8PM��SU��FIHuV6��ZpP G FMLOJ Ag, 0 Q � R�H"Z�VtN � �"� � F8VWR�HuP.R�PILOHKJ2PrPdFMH G0 © �s]6VWZªVWLF�Nd���M�.VAV6�d�MZ\S�PMR�LOR�SUT(PMJ2F�PMZ�VWL?�$Q�PdFdFIL�F«Q6P Ag, 0 PMHxH§PMZ � L�P�Z<¬ V�Q����MJ2PMR�N2P«Q6P H Q6VWROF G F � SUH � R�S�PPMH�_Z�VWH§P+FMLOJ Ag, 0 �

������ ª!$#&%��('�)���'� �'�#8w�*W0<1@3�5&/G5&'60®9YB�*C=���5& $0<1��('«%�!<#&;&#&)�5&'6025b)�*W'� ªB�5�;8*( ª�(`
g ≥ 2

5�0 D 6= {1} a¯�'v°m*(1408^
H•

'�5  8Dy#�025&'�)²±2*(/G*(1@ «5&'³��'´)�!2*W%�58*W�³)�5 w�!$����%_5& .|�'�1� «5�0«%�B�*W0< « <��! Ag, 0 ^�=?��5&B@B�5=?��5µ <��140�B�*¡;&��/7%�*(;�0<1@|�;8*-021@��'�02�(!<�W¶�)�*(B@5 Ag, 0 )�5 Ag, 0 ^¢5�0q/G·&/75r*W%�!<h& q;If�*W'�w�5&/G5&'60�)�5µc�*( <59
Spec(C) a�¸ *²)�14¹�#�!<5&'�;&5�%�*W!�!<*(%�%_�(!$07*(��;8*( �)�5�B�*¡ $02!<��;�0<��!<5µ)�5�'�1@3�58*(��)�5rº:B�1@'�w�5&'�3O1�5&'60

)��¡°m*(140:=?��5q <1 D 6= {1} ^�1@B¢5Mz�1@ $025q)�5& :;8*W!$0<5& :B@�?;8*WB�5& "°»��!$/G5&B@B�5& +)�5 Ag, 0  <��!+B�5& <=���5&B�B�5& Hs

5& $0
5MzO0<5&'� 21@��'{'���'r02!$1@3O1�*(B@5Y)�5[ 2�(' w(!2*W)���#Y#�0d*WB�5[%�*(!x 2*7%�*(!¼021@5Y <5&/G1\gu*(c_#&B�1@5&'�'�5 a�½ 5& �5Mz?025&'� <1��('� �'�5 <5[%�!<�(B��('�w�5&'�0x%�*( �*W�Ozr;&��/7%�*(;�0<1@|�;8*-021@��'� a¾ �(1�5&'60

n ≥ 3
��'�5&'6021@5&!�5�0 Ag,n ��'�5®;&�(/G%�*W;�0214|�;�*-021@��'q0<��!$�(¶�)�*WB�5®)��� <;df�#&/.*")�5¥/G�?)���B@5& Ag,n)�5& C3W*W!<1@#�02#& >*(c_#&B�1@5&'�'�5& >%�!$1�'�;&1@%�*(B@5&/G5&'�0C%��(Bp*W!<1@ <#&5& >/>��'�1�5& C)�DE��'�5. $02!$��;�02��!$5«)�5.'�143658*(��%�!$1�'Og

;&1�%�*WB�5�5&'
n ¿EÀoÁ�Â�Ã ^�02f a�ÄuÅ>aÇÆ�aÉÈ�ÊKaË *('� :Bp*�%�!$��%_�( 214021@��'�i�j
Ì�jml�^�'����� :/G�('�0<!<��'� :=?��Dy1�B�5MzO1� $025���'

 <;If�#&/.*.5&'Aw�!$����%_5& " <5&/714gs $0d*Wc�B�5 G  <��! Ag,n =?��1e#�0<5&'�)¡B�5C <;If�#&/.*«*Wc_#&B�1@5&'¡��'�1@3�5&!< <5&Be <��! Ag,n ^5�0x0<5&B=���5[B�5[w(!<�(��%�5[)�5
n
g�0<��!$ <1��(' G[n]

 <�(1@0o|�'�15�0x%�Bp*-0� <��! Ag,n a
½ ��/7/G5A*(%�%�B@1�;8*-021@��'´)�5AB�*Í;&��'� $02!$��;�021@��'´)�5A;&�(/G%�*W;�0214|�;8*W0<1���'� G02�(!<�W¶�)�*(B@5& &^ª'��(�� «)��('�'���'� 

��'�5Y'��(��365&B@B�5Y%�!$5&��365Y)�5[BKDy5Mz�1� $0<5&'�;&5Y)��  <���� ¼gsw(!<�(��%�5[;8*('��('�1�=?��5[%��(��!�)�5& o°m*(/71�B@B�5& �)�5:3(*W!<1@#�02#& 
*(c_#&B@1�5&'�'�5& &^�)���5¥9bÎbc�c�h& �5�0¤Ï{��Ð?!<*('�5 ¿EÑµÒÓÃ�Ô�Ê 5�0¢9�Î"'�)�!<58*-0<02*b5�0¤Õ:*W <c�*(!$!<1 ¿EÑµÖ�Ã�×?ÊKa ������ ���021\gB�1@ <��'� e��'�5�1@)�#&5�)���5ª9 Å 1@'�;&58'60¢Ø¤1�B@B��('�1 a ¾ ��%�%��( <��'� e=���5 D = {g} Ù ��'Y%�*(!<B@5ª*WB��(!< e)�5oFMHmJML�NMHKLOJ2PoQ�PR�SUTWP2VWLrQ�P � S�Ps]�PMZ a ¾ ��140 Ag, 0 Ú !$5& 2% a Ag Û ��'�5b;&�(/G%�*W;�0214|�;8*W0<1��('.0<��!$�(¶�)�*WB�5�)�5 Ag, 0 Ú !<5& <% a )�5 Ag Û a�b�(�� Y)�#�|�'�1@ 2 <�('� YB@5GB@1�5&�¨��!$)�1�'�*W1�!$5 Aord

g

)�5 Ag × Spec(Fp)
5�0YB�57B�1@5&�Í�(!<)�1@'�*(1@!<5Mgs/>��B@0<1�%�B@1�;8*-0214°

Aord−mult

g, 0

)�5 Ag, 0×Spec(Fp) a ������ ¥/7��'602!$��'� ¥=���5"B�*C <5&;�021@��'µ)�5 Aord
g

)�*('� Aord−mult
g, 0

)���'�'�#&5
%�*(!oB�5['���Ü6*(�{)��{/G�(!<%�f�1@ </G5[)�5YÝ�!<�(c�5&'�1@�� x 8Dy#�025&'�){5&'{��'�5[ <5&;�021@��'

Aord

g −→ Aord−mult

g, 0 .

�b�(�� +5&'¡)�#&)���1@ <��'� "B�5C0<f�#&��!$h&/G5> <��143(*W'�0+w(!2ÞW;&5q9«B�*tß" <��!<;&�('�3�5&!<w(5&'�;&5q)��A0<��c_5"à_^_)�#&/G�('�0<!<#&5
)�*('� ¿yáqâ�Â�ã ^�02f a�ä�aEå�aÉæ�ÊKa
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������������	��� �

�����! �"!#%$'&)(+*-, .0/21436587:9<;>=@?�3 Aord

g

?A/B=C1 Aord−mult

g, 0

9D=E?BFC9D7GFC=H9I14;>JK;>LNM�OP9I18JK323Q=�7RLS3T?A361
U ;>9�189D=/4VA361W187RLQ9<587D1X?�361Y7RF�ZQ361X?�3[5SO�/�58FP=)?�3[56361\?�38F%]^1_56O�`8Ja/!1X?A/>=�1YbI361[3S1cM�/�563S1YL89dVB9R?�361X/41614;4589R`61
e Ag 387 e Ag, 0 f
gihijSk�lnm%oqpnrshtram%u�jSovhtwRxyh8z�{�|vjqhnu�}nht~��G|Sm%��|��N��ovm����Eht}_�%u�m%u�{��P��ht|q��o-��u��Am�{d|q{�u��B��ht|vjqoq{�}8j�~���jS���Eh

~���w�{dhn��m�ov~�{�u��B{�ovh *�� mBjSovhXrsl�jSk�m�~�h\u�h\�Ehnovrah�j����B|t~�hX��ovln}n{�|qhnoi�P���%uAjS{djS�Bjq{d��hnrahnuAj�}nh��Am%{�|q{du��%�%h��
}nm�uAjSoq�%{doqhnrshnu�j��������������0h�jY�+�y�������P� *
� u���u��0u�m%��|�ram%u�jSovm�u�|�hnu��B���Ehnu�~�{d}nha�P��ha�Em%��o

g = 2
m%�

3
�0}nhno�j6�B{�u�hn|¡ ¢m%oqrshn|�ramP~���w��%{doqhn|

}n��|q��{�~��Bw�hn|[~�hs}_�%oq�%}�jqlnoq{d|vjS{d�P��h
p
�B|S|qm�}_{dlnhn|�� Ag,n

|qh£oqhnwdpn��hnu�j¡hnu¤}_�%oq�%}�jqlnoq{d|qjq{�����hsuP��wdw�h *¦¥ �%u�|
w�hXjqk�lnm�ovpnrah[|q��{d�B�%uAj_��m%u�u�m%jqh

Cusp(n, k,M)
w�h[�%oqm%���h[~�hn|� ¢m�ovrahn|Wram�~���wI�B{�ovhn|§}n��|q��{�~��Bw�hn|W~�h

u�{d��h_�%�
n
��ovhnra{dhnoY�

p
��~�h¡�m%{�~�|

k
h�jY�s}nmPh�¨a}n{�hnuAjS|§~��%u�|§��u

Z[1/n]
�NrsmP~���wdh

M
*

�����! �"!#%$'&)©[*-, ª�;>9<38=�7
g = 2

;>F
3
387
k > g + 1

?�38FB]�3Q=�7R9<38LS16«[387
n ≥ 3

FC=¬38=�7R9<38La=�;!=
?B9 U 9I189RZ�bI3�M�/BL p f ª�9 g = 2

«i;>=�18F!MAM�;4143
p > 2

3Q7189
g = 3

«i;>=�18F4MAM�;41_3
p > 5 f .03XJ®;!LcM�O�9I18J®3¡?�356O�/>=CV�38JK38=�7�?�3GZ6/4143�9D=E?BFC9D7�FC=¯9I1_;>J®;>LNM�O�9I18J®3

Fp ⊗ Cusp(n, k,Z[1/n])
∼−→ Cusp(n, k,Fp) .

° xy��u¯~�hn|X{du�jSl�oq±�jS|\~�hG}nh�j[�%���Ehnu�~�{�}nh�hn|qjX~�h�~�m�u�u�hno\��u¯h8z�hnrs��w�h�m�²¯w��®��lnm%ral�jqoq{dhG~�hn|X}nm%r£�
���%}�jq{d��}_�>jS{dm�u�|§~�ln�Ehnu�~+~�h¡rK�Bu�{�pnovh¡hn|S|qhnu�jq{�hnwdw�h¡~��+}6k�m�{³z�~�h

Σ
*

´^µD¶�·¹¸�ºA»_¶�¼¢µ¢µ¢º)¸0½)µ¢¶¾»4¿�ÀPÁn½EÂiÃ ° hX��oqhnrs{�hnot}Qk��%��{ÄjSovhXhn|vjW}nm�u�|S�B}noql[�B��wd{�hnu�hnu�jqoqhX~�ln�%lnu�lnoqhn|��
}nhnu�}nhn|�|qhnra{³�N|vj6�%��wdhn|�~�hÅ�B�%ov{�l�jqln|-�%�Elnw�{dhnu�u�hn|�h�j

1
�NramBjS{Ä ¢| * ° �§���%o�jS{dhYÆ * Æ�hn|qj�}nm�u�|vjq{djq��lnh�~�h�oS�B���Ehnw�|

|q��o^w�hn|^|q}Qk�lnrK�B|�|qhnra{³�c�%�Elnwd{�hnu�| * ° �)���%o�jS{dhÇÆ *³È jqoS�B{djqh®~�hn|
1
�Nrsm%jq{d D|�h�j�~�hKw�hn��oq|^|vjSov��}�jS��ovhn|�~�h

u�{d��h_�%�'���%oq�%k�m%oq{d�P��hn| * ° �¾���BovjS{dh¾Æ *�É hn|qjG}nm�u�|S�%}novlnh��ÇwI�¾}nm%u�|qjqoq��}�jq{�m%uÊ~�h+Ë+��rs Dm�oq~ *� m���|�Ì
{�uAjSovmP~���{�|qm%u�|Gw��Ç}_�>jSln�%m�ov{�h®~�hn|

1
�crsm%jq{d D|G~�h�Ë+��r£ ¢m�ov~��-�P��{�hn|vjG��u�hK��hnoq|q{�m%uÍ��w���|�|vÌCu�jqk�l�jS{d�P��h

~�hGwI�®}_�Bjqln��m%oq{dh
DDpol

~�hsÎ��%wÄjS{du���|Xh�j^gik��%{ *�¥ �%u�|XwI�®���%o�jS{dh�Æ *�Ï ��u�m%��|[rsm�uAjSovm�u�|XwRx��%wd��ln��ov{�}n{ÄjSl
~��Ð}Qk��Bra�Ð~�h�rsmP~���w�hn|s~�hn|

1
�Nrsm%jq{d D|ar���u�{d|a~�xy��u�h�|vjSov��}�jS��ovh�~�h�u�{d��h_�%�Ð���%oq�%k�m%oq{d�P��h%��h�jahnu

~�m�u�u�m%u�|§��u�h¡~�hn|q}noq{���jq{�m%u+h8z���wd{�}n{djqh *
¥ �Bu�|tw�h�|qhn}nm�u�~�}6k��%��{djqoqh%�Pu�m%��|t}nm%u�|qjqoq��{d|qm�u�|t~�hn|i}4�Bovjqhn|twdmP}_�%wdhn|i ¢m%oqrshnw�wdhn|t~�hn|t}nm%ra���B}�jS{Ä��}_�>�

jS{dm�u�|Ñjqm�ovm%Ò<~��Bw�hn| *A¥ �Bu�|ÅwI�[���%o�jS{dh ÈP* Æ���u�m���|Å}nm%ra���B}�jS{Ä��m�u�|Å���%o�jS{dhnw�wdhnrahnuAj�h�jÅ~�h§rK�Bu�{�pnovhWjSm%oq{d�P��h
w�hn|\}6k��%rs��|\~�h�rsmP~���wdhn|\~�h

1
�NramBjS{Ä ¢|n�Ehnu¾��jS{dw�{d|6�Bu�j\w�hn��o�~�hn|S}nov{���jq{�m%u¾}nm�rsrah^jqm�ov|qhn��oq|\|qm���|\~�hn|

jSm%oqhn|�Ó}%x�hn|vjXwI�®�P��xy{�uAjShno��C{�hnuAj[wdhG}Qk�m%{ÄzÇ}nm%rG��{du��Bjqm�{doqh
Σ
*�¥ �Bu�|Xw������Bovjq{�h ÈP*ÔÈ �u�m%��|X}nm�rs��w�l�jqm�u�|

}nhn|Y}nm%ra���B}�jS{Ä��}_�Bjq{�m%u�|Y���%o�jS{dhnw�wdhn|Ywdh�wdm�u��a~�h�|vjqoS�>jShn|n���Em���o§�Em�����m�{do§h�Õh_}�jq��hno§��u�h�}nm%u�|vjSov��}�jS{dm�u
~�haË)��r£ ¢m%oq~ *0Ö u¯oqhnrK�Boq����h£�P��hGw�hG��ovm����EhG~�h

p
�<jqm�ov|q{�m%u¤~��¯�P��m%jq{�hnuAj¡��wI�+Ë+��rs Dm�ov~¤hn|vj[��u�h

~�m�u�u�lnh��%wd��ln��ov{��P��h%�-�P��{ih8z�{�|vjqh�|q��o�w�h�}Qk��Bra�Í~�h�ramP~���wdhn|£�_�%�Bu�jG}nm�rs��w�l�jq{�m%u¡Ó-}nhnwI�Ç|nx×�_��lnoqhnoS�
hn|q|qhnu�jS{dhnw *�¥ �Bu�|�wI�����%o�jS{dh ÈP*×É �Cu�m%��|W�%����ovm4zC{�rsm�u�|�w�hXovln|q��wdjS�Bj�~�hXwI�G}nm%u�|vjSov��}�jS{dm�u�~�h�Ë+��rs Dm�ov~ *
g\xyhn|vj0wRxyl�j6�B�hÑwI����w���|0~�lnwd{�}_�>jShÑ~�hÅw��W}nm�u�|vjqoq��}�jS{dm�u¡|S�%u�|¦u�{d��h_�%���_�P��{�ovhn�P��{dhnovj0wI��w�{d|S|q{ÄjSlÑ~�hn|0}Qk��Bra��|
~�h�ram�~���w�hn| * � u£h�Õ�h�jn�%{dwC ¢�%��j�}nm�u�jqoqØ%w�hnowRx��%����ovm4zC{�ra�BjS{dm�u£�Em%��o�u�h����%|�~�h��Ehnov~�oqh�~�x�{du� ¢m%oqra�Bjq{�m%u *
° x�{d|qm�rsm�ov��k�{�|qrah�~�hiÙ�mP~��B{�oq�>��ÚP�Ehnu�}nhno�ÛD��oqm%� *%Ü Â Ü Â:Ý�Þ �hnovrah�j-}nh�}nm%u�jSovØ�wdhXÛ¢��ovm�� *YÜ Â	ß�Â � ÂRÝCÞ �4rK�B{�|
u�x�h8zC{�|vjqh[�P��hX|q��o�~�hn|W���B|Shn|�w�{d|q|Shn| * � u��P��h[~�hXwI�G}nm%ra���B}�jS{Ä��}_�Bjq{�m%u�~�h Ag, 0

��u�m%��|W}nm%u�|qjqoq��{d|qm�u�|
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�56)8.02U�"?'�P����21&@_^��26)6��21`"?�26D�,+-'a3_�21cb Ag, 0 ��de�!��"-�!'��2��+c�5��K2���f')��+-02"?g�+c1$'H6��]85"$#5�� J�]:�� p < +$#."?1$'�#5�f��de�&3!�5'a+ ��51h0�+$0T �"$021$�2"43_0T6�#5"$1h:��T6ide�! � �"$#&%�')(*�,+-')#.��@
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1-�5��1���')3.�&�5�����F�f6FdZ'�1$#5(x#5"$ �m�')1-(l�j:��j�M#Q:��!'�"$� <4�  J�2��K2�2"T=> �"?#. �@�C�BiE�BiEHGn@�^9#.(l(x� Ag, 0 �21?+] �"$#5 �"$�1$��" Ag [J'�6r1$���x+�:��/3.02"$'a\��2"�6��* �"$#5 �"$��+-0/:��O6D�*K2#5(x ��!K�+-'a\�K&�!+$'�#5��1-�5��1���'a3_�&�!��=> �"?#. �@�C�BFE�BD��B
A�G|@
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�  J�2��K2�2"2@�Vj�5��1M6D�x ��5"4+-')� s @�X�[J��#.��1MK2#.��1?+$"$��'�1$#5��1������/K2#.(l ��5K�+$')\�K&�,+-')#.���j�!(x026�')#."?02�M��PQ��'r��d��
 ��51r:���1-')��8.��6��5"?')+$0;:�d�#5"$')8.')����+-#5"$')PQ���5@L��#5��"rK2�26���[���#.��1r"?�2(x �6��5�2#5��1r6��;Knm�#5'a%T:�� Σ  ��!"~K2�&6)��'_:�d������
:�02K2#.(l J#.1$')+$'�#5�� �#56)�.02:�"-�!6��

S
:�dZ���vK2�2"4+|�!'���K2#.(l �6���%H��K2#5��'�PQ���5@QVj�M �6���12[Q6��/K2#.(OU�'����,+-#5'�"?��:��M6��

1?+-"$�!+$')\�K&�,+-')#.��:�� Ag, 0 1$�f6�'a+TU�')�2�� �6���1T�!'�1$02(l�2��+T1$��" S
PQ���f1$��" Σ @�Vj�!��1R6D�v ��5"4+-')� s @ s [���#.��1�5:��! �+-#5��1h6D�fK2#.��1?+-"?��K�+-')#.�� �"?02K202:��2��+$�/b Ag,n,0 @q���PQ���,+-"?'�k2(l��K|m��5 �'a+-"?���21?+lK2#5��1-�5K2"?0�b�6D�uK2#5��1?+-"?��K�+-'�#5��:���6��uK2#5(x ��!K�+-'a\�K��,+-')#.��(l'���')(*�!6��

:�� Ag,n,0  J#5��" n ≥ 3 @�VR�!��1�6��* ��!"?+$'��/Y�@)t.[J��#5��1�:�0�\���'�1$1$#.��1M6��21M��#."?(x�21�(l#Q:���6D�!'�"?�21�:�� � '��285�26�51$1$#QK2')02�21�b Ag,n,0 @H��6)��1$'��2��"$19:�'a��02"?�2��K2�21�1$#5��+]b{��#5+$�2"9 ��5";"-�! � �#5"?+��5��K&�!1�:��MUJ#.�����M"?02:���K�+-')#.�+-"$�5'a+-0�:��!��1v �¡S¢f£�¤�[7K|m�@r¥�¦F@�q~�§ �6���1O')(x J#."4+|�!��+-���21?+O6D�§��#5+$'�#5�z'���m��!U�')+-���26)6���:��x¨�©,�FªL«v:�d������
�>#5"$(l�x(l#Q:���6D�!'�"?�5[�PQ��'c�21?+/�����f�i�!(x'�6)6�� (k1, . . . , ks)

:�� s �2�_+-')�2"$1{"?�26D�,+-'a�>12@~}M#.��1T:�0�\���'�1$1$#.��1T6��:�0�3_�26)#. � J�2(l�2��+T:��l¬�#5��"$')�2" <4 �5K2#5U�'`:��21j�>#."?(x�21R(x#�:���6D�!'�"?�21{�!1$1-#�K2'�02�21Tb Ag,n,0 ��+R:�02(x#.�_+-"?#.��1�����;3.�2"$1$'�#5�O:��O �"?'���K2') ��;:����M®QKnm��2"�@,VR�!��176D�N ��5"4+-')�9Y�@¯XQ[L��#5��17K2#.��1?+-"?��'�1$#5��176D�NK2#.(l ��5K�+$')\�K&�,+-')#.�
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���F���b�����F�*���+�\�+���n_�� �=6�8F9?>*M [ 4�8F; [ B Z 4Hh�M<QDBS;<6 G→ S
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∼−→ HomU(GU , G
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798;:=<>:�?"@BAC@�:�DFE	GBE�GHJILKNMPORQ�S�TVUXW2Y�Z;Y>[]\3[^�[`_�_�acbed f%g"hji-k�l
S m konqpsr�t-uovwk	xylzr�t-{�hVi-k|i-l G→ S

m k}ncp~r�t-u�v�nqi-uRh+�Cv���t-��hVi�kJ�$i|{�v3k!�,l�g"{�hj� m i'psg"k�n�lBv3k�lB�P�s��i��2h�n-l�i m k�l�g;{si
T → S ��m k�nqpsr�t-uov

v���t���hVi-k
A→ S

i-l m k�i�uov3k�hV��{si9�>��tsp�{-h+{~i G psg;uRu�i�i��2l�i�k�n-hVg;k�n m { S
0 −→ T −→ G −→ A −→ 0.
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0 −→ T −→ G̃ −→ A −→ 0
��°2�� �µ��3®~�3©o¨L �®�¨�¡���µ��3®

Ext1
Z(A, T )

§�±����»¡��� �¨�¯��3�e¼
HomZ(X,At)
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G̃→ S
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M = [Y → G̃].
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0 → T → G̃ → A → 0
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W1(M) = [0→ T ] ⊂ W2(M) = [0→ G̃] ⊂ W3(M) = M .
çß¡L � ~¡�Ï��¬ ~®��3 ���°=�4³�¨�®��1Ï�¡

GrW1 (M) = [0→ T ], GrW2 (M) = [0→ A] et GrW3 (M) = [Y → 0] .
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X_I�Z�L`R�I-R�Z�B�abWbX�T

M 7→M t c Z�WdTVX�I�D�RKaI9[)QND�GVX�I�Z�L A 7→ At = Ext1(A,Gm)
R�TVU�D�WNF_Z�L`aI�FeF�G�O�T�fgB�F

B�h:T�abWI�D�F�PdabI�['Q�D�GVX_I�Z�L
T 7→ Hom(T,Gm)

R�TVU�D�W�F�Z�L-abI�F-X_Q�L�I�F-IVXiaIj['QND�GVX�I�Z�L
X 7→ Hom(X,Gm)R�TVU�D�W`F�Z�LjaI�F�L�T�F�I�BEZlk�m

nporq�seq�t<uwvxu�q�y{z>|/}`|�~�|�z��^� ��53%��
����+��3�`�������,�
�rm4� ���<�)�
M → S �l� 1 �w� �<��� ���`�$����� �H�:� ���l�

τ≤0 RHomS(M,Gm[1])
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M t G�I 1
]�fªQ�X�Wb[wP c Z�W>R�T�J:I�D�R ['Q�D�GVX_Q�L�WbI�aabI�fgI�D7X@R�I M m�«§QNfªfgI¬abI�F@F�G�O�T�fBEF�B�h:T�abWI�D�FR�®¯Z�D�I°J�BEL�X�IVX±aI�FjX�QNL�I�F±IVX�aI�F

Z
]�fgQ7R�Z�aI�F�R�®²BEZ
X_L�I°J�B�LxX�³dT�L�WbU�I�DdX±a�B´J�L�Q�J�L�WbTVX_T°R�I°h�WR�Z�BEaWYX_T�P�QND

J:I�Z
X9³dQ�WL c Z�I�abI�F 1
]�fgQEX_WY['F

M
IVX

(M t)t
F�QNDdX-G�B�D�Q�D�W c Z�I�fªI�D7X-WbF�QNfgQ�L�J�O�I�F�m © DªD�Q�X�I A P T P G̃ P YaI�F§R�Wbµ>T�L�I�D7X�F@G�QND�F�X�WbX�Z�B�D7X�F@R�I

M
P3QND D�Q�X�I

X = Hom(T,Gm)
IVX�a/®¯Q�D¶D�Q�X�I

T t = Hom(Y,Gm)
m

© D\B
[0→ A]t = [0→ At] , [0→ T ]t = [X → 0],

[Y → 0]t = [0→ T t] et [0→ G̃]t = [X
c→ At]

QN·
c
I�F�X@a�®¸WfgB�M�I¬R�I¬a�®¸T�aT�fªI�D7X@R�I

Ext1(A, T )
G�Q�L�L�I�F�J>Q�D�R�B�DdXj¹¤a�B¤G�a�BEF�F�I¬R�®¯WbF_Q�fgQ�L�J�O�WbF�fgI¬R�I

G̃J�B�Lja�®¸WF�Q�fgQ�L�J�O�WbF_fªI
Ext1(A, T )

∼→ Hom(X,At)
m

º Q�WbX
λ : M1 → M2

Z�D\fªQNL�J�O�WF�fªIKI�D7X�L�I°R�I�Zlk
1
]�fgQEX_WY['F±F�Z�L

S
m © D»J>Q�F_I

λm = GrW1 (λ)
P�QND

J:QNF�I
λab = GrW2 (λ)

IVX±a/®¯Q�D\J:Q�F�I
λet = GrW3 (λ)

m
¼¾½�¿CyÀuwvxu�q�y{z>|'}e|�~�|'} m4� © DÁR�WbX c Z�I λ I�F�XpZ�D�I WF�Q�MNT�D�WI F�W λm

IVX
λab

F�Q�D7X�L�I�F�J>I�GVX�Wb³NI�fgI�DdX
R�I�F�WF�Q�MNT�D�WbI�F±R�ICX�QNL�I�F�IVX±R�IC³EB�L�WTVX�T�F±B�h:T�aWbI�D�D�I�F�P�IVX±F�W

λet
I�F�X±Z�D�I°WbDrÂ�I�GVX_WbQND\¹´G�QND�Q=Ã7BEZ"U�D�W�m

Ä ®¸I^k
WbF�X�I�D�G�I�R�®¸Z�D�I�WbF�QNM�T�D�WbI�IVD7X_L�I
M1

IVX
M2

WbfgJ�abW c Z�I c Z�I�G�I�F�R�I�L�D�WbI�L�F�QND7X´fªÅ�fgI¶L_BED�MNF
X_Q�L�W c Z�I�P�BEh>T�abWI�D"IVX�TVX�BEaI�m�ÆHQEX_Q�D�F c Z�ICaICR�Z�B�a�R�®¯Z�D�ICWF�Q�MNT�D�WbI°I�F�X�Z�D�I°WbF_Q�MNT�D�WbI�m º QNWYX λ : M →
M t Z�D�I°WF�QNM�T�D�WI�m
¼¾½�¿CyÀuwvxu�q�y{z>|'}e|�~�|�~ m4� © DÇR�WYX c Z�I λ I�F�XCZ�D�I´J>Q�a�BEL�WbF_BEX�WQ�DÇF�W λab

I�F�XCZ�D�I´J:QNaB�L�WF_BEX�WQ�DÇR�Z
MNL�B�R�Z�TKBEh:T�aWbI�D»I�X�F�W

λtm = λet
m

È D�I�J>Q�a�BEL�WbF_BEX�WQ�D¾I�F�X � ¢�� � ��� � ¦ � ��F_W4G�®¯I�F�XÉZ�D¾WF�QNfªQNL�J�O�WF�fªI�m�ÊÀB�L¬R�TVU�D�WbX�WQ�D�P�abI�R�I�MNL�T�R�®¯Z�D�IJ:QNaB�L�WF_B<X_WbQND»I�F�X±a/®¯I�D7X�WI�L
deg(λ) = deg(λab) deg(λm)2.

º W
M
I�F�X±J:QNaB�L�WF�T�P�F�Q�D»L_BED�MªX�QNL�W c Z�I°IVX�F�QND»L�B�D�MgTVX_B�abI°F�QND7X�T�MdBEZlk�m
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6�7�8�7:9;7=<?>!@�A�BDCFE0BHG;I?JLK�>�M�N�GHJ+I�7PO Q�R1S:T
f : M −→M ′ U�V�W SYX�R1Z\[ V S W]W�V T_^ W 1 `ba R\T�S0c+XPX U ^ S de V3f R\S0T f g R aha WiU�V a R\^�j�k�S0X a Wil�W CbS m W TonqprR V?V R2T W Ker(f)

n W H−1 l�U g�s V�Wil�W
M

f // M ′ .t n W X�To^ W j�^�[�X W�V T_u\v�n W j�u\^ U�V Z1^�R U j Wiw�V S W Toj�nu"T]X U ^ S u2j�j W nY[hx	y"z�{2| l�W f m W T W X}T a U�V S l p U�V�WX}T_^ U g T U ^ Wil p W�~ T W�V X�SYR V j�u V u g k�[ Wil R V T4n W X4Z\^_u l�U [�XoX�R V T
GrW0 (Ker(f)) = Ker(fm) ,

GrW1 (Ker(f)) = Ker(fab) ,

GrW2 (Ker(f)) = Coker(fet) .� W3l�U u2n l�W�� u\^�T_S W ^ l�W Ker(f) W X}T Ker(f t) d Q�S f : M → M W X}T�nYu a U n0T�SYj�n0S g u"T_S0R V j�u\^ U�V
W�V T�S W ^ n m R V j	R\X W M [n] = Ker(f) d Q�S T m A W T Y X�R V T�n W X g R V X}T�S0T U u V T�X l�W M m n W X�Z1^�u l�U [�Xl�W M [n]

X�R V T T [n] m A[n] W T Y/nY d � R aha W M [n] W T M t[n]
X_R V T l�U u U!~?l�W�� u\^}T�S W ^ m SYn W�~ S0X}T WU�V�W u\j�j�n0S g u"T_S0R V v�SYn0S V [�u2SY^ W g u V R V SY� U�W M [n]⊗M [n]→ µn d!� V�W j�R1nYu\^}SYX_u2T�SYR V j�^�S V g SYj�u2n W]l�W MS V�l�U S:T U�V u g�g R U j�n W a W�V Tou\n:T W ^ V [ V R V?l [�Z\[ V [�^�[ M [n]×M t[n]→ µn dQ�R\S0T

M U�V 1 `ba R\T�S0c W T n U�V�W�V T_S W ^ d e V R\v�T_S W�V T U�V�W g R1^}^ W X�j�R V�l u V g W v�S � W g T_S f�W�W�V T_^ W n�p W�V `X W a v�n Wol�W X�S0X_R\Z1[ V S W X f : M →M ′ T W nYn W X�� U�W Ker(f) ⊂M [n] W T�nqp W�V X W a v�n Wol�W XFX�R U X ` X g k�[ a u\XW�V Z\^�R U j W X H ⊂ M [n] W�V u2X�X_R g Su V T�� f n W X�R U X ` Z\^�R U j W Ker(f) W T�� H
nqprSYX�R1Z\[ V S W�V u2T U ^ W n0n W

l�W M f1W ^�X4n W g�s V�Wil�W H[0]→M m � U S W X}T4v�S W�V?U�V 1 `ba R2T_S:c d
6�7�8�7��73�����"BH�2��B;��I!K�C�I�G�J+��I$A�B���A���A���>��"JL�%B�I�K�K�B�� �+I!K

1 ¡£¢ >��¤JL¥¦K\7�O §�u V Xhn W ^ W X}T W?l�W
g W T�T W T�k�¨�X W m R V�w�~�W©U�V�V R a v�^ W j�^ W a S W ^ p m l�W�U!~�W�V T_S W ^}X s ≤ g W T U�V�W�V X W a v�n W R1^ l R V�V [ V R Vf S l�W

D = {d1 < d2 < · · · < ds} ⊂ {1, · · · , g} .Q�R1S W�V T S U�V g k�u a j�u\n0Z1[�v�^}SY� U�WiW T M U�V 1 `ba R\T�S0cHj�^�S V g SYj�u2n W a W�V Toj�R1nYu\^}SYX�[ l�W Z W�V ^ W g X U ^ S d
ª'«�¬�¯®¦°�®�±�³²	´Lµ;´b¶�´b² dH· � V�W X}T�^ U g T U ^ W�l�W�V S f�W u U j�u2^_u2k�R\^�S0� U�W X U ^ M l�W T¦¸�j W D W�V p W X}Tnu l R V�V [ Wil p U�V?l ^_u2j W u U?l�W X�R U X ` Z1^}R U j W X w�V SYX W T4j�nu"T_X4X U ^ S

H1 ⊂ H2 ⊂ · · · ⊂ Hs ⊂M [p]
T W n�� U�W Hi

X�R1S0T l�W ^_u V Z pdi
j�R U ^ i ≤ s W T�� U�W Hs

X�R1S:T;T_R2T£u2n W a W�V T�SYX�R2T_^}R1j W j�R U ^;nqp¹u g�g R U j�n W a W�V TX}¸ a j�n W g T_S0� U�W X U ^ M [p]
j�^�R f1W�V u V T l�W nu�j	R\nu2^�S0X_u2T�SYR V d

e Vºl [ a R V T_^ W nYu»j�^�R1j�R\X�S0T�SYR V X U S f u V T W.W�VºU T_S0nYS0X£u V T¼nu g R\^�^ W X�j	R V�l u V g WPW�V T_^ W X�R U X ` Z\^�R U j W X W TSYX�R\Z1[ V S W X W T W�V ^ W g R1j�SYu V TPnYu�j�^ W�U�f�W]l�W nqpr[ V R V g [»u V u\n0R1Z U�W j	R U ^Fn W X�X g k�[ a u\XPu2v	[�n0S W�V X�½¿¾rÀ	>%Á�Â!Ã mj�^�R\j�R1X�S:T_S0R V�Ä dÆÅ1Ç£d
È�É�±\Ê;±�Ë"®¦°�®�±�³²	´�µÌ´b¶�´Lµ dH· Í�Î_ÏºÐ$Î |\Ñ�Ò_{"Ó¿ÔbÕ$y"ÖØ× Î£Ï�Ï |!×+Ù"{2x�Ó Î£Ï�Ï y"x�Ó4Ô_ÚÛ|!×�Ù2{2Ü Î x�Ó Î£ÏºÝÞ ÜY{hÒ_{2Ó¿ÔbÕ�y"Ö�× ÎiÐ$Î_Ï 1 ßbà y"Óq× á Ï M â ÖØ×+x�Ò�× â {2Ü Î�à=Î x�Ó â y"ÜY{2ÖØ× Ï Ô Ï�Ð$Î Õ Î x�Ö Î g à |!x�× Ï�Ð;ã |!x ÎoÏ ÓqÖØ|�Ò�Óq|!Ö Î

Ð$Î x�×+Ù Î {"| â {2Ö�{�ä�y"Ö�×�ÚÛ| ÎºÐ�Î Óqz â�Î D Î x p å
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�������� �"!$#&%('�)+*-,&*/.-, )0�1# '�� 2324*/.3�/%5232768�9�5�0) :;.3,=< )�.1%;#>!�?@)+*/.3*�?@�0';* 1 A 24%(�0) :;.3,>*B#&*�?@'/* g
M = M0

��

// M1
//

��

· · · // Ms−1
//

��

Ms

λs

��
M t = M t

0

λ′0
��

M t
1

oo

��

· · ·oo M t
s−1

��

oo M t
s

oo

��
M = M0

// M1
// · · · // Ms−1

// Ms

%5CD��E�F)#5?G*IH@%5'�)J(%(?@�9� ��*K2K!;, )0� ?L*�*/.��M, 6@�5��*N,&*K��E�F)# ?L*IH@%5'�)J(%5?��9� ��*I.�61O@!�'�)+*�68';*/PQ��E�F)#5?G*
H@%5'�)J(%(?@�9� ��*4)R?S:S!�'�)+*�68';*T*/.��U!$#>� ��*�VW��W�F)X# ?G*YH@%('�)J1%5?@�9�5��*Y.�6(O@!�'�)+*�68'/*;PZ��[�/%52ZO�%1.1!/* Mi →
M t

i →Mi
*/.��\!$#>� ��*-VK��K2368�0)]O^�_)+�;� �0)+%(?4O�� ' p O�%568' i ≤ s P`��< )�.S%;#&!�?@)0* λs *;.��a68?L*\O@%5��5'�)�.�� A

�0)+%5?8P λ′0 */.�����< )b?@c�*�'/.S*4,d< 6e?G*BO@%(�� '�)�.S� �0)0%5?fOg'�)b?L��)]O��5��*h*�����*4,>*$# ';!4,&* M → Mi
*/.��B!$#>� �iV

pdi O@%(68' i ≤ s j
k@lRmGl�nGlKoZp^qSrbs1rbpLtvu(wexzy
s1rb{^wgl}| ~e�����

H• ⊂ M [p] �����4� �;� ��� � � � �4���K� �X� �S���D�@� � � � ������ ���4����9� �^� D � ��� �������}�@� � � � � ��������� � �3�X� � ����� � � � �}��� � � � � ��� � � � � � �;� � � � wH•
�@� � ���I� �;� ��� � ��Q� � � ���;�� �� ���� ���X� �W��� H• � � ���W���[�@� ��� � �;�X� �����W������  � ����� �� �¡�@� �@���/��¢�� M [p] � ~e���X� V = ⊕2g

j=1 Fp · xj
��� Fp £ �����g� ��� � ��� �;����� ���¤���Y� � �Y����� �� � 2g �3��� � ���¥�����Y¦@� ��� (xj) ��§ � ��� � ��¢ ��� ���¨�����Y� ����� ���Y���� � � �X�� 2g × 2g �;� ��� ��� � �M� � ����¢��M�@� � ¦�� � ��� g × g ©

J =

(
0 J ′

−J ′ 0

)
,

��ª
J ′ ��� � ��h�Y� ����� ���7� � �;� £ � � � � � �@���X�3� � � � ����B� � �¬«Y� � ��� � �B� � ���e���X�B� � � � ¢������8 W 1 �=®Z����¢¬� £

� �X� GSp2g � � �Y�I�M��M���/�@¢��Y�I���T� ��� ���^���¯��� � Spec(Fp) � � � � ���� R £ � ��� � � ��� � � �

GSp2g(R) = {(γ, ν) ∈ GL2g(R)×Gm(R) | γt J γ = νJ } .
° � � �I�;� � � ��� ��� � � r ≤ g � � �±��¢¬�@� ��� ���±� � ��� £ ���;�@� ��� �;� � � ����I��� �K� � ������� �^� W1 ��� V �@� � ��² ��� �-����I©

W1 =
r⊕

j=1

Fp · xj .

®Z�³� � ��� W2 = W⊥
1 � W3 = V � � ��� � � � ¦ ��� ��� � ���³� � � �L�S� �´ ������� �7� � � ���7� ��� ¢ W• µ � �³�X� �

����� � � � �-�X�-� � ��� £ � ��� ���^�-�@� � � ¦ � � �X� ��� P = StabGSp2g
(W•) ��� GSp2g �L�Z�U�Y¶��I��� � �E��¢¬�g� ��� ���

� � � �^�S���¸·Q� � � ���@� � �4¹ � � ������� �L�¨ s � � � ��� V StdD

• �@� � ©

V StdD

i =

di⊕

j=1

Fp · xj

� � � � 1 ≤ i ≤ s �^®Z�T�� � ����� � � � �¨�X�M� � ��� £ � ��� ���L�M�@� � � ¦ � � �X� ���
PD = StabGSp2g

(V StdD

• )
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0.5*���
6$�

7�8
GSp2g 9

:<;>=�?2@ 8

W = P (Fp) \ GSp2g(Fp) / PD(Fp) .

A 8B7 ?2C�D�E 8GF C�?IH�J 8 ;$H�=�KIL�KIMGNOHPL 8 E 8 @�=�?I@PJQHPJ1?2;�@�L 8 EK"HPJQR 8 @ 7�8S7�8 C!T 7 L�KI= 8 KIC!T 7�8
V 9

U�J
L
8 H
LD@�?2;�H 7�8 @V@�?2C�@XWZY2L[?2C�= 8 @ 7�8/\]8 R!J 7�8

P
8 H
PD ^

8 H_@PJ
WGSp2g ^ WL

8 H
WLD

7�` @�JaYI; 8 ;$H_E 8 @VY2L[?2C�= 8 @ 7�8
b 8Oc E 7�8

GSp2g ^
7�8
L
8 H 7�8

LD ^
EK 7�`�d ?IMe=�?2@�JQHPJ1?2; 7�8gf L�C�h�K"HiMe?I;$HPL 8gF C 8 W 8 @[HiC�; 8 ;�@ 8 MjD�E 8

k�;�J 8 H F C 8

W = WL \ WGSp2g
/ WLD

.

l ?2C�L/HP?IC�H
w ∈ W 8 H

1 ≤ i ≤ s ^
?2;>=�?2@ 8

mi = dimFp

(
(w · V StdD

i ) ∩ Gr1(W•)
)

ai = dimFp

(
Im
(
w · V StdD

i ∩ W2 → Gr2(W•)
))

ei = dimFp

(
Im
(
w · V StdD

i → Gr3(W•)
))

.

A 8 @5;�?IMBD�L 8 @ 7�` H 8 L[MeJ1; 8 ;$H
w
7�8 MeKI;�J1N�L 8 C�;�J F C 8

9U�?IJ 8 ;�H
S
C�; d h�KIMG=mKIE1Y ` D�L[J F C 8nd ?I;�; 8 T 8

^ M
C�;

1
WZMe?3HPJQo]@�C�L

S ^
=�L[Ja; d J1=�KIE 8 M 8 ;$Hp=	?IEK3L�J1@ `

^
7�8

LPK3;�Y>H�?2L[J F C 8
r ^
7�8 Y 8 ;�L 8

g
8 H
H•

C�; 8 @�H�L�C d H�C�L 8 =�K3LPK3h�?2L[J F C 8e7�8 H c = 8 D 8 ;
p 9
q ?IC�@rKsR2?2;�@

R!C F C 8 EaK�@[HPL[C d HPC�L 8m7%tu8 T�H 8 ;�@�Ja?I;v=�K3;�K d h `�8w7�` k�;�J1HBC�; 7 LPK3= 8 K3Cv@�C�L
M [p] ^

7 ?I;$HBE 8 @jY2L�K 7 C ` @

GrW1 ^ GrW2
8 H

GrW3
@P?I;$HrL 8 @�= 8�d HPJQR 8 M 8 ;$HjKI=�= 8 E ` @rMjC�EQHPJ1=�EaJ d K"HPJQo

^
KID ` EaJ 8 ; 8 H ` H�K3E 8

9
l ?IC�LxHP?2C�H

1 ≤ i ≤ s ^
?I;y=�?I@ 8

mi = logp rg
(
Hi ∩GrW1

)

ai = logp rg
(
Im(Hi ∩W2(M)→ GrW2 )

)

ei = logp rg
(
Im(Hi → GrW3 )

)

:<;zK
mi + ai + ei = di

8 HGE 8 @S@PC�JQH 8 @
(mi)i ^ (ai)i

8 H
(ei)i

@�?2;�H d L�?IJa@�@PKI;�H 8 @
9
:<; 7�` k�;�JQHGC�;

7 LPK3= 8 KIC>J1@�?IHPL[?2= 8|{
s
d L�KI;�@

V H•

•

7�8
V
8 ;>=�?2@PKI;�H

V H•

i =

(
mi⊕

j=1

Fp · xj
)
⊕
(

r+ai⊕

j=r+1

Fp · xi
)
⊕
(

2g−r+ei⊕

j=2g−r+1

Fp · xj
)

=�?2C�L
1 ≤ i ≤ s 9

l KIL d ?2;�R 8 ;$H�Ja?I;
^
@�J
mi = 0

EaKm=�L 8 MeJ1N�L 8 @�?2MeM 8S7 J1L 8�d H 8B8 @�H�;�C�E1E 8_} J1E 8 ; 8 @[H
7�8 MG~�M 8 K�R 8�d

ai
8 H
ei 9

� E 8 T�Ja@[H 8 C�; ` E ` M 8 ;$He��;�?I;'C�;�J F C 8��
γ ∈ GSp2g(Fp)

F C�J d ?I;���C�Y2C 8 E 8 @
7 LPK3= 8 KIC!T

V H•

•

8 H
V StdD

• 9
U�?2;�J1M�K3Y 8S7 K3;�@ W 8 @[H�D�J 8 ; 7�` H 8 L�MGJa; `�8B8 Hx?I;�EaK�;�?3H 8

wH•

}�dIt�8 @[H
E t Ja;�RIK3L�JaKI;�H 7 J1@ d L 8 HmK3@P@�? d J `�{ EK,@[H�L�C d HPC�L 8�7�8 ;�J1R 8 K3C�=�K3LPK3h�?2L[J F C 8

H• ⊂ M [p]
7�8 H c = 8 D 9� ;$R 8 L[@ 8 M 8 ;�H

^
@�J
M → S

8 @[Hek�T ` ?2;zR2?2JQHwKIJ1@ ` M 8 ;$H F C 8 =�?2C�LGH�?2C�H
w ∈ W ^

JaE 8 T!Ja@[H 8 C�; 8
@[HPL[C d HPC�L 8x7�8 ;�J1R 8 KIC

H• ⊂M [p]
H 8 E1E 8xF C 8

wH•
= w 9
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@BADC�EGFIHKJ�ADLMADN�L�A0J�O�H0PQC�R0S�EUT�V+W�C�XYE�E�R�C�EUZYA[C�R0\�XYR0C]T�H

1 ^`_ba.ced f8gih�jKkl_mfnapoMg Prq�HIL�E�XYR0C]J�ZYS�E
EtslCi\�O�V+\MXvuwS�HxT�HIE giapy�y
z{h{|bg}hbgiz>~iz�y�z�oMh{|��{h�y��{h T�S�F{O�A0J�Xv\�LtH��$T�H���� #x�������6� C�C�R0\�H Ouv

ZYAGF�Ap�
\MVIN0R�LtXYH�T�R�Ci\�ZvHIE�R��i��H+\ME�EMR0Ci\�ZYHIE�T�XYA0N0LMAD����HIE

(U ↪→ S)
R0�

S
HIEt\�S�C�E�F�O�VI��A�C�R0L���A0Z�H+\

U
S�C

E�R�S�E��>E�F�O�VI��A�R0S�q}HIL�\�T�HIC�E�H0P�H+\�T�R�Ci\�ZYHIE����IF�O�HIE�E�R0Ci\�ZvHIE�T�X�ADN�L�A0����HIE�FIR�����S�\MAD\�Xv��E

U //

��

S

��
U ′ // S ′ .

  R�X¡\
(U ↪→ S)

S�C�R��i��H+\�T�H
Ouv

�
¢¤£�¥§¦©¨`ª�¨�«�¦¬�®e¯�®`¬ �;° ± C

1
�>��R0\�Xv�²T�Hx³�S��x�2R�LtT

M
E�S�L

(U ↪→ S)
HIEt\´S�C�\�L�XvJ�ZYH+\

(G̃, Y,MU)R��
µ G̃ HIEt\�S�C�E�F�O�VI��A�E�HI��X¶�`A0��VIZYXvHIC�T�H�LMADC�N�\�R�LtXYuwS�H�FIR0C�Et\{ADCi\�E�S�L

S
P

µ Y HIEt\�S�C�LtVIE�HnA0S�E�S�L
S
P

µ MU = [YU → G̃U ]
HIEt\mS�C

1
�>��RD\MX¡�6E�S�L

U
PlR0�

YU
H+\
G̃U

T�VIE�XYN0C�HICi\�ZYHIE�LtHIE�\�L�XvF+\MXvR�C�E�T�H
Y
H+\

T�H
G̃ · U �

¸b¹0º¼»�½�¾�¿©¹[¬�®e¯�®ÁÀ �;° @ÃÂÄA0J�Lt�IE§�
SGA3 ÅÇÆ �vÈ�É.� PlZYAÃJ�A0L�\MXvH´\�R�LtXYuwS�H´T�H G̃ HIEt\mXvE�R0\�L�X¡qlX�ADZYH´E�S�L�ZYH

E�F�O�VI�bAxC�R�Lt�bADZ
S
�

� CÊC�RD\MH
MumU,S

Z�A¤FnAD\�VIN�R0L�XvH�T�HIE
1
�>��RD\MX¡�2E�T�HK³�S�����R�LtT �ÌË A¤L�HIEt\MLtXYF+\�XYR0C · U XYC�T�S�Xv\�S�C

�2R0C�F+\MHIS�L
MumU,S → MotU

uwS�X�HIEt\xJ�ZvHIXYC�HI��HIC}\�W�T��IZYHGT�ÂÍADJ�L��IE�ZYHU\MO�VIR0L��I��H  �!Á �!�Î
�   R0Xv\
λ :

M → M ′ S�C���R0L�J�O�XvE���HÏT�H 1
�>��R0\�Xv�2E�T�HÃ³�S��x�2R0L�T ��� C�T�X¡\ÐuiS�H

λ
HIEt\�S�C�H d�|�aM~}z�y�d�h E�X λU HIEt\

S�C�HÐXYE�R�N0VIC�XYHÐT�H
1
�>��R0\MX¡�2E ��� CUT�V+W�C�Xv\�ZvH g.k�ÑDÒ M t T�H M FIR0����H´ZÁÂÄS�C�XvuwS�H

1
�>��R0\�Xv��T�H§³�S��x�2R�LtT

uwS�XwV+\MHIC�T�ZvH
1
�>��R0\�Xv�

(MU)t Ó E�R0C�H�Ô�XYEt\�HIC�FIH�L�VIE�S�Z¡\MH�T�H�ZYAÐFIR�C�Et\MLtS�F+\MXvR�C�T�H M t �D± C�HrÕ apÒYÑDo�d�|nÑDcedea.y
λ : M → M t HIEt\ÐS�C�H&XvEMR0N�VIC�XvHÏ\�HIZYZvH&uwS�H λU E�R�Xv\ÐS�C�HÏJ�R0Z�ADL�XvEMAD\�XYR0CKT�S

1
�>��R0\�Xv�

MU
�
� CKC�RD\MH

MumU,S, pol
ZYAÐFnAD\�VIN�R0L�XvH�T�HIE

1
�>��R0\�Xv��E©T�H�³�S�����R�LtT�J�R�ZYA0LtXYE�VIE©E�S�L

(U → S)
�0Ë HIE;���IF{O�HIE©T�H�FIH+\t\MH

FnAD\�VIN�R0L�XvH§E�R0Ci\�ZvHIE���R0L�J�O�XvE���HIEmT�H
1
�>��RD\MX¡�2E�T�HÏ³�S��x�2R0L�T$uwS�X
LtHnE�J�HIF+\�HICi\�ZYHIEmJ�R0Z�ADL�XvEMAD\�XYR0C�E Ó FIHE�R�C}\�T�R0C�F�T�HIE�XvE�R�N0VnC�XvHIE �

  R0Xv\
M

S�C
1
�>��R0\�Xv�ÃT�H[³�S��x�2R�LtTÖE�S�L

(U ↪→ S)
��× RD\MR0C�E

Y
P
T
P
A
P
G̃

ZYHIE�E�F�O�VI�bADE�HIC
N�LtR�S�J�HIEÏuwS�X²ZYS�X²E�R�C}\ÃADEME�RiFnXvVIEÏH+\

X = Hom(T,Gm)
�6× RD\MR0C�E Y ZYH�J�ZvS�EÏN�L�A0C�T=E�R0S�E����ÁA0XvE�FIHnA0S

FIR�C�Et\�L�S�F+\�XY��ZvH�T�H
Y
�ÃS�C�X�T�ÂÄS�C�H����IF{O�H Y → G̃

J�LtR�ZvR�C�N�HnADCi\
YU → G̃U

�   X
G̃t T�VIE�XYN0C�H�Z�A§J�ADLt\�XYHE�HI��X¶�`A0��VIZYXvHIC�C�HKT�H

M t PQR0C]C�R0\�H X ⊂ X
ZYHKJ�ZvS�EUN�L�A0C�T]E�R0S�Et���2A0XvEMFIHnADS]FIR�C�Et\�L�S�F+\�XY��ZvHKT�H

X�ÃS�C�XØT�ÂÄS�C�H��?�IF{O�H X → G̃t J�L�R0ZYR0C�N�HnADCi\ XU → G̃t
U

�)� CÙJ�R0EMH
X = X/X H+\

Y = Y/Y Ó FIHE�R�C}\�T�H+S�Ôb�ÁADXYE�FIHnADSlÔGFIR0C�Et\MLtS�F+\MXY��ZvHIEmE�S�L
S
��× RD\MR0C�E

DivS
ZvH´�ÁADXYE�FIHnADS$T�HIEmT�X¡qlXYE�HIS�LtEmT�H

S
��× R�S�E

FIR�C�Et\�L�S�XvE�R�C�E · J�LtVIE�HICi\�S�C�H§�2R0L���H���XYZvXYC�VnADXYLtH�FnA0C�R0C�XYuwS�H
B : Y ⊗X −→ DivS .
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1
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6�7�8�8�91:�9<;�:>=%?A@<B�91CD=FE�7�G
S
:H9<I0J>7�;,JHCH@2I0J>=�GK8	9<IL;�JNM1O�;�O�CDILE$7�G

U = Spec(K)
GPJ>E�7�GKQLG�:SRT@2IL:VU

W GX@<7!Y X GPJ
Y
:�91I0G�;$J W 91;�:DJZ@2;$J�:X[�\]9<^_^`G A G�:DJaQLG�^`9�=�b�QLG�=�G�cdO�C�9<;3=�G�:H@fe�B�CDG�M1O�;�O�CDILE�7�G<g�QL@

h @<Q07�@2J�IL9<;i=�G K I0;�=�7�I0J4=�G�:4IL:�91^`91CD8�j�IL:�^`G�:

G̃(K)/G̃(R) ' T (K)/T (R) ' Hom(X,Z) .
k Gl8�Q091;�M<G�^_G�;$J

Y ↪→ G̃(K)
IL;�=�7�ImJn7�;�GoRp9<C�^`GlB�ILQ0IL;�OX@2ILCDG

Y ⊗ X → Z
E�7�I]:�GoRp@ W JH9<C�I0:�GlG�;

Y ⊗ X → Z
GPJ>;�G_=�O�8�G�;�=,E�7�G_=�G_Q@ W Q@2:�:�G_=%?AI0:H9<^_9<C�8�j�I0:�^_G_=�G M [ k @ W 9<;�:DJHCD7 W JHI091;,=�G

B=�@<;�:qQLG W @<:rM<O�;�O�CH@2Q�:X?sG�;t=�O�=�7�ImJr8�@2CqQL9 W @<Q0IL:H@2J�IL9<;tQ0GdQ091;�M>=�G W j�@2E�7�Gu=�I h I0:HG�7�CqGPJr=�G�: W G�;$J�GdOPJH@<QLG<[
vKw<xzy�{}|1~�wF�	���%��� [�� k @�Rp9<C�^`G

B
8�CDG�;�=�:�G�: h @<Q0G�7�C�:K=�@2;�:KQLGi:�917�:VU�RT@2IL: W GX@<7�=�G�:K=�I h I0:�G�7�C�:

=�G
S
=�91;�JrQ0Gu:H7�8�8	9<CDJqG�:DJr=�I0:p�D91I0;$Jr=�G

U
[!6�I

M
G�:DJq8�91Q@2C�I0:�O<g

B h O�C�Ime�GuQ@ W 91;�=�ImJHI091;K=�Gu:D�!^`OPJHCDILG
:�7�I h @<;�JHG h IL:VU��"U h IL:>=�GKQL@�8�@2CDJ�ILGKOPJH@<Q0G φ : Y → X

=�GKQ@i8�91QL@<CDIL:H@"JHI091;���8	9<7�C�JH917�J�G�:>:�G W JHI091;�:
QL9 W @<Q0G�: y GPJ y′ =�G Y g�91;�@

B(y, φ(y′)) = B(y′, φ(y)) .6�IqQL@�8�9<Q@2C�I0:H@2J�IL91;FG�:DJ>8�C�I0; W IL8�@2QLG<g B IL;�=�7�ImJN7�;�G_Rp9<C�^`GKB�ILQ0IL;�OX@2ILCDGK:D�!^_OPJ�C�I0E�7�GK:�7�C
Y
QL91CD:�E�7�G

Q�?s91;iI0=�G�;$J�I0e�G
X

G�J
Y
�nQ�?A@<I0=�G�=�G

φ
[

�������m���3�>�����P�X�"���<�}�+�	� �¢¡_£¤��¥,¦§���"��¨�©��¢©$�«ª�¬T�p��©$¡��r ® @2;�: W GPJDJHG.8�@<CVJHI0G<g<;�917�:�JHC�@<=�7�I0:�91;�:
=�G�:aC�O�:�7�QmJZ@"JH:a=�7 W j�@28�I0J�C�G�¯n=�G`°s± �n²�³�´ =�@2;�:aQ0G�Q@2;�M�@2M1G�=�G�: 1

U§^`9<J�I0R+:4=�G>µi7�^nRp91CD=%[�¶�;$J�C�9$=�7�I·U
:�91;�:¸Q@ W @"JHO�M<91CDILG OuvComp

=�9<;$J¹QLG�:¸91B$��GPJH:¸:�91;$J¹Q0G�:¹=�IL@<M<CH@2^_^`G�:
(U → S ← S0)

g191º
S
G�:DJ¹7�;

: W j�O�^K@K@"»K;�GS;�91CD^K@2Q¢G�Y W G�Q0QLG�;�JXg�91º S0

G�:DJ¼7�;�:H9<7�:VU§: W j�O�^K@`RpG�CD^_OS=�OPe�;�I�8�@2Cu7�;�IL=�OX@2Q�C�O�=�7�ImJ
JHG�Q0:½E$7�G

S
:�91I0J

S0

U W 9<^_8�Q0GPJXg	GPJ½9<º U G�:�J¼7�;':�917�:VU§: W j�O�^_@t917 h G�CDJ½=�G�;�:�Gf=�G S =�IL:+��9<IL;$J½=�G
S0

[
k G�:a¾�b W j�G�:4=�G W GPJ�J�G W @2JHO�M<91CDILG�:�9<;$JuQ0G�:4=�I@2M1C�@<^`^_G�: W 91^`^N7�JZ@"JHI0R+:

U //

��

S

��

S0
oo

��

U ′ // S ′ S ′
0

oo

¶�;$J�C�9$=�7�IL:�91;�:r^K@2IL;$J�G�;�@<;$J]7�;�Gd;�9<J�IL9<;o=�G¼8�91:�ImJHI h ImJHO¼:�7�CrQ0G�: 1
U§^`9<J�I0Rp:r=�G�µi7�^`Rp9<C�=t8	9<Q@2C�I0:�O�:X[

6�91I0G�;$J
M

7�;
1
U§^`9<J�I0R	=�Gdµ�7�^nRp91CD=`8	9<Q@2C�I0:�O4:�7�C

(U ↪→ S)
GPJ
φ : Y → X

QT?AI0;«��G W JHI091;_� W 91;�9}��@<7
e�;�I�@2:�:�9 W ILO�G<[
¿'À�Á�Â�Ã�ÄVÃ�Å�ÂÆ�	���%�ÇÈ�§� [��

M
G�:DJ�8�91:�I0J�I0RrCDG�Q@"JHI h G�^`G�;$JS� S0

:�IÈ8	9<7�C½J�917�J�G`:�G W J�IL9<; Q09 W @<Q0Gn;�91;
;�7�Q0QLG

y
=�G

Y
g�Q0G�=�I h I0:�G�7�C B(y, φ(y))

G�:DJuGPÉ	G W JHImR�GPJu:�9<;i:�7�8�8�9<CDJ W 91;$J�ILG�;�J S0

[
k @K8�9<:HImJHI h ImJHO>=�G M IL^`8�QLI0E�7�G>E�7�G YS0

= XS0
= 0

GPJ¼E$7�G
MU

G�:�J¼7�;
1
U§^`9<J�I0R W 9<j�91^`91Q091M<ImU

E�7�G�^`G�;$J W 9<; W G�;$JHCDO�G�;i=�G�M1CDO 0
g%Ê�ËpÌXË

H−1(MU) = 0
GPJ
YU

:�?AI0;«��G W JHG�=�@2;�: G̃U

[�Í¼;i;�9<J�G

MumU,S,S0, pol,+Q@ W @"JHO�M<91CDILG½=�GP: 1
U§^`9<J�I0Rp:.=�G�µ�7�^nRp9<C�=o8	9<Q@2C�I0:HO�:]:�7�C

(U ↪→ S)
8�91:�ImJHImRp:.C�G�QL@2J�I h G�^_G�;$Ja� S0

[ k @
8�C�9<8�91:�ImJHI091; ���m�������T� ^_9<;$JHCDG�CH@iE�7%?sG�QLQ0GKG�:DJ>O�E�7�I h @2QLG�;�JHGK��QL@ W @2J�O�M19<C�I0G DDpol

=�OPe�;�ILG_=�@<;�:>Q0G
8�@<C�@<M<CH@28�j�G`¶D¶�¶Z[ÏÎo=�G3°A± �n²�³�´ [¢Í¼;�;�9<J�G

DegU,S,S0, pol

QL@ W @2J�O�M191CDILGn=�G�:�: W j�O�^_@<:�:�G�^`ImU�@2B	O�Q0ILG�;�:
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!�"�# S $&%&'�(*),+.-*/ !10�2 ).% # + ! ( !1!�"�# U - 354�- # %6/�783 26# +,9 " -�: 2 / ! 3;%&/<3 !�"�# S0 =�> /?4�-*@A%6/�4�-�-*/ 26" 3 # -�9 " -
)B% 0 % # 3�+.-C3 26# +,9 " -D4�- GS0

!�2 +,3�+ !E2 3 # +,FG+B%&).- !E"�# S0 =�H - !JI�K :ML�- !J!�2 /<3�),- ! @ 2�#N0 L�+ ! @A- ! 4�- ! :ML�(*@A% !! -*@A+POQ%6'�(*).+,-*/ ! 9 " + # - !�0 -*: 3�-*/<3R)B% 0�2 )B% # + ! %&3�+ 2 /TS�:*- !E2 /<3U4 2 /�:T4�- ! + !�2 7�(*/�+.- ! =VXW6Y[Z�\�]�^1W`_�acb�aBd5afe =hg > /�/�-i3 #N2�" F�- 0 % ! )B%j: 2 /�4�+k3E+ 2 /�4�lm+ !�2 3 # +kFn+.%6).+k3E(T4�%&/ !porq�sjt�u $�:ML =�v�vxwy=z 2 @A@{-|),- # -*@A% # 9 " - H %&/ or}�~���u
� $R� = � = � =,�*w $�-*).),-|- ! 3 0�26"�# 3E%6/<3�/�(*:*- !�! %6+ # - 0�2�"�# %&).76(*' # + ! - #
)clm-��n3�-*/ ! + 2 /�4�-i�U%��n/�% " 4�4�- G ���f�*��% "�!�! + o

SGA7 �.��� =��G=,�*w - 3 o
SGA3 �[� =P��wf�;=�� - 0 ) "�! $�:*- 3N3E-

: 2 /�4�+k3E+ 2 / 0 - # @A- 3U4�lm(*).+,@A+,/�- # )�lrL�� 0�2 3�L K�! - omq�sjt�u $ v�v;= � = % wc=
H -T' " 3R4�-T)B%j: 2 / ! 3 #N" : 3E+ 2 /�4�-�� " @{� 2�# 4�- ! 3U4�lm- �nL�+.'�- #R" /�� 2 /�: 3E- "�#

Mpol : MumU,S,S0, pol,+ −→ DegU,S,S0, pol

3E-*)�9 " - ! + S - ! 3�3 # %6+k3J: 2 @ 0 ).- 3J4�- 0�2 +./�3��f- # @{( S0 - 3J4�- 0�2 +,/<3J76(*/�( # +,9 " - U = Spec(K) $ 2 /�%6+,3
-*/ ! -*@?'�),+ ! 3�-*@A-*/<3

Mpol(M)(K) = H0 (M(K)) .

H -i3EL�( 26#�K @{- !�" +,F&%6/<3R- ! 3U4�� �X� " @j� 26# 4�$�-*3U�{¡�%6)k3E+,/�7 ! - 3 z L�%&+ =¢¤£�¥§¦ \§¨6Y�W`_�acb�aBd5acbª© omq�sjt�u wy«5¬��®§°¯¤±
¯B²
«¤±
¯B³�´�µ�±�¯B¶�·§=hg ¸;¹hºN»�¼.½�¾¿ºTÀGÁ �*Â Á � ¾¿ºMÀnÃ �EÄ Á Â Á�¼cÅ�À�º
ºN» Æ�¹P¼ � ¼Ç¾¿º

Mpol : MumU,S,S0, pol,+ −→ DegU,S,S0, pol .

¸;¹iÃEÈ Ä ¹�¼B½�º|ÀGÁ
º�È�Å Àn¼ÇÉ Ä ¹Bº�Á � º`Ê<º �EÄ ¾¿ÈxË Â Ã�¼cº;½ �pÌ
Â ¼Ç¾ M = (G̃, Y,MU = [YU → G̃U ]) �TÌ ¼j¹�Í Â Á
Á Â ¾Qº G = Mpol(M) º�¾8½�¼ X(G) Ê<È;½�¼,Ë&Á
ºÎ¹.º �*Ä ¼B½ � º Ä À �;Â Á�½�¾�Ã�À � ¾c¼cÏ ¹Bº Ä ½;½ Â�� ¼yÈ�Ð G Æ Ä ÃX¹BºÎ¾fÑ�È ÂÓÒ
ÃEÔ�ÕÎº _�aQ_�ayb�Ö º�¾ X ¹Bº �*Ä ¼.½ � º Ä À �;Â Án½�¾cÃMÀ � ¾c¼�Ï ¹Bº Ä ½;½ Â�� ¼yÈ?Ð M Ö Â Á|Ê&¼B½QÆ Â ½�º�Ê°Í ¼B½ Â Õ Â ÃxÆ�ÑG¼.½�ÕÎº;½ ��Â Á ��Ò
¾ Â ÃM¼yº�¹r½ �EÄ Á Â Á�¼cÅ À�º;½

GS0

∼−→ G̃S0
,

X(G)
∼−→ X,

GU [p]
∼−→ MU [p] .× ÁÎÆ Ä Ã�¾c¼ � Àn¹P¼yºMÃ Ö GU [p] º;½�¾¤ÕjÀnÁ�¼¤Ê°Í ÀnÁ�ºi½�¾cÃMÀ � ¾cÀnÃEº?Ê°ÍØºÙ»�¾¿º�Á�½M¼ Â ÁÎÆ Ä Á Ä<� Ñ�È;º �

Ú ¯�³
¯B¶
¯�Û�ÜÇ�Ý ~ Ü�Þfß ~ µ§ÞÇ �áà ´âÜ ~äã �®Óåæ´çÝhÞ�ÜfÞ ��è<~ ÞÇ®§´çß é°å è µ�®ÓÞfê�ë�´�¯�ì í 2 +.-*/�3 S " /î:ML�%6@ 0
%6),7�(*' # +.9 " -j/ 2�# @X%&)5-���:*-*),).-*/�3�$ U " / 26" F�- # 3i4�-*/ ! -j4�- S - 3 G " / ! :;L�(*@X% ! -*@{+kOQ%&'�(*).+,-*/ !E"�# S
%6'�(*),+.-*/ 0�2 )B% # + ! ( !�"�# U =�ï 2 3 2 / ! KU ).-ð/ 2 �<% " 4�-ð)B% 0�2 ).% # + ! %Ó3E+ 2 /ñ4�- GU - 3 K !�2 /ò%&4�L�( # -*/�:*-
4�%6/ ! G = z - 3�3�-�%64�L�( # -*/�:*-ð- ! 3 " / ! :ML�(*@A%X-*/ó7 #�26"�0 - ! 9 " % ! +POyô�/�+�- 3 0 )B%Ó3 !�"�# S =�� %&/ !?omq�sjt�u $
vNvM=��§w $�¡�%&),3�+./�7 ! - 3 z L�%&+8@ 2 /<3 # -*/<3õ9 " -ó),-ñ9 "�2 3�+.-*/<3 G/K - ! 3 # - 0�# ( ! -*/<3E%6'�),- 0 % #Î" / ! :ML�(*@X%! -*@A+POQ%6'�(*).+,-*/ª/ 2 3E( Gt → S = z 2 @A@{- Gt

U - ! 3A+./�4�( 0 -*/�4�%6/�3X4 " :ML 2 +P�ö4�-�)B% 0�2 ).% # + ! %&3�+ 2 /�$÷).-
3EL�( 26#�K @{- Ú ¯ Ú ¯B² @ 2 /�3 # -T9 " - Gt /�-T4�( 0 -*/�4 0 % ! 4 " :ML 2 +P��4�-T).% 0�2 ).% # + ! %Ó3E+ 2 /�4�- GU =

í + (U → S ← S0)
" / 2 'GøN- 3?4�-Î)B% :�%&3�7 26# +,- OuvComp $h)B% : 2 / ! 3 #�" : 3�+ 2 /[4�-�� " @j� 2�# 4[- ! 3

: 2 @ 0 %&3�+.'�),- �|)B%�4 " %6),+,3�( 4�%6/ ! ).- ! -*/ !A2�ùª! + M - ! 3 2 'Gø�- 3A4�- MumU,S,S0, pol,+ 3�-*)R9 " - G =

Mpol(M) $ 2 /ó% Gt ∼→ Mpol(M
t) =�� %&/ ! ).% 0�#N2�0�2�! +k3E+ 2 / !�" +,F&%&/<3E-6$ 2 / ! - 0 )B%6:*-��A/ 2�" F�-�% " 4�%6/ !

).-�:�% !�2�ù S - ! 3 " /ú:;L�%&@ 0 %&).76(�' # +.9 " -|/ 26# @A%6)i-��n:*-*).),-*/<3�9 " -*),: 2 /�9 " -�- 3 U - ! 3 " / 26" F�- # 3
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6�7
S 8�9 7;:<:=7?>�@�AB>	ABC�D0:�DEABF�>�7�@�GH7;:I6%JLKBC�C�A�M�D07�@IN G O F�D0F$P2KB@<DK2F$:IKBQ0R1S�T�@<DEU O 7?U O DVC=7�@�K O :=D0QE7W>�A O @7�X�>�@<DEGH7�@4Q07�CY>�@<A1>�@<DES;:�S�C4GZA�6 O QEKBD0@�7�CYNHQEK\[]@�ABF$:=D0^�@�7_6�7�C4M�ABGZ>�K2M;:=Da`�MbK2:�DEA1F�C 8

cedgfBhVf�i"jlkmj�f�npo	qsr�qut�quowv�xLy.z|{�}�~������������b�"���$}������ 8�� �����m�1������_�!���?�������;�����b�"�����e ;�+�¡�+�	¢=£2�+�=�
B(G) : X(Gt)×X(G) −→ DivS

��������\�;��¤ £�¥��=¦��?�l�"�!�4§=¨�£2�!©$���������«ª$�\ =£g���«¥�£2�_�!�,£"�����=£"�¬��b§=£2���+����¦u©2�=�|§��g�I¥����� S ′ → S �"�£2�+�
B(G) = Mpol

(
B(M−1

pol(G)
)
.

® JLKB>�@<^bCIQ07W:=¯�S�AB@�^�GH7 ���°����±�² QEK�>�A1QEKB@<DEC=K":=D0A1F
Gη → Gt

η

C�J³S;:=7�F�6´7�F O F´GZAB@�>�¯�D0C=GH7 G → GtU O D%DEF�6 O Da: O F�7�µ�^�M�¯�7 φ : X(Gt)→ X(G) 8�¶ K|[]AB@�GH7_T�DEQ0DEF�SbK2DE@<7 B P�S�@<D0`�7_QEKH@<7�QK":=D0A1F
B (y, φ(y′)) = B (y′, φ(y))>�A O @Z:=A O :=7�C�C=7�M�:=DEABF�C�QEA�MbK2QE7�C y 7;:
y′
6�7

X(Gt)
7;:·QK,>�A1C�D0:�D0P�D0:�S�6�7

M−1
pol(G)

DEGH>�QED0U O 7�U O 7
B(y, φ(y))

7�C<: O F¸6�D0P!D0C�7 O @47;¹	7�M;:=Da[�6�ABF$:YQ07_C O >�>	AB@<:47�C<:YQ07?Q0DE7 O 6�7_F�ABF¬KBF�F O QK":=D0A1F¸6�7 y 8
����º��»���¼�½�½�¾]¿°ÀBÁ���¿+Â	ÃÅÄVÆÈÇ�Â�ÄÉÁ�¿]ÊgÁ!Ë;Ì%½ÍÆ�Ã�À1Æ$Ê$�ÏÎ Ð ABDE7�F$:

(U → S ← S0) O FÑA1T$Ò�7;:�6�7
OuvComp

7;:
G O FÓABT�Ò�7;:36�7

DegU,S,S0, pol 8«Ô A2:=ABF�C Gt Q07Õ6 O K2QÖ6�7 G 6�S;`�F�DÖ6�K2F�C3Q07'>�KB@�K"×
R1@�KB>�¯�74>�@�S�M�S�6�7�F$: ²

λ : G→ Gt Q°JL7�X!:�7�F�C�DEABFØC O @ S 6�7YQEK_>	ABQK2@�D0C�K":=D0A1FZC O @ U 8$Ô AB:�A1F�C�S�R1KBQ07�GZ7�F�:
eG : S → G

7;:
eGt : S → Gt QE7�C�C�7�M;:=D0A1F�C�F�7 O :=@<7�C ² ΩG = e∗G ΩG/S

Q07\[°KBD0C�M�7bK O 6�7�C 1
×s[+A1@<GZ7�C

6�D0¹	S�@<7�F$:=D07�QEQ07�CHD0F$P2KB@<DK2F$:�7�CHC O @ G ² 7;: ΩGt = e∗Gt ΩGt/S 8�Ù FwC O >�>�ABC=7ÚU O 7 S → Spec(Z)
7�C<:

[]AB@�GH7�QEQ07�GZ7�F$:«Q0DEC�C�7Ö7;:«U O 7�Q07�M�ABGZ>�Q0S�GZ7�F�:�K2DE@<7 ∂S 6�7
U
6�KBF�C

S
7�C<: O FÚ6�D0P!D0C�7 O @«N\M�@�ABDEC�7�GZ7�F�:=CF�A1@<GØK O X 8Í¶ K'>�@<A1>�ABC=Da:=D0A1FÛC O DaPBK2F$:=7ÚGHA1F$:�@�7ÚQ°JL7�X�D0C<:=7�F�M�7Ú6%J O FÛGHA1@�>�¯�D0C�GZ7ÚU O DÏC=7�@�K'QK´M�QESÚ6�7P�ABÜ�:=7_6�7_Q°JLS;:=KB>�7_6�7_@�7�M�ABQEQ07�GZ7�F�:Y6�K2F�CYQEKHM�ABF�C<:=@ O M�:�DEABF¸6�7�C4M�A1GH>�KBM;:�D0`�MbK":=D0A1F�C 8

cedgfBhVf�i"jlkmj�f�npo	qsr�q�Ý�quowv�xLy.z|{�}�~��Þ�b���"��{���½ß��à�á%� 8�� �����<�1������?�!�	��âY¦�§=¨��|§=£"���"���°�;���
KM/S : ΩG ⊗ Ωt

G −→ Ω1
S/Z(log ∂S)

£�¥�¥����¢��ÍâY¦�§�¨��\ª$�\ã A�6�K2DE@�K"× Ð >�7�F�M�7�@gäVå �+��Ö�����;£$§����"������\���
KM/S : Coker

(
ΩGt ⊗ ΩGt −→ ΩG ⊗ Ωt

G

)
−→ Ω1

S/Z(log ∂S) ,

�"æ¸�E£YâY¦=§�¨�� ΩGt ⊗ ΩGt −→ ΩG ⊗ Ωt
G ����çB�"�s� x⊗ y ���!� λ∗(x)⊗ y − λ∗(y)⊗ x ä

¶ K?µ�^�M�¯�7è6�7 ã A�6�K2DE@�K"× Ð >�7�F�M�7�@ß7�C<:.M�ABF�C<:=@ O D0:�7ÖNWQ�JLKBD06�7I6�7�C 1
×uGZA2:=Da[]CÏA1T�:�7�F O CÏ>�K2@ßQE7è[+A1F�M;:�7 O @U O K2C�Da×uD0F$P�7�@<C=7_NHQEKHM�A1F�C<:�@ O M;:�DEABF¸6�7eé O G|[]AB@�6 8

����º���ê	�3Ì��bÊ"ë�À2�gëVÊgÆìÄÉÆìÃ�¿�í�Æ�Á�ëî½�Á�ÊgÁ��ÉÂ�Ê"¿°ï%ëVÆ��ßÎ ð A O @�:�A O :ÚABT�Ò<7;: (U → S ← S0)
6�7

OuvComp
² F�AB:=ABF�C

DegU,S,S0, pol, 0

QKØMbK2:�S�R1AB@�D07\6�7�CIC�M�¯�S�GZKBCIC�7�GZD¡×lKBT�S�QED07�F�C
G
C O @ S 6�7e>�K2@<:�DE7

:=AB@�D0U O 7èDEC�A2:=@<D0P!DEKBQ07èC O @ S0

6�ABF$:ÏQK?@�7�C<:=@<DEM;:�DEABF·N
U
7�C�: O F·C�M�¯�S�GZKeKBT�S�Q0DE7�F�>�A1QEKB@<DEC�SèG O F�D�6%J O F�7C<:=@ O M;: O @<7¸6�7¸F�DaP�7bK O >�K2@=K2¯�A1@<DEU O 736�73:lñ!>�7 D 7�F
p 8 ® 7¸GHò�GZ7 ² F�AB:�A1F�C MumU,S,S0, pol,+, 0

QEK
MbK2:�S�R1AB@�D07'6�7�C

1
×uGZA2:=Da[]CÚ6�7,é O GH[+A1@<6Ó>	ABQK2@�D0C�S�CÚ>�A1C�D0:�D0[+CÚ6�A1F$:ÚQ07

1
×uGHAB:�D0[?C=A O Cm×aÒ=KBM�7�F�:3C O @ U7�C<:_G O F�DÞ6%J O F�7|C<:=@ O M;: O @<7H6�7|F�D0P17bK O >�KB@�KB¯�AB@�D0U O 7H6�7\:lñ!>�7 D 7�F
p 8�¶ KÚ>�@<A1>�A1C�Da:=D0A1FÕC O D0P2KBF�:=76�S�M�A O Q07_6 O :=¯�S�AB@�^�GH7 ���º��aáÉ�º >�KB@.[]A1F�M;:�A1@<DK2QEDa:=S_6�7_QEKHM�ABF�C�:�@ O M;:�DEABF¸6�7eé O G|[]AB@�6 8
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#%$�&�'(&*),+.-/+�&*0214365�3/7381:9<; =?>A@�B,C4D"EF>"G�H
Mpol I C4JKG I ELG�C�>NMPO�G IRQ,SKT >"C�DP>NJ�>ND S EFM8UVB,H I >XW

Mpol : MumU,S,S0, pol,+, 0 −→ DegU,S,S0, pol, 0 .

Y[Z�\�\�Z^]*_a`b]c`bd�ef\Peg`bh%i�j*da\�egk�Zmlonqpr\�j*s*Z^s*Zrd�Zrd�]�t�urZrd�s*Zmvw`xs*j*lgZrd�s*Z
1 y vw`�\�egzRd�]4`�l�tK_�egd�prd�v%j�h*egd�s*Zda\P_aj*u�\Pj*_aZrd�s*Z^h*eg{VZ�tKj|]�t�_�t�}*`�_�eg~xj*Z 9

���g�(�w�m�r�?������w�(�������?�<�R���w�(�
1 � ���������.�

� tKh*d�urZ%]�t�_PtK�b_�t�]*}*Z��c`�h�vw`bhV\P_aZ%~xj*Z%lgZrd�u�}�t�v�]*d�s*Z%vw`xs*j*lgZrd�s*Z
1 y v�`�\�egzRd�]*_ae�h*ureg]�t�lgZrvwZrhV\]c`bl�t�_ae�d�prd%~xj*e[d�`bhV\NvNj*h*egdNs*Z�da\P_aj*u�\Pj*_aZrdNs*Z�h*ef{VZ�t�j�]�tK_PtK}*`b_ae�~xj*Z�d�`bh�\Nt�lg�bpr�*_ae�~xj*Zrdr�<Z�\N`�h�l�Zrd

s*prur_�ef\ Z"¡�]*l�egureg\�ZrvwZrh�\ 9 Y[`bv�vwZrh*¢r`�h*d ]�tK_£\�_PtKeg\�Zr_�lgZ^u�t�d�s¤n¥j*h*Z^da\�_�j*u�\�j*_�Z^s*Z^h*ef{VZ�tKj|\�_�ef{�e�t�lgZ 9
���g�(�¦����§¨�x���b©,�R�?�����cª«��¬(��V��©,�¦®¤�(�¯�±°��?ª

1 � �������R�X�[² ³ `�j*_´\P`�j:\¨d�u�}*prvwtµtK�cp�lge�Zrh
A
�[`bh

h*`�\�Z PA lgZmk��*_�p^s*Z ³ `begh*u�t�_ap^d�j*_
A× At 9

#%$�&�'(&*),+.-/+�&*02143�¶·3.14381¹¸"º §¨�x�6»:��¼o½·�<©���[�¾��¿(��À��o�V�¤Á 9<; = S D S EFM8U�B,H I >ÂJ�>XW 1 Ã.Ä B,E I @PW�>XW"EÅMPO�G IRQ,S Ã
T >"C*EF>NÆ T�S D S E.M8U�B,H I >NJVB,C�E T >XWÇBbÈ�É�>"E�W�W�B,C�E T >XW±@ S Ä IRTRT >PW±@�B,H Ä MP>XWÊ J(Ë G�CÌW�DXÍ*M Ä SÎS È�M TÏI >�C A ÐÊ J�>NJV>"G�Ñ�HXMPW�> S G�Ñ X >�E

Y ÐÊ J�>NJV>"G�Ñ Ä B,H8Ò�Í I W Ä >XW c : X → At
>"E
ct : Y → A ÐÊ J(Ë G�C4>ÓEoH IRQ�IoS,TÏI W S E I B,C�JV> T�S Gm Ã È I >aÑ�EF>"C:W I B,C (ct × c)∗PA

W"GxH
Y ×X Ô= S D S EFM8UVB,H I >�J�>XW 1 Ã8Ä B,E I @PWÓÒcH I C�D I Ò S,T > Ä >�C�E[Ò�B T�S H I W�MXW|>XW"EÕMPO�G IRQKSKT >�C�EF>�Æ T�S D S EFM6U�B,H I >�J�B,C*E T >XWBbÈ¦Ér>"E�WmW�B,C�E T >PW±@ S Ä IRTRT >XWA@�B,H Ä MX>PWÊ J(Ë G�CÌW�DXÍ*M Ä SÎS È�M TÏI >�C A ÒcH I C�D I Ò S,T > Ä >�C�E(Ò�B T�S H I W�M£Ò S H λA ÐÊ J(Ë G�C�HPMXW�> S G X ÐÊ J(Ë G�C Ä B�H.Ò�Í I W Ä > c : X → A ÐÊ J(Ë G�C4>�EoH IÖQ�IoSKTÏI W S E I B,C¨W"× Ä M"EoH I O�G�>ÓJV> T�S Gm Ã È I >aÑbE.>"C:W I B�C�W�× Ä M"E¦H I O"G> (c× c)∗PA Ð B�Ø PA >PW"E

Q GÙDPB ÄÇÄ >ÓG�C4> Gm Ã È I >aÑbEF>"C�W I B,CÌW"G�H A× A Q�IoS λA Ô
���g�(��À��´���r�<���b�x� �(�N�����<�?���x���Ú² Û `begZrh�\

r ≤ g
j*hÕZrh�\�e�Zr_?Z�\

X
j*h

Z y vw`xs*j*lgZLl�eg�*_�ZLs*ZL_�t�h*� r 9Ü�hÙ]4`�d�Z
T = Hom(X,Gm)

9 Ü�hÙh*`�\�Z Ag−r lgZÇu�}�t�v�]Ùs*Z�dmd�u�}*prvwt�d^t��cprl�egZrh*d^]*_ae�h*ureg]�t�lgZrvwZrh�\
]c`bl�t�_ae�d�prd�s*Z^�bZrh*_aZ

g − r Z�\ Ag−r → Ag−r
lgZ^d�u�}*prv´t�t��cprl�egZrh|j*h*eg{bZr_�d�Zrl 9

Ý�Þ�ßm0·+.-/+�&*02143�¶Å365�9<; à h
1 y vw`K\PefzÕ]�_ae�h*ureg]�t�lgZrvwZrhV\�]4`�l�tK_�egd�pÙ_ae���e�s*efk�pÙ]�tK_

X
Zrda\�l�t�s*`bh*h*prZ

s¤n¥j*h*Z±z¦tKvwegl�lgZ
(M,λ,GrW1 (M)

∼→ X,GrW3 (M)
∼→ T)

��`�á
M

Zrda\<j*h
1 y v�`�\�egz.� λ j*h*Z[]c`bl�t�_ae�dPt,\Peg`bh]*_�egh*ure�]�tKl�Zws*Z

M
Z�\Õ`bá�l�t�ur`bv�]4`�d�prZ´s*Z

GrW1 (λ)
t�{bZru´lgZrdÕegd�`bv�`b_a]*}�egd�vwZrd

GrW1 (M)
∼→ X

Z�\
GrW1 (M t) = Hom(GrW3 (M),Gm)

∼→ X
Zrda\ l¦n¥egs*Zrh�\Pef\Pp^s*Z

X
9

Y[`bv�vwZ lgZÂ��_�`�j*]4Z s¤n¥t�j:\P`�vw`�_�]*}*egd�vwZrdLs*ZÂl�tÓ]�t�_/\PegZÂt��cprl�egZrh*h*ZÂ]c`�l�tK_�egdPprZ
GrW2 (M)

Zrda\Lk�h*eo�Vl�Z
�b_a`bj*]cZ�s¤n¥t�j:\�`bv�`b_a]*}*e�d�vwZrd¾s¤nqj*h

1 y v�`�\�egz(]*_�egh*ure�]�t�lgZrvwZrhV\£]c`�l�tK_�e�d�p�_ae���e�s*efk�p�Zrda\£pr�bt�lgZrvwZrh�\Úk�h*e 9
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68797�:2;=< M > <@?BA�CED@F9G�<�H
1 I DJ:2;=KMLNHOF�PQKR7�?�K0F�C > <�DJ<�7#;OF�: > CEPQKRH�S�HOG�<UT1<�7�PQ<

g V�W KXH�:E7#;OP�K0T1K0G�K0Y�S�HF�CEP
X Z

[]\_^E`a^�b!cedfc�^�gih	jkljk Znm oapUq=r�s2t8u M p=v,wxs2y{z�|~}���������p�p,w�v~p��#|,�~�vBv�pUp��
M−→ B = Hom(X,Ag−r) −→ Spec(Z) ,

�!� M→ B pBv�w�� ��w � �=v�p,� ��v � �#v�ypOw � �=p E = Hom
(
Sym2(X),Gm

) �
� : W H4G�:E7�7�<�PQ:17�H > C@? > CEH�H�<OG$�{K0H�:1D@:1PQF�A�KRH�DJ<OG�<O?�<�;�:1PQH=< W P4C W ?�: W P�H4G�< > C@G�S�DJ:E7�HQ;=P�C2;�KR:E7 Z� |,t � ��v,w���s2w�� � � ��� � > H W�� ;�G�<�D@:17#;�P�<�P > C�G�< W � KR��D@<�C2H�H=<�Pf;=K0:17 Z 687 W ;�K > KRH�< > C F�P�:EF	:EH=K I;=K0:17¢¡�£0¤a£¥¡�£�¡¦<�7&P�S�F�PQ<�7�CE7�; > <�H�D@§�DJ<�H�7�:E;=C2;�KR:E7�H Z$¨ C�©���?�A�< M → B <~7�ª�:EKR<

M
H W P c : X →

Ag−r

<�; M → B <�HQ; > �{<�H�F�CE?�<«G�<«DJ:�G W�> <�HUPQ< > C!;=KML¬G�<�H�;�P�KMª KC > K0H=C2;�KR:E7�HUG�< > C��K0< � ;�<~7�H�K0:17�HQ® IDJS�;�P�K V�W < (c × c)∗PAg−r
Z�¨ C�? > C2H=H�<]G$�{K0H�:1D@:1PQF�A�K0H�DJ<]G�<�?�<�;Q;=<]�KR< � ;�<�7�H�KR:E7&G�S�Y�7�KM; W 7&S > S�DJ<�7�;

G�<
Ext1

B

(
Sym2(X),Gm

)
= Ext1

B

(
Z,Hom

(
Sym2(X),Gm

))
,G�:17�? W 7�<O? > CEH�H�<OG$�{K0H�:1D@:1PQF�A�KRH�DJ<OG�<

E I ;=:EP�H�< W P�H4H W P B ¯�V�W K$<�H�;4?�< >R> <OG�< M Z
¡�£0¤a£°�£�±³²�´~µ1¶!·*¸º¹�·N»�¼½´�¾a¿+À�¹�¶!·NÁ$Âº²ÄÃÆÅ0Ân¼º²Ä´�¹~¶!ÂnµE¹�Âº¶_²ÄÃº²Ä¼n·*Ç�²#È�Â�£ÊÉ Ë8:17�7�:E7�H W 7�<¦ª2C IP�KRCE7�;=<ÌG�< > CÍF�PQ:1F�:1H�K0;�KR:E7&¡�£M¤º£¥¡�£¥¡UF	: W P > <�H 1 I DJ:2;=KMLNHÊD W 7�KRHÊG$� W 7�<8HQ;=P W ?�; W PQ<8G�<87�KMª�<~C W F�C2P=C2A�: IP�K V�W <ÍG�<Í;e® F�< D <�7

p Z Ë�:E7�7�:17�H I 7�: W H w ∈ W <�;87�:E;�:17�H
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#%$'&�#($*),+.-/+*0213+�4�02$*+65�784 τi &9#�1:0 Gm ;=< +6#?>@$A#%784%+65�7 (Yi × Xi → Ai × Ati)
∗ Pi 4%BC) Yi × Xi D 5"B�)

0 ≤ i ≤ s E 5"F Pi #G4%$H1I0 < +6#=>@$J#%784,+65"7K&9#ML�5"+.7�N�02)POM4%B�) Ai × Ati Q $J#%1.1�#G4'R�B#'ST 1I0VU�0�NG#W0"-2027�$X#%$Y1I0�UZ0�NG#'02),)%+6[,)G#'&2B\&"+*0/]2)�02^W^_#M4/5�7�$�O`]@021�#G4Ga
T 1�#G4b5 <dc #%$e4�&�#_1I0'UZ0�NG#f4%B D O%),+6#%B�)P#f4/5"7�$g&�#P4h)POG4�#P02B�>i#%$�1�#G4kjV[PNGl�#G4�&�#bNG#%$d$J#mU�0�NG#f4/5"7n$o&9#G4
+.7 c #PN%$*+65"7�4qp X0 → Y0

#G4%$rB�7s+I4/5"^_5�) D lC+�4%^t#qp D 5"B�)o$J5"BC$ i ≤ s ar1�#G4uNG5"^ D 5/4/OG4 Yi → Xi →
Xi

4/5"7�$_O`]@02B�>wvx1I0x^yBC1z$*+ D 1z+*NP02$*+65�7 D 02) p #,$u1I#G4KNG5"7�5�{902B�>w&�#P4KNG5"^ D 5/4/OG4 Y0 → Yi
#%$

Xi → X0
4/5"7�$|&�#yNP0")P&"+.7}02B�>_)P#G4 D #GN,$*+ UP4 pei #%$ pmi aT 1�#G4�5 <dc #%$e4m&�#V1:0HUZ0�NG#�+.7�U�O,)%+6#,B�)P#X4/5"7n$~&�#G4|4/NGl�O,^t0�4m0 < O%1z+*#%784�&9#|]�#%7n)G# g−r #%$�1I#G4�jV[PNGl�#G4m&�#NG#%$*$A#�UZ09NG#r4�5"7�$�&�#G4|+�4/5P]9O%7�+6#G4p�1�#kNG5"^ D 1�#?>C# At0 ← At1 ← · · · ← Ats

#G4,$�1�#V&2B�0"1&2B_NG5�^ D 1�#=>�#
A0 → A1 → · · · → As

p A0 → At0
#%$ As → Ats

4/5�7�$V&9#G4 D 5"1I02),+�4�0"$*+65"784Pa At0 → A0
#P4%$|BC7

+�4/5"^t5") D lC+�4,^_#qp D 5"BC)M$J5"B�$ i ≤ s a~1I0hNG5"^ D 5/4/OG# Ai → Ati → Ai
#G4,$H1I0u^yBC1z$*+ D 1z+6N�02$*+65"7 D 0") p#%$Y1I#W&�#`]")GO'&�#g1�� +I4/5P]�O%7n+6# A0 → Ai

#G4%$ pai �T D 5"BC)Y$J5"B�$ i ≤ s a}1I0m$*),+.-/+*021z+I4�02$*+65"7 τi +.7}&"B�+.$�B�7�#Y$*)%+�-/+*021z+�4Z02$*+65"7W4%{"^_O%$*),+*R�B�#�&�#Y1I0 < +6#?>�$J#%784%+65�74%{2^tO%$*),+*R�B# (Yi × Yi → Yi ×Xi → Ai × Ati)∗ Pi aT 1�#G4�$d)%+.-�+*021z+�4�0"$*+65"784 τi 4/5"7n$XNG5"^ D 02$*+ < 1�#P4'02B�>kj�[GNGl�#P4'&�#�$*)�02784,+.$*+65"7�4 Yi → Yi+1
a Xi ← Xi+1#%$ Ai → Ai+1

�
���:�������t���Z�����@�C�������K�������.�C�\���q�C�������"�����/���������������q��������n������q���d ����q�Y¡ ¢m£x¤q¥@¦�§
Y = X

§�¨_©dª«¥�£�£n¥�¨�§ M0
©:§¬,®�¯�°u¤�±n§Z¦

1 ² °u¥�¨�³:´.¦_±8§µ@§Z£n¶?§ g · ¤n¶�³:£n¬Z³I¤�¯2©I§Z°u§Z£�¨t¤}¥�©�¯2¶�³:¦�¸Z¦t§�¨¶�³:µ@³:±n³:¹�¸Z¦t¤�¯�¶
Y · §�¨_°'ºn£n³I¦t±�ª«ºn£n§¦?¨P¶?ºn¬�¨Pºn¶?§»¤�¯2¶P¯2®n¥@¶?³I¼Cºn§±n§b¨J½C¤}§ D §Z£

p ¾ ¢m£�¿2¯K°u¥@£�¨�¶�§�¶
¼Cºn§ M0

§Z¦?¨�¯2©Iµ�¸ZÀn¶�³:¼Cºn§W§�¨M§Z£\±n¥�£n£�§Z¶mºn£n§W±n§Z¦�¬Z¶�³:¤8¨P³I¥�£\§%Á8¤n©:³I¬Z³Â¨P§ ¾ ¢m£\¤q§Zº8¨M©:§W±n¸Z¬Z¥@°u¤}¥�¦�§Z¶�§Z£©*ªÃºn£n³I¥�£b±n³I¦.Ä�¥�³I£9¨P§
M0 =

∐

w∈W

Mw
0 ,

¥@Å Mw
0

§Z¦?¨f©I§�¬,®�¯2°f¤Æ±n§Z¦
1 ² °u¥�¨�³:´.¦f°'ºn£�³:¦f±�ªÃºn£n§b¦?¨�¶�ºn¬�¨�ºn¶�§�±n§b£n³Â¿9§�¯�º�¤�¯�¶�¯�®n¥�¶�³:¼Cºn§�±�ª«³:£�¿2¯ ²¶�³I¯�£9¨

w Ç ¬Z§h¬,®�¯2°f¤x§Z¦?¨y¥�º8¿9§Z¶=¨y§�¨'´e§Z¶�°u¸h±�¯�£n¦ M0 ¾ÉÈ ©Y¦Pº8Êu¨y±n§h°u¥@£�¨�¶�§Z¶'¼Cºn§ Mw
0

§Z¦?¨y¯�©:µ@¸ ²Àn¶�³:¼Cºn§g¤}¥�ºn¶�¨P¥�º8¨
w ∈ W §�¨k±n§g©I§o±n¸Z¬Z¶?³I¶?§o§%Á�¤n©I³:¬Z³:¨�§Z°f§Z£�¨ ¾ ¢m£»£n¥2¨P§ Bw0 ©I§g¬,®�¯2°f¤±n§o°f¥�±nºn©I§Z¦

±n§Z¦�±n³I¯�µ�¶P¯�°u°f§Z¦�¬Z¥�°f°'º8¨P¯2¨P³Â´e¦�¬Z¥�°f°u§�±�¯�£n¦�©I¯y¤n¶�¥�¤}¥�¦�³:¨�³I¥�£K���:����Ë��d�t¼Cºn³�¦�¥@£9¨V°'ºn£n³:¦V±�ªÃºn£b³:¦�¥ ²°f¥�¶�¤n®n³:¦�°f§�§Z£�¨�¶�§�©:§Z¦�±n§Zº�Á�±n³�¯2µ@¶�¯�°u°f§Z¦
Y0

// X0
// Y0 et Y

× p // X
Id // Y .

¢m£'¶�§Z°f¯�¶?¼Cºn§Y¼Cºn§Y©:§Z¦É±n§Zµ�¶�¸Z¦�±n§Z¦�Ì�ÍZ¬,®n§Z¦
Yi → Yi+1 · Xi+1 → Xi

§�¨
Ai → Ai+1

¦�¥�£�¨É±n¸�¨�§Z¶�°u³I£n¸Z¦
¤�¯�¶

w ¾
Î'Ï�Ð�Ñ�ÐnÒ"ÓAÔ=Ó�ÐnÕ�Ö}×�ØÉ×JÙq×`Ö ¾�Ú Û #�NGln0"^ D 021Ã]�O < ),+*R�B�# Bw0 #G4%$mB�7x4/NPl�O%^t0s#%7i]")G5�B D #G4 D )G5 D )G#u4%B�)B�7}#gB�7�+*5"7K&2+I4 c 5"+.7n$J#W&�#�-202),+6O%$JOP4W&�#MÜ+6#`]�#,1 Ag−r, 0 &�5"7n$Y1�#g$*{ D # D 02)P0/l�5"),+*R�B#'&�O D #,7}&(&9# w �
Ý O%^_5�784%$*)�02$*+65�7 ��Þ ß ¥�³:¨ Aw0 ©I§k¬,®�¯2°f¤_±n§m°u¥C±nºn©I§Z¦Y±n§Z¦r¬Z¥�ºn¤n©I§Z¦Y±n§m±n³I¯�µ�¶P¯2°f°u§Z¦r¬Z¥�°f°'º8¨G¯"¨P³Â´e¦
¯�½�¯2£�¨k©:§Z¦k°uàZ°f§Z¦V¤n¶?¥@¤n¶?³I¸�¨�¸Z¦k¼Cºn§g©:§g¬Z¥@ºn¤n©:§g´.¥@¶?°f¸g¤�¯�¶�©�¯y´d¯�¬Z§g¦�ºn¤q¸Z¶�³:§Zºn¶�§g§�¨k©I¯u´e¯�¬Z§g³I£8´.¸Z¶�³:§Zºn¶�§
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6�786�9;:=<1>�:=?@?BAC6�AED�:GF�>�H=F�H=I�90J�9;H=KML�NPOQN�R�NSL�TVUWDXA�I�J@:=D0<1Y�Z�>[9;\#7�ACA]J@A�I[J^7�K�AC7�K�9;H=K86�9;I*_�H=9;K#J�AC6�A
` :=>[9;Y]J�Y�Ia6�Acb
90A�<1A�D Ag−r, 0

6�Ad<1A�K�>�A
g − r A]Ja6�A�JWe F�AdF�:=>�:=f�H=>�90\
7�A

a1 ≤ a2 ≤ · · · ≤ ag ≤ g − r .
g Aihjf�:=?@F Bw0 → Aw0

F�:=>�:=?@k]Jl>[A�D0A�I.m�k�hjf�A�I
Yi → Ai

A]J
Xi → Ati

\
7�9 ` Y�>�9Pn�A�K#Jo6�A�I.h�H1K�6�9PJl90H1K�I
6�Aph�H1?@?c7�Jq:!Jl9;H=Kr:=6�Y�\
7�:!JlA]I�T=sXAphjf�:2?BFcA�I[JtY�<1:=D
uvD;:vD;90?B9PJlApF�>[Hw_�A�h]Jl9 ` Ap6�7c6�9;:=<=>l:2?B?BApI�7�9 ` :2K#Jpx
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"$#&%('*)�+-,/.*0�1-2*+�3�45�#76�8*':9-2 Bw0 → Aw0 2*,;3(%�2*<-%;.*,�2*+�3=#&>-5?2@<�#&%(1-+A,�'=9�.*BC#D2*+AE�%�)�1-<F2*,(<-%�)�<-%�2
2�3G5H2I':9�#&BC< Bw0 2*,;3(#&5?E�.*>-%�JH0K1-2�L
MN#A<-%�)�<O)�,�JH3�J?)�+QPRTSNRVU�RWPXJHBC<-5HJ?0�1-2Y0�1-2Z5?2Z':9�#&BC<[%�2*5?#&3�JH\ Mw

0 → Bw0
<�#�%/#&BC8�3�%�2Z'*2*%]3=#&J?+-2*,

\W#&BCJH5?5H2*,^'*)�BC<�#_3/JH>-5?2*,$`-2a3/%;JHb�J?#�5HJ?,/#_3/JH)c+-,$`-2
Gm d >-J?2fe�3�2*+-,�J?)�+-,�Lcgh+i2*+j`-.*`-1-JT3^5?2k%;.*,/1-5T3=#_3^,�1-JTb�#&+�3*L

lnm�o�pNo-q_rts]r�o-uwvOx�y$x{zFx}|FL�~ �N�Z�G�=�=�-� Mw
0 → Bw0

�=�f�7�K���{�_�/���f�K�A���_�����K�Q�&�/�_�����X�������=���
� �K�������F�����/�&��� � Ew

0

�����/���f���n�
E �N� ���-�&�:�����:�������f�/ ¡�?�i�=�-� � � Mw

0

�=�:�¢�&�£��¤*¥��:��¦��� �
M¨§£#�+�#&5H©K,/2I`-2*,�`-2*1�e�`-2*%�+-JH8*%�2*,�'*)c+-`-JT3/JH)c+-,�`-2I5�#i<-%�)�<O)�,�JH3�J?)�+ªPRTSNRVU�RWP�B7)c+«3/%;2¬0�1-2I5?2IEc%;)c1-<F2

`-2*,�'�#�%�#�'�3�8*%�2*,�`-2
Ew

0

2*,;3�5�#i5?JHBCJT3/2IJH+-`-1�'�3�JHbc2I`-1`-J�#&Ec%�#�B7BC2I,�1-JHb&#&+�3¬®
¯ P�RTSNRV°�L²±I³

X0 ⊗X0

f
����

X1 ⊗X1

��
f
��

Xs ⊗Xs

��
f
��

Y0 ⊗X0 Y0 ⊗X1
//oo Y1 ⊗X1 · · · //oo Ys ⊗Xs

Y0 ⊗ Y0

f

OO OO

Y1 ⊗ Y1

f

OO OO

Ys ⊗ Ys

f

OO OO

M�2*,¢6�8*':9-2*,�,�)c+�3�J?+-`-1-JT3/2*,�<�#�%¢'*2*5?5H2*,�`-1`-J�#&Ec%/#&BCB72
¯ P�RTSNRV°�L£´�³

Y0
//

��

Y1
//

��

· · · // Ys

��
X0

��

X1
oo

��

· · ·oo Xs

��

oo

Y0
// Y1

// · · · // Ys

2�3
f //

,�JHEc+-JHµ�2A0K1-2¶5�§²)c+Q#·'*)�BC<F)c,�.¶5?#·6�8*'=9-2¶'*)c%;%�2*,�<F)c+-`�#&+�3/2¶#�bc2*'¶5�§²J?,�)�BC)�%�<-9-JH,/B72¶`-2
,;©�B7.�3/%�JH2 ¯�¸ �a���¹-³a0K1-J�2*+«b«)�J?2

a⊗ b ,�1-% b⊗ a L

P�RHSNRVºOR�»a¼¾½À¿�Á�Â�ÃFRaÄ ÅÆ#&+-,j'�2�<�#�%�#�Ec%�#�<-9-2�4�+-)c1-,jB7)c+�3�%�)�+-,j0K1-2 Bw0 → Aw0 2*,�3j1-+[,�':9-.*BC#
#�>F.*5HJ?2*+¶2�3�0�1-2

Ew
0

2*,;3�1-+A3/)�%�2�LÈÇk2*,h%�.*,�1-5H3/#&3�,h,/2*%;)c+«3�1É3�J?5?JH,�.*,�`�#&+-,h5?2n'*)c%;)c5H5�#&J?%;27ÊÈRWP�RVº�R�Ë�4O5?1-J dBCÌ*B72¢+�.*'*2*,�,/#&J?%;2�<F)c1-%¨`-.*B7)c+�3�%�2*%^5�#Æ<-%;)c<F)c,�JT3/J?)�+�ÊÈRWP�RVÍ�RWP�LKgh+C,�2¢`-)c+-+-2�`-2�,À,;©�Bn>O)�5?2*,
εk
<F)�1-%

1 ≤ k ≤ r
2�3a5W§£)�+�+-)&3/2

[k, k′]
5�§²2*+-,�2*Bj>-5H2G`-2*,a2*+«3/JH2*%�,¡'*)cB7<-%�JH,a2*+«3/%;2

k
2�3
k′
LÉÎK)�J?2*+«3

ei
4
mi

2�3
ai5?2*,h2*+�3�J?2*%;,Æ#&,�,/)�'*J?.*,�Ï

w ∈ W <O)�1-%
0 ≤ i ≤ s

L�gh+AµÉeÉ2j`-2*,hJH,/)�BC)�%�<-9-JH,�BC2*,
Yi

∼→ ⊕rk=1Z · εk2�3
Xi

∼→ ⊕rk=1Z · εk
<F)c1-%

0 ≤ i ≤ s
4É3/2*5H,�0K1-2

Ð 5H2IBC)�%�<-9-J?,�B72
Y0 → Yi

2*+�b«)�J?2
εk

,�1-%
p εk

,�J
k ∈ [1, ei]

4�2�3�,/1-%
εk

,�J?+-)�+È4
Ð 5H2IBC)�%�<-9-J?,�B72

Xs → Xi

2*+�b«)�J?2
εk

,�1-%
p εk

,�J
k ∈ [r −ms + 1, r −mi]

4-2�3G,�1-%
εk

,/JH+-)c+ÈL
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1
0.5*���
6$�

7	8:9;8=<�8>7�?A@CBEDGF$H Bw0 IKJ LNMPOQOSR�T�U�M2T�V5W�X3Y5Z�[�OSM2T$\�Y�R�Y^]�_�R�`:]$_�R�Va`1R�OQOSR�V5W�Y�[�`1b:OSb:T�X3b:YcR�VdI
eCf2ghgif 7	89;8j<�8k7�8k7 IKJ l�m"n H-o�p B q o4DErts�u-vQBwB�xyu-z n H-o!{ H1

{
H2

{
H

H-p
H ′ | q B"p~}yHaD m q D-�~�3} m q�� HyD� o n D�H-p � z:B3p�D�F$H B pjH-z�D | q H (H1 +H2) ⊂ (H ∩H ′)

?���BQz n v n pjH � } mj� Hyr-p n+� H�F q F n BE�3}�B3vGvAH
B/H1

//

��

B/H ′

B/H B/H2
oo

OO

HyD-p^Hc�2pjH�o�D n�m ohF$H
(H ∩H ′) / (H1 +H2) � B3} B / (H1 ∩H2)

?
� u-v m o�D-p~}�B3p n�m o	?�� LNR�\c\tR�`1b:OSb1\�R�W�Y�M���R���\�b1�2R P R�Vc\a[��2XP`1R��

{(b1, b2) ∈ B ×B | b1 − b2 ∈ H ∩H ′} / (H1 ×H2) .� X���������Ra]$_�b�R�T$�2M2b1R (b1, b2) V�_�Y b1− b2 Z�[���T�b�\�_�T�RaV�_�Y+�cR���\tb1M2TwZ�R P V�_�Y (H ∩H ′)/ (H1 +H2)  
Z�M2T�\a`1R�T�M�¡�XP_¢R�Vc\

{(b1, b2) ∈ B ×B | b1 − b2 ∈ H1 +H2} / (H1 ×H2) .£ T¢��M2T���`1_�\aR�T¢YcR�OwX3Y�]$_�XPT$\5]�_�R�`¥¤¦b1OQOSRdYcV�b:MPT¢Z�bX3�2MPT�XP`1R�Z�R B Z�XPT�V B ×B b1T�Z�_�b1\5_�T¢b:V�MPOQMPY=§
W���b:V�OSR�Z�R B / (H1 ∩H2) Vt_�Y^��R�T�ME¡$X3_¨I
eCf2ghgif 7	89;8j<�8k7�8¥© IKJ �¨Bwz n v n pjH � } mj� Hyr-p n+� H P ′

i

F q F n BE�3}�B3vGvAH
Hom(Yi, Ai) //

��

Hom(Xi, Ai)

Hom(Yi, A
t
i) Hom(Xi, A

t
i)

OO

oo

HyD-p¨}tH � }tuyDEH�o�pkB�x�z:H � B3} q oSDErts�u-vwBªB�xyu-z n H-o!{ | q n HyD-p«u>��B3z�B q | q m p n H-o�p«F�H Hom(Yi, Ai) � B3}/zH�D m q D-��3} m q�� H � o n H�p � z1B3p�¬ m }�vAuSF�HyDSu-zu-vwH-o�p�D φ F$H
Hom(Yi, Ai)

pjH-z�D | q H φ(εk) ∈ Ker(Ai → Ati)
D n

k ∈ [ei + 1, r −mi]
H-p
φ(εk) ∈ Ai[p]

D n o m o�?
� u-v m o�D-p~}�B3p n�m o	?�� £ T¢W�M2V�R B = Hom(Yi, Ai) R�\

H1 = { φ ∈ B | φ(pYi) = 0 } ,
H2 = { φ ∈ B | φ(Xi) ⊂ Ker(Ai → Ati) } ,
H = { φ ∈ B | φ(pYi) ⊂ Ker(Ai → Ati) } ,
H ′ = { φ ∈ B | φ(Xi) ⊂ Ai[p] } .£ T�X3W�W�`:b:]$_�R�`:R�`:R�OQOSRw�®1¯�®�°	®~�®¥AW�_�b:Va`~¤±M2T¢M2²�V�R�Yc�2R�]�_�R H ∩H ′ = H1 +H2 R�\³]$_�R H1 ∩H2

R�Vc\�`1RQV�����[�OQX4R�Th�2YcM2_�W�R�V�XPT�T�M2T���[   ]�_�b´R�Vc\�²�b1R�T,V�µ�Y���T�b¥I £ T¶��MPb1\�]$_%¤¦b1`´R�Vc\�W�`X"\��PYt·3��Rw�¸VtX
Z�R�V���Y�b1W�\tb1M2T¢R-¹�W�`1b:��b�\tRPI
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"$#�%'&)(*#�%+(
0 ≤ i ≤ s , #.-/-'#�(�0

Pi 1�231547684 (*0:9'&�#�;�0=<�( 47> 0:?'%@? 452�A & 2B686 0C#�D+(*0=-�%FE39 2 &G( 4 &?'0IHGJ�KMLNKPO�QSRUTV0=-:-'0U<=#�-'W*0=& >B2 -�(�XY%'0 1 0=WZ#�DY;[0�(*W�?'#.-\( 1^]_4 -'? 4 <=0U0=W[( ≤ i
Q

`ba.cdceagfih�jkhmlhnfohqp�Q$r sNtvuIwyx{z�|Y}�~�uItv�i�B���Yx�t�����t
Hom(Yi, A0)

�\�y�+~
Pi

t�~���~���x���t�����} �=����wy�
��wy�.�B��t�~�����wyx�uI���N� ������u�t�����~

φ ∈ Hom(Yi, A0) � ��x�} �V�B�'� φ(εk) ∈ Ker(A0 → Ati) pour k ∈
[ei + 1, r −mi] . � ��z'�Bx���}q���Y��}qt�x*� Pi t�~��b����~���|���u8�v�\������}qt��i�
����uIw��+~���x��B��}qw��i�@  ¡¢-£9'&[#Y<=¤=?'0¥9 2 &¦&[§�<=%'&[&�0=-'<=0¨W�%'&

i
Q3©�0¥< 2 W i = 0

&[§=W*% 1 (*0¨?'%
1 0 6)6 0FJKMLNK�ªiK^J�KP«�QU¬Y%'9'9o#�W*#�-'WXY%'0 1 0=W 2 W�W�0=&[( 4 #�-'W<=#.-'<=0=&�- 2 -�( Pi−1

W�# 4 0=-�( > §=& 4M® §�0=W0�(?'§�¯
6 #�-�(�&�#�-'WZ<=0 171 0=W�<=#�-'<=0=&�- 2 -�( Pi Q�©N0 A &�#�%'9o0 Pi 0=W[( 1�2)17456)4 (�0U9'&�#�;[0=<�( 4M> 0U?'0

Pi−1
//

��

Hom(Yi−1, Ai)

Hom(Xi, A
t
i−1) P ′

i
oo

OO

° 1 0=W[(�XY%'#�( 4 0=-�(�?'0 1�2±1547684 (*0U9'&[#�;�0=<�( 4M> 0U?'%:? 452�A & 2B686 0
Hom(Yi−1, A0) //

��

Hom(Yi−1, Ai)

Hom(Xi, A
t
i−1) Hom(Yi, Ai)oo

OO

9 2 &)%'-/W*#�%'WG¯ A &[#.%'9o0:?'#.-�( 1�2 9'&�#�;�0=<�( 4 #�- Qi

W�%'&
Hom(Yi−1, A0)

0=W[()²�#.& 6 §=0:?'0 6 #�&�9'³ 4 W 6 0=W
> §=& 47®2 -�( φ(εk) ∈ Ker(A0 → Ati−1)

9o#�%'&
k ∈ [ei−1 +1, r−mi−1]

QY"$#.W�#�-'W
B = Hom(Yi, A0)

0�(
H1 = { φ ∈ B | φ(Yi−1) = 0 },
H2 = { φ ∈ B | φ(Yi) ⊂ Ker(A0 → Ai) } ,
H = { φ ∈ B | φ(Yi−1) ⊂ Ker(A0 → Ai) } ,
H ′ = { φ ∈ B | φ(Xi) ⊂ Ker(A0 → Ati−1) } .¬ 4 Ri

?'§=W 45A -'0 1�]S45682�A 0 4 - > 0=&�W�0´?'0 Qi
? 2 -'W B , #�- > # 4 (µXY%'0 H ∩H ′ / (H1 +H2 + Ri) = 0

Qo©�0
1 0 6)6 0�JKMLNK�ªiK^J�K�J 6 #.-�(�&�0 2�1 #.&[W 1�2 W�%'&�;[0=<�( 47>Y4 (�§¶?'% 6 #.&[9'³ 4 W 6 0·- 2 (*%'&[0 1 ?'0 B > 0=&�W Pi Q�© ]_2 W�W�0=&[( 4 #�-<=#.-'<=0=&[- 2 -\(ZW�#.-:-'#¹¸ 2 %:&[§=W*% 1 (*0U?'%:< 2B1 <=% 1 ?'0 H1 ∩H2 , <=0UXY% 4 <=#�-'< 1 %+( 1�2 &�§=<=%'&[&�0=-'<=0�Q

º¼»'½�»'¾n¾^¿'Àn½ agfih�jkhmlhnfih5j�Q$r sNt¼~¹��|'��u�� Bw0 t�~��b����~¹�*|���u����\�����Á}qt���~���x Aw0 �fih5jkhGlh�ÂÃ�IÄb�¹~U��t
Ew

0

QÅr Æµ#�(�#.-'W
Sw0 1 0 A &[#.%'9o0µ?'0=WÇ< 2 & 2 <�(�¤=&�0=WÇ?'0 Ew

0

QY° 1 0=W[( 1547684 (*0 4 -'?'%'<=( 47> 0?'%:? 4�2BA & 2�6)6 0IHmJ�K7LNK�OÃQSRUT�Q
`ba.cdceagfih�jkhmlh^Â�hnf+Q$r s�����}Pu±}��mtU}��i�B������} � t S ′

i

�B��B}��¹ÈBx��BuÉuIt
Xi ⊗Xi

f //// Yi ⊗Xi Yi ⊗ Yifoooo

t�~��V���
Z Ê uIw��y����t���}^��x�t=�$s�t*~8������uIt�����~ εk ⊗ εl t�� εl ⊗ εk ∈ Yi ⊗Xi

wy���Ëu�Ì�uItÍ}�u��¹È\t)�\�B��~
S ′
iz�wy�Yx

(k, l) ∈ [ei + 1, r −mi]
2 �
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1
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798-:<;>=�?-@BA�C3@BDE;>=	FHG IKJMLONQP�R�S�T1UVLWJ
Yi ⊗ Yi → Yi ⊗Xi

N2X�Y�J�Z$[�R�\QP^]�T1_	`�PaJ�Z�b�JMJ�Z$c�NQTdJ
εk ⊗ εlU�[�P

εk ⊗ εl − εl ⊗ εk si (k, l) ∈ [ei + 1, r −mi]
2 ,

p εk ⊗ εl − εl ⊗ εk si (k, l) ∈ ([1, ei] ∪ [r −mi + 1, r])× [ei + 1, r −mi] ,

εk ⊗ εl − p εl ⊗ εk si (k, l) ∈ [ei + 1, r −mi]× ([1, ei] ∪ [r −mi + 1, r]) ,

p εk ⊗ εl − p εl ⊗ εk si (k, l) ∈ ([1, ei] ∪ [r −mi + 1, r])× ([1, ei] ∪ [r −mi + 1, r]) .

e9fg\3[�YVPaJ�R�\QPhY�i�jdJ�LWN2PaR�S�TdU�LWJ
Xi ⊗Xi → Yi ⊗Xi

J�Z�c�N2T1J
εk ⊗ εl

U�[�P
εk ⊗ εl − εl ⊗ εk

U�T
k
JkY
l\QR�R�\3PaY�TdJ�Z�Z�J�Z�Yml

([1, ei] ∪ [r −mi + 1, r]) n�o J�jd\WU�[�pOY5R	NQ[�P5b�NQZ�b�jd[�PaJ n
qrNQ[�PsYVNQ[�Y

0 ≤ i ≤ s
itNQZuZ�N3YVJ

Si
jd\vjdT1LOTwYVJ�TdZ�]�[�bkY�T1c2J�]�[u]�Td\QxQPV\3LOLWJyNQX�YVJ�Z$[zl,R�\QPhYVTdP

]�J<{h|�}w~�}�� n���� J�Z�Z�J�b�NQZ�UVJ�Phc3\QZ$Y5��[�J�j1J�U^NQX��aJkYVU5]�N2Z�Y^j�f�T1Z�]�T1b�J�J�UaY ≤ i n
�H�2�����,�	����������K��� nr� ��� Z � :<;��3�!� � Si � ?-@���D��kA �M� @�� � ? 8-�8-: � =�@¡? εk⊗ εl � @ εl⊗ εk ∈ Yi⊗Xi;"=�@H:<¢-: � D+:OC¤£ � ��C3=�? Si ¥ ;"��A k � @ l ��C"=�? [ei + 1, r −mi]

F

798-:<;>=�?-@BA�C3@BDE;>=	F¦G §¨Z©R�PaN�b�ª�]�J«R�\3P¬Pa`�b�[�PaP�J�Z�b�JU�[�P
i n IKJ«b�\3U

i = 0
Pa`�UV[�jwYVJ]�[

jdJ�LWLOJ®|�}w~�}+¯	}°�}B| n�± [�R�R�NQU�N2Z�Uyj1J�U'\QU�U�J�PaY�TdNQZ�U�c�`�PaT1²�`�J�UyR�N2[�P Si−1 n IKJ Z ³ LON$]�[�jdJ Si J�U�Yyj\jdT1LOTwYVJ�T1Z�]�[�bkYVTwc�J�]�[�]�Td\QxQPV\3LOLWJ

Si−1 ←− Yi−1 ⊗Xi −→ S ′
i .

I�\�´�ª�bµS�J
Yi−1⊗Xi → Yi−1⊗Xi−1

J�Z�c�NQTdJ
εk⊗ εl

U�[�P
p εk⊗ εl

UVT
l ∈ [r−mi+1, r−mi−1]

i�J-Y
U�[�P

εk⊗εl
U�T1Z�N2Z n I�\¨´�ª�bµS�J Yi−1⊗Xi → Yi⊗Xi

J�Z$c�NQTdJ
εk⊗εl

U�[�P
pεk⊗εl

U�T
k ∈ [ei−1 +1, ei]

i
JkYmUV[�P

εk ⊗ εl
UVT1Z�N2Z n §¨Z�J�Z�]�`�]�[�T1Ym��[�J Si J�UaY¨j1TdX�PaJQi�JkYm��[�J εk ⊗ εl JkY εl ⊗ εk ∈ Yi ⊗Xi

N2Z$Y
LO¶�LWJ�TdLO\QxQJ�]�\QZ�U

Si
R�NQ[�P

k
JkY
l
]�\QZ�U

[ei + 1, r −mi]
i�b�J���[�TK\Qb·S�ªkc2J�j\¸P�`�b�[�PaP�J�Z�b�J n

¹�º�»>º�¼½¼�¾�¿½» �,�	������������BÀ nr� ��� Z � :s;��3��� � Sw0 � ?-@t��DB�-A �Á� @t� � £3AV;"� ¥ � Ew
0 � ?µ@t�!=y@�;"A � F

|�}1~�}Â�}4ÃOÄÆÅrÇ�ÈÊÉrÄÌËrÈ�Í	Î$Ï�ÄH}tÐ IKJÑLONQP�R�S�T1U�LOJÑ]%f�N2[�X�jdT	]�[ÒZ�Twc�J�\Q[ Mw
0 →M

UVJ¨Ó¡\QbkY�N2PaTdU�JÑJ�Z
[�ZMLONQP�R�S�T1UVLWJ Bw0 → B JkYÆJ�ZM[�Z9LWN2PaR�S�TdU�LWJtJ�Z�YVPaJHY�N2PaU�J�[�P�UÆ��[�T$J�UaYr`��$[�T1c3\QPaT\3Z$YrU�NQ[�Urj�f�T1U�N2xQ`�Z�TdJ
Ew

0 → E n IKJ�U�´�ª�b·S�J�U Mw
0 → M

JkY M0 → M
U�N2Z�Y R�P�NQR�P�J�U nr± NQT1Y M jdJ

1 ³ LWNQY�T1ÓÔ[�Z�Twc�J�PaU�J�jU�[�P M n�Õ N3YVNQZ�U M [p]
j1J¨x2PaN2[�R�Jm²�Z�T	JkY/R�jd\3Y/U�[�P M \QU�U�N�b�T1`�l

M n I�f�J�U�R�\Qb�J¨]�J¨LON�]�[�j1J�U/PaJ�j\"YVTwÓ
M0 →M

R�\QP�\QLOªkY�P�J�j1J�U5]�PV\3R	J�\3[!Ö4T1UVN3YVPaN2R�J�U5]�J
M [p]

�$[�TKU�N2Z�Y^]�J�Y½×!R�J D n
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#�$&%'$�(�$*),+�-/.0+�132"4657498;:<4�=?>@+�AB465749C9D�5@E78F4G=H+JIK4�AL=�2�-/E@A�2"E7-�4M>@+N-�+O'DK-/.FPQE74$SR TVUXWZYZ[
w ∈ W [�\�]NU_^N`ba�c�deagf*fh[,i?jBfhfk]Z\eag\�`&l@^N[

Z m f*j�^N]Nnb[?o
p #�$<%'$q(�rts,u

Y0
//

��

Y1
//

��

· · · // Ys

��
X0

��

X1
oo

��

· · ·oo Xs

��

oo

Y0
// Y1

// · · · // Ys

v ]N`�wJx?dy`&W�[,n&[?ozi?j�UN^N`&\�`bj�UNo�^N[,n�ah{NdyjB{Kj�o�`&\e`&jBU9#�$<%'$q|�$}#rKTVU~UNj�\�[

Mw
X•,Y•, 0nb[Vi���a�fh{H^N[Vf*jG^N]Nn&[?o�^N[?o

1 m f*jg\e`<lFo�^N[VcB[?UNdy[ g � {Nd�`&UNi?`b{�agnb[?fh[?U�\�{Kj�n�agd�`&o�x�o � f�]NUN`bo�^Q��]NUN[Voy\�d�]Ni m\e]Ndy[�^N[�UN`<wB["ag]�{�agdeag�NjBdy` v ]N[�^N[�\;��{K[ D [�\�^Q�t`bU�wgagd�`ba�U�\
w
[?U
p � [�\�fk]NUN`&o�^Q��]NUk`bo�j�f*j�d�{N�N`&oefh[�^N]^N`�agcBd�a�fhf*[ p #�$<%7$���r���u p jB�Z\�[?UG]�c�de�gi?[���nba�{Nd�jB{Kj�o�`&\�`bj�UM#�$&%'$�|�$�#�u�o�]Nd�nb[�^N`ba�c�deagf*fh[ p #$<%'$�(Qrts,u�r

� j�]Z\z`&oej�f*j�d�{N�N`&o�f*[,[?U�\�d�[,n&[?o�^N`�agcBd�a�f*fh[?o

Y0
// X0

// Y0 et Y
× p // X

Id // Y ,
`bUN^N]N`<\z]NUN[,`&f*fh[?d�o�`&jBU~j�]ZwJ[?dy\�[,[�\�l0[?d�fhx?[

Mw
0, X•,Y•

−→Mw
0 .� [?o�i���a�fh{No�^N[*f*j�^N]Nnb[?o�a"wB[?i

X•
[�\

Y•
WZYZx?o�o�[?dyw�`&d�j�U�\�n&jBdyo�^N[*nba~^N[?o�i?d�`&{Z\e`&jBU9{Nd�x?i?`&o�[�^N[*nba

oy\ed�ag\�`&W�i�a/\e`&jBU~^N[?o�i?jBfh{�a�i�\�`&W�i�a/\e`&jBUNo p \e�Nx?jBdy�?f*[���$���$0�3$}#Zu�r
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���������! "�$#%��&�')(+*+ -,.��/-0����!/-12&%�-�3(+')4%/-����&%��*5(6') !787) !12 !�9(� 3(;:� �1<����'8=!*5 �(+/>*5'8?@0� �78 !�A�$#%�-1B&���:� 
12/C:�0�78 !�D:� 

1 E 12/�(6'GFH�!IKJL/>0��D 3MN !�3(+0�/>���D0��� O�!/-���5(6*50��3(6')/>�P:� RQS0�1TFH/>*5:P�+0�*;�! !*5(6�-')�% 3�D�!/>1B&�78U E(6')/>���V:� !�V�$#%��12&��V/>W.(+ !�@0��!,9&�0�')�X��&�&�*+/ZY.')12/-���V78 ;*+U!�+0�7G([�\(]:� ;�! 3(+(+ ;�!/>���5(+*+0��3(+'8/-�< !�2&�*5U!�+ !*5^��-�9(
78 "�6/-0�� E`_ *5/>0�&a b:� p E (6/-*+�+')/>�cI%dV�.4%�c,%��/-0��;:�U34%��'8�+�+/>���;7) !�D�Z��*5(+ !�;78/@�Z��78 !�D��7 _ U!W�*+')?@0� !�!I

e
fhg%fjilkNmonqpKr-sutwvxr>p.sutHkay{zTsZkK|}k�~[�qp%����zBnqp%|usut����H����z
��������(6/-0.(�78 �*+ !�5(6 �:� ��! 3(5(6 �(6#�=!�+ -,�/>��4.Y. �0��

Z E 12/C:�0�78 �7)'8W�*5 X :� �*6��� _ g
 3(�7h��/>�

��/-(+ 
B(X) = Hom(Sym2(X),Z)

7) 
Z E 1B/@:�0�7) �:� !���-&�&�7)'8�Z�\(6')/>����W�')78')��UZ�-')*+ !���5��1BU3(6*5'8?@0� !� !�C(+'8=!*5 !�j�+0�*

X
,� 3(

C(X) ⊂ B(X) ⊗ R
78 ��!�-�� �:� !����&�&�78')�Z��(+'8/-���jW�')78')��UZ�-')*+ !���5��1BU!(+*+')?@0� !�

�+ !12' E :�U34%��'8 !��&a/-�6'G(6'G^9 !����*+�-:�')�Z�-7�*+��(+'8/-���� !7hIb�����+ �:�/-���� �0��� �:�U!�!/-12&a/>�+'G(6')/>��&a/-7)�>U!:�*6��78 
GL(X) E ��:�12')�+�+'8W�78 Σ

:� 
C(X)

?@0�'� !�5(x7)'8�+�+ �&N/-0�*�78���5(6*50��3(60�*5 A !�9(6')=Z*5 
B(X) � &%��*6� _ *+�-&�#� ��`�RI��:� l��� iT�� �¡H¢ I.£@/-')(

<, >
:�U!�+' _ �� D7h���-�!�!/>0�&�7) !12 !�9(X:� L:�0%��78'G(6UD !�C(+*+ B(X⊗R)

 3(
Sym2(X⊗R)

I
���S&a/>�+ 

σ∨ = { x ∈ Sym2(X ⊗ R) tq < σ, x >≥ 0 }
σ⊥ = { x ∈ Sym2(X ⊗ R) tq < σ, x >= 0 }

&a/>0�*D(+/>0.(
σ ∈ Σ

Ic¤X ��+/>�9(�*5 !�+&N !�3(+')^> !12 !�9(�0��¥12/-��/-¦§:� l 3(�0�� _ *5/>0�&a �&a/>0�*L7¨�©��:�:�')(+'8/-�cI
ª{/-0�*(6/-0.(
σ ∈ Σ

,�/>�«:�U!�+' _ �� �&%�-* Xσ

78 �&�7)0��j&N 3(+')(j?@0�/-(+'8 !�9(�:� 
X

(6 !7�?@0� �(6/-0.(6 !�j7) !��FH/>*512 !�
W�'87)'8��UZ��'8*5 !�

b ∈ σ �+ bF¨���3(6/-*+')�6 !�9(L&%��* Xσ ⊗Xσ

,% 3(L7¨��/-�P��/-(+ 
r
�+/>�P*+�-� _ Iaª��-*; ¬Y. !12&�7) O�+' σ  !�5(:%�-���;7¨��')�C(6U!*5'8 !0�*�:� 

C(X)
,%/-�P�

Xσ = X
 3(D�+'

σ = {0} ,�/>�P� Xσ = 0
Ia���S&N/-�+ 

Sσ = Sym2(Xσ) et Eσ = Spec(Z[Sσ ∩ σ∨]) .

¤� ":� !*+��') !*��+�$#�U!1<�T !�5(;0��S&�7)/>� _  !12 !�C(�(+/>*5'8?C0� O��2�� -,�1�0���'®:c��0��� b�5(+*6�\(6'G4%�Z��(+'8/-�S'8��:� ¬Y�U! b&%��*78 !��F¨���! !�R:� 
σ ¯ 7°�PF¨�-�! τ �!/>*5*+ !�+&a/>��:���78���5(6*+��(+ Eτ

σ = Spec(Z[Sσ ∩ τ⊥])
?@0�'X !�+(R0���(6/>*5 

?@0�/�(6') !�C(l:� 
Eσ
I±ªx��*O ¬Y. !1B&�78 -,®7h��/>*5' _ '8�� {0} �!/-*+*5 Z�+&a/-��:���7h��0���'8?C0� <�5(+*6�\(6 2/-0.^9 !*²(6 Eσ  3(O78 �!�>�� 

σ
�P7h��0���'8?C0� ��5(+*6�\(6 <FH !*512U! -I{³±�¥&%�-*+�-1BU3(6*5'8�6�\(6')/>��:� ´7°�P�5(6*+��(+')4%�Z�\(6')/>�� !�5(R:�U!�!*5/>')�6�6���C(6 -,
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 �!#"�$&%('*)+'-,�.0/1"32�4�"3$1. τ "�$&%54�6�"87:9� �"3,�" τ ′ ; 9<$&%1/=9+%=">9+%1%?9� �@�A�">) τ ′ "�$1%B.C6� ; 4�$="3,�9�6�$ ; !D9�,�@�A�/1"�6� �",�" ; 9E$&%=/19�%1"F9�%&%?9� �@�A�"F) τ GH 6I,�AKJ�6�.L%M4�6N7:9�.0$1 �"O9�4I �PQ6�$&%=/&4� K%1.CR ; " Xσ
$14�/ Eσ S 2
4�.�"�$&%M4�6I2�4�P�%1.C"�6T%M,�4N7:9�.0$1 �"O9�4

 �PQ6�$&%=9�6
% XEσ S "�6U,�PQ6�6�9�6
%V$=9E/1"�$&%1/1.C K%1.CP�6W9�4YXZ$1%1/=9+%="�$\[
Xσ|Eτ

σ
= Xτ .

] 9^/&"�$1%1/1.0 K%=.0PQ6_,�" Xσ
) ; 9^$&%=/19�%1"3P�4�`T"�/(%="8"�$&%B6�4 ;0; "8"K%B$=9a/1"�$&%=/&.C K%1.CP�6b) ; 9a$1%1/=9+%=" Eτ

σ
"�$&%cA�dT9 ; "

) Xσ
$1. τ "�$&%e.C6� ; 4�$f,�9�6�$ ; !g.C6
%1A�/1.0"�4�/e,�" C(Xσ) G�h 9�/e �P�6�$&%=/&4� K%=.0PQ6 S Sym2(Xσ)

$1"5i ; PQ6�d�"5,�9�6�$
; !#9�6�6�"O9�43,�"�$j7kP�6� K%=.0PQ6�$j/1A�d�4 ; .0l�/1"�$j$14�/ Eσ S ,�P�6� m,�9�6�$ ; "n �PQ/&i�$o,�"�$p7k/=9� K%=.0PQ6�$j/=9+%=.0PQ6�6�" ;0; "�$j,�" Eσ Gq 6> �PQ6�$1.0,�AO/19�6T% ; "e,�.L`Y.0$="�4�/r9�$=$1P� �.0Af)B4�6�"m7s/=9� K%=.0PQ6E/19�%1.CP�6�6�" ;C; " S PQ6EP�R�%=.0"�6
%r4�6�"m7kP�/1tu"eR�. ; .06�AO9�.0/1"$&vYtuAK%=/1.02�4�" Bσ : Xσ ⊗Xσ → DivEσ

)>`�9 ; "�4�/&$w,�9�6�$ ; "�7k9�.0$1 �"O9�4U,�"�$w,�.0`�.C$1"�4�/1$w,�" Eσ G
x3y{z�|}z�~+�*�(�1z����}�*���*� Gj� ���V�O�{���^� Bσ � �����
���*�+��� � �E���b�Y�����O�+���<�3�K�s���s���1���s�=� ��� �^���������K���

Bσ : Xσ ⊗Xσ −→ DivEσ

�����������K���� ��+���u���+�Y�*� � �?�����¡�+�¢�����=�+��� x £
� Xσ ���<£��s¤�� � ���Y� B(x, x) � �+�s���k¥5�=����� �<¦ � �{ Q ��+���\�-§Q���
���U���¡���b£
�F���{�¨�������Y�C���:�¡�+�¨£T� x ©
ª ���<�{� � ���1�����¡�{��©r« ¬ A�/1.LJ�PQ6�$ ; 987:9� K%1PQ/&.C$=9+%=.0PQ6�$=4�/m �@�9�2�4�"B$1%1/=9+%=" Eτ

σ S PQ τ "�$&%e4�6�"B7:9� �"5,�" σ G® P�%=P�6�$ Xτ ; "�6�P�v
9�4�,�" ; 9E$14�/�¯1"� K%=.0PQ6 X → Xτ G�° ; $14�±u%w,�"�tuPQ6T%=/&"�/f2
4�" ; 937kP�6� �%1.CP�6U9�$=$1P
 �.CA�")>%=PQ4�%wA ; A�tu"�6
% x⊗ y ∈ Xτ ⊗Xσ
"�$1%w$=9�6�$w²�A�/&Pa6�.�i�³ ; "\$14�/ Eτ

σ G´h 9�/w �P�6�$1%1/14� K%1.CP�6 S P�6W9
H0(Eτ

σ ,OEτ
σ
) = Z[ s ∈ Xσ ⊗Xσ tq b(s) = 0 ∀b ∈ τ ] .

H /E$=. b ∈ τ P�6M9 b(x ⊗ y) = 0 S ,�P�6� x ⊗ y .06�,�4�.0%u4�6�"Z7kP�6� K%=.0PQ6µ/&A�dQ4 ; .Cl�/&"�$14�/ Eτ
σ G·¶ !g"�$&%A�dT9 ; "�tu"�6
% ; "\ O9�$V,�" ; 9E7sPQ6� K%=.0PQ6U.06
`Q"�/1$1"\2�4�.¸"�$1%V9�$1$1P� �.0A�"F) x⊗ (−y) S ,¸!#P� ; "\/&A�$=4 ; %?9+% G¹ P�6
%=/&PQ6�$ ; 9b$1"� �P�6�,�"�9�$=$1"�/(%=.0PQ6 G ] "Z �³�6�"�,�4´9 ; ,�" C(Xσ)

"�$&% C(X∨
σ ) ,¸!gPQº4�6�"Z.06� ; 4�$1.0PQ6

σ∨ ⊃ C(X∨
σ ) G�» . x "�$&%·4�6�"w$1"� K%1.CPQ6 ; P� O9 ; "w,�" Xσ S PQ6u`QPQ.L% x⊗x  �P�tatu"w4�6aA ; A�tu"�6
%¼,�" C(X∨

σ ) G] 9½7kP�6� K%=.0PQ6¾9�$1$1P� �.CA�"W) x ⊗ x "�$1%^/&A�dQ4 ; .Cl�/&"W$14�/ Eσ
"K%^,¸!D9�i�/1l�$ ; "�$^i�/&.C6� �.0i�"�$adQA�6�A�/19�4YXµ$=4�/

; "�$�`�9�/&.CAK%1A�$\%1PQ/&.C2
4�"�$ S ; " ; .C"�4¿,�"u$1"�$F²�A�/&PQ$\"�$&%F/&A�4�6�.CP�6¨,�"�$\$&%=/19�%1"�$F9�$1$1P� �.CA�"�$F9�4YXÀ7:9� �"�$ τ $14�/; "�$12
4�" ;C; "O$ x⊗x i�/1"�6�,3,�"�$p`�9 ; "�4�/1$j$&%1/1.0 K%="�tu"�6
%ji�P�$1.0%1.0`Q"�$j �PQtuta"·7sPQ/&ta" ; .C6�AO9�.C/&"n$14�/ B(Xσ)⊗R G

H 6Á9�i�i�" ;0; " Mσ
; "U �@�9�tuiM,�"UtaP�,�4 ; "�$^,�"�$ 1 '-tuP�%1.07s$^,�"Ud�"�6�/1" g i�/&.C6� �.0i�9 ; "�ta"�6
%ai�P ; 9�/&.L'

$1A�$E"K%u/&.Cd�.C,�.LJ�A�$Ei�9�/ Xσ Go° ; 6�"Z,�A�i�"�6�,Â2�4�"Z,�" Xσ
"K%Ei�9�$E,�" σ G H 6Âi�P�$1"ZA�dT9 ; "�tu"�6
% Bσ =

Hom(Xσ,Ag−r) S PQ r "�$&% ; "F/19�6�da,�" Xσ G´Ã 9�6�$ ; "F �@�9�i�.0%=/&"Fi�/&A� �A�,�"�6
% S P�6_9utaP�6
%=/&AF2
4�" Mσ"�$&%V4�6 Eσ '¡%1PQ/&$1"�4�/w$14�/ Bσ G ® P�%=P�6�$ Mσ
; "\i�/&P�,�4�.0%w �PQ6T%=/19� K%1A

Mσ =Mσ ×Eσ Eσ .
] "E ?@�9�tui¿9 ; dQA�R�/&.C2�4�" Mσ

"�$&%F9+±^6�"E$14�/ Bσ "K%�t>4�6�.o,¸!#4�6�">$1%1/=9+%=.LJ� O9�%1.CP�6½.C6�,�"�X�A�">i�9�/ ; "�$7:9� �"�$c,�" σ G ® P�%=P�6�$ Zτ
σ
; 9a$&%=/19�%1"39�$=$1P
 �.CA�"3) ; 9a7k9� �" τ "K% Zσ = Zσ

σ
; !#4�6�.02�4�"8$&%=/19�%1"F7k"�/&taA�" G ] "



���������	��
���	�������������������������	���	���! ���"$#%�&���'�(���)#*"+"$#%� ,.-
/10$2!3�465�0$7

Xσ

598;:!0</>=+?�@A5CB�2D:!2DE�F�0+2D?�5
Bσ

36G�F98H56E�I�56E(8KJ Mσ×Bσ
Eσ

I�5L@M0+E�2DN�?O5
Eσ P 2!E(Q$0$?�2!0+E(8�5C5983�5�I�563�4656E�I�56E(8LJ Mσ R�S ETE�=$8H5&8�=�7�U�=+7�?�3 Xσ

:D5&/10$2!3�465�0+7T46=+E�3O8H?O7�498H2DB�:!5�598
Bσ : Xσ ⊗Xσ −→ DivMσ:)0</>=�?O@M5CB�2!:D2!E�F�0$2!?O5V=+B%8H56E(7�3K3�7�? Mσ R%W 5CI�2DQ*2D3�567�? Bσ(x⊗ x)

563O8K59X�56498�2D/YI�5C3�7�Z�Z�=+?O8K:D5V:D2!567[I�5
E�=�EM0+E�E�7�:!0$8�2!=+EMI�5

x ∈ Xσ R�\ 2 Xσ = X
0+:D=�?O3]=�EM0

r = g ^ =+E_0 Mσ = Eσ
598]:1G`=+E_0 Mσ = Eσ R

\ 2 σ = {0} ^ =�Ea0 r = 0
598 Mσ =Mσ = Ag R

b_c+dfe�gih�jkcmlYnpo�n1l Rrq s =�7�3tE�5u46=�E�3�2DI�F6?�56?�=+E�3tI�563YZ�:D=�E�v+56@M56Ew8H3�8H=+?�2Dx�7�563tE�=�E<0$yME�563tx�7�5uI�0+E�3:zG�F6E�=�E�46FCI�7{8�|�F6=�?ON6@M5�}�~z��~)��~)} ^ Z'=+7�?;=�B%8�56E�2!?�7�E�5VI�563�46?O2!Z%8�2!=+E�v+:!=+B�0+:D5CI�7{Qw=+2!3�2!E�0$v�5CI�5C:1G`2DE%��E�2I�563�46=+@MZ�0+498�2D��4�0.8H2D=�E�3 R(� 0+E�3�:!0�46=�E�3O8H?O7�498H2D=�EMI�5�3]46=�@AZ�0+498H2���4�0$8�2!=+E�3�598�Z�:!7�3�Z�?OF6462!3�F6@A56E(8�I�0+E�3:!563]Z�?O=�Z'=�3�2�8H2D=�E�3;}�~z��~)�M598;}�~z��~)��~1��E�=�7�3]7%8H2D:!2D3�56?�=+E�3�:D5/10+2�8�x(7�5�:D563]46��E�563]I�5
Σ
E�5�3�5�?�5646=+7%Q*?�56Ew8

Z�0+3 R
��~z��~)}�~_�9�������������(���%�����'�����t���r���	�������m�>���p���'���i�> (���	~;¡ W 5C4�|�0$@MZ Mσ

E�G¢0$I�@M598KZ�0$3KI�G�2!E P8H56?OZ�?�F98H0$8�2!=+EM@M=(I�7�:)0$2!?�55¤£%Z�:!2D462D8�5 R(¥ EM?�59Q$0+E�4¦|�5 ^ :zG�2!@A@M56?O3�2!=+EM=�7%Q�56?O8�5 (Mσ ↪→Mσ)
56E_0+I�@M5¤8

7�E�5V56E[8¦0$E(8x(7�5M§�4�0$8�F6v�=+?�2D5V��B�?OF65&J¨:)0�/>?O=�E(8�2!N6?O5�©_I�0+E�3K:D5&3�56E�3K3�7�2DQ$0+Ew8 R�\ =�2D56E(8 F 598
G
I�567*£

4�|�0$@MZ�3�3�7�?
Spec(Z)

598
F ↪→ G

7�E�5�2!@A@M56?O3H2D=�ET=+7%Qw56?ª8H5 R
«m¬�&®k¯±°ª¯�²�®³lYnpo�nµ´�npo Rrq W 0M4�0$8�F6v�=+?�2D5<��B�?�F65�JM:)0A/>?O=�E(8�2!N6?O5 (F ↪→ G)

563O8L:)0M4�0.8HF6v+=�?O2!5���B�?�F65
56E¶v+?�=+7�Z�=$·µI�563_3�7�?

Ouv
x(7�2L0$3�3�=�462!5aJ¸8�=�7%8_=+B�U�598

(U ↪→ S)
:!0¸4i0.8HF6v+=�?O2!5TI�563_I�2)0$v�?�0+@A@M563

2 P 46=+@M@¹7%8H0$8�2D/>3
U //

��

F

��
S // G

S Eº0+Z�Z'56:!:D5
(U ↪→ S) »!¼�½.¾�¿�ÀAÁÃÂ!Ä_Å�ÆH½.¿�Àz¾zÇ¤Æ¦È I�5 (F ↪→ G)

:!0�4�0$8�F6v�=�?O2!5aI�563{I�2)0$v�?�0+@A@M563
Z�?�F646F6I�56Ew8H3tÉ�=�ET:!0AE�=$8H5

(F ↪→ G)(U ↪→ S) R
b_c+dfe�gih�jkcmlYnpo�nµ´�n>l Rrq W 0Ã4�0$8�F6v�=+?�2D5

Ouv
/>=�?O@M5�7�Eº3�2D8�5�3�2C=+EÊ:!0f@¹7�E�2�8�I�5Ë:)0�8H=+Z'=�:D=�v+2!5

2!E�I�7�2�8H5<Z�0$?Ì:!0A8�=�Z'=+:!=+v�2!5 Åµ¼�Í�Î 3�7�? U 598
S ^ 598L:!0M4�0.8HF6v+=�?O2!5���B�?OF65 (F ↪→ G)

563O8Ì7�Ea4�|�0+@AZa3�7�?
465�3�2D8�5 R
� =+E�E�=�E�3ÌJAZ�?OF63�56E(8Ì7�E�5�I�563�46?�2DZ%8H2D=�ET5¤£*Z�:!2D462D8�5�I�5<:!0A4�0.8HF6v+=�?O2!5&��B�?OF65<JA:!0Ï/>?O=�Ew8H2DN6?�5

(Mσ ↪→Mσ) .

\ =�2D56E(8 (U ↪→ S)
7�EA=+B�U�598uI�5

Ouv ^ 598 D 7�EÏI�2DQ*2D3�567�?u59X�56498�2D/'2!?O?�F6I�7�498�2!B�:D5?�F6I�7�2�8uI�5
S R(S EAE�=$8H5

pD : DivS → ZD

:!5C@A=�?OZ�|�2!3�@M5Cx�7�2�0+3�3�=�462!5VJ�8�=�7%8;I�2DQ*2D3�567�?;3H0¹@¹7�:D8�2!Z�:D2!462�8HFC:!5C:D=�E�v¹I�5
D R�S E?H0$Z�Z'56:!:D5<x�7�5<:1G`=+EË0M0+3�3�=�462!F�7�ET/10$2!3�465�0+7a46=+E�3O8H?O7�498H2DB�:!5

X
598Ì7�E�5�/>=+?�@A5<B�2!:D2!E�F�0$2!?O5<3OÐ*@MF98�?�2Dx�7�5

B : X ⊗X → DivS
JÏ8�=�7%8

1 P @M=$8H2�/kI�5¹ÑT7�@A/�=�?OITZ�?�2!E�462DZ�0+:D56@M56Ew8ÌZ'=�:!0+?O2!3�F�3�7�? (U ↪→ S) R
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 "!$#�%&#�')(+*,(-#�.0/&1+2�1435163�798

(Mσ ↪→Mσ)(U ↪→ S) :<;>=�?�:A@�BDC)E�F�C)G6H
:IH
:<; 1 JLKMC)=6N OD;PH
:RQSETKIO�C)B-H
;>ETB (U ↪→ S) H
:U@
:>V�BD: g W9F�B>NXV�Y>NZF�[)?�:>KM:�V�=AF�C$?\[�B�N�;�]<;<WPB>N^@�N6H�N _I]<;`F�[)B Xσ ;>E�B U Wa=b:>?Z;dceEf:gF�C)ETB
=bC)E�=b:h;�:<Y>=6N4C)Vi?�C�Y-[�?�: x Hj: X Wk?�:�H�Nml�N�;�:>ETB B(x, x) ;�C)NX=":onk:DY>=6N O�:>=IF�C)ETBM=bC)E�=pH)Nml�N�;�:>E�Bq:onk:<Y�=6N O
NmB�BD]DH�EfY>=rN6se?�:UBD]DH�ETNX= D H
: S Wt?-u [�FjF�?vN6YD[�=6N4C$VwseNm?vNmV�]-[�NmBD:�;>x�Kh]>=6B�N6ceEf: pD ◦ B : Xσ ⊗Xσ → Z ;�C$Nm=
NmV�Y�?vE
;�:"Hj[�V�;y?-u [jH$z�]>BD:>V�Y<:"H
: σ {
| ]>KMC$V�;>=6B-[�=6N4C$V�{~} �+�����������
���^�����^���
�����U�-�y�������������\�����������y�����d�����-���

S −→Mσ −→ Bσ
���������-�y�����������a�����-�������h���D�������+�������\�^��� G̃ ���y�-�������D���-�^���������������<���
���-��� S  ������
�a�\�������������
�����p�����-���e�-���-���p���h�\�¡�������-�\�d�-�����\�
���h����� Xσ �e�"�����
�p���q�����,�D�^�M�������\�^�������h�����"�����\�����^�����^���d���j�
�����\�����\�-����������������� g − r

7 �+�a�������������^�����^���
�����q�-�����������������i�-���^�e�j�������
� U → Mσ �e�d���
�d���-�����^�-�d� Xσ → G̃ �-��� U �^�������\�D���j�q��� 1 �L�d���D��¢����¤£q����¢o���-�¥���-�^�����\�����\�������
�q�����\�����\�-�
�-��� (U ↪→ S)

7
�+�I�-��¦������M�j�����^§����������¨�-�������^�������������^�-�\���������������������D��� B  ©�\�ª��������� U → Mσ ��«¬�e�D�����

���i�������������� S → Mσ

7~® �����e�j���
�-�����\�^���>¯T�D�����-�^���i�����d�����^�������������������-�^�-�q��� U ������� S 7° ���a�����-�����
�D���������a�����D�������\�����^�y���"±������\�-²��r ����q���������������y�-���������-���a����� S = Spec(R) ���������
�-�������h��\�
�����R�^�
�-�������d���������^�
�y�����������\����� Spec(K) �e�y�������\���-�����D����� Mσ → Bσ �����y�-�-���T����� 7³ �´�����D�^���
�����^���D�I�����¨�����<��� U → Eσ  ©�����¨�6«¬���µ���������e�D������������´�����¨��������� S → Eσ

7 ³ �
�j�����������j�D�����������U�\����������� H0(Eσ,O) = Z[Sym2(Xσ)]→ K ���
�j���\� H0(Eσ,O) ������� R 7f° ���
�������h���\���D�`��� S  T�����\���-�g�D�����D�`����^���P�\�������T¯¨�������d�^���-�I���k�������-����� 1

7 �+���-��¦d�P���`�����^�I�����k�������
�D����� x⊗ y ∈ H0(Eσ,O) ⊂ Z[Sym2(Xσ)] �e���-�����g�����T�\�-����� D ��� S  f���ª� pD ◦ B(x⊗ y) ≥ 0

7
¶ «¬�������e���\�����
�������

H0(Eσ,O) = Z[ {u⊗ v ∈ Xσ ⊗Xσ tq ∀b ∈ σ, b(u, v) ≥ 0} ]

�e���\��¢m�����d�y���^�\�^�������\��� pD ◦B �������\�����^���-�U���������6«·�����������������y��� σ �����a�
¸T�����-�����-� 7

¹hº�»½¼�!�¾�¿©ºÀ/&1L2�14351\Á�798 Â � S �������^�������6 ��\�������<��� S →Mσ ���
�����^�y�^�y�����^�
�a¢o�����d����� S �������
�������D�-���-� Zσ �-���e�t�-�����\�������
�t�-� σ �����t���\���^�h�����������d���\���~��Ã������~��� Σ �����
�~�6«·�����������������������
�-�\���j�
����¢o���-���y���\�^�\�������\�-� pD ◦B �������P�D�����������T�\�-����� D ��� S 7
Ä�Å6Æ�Å�Ç&Å�ÈpÉ�Ê�Ë~Ì\ÍÏÎÏÐ¤ÊeÑ�Ò)Í9Ó�Ñ�ÍÏÒ�Ð¤ËÏÐwÎ9ÔXÕ�Ð
É�Í×Ö9É�Ò$ÉfØ&ÙfÒ)ÔrÚ5Í&Ð�ÅÜÛ ³ �S�������-�\�����������������������M���>�
�����������-���D�\��� Σ ���×�����D�����-�������Ý���������������
�� ������������¡�^�\�-�-�Ý�����������´�-�-�-���e�-���-�Ý���j�D�^���-� B(X)

7
Â ����� σ ∈ Σ

7 ³ �Þ�����D� Xσ �\�S�������D�^���
���� X ���-�-�����\�Àß σ  I�e� r �-���Þ�D����� 7 ³ �Þ�����D� Mσ, 0

�\�¨�<�������i���\�������-�^�����¨����� 1 �L�����-�^¢o�����¨��������� g �
���I�-���j�������\�����\�����\�������
�����������-�^�-���� 9�-�^���^���^§����
����� Xσ  f�e�g�������^�g�5«¬�����p���D�����e�D�����p���U���^�������ª�����D���������\�
���p���U�+¸T��� D ��� p 7 ³ �S���T�¡���������\�
���������^�-�-�y���������������j������� Mσ, 0 �����d�e���<���^�������y���������d�����-�^�-�\���q���q�f�����-�\���������j���,�D�����e��¢m���-�������

Mσ, 0 =
∐

w∈Wσ

Mw
σ, 0



���������	��
���	�������������������������	���	���! ���"$#%�&���'�(���)#*"+"$#%� ,�,
-!.�/�021*340�5�6+78!0�9�:�;$<=->04.(<?/�0�@+7�;+:�5'04A?/�0&BC0ED*8

Wσ = WL \ WGSp2g
/ WLD .

F ;�:�7G<=;+:�<
w ∈ Wσ H ;�.I6J/�34K47L-></�6+.�A8!6J5�7L;�5';�A�-><�-!;+.NM�O>PQO)R�O�ST:�.T<=;+7�0

Ew
σ, 0

0E<:�.UK�V�6+WX5 Bwσ, 0<=048>AY9(:�0 Mw
σ, 0 → Bwσ, 0

A�;�-Z<Y:�.U<�;�7LA�04:�7A=;+:�A
Ew
σ, 0 [ \ 0 Z ] WX;�/�:�8!0&8!->^�7�0 Swσ, 0 = Hom(Ew

σ, 0,Gm)/�3E_�.�-><Y:�.I5�8!;+.�@�04WX04.(<Y<�;�7L-!9(:�0`6$ab.�0
Ew
σ, 0 ↪→ E

w

σ, 0 [ c .I/�3E_�.�-Z<?8>0�K�V�6$Wb5d6$8!@+34^�7�->9�:�0
Mw

σ, 0 → Bwσ, 0K4;�WXWb0�8>0�5�7�;(/�:�-Z<YK�;+.(<�7=6$KE<=3
Mw

σ, 0 =Mw
σ, 0 ×E

w
σ, 0 E

w

σ, 00E<?8>0�K�V�6$Wb5d6$8!@+3�^�7L-!9(:�0 Mσ, 0 → Spec(Z)
K4;+WbWX0�8fe�:�.�-!;+.I/�-!A�g�;+-!.(<�0

Mσ, 0 =
∐

w∈Wσ

Mw

σ, 0 .

\ 0�K�V�6$Wb5 Mσ, 0
04AL<?Wh:�.�-i/�e�:�.�0�AL<=7�6$<�->_�K�6$<�-!;+.I8!;(K�6+8>04Wb04.(<jk047LWb340�/�0�AL<=7�6$<�04A

Zτ
σ, 0 =

∐

w∈Wσ

Zτ, w
σ, 0

-!.�/�021*3404A?5�6$7Y8>04Ajl6+K404A
τ
/�0

σ [ c .I.�;+<�0 Zσ, 0 = Zσ
σ, 0

8lem:�.�->9�:�0�AL<=7�6$<�0&jk047�WX340 [n 6$.�AbK40U5�6$7=6$@�7�6+5�V�0 H ;+.o/�;�.�.�0U:�.�0U-!.(<�047�5�7L3E<p6q<=->;�.o/�0U8)6rK�6$<�34@�;+7�->0T_�^�7�340Ist8!6rjk7L;�.u<=->v47�0
(Mσ, 0 ↪→Mσ, 0)

6$.�6+8>;�@+:�0wsxK4048>8!0h/�0
(Mσ ↪→Mσ) [�y ;�-Z< (U ↪→ S)

:�.z;�^(g�0E<{/�0
Ouv ['| ;+:%<

1 ] WX;+<�->j&/�0r}I:�WXjk;+7�/
M

A�:�7
(U ↪→ S)

Wh:�.�-?/�e�:�.�0~AL<�7�:�KE<�:�7�0d/�0d.�-Z�u0�6$:�5�6+7�6+V�;�7L-!9(:�0
H•/�em->.(�$6+7L-)6$.(<

w ∈ W /�3E_�.�-><w:�.�0�jk6+WX-!8>8!0�K4;�WX5�6$<�-!^�8>0�/�0xjk;�7LWb04Aw^�-!8>-!.�3�6$-!7L04AJ6+A�A�;�K4-!3404AJ6+:*1
1 ]Wb;$<=-ZjkAY/�0h}I:�WXjk;+7�/

M/Hi H /�;+.�K�:�.I348!34WX04.(< B(M,H•)
/�0

Hom(Swσ, 0 ,DivS) [
�h���+�Q���q�����������Q���'�)����� [�� (Mσ, 0 ↪→Mσ, 0)(U ↪→ S) �=�2���)���$�=�q�����q�f (� u�p� 1 ¡�¢x�q�f£ ¤�� (�¦¥z�*¢w¡
¤��q�� � (�{�(�2§��=� g �2�*� (U ↪→ S) ¨E�*£��©�q§��Q�'��£�§�ª2£«��¬$�)��¢x�2§��Q�����!¬$��£)�©p�p®¦�2£>�$£f $£ ¯Gp��%¬$� Xσ �2�°¢J�*§�£)�
 Q± ��§����2�f���	ª2�l�*�p�J u�²§�£�³+�=¬q�b��¬$��¬�´��q��£f¨E���J (�²�fµ���� D �2§ p ®¶�·�2�«�J¨2�	�Y���q�*�`�·�q�*�����©�pª2�f£¸��§t�)�©ª=¬$�!� x
 (� Xσ �)�X $£�³©£)���2�*� B(M,H•)(x, x) �©�q£��¹�kº»�pª2�f£ ¤b�2�¼���q�*�h�·�q���¹ $£�³©£!�©�2�*�b�kº{�pª2�f£ ¤²£��2�== q�	ª2�f£f½E�!�w�=2¡
 $�*£�� D  u� S ®?�!¬`¤��q��¢x��½E£��¾£�§�=¬q£��p�J�2µq¢x2�f��£f¨E��� pD ◦ B(M,H•) �©�q£��¹£�§�ª2�¿�(�©�� u¬$§*�À��± ¬u �´�2�=�2§�ªp�
 (� σ Á
S�OfM�O)Â�OUÃbÄÆÅ�ÇlÈ�ÉÆÄËÊÆÈ�Ì'Í(Î	Ä¦OGÏ \ e�-!.�K48>:�A�-!;+.Ð/�04A²AL<=7L:�KE<=:�7L04A²04.(<�-!v47L04A

Sσ ↪→ Swσ, 0
/�;+.�.�0À:�.�0

Ñ v4K�V�0�5�7L;�5�7L0
E
w

σ, 0 → Eσ0E<?8!6Jj�;�.�KE<�;�7L-)6$8!-Z<=3�/�:I5�7�;(/�:�-><YK4;�.(<�7=6$KE<=3�/�;+.�.�0�:�.�0 Ñ v4K�V�0�5�7�;+5�7�0
Mw

σ, 0 −→Mσ
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 �!�"�#�$&%('�)+*-,/.�!�0�*1"�)�!2'�"435%76�! Mw
σ, 0 →Mσ 8�9 %(:<;=.5>@?�A�"1:&;=%(:<"4'�)�!�"1:&%('
$<!�'2)�"�6�B5>&6�;=;C%ED76�>@$&#GF:&"1%('

Mσ, 0
//

��

Mσ, 0

��
Mσ

//Mσ)�.5'H$�*1%(:JI�K(D�A�%(:J3H%(>L$M"4D76�*4%(:�:&.�'
$�?�>@.5?�>@%(:�%�$N)�.5'
$N*1%(:JI�K(D�A�%(:NA�.5>&"4O(.5'H$P6�*1%(:N:&.5'
$N)�%(:�!�'�"4.5'�:
)�"1:RQ@.5"4'
$M%(:S)�%E?�*4.5'�B5%(;=%('
$&:S$&.5>@.�TU)�6�!WV 8XZY�[]\�^�_5`aYcbedgf�dgh�dgf 8ji 9 .�;C;=%k*�6l)�#(D(.5;=?�.�:&"4$&"1.�' Σ %(:@$m*4"1:&:&%k?�.5!�>n*16o:@$&>&!�D�$&!�>&%k%('WF
$M"4K(>&% B(X) p *4%ED�A�6�;C? Mσ

%(:@$S*1"4:M:&%E:&!�> Spec(Z) %�$ Mσ ↪→Mσ
%(:@$<*4%ED(.5;=?�*4#(;C%('H$P6�"1>@%E)q,/!�'

)�"43�"1:&%(!�>Sr=D(>&.�"1:&%(;=%('
$M:S'�.�>&;C6�!WV 8�s %E?�>&.�)�!�"t$Su�0�>@#
Mσ, 0 ×Spec(Z) Spec (Z[1/p])

%(:@$v*4"1:&:&%w:&!�> Spec(Z[1/p]) D76�>2*1%(:+DPAx6�;C?�: Ag−r :M.�'
$+*1"4:&:M%(:+:&!�> Spec(Z[1/p]) 8<y .5!�$M%�zR.5"4: pD(.5;=;C% Σ 'q,/%(:@${?�6�:{*4"1:&:&%�?�.5!�>|*4%(:{)�"t}�#(>&%('
$&%(:{:@$M>@!�D�$M!�>@%(:{%('
$&"1K(>@%(: Bw
σ, 0 p *1%~D�A�6�;C? Mw

σ, 0
'q,�%(:@$

?�6�:S*4"1:&:&%E:&!�> Spec(Z[1/p]) %�$
Mw

σ, 0 ↪→M
w

σ, 0'q,/%(:@${?�6�:{*1%~D(.5;=?�*1#(;C%('H$P6�"1>@%�)q,/!�'N)�"43W"4:&%(!�>{r�D(>@.5"4:&%(;C%('
$&:{'�.5>@;Z6�!WV 8�� %�;C�(;=% p *1%(:{:&"4'�B5!�*16�>@"tF$M#(:S)�%
Mw

σ, 0 −→ Spec(Zp)'�%E:&.5'H$<?�6�:S!�'�"4 �!�%(;C%('H$<D(%(*4*1%(:S)�%(: Ag−r, 0 6735%(D r ≤ g 8
�������N�������7���C�������x�R���=�g���������������
� ']D�A�.5"4:&"4$�!�'�%J?�>&#(:&%('
$M6�$&"1.�'�#�$P6�*1%J:&!�>�Q&%(D�$M"t3H% U → Bσ )�!]D�A�6�;=?�6�*4B5#(0�>@"1 �!�% Bσ ?�6�>�!�'

:&D�A�#(;Z6=6��C'�%E'�%E)�#(?�%('�)�6�'
$S �!�%E)�!2>M6�'�BC)�% Xσ 8 � '2'�.�$M%
M̂σ = ( ̂U ×Bσ

Mσ)
U×BσZσ

*1%=D(.�;C?�*4#�$M#=)�!w:&DPA�#(;Z626��Z'�% U ×Mσ
*4%=*1.�'�B2)�!�:M.�!�:LFg:&D�A�#(;Z6NzR%(>&;=# U × Zσ 8j9 %=:&D�A�#(;C6)�#(?�%('�)=)�!=D�A�.5"�V�)�% U p ;C�(;=%{:&"�.�'=.5;C%G$�D(%{)�%(>@'�"1%(>�)�%(:�'�.�$P6�$M"4.5'�:�?�.5!�> :M"4;C?�*4"4u�%(> 85¡ *�D(.5'
$&"1%('H$*1%�:M.�!�:LFg:MDPA�#(;Z6�.5!�35%(>@$

M̂σ =Mσ ×Mσ
M̂σ ,*1%�:&.�!�:LFg:MDPA�#(;Z6ZzR%(>&;=#�)�%�D(.�;C?�*4#�$M"4.5' U × Zσ  �!�%�*¢,�.5'£'�.�$&%�%('�D(.5>@% Zσ %�$~*4%�)�"43�"1:&%(!�>~rZD(>&.�"tF:&%(;C%('
$&:S'�.5>@;Z6�!WV

∂M̂σ = M̂σ − M̂σ .� '�6v!�'�%¤"1;=;C%(>@:&"1.�']zR%(>&;=#(% Zσ ↪→ ∂M̂σ 8a¥ .�$M.�'�: Mσ
*1% 1 Fg;C.�$M"tzS?�>&"4'�D("1?�6�*1%(;=%('
$�?�.5*16�>@"1:&#!�'�"435%(>&:&%(*q:&!�> Mσ 8�¡ *�"1'�)�!�"t$<!�' 1 Fg;C.�$M"tza)�%�¦2!�;=z�.�>&)2%('�D(.�>&%E'�.�$M# Mσ

:M!�>
(
M̂σ ↪→ M̂σ

)
.
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 �!#"%$�&�')(+* M̂σ

!)"-,�.�/�0-(1*�243�*�5+.�!�3�$)/�(+6�27!8,�0%!)29*:,<;>=?!)(#!).
,A@
Zσ

3B!DC�$)!)2E27!).
,�3B!8,�6�*�0�$)/�.�"-,%0%F�$DG
,<;7/�.B3

Mσ

!)"-,H6�/�"%;7,%;7I�0-!)29*:,<;>=?!)(#!).
,�@
Zσ J  �!)"K&?L�6�/�,%&�M)"<!)"HN�!O2E*P$)/�.�"%,%0%F�$8,%;E/�.QN�!�RSF�(TIU/�0-NQ"%/�.?,=?')0-;7V�')!)"WN�/�.�$�;E2B!DC�;E"-,%!�F�.X"<$Y&�')(1*T"<!)(#;>GZ*�[�')2E;E!).

Gσ −→ M̂σ

\ F�;B!)"-,]F�.X/�[
^%!8,WN�!�29*T$�*�,%'�_�/�0-;E!
Deg

dMσ ,
cMσ ,Zσ , pol

.

` .a2EF�;b*�"<"%/
$�;7!TF�.cId*�;E"%$)!�*�Fe$)/�.�"%,%0%F�$8,%;E[�27!
X(Gσ)

6�*�0�27!T,%&�')/�0-M)(+!gf�h4f�h9ia!8,�F�.�!#*�6�6�27;E$�*:,<;7/�.
[�;E27;E.�'�*�;E0-!

B(Gσ) : X(Gσ)⊗X(Gσ) −→ DivcMσ6�*�0j2E*k6�0-/�6�/�"<;>,<;7/�.lf�h9i�hnm�hdf J ` .o0<*�6�6�!)272E! \ F�!K24pq/�.r*k')_�*�27!)(+!).?,s$)/�.�"-,<0-F�;>,tF�.oId*�;E"%$)!�*�Fr$)/�.�"-,%0%F�$DG,<;7[�2E!
Xσ

!8,sF�.�!HIu/�0-(+!K[�;72E;7.�'�*�;E0-!
Bσ

"%F�0 Mσ J ` .r.�/�,<!KN�!K2E*k(#v)(+!K(+*�.�;7M)0%!K27!)"s/�[w^-!8,<"t/�[�,<!).wF�"6�*�0x;E(+*�_�!�;E.?=?!)0-"<!�"%F�0 M̂σ .` .y*�6�6�!)272E!
G̃σ

27!c"%$�&�')(+*z"%!)(+;{GZ*�[�')27;E!).|"%F�0 M̂σ
\ F�;k6�0-/}=w;E!).
,lN�Fy"%$�&�')(+*z"%!)(+;{GZ*�[�')2E;7!).

N�!~0%*�.�_�,%/�0-; \ F�!~$)/�.�"-,Y*�.
,TF�.�;7=�!)0%"%!)2K"%F�0 Bσ Js� 2K!)"-,#')_�*�2�@�2E*c6�*�0-,%;E!l"<!)(#;>GZ*�[�')2E;E!).�.�!lN�! Mσ J�]*�6�6�!)27/�.�"W2E!�0-')"%F�27,<*�,W"<F�;>=�*�.
,)3�N��S@#��*�27,%;E.�_�"W!8,k�K&�*�; J
�o�}�������:�Z���%�������d���Z���8�q�x�T�������t�j�}���Hht �¡chni�hdf�¢ Jj£ ¤Y¥§¦-¨�©9ªD«¬¦+
¦<ªT©Eª¯®:°Q®}±Z²�³w©9ªD°1¦Yª1´<µ�¶�®}¶�©4·8¸�¦Yª
X(Gσ)

∼→ Xσ ¦D« B(Gσ)
∼→ Bσ ¹�º µP±Y¦Yª�«4±D©4´D«4©�®:¶S
¦ Gσ » M̂σ ¦YªD«t¸w¶lª¯´Y³�¼�°1µ#µ�½�¼D¥{©�¦D¶o²�±�©u¶�´D©¾²�µ�¿

¥9¦D°1¦D¶�«B²�®:¥Eµ:±D©9ª�¼o
¦OÀ
¦D¶�±Y¦ g ¹�º µ#±Y¦Yª�«4±�©�´D«4©�®:¶a
¦ Gσ » Zσ ¦<ªD«x´%µ�¶�®:¶�©4·8¸�¦D°1¦D¶�«§©9ª¯®:°1®:±Á²�³�¦P» G̃σ ¹
º�Â µ�²?²�¥{©�´<µ�«4©4®:¶Ã
¦ÅÄT®�?µ:©u±<µ:¿ÁÆ�²�¦�¶�´Y¦D±�±<¼<µ�¥{©9ª�¦A¸�¶�©9ª¯®:°1®:±Á²�³w©9ªD°1¦

K
Gσ/

cMσ
: Sym2(ΩGσ

)
∼−→ Ω1

cMσ/Z

(
log ∂M̂σ

)
.

 �!x6�/�;7.
,§N�')27;E$�*:,§!)"-,§N�!x(#/�.
,%0%!)0s29*Å[�; ^%!)$8,%;7=�;>,<'xN�!x2E*ÅÇ�M)$�&�!xN�!WÈO/wN�*�;E0%*:G�Éw6�!).�$)!)0b/�[�,%!).wF�!x6�*�0
29*Å6�0%/�6�/�"%;7,%;E/�.Sf�h9iBh9Ê�h4f J �H!8,%,%!xÇ�M)$Y&�!W!)"-,§$)/�.�"-,<0%F�;>,WË ©dµ 27! 1

GÁ(#/�,%;7I
Mσ

!8,§2E*�[�; ^-!)$8,<;>=�;7,%'W6�0-/¯=�;E!).?,
N�!�24pqF�.�;7=�!)0%"<*�2E;>,<'�N�!

Mσ J
Ì1Í�ÎzÏ��¯Ð�ÑtÍc���U���d� Jj£ � 2K!)"-,T$)0-F�$);9*�2KNBpÒF�,%;E27;E"%!)0r29*�27;E"%"%;7,%'lN�! Mσ → Spec(Z)

6�/�F�0r(#/�.?,<0%!)0
\ F�!X29*aÇ�M)$Y&�!XN�!ÓÈ]/wN�*�;70<*}G�Éw6�!).�$)!)0+0%'�*�27;E"%!XF�.Ô;7"%/�(#/�0-6�&�;E"%(+! J �H!8,1;E"%/�(+/�0%6�&�;7"<(#!S.�/�F�"1"%!)0%*;E.�N�;7"%6�!).�"Y*�[�2E!�6�/�F�0x$)/�.?,<0-Õ�27!)0W27!�6�0%/w$)!)"%"%F�"WNBp¾*�6�6�0%/�C�;E(+*�,%;E/�. J
` .XN�;7"%6�/�"%!�6�*�0x$)/�.�"%' \ F�!).
,WNBpÒF�.�!�Ç�M)$�&�! M̂σ → Ag J ` .SN�;>, \ F�!�2E!�N�;E*�_�0%*�(#(+!

(
M̂σ M̂σ

oo // Ag
)

!)"-,]2E* ´<µ:±D«Z¦A¥9®¯´<µ:¥9¦§Ö�®}±D°1¦D¥u¥9¦Åª�µ�¶�ª�¶�© Ë ¦<µ:¸ *�"%"%/w$);7')!A@ σ ∈ Σ J



��� �������
	����������������������������������

 �!" �!�#�!%$'&)(+*,&.-0/21�/435(�6,7,809�-:&);<*,&)(�=.>?;@6?;@809BAC&)(�D�1�-:E
&);+!GF HJI�K�LNM�OQPSRQTUI�V�V�ISW�LNK�WYX:I�Z\[Y].^
TU_`L\[YRa]�W�]�TUI�bSK�RacedQRQT`K�_�M�RQLfRQL\V�]�dQRQLGM�Rg[YI�M�K�T`RQLhceTU]iX:ZjISW
k\_UlQZjRaRQW<kmRQW�]�W
kfdQI�[YV�k\RaM�RgT�]iW�]�k\K�Z\R
dQIS[nV�TUlok\RpM�RQL�]�W�W�R�]�Krqs_`W
kmRoZjPSR�W�]�W
kaM�]�W�LaTU]4dQI�W�LjkmZjK�dokm_`ISWtM�RYuvK�[wX:ISZjMyxyHzISK�Lad�{�RQZjd�{�I�W�LaW�I�^
k|]�[Y[nRQW
kzcn_`[YV�ISL\RQZhM�RQLzdQI�W�M�_`k\_UI�W�L}Z\RQT�].km_~PSR�LzcwK�WvL\ISK�L�^Cd�{�]�[YVB]�TUbSOQ��Zj_U�
K�R�X:RQZ\[nO�x
� I�K�Zvk\ISK�kBL\d�{�OQ[Y]

T � ISW�M�Oo��W�_`kBTU]�d�].kmOobSISZj_UR
OuvCompT

dQI�[Y[nR5TU]�LmI�K�L�^Cd�]�k\OQbSI�Z\_`R5M�R
OuvComp

M�ISW
kpTURQLpIS���jRokmLpL\R4����ZjRQW
kwL\K�Z
T � TURQLe��lQd�{�RQLwL\I�W
kwdQRQTUT`RQLw�
K�_G_UW�M�K�_`LmRQW2kwT���_UM�RQW2km_~kmOL\K�Z

T
x��gWvL\R�M�ISW�W�R�K�WvM�_U]�bSZ\]�[n[YR�M�R�d|{�]�[YV�L}L\K�Z

T

F −→ G←− Z
kmRQT��
K�R

F → G
L\IS_~kzK�W�R'_U[n[YRQZjL\_UI�WBI�K�P2RQZjk\R � Z → G

L\IS_~kzK�W�R'_`[Y[nRQZ\L\_UI�WvX0R�Zj[YOQR�Rok
F ×G ZL\IS_~k}P�_UM�R � d���RQLjkj^�c)^CM�_UZjR���K�R F Rok

Z
LmI�_URQW2kzM�_`L:�jIS_`W
kmL}M�]�W�L

G
x

�t�\���������\�����?�:�?���y�C� x,�  ?]4d�]�k\OQbSI�Z\_`Rp����ZjOQRwV�ZjI�d�{�RpM�RwTU]<X:Z\I�W
k\_UlQZjR
(F → G ← Z)T

RQLjk�T�]
d�]�k\OQbSI�Z\_`Rw����Z\OQRnRQW¡bSZjISK�V�I�¢�M�RQL�L\K�Z

OuvCompT
��K�_£]�L\L\I�dQ_URYc4kmI�K�k'IS�
�\Rok

(U → S ← S0)
TU]

d�]�k\OQbSI�Z\_`R
(F −→ G←− Z)T (U −→ S ←− S0)M�RQL}M�_�]�bSZ\]�[n[YRQL

2
^CdQI�[Y[eK�km]�k\_`X:L

U //

��

F

��
S // G

S0
//

OO

Z

OO

dQIS[nV�]�k\_U��T`RQLz]�Krq�V�ZjI)�\RQdok\_UISW�L
G→ T

Rok
S → T

x
¤ I�_`k

(U → S ← S0)
K�W5IS�
�\Rok'M�R

OuvCompT
x��gW5]�V�V�RQTUT`R

(U → S ← S0)
^CV�I�_UW2kiV�ZjI�d�{�R

M�RiTU]nX:Z\I�W
k\_UlQZjRiM�R
(F → G ← Z)T

TU]%d�].kmOQb�ISZj_UR'M�RQLJM�_�]�bSZ\]�[n[YRQLJV�ZjOQdQOQM�RQW
kmLQx��gW¥M�I�W�W�RiK�W�R
M�RQL\dQZ\_`V�km_`ISWvR¦q�V�T`_UdQ_~kmR�M�R�TU]nd�].kmOQb�ISZj_UR�����ZjOQR'V�ZjI�d�{�R�M�R�TU]wX0Z\I�W
km_`lQZ\R

( M̂σ −→ M̂σ ←− Zσ )U .�gWYW�I�kmR}doIS[Y[nR}V�ZjOQdQOQM�RQ[Y[nRQW
k
G̃σ

T`R}L\d�{�OQ[Y]�LmRQ[n_~^�]���OQT`_URQWnM�R}Z\]�W�b�kmI�Z\_`��K�R}dQI�W�Ljk|]�W
k§K�W�_`PSR�Z¨^
L\RQT�L\K�Z Bσ x�©�T�_`W�M�K�_`khK�W@L\d�{�OQ[%]eLmRQ[n_~^�]���OQT`_URQW G̃σ

M�RaZm]�W�bpkmI�Z\_`��K�RadQISW�Ljk|]�W
khL\K�Z
S0

V�]�Zf_`[%]�b�R
_UW2P2RQZjLmRnª�«�¬

S0 −→ U −→ Bσ .¤ _
G
RQLjkiK�W¡L\d�{�OQ[%]�L\RQ[Y_^�]���OQT`_URQW5L\K�Z

S � kmI�K�k'_UL\IS[nISZjV�{�_UL\[nR GS0

∼→ G̃σ
LmK�Z

S0
_`W�M�K�_`k'K�W�R

L\K�Z0�jRQdokm_UI�W
Xσ → X(G)

M�R�X®]�_`L\dQR�]�Krq�dQI�W�LjkmZjK�dokm_`��TURQL}L\K�Z
S
x

¯e°)��±?��².�����\�����?�®�����y�:� x,� ³µ´B¶�·.¸�¹¦º¨´¦»r¼¾½¦»r«t¬)¿m¿�·�¹¦«�´¾À
f : S → M̂σ Á ´�¿�¹mÂ�Ã¦Ä%¬�¿�´¦Äp«0Å

¬2Æ�Ã Á «�´¦¸ f ∗Gσ
¼mÃm¬ Á «�¿�´'»�¸�´wÃm½¦»r«0ª�¬ Á ´¦¸�¹|´eÇ
´w¹m¬.º¨ÃCÈ
·.¼�«�´m¿w´¦¸�º�¼m´

(M̂σ −→ M̂σ ←− Zσ)U(U −→ S ←− S0)
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,�-/.103240(-6587:9<;�=>,"?�,A@"2A9<BDC .1,A@ (G, G|S0

∼→ G̃σ) E 9<F G ,4@�-/B%GH9$IKJL,�-M?:, DegU,S,S0, pol
?�,"?(=�NO,�G�@�=>9DG

;4,�.10(-P=�Q$, g C ;�=�G�2�=RCS0(.T,�NU,�G�-VC�9<.10(;�=T@L5W@�B%; U -6,�.YXZB�,[C�9DB%;\-69<B%-]?(=�Q+=T@L,�B%;U,_^[,42�-P= `W=�;�;454?(B�2�-P=PIZ.1,3;45�a
?(B%=�- D ?�, S E .cb 0�C:C .d=P240(-P=>9<GeIZ=�.d=�G�540(=�;4, pD ◦B(G) : Xσ⊗Xσ → Z @+9<=�-f=�G�2�.dB�@+,]?:0(G�@g.cb 0#?Dh�5�;4,�G�2A,
?�, σ E ,�-Y-6,�.fX�B�, σ @L9<=�-iNW=�G�=�Nj0(.�CS0<;�NW=k.T,A@W2Al<G�,4@W?�, Σ Q$5�;�= mn0(G�-'2A,�-P-6,�C ;49AC ;�=>5�-65�o
p 5�NU9DG�@�-P;c0(-P=>9DG�o�q rts�u�ucv�wSx�yjz$u"ucs�yj{d|}z$~ x���{1s��Su"�#~��cs��	�Su"��z(�"{�yOz(�#s\{1�:�:s���u4s\�Ss Gσ

�:x���{���s��:�
�1s�u��S���#�S��{1xZ�cx�u��cs��	�S{�ucs�u��'�}���:s���ucs�yjs������'uc�${�� G �S��u4vAwSx�yOz�u4s�y3{�|}z(~ xL��{1s���u4�S� S �:x���{���z(�����1s�u
w��%� �(�4wS��ucs�ue�Ss��Tz��S�c�$� �#uc{��c{1�$���grts��cwSx��#����yjs����T������������v��#�Su��c�c�SvZ�4{��#� �Ss¢¡£�Sy\¤_�#���¥{1�:�:s���ucsD¦
� s��cy3sZ�U�Ss£���S{§z(ucu4��v�{1s��j�S� 1 |8y3�$�c{�¤"�Ss¨¡e�Sy\¤_�#���©uc�S� (U ↪→ S) sZ�O�Tz��S�c�$� �#uc{��c{1�$��ª��P���T�����
�S�#�S�Ss'�S� (U ↪→ S) |8���${1�:�Y�Ss Mσ

�:rk«¬w:�%� �$�4wS��ucs'�Ssy3{1�S{�yOz$��{��cx�Ss σ {�yj�S��{1����s'�	�Ss'vLsZ���4s�®���v�wSs
s����#�#{�s S0

��z$�Su Zσ �n¯n�#y3yjse�1s£ucv�wSx�yjz°z<±O�Ss S s�u��Uv��$yj�S��sZ�U��s��Tz<�4{��:s�y3s����U² S0
�M�Tz�®���v�wSs

S →Mσ
ucs"¤Kz(vZ�4�$�c{�ucs³sZ�£�S�Ss"®���vAwSs

S −→ M̂σ .

r�ze¤��#�SvZ�4�$�c{1z$��{��cxO�SsO�Tzev��#�Su��4���SvZ�4{��#�°�Ss´¡e�Sy3¤_�$�c�°y3�#�:�4��sU���Ss G s�u��µ�K«¬{�yOz(�#sO{����:s���ucsO�Ss Gσ��z$�'v�sZ�c�cs"®���v�wSs$�

ª���ª������U¶¸·_¹�º�»f¼<½_¾:½�¿+º3ÀfÁ�¹�¼DÂ ÁÄÃMÅ3ÀÄÅ p Æ ¿LÂ ¼DÇL½_Â ÈY�iÉ rtsnu4vAwSx�yOz]ucs�yj{d|}z$~ x��1{�s�� Gσ
�Ss��Ss�ucv�s��S�

��z$u�² Mσ
�%ÊM�¸�csZ�(z$�SvAw�s$�	�1s]�#���#�S� s]�Ss�u�� �#{����cu��Ss p |>�c�#��u4{��#� Gσ[p]→ M̂σ

�Ss�u4v�s��S�´² Mσ
�%ÊM�

sZË�sZ�L�S��«Rz(�S�c��u�1s"�cwSx��#����yjsj���T�����������S{1��s�Ì�{1u��cs��S�e{1uc�$yj�#���SwS{1ucy3s�vLz$�S�$�S{1�	�Ss

Gσ[p]
∼−→Mσ[p]

uc�S� M̂σ
�#ÍVz(�Vv��#�Su��4���SvZ�4{��#���$��s 1 |8y3�$�c{�¤ Mσ

u4s��Ss�ucv�s��S�j² Mσ
sZ�kuc�#�\�#���#�S� s'�Ss p |>�4�$�cuc{1�$� Mσ[p]x��:z(�1s�y3s������Î]�Ï��x�uc�SyjsHv�s�v�{§s��Ï�S{1u4z(���´���Ss Gσ

s�u��¸�S�SsH�S�#�S�Sx�sÐ��sÐ��z(�c�S�csÐ�c�4z(�Su4v�s��S��z(���cs#�
z$���#��u��	�Ss Gσ[p]

s�u��£z(�1�$x�~S�c{��	�Ss$�§¯isZ�c�cs��cs�yjz$���	�Ss�u4s��cz�¤_�$�S��z$y3s����4z$��s�� �$�S��v��#�Su��c�c�S{��cs��S�Ss
v��#y3��z$vZ�c{���vLz<�4{��#���c�#���$Ñ>��z(�1s��Ss Ag, 0 �

ª������O¶¸ÃfÃÄ¼DÂ%Ò�½_ÓÕÔ�¿D½�Â ÈÏÀÄÅ	Çj¾#ÔS¼+¿LÅ%Ç3·_Ât¾$Ô�·�Å%Ç\Ö8Â ¼<ÓÕÅ	·_·_Å	Ç
Î]���	{1s�����Ss��S{1��s��	�Ss��1s�ucv�wSx�yjz3ucs�y3{�|}z(~�x���{1s��

Gσ −→ M̂σ

�Ssn�Ss�ucvLs��S�W��z(uk² Mσ
�$ÊM�Ws�yj�S���D�:z$�:�V�Ss�u/�cs�v�wS�S{1���Ss�uV��«Ø×]���c{1���<�#�W��s����/v�s���s��S��z(���V�K«Rz(�S�S�c�	vAw�s��

��z$���S��ucv�wSx�yOz Gh
σ
���S{�s�u��'u4s�y3{�|}z(~ x��1{�s���u4�S���S��ucv�wSx�yOzWxZ�Az(�1s"uc�S� Mσ

��r�zW�S�#���#sLz$���cx"�TzW�S�1�Su
uc{1�$�S{���vLz<�4{��:si��z$�Ä�4z(��� �$���V²µÙØÚ'Û\ÜSÝSÞ%s�u��/�	�Ssi�P«Ø�#�µsZË�s�vZ�c�Ss��4zgv�sZ�c�cs�z(�S�S�c�LÌ�{�yOz<�4{��#�µs��Wv��$�Sucs����(z$�:�
�S��{�uc�#y3�#�c�SwS{�ucyjs Gh

σ[p]
∼→ Mσ[p]

�/v�s´�	�S{nucs��4zH{��S�S{1uc� s��Su4z$~S�1s¸���$�S�W�S�$�c�cs´v��$�Su��4���Sv��c{1�$���Ss�u
v��#y3��z$vZ�c{���vLz<�4{��#�SugzL�:s�v��S{��:sLz(���
ß �Ssg�S{�Ë�x���s���v�syj{��Ss��S�csg��z(�Y�cz$�S� �#�à�i²OÙØÚ'Û\ÜSÝ�Þ���x�u4{��Ssg��z$�SuY�K«¬s�y3�S�1�${��Ssg�Tz��S�$�c{1�$�O�Ssgv��$�S����s

wSs��Sucx��1{�s���sZ�'�S�´�cwSx��#����yjs"��s�Íf�#� s�ucv���� ¯is��TzWxZ�%{��4s[�Ss"���	vLz$��{1ucs����1s�u�vLz$�à�4s�u'���	vLz(�1s�u�¤_�$�cy3s��1��s�u's��
�4�$�Su�1s��S��u���${1���cu'¤_s���yjx�uµ�àÙØÚ'Û\ÜSÝ�Þ�z$�S����u�Tz\�SxZ���S{��c{1�$�e�}áµ�¬â��dã$¦��
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RTSGU�V-WYXZWG[�V]\_^a`Q^Yb�^cbedgfihkj�lnm  �oqp�P4r s�@CHtL

A u Bv;�B�B�>�; u >KL I u BwHAI�x�;�?%P�yzBwI�HALF{ u >N?O>NM6@ u =�?O>
(Spec(A), Spec(A/I))

>6D|L-}�>6B�DGx6?AHO>6B~DGH u B�>�I�>6D4M6@CB�I�HtL�HA@CB�D4x6{ u Ht��;�?O>6B�L�>6D4D u HA��;�B�L�>6D4>6D|L4�Cx6EGHt��x6>��
� =�@ u E�L�@ u L f ∈ A[t]

>KL<LG@ u LG>�EG;�M6HOB�>ND�HAJ2=�?A> ā I�> f I�;�B�D
A/I � HO?�>g��HADGLG> u B�>�EG;�M6HAB�> a ∈ AI�>

f
EG>6?A>K��;�B
L

ā �
� =�@ u E�L�@ u L<I�HO;���E�;�J2J�>NM6@CJ2J u L�;�LGHA�-I�>NDGM�}�x6J2;�D

S
etale // Spec(A)

Spec(A/I)

p

ddIIIIIIIIII

88pppppppppp

?A>NJ2@�EG=�}�HAD�J�>
p
DG>NEG>6?A�K��>N>6B u BwJ�@CE|=�}�HODGJ2>NI�> Spec(A) � DGM�}�x6J2;�D Spec(A)→ S

P
� B�=�;�EZL�HAM u ?OHA>6E �4u B�DGM�}�x6J2;�?A@�M�;�?

S
I�>�=�@�HOB�L��/>6EGJ�x

s
>6D|L�}�>6B�DGx6?AHO>6B�DGH�>KL�DG> u ?A>6J2>6B
L�DGH�?O>M6@ u =�?A> (S, s)

>6D|L<}�>6B�DGx6?OHA>6BQP
RTSGU�V-WYXZWG[�V]\_^a`Q^Yb�^q\ P4r s�@CHA>6B
L

A u Bv;�B�B�>�; u >KL I u BwHAI�x�;�?%P��n��}�>6B�DGx6?AHODGxNI�>

(Spec(A) , Spec(A/I))
>6D|L<?A>NM6@ u =�?A> (

Spec(Ah) , Spec(Ah/Ih)
)

I�xK��B�H�=�;�E
Spec(Ah) = lim←− S et Ih = IAh ,

@C��?�;�?OHOJ�HALG>�=�EG@��G>6MKL�Ht��>�>6D|L�=�EGHAD�>�D u Ez?�;�M�;�LGx6�C@�EGHA>�I�>6D�I�H�;��CEG;�J�J2>6D�M6@CJ�J u L�;�LGHA�/D�=�EGx6M6x6I�>6B
LGD6PyzBv;
Ah/Ih ' A/I

P
yzB�=�> u L�I�@CB�MvI�xK��B�HOE ?a�¡}�>6B�DGx�?AHODGx ShS′

IQ� u B¢DGM�}�x6J2;£;�¤ B�>
S
?O>v?O@�B��¥IQ� u B¢DG@ u D � DGM�}�x6J2;�q>6E|J2x

S ′ P
¦ §�¨¥©�ª�«C¬-§T\_^a`Q^Yb�^a` P4r �_;NB�@�LGHO@�B I�>FM6@ u =�?A><D|L�E|HOMKLG>6J2>6B�L}�>6B�D�x6?AHO>6B2BQ�®;N=�;�DI�>FD�>6B�D � B�H�M6>6?A?O>IQ��}�>6B�DGx6?AHODGx�D|LGEGHAMKL�?A>�?O@�B���IQ� u B¯DG@ u D � DGM�}�x6J2;°�q>6EGJ�x�P4yzB±B�>�=�> u LN=�;�DNI�xK��B�HOE�?a�¡}�>6B�DGx6?OHAD�x�IQ� u BDGM�}�x6J ;�B�@�Bw;²¤ B�>�?O>�?O@�B���IQ� u B�DG@ u D � D�M�}�x6J ;~�q>6E|J2x�M�;�E�?A>6D�?OHAJ2HtL�>6D�=�EG@³�G>6MKLGHA�C>6D�BQ��>g�´HOD|LG>6B
L�=�;�DL�@ u �G@ u EGDFI�;�B�DF?O;�M�;²L�x6��@CE|HO>NI�>6DFDGM�}�x6J ;�D6P
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Spec(B) → Spec(A)

>6D|L�I�HtL�¿�ÀcÁ�Â�ÃÅÄÇÆg¿2D6��HA?4>6D|L�=�?O;�L�È ��É�E|>6Dz�Cx6@�J2xKL�E|HO{ u >6D�E|x6� u ?AHO�6E|>6D6P�s�H A >6D|L
?O@
M�;�?�>KL�>g�´M6>6?O?A>6B
L � ?�;�Ê��6M�}�> Spec(Â)→ Spec(A)

>6D|L<EGx6� u ?OHA�6EG>�P�s�H A >6D|L�>g��M6>6?A?O>6B�L � =�@ u E�L�@ u LHOI�x�;�?
I
I�>

A � ?A>�J�@CE|=�}�HODGJ�>
Spec(ÂI) −→ Spec(A)

I u D�=�>6MKLGEG>�I u M6@�J2=�?OxKLGx I � ;�I�HO{ u >9I�> A I�;�B�D-?A>�D�=�>6MKL�E|>�I�>
A
>6D|L-EGx6� u ?OHA>6E4=�;�E fÌË(h µÎÍ�Ï+ÐÒÑ�P�Ó�P�Ô�oaP

Õ @C=�>6DGM u J2@�B
L�E|>N?O>�LG}�x6@CE|�6J2>��q@�B�I�;�J�>6B
L�;�?�D u Ht��;�B
L6P
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Spec(B)→ Spec(A)
U�T�]>^_U"`PZ[\4a�bdc2`ecgfhT�U[`

T�i.]j\�a�^�klU�T%`mU[`�]<^_aAn(o%pqk>X�^_Ur`�k0U�]�`PU�o	psU�btU�T�]�`�k0U�p�puU�v�c(k�]xw�U
Spec(B)

o%T�U'pqk�byk�]zUR{ ^_|z}+U[Z�]?k�~$U��Wpq]>^�c(T4]zU
w�U�`PZ[\�a�b�c2`eczfhT�U[`�pGks`[`PU[`�`�o%^

Spec(A) �
�������$�g�_�����4�u�������<���

A
�+�����4���$�4�4�+�(�������������u�������E�

I
�4�����4�+�$�?�

Spec(ÂI)
�������u�������_�d�4���2�������

�_�� ¡�¢�4�£����¤4�����$�d�(¥��4���d�u�����_�������4�
Spec(A)

O.¦�§ �u��������¨E�d�4�h�_¤4���$��©����¢�4�«ªR�#� �������¬������£®��4�
���#�4�������4�m�����r®	�4�����_���#�4�r� § �$�4�4���+���u���(���u�$�¯�����_�4���_�°�4�¯�u���±���°�_�4�� (�$�����	�4�#���r�u���4�����$�������_�²�_���#�³�
�E�_�����$���J�4�4��®	�4�������$� ¦ �4��´z���u�4����� O
µ 7#6¶687·9<;l=�;j9<;?9�ORQ ¸�|²klU�T�]

(A, I)
o%T·Z[|²oP{ psU¹\�U�T%`Pa�pqklU�T:U�]

n
o%T·U�T�]>klU�^YT�c(]>o	^[U�p ��º |2]z|²T�` S =

Spec(A)
U�]
Sn = Spec(A/In+1) � ¸�|²klU�T4] S ′ o%T»`PZ[\�a�b�chpqks`_`PU·`�o	^

S
U�]
t : Sn → S ′ o	T

bt|2^¼{4\	ks`�bdUew�U�`PZ[\�a�b�c2`"`�o%^
S �¾½ pxU�¿$ks`�]zU�o%T�U"`+U[Z�]>kl|2T s : S → S ′ ]zU�p�psUeÀ�o�U�psU[`�bt|²^A{�\�ks`�btU_`
Sn // S

s // S ′ et Sn
t // S ′

Z[|²Á�T�Z�k>w�U�T�] �
Â a�bt|2T�`�]>^�c(]>kl|2T �°Ã Ä �4�����_�tÅ£�������4�u�$�����

S ′ ���$���4�� #�#���_�����$Æ$�t�$�� ¡���g�J�4�d� § �u���$Æ$�t�4�
Sn

�<�#�
� �����Y���4�4� �#�����¹®�� § ���¾���������_���4�4�"Ç?�(�E�_�$�����_�(���u�$�¢�4���s�yÈ�©��[¤4���u���_���

S ′ → S
���

S ′ u // Ar
S

v // S ,
�#É

u
�����°�E�[�(�u���E�

v
�����°�s���4���2�����E�_���#�«�+�(�4�#�4��®	�4� O�Ê �£ ¡�����Y�_���#�� #���Y�4�4��È�©���¤4�

s : S → S ′ ®��4������4�4�������4�s�(Æ#���$�±�������4�� $�(���Y���$���J���_�(����ÇrË

S ′ u // Ar
S

v // S

s

}} D
M

V_h
q

z

Sn

??~~~~~~~~

OO

t

``AAAAAAAA

Ì°�Í�����u©E #�+�±�����
s′ : S → Ar

S

�4�
Sn → Ar

S

���������_�±�_�$�2���$�4��� O0¦ �����#�4�4���
(S, S0)

������¤4���4�������u���
�4�#�4�

s′
���"Ç?�(�E�_�$�����������$�'� § ¤4�+�4�������u�����4�

Ar
S

�u�����#�4Æ±�4��� § �u���$Æ$���4�
S0 ↪→ S ′ −→ Ar

S .Î �$���±�
u
�����¯�E�[�(�u�$�Ï���E�¯¤4���4�������u���·�����¯���_�$���$���4¤4�·Å�� § ¤4���4�_�����u���«�4�

S ′ �u�«�u�$�4Æ��4�
S0
O Î ���u�

�_���������4���s�y���#�4�������4�E���u�#�¢�4�
s
O

´¼�4�4��®	�4�#�4�m�_�$�4���4�������¡�����#���±�������4���4�4�u���e� § ���������_���4���J� § �$�4�4���+���u���(���u�$�4���4���������������[�²�_�m�4�����
�����4������� O�Ð �#�������

A
�4�³�(�4�4�+�$�t��Ñ"��¤4���������¯���%�����u�������+�

I
�4�¯���4�+�$� �E�

n
�4�t�����_�����Ï���(���4����� O ªx�$���#�4�

S = Spec(A)
�
Ŝ = Spec(ÂI)

�E�
Sn = Spec(A/In+1)

OR¦ �d¤����4�������u���
(Sh, Sh0 )

�4�
(S, S0)

�����
�����������u�����t���¬�_�$���t®	�4�«���u�±�����«�4���²�����E�_�� ¡�«�4�«���[¤4���d�(�t�4�£�zÒ	���¢Ó����Y���4�

S
OrÔJ§ �(�4��©��t���£��¤4���(�

��©��±��Õ�Ö�×�ÖsÕ�Ö?Ø��
Ŝ
�����"���u�±�����e�4���2�����E���� #�JÓ������_�(���_�e�4�e����¤4�����$�

Sα
���u�������������

Sh
O�Ù �#�����e�4�#�4�4���
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Ŝ
%�.-/�0&)1 2(
!3%�4�.5)7684�9� :.<;2=2)7%�.-/
>�,� :�@?A,�(� :��/�(�(�;2 :*-,�.

Sα
%�/B,�.

α
*-,�CD*E4�6F68 2(
!

9B.-4�(��@G+HI?J4�%�.-K2*ML1 NL7 26F68 PO�Q�R@Q�O�Q�O@S�)7L� UT�)1*<!E N,�(� N��/�(�(�;2 N*-,�.
Sh

>�,�)V486FW268 N.< 2*<!E.<)7=X!-)7/�(ZY
Sn>�,� [L74F��/�(�(�;2 [)7(�)\!E)�4�L7 �G�]^(_4F��/�(�=[.-;`4�L7)1*-;N,�(� a4�%�%�.-/`T�)16D4b!E)1/B(_YcLd?A/B.<��.- 

n
G

O�QeR�Q�R�Qgfghihijlk�mVnporq�s�ntk�uwvyx&z|{Bq�j`s�x�z~}�k�{Bq�}tx�z|��k+jborx&}t}�x&z~z2q�uiz~uyn���x
q+��Q�� �:/�,�*F4�L7L1/B(�*
4�%�%�.</�=��� 2.�L�4c=`4�.�!E [L1/�=`4�L1 ��t/�.-6F 2L7L1 N*E4�(�*"(�)10B `4�,_4�*E*-/�=2)1;2 NY

σ ∈ Σ
G+H^;X'�(�)7*-*-/�(�*ML1 [*-=���;26D4

Mh

σ = (U ×Bσ
Mσ)

hU×Bσ
Zσ ,

>�,�)� 2*<!�Lp?��� 2(�*-;2L7)1*-;c��,�*-=���;26D4�4bCD(� U ×Mσ

L7 PL7/�(�9���,|*-/�,�*���*E=���;26D4g�t 2.<68; U × Zσ G���L� 2*-! UT�=2 2L1L7 2(
!" X!M=2/�(
!-)7 2(
!"L7 [*-/�,�*<��*-=���;2684F/�,�0� 2.�!

Mh
σ =Mσ ×Mσ

Mh

σ ,L7 ���)\0&)1*- 2,�.MYF=2.</B)1*- 268 2(
!-*"(�/B.<6D4�,&T

∂Mh

σ =Mh

σ −Mh
σ X!ML1 [*-/B,�*���*-=���;2684c�t 2.<68;[�@?A�� 2(�*E;2L1)7*E4b!E)1/B(�>�,� [Lp?�/�(�(�/�!- [ 2(�=2/B.< 

Zσ
G

�I�l���V���b�����-�����V ¢¡� ¢¡@ �£ Gi¤ ¥�¦3§<¨B©�ªU«�§F¬&rª�®�¯�°U±D²�ª�§�±c©�³<²�´�°U¦µ©¢§U
Gh
σ

ªU¬&¶ Mh

σ ·
°U¶�© ¸�²��«M¦7§�ªº¹�¶E»b³

¹�¶�©¢°U«$°Eª�ªU¬&©
·
²��«$§EªP¼

½ ©�¦�§�ª�«�²�´�°�¦µ©¢§UD¹�¶U©e�®U©J¹�²b¦�§U±g§��«V¹�»l¦7²�¶�©�ª�°P¾�§º¿
§U�¶�§
g
ªU¬&¶ Mh

σ À½ ª`²D¶E§�ª�«d¶U©d®U«d©¢»b~Á
Zσ

§�ªU«�®E²��»l�©dÂX¬+§�±g§U�«3©�ª�»b±D»b¶�¹�¯�§IÁ
G̃σ À½ Gh

σ[p]
§�ªU«"®-²��»b�©dÂX¬+§U±D§U�«5©�ª�»b±D»b¶�¹�¯�§PÁ

Mσ[p]
ªU¬&¶ Mh

σ À½ X(Gh
σ)

§�ªU«�®E²��»l�©dÂX¬+§�±g§U�«5©�ª�»b±D»b¶�¹�¯�§IÁ
Xσ À½ B(Gh

σ)
§EªU«"®E²b�»b�©pÂX¬+§U±D§U�«3©7ª�»b±g»l¶�¹�¯�§PÁ

Bσ À½ ¦-Ã ²�¹B¹�¦µ©¢®E²b«d©¢»br¾�§�Äc»`¾B²�©�¶-²�³�ÅB¹�§U�®�§�¶P²�ª�ª�»�®U©d°�§PÁ
Gh
σ

©��¾�¬&©�«5¬&�©�ª`»b±g»b¶�¹�¯
©�ªU±g§

Sym2(ΩGh
σ
)

∼−→ Ω1

M
h
σ/Z

(log ∂Mh

σ) .

Æ °U±g»l�ªU«d¶-²�«d©¢»l�ÇyÈ HI?J4�%�.-K2*5L7 "!-��;2/B.-K26F ºO@Q�R�QeO�QpÉ�S M̂σ

 2*<!3L7)168)\!E M%�.-/lÊ< 2=X!E)\0� M�� :*-=���;2684�* Mα

σL7)1*-*- 2*F*-,�. Mh

σ

SË/�Ì
α
%�4�.-=2/�,�.<!F,�(Í 2(�*- 26IÎ�L7 �/B.<��/B(�(�;�'�L\!E.-4�(�!`GÐÏ� �*E=���;26D4�*- 268)µ��4�Î�;2L1)7 2(

Gσ%�.-/�0&)1 2(
!"�@?�,�(�*-=���;2684F*- 268)µ��4�Î�;2L7)1 2(
Gα
σ

*-,�. Mα

σ

%�/�,�.
α
*-,�CD*E4�686F 2(
!M9�.E4�(��@G+Ñi/B*-/�(�*

Mα
σ = Mα

σ ×M
h
σ

Mh
σ et ∂Mα

σ = Mα

σ ×M
h
σ

∂Mh

σ

Ò /�686F Mα

σ → M
h

σ

 2*<!DL7)1*-*- �S�=2 _*-/�(
!D.- 2*-%� 2=X!E)\0� 26F 2(
!D,�(Ó/B,�0B 2.<!D�� 2(�*- � X!D,�(Ô��)\0&)1*E 2,�.DY
=2.-/�)7*- 26F 2(
!E*"(�/�.-684�,&T��� Mα

σ

G+Ï� [*-=���;26D4
Gα
σ

 2*<!M4�Î�;2L7)1 2(�*-,�. Mα
σ

 X!">�,�)\!-!- NY84�,�9B68 2(�!E 2.
α
S

/B(Õ%� 2,�!c*-,�%�%�/B*- 2.I>�,@?A)7L3 2*<!P%�.-)1(�=2)7%�4�L7 26F 2(
!P%�/�L�4�.-)1*-;�GÐ]^(Ö%� 2,�!c;29B4�L1 268 2(�!c*-,�%�%�/B*- 2.I>�,� gL7 2*
)7*-/�68/�.-%���)1*-68 2*

Gσ[p]× M̂σ
∼−→Mσ[p] , Gσ × Zσ ∼−→ G̃σ , X(Gσ)

∼−→ Xσ et B(Gσ)
∼−→ Bσ%�.-/�0&)1 2(�(� 2(
!"�@?�)1*E/�68/�.-%���)1*-68 2*

Gα
σ [p]×Mα

σ
∼−→Mσ[p] , G

α
σ × Zσ

∼−→ G̃σ , X(Gα
σ)

∼−→ Xσ et B(Gα
σ)

∼−→ Bσ .
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n 02143�1 .5- 3�671�8 . 02653�9;:=<>1?8$@2@29 -BA 023C9D3C9D3�E7EF3HG�I�J�IKG�IKGL3 . 9NM , 1 ,$O�.P- 3�1 . 02123CQ53�R .P-D, 1 s :

Mh

σ →M
α

σ

A 0 - 6S3T9DUWVX3�9D3�E , 65@2Y - Q5E73�R , E7@ , Q5Z
Zσ, n → M̂σ →Mα

σ ,,#[
Zσ, n 3�Q . 9B3\Q , 02Q^]_Q5R�Y2Z�E`8bac3�6SE7ZFd23 Mh

σ d2ZWe�1 - @�8$6"9K8f@20 - Q5QP8(12R�3 n ] - U�EF3Fd23F9;M - d�ZT8(9gd23 Zσ :h 9iQ50�j . 8(9 , 65Q>d23k@ , Q53T6 Gh
σ = s∗ Gα

σ 3 . d23lVXZ�6 - e�3�6 A 023kQ - n 3�Q . 8(Q5QP3�mkn$6P8(12d�o 9NMp8$@2@29 - RT8 .5-B, 1qd23r , d�8 - 658s] + @ 3�12R�3�6t8$Q5Q , R - Z�3\u Gh
σ 6SZT8$9 - Q53v021 - Q , E , 65@2Y - QPEF3$o�R�3 A 0 - 6SZ�Q5029 . 3vd23bwpx'y\z2{|o h5hSh :~}%:p��oh_� :��2:D�l3 . h_� :��2:����N:

� 3�Q5R�Y2Z�E78 Gh
σ 1�Mp3�Q . @�8(Q�021 -BA 023�E78 - Q�9B3�Q�R , EF@�8$R .5- e�RT8 .P-D, 12Q�123�d2Z�@ 3�12d26 , 1 . @�8(Q�d20�R�Y ,#-�� :

G�I�J�I/��I`���%�$�����i�c�X���c� �?����� �D¡2�i�i¢��	£��c��¡2�������¤I=¥ ¦ , 12Q - d2Z�6 , 12Q�9;M - E`8(n#3 - 1�V#3�65Q53"d23 Gh
σ @�8(69K8v§�U�R�Y23

M̂σ −→Mh

σ .

<>1 ,#O�.5- 3�1 . 021�Q5R�Y2Z�E78FQ53�E - ] 8 O Z�9 - 3�1
Gh
σ −→ M̂σ .¨ M~8(@265U�Q�9K8\@26 , @ , Q -D.5-B, 1qG�I�G�IKJ�IKG�o�R�3�Q5R�Y2Z�E78Fd2ZWe�1 -/. 02123"§�U�R�Y23

f :
(
M̂σ −→ M̂σ ←− Zσ

)
−→

(
M̂σ −→ M̂σ ←− Zσ

)

d23H9K8©RT8 . Z�n , 6 - 3 OuvCompU : � M - E78$n$3 - 1�VX3�6SQ53�d23 Gσ @�8(6 f 3�Q .ª- Q , E , 65@2Y23�u Gh
σ 3 . f 3�Q .

9NM - d23�1 .P-/. Zl8(0%]_d23�QPQ502Q�d23 Zσ :�«¬1�ac8 -/. o f 3�Q . 9;M - d23�1 .5-D. Z�d23
(
M̂σ −→ M̂σ ←− Zσ

)

�®�¯(°%±K® 02123�@20 - QPQP8(12R�3l8$6 O2-D. 658 - 653�EF3�1 . n#658$12d23�d23�9;M - d�ZT8(9|d23 Zσ :
²k³�´$µ�´2¶s· ¸^·5´2¹»º�¼¾½�¼K¿g¼_À :iÁ Â�Ã �®sÄ_Å�Æ�ÇKÈ� Ã f Ã È�É�Ê�É_Ë(± Ã\Ã É Ã È�ÉÌ°%Í�Ë(°	ÉÎ®s�®�Ä Å2Æ	ÇKÈ� Ã ¯ Ã M̂σ ÏÐ Ê��®�Í�È�ÉNÄ5Ë(ÉNÇ¾®�Í ÏiÑ � 3�Q - Q , E , 6S@2Y - Q5E73�QÌd23 r , d�8 - 658s] + @ 3�12R�3�6Ò8$Q5Q , R - Z�Q=u Gσ 3 . Gh

σ d2ZWe�1 - QPQ53�1 .021 - Q , E , 65@2Y - Q5E73
f ∗ Ω1

cMσ/Z
(log ∂M̂σ)

∼−→ Ω1
cMσ/Z

(log ∂M̂σ) .

¦ , E7EF3 f 3�Q . 9NM - d23�1 .5-D. Z�Q5026 Zσ o�9;M - Q , E , 65@2Y - Q5E73�@26SZ�R�Z�d23�1 .Ó- 12d20 -D. 021 - Q , E , 6S@2Y - Q5EF3
f ∗ Ω1

cMσ/Z

∼−→ Ω1
cMσ/Z

.

Ô 0 - Q A 023 M̂σ → Spec(Z) 3�Q . a , 65EF3�9B9D3�E73�1 . 9 - Q5Q53v9D3vR�6 -D. U�653'ÕP8(R ,$O2- 3�1qE , 1 . 653 A 023 f 3�Q . Z . 8$9D3$:� 3�Q5R�Y2Z�E`8
M̂σ

3�Q . Y23�12Q5Z�9 - 3T1`653�9B8 .5- V#3�E73�1 . 8(0`ac3�6SE7Z Zσ : � 8l6S3�Q . 6 - R .P-D, 1`d23 f ulR�3Óac3�6SE7ZÓ3�Q . 021 - Q , E , 65@2Y - Q5E73
d , 12R f 3�Q . 021C8(0 .P, E , 65@2Y - Q5EF3$:
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f A %9-'#�)�&�#�-/!$=B!$.98�C�;3%/= A�D &�#�*,#�) A ;E)�FG!�./=>&�-H;E!$)I)J57&2K-H2L8 A .9M�# ANA - Gh
σ A %9-O&�#�%/%/;�PQ#�)�;R( A .9% A 1TSVU
# A Gσ W$X !$;R- (U → S ← S0)

#�)Y!�Z�[ A -\M A OuvCompU W]^&B8�.9!$8�!$%/;R-H;E!$)_%/#�;R(�&�)
- A .92,%/#�1E- A M A 1�&`8�./!�8�!�%/;E-/;3!�)baJc�a�ced�c�a Wfhg�i�j^i�kmlonpl/i�qsr^tvu�t�wxtGr Wzy {}|�~��m������|��<�����<�����H�������v|�� f : S → Mh

σ � |����H����������|��Y���
�T��� � �v|�� f ∗Gh

σ �H�H� � ����|V����|`�H���<����� � |�����|h�
|`�H�m�����
�m���v|H�`|����6�H|
(Mh

σ −→M
h

σ ←− Zσ)U(U −→ S ←− S0)

|�� � ���H�m�����
�m���v|V�T|�� ���m��¡ � |�� (G, G|S0

∼→ G̃σ) �m¢ G |����O�<�@�$�G£�|��L�
| DegU,S,S0, pol �
|V������|������6�m�
�H| � ���6�e��| g �K�<�B|����4¡¤���������¥¡�� � |���|����4¡�� � ���������¦����� U § �`�<���B�^¨ ���©���������m��¡����3����| G|S0

∼→ G̃σ

���<� S0 § ��| � ���¤|'¡��m�<�ª���m�<�'����������|��<�Y|G«4|����6� ~ª�����H�H�m�¤���6�6� � | �H�H�m�<��� D �
| S � ¨ ��¡T¡ � �v�H���6�6�m�¬�K� � �����H�����H|
pD ◦B : Xσ ⊗Xσ → Z ���m���O����� � �
��|V�$����� � ¨ �$�������H|����H|V�
| σ § |��O��| � �K��| σ ���m���O�`��������� � ¡������Y�
� |��Y��m��|H�Y�
| Σ ������� ®L�����'��|��6��|+¡��H��¡����v������¯° �����������6�/���6�v����¯²± ³ !�=>= A S A %9-"*,!�=>8�1 A -´. A 13&�-/;E( A = A )T-¶µ S0 D !$)�&
(M̂σ −→ M̂σ ←− Zσ)U(U −→ S ←− S0) = (Mσ −→Mh

σ ←− Zσ)U(U −→ S ←− S0) .·o1�%/#�¸>-'MJ5¥&�8�8�13;EU�# A .+1�&Y8�.9!$8�!�%H;R-H;E!$)�a�cea�c�dJc�a A -'M A *,!$=B8�!�% A .+1�&h¹�º,*�C A S → M̂σ

!�Z�- A )�# A &�( A *165»;3)T( A .9% A M A f W
¼�½�¾À¿�g�Á$Â\½�r^t6uJt�wxt6u Wzy ] A M�;3&�Ã�.H&�=>= A (Mh

σ −→ M
h

σ ←− Zσ)
) A M�2KÄ�)�;E-Å8�&�%Å#�)b!$Z
[ A -ÅM A

OuvCompU

*�&�. Mh

σ

)J5 A %9-"8�&�%"*,!�=>8�1 A - W
a�cEÆ^cIÇ È�É�Ê�Ë�Ì>ÍGÎ�Ï�È¤Í�Ë�ÌBÈ¤Í�Ð¤Ñ�Ò}ÉmÓÕÔ�Ö}Ë<Ì
a�cEÆ^cÕ×�c�Ç È�É�Ê�Ë�ÌbÍ�Î�Ï$È�Í�Ë<Ì¦È�Í�Ð¤Ñ�ÒzÉ�ÓÕÔJÖ^Ë<ÌbÌ,È�ØzÌ¦ØzÓeÙ�Ë
È�ÖQcLÚ ] A %/*�C�2,=�&�&m¸�) A Mh

σ A %9- 13;E=>;E- A8�./!�[ A *K-H;R( A M A %/*�C�2,=�&�%Å2K-�&�1 A %Å%H#�. U ×Bσ
Mσ A -Å1 A %/*�C�2,=>&�% A =>;ÜÛo&�Z�2,13; A ) Gh

σ A %9-4M A -oÝ<8 A Ä�)�;%/#�. Mh

σ W ·o1 A :�;E%9- A M�!�)�*ª#�)_%/*�C�2,=�& Met

σ D #�)_=>!�./8�C�;3%/= A 2K-�&�1 A
Met

σ −→ U ×Bσ
MσU�#�; A %/-Å#�)b;3%/!�=>!�./8�C�;E%H= A %/#�. Zσ D�A -4#�)b%/*�C�2,=>&�% A =B;RÛo&�Z�2,1E; A ) Get

σ

%/#�. Met

σ

U�#�;zM A %/* A )�M Gh
σ WÞ )_8�!$% A

Met
σ =Mσ ×Mσ

Met

σ et ∂Met

σ =Met

σ −Met
σ .] A %/*�C�2,=�&�% A =>;ÜÛo&�Z�2,13; A ) Get

σ

(T2,.9;EÄ A 1 A %B=>ß,= A %B8�.9!$8�.9;32K-/2,%BU�# A * A 1E1 A %BM A Gh
σ

M�!�)�)�2 A %BM�&�)�%1�&B8�./!�8�!$%/;E-/;3!�)�a�ced�c�dJcÕ× W�à &�. A : A =B8�1 A�D ;31 A %9-¶&�Z�2,13; A )�8�./;E)�*,;38�&�1 A = A )
-¶8�!�1�&�./;E%H2V%/#�. Met
σ A -"%/!$)Ã$.9!$#�8 A M A p Ûv-/!$.9%/;3!�) A %/-´*�&�)�!�)�;3U�# A = A )
-´;3%/!$=B!$.98�C A µ

Mσ[p]×Mσ
Met

σ .

X ; (U → S ← S0) A %9-´#�)�!�Z�[ A -"M A OuvCompU D -H!�#�- A ¹�º,*�C A
(U −→ S ←− S0) −→ (Met

σ −→M
et

σ ←− Zσ)
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$&%('*),+�-/.�0&12$&%435)�0 Mh

σ
+�),0 (S, S0)

%6$7-98�%6:�$&;6<21=%6:�>@?A:CB�;6B�D�12-EB�%4<=)F3�0&.�3�.�$&12-&1=.G:IHKJ�LKJNMOJPHQD�:�%
B�%6$&+60&123�-/12.G:(B�%6$R3
.G12:�-/$R3�07.�+S8�%6$RB�%T<P)U'V07.G:�-&1=W607%TB�%

(Met
σ −→M

et

σ ←− Zσ) .

X %R$&+S8�;6YZ) Met

σ
:�[\%6$7-]35)�$^D�:�1=_�D�%`YE),1=$]<2%6$]+6.�YZ35),+6-&12a5+b)c-/12.G:�$^:�%RB�;63
%6:�B�0&.�:�-]35)�$]B�Dd+S8�.�1NeK> X %

$&+S8�;6YE)T)�f
;6<21=%6:Z3�0&12:�+61=35),<=%6Yd%6:�-]3�.�<P),0&12$/; Get
σ →Met

σ
1=:�B�D�1N-gD�:�%`h5W6+S8�% Met

σ → Ag . i 353
%6<2.G:�$j/k,lSmonTpPq�j/k,p=nUk,p\rtsbu�lSvxw�y�n )�$&$&.�+61=;6%{z σ ∈ Σ -&.GD�-RB�1P),|G0&)�YdYZ%
(
Met

σ ←−Met
σ −→ Ag

)

.Gf�-&%6:�D(35),0R<=)d+6.G:�$7-&0&D�+�-&1=.�:(3�0&;6+6;6B�%6:�-&%�>

HKJ2M}JPHKJ�~����������������G�5��� ���5���������#�*���}� ���t�
� �����������5���O�5�#�5�O���c�V���O��J@� ��.�-&.G:�$ Met

σ, 0
<=%

3�0&.�B�D�12-`a5f�0&;

Met

σ, 0
//

��

Met

σ

��

Mσ, 0
//Mσ .

� <�+6.�:�-/12%6:�-R+6.GYdYZ%T$&.GD�$���$&+S8�;6YZ)d.�D� t%60�- Met
σ, 0 ¡ _�D�1�%6$7-�B�;�a5:�1�35)�0`<=%T3�07.�B�D�12-`a5f�0&;

Met
σ, 0

//

��

Met
σ

��
Mσ, 0

//Mσ .

X )d3�07.G3
.G$&1N-/12.G:($&D�1N �),:�-&%{07;6$&D�<2-&%TB�%T<x[\)�3�3�07.�e 1=YZ),-&1=.�:43�07;6$&%607 ,)�:t-�<2%T|G07.GD�3
%TB�% p �¢-/.�0&$&12.G:�>
£¥¤#¦�§}¦�¨c©«ª�©&¦�¬®}¯P°±¯*}¯�² >�³ ´ n¥µEqcl�¶5·�vP¸Sµ9n Met

σ, 0 →Met
σ

n¹¸�mºp&»¼n¹¸�¶�k�j¹nd½�n¥µEqb½,y�pPn¹¸¥l/n�p=k,mxv ¾¿½tn¹¸
¸�mxlSy�jSmxy l/n¹¸U½�nTÀ5v�Á�n&k,yd¶�kcl/k�·5qclSvxw�y�n/¸U½�nTmxÂS¶5n D n�À p ¸�y�l Get

σ [p] Ã
Ä s�µ9q#À�¸�mxl&k,mxv¢q#À ÃÆÅ X %�YZ.�0&3�8�12$/Yd% Mσ, 0 →Mσ

%6$7-A<x[Ç%6$&35)�+6%�B�%�Yd.�B�D�<=%6$È0&%6<=),-&12'^B�%6$È$7-&0&D�+��
-/D�07%6$�B�%E:�12 t%b),DÉ35)�0&)�8�.�0&12_�D�%6$�$/D�0 Mσ[p] ¡ %�-¥<2%E$&+S8�;6YE)4)�f
;6<=12%6: Get

σ → Met
σ
%6$7-¥Y¥D�:�1]B�[\D�:

1=$&.�YZ.�0&3�8�12$&YZ% Get
σ [p]

∼→Mσ[p]×Mσ
Met

σ
>

��.GD�$�)b t.�:�$R.Gf�-&%b:�D(D�:(B�1P),|G0&)�YZYd%{zd+b),0&07;6$R+b)�0�-/;6$&1=%6:�$R%�-`h5W6+S8�%6$` t%60�-/12+b)�<2%6$�3�07.G3�07%6$

Met

σ, 0

��

Met
σ, 0

oo //

��

Ag, 0

��

Met

σ
Met

σ
oo // Ag .
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p"�X2X2Y�*'.)Z'%\[

σ ]_^ &`*'Y�020a%'X2$�Y� �,cb �%db� �.(e	b�%f*�"�0ag2%f&)Y�*�"�&)%f"�&)/1Z'h�02.)e�b�%f"�i1%'*d �.)i1%�"�b7[+g9Y�b�g9%d*�"�0jg9%
&(Y	*�"�&)%k"�&)/1Z'h�0a.(e�b�%lX9"� �Xm �.niD%�"�b ]
oqp�rcst�u1vwpyx{z(|}zVx{z~x ]_� � Y�b�Xd ���"�iDY� �Xd$"�Xdh�%'X2Y1.) �,�%�,�ZF� �.(0q,�%'Xd*�"�0jg9%'Xd&(Y	*�"�&)%'Xd�OY10a35%'&)&(%'X
"�iD%'*\ �.niD%�"�b�%Fg4,�%\&(%'X4"�$�$�02Y���.)35%'0 ]�� "y35"�b�i�"�.(X2%\02Z',�b�*Fg2.(Y� �%'35$��'*���%'02"�.ng4,�%fg9Y�b�g9%f�~"��'Y� �&)%
*'Y1 Dg90a�1&)%l,��Bb� �%lZFi1%' 	g9b�%'&)&(%k"�$�$�02Y���.)3q"�g2.(Y� ]
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%'&)(+*-,/.0,213&)4+576989.;:)(+<>=+*?89./,/<;@A@7<>(+*?@7./*-,B&)8C69./*?@A<D,B&)@A./*-&;@7E>F/G+8C5AHI=+./*-E;8KJ),/.ML'=+(+.08C./@N&O6K57<>(QPSRTF/HI=+5VU
W &;@7./(+,/.XFY6Z&)@A.X&;P+F/HD=3&O6K.)[]\^<>=+*_<;G`6K./(+<;(+*_=+(+.X,/<;ab43&),Y6K5Vc3,B&)6K57<>(d6K<;89<)efP3&;@7.XP+. Ag, 0 :+P+<;(I6_(+<>=+*P+F/,/895 W <;(+*'@A./*'4+8C./ab57g/89./*'4+8C<>4+8C5AFY69F/*/[S\h<;=+*',/<>(+*C6989=+57*K<;(+*'=+(+.i,/<>aj43&;,Y6957c3,B&O6K57<>(�k'&)abF/@A57<>8CF/.ml�:HD=+5X(SRn&o43&;*pP+.#*957(+E>=+@A&;8C5769F/*q6K<;895AHI=+./*/[h\h<;=+*pP+F/,/895 W <>(+*p.srt4+@A57,/5769./ab./(I6p@N&o*C6K89&)6957c3,B&O6K57<>(uP+./*
,/<>aj43&;,Y6957c3,B&O6K57<>(+*Q<>G`69./(D=+./*/[-vw(`c3(S:?(+<;=+*jaj<>(I6989<;(+*j,/<;abaj./(I6b&)P3&;4`69./8Q@A./*Q89F/*9=+@V6Z&O6K*j&;=x,B&;*
P+. Ag,n,0 [

y
z|{3zb}�~D�>������~D�#~D�!����~t�j�>�3���B~D�b�����>�3��~D�j�3���]�I���O���S��~D�
��<;=+8�69<>=`6

σ ∈ Σ
:�<>(�,21+<>57*9576i=+(+.�,B&)8C69.�@7<D,B&;@7.d&)@AE;F/G+8957HD=+.

(Met

σ
Met

σ
oo // Ag )

.Y6
@|R�<>(q,/<;(+*95AP+g/8C.X@A.X*9,21+F/ab&

U =
∐

σ∈Σ

Met

σ ,

HD=+5S./*C6^@A<I,B&;@7./ab./(I6_P+.�6��t4�.�c](+5S*9=+8
Spec(Z)

[��m(p4�<;*9.
U =

∐

σ∈Σ

Met
σ , Z =

∐

σ∈Σ

Zσ et ∂U = U − U ,

HD=+5�./*C6h=+(pP35 W 57*9./=+8hLb,/89<;5A*9./ab./(�6K*h(+<;89ab&;=trqP+. U [
�m( (+<)6K. X =
∐
Xσ

:]HD=+5�./*C6h=+(q¡¢&;57*9,/.B&;=
,/<>(+*C6989=+,Y695AG+@7.�*9=+8

U
:�.Y6

B =
∐
Bσ

:�HD=+5£./*C6�=+(+.¤¡�<;89aj.�G+5A@75A(+FB&)5A8C.�*9=+8
X
L W &;@7./=38C*�P3&;(+*�@7.¡¢&)5A*9,/.B&)=

DivU
[

�m(p&j,/<;(+*C6K89=+5V6^=+(q*9,21+F/a¤&j*9./aj5VU�&)G�FB@75A./(
G =

∐
Gσ

*K=+8
U
HD=+5S./*96^&;G�F/@A57./(p4+8C5A(+,/5743&;@7./ab./(I6

4�<>@A&;8C5A*9F�*9=+8
U
[!¥�@�.sr`5A*C69.iP+./*m57*K<;ab<;894+1+57*9ab./*

X(G)
∼→ X

.Y6
B(G)

∼→ B
:�.Y6'@|RT&;4+4+@75A,B&O6K57<>(¦P+.

§h<IP]&)5A89&OU©¨D4�./(+,/./8M5A(+P+=+5V6^=+(q5A*9<;ab<;894+1+57*Kaj.
KG/U : Sym2(ΩG)

∼−→ Ω1
U/Z

(
log ∂U

)
.

ª�.X*9,21+F/a¤&j&;G�F/@A57./(
G
*K=+8

U
5A(+P+=+5V6^=+(qP+5A&;E;8K&)abaj.

(
U Uoo // Ag

)
.
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U → Ag
4157685:9�;<:410=6?>A@�4B0�+); M{0} = Ag CDFE�GIH,G�JLKNMOK:G�PRQ�SNT$SNT CVU W,XZY\[L]_^�`�a�b�Y\X U → Ag X3b�c�d�cNe)f�X�gh d�Yi[�j�b�ck]:e)ckal[�j	gnm oqp 5?+I>A6sr�9�4utv4w5?032�x1y\+z+I{$x1tv>|4 p 9 p >A@�41;75?41t

Ag → Ag
> p�} 9�>A6Z9 p >v5:~Iyu~�;��

� 2�>v5:yw4 } 4Z��~ } +)>v;:+L�O� � 4 p 0141;
KAg/Ag

: Sym2(ΩAg
)

∼−→ Ω1
Ag/Z4=68t|4B5:0�2�x1y\+w+I{$x1t|>v4 p G→ U

9 p >v5:~Iyu~I; � 2�>v5:yw4
KG/U : Sym2(ΩG)

∼−→ Ω1
U/Z .��~)6?~ p 5

f : U → Ag
tv4.yu~I; � 2�>|5:yu4.> p�} 9�>A6 � +I;

G C�oqp +
G = f ∗Ag � ~ p +

f ∗ Sym2(ΩAg
) '

Sym2(ΩG)
4=68t���~ p +

f ∗KAg/Ag
= KG/U } ~ p 0
f ∗ Ω1

Ag/Spec(Z)
∼−→ Ω1

U/Spec(Z) .� ~Iyuyw4#tv415�032�+Iy � 58+)tv�Ix1{�;:>|r�9�415
U

4=6 Ag 5:~ p 6nt|>v5:5:415�5:9�;
Spec(Z) � tv4#01;7>|6:/1;:4�<?+)01~�{�>|4 p yu~ p 6:;:4

r�9�4
f

415768x=6?+Itv4 C
� ~ p 5:> } x1;:~ p 5ntv4B5:0�2�x1y\+

R = U ×Ag
U = IsomU×U(pr∗1 G, pr∗2 G) .�Ntn41576\y�9 p > } 4 } 419���-�/10�2�415\x=6?+It|4�5w@�41;75

U � 4=6\t|4�0�2�+)y � +It|��x1{�;7>vr�9�4 Ag 41576\>v5:~Iyu~I; � 2�4�+I9
0�2�+)y � r�9�~)6?>|4 p 6

[U/R] C ��~)6?~ p 5
R

t|4 p ~�;7y\+)tv>|5:x } 4
U ×Spec(Z) U

} + p 5
R C � ��41576B9 p 5?032�x1y\+�yF9 p > } 4 } 419���-�/1032�415

R ⇒ U � ;7~�t|~ p �I4�+ p 6
R ⇒ U C �Nt�4���>v576:4w9 p>v5:~Iyu~I; � 2�>|5:yu4

pr∗1G
∼→ pr∗2G

+)9�� } 415:5?9�5 } 4
R CL� ��+ � ;:/15Vt|4�6?2�x1~I;:/1yw4q��������� � >vt�51��x=6:4 p�} 4 p 9 p >|5?~L�

yu~I; � 2�>|5:yu4�+I9�� } 415:5:9�5 } 4
R � +I; p ~I;:y\+)tv>A6?x } 4�014�5?032�x1y\+ C *,+ } x1yw~ p 576?;:+)6:>v~ pw} 4�t�+ � ;7~ � ~�5:>A6?>|~ p5:9�>|@)+ p 6?4B41576�6?>|;:x14 } 4u�� �¡w¢�£�¤�4=685:41;7@�>|;?+ } 4Byu~ } /1tv4Z¥.014�t|tv4 } 4Btv+ � ;7~ � ~I5?>A6?>|~ p§¦ �����¨%��� CDFE�GIH,G�JLKNMOK:G�PRQ�SNT$S�©«ª=�¬ �¡.¢�£�¤l¯®�°±��²%�|³�´ CVU W,X3b�µ�X�¶I·q¸n¹3º3`�X3b R ⇒ U b»[Lj�cnd�cNeLf�X3b�gh d�Yi[�j�b�ck]:e)ckal[�j	g�m ��~I>v4 p 6
z

9 p � ~I> p 6 } 4
R

4=6
x

416
y

5:415�>|y\+)��415 } + p 5
U C �Nt�5:9�¼u6 } 48yw~ p 6?;741;

r�9�4�t|415½01~�y � tvx=6:x15 } 415½tv~�0�+)tv>|5:x15 } 4
R

4 p z
4=6 } 4

U
4 p x

4=6
y

5:~ p 6#>|5:~�yw~�; � 2�415�¾ ake t|415 } 419��
-�/10�2�415 C � ~�ywyu4�t|415�-�/1032�415

R ⇒ U
5:~ p 6�x=6?+It|415 � ~ p � 419�6�5:9 ��� ~�5:41;¿r�9�4

x
4=6
y

5:~ p 6 } 415
x1tvx1yw4 p 6:5 } 9i{$~�; } ∂U C �Nt$4���>|5:6:4 } 415À01Á p 415

σx, σy ∈ Σ
6:41tv5Âr�9�4

x
5:~I>|6À5:9�;�t�+

σx
�_576:;?+L6?4�4=6

y
5:9�;

t�+
σy

�_576?;:+)6:4 C ��~I>v4 p 6 Ox � Oy 4=6 Oz tv4158+ p�p 4�+I9�� } 415n01~Iy � t|x=6?x15 } 415ntv~�0�+It|>v5:x15n4 p x � y 4=6
z C *�415

yu~I; � 2�>|5:yu415
R ⇒ U

5?~ p 6 } ~Iyu> p + p 6?5Â0�+I;Ât|415Âyu~I; � 2�>|5?yw415
R ⇒ U

5:~ p 6À5:9�; <7410=6?>AÃÄ5 C�oqpi} >v5 � ~�5:4
} ��> p <:410=6:>v~ p 5 } ��+ p�p 4�+)9��

Oz

Ox
�.

>>||||||||
Oy

P0

``BBBBBBBB
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/�02143#57698�:�140<;$/�=?>�@ 0�AB/7A<C D$/FE7/75<14@HGI/7E�0�14>"@$5<5I>�@ 02;$/75<J7:K8�3L1M0�J757N
O @P@$>�0�/ Gx

/�0 Gy
34/75Q5IESR$J7=T8�5U5I/7=?1WVX8�Y�J7341L/7@$5Q5ID$A Spec(Ox) /�0 Spec(Oy) >"Y�0I/7@�D$5QZ�8�AU14=T8�:"/

1L@K[K/7AB5�/\;$/ G N�]^6_8�Z$AI`75a3b8cZ$AI>�Z	>�5I140I1L>�@?d�egf�ebh�eih�j.3L/ 1 Vk=?>�0�1Ml;$/�m�D$=nlo>"AB;n8�5I5�> E71LJqp Gx
14@$;$D$140UD$@$/

r `7EsR$/ Spec(Ox)→Mσx

/�0<E7/734D$1t8�5�5I>�E714JFp Gy
D$@$/ r `7EsR$/ Spec(Oy)→Mσy

Nu#/�E7v�@$/ σx /75B0
;$J�0�/7AB=?14@$J2Z�8�A B(Gx)

Ew8�AxE�6y/75B0\3z69D$@$14C�D$/2E7v�@$/2=?14@$1L=?8�3�Z�8�AB=?1�E7/7D�{?;$>�@ 0x3g698�;$R$J7AB/7@�E7/<E7>"@ 0I1L/7@ 0
3L/75 pD ◦ B(Gx)

j�>"| D /75I02D$@};$14[�1L5I/7D$A<1LABAIJ7;$D$E�0I1LY$34/F;$/ Spec(Ox) N�~X3#/7@�/75B02;$/�=?�7=�/FZ�>"D$A σy/�0qE7>�=?=�/ B(Gx)|Oz
' B(Gy)|Oz

, 3L/75�E7v"@$/75 σx /�0 σy 5I>�@ 0qE7>�@HGID$:�D$J75�5�>�D$5�3g698�E�0I1L>�@�;$/ GL(X)/�02143#/�{�1L5B0�/�D$@}145I>"=�>"ABZ$R$1L5I=?/ Mσx

∼→Mσy

N O @}>�Y�0�14/7@ 02D$@};$1L8�:�A�8�=?=�/�E7>"=�=PD�0�8�0I14l

Spec(Ox) //Mσx

∼

��

Spec(Oz)

88qqqqqqqqqqq

&&MMMMMMMMMMM

Spec(Oy) //Mσy

u#/75F8�@$@$/w8�D�{ Ox /�0 Oy 5�>�@ 0�34/75�E7>"=�Z$3LJ�0IJ75�;$/75�34>�Ew8�341L5IJ75�;$/ Mσx

/�0 Mσy

/7@�34/75�1L=?8�:�/75�;$D
Z�>"14@ 0<l*/7AI=�J�;$/ Spec(Oz) j$;$>"@$E�143#/�{�145B0�/�D$@}1L5I>�=?>�AIZ$R$145I=?/

φ : Spec(Ox) ∼−→ Spec(Oy) .
u�6_8�E�0�14>"@�;$/ GL(X) 14@$;$D$140�D$@�1L5I>"=�>"ABZ$R$1L5I=�/�/7@ 0�AB/�3L/75 1 Vk=�>�0I14l*5�;$/�m}D$=�l*>"AB;�D$@$1M[K/7AB5I/73L5
5ID$A Mσx

/�0 Mσy

j\/�0�143c/�{�145B0�/�D$@�145I>"=?>�AIZ$R$145I=?/ Gx
∼→ φ∗Gy

5�D$A Spec(Ox) C�D$1c;$/75IE7/7@$;
3g6y1L5I>�=?>�AIZ$R$145I=?/ Gx

∼→ Gy
5ID$A Spec(Oz) N� >�D$A�;$J7=?>�@ 0�AB/7A�3b8�Z$AB>"Z�>"5I1M0�14>"@�j\>�@�E7>�@$5I0IAID$1M0�D$@$/�ABJ�0�AI8�E�0I1L>�@�;$/�3g6y1L@HGB/7E70I1L>�@ Ox ↪→ Oz Nu�69145I>"=�>"ABZ$R$1L5I=?/ Gx

∼→ φ∗Gy
5ID$A Spec(Ox) 1L@$;$D$1M02D$@};$1L8�:�A�8�=?=?/�E7>�=?=^D�0�8�0I14l

R //

��

R

��
U × U // U × U

Spec(Frac(Ox))

@@

//

OO

Spec(Ox)
(Id,φ)

OO

u�6_8�@$@$/w8�D R /75B0�@$>"AB=T8�3T/�0�3L8 r `7EsR$/ Spec(Frac(Ox)) → R 5769J�0I/7@$;�/7@�D$@�=?>�AIZ$R$145I=?/
Spec(Ox) → R. � /�0B0�/ r `7EsR$/}5I/�lz8�E�0I>"AB1L5I/}Z�8�A?3L/}E7>�=?Z$34J�0�J};$/ R /7@ z /�0T14@$;$D$140?Y$1L/7@�D$@$/
AIJ�0IA�8�E�0�14>"@};$/ Ox ↪→ Oz N

�T���������"�U�����k 	�¡� Na¢ £2>"D$5F8w[K>�@$5FD�0I1L341L5IJ�Z	>�D$A�3L8�Z$AB/w=�1L`7AB/nlo>�1L5�3L/nlz8�140�C�D$/�3L/75�E7v"@$/75�;$/ Σ@$/�5I/�AI/7E7>�D�[�AI/7@K02Z�8�5wN
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R ⇒ U

]dg�hiYkjml)ndX�Y�o�XZpqV�]
r h5UZ\�]�s
t r�u X�j�g�hDnvU)hDwxX�j	s�y z5{k|v}�~��F�����f�v��}�������}����������M���

R×UR→ R � }��k�;�f������{��������d���
R×UR→

R
�;� � }����.���v������{���|��Z�����.����|�����}��� ��v��}�¡	�)¢x����Q�£��.������{���|f�d�����¤�

R×UR
��|¥���;�f��{���|v}��

U ¦ �7{���|v�
�� ��){%§¨{��¨���.�¥�¤�){7��|f�)�v�7���©���

R
���)��|

R×U R
Q�ªJ�«�����M���

R×U R→ R
¡��¥�����7�����¬���{7�¨¡��v��¡��v���;�f�

}������.���v|v��{�{7�®���®{7�������v����{7��|f�)�v�7���¯�;�b{���|b�Z�����.����|�|f�����������v������|�¡�����������|f���f�®���
U

���)��|
U

Q

ªJ�N�����M���
R → U × U

��|¥���������°����� Ag
��|¥�¤|v��¡��)�v� ¦ �;��{7�¯���.�¥¡�����|v���

R → U × U
��|¥�

�� ��){7�������������������)�
U

��|¥�b���k����{�{7������Q

± ID²�I�O%I´³©µ�¶�E.HZ· ¸º¹»·¼G$½¿¾ºµ�¶ÀE.G$ÁÂ¸SÃ�E�¹»· Ä�E.Ã�¹�· G$½S¶À¶�Ã�½S¶0½S·Å	µ�Ã�Æ,IÈÇ £È����|f�������v����|´{7�°�M���)��¡
��{� .��É��¥� � }�� � }����v�7�����

AΣ

g = [U/R] .z5{���|¥��|f��¡��)�v� ¦ {7��|v|f�®|v}��
Spec(Z) ¦ �������f������� Ag

���.�����®��}������Ê�b������|v�®�;�

∂AΣ

g = AΣ

g −Ag
���.�����������k��|v��}��Ë§����v���7|v���������f|Ë�����v����}k�%QJª���|v�M�������¯|v�����ÍÌ5��É$��{��7���

G → U
��|¥�«�¨}���������}����

���.�������®���®����|v�������v�
pr∗1G

∼→ pr∗2G
|v}��

R
���.���®������}����b}��¯|v�M��������|v������Ì5�)É	��{��7���

G −→ AΣ

g

� }����;�f������{����)���¥�7�;�v�Ë��É$��{��7�������®}����������¥|v��{�{7��Q�ª�����¡�¡�{��7���Z�f�7���¯���ËÎb���������f��ÌÊÏ�¡$����������������}�����}��¯��|v�)Ì
�����v¡�����|v���

Sym2(ΩG)
∼−→ Ω1

A
Σ

g /Z
(log ∂AΣ

g ) .

ªJ�°|¥�v�f�Z�f�������)�v�7�.�Ð������}����v�¤|v}�� AΣ

g

¡��)�«{���|«É��f�)���M����|«��}Ñ�����k��|f��}��«§°���¥�.��|v���������v|«���.�¥�¤�)}��/��|¥�
¡����v�����;�f�¥���¡����È{q������|v���¨É�{7�Ò�����

Σ/GL(X)
Q�ªJ�¨���.��¡�{7�;�v�7���iÓ¼���v����{�{7�Ò{7�{��.�� ����{7��|¥�v�f�Z�f�#�)|v|v�)Ì

���7���§
σ ∈ Σ

��|¥�¬��|v�.�����v¡������} � }��)�f�������¬���Ò{��¨������¡�{����v�7���´Ó¼�.�¥����{�{7�Ò��� Mσ

{��{��.�� ����
Zσ

¡��)�
{7�# .�v��}�¡$�#�����

Γσ = StabGL(Xσ)(σ) .ª���|v�M�����¤�´|f������Ì5�)É$��{7�����
G

���.�¥�v��|v¡$�.���N¡��)����;�#��|v�.�����v¡�����|v���@�)} � }����v�7��������¤Ô¯}��@Ó¼�.�¥�
Gσ��}

1
ÌÕ�����v��Ó

Mσ → Mσ ¦È� }����v�v�N§Ñ���.��¡$�.|v���i¡��)�i{D����}��v�.���.�¥¡����7|v���N���Ö�¥�����.��¡�{7�;�f���.�×���Ö{7�
¡��v��¡$�.|v���f���.�©Ø�I ± I�ÙºIq²�Q�ÚÒ�¤�v�����.�.����{��b{7���;�v��}�����}��f�������v�����bz5Û¨QÍÜ�QÍÝ#���«:�<¬>@?�A�B$¡$��}��,¡�{7}�|,���;�d�)�7{�|�Q
Ï��.�������

(U ↪→ S)
}��À��É�Þv�;�����

Ouv
Q�ª������¤�) .�©�7�������v|v�©���

G
���;��������}��ÀÓ �.���;�v��}��@���

(Ag ↪→
AΣ

g )(U ↪→ S)
�.���v|�{7�����Z�f�� ��.�¥�7�®����|�|v�M�����¤�)|�|f������Ì5�)É$��{7������|b|v}��

S
Q

ß¨à�á�âJá�ãZä5åÊävá�æç1�354$3Õè%3Õ4�QSR é�]�ê�XZj%c�h5]�Ykn®n r U)\Íw�g»]®Ykj%] rfë Ykw ìZU)\�]�j	cd]�V�]�cfU)h r l�XZnMwx]dg@]Mj�hDnf]
(
Ag ↪→ AΣ

g

)
(U ↪→ S)

]�hJ\7U�cfU)h r l�XZnMwx]�V�]dgÈg»cde r�u U�gÈg»] u w ^¥U.[ r \Íwx]�jkg
G′ → S

ë Ykw$g»XZj�hFU.[ r \Íwx]Mj�g�o$nMw j%c�wío�U)\�] u ]�j�h�o�XZ\7UZn�w�g r g
V�]Òl�]�j�nf]

g
g�Ykn

U î ]�h,h5]�\íg ë Y�]®\�X»cfUZ\�] u ]Mj�h�o�X�Ykn®\�U�hïXdo�X�\�Xfl)wx] r h5U)\�]«V�]
S î \�]Fê�U)w�g»cf]fU)Y

X(G′)
]fg�h
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/�01.24365�7�298:5 X 5�2;3*<=5?>�3A@�2B5 σ ∈ Σ 8 1C7�2;<ED F:8.G�HJIK5�7	LK5MLK1C7$24365�7�2;<NFPOQ1CIJRM5TS�3*<U3*7�H�F�3VIK5 pD ◦ B(G′)W�1C0�I�2B1C0�2X8�3*YZ3A@Z5J0�I�3*IJIKH�8C0L�2434S�<A5[I�H�8�0�3*2 D 8 5 S \
] H�RM1.7�@�24IEF�24361.7 \=^ _a`[b�cKd$egfThTh�i�egjNkl`gm G′ n$o klm$cgk n h�jN`gfp`gm q n�r jAh o klb�e[b�s o U klm$t$s$klqus$m$`[v�wgcJd$`
U → Ag x s$`[j4y r m{z"`gs�q n$o?r j r m$|�` og}~ m�e�z"`gm q�s$`gj n$oEr j r m$|"`gfp`gm q�`gbEq�s$m$k x s$`[cQh o Ag `gb?q�bEe n h o e��
`�qMb r m�`���kNb?qE`gm$cg`�bE`{qE`gb?q�`�j r cQh�jl`Qfp`gm q }X� m n `gs�qMt r m$c�bEs n$n�r bE` o x s$` S `gbEqTjN`�b n `gc�q o `�t�y�s$m
h�m$m$`Qh�s�j r cQh�j�c r f n jN`�q!t$` n�r klm qP��` o fpe S0

}�� m�cKd r klb�k�q σ ∈ Σ f�klm$kNf�h�j n h o f�k�jN`gb!cg��m$`gb!t r m:q
j4y�h�t$d$e o `gm$cg`;c r m:q�kN`gm:q=jl`gb B(G′)⊗pD r"� D n h o c r s o q�jN`gb�t$k�z�kNbE`gs o b=t$` S �"`�q=j�y r m o `gjNw�z"`;jAhPv�wgcJd$`
U → Ag `gm{s$m$`!v�wgcKd$` U →Met

σ x s$k�bgy�e�qE`gm$t�`gm
S −→Met

σ

| oE� cg`[��jAh n$oEr�n$o kle�q�e�f r t$s$jAh�k o ` n$oEr cJd$`�t$`�jAh�� oEr m qEkNw o `[t$` Met

σ
}

� m�`gm{t$egt$s$k�q x s$`�jl`�cKd�h�f n AΣ

g m$`�t$e n `gm$t�m$k#t$s�cJd r k���t$`�jNh n$o egbE`gm q�h�qEk r m U t$` Bσ m$k�t$s
cJd r k���t$`gbPh n$n$o?r ��kNf�h�qEk r m$b Get

σ
}�� j o `gb?q�`��Tf r m q o ` o jNh n$oEr�n	r bEklqEk r m�bEs$klz�h�m:q�` n�r s o z:e o k���` o x s$`j4y r m�h�c r m$b?q o s$k�q�s$m$`�c r f n h�cgqEkl��cQhCq�k r m{t$` Ag }

���.���a�$�C ¢¡£ E�$¤¦¥�§¢¨�§ª©�§�« }¬ ® 5�LKG$FCR9W¯FC<�° HQS�IJ34/�0�5 AΣ

g
5K@�2aWIK1KWIK5P@�0�I Spec(Z) \

] H�RM1.7�@�24IEF�24361.7 \�^ _ah±v�wgcJd$`²`gb?q�bEe n h o eg`²t$`�qB³ n `���m$k9`�q�j�y r m n `gs�q�h n$n jNk x s$` o jN`²c o klqEw o `
z�h�jls�h�qEkl��t$` n$oEr�n$o `�qEe!t$`p´�µ·¶�¸º¹4¹�» }�¼�}l½Z¾C¿6}À�r kl`gm q S s$m�q o h�klq�t$` n�r klm q�|"egm$e o k x s$` η `�q η → Ags$m{f r�oEn d$klbEf�` }�� m�z:`gs�q;jN` n$oEr j r m$|"` o `gm{s$m$`!v�wgcJd$`

S −→ AΣ

g

j r cQh�jl`gf�`gm q n�r s o jNhMq r�n�r j r |"kl` O6W:W.O }aÀ�r k�q G′ jNhMz�h o kle�q�e�h�i�egjNkl`gm$m$`�bEs o η klm$t$s$klqE` n h o η → Ag }_#`�q�d$e r�o wgf�`�t$` o egt$s$c�qEk r mÁbE`gfpk�Âªb?q�h�i$jl` n�r s o jN`gbPz�h o kle�q�egb�h�i�egjlkN`gm$m$`gb�h�bEbEs o `�j4yÃ`���klbEqE`gm$cg`�t#yÃs$m
bEcJd$egfTh!bE`gfpk�Â¢h�i�egjlkN`gm G′ → S n$o?r j r m$|�`Qh�m:q G′ → η � x s$klq?q�`;��`�Ä	`gc�qEs$` o s$mpcJd�h�m$|�`gf�`gm q o h�fpkl��e
t$`�q o h�klq }�~ m�cJd�h�m$|"`gfp`gm q!e�qKh�jN`�t$`�q o h�k�q n ` o f�`�q!t$`�b�s n$n�r bE` o x s$` X(G) `gb?q x s r q�kl`gm q!t$` X }
~ mMq o h�klqXh�t$fp`�qÅs�mMs$m$k x s$`9t$k�z�kNbE`gs o `�Ä	`gc�q�k�� o e�t�s$k�qXk oEo egt$s$c�q�kli$jN`���jAh[v�wgcJd$` B(G) : X ⊗X → Z
`gb?q�bE`gf�kÆÂªt$e���m$kN` n�r bEklqEklz"`Ç� o h�t$kNcQh�j o hCq�k r m$m$`gj=t�y�h n$o wgb�jNh n$oEr�n	r bEklqEk r mÉÈ�ÊAË�ÊVÌ�Ê�È²`�q Σ o `gc r s�z o `
jN`�cg��m$`�t$`gbu� r"o f�`gb9bE`gf�kÆÂªt$e���m$kN`gb n	r bEklqEklz"`gb!� o h�t$klcQh�j o h�qEk r m$m$`gj } _ah n$o?r"n$o kNe�qEe�f r t$s$jNh�k o `��MjNh
� o?r m qEkNw o `�t$` (

Ag ↪→ AΣ

g

)

f r m q o `[h�j r�o b;j4yÃ`���klbEqE`gm$cg`�t�y�s$m n$o?r j r m$|�`gf�`gm q }

ÍTÎ�Ï¯Ð��ZÑ"Ò�ÎÁ¥�§ª¨	§ª©�§4¥ }¬ _#`Tc r m q o ��jN`Tt$`Tj�yÓh n�n$o?r ��klfTh�qEk r m¯h�e�qEeMklm$t$kNb n `gm$b�h�i$jl` n�r s o z"e o k���` o
jAh n$oEr�n$o `�qEe�t$` AΣ

g
}
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+&,.-�,�/&,�021�3547698;:=<>3@?�AB8DCE?F8DA�<G4D<G:DH!I%<�1�8J,LK MON*P�QSR�TOU�N*VWN*XYVZNEU�[�TE\�]EP_^�`@a�P�b9cSd�NeR�]YfgU�NER�h
cWbia�R�N*cZbj]EPkNFlYT�RmP�bil�T�N*ngU�NEVZNE[�]YVobjp�n�TqN*QZQZ] R�bj`�Tmr

Σ s t PkNEQZQZ] R�bjTmr$Ru[�NEp n�T�R�NEVvcWT�d9] R�NEd9TqN*djXE`�w�VZb9p n�T
QWNEP�QmP�bil�T�N*n

Met

σ
Met

σ
oo // Agd�N5R�NEVvcWTxd9] R�N*djTyN*djXE`�w�Vobjp�n�Tx^�TxP�b9l�T�N*nzU�NEVZNE[�]EVZb9p n�Tx^�T$c|{}U%T D T�P

p

Met

σ, 0

��

Met
σ, 0

oo //

��

Ag, 0

��

Met

σ
Met

σ
oo // Ag

p n�b�djn�b�R�]YVoVZT�QZU%]YP�^ s%~ ]EP�QWb9^�`�VZ]EP�QmdjT�QmQZR�[�`�f�N*Q

U0 =
∐

σ∈Σ

Met

σ, 0 et U0 =
∐

σ∈Σ

Met
σ, 0 .

� djQmb9P�^�n�bjQZT�P�cmn�PG^�bjNEXEVWN*fkfgTxR�NEVvcW`�QZb9T�PGr5����R�[�T�Q�lYT�VocZbjR�NEd9T�QmU�VZ]EU�VZT�Q

U0

��

U0
oo //

��

Ag, 0

��

U Uoo // Ag ,
U�NEV�R�]YP�QocZVZn�R@cZbj]EPz^�T�QqR�N*VocZT�Qmdj] R�N*djT�QqN*djXE`�w�VZb9p n�T�QqNFlYT�RxP�b9lYT�NEn s MO`@a�P�b9QZQW]EP�QmdjTxXEVZ]En�U	]*��^�T

R0 ⇒ U0R�]YfgfkTxd9TxU�VZ]�^�n�bic�a�w�Vo`
R0 = U0 ×Ag, 0

U0 .� T�Q�^�T�n}������R�[�T�Q
R0 ⇒ U0

QW]EP�c�`@cWNEdjT�QqR�NEV
U → Ag

T�Qoc�`@cuN*djTE\�T@c�d9T2Ru[�N*fkUGp n�]*cWb9T�P�c
[U0/R0]T�Qocqw�b9T�PzQZ��V�b9QW]Efk]EVZU�[�Tyr Ag, 0 s

���E�����F�Y���������	���%��� s;� � ]Yn�V_^�`�fg]YP�cZVZT�V�p n�T
U0 → Ag, 0

T�Qoc�`@cuN*djTE\L]YP�P���N U�N*Q�U�Vo] R�`�^�`
^�bjVoT�R@cWT�fgT�P�c s MOn ¡¢N*b9cg^�T_d�N£fkNEn�l*N*bjQZT�Vo`�^�n�R@cWb9]YP�\¤b9dSQZT�f¥w�d9T_^�b9¦kR�bjd9T�^��§NE^�NEU�cZT�V5djN¨cWT�R�[�P�b9p n�T
^�Tk©§ªS05«�¬�.\�w�N*QW`�TxQZn�V�d.�®bjQZ]Yfg]YVoU�[�bjQZfgTx^�Ty¯�] ^�NEb9VWN�hv° U%T�P�R�T�V s
+&,.-�,±	,³²z´�ABµ¶1�·¸H?F¹�,LK MONEP�QqR�TxU�N*VWN*XYVZNEU�[�TE\�P�]Yn�Qm^�`�fk]EP�cZVZ]EP�Qqd�NgP�]EVZfkNEd9b9cZ`y^�T Mσ, 0

\�p n�b
QZT�VWNqn�cWb9djT7U	]En�VDd�NqU�VZ]EU	]EQZb9cZbj]EPg+&,.-�,�º&,.- sB» ]Yn�Q;n�cZbjd9bjQZ]EP�Q;djT�Q;Vo`�QZn�d9cWN*cZQ;^�T¼©¾½�¿%AB¬	+}�\�QZT�dj]EPed9T�QWp�n�T�djQ
djT$fk]YVoU�[�bjQZfgT Ag, 0 −→ Spec(Zp)

T�QocmU�d�NBcqT@cqQWN¥a�w�VZTxQZU%`�R�b�N*djTxT�QocmVZ`�^�n�b9cZT s
Àe��ÁEÂ=Á�ÃBÄ|ÅvÄZÁ�ÆÇ���|�%�vÈ���� s;� ÉDÊ¥ËuÌ�ÍBÎ¼Ï�ÍBÐ§Ñ�Ò�Ó@Ô�Õ.Ö@×�Ê Ag, 0 ÊuØ�ÙÛÚ	ÜBÔ�Î�Í*ÐjÝ
Þ Ò�Î³Ü�Ú�Ø�Ù.ÔZÍ*Ù.Õ�Ü�Ú	ÝÛß M¥�§NEU�Vo��Q¼d9T2R�VZbicW��VZT2^�T2P�]YVof�N*djbicW`2^�T5° T�VZVoTE\%b9dDQZn�¦kc¼^�T2fg]YP�cZVZT�Vqp n�T Ag, 0T�Qoc7Vo`�XYn�d9bjT�VàT�PkR�] ^�b9fkT�P�QZbj]EP

1
T@cJp n�TmQZT�QJU%]Yb9P�cWQJ^�T�R�] ^�bjfgT�P�QWb9]YP ≥ 2

QZ]YP�cJ^�TmU�Vo]E¡¸]EP�^�T�n�V ≥ 2 sMe��N*U�VZ��Q³d9TGcZ[�`�]YVo��fkTGU�VZb9P�R�bjU�N*dq^�T�©á½�²G¬	â�.\7d9T>djb9T�nãVo`�XYn�d9bjT�V�^�T Ag, 0 R�]E��P�R�b9^�T¨N�l�T�RGd9T>d9bjT�n
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/"021$354�6�35027�8�7�9�:;/�4=<>/�?A@$B5C>?D7>4 9�6�3E0;7F1�6�4$: Ag, 0 7>:29�1$7G<>/�1$35?D7>4$:;35/�4 ≥ 2 H�I 7>B56J?A/�4 9�027FK�L$7 Ag, 07>:29M02C>N"L$BE357>0�7>4O<>/�1$35?D7>4$:;35/�4 1 HP C>0;3RQ�/"4$:=BS6T1$7>L�U�35V>?D7W<>/"4$1$3R9�3E/"4X1$LX<>023E9�V>027W1$7W4$/"02?Y6�B53R9�CW1$7[Z�7>020;7 H Z�/�357>4 9 A B]\^6�4$4$7_6�L
B5/ <_6�B`1$7 Ag, 0 7>4aL$4a@�/"3E4 9 x 1$7D@$02/�bc/�4$1$7>L$0 ≥ 2 7�9

m
:;/�4a351$C_6�Bd?A6.U�35?A6�B HeI /"?D?A7 Ag, 0 →

Spec(Z[1/p]) 7>:29fBE35:;:;7�8�/"4a@�7>L�9f:;L$@$@�/":;7>0!K�L$7 p ∈ m H#g \^6�4$4$7h6�L A 7>:29�@$BS6.9f:;L$0 Z(p)
1$/�4$< p4�\i7>:29j@�6�:j1$3Ek�3E:;7>L$0j1$7 0 1�6�4$: A H�l /�9;/"4$: A = A/pA 7�9

m = m/m ∩ pA Hm \^6�@$0;V>:fnporq�s.t	u�vw8 A7>:29x0;C>1$L$3R9y1$/�4$<G:�6�4$:z<>/"?D@	/�:�6�4 9;7G3E?A?D7>0;N"C�7 H�g 7>:x3E1$C_6�L�U{6�:;:;/�<>3EC>:x1$7 A :;/"4 9x1$/�4$<G?A3E4$35?A6�L�U H| 4}7>4}1$C>1$L$3E9~K�L$7
m

4�\i7>:29O@�6�:O6�:;:;/�<>35C H�m \i6�@$02V>:OB56�@$02/"@�/":;3R9�3E/"4���1$L}@�6�0�6�N"0;6�@$�$7�� P HE�"H��1$7!n������`���"v�8�35B�7�U�3E:29�7 x ∈ m
K�L$3�4�\�7>:;9`@�6�:`1$3Rk�35:;7>L$0�1$7 0 1�6�4$: A H�g 6G:;L$3E9;7y1$7y@�6�0�6�?AV�9;0;7>: (p, x)7>:29M�$3E7>4O1$7�B5/�4$N"L$7>L$0 2 H

Z�/�3E9 σ ∈ Σ H�g 7�<>/"02/"BEBS6�35027�:;L$3Rk�6�4 9�0;C>:;L$BR9�7�1$7�BS6�@$0;/�@�/":;3E9;35/�4�u����������]��8�1$7>:�<>/�0;/�BR�
BS6�35027>:f���E�������]���E��7�9f��R���*�	�S����u�8$7�9M1$7�BS6�4$/"02?Y6�B53R9�C�1$7>:j@$BE/"4$N�7>?A7>4 9;:�9�/"0235K L$7>: H
�! $¡¢ $£¤£]¥$¦¤¡¢§�¨�©¤ª	©¬«©] He® ¯�°�±�²$³�´¶µT³�·i¸º¹_»�¼¾½�¿�À° Mσ, 0 °ÂÁ�ÃzÄ	Å.¼¾´Y³�·5Æ
u������SÇ��YÈ{É�Ê*Ë�Ì¢Í*��ÎÐÏÒÑEÓ�Ô��eÍ�Õ�ËÊ*É�Î×Ö"É{Ë Õ�É�ÖYÎ×Í*Õ�É Ë�Ò�xØ m 6�4$:Ò<>7M@�6�0;6�N�0�6�@$�$7�8º/"4A<>/"4$:29�02L$3E9ÙL$4$7
0;7>B56�9;35/�4A1�\�C>K�L$3Rk�6�B57>4$<>7�C�9Â6�B57j:;L$0 U0 Hºl /�9;/"4$: R0

B57�4$/"02?Y6�B535:;C�1$7 U0×U0
1�6�4$: R0 H �¤B$7>:29Ò?JL$4$3

1$7�1$7>L�U=Ú�V><¾�$7>:
R0 ⇒ U0

K�L$3�C�9�7>4$1$7>4 9
R0 ⇒ U0 .

g 6!0;7>:29;0;3E<�9�3E/"4A1$LA:;<¾�$C>?A6�:;7>?D3R�¤6��	C>BE357>4 G Û U0
7>:29Ù6���C>B53E7>4�8º?JL$4$3$1�\iL$4A1$0;6�@�7_6�L H• ⊂ G[p] H| 4O1$35:;@�/":;7�:;L$0 R0

1�\�L$4O35:;/"?D/"02@$�$35:;?D7
pr∗1 G

∼−→ pr∗2 G

K�L$3e7>4 k"/"3E7 pr∗1 H•
:;L$0 pr∗2 H• H�Ü 6�0G4$/"0;?A6�BE3E9;C�8�<>7�9F3E:�/�?A/�0;@$�$3E:;?A7�:;7�@$02/"BE/"4$N�7�7>4WL$4W35:;/�?A/�0Ý�

@$�$35:;?D7�:;L$0 R0 H
Þ ¡¢ �ß� $à.¦¤áÝ¦; $âã¨�©¤ª�©wä�©åª He® ¯×°�Á�æ °¾À�çGèMé�±Â²�°ÂÁ R0 ⇒ U0 ÁhÅ¢Ä�Ãj¹�Ã¤³.·S°ÂÁ_Æ
ê ¹�´{Å¢Ä�Á�Ã�¼;³�Ã�½wÅ¢Ä	ÆÒë Z�/�3E9 z L$4O@	/�354º9M1$7 R0

7�9 x 8 y :;7>:j1$7>L�U~3E?Y6�N"7>:j1�6�4$: U0 H�ì /"4 9;0;/�4$:jK�L$7
B57>:Ù<>/"?D@$B5C�9;C>: Oz 8 Ox 7�9 Oy 1$7>:zBE/�<_6�BE35:;C>:Ù1$7 R0

7>4 z 7�9Ù1$7 U0
7>4 x 7�9 y :;/"4º9z35:;/�?A/�0;@$�$7>: H | 4@�7>L�9M:;L$@$@�/":;7>0jK L$7 x 7�9 y :;/"4 9j1$7>:jC>B5C>?D7>4 9�:j1$LO��/"021 H �¤B#7�U�3E:29�7�1$7>:j<>í"4$7>: σx 7�9 σy 1$7 Σ 9;7>B5:

K�L$7 x 6�@$@�6�029;357>4$4$7 Û B56 σx �å:29;0�6.9�7�7�9 y :;L$0jB56 σy �å:29�0;6�9;7 H | 4O1$3E:;@	/�:;7�1�\i3E4¢î;7><�9�3E/"4$:j1�\i6�4$4$7_6�L�U
Oz

Ox
�.

>>||||||||
Oy

P0

``BBBBBBBB
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*,+.-�*0/2143�57698:/./2*76<;>=?8)@	57AB;C*7D�/ Gx

*,+ Gy E @�+2*7D�F�/.G�8)H.;B6I8)JK*0;BD�LK*7H2/2*0-�* G /MF�H Spec(Ox)*,+ Spec(Ox) NPO AC/I/ E D�+IJK57D�57H2;BQ�F�*76<*7D�+R8:@$57AB;C*7D�/7SP6TF�D�;C/I-�UVF�D�*W/X+MHXF�1,+MF�HX*Y-�*WD�;BLK*�8:FZG�8)HM8)3 E =
H2;BQ�F�* H•, x

*,+ H•, y
S�*,+[;CA�*�\�;B/2+2*]/2F�H Spec(Oz) F�D^;C/ E 6 E H2G�3�;B/M6<*

pr∗1 Gx
∼−→ pr∗2 Gy

Q�F�;_H2*7/2G$*71,+M*`AB*7/�/X+MHXF�1,+MF�HX*7/�-�*`D�;BLK*�8:F N�a *7/^8)D�D�*�8:Fb\ Ox *,+ Oy / E D�+�D E HX6I8)Fb\c-�UV8:G�HXd7/�AC*
1 E H E ABA�8);CHX*Re%fhg�fi	fj Nlk UV8:G�H2d7/mAC8^G�H E G E /2;B+M; E DZg�f�e%f i	fng�S E D E @�+M;B*7D�+m-�*7Fb\ 1 =o6 E +2;Bp /m-�*RqWF�6rp E HX-
8�L�*71m/X+2H2F�1,+MF�HX*m-�*mD�;BLK*�8:FY8)/2/ E 17;C57/ts Gx

*7+ Gy
S�*,+uA�8<G�H E G E /2;B+2; E Dvj%fhg�f>wlfngx6 E D�+2H2*mAnUV*�\�;B/X+M*7D�17*

-�*#y�d7143�*7/
Spec(Ox) −→Mσx, 0 et Spec(Oy) −→Mσx, 0G�8:HzAC*7/2Q�F�*�ABAC*7/r-�*7/217*7D�-�*7D�+rAC*7/r-�*7Fb\ 1 =o6 E +M;>p{/<8�L�*71|/X+MHXF�1,+MF�HX*|-�*|D�;BLK*�8:F N~} D�HM8);C/ E D�D�*|*�\�8:1�=

+M*76<*7D�+�1 E 6<69*I-�8)D�/�A�8^G�H2*7F�LK*I-�*IAC8WG�H E G E /2;>+M; E D�e%fng�fj�G E F�Hm1 E D�/X+2H2F�;BH2*IF�D�*9H25,+2HM8:1,+2; E D�-�*
AhU�;CD��X*71,+M; E D Ox ↪→ Oz N

} D�L E ;>+u1 E 696<*]G�H2571757-�*76<69*7D�+[Q�F�* R0 ⇒ U0
*7/X+[F�DWJ:H E F�G E:� -�*]5,+M8:AB* N�� G�G$*7A E D�/

AΣ

g, 0 = [ U0/R0 ]

AC*_1�3�8:6<G�8:ABJK57@�HX;CQ�F�*_Q�F E +M;B*7D�+ N�� \bG�AC;BQ�F E D�/�H28:G�;B-�*769*7D�+�A�8TG�H E G�H2;B5,+M5_6 E -�F�A�8);CHX*#szAC8Tp{H E D�+M;Bd7H2*
L�57HX;B��57*]G�8)H

(
Ag, 0 ↪→ AΣ

g, 0

)
.

� E ;B*7D�+ (U ↪→ S) F�D E @��2*,+<-�* Ouv *,+ (G′, H ′
•)

F�D E @��2*,+<-�* Ag, 0(U) NP} D�/MF�G�G E /M*|Q�F�* G′

/7UV5,+2*7D�-R*7DRF�DR/2143�57698T/2*769;�=?8:@$57AB;C*7DR/2F�H S N�a *�Q�F E +2;C*7D�+ G′/H ′
i

*7/X+�8)A E H2/�HX*7G�H257/2*7D�+M8:@�AB*�G�8:H�F�D
/2143�576I8x/2*769;�=?8:@$57AC;B*7D`/2F�H S G E F�H 0 ≤ i ≤ s N � F�G�G E / E D�/#Q�F�* X(G′) / E ;B+#F�DvQ�F E +M;B*7D�+#-�* X N
k U�8)G�H2d7/�AC8TG�H E G E /2;B+2; E D`g�fBw�f��%fjR*,+�AB*_-�;�8)JKH28:6<69*<��g�f>wlf�� NV�#� SbA�8�pn8)69;BACAB*_-�*7/�p E HX69*7/�@�;BAC;BD�5�8:;BH2*7/
B(G′/H ′

i)
-�5,��D�;B+uF�DW6 E HXG�3�;B/269* B(G′, H ′

•)
-�* Sym2(X ⊗Q) -�8:D�/ DivS ⊗Q N$a 8<G�H E G�H2;B5,+M5

6 E -�F�A�8);CHX*rsRAC8xp{H E D�+M;Bd7H2*z/2F�;BL)8)D�+M*z/2*z6 E D�+2H2*z1 E 696<*zA�8xG�H E G E /2;B+2; E D�e�fng�f�%fng�S%*7DvF�+2;CAB;C/M8:D�+#AC8
G�H E G E /2;>+M; E D.j%fhg�f>w�fhg N
�T���:�������?���2���¡ �¢?£$¢¥¤�¢{¦ N¨§ ©lª�«)¬M�®�¯��°h±�ª (Ag, 0 ↪→ AΣ

g, 0

)
(U ↪→ S) ¯�²)¬2²)³I´�µh¬Mª·¶�ª�¸¹Kºn»�ª4µ{¸

(G′, H ′
•) ±�ª Ag, 0(U) µ¼ª4¶�¸z½�®�ª G′ ¸�¾À¿�µ¼ª4Á	±|ª�Á.®bÁW¸ÃÂ�Ä�¿�³9²r¸Ãª�³rÅÆX²�º4¿�¶�Åhª�ÁW¸�®b¬ S Ç�ª�µPµ¼ª�¶�¸T½,®�ª]¶�ÃÂ2²)Æ

¶�ª�³Iª�Á�µl¯��®b¬�¶B²Rµ¼�¯��¶�M«�Å¥ª9¿�µo²)¶�ªr±�ª S Ç�¶�ªPÈ7²)Å�¸ÃÂ�ª2²)® X(G) ª�¸�µ[½,®��µhÅ¥ª�Á�µ[±�ª X ª4µ�Å ¶ÉªXÊKÅ�¸4µ¼ª σ ∈ Σ

±��Á�µP¶2¾ ²�±�Ä�¿�¬Mª�Á%Â�ªzÂ��Á�µhÅ¥ª�Á�µP¶C²[È��¬4³xªTº,Å ¶ËÅ Á%¿M²)Å¬�ª pD ◦B(G′, H ′
•) ¯��®b¬]µ¼�®bµ�±)Å ÌÃÅC¸Ãª�®b¬#Å ¬4¬�¿M±�®�Â�µhÅhº�¶�ª

¬M¿M±)®bÅ µ D ±�ª S Í
a *#+23�5 E HXd769*]/2F�;BL)8)D�+uHX57/2F�69*]AB*7/uG�HX*769;Bd7H2*7/[G�H E G�HX;C5,+257/u-�*]D E +MHX*]1 E D�/X+MHXF�1,+M; E D N

ÎPÏlÐ ����Ñ:ÒÔÓÕ �¢o£	¢¥¤�¢h  N¨§ ©�ªTÂ�Ä�²)³t¯�²)¶V«�¿7º,¬�Ån½,®�ª AΣ

g, 0 Á	ªT±�¿?¯�ª�Á$±R½�®�ª�±�ª Σ Í%Ö�¶lª�¸�µÉ¸Ã¿?¯�²)¬M¿�Ç×Á%�¬4Æ
³I²�¶�ª�µØ¸7²�¯$¬M¼»�ª�Â4µhÅ¥�Á^Ì:ª�¬M¸ Spec(Z) ª�¸4µ�±�ª_µnÙ4¯�ªØÚ×Á�Å�Ç	¯�¶C²)µ¼ª�Ç~Û�Ú�º�¬�ª�¸[«�¿��³I¿�µh¬4Åh½,®�ª4³xª�Á�µ×¬�¿2±)®bÅ µ¼ªM¸�Í
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)+*-,/.�0!1324,/5�6�798:*�6�7 Ag, 0
,/5;1<1=*<5;>�?@*�A�7�BC*�6%D�*<*�7+8�EF*HG�8�D�7I*J>K6LB;890�M!AN0!1<1=*<,O0;A�7IPOD�8:*�6

Ag, 0 //

��

AΣ

g, 0

��

Ag // AΣ

g

QSRUT ,O.�*/DV?@*�A�798:,N0!E�*/DW2�AO5/2�AO*/D(X#Y+6<2�0!A�798:,�>KEZ8:*�AO[ AΣ

g, 0

*/D�7�2\A/5/2\A/*UD�>KA
Spec(Z)

*�7+*/D�7]>K6#*^,O5;1V2�0_,�`
798 aS,O0!798:5�6LBC* Ag, 0

X�b/EF*cG@8�D�7I*J>K6dD(,/.�P�1e0fD�*�1<8�`c0�g�P�EZ8:*�6
G

*�7W>K6hB!AO0/2�*O0!>iBC*VM!A/5�>�2�*/Dkjl>�0�D�8�`man6�8�D
2�Eo0;7pD

H• ⊂ G[p]
D�>KA AΣ

g, 0

jl>�8SP�7I*�6#BC*�6�7+E�*�D(,/.�P�1e0q0_g�P�EZ8:*�6L*�7+E�*kB!AO0/2�*O0!>r>K6�8�?!*�AOD�*�E�D�>�A Ag, 0
X

s P�1t5�6%D�79AN0!798:5�6#X
u v
wyxnz!xNxOwy{H|O}�~���x�xN~@�C|���wyx]�y~���xN�y����wy���ywyx�}��e�f�y��}oz!|Nwyx���w��oz��y~@��xc|O{c���l|O}�~�����v�z
� {N~ � ~�xN}�|O}�~��r�����\�������t�e~@�C|O{cwV����w3�owyxS�y~@� � z!�l|O}����(z!|N}o~@��xS��wV��� � wy����wy�C|S����wV��w Σ

�Kv�z � ��z;|O}�|O����w
wl|J�ozq{N�y�����l|N}o~@�h��wyx�����{Nwyx���wyxJ�y~@� � z!�l|O}����(z!|N}o~@��x � {c~���}owy����wy�C|J��wyx�{N�yxN����|/z;|Ox���wr�m�q�\�;�#�%�9�
v
w
��{Oz � w(z@�Lxy��~@�%|O}�wy�C| � z@{�z@�� ��y{Nwy���ywe���L��{Oz � w(z!�¡����}��_wy{cxNwy�nxN��{ Ag, 0

��z@��x��owe¢�{c~�� � w=�C��z@xN}Z£:�\��}
� ��z;| G[p]

�

v
w��� �z!� � AΣ

g, 0

wyxc|3�k����}����¤����w^xc|N{Oz;|O}�����z;|O}�~�� � z@{Nz@�f�l|O{c�yw � z@{U���¥����~!|O}�wy�C|U����}���w Σ
wl|3�oz

�y~�� � �o�l|N}o~@�d¦p~�{c�ewy���owk��w-��~���¢§��wk�oztxc|O{Nz!|Nw-z@xNxN~��y}o�yw-¨
σ ∈ Σ

wyxc|�}oxN~@�e~@{ �  �w-z@�i����~!|O}�wy�C|���wk��z
�y~�� � �o�l|N}o~@�h¦�~�{c�ewy�o��wf��w Mσ, 0

��wf�o~���¢r��w
Zσ, 0

� z!{J���L¢@{N~�� � w<����}9��v
wexN�/ ��y�=z©xNwy�e}Z£ªz@���y��}owy�
G

wl|^�ow=��{Oz � w(z!� H•

�y~@{N{cwyx � ~@����wy�C| � z!{^�ywl|k}oxN~@�e~@{ �  �}�xO�fwtz@�¡����~!|O}�wy�C|k��wq«¥���<¦p~@{N�¡���
1
£

�e~!|O}�¦
Mσ

�k����}\��wUxOzJxc|O{c���l|O��{cwU��wU��}��_w(z!�=�(z@��~@��}o����wUxN��{ Mσ, 0

�C¬�z!��xW�ow � z!{Oz!¢�{Nz �  �wUxN��}��@z!�C|y
~�� � {c�y�y}oxNwJ�ozf�y~@�-��}���z!|N~�}�{NwJ���r��~�{c�r��wJ��z<�y~�� � z@�l|N}����(z;|O}�~����

�������q®^¯#°L±³²\´@µ�¶�·]´�²%µ�¶p¯�¸º¹f²�°L»�¼�¶�¯\��»C½K¹
¬Vwy�K¾ � {c~�����¿y�ewyxÀxN����xN}oxc|Owy�_|(��v�w � {cwy�e}�wy{Àwyxc|À��wJ���y�({c}o{cw � {N�y�y}�xN�y�ewy�C|À�owJ��~@{N�r��w

AΣ

g, 0

wl|e��~@|Oz@�e�fwy�C|e�owyxe{cwy��z;|O}�~���xe����}����y}o��wy���ywrwy�_|O{cwr�owyxe��}�Á��y{cwy�C|Owyxexc|N{Oz;|Owyxy�Wv
wrxNwy�y~@���Âwyxc|=��wrxNw
���y��z@{c{Oz!xNxNwy{©��wyxrxN}���¢����oz@{c}�|N�yx©|N~�{c}o����wyx©}o�_|Owy{H�_wy��z@�_|r��z@��x©��z4�y~�� � z@�l|N}����(z!|N}o~@� � ~@��{©~@�%|Owy��}�{
���Ã�� �z!� � ���Äz(ÅCz!�C|=����w¥��wyx=xN}o��¢@����z!{N}�|O�yx=��wyx Ag−r, 0 � ~@��{ r ≤ g

��Æ+w¥�/ �z@� � xNwy{Ozh�o}�xNxOwrxN��{
Spec(Z[1/p])

wl|À�owJ�y~�� � �o�y�fwy�C|Oz@}�{NwJ��w Ag
Å§xOwy{Nzf���r��}��K}oxNwy��{À¨f�y{c~�}�xOwy�fwy�C|NxU��~@{N�ez@�K¾#�

Æ+wyx � {c~�����¿(�fwyx+xNw3{c�yxN~����_wy�C|+xN}o�k����|/z!���y�ewy�C|+wy�t}��C|N{N~�����}�xOz@�C|+���Ç,/5;1V2\E�*cGK*�,O5;6�89jl>�* C �y~��_|Ow�£��z@�_|
C(X)

�!v�zU���y�y~�� � ~�xN}�|O}o~@� Σ
��w
C(X)

}o������}�|F����wW���y�y~�� � ~@xN}�|N}o~@�
SΣ

��w C ��ywW����}C�y~�������}�|¨<����wJ��wyxN�y{c} � |N}o~@�rw�¾ � �o}��y}�|NwJ���r�#~@{N�r��w

AΣ

g, 0 .
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+-,/.%021�3-425�6*78029:02,�3-;<029:.�7�6*=202;>780?=A@�BDCFEHG�0

Σ
.�6*;>1�,/=A@�BICJEK.�781�LNM�,/G�OP1�,�0?G�42=2BD9:.	BIL<CQ3<C8BI,

SG�0 C R =20TS 1�CD.%02;<9:0�3UG�0T=2BI,�LV3W;V1�C8;V0TG�02LX=2BD9:.�6I=�3<CQM�=�6Y3WCQBD,�LU6*9Z4278CQBD;V4202L R LW6*,�LXL<C8,�5D1�786I;VCQ3<4TG�O[BD;VC85IC8,�03WBI;<CQS 1�0I\
]&^_&^a`�^�b�c%dfe�g<hie2jfk�lDh enmoc�m�k�p!h qrhis	mutae2c�m�v�c�jTh eI^xw +-,/C8,�3<;<B�G�1�CQ3yG�02L-,�B*3z6Y3WCQBD,�Ly6I,�6*78BI5D1�02L
{ =202787Q02LTG�1:.�6I;<6I5I;W6*.�@�0 `�^_&^�| \ } BDCJ3

V = ⊕2g
j=1Z ·xj

1�,
Z ~ 9:B G�1�780�78CQ��;<0�G�0�;<6I,�5

2g
9�1�,�C�G�OP1�,�0

��6IL<0
(xj)

\	+-,�7Q0�9�1�,�CJ3NG�0�786��!BD;V9Z0�6*7Q3W02;V,�420�G�BD,�,�420�.�6*;�786:9Z6*3<;<CQ=20

J =

(
0 J ′

−J ′ 0

)
,

BD�
J ′

02L<3�7�6-9n6Y3W;VC8=20�6I,�3WC ~ G�C�6*5DBI,�6I7Q0�G�BI,�3�7802L�=2B 0��n=2CQ02,�3<L�,�BI,�, 1�78L�L<BI,�3�425D6I1iE {
1
\�+-,:;<6I.�.%02787Q0

S 1�0 D = {d1 < · · · < ds}
\�+-,:G�4�M�,�CQ3�1�,�0�=A@�6Y��,�0�.�6*;W6I@�BI;<CQS 1�0�6*1�3WB G�1�6*780

V•
D

G�0
V

02,:.%BDLW6*,�3 R.%BD1�;
1 ≤ i ≤ s R

Vi
D =

di⊕

j=1

Z · xj ⊕
2g⊕

j=di+1

p Z · xj

et Vs+i
D =

2g−ds+1−i⊕

j=1

Z · xj ⊕
2g⊕

j=2g−ds+1−i+1

p Z .

� B*3WBI,�L
Γ0

780-LV3z6*��C87QC8LW6Y3W021�;xG�0
V•

D

G�6I,�L
GSp2g(Z) � =IOP02LV3�7Q0-LWBI1�L ~ 5D;VBD1�.%0-G�0y=2BI,�5D;V1�02,�=20-.�6I;W6 ~@�BD;VC8S�1�0�6*LWL<B =2CQ4 { D \*} C V ′

02L<3U1�,�LWBI1�L ~ 02L<.�6I=20T3<BI3W6I7Q029Z02,�3fCQL<BI3<;<BI.	0��a6*=�3W021�;XG�C8;V02=�3UG�0
V R ,�BI3<BD,�L

r
L<BD,�;W6*,�5/0�3

V ′⊥
L<BD,�BD;�3W@�BI5DBI,�6I7a\���OP02,�3WCQ02;

r
G�4�3W02;V9ZC8,�0�7aOP02,�L<029���780�G�0�.	BIL<CQ3<C8BI,�L�;V027�6Y3WCJ��02L

Wr �W�!�2� 7Q0�.�6*;W6*5D;<6I.�@�0 `�^�_&^| R BI��=20�3$02,�L<029���7Q0�4�3W6ICJ3$,�BI3<4 W � \���OPC89Z6I5I0�G�0
V•

D

G�6*,�L
V/V ′⊥G�4�M�,�CQ3�1�,�G�C�6*5D;<6I9:9Z0�=2BI9Z9�1�3z6Y3WCJ�

Y0
//

��

Y1
//

��

· · · // Ys

��
X0

��

X1
oo

��

· · ·oo Xs

��

oo

Y0
// Y1

// · · · // Ys� ,�.�6*;V3<C8=21�7QC802; R V ′
G�4�M�,�CJ3�1�,�42784�9Z02,�3

w ∈ Wr

\T+-,�02LV3�G�6*,�L�7Q0�=�6IG�;V0�G�O 6*.�.�78CQ=�6*3WCQBD,�G�0�786
=2BD,�LV3<;<1�=�3<C8BI,�G�1�.�6I;<6I5D;<6I.�@�0 `�^J¡X^¢ R 0�3N7£O[BD,�.%021�3�=2BD,�L<C8G�42;V02;�7Q0�=A@�6I9:.�G�0�9ZB�G�1�7Q02L

MV ′, 0 =Mw
X•,Y•, 0 .¤ O 6*.�;<¥2L/7Q02L/;<42L<1�7J3z6Y3WL/G�1¦.�6I;<6I5I;W6*.�@�0 `�^Q¡X^�| R CQ7?0�E�C8LV3<0�1�,§=z@�6I9:.¨6I7Q5D42��;VC8S�1�0 BV ′, 0

0�3/1�,
3WBI;<0

EV ′, 0

3<0278LTS�1�0 MV ′, 0

L<BICQ3T1�,
EV ′, 0 ~ 3WBI;<L<021�;�L<1�; BV ′, 0

\�©fBILWBI,�L
SV ′, 0 = Hom(EV ′, 0,Gm)

\
ª-O[02LV3N1�,�0�LV3W;V1�=�3<1�;<0�02,�3<C8¥2;V0�LW1�;

Sym2(V/V ′⊥)⊗ R
\
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(�)�*�)�*�),+.-�/1032�465
487�-�9;:=<�>?4@)BA CED!FGDIH�J

C KMLON H�J NQPSR�KTNVU�N JWJXDIY�J[Z N JX\�]!^ N J_FGD!F`] KTNQPaN HbFdceJGDfZFGg[D�\ N Jdh=]I^iF N Y�gXJ U ceg N ^iFXJ U�N V j�k DIY�gWFGDIY%F V ′ ∈ C l H�DIFXD�H�J C(V/V ′⊥) KTN ^QmIH NnU�N Jdh�D�g PaN J
R c K cTH�o']!cTg N JSJXp P oiFXgXceq�Y N JSJ NQP crZ U ois�H�c N Jt\�DIJXceFXceu N JSJXY�g (V/V ′⊥) ⊗ R U D�H6F KTN gX] U ce^'] KvN J[F U ois�H�cJXY�g

Q j�k DIY�g�FXD�Y%F V ′′ ⊂ V ′ l c K�N�w cTJ[F N Y�H N ceH�^ K Y�JXceD�H U�N C(V/V ′′⊥) U ]IH�J C(V/V ′⊥) j CED!FGDIH�J C
KTN q�Y�DIFXc N H6F U�NxKyL Y�H�cTDIH U cTJ�zXDIcTH6F N ∐

V ′∈C

C(V/V ′⊥)

\�]Ig K ]ng NQK ]fFGceD�H U�L oQq6Y�ceu!] KeN H�^ N{N H�| N H U gXo N \�]!g KTN J}cTH�^ K Y�JXcTDIH�J U�N C(V/V ′′⊥) U ]!H�J C(V/V ′⊥)\�D�Y�g�FGDIY�JxhM]I^iF N Y�gXJ U ceg N ^iFXJxFGD!F`] KTNQP}N H6F.ceJXDIFXgXDI\ N J V ′′ ⊂ V ′ j;~�L�N J[F.Y�H1^QD P \ KeN�w%N ^QDIH�cTq�Y N q6Y�c
N J[F3H�]fFGY�g NQKTKeNQPaN HbF P Y�H�c U�L Y�H N ]I^iFXcTDIH U�N GSp2g(Z) j!�
N JXDIY�J[Z N JX\�]!^ N ⊕2g

j=g+1Z·xj
hM]!^iF N Y�g U cTg N ^iF

U�N V N J[F�FXDIF`] KTNQP}N H6F�cTJXDIFXgXDI\ NxN F l JGc KyL D�H,s w%N Y�H{ceJXD P D�g[\���cTJ PaN
X

∼−→
g⊕

j=1

Z · xj = V/
(
⊕2g
j=g+1Z · xj

)⊥
,

D�H�D R FGc N H6FaY�H N ceH�z N ^iFGceD�H U�N C(X) U ]!H�J C j�~BN F[F N cTH�z N ^iFGceD�H N J[FaoQq�Y�cru!]Ig[c�]!H6F N JXD�Y�J KML ]!^iFGceD�H
U�N GL(X) l u�Y{^QD P}PaN Y�H{JXDIY�J�Z�|�g[D�Y�\ NxU�N GSp2g(Z) j
(�)�*�)�(�)_�d��7�-�/10�-��':���:�-�9;���;>�7�-�/1032�465
4�7�-�9;:=<�>?4@)BA ��H�]I\�\ NQKTKeN��6�`�`�������������y���f�����f ¢¡!£
�G�!¤X¥! �¦§¤X¥!�y���f����¦� � �¦¨�6¦ C K ] U D�H�H�o N§U�L Y�H N§U oQ^QD P \�D�JXcrFGceD�Hd\�D K pbo U gX] KeN gX]!FXcTDIH�H NQKTKeN§U�N C(V/V ′⊥)\�D�Y�g�FXD�Y%F

V ′ ∈ C © DIH U�NQP ]!H U�N�N H_D�Y%FXg N q�Y N�K ] U oQ^QD P \�D�JXceFXcTDIH U�N C(V/V ′′⊥)
JXD�crF K ].g N J[FGg[cT^�ZFGceD�Hdª

C(V/V ′′⊥) U�N�K ] U oQ^QD P \�D�JXcrFGceD�H U�N C(V/V ′⊥)
JXc
V ′′ ⊂ V ′ j�« DIceF S

Y�H N§U oQ^QD P \�D�JXcrFGcTDIH\�D K pbo U gX] KeN gG]fFGceD�H�H NQKeKTNxU�N C j
¬®X¯�°3±³²�±X´�°¶µ�·=¸¹·�µ�·�º j;» ��H U ceFEq6Y N S N J[F�] U�P cTJXJXc R�KTN g NQK ]!FXceu NQPaN H6FEª Γ0

JXc NQKeKTN¨N J[FEoQq�Y�cruI]�ZgXcT]IHbF N JXD�Y�J KyL ]I^iFXcTDIH U�N Γ0 N FtJXc KeN q�Y�DIFXc N HbF S/Γ0 N J[FSs�H�c j ��H U ceFtq6Y N S N J[F K ceJXJ N JXcv\�DIY�gFGDIY%F
V ′ ∈ C l�K ] U oQ^QD P \�D�JXcrFGceD�H¼ceH U Y�ceF N \�]!g S

JGY�g
C(V/V ′⊥) N J[F K ceJXJ N g NQK ]!FXceu NQPaN H6FWª K ]J[FGg[Y�^iFGY�g NxN H6FGce½Qg NxU Y�] KTNxU�N SV ′, 0 j

¾ FXD�Y%F N¿U oQ^QD P \�D�JXcrFGceD�H Σ U�N C(X)
q�Y�c N J[F GL(X)

Z³] U�P ceJGJXc R�KTN D�Ha\ N Y%Fv]!JXJXD�^Qc N g�JXDIHÀDIg R ceF NJXD�Y�J
GSp2g(Z) U ]!H�J C l ^ N q6Y�c U oiF N g P ceH N Y�H NEU oQ^QD P \�D�JXceFXcTDIH SΣ U�N C q�Y�c N J[F Γ0

Z³] U�P ceJXJXc R�KeNIjÁ ��¤����f¤���l SΣ
H LON J[F�\�]!J K ceJXJ NIjbÂ H}g N u!]IH�^`� N�l c K�N�w ceJ[F N Y�H N�U oQ^QD P \�DIJGcrFGceD�H S U�N C q�Y�c%gG]fÃÀH N SΣN F¿q6Y�c N J[F K cTJXJ N_ÄÆÅOÇWÈ¶É�Ê¨Ë
ÌXÌ`j¢Í�jOÎ DIY Å�Ï :=9ÑÐ�Ò Ë?Ó�jÕÔfÖ6×`j

(�)�*�)rØ¹) Ï 2�-�9?Ù@4�/14�9#���Ú��-@Û�-�Ü`�?Ý�>¹5ÞÝ@�'�Q-
7b:����àß
S
)vA ��H¶s w%N Y�H N�U oQ^QD P \�D�JXcrFGceD�H Γ0

Z
] U�P cTJXJXc R�KTN S U�N C j@Â�KTKeN \�D�Y�gXgX]a\�]!g N�w%NQP \ KTN¨á FGg N oQ|b] KeN ª SΣ l DIY R c N H á FGg N.K cTJXJ NIj�k D�Y�g�FGDIY%F
σ ∈ S l c K@N�w cTJ[F N Y�HÀY�H�cTq6Y N JXDIY�J[Z N JX\�]!^ N FXDIFG] KeNQPaN H6FvceJXDIFXgXDI\ N V ′

σ

hM]!^iF N Y�g U ceg N ^iF U�N V F NQK q�Y N σJXD�crFEcTH�^ K Y�J U ]IH�J KML ceH6FGoQg[c N Y�g U�N C(V/V ′
σ
⊥) j ��H U cTJX\�D�J N ] K DIgXJ U Yâ^���] P \V] K |�o R g[cTq6Y N MV ′

σ , 0 N FU Y{\ K DIH�| NQP}N H6F�FGDIgXD!ã U ] K
MV ′

σ , 0 ↪→MV ′
σ , σ, 0
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*�+�,.-0/21430576�/21982+�,:1<;>=�?)821@,A8CB�+D30EF6�- σ ⊂ Hom(Sym2(V/V ′
σ
⊥),R) -G14B�-IH�?J/21982+�3G19+�8@-I-06LK

19,:M08@- SV ′
σ , 0 ⊂ Sym2(V/V ′

σ
⊥) ⊗ R NPO -Q3SR�?7TU=V?7H:WFX0Y�82,A*�+�- MV ′

σ , σ, 0
-0/21Z?)[\6�-<B�-<1^]�=	-4_�6�,

/@+�8 BV ′
σ , 0 NL` H	-0/21aTb+�6�,	B�cd+�6�-e/2198@?)1@,:_�3�?f19,:5F6gHA5�3�?)HA-0TU-06�1ihj-082TkX0-e=�?78@?7TUXG1982X0-l=�?)8iHA-0/mhn?730-0/iB�- σ No 6p6�571@- ZV ′

σ , σ, 0
Hncd+�6�,:*�+�-l/2198@?)1@-ehj-082TkX0- N�q 5F,r1 V ′ +�6p/@5F+�/sKt-0/@=�?730-u195)1S?)HA-0Tk-06�1�,:/@571@8@5F=$-ehj?73G1@-0+�8

B�,A82-03G1vB�- V N�w 571@5F6�/
MV ′, 0 ↪→MV ′, 0

HA-Q=�HA576�WF-0TU-06�1�19578@57xyB�?)H#HA5�3�?)HA-0TU-06�1ZB�-Q1z]L=$-Q_�6�,#/@+�8 BV ′, 0
?)/@/95�30,AX{;|HA?}82-0/21982,A3G1@,A576VB�-

S; C(V/V ′⊥) ~ -G1b;�HA?�/21@8@+�3G1@+�8@-\-06�1@,AM082- SV ′, 0 N�O -\3�R�?)Tk=�?)HAW7X0Y�8@,:*�+�- MV ′, 0
-0/21bTb+�6�,�B�cd+�6�-

/2198@?)1@,:_�3�?f19,:5F6J=�?78@?7TUXG1982X0-Z=�?)8kHA?�8@-0/21@8@,:3G19,:5F6JB�-
S

; C(V/V ′⊥) N�w 571@5F6�/ ZV ′, 0
H�c�+�6�,A5F6JB�-0/

/2198@?)1@-0/a=�?)89?)TkXG1@8@X0-0/i=�?78iB�-0/i30EF6�-0/i,A6�30H:+�/aB�?)6�/aHncd,:6�1@X08@,:-0+�8iB�- C(V/V ′⊥) N�O -e3�R�?)Tk= ZV ′, 0
-0/21

?7H:5F82/P+�6Z/@5F+�/sKt3�R�?)Tk=�hj-082TkX�B�- MV ′, 0 N
�\�7�������F�������j�������t� N�� q ,

S
-0/21�HA,:/@/9- ~ H:-0/�3SR�?7TU=�/ MV ′

σ , σ, 0
-G1 MV ′, 0

/@5F6�1aHA,:/9/@-0/a/@+�8 BV ′, 0 N
O -0+�8@/Z/@,:6�W7+�H�?)8@,r19X0/Z/@576�1�B�576�3�30-0HAH:-0/ZB�-0/Z3SR�?7Tk=�/ Ag−r, 0 =$5F+�8 r ≥ 0 NP� 6V=�?78s19,:30+�HA,:-08 ~ HA-0/
3�R�?)Tk=�/ MV ′

σ , σ, 0
-G1 MV ′, 0

/@576�1UH:,A/@/@-0/�/@+�8 Spec(Z[1/p]) -G1UH:-p305FTU=�HAX0TU-06�1S?),A82-pB�-0/U/21@89?f19-0/
5F+��F-0821@-0/P-0/21v+�6ZB�,:��,A/@-0+�8v;�308@57,A/@-0TU-06�19/P6�578@Tk?7+L� N
�% ¡% �¢% �£p¤�¥$¦�§�¨�©<ª�«r¬�¦��¥	®{¥�¤�§�¯�°n©�®{¨�©7 m± q 5F,r1 V ′ ∈ C N�O -\/21S?)Y�,AH:,A/9?)1@-0+�8.B�- V ′ B�?76�/ Γ0?7W7,:1�/@+�8 V/V ′⊥ N o 6k6�571@- ΓV ′

/@576\,:T\?)WF-PB�?76�/ GL(V/V ′⊥) N�O -PWF825F+�=$- ΓV ′
?)WF,r1�/@+�8 C(V/V ′⊥)-06k/@19?7Y�,AHA,:/9?76�1�WFH:5FY�?)HA-0TU-06�1�H�?#8@-0/21982,A3G1@,A576\B�-

S
; C(V/V ′⊥) NL² -PW78@57+�=	-v?7W7,:1�B�5F6�3P/@+�8 MV ′, 0 N

O -k*�+�571@,A-06�1 MV ′, 0/ΓV ′
-0/21.B�-U1z]L=$-k_�6�,³/9+�8 Spec(Z) 3�?)8

S/Γ0
-0/21´_�6�, N�µ 57+�8�1@5F+�1´30EF6�- σB�-

S ~ 5F6C6�571@- Γσ
HA-./21S?)Y�,AH:,A/9?f19-0+�8uB�- σ B�?76�/ ΓV ′

σ
N%² c�-0/@1u+�64/@57+�/sKtWF8@57+�=$-._�6�,�B�- GL(V/V ′

σ
⊥)*�+�,�?7W7,:1P/9+�8 MV ′

σ , σ, 0 N
�% ¡% �¶% �·.¬�¤��¨�©U¸t¥�¤f®{¨�¹n¹ ¨L©�¬�©�©0¥�º�° »�¨L©�¼

S
 m± µ 57+�8�1@5F+�1P30EF6�- σ B�-

S ~ 6�571@5F6�/

M̂V ′
σ , σ, 0

HA-g305FTU=�HAXG1@Xghj578@TU-0HiB�- MV ′
σ , σ, 0

HA-pH:5F6�W<B�- ZV ′
σ , σ, 0 N³O -gWF8@57+�=$-g_�6�, Γσ

?7W7,:1�/@+�8½30-p/@3�R�X0Tk?
hj578@TU-0H ~ =�+�,A/@*�+�c�,AH�=�8@X0/@-082�F-�H�?�/2198@?)1@- ZV ′

σ ,σ, 0 N�µ 5F+�8a195F+�1 V ′ ∈ C ~ 6�571@5F6�/

M̂V ′, 0

HA-P305FTU=�HAXG1@XPhj578@Tk-0H�B�- MV ′, 0
H:-vHA576�W´B�- ZV ′, 0 N�` H�-0/21�T½+�6�,�B�c�+�6�-u?73G1@,A576\B�- ΓV ′

-G1�HA-P*�+�571@,A-06�1
-0/21Ph 5F82Tk-0HAH:-0Tk-06�1vB�-#1z]L=$-#_�6�,�/@+�8 Spec(Z) N
�% ¡% ¾	 \¿lÀ�¥$À�ºF»Zª�¦|�¯�»�¥�¤�Á�®{¨Z§�¤f°jÀ�ºF°j§�¬�¹z i± q 5F,:-06�1 Σ +�6�-lB�X03057Tk=$5F/@,r19,:5F6pB�- C(X) H:,A/@/@-
=$5F+�8�H�?�/@1@8@+�3G1@+�8@-�-06�19,:M08@- Sym2(X) ~ -G1

S
+�6�-�B�X03�57Tk=$57/@,:1@,A5F6ZB�- C *�+�,�8@?)[k6�-

SΣ N�w 5)19576�/
AΣ

g

H�?�305FTU=�?73G1@,:_�3�?f19,:5F6�1@5F8257xyB�?)HA-�B�- Ag 30576�/21982+�,:1@-�=�?78PÂ�?7Hr19,:6�WF/P-G1 ² R�?), N
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(*),+�-�.�/103254�68796;:<6>=%?A@ BDCFE;G�H�I�JKEMLONQPSR�T!UWVXT!CZY\[^]`_�Hba`L<E

AS

g, 0a`LOHWEDI�JcV�_SdDV�_SEeI�L�_
Spec(Z) f a`LOHWPDdgN�JhHiE�N�J Ag, 0 PDd�UeUjEkdgLOl!E�_�J�mnE�NOI�E f E�JWJKE�C*a`L<EoCqprdgNsT!H�JWL�N

m!HbT^Y!_qT!UeUtEePST!_�JK[DI�HiE�N

Ag, 0 //

��

AS

g, 0

��

Ag // AΣ

g .

u EoPDR%T!UvV AS

g, 0

EDI�JwUeLON�Hwm9p LON#EMI�Jb_qTgJbH x�PST!JhHidgNyC�d�PST!C�E�UjE�N�J#z^E�_�Uj[DE�V�T!_qT!Ut[�Jb_S[DE{V%T!_
S/Γ0 |A} d�NPDdgUWV�C�[�J~[�z^dg_�UjE�C
C�E�C�dgNOY�m\E�C�TeI�Jb_qT!JKE�T�IDI�d�P�Hb[DE��tJ~dgLOJ{PS�gN�E

σ
mnE

S
EDI�JwH�I^dgUjd�_~V�R�E��

M̂V ′
σ , σ, 0 / Γσ .

� dgLO_�J~dgLOJ
V ′ ∈ C f C�EtPDdgUWV�C�[�JK[�z^dg_�UtE�C�m\E AS

g, 0

C�E�C�dgNOY�mnE�Cqp L�N�HidgN3m\EDI�I�Jb_qT!JKEDI�T�IDI^d�P�Hi[DESItTgL1G
PD�gN#EDI�mnE

S
a`LOHAI�dgN�J*H�N�P�C�LnI�m\TgN%I�Cqp H�N�JK[�_�HiE�L�_�m\E

C(V/V ′⊥)
EDI�J*H�I�dgUtdg_>V�R�E��

M̂V ′, 0 / ΓV ′ .

u E�PSR�T!UvV�T!C�Yn[^]`_�Hba`L�E AS

g, 0

EDI�J�N�dg_�UtT!C
E�JAI^TWV�_SdK�^ESP�JbHidgN�I�LO_
Spec(Z)

EDI�J�V�C�T!JKEM��x�]`_SEDI{Yn[DdgUt[��
Jb_�Hba`L<ESI�_S[Sm!LOH�JKEDI |A} H S

ESI�J�C�H�ISI�E f I^EDI�I�H�NOY!LOC�Tg_�H�JK[DI�I�d�N�JWPSE�C�C�EDIemnEDIoPDR�T!UWV�I Ag−r, 0 V�dgLO_ r ≥ 0 |� N�V%T!_�JhHiP�LOC�HbE�_ f H�C�ESI�JvC�H�IDI�EeI�LO_ Spec(Z[1/p])
E�JvC�E�PDdgUWV�C�[�UjE�N�J~T!H�_SEkmnE Ag, 0 EDI�JvLON�m!H�l^H�I�E�LO_

_SE�C�T!JbH z���P�_SdgH�I�E�UjE�N�J8I�N#dg_�U�T!L1G |
���!���*���{�^�1�� �¡

S = SΣ ¢  ��t� AΣ

g, 0 = AS

g, 0

�`£*���{£q¤�¥¦ �§©¨¦ª��v«�¬��¬�®�¬h¯�°�§©¥¦�¦±��q�²���M�¦ �ª�³�±����!£q �±�§q�
¥`´\ nµ�¶�¥¦���1°�§©¨¦�{����£q¤�¥¦ �§q¨¦ªo��«�¬b¯�¬�·�¬�« ?
¸ [�Ujd�N%I�Jb_qT!JbHid�N |�¹ º �»§q�¦°�§©�¦��¼»���y�¦ 1���©£S§©¶��`£S±� ��»¼�� AΣ

g, 0

�¦�»�h½¾�!¼��1°%£S�1�n£e��¥^¿1¨¦§q�`ª��¦�n£ ?cÀ  1¶�§
£S 1¶%£

σ ∈ Σ ¢ �� 1£q ���� Sσ
�h½Z�¦���q�¦ª�³����e¼��¦���¦Á1���¦��¼��

S
µ�¶�±��!°�°��1§;£S±��¦�����^�\£�Âk�h½Z 1§q³�±Ã£S�e¼��

σ
�q �¶��

�b½Z�1�`£q±� 1�Ä¼��
GSp2g(Z)

?<À  ��q 1���

MSσ , 0 =
∐

τ∈Sσ

MV ′
τ ,τ, 0 .

Å  �±Ã£ Met

σ

¶����M�^�1§;£S�M�� ��^�!�����!��¿�¥¦³�§©±�µn¶��M�D�!���{��±�´��^�1¶ ? º �Ä°# 1�q�
Met

Sσ , 0 = MSσ , 0 ×Mσ
Met

σ ,

º �k¼�¥`Æ���±�£��1�� �§q� US, 0
�¦ �ªoª��v�b½�¶���±� 1�k¼��v£q �¶������¦���q��¤�¥¦ª��1� Met

Sσ , 0

°� �¶�§
σ ∈ Σ

? º �k¼�¥`Æ���±�£����¿�§© �¶�°� !Çi¼��
RS, 0

�¦ 1ª�ªo�M¼��1���{���M°��!§S�!¿�§q�1°�¤���«�¬h¯<¬�·��`£²�h½Z 1��´\¥¦§©±�Æ��Mµ�¶�½�±����¦�©£²¥`£S�1��� ? º �Ä�� 1£q�

AS

g, 0 = US, 0 / RS, 0
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*,+.-0/�1)24351)*,687:9�;=<?>�@�+#>�@�A8B=<,+:C�B:D�EFCHG�A8<?B�I�1)C�J�*,+:JKI�7:24A8C�J=B=;L1MBL<?ANC�J�I�+:JK3�;=A83	A8J=<?B=<,A8C�JO18C�1)*,A86N@�+:J
PRQ%SUT�S�V +WB Q%SUT�S�X%SUT >�@�+�*,+H6N;YAN@�3$A)Z[I�+

RS, 0

;Y+:JL3$+:-WB=+�*,1\JYB=;L1MBL<^]�-�1)B=<,A8C_+WB`>�@�ab<,*K<?I�+:C�BL<^]�+�I�+:J
JYBL;=1)B=+:Jc-:A8C�d=@�68@�7�+:JeJ=AN@�Je*Uaf18-WB=<,A8CgI�+

Γ0

DhEFCi+:CgI�7:I�@�<^Bc*,+:Jc18J=J=+:;YB=<,A8C�Jc;Y+:*�1MBL<^G�+:J P *,1jJYBL;=1)B=<?]�k
-�1)B=<,A8C5I�+l*�1`-:A8243�1)-WBL<^]�-�1)B=<,A8C�D�m�+:Jn1)@�BL;Y+:Jo18J=J=+:;YB=<,A8C�Jo;Y7:J=@�*?B=+:C�BoI�+4prqHs�tMu Qwv +:BOI�+l*�1x3�;=AN3$A8J=<^k
BL<?ANC Q%SyT�S z	SyT D

Q%SV%S�X%S|{ t�}�~�tM� �������R}������ ��� t�����������t�}$�	��� ��t�� S�� � AN<?+:C�B
(U ↪→ S)

@�CRA89�dY+WBeI�+
Ouv

+WB
(G′, H ′

•)
@�C�A89�d=+WBoI�+ Ag, 0(U)

B=+:*�>�@�+
G′ J:ab7WBL+:C�Ij+:C�@�CjJ=-0/�7:2414JL+:2`<^k�1)9$7:*,<?+:C�J=@�;

S
D$�oA8B=ANC�J

G′
i = G′/H ′

i

3$A8@�;
1 ≤ i ≤ s

D���*�+��w<,JYBL+l@�C�+l-�/�1)�,C�+lI�af<,J=A86N7:C�<?+:J

G′ = G′
0 −→ G′

1 −→ G′
2 −→ · · · −→ G′

s+:C�B=;=+HJ=-0/�7:2|1)J`J=+:2`<^k�189$7:*?<,+:C�JxJL@�;
S

D��n1)3�3$+:*,A8C�J`>�@�abANC_1�I�7W]�C�<K*,+HI�@�18* I�af@�C¡JL-�/�7:2|1�J=+:2`<^k
189$7:*?<,+:C5I�1)C�Jo*?+l3�18;=1868;L1)3�/�+ T�S�Q%S�¢ D���*�+���<?JYBL+lI�A8C�-#@�C�+l-�/�1)�,C�+lI�+l24AN;Y3�/�<,J=2`+:J
£ Q%S�V%SX Db¤l¥

X(G′
0
t) −→ X

(
G′

1
t
)
−→ · · · −→ X

(
G′
s
t
)
−→ X (G′

s ) −→ · · · → X(G′
0) .

� @�3�3$ANJ=A8C�JO>�@�af<?*�+��w<,JYBL+
V ′ ∈ C

+WBn@�C�+lJ=@�; d=+:-WB=<,A8CjI�+
V/V ′⊥ I�1)C�J

X(G)
>�@�<�<?I�+:C�BL<^]�+¦*yaf<?2|1)6N+

I�+
V•

D

+WB £ Q�S�V%SX Db¤l¥0Dw§¨af183�;Y©:J *�1e3�;=A83	A8JL<^BL<?ANC T�S^ª�S«%S�V�¬ *�1¦y182`<,*?*,+FI�+:J��A8;=2`+:JK9�<?*,<?C�7�18<?;=+:J
B(G′

i)I�7W]�C�<?BO@�C�24AN;Y3�/�<,J=2`+
B(G′, H ′

•)
I�+
SV ′, 0

I�1)C�J
DivS

D�m�1`3�;YAN3�;Y<,7WB=7l2`A�I�@�*�1)<,;Y+ P *�1¨�;YANC�BL<?©:;=+
J=@�<?G)18C�BL+l+:JYBO*�1¨BL;=18I�@�-WBL<?ANC5I�+l*,1`3�;YAN3$ANJ=<^BL<?ANC Q%SyT�S�X%SV +:C�B=+:;=2`+lI�+¦-:A8243�*?+���+l-:A8C�<,>�@�+8D
®c¯�°8±�°�²M³�´µ³=°�¶¸·�¹yº�¹[»�¹�¼ D�½ ¾À¿iÁ)ÂLÃMÄ�Å�Ã�ÆUÇ�¿ (Ag, 0 ↪→ AS

g, 0

)
(U ↪→ S)

Å�È)Â=È)É|Ê�ËUÂL¿_Ì�¿�ÍÎÃNÏyÐ�¿0Ë�Í

(G′, H ′
•)

Ç�¿ Ag, 0(U)
ËÑ¿0ÌÒÍgÓWÄ�¿

G′ Í�ÔÖÕ�Ë�¿�×	ÇØ¿�×ÙÄw×ÚÍ�Û�Ü�Õ�É|È�Í�¿�ÉxÝ ÞµÈ�Ï0Õ�ÌßÝU¿�×àÍ�Ä�Â
S á ¿�Ë|Ë�¿�ÌÒÍgÓ�Ä�¿

Ì�Ã�Û=È)Ì�¿�Éâ¿0×�Ë�Å�ÃMÄ�Â`Ì,È�ËÑÃ�Å�Ã�Ì�ÃLÁ)Ý[¿ãÕ0Ë�È)Ì�¿âÇ�¿
S á Ý Ì�¿YäNÝ�Í0ËÑ¿

V ′ ∈ C á Äw×	¿¨Í�ÄwÂ Ð�¿�Û�ËUÝUÃM×
V/V ′⊥ → X(G′)ÝUÇ�¿0×�ËUÝ å ÈM×�ËâÌ=Ô Ý É|È�Á�¿�Ç�¿

V•
D

¿�Ëçæ ·�¹�º�¹[»	èré ê á ¿�Ë
σ ∈ S

Ç�ÃM×�ËâÌ=Ô È�Ç�Ü�Õ�ÂL¿�×%Û�¿¡Û�Ã�×�ËUÝ[¿�×�ËãÌ,Èjë�Ã�Â�É|¿
ÏWÝ ÌßÝ×%ÕLÈ)Ý ÂL¿

pD ◦B(G′, H ′
•)

Å�Ã�ÄwÂlËÑÃMÄwËKÇ)Ý ì�Ý�Í�¿�ÄwÂlÝ Â0Â�Õ=Ç)Ä�Û�ËUÝyÏWÌ�¿¦ÂLÕLÇ)Ä�Ý Ë
D

Ç�¿
S

è

Q%SQ%SHí ��tM��î8���Àt��ç�À�ç�À� ï$������~�tM����î�� ~���� �ç���Î���Î���	������tâ����ð����y� ����t��
� A8<?B

n ≥ 3
@�C¦+:C�BL<?+�;�C�A8C¦I�<^Gw<,J=<?9�*,+�3�18;

p
D��nA)BLA8C�J Ag,n → Spec (Z[1/n])

*Uab+:J=3�18-:+�I�+ñ24A�I�@�*,+:J
I�+:JOJ=-0/�7:2418Jo1)9	7:*?<,+:C�J�3�;=<?C�-:<,3�1)*,+:24+:C�Bo3$A8*�1);=<?JL7:J�I�+l6N+:C�;Y+

g
2c@�C�<,J�I�af@�C�+lJYB=;=@�-WBL@�;Y+lI�+#C�<?GN+�18@

Å$Â0Ý ×%Û0ÝÒÅ�È)Ì�¿¨¿�×
n

D���*�3�1);L1)24©WB=;=+lI�ANC�-l*?+:JOJ=-0/�7:2|1)Jo189$7:*,<?+:C�J
A

2¨@�C�<?JOI�af@�C5<?JLA824A8;=3�/�<?J=24+

V / nV
∼−→ A[n]

>�@�<n;Y+:JL3$+:-WB=+ç*?+:Jâ�A8;=2`+:JãJYòw2`3�*,+:-WB=<,>�@�+:J P @�CØJ=-�1)*�1)<,;=+�3�;Y©:J�D §caÒ1)3�;=©:Jçpfó¸ônõ ª�v[¬ Ag,n +:JYBã@�C
J=-0/�7:2|1x>�@�1)J=<^k�3�;=A�dY+:-WBL<^öJ=@�;

Spec(Z[1/n])
D�÷öA8J=ANC�JO7:6�1)*,+:2`+:C�B

Ag,n,0 = Ag, 0 ×Ag
Ag,n .

EFCgI�7:-:;=<^B P 3�;=7:J=+:C�Bc-:AN2`24+:C�Bc-:AN2c9�<,C�+:;e*�1j-:ANC�JYB=;=@�-WB=<,ANCgI�+:Jc-:A8243�1)-WBL<^]�-�1MBL<?ANC�JcI�+ Ag, 0 +WB
I�+ Ag,n 3$AN@�;�A89�BL+:C�<?;�I�+:JO-:A8243�1)-WBL<^]�-�1)B=<,A8C�JKB=AN;YA8Z[I�18*?+:JOI�+ Ag,n,0 ¬ >�@�<�J=+:;YANC�B�@�B=<,*?+:JO*?AN;YJOI�+#*,1
-:AN2`3�18-WB=<?]�-�1MBL<?ANC�24<?C�<,2|1)*,+eI�+ Ag,n,0 D%�oAN@�JF-0/�1)C�6N+:A8C�JF*,1âI�+:J=-:;Y<,3�B=<,A8CçI�+:JF-:AN2`3�18-WB=<?]�-�1MBL<?ANC�J



��� ���������	��
��	����������������	����������
	��������������������	� !������"����#�������� $�%
&('*),+.-�/	+.0.12+.-43�/	+�5	+�687:9�;	;	6=<�>�9?)@<�&�-BAC6�9D>.&(EF;�9�>G),<=H�>�9#),<�&�-IEJ<=-	<�EJ9�6=+LKM-�&�/	0N5	O.>.P,<Q3R&�-�0N/	-	+
;	P,+.EF<�S.PT+U0T)@P,9#),<=H�>�9?)@<=&(-V+.-N)@+.PTEJ+U5	+

C
1	;	/	<�0W/	-	+U0T)@P,9#),<=H�>�9?)@<=&(-V;	6�/	02H�-	+U+.-N),+.P,EF+U5	+

S XY &�<=) Σ /	-	+M5	O.>.&(EF;�&�0,<=),<�&�-F;�&�6=Z(O.5	P@9#6�+ GL(X) [ 9#5	EJ<=0@0,<='	6�+M5	+ C(X) X(\ &(0,&�-	0
S = SΣ XR] 7^+.0T)

6�9_5	O.>.&(EF;�&(0,<=),<�&�-`;�&(6QZRO.5	P,9�6=+ GSp2g(Z) [ 9#5	EJ<=0,0,<�'	6=+
S

5	+ C &('*),+.-�/	+a+.-`;	P,+.-�9#-!)b687^&(P,'	<Q)@+c5	+ Σ5�9�-	0 C 0,&�/	0d687:9�>G)@<=&(-J5	+ GSp2g(Z) XRe 7:9�;	PTS.0gf:h2ikj	lm1(),n XRoqprXts�Xtu +G)wv Xtu�x +G)w6=+2)@n	O.&�P,S.EJ+ay�z�{�z}|�z�~�1
<�6�+��*<=0T)@+U5	+.0W>.&(EF;�9�>G),<=H�>�9?)@<=&(-	0

Ag ↪→ Ag , Ag,n ↪→ Ag,n et Ag, 0 ↪→ Ag, 0
9�0,0,&�>.<=O.+.0gA Σ +G)cA

S X�\ &(0,&(-	0
Ag,n, 0 = Ag, 0 ×Ag

Ag,n .
] 7^+.0T)g/	-	+U>.&�EJ;�9#>G)@<QH�>�9#),<�&(-V5	+ Ag,n,0 0,/	P Spec(Z[1/n]) X
y�z y�z�~�zN�������*��� �����	���}������� Ag,n, 0 z�� e 9�-	0U>.+J;�9�P,9���P@9#;	n	+�1m&(-�5	O.>.P,<=)�5	+./���0T)@P,9#),<=H�>�9?)@<=&(-	0
-�9#),/	P,+.6=6�+.0W5	+ Ag,n, 0 X�\ &(0,&�-	0

Γn = Ker
(
GSp2g(Z)→ GSp2g(Z/nZ)

)
.

e 7�9#;	P,S.0�f:hMiFj	lm1*)@n X�oqprXts�Xtu +G)gv Xtu�x +G)g6=+�)@n	O.&�P,S.EF+�y�z�{�z}|�z�~�1�6=+.0g>�n�9�EF;	0c9#6���O.'	P,<=��/	+.0
Ag , Ag,n et Ag, 0

0,&(-R)�Er/	-	<=0�5�7^/	-	+�0T)@P,9#),<=H�>�9?)@<=&(-_;�9�P,9�EFOG)@PTO.+�;�9#P
S/GSp2g(Z) 1

S/Γn
+G)

S/Γ0
1?9#<�-	0,<!��/	+w5�7:/	-	+

5�7:/	-	+W0T),P@9?)@<QH�>�9#),<�&(-J;	6=/	0d�(PT&(0,0,<�S.PT+W;�9�P,9�EFOG)@P,O.+W;�9#P
C/GSp2g(Z) 1

C/Γn
+G)

C/Γ0 X!e 9�-	0d6�+WPT+.0T)@+
5	+�>.+�;�9#P@9#�(P,9�;	n	+�1�&(-�5	O.>.PT<=)a;	6�/	0a;	PTO.>.<�0,O.EJ+.-R)�>.+.0a0T)@P,9#),<=H�>�9?)@<=&(-	0 X Y &(<Q) V ′ ∈ C X�o 6�+��*<=0T)@+�5	+.0
3#9�PT<�OG),O.0M5	+ Y <�+.��+.6 AV ′ , AV ′, n et AV ′, 0 � 5	+a)�Z�;�+�;�9#P@9#n	&(PT<���/	+�6�7:<=E 9#�(+�5	+ V•

D
5�9#-	0 V ′⊥/V ′ ¡ 1

5	+.0W0,>¢n	O.E 9#0g9�'�O.6�<=+.-	0
BV ′ → AV ′ , BV ′, n → AV ′, n et BV ′, 0 → AV ′, 0 ,

5	+.0 Z [ EF&�5	/	6�+.0W6�<='	P,+.0 SV ′ , SV ′, n et SV ′, 0 ,
5	+.02)@&�P,0,+./	PT0

MV ′ → BV ′ , MV ′, n → BV ′, n et MV ′, 0 → BV ′, 0

0,&(/	0W6=+.0W),&(PT+.0
EV ′ = Hom(SV ′ ,Gm) , EV ′, n = Hom(SV ′, n,Gm) et EV ′, 0 = Hom(SV ′, 0,Gm) ,

+G)g5	+.02H�'	PTO.0g+.-V;	6=&(-	��+.EJ+.-R)@02)@&�P,<=��/	+.0W6�&!>�9�6=+�EF+.-!)W5	+�)£Z�;�+�H�-	<
MV ′ → BV ′ , MV ′, n → BV ′, n et MV ′, 0 → BV ′, 0

��/	<�0,&�-!)ME�/	-	<�0M5�7^/	-	+�0T),P@9?)@+c¤¥+.PTEJO.+a>�9#-	&(-	<=��/	+ X*¦ &#)@&�-	0 ΓV ′
1 ΓV ′, n

+G) ΓV ′, 0
6�+.0b0,)@9�'	<=6�<=0@9#),+./	P,0

5	+ V ′ 5�9�-	0 GSp2g(Z) 1�5�9#-	0 Γn
+G)W5�9�-	0 Γ0 X

¦ &�),&(-	0
SV ′

6�7:+.-	0,+.E�'	6�+F5	+.0 σ ∈ S
<=-	>.6�/	0U5�9�-	0U687^<�-!),O.P,<=+./	PU5	+ C(V/V ′⊥) X�\ &(/	P�),&(/*) σ ∈

SV ′
1	&(-V5	<�0,;�&(0,+U5	+�H�'	PTO.0g+.-V;	6=&(-	��+.EJ+.-R)@02)@&�P,<=��/	+.0g9#§J-	+.0W5	+�)£Z�;�+�H�-	<

Mσ → BV ′ , Mσ, n → BV ′, n et Mσ, 0 → BV ′, 0
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!�	"�#$�%�&���	'�(	�	)*��#
+-,�.�/10�2�34,�.�5$07698;:*6;/=<�>�:?69/1@A.�B�:A8;:A+DC�6;8;C�5$B�:*8�E15�0GFH:*>�5�0�2�5 σ I�J :A.�0G69@A,�0KE15�0�>�:*0�L�E1:M07698;:*6;5$B�:A8;:?N
+OCP6;8;C�5DB�:*8 σ Q E�: σ N7R�SUT;V*SXW�YZ5�076[EH34,�.�/=\ ,�5D07698;:*6;5MF]5�8;+DC�5 I_^ @A6;@`.�0 Γσ

5P6 Γσ,0
E=5�0a0;69:Ab�/=E1/=09:*6;5�,�8;0

2�5 σ 2�:*.�0 GSp2g(Z) 5P6K2�:A.�0 Γ0 c >�5[0;@A.�6d2�5�0KeA8;@A,�B	5�0�<�.�/=0 I
fhgAikj�lnm`opgrq�sUq�sut	svt Ixw y @A+O+D5 n ≥ 3 L�E=5a0;69:Ab�/=E1/=09:*6;5�,�8K2�5 σ 2�:A.�0 Γn

5�076K6987/=z /�:*E�2�3{:*B�8;|�0dE=5
E15�+D+O5a2�5-} 5�878;5O~������A����� I
J 34:AB�87|�0aE15�0a6;��C�@`87|�+O5�0a�u� I���I�� 5P6[�v� I{��I�� 2�5�~����M������5P6[E=5D6;��C�@`87|�+O5������&�!�	�H��L_/=E�5���/=0;6;5O2�5�0

/10;@A+O@A8;B���/=0;+O5�0
Q �&���&�U� I�� Y M̂V ′ / ΓV ′

∼−→ Â
V ′

g , M̂V ′, n
∼−→ Â

V ′

g,n / ΓV ′, n , M̂V ′, o / ΓV ′, 0
∼−→ Â

V ′

g,o

M̂σ / Γσ
∼−→ Â

σ

g , M̂σ, n
∼−→ Â

σ

g,n et M̂σ, o / Γσ, 0
∼−→ Â

σ

g,05�.�6;8;5�>�@`+DB�E1CP69C�0�F]@A8;+D5�E10�E=5�E=@`.�e 2�5�0 V ′ Nv076;89:?695�0�5P6�2�5�0 σ Nv07698;:*695�0 I�y @`.�0;/=2�C�8;@`.�0-E15�0-B�8;@ 2�,�/¡690
<�b�8;C�0

AV ′, n,0 = AV ′, 0 ×AV ′
AV ′, n , BV ′, n,0 = BV ′, 0 ×BV ′

BV ′, n ,

MV ′, n,0 = MV ′, 0 ×MV ′
MV ′, n , Mσ, n,0 = Mσ, 0 ×Mσ

Mσ, n ,E�:M0;@`+D+O5[:*+h:*E1e`:A+DC�5
SV ′, n,0 = SV ′, 0

⊕

SV ′

SV ′, n ,

E15Ge`87@`,�B%5 ΓV ′, n,0 = ΓV ′, 0∩ΓV ′, n
5P6�E=5�e`87@`,�B%5 Γn,0 = Γn∩Γ0 I`¢ 5�0�0;>£��C�+h:*0 MV ′, n,0

5P6 Mσ,n,00;@`.�6d2�5�0�<�b�8;C�0K5�.¤B�E=@`.�e`5�+D5�.�6;0K6;@`87/1\�,�5�0d0;,�8 BV ′, n,0
L�C�\ ,�/¡z*:A87/�:*.�690K0;@`,�0KE=5$69@A8;5

EV ′, n,0 = Hom(SV ′, n,0,Gm) .

¢ :DB�87@`B%@`0;/¡69/=@`.¤0;,�/¡zA:*.�6;5[87C�0;,�E=6;5a/1+D+OC�2�/1:*6;5�+O5�.�6K2�5�0K/10;@`+D@`87B���/10;+D5�0 Q �&��&�H� I�� Y I
¥-l�¦A§_¦�¨?©uª«©;¦�¬q�s®q&sut	s]¯ Ixw ° W²±´³�V*µZ¶·V*¸4¹�º�»PT�¼H½P¾�W Ag,n, 0 W9R�SZµ�¾�¿�¼ÁÀ_Â ¾�¿	WDR�SUT;V*SH¼ ÃG±9V*SH¼®Ä?¿ ¶�V*T;V*Å
µ�º£SUT´º9W�¶�V*T

C/Γn,0 ÆÈÇ Ä?¿É±9Ä?µZ¶%¸1º�SXºËÊ�Ä�T�µhW�¸�¸�Wa¸�Ä?¿�¹�À�W[¸=V V ′ Å®R�SUT;V*SXW�W´R�SÌ¼1RnÄ?µ�Ä�Tu¶�³�W�V*¾ ½P¾�Ä�SU¼®W�¿�S
M̂V ′, n,0 / ΓV ′, n,0

À*¾Í±´Ä?µZ¶�¸�º�SXº�Ê�Ä?T�µhW�¸pÀ�W MV ′, n,0
¸�W�¸1Ä?¿�¹�À�W�¸1VOR£SUT9V?SXW�Ê�W�T£µhº´WD±9V?¿&Ä?¿�¼H½P¾�W Æ ° WD±9³�V*µZ¶ Ag,n, 0 W9R�S

ºv¹�V?¸�W�µ�W£¿�SÎµM¾ ¿�¼ÎÀ_Â ¾ ¿&WaR�SUT;V*SU¼ ÃÎ±9V*SU¼®Ä�¿�¶%¸�¾�R�ÃË¿&WK¶�V*T;V*µ�º�SHT´º´W�¶�V*T
S/Γn,0 ÆxÇ Ä?¿É±´Ä?µZ¶�¸�º�SXº�Ê�Ä�T�µhW�¸

¸�W[¸1Ä?¿�¹²À�W[¸1V σ Å®R�SUT;V*SXW�W´R�S�¼�RnÄ?µ�Ä�Tu¶�³�W�V*¾Ï±´Ä?µÁ¶%¸�º�SXº�Ê�Ä?T£µ�W£¸
M̂σ,n,0

À�W Mσ,n,0
¸�W[¸1Ä?¿�¹²À�W[¸1V σ Å®R�SUT;V*SXW Æ

¢ 5a>�@A8;@AE1E1:A/=8;5a0;,�/=z*:*.�6d87C�0;,�E=6;5a2�,�FH:A/¡6d\�,�5 Ag,n 5P6 Mσ,n,0
09@A.�6K2�5�0d0;>£��C�+O:A0KB%@`,�8 σ ∈ S I

Ð ¦�l�¦�ÑuÑHj�©ul�gÍq�s®q�svt	s®q Ixw ° WM±9³�V*µÁ¶kV*¸4¹�º�»PT£¼U½P¾�W Ag,n, 0 W9R�SÌ¾�¿ÒW´Ru¶�V�±´W�V*¸�¹�º�»PT£¼U½P¾�W Æ
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'�( '�(�)�(+*-,�.�/�0214365�0872/�191�:&;2<�=9>?1�>�@A<�BC36/�021�(ED FHG�IJGLK	M

G0 NPO MJQSR	TVUXW�W#Y�T NPZ�O K\[	K Z^]_OV` M O�NMJ[ ` Ag,n,0 a O I H• NPOcb	` W�d O W�[e[	K Z^]_OV` M OVNEb	O G0[p] fhg G�MJGLK	M
Gi = G0/Hi

d�G�[ ` 1 ≤ i ≤ s fji N
O�klZ MmI O [	K O QSR�W&n�K Oob�pqZ MJGLr�TVK Z�O M

G0 −→ G1 −→ · · · −→ Gs

O K!I `JO MJQSR	TVU+W#McW#Y�T N�ZPO K�M+MJ[ ` Ag,n,0 fts O IJR	TVG `mu U O '�( )�( v�(xw O I N�O M ` TVMJ[ N IyW#IJM b	O z|{~}���� a imi�f��4�UXG�K!I `JO K!I���[ O Gi
M p T�I O K b�O K�[	K�MyQ�R	TVU+W�M O U Z^� W#Y�T N�ZPO K

Gi −→ Ag,n, 0d�GL[ ` 0 ≤ i ≤ s a O I���[ OXN W�QSR�W&n�K OXb�p|Z MyG�rLTVK ZPO M�M p T�I O K b�O K�[	K O QSR�W#n�K O+b	O UXG ` d	R Z MJU O M O K!I `JOMJQSR	TVU+W#M~M O U Z^� W�Y�T NPZ�O K	M flg G�[ ` IyG�[lI
0 ≤ i ≤ s a G�K�K	G�I O ei N W�M O Q�I Z GLK�K O [lI `JO�b	O Gi O I Nxp G�K�d�GLM O

Ωi = e∗i ΩGi/Ag,n, 0
et ωi = det( Ωi ) .� O M b	OV` K ZPOV` M�MJGLK!I b	O M��xW Z MJQ O W�[ k�N G�Q�W NPO U O K_I N�Z Y `JO M�My[ ` Ag,n, 0 b	O�` W�K	r `mO MJd O Q�I Z �6M g O I 1 f2� K

W�d	d OVNPN�O ωi NPO i ��u U O��t���y���!���� ��4¡!� f�i N¢O�klZ MmI O [	K O MJ[ Z I Oob	O UXG ` d	R Z MJU O M
ωs −→ ωs−1 −→ · · · −→ ω0

b T�£�K Z M¢MJ[ ` Ag,n,0 a ��[ ZLZ K b [ Z M O K!I b	O M Z MJGLU�G ` d	R Z MJU O M2W#d `Ju M¢QSR�W#K	r O U O K!I b	O Y�W#M O d�W ` Spec(Z[1/np]) f
g G�[ ` IyG�[�M

V ′ ∈ C O I 0 ≤ i ≤ s a Z�N¤O�k�Z MmI O [	K�MJQSR	TVUXW�M O U Z�� W�Y�T N�ZPO K G̃V ′, i −→ BV ′, n,0
�![ Z

O MmIHr N G�Y�W NPO U O K!I O�k I O K	M Z GLK
0 −→ TV ′, i −→ G̃V ′, i −→ AV ′, i −→ 0

b�p [	K¥MJQSR	TVUXW¦W#Y�T N�ZPO K¥d�W ` [�K§IJG `mO�¨y©6ªV« d�W ` W�r ` W#d	R O M�¬ fq	f¯® O I�¬ f|lf±°_²Sf�s O MJQSR	TVU+W+W�Y�T N�ZPO K AV ′, id ` G ]�ZPO K!I b�p [	K³MyQ�R	TVU+W�W�Y�T NPZ�O K�MJ[ ` AV ′, n,0 f?s O r ` G�[	d Oob	O M�Q�W ` W�Q�I uV`JO M XV ′, i b [�IyG `JO TV ′, i O MmITVr_W N!´�NµpqZ UXW�r O¶b	O V2s−i
D b W�K	M

V/V ′⊥ ¨y©6ªV« d�W ` W�r ` W#d	R Ot· f��!f ¬ ²Sf&� K�W�d�W `¢O�klO UXd NPO XV ′,0 = V/V ′⊥ f
g GL[ ` IyG�[lI

σ ∈ SV ′ a GLKcK	G#I O�O K	QVG `JO G̃V ′, i N�O MJQSR	TVUXW�M O U Z^� W�Y�T NPZ�O Kc��[ Z�O MmI Nxp|Z U+W#r O�` TVQ Z d ` G���[ O
b	O G̃V ′, i

d�W `�NPO UXG ` d	R Z MJU O
M̂σ, n,0 −→ BV ′, n,0 .¸ p W#d `Ju M N W `JO UXW ` ��[ O ��[ Z MJ[ Z I NPO IyR	TVG `Ju U O '�(µw�(�¹�(�' a Nxp|O�k I O K	M Z G�K b	O»º W4¼�K�W#[ b�b	O
Gi −→ M̂σ,n,0

O MmI G̃V ′, i f�i N�O�klZ MmI Oob GLK	QoMJ[ ` M̂σ,n,0 b	O M Z MJGLU�G ` d�R Z MJU O M
ωi

∼−→ det
(
ΩG̃V ′, i

)
¨ '�(�'�( ) fq½o²

∼−→ det (XV ′, i)⊗ ωAV ′, i
.
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��� �"!$#&%'#)(*� +",.-0/0%21��"354"!76"8:9*�*,.!0!035�"!$;.%&!7<=32/0>?%&!$>@3A6"4";B�2,./0%&!$6"%DCA,B%&E2%&;F�2/G,.-0(*>?8:-H,.IA4"%&!$6"%J�",LK
M %N� 4O+"/0,.�"#&,B+*� ;P%&�O4"�O%&�Q-H,.%&/

n ≥ 3
�"32�O6", M ,B!0,BR";.%S+*�2/

p
1"%:-T6"%S�", M %N� 4O+*�2/0�2("32/0,.IA4"%S6"%U-WVA+X% D%&�

p Y�Z %@+�32,B6"![6]\^4"�"%?-0%&;B;.%?<=35/G>@%@%&!G-J4"�"%?<=�2>@,.;B;.%
(k0, · · · , ks)

6]\_%&�`-0,B%&/0![/G%&;a�b-H,L<=![IA4",c#&3`6"%@;B%
<d� ,B!0#&%N� 4e,.� M %&/G!0,BR";B%f6"35�Q-?;a�g<h35/0>?%i%&!G-?4"�"%f!0%&#:-H,B32�jE5;B32R*�2;.% Ylk 324"!?6"8:9*�",B!0!032�"!?;B%f6"8 M %&;.35+"+�%mK>@%&�Q-n6"%po"354"/G,B%&/WKrq5� #&35R",s6]\_4"�"%O<h35/G>@%O>@3A6"4";B�2,./0%O%:-n>@32�`-0/032�"!n4"�"% M %&/0!0,.35��6"4t+"/G,B�"#&,.+X%O6"%
u7v`#)("%&/&1 M �2;B�2R";.%?!0,

g ≥ 2
1�� ,B�"!0,wIA4]\_4"�x+"/0,.�"#&,B+�%?6"%?6"8 M %&;B32+"+X%&>?%&�`-S6"%@o*324"/0,.%&/rKrq2� #&35R", Y�y 324"/#&%&;a�z1{�"324"!|4}-0,B;B,.!035�"!n;B%~#N�2/0�2#:-0�&/0%~/08&6"4",L-|6"% Ag,n,0 × Spec(Fp) ���f���b�X�}� 1{;B��6"%&�"!H,L-H8~6"%~!035�

;B,.%&4g35/G6",B�*� ,B/G% ���f�~�
�z� %:-�4"�"%'6"%&!0#&/G,B+}-0,B32�g6"%'!H%&!$#&32>@+�32!�� �`-0%&!�,./0/G8&6"4"#:-H,.R";B%&! ���J�����*��Y
� �}9*�P1�"354"!�#&35�"!G-0/04",.!H32�"!U;B��#&35>?+*�2#:-0,.9*#N�b-H,.35��>@,.�",B>@�2;.%D6"% Ag,n,0 +�354"/
n ≥ 3

�"32��6", M ,B!0,.R";B%�+*�2/
p Y� %:-G-H%?6"%&/G�",B�&/G%?%&!0-S4"�x!H#�("8&>n�f+"/03��0%&#:-0,.<�� !0!H3`#&,B8@�i;d\�� ;BE2�&R"/0%?E2/H� 6"4"8&%?6*%&!U<=32/0>?%&!S>@3A6"4";B�2,./0%&!

6"%7+X32,B6"!
(k, · · · , k) +�354"/

k ≥ 0 YAk 354"!�4}-H,.;B,.!035�"!�6"%7>n� �*,.�&/0%7%&!0!0%&�`-H,.%&;B;.%7;a�[�*32/0>@�2;.,.-0876"% Ag,n,0� +"/G35+ Y��
 �¡* £¢X �¡z¤)Y

�� �¡* n¥�¦��b§�¨A©@§�¦PªF�F«h¬*=��¨A©@ª�¨x®]=¨`¯�¨z«° ��9}±}%@4"�x%&�`-0,B%&/
n ≥ 3

�"32��6", M ,B!0,.R";B%?+*�2/
p
1P4"�x8&;B8&>@%&�Q-

k = (k0, · · · , ks)
6"%

Zs+1 1P4"�
Z[1/n]

K²>?3A6"4";.%
M

%:-T;d\^32�O+X32!0%
ωk =

s⊗

i=0

ω⊗ki

i

IA4",]%&!G-T4"�i<d� ,B!0#&%N�24O,.� M %&/0!0,BR";.%S!04"/ Ag,n, 0 Y
³�´0µU¶¸·º¹r·0»"¶½¼w¾²¿X¾º¿ YFÀ Á �"%|<h35/G>@%|>@3A6"4";B�2,./0%|6"%iCA,B%&E2%&;�6"%�E2%&�"/0%

g
1F6"%|+X32,B6"!

k
1F6"%|�", M %N�24+"/0,.�"#&,B+*� ;]%&�

n
1"6"%U�", M %N� 4i+*�2/0�2("32/0,.IA4"%U6"%�-ºVz+�% D %&�

p
1}%:-T� M �2;.%&4"/0!Â6*�2�"! M %&!G-s4"�i8&;.8&>@%&�Q-

6"4OE5/G354"+�%
H0(Ag,n, 0 , ωk ⊗M) .

ÃnÄ2ÅÇÆ*ÈÊÉ5Ë¸ÄO¼w¾²¿X¾dÌ YFÀ Z �?<d� >@,.;B;.%
k = (k0, · · · , ks)

,.�"6"4",.-74"�"%S<d�2>?,B;.;B% (
detk0 , · · · , detk0

) 6"%
#N�2/0�2#:-0�&/0%&!s6"4iE5/G354"+�%[�2;.E58&R"/G,BI`4"%

GLg Y ° �O+�354"/G/H� ,.-s/G%&>@+";B�2#&%&/Â;B%S#�(*32,L±f6"%
k
+*� /s#&%&;.4",]6]\^4"�"%
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s+1 1 .32 15436 .�7�89':8;*-<=7 6 '>,-? 43@�1 *#A�B�. 6 /�. GLg C .�8D,FEG<=7+< @ 8;*-.37�/ 1 '%*-8H/�. 6 &I< 1 )J. 6HKML '>,-.3B 1N6
L .3O�8N< 1 *#.3,-,#. 6�P ,-. 6Q15436 B�,-8;'%8 6 /�.RO�.�858;.R2�' 1 8N*#. 6 ES'>/�'%2�8;. 1 '%*#.37�8 6 '>7 6 2T.3*-7�.>U
V�*
M

. 6 8MB�7 Z[1/np] W )+<�/�B�,-. C ,-. 6 &('>* 6 O3.�'>BYX ω⊗ki

i ⊗M 6 <>7�8Z8;<>B 6 * 6 <=)J< 1 2�[�. 6 U]\^'_/�<=7�7 4 ./�.
k
. 6 8Q/�<>7�O 4 A�B�* L '%,#.37�8N. K O3.3,-,#.R/�. ∑i ki

U
`ba�c>d^c�e:fhgifNc�jlknmhoTmqp Usr t^uwv:x9y�z�{�u

H0(Ag,n, 0 , ωk ⊗ M)
u9|~}J���T���h{�u��T���%��}��%z��9��y:������u��#�

���9�;y:��{�y�|���}F�qy���{�y:�����;�%xN�%��u
Σ �

� ����y���|�}FxN�%}F�qy�� ��� V�<>*-8
Σ′

B�7�.�'%B�8 1 .�/ 4 O3<>)+2T< 6 *-8N*#<>7�2	<>,-� 4 / 1 '%,#. GL(X) W '%/�)+* 6;6 * @ ,#. 6/�.
C(X)

U���<>8N<=7 6
A′

g,n, 0,�'�O3<>)+2�'%O�8;*���O�':8;*-<=7w8;< 1 <%�q/�'>,-.bA�B�*�,#B�*�. 6 8M' 6N6 <�O3* 4 .>U	 Z.3BYXw/ 4 O3<=)J2T< 6 *-8N*#<>7 6 '>/�)J.�8N8N.37�8�B�7 1 ':& W��7�.3)+.37�8QO3<>)+)bB�7 P <=7¡2T.3B�8Q/�<>7�O 6 B�2�2	< 6 . 1 A�B�. Σ′ 1 ':¢�7�. Σ
U�£h,].�XY* 6 8;.¤'%,#< 1N6 B�7¡)J< 1 2�[�* 6 )+.

φ : A′

g,n, 0 −→ Ag,n, 0A�B�*¥. 6 8M2 1 <=2 1 . C 6 B 1�¦ .3O�8N*-&H.�8 @ * 1 ':8;*-<=7�7�.3,FU§\^<�O�'>,-.3)+.37�8M2T<>B 1 ,�'�8N<=2T<>,#<>?=*#. 4 8;'>,-. C φ 6 ES*-/�.37�8;*���. KB�7¨)+< 1 2�[�* 6 )+.M.37�8 1 .M2�,#<>7�?=.3)J.37�8 6 8N< 1 *#A�B�. 6�4 A�B�* L ' 1 *#'>7�8 6�6 <=B 6 ,#.M)J©3)+.Z8;< 1 .>U�ªD7¨B�8;*-,#* 6 '>7�8�,#. 6
1N436 B�,�89':8 6 /�.+«G¬¬w®°¯�± C £9U³²:´ C <=7 L <=*�8QA�B�.

φ∗ OA
′

g,n, 0
= OAg,n, 0.�8QA�B�.R2	<>B 1 8N<=B�8 j > 0 C <>7w'

Rj φ∗ OA
′

g,n, 0
= 0 .

��<%8;<>7 6 ω′
i

,#.
i W¶µ )J.¤� @�1N4 /�.b·�<�/�?=. 6 B 1 A′

g,n, 0

U�¸¹<=)J)+.
ω′
i = φ∗ωi C ,�'J&I< 1 )ºB�,-.»/�.»2 1 < ¦ .3O�8;*-<=7.�8Q,#' 6 B�*�8;. 6 2T.3O�8 1 '>,-.R/�.¤\^. 1 '���)+<>7�8 1 .37�80A�B�ES<>7w' @ *-.37

H0
(
Ag,n, 0 , ωk ⊗M

)
= H0

(
A′

g,n, 0 , ω
′ k ⊗M

)
.

¼^½F¾�½�¼^½ ±�¿�À	Á�Â�ÃTÄ�ÄDÁ�Å!Á�Æ	ÇÉÈ�ÁËÊ]ÃTÌ�Í:Î�Á�Í�Ï;Ð	Ñ�Ò=Ã�Ó¥Î ½ÕÔ \].
EV ′, n,0 W 8N< 156 .3B 1 MV ′, n,0

. 6 8º':¢�7�.
6 B 1 BV ′, n,0

2T<=B 1 V ′ ∈ C
U�£h,].�X�* 6 8;.R/�<>7�ORB�7¨&('>* 6 O3.3'>B A .37w'%,#? µ3@�1 . 606 B 1 OBV ′, n,0

8N.3,]A�B�.
MV ′, n,0 = Spec(A)\].R8;< 1 . EV ′, n,0

'%?=*�8 6 B 1 A .�8Q,FEG<=7w2T.3B�8Q/ 4 O3<=)J2	< 6 . 1 O3.R&('%* 6 O3.�'%Bw.37'>,-? µ3@�1 . 6�6 .3,-<=7w,-.¤? 1 <=B�2T./�. 6 O�' 1 '>O�8 µ31 . 6 SV ′, n,0

/�.
EV ′, n,0

UTÖ�7¡< @ 8N*#.37�8
A =

⊕

λ∈SV ′, n,0

L(λ)

<=× L(λ)
. 6 8¹,-. 6 <=B 6 OBV ′, n,0

W )+<�/�B�,-.Q/�. A 6 B 1 ,-.�A�B�.3, EV ′, n,0

'>?>*-8¹2�' 1 λ U�¸¹<=)J)+. MV ′, n,0

. 6 8B�7
EV ′, n,0 W 8N< 156 .3B 1 C L(λ)

. 6 80B�7¨&('%* 6 O3.�'>B¡*-7 L . 156 * @ ,-. 6 B 1 BV ′, n,0

U�Ø¥<>B 1 σ ∈ SV ′ C 6 *�,FEG<=7¡2T< 6 .
σ∨ =

{
λ ∈ Sym2(V/V ′⊥ ⊗ R) | b(λ) ≥ 0 ∀ b ∈ σ

}
,
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%	&('*)+'�,�-/.�0+&/132�1�%�&

Mσ,n,0 = Spec


 ⊕

λ∈SV ′,n,0∩ σ
∨

L(λ)


 .

4 %	5�%	&/5
ωket =

s⊗

i=0

(det(XV ′, i))
ki et ωkab =

s⊗

i=0

ωki

AV ′, i
.

6 '�&/587�'9-/.�0+&/1:2;13%	&<5�=/1:>�'?&@2�A�BC%�&<=�2;137�135�AD7�'E)/,�%�)�%	5�1:2;13%	&GF�H�F�HJI+HLKMA�2873ADN$'�73N�=/7POQF�HLF�H�K�R�S�TP-/A ωi '�=>U%�1�5�13&+'�V�A�-�WX=/&/A�5Y2�,;'?2�A�RZC%�132 f ∈ H0(Ag,n, 0 , ωk ⊗M) R
[]\�^`_badcea�f/_hgPikji�gPikj Rml noA`-/.�>UA�73%	)/)�A�pqA�&@2�-/AEr/%	=/,Y1�A�,tseu�'�N�%�v/1�-/A f A�& σ ∈ SV ′

A�5Y2w7�'*5�.�,Y1�A
x %�,�pyA�7�73A

FJσ(f) =
∑

λ∈SV ′,n,0 ∩ σ∨

aλ,σ(f) ∈
∏

λ∈SV ′,n,0 ∩ σ∨

H0
(
BV ′, n,0 , L(λ)⊗ ωket ⊗ ωkab ⊗M

)

%	v�2�A�&C=/A�A�&�.�>?'�73=+'�&@2 f 5�=/,�7�A�N�%�pq)/73.�2;. x %�,�pyA�7o-/A Mσ,n,0
73A�7�%�&/Vq-/A�5;' σ sk5�2�,;'z2;A�R

4 %�5;%�&/5 σ> =
{
λ ∈ Sym2(V/V ′⊥ ⊗ R) tel que b(λ) > 0 ∀ b ∈ σ

}
. n{W�1�-/.$'?7/-/Aw7�' σ sk5Y2�,;'z2;A-/A Mσ,n,0

A�5Y2�A�&/V	A�&/-/,Y.y)+'�,`73A�5 H0(BV ′, n,0,L(λ)) %�| λ ∈ SV ′, n,0 ∩ σ> Rm}~&�A�&�-/.�-/=/132��C=/A
)/,�A�5��@=+A�2;%	=/5w73A�5 aλ,σ(f) 5�%�&@2�&@=/7�5w)�%	=/, λ ∈ σ∨ − σ> R
����f���f/�zadcea�f/_hgPidj�i�gPi�� Rml �����@�����������	�+���M���+�{�@�������!���������k +¡U¢��	£��m�@� f ��� σ ∈ SV ′

�����@�d�+�����
¤ �¥���@� f ���¦�@� V ′ §
¨ ���<����©��Q��¡?�Q����� §Dª ZC%�1�A�&U2 σ, τ ∈ SV ′

R{«~=/1:2�2�A¬(N�%	&/5�1�-/.�,YA�,�=/&/A<5�=/132�A®-/A<N�¯	&/A�5�,�A�731�'?&@2 τA�2 σ B+%�&�)A�=�2w5�=/)/)%�5�A�,w�C=/A τ A�5Y2�=/&/A x '�N�A�-/A σ R/°t7�A�±�135�2�AE'�73%	,Y5w=/&/A�1�pqpyA�,�5�13%	&�%�=�>UA�,e2;A
Mτ,n,0 ↪→ Mσ,n,0 .² %�pqpyA�7�A�5w5�N�³/.�pq'�5w5�A�pq1´sd'�v�.�7�13A�&/5 GV ′, i

5�A�N�%�,�,YA�5;)�%�&/-/A�&@2E�µ�J¡MN�A�)/7�%�&/V	A�pyA�&@2$B/%	&G>	%	1:2��@=+A

FJσ(f) = FJτ (f) ∈ H0
(
M̂τ,n,0 , ω

k
)
.

}~&('?)/)�A�7�73A��+�z�¶�+�d�E%	=·¢��@©d�]73A�5�.�73.�pqA�&U2;5w-/A
C/Γn,0

R¥n�'*)/,�%�)%�5�132�1�%�&�)/,�.�N�.�-/A�&@2�A�)�A�,�pqA�2w-/A
-/.�0+&/1�,�7�A�-/.�>	A�7�%�)/)A�pqA�&@2w-/AEr+%	=/,Y1�A�,tseu�'�N�%�v/1

FJV ′(f) =
∑

λ

aλ,V ′(f)

-/A f A�&7�'�)%�1�&U2;A V ′ ∈ C
R�noA`N�%�,�%�7�7�'�13,�A�5�=/13>?'?&@2�,Y.�5;=/pyA��C=/A�7��@=/A�5�)/,Y%	)/,Y1�.�2�.�5�.�73.�pqA�&@2;'�13,�A�5¦-/=

-/.�>UA�73%	)/)�A�pyA�&@2D-/A9r/%	=/,Y1�A�,tseu	'?N�%	v/1JR�}~&�¸G=�2�1�731�5�AE73A x '�1:2D�@=/A ∩σ∈SV ′
σ∨ = C(V/V ′⊥)∨ A�2��C=/A

7�A`V	,�%�=/)�A ΓV ′, n,0
'�V�132w5�=/,w7JW¹'?7�V�º�v/,�A

∏

λ∈SV ′,n,0

H0
(
BV ′, n,0 , L(λ)⊗ ωket ⊗ ωkab ⊗M

)
.
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%'&�(�&�)*),+�-*(�.0/21*3�1"/2154�687 9;:=<�>@?A:@B�CED�D�:@FG:@H�IJ<
:LK;CNMPORQ5:@ORSUT�V
WXCZY@Q[<
:

f
:@H

V ′
:X\@I]Q�H�<
>*D�:@H�<�VNH�I

<
:
Σ ^ :RI_:X\@I`Q�H�?$V$ORQaVNH�IJ\bC�M
\cBed V�W@IaQ5CNHf<
: ΓV ′, n,0 g 9hd VRD�D�BiQ5WEV$IaQaCNH λ 7→ aλ,V ′(f)

:X\@Ikjl\@M�DZD�CNORI
<�V$HP\

SV ′, n,0 ∩ C(V/V ′⊥)∨ .m!HnV
Fγ·V ′ (f) = γ · FV ′(f)

D�CNMPOhIoCNM�I
γ ∈ Γn,0 g

p .Aqr+�(bsZtu.v/21U3�1�/21"/w687 x�y
V ′ ∈ C z|{~}�����{e�Z��{��Uz|{e���A�|zl}E�$}X�$�"z|��z|�
} y {e�A}e�e�A��z��G��� y ���A�,���"z

{e�R���|�G� BV ′, n,0 z|{~}��|���$��� Spec(Z[1/n]) z�}��"zk������z|���Z����z|��z|�
}���z����A��� y z|�����A�A�|�A� y ��z f z|{~}����
�|�"�|��z|�
}]��z

Z[1/n]
[[
SV ′, n,0 ⊗ ωket ⊗M

]]
,

� �� ¡�Z�¢�$����z|���"zh���$� y }e��z|�"��z|��z|�
} q � <
>@?A:RB�CXD�D�:RF=:@H�I ��z f 6
£;¤a¥�¤�¦§¤G¨k©Nª¬«8�ª�®°¯¢±�¯v²c³wN´;¯�©
¤¶µ · �$��{!�|z`���A�e�A�A�E�$����zA���A�����|���Z�
}e�ezJ����zJ��z|�~{ y �A��������� y �P�
� y ��zl��z¹¸[º��R��z|�=z|�f��} y � y {E�A�
}c�"�»����}e������zl��z½¼¡¾�¿ÁÀ�Â;�ÄÃ 6"Å�Æ z�}c���»���~�Z���A{ y } y �Z�f{e� y �$�$�
}EzA� � � y
�e�|{e���Ç}Ezh��z�¼ÉÈ0Ê¢Â�Ë Æ z�}[��z�¼ÍÌ�Î�Â £ Æa6
Ï (�&AÐ;&�ÑN-*Ò�-e&�Ó�/21*3�1UÔ§1U3�687 Õ�CNM�Io:_WXCNF�D�Cb\�VNH�Io:'Q�OROE>E<$M�WRIaQaY�B�:�<�: Ag,n,0× Spec(Fp)

OE:@H§WXCNH�IaOE:'B�:
YRCNOe<�<�: Ag,n, 0 × Spec(Fp) g
Ö >@F=C�H�\@IaOeV$IaQ5C�H g[× Ø �Ù{e��Ú�}���zG���|���Z�
}e�ez|�k�, Û�|���Z���|�G�A���$�"�Z�A��zG�AÜ Fp z|{~}��ez|�������$�|�G���A�k����z�|�"Ý$}E���~zh�$�"�A�|��� y � ��z Fp

6 ·  Û�A���~Þ�{!�"zJ}E���|�A�eÞ|��z`��� y ��� y ���$�§��z�¼iÈ�Ê¢Â§Ë Æ ���"z'� y z|���Z�~� y ��� y �~z Aord
g,n,0 ��z

Ag,n,0× Spec(Fp) z|{~}���z|��{EzJ���$��{ Ag,n,0× Spec(Fp)
6�ß �cz|�c���|��� y } � ��zJ��z|{��|�Z�����A{E�A�
}ez|{ y �~�e�@�

������} y ���"z|{!��z Ag,n,0 × Spec(Fp) {E�A�
}���z|{]�A�������ez|���|z|{���z|{!�|�Z�����A{E�A�
}ez|{ y �e�~�|������} y ���"z|{���z Aord
g,n,0

6
·  à�$���eÞ|{=¼áÌkÎ8Â £ �8â 6iã z�}Lâ 6 â Æ ����z|{_�|�A�����A{E�A�
}ez|{ y �e�~�|������} y ���"z|{���z Aord

g,n,0 {e�A�
}_{ez|{��|�A�����Z{E�A��}Ez|{�|�Z����z@�Pz|{ 6 · zJ������{����A�c� y {e���A{Ez��� Û����z���z|{E�|� y ��} y �A�cz@����� y � y }Ez���zJ�|z|{��|�A�����Z{E�$�
}Ez|{��|�A����z@��z|{Jä��|z
{e�Z��}[��z|{]å����~z|{]���v���A�e��� y {e��z

Aord
g,n,0 −→ (Z/nZ)∗ × { (d′1 < d′2 < · · · < d′s) | 0 ≤ d′i ≤ di ∀ i ≤ s }

� � y �L���0�Z�
æez�} (A, c : (Z/nZ)2g ∼→ A[n], H•

) ��z Aord
g,n,0 �A{e{e��� y z'�"z`ç,�$��}Ez|������z'{ y � y � y }e����z'��z c

z�}!�"��ç,�$� y �"��zJç��Z�~���|zJ��z|{!�e�A���A{!�_����} y ��� y ���N} y ç¬{ d′i ��z|{ Hi

6�ß �����|��� y }!��zJ���_���~�Z���A{ y } y �Z�vè ¤ è ¤,¥�¤ Ë� ��z_�R��� � ��zL�|�A�����Z{E�$�
}ezL�|�A����z@��zL��z Aord
g,n,0 �~z|���|�Z�
}e�ez_��zL���A�e����z Ag,n, 0 × Spec(Fp) é W¬êR6 ���N��E�$�Z�e�A����z ¥�¤ Ë ¤�ë�ì 6

p .Aqr+�(bsZtu.v/21U3�1UÔ§1¬í�687 î �ïç,� y }|�J�Z�ð�f���|���A�
}E�~� � ��z»}E�A��}Ezr�|�Z�����Z{E�A��}Ez y �~�e�|������} y ����z½��z
Ag,n,0 × Spec(Fp) �~z|���|�Z��}E�~zh����z V ′ �U{~}e�E�N}Ezh���Z�������v�|z|�~}E� y � V ′ ∈ C �G��� y �G�$� 6
%'&�(�&�)*)¬+�-*(�.0/21*3�15Ô§154�687 ñ�Q

FJV ′(f) = 0
D�CNM�OhIoCNMPI

V ′ ∈ C ^ CNHnV f = 0 g
Ö >@F=C�H�\@IaOeV$IaQ5C�H g�× x ���;���k{e�R���|�G� � ���A{ y �U�|�Z���|�~z|�
}��b�"��ç¬�A�e���$} y �A����zÙ�"�]�|�Z���A���A�"�A� y zÄ�|�A���|�ez|�
}ez
�|�Z���_��}Ez��$�P��� y � y }ez|{ y ��������} y �Zz|{'��zLç¬� y {E�|z��$�P� 6;ß �ò��z|��}'���Z���L{E�������A{Ez|� � ��z M z|{~}'��zL}*óP��z
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Z .�/ ,)(0*213,)4 M 4�*6527�8	9�:<;
Z/pZ . ; Z[1/n] = ,>;

Z/lZ .�=	? l 4�*652,)&@& =	ACB -�4 / -64 A (04�-1D,)(�&)4�E)(0F!(0*�4 / 9�* np G'H & / 9I-65�(�J�,):0(�4�- . M 4�*65K,)&L9I&)&)4M9�,�4�5K:ON = &P9
H0
(
Ag,n, 0 , ωk ⊗M

)
= H0

(
Ag,n, 0 × Spec(M) , ωk

)
.QD(

M = Z[1/n] = , Z/lZ .'/�= ,)-R5 = ,�5 σ ∈ S
:SNT( A 9I8	4�E), AU= - /)V (0* A 4

M̂σ,n,0 × Spec(M) −→ Ag,n, 0 × Spec(M)E = &)&)7 / 9�-W:�9 / - =�/= *�(05�( = &>X�Y�X�YSZ[Y�\L9],)&)4^(0&35�4�-�*�4�J�5_( = &P& = &PF!(0E)4C9MF`4�Ja5 = ,�5�4�*b:�4�*bJ =	Ac/�= *_9�&`5_4�*(�-6-�7�E),)J�5�( B :04�*dE)4 Ag,n, 0 × Spec(M) Gfeg= ,)-hJ = &)J�:�,)-64 . (�:b*�,�ic5dE)4j-64 A 9I-�1D,)4�-h13,)4 /�= ,)-]5 = ,�5*�J V 7 A 9a-�7�E),)(k5 X .3/= ,)-l5 = ,�5 = ,�F`4�-m5fE)4�&)*�4 U 4�5 /�= ,)-l5 = ,�5lnS9�(0*�4M9�, F : = JM9�:04 A 4�&35o:�( B -�4b*�,)- X .:�9p-�4�*65�-�(0J�5_( = &
H0(X,F) −→ H0(U,F)4�*65^(0&rq�4�J�5�(0F	4 G QD( M = Z/pZ . ,)&s-_9I(�* = &)&)4 A 4�&35^9�&'9I: = 8	,)4U*�Nt9 /)/ :�(01D,)4 Ggu &s,�5_(0:�(0*_4U:�9 / - =	/�= *�(kv5_( = &xwyYSZ'Y{z�YSZ|4�5}:�4dJM9�-�9�J�5�~�-�4d-67�E),)(05pE)4 Ag,n, 0 × Spec(M) �����[��� X!� . 4�&x5�4�&'9�&`5pJ =	Ac/ 5_4dE)4�*E)7�F`4�: =	/)/ 4 A 4�&35_*KE)4a� = ,)-�(04�-mvm��9IJ =	B (�4�&�5 = ,)*W:04�* V ′ ∈ C G

�]�����'�$�	�+���<���������� Gg� Q = (k5 R ,)&x*6�!*65_~ A 4dE)4d-64 / -67�*�4�&35�9I&35�*}E)4�* = - B (05�4�*}E)4d* = ,)*mv�4�* / 9�J�4�*5 = 5�9I:�4 A 4�&35�(0* = 5�- =�/ 4�* A 9���( A 9I,!��nS9IJ�5_4�,)-�*�E)(0-�4�J�5�*�E)4
V

* = ,)*�:ONT9�J�5�( = &�E)4
Γn,0 GK� Nt9 / -�~�*�:�9-�4 A 9�-61D,)4cwyYOZ'Y�z�Y�\ . :ONT9 /)/ :0(�JM9�5_( = & f 7→ {FJV ′(f)}V ′∈R

4�*65a(0&rq�4�J�5_(kF`4 G QD(<:ON = &|*_4c-64�*�5�-�4�(0&35^9I,!�
n = - A 4�* AU= E),):�9I(�-64�*W;}FI9�:04�,)-�*KE'9I&)*K,)& AU= E),):04�*_9�&)* p v�5 = -�*�( = & . (0:�-�7�*�,):05�4�E)42:�9pE)7 Ac= &)*65�-_9�5_( = &E),�J = - = :0:�9I(�-64�wyYOZ'Y�z�Y�X�1D,)4 f 7→ FJV ′(f)

4�*�5K(�&rq64�J�5_(kF`4 /�= ,)-R5 = ,�5 V ′ ∈ C G
u &�E)7�E),)(k5WE),�J = - = :�:�9�(0-�4�wyYSZ[Y�z�Y{X�,)& / -6(�&)J�( / 4�E)4�E)7�F	4�: =�/)/ 4 A 4�&35WE)4a� = ,)-6(�4�- vm��9�J =	B ( G

¡2¢ � ¢)£¤£ �'¥¤�r���<�¤�������� Gg� ¦�§�¨�©«ª)¬ M ⊂ M ′  ©�®�¯ Z °¤±]§  ®!²�©_³P©«¬ f ∈ H0(Ag,n, 0 , ωk ⊗M ′) ´
¦[¨ FJV ′(f) ©�³«¬�µ�¶�§$©¸·�¶«¨O©«ª'¬¸³ `¹ ª�³ M º'§r®!»�¬ §�®!¬ V ′ ∈ C ¼�§rª ¹

f ∈ H0(Ag,n, 0 , ωk ⊗M) .

u &�E)(0* /= *�4�7�8`9I:�4 A 4�&35WE�N�,)&)42F`4�-6*�( = &�E', / -6(�&)J�( / 4�E)4a½b¾DJ V 4�- G
¿C� ¢�Ày¢)Á ¥¤Âm¥ ¢)Ã �<�¤�������¤Ä Gg� ¦[¨ g ≥ 2 ¼l²6Å ¹ º`º�²Æ¨�¶ ¹ ¬O¨�§rª  ©�»�©_³«¬O»�¨�¶«¬O¨�§rª@»_Ç ¹ ²�¨�³M©a®!ªj¨�³$§�±]§�»¤º)ÈD¨�³«±]©

H0
(
Ag,n, 0 , ωk ⊗M

) ∼−→ H0
(
Ag,n,0 , ωk ⊗M

)
.

É Ç«±h§rª�³«¬O» ¹ ¬O¨�§rª´gÊ u &h*_4b-67�E),)(05fJ =�AUA 4 / -�7�J�7�E)4 AcA 4�&35f9�,hJM9�* =�? M = Z[1/n] = , Z/lZ . 4�5
=	? l &)4WE)(0F!(0*�4 / 9I* n GDË 4W*�J V 7 A 9 Ag,n,0×Spec(M)

4�*65o,)& = ,�F`4�-m5oE)4�&)*_4WE)4 Ag,n, 0×Spec(M) G
Ë 4s*�J V 7 A 9 Ag,n, 0 × Spec(M)

4�*65P-�7�E),)(05 GÌu &Í4�&ÎE)7�E),)(05P1D,)4|:ONT9 /)/ :0(�JM9I5�( = &ÍE)4|-�4�*65�-�(0J�5_( = &4�*65c(0&rq�4�J�5_(kF`4 GÐÏP= &35�- = &)*c1D,�N�4�:�:04�4�*65c*�,)-Ñq�4�J�5_(kF`4 G Q = (05 f ∈ H0(Ag,n,0 × Spec(M) , ωk) GÒeg= ,)-5 = ,�5 V ′ ∈ C A 9r��( A 9�: .M= & / 4�,�5�n = - A 4�-Ó,)&�E)7�F	4�: =�/)/ 4 A 4�&35yE)4Ð� = ,)-6(�4�- vm�	9IJ =	B ( FJV ′(f)
9�&'9I: = 8	,)4;cJ�4�:�,)(ÓE)4a:�9cE)7�%'&)(05�( = &PwyYOZ'YkwyYOZ G[Ôb= 5 = &)* Λ

:ON�4�&)*�4 A}B :04aE)4�* λ ∈ SV ′, n,0

5_4�:0*W1D,)4
aλ,V ′(f) 6= 0 GÕ :f4�*�5p(0&3FI9�-6(�9I&35p* = ,)* ΓV ′, n,0

4�5p* = &x(�&`5_4�-6*_4�J�5�( = &Ö9MF	4MJ
SV ′, n,0 \ σ∨

4�*65}%'&)(�4 /= ,)-C5 = ,�5 σ ∈
SV ′ G<u &�E)7�E),)(k5CE)4 ��×�ØpÙ)�y. :04 A�GyÚCG�Û�GtÜ �o1D,)4 Λ ⊂ C(V/V ′⊥)∨ Ý 4�&�4�Þ4�5 .ß= &�-64 A 9I-�1D,)4]1D,)4
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&('*)#+-,/./021�0
ΓV ′, n,0

1�,%3�4
GL(V/V ′⊥)

0547681�'*)#3�1�):950<;�3�)(=�0�68>�?�'*?�3�02@�?�)#4A4B,/3�950-,%4A4A05C2.EDA,/3�1�021�0
&('*053�1�FE+2FED7@�G�)#4A+20

T
1�0IH*J�K<L�MN=PORQ#S/QUTWVX05476Y1�,/3�4�950�6A6A0Z):+[,%.E0/Q�\],^4A059�6A)#F/3

f
45'*_�6B053�1`1�FE3�9

a
M̂V ′,n,0

Q�bc3d053e1�_51�?�):6f>�?�0
f
45'*_�6B053�1

M̂V ′′,n,0

@gF/?�D[6BFE?�6
V ′′ ∈ C

=h@�?�):4f>�?�0
f
45'*_�6B053�1

a Ag,n, 0 Q

i]j(k�j�lmj Kon�p�qsrEtup�v	wfr/n	vyx�w{z�v	w jP| } FE):053�6~?�3�0��uFED7+-08+-F�1�?�&#,/):DA0
f ∈ H0(Ag,n, 0 , ωk ⊗M)

=
?�3d4AF/?�4���054B@�,%950

V ′ ∈ C
0�6f?�3d95�/3�0

σ ∈ SV ′

QP�X,%3�4f950�676B0�@�,/D�6B):0E=h3�F/?�4f+2FE3�6AD7FE3�4f>�?�0�&�,
DA05476ADA):9�6B):FE3�1�0

f
a &�,

σ
��476BDA,%6A0�05476�):3�1�_5@	053�1�,%3�6B0�1�0

σ
0�6[1�_5;�3�)�6�?�3�0Y�uFED7+-0�+2F�1�?�&�,%)#D70�1�0

.E053�D70
g − rang(V ′)

Q
�����/�]���W�����A���`�����g���g��� Q�� �] [¡B¢¤£¦¥(¡¨§ª©¦¥(§(«W¬®�¢

f ¯�°   σ ± £¦¥(¡A %¥�¢R�¢ Ag,n, 0 ¬	¢<�²�³�¢¦¬	�´�µ�¢R�¢
V ′¢¦¥�¢¤£¦¥¶²�·E  ° ¢ ¯

a0,V ′(f) ∈ H0
(
BV ′, n,0 , ω

k
et ⊗ ωkab ⊗M

)

¸ ²¦¹�«�¬�£¦¥(¡A %¥(§ª«�¬	º¼» \½'¾):1�_�,/&¿1�0�&#,
σ
��476ADB,W6B0[05476�053�./053�1�DA_[@�,%Do&#054

H0(BV ′, n,0 ,L(λ))
FEÀ

λ ∈
SV ′, n,0 ∩ σ>

=�0�6~&:081�_�ÁE05&#F/@�@	05+2053�6¼1�0oÂ�F/?�DA):05D���Ã/,%95FEÄ�)N1�0
f
05476 a 4A?�@�@gFED�6¼1�,/3�4

C(V/V ′⊥)∨
Q

Å ,/):4
C(V/V ′⊥)∨ \ σ> = {0} 9�,%D σ 05476¶)#3�95&:?�4¼1�,%3�4¶&('*)#3�6A_5DA):05?�D¶1�0

C(V/V ′⊥)
Q

bc3®DB,%@�@g05&#&:0�>�?�0[@gFE?�D
0 ≤ i ≤ s

=y&#0[4A9¨G�_5+[,�,%Äg_5&#):053
AV ′, i

1�054A95053�1 a &#,�Á%,/D7)#_�6B_[1�0 } )#0¦�
.E05& AV ′, n,0

1�0�./053�DA0
g − rang(V ′)

0�6f1�0�6�Æ�@	0�@�,/DA,/G�F/DA):>�?�0�&Ç'¾):+[,%.E0�1�0
V•

D

1�,/3�4
V ′⊥/V ′

Q
��'U,%@�DAÈ54�&#,�@�DAF/@	F/4A):6A)#F/3 k�j�iyj�lmj(k =y&#,�É�È59¤G�0 BV ′, n,0 → AV ′, n,0

,%1�+-0�6�?�3�0[4A059�6B):FE3Ê9�,%3�FE3�):>�?�0
1�FE3�6c&('*)#+-,/./0�45'¾):1�053�6A):;�0R,%?ÌË�)#3�Á%,%DA)#,/3�6A4c1�0 BV ′, n,0

@�,/D
ΓV ′, n,0

Q�bc3�053�1�_51�?�):6c&:0�DA_54A?�&�6¤,W6c4B?�)��
Á%,/3�6�Q
Í ������Î�ÎuÏ�����ÐY�����	���g�ÇÑ Q�� �N ¶£�¢¤©¦¥(§ª«�¬

a0,V ′(f)
³�¡¤«WÒ�§ª¢¦¬�¥�]Ó µÌ¬m¢�£{¢¤©¦¥Ç§ª«W¬[�¢

H0
(
AV ′, n,0 , ω

k
ab ⊗M

) º

i]jÔmj Kon	Õ!Öyz�r/w{t×�rEz�w{tungveÕÊtuv�tuÕ!z�Øup
Ù FE3�476ADA?�):4AFE3�4 a @�D7_54B053�6¼&�,295FE+2@�,/9�6A):;�9�,W6B):FE3�+-):3�):+[,%&#0�1�0 Ag,n,0 Q��X,%3�4¼?�3�@�D705+-):05D�6B05+2@�4�=FE3Ú4A0RD7054A6ADA05):3�6�,%?Ú9�,/4ÛFEÀ

n > 2pg
√

2p
Q Ù 0�676B0RG�Æ�@	F%6BG�È54A0R4A05DB,�?�6B):&#):4A_50<1�,%3�4X&#,f@�D705?�Á�0R1�0R&#,

@�DAF/@gFE4A)�6B):FE3 i]jÔmj�Ü Q
\N0R6AG�_5FED7È5+-0YH*ÝßÞ-à�ám=mâ�ã�Qåä�Q#S�V¿,%æ-DA+20<>�?�0<4A)

S
05476X?�3Z4B9¤G�_5+[,f3�FED7+[,%&�0¦Ë�9505&:&#053�65=�4A)

G →
S
05476-?�3I4B9¤G�_5+[,Z4A05+2)���,%Ä	_5&:)#053I0�6-4A)

ωG/S
1�_54A)#./3�0Y&#0Y1�_�6B05D7+-):3�,/3�6-1�?s�Ç,/):4A950�,/?I1�0542��FED7+-054

1�):ç	_5D7053�6B):05&#&:054¶)#3�Á%,%DA)#,/3�6A054¶1�0
G
=�)#&�0¦Ë�)#476A0�?�3�053�6B):05D¶@gFE4A)�6B)��

m
6B05&�>�?�0

ω⊗m
G/S

4AFE)�6[053�.E053�1�D7_�@�,/D-4A054[4A059�6A)#F/3�4[.E&:FEÄ�,%&#054-4B?�D
S
Qè\N0�4A9¤G�_5+-, Ag,n, 0 05476�0¦ËÌ9505&#&:053�6[0�6[3�FED7+[,%&

1�'U,%@�DAÈ54Û&:0�6BG�_5F/DAÈ5+20 ÜmjÔmjé	j(k Q	â�&�0¦Ë�):4A6A0R1�F/3�9R?�3Ú053�6B):05Dc@	F/4A):6A):�
m

6A05&ê>�?�0
ω⊗m
i

4AFE)�6X053�./053�1�D7_
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#�$&%�')(*'+',(*-�.)/�0&1�'+2435046�$ 3�(*'+#7048�%�.,0&8�. 0 ≤ i ≤ s 9�: /51�')/<;�/�3=(?>@/�'A.)(B8�1DCE04%A#�F�/�')CG(B#�%)0&#�%)(

ϕ : Ag,n, 0 −→
s∏

i=0

P
(
H0(Ag,n, 0 , ωmi )

)
.

H 1I$&#�#�35/�J�8�(K35(L.,F�M*0&%)N*CE(KO�(LPQ$ -�.,0&%)/5',$ .)/�0&1IO�(SRT.)(*/�1VUXWZY\[^]_]_]7` 9ba@9ba ;K` 9ba@9 `&c�(�.d3<ef041g0&6@.,/5(�1�.h8�1
')-�F�M*Ci$ A∗

g,n, 0
(�.+8�1�(SPQ$ -�.,0&%)/5'j$k.,/5041DO�( ϕ (*1

Ag,n, 0 π−→A∗
g,n, 0

ψ−→
s∏

i=0

P
(
H0(Ag,n, 0 , ωmi )

)
,

04l ψ (*').m8�1GCE04%A#�F�/�')CG(�n�1�/<;40&lE3�(*'on�6�%A(*'mO�( π ')041T.m1�0&1Gpq/5O�(*'m(�.r2&M*04CGM�.,%A/�JT8�(*CE(*1T.m-*041�1�(?>q(*'�;
(�.i0&l π∗OAg,n, 0

= OA∗
g,n, 0

9rs 048�%t.,0&8@. 0 ≤ i ≤ s ;u/�3�(?>@/�'A.)(D8�1vPw$&/5',-*(�$ 8x/�1Tp4(*%)')/56�3�( Li ')8�%
P
(
H0(Ag,n, 0, ωmi )

) J�8�/7(*'A.h.)%)N*'�$&CG#�3�(y(�.h.)(*3�J�8�( ϕ∗Li ∼→ ωmi 9@z ef(?>@/5').)(*1�-*(yO�8I#�3�0&1�2&(*CE(*1�.�O�(
R�(*24%A(GUXW{Y|[}]_]=` 9~a c=CE0&1T.,%A(SJT8�(

�s
i=0Li (*'A.�.)%)N*'�$&CG#�3�(S')8�% ∏s

i=0 P
(
H0(Ag,n, 0, ωmi )

) 9�s 0&')041�'
L = ψ∗ �s

i=0 Li � O=e~$ #�%)N*'�UfW{Y|[ ]_]L` 9~�q9~a c_;m-&ef(*'A.i8�1vPQ$&/5')-*(�$&8�$&CG#�3�(D')8�% A∗
g,n, 0 9m� 3�%)M*')8�3�.,(O�(EUfW{Y\[�]_]
` 9b�@9ba c
J�8�(

A∗
g,n, 0 = Proj

(⊕

k∈N

H0(A∗
g,n, 0 , Lk )

)
.

� 0&CECG( π∗L ∼→ ⊗ωmi (�. π∗OAg,n, 0
= OA∗

g,n, 0

;�041i$ H0(A∗
g,n, 0,Lk) = H0(Ag,n, 0,⊗iωkmi ) #70&8�%

.,0&8@. k ≥ 0 9 H 1D1�0&.)( k = (k, · · · , k) ∈ Ns+1 9�� e~$ #�%)N*'{UXWZY\[�]_]�� 9 ` 9�� c<;�0&1�$

A∗
g,n, 0 = Proj

(⊕

k∈N

H0(Ag,n, 0 , ωk )

)
.

z $G#�%A04#704')/�.,/5041D���Q�����|CE0&1T.)%)({$ 3�04%A'+J�8�( A∗
g,n, 0

(*'A.+/�1�O�M*#7(*1�O�$&1�.LO�( Σ 9
�r�4�����|�o�Q����� 9�� �=���_�? �¡ g ¢ m �?¡ N ¡Q£j�k��¤B�? �¡<�_��£j¤K¡¥�?¦b¤S§�¨�� m > 2Ng

√
2N ¢�¤��k��¡ K ¨q V©,�k£�ª�¤

�?¡m¤«���_�? �¡ G �?¡ G′ ¬ �?¨ i¤«©j®�¯�°i±�¤²±4³�¯?¦´�_�� @¤ ¬ �¶µT�� �£,� g ¤�¨q£ Spec(K) °t¨q ���¤ ¬ ��ª���¦�± £���¤�± ¡Q�_�k @¤ λ
�?¡ λ′ �?¡ ¬ �S¤?¡<£�¨�©�¡<¨q£,�j¤ ¬ �B ���·&�,±k¨Gª7£��� ¸©��~ª�± ¦��j¤²�?  m ¹º��� λ �j¤�¡�ª7£��� ¸©?�~ª@± ¦��j¢r��¦»�A4��¤�¡¥�²± ¨Gª�¦´¨T¤{¨� ¸�
��¤«�)µT¯? ��_� f : G→ G′ ©,�k°yª�±k¡<�<³�¦��¼± ¨&E¤?¡<£�¨�©�¡<¨q£,�j¤ ¬ �{ ���·&�,± ¨½�?  m ¡¥�?¦�¦��²§�¨�� f t ◦ λ′ ◦ f = Nλ ¢
�k¾ f t ¬ ¯j¤?�5µ  ¸�{¦A¿ ��¤«�,µT¯� ��_� ¬ ¨�± ¦�� ¬ � f ¹
À ¯?°g�� @¤?¡<£)± ¡<�_�� �¹{Á R�0&/�(*1T. f (�. g O�(*8q>�/5')042&M*1�/�(*'g',$k.,/5')Pw$&/5'j$ 1T.g3�(*'iFTÂq#70&.)F�N*')(*'gO�8Ã35(*CECG( 9� 0&CECG( Hom(G,G′) '*eb/5O�(*1T.,/�n�(ZÄG8�1D%)M*')(�$&8DO�( End(G)⊗Q /�1�-*358�'LO�$ 1�' End(G)⊗ Z[1/N ] ;041�#7(*8@.{p404/5% f (�. g -*0&CECG(EO�(*' Q Å (*1�O�04CG04%A#�F�/�')CG(*'{O�( G .)(*3�'{J�8�( Nf (�. Ng ')04/5(*1T.{O�$&1�'
End(G) 97� eb$&#�%AN*'¼UfÆÈÇºÉËÊ�Ì
;�-*04%A0 9
Í«Îq9~a c_;�3�$ Q Å $&3524N*6�%A( End(G)⊗Q (*'A.K')(*CG/ Å ')/5CE#�35({O�({%,$&1�2
≤ 4g2 9�Ï 0 .,0&1�' Tr 3�$¶.)%,$ -*(+%AM*O�8�/5.)(+JT8�/�3�8�/�$&')')0�-*/�M*(�(�. q 3�$yPw04%ACE(�J�8�$ O�%,$k.,/5J�8�(�',8�% End(G)⊗QJ�8�/�(*1�p�0&/�( u ')8�% Tr(utλuλ−1) 9 � (�.).)(yO�(*%)1�/5N*%)(y(*'A.�O�M�n�1�/�(y#704')/�.,/�p�(y#�$&%yUbÆÐÇ�ÉËÊ@Ì�;T.,F 9 � Í495Í c�(�.#�%)(*1�ODO�(*'�p $&35(*8�%)'+(*1T.)/�N*%A(*'+')8�% End(G) 9�s $&%�FTÂq#70 .,F�N*')(&;�0&1�$

q(f) = Tr(p) ≤ 4Ng2 , q(g) ≤ 4Ng2
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&�')(+*,&.-/(#01'2& u ∈ Hom(G,G′) '2&3*�4�5�& f − g = mu 687:9<;>=�?@9�A
m2q(u) = q(f − g) ≤ q(f) + q(g) ≤ 8Ng2 .

B ?@CDC & m > 2Ng
√

2N E�;@F�G�H/E8? ' G�I 02&@J ?K9 & 9L=�M3= 5�(N')4�5�& q(u) < 1/N2 687OF�?K9<;
Nu ∈ End(G)

&�' q E�F & 9�=L= &30�P ; *#&35 F 0Q& 9 '2( I3F &30Q0R5 F End(G) J =�?K9�A u = 0 &�' f = g 6
SUT@VXW�Y[ZK\]TL^`_bac_da 6fe gh9iE8? 0 ;@9 ' N = 1 J G = G′ &�' λ = λ′ =�;@9 0U*+&<*#& C>C & E�F1M3A3M3= & 9 '3J
?K9jC>?K9 ' F &L4�5�&k' ? 5�' ; 5�' ?@CD?@FRE�G (+0 C & = & G E�FRM 0R& F P ;%9 'U5 9 & E8? * ;@F (#0 ; '2( ?K9jE�F ( 9�A ( E�; *+&L&�'U5 9 &01' F 5 A '25 F & E�F ( 9�A ( E�; *+& = & 9 (+PK& ; 5 > 2g

√
2 &301' M3lK; *nmk*dop( = & 9 'R(+' M@6 B & A (h&301'q5 9 &sr ?KF1C &sr ; (#t�*#& = 5*#& C>C & = &vu�& F1F &Dwyx�z�{@|�}�~ 6

�vY��@�c���������R����^`_da,_�� 6fe �c���)�����2���s�������U�.�������������k��� π �%�/ ������������k���¢¡R£ ���U�[���k��� Ag,n,0 ¤ ���. 
�[¥2���.¦��§��¦¨�/¦�������� ¤ ����¦��`�������U�.�����������3©
ª �.�¢��¦��.���R�%������¦	©¬« B ?@CDC & ϕ∗Li ∼→ ωmi

Jh*#&�r ; (+0 A & ; 5 ωmi &301'>' F (NP/( ; *#(+0 M *+&L* ?K9�l= &30s®�t F &30
= & π E8? 5 F 0 ≤ i ≤ s 6]¯ o ;@E�F1I 0°wp±³²D´�µ¶J·' G�6c¸¹6»º�6y¼ ~ ? 5½wp¾"¿>À�},J E�F1?KE�6cÁ¹6ÃÂ�6ÃÂ ~�J ?K9 & 9X=�M3= 5�(N'4�5�& E8? 5 F ' ? 5�' E	? ( 9 ' lKM3?@CDM ' F (+4�5�& x̄ = & π(Ag,n,0) &�'D' ? 5�' 0 ≤ i ≤ s Jn* ; ®�t F & π−1(x̄) &301'( 9�A *+5�0R& =�;@9 0 Ag,n,0 &�'¢* ;A * ; 0R02& = op(+0 ?@CD?@FRE�G (+0 C & = 5j0 A�G�M3CU;!; t M *+(#& 9 Gi

&301' A3?@9 01' ;%9 '2&L0R5 F
π−1(x̄) 6�Ä &:r ; (#0 A & ; 5 = &30"& 9�=�?KC>?KF1E�G (#0 C &30 = & Gi

&301' A3?@9 01' ;%9 '"0R5 F π−1(x̄) J�mvP ; *#&35 F 0 =�;@9 0"5 9
Z ÅÆC>?�= 5�*#&Ç*+(#t F & = &)' H/E &)® 9 ( 6 B &3* ; ( CDE *+(#4�5�&Ç4�5�&:* ;ÈA * ; 0R0R& = op(+0 ?KC>?KF1E�G (+0 C & = 5¢0 A�G�M3CD;v; t M *+(#& 9
E8? * ;@F (#0 M Gi

&30R' A3?K9 01' ;@9 'R&Ç0R5 F π−1(x̄) 6�7:9¢F2;%E�E &3*+*#&Ç4�5�o ?K9 0R5 E�E8? 0R& n > 2pg
√

2p 6�7:9°;%E�E *#(+4�5�&*#&k*+& CDC &kÉ·Ê�Ë¶ÊdÌXm G = G0
Jnm G′ = Gi

Jnm¨* ;¨E	? * ;%F (+0 ; '2( ?K9ÍE�F ( 9�A ( E�; *+& λ = λ0 = & G0
JhmÎ* ;

E8? * ;@F (#0 ; '2( ?K9ÏA�;@9�?@9 (#4�5�& λ′ = λi = & Gi
J	m m = n &�'Om N = p E8? 5 F 0 ≤ i ≤ s 6,7:9 & 9Ï=�M3= 5�(N'4�5�&Ð* ;>A * ; 0R0R& = op(+0 ?KC>?KF1E�G (+0 C & = &Ð* ;>A�G�;�Ñ�9 & = o»(#0 ?@lKM39 (+&30

G0 −→ G1 −→ · · · −→ Gs

& 9 ' F &:0 A�G�M3CD; 0 ; t M *+(#& 9 0 E8? * ;@F (+0 M 0�&�01' A3?K9 01' ;%9 'R&:0R5 F π−1(x̄) 6 B &3* ;vC>?K9 ' F &:4�5�&:* ; ®�t F & lKM3?@CDM.Å' F (#4�5�& π−1(x̄) E8? 0R0 I3= &Ð5 9 5 9 (#4�5�& E	? ( 9 ' l@M3?KC>M ' F (+4�5�& 6
Ò ��Y���Ó�ÓdW���Y�Tk^`_dac_#^ 6fe �,�U�2���.������Ô.������¦!��� π Õ Ag,n,0 �2�.�§�/¦Ï���[���U��� ¤�Ö �����¢�¬���/�O�[��¦¨��U�[���3©
ª �.�¢��¦��.���R�%������¦	©×« ¯ o ;@E�F1I 0Ø* ;ÙE�F1?KE8? 02(N'2( ?K9 ÉcÊ�Ë�Ê�ÚÛ&�'Ø*+&ÝÜ �%��¦ Þ Ö �����2�.� = &Ýß ;@F (#0Rà�(w»áqâ�ãåä�ä�ä º�6»º�6pæ ~�J�* ;ÈF &301' F ( A 'R( ?@9°= & π m Ag,n,0 &301'§® 9 (+&:0R5 F 0 ?@9 ( CU;%l & 6�Ä·;qE�FR?@E	? 0R(+'R( ?@9 ÉcÊ�Ë�Ê�ÚU&�'*#& A�;@FR;@A ' I3F & F1M3= 5�(+' = & Ag,n,0 C>?K9 ' F & 9 '¬4�5�&s* ;°F &301' F ( A '2( ?K9Î= & π m Ag,n,0 &301'Ð5 9 & ;@E�E *+( A�; '2( ?K9t�( FR; 'R( ?@9�9 &3*#*+& 6 B ?@CDC & π∗OAg,n, 0

= OA∗
g,n, 0

&�' Ag,n, 0 &301' 9�?KF1CU; *�J¶*+&¹' G�M3?KF1I3C & = &30Or ?@9�A '2( ?K9 0r ?@FRC &3*#*+&30çwèáqâkã ä�ä�ä º�6#éK6y¼ ~ CD?@9 ' F &X4�5�&X*#&X0 A�G�M3CU; A∗
g,n, 0

&301' 9�?@FRCD; * 6:êf? 5�'R& ;@E�E *+( A�; '2( ?@9® 9 (#&Èt�( F2; '2( ?K9�9 &3*#*+& = op( CU;@l & 9�?KF1CU; *+&È&30R'Ç5 9 (+0 ?@CD?@FRE�G (+0 C & 6 B op&301' =�?@9�A *+& A�; 0 = 5 CD?@FRE�G (+0 C &
π : Ag,n,0 → π(Ag,n,0) ? t�'R& 9 5 E�;%FQF &30R' F ( A '2( ?K9�6
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π
:>&@?=: &A$'3;76.0.;$'35: $576.0(�7

Ag,n, 0 B�C *-D2DE7
π
76.;$0(�*-,�,�41�:>3F9HGI4�J>: 9�&�:K$')+*-,L(�7NM�*-3;DE76.OD2*�(�&�9�:>)+3576.O(�7=P�)+76Q-769HRS9�7N<6*-3;*-9+9�: )�3;7UTWVYX�V�Z[V�\])�D21�9�)+^�&�7N^�&�7U1_*-&�3$'*>&A$

V ′ ∈ C
R�9�:23;76.;$'3;)�<�$5)�*>,=(�7

π
/29�:

V ′ ` .;$'35: $57a.57bMY:><�$5*-3;)�.57a76,
πV ′ : AV ′, n,0 −→ A∗

g,n, 0 .c ,ED2*-,8$5357�<6*-D2DE7d1�3;46<646(�76DED276,8$e^�&�7
πV ′

76.;$f&�,2DE*>351�g�)+.'D27�h�,�)�i�)�35: $5)�*>,�,�769�.5&�3j.5*-,2)�DE:>Q>7>R(�*-,�$k9�76.lh�i�3;76.kQ>4�*>DE4�$535)+^�&�76.m1�*>.5.5n6(�76,8$k&�,o&�,�)�^�&�7F1_*-)+,8$kQ>46*-D24�$'3;)�^8&�7 B_p J :>,8$m(�7q1�3;*-&AJ-763m9�:,�*-3;Dr: 9�)s$'4a(�7
πV ′(AV ′, n,0)

R�)+9
,�*>&�.�MY:>&A$d4�$t: i�9�)+3d^�&�769+^�&�76.d3546.5&�9s$t:K$'.d1�35469+)�D2)�,�: )�3;76. B
uFv�w>xWw�yKz|{}z5w�~��%�Y�
��� BS� �F���>�b���H�5� ���'����� �5� �r���H�'�t�t�S��� �0�8�t�l�������r�������0� � �m���'�������0�8� C/Γn,0 ������8�t�a���r���8�t�q�K�������K�������t���A� � π �
�F�������A���H�5� �H����� ��  P�*-)s$

x̄
&�,¡1_*-)+,8$aQ>46*-D24�$'3;)�^�&�7O(�7

A∗
g,n, 0 B£¢ G¤:>1�3;n6.E¥I¦�§O¨�©WR[1�35*>1 B[ªqB¬«�B¬«� R9�:N3576.;$535)+<�$')+*-,¡(�7

Gi

/
π−1(x̄)

1_*-&�3
0 ≤ i ≤ s

76.;$b&�,¡.'<tg�46Dr:N.'76D2) ` : i_469�)+7�,¡(�7O35:>,�QN$'*>35)+^�&�7<6*-,�.;$':>,8$ B�p )+,�.')YR�9�76.S35:>,�Q>.SDF&�9+$5)�1�9+)�<�:K$')sM�.S7�$�:>i_469+)�76,�.�®�(�4�h�,�)�.S(�: ,�.S9�:l1�: 3;$5)�7lX�V�\[V�Z_¯£(�7°9�:0<�g�:K±�,�7
®�TWV�\[V�² BIp ¯

G0 → G1 → · · · → Gs.5*-,�$j<6*>,�.5$':>,�$'.%.5&�3
π−1(x̄) B c 3%(£G¤:>1�3;n6.%9�76.%3;46.5&�9+$': $5.%(�7�9�:m1�:>3}$')+7bX�V�\[V�Z£R <676.%3': ,�Q-.%1�: 3': DEn�$53576,8$7�?�: <�$'76D276,8$09YG¤76,�.576DFi�9�7

C/Γn,0 B
³ 7´.'<tg�46Dr:

A∗
g,n, 0

76.5$N(�*>,�<oDF&�,�)m(£GI&�,�7o.;$'35: $5)+h�<�:K$')+*-,µ)�,�(�7�?A467o1�: 3
C/Γn,0 B�¶ * $'*>,�.

ZV ′9�:·.;$53':K$'7�(�7
A∗
g,n, 0

1�: 3': DE4�$535467�1�: 3
V ′ ∈ C B P�*-)s$ x̄ &�,¸1�*>)�,�$qQ>46*-D24�$'3;)�^�&�7r(�7

ZV ′ B�¶ *>$5*-,�.76,�<6*-3;7
x̄
9YG¤&�,�)+^�&�7a1_*-)+,8$0Q>46*-D24�$'3;)�^�&�7a(�7a9�:Oh�i�3;7a(�7

πV ′ : AV ′, n,0 −→ A∗
g,n, 0

76,
x̄ B�¶ * $'*>,�.

ÔA∗
g,n, 0 , x̄9�7b<�*>DE1�9+4�$'4a(�&=9+*�<�:>9+)�.54a.;$535)+<�$

OA∗
g,n, 0, x̄

(�7
A∗
g,n, 0

7�,
x̄
7�$

B̂V ′, n,0, x̄9�7N<6*>DE1�9+4�$'4�M�*-3;DE769°(�7
BV ′, n,0 × Spec(OAV ′,n,0, x̄

)
9�7N9�*>,�Q¹(�7N9�:´h�i�3;7U(�7

BV ′, n,0 → AV ′, n,076,
x̄ B

uFv�w>xWw�yKz|{}z5w�~��%�Y�
��º BS� »t�S�;�-�������a�@�¹���¼�K�����|��½������r�O¾'� ���K���H¿����
ÔA∗

g,n, 0 , x̄
∼−→


 ∏

λ∈SV ′,n,0 ∩ C(V/V ′⊥)∨

H0
(
B̂V ′, n,0, x̄ , L(λ)

)



Γn,0

¿��@�%����� �����°�@�o���¼�K�r�K����½��������
ÔZV ′ , x̄

∼−→ ÔAV ′, n,0 , x̄
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')(+*-,�.�/+02143&0256,�.	798 :);=<?>�@4A�BDCFEHGJI K6K6KML�N$O?NQPSR6TVUW;X<&Y�Y�Z�<?[]\�^?_`>�UaZ�b ÔA∗
g,n, 0, x̄

Z�Bcbed$B4^?_`^?@4>�f�Z
g U2;=<?Y�Y�Z�<?[Dh�Z�Bjik^lY�\�b4d$^?Y�Bm@4n�o?[�U$daA�@4Z�BmB4[�@jU$Zp\�^?_`>�U$n�b4n)ik^?@4_qZ�Urh�Z Ag,n, 0 UaZpU$^?Y�o�h�Z

π−1(x̄)
Ntsu<

>�@4^?>v^lB4dwbxda^lY)y{z�|�z�}9_`^?Y�b4@4ZV~�[�Z
π−1(x̄)

Z�B4b�daY�\�Ua[�B�h�<&Y�B�U�<
V ′ � B4b4@x<�bxZVh�Z Ag,n, 0×Spec(OA∗

g,n, 0, x̄
)
N

s�;=Z+��d$BcbxZ�Y�\�Z�h�[�>�@cZ�_`daZ�@�daBx^?_`^?@4>�f�daB4_`Z�@cn�Bx[�UwbxZ�h�Z�UW;=daB4^l_q^l@c>�f�d$B4_`Z

M̂V ′, n,0 / ΓV ′, n,0
∼−→ Â

V ′

g,n,0

Z�b�h�[Jik<?dwb�~�[�Z�UW;X<&Y�Y�Z�<?[�h�Z�B�ik^?Y�\�bxda^lY�B�@4n�o?[�U$daA�@4Z�B�B4[�@ M̂V ′, n,0

Z�Bcb
∏

λ∈SV ′,n,0 ∩ C(V/V ′⊥)∨

H0
(
B̂V ′, n,0 , L(λ)

)
.

s{<qB4Z�\�^?Y�h�ZH<?B4B4Z�@cb4d$^?Y�BxZ�h�n�h�[�dwb�h�Z�U$<q>�@cZ�_`daA�@4Z�Z�b�h�[�\�^l@4^?U$U$<?da@4Z�y{zW��z�tz�|�N

�����������W�������J���W�{��� N�� ��,���1�0�,���0
V ′ ∈ C ��� 3�1x ¡/+0W1+56¢£0256,�.¥¤� 

π ¦�� 3 V ′ § /+02143&0� ¨¤�  Ag,n, 0 /S 
© 3�¢£0�,�1£5�/S ª £.«��.D5�/S,�*¬,�1®�¯�5�/+*¬ 

πV ′ : AV ′, n,0
∼−→ ZV ′

7
')(+*-,�.�/+02143&0256,�.	7#8 °�^?dab

V ′ ∈ C
Nu±jY�<-²�[³~�[�ZªU�<e@4Z�Bcb4@4da\�bxda^lY³h�Z

π
g U$<

V ′ � Bcb4@x<�bxZªh�Z Ag,n, 0B4Z)iW<&\�bx^?@4daB¡<&dabmZ�Y«[�Y«_q^l@c>�f�d$B4_`Z
πV ′ : AV ′, n,0 → A∗

g,n, 0

Nt´r<?@jh�n�µ�Y�dab4d$^?Y�TtUaZpB4^l[�B � B4\£f�n�_`<
ZV ′h�Z A∗

g,n, 0

Z�B4b�UW;=da_¬<&olZªh�Z
πV ′

Nu±jY"<�_q^lY�bx@cnq~�[�ZªU$Zª_`^?@4>�f�daB4_`Z
πV ′ : AV ′, n,0 → ZV ′

Z�Bcb�µ�Y�d
¶ d$@4<&b4d$^?Y�Y�Z�U2Nr:);X<&>�@4A�B)U�<¨>�@4^?>v^lB4dwbxd$^?Y¸·tzW��z ¹	zW��T�UaZeB4\£f�n�_`< AV ′, n,0

Z�BcbpY�^l@c_¬<&U2N�±jYºh�n�h�[�dabph�[
B4Z�\�^lY�h¸d$B4^l_q^l@c>�f�d$B4_qZ»h�Z»U�<�>�@c^l>v^lB4dwbxda^lY¼y{z�|tz�¸~�[�Z»U$Z�Bx\¡f�n�_¬<

ZV ′

Z�Bcb-Y�^?@4_`<?UWN¾½jd$Y�B4dWT
πV ′d$Y�h�[�dwb�[�Y�daB4^l_q^l@c>�f�d$B4_`Z�h�Z AV ′, n,0

B4[�@
ZV ′

N
°�^?dab

n′ [�YeZ�Y�b4d$Z�@¿h�dw²�daB4d ¶ UaZj>�<&@
n

_`<?daB¿Y�^lYe>�<&@
p
N�sÀZjBx\¡f�n�_¬< Ag,n′,0

Z�Bcb¿_p[�Y�dvh�;=[�Y�Zm<&\�bxda^lY
h�[Áo?@4^?[�>	Z

GSp2g(Z/n
′Z)

T{Z�b)UaZ¬~�[�^&bxdaZ�Y�b9>�<&@9UW;X<&\�bxda^lY"h�["Bx^?[�B � ol@c^l[�>vZ
Γn,0/Γn′,0

B�;=dah�Z�Y�b4daµ�Z
\�<?Y�^?Y�d$~�[�Z�_`Z�Y�b g Ag,n,0 NVÂV^l_q_`ZJUW;=n�²lZ�Y�b¡<&d$U

Σ
Z�Bcbqn�~�[�da²&<&@4d�<&Y�bqBx^?[�BqU2;=<?\�b4d$^?YÃh�Z

GL(X)
T�UaZ

B4\£f�n�_¬< A∗
g,n′,0

Z�Bcb¬_p[�Y�d�h�;=[�Y�Z¨<&\�bxda^lY¸h�Z
GSp2g(Z/n

′Z)
>�@4^lUa^lY�o?Z�<?Y�b-\�Z�UaU$Z»B4[�@ Ag,n′,0

NVsÀZ
~�[�^&bxdaZ�Y�b�h�Z A∗

g,n′,0

>�<&@
Γn,0/Γn′,0

Z�Bcb�\�<&Y�^lY�da~�[�Z�_`Z�Y�b�daBx^?_`^?@4>�f�Z g A∗
g,n, 0

N
°�d
n ≥ 3

T�d$UVZ+��d$BcbxZ-[�YºZ�Y�bxdaZ�@
n′ > 2pg

√
2p

~�[�dVZ�Bcbph�da²�d$B4d ¶ UaZ->�<&@
n

_¬<&d$B)Y�^lYº>�<?@
p
NrÄ¾Y

>v^lBx<&Y�b
A∗
g,n, 0 = A∗

g,n′,0 / Γn,0 ,^lY�^ ¶ bxdaZ�Y�b�[�Y�ZH\�^?_`>�<&\�bxdwµ�\�<&b4d$^?Y�_`daY�d$_`<?UaZ�h�Z Ag,n,0 ~�[�d�Z�Bcb�daY�h�n�>	Z�Y�h�<&Y�bxZ�h�[�\¡f�^ldQ�Jh�Z
n′ N

Å �?Æº���SÇlÈr�����k�{�6É N�� :jZHU�<q_`Ê�_qZ9_`<?Y�daA�@4Z?T�^?Y»^ ¶ b4d$Z�Y�b�[�Y�Z9\�^?_`>�<&\�bxdwµ�\�<&b4d$^?Y¨_qd$Y�da_¬<&U$ZHh�Z
U2;FZ�B4>�<?\�Z�h�ZJ_`^�h�[�UaZ�B`ol@c^lB4B4d$Z�@`<?B4B4^�\�dan g Ag, 0 NV°�<�h�Z�B4\�@4da>�bxda^lY¸Z�Bcb`_`^?d$Y�B`n�Uan�o�<&Y�b4Z�~�[�Z�\�Z�UaU$Z
h�Z A∗

g,n, 0

\�<&@�daU�ik<?[�b�bxZ�Y�da@�\�^l_q>�bxZ�h�Z�B�<&[�bx^?_`^?@4>�f�d$B4_qZ�B�h�[�\£f�<?_q> Ag, 0 N
±jY³Y�^&bxZ A∗

g,n

U$<�\�^l_q>�<?\�b4daµ�\�<�bxda^lY³_`daY�d$_`<?UaZªh�Z Ag,n \�^lY�Bcbx@c[�dab4Zªh�<?Y�BqC=Ë�ÌªÍ�ÎÀTtÏpNÑÐ�NÑP�R2Nu±jY
@x<&>�>vZ�U$UaZ¬~�[�Z Ag,n, 0 h�n�B4d$o?Y�Z¬U�<�\�^?_`>�<?\�b4daµ�\�<�bxda^lY"b4^l@c^?Ò6h�<&U$Z¬<?B4B4^�\�d$n�Z g

Σ
N�:m<?Y�BHU$Z`b4f�n�^l@cA�_`Z

B4[�da²&<?Y�b�T{Y�^?[�B9@cn�Bx[�_q^lY�BHU$Z�B9>�@c^l>�@cd$n�b4n�B9h�Z`U�<�\�^?Y�B4b4@4[�\�b4d$^?YÁ~�[�Z¬Y�^?[�B�²�Z�Y�^?Y�B9h�;FZ�ÓtZ�\�b4[�Z�@�NusÀZ
\�<?B�h�Z�B�\�^?[�@ ¶ Z�B�Z�U$Uad$>�b4d$~�[�Z�B�n�bx<?Y�b ¶ d$Z�Y�\�^?Y�Y�[�T�^?Y�B4[�>�>	^?B4Z

g ≥ 2
N
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n ≥ 3 ? >�@<ACBD>�EGFHAJI�KLE�MON�PGQSRTMURVKXWVK�>ZY�I�A A∗
g,n, 0 []\ WH^�AOMGF_> `bacAdFZe [ AgfhK�>EGI \ Spec(Z[1/n]) ikj @lMUWVK�FZ>mA�K�F Ag,n,0 MUWVQnQoAnWVI�p-A \ F�acA�KqErA ? AOEGF&KXW \ QoRV@lAGF&>�K�acP [ AGK�aDR K�F�acA Σ is AtQoW \u[ N�>�EGQoA1a6vwWVI�xG@y>zacA Ag,n,0 p-A \ E Ag,n E�vwPGFHAGK]a{A�K|I:K}QoW \u[ N�>�EGQoA1acA A∗

g,n, 0

p-A \ E A∗
g,n i~ WVI \ F8WVI:F

0 ≤ i ≤ s ? @�AJf�x \ P�acAT��W�a��cA
ωi

E�I \ Ag,n,0 E�vwPGFHAGK]a}A�K�I�K�`�R >�ErMOA�R I|>�K�p-A \ EG>ZxG@�AEGI \ A∗
g,n, 0 i s A []\ W�a I�>�F�FHAGK:ErW \ >mAG@ ⊗si=0 ωi

AUEGF�R Q [ @�AzE�I \ A∗
g,n, 0 ? AGF�>�@lACBD>�E�FHAJI:K�>�ErWVQoW \u[ N�>�EGQoA

MUR K�WVK�>ZYGI�A
A∗
g,n, 0

∼−→ Proj

(⊕

k∈N

H0

(
Ag,n,0 ,

s⊗

i=0

ωki

))
.

s AnErMUN�PGQSR A∗
g,n, 0

AOE�F�Q�I:K�>�a6v I:K�AnE�F \ RVFZ> f�MURVFZ>mWVK{@�WrMURV@�AGQ�A�K�F(`#A \ QoPOA [ R \ R Q�P�F \ PUA [ R \ C/Γn,0 �@�R�EGF \ R FHAdR�EOE�WrMG>mPOAd�
V ′ ∈ C

AOEGF�MUR K�WVK�>ZY�I�AGQ�A�K�Fh>�ErWVQ�W \8[ N�Ad� AV ′, n,0 i]j @
ACBD>�EGF8A�I:K1QoW \u[ N�>�EGQoA
MUR K�WVK�>ZYGI�A

π : Ag,n, 0 −→ A∗
g,n, 0 .s v >�QoR��cAd>�K�p-A \ ErA [ R \ π acAz@�R�EGF \ R FZ> f�MUR FZ>mW�K�a�A A∗

g,n, 0

MOWV��KXMG>ZacA�R p-AUMd@�R�EGF \ R FZ> f�MUR FZ>ZWVK�acA Ag,n, 0Y�I:>�AOEGF [ R \ R Q�PGF \ POA [ R \ C/Γn,0 i� PGQ�W�KqEGF \ R FZ>mW�K i�� �h�������D���D�C�����������t�# c¡U�C� A∗
g,n, 0 ��¡ Proj

(
⊕k∈N H0

(
Ag,n,0 , ⊗si=0 ω

k
i

)) ��¢G£
��¤�¥¦¡��d§��d¥Z�������D���D�C�����������

A∗
g,n, 0

∼−→ Proj

(⊕

k∈N

H0

(
Ag,n, 0 ,

s⊗

i=0

ωki

))

��¡�§�¤������� �¨#�¦�]�©§��©ª�«�¨����#��¬6_®��¯X�°k±�²c¤��]�#��¡�³ ´ ¥�´ µ�¥����U� g ≥ 2
9�¶ ¥]���#�C¡���·����C�D¤q³D�#��²�¤�� ωi �#��¢�¡U�# �§�# |¤� }¸_´ ����¨#��´ ¤|�� �³��#�C�U�¦µ�¥��¹��¤�� A∗

g,n, 0 ���-¤�� 0 ≤ i ≤ s
9�º �-�¦¡ j ¥Z�������S�#�C�����- |§�� Ag,n,0 §�´- ��

A∗
g,n, 0

9X» �-�S��� A∗
g,n, 0 �#�C¡� ��-���S´-¥
��¡ A∗

g,n, 0 \ Ag,n,0 �#�C¡�§��J¨#��§��¦�S�# ����¦�D  ≥ 2 ±�¤� ��J¢�³��# �¡U¤��#¥�¥¦�
�G¼:¡��# ��U�¦�D t¥¦��¨�´ ¥��#�S�# �¡�¥¦��µ��C�z§�¤½¸_´ ����¨#��´ ¤ ωi �#�C¡�¤� ���²c¤��-±q��¡�¢#¾D´-¥¦�z· j∗ ωi 9�¿ ´-��§��#�U¨#�# �¡U�-±q�¦¥X��¤qÀ�¡
§������D c¡����#�<²c¤�� ωi ����¢�¡U�# �§�´-¤b¨#�D����¥�¢�¡�¢�§�¤�¥¦��¨�´-¥¦����¢���¡����¦¨�¡l§�� A∗

g,n, 0 �# b¡��D¤q¡l�]�D�¦ c¡l¾D¢#�-�S¢�¡����¦²�¤��
§k�Á¤� �� V ′ £u�C¡��U´ ¡�� 9�» �#¥�´n��¢#��¤�¥Â¡U�d§���ÃZÄk�ÄX�Å 9�ÆdÇ ��¡È§�¤1¨#�D�C�D¥¦¥�´ ���C�d¬(�ÅX�É 9
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(
)+*,).-0/21436587:94;<58=>/?1A@&BDC"9FE GH/$7:@I3JBKEL=NMO365JP,QSRTB
UWVYX[Z]\[^`_`acbedfV<g[Z0X[g[hjijVk\[bml,_Jn:opbmVYg \[hrqsnt_`V<g[ZcocacX[_6ocbsV<g \,hvutX[ixwTVYay\LzkX[b|{2h`ayijh6o]\~}�V<��oph`g[bsa

\[h`Z�Zc_��[^`irn�ZWn<�?^`qsbmh`g[Z�\[^`�Y^`g[^`apn�gko�h`gt\[h`ZWZc_O�,^`ijn<Z�h`gt�<acV<X[{2h`Z�Zch`ixbe�HZyoOn��[qsh`Z`�

(
)+*,)�*,)���;:�&��E P,3j3`BKEL=�MO365JP[QSRTB�3jE P[7:�~94�K3<)�� � VYbmo
S
X[gtZc_��[^`irn��

���c���S�����c�[�" 
¡H¢2¡�¢2¡H¢��F£ ¤¥g¦Zc_��[^`irn¥h`g¦�YayVYX[{?h`Z
G
ZcX[a

S
h`Zyo§Zch`ixbe�HZyopn<�[qmh¨Z`}�bmqKh`ZyoS_`VYixi©X�opn�ocbmw�ª

Zc^`{,n<ay^<ª$qsbmZcZph]\[h]o�«�{?h]l,g[b&ZcX[a
S
ª$h6o¥Zcb&Zph`Z�l,�[ach`Z¥ZcX[a

S
ZcVYgko¥h¬�och`g[ZcbsV<g®\[h]�YayVYX[{?h`ZWl,g[bsZW^6oOn�qsh`Z

{,n<a¯\[h`Z�Zc_��[^`irn�Z�Zph`ixbe��n��?^`qsbmhJg[Z`�

°²±~³<´�µS¶+³· 
¡�¢2¡H¢2¡>¸?�F£ ¹FVYX�oxZc_��[^`irn�Zch`ijbº��n<�?^`qsbmh`g�h`ZyojX[g�Zc_��[^`ijn»h`g��<acV<X[{?h`ZjZch`ixbe�HZyopn<�[qmhY�
� b
S
h`Zyo¼X[g½ocapn�bmo¼\[h®{?V<bsgko¼�<^`g[^`acbmzKX[h

η
h6o
Gη

X[gIZc_��[^`ijnLn<�?^`qsbmh`gIZcX[a
η
zKX[b¥n ay^`\[X[_6opbmVYg

Zch`ijbº�HZyoOn��[qsh¾ZcX[a
S
ª[qsh¾ixVK\[¿`qsh¾\[h]UW^`acV<gt\[h

Gη
h`ZyoWX[gtZc_��[^`ijnxh`gt�<acV<X[{2h`Z�Zch`ijbº�HZyoOn��[qsh¾ZcX[a

S
�

À�h`ijn<ayzKX[VYg[ZÁzKX[h¦opV<X�o�Zc_��[^`irn¼h`g»�<acV<X[{2h`ZÁZch`ijbe�HZyopn<�[qmhxÂrl,�[ach`ZÁ_`VYg[g[h¬�h`ZÁZpX[a
S
h`Zyo�Zch`ijbº�

n<�?^`qmbsh`g~� � VYbeo
G
X[gÃZc_��[^`irn²h`gÃ�YayVYX[{?h`Z§Zch`ijbº�HZcopn<�[qmhÄZcX[a

S
�<Å©}�n<{[ay¿`Z¯ÆÈÇ]É�Ê�ËNÌ4Í¯ÎÐÏK�ÒÑ��ºÏ8ÓÔª�bsq�h¬�bmZyoph

X[g©ZcV<X,Z��HZc_��[^`ijn¥h`g©�YayVYX[{?h`Z
G0 VYX�dYh`ayoS\,n<g[Z G och`qKzKX[h¨{?VYX[a4ocVYX�o s ∈ S ª�qsn¥_`VYix{2V<Zpn<gkoch¨g[h`X�ocach\[h

Gs

ZcV<bmo
G0
s

�,Õ�h]Zc_O�[^`irn
G0 h`ZyoWZch`ijbº��n<�?^`qsbmh`gtZcX[a S _Jn�a�Zch`Z¯l,�[ach`Z�ZcVYgfoW_`V<g[g[h¬�h`Z`�

���c���S�����c�[�" 
¡H¢2¡�¢2¡+Ö,�F£ ¤¥g®Zc_��[^`ijnjZph`ixbe�HZyopn<�[qmh0irn�aczKX[^]ZpX[a
S
h`Zyo¥qNnj\[VYg[g[^`h0\~}ÈX[g®Zc_��[^`ijn

h`g©�<acV<X[{2h`Z
G
Zch`ijbº�HZyoOn��[qsh¨ZcX[a

S
ª:\~}�X[g©Zc_��[^`ijn

H
^6opn<qmh�l,g[bKZcX[a

S
ª:h6oS\~}�X[g[h¨bmijixh`acZcbsV<g

H ↪→ Goph`qmqsh¾zkX[h¾qsh¾zKX[V�opbmh`gko
G/H

ZcV<bmo�Zch`ijbe��n��?^`qsbmh`gtZpX[a
S
�

× oOn�gko�\[VYg[g[^`Z¯X[gtZc_��[^`ijnÃh`gt�<acVYX[{?h`Z¯Zph`ixbe�HZyopn<�[qmh
G
h6o�X[g�ZpV<X[Z��H�YayVYX[{?h�l,g[b~^6opn<qmh

H
\[h
G
ª

qsh�zkX[V<ocbsh`gko
G/H

h`ZyoØZch`ixbe��n��2^`qmbsh`gjZcb,h6o|Zph`X[qmh`ijh`gfo
Hs

ach`g[_`V<gkopayh�_��,n<zkX,h�_`V<ij{?V<ZOn�gkochW_`V<g[g[h¬�h
\[h

Gs

{2V<X[a¥opV<X�o
s ∈ S � � VYbeo (G,H)

X[gDZc_��[^`irn¼Zch`ixbe�HZyoOn��[qsh¦irn�aczKX[^<�2Ù�qFh¬�bmZyoph¦X[g[h©bmZcVY�<^`g,bmh
G0 → G/H

h`gkopayh²Zc_��[^`ijn<Z¨Zch`ijbº��n<�?^`qmbsh`g[Z`� � VYgvg[V8«fn<Xvh`Zyo¨qsh¥�YayVYX[{?h
H ∩G0 zKX[b?h`ZyoÄzkX,n<Zcbº�Ôl,g,b

h6oÚ{[qsn�o§ZpX[a
S
� � V<bmo

(G′, H ′)
X[gxn�X�opachÄZc_��[^`ijnÁZch`ixbe�HZyoOn��[qshÄijn<ayzKX[^ÄZpX[a

S
�Y¤¥g.ÛrÜ:Ý�Þ[ßKàNáÛrâ¯h`gkopayh

(G,H)
h6o

(G′, H ′)
h`Zyo]{,n�a¾\[^6l,g[bmocbsV<g·X[g·ijV<ac{[�[bmZpixhx\[h

G
\,n�g[Z

G′ zKX[bÚh`gfdfV<bsh H \,n<g[Z H ′ �
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.0/2143�5�687,9;:�<�=?>46@3A=B/�C�D�=B1ED�/�C�=FHG,94F�686@3AI�7�6@6JDK1LFM1N=PO

G0 //

��

G/H

��

G′0 // G′/H ′

C�3J687,9;:�<�=?>4683�>QC�3J>4I�<�R�6@F�>Q>43�68=PSTFHU	R�5B=?3�/�>Q>4D�9
S V .0/�3XWY[ZN\!]�^�W`_J3�/!1N9;3 (G,H)

3a1
(G′, H ′)

3�>;1
:�F�9bC�Rac�/�=P1N=?7�/dD�/d687,9;:�<�=?>46@30>ND�9+e43�Ia14=BOfC�3Q/�7[ghF�Ddi�D�FH>4=PS`c�/�=�3a1j:�5?FH1 V�k R�/�R�9NFH5?=B>N7�/�>jlJ:�9;R�>43�/!1j5B31N<�R�7�94m�683@n�opn�oqrFHD�s2>4I�<�R�6@F�>E>43�6@=tSu>;1LFHU�5?3�>E6XFH94i�D�R�> V
vJw)x�yfx�zM{T|}{4x�~����T���T�	�?� V�� � ZMW`_�^�� S � ^�Y[�L��]��X��^�ZM���X�H��� U � ^%Z ��� _����b�!_�^KY[_��!_ S _��

(G,H)_��
(G′, H ′)

�!_ ��� Y[�L��]��X�)Y�_�^2\H�NZ �[� _LYQY�_���W��pY��T�h�a�_NY��X�M�N� � ]LYQY � � S ��  �8�N_LY��p��W`���pWpZM^%¡ U W�^	� � W��
� ^¢WY[ZM�XZM� � ��WY��X_

HomS ((G,H) , (G′, H ′))
∼−→ HomU ((GU , HU) , (G′

U , H
′
U))

£J]��¤Z)^KY��p�4�H�pW`Z)^ ��¥ ¦¨§ FH:�:�5?=BI�FH14=?7�/©C�3j9;3�>;1N9;=?Ia14=?7�/©3�>41ª=?/)e43�Ia14=B«,3¬I�F�9 U 3�>;1ªC�3�/�>N3¬3a1
S
3�>41ª>4R�:�F�9;R V�7,/!14947�/�>®i�D § 3�5?5B3¯3�>;1®>4D�9�e43�Ia14=B«,3 V�° 7,=P1 f D�/@6@7�94:�<�=B>46@3¯C�3 (GU , HU)

C�F�/�>
(G′

U , H
′
U) Vh± 5�=?/�C�D�=B1D�/r687,94:�<�=B>46@3

a
C�3

HU

C�FH/�>
H ′
U ² D�/r687,9;:�<�=?>4683 b C�3 G0

U

C�FH/�>
G′0

U

3a1¯D�/r687,94:�<�=B>46@3
c
C�3

(G/H)U
C�FH/�>

(G′/H ′)U VK¦ 3�>j>4I�<�R�6@F�> H 3a1
H ′ >N7�/!1¬c�/�=?>¬Ra1LFH5?3�>j>4D�9 S ² C�7,/�I a > § Ra1N3�/�Cd3�/³D�/6@7�94:�<�=B>46@3@C�3

H
C�F�/�>

H ′ V´¦ 3�>�>4I�<�R�6@F�> G0 ² G′0 ² G/H 3a1
G′/H ′ >47,/h1J>43�68=PSTFHU�R�5B=?3�/�>�C�7,/�I5?3�>¯6@7�94:�<�=B>46@3�>

b
3a1
c
> § Ra143�/�C�3�/!10>4D�9 S :�FH9¯5?3A1N<�R�7�94m�683¤n�oµn�oq V�± 5f3�s�=?>;1N3�:�F�9¯I�7�/�>4R�i�D�3�/!10D�/6@7�94:�<�=B>46@3�C�3

G0 ×H C�F�/�>
G′0 ×H ′ i�D�=´3�/!«h7�=?3 H ∩ G0 C�F�/�> H ′ ∩ G′0 V	¶J§ FH:�94m�>J·�¸º¹@»�¼ ²:�947�: V[±u½©V¿¾�V?ÀaÁ ² I�7�6@683®5B3®687,9;:�<�=?>46@3ÂC�3 H∩G0 C�FH/�> H 3�>;1´D�/�3Â=?686@3�94>4=B7,/�7,DK«,3�9;143 ² 5?3Âi�D�7�14=?3�/!1C�3

G0 ×H :�FH9¯5?3�G�947,D�:�3�i!D�F�>4=PS`c�/�=f3a1Q:�5?FH1
H ∩ G0 3�>4109;3�:�9;R�>43�/!1LFHU�5?3�3�10R�GhFH5´l G V�± 5f3�/#3�>;1C�3A6@Ã�683A:�7,D�9

G′ V�Ä /�7,UK14=?3�/!1¯F�=B/�>4=�D�/�687,9;:�<�=?>46@3AC�3 G C�F�/�>
G′ i�D�=�Ra1N3�/�C f V

° 7�=B1 (U → S ← S0)
D�/¢7,U!e43a1QC�3J5FXI�FH14R�G,7�94=B3

OuvComp
C�Rac�/�=B3JC�F�/�>Q5?F¤:�FH9;14=?3dn�oÅ�oBÆ V	Ç /:�F�9}1N=BI�D�5?=B3�9 ² S 3�>;1¯D�/�>4I�<�R�6XF�/�7,9;6XFH5fFMÈX/�3AI�7,68:�5?3a1E:�7,D�9 5F�147,:�7�5?7�G,=B3�C�Rac�/�=B3A:�F�9 5 § =?C�R�FH5�C�D>47,D�>}Su>4I�<�R�6@F�OÉ3�9;6@R

S0 V!Ê 7�1N7�/�> DegSt
5FAI�FM1NR�G�7,9;=?3EC�3�>Â>4I�<�R�6@F�>Â>43�6@=tSu>41NF�U�5B3�>Â6XFH94i�D�R�>

(G,H)>4D�9
S
1N3�5B>¤i�D�3

GU

>47�=B1dF�U�R�5B=?3�/ ² i�D�3 GS0

>47�=B1¤G,5B7,U�FH5?3�683�/!1¤3�s�1N3�/�>4=B7,/ËC § D�/Ë>4I�<�R�6@FÌ>43�68=PSF�U�R�5B=?3�/#C�3J:�FH9;14=?3�147,9;=?i�D�3�=?>47H1N9;=B«�=?F�5B3J>4D�9
S0

:�F�90D�/#G�947,DK:	3�c�/�=´Ra1LFH5?3�>4D�9
S0 ² 3a1Qi�D�3 H ∩ G0>47,=P101494=P«�=FH5�F�D�SuC�3�>4>4D�>0C�3

S0 V	¶ 3�6@Ã�683 ² /�7�147,/�> DegStample

5?FXI�FM1NR�G�7,94=B3�C�7,/!105?3�>07,U!e43a1N>0>47,/h1
5?3�>EOÉF�6@=B5?5B3�>

(G,H,L) ² 7,Í (G,H)
3�>;1¯D�/r7,U!e43a10C�3

DegSt
3a1 L D�/�OÉF�=?>4I�3�FHDr=?/!«,3�94>4=BU�5?3�I�D�U�=B>;1N3>4D�9

G
·�¸º¹@»�¼ ² C�RaO V¬±LVÏÎ�VÑÐ�VtÒ[Á 943�5?FH14=B«,3�6@3�/!12FH6@:�5B3Ó>4D�9 U V ¦ 3�>³687,9;:�<�=?>46@3�>dC�3Ó5FÔI�FM1NR�G�7,9;=?3

DegStample

943�>4:�3�Ia1N3�/h1¯5B3�>EOÉF�=B>NI�3�FHD�s2943�5?FH14=B«,3�6@3�/h10FH6@:�5?3�>E>4D�9
U ² C�7�/�IA>N7�/!1EC�3�>¯=B>47,G�R�/�=?3�> V° 7�=B1 (G,H)

D�/Ô7,U!e43a1©C�3
DegSt Vª¦ 3¤>4I�<�R�6XF GU/HU

3�>41©F�U�R�5?=B3�/Ô>ND�9
U ² C�7,/�IdF�C�683a1©D�/OµFH=?>4I�3�FHD�F�68:�5?3¬9;=?G�=?C�=Pc�R LU :�FH9j·ÖÕ¤×!ØªÙKÚ ² ½Q±�VÏÎ�VÑÐ 3�1�Û ±�VBÀ,VÑÐ�ÁpV,Ü 3bOµFH=?>4I�3�FHD©> § Ra143�/�C©3�/©D�/JOÉF�=B>4I�3[FHD=?/h«h3�9;>N=BU�5?3r9;=?G�=?C�=Pc�R L >ND�9

G/H Vb¶©§ F�:�9;m�>¢·Ñ¹©Ý)ÞK»�Å ² :�947�: VjÎ�VÑÐ�Á ² L 3�>;1¤6JD�/�=¯C § D�/�3#>;1494D�Ia1ND�9;3I�D�U�=?>;143�I�FH/�7�/�=?i!D�3 V�¦ 3A6@7�94:�<�=B>N683 f : G→ G/H
3�>;1Ec�/�=�3a1¯5B3AOµFH=?>4I�3�F�D

f ∗L >ND�9 G 3�>;1¯6JD�/�=
C�3E5?F�>41494D�Ia14D�943 I�D�U�=?>;1N3 7,UK143�/�D�3E:�FH9Â=B6XFHG,3 =?/!«,3�94>43 Vh¶J§ FH:�94m�>¯·Öß�à³áãâpâ Ð�V�äKV�åHÁ ² 5B3 OµFH=?>4I�3�FHD f ∗LU
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,.-0/210,.3&45/7698:,.;<,.=>/?4@;BA�3%,C-�D�1 U E F =G,.=IH�J.H�D�69/2K>D�,C3ML�N�D�O�3P6�H�, L H�JRQ�=�69/2D�=�STN*=�UR/7,RD�1

DegStample −→ DegSt

KVD�6W,.-0/C,.-�-�,.=>/76%,.3P3%,.;B,.=:/C-7D�1�X�,.UR/�6%S EZY ,[STN*=�UR/7,.D�1\=�L�,.-�/CA�4@-CA�3%,.6P=�,.;<,.=>/\Q�H�].3P,[A�D�6P-�KVD�,[3P,.-\;BN*1_^A�`�6P-�;<,.-aH�,b3P4<U�45/7J.c*N�106P, DegStample
-�N*=>/2H�,.-a6%-7N*c�J.=�6%,.- E

dfe*gih�jlk�mnepo�qsr�qtr�quo Ewv x D�A�A N�-�N*=�-yK>D�, S -�N�69/yD�=z/�174@6%/{H�,|A�N*6P=:/{ST,.10;BJ S0 E<x N�6%,�=:/ GD�=|-7U}`�J.;f4i-�,.;<69^s-0/}4@O�3P,~-�D�1 S KVD�6�,.-0/�4@O�J.3%6P,.=|-�D�1 U ,R/ LU D�=�S�4@6P-�U.,�4*D|U.D�O�6%-�/�,~-7D�1 GU E� L�4@A�1�].-������B�	��� /�` E����}E%��E%�.� ��6%3w,��"6%-0/7,�D�=�,�N�O�-0/�1�D�UR/76%N�=��fJR/7,.=�H�10, LU ,.=~D�=�S�4@6P-�U.,�4*D~U.D�O�6%-0/7,
-�D�1 G E\Y ,R/0/7,!N�O�-0/�1�D�UR/�6PN*=�U.N*1�10,.-�A�N*=�H���D�=�,{4@A�A�3P6%U�4@/�6PN*=�KVD�4*H�1�4@/�6PKVD�,!-�D�1�3%,ic*1�N*D�A�,!H�,.-
U.N�;<A N�-74@=>/7,.-2U.N*=�=�,��",.-2H�, GS0

E � N�D�-?4�8:N*=�-2;BN*=>/�1�JbK>D�,bU.,R/�/�,�4*A�A�3%6PU�45/76%N�=G,.-0/2=VD�3%3P,b-�6 G ,.-0/
;�D�=�6H�L�D�=I;f4@1�KVD�4@c�,CA�4@1 H ,R/2-�6 LU H�,.-�U.,.=�HG� GU/HU E
���M���&������	 T¡�¢�£>�	¤¥�¢�¤Z¦n T¡R§l£V¡B¡�¤Z¨ª©T£V¡ 1 «}¬p §® °¯t¡*�²± x N�6%,.=>/ S D�=G-�U�`�J.;f4³��,R/ M = [Y

i→ G̃],R/ M ′ = [Y ′ j→ G̃′] H�,.D³� 1 ^s;BN@/769ST-a-�D�1 S E
´�µ�¶\·n¸t¹_¸�º�·»o�qsr�q�¼½qsr Ewv ¾ =�, Gm

^sO�6P,��³/�,.=�-�6PN*=BH�, M ,R/ M ′ ,.-0/¿D�=�,ÀST4*;B6%3P3%, (E , t, t′) ��N*Á E ,.-0/D�=�, Gm
^sO�6P,��³/�,.=�-�6PN*=BH�, G̃ ,R/ G̃′ ��N*ÁB3�L�6%-�N�;<N�10A�`�6P-�;B, t ,.-0/¿D�=�,À/�1�698³6&4@3P6%-74@/�6PN*=BH�,À3&4\O�6%,R�V/7,.=�-�6%N�=

(i× Id)∗E ,./aN�ÁI3�L�6%-�N�;<N�10A�`�6P-�;B, t′ ,.-0/aD�=�,\/�1�698³6P4*3%6P-74@/�6PN*=IH�, (Id× j)∗E /�,.3P-aKVD�,
(Id× j)∗ t = (i× Id)∗ t′ .

x 6 Biext1(M,M ′ ; Gm) H�J.-�6Pc*=�,\3P,Âc�10N�D�A ,\H�,.-ÀU.3P4*-�-�,.-ÀH�L�6%-�N�;<N�10A�`�6P-�;<,\H�, Gm
^sO�6%,��³/7,.=�-�6%N�=�-

H�, M ,./ M ′ ��N*=Ã4 Biext1(M,M ′ ; Gm) ' Hom(M ′,M t) A�4@1[����£V¨5Ä�����Å EÇÆVE Å �ME�� 3n,��"6%-�/�,�H�N�=�UD�=�,�ÈRÉuÊ_Ë�ÌÍÊ�Î"Ï�ÉuÐ5ÎpÑ:Ê\ÒaÐ5É°Î�Ó�Ô@Õ}Ö PM H�, M ,R/ M t ��KVD�6U.N*1�10,.-�A�N*=�HG�<3�L�6%H�,.=>/769/7JCH�, M t E
� N*/�N�=�- m � p ,R/ q 3&4!;�D�3%/�6PA�3%6PU�4@/�6PN*=|,R/ª3P,.-ªH�,.D³�×A�1�N®X�,.UR/�6PN*=�-ªH�, G̃ × G̃ -�D�1 G̃ E#Ø N*-�N�=�-

Λ(L̃) = m∗L̃ ⊗ p∗L̃−1 ⊗ q∗L̃−1 A�N*D�1B/�N�D"/BS�4*6%-�U.,�4*D×6%=>8:,.10-76%O�3P, L̃ -�D�1 G̃ E�F =×1�4*A�A ,.3P3%,GKVD�,
H�L�4@A�1�].-f����¨®£"�	Ù��A�1�N*A EnÆVE�Ú*� �½3P4IU�45/7J.c*N�106P,BH�,.-CS�4*6%-�U.,�4*D³�ÃU.D�O�6%-0/7,.-b-�D�1 G̃ ,.-0/bJ.KVD�6%8@4@3P,.=>/�,f�I3P4
U�4@/�J.c�N*1�6%,CH�,.-ÀS�4*6%-�U.,�4*D³��6%=>8�,.1�-�6PO�3%,.-a1�6%c�6%H�6%Q�J.-a-�D�1 G̃ E
´�µ�¶\·n¸t¹_¸�º�·»o�qsr�q�¼½qT¼ Ewv ¾ =ÃST4*6%-7U.,�4@DpU.D�O�6P-0/�,B-�D�1 M ,.-0/bD�=�,<S�4@;B6%3P3%, (L̃, s, t) �½N*Á L̃ ,.-�/bD�=
S�4@6P-�U.,�4@DÃU.D�O�6%-0/7,[-�D�1 G̃ ��N*Á s ,.-0/CD�=�,�/�1�698³6&4@3P6%-74@/�6PN*=�H�D�ST4*6%-7UR,l4@D�U.D�O�6P-0/�, i∗L̃ ,R/CN�Á t ,.-0/CD�=�,/7106%8V6&4@3P6%-74@/76%N�=IH�,C3P4<O�6%,��³/�,.=�-�6%N�= (Id× i)∗Λ(L̃) /7,.3%3P,CK>D�, (i× Id)∗t = Λ(s) E
Û =�A�4@10/�6PU.D�3%6P,.1R��-�6 L̃ ,.-0/ÂD�=~S�4@6P-�U.,�4@D�U.D�O�6%-�/�,�-�D�1 M ��N*=�H�6P-�A N*-7,�H�L�D�=�,�4*UR/�6PN*=�H�, Y -�D�1 L̃U.N�;<A�4@/�6PO�3%,b�<3�L�4@UR/76%N�=IH�, Y A�4@1À/�174@=�-73P4@/�6PN*=I-�D�1 G̃ E

dfe*gih�jlk�mnepo�qsr�q�¼½qMÜ Ewv x D�A�A N�-�N*=�- i : Y → G̃ 6%=®X�,.UR/�6%8�, E � L�4*A�10].-G3P,�/�`�J.N�10].;B,ÃH�,pH�,.-_^
U.,.=>/�,ª����¨®£"�	Ù���Å EP��Ý@� � 3&4fH�N*=�=�J.,�H�L�D�=GS�4@6P-�U.,�4*D�U.D�O�6P-0/�,�-�D�1 M J.K>D�6%8@4*D"/Â�fU.,.3%3P,�H�L�D�=�ST4*6%-�U.,l4@D
U.D�O�6P-0/�,C-�D�1a3P,\ST4*6%-�U.,�4*D H0(M) E
x N*6%/ M D�= 1 ^s;<N*/�6%S¿,R/ L̃ D�=�S�4*6%-�U.,�4*D~U.D�O�6P-0/�,�-�D�1 M E�Þ ,�S�4@6P-�U.,�4*D Λ(L̃) ,.-0/Â=�45/7D�10,.3P3%,.;B,.=:/;�D�=�6VH�L�D�=�,²-0/�1�D�UR/�D�1�,²H�,ßO�6P,��³/�,.=�-�6PN*=�H�, M ,R/ M E®� 3V,��³6P-0/7,ßH�N�=�UßD�=�;BN*1�A�`�6%-�;B, λL̃ : M →M t
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Λ(L) = (Id × λL̃)∗ PM 5�687:9�; .<2!4�/ L̃ />=?.A@CBED�FGH=04�I M =>J ; 13/�=?.<K�LAM�1N/H=O4�I G̃ 5	P K 7 =Q / Q K�=�R�1N/SLAT,I?M�U ; =OLV/ λL̃ /�=?.W4 7 /SM�T,1NK�I ; =0KX. ; T 7�9 / M 5
Y�Z\[�Z]�Z_^a`�bdc3e�f3gihj`�bdk(e�l)mjnobdc3`qprfsk(nte�uXcaZwv x T�LVLA/ 7�y T 7 =zM�KCI 9�{}|�7�; IV1NK 7 T�. ; T 7~9 /
9 T,4���1�/aLAT�. ;�� =O4�I�4 7 = Q U { LzK S 5C687 I0KCM�M	/�1�1N/�2�4�/�1N/ 7 T)��K�4 Ker(f) 9 J�4 7 / ; =OT,� {�7�; / f : M1 →M2/ 7 .OIO/ 1 � LVTC. ;�� =�=04�I S /�=?.�LH4 7�;<9 J�4 7 / | 1�.0IOKC. ; T 7�� .OIOT ; = Q I0K 7 = 5W687�9�; .�2�4�/ f /�=?.����o@CFG�= ;
Ker(f) = GrW2 (Ker(f)) 5�P K 7 = Q / Q K�=�R	1�/H�,I?T,4�M�/ Ker(f)

/�=?. |�7�;3{ .0K�1�/H=O4�I S 5�� K_I { Q ; M�I?T�2�4�//�=?. � K�4�=O=O/ Q KCI�1N/8��IOT�4�M�/ |�7�; /}.�M�1NKC. Ker(f)
/�=?. { .0K�1�/8M�T,4�Ia.0T�4�.0/ ; =OT,� {�7�; / f 9 / 9 /��,I { M�I?/�L ; /�IK�4�� Q K�IOK Q . { I ; =O. ; 2!4�/�=WI { = ;N9 4�/�1�1N/�= 9 /�=�M�T ;N7 .0= 9 / S 5

���O���i�o ¡�O¢��¤£�¥t¦	¥¨§�¥t¦ 5s© ªE7�9 T,4���1�/«LVTC. ;�� =O4�I S /�=?.W4 7 / � KCL ; 1N1�/ (M1,M2, f)
R�T,¬

M1
/}.
M2=OT 7 . 9 /�4�� 1 � LVTC. ;�� =�=O4�I S /}. f 4 7 / ; =OT�� {�7�; / { .KC1N/ 9 / M1 9 K 7 = M2 5

687 M�/�4�. ®�T ; I�4 7�9 T�4���1N/SLAT�. ;�� M1
f→M2

Q T�LVLA/S4 7�9�; KC�,IOK�LALV/ Q T�LVLH4�.KX. ;��
Y1

f

��

// G̃

Y2

??��������

T,¬¯1\J�T 7 K(M�T�= { M1 = [Y1 → G̃]
/}.
M2 = [Y2 → G̃] 5w687~9�; .z2�4�/ G̃ /�=O.z1K&M�K�I¡. ; /%°±G�B³²j´@�µ���F¶²¨G�·�·	G 9 / M1 → M2

R�/}.E2!4�/¸1¹J ;�7)º / Q . ; T 7:� Q T 7 T±�!KC4 |�7�;�9 / Y1 9 K 7 = Y2
/�=?.W=KAM�K�I¡. ; /����o@CFG 5

ªE7 Bz»X¼tD�½�²°�BzG 9 / (M1 →M2) 9 K 7 = (M ′
1 →M ′

2)
/�=?.W4 7�9�; K���I0KCLVLV/ Q T�LVLH4�.0KC. ;��

M1
//

��

M ′
1

��
M2

// M ′
2

ªE7¾9 T,4���1N/�LVTC. ;�� @CBED�FG�/�=O.A1NK 9 T 7�7�{ / 9 J�4 7¾� K ; = Q />K�4 Q 4�� ; =?.0/�K�LAM�1N/�=O4�I¿4 7À9 T�4���1N/�LAT�. ;��o5Á T ; . (U ↪→ S)
4 7 T,� º /}. 9 /¸1NK Q KX. { ��T,I ; / Ouv 9�{�|�7�; / 9 K 7 =W1NKVM�K�I¡. ; /VÂ 5ÄÃ�5	687 IOK�M�M�/�1�1N/ÆÅ 9�{}|�7�; �. ; T 7 [�Z]�Z¹[�Ç 2�4�J�4 7 1 � LVT�. ;���9 /_È�4�L � T,I 9 =O4�I (U ↪→ S)

/�=?.«4 7 1 � LAT�. ;�� =04�I U 9 T 7 .S1K�M�KCI?. ; /
{ .KC1N/S/}.�1K¿M�K�I¡. ; /S=O/�L ; � K�� { 1 ; / 7�7 /S=0/SM�I?T,1�T 7 ��/ 7 .�=04�I S 5
���O���i�o ¡�O¢��¤£�¥t¦	¥¨§�¥ÊÉ 5s© ªE7�9 T�4���1N/SLAT�. ;��i9 /HÈ�4�L � T,I 9 =04�I (U ↪→ S)

/�=?.�4 7 .0I ; M�1�/�.
(G̃ , Y1 → Y2 , M1, U →M2, U) ,

T,¬
G̃
/�=O.A4 7 = Q U { LVK%=O/�L ; � KC� { 1 ; / 7À9 /�I0K 7 �%.0T�I ; 2�4�/ Q T 7 =?.0K 7 .A=04�I S RËT,¬ Y1

/}.
Y2

=OT 7 . 9 /�=I { =O/>KC4��Ì=O4�I S L³4 7�; = 9 J�4 7 / ;�7)º / Q . ; T 7¾� Q T 7 T±�!KC4 |�7�; Ri/}.¿T,¬ M1, U → M2, U
/�=?.¿4 7¾9 T�4���1�/LVTC. ;�� =O4�I U 9 /SM�KCI?. ; /S=O/�L ; � KC� { 1 ; / 7�7 / G̃U

/}. 9 /«M�KCI?. ; / { .0K�1�/ Y1, U → Y2, U 5
� K 9 T 7�7�{ / 9 J�4 7¾9 T,4���1�/�LAT�. ;��W9 /ÍÈ�4�L � T,I 9 /�=?. { 2�4 ; ®CKC1N/ 7 .O/ � Q /�1�1N/ 9 JÄ4 7 / ; =OT,� {�7�; / { .K�1�// 7 .OIO/ 1 � LVTC. ;�� = 9 /ÆÈ�4�L � T,I 9�5i687 K�M�M�/�1N1�/ 9 T,4���1�/VLAT�. ;���9 /_ÈÍ4�L � T�I 9 @CBED�FGV1K 9 T 7�7�{ / 9 JÄ4 7

9 T,4���1�/wLAT�. ;���9 /�È�4�L � T�I 9 M1 →M2
/}. 9 J�4 7H� K ; = Q />K�4 Q 4�� ; =?.O/�K�LAM�1N/ L̃ =O4�I M2, U 5 x / � K ; = Q />K�4
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.-/�0�13254�687:9<;�=%6>2-?�@A4B6-C�D�2�/�EF=37G;�7*EH4B1%6>2�6-981JIK7:0�@-=%136-C�C�6LD�6 M1 → M2
;�7:E>MONQP<R	S�T�U�UWVOX"V�Y�V[Z]\^T�6-4

D�@A_�C�1%4`/�C�6a; b�=37*E�1%2B7:4�13b*C λ2
D�6 M2

V
c b*136-Cd4 (U → S ← S0)

/�Ceb*0gf56A4hD�6i=378.�7:4�@-j�b*E�1%6 OuvComp V	klCmD�b�/�0�=36a98b*4�1%noD�6qpe/�9>nrb*E�D
7*98;�=36 (M1 → M2 , L̃) 2B/�E (U ↪→ S) 6-254as�tvu�wyx^w z{E56-=&7|4B1J}d6-986-C~4q� S0

2�1�=36 1 I�9<b:4B1Jn�D�6Gpm/�9>I
nrb*E�D�;�b*=&7:E�1%2�@ (M2, λ2)

6-254F;�b*2�1%4�1%n�7*/�2�6-C�2FD�6L=37�D�@A_�C�1%4�13b*C{�������J������V��lb:4Bb*C�2iZvI Mumample,+
=37

.�7:4�@-j�b*E�1%6�D�6-2�D�b�/�0�=%6-2�98b*4B1Jnr2�D�6ipm/�98nyb�E5Dm7*98;�=36-2�6A4�;�b*2�1%4�1%ny2�2�/�E (U → S ← S0)
V���6F9<�-986�T

C�b*4�b�C�2�ZvI Mum+
=37�.�7:4�@-j�b*E�1%68D�6-2�D�b�/�0�=%6-2a9<b:4B1Jnr2�D�6�pm/�98nyb�E5D�2�/�E (U ↪→ S) 7:D�9<6A454W7:C~4a/�Cn�7:132�.-6�7:/m.�/�0�1%254B6i7:9<;�=%6a�g/�1=%6-2`E�6-C�Dm; b�2�1J4B1Jnr2-V���1%C�2�1^T�=36�nrb*C�.A4B6-/�E�D�?Ob*/�0�=31

ZvI Mumample,+ −→ ZvI Mum+

6-254o6-2�2�6-C~4�136-=%=36-986�Cd4o2�/�E�f�6-.A4B1Jn�V|UK=~C�?O6-254o;�7:2�;�=36-1%C�6-9<6-C~4�_�D��-=36�.�7*E�=%6-2o98b�E5;���132�986-2oD�6�=37l.�7|4B@-j*b�E5136
ZvI Mumample,+

2Bb*C~4mD�6-2�1%2Bb*j�@-C�1%6-2-V`��7:C�2m=%6�E�6-254�6�D�6�.-6A454B6�;�7*EH4B1%6*T�C�b*/�2�.-b*C�2�4�E�/�1%2�b�C�2�D�6-/��
nrb*C�.A4B6-/�E52

Z�I Mumample,+ −→ DegStample

ZvI Mum+ −→ DegSt

6A4�C�b�/�2Q9<b*C~4BE5b�C�2Q�g/�?O1%=32QE�@�7:=31%2B6-Cd4�D�6-2�@-�g/�1J}*7:=36-C�.-6-2QD�6�.�7|4B@-j�b*E�1%6-2-V��hb�/�2Q2B/�1J}db*C�2�D�6
;�E��-2iM��� >¡�¢£T�.���V�U�U5UK\6A4�M�N�¤�¥{¦	§"¨�\^V

S��^���J�£��Nª©£«£¬�y®°¯]®gy±�²v³�´�®g¥µ®g¶�²¸·�© ¥µ¹oy®~²���º »�CmD�@A_�C�1J4hD�?O7*0 b�E5Dm/�C�6i7:;�;�=31%.�7:4�13b*CmD�6a=�?O6-C�I
2�6-9q0�=36�D�6-2b�0~f�6A4B2D�?O/�C�6¼2Bb*/�2HI�.�7:4�@-j�b*E�1%6�D�6#Z�I Mumample,+

D�7*C�2£=�?O6-C�2�6-9q0�=36¼D�6-2£b*0gf�6A4�2£D�6 DegSt Vc b�1J4 (M1 → M2 , L̃) /�C½D�b*/�0�=36�9<b:4B1Jn`D�6mpm/�98nyb�E5D{7:9<;�=%6G6A4L; b�2�1J4B1Jn`2�/�E (U → S ← S0)
V

�lb:4Bb*C�2 G̃ 2B7�;�7:E54�136m2�6-9<1¾IK7*0 @-=31%6-C�C�6*T��g/�1`6-254¸D�6eE�7*C�j�4Bb*E�1%�g/�6e.-b*C�254W7:C~4¸2�/�E S V�UK=`6-254¸D�b�C�.j�=%b�0�7:=36-986-C~4`6���4B6-C�2�1%b�C
0 −→ T −→ G̃

π−→ A −→ 0
D�?O/�C¿2�.���@-9<7�7*0 @-=31%6-C A ;�7:Eq/�C!4Bb*E�6 T 2�/�E S V¼»�C¿C�b*4�6 X =36�j�E5b�/�; 6�D�6-2L.�7*E�7*.A4��-E�6-2qD�6 T V»�C½D�1%4>�~/�6 M1 → M2

6-254eÀdÁKs Â&t|ÃdÁ�2B1 T 6-254>/�C¿4�b�E�6GD�@-;�=%b]Ä�@�2�/�E S T�2B1 Y2
6-254>/�C¿n�7*1%2�.-6�7*/

@A4W7:=36i.-b*C�254W7:C~4l2�/�E S 6A4l2-?�13=6��"13254�6�/�Cmn�7:132�.-6�7:/e.-/�0�1%254B6�7:9<;�=%6 M 2B/�E A 6A4l/�Ce132�b*9<b*E�;���1%2�9<6
L̃ ∼→ π∗M V�Å6-2�D�b*/�0�=36-2#9<b:4B1Jnr2#D�6apm/�98nrb*E�D�7:9<;�=%6-2�Tg;�b*2�1%4�1%ny2�6A4#D�@-;�=3bvÄd@-2�nrb*E�986-C~4�=%6-2�b*0gf56A4B2
D�?O/�C�6a2�b*/�2HI�.�7:4�@-j�b�E5136a;�=%6-13C�6qZ�I Mum

depl
ample,+

D�6qZ�I Mumample,+
V

c /�;�; b*2Bb*C�2l�~/�6 (M1 → M2 , L̃) 2�b�1J4lD�@-;�=3bvÄ�@*V�»�C�7:;�; 6-=3=%6�Á�xKt|wyÂ&Æ�D�6 X 4Bb*/"4l2�b�/�2HI�6-C�2�6-9q0�=36
E ⊂ X 4�6-=o�g/�6 0 ∈ E T�4�6-=��g/�6 −E = E 6A4F4�6-=o�~/�6 E 6-C�j*6-C�D�E�6 X .-b�989<6Lj*E�b*/�;�6>7:0 @-=31%6-C�V
�lb:4Bb*C�2 φ : Y2 → X =37�;�7*EH4B1%6q@A4W7:=36qD�6q=37�; b*=&7:E�132B7|4B1%b�CÇ7:2�2Bb~.-13@-6L� L̃ 6A4 B2 : Y2 ⊗X → DivS=^?O7*;�;�=%13.�7|4B1%b�C<0�1%=31%C�@�7*1%E�6h7:2�2Bb~.-13@-6h� M2

;�7*E¼=&7�;�E�b*; b�2�1%4�13b*Ce�������&S�����V�»�C<D�1J4��g/�6 (M1 →M2 , L̃)}d@-E51%_�6a=378.-b*C�D�1%4�13b*C (∗) 2-?O1%=6��"1%254B6a/�C�6a@A4�b�1%=36 E D�6 X 4B6-=%=36a�g/�6a=%6aD�1%}g132�6-/�E

B2 (y, φ(y)) + B2 (y, x)

2�b�1J4`6AÈ�6-.A4B1Jno; b*/�E�4Bb*/"4 y ∈ Y2
6A4�4Bb*/"4 x ∈ E V »�C�C�b*4�6�ZvI Mum

depl,∗
ample,+

=&7L2Bb*/�2HI�.�7:4�@-j�b*E�1%6a;�=%6�1%C�6
D�6qZvI Mum

depl
ample,+

nrb�E59<@-6aD�6-2`b*0gf�6A4�2`�g/�1�}�@-E�1J_�6-C~4`=&78.-b*C�D�1%4�13b*C (∗) V
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(M1 → M2 , L̃)
281�9;:6/�4<1,=!>87?:A@�7CBED

Mum
depl,∗
ample,+ FHGJILK 0�MON�2QPSR TVU�W�X

0�M81�0 F�YOY8YZF\[�F\[^] X�_;7 1
Da`b1c:39edf@�7Vg�/�`Vdh1,MO@

(M2 , L̃) K @�`i7?:j/�4lknmEo!p�qrtsZr�qvucwyx{z�r�k|r~}�w��Zm^kj��qr~wyX�5!/�9� 1,4�289;2O:37�7�4�_ K @�1,4�4���79{��@ I /�4�2 ��� ��` K π : P̃ → A
9v4�:3N���M87�_v1 � K _v7�`i7�4!:j@�7�:���0	7���4�9�5�/�9 � 1�4!:39;7�4!: G̃ � 1�`b`i7t1�/���7�M�:@�7�4�287�X

9;9{��@ I /�4Hd K 9;2 � 7 K /�9v4���7�M8289;=�_v7 L̃ 28/�M P̃ 5!/�9��?:87�4�@�_;7�d K 9v2 � 7 K / � /�=�9;2O:37 L̃ 28/�M G̃ X9v9;9{��@ I /�4�7 K � :39;1,4�@�7 G̃ 28/�M
P̃
5!/�9��?:87�4�@�_ I\K � :39;1,4�0 K M :8M K 4�28_ K :39;1,4�28/�M G̃ X9e����@ I /�4�7 K � :39;1,4i@�7 Y2

28/�M
P̃
5!/�9��?:87�4�@i_ ILK � :89v1�4i28/�M U 0 K Mf:8M K 4�28_ K :39;1,4Hz�x�u Y → G̃U � _ I\K � :39v1�4@�7

y ∈ Y 7�2O:�4�1�:8��7
Sy
X

����@ I /�4�7 K � :39;1,4�@�7 Y2

28/�M L̃ � 1�`b0 K :39;=�_v7��#_ K 0�M8� � ��@�7�4!:87|7?:J5�/�9��?:87�4�@�_ I\K � :39;1,4�@�7 Y 28/�M
L̃U � _ ILK � :89v1�4�@�7 y 7�2O:�4�1c:3��7 S̃y X��9{��7?:�@ I /�4�7 K � :89v1�4�@�7 G̃ 23/�M N = L̃⊗π∗M−1 � 1�`b0 K :39;=�_v7��t231�4 K � :39;1,4|28/�M P̃ X�5�/�9�����MO9;��7�4�:_v7�2 � 1�4�@�9;:89v1�4�2�28/�9e� K 4!:87�2� ��9;_�7~��9;28:87�/�4 1�/���7�MO:

U
@�7
P̃
@�7¡:���0	7¡��4�9�28/�M

S
7?:¢9v4�� K M89 K 4!:£0 K M G̃ :37�_�5�/�7 P̃ = ∪y∈Y2

Sy(U)
X

B,� L̃ 7�2O: K `b0�_;7 28/�M P̃ @ K 4�2¤_;7 287�4�2¤1,¥V_v7�2¤287 � :39;1,4�2¤@�7 L̃n @��?��4�9v28287�4!:¤/�4�7 = K 237¦@�7 _ K :31�0�1,_;1,��9v7@�7 § K MO9v28¨�9�@�7 P̃ 0�1,/�M
n ∈ N

X
[ ��:81,/�: v ∈ Σ(G̃/S) K @�`i7?:�/�4 � 7�4!:3MO7 28/�M P̃ 289©7?:ª287�/�_v7�`i7�4!:�289£0�1�/�Mj:81,/�:

x ∈ X X�9v_©7~��9;28:87
y ∈ Y2

:87�_�5!/�7
v(Iy,x · (Ox)cv) ≥ 0 F

GªK 4�2¤_ K � 1�4�@�9;:89v1�4 [ X Σ(G̃/S)
@���289v��4�7�_ K 28/�MOd K � 7 @�7�§ K MO9v28¨�9«D¬�9v7�` K 4�4i@�7 G̃ 28/�M

S
X � I 7�2O:�D�^Da@�9vMO7_ I 7�4�287�`J=�_;7�@�7�2¢� K _;/ K :89v1�4�2f28/�M¢_;7 � 1�M80�2¢@�7�2¢d{M K � :39v1�4J@�7 G̃ 5�/�9�281,4�:f0�1,289;:89;�,7�2f28/�M¢_ I\K 4�4�7 K /J@�7 S F® 1�/�:

v ∈ Σ(G̃/S) K @�`b7?: /�4 � 7�4!:8M87 cv 28/�M A � K M A 7�2O: 0�MO1,0�MO7�28/�M
S F�¯¢K M�@�����4�9e:39;1,4�X Iy,x 7�2O:_ I 9v@�� K _�dhM K � :89v1�4�4 K 9;M87�@�/ � 1�M80�2�@�7�2�dhM K � :89v1�4�2�@�7 S 5�/�9 � 1�M8MO7�280	1�4�@ K /°@�9e��9;237�/�M B2(y, x)

X�7?: Ox7�2O:J_;7|281�/�2OD±d K 9;2 � 7 K /�@�7 π∗ OG̃ dh1�M8`i�|@�7�2tdh1�4 � :39;1,4�2 5�/�9¡287n:8M K 4�28d{1,MO`b7�4!: 0 K Mt_;7 � K M K � :8N�M87 x281,/�2�_ I\K � :39;1,4�@�7 T F²n³�´�µ�¶�·,¸¢³(¹�ºa»	º¼fºa» F£½ ¾ 1�`b`i7 Y1

7�2O:b9;4 � _v/�2i@ K 4�2 Y2

Xf_;7H2 ��� ��` K P̃ 7�2O:i`J/�4�9¦@ I /�4�7 K � D:39;1,4�@�7
Y1 F¢¯ 1�/�MO: K 4�:EX P̃ 4 I 7�2O:J0 K 2J/�4�`b1!@�N�_;7�MO7�_ K :39e��7�`i7�4!: � 1,`i0�_v7?:J@�/ 1

Da`b1c:39ed�@�7Hg�/�`VDdh1�M8@
M1 ¿ :81,/�2�_v7�2 K ��9;1,`i7�2©281,4!:��,��M89e����2©2 K /�d�_ K � 1�4�@�9;:89v1�4 [�FcÀ 4t0�7�/�:©7~��0�_v9;5�/�7�M�_ K M K 9;281,4�@ ILÁ :8M87@�7�2�@�1,/�=�_;7�2�`b1c:39edh2�@�7�g�/�`Vdh1,MO@|@�7j_ K ` K 4�9;N�M87�23/�9e� K 4!:87 ¿ M2

d{1,/�MO4�9;:�_v7�`b1�@�N�_;7jM87�_ K :89;�,7�`b7�4�:� 1,`i0�_v7?: P̃ 7?:
M1

_;7�M8��287 K /�@�7�0���M89;1�@�7�2�0 K M _v7�5!/�7�_�@�9e��9v287�M P̃2 FÂ K 0�M81�0	1�289;:89v1�4�28/�9;� K 4�:37�7�2O:�@���`i1,4!:8M8��7�@ K 4�2�PLR TVU�W�X YOYZFLÃc] 7?:�@ K 4�2�PLÄÆÅ£ÇÉÈ�Ê�Ë¡X [^]±FÌ ¶)Í�Î�Í�Ï^ÐÑ�Ð8Í�ÒÓ¹�º»�º¼fºhÔ F£½ Õ�Ö x{}��~q«×�Ø~x±m^}Ùo!r
G̃

o�uc}�Ø
P̃

rZØ�w�×�}ÚxØ�m^knm^sa��Û�xØ~knr6Ø~×�s
U Ü Õ rØ��ZÛ�Ý~knu

P̃S0

rZØ~wÞ�Zm^}�}�rOß�r�r~w�Ø�rZØ��Zm^k���m�ØEuc}�w�rZØ�x{s~s3Ý3o^×��~wyxyà~qrZØ Ø�m^}�w���s3mZ��s3rZØ�r~wÞo�rjwyáZ��r�âÞ}�x�Ø~×�s
S0 Ü

Õ rªãcs3m^×)��r Y2

u�ãcx+w�q«xyà?s3r~knr~}�wÞØ�×�s
P̃S0

Ü
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eG̃ : S → G̃ K&LNM�OQP I�HRF*STS OQU IWV O B6XZY\[^]G_�F`IW[�a M�OZb�O _ F M HJIWHJcdH%I�e b�O M2HRfg_ K H%h U�O h U�O�KRO�M F U�Mji=M�P [�eQf L Sy ◦eG̃ (S0) b�O P̃S0

S O V O S P F*S^I�V O _ L*M G̃S0

_ F U V8IWF U IZe K eQf O S^I?S�F�SS U�K y b�O Y2

B�klS O S b e b�U HJI�h U�OmK%OQM�M F U�Mni=MWP [�eQf L`M Sy(G̃S0
) O I Sz(G̃S0

) M F*S^I b H Mpo F*HRSqI M#b�L S M P̃S0_ F U V b�OQUdr e K eQf O S^I Msb H M IWH%S P I M y O I z b�O Y2

B
t�uAv�u&t�u�wyx zD{}|�~-�D�*|6�px�z��D������x�|6�p�dz�|�u#� EGH

Y1 = Y2 � K%OQM Vje MWU�K I L I Mgb�O�PQO _ L V L*� V L _�[ O�M�OIWVjF U c O S^I b e o��!b�L S M��\� �D�����"��� O I b�L S M��\� w���� � P [�B��j�j� � BNEGH Y1 6= Y2 � H K%M�MWO�b eQfgF�S^I�V O SqI
O�r�L`P I O f O S^I P F*f�f O�PQOQUdr�b�Oy��� �D�����"��� F U��\� w���� � P [�Bq���j� ��  H K�M Y L*� H%I b�O V OQP F�_�H O V K%OQM _�V OQU c OQMO S¡V O f�_ KRL*¢�L S^I Y I L SqIW£`Is_ L V Y1 � I L S^IW£`Is_ L V Y2

B	¤�F U�M S�F U�M¥P F�S^I O S^I O V�F�S M¥b F�S P¦b�O V�e�§¨eQV O S PQOQM_�V�e P H M�OQM B	© L S M¥PQO I�I O _ L VnIWH O � S�F U�M¥b F�S�S O VjF�S M¥U S M�O S M���K Y�F�ª o�O I¥HRS^I U H%I�H%§
(⋃

y∈Y2

Sy(G̃)

)
/ Y1 .

klS�F�ª"IWH O S b V LmU S M�P [�eQf LmO S � VjF U _ OQM G MWO fgH i=M I L ª K%ONM�U V S O I L ª e K H O S M�U V U B�X ON� V�F U _ O G M�O V Lf L V�h U e�_ L V KRO�� V�F U _ O�P F*S M I L S^I H = Y2/Y1

BDEGF�H O S^I G1 O I G2 KROQM h U F`IWH O S^I My��K&L�«¡U f�§¨F*V b
b�O M1 O I b�O M2

B¥klS L`U V L G0 = G1 O I G/H = G2

B�¬ZS_ L VnIWH PQU�K H O V � G M�O V L H M F*f�F*V�_�[ O
� G1 M�U V U B®EGF�HJI R K Y L S�S O�L`U�b�O S O I I K Y�H b e L`K#b�U�M F U�Mni=MWP [�eQf L § O Vjf�e S0

B®klS¯_ F M�O Sn =

Spec(R/In+1)
_ F U V n ≥ 0

B
°±4³²*´µ²�¶-·¹¸n·�²�º»9�;¹< ;=9�;=<½¼ �\� �D�����"���?|³¾®u®¿�uÀv^��Á BDC Â¥Ã-ÄGÅ#ÆÇÃ-ÄdÆ

n ≥ 0 È�ÉpÊ�ËjÌ�É&Í Æ Ë ÄGÎ Í6ÏÑÐ�Ò�Ó0Ô PnÕ ÅWÃÇÖ ËÑÏ Æ É ×mÍ ÄdÅ Sn Ë Æ�ÄdÎ Ó Ã-Å Õ ÐGÉRÍ�Ó�ËØÒ Æ Ô`Ê&ËmÍ ÄdÅpÖ ËÑÏ Æ É ×
pn : P̃ ×S Sn −→ PnÙ Ä ÉmÉAÚ^Ë Î�Æ É Û�Ë Pn Ô Ä Ù Ä	Ã³Æ ÉÜË Î�Æ ÚqË P̃ ×S Sn Õ Ô Å Ê�Ý Ô^Ï Æ É Ã-Î ÚqË Y1 Þ¥ß Ë Õ Ê Ä ÍÑÈ Pn ËÑÍ Æ Ó ÄGÎ ÉyÚµÝ ÄGÎ

×QÔ`ÉRÍ6ÏÑËWÔ Ä Ô`Ó Õ Ê&Ë Ln Æ Ë�Ê Ù Ä Ë p∗n Ln ∼→ L̃ Þ.0/*132�465�78/:9�;=<�;=9�;¨à BDC X L±b HJá�eQV O S PQO _ L V#V L _�_ F*VjI ���\� �D������� � IW[�Bdâ"B%ã6ä � O I �å��� �����	�"� �_�V�F*_�B����j�ÑB\æ"Bèç � OQM I¥h U Y\F*S L�b HJcdH M eé_ L V Y1 O I¥S�F*S�_ L V Y2

B ê OQKRL _ O Vjf O IjIWV L�b Y\F*ª"I O S�H%V U S M�P [�eQf L
M�O f�H i=M I L ª KROTL`U¡K H OQU�b Y U S M�P [�eQf L�M�O f�H i¹L ª e K H O S�B
X L�K HRfgH%I O H%S b�U�P IWHJc O�b�OQMDM�P [�eQf L`M Pn b e}ë�S�H%I U S M�P [�e�f L §¨F*V�f OQK P h U H OQM I8f U S�H b Y U Sy§ L H M�PQO�L*U

L fg_ KRO L B�©±Y L _�V�a M���ìTí�îðïÜïÜï®ñ B�æ�B ñ � � P M Y L`KR� eQª�V�H MWOØO S U S M�P [�eQf L P _�V�F o�OQP I�H%§ MWU V S O Imf U S�H
b Y U S�§ L H M�PQO6L`U¡L fg_ KRO L B�klS�_ F M�O

Gn = pn

(⋃

y∈Y2

Sy(G̃)×S Sn
)
⊂ Pn

_ F U V n ≥ 0
B�X O�M�P [�eQf L Gn OQM I P�L S�F*S�HRh U�O f O S^IyH M F*f�F*V�_�[ O0� Y2/Y1 × (G̃ ×S Sn) b Y L _�V�a M

K&L V O f L V�h U�O t�uÀv�u%òµu&¿ BNEGF*H%I
Bn KRO�P F*f�_ K eQf O S^I L H%V O�b�O Gn b�L S M Pn � f U S�H b�O�MWL3M I�V U�P I U V OV�e b�U HJI O B X L0K H%f�HJI O HRS b�U�P I�H%c Oyb�OQMlM�P [�eQf L*M Bn b e}ë�S�HJI U S M F U�Mni=MWP [�eQf L §pF�Vjf OQK § O Vjf�e B b�O P �h U H M Y L`KR� eQª�VjH M�OóO S U S M F U�Mni=M�P [�eQf L § O Vjf�e B b�O P B*klSy_ F M�O G = P−B   P Y OQM I U S M�P [�eQf L h U�L`M H i_�V�F ojOQP IWHJ§ M�U V S B6X®Y�HRS PQK%U�M HRF*S b�O Y2/Y1 b�L S M Gn

HRS b�U HJI U S O HRS PQK%U�M HRF*S b�UTMWP [�eQf LNP F�S M I L S^I Y2/Y1
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G 3�4 0�5!6�7�1�298:59;�6<8:=>7-1�?�@>AB6�7-CED�@>F<8:FHGI7-5JCKA�@�/�A
G

@>AB@L7�1�MK/�A
S0

A�298N=>2:7�CE7�5JD�O�AP0Q;�D�597�/�;�=R8
/�A
Y2/Y1

A<8S/�;T6�7-CED�@>F<8:FUGV7-59CEA�@"/�A
G̃ 3�W 1TD�5J7-;YX-AZ@L0[D�5J7�D	7�2J=>8J=L7�1\2J;�=>XQ0Q1"8:A]6�7-CKCEA_^a`cbedgf�hYi]?

j 3lk A<8 j 3nmQo A<8T^ap!qsr�tu?�D�5J7�D 3�v9vJvw3 j 3>xykzo{3
|\}*~��u~��y�����J~��c������������� 3S� �e�P�z�w������� G �w��������:�z�K���\���w���] U¡��¢��£ ¤ S ¥Z��P�z�w�����E� P �w�����I¤�¤:��¦
�Q£�������§<��\�"�¨���w���U ©¡��ª��£�¤ S ¥!���Z�J« �I¡�����£����{¬y¡'�"� G ���y¡Y� P �w���Z£�¡��z¬*�®¬y¤������L���®�B��£ ¤ U ¯
° 7�=>8

(M ′
1 → M ′

2 , L̃′)
;�1±7-²"³JA<8E/�A k�´ Mum

depl,∗
ample,+

/�AµD�0�5�8:=>A�F<8:0�@>A
Y ′

1 → Y ′
2

A<8E/�AµD�0Q598:=>A
2JA�CE= ´ 0�²�F�@L=>A�1�1�A G̃′ 3�¶ 7�8J7-1�2 G′

@>A·2:6wO�F�C�0T7�²Y8:A�1";¸A�1¸0�D�D�@>=L¹";�0�1"8º@L0T6�7�1�2J8J59;�6<8:=>7-1®D�5JF�6�F�/�A�1"8JAH»
(M ′

1 →M ′
2 , L̃′) ¼ =L@�0¨CK½�CEA[6�7-CKD�@>F<8:FNGV7�5JCKA�@�@LA·@>7-1�MT/�A

S0

¹�;�A·@>A·D�597�/�;�=R8º/�A
Y ′

2/Y
′
1

A<8Z/�A
G̃′ 3° 7-=R8

α
;�1�CK7-59D�O�=L2JCEAP/�A

(M1 →M2)
/�0Q1�2

(M ′
1 →M ′

2) 3�v @�=L1�/�;�=R8[;�1�CK7-59D�O�=L2JCKA
α̃ : Y2/Y1 × G̃ −→ Y ′

2/Y
′
1 × G̃′ .

|\}*~��u~��y�����J~��c�����������L¾À¿ ^n`ÁbSdgf�hYi o¢Â*ÃUÄªÅeÄÆ�Ç*3S� Èw�Z��É-����Ê�s£�¡Ë£ ¡���Ì�£��s�®¬y¤����"����®� β : G →
G′ Ì<£ �]���®Í��®�s�:¬y�_���L���Ê�UÎ�¬*¤������SÌ�£�� α̃ ��P�¬y¡ Ï¸�"� S0 ¯
Ð A�CE0�59¹�;�7-1�2H¹�;�AÑ@ÓÒn7�11�AÑGV0�=R8P0Q;�6�;�1�AsO�Ô D�7�8JO�Õ�2:AÑ2J;�5_@LAÑ6�7-CKD�7-5�8:A�CEA�1�8B/�A

α
X =L2 ´ » ´ X =L2H/�A�2GÓ0Q=L2J6�A�0Q;YÖ×6�;�²�=L298JA�2[0QCED�@>A�2 L̃ A<8 L̃′

7�;�/�A�2[CK7�/�Õ�@>A�2N59A�@0y8:=RX�A�CKA�1"8[6�7�CED�@>A<8:2
P̃

A<8
P̃ ′ 3

Ø�Ù�ÚÜÛ�}zÝ-ÞªÙ)�����	�����{� 3S� v @·1�ÒnA�298¸D�0�2¸1�F�6�A�2J2:0Q=L59Aß/�AßCK7-1"8J5JA�5¸»Ë1�7�;�X-A�0�;à@0)á�1�=R8:;�/�Aß@>7�6�0Q@LA
0�1�0Q@L7�M-;�A¨»µ^n`ÁbSdgf�hYiZ? j 3 j 3 ² o�3�â 1�A<ã�A<8�?�7�1ä0

Y ∗
1 = Y ∗

2 ∩ Y1

0�X�A�6P@>A�2N1�7�8:0Q8J=L7�1�2[/�A �¬���¯U���,��3
å ~�}*~�æ�æÓÛ���}*Ù'�����	�{���Êç 3S� G �:���N£ ¡&�z�w�������ß��¡&ÏQ¤:¬y£z���w�\��£ ¤ S Ì<£ �N�w���!�I¡	�"������¡	���y¡��_�y£Ü�w��¬*�RÉ
�"� L̃ ���!�"� P̃ ¯
è ���®¬*¡Y����¤J�Q���{¬*¡	¯Té W 1ê/�F�CK7-1"8J5JA$@�Òa=L1�/�F�D�A�1�/�0�1�6�A$/�A

G
A�1 L̃ A<8¸A�1

P̃
A�1ê0�D�D�@>=L¹�;�0Q1"8¸@0

D�5J7�D�7-2J=R8:=>7-1gë Ä�ì�Ä ë Ä>Å 0�;ËCK7-59D�O�=L2JCKA�=L/�A�1"8J=>8JF 3¢W 1Ë1�7Q8:A
M1 ×M1 = [Y1 × Y1 → G̃ × G̃] 3uv @A�ÖY=>298:A];�1TCK7-59D�O�=L2JCEA]/�A

M1×M1

/�0Q1�2
M1

/�7�1"8e@0ND�0�5�8:=>A]2:A�CK= ´ 0Q²�F�@L=>A�1�1�A]A�298e@0NC\;�@>8J=LD�@>=L6�0y8:=>7-1/�A
G̃ 3uí AKCE½�CEA�?�=L@¢A�ÖY=L298JAK;�1'CE7�5JD�O�=>2:CKAK/�AKCÑ;�@R8:=>D�@L=>6�0Q8J=L7�1'A�1"8:59A

(M1 ×M1 → M2 ×M2)A<8
(M1 → M2) 3�W 1A�1/�F�/�;�=>8H;�1ßCE7-59D�O�=L2JCKA

m
/�A

G × G /�0Q1�2
G 3�v @SA�ÖY=>2J8JAÑF�M-0�@>A�CEA�1"8H;�1

CE7�5JD�O�=>2JCEA
i
/�A

G
/�0Q1�2

G
7-²Y8JA�1�;ß»�D�0Q598J=L5[/�AT@L0�@>7-=u/�Òn=>1"X-A�592JAT/�A

G̃ 3	î A�2·6�7�CED�@>F<8:F�2[GV7�5JCKA�@L2
/�A

m
A<8B/�A

i
/�F<á�1�=>2J2:A�1�8B@L0¸@>7-=S/�AÑM-597-;�D�AÑ/�;6�7-CKD�@LF<8JF\GV7�5JCKA�@S/�A

G̃ × Y2/Y1 3�ï =>1�2J=�? m A<8
i=L1�/�;�=>2JA�1"8[;�1�AP@>7-=�/�APM-597-;�D�AP6�7-CKC\;Y8w0y8:=RGª2J;�5

G 3
î Òa=L1�6�@>;�2J=L7�1�/�;ä2J6wO�F<C�0K6�7�1�298w0Q1"8

Y2/Y1

/�0�1�2
G

A�298[;�1�CK7-5JD�O�=>2JCEAP/�APM�5J7�;�D	A�2 3
å ~�}*~�æ�æÓÛ���}*Ù'�����	�{����ð 3S� GU �w���$£ ¡ñ�z�w�����E�c�-§������{��¡ò��£�¤ U �s£�¡��ß��« £ ¡êÎ��Q��z�:�:�Q£ó��£�§<����Ê�
�Q�·���� L ¯
è ���®¬*¡Y����¤J�Q���{¬*¡	¯_é W 1±0$/�F�³:»ß/�F�CE7�1"8J5JF¸¹�;�A

GU

A�298s;�1ô2J6�O�F�CE0ßA�1gM�5J7�;�D�A�2s@>=L2J2JA×2J;�5
U 3õ 7�CECKA

PU = GU

?u@LAE2:6wO�F�C�0
GU

A�298TD�5J7�D�5JAE2J;�5
U 3ev @UA�298T=L595JF�/�;�6<8J=L²�@>A�6�0Q5¨7-;YX�A�5�8T/�0�1�2¨@LA

2J6�O�F�C�0ß=L595JF�/�;�6<8J=L²�@LA
P̃ 3©î A×GÓ0Q=L2J6�A�0Q; L A�2J8K0�CKD�@LA×2J;�5

GU 3¢v @�A�298KCÑ;�1�=º/�Òn;�1�A×5J=>M-=>/�=>á�6�0y8:=L7�1
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-�."/�02143�065�798;:<3�-*/�=>021</;?�06@202A>A%06?�3CBD7*=>E�@20�793�@23�.�=>EF/�0 L̃ E�3�8 G̃ GHJI 795�8�K2EML�NPORQTS"UV�/XW G�Y�YFYZG>[�\9] VA>0^B_7*=%E�@20�7*3 L 79?�`a0b/c3�1�0dEF/X8F3�@b/X3�8F0e@23�.�=%EF/X0d@�791�-�1�=%:43�0 G
f -*=>021g/ G1

0b/ G2
A%02E�:<3�-9/X=%021</�EihJA>7Mjk3�`6BD-*8�?l?�02E 1 m `M-*/�=%BnE�?�0ejo3�`6BD-�8F?�79`a5�A%02E M1

0b/ M2 Gp 7*8e@2-�1�EF/X8F3�@b/X=%-�1�V Gi
02E�/qA>0r:43�-9/X=%021</q?�3!?�-�3�.�A%0r`a-*/�=%B�?�0sjk3�`6BD-*8�? Mi → Mi

5�-*3�8 i = 1-�3 2 Vt-�uvA%0o`M-�8F5�W�=>E�`a0�?�0 Mi
?�7*1�E Mi

02E�/aA I =%?�021</X=w/Xx Gzy 0o@2-�8F-�A%A&79=>8F0oE�3�=%{97*1g/r8Fx2E�3�A%/�0o?�0oA&7
5�8�-*5 -�E�=w/X=%-�1}|�~_��~�|�~w��021�@2-*1�EX=%?�x28X791</sA%0C`M-�8�5�W�=%E�`a0 (M1 → M1) → (M1 → M2)

5�3�=>EsA%0
`a-*8�5�W�=%E�`a0 (M1 →M2)→ (M2 →M2) G
�;���������_��������������������� GR� �Z� �F���&�����c�4�l�r� �¢¡�£4�&���r�¥¤g�#¦9�X� �§¡��Z�¨¤<� G1 ¤g© �"� G ���ª�4�l�r� �¢¡�£4�&���r�
¤<��¦9�X� ��¡��X��¤<� G ¤g© �"� G2 «¥¬ �o�§Z£�®��a©v���¯¦ �Z����¡��Z��Z� �"����©9��� Y2/Y1 �Z���a¤g©9�°�±�&�²��� ³�©9�´¤<�
G→ G2 «
p -*EX-*1�E G∗ = ∪y∈Y2

Sy(G̃) V�:43�=µ02EF/¶=>1�@2A%3�E¨?�791�E P̃ G p -�3�8i/X-*3"/ y ∈ Y2
V	-*1k1�-*/�0 σy : S → P̃A I 3�1�=>:<3�0JEX02@b/�=>-*1±:43�=ª{9793"/ y ∈ G̃(U) E�3�8 U · 02A%A>0J02EF/^x2¸�7*A%0¹7*3²/�8X791�E�A&7 /XxJ?�0JA&7rE�02@b/X=%-�1±1�023"/�8�0

?�0 G̃ 5�7*8iA I 7*@b/�=>-*1k?�0 y E�3�8 P̃ G p -�3�8�/X-*3"/¶021</�=>028 n ≥ 1 V�-*1o1�-*/�0 Z(n)
y

A>0d5�8F-4?�3�=%/iº�.�8�x

Z
(n)
y

//

��

G∗

n

��
S σy

// G∗

ytI 795�5�A>=%@�79/�=>-*1 Sz =%1�?�3�=%/»3�1¼=>E�-*`a-*8�5�W�=%EX`M0¨?�0 Z(n)
y

E�3�8 Z(n)
y+nz

5 -�3�8z/X-*3"/ z ∈ Y2 G"½ 1¼021¼?�x2?�3�=w/:43�0dA I 3�1�=%-�1o?�=%ED¾F-�=%1</X0
∐

y∈Y1/nY1

Z(n)
y

5 -�8¿/Z791</ªE�3�8µ3�1qEFÀ°EF/�K2`a0z?�0Á8F025�8�x2E�021</X7*1</�Eª?�0 Y1/nY1
02EF/ª`J3�1�=>0z? I 3�1�0zA>-*=g?�0Á¸*8�-*3�5�0z@�7*1�-*1�=>:<3�0 G

H 0Á5�A%3�E�V§A>7c@2A&79E�E�0Á? I =>E�-�`M-�8F5�W�=>E�`M0Á?�3e¸�8F-�3�5 0Á-*."/X021<3q02EF/ª=>1�?�x25 021�?�7*1g/X0z?�3q@�W�-*=wÂd? I 3�1qEFÀ°EF/�K2`a0?�0d8�025�8Fx2E�021</Z791</�E G
Ã ���*Äµ��Å ��Æ¿����ÇP����� �¢���¢ÈÊÉ LËNÌORQTS�Í"Î ]ÐÏ�Ñ ~Ò�ª~_�<U�Ó GR� ¬ �d¦ �Z� �§¡�� G[n] ¤<�X�¶¡�� �����D�M¤<� n Ô���� �X���Õ� �
¤<� G �X���»�&��� �¼� �¢¡�£��¹Ör��× �°����� ��¤9�&�DØ2� �n����� ∐y∈Y1/nY1

Z
(n)
y «

f -*=>021g/ y ∈ Y1
0b/ s ∈ S G�½ 1k76A>02Ecx2:43�=w{*79A>021�@202EcE�3�=%{97*1g/X02E

Z(n)
y ×S Speck(s) 6= ∅ ⇐⇒ ∃ z ∈ Y2 | y − nz ∈ G̃(OS,s)

⇐⇒ y ∈ Y1 ∩
(
G̃(OS,s) + nY2

)
.
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G1 687 4�9;:�< G2 = 4�9;>@?A4CB�D�0E>GFA4�H">JI�9;9;0�K�FALMI�D3N�0-D�O�?A4C230E>GFQP�N�4SR�D�25P80 7 N M1 →M1 687 4�9;:�<
M2 →M2 =�T 0-H�0�OU>GFA4�H">V> 7 0�FW9V9;D�FQ>G4�9V4YX�IEK�>G4�9VK�0-D 7 >G4�9

0 → G̃s[n] → Gs[n] → (G̃(OS,s) + nY2) ∩ Y1

nY1
→ 0

0 → G̃1, s[n] → G1, s[n] → (G̃(OS,s) + nY1) ∩ Y1

nY1
→ 0

0 → G̃2, s[n] → G2, s[n] → (G̃(OS,s) + nY2) ∩ Y2

nY2
→ 0

Z\[�]*[�^_^a`�b_]*c'd�e_f	egd�e_f�h�<ji kml�npo*q_r�s�tuYnvlxw�yEz|{ qGlY}M~"l
G

~�yEwUu
G2

l�u�z�u�{ q���l��Yz|t ����u�o�w�w�o��-yE{
l�uYz

Y2/Y1 � � w\r�yEq�z|tg�Y{�}�tglYqG� G l�u�z�{ w�u���s���nvy�lYw��EqGo�{�r�l�uJu�lYn�t��|uYz_y���}WlJuY{ q
S
��nvyEq;��{��jr�yEq

Y2/Y1 �kml�nvo�q�r�s�tu�npl�w	yEz|{�q�l�}�~"l
G1

~�y�wUu
G

l�uYz1{ w	l�t�n�npl�q�u�tgo�w�o�{ ��l�qYz�l5lYz@u�� t|~"lYw�zat � l�¡p}Wy���o�nSr�o��
u�yEw�z�l�w�l�{ z|qGl

G0
~"l
G ��¢ }�q��Gy�}�tu�l�{�w£tu�o*npo�q�r�s�tWuYnpl�yE{ �¤~"lGu�uY{"u�~"l

U �
¥ 4�K�0�D�:�?W4

(G, Y2/Y1)
N�L�¦�H�FA>VN�0-H�K�D�H�0�O�§;4�>VN�4

DegStample

L�>G4�H�N�I�H�>
G1, U

<
¨ c�©�`�]�ª-«¬c)d�e�f	e�d�e�f	fU<ji �0�FA>

M1 → M2

D�H�4pFA9;0-®�L�H�FW4vH�0-H�H�L�K�4�9;9GIEF 7 4�254�H">�L�>GI�?W4v4�H"> 7 4 1 ¯230E>GFQP89SN�45RxD�2�P80 7 N°:�0-9;FA>;FAP�9±9;D 7 (U → S ← S0)
<�²SH°H�0E>G4

Mi = [Yi → G̃i] T 4�>±?a³´0�H£H�0E>G4
Gi?W4µB"D�0�>;FW4�H">5I�9;9;0�K�FAL�¶

Mi

:	0�D 7 i = 1
0-D

2
<·²SH¸:	4�DU>�4�¹�4�K�>;D�4 7 D�H�4µK�0�H�9;> 7 D�K�>;FW0�HºI�H�IE?W0�®-D�4

4�>»K�0-H�9;FWN�L 7 4 7 P̃2/Y1 T 0�¼ P̃2

4�9¤>»D�H�230"N�½�?W4 7 4�?I�>GFQ¾�4�234�H�>µK�0�23:�?A4�>µN�4
M2

<!²SH�0-OU>;FW4�H">»D�H
9;K�¿�L�2vI

G
9;4�25F ¯ 9¤>�IEO�?W4C9;D 7 S 4�>JFA9;0-250 7 :�¿�4S¶ G1 /Ker(G̃1 → G̃2)

9;D 7 U < /14�>¤>G4C®-L�H�L 7 I�?AFW9GI�>GFA0-H4�9¤>CFA?W?AD�9;0-F 7 4�K�I 7 G 4�9;>V?W4�B"D�0�>;FW4�H">VN�D�N�0-D�O�?A4�230E>GFQP¬N�4�RxD�2�P80 7 N
[Y1 → G̃2] −→ [Y2 → G̃2] .

À�Á|Â�ÁÃ�ÁpÄÆÅÈÇ£É Ê�ËÈÌ�ÍUÎ�Ï�Ç�ÅjÐ-Ç&ÑÈÇ&Ð-ÎUÒ�É�Ó�Ô�Õ�Ì�Ç�ÁJÖ  0�FA>
(U → S ← S0)

D�H$0�O�§¤4�>SN�4
OuvComp

<
× 0�D�9�¾-4�H�0-H�9�N�4ØN�L�¦�H�FA>mD�H\P80�H�K�>G4�D 7 N�4JÙ ¯ Mum

depl,∗
ample,+

N�IEH�9
DegStample

<��F
(G,H,L)

4�9¤>m?a³´FA2vIE®-4
N�4

(M1 →M2, L̃) T H�0�D�9 I�¾�0-H�9J230�H"> 7 LSB�D�4 (G,H)
4�9¤>1FWH�N�L�:�4�H�N�I�H">1N�4 L̃ < Ú±I�H�91K�4�>¤>G4M:�I 7 >GFA4 TH�0-D�9!¾-0-D�?A0-H�9VL�>;4�H�N 7 4�?W4\P�0-H�K�>;4�D 7 : 7 L�K�L�N�4�H�>C4�H�N�4�D XÆL�B�D�FQ¾EI�?A4�H�K�4�9CN�4�K�I�>GL�®�0 7 FW4�9

Mum :
Ù ¯ Mum+ −→ DegSt

Mumample :
Ù ¯ Mumample,+ −→ DegStample�0�FA>

(M1 →M2 , L̃)
D�HÆ0-O"§;4�>VN�4�Ù ¯ Mum

depl
ample,+

<�Ú�³ÛI�: 7 ½�9�Ü´Ý!Þ�ß�à T ?W4�2Æ<�á¤á;á�<Ûâ <�Ù�ã T FW?�4YXUFA9;>;4\D�H4�H">;FW4 7 n ≥ 1
>;4�?ÈB�D�4

(M1 → M2 , L̃n ⊗ [−1]∗ L̃n) ¾�L 7 FA¦�4�?IpK�0�H�N�FA>;FW0�H
(∗) <�²SH°0-OU>;FW4�H�>±N�0-H�K

D�HÆP80�H�K�>G4�D 7 Ù ¯ Mum
depl
ample,+ −→ DegSt .Ú�³ÛIE: 7 ½�9\Ü´äæå3ç À T K�0 7 0U<Uá�<�è"<�Ù"<Ûâ�ã T >G0�DU>!0�O�§;4�> N�4�Ù ¯ Mumample,+

9;4±N�L�:�?W0�FW4\I�: 7 ½�9 K�¿�I�H�®�4�234�H�>!N�4
O�I�9;4p:�I 7 D�H�230 7 :�¿�FA9;234

S ′ → S
L�>GI�?A4 T 9;D 7 §;4�K�>GFQPV4�>�¦�H�Fa<Ø/J0-25234p?W4p250 7 :�¿�FW9;254»4�9¤>�¦�H�F T ?A49;K�¿�L�2vI

S ′
4�9¤>VK�0�23:�?A4�> 7 4�?I�>GFQ¾�4�254�H">C¶5?a³´FAN�L�I�?�N�4�?|³éFW23I�®�4�FWH"¾-4 7 9;4�N�4 S0

<	²SH�0�OU>GFA4�H">VN�0-H�K�D�H
P80�H�K�>G4�D 7 Ù ¯ Mumample,+ −→ DegSt
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*,+�-�.�/�021�/�3542/76849+;:�/�<	=?>A@�BC+�D�/E.�/ (M1 →M2 , L̃) /�0F4G@�3�.�6�*H/�3�.,+�3542/7.�/ L̃ <	IJ+�-K.�68L,3�@M42@ONP3�Q�42N�R�4.�NPR�S�:O/7BCN;42@MTJ.�/VUWR�BXTYN�-Z.[+;.�BC/84KR�3\T]+;@�0Z1�/)+�RW1�R�S�@O0F42/E+�BX*�:�/�<�^_@O3�02@�@�:�/a`�@O0Z4Z/7R�3\TYN�3�1842/�R�-

Mum : bdc Mum+ −→ DegSt .

e 3WBCN�3�4Z-Z/71�N�BCBX/E.,+;3�0Efhg�ikj�lmQ,nFnZn9<hoX*�<Hp�q8r$s�R�>A@�:�@�3�.�R�@M4GR�3\TYN�3�1842/�R�-

Mumample : b)c Mumample,+ −→ DegStample .

tvuxwzy�{z|�}�~����������H��� <�� �$�9���)�%�������a���2� Mum ��� Mumample
�9�Z�;���&�d�a�����5�9�V�2�8�����%�;�&�a���2�9�V�5���Z�;�

���� 5�%�a�¡�9�)¢
£ �a¤¥�z���a�¡�Z�;�¡�¦�z��¢X§ e 3¨1�NP3�0F4Z-ZR�@M4[R�3¨TYN�3�1842/�R�-Ws�R,+�0Z@ c @O3�©P/�-Z0Z/�D�-2ª;1�/¬«:�+1�NP3�0F4Z-ZR�1842@ONP3¨.�/
UWR�BXTYN�-Z.¬0Z/�BC@ c +�SH6�:O@�/�3�3�/®@�3�©P/�-Z0Z/�<�¯?3¬/�°�/84�Q�«W4ZNPR�4V0Z1�±�6�BC+[0Z/�BC@ c 0F49+;S�:�/®B®+;-Zs�R�6 (G,H) /�0F4+�0Z0ZN�1�@O6�/²R�3�/²@O02N�DP6�3�@O/ G0 → G/H /�3�42-F/²0Z1�±�6�BC+�0#0Z/�BC@ c +�SH6�:�@O/�3�0�<G³�@ (G,H) /�0F4\R�3´N�S�µF/84
.�/ DegSt QJ:�/�0�0219±�6�B®+;0 G0 /84 G/H 0ZN�3�4X.�/�0�NPS�µZ/8420k.�/ DegU,S,S0

<�n¶:·:�/�R�-�1�N�-Z-F/�02*HN�3�.¸.�/�R�`
1 c BXN�4Z@OT�0V.�/#U[R�BkTYN�-Z. M1

/84 M2
.�>¹+;*�-Zº�0»:�/C42±�6�N�-Zº�BX/�¼,½&¾�½O¿$½&¾�<x=À>A@�0ZN�DP6�3�@O/ β : G0 → G/H@�3�.�R�@M4CR�3�/W@�0ZN�DP6�3�@O/ α : M1 → M2
< e 3Á02+;@O4Cs�R�/ β /84C:&+!*,+�-Â42@O/W0Z/�BX@ c +;S�6�:O@�/�3�3�/W.�/ α NP3�4

BCÃ�BX/�1�NPBX*�:�684Z@�N�3²TYN�-ZBX/�:�:O/k:O/�:�N�3�D#.�/ S0
<�¯?3!*,+;-F4Z@�1�R�:O@�/�-8Q�/�:�:O/�0Ä1�N;Å¦3�1�@�.�/�3�4Ä+�R c .�/�0Z0ZR�0Ä.�/ S0

<
IJ+�-À.�68L,3�@O4Z@�N�3�Q5:&+ÄL,S�-Z/K.�/ H ∩G0 0ZR�- S0

/�0F4À4Z-Z@M©�@&+;:�/�<�=$+7*,+�-Â42@O/G0Z/�BC@ c +�SH6�:O@�/�3�3�/G.�/ α /�0F4v.�NP3�1
R�3[@�0ZNPBXNP-F*�±�@�0ZBX/»0ZR�- S0

<�ÆÇ/�:&+CBXNP3�4Z-Z/Es�R�/E:¡>A@�0ZN�DP6�3�@O/ α /�0F4È6849+;:�/E/84È.�68L,3�@O4GR�3É.�N�R�S�:�/EBCN;42@MT
.�/#UWR�BXT�NP-F. M1 → M2

42/�:Às�R�/ Mum(M1 → M2) = (G,H) < e 3¬-Z+�@O0ZNP3�3�/®.�/®BXÃ�BC/®*HN�R�-
1�NP3�0F4Z-ZR�@O-Z/7R�3Ws�R,+;0Z@ c @O3�©5/�-F0Z/7.�/ Mumample

<

Ê ½ÌË�½CÍEÎzÏHÐYÏHÑxÒ	Ó�Ô�Ó�Ñ�ÕCÓ�ÑÖÑx×�ØHÓ�Ù	ÚÜÛxÓ�Ý[Ð]×YÑxÒ	Ó�Ñ
Þ +;3�0X1�/84F42/#*,+�-Â42@O/�Q�NP3¸0ZR�*�*HNP0Z/ D = {1} ß NP3¸*,+;-Z:O/\.�/É�a�¡���	�a�]���9�[�5�#�,�����Z�;�à���¥áE���Ì�� ��a��<

^_@O3�0Z@¡Q	:�/»1�±,+;BC* Ag, 0 *,+�-Z+�BXº842-F/»:�/�0È0Z1�±�6�BC+�0_+�SH6�:O@�/�3�0È*�-Z@O3�1�@�*,+;:�/�BX/�3�4È*�N�:&+;-Z@O0Z6�0_BVR�3�@O0È.�>hR�30ZNPR�0 c D�-ZN�R�*�/G.,/G-2+;3�D p <�³�N�@O4 Ag, 0 :&+E1�N�BC*,+;1842@ML,1)+;4Z@�N�3®42N�-ZN;Å¦.,+�:O/È.�/ Ag, 0 +�0Z0ZN�1�@O6�/_«E:&+E.�6�1�N�B c*HNP0Z@M42@ONP3 Σ .�/ C(X) <�âÈN�4ZNP3�0 G :O/�0Z1�±�6�B®+¥0Z/�BC@ c +�SH6�:�@O/�3²1)+�3�N�3�@�s�R�/�02R�- Ag, 0 <$³�+¥-Z/�0F4Z-Z@O1842@ONP3« Ag, 0 /�0F4G:O/70219±�6�B®+X+�SH6�:�@O/�3WR�3�@O©P/�-Z0Z/�:¡<,âÈN;42N�3�0 H :O/7DP-FNPR�*H/7.�/7-2+;3�D p R,3�@M©5/�-F0Z/�:m0ZR�- Ag, 0 <
tvuxwzy�{z|�}�~����Yã$�¶� <�� ä9���ÂåP�&�a���®���¸���,�]�8�	�X�d�9æ,��¤®�W�d�a¤k�Ì�¦�a�¶�5ça�&� G �a��� Ag, 0 �5�%�,�_�����9�%¤_è��%�
�)�;�����#���a���¡�2�É�9�a� G é �a���»�2�%ê������¡���[�;���9� G �;���F���9�2�a���[��� Ag, 0 é �a�7���a�K�8�	�#�Zë �5�dæ,�a�2�a���9�[��� H�5�;��� G �d�%�Ì�HìÀ�,�¡�k�a�mèH���;���í�a��� Ag, 0 ¢
£ �a¤¥�z���a�¡�Z�;�¡�¦�z��¢À§ =?>hR�3�@O1�@O4Z6E-F6)0ZR�:M42/7.�/E:&+X3�N�-ZBC+�:O@O4Z6E.�/ Ag, 0 /84G.�/E:&+X*�-FNP*HNP0Z@M42@ONP3 Ê ½]¼,½¡¼,½M¿$<UWNP3�4Z-ZN�3�0À:]>h/a`�@O0F42/�3�1�/�<5îK/�*�-Z/�3�N�3�0À:�+Ä1�NP3�0F42-FR�1842@ONP3X.�/ Ag, 0 /84À1�NP3�0F4Z-ZR�@O02N�3�0 G 6842+�*H/K*,+;-?6849+;*H/P<îK/�*�-Z/�3�N�3�07:�/�073�N�42+;4Z@�N�3�07.�R�1�±,+�*�@M42-F/ b <mI�NPR�-í42N�R�4 σ ∈ Σ .�@M°�6�-Z/�3�47.�/ {0} Qm:]>h/�3�0Z/�BVS�:�/ Wσ/�0F4�1�N�3�0Z4Z@O4ZR�6í.�/Ä.�/�R�`ï68:�6�BC/�35420 wsab

/84 wet ß :]>h@O02N�DP6�3�@O/í/�3�42-F/í:�/�0 1 c BXN�4Z@OTY0�R�3�@M©5/�-Z0Z/�:O0�/�0F4�6849+�:O/



��� �����	��
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,+-
,���"��
,�	��.
/10�2 Mwet

σ, 0 3 4 / 3�5 687:9�;�<�=>6 3�?�?�3 /10�2 Mwsab

σ, 0 @ ACB 0�2 <ED 6 4 3 2 4 B 0 4 3 9 5 ;�6>F 0HG 4 < 3�? 4 2 3 I 3 0 J)/ 3�? / I 6LK,7KM< 2 3�? 4 / I 0N/ 6>F�= 3'O < 4!P�Q B ?R? B 4 3 Malg

σ, 0

=9TS�9 2 4 3 = B S�9U= 3 9�=VF-<�; 2 6>W 0 3 S B ? / 4 2X0 6 4 3 I 9 ? / = 3ZY 9 2 9[7F 2 9 Y \ 3 ]�^V_`^] Q 3 4 Galg
σ

= 3 / S \ < 5 9 / 3�5 687:9�;�<�=>6 3�? /10�2 Malg

σ, 0

B ; 4 3�? 0 Y 9 2 9 Y�Y 2 B J 6 5 9 4 6 B ?aY 2 < / 3 2 DU9 ? 4= 3 / B 0�/ 7bF 2 B 0 Y�3 I 3 p 7 4 B 21/ 6 B ?�@ c ? 9 I B ? S
Malg

σ, 0 = Malg, wsab

σ, 0

∐
Malg, wet

σ, 0 .

c ?'Y B / 3 Galg
σ = Galg

σ
/10�2 Malg, wsab

σ, 0 d S 3 S�6 3 / 4 =><�F�6 4 6 5e3fY 0 6 / W 0 3 =hgi9 I�\ < 2 3�? S 3 I 3 H I 9 ? / Galg
σ

3 / 4kj ? 6 3l3 4 Y =>9 4 3 /10�2 Malg, wsab

σ, 0 @ m ? 0 4 6>=V6 / 9 ? 4 = 3 / ? B 4 9 4 6 B ? / I 0 Y 9 2 9UF 2 9 Y \ 3on ^V_`^p Q B ?D B 6 4 W 0 3 =qgr9 I�\ < 2 3�? S 3 I 3 H I 9 ? / Galg
σ → Malg, wet

σ, 0 3 / 4 0 ? / B 0�/ 7bF 2 B 0 Y�3 B 0 D 3 2 4 I 3 Y1/Y0 @s gi9 Y 21t�/vuxwzyf{�| Q Y 2 B Y�@~} @>�E� Q =>9 / B 5f5e3 9 5 9�=VF�9 5 < 3 I 3 Galg
σ 3 4 I 3 Y1/Y0

9 0 7 I 3 /1/10�/ I 3=qgr9 I�\ < 2 3�? S 3 I 3 H 3 / 4 2 3�Y 2 < / 3�? 4 9U;�= 3�Y 9 2�0 ? / S \ < 5 9 3�? F 2 B 0 Y	3 /�/ 3�5 687 / 4 9U;�= 3 W 0 3 =hg B ?�? B 4 3
Galg
σ −→ Malg, wet

σ, 0 .

� 3 /�2 3 / 4 2 6VS 4 6 B ? / I 3 Galg
σ 3 4 I 3 Galg

σ � Malg, wet

σ, 0

S B G ? S�6 I 3�? 4�Q 3 4 =9ZS B 5eY B / 9 ? 4 3�?�3 0 4 2 3 I 3 Galg
σ

3 / 4 Galg
σ @ � gi9 I�\ < 2 3�? S 3 I 3 H I 9 ? / Galg

σ 3 / 4 <�F�9U= 3�� Y1/Y0
Q I B ? S j ? 6 3f3 4 Y =>9 4 3 /10�2 Malg, wet

σ, 0 @� B 5f5e3 9 0 Y 9 2 9UF 2 9 Y \ 3~� ^ n ^p Q B ?�Y B / 3
U0 =

∐

σ∈Σ

Malg

σ, 0 et U0 =
∐

σ∈Σ

Malg
σ, 0 .

c ? B ; 4 6 3�? 4 0 ? / S \ < 5 9 / 3�5 687 / 4 9�;�= 3 G /10�2 U0 @�� 9�S B 5fY B / 9 ? 4 3�?�3 0 4 2 3�3 / 4 = 3 / S \ < 5 9
G

I <�7
j ? 6 I 9 ? / =>9 Y 9 2 4 6 3e�H@V� Q = 3 /�2 3 / 4 2 6VS 4 6 B ? / I 3 G 3 4 I 3 G � U0

S B G ? S�6 I 3�? 4�Q 3 4 =qgr9 I�\ < 2 3�? S 3 I 3 HI 9 ? / G 3 / 4�j ? 6 3!3 4 Y =9 4 3 /10�2 U0 @-� = 3 J 6 / 4 3 0 ?�3 I B ?�? < 3 I 3 I 3 / S 3�? 4 3 I 3 G 2 3 =>9 4 6VD 3 9 0 F 2 B 0 Y B G I 3< 4 9U= 3 R0 ⇒ U0 @ � B 5f5e3 R0 3 / 4 B ; 4 3�? 0 Y 9 2 ? B 2 5 9�=>6 / 9 4 6 B ? I 3 U0 × U0

I 9 ? / R0
Q =9 Y 2 B Y B 7/ 6 4 6 B ? | ^ n ^ n ^L_ K B 0�2 ? 6 4 0 ?�3 I B ?�? < 3 I 3 I 3 / S 3�? 4 3 I 3 G 2 3 =>9 4 6VD 3 9 0 F 2 B 0 Y B G I 3 < 4 9U= 3 R0 ⇒ U0 @� 6 ? / 6 Q G I 3 / S 3�? I 3�? 0 ? / S \ < 5 9 / 3�5 687 / 4 9U;�= 3 /10�2 Ag, 0 = [U0/R0] @

�����������-���)���M�`�h� @C  ¡ B 0�/ ? gi9�D B ? / Y 9 / 3 0 ; 3 / B 6 ? I 3 =9�S B ? / 4 210 S 4 6 B ? I 3£¢ 0 5 K B 2 I / 3�5 6L7
/ 4 9U;�= 3�@ m =V= 3 / 3 2 D 6 2 9U6 4 � S B ? / 4 2X0 6 2 3 I 3 / S B 5fY 9US 4 6 j S�9 4 6 B ? / I 3 G � =9 5 9 ? 6 t�2 3 I 3 ur¤!¥�¦�§ Q S \ @*¨©�b�q@

| ^ � ^fª¬«*�®M�¯±°�²�³)² ¯	´f²�¯µ¯±¶¸·�²"¹�º¼»C«[¶M¯C½�¶¸»C¹�®
� B 6 3�? 4 n ≥ 3 0 ?�3�? 4 6 3 2 3 4 Σ 0 ?�3 I <�S B 5fY B / 6 4 6 B ? I 3 C(X) @�¡ B 4 B ? / Ag,n =9¾S B 5eY 9�S 4 6 j S�9 4 6 B ?4 B 2 B G I 9�= 3 I 3 Ag,n 9 /¿/ B S�6>< 3À� Σ 3 4 G = 3 / S \ < 5 9 / 3�5 687:9�;�<�=V6 3�? S�9 ? B ? 6>W 0 3 /10�2 Ag,n @ � 3 / S \ < 5 9

G< 4 3�? INI B ? SÁ= 3 / S \ < 5 9&9U;�<�=>6 3�? 0 ? 6VD 3 21/ 3 = /10�2 Ag,n @ s gr9 Y 2Xt�/�ur¤À¥e¦�§ Q Y 9 2 9 @��b¨Â@rÃU� Q = 3 / S�9 2 4 3 /
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	��&%'�!(�	�)��	 *,+
-�.�/�0�-21�3546.87:9;1�-2-�1�35<=1 Ag,n > 0!7?0!9;@BAC7C1�D�A5-�1�35<=E�0�F�7?0!9;9G1�3H/�.�9;9JI"A?0!A?E&4K35<=1#-�0L4K.�7C9G1

Y //

��

G̃

1
n
Y

??��������

0�E2D=3CE�M�I=1N-�1�3O3CAC7CI=/BACI=7C1�3P<=1ND=E&QR1�0!I > 7:E�D=/�E > 0!-�3CI=7 G̃ S!T D > 0!7:ACE�/�I=-2E�1�7�UV/�1�3P/�0!7:AC1�3P-�.�/�0!-�1�3O46.87:9;1�-2-�1�3
> 0�7C0�9G@BA?7:1�D�AW<=1�3X<=.8I=Y=-21�3X9;.!A?E2463W<=1[ZXI=9G46.87:< S]\ D^<�_�9G.8DRA?7:1`-�0 > 7:. > .83CE&A?E2.8D^3CI=E2Q!0!D�A?1a<=19b0!D=E�@�7:1#/�.89 > -�@BAC1�9;1�D�AH0�D�0!-�.�F8I=1c0!IdA?e=_�.�7C@�9G1Jf�gih
gkj S
lJmon�p'n=qVrtsurCn=vxw
y{z
yt| SO} ~��5�:���i���������������k�B���b�,�������b���,�����6�{���t�8�B�i� G ����� Ag,n ��� ��� ����� � ���� � ���!�������
�����k���W����� G ���B���c� �V� �
��� � �W�!�!��� G �V��� � ���?����� � � Ag,n �J���#�����5�B�����i�; !� � � � � � � n �
� � �?��� � � G[n] � � �6��¡¢�=�N��� � ���!�¢����� Ag,n £

f
g2¤'g�¥�¦�§�¨�©oª8«?ªR¬ª�®`¯O°Kª²±´³�§Oµ;°6ª�µ;¶8³�µ;§´¦�§«�·W°K¸¹§'º�ª�§
» I >=> .�3?.�D=3 g ≥ 2 SR¼ .8I=3¢9;.�D�AC7C.�D�3¢M�I=15-21H<=7C0 > 1�0!IbI=D=E&QR1�7:3C1�- H•

3CI=7 Ag, 0 D=1H3�½¾_BA?1�D=<]¿?0!9b0!E�31�D²I=D�<=7?0 > 1�0�I�<�1�F87:.8I > 1�3ÁÀ�D=E23]1BA > -�0!AC3]3CI=7 Ag, 0 -�.87:3CM�I=1 Ag, 0 1�3:A]I=D=1cQ�0!7CE2_BA?_�<=1 » E21�F81�-´<=1AtÂ > 1 > 0!7?0!e=.87:E�M�I=1 D 6= {1} 1BA Ag, 0 I=D=1�/�.89 > 0�/BACE2À�/�0VA?E2.8DLA?.�7C.!Ã{<�0�-215<=1 Ag, 0 SRT D > 0!7:ACE�/�I=-2E�1�7BU8E2-D�½Ä1�Å�E�3:AC1 > 0�3Æ<=1$3C/�e=_�9b0J3C1�9GE&ÇÈ3:A?0�Y=-21$3CI=7 Ag, 0 M�I=E�_BAC1�D=<"1$-�1$3C/�e=_�9b0�0�Y�_�-�E21�D�I=D=E2Q81�7:3?1�-�1BAÆ<�0�D=3-�1�M�I=1�-'-k½Ä0�<=e=_�7C1�D=/�1c<=1
H•

3C.8E&AHÀ�D=E�1�1BA > -�0!AC1�3CI=7 Ag, 0 S�T DX4¹0�E&A�U�I=DWAC1�- > 7C.�-�.�D=F81�9;1�DRAÁD�½Ä1�Å"E23:A?1
> 0�359GÉ�9;1c0 > 7C@�35/�e�0!D=F81�9G1�D�AH<=1#Y�0!3C1cÊ Spec(C) S
» .�E�1�DRA

` 6= p
I=DWD=.89JY=7:1 > 7:1�9;E21�7H1BA 2 ≤ d ≤ g

I=D�1�DRA?E21�7 S » .�E2A B ∈ Matg(Z)
I=D=1c9b0VA?7CE2/�1

3:Â�9G_BA?7CE2M�I=1�<=_BÀ�D=E21 > .83CE2ACE2Q81ÆAC1�-�-21�M�I=1 B ·εg 3C.�E2AË/�.8D=F�7CI;Ê ε1

9;.�<=I=-�.
p
U�.8Ì

(εi)
<=_�3?E2F8D=1Æ-i0$Y�0�3C1

/�0�D=.�D=E�M�I=1b<=1
Zg S » .8E&A b ∈ Matg(Q`)

I=D=1;9b0VA?7:E�/�1;3:Â�9G_BA?7:E�M�I=1;<=1GQ!0�-2I�0!ACE�.�D
`
Çt0�<=E�M�I=1;_�FR0�-21

Ê
B SRÍ 0 9b0VA?7:E�/�1 b E�D=<=I=E&A¢I=D 1

ÇÈ9;.!A?E&4
<=1ÁZXI=9G4K.�7C< > .�3CE2ACE24 > 7:E�D=/�E > 0�-21�9;1�D�A > .8-�0�7:E�3C_ [Zg → Gg
m]3CI=75-¹½Ä.�Y�¿C1BA

(Spec(Q`) −→ Spec(Z`) ←− Spec(F`))<=1
OuvComp SÆT -2-�1²E�D=<=I=E2A�<=.�D=/ÎI=DÏ3C/�e=_�9;0 G 3C1�9;EÐÇt0�Y�_�-2E�1�DÏ3CI=7

Spec(Z`)
M�I=E$1�3:Ad0�Y�_�-2E�1�D

> 7CE2D=/�E > 0!-�1�9G1�D�A > .8-�0�7:E�3C_]3?I=7 Spec(Q`)
1BAÆE23?.�9;.�7 > e=1$Ê Gg

m

3CI=7
Spec(F`) S » .8E&A Q`

I=D=1$/�-2Ñ�ACI�7:1
0�-2F8_�Y=7:E�M�I=1�<=1

Q` SP¼ .�AC.8D=3 Γ
-21�F87:.8I > 1�<=1WÒ 0!-�.�E�3�<=1 Q`/Q` SÓÍ 1�F87:.8I > 1 GQ`

[p]
<=1�3 > .8E�DRA?3<=1

p
Ç{A?.�7C3CE2.8D�<=1

G(Q`)
1�3:A�I=D=1

Fp
ÇÈ7:1 > 7C_�3C1�D�A?0!A?E2.8D�3:Â�9 > -�1�/BACE�M�I=1$<=1 Γ

<=1$<=E�9G1�D=3CE�.�D
2g S=¼ .8I=3

> 7C_�3C1�D�AC.8D=3Á<=_�3?.�7C9;0�E23]-�1�3]9;0!AC7CE2/�1�3]<=1�A?0�E2-�-�1 2g × 2g > 0!7ÁY=-�.�/�3]<=1�A?0�E2-�-21 g × g S�Ô -´1�Å"E�3:AC1JI=D=1Y�0�3C1
(ei)i

<=1
GQ`

[p]
<�0!D=35-i0!M�I=1�-�-21#-i0L9b0VA?7:E�/�1#<=1#-i0�4K.�7C9G1#3CÂ�9 > -21�/BA?E2M�I=1#1�3CA

(
0 Id

−Id 0

)
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.0/21�354�687�359
:�.�7;7<.=7?>@3�A0/CB;D�4�1�. Γ E�F .�4�1�7�3HGID FCJ .
(
χ · Id ∗

0 Id

)
,

D,K χ 1�L�6CB<M,4�.N7<.NA�3 F 3�A0/CO F .PA0Q�A�7;D5/RD J B<9
:�.TSVU�W5X�Y�U p Z\[ >@3�A0/CB;D�4&1�:&6CD,:�6^]_M F D�: E .N1�>`B;4�. F /RB<.N1�. Γ.�6a/H1�D�4�4�L�. E 3 F 7;3 J 35/ F B<A�.b1�:c7;D,M,3 F B</Cd J .b1�. J D,4�D
1 F D J B;.feg1�>@3 E�F O�6ih`j kPl�m\n E�F D E�ZgoaoCopZrq
Z@s5t n.�7;7<.vu53�:w/ (
0 B

0 0

)
,

D,K B 1�L�6CB<M,4�.=7;3 F L�1�:�A0/RB<D,4�1�. B J D!1�:�7;D p Z�[ .=6CD�:�6^]_.�6 E 35A�.

H =

(
d−1⊕

i=1

Fp · ei
)
⊕ Fp · e2g

1�. GQ`
[p] .�6C/x/RD5/p357;. J .�4!/vB<6CD�/ F D E .H1�.H1�B J .�4�6CB;D�4 d Z�o 7y.�6a/z6C/R3�{�7<. E 3 F Γ J 3�B<6v7<.H6RD�:�6^]_M F D,: E .1�>@B<4�. F /CB;.|1�. Γ 4�>}35M,B~/ E 3�6�/ F B~u�B�357;. J .�4!/P6C: F H Zf[ .|M F D�: E . H � 4�B�L0/R3�7<.i6C: F Spec(Q`)

4�.|6C.
E�F D�7;D�4�M,.N1�D,4�A E 3�6�.�4&:�4(M F D�: E . � 4�B�L0/p357;.N6C: F Spec(Z`) Zg� D J�J . ` 6= p n\B<7�4�.�6C. E�F D�7;D�4�M,.
E 3�684�D�4 E 7;:�68.�4�:�4�M F D,: E . � 4�B�.0/ E 7�3�/26C: F Spec(Z`) Z� D�6RD�4�6 D = {d} n�4�D5/RD�4�6 Ag, 0 7;3�u�3 F B<L0/RL�1�.N�
B<.�M,.�7g356R6CD
A�B<L�.�.0/ Ag, 0 :�4�.�A�D JNE 3�A0/CB � A�3�/RB<D,4/RD F D5��1�3�7<.=1�. Ag, 0 Z�[ .=6CA�d�L J 3N3�{�L�7;B<.�4 GQ`

.0/27<.�6CD�:�6^]_M F D,: E . H B<4�1�:�B<6C.�4!/2:�4 J D FCE d�B<6 J .=1�.
Spec(Q`)

1�3�4�6 Ag, 0 ng9!:�B�6�>@L0/C.�4�1�.�4c:�4 J D FCE d�B<6 J .b1�. Spec(Z`)
1�354�6 Ag, 0 E 3 F 7;3 E�F D E D5]6CB</CB;D�4��������+����� Zf� 4�.�4�1�L�1�:�B</�9
:�.V7<.b6CD�:�6a]_M F D�: E .b:�4�B~u�. F 6R.�7�6C: F Ag, 0 4�.V6�>@L0/C.�4�1 E 3�6�.�4�:�4M F D,: E . � 4�B�.0/ E 7;35/�6C: F Ag, 0 Zg� 4c.0��.0/�n�7?>`B J 35M,.VB;4!u,. F 6C.V1�>@:�4 E�F D,7<D,4�M�. J .�4!/�L0u,.�4!/R:�.�7 E 3 F 7;.

J D FCE d�B<6 J . Spec(Z`)→ Ag, 0 6C. F 35B</8:�4 E�F D�7;D�4�M,. J .�4�/21�. H Z�
D�B</ D = {d1, · · · , ds} :�4�.�4�6C. J {�7;.�D F 1�D,4�4�L�4�D�4#u�B<1�.�9!:�.�7<A�D,4�9!:�.�1�B;6a/CB;4�A0/x1�. {1} Z�� 4�3
ds > 1 .0/�7;. F 35B;6CD,4�4�. J .�4!/ E�F L�A�L�1�.�4�/ J D�4!/ F .�9!:�.�7<.�6CD�:�6a]_M F D�: E .2:�4�B<u,. F 6R.�7 Hs

4�.�6C. E�F D�7;D�4�M,.� 3 J 35B;6�� Ag, 0 7<D F 6C9
:�. Ag, 0 .�6a/�:�4�.VA�D JNE 3�A0/CB � A�3�/RB<D,4(/RD F D5��1�3�7<.b1�. Ag, 0 Z�o 7�.�4�.�6C/�1�D,4�AV1�.
J� �J .=1�:�1 F 3 E .¡35: H• Z
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+�,.-0/214365 Ag, 0 18797;:<->=@?BA D = {g} 5214C;1436DFE9CG,IHJ,>7LK418C;=@?FE9?>7M14NO?>HJ=@,>PQPQ,>7M5QC;=@PQ->=J5218HJ,>36,>PREM5O:SHJ1UTC;=@7;?>,>7.3WVQPQ=J,>7YX[Z\VQP]7;:SVQ7^T`_4C;:4V25O,aHb18_SC;14PQ_4=J,>P]XQ,
p
TcE9:4C;7;=J:4P[d2eB:8E9:4PQ7 Aord−mult

g, 0

H@,aHJ=@,>V!:4C;XQ=@P214=@C;,fT
3WVQH@E;=J5QH@=J-g1UE9=ihWXQ, Ag, 0 × Spec(Fp) j -4Zk,>7GE!5218C]XQ?Fl2PQ=iE9=@:SP�HJ,m7;:4VQ7^T`79-n/Q?>3o1p:SVqKS,>CGE!XQ, Ag, 0 ×
Spec(Fp)

7;VQCrHJ,>sRVQ,>HtHJ,u7;-0/Q?>3v1�18Nw?>H@=J,>PxVQPQ=iKy,>C;7;,>Hz,>7;Er:SCGXQ=JP218=JCG,%,fEa:S{xH@,u79:4VQ7^T`_SCG:SVQ5O,uHb18_SC;14P|T
_S=@,>P}VQPQ=iKy,>CG7;,>HI,>7GEo?>_y18HI14V}PQ:�~y14V�X2V�3v:4C;5Q/Q=@7;3v,�XQ,��2C;:4NO,>PQ=JVQ7>dMeB:4E;:SPQ7vX2,!3v�>36, Aord

g

HJ,
HJ=@,>V�:4C;XQ=@P214=@C;,oXQ, Ag × Spec(Fp)

dz+LZ\:4VQNQHJ=MXQV�PQ=@KS,g14V�=JPQXQVQ=iEWVQP�=@7;:S36:SCG5Q/Q=J7;3v,oXQ, Aord−mult
g, 07;VQC Aord

g j H�Z�185Q5QHJ=@-g18E;=J:4P�CG?>->=J5QCG:<s<VQ,!18797;:<->=@,!AmVQPQ,�K814CG=J?FE;?!14NO?>HJ=@,>PQPQ,!:4C;XQ=@P214=@C;,]H@,]P2:�~y14V�XQV3v:4C;5Q/Q=@7;3v,.XQ,.�2C;:4NO,>PQ=JVQ7>dyeB:SVQ7�?FE;,>PQXQ:SPQ7�->,.CG?>7;VQH@E918EM14V|�%->:S365214-FE;=@l2-g1UE9=@:SPQ7LE9:4C;:8�cX214H@,>7>�y,FE�,>P
XQ?>XQVQ=J7;:4PQ7WVQPQ,�PQ:4VqKy,>H@HJ,oX2?>36:SPQ7GE;C91UE9=@:SP�XQ,�H�Zk,f�q=@7;E;,>PQ->,�XQV�7;:4VQ7^T`_SCG:SVQ5O,�-g18PQ:SPQ=@s<VQ,�5O:SVQC�XQ,>7
h�183v=@HJH@,>7.XQ,�K818C;=@?FE9?>7I14NO?>H@=J,>PQPQ,>7W�^�k�����2����,FE��k���]�
�<���n�27;,>H@:SP!VQPQ,�=JXQ?>,�XQ,a��=JPQ->,>PREI �=@HJH@:SPQ=�d

¡
¢�£2¢o¤¦¥¨§|©}ªO«U¬¥�®�¯�¥¨«°§±¬§<²v³SªO´¶µz¯2³4·�¥¨¸t³S¯q·°¥¨ªO®z²
¹ :4=@E

Σ
VQPQ,ºXQ?>->:43v5O:S7;=iE9=@:SP�5O:4H@~y?>XQC;14H@,�14XQ36=J7;7;=JNQH@,ºXQ,

C(X)
d
»�P�PQ:8E9, Ag, 0 ,FE Ag HJ,>7I->:43%T5214-FE;=@l2-g1UE9=@:SPQ7¼E;:SCG:4�cX218HJ,>7YXQ, Ag, 0 ,FE Ag s<VQ=
HJVQ=
7;:SPyEI18797;:<->=@?>,>7>d2½WZ�185QC;D>7YH@,rE9/Q?>:4C;D>36,W¾ ¢�£2¢À¿
¢ ¾
�=JHO,f�q=J7GE;,rVQP�36:SCG5Q/Q=J7;36,rXQ, Ag, 0 X214PQ7 Ag s<VQ=w?FE;,>PQX�H�Z\:4VQNQHJ=wXQV�PQ=@KS,g14V[d ¹ :4=@E S HJ,�795O,>-FE;C;,�X[Z\VQP->:SCG5Q7.XQ,�-g14C;14-FE;?>C;=@7;E;=JsRVQ,

p
d

ÁxÂ;ÃaÄtÅÇÆ^Å;ÈQÄÊÉOË`ÌwËÇÌqdzÍ ÎIP]79-n/Q?>3o1%7;,>36=iTÇ18Nw?>H@=J,>P]7;VQC
S
,>7GE.:4C;XQ=@P214=@C;,a7>Z\=@H[,>7GE.,f�|E;,>PQ7;=J:4P]X[Z\VQPQ,

K814CG=J?FE;?º14NO?>HJ=@,>PQPQ,�:SCGXQ=JP218=JCG,�5214CYVQP]E9:4C;,4d
eI:4E;:SPQ7

G
HJ,I7;-n/Q?>3o1�7;,>3v=ÏTÇ14NO?>HJ=@,>Po-g18PQ:SPQ=@s<VQ,I7;VQC Ag ,FE H H@,I7;:SVQ7^T`_4C;:4VQ5w,.s<V2147;=ÏTcl2PQ=2,FEM5QHb1UE

-g14PQ:4PQ=JsRVQ,�79VQC Ag, 0 d2eB:8E9:4PQ7
Aord−mult

g, 0HJ,I7;:SVQ7^T`7;-0/Q?>3o1º:4VqKy,>C^EÐXQ, Ag, 0×Spec(Fp)
7;VQC¦H@,>s<VQ,>H

G
,>7;E¦:4C;XQ=@P214=@C;,B,FE

H
,>7GE¦?>_y18HO14V�PQ:�~y14V

XQV!3v:4C;5Q/Q=@7;3v,�XQ,º�QC;:SNO,>PQ=@VQ7
FrobG

XQ,
G
d2eB:8E9:4PQ7IXQ,�36�>3v,

Aord

gHJ,a79:4VQ7^T`79-n/Q?>3o1%:SVqKS,>CGE.XQ, Ag × Spec(Fp)
79VQCYHJ,>sRVQ,>H

G
,>7GEI:4C;XQ=@P�18=JCG,4d
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*,+.-0/�132546+07�8:9	8<;�=?> @�A.BDC
σ ∈ SΣ

=FEHG�IJCKBMLDBMNKA5O�NPLDQ�NPO�A.CSRTCSBDA5O�NPU�Q�NPV�RTWSRTX5WKR.V�Y�Q�N[Z�=]\^Q%C_Z�=]\�=
`aATCSA.O�N

f
L<bcBDNSA.X5G�O�BDQPI�O�BDd5Q�WKNKQ�LDLMQPQ�O�CKWKQ

1 e:f ATCSBhgiNHI�O�BDd5Q�WKNKQ�LMNHNKI�W MV ′
σ , σ, 0

=�jFQPNKA.I�N e NKk'Y�G f R

Aord−mult

g, 0

WKQ�O�k�A.O�CKWKQlLR
σ e NmCSWKRTCKQnU�Q Ag, 0 NKBoQ%CpNKQ�I�LDQ f Q�OoCpNKBoLMQlO�A3q�RTI_U�Q f Q�NmCpG�X5R.LorHV�R.WsCSBDQlNSQ f B e RTt�G�LMBDQ�O�O�Q5uk�Qwv�I�B	NKBMX.O�BDx�Q
W1(Ker(f)) = Ker(f)

=�ywO!V�Q�IJCzWKQ%g{A5W f I�LDQ�W|k�Q%CKCKQwk�A5O�U�BDCKBMA.O}Q�O!U�BDNSR.O�Czv�I�Q V0
DQ%C

V1
D

A.O�C f�~�f QPB f RTX5QPU�RTO�N V/V ′
σ
⊥ =

jFR_k�R�CSG�X.A5WmBMQ�x�t�WKG�Q�r_LMR[giWmA5O�CKBM��WmQ
(Aord−mult

g, 0 ↪→ Aord−mult

g, 0 )
d5G�WKBhx�QwI�O�QaV�WKA.V�WKBMG%CKG f A�U�I�LMR.BMWmQR.O�RTLMA.X5I�Q�r�k�Q�LDLMQ�U�Q

(Ag, 0 ↪→ Ag, 0)
u U�A.O�O�G�Q�V�R.W�LMR�V�WmA5V�A5NKBhCSBDA5O0����������<��=p@�A.BDC

(U ↪→ S)
I�O

A5t��KQ%CHU�Q
Ouv

CKQ�L�v�I�Q
S
NKA.BDCHI�O�NKk'Y�G f R�NKI�W Spec(Fp)

=

��1��.�F�������s�K����7�8�9�8���=?> �F�����' �¡3¢� �£¥¤o� (Aord−mult
g, 0 ↪→ Aord−mult

g, 0

)
(U ↪→ S)

¢J¦T�K¦T§^¨�©<�'�wª�'«_ .¬%
® ��©{«

G′ ¤�� Aord
g (U)

©¯�°ª±«³²%¡��
G′ «�´¶µ�©���·	¤���·#¡�·¸«3¹'º�µ�§,¦^«3�°§�»{m¦5¬°µ�ª]»���·¼ ��S¤�»{·	¦T»{�S�_«�¡��

S ½ ��©¾©¯�°ª±«²%¡��Pª 3¹S¦�ª��§^�°·�©F¢� �¡��PªM¦,©¯ S¢� �ª S��»���µ�©:¦Tª�¿¤��
S ½ »{ª?�mÀ5»«�©��

Á V ′ ∈ C
©���ª?²%¡��

V0
D/V

′⊥ = V1
D/V

′⊥ ½
Á ¡�·���«�¡�� ® �'¹�©<»� �·

V/V ′⊥ → X(G′) ½
Á σ ∈ SΣ

¤� �·�©?ªK´ ¦o¤�º�µ°�'��·	¹'��¹S �·�©¥»��°·�©?ªD¦nÂ� ���§,��¬%»�ª]»{·�µS¦T»��'�
pD ◦B(G′,Ker(FrobG′))

¢� �¡��H©¯ �¡�©
¤T»{Ã3»M«3��¡��P»{�°�SµS¤T¡�¹°©¥»¥¬%ª�P�'µS¤�¡�»{©

D
¤��
S Ä

Å6RTW|k�A.O�NSG�v�I�Q�O�C�u�LMQ f A5WmV�Y�BMN f QwU�Q Aord
g

U�R.O�N Aord−mult
g, 0

BMO�U�I�BhCzV�RTW|LDQwO�A3q�RTI}U�I f A.WKV�Y�BDN f QU�Q[Æ�WmA5t�Q�O�BMI�NHN�bÇG%CSQ�O�UÈQ�OÈI�O f A.WKV�Y�BDN f Q

Aord

g → A
ord−mult

g, 0 .

Å6R.W�U�Q�O�NSBhCSG�U�Q Aord−mult
g, 0

U�R.O�N Aord−mult

g, 0

Q%C[U�Q Aord
g

U�RTO�N Aord

g

u�k�Q f A5WmV�Y�BDN f Q�Q�NmCPL¥bÇBMO�d5Q�WKNKQU�I f A.WKV�Y�BDN f QPU bÇA5I�t�LDB�U�IÈO�BhdoQ�R.I =�ÉwBDO�NSB<u�LDQ�NHNKk°Y�G f RTN Aord−mult

g, 0

Q%C Aord

g

NKA5O�CHBMNKA f A.WKV�Y�Q�N�=

Ê �����!Ë�ÌpÍ�Î.Ï	Ð	Ñ�Ò�Í�Ó�Ò�ÐpÎ5ÒÕÔ?Ì×Ö3ÌpØÙÒ
`�A.CKA5O�N Afor

g

LDQÈk�A f V�LMG%CKG�giA.W f Q�L¾U�Q Ag LMQ�LMA.O�X#U�Q Ag × Spec(Fp)
uÙO�A.CKA5O�N Arig

g

LMRÚx�t�WKQ
X5G�O�G�WmBMv�I�Q³WKBDX5BDU�Q³U�I#NKk°Y�G f R!giA.W f Q�L p e RTU�BMv�I�Q Afor

g

uFQ%C[O�A.CKA5O�N
T
LMQ�CKI�t	Q³U�Q Aord

g

U�R.O�N Arig

g

=
ÛlOJx�O u�O�A.CKA5O�N

G
LMQPNKk°Y�G f R�NKQ f B e R.t�G�LDBMQ�OÈk�RTO�A5O�BMv�I�QPNKI�W Arig

g

=

ÜnÝpÞ ��1�ß.-¼+07�8i;F8�9�=?> à'ª �mÀ.»«�©¯��¡�·�ÃT �»«�»{·�¦3���¾«�©¥�°»�¹�©
U
¤��
T
¤o¦�·J« Arig

g

�°©6¡�·^«3 �¡o«�¥�T�S �¡�¢��pál·�» ½¢�ªM¦�©_��©wªM¦3�T�K¦T·���»���·
H

¤o�
GU [p]

©���ªz²%¡��
HT

«3 �»{©�ª�,�'�°ª¨�Ã.��§,��·�©P¤T¡0·	 �âo¦T¡ã¤T¡ä§^ ��:¢�º�»M«�§^�!¤��
å	�' .¬°��·�»{¡o« Ä
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� ��!#"%$'&�(*),+-(*./"%$	021 3547698;:=<?>�@A47BDCE6GF�4AHI8�J�8-:=CEKL4NMPOIQR@NS;BDCE:=47BDC9HUTV4�W'KL6=CE47B�X74RF�TV>�BYF�KZ8-<?:,8;@A@N4
X7S?@A@ >'C[8�CEK]\

Ag, 0 × Spec(Fp)

��

// Afor

g, 0

u

��

Aord

g

88rrrrrrrrrrrr
// Ag × Spec(Fp) // Afor

gS?^ Afor

g, 0

F�_76,KL<?B�4NHL4NX7S?@AJ�HI_`C,_A\aS;:,@A47HbF�4 Ag, 0 HL4NHIS;B�<cF�4 Ag, 0 × Spec(Fp)
Od3e4N@AS?:=J�f�KI6,@N4

u476=CgJ�:,S;J�:,4;Odh Ti8-J�:,j76lkVmonqpsr�t'uev5HL47@wO5x'OIQ�y-z{4`C#k}|�~����	�Pz/v5KLHb:,_�8-HIKL6E4N>�B�KI6,S?@AS?:=J�f�KI6,@A4l6,>�:�>�B
� S;KI6,KLB�8;<;4�F�4 Aord

g

O;�bB�J�8;:�CEKLX7>�HIKL47:7v
u
476=C�_`C[8-HI4�6,>�:�>�B � S;KI6,KLB�8;<;4�F�4 Aord

g

O���BRB�S-CE4 Arig

g, 0

H*T�476,J�8;X74
:,KL<?KLF�4 8-6E6,S�X7KL_ � Afor

g, 0

4`C
T0

HL4�C,>��	4gF�4 Aord

g

F�8;B�6 Arig

g, 0

O	��B�8;J�J�HLKI�D>�8;BDC k����'����v�CEf�O5Q?OV�'O}�%z*v�S;B
S?�'C,KI47B�CdH*T�4�W'KI6=C,47B�X74{F�T�>�B � S?KL6,KIB�8-<?4b6,C,:,KLX`C U0 � :=476EJ�O U � F�4 T0 � :=476,J�O�F�4 T � F�8-B�6 Arig

g, 0 � :,476,J�O Arig

g �CE47HL6���>�4
u
KLB�F�>�KI6,49>�BwKI6,S;@NS;:,J�f�KL6,@N4

u : U0
∼−→ U .3�Ti8-J�J�HIKLX�8-C,KIS;Bw:,_7X7KLJ�:,S��D>�49F�_7 �B�K]C¡HL496,S?>�6�¢£<;:,S;>�J	49HI8;<;:E8-B�<?KL47Bw:,47X�f�47:=X�f�_96,>�:

U
O

¤ KIB�6,KUv�HL476 � 8-:,KL_`CE_76A8-�	_7HLKI47B�B�476RJ�8-:E8-@N_`C,:,_7476RJ�8-: U ∩ Arig
g

8-F�@N4`C=CE47BDCR>�Bs6,S?>�6�¢£<;:,S;>�J	4¥X�8�¢
B�S?B�KL��>�4;O���B¦S;�'CEKL47BDCg>�B¦:,_76,>�H]C[8�C @AS?KLB�6gJ�:,_7X7KL6g��>�4lX747>PW�F�4§k�¨�mo��©�z{4`C#kV¨¥|���r�z*vdX�8-:�KIHbB�4
F�S?B�B�4AJ�8;6�F�4NX7S;B�F�KLC,KIS;B�6,>'ªl6E8-BDCE4NJ�S;>�:��D>�TV>�B�4 � 8;:=KI_`C,_l8-�	_7HLKI47B�B�4l8-F�@N4`C=CE4A>�B�6,S?>�6�¢£<?:=S?>�J�4X�8;B�S;B�KI�D>�4;O5«qS;>'CE4`\¬S?KL6�veKIH�6,>'ªNC�J	S;>�:�HI8wJ�HL>�J�8;:�CgF�476g8-J�J�HIKLX�8�CEKLS?B�6g8->PWY\aS;:,@A476�@NS�F�>�HI8;KL:,476�F�4
 KI47<;47H

p
¢®8;F�KL��>�4767O
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*,+.-0/2143657+.808934-0:0;<143>=?-0@BA0/DCE@>-F5HGI@B-0/DJKA03,1434GI5H+>;<-034/DLM@>GNCO34/2CO@K:0A0PQ+.;RGI34/2:03TSK;R34U>34PWVYX4Z.[]\QX
p8&@BA0G Ag,n +>:0CO365N5N3^-_5`:034/`GI34PRa6bB34CE34-_5H/�34-c1^+.GH+.165Hd4GI;R/I5H;<JKA03e-KA0P<PR3Wf�143g80GI@Bh0P<a4CE3e-jik+7:0@>-01g+>A014A0-PR;<34-l+mbB341OPR+nC'+.A?b.+>;</H3oGNd4:0A0165N;R@>-jprqs@>/tGId4/HA0Pu5v+w5H/xUBd4-0d4GN+>P<;R/N34-F5T+.A]yz1^+>/t:034/,LM@>GNCO34/t14A0/N80;R:{+.PR34/

:03|U>34-0GN3
2
365

3
PR3}5H~0d4@>GNa4CE3������0�.�{�
=K5N~jp9�>p��FpR�6�9@Bh?5H34-FA�8{+>G��t+.5N�|8&@BA0G�PR34/�LM@>GNCO34/�:03|UB34-0GI3

1
p

qs@>A0/7A?5N;RP<;R/N@>-0/7:034/2GId4/HA0Pu5v+w5H/2:03cSK~03480~034GN:]���D+.GNGI@B-l���j�o�9�]�r3657:03t�}A0PR34�Y365|S]+.-0�w+>GN+>-l���z�r�{�{��=
+>;<-0/N;{JKA037:034/e5H~0d4@>GNa4CO34/g:ji�+>-0-KA0PR+.5N;R@>-':037PQ+t14@>~0@BCO@BPR@>UB;<3}14@>~0d4GN34-_5H37:0�0/��E���n ^¡&�K�¢365s�¤£s¥§¦¢¨]��p

�9©�ª{©E«x¬�9¬`®B¯±°³² �µ´�¯K¢¶µ·K¸º¹
SK@>;R34-_5

g ≥ 2
365
k ∈ Z

:034A]y»34-F5N;R34GN/4=
n ≥ 3

A0-¼34-F5H;<34GY-0@B-¼:{;ub];</H;<h0PR3§8{+>G
p
365
M
A0-

Z[1/n]
�½CO@K:0A0P<3Bp³*�ik+.80GNa4/��¤¾2¿o¦0�r=`5N~jp`À�Á�pkÂ]p��m�Ã=`;RPg3Äy?;</I5H3'A{-03'14@BCO8{+>165N;<Å{1^+w5H;<@B-�5N@BGI@>ÆÃ:{+.PR3 Ag,n:03 Ag,n 365³A0-�/N1v~{d4CE+}/N34CE;���+>h&d4PR;<34- G /NA0G Ag,n JKA0;Fd65N34-0:�P<3�/N1Ç~0d4CE+s+>h&d4P<;R34-cA0-0;<bB34GN/N34PF/NA0G Ag,n pqs@.5H@>-0/
ω
PR3'LÈ+.;R/N143^+.AÉ;<-FbB34GN/N;Rh0P<3Y/HA0G Ag,n :034/ g �ÃLM@>GNCO34/Ê:0;uË9d4GN34-F5N;R34P<PR34/�;R-_b>+.GN;R+>-F5N34/�:03 G pWÌr380GN;<-014;R8&3,:03t�sÍF1Ç~034Gx��¾2¿o¦0�r=?80GN@>8jp]ÁÊpR�>pkÎw�r+.ÏEGNCO3xJKA03,PQ+ÊGI34/N5NGI;R165N;R@B-n:03 Ag,n � Ag,n ;<-0:0A0;<52A0-;R/N@>CE@>GN80~0;</NCE3

H0
(
Ag,n , ωk ⊗M

) ∼−→ H0
(
Ag,n , ωk ⊗M

)
.

Ðe-�8{+>GÑ5H;<14A0PR;<34G4={P<3TU>GN@>A08&3
H0(Ag,n , ωk ⊗M)

34/I5};R-0:0d48&34-0:{+>-_5}:0AÒ1Ç~0@>;uyÓ:03 Ag,n Ô @B-Ò+>808&34P<PR3/N34/od4P<d4CE34-_5H/ÊPR34/�LM@BGICE34/ÊCO@K:0A0PQ+.;RGI34/o:03�UB34-0GI3
g
=³:03n-0;ub_3^+.A

n
=W:03�89@>;R:0/

k
365O�±14@K36ÏE14;R34-_5H/

:{+>-0/
M
p

q}@>5N@B-0/
D
P<3t14@>CE80P<d4CE34-F5H+>;<GN3x:03 Ag,n :{+.-0/ Ag,n 3657CÊA0-0;</N/N@B-0/Ñ�½PR3x:03t/H+o/I5HGIA0165HA0GI3t/N1Ç~0d4CE+w�5H;<JKA03tGId4:0A0;<5N3>p9Õ|-�:0;<57JKAji¤A0-03xLM@BGICE3tCO@K:0A0PQ+.;RGI3t34/I5oÖÄ[_×�Ø&Ù�Z_Úw\QÛT/N;r34P<PR3t/4i�+>-0-KA0P<3t/NA0G

D
p¢qs@.5H@>-0/

Cusp(n, k,M) = H0
(
Ag,n , ωk(−D)⊗M

)

PR3oUBGI@BA08&3O:034/xLM@>GNCO34/t1^A0/N80;<:{+>P<34/4p�*�ik+.80GNa4/E�¤¾2¿o¦0��=j80GI@B8jp
ÁÊpR�>pkÜw�Ã=j;RPÝ-03O:0d48&34-0:l8{+./T:0AÞ1Ç~0@B;�y
:03 Ag,n p&SK; M 34/N57A0-Ò+>-0-03^+.Aj={@>-Ò+

Cusp(n, k,M) = H0
(
Ag,n × Spec(M) , ωk(−D)

)
.
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2436587�98:�;=<=>@?BA	?CA�DFE G@H8IJI�KMLMKON�L

g = 2
KOH

3 PRQ k > g + 1 S G@T g = 2 U LRH8IJI�KVLMKON"LXW�H P M P L QH�N
Z[ 1

2n
] YCZ K�[,H�\ P]U^PRQ LRT g = 3

L�H8IJI�KVLMKON"L.W�H P M P L Q H1N Z[ 1
30n

] YCZ K�[,H�\ PVS@_`PaZ KObBI�c�T-L ZdP N	e Q H�b P \[ PXf c�e,N1g PRZdP N Q [ Pih e8L P TjN	[,H1T Q H�NkT-LMK Z KObBI�c1T-L ZdP
M ⊗ Cusp(n, k,Z[1/n])

∼−→ Cusp(n, k,M) .
l/mon�p�qrptsus-v,wxqymozr{�w}|,v�~��X��p�~���qymos���mR�"wxzy�rm�~�n�m���moqrm�su��|Jm���m�~��rz�m�~=nVv�qrv�n��r��qrwuzy��wu�1{�m

0
��mo�jptqy��m�z

��p���{�s-v,wxqym�z#n�{�zr��wx��v,sxm�z'��m�nVv,q�v,n�����qrwuzy��wu�1{�m
p
D"� s�z�m.������{�wu�'��{��r����ptqr����mi�	��������m�~%��ptz�v,~��

M =

Fp
��p�{�q#�rpt{"�a~�p��i��qrm)��qymV��wxm�q

p
�1{�w�~�m)��wu|�wuzrm)��v�z

n
D

� 7�987��C�����C98<�>@?CA	?���DFE G�KOT P N Q n ≥ 3 U g = 2
KOH

3 UiPRQ k > g + 1 Q b�KOT-L P N Q T P b�L S G@T g = 2 ULRH8ItI�KMLMK8N"L
p > 2 PRQ LRT g = 3 U L�H8IJI�KVLMKON"L p > 5 S	_`P�Z KObCI�c1T-L Z P [ P)f c�e,N1g PRZdP N Q [ P�h e8L P TjN	[,H1T QH�NkT-LMK Z KObBI�c1T-L Z P

Fp ⊗ Cusp(n, k,Z[1/n])
∼−→ Cusp(n, k,Fp) .¡apt{�z)��p�~���qypt~�z)��¢Jv,sxm���m�~��£�1{���wxs^~���mR�"wxzy�rm���v,z£��m���p�qr��m���p1��{�s-v,wxqym���m�¢�m�~�qrm

2
pt{

3
m��£��m

��ptwu��zazy�rqrwun���m���m�~��a~���¢tv,�rwu� D

�	�¤�� ¥�¦¨§ª©�«¬86®6¯�¯�¬�°�±F±�6©�°"¬8«j²�±
³.v,~�z4n�m��y��m*��v,qy�rwxm�´t~�pt{�zµq�v,����m�sxp�~�z4��qywx��|tm���m�~J�4sumVzµqy��zr{�su��v,�rzµ{"��wxsuwxzr��zµ��v,~�zµsxv)������pt~�zy�rq�vO��wxp�~

��{%������p�qr����mX�	������� D
¶ K Z I�e f�Q T · f e Q T¸KON"L Q KOb�KO¹�[JeO\ P LRDFE ¡ap��rpt~�z

B
sum

Z º ��p1��{�sxm»��m�z4�jptqy��m�z¼��wusxwu~��Vv,wxqym�z¼zy½������rqrwu�1{�m�zm�~��rwx��qym�z4zr{�q
Zg m�� C sum*n�¾t~�m*��m

B⊗R
��m�z^��p�qr��m�zµ��wusxwu~��Vv�wuqrm�zµzrm���w º ����¿�~�wxm�zµ��ptzrw}��w}|Jm�z4À�q�v,��wxnVv,sq�vO��wupt~�~�m�s D l/m�z¼n�p�����v,n���w}¿@nVvO��wupt~�z4�rptqyp�Á¸��v,sxm�z¼��m Ag,n zrpt~��Âv�zrzrp1n�wu��m�zÂÀÃ��m�z¼����n�pt����ptzrwu�rwxp�~�z¼��p ºsu½t����q�v,sxm�zµv,����wuzrzrwx��sxm�z

GLg(Z) º ���1{�wu|,v�qyw-v,~��rm�z^��m C ÄÆÅ#Ç�È�É ´t����� Dt�BÊXDÌË1DÌË8Í�D1Î pt~�zrwu����qypt~�z^{�~�mÂ��m�susxm����n�pt����ptzrwu�rwxp�~
Σ
m��'~�p��rpt~�z Ag,n sxvin�pt����v�n��rwu¿�nVvO��wupt~d��p�qrp,Á¸��v�sum.��{�w	sx{�w	m�zy�#v,zrzrp1n�wx��m D l^��m�zr��v�n�mv�su¢t����qywx��{�m Ag,n m�zy�X��qrp���qrmdzr{�q

Spec(Z[1/n])
´Fm�zy�Xsuwxzrzrmdzrw¼m��Xzrm�{�sum���m�~��

Σ
m�zy�Xsxwuzrzrm Ä�Å#Ç�È�É ´����� DÏ�CÊiDÐË�DÒÑOÍ ´^m���m�zr��{�~Óz�n]����� vÔ��qyp8Õrm�n��rwu��zrw

Σ
mVzy���	p�s-v,qrwuzr��m Ä�Å#Ç�È�É ´^����� D¼Ë�DÆÖ m����r� DÏÊXDÌ×1DÒØOÍ¸D

¡»p,��p�~�z
D

sum.n�p�����su����m�~���v�wuqrm���m Ag,n ��v,~�z Ag,n ´�m��'�X{�~�wuzrzrpt~�z º sxm���m.z�vizy�rqr{�n���{"qrm���m.zrn�������vqr����{�w}� Dª� sÂ����¿�~�wu��{�~Ù��w}|�wxzrm�{�qX��m Î v�qÚ��wum�qX��m Ag,n �1{�wÂm�zy��Àkn�qyptwuz�m���m�~��rz�~�ptqy� v,{��=zrw
Σ
m�zy�

sxwuzrzrm D ¡»p��rpt~�z {fi} {�~kzr½1zy������mX���Æ����{�v,�rwxp�~�z.sxp�nVv�sum�z.��m
D

��v�~�z Ag,n D/Î p�����mXsum�z.��|tm�~���{�m�susxm�zzrwx~�¢�{�s-v,qrw}����z*��m Ag,n zrp�~��#��ptqywx��{�m�zV´�sum)��v�wuz�n�mVv,{
Ω1

Ag,n
(logD) = Ω1

Ag,n

(
dfi
fi

)

m�zy�£sup1nVv�sum���m�~��)sxwu��qrm D ³X�Æv���qy��z Ä�Å#Ç�È�É ´���� D/�BÊXDÆÛ"DÌÜ8Í ´/s��Òv,����sxwunVv,�rwxp�~¨��m�Ý»p���v�wuq�v ºÚÞ �	m�~�n�m�q�wx~���{�w}�{�~�wxzrp���p�qr����wuzr��m
Sym2(ω)

∼−→ Ω1
Ag,n

(logD) .

¡»p,��p�~�z K = det
(
Ω1

Ag,n

) sxm#��v,wxzrn�mVv,{���{�v�suwxz�v�~J�4��m Ag,n D l^�Æwuzrpt��ptqy����wxzr��ma��maÝap1��v�wuq�v ºÚÞ ��m�~�n�m�qwx~���{�w}�a{�~�wuzrpt��ptqy����wxzr��m
ωg+1 ∼→ K(D)

D
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-6587�9:(*;<(*4�(*=�>@? ACBEDFBEG�BIH�JLK�BEG�MFN<DFO�PQNSR�T�OVUWR�X�K�BEY[Z�B\M]PQN]P^B\G�MSZ�BE_Q`EX�R�D<JI_^T�MSJ\RVa
Y6PQM]M]P^b�_QT�McR�T

C dfecg:h*i�jVk >mlonpO�G�T[R�npT�GqN<DFT�arT�_^_QT�McT�MFNsJIZ�Z�T�_QX�TW58$'&'(*),+�(.-�/�0t/3(*4u5Ivw&'xy4�7S+
zI;�{�zI/�0|BEO
+�;<7�)}/3~�;<7L58$'&'(*),+�(.-�/�0t/3(*4u5q7�9:(*;<(*4�(*=���T�Nc_tn�JIO�N]D]T�-.7'&'(*4�5q7�5q$'&'(y)|+�(.-�/�02/3(*4u587�9:(y;'(y4�(*=�>����EO�M<J�J
K�BEG�MFN]D]O�P�N�O�G�TLN]D]B\P^M]PQ��Y6T�R�X�K�BEY[Z�BEM]PQN]P^B\GwR�T

C
��R�PQN]T�5Iv�&<x*4�7�&<7�4�02;]zI� d����mi���k >o��T�M%N]D]B\P^M}R�X�aK�BEY[Z�BEM]P�N<P^B\G�MsK�BIH3G�K�P^R�T�GqNsM]P

g = 2
BEO

3 d����mi�� �mZ�>@�\�E� k >��|T6Z�_^O�M��mT�_Q_^T�MsM]B\GqNs_^PQM<M]T�MsM]P g = 2BEO
3 d��m�}i�� �@N<��>¡ 
>�¢
>Q£ k >C¤�P g = 4

��_¥JWM]T�K�BEG�R�TLR�X�K�BEY[Z�B\M]PQN]P^B\GwR�TLACBEDFBEG�BIHST�MFN�_QP^M]M]T dp���mi�� �Z�>��E�
£ k T�N¦D<J*§�G�Tc_^J[R�X�K�B\Y6Z�BEM]P�N<PQBEG¨R�O¨K�©EG�TcZ�JIDFª«J\P�N dp����i�� ��Z�>:�\�E� k >¬ )|+:�/�02v�587�5Iv¯®�°�;<$�5q7o±²("5.³q7�>�? ´,BIN<B\G�M Aparf

g, n

_^J¦K�B\Y6Z�J\K�N]PQµ�K"J*N<PQBEGcN]BEDFB\H3R�JI_^TCR�T Ag,n JIM<M]BqK�P^X�T¶ _¥J[R�X�K�B\Y6Z�B\M<P�N<PQBEG¨R�O¨K�©\G�TcZ�J\D·ªtJ\P�N"��T�N¸G�BIN<B\G�M
Dparf M<B\G¨b�BED]R¨DFX�R�O�PQN�>:lmTcM]K���X�Y6J

Aparf

g, nT�MFN²_^PQM<M]T�M]P
g = 2

BEO
3
��T�N

Dparf T�MFN%O�G�R�PQ¹VPQM]T�O�D ¶ K�DFBEPQM<T�Y[T�GqN]M²G�BEDFY�JIOVU�>¡¤�BEP�N
a
O�G�T�GqN]P^T�D

D]T�_^JIN]PQª�>��}n�J\Z�DF��M d����i�� ��N]��>�º�>Q£ k ��_QT»ª«J\PQM<K�T"JIO ωa(−Dparf)
T�MFN¸JIY6Z�_QTcM]O�D Aparf

g, n

M]P�T�N¦M<T�O�_QT�Y6T�G8N
M]P
a > 12/n

>�¼¦T"Y6J\DF½�O�B\G�M�½�O�T�K�T�DFX�M<O�_�N'J*N�R�n�JIY6Z�_QPQN]O�R�T�JwR�n�J\b�BEDFR¾X�N]X�X�N<J\b�_QPSZ�J\D�¿,O�_QT�À
T�N�¤VJIG�ÀIJID<JIG dp���mi���k R�J\G�M[_^T�M[K"J\M[Z�J\D·N<PQK�O�_^PQT�D]M g = 2

T�N
3
K"B\G�M]P^R�X�DFX�M6R�JIG�M6_^J�M]O�PQN]T¨R�T�K�T

N<T�U�N<T\>���T�Z�T�G�R�JIGqN"��K�B\GqN<D]J\PQD]T�Y[T�GqN ¶ ¤���T�Z���T�DFRVa�ÁÂJ\DFD]B\G���P^_QM¦G�n�X�G�B\G�K�T�GqN¦_^T�O�DÂN]��X"B\D]��Y[Tc½�O�T»M]O�D
Spec(C)

>
Ã�Ä�$'(*;<~�)L7�5q7}Å�(�58zI/�;]zI>�? ¤�BEP�N

k
O�G�K�BEDFZ�McZ�JIDFªtJIPQNcR�T�K"JID<JIK�N<X�D]PQMFN<PQ½�O�T

p
>m�SB\G�G�BEG�M·arG�B\O�McO�G

M]K���X�Y�J
X

Z�DFBEZ�DFTcT�N¦_QP^M]M]TcZ�O�DFT�Y6T�G8N¦R�TcR�P^Y[T�G�M]P^B\G
d
M]O�D

Spec(k)
��O�G�R�PQ¹�P^M]T�O�D ¶ K�D]B\P^M]T�Y6T�G8N<M

G�BEDFY�JIOVU
D

R�T
X
��T�N,O�G�ªtJIP^M]K�T"JIOWP^Gq¹ET�D]M]PQb�_^T L M]O�D

X
>�´,B\N]BEG�M

W2(k)
_2n�J\G�G�T"JIOWR�T�M¸¹8T�K�N]T�O�D]M

R�T»ÆÇPQNFN¸R�Tc_QBEG��\O�T�O�D
2
R�T

k
T�N¦M]O�Z�Z�BEM]BEG�M¦½�O�T

X
�
D
T�N L M]TcD]T�_Q��¹8T�GqN ¶

Spec(W2(k))
>

¤�O�Z�Z�B\M<B\G�M�X��EJ\_QT�Y6T�GqN�½�O�npP^_�T�UVP^MFN<TSO�G�T�GqN]P^T�D
ν0

N]T�_�½�O�T Lν(−D)
M]BEP�N¦J\Y[Z�_^TSZ�B\O�D�N<B\O
N

ν >

ν0

>:�%n�JIZ�D]��M dfÈ|e�É:Ê ��Z�D]B\Z�>m£\£E>�Ë k ��B\G�JÌrÍ�Î Ê Î i >pÏcÐ Hj
(
X , Ωi

X/k(logD) ⊗ L−1
)

= 0Z�BEO�D
i+ j < inf(d, p)

>�Ñ|G¨R�X�R�O�PQN¦Z�J\D�R�O�JI_^P�N<XcR�T%¤�T�DFD]Tc½�O�TcM]P
p ≥ d

��B\G�J
ÌrÍ�Î Ê Î i >�Á¦Ð Hj(X , KX/k ⊗ L) = 0Z�BEO�DÂN<B\O
N

j > 0
��B\Ò KX/k = Ωd

X/k

R�X�M]P^�\G�Tc_^T»ªtJIP^M]K�T"JIO¨R�O�J\_QP^M<JIGqN¸R�T
X
>

Ó�Ô\Õ×Ö�Ø.ÙEÚ¡ÔwÛ:Ü«Ý�Ü�Þ
>�? lon�J\M]M]T�DFN]P^B\G Ì3Í�Î Ê Î i >pÏcÐ»T�MFN%O�G�T�¹ET�D]M]PQBEG�ªtJ\PQb�_^T�Y�JIP^Ms¹\JI_¥JIb�_^T�M]O�D
k
R�O

N<��X�B\D]��Y[T�R�TàßcJ"áÂJ\Y6JIN<J*a3A|P^T��qá�T���Z�BEO�D6_^T�M�R�PQ¹VPQM]T�O�D]M�G�T�ª«M dpÈ,eWÉ:Ê �¯K�BEDFB�>�Ë�>Q£*âq>�K k �¯½�O�P¸G�npT�MFNR�X�Y6B\GqN]D]X[Z�B\O�Dc_tn�PQG�MFN'JIGqNc½�O�T[M]O�D
C
>mlmT�N]��X�BEDF��Y6T[R�T6ß»J.áÂJIY�J*N'J*a3A|P^T��qá�T���M]O�D

k
D]X�M]O�_�N<T�D]J\P�N

R�T|_tn�JIM]M]T�DFN]P^B\G ÌrÍ�Î Ê Î i >pÏcÐoT�N�R�n�O�G�T,X�¹8T�GqN]O�T�_^_QT|DFX�M]BE_QO
N<P^B\G�R�T�MãM]P^G��\O�_¥JID]PQN]X�M�R�T�MãM<K'��X�Y�JIM�R�T,N�`VZ�Tµ�G�PmM]O�D
k
>:´¸BEO�M¦D]T�G8¹8B.`8B\G�M ¶ dfÈ|e�É:Ê ��D]T�Y�>m£\£E>��
>pb k Z�BEO�D�Z�_^O�M¦R�TcR�X�N'JIP^_QM�>

Í�Î1ä�Î�åçæVè g�é�ê�ë"hyì
ëyí�g�éïî@ð�ë.ñ æ g�hyò è�ó
l�J,ª«B\D]Y6JIN]P^B\G�R�T�_¥J|K�B\��BEY6B\_^B\�EPQTÂK�B\��X�D]T�GqN]TÂK�B\Y6Y%O
N]T�J\OVU%_^PQY6P�N<T�M¡P^G�R�O�K�N]PQ¹ET�MôM]O�D¡O�G�M]K���X�Y6J

½�O�JIM]P�arK�BE��X�DFT�GqN�>"�õ_\M<O
§[N�R�BEG�KoR�ToR�X�Y6B\GqN<DFT�Dm_QToN]��X�BEDF��Y6T Í�Îtö�Î2ö Z�BEO�D
M

R�TôN�`VZ�Toµ�G�PEM]O�D
Z[1/n]

�
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2�3�46572�893�: M = Fp ;�<9=�> p > 2 5?4 g = 2 =A@ p > 5 5B4 g = 3 C�D 4FE�5?4HG�4FIJ5?3"K @ML�= 2�:N893 <9= :7O13 = I =PQ8�:B2�R�4F5BP =)L�=)> R ; E�S = P = E @*L�=)T�; 5 = 46E L 3�4 @ 3�E�4F5?8�PQ8�:B2�R�4F5BP =

Fp ⊗ H0
(
Aparf

g,n , ωk(−Dparf)
)

∼−→ H0
(
Aparf

g,n × Spec(Fp) , ω
k(−Dparf)

)

2�893�: k > 1 + g C�UWV ; 2�:NX�5ZY\[Z]%^`_%a Ccb1Ced =A@ a C agfhG�4FI/5B3"K @*L�=)L�i PQ8�E @ : = :*O�3 =
H1
(
Aparf

g, n × Spec(Fp) , ω
k(−Dparf)

)
= 0 .

j = 5 > R i P ; Aparf

g, n × Spec(Fp) = 5 @ 2�:B8�2�: =)=A@ IF465B5 = 5B3�: Spec(Fp)
5B4 g = 2 893 3 C�k I = 5 @ 2�3�: = P = E @

L�=%L 4FP = E�5B468�E g(g + 1)/2 =A@ 5 = : = I6X <9=�l Spec(Z/p2Z) CmU = Pon�P = G Dparf = 5 @ 3�E L 4 < 465 = 3�: l
> :B8�465 = P = E @ 5ME"89:BP ; 3�pqO13�4J5 = : = IFX <r=Wl Spec(Z/p2Z) C�s 8 @ 8�E�5 L I =utv; 465 >�=�; 3w46E <r= :N5B4 T I = ωk−1−g

5B3�:
Aparf

g, n × Spec(Fp) ,

O13�4�5 = : = I6X <9=)i S ; I = P = E @7l Spec(Z/p2Z) CxUyV ; 2�:BX�5ZY{z�|~}	��G @ R C��"C6� f�G Lν(Dparf) = 5 @�; PQ2�I = 5B3�:
Aparf

g, n

2�893�: @ 8�3 @ ν > 12/n(k − 1− g) CxUyV ; 2�:BX�5y�����-���6} Ce�*� G�89E ;
H1
(
Aparf

g, n × Spec(Fp) , K ⊗ L
)

= 0

>�; : p ≥ g(g + 1)/2 C�� E > 89E > IF3 @ I ;oL�i Po89E�5 @ : ;,@ 468�E L 3 @ R i 8�:BX�P = ���H���h� = E�: = P ; :BO13 ; E @ O�3 =
K ⊗ L = ωk(−Dparf) .

�����������9�����x�h����� C�� � 8�4 @ X 3�E 5 > R i P ; 2�:N892�: =¡=A@ IF465B5 = 2�3�: = P = E @qL�=¡L 46P = E�5B4F89E d 5B3�:
Spec(C) G�5B894 @ UyV ; 2�:BX�5ZY\¢7£q¤���G > 89:N8 Cx¥�Ce� f�G�89E ;

Hj
(
X , ωiX/k(−D)⊗ L−1

)
= 0

2�893�: i+j < d Cr� EW2	8�3�:B: ; 4 @¦L�i PQ8�E @ : = :�3�E @ R i 8�:BX�P =#; E ; IF89S93 = 2�893�:�I = 5¦5 > R i P ; 5�5B3�: Fp
5?41I V 89E

> 89E�E ; 465B5 ; 4 @ I ; : i 5B89IF3 @ 4F89E L�= 5¦5B46E�S�3�I ; :B4 @?i 5 = E >�; : ;�>A@Bi :B4F5 @ 4FO13 = p Cr� E = E L�i�L 3�46: ; 4 @ I = : = I6X <9= P = E @
= E >�; : ;�>A@Bi :B4F5 @ 4FO13 = E13�IFI =)L�=§t 8�:BP = 5�Po8 L 3�I ; 4F: = 5 L�= � 4 = S = I/E�8�E�E i�>�= 5B5 ; 46: = P = E @*> 3�5B2�4 L�; I = 5 C
¨ 8�E @ :N89E�5 l 2�: i 5 = E @ O�3 V 4FI�E V = p"4F5 @?= 2 ; 5 L�=Wt 89:NP = PQ8 L 3�I ; 4F: =WL�= � 4 = S = I L�= S = E�: = ≤ 3 =A@§L�=2�894 L 5 < 0 5B3�: Fp C�© E =Aª	=A@ G�46I�5B3"K @*L�= 2	8�5 = :

X = Aparf

g, n ,

i = 0 G j = 0 =A@ L = ω−k L�; E�5y�«�	�-���6} C\D)� 2�893�: L�i PQ8�E @ : = :#I = : i 5?3�I @¬;@ 5B3�4 <�; E @ C
®y�g¯�°±¯�²³�´µ³B¯�¶·�x�����H¸ C�� ¹*º»�¼.½¾ºg»�¿ 2 ≤ g ≤ 3 ÀÁ½ k < 0 ÂÃºÄÆÅ H0(Ag, n× Spec(Fp) , ωk) = 0 Ç



��� �������
	��
�������������
������� ���
��� �!�#"%$'&)(+*-,'.0/!12.43�*+$65�12.

798):<;>=@?BAC:<; DFE�AHGJI6KL?BAMI�8@NB8�GO8�PBNRQ�?RPTS�:J8�UJ?B=)?B8VDFQ�?RW�:JXH?Y:<8�:JZ GOUJI�?R:JI[DHS�NBGOA]\�=@? ���_^��`^ Q�:J8�X
Z>?%P�:JXaGOb

g = 4 c�d GO=@=)?%Ze:fQ�NBPBGJ=)EgGOXH;hDC; GO8iQ�I4PBjJ8�?kE�:<A]lm:J;hD98�no?BX]D9E�Z>I�XaZ>; XHXC?JpgGJ848�?%Eg?BI6D9E�:JX
:JE�E�Z ;>qVI�?BAkZ>?fDCS�NBGJAH\B=@?rQ�no:J8�8�I�Z>:<DH;>GJ8sQ�?rtaG�Q�:<;>AH:4u Aparf

4, n cwv 8xAH?�K<:<8�P�S�?JpyZe:iXH?BPBGJ8�Q�?rQ�NBPBGJ=[z
EgGOXH;hDC; GO8xQ�?|{}GJAHGJ8�GJ~9?BX]D�Z ;>XHXH?r?�DkAC:��f8�?|Ze:�Q�NBPBGJ=)EgGJXC;hDC; GO8xQ�IxPBjO8�?|E�:JA�l`:<; D�Q�no:JE�A]\BX#������� � p
E c��O�6����c�� G<DCGJ8�X

AVor

4, nZe:@PBGO=@E':<P�DC;h��P�:<DH;>GJ8�DCGJAHGJ~�Q�:<Z>?%:<XCXHG�PB; NB?%u)Ze:)XH?BPBGJ8�Q�?%Q�NBPBGJ=)EgGOXH;hDC; GO8�Q�?�{}GJAHGJ8�GJ~ c'� Z!?��0;>X]DC?�I�8
=)GJAHE�S�; XH=)?�E�A]GOE�A]?�?�D�W�; AC:<DH;>GJ8�8�?BZ

π : AVor

4, n −→ Aparf

4, n;>8�Q�I�;hD9E�:JAaZ>?BX9AH:<�)8�?B=)?B8VDHX9?B8VDHAH?kQ�NBPBGJ=)EgGJXC;hDC; GO8�X c�� G<DCGJ8�X
E

Z ?kQ�; K�;>XH?BI�Aa?��6PB?BE6DC; GO8�8�?BZ+Q�?
π

p
q�I�;�?BX]D}Q�?RXHI�E�EgGOA�D

DVor cLv 8@PBGO=kW�;>8�:<8VD}Z ?RDHS�NBGOA]\B=)? �Oco� pJZe:�A]?B=f:<AHq�I�? �Jc�� ?�D}Z ?YPBGJAHGJZ>Z>:J; AH? �Jc>�J�Q�?)�o����� � � p�GJ8�E�?BI6DY=)GJ8VDCA]?BAYqVI�?
ωa(−bDV or − cE)

?BX]D�:J=@E�Z>?�XHI�A
AVor

4, nXH;�?�DYXH?BI�Z>?B=)?B8LD�XH;
a > 12b

n

?�D
c > 4b > 8

9
c c�� :<AY?��6?B=@E�Z>?Jp�XH;

a > 36/n
:JZ GOA]X

ωa(−3DVor − 13E)?BX]Da:<=)E�Z ?�XCI�A AVor

4, n c 798�Eg?BI6Da:<E�E�Z>; q�I�?BARZ>?�DCS�NBGJAH\B=@?�Q�?�taG�Q�:<;>AH:)u[Ze:�KJ:<AH; N�DCN�E�A]GOE�A]?�?�D�Z ;>XHXH?
AVor

4, n × Spec(Fp)EgGOI�A�AH?BZ ?�KL?BA�?B8�P�:JAC:<P�DCNBA];>X]DH;>q�I�?[8�I�Z>Z ?@Q�?BX�l�GOA]=)?BX�Q�?f�0; ?BUO?BZMQ�?[UO?B8�A]?
4

p�Q�?@8�;hKL?�:<I
> 36

p�Q�?
EgGO; Q�X

> 5
p�uRPBGV?��fPB;>?B8LDCX�Q�:J8�X

Fp
p�q�I�;OXBn�:<8�8�I�Z>?B8LD!XHI��)XC:J=@=)?B8VD!XHI�A

DVor c�� noGJAHQ�A]?}Q�no:J8�8VI�Ze:�DC; GO8
AH?BqVI�;>XY?BX]Da:<I�=)GJ;>8�X

2
?�DYGO8�Eg?BI6DYZ>?�Q�N�DH?BAH=); 8�?BAY?B8�P�:<Z>PBI�Z>:J8VDY?��6E�Z ;>PB;hDC?B=@?B8VD

E c
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�����}�@�M!�&�%�&$<
<
��:�4�&�%����=�=+�.;'*-�?�A���N@T/S���W@XUN@T/Y�G_S(HKJ@L/N@L/P^��T/G_S$Gcb(Hc ¡H_R^G_S$¢ a JML/G_SdH_G_L bdS
p
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�£¸nÞ �O�@�µg��}JMbUE�����H_Pz�`ßàX�G_SUS_g�á©X�N�NOâ3R^PQL`G@g��É���

����X�bd�OÞk!$�ã%*&$+30�>\'�?�AÛ��R^W@G_V/XdJMP^H�J@Y/Y/X�NKä1P^]BJMbUP^N@L5N@ZDS�bdX�T/HcbdT/X�G_SÛN a G_X�H_NO](Y/R^GcbUGºR^N�HKJMR*X�P^L/W@Sfe�g
§f¨`ªp«^¬�uwvkq\x/¬2�®1mµq£¬�¯°vM¨�qåy�m�±fqz¨/³3y�m[´
{poz¬���æ��å¸KÞO�@Þ3��g`Y����k�"?1�Mç¡�
�èáfGKÞO�k!$é[%àêÛ-�+30*¼*-�ë��,0w?�A[ì©N@E/NO](NORQNOW@P^G�XUPQWOPQ¤/G8Gcb²H_N@E/NO](NOR^N@WOPQG8X�P^W@P^¤/G8íÌSUT/Y/Y�N@X�b²Y/X�NOY/X�GÛe�g
l�Ónî�l�¨`ªc«Òoz{dvMqzoti"®}UïFuÉðÛïñ�å¸KÞOÞ@�3���
�èáfG_Xd�@çM!(68%/êÛ-�+ 0*�=ë�>r'B?ÌA©�ÉT`RòbdPQR^PQL/GKJ@X,](NOX�Y/E/P^SU](S;V�Gcbåó©G_G_LÌ¸c��](N@bUP a G_S2e¿�z�M�@�Oç3��gMJ@H_H_G_Y1bU¢©Y�N@T/X
Y/T/V/RQP^HKJkbdPQNOLÉ¤`JML/SÛô1�`¹FG_P^L/G[��L/WOGcó°���}JMbUE��
�èáfNOT`�¡¸_!$õÖ%=êÛ�=À*+�<�.;�=>�?ö±f«ÐîpjÖyp®`q\m$³3yºjÖvMq\x/îpjÖvMqsoz÷c¨�yK¬*ø2v"mn{pot{µ¨¡«ÐyÛù�ùöú���c¬*ð�«èû üKªcÓdyB{dikj$j8¨¡ý
q�vMqzorÔ@y_¬°h,x/vµl�orqzÓdy»þ ÿ � Ódv ³k¨`vMqzozik®1m��=Îà« qzÓdvkqzotik®1m}ypq[qåi�l/ik«ÐidûMotydmK¬°h,x/v�l�orqzÓdy���ÿ©c³3îUvM¨��»l�Ódypj8otypÓdm
vnm�mnin{µotî�m(ypqF³3î�{dikjÛl`iKmporqzoti"®¿l�ÓµorjÖvMorÓdypg���HcbdT`JMR^Pòbd¢_S²��H_P^G_L3bUP	�`�3T`G_S¦Gcb�ÜåL/¤/T/S�bUXUPQG_R^RQG_S�|�
�¶����å¸KÞO�¡¸k��g
Ø¦G_XU]BJ@L/L�g`ß=JMXUPQS_�
�èáfXUGKç@�M!���%;êÛ+�-�-�' ?}ø*i"®
{pqzoti"®1m°q\x`ypq£v»ypqfq\x`îdikÓdüpjÌy8³M¨�{p¨`ª�ypg�Õ2G_HcbdT/XUG��NMbdG_S¦PQL �}JMbUE/G_]ÖJkbdPQH_S_g
a NORs��Þ@çO�}�å¸KÞOç@�3��g���Y/X�P^L/W@G_XÙ�tÝàG_X�RÐJMW/g`á©G_XURQP^L��
���ÛG_R �k�M!$é[%2¾8-�ë�>��='*-(?öA�CFE/¢_N@XUPQGÛ¤/G²Ø�N3¤/WOG@��ÜUÜ�Ü*e�g`§©¨/ªc«^¬
uwvkq\x/¬��®¡mpq£¬
¯°vk¨¡qåy�m¦±©qz¨/³3y�mÛ´
{poz¬¡~�~
�£¸nÞ �k�3�µg/Y����_?/�@���

���ÛÜåç3�n!$é[%D¾8-�ë�>��D'*-�4���%��dë�ë�À*:">r-É?�A²¹FG_R�� a G_]BG_L3bUSÛ](N�¤/T/R^N
p2

GcbÛ¤/¢_H_NO](Y�N@SUPQbUP^N@Lö¤/TöH_N@]$�
Y/RQGpä1G[¤/G��ÛG°¹FE`J@]�e�g��®`Ô@yp®/q£¬�uwvkq\x/¬���¶��å¸KÞOç �O��g`L1�,�3g`Y����k�3�K?1�O�k�1�
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�! �"$#$%'&)(+*-,.*�/102,�35476+8+9;:=<�>@?A"�B�C�DFEHGJI�KML�>�G5"MN�I�OPERQ�L�EFI�KMDFDFSTI�"$DRKMOPERU�>�BVKMW�>�DRERKMQYX�KMOPER>[ZJER>�G]\^E_Z`<
Γ0(p) a

DF>[Xb>�D.GJZJOJC�L[ZJC�OJ>^c�d�e�f.gihkjml�n[oJp�qsrAtul`v'wxf
y{z}|~#M#$%b��d�QH����d�I.�-�M�m��8��M�$���

�k�5��#b��&��x*��=��4����7��������*��V��0��.�20-6�8¡ 7l`r�¢¤£�o`l¦¥�v'§©¨�p�§�q�¥`ª�q�§�j«¢¬ª�l`v'o`l�wT¥�d1¯®��±°�>�?AEFQ�KMO[d
X$"$D²�
�'³«z}|~#M#m�M��d�´µEROP¶�<�·�C�G`>�O[d-´@¸�DR>M�

�k¹1ºµ#$³'&V»�*�¼��]�����¬4765�½�¿¾T*kÀ�Á@*^¾Â���]�Ã8¡ÄTlÅjml�§�l�o`p'¢¤qsv'§ÆvÈÇ+p$n�l�hÉq¤p�§©¨�p�o�qsl�¢¤qsl`¥�d]�ÊOJËM>�W�Q�ERGJGJ>ÌB�>�O
®ÍK'Z`<�>�?AK�ZJER¶ÌC�Q�B2EF<�OJ>�OiÎÂOJ>�Q�U�ËM>�W�ER>[ZJ>Md�X$"$D²�
�M�2z}|~#M#$³m�¦d
°�I�OPERQ�ËM>�O�d�´µ>�OJDFERQ.��Ï

�!ÎÂKMW�#b��&VÐ+*.»T�]Ñ.Ñ�0-ÒÌ8Í9
K a ZJ<�>�"$OÓSV"MN�Ôi>�Q�GJ>�DFE�KMQxDF"�L�KMD�OJEFQ�Ë$GµK�Q�BÕÔi>�Q�GJ>�DRERKMQxI�KMEFOJG]c�d-q�§�ÖuDFË$> aW�OJKMEFL

K a ZJ<�>�"$OÓS$d�L�"M?A?TCHZ¦K'Z`E_Xb>¯KMDFË$>�W�OJKHd�KMQ�B2KMDFË$>�W�OJKMEFL¯ËM>�"$?V>[Z`OÓS$d�º;"$QmZJ>�?AI.��®ÍK'Z`<.�FdHXb"MD¤��|'�'�z}|~#M#m�M��d�Öu?V>�O���®«K'Z`<.��°�"�LM�Rd�×ÃOP"�X�ERB�>�Q�L�>Md�Ø^Ù¦d�I.�
Ú'#�8H��³��

�!ÎÂÛu³m�~&)(+*
»�0-470����7��0-Ò½�ÝÜT*�¾Y*-Þ)6Êß+8+9µÖiDRL�à~Xb>�G5>�Z
p a O`K�Q�Ë¯B�>�G]XMK�OJEFá[Z`á�GÊKMW�á�DREF>�Q�Q�>�G1c�dmgi§�§
fâ §�¥�¢}f�ã�v'£�o�qsl�oxä-y{zs�'³$³b�$�¦d�Q � �Hd�I.��|~�M�mÚ�8�|��$�M³H�

�!Îuå$OJ³H|[&�æÕ*H»�ç5Òb�7èµ8A9;éuQ¯Z`<�>Êê-K�ZJQ�>�G`G�"MNH?V"�B�>�DRG�"MNHL�>�OPZ`KMEFQY°�<�ER?TC�O`K�X�KMOPER>[ZJER>�G�"MN�×Ã��ë a Z}S�I�>5c
dì p�¢¬ª�f.gi§�§
f
í-y.îïzs�'³$³�|'�¦d�QH��%�d�I.���$�M#�8H�$�M���

�!Îuå$OJ³$%'&�æÕ*�»Vç5Òb�7èÌ8ð9)éuQñZ`<�>Aê-K'Z`Q�>�GJG)"MN�DF"�L�KMDÃ?A"�B�>�DFG)N�"$OòZJ<�>xGJS�?AI�DF>�L[Z`EFLÕËMOJ"MC�I+c�d5gió'¨�f
ì p�¢¬ª�f�îHô�õ{zs�'³$³M%m�¦d�Q � |Md�I.���$#~8�|M|'Úm�

�kÔÂ°�³M��&�ö�*^�)�7��0�÷ø�ù»+*iö+*iú-�]47÷1�]Ò.�]4ð8Æ9¯:�<�>+Q�>[N^L�"$Q�>+"�N^ZJ"$OP"$EFB�KMDµL�"$?VI�KML[ZJEFû�L�K'Z`EF"$Q�G
"�N A4

c�d
üµo`v~r�f� 7v�§
ómv'§ ì p�¢¬ªHf7ý.v~r�f
þ-þ¡z¤��³M³M�m��d�Q � %Hd�I.�-�bÚ�#~8��'³M�H�

�kÿ�K�Z��'%�&�Þx*���*µöT�H��èÕ8©9
p a KMB�EFLVI�OJ"MI�>�OPZJER>�G¯"�Nµ?A"mB�C�D�KMO�GJL�<�>�?V>�GòKMQ�B ?V"�B�C�D�K�O�N�"$OP?AGµc�d5q�§®2"mB�C�DRKMOYN¬C�Q�L[Z`EF"$Q�GV"�Nu"$Q�>+X�KMOPE�K�W�DR>�ÙJÙPÙ¦dÃë�>�L[Z`C�OP>2Ûi"MZJ>�GVERQ�®ÍK�Z`<�>�?AK�ZJERL�G�d]Xb"$D²�Ã%bÚ�³ zÈ|�#m�'%m�¦d

°�I�OPERQ�ËM>�O�d�´µ>�OJDFERQ.d�I.�-�M#�8-|~#M³H�

�kÿ�ÿ)®ï°�i&V»�*�öV0������	�7¼i*7ö�47�1/1��0�4
���Ì*�¡����m35Ò�/©� ÜT*1ú��]�¬4��
À��T354��H�28���v'o`v'q¤óbp'h1l�w��
n¦l`óbó�q�§�j�¥ â d�ë�>�L[Z`C�OP>)Û^"MZJ>�G=ERQ½®ÍK�ZJ<�>�?xK'Z`EFL�G�d�X$"$D²�-%$%M#«z}|~#b��%b��d�°�I�OJEFQ�Ë$>�O[d-´µ>�OPDREFQ.�

�kë�K�Q�³$�'&�ö�* À�� *uÁ]�]4�8 9¯ÖuOPEFZJ<�?A>[ZJERL�L�"$?VI�KML[ZJEFû�L�K'Z`ER"MQ�GA"�NÂ×���ë a Z}S�I�>«°�<�ER?TC�O`KïX�K�OJEF>[Z`EF>�G�c�dZJ<���GJ>¯B�>¯B�"�L[Z`"MO`K'ZYz¤��³M³$�b���

�!®Í´@�bÚ�&�Á�*�� 35Ò�0��
À�Ü^�]������� 8ï9^×ÃEFQ�L�>�KMC��ÕB�>uXMK�OJEFá[Z`á�G�K�W�á�DREF>�Q�Q�>�GÊc�d�gu¥�¢���o�q�¥ �[£�lVî�y�! zÈ|�#$�bÚ$�¦d
°�"mLM�
®ÍK�Z��-¹�O��Fd-×]KMOPERG�d�I.�
�'�$���

�!®Í¹]#M��&��Ì*"� �����35Ò�/ð� ,.*1¼Ê356]�]Òb�	�ñ8 tul`v'wÕl�¢²o�qsròq�§�¨�p�o�q¤p�§�¢;¢¬ª�l¦v�o$#�d��ÃOJËM>�W�Q�ERGJGJ>¯B�>�Ou®«K aZJ<�>�?xK'Z`EF¶ÌC�Q�B2ER<�OP>�OuÎuOJ>�Q�U�ËM>�W�EF>[Z`>Md�Q � %��½z}|~#M#M�m��d�°�I�OPERQ�ËM>�O a �Ã>�OPD�K�Ë�d�´µ>�OPDRERQ.�
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