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Résumé

Ce mémoire est rélatif & ’étude des processus stochastiques sur les algébres de Hopf.
Ces algebres jouent un réle important en physique mathématique sous le nom groupes
quantiques.

Une grande partie de cette thése est’ consacrée a ’étude des processus de Lévy, c-a-
d des processus a accroissements indépendants et stationnaires, sur ces algébres. Deux
constructions, soit & partir d’'un processus de Lévy classique, soit a partir d’'une marche
aléatoire quantique, sont proprosées. Ces processus sont ensuite étudiés a 1’aide des repré-
sentations duales et de leurs systémes d’Appell. En particulier, ceci a permis de démontrer
une formule de Feynman-Kac et d’établir un lien étroit entre ces processus et des équations
d’évolution sur les groupes quantiques.

Les représentations duales sont également utilisées pour donner des conditions suffi-
santes pour 'existence de versions classiques des processus de Lévy sur des bigebres et
pour les caractériser. Plusieurs exemples, y compris la martingale d’Azéma. sont traités
en détail.

Un autre théme central de ce travail est la caractérisation des lois de Gauss au sens de
Bernstein. Il est montré comment les fonctionnelles ainsi que les semi-groupes de convolu-
tion sur des algébres de Hopf qui satisfont ’analogue de la propriété de Bernstein peuvent
étre calculés. Il est aussi démontré que le plongement d’une fonctionnelle normée infi-
niment divisible dans un semi-groupe de convolution continu sur un groupe quantique
nilpotent ou sur un groupe tressé nilpotent est unique.

Finalement, plusieurs théorémes limites (loi des grands nombres, théoréme de la limite
centrale, etc.) sur les groupes quantiques sont présentés.

Mots-clés: Processus de Lévy sur des bigébres, théorémes limites

Abstract

In this thesis stochastique processus on Hopf algebras are studied. These algebras, also
known under the name quantum group, play in important role in mathematical physics.

A major part of this work is concerned with Lévy processes, i.e. processes with sta-
tionary and independent increments. Two construction are proposed, one starts from a
classical Lévy process, the other one uses quantom random walks. These processes are
then studied with the help of dual representations and Appell systems. This has allowed
us to prove an analogue of the Feynman-Kac formula, and to study the relation between
the processes and their evolution equations.

Dual representations are also used to give sufficient conditions for the existence of
classical versions of Lévy processes on bialgebras, and to calculate the classical generators.
Several examples including the Azéma martingale are treated in detail.



Another central theme is the classification of Gaussian laws. It is shown, how the
functionals and convolution semigroups that satisfy an analogue of the Bernstein property
can be determined. We also prove the the embedding of a normalized functional into a
continuous convolution semigroup on a nilpotent quantum group or nilpotent braided
group 1s unique.

Finally, there are also several limit theorems (law of large numbers, central limit the-
orem, etc.) presented in this work.

Mathematics Subject Classifications (1991): *60B99 Probability theory on general struc-
tures, 16 W30 Hopf algebras {assoc. rings and algebras), 60F05 Weak limit theorems.
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Avant-propos

Cette thése se compose de cing articles en anglais:

Chapitre 4 : Duality and Multiplicative Stochastic Processes on Qquantum Groups
— Chapitre 5: Diffusions on Braided Spaces

— Chapitre 6: Gauss Laws in the Sense of Bernstein and Uniqueness of Embedding
into Convolution Semigroups on Quantum Groups and Braided Groups

=

A0 0. Y 3.8 L U4l 2 38 J

— Chapitre 7: Evolution Equations and Lévy Processus on Quantum Groups

~ Chapitre 8: Brownian Motion on the Affine Group and Generalized Gegenbauer
Polynomials

et de deux chapitres sur des travaux en cours, également en anglais:
— Chapitre 9: Limit theorems on Quantum Groups
— Chapitre 10 Classical Versions of QQuantum Lévy Processes,

qui forment ensemble la deuxiéme partie.

La premiére partie, composée de trois chapitres, est une synthése en francais des
résultats essentiels. Aprés 'introduction nous donnons un bref apergu de la théorie des
processus de Lévy sur les bigébres. Ensuite, dans le Chapitre 3, les résultats propres a ce
travail sont énoncés. Une bibliographie se trouve a la fin.
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Premiére partie

Synthése






Chapitre 1

Introduction

La maniére dont les probabilités quantiques sont obtenues & partir des probabilités
classiques ressemble, du moins formellement. a la transition de la mécanique classique
a la mécanique quantique. Les observables, appelées variables aléatoires en théorie des
probabilités, sont autorisées & vérifier des relations de commutation non triviales (i.e.
I’algébre commutative des fonctions mesurables sur un espace probabilisé est remplacée
par une certaine (*-)algébre non commutative).

Les groupes quantiques dérivent de facon analogue des groupes classiques. L algebre
de Hopf abélienne des fonctions représentatives est remplagée par une “déformation” non
commutative. De la structure de groupe il reste la structure de cogébre qui nous permet
de définir la plupart des constructions de la théorie des groupes de facon plus générale
pour des algébres de Hopf ou bigébres.

Le présent travail tente de combiner ces deux notions. Nous étudions des processus
quantiques sur des groupes quantiques. Ces processus sont les analogues non-commutatifs
naturels des processus stochastiques & valeurs dans les groupes. Nous sommes donc parti-
culiérement interessés par les propriétés qui utilisent la structure de cogébre, par exemple
la théorie des processus a accroissements indépendants et stationnaires (les processus de
Lévy), ou la notion d’accroissement est maintenant définie via le coproduit au lieu de la loi
du groupe. Nous nous sommes aussi intéressés aux théorémes limites et a la caractérisation
de certaines lois de probabilité également basées sur le coproduit.

Nous faisons a présent un bref survol des résultats contenus dans cette thése, les
définitions exactes et les formulations précises sont données aux chapitres 2 et 3.

Les thémes centraux sont :

~ la construction des processus de Lévy et de leurs semi-groupes de convolution sur
les bigébres,

— le lien entre les processus de Lévy et les équations d’évolution,
~ étude des versions classiques des processus de Lévy sur les bigébres,

— la caractérisation de certaines classes de fonctionnelles 4 1’aide de leurs propriétés
par rapport & la structure de cogébre,

— des théorémes limites, avec caractérisation des lois limites.



4 Chapitre 1. Introduction

La premiére partie est un sommaire. Le chapitre 2 contient toutes les définitions de
base et tous les résultats dont nous aurons besoin par la suite.

Les résultats essentiels sont énoncés au chapitre 3.

A la fin de ce chapitre nous avons inclus une liste des publications auxquelles cette
thése a donné lieu (voir section 3.7, page 20).



Chapitre 2

Processus stochastiques sur des
bigébres

Ce chapitre présente une bréve introduction & la théorie des processus stochastiques

sur des bigebres, basée essentiellement sur le livre de M. Schiirmann[Sch93].

T Y S I AN 1 SV DU P I e R F S S R
La notion d’indépendance tensorielle a gauche ou a droi

dance tressée.

2.1 Probabilités non-commutatives

Nous résumons les définitions les plus importantes concernant les probabilités quan-
tiques ou non-commutatives, pour une introduction plus détaillée on pourra consulter,
par exemple, les livres de Biane [Bia93], de Meyer [Mey93], et de Parthasarathy [Par92].

Un espace de probabilité non-commutatif (quantum probability space) est un couple
(A, ®) ou A est une algebre involutive sur € et ® un état (state) sur A, cad une fonction-
nelle linéaire positive normalisée. Un espace de probabilité classique définit un espace de
probabilité non-commutatif si on prend une algébre convenable de fonctions intégrables &
valeurs complexes sur {2, par exemple L*(Q, F, P), et la fonctionnelle & : f — [, fdP.

Une variable aléatoire non-commutative (quantum random variable) 7 sur un espace
de probabilité non-commutatif (A, ®) est un homomorphisme de *-algébre j : B — A. A
partir d'une variable aléatoire classique & valeurs dans un espace mesurable (£, £) on peut
définir une variable aléatoire non-commutative en posant jx(f) = f o X pour f € B (ou
I’algébre B des fonctions mesurables sur (£, £) est choisie t.q. fo X € A). La fonctionnelle
w; = @ o 5 est appelée la distribution de 7 dans ’état ®.

Un processus stochastique non-commutatif (quantum stochastic process) n’est rien d’autre
qu’une famille de variables aléatoires {j:;¢ € I} sur le méme espace de probabilité non-
commutatif, indexée par un ensemble I, comme dans le cas classique. Ses distributions
uni-dimensionnelles (one-dimensional ou marginal distributions) sont les fonctionnelles
w1 =P o jp.

Deux processus stochastiques non-commutatifs {7; : B — (A;,®;);t € [} et {k;: B —
(Ay, ®;);t € T}, indexés par le méme ensemble I, définis sur la méme algébre B, sont
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équivalents, si
®; (Ji (b1) -+ Gen (b)) = P (K, (B1) -+ e, (b)),

pour tous n € IN, ¢4,...,t, € I, by,...,b, € B.

Un élément a d’un espace de probabilité non-commutatif définit une variable aléa-
toire sur € < z,z* > (= lalgébre libre engendrée par z,z*), ou sur €[z] (= 'algébre des
polynémes a valeurs complexes sur IR), si a est auto-adjoint. On prend simplement 1’ho-
momorphisme de *-algébre défini par j(z) = a. De la méme fagon toute famille {a;;¢ € I}
d’éléments de A devient un processus stochastique non-commutatif indexé par I.

Ceci permet d’associer une densité sur la droite réelle a un élément auto-adjoint a
d’un espace de probabilité non-commutatif. Une densité de a (dans 1'état ®) est une
mesure g sur IR telle que ®(a") = [ 2"dp(x) pour tout n € IN. Cette mesure n’est pas
nécessairement unique. Une variable aléatoire X sur un espace de probabilité (Q, F, P)
a valeurs dans IR est une version classique de a si sa loi Py est une densité de a. Pour
la version classique {)Z't;t € I} d’un processus stochastique non-commutatif on demande
seulement que les moments ordonnés coincident, c-a-d

®(afl - -apr) = E(X[ - X

pour tous n, ki, ..., k, € IN, ¢y, ...t € [t <ty <--- <ty

2.2 Bigébres et algébres de Hopf

Les textes classiques sur les algébres de Hopf sont [Swe69, Abe80], mais voir aussi
[DHLI1, SS93, CP95, Guid3, Kas95, Maj95b|.

Une algébre associative A sur un corps IK est un IK-espace vectoriel muni d’une ap-
plication linéaire m : A @ A — A telle que

mo(m®id) =mo (id @ m) (associativity).

Toutes nos algébres sont unitaires, ie. il existe un élément e € A tel que m(a @ e) =
m(e® a) = a pour tout a € A. Ceci est équivalent & I'existence d’une application linéaire
e: K — A telle que
mo(id®e)=mo(e®id) =id.
Pour voir I’équivalence poser e(A) = Ae ou e = e(1).
Le produit tensoriel A & A est une algébre avec

e® = e ® e,
m® = (m@®@m)o (id® 7 oid),

ot 7 est le ‘flip’ defini par 7(a ® b) = b® a, Va,b € A.

Une algébre est commutative, si m =mor.

On peut considérer la notion de cogébre comme duale de la notion d’algébre. Si
(A,m,e) est une algébre (et dimA < oc), alors les applications m* : A* = (A @ A)* =
A" ® A7, e* 1 A = KK, définies sur A* = {¢ : A = IK; ¢ linear} par

m()(e®b) = p(m(a@b)),  €(p) = ple),
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satisfont
(id@m")om® = (m"®id) om™,
(e"®id)om™ = (id®e")om™ =id
On va prendre ces propriétés comme définition d’une cogébre.

Définition 2.2.1 Une cogébre (coalgebra) sur un corps IK est le triplet (C, A, €) constitué
d’un IK-espace vectoriel C et d’applications IK-linéaires A : C — C®C, e : C — IK telles

que
(Aid)oA = (id®A)oA (coassociativity)
(e®id)oA = ([d®e)joA=1d (counit)

Le produit tensoriel d’une cogébre est (C' @ C,A®, e®) ou les applications A? et ¢ sont

définies comme suit :
A ¢ CC - (CeC)o(Cal),
A® = (id@r®id)o(A®A),
® : C®C—=IK,
® = e®e¢
On dit qu'une cogébre est co-commutative, si A =70 A.
Définition 2.2.2 Une bigébre (bialgebra) est un 5-uplet (A, m,e, A €) ot
~ (A,m,e) est une IK-algebre,
- (A, A €) est une [K-cogebre,
~ la structure d’algebre est la structure de cogébre sont compatibles dans le sens que:
A:A—> AR A et e: A— K sont des homomorphismes d’algébre
ou, d’une fagon équivalente,
m:AQA— Aete:lK— A sont des homomorphismes de cogébre.

Les conditions de compatibilité s’écrivent aussi sous la forme

Aom = mPo(A®A)=(m®@m)oA®,
Aoe = eQe,
ceom = €Qe,

coe = ld]K

Définition 2.2.3 Soit (A,m,e, A, €) une bigébre. Une application linéaire S : A — A qui

satisfait

mo(id®S)cA=mo(S®id)oA=ceoe
est appelée antipode, et (A, m,e, A€, S) est appelé algébre de Hopf.



8 Chapitre 2. Processus stochastiques sur des bigébres

Si P’antipode existe, alors il est unique, et est un anti-homomorphisme d’algébre, ie. m o
(S®S)=Somor,ouS(a)S(b) = S(ba) pour tous a,b € A.

Une *-bigébre ( *-bialgebra) est une bigebre (sur un corps involutif, eg. €) muni d’une
involution * : A — A telle que (A.m, e, *) est une *-algébre (ie. (e(X))” = e(A), * o
m=morTo(*®x*),*0x* =1id), et A et ¢ sont des homomorphismes de *-algébre (ie.
(*®+*)oA =Ao=xand e(a*) = (¢(a)) pour tous a € 4). Pour une *-algébre de Hopf on
demande en plus que So#*0 50 =id.

Nous dirons que deux IK-bigébres (A4, m, e1, Ay, €1) et (A, my, €2, Ay, €;) forment un
couple dual (form a dwal pair ou -are- dually paired), s'il existe une applieation- bilinéaire
non-dégénérée < -,- >: A; x A, — I\, telle que

<myla; S b))y > = < a3 @b, As(er) >o,
< cpomala; b)) > = (c1).an 2by >z,
< er.ay > = eq(an).
<ap.ey > = )

pour tous ay. by, c; € Ay, az,by.¢; € 4y Un couple dual d'algébres de Hopf (4, my. e, Ny ep. 51)
et (Aa, mq, €2, N9, €2,.57) doit aussi satisfaire a la condition

< 51((11).612 >= 01,52(02) >
pour tous a; € Ay, ay € A,.

Si A; et 4, sont des *-algébres de Hopf, on demande en plus que les involutions soient
duales au sens suivant :

< aj,ap >= < ap, (S(agz))* >, Va; € Ay, az € A,

Si deux bigebres forment un couple dual, alors ils agissent 1'une sur l'autre par les
représentations duales @ gauche et @ droite (right and left regular or dual representation).
Elles sont définies par pg, p7 : A1 — Hom(As, Az), pp(X) = (1d @ X) o Ay et p1(X) =
(X ®@1d) o Ay, respectivement, et satisfont

PRIXY) = pp(X)pr(Y),  pL(XY) = p7(Y)pr(X),

pour tous X,Y € A;. Ces représentations satisfont une propriété de Leibnitz (Leibnitz
formula) parce que la multiplication de A; et le coproduit de A; sont duaux. Soit A;(X) =

> X ® \’ , alors on a

Pi(X)(ab) = T(pp(X. >a><pz<¥“>> (2.1)
ab) = L(ppX{M)a) (X))

pour tous X € A;, a,b € Ay. Si X est primitif (le. AX = X ®1+1® X) on retrouve la
formule de Leibnitz classique pj 1 (X)(ab) = (pg (X)a)b + a(pk (X)b).
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2.3 Catégories tressées

Les catégories tressées ont été introduites par André Joyal et Ross Street (Macquarie
Mathematics Reports 850067 (Dec. 1985) et 86081 (Nov. 1986), voir [JS91a, JS91b, JS93,
Kas95, Majosbl]).

Définition 2.3.1 [Mac71] Une catégorie momoidale ou tensorielle (tensor category ou
monoidal category) est une catégorie munie d’un produit tensoriel @ : C x C — C, d’une
unité I, d’une contrainte d’associativité a, d’une contrainte d’unité a gauche | par rapport
a I, et d’une contrainte d’unité 4 droite r par rapport ¢ [, t.q. [axiome du pentagone
(Pentagon Axiom)

(Veview)ex

ayyw @idx N\ QUgV.W.X
(Ve vew)sX)
avvew.x 4 (UeVv)eWaoX)
U (VeWw)sX)
idy @ avw,x v auvxex

Us (Ve (Wwex)
et {'axiome du triangle (Triangle Axiom)

Vehow ¥ veolaWw)
ry @ idw N\ v idy @ lw
VoW

sont satisfaits pour tous les objets U, V., W, X de C.

Exemple: L’exemple le plus fondamental est la catégorie Vec(IK) des espaces vec-
toriels sur un corps IK. Elle est munie d’un produit tensoriel ® : Vec(IK) x Vec(IK) 3
UxV i U®YV € Vec(IK), I'unité est le corps KK, et les contraintes d’associativité et
d’unité sont données par les isomorphismes naturels ap,vw : (U@V)QW — Ug(VeW),
ly K@V = V,rv : VK-V,

aU,VYW<(u Rv)® w) =u® (vRw), lv(A®v) =X v=ry(v®@A)

otuelU,veV,weW, U V,W € Vec(K), A € K.
Exemple: A soit une bigébre. La catégorie des A-modules & gauche ou a droite et
la catégorie des A-comodules & droite ou & gauche peuvent étre munies d’un produit

tensoriel.

Définition 2.3.2 (a) Un A-module a gauche (droite) (left (right) A-module) d’une
algebre A est un couple (M, upr) consistant en un espace vectoriel M et une appli-
cation linéaire upr : AQM — M (pp: MRA — M, resp.) t.q. par(a®@pup(b®u)) =
vt (m(a ® b) @b) et jenr(e @) = 1 (ou ons{penr (4 @) © ) = uas(u @ mla o b)) ef
prm(u® 1) = u, resp.) pour tous a,b€ A, u & M.
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(b) Un C-comodule a droite (gauche) (right (left) C-comodule) d’une cogébre C est un
couple (N,dn) consistant en un espace vectoriel N et une application linéaire §y :
N> N@C [(y:N—>CQN, resp.) t.q. (on @idc) 0odn = (idy @ A) o dn et
(ldN & 6) o] (SN = ldN (OU (ldc & (SN) o] (SN = (A ® idN) o] (SN et (E X idN) o] (SN = id]\l,
resp. ).

Soient M, M’ des A-modules & gauche (droite), alors M @ M’ est un A @ A-module
a gauche (droite) avec (puy ® pupr) o (id ® 7 @ id). Si A est une bigebre, alors M @ M’
devient un A-module, si on pose pygr = (uar @ par) 0 (idsa @ 7 @ id)y,) 0 (A @ idpranr)
(ou pargn = (tar & parr) o (idy ® 7 ® id4) o (idpgar @ A) pour des modules a droite).

De facon analogue on définit une coaction sur le produit tensoriel de deux A-comodules
N, N’ a gauche (droite) par dygn: = (idygn' @ m) o (ldy © 7 @ id4) o (68 @ dn) (ou
Snon' = (m & idngn) 0 (ida @ Tidne) 0 (On @ dnv ), Tesp.).

Définition 2.3.3 Soit (C,®,1,a,l,r) une catégorie tensorielle. Un tressage (braiding)
U de C est une contrainte de commutativité telle que ['axiome de ’hexagone (Hexagon

Axiom) est satisfait, c-a-d

Ue(Vaew) "2 vew)eU

ayv.w /‘ \1 avwu
UeV)eWw Ve (WeU)
Upv @ idw N\ Aidy @ Ypw
Vel)ew " VveUoWw)
et
UeV)eaWw "' we(UgV)
a(_J,IV,W N\ a;VI,U,V
U (VeW) Wel)zV
idy @ Yvw \ S Wuw @ idy

—1

Ue(WaV) 25 UeWw)eV
commute pour tous les objets U, V., W, X de C.

Exemple: Un exemple trivial d’un tressage est la permutation 7y : UQV - VU,
7(u @ v) = v ® u, dans la catégorie des modules & gauche ou & droite d’une bigebre
cocommutative. Au niveau d’espaces vectoriels ceci est évident. Mais on a aussi gy =
T;II,Q;M o tprem © (ida ® Tapgar). En général, la catégorie des modules d’une bigébre A
admet un tressage si et seulement si elle est quasi-triangulaire (ou tressée (braided)), c-
a-d s'il existe un élément inversible R € A ® A, dite R-matrice universelle (universal
R-matriz) qui ‘contréle’ la non-cocommutativité de A, au sens suivant:

70A(a) = RA(a)R™, foralla e A
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et qui satisfait (A®id)(R) = Ri3R23 et (Id®A)(R) = R13R1,, voir eg. [Kas95, Proposition
XI1.1.4]. Ici Ry = R®1, Rys = 1@ R, Rz = (id®7)(R®1) sont des élément de 'algébre
AR AQ A

Définition 2.3.4 Une catégorie tensorielle tressée (braided tensor category) (C, ¥) consiste
en une catégorie tensorielle C et un tressage ¥ de C.

Considérons une catégorie tressée (C, ¥) dont les objets A, B, ... sont des algébres. Ceci
signifie que les multiplications ma4,mp,... et les unités e4, ep,... sont des morphismes
de C. Alors 'objet A@B est aussi une algebre (braided tensor product algebra), avec la
multiplication magp = (ma ®@mp)o(id®@ ¥ ®id) et 'unité eqgp = €4 ®ep, voir [Maj93a,
Lemma 4.1]. On peut donc aussi définir des bigebres tressées (braided bialgebras), ie.
des algébres qui sont des objets d’une catégorie tressée et pour lesquelles il existent des
morphismes Ay : A - AQA, £ : A — KK, t.q. les conditions analogues a celles de la
définition 2.2.2 soient satisfaites:

A@idoA=({d®A) oA, (c®id)oA=id=(ld®c)oA,

et t.q. A et ¢ sont des homomorphismes d’algébres.
Une antipode tressée (braided antipode) S : A — A est caractérisée par la condition

mao(S®id)oA=eog=my0(id® ) oA,

elle est toujours unique, mais ce n’est pas un anti-homomorphisme d’algébres. Elle satisfait
Som=moVo(S®J)et S(e)=e. Par rapport au coproduit et & la counité nous avons
AoS=(SoS)o¥oAetegoS =25

La plupart des notions introduites ci-dessus (par exemple module, comodule, couple
dual ou représentations duales) se généralisent immédiatement au cas tressé.

Mais les définitions & prendre pour les *-bigébres et les *-algébres de Hopf ne sont
pas évidentes, voir [Maj94, Maj95a, Maj95¢c| pour un choix d’axiomes. Pour I’étude des
processus de Lévy ces axiomes ne sont pas appropriés parce que le coproduit n’est pas un
homomorphisme de *-algébres.

Nous proposons une autre définition (voir aussi sous-section 5.2.3).

Définition 2.3.5 Une *-bigébre tressée (braided *-bialgebra) est une bigebre tressée
(A, m,e,A,g) (sur un corps avec involution, e.g. €) munie d’une involution x : A — A,

i.q.

(i) (A,*) est une *-algebra (ie. xom =mo7To(x@x*), xo* =id, et e(A)* = e(X) pour
tout A € IK), et

(ii) ¢ : A — IK *~homomorphisme,

(1)) A : A > ARA est un homomorphisme de *-algébre par rapport a 'involution de
AQA definit par (a @ b)* = ¥ (b* ® o).
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Remarque: La définition de * pour A®A se déduit immédiatement de la condition
imposant que les inclusions canoniques A —+ A®A «2- A soient des homomorphismes
de *-algebres, ie.de (1®a)* =1Qa" etde (a®1)" =a*® 1, Va € A. Cette définition
coincide avec celle de M. Schiirmann[Sch93, page 27], si ¥ est défini par un facteur de

commutation.
Pour des exemples de *-bigébres au sens de notre définition voir 5.3.2.

2.4 Indépendance.

Plusieurs définitions inéquivalentes d’indépendance ont été proposées et étudiées en
probabilités non-commutatives. Il y a par exemplel'indépendance libre de Voiculescu[VDN92],
liée au produit libre d’algébres, 'indépendance tensorielle de Schiirmann[Sch93], liée au
produit tensoriel, et 'indépendance booléenne (voir eg. [SW93]). Des travaux récents de
M. Schiirmann[Sch95a] et de R. Speicher[Spe] indiquent que ce sont les seules définitions,
sous certaines hypothéses. L. Accardi et al. ont proposé la notion d’indépendance statis-
tique qui comprend tous les types d’indépendance énumerés ci-dessus [ALV94|.

La notion utilisée ici est celle de I'indépendance tensorielle (ou tressée). Dans le cas
commutatif c’est la notion classique d’indépendance en probabilité. M. Schiirmann a aussi
considéré des produits tensoriels non-symétriques, ou le tressage est défini par une action
a et une co-action v d’un groupe algébre CIL comme ¥ = (o @ 1d) o (id @ 7) o (y @ id)
ouV¥ = (id® a) o (r ®id) o (id ® v). Nous allons généraliser cette définition au cas d'un
tressage quelconque (mais la contrainte d’associativité reste triviale).

Définition 2.4.1 Soit (A, ®) un espace de probabilité non-commutatif, et B une *-algébre
dans une catégorie tressée (C,V). Un n-uplet (j1,...,7.) de variables aléatoires non-
commutatives 7; : B — A, i = 1,...,n, est Y-indépendant (V-independent ou braided
independent ), st

(i) ® (o) (b0) * Jo(my(br)) = (o) (b)) -+ @(Jon) (bn)) pour toute permutation o €
S(n) et tous by,...,b, € B, et

(i) mao (Je ® 1) =mao (1 ®Jk) oV pour tout 1 <k << n.
Remarques:
1. Dans le cas non-commutatif I'indépendance dépend de 'ordre des v.a. (ji,...,Jn)-

2. Si A est commutative, alors (i) est équivalent a la condition utilisée en probabilités

classiques:
(i") (I)<j1(b1) . 'jn(bn)) = ®(5,(b1)) -+ - ®(jn(b,)) pour tous by, ..., b, € B.

Nous allons dire que ji,...,J, sont pseudo-(V-)indépendants, s’ils satisfont seule-
ment (i') et (ii). Cette notion sera aussi utilisée s’il n’y a pas d’involution * sur A
ou B, ou si la fonctionnelle ® n’est pas positive.
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3. Une famille {j,|¢ € [} de variables aléatoire non-commutative indexée par un en-
semble partiellement ordonné [ est indépendante, si (,,,...,J.,) est indépendant

pour tous (21,...,2,) avec 1y < 13 < -+- < 1,).
L’indépendance et aussi la pseudo-indépendance impliquent que ® o mgf_l) o (i ®
-+ @ Jn) factorise comme produit tensoriel des lois marginales ¢, = ® o7, 1 =1,....n. et
donc que la distribution jointe de (7; @ - - - J,,) est déterminée de fagon unique par les lois
marginales. Mais de la ‘vraie’ indépendance il suit en plus une condition d’invariance ou

de commutativité: .

A A~

= 4 BER Qs Gmr=£RHDED 0L ... =0 DD,
[ S ——’ [ ———
(n — 1) times (n — 2) times (n —1) times

doivent commuter (dans ’algébre des fonctionnelles sur BZ").
On dira qu’une fonctionnelle ¢ sur une algébre dans une catégorie tressé (C, V) est
Y -invariante, si

(6©20)0T =0 6.

pour toute fonctionnelle 4 : A — IK,

En général la convolution de deux fonctionnelles positives n’est pas positive, mais si
¢ est une fonctionnelle positive et W-invariante sur une bigébre tressée A. et ¥ est une
fonctionnelle positive sur A, alors ¢80 = (¢ @8) ® A est aussi positive, voir lemme 5.2.4.

2.5 Processus de Lévy sur les bigebres

Nous introduisons maintenant une autre notion centrale de cette thése, celle de pro-
cessus de Lévy sur une bigébre.

Définition 2.5.1 [Sch93] Soit B une *-bigébre (tressée). Un processus stochastique non-
commutatif {jss : B — A0 < s <t < T}, T € Ry U{co} sur un espace de probabilité
non-commutatif (A, ®) est un processus de Lévy s7l satisfait auz conditions suivantes:
1. (propriété des accroissements)
jrs*jst = jrt pour tOUtOSTSSStSTv
Ji = eoe pourtout 0 <t <T,

2. (indépendance des accroissements) la famille {j|0 < s <t < T} est indépendante,

3. (stationnarité des accroissements) la distribution @y = ® 0 j5 de jo; ne dépend que
de la différence t — s,

. (continuité faible) js converge vers jo, (= e o¢) en distribution sit ™\ s.

B
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Remarques:

1. Rappel: La convolution j; j; : C — A de deux applications linéaires d'une cogebre
dans une algébre est définie par

JixJ2=ma0 (51 © 7)o Ac.

2. Soit {7:|0 < ¢ < T} un processus stochastique non-commutatif sur une *-algébre de
Hopf. Alors on peut définir ses accroissements par

Jst = (Js 0 5) % Jo

ce processus satisfait automatiquement la propriété des accroissements. Nous appe-
lons {7;]0 < ¢ < T} un processus de Lévy si {j,|0 < s <t < T} est un processus
de Lévy.

Il est bien connu (voir [Sch93}) qu'un processus de Lévy sur une bigebre est déterminé
de facon unique par ses lois marginales »; = ® o jo;. et qu'il existe une unique fonction-

I'indépendance des accroissements implique (L & L)oW = L & L. Si on se restreint aux gé-
nérateurs W-invariants, alors on a aussi le réciproque. D aprés lemme 5.2.4 le semi-groupe
engendré par L est positif, et la construction décrite dans la section 4.8 ou dans les pages
38-40 en [Sch93] donne une ‘représentation canonique’” du processus. Il est intéressant de
remarquer que cette construction ne dépend pas de la positivité, on peut aussi l'utiliser
pour obtenir une ‘représentation canonique’ d’un ‘pseudo-processus de Lévy’ (c-a-d d’un
processus dont les accroissement sont seulement pseudo-indépendants. ou dans le cas ou
la fonctionnelle n’est pas positive).

Nous résumons ceci dans la proposition suivante, pour les détails consulter [Sch93,
Corollary 1.9.7, Theorem 3.2.8].

Proposition 2.5.2 Soit B une *-bigébre dans une catégorie tressée (C, V).

(1) Soit W = 1. Alors il y a une correspondence unique entre les (classes d’équiva-
lence de) processus de Lévy {js:}, les semi-groupes de convolution de fonctionnelles
positives hermitiennes @, = ® o jo; = exp, tL, et les fonctionnelles hermitiennes

conditionnellement positives L = a‘—i;got‘ sur B.
t=0

(i1) Cette correspondence existe aussi pour des tressages quelconques, si on se restreint
auz générateurs V-invariants, a leurs semi-groupes et a leurs processus stochas-

tigues.

L’ingédient essentiel pour passer des générateurs a-invariants[Sch93] aux générateurs W-
invariants est le lemme 5.2.4.

Pour la réalisation des processus de Lévy sur un espace de Fock et pour le lien avec
les équations différentielles stochastiques non-commutatives consulter [Sch93].



Chapitre 3

Les résultats principaux

Dans ce chapitre nous présentons un résumé des principaux résultats contenus dans
cette thése, les preuves se trouvent dans la partie II.

3.1 Construction des processus de Lévy et des semi-
groupes de convolution sur les bigébres

Dans la section 2.5 nous avons vu trois facons équivalentes pour présenter un processus
de Lévy : le processus lui-méme en tant que famille d’homomorphismes d’algebres, le
semi-groupe des distributions uni-dimensionnelles ou le générateur. M. Skeide|Ske94] a
montré comment les générateurs des processus de Lévy sur une bigébre donnée peuvent
étre caractérisés. M. Schiirmann a montré comment le processus peut étre reconstruit a
partir du générateur ou du semi-groupe des distributions uni-dimensionnelles.

Dans cette thése deux méthodes pour construire des semi-groupes de convolution sont
étudiées, voir chapitres 4 et 5. La premiére (chapitre 4) s’inspire de l'intégrale multiplica-
tive de McKean. Sur les groupes de Lie (connexes, simplement connexes) on peut utiliser
I’exponentielle pour définir une exponentielle stochastique qui associe une semi-martingale
sur le groupe a chaque semi-martingale sur son algébre de Lie. Nous démontrons que pour
une classe d’algébres de Hopf caractérisées par ’hypothése H (page 29) il existe un élément
du produit tensoriel de 1’algébre avec son dual qui a beaucoup de propriétés en commun
avec ’exponentielle d’un groupe de Lie. Cet élément, appelé "pairing dual" formel, est
calculé, voir équation (4.3), page 32. Notre construction d’un semi-groupe de convolution
part d’un processus classique & accroissements indépendants, et utilise d’abord une iden-
tification de 'algébre de Hopf avec 1’algébre des polynémes pour définir une famille de
fonctionnelles sur 1’algébre de Hopf, et ensuite une procédure consistant & passer a la li-
mite pour en faire un semi-groupe. Cette limite est I’analogue de I'intégrale multiplicative
de McKean au niveau des fonctionnelles. En utilisant le pairing dual formel nous démon-
trons une formule de Feynman-Kac pour ces semi-groupes, voir théoréme 4.6.1, page 36.
Nous en déduisons une formule de Trotter pour les produits de g-exponentielles comme
corollaire (proposition 4.6.2, page 37).

Le principal désavantage de cette construction est qu’elle ne donne pas automatique-
ment un semi-groupe positif, comme dans le cas classique, parce que I'exponentielle n’a

15
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pas d’analogue en tant qu’application entre les espaces topologiques sous-jacents.

Ensuite, dans la section 4.8 nous construisons le processus, c-a-d une algébre avec
un état et des homomorphismes d’algebres, a partir de ’algébre et du semi-groupe des
distributions uni-dimensionnelles. Si I'identification choisie au début de la construction
pour la définition des fonctionnnelles sur ’algébre de Hopf & partir du processus classique
conserve la positivité, alors la procédure de passage a la limite donne un semi-groupe
positif, et la reconstruction du processus donne un vrai processus stochastique quantique.
Dans ce cas on peut appliquer la construction de Gelfand-Naimark-Segal (GNS) pour
obtenir une réalisation. du processus sur un.espace (pré-)hilbertien. Mais. les résultats de
ce chapitre (par exemple la formule de Feynman-Kac et la partie sur les systémes d"Appell
en section 4.7, page 38) sont valables sans ’hypothése de positivité.

La deuxiéme construction est relative aux espaces tressés. Ceci nécessite une généra-
lisation de I'indépendence tensorielle de M. Schiirmann aux produits tensoriels tressés. et
une nouvelle définition de I'involution * pour les espaces tressés qui se rapproche de celle de
M. Schiirmann, car avec la définition de S. Majid[Maj94, Maj95a, Maj95¢| la convolution
de fonctionnelles positives n’est, en général, pas positive. Cette construction est motivée
par l'approche basée sur les marches aléatoires de S. Majid et al[Maj93d, MRP94]. Le
but n’est pas la construction d’un processus de Lévy quelconque, mais d'un processus qui
mérite d’étre appelé diffusion. La condition classique de continuité des chemins est rem-
placée par I'hypothése que les fonctionnelles peuvent étre obtenues par un théoréme de
la limite centrale (voir théoréme 5.3.1, page 55, et définition 5.3.2, page 56). En général.
ces fonctionnelles ne sont pas positives, dans ce cas nous les appelons pseudo-diffusions.
Pour des exemples d’espaces tressés involutifs et de vraies diffusions (= pseudo-diffusions
positives) on pourra consulter subsection 5.3.2, page 58. Nous discutons aussi deux ap-
proches pour associér des densités a ces processus. voir section 5.5. La deuxiéme est celle
que nous avons déja abord’e en section 2.1, et qui est d’ailleurs utilisée couramment en
probabilités non-commutatives. La premiére utilise les fonctionnelles invariantes ou inté-
grales qui jouent le réle de mesures de Haar dans la théorie des algébres de Hopf. Dans
ce cas les densités sont certains éléments de 1’algébre de Hopf elle-méme.

3.2 Processus stochastiques et équations d’évolution

Soit la fonctionnelle linéaire L : A — € le générateur du semi-groupe {¢4; ¢ € R4 }. Ce
semi-groupe definit aussi un semi-groupe d’opérateurs {IP; = (id® @) 0 A = p(¢;) : A —
A;t € IR} & l'aide de la représentation duale & droite. Notamment 1P, = Py 0 Ty avec
la notation de la sous-section 10.2.2; cad ceci est le semi-groupe markovien du processus
de Lévy associé (s'il existe, cad si L est positif et U-invariant). Pour tout élément a € A
nous avons une famille {a; = Py(a);t € IRy} caractérisée par

Oar = p(L)a;, and ap=a.

Nous étudions le lien entre les processus de Lévy quantiques (ou plus généralement des
semi-groupes de convolution) et les équations d’evolution dans les chapitres 4, 5 et 7.
On y trouve la définition des systémes d’Appell qui sont des solutions polynémiales des
équations d’évolution et une étude des leurs propriétés par rapport au coproduit et aux
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opérateurs de création et d’annihilation, voir section 4.7 (page 38), section 5.4 (page 60)
et section 7.5 (page 99). De nombreux exemples sont traités explicitement (voir aussi
chapitre 8).

Au chapitre 7 un autre type d’équations d’évolution associées a des processus sto-
chastiques est également considéré. Nous introduisons les densités de Wigner, ie. densités
jointes pas nécessairement positives, d’un ensemble d’opérateurs non-commutatifs, et dé-
montrons que les densités de Wigner d'un processus de Lévy quantiques satisfont & une
équation de Fokker-Planck de la forme

doo
W (®0) = (L)W (@)

voir proposition 7.6.1, page 103.

12 3> Y G P
D.O wal al

Dans le chapitre 6 nous cherchons des états gaussiens sur des algebres de Hopf. Le
théoréme de Bernstein donne une caractérisation des mesures gaussiennes qui n’utilise que
la structure de groupe de IR" et la notion d’indépendence. Si nous considérons les algebres
de Hopf comme ‘analogues quantiques’ des groupes, alors il est naturel d’essayer d’étendre
cette caractérisation. Mais, comme c’est déja suggéré par les résultats sur les groupes non-
abéliens, la classe des fonctionnelles qui satisfont un analogue de la propriété de Bernstein
(voir définitions 6.4.4 et 6.4.5) est trop petite pour constituer une classe satisfaisante de
fonctionnelles gaussiennes, voir théorémes 6.4.7, 6.4.10 et 6.4.12. En plus, elles ne forment
pas des semi-groupes de convolution. Néanmoins elles définissent des homomorphismes de
cogébres, ce qui nous a amené a définir des semi-groupes de convolution quantiques , voir
définition 6.4.18, page 82.

Une autre approche, inspirée des résultats de H. Heyer et W. Hazod. basée systema-
tiquement sur des semi-groupes de convolution, est plus satisfaisante. Un semi-groupe
est dit gaussien, si son générateur satisfait la condition de la définition 6.6.2 (page 87).
On trouve que les fonctionnelles primitives (ie. X(fg) = X (f)e(g) +e(f)X(g)) ainsi que
les expressions au plus quadratiques dans ces fonctionnelles et les fonctionnelles qui sont
quadratiques aus sens de Schiirmann|[Sch93] générent des semi-groupes gaussiens, voir
propositions 6.6.3 et 6.6.5. Dans les exemples que nous avons étudiés ce sont les seules
fonctionnelles possibles, mais nous ne savons pas si c’est vral en général.

Dans la définition 6.5.1, page 83, nous avons introduit la notion de nilpotence pour les
algebres de Hopf. Sur ces algébres le plongement d’une fonctionnelle infiniment divisible
normalisée dans un semi-groupe continu de convolution est unique, voir théoréme 6.5.6
sur page 85. La raison en est que la nilpotence garantit ’existence d’une base ordonnée
telle que 1'ordre est respecté par le coproduit. Ceci permet de calculer la racine d’une
fonctionnelle normalisée par récurrence, voir lemme 6.5.5, page 85.
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3.4 Théoremes limites sur les bigébres

Ce sujet est traité au chapitre 9. D’abord, les résultats de M. Schiirmann[Sch93],
Ph. Feinsilver[Fei87], de D. Neuenschwander et R. Schott[NS96], sont énoncés et appliqués
a la droite tressée et au groupe de Heisenberg-Weyl tressé. Il s’avere que les lois limites
obtenues ici coincident avec les pseudo-diffusions du chapitre 5 et avec les semi-groupes
de convolution (faiblement) gaussiens du chapitre 6.

Dans la section 9.3 nous nous posons la question de savoir quelle forme la loi du
logarithme itéré pourrait prendre en probabilités non-commutatives. Nous introduisons le
concept de supremum d’'un processus non-commutatif lelong d’'un chemin, et esquissons
une approche pour calculer sa loi.

Ensuite nous considérons une algébre munie d’une famille de coproduits qui dépendent
d’un parameétre réel. Si on prend une fonctionnelle initiale fixe et si on la convole succes-
sivement avec elle-méme en utilisant un coproduit choisi selon une suite de variables
aléatoires réelles 1.1.d., alors on obtient une suite de variables aléatoires a valeurs fonc-
tionnelles. Nous démontrons que les moments de ces fonctionnelles, convénablement nor-
malisées. convergent en probabilité pour une certaine fonctionnelle initiale, voir théoréme
9.4.1, page 128. Il est évident que ce résultat s'étend a d’autres fonctionnelles initiales. On
peut s’attendre & ce qu’une grande classe de lois apparaisse comme loi limite, en regardant

seulement le cas déterministe on trouve déja les lois marginales de la martingale d’Azéma.

Des compléments aux résultats de ce chapitre suivrons.

3.5 Versions classiques des processus de Lévy quan-
tiques

Dans le dernier chaptire nous indiquons comment des processus de Markov classiques
peuvent étre obtenus & partir des processus de Lévy sur des bigébres. Comme en proba-
bilités classiques, les processus de Lévy (quantiques) sont aussi des processus de Markov
(quantiques), ceci est démonttré dans la sous-section 10.2.2. Mais il est bien connu que
les processus de Markov quantiques sur des algébres commutatives possédent des versions
classiques, voir par exemple [Kiim88, BKS96]. Nous donnons des conditions suffisantes
pour que la restriction d’un processus de Lévy quantique a une sous-algébre reste marko-
vienne (proposition 10.2.3, page 136), ce qui donne donc immédiatement des conditions
suffisantes pour ’existence d’une version classique. Celle-ci est de plus markovienne.

Dans la section 10.3 nous étudions quelques exemples. Nous montrons comment les
moments et le générateur du processus classique peuvent étre calculés a ’aide des repré-
sentations duales. La célébre martingale d’Azéma est incluse dans notre exposition, mais
nous introduisons aussi un nouveau processus, qui correspond a un processus de Poisson
symétrique dans la ‘limite classique’, ie. pour le cas co-commutatif ¢ = 1. A partir de ce
processus on peut construire tout processus de Poisson composé symétrique.
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3.6 Recherche future

Nous allons a présent jeter un coup d’ceil sur ce que pourrait étre la continuation de
ce travail.

D’abord les résultats du chapitre 9 doivent étre affinés. Le théoréme 9.4.1 (page 128)
doit étre formulé pour des états initiaux plus généraux, et la relation entre la loi des
{q;;1 € IN} selon laquelle la convolution est choisie et la fonctionnelle limite ¢, pourrait
étre rendus plus explicite & I’aide du corollaire 9.4.2 (page 130). Ceci permettrait aussi
une caractérisation des lois limites dans ce type de théoréme. Il serait aussi intéressant de
démontrer des résultats avec convergence forte.

On pourrait également chercher d’autres types de théorémes limites, comme suggéré
dans les sections 9.3 et 9.5.

Dans le chapitre 10 nous avons considéré seulement une algébre de Hopf. 1l faudrait
étudier s’il y a des processus classiques associés aux processus de Lévy sur d’autres al-
gébres de Hopf, comme par exemple celles introduites par S.L. Woronowicz|Wor87, Wor91,
Wor92, WZ794].

Les calculs des représentations duales ou des systémes d’Appell sont souvent plutét
longues et techniques. Il serait trés utile d’étendre aux algébres de Hopf les logiciels écrits
en Maple par Ph. Feinsilver et R. Schott[F'S96a], et M. Giering[Gie93] pour le calcul
symbolique sur les groupes de Lie.

Finalement, comme project 4 long terme, on pourraient essayer d’étendre ce travail &
d’autres notions d’indépendence comme I'indépendence libre ou I'indépendence booléenne
(pour la définition des processus de Lévy par rapport a ces notions d’indépendence voir
[Sch95b]), ou de comparer la théorie des processus de Lévy sur les groupes quantiques
avec celle des hypergroupes[BH95].
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An analogue of McKean’s stochastic product integral is introduced and used to
define stochastic processes with independent increments on quantum groups. The
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4.1. Introduction

4.1 Introduction

Stochastic processes have many applications in analysis and physics. Functional inte-
grals can be used to solve partial differential equations, cf., the celebrated Feynman-IKac
formula. Wiener integrals are formally close to Feynman path integrals. In this paper we
generalize part of the theory of stochastic processes to quantum groups. We propose a
method to construct analogues of additive stochastic processes on quantum groups.

We consider here a class of Hopf algebras characterized by the coalgebraic relations
and part of the algebraic relations of their generators, cf. Section 4.3. For this class we
show that the dual pairing can be expressed as a product of g-exponentials. Section 4.4
shows how this dual pairing can be used formally to calculate the dual representations.
In the following section we undertake the first step of the construction of the process.
Motivated by McKean’s [McK69] stochastic product integrals on Lie groups (see also
[FS89a, FS89b]) we define a limiting procedure to obtain functionals, that. if their limit
exists, converge to a one-parameter semi-group of functionals that will be considered as
the analogous multiplicative process on the quantum group. In Section 4.6 we show an
analogue of Trotter’s product formula and a Feynman-Isac type formula. Then we define
solutions of the associated evolution equations as Appell polynomials. Finally. in Section
4.8 we complete the construction by introducing an algebra that is a candidate for a
canonical representation of the process.

For alternative approaches see [Sch93, Maj93d, MRP94, Maj95b].

4.2 Preliminaries

Quantum groups. We briefly recall some definitions concerning quantum groups, for
detailed introductions see e. g. [DHL91, Dri87, Jim85, Jim86, Maj90, Maj95b, RTF90,
Wor87, Koo94].

Recall that a Hopf algebra is defined as an associative unital algebra (H, m,e) with
two homomorphisms A : H - HRH, ¢ : H — €, and an anti-homomorphism S : H —+ H
that satisfy

(A®id)oA = (Id®@A)oA,
(e®id)oA = (d®@e)oA
mo(id®S)oA = mo(S®id)joA=c¢coc.
These maps are called coproduct, counit, and antipode, respectively. Two Hopf algebras

(Hy,my, e, Ar,61,51) and (Hy,ma, €3, Az, €2, 5,) are said to be in duality, if there exists
a (non-degenerate) bilinear map < -,- >: Hy X Hy — € such that

<mi(a; ®b1),ca > = <a;® by, Agfc2) >g,
<cp,me(as ®b) > = < A(ar),a2 ® by >g,
<ep,a;> = &9(a),
<a,e > = e1(ay),

< Si(ar),ar > = < ayg, Si(aq) >,
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for all a;,b;,¢; € Hy, az,by,¢co € Hy. Left (resp. right) corepresentations, the dual notion
of representations, are maps Ay : V — H ® V (resp. Ay : V — V ® H) that satisfy

(./_\ & ldv) 6] AV = (ldH & Av) 6] AV and (6 ¢ ldv) o] AV = idy’
(‘resp. (Av @idy) 0 Ay = (idy ® A) 0 Ay and (idv ® ) 0 Ay = idy ).

The algebra of continuous functions on a Lie group and the universal enveloping alge-
bra of a Lie algebra can be equipped with a natural Hopf algebra structure. By a quantum
group, we mean a Hopf algebra that can be considered as a deformation of an algebra of
functions on a Lie group and by a quantum algebra, we mean a Hopf algebra that can be
considered as a deformation of a universal enveloping algebra.

Multi-indices. We will also use standard multi-index notation. If n € 7% (or ]Nd)
stands for a multi-index, n = (n;,...,nq), then we define

d

d
In| = Z [n:], n! = Hn,-!.
=1

i=1
For a vector = € €% we set 2" = [[L, 2. A partial ordering for multi-indices is defined
by
n>0 & Vi=1,....d: mn; >0,

and n > m if and only if n — m = (n; — my,...,ng — my) > 0. We also introduce
e; = (0,...,0,1,0,...,0) = (8i;)=1,...4-

g-Numbers. Here are the definitions of some g¢-special functions. For n € IN we set
gn = S '25q" for ge €, i.e., g =nfor g=1, and ¢, = llﬁ_qi for ¢ € C\{1}. Then the
g-factorial is defined by g,! = IT)_; ¢n, ¢! = 1. An analogue of the binomial coeflicients
can be defined by the recurrence relation

{qu} = [mJ +qm_u+1[ " J meN, pu=1....,m,
U . K1, p—1 q

) [5)-r men

They are also known as Gauss polynomials. If ¢ is not a root of unity one has

!
[m} :—T—q—m'———‘-, meIN, upu=0,1,...,m.
H q Qu- Qm—p-
The power series e = 3 %, iri!, defined for ¢ € @ not a root of unity, also plays an

important réle in what follows.
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4.3 g-Exponentials

In this section we consider a class of Hopf algebras characterized by the relations
of their generators (see below), and calculate the dual algebras and dual pairings. The
pairing between such an algebra and its dual can formally be written as a product of
g-exponentials, a result that is helpful later when we study multiplicative processes on
these algebras.

Let U be a Hopf algebra with generators Xi,..., Xq,, H1,..., Hy, Y1, ... Yy, . We
add generators Kj,..., Ky, that commute with H,,..., Hy,. We will later see that they
play the role of M1 ... etanflan h; € €, and suppose the following conditions are
satisfied:

The set {Yrmn = YYH' K™ X" k € N% | € IN* m € Z% ,n € IN*X} spans U

AH, = H;®1+1®H,,

AXpy = I © X + X @[T A,

H: AY, = MR @Y +Yi @I,
[f]i,H]'] = 0, [Hi,[{j] = 0, U(z‘,[\'j] =0
[H;, Xi] = xaXe, KXy = XK,
[H,Yi] = maYl, K.Y = ™Yk,

for some constants sk, tik, pit, gu € %, xik,nu € €.
Remark: Note that we impose no conditions on the relations between the X; and the
Y;; they are not needed for the calculations in this section. But the condition that the
Urimn span U implies that such relations exist, namely that their commutator is a linear
combination of the ¥y;m,. Furthermore, they are restricted by the condition that U is a
Hopf algebra, but this leaves many possibilities. Just looking at Lie algebras we see among
the possibilities that a commutator of X’s and/or Y’s may be zero, or an element of the
Cartan subalgebra (i. e., a linear combination of the H’s), or a linear combination of X's
and Y's.

The conditions H are satisfied for most quantum algebras, in particular for the stan-
dard semi-simple quantum groups introduced by Drinfeld and Jimbo[Dri87, Jim85, Jim86],
as well as many others, e. g. , that have been considered by physicists.

We also introduce the subspace Uy = span{ ¢, }-

Then the dual U™ of U is an algebra with the multiplication defined by
(fi-f2)(u) = (1 @ f2)(Au). (4.1)

We define functionals Ay, € U™ by
{ GGy T ™ g 17> 1, for all 4

Ak’l’n' ’beklmn) - (Ii=1)!

( 0 otherwise,
and set Ay = span{Agn;k € N I € IN¥ n ¢ IN“¥}. Tt turns out that Ap is a sub-
algebra of U*. This definition guarantees that Y°2_; (j'—g‘)—n will tend to I{; in the weak

topology, i. e., that K; can be considered as e, if I is interpreted as a subspace of Aj.
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Lemma 4.3.1 Let X € U be (A, B)-primitive, i. e., AX = A®@ X + X ® B and suppose
XA =0aAX, XB =pBX, a,3€C. Then

AX" = Z [ n :l ﬁ(n—y)V.An—V‘YU ® BY X"V
v=0 v /P

v=0 v

— Z [ n ] a—(n_U)UXV/ln_V ® X"V RV
/8

Proof: We set AX" = Y7 CTA™ XY @ B"X™, consider AX"! = AX - AX", and

find the following recursion relation
n+1 v n—v n
CU+ :ﬁ CU + o +ICU_1

Solving this relation now completes the proof. |
We introduce the following constants:

ap = 6_21 Sszikhz’ B = 6—2, tth:khz7
=€ >, pamihi § =e > »’Z:zmzh;’

’
Qg = e Zl sikx""h', /Bkk’ = e—zzt“‘xtk’h”
,7”/ —_ e- Zz Pzzmyhi, 5”/ — 6— Zl Qzlmz/hi'

WARNING: The double-indexed ¢ used here is not a Kronecker delta.

Lemma 4.3.2

Alpklm'n =

o D 5l R 01 R O | R I
(kA )< (kin) /81 Bty oy f5sy WM Aig J L o, Yax gy /By

H"/— ki—ky)m Hﬁ’(nr_yr),,r H ’)’]7/(kl—m)ﬂll H 51;"1(1‘:1’""1’) H ](:;17 v v H ﬁ]zc/};:/(nk/ Vir)
{

U>l U>l k' <k k' <k
LT UN Varl. W & O S RN Adg ~sik(nk—vi)+palki—ri)+m: vy rVd x
Y] Y, U HY Hy. H[xi . CUERRD. 0%
rki—kK1 kay =fdy rriy—x lay=Aax SLikVe+aaRITmE g - fndx Vdx
®Y] s Yo H R P H[xi‘ : X] - Xy .
Proof: Apply Lemma 4.3.1 and reorder the terms. [ |

We set a; = A, 00, bi = Aoei 0, ¢k = Aoo,e,- The formula of the previous lemma allows
us to calculate the algebraic relations on ay, b;, ck.

Lemma 4.3.3

bi - Aomo = Aomo-bi = (mi+1)Aomsei 0
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-m! B

Y —ny —nyr -y qzl
ar- Apmr = <‘ M H T H u H An-{—ez mr
m'<m 1 n+1 U<l >l =1 T4 )
d mi—m';
Y -1y —ng —ny P
Awmeva = 3 (2) 9 o L6 1 22— A
m/<m Ol i+l >l IS0 i1 (mi —m)]
Qg tm, —-m/;
I Tk Tt
oo = 3 (%) A T e IO T e
m!'<m k re+1 k<k! k'<k =1 (m m 1)'
ax m/ —m/;
— Tk Tt
Anmr Cp = <__> k H Qg H Bk'k 1An,m’,r+ek»
m/<m \/ rr+1 k' <k k<k! =1 (m" —-m’ )
where <:—;L) d <%) are the g-numbers introduced in the previous section.
1/ 41 B/ rg+1

Proof: Follows from the definition of the multiplication in & in Equation (4.1) and

Lemma 4.3.2. [ |
These relations show that 4y is in fact a subalgebra of I*.

mda A sl ida L‘L o~ 4L

l"I‘OpOSlthI‘l 4.3.4 1] ')k/ Ok and Ozk/p;~ are not roots U_] LLILlLy, NEen ne atgeora Ag i8
generated by ay,...,a4y,,b1,...,bay,c1,. .., cq, with the relations
aj- Cp = Cr - aj, bi'bj:bj'bi,
S ay - ap = Y ay - ay, Brik Ck + Cor = Qg Chr - C,
(b, ai] = (pu — gi)as,  [by, ck] = (Sik — tix )k

Proof: Follows directly from Lemma 4.3.3. |

If some of the ~vx /dx, ax / Bk are roots of unity, then the algebra generated by ai, ..., a4y,
biy...,bday,c1,...,Cay 18 a subalgebra of Ay, which we shall denote by Ay. For this case

we introduce the algebra I = U /Z, where T = {u € U;¥a € Ay: < u,a >=0}.
For the following calculations we will assume that

g =0, si = 0.

This can always be achieved by an appropriate choice of the generators, e. g., set Y =
ME ™Y, Xe =[IR*X. Thenay =1, apw = 1, & =1, dpp = 1.
We find in this case
1

a - Anmr = (—“) An+el,m,r if ny =0 for I < l,
n ni+1

Apmr s cr = (ﬁk)rk+lAn,m,r+ek if ri =0 for k' > k.
If we assume also that 1/+; and §; are not roots of unity, then we have

ny . Mepgpmy g "Dx
R L Y Y REARPEE

<L)n1! T (}_\i_) tmy! - 'de!(ﬂl)n! T (ﬁrdx )rdX !'

7 Ydy
Rdy

A’IITTLT =
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We consider the sequence

N
g(N)(f{a Lb) - Z Anmr @ lfbnmr- (43)

nmr

The sequence (¢§™Myew C A© Uy C UF @ Uy C End(Uy) converges weakly towards the
identity idy,. If we omit the tensor product we can also formally write for the sequence
9= (g™ )nen,

Cd_X”XdX

gU{a}, b} ek {Y F {LHEAX D) = et e v el oy e (St

1. e., we have found that we can write the formal pairing as a product of g-exponentials if
hypothesis H is satisfied and the generators are chosen appropriately. The duality between
A4 and my, implies that we can formally write (see e. g. [BCGT94, FG93])

g(Aala):o) = gld:)gla”: v). (4.4)

where ¢’ =a@1,d" =1 a.
With some modifications this result remains valid also for the case where some of the

S ra A . 2. arn pomte o armityy Thia assen oo 0 o wactalae s 40 ol o d
parametcers M./(Sk, C{k///?k are roots of unity. 1ne sum nas to oe restricted to tne terms

where all g-factorials are different from zero, and we get a dual pairing between Uy and

Ay in this case.

Example: The g-affine algebra is the quantum algebra ¢ with two generators X.Y and

relations
XY —YX = at,
AX) = Xel+10JX,
AY) = YRexp(BX)+18Y,
e(X) = e(Y)=0,
with o, 8 € €, ¢ = ¢** not a root of unity. Then we get A = span{a™b™;n,m € IN},
ba — ab = b, and

gla,b; X, Y) = Z

n,m=>0

‘AX'n}/m — ea,\ ng
nlgn!

We will also call A the g-affine group.

4.4 Dual representations

Suppose we are given two Hopf algebras A and U that are in duality, and let g(a; X) =
S Ant, be their dual pairing. We introduce actions of & on A and show how the dual
pairing can be used for explicit calculations.

The dual right and left representations py, p; : Y — Hom(A, A) are defined by

< pp(X)a,u> = <aqu-X>
<pr(X)au> = <a, X-u>
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for all a € A, u € U. This leads to the formulae

pr(X) = (id®@X)oAy
pL(X) = (X®id)oAy

where the coproduct A4 for A is defined such that A and U are dually paired bialgebras
and the X appearing on the right-hand-side is interpreted as a functional on A. We will
compute the action of pk 1 (X;) on the basis {A,} with the formal pairing, and use it later
to calculate the coproduct on. A..

Then p% is an algebra homomorphism and p} is an algebra anti-homomorphism, i. e..

PRIXY) = pR(X)pR(Y)
pL(XY) = pr(Y)pL(X)

forall X.Y e Y.
The key property of the formal pairing is that multiplying the %, in each term from the
right (left) by X, leads to the same result as applying the right (left) dual representation

NS _ . s tarra 1 e
p}%()\’,‘) \pZ(‘}\/i)) to An in each tcuu, 1. €.,

pr(Xi)g(a; X) = g(a: X).X;
pr(Xi)g(a; X) = Xigla; X).

To compute the dual representations, commute X; past the factors e;jX] in g(a;.X) until

it is next to eZ;X', and then replace it by the operator §;,
flaiai)—f(ai) :
if I 1./
6if(ai) — af(Zz—l)ai ' q %
—5%_—12 lf q;, = 1,

since on the individual factors we have Xie;lfxi = 61'6;:}:", For factors where g; is equal to

1, we can apply the relation e X;e~%%i = ¢%2d% X, (where ad X; (X;) = [X;, Xi]).
Quotient representations of the right and left dual representation can be constructed

by factoring out a left or right ideal, respectively. The duals of these representations then

give corepresentations of A.
Let p : U — Hom(V, V) be a representation of ¢, and {v,} a basis of V. We define
the matrix elements of p w.r.t. {v,} by

(ida ® p)(g(a; X)) (vn) = gla; p(X))(vn) = 3 MoV (4.5)
With the relation g(6(a);¥) = g(a’;v)g(a";¢) one can show that formally
Aw(wn) = Mum @ w,

defines a corepresentation on W = span{w,}, where the w, are functionals on V defined
by wn(vs) = 8pn. Anti-homomorphisms lead to right corepresentations by Aw(w,) =
Wy, @ M-
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Example: We get for the g-affine algebra

pL(X)
PR(X)

Since the dual of these representations is the coproduct of A (interpreted as right or left
corepresentation of 4 on itself), we can use their matrix elements to get the coproduct of

A:

0, + ab0j, pi(Y) = &,
a pr(Y) = explaa)dy.

Ala) = a®@l+1@a,
Ab) = b1+ explaa)®b.

We shall use the quotient representation that arises from the relation X = r:

p-(X) =1 — abd, pr(Y) = by. (4.6)

4.5 Construction

Let (Wi)eer, = (Wl -+, W) ier, be a stochastic process with values in IRY with
independent increments, and assume that all moments of W, are finite. Then a func-
tional (i)h,tz on R[zy,...,z4], corresponding to an increment Wy, — W, , is defined by
Oy, (o 2ld) = (WL -Why™ - (W2 —W)m). We can identify A with Rlzy, ..., x4
as a vector space, if we fix a Poincaré-Birkhoff-Witt (PBW) basis {A,;n € IN?} for A
and set 1(A,) = z". We denote the functional on 4 obtained in this way also by @y, ...

We suppose that ¢ is chosen such that the functionals étht? are positive. For example
for the g-affine group this is the case for ¢ defined by Z(Z;Z:) = %?,-%,n— with an appro-
priate definition of positivity?. We do not know how to define 1 in general to guarantee
the positivity of éthtz. Nevertheless, the results below hold regardless of the positivity
hypothesis.

The following construction will start with these functionals, and then recover their
properties with respect to the coproduct of A.

We suppose that IW; has independent increments. For the functional ®, on Rlzy,...,z4]

this means that

(Abtl,tz ® étz,tg(Az) = éthh(z), fOI' z E IR[II, e ,.’L'd]

where the coproduct of R[zy,...,z4] is defined by Az; = z; @1 + 1 @ ;. We want
to construct a functional ®; on A that satisfies the same relation with respect to the
coproduct of A. To this end we define a sequence of functionals <I>,(5N), and take its limit
for @,, if it exists. Let

O (a) = Bsspiemayn @+ @ Doy (rmgpv-1)/ne (AN"I(G)) for N>1, ac A

4.1If we define the positive elements of A as the inverse image under ¢ of the positive elements of
IR[L’)l, l‘g].
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Loosely speaking, this corresponds to decomposing the desired process into its increments
via the coproduct, and approximating its expected value by the expected value with
respect to @ in each increment. We define

Ooi(a) = lim @{})(a)  foracd,  s<teRy, (4.7)

N—oo
if this limit exists.

Definition 4.5.1 Let W, be a stochastic process on IR™ with independent increments
Wei = Wy — W, and all moments finite. Let further A be a Hopf algebra and 1 : A -
Rizy,...,z,] a vector space isomorphism. We call

®,(a) = hm BN (AN @) (W sp(msy/Ns - s Wt (imsy(N—1)/3.0))

N—oo
the 1-analogue of W, on A, if this limit exists.

In our applications we will consider processes whose increments are stationary, i. e.,
the functionals i)s,t and ®,; depend only on the difference ¢t — s, in this case we can also
write &, and ®,.

In the following section we have a class of examples where this limit exists, and the
expected value of the dual pairing, which in this context should be understood as a
generating function, is found. For this it is necessary to extend the definition of the
functional ®; to infinite series thus:

20

03 ) = 3 )

n=0

if the left-hand-side converges absolutely.

4.6 Feynman-Kac formula

On Lie groups one can obtain Feynman-Kac type formulae with Trotter’s product

formula .
Iim (eXi/N .. eXa/N)‘ — @X1+'“+Xd'
N—oo

Let W, be a stochastic process on IR? with independent and stationary increments and

independent components, and

E (ewj,,)n . eWs ,Xd> — Li(X0)(t=5) |, oLa(Xa)(t~s)

be the expectation value of an increment, i. e., L; is the generator of W;(t). Then, if we
approximate the process g(W(t); X) on the Lie group defined by McKean’s stochastic
product integral [McK69] by ¢\ (¢),

IE(g(”)(t)> — E(Helei,.. ded> H]E( wiXi | ded>

— (eLl(Xl)At ... elalXa)At )n — tLu(X1)+-+La(Xa))

n—co



36 Chapitre 4. Duality and Multiplicative Stochastic Processes on Quantum Groups

If we take the limit on both sides we get
E(g(W(t); X)) = elhrt=+LaXa),

Note that this formula still contains Trotter’s product formula for the special case of a
deterministic process, i. e., if L;(X;) = X; fori =1,...,d.

Theorem 4.6.1 (Feynman-Kac formula) Let A and U be a quantum group and a quan-
tum algebra that are in duallty, with generators ay,...,aq and X,,---, Xy, respectively,
and dual pairing

gla;X) =gk g e

Let p be a representation of U by operators that are bounded with respect to some norm
Il 1]. We set

) max{p; p(X;)? # 0} if p(X;) is nilpotent, i.e. p(X;)"H =0 for some integer r,
Pim o otherwise.

Letv: A — Rlzy,...,z,] be defined by 1(a™) = z™
Suppose further that we are given a d-dimensional stochastic process W (t) with inde-
pendent and stationary increments and independent components, and moment generating

functions
Wit tL S Zl(ei)uk
EB(eW'0) = 10, Lu)= Y
k=1 :

analytic,

. k
and moments my(Wi (1)) = {L) el such that the series
du u=0

oo et 2 (WE)p(X)F
SRR D PR PN

are well-defined and converge (in particular, (¢;)x # 0, for 1 <k < p;).
Then we have for the 1-analogue of A(t) on the associated quantum group A

(¢, ®id) (H ecir(X ) = exp [tgii(p(Xi))].

Remark: If ¢/ has a sufficiently rich class of representations that satisfy the conditions
of the theorem, then this relation allows us to read off all moments of the Brownian motion.
Proof: According to Definition 4.5.1 we have to consider

o™ (g(a; p(X))) = EIN(9(AY1a; p(X)))

where ét/N is the functional corresponding to an increment of W, for At = ¢/N. By the
identification procedure outlined in the previous section this gives ®,/y(a™) = [1; mn, (W;i(t/N)).
If we take into account that (cf. Equation (4.4))

g(Aa; X) = g(d; X)g(a"; X),
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where ¢’ = a® 1, a” =1 ® a, then we get
™ (gla; p(X))) = BN (g(alV; X) -+ g(a™; X))

where a®) = 191 @4 ® lN'k, and thus
N . N d )
3 (gla; p(X))) = &N (H I1 e;‘:p“”)
N d 71 k
(Wt/N)())
= +
1 H< (gi)x!

Note that for k > 1 each my(W*(r)) can be written as

my(W'(r)) = T[l(f) + R ()

therefore

pi Wz' N }({ k . ; 2 .
- eI — SL (X + 7 Rle/N)

where R;(t/N) is some bounded operator. Taking the product we get
42

H<1+kaﬂ/ H/N))p(X; >: Zj:z (X)) \ R(t/N),

=1 qz)k‘

where R(t/N) is also bounded.
Using 10, a, — HN b, = Zi\;l ay---ay-1(a, —b,)b,41 - - by, we have

N d P (WEHEN))o( X, )E 7

g}g(wg AT >> HI<I+TZL . )H

N d P i - NN YL 0 N Ny
- 5 (- £ et o )|
< SO—I%@—H—JE—AO

for N — oo. This concludes the proof, since [T\, (1 +Lyd, Z}i(p(Xz;))> converges to

exp (t T, Li(p(X1)). N
We can now obtain a Trotter-type product formula for g-exponentials.

Proposition 4.6.2 (Trotter’s product formula) Let X;, 7 =1,...,d be bounded operators

and assume that for each 1 =1,...,d one of the following two conditions is satisfied:
1oge{l}u{z € C;|z| # 1},
2. the opemtor X; is nilpotent of some order p; , i. e., XI'"' =0, and ¢ € {1} U{z €

2 #1 forv=1,...,p:}.
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Then we have
N d d
H XN epoXi- (norm convergence)
i=1

i Nooco
v=0:i=1

Remark: For the second case, the g-exponential can be defined by the finite sum efi =

p' l; since g,! # 0 for v < p; and X} = 0 for v > p,.

v=0 qu

Proof: Take a deterministic process_with L;(X;} = X,. i = 1.....d, and apply Theo-
rem 4.6.1. |

The following proposition can also be presented as a consequence of Theorem 4.6.1.

Proposition 4.6.3 The functionals defined as the i-analogue of a stochastic process with
independent and stationary increments and independent components form a convolution

semi-group.

A - A 11 N N
4.7 Appell systems
Appell systems {h,(x);n € IN} on IR are usually characterized by the two conditions

- hy(z) is a polynomial of degree n,

- Lhy(2) =nhn_y(z).

Interesting examples are furnished by the shifted moment sequences
() = [ (2 + y)p(dy),

where p is a probability measure on IR with all moments finite. This includes the Hermite
moment polynomials

1
V2t

ho(z;t) = z+y)te V% , t >0,
Y Y :

for the Gaussian case. These polynomials are the solutions of the heat equation

0.f(z,0) = 502f(x,1)

with f(z,t — 0) = z™. We will define Appell “polynomials” (or better Appell functions)
on quantum groups in this section. It turns out that in general they are only polynomials
for t = 0. They provide polynomial solutions of evolution equations of the form d;f = Lf,
where L is an operator consisting of differential and difference operators.

On Lie groups P. Feinsilver and R. Schott [FS92] have defined Appell systems as shifted
moment sequences. They are introduced as the expectation of coordinate functions shifted
by right or left multiplication of the argument by a group-valued random variable. Let
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f : G = € be a function on a Lie group G, g(a) an element of GG, and g(Z) a G-valued
random variable, then we can evaluate

IE(f(g(a)g(Z))) and IE(f(g(Z)g(a)))

We choose for f a set of basis elements {A,,;m € IN?} of the algebra of functions on G,
then the right and left Appell systems (w. r. t. Z) are defined as

hiila) = IE(Aa(g(a)g(2))),
hy(a) = TE(A(g(Z)g(a))).

The Appell functions are again functions on (G. We rewrite these equations in terms of
the coproduct (note f(g192) = Af(g1,92))-

Definition 4.7.1 The Appell systems on A with respect to the basis {A,,} and the random
variable Z are defined as

h

a

S ~3

(a)
(a)

=~

a

Remark: Note that for quantum groups Z exists only as a functional on A.

If we use the parametrization introduced by the formal pairing then we can express the
Appell systems in terms of the basis {4,} and the matrix elements (cf. Equation (4.5))
with respect to this basis:

(id® 2) (Z ME (a) ® Am> =3 ML (a)Z(Ay)

m

= (d® 2) (ZAm@;MR > ZA z (ME (a))
hla) = Z Z (ME, () A, Z Z(An)ME ().
The Appell systems have the following transformation property
Ahji(a) = ZML( ) ® Al (a),

Ahl(a) = ZhL )@ ME(a).

ha (a)

i

Interesting relations to evolution equations arise if we consider the Appell systems
with respect to multiplicative stochastic processes. Suppose now that Z, has generator L,

1. e.

(Z: ®1d)(g(a; X)) = exptL.
Then

Oihr(a;t) = pr(L)hy(a;t)
Oihy(ait) = pp(L)hy(a;t)
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i. e., k2, AL provide solutions to evolution equations (where A%(a;t = 0) = hL(a;t = 0) =
A
Let R;, L; be the raising and lowering operators with respect to the basis {A4,}, with

RiAn = An+e“ LiAn - Cnifln—e,
for some coefficients ¢,;, then
Rz‘ — etLRie_iL, Li — etLLie-tL

are raising and lowering operators for the Appell system.

We also define analogues of relative Appell systems, 1. e., Appell systems on homoge-
neous spaces. Let (V,Ay : V. = A@ V) (or (V.Ay : V = V@ A)) be a left (or right)
corepresentation, then the Appell system on V' with respect to a basis {v,} of V" and a
functional Z on A are defined by

hx = (Z@idy)o Ayu,,
(orh! = (idv ® Z)o Ayu,).

Examples: We start with a very simple example. Consider the process on the g-affine
group (with & = —1) obtained from the one-dimensional Brownian motion (0, B;) on IR*.

Then _
tp(1)?
1+4+gq '

Q)t(e“p(x)eg"(y)) = exp

for all representations where p(Y') satisfies the conditions of Theorem 4.6.1. Take e. g.
VWM = span{b™;n = 0,...,N} and p(X) = b0,, p(Y) = & (cf. Equation (4.6)). The
moments of this process are

. 0 n odd
IE(Bt ) = " gom!

=9
(ig)mm] n even, n = 2m

and the right Appell polynomials are

[m/2] bm—2p,tp,

RE (a,b;1) =6, :
( ) o uz-_—‘:) (1 + @) ulgm-z,!

These polynomials are solutions of

2

)
drfla,b;t) = 1Jﬁqf(avb;t)

In the limit ¢ — 1 they tend to Hermite polynomials. We can also try to associate a
density to this process by requiring ®,(p(b)) = [ p(z)u(dz) for all polynomials p(b). For
0 < g < 1 such a density exists and can be characterized with the help of the random
variable Y = (1—¢q) >-2, X, where the X; are independent, and exponentially distributed

with respective means ¢'. The characteristic function of Y is IE(e') = €, see [Fei87].
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Thus ®/IEy (") = ®;(ef*) = exp itju:;, 1. e., bY is Gauss-distributed with mean zero and

variance g2 = T% By [Fei87, Theorem 3] this characterizes the distribution uniquely.
Now look at X; = (0, N;), where NV, is a Poisson process, IE(e“t) = exp(tA(e* — 1)).
By the Feynman-Kac formula we have

O, (e**X)ebe(V)) = exp(t/\(es(y) - 1)).

We take again p(Y') = &, then (eg(y) —1)0" =37, [ Z ] b"~* . this yields the associated
q
Appell polynomials h,(b;t) = exp(t/\(eg(y) —1))b".

We look now at the stochastic process obtained from the two-dimensional Brownian
motion (A;, B;) on IR®. We calculate the Appell system corresponding to this process
and the corepresentation that is obtained as the dual of the representation p, on the
polynomials in one variable, p.(X) = 20, + 7, p.(Y) = 1§, (cf. Equation 4.6). We choose
the functions C7. (z) given by

[%1 (—l)k(T‘)n_kJ?n_%

’vT. ’x‘ — AU N
mal )= L g, ]

where (r), =r(r+1)---(r4+m—1). For ¢ = 1 these are Gegenbauer polynomials. They

satisfy ’ )2
I als (n + T r
Lqu('r) = —_?)——‘Cn;q(x)
with L = L(z9, +r)? — %2 For the A pell system one obtains
2 1+q p

2

BT (2:) = exp ((i;—’lt) cr ().

They are solutions of d,u = Lu. The Cr.,(z), n € IN form a basis for R[z], if ¢ is not a
root of unity, and r # —k for £ € IN, and the Appell polynomials corresponding to other
choices of the basis can be computed from those defined above.

4.8 Extension of the construction

From a probabilistic point of view the preceding construction is far from satisfactory.
We can only evaluate the process at one fixed time. But the interesting feature of a
stochastic process is exactly that it is a parametrized family of random variables, 1. e.,
that it is defined for all values of the parameter. In this section we will construct a larger
algebra that can be understood as the tensor product of A over ¢ € IRy. On this algebra
we can define a functional that corresponds to the distribution of the process (see also
[ASW88, Sch93]). _

Let T, = {t = (tl,...,tn);ti € IR_Htl <ty < - < tn} C IRi, Ty = {@}, T = UTOZoonn,
i. e., T,, contains all subsets of IRy with n elements, and T all finite subsets of IR;. The
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set T is partially ordered by inclusion. For each ¢ = (¢y,...,¢,) € T we set A, = A®l a5
a vector space, where [t| = n is the length of ¢. Let ¢, : A, = A® be defined by

(a1 ® - Bay)=(01®1® - @1)(Aa@1@- 1) - (Al qy) (4.8)
where the multiplication on the right hand side is the usual multiplication m® in the
tensor product algebra A®I4,
Lemma 4.8.1 These maps are vector space tsomorphisms.

Proof: Let ¥, : A® A — A®.Abe defined by VUy(a @ b) = (a ® 1)(Ab), 1. e., ¥y =
(m®id4)o(ids ® A). ¥, is an isomorphism, and its inverse is given by ®;, = (m ©idy4) o
(ida®S@id4)o(ids ® A). Here is a diagrammatic proof of the relation W, 0 ®y = id 44,
and @5 0 ¥y = id4g4 can be shown similarly.

V)

For the interpretation of this diagram see [Maj93a, Maj95b|. Not using the diagram
technique we can write the proof as Y, 0®; = (m @ id4) o (ids ©® S @ida) o (ida 2 A) o
(m®ida)o(lda®A)=(midy)o(ida®mRids)o(ida@1dg @ S@idg)o(ldsa DA D
ldA) o} (ldA ®_X) = (m@idA)O(idA ®6®idA)O (idA @E@idA) o} (ldA Q@A) = 1d g4

Note now that v; can be written as
b= (U, @idA®-ida) 0 (idu @ Vr®ida® - @ida)o- -0 (idu® - @idy ©Ty). (4.9)
This completes the proof. ’ [ |

This lemma allows us to equip A; with an algebra structure by the definition

ma(a.8) = w7 (mEM(yy(a), u(b)). (4.10)

Define iy, : Ay — A; for t' € t by inserting the unit element 1 in the factors
corresponding to the indices of ¢ that are missing in ¢, e. g. for ¢ = (¢,....%,) and
= (1, s tjo1, b4ty -5 bn) Wwehave iy (01 ® - Rapy) = 18- 0;01Q18a,41 @ - - ap-1.
Note ¢4 0 14n v = 14 and that these mappings are injective. Related to these are the
maps jy; = W 04y 0 gt 1 ASIL 5 Al One verifies that for these maps also
Jut © Jng = Jwy, and that for ¢t = (¢1,...,t,) and ¢ = (f1,...,¢j-1,tj41,. .-, Ln) We
have jyia; @ - @ apo1) = a1 @ -+ aj-1 ® Aaj @ aj41 @ -+ ap-1, 1. €., Jy, decom-
poses the increment from ¢;_; to t;;; into the increments from t;_; to ¢; and from ¢;
to t;41 via the coproduct, whereas for ¢ = (¢1,...,¢,) and ¢’ = ({1,...,t,—1) we have
Jra(a1 @ ®an_1) = a1 @ -+ a1 ® 1, 1. e., for increments corresponding to times larger
than the maximal time represented in ¢’ the unit element 1 is adjoined.

Proposition 4.8.2 The algebras (Ai,m;) and the mappings i form an inductive system
and thus define an algebra A with injective algebra homomorphisms i, : A, — A such that

Z't e} it’,t = Z'tl.
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Proof: To prove the proposition we have to show m; o (14, @ 1) = t4; 0 My, i. e., that
the maps 7,/ are algebra homomorphisms with respect to the multiplications m;, my. It
is clear that jy, is an algebra homomorphism, since the coproduct A is one, and adjoining
the unit element is one, too. Now

meo (i @ivg) = 7 om®o (¢ @) o (71 0 Jirs 0 he) @ (W1 0 Jurs @ Yy))
= d’;l om®o (7ot @ gre) 0 (Yo @ w) = 1/)t 0 Jy: 0 m®lo (Yo @ p)

= it’,t O Miyr.

This algebra plays the réle of the canonical representation of the process. If A is
generated by ay,...,a,, then A is spanned by the polynomials in {{a1,t),...,(an,t);t €
IR,} (we also write a; for a pair (a,t), a € A. ¢t € IRy). For the Hopf algebras A the
algebraic relations are sufficient to order the factors such that the index corresponding to
time increases from the left to the right, 1. e., Ais spanned by the monomials

k kin km kmn /
(a1, 2 (@ 1257 - ar ) - (1) (4.11)
where t = (t;,---,ty) varies in T'.

The functional on A can now be defined with the help of the maps ;. Let (®,)ier,
be the family of functionals defined in Section 4.5. Then we define

() =@y @ iyt @+ @ Pyt (Vi a)) (4.12)

forae A, teT.

Proposition 4.8.3 The functionals {®,;t € T} determine a unique functional ® on A
such that ® o1, = &,.

Proof: We have to show that &)t’ = Ci)t o1y for all ¢ C t. The functionals ®; in Section
4.5 form a convolution semi-group, i. e., (®; @ ®;) 0o A = &,,, and, more generally, for
t={(t1,...,tp) and t' = (¢, -, 1, ) Ct,

q)tul Q- q)t”k ~tuy T q)tl ® q)tz—‘?l @0 q)tn—in-—l 9 jt’,t'

The proposition now follows from the definition of &, = (®,, ©---® &, _,,_ )0 ¢4 and of
B

it’,t'
We define a family of maps (¢:)ier,, ¢ : A = A by
wi(a) = 7((a,t)) = ay. (4.13)

We have not considered *-structures here, but one immediately sees that (S‘ot)te]R+ is a
quantum stochastic process with respect to all other requirements, i. e., 1t is an algebra
homomorphism from algebra A to the algebra A with the unital functional ®. The one-
dimensional distributions of this process are exactly the functionals ®; = d o ¢,
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The following theorem summarizes the main results of this section.

Theorem 4.8.4 {¢; : A — (A, &)t IR,} is a quantum process with independent and
stationary increments, i. e., it satisfies

1. ¢, A— A is a unital algebra homomorphism for all t € R,
2. the functionals ®; = d o ¢ form a convolution semi-group, 1. e.,
((I)t * (I)S)((L) = (q)t ) (I)S)I_\(l) - (I)t-{—s(a)

forallae A, t,s € Ry.

Example: For the g-affine group A is spanned by

{afrbl -~~a?ppb:p:p eINty <ty <...<t, € Ry.nome NP}
The commutation relations between elements corresponding to the same time ¢ remain
unchanged. those between elements corresponding to different times s < ¢ are determined
by

Ay Qs = dg- Q4. by -as = a,- b + 3b,,
b - a; — 3b,. by-by = ¢ by b+ (1 —qh)bE

i

at'bs

4.9 Conclusion

We have shown how to construct stochastic multiplicative processes on quantum
groups. For the analogue of processes with independent and stationary increments we
proved a Feynman-Kac type formula. Appell systems have been defined and shown to be
solutions of evolution equations.

The positivity of the constructed process is not a priort clear, but depends on the
choice of the identification of 4 and R[zy,...,d]. Nevertheless, the proof of the Feynman-
Kac formula doesn’t require positivity, while the other results presented do not depend on
it. Finding good criteria for which cases the obtained process will be positive is an open
problem, for some results about positive functionals on quantum groups see [Koo91].
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Résumé

The notion of g-Brownian motion introduced by Majid is extended to braided
spaces corresponding to a generic R-matrix, and combined with the theory of quan-
tum probability. This leads to a definition of diffusions on these spaces. The cor-
responding heat equations (difference-differential equations) are solved in terms of
Appell polynomials (i.e. shifted moment systems). Some examples of interest for
applications are given.
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5.1 Introduction

The applications of diffusions in physics go far beyond the description of the physical
phenomenon they are named after. Functional integrals can be used to solve partial diffe-
rential equations, cf. the celebrated Feynman-Kac formula. Wiener integrals are very close
to Feynman path integrals. Another interesting application of diffusions is the stochastic
mechanics of Nelson [Nel66].

We will present an approach to diffusions on braided spaces here. Diffusions on mani-
folds are characterized by two properties, the first being their Markov property, i.e. that
at every instant ¢ they start again, and their evolution does not depend on their history,
but only on their distribution at time ¢. This gives rise to a semi-group and this property
will also play a central role for the study of diffusions on braided spaces. The other pro-
perty, i.e. that they have continuous sample paths. does not have a direct counterpart on
braided spaces. We replace it by the condition that diffusions can be obtained as the limit
of a (simple) random walk.

The motivations for our approach come from two directions. First, there is Maji-

d’s random walk approach to Brownian motion on the braided line and on anyspaces

{\l(ng}d \\{RP94} ‘V‘ o C\\te“d }}J( (‘legnif1n1ﬂ to {pSeUAI\ \ f] 'FFHQIHY\Q on I’T]H]f] AlmPanﬂnﬁ]

braided spaces and, using coalgebraic limit theorems due to Schiirmann {Sch93], give their
explicit form. This allows to consider semigroups of functionals and Markovian transition
operators, as well as the associated heat equations, and to introduce Appell systems as
their polynomial solutions. Heat kernels, i.e. the densities of the functionals are also consi-
dered.

The second ingredient, M. Schiirmann’s theory of quantum Lévy processes, comes into
play to assure the existence of the associated processes, e.g. as operators on a Hilbert space.
We propose a definition of *-structures for braided Hopf algebras (differing from those
due to S. Majid), and give several examples that satisfy our axioms. Then we generalize
M. Schiirmann’s definitions and a result assuring the positivity of the convolution of
positive functionals under certain conditions to braided groups.

To distinguish the two levels of the constructions, we call the functionals and semi-
groups obtained via S. Majid’s construction pseudo-diffusions, and reserve the name dif-
fusion for the case where the processes can be realised as operators and are Lévy processes
(i.e. independent increment processes) in the sense of M. Schiirmann.

This paper starts with a brief summary of the definition of braided spaces and their
main properties in Section 5.2. We also introduce some basic notions of quantum proba-
bility such as independence and Lévy processes, including a few generalizations that are
necessary to apply the existing theory to braided spaces.

The next section (Section 5.3) shows how (pseudo-) diffusion processes can be construc-
ted on generic braided spaces associated to a pair of matrices (R, R’). The approach is
based on the idea that diffusions can be approximated by random walks on lattices. This
replaces the classical condition of the continuity of sample paths. We obtain the explicit
form of the limiting process as the chosen time interval and the lattice parameters tend
to zero.

Section 5.4 investigates the relation between the diffusion processes and associated
evolution equations. These equations are of the form (J; — L)u = 0, where L is an ope-
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rator consisting of linear and quadratic terms in the braided-partials 0°. Appell systems
(introduced as shifted moment polynomials) are shown to be solutions of the evolution
equation. We investigate their properties.

In Section 5.5 we discuss briefly how density functions can be introduced.

We close with a few final remarks in Section 5.6.

5.2 Preliminaries

5.2.1 Braided srpaces

Let us recall the notion of a braided group. This is (B, m,1.A, ¢, S, ¥) where (B.m, 1)
is a unital associative algebra, (B, A, ¢€) a coalgebra, ¥ a braiding (satisfies the braid
relations), and S an antipode (i.e. mo (id® S)o A =mo(S®@id)o A = 1o¢). The
difference that distinguishes braided groups from quantum groups (Hopf algebras) is that
now A is braided-multiplicative, i.e.

;A_om:‘rnﬁog_7

where m is defined by m$((a ® ¢)(b®d)) = a¥(c @ b)d. For a more detailed and elegant
introduction see e.g. [Maj93a, Maj96]|.

Braided spaces are braided groups with a particular form of the product and coproduct,
see below. They are a generalisation of superspaces, there are braided lines, braided planes,
braided matrices, etc., all in analogy with superlines, superplanes, etc. Braided spaces are
the elementary building blocks of the ‘braided world’ or braided linear algebra.

For a pair of invertible matrices (R, ') that satisfy

(i) RiaRisRys = BasRisRia (ie. the Quantum-Yang-Baxter equation),
(i1) RisRisRl, = RyyRisRuz, RasRusRly = RiyRus Ras,
(i) (PR+ 1)(PR' —1) = 0,
(iv) RaiRl, = Ry Riz,

where P is the permutation matrix (X2 ® x1P = X; ® X3), and R = R® id, Ry3 =
id® R, etc., there exist two braided Hopf algebras V(R, R') and V'(R, R’) with generators
v1,...,U, and z1,...,z, and relations

- for V(R, R'):

Avt = Ui®1-|-1®vi7

U(v'@v) = R '@k,
Uz,vj — R”kavlvk,
i
S.(U ) = U
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- for V°(R, R'):

Az, = CL‘Z'®1—+—1®CL'Z‘,
\I/(CEi@CEj) = CL‘[@.Z‘kRkilj,

r;r; = CL‘[.Tlekilj,
.S_(xz) = =¥y
6(1‘1') = 0,

see [Maj93b, Theorem 1]. Here the first two indices (7, k) correspond to the first factor in
the tensor product, and the last two (7,[) to the second factor. We use the summation
convention, i.e. indices that appear twice (once as subscript and once as superscript) are
summed over. In a shorter notation this becomes

~for V(R,R): Av =vR1+1QvV, V(v ®Vvy) = Ripvy @ vy, R,vov) = vivy.
X®1+1@x, ¥(x; @X2) = X2 @ X1 Ry2, XoX1 R}, = X1Xo,

The braided Hopf algebras V(R, R') and V'(R, R') are called the braided vector space
and the braided covector space associated to (R, R'). For a detailed development of their
properties see also [Maj93c, Maj93a, Maj96]. We will summarize here only some facts
that are used in this presentation.

Let §{1,....n} be the set of all finite sequences composed of the elements 1,...,n,i.e.
S{1,...,n}={0;1,...,n;11,12,...,nn; 111,...}. Set v® = v* - oM if a = (ay - - a) €
S{1,...,n}\{0}, and v? = 1, and analogously, but in reversed order, for x, = z,, - - - s,

Then {v%a € S{1,...,n}}, {xs;a € S{1,...,n}} span V(R, R") and V' (R, R'), respec-
tively. Notice that in general these sets do not form a basis. But a basis can easily be
extracted from them, if one orders them, and eliminates all elements that are linearly

dependent on those that precede them.
The algebras V(R, R') and V'(R, R') are IN-graded with

V(R,R)") = span {viae S{l,...,n}}

V(R,R)") = span {x.;;a €S™{1,...,n}},
where §7{1,...,n} C S{1,...,n} contains only the sequences of length r. This allows
us to define a scaling s(A) : V'(R, R') — V*(R, R') by s(A)a = A%8(*)g for homogeneous

elements a € V'(R, R') or V(R, R').
V(R, R') and V'(R, R') are mutually dual with the definition

< Va7Xa >= 5|a|7m[|a!, R]‘Z

where |al, |b] is the length of a,b € S{1,...,n} and

[}

(&4
D =
S—’

[m; R] = 1 + (PR)m + (PR)lg(PR)p_e, + -+ (PR)lg e (PR)m—l,m, (
[m; B! = [2 Rlmn—1.m[3; Blm—2m-t,m - M Rl m (



50 Chapitre 5. Diffusions on Braided Spaces

(cf. [Maj96, Section 5}). This defines also an action of V(R, R') on V'(R, R’) (and vice
versa) by

p(v) = & =(<v',- > ®id)o A,
pz) = 8= (<-2;> ®id) o A.

Braided exponentials exp(x|v) are defined as solutions of

o exp(xl\f) = exp(x|v)v, . (e®id)exp(x|v) =1
exp(x|v)d; = z;exp(x|v), (id ® €)exp(x|v) = L.

If the braided integers [m; R] are all invertible, the exp(x|v) is given by
exp(x|v) = Y x,([m; R]I ™), v".

We will assume that this is the case in what follows. or rather that there exists a braided-
exponential exp(x|v) = 3 x, F(m; R){v®, see [Maj96, Section 5.4].

5.2.2 Quantum probability and quantum Lévy processes

A quantum probability space is defined as a pair (4, ®) consisting of a *-algebra A and
a state (1.e. a normed positive linear functional) ® on A, and a quantum random variable
J over a quantum probability space (A, ®) on a *-algebra B is a *-algebra homomorphism
J : B — A. In particular, every element a of A defines a random variable on the free
algebra € < z,z* > with two generators z,2* (with the obvious *-structure), simply set
J(z) = a, j(z*) = a*, and extend as a *-algebra homomorphism. If a is self-adjoint,
then we can take B = (€[z], with the *-structure defined by z* = z, i.e. the algebra of
complex-valued polynomials on the real line.

A central notion to this work is that of independence. Independence in quantum proba-
bility is closely related to the notion of products of (*-)algebras, as e.g. the tensor product
or the free product. The kind of independence we use here is related to tensor product
of algebras in braided categories, it generalizes the tensorial independence introduced by
M. Schiirmann for braidings that arise from an action « and a coaction v of some group
algebra CL as ¥ = (a®id)o(id@ 7)o (y®id) or ¥ = (id®@ @) o (1 ®@id) o (id ® 7). For a
more general definition of independence see [ALV94], for a general analysis of the notion
of independence we refer to [Sch95a, Spe]

Definition 5.2.1 The quantum random variables 71,72, - 3o : B — A are called U-
independent (w.r.t. the state @), if

(i)
® (ja(l) (b1) * Jo(n) (bn)> = O(Jo(1)(b1)) -+ P(Jo(n)(bn))

for all permutations ¢ € S(n) and all by,...,b, € B, and



5.2. Preliminaries 51

(1i)
on(jk®jl):on(jl®jk)o\Il
forall1 <k<l[l<n.

Remark: If A is commutative, then (i) is equivalent to the condition used in classical
probability theory:

(")
(1(b1) - jn(ba)) = (2 (B1)) - - ®(ja(bn))
for all by,...,b, € B.

We will call 71, ..., J, pseudo-(¥-)independent, if they satisfy only (i’) and (ii). For many
of the algebraic aspects this behaves like ‘true’ independence.

Let us investigate, when two quantum random variables on a braided space V'~ are
(pseudo-) independent. Condition (ii) implies that ji(z;) and j2(z;) satisfy the braid
relations. Therefore we can assume A = V'@V", and j1(u) = u @ 1, jo(u) = 1 @ u (take
d=9%o0 (1 ® J2). Condition (i’), i.e. pseudo-independence, is now equivalent to the fact
that @ can be factorized into & = ¢ ® ¢V, where ¢) = ® 0 5;, i = 1,2. Thus the joint
distribution of 7; and 72 is uniquely determined by the marginal distributions.

Condition (i) is stronger, for independence in the sense of the preceding definition
we need a kind of invariance or commutativity condition in addition to the factorisation,
namely ¢ @ 63 (u @ v) = o @ qb(l)(lll(v ® u)), or o) @ ¢?) = \I’(cbu) ® qﬁ(l)), Le.
£ ® @ and ¢V @ € have to commute.

We will study here time and space homogeneous Markov processes, i.e. Lévy processes.

Definition 5.2.2 A quantum Lévy process on a (braided) *-Hopf algebra B is a quantum
stochastic process {j; : B — (A, ®)|t € Ry}, such that

(i) {7:|t € Ry} has independent increments, i.e. sty .-, Jsnt, are (¥-)independent
forall 0 < 51 <t < - < s, < t,, where the increments are defined by js; =

(Js 0 8)*je=mao((Js05) @Je) 0 A,
(i1} the distribution ® o 75 of an increment jy depends only on t — s (stationarity),

(iii) js: converges to s, in distribution for t N\ s (weak continuity),

(i) Jow = Joo % Jeu( = Ma© (jur ® juu) 0 Ap) for all 0 < s <t < u.

We shall speak of pseudo-Lévy processes, if the increments are only pseudo-independent.
In this case we will not insist on the positivity of the state either, we study pseudo-Lévy
processes (and pseudo-diffusions, see below) only to illustrate the algebraic part of the
theory.

It follows from the general theory (cf. [Sch93]) that a Lévy process is uniquely deter-
mined by its marginal distributions ¢; = @ o j;, that the marginal distribution form a
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convolution semigroup, i.e. wg = £, s x; = (s D 1) 0 A = @ 4y, and that there exists a
unique functional L, called generator, such that ¢, = exp(tL). Vice versa, the semigroup,
and thus the process, is also uniquely determined by its generator. All this is also true for
pseudo-Lévy processes.

Let us now look at the differences. The independence of the increments implies ¥l ®
el) = et ®et, and thus W(L @ L) = L® L, i.e. L ® g and € ® L commute (in the
convolution algebra of functionals on V"®V™). Also, since the semigroup is positive, L is
conditionally positive (i.e. positive on the kernel of £), to see this just differentiate w.r.t. £,
and hermitian. In the sequel, when we speak of Lévy processes, we will always assume that
our states ¢ (on A) are W-invariant in the sense that ¥(¢ ® u) = u ® ¢ for all functionals
u: B — €, i.e. that we can pull it across braidings.

If L is a hermitian, conditionally positive, and W-invariant functional, then all the
convolution powers of L are positive (see Lemma 5.2.4), and the semigroup associated to
L is positive. Thus there exists a Lévy process with ¢, = exp(¢L) as marginal distributions.

We summarize this in the following proposition.

Proposition 5.2.3 Let A be a (braided) (*-)Hopf algebra (cf. Subsection 5.2.3).

(i) There is a one-to-one correspondence between pseudo-Lévy processes {7:|t € R4},
normed convolution semi-groups {@|t € R4}, ¢, = exp(tL) = ®oy,, and functionals
L= Ed;(pt‘t:o with L(1) =0 on A.

(ii) There is also a one-to-one correspondence between Lévy processes, normed positive
convolution semigroups of W-invariant states, and V-invariant, hermitian, conditio-

nally positive functionals.

5.2.3 A remark on braided *-Hopf algebras

S. Majid has studied *-structures on braided Hopf algebras in a series of articles[Maj94,
Maj95a, Maj95¢c|. An essential result of his work is a new set of axioms for the braided
case. But we found it necessary to use different axioms here, in particular, it is important
for our purposes that the coproduct is a *-algebra homomorphism.

We fix the *-structure in the tensor product A®.A by the condition that the canonical
inclusions A - A®A ¢ A are *-algebra homomorphism, i.e. (1 ® a)* =1 ® a* and
(a®1) =a"®1 for all @ € A. This implies (a ®b)* = ¥ (b*®a”) for all a,b € A. Then we
say that A is a (braided) *-Hopf algebra if (A, x) is a *-algebra, and A and ¢ are *-algebra
homomorphism (with the *-structure of AQ.A defined as above!).

For examples of braided *-Hopf algebras satisfying these conditions see Subsection
5.3.2.

Let us outline the main steps and ideas of their construction. We start with a braided-
covector space V'(R, R') with R, R’ of real type [, i.e. —RT]E = R'}J;. S. Majid has defined
a map * for this case that goes from V'(R, R') to V(R, R'), and vice versa, cf. [Maj95a,
Lemma 2.1]. The free product V(R, R') * V'(R, R') thus becomes a *-algebra with this
map, and the coproducts of V(R, R') and V' (R, R') define a *-algebra homomorphism
Ag: V(R,R)«V(R,R) — (V(R,R)QV(R,R"))* (V(R,R)@V (R, R")). Now it turns
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out that (V(R, R}« V'(R,R))®@(V(R,R') * V'(R, R")) can be obtained as a quotient of
(V(R,RHYQV(R,R"))*(V(R,R)QV(R,R)) in such a way that the canonical projection
is a *-algebra homomorphism, and that V(R, R') « V7(R, ') is a braided *-Hopf algebra
in the sense of our definition with A=70Ay. Setx;; =2, @1, v} =v' Q@ 1, 79, = 1 ® x5,
and v = 1 ® v', then the relations defining the braided >"—Hopf algebra structure of
V(R,R)+* V'(R, R') are

k o ik
ziz; = wmapRT, vt = RYpoR,
. e
i o= v (V) = i, _
Alzy) = x5+ T, A(vY) = vt + vy,
S(z;) = —z;, S(v') = —v', g(xy) = g(v') =0
_ . . 1k 1 by Jyy U — 13 i k, ! —
Teilo,j = -roz,lla.kR 17 L'oz']Lal = R Zlkaz Vo s a = 1«,27
(204)" = va, (0o} = Taus a=1,2,
omp e Rk_l_, . IR = Rl,z’ P
T2iT1; = i L1 2k, Uy ry1; = J kL1
o Pkl S —1\j i, kol
rovy? = RV oo, vl = (RTTY ey
where F 1s the second inverse of £, i.e. the solution of ZRI;JHL}‘”;” =5 R’k»’,Rknmj =
§',0™ . We observe that, with the definitions z] = v;, z},; = v,', the “v-v’ relations follow

from the corresponding ‘x-x’ relations, and the second line of the braid relations from the
first (where we use that R, i are real type I).

Note also that ¥(z; @ Sapvt) = Srpvt @ Tk, \I’(vk &5 171ivli) = S x0 @ vt
Thus the functionals that are non-zero only on 3 z;v* are U-invariant.

We prove the following.

Lemma 5.2.4 Let A be a braided *-bialgebra (in the sense of the p7eceding definition,
i.e. the *-structure in the braided product algebra ARA is given by Vo (x @ *)o7, and A
is a *-algebra homomorphism), and let ¢ a W-invariant positive funcz‘wnal on A, and § a
positive functional on A. Then ¢+ 0 = (¢ © 0) o A is also positive.

2)

Proof: Let a € A, and A(a) = Z-a )@ al( (Sweedler’s notation). Then A(a*) =
5,9 ((a) ® (o)) and therefore (¢ ® 0) o A(a” ) = (6@ 8)o(ma@m)o (id®
v @id) o (¥id@id) (T (a?) © (a”)* ead®) = 8o(s@m)o(¥oid)o
401 (5, () 0 o) 2l 47) 2,0 () ) (o) o)

]

positive, since 1t is the Schur product of two pos1t1ve definite matrices.

5.3 A construction of (pseudo-) diffusions on braided
spaces

Following Majid we first define a quantum random walk. Consider a classical random
walk on the lattice. We assume that the process can only jump from a lattice site z to a
finite number of other sites ¢ + d;, 2 = 1,..., k. If at time ¢ the particle is located at z,
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then it will be at = 4 d; at time ¢ + Af with a probability p;, 0 < p; < 1, and naturally

the probabilities add to one,
k

Zpi =1.

i=1
In classical probability theory there corresponds an evolution operator to this, that maps
a function (i.e. an observable) at time ¢ to the corresponding function one time step later

.
fi(z) = frondlz) = gpift(l‘ + d;)

Let %) be the functional corresponding to evaluation of a function at d;, i.e. @) :

f(z) — f(d;), then the above equation can be written as
filz) = firaz) = (¢ ©@id) o Afi(x)

where ¢ = 3 p;¢(%) and A stands for the usual cocommutative coproduct on Rlzy.....: ]
This can be done in the same manner on braided spaces and quantum groups, if one
chooses an appropriate functional ¢. The problem here (in dimension > 1) is that one can
not define the ¢{4) simply as replacing the variables z; by the components of the vectors
d; = (dj1,...,d;n) due to the non-commutativity. One possibility is to bring the variables
into some fixed order (i.e. fix a basis of monomials) and replace them then by the d;;. We
shall see later that in the limit only the choice on the quadratic and linear terms matters.
A functional cb(d) that corresponds to evaluation at d = (dy,...,d,) should satisfy

F1: ¢¥(1) = 1, or equivalently ¢(%)

V*(R,R)(© = &
F2: evaluation on the generators gives the components of d, i.e.
o (x;) = di,
fori=1,...,n,
F'3: it has the correct behavior with respect to a rescaling of d, more precisely,
8P9(a) = $9(s(N)a) = NS5 )
for homogeneous a € V'(R, R').

But these conditions do not determine ¢{* uniquely.
A possible choice for ¢(¥) with d = (dy,---,d,) is to use the braided-exponential

¢ =exp(dlv) = > da([m; RIIT), V" (5.3)

This definition makes sense for all cases where the braided-integers [m; R] are invertible,
and can also be used if this is not the case, if an appropriate braided-exponential is chosen.
For the commutative case we have ¢(* f(x) = f(d) by Taylor’s theorem, and similarly for
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the braided line IR, by a g-Taylor theorem. On anyspace this agrees with definition of the
Dirac §-function, see [MRP94].

Another possibility is to use (positive) Dirac functionals, defined as functionals ¢ for
which there exists a (*-)algebra A, a state ® on A, and a (*-)algebra homomorphism
Jj: V(R,R') — A such that ¢ = ® o j and the pair (7,7) is independent. Typically
these Dirac functionals replace one generator by a real or complex number, and all other
generators by zero, and lead to the same class of diffusions as the functional presented
above.

Assume now that we have defined the functionals &%), and chosen values for the
transition probabilities p;, i.e. fixed ¢. Then this defines an evolution for functions, i.e.
observables on our space by

fi— ft—{—At = (QJ)@ id) Oéft

as before. As explained in [Maj93d] there is a one-to-one correspondence between func-
tionals ¢ and transition operators® T, to pass from one to the other take

The transition operators form a (discrete) semi-group with respect to composition, and
the functionals with respect to convolution. The passage from one to the other is in fact
a homomorphism, i.e. T, 0 Ty = Ty and ¢rés = ¢rs.

We will give a limit theorem that arises when the lattice parameters d; and the time
step At go to zero. The discrete semi-groups (indexed by IN) will then converge to conti-
nuous ones (indexed by IRy ).

Theorem 5.3.1 Let dy,...,d; and p(l),...,p;c be chosen such that 5 p¥ =1 and ¢ =
SE | pYé) vanishes on V(R, R)W, de. 5 pdy; =0 forallj =1,...,n

Choose furthermore pl,...,pL such that py(p) = pl + upt, . ... pe(p) = pi + upk satisfy
0<p <landTE 1joZ = 1 for sufficiently small i (this implies in particular S5 pt = 0).

Then for én = S5 pi(1/V/N)g® VN we have
hm ( = exp( Z apvtvl + Z b; v
k=1

where ay = Y5y pY 307 ooy dindis (123 B)7)5 and by = £, pid;;

Proof: We apply {Sch93, Theorem 6.1.1]. Let ky = N, onp = on for bk =1,..., N. We

have to check the conditions of the theorem.

(i) ©N1,---,9nN commute since they are identical.

6. The (Markov) transition operators are here characterised by their left invariance, i.e. by (T®id)oA =
AoT.
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(ii) Let ¢ = > es(1,..,n} ¢*Xa With some coefficients ¢* € €. Then

max |(oni = (c)] = éw(e) — & = O(1/VN)

1<k<N

goes to zero as N — oo.
(ii1)
N
Z ONE — €) = N(¢n(c) - Cw)
k=1

= ZPz Zd C{J}‘szz Z didisc™ + O(1/V'N)

=1 g=1 r,s=1

is bounded and tends to (¥} ,_, anv®v' + POy bivt)(c).
Thus imy 00 <H}y:1 cka> (c) = exp(2f apvrol + PRy biv')(c). [ |

We will consider functionals that can be obtained in this way as diffusions on braided
spaces and call L = 3°F |, apvkvr + 272, b;v* their generator.

Definition 5.3.2 We will call a semi-group of functionals exp(tL) on V'(R, R’) a (homo-
geneous) pseudo-diffusion, if there exist parametersd; = (di1,...,dwn), 00, p} (i =1,....k)
such that the conditions of Theorem 5.3.1 are satisfied, and such that L = 377, apvtol +

7:1 biv' with ay = Zf:lp? ros= 1 dirdis([25 R]_l)ﬁ and b; = Zf:lpzldij‘
If the process associated to exp(tL) is also a Lévy process, then we will call it a diffu-

sion.
Remarks:

1. We have formulated the limit theorem in terms of the functionals, analogous theo-
rems for the associated transition operators hold also.

2. In the statements of Theorem 5.3.1 we assumed that the braided-integers are in-
vertible. The theorem remains valid if this is not the case, as long as a braided-
exponential exp(x|v) = ¥ x,F(m; R)Iv® exists, the inverted braided-exponentials
just have to be replaced by the F(m; R).

5.3.1 Examples of (pseudo-) diffusions
Dimension n = 1: The braided line IR,
Here R = (gq) and R’ = (1). This leads to the braiding ¥(z™ ® 2P) = ¢"Pz? ® z™ (i.e.

'z = qza’, where z = 2 ® 1, 2’ = 1 ®z). The diffusions on the braided line have the form

b= exp |t (v 1 by
t = €XP 1+ql v
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Using the expansion e~ /2474 = 2 p=0 ;—?HA% t) with the Hermite polynomials H,(z,¢) =

ZEO < QZ;C > %x””%(-—t)k we find for the moments

b ([ il ) H, (bt —15;)

p;q]! p!

Dimension n = 2: The quantum plane (DgIO

Here _
qg* 0 0 0
| 0 g =10 R
R = 0 0 . 0 R =q "R.
0 0 0 q*

This is the standard two-dimensional quantum plane. It has two generators z,y with
relations yr = gzy and braid statistics 2’z = ¢*zz’, 2’y = qua’, ¥’y = ¢y, Yz =

gzy' + (¢* — 1)yz’. For the second braided-integer we get

1+4¢*> 0 0 0
0 I ¢ 0
2 R =
laR] O q q2 O
0 0 0 1+4°

i.e. it is not invertible. There exists nonetheless a braided-exponential [Maj96, Example
5.4]

Xava - (X . v)P
exp(x|v) = = 2
aesgf..,n} [la]; ¢*)! :‘/‘:6 [p:q~2]!

where |m; ¢%] = Il__q::l and [m; ¢°]! =TI, [1; ¢*]. For the generator we get
1
= 1 + q2 Z az-j&é‘)j + Z bi&-.

The free braided-space

Here R' = P, there are no relations in the algebras V(R, R') and V'(R, R') since the
ideal generated by R|,vavy = vV, (respectively x1x; R}, = XoX1) is equal to {0}, i.e.
we have the free algebra with n generators. {v*;a € S{1,...,n}} (respectively {x,;a €
S{1....,n}}) is thus a basis of V(R, R') (respectively V'(R, R')).

We will assume that R is also equal to P, i.e. that the braiding is given by ¥(v' ®
v/) = (v' ® v?) (respectively ¥(z; ® z;) = (z; @ z;)). In this case the braided-integers
[m; P]¢ = méu, m = |a| = |b], are invertible and thus

exp(xlv) = 3
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The dual action is

i . !(1’ Xa2"‘a|a| if ay = i,
PV')%e = { 0 else

on the basis elements. Generators of diffusions have again the form

n

L= Z ak[akal + Z bjc?j (54)

k=1 7=1

with symmetric ag.

5.3.2 Examples of true diffusions
A free two-dimensional braided plane: V" = IR, * IR,

The algebra underlying this example can be considered as the free product of the
braided line with its dual. As an algebra it is the free unital algebra € <z, p> with two
generators. Let = be the generator of the braided-covector space IR,, and p that of the
braided-vector space dual to it (i.e. another copy of IR,). Let g € IR\{0}, so that R = (q)
is of real type I in the sense of [Maj95a]. Following Majid’s definitions we have the braid
relations

/ ! -1 /
rTr=qrr Tp=gq pT

pe=qzp  pp=qpp,
and

*R,oR, - Rq@IRq - Rq_@_mqa ) ] Tr=p
*Re@R@RQR, - R,QR,QR,@IR; — R,QIR, QR B1R,, - =p, (z')" =p,

turn ]Rq®IR and IRq®IRq®IRq®IR in into *-algebras such that A : IRq®IR — IRCI@]RqQ]].:{q@IRq
satisfies A o *p gr, = Ro@RooR,8R, O 7 © A. Even though this *-structure does not suit
our purposes, at least not in this form, it does tell how we can guess a ‘better’ one.

The coproduct on IR, and its dual extends to a map Ay : R, * IR, — (R,QIR,) *
(R,®R,) = € < p,p/,z,2" > /Ty, where Ty is the ideal generated by z'z — gzz’ and
P'p — qpp’. and satisfies A o *p = *(RyeRy)<(yglty) © 2 if we define the ™-structures
in those algebras by

¥Rl IRq*IRq—HRq*IRq, T =p,
q q - - - v
*(Re®Ry)*(Re@R,) - (Re@IR,) * (R®IR,) — (R,@IR,;) * (R,IR,), - =p, (¢)" =p.

We now note that we get (IR, *IR, )O(R, *IR,) if we quotient by the relations gzp = pz and
gp'z’ = 2'p,ie. (Ry*IRy)Q(R,*IR,) = (R,QIR,) * (R, ®IRq)/{qzp = pap,qp'a’ = 2'p'} =
C <p’,a:,p.:v > /I, where T is the ideal generated by 'z — qzz’, qrp — pz, qp'z’ — 2'p’,
and p'p — gpp’. The canonical projection 7 : (R,QR,) * (IR,&IR, — (R, *R,)@(R, *IR,)
is a *-algebra homomorphism, and A = 70 Ay turns V™ = R, * IR, into a braided *-Hopf
algebra in the sense we need. In particular, the coproduct is a *-algebra homomorphism.
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Note that we now have p; = p’ and z; = z in the first factor of the tensor product, and
p, = p and x5 = @’ in the second, i.e. the braid relations take the form

— I |
Lol = gT1Ty, P2T1 = ¢ "T1P3,

Top1 = qiTa,  Pap1 = G pipe

and the *-structure becomes z7 = p;, 1 = 1, 2.
The braiding of the real line, and thus also that of V", are induced by an action and
coaction of the group algebra CZ. V™ is the (free) braided plane associated to the matrices

0

-1

4
0

0

oo o
O OO
o O O

1
q

The possible generators of pseudo-diffusions are of the same form as in Equation (5.4),
but now we are interested in generators of ‘true’ diffusions. i.e. W-invariant, hermitian.
conditionally positive generators. Choose the set of all words {1 = @, z.p,zz, zp, px, pp....}
as basis of V7, then ¢, and o,, with

, 1 if v = 2p, 1 if uw=rpz,
@rp(u> = { P Ope(u) = { !

0 else, 0 else,

on basis elements u are such generators. The processes associated to these generators
have been studied by M. Schiirmann[Sch93], we find the processes that have the Azéma
martingales as classical version.

Let us now consider an example whose braiding does not come from a group, but from
a non-commutative and non-cocommutative bialgebra.

Diffusions on the four-dimensional braided-covector space V™ = @310 % (EZIO

Let again ¢ in R\{0}, and set V" = G}glo*éjto =C<v,w,z,y> /{yz —qry,vw—quv}.
A similar construction as in the preceding example leads to a four-dimensional braided-
covector space, where the braid relations between z;,y; and z,,y, are described by the
R-matrix of the braided plane,

> 0 0 0
10 g ¢#-=1 0
= 0 0 q 0 1’

00 0 gq?

gt 0 0 0
N 0 q—l q—4 . q—2 0
1 _
R = 0 0 g~} 0 ’
0 0 0 g
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those between vy, w; and z,,y, again by R, and, finally, those between v,,wy by R™!,
see also subsection 5.2.3. The *-structure is defined by 2* = v and y* = w, compare also
[Maj95a].

{z"y™|n,m € IN} and {w™v"|n,m € IN} are bases of the two components of the
free product defining V", and therefore we can take the finite, alternating sequences of
elements of these bases as a basis of V™
{1 = 0, zMy™ wm™o™, gMy™w™ ™ w™o™Me™y™?, | |ny,ny, ..., my,my,... € IN}.
The functional defined on this basis by

1 if u = zv, yw

bro(u) = { 0 else,

generates a diffusion.

5.4 Appell systems

Appell systems {hx; k& € IN} can be defined by the conditions
Al: hy is a polynomial of degree £k,
A2: Dhy, = khy_s,

where D = d/dz. Examples are furnished by shifted moment sequences of the form

hi(z) = /]R(:v + y)*p(dz),

where p is any probability measure on IR with all moments finite. For example in the Gaus-
sian case this gives the Hermite polynomials H,(z) = \/—% fr(z + iy)”e“y2/2dy. Recently
analogous classes of ‘moment polynomials’ on Lie groups [FFS92] and quantum groups
[FFS95] have been introduced. They cease to be polynomials in general.

The definition on quantum groups is easily adapted to braided groups.

Definition 5.4.1 We define the Appell polynomials on the braided covector space V' (R, R')
with respect to the functional ¢ by

h, = (¢ ®id) o Ax,,
i.e. hy =Ty(x,), forae S{1,...,n}.
We are in particular interested in the Appell systems with respect to diffusions.

Proposition 5.4.2 Let ¢, be a diffusion on V' (R, R') with generator L and {h,(t);a €
S{1,...,n}} the associated Appell system. Then we have the following:

1. ha(t) = X4 + pa(t), where py(t) € EBI;II:BI V(R, R,
2. D'hy = Tyestai-iqa,. myllal; RIS%hy, where D = exp(tL)d exp(—tL) and i.b the

concatenation of v with b, i.e. 1.b = 1by -+ - bjg|-1,
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3. the h,(t) satisfy the evolution equation Oyu = Lu.
Proof: Note that 1. and 2. are the analognes of Al and A2.
1. The braided-binomial theorem [Maj96, Equation (91)] tells us that
|a| ’:‘ ‘al b.c
AXaZZ Z '4 [ : ;R} Xy & Xe.
i=0 pesi{1,. n}cestel=if1, . ap L a

where the braided-binomial coefficients are defined by

m m—1 m—1
) ;R - (PR)r,r+1 "'(PR)m—I,m JR + ,R s
r r—1 r
m
0 i = L

[ m
- R =0 for r >m

The statement follows now since ¢(t)|y- (g pyo = € L. hu(t) = %, + pa(?) with

la|-1 a b.c
AOEDY > W ;R} (..
)

1=0 bESIG‘_‘{1,...,71},cé'3"{1,. a

Note that this formula can also be used to calculate the Appell systems, if the
moments of the process are known.

[S™]

D'h, = exp(tL)d exp(—tL)exp(tL)x,
= exp(tL)d'x,
= exp(tl) 3 [lal Bl
beslel=1{1,...,n}

= > llal RIS e

beSlel=1{1,.n}

with [Maj96, Equation (77)].
Oiho(t) = Orexp(tL)x, = Lexp(tL)x,
= Lhy(t).

Property 2 shows that the D' act as lowering operators. We also define raising operators.

Proposition 5.4.3 Let X; = exp(tL)z;exp(—tL), then
Xiho(t) = hia(t).
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Examples

5.4.1 The braided line R,

The Appell polynomials associated to the functional ¢; = exp(¢L) where L = l‘fqv2+bv

are
hie(z;t) = (é:®@id)o Azk
k

= 2 [ fj ;.q] Sila”)z

v=0

K [k;q|'H, (bt,—2a2t> .
x

1+g
[k — v; gl

v=0
These polynomials are solutions of

2

Ot = 8%y + béu

l+g¢

flar
[k

with u(z,i = 0) = o* (where ¢ is the g-difference operator (6 f)(z) = SE2=HL)
For b =10, a = /(1 + ¢)/2 the Appell polynomials simplify to

[g} [ k—2
s [Erglitrat
h(zit) = 2 [k — 2uv;q12v00

v=0

these polynomials are a g-analogue of the Hermite polynomials (see also [FFS95]).

5.4.2 The quantum plane @210
We choose ¢; = exptL with L = 15 (87 + 93). We get

q2
i t "l saw a2
=) —————— ; 029
o Z%(l_*_qz)rr!l;){y q J 2 U

since 0,0 = q~10,0,. This leads to the following formula for the Appell polynomials:
 hem(z,y5t) = exp(tL)z"y™

+ v - r—sv v

3) 13 [N , 4 4] [ g*Mr; *lg? =) it

= T

olm—2p = L@lr — 2v — L {1 + ¢*)** (p + v)!

r—2v_ m-—2u
)

where Z :g~*| are the braided-binomial coefficients with respect to R = (¢7*) € M(1)®

M(1). These polynomials solve the evolution equation

Ot = 1_—:—q2 (812 +822) u
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ﬁ

where 0, 0y can be defined by

@z, y) - flz,y)

flaz, ¢*y) = flqz.y)
(g2 -1) '

y(g* —1)

of(z,y) = d2f(z,y) =

§.4.3 The free braided-space

We consider again the free braided-space associated to R = R' = P. It is straightfor-
ward to calculate the action of the generator of a diffusion on a basis element:

Lx, = r(r — 1)ak1k2xk3~--kr + T‘blek,_)...;cr,

for L =30 ) audhOi+ 0, 0;0; and k = (ky,..., k) € S{1,...,n}. Thus we get for the
Appell polynomials

he = exp(tL)xy
= Xp+ t(T‘(T — 1)ak]k2 Xigoooky T T‘bklxk,z...kr)
.2
—{—5 (r(r - 1)
+r(r = 1)by, bkzxkg---k,> + -

[ S — '—)\(7‘ — Q\n:
LT By

kyka Qhaky Xks ke

+r(r — 1) (r — 2)(by, apyk, + @hyp, by ) Xiy i

X .
Korz T WRiRp Vs [N Ky

F 5

e-githe drift term vanishes, i.e. b; =0 for y =1,...,n, then -

(5]
tp
hi = Z ——‘T'(T' - 1) .- (T‘ —2p+ l)akm T gk Kby gy o

p=0

5.5 Densities

There are two ways in which densities can be associated to the diffusions constructed
here.

This first uses the (right or left) invariant integrals that are defined on Hopf algebras.
Fix such a functional [ : V' (R, R') — €. One can look for an element p; € V'(R, R') such

that
sa) = [(pa), (or arla) = [(ape))

ig satisfied for all @ € V(R, R') (where ¢:(a) =< ¢:,a > denotes the evaluation map
"bétween V' (R, R') and V(R, R')). This defines a (non-commutative) left (or right) density.”
For e.g. anyspace this leads to the results exhibited in [MRP94]. To calculate it the Fourier
transform (w.r.t. to.the integral considered) can be used. For a braided-Hopf algebra B
with dual B*, exponential exp and invariant integral [ : B — @ the Fourier transform
F : B — B~ is defined by F = (f ®id) o (m ® id) o (id ® exp), see [KM9I4]. Let now [ be
a left invariant integral on V7(R, R') and [* a right invariant integral on V(R, R’). Then,
since (1d® < -,- >) o (exp ®id) = id,

[(pa) =< Fp),a >
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for all « € V(R,R') and p € V(R, R'). Thus we need to invert the Fourier transform
F to find the density corresponding to the functional ¢;. By [KM94, Proposition 6.4],
F*oF = volS, where vol is a constant and F* the Fourier transform w.r.t. [7, i.e

F*=(1d® [fom)o (¥ ®id) o (id ® exp). Thus

pe = g 0 F(¢)-
vol
Take, e.g., the braided-line and ¢, = exp( t’; ). We shall use the Jackson integral fﬂ = flz)d,z
where ~ is a parameter. For f(z) = ¥ f,2" we set f(7) =3 fuy" and-

X0

+7.00
[ r@de = 1=a) 3 (Fla") + f(=a")) "

—v.00 k=—o00

if the right-hand-side converges. We will express the density in terms of the discrete g-
Hermite II polynomials

f—
OIS
—

(_1)kq—-2nqu(2k+l ) pn—2k

ho(z;q) = (1 = q)"n;q]! .
(wi) = (= 0Vt dll 2 o T — gy — o)

\

With the orthogonality relations for the discrete q-Hermite II polynomials [Koo95, Equa-
" tion (8.14)] and

N 0 if n is odd.,
Oe(hn(z5q)) = (1 - q)"[n; Q]’Zk A (=1)kg=2nkgh(2ht1) 3~k if n is even,

(1 g2)k[kig?]i(1—g)n=2k2 2 ~F

we get
1 %) m )kq—4mqu(2k+l)tm —k e o 5
Pt = q — ﬂQm(JE glep(—(1 —qg°)z?), 5.5)
CQ('V)W;O 2:: (1 — g*)*[k; g*Jt2m-* ) (
where ep2(z) = 302, —n%—,, and c¢,(7) is a constant depending only on ¢ and v (for its

value see [Ko095, Equation (8.15)]).

The other way, commonly used in quantum probability (see e.g. [Mey93]) leads to
a density on the usual real line. Consider for example a diffusion ¢; = exp(tv?/2) on
the braided line, and the generator z, then ¢(e"**) can be interpreted as the Fourier
transform of the density of = in the state ¢,. Let 0 < ¢ <1 and YV = (1 — ¢) 272, X,
where the X, are independent, and exponentially distributed with respectivé means
(see [Fei87]). Then E(e™Y) = 12, (1 —tu(l — ¢)¢)) " = T2(iw)*/[n;q]! = et. Thus
o(E(e™®)) = ¢y(eluz) = e ~t*/2 and it follows that Yz has a Gauss distribution. This
determines the distribution of z uniquely, see [Fei87, Theorem 3|.

5.6 Conclusion

The notion of g-Brownian motion introduced by Majid is extended in this paper to
braided spaces. The resulting processes differ from the ones obtained in [BS91, MM93|
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by more algebraic considerations. To obtain these (for fixed parameter t=1, say), we can
consider the semi-direct cross product of the braided line with its dual. This algebra has
basis {v" ® 2™;n,m € IN} and the defining relations are vz — qzv = 1 (where v = v & 1,
z = 1Q@ux). Take the functional ¢ defined by ¢(3" anmv"™ @ 2™) = ago, then the distribution
of z + v in the state ¢ is equal to that of [BS91] for t = 1, for a study of its density see
[LM95]. This density is concentrated on the bounded interval [—-1//1 — ¢,2/y/1 — ¢] (for
—1 < q < 1). The g-deformed Brownian motion of [MM93] can be obtained similarly.
Obviously, there is still some more non-trivial construction required to pass from the
random variable presented here to. the full process.
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Chapitre 6

Gauss Laws in the Sense of Bernstein
and Uniqueness of Embedding into
Convolution Semigroups on Quantum
Groups and Braided Groups

Uwe Franz Daniel Neuenschwander” René Schott?

Résumeé

The goal of this paper is to characterise certain probability laws on a class of
quantum groups or braided groups that we will call nilpotent. First we introduce
a braided analogue of the Heisenberg-Weyl group, which shall serve as standard
example. We introduce Gaussian functionals on quantum groups or braided groups
as functionals that satisfy an analogue of the Bernstein property, i.e. that the sum
and difference of independent random variables are also independent. The correspon-
ding functionals on the braided line, braided plane and a braided g-Heisenberg-Weyl
group are determined. Section 6.5 deals with continuous convolution semigroups on
nilpotent quantum groups and braided groups. We extend recent results proving the
uniqueness of the embedding of an infinitely divisible probability law into a conti-
nuous convolution semigroup for simply connected nilpotent Lie groups to nilpotent
quantum groups and braided groups. Finally, in Section 6.6 we give some indica-
tions how the semigroup approach of Heyer and Hazod to the Bernstein theorem on
groups can be extended to quantum groups and braided groups.
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6.1 Introduction

(QQuantum probability is now a quite active research area motivated by applications in
physics. Recent books of Biane [Bia93], Meyer {Mey93], and Parthasarathy [Par92] are
recommended as introductions to this field. For quantum probability on Hopf algebras see
Majid [Maj95b] and Schiirmann [Sch93]. In this paper we continue the investigation of
probability measures on quantum groups and braided groups initiated in [FFS97, FS96b].
Our goal is to characterise certain probability laws on a class of quantum groups or brai-
ded groups that we will call nilpotent. We determine the functionals on these structures
which satisfy an analogue of the Bernstein property, i.e. that the sum and difference of in-
dependent random variables are also independent. In doing so we extend results obtained
previously on Lie groups by D. Neuenschwander et al., cf. [Neu93, NRS96, NRS97]. Then
we turn to convolution semigroups. We show the uniqueness of embedding into continuous
convolution semigroups on nilpotent quantum groups and braided groups, and calculate
the generators of continuous convolutions semigroups on several nilpotent braided groups
that satisfy an analogue of the Bernstein property.

The organization of the paper is as follows: Section 2 provides some preliminaries on
quantum groups and quantum probability. A braided Heisenberg-Weyvl group is introduced
in Section 3 and the corresponding Gaussian functionals in the sense of Bernstein are
given in Section 4. The embedding problem is investigated in Section 5, while Section 6
gives some hints on Gaussian semigroups in the sense of Bernstein on quantum groups
and braided groups. Concluding remarks and further research aspects are mentioned in

Section 7.

6.2 Preliminaries

6.2.1 Quantum groups

We briefly recall some definitions concerning quantum groups and braided groups, see
also [Maj95b| and references therein.

Recall that a quantum group is a Hopf algebra, 1.e. an associative unital algebra
(H,m,e) with two homomorphisms A : H - H® H, ¢ : H — (€, and an anti-
homomorphism S : H — H that satisfy

(A®id)oA = (iId®A)oA,
(e®@id)oA = (id®e)oA
mo(id®S)oA = mo(SQid)oA=coe.

These maps are called coproduct, counit, and antipode, respectively. Here the tensor
product H @ H is considered as an algebra with the multiplication defined by mg((a ®
b)@(c®d)) = ac®bd, i.e. mg = {m@m)o(id@7®id), where 7 : H@ H — H® H is the flip
automorphism, 7(¢ ® b) = b® a. Placing ourselves in a braided category and substituting
7 by the braiding ¥ we are naturally led to braided Hopf algebras or braided groups.
The axioms above remain unchanged, but now m, e, A, €, and S have to satisfy certain
compatibility conditions with respect to the braiding ¥. The comultiplication A has to
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be an algebra homomorphism from H to H@H, i.e. the algebra structure in the tensor
product is defined by mg = (m®@m)o (id® ¥ ®id), or mg((a @b) @ (c®@d)) = a¥ (bR c)d.
And the antipode is no longer an anti-homomorphism, but satisfies Som = mo¥o(S®S5).

Example: The braided line IR,. Let ¢ € €\ {0}, ¢ not a root of unity. As an algebra
IR, is isomorphic to the ring of polynomials in one variable IR[z]. The braiding used here is
defined by ¥(z" ®z™) = ¢""x™z". On the generator the coproduct, counit, and antipode
are defined by

Alz) =z + 1, e(z)=0, S(z)= -z,

where we used z =z ® 1, 2’ = 1 ® z. From this one computes

n{n—1)

and S(z") = (—1)"¢~ 2z z". Recall that the g-numbers ¢,, the g-factorial ¢,! and the

g-binomial coefficients { are defined as
v
dq

n n qn;
a! =11 o [ . }
v=1 q

n—1 n
vy _ 41
Z:;) QU!qn—u!

g—1’

Example: The braided plane (Dg'o. Again g € C\{0}, g not a root of unity. The
braided plane is the braided Hopf algebra with two generators z,y and defining relations

yz = qzy,
! 2 / ! /
rr =q°zz, x'y = qyz’,
y'z = qzy’ + (¢ — L)ya/, vy = ¢°yy,
Az =z + 1, Ay=y+y

5($):5(y)203 S(z)=—z, S(y)= -y

We will present another example of a braided group in Section 6.3.

6.2.2 Quantum probability

We summarize the basic definitions of quantum probability or non-commutative pro-
bability. A quantum probability space is usually defined as a pair (4, ®) consisting of a
*-algebra A and a state (i.e. a normalizeded positive linear functional) ¢ on A. A classical
probability space (2, F, P) gives rise to a quantum probability space by taking a *-algebra
of complex-valued integrable functions on 2, e.g. L*=°(Q, F, P), and the functional defined
by ®: f = [, fdP.

A quantum random variable j over a quantum probability space (A, ®) on a *-algebra
B is simply a *-algebra homomorphism 7 : B — A. A classical random variable X : } — £
over a probability space (€2, F, P) with values in a measurable space (£, &) defines a
quantum random variable via jx(f) = f o X for f € B (where B is an appropriately
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chosen algebra of functions on £). For a quantum random variable j : B — A we will call
w; = ® o j its distribution in the state ®.

In this article we will often use the terminology introduced above but neglect the *-
structure. The reason for this is that the algebras we consider have natural *-structures
only for rather special values of the parameters. We will for example characterize Gaussian
functionals in the sense of Bernstein using only their algebraic properties. Once this is
done one can without much difficulty check positivity for those cases where a natural
*-structure is defined.

6.3 A braided Heisenberg-Weyl group

In this section we introduce a braided Hopf algebra structure for the g-oscillator algebra

HW, defined by
ac—qgca = (1 —q)b, ab = ba, cb = be, (6.1)

where g € C\{0}, ¢ not a root of unity. For other quantum or braided groups related to
the Heisenberg group see [BM93] and the references therein.

vail AL VT

We can also regard this algebra as generated by two generators a,c¢ with the cubic

relations

aac+ gcaa = (14 g)aca
acc+ gecca = (14 g)eac

with ¢ € €, ¢ not a root of unity. If we define the braiding by

/ ’
ad'a = gad’ a'c = ca (6.2)
I3 1 / / /
ca = -ac dc = qec
q

then
Aa=a+ad, Ac=c+<c

defines an algebra homomorphism from HW, to HW,@HW,. The counit is defined by

e(a) = g(c) = 0 (extend as a unital algebra homomorphism). The braided bialgebra
defined in this way also admits an antipode. Define S by

S(a) = —a, S(c) = —e,

and extend by Som =moW¥o (58 9).

The advantage of introducing a third generator, e.g. by ac—gca = (1—¢)bor d = ac—ca,
is that {a™™c";n,m,r € N} and {a"d™c";n,m,r € IN} are bases (Poincaré-Birkhoff-Witt
bases) of HW,.

One can calculate the coproduct on a general basis element

A N E K& n m i T —

v - SEEEL| 2] [F] e o
v=0 p=0 0=0 p=0 q q q q

a(n—u)aubacp-}-p,—-aal'ﬂ—l/-i-u—d b/m—uclf—P.

q
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We will construct the dual of HW,. The coproduct of HW, defines an algebra structure
in its dual. Let X, Y : HW, — € be two functionals on HW,, then their product is defined
by

(X Y)(u) = (X ®Y)AW) = ¥ X(u)Y(up)  Vu e HW,,

where we used Sweedler’s notation, A(u) = 3~ u(1) ® u(z). For the functionals defined by
Xije(a™0™C") = bindjmOkr

we see that they span an algebra, denoted by H\V:, generated by the three elements
zkerl

9k'g,'g:! and

z = X100, ¥ = Xo10, 2 = Xoo1 such that X;;; =
Ty = qyr, yz=qry. TT - T =y

We see that this algebra is isomorphic to HW,, the isomorphism being = + a, z + c.
The following formula is useful to compute products of general basis elements of the
HW, algebra, it can be derived by induction.

r.n = (q—L)"‘(q_l)n‘(_l)k n—k jk r—k p
ca” = : . a" Tt T, 6.4
2;() (¢ )r—el(g ) nil(g™ k! (6-4)

If g is real, then the involution * : HW, — HW, defined by
a* =, b* = b, ¢ =a.

satisfies

xo* = 1d (e. (a")"=a Vae A),

xom = moTo(*¥®x) l.e. * is an anti-homomorphism,
(*@+*)0A = ToAox,

€o* = ~0E€,

Sox = %005,

i.e. turns HW, into a braided *-Hopf algebra. For the origin of the last three conditions
see e.g. [Maj95a).

6.4 Gaussian functionals in the sense of Bernstein

The Gauss law plays a central role in probability theory on Euclidean spaces. Bern-
stein’s theorem gives a characterisation in terms of the group law of the underlying space.

Theorem 6.4.1 Let P be a probability measure on R™. P is a Gauss law if and only
if for all pairs of independent random variables X, Y with distribution P the random
variables X +Y and X —Y are also independent.
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We want to remark here that it is not essential that the two random variables X and
Y have the same law, we also have the following version of the above theorem.

Theorem 6.4.2 Let Px and Py be two probability measures on R"™. If there exists a pair
of independent random variables X, Y with distribution Px, Py, respectively, such that
the random variables X +Y and X — Y are also independent, then Px and Py are Gauss
laws (with identical covariance matrices).

This characterisation can be used as a definition of Gaussian functionals on groups
in general, if some care is taken concerning the order of the factors in non-commutative
groups.

Definition 6.4.3 Let G be a (locally compact topological) group. A probability measure
p on G is called Gaussian in the sense of Bernstein if there exists a probability space
(Q,B, P) and a pair of G-valued r.v. X, Y, such that u = X(P) =Y (P), and (X-Y.Y - X)
and (X - Y~1,Y~!. X) are independent.

D. Neuenschwander showed recently [Neu93| that the Gauss measures in the sense of
Bernstein on the Heisenberg-Weyl group are exactly the Ganss measures concentrated on

CLuoovdiir i v

Abelian subspaces. In fact, this result holds on connected simply-connected nilpotent Lie
groups in general [NRS96, NRS97].

We will now give a definition of Gaussian functionals on (braided) Hopf algebras.

6.4.1 Definition of Gaussian functionals in the sense of Bernstein
on (braided) Hopf algebras

We have to translate X + Y and X — VY into Hopf algebra language. Replacing the
group operation by the coproduct and the inverse by the antipode we write j; x j, =
mao(7; ®j2)oAgand 7y x(j208) =mg0(j1 ®(j205))0Ag for the sum and difference
of two quantum random variables j;, 73 : B — A, see also [ASW88, Sch93].

Definition 6.4.4 A functional ¢ on the (braided) Hopf algebra B is called right (left)
Gaussian in the sense of Bernstein if there exists a quantum probability space (A, ®) and
two independent quantum random variables 3y, j, : B — A such that ¢ = ® o5, = ® o j,
and the applications

J=ma0(j1 ®J2)oAp and K,=mua0(ji®72)o(id®S)oAp
(J:on(j1®j2)oA3 and K;:on(j1®j2)o(S®id)oA3>
form also a pair of independent quantum random variables.

A Gaussian functional in the sense of Bernstein is a functional that is right and left
Gaussian in the sense of Bernstein.

Here 5, and j; are required to have the same law. We shall see that in the examples we
consider this condition is too strong. We propose therefore also a weaker definition that
is motivated by Theorem 6.4.2.
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Definition 6.4.5 A functional ¢ on a (braided) Hopf algebra B is called weakly right (left)
Gausstan in the sense of Bernstein if there exists a quantum probability space (A, ®) and
a pair of independent quantum random variables 71,7, : B — A such that o = ® o j,
(p = ® 0 73) and the applications

J=myo0(1®@7)0As and K, =mu0(j1 ®J2)0(id®@S)oAg
(J=mao(i®j2)oAs and Ki=mao0(j)®j2)o (S ®id) o Ag)

form also a pair of independent guantum random variables.

6.4.2 Independence

The notion of independence used in the above definitions is that of tensor indepen-
dence, see e.g. Schiirmann [Sch93]. Tt consists of two parts, a factorisation property and
a condition on the commutation relations. Like in classical probability theory the q.r.v.
J1s---Jn : B — A have to satisfy the factorisation property

D (Jo)(01) -+ Jo(n)(bn)) = @o1)(b1) -+ o) (bn) (6.5)
for all b;,...,b, € B and ¢ € S, in order to be independent. In the commutative case
this gives one condition for each choice of arguments by,...,b,, but here the different

permutations can give rise to different equations.
Let us now come to the commutation relations. Schiirmann supposes that B is graded
by some group IL and postulates for left (right) independence that

Jk(0)gi(c) = ji(dp.c)g(b)
(6 (®)iile) = 5u(b)jx(b-dc))

for all homogeneous elements b, ¢ € B and for all & < [. Here d;.c (b.d.) stands for a left
(right) action of IL on B. For the trivial action d;.c = ¢ (or b.d. = b) we also speak of
Bose or symmetric independence.

Notice that if v : B — CIL ® B denotes the coaction defined by v(b) = d, ® b on the
homogeneous elements of B and « the action a(dy ® ¢) = dy.c (extended linearly to the
- group algebra CIL), then the commutation relations can also be written as

mao (i @nu)=mao(n@Jk)o(a®@id)o(id@ 7)o (y®id), fork <, (6.6)
where m 4 is the multiplication in A and 7 the flip automorphism.
We will also speak of W-independence or braided independence, without checking if W
originates from an action and coaction as in Equation (6.6), if we have

m40 (k@) =mao(n1@Jr)o¥W

for all £ < [.
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6.4.3 Preliminary results

Before presenting explicit results on particular (braided) Hopf algebras, we give a
lemma showing a link between left and right (weakly) Gaussian functionals in the sense
of Bernstein.

Taking a Hopf algebra H whose antipode S is invertible, we can define three Hopf
algebras H°P, HP H°PP if we replace the multiplication or the comultiplication by
their opposites m°? = mo7 or A°P = 70 A, and invert the antipode each time we take an
opposite. Similarly, we can take opposites or co-opposites of braided Hopf algebras using
the braiding or its inverse and inverting the braiding, 1.e. the opposites lie in the braided
category that has the opposite braiding ¥~1.

In particular, let (B,m,1,A,e,5,¥) be a braided Hopf algebra with invertible an-
tipode, and define A®P = ¥~' o A. Then B®P = (B,m,1,A%P ¢, 57} ¥~ is also a
braided Hopf algebra {Maj93a, Lemma 4.6]. Notice that we have to use the inverse of
the braiding, A®P = W o A does not lead to a braided Hopf algebra. We can also define
a braided Hopf algebra with opposite multiplication. Set m°® = m o W~!, then B =
(B,m°P 1,A,¢e,571, 1) is a braided Hopf algebra. Combining the above operations we
get the braided Hopf algebras (BP)* = (B,mo ¥,1,¥~! o A, e, S ¥) and (B°P)*P =
(B,mo¥~11,¥o0A, ¢S, V), and, more generally, B¥*<°PP = (B mo U* 1, ¥~F ¢ 5 ¥)
for k € Z.. All these braided Hopf algebras are isomorphic, since the antipode is an iso-
morphism from B**oPoP to Bk+1)xcopop [n the same way we can construct a chain of
isomorphic braided Hopf algebras starting from B°? or BP, in particular, S : B°® — BP
18 an isomorphism.

We have the following lemma.

Lemma 6.4.6 Let 71,72 : B — A be a pair of V-independent quantum random variables
on B over some quantum probability space (A, ®). Then the following statements are
equivalent.
1. J(J1,72) = mao(ji®J2)oA and K, (J1,J2) = mao(J1@(5205))0A are independent
(and thus ¢ = ®oj; is a (weakly) right Gaussian functional in the sense of Bernstein
on B),

2. JP(j2,51) = mao (j2® J1) 0 AP and K7™ (j2, 1) = mao ((J205) @ ji) o AP are
independent,
3. J%(j20.5,310 5) = o (20 5) @ (jr 0 5)) o & and KzP(jz 0 S,y 0 5) = mao
((j205085)® (j10S)) oA are independent.
Proof: The equivalence of 2. and 3. is clear since S : B°? — B®P is an isomorphism.
Let us show now that 1. and 2. are equivalent. The pair (j;,72) is V-independent if
and only if (j2,71) is ¥~!-independent.
We find
J(J1,72) = mao (i ®J2)0A
mao(j1®@ja)oPoU A
ma4 0 (J2 ® J1) 0 AP
- Jcop(j27jl)v

I

i
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and

K.(j1,72) = mao(j1®(j205))oA
= mAO((jQOS)®j1)OACOP
= K*(j2,0),

so that J(j1,J2) and K, (j1, j2) are independent exactly when J°P(j5,7;) and K (52, 1)
are independent. ¢

To use this lemma to relate (weakly) left Gaussian functionals in the sense of Bernstein
to (weakly) right Gaussian functionals in the sense of Bernstein on the opposite or co-
opposite quantum /braided group we have to deal with two technical difficulties. First, we
have to assume that j;, 7, are W-independent. In the examples considered we see that the
condition that 7; x j; is also an algebra homomorphism is sufficient to show that 7;. 7,
satisfy the commutation relations for W-independence.

Second, in the definition of A7®; K[°F we have the original antipode. We should use the
antipode of the opposite or co-opposite quantum/braided group though, i.e. S~!. But in
the applications we will see that the condition that j,=(720.5) is an algebra homomorphism
implies that there is no difference between j, 0 .S and j, 0 571,

6.4.4 The braided line

If we look for left or right Gaussian functionals in the sense of Bernstein on the braided
line IR, we find only the trivial solution ¢ = ¢ (the counit). But, as the following theorem
shows, we can find non-trivial weakly Gaussian functionals in the sense of Bernstein.

Theorem 6.4.7 Let ¢ be a weakly right Gaussian functional in the sense of Bernstein
on the braided line R,, ¢ # 0,1, and g not a root of unity. Then there exists a constant
a € C such that ¢ is given by

p(z") = a”.
Conversely, if ¢ is of this form, then it is a weakly right Gaussian functional in the sense
of Bernstein.

Proof: We shall determine the pairs of functionals (p,%) on IR, such that there
exists a quantum probability space (A, ®) and independent quantum random variables
J1,J2 : Ry = A such that ¢ = ® 0 j; and 1 = ® o j5 and the applications

J=ma0(n ®j2)oAqu and K, = myo(n ®j2)o(id®5)oA1Rq (6.7)

form a pair of independent quantum random variables. This way we will also see that
there are no right Gaussian functionals in the sense of Bernstein.

Step 1. We can assume that A is of the form R,®R,/{(z')? = 0} = € << z,2' >>
/{z'z = qz2’, (2')* = 0}, where € << z,2’ >> denotes the free complex algebra with two
generators.

Lemma 6.4.8 Suppose we are given an algebra C and two algebra homomorphisms ky, ko :
IR, — C such that ky x ky and ky  (kz 0 S) are also algebra homomorphisms. Then
there exists an algebra homomorphism 7 : R,QR,/{(2)? = 0} — C and j1,72 : R, —
R, @R, /{(z)? =0} with ji(z) =z, jo(z) =2, and k; =m0 j;, i = 1,2.
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Proof of Lemma. Set n(z) = k;(z) and 7(z') = ky(z). We can directly check the
relations to verify that 7 is an algebra homomorphism. 7(z')7(z) = gn(z)m(z') follows
since k; x ky is an algebra homomorphism:

0 = kl*k2< ) (kl*kg(I)
= w(2)* + (1 + g)m(e)n(z) + 7(z')* = (n(z) + 7(2))"
= gr(z)r(z’) — 7(z')7(z),
Similarly, checking on 22 = z - x that k; % (k; 0 .S) is an algebra homomorphism yields
m(z")? = 0.
Step 2. If @ is a functional on IR,®IR,/{(z')* = 0} such that j, and j, are independent,
then @ is of the form ¢y ® ¥, v : R, —» €, ¥ : R, /{(z')* = 0} — C.

This follows from the factorisation property

‘I)(ja(l)(y)ja(z)(E)) =do ja(l)(y)q) o ]}7(2)(3)

(where y, z € Ry, 0 € §;), i.e. taking o = id we can set ¢ = ®oj,, ¥ = ®oj,. Furthermore,
setting y = ¢ and z = 2" we see

b(a)p(z?) = O((z)i(e)) = ¢(a'z") = " ¢(z"2")
= q"¥(z)e(z").

Since we suppose that ¢ is not a root of unity this means ¢(z") = 0 for all n > 1 if
Y(z) # 1. Vice versa, if ¢(z™) # 0 for some n > 1, then ¢(z) = 0.

Step 3. The only pair (¢, ) such that J = jixj; and K, = j;%(j205) are independent
is ¢ as given in Theorem 6.4.7, and ¢ = e.

a. Let us first consider the case ¥ (z) = ¢ # 0. Then ¢ = . We check the factorisation
property for J and K, on y = 2z = x:

B(J(x) K, (2)) = B((z + )z — ) = B(&? + (g — )z’ + (&) =0,
but
®(J(2))®(K,(z)) = ®(z 4+ 2")®(z — 2') = -

so that the factorisation property is only satisfied for ¢ = 0.
b. So let now ¥(z) = 0, ¢(z") = ¢,. We check the factorisation property on y =

} IV<.TI)n_V) = " + qnxn——lxl and
q
K.(z™) = 2™ — gma™ 2!, since (l") = 0. For the product we get J(z")K,.(z™) =
™+ (gng™ — @m )z 2! This 1mphes

Catm = B(I(2") K, (c™)) = B(J (")) (K, (27)) = enm,

n
14

", z = ™. We have J(2") = 71 @ J2 | 2oveo [

and thus ¢, = a"™ with a = ¢;.

Step 4. One checks without difficulty that J and K, verify the factorisation property
for all 0 € S;. But on R,QIR,/{(z')® = 0} they don’t satisfy the right commutation
relations. To remedy this we quotient by &’ = 0, this is possible without changing the
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functionals since w(z) = 0. We get thus A = R,, j; =id = J = K,, j = eo¢ and
o(z™) = a” for all n, and (J, K,) satisfy (trivially) the conditions of Bose or symmetric
independence.

Corollary 6.4.9 The weakly left Gaussian functionals on the braided line IR, are ezactly
the functionals that can be written as

n

p(z") =a
for some constant a € C.

Proof: Note that the first step of the proof of Theorem 6.4.7 shows that the quantum

random variables j; and j; have to be W-independent and that j, 0 S and j, 0 S7! are

identical.
We show that IR,-1 and IR;°® are isomorphic, and then apply Lemma 6.4.6.
The opposite coproduct gives Azx = = + z’, if we extend (using the inverse braiding)

: n .
as an algebra homomorphism we get Az™ = 37, { y } z¥(2")"". We see that the
q—l

identity map is a braided Hopf algebra isomorphism between IR,-: and IRZ. §.

6.4.5 The braided plane
Theorem 6.4.10 The weakly right Gaussian functionals in the sense of Bernstein on the
braided plane (D§|o are exactly the functionals of the form
o(x™y™) = 0moz"  or  o(z"Yy™) = bp02™
where z € € is some constant.

Proof: The proof is based on the same ideas as in the case of the braided line, we indicate
only the results of each step.

Step 1. We can suppose A = C2PEC2°/{(2")? = 0,2'y' = 0, (y')? = 0}.
Step 2. We can suppose ® = ¢ ® ¢ and

P(z)#0 = e@"y")=0ifn+m>0

Py) #0 = o@y")=0ifn+m>0
Step 3. We can show ¥ = ¢, and ¢ is of the form given in the theorem.

Step 4. We get A=C2C, j; =id, jo=10e. ¢

Corollary 6.4.11 A functional on the braided plane (]]2’0 s a weakly left Gaussian func-
tional in the sense of Bernstein if and only if it is a weakly right Gaussian functional in
the sense of Bernstein on (DZ!O.

Proof: We use Lemma 6.4.6, as for the braided line. The isomorphism between ((ng) “r

and (DZI_O1 is defined by z"y™ — y"z™. $
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6.4.6 The braided g-Heisenberg algebra

Theorem 6.4.12 Let g € C\{0}, ¢ # 1, and q not a root of unity.
The weakly right Gaussian functionals in the sense of Bernstein on the braided g-
Heisenberg-Weyl algebra are exactly the functionals which can be defined by

e(a™d ¢®) = mimid,g
with constants m,,m. € €.

Proof: We proceed as for the braided line.
Step 1. We can assume that A is of the form HW,&HW,/{c'a’ — 2b' = 0,(d¢')? =
0,(c')? =0}

Lemma 6.4.13 Suppose we are given an algebra C and two algebra homomorphisms
ki,ky : HW, — C such that ki x ky and ky = (k; 0 S) are also algebra homomorphisms.
Then (in addition to the HW,-relations) k;(a), ki(b). ki(c), 1 = 1,2, satisfy the following

relations:

(a) (a)k1(b) = qhi(b)ku(a) ka{a)ki(c) = ki(c)ka{a
ka(b)ki(a) = ki(a)ka(b)  k2(b)ki(b) = qki(b)ka(b)  ka(b)ki(c) = gki(c)ka{b)
ka(c)ki(a) = ‘ékl(fl)k?(C) ka(e)ki(b) = ki(b)ka(c)  ka(c)ki(c) = qki(c)ks(c)
ka(a)? =0 ka(c)ka(a) = 2k2 (D) ka(c)? =0

Proof of Lemma: The first nine relations are exactly the braid relations, they follow
from the condition that k; x k; is an algebra homomorphism.
The last three relations follow if we also require kj * (k; 0.5) to be an algebra homo-

morphism. ¢
We shall from now on simply write a, b, ¢ for j;(a), j1(b), 71(c) and o', b', ¢ for j2(a), j2(b), 72(c).
Step 2. If j; and 7, are independent, then ® can be written as the tensor product of

two functionals, i.e. ® = ¢ ® ¥. Furthermore, we have the following restrictions

P(a)#0 = pa"b")=0ifn#00rm+#0
P(b) #0 = @@ b)) =0ifm=*0o0rr+#0
P(e) £ 0 = @(a"b")=0ifn #r.
To show this we apply the factorisation property twice, e.g.
P(c)p(a™™c) = ®(da™b™c") = ¢ TP (a"b" ) = ¢ o(a™b )Y ().

Step 3. J = ji x Jo and K, = j; % (j2 0 5) only satisfy the factorisation property if
Y = ¢ and ¢ has the form given in Theorem 6.4.12.

First we show ¥ = . Suppose ¥(a) # 0. Then ¢ is of the form ¢(a™b™c") = §,00momn,.
Checking the factorisation property for J and K, on a leads to a contradiction:

0 = ®((a+d)(ada)) = (@)K (a) = B(J(a))B(K.(a))
= B(a+d)0(a—d) = —b(a),

fl
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and therefore ¢(a) = 0. In the same way we obtain ¥(b) = ¢(c) = 0.
So we have seen that all non-trivial moments of 1) vanish. Let ¢(a™d™c") = munr,,
then

pj(a™d™c”) = o J(a"d™C) = mpm,
ek, (a"d"c") = ®o K. (a"d"c) = mumy,
and the factorisation property implies
(@M@ A = B(K(am ™) I (@A)
= ®(a™d™ M ad™ ).

which leads to

B riAng (q—l)rl!(q—l)m!(_l)k
- ,; ()1 (q Dy k(g™ )i!

m’nlmlrl m77-2m27'2

xq—ml(nz_k)me(rl—k)mnl"f-nz—ksml+m2+k,r1+7‘2—k
Taking only the n’s different from zero (or the m’s, or the r's), we immediately see that
all moments are completely determined by the first order moments, m, g0 = (m100)"

(mOmO = (m‘OIO)ma Moor =— (7n001)r)a and Mpm, = M100™0107001 -

Furthermore, choosing (100) and (001) we get

101 = ™M100M001 = 0017100 = 101 — 772010,

i.e. Mol = 0

The general solution is thus given by

(@) = Somlrn,

(one checks that this really defines a solution).

Step 4. We can now take A = HW,/{d = 0} = C[a, ¢], i.e. the algebra of polynomials
in two variables, and j; = 7 = J = K, and j; = moloe with out changing the functionals.
7 is here the canonical projection 7 : HW, - HW,/{d = 0}. {

Corollary 6.4.14 The sets of weakly left and weakly right Gaussian functionals in the
sense of Bernstein on the braided ¢-Heisenberg-Weyl group HW, are identical.

Proof: Notice that a"d™c¢” +— (—1)™c"d™a” defines a braided Hopf algebra isomorphism
between HW " and HW -1, and apply Lemma 6.4.6. &

6.4.7 Positivity

The braided line. Let ¢ € IR. Then 2* = = defines a *-structure on IR,. One easily
verifies the following result.

Proposition 6.4.15 Let g€ R, ¢ & {—1,0,1}.
The positive weakly right Gaussian functionals in the sense of Bernstein on the braided
line R, are exactly the linear functionals ¢ such that

plz™) =" for alln € IN,

for some real constant ¢ € R.
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The braided plane. If g is real then we can define a *-structure on the braided plane
(szo by z* = y, y* = x. The only weakly right Gaussian functional in the sense of Bernstein
that is positive with respect to this *-structure is the counit ¢. To see this evaluate a
weakly right Gaussian functional in the sense of Bernstein ¢, (where ¢.(z"y™) = 2", 0
or z2™8,0, 2 €€) on a*a for a =z 4y and a = z — y. We get

e((t+y)(a+y) = wula®+ (1 +qay+y?) =2
p:(@ =y (@—v) = e(=2*+ (1 +qay—1?) = -2,

so that . can only be positive, if z = 0.

The braided gq-Heisenberg-Weyl group. Let g be real, and consider the *-structure
defined by a* = ¢, ¢* = a, d* = d.

Proposition 6.4.16 Let g€ R, ¢ € {—1,0,1}.
The weakly right Gaussian functionals in the sense of Bernstein on the braided g-
Heisenberg-Weyl group HW, are positive if and only if m, = 7.

Proof: In the proof of Theorem 6.4.12 we saw that we can assume that j;. 5, J, i, take
values in the algebra of polynomials in two variables, denoted e.g. by a = j1(a),v = 51(¢).
For 71,72, J, K, to be *-algebra homomorphisms we need o* = v and v* = «. Introduce
T =a+v y = t(a—=7), then z* = z, y* = y. In these coordinates ¢ is given by
e(z"y™) = (m, + m)""(me — m.)™. We see that ¢ is positive if and only if m, + m.

and i(m, — m,) are real, i.e. if m, =m,. &

6.4.8 Remarks

The result of Section 6.4 has to be considered as a negative result. The only Gaussian
functionals in the sense of Bernstein that we found, can be considered as deterministic or
Dirac laws, in the sense of the following definition.

Definition 6.4.17 A state ¢ on B 1s called deterministic, or a Dirac law, if there exists
a quantum probability space (A, ®) and a quantum random variable j : B — A such that
the pair (7,7) is independent and ® o j = ¢.

The Bernstein functionals obtained here do not form convolution semigroups. It is
interesting to remark that they can be considered as quantum convolution semigroups,
though. Note that a continuous convolution semigroup (ccs) {u:;¢ € IR4} (see Section 6.5
for their definition) defines a map from A to the algebra of continuous functions on R
via fo(t) = pe(a) such that

L+t)=3 fanfia ()  and  fo(0) =&(a),

where Aaq = T aV) @ al?) (Sweedler’s notation). But f(¢) = f(t+1') and f(¢) = f(0) are
nothing else but the coproduct and counit of the algebra of functions on the semigroup
(Ry,+), i.e. the map a — f,(t) is a coalgebra homomorphism.
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This suggests the following definition, if one wants to “deform” the ¢-dependence of
convolution semigroups.

Definition 6.4.18 Let C be a coalgebra. A C-quantum convolution semigroup (C-ges) on
A is a coalgebra homomorphism from A to C.

The family of weakly right Gaussian functionals in the sense of Bernstein on the brai-
ded plane @5!0 e.g. gives two families of Ry-qcs 2y™ +— a"2"0p0 and z"y™ — a™z" 6,0,
where z denotes now the generator of IR,, and a € € is some constant.

The weakly right Gaussian functionals in the sense of Bernstein on the braided g-
Heisenberg-Weyl group also give rise to IR,-qcs if one of the constants is replaced by the
generator of IR,. The original functional can be recuperated, if the IR,-qcs are composed
with weakly right Gaussian functionals in the sense of Bernstein on IR,.

The family of one-dimensional distributions of the quantum Brownian motion defined
by Bozejko and Speicher [BS91] can also be interpreted as a IR,-qcs (for 0 < ¢ < 1). These

functionals can be represented on the braided gq-Heisenberg-Wey! group as

(a0 ") = 1" 60000, Vn,m,r € IN.

To see this consider the unitary representation of HW, on the Hilbert space H = span{v,:n € IN}
with inner product < ¢,|t¥, >= d,m¢.!, defined by

pi(a), = tdup

0 ifn=20
plc)n = { oty i1 > 0
p(b)Yn = tin.

Then in the state & =< 1bg| - 1o > we get ® 0 p; = ;.
Interpreting ¢ as the generator of IR, we have a IR,-qcs: a*b™c” +— 1™ §,000.
6.5 Uniqueness of embedding

A continuous convolution semi-group (ccs) of functionals on a (braided) Hopf algebra
A is a family of functionals {y; : A — €;¢ € IR, } indexed by IRy such that

1. o = € (the counit).

Q)

. Pexipy = s, for all s, € IRy. Here the convolution is defined by ¢+ = (¢®y)o A,

[N

. v¢(a) is continuous as a function of ¢ for all a € A.

M. Schiirmann [Sch93] has shown that every ccs on a (braided) Hopf algebra has
a generator 1 and can be expressed as a (convolution) exponential ¢; = exp,(tw) =
et+tv+ %7,[)*1/)—1—- cet f—_:l,t,.v*” +- ... Here we are interested in the question whether such a ccs
is already uniquely determined by its value for one fixed value ¢ # 0. D. Neuenschwander
and others [Neu96, Bal85, Pap94| have shown on connected simply-connected nilpotent Lie
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groups that if a probability measure is embeddable, then this embedding is unique (under
some regularity conditions that guarantee the existence of moments). In this section we
will introduce a notion of nilpotence and show that the above uniqueness result can be
extended to nilpotent (braided) Hopf algebras.

For Hopf algebras in general this result is not true, we can e.g. translate the counter-
example for ccs on 73 from Heyer’s book [Hey77] to a counter-example on the Hopf algebra
of functions on Zs3. This counter-example also shows that our notion of nilpotence can
not include all algebras of functions on nilpotent groups.

6.5.1 Definition of nilpotence

Nilpotent connected simply-connected Lie groups are diffeomorphic to some IR”, and
the group law can be brought into the following form (e.g. with the Campbell-Hausdortt
formula)

(Z1y- s xn) (Y1y ey Un) = (21,05 20)

where the z; are of the form
Zi =i+ Y+ pil T, o Y Yio1)

where the p; are polynomials. We will use the analogue of this property as a definition of
nilpotence for (braided) Hopf algebras.

Definition 6.5.1 Let A be a (braided) Hopf algebra with unit element 1. We say that A
is nilpotent if there erists a well-ordered set T and a basis ¥V = {a,;1 € T} indexed by T
such that for all a, €V

A(al\} = a, ® 1 + 1 ® a, + Z CZ/,Z//CZZI @ (s 297) (68)

vall<a
where (for fired 1) only finitely many C} v # 0.

The above discussion shows that the Hopf algebras of polvnomials on connected simply-
connected nilpotent Lie groups are nilpotent in the sense of our definition.

For the “unbraided” or quantum group case (i.e. ¥ = 7) there exists a nilpotent Lie
algebra that is naturally associated to a nilpotent quantum group. It is obtained in the
same way that can be used to reconstruct the Lie algebra of a Lie group from the Hopf
algebra of smooth functions on the groups, i.e. as the space of derivations at the neutral
element.

Proposition 6.5.2 Let A be a nilpotent quantum group and suppose that
L(A) ={f: A= C linear|f(ab) = f(a)e(b) +(a)f(b)}

is finite-dimensional. Then L(A) is a nilpotent Lie algebra with the commutator [f,g] =
m(f ®g) —mlg® f), m=A%L.
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Proof: L(.A) is the set of primitive elements of the dual of A, and thus a Lie algebra. Set
L'={f ¢ L(A)|f(ay) = 0 for s/ <1}. We have [L(A), L] C L', since

[f7 g}(al’) = (f Qg — f @ g) ( Z CZ//YZIHG/Z// X (Lzm)

RSy

= 0

for f € L, g € L*, v < 1. But since L(A) is finite-dimensional, this implies that we
actually have a finite sequence Lg = L(A) D L' D --- D L™t = {0} of ideals, and thus
that Ly = L(A) is nilpotent. &

There does not seem to be a natural generalisation of this result for braided groups,
because the primitive elements of a braided Hopf algebra do not have an obvious Lie
algebra structure.

6.5.2 Poincaré-Birkhoff-Witt property and nilpotence
We say that a (braided) Hopf algebra A has the Poincaré-Birkhoff-Witt (PBW) pro-

perty if there exists a set of elements (called generators) {ay, . .., a4} such that {a}? ---a’*; k =
(ki,...,kq) € IN?} is a basis of .A. We shall also use the multi-index notation a* =
k ka

1
ap’coay’.

Proposition 6.5.3 Let A have PBW property with generators ay, ... ,aq. If for all 1,7 =

1,....d
[ai,a5] = Y P, (6.9)
ke]Nma.x(i,])—l
Ala)) = ¢914+10a+ Y. Dipdf@d (6.10)
Kk eIN!

then A s nilpotent.

Proof: We are going to use the index set Z = IN? with the lexicographic order and the
PBW basis V = {a]fl e asd;k = (k1,...,kq) € ]Nd}. Let 0 < § < d and define A to be
the linear span of {a¥ - a*;k = (ki,...,k;) € IN°}. By the condition on the product,
Al) is a subalgebra. Furthermore, we even have [a5, A®Y] C AC~Y, Thus

Alaf - a®) = A(a)® - Alas)™
ko
= (a1®1+1®a1)k1 <a2®1+1®a2+ZDZ,sa;®ai> X oo

ks
X (ag R1I+1Qas+ Z Df,’l,,a’l 0 a’”)

Z',z"EINé"l

5
= Z H(Zi )ak/®ak”+K,

K +k=k1=1 4
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where K € A=V ® AG-1) 5o that A(a*) is of the form required in Definition 6.5.1. ¢

Remark: A similar result for braided Hopf algebras with PBW property can be for-
mulated if we require in addition that the braiding ale; = ¥(a; ® a;) = ¥ Rfa; © ay
doesn’t involve generators that come “after” a; and a;, i.e.

Rfj =0 if k,l > max(z, 7). (6.11)

The following result is immediate from the formula for the coproduct of the HW,
algebra, see Equation (6.3).

Proposition 6.5.4 The braided g-Heisenberg-Weyl algebra HW,, is nilpotent.

6.5.3 Uniqueness of embedding

Lemma 6.5.5 Let A be a nilpotent (braided) Hopf algebra and ® : A — € a normalized
functional on A. Then there exists a unique normalized functional = : A — € such that

¢ ==xz. (6.12)
Proof: We can directly calculate the action of = on the basis V. On 1 we have
1=0(1) = (Z@ Z)(Al) = Z(1)*. (6.13)

so that = can be chosen to be normalized, i.e. Z(1) = 1. Now = is uniquely determined
by
®(a,) = (Z® Z)(A(a,)). (6.14)

In fact, suppose we have calculated =(a,) already for all : € M C Z. Then

|

Z(ax) = l {@(a,{) - > ﬁﬂ,,E(aZ:)E(azn)} (6.15)

2 <k
allows to calculate =(ay) for k = minZ\M. &

Theorem 6.5.6 If ¢ is normalized, infinitely divisible, and embeddable, then the embed-
ding is unique.

Proof: Lemma 6.5.5 implies that the embedding is unique on the dyadic numbers.
The rest follows from continuity. <

6.5.4 Remark

Note that e.g. on IR we can also find a “root” for functionals that are not divisible (as
probability measures). Take e.g. a symmetric Bernoulli law (concentrated on +1). The

moments are ‘
1 ifn is even,

bl ):{ 0 ifnis odd. (6.16)
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Then (by the lemma in Subsection 3) there exists a normalized functional = such that
= Z+% =. But = does not correspond to a probability measure.
We can calculate =, = =(z") recursively by

- 1 e\ o e N
=, = 5{1—2( y ):y:n_y} if n is even, (6.17)
12 n Y2 .
— = ey if n is odd. (6.18)
2 v=1 v

]

All odd moments vanish, and =g =1, =, = %, =4 = —1, etc. We see that = is not positive.

6.6 Gaussian semigroups in the sense of Bernstein

Since the results of Section 6.4 must be interpreted as a rather “negative” result, the
question arises if there are “better” extensions of the Bernstein property to quantum
groups and braided groups.

Let us consider the situation on Lie groups. Il {rom the beginning one suggests that
the measure is embeddable into a continuous convolution semigroup (ccs) of probability
measures on the Lie group G, then a natural version of the Bernstein theorem on G is
given in Hazod ([Haz77], Satz 111.3.3) and Heyer ([Hey77|, Theorem 8.4) by considering
the generating distribution of the ccs. A ces {pe}ivo C le(G) 1s a topological monoid
homomorphism

[0,00[3 ¢ — us € (M(G), 5., =).

The generating distribution of {y:}:>0 is given by

A(f) s = Tim = [1(2) = £(0)]ucld)

t—0+ ¢

for bounded complex-valued C*-functions f on G (cf. Siebert [Sie81, p. 119]). We write
uy = exptA. Then A has always the form

AL) = L aXif0)+ Y b XX f0)+ [ (@) = £(0) = 8(f.2)ln(da)

’L,j:l G\{O}

where @ = (aj,ay,...,aq4) € R*, M = (b;;)1<ij<q 15 a symmetric positive semidefinite
d x d-matrix, 7 is a Lévy measure (i.e. a non-negative measure on G\{0} such that

Jovioy @2/ (1 4 2%)n(dz) < o0),

2 D)(0) ¢ el <1,
oo = () ¢

and X1, Xs,...,Xy is a fixed basis of the Lie algebra G of G. (Cf. Siebert [Sie73, Satz
1]) For short, we will write A = (a,M,n). The ccs {expt.A}iyo is called Gaussian if
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A = (a, M,0). Now the "semigroup version" of the Bernstein theorem reads as follows:
Let H: = G x GG and define the map ¢ : H — H by p(z,y): = (z-y,z-y™").

Theorem 6.6.1 Let Ay be a generating distribution on G and consider the generating
distribution A : = Ay ® do + 6o @ Ao on H. Furthermore let B(f): = A(fo¢™!) and
define, for any generating distributions By, By on G, the generating distribution Bs on H
by By : = By®g+60@Bs. There exist By, By such that B = By iff Ay, A, B,B; (1 <1< 3)

are Gaussian.

6.6.1 Definition of Gaussian convolution semigroups in the sense
of Bernstein

Schiirmann [Sch93] tells us that every convolution semigroup on a quantum or braided
group has a unique generator. We will use it to define Gaussian convolution semigroups.
The map ¢ : (z,y) — (z + y,2 — y) becomes & = (m@m)o (id@ ¥V & S)o (A& A) on
(braided) Hopf algebras.

Definition 6.6.2 The semigroup pu; on A with generator A is called Gaussian in the sense
of Bernstein if (A®c +e® A) o @' can be written in the form By @ ¢ + ¢ @ By. We will
call (1, weakly Gaussian in the sense of Bernstein if there exists another semigroup 1, with
generator A" such that (A@e+e® A') o @~ can be written in the form B) © ¢+ & Bs.

6.6.2 General results

Since @ is linear, it follows directly form the definition that the generators of Gaussian
semigroups in the sense of Bernstein and those of weakly Gaussian semigroups in the
sense of Bernstein form vector spaces. If A has a involution * then we want to consider
only semigroups of positive functionals. If we restrict ourselves to a-invariant functionals,
then p; = exp, tA is positive for all ¢ > 0, if and only if A is hermitian and conditionally
positive, i.e. positive on the kernel of the counit ¢, cf. [Sch93, Theorem 3.2.7].

The following proposition is the analogue of one direction of Theorem 6.6.1, if A is
the sum of first and second order terms of primitive elements, then A is the generator of
a weakly Gaussian convolution semigroup in the sense of Bernstein.

Proposition 6.6.3 Let A be a (braided) Hopf algebra, and let X, X, : A — € be primi-
twe linear functionals on A, i.e. X;(ab) = X;(a)e(b)+e(a)Xi(b), 1 = 1,2, for alla,b € A.
Then X, and X, are generators of Gaussian convolution semigroups in the sense of Bern-
stein, and X, X, is a generator of a weakly Gaussian convolution semigroup in the sense

of Bernstein.

Proof: To show that A € {X;, X5, X; X3} is (weakly) Gaussian in the sense of Bern-
stein we show that there exist By, By such that (B @ e +c®@ By)o®d=ARec4+c@ A
It suffices to use that S(X;) = —X; since the X; are primitive and (id ® S) o ¥(X; @
X)) =¥(5(X2) ® X;) = —¥(X2 ® X;) since we can pull the antipode across a braiding,
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and to take
(Xl,O) for .4:X1,

(Bla BZ) = (X27O) for A = )(27
(%XIX% %Xle) for A =X, X,.

E.g. for the last case we get
(Bi®e+e®@By)od = (B Qec+e® By)

1 L, .
- EA(AXIAXQ) + ")“(ld & S) O A(‘X14X2)

r4

r 1 é ¢ Y 4
= X1 XoQe+e® 5()‘1‘ 2+ 5(XX2)).

&
Remark: We see that S(X;X3) = mo ¥(X; & X,) is also generator of a weakly

Gaussian convolution semigroup.
M. Schiirmann has proposed an alternative definition, see [Sch93, Proposition 5.1.1].

Definition 6.6.4 A functional A on a bialgebra A is called quadratic, or a Gaussian
generator in the sense of Schiirmann, if for all a,b,c € A with e(a) = &(b) = ¢(¢) = 0
follows
A(abc) = 0.

This definition is more general in that it requires less structure on 4, only the counit and
the multiplication are needed. But, if A is actually a Hopf algebra (or a braided Hopf
algebra), then we can show that this property implies that A is a generator of a weakly
Gaussian convolution semigroup in the sense of Bernstein.

Proposition 6.6.5 Let A be a (braided) Hopf algebra, and A : A — € a quadratic
functional. Then A generates a weakly Gaussian convolution semigroup in the sense of
Bernsten.

Proof: Let K = kere. We can write A as a direct sum A = K @& €1, just set a =
a’ + ¢(a)l, with o’ = a — €(a)l. The coproduct of an element ¢ € K is of the form
Ala)=a®@14+1®a+ Zaz(l) ® az(Q), with az(l), af-m € K, and therefore S(a) is equal to —a
plus some term in K?, more precisely,

Sla) = —a+ ZGEI)S(GEQ)). (6.19)

Set A'=2(A+A0S5),By=B; = 1A, then A, By, B, are also quadratic functionals. We
verify AQec+e® A" = (B, ®¢e+e® By) o ® with these definitions. On 1 ® 1, 1 ® a, or
a® 1, with a € IV, the equality is obvious. This leaves the case a @ b, a,b € K, to check.
In this case both sides vanish, A(a)e(b) + e(a)(A(b) + A(S(b))/2 =0, and

(Bi®c+e@®By)od(a®b) = By(ab)+ By(aS(b))

_ % {A(ab) — A(ab) + 3 A(abS(6?)) }
= 0

where we used Equation (6.19) for S(b). ¢
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6.6.3 The braided line

Theorem 6.6.6 Let g € C\{0}, q not a root of unity. The weakly Gaussian convolution
semigroups in the sense of Bernstein on the braided line IR, are exactly the convolution
semigroups whose generator is of the form

oo
A (Z cn:r") = agCy + ajc; + asc
n=0

with some constants ag, a1, a2 € C. For q # 1 they are Gaussian in the sense of Bernstein
Zﬁ ag = 0.

Remark: Using the duality of IR, with another copy of IR, we can write A as A =
age + a1p + —hp where p denotes the generator of the dual copy.

Proof: Followmg Definition 6.6.2 we have to look for functionals A on IR, such that
(A®ec+e®A)od® ! is of the form By ® ¢ + ¢ @ Bs. We will do the calculatlon in the
“opposite direction”, i.e. we will start with two functionals By, B, and check under what
conditions we can write (B) @ ¢ + & ® Bz) o ® in the form A®e +¢ @ A"

A functional on IR, 1s characterized by its values on the monomials 2™, so that using
a dual copy of IR, with generator p, we can write B; = 302, b{'p", where b} = Eﬂ&%ﬂ
i = 1,2. Composing B; Q@ ¢ + £ @ By with @ is equivalent to taking ®V(B, © ¢ + = @ By),
where ®V is formally identical to ®, but the coproduct, antipode, and multiplication are
now those of the dual copy of IR,.

One calculates ®¥(p" ® 1) = Ap™ = Y.0_, [ Z ] p’ @p* and V(1 @ p") = (id @
g

{(n—v){n—v—1)

SYoAp® =3"_, [ Z ] (=) ¥q 2z p’®@p"Y, and thus
q

V(B ®c+e@By) =) [ ’ } (B + (~1)m g D) @ .
n,v g
This expression has to be of the form A ®@ e + ¢ @ A, i.e. the coefficients of the terms
p” @ p™~¥ have to vanish for 0 < v < n. This is the case if and only if all coefficients
except bo , bﬁ”, bg) are zero. For A this gives the form given in the theorem.

A is the generator of a Gaussian semigroup in the sense of Bernstein if we have A = A’
This implies that the coefficients of p" ®1and 1 ®p have to be identical. This is the case

if and only if all coefficients except bo ), bgl), and b vanish. It follows that a; = 0. ¢

6.6.4 The braided plane

Theorem 6.6.7 Let q € ©\{0}, q not a root of unity. The weakly Gaussian convolution
semigroups in the sense of Bernstein on the braided plane (DZ‘O are exactly the convolution
semigroups whose generator is of the form

oo
n,m
A ( Z CamT Y ) = agoCoo + @10C10 + @o1C01 + A20C20 + @11€C11 + Q02C02,

n,m=0

with some constants ago, @19, 4oy, 420, 11, a2 € €.
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Proof: We proceed as for the braided line. This gives the following conditions:

b(l) 4+ (__1)n—u+m—-uq(n—u+m—u)(n—u+m—u——1)b(?) — O,

nm nm

fl<v<n—-lorl<pu<m-1.%<

6.6.5 The braided g-Heisenberg-Weyl group

Proposition 6.6.8 Let q € C\{0}, ¢ # 1, and q not a root of unity. The generators
of weakly Gaussian convolution semigroups in the sense of Bernstein on the braided g-
Heisenberg- Weyl group are of the form:

o
nLm .p — | {
A( Z Crmp@”b C) = @000€0001@100C100 T @010C010+€001€001 +@200C200+ @101 €101 T 002002

But for ¢ # 1, zy, y?, and yz do not generate weakly Gaussian convolution semigroups,
unlike in the classical case. This is due to the fact that y is no longer primitive.

Proof: By Proposition 6.6.3 we know that z, y = zz — zz,z, 2%, 2%, and zz are
generators of weakly Gaussian semigroups, since z and z are primitive. The hard part of
the proof is to show that none of the higher order terms generate Gaussian semigroups.
This involves rather tedious calculations, and we will only outline the major steps.

We take again two general functionals B; = 37, b) i =1,2, and check when
PV(B1Qe+ec® By) = A(B) +(id® S) 0 A(By) is of the form A @z +e® A, i.e. under
what conditions on the coefficients () = the mixed terms vanish. We use the fact that
HW is Z*-graded with deg(z) = (1,0) and deg(z) = (0,1) to control which terms in the
B; contribute to a given term z™y™1 2" @ ™ y™2 2",

We check that z and z are indeed primitive, and use u = le;_q;—f instead of y, so that

we can use Formula (6.3). The antipode of z"u™z" can be written as

nAr
S(z"u™z") = Z Dyperz Fumtr 2k (6.20)

k:—m

where the coeflicients D, ., are defined via certain recurrence relations. No other terms
can appear since S has to respect the grading. We will only need the explicit form of
the antipode for a few lower order terms: S(z) = —z, S(z) = —z, S(2?) = qz*, S(zz2) =
moW(r®z)=zz= %—!— (1—§>u,etc.

Using Equations (6.3) and (6.20), and the values of D, ,,; for small v, i1, p, we can write
down the conditions on the b¥)  that are equivalent to the vanishing of the coefficient of

LT,

T U™ @z ul 2P in OV (B ®e+e® Bs). We get for (v, 1, p) = (1,0,0) and ny+m;+r; > 0:

mi (1) (1) m17,(2) (2) _
Gni+19 bn1+1,m1,r1 + qm1+1bn;,m1+1,r1—1 — Qn+19 bn1+1,m1,r1 + qm1+1bn1,m1+1,r1—1 - 01
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for (v,p,p) = (0,1,0) and ny +m; +r; > 0:

1
r11.(1 r
qm1+lq lb’fll),ml‘l'l,f‘l - qml+1q t 1b£7.1,m1+1 r1 + (1 - 5) qnl‘l'lqu‘l'lq bnl-l-l smy,r1+1 T 07

for (v,p,p) = (0,0,1) and ny +my + 71 > 0:

(1)
qr1+lbn1,m1,r1+l qr1+lbn1 my,ri+1 Ov

and for (v, u,p) = (0,0,2) and ny + my +r; > 0:

T+ 2 (1) T+ 2 )
IV 2 jl bm my,r1+2 + ) bnl,ml,r1+2 - 0
q - g
Combining these equations we can show that b{!) = b2 forn+m4r > 2, b)) =0 for

n + m +r > 2, and, by looking at the cases for small ny,my,ry in detail, bno = b)) =
bon =0, 7 =1,2. This implies that A and A’ have the form stated in the theorem. {

6.6.6 IR,-quantum convolution semigroups

We can also define the notion of em (weakly) Gaussian IR,-quantum convolution semi-
groups on quantum/braided groups. Let p be the functional on IR, defined by p(z™) = 4,
and ® a IR,-quantum convolution semigroup. Then we define the generator of @ as
Ag = ®*(p) = po &, and call a IR,-quantum convolution semigroup (weakly) Gaus-
sian in the sense of Bernstein if its generator is the generator of a (weakly) Gaussian ccs
in the sense of Bernstein. With this definition we can immediately translate the previous
results into characterisations of (weakly) Gaussian IR,-quantum convolution semigroups.

Theorem 6.6.9 The normalized (i.e. Ag(1) = 0) weakly Gaussian IRy -quantum convo-
lution semigroups in the sense of Bernstein on the braided line IR, are of the form

d - iE — Z ( " ) afn-—kali nqi»' $I)n7
n=4§] i

where a1, a; € C are constants, and x, =’ denote the generators of IR, and IR, respectively.

Proof: The possible generators were given in Theorem 6.6.6. This allows to construct ®*

and thus ®. $
Remark: The IR,-qcs associated to Bozejko and Speicher’s quantum Brownian motion
is also weakly Gaussian in the sense of Bernstein (as a qcs!).

6.7 Conclusion

We have given a definition of Gaussian functionals on quantum and braided groups
based on the Bernstein property and presented a method that allows to calculate these
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functionals explicitely. The results in this section confirm that the Bernstein property gives
a useful characterisation of the Gauss law only on commutative groups, as was already
indicated by the results on nilpotent Lie groups.

We have proposed a definition of nilpotence for quantum groups and braided groups,
and shown that the embedding of functionals into continuous convolution semigroups on
these structures is unique. Nilpotent quantum groups and nilpotent braided groups could
also turn out to be of interest for the study of analogues of the heat equation on quantum
groups and braided groups.

We have also introduced. a definition .of. Gaussian.convolution semigroups on quantum
groups and braided groups following the approach of Heyer and Hazod to the Bernstein
theorem on Lie groups. The results obtained here are more satisfactory than those of
Section 6.4, e.g. on the braided line and braided plane we rediscovered the functionals
that were already in introduced in [FS96b).

It is an open problem if the converse of Proposition 6.6.5 is also true.
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Evolution equations like the heat or diffusion equation or the Schrédinger equa-
tion can be associated with stochastic processes. In this paper we study the relation
between equations of the form 0;u = Lu and Lévy processes (i.e. quantum stochas-
tic processes with independent and stationary increments) on quantum groups and
braided groups. Solutions of such equations are calculated as Appell systems. Wi-
gner distributions of these processes are defined and it is proven that they satisfy a

Fokker-Planck equation.
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7.1 Introduction

Quantum groups are unital associative algebras, equipped with an additional struc-
ture, the coalgebra structure, that allows to define notions like increments, translations,
etc., and thus allows to define analogues of many (physically!) important concepts for
stochastic processes on vector spaces or groups, as, e.g., the notion of stationary and in-
dependent increments that is at the basis of Brownian motion and diffusions, or the various
characterisations of Gauss distributions. We recommend recent books by Majid[Maj95b]
(in particular Chapter 5) and Schiirmann[Sch93] as introduction to this field.

In this article we consider stochastic processes on quantum groups that are related to
evolution equations of the form

&u = LU,

with some difference-differential operator L. For the equations considered in Section 7.5, u
is an element of a quantum or braided group .A. We recall that solutions of these equations
can be given as Appell systems or shifted moments of the associated process, and show
how these can be calculated explicitely on the g-affine group, the braided line and plane.
and a braided analogue of the Heisenberg-Weyl group. These calculations are original.

In Section 7.6, which is the main contribution of this paper, we define a Wigner map
from functionals on a quantum group or braided group to a “Wigner” density on the
undeformed space. We prove that the densities associated in this way to Lévy processes
(i.e. processes with independent and stationnary increments) satisfy a Fokker-Planck type
equation. In the one-dimensional case these coincide with the evolution equations of Sec-
tion 8.6.3, but in the general case we get new equations.

We close with a few final remarks in Section 7.7.

7.2 Preliminaries

Notation. Let g€ C. Weset g, = Y020 ¢%,ie.go=nifg=1, and ¢, = 9:_;11 else. We
will also use g,! = [10_; ¢, and @' =TT0_, @20, Gan—1!! = TT_, @au—1, Where go! = go!! = 1.
A g-exponential is defined by e = 3777, % (e.g., as a formal power series), if ¢ is not a
root of unity.

An analogue of the binomial coefficients can be defined by the recurrence relation

l:m-l—l} ___{m] +qm—u+l[ m }’
ko, Ty p—1],

[m} = [ ZJ = 1. If g is not a root of unity one has
g g

!
{m} :—‘—C—b—n'—-, meN, p=01,...,m.
K g Qu- ~ Qmep:

For the definition of quantum groups and braided groups (or Hopf algebras and braided
Hopf algebras) see [Maj95b]. We recall a few examples which we shall use to illustrate



96 Chapitre 7. Evolution Equations and Lévy Processes on Quantum Groups

our approach. For the origin of the first two examples see [Maj92, Maj93b], the third is
well known in the quantum group literature, while it seems that the last was first studied
(as a braided Hopf algebra) by the present authors [FNS96] (but see also the appendix of
[ADT94]).

Example: The braided line. Let g € €, ¢ not a root of unity. As an algebra IR, is
isomorphic to the ring of polynomials in one variable IR[z]. The braiding used here is
defined by U(z" ®z™) = ¢"™z™z". On the generator the coproduct, counit, and antipode
are defined by

Alz) =z + 2, g(z) =0, S(z) = —uz,

where we used the notation z =z ® 1, 2’ =19 x.
IR, can be dually paired with another copy of R, by

i m — !
<p.T >= Qniénmv
anotes the senarstar of the dua! conv
vh denotes the generator of the dual copy

n-1

where Aa = Y aV) @ a? (Sweedler’s notation). This gives prz™ = g,z 1, i.e. p(p) is the

g-difference operator 4§,
flgr) = f(z)

5q:f(l')'_> $(q_1)

For g € IR a *-structure is defined by z* = z.

Example: The braided plane. Again ¢ € €, ¢ not a root of unity. The braided plane
is the braided Hopf algebra with two generators z,y and defining relations yz = qzy,

't = qlza, 'y = quz’,
v = quy'+ (¢ -1y, Yy = yy,
Az = z+ o, Ay = y+1v,

and e(z) = ¢(y) =0, S(z) = —z, S(y) = —y.
We can dually pair (Dzlo with a copy of(])?’.o1 and thus define partial derivatives. Denote
the generators of the dual by &) and 8, they satisfy 9,0, = ¢~1010;, and act as

n—1 n. n, m-—1

Oz"y™ = (P Y™, ey = (¢ Y

For real g a *-structure is defined by z* = y.
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Example: The g-affine group. Let o, 8 € €, s.t. ¢ = ¢*? is not a root of unity. The
g-affine group Aff, is the Hopf algebra with two generators a,b and relations

b = (at )b,
Aa = a+d,
Ab = b+ eV,

g(a) = ¢(b) =0, S(a) = —a, S(b) = —e™**b, and trivial braiding, i.e. we use the usual
tensor product and the trivial twist map ¥ = 7. We can dually pair Aff, with U,(Aff),
where U,(Afl) is generated by X,Y with the relations

XY = Y(X +a)
AX) = X+ X
AlY) = Yo 4y,

e(X)=¢(Y)=0, S(X)=-X, S(Y) = —Ye PX. The dual pairing is given by

o -

< X"W”“, a” bm/ - nqulonn,()mm,a
or formally by ¢ = eaxegy. For the dual action we get

p(X)a"b™ = na™ b, p(Y)a"b™ = g,a"b" .

Example: A braided g-Heisenberg-Weyl group. We will give a braided Hopf alge-
bra structure for the algebra known as g-oscillator algebra or q-Heisenberg-Weyl algebra,
i.e. the algebra defined by ac—gca = 1, 1 central. We can regard this algebra as generated
by two generators a,c with the cubic relations

aac + gcaa = (1 + q)aca, acc+ gcea = (1 + q)cac,

with ¢ € €, g not a root of unity. If we define the braiding by a’a = gad’, a'c = cd’,
da = éac’, c'c = gec, then Aa = a+a’, Ac = c+c defines an algebra homomorphism from
HW, to HW,®@HW,. The counit is defined by £(a) = £(c) = 0 (extend as a unital algebra
homomorphism). The braided bialgebra defined in this way also admits an antipode.
Define S by S(a) = —a, S{c) = —c, and extend by Som =mo ¥o (5®5).

We can introduce a third generator, e.g. by ac — gca = (1 — g)bor d = ac — ca,
then {a"b™c";n,m,r € N} and {a"d™c";n,m,r € IN} are bases (Poincaré-Birkhoff-Witt
bases) of HW, (b is central, and d satisfies ad = gda and dc = ged).

The following formula is useful to compute the product of general basis elements of
the HW, algebra, it can be derived by induction.

ca= rz/\f )l )t 1) a”FdFer Tk
=R N el

A *-structure is defined by a* = ¢, ¢* = a, if ¢ is real.
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If we define partial differential operators on HW, via
p@a=1  pa)e=0
pa=0  plz)e=1

and extend with the Leibnitz rules

pla)(av) = u+ gap(z)u, pla)(cu) = Lep(a)u,
p(:)au) = ap(z)u,  pl)ew) = u+t gep(2)u,

for v € HW,, then p(z) and p(z) satisfy again the HW,-relations, and < X,u >=
e(p(X)u) defines a dual pairing.

I

7.3 Evolution equations
We will consider equations of the form
B = Lu (7.1)

where L is a differential operator, independent of t, e.g.

du = (a62+b5)u  on R,
o = (02+ 52) u  on Q2
o = (p(X)+p(Y?)u  on Aff,
Oru (()+p())u on HW,

i

In the first equation, L is a general second order g-difference operator, but for the explicit
calculations we shall assume that a and 6 are constants.

In the second equation we have an analogue of the Laplacian, the operator in the third
equation is related to the Gegenbauer or ultraspherical polynomials, see e.g. [FF]. In the
fourth equation we have an analogue of the Kohn-Laplacian on the Heisenberg group.

An equation of the form (7.1) gives rise to a transition operator, formally written as

GtL.

7.4 Quantum stochastic processes

A quantum probability space is usually defined as a pair (A, ®) consisting of a *-

algebra 4 and a state (i.e. a normed positive linear functional) ® on A. A quantum
random variable j over a quantum probability space (A, ®) on a *-algebra B is simply
a *-algebra homomorphism j : B — A. For a quantum random variable j : B — A the
functional ©; = ® o j is called its distribution in the state ®.

A quantum stochastic process is a family of quantum random variables over the same
quantum probability space and taking values in the same algebra, indexed by some set,

e.g., R+.
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Here we focus on processes with independent increments indexed by IR,, they are
characterized by their one-dimensional distributions {@:;t € IR4}. The notion of inde-
pendence to be used in this context is that of tensorial independence, cf. [Sch93]. If the
increments are also stationary, then the one-dimensional distributions form a convolution
semi-group, i.e. ¢o = € and @, * ¢; = @,4s. Such processes are called Lévy processes.

In this case there is a transition operator associated to the process, defined by

Ue) :arr 3 pr(a)a®

where we used Sweedler’s notation Aa = 5" a(M'® a?). These operators form also a semi-

group, Us(ip) o U(¢) = Usse(¢), and Up(p) = id.
We will say that ¢ is associated to the equation (8; — L)u = 0, if U;(p) = e, and call
L the generator of ¢ in this case.

7.5 Appell systems

We recall the definition of Appell system, see [FFS97, FS96b|.

Definition 7.5.1 We define the (left) Appell polynomials on a braided group A with res-
pect to a semi-group of functionals {p+} by

hr = (¢ ® 1d) 0 Aayg,
i.e. hy = U(@)(ar), for a fized basis {a} of A.
If L is the generator of {¢:}, then hy solves
Othy = Lhy.

For other interesting properties, e.g., raising operators, or relation to matrix elements, see

[FFS97, FS96b].

7.5.1 Example: The braided line

The Appell polynomials associated to the functional ¢, = exp(¢L) where L = lif—quT‘bp
are

hi(z;t) = (¢ ®id) o Azk

= Z[i] pi(z”)2"

v=0
k qk!Hu (btv —_?l-l:;> _xk—l/

v=0 qk"’V!Z/!

?

where H, denotes the Hermite polynomials, defined by

[
a0 =3 ( ) G o

k=0
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These Appell polynomials are solutions of

(12

O = o §%u + bdu

q

with u(z,t = 0) = z* (where § is the g-difference operator (6 f)(z) = Lqrf—;—:{%l)

For b =10, a = /(1 + q)/2 the Appell polynomials simplify to

1tu k-2v
Zq

o0 Qk—2v vpl’

these polynomials are a g-analogue of the Hermite polynomials.

7.5.2 Example: The braided plane

We choose ¢; = exptL with L = 1+ —5 (9% + 03). We get

A

[oe] tr‘ r
N

aZuaf(r—l/)
r=0 (1 + qZ) r :lq—“ ?

since 0,0; = ¢~10,0,. This leads to the following formula for the Appell polynomials:

ptv ] )t
(£112] [ y (¢%): (@) m! g2 =2 gt

hem(z,y;t) = exp(tL)z"y™ = Z

Yy p=

11 2T M2

0 (@*)r-20-11(@)m—2u-11(1 + ¢*)#t¥ (e + v)!

These polynomials solve the evolution equation

1
o= 170 (02 + 02) u
where d,, d, can be defined by
f 2'277 _f z,
2
T, — ,
f(z.y) = flgz,q yz _f(qw y)‘
y(¢* —1)

7.5.3 Example: The g-affine group

We can use the generalized Gegenbauer polynomials defined in [FF]

(Zx)n——Qu’
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and the representation py(X) = a(z0; + k), pr(Y) = iad, to calculate the moments of
¢, = exp ( (X2 + YQ)). These polynomials are eigenfunctions of S, = (20, + h)? — 62 =
prn(X)2 4+ pr (V)% ie. SCH(z) = (n + h)2CH(z), and their inversion formula is

Using the Feynman-Kac type formula (cf. [FFS97])

®, ( apn X)ebph(Y)$n> — e3(Pn(@P+pn(Y)?) 1n

q k]

n—2r

and comparing the coeflicients of z we get

(h+n— 'Zk)(h)n_r_k(“l)k e(n_2k+h)2a21/'2

@, (en-2r+haagery 92 for n > 2r.
¢ ( ) a?r 1;) 4r(h)n_k+1k!(‘r — k)‘ -
(I)i (e(n—2r+h)aab2r+1) = 0 for n > 2 + 1.

Differentiating v times w.r.t. A and setting h = m — u + 2r —n, we get all moments that
are needed to calculate the Appell functions

hnm(a,b,t) q)t nbm Z Z ( ) { m :l &, (a e (m—p aabu> n—vpm—p
v=0 pu=0 H q
7.5.4 Example: The braided g-Heisenberg-Weyl group
Consider L = z? + z%. Then
n 2 n V)A2v Cn n

=2 2

v=0 x=0

2(n—u)—ﬁyn$2u—-n
n!

where the coefficients C7, are determined by the recurrence relations

Cytl = Cr .y +Cl 4 @u-er1 @0 Cl ) + Gu—ri2Gru—nt1C0 s
For x = 0 we have the binomial coeflicients C7, = < Z ) This allows to calculate

Bomr (1) = € (a™b™ "),
using e.g. the dual pairing

! 1 !
<2 y"z",a" b ¢ >= 8 OmmiOrr1Qnlgm' gyl
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7.6 Densities

For one single variable, or in the commutative case, one can use Bochner’s theorem to
associate a density to a quantum random variable, cf. [Mey93].

We now want to associate joint densities to several non-commutating variables, along
the line of Wigner distributions [Wig32|. We will map functionals on an algebra with n
generators to measures on R™. Equivalently, we can ask for a map from functions on IR™
(e.g., polynomials) to elements of the algebra.

Consider the following diagram:

Wigner
QS — CS
Duality ] 1 Duality
Q0 +«— CO
Weyl

where
QS: (linear span of) the set of quantum states

CS: (linear span of) set of classical states
QO: set of quantum observables
CO: set of classical observables

We want the following similar diagram:

“Wigner”
U — M(X)
g-Fourier 7 1 Fourier
A — C(X)
“W"eyl”

where X is the undeformed space or group, and M(X) denotes the (convolution)
algebra of (signed) measures on X, C'(X) the algebra of continuous functions on X, and
A and U the quantum group and algebra. The q-Fourier transformation (with respect to
an integral [) is defined by

Flu) = [ (uexp)

where exp is the exponential or coevalution map, see also [KM94, Koo95]. We also have
f(ab) =< F(a),b>. and thus in this setting a density (w.r.t. [4) of a functional ¢ € A~
can. at least in principle, be calculated with the inverse Fourier transform, pp = F;'(®).
A more detailed discussion, including an explicite example on IR,, can be found in [FS96b|.

Here we shall use the right-hand-side of the diagram to introduce densities that ‘live’
on the classical, i.e. undeformed, group or space. Following Anderson[And69], we fix a set
of generators zi, ..., z, of A and define the Weyl map [Wey31] on polynomials uf' - - - ukn

by I |
I/V(ullCl coeufn) =

n
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where k = k; + -+ - + k. Other definitions are possible, e.g. Wy : ulf‘ . -ufj" — 3:11“1 e xﬁ"
(“Wick?), or Waw : uf' -+ ufr s 22t (“Anti-Wick”), or also W,_exp defined by
e exp(z|v). But W,_exp, will not leave the marginal distributions unchanged. In fact,

W 1s uniquely determined by the conditions W(w;) = z; and W ((alul +--- 4 anun)k> =
(W ()4 +a,W(u,))¥, and thus only W= will give the correct marginal distributions
for all linear combinations of the generators. Ordered monomials like the “Wick” or “Anti-
Wick” map still lead to the right marginal distributions for the generators.

The Wigner map W* is defined by the condition

<&, W(u) >= /udW*(cb),

l.e. as the dual of the Weyl map. W*(®) is called the Wigner density of ®. The Fourier
transform of the measure W*(®) is

go(v) = FW(@)(v) = [ e=*dW(9)
= <O, W(evY) >,

where we assumed that we can interchange the limits involved, and that this series defines
an analytic function.

If the functionals @, form a convolution semigroup, then the associated Wigner den-
sities satisfy an evolution equation or Fokker-Planck-type equation.

Proposition 7.6.1 Let {®;;t € Ry} be a convolution semigroup with generator L, i.e.
(—%‘I)t = L®;, = ®,L. Suppose further that W is invertible. Then the Wigner distribution of
O, satisfies

d ~ ¢ * *
V(9 = p(L) W (&)

with p(X) = Wt op(X) oW and p(X)* defined by duality.

Proof: Differentiate
< By, Wi(u) >= /udW*(th)

with respect to t, on the right hand side we get [ udd—W—:ﬂ(—%l, while the left hand side gives

d
T < Oy Wi(u) >

i

< Loy, W(u) >=< &y, p(L)W(u) >=< &, W(p(L)u) >

= [ L)W (@) = [ud (3(L)W*(91)).

7.6.1 Example: The braided line

Here we have only one variable, and the algebra is commutative, so the Weyl map is
o0

just W : u™ — z”. The Fourier transform of the functional ® = 3> ja,p™ is thus

L anga! (1u)”

go(u) =< @, >= ‘
n.

n=0
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where we assumed that the regularity conditions necessary for interchanging the limits
are satisfied. E.g. for ®, = e°?, i.e. the functional determined by @a(egh’) = e (where

e“q”"’ =% ZP%) we get

gm0 = 3 2l

We need p(p)* to be able to give the form of the Fokker-Planck equation. Because
of the simple form of W we have p(p) = 6. The adjoint of the g-difference operator is a
multiple of the g-difference with g replaced by ¢7!,

1 f(g"'z) - f(2)

* 1
6" f(z) = o e —551/qf($)

so that the Wigner density n:(dz) = dW*(®,) of the semigroup with generator L = > ¢,p”
satisfies

(_1)ncn n
Oy = 751/q77t-

te
n-+m
n
of uulr. We get W : uful® — ﬁx"ym, and thus
n+m
n

n—+m
00 n
q in—{—m

V1, 02) = : <®,z"y™ > vivy
For the Gauss functionals in the sense of Bernstein (®(z"y™) = 2"8,,0 or 28,0, see
[FNS96]) we get go(v) = €' or go(v) = €**?, i.e. W*(®) is a Dirac mass in (z,0) or

(0, 2).
To write down the Fokker-Planck equations for Wigner distributions we need the
representation p. For the two generators we get

qn+m

dutuy = n urtul
n+m
oS Qn-f-m —
Dutul = mg —ulup
n-+m

7.6.3 Example: The g-affine group

We get W @ wul’ w Y7_o 22 CATm g b™  where the Al are determined by

n+m

AN =0ifn>N 0r1/>norn<0 AN =1, AY, =4y, and

AJTX/+1 ANll/ 1+(A’r+1—_n)Aanu+Agu'
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For the special case where the two lower indices are identical, we get AY = ( v ) The

Weyl map and its inverse are characterized by

o168 _
W . ea1u1+a2u2 — ea1a+agb — ealaee YN Lagh
Bb1bg 3b1 by
W—l . 6b1a6b2b b1a+ 18 1b — eb1u1+&b15_1u2

This allows to write down ,5 and thus the Fokker-Planck equation for any Lévy process.
For X we simply get (X} = z=, the expression for 5(¥") is more complicated.

7.6.4 Example: The g-Heisenberg-Weyl algebra
The g-Heisenberg-Wey! algebra HW, can be treated in the same way. Choose a, b. ¢ as

R .. nimtrtpntms
generators of HW,, then the Weyl map is given by W : ufuluj — S°P2G —(m’irl)—k— an Ry E ek
where the coefficients D T72*" are defined by
Dﬁr’,—c = 0 fn<Oorr<OQorn+r>Nork<Oork>nAr,
N .
Dlgo = <n> fo<n<N
N
N L .

and the recurrence relation

T 1N\
D7]‘LV;‘+,—/<1? :Di\rk-*—Dnr 1k+ k- mDNlrk+( )T-k+1 <1—§) D;?——l,r,k—l'

7.7 Conclusion

We gave a relation between stochastic processes and evolution equations on quantum
/ braided groups, and illustrated it on several examples. Two types of evolution equation
were considered. First, we let the generator of the process act via the dual representation
on the quantum or braided group itself. Solutions to these evolution equations are given
in terms of Appell systems. We showed on several examples how they can be calculated.
To get the second kind of evolution equation we associated Wigner-type distributions to
the processes and functionals. These distributions are distributions on the undeformed
space, and we thus get evolution equations for ordinary functions. If we replace the Weyl
map by other maps, e.g. those corresponding to normal ordering (“Wick” or “Anti-Wick”)
or to g-exponentials, then we can hope to get simpler expression for p and thus for the
Fokker-Planck equation, but the relation between the moments of the functionals and
their “Wigner” distributions becomes more complicated.
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Chapitre 8

Brownian Motion on the Affine Group
and Generalized Gegenbauer
Polynomials

Philip Feinsilver ' Uwe Franz

Work in Progress

Reésumeé

Polynomial eigenfunctions of the generator of Brownian motion on the affine
group are studied in a representation using a general shift operator. This yields a
generalization of Gegenbauer polynomials. We determine the matrix elements of the
group element and a variant, derive addition formulae, and give the conditions these
polynomials to form a family of orthogonal polynomials.

10. Dept. of Mathematics, Southern Illinois University at Carbondale, IL 62901, USA, Email:
phfeins@siu.edu
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8.1 Introduction

Let &1, &, ..., &4 denote a basis for a Lie algebra of finite dimension d. Using McKean’s
product integral ([McK69], see also [FFS97]) to construct Brownian motion on the cor-
responding Lie group leads to the generator is S = €% + &7 + -+ + £}, Here we study
the two-dimensional non-abelian Lie algebra corresponding to the affine group acting on
the real line. We may take as basis ¢ = X, € = L acting on " with §; = zD 4 «, i.e.,
(12" = (n+«) z™, for some constant «, and L is a general form of lowering operator acting
as Lz™ = b,z™™!, with by = 0 and b, # 0 for n > 1. Defining Ap = biby---b, for n > 1,
with 79 = 1, on the basis X,, = 2"/, we have £, X, = (n + o)X, and LX, = X, _i,
n>1,LXyo=0

We will find polynomial eigenfunctions of the generator S. For L = ad;, these are the
Gegenbauer polynomials. We thus dub our polynomials generalized Gegenbauer polyno-
mials. Matrix elements for the affine group and variants, in this polynomial basis are
found. Then we consider conditions for these to be a family of orthogonal polynomials.
Some remarks about Appell sequences conclude the study.

8.2 Brownian motion on the affine group

Let G be the two-dimensional Lie Group G = {(a,b);a € Ry,b € R} with multi-
plication (a,b) ® (a’,b') = (ad’,ba’ + b'), this is the group of affine transformations on
the real line, (a,b) : ¢ — az + b. Let IL be the associated Lie algebra, i.e. IL has ba-
sis {X, L} with commutation relations [L, X] = L. If we require X to be diagonal and
suppose that there is a countable basis {e,} that can be labelled by its X-eigenvalues
An, then [L, plen = S (pm — pn)Lnmem = ¥ Lymen = Le, shows that L can only map
the basis element with eigenvalue A, to one with eigenvalue A, — 1. Excluding the case
that the representation space is the direct sum of several invariant subspaces we thus get
Xe, = (o +n)e, and Le, = bye, for some constant ¢« and some sequence {b,;n € IN},
bo =0, b, € C* =C/{0} for n > 1. L is a generalized shift operator, such operators have
been studied in umbral calculus, cf. [BL96]. We will assume e, = 2", then we can write
X =¢D+aand L =5, [ D, where I, = T, S5

We define a generalized factorial vo = 1, v, = b1y - - - b, and a generalized exponential
series e(z) = ¥.,—o —fy%, it is an eigenfunction of L.

We use McKean’s product integral ([McK69], see also [FFS97]) to construct Brownian
motion on the affine group. Its generator is S = X?* — L*.

If we look for polynomials eigenfunctions of S,

Spn(m) = /\npn(m)’ where pn(m) = me/f'u»
v=0

we find by comparing the coefficients of z™ that the eigenvalue has to be A, = (n + a)*.
Comparing the coefficients of ™! we see p,, ,—1 = 0. Looking at =¥ we get the recurrence
relation

by42b,41Pnpre = [/\n — (V + Q)Q]pny-
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Solving this recurrence we find that the polynomial eigenfunctions of S are generalized
Gegenbauer polynomials,

Tn (a)n—k (”l)kxn—%
Y2k (@)n 4! ’

NEOEDY

or, in a different normalization,

(2:0)"“2]‘.

The second normalization has the advantage that we get the usual Gegenbauer polyno-
mials C%(z) in the conventional normalization as special case b, = n; the ¢ are deter-
mined by the condition that the highest coefficient is equal to one, this form can also be
used for a = 0. We will from now on assume a > —1.

Proposition 8.2.1 We have the inversion formulas:

8
I

Proof:

Z In ()n 2k+1 1¢z 2k()

07n—2k (a)n k+1 4Lk‘
]

2]k
Yo (@nezess 1 B yiok (@niakat (=1 o aea

k=0 In—2k (a)n—-k+1 4% k! i—0 In—2k-21 (a)n—2k 41['

= % In ‘rn-2m i (.._.1)7”-‘;1 (a +tn— 2/,6)((1)71—7;7,—;1

=0 Yn—2m 47 p=0 ph(m — p)! (@)n—pt1
B % gnm i m ) (=D)*(a@+n—2m+ 2u)
= n2m4mm‘u_0 # (a+n—2m+u) - (a+n—m+ )

=: Y,(a+n—2m)

if we substitute g — m — p. For m = 0 we get z”, i.e. the desired result. We will now
show by induction that ¥,,(a +n — 2m) gives zero for m > 1 and o arbitrary. For m =1

we have
5(8) = gt — i =
BB+1)  (B+1)(B+2)
Assume now that X,,(8) = 0 for all 5, then we get

0 = —— (Sn(B) = Sn(B+2)

g+m+1
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p=0 (B+u)(B+m+p) (B+2+u)(B+2+m+u)

{ m (m) (=DH(B+2p)  _ ywm (m) (=D)#(B+2u+2) }
p h=0

7]
B+m+1
m+1{(?:)(5+m+1+ﬂ)+(ﬂn_11)(5+u)}(—1)“(5+‘2u)
= 2
=0 B+m+1)(B+p)-(B+m+1+4p)
= Em-f—l(ﬁ)y

since ( 7; ) (ﬁ+m+1+p)+< pn—ll ) (B+p) = (m:—l )(ﬁ+m+1).The inversion

formula for the C%(z) follows immediately. [

8.3 Group elements and matrix elements

as

in these coordinates the group law has the form
g(A, B)g(A",B") = g(A+ A', Be* + B).
It is also interesting to consider the ‘group-like’ element defined by
§(A, B) = e*¥e(BL),

in the following section we will investigate for which cases their is some kind of group law

or multiplication rule for §(A, B). i
We define the matrix elements of g(A, B) and §(A, B) w.r.t. to the C% by

9(A, B)CR(z) = 3 Mnn(4, B)Cr(2),
#(A,B)CR(z) = 3 Mun(A, B)Cr(2)-

Ir

—~
8

p—

Proposition 8.3.1 The matric elements are

B aw (a+p) (@)uma
Mpn(A, B) = ZC Ot+/l)ﬁ§fi+1 (5* )
(a+p) a”

Mpn(A’B) = ZCQJF# L—p

(o p)eceyy (B5E)V

for 0 < p < n, and where a = e and the summation index y takes the values p,p—2,p—
4,...,0 or 1 according to whether p is even or odd.
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Proof: Let (A, B) stand for either g(A, B) or (A, B), and [n]! for n! or ~,, respectively.

[%] (@)n- o2k n=2k an—Qk—lBl,yn_%

k=0 Yn— Qkk' =0 [l]!’yn—Qk—l

9(A4,B)C(2) =

n—1

(%5
Vi 2k—1 a+n~2k—l—23~a
- Z Cn—zk—l—2s($)

2n—2k-—-l s=0 (a)n—-l——Qk—s-i-lS!
B Z (=D (a)pi2la™* B a+n—2k -1 - 2s) ~,
= T : [l']!‘k'!SZ('CY)n—'l—'Qk—s+1" ,n—2k—l—2s($)

o (DM@t 2B (a4 p)
R R = s

= (‘l)k(a+N)n~u—k(23)“_“_2k) (atp) @ so
= > (Z [n — p — 2k]'K! CETP. (%E)!Cp( )

Ce(z)

where we recognize the (generalized) Gegenbauer polynomials insides the brackets for the
matrix elements of g(4, B) (or g(A, B), respectively). |

Remark: The fact that the matrix elements of g(A, B) contain the usual Gegenbauer
polynomials and not the generalized ones follows from the relation L = U~ DU, where U is

defined by Uz™ = 22, D = -, if we note eAX eBD — = Ug(A, B)U™!, and C*(z) = Cdﬁf(m)

8.4 Multiplication rules and addition formulae

The group law of the affine group leads immediately to an addition formula for the
associated matrix elements,

Mpn(ad’,Ba'+ B') =33 M,n(a, B)M,.(d', B').
r=0 r

Proposition 8.4.1 We have

w—p

Ca-Hl Ba +B ZZCQ-HA oz-Hi (B) (a+r)((a) —
r=0 u’ (a+/¢')y12;r+l( 3 )!

Proof: Applying g(aa’, Ba’ + b') = g(a, B) ® g(d’, B') to C’ff(a:) and using Proposition
8.3.1 we get

NS U7 G
;}Xﬂjc (B +B)(a+u)u+1(‘i;~7’)! *(z)

a'Ht (a—f—r) e Ca+“ (a+p) at o
;)%:C (a+/¢’)$+l(u2r Z::ZM: ( '+H)P_;2+1(“2;p)!cp( ).

Comparing the coefficients of a“é;’(a:) yields the proposition. |
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Remark: This follows also, if we apply the group element a® e?P to C2(z).

To get a summation formula for the matrix elements Mpn of the group-like element we
first need a multiplication law for g(A, B). For this we will introduce non-commutative
variables for A and B. What commutation relations do A, B, A’, and B’ have to sa-
tisfy so that g(A, B)g(A’, B') is again of the form g(f,h), with f = f(A, A", B,B’),
h = h(A, A'B, B")?

Writing this as a power series in X and L we get the condition

=P APB™(A'Y(B')? !
Z m ' : ( ) ( ) ‘X'.@—{-_me—{-s _ Z f h XkLl.
n,MM,8,7 > p 72."/mp.('n - p)'f\/s Kl ]\,"‘/l

Comparing the coefficients of X and L yields
f=A+A, h=Be*+B.
From the coefficients of X? and XL we get
AA" = A'A, A'B = BA'.

The coefficients of L? lead to the most interesting commutation relation, namely

B'Bet = (- — 1) Be'' B,
’Yl

i.e. B and Be*' g-commute with g = ::2 —-1= 32 — 1. The commutation relation between

B’ and A is not used, we can safely asslume that they commute.

The commutation relations are now fixed, and we know that we get g-exponentials,
and the generalized coefficients by have to be g-numbers (up to a factor). For ¢ = 0 we
get by = b = constant, and e(z) = .

This allows to get summations theorems for the matrix elements of g(A, B), but we
have to be careful about the order of the A’s and B’s in the matrix elements

Proposition 8.4.2 We have

Ca+u Bad' +B ZZ u uCoz+u )Cv:)_—i—i’(B/) (a‘J"T) -
r=0 u' (c +NI)»’_2—£+1 (‘%)‘

also for the g-case, i.e. for b, = cq, for some c € € and g € €, g not a root of unity, if
the vartables satisfy the commutation relations

Ba =gaB, Bd =dB,
B'a=aB', B'd =qdB,
ad' =a'a, BB = BB.

Proof: As for Proposition 8.4.1, but taking into account the commutation relations
and the preceding discussion. | |
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8.5 Orthogonality

We want to find out, if there exists a measure with respect to which the C'%(z) are
orthogonal. This is the case, iff they satisfy a recurrence relation of the form

203 (x) = AnCy () + BaC(z) + CaC3_y (2), (8.1)
with A,C,41 > 0 for n > 1.

Proposition 8.5.1" Let o € IRy, There erists a measure o on IR such that the C% are
orthogonal w.r.t. u if and only if

bgm = mbg7
bom+r = by + m(bs— by)

for all m > 1, and either by > 0, by > g—i—fbl >0 o0rby <0, b3 < g—i—fbl < 0.
In this case they satisfy a recurrence relation of the form (8.1) with

Un41
An = 2(a+n)
B, =0
C _ (a +n— l)bn+1 — (a + n)bn_l

2(a+n)

Proof: (i) Suppose the é’,‘j do satisfy a three-term recurrence relation. It follows imme-
diately that B, = 0 for all n. Looking at the coefficient of 2"*! in 2C%(z) — A,C2, ,(z) —
C.Co_ () we get

bnt1

A, = —m—.
2(a+n)

The coefficient of z™ 1 is

_ (a)n‘l 271—2 + 2n—1An (a)ﬂ _ 211——16771 (a)n*l
Yn—2 TYn-1 Tn—1

Le. we get
bn+1

1
Cn = é‘(brﬂ—l - bn—-l) - M7

for n > 2. Looking at the coefficient of "3

(a)n—2 2n—-4 _ 2n_3‘4n (a)n—S + 2n_30n (a)n—Z

'771—42 771—32 Tn-3

we get the following expression for C,:

1 bn+1
Cn - Z(brﬂ—l - bn—S) - 2(a + n)7
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for n > 4. Equating those two expressions we find

bn—{—l - bn—l = bn—l - bn—B

for n > 4.
- - 3 M : — b —_— b’) —— abo
For f;z = O,I,thh:)e reculbrence is satisfied with Ao = 3+, A; = (ot Cy = CTORSTE
Ay = Hat2)? Cp =257+ - 2(at2)”
For n = 3 (and a # 0) we find that the recurrence is only satisfied if by = 2b,, and
. . _ by b _ a+2
that in this case Az = %Ii's—)-"’ s and C3 = mbg. _ )
Checking A;C3 > 0 we see that either b, > 0 and b3 > zifbl or by < 0 and b3 < %ﬁ—bl.
ACy = Tbﬁrzﬁ > 0 implies that b; and b, have the same sign, A;Cs = ﬁb—ﬁj implies that

b, and b3 have the same sign.
(i1) We will now show that these are the only restrictions on the b, necessary in order
to get a three term recurrence relation. Let by, by, b3 be arbitrary, and set (by = 0)

bymt1 = b1+ m(bs—by),

by = mb,.
Then with
A = Z(Zn:n)
b a+m
Cy = bggbl A, = (a+7;1()cibi;nil)) ——617
we get (for n > 4)
AnCiip(2) + CaCiy ()
(2]

— fln (a)”+1_k(_1)k(2$)n+l~2k
k=0 Ynt1-2ck!

[25+ k
(a)n-1~k(“1) n—1-2k
+Cn N (22)
= a4, gy
Yn+1

& (@)nr(=1)4(22)" 2 (An2(a + 0 = k) = Cu2k)
k=1 ’-)/n——2kk! b'n,+1—2k

= ((a)

since An2(a +n — k) — Can = b'n,—{—l — k(bn_{_l — b'n,—l) = b'n,+1——-2k-
If in addition b, > 0 and b3 > %i—fbl > 0or by <0 and b3 < 3—1?61 < 0 then one can
check that A,Cnq; > 0 for all n. E.g. on the odd numbers, n = 2m + 1, we find that
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by — Z—i—"m%fbl has to have the same sign as b, for all m. [ ]

Proposition 8.5.2 The measure of orthogonality is

QF(Q'{— 1) ll_!Zﬁ—l(

z2)e8 z)dz
¥*T(a = 3+ 1)T(3) (@

where v = 2(bs= b‘), 0= b3-°b1
Remark: The conditions on- by; by, b3 are equivalent to v > 0 and 0 < § < a + | For the
special case b, = n (i.e.y =1, # = 3, and therefore o > —2) this reduces to the measure
of orthogonality of the Gegenbauer polynomlals

[(a+1)

—_— .2 a—%
lu'(dx) — 4a-1/2ﬁF(a + %) (1 x ) - ﬂ["lvl](:p)dl"
Proof: Using the inversion formula (Proposition 8.2.1) and orthogonality we get

'n

n 7 o+ n—2k
/CE d,u,(ilf) = /271 k'((l CTL Zk(‘r)d:u’

QAY2m _—
{ ) 1f n even,n = 2m,

0 if n odd.

Rewriting v,., as

b
72m:m!b;n(b3—bl)m (b 1[))
3 Yl

we get
. it .- _ ba(bs = by) .
for the Fourier transform of x. Now we can use e.g. [Obe90, 1.2.23] to conclude. |

8.6 Appell Systems
Definition 8.6.1 We call a family of polynomials {p,;n € IN} a L-{b,}-Appell system,
if
(1) pn is a polynomial of degree n,
Remark: The sequence {b,} can be replaced by any other sequence {I;n} if the p, are

rescaled accordingly:
. biby---b,
n = === Pn; & N
{p biby b }

is a L-{b,}-Appell system if {p,} is a L-{b,}-Appell system.
Proposition 8.6.2 {¢2"";n € N} is a L-{b, }-Appell system.
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An L-{b,}-Appell system is completely determined by the sequence {p, = p,(0);n €
IN}, just like usual Appell systems (see e.g. [[FS92]). We define a generating function

F(e,0)= 3 ()=

This function satisfies LF(z,t) = tF(z,t), 1.e. it is of the form
Fla,t) = e(t2)G()

where e(tz) is the generalized exponential series, e(tz) = Y72 (—tj—)i, and G(t) = F(0,1) =
ZZO:D pr f—y:il'

Proposition 8.6.3 The L-{b,}-Appell polynomials have the form

pa(z) = 3 —Fp,_,a,

v=0 Yo Yn—v

Proof: Apply L v times to p,(z) = Y1 _q Pam™ and set z equal to zero.

For the Appell system {¢2~"(z)} we have

{ 0 if nisodd,

1 . : —
PRy p——y if niseven,n=2m.

pn = ¢y (0) =
Rewriting the equation from Proposition 8.6.3 as
n—1

z" _ palz) 3 Loy z”

Y o e S SRR

and using it recursively to replace the powers of z, we get an inversion formula for L-
{b.}-Appell polynomials.

Proposition 8.6.4
n n  n-ni N—ny—=nNg~1

z" :’Ynz Z Z Z (_1) p’”:l‘.“pnk p’ﬂ*nl""‘ﬂk(x).

k=0n1=1ny=1 ng=1 Ynl * " Tng Yn—ni—-ng
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Chapitre 9

Limit Theorems on Quantum Groups

This chapter describes work in progress. The problems
are formulated, approaches are suggested, conjectures
|or partial answers are given, but the results are still
incomplete.

Résume

We examine the possibilities of giving limit theorems on bialgebras, including
precise characterisations of the limit laws. First, we examine what can be obtai-
ned from results due to Schiirmann [Sch93] and D. Neuenschwander and R. Schott
(cf. [NS96]) in particular cases, focussing on explicit characterisations of the limit
distributions.

Then we look for law of iterated logarithm type results. We formulate the pro-
blem, suggest a definition replacing that of the path-wise supremum in the classical
law of iterated logarithm for quantum stochastic processes, and propose an approach
for calculating the law of this supremum.

In Section 9.4, we study a different kind of limit theorem, combining classical
random variables and quantum random variables. Here the convolution of the func-
tionals is chosen according to a sequence of classical i.i.d. random variables.
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9.1 Introduction

We want to get limit theorems on bialgebras, and as explicit as possible. The limit
theorems by M. Schiirmann [Sch93, Theorem 6.1.1, 6.1.2, and 6.1.3] apply in a very general
context, using only the coalgebra structure, but do not give much information about the
explicit form of the limit distributions.

Feinsilver [Fei87] and Neuenschwander and Schott [NS96] follow a different approach.
On the braided line the g-convolution can be defined for usual (signed) measures on
the real line, and thus we are not restricted to moment methods. This convolution does
not conserve positivity, so in general the limit distributions are not positive. Also, even
though [Fei87, Theorem 3] states that the g-characteristic function ¥(t) = [ ei*du(z)
characterizes uniquely the measure p, we do not know how to explicitely calculate u from
.

In the first part (Section 9.2) we will look for analogues of the law of large numbers,
central limit theorem, etc. Here our results mostly follow from previous work, in particular
M. Schiirmann{Sch93], Ph. Feinsilver|Fei87], and D. Neuenschwander and R. Schott[NS96].

In the second part (Section 9.3) we attack the question of the existence of limit theo-
rems of the form of the law of the iterated logarithm.

The study of analogues of trajectorial properties (as e.g. the law of the iterated lo-
garithm) of quantum processes is related to the question of the existence of classical
versions, see e.g. [BKS96]. Thus the definition of the supremum of quantum random va-
riables should coincide with the corresponding supremum of their classical versions, if
these exist. Since the quantum process only determines the finite joint distributions of
the classical process, we also have to address the question which classical version (left or
right continuous, cadlag, etc., if they exist) should be taken.

In the next section we prove a limit theorem that combines classical random variables
and quantum random variables. The limit theorem in this section is motivated by R. Spei-
cher’s article[Spe92].

In Section 9.5, we replace the scaling in the normalization by more general operators.

9.2 Analogues of the law of large numbers and the cen-
tral limit theorem

9.2.1 General results for limit theorems on bialgebras
The most general result is probably the following theorem due to M. Schiirmann.

Theorem 9.2.1 ([Sch93, Theorem 6.1.1] Let @, n € N, k = 1,...,k, (k, € IN), be
linear functionals on a coalgebra C satisfying

(1) ©niy-eos@nk, commute for each n € IN with respect to convolution,
(13) limp,ose0 imy<k<k, [(@nk —€)(c)| =0 for all c € C,

fiii) P rens Cichein |(#ax — €)(€)] < 00 for all ¢ € C.
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Furthermore, suppose that there is a linear functional 1» on C such that for all ¢ € C
Jim ( S (- e><c>) — (o)
1<k<kn,
Then
Jim ( II sonk) (¢) = (exp,¥)(c)
1<k<kn,
for all ¢ € C (where the product [T* is.the. convolution product).

We will use a corollary of this theorem for IN-graded coalgebras. Let C be an IN-graded
coalgebra, i.e. C = @,en C™ and AC™ C DB, 4n,=n C™) & C™2). Then we can define a
scaling s : € x C — C by setting

s(z)e =z,

for ¢ € Cl?#(<)) and extending linearly in the second argument. With this definition we

have (ox1p)os(z) = (pos(z))*(¢os(z)) for all linear functionals ¢, 1/; on C and all =z € (.
Corollary 9.2.2 ([Sch93, Theorem 6.1.3]) Let C be an IN-graded coalgebra and let x € IN.

If a linear functional ¢ on C satisfies
(1) ¢lewy =0 for 0 <l <k,

(it) @leo) = €leo,

then for all c € C
lim (go*n 0 S(nl/“)) (c) = (exp, g4 )(c),

n—rco
where g, denotes the linear functional on C with
Jolewy = 0 foralll # &,
Jolew = @'C(E)

9.2.2 The braided line

The study of the ‘g-convolution’ and related limit theorems was initiated by Ph. Fein-
silver [Fei87]. In this case the convolution can be defined via a g-characteristic function,
and it is therefore possible to consider also measures that are not characterized by their
moments. Thus we can look e.g. for analogues of stable laws (cf. [NS96]).

Application of Corollary.9.2.2 gives the following result

Proposition 9.2.3 Let « € IN, » : IR, = € normed, and ¢(z) = ---p(z* ") = 0. Set
©on = ©*" 0 s5(nl/%), then

pK
Jim on = "

where ¢ = p(z*)/q,!

For |g| < 1, Neuenschwander and Schott’s result [NS96] allows to extend the previous
proposition to & €]0,2[, if e?” is interpreted as the g-characteristic function of the limit
distribution.
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9.2.3 The braided g-Heisenberg-Weyl group

We take the grading that assigns degree one to the two primitive generators. Then,
with Corollary 9.2.2, we find exactly the functionals that belong to Gaussian convolution
semigroups in the sense of Subsection 6.6.1 (cf. Proposition 6.6.8) as limit distributions
of the law of large numbers and the central limit theorem (i.e. for k = 1, and k = 2,
respectively).

9.3 Law of iterated logarithm type results

Let (Bt)iemr, be standard Brownian motion on R. We have the following classical
descriptions of the asymptotic behavior of B;.

Theorem 9.3.1

B,
limsup ——=——= = 1 .
lt—i}alp 2tloglogt b

e B,
1 l————— = .S,
he V2t loglogt b

. . . |loglogt T
lim inf sup |Bs| = —= .8.
t—=oo t 1§sI§)t 1Bl V8 P

Is it possible to state and prove similar results for quantum stochastic processes?

For classical processes the supremum sup,ego ) X is taken for a fixed element w of the
underlying probability space €2, i.e. for each w € ) we take the supremum of the trajectory
Vo = Xeo(w) 1 8 = X (w).

QOur first step will be to define an analogue of the supremum for quantum stochastic
processes. In order to be meaningful such a definition should lead to the same distributions
as the classical one, if the process has a classical version. This problem is treated in
Subsection 9.3.1.

The final goal should be to construct sup¢p 4 X5 or limsup, ., X;, liminf, ;0 X as
an operator, in the same operator algebra as (Xs)ser, €.g. acting on some Fock space. But
for a first approach we satisfy ourselves with a construction of the law of sup¢fo 4 X.
In Subsection 9.3.2 we devise an approach for calculating the law of finite suprema of
(quantum or classical) random variables using their characteristic function and the Hilbert

Theorem 9.3.2

transform.

9.3.1 Definition of the supremum for quantum stochastic variables

In this section quantum random variables will be self-adjoint operators (say bounded)
on a Hilbert space, and quantum stochastic processes will be families of such operators.
Thus | X;], 0N X;, 0V X, can be defined via spectral calculus, as well as X,V X;, as long as
X,V X; commute. Let X = f AdFE) be the spectral resolution of X, and ® =3 < v;, -v; >
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a state. Then Fx(c¢) = [ dY < v;, Ehv; > is the distribution function of the classical
density of X in the state ®. Let X be a classical random variable, then it is clear that for all

functions (say bounded measurable) h the density of A(X) and that of A(X) = fi A(A)dE)
(in the state ®) agree. This generalize also quantum stochastic processes (X;);e; (with
some index set [), as long as it is commutative.

Let now (X¢)ter (with I an interval) be a quantum stochastic process such that there
exists a classical version, i.e. a classical process (X't)tef, that has the same time-ordered
moments,

B - XE) = B - ),
for all n, ky,...ky € IN, ¢1,...,k, € [. Let X; = fg AdE} be the spectral resolution of
X;, t € I. Then the operator that has the same density as A(X,,,...,X;,) for n € IN
and some measurable function A (suppose A(X,, ..., th) 1s bounded, i.e. h is bounded
on the Cartesian product of the spectra of the operators Xy, ..., X:, to keep everything
nice and bounded) is

X, = /]R h(M, .. A)dEL - i,

i.e. we have to keep the projection operators in the integrand time-ordered. Thus, if we
want the supremum of the quantum stochastic process to correspond to the supremum of
the classical process, then we have to define

X, VX, = /]Rz(xl V o)dES EL
for s < t. This extends to finite suprema X;, V ---V X, . We define

sup = lim X, v---V X;,,
s€la,b] [pi]—0

where 7 = (a =ty <ty < -+ <t, =b), and |7| = max{t; —t;-1|i =1,...,n}.

9.3.2 Calculation of the distribution of sup Xi,..., X,

First we reduce sup X, ..., X:, to an iteration of suprema of two random variables:

Sllel,...,‘Xn = XIVVXn:Xl-]-OV(XQ—“Xl)VV(AXH—XH_I) .
= Xi+0Vv({(Xi=X2)+0V (X3 =X2)+0V(--- 0V (X, =X, 1))

Thus all we need to know is how to take the supremum of a random variable with 0, i.e.
to construct its positive part. Let u be the law of X, then the law of 0V X is . (dz) =
Lo, +eof(z)p(dz) + P(X < 0)dg(dz). Denote the operator u + py by P. Obviously P :
MYIR) - MY (IR) and P? = P. Let H be the Hilbert transform,
L. flz—y)
Hf(z) = —lim —=2d

J@) T 61\«0 e<]y|<1/e Y Y
(for its properties see e.g. [BN71, EMO*54]), and F the Fourier transform. With H we
can write P = Fo PoF!as

Pox(z) = LX) Lexl0) | iWox(e) ZiHex(® (i (o)),

e

3
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Passing from (Y, X1, X3) to (Y, X; V X3) can be decomposed into the following steps, all
of which can be translated into operations on the joint characteristic function:

(Y, X1, X3) : P.x1,X0) (U, V15 v2)
(Y, X1, X — X)) : j Lp(yyleXer)(u,vl./vg) = L,o(y,XI,XQ)(u,vl — U2, Vg)
(Y, X1,0 vV (X; = X1)) Py, X1 0v(Xo=X1)) (U, U1, 02)
. = U299(Y,X1,X2—X1)(u,01702)
Y, Xi VX)) =V, Xi +0V (X — X1)): Qv X, vE) (U V) = Py, X1 0v(Xo-X1)) (8, 0, V),

where the subscript of ]51,2 indicates that it acts on the variable v,. We thus get a new
operator S = Sy, w,—v : P(v.Ny,X,) (U, V1, V2) ap(yyxlvxﬂ(u,v),

Sow,x.x) (1 v) = owxvxy)(u,v)
Oy, x1,%) (4. 0,0) + oy, x, .x,) (1, 0. v)

3]
%

<

1 1
+ —) dw.

?
+L7—7_1:Vp~/111 P X (1 0, = W) (v —w W

where vp—[ indicates that we have to take the Cauchy principal value of the integral at
the singularities.

From its definition it is clear that S is ‘associative’, 1.e. the order does not matter if
we iterate S, since (X7 V X3)V X3 = X; V (X2 V X3). This implies that there is a well-
defined operator S(™, corresponding to n-fold suprema, and that 5™ can be calculated
by iterating S in any way we want.

Example: Processes with independent (and stationary) increments, If (X;)cRr,
is a process with independent and stationary increments, then the characteristic function
of (X;,, Xy, — X4yy..., Xy, — X3, ) factorizes,

ot L(ur) (o —t1) L(u tn—=tn_1)L{u
DXy Xy Xy oK in=Ken_ ) (U, -y un) = etEE) Ui b ) lin i) Llun)

and the expression for the n-fold suprema simplifies considerably. We get
ot 8) = € (9P (- (o))
In the limit n — 00, max,=1,..(t, — t,—1) — 0 we should expect

Psup, o x.(u) = ptPoLiu)oP 1

Note the reversal of the time-order, i.e. Poeltn=tn=1)L(W) is the first to act on 1 = P1. If the
increments are independent, but not stationary, then the preceding discussion suggests

Poupaco x: (1) = G(0, 1)1,
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where G(t,T) is defined as the limit |7| = sup;; _7(t; —ti-y) — 0 (where m = (to =t <
ty o <tyoy <t, =T)is a partition of the interval [¢t,T]) of

A

P o elltotiin) o f) O f) o elltn=1:tniu)

Here el(titi-154) is the characteristic function of the increment X;, — X,,_,, interpreted as
an operator (acting simply by pointwise multiplication). Heuristically, we see that, if

Sottw) = Lt

‘19(07 ) = do

is the evolution equation of the characteristic function of the stochastic process (X}):cm,
at t, then the characteristic function of

X; = sup X,
s€[0,t]

is determined by the evolution equation

d

= (tu) = P o L(t) o Py(t,u)

‘19(07 ) = Jdo,

with the ‘boundary condition’

A

(id = P)p(t,u) = 0.

We will not try to make the speculations above rigorous, prove existence of the limit,
or check under what conditions on the process the limit is really the characteristic function
of X7, but consider the more general case of a Markov process.

9.3.3 Calculation of the supremum of a Markov chain

Let (X)n,enw be a Markov chain (e.g. extracted from a Markov process (Yi):er, by
setting X,, = Y;_ for some increasing sequence 0 < tg < t; < ---), and let 7,,,,+; be the
operator that maps the characteristic function'' of X, to that of the pair (X,, X,;1).
Then the joint characteristic function of (X, X1, ..., X, ) is obtained by applying T}, ,_1 0
-+-0Tp,1.e. we apply n — 1 times the operator 7. Next, we apply S =8, . 10---050.
The two operations of transition and taking the supremum can also be reordered to give

OXp, Xt = Sne1n—20 T n1 085 27,-30- 51,00 T 0T 0px,

n—1

where X7 = sup,_q, ., X,. We see that all we have to do is consider the two-dimensional
Markov chain X = (Xpt1, X)) with transition operator Ty n41 = Snt1,20T 041 nt2 starting
from )(0 = (Xl,.Xo).

11. For discrete Markov chains, i.e. if X,, has only values in ZZ or IN, it might be simpler to work with
the generating function.
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Example: Simple random walk. Let (X, ),en be the simple (non-symmetric) random
walkon Z, Xo =1, X,, = > Y., where the Y,, v € IN are 1.1.d. Bernoulli random variables,
PY, =1)=p, P(Y, = =1) = 1 —p for all v € IN. We will use generating functions
9xnx:_y(v,w) = 5, uem P(Xn = v, X = p)v’w* instead of characteristic functions.
The transition operator Ty n41 of (X, )new maps v¥ to pu*tv” + (1 — p)u¥~1v”, while S
acts on the terms of the generating function as S : v’w* — v”Y#. Combining these two
operators we obtain the new generator T : v”w* + pu’t'v*V# 4 (1 — p)u’~tv¥V¥, This
leads to the recurrence relation

ay, =p Z al’j:i#, +(1—p) Z al’jj;ll,u,

whp=p'v(v=1) pliu=p'v(v+1)

for the coefficients of the generating function g(x, x:_(u,v) = T a; ,u"v* of (X,, X} ).

9.3.4 Continuous time limit

In the preceeding section we have seen that we get a Markov chain with transition ope-
rator . Can we compute the generator of the process that is obtained in the continuous

time limit? Or can we at least get some asymptotic information?

9.4 A mixed classical-quantum limit theorem

In this section we will consider an algebra on which a one-parameter family of copro-
ducts {A, : A - A®A; ¢ € R} can be defined, and investigate what distributions appear
in the limit it the convolution is chosen randomly, i.e. we study the sequence

v = (PO 0908 @O - @id)o-0 (A, ®id) 0 Ay, 0 s(VN)
N e’

N times
= (- (¢ %o $%02) + Faxy ) 0 5(VN)
where q1, qo, . . . are some i.1.d. real-valued random variables and ¢ is some appropriately

chosen state on .A. We will further suppose that ¢, # 0 for all n € IN and that IE(|¢]*|) < oo

for all m € Z.
Let A be the (unital, associative) *-algebra generated by z, z*, and {y,; @ € IR} with
the relations y} = ya, and

TYy = QYal, AT Yy = Yo, Yalp = Yop for a, 5 € IR, y; = 1.

Note that degz = degz* = 1, degy, = 0 for all @ € IR defines a grading, and so we
can introduce a scaling map s(r) : A — A, for 7 € IR, by setting s(r)a = r~9€%q on
homogeneous elements.

A basis of A is given by

B = {y,w;w a word in the two letters z,z", and o € IR\{0}}.
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On this algebra we can define a whole family of coalgebras, depending on one parameter
g € IR, namely,

Ax=z®1+y, @z, A" =2@1+y, @z, Ay (Ya) = Yo @ Yo for a € IR,

and e,(z) = ¢,(z*) = 0, g4(yo) = 1 for all a € IR. In fact, for ¢ # 0, the subalgebra .4,
generated by {z,z*,y,;a # 0} is a Hopf algebra with the antipode S, : Ag — A,

Se(ya) = Yi/as Se(z) = —Y1/47, Se(z”) = ~Y1/qT"

Using these different coalgebra structures we obtain different multiplications for func-
tionals on A, i.e. a one-parameter family of convolutions,

P = (p@Y) ol

for linear functionals p,7 : A — C.
We state now the main result of this section (in a preliminary form).

Theorem 9.4.1 Let (gn)nen be i.1.d. random variables with values in R\{0} such that

IE(|g*]) < oo for all m € 7, and let ¢ : A — € be the state defined on the basis B by

1 fw=1,
) olyow) =< 1 if w=zx"z,
0 else.

Then the moments of on = (- (@ *q, ©) *g, * =+ *qn_, ©) © S(VN) converge for N = oo in
probability to those of some functional @u,.

Remark: We give the explicite form of ¢, in Corollary 9.4.2.
Before we prove this theorem we will have to study the algebraic structure of the dual

of ./40.

9.4.1 The algebra U
Let x(w) be the functional defined by

1 if w=uw',

xwus) = { |

else.

Then U = span {x(w);w € € < z,z* >} is a subalgebra of the dual of Ay (with the
multiplication m, = AY). Let a € Ao, Aga = Zafl) ® az(-2), then the product x(w) *, x(w’)
is defined by (x(w) - x(w"))(a) = Zx(w)(af-l))x(w')(af-?)). We get by induction

T

Aglz") = Z [ Z] Ygr—vT Q"7
7

v=0

@ = 2[1] @rimor =[] weerewr
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and from this we can also calculate the coproduct of any element of Aj.

To calculate the product x(w)#, x(w’) we have to see what elements of Ay have a term
Yo @ ygw' in their coproduct. Since the coproduct does not change the total number of
z’s and z*’s, but just splits a word into two, the product has to do the inverse. We get

x(w) *g x(w') = Y ¢, i(g)x(v), (9.1)

where v runs over all words that can be obtained by shuffling w and w’, and the ¢}, , are
polynomials in g and g~'. To get the explicite expression, use the followmg procedure.

In the first term v is simply the concatenation of w and w’, and the coefficient is
equal to one. Then move the letters of w to the right, without changing their order,
and multiply by ¢ every time an z is moved to the right, and by ¢~1 every time an
z* is moved to the right. Thus e.g. x(z) %, x(z) = x(zz) + gx(zz) = (1 + ¢)x(zz) or
X(z72) *4 x(2) = x(z"zz) + gx(z7zz) + xz2"7 = (1 + ¢)x(2"27) + X (22"2).

9.4.2 Proof of Theorem 9.4.1

Let
PN = ( ! #q, 9‘9*!12) SR S @)

be the unscaled N*" convolution, it can be written as
on =y g av-1)x(v)
v

where the summation is only over words that have the same number of z’s and z*’s. The
scaled convolution product is then

N
PN = Z RICE .|;‘7 QN_I)X(U)y

v N7

where |v| denotes the length of v. To prove the theorem it is sufficient to show that

E <f5w(q““;’q”“1 ) converges and that Var <ﬂq—l—ﬁ—?§—~l—)> goes to zero for N — oc (and
Tl N

fixed v). We will do this by induction over the length of v. The coefficient of 1 (the empty

word) is constant and the coefficient of the only word with |v| < 4 that occurs, i.e. v = z*z,

is equal to N, so that the induction hypothesis is satisfied for |v| < 4.

Let ¢, ,/(q) denote the coefficients of the multiplication, as in Equation (9.1). We have
the following relations for fN*!(q:,...,qn),
f1{V+1(q1,...7QN)=fiv(ql,...,qN_1)+ Z Cyr a:z:(q]\‘)f ( ,...,qN__l)7

v vl |=lvl-2

or

Mg, .. avo) = Z S (@) 5 a1 qi2),

vl |=|v]-2

|
2
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and therefore

Mg, ... qn- 1 = E g1y Gen
IE(f“ (an N 1)) = < 3 IE(cZ,,I.I(qk_I))]E( v (q}VM G 2))

N p=lzl o=l -2 2
1 N=L (o 1)";" FE g Ghs)
- Y B(an) Y e
va:;r J.”_,l !
N/ IU/] I,Ul 2 k= M N 2 (,lf——l)JTl

2

o5 LS B(ta) B (R en)) gy

o] . [V |=|v]-2 N

The same technique works for the limit of the variance. Suppose Var (fiv(ql, Cee QN—1))
is bounded by K,NP=1 this is obviously true for |v] = 0,1,2,3. Then, by

N-1
Var(fiv(%--wQN—l)) = Var| > > chala-)fi @, qh2)

k=2l v =l -2

2

<Ny Y B (¢} oo (qe-1))?) Var (£57 (a1, qi2))

= |12J v =lu] -2

< NP B ((aeaan)?) Ky
v uli=lv| -2
it is true for all v, and therefore Var <f”—mq1—‘;§“’;1)) — 0.

We have actually shown more than Theorem 9.4.1, Equation (9.2) allows to calculate
the limit ¢s. Define a new binary operation ¥ : f @ U — U as the ‘average’ of the
convolutions #, w.r.t. to the distribution of the {¢;}, i.e.

u¥v = IE(u *, v).
Then the ‘averaged convolution’ of two basis elements is

x(w)Fx(w') = ST (¢ () x(v),
and we have the following result.
" Corollary 9.4.2 We have
Poo = expg x(z77),

and
k2mk2m—2 k2

an) _ ) TEEEEE if n is even, n = 2m,
"°°°((:”+‘”))”{0 if n is odd,

where k, = Y21 VIE(gMY).
Examples:

— In the deterministic case, P(g; = q) = 1, we get the marginal distribution of the
Azéma martingale.
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— For Bernoulli, P(q; =1)=p, P(¢y =—-1)=1-p, p€[0,1],
m-1

oo ((z + 7)) = T] (1 + 2up)

u=0

i.e. the moments of p = cp[:zrlzl’a_le”xzﬂpdx.

9.5 Operator-limit theorems on bialgebras.

One can also try to formulate limit theorems where the normalization is done by linear
operators, e.g. algebra or coalgebra homomorphism, instead of scalars, along the lines of

[IM93].
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Chapitre 10

Classical Markov Processes from
Quantum Lévy Processes

Work in Progress !

Résumeé

We show how classical Markov processes can be obtained from quantum Lévy
processes. It is shown that quantum Lévy processes are quantum Markov processes,
and suflicient conditions for restrictions to subalgebras to remain quantum Mar-
kov processes are given. Then there exists a classical Markov process whenever
we can restrict to a commutative subalgebra without loosing the quantum Markov
property[Kiim88]. Several examples, including the Azéma martingale, with explicit
calculations are presented. In particular, the action of the generator of the classical
Markov process on polynomials and the moments of the classical process can be
calculated using Hopf algebra duality.
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10.1 Introduction

It is an interesting question which quantum stochastic processes admit classical ver-
sions, i.e. for what families of operators {X, = j:(z)|{t € I} there exists a classical sto-
chastic process {X,|t € I'} on some probability space (Q, F, P} such that all time-ordered
moments agree, 1.e.

@(szi o XY= WP X, foralingky,. ok, €N, <L <t €,

for some fixed state ©.

A famous example of a classical version of a quantum Lévy process is the the Azéma
martingale [Azé85, Eme89, Par90, Sch9l, Sch93]. In this case there exists an element
such that the process {X; = j:(z)} is actually commutative, and thus it is clear that it is
equivalent to a classical process.

We will use the theory of quantum Markov processes to give weaker conditions that
guarantee the existence of classical versions of Lévy process, and study examples.

In Section 10.2 we recall the definitions of quantum Lévy processes and quantum
Markov processes, show that every quantum Lévy process is a quantum Markov process,
and give conditions under which the restriction of a quantum Lévy process to a subalgebra
remains a Markov process.

In the following section (Section 10.3) we study several examples, including the Azéma
martingale and a symmetrized Poisson process, and show how Hopf algebra duality can
be used for explicite calculations.

10.2 Classical versions of quantum Lévy processes

10.2.1 Quantum Lévy processes

The definition of a Lévy process {ju|0 < s <t < T}, T € IRy U {oo} on a (braided)
*.bialgebra B over a quantum probability space (A, ®) is presented in Definition 2.5.1.
For simplicity we will assume that B is a Hopf algebra, and that the process is given by
{7t = jmu|0 < t < T}. Let us also assume that (A, ®) is the quantum probability space
obtained as inductive limit from finite tensor products on B and the marginal distribution
w; = @ o 4, by the construction described in [Sch93, pp. 38-40] and in Section 4.8. For
an interval' I C [0,7T] we denote by Ay the *-subalgebra of A generated by U, ¢; 5-(B).
For singletons {¢{} = [¢,t] the algebra A; = Ay, is isomorphic to B, and we have the
isomorphisms Ty;: A, = Ay, Tsi = 7. 0571

10.2.2 From quantum Lévy to quantum Markov

We want to define conditional expectations P; : A — A; and show that a Lévy process
satisfies P (Ar) € A, forall 0 < s <& < T, ie that it is 2 quantum Markov process.
Remember that in the finite tensor product via which the inductive limit is defined the
factors correspond to increments. Consider an interval of the form [0,¢]. Let B®™ be the
‘approximation’ of A corresponding to {s1,..., 8k, ...,8), S1 < -+ < 8y, 1.e. the entries
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of the i factor in the tensor product represent the increment during the interval [$i-1, 8]
(set so = 0). Let s = t. Then set

P[(OS;],...,S);,...,SH) —_ id @ e id ®(e (@] 905}:4-1_5):) ® (6 (o] Sosn“sn—l)

= k times

In the inductive limit this defines an operator Fggq: A = A g-

Proposition 10.2.1 The operator Py is completely positive and salisfies P[ét] = Poy
and Pyog(ryz) = cPoy(y)z for al z,z € Apy, y € A, i.e. it is a conditional expectation.

S1peeeySkyererSn) -
( g ") is defined as a

Proof: The positivity follows immediately from the way P,
combination of the identity map and the positive functionals ¢;, _5,_,. And the compati-
bility with the inductive limit, i.e. the compatibility with the maps j. follows from the

fact that the functionals form a convolution semigroup. ]
Proposition 10.2.2 We have By g(A) C A, for all 0 <s <t < T, ie {0 <t < T}
s a quantum Markov process.

Proof: Since the one-dimensional distributions form a convolution semigroup, all P[g‘ils]'

forn > 2,0 < sxp = s < s, =1t act in the same way on elements of 4;, namely
P[E)S’;]’""S"*""S") W= 7s 0 (idp ® wi_s) 0 Ao 37!, and therefore this is also true for P[O’S}‘A,
In particular, it follows P q(A:) C A, ]

10.2.3 From quantum Markov to classical Markov

We know (see e.g. [BKS96]) that for every quantum Markov process on a commuta-
tive *-algebra (e.g. the subalgebra generated by one self-adjoint element) there exists a
classical version, i.e. a classical stochastic process that has the same (time-ordered) joint
moments as the quantum Markov process. The quantum Markov property is sufficient
(not necessary) for the joint density associated to the joint time-ordered moments to be
positive, and then the classical process exists by Kolmogorov’s construction.

Thus we need to look for self-adjoint elements of B who generate a subalgebra such
that the restriction of the quantum Lévy process to this algebra remains Markov. Take
T € B, ¥ = z, and denote the *-algebra generated by z by B*. .

We give two criteria that guarantee that the restriction of {j;} to B* remains Markov.

Proposition 10.2.3
(a) Let By be a *-subalgebra of B. If A(By) C Bo @ B (i.e. By is a right coideal), then the
restriction {ji|g } to Bo of every Lévy process {7:} on B is a quantum Markov process.

(b) Let L be the generator of {j:}, = € B self-adjoint. Then the restriction of {j,} to BT is
a quantum Markov process if and only if p(L) = (id ® L) o A leaves B* invariant, i.e. if
p(L)(B7) € B*.

seeesShyeen
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10.3 Examples of classical versions of Lévy processes

on Ry xRy,

Let us first consider the bialgebra that leads to the Azéma martingale (cf. [Sch91,
Sch93]). It can be viewed as the free product of the braided line with its dual. As an
algebra it is generated by one element a¢ and its adjoint a*, with no relations between a
and a*. Thus the set B = {1,a,a",aa,aa*,a*a,a*a*,...} of all words in the two letters
a,a* forms a basis of IR, * IR;/,. The coproduct and counit are defined as

Ala) =a+d, Ala™) =a" +a”, gla) =¢(a”)=0

on the generators and extended as algebra homomorphisms (Notation: ¢ = a*) @ 1,
a™ =1®a®). Here the algebra structure of (IR, * Ry /)®(IRy * IRy /,) is determined by
the braid relations

! !

a'a = qaa’, a’'a = gaa™,
7 = -1 = * % —1 _x =/
da* =q a"a a“a" =q aa”,

where we assume ¢ € R\{0}.

We need to construct the dual U of IRy * IR, .. For ¢ = 1 this is the shuffle algebra, see
e.g. [SS93, Section 3.8]. In the general case the dual might be called a g-shuffle algebra, the
formulas of the shuffle algebra only have to modified by some g-dependent combinatorial
coeflicients.

A functional on IR, * IR/, is determined by its action on the basis chosen above, i.e.
on the ‘words’ in a, a*. Thus it can be written as

U= Z Cx X

XEX

where X is the dual basis of B, i.e. the set of all words in two letters (z,2*), and ¢, € C.
As dual of a coalgebra this is an algebra, and if we restrict to finite linear combinations,
then it is also a coalgebra, and the dual pairing

{ 1 if y, 8 are identical modulo the substitution a <> z, a™ < z*,
<X, B >=

0 else,

v € X, B € B, is still non-degenerate.

The coproduct of a word in z,z* is just the sum over the different ways to split the
word in two, i.e. for a word with n letters there are exactly n 4+ 1 terms. Thus we have e.g.
Az =2Q1+1Qz, Az* = 2*@1+1Qz*, or Azxz*r =z zQl+rr*@r+z R’z + 1P .

To compute the product 2 of two basis elements x1, 2 in the g-shufile algebra, we have
to look at all the ways in which the first word x; can be ‘shuffled’ into the second. The
first term is simply the concatenation xjx2. Now we form all combinations of the letters
of x1 and yy where the order of the letters of x; (and x2, resp.) remains unchanged, and

12. Here we used the convention < u-v,3 >= 3" < u, BV >< v, 32 > ie. we defined the dual pairing
of the tensor product algebra with the flip automorphism 7: < -, - >g= (< -, > ® < -, >)o (ild@T®1d).
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add a factor ¢ every time an z (from ;) is moved to the right across a letter of x3, and

a factor ¢7! every time an z* (from x;) is moved to the right across a letter of x;. Thus,
e.g.
z-z = zz+qzz=(1+q)zz, r-z* = zI*+ qgr*z,
-z = z*r+q lazt, z™z* = gzt +q et = (1+ ¢ YT,
or
* * * * 1 * K * ok 2 * 1 * %
™ gzt = zxT gz 4q zrriet ‘Tz ““rzrix “rrztet 4zt ra”

= 2zz*zz™+ (1+2¢7" + ¢ Hzza 2"

WARNING: zz, zz*, zz*zz", etc. means concatenation, in this section the multiplica-
tion in U is always indicated by a dot.

The dual action or right regular representation!® p(x) = (id®x)oA of i eliminates the
letters corresponding to those of y, if they are in the same order, with possibly additional
letters in between, and adds a factor ¢ (¢!

*

, resp.) for every letter to the left of an a (a*,

i 3 ¥
resp.) that is suppressed. E.g., on an element aja;---a, € R, xRy, with a; € {a,a"}
fori=1,...,n,
. i-1 y
p(:v).al---an — Zq Ay ;- ay
ita;=a
= . —it1 N
p(:E).CLl"'CLn — Z q ay - 0;- - dy
ira;=a*
* . i—jt1 3 .
plzz™) a1+ a, Z ¢ ay - a e an.

i<Jj:a;=a,a;=a*

10.3.1 The Azéma martingale

If we choose the generator L = cjzz* + cpz™z, with ¢1,¢c; € Ry, then the clas-
sical version of j;(a + a*) is the Azéma martingale M, (cf. [Sch91, Sch93]), i.e. the
(finite) joint moments of {j:(a + a*);t € IRy} agree with those of the Azéma mar-
tingale: IB(M7! -+ M%) = @ ((Ju(a+a*))™ -+ (G (a4 a™)™) for all ¢y,...,t € Ry,
ni,....nx € IN, &k € IN. In order to find the generator of the Azéma martingale (as a
classical Markov process) and to compute the moments, we need to know how L acts on
the subalgebra generated by z = a + a*.

Proposition 10.3.1 (Leibnitz formulas). Let [ = S5 o fe2® with f;, € € and z =
a+ a*. Then

p(z)(zf) f+qzp(2)f,

p(z*)(zf) = f+q  zp(z)],
p(zz™)(zf) p(z™) f + zp(zz™) f,
p(z*z)(zf) = p(a)f+zp(z"2)].

13. 1. p(x)B = (< - > ®id) o ([d® ) o ([d ® A)(x ® B) for all x €U, B € A.
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Proof: This follow from the braided version of Equation (2.1). We have p(u)(a8) =
T oW (id@uM) (¥ (P @p(u?)3)) (where we used Sweedler’s notation for the coproduct).
Applying the braid relations and recalling that z,z,z* are primitive, while A(zz*) =
r2* @1+ + 1@z, Afz*z) =22 ® 1+ 2@z + 1 ® z*z, we get the desired
formulas. |

Setting f = z", we obtain recurrence relations that allow us to determine the operators
on polynomials in z,

= §,f(z) = fgz)- (=)

2(q—1)
2) = flg=i= - f(2)
AEAEEEETC e V)

p(z) 12" = guz" =

ple?) 2 = (g7

——~~ ——~~
D
——~~~ —~
8 8
kﬁ k’ﬁ
S’ Na—
——~~~ —~
™ ™
f
&
<
~—
Fa)
~~
——~~~

(@77 _n-2 n 9 5 ,
* n —1_ z e * - s f(z)"f z)
pleaT) 2" { ) T = BeNe) = MR
R q_"_:."lzn"Q n Z 27 - Ve £ (o
plz*z): 2" — { 0‘1‘1 n =01 = (p(zz*)f)(z) = w2l fz q)_{)( )

for ¢ # 1, and p(a)f = p(a*)f = [, p(zz*)f = p(a*z)f = 5" for ¢ = 1.
Using these operators to calculate the Appell polynomials

ha(zi1) = €027,

we can also calculate the moments of the Azéma martingale, IE(M]) = h,(0,t). We
summarize the results in the following theorem.

Theorem 10.3.2 Let (ji)icm, be the quantum Lévy process on IRy * IRy, with generator
L = cizz™ + caz™z, ¢1,¢; € Ry, and (My)ser, the classical version of ji(a + a*) (i.e. the
Azéma martingale). Then the generator L,iq.+ of My (as a classical Markov process) s

given by

z(g—1) g7 1

c,-;cz f//(z) q= 1

c28qf(2) 18174 f(2)~(c2—gc1) f(2)
Loyarf(2) =

on polynomials f(2) = X 7o fxz", fo, fi,---, fa € €. The moments of this process are

kamkam -2k $m

ny s n = 2m even,
E(M?) = { 0 n odd,

where k, = ¢y (¢ Jnzn 4 ch”_'n forq#1, and k, = (c1 + cz)ﬂn—zi12 forg=1.

g—t-1 1

10.3.2 Other processes on R, x R, ,.

If we want to obtain other classical processes we can either change the quantum
process, i.e. choose a different generator, or use a different commutative subalgebra of
IR, IR/, that satisfies the conditions discussed in Subsection 10.2.3. Let us briefly look at
the second possibility. We need an element of u € B = IR, *IR; /, such that AB* C B®(IR,*

IR;/,). A possible choice is u = a”a + qaa™. In fact, Au™ = 37 _, ( Z ) u’(u')"Y, so that
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u actually generates a Hopf subalgebra. But, since this Hopf subalgebra is isomorphic to
the Hopf algebra of polynomials in IR, we find exactly the classical Lévy processes whose
moments are finite.

Let us now look at other generators. Since no algebraic relations are imposed on a and
a*, we can take any operator X acting on some Hilbert space H to define a representation
px of Ry * IRy . To get a positive functional on IR, * IR/, we now simply fix an element
h € H and set l/)hX( ) =< h,px(u)h >. Then ¢y x = Yrx — l/)hX( )& is conditionally
positive, and, if ¥, x also satisfies the invariance condition, then there exists a Lévy
process with generator 1 x. The invariance condition-in this case reans simply that
¥p.x vanishes on ‘words’ that do not have the same number of a’s and a*’s. Let H = (?,

we(85) ae(i) ne()

then ;. = ¢4, x, are generators of Lévy processes on IR, * IR,/,. One verifies that they
can be written as

i

oo = la’z*z + |o*z7 22"z + ||’z 227222 4 - - -

= lal?zz* + lo|tzzze* + b2z v 2™ + -
1 b 1 I I |

yed

i.e. Y1 o (2,4, resp.) is the sum over all concatenations of zz* (z*z, resp.) with itself, with
coefficient |a|', where [ is the length of the ‘word’. Introducing
b0 = |af*z™ + |a|z*zz™ + |o|fz7zz7 2™ + - = |a]*z™(1 + V1.q) (Concatenation!)

bro = o’z + |alize s + |alfzz7zzz + - = |a]fz(1 + P20) (Concatenation!),

we can state the Leibnitz formulas that allow to determine the action of ¢, , and % 4 on
polynomials in z = a 4+ a”.

Proposition 10.3.3 Let f = Y7, frz". We have

p(1,a)(2f) p(bra)f + zp(10) f

p(dra)(zf) = laf? P(1+¢1a)f+q Lzp(¢1a)f
p(h2,a)(2f) = pld2a)f +2p(Y20)f

p(B2a)(zf) = lal’p(1 +20)f + gzo(d2,0) f

Proof: Similarly as in the proof of Proposition 10.3.1. We only need the first two terms
of A(t ), since the others vanish when applied to 1 or z. N

We set P, = p(¢14)2", and combine the recurrence relations above to
Popi(2) = (14 ¢ )2Pu(2) + (o’ — g7 2% ) Facy + |of’2"7,

forn > 1, Pi(z) = Po(z) = 0. Qn = p()2,a)2" satisfies the same relation with ¢ instead of
-1
q .
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This recurrence relation allows to calculate the @), for the first ten we get (with

Maple)
Q(0,z):
Q1)
Q(2.z): =lof
Q(3,2): = (2]af* +qlof’) 2
Q4 2y = (31af’ + 2qlaf* + ¢*laf’) 2+ faf’
Q(5,2): = (4lel +2¢% |of* + ¢*laf +3qlal®) 2* + (3]al* + 2q|al') «

Q(6,z): =
(3¢%la* +5lel* +4qlel’ + ¢* o’ + 2¢° |af*) o' + (6laf* + 6qlal* + 347 |al*) 2% + |of°

7

' 7

+<12qla[ +4¢ o) +10]a]* +9¢%|a] > m3+<3q!al6+4\a{6> T

—g

(6 lol? +5qlef +4¢* o> + 33 o)’ + & e + 24 |of*) «°

Q(8,2): = (¢ laf* +6qlaf* + 34" |af* +2¢° o)’ + 4 |of* + 5¢* |of* + 7 |a*) 2°
+ (5 ol +15a)* + 1263 |of* +18¢* jaf* + 20 ¢ |a|4> z*
+ (6 ¢*lal® +12q]al® 4 10 Ia]6> 2+ |af®

Q(9%z): = (5 Clal* +8la* +4¢ o’ +3 e’ + 2% o> + 6% |a* + ¢ o)’ + T¢ Ia}2> z’
+ (21]el* +64° o]+ 15¢* [of* + 30 q o] + 24¢° o + 30 ¢* |o|*) 2°
+ (30qlel® +24¢* [of* + 20[a|® + 106 [of*) 2° + (4qa* +5]of*)

Q(10,z): =
(8qlal*+4¢° lol* + 66 |af* +5¢* [af* + 24" [of + 9 a* + 3¢° [of* + T¢* |of* + ¢*|af*)
z® + (28 la)* + 18 ¢° |af* + 40 ¢° |a]* + 30 ¢* [of* + 42q|a|* + 7% |a|* + 45 ¢ !a|4> z°
+ (6047 |o]® + 40 ¢* |of® + 15¢* |o]® + 35]al® + 60 ¢|al*) 2*
+ (15]al® +10¢* [of* + 20 [af*) 22 + "
For ¢ = 1 these polynomials are Z{(z + |a|)” 4 (z — |a|)" — 22", i.e. the generator
is a difference operator, Lf(z) = L{f(z + |a|) + f(z — |a|) — 2f(z)}, and the process

is a difference of two Poisson processes with jumps of size |a| and same intensity. From
these we can build any symmetric compound Poisson process by taking the generator
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L, = [gr¥1..du(a), and thus we have ‘g-analogues’ of symmetric compound Poisson

processes at hand.

If we replace P, by 15n = P, + 2", then we get a homogeneous recurrence relation of
1.2

the form Poyy = aP, 4+ bP,_1, with a = (14 ¢7')z and b = (|a|* — ¢7'2?%). The solution
of this relation with Py =1, P, = z, is given by

—k
P = ( n )an—zkbk
n k 3

and similarly for the @.,, just replace g by ¢7*.

Theorem 10.3.4 Let (j:)iem, be the Lévy process with generator s . Then the generator
of the associated classical Markov process acts on polynomials as

(3]
n : n_k n-— n— n
Lzya’qIZ l—)z ( i )(1+Q) ZkZ Zk(‘a|2_q22)k_z )

k=0
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Résumé

Ce mémoire est rélatif & I’étude des processus stochastiques sur les algébres de Hopf.
Ces algébres jouent un réle important en physique mathématique sous le nom groupes
quantiques.

Une grande partie de cette theése est consacrée a 'étude des processus de Lévy, c-a-
d des processus & accroissements indépendants et stationnaires, sur ces algébres. Deux
constructions, soit & partir d’'un processus de Lévy classique, soit & partir d’'une marche
aléatoire quantique, sont proprosées. Ces processus sont ensuite étudiés a I’aide des repré-
sentations duales et de leurs systémes d’Appell. En particulier, ceci a permis de démontrer
une formule de Feynman-Kac et d’établir un lien étroit entre ces processus et des équations
d’évolution sur les groupes quantiques.

Les représentations duales sont également utilisées pour donner des conditions suffi-
santes pour l'existence de versions classiques des processus de Lévy sur des bigébres et
pour les caractériser. Plusieurs exemples, y compris la martingale d’Azéma, sont traités
en détail.

Un autre théme central de ce travail est la caractérisation des lois de Gauss au sens de
Bernstein. Il est montré comment les fonctionnelles ainsi que les semi-groupes de convolu-
tion sur des algébres de Hopf qui satisfont l’analogue de la propriété de Bernstein peuvent
étre calculés. Il est aussi démontré que le plongement d’une fonctionnelle normée infi-
niment divisible dans un semi-groupe de convolution continu sur un groupe quantique
nilpotent ou sur un groupe tressé nilpotent est unique.

Finalement, plusieurs théorémes limites (loi des grands nombres, théoréme de la limite
centrale, etc.) sur les groupes quantiques sont présentés. - '

Mots-clés: Processus de Lévy sur des bigébres, théorémes limites

Abstract

In this thesis stochastique processus on Hopf algebras are studied. These algebras, also
known under the name quantum group, play in important role in mathematical physics.

A major part of this work is concerned with Lévy processes, i.e. processes with sta-
tionary and independent increments. Two construction are proposed, one starts from a
classical Lévy process, the other one uses quantom random walks. These processes are
then studied with the help of dual representations and Appell systems. This has allowed
us to prove an analogue of the Feynman-Kac formula, and to study the relation between
the processes and their evolution equations.

Dual representations are also used to give sufficient conditions for the existence of
classical versions of Lévy processes on bialgebras, and to calculate the classical generators.
Several examples including the Azéma martingale are treated in detail.

‘Another central theme is the classification of Gaussian laws. It is shown, how the
functionals and convolution semigroups that satisfy an analogue of the Bernstein property
can be determined. We also prove the the embedding of a normalized functional into a
continuous convolution semigroup on a nilpotent quantum group or nilpotent braided
group 1s unique.

Finally, there are also several limit theorems (law of large numbers, central limit the-
orem, etc.) presented in this work. '

Mathematics Subject Classifications (199.1-): *60B99 Probability theory on general struc-
tures, 16W30 Hopf algebras (assoc. rings and algebras), 60F05 Weak limit theorems.





