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Résumé

Plan de cette thése

La thése est composée de six chapitres.

Les chapitres 1 - 3 sont consacrés a 'analyse des modéles macroscopiques de I’écoulement
en milieu fracturé. Dans le chapitre 1 on étudie probléme de I’écoulement monophasé
dans un milieu multi échelles, et on introduit les conditions nécessaires de l’existence
d’autosimilarité d’un écoulement. Un modéle général effective s’appuyant sur le concept
d’un milieu avec longue mémoire y est proposé. Une fonction de transfert pour un nombre
d’échelles quelconque est déduite et son comportement asymptotique lorsque le nombre
d’échelles tend vers infini est étudié. Le comportement asymptotique de non localités est
trouveé.

Dans le chapitre 2 la technique d’homogénéisation & deux échelles est appliquée aux milieux
fracturés de double porosité. Il est démontré que le terme d’échange peut étre déterminé
a travers le noyau d’Abel.

En suite, dans le chapitre 3 ce résultat est utilisé pour étudier le comportement de fluides
dans un milieu fissuré fracturé. Le milieu était considéré comme constituant de blocs et
de fractures de deux types: les fractures & I’échelle microscopique ou les fissures et les
fractures macroscopiques. Des différentes échelles de temps ont été mises en place afin
d’obtenir des modéles non-triviaux du domaine.

Dans les chapitres 4, 5 on examinait le comportement microscopique de ’écoulement &
Iintérieur d’une fracture mince pour deux géométries différent: plane paralléle et cylin-
drique. Les caractéristiques de I’écoulement ont été obtenues. L’effet de la présence d’afflux

& travers les parois du canal sur les pertes de pression le long du canal a été étudié. Il



était utilisé une approche asymptotique a la solution du probléme de Navier Stokes dans
un canal ondulé.

Dans le chapitre 4 on étudie 1’écoulement stationnaire d’un fluide incompressible dans une
fracture en forme de plane-paralléle avec des limites latérales imperméables et perméables.
Une expression analytique (ou une méthode analytique) afin d’obtenir la perte de pression
moyenne le long de la fracture est proposée. Les résultats obtenus sont validés avec le
logiciel COMSOL.

Dans le chapitre 5 on se sert de la méme méthodologie pour étudier un puits horizontal.
L’expression analytique (ou une méthode analytique) afin d’obtenir la perte de pression
moyenne le long du puits est egalement proposée.

Dans le chapitre 6 on couple méthode de levelset avec le modéle analytique qu’on a obtenu
afin de déterminer écoulement diphasique dans le puits. Le champ de vitesses externe
nécessaire a savoir pour ’évolution de la fonction levelset est calculé par le modéle ana-
lytique du chapitre 5. Aprés chaque évolution, la nouvelle disposition spatiale des fluides
dans le domaine est utilisée pour déterminer le nombre de Reynolds et de la distribution

de viscosité.

Modéles macroscopiques d’écoulement dans un milieu poreux

hétérogénes multi-échelles

Un ensemble de fractures situé dans un milieu poreux représente un cas typique de réser-
voirs naturellement hétérogénes qui contient de I’huile, du gaz ou de l'eau, Fig. 1. Le
systéme de fracture typique représente un systéme hiérarchique de réseaux inclus 'un
dans 'autre et ayant des perméabilités et des ouvertures différentes. Respectivement les
blocs poreux situés entre les fractures forment aussi un systéme hiérarchique. Modélisation
d’écoulement dans un milieu multi-échelle est 'un des problémes les plus difficiles de la
théorie qui reste ouverte pour le cas général.

Dans la thése présente, nous allons analyser les problémes de modélisation des écoule-
ments dans un tel milieu. Nos efforts sont concentrés au premier tour sur la descrip-
tion adéquate d’un milieu hétérogéne fracturé ou I’hétérogénéité posséde est observable

& plusieurs échelles spatiales et posséde des différentes structures. Les études des écoule-



ments dans un milieu fracturés en fonction des propriétés conductrices du milieu et de la
taille des fractures est un probléme compliqué, qui nécessite de description de ’écoulement
dans des différentes parties du domaine et se compose de plusieurs problémes couplés qui
doivent étre formulés indépendamment. Les modéles mathématiques décrivant le com-
portement du systéme a 1’échelle spatiale de base (la plus petite) peuvent étre réduits, par
différentes techniques, a un modéle soi-disant effectif (autres termes également employés
: macroscopique et homogénéisé) qui gouverne 1’écoulement & ’échelle globale en opérant

avec les propriétés effectives du domaine.

Concept de double porosité

On commence par le cas le plus simple ot il y a que deus échelles. Traditionnellement,
on distingue deux échéles spatiales caractéristiques dans un milieu poreux. Le premier est
un pore-échelle qui correspond & un assemblage assez grand nombre de pores. Le deux-
iéme est formée par une structure composite du milieu poreux qui peut-étre construit de
plusieurs types de roches poreuses avec la conductivité hydrodynamique distinctes. La
taille d’un bloc forme échelle de bloc. Le modéle consistant en un tel deux types d’échelles
est considéré comme un modéle double porosité. Dans les milieux a4 double porosité ou
double perméabilité les caractéristiques conductrices subissent des fortes discontinuités :
différentes pour les fractures et les blocs. Dans 'approche de double porosité, les dis-
continuités présentes partout dans le réservoir sont considérées comme un systéme d’un
point de vue analogique au systéme des pores a ’échelle microscopique. Ainsi un réservoir
fracturé représente une superposition de deux "systémes de conduits" distincts possédant
de différentes propriétés conductrices ainsi que les capacités de stockage (ce qu’on identifie
avec la porosité). Les fractures represent des pores "macroscopiques".

On va appeler le systéme de petits pores la matrice. La matrice contient les pores les
plus étroits et posséde une grande capacité de stockage, mais une faible capacité laisser
passer I’écoulement, c’est interconnecté avec le réseau de fractures, qui posséde une faible
capacité de stockage, mais une forte capacité de laisser passer ’écoulement. Le modéle
de double porosité distingue des différents écoulements dans les parties plus perméable ou

moins imperméable du réservoir. Ces deux écoulements sont reliés entre eux par un terme



d’échange. Ainsi les problémes d’écoulement dans deux réseaux de canaux ne peuvent pas
étre étudiés séparément.

Il est évident qu’avec une telle définition, le modeéle de double porosité est similaire au
modeéle classique qui opére avec une seule porosité et une seule perméabilité, la différence
consiste en nombre d’équation (deux contre une) et en présence du terme d’échange. Ce
terme d’échange établit I'interaction entre les fractures et la matrice, ce qui est le facteur
essentiel qui controle la performance de production d’un réservoir naturellement fracturé.
Des différentes formulations existantes du modéle & double porosité se distinguent princi-

palement de la facon dont 1’échange de masse est pris en compte. Le modéle de base d’un

milieu & double porosité est proposé par Barenblatt [Barenblatt, Entov and Ryzhik, 1990].

Dans ce modéle conceptuel, le milieu poreux fracturé est représenté par deux systémes dis-
tincts, mais en interaction, dont chacun est considéré comme un continu présent dans tout
le domaine entier. Les phénoménes d’interaction entre deux continus sont pris en compte
comme I’échange de fluide entre les fractures et les blocs poreux. Il est supposé que tout
petit volume élémentaire représentatif (VER) comprend de nombreuses fractures aléatoire
et des blocs poreux. Le mouvement du fluide dans un tel systéme est alors décrit par
deux équations de bilan, une pour chaque continu (ou milieu), couplées a travers le terme
d’échange de fluide. Ce dernier dépend des différences de niveau piézométrique entre deux
continus en tout point. L’écoulement d’infiltration dans les blocs, la zone moins per-
meéable, est négligé. Dans ce modéle tous les paramétres de I’écoulement en chaque point
sont données par deux valeurs, dont chacune se rapporte & une des parties du milieu.

En général les types suivants de termes de 1’échange peut étre noté:

Modéle avec échange de masse quasi-équilibre Le modéle classique dérivée de I’approche

phénoménologique |[Barenblatt, Entov and Ryzhik, 1972|, [Barenblatt, Zheltov and Kochina, 1960],

|[Barenblatt, Entov and Ryzhik, 1990| considére les blocs denses et la fracture trés per-

méable comme deux continuums coexistant avec échange de masse entre les décrite par
un terme d’échange.

Dans certaines variantes du processus les blocs ne sont considérées que comme un élé-

ment de capacité. Ils jouent le role de blocs de la faible perméabilité [Coats and Smith, 1964].

Dans le document original [Barenblatt, Zheltov and Kochina, 1960|, un variante est pro-

posé lorsque les blocs correspondent aux éléments de capacité, alors que la capacité de frac-

tures est négligée. Les modéles similaires sont proposées plus tard dans [Béhm and Showalter, 1985,




|Charlaix, Hulin and Plona, 1987|, |[Duguid and Lee, 1977|, [Evans, 1983|, [Warren and Root, 1963|.

Modéle de quasi-homogéne Dans le document [Odeh, 1965|, I’échange est montré pour
étre rapidement mis en place, ainsi que d’étre extrémement insignifiante. La pression
dans un milieu trés hétérogéne est uniforme pour les blocs et les fractures et peut étre
décrite par une équation de diffusion parabolique, sans conditions de ’échange. Le terme
d’échange est démontré a I'ordre €2 lorsque la porosité et la champs de perméabilité sont

similaires.

Modéle avec terme d’échange non-stationnaire. Dans |[De Swaan, 1976| I’échange non-

stationnaire est pris en compte par la présentation sous la forme d’une convolution du gra-

dient de pression a la limite de bloc. Dans les documents [Panfilov, 1990], [Panfilov, 1986|

un modéle plus général avec la forme étroite du terme d’échange est calculé par homogénéi-

sation pour une classe trés hétérogéne des milieux (médias type de source).

Modéle avec échange non-stationnaire et le type de ’translation’. Le modéle est dérivé

dans |Panfilov, 1993|, [Panfilov, 1994|, pour les milieux trés hétérogéne des ’translation-

type’ de source. Les blocs fonctionnent de deux fagons, en tant que source non-stationnaires,
ainsi que leur donner une contribution & I’écoulement ’translation’ a travers le milieu. Le

terme d’échange est décrit par la deuxiéme dérivé de la pression.

Maintenaient on essaye de étudier les effets de présence de plus d’échelles sur le com-

portement de milieu.

Milieu multi-échelles

En réalité, des roches naturellement fracturés sont caractérisés par une structure multi-
échelle des réseaux de fractures, résultant de I'existence de fractures des différents ordres
de perméabilité et des différentes tailles. Le comportement macroscopique d’un milieu &

plusieurs porosités est un probléme toujours ouvert. Un modéle des milieux fracturés a

trois échelles est proposé dans [Amaziane, Goncharenko and Pankratov, 2005| pour le cas

particulier de dégénérescence des conditions limites sur le contact de fractures et les blocs.

Un arrangement particulier d’un milieu quadruple fracturé est étudié dans [Dreier, Ozkan



et Kazemi, 2004]. Ils ont proposé un modéle analytique pour I’écoulement dans un systéme
de quatre porosités qui consistait en un réseau triple des fractures et un systéme unique
de matrice. Les fractures sont classé, en fonction de leur taille et leur conductivité, des
micro fractures (les plus denses plus bas, les fractures de conductivité macro) et les méga
fractures (plus grande taille, plus grande conductivité). Ils ont supposé que seulement
les méga fractures, transporte de fluide du réservoir au puits. L’écoulement dans les trois
fractures est supposé transitoire. L’échange de fluide entre la matrice et la fracture est pris
en compte comme pseudo-steady. Différents modéles sont étudiés, en premier lieu lorsque
le micro fractures sont interconnectés avec des macros fractures et n’ont aucun rapport
avec le systéme de méga fracture.

Deuxiéme lorsque micro fractures et macro fractures sont reliées & des méga fractures
mais pas directement reliés les uns aux autres. Ce modéle est approprié pour les réservoirs
que les deux ensembles de fractures peut coexister, mais ne pas interférer. Un systéme
d’équations de flux interconnectés a travers le terme d’échange proportionnel & la différence
de pression entre les domaines interconnectés est résolu par l'aide de la transformation de

Laplace. Les fonctions de transfert pour un réservoir limité sont proposées.

Dans |[Peszynska 2007] un modéle général multi-échelles est proposé pour les problémes

elliptiques-paraboliques d’écoulement qui peut étre utilisé dans les milieux poreux.

A notre avis deux approches principales semblent étre applicables & un milieu multi-
échelles. En bas on va etudier les deux approches:

(1) la micro-modélisation: on résout directement le probléme de I'écoulement numérique-
ment ou analytiquement dans le milieu tout en tenant compte de tous les détails de la
structure moyenne. Pour les structures périodiques souvent, il est possible d’obtenir des
solutions analytiques par la méthode de superposition. Pour les médias irréguliéres et
non-périodiques, la seule solution possible est la solution numérique. Le probléme de la
modélisation numérique directe consiste en la nécessité d’utiliser des maillages trés fins
dont la taille doit étre beaucoup plus basse que ’échelle inférieure de la structure hiérar-
chique moyenne.

(ii) {’homogénéisation et la macro-modélisation: on peut développer le modéle moyenne
d’écoulement sur des hétérogénéités. Un tel modéle décrit le comportement d’un milieu
homogéne équivalent, sa solution numérique ne demande pas d’utiliser des maillages tres

fines.



Micro-modélisation des réseaux de fractures

Comme les méthodes numériques, leur analyse est en dehors de l'objectif de cette thése.
Toutes sont basées sur des trés fines maillages numériques, ce qui réduit leur efficacité.
Les méthodes d’analyse sont en grande partie basées sur la superposition de solutions
élémentaires qui décrivent I’écoulement dans le voisinage de chaque fracture considérée
indépendamment de tous les autres. Plus exactement la superposition est réalisée en
termes de fonctions de Green. En effet, si on considére une fracture comme une surface en
3D ou en 2D d’une ligne, encastrée dans un réservoir infini, alors la solution du probléme de
la perturbation du réservoir par cette fracture (en imposant une pression donnée le long
de la fracture) représente la fonction de Green de 'opérateur correspondant décrivant

I’écoulement.

Utilisation des fonctions de Green dans la modélisation de milieu fracturé multi-

echelles

Le concept de fonction de Green est introduit en ingénierie des réservoirs [Gringarten and Ramey, 1973|

par Gringarten et al. Ils ont appliqué leur méthode aux réservoirs fracturés |[Gringarten and Ramey, 1974

dans le cas de présence d’une fracture vertical avec conductivité infinie. Postérieurement

Kuchuk et al ont appliqué la théorie générale des fonctions de Green dans les milieux com-

posites |[Carslaw and Jaeger, 1959| aux réservoirs hétérogénes [Kuchuk, Habashy and Torres-Verdin, 1996|

et ont obtenu les fonctions de transfert pour les cas particuliers des réservoirs latéralement

ou horizontalement composites

|Kuchuk and Habashy, 1997|. Ce modéle est capable d’examiner les réservoirs fracturés

dans le cas de la petite ouverture des couches et un contraste élevé des perméabilités entre

les couches étroites et les autres couches. Les fractures & conductivité infinie et conduc-

tivité finie |[Kuchuk and Habusky, 1994]| peuvent étre traitées dans ce modéle.




Méthode d’homogénéisation appliquée aux milieux multi-echelles

Du point de vue de la théorie de perturbation, le processus d’écoulement dans un milieu
hétérogéne peut étre décrit par une équation différentielle dont les coefficients qui déter-
minent les propriétés du milieux varient rapidement dans ’espace suite & 1’hétérogénéité

du milieu. La théorie de I'homogénéisation est connue comme une méthode efficace

pour étudier les milieux poreux fortement hétérogénes |[Bakhvalov and Panasenko, 1989],

[Allaire 1992].

L’idée d’homogénéisation consiste en ce que un média efficace peut étre obtenu & partir

du média réel, si ’échelle de I’hétérogénéité ¢ = % tend vers zéro. Vraiment, la plus bas
g, la structure du milieu devient plus fine. A la limite, chaque cellule se transforme en
point, et nous obtenon un milieu homogéne avec une structure interne de chaque point.
Par conséquent, le terme zéro des développements asymptotiques détermine la forme de
I’équation moyenne. La convergence faible ne peut étre assurée.

Le concept du milieu & double porosité est largement étudié a l’aide de la méthode

d’homogénéisation & deux échelles [Hornug, 1997|, [Panfilov, 2000], [Arbogast, Douglas and Hornung, 1990].

Mémoire dans les milieux a double porosité

Le modéle de I’échange non-stationnaire est d’abord proposée dans [De Swaan1976]. La re-
lation est obtenu en résolvant analytiquement le probléme non stationnaire de I’écoulement
dans un seul bloc, causée par une réduction de la pression a la limite de bloc. Le terme
d’échange est obtenu en forme de la convolution temporelle du gradient de pression & la
frontiére avec les fonctions de Green. Cela signifie I’apparition de la mémoire.

Un modéle similaire avec le terme d’échange non-stationnaire est obtenue par la tech-
nique d’homogénéisation beaucoup plus tard dans [Arbogast, Douglas et Hornung, 1990]
et [Panfilov, 1990]. Le terme d ’échange est obtenu sous la forme d’un opérateur intégro-
différentielle appliquée a la dérivée temporelle de la pression dans les fractures. Le noyau de
cet opérateur est obtenu sous la forme analytique explicite grace a I'expansion de Fourier
de la fonction de Green décrivant la perturbation d’un seul bloc a partir de sa limite. Ce

modeéle est obtenu pour une valeur spécifique du rapport entre la perméabilité de bloc et



de la fracture, w , qui était de I'ordre €2, ol est la période de I'hétérogénéité de milieu.
Ce modéle est appelée modéle £2. Pour les autres valeurs de w, d’autres modéles ont été
obtenus dans [Panfilov 1993],[Panfilov, 1994].

Sie << w << 1, les blocs ne sont plus imperméables pour les fluides. Une partie du
liquide peut traverser chaque bloc, griace a laquelle les blocs contribue & la perméabilité
effective. Dans le méme temps processus de I’échange devient négligeable. Le systéme est
décrit par une seule pression, et le modéle macroscopique garde la méme forme a 1’échelle

microscopique.

Si €2 << w << ¢, les blocs jouent un double réle. Tout d’abord, ils sont les sources de
fluide par rapport a fractures, qui détermine 'apparition du terme d’échange. Deuxiéme-
ment, ils contribuent & la perméabilité effective. L’écoulement dans un bloc représente
une superposition de ’écoulement source et un flux de translation dans la direction des
gradients de pression macroscopique. Le terme d’échange est différent du cas de milieu
2. Le noyau de 'opérateur devient delta-fonction, ce qui signifie que le terme non local
se transforme en un local, qui est la dérivée seconde de la pression dans le temps. C’est le

cas d'une mémoire a court terme.

Meémoire dans les milieux fracturés

Dans la littérature le modéle & double porosité est souvent surnommé le milieu poreux
fracturé. Ce n’est pas trop exact. Si le méme ordre de paramétres €2 pour le rapport de la
perméabilité, et 1 pour le taux de porosité est appliquée pour un milieu avec des fractures
minces, puis les effets de mémoire sera entiérement disparaitre. L’échange entre les frac-
tures et les blocs devient trop rapide, et 'effet du temps devein négligable. Pour obtenir le
modéle avec mémoire, similaire au modéle & double porosité, il est nécessaire de changer
les rapports entre les perméabilités. En outre, méme dans ce cas le processus d’échange
est suffisamment différents de milieu & double porosité, grace a laquelle, les conditions
de la mémoire a suffisamment différentes structure. Par conséquent, le modéle fracturé
poreux avec de la mémoire représente un résultat indépendant, identique importante que
le modéle de milieu & double porosité.

Le premier modéle d’écoulement en milieu poreux fracturé avec fractures minces qui s’est



averé les effets de mémoire est obtenu par Pankratov et Rybalko dans [Pankratov et Ry-
balko, 2002|, [Pankratov et Rybalko 2003|. Les auteurs ont montré que la mémoire ne
s’affiche que si les blocs poreux (entouré par des fractures) sont trés serrés, de sorte qu'ils
ne fonctionnent que gréace a partir d’une couche limite dont I’épaisseur est du méme ordre
que 'ouverture des fractures. Dans ce cas, la contribution des blocs et des fractures dans
le processus macroscopique sera du méme ordre. Dans les publications consécutives les
auteurs ont développé les classes de processus analysés, [Amaziane, Pankratov et Rybalko,
2005|, [Amaziane, Pankratov et Piatnitski, 2007].

Le comportement global du milieu fracturé par rapport a différents paramétres tels que
I’épaisseur de fracture, la taille des blocs et le rapport de la perméabilité, et des termes
sources oscillant est étudiée. Il est démontré que pour les fractures minces qui sont trés per-
méables le terme de mémoire se réduit & un noyau d’Abel. Les auteurs n’ont pas présenté
la technique constructive du développement du modeéle. Leur objectif était d’étendre les
théorémes de convergence élaboré par le méthode de Khrouslov [Marchenko et Khrouslov,
1974]. En fait, la méthode de Khrouslov est applicable pour les domaines dans les quels
les blocs sont entiérement imperméables. Pankratov et Rybalko ont étendu le résultats
pour les médias perméables partout. Il est montré que le modéle global homogénéisée
est également de type parabolique mais avec les termes non locaux qui pourraient étre
considérés comme un terme source ou comme un temps de retard [Bourgeat et. al 1999,

[Pankratov et Rybalko 2003].

L’accumulation de la mémoire dans un milieu multi-échelle

Supposons que nous avons le milieu €2 & toutes les échelles. Tel que mentionné précédem-
ment, une seule étape d’homogénéisation des deux milieux voisins conduit & l'apparition
de la mémoire dans terme de ’échange. L’équation macroscopique change de type: au lieu
de I'équation de diffusion a I’échelle macroscopique nous obtenons une équation macro-
scopique intégro-différentielles. La prochaine étape d’homogénéisation conduira a la mé-
moire supplémentaire, et consécutivement & l'apparition d’une nouvelle équation dont les
macro-échelle forme et le type mathématiques sont impossibles a prévoir.
L’homogénéisation sur plusieurs des échelles conduira & I’accumulation des effets de mé-

moire causé a chaque étape d’homogénéisation. Le modéle limite correspondant & nombre
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infini d’échelles représente un grand intérét scientifique.

D’abord on va etudier les modeles de milieux & plusieurs echelles qui existent deja:

Les médias multi-échelle n’ont pas été suffisamment bien étudiés dans la littérature.

Le milieu fracturé a trios echelles porous est d’abord développée dans [Amaziane,
Goncharenko et Pankratov, 2005]. Le milieu consistait ensemble de grande fractures, de
petites fractures et les petits blocs serrés. Les auteurs ont analysé le cas ou l'ouverture
fracture a chaque échelle est la méme en coordonnées locales. Autrement dit, si § est
Iouverture des grands fractures, alors 'ouverture des petits fractures est de. Le modéle
obtenu prouvé les effets de mémoire. Un tel milieu correspond a la situation quand chaque
échelle génére une couche limite, de sorte que le seul filet formé par de minces de grandes
fractures voisins et couches limites sera active. Le défaut de ce milieu est constitué de la
majeure volume du milieu restera non perturbé. Dans la thése presente nous considérons
une autre classe de milieux fracturés tri-échelle, ce qui assure l'inactivité de la partie
centrale de petits blocs. Nous avons obtenu un modéle différent de celui obtenu dans
[Amaziane, Goncharenko et Pankratov, 2005].

Un arrangement particulier d'un milieu fracturé quadruple est étudiée dans [Dreier,
Ozkan et Kazemi, 2004|. Ils ont proposé un modéle analytique pour 1’écoulement dans
un systéme de quadruple porosité qui consistait en un réseau triple fracturé d’un systéme
unique matrice.

Les fractures ont classé, en fonction de leur taille et leur conductivité, de fractures micro
(les plus denses , moin de conductivité) et les fractures méga (plus grande taille, plus
grande conductivité). Ils ont supposé que les méga fractures seulement transport de fluide
du réservoir vers le puits.

L’écoulement dans les trois fractures est supposé transitoire quand 1’échange de fluide
entre matrice et les fractures est pris en compte pseudosteady. Deux modéles différents
sont étudiés: Premiere lorsque les micro fractures sont reliées a des fractures macro et n’ont
aucun rapport avec les méga fractures. Deuxiéme lorsque les fractures micro et macro sont
reliées a des fractures méga mais pas directement reliés les uns aux autres. Ce modéle
est approprié pour les réservoirs que les deux ensembles de fractures peut co-exister, mais

pas interférer. Une systéme d’équation interconnectés & travers de terme 1’échange est
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proportionnel & la différence de la pression entre les domaines interconnectés est résolu
par la 'aide de la transformation de Laplace. Les fonctions de transfert pour un réservoir
limitée sont proposés.

Le modéle 2 multi-échelles est analysé¢ en [Douglas et al, 1998] ou l'existence
formelle de le comportement macroscopique est prouvé. En fait, Douglas et al. sont les
premiers qui ont introduit une géométrie auto-similaire pour un modéle multi-échelles. Ils
ont présenté la modéle moyenne d’un milieux de trois porosité du et ont proposé le modéle
homogénéisé pour un systéme multi-échelles (N +1). Ils ont mis en place un processus
hiérarchique d’homogénéisation a partir de ’échelle la plus petite, a ’échelle derniére.
A chaque étape, ils ont montré le wellposedness de chacun des modéles. Les termes de
mémoire ne sont pas du tout discutés. Aucune des problémes de la micro-échelle sont
résolus.

Dans [Peszynska 2007] une tentative pour développer le modeéle multi-échelle est con-
sidérée pour les problémes d’écoulement elliptique et parabolique. Ce modéle formel est
formulée par un opérateur qui est déterminé implicitement par des équations fonctionnelles
et ne peuvent pas étre calculé en pratique. Le probléme de comportement macroscopique
de I'écoulement dans un milieu multi-échelles €2 reste ouverte. Solution de ce probléme
est l'objectif des chapitres (1) et (2).

Les effets d’accumulation de mémoire n’étaient étudiés pour le cas générale.6

L’essentielle de ce travaille

Nous considérons 1’écoulement monophasique dans un milieu multi-échelle, de sorte que,
dans toute partie homogéne du milieu, I’écoulement est décrit par une équation de dif-
fusion en termes de pression du réservoir (qui est le modele classique). L’objectif de
cette recherche est d’obtenir le comportement homogénéisé de I’écoulement. Un tel com-
portement est non-trivial dans le cas général et dépend essentiellement du rapport de

perméabilités de chaque deux échelles conséquentes.

Nous avon présenté ensemble des domaines QF dans R® (1 <i < n) qui se chevauchent
entre eux et dont la somme constitue une grande cube Q. Le systéme de domaines QOf est

géométriquement auto-similaire, c’est a dire qu’il représente le systéme de cubes identiques
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inséré périodiquement & 'intérieur des cubes plus grande ﬁ"“, comme illustré a la figure
([CI). Dans le cas général, les cubes ne peuvent pas étre nécessairement cubes vrai, ainsi
nous les appelons "les blocs".

Le milieu O représente la superposition des blocs non-interscetant Qi1 et 1a fracture QF.
A son tour, le milieu QL est la superposition de blocs Q=2 et les fractures Q1 et ainsi
de suite. Le milieu Q2 est la superposition de blocs de Q! et les fractures Q2. Les blocs
de O sont homogénes. Le rapport entre les dimensions linéaires des périodes de médias

Q1 et QO est une valeur constante petite €.

Pour caractériser la taille absolue de chaque milieu, nous introduisons le systéme de
coordonnées principaux = = (™ associée au réseau le plus grande de fractures, Q". La
notation (™ désigne une vecteur dans R3: z(® = {xgn),x;n),xén)}. Dans Fig. (LI)), on
voit que tout domaine de rupture Q2 (i > 1) est auto-connecté au correspondant période
de la milieu Q. En outre, il est directement relié pour les fractures de ’échelle plus petite
Q~1 mais n’a pas connexion directe avec les blocs de Q2. Le systéme de fractures
connecté QF pour i diverses crée un connecté hiérarchique du réseau multi-échelle, qui sera,
appelé le réseau de fractures. Physiquement, ces fractures sont les canaux poreux trés
perméables.

Avec  nous allons introduire les coordonnées locales y* comme (ICI)), et les cellules

élargie locales qui sont les périodes de 'hétérogénéité a chaque échelle élargie de telle sorte
que leur volumes est égale & 1 dans le systéme de coordonnées correspondante.
Chaque cellule Yise compose de deux sous-domaines ne se croisent pas appelé "fractures"
Y% et des "blocs" Y~! qui sont les images des sous-domaines ¢ et Q! respectivement.
Afin d’éviter de nouvelles notations, nous noterons la cellule correspondant & Qi que Y'U
yi-1, Ainsi, une cellule est définie strictement comme equation (L2]).

Tous les médias ) correspondent & ’échelle de coordonnée macroscopique x, mais
ils peuvent étre pris en compte dans différents systémes de coordonnées. Le lien entre
Ioriginal Q" et sa cellule (de la plus haute échelle) est représenté sur la Fig. (L2]).

Les équations de 1’écoulement formulées par la coordonnée macroscopique x peuvent étre

formulées comme equation(LI)ou la condition d’autosimilarité est donnée dans ’équation

(9.
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Dans le cas d’'un rapport modéré des perméabilités entre deux échelles conséquentes,
le modeéle macroscopique représente une équation de diffusion, mais avec le paramétre
de diffusivité effectif déterminée par un nombre infini de problémes cellulaires & chaque
échelle. Dans le cas d'un milieu auto-similaire, ce systéme de problémes cellulaires peut
étre découplé et réduit & une seule équation. Lorsque le rapport des perméabilités est
élevé (un milieu & double porosité & chaque échelle), le modéle macroscopique n’est plus
gouverné par une équation de diffusion.

En fait, méme dans le cas d’'un milieu & double porosité de deux échelles, la transition entre
les deux échelles conséquentes ameéne a ’apparition des effets de mémoire et au change-
ment du type de I'équation décrivant 1’écoulement. Nous obtenons ’équation de diffusion
avec un opérateur intégro-différentiel qui résulte décrivant I’échange de masse entre les

structures a deux différentes échelles.

Dans un milieu double porosité a plusieurs échelles, la deuxiéme transition va trans-
former I’équation de mémoire vers une autre équation, et ainsi de suite.
Meéme dans le cas relativement simple de trois échelles, le modéle macroscopique adéquate

n’est pas trivial et, pour le moment, n’est pas éclairci dans la littérature.

La condition nécessaire et suffisante pour pouvoir considérer le milieu comme auto-

similaire consiste en ce que la structure du milieu a chaque échelle se répéte et que le
rapport des perméabilités soit fixe et coincide avec le rapport des échelles spatiales en
puissance 2. Le probléme pour I’équation de diffusion qui gouverne 1’écoulement a chaque
échelle est auto-similaire (dans le sens commun).
Dans le cas d’un milieu multi-échelles, le modéle macroscopique peut étre déduit pour un
nombre quelconque (compris infini) d’échelles spatiales. L’homogénéisation d’un milieu
multi-échelles représentera un processus itératif infini de ’upscaling’ d’échelle plus bas
Q"1 4 échelle grande Q7.

A la premiére étape, on homogénéise le systéme sur la plus petite cellule Y2U Y. y(
est la variable lente, alors y) = 2 /€ est la variable rapide. Le milieu 02 et sa cellule
sont présentés sur la Fig. (L4).

L’homogénéisation de ce systéme conduit & un modéle bien connu de double porosité

[Panfilov, 2000].
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Figure 1: Processus itératif de 'upscaling’

A la deuxiéme étape, nous considérons le domaine qui se compose de la fracture Q3 et
le bloc déja homogénéisé Q2. Variable y®3) est la coordonnées lente, y?) est la coordon-
nées rapide. Le milieu Q3 en coordonnées y™3) et son cellule en coordonnées y? est
représenté sur la Fig. (7).

On a utilisé la méthode induction pour obtenir la modéle effective de transition d’échelle
i — 1 vers échelles 7. Dans chaque étape la solution de probléme local dans le bloc nous
donne noyau effective de cette étape. La solution de probléme locale se concerne a résoudre
une équation intergo-différentielle avec les conditions limites de continuité de la pression
sur les limites. Ce probléme peut étre résolu en utilisant de fonctions de Green et par la

séparation de partie temporaire et spatiale.

L’équation définitive contient un opérateur intégro-différentiel dont le noyau est déter-
miné comme la solution d’une autre équation intégro-différentielle, et ainsi de suite.
Nous avons trouvé une forme récurrente décrivant le terme noyau dans chaque échelle en
fonction du noyau dans l’echelle précédente.

Nous avons développé un modéle général homogénéisé de I’écoulement dans un tel milieu
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a 'aide de la méthode de homogénéisation asymptotique.
Nous avons développé une procédure numérique congue a calculer le noyau effectif pour un
certain nombre arbitraire d’échelles. Pour un nombre infini d’échelles, la convergence du

noyau effectif est prouvé numériquement. L’existence d’une limite de la série des noyaux

est déja démontré par Douglas et al. [Douglas et al, 199§|.

Apreés 7 ou 8 échelles, le noyau tend a limiter son comportement et il n’y a plus besoin de
prendre en compte plus de nombre d’échelles. Nous avons trouvé cette limite du noyau
analytiquement. Aussi nous avons utilisé un apporch itérative pour trouver cette limite.

La limite itératif du noyau coincide avec la limite du noyau récurrentes.

Pour les milieux non-autosimilaires (qui ne satisfont pas au critére mentionné), nous
avons obtenu les modéles homogénéisés pour deux échelles et trois échelles (un milieu a
triple-porosité).

La différence principale entre milieux fracturés et les milieux multi echelles est le fait que
les fractures sont trés mince, ce qui signifie 'apparition d’un nouveau paramétre de petite
taille. Il change la structure des développements asymptotiques et, consécutivement, le
comportement macroscopique. En particulier, la grande perméabilité interne de chaque
fracture n’assure pas son réle dominant dans le processus de transport . Si I’ouverture de
fracture est trop mince, sa perméabilité effective peut étre égal ou méme inférieure a la
perméabilité de blocs.

Il est montré que dans certains cas, chaque bloc sera perturbé qu’au sein d’une couche
limite juste en contact avec la fracture. Dans cette couche limite chaque bloc fonctionne
comme une source & I’égard de 1’écoulement dans les fractures. Cela va changer qualitatif
de la structure des fonctions de Green des opérateurs décrivant 1’écoulement dans un bloc,
et la structure respective des noyaux dans les équations macroscopiques. Il est montré
que cette type de modéle correspond & noyau d’Abel qui permet des solutions analytiques
des équations intégrale correspondante. L’apparition de couche limite et le modéle macro-
scopique correspondant a ce cas est obtenue dans [Pankratov].

Pour un milieu fracturé simple l'effet de mémoire dans le modéle homogénéisé se décrit
par un opérateur spécial : convolution avec le noyau d’Abel. Ces équations sont faciles a
résoudre analytiquement ou peuvent étre réduites a des équations différentielles. Ceci four-

nit un outil efficace multi-échelle pour analyser les milieux fracturés, jusqu’a ’obtention
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de la structure des noyaux effectif complétement sous une forme analytique.

Nous avons étudié le probléeme d’écoulement dans un réservoir limité fracturé a deux
échelles, qui a un modéle équivalent d’une équation integro-différentielle de noyau Abel.
Ce probléme est réduit d’une équation intégrale de Fredhom avec un noyau d’Abel. La

solution explicite de ce probléme est montrée dans la Fig. (2.4]).

En présence de trois niveaux de fractures, en fonction du rapport entre les paramétres,
deux modéles différents peuvent étre obtenus. Nous avons présenté les deux modéle et
on a montré que le cas ou tous les factures dans la deuxiémes échelles participes dans
le modele effective a l'intérét a étre étudie. Les expressions exactes analytiques pour les
noyaux effectifs sont déduites.

Nous avons démontré que le comportement multi-échelle des milieux est différent dans les
cas des milieux fracturés et du milieu a double porosité classique. Nous supposons que la
perméabilité des milieux augmente de facon monotone & partir du milieu Q' & milieu Q3.
La perméabilité de la plus grande fracture est d’ordre 1, la perméabilité des fractures Q2
est w < 1. Le rapport entre la perméabilité de fracture Q' et Q2 est 27, similaire au cas

analysés pour milieux poreux fracturé & deux échelles (chapitre B]).

Les modéles d’écoulement dans une seule fracture traversant

un milieu poreux

L’analyse de I’écoulement dans les réseaux de fracture serait incompléte sans une étude de
I’écoulement dans une seule fracture. Le probléme principal consiste & obtenir une équation
adéquate pour le bilan de quantité de mouvement. Comme ouverture de fracture est trés
faible, les modéles moyenne sur 'ouverture de fracture sont d’intérét. Dans la théorie
consacrée & la description macroscopique de l’écoulement dans un réseau de fractures
traditionnellement la loi de Darcy est utilisée comme 1’équation du bilan de quantité de
mouvement dans tous les éléments du milieu a 1’échelle macroscopique. Ce n’est cependant
pas trop exact, car plusieurs phénoménes causent des écarts de la loi de Darcy. Tout

d’abord, il s’agit d’un nombre non nul Reynolds pour I’écoulement a I'intérieur de fracture,
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ce qui détermine les effets non-linéaires négliger 'inertie. Deuxiémement, il est le flux
externes passant la limite de fracture, ce qui influence a la fois le bilan de masse moyenne
et le bilan de quantité de mouvement. En troisiéme, les fractures ont les limites ondulées,
qui influent sur les régimes d’écoulement et leur modéle moyenne.

La caractéristique de I’écoulement dans une fracture (ou méme dire puits horizontal)est
fortement affectée par la présence de ces phénoménes. Plusieurs études qui est fait en se
concentrant sur I'une des effets mentionnée, mais un modéle mixte envisage en méme
temps 'effet de ’écoulement entre les parois ondulées perméable est restée un probleme

ouvert.

Ecoulement plan-paralléle a I’intérieur des murs solides

Le point de départ pour étudier I’écoulement dans une fracture consiste a analyser I’écoulement
plan-paralléle Stokes dans un canal régulier avec des murs imperméables. L’équation
moyenne sur ’épaisseur du canal représente la loi de Poiseuille: [Bennett et Myres, 1962],
[Savage, 1963|, [Pfitzner,1976|, [Iwai, 1976|, [Landau et Lifshitz, 1986], [Sutera et Skalak,
1993|, |Zimmerman etBodvarsson1996|. Les équations 2D de Navier-Stokes dans un loge-
ment tuyau cylindrique est examinée pour le cas de parois lisses dans [Peube, 1963], ou la
solution est présentée sous la forme d’une série de puissance par rapport a 1/r. Le role
important des effets d’inertie macroscopique pour disque plat en forme de fractures est
confirmée dans les documents par [Vatistas, Ghila, et Zitouni, 1995] et [Zitouni et Vatistas,

1997.

Ecoulement a l’'intérieur des parois perméable

Dans le cas d’une fracture a parois perméables, I'afflux permanent de la fracture de les
roches poreuses ambiante produit augmentation progressive de la vitesse d’écoulement (et
le nombre de Reynolds) le long des fractures. Donc Re peut atteindre des valeurs suffisam-
ment élevé au cours de laquelle les effets d’inertie doivent étre conservés dans le modéle.
Il faut fonctionner avec les équations de Navier- stocks compléte. L’importance de l'effet
de l'afflux dans les parois du canal était connue dans modélisation de I’écoulement dans

les puits horizontaux, qui représentent le trou perforé dans des roches poreuses. Berman
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est le premier qui a étudié le systéme de I’équation de Navier-Stokes pour un canal long
& parois poreuses. La solution est obtenue grace a une série de perturbations en fonction
du nombre Reynolds de parois comme un paramétre de perturbation [Berman,1953]. Il
a proposé une solution similaire, en termes de fonctions de flux, en vertu de laquelle les
équations de Navier-Stokes sont réduites & une équation non linéaire du quatriéme ordre
différentielles ordinaires avec deux conditions aux limites & chaque paroi. Cette équation,
appelée le probléme de Berman est perturbé par le petit paramétre. Plusieurs auteurs ont
étudié I'équation Berman. En particulier, [Sellars, 1955|, [Yuan,1956|, [White, Barfield
et Goglia, 1958|, [Proudman, 1960|, [Terrill, 1964|, [Robinson, 1987|, [Zaturska, Drazin et
Banks, 1988|. Si le nombre de Reynolds de parois est assez petit, il n’ya qu’une seule so-
lution. L’augmentation de Reynolds de parois, les bifurcations apparient donner lieu a de
nouvelles branches de solutions. Dans ce cas, le petit paramétre perturbation est I'inverse
de Reynolds. Plusieurs articles sont consacrés & modéliser I’écoulement dans un tuyau
a parois perméables [Berman, 1958], [lhara, Kikuyama et Mizugushi, 1994|, [Ouyang,
1998|, [Ouyang, Arbabi et Aziz, 1998]avec un en vue d’applications aux puits horizontaux.
Les deux approches analytiques et expérimentales sont appliquées. Le modéle moyenne
d’écoulement représente la relation algébrique entre la chute de pression globale et la
vitesse d’écoulement. Les modéles mécanistique proposés sont pour la plupart liées a des
données expérimentales & travers les coefficients empiriques nécessaires. Yuan [Yuan et
Finkelstein, 1956] est le premier qui & étudié leffet de I'injection uniforme et d’aspiration
a travers les parois expérimentalement. Une seule perforation est supposé. Le modéle
d’Ouyang représente 1'élan équilibre 1'équation [Ouyang, 1998|, [Ouyang, Arbabi et Aziz,
1998], qui contient une modification de facteur de frottement pour le tuyau perforé. Il est
montré que 'impact de I'afflux de parois ou la sortie dépend sur le régime d’écoulement:
elle augmente le frottement & la paroi pour un écoulement laminaire, et qu’elle diminue

pour écoulement turbulent.

Ecoulement entre les limites non uniformes

En réalité, ni le puits, ni la fracture ne sont pas complétement lisse et ils peuvent étre
considérés comme des tuyaux ondulés qui ont des limites irréguliéres. Par exemple, une

seule fracture dans le modéle idéalisé du milieu & double porosité a ouverture variable
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périodique. Variations continue du nombre de Reynolds le long du canal détermine le role
important des effets non-linéaires d’inertie, qui sont renforcées par les oscillations locales
du champ de vitesse provoquée par des ondulations de la limite.

Ecoulement dans un canal ondulé avec les parois impermeables est étudié dans le cadre

d’une application pour les fractures. Un écoulement de Stokes avec un nombre trés petit

de Reynolds est étudiée par Adler et al. [Malevich, Mityushev and Adler, 2006]. En plus

I’écoulement dans une fracture en forme de disque ondulé avec la condition limite 'no

slip” sur les murs a été étudiée par Panfilov et al [Panfilov and Bues, 2004]. L’approche

présentée dans leur travail, nous sert de base pour développer un modéle analytique pour

I’écoulement dans les tuyaux /canaux ondulés que nous étudions dans la thése présente.

Nous avons étudié écoulement stationnaire incompressible dans un puits ondulé ou dans
une fracture. L’équation stationnaire de Navier Stokes dans le systéme de coordonnées
cylindriques, ce qui représente un puits, ou a l'intérieur de deux plans paralléles ondulées

en coordonnées cartésiennes, ce qui représente une fracture, est considéré.

Sur la base de la méthode développée dans [Panfilov and Bues, 2004], un modéle asympto-

tique est obtenu pour décrire chacun des cas. L’objectif est de trouver la perte de pression
le long du tuyau /canal imposées aux différentes conditions aux limites: glissement et pas
de glissement. Il est démontré qu'un nouveau terme de frottement résultant de l'afflux
change de gradient de pression le long de la direction du flux principal, qui est périodique

dans le cas des murs imperméables.

Ce terme de frottement est largement étudiée dans la littérature [Ouyang, Arbabi and Aziz, 199§

pour le cas de I’écoulement dans une géométrie uniforme, ou 'effet de la longueur du tube
dominante n’a pas été pris en compte.

Dans notre cas les champs de pression et de vitesse sont obtenus en appliquant la tech-
nique asymptotique & deux échelles sur équations de Navier-Stokes. Le comportement non
linéaire de la vitesse par rapport a la perte de pression est observé. Dont est nominée
comme les corrections non linéaires de la loi de Darcy dans nombres de Reynolds élevé, ce
qui est le résultat des effets d’inertie dominante ainsi que la présence d’afflux.

Les parameters effectives de I’écoulement sont définis analytiquesment.
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Ecoulement dans une fracture avec les parois ondulés

Nous supposons que la fracture est entouré par le milieu poreux contenant de ’huile. Un
autre fluide (eau) est injecté a travers la section de gauche a débit donné Q°. Les parois
de la fracture sont perméables & 'eau et autorise le pétrole de les traverser. Ce modeéle
la peut étre appliqué pour le probleme de forage en sous sur les puits horizontale. Pour
les conditions de forage en sous, la pression & l'intérieur du puits est maintenue & étre
inférieure & celle dans le réservoir, afin d’huile pénétre dans le puits a travers les murs.
L’ordre d’afflux est considéré inférieur a 'ordre de vitesse caractéristique. Evidemment
une couche limite le long des murs existe.

Supposons que les oscillations de limites soient périodique de période ¢, le rayon moyen
de puits R, et la longueur caractéristique du puit soient L. FEn premiére approximation,
nous supposons que les propriétés physiques de I'huile et ’eau sont a proximité, de sorte
que le fluide peut étre considéré comme le liquide presque monophasique de la densité p
et la viscosité dynamique p. Le fluide est incompressible, le écoulement est stationnaire.

L’écoulement est axe-symétrique , de sorte que la composante angulaire est nulle.

En coordonnées cylindriques (R, 6, X) ou l'origine est située a ’axe du puits, la moitié

supérieure du puits représente le domaine: {0 < R < quE(X), 0<X<L, 0<0<
2}, ot (X)) est la fonction périodique de période £ et la valeur moyenne 1 . Dans le cas
ol ¢ = 1, le puits est le cylindre régulier infini.
En presantant les variables sans dimension (0.2]), les équations de Navier Stokes en systéme
de coordonnées cylindriques, décrivant 1’écoulement dans le domaine de W = {0 < r <
o(x), 0 < x < 1} est écrit que (B3). Expansion asymptotique par rapport a deux
paramétres petits w = % et e = % nous permet a réduire le system des équation Navier
Stokes a une system des équation différentielle ordinaire.

La solution obtenue permet de calculer les rotations, les zones stagnantes, la séparation
des flux, ainsi que I'apparence d’instabilité. L’afflux a travers les murs influence significa-

tivement la structure globale des lignes de courant.
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Méthode de solution

Développement asymptotique peut étre réalisée en deux étapes consécutives: w — 0 et
€ — 0, en supposant que:

lim U = lim <lim)u

g,w—0 e—0 \w—0

o U = {u,v,p} est la solution au probléme considéré. Dans la premiére étape, le
parameétre € est considéré comme fixe et la solution au probléme (B.3)) est construit comme
une expansion réguliére asymptotique de w — 0: le terme de zéro d’un tel développement
asymptotique conduit & des fonctions de moyenne sur l’épaisseur des fractures, ou, du
moins, a toutes les fonctions dont le comportement le long de x correspond a la solution
exacte dans le sens moyenne. On peut dire que la limite de w — 0 signifie I’élimination
de la variable radiale 7, ce qui signifie I’homogénéisation along r. A la limite £ — 0, nous
obtiendrons un systéme qui est homogénéisé le long de x.

Ainsi, le terme zéro de l'expansion asymptotique est prévu étre égale & la valeur
moyenne. D’oti la méthode asymptotique de solution est proche de la procédure d’homogénéisation.
Les équations moyennes de I’écoulement représentent l'intérét principal de ce chapitre.
Dans le méme temps, notre objectif est d’obtenir la solution & tous les points du domaine,
mais pas seulement les équations moyennées. Nous allons mettre au point plusieurs du
développement asymptotique.

En raison de la particularité de la méthode utilisée, les solutions obtenues n’ont pas be-
soin de fournir un modéle d’écoulement exact détaillée, mais ils sont censés présenter

comportement homogénéisé adéquates.

Modéle homogénéisé

La méthode de perturbation réguliére est utilisée pour réduire un systéme d’équations
aux dérivées partielles a un systéme d’équations différentielles ordinaires. La théorie des
perturbations est une méthode mathématique générale qui permet de trouver une solution
approchée d’une équation mathématique.

La méthode consiste & chercher la solution approchée de 1’équation sous la forme d’un

développement en série des puissances du paramétre petit, cette solution approchée étant
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supposé étre une approximation d’autant meilleure de la solution exacte, mais inconnue,
que la valeur absolue du paramétre € est plus "petite". Dans notre cas comme on peut voir
le systéme d’équations différentielles est singuliére par rapport a w. Mais dans le cadre de
cette étude cette singularité n’affecte pas le comportement général de la solution obtenue.
Les résultats obtenus sont des termes, y compris de ¢ et /ou de ses dérivés et les intégrales
des pouvoirs différents. Le petit paramétre € détermine les fluctuations géométriques entre
le probléme a travers de cette fonction. Le processus d’homogénéisation sur € est limitée
& une simple moyenne sur une période de perturbations.

Sur la base de définition de méthode a deux échelles, nous définissons une nouvelle variable

x
lent qui représente coordonnée spatiale petite: y = —.
€

Fonctions de courant

Dans le systéme de coordonnée cylindrique compte tenu de la symétrie par rapport a
la coordonnée angulaire, les lignes de courants peuvent étre obtenu en termes de com-
posantes de la vitesse radiale et longitudinale respectivement u,v. On a utilisé condition

additionnelle de satisfaction de vitesse d’afflux sur les limites.

Comportement de ’écoulement dans un tuyau réguliers

Les résultats presque trivial sont obtenus pour un tuyau regulaire (¢ = 1, ¢ = 0) soit
avec ou sans afflux,Fig. (.21 Fig. B.3] Fig. (.4

On voit que dans le cas d’afflux a travers les limites, aprés certain nombre de Reynolds une
instabilité apparait. Avec I'afflux le gradient de pression augmente linéairement le long du

puits.

Comportement de 1’écoulement dans un tuyau ondulé

La solution obtenue peut étre utilisée pour examiner l’écoulement microscopique d’un

tuyau ondulé. Pour une onde sinusoidale donnée par: ¢(z) = 1+ asin(27rz/e) ou a est
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un nouveau parameétre sans dimension égale au rapport de 'amplitude d’ondulation a la
moitié de 'ouverture moyenne.

Les résultats de w = 0,01, € = 0,01%7 = 0,0316 et a = 0,3 sont présentés sous la forme
de lignes de courant et de champ de la pression et la vitesse. Le flux se déplace de gauche

a droite. La moitié supérieure du domaine est présentée.

Apparition de flux secondaire

Flux secondaire ne sont pas visibles jusque’a certains Reynolds, comme on le voit dans la
Fig. (EHa) flux secondaire n’apparait pas. Dans la Fig. (56) un nombre relativement
élevé de Reynolds est choisi en vue d’assurer la formation de flux secondaire. Il est bien
vue que flux secondaire ne se présente pas que afin de deuxiéme approximation de série
asymptotique. Dans la Fig. (&), la fonction de courant est tracée en utilisant les zeroth,
premier et deuxiéme approximations. La correspondance la plus exacte avec le modéle
d’écoulement vrai est obtenu dans la seconde approximation. Le rapprochement de zéro,
qui décrit un écoulement sans inertie, produit toujours une trame fine et symétrique de
lignes de courants.

On voit que quand il n’ya pas d’afflux a travers des limites, le gradient de la pression au

long du puits est périodique.

L’influence d’afflux sur le gradient de la pression et de l’instabilité

En présence d’afflux les lignes de courant se change et instabilité s’apparaisse, en plus le
gradient de pression augmente au long de la puits, Fig. (£5), Fig. (&.8).

L’apparition de l'instabilité peut étre noté par la positive perte de pression qui détermine
le flux dans le sans contraire. Ce comportement n’est pas visible dans la perte de pression
moyenne. Ca signifie que I'instabilité est visible seulement dans le comportement micro-
scopique et la direction générale de 1’écoulement est toujours de gauche vers droite malgré

de D'existence de vorticités locales.
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Comportement de perte de pression moyenne

La procédure d’homogénéisation utilisé précédemment donnera le modéle moyenne si ’on
moyenne sur la variable lente y. Cela représente la moyenne sur les ondulations. Un
autre type de la moyenne sera également appliquée sur le diamétre du tube ondulé, I'autre
paramétre de petite taille. Alors le modéle complet homogénéisé peut étre obtenue par
une homogénéisation double sur le diamétre du tube et sur les ondulations de limites. La
moyenne double est appliqué & la perte de pression le long du tube perforé pour obtenir
le comportement macroscopique: Comme on peut voir dans I’équation (5.26]), la perte de
pression moyenne est déterminée en termes d’une loi cubique de la vitesse. En combinant
les effets des variations locales des limites et des entrées et caractéristique générale de
puits en forme de tube. La pression moyenne peut s’écrire aussi en termes de paramétres
effectifs. Dans ce cas on est capable & définir trois paramétres effectifs décrivant différents

aspects de perte de pression dans notre probléme.

(1)

Le premier paramétre se correspond aux effets visqueux, qui sont le comportement de
quasi-Darcy de la perte de pression. La perméabilité effective du puits peut étre présentée
par ce terme. Egalement ce terme représente la résistivité effectif de tuyau.

La perméabilité effective comprend également les conséquences des limites irréguliéres
comme les parties locaux de terme de quasi-Darcy. Ces effets sont pris en compte comme
une correction & la perméabilité effective, ici déterminé en termes de coefficients de w? /2
dans le paramétre A, le paramétre d’ondulation.

Dans la Fig. ca se voie que la présence d’irrégularités dans la géométrie des limites

diminue la perméabilité effective du puits de forage de facon significative, tandis que la

présence ou 'absence d’entrée n’a pas un role significatif sur la perméabilité effective.

(2)

Le deuxiéme paramétre est 'effet d’inertie pure qui disparait en l'absence de afflux a
travers les limites Fig. [5.10l Dans le cas sans entrée a travers les murs ce terme disparait,

et la perte de pression réduit au loi de Forchheimer.
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(3)

Le troisieme terme représente 'effet global et local du couplage entre les effet viscose et
les effets inertielle. La moyenne des paramétres effectifs sont tracées vs amplitudes onde
différentes. a = 0 ce qui concerne tuyau réguliére sans ondulations. L’effet global est nul
en 'absence d’entrée.

Comme il est indiqué dans la Fig. BTl ce terme s’annule pour les limites réguliéres alors
qu’elle est positive pour les limites solides et négatives pour les limites poreuses. Cela
signifie que la perte de pression le long de puits augmente lorsque que nous avons affux,

afin des effets visco-inertielle croisées.

Comportement moyen de perte de pression dans un tuyau réguliére

Dans le cas particulier, la perte de pression moyenne dans un tuyau réguliers avec afflux
serait de notre intérét. On voit que pour une tuyau avec un flux a travers les murs les
effets d’inertie pure et des effets croisée de visco-inertie entre la perte de pression moyenne.
Pour une tuyau réguliére sans afflux nous réduisons a I’équation de Hagen-Poiseuille pour
la perte de pression dans les tuyaux. Aussi, en présence d’afflux a travers les limites, la

perméabilité effective augmente, Fig. (B.12]).

Les interfaces dans un écoulement diphasique incompressibles

Ecoulement diphasique dans les tuyaux en présence d’afflux & travers les limites est la
définition générale de probléme d’écoulement diphasique dans la fracture ou dans le puits.
En général, écoulement multiphasique a un effet significatif sur la perte de pression, et
un fort impact sur la performance du réservoir. C’est ce qui explique une stricte néces-
sité d’un outil précis capable de modéliser des écoulements multiphasiques en puits avant
d’étre traités par des simulateurs de réservoir.

En gros en ingénierie de réservoir trois catégories de modéles d’écoulement multiphasique

existent: Corrélations empiriques, les modéles homogénéisés et modéles mécanistiques.

26



Des corrélations empiriques sont basées sur des données expérimentales ajustées
avec les corrélations. Il est clair que les modéles empiriques peuvent étre appliquées seule-
ment & un ensemble de données expérimentales existantes. Des différents modéles sont
proposés pour différents modes d’écoulement (annulaire,’bubble, slug flow etc.”), des mod-

éles indifférents au mode d’écoulement sont proposés également.

Les modéles homogénes sont basés sur I’hypothése qu’au fluide & deux phases on
peut attribuer certaines propriétés du mélange aprés quoi il peut étre traité comme un
fluide monophasique. Dans les modéles homogénes on peut méme introduire une con-
dition de glissement entre les phases par 'analyse de quelques données empiriques. La

prise en compte de la condition de glissement entre les phases dans les modéles homogénes

améne & des modeéles de 'Drift flux’|Zuber and Findlay, 1969|, [Hasan and Kabir, 198§,
[Hasan and Kabir, 1992|, [Hasan and Kabir, 1994], [Ouyang and Aziz, 2000].

Les modéles mécanistiques sont en général les plus précis puisque introduisent de
nombreux détails de différents modeéles dans le mode de flux. Mais la difficulté principale
d’utilisation de modéles mécanistiques consiste en discontinuités qui apparaissant au cours
de la transition d’'un modéle d’écoulement & l'autre.

Le défaut principal de toutes les approches mentionnées consiste en une forte dépendance
des données empiriques ce qui réduit le domaine d’application de ces modéles jusqu’aux
cas ol il y a suffisamment de données expérimentales déja obtenues. De plus, ces modéles
ne donnent aucune idée de ce qui se passe exactement dans le tuyau par exemple sur
la interphases des deux fluides, et des modéles précis de la condition de glissement sur
I'interface résultant la tension superficielle.

Aussi, concernant la modélisation d’écoulement diphasique, on peut citer:

Méthode de suivir ’interface(meéthode de Levelset et VOF) qui est connu comme un
outil efficace pour étudier problemes diphasiques, spécialement comme une méthode capa-
ble & déterminer les interfaces. L’idée générale est de traiter le systéme diphasique comme
un systéme monophasique ou les propriétés du systéme dépendent d’une fonction indica-
trice qui détermine & quel point, quelle phase est présente actuellement. La formulation
du probléme d’écoulement constitue d’une équation d’évolution eulérien pour la fonction
indicatrice et les équations de conservation de la masse, de la quantité de mouvement et

de I’énergie du systéme.
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Suite & un changement monotone des propriétés du fluide sur 'interface (séparant 1'un
fluide de 'autre) il n’y a pas de discontinuités au niveau des propriétés d’un tel systéme en-
trant dans la formulation des coefficients & travers la fonction indicatrice. La condition de
glissement sur l'interface est prise en compte comme au moyen d’une force supplémentaire

n’agissant que sur l'interface. Cette force est introduite dans I’équation de conservation

de quantité de mouvement. Cette idée est utilisée dans |[Unverdi and Tryggvason, 1992|

pour la premiére fois.

Dans la méthode de Level-set, la fonction indicatrice est présentée en termes d’une fonc-

tion implicite signifiant la distance minimale de chaque cellule de I'interface [Osher and Sethian, 198§|,

[Sethian 1999], |[Osher, Fedkiw and Ronald, 2002|. Cette méthode permet de suivre l'interface

plus facilement, et aussi il y a la possibilité de retracer attacher et détacher des interfaces.
Volume of Fluid Method (VOF) congue & choisir la fonction indicatrice comme le pour-
centage de présence de I'une de fluide dans la grille spatiale. Détermination de 'interface
s’effectue au moyen d’interprétation géométrique de la valeur VOF dans la cellule actuelle

et ses voisines, ce que, en effet, représente un processus un peu compliqué.

Ecoulement diphasique annulaire dans un puits: applicable au

probléme UBD

En forage sous-pression, UBD('underbalanaced drilling’) la pression du fluide de forage est
inférieure & la pression des pores dans les roches. Par conséquent, la boue de forage ne plus
entre la formation et comme un avantage majeur de la détérioration de la formation est
trés réduite. L’air, gaz, mousse et eau gazeuse sont les fluides légers généralement utilisé
lors applications UBD. Dans cette technologie, la condition de sous-pression est nécessaire
pour étre maintenue par le contréle de la pression au fond trous en fonction des conditions
spécifiques de fonctionnement et le statut réel de fluides dans les puits. Ainsi, la pression
de fond-trou doit étre prédite avec précision. Le systéme hydraulique de sous-pression est
généralement caractérisé par le flux de deux ou plusieurs phases (mélange liquide, mélange

de gaz et solides boutures). Par conséquent, I'objectif est d’établir un écoulement multi
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phasique modéle de prédiction et de contréle de pression selon conditions du puits.
Alors disons simplement le probléme d’écoulement diphasique dans un tube est de notre

intérét.

liquide n° (1)

)
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—
o
[=i
]
=
=}
=y

Figure 2: Schema de forage sous-pression

Nous avons étudié I’écoulement diphasique dans un puits horizontal placé dans la strate
poreux saturé avec de l’huile, ce qui est observé lorsque la technique de forage sous-
pression(UBD) est appliquée. Selon cette technique, I’eau, qui est en permanence injecté
dans le puits afin d’enlever la coupe, a la pression inférieure a celle de I’huile dans les roches
encaissantes. Pour cette raison, 1'huile pénétre dans le puits et circule avec de l'eau. Si
la vitesse d’écoulement n’est pas trop élevée, I'huile s’écoule dans une fine couche limite
séparé de l’eau par une interface mobile. Une augmentation de la vitesse d’écoulement
conduit & 'apparition de 'instabilité.

Ecoulement stationnaire diphasique dans un tube & parois perméables ayant une forme
non uniforme est étudié. Les propriétés de chacun des phases ne sont pas trop différents.
L’écoulement de chaque phase est décrit par les équations de Navier-Stokes, couplée a une
équation de transport convectif a partir d’une fonction indicative qui détermine le type de
fluide a chaque point. Pour des raisons de simplement décrire les interfaces, une fonction
levelset de distance signée est utilisée. Cette fonction indicative est négative dans 1'huile
et positif dans I'eau et est nulle sur I'interface de deux liquides.

Méthodes de suivi d’interface comme VOF et Level Set sont des méthodes coiiteuses du

point de vue de la résolution de systéme de conservation de la masse et la quantité de
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mouvement.

Ici on prend avantage de la solution stationnaire analytique obtenue pour 1’écoulement
monophasique incompressible dans un canal ondulé, on évolue la fonction de Level-set
dans le champ de vitesse résulté, aux petits pas de temps. Une approche de relaxation est
utilisée pour adhérer au modéle analytique d’écoulement monophasique et 1’équation de
transport diphasique sous la condition stationnaire.

Un ENO d’ordre élevé et un schéma numérique de TVD RK est appliquée a I'expansion
asymptotique de I’équation levelset d’équation de transport. La perte de pression et de
"liquid hold-up’ peut étre calculée facilement.

Cette approche asymptotique semi-analytique fournit une technique de suivi de l'interface

rapide spécialement en écoulement annulaire & 'intérieur du puits.

Méthode de levelset

Ecoulement incompressibles annulaire diphasique dans un puits horizontal est résolu par le
couplage de la méthode levelset et du modéle semi-analytique proposée pour 1’écoulement
dans les tuyaux ondulés et & parois perméables.

La fonction levelset ¢ est utilisé comme une fonction d’indicateur pour déterminer I'une
des fluides /1, 5. La méthode level set est basée sur ’évolution d’une fonction implicite,
caractérisant la géométrie de 'interface entre deux fluides, par le champ de vitesse externe.
Cette fonction implicite est généralement définie comme une fonction distance signée qui
représente la distance minimale de toute position spatiale de I'interface de deux liquides.
Le levelset zéro représente l'interface et le levelset positive est représente I'un des fluides
et négatifs valeur est pour l'autre fluides. La fonction distance signée a la propriété
supplémentaire, |Vy| = 1. Le gradient de V¢ est perpendiculaire a la isocontours de
p et des points dans le sens d’augmentation de ¢.

Présentation de |Vy| = 1 simplifie la formulation des vecteurs tangente et normale &
I'interface.

L’évolution de la fonction implicite ¢(z,t) est régie par la formulation eulérienne comme

une équation de convection simple, parfois appelé ’équation de levelset:
dp
L iV Ve=0
ot 4
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Il est clair que, dans cette évolution, la fonction distance signée initialement ne restera pas

nécessairement la méme fonction. Un processus 'redistancing’ [Sussman and Fatemi, 1999

est appliqué aprés chaque évolution. L’équation ’'redistancing’ pourrai étre résolus pour
I’ensemble du domaine, mais pour gagner du temps, on peut réinitialiser ¢ seulement a
des cellules & proximité de I'interface. La redistancing est effectuée pour les cellules a
Pintérieur 10 Az de Uinterface. La solution se stabilise aprés environ 10 itération.
Présentant des fonctions levelset, au lieu d’écrire les équations de conservation de la masse
et la dynamique de chacun des fluides, nous puissions présenter une équations dont les
coefficients sont définis en terme de la fonction de niveau.

La définition (6.4]) supprime toutes les discontinuités a travers U'interface, a I'exception du

saut de pression due a la tension de surface,

p] = ox

ou o est une constante coefficient représente la force de tension entre les deux fluides et
K est la courbure locale de I'interface. Dans le contexte des méthodes de front-tracking
soit de la méthode de Volume de fluide ou la méthode de levelset en ajoutant un nouveau
terme forcant & le coté droite de équation de navier stokes, on peut appliquer la condition

d’absence de saut de pression. Ce nouveau terme forgant prend la forme

Re 8(p)orN LV2
fe d{p)orN

We P o

We est le nombre de Weber, et §(¢), est la fonction delta modifié determiné par equation
(612). Dans le cas qu’on a étudié on a négligé les effets de tension de surface car les deux

fluides sont considérés au niveau de propriétés trés proche.

Evolution asymptotique levelset

Dans le puit de trés longue décrits dans la chapitre(l) de ce manuscrit, évolution de la
fonction eulérienne levelset en termes de variables non-unidimensionnels présenté dans([5.2])
serait comme equation . O w est un petit parameétre représentant le rapport de rayon du
puits et sa longueur. u,v sont les composantes de la vitesse.

En ce qui concerne I'apparition de petit paramétre, selon la méthode de perturbation
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Entrée:

Re(q(r, z,0)),
WQ(r, z,1))

Figure 3: suivi de l'interface par la methode de Levelset
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réguliére, nous avons développement asymptotique de ¢ comme systéme des equations

([©) que peut étre résolu numériquement. La solution est montrée dans Fig. (@I, ...,

E3).

La conclusion

La recherche se compose de deux parties: dans la premiére (chapitresl,2, et 3) nous avons
développé des modéles d’écoulement dans les milieux multi-échelles qui prouvent Ieffet de
mémoire a chaque échelle; dans la seconde partie (chapitres 4,5, et 6) nous avons analysé
I’écoulement dans une fracture unique et canal circulaire immergée dans le réservoir poreux
a diverses nombres de Reynolds.

Dans la premiére partie nous avons analysé I’équation de diffusion a chaque échelle en ap-
pliquant méthode d’homogénéisation asymptotique avec 'objectif de construire le modéle
macroscopique moyenne pour toutes les échelles d’hétérogénéité.

Dans la deuxiéme partie nous avons étudié les équations de Navier-Stokes et appliqué les
méthode asymptotique & deux échelles avec 'objectif d’obtenir I’équation moyenne sur

l'ouverture de fracture.

Modéles d’écoulement multi-échelles : milieux &2

Tout d’abord, nous avons analysé les médias double porosité (chapitre 1)qui sont £ &
que chaque échelle, ce qui signifie que le rapport de la perméabilité entre deux milieux
voisins est 2. Le petit paramétre € est la période de I’hétérogénéité a chaque échelle. Les
médias a deux échelles de ce type ont étudiées: le modéle obtenu prouvé 'apparition de
la non-localité dans le temps. Physiquement, le terme non local décrit ’échange de masse
entre les deux milieux, qui est fortement non-stationnaire et dépend de la direction du
processus dans le temps. Pour un milieux a deux échelles, le modéle d’homogénéisation se
compose de deux équations & deux pressions moyennes. Chacun de ces équation contient
les "termes de ’échange": ils sont responsables de I'interaction entre deux pressions.

Les problémes principaux qui concernent ces médias consistent en les suivantes:

(i) une homogénéisation unique pour deux échelles provoque 'apparition de la non-localité,
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qui changent le type des équations. Si nous avons milieu & trois échelles ou plus, quel sera
le type de le modéle moyenne?
(ii) L’homogénéisation multi-échelles résulte accumulation de la mémoire. Comment se
passe ce processus?
(iii) Est-il possible d’obtenir le modéle générale pour limiter le nombre infini d’échelles?
(iv) Comment on peux calculer les paramétres effectifs du milieu multi-échelles?
Pour les milieux avec une hétérogénéité modérée, I’équation de diffusion garde la forme a
chaque étape d’homogénéisation. Grace a ce la, modéle macroscopique peut étre obtenu
par la méthode de 'ascension directe: & la premiére étape, on homogénéise le couple de
milieux 1 et 2. A ’étape suivante, on considére le couple de moyenne 3 et la moyenne
de 2 moyennes, qui tient déja de l'interaction avec le milieu précédent. Cette opération
est répétée a chaque échelle. De cette maniére il est possible de révéler la structure de
paramétres effectifs d’équation macroscopique. Ce qui est important dans ce cas, c’est le
fait que ’équation moyenne a chaque échelle est connue a priori. Ce n’est pas le cas pour les
médias avec la mémoire. En effet, a chaque étape d’homogénéisation 1’équation moyenne
change du type, de sorte que la forme de I’équation moyenne est inconnue pour n’importe
quelle échelle. Pour cette raison, il est impossible d’appliquer la méthode itérative directe
hiérarchique décrit ci-dessus.

Nous avons appliqué une autre méthode. Pour un nombre arbitraire d’échelles, nous
avons appliqué la méthode d’induction mathématiques qui consiste & ce qui suit:
1) on postule la forme générale de I’équation de la moyenne pour tout upscaling i
2) on prouve que cette forme est valable pour i = 1 (la base d’induction);
3) on prouve que, si cette forme est valable pour tout i, alors il sera également valable

pouri + 1.

Le point principal de cette méthode est de postuler la forme générale du modéle macro-
scopique. Afin de suggérer une idée sur cette question, nous avons analysé les caractéris-
tiques communes en deux modéles obtenus pour i = 1 (un milieu & deux échelles) et i = 2
(un milieu & trois échelle). Pour cela nous avons réalisé ’homogénéisation d’un milieu &2
a trois échelles. Les résultats obtenus pour i = 1 et i = 2 ont révélé que le modéle macro-

scopique peut étre présenté sous la forme de deux équations & deux pressions conjugués.

L’une de ces pressions est en moyenne sur le domaine 7 et est désigné comme P°, tandis
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que le second est moyenne sur tous les milieux précédents hiérarchique P~! A partir de
i — 1. Chaque équation contient les termes de I’échange. Selon ces résultats que nous
avons supposé que les termes de ’échange peut étre présenté comme la convolution avec
la dérivée de la la pression conjuguée.

Donc, le probléme est réduite afin de déterminer les noyaux de ces opérateurs de con-
volution, et d’autres paramétres effectifs (perméabilité, la porosité,...). Cette méthode ap-
pliquée nous a donné le systéme fermé d’équations récurrentes pour les noyaux de ’échange
du masse. La procédure de solution analytique-numérique de ce systéme est développé,
basé sur la transformation de Laplace. Nous avons montré une convergence des résultats
obtenus pour le nombre des différentes échelles d’une limite stable de comportement. Le
processus analysé dans ces milieux est auto-similaire. La condition nécessaires et suff-
isante de l'auto-similaire est proposée afin que chaque échelle le modéle homogénéisé de-
vient auto-similaire. L’avantage d’un milieu auto-similaire est la possibilité d’analyser son

comportement pour un certain nombre d’échelles, méme pour le nombre infini.

Modéle limite d’écoulement dans un milieu & nombre infini d’échelles

Le probléme suivant est retrouvé a la transition ¢ vers la limite ¢ — oco. Comme l'a dit,
la simulation analytico-numérique ont révélé une convergence rapide a un comportement
limite stable. En supposant que le processus se stabilise quand ¢ — oo nous concluons que
les fonctions itératives hiérarchique (la pression et les noyaux effectifs) ont tendance a une
limite. Cela nous a permis d’obtenir la limite du modéle macroscopique de I'écoulement, et
le probléme du délai pour le noyaux efficace a partir des équations récurrentes obtenu pour
n’importe quelle échelle i. Le modéle limite est non local, et le noyau de cette équation
est la solution d’une équation non-linéaire intégro-différentielle. D’autres paramétres sont
également la solution des équations intégro-différentielles. Cette systéme est réduite & un
systéme fermé non linéaire pour le noyau "local" K sous la forme de la série de Fourier
avec les composants en fonction de la fonction K elle-méme.

En utilisant de la transformation de Laplace, nous avons développé un code numérique
qui résout cette équation numériquement. La solution est obtenue par une méthode itéra-
tive: & zéro rapprochement on suppose que le noyau est le delta-fonction, qui donne

I’équation explicite pour le noyau. Cette approximation est ensuite remplacé a la droite
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de I’équation analysés, et ainsi de suite. Les solutions obtenues sont exactement les mémes
que ceux obtenus que la limite numérique de solutions itératif pour tout i, ce qui prouve
la convergence des résultats obtenus. Le résultat principal qualitatifs suivants de cette
étude consistent a ce qui suit: nous avons montré que la non-localité peut générer la

non-linéarité, qui est un résultat fondamental.

Milieu fracturé a deux-échelle

Le cas du milieu fracturé a un avantage important, et un défaut important. L’avantage est
qu’il conduit & des relations analytiques pour les noyaux effectifs, en raison d’une structure
simple, mono-dimension de 1’écoulement dans une fracture mince. Le défaut consiste en
ce que le milieu fracturé qui maintient le non-localité & chaque échelle, n’est pas auto-
similaire. Il est donc impossible d’obtenir le modéle limite de nombre infini d’échelles.
Alors nous avons analysé les deux-échelle et des médias de trois échelles.

Dans le chapitre 2, nous avons obtenu le modéle moyenne pour milieux fracturé a deux
échelles, dans lequel le rapport de la perméabilité est w = €27, L’apparition d’un nouveau
paramétre petits, 'ouverture de fracture, change la structure des développements asymp-
totiques et, consécutivement, le comportement macroscopique. Les résultats obtenus dans
ce chapitre ne sont pas nouveaux (le modéle du méme type a été obtenus d’abord par
L. Pankratov), mais sont nécessaires pour développer le modéle suivant de milieu a trois
échelle, en utilisant la méme méthodologie.

Une caractéristique trés importante des milieux fracturés est I'apparition de la couche
limite dans le bloc serré qui est seulement perturbé par 1’ écoulement dans la fracture.
Dans cette couche limite chaque bloc fonctionne comme une source & partir de 1’écoulement
dans les fractures. La partie interne de chaque bloc reste imperturbable. En raison de la
géométrie spécial (simplifié) de I’échange entre les fractures et les blocs, le noyau d’échange
dans 'operateur de mémoire du modéle moyenne est le noyau Abel. Les équations inté-
grales avec noyaux d’Abel ont souvent des solutions analytiques ou peuvent étre réduites a
des équations différentielles. Ceci fournit la outil efficace pour analyser milieux multi frac-
turés, jusqu’a 'obtention de la structure des noyaux efficace sous une forme complétement

analytique. Quelques exemples d’application de ce modéle ont été analysés.
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Milieux fracturés a trois échelle

Dans le chapitre 3, un milieu non auto-similaire fracturé a trois échelles est étudiée. 1l se
compose des petits blocs serrés entouré par les fractures trés perméables, mais minces qui
sont entourées, & leur tour, par le second systéme de fractures encore plus perméable et
plus grande. Dans I’échelle la plus petite le comportement non locale résulte seulement
si la couche limite dans les blocs, décrits ci-dessus, existe. Cela donne la régle pour
déterminer I'ouverture des petites fractures et le rapport de perméabilité entre eux et les
blocs. Dans le prochain niveau, au contraire, ’apparition de la couche limite dans la
superposition de deux milieux précédent est interdit, sinon la majeure partie du milieu
sera entiérement exclus du processus. Ceci détermine paramétres optimal de 'ouverture
et la perméabilité des fractures importantes. Comme résultat, nous avons montré que le
rapport de perméabilité entre les blocs et de petites fractures devrait étre inférieur a 2,
tandis que le rapport de perméabilité entre les deux fracture doit étre £2. Les ouvertures
de fracture ne suivent pas la loi d’échelle comme les périodes de 'hétérogénéité.

Dans ce cas, la premiére (petite) échelle du milieu se comporte comme le modéle de
fracture avec les noyaux d’Abel décrit ci-dessus, alors qu’a I’échelle deuxiéme le milieu se
comporte comme un milieu & double porosité. Le modéle effective moyenne sur toutes les
échelles est I’équation intégro-différentielle dont le noyau est déterminée analytiquement.
Nous avons comparé les résultats qui fournissent les deux échelles et un modeéle a trois
échelles, qui sont en bonne correspondance avec une signification physique. En particulier,
lors de la récupération de pétrole dans le réservoir de la pression dans un milieu a trois
échelle devrait étre plus élevée que celle dans un milieu & deux échelles (en raison d’un
double systéme de sources qui I'aliment de grandes fractures), ce qui était exactement

obtenus par les modéles obtenus.

Ecoulement dans une fracture et un canal circulaire

Pour compléter ’étude des milieux fracturés, nous avons également analysé I’écoulement
dans une seume fracture (chapitre 4). Nous avons étudié le probléme de ’écoulement dans
une fracture immergé dans un réservoir poreux. Les murs de fracture étaient supposés

rogues. [’objectif était de développer le modéle moyenne d’écoulement sur 'ouverture de
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fracture tout en tenant compte des flux d’entrée dans la fracture du réservoir a partir de
ses parois. L’afflux constitue 1’élément principal nouveau de cette étude. Le débit de la
fracture est décrit par les équations de Navier- Stokes a divers Re. La solution du prob-
léme d’écoulement dans une fracture trés long et mince est obtenus sous forme d’analyse
par la méthode des développements asymptotiques & 1’égard de la fracture 'ouverture et
la période des oscillations du mur. Nous avons obtenu I’équation moyenne de quantité de
mouvement qui détermine le gradient de pression moyenne & une fonction cubique de la
vitesse moyenne d’écoulement. Le terme linéaire correspond & la loi de Darcy, le terme
quadratique est provoqué par l'afflux qui réduit I’énergie cinétique, et le terme cubique
est les effets visqueux inertiels croisés. Pour les paramétres efficaces, nous avons obtenus
des relations analytiques. Le terme quadratique peut étre négligé dans toutes les situa-
tions. L’afflux qui est supposé d’étre faible, en raison de ce qu’elle influence faiblement
les termes visqueux et visco-inertiaux. Ainsi, I'afflux influence plus le bilan de masse ,
mais pas de quantité de mouvement . Les résultats ont été comparés avec des simulations
numériques basées sur Comsol Multiphysics. Nous avons montré que méme quand il n'y a
pas d’entrée de flux a travers les parois aprés un Reynolds critique, une sorte d’instabilité
se pose. L’instabilité est caractérisée par inversion du flux local. Appliquant la méme
technique, nous avons également obtenu la solution analytique du probléme d’écoulement
dans un canal circulaire horizontal (chapitre 5). Les résultats obtenus sont qualitativement

similaires & ceux obtenus au chapitre 4.

Ecoulement diphasique dans un canal avec les parois permeable

Ecoulement diphasique dans les fractures et les puits horizontaux en présence d’entrées
a travers les parois est étudiée dans le chapitre 6, avec un regard a l'application dans
le probleme de forage sous-équilibré de puits horizontaux. Nous avons développé une
méthode analytico-numérique de résoudre le probléme pour les fluides ayant propriétés
physique a proximité. On calcule analytiquement le champ de vitesse en utilisant les
résultats obtenus dans le chapitre 5. Aprés celui-ci peut calculer la fonction indicateur
(levelset fonction) qui est transporté a la vitesse vrai de la fluide. Le niveau zéro de cette
fonction est U'interface macroscopiques entre les fluides. Ces opérations peut étre répété,

ce qui conduit & une méthode itérative de la solution. L’équation pour la fonction levelset

38



est résolue numériquement. L’exemple de solution est indiqué pour le cas de forage en
sous, quand 'eau est injectée dans le canal (le puits horizontal), et I'huile pénétre par les
parois du canal a partir du réservoir.La pression dans ’eau est maintenue & moins que ce

dans le réservoir. L’évolution de I'interface dans le temps est démontrée.
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Introduction

Methods of modeling heterogeneous fractured and porous media

Fracture net imbedded into a porous medium represents a typical case of natural heterogeneous

porous reservoir which contains oil, gas or water Fig. [

Figure 4: Example of a fractured-porous rock

The typical fracture system represents a hierarchical system of networks included into one
another and having different permeabilities and apertures. Respectively the porous blocks situated
between fractures also form a hierarchical system. Thus, one deals with hierarchical, or multiscale
media.

Modeling of flow in such media is one of the most difficult problems of the theory which remains
open for general case. Only some particular cases were studied in the literature. There exist two
general approaches in modeling:

(i) the micro-modeling: one resolves directly the problem of flow numerically or analytically

in the entire medium while taking into account for all the details of the medium structure. For
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periodic structures frequently it is possible to obtain analytical solutions by the method of super-
position. For non-periodic irregular media the only numerical solution is possible. The problem
of the direct numerical modeling consists of the necessity to use very fine grids whose size should
be much lower then the lower scale of the hierarchical medium structure.

(ii) the homogenization and macro-modeling: one can develop the flow model averaged over
heterogeneities. Such a model describes the behavior of a homogeneous equivalent medium, so its

numerical solution does not ask to use very fine grids.

Micro-modeling of fractured networks

As the numerical methods, their analysis is outside the objective of the present thesis. All them
are based on very fine numerical grids, which reduces their efficiency. Analytical methods are
largely based on the superposition of elementary solutions which describe flow in the vicinity of
each fracture considered independently of all other. More exactly the superposition is performed
in terms of Green’s functions. Indeed, if we consider a fracture as a surface in 3D or a line in 2D,
imbedded in an infinite reservoir, then the solution of the problem of perturbation of the reservoir
by this fracture (by imposing a given pressure along the fracture) represents the Green’s function
of the corresponding operator describing flow.

The use of Green’s function in reservoir engineering was first suggested by Gringarten et

al. |Gringarten and Ramey, 1973|. They applied the established methodology to the fractured

reservoirs |Gringarten and Ramey, 1974| to the case of a single vertical fracture with infinite con-

ductivity.

Later Kuchuk et al.|[Kuchuk, Habashy and Torres-Verdin, 1996| applied the general theory of Green’s

functions in composite media |Carslaw and Jaeger, 1959 to the heterogeneous reservoirs and ob-

tained the respective transfer functions for the special cases of laterally or horizontally composite

reservoirs |[Kuchuk and Habashy, 1997]. This model is capable to examine the fractured reservoir

in the case of small aperture of geological strata and high contrast in permeability between the

narrowest stratum and all other strata. Both fractures with infinite and finite conductivity can

be described through this model [Kuchuk and Habusky, 1994].

While the transfer functions are developed for almost all types of heterogeneity, no limit be-

havior of a multiscale heterogeneous system is proposed.
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Homogenization method applied to heterogeneous media

The second approach consists of using the averaged models of flow in heterogeneous media. They
should be constructed before to use them in reservoir simulation.

Flow in a heterogeneous medium can be described by the diffusion-like differential equation
with fast oscillating in space coefficients responsible for medium properties. The homogenization
theory is an efficient method to study this kind of differential equations.

The idea of homogenization consists in assuming two main properties:

- the medium structure has two very different scales (at least) which correspond to the mi-
croscale [ and the macroscale L; the high difference between the scales means that the e=I/L is a
small parameter. The lower the value of €, the more fine-grained becomes the medium structure.
In the limit € — 0, each heterogeneity cell transforms into a point, so we obtain a homogeneous
medium (but with internal structure at each point). So if we construct the solution of our problem
for pressure p in the form of an asymptotic expansion: p = pg +ep; +e2ps + ..., then the zero term
po will correspond to the homogenized pressure. The equation for py will be the homogenized flow
equation. Certainly, the only weak convergence may be ensured.

The formalism of the method was developed in Bakhvalov, 1977],

|Bakhvalov and Panasenko, 1989], [Allaire 1992]. The basic convergence theorems can be found

in [Sanchez-Palensia, 1980]. Along with this, the mathematical homogenization theory was devel-

oping other basic points such as prove of existence and uniqueness of the cell problems, reduction
of the periodic cell problem to a boundary-value problem, construction of complete asymptotic
expansion, estimations for residual terms of expansions, studying the tensor properties of the ef-
fective coefficients, generalization of the theory in case of discontinuous fields close to periodic
ones, homogenization of nonlinear equations, e.t.c.

The most full description of the homogenization theory can be found in monographs and reviews

[Bensoussan, Lions and Papnicolaou, 1978|, [Lions, 197§|, |[Sanchez-Palensia, 1980,

[Crapiste, Rotstein and Whitaker, 1986|, |[Bakhvalov and Panasenko, 1989, [Adler, 1992]. Basic

results has been obtained for periodic fields in [Arbogast, Douglas and Hornung, 1990], [Hornug, 1997,

Panfilov, 2000].
The theory for random media is developed in [Kozlov, 1978a], |[Kozlov, 1978b|, [Kozlov, 1979a],

|[Kozlov, 1979b], [Kozlov, 1985|, |Kozlov, 1989], [Panasenko, 1988§|.
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Double porosity medium: exchange between blocks and fractures

The media consisting of two rocks having very different permeabilities are called double porosity
media. In such media the highly permeable channels form a connected net, while low permeable
blocks represent isolated inclusions. Despite the blocks are low permeable they are assumed to
contain a large mass of fluid. The permeable channels are usually called "fractures" whereas they
are not true fractures. As the permeability of porous blocks is much lower than that of fracture
the main flow happens through fractures. Therefore the pressure in fractures varies much faster
than in blocks. Due to this a difference between pressure in fracture and block arises, which
provokes flow from the block center to the surrounding fractures. As the result, each block works
as a source of fluid with respect to fractures and also contributes to the global process. Thus, the
macroscopic equations of flow in fractures should contain a source-term which describes the mass
exchange with blocks. Depending on the ratio between fracture and block permeability, several
different regimes of flow and exchange are possible. They lead to different macroscopic models.

Model with quasi-equilibrium mass exchange. The classical model derived from phenomenolog-

ical approach |Barenblatt, Entov and Ryzhik, 1972|, |Barenblatt, Zheltov and Kochina, 1960,

|[Barenblatt, Entov and Ryzhik, 1990| considers the tight blocks and the highly permeable con-

nected fractures as two coexisting continua. The mass exchange between them is described by the
linear dependence between the flux velocity and the difference of pressures in blocks and fractures.
Such a relation represents the steady-state solution of 1D Darcy’s law. So the mass exchange is
postulated to be steady-state.

In some versions the fluid may flow through blocks but not only through fractures

|Coats and Smith, 1964]. In other papers the overall capacity to retain fluid is that of blocks, while

the fractures capacity is neglected, |Barenblatt, Zheltov and Kochina, 1960|. Similar models were

suggested later in [Bohm and Showalter, 1985|, |Charlaix, Hulin and Plona, 1987],

[Duguid and Lee, 1977], [Evans, 1983|, [Warren and Root, 1963].

The assumption about the quasi-equilibrium exchange flow was checked out in

|[Kazemi and Thomas, 1969] where it has been shown to be valid after the transient process sta-

bilizes.

However, it has been shown in that after the exchange becomes steady-state
the averaged pressures in blocks and fractures become identical, and any exchange flow can not
be longer detected. Therefore, the assumption of a steady-state exchange is equivalent to the

assumption that the block-matrix exchange does not exist.
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Such a uniform model without any exchange term was applied in where it was

assumed that the exchange flow was rapidly established and absolutely insignificant.

Memory in double-porosity media

The model with non-stationary exchange was first suggested in [De Swaan, 1976]. The relation for

it was obtained by solving analytically the non stationary problem of flow within a single block,
caused by a pressure reduction at the block boundary. The exchange term was obtained in the
form of the time convolution of the pressure gradient at the block boundary with the Green’s
function. This meant the appearance of the memory.

The similar model with non-stationary exchange was obtained by homogenization technique

much later in [Arbogast, Douglas and Hornung, 1990] and [Panfilov, 1990]. The exchange term

was obtained in the form of an integro-differential operator applied to the time derivative of the
pressure in fractures. The kernel of this operator was obtained in the explicit analytical form
through the Fourier expansion of the Green’s function describing the perturbation of a single
block from its boundary.

This model was obtained for a specific value of the ratio between block and fracture perme-
abilities, w, which was of order €2 where ¢ is the period of medium heterogeneity. This model is
called £2-model.

For other values of w, other models have been obtained in [Panfilov, 1993|, [Panfilov, 1994]. If

€ << w << 1, the blocks are no longer impermeable for fluid. A part of fluid can cross each block,
due to which the blocks contributes to the effective permeability. At the same time the exchange
process becomes neglecting. The system is described by a single pressure, and the macroscopic
model keeps the same form as the microscale equations.

If €2 << w << ¢, the blocks play a double role. First of all, they are the sources of fluid with
respect to fracture, which determines the appearance of exchange term. Secondly, they contribute
to the the effective permeability. The flow in a block represents a superposition of the source flow
and a translational flow in the direction of the macroscopic pressure gradients. The exchange term
is different from the case of e2-media. The kernel of the integral operator becomes delta-function,
which means that the nonlocal term transforms into a local one, which is the second derivative of

pressure in time. This is the case of a short-term memory.
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Memory in fractured media

In the literature the double porosity model is frequently called the fractured-porous medium. This
is not too exact.

If the same order of parameters (¢2 for the permeability ratio, and 1 for the porosity ratio) is
applied for a medium with thin fractures, then the memory effects will entirely disappear. The
exchange between fractures and blocks becomes too fast, and the time effect become neglecting.

To obtain the model with memory, similar to double porosity medium, it is necessary to change
the ratios between permeabilities. Moreover, even in this case the exchange process is sufficiently
different from double porosity medium, due to which the memory terms has sufficiently different
structure. Therefore, the fractured-porous model with memory represents an independent result,
identically significant as the model of double -porosity medium.

The first model of flow in fractured-porous medium with thin fractures which proved the mem-

ory effects was obtained by Pankratov and Rybalko in [Pankratov and Rybalko, 2002,

|[Pankratov and Rybalko, 2003|. The authors have shown that the memory appears only if the

porous blocks (surrounded by fractures) are very tight, so that they work only through a thin
boundary layer whose thickness is of the same order as the fracture aperture. In this case
the contribution of blocks and fractures into the macroscopic process will be of the same or-

der. In the consecutive publications the authors developed the classes of analyzed processes,

|[Amaziane, Pankratov and Rybalko, 2005|, [Amaziane, Pankratov and Piatnitski, 2007].

The global behavior of fractured media versus different parameters such as the fracture thickness,
the size of blocks and the ratio of the permeabilities, and oscillating source terms has been studied.
There has been shown that for the thin fractures which are highly permeable the memory term
reduces to an Abel kernel. The authors have not presented the constructive technique of devel-

opment of the model. Their objective was to extend the convergence theorems developed by the

method of Khrouslov [Marchenko and Khrouslov, 1974]. In fact, Khrouslov’s method is applicable

for domains in which the blocks are entirely impermeable. Pankratov and Rybalko extended the
results for media permeable everywhere.

It has been shown that the homogenized global model is also of parabolic type but with non-

local terms which could be seen like a source term or like a time delay |[Bourgeat et. al, 1999],

[Pankratov and Rybalko, 2003].
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Multiscale media

Various multiscale media can exist, as shown in Fig.

Figure 5: Example of a multiscale media with three hierarchical systems of fractures: black, red
and blue

Both media are multiscale hierarchical: the highest level of hierarchy is presented by large
black fractures, the second level corresponds to the intermediate red fractures, the third level is
presented by the small blue fractures, and the last level corresponds to the white blocks. The
difference between these tow examples consists only of the connection between various classes of
fractures. In the left-hand medium the black fractures are in contact only with the red fractures,
and the red fracture are in contact only with blue fracture. Only the blue fractures are in contact
with the blocks. So the system of connections is also hierarchical and follows the same hierarchy.
Due to this the behavior of all elements of the same class is similar, and the system is self-similar
at all scales.

In the right-hand medium, any classes of fracture are in contact between them and any fractures
are in contact with blocks. So the system of connections is not hierarchical. Various elements of
the same class are non similar between them. So the medium is multiscale but its geometry is not
self-similar.

The advantage of a self-similar medium is the possibility to analyze its behavior for any number
of scales, even for the infinite number. This is why in the present thesis we will analyze preferably

the structures similar to the left-hand picture in Fig.
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Memory accumulation in multiscale medium

Let us assume that we have the €2 medium at all scales. As mentioned previously, a single step
of homogenization of two neighboring media leads to the appearance of memory in the exchange
term. The macroscopic equation changes its type: instead of diffusion equation at the macroscale
we obtain an integro-differential macroscale equation. The next step of homogenization will lead to
the additional memory, and consecutively to the appearance of a new macroscale equation whose
form and mathematical type are impossible to predict.

The homogenization over several scales will lead to the accumulation of the memory effects
caused at each step of homogenization. The limit model corresponding to infinite number of scales
represents a high scientific interest.

The multi-scale media were not sufficiently well studied in the literature. The tri-scale fractured-

porous medium was developed first in [Amaziane, Goncharenko and Pankratov, 2005]. The medium

consisted of large fracture net, the net of small fractures ad the small tight blocks. The authors
analyzed the case when the fracture aperture at each scale is the same in local coordinates. In
other words, if § is the aperture of the large fractures, then the aperture of the small fractures is
de. The model obtained proved the memory effects. Such a medium corresponds to the situation
when each scale generates a boundary layer, so that the only the net formed by thin large fractures
and neighboring boundary layers will be active. This net has the internal heterogeneity in the
form of small fractures and tight blocks. The defect of this medium consists of that the major
volume of the medium will remain non perturbed.

In the present the present thesis we consider another class of tri-scale fractured media, which

ensure the inactivity of the central parts of small blocks only. We obtained model which is very

different from that obtained in [Amaziane, Goncharenko and Pankratov, 2005].

A special arrangement of a quadruple fractured medium ~was studied in

|[Dreier, Ozkan and Kazemi, 2004]. They have proposed an analytical model for flow in a quadruple-

porosity system that consisted of a triple-fractured network with a single matrix system. The
fractures has been categorized, based on their size and their conductivity, to micro fractures (the
most dense,lowest conductivity) macro fractures and mega fractures(largest size, highest conduc-
tivity). They have assumed that only the mega fractures transport the reservoir’s fluid to the
well. Flow in all three fractures is assumed transient whereas the matrix-fracture fluid exchange is
taken into account as pseudosteady. Two different models has been studied, first when the micro

fractures are interconnected with macro fractures and have no connections with mega fracture
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system. Second when micro and macro fractures are connected to mega fractures but not directly
connected to each other. This model is appropriate for the reservoirs that the two sets of fractures
may co-exist but not interfere. A system of flow equation interconnected through the exchange
term proportional to the pressure difference between the interconnected domains is solved by the

aid of Laplace transform. The transfer functions for a bounded slab shaped reservoir are proposed.

The 2 multiscale media were analyzed in [Douglas et al, 1998] where the formal existence of

the regular macroscopic behavior was proved. In fact Douglas et al. were the first who introduced
a similar geometry for multiporosity or multiscale model. They have presented the triple porosity
averaged model and proposed the (N + 1) homogenized model for a multiscale system. They have
introduced a hierarchical process of homogenization starting from the smallest scale , upscaling
to the last scale. In each step they have shown the well-posedness of each of the models. In the
proposed averaged model the memory terms are not at all discussed. Neither of the micro-scale
problems are solved.

In an attempt to develop the multiscale model was undertaken for the elliptic-
parabolic problems of flow. This formal model was formulated through an operator which is
determined implicitly through functional equations and practically cannot be calculated.

The problem of macroscopic behavior of the flow in a €2 multiscale medium remains open. The

solution of this problem is the objective of chapters (1) and (2).

Models of flow in a single fracture crossing porous medium

The analysis of flow in fracture networks would be incomplete without studying flow in a single
fracture. The main problem consists in obtaining an adequate momentum balance equation. As
fracture aperture is very small, only the models averaged over the fracture aperture are of interest.

In the theory devoted to the macroscale description of flow in a fracture network traditionally
the Darcy law is used as the momentum balance equation in any elements of the medium at
the macroscale. This is however not too exact, because several phenomena cause deviations
from Darcy’s law. First of all, this is a nonzero Reynolds number for flow inside fracture, which
determines the non-neglecting nonlinear inertia effects. Secondly, there is the external flux crossing
the fracture boundary, which influences both the average mass balance and momentum balance.
In third, the real fractures are wavy boundary, which influences flow regimes and their averaged
model.

The characteristic of flow in a fracture (or even say horizontal well) is highly affected by the
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presence of these phenomena. Several studies has been done focusing on either of the mentioned
effects but a mixed model considering at the same time the effect of flow within wavy permeable

walls is remained an open problem.

Plane-parallel flow within solid walls

The starting point to study flow in a fracture consists of analyzing the plane-parallel Stokes flow

in a regular channel with impermeable walls. The flow equation averaged over the channel thick-

ness represents the Poiseuille law: [Bennett and Myres, 1962|, [Savage, 1963|, [Pfitzner, 1976],

[Twai, 1976|, [Landau and Lifshitz, 1986], [Sutera and Skalak, 1993|, [Zimmerman and Bodvarsson1996].

Two-dimensional Navier-Stokes equations in a cylindrical slot was examined for the case of

smooth walls in [Peube, 1963], where the solution has been presented in the form of a power series

with respect to 1/r. The important role of the macroscale inertia effects for flat disc shaped frac-

tures was confirmed in papers by [Vatistas, Ghila, and Zitouni, 1995| and [Zitouni and Vatistas, 1997].

Flow within permeable smooth walls

In the case of a fracture/channel with permeable walls, the permanent inflow to the fracture from
the ambient porous rocks produces progressive increase of the flow velocity (and the Reynolds
number Re) along the fracture length. So Re can reach sufficiently high values at which the
inertia effects should be conserved in the model. One has to operate with the complete Navier-
Stocks equations. The importance of the effect of inflow across the channel walls was known in
modeling the flow in horizontal wells, which represent the hole perforated in porous rocks.

Berman was the first who has studied the system of the Navier-Stokes equation for a rectan-
gular long channel with porous walls. The solution was obtained through a perturbation series in
terms of the wall Reynolds parameter as a perturbation parameter [Berman, 1953]. He proposed
a similarity solution, in terms of stream functions, under which the Navier-Stokes equations are
reduced to a nonlinear fourth order ordinary differential equation with two boundary conditions
at each wall. This equation, called the Berman’s problem is perturbed by the small parame-
ter. Several authors have studied Berman’s equation. In particular,|[Sellars, 1955] , [Yuan, 1956],
[White, Barfield and Goglia, 1958|, [Proudman, 1960] , |[Terrill, 1964], [Robinson, 1987],
|Zaturska, Drazin and Banks, 198§].

If the wall Reynolds number is small enough, there is only one solution. Increasing wall Reynolds,

several bifurcations appear giving rise to new branches of solutions. In this case the small pertur-
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bation parameter is the inverse of Reynolds.

Several papers were devoted to model the flow in a pipe with permeable walls [Berman, 1958],

|[Thara, Kikuyama and Mizugushi, 1994], [Ouyang, 1998|, [Ouyang, Arbabi and Aziz, 1998| with a

view to the applications to horizontal wells.
Both analytical and experimental approaches were applied. The averaged flow model represents
the algebraic relation between the overall pressure drop and the flow velocity. The mechanistic

models proposed are mostly connected to the experimental data through the required empirical

coefficients. Yuan [Yuan and Finkelstein, 1956] was the first to investigate the effect of the uniform

injection and suction through the wall experimentally. The flow is two-dimensional, steady-state

and laminar. One single perforation was assumed to exist. Ouyang’s model represents the momen-

tum balance equation [Ouyang, 1998|, |[Ouyang, Arbabi and Aziz, 1998| which contains a modified

friction factor for the perforated pipe. It was shown that the impact of wall inflow or outflow de-
pends on the flow regime: it increases the wall friction for laminar flow, and decreases it for

turbulent flow.

Flow within wavy solid walls

The influence of roughness/corrugation in a thin fracture was examined in [Adler and Thovert, 1999]

based on the Stokes equations for plane-parallel flow.

In [Chen, 1966] and [Cronsnier, Chevalier and Bués, 2000] experimental data were obtained on

pressure drop for divergent confined radial flows between two parallel disc shaped fracture with
rough surfaces. It was shown experimentally and numerically that the quadratic deviation appears

within the laminar flow regime. Another common approach to study rough fractures consists in

detecting empirical corrections to the mean fracture aperture ([[wai, 1976|, [Renshaw, 1995]).

The effect of inertia upon the flow in a thin rough fracture was examined in |Skjetne, Hansen 1999 |

based on numerical analysis.

Several analytical models addressed channels with sinusoidal walls. The main difference can
be said in the way of definition of sinusoidal geometry: either the amplitude of the oscillations is
much more smaller than the aperture of the channel or not. A two-dimensional stokes flow through

axially symmetric pipe and symmetrical channel bounded by the surfaces z = b (1 + e cosx) has

been studied in |[Burns and Parkes, 1967|, where ¢ is the wall perturbation parameter. The prob-

lem was solved by expanding the stream function in a Fourier series involving an infinite set of

unknown coefficients. Burns and Parkes obtained a perturbation solution in which these Fourier
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coefficients were calculated up to O(£%).

The case of a curvilinear tube with a radius which varies sinusoidally in the axial direction, was

studied in |[Deiber and Schowalter, 1979] by the method of separated variables. The corresponding

ordinary differential equations were solved by a finite difference method.

Stokes flow between two wavy planes [Malevich, Mityushev and Adler, 2006] has been studied

by Adler et al. Former to this a complete system of Navier Stokes equations of flow in a disc

shaped corrugated fracture with no slip boundary condition on the walls, has been studied by

Panfilov et al |[Panfilov and Bues, 2004]. The asymptotic technique developed in their paper will

be used in the present thesis.

No model for flow within wavy permeable boundaries is proposed.

Our objective is to develop analytical models of flow at various Re in a wavy channel with
inflow across the channel boundary. We will show that the model obtained is different from all

other models already developed in literature.

Two phase flow in a wavy channel

Two phase flow in fractures and horizontal holes in the presence of inflow through the walls is
practically not studied. Such a kind of flow is observed in any oil reservoir exploited by water
or gas injection, but also is typical for drilling horizontal wells. Drilling is accompanied with the
permanent circulation of water whose pressure can be higher or lower than the pressure of oil in
geological formation. Respectively one distinguishes the classical drilling when water prevents oil
gush, and underbalanced drilling which prevents the penetration of water in oil reservoir.

In reservoir engineering three categories of models are used to describe the two-phase flow in
pipes: the empirical correlations, the homogenized models and the mechanistic models.

The empirical models are based on experimental data matched by some statistical correla-
tions. There exist the models which are devoted to different flow patterns or which are pattern
independent.

Homogenous models are based on the assumption that the two phase fluid can be represented
by a homogeneous mixture which may be treated as a single phase fluid having some effective
properties. They also largely use empirical data. Several versions are capable to take into account

some sufficiently fine effects as the slip between the phases, which is done in Drift-flux models

|Zuber and Findlay, 1969|, [Hasan and Kabir, 1988|, [Hasan and Kabir, 1992|, [Hasan and Kabir, 1994],

[Ouyang and Aziz, 2000].
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Mechanistic models are the most accurate as they take into account many details concerning
various flow patterns. However the transition from one pattern to another one remains an open
problem.

The main defeat of all empirical and semi-empirical approaches consists of their high depen-
dence on empirical data, which reduces the domain of their application. In addition, they ignore
the true physics of processes happening at the interphases between phases.

Numerical models deal with the exact Navier-Stokes equations. The main problem of any
numerical simulation consists of modeling the behavior of the interfaces which can change their
form (bubbles, films, ...), can collides between them and create new interfaces which are sin-

gular mathematical phenomena. One of the effective numerical tools is the Levelset method

([Osher, Fedkiw and Ronald, 2002]). It is based on the assumption that the fluid is single-phase

but with different properties in different zones separated by true interfaces. This enables to apply
the direct numerical simulation (DNS) without using the special method of tracking the interfaces.
To detect interfaces an indicator function is introduced which is controlled by the Eulerian evolu-
tion equation with the true velocity of fluid. The zero isoline of this function corresponds to the in-

terface. The geometrical meaning of the indicator function is the distance between each point and

the interface |Osher and Sethian, 1988|, |Sethian 1999|, [Osher, Fedkiw and Ronald, 2002|. The

slip condition on the interface is taken into account as an additional force just acting on the

interface added to the the momentum conservation equation. This idea was first introduced in

[Unverdi and Tryggvason, 1992].

Another method is known as the Volume of Fluid Method (VOF). It uses the indicator function
as the percentage of presence of a given fluid (fluid saturation). The interface corresponds to the
the zero value of the saturation.

In the present thesis we will apply the Levelset method to solve the problem of two-phase flow
in a fracture and a horizontal hole. We will combine this method with analytical solutions we

obtained for single-phase flow.

Outline of this thesis

The objective of the thesis consists of developing the closed model of flow in fractured and porous
media with finite and infinite number of scales. The main scientific interest is focused on the
problem to what limit leads the process of memory accumulation in media generating the memory

at each scale. We will show that the limit exists and leads to the appearance of nonlinearity. We
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develop the analysis of the process of the memory accumulation for double-porosity and fractured
media. We also analyze the flow through a single fracture with an open boundary, while taking
into account the mass inflow from surrounding rocks.

In chapters (1) to (3) we study the macroscale models of flow in multiscale media. Chapters
(1) is devoted to study problem of single phase flow in a multiscale self-similar heterogeneous
medium which is €2 at each scale (which means that each scale generates long-term memory in
the averaged equation). The accumulation of the memory is nontrivial process. For instance, the
two-scale medium leads to the appearance of the integral operator. The transition to the third
scale leads to the model with integral operator whose kernel, in turn, is the solution of another
integral equation, and so on. The necessary conditions of self-similarity is introduced. The general
effective model for the long-memory case is obtained. The effective kernel of the integral operator is
determined through a system of recurrent problems formulated in terms of the integral equations.
The numerical algorithm based on the Laplace transform is developed to solve this problem. For
the infinite number of scales, we have shown that the limit kernel is determined as the solution
of a nonlinear integro-differential equation. The explicit solution of this equation is obtained in
terms of the Laplace transform. The convergence of the results is proved numerically.

Multiscale fractured media, is similar to double porosity media, but the thickness of fractures
h is very thin, so the system contains an additional small parameter which influences the solu-
tion. In particular, if A is very small, the flow through fractures can become event more difficult
than through the tight blocks. In chapter (2) we analyze the two-scale fractured medium. Its
macroscopic model proves the nonlocal behavior, similar to double porosity media, but not in the
case £2. To observe the nonlocality, it is necessary that the ratio between the block permeability
and that of fracture be lower than 2. Such a block is so tight that it remains practically unper-
turbed, except the thin boundary layer which is in contact with fractures. The Green’s function
of such a flow through the boundary layer corresponds to a mono-dimensional flow in a domain
without boundary, which has analytical representation in which the fractional powers of time ap-
pear (square-root of time). Consecutively, the kernel of integral operators arising in macroscopic
equations, which is the homogenized Green’s function, becomes the Abel kernel. This is qualita-
tively different from the case of double porosity media. As the Abel integral equations allows for
the analytical solutions, the effective kernel, responsible for the memory, may be obtained in the
analytical form.

In chapter (3) the three-scale fractured media are studied. It consists of two hierarchical
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networks of fractures and tight blocks. The permeability of blocks is lower than that of small-scale
fracture, which is, in turn, lower than that of large-scale fractures. It is shown that the nontrivial
behavior which ensures the memory effects at each scale is possible if some constraints are imposed
on the fracture apertures and permeability ratios. In particular, the permeability ratio between
the blocks and small-scale fractures should be lower than 2, while the permeability ratio between
two nets of fractures should be £2. Than at the first (small) scale the medium will behave as the
fractured model with Abel kernels described above, while at the second scale the medium behaves
as a double porosity medium. The effective model averaged over all scales is the integro-differential
equation whose kernel is determined analytically. Some examples of application of this model are
analyzed.

In chapters (4), (5), and (6) we studied the flow in a single fracture (chapter 4) and in a
single horizontal cylindrical channel (chapters 5 and 6) with open boundaries. The Navier-Stokes
equations were resolved analytically by applying the two-scale asymptotic method: the expansion
of the solution was searched in the form of a double asymptotic series with respect to the small
fracture aperture and the small period of wall corrugation. The model averaged over the crosse-
section is obtained. It contains the significant correction to the Darcy law which is related with
the inflow through the walls.

In chapter (6) we couple the level set method with the analytical model obtained to determine
the two phase flow in the wellbore. The external velocity field necessary for evolution of level set
function is calculated by the analytical model of chapter(5). After each evolution the new arrange-

ment of fluids in spatial domain is used to determine the Reynolds and viscosity distribution.
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Chapter 1

The model of flow in multi-scale

highly heterogeneous media
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1.1 Self-similarity of flow in multi-scale media

1.1.1 Medium geometry

Let us introduce the set of domains Q in R® (1 < i < n) which are overlapping between them.
The medium € represents the superposition of non-intersecting blocks Q=1 and the fracture Q1.
In turn, the medium Q=1 is the superposition of blocks Q=2 and fractures Q1. and so on. The
medium Q2 is the superposition of blocks Q! and fractures Q2. The blocks Q! are homogeneous.
The system of domains QO is geometrically self-similar, i.e. it represents the system of identical
cubes Q! inserted periodically inside the larger cubes, as shown in Fig. [[Jl In general case the

cubes can not be necessarily true cubes, so we will call them "the blocks".

€ P On ~ol-2 n-l
- /" =
7
~-1

@)

|-

Figure 1.1: Heterogenous medium with n scales

The ratio between the linear sizes of the periods of media Qi1 and Qf is a constant small value
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To characterize the absolute sizes of each medium, we introduce the main coordinate system
z = (" associated with the largest network of fractures, Q™. The notation z(™ means a vector
in R3: 2™ = {2\ (™ 2{M1.

In Fig. [LIit is seen that any fracture domain Q% (i > 1) is self-connected within the cor-
responding period of the medium Qf. Moreover it is directly connected to the fractures of the
smaller scale Q! but has no direct connection with the blocks Qi=2. The system of connected
fractures Q! for various 4 creates a connected hierarchical multi-scale network, which will be called
the fracture network. Physically these fractures are highly permeable porous channels.

In this chapter the "fractures" are not thin.

Along with z we will introduce the local coordinates:

n—-1_ 7T n—2 _ T i r _Y 1
g, . -

and the extended local cells which are the periods of heterogeneity at each scale extended in such
a way that their volumes are equal to 1 in the corresponding coordinate system. Each cell yi
consists of two non-intersecting subdomains called "fractures" Y and "blocks" Yi=1 which are
the images of the subdomains ¢ and Qi1 respectively. In order to avoid new notations, we will

denote the cell corresponding to medium Qfas YIUYi~1. So a cell is defined strictly as

o 1 : 1
Yiuy! = {5 <yl < 5} (1.2)

All media Q! correspond to the macroscale coordinate x, but it may be considered in various

(»=1) medium Q' extends by 1/e. In coordinates y* medium

coordinate systems. In coordinates y
Q! extends by 1/e"~*. Medium Q¢ extended by 1/e"~* will be designated as Q%/e"~*.

The link between the original medium Q" and its cell (of the highest scale) is shown in Fig.
[ 2

The correspondence between the medium Y"1 and its cell is presented in Fig.

Then, for any medium Y? = Q%™ the variable y' is macroscopic ("slow"), while the variable

i—1

y*~! is microscopic ("fast").
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Figure 1.2: The medium Q" in coordinates x (a), and its extended cell Y™ U Y"1 in coordinates

y"~ ! (b)

]
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Figure 1.3: Medium Y"~! = Q"¢ in coordinates y™ (a), and its extended cell Y"1 U yn-2

in coordinates y"~2 (b)
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1.1.2 Flow equations

The porosity and permeability of medium Q? can be presented in the form:
Bib™ (), a;a? (z)

where a9, b ~ 1, while 8; and «; are constant values.

For the macroscopic medium Q™ we have:
The flow equations formulated through the macroscopic coordinate x will be:

ﬂib(“% = V- (a“)vp) . zeq

5 Op 1y Op
L — +1
a;a? oy T = aiyral )8V|Fi+1’"
where 4 = 1,...,n, V is the gradient in terms of variables z; I'"*1 is the interface between '+1!

and Q°; v is the vector normal to I'"1:%; Fffl’i means that side of the interface which touches the

domain Q1.

The same model reformulated through local slow variables for each subdomain Q°/e"~" is:

9p

p@®
ot

— 0, V;- (a(i)vip) Ly e i

N, i1 O
Wia(Z)a_l]j pitli = a(“rl)a—llj Fl:rl,i

where

Q; Qj
w; =

0 = 55—
Bie2(n=19) Qi1

Operator V; is the gradient in terms of variables 3.

1.1.3 Definition of the flow self-similarity

The process described by the model (L) is self-similar at all scales if :

Q4 " (67
0i = ———— = cons w; =
Bie2(n=7) ’ Qg1

= const
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Then we obtain: for «a;:

o = Q1w ap =1

(according to ([L3))).
This is the geometrical progression, so that: o; = w™ .

For 3;, we obtain:
; wn ™t

ge2(n—i)  ge2(n—i)

B =

Taking into account (L3]), we obtain for i=n: o = 1. Then definitely:
a=w"" pi=(5) (1.6)

1.1.4 General self-similar model

The model (5) formulated now in terms of the local slow coordinate y(¥ becomes:

b(z‘)% =V (aOVp), oy /e
(1.7)
i Op i+1) Op
wa( )5 pitihi = a( +1)_1/ F'ijl,i

Two parameters 2 and w determine all the process. For various ratios between them we will
obtain qualitatively different models.
For two scales ¢ and 7 + 1, we can associate a couple of equations for the corresponding neigh-

boring media Q¢/e"~ =1 and Q! /e~ formulated through the slow variable y(*+1):

N . . o
b(Z)a_Zt) =e*Visr (a(Z)vi-Hp) ;o Yyt e@ifenmit (1.8a)
) . . , ,
b(ZH)a_]t) = Vitr (G(Zﬂ)viﬂp) ;YD eqitt et (1.8b)
) 1) 0
wa(z)a_f - a(z+1)_llj per (1.8¢)

1.1.5 Multiscale long-memory medium

Let w = 2.

Then at each scale we will obtain the classical e2-medium, of the double-porosity medium.
The behavior of this system is so that the contribution to the macroscale permeability will be

significant only for the largest scale Q¢ , as all the other scales have permeability much smaller
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(e2,&%,...). Indeed the condition at the interface means that the normal flow through the interface
from larger medium Q¢ to smaller medium Q°~! will be practically impossible (of order £2). So
the medium Q~! will be excluded from the translational flow happening in the larger medium .
In other words all the media will be excluded except the largest one Q™.

At the same time, the contribution of each medium in the global exchange process will be sig-
nificant. Despite the small size of each medium with respect to the previous one, the characteristic
time of fluid evacuation (in the form of the Source-flow) to the neighboring medium is high and
the same on all scales: 2.

Due to this, it is expected that the effective permeability will be determined entirely by the

last level, while the effective exchange process will be equivalently influenced by all media.

1.1.6 Multi-scale source-translation medium

Let w=¢"%0<a<1(ie e <w< 1), then for a fixed step of the homogenization process
from scale 7 to i + 1 we will have a couple of diffusion equations for two corresponding media

formulated both in terms of the same larger space variable z(*1), obtained from (L8):

N . . o
b(Z)a_Zt) _ 52vi+1' (a(z)vzﬁrlp) , y(ZJrl) c Qz/sn 1
! . . . .
b(1+1)8_1; = Vi1 (a(1+1)vi+1p) , y(1+1) c QH—l/En—z—l (1.9)
Eliaa(i)a— pitli = a(i+1)% rithi
v - v -+

This is the model which possesses also a long-memory at each scale of homogenization due to the
exchange process, and whose effective permeability will be influenced by all the media. So we will

have a superposition of the source flows and the translational flows on each scale.

1.1.7 Impossibility to exist for self-similar short-memory media

A typical short-memory medium might be presented by the following hypothetical model:

9 . . -

b(Z)a_ZZ = Vi1 (a(l)vi-i-lp) , y(z-i-l) c QZ/En—l—l

b(”l)a—]; =Vitr (a(iﬂ)viﬂp) ) ylith e @it fen it (1.10)
) O

wa(z)a_llj P = a(z+1)a_llj -~

It is clear that this situation is impossible within the framework of the general self-similar model

@3).
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1.2 Transition between scales 1 and 2

We will analyze the case when w = £2.

1.2.1 Problem at the first level

The homogenization of a multilevel source medium will represent an iterative infinite process of
scaling up from low-scale medium Q°~! to large-scale medium €2°.

At the first step we homogenize the system over the smallest cell Y2 U YL,

The slow variable is 3(?), while y(!) = y(?) /¢ is the fast variable. Extended medium Q2 and its

extended cell are shown in Fig. [[.4
1 L)

1 1
’ ! | 1

a b

Figure 1.4: Medium Y2 = Q2/e"2 (a) and its cell Y U Y2 (b)

The original problem formulated through the slow variable is:

)
b“)a—f = &2V, (a<1>v2p) , yPeqal/en?

)
b = Vo (aPVap), P €0/ (L11)

L= a®Vop-it
2

€2a<1)VQp'ﬁ p2a
¥

1.2.2 Homogenized equations of the first level

The homogenization of this system leads to a well-known double-porosity model [De Swaan, 1976],

[Arbogast, Douglas and Hornung, 1990], [Panfilov, 1990] with two pressures P and P? averaged
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respectively over Y'! and Y?2:
, YD e?en? (1.12)

with

B _ /b(2)dy(1) @ (1—g), BO= /bu)dy(l) g,
YZ Yl
A® = is the effective permeability which is defined in section [24]

symbol @ is the ratio between the volume of medium Y! to the volume of the overall cell Y UY?2.
The kernel K (t) is of order 1 and is determined in the next section.

System (LI2) can be reduced to one equation:

2 ~
B<2>aai; =V, (A<2>v2P2) +BW / aap KW't —r)dr,  y® e Q2/en2 (1.13)
T
0

(1)
where K1)’ = K

, and we take into account that K (1 (0) = 1 (see the next section).

1.2.3 Structure of kernel: K@
The kernel KV (t) is determined through the cell problem formulated in Y [Panfilov, 2000]:

//G L& V) dedy™ (1.14)

Y@

0
where G is the Green function of the operator b(l)a —V1(aMVy) in YU with satisfies the zero
Dirichlet condition at I'%'!

It may be represented in the explicit form through the Fourier expansion of the Green function:

>0 —uraWt
Hra
KOt Z eXp (W) (1.15)

where we used the notation:



Herein p, and Ry, (ym) , k > 1 are the series of eigenvalues and eigenfunctions of the Laplace

operator V7 in Y'!, so that:
V?Rk = —u Ry, y(1> € Yl; Rk|p(2,1) =0 (1.16)

These relations have the simplest form if we approximate block Y'! by a sphere of the equivalent

40\ /3
volume |Y!| = 6. Then the radius of this sphere will be p = <3—> . For sphere, it is easy to
T

obtain:

r ’ p

1)) 2 (1) 2 ()2 . . . e 1
where r = " + (Y5 + (ys is the radial coordinate within Y.

Then

P

<R > =4r .rsin(r,/ Ydr = 4—p2(71)k+1
k vi = Mk - k ’

0
P
<Ri>y1 = 47r/sin2 (ry/p)dr = 2mp
0

__6_ (1.18)

— Sphere
0.80 ———Cube

0.00 0.50 1.00 1.50 t

Figure 1.5: Structure of the exchange kernel K'(¢) for spherical and cubic shape of the block Y

70



Therefore, we obtain for K1):

6 o= 1 w2k2a™)

The dependence of this function on the volume fraction of blocks 6 is shown in Fig. [[6l The

property of this function is: K1) (0)=1.

0.8

0.6

<@

0.4

0 =0.3,0.5,0.7,0.9 -

0.2

0 1 A I
0 0.05 0.1 t 0.15 0.2 0.25 0.3

Figure 1.6: Exchange kernel K(t) variation w.r.t the fractional volume of block Y

1.2.4 Effective permeability

The effective permeability is a tensor in general case, which is defined through three auxiliary

(1)
AR = /G(Q) ik + 8¢?1) dy" (1.20)
Jy

y? ¢

functions ¥ ,E,l) :
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where the cell functions w,(cl) (y(l)), k =1,2,3, are the solution of the cell problem:

v, (a@)vlw,i”) — _Via@.g, M ey?

w,(cl) is y(l) — periodic
(1) _
("), =0
(1)

where €, is the unit vector along the axis y, .
We consider the symmetrical case, so that all functions w}(:) will be symmetrical. In this case
the tensor A becomes a scalar, and it is sufficient to resolve a single cell problem for a fixed k for

determine the scalar A:

B
A<2>:/a<2> 1+5¢_(11) iy (1.21)
oy

y?2 1

Vi (0(2)V17/)§1)) = —Via®).é, yev?

1/)51) is 4y — periodic (1.22)

(),
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1.3 Transition between scales 2 and 3

1.3.1 Problem formulation

At the second step we will consider the domain which consists of the connected fracture 23 and

an already homogenized "block" Q2. Variable y® is the slow coordinates, while y® is the fast

one. The extended medium Q3 in coordinates y™ ) and its unit cell in coordinates y® is shown

in Fig. [

2
e e

!

a | b

Figure 1.7: Medium Y® = (3/e"=3 (a) and its unit cell Y2U Y3 (b)

In slow coordinates the problem of flow in 93/c"3 and Q2/¢"~3 has the form of (L23a) and
(C23D):

t

oP? op? ~
B® = =V (A<2>V3P2) +BW / WK<1>’(t —7)dr, y® € Q?/e"¥(1.23a)
0
p3P _ o, (O ®) ¢ 3 jon (1.23b)
ot — V3 3P, Yy .
2A@ v, p2.7 s = a®BVp-ii e P2|rf’jz = p|riz (1.23¢)
- +

1.3.2 Two-scale formulation

According to the technique of homogenization we introduce the two-scale functions P? (y(3), y@, t)
and p (y(3),y(2),t) which are equal to the true functions P? (y(3),t) and p (y(3),t) when y® =

y(3) /€. Respectively we introduce the two-scale operator V3 = V3 + £~ 1V,. Further the symbol
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"tilde" will be omitted. The equations (L.23) become:

B(2>36_122 =V, (A(2>V2p2) Le {VQ. (A(2>v3P2) + V3 (A@)VQPQ)] +
2V (A(2)V3P2) + BM /t 6502

KOt —r)dr,  y® e 03/ Y@ e V(1.24a)
-
0

b(@% = E%VQ. (a(3)V2p) + % [V2' (a(3)V3p) + V3- (a(g)v2p)} +

+Vs- (a(?’)Vg,p) , = 63/5"_3, y? eys (1.24b)

e A® (VoP? + V5 P?) di| , = ol (Vap +£Vap) ﬁ‘r“ . PPlpsa = plas (1.24c)
+

The additional condition is the periodicity with respect to the fast variable y(2).

1.3.3 Necessary condition of existence for periodic solution

Along with system (L.24]) it is useful to introduce an integral relation which will enable us to derive

the form of the averaged equations.

Let us integrate the first equation ([Z4a) over Y2, the second equation ([L24L) over Y3, and

sum up the results:

t
2 2
<B<2>3i> N <b<s>@> B<1>/<3P > KO (¢t 7)dr —
at }72 at Y3 ) 67- }72

= / A®) (VyP? +eV;3P?) didy® + Vs <A(2) (VoP? + 5V3P2)>§2
73,2

1 1
75—2 a(g) (V2p + €V3p) ﬁdy(Q) + ng <a(3) (VQP + €V3p)>y3

3.2
Herein the Gauss theorem was used, as well as the property of a periodic function f with respect

to y(2):
aVaf-idy® =0

Oext Y3

where O, Y® means the external boundary of the domain Y3, and a is a periodic function.
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Taking into account the condition (L24d), we obtain:

t

0 ap (9P2 /
B@ = (P, + <b<3>—> - BW / <—> KWt —1)dr =
o (v It/ ys SN O [y

T

1
=¢eV3- <A(2) (V2P2 + €V3P2)> + ng' <a(3) (VQP + EV3P)>

Y2 Y3

where we used the notation:

Ove= [O0D, Oge= [ O

Y yi-1

(1.25)

(1.26)

Physically this relation represents the averaged equation of flow. Mathematically it is the

necessary condition of periodicity of the solution. Indeed, we can represent equation (L24h) in

the explicit form with respect to the leading microscale derivatives:

Vo (aVap) = f (y@)) (1.27)
where a = A®) when y? € 172; a=a® when y® € Y3; and
€2b(3)% —€ |:V2' (a(3)V3p) + Vs- (a(?’)Vgp)} — €2V (a(3)V3p) , y? ey?
/ (y@)) = B(Q)aa—]f o {v? (A<2)V3P2) + Vs (A(Q)WPQ)] -

t

p? ~
—£?V3- (A(2)V3P2) - BW / aa K(l)/(t —7)dr, y? e y?

T

0

The solution of this equation should be periodic in Y2 U V3.

According to the Fredholm theorem, the necessary and sufficient condition for the existence of

a periodic solution of the equation (L27]) is:

<f>)72uY3 =0

which yields the relation (23]).
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1.3.4 Asymptotic expansion

We search for the solution of (L24)) in the form of the asymptotic expansion:

P (y(?’),y@), t;E) = (y(3), y?, t) . P? (y(?’),y@),t; 6) =Y P (y(3), y?, t)
k=0 k=0
(1.28)

By direct substitution of this expansion into equations ([L24)) and (L2H]), for three first terms
of this expansion it is possible to obtain the closed system of problems:

For P: it depends on slow and fast variables: Pg = P? (y®,y®,¢), and is defined as the
solution of the problem in the block Y2:

t

P2 P2 -
3(2)68—150 — v, (A(Q)V2P02) + B / aa—OK(l)/(ﬁ i @ e T
T

0 (1.29)

P02|F§2 = p0|ri’27

P li=o ="

For pg: it depends only on the slow variable: pg = pg (y(3), t), and is defined by the averaged

equation resulting from (L25):

(57, 52 = (o) wom - (o5um),) =

For pi: it depends on the slow and fast variables and is the solution of the problem:

Va- (a(S)V2p1) + V- (a(s)v;gpo) =0, y(2) S ys
p1 is y® — periodic (1.31)

<P1>Y3 =0

The last condition is needed in order to define the unique solution of this problem. Without
this condition we would obtain the problem with infinite number of solutions defined up to an
additive constant (similar to the Neumann problem).

Due to this condition, we can obtain the following result for pg, returning back to the asymptotic
expansion (L28):

(P)ys = P> =po+ 0 (£%) (1.32)
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which determines the physical meaning of the function pg: it is the pressure averaged over Y3.

The next step consist of solving problems ([29]) and (I31]), which will yield the closed averaged
equation (L30).
1.3.5 Solution of the problem in Y3

Problem (I31)) is classical and can be solved explicitly through the Fourier series. Indeed, by

representing the differential equation in the form:

\% (a(3)v2p1) =— Vspy Vs (a(s))
depends on w_/
v3) ¢ depends on
4(2)

we can search it in the form of the Fourier series: p; (y(?’), y3, t) = > (y(Q))fk (y(?’),t) with
E>1

splitting slow and fast variables. Substituting in (IL31]) one can show that it is finite, so that:

e (59102.0) = 30 (1) 228 4 (4) (133)
k=1 k

where the functions v (y(Q)), k =1,2,3, are the solution of the cell problem:

Vo (a9Vauy) = -Vaa® -z, y@ e v?
Y is y® — periodic (1.34)
<¢k>y3 =0

where €, is the unit vector along the axis y,(f).

We consider the symmetrical case, so that all functions v, will be identical. It is then sufficient

to resolve a single cell problem for a fixed k.
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1.3.6 Solution of the problem in Y2

Consider the problem ([L29). Let us introduce the new variable: U = P§ —py. Taking into account

the fact that py does not depend on the fast variables, the problem ([L29) becomes:

t
ou  A® _, BM roU v
= - - (1) — —
LU = ot B(Q)VQU 70 87’K (t—7)dr
0

t
apo B [ 9po Ly

ot B® ) or
0

(t—7)dr, y?ey? (1.35)

Ulpaz =0,
Ulj—o = 0

where we taken into account that po|i—o = p°.

We obtain the problem with homogeneous conditions for non-homogeneous linear integro-
differential equation. Its solution is the convolution of the Green function of the operator £ with

the right-hand side of equation (L35):

t T
dpo  BWY [ op /
_ 2 _ aro 2 " [ YP0 () (o
U= / /G(y JEt 7') 5, B(Q)/ 50 K'Y (r—0)do| dsdr

v 0 0

Then the pressure in block Y@ is:

t T
O ro
@ _ @ ¢, |90 B Po (1) (-
Py =po //G(y 6ot r) o | g K (- 60)d8| dgdr (1.36)
ye 0 0

where the Green function G (y@), &t — 7) is determined as the solution of equation (L37]) with

homogeneous boundary conditions at I'®2) and the initial condition:

t
oG A® , . BY [0G
ot B® 27 B® | or

0
G(y@.6t)| =a(y®-¢). (1.37D)
G (y(2),§,t)

—0 (1.37c)

y(‘2)7€el"3,2

(t—7)dr =0 (y<2> - g) S(t—71), (1.37a)

t=0

Now we get down to the construction of the Green function.
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1.3.7 Spectral expansion of the Green’s function G

The Green function may be presented through the Fourier series with respect to a complete
orthogonal system of functions. Such a system may be presented by the eigenfunctions of the
Laplace operator V3 which is the spatial part of the operator L.

Let us introduce the Hilbert space of functions H which have the following properties:

- they are determined in the domain Y ® x (0 < ¢ < T);

- they satisfy the homogeneous Dirichlet boundary condition at I'*2;

- the norm in H is determined through the scalar product:

1/2
171 = / Pac | = (1.38)

Y (2)

Then the Green’s function (L37) may be presented in the form of the following Fourier series

over the orthonormal functions: :

G (19.61) = X ORI Re(6) (1.39)
k=1

where p; and Ry, (y®)), k > 1 are the series of eigenvalues and eigenfunctions of the Laplace
1

operator V2 in H, so that:
Vng = —ur Ry, y(2) € }7(2); Ri|pee2y =0 (1.40)

while T} () are determined as the solutions of the problem:

t

, B , (1)’ A2
T, — == | TL(n) K'Y (t—7)dr = —pr—==Tk, O0<t<T), (1.41a)
B®) B®)
0
Thl,_o =1, Vk (1.41b)

where T} (t) = dT},/dt.

Proof:

1. Tt is known that the system { Ry} is complete and orthogonal in H. The completeness and
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orthonormality means that:

> TR =6 (5 ) (1.42)
k>1

2. The form of the expansion (I.39) is determined by the symmetry of the Green function with
respect to y@ and .

3. Substituting this series and ([40) in (L37) we obtain (L4T1a) for functions Ty (t).

4. Using the initial condition (L370) we obtain:

k>0

Using this relation and the property (ILZ2) we obtain the initial condition (I41D]) for functions

Ty.

Now we should determine the structure of the functions Ty (t).

1.3.8 Spectral representation of the solution in Y3

Using all results we obtain for pressure P3 from (L38]):

t 2) ™

Ri(y@) (R ) _ (1)

P =py— /Z 2< >Y<2) Te(t —7) % - %/%K“)’(T— 0)do| dr (1.43)
T

0 k=1 <Rk>f/<2> 0

The eigenfunctions Ry and eigenvalues p can be obtained in the explicit way for cubic form

of the domain Y2 [Panfilov, 2000]. These relations have the simplest form if we approximate y?2

~ 0 1/3
by a sphere of the same volume |Y2| = #. Then the radius of this sphere will be p = (3—) .
T

For sphere, it is easy to obtain:

= —_— - =

)
r

~sin (ry/ir) <7rk:)27 (1.44)

2 2 2 ~
where r = \/(yf)) + (yéQ)) + (y§2)) is the radial coordinate within Y2.
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Then

: _ 4p* k+1
rsin (ry/p)dr = T(_l) ,

<Rk>37<2> = dr
<Ri>f/<2> =dm

Then a useful result follows, which will be used further:

sin? (ry/pg)dr = 2mp

O\‘s o\b

2
1{Br)ye _ 6 (1.45)
0(Ri)pe ™K
1.3.9 Averaged equations
Let us introduce the pressures, averaged over subdomains Y3 and Y2 of a cell:
- 1 1
2 2 3 _
P—§<P>§/2, P—m(@ys
where 6 is the volume fraction of blocks Y2 in a cell Y2 U Y3,
It follows from the results of the previous section, that:
- 1
P2:§<P02>372+O(5)7 P? =py+ 0 (£)
Using (I30) for pp and ([3) for P§ we obtain for the average values:
P P> [ 0D
B®E_ vy -(A<3>v P3) = -B@p_ B<1>9/—K<1>’ t—1)d
a3 ’ ar gy Wt mdr
0
(1.46)

T

¢

: 3 (1) 3

P2:P3—/K(2)(t—7) or’_ B /8P K(l)I(T—H)dH dr
0

or B® | 90
0

where the second-order kernel is defined as:

o (R
K@) ZLMT;C@) (1.47)



For spherical forme of the block Y2 we may use (L45):
65~ 1
K@ =231 1.48
53 fn (L

The property of the kernel is: K(?(0) = 1. The dependence of this kernel on § and the ratio

b®? /a? is shown in Fig.

1 1

0.9 09

08 08

07 07

0.6 06
K(Z) 05 K(z) 051

(2,4 )_
6=0.3,05.0.7, 09 b%el*

0 0.1 0.2 0.3 t 0.4 0.5 0.6 0.7 0 0.2 0.4 0.6 08 1

Figure 1.8: Dependence of the exchange kernel K2 (¢) on the fractional volume of block Y2 (a),
and on the block property b(2)/a(2) (b)

1.3.10 Effective permeability for the second level

The effective permeability is defined in the similar way as in section [[2.4] through three auxiliary
functions 1/),22):
We consider the symmetrical case, so that all functions zb,(f) are symmetrical, and the effective

permeability becomes a scalar:

(2)
A® :/a(g) 1+ %y o) dy® (1.49)
ay(

Y3

Vs- (a<3>v2¢§2>) — Ve, P ey?
wgz) is y® — periodic (1.50)

(5,09
(2)

where €, is the unit vector along the axis y,.
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1.3.11 Equivalent forms of the averaged model

The system ([46) may be presented in the following equivalent form:

3
yOP”

BB Vs (A(3)v3p3) — _B@p—_

(1.51)

3 1 3
P pr g@, <8P BM op K<1>')

ot B® ot

t
where we used the operator of convolution: f(t) x g(t) = /f (1) g (t — 7) dr and its properties:
0

(8) = 9(1) = (0) () (1.52)
2 (rra =10+ 28 4 pg00) (1.53)

83



1.4 Transition between two arbitrary scales i — 1 and ¢

1.4.1 Analogy between transitions 1 — 2 and 2 — 3

Transition 1 — 2 leads to the averaged model (LI2)) :

2
p1:p2,K(1)*ai
ot ’ B
;YD en?en? (1.54)
opr? opr!
B _ _ v, (A@v,p2) = _plZ_
o ( Ve ) ot

Transition 2 — 3 leads to the averaged model (LE]]) :

3 1 3
PPt k@, <aP BW op K<1>’> 7

ot B® ot

. 7 y® e QB/En—3

3 D2 2
B(3)aai; ~ Vs (A<3>VSP3) = —B(Q)Haai; + B“M%—Z « KW'
(1.55)
where
_ o b (1-6), i>1 . _ G .
BO — [ p0gyli-1 — (1—-6) Coa0 = [0 (1498 ) g6
(i—1)
bV, i=1 Ay,

Y? Y

where the functions z/)](f), k =1,2,3 are defined in the similar was as (L22) and (L50).
P? is the pressure averaged over fractures Y2 only, while P2 is the pressure averaged over the

entire domain Y2 which includes fracture Y2 and internal block Y.

1.4.2 Case of constant parameters «!” and b

In a self-similar medium the coefficients () and a(?) should be independent of :

b =, a) =qa, Vi
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Then all functions ¥ defined through (L22)), (L50) and so on, become identical and defined

as:
Vi (aVigr) = —Via-er, y eyt
Y1 is y — periodic (1.56)
(V1)yis1 =0

independently of 4, because all domains Y* become identical. Herein &), is the unit vector along

the axis y](j).

The the effective permeability at each level becomes also identical:

AD = 4= /a <1 + 8(1?;)) dy@V, i (1.57)
ayl

Yi

The effective porosities become:

B®W 0
(1) (2) = _ — b R
BO4B? =0+ (1—-0b=b Tm=r—=a
Then equations (L54]) and (L55]) become
2
p1:p2fK(1)*ai
ot ’
(1.58)
oP? oP?
1-60) L — ¥, (AVoP?) = —bS—
b(1—0) - — Var (AVP?) = —bo
3 3
p2_ps_g®, |98 _ 0P Ly
ot ot ’
) ) (1.59)
opP3 oP? oP? /
b(1—0) —— — V3 (AV5P?) = —bO(1 — 0) —— + bo* —— » KV
(1=0) 7 = Va (AVsP?) (1= 0)— + 60"«

1.4.3 General form of the averaged equations for an arbitrary scale-up
1—1—1

The last relations may be reduced to the common general form for i > 2:

Pi—l _ Pl _ g *K(i—l)
ot ’ N
;YD eQifent (1.60)
oP? . opi—1 .
1- — Vi (AV;P?) = —b—— « L0~
b(1-0)—; Vi- (AV,;P") bo—5—
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where B(® = 0, and new functions K" and L) are defined as:

. 5(t), i=1 , KO =1
L — ®) , . KO = / (1.61)
(1—0)5(t) —oKYD" =2 K® « (5(t) —aK® ) , i=2
Model ([LEQ) can be converted to a single equation:
oP? - 0 . 0P - - N -
b(1-6) 7~ — Vi (AV,P") = —b0 <PZ - K<H>> LDy e QF /e (1.62)

We will search for the averaged model at any scale in the same general form ([62)). The

problem consists then in obtaining the iterative relations for operators K¢ and L.

1.4.4 Problem formulation

To analyze the transition between scales ¢ — 1 and 7, we should consider the domain which consists
of the connected fracture Qf and an already homogenized "block" Q¢~!. Variable y(® is the slow
coordinates, while (=1 is the fast one. The extended medium Q' in coordinates y(™~% and its
unit cell in coordinates y*~1 is shown in Fig. [

In slow coordinates the problem of flow in Q7/e"~% and Q~!/e"~ has the form of (62 and

(L.3D):

opi—1 . o . opi—1 , . I
b(1—0) 5 —gv,MVﬂ%*)z—wgzQWJ—-?E—HWP%)*U%%, y e Q1 /e"Ti(1.63a)
opt ) . ) .

b 612 = Vz (aVzpz) 9 y(z) S QZ/Eni’L (163b)
2AV, Pl piic1 = ani-ﬁ rii=t pi-t piicl = pi riict (1.63¢)

1.4.5 Two-scale formulation

According to the technique of homogenization we introduce the two-scale functions P*~! (y(i), y(=1, t)
and p (y(i),y(i_l),t) which are equal to the true functions P?~! (y(i),t) and p? (y(i),t) when
y(i_l) = y(i)/e. Respectively we introduce the two-scale operator @l =V, + e 'V;_,. Further

the symbol "tilde" will be omitted. The equations (LG3]) become:
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opi—1 . o . opi—t .

. (i-2) , Y -1 YL (i=2) ) _
b(1—6) 5 + b0 L * o <P 5 * K )
=V,_1- (AVi,lPi_l) + e |:V11 (szpl_l) + V- (AVilPi_l)] +
+e2v;- (AViPFl) , y(i) IS ﬁi/anﬂ', y(ifl) cyit (1.64a)
api 1 i 1 i i
by = 2 Vi (aVi-1p') + Z {Vz'—r (aVip') + Vi (aVi-ip )] +
Vi (aVip'), YD eQifenT i ey? (1.64b)
€2A (Viflpi_l + EVZ'Pi_l) M rhist = a (Viflpi + EVipi) M Fii—l y
(1.64c)

i
ii—1 = P i,i—1
I I‘+

Pi71

The additional condition is the periodicity with respect to the fast variable y(:=1).

The necessary condition of existence for periodic solution is obtained as previously. Let us

integrated the first equation (L64al) over Yi=1 the second equation (L64D) over Y, and sum up

the results, by using the Gauss theorem, the property of a periodic function with respect to y#—1)

and condition (L64d):

bo (LU= « = [ pi~1 — K(—2) b =
+ < ot < ot -\ /.

0 .
b(1—0) = (P,
(1-0) 9 (P50,
_ . 1 . _
=V, <A (Vie P71+ sviP“)>~ + Vi <a (Vicip' + EVZ-pZ)> (1.65)
yi-1 yi
where we used the notation (L20).
1.4.6 Asymptotic expansion
We search for the solution of (I64) in the form of the asymptotic expansion:
P’ (y(”,y( Ut 6) => ki (y(“,y“’”,t) , Pt (y(“,y(i*”,t;s) => etpit (y(”,y(i*”,t)
k=0 k=0
(1.66)

By direct substitution of this expansion into equations (LG3]) and (LGH), for three first terms

of this expansion it is possible to obtain the closed system of problems:

For Py~ ": it depends on slow and fast variables: Pj~" = Py~' (y@,y~Y ), and is defined as
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the solution of the problem in the block Yi~!

b(1—10) a]:f: + bALE—2) *% <Pg—1 a}; : « KO~ 2>>
= Ve (VBT er (1.67)
Péfl o1 —po ii-1,
B 3_1|t 0o=p"
For p§: it depends only on the slow variable: p§ = (y(i), t), and is defined by the averaged
equation resulting from (LGH):

P’L 1
b(1 - )?(PZ Dy 1+b9<L(l %S (pz 129

+ KG-2) -

ot )>?i1
ap!

- = <b>Y1 -

Ve (o Vit + Vi) (1.68)
For p} we obtain the same problem as for p; (L33) and (L34)

1.4.7 Solution of the problem in Y

Similar to what was done in section [[3.6] we obtain the following results

Let us introduce the new variable: U

Pt po- Taking into account the fact that py does
not depend on the fast variables, the problem (L67) becomes

ou 0 ou ., A
= L(Z—Q) YV K(z—Q) I v 2] _
LU=y Tl Ty, (U ot b(1—9)v U=
O G-, O (i 9Ph  i-2) (i-1) ¢ yri-1
_ _Yro i— i + K= i yi
ot o\ e (1.69)
U piic1 = 0,
Uli—o = 0

where we taken into account that pj|—o = p

We obtain the problem with homogeneous conditions for non-homogeneous linear integro-

differential equation. Its solution is the convolution of the Green function of the operator £ with
the right-hand side of equation (LGY). As the result, the solution is

t
Pg_l // (i71),§7t77) {%t 1 aLl-2) 4 0
0

) (i—2)
~ 5 (po 5 x K dédr
yi—1

(1.70)
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where the Green’s function G (y(i_l), Et— 7') is determined as the solution of the homogeneous

equation with homogeneous boundary conditions at I'*=1) and the initial condition:

oG A o» -2, 9 [~ 9G iim2)) _ 5 (-1 _ -
ot b(1—9)vi*1G+O‘L x5 \ G5 *K f5<y 5)5(15 ),

G (v Met)| =5 (s ).
G (y(ifl),é,t)

y(i—l) 7gepi,i—l

The spectral expansion of the Green’s function has the form:

G (1, 60) =3 Rt OB (1) Ru) (1.72)
k=1

where p and Ry, (y(ifl)) , k > 1 are the series of eigenvalues and eigenfunctions of the Laplace
operator VZ_; in H.

Functions Téi_l) (t) are determined as the solutions of the problem:

d

T]Ei—l)/ + « L(Zi2) * %

(T,gi‘” Y K<H>) = -1 D (1.73)

1—1

where T,Eiil)/(t) = dTéiil)/dt.

1.4.8 Averaged equations

Let us introduce the pressures, averaged over subdomains Y* and Yi=1 of a cell:

- i i Lo
Prt=o (P hgins Pr=175 )y

SR

where 6 is the volume fraction of blocks Y~ in a cell V=1 U Y.

It follows from the results of the previous section, that:

g 1 ; 2 -
pinl 5 <PS_1>)7(i—1) + O (5) ) P = pé +0 (62)
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So we obtain for the average pressures:

P! . opi—1 . 9 [ - opi—1 .
b(1—6 —V; (AV;P) = —b0 (1 — ) —— —p0*1LU—2) x — | pPP~1 — KG=2)
(1=6) 5 = Vi (AV:PY) (1=6) =5 * ot ot :
_ . . dP? , o ) & .
i—1 _ pi_ (i—1) v (i—-2) , Y i 2 (1—2)
P P K * [ En +alL * T (P 5 * K )}

The right-hand side of these equations may be presented as the convolution with the pressure

derivative, if we take into account that

o <%_f . K(t)) = W)+ 2wty = 2w (RO)500) + K1)

and
5 (P~ G ) = 5 (- mO) 800 - w0

According to (LEI), KM (0) = K®)(0) = 1. We will assume that this law is valid for all i:
KO0)=1, Vi (1.74)

which will be proved further.

Then:

i) opP _op

The definite form of the averaged equations becomes:

P’ - pi-1 _ _ pi-1
b(1—-0) a@t -V (AVZ-Pz) =-b0(1-0) 0 +po2 L2 & K(zfz)’ " 0 7
(1.75)
pi-1 — pi _ li=1) ﬁ ~ L2 K(i_Q)/ . ﬁ
ot ot
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1.4.9 Determination of the kernels K% and L®

Comparing (C70) and (C60), and taking into account for (LE]), we obtain:

K® « (5(t) —alL07Y & K(i_l)/) , 1>2

K® = _ (1.76)
KO =1
, 1—0)5(t) — LE-D x KGE-D' > 9
LO® = (1= 6)) - (1.77)
5(t), i=1
The iterative kernels K () are determined similar to (L72) and (Z73), for any i > 1:
K@ =S5 Lo 1.78
(=253 10, (1.79)
k=1
. . _ _ , A .
T}gz)/ N T}gz)/ L0 L gG-D = *T;El),uk 7 -1 (1.79)

with L(® =K© = 0.

System (L0, (L77), (LT8) and ([L79) of four coupled recurrent equations is closed. It deter-
mines four sets of functions K*, L) K®) and 7).

Using these equations it is easy to prove the validity of the condition (4. Any kernel K () (t)
is so that K(9(0) = 1, according to their construction. Any kernel K ()(¢) has the integrable
singularity ~ ¢t=1/2 when ¢t — 0. Assuming that the behavior of kernels K((¢) and K ®)(t) has
no stronger singularity, we obtain that all operators of convolution operators will tend to zero as

t— 0.

1.4.10 Physical meaning of functions K® and L%, K@ and 7©

All these four functions have clear physical meaning;:

- "local exchange kernels" K () are responsible for the local mass exchange process between
two media ¢ and ¢ — 1;

- "effective exchange kernels" K(*) are responsible for the cumulated history of the exchange
process between all the preceding couples of media;

- "Fourier spectrum of local kernels" T,Ei) the Fourier-components of the kernel K.

Functions L™ are not independent. In the next section it will be shown that they are liner

functions of the effective kernels K.
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1.4.11 Reduction of the system of recurrent equation
It is possible to show that these two sets of recurrent equations may be reduced to a single one,
due to a linear link which exist between K and L(9):

LO« KO =1 -0)K», i>2 (1.80)

Proof: 1. Equation (78) and equation (I77) converted with K has the following form for i > 2:

LO s« KO = (1 -0)K® — gL x KO 5 kO
K@ — g® _ QLG , gG-D" , @
Eliminating the double convolution operator by subtracting one equation from another one, we easily

obtain (LR0), if we take into account that:

a(l—0)=0 (1.81)

Then we can reduce the number of equations in the coupled system (L76]), (L71) , (IZ8) and (T79):

K@« KO = KO 4 gD _ g g, KO-V, KO-V 5> 9 (1.82a)
; 6~ 1, _
K9t = — > ETlg”(t), i>1 (1.82b)
k=1
i i—1 i i—1 i—1)/ i ic1)  Apk i
T % KO7D g « KO« KOED = 1) & K )71;(1—0)’ T =1
(1.82¢)
Once this system is solved, we can find the functions L®:
(1-0KD,  i>2
(1.83)

LO x g® —
K9, i=1
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1.4.12 Solution of the problem for hierarchical kernels by Laplace trans-

form

To solve system ([82), we applied the Laplace transform. Let f(s) be the Laplace transformation of

function f(t) with parameter s. Then we have:

(1.84)

(1.85)

(1.86)

) =@ o
o KD _¢ _5,71)K(171) (sK“ - 1) L i>2
K"’ = K"
kY, =1
—(0) 6 v~ 150 .
K" (s)_FZﬁT,: (s), i>1
k=1
(1) (i=1) _ preli=1) [ 2=(i=1) (i) 7= i=1) _ Ap
T —1) [RU7V = oR TV (R 1) | = TR S
( { s k b(1—0)
70,
So we have for T, ":
ROV RV (R - 1)
1) (1) (D) -1 Ap T
T = KT - soRTY (R S 1) 4 R
T = s s6 s + )
;7 i=1
s+ pra/b
where we have taken into account that T,gi)(()) =1, K®(0) =1, K®(0) = 1.
Proof:
T ,5”(()) =1 is automatically given by the imposed initial condition.
Directly we have KV (0) = 1 from (LZ3).
When t — 0 or s = oo
lim K :1791 <5171> :l
s—00 S S S S
K®)(0) = 1 respectively gives K (0) = 1, and so on K (0) = 1.
Also for t — o0, s — 0:
lim T;l) =lim ——— = — =cte
5—0 5—0 8 + pra/b N
then lim T,Sl) = 0 and respectively lim KW =0
t—oo t—o0
For T,SQ) at ¢ — co we can say:
o 1-6 (sK(i‘l) - 1)
lirr%) T, = lirr(l) = A = cte
s— s— —(i— k
—s0 (KT 1) 4
s—sb (s + b(1—0)
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Respectively we can say:

lim Tk(i) = cte, lim K" = cte, lim K = cte
s—0 s—0 s—0
whenever:
lim T_k(i_l) = cte, im K = cte, lm K = cte
s—0 s—0 s—0
So we have:
lim 7, =0, lim K =0, lim K =0
t— o0 t—o0 t— o0

The iterative algorithm of solution is the following:
One calculates:
1* T,(gl) by using ([L84), for all k.
2r K by using (L83).
3* kY by using (LX4]).
4" Tff) by using (L3, for all .
55 KB by using (L83).
6+ K by using (L84), and so on.
The results of solution are shown in Fig. [[L9]

4 - 6 scales are sufficient to represent a medium having more than 6 scales.

Figure 1.9: Hierarchical local kernels K ®), for § = 0.8
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Figure 1.10: Hierarchical effective kernels K, for § = 0.8



1.5 Limit behavior for infinite number of scales

1.5.1 Limit averaged equation for infinite number of scales

For a medium consisting of infinite number of scales, if the limit behavior exists then the iterative system
of averaged models should prove a stabilization with respect to the index ¢: for high values of i, the
the basic functions determining the averaged operators, K¢~Y LG~Y K- and T,Siil), should tend
respectively to the functions K, L& K@ and T,Si)A More generally, all these functions should have the
limit K, L, K and T}, corresponding to i — oo.

Then for the infinite sequence of transitions, we will obtain the couple of pressures P and P which

will be related by the following system of limit average equations resulting from (C70):

op or
1-0) L V- (AV,;P) = —bOL+ <,
b( H)atV(V) bﬁ*at
(1.87)
opP
P=P—-—Kx—
"ot
The determination of the limit local and effective kernels K and K represents a new problem.
1.5.2 Nonlinear integral equation for the limit effective kernel
Then we obtain from ([82al):
KsK=Ks+«K—-0Kx+«KxK
or
K=K-0KxK (1.88)
This is the nonlinear integral equation :
¢
K+ G/K(T)K(t —7)dr =K (1.89)
0
Its solution may be obtained in the explicit analytical form by Laplace transform: K(t) — K(s):
K40R(sK— 1)=&
Then
— 1 p—
K=—1(0-1 1-0)24+4s0K 1.
550 ( +1/( )2 +4s ) (1.90)
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This equations relates K with the function K, which should be determined.

1.5.3 Nonlinear equation for the limit local kernel K

From (L82d) it follows for k > 1:

T,Q*KfQT,Q*K*K':ka*K%, Til,_p =1
Using (L88), we obtain:
TLs K — T} % (K —K) = —Tj « K —2H% Thl,_o =1
b(1—0)
or
T,Q*K:ka*K%, Til,_p =1

Applying the Laplace transform (with the parameter s) and using ([90), we obtain the following

explicit result for the spectral functions:

— 1 — — — A/j,k
Ty —1)— —1 1-0)24+4s0K | = T K—————
(8 k )289 (0 + ( 9) + s6 ) k b(l*@)
or
= [1 — A K 1 —
= _ _f)2 _AHRES ) 4 _ _ 02
Ty {29 (9 1+4/(1-0) +439K>+b(179)} 527 <9 1+4/(1-6) +4seK)

_ 0—1+1/(1-0)2+450K
Tw(s) =

s<9—1+2°‘AT“’“K+ (1—0)2+459F>

This is the equation with respect to the Fourier-components T} of the function K which contains the
function K it-self. This proves the nonlinear character of the system equation for K.

Substituting this relation in (L.82h]), one obtain the closed nonlinear equation for kernel K:

i 0—1+1/(1—0)2+4s0K
=1 gh2 (0—1+2°‘AT“’“K+\/(1—9)2+459F>

Once this equation is solved, we can solve the effective kernel by using (L90).

K(s) = (1.91)

:\M|c)

1.5.4 Iterative method of solving the nonlinear equation for K

The kernel K (t) represents a decreasing function located between 0 and 1. In the zero approximation we

can assume that K () =~ §(t), then K = 1. Substituting this function in the right-hand side of (LII)) we
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will obtain the first approximation for K:

R(s)~ 3 0—1++/(1—0)%+4s06 (1.92)

2 2aA
k 1sk2<971+ QolE (179)2+439)

w2
b

Substituting this function in the right-hand side of (I91), we obtain the second approximation and so
on.

The solution was obtained numerically. The convergence of successive approximations is shown in Fig.

C1n

0.9F 1

0 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1.11: Convergence of the iterative method of solving the nonlinear equation (L9I])

After obtaining the local kernel K (¢) it is possible to calculate the effective kernel by using (L90). The

limit kernels K (¢t) and K(¢) are shown in Fig.

1.5.5 Behavior of the limit model in small and large time

For small time ¢ — 0 we have s — oo, the first iteration becomes:

lim K(s) ~ lim - i 61+ VL —0)+4s0 (1.93)

o1 ok <9 C1g 20‘21“’“ VI —02+4s 9)
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Figure 1.12: Limit local and effective kernels calculated numerically for 6 = 0.8

1.5.6 Comparison of the limit model with hierarchical model for finite-
scale medium

The kernels calculated by using the recurrent equations (L82) for a medium having a finite number of
scales, should converge to the limit kernels calculated by using (L9I) and (L90). The comparison of the
results obtained if presented in Fig. and [LT4

The hierarchical model converges well to the limit model. For local kernels, four scales are sufficient

to reach the result proper to an infinite number of scales. For the efficient kernel, five scales are sufficient.
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Figure 1.13: Comparison of the hierarchical local kernels (the blue curves) and the limit local
kernel (the red curve) for § = 0.8

Figure 1.14: Comparison of the hierarchical effective kernels (the blue curves) and the limit effective
kernel (the red curve) for § = 0.8
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Figure 1.15: Comparison of the local limit kernel K and the limit effective kernel K for different
properties of block, § = 0.8
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Chapter 2

Homogenization of flow in two-scale

fractured medium
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2.1 Formulation of the problem

2.1.1 Background and objectives

The results obtained in the previous chapter for the limit kernels represent the system of nonlinear integro-
differential equations. Its solution may be obtained in terms of the Laplace transform. For fractured media,
it is possible to go more in depth and to obtain analytical results for the effective kernels.

The main difference of fractured media from double porosity media consists of the fact that the
fractures ar very thin, which means the appearance of a new small parameter. It changes the structure
of asymptotic expansions and, consecutively, the macroscale behavior. In particular, the high internal
permeability of each fracture does not ensure its dominant role in the transport process. If the fracture
aperture is too thin, then its effective permeability can be equal or even lower than the permeability of
blocks. In particular, if the local permeability of a fracture and a block is 1 and w respectively, the fracture
aperture is h, then the contribution of fractures and blocks into the transport process will be identical if
w ~ h. In this case the medium behaves as homogeneous one, such a behavior is sufficiently trivial. So
the regimes of flow will depend on the ratio between the local permeability of blocks and the effective
permeability of fractures: w/h. Respectively, the appearance of the nonlocal effects, which are the main
object of study of this thesis, will correspond to the case w/h ~ €. This corresponds to the situation

T and h ~ &%, where a > 0.

when w ~ &2

But in this case, it is easy to show that each block will be perturbed only within a narrow boundary
layer just in contact with the fracture. In this boundary layer each block works as a source with respect to
the flow in fracture. This changes qualitatively the structure of Green functions of the operators describing
flow in a block, and the respective structure of the kernels in macroscopic equations. It will be shown that
such class of media corresponds to Abel kernels which allows for analytical solutions of the corresponding

integral equations.

The appearance of the boundary layer and the macroscopic model corresponding to this case was

obtained in [Pankratov and Rybalko, 2003]. In order to develop the general method of upscaling which will

be applied next for three-scale fractured media in chapterBland to reveal some non-formal physical aspects
related to various aspects of the homogenization of fractured media, we will perform the homogenization

in this chapter, by applying the technique of two-scale asymptotic expansions.
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2.1.2 Medium geometry

We consider only the case of axis-symmetrical fractures representing the result of subtracting the central

parallelepiped ("the block") from the unit cubic cell Fig. 211

(s

Y2

block

Tracture

r
Y2

(1) (2)

Figure 2.1: Structure of a two-scale fractured medium (1) and the extended unite cell Y (2)

The flow equations in blocks, fractures and at the interfaces between blocks and fractures are:

1

b(l)% =, (aVV.p!),  weq! (2.1a)
2

b % =V (a(Q)prQ) , reQ’ (2.1b)

The following ratios between parameters are assumed:

=e%", a>1 (2.2)
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2.1.3 Two-scale formulation

Two-scale formulation through p(z,y,t), y = x /e gives:

b(l)%_li ==V, (aVVp) +e 7 [V, (aOVap') + Vo (a9, | +

+e°t?v, . (a(l)prl) , zeQ', yev! (2.3a)

p@ 0P _ =90 (a@V00) + 2 [9y (V) + Vo - (aP9,00)] +

ot
Vo (aPVp?),  we@ yev? (2:3b)
.o, =7’ (2.3¢)
pl‘r = p2’r (2.3d)
1 1
<—a<2>vyp2 + a(2)pr2) ii| =eot? (Ea(”vypl + a(l)prl> it (2.3¢)
r r
p> is y—periodic (2.3f)
2.1.4 Integral relation
If we average equations (Z3) over the entire cell Y, then we will obtain:
2 1
0 1 a
b(2)8l + {pW 2 =V, - —a(Q)Vyp2 +a?v,p? +ette. (2.4)
ot v2 ot vi € Y2

Herein we have taken into account for the condition (23€) and the condition of a periodic function

due to which the integral over the external boundary in zero.

2.1.5 Singular behavior, boundary layer in the blocks

When & — 0 the equation ([2:3al) loses the second-derivative term w.r.t. y and changes the type. Due to
this it is impossible to satisfy the conditions at the block boundary. So for the formal regular asymptotic
expansion of p', we obtain the problem described by an ordinary differential equation

1
mop_ _
b ot 0,

1 1 0
yeYs  pl,_,=p

which has a trivial solution:
p=p (2.5)

in the block, i.e. the solution remains unperturbed. It is clear that such a situation corresponds to the

block center, but to the block boundary. We will call such a solution "external solution". The fact that
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the external solution does not satisfy the conditions at the block boundary means that the problem in
the block has a thin boundary layer just near the boundary, in which equation ([2:3a]) keeps the term with

the second derivative w.r.t. y, Fig. Based on the method of singular perturbations in differential

fracture. | | /""" T o

boundary layer

Figure 2.2: Boundary layer in the block Y!

equations it is easy to find the size of the boundary layer: ¢*/2. We introduce M boundary layers which
are in contact with M fractures. In particular in 2D case M = 4. Since the overlapped areas between two
layers are very small (equal to the square or cube of the boundary layer thickness), they may be neglected
and then each layer may be considered independently of other ones. For an arbitrary independent part
of the boundary layer, for example, the right vertical layer in Fig. 22 we introduce new local variable £

which is of the order of unity within this layer:

€= ylr—\/lyl (2.6)
EO{

where 41 is the coordinate of the block boundary, as shown in Fig. Axis ¢ is oriented to the block

r_ bl
center. We will designate this band of the boundary layer as B = {0 <¢E< %, —s5 < y2,y3 < s},

1/2

bloc centre boundary | fracture

Figure 2.3: One vertical right-hand band of the boundary layer

s = % (1 - g) = % (1 — 5*3), where h = £'7# is the thickness of a fracture in coordinates z. We replace

the microscale variables (y1, y2,ys) by new variables within the boundary layer (&, y2,y3). Equation (23a)
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reformulated through the new variables becomes:

apt 8 apt P N
b(l)% = 8_5 <a(l)a—p€_> + e ZVy : (a(l)Vypl) + 51+ /24-4 s y7€ €B (27)
1=2

2.1.6 About the size of the boundary layer

The exact limit of the boundary layer does not exist, as it continuously transits into the intermediary zone
whose size is much higher than ~ /2 (the order of the formal size of the boundary layer), but is much
lower than the size of the block ~ 1.

Let yll’_l be an estimation for the size of the boundary layer Fig. So the distance between y] and

yi’_l is much higher than £*/2 so that:

yi — oyt =2, where a >>1 (2.8)
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2.2 Homogenization

2.2.1 Asymptotic expansion

The pressure in block and fracture may be presented through the following asymptotic expansions:

p' =00 (& y2,y3, 21, 22,23, 1) + O (6a + 61+a/2) (2.9)

p? = pj (w1, 2,23, 1) + €pp (Y1, Y2, Y3, T1, 22, 73, 1) + O (81+a/2) (2.10)
It is clear that the zero term p{ depends on the local variables and on the boundary-layer variable,
while the zero term p2 depends only on the macroscale variables.

Substitution of this expansion into the problems (23) gives the following problems for the first terms:

- for pg:
aps 9] Aps 1
p0 90 _ 9 ()90 B 0
ot o€ a % ) e T €
(2.11)
1 0 1 2
Plo=0"  Doleg=p0
- for p3:
Vy - (a(Q)Vypf) +Vy- (a(Q)prf) , yeY? zeQ?
(2.12)
(a@)vyp% + a<2>v1p§) i =0
pi is  y—periodic
- for p? we obtain from the integral relation (24):
2 1
@\ 9P Mmoo\ _ < @ 2, @) 2>
<b >Y2 2+ <b 2 >y1 = Vo (a®V,pt +a®Vep}) (2.13)
2.2.2 Solution of the problem in Y2
Similar to section for p? we obtain the same result:
3 apg
Pl y,t) = > vk (y) a_yz + plo (2, 1) (2.14)
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where the functions ¥ (y), k = 1,2, 3, are the solution of the cell problem:

Uy (aPV,) = =V,a®a,  yey?
Y is y — periodic (2.15)

<¢k>y2 =0

where €}, is the unit vector along the axis ys.
We consider the symmetrical case, so that all functions 1, will be identical. It is then sufficient to
resolve a single cell problem for a fixed k.

Then the integral relation (ZI3) takes the form:

2 1
@\ 90 [N g g2y 2 21
N e @
where
A2 = <a(2)V W1+ a<2>> (2.17)
Yy 2 .
is the effective permeability of the medium.
2.2.3 Solution of the local problem in block Y
Let us analyze problem (2I1]):
y0 0 _ 0 ( )0p0 ceB (2.18a)
ot o¢ o ) '
pl,_, =7 (2.18b)
Pole_o = Po (2.18¢)

This problem needs an additional condition which determines the smooth matching between the bound-
ary layer expansion and the exterior expansion (ZH]). Due to the exponential behaviour of the solutions

of (ZI8) along &, such a condition is:

Poleyoe =P (2.18d)

The solution is obtained through the Duhamel integral as the convolution of the boundary condition

(2I8d) with the solution of the auxiliary problem with a constant boundary condition:

t

t
(P2 (&,7)—p° ou (&, —
pé—po=/(pO(§T)p)u(§,t—r)dT=—/(pﬁ—po)WdT (2.19)
0 0
where
wou _ 9 [ 1)0u 1
= = 3¢ (a 86)’ yey (2.20)
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ul,_o =0, u|g:0 =1, U|§ﬁoo =0 (2.21)

The solution of this problem is:

D

S
Il
—
I
@
=
=
RS
[\]
S
é‘

X
N———
1l

IS]

(1) 2 [ .
ok erf (s) = NG /671} dv (2.22)
0

Then

_ &2
ou £ e Dt

=575 (2.23)

So ([Z19) yields:

2

t
e 4D(t—7)
ph—pt=——% /(p?) —p°) ———dr (2.24)
0

2V D (t —7)?
Thus, the pressure distribution in the block center is (28], while in the boundary layer it is (224). The

transition between them is smooth within an intermediate zone, so the exact limit of the boundary layer

does not exist.
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2.3 Averaged model

Let us introduce the averaged pressure in blocks and in pressure:
1
Pl=2(po)y. +0 (5“/2) C P'=pito0 (51+a/2) (2.25)

2.3.1 Average pressure in the block

One can prove that the averaged pressure over a block is determined as:

¢
1 (p3 —1°)
Py =2{pt)y, =p° ‘”2)\/70{ 2.26
0 0 <p0>y1 p +e \/ﬁ T ( )
0
where
8 (ySul & yFyF + o b &N
(y2 Ys UYL T yQ) a4 e for the case of axis - symmetrical fractures
A= 0 b (2.27)

6 a® o
915\ when all fractures are identical

Proof:

1°. For the average pressure we have:

Py = |Y11| Ioody=31 [ wdy+ [ wpody|=%| [ »pdy+ [ pody
vyl Block Bound. Block Bound.
centre layer centre layer

taking into account equation (2X). Herein |Y1| = 0 is the volume fraction of the blocks. This may

be presented in the equivalent form:

1 1 1
Py = 7 /pédy =3 /pody - / (po—p")dy | =p"+ 5 / (po—p°)dy  (2:28)
vyl vyl ?ound. Eound
ayer ayer

2°. In turn, the boundary layer consists of thin bands. It is sufficient to determine one vertical right-hand
band we have analyzed in the previous section: {ylf_l <y <yr; —yh <y <ys, —ys <ys< y;la:}

as shown in Fig.

In terms of variable £ equation (26) the considered element of the boundary layer is:

{0<§<a7 —y2 <y2 < Va2, —y§<y3<y§} (2.29)
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3°. To calculate the average pressure it is sufficient to calculate the last integral in ([Z28)along one

element of the boundary layer:

T
1 0 1 0
/ (po —p") dy = / / / [P0 (Y192, y3,t) — p°] dyrdyadys =
o Boina. T )
Layer

“/2// / Po (&2, ys, t) — p°] dEdyadys = 4 *y3 v} 0/[Po (&:1) —p"] de

@ —yy —vy
4°. The last integral is easily calculated from (2.24):

/a[pé (€,1) — p°] de = %/ Po—p T (1—& %> dr (2.30)

0

because:
a 0 a 2
1 0 po — ) / _ £
) —p | dE = e AU dE |dr
O/[po(f) r°] d 2\/_D/t_73/2 & ;
and
4@
a iD(t—7)
Bl dg = —2D(t ~int & 2D(t | — e B
(=1 d¢ = — — — . S _ _ =
[ e e=--7) [ Ba—) == (1
0 0

Taking into account that a >> 1 according to (2.8)), we obtain:

f vD P —
[ -pas =2 / l/ng
0
Definitely, the average pressure in the block is according to ([2Z28):

1 0 0 8e®/? i
/ (po —#°) dy ="+ —; /[ d§Zyzy1—

0

5°.

1
Pl =p"+ J
Bound.

Layer
8e*2 3 yiy; VD 0
:p0—|— &d /(po_p)dT
Vo S (t-1)?

Therefore:
pl_ o+86“/2(y2y3 +ysyl +yiys) [a® / ps—p
o=P 0 wb(L) Vi—1
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Ifyl =ys =95 =y", then § =8 (yF)B, and we obtain:

t
Lo 62 [a® [ (pg—1°)
Py=p + 015\ 50 — dr

0

which proves (Z.20)) - (Z27).

2.3.2 Other form of the averaged equation in blocks

From (223)), it is possible to presents equation ([Z20) in another form, while taking into account for the

zero approximation only: :

p?
Pl=p +5a/2)\/ d
\/—

Integration by parts in (2:26)) leads to:

P =p°+ 25a/2)\/ Vit—Tdr (2.31)
0

Another form may be obtained from the identity:

2
p’ = P?— aidT
or

which gives:

t
2
Pt =p?— %P K (t—7) dr, K(t)=1-2e"2 /1 (2.32)
T

0

which is formally identical to double-porosity media but with different kernel K (¢).

2.3.3 Averaged equation in fractures

The equation averaged over fractures results from (2.10):

<b(2)>y2 88—1—;2 + <b(l)>yl 88—1:: = div (A(2)grad P2)

where A is defined as [2I7) and is the effective permeability of fractures averaged over the entire cell
Y.
Let B® and A® be the porosity and permeability averaged over fractures Y2 only, and BW s the

porosity of blocks averaged over blocks:

B® = |Y—12| /b(2)dy, BW = |Y11| /b(l)dy, and so on...
Y2

vyl
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Then we have:

(™) = /b<2> dy=[Y’|B®, AP =|y?|A®, (V) = |v|B (2.33)

Y2

where 1 — 0 = |Y2| is the volume of the fracture in the cell Y.

Then the averaged equation can be rewritten in the following form:

) OP?

2] B2
Y555

1
+ v B2 i (Iy?] A® grad P?)

ot

The volumes of a block and a fracture are easy to calculate for cubic blocks, i.e. for identical thickness

h of all fractures:
=== (1) e

(2.34)
Yo =1- v =1 (1) men/2
where m is the space dimension (m = 2 or 3). Taking into account for ([234) we get:
‘Yl‘ 1 —me®/? + 1
oo me e 2 —a/2 2
7 ey o + ... (2.35)
Then the averaged equation in fractures becomes:
~(2) OP? ~ BY 0P
B(Q)aa—t = div (A<2>grad PQ) e “/Q%—t (2.36)
Substituting (Z31):
2 L P2
§(2)ai = div (X(Q)grad P2) — QVAE(I) 9 / or Vit —Tdr
ot ot or
0
L for 2D
1)y or case
Y= ]
—, for 3D case
3
Differentiating by parts:
¢ ¢
d op? 1 [oP? 1
— —Vt—Tdr | == | ——d
ot /87’ T ) o i
0 0
we obtain )
S2) OP? ~ 5 oP* 1
B® = = div (A®grad P*) = BY [ S— d 2.37
5 iv gra ol o i T (2.37)
0

All terms of this model are of order 1. Physically this means the following: the very thin fractures stress

flow and rend the effective flow to be very difficult (the flow term is small); but despite the large dimension
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of a block, its permeability is so low that the exchange flow happens only in a very thin boundary layer.

Due to this the flow through fractures and the exchange flow from blocks occurs to be of the same order.

2.3.4 Definite form of the averaged model

The definite form of the averaged equation becomes:

t
~(2) OP? ~ P orP* 1
B® 2 = div (A%grad P?) - B [ Z— d 2.38
5 iv gra ol o i T (2.38)
0
This is the system of integro-differential equations with Abel’s kernels.
Another equivalent form is:
P o [ [op
i OP N -
B S = div (A<2)grad P2) — 2B = / —Vi—Tdr (2.39)
0
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2.4 Example of using the averaged model

2.4.1 Problem of flow in an oil reservoir

As it has been shown in the previous section, the averaged macroscale equations of flow in a two scale
fractured medium can be described through an integro-differential equation with Abel kernel.

Let us examine the problem of 1D flow to a single well in a bounded reservoir (0 < X < [). Let X and
T. be the coordinate and time. The well is placed at point X = [ and produce fluid at a given volumetric
rate @. The left-hand boundary of the reservoir X = 0 is impermeable. The initial state is unperturbed.

The problem is formulated as:

T
2 2 2
BQ% - aix (A(Q)aai;(> —ABW / %K(T —7)dr, X €(0,0), T €(0,T.) (2.40)
0
P? =p° opP? =0 —DA® or? = —Q(T) (2.41)
T=0 ' 8X X=I ’ 8X X=0

where D is the cross section, 7% is the time of the complete reservoir depletion which may be determined

Di$

as Ty = —, $ is the average porosity of the medium; the kernel K is defined as:

then the problem takes the form:

op  O%p dp
a_JpP _ IO+ —
Sat D2 sa/ o (t—m7)dr
0
(2.42)
op Op
p =4 a_ - S’YQ(t)7 a_ =0
t=0 Ox |, _, Ox |, _,
where
__IPB® 1" 1BYQ W WTBY 9
TTA® T, DA®g ~ T B® T Bap
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’B® . o : , o
where T = o is the perturbation propagation time in the reservoir. Parameter 7 is the dimensionless

compressibility coefficient for liquid.

2.4.2 Asymptotic expansion at ¢ — 0

In practice the perturbation propagation time is of order of several hours, while the depletion time con-
stitutes several tens years. Then parameter € is small.

The problem is singularly perturbed, as the differential equation (ZZ42]) changes the type when £ — 0
and loses the initial condition.

The asymptotic valid for ¢ >> ¢ is obtained in the form of the regular asymptotic series:

p=po(t) +epi(z,t) + e...

The independence of the zero approximation of x is easy to show by substituting this expansion in the
original equations.
As shown in [Panfilov, 1986, the technique of solution includes the introduction of the integral relation

(similar to the homogenization technique) which is obtained by integrating Eq. (ZZ42) over the entire

domain: ,
dp _ Op dp / op
- == - = - —K(t—1)d 2.4
ot " oz|,_, o), )T (243)
0
where:
1
p0) = [ ple.0)da (2.44)
0
is the average pressure.
Then we obtain: .
dp dp
hut 4 2K (t— =— 2.4
dt+a/d7- (t—m7)dr vq (2.45)
0

Substituting the asymptotic expansion in (242) and (243]), we obtain:

- for the zero-th approximation:

t

dpo dpo
— —K (t— =— 2.4
7t +a/ p (t—r7)dr vq (2.46)
0
- for the first approximation:
a2p1 _ .
8$2 - ’)/Q7
(2.47)
8p1 8p1
orL — oL =0
oz |,_, v oz |,_,
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The solution of the latter problem is obtained immediately:
22
p1=q(t) [1 +r— 7} (2.48)

2.4.3 Solution of the problem for p,
Reduction of the problem for p; to the Fredholm integral equation with Abel kernel

The integro-differential equation (246) with Abel kernel can be solved analytically.

Let us introduce the new variable:

2(t) = %
Then ,
2(t) +a/z(7') tdz = = —4(t) (2.49)

0

This is the Fredholm integral equation which may be also presented as:

2(t) + az(t) = = —vq(t) (2.50)

1
Vit
Solution of the Fredholm equation

The analytical solution of Abel’s integral equations is based on the property of the kernel:

L. (2.51)

Vi Vit

Let us convolute both sides of Z50) with 1/v/t and use (Z5I):

2(t) L +az(t)xm = —yq(t) *

Vit

Sl

The first convolution may be removed by using (Z350):

t

1 0
—z(t) — +7ra2/z7'd7-:fa * —, =1
(t) —va J () vax Tz p

Returning to pressure pp we obtain:

d 1
—%—vquwaQ(po—l):—avq*%
or
d 1
%_MQPOZ_WJF‘W“%_MQ

This is the first-order ODE which has the explicit solution, while taking into account the initial
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condition:
t

_ 1
po(t) = ema’t + /R(T)em% dr, R(t) = —vq + avyq * % — ma® (2.52)

0

In particular case ¢(t) = 1 = cte:

po(t) =1- # [2(1\/2—}— e erfc (a\/ﬁ) - 1] (2.53)

2.4.4 Solution of the flow problem

Assembling ([252)) or (Z353]) with (248]), we obtain the definite solution of the original flow problem:

t
2
p(t)(z,t) = ety / (—fyq + avq * . 71'a(2)) e g 4 eyq(t) {1 +x— :v_] (2.54)
VT 2
0

For constant production rate ¢(t) = 1:

p(t)(z,t) =1— # 2aV/t + ™ terfe (ax/ﬁ) - 1] + evq(t) {1 +z— %2} (2.55)

The behavior of the averaged pressure po(t) in time at a fixed point in space is shown in Fig. 241

0.995¢

0.99¢

0.985¢

average pressure

0.98}

0.975 ' : : :
0 0.2 0.4 0.6 0.8 1

Figure 2.4: Average pressure in one dimensional fractured medium with narrow fractures, block
volume fraction 6 = 0.95

As seen, during the major part of time, the average pressure (in fractures) remains practically constant

due to the intensive mass exchange with blocks.
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Chapter 3

Homogenization of three-scale

fractured media
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3.1 Classes of three-scale fractured media

3.1.1 Medium geometry

Let us consider a multiscale fractured medium similar to the medium determined in section (LI, but
having significantly different ratios between parameters. In particular, we assume that each medium
represents a network of thin fractures, except the lowest medium Q' which is the system of uniform low
permeable blocks. The blocks Q! have no internal structure. Such a medium is presented in Fig. 3] for

the case of three scales.

@)

€ (3)
o Q h
l
~o?2 :
Q !
I
I
I
l
I
E===== -
J
} @)
X

Figure 3.1: Three-scale fractured-porous medium

The term "fracture" is applied to a porous medium having the external form similar to a thin channel
We analyze a not self-similar process, so the infinite number of scales seems to be impossible to analyze.
We consider only three-scale medium.

The period of the networks Q% and Q2 are ¢ << 1 and £? respectively.
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Figure 3.2: Elementary cells

We assume that the permeability of media monotonically increases from medium Q' to medium Q°.
The permeability of largest fracture is of order 1, the permeability of fractures Q? is w < 1. The ratio

between the permeability of fracture Q! and Q2 is ¢

@, similar to the case analyzed for two-scale fractured-
porous medium (chapter [2).
The half-thickness of a fracture Q°, A¥ is much smaller than the period of the same fracture network,

so that: KV /e*™" =0 (1), i=3,2, or
R <<e, B <<e?

where h® and h? are measured in the global coordinate system x shown in Fig. Bl
Along with the global system of coordinates x, we introduce two local coordinate frames y* and y®

which correspond to two smallest scales Fig. Bl and are defined as:

X X
yO =L oL
g 13

They vary within the elementary cells Y U Y2 and Y2UY" shown in Fig. [3.2(a)| and Fig. [3.2(b)|and

are defined as:

- 1 1 1 1
YSUYQ:{—§<y§2> <§}7 Y2uY1:{—§<y§1> <3 i:1,2,3}

so that Y2 UY? is the image © — y® of the unit period of the domain 637 while Y2 U Y! is the image
z — y of the unit period of the domain Q2. The linear size of any domain cell in local coordinates is
equal to 1, as shown in Fig.

The characteristic scale of medium Q2 is 1, and the characteristic time of flow through this medium is
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of order 1. The macroscopic coordinate is x.

3.1.2 General flow equations

The flow model formulated through x for three scales is:

bl% — wetey. (aIVp) , re Q! (3.1a)
bQ% V(@) seq? (3.1b)
bS% =V (a’Vp), ze’ (3.1¢)
with conditions:
a("“)% . wa(”)% R 1,2 (3.1d)
" i

where ™1™ ig the interface between Q" and Q"; v is the vector normal to 17, Fiﬂ’" means that
side of the interface ™1™ which touches the domain Q"1; V is the operator of gradient expressed in
terms of variable x.

In particular, if w = €? and o = 0 then we obtain the self-similar three-scale double-porosity model
studied in chapter

In this chapter, we assume that a > 0, which determines non self-similar behavior on various scales.
Moreover, similar to the section this means that the process in blocks Y' are focused within the

boundary layer of the size £() ~ /2,

3.1.3 Parametrization of the model: selection of fracture thickness and
permeability

The main parameters of the model, such as fracture aperture R and h® and the ratio between the
permeability of two fracture families, w, should be determined according to the following principle: the
obtained macroscopic model would contain the contribution of all scales in zero approximation.

Let us assume, the behavior of the system is self-similar at each scale. Then a boundary layer appears
in blocks Y, and a similar boundary layer appears in blocks Y2. This means that only a thin layer of
fractures Y2 and blocks Y'! will be active, while the main part of the domain Y2 will remain unperturbed.
The only thin layer situated just in the vicinity of Y will contribute to the macroscopic behavior. This is
only possible, if the aperture of fractures Y2 is very high. We obtain an nonrealistic situation with small
fractures which have higher aperture that large fractures. Such a medium does not present any interest.

Therefore, the principle enabling us to select well the medium parameters is the following:

- the block Y* should have a boundary layer (it is analyzed in chapter 2);

- the block Y2 should work entirely, but not through a boundary layer.
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This means that the system of flow equations formulated in local coordinates should have the form:

p P _ ag. (a(l)le) . yWeyluy?

ot
b(Q)% =V, (a(Q)VQp) ., yPeviuy?®
@2 _ g (a®v 0%

o — T\ VP ve

One sees that only the boundary layer in blocks Y'! exists, while the domain Y? will be entirely covered
by the perturbation. In this case the entire medium is engaged into the process, except the central part

of each block Y. The size of the boundary layer is :

¢ )
6_2 = 8a/ (32)
This means that the ratio between permeability of two fractures w ~ 2 (if we return to macroscopic
variable 2, then the equation for Y will contain the factor € in face of the diffusion operator). The ratio

2+ Such a system is clearly non self-similar.

between permeability of fractures Y2 and blocks Y?! is ¢
This case should provide a fractured model at the lowest scales combined with the double porosity model
at the largest scale.

To determine the contribution of various terms in the averaged equation we will take into account that

the averaging procedure means the homogenization over the cell Y U Y? shown in Fig. B2H(a):

()= /...dy(2) +/...dy(2) (3.3)

Y3 Y2

where dy™ = dyi")dyén)dyén) is 3D space.
The domain Y? represents a cube of the length 1 which consists of N cells Y UY? of the length ¢~

measured through y(2). Obviously, N = e(=3. Then the term J dy(2) in the averaging procedure ([3.3)

Y2
/dy@) =N ( / dy® =¢7* ( / dy'? = (/—f—/ dy'
Y2 2yl

2yy! 2yy!

becomes:

Then the averaging of our system (31) will give:

/ p® 9P +div(...) dy(2)+/ p@» 2P + div(...) dy<1>+/ 2P +div(.) | dy™P =0 (3.4)
ot ot ot
Y3 v?2

vl

A B C
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The order of terms measured in coordinate x will be:
A~ k@™t Baop®Pe? o~ iWe?

(because [Y3| ~ b3 V2| ~ hP) | [V ~ D),

In order to keep all these terms, it is necessary to accept that:
RO W™t =tra g g = 2 (3.5)

where we have taken into account for (3:2)).
So, the aperture of small-scale fractures Y2 is lower than that of large-scale fractures Y, which

corresponds to the real situation.

It is not necessary to consider the case when w is larger than e and tends to 1, as in all these cases
all fractures function as a unique system of the same scale. So we obtain the two-scale model, but with

more complicated geometry of the heterogeneity.
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3.2 Homogenization : first step

The homogenization of a multiscale medium represents an iterative process of scaling up from medium
Q"' to medium Q”. In the considered case the homogenization will be performed step by step from the

scale of the smallest cell Y' UY? to the scale y(2), and after this to the scale z.

3.2.1 Setting of the problem

According to the previous analysis we will analyze the following problem:

b(l)@ =*toy. (a(l)Vp) , zet

at
b@)% _ 2y (a<2>vp) e (3.6)
@B _ . (@ 3
b o1 v (a Vp) ; z€eQ
with conditions:
(D) 0P _ 2, 9P (3.7)
ov F1+1,n ov prtln

where operator V is expressed in terms of variable z.

The half-aperture of fracture Q% and Q® correspond to the case (Z3):
AR T Ny (3.8)

As mentioned, under selected parameters we expect the following:

- for blocks Q', only the narrow boundary layer will be perturbed;

- for fractures 92, the process is non-stationary and cover the overall medium;

- for fractures Q3 the process is non-stationary in the scale of the entire medium, but quasi-stationary
within each unique fracture Y3.

It is sufficient that the boundary layer in blocks will certainly disappear at large times. This will
change qualitatively the flow geometry in each block. Indeed, in the boundary layer the flow is practically
linear from the block center to the boundary with fractures Y2 and happens at a constant pressure in the
block center. At large times, the entire block will be covered by perturbation. The flow inside the block
will become radial and happens at decreasing pressure at the block center.

So the considered case corresponds only to bounded time:

0<t<T <1 (3.9)
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3.2.2 Flow problem at the lowest scales

For the lowest scale, the macroscopic "slow" coordinate is y(2) and the macroscopic domain is y?2 Fig.

33 (a), while the microscopic "fast" variable is y*) and the microscopic cell is Y2 U Y Fig. B3H(b). The

2
»

@

)

12

—

-—
&

—

a b

Figure 3.3: First step of homogenization: "macroscopic" domain (a) and the microscopic cell (b)

problem (3.0) formulated through the slow variable becomes:

b(l)% _ ey, (CL(I)VQP) 7 y@ ey ny? (3.10a)
b(Q)% =Va (a<2>v2p) ;o P eviny? (3.10b)
dp o (1)0p
a(2)$ s _ G2t a(l)@ o p|ri’1 = plpas (3.10¢)
T >

After introducing two-scale functions p(y(2)7y(1)7 t) and two-scale operators, we obtain the two-scale

formulation of the problem:

b(l)% =e%Vi- (a(l)le) +eott (V1- (a(l)VQP) + Va- (a(l)vlp)) +
e (Vo (a®Wp)) .y eyt y® eV (3.11)
b(Q)% =& %V (a(Q)le) +et (VI' (a(Q)VQP) + Va. (a(Q)le)) +

(vg' (a(2)V2p)) . @ eyt yWey? (3.12)

3.2.3 Homogenized model of the first level

The problem of the first-scale is identical to that studied in the preceding chapter. The homogenization

of this system of equations leads to the nonlocal model of flow in fractured medium with two pressures
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P! and P?, averaged respectively over Y' and Y? (see (Z38) or ([Z38)):

t
P2
P! :p0+2)\5a/2/88—\/t—7'd7' (3.13a)
T
0
t
S(2) 0P n oP* dr
B® Va (A®V2P?) —ABY [ —— 13b
ot ( Ve ) K or Vi—r (3-13b)
0
with:
PN 1 N 1 6 |a®
@ _ @ g, (1) _ @ M _ (1) g, (D _ p(D) _ _
B = |Y2|/b dy*’ =0b", BY = |Y1|/b dy*”’ =0b"", >‘_91/3 b’ vy=1/m
Y2 vyl

where m is the space dimension; ‘Y2| is the volume of medium Y2 measured through the proper coordinate
vy symbol A® means the effective permeability of the medium Y? divided to its volume |Y2‘; 0 is the
ratio of the volume of medium Y to the volume of the entire cell Y2 U Y.

The symbols

(ys = /(~)dy(1), i=1,2 (3.14)

Yi

Parameter ve~%/2 is the ratio of the block volumes ’Yly to the fracture volume ’Y2 ’:

:5a/2ﬂ _1
y? m

Note that all the terms in equation (B13L) are of the order 1.
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3.3 Homogenization: second step

3.3.1 Formulation of the flow problem at the second scale

At the second step we consider the passage from medium Q@ to medium Q® = Q@ UQ®. Flow in
medium Q? will be now considered as already homogenized.

The macroscale coordinate is € 3 while the microscale coordinate is y® e Y® =y2uys.

The couple of equations describing the flow in block Q® and in fracture Q) results from (BI3H) and

(B8) respectively. Being formulated through the macroscale variable z it becomes:

t
2 2 N
B® or- = V. (B(Q)VP2> —yABW opP” _ dr Cre? (3.152)
ot or Vt—r1

0

bm% =V (avp), e’ (3.15b)
2
(3)@ 22 w2 0P e

@ ov Fi,2 =€ ’Y ’A v F3’27 p|Fi'2 =P |1"3:2 (3.15(3)

We have taken into account that the effective permeability of the medium Y? is |Y2| A® | The unit local

cell is shown in Fig. 341

3 (2

¥

E @
g

il I

Y.

Figure 3.4: Unit cell at the second step of homogenization

After introducing two-scale functions p (ac7 y @, t) and two-scale operators:

0 0 1 0
_>

1
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we obtain the two-scale formulation:

t
~(2)0P? = or? dr ~ ~
B®@ B _ (AP, p? 2v. ( A@ vy p?
o A or Vi—r Vo (A9V2P?) 4879 (A09P7) +
+e (Vg- (Q(Q)VPQ) +V. (Q(Q)V2P2)) , zeQ® y?ey? (3.16a)
@ _ 1o (.3 Lo, (,® o) (a®
b = Vs (aDVap) + < (Vo (V) + V- (aPVap) ) + 7 (P 9p),
e yPey? (3.16b)
2 2
a® @ —+ 1 8@) v; = ¢2 |Y2| AP ai + 1 8P2 Vi , (3.16¢)
Oz € ayi 3.2 Ox; € 8yf ) 3.2
i >
p|1"‘j'r’2 = P2|F3:2 (3.16d)
3.3.2 Averaged equation over the cell Y3
Let us designate:
— 1 — 1
O =[O0, ya= [Od®, Tyo= g bhvas Or= g (617)
- Z

Y2 Y3

where ‘YS‘ and ‘172 are the volumes of subdomains Y3 and Y2 respectively measured both through y®,

while |Y2‘ is the volume of medium Y? measured through the coordinate y™®:

h2) M h3) o
‘YQ‘N?:sz, |Y3|~T:z-:2 (3.18)
The averaged equations over Y takes the form:
]YS] [(b(S)@> -V (a(S)vp) — lv. (a(S)V2p> ] +
at Y3 Y3 € Y3
t
~(2) OP? 5 oP* dr
+]v? 3(2)—> + {(yABW [ = -
¥l < ot /oo \ or Vit
0 v2
—e|[V?|V( (APV2P? +cAPVP)) =0 (3.19)
v

One sees that, according to (3I8), the first and the second square brackets are of the same order.

Proof:

The integration of (ZI0) over Y? yields:

_ /0P Cw./.3) /e ® 1o 3 1o/ »
O_<b 8t>y3 v<a Vp>y3 6<V2a Vp+-Vaa V2p> 6V<a Vzp>y3 (3.20)

Y3
The integral
1 1
I= —E<V2~a(3)Vp + EV2~a(3)V2p>

Y3
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may be reduced to the integral over the boundary of the domain Y which consists of the external boundary

0Y® and the internal boundary I'*? between Y2 and Y2

1 Jp 1 dp 2
[ @ (0p 1 Sy
/ a <8x¢+€ayz@)>ydy

oy 3urs.2

Due to periodicity, the external integral over Y2 will be zero.

Due to condition ([BI6d) at the boundary T'*?) we obtain:

2 2
T=c|y?| [ A® (22 LOP ) @ —cy?| [ o (4@ (vP? 4 Lv,p?)) ay®
: @)
Oz € gy €
3.2 ¢ v2

From equation (3IGal) it follows:

t
~(2)OP? ~ OP? dr
I=|v? B®Z_ 4+ \yBY [ T ——— | ay® -
’ ’/ ot TAY or Jt—r1 Y

Y2
—e|v?| /V~ (A2v2P +2AVP?) dy®
v2

Substituting into (320), we obtain equation (BI9]).

3.3.3 Asymptotic expansion of the averaged equation

Using the asymptotic expansion:
pS = po(l’, t) + 8p1($, y(2)7t) + o pP? = P()2($7y(2), t) + .
we obtain in the major approximation from (EI9):

V2| Kb@)%) ~v. <a<3)vp0> —v. <a<3)v2p1> } +
at Y3 Y3 Y3

~ 2 ~ / 2
V2
0

or Jt—r

2
One sees that, according to (BI8)), all terms are of the same order.

To close this equation we have to solve the problem in the domain Y?2 for P2
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3.4 Solution of the problem in Y2

3.4.1 Representation through Green’s function

In the block Y2 we obtain the following problem for the major term:

t
S2) 0P ~ ~ OP3 dr
B = o (APWaR) - B0 [ S8
ot 2 217 0 or \/ﬁ7
0
yPev:  o0<t<T<1
Bilrss =po;  Fil_,=1° (3.22)

By replacing variables: U = Pg — ps we obtain the problem with homogeneous boundary and initial

conditions:

—~ —~ t
ou AP _, BW rau
== Ao— | =K@t —1)dr =
LU=%r e Ut Bo ) or (t=r)dr
apg B(l) /8170 (2) - 2
—_YPo _ 7)d Y?, 3.23
ot B(2) Ty EYS (3:23)
Ulps,2 = 0; Ulio =0, K(t) = % (3:24)

The solution of this problem is the convolution of the Green function of the operator £ with the

right-hand side of equation ([B323):

t
) BM [o
_ (2 _ ﬂ i
//G(y &t r) By B(2>/ 2K (1 —0)df| dedr

y@ 0

Then the pressure in block Y2 is:

t
B
p(?:p%—//G(y@%s,t—r) % g@) /81’01( — 0)db| dedr (3.25)
yv2 0

where the Green function G (y(Q) ,Et — 7') is determined as the solution of the homogeneous equation
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(B24) with homogeneous boundary conditions at T'®? and the initial condition:

o~ —~ t
G AP _, BY raG
. = ___ A/\— _K t - d = 5 42
o po O e | ar (t=7)dr =0 (3.262)
0
@) (2
¢! (x ,g,t) L:o —5 (x g) , (3.26b)
G (aet)| a0 (3.26¢)

Now we get down to the construction of the Green’s function.

3.4.2 Spectral expansion of the Green’s function GG

The Green function may be presented through the Fourier series with respect to a complete orthogonal
system of functions. Such a system may be presented by the eigenfunctions of the Laplace operator.

Let us introduce the Hilbert space of functions H which have the following properties:

- they are determined in the domain Y2 x (0 < t < T) where T < 1;

- they satisfy the homogeneous Dirichlet boundary condition at I'*?;

- the norm in H is determined through the scalar product:

1= ([, sa) (327

Then the Green’s function ([3:20]) may be presented in the form of the following Fourier series:

G (y?,6t) = > A OB Re(E) (3.28)

where ui and Ry (x), k > 1 are the series of eigenvalues and eigenfunctions of the Laplace operator in H,
so that:

Vng = —ui Ry, y(2) S ?2; Rk|1—\(3,2) =0 (3.29)

while T (t) are determined as the solutions of the problem:

BO ne)

/ / — — R
0
Tiljeg =1, Vk (3.30b)

where T} (t) = dT), /dt

Proof:

1°. Tt is known that the system {Rj} is complete and orthogonal in H. We will use orthonormal
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eigenfunctions. The completeness and orthonormality means that:

k>1

Z mRk(y@))Rk(g) —5 (y(g) B g)

(3.31)

2°. The form of the expansion ([3.28) is determined by the symmetry of the Green function with respect

to y(2) and &.

3°. Substituting this series and ([329)) in (B26) we obtain (330al) for functions T} (t).

4°. Using the initial condition (3.26b]) we obtain:

k>0

Z mTk(O)Rk(ZJ@))Rk(@ -5 <y(2) _ 5)

Using this relation and the property (B3I we obtain the initial condition ([B.30B]) for functions Tj.

Now we should determine the structure of the functions T%(t).

3.4.3 Reduction from integro-differential equation to the differential

one

The integro-differential equation ([330al) with Abel’s kernel K (¢) has analytical solution. It can be obtained

by reducing this equation to the differential one if we use the following property of the Abel kernels:

K(t)«K(t) =

where (%) is the convolution operator.

Equation (330al) may be presented in the form

dTy, dTy,
— 4+ M—x K(t) = —N1T, M =~y A——

which is:
ar;

—x [8(t) + MK ()] = —NT;

Let us convolute this equation with §(t) — M K (¢), then we obtain:

= Uk =T

B®)

Ty, # [6(t) % 6(t) — mM?] = —NTy, * [5(t) — MK (t)]

or

Ty — wM? (T), — T(0)) = —NT} + NMTy, « K (t)
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Differentiating this equation we obtain:
T — nM>T}| = —NT}, + NM (T,; « K () + Ti (O)K(t))
From the equation B33): MT' x K(t) = —T}, — NT}, so one can write:
Ty + (2N — nM?) T}, + N*Tp = NM K (t) (3.34)

where we have used (B300)).

The augmentation of the order of the equation implies the necessity to introduce an additional initial

condition, which results from the original integro-differential equation ([330al) at the initial time instant:
t
T, + M}in%/ Ti(t — 7)K(1)dT = — NTy|,_, = —N (3.35)
= —
0

Depending on the behaviour of the derivative T}, the integral operator can converge to zero, to a

constant nonzero value, or diverge.

3.4.4 Analytical solution of the integro-differential equation (3.30al)

The solution of the equation (334]) with conditions (B.30b]) and ([B.35) is:

_ 1 .
eIkt {cos (pvi t) — — sin (puy, t)] +
Vi

. i )
A CAG)

for k> ki
Ve Jo \/F
t
t— -7
Ti(t) =4 €"/* (1= pt) + Brp /0 T:e”“ 2, for k= ks (3.36)

v — 1 (1) v+ 1 (2)
—6wk t_i'_—@wk t+

21/]€ 21/]€
t
(1) (2)
+267k / % <e‘”k (=) _ g (t_7)> dr, for 1<k<k.
P
*0
where
ABD ?
™% T (7 ) N  2u,A®B® 2 A
P=o = )2 === u= Va1, Bkzi‘“&l (3.37)
9 (3(2)) P - (’Y)\B(l)) TyABM)
w,(cl’Q) =p[l — ar £ vi] (3.38)

where wi corresponds to the sign +.

The numbers i, k = 1,2,... represent the infinite set of eigenvalues of the Laplace operator in H
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defined as the solutions of the problem (B:29). The critical value k. corresponds to the eigenvalue p.

defined as:

~ 2
s fy)\B(l))
A@B®

[k, = f

which is equivalent to ap, = 1/2.

For the spherical shape of the block Y2, the eigenvalues are determined as:

B ﬂ'_k 2 l(2): 392 1/3
b=\ ) =\

where 6 is the volume fraction of the block Y2 in a periodic cell Y2.

In this case the critical values k. may be found explicitly:

B @\ /3
ke — ’y)\A _ (30 )
0/ rA@ B \ 47

3.4.5 Proof of the solution (3.38)

(3.39)

(3.40)

1. The general solution of the equation ([B:34]) is the sum of the solution Uy of the homogeneous equation

and a particular solution of (3:34]).

2 . The homogeneous equation ([B3:34]) takes the form:

Ul —2p(1 —ag)Uj, 4 p*ajUs =0

The solution of its characteristic equations is ([B.38]).

3 . Depending on the sign of the discriminant we obtain three types of solution:

ep(l—ap)t [C’k sin (pvi t) + Dy cos (pvi t)] , for ap > 0.5, ie. up > s, ie. k> ks

eP'2(Cy + Dit), for ap = 0.5, ie. g = fix, ie. k = k.

(1) (2) . .
Ci*er ' Di*er 't for 0 < ax < 0.5, ie. 0 < g, < ps, ie. 1 < k < k.

where wlil’m are defined through (3:3]).

(3.41)

Several of theses solutions are exponentially growing in time, but this is not prohibited as we work at

small times according to (3:22)).

4 . The particular solution of the non-homogeneous equation ([B:34)) is the convolution of a particular

homogeneous solution U, with the right-hand side of (3334). The homogeneous solution U, must satisfy
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two initial conditions:

Ukl = 0, Us.. o =1
The solutions which satisfy these conditions are:

L p—apt

sin (pvit), for k> k.,
PVk

Ups(t) =< tef?, for k =k,

1 (1) (2)
(e“’k R t), for 1<k <k
2pvi

Thus, the general solution of equation (334 is:

¢
Te(t) = Ur(t) + pakM/Uk*(t — 1)K (7)dr (3.42)
0
or
ePman)t [Ck sin (pvi t) + Dy, cos (pr t)] +
agM [* (A—ap)(t—7) o
+— / K(r)ef' " sin (pyk(t - 7—)) dr, for k > ku;
k 0
t
Te(t) =4 et (Ck + Dit) + OékpM/ K(r)(t—7)e” "7 2dr for k = ku; (3-43)
0
t
e oM e M NG TP C PO
Ckekt+Dkekt+o;kT <ek(t ) e )>K(T)d7', for 1 < k < k.
k

5 . For small times, the solution behaves as:

t —
Dk+akM/ pvi(t T)dT—>Dk7 t—0, fork > ki
Vi 0 \/7_-

T(t) — C,:+akprOtt_T:dT%C,j, for k = ku;

Cir+Dy*, forl<k<k.

So from the initial condition (330D it follows: D, =1, Cj =1, C;* + D" =

6 . For the derivative we obtain:
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For k > kx:

Ti(t) = p(1 — o) e’ ow)? [Ck sin (pvi t) + cos (pvg t)] +

+prpeP o)t [Ck cos (pyy t) — sin (pvy t)] +

Mp (1 - ‘
L 01570"“) / K(r)e!t o)t gy (pl/k(t - r)) dr +
k 0

¢
+o¢kMp/ K(7)ePt™ow) (=) og (pyk(t - 7')) dr
0

For k = k.:

t
Ti(t) = gept/Q (14 Djt) + Dje”/? + akpM/ K(r)e!t=m/2 [1 + g(t - 7')] dr,
0
For 1 < k < k.:
¢
(1) (2) (1) (2)
Ti(t) = wPCpr et 4 wP Dires 4 ockpM/ (evk (t=7) _ ek <t—ﬂ) K(7)dr
0
7 . At small times we obtain up to small values of order O(v/#):
p(1—aw)+ pveCr, for k > k.,

Th(t) — g +Dj, for k = k.

w4+ w® (1 -0, for1<k<k.

So from the initial condition (30 and N = pay, it follows

1
p (1 —ax) + prCr = —pau, Ck:*y—ky for k > k.,
§+Dzz_g7 — § Dip=—p, fork=k.
sk 71
WiV 4w (1= L") = —pa Cir =Z—, forl<k <k
e

Thus, we obtain (3.30]).
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3.4.6 Final form of the solution in blocks Y

The Green function has the following structure

G(x7£7t 77—) =

oo

= Z Ri(z)Ri(€) { 7o) | cos (pup(t — 7)) — y—lk sin (pvi(t — 7)) | +
k>

t—7 .
+& / sin (pyk(t -7 - 0)) (a0 4
Vi ) \/5

Jr

t—1
+Ry. () Re, (£)e” 72 (1 = p(t — 7)) + Bk*P/O t-r-0,

P(thfe)/2dT+
Vo
—1 w
+ > Ri(@)Re(©){ e

1<k<ks

M -7 g +1 .
21/]€

(2)
ek (tf‘er)) dr

2I/k

t—7

ﬁk / 1 ( w(l)(thfe)
+ — R ek —

vy ) Vo

w® (t—7) i

(3.44)
where Ry (z) are the orthonormal eigenfunctions of the Laplace operator.
If the block Y may be approximated by a sphere of radius z® =1 then
2 . 3
l 2
= (M) m@=TE = o o)
z el z 2
1/2
nll = ([, ri@) " =td),
v(2)
The pressure in block Y@ is:
B® | o B“) opd
2 Val P P
P(g ’ (x(2)7t) = pp — 7@ /G (x(Q),t— 7') 8—: - / 2K (1 —0)df| dr (3.45)
0
where

8(namr) = [ 6l )= o,
g
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3.5 Averaged model

Let P}, and Py are the averaged pressures in the blocks Q? and fractures Q3 respectively:

o= (B Pi= (),

The average model results from (321 and (3:45):

B® ap; .,
=P, - =—LsK
Pe=Pr— 2 o ¥
(3.46)
9P _ g (E(S)VPJ») _ g2 1
7] ot
where
5 B 1
K IC—’y)\E(2) K % 7i) (3.47)
2
K(t) = (G(z,t — 7)), = L (ri) P2t | cos (pug t fisin pvt) | +
2 @ )
9 el <Tk:>2 Vi
t .
sin ( pvi(t — 1)
+%/ ( = )ep(l—am(t—r)dT n
k
<Tk?*>§ { pt/2 tt—r (t—7)/2
+ e 1—pt)+Br.p | —¢e dr  +
0 (12 ( ) Beep | 5
1 ri)s Ve +1 L0, wme—1 @,
+o5 - —e¢F +—F——¢e*
2 1<kz<k* (r), 2, 2uy
5 ¢
k 1 w(l)(th) w(z)(t77)>
+ —/— (e " — ek dr (3.48)
2v
k , N
BW 1
L® = §(t) + YA Z— —= 3.49
0+ (3.49)

In Fig. the equivalent kernel of three level fractured medium K? from equation (&) is shown.

A numerical finite difference model is established for a two dimensional rectangular shape reservoir

with the constant flux on the wellbore, and no flow boundary conditions as it is seen in Fig.
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Chapter 4

Model of flow in a single fracture
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4.1 Problem formulation

4.1.1 Problem setting

Let us consider the fracture symmetric with respect to the axial plane and having wavy walls, as shown in
Fig. [£11 The fracture is surrounded by the porous medium containing fluid (oil). The walls are permeable
and authorize the oil to cross them. The thickness of fracture in the direction orthogonal to flow is infinite,

so that the problem is 2D. Let the wall oscillations be periodic with period ¢, the mean fracture aperture

Figure 4.1: 2D fracture with wavy walls

be 2H, and the characteristic length of the fracture be L. The fluid is incompressible, and the flow is
steady-state.

The upper half of the 2D fracture represents the domain: {0 < Z < Hp(X), 0 < X < L}, where
¢(X) is the periodic function with period ¢ and the mean value % In case when ¢(X) = %7 the fracture
walls are non-oscillating.

The flow is described by Navier-Stokes equations.

The boundary condition at the inlet section imposes the given mean velocity U°:

o 1 H¢(0)
U” = H(zﬁ(())/o U-(0,2)dZ (4.1)
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It is sufficient to assume that ¢(0) = 1/2.

The upper boundary of the well is penetrable by fluid. We impose the constant inflow velocity (U, U).

4.1.2 Formulation through dimensionless variables

Let us introduce dimensionless variables:

eox ,-z U U P
- L7 - H? - UO? - UO7 p - po
with three dimensionless parameters:
SoH ot prH
L L n

The characteristic value p° is determined as the pressure drop over the distance L which might be

. uU°L
p:H

caused by the Poiseuille flow at velocity U°: 72

In dimensionless variables the flow problem takes the form of Navier-Stokes equations in the domain

W={0<z<¢(z),0<z<1}:

ou, v
ox 0z
ou Ju\  Op 2 0%u 0%
Re (w“ax Jrv@z) Oz tw ox? = 0z2

o '9:) T woz Y o2 T o2

( v 8v> 1 9p 2 0% 0%
Re |w = el

The boundary conditions are:

#(0) 1/2
- = / u(0, 2)dz = /u(O7 z)dz

0 0
ez = —w0",  ulamg(e) = wu,
% B =0, V]z=0 =0,

(4.2a)

(4.2b)

(4.2¢)

(4.3a)

(4.3b)

(4.3c)

where wu* = U; /U, wv* = U} /U° are two components of the inflow velocity through the boundary;

condition ([@3a) results from (ZI]), conditions (@3d) means the symmetry with respect to the fracture

axis.

The presence of the small parameter w in the relations for the inflow velocity means that it is assumed

to be low.

This system possesses an integral relation which represents the mass balance between the external flux
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and the internal flow:

#(x) T
u(z, 2)dz = Fo(z) + wFi(z), Fo(z) =

Proof:

This relation is obtained by integrating the continuity equation (£2Zal) over z:

o o) D 5 °0
O:w/—udz+v zw/—udz—wv*zw—/udz—wQ(zﬁ'u*—wv*
Ox =0 ox Ox
0 0 0
Integration over z yields:
#(x) #(0) .
/ udz — / udz — wu” <¢(m) - qﬁ(O)) - / vidr =0 (4.5)
0

0 0

Taking into account for ([@3a) we obtain ([€4).

Remark: The system of boundary conditions is not sufficient to determine the unique solution, which
is not important for our analysis, because the objective is to analyze the behavior of a family of solutions.
For simulations, the uniqueness may be reached by replacing condition ([@3al) imposed on the average

velocity by the condition on the velocity at each point of the inlet section.

4.1.3 Parameters of the model

We will assume that parameters w and ¢ are small:

O<w,e<<1

The ratio between them determines various regimes of flow. In particular, two limit cases do not
represent any interest as reduce to a fracture with straight walls:

- if w/e << 1, then the corrugation period is very large;

- if w/e >> 1, then the fracture aperture is enormous, and the corrugation is neglecting.

Due to this we will consider the non-trivial case when:

w~ €%, where ais close to 1

In contrast, the Reynolds number Re may take various values, from zero to several hundreds while the

flow remains stable.

145



4.2 Method of solution

The analysis is performed by applying the asymptotic method: the solution is searched in the form of
an asymptotic expansions with respect to small parameters w and €. In the limit ¢ — 0 we will obtain
a system that is homogenized along z. The limit w — 0 formally means elimination of the transverse
variable z, which means the homogenization along z. Thus the zero term of the asymptotic expansion is
expected to be equal to the averaged value. Hence the technique of the suggested method is close to those
procedures which are applied in the homogenization theory. The flow equations averaged over z represent
the main interest of this chapter.

Owing to the particularity of the method used, the solutions obtained do not need to provide an exact
detailed flow pattern, but they are expected to exhibit adequate homogenized behavior.

The asymptotic expansion can be constructed in two consecutive steps: first of all, one will develop the
asymptotic equations as w — 0 while assuming that € is constant and of order 1; after this the asymptotic
expansion € — 0 will be developed, i.e. we assume that:

Jn 4 = i (Js )
where U = {u, v, p} is the solution to the considered problem.

At the first step, the solution is constructed as a regular asymptotic expansion when w — 0: the zero
term leads to functions averaged over the fracture aperture, or, at least, to functions whose behavior along

x corresponds to the exact solution in the average sense only.

4.2.1 Asymptotic expansion - first step

Let us introduce the regular asymptotic expansion of U = {u, v, p} regarding to the small parameter w:
Uz, 2) = Uo(x, 2) + wlh (z,2) + W Us(z,2) + ... (4.6)

After substituting it in the problem (£2]) and ([@3) we will obtain for the first terms:

- Zero approximation o, vo, po:

8’!}0 apo GUQ apo 8211,0
oo, Z2-0, Revy =0
0z ’ 0z ’ SR Ox + 022
) o(z)
V0|2=¢(z) = 0, U0 2= (2) = 0, % =0, vo|z=0 = 0, / uodz = Fo(x)
Z 1220 0

where we used the integral relation ([Z4).
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This directly gives: vg = 0.

- The first approximation w1, v1, p1:

8UO 8’!}1 8}91 GUQ 8u0 8p1 8211,1
R 0=22 R 0 20 = -
oz | oz ’ 9z’ ¢ <u0 oz " 8z) oz | oz
* * aul
z=¢(xz) — — ) z=¢(x) — ) a_ = 07 z=0 — 0
V1le=g(a) = —V 1] z=g(z) = u 2 |, v1z=0

b(z)
/ urdz = Fi(x)
0

The second approximation us, vz, pa:

ox 0z 0z 022

3U() 3U1 3U1 aU() _ 8])2 82U() 82UQ
Re (ul ox o ox o 0z T 0z ) T Ox + Ox? + 0z?

ouy n Ove —0, 0= 7% R

GUQ

Va|.—g(z) = 0, Uz|.—g(z) = 0, v

o(z)
=0, V=0 =0 / usdz =0
0 0

z=

Introducing new mapping (z, z) — (x, () with { = 37 we have:

with ¢’ = % Now the zero, first and second-order problems would be simply integrable.

4.2.2 Solution of the zero-order problem

The zero-order approximation can be presented in the analytical form:

_ 3Ry _ dpy __3F
Uo = 2¢ (C 1)7 Po 7170(1'), dﬁf - ¢3

Proof: In terms of new variables the zero-order problem can be written as:

8}90 1 8211,0

or ¢ ¢’

(4.7)
duy

ugle=1 = 0,
ol¢=1 P

1
—0. [ wdc= 2
o 0 %

Separating the variables we obtain:

0Pup 2 dpo
ocz 7 dx

The right-hand side of this equation depends only on x, then we obtain:

2
d
w=5 ()
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where we have used the boundary conditions. Then the integral relation in 7)) gives:

dpo _ _3Fb
dx s

3F¢° (1),

The solution for other approximations can be found in the annexes (A]), (B).

Then ug =

4.2.3 Definite form of the solution

Let the inflow velocity u*,v™ be constant. In this case, the asymptotic expansion takes the following form:

u(z, z) = uo(x, 2) + wur (x, 2) + wua(z, 2) + ...,

v(x, 2) = woy (z, 2) + woa(z, 2), +...

@_@()_’_ 9p1 20p2

o¢  dr oz TY o T
where:
w0(e,0) = 5 (¢ 1),
2 4/
ui(z,() =u" + Regg“ (7¢° —9¢* +2) - 3Refod (7¢° —35¢* +33¢% - 5) +

280¢
Jr

3U*¢(O) 2 .
2¢ (C - 1) ’

1 . 9Fy¢'?
ua(z, ) = % <73F0¢" — 50 + ?T‘f’) (5¢* —6¢2+1) +
Reu*¢' Fy 4 5 Reu*v*¢(0) 6 2
530 (105¢* — 126¢* + 21) 530 (7¢° =9¢* +2) +
3Reu*¢(0)¢' Fy 6 onrd 2 Reu*v*¢
— T (7¢° = 35¢* +33¢* —5) - ——
Re2F3¢" [ 10 s 138 9837 1213
20 \& % 5 C - 42 + 385 ¢~ 385 )
_ Re’Fg¢” CIO_Q_CB @C ——C | 12333 5 575
280 ¢ 10 770 313
Re*v*?Fogp (10 438 703
2800 (3 <+3<+_C*@)+
Re?v* FE¢' 0 75 .8 2759 1961
+W 6¢ 714 — 21 C 1725C + —— C *I
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F / * 3
) = -2 (-0 + 5 (% - c) , (4.11d)
3 x 4/ 0 R *2
vl ¢) = 2020 (2 ) - BB (736" 4 20) -
12 172 * 4/
,L;g% ¢F O (7¢" — 35¢° +33¢> — 5¢) + Lel” 481’ Fo (907 _7¢ 4+ 10¢° - 5¢) +
11 2
+% (¢"—7¢° +11¢° - 5¢) (4.11e)
dpo _ 7%
E(x) =G (4.111f)
dpi, . 3u"¢(0) 8lRev*F, & 54ReFj¢’
E(x) - ¢3 - 35(252 35¢3 ) (411g)
Op2 _(9Fd?  9Fy¢"  6v ¢\ .o, 3Fb¢”  12Fp¢”  6Reuv”
%(“”’O‘< P Ve R )C R R T
81 Reu*v* $(0) N 3Reu"Fod' 156 Re*Fy <4¢’2 B 3¢"> B
35¢)2 542 13475 @3 @2
234 Re*Fov*?  2T1Re*Fiv*¢’ 108 Reu*$(0)Fog’ A11L
T 13475¢ 192542 35 ¢3 (4.11h)

4.2.4 Two-scale form of the obtained solution

In order to average over the fluctuations caused by the wavy walls, we can use the fact that the scale of
the oscillations is small with respect to the high length of the well. Due to the high difference between
two scales, the behavior at two scales may be assumed to be independent of one another. This means
that we can introduce the small-scale ("fast") variable y = /¢ and consider it as independent of the slow
variable z. Then we introduce the extended functions f(z,y) which are equal to f(z) when y = z/e. The

derivative becomes also two-scale and if defined as:

of _of  19f

8x78x+58y
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Noting : —qby dd} =4, = z/¢, then the two-scale form of the solution (@II]) becomes:

Y SFO(C 4 w{_3ReF02¢;

3o - 2500 (7¢% — 35¢* +33¢% - 5) +
n [Re;;gv (7¢° —9¢* +2) + %2(0) (-1 +u*} *52'"} +
RisLA (F5¢" - 27474‘8 HO T i) ¢
re = 30700 56" o6t 1)+ R 0nc! —1anc? 4 21) 4
+%{W (7¢° — 35¢* +33¢2 — 5) +
+% < 60" — ¢* —21¢° — 17asct + 202 %)]

+52|:_ Reu;§;¢( ) (7C6_9C2+2) Reu v ¢( C 6C2+1) +

Re?v*?Fog (¢ 15 4 6 438 703 3 w?
+W (7*7( + 3¢ + —C —— +e°... +O(53 +wz—:)

462
(4.12)
3F (p/ 3 * 3
w? 3Re ¢2Fg ,_ - 5 3 3Re ¢},
E—Q{fﬁ(m —35¢° +33¢° —5¢) + T(g —7¢% +11¢% - 5¢) +
3U*¢f ¢(0) 3 3Re U*d Iy 7 5 3
+s{# (¢ —<)+TO” (2¢" = 7¢° 4+ 10¢° — 5¢)
R *2 3
+52{ ez‘gg (—¢7+3¢% - zg)] + 53.“} + 0(2’—3 + we) (4.13)
dp  3Fy  w[54Re | Iy 3u*$(0)  81Rev*Fp 9
%“?T{ 356° “[ PE 3547 ]+ }+
W[ (9P 9y, Fo\ o 3du,Fo 1207 F, 156 Re*FS [(4dy 3y,
v (T T o e - T (e )+
6v ¢’ 5 B3Reu"¢,Fy 2TLRe’v*¢,F; 108 Reu"¢(0)¢, Fo
+E[* 72 C T 192542 3567 ]
2[81Reu’v"¢(0) 6Reu’v” 234Re2v*2F0} } w?
te [ 3507 56 i | +0(55 Fwe)
(4.14)
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4.2.5 Calculation of the stream function

The streamlines are defined through the following relations:

_o% __
=Bz YT "o

Integration of the first relation gives:

3
w:/uqﬁdg’:—gFo (C —c) —Hu{— %Reﬂ?q&’ (¢7—7<5+11<3—5<)}+

3
5 3
2 ( ” 2\ (C_C ¢
+w {( 3Fopd + 9Fos )(20 10+20>+
1 pe?rses (o ¢ L 690 215 8219 5 1213\
T ogg e Fo o0 (44 P T TS TS

1 ooa,m[7C" 3.4 204 4111 575
I F -~ _Z -
ag0 ¢ Fo¢ (110 1¢ 170

770 313

where C' is an arbitrary constant.
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4.2.6 Results obtained

The solution obtained can be used to examine the microscale flow pattern. For a sinusoidal corrugation
given by:

¢(z) = 0.5 (1 + asin(27z/e)) (4.16)

where a is new dimensionless parameter equal to the ratio of the corrugation amplitude at half of the
mean aperture.

The calculations based on the obtained asymptotic solutions performed for w = 0.01, ¢ = 0.01%7 = 0.0316
and a = 0.3, are shown in Fig. 2] for Re = 12.

It is seen that at small Re the inflow through the walls Fig. L2(b) influences the flow streamlines in
the vicinity of walls, but weakly influences the velocity field.

For high Re (Re = 55), the results of solution are shown in Fig.

For high Re, the impact of the inflow through the walls on the flow structure in the fracture is
significant, both in terms of the streamlines, but also in terms of the velocity. In the presence of inflow
the flow in the well is no longer periodic.

The behavior of pressure gradient along the fracture axis at Re = 12 and Re = 20 is presented in Fig.
7!

The pressure drop along the fracture is periodic when there is no inflow. In the case with inflow the
amplitude of oscillations of the pressure gradient increases along the flow direction. At high Reynolds,
starting around Re = 20, the pressure gradient becomes locally positive which means the appearance of a

local reverse flow. This counter-current flow might result in the appearance of the instability.
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Figure 4.2: Stream function (¢), and isolines of longitudinal velocity (u) and transversal velocity (v) for Re = 12
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Figure 4.3: Stream function (¢), and isolines of longitudinal velocity (u) and transversal velocity (v) for Re = 55
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Figure 4.4: Pressure drop dp/dx averaged on axis of fracture aperture, w = 0.01, & =0.0316
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4.3 Model averaged over the wall oscillations

The practical interest represents the momentum equation averaged twice: (1) over the fracture aperture
and (2) over the fluctuations caused by the wavy walls. The technique of second averaging is presented in

this section. It consists of separating the scales and averaging over the lowest scale.

4.3.1 Averaged equation of flow

Let us introduce the single and twice averaging for an arbitrary two-scale function f (z,y2):

f) = / ey ody, () = / (5 " f(x,y,zwz)dy (4.17)

The twice averaged equations ({12), (£13), and (@I4]) become:
() = F <l>+wu* (1,¢(0)<1>) (4.18)
T \G 2 '

((v)) = 0 (4.19)

((2Y) = s () + o) (&) + “—?( < >>
e (] {2 B )]
TR { YAR (39 < Puy > < >> — T8 Fo” <%> } .

Returning back to the dimensional variables, and denoting U = ((U)), P = ((P)), we obtain:

u=u’ <Fo<é>+wu* <1f¢(0)<%>)) (4.21)
et on () s () S5 ((F)-2(3)))-

@
U°? oy 81 1 6 . 81, 1
A %”}@2%“[*5“ (3)+me0 ()]}
1

1

¢
PU” 3 —4F _s9( %w +52 SV s *2<1>
13475 0 #? o3 W ehr g

156



Replacing U® by U by using [@E2ZI]), we obtain the averaged momentum balance equation in the form

of a cubic law:

ef 249/3
- % = ’;{Li + B put 4 LY (4.22)
1 1
s [F<—> twur (1f¢(0)<_>)]
K= H2)\~ A= ¢ ¢2 (4.23a)

TG () R () ()

gor = Ve S <%> o {42 <%> o) <$>} (4.23b)

1" /2
‘;—,:QF(? (39 <%> — 52 <%>> +w239Fov*2<
ef __ 6
~ 13475 . 1 (4 0 1 3
(0 (5)+e (1-001(3)))

4.3.2 Effective parameters of flow

)

©- =

(4.23¢)

Three effective parameters determine the averaged behavior of the system:

- K*' is the fracture permeability [m?], the parameter responsible for the pure viscous dissipation (the

firction) which corresponds to the Stokes flow. According to [Panfilov and Fourar, 2006] we will use the

term "zero-order field" to describe the case of Re — 0.

- 8°f is the inertia parameter having the dimension [mfl]. It is responsible for the integral losses of
the kinetic energy within a period caused by the that component of the inflow velocity which is orthogonal
to the fracture axis, v*. The orthogonal component of inflow deviates fluid from the axial direction of
flow, which reduces the fluid axial velocity. The energy transferred with the inflow plays the role of a
decelerator, which means the appearance of a negative acceleration, or the inertia losses of energy.

- v is the dimensionless parameter responsible for the inertia-viscous cross-effect which was described

first in [Panfilov and Bues, 2004] and |Panfilov and Fourar, 2006|. It represents a supplementary viscous

dissipation produced by the deviation of the streamlines from the zero-order field. As the streamline
deformation is caused by the inertia forces, this term depends on Re.
Two limit cases helps to analyze the behavior of these parameters: the non-corrugated fracture, and

the impermeable walls.
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For the case of non-corrugated walls, when ¢ = 1/2, we obtain:

_ H? 2F,

K" = ; = =7 - 4.24
Y AT Im—ow (4.240)
o V'w 81Fy —19.5wu”
= — 4.24b
g 35H F? ( )
o 117w?0*?
= ——— 4.24
T = 2695082 (4.240)
For the case of zero inflow through the walls u* = v* = 0, we obtain:
1
(6)
2
K = % ;A= - qf : - (4.25a)
1\ wil ()" \ _ 9 Pyy
¢3 52 5 ¢3 ¢2
g =0 (4.25b)
by V
39( =% ) —52( —=
of _ 1247 ( < ¢ ¢ (4.25¢)
7= 1347522 <1 >3 :
¢

The dependence of these parameters, taken in dimensionless form, on the dimensionless amplitude of
wall oscillations a (the amplitude divided by the fracture aperture H), is shown in Fig. 5] and [£717

It was assumed that w = 0.01, & = 0.01%7°.

— with inflow
no inflow

0.9F

0.8

0.7f

0.6

0.5

a

Figure 4.5: Dimensionless fracture permeability A vs. wall oscillation amplitude a
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Figure 4.6: Dimensionless pure inertia coefficient 5
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Figure 4.7: Dimensionless viscous-inertia cross parameter v°f vs. wall oscillation amplitude a

As seen, the inertia-viscous parameter is practically independent of the inflow. The inflow increases

the permeability but this influence is low. The pure inertia parameter 8 is the most sensible with respect

to the inflow, and increases when the inflow velocity augments.
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4.4 Comparison of analytic model and numerical simulations

A COMSOL(@©model was also developed to study the qualitative behavior of streamlines in the case
of flow between two wavy planes, when there is no inflow through them. The simulations are based
on the finite element method with triangular discretization of the domain, and the implicit method of
discretization in time.

The results of simulations prove the same qualitative behavior as in analytical solutions. The maximum
longitudinal velocity is close to what obtained analytically. The streamlines and the velocity field plotted
for Re = 12 without and with inflow in Fig. L8

The qualitative behavior of the solutions is similar to that obtained by the asymptotic method. In
Fig. for a rather higher Reynolds we can see the appearance of vorticties.

Other characteristics of flow calculated numerically are presented in Fig. [4.10(a)| and Fig. |[4.10(b)]

They also are in good correspondence with the asymptotic model.
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Surface: Velocity field [m/s] Streamline: Velocity field Max: 24.874

(a) without inflow

Max: 45.692

0 0.5 1 1.5 2 2.5 3 3.5 4 45 5 Min: -0.0434

(b) with inflow

Figure 4.8: Numerical simulation: streamlines and longitudinal velocity U for Re = 12:

Surface: Velocity field [m/s] Streamline: Velocity field Max: 111.935

Figure 4.9: Numerical simulation: streamlines and longitudinal velocity U for Re = 55; without
inflow
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(b) Re = 55

Figure 4.10: Numerical simulation: transverse velocity V'; without inflow
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Chapter 5

Flow 1n circular channel with

corrugated walls
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5.1 Problem Formulation

5.1.1 Problem setting

The similar problem may be solved for another geometry of the channel, in particular for an axis-symmetric

horizontal channel having wavy walls, as shown in Fig. (.11

Figure 5.1: The upper half of a horizontal channel with wavy walls

The channel is surrounded by porous medium saturated with liquid (oil). Another fluid (water) is
injected through the left-hand section at a given flow rate Q°. In applications such a channel represents
a horizontal well drilled in an oil reservoir. The walls are permeable and authorize water of oil to cross
them. Depending on the type of drilling, the fluid can flow from the channel to the surrounding rock
(case of classical drilling), as well as the fluid can arrive to the channel through the walls from the oil
reservoir (corresponds to the underbalanced drilling, when the pressure inside the well is maintained to
be lower than that in reservoir). In the first approximation we assume that the physical properties of
oil and water are close, so the fluid may be considered as the almost single-phase liquid of density p and
dynamic viscosity p. The fluid is incompressible, the flow is steady-state. The flow is axis-symmetric, so
the angular component is zero.

Let the wall oscillations be periodic with period ¢, the mean radius of the well be R,,, the characteristic
length of the well be L.

In cylindrical coordinates (R, 0, X) with the origin at the well axis, the upper half of the well represents
the domain: {0 < R < Ruw¢(X), 0< X <L, 0<6 <2}, where ¢(X) is the periodic function with
period ¢ and the mean value 1. In case when ¢ = 1, the well is the regular infinite cylinder.

The flow is described by Navier-Stokes equations.
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The boundary condition at the inlet section imposes the given mean velocity U° (or flow rate Q°):

Ry ¢(0)

RU,(0,7)dR

2

U=s—"—
(Rw(0))

(5.1)

It is sufficient to assume that ¢(0) = 1.

The upper boundary of the well is penetrable by fluid. We impose the constant inflow velocity (Uy, U?)

5.1.2 Formulation through dimensionless variables

Let us introduce the following dimensionless variables:

= — = = .2
R , P p° Y Ue’ v U° (5 )

The characteristic pressure p° is determined as the pressure drop along the length L caused by a
Poiseuille flow at velocity U°: p° = 'ug: L

In dimensionless variables the flow pllu“oblem takes the form of Navier-Stokes equations in the domain
W={0<r<o¢x), 0<z<l}:

w@u n 10 (rv)

8_1' ” 8']‘ =0 (53&)
ou ou)  Op 20%u 19 ou
Re (“’“ax + ”ar) T Ox + {w Ox? + ror \' or (5:3)
ov ov\  10p 0% 19 v v
Re (wuax + v&”) = oo T [w 222 T rar \"or 72 (5:3¢)
where ¢(x) is the periodic function with period € and the mean value 1.
The boundary conditions are:
#(0) 1
1=2 [ ru(0,r)dr = 2/7’u(07 r)dr (5.4a)
0 0
ou
o L 0, V,_g=0 (5.4b)
Ul gy = WU, V] = WV (5.4¢)

where wu™ = U; /U°, wv™ = U /U® are two components of the inflow velocity through the boundary;
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condition (54a) results from (G1), conditions (5.4b) means the symmetry with respect to the fracture
axis.

The presence of the small parameter w in the relations for the inflow velocity means that it is assumed
to be low.

This system possesses an integral relation which represents the mass balance between the external flux
and the internal flow:

»(z)
/ ru(z,r)dr = Fo(z) + wFi(x), (5.5)

xT

+o [o@is, i) = (@) - 0°0)

0

Fo(x) =

N | =

This relation is the average mass conservation, which says that the mass is not conserved due to the
cross-flow through the walls.
Proof:
This relation is obtained by integrating the continuity equation (53al) over the cross-section:
b ()

#()
0=w / r%dr +ro[l28@ = w% / rudr | — %Mﬁ?)wQU* — gwu’
0 0

Integrating over x, we obtain:

b(z) #(0) z
0= rudr — rudr —we (¢2(x)7¢2(0)) — [ v ¢(z)dz
[reo [ /

Using (B.4al) we obtain definitely (G.5).

This means that the flow as a function of x at each point on the length of well results from the sum

of inlet flow and inflow through the walls.

Remark: The system of boundary conditions is not sufficient to determine the unique solution, which
is not important for our analysis, because the objective is to analyze the behavior of a family of solutions.
For simulations, the uniqueness may be reached by replacing condition (54al) imposed on the average

velocity by the condition on the velocity at each point of the inlet section.

5.1.3 Parameters of the model

We will assume that parameters w and ¢ are small:

0<w,e<<1
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As in the preceding chapter, we will analyze the non-trivial case when:

w~ €%, where ais close to 1

In contrast, the Reynolds number Re may by variable.
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5.2 Method of solution

We will apply the same method as in the previous chapter

5.2.1 Asymptotic expansion

Let us introduce the regular asymptotical expansion of U = {u,v,p} with respect to the small parameter

U(r, z) = Uo(r, 2) + wlh (1, 2) + W Ua(r,2) + . .. (5.6)

In zero approximation, for ug, vo, po we have

2 _ o, 10 (,0m)

10 (rvo) Opo
r o or 0, or 0, Re vo or  Odx  ror or
9 3
Volr=¢ =0, uolr=¢ =0, vo|r=0 =0, guo =0, /ruo(xm)dr = Fy(z)
or |, _o
0

which directly gives: vg = 0.

In the first approximation, for w1, v1, p1:

8UO> 7(3])1 1 1o} < 8u1> 8p1 o
@

18(7‘1}1) Ouo Ouo
22 OUo 0 Re (g QHO g MO0 )
r Or + oz ’ "0z tu or 8m ror
1o} ()
U1 .
B =0, Vil,mo =0, Ul gy =5 V1l = / rui (z,r)dr = Fi(x)
0

In the second approximation, for uz, va, pa:

10(rv2) | OQui _ Op2 10
r Or +8_:v_07 0= 8r+rar or r2’
8UO 8u1 8UO 8114 _ 8}92 82uo 1 8 8UQ
Re<u18x+ oz Ty +v18r>778x+8x2+ra "or
o(x)

Ouz
or

r=0

5.2.2 Example of solution of the zero-order problem
D) = (2,0), €= o)

The obtained problems may be solved by introducing new variables

0 _0 (o 0 _10 )49
9z " dr  paC or  gac Vheree =g
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Then the zero-order problem of the asymptotic series becomes:

Opo _ _ _dpo 1 0 (. 0Ouo
ac 0 0= d:ﬁwac( ac)

aU()

ac

UO|C:1 = 07

¢=0

1
R / Cuo(z, O)d¢ = Fo(x)
0

In the second equation the variables z and ¢ may be split:

2y @0 _ 10 (. 0ug
M"”)E*cac( 84)

(5.7)

The left-hand side depends on x only, then this equation is easy to integrate while taking into account

Alz)

the boundary conditions: ug = 0 (C2 -1), A(z) = ¢* () dpo

dx
1
From the last integral relation in (5.7)) we obtain: %d)Q/ (C3 — () d¢ = Fo.
0

Then A(z) = 2dpo _ 716&

dx @2

The solution takes the form:

In the similar way one can solve other problems of the preceding paragraph. The corresponding

developments are placed in the annexes () and (D).

5.2.3 Definite form of the solution

u=uo(z,r) +wui(z,r) + w’us(z,r) + ...,

v =wuvi(z,r) + woa(z, 1) + ..,

o _ @( )+w@(x)+ 20p2

oxr  dx dx “ B_x(x’T)Jr""
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F,
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5.3 Two-scale form of the obtained solutions

Similar to the previous chapter, we will introduce the small-scale variable y = z/e and consider it as

independent of the slow variable z. Then the two-scale form of the solution (EI2)) becomes:

uz_%(@_lH
RG-S 0)
[ (55 42w (280 )] o2 )
SHOE) n5) (-4e-3)-
42l f;g"% (Feo-2e+de-caBe- 2 -

Re?¢! ’FS (38 13 38 53 479 409
PR (G g B R ¢ )

135 675
Re¢y Fou® " e 45 1
re| (R —avgy ) (¢t - e g) +
4

8Re gy, Fou™ (¢85 ¢ ¢ 1
+—7%—<3‘7+7‘@+
Re?¢, Fiv™ 115 1261 1229
++<EC ——C +—C——C +%C—m>]+
2 u'vg s 1 Reu*v* (¢ ¢ ¢ 1
el e ) (566 )-
2 %2 ¢l d ¢t 1 w?
R“’FQW*%+E*—<f@<*ﬁ%” }+“§+m>
(5.13)
_§{ 4¢yFO C —§)+sv (CS_QC)J"SQ“‘}J"
w Reqb”Fo T2k 4¢ Re ¢/?F§ 14g 4¢
(TS g) TR (0 e )
2 ReFodlv* 7
te {Ucf;ﬁf()(c 7<)+GTTW<%,%+%,C):|+
o Rev®¢ (7 20° 5« w?
+€ |:— 1 (g—T‘FC 9):|+8 +O(6—3+ws)}
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(5.15)

5.4 Stream functions

In cylindrical coordinating system considering the symmetry w.r.t. the angular coordinate the streamlines

in terms of radial and longitudinal velocity components respectively u,v can be written as:

__loy _19y
YT T e YT Yo (5.16)

This is:

¥ =Fo (¢"—2¢%) +
w 8Re ¢’ F# (gs 206 4 4(2)
e 6 9

o (93 7¢
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+ )}+C+O(w3)

(5.17)

where C'is an arbitrary constant, representing different streamline sets.
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5.5 Results obtained

5.5.1 Microscale flow behavior in a regular channel

The results obtained for regular pipe (¢ = 1, ¢’ = 0) either without or with inflow, have the objective

to validate correctness of the solutions obtained. For this case we obtain:

IS

Nelios

_ 27 * 27 * gic_él C_Qi
u = —4Fy (C 1)+w u (2{ 1)+2Rev Fo ) ) + >

p[Rew (41 S
w{ (C 3C+3> Reuv(g 5 9+
6
2 %2
e F(m‘— T e _%ﬂ
(5.18)
Rev*? /(7 20° 5 4
_9 > 5 _ 5
(€20 =B (5505
(5.19)
op » » 5/ 10Rew*v*  88Rev*2F,
Fr 16Fy + w (8u 120" Fp) + w ( 3 + 13t
(5.20)

When there is no inflow, v* = v* = 0, the velocity profile is parabolic, Fig. .2 and the pressure

gradient is constant.

Re=800

1 \
0.8 i
0.6 .
0.4r .
0.2 .

o | | | | | | |

0 0.5 1 15 2 2.5 3 3.5 4

u

Figure 5.2: Longitudinal velocity in a regular pipe with no inflow, Re=800
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The inflow influences the streamlines as shown in Fig. and Fig. B4l

permeable walls

Figure 5.3: Regular pipe with inflow, Re=25

permeable walls

Figure 5.4: Reverse flow in regular pipe with inflow, Re=35
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5.5.2 Microscale flow behavior in a wavy pipe: secondary flows

Let us analyze the sinusoidal corrugation given by the relation:
o(z) =1+ asin(2nx/e) (5.21)

where a is new dimensionless parameter equal to the ratio of the corrugation amplitude to the mean
radius.

In this section the results for w = 0.01, ¢ = 0.01°7 = 0.0316 and a = 0.3 are presented in the form of
stream-function isolines and pressure and velocity field.

The flow travels from left to right, the upper half-domain is presented.

Secondary flows are not visible up to some certain Reynolds, as it is seen in Fig. [5.5la no secondary
flow appears. In Fig. a relatively high Reynolds number is chosen in order to ensure the formation
of secondary flow. In Fig. 7 the stream function has been plotted using the zeroth, first and second
approximations. The most exact correspondence with the true flow pattern is obtained in the second

approximation.

5.5.3 Microscale flow behavior in a wavy pipe: influence of the inflow
on pressure

It can be seen that when there is no inflow through the walls the gradient of pressure along the well is
periodic. In the presence of inflow the streamlines change, and the pressure gradient increases along the
channel axis Fig. 5.5 Fig. [5.8] which results in arising the instability.

The raise of instability can be noted through the appearance of the positive pressure drop which determines

the reverse flow.
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Figure 5.5: Flow in corrugated pipe with/without inflow through the walls, Re=1
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Figure 5.6: Appearance of secondary flow in higher Reynolds, Re=>5
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Figure 5.7: Streamlines in the zero , first and second approximations .
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(a) no instability in pressure in low Reynolds
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(b) high Reynolds pressure instability

Figure 5.8: The micro scale pressure drop in a perforated pipe with and without inflow
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5.6 Model averaged over the wall oscillations

5.6.1 Averaged equations of flow

Let us define the single and double averaging for a two scale function f(r, z,y)

=/1f(ny7Z)dy7 (M /1< /rf (r,y, 2 )dr)dy (5:22)

Then the two-scale form of the solution becomes

o= () (-0 (L)

{(v)) =0

(5.23)

(5.24)

()= 2) oo ) e (3]
9 7 /2 8 & 7 2
":—Q{SF0< Za+3(j§4>+§ <%_§;>_
244 ) 2484 s /¢
~Re’ = (F — 1) ¢—> ¢ 13570 <F>}
8 6

+
2 * ok 288 *2 1
+w {Reuv <73¢+¢3>+Re 1351; Fo< 2>]

Returning back to the dimensional variables, and denoting U

={U), P

((P)), we obtain:

u=u’ <2F0<¢2>+wu* <1f¢(0)<#>)) (5.25)

In dimensional form the pressure drop along the wellbore length can be said

P pU°

1
£t () s ().
2 i 12 i 12
w5 (o (G rafe) + 50 (55 )
Uo? L)1 ../6 8
+pr {712wFov <$>+w2u v <$7@>}+
2U0244 . 1 2 7 /2
i (@) s (- () e 3a (5) )]

Replacing U® by U by using (525, we obtain the averaged momentum balance equation in the form of a
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cubic law:

ef 2
ZT( Kef+58f pu 4 LU (5.26)
where:
Kef:R_fv
8 )
2F, <¢2>+wu (1-60) ()
A= 2 1" 72
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8 6
J_ra ) ()
g = 2t I
<2Fo<¢2>+wu* (17¢(o)<ﬁ>)>
1 1 2
e Mw 5 2Fgv* <¢2>+ ( 3<i5>(17F0)+11F5<¢;_6>>
T T T35 ) .
<2Fo<¢2>+wu* (1—¢(0)<F>)>
ef 4402 <(§;/5/>(1_F0)+11F0< >+5 2Fyv* <%>
7T T 1352 :
<2F0<¢2>+wu( ¢()< >))
(5.27)

Three effective parameters determine the averaged behavior of the system:

- K°f is the effective permeability [m2], the parameter responsible for the pure viscous dissipation (the

firction) which corresponds to the Stokes flow. According to [Panfilov and Fourar, 2006] we will use the

term "zero-order field" to describe the case of Re — 0.

The effective permeability also includes the consequences of irregular boundaries as the local Darcy like
term. These effects are assumed as a correction to the effective permeability, here determined in terms of
coefficients of w?/e? in parameter A, the corrugation parameter. In Fig. the corrugation parameter
is plotted vs. the oscillation amplitude either with or without inflow. It can be seen that the presence
of irregularities in the geometry of the boundaries decreases the effective permeability of the wellbore

significantly, while presence or absence of inflow has not a significant role on the effective permeability.

- 8°f is the inertia parameter having the dimension [m™!]. Tt is responsible for the integral losses of
the kinetic energy within a period caused by the that component of the inflow velocity which is orthogonal
to the fracture axis, v*. The orthogonal component of inflow deviates fluid from the axial direction of
flow, which reduces the fluid axial velocity. The energy transferred with the inflow plays the role of a
decelerator, which means the appearance of a negative acceleration, or the inertia losses of energy. S°f

vanishes in the absence of inflow through the walls Fig.
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- 7° is the dimensionless parameter responsible for the inertia-viscous cross-effect which was described

first in [Panfilov and Bues, 2004] and [Panfilov and Fourar, 2006|. It represents a supplementary viscous

dissipation produced by the deviation of the streamlines from the zero-order field. As the streamline
deformation is caused by the inertia forces, this term depends on Re. This term represents the global and
local cross visco-intertia effect. The global effect is zero in the absence of inflow.

As it is shown in Fig. 111 this term vanishes for a regular pipe.

5.6.2 Average behavior of pressure drop in a regular pipe

In the special case the average pressure drop in a regular pipe with inflow would be of our interest; where

1
F0:§+v*x

R? 2F,
K9P ==2\ A=
8 7 2Fy — u*w
SwFov* — §w2u*v*
ﬂeff _ 6
Fg
11 50*2
eff __ -2
7T Y R

(5.28)

It is seen that for a pipe with inflow through the walls the pure inertia effects and cross visco-inertia
effects enters the averaged pressure drop. For a regular pipe with no inflow we reduce to Hagen-Poiseuille
equation for pressure drop in pipes, with A = 1. Also in the presence of inflow through the walls the
effective permeability increases for a regular pipe, Fig. As a result of w << 1, the limit value of the

effective permeability reduces to the one for the pipe with no inflow through the walls.

181



11

— with inflow
0ol o no inflow

0.8

0.6

05F

04

! ! ! ! ! ! ! ! !

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 04 0.45 0.5
a

Figure 5.9: Pure viscous effects coefficient(Effective permeability) vs. different corrugation ampli-
tudes a, w = 0.01,& = 0.01°7
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Figure 5.10: Pure inertial effect coefficient vs. different corrugation amplitudes a, w = 0.01,e =
0.0107
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Figure 5.11: Cross visco-inertial effect coefficient vs. different corrugation amplitudes a, w =
0.01,e = 0.01%7
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Figure 5.12: Effective permeability of a regular pipe with/without inflow through the walls
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Chapter 6

Two-phase flow in a channel with

wavy walls
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6.1 Analytico-numerical method: levelset method

6.1.1 Engineering applications of two-phase flow in a channel imbedded
in porous medium: underbalanced drilling

The description of two-phase flow may be based on two approaches:

- the fluids can be considered as separated from one another by a macroscale interface, which may be
mobile. The interface divides the entire flow domain on two mobile sub-domains each of them contains
single-phase fluid.

- the phases may be considered as highly dispersed in porous medium, due to which they are described
as two interpenetrating continua each of them is present at any space points. The presence of each fluid
at a point is defined by its volumetric fraction called "the saturation".

Both approaches lead to nonlinear models, due to which the analytical solutions of flow problems are
low probable.

In order to develop an iterative method based on the analytical solutions obtained in the previous
section, we will apply the first approach.

The asymptotic method developed in two previous chapters can be applied to two-phase flow with the
macroscale interface in a fracture or a cylindrical hole, but the presence of the mobile interface imposes
such difficulties that analytical solution may be obtained only for fluids of different "colors" (i.e. the
physical parameters of both fluids are identical, except their colors).

At the same time the two-phase flow represents high engineering interest. In particular it concerns
the technology known as the underbalanced drilling (UBD). It consists of injecting water ("the drilling
mud") in the well at a pressure slightly lower than the reservoir pressure. Due to this oil can enter in the
well which causes countercurrent flow inside the well. In contrast, the drilling mud no longer enters the
formation, which reduces the formation damage. Increased penetration rate, minimized circulation loss
especially in naturally fractured or depleted reservoirs, prolonged bit life, improved formation evaluation,
reduced formation damage are some of the advantages of UBD in front of the classical drilling technique.
As a result of these advantages the number of wells drilled using this technology is increasing.

The objective of our analysis is to develop the effective model of two-phase flow applicable for large
variations of the Reynolds number.

We suggest the iterative approach which consists of a combination between the asymptotic analytical

approach and the level-set method. In zero approximation two fluids are considered as those having only
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different colors.

6.1.2 Levelset method

The level-set method was developed for incompressible two-phase flow. A levelset function is an indicator
function which is positive in one phase, negative in another one, and zero just at the interface between

fluids:
>0, x € phasel;

p(z,t) =14 0, at the interface; (6.1)
<0, € phase?2
The evolution of such a function is governed by the Eulerian formulation as a simple convection

equation at the velocity equal to the true velocity of fluid at each point:
0
¢a—f +VVe=0 (6.2)

where 7 is the Darcy flow velocity.
This function has a clear geometrical meaning of a minimal distance between any spatial position and
the interface.

In terms of our geometry, we obtain:

9 2% 1,09 _
w8t+wu8z+var_0 (6.3)

where w is a small parameter representing the ratio of the radius of pipe vs. its length. u, v are the velocity
components in 7, z direction respectively.
In the equations of mass and conservation for each of fluids fluids, we can introduce the uniform

equations for the entire fluid with coefficients depending on the levelset function:

ple) = A+ (1= NH(p), w(e) =n+ (1 —n)H(p) (6.4)

where: A = p1/p2, (p1 < p2) and n = p1/pe, H is the Heaviside function.

6.1.3 Introduction of the capillary pressure

When the capillary force is significant, the pressure at the interface is discontinuous. The pressure jump

is defined through the surface tension o and the surface curvature s
[p] = oK
Instead of working with discontinuous pressure, it is possible to introduce an additional term (applied
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to the interface) to the momentum equations. In this case we may consider the continuous function of

pressure. This new term has the form
Re 5(<p)aﬁﬁ

We

plLV2 . . .
=——s the Weber number, and §(¢p) is the delta function.

The orthonormal vector ﬁ at the interface and the interface curvature are defined as:

N= Y2 _ VN o = V. L)) .
|v¢||¢—07 K Vv |‘P—O \Y |Vg0| |<P—0 (66)

One of the properties of the levelset function is: [Ve| = 1, which simplifies the last relations.

6.1.4 Essence of the method

In zero approximation, let us assume the fluids have the same densities and viscosities. The capillary
pressure is nil. Using analytical solutions obtained in the preceding chapter, we obtain the velocity field
at any point of the domain.

Using the equation for ¢, (G3]), we can calculate the level-set function. Its zero level determines the
placing of the interface.

For the fixed position of the interface, we can recalculate the velocity field by using the same analytical
solutions but used with the true physical properties of both fluids in corresponding domains. Using the
new velocity field we can recalculate the levelset function, etc.

The defect of this method is that at each step the two velocity fields in two domains do not correspond
necessarily to the contact conditions at the interface. This is why we recommend to apply this method
only for fluids with close physical properties.

As the velocity field in ([G3]) is defined in the form of the asymptotic series, we should consider the

levelset function in terms of the asymptotic expansion:
L)0(7”7 Z) = @O(Tv Z) + W‘Pl(ﬁ Z) + (4.)2@2 (T7 Z) + .

Substituting in ([G.3]) we obtain for two first terms:

90, Ov0 . Opo _

o Vg T, =0 (6.7)
Opr 0o O Opo Do

ot TV T TG Ty (6:8)

when we taken into account that vg = 0.

Egs. ([@71), (68) may be solved numerically.
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6.2 Numerical procedure

6.2.1 Numerical redistancing process

During simulations, the evolution the initially signed distance function can deviate its properties. A

redistancing process [Sussman and Fatemi, 1999] is applied after each evolution:

od
5y = sen(p)1 —|Vd]),  d(z,0) = ¢() (6.9)
where sgn determines the smeared out sign function of :

P

R

and 7 is an artificial time. The steady state solutions of (G.9]) are distance functions. Besides as sgn(0) = 0

(6.10)

the zero levelsets of d and ¢ coincides.
The above equation could be solved for the entire domain; however to save time, one may reinitialize
o only at cells close to the interface. The re-initialization is performed for the cells within 10 A = of the

interface. The solution often reaches the steady state after approximately 10 iteration.

6.2.2 Discretization of the Heaviside and delta-function

In numerical model the Heaviside function in (64) is defined as:

=
AS)
A
2

! sin(¥)7 —e<p<e (6.11)

Y2
+26+2ﬂ'

Remli SRR
©
\Y
o

€ is chosen € = 1.5/Ax so that ensures definitely two nodes are in the interval.

For delta function one uses:

07 30<7€a
dH 1 TP
- = =4 = ki e < < 6.12
(¢) s 26+2€ (—), —e<ep<e (6.12)
0, p>€
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6.2.3 Domain discretization

We consider a rectangular mesh including all the wavy geometry. To specify the corrugations we apply

the condition of zero velocities wherever the spatial radius coordinate is more than the corrugation radius:
u,v =0, r>p(z) (6.13)

A structured MAC grid is used. The scalar values , here ¢, is determined in the center of the cells and
the vectorial values are defined on the edges.
A high order Essentially non-oscillating (ENO) scheme is used for the convective derivative discretization

and a Total Vairational Diminishing (TVD) Runge-Kutta scheme is used for the temporal terms.

6.2.4 Discretization of the convection term

High order essentially non-oscillating scheme (ENO) is used to determine the spatial derivatives
appearing in V.Vc,a

The idea of ENO polynomial interpolation of data for the numerical solution of conservation laws is based
on computing the numerical flux functions using the smoothest possible polynomial interpolants. The

zeroth divided differences of ¢ are defined at the grid nodes i by:
Do =g, (6.14)

The first divided differences of ¢, in a uniformly spaced grid are defined midway between the grid nodes

as:
D?+1(P - D?SO

Am (6.15)

Di1+1/280 =

Defining backward divided difference D}, /2 = (D™ )i, and forward divided difference D}, 2= (D" )i,
we have for first order upwind scheme at each grid point "i":
D7y, u;i>0

vz (m:) = (6.16)
DYy, u; <0

The second divided difference at grid nodes is:

Dz'1+1/290 - Di171/2§0

Dip =
B 2/A\x

(6.17)

and
Dz'2+1§0 - Dilsﬁ

.1
3Ax (6.18)

D?+1/280 =
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Now we introduce first, second and third order upwind scheme, the accuracies are reached by adding
corrections: Q7(w;), Q5(x;), Q5(x;) to ¢u(x;), which results in first, second and third order accurate
differencing schemes:

oz (i) = Q1 (i) + Qa(w:i) + Q5(zs) (6.19)

As we have seen for the first order upwind scheme depending on u; > 0 we choose k =i — 1 and u; < 0,

we choose k = i:

Qi(w) = Dye (6.20)
if |Digl <|Dipipl:  c=Dip K =k-1
else ¢= Di 10 K=k

Q5(x;) = c(2(i—k) — 1) Az (6.21)
if |Dz*+%¢| < |Dz*+gtp| : ¢ = Dzw%tp
else ¢ = Dzwr%np

Qs(z) = " (3(i—k")? —6(i — k") +2) Az® (6.22)

6.2.5 Time derivative

The time derivative is is done by the use of second or third order TVD Runge-Kutta method. Discretization

is:
n+1 n
¥ — ¥ n n
—_— . = .2
— LYV =0 (6.23)

followed by a second Euler step to advance the solution to time t 4+ 2At, then averaging we have second-

order accurate TVD:
1 1
P = 5¢"+ Ew“ (6.24)

The third-order accurate TVD RK scheme:
1 2 3
o = e+ §¢n+é (6.25)

with

5 — 2] D “2“

=

Then another Euler step is taken to advance the solution to time t + %At.
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6.2.6 Time step

The time step is determined by CFL condition, viscous and surface tension constraints.

At = %min (Atv, Atc> (6.27)
2
Aty = mm(i poz )
14 pu
Ate = mm(£>
Jul

6.2.7 Results of simulation

In this section we present some results of numerical simulation of two-phase annular flow in a horizontal
hole perforated in a porous medium.

The pipe is initially filled with oil. Water is injected from the left-hand section. Due to permeability
of the wall, oil can enter in the channel from the exterior medium. The velocity of oil flux is rather small,
resulted from low pressure difference between the wellbore and the reservoir. The drilling fluid has density
and viscosity very close to those of oil. Parameters of fluids are:

A= Lol _o8, o= Mol 11 (6.28)
Pfluid Hfluid

The direction of injection is from left to write. In the figures below the red curve is the interface between
water (on the left) and oil. We see that water never reaches the channel walls. So the suggested method

allows for simulating to-phase flow in a very efficient analytico-numerical way.
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time = 0.000303, dt=0.000303

(a)

time = 0.030293, dt=0.000303

(b)

time = 0.090879, dt=0.000303

(c)

time = 0.272638, dt=0.000303

(d)

time = 0.393810, dt=0.000303

(e)

Figure 6.1: Interface of two phase annular flow in a corrugated pipe with inflow through the walls
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time = 0.454396, dt=0.000303

(a)

time = 0.575569, dt=0.000303

(b)

time = 0.757327, dt=0.000303

(c)

time = 0.848207, dt=0.000303

(d)

time = 0.878500, dt=0.000303

(e)

Figure 6.2: ...Interface of two phase annular flow in a corrugated pipe with inflow through the

walls
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Figure 6.3:

time = 0.999672, dt=0.000303

(a)

time = 1.211724, dt=0.000303

(b)

time = 1.363189, dt=0.000303

T T
1
0.5 |
0 | | | |
0 0.5 1 15 2 25
(c)
time = 2.362861, dt=0.000303
T T
1
0.5 ~
0 | | | |
0 0.5 1 15 2 25
(d)
time = 5.089239, dt=0.000303
T T
1
0.5F
0 | | | |
0 0.5 1 15 2 2.5
(e)
...Interface of two phase annular flow in a corrugated pipe with inflow through the
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Conclusion

The research consists of two parts: in the first one (chapters 1,2, and 3) we developed the models of flow
in multiscale media which prove the memory effect at each scale; in the second one (chapters 4,5, and
6) we analyzed the flow in a single fracture and circular channel immersed in porous reservoir at various
Reynolds numbers. In the first part we analyzed the diffusion equation at each scale and applied the
asymptotic homogenization method with the objective to construct the macroscopic model averaged over
all scales of heterogeneity. In the second part we studied the Navier-Stokes equations and applied the
two-scale asymptotic method with the objective to obtain the flow equation averaged over the fracture

aperture.

Models of flow in multiscale 2 media

First of all, we analyzed the double-porosity media (chapter 1) which are £ as each scale, which means that
the ratio of the permeability of two neighboring media is €2, where ¢ is the small period of heterogeneity
at each scale. The two-scale media of such kind were studied: the obtained model proved the appearance
of the non-locality in time. Physically, the nonlocal term describes the mass exchange between two media,
which is highly non-stationary and depends on the direction of the process in time. For a two-scale
medium, the homogenization model consists of two equations for two average pressures. Each of these
equation contains the "exchange terms" : they are responsible for the interaction between two pressures.

The main problems which concern these media consist in the following:

(i) a unique homogenization for two scales causes the appearance of the nonlocality, i.e. changes the
type of the equations. If we have three-scale medium and more, what will be the type of the averaged
model ?

(i1) The multiple homogenization will lead to the memory accumulation. How happens this process ?

(iii) Is it possible to obtain the closed limit model for the infinite number of scales ?

(iv) How is it possible to calculate the effective parameters of the multiscale medium ?
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For media with moderate heterogeneity, the diffusion equation keeps the form at each step of homog-
enization. Due to this the macroscopic model may be obtained by the method of direct ascension: at the
first step one homogenizes the couple of media 1 and 2. At the next step, one considers the couple of
medium 3 and the averaged medium 2 which already keeps the interaction with the preceding medium.
This operation is repeated at each scale. In this way it is possible to reveal the structure of the effective
parameters of the macroscopic equation. What is important in this case, it is the fact that the averaged
equation at each scale is known a priori.

This is not the case of the media with memory. Indeed, at each step of homogenization the average
equation changes the type, so the form of the average equation is unknown for any scale. Due to this, it

is impossible to apply the direct iterative hierarchical method described above.

We applied another method. For an arbitrary number of scales, we applied the method of mathe-
matical induction which consists in the following:

1) one postulates the general form of the averaged equation for any scale i;

2) one proves that this form is valid for ¢ = 1 (the induction basis);

3) one proves that, if this form is valid for any 4, then it will be also valid for ¢ + 1.

The main point of this method is to postulate the general form of the macroscale model. In
order to suggest an idea about this question, we analyzed the common features in two models obtained for
i =1 (a two-scale medium) and ¢ = 2 (a three-scale medium). For this we performed homogenization of a
three-scale ¢ medium. The obtained results for i = 1 and i = 2 have revealed that the macroscopic model
may be presented in the form of two equations for two "conjugated" pressures. One of these pressures is
averaged over the medium 4 and is designated as P, while the second one is averaged over all preceding
hierarchical media starting from i — 1. Each equation contains the exchange terms. According to these
results we assumed that the exchange terms may be presented as the convolution with the derivative of the
conjugate pressure. So the problem was reduced to determine the kernels of these convolution operators,
and other effective parameters (permeability, porosity,...).

Based on the postulated form of the average equations, we applied the induction method: assuming
that this form is valid for ¢ — 1 we proved that it is also valid for 7. To do it, we performed the two-
scale homogenization of the flow in the couple of media ¢ and ¢ — 1, which gave us the model for the
average pressure P’ related with the pressure averaged over all preceding media P*~*. The result obtained
confirmed that the average model for the scale ¢ has the same form as it was postulated for the scale ¢ — 1.

The homogenization at each scale was based on the technique of singular asymptotic expansions.

This applied method gave us the system of closed recurrent equations for the effective exchange ker-

nels. The procedure of analytico-numerical solution of this system was developed, based on the Laplace
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transform. We showed a convergence of the results obtained for various number of scales to a stable limit
behavior.

The analyzed process in these media is self-similar, which was shown in this chapter. The necessary
and sufficient condition of self-similarity has been proposed so that at each scale the homogenized model
becomes self-similar. The advantage of a self-similar medium is the possibility to analyze its behavior for

any number of scales, even for the infinite number.

Limit model of flow in medium with infinite number of scales

The next problem we solved was the transition to the limit ¢ — oco. As said, the analytico-numerical
simulations have revealed a fast convergence to a stable limit behavior. Assuming that the process stabilizes
when i — oo, we conclude that the iterative hierarchical functions (pressure and effective kernels) tend
to a limit. This enabled us to obtain the limit macroscale model of flow, and the limit problem for the
effective kernels from the recurrent equations obtained for any scale 1.

The limit model is nonlocal, and the effective kernel of this equation is the solution of the nonlinear
integro-differential equation. Other parameters are also solution of the integro-differential equations. This
system was reduced to a closed nonlinear system for the "local" kernel K in the form of the Fourier series
with Fourier-components depending on the function K itself.

Using Laplace transform we developed a numerical code which resolves this equation numerically.

The solution was obtained by an iterative method: in zero approximation one assumes that the kernel is
the delta-function, which gives the explicit equation for the kernel. This approximation is next substituted
to the right-hand side of the analyzed equation, and so on.

The obtained solutions are exactly the same as those obtained as the numerical limit of the iterative
solutions for any 4, which proves the convergence of the results obtained.

The main qualitative result following from this study consist in the following: we have shown that the

nonlocality may generate the nonlinearity, which is a fundamental result.

Two-scale fractured media

The case of fractured medium has a significant advantage, and a significant defect. The advantage is
that this case leads to the analytical relations for the effective kernels, due to a simple, mono-dimensional
strucrure of flow in a thin fracture. The defect consists of that the fractured medium which keeps the
nonlocality at each scale, is not self-similar. So it is impossible to obtain the limit model for the infinite
number of scales. Due to this we analyzed only the two-scale and three-scale media.
In chapter 2, we obtained the averaged model for two-scales fractured medium, in which the ratio
+a

between block and fracture permeability is w = *™®, «a > 0. The appearance of a new small param-

eter, the fracture aperture, changes the structure of the asymptotic expansions and, consecutively, the
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macroscale behavior. The results obtained in this chapter are not new (the model of the same type was
obtained first by L. Pankratov), but are needed to develop next the model for three-scale medium, using
the same methodology.

A very significant feature of fractured media is the appearance of the boundary layer in the tight block
which is only perturbed by flow in the fracture. Within this boundary layer each block works as a source
with respect to the flow in fracture. The internal part of each block remains unperturbed. Due to such
a special (simplified) geometry of the exchange flow between fractures and blocks, the exchange kernel
in the memory operator of the averaged model is the Abel kernel. The Integral equations with Abel’s
kernels frequently have analytical solutions or can be reduced to differential equations. This provides the
effective tool to analyze multiscale fractured media, up to obtaining the structure of the effective kernels

in completely analytical form. Some examples of application of this model were analyzed.

Three-scale fractured media

In chapter 3 a non self-similar three scales fractured medium was studied. It consists of the tight small
blocks surrounded by highly permeable but thin fractures which are surrounded, in turn, by the second
system of even more permeable and larger fractures. In the smallest scale the nonlocal behavior results
only if the boundary layer in blocks, described above, exists. This gives the rule to determine the aperture
of the small fractures and the permeability ratio between them and blocks. In the next level, in contrast,
the appearance of the boundary layer in the superposition of two preceding media is prohibited, otherwise
the major part of medium will be entirely excluded from the process. This determines the optimal
parameters for the aperture and the permeability of the large fractures. As the result, we have shown
that he permeability ratio between the blocks and small fractures should be lower than €2, while the
permeability ratio between two nets of fractures should be 2. The fracture apertures do not follow the
same scaling law as heterogeneity periods.

Than at the first (small) scale the medium behave as the fractured model with Abel’s kernels described
above, while at the second scale the medium behaves as a double porosity medium. The effective model
averaged over all scales is the integro-differential equation whose kernel is determined analytically.

We compared the results which provide the two-scale and a three-scale model, which are in good
correspondence with physical meaning. In particular, during the oil recovery from reservoir the pressure
in three-scale medium should be higher than that in two-scale medium (due to a double system of sources

which aliment the large fractures), which was exactly obtained by the obtained models.

Flow in a single fracture and a circular channel

To complete the study of fractured media, we also analyzed the flow in a single fracture (chapter 4).

We have studied the problem of flow in a single fracture immersed in a porous reservoir. The fracture
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walls was assumed to be corrugated. The objective was to develop the flow model averaged over the
fracture aperture while taking into account the inflow into the fracture from the reservoir. The inflow
constituted the main new element of this study. The flow in the fracture was described by the Navier-
Stokes equations at various Re. The solution of the flow problem in a very long and thin fracture was
obtained in the analytical form by the method of asymptotic expansions with respect to the fracture
aperture and the period of wall oscillations. .

We have obtained the averaged momentum equation which determines the mean pressure gradient at
the cubic function of the mean flow velocity. The linear term corresponds to the Darcy’s law, the quadratic
term is caused by the inflow which reduces the kinetic energy, and the cubic term is the inertia-viscous
cross-effect. For the effective parameters we have obtained analytical relationships.

The quadratic term may be neglected in all situations.

The inflow which was assumed to be low, due to this it influences weakly the viscous and the inertia-
viscous terms. So the inflow influences more the averaged mass balance, but not the momentum balance.

The results were compared with numerical simulations based on Comsol Multiphysics.

We have shown that even when there is no flow entry through the walls after a critical Reynolds, a
kind of instability arises. The instability is characterized as local reverse flow.

Applying the same technique, we also obtained the analytical solution of the flow problem in a circular
horizontal channel (chapter 5). The obtained results are qualitatively similar to those obtained in chapter

4.

Two-phase flow in channel

Two phase flow in fractures and horizontal holes in the presence of inflow through the walls was studied
in chapter 6, with a look to the application in the problem of under-balanced drilling of horizontal wells.

We developed an analytico-numerical method of solving the problem for fluids with close physical
properties. One calculates analytically the velocity field by using the results obtained in chapter 5. After
this one can calculate the indicator function (levelset function) which is transported at the true fluid
velocity. The zero level of this function is the macroscopic interface between fluids. These operations
may be repeated, which leads to an iterative method of solution. The equation for the levelset function is
solved numerically.

The example of solution is shown for the case of underbalanced drilling, when water is injected into the
channel (the horizontal well), and oil enters through the channel walls from the reservoir, as the pressure
in water is maintained to be lower that that in the reservoir. The evolution of the interface in time is

demonstrated.
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Open problems
e Nonlocal diffusion-convection in multiscale media; diffusion-reaction, etc.
e Non-Darcy flow in multiscale media (cubic law).
e Problems of nonlocal flow in multiscale media to producing wells. Application to well testing.

e Approximations for the exchange kernels of multiscale models.
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Appendix A

Flow in a fracture with wavy surface:

solution of the first-order problem
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Formulation of the first-order problem

Through the introduced variables (z,() we have for the first order problem:

10w _ (¢ 0uy  Buo  Op1_

¢ OC ¢ O¢C Oz’ ac

1 8%uy Auo Cd Oup 1 8p1
?8(2 :R(E(U—* ()—— —1 )

O oz 1)

* % 8u1 1 o F1
Ul|<:1 = —v, U1|<:1 =u, 92 0 v1|g 0= 0, /0 uldC = ¢ (Al)
Solution for v,
. . dpo .
Having solutions for uo, T we can say:
ov 3F !
e ¢(¢) (-1
L Fo) v @' Fo
now taking into account that: (| — | = — —
¢ ( o) " &
ov 3¢ F 3 .
i el SRR ROl

So regarding to the boundary condition v1|¢c=o = 0 we have:

3¢ F, 3, ¢
n=-g O(CS*C)JF?/ (%*C)
Note that this function automatically satisfies the condition :v1|<:1 = —p*
Determination of wu;
For u; we obtain:
3F d 3F
Uo = 2(; (C )7 % = _¢_:3O
2
%CUQI = Re (d)?u _— (d)vl — uoCo (;5) %C) + %¢2 =
_ v 94 P9 4 o
,Re<v Fog(¢h =2 +1) = S0 0(¢ 2 ) +
¢/F029 4 2 9 C ¢F0 4 2 dp1 2 _
+ER (- R - - TR - ) + e -
_ 9 * C4 ¢/F02 4 2 dp1 2
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Then the first integration yields:

dui 9 e oF (¢ 28 dp1
T = e (v o - 8 (G- 5 we) )+ o

where we have taken into account that the longitudinal velocity is maximum on the axis of fracture.

The second integration gives:

9 e 60 ¢ ¢ ¢ dp1 ¢
= — Fo(=>=— —) — _— = — _ —
“ 4Re<” olgg 3 ¢ 5 6 2)) T @t

.9 e 23 QFF 1LY dpi ¢
_Z el o) e
tut =g Re <” BT T4 30) dz 2

Solution for p;

For p1 we obtain by substituting the last relation in the integral relation in (AT)

(-5 o

9 " ¢ ¢ PR S dpr ¢° 3
{ZRe<vF(630+6) p <m*%+€ )*EE“

3 ¢F211 dpi ¢* '
+uC7—Re<UFOEf ) %>C— P } =
_9 53 @F313\ ldpi o, . 9 23 ¢F 11
’4Re< Foss 5 84) 5z T 4R< E TS 30)
or:
dpr 54 ¢'F5  8lv*Fy\ | 3u’¢(0)
dz *Re<35 #3542 ) 3 (4.2)
Solution for u,
For w1
_ ¢¢ ¢ PFS (¢t ¢
——Re(UFo(go ?)* ) (%7E+2>)+
.9 23 ¢'F211 27 ¢ F2 81v* Fy
“+u 7ZR ( FOE* ) %>+Re(35 ¢ (C — ) 70 (C *1))+
3U*¢(O) 2
25 =1

9 (L O 23 R ¢ 1
““ZRG<”F‘)(%+7’4—5)’ ; (%*€+7*%))+

12 ¢' F§ (@ —1)- 18v Fo 180" Fo 2 _ 1)) 3u* ¢(0) (-1

2¢
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So:

Gives:

- ¢ ¢ 23
_ 2 Fof >~ 2> 22
Uy Re (v 0 <90 + 5 5
«  3uTP(0) , o
tut ()
_ Rev"Fp

U1

280

(7¢° —9¢* +2) -

3Re ¢'F¥
280¢

(7¢° = 35¢* +33¢ - 5) +u” <1 +
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Appendix B

Flow in a fracture with wavy surface:

solution of the second-order problem
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Formulation of the second-order problem

Through the introduced variables (z,() we have for the second order problem:

10vz _ ¢¢'0um _ 0w o i
¢ oC ¢ 9¢ Ox’ a b ac
1 0Puy du ¢¢' duo ouy Co' du 1 9w 10w\  Ops & Ops
e G R =l S et R e
Lo () w0 (8 OPuo (8% 0w (2 0w
0a? o) oC T owaC ¢ A ¢ o
1
v2le=1 =0,  uzfe=1 =0, Ouz =0, ve=0=0 /ude=0 (B.1)
0z 0

¢=0

Solution for v,

The second approximation v2 can be found by simply integrating the following equation:

81}2 _ ,811,1 8u1
i Co E3E v (B.2)

Noting that:

du;  Rev*? 3Rev*¢'Fy  3Re ¢’ Fg
Bz = arp (7€ +2) - ( 140¢ 28042 - ) (76" —35¢7 4337~ 5) -

J3ReITEY (g0 giet 1 g3c ) — w220 2y

280¢ 202
Oui _ Rev'Fp 5 3Re ¢’ F2 5 3 . 36(0)
B = 0 (42¢° —18¢) — 5805 (42¢” — 140¢” + 66¢) + u 5 ¢
we have:
Ova _ Rev'¢'Fp 6 o\ 3Re¢*F§ 6 4 2 +30(0)¢"
5 = W(42( —18¢ )fW(@c — 140¢* +66¢7) +u Tg -
*2
_RGQZO ) (7C6 _ 9C2 +2) 4
6Re 'U*(z)/F() 3Re ¢/2F()2 6 4 2
< %0 280 ) (7¢° —35¢" +33¢" —5) +
3Re¢"F} o s 5 +3¢6(0)¢" o _
k0 (7¢° —=35¢" +33¢" —5) +u 7(( —1) =
- 76}‘6;;?? O (14¢° - 35¢" +30¢% — 5) —
_L; ;5/ ;F D (49¢® — 175¢" + 90C% — 5) + u*L(i)Qﬁ’ ¢ -
Rev*?¢ ,_ 9 3Re¢"F§ ¢ 4 9 L 36(0)¢" , 5
-8 (7¢® —9¢ +2)++W(7C —35¢" +33¢* —5) +u 2 (¢t -1
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Integration gives:

vy = Le;;fF 9 (2¢" —7¢° +10¢° — 5¢) —
_3R§8(€;F02 (7C7 —35¢° +33¢% — 5¢) + u* ¢(23<Z5l 3
Rev*’¢ 7 3 3Red"F5 , 7 5 3 -9(0)¢" 3
——gp (¢ =38 +20) + =5 (=T H 1 = 50) +u 7(g —3¢)

where we have taken into account the condition of zero value on the fracture axis. This simplifies to:

3 * 0 ’ R *2 3R /2F2
v = %{;)d’(@ — )+ 55 O (¢3¢ —20) + %{ZBO (—7¢" +35¢% — 33¢% + 5¢) +
3Rev*¢'Fy 3Re ¢ F§

(2¢" = 7¢° +10¢% — 5¢) + (¢" = 7¢° +11¢% - 5¢)

140 280

Automatically we have va|¢c=1 = 0.

Determination of p,

p2 can be found through v;:

Integrating gives:

M (z) should be determined later.

Then we can say:

% B B v*(p/
B - ¢2 ¢2 ¢2 ¢3

Finally:

Op2 . 9F0(25/2 9" 6v*¢’ 2 ’
%‘< BT 2 g )C+M(w)

Determination of us

The second order approximation:
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after applying wo, v1, u1, ve, %Lgf gives:

3Fh¢"  12Fy¢’®  6Reu’v”  81Reu v*$(0) 3Reu*Fo¢/+

M@ =057 = 55~ 5o 3542 5¢2
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Solution for p,

Definitely for po we have:
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Solution for wu,

We have for us:
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Appendix C

Flow in a pipe with wavy surface:

solution of the first-order problem
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Formulation of the first-order problem

From the first-order problem, we obtain by replacing the variables:

L 0 (Cvl) 8UO C;ﬁ/ 8UO
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1 9 Oui\ _dp1 | Re (0ug (¢ Ouf Re Ouo
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Solution for v

For v1, we obtain by integrating the first equation:

v (@ -2) - LR -9
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Note that this function automatically satisfies the condition at the well boundary, indeed for ¢ = 1
v = —v".

Solution for wu,

For u1, we obtain

2 % 28p1 16ReFyv*
i (5 ) = e

! 12
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The first integration yields
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The second integration gives while taking into account the condition at the wall boundary
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Solution for p;

For p1 we obtain by substituting the last relation in the integral relation in (C2))
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Then
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Closing the relation for u;
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Appendix D

Flow in a pipe with wavy surface:

solution of the second-order problem
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Formulation of the second-order problem

The second-order problem is:

19(rvs) | Oun Opz 10 ( Ovi) v
N or r2’
apg 82UO 10 8u2
"oz 922 T ror (a—>
#(x)

=0, v2|,_o =0,

r=¢(x) —

Through variables z, (=r/¢(x):
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Determination of p,

As

then we obtain from (D.1)):
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and by integration:

(5 42)

where function J(z) is not determined yet. Note that we have:
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Determination of v,

From (O:2) we obtain:

9 (Cva) _ 4u"¢'¢*(0) (CS*C)*Rev*d’({;) (L,C e ,_<>

¢ @?
+Reo <¢1§°2> (8_47 4 At — 84) e ¢‘f 0) 5 | ReFog'” <i — 4%+ 2¢ )
¢ 9 ¢ ¢
/2
,RG‘Z;SFO (1634 —16¢° +8<3)

Considering the condition 1)2|<:0 = 0, we have:
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Considering the condition 1)2|<:0 = 0, we have:
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As seen, the boundary condition at ( = 1 is automatically satisfied.
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Determination of wu,

To find w2, we can write:
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Regarding to the problem conditions we have:
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Modé¢les non locaux des écoulements en milieux poreux et fracturés multi-échelles

Mots clés : milieu poreux multi échelles, les effets non-locaux, homogénéisation a deux
échelles, milieux fracturés

Lathése concerne les modeles de 1'écoulement dansles milieux fracturés multi-
échelles qui prouvent I'effet de mémoire a chaque échelle. Les processus analysés dans ces
milieux est auto-similaire. Nous avons analysé 1'équation de diffusion a toutes les échelles et
appliqué la méthode d'homogénéisation asymptotique avec 1'objectif de construire le modele
macroscopique moyenne sur toutes les  échelles d'hétérogénéité. Un  systeme fermé des
équations récursives pour les noyaux d’échange effectif est obtenu. La solution analytico-
numérique  de ce systtme  est développé. Nous avons  montré une convergence des
résultats obtenus pour le nombre des  différentes échelles dun  comportement limite
stable. Le probléme limite pour les noyaux est obtenus pour un nombre relativement
¢levé d'échelles. En plus, nous avons analysé I'écoulement dansune immergée dans le
réservoir poreux a différents nombres de Reynolds. Les équations de Navier-Stokes sont
résolu par la méthode asymptotique & deux échelles avec 1'objectif d'obtenir I'équation de
la moyenne sur I'ouverture de fracture en présence d'afflux a travers les limites et pour la
géométrie irréguliere des murs.

Nonlocal models of flow in multi-scale porous and fractured media

Key words: multiscale medium, nonlocal effects, memory accumulation, two-scales
homogenization

The thesis concerns the models of flow in multiscale fractured media which prove the
memory effect at each scale. The analyzed process in these media is self-similar. The
necessary and sufficient condition of self-similarity has been proposed so that it is possible to
analyze the behavior of media for any number of scales. We analyzed the diffusion equation
at each scale and applied the asymptotic homogenization method with the objective to
construct the macroscopic model averaged over all scales of heterogeneity. A system of
closed recurrent equations for the effective exchange kernels was obtained. The procedure of
analytico-numerical solution of this system was developed. We showed a convergence of the
results obtained for various number of scales to a stable limit behavior. The limit problem for
the effective kernels from the recurrent equations obtained for a relatively large number of
scales. In addition we analyzed the flow in a single fracture and circular channel immersed in
porous reservoir at various Reynolds numbers. The Navier-Stokes equations was solved by
the method of two-scale asymptotic method with the objective to obtain the flow equation
averaged over the fracture aperture in the presence of inflow through the limits and irregular
geometry of walls.
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