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INTRODUCTION 

0.0.1 Highland Ilalaria 

hIalaria is a protozoari disease caused by a parasite trarisrriitted by a ferriale arioplleles rrioscpito, 
as it seeks a blood rrieal for deyelopnierit of its egg Tlle disease is corrirriori iri the East A4fricari 
region, Kenya incli.itlet1. illalaria is orle of the leatling cai.ises of morbitlit,y arltl rnortality in Kenya 
and it kills an estinlated 34,000 cllildren urlder five in Kenya every year. In Kenya 77% of the 
population lives in areas n-l~ere nlalaria is transrnitted. Of al1 the visits in Kenyan l~ospitals, ma- 
laria is responsible for 30% of al1 outpatient visits (recluiring more tllan eigllt nlilliorl out-patient 
treatments at llealtll facilities eacll year) and 15% of al1 llospital admissions. About 3 5  nlilliorl 
d~ildrerl are at risk of infection and developing severe malaria. Pregnant n-omen also face lligll 
risks. TIlere are approxirriately 1.1 rriilliori preg~iaricies per year iri rrialaria e~iderriic areas. D uri~ig 
pregriancl; rrialaria cari cause rriiscarriage arid arierriia. Eacll year, ari estirriated 6,000 pregriarit 
n-orrieri suffer frorri rrialaria-associated arierriia, arid 4,000 babies are borri nith lon- l~irtll n-eigllt 
as a result of niaterrial arierriia. Ecoriorriicall>; it is estirriated tllat 170 rriilliori n-orki~ig d q s  iri 
Kerip are lost eacll year because of rrialaria illriess. 

hlalaria did rlot exist in the Iiéstern Kenya lliglllands urltil the second decade of the 20th cen- 
tury, so the l~igl~lands were regarded as safe llavens fronl the surrou~ldirlg malarious areas of 
Uganda and Kenya [110, 79]+ =Ifter the first Iiorld I iar ,  nlalaria was prevalent in the comnluni- 
ties inllabiting the lligllla~lds. This n'as as a result of n-ide-scale population settlenlerlt resulting 
fronl the conlpletiorl of the rai1n.q lirle fronl Kenyan coast via the lliglllands to Lake Ilcto- 
ria. This also facilitated the gradua1 spread of irifectix-e rriosquitoes irito the Ilig1~larids frorri the 
low-lyirig llypere~iderriic-disease areas [45]. The deyelopnierit of tea estates and agriculture iri 
the I~iglda~ids, ~vitll the coricorriitarit clearirig of the forests, provided suitable rrioscpito breedi~ig 
grourids. Fi~ialll; irriportatiori of irifected labourers corripleted the coriditioris riecessary for rriala- 
ria trarisrriissiori [107]. 
This resulted to frecperit rrialaria epiderriics, nith sorrie authors labeli~ig the resurgerit epiderriics 
as 'Higllland malaria', because tlley viewed it as a nen. typology variant, demanding special at- 
tention in the new global conlnlitnlent to Roll Back hlalaria [165]. 'Higl~land' nlalaria tllerefore, 
eitller is a new pl~erlonlerlorl or a reemergence of a previous prevailing epiderniology [136]. 

Higllland nlalaria in Iiestern Kenya is d~aracterized by unstable and lligll trarlsnlissiorl varia- 
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Figure 2 - The malaria endemic Western Kenya Highlands. The areas afïected by epidemics are 
1500-2500 meters above sea level [50] 

malaria vector is highly temperature dependent, while rainfall influences the availability 
of breeding places, hence their demography. Small changes in temperature could therefore 
provide transiently suitable conditions for unstable transmission within populations that 
have acquired little functional immunity. Studies on climatic variations and malaria epide- 
mics in Western Kenya show a high spatial variation in the sensitivity to malaria outpatient 
number to climate fluctuations in the highlands [169]. The contribution of climate variation 
to reemergence of malaria epidemics has been controversial, and a good conclusion is that 
other factors together with climate change are more plausible explanations for the malaria 
resurgence. 

2. Drug Riesistance 
During the past two decades, Chloroquine (CQ) resistance has spread geographically, in- 
creased in prevalence within its range, and intensified in its severity of clinical failure 
[144, 1641. CQ resistance has been identified as an important factor in the malaria resur- 
gence on the Kericho tea estates [46]. How much effect this one has on the magnitude of 
the epidemics is a point of discussion ; this is because drug resistance can only aggravate 
malaria induced morbidity and mortality not initiating an epidemic. Again, drug resistance 
cannot explain the sporadic malaria epidemics in the Kenyan highlands in the 1920s and 
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1950s, wllen the problem of drug resistance was insignificant [49]+ 

3. Land Use Cl~anges, 
Tlle increasing lluman populations in the East -4frican lliglllands put a lot of pressure on 
tlle sensitive ecosystem [104]. Tllere is an irlcrease in dlanging lluman activities sudl as 
deforestation and swarnp cultivation for subsistence agriculture, gron-ing cas11 crops, and 
firen-ood accpisitiori tllat llave cllaracterized tlle regiori. 

Reports irldicate tllat tllere is an 8% reduction in forest cover in the East African lliglllands 
i ~ i  one decade [Il. Tlle cl~ariges iri land use, especiallj- deforestatiori iri tlle Iligl~la~ids, l~ave 
sigriificaritly cllariged tlle rriicroclirriatic coriditioris of rrioscpito breedirig sites t l ~ a t  have si- 
g~iificaritly llad effects ori the life llistory of the vectors. 
Deforestatiori is said to have e~illariced vectorial capacity 11- 10.6% arid 29% iri the dry arid 
rairc seasons i ~ i  the Iligl~la~ids, respectil-ell; tllerelq resultirig iri l ~ i g l ~  i~idoor terriperatures. 
This cai.ises faster blood rrieal digestion, tllereby sllorteriirig tlle lerigtll of tlle goriotropllic 
cycle of rnoscpitoes. Reduced gonotropllic cycle lengtll would cause rnoscpitoes to feed 
more ofterl and 1% eggs more frec~uently in a deforested area. [Il. 

4. Populatiori Gron-tll arid Healtll Service Provisiori 
:-ln inlportarlt factor to consider in the escalatirlg nlalaria irlcidence in iiéstern Kenya is 
population gron-th. Of vital corlsideratiorl is the relationsllip 11etn.een the percerltage po- 
pulation gron-tll rate in the districts served 11- eadl l~ealtll facility and the percentage rises 
in malaria cases. Over tlle last 3 decades, sub-Salm-an :Ifrica including the lliglllands, llas 
seerl a lligll rate of irlcrease in population size, resulting fronl lligll fertility rates and in- 
creasi~ig cllild survival n-itll ari~iual gron-tll rates averagi~ig 3.9%. This irriplies tllat, lloldi~ig 
the iricide~ice of rrialaria coristarit, tlle disease n-ould be expected to have doubled over 
approxirriatell- an l&year period. Clearly, nit l~out a co~icorriita~it irivestrrierit i ~ i  esseritial 
cliriical services, beds, staff, and supporti~ig irifrastructure, the clla~igi~ig recpirerrierits for 
cliriical rriariagerrierit n-il1 11ave beeri perceil-ed by rriost district-le\-el public llealtll officiais 
as a crisis [57]. 

Defirlirlg true epidernics is difficult [136]. For nlost public llealtll workers, epidernics re- 
present exacerbations of disease out of proportion to the rlornlal level to wllicll tllat facility 
is subject ; tl~ese increases over~vllelrn the facilities al~ility to cope. Tllerefore, a slow 11ut 
pervasive epidenlic of clirlical malaria may llave emerged in tlle lliglllands, n-llere lack of 
im-estment in tlle pllysical capacity to manage an increasing population llas resulted inevi- 
tably in more nlalaria cases tllat recluire a l~asic clinical service. 

5. Imnlunity 
Due to endemicity of nlalaria in :-lfrica, people are infected so frec~uently tllat after a long 
time, tlley develop a degree of acciuired imnlunitl; making tllern asymptomatic carriers of 
i~ifectiori 1131. T l ~ e  people n-110 use rrioscpito riets iri the riigllt are riot ge~ierally irifected 11)- 
the disease sirice t l ~ e  srriall riuniller of bites tlley receive ~vlleri tlley are outside tlle riets are 
riot sufficierit to cause t l ~ e  disease, but ratller, t l ~ e  srriall exposure to i~ifectiori gives tllerri 
irrirriu~iity Tlle lon- level exposure to i~ifectiori, llo~ve\-er, is irriporta~it as it acts as vacci- 
riatiori arid develops irrirriuriity agairist t l ~ e  disease [86]. Tllose n-llo acc~uire the irrirriu~iitl- 
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hIatllerriatica1 rriodels have becorrie irriportarit tools iri arialyzirig the spread and coritrol of irifec- 
tious diseases. Tlle rriodel forrriulatiori process clarifies assurriptioris, variables, arid paranieters ; 
rrioreover, rriodels provide coriceptual results sucll as tllresllolds, basic reproductiori riurribers, 
contact riurril~ers, arid replacerrierit riurril~ers. Uriderstaridi~ig t l ~ e  trarisrriissio~i cllaracteristics of 
irifectious diseases iri corrirriuriities, regioris, arid couritries cari lead to better approaclles to de- 
creasing the trarlsnlissiorl of tllese diseases. 

hlatllenlatical rnodeling arises fronl the idea tllat spread of infectious disease and trarlsnlissiorl 
dynarnics follon. la~vs tllat car1 11e fornlulated in matllematical language. 
In a matl~ematical nlodel the populatiorls are subdivided irlto llornogenous epiderniological groups 
called corripartrrierits. Corripartrrierital lal~els such as hI, S, E, 1, arid R are ofteri used for tlle 
epiderriiological classes. Deperidirig ori tlle nature of tlle disease, n-e cari llave differe~it corripart- 
rrierits for tlle susceptibles, irifected arid irifectious, recovered or irrirriu~ie i~idil-iduals and so on. 

SIS disease is orie i ~ i  n-l~icll susceptibles (S) becorrie i~ifected (1) arid recover nitl~out irrirriu- 
~ i i ty  arid so are agairi susceptible ari SIR disease i ~ i  n-llicll a susceptible (S) becorries irifected (1) 
arid irifecteds t l ~ a t  recover are irrirriurie (R). If tlle irrirriurie iridividual spe~ids sorrie tirrie iri tlle 
recovered conlpartnlerlt to returrl again to the susceptible cornpartment, we l~ave a SIRS rnodel. 
If tl~ere is sonle latent period 11etn.een the tinle of infection l~efore becoming infectious, the the 
nldoel becornes SEIRS* Otl~er types of irlclude hISEIR, hISEIRS, SEIR, SEIRS, SIR, SIRS, SEI, 
SEIS, SI, In tllis tllesis, we corleentrate on SIS nlodels for the s&e of malaria, Its true tllat no 
pernlarlerlt inmlunity is adlieved for nlalaria and even the partial or acciuired inmlunity does rlot 
protect infection, it only reduces t l ~ e  severity of tlle disease to tlle infectee [63]. 

hIatllerriatica1 rriodelirig beguri nith Dariiel Ber~ioulli i ~ i  1766 n-lleri lle rriodeled tlle effects of 
srriallpox variolatiori (a precursor of vacciriatiori) ori life expectancy [31]. Iri the l~egiririirig of tllat 
ceritury tl~ere lvas rriucll discussio~i a11out n-11)- ari epiderriic erided before al1 susceptible n-ere iri- 
fected nith ly-potlleses about clla~igirig virule~ice of tlle patllogeri duririg the epiderriic. Sir Roriald 
Ross, wllo received the Yobel prize in 1902 for elucidatirlg the life cycle of the nlalaria parasite, 
used matllematical rnodeling to imestigate the effectiverless of various intervention strategies for 
nlalaria [128]+ Kermack and hlcKendrick described tlle dynamics of disease trarlsnlission in terms 
of a systern of differential eciuations in [83, 84, 85]+ Tlley were the first to use the so-called basic 
reproduction nunll~er, a tllresllold tllat determines if a disease dies out or spreads in a susceptible 
population. Literature review in [17, 34, 37, 611 s l~o~vs tlle rapid gron-tll of epiderniology rnodeling 
ton-ards the erid of the tlve~itietll centUr)- as rriatllerriatical rriodelirig becarrie rriore popular to aicid 
iri public llealtl~ policy rriakirig. 

hIaq- rriatllerriatical rriodels describirig tlle dy~iarriics of 2A1DS pariderriic have beeri used to pre- 
dict the course of t l ~ e  epiderriic and ide~itify tlle rriost effectil-e preve~itiori strategies. Tlle rieed 
for evaluating intervention strategies for rien-ly emerging and re-emerging patllogerls llas revealed 
the real inlpact of rnatllematical rnodeling on public llealtll. 

Tl~ere are two types of matllematical rnodels, deternlirlistic and stocllastic. Tlle deternlirlistic 
rnodels are trarlsnlissiorl rnodels using ordinary differential eciuations to describe the process, 
wl~ereas stod~astic rnodels use statistical medlanisms to describe the trar~snlissiorl of infection 
betn-eeri tn-O i~idil-iduals. Tlle rigorous rriatllerriatical arialyses of the processes coritribute to tlle 
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understanding of disease trarlsnlissiorl in nludl detail. Tllerefore, developing a rnatl~ematical rno- 
del llelps address t l ~ e  essential processes involved in sllaping tlle epiderniology of an infectious 
disease and reveals the paranieters tllat are rriost irriportarit arid crucial for coritrol arid data col- 
lectiori. hIatllerriatica1 rriodelirig is tlleri also iritegrative iri corrillirii~ig k~ion-ledge frorri differerit 
discipliries like rriicrobiology, social scierices, arid cli~iical scierices [91]. 

Of special iriterest iri t l~ i s  tl~esis is rrietapopulatiori rriodels, n-l~icll refer to rriariy srriall arid 
extinction-prone local populations corlrlected via migration in frsgmented emiro~mlent. Mets- 
population tlleory is based on Levin's nlulti-groups nlodel [102]. Tlle population is subdivided 
irlto a finite ~ luml~er  of discrete sul~populations or metapopulations called patelles t l ~ a t  are as- 
sunled to 11e l~ornogeneous and ml1 rnixed, Tl~en  eadl patdl in tlle population is subdivided 
irlto compartments corresponding to different epiderniological status, This leads to multi-patdl, 
multi-cornpartmental systems. Tl~ere are tllree possible fornlulations. Tlle first assumes tllat 
ari iridividual iri a patcll of irifectiori cari irifect a susceptible iridividual iri ariotl~er patcl~. This 
approacll assurries tllat tl~ere is a sl~ort distance betn-ee~i patelles, but iridividuals (l~urriari or rrios- 
c~uito) do riot rriigrate betn-eeri patelles (tlley cari rriake brief visits sufficierit for trarisrriissiori). 
This assurriptiori leads to a series of rriodels tllat llas bee~i studied i ~ i  [63, 72, 961. Tlle legeridary 
rriodel of Lajrriariovicll and Yorke [96] is a key exarriple of suc11 rriodels. 

T l ~ e  second fornlulatiorl considers tlle rnobility of individuals between patclles n-itll txo forms 
of rnovement : hligration, tllat is cllange of respective patdl residence, T l ~ e  situation is tllat of 
a digrapll or directed rnovement grapll. For t l ~ e  short visits, tlle individual visit a nunll~er of 
patdles but returns to tlle individual p a t d ~  of residence, Tlle "hlover -Stayer " rnovement is co- 
vered in tlle mode of Sattterlspiel and Dietz [133]. Here, tlle fornlulation takes care of tlle degree 
of patelles co~i~iectivity Rece~itlj- tllere llas beeri ari iricreasirig interest iri tllis type of rriodels 
[7, 9, 11, 29, 44, 80, 159, 1601. 

T l ~ e  tllird forrriulatio~i is rriore recerit and takes irito accourit tlle ~ietn-ork structure of tlle rrietapo- 
pulatio~is, t l ~ a t  is tl~ose patelles tllat (local populatioris) are locally coririected. This forrriulatiori 
takes irito accoi.irit tlle degree of coririectivit>- (ru.irril~er of liriks betn-eeri a patcll arid its irrirrie- 
diate neiglll~ours) of a patdl and rnodels tlle rnobility of individuals in terms of diffusion 11etn.een 
discrete patelles. This is a statistical approadl n-llere tlle systern states deperds on tlle local 
population densities of tlle metapopulation netx-ork, This leads to a situation of a non-oriented 
grapll connectivity. [130, 131, 154, 155, 156]+ 
T l ~ e  rest of t l ~ e  tllesis is xranged as fo1lon.s. 

Iri t l ~ e  first part,lve coristruct and arialyze rriatllerriatically ari age structured rriodel for lliglllarid 
rrialaria iri Tlésterri Keriya, nith differeritiated patcll susceptibility arid irifectivitl- arid llurriari 
rriigratiori betn-eeri patelles. 1% sllon- tllat tllere is a tllresllold belon- n-llicll tlle disease variisl~es 
arid above n-llicll tlle disease is persisterit i ~ i  t l ~ e  rrietapopulatiori. It is applied to tn-O sites iri 
Tlésterri Kerl-a tllat have bee~i ideritified as 'nialaria llotspots' i ~ i  literature cited allove. This 
part contributes significantly to rnatllematics since little llas been done on tlle rigorous analysis 
of tllese types of rnodels or metapopulation. 

In t l ~ e  second part, we fornlulate a nlodel for t l ~ e  dy~lanlics of vector feeding l~abits witll sa- 
turation and varying llost and vector population. 1% estal~lisl~ matllematically tlle existence of a 
disease free ecpilibriurri n-llere the disease dies out arid a11 eriderriic ecpilil~riurri, n-llere tlle disease 
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CHAPITRE 1 

SOME EPlDEMlOLOGlCAL MODELS 

In tllis section we give a review of relevant literature tllat rnotivated the work done in tllis thesis. 
T l ~ e  seleetion is dorle fronl the first matllematical rnodels and fornlulatiorl of SIS rnodels, 0 t h  
interesting revien-s l~ave been done on age structured rnodels, differentiated infectivity rnodels, 
saturation and meta-population rnodels. Finally we l~ave looked Ross mode1 for malaria and a 
mode1 for nlalaria in a patdly enr-ironment. Tllrougl~out tllis section we will verify tllat tl~ese 
rnodels are n-ell-posed and tlley fornl a fourldation for tlle nlodels n.e formulate in tllis tllesis. 7% 
begiri nith the rriodel forrriulated by D. Berrioulli ori srriallpox. 

1.1 Tllc First Modcl : D.Bcrrioulli 

T l ~ e  niai11 objectil-e of Berrioulli n-as to calculate tlle gai11 i ~ i  life expectaricy at 11,irtll if srriallpox 
n-ere to 11,e elirriiriated as a cause of deatll. Srriallpox is ari eriderriic, poteritially lethal, irifectious 
disease tllat is dreaded arid feared. Orie i ~ i  every five adults n-il1 die if irifected by srriallpox, (~iearll- 
orie iri tllree patierits). If it does ~ i o t  cause deatll, srriallpox ofteri leaves a trail of destroyed lil-es. 
Effective treatrrierit for srriallpox l ~ a s  rerriairied elusive. Iri the eleveritll ceritury, tlle Chiriese prac- 
ticed variolation, wllich is a fornl of inoculation, wl~ere infectious nlaterial fronl snlallpox cases 
was transferred irlto t l ~ e  ski11 of susceptil~les witll tlle irltentiorl of irlducirlg lifelong imnlunity 
11y a nlild infection nit11 a low risk of deatll. Tlle result was, llowever risky, because tllere was 
a possible rise in rnortality rate 11y 1 to 296, In 1721 tllis metl~od was irltroduced fronl Turkey 
irlto England 11y the ~ i f e  of tlle Englisll :-lmbassador to Constantinople, Lady Mary iiortley 
hlont ague. 
Srriallpox n-as forturiately eradicated by the first llurriari voluritary coritrol. Its officia1 "disappea- 
rarice" dates back to 1977 (n-lle~i tlle last case of srriallpox n-as reported). This n-as rriade possible 
11,)- tlle corribi~ied efforts of srriallpox vacciriatiori arid screeriirig prograrri led by 11'HO iri 1967. 

Berrioulli derrio~istrated before t l ~ e  A4caderriy of Sciences tllat, despite tlle dangers it preserited 
in tllc figllt sgainst smallpox, t l ~ c  gcncralizstion of variolation inlportcd fronl tllc East, would 
irlcrease the life expectancy fronl 26 years and 7 rnontlls to 29 years and 9 rnontlls. His calcula- 
tions l~ave passed tlle test of tirne, and lle n.as persuaded tllat l ~ i s  nlodel n.as good, 1% give the 
details of the nlodel lle fornlulated, 
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CHAPITRE 2 

A VECTOR SIS MALARIA MODEL I N  A PATCHY 
ENVIRONMENT W l T H  AGE STRUCTURE 

2.1 Iritroductiori 

Malaria is caused by a parasite of a gellus plasmodium, tllat is transmitted by the female ana- 
plleles rnosciuito as it sucks blood froni l ~ u m a ~ i  llosts for its egg deyelopment, 
In Kenya, nialaria is the leadirig cause of rnorbidity and rnortality. It is estiniated tllat it ac- 
counts for 30% of al1 outpatient atte~idarice arid 19% of al1 admissions to llealtll facilities. Tlle 
irifectiori rariges frorri iriterise iri tlle lon-larid to eriderriic in the lliglllarids causirig Ilal-oc to tlle 
public llealtll sl-sterri especially duririg periods of suitable clirriatic coriditio~is. A41~out 20% of al1 
deatlls i ~ i  cllildreri urider five are as a result of rrialaria irifectiori (hIiriistrl- of Healtll-Keriya, 2006 
Report). A41tllougll tlle disease is fou~id iri rriost parts of t l ~ e  countrl; t l ~ e  lake arid coastal regiori 
plus the l~iglda~id epiderriic-prorie districts have risks of 01-er 20% arid 19% respectively, nith ari 
estirriated populatiori of 19 rriilliori people (or 49% of t l ~ e  total Keq-xi  populatiori). 
Tlle Iiéstern Keriya lliglllands bears the greatest inipact of the disease witll sonie areas suffering 
as lligll as 70% infection rates, Entornological studies in different lligllland ecosystems iridicate 
tllat trarisniissiori is lleterogeneous. Tlle terrain cllaracteristics and topograplly wllidl processes 
rain, results to big differences in epideniic magnitudes, -4 study identified tllree llydrological sys- 
tems including the IT-sllaped yalleys, tlle U-sllaped yalleys and the plateaus. 
T l ~ e  types of valleys determirie drainage ciuality, tlle rairifall tllresllold and coriseclue~itly vector 
breedirig. Tlle U-sllaped valleys are broad sllaped arid have slon- rriovirig rivers or strearris nith 
poor drainage. This favors rrioscpito populatiori gron-tll resultirig iri lligll rrialaria irifectiori rates 
arid iriciderice. 

T l ~ e  1'-sllaped mlleys have riarron- bottorris nith fast flon-irig ri\-ers or strearris nith good drainage, 
tllis makes it llard for rnosciuito to firid suitalde breeding sites arid tllus lori-er tlleir populatiori 
gron-th, Tlle plateaus are flat, tllougll tlley llaye good drainage, arid tlleir ecosystem l~ellayes 
like the lT-~llaped yalleys unless tllere are large n-ater bodies like dams, This implies tllat the 
terrain cllaracteristics cari rnodify the leyel of nialaria trarisniissiori arid the rate of deyelopment 
of imniunity as tlle risk of an epideniic is closely related to tlle leyel of inmiunity of the lluman 
populatiori [l61]. 
T l ~ e  lisllaped and t l ~ e  U-sllaped \allela are located iri differerit geograpllical locatio~is, tllus 
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ẏi = βA
1

V̄i

N̄i
zi (1− yi)− (γAi + μA

h,i) yi +
n∑

j=1,j �=i

mij

NA
j

NA
i

yj − yi

n∑
j=1,j �=i

mji

yi = 0
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⎤
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V (X) = 〈c|X〉

V̇ (X) = 〈c | [s(J(0)) In −A (X)B] X〉
ε [0, 1]3n V̇ (X) > 0
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⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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√
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CHAPITRE 4 

DYNAMICS O F  VECTOR-HOST FEEDING CONTACT RATE 
W l T H  SATURATION I N  MALARIA 

4.1 Iritroductiori 

Malaria is an infectious disease caused by a parasite of the genus, Plasmodium. It is trarisniitted 
between lluniari llosts 11y female anoplleles rnoscpitoes as tlley seek blood nieal for tlleir eggs 
development, ii?len a rnoscpito bites an infected person, a sniall aniourit of blood is talieri in 
wllidl contains niicroscopic nialaria parasites. ii?len tlle rnosciuito takes its riext blood meal, 
tllese parasites rriix n-itll tlle rrioscpito saliva a ~ i d  are irijected irito tlle persori beirig bitteri arid 
tlle trarisrriissiori process is perpetuated. 

hIalaria coristitutes a big llealtll problerri especially nitl~iri sull-saIlarari A4frica and A4sia. Ilorld 
hIalaria Report 2011, estirriates tllat it causes l~et~veeri 250-260 rriilliori irifectio~is arid rriore tllari 
a rriilliori deatl~s (rriostly arriorig cllildreri iri A4frica), a~iriually. Iri Kerya, reports sllon- tllat despite 
the many coritrol strategies to eliniinate malaria, it llas re-emerged and iricreased in incidence. 
T l ~ e  disease continues to ~ r e c k  llavoc on millions especially froni the poor countries [136]. 

léetor abundance in iiéstern Keriya is driven by teniperature variation, ecosystem dlaracte- 
ristics arid lluman activities, Tlle populatiori varies depending on the site, the seasori arid the 
species of tlle vector. Sorrie sites iri Tlésterri I<eriya llas 12.7 fold i~idoor resti~ig de~isities during 
tlle lo~ig rairiy season (hIarcll-Jurie) and 23.3 fold during tlle dry season (Jariuary-hIarcll) [118]. 
This irriplies tllat tlle vector populatioris is riever co~ista~it  as assurried i ~ i  rriaq- rriodels. 011 tlle 
otller l~arid llost populatiori cllariges due seasoris arid eco~iorriic activities, ~iatural deatlls arid 
deatll due to diseases like rrialaria and rriigratiori to urba~i ceriters arid otller regioris for greener 
pastures. For Our rriodel to capture t l ~ e  reality of tlle epiderriics i ~ i  Tlésterri Kerya l~iglllarids, n-e 
assunie tllat the llost and rnoscluito populatioris cllange n-itll time. 

Most nialaria rnodels assunie a coristarit l ~ u m a ~ i  biting rates in tlleir rnodels, n.1~icll means tllat 
llosts are freely available wllenever a rnoscpito wants to bite, Ilut in practice, tllis is niore of a 
simplifying assumption, Researd~ s1lon.s tllat for sniall llost population, tllis rate is proportiorial 
to tlle llost populatiori size, arid for large llost population, it is constant [53, 741. Tlle feeding 
cycle of a rrioscpito i~n-olves, llost-seekirig, feedi~ig, restirig, site-seekirig, ovipositiori and llost see- 
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king resumes [89, 120]+ T l ~ e  prol~al~ility of finding a llost and ~ucce~~fu l ly  ol~taining a blood nleal 
depends on many factors. -4rnong tllern is lluman avoidance and defensive bellaviour [40, 1051. 

If t l ~ e  rrioscpito survives tllis process, arid llas a successful blood rrieal, it rests, fi~ids a larval 
Ilabitat, oviposit arid coritiriue l~ost seekirig. Sirice t l~ is  process drives rrialaria trarisrriissiori, it is 
Iiecessary to address tlle specific forrri of tlle rrioscpito-llurriari contact process. A4rditi [8l], argues 
tllat tlle rates of (successful predatiori) coritact betn-eeri a predator arid a prey is rriost properly 
s functiorl of the ratios of tlleir proportions. This would fit irlto nlslsria rnoscpito wllicll inllsbit 
llomesteads and otller areas wllere l~uman llosts are asailable, like farms and urban areas [139]. 
It is also clear t l ~ a t  t l~ is  contact rate does rlot irlcrease nitllout bound, as t l ~ e  predator -prey 
ratio increases, tllis is because once a rnoscpito is fed, it rests before ovipositing, to resunle llost 
seeking and biting again [114]. 

Tl'lleri tlle predator-prey ratio value is lo~l-, tlle coritact rate n-il1 be lirriited by t l ~ e  predators 
ability to fi~id the prel; ori tlle otller Iland if tlle ratio is lligll, the coritact rate is lirriited by tlle 
predators satiatiori (desired predatiori rate) [74, 811. For rrialaria, t l ~ e  coritact rate takes a sirriilar 
course n-llere t l ~ e  rrioscpito bites n-il1 iricrease as a furictio~i of llost-vector ratio u~itil the ratio 
reaclles a critical le\-el [95]. 

Saturation rnodels are also rlot lacking in literature. -4 dlolera nlodel witll saturation in the 
irlciderlce n.as proposed by Capasso [25] . Tlley argue tllat n-llen tllere is a real tllreat to infection 
people becorne cautious and take preventive measures n-llidl controls furtller infection, Heester- 
beek [59] fornlulated a saturated individual contact rate in relationsllips suc11 as courtirlg and 
marriage, wllere tlley assume tllat the population mixes randomly. Zu and hla [166] analyzed a 
SEIR epiderriic rriodel n-llose laterit period is described 11)- delay arid iricluded a saturated inci- 
derice rate. Zllarig arid hIa [168] studied a SEIR rriodel nith saturatiori i ~ i  coritact rates arid did 
a tllorougll arialysis of its global dl-riarriics. 

Iri 2010, hIi~ig arid Li [24] forrriulated vector borrie disease rriodel, n-llere tlley argue t l ~ a t  iri- 
creasirig t l ~ e  derisity of the siisceptible llosts nith respect to irifected ones leads to Hollirig type 
II saturation on the force of infection of llost. In tllis mode1 the l~iting rate of vectors and l~otll 
populations are assunled to 1x3 constant, Furtl~er the nlodel neglects disease related deatlls a very 
crucial factor in malaria infection. 

A mode1 by [41] on dengue n.it11 varialde l~uman population is fornlulated and analyzed for 
botll local arid global dy~iarriics. Ngn-a et at [Il91 arialyzed tlle stal~ilitj- of a rrialaria rriodel, n-itll 
disease deatlls, recovery arid variable l~ost and vector populatioris. Hon-ever tllel- assurried tllat 
tlle bitirig rate of vectors is constant llerice tlleir irifectio~i terni is the orie described iri [128]. 
Realisirig tlleri tlle rieed to predict the dyriarriics arid trarisrriissiori of rrialaria nit11 great preci- 
sion, n-e are rriotivated to engage i ~ i  tllis study, as ~l-e pq- particular atteritiori to saturation iri 
rrioscpito feedirig l~a l~ i t s  and t l ~ e  1-aryirig llost and vector populatioris. 
T l ~ e  rest of the paper is subdivided as follows ; Section two covers vector-llost contact nit11 satu- 
ration, In section tllree, the saturated contact process nlodel is fornlulated, Section 4 is dedicated 
to the existence of ec~uilibiria, n-hile section 5 studies the stability of the Disease Free and the 
Erldenlic ec~uilibrium. Finally in section six n.e give sonle results on rlunlerical sinlulation, 
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Nv(t)
Λv
μv

βh = πhbh βv = πvbv
Qv

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ṡh = Λh − βh Sh
Iv
Nv

+ γh Ih − μh Sh,

İh = βh Sh
Iv
Nv

− (μh + γh + νh) Ih,

Ṡv = Λv − βvIh
Sv
Nv

− μv Sv,

İv = βv Ih
Sv
Nv

− μv Iv.

Ṅh = Λh − μhNh − νhIh

Ṅv = Λv − μv Nv.

Γ = {(Sh, Ih, Sv, Iv, Nh, Nv) ∈ R
6
+ : Sh ≤ Nh, 0 ≤ Ih ≤ Nh, Sv ≤ Nv 0 ≤ Iv ≤ Nv, Nh ≥ 0, Nv ≥ 0}



R
6
+ R

6

Γ

Γ ∂Γ
◦
Γ



Sh = Nh − Ih Sv = Nv − Iv

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

İh = βh (Nh − Ih)
Iv
Nv

− (γh + μh + νh) Ih

İv = βv Ih
Nv − Iv

Nv
− μv Iv

Ṅh = Λh − μhNh − νh Ih

Ṅv = Λv − μv Nv.

K =

{
(Ih, Iv, Nh, Nv) | 0 ≤ Ih ≤ Nh ≤ Λh

μh
, 0 ≤ Iv ≤ Nv ≤ Λv

μv

}

K

R
4
+

K K

• Nv = 0 ⇒ Ṅv > 0 Nv ≥ Λv

μv
⇒ Ṅv ≤ 0

• Ih = 0 ⇒ İh ≥ 0

• Iv ≤ Nv Iv = 0 ⇒ İv ≥ 0

• Nh = 0 ⇒ Ṅh > 0 Nh ≥ Λh

μh
⇒ Ṅh ≤ 0



• Nv = Iv Nv ≥ Λv

μv
Ṅv − İv = Λv − 2μv Nv ≤ 0

• Nh = Ih Nh ≥ Λh

μh

Ṅh − İh = Λh − (2μh + 2 νh + γh)Nh ≤ 0

K

N�
h =

Λh

μh
N�

v =
Λv

μv

Nv

K

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

İh = βh (Nh − Ih)
Iv
N�

v

− (γh + μh + νh) Ih

İv = βv Ih
N�

v − Iv
N�

v

− μv Iv

Ṅh = Λh − μhNh − νh Ih

Ω = {(Ih, Iv, Nh) | 0 ≤ Ih ≤ Nh ≤ N�
h , 0 ≤ Iv ≤ N�

v }
Ω

R
3
+

(0, 0, N�
h) Ω

F =

⎡
⎢⎢⎢⎢⎣
βh (Nh − Ih)

Iv
N�

v

βv Ih
N�

v − Iv
N�

v

⎤
⎥⎥⎥⎥⎦ , V =

⎡
⎢⎢⎢⎣
−(γh + μh + νh) Ih

−μv Iv

⎤
⎥⎥⎥⎦

F =

⎡
⎢⎢⎣

0 βh
N�

h

N�
v

βv 0

⎤
⎥⎥⎦ , V =

⎡
⎢⎢⎢⎣
−(γh + μh + νh) 0

0 −μv

⎤
⎥⎥⎥⎦ ,
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DFE

− F V −1 =

⎡
⎢⎢⎢⎢⎣

0
βh
μv

N�
h

N�
v

βv
γh + μh + νh

0

⎤
⎥⎥⎥⎥⎦

−F V −1

R2
0 =

βv βh
(γh + μh + νh)μv

N�
h

N�
v

(Īh, Īv, N̄v)

βh (N̄h − Īh)
Īv
N�

v

= (γh + μh + νh) Īh

βv Īh
N�

v − Īv
N�

v

= μv Īv

Λh = μh N̄h − νh Īh

Īv =
βv Īh

βv

N�
v
Īh + μv

=
βv Īh

βv Īh + μv N�
v

N�
v ;



N̄h =
Λh − νh Īh

μh
= N�

h − νh
μh

Īh.

βh

[
N�

h − νh
μh

Īh − Īh

]
βv Īh

βv Īh + μvNv
�
= (γh + μh + νh) Īh.

Īh = 0 Īv = 0 N̄h = N�
h

Īh �= 0

βv βhN
�
h − (γh + μh + νh)μv N

�
v = βv

[
(γh + μh + νh) +

νh
μh

]
Īh

= (γh + μh + νh)μv N
�
v (R0 − 1)

Īh = (γh + μh + νh)μv N
�
v

R0 − 1

βh

[
(γh + μh + νh) + βv(

νh+μh
μh

)
]

R0 > 1 Īh > 0 Īv > 0

N̄h − Īh =
(γh + μh + νh)

βh
Īh

N�
v

Īv
> 0

N�
h > N̄h Īv < N�

v

R0 > 1 Ω

Ω

P0 = (0, 0, N�
h)

R0 ≤ 1 R0 > 1

R0 > 1

V

Ω V

V

V (Ih, Iv) = βv Ih + (γh + μh + νh) Iv.



⎡
⎢⎢⎢⎢⎢⎣

Ih

Iv

Nh

⎤
⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎣

−(γh + μh + νh) βh
Nh−Ih
N�

v
0

βv
N�

v−Iv
N�

v
−μv 0

−νh 0 −μh

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

Ih

Iv

Nh

⎤
⎥⎥⎥⎥⎥⎦
+

⎡
⎢⎢⎢⎢⎢⎣

0

0

Λh

⎤
⎥⎥⎥⎥⎥⎦

Ẋ = A(X)X + b v = (βv, (γh + μh + νh), 0)
T

V̇

V̇ = vT A(X)X + vT b

vT b = 0 V̇ = vT A(X)

vT A(X) =
[
−βv (γh + μh + νh) + (γh + μh + νh)βv

[
1− Iv

N�
v

]
, βv βh

Nh−Ih
N�

v
− (γh + μh + νh)μv, 0

]

=
[
−(γh + μh + νh)βv

Iv
N�

v
, βv βh

Nh−Ih
N�

v
− (γh + μh + νh)μv, 0

]

≤
[
−(γh + μh + νh)βv

Iv
N�

v
, (γh + μh + νh)μv (R0 − 1), 0

]

Nh − Ih ≤ N�
h Ω

R0 ≤ 1

V̇ = vT
[
Ih
Iv

]

V̇ ≤ −(γh + μh + νh)βv
Iv
N�

v

Ih + (γh + μh + νh)μv (R0 − 1) Iv ≤ 0

E

E = {(Ih, Iv, Nh) ∈ Ω|V̇ (Ih, Iv) = 0}
Iv = 0 Ih = 0

Iv = 0 Ih = 0

Nh = N�
h

Ih = 0 Iv = 0

Nh = Ih = 0

V̇ = 0

Ω

Ω

R0 > 1



EE = (Īh, Īv, N̄h)

Ω

J(Ih, Iv, Nv) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−βh
Iv
N�

v

− (γh + μh + νh) βh
(Nh − Ih)

N�
v

βh
Iv
N�

v

βv
(N�

v − Iv)

N�
v

−βv
Ih
N�

v

− μv 0

−νh 0 −μh

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

R
n

(3, 1) J (1, 3)

J(Īh, Īv, N̄v) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−βh
N̄h

N�
v

Īv
Īh

(γh + μh + νh)
Īh
Īv

βh
Īv
N�

v

μv
Īv
Īh

−βv
Īh
Īv

0

−νh 0 −μh

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

J(Īh, Īv, N̄v) (J)(X) = X3 +

a1X
2 + a2X + a1

a1 = − a3 = − (A)

a2 2× 2

J(Īh, Īv, N̄v) ai > 0 i = 1, · · · , 3
a1 a2 − a3 > 0

2× 2 J

M =

⎡
⎢⎢⎢⎢⎣
−βh

N̄h

N�
v

Īv
Īh

(γh + μh + νh)
Īh
Īv

μv
Īv
Īh

−βv
Īh
Īv

⎤
⎥⎥⎥⎥⎦

(M) = βh βv
N̄h

N�
v

Īh
Īv

Īv
Īh

− μv (γh + μh + νh)
Īh
Īv

Īv
Īh

= βh βv
N̄h

N�
v

− μv (γh + μh + νh)

J



J(Īh, Īv, N̄v) = −μh

(
βh βv

N̄h

N�
v

− μv (γh + μh + νh)

)
− νh βh βv

Īh
N�

v

= μh μv (γh + μh + νh) − βh βv
μh N̄h + νh Īh

N�
v

= μh μv (γh + μh + νh) − βh βv
Λh

N�
v

= μh μv (γh + μh + νh) − βh βv
μhN

�
h

N�
v

−a3 = −μh μv (γh + μh + νh) (R0 − 1) < 0

J

(J) = −a1 = −βh
N̄h

N�
v

Īv
Īh

− βv
Īh
Īv

− μh < 0

a2 2× 2

a2 =
N̄h βh βv − N̄�

v μv (γh + μh + νh)

N̄�
v

+
Īv βh

(
N̄h μh + Īh νh

)
Īh N̄�

v

+
Īh μh βv

Īv

=
N̄h βh βv

N̄�
v

− μv (γh + μh + νh) +
Īv βh (N

�
h μh)

Īh N̄�
v

+
Īh μh βv

Īv

=
N̄h βh βv

N̄�
v

− μv βh
(N̄h − Īh)

N�
v

Īv
Īh
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Īv βhN

�
h μh

Īh N̄�
v

+
Īh μh βv

Īv
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N̄h βh βv

N̄�
v

− μv βh
N̄h

N�
v

Īv
Īh

+ μv βh
Īv
N�

v

+
Īv βhN

�
h μh

Īh N̄�
v

+
Īh μh βv

Īv

=
N̄h βh βv

N̄�
v

− βh
N̄h

N�
v

1

Īh

(
βv Īh − βv

Īh Īv
N�

v

)
+ μv βh

Īv
N�

v
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Īv βhN

�
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Īh N̄�
v
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Īv
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Īh Īv
N�

v

+ μv βh
Īv
N�

v

+
Īv βhN

�
h μh

Īh N̄�
v

+
Īh μh βv

Īv
> 0

a1 a2 − a3 > 0



a1a2 − a3

a1a2 − a3 =

[
βh

N̄h

N�
v

Īv

Īh
+ βv

Īh
Īv
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]
×
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βh βv

Īh Īv
N�

v

+ μv βh
Īv
N�

v
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Īv βhN

�
h μh

Īh N̄�
v

+
Īh μh βv

Īv

]
+
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μh μv (γh + μh + νh) − βh βv

μh N�
h

N�
v

]

= β2
h βv

N̄h Ī2v
N�

v
2 + βh β2

v
Ī2h
N�

v

+ μh βh βv
Īh Īv
N�

v

+ μv β
2
h

N̄h Ī2v
N�

v
2 Īh

+ μh βh βv
Īh
N�

v

+

μv μh βh
Īv
N�

v

+ μh β2
h
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h Ī2v
N�

v
2 Ī2h

+ μh βh βv
N�

h

N�
v

+ μ2
h βh

N�
h Īv

N�
v Īh

+ μh βh βv
Īh N̄h

N�
v

+

μh β2
v
Ī2h
Ī2v
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h βv

Īh
Iv

+ μh μv (γh + μh + νh) − μh βh βv
N�

h

N�
v

= β2
h βv

N̄h Ī2v
N�

v
2 + βh β2

v
Ī2h
N�

v

+ μh βh βv
Īh Īv
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v
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2
h

N̄h Ī2v
N�
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2 Īh

+ μh βh βv
Īh
N�

v

+

μv μh βh
Īv
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v

+ μh β2
h
N̄h N�

h Ī2v
N�

v
2 Ī2h

+ μ2
h βh

N�
h Īv

N�
v Īh

+ μh βh βv
Īh N̄h

N�
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+

μh β2
v
Ī2h
Ī2v

+ μ2
h βv

Īh
Iv

+ μh μv (γh + μh + νh) > 0

νh = 0

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

İh = βh (N�
h − Ih)

Iv
N�

v

− (γh + μh) Ih

İv = βv Ih
N�

v − Iv
N�

v

− μv Iv

Qv

Qv

Nh
Nv

= 2.6 bv = 9

bh = 10 Qv = 0.9

f(z) = bv min( z
Qv

, 1) Qv < z bv



Λh

Λv

πh
πv
γh
bh
bv
νh,

μh

μv

Qv < z Nh Nv

R̃0 = 2.495 > 1

bh = 3 Qv = 3 > z

R̃0 = 0.718 < 1

Qv

R̃0 ≤ 1

R̃0 > 1
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tanding of the marly aspects of this key parameter, 
0 t h  inlportarlt considerations for more comprehensi~e results n-ould irlclude clinlatic factors 
n-l~icll affect tlle feedi~ig rate, go~iotropllic cycle arid nioscpito survilal. 
Our niodel poirits to niore researcll, paranieter estiniatiori arid serisitivity ariall-sis if logical coriclu- 
sio~is are to be niade. 
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n

R0

R0 ≤ 1

R0 > 1

Qv

Qv



R0 Qv R0 ≤ 1

R0 > 1

Qv

R0



R
n

x ∈ R
n xi ith

R
n

R
n x ≥ y xi ≥ yi

x ≥ y x− y ∈ R
n

x ≥ 0 ⇔ i, xi ≥ 0.

x > 0 x ≥ 0 x �= 0 x  0 x R
n
+

x  0 ⇔ i, xi > 0.

A(n, n,Rn2
) n× n

R
n2

A ≥ B (i, j) aij ≥ bij A > B

A  B

R
n

[a, b] = {x ∈ R
n | a ≤ x ≤ b} = [a1, b1]× . . . ,×, [an, bn].

]]a, b[[= {x ∈ R
n | a 
 x 
 b} =]a1, b1[×, . . . ,×]an, bn[.

E F R
n

R+E = {λx | λ ∈ R+ x ∈ E}



E + F = {x+ y | x ∈ E y ∈ F}.
〈x | y〉 M MT

R
n n× 1

〈x | y〉 = xT y ei R
n

Ω R
n

ẋ = X(x) = f(x) x ∈ Ω

X : Ω ⊂ R
n → R

n

x0 ∈ Ω X(x0) = 0 x ∈ Ω Xt(x)

X0(x) = x X

Xt(x) (t, x)

x̄

x̄ x̄

x̄ ∈ R
n

f(x̄, t) = 0

x̄ ∈ ω

x̄ x̄ ε > 0

δ x |x− x̄| < δ X(x(t))

t ≥ 0 |X(x(t))− x̄| < ε t > 0

x̄ x̄

x̄

x̄ U ∈ Ω x̄

x U X(t(x)) t ≥ 0

x̄ t lim
t→+∞X(x(t)) = x̄

x̄

x̄ t → ∞



x̄ K λ

|X(x)− x̄| < K |x− x̄| ε−λ t x x̄ x ∈ Ω

t

K

N K

N

N

K K

x̄

x0 ∈ R
n

ẋ = f(x)

s(t, x0) x0

O � {x ∈ R
n | φ(x) = 0}

φ O x0 ∈ O
x(t, x0) ∈ O t ≥ 0

O
γ+(x0) x0

{x(t, x0) | t ≥ 0},

γ(x0) = {x(t, x0) | t ∈ R}.
γ+(M) ⊂ M

Note

ω p ω Xt(x)

tn ∈ R

lim
n→+∞ tn = +∞ lim

n→+∞xtn(x) = p

ω ω x ω(x)

tn +∞ n x p n

+∞
γ+(x0) ω ω(γ)



ẋ = f(x) R
2 γ+

ω(γ+) ω(γ+)

ω(γ+) �= γ+

C1 ẋ = f(x) x0
x0

ẋ = Df(x0)x,

Df(x0) f x0

C1 ẋ = f(x)

x0.

Df(x0) x0

Df(x0) x0

H : Rn → R Ω

x ∈ Ω̄ H(x) = 0 ∇H(x) �= 0

X(x) | ∇H(x) �= 0, x ∈ Ω̄ ≤ 0

X H(x) ≤ 0

x ∈ R
n | H(x) = 0, x ∈ Ω̄ ≤ 0



Hi = {x|xi = 0}

x ∈ Hi, x ≥ 0

ẋi = (Ax)i =

n∑
j=1

ai,jxj = ai, ixj +

n∑
i �=j

ai,jxj =

n∑
i �=j

ai,jxj ≥ 0

X C1 Ω R
n

• X K Ω i ; Xi(a) ≤ Xi(b) a b Ω

ak ≤ bk ai = bi (i �= k i, k = 1, 2, . . . , n

• Ω p− tx+(1− t)y ∈ Ω t ∈ [0, 1] x, y ∈ Ω x ≤ y

• Ω P

∂Xi(x)

∂xj
≥ 0, i �= j, x ∈ Ω

• Ω P

∂Xi(x)

∂xj
≤ 0, i �= j, x ∈ Ω

φt : x → φt(x)

t ≥ 0, x ≤ y ⇒ φt(x) ≤ φt(y)

t ≥ 0, x < y ⇒ φt(x) 
 φt(y)

t ≥ 0, x ≤ y ⇒ DX(x) > DX(y), and

t ≥ 0, x < y ⇒ DX(x) > DX(y).



R
n × R

m

{
ẋ1 = f1(x1)

ẋ2 = f2(x1, x2)

f1 R
n

R
n f2 R

n
R
m

f1 and f2 C1

R
n×{0}

C1

{
ẋ1 = f1(x1)

ẋ2 = f2(x1, x2)

R
n ẋ1 = f1(x1) R

n

R
m ẋ2 = fx(0, x2) R

n, R
n × R

m

R
n×R

m

B(0, ε) = {(x1, x2) | ‖x2‖ ≤ ε}.
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ẋj = Fj(x) + V+
j (x)− V−

j (x)

Vj(x) = Vj(x)
+ − Vj(x)

−
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ANNEXE B 

BIOLOGY O F  MOSQUITO A N D  MALARIA PARASITE 

In tllis appendix, we describe tlle llistory and biology of malaria and tlle nlalaria trarlsnlitting 
rnosciuito. T l ~ e  word, malaria, is derived fronl tlle Italian pllrase, 'mal-aria', meaning bad air. 

Malaria infection is caused 11- a protozoan parasite of tlle genus Plasmodium, four species of 
wllidl infect lluman beings n-itll tlle nlost conlnlorl being Plasnlodiunl vivax and tlle nlost deadly 
being Plasnlodiunl falciparum. Tlle i-lnoplleles rnoscluito serves as Plasnlodiunl 's delivery systern, 
or vector. Oril)- ferriale rrioscpitoes cari trarisrriit it sirice rriales do ~ i o t  take blood rrieals. 

B.0.1 The parasites life cycle. 

The rrialaria parasite exhibits a corriplex life cycle irn-olvi~ig the rrioscpito arid a Ilunian Ilost. 
Irifectio~i l~egiris n-lleri the ferriale A4rioplleles rrioscpito bites an irifected Ilurriari and irijects salila 
ni th  sporozoites irito the Ilurriari blood strearri. Sporozoites are carried by the circulator>- systerri 
to tlle liver and imade a variety of liver cells. Tlle sporozoites replicate to produce merozoites 
~ v l ~ i d l  are released into tlle bloodstream. hlerozoites invade erytllrocytes and enlarge to produce 
tropl~ozoites, The tropl~ozoites subdivide and mature to becorne scllizonts, wllicll are released 
following a rupture of t l ~ e  infected erytllrocyte, Imasion of erytllrocytes reinitiates anotller round 
of t l ~ e  11lood-stage replicative cycle, usually referred to as t l ~ e  assexual cycle. Sometimes, irlstead 
of tlle asexual replicative cycle, the parasite car1 differentiate irlto sexual forms kno~vn as macro- 
or rriicrogarrietocytes. I~igestiori of garrietocytes 11)- the rrioscpito vector iriduces garrietogeriesis 
(i.e., the production of gametes). IlIicrogarrietes tlleri fertilize the rriacrogarriete to produce a 
zygote n-hicIl develops irito a rriotile ookiriete. The ookiriet n-il1 perietrate the gut lm11 cells arid 
develop irito ari oocyst. The oocyst rriatures arid releases the sporozoites n-hicIl rriigrate to, arid 
irivade, the salivary glarids. This corripletes the life cycle of the parasite cycle. The iricubatiori 
period (tirne fronl infection to development of the disease) is usually al~out 10 to 15 dws. 

B.0.2 hiosquitoes Life cycle 

=Inoplleles llave four stages in tlleir life cycle : egg, larva, pupa, and adult. Tlle first tllree stages 
last 5-14 days depending on tlle species and t l ~ e  anll~ient temperature, Tlle adult females lives 
for about 1-2 n-eeks in nature, 



Eggs : An arioplleles rrioscpito lq-s betn-ee~i 50-200 eggs per ovipositiori directly ori n-ater. T11e 
eggs Ilal-e floats ori eitller side to llelp tllerri float till t l q -  llatcll nitlliri 2-3 d q s ,  iri anillierit 
terriperature. 

Larme : hloscluito l a r ~ ~ a e  I~ave 5 well-developed llesd nith nloutll 1,ruslles used for feeding, a large 
thorax, and a segmented a11domen.Tlley breatlle tllrougll spiracles located on the al~donlen and 
tllerefore nlust conle to tlle surface freciuently. Larvae sperld nlost of tlleir tinle feeding on algae, 
bacteria, and otller rnicroorganisms in the surface rnicrolqer. Tlley dive belon. the surface 0111y 
wllen disturbed. Tlley develop tllrougll 4 stages, or instars, after n.llidl tlley metamorpllose irlto 
pupae. At tlle end of eadl instar, the larvae rnolt, slmiding tlleir exoskeleton, or skin, to allow for 
furtller gro~l-tll. Tlle larvae prefer clea~i, uripolluted n-ater and rriarc species prefer Ilallitats nith 
vegetatio~i. Sorrie breed i ~ i  open, suri-lit pools n-llile otl~ers are fourid orily iri slladed breedi~ig 
sites iri forests. 

Pi.ipae : The pi~pae is comma-sllapecl n-l~en s-ien-ecl froni the sicle. The heacl aricl thorax are mer- 
ged into a cepllalotllorax n-itll the abdomen curving around underneat1l.Tlley usually conle to 
the surface freciuently to breatlle, tl~rougll a pair of respiratory trunlpets on the tllorax, =Ifter a 
Sen. days the pupa, splits and the adult rnosciuito emerges. Once larvae emerge to becorne adults, 
the rate at wllidl tlley feed on nlarl is deperdent uporl the amlient temperature. 

A4ciults : A4rioplleles rriosquitoes cari 11e distiriguislled frorri otller rriosquitoes 11- tlle palps, n-llicll 
are as lorig as tlle prol~oscis, arid by the preserice of discrete blocks of black arid n-llite scales ori 
tlle n-irigs. A4ciult A4rioplleles cari also 11e ideritified 11)- tl~eir typical restirig positiori : tlley rest 
nit11 tl~eir alldorrieris sticki~ig up iri tlle air ratl~er t l la~i parallel to tlle surface ori n-llicll tllel- 
are restirig. Tlle duratiori frorri egg to adult varies corisideral~ly arrio~ig species arid is strorigly 
irifli~e~iced 11- anillierit terriperati~re. hlosc~i.iitoes c a ~ i  develop frorri egg to adiilt i ~ i  as little as 5 
days Ilut usually take 10-14 d q s  in tropical conditions. 

Sonle =Inoplleles rnosciuitoes prefer to bite l~umans and otllers prefer animals ; tlley are usually re- 
ferred to as antllropopllilic and zoopl~ilic respectively. T l ~ e  antllropllilic are Elore liliely to spread 
nlalaria because tlley bite l~umans more often. Most -4noplleles are active at dusk and d a ~ n  (cre- 
puscular) n-hile otllers are ~ioctur~ial (active rriostly at riigllt). Sorrie arioplleles prefer to feed:'rest 
iridoors (eridopllagic :! eridopllilic), n-llile otllers feedlrest outdoors (exopllagic :! exopl~ilic) . Il'lleri 
feedirig, the ferriale rrioscpito first irijects sorrie saliva irito tlle llost to preverit clotti~ig, allon-i~ig 
the rrialaria parasite to eriter the llurriari llost. 

Sonle :-lnoplleles species are poor vectors of malaria, because the parasites do rlot develop ~ e l l  
(or at all) n-itllin tllern. Tllese refractory strains l~ave an inlnlurle resporlse tllat encapsulates and 
kills the parasites after tlley llave invaded the rnoscluito's stonlacll ~ a l l .  It is l~oped tllat sonle 
d l ;  genetically nlodified rnoscluitoes tllat are refractory to nlalaria cari replace wild rnosciuitoes, 
tllereby lirniting or elirninating nlalaria transmission. 
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