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Introduction

In systems theory, controlling a process usually requires good informations on this process.
The variables that are not directly measurable do not generally cover all the variables likely
to describe the behavior of the process (states). This led to the problem of reconstructing the
informations (the role of an observer or a state estimator) that are not directly measured by
available sensors. In the last decades, a large part of the research activity in the field of automatic
control focused on the problem of observing the state of nonlinear dynamic systems. This is
motivated by the fact that state estimation is not only important for control design but also for
the purpose of diagnosis and/or monitoring industrial systems.

On the other hand, assuming that all systems depend only on their present states and that ante-
rior states has no influence on the behaviour of the systems is erroneous. Such type of systems
are called time-delay systems and they have attracted for decades a great deal of interest. The
delay is a natural component of different processes in biology, chemistry and communications
to mention a few. The effect of the delay varies depending on the process, in some systems, the
presence of the delay might have negative impact on the stability. Whereas, in other cases, the
delay is introduced intentionally to enhance performances.

In this thesis, we concentrate on the estimation and control of systems with delays. Different
methods are proposed to ensure the stability of the observer/controller for different classes of
delay systems (linear, nonlinear, singular) with different types of delay (constant, time vary-
ing, unknown). The Lyapunov-Krasovskii approach is the main approach used for the stability
analysis.

1 Objectives of the thesis

The main objectives of this dissertation:

e Developing new methods for the synthesis of observers and observer-based controllers for
the class of nonlinear time-delay systems, including Lipschitz systems. The objective is to
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establish sufficient conditions for the design of less restrictive terms of feasibility compared
with existing results in the literature.

e Proposing new observer structures based on those recently developed in the literature. The
aim is to extend the applicability of the obtained methods to larger classes of dynamical
systems with non differentiable nonlinearities.

e Searching for new Lyapunov functions that provide less restrictive synthesis conditions:
generalization of the standard quadratic Lyapunov-Krasovskii functional to taking into
account the disturbances.

2 Outline of the thesis

This thesis consists of five principal chapters and two appendices. In what follows, more details
about the content of each part:

Chapter 1: devoted to present some useful preliminaries and to remind of some essential def-
initions needed to better understand the manuscript. In addition, it contains a description
background to time-delay systems as well as a brief overview of some existing methods.

Chapter 2: presents a synthesis of an observer for nonlinear time-delay systems. The main idea
relies on transforming the non-convex problem into a convex LPV one by exploiting the
Lipschitz property. The proposed method exploits all the properties of the nonlinearities
of the system, without approximating them by their norms, and thus offers less restrictive
conditions. The delay-independent and delay-dependent cases are discussed respectively.
A comparison is made between the proposed LPV-based methods and those based on the
classical Lipschitz property. In particular, a method where the nonlinearity is rewritten in a
more detailed form depending only on the states that actually appear in the nonlinear part.
Finally by mean of some examples, we show the superiority of our method over the latter.
Indeed, using the classical Lipschitz property leads to restrictive conditions that does not
tolerate large Lipschitz constants nor large delay bounds in the case of delay-dependent
conditions.

Chapter 3: a controller is proposed based on the observer discussed in Chapter 2. Contrarily
to previous chapter, we distinguish two sources of non-convexity to be solved. The first is
caused by the nonlinearity which is treated by reformulating the Lipschitz property such
that to get an LPV system. The other is related to the controller which we propose to treat
using some mathematical artifacts. In order to compare our results to existing ones, we
chose one of the classical methods in the literature [Lie04]. In fact, in spite of the simplic-
ity of the solution, the chosen approach imposes a condition in terms of a Linear Matrix
Equality (LME) in order to solve the non-convexity caused by the controller. Obviously,
this equality constraint is considered conservative when compared to our LMI. In addition,
an extension to discrete time-delay systems is also given for the delay-dependent case.
For sake of comparison, another method is chosen, involving the separation between the
observer and the controller design problems. The idea consist in decomposing the origi-
nal non-convex problem into two separate convex issues by introducing some free scalar
variables to deduce at the end three LMIs conditions, that had to be hold simultaneously
in order to ensure the stability, which is more computationally complex when compared
to our approach with one LMI condition.



2. Outline of the thesis

Chapter 4: two approaches to design observers for singular delay systems with disturbances
are presented and compared in this chapter. The main difficulty lies in the presence of
the derivative of the disturbances when developing the dynamics of the estimation error.
The first proposed solution is a H, criterion associated with a special Lyapunov-Krasovskii
functional depending on the disturbances. The results are developed in a unified form for
both continuous and discrete versions of the system. The second involves the use of a less
conventional approach by using a W' criterion based on Sobolev norms, which can be
considered as an alternative solution to the #,, method when the derivative of the distur-
bance is difficult or impossible to avoid (for instance, imposed pseudo measurements).

Chapter 5: a controller is presented based on the observer of Chapter 4. The singularity of the
system adds another type of difficulty to our problem, a difficulty that can not be treated
with methods designed for regular systems. Inspired by some existing works, involving
the use of some free matrices to make the singular system more exploitable, a sufficient
condition in terms of LMI is presented. The used Lyapunov-Krasovskii functional is depen-
dant on the disturbance vector as described in Chapter 4 but slightly modified in order to
be applied on singular systems. The nonlinear part is treated using the Differential Mean
Value theorem (DMVT) which leads to less restrictive results due to the reformulation of
the nonlinearity in a more detailed form that take into consideration only the states on
which the nonlinearity depends.

Chapter 6: contains some results on observer-based control design for unknown time-delay
systems. Since the observer requires the knowledge of the delay which in this case is un-
known, we introduce an estimation over the interval of definition. The delay interval is
divided into r subintervals and the estimate of the delay is calculated on each segment as
the mean value of the subinterval bounds. The stability of the estimated error is guaran-
teed by the use of Free Weighting Matrix (FWM) method. This approach introduces some
free matrices in order to formulate a sufficient condition in terms of LMI.

Appendix A: presents a few useful lemmas and reminds of some theories and concepts used in
the manuscript.

Appendix B: lists the articles based on the developed results in this thesis.
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Introduction et résume deétaillé de
la these

Au cours des dernieres décennies, une grande partie des activités de recherche dans le do-
maine de I'automatique s’est focalisée sur le probleme de I'observation de I’état des systémes
dynamiques non linéaires. Ceci est motivé par le fait que I'estimation d’état est une étape im-
portante voire essentielle pour la conception des lois de commande et également pour faire du
diagnostic et/ou de la surveillance des systemes industriels.

Contrairement aux systémes ordinaires dont ’évolution est déterminée a partir de la valeur de
’état a 'instant présent, I'évolution des systémes a retard dépend des valeurs passées de I'état.
Dans ce cas, il est nécessaire de mémoriser une partie de l'historique du systéme pour connaitre
son évolution. Ce type de systémes a attiré un grand intérét depuis des décennies et devient de
plus en plus un sujet de recherche en constante évolution.

Le retard est un composant naturel qui apparait dans de nombreux procédés de différents do-
maines tels que la biologie, la chimie et la communication. L’effet du retard varie en fonction du
procédé. Dans certains systemes, la présence du retard pourrait avoir un impact négatif sur la
stabilité, alors que, dans d’autres cas, le retard est introduit intentionnellement pour améliorer la
performance ou pour rendre le comportement du systéme complexe, comme c’est le cas dans des
systemes de communication chaotique. En effet, le retard introduit d’'une facon convenable dans
un systeme peut créer un comportement chaotique qui est tres utile pour le cryptage/décryptage
chaotique. Cette notion est appelée "la chaotification".

Dans cette thése, nous nous intéressons a I’estimation et la commande des systéemes a retard.
Différentes méthodes ont été proposées pour assurer la stabilité de 'observateur/controleur pour
différentes classes de systemes a retard (linéaires, non linéaires, singuliers) avec différents types
de retards (constants, variables dans le temps, inconnus). L’approche de Lyapunov-Krasovskii
est 'approche principale utilisée pour I'analyse de la stabilité.

3 Les objectifs de la these

Les principaux objectifs de cette these sont :
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e Développer de nouvelles méthodes de synthese d’observateurs et de contréleurs basés sur
un observateur pour des classes de systémes non-linéaires a retard, notamment les non-
linéarités de type Lipschitz. L'objectif consiste a établir des conditions de synthése moins
contraignantes par rapport a des résultats existants dans la littérature.

e Proposer de nouvelles structures d’observateurs en se basant sur celles développées récem-
ment dans la littérature. Le but est d’étendre I'applicabilité des méthodes que nous avons
obtenues a des classes plus larges de systémes dynamiques, a savoir les systémes avec des
non-linéarités non différentiables.

e Rechercher de nouvelles fonctions de Lyapunov qui offrent des conditions de synthese
moins conservatives : généralisation de la forme quadratique de la fonctionnelle de Lyapunov-
Krasovskii en tenant compte des perturbations.

4 La classe des systemes considérés

En général, il existe trois facons de représenter les systemes a retard [KNG99], [NicOla] :

e Comme des équations différentielles sur des espaces linéaires abstraits de dimension infinie
(systéemes de dimension infinie) : dans cette approche, le systéme a retard est considéré
comme une partie d’'une classe plus large de systemes, a savoir "la classe des systémes
linéaires de dimension infinie" décrite par des équations différentielles abstraites. Cepen-
dant, cette approche nécessite une généralisation de certaines propriétés telles que les
concepts de controlabilité, de stabilisabilité, d’'observabilité et de détectabilité [KR99].

e Comme des équations différentielles sur des espaces fonctionnels (FDE) : dans ce cas, les sys-
témes a retard peuvent étre considérés comme des évolutions dans un espace de dimension
finie ou dans un espace fonctionnel. La premiere utilise la finitude de I'espace vectoriel
pour analyser le comportement du systéme alors que la deuxiéme refléte le caractére de
dimension infinie du systeme [HL93]. Bien que la manipulation des problemes de dimen-
sion infinie en utilisant des outils de dimension finie a ses avantages, les résultats obtenus
sont conservatifs. Dans cette these, nous considérons les systémes non linéaires a retard
décrits par des systemes d’équations différentielles ordinaires non linéaires sous la forme :

{ 2(t) = Az(t) + Agz(t — d) + Bu(t) + f(z(t), z4(0)), t > to, o
Ttg (9) = ¢(0)> Vo € [_dv 0]

ou z(t) € R™ et z; désigne 'opérateur de translation agissant sur la trajectoire : x;(0) =
x(t+0) V0 € [—d, 0], ¢(t) est la condition initiale sur [—d, 0]. La fonction f est continue et
Lipschitzienne par rapport a ses arguments, i.e.,

)
Td — Yd

1 f (2, za) = f(y, ya)ll <y

e Comme des équations différentielles sur des anneaux d’opérateurs : Les FDEs associées sont
exprimées comme des équations différentielles vectorielles définies sur des anneaux d’opérateurs.
Cette méthode a été appliquée avec succes pour résoudre certains problémes de contréle
tels que le découplage et le rejet de perturbations [Sen01].



5. Catégories du retard

Chaque méthode a ses avantages et ses inconvénients en fonction du probléme a traiter.

Une autre classe de systémes qui ne sera pas abordée dans cette these, mais qui est largement
étudiée dans la littérature, est la classe des systémes décrits par des équations différentielles
fonctionnelles de type neutre. Dans ce cas, 'évolution du systeme dépend a la fois des valeurs
passées de son état ainsi que de ses variations, impliquant une complexité mathématique accrue.
Ce type peut étre décrit par les équations suivantes :
{ Qi(t) = f(xt(e)vzbt(e )’ t > 1o, (2)
Tty (9) =¢(0), V0 € [_dv 0]'

Cette catégorie de systemes a retard est largement utilisée pour décrire les phénomenes de
propagation sans perte [NRGO3].

Un bref examen de certaines propriétés de base des systemes a retard est donné dans les sections
suivantes.

5 Catégories du retard

La facon de traiter les systemes a retard différe selon le type de retard. Ainsi, il est important
de présenter les différentes catégories ou types du retard qui peuvent étre rencontrés dans la
littérature :

e Retard discret ou ponctuel :
des conditions différentes pour la stabilité des systéemes linéaires a retard discret ont été
développées [KNR99], [HLT11]. De toute évidence, les systemes a retard unique ne sont
pas toujours suffisants pour décrire des systemes réels et la représentation du systeme peut
impliquer de nombreux retard. Ci-apres, nous présentons une forme de systémes a retard
discret qui est largement utilisée :

=0

Cela a conduit a distinguer deux types de retard discret ou ponctuel : retard proportionnel
et retard incommensurable.

- Retard proportionnel : d; € R, € N sont dits proportionnels si d;/d; est rationnel, ce
qui correspond a la recherche d’un délai minimal d tels que d; = id, alors le systeme
devient, avec une réorganisation appropriée des indices, comme suit :

&= Aj(t—id).
=0

Cette classe de systémes est considérée comme tres conservative, mais le probleme
de la stabilité de cette classe peut étre traité de facon similaire au cas du retard
simple puisque I'équation caractéristique associée au systeme aura les mémes pro-
priétés algébriques [NicOla]. Pour ce type de retard, une condition de stabilisabilité
indépendante de la taille du retard a été présentée dans [Kam82].
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— Retard incommensurable : les retards d;,7 € N sont des paramétres libres. Pour ce
type de retard, un observateur utilisant un changement de coordonnées de sorte que
tous les termes liés au retard, dans les nouvelles coordonnées, dans la description du
systéme soient associés a la sortie seulement a été concu dans [HZP02]. Le probleme
de la stabilisation d’une classe de systémes a retard différentiel de type neutre avec
plusieurs retards fixes, incommensurables, en utilisant des compensateurs causaux a
été abordé [EK84].

e Retard variant dans le temps :

— Retard borné : 0 < d; < d(t) < dy. Ce type de retard, souvent traité dans la lit-
térature, implique des criteres de stabilité indépendants du retard [XCP0O4]. Dif-
férent class de systemes ont été traité dans la littérature, a savoir les systémes sin-
guliers [CZZ11] et les systémes non linéaires [BouO7]. Ce type de retard est égale-
ment tres exploité pour la conception de la lois de commande pour des systémes
avec des retards incertains sur 'entrée [BEBC99]. Le cas des systemes présentant des
retards avec des bornes supérieures inconnues a également été étudié [SFRS07],

— Retard & dérivée bornée : d(t) < p < 1. Signifie que la fonction g(t) = ¢ — d(t) est
monotone. Généralement, ce type de retard est associé au précédent pour obtenir
des critéres de stabilité dépendants du retard. Par exemple, dans le cas des sys-
témes linéaires incertains [SPP99], [PT09] et des systéemes incertains de type neu-
tre [Lie07].

— Retards variables arbitraires : le retard d(t) et sa dérivé d ne sont pas limités.

t
e Retard distribué [ x(s)ds : ce type de retard a été traité dans la littérature, pour la
S—T

conception d’observateurs pour des systemes non linéaires [GP0O5]; pour démontrer la sta-
bilité des systemes linéaires de type neutre [Han03]; la stabilisation robuste des systemes
neutres incertains [CZ07] et la commande robuste [ZF02], [FT09]. D’autre part, 'une
des méthodes pour traiter les termes intégraux de la fonctionnelle de Lyapunov-Krasovskii
est d’utiliser certaines transformations (comme nous le verrons plus tard) qui modifient le
systéme d’origine avec un retard discret en un nouveau systeme avec un retard distribué.

e Retard dépendant de I’état : le retard est présenté comme une fonction de I'état du
systéme [Mur01], [BHJ*10].

La classification précédente du retard n’est pas suffisante dans le sens ou, plus d’informations
sur le retard sont nécessaire afin d’élaborer des criteres de stabilité non contraignants, ceci a
conduit a la définition de nouvelles catégories en fonction de la dérivée du retard comme suit :

e Retard variant lentement dans le temps : d(t) est une fonction dérivable presque partout,
satisfaisant d(t) < pu < 1.

e Retard variant modérément dans le temps : d(¢) est une fonction dérivable presque
partout, satisfaisant d(¢) < p avec p > 1.

e Retard variant rapidement dans le temps : d(¢) est une fonction mesurable (par exemple,
continue par morceaux) sans aucune contrainte sur sa dérivée.



6. Sur la stabilité des systéemes a retard

Un phénomene important lié aux systémes a retard est appelé "quenching” qui se produit lorsque
la stabilité (resp. instabilité) d’'un systéme, a retard constant dans un certain intervalle, est
perdue quand le retard est supposé variable dans le temps a l'intérieur du méme intervalle
et vice-versa. Ce probléme a été mentionné dans [Lou99]. Evidemment, ce probléeme nous
empéche d’appliquer les résultats obtenus dans le cas des retards fixes pour le cas des retards
variables dans le temps. Toutefois, des efforts ont été faits pour prendre ce phénomeéne en
considération [PPNO7].

6 Sur la stabilité des systéemes a retard

Le retard peut limiter et réduire les performances des systémes commandés. Parfois, le retard in-
duit a I'instabilité du systeme. Par conséquence, la stabilité des systemes a retard a été largement
discutée dans de nombreuses monographies [GKC03], [WHS10], [NicOla], [MNO8].
Considérons ’équation différentielle fonctionnelle (RFDE) suivantes :

z(t) = f(t,z), t=>to,
{ v10(6) = 6(68), V9 € [-d,0], 3

ol z(.), pour ¢t > tg, désigne la restriction de x(.) sur l'intervalle [t — d,t] converti en [—d, 0],
ie.,
z(0) = z(t +0), V0 € [—-d,0].

On suppose que ¢ € C, ; et I'application f(t,¢) : Rt x Cp 4+ R™ est continue et Lipschitzi-
enne en ¢ et que f(¢,0) = 0. On désigne par x(to, ¢) la solution de I'équation différentielle
fonctionnelle (3) avec la condition initiale (tg, ¢) € RT x Ch -

6.1 Concept de stabilité et définitions

Cette sous-section présente quelques informations sur les systéemes a retard, en particulier, des
concepts fondamentaux et différents types de stabilité.

Soit z(t) une solution de la RFDE (3). La stabilité de la solution concerne le comportement du
systeme lorsque la trajectoire x(¢) du systéme s’écarte de Z(t). Sans perte de généralité, nous
supposons que la RFDE (3) admet la solution z(t) = 0, qui sera dénommée la solution triviale. Si
la stabilité d’une solution non triviale, Z(t¢), doit étre étudiée, on peut utiliser la transformation
de la variable z(t) = x(t) — Z(t) pour produire le nouveau systéeme

2(t) = f(t, 2 + &) — f(t, ), 4)

qui a la solution triviale z(¢) = 0. Pour la fonction ¢ € C([a, b], R™), on définit la norme continue
Il par
¢l = sup [lp(0)]|
a<6<b

Dans cette définition, la norme ||.|| représente la norme-2 ||.|,.
Il existe plusieurs type de définitions de la stabilité de la solution triviale des systémes a retard.

Définitions [HL93] :
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e Stabilité : si, Vtp € R et e > 0,35 = d(tg,€) > 0 tel que
2]l <6 = flz@®)]| <e t=>to,
alors la solution triviale de (3) est stable.

e Stabilité asymptotique : si la solution triviale de (3) est stable, et si, Vi € R,35, =
da(to) > 0 tel que

[zt0]l < b0 = }Eg@x(ﬂ =0,
alors la solution triviale de (3) est asymptotiquement stable.

e Stabilité uniforme : si la solution triviale de (3) est stable et si §(to,€) peut étre choisi
indépendamment de t, alors la solution triviale de (3) est uniformément stable.

e Stabilité asymptotique uniforme : si la solution triviale de (3) est uniformément stable
et si 30, > 0 tel que, Vi > 0, 3T = T'(d,,7n) tel que

240l < o = lz@)|| <m, Vt=to+Tand o € R,
alors la solution triviale de (3) est uniformément asymptotiquement stable.

e Stabilité asymptotique globale (uniforme) : si la solution triviale de (3) est (uniformé-
ment) asymptotiquement stable est si §, peut étre un nombre fini arbitrairement grand
alors la solution triviale de (3) est globalement (uniformément) asymptotiquement stable.

e Stabilité exponentielle globale : s’il existe des constantes o > 0 et 8 > 0 telles que
|z(t)]] < Bsup_p<g<q llx(0)] e, alors la solution triviale (3) est globalement exponen-
tiellement stable et « est appelé le taux de convergence exponentielle.

En outre, si le systéme est linéaire, les propriétés de «stabilité asymptotique uniforme », «stabilité
asymptotique », «stabilité exponentielle » sont équivalentes.

Les méthodes principales pour examiner la stabilité peuvent étre classées en deux types : ap-
proches fréquentielles et temporelles. Les méthodes dans le domaine fréquentiel déterminent
la stabilité d’'un systéme a partir de la distribution des racines de I'équation caractéristique
[NicOla] ou a partir des solutions d’une équation fonctionnelle matricielle complexe de Lya-
punov [BCLZ82]. Elles ne conviennent que pour les systemes a retard constant. Dans le
domaine temporel, les approches les plus courantes pour étudier la stabilité des systemes a
retard sont liées a la fonctionnelle de Lyapunov-Krasovskii [BliO1] et a la fonction de Razu-
mikhin [HL93]. Jusqu’aux années 1990, les critéres de stabilité obtenus par ces deux approches
étaient généralement sous la forme de conditions d’existence a cause de la difficulté de con-
struire des fonctionnelles de Lyapunov-Krasovskii et des fonctions de Lyapunov. Depuis lors, en
raison de l'utilisation des équations de Riccati [HL99], des inégalités matricielles linéaires (LMI)
et des boites a outils Matlab [BGFB94], des solutions générales ont été développées et des résul-
tats significatifs ont été établis (voir [Ric03], [Zho06] et les références qui s’y trouvent). Parmi
ces conditions suffisantes, deux catégories ont recu beaucoup d’attention. La premiére est in-
dépendante de la taille du retard. La deuxieme utilise des informations sur la taille du retard, et
les conditions obtenues sont donc dépendantes du retard.
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6.2 Méthodes fréquentielles

Dans cette thése, nous nous concentrons sur les méthodes dans le domaine temporel pour
I'analyse de stabilité. Pourtant, il nous semble important de souligner quelques-unes des méth-
odes dans le domaine fréquentiel développées dans la littérature.

Certains criteres sont une généralisation directe de la méthode de Hurwitz pour des systemes a
retard en vérifiant si les racines d'une équation caractéristique du systéme sont dans le demi-plan
gauche. Citons les trois critéres connus ci-dessous :

e Critere de Pontryagin : ce critere a étendu les méthodes utilisées pour prouver le critere de
Routh-Hurwitz pour que les zéros d’un polynéme soient dans le demi-plan gauche [HL93].

e Critére de Chebotarev : ce critere est une généralisation du critére de Routh-Hurwitz aux
quasi-polynoémes en cas de retards proportionnels. Son inconvénient est de calculer un
grand nombre de déterminants.

e Critére de Yesupovisch-Svirskii : ce critere est une version simplifiée du critere de Pon-
tryagin, mais reste fortement dépendante de la géométrie et de I'application du principe
de 'argument. De plus, il est généralement appliqué pour les systémes a retard unique
ponctuel.

D’autres criteres dépendent de la méthode de lieu de racines. il est basé sur la détermination des
valeurs des parametres pour lesquels '’équation caractéristique a des racines sur 'axe imaginaire,
tels que : la méthode de décomposition-D [Nei49], la méthode de décomposition-7 [Hsu70] et
la méthode de principe de 'argument [KN86].

6.3 Théoreme de stabilité de Lyapunov-Krasovskii

La méthode de Lyapunov a été utilisée efficacement dans I'analyse de la stabilité des systémes
sans retard. Ainsi, il est naturel d’essayer cette méthode sur des systémes a retard. Evidemment,
cela nécessite quelques adaptations sur la fonction de Lyapunov. En présence du retard, la fonc-
tion de Lyapunov V (¢, x;) dépend de z; (la valeur de la variable d’état dans l'intervalle [t — h, t])
et devient donc fonctionnelle. Cette fonctionnelle est appelée «fonctionnelle de Lyapunov-
Krasovskii ».

Soit V : R x C — R une fonction continue, et x(¢y, ¢) est une solution de (3) a l'instant ¢ avec
la condition initiale z;; = ¢. Alors, la dérivée supérieure a droite au sens de Dini est définie
comme suit:

V(t,0) = lim sup 2 [V(t+ d,zisalto, ) = V(t,0)]

h—0t

Théoréme 0.6.1. (Théoréme de Lyapunov-Krasovskii) [NicOla] : Supposons que la fonction
[+ RxC, q— R" soit bornée et supposons que les fonctions u(s), v(s) et w(s) sont continues, non
négatives et non décroissantes avec u(s),v(s) > 0 pour s # 0 et u(0) = v(0) = 0. Sil existe une
fonction continue V' : R x C,, 4 — R telle que

@ u(][o0)])) <V (t,¢) <v(||].)
i) V(t,¢) < —w(||o(0)]),

alors la solution (triviale) x = 0 de U'équation (3) est uniformément stable.
Si u(s) — oo pour s — oo alors la solution est uniformément bornée .
If w(s) > 0 pour s > 0, alors la solution x = 0 est uniformément asymptotiquement stable.
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6.4 Théoréme de stabilité de Razumikhin

Le théoréme de Lyapunov-Krasovskii nécessite la manipulation des fonctionnelles, ce qui le rend
difficile a appliquer. Cela a conduit a l'utilisation d’une approche alternative impliquant des
fonctions au lieu des fonctionnelles. Cette approche est appelée I'approche par fonctions de
Razumikhin. Elle est considérée comme l'outil d’analyse classique d’interprétation dans I'espace
de dimension finie. L’idée principale derriére ce théoréme est l'utilisation d’une fonction de
Lyapunov, V' (x), dont la dérivée n’est pas négative pour toutes les trajectoires, mais seulement
pour les trajectoires de I'état qui s’éloignent du point d’équilibre. La définition précise est donnée
dans le théoreme suivant.

Théoreme 0.6.2. (Théoréme de Razumikhin) [NicOla] : Supposons que la fonction f : R x
Cn.a — R™ soit bornée et que u,v,w : Rt — RT sont des fonctions continues, non décroissantes
telles que u(s),v(s),w(s) > 0 pour s # 0 et u(0) = v(0) = 0. Supposons qu’il existe une fonction
continue V : R x R"™ — R telle que

u(llzl)) <Vt x) <olllzl), t€R,zeR"™ (5)

Alors, les assertions suivantes sont veérifiées :

a) V(t,z(t)) < —w(|lz@®)|) si V(t+ 0,2(t + 0)) < p(V(t,x(t))), VO € [—d,0] alors la solution
triviale de (3) est uniformément stable.

b) S’il existe une fonction continue non décroissante p : Rt — R™, p(s) > s, telle que V (t, z(t)) <
—w(||z@)|) StV (t+0,x(t+0)) < p(V(tz(t))), VO € [—d,0], alors la solution triviale de (3)
est uniformément asymptotiquement stable.

Si u(s) — oo quand s — oo alors la solution triviale est globalement asymptotiquement stable.

Auparavant, les conditions de stabilité des systemes a retard variant dans le temps ont été
obtenues uniquement par des fonctions de Lyapunov-Razumikhin. Néanmoins, 'approche Razu-
mikhin méne a des conditions plus conservatives et elle est inapplicable dans le cas de la com-
mande H,, [XL94], [LMO7].

Il existe deux types de stabilité asymptotique des systemes de la forme (3), en fonction de
I'information sur la taille du retard : indépendante du retard et dépendante du retard. Ces deux
types seront traités plus en détail dans les paragraphes suivants.

6.5 Analyse indépendant du retard

Les conditions indépendantes du retard ne contiennent aucune information sur le retard. Ainsi,
elles sont trop conservatives, en particulier lorsque le retard est faible. La fonctionnelle de
Lyapunov-Krasovskii candidate est généralement choisie comme suit :

t
Vi(z) = 2T (t)Px(t) +/ 21 (s)Qx(s)ds. (6)
t—d

ou P > 0et Q > 0 sont deux matrices a déterminer et appelées matrices de Lyapunov. De nom-
breux auteurs ont utilisé cette méthode pour prouver la stabilité et commander différents types
de systémes a retard : des systémes linéaires avec retard fixe [LD02], [BliO1], des systemes avec
des retards proportionnels [Kam82], des systémes discrets incertains a grande échelle [LH97],
des systemes neutres incertains avec des retards variants dans le temps [Lie07], des systemes a
commutation [KCLO8] et des systemes non linéaires commandés en réseaux [MHBO6].
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6.6 Analyse dépendant du retard

Le conservatisme des conditions indépendantes du retard a produit une autre classe importante
de conditions de stabilité, a savoir, les conditions dépendantes du retard. Car cela nécessite des
informations sur la taille du retard. Dans ce cas, le systeme (3) est supposé étre stable lorsque
d = 0, ie., A+ Ay est Hurwitz. En outre, le systéme (3) s’avere stable pour tout d € [0, dJ,
ou d est la valeur maximale du retard. Pour étudier la stabilité dépendante du retard, un terme

quadratique a intégrale double est ajouté a la fonctionnelle de Lyapunov-Krasovskii (6) :

Vi(xe) = Vi(we) + Va(2e), (7)

avec 0
Va(zy) = / / z1(s) Zx(s)dsdb. (8

—d Jt+6
La dérivé de Va(x;) est
t
Va(xy) = da (t) Za(t) — / 21 (s)Zx(s)ds. C))
t—d

Comme nous 'avons remarqué, le terme a intégrale double, dans la fonctionnelle de Lyapunov-
Krasovskii (8), entraine des termes quadratiques a intégrales apparaissant dans la dérivée de
cette fonction comme on peut le voir dans (9). L'un des principaux défis a relever lors de I'étude
des problémes de stabilité par I'approche dépendante du retard est de savoir comment faire face
a ce terme intégral pour obtenir des résultats moins restrictifs. De nombreuses méthodes ont
été mises au point pour résoudre ce probléeme : l'utilisation de la fonctionnelle de Lyapunov-
Krasovskii discrétisée, 1'utilisation des transformations de modéles fixes et les transformations
de modeles paramétrés [Nic99] et enfin les méthodes utilisant des matrices de pondérations
libres (FWM).

7 Synthese d’observateurs et controleur des systemes a retard

Au cours des dernieres décennies, le probleme de la synthese des observateurs a suscité l'intérét
de beaucoup de chercheurs et a fait 'objet d’un grand nombre de travaux depuis I'article prim-
itif de Luenberger [Lue71]. L'observateur permet d’estimer la partie non mesurée de I'état a
partir d'un modele du systéme dynamique et des mesures d’autres grandeurs, cette estimation
est fondamentale pour la commande ou pour le diagnostic. En effet, ’état du systéme n’est
pas toujours complétement accessible et ceci est dii essentiellement a deux raisons. D’une part,
en raison des contraintes technologiques, on ne dispose pas toujours de capteurs pour mesurer
certaines grandeurs physiques. D’autre part, pour des contraintes économiques, on cherche a
minimiser le cofit en s’affranchissant de certains capteurs. La synthése des observateurs dépend
essentiellement de la classe de systemes considérée (systemes a retard, systemes bilinéaires,
systemes singuliers, etc). La synthese d’observateurs devient plus délicate lors de la prise en
compte des retards. La prise en compte de ces retards est essentielle pour une bonne descrip-
tion du fonctionnement du systéeme. Leur présence peut rendre délicate 'estimation de 1’état,
puisqu’ils conduisent a des dimensions infinie dans les équations caractéristiques du systeme.

Plusieurs travaux ont été réalisés concernant la synthése d’observateur et contréleur en présence
des retards par example la decomposition spectrale [HL93], [Sal82]; la representation ma-
tricielle fractionnelle [EK82], I'approche du changement de coordonnées [HZP02], la méth-
ode LMI [FSDOO], la technique de transformation réduite [PF89], I'approche de factorisation
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[YZ96], et 'approche polynomiale [Sen97]. Un autre type de méthodes utilisées pour stabiliser
les systéemes a retard est les méthodes basées sur la prédiction qui transforment le probleme
dans un systeme sans retard comme prédicteur de Smith [Smi59]; Finite Spectrum Assignment
(FSA) [MO79], [Zho06] et adaptative Posicast [NAO3].

8 Structure du mémoire

Cette thése se compose de cing chapitres principaux et de deux annexes. Dans ce qui suit, un
récapitulatif du contenu de chaque partie est présenté :

Chapitre 1 : ce chapitre est consacré a la présentation de quelques préliminaires utiles ainsi

qu'au rappels de quelques définitions essentielles et nécessaires pour mieux comprendre
le manuscrit. En outre, il contient un état de I’art sur les systemes a retard ainsi qu'un bref
apercu de quelques méthodes existantes.

Chapitre 2 : ce chapitre présente une synthése d’observateurs pour les systémes non linéaires

a retard. L’idée principale repose sur la transformation de la non linéarité dans la dy-
namique de l'erreur d’observation en un systeme LPV en exploitant la propriété de Lips-
chitz. La méthode proposée exploite toutes les propriétés de la non-linéarité du systéme,
sans I'approximer par ses normes, et offre ainsi des conditions moins conservatives. Deux
cas ont été étudiés (indépendant et dépendant de la taille du retard). Une comparaison
entre la méthode proposée et la méthode basée sur les propriétés de Lipschitz classiques
également abordées dans ce chapitre a été effectuée. En effet, dans cette derniere, avec
'aide de quelques matrices libres, la non-linéarité est réécrite sous une forme plus détaillée
en fonction des états qui apparaissent réellement dans la partie non-linéaire. Ces matri-
ces jouent un roéle important sur la faisabilité des conditions de synthese. Néanmoins,
les résultats montrent la supériorité de notre méthode par rapport a celle-ci. En effet,
l'utilisation de la propriété de Lipschitz classique conduit a des conditions restrictives qui
ne toleérent pas les constantes de Lipschitz importantes ni des bornes importantes du retard
dans le cas de la synthese dépendant du retard.

Chapitre 3 : cette partie est consacrée a la synthese de lois de commande basées sur 'utilisation
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de l'observateur construit dans le chapitre 2. Une nouvelle méthode de synthese de lois
de commande basée sur un observateur est proposée. Une relaxation importante des
conditions de synthese LMI classique a été obtenue grace a une nouvelle utilisation de
'inégalité de Young de facon judicieuse. Pour comparer notre méthode aux résultats exis-
tants, nous avons choisi 'une des méthodes classiques de la littérature, a savoir 'approche
imposant une contrainte d’égalité matricielle linéaire (LME) afin de résoudre la non-
convexité causée par le contréleur. De toute évidence, cette condition d’égalité est jugée
contraignante par comparaison a notre LMI. Une extension aux systemes temps-discrets
a retard a été donnée pour le cas dépendant du retard. Une autre méthode de la littéra-
ture est choisie, impliquant la séparation du probleme de la conception de 'observateur
de celui de la conception du controleur. L’idée consiste a décomposer le probléme non
convexe original en deux problemes convexes dépendantes en introduisant des variables
scalaires libres. Ceci méne a trois conditions LMI dépendantes, qui doivent étre valides,
simultanément, afin d’assurer la stabilité. En revanche, cette technique complexifie les
calculs comparé a notre approche avec une seule condition LMI. Notre méthode demeure
supérieure et fournie des conditions de synthése moins contraignantes.



8. Structure du mémoire

Chapitre 4 : deux approches de conception d’observateur pour les systemes singuliers a retard
avec perturbations ont été présentées et comparées. La difficulté principale réside dans la
présence de la dérivée des perturbations lors de I'élaboration de la dynamique de l'erreur
d’estimation. La premiére solution proposée utilise un critére H, associé a une fonction-
nelle de Lyapunov-Krasovskii particuliere dépendante des perturbations. Les résultats ont
été développés pour les deux versions temps-continu et temps-discret du systeme. La sec-
onde solution implique 'utilisation d’'une approche moins conventionnelle en utilisant un
critére W2 basé sur les normes de Sobolev, qui peut étre considérée comme une solution
alternative a la méthode H, lorsque la dérivée de la perturbation est difficile, voire impos-
sible a éviter (par exemple, des pseudo mesures imposées). Des comparaisons numériques
entre les deux méthodes ont été données.

Chapitre 5 : un contréleur H., basé sur I'observateur du chapitre 4 est présenté. La singu-
larité du systéme ajoute un autre type de difficulté a notre probléeme, une difficulté qui
ne peux pas étre traitée avec des méthodes concues pour les systemes réguliers. En se
basant sur certains ouvrages existants, impliquant I'utilisation de certaines matrices libres
pour rendre le systeme singulier plus exploitable, une condition suffisante sous forme LMI
est présentée. La fonctionnelle de Lyapunov-Krasovskii et dépendante du vecteur de per-
turbation comme décrite dans le chapitre 4 et 1égerement modifiée pour étre appliquée
aux systémes singuliers. La partie non linéaire est traitée en utilisant le théoréme des
accroissements finis (DMVT) qui conduit a des résultats moins restrictifs en raison de la
reformulation de la non-linéarité sous une forme plus détaillée qui prend en considération
uniquement les états intervenant dans la non-linéarité.

Chapitre 6 : contient des résultats concernant la conception d'un controleur basé sur un ob-
servateur pour les systémes a retard inconnu. En raison de la difficulté du probléme, nous
avons travaillé sur une classe de systémes non linéaires ou la non linéarité ne dépende
pas de I'état retardé. Puisque I'observateur nécessite la connaissance du retard qui dans ce
cas est inconnu, on remplace sa valeur par son estimation sur un intervalle de définition.
L’intervalle du retard est divisé en r sous-intervalles et 'estimation du retard est calculée
sur chaque segment comme la valeur moyenne. La stabilité de I'erreur d’estimation est
garantie par l'utilisation de la méthode des matrices de pondération libres (FWM). Cette
approche présente certaines matrices libres afin de formuler une condition suffisante sous
forme LMI.

Annexe A : présente quelques lemmes et rappels mathématiques utiles pour le développement
des résultats établis dans ce manuscrit.

Annexe B : présente une liste compléte des publications issues de la these.

15



Introduction et résumé détaillé de la thése

16



CHAPTER

1

State of the art

Contents
1.1 Introduction . ... ..... ... .t 18
1.2 Practicalexamples . . . . . . . . . i i it e e e e e e e 18
1.2.1 Example 1. . . .. . .0 e e 18
1.2.2 Example 2. . . . . . . e e e e e e e 19
1.3 The considered classof systems . . . . .. ... ... .. ... 19
1.4 Time categories . . . . . . v v v v i ittt ittt et e e 22
1.5 Stability-related topicsof TDS . . . . . . . . . .. . ittt 23
1.5.1 Conceptofstability . . . . . ... ... ... ... ... 24
1.5.2 Frequency-domainmethods . . . . ... ... ... ... ......... 25
1.5.3 Lyapunov-Krasovskii stability theorem . . ... ... ........... 26
1.5.4 Razumikhin stability theorem . . ... ... ... ... .......... 27
1.5.5 Delay-independent analysis . ... ... .................. 27
1.5.6 Delay-dependent analysis . . . .. ... ... ... ... .. ... .... 28
1.6 Observers and controllers designforTDS . . ... ... ........... 33
1.6.1 Observability and controllability . ... ... ... ... ......... 33
1.6.2 A brief overview of some existing results . . . . ... ... ... ..... 35
1.7 Conclusion . .. ... ... ...ttt e 37

17



Chapter 1. State of the art

The purpose of this chapter is to recall some basic and necessary definitions and concepts related
to time-delay systems to help understanding this document, and partly a state of the art on time-
delay systems, observability and controllability as well.

1.1 Introduction

When describing the evolution of a system, it is sometimes insufficient to assume that the sys-
tem depends only on its present states and ignore its dependency of past states. Such type of
systems are called time-delay systems. Time-delay systems has for decades been an active area
of scientific research in mathematics, biology, ecology, economics, and in engineering, under
such terms as hereditary systems, systems with aftereffect, or systems with time-lag, and more
generally as a subclass of functional differential equations and infinite dimensional systems. The
delay, whether it is in the state and/or input, affects the stability of the systems. Its presence is
considered a problem of recurring interest since it may have contradictory effects on the system.
On the one hand, it can degrade the system performance and induce complex behavior e.g., in-
stability, oscillations, bad performances. For example, small delays are capable of destabilizing
some systems [Hal97]. Furthermore, if the delayed state is a nonlinear function, this may induce
a chaotic behavior. On the other hand, delay can enhance the stability, i.e., large delays may
stabilize some system [BM75], [Mac86]. In other cases, a delayed output is used to stabilize
chaotic systems [KNG99].

1.2 Practical examples

Before discussing time-delay systems in more details, let us start by giving some examples to
give the reader a glimpse on how widely time-delays may occur in practice.

1.2.1 Example 1

Regenerative chatter in metal cutting [SN97]: Regenerative effect has been widely studied in
the literature because it is one of the most important causes of instability in the cutting process.
Figure 1.1 shows the metal cutting process in a typical machine tool. Where a workpiece rotates
with constant angular velocity w and the cutting tool translates along the axis of the workpiece
with constant linear velocity “5—7]:, with f is the feed rate in length per revolution corresponding
to the normal thickness of the chip removed. Under regenerative cutting, a displacement y of
the tool can result in a vibration of the tool relative to the workpiece, and the surface of the
workpiece becomes wavy. After a round of the workpiece (or tool), due to the non-uniformity of
the surface, a variation of the chip thickness is generated. As a result, the cutting force depends
on the actual and delayed values of the relative displacement of the tool and the workpiece,
where the length of the delay d is equal to the time period of the workpiece (or tool). A model
often used in studying such a process is shown in Figure 1.1, where the surface generated by
the previous pass becomes the upper surface of the chip on the subsequent pass. Notice that the
delay is the result of an intrinsic property of the system. This time-delay system can be described
by the equation

mij(t) + cy(t) + ky(t) = F(f +y(t) —y(t — 7)) (1.1

where m, ¢, and k represent the inertia, damping and stiffness characteristics of the machine
tool respectively, the delay time 7 = g—j: corresponds to the time for the workpiece to complete
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Figure 1.1: Regenerative chatter

one revolution, and Fj(.) is the thrust force depending on the instantaneous chip thickness
f+y(t) —y(t — 7). It is often sufficient to consider F}(.) to be linear, and techniques for linear
time-delay systems are often used. Notice that the delay occurs because of an intrinsic property
of the system.

1.2.2 Example 2

Delayed Resonator [GKCO03]: This example is retrieved by modifying the classical vibration
absorber Figure 1.2, which is a device mounted in structures (frequently used in power trans-
mission, automobiles, and buildings) to reduce the amplitude of mechanical vibrations. Its
application can enhance comfort and performance. In addition, it can reduce outright structural
failure. The vibration absorber system consists of a mass m,, a spring with constant ¢,, and a
damper with damping factor k, attached to a main structure consisting of an object with m, k,
and ¢, subject to a harmonic excitation f(t).

However, the classical resonators are sensitive to the excitation frequency leading to a mediocre
performance, to enhance the performance additional force proportional to the delayed displace-
ment of M is introduced as shown in Figure 1.3. Consequently, the entire system can be de-
scribed by the the following equations:

Maia(t) + Ca(Ea(t) — &(t)) + ka(za(t) —x(t)) — gz(t —7) =0
Mi(t) + (¢ + ca)@(t) — cadalt) + (k + ko)x(t) — koxo(t) + gx(t — 7) = f(t) (1.2)

This system is an example of applications where the delay is intentionally introduced to enhance
the system performance.

1.3 The considered class of systems

In general, based on the differential state interpretation, there are mainly three ways to repre-
sent delay systems [KNG99], [NicOla]:

19



Chapter 1. State of the art

A Ad

FLEEFEFEE TS

Figure 1.2: Classical vibration absorber Figure 1.3: Delayed resonator

1. As differential equations on abstract spaces of infinite-dimension (infinite-dimensional sys-
tems): In this approach, the delay system class is considered to be a part of a larger class of
systems: the infinite-dimensional system class, described by abstract differential equations.
However, this approach requires a generalization of some finite-dimensional properties to
infinite-dimensional case such as the concepts of controllability, stabilizability, observabil-
ity, detectability [KR99], [CP78].

2. As differential equations on functional spaces (FDE): time-delay system can be considered
as evolutions in a finite-dimensional space or in a function space. The former uses the
finiteness of the vector space to analyze the system’s behaviour while the latter reflects
the infinite-dimensional character of the system [HL93]. Although the method of treat-
ing infinite-dimensional problems using finite dimensional tools has its advantage, the
obtained results are conservative.

This representation is widely used for time-delay systems and we can distinguish three
different types:

e System with pointwise or discrete delay: The delay may act on the state z, input u
or/and output y:

x(t) = Ax(t) + Agz(t — d) + Bu(t) + Bqu(t — dy) + f(x(t), 2¢(0)), t>to
y(t) = Cx(t) + Cyz(t — dy)
21(0) = ¢(0), VO € [~d,0]

where z(t) € R", and x; denotes the translation operator acting on the trajectory:
z¢(0) = z(t + 0) V0 € [—d,0], u is the input vector, y is the output; d, dp, d, are
respectively the state delay, the input delay and the measurement delay; ¢(¢) is the
initial condition on [—d,0]; A, A4, B, By C, and C,; are matrices of appropriate
dimensions.

In this dissertation, we are interested in nonlinear time-delay systems described by
functional differential equations of retarded type (RFDE) with delays acting on the
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state only:

{ #(t) = Ax(t) + Agz(t — d) + Bu(t) + f(z(t), z:(0)), t > to,
xt,(0) = ¢(0), VO € [—d,0].

In addition, in the following chapters, the function f is presumed to be continuous
and also Lipschitzian with respect to its arguments, i.e.,

(1.3)

-y

”f($>xd) _f(yvyd)H S’Yf Td — Yd

e Distributed delay systems: this class contains a particular form of the delay which acts
in a distributed manner over a whole interval, e.g., consider the following model:

#(t) = Aw(t) + [ Ag(0)x(t + 0)d6 + Bu(t) + de(e)u(t +0)df,

0 0
Tty (0) = ¢(9)a Vo € [_d7 O]'

Remark 1.3.1. It is always possible, by means of a model transformation (as we will
see later), to transform a system with pointwise (or discrete) delays into a system with
distributed delays, however the reverse transformation (distributed to pointwise) is not
always possible.

e Another class of systems that will not be addressed in this thesis, but is widely studied
in the literature is neutral functional differential equations in which the function f
includes, in addition to the previous properties, information on the derivative of z;,
which implies an increased mathematical complexity. This type can be described as

follows:
210(8) = 6(6), V8 € [~d,0].

This category of time-delay systems is largely used for describing lossless propagation

phenomena [NRGO3].

3. As differential equations over rings of operators: The associated FDE is expressed as a vec-
tor differential equation defined over a ring of operators. Although this method was suc-
cessfully applied to solve some interesting control issues such as decoupling, disturbance
rejection [Sen01] less contributions were devoted to observation problems. Nevertheless,
some important results have been provided for observer design issue [LO81], [PC86].

Let us consider a continuous-time system with delays:
N
B(t) =Y A(t — id), (1.5)
i=0

with z(¢) € R™ is the state vector, matrices A; are real matrices of appropriate dimensions,
d € RT is the delay and N represents the maximal state delay. The same time-delay system
can be also represented by the following linear differential equation with coefficients over
a module:

z(t) = A(V)x(t), (1.6)

where V is the delay operator defined for any continuous function f(t) by
Vi) = ft—d),
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N
and A is a polynomial matrix in V given by > V‘A;.

=0

Each method has its own advantages and disadvantages depending on the problem to be treated.
A brief review of some basic properties of time-delay systems is given in the following sections.

1.4 Time categories

The way to treat time-delay systems differs according to the type of delay. So, it is important to
present the different categories or types of delays that can be encountered in the literature:

22

¢ Discrete or pointwise:
Obviously, systems with single delay are not always sufficient to describe real systems
and systems representation might involve many delays. Hereafter, we present a form of a
system with discrete delays that has been largely used:

1=0

Different conditions for stability and stabilizability for systems with pointwise delays have
been developed over the years such as [KNR99], [DPR99], [MANO5], [HLT11]. Based
on the relation between the delays, we can distinguish two types of discrete or pointwise
delays: commensurate delays and incommensurate delays.

- Commensurate: d; € R,i € N are commensurate if d;/d; is rational, which corre-

sponds to finding a minimal delay d such that d; = id, then the system becomes, with
an appropriate reordering of the indices, as follows:

&= Aw(t—id)
1=0

This class is considered very conservative. The stability problem for this class can be
treated similarly to the single delay case, since the characteristic equation associated
to the system will have the same algebraic properties [NicOla]. Different results re-
lated to this type of delay have been presented. For example, The stability and the
ill-posedness with respect to small perturbations in the delay parameters of systems
were discussed in [Dat98], [Lou95]. For different stability criteria in the frequency
domain, one can refer to [GKCO03], [KL95], [BCLZ82], [Kam82]. A method to com-
pute a delay interval such that the system under consideration is stable for all delays
in that computed interval was presented in [CGN12].

Incommensurate: the delays d;,i € N are free parameters. Different ideas have been
proposed to deal with this kind of delay, e.g., a change in coordinates such that all
time-delay terms, in the new coordinates, in the system description are associated
with the output only [HZP02]. A causal dynamic compensators to solve the problem
of stabilizing a class of neutral delay-differential systems with several fixed, non com-
mensurate point delays has been discussed in [EK84]. The descriptor model transfor-
mation condition was exploited to deal with systems having two delays in [FS02b],
and later an ameliorated condition which accepts delays with lower bounds different
than zero was presented in [HWSO06].



1.5. Stability-related topics of TDS

e Time-varying delay: which can belong to different categories:

- Bounded delay: 0 < d; < d(t) < ds. This type of delay is frequently treated in
the literature and it implies delay-independent criteria. For example, one can refer
to [XCPO4], [KB93] for a stability analysis; [SFRS07] for the case of unknown upper
bound; [CZZ11] for singular systems; [Bou07] for nonlinear systems; [CS06] for un-
certain neutral differential systems; and [BEBC99] for a controller design for systems
with uncertainty in the input delay.

— Derivative bounded delays: d(t) < u < 1. This condition means that f(t) = t — d(t)
is monotonic. Usually, this type is associated with the previous one to get delay-
dependent criterion. For instance, for the case of uncertain linear systems [SPP99],
[PTO9], [CSLI8]; for uncertain neutral systems [Lie07].

— Arbitrary varying delays: in this case, the delay d and its derivative d are not bounded.

t
e Distributed delay [ x(s)ds: this type of delays have been treated in many papers e.g.,

observer design for nonlinear systems [GP05], stability of linear neutral systems [Han03],
robust stabilization for uncertain neutral systems [CZ07] and robust control [ZF02], [FT09].
One of the methods to treat the integral terms in the Lyapunov-Krasovskii functional is to
use some transformations (as we will discuss later) which change the original system with
a discrete delay into a new system with a distributed delay.

e State-dependent delay: the delay is presented as a function of the state of the system
[Mur01], [BHJT10].

The previous classification was not enough, and more informations on the delay were needed to
develop less conservative criteria. Which motivated defining new categories depending on the
delay derivative as follows:

o Slowly varying delay: d(t) is a differentiable almost everywhere function, satisfying d(t) <
<1
e Moderately varying delay: d(t) is a differentiable almost everywhere function, satisfying

d(t) < pwith g > 1.

e Fast varying delay: d(¢) is a measurable (e.g., piecewise-continuous) function without any
constraints on the delay derivative.

An important phenomenon related to time-delay systems is called "quenching" which occurs
when the stability (resp. instability) of a system with constant delays within a certain interval is
lost when that delay is assumed to be time-varying inside the same interval and vice-versa. This
problem was first mentioned in [Lou99]. Obviously, this problem prevent us from applying the
obtained results in the case of fixed delays to the case of time-varying delays. However, some
efforts were made to take this phenomenon into consideration in [PPNO7].

1.5 Stability-related topics of TDS
Since time-delays can limit and degrade the achievable performance of controlled systems, and
even induce instability. Stability of time-delay systems has been extensively discussed in many

monographs [GKC03], [WHS10], [NicOla], [MNO8].
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Consider the general functional differential equation of retarded type (RFDE):

{ 21, (0) = #(0), VO € [O—d, 0] (1.7)

where z4(.), for a given ¢ > ¢y, denotes the restriction of z(.) to the interval [t — d, ] translated
to [—d, 0], i.e.,
z(0) = z(t +0), V0 € [—d,0]

It is assumed that ¢ € C; ; (C([—d,0],R")) (refer to the glossary for the definition) and the
map f(t,$) : RT x Cp ; = R™ is continuous and Lipschitz in ¢ and f(t,0) = 0. Let us denote
by z(to, ¢) the solution of the functional differential equation (1.7) with the initial condition
(to, ¢) eRt x C};d.

1.5.1 Concept of stability

This subsection presents some basic information on time-delay systems, specifically, fundamental
concepts, descriptions, and types of stability.

Let z(t) be a solution of the RFDE (1.7). The stability of the solution concerns the system’s
behavior when the system trajectory x(¢) deviates from z(¢). Without loss of generality, we
assume that RFDE (1.7) admits the solution x(¢) = 0, which will be referred to as the trivial
solution. If the stability of a nontrivial solution, Z(¢), needs to be studied, then we can use the
variable transformation z(t) = x(t) — z(¢) to produce the new system

2(t) = f(t,ze +T) — [(t, Z) (1.8)

which has the trivial solution z(¢) = 0. For the function ¢ € C([a, b],R"), define the continuous
norm ||.||. to be

6]l = sup [[¢(0)]]
a<6<b

In this definition, the vector norm ||.|| represents the 2-norm ||.||,.
There are various types of stability for the trivial solution of time-delay systems. In what follows,
the definition of some stability types:

Definition 1.5.1. [HL93]
e Stability: if Vtp € R and € > 0,35 = 0(to, €) > 0 such that
21l < 0= [la(®)] <e t=to,
then the trivial solution of (1.7) is stable.

e Asymptotic stability: if the trivial solution of (1.7) is stable, and if, Vto € R, 35, = I, (to) >
0 such that
o]l < 8 = lim a(t) =0,

then the trivial solution of (1.7) is asymptotically stable.

e Uniform stability: if the trivial solution of (1.7) is stable and if d(ty,€) can be chosen
independently of to, then the trivial solution of (1.7) is uniformly stable.
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e Uniform asymptotic stability: if the trivial solution of (1.7) is uniformly stable and if
364 > 0 such that, Vn > 0, 3T = T'(64,n) such that

[ze0]l < 0a = [[z@)[| <n, YVt =to+Tandto € R,
then the trivial solution of (1.7) is uniformly asymptotically stable.

e Global (uniform) asymptotic stability: if the trivial solution of (1.7) is (uniformly) asymp-
totically stable and if §, can be an arbitrarily large, finite number, then the trivial solution of
(1.7) is globally (uniformly) asymptotically stable.

e Global exponential stability: if there exist constants « > 0 and 3 > 0 such that
le@®) <8 sup |lz(0)] e
—h<0<0

then the trivial solution of (1.7) is globally exponentially stable and « is called the exponential
convergence rate.

Furthermore, if the system is linear and time-invariant, the "uniform asymptotic stability’ prop-
erty is equivalent to the ’asymptotic stability’ or to the ’exponential stability’ property.

The main methods of examining the stability can be classified into two types: frequency domain
and time-domain methods. Frequency-domain methods determine the stability of a system from
the distribution of the roots of its characteristic equation [NicOla] or from the solutions of a
complex Lyapunov matrix function equation [BCLZ82]. They are suitable only for systems with
constant delays. In the time-domain, the most common approaches to study the stability of
time-delay systems are the Lyapunov-Krasovskii functional [Bli0O1] and Razumikhin function
methods [HL93]. Until the 1990s, the stability criteria obtained using these two approaches
were generally in the form of existence conditions because of the difficulty of constructing
Lyapunov-Krasovskii functionals and Lyapunov functions. Since then, due to the use of Ric-
cati equations [HL99], linear matrix inequalities (LMIs) [BGFB94], and Matlab toolboxes, gen-
eral solutions were derived and significant results have continued to appear one after another
(see [Ric03] and references therein). Among them, two classes of sufficient conditions have
received a great deal of attention. One class is independent of the length of the delay, and its
members are called delay-independent conditions. The other class makes use of the information
on the length of the delay, and its members are called delay-dependent conditions.

1.5.2 Frequency-domain methods

In this dissertation, we focus on time-domain methods for the stability analysis. Yet, we find it
important to outline some of the frequency-domain methods developed in the literature.

Some criteria generalized the Hurwitz method to delay systems by verifying if the roots of a
characteristic equation of the system are in the left half-plane, such as:

e Pontryagin criterion: extended the methods used in proving the Routh-Hurwitz criterion
for the zeros of a polynomial to be in the left half-plane [HL93].

e Chebotarev criterion: generalization of the Routh-Hurwitz criterion to the quasipolyno-
mials in commensurate delays case. It has a drawback of computing a large number of
determinants.
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e Yesupovisch-Svirskii criterion: which is a simpler version of the Pontryagin criterion but
still relies heavily on the geometry and the application of the argument principle. It was
usually applied for single (pointwise) delay systems.

Other criteria depend on the Root locus method to determine the values of the parameters for
which the characteristic equation has roots on the imaginary axis such as:

e D-decomposition method: this method consists in decomposing the parameter space into
several regions, each region is bounded by a hypersurface which has the property that at
least one root of the characteristic equation lies on the imaginary axis [Nei49].

e 7-decomposition method: this method involves the use of a ratio of two given polynomials
Dy. The behaviour of the contour Dy is then analyzed with respect to the unit circle in the
complex plane. It is worth mentioning that this method is applied only for delay systems
with a single delay [Hsu70].

e Argument principle methods: since the number of unstable roots of the associated char-
acteristic equations is finite, criteria based on this method, such as Nyquist or Michailov-
Leonhard criteria, can be extended to time-delay systems [KN86].

1.5.3 Lyapunov-Krasovskii stability theorem

Lyapunov method has been used effectively in stability analysis of delay-free systems. So, it is
natural to try this method on time-delay systems. Clearly, this requires a few adaptations on
the Lyapunov function since the state space of Delay Differential Equations (DDEs) is infinite
dimensional. In time-delay case, the Lyapunov function V (¢, ;) depends on z; (the value of
state variable in the interval [t — d,t]) and thus becomes functional. This type of functional
is called a Lyapunov-Krasovskii functional. In this section, we give sufficient conditions for the
stability of the solution x = 0 of equation (1.7) which generalize the second method of Lyapunov
for Ordinary Differential Equations (ODEs).

Before proceeding, let V' : R x C — R be continuous, and z (¢, ¢) be a solution of (1.7) at time ¢
with the initial condition x;y = ¢. Then, we may calculate the derivative of V' (¢, z;) with respect
to ¢ as:

V(t,6) = Tim sup 1 [Vt + d,salto, 6) — V(t, )]

h—0+
The function V(t,$) is the upper right-hand Dini’s derivate of V (t,¢) along the solution of
equation (1.7).

Theorem 1.5.2. (Lyapunov-Krasovskii stability theorem) [NicOla]: Suppose that the function
[ :RxCpq+— R" takes bounded sets of C,, 4 in bounded sets of R™ and suppose that u(s), v(s) and
w(s) are continuous, non-negative and nondecreasing functions with u(s),v(s) > 0 for s # 0 and
u(0) = v(0) = 0. If there is a continuous function V : R x C,, 4 — R such that:

@ u([|o(0)]]) < V(t,¢) <v(||®ll,.)
G) V(t,¢) < —w(||o(0)])

then the (trivial) solution x = 0 of the equation (1.7) is uniformly stable.
If u(s) — oo as s — oo the solution is uniformly bounded.
If w(s) > 0 for s > 0, then the solution x = 0 is uniformly asymptotically stable.
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1.5.4 Razumikhin stability theorem

The Lyapunov-Krasovskii theorem requires the manipulation of functionals, which makes it dif-
ficult to apply. This motivated the use of an alternative approach that involves only functions
instead of functionals. This approach is called the Razumikhin theorem and is considered as the
classical analysis tool in the finite-dimensional space interpretation. The key idea behind the
Razumikhin theorem is the use of a Lyapunov function, V' (x), whose derivative is not negative
for all trajectories, but only for special solutions of the system. The precise statement is given in
the next theorem.

Theorem 1.5.3. (Razumikhin theorem) [NicOla]: Suppose that the function f : R x C,, 4 — R"
takes bounded sets of C,, 4 in bounded sets of R and suppose that u,v,w : R* — R* are continuous,
nondecreasing functions such that u(s), v(s),w(s) > 0 for s # 0 and u(0) = v(0) = 0. Assume that
there exists a continuous function V : R x R™ — R such that:

u(llz]]) <V (t z) <v([z]), teR,zeR" (1.9)
The following statements hold:

@) V(t,zt) < —w(||z@)]) if V(E+ 0,z + 0) < p(V(t,x(t)), VO € [—d,0] then the trivial
solution of (1.7) is uniformly stable.

b) If there exists a continuous nondecreasing function p : R* — Rt p(s) > s, such that V (¢, z(t)) <
—w(|lz@)|) FfV(Et+0,2(t+0)) <p(V(t,z(t))), V8 € [—d,0] then the trivial solution of (1.7)
is uniformly asymptotically stable.

If u(s) — oo as s — oo then the trivial solution is globally asymptotically stable.

Previously, the stability conditions for time-varying delay systems were derived only via Lyapunov-
Razumikhin functions. Nevertheless, the Razumikhin approach leads to more conservative con-
ditions and it can not be applied to the case of #, control [X1.94], [LMO07].

There are two different kinds of asymptotic stability for systems of the form (1.7), depending
on the information on the delay size: delay-independent and delay-dependent. These two types
will be discussed in more details in the following subsections.

1.5.5 Delay-independent analysis

Delay-independent conditions contain no information on the delay. Thus, they are overly con-
servative, especially when the delay is small. The Lyapunov-Krasovskii functional candidate is
generally chosen to be:

t

Vi) = 27 (tYPa(t) + / o7 (5) Qu(s)ds (1.10)

t—d

where P > 0 and Q > 0 are to be determined. Many authors have used this approach to
prove stability and control of different types of delay systems such as linear systems with a fixed
time-delay [LD02], [BliO1]; with commensurate time-delays [Kam82]; uncertain discrete large-
scale systems [LH97]; uncertain neutral systems with time-varying delays [Lie07]; switching
systems [KCLO8]; nonlinear networked control systems [MHBO6].
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1.5.6 Delay-dependent analysis

The conservatism of the delay-independent conditions has produced another important class of
stability conditions, namely, delay-dependent conditions. This type contains information on the
length of a delay.

In this case, the system (1.7) is assumed to be stable when d = 0, i.e., A + A, is Hurwitz. In
addition, the system (1.7) is proved to be stable for all d € [0, d], where d is the upper bound
on the delay. To study the delay-dependent stability, a quadratic double-integral term is added
to the Lyapunov-Krasovskii functional (1.11). Such construction was proposed by Krasovskii in
the 1950s and was used, or variations of it, to establish delay-dependent conditions [NRGO03],
[CWO04], [LTP04]:

Vi) = Vi(zy) + Va(zi) (1.11)
with
(1) / / s)dsdo (1.12)
t+0
The derivative of V5 (z;) is
Va(zy) = dat (t) Za(t) — /tdZET(S)ZQZ(S)dS (1.13)
o

Besides the previous candidate, more complicated functionals have been proposed, involving
the various terms:

0

0 / Sa(t + 6)d6
—d

0
Vi(ar) :a':T(t)/Ua:(tJrG)dG

() / / 5)dsdo
weo—af [ [ ] [Ti; o) o)) o

Vs, V4 and V5 were used to establish delay-dependent stability for neutral systems in [WHS04]
and V5 also appeared in a control stabilization problem in [PCE*05], [Lie07], and in a delay-
dependent stability analysis based on fractioning the delay in [GP06]. Vj is used in [PT09]
to present a delay-dependent Bounded Real Lemma (BRL) and in [SKM10] to treat a robust
stability analysis.

Important topics in control theory are delay-dependent problems, for instance, stability analy-
sis [Nic99], [PT08], [AGO7], [BHJ*10]; robust control, stabilisation, [CZ07], [MPKLO1]; H
control [PT09], [FS03], [LMKP04], [Fan09a], [JG11]; guaranteed-cost control [Lie07]; satura-
tion input control [TPGQO02], [FD09]. The main criterion for judging the conservatism of the
existing delay-dependent conditions is the maximum delay possible. As we notice, the double-
integral term, in the Lyapunov-Krasovskii functional (1.12), results in quadratic integral terms
appearing in the derivative of that functional (1.13).

One of the main challenges when studying delay-dependent problems is how to deal with this
integral term to get less restrictive results. So far, many methods have been devised to solve this
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problem: the discretized Lyapunov-Krasovskii functional method, fixed model transformations,
and parameterized model transformations [Nic99], Free Weighting Matrix methods (FWM). In
what follows, we will give a brief idea about each method, its advantages and drawbacks.

1.5.6.1 Discretized Lyapunov functional

The Discretized Lyapunov Functional (DLF) method proposed by Gu [Gu06] is mainly used to
study the stability of linear systems and neutral systems with a constant delay. By using this
method, the obtained maximum allowable delay that guarantees the stability of the system is
very close to the actual value, and the results can be written in the form of LMIs. Although this
method has not been widely used because it is computationally expensive, it has been applied to
robust stability analysis of linear retarded and neutral type systems in [GNO1], [HYG04], non-
linear neutral systems in [Han08b], and was also generalized by using a more general Lyapunov
functional to the case where the delay may be time-varying in [GNOO], [HGO1]. Another type
of LKFs is the discretized Lyapunov functional proposed by [Fri06] which combines between
the aforementioned discretization method of Gu and the descriptor model transformation by
Fridman which will be discussed later. Before presenting the DLF, let us first present the com-
plete quadratic Lyapunov-Krasovskii functional needed to get a necessary and sufficient stability
condition for linear systems.

0
V(6) = 67(0)Po(0) + 267 (0) / QUE)B(E)de + / / 6T (E)R(E, ) o(€)dnde
—d

0 (1.14)

4 / o7(6)S(©)6(6)de

—d

where P = P” and R(¢,n) = RT(€,m), S(€) = ST(¢) forall —d < ¢ < 0and —d < n < 0.
The basic idea of this method is to divide the domain of definition of matrix functions @), R and
S into smaller regions, and choose these matrix functions to be continuous piecewise linear, in
other words, divide the delay interval [—d, 0] into N segments, thus reducing the choice of the
Lyapunov-Krasovskii functional V' into choosing a finite number of parameters [GKCO03]. So, the
DLF can be written of the form:

N 1
V() = ¢7(0)PH(0) + 267 (0) ) / Q" (a)¢® (a)hda
p=1
1 1 ’
+h222/da/¢(p)T R (o, )¢ (B)dp (1.15)
p=lg=17j 0
N 1
2 / 607 (@)5 ()¢9 ()hda
p=1

where ¢(P) = ¢(6, + ah) The segments can be chosen to form a uniform grid size [GNOO] or
non-uniform grid size [Gu99] which is more appropriate to treat multiple delays. Consequently,
the extent of conservatism depends on the grid size.
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1.5.6.2 Model transformations

The primary way of dealing with the quadratic integral term on the right-hand side of equation
(1.13) is by using one of the three fixed model transformation [KR99] to bring the integral
terms into the system equation so as to produce cross terms and quadratic integral terms in
the derivative of the Lyapunov-Krasovskii functional. Then, the bounding of the cross terms
eliminates the quadratic integral terms.

e Model transformation I:

(t) = (A+ Ag)z(t) — Ag /ttd[Ax(s) + Agz(s — d)]ds (1.16)

e Model transformation II:

t

d
& [#(0) + A /t_dx(s)ds} — (A4 Aa(t) (1.17)

Model transformations I and II introduce additional dynamics into the transformed system,
the transformed system is not equivalent to the original one. Thus, these transformations
were soon replaced by others.

e Model transformation III: this model was presented in [PK99]. In this case, the trans-
formed system is equivalent to the original one

t

#(t) = (A+ Ag)z(t) — Ay /t als)ds (1.18)

e Model transformation IV: or the descriptor model transformation [FriO1], which has
attracted a great deal of attention in subsequent years.

#(t) = y(1) t
y(t) = (A+ Ag)z(t) — Adtfd y(s)ds (1.19)

All these model transformations produce cross terms in the derivative of the Lyapunov-Krasovskii
functional [FS02b], [FS02a], [LMKPO04], [NicO1b]. However, the bounding of those cross terms
is usually the major source of conservatism and some new analysis methods to reduce the con-
servatism have focused on this point. Such as matrix inequality methods which depend on some
novel bounds for the inner product of two vectors mainly Park’s inequality [PK99] (an extension
of the basic inequality —2a”b < a” Ra + b R~'b) and on Moon et al.’s inequality [MPKLO01]
which has greater generality (see Appendix A for definitions). These two inequalities played an
important role in deriving a series of delay dependent stability criteria and many efforts have
been concentrated on constructing less conservative Lyapunov Krasovskii functional. The first
attempts to study systems with bounded delay supposed that the delay has a zero lower bound
and a bounded delay derivative. Some of the drawbacks of these methods are the fact that
the delay derivative upper bound has to be less than one (slowly varying delay), and that the
analysis includes ignoring some terms because they basically use the Newton-Leibnitz formula
to replace delay terms in the derivative of the Lyapunov-Krasovskii functional; but not all the
delay terms are necessarily replaced which gave partial information on the relationship among
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delay-related terms. To solve this problems, some authors treated these main difficulties either
by manipulating the integral terms differently using Jensen inequality [CZ07], or by exploiting
the delay upper-bounded state [PKO7], or by trying to describe the integral terms in a way to
bring out new LMI conditions that are less conservative.

Later on, more delay dependent methods were developed to cover the cases of fast varying
delay [Sha08], moderately varying delay [SF07], and for interval time-varying delay where the
lower bound is not restricted to zero (non-small delay or interval-delay systems) [PT08], [ZY10].
Another important method for dealing with time-varying delay is called piecewise analysis
method (PAM) where the variation interval of the time-delay is firstly divided into several subin-
tervals [YTZ09]. By checking the variation of the Lyapunov functional in every subinterval, some
new delay-dependent stability criteria are derived. It is also worth mentioning, the method-
ologies based on Finsler lemma [SFS04], [GP06], [AG07] which were successfully applied on
time-varying delays. So many LMI conditions were proposed in the literature using different
techniques, which brings up for discussion the issue of the differences and the resemblance fea-
tures between these methods. [XLO07] tried to tackle this problem by comparing between seven
stability criteria and proved them to be mathematically equivalent and even showed that, based
on the least number of unknown variables to be determined in the LMI, the work presented
in [XLO5] is the most computationally efficient.

1.5.6.3 Parameterized model transformations

In this type of methods, a new matrix C' is introduced and the delay term is divided into two
parts: a delay-independent one and one to which a fixed model transformation is applied. Con-
sequently, transforming the system into

z(t) = Az(t) + (Ag — C)a(t — d) + Cx(t — d) (1.20)
where C' is a matrix parameter to be determined. Combining the parameterized model trans-

formation with a fixed model transformation (e.g., Model transformation I), the transformed
system becomes a discrete plus a distributed delay system of the form:

0
#(t) = (A+ C)x(t) + (Ag — C)a(t — d) — C’/[Ag:(t +5) + Aga(t + s — d)]ds (1.21)
~d

Certainly, the limitations of the fixed model transformation remain a source of conservatism.
The parameterized model transformation can be realized in many different ways as summarized
in [NicOla], however, all these methods involves the injection of a free matrix C:

#(t) = Az(t) + (I — C)Aga(t — d) + CAga(t — d) (1.22)
(1) = Az(t) — Ca(t — d) + (Ag + C)a(t — d) (1.23)
#(t) = Ax(t) + My(Ng + O)x(t — d) — MyCu(t — d) (1.24)

with A; = MyNy, My € R"*™ and N; € R™*" is a full rank matrix. In [Han03], an effective
approach to matrix decomposition was presented, based on the descriptor model transforma-
tion and the decomposition technique of discrete-delay term matrix. Yet, three undetermined
matrices have to be equal, which leads to unavoidable conservatism.
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1.5.6.4 Free weighting matrix methods

In a time-delay system with a bounded delay d < h and a bounded delay derivative, instead
of using fixed weighting matrices to express the relationships among the terms of the Newton-
Leibnitz formula (refer to Appendix A for definition), [WHS10] suggested introducing free vari-
ables into the Lyapunov-Krasovskii functional. From the Newton-Leibnitz formula, the following
equation is true for any matrices N; and N, with appropriate dimensions:

2 [z ()N + 2T (t — h)No] | 2(t) — / i(s)ds —x(t—h)| =0 (1.25)
—h

t

The left side of this equation is added to the derivative of the Lyapunov-Krasovskii functional.
Another inequality which plays an important role in this method is the following:

h [a:(tx_(g(t))rx [a;(tx_(?f(t))] - /t [w(tx—(g(t))rx L(tx_(ta)z(t))] >0 (1.26)

t—d(t)
Choosing the following Lyapunov-Krasovskii functional candidate

t 0 t

V(xs) = 2T (t)Px(t) + / xT(s)Qx(s)ds—i—//a’cT(s)th(s)dsdG, (1.27)

t—d(t) —ht+0

then adding the equations (1.25), (1.26) to the derivative of the Lyapunov Functional, one can
get the following LMIs

[PA+ATP+ Ny + NF +Q+hXyy  PAg+ N1+ NP +hXs hATZ
* No+ NI+ (1-n)Q+hXyn hAYZ| <0 (1.28)
| * * —hZ
(X1 X2 My
| * * 7

X1 X2

*  Xoo
ing the two aforementioned LMIs and their presence overcomes the conservatism arising from
the use of fixed weighting matrices. Generally speaking, there are two forms for free weight-
ing matrices: the one with a null summing term added to the Lyapunov functional deriva-
tive [HWSLO4], [WHS04], [XL05] and the one with free matrices item added to the Lyapunov
functional combined with the descriptor model transformation [LMKPO4]. This method shows
that the descriptor model transformation of Fridman is a special case of the FWM approach. Fur-
thermore, this treatment in combination with a parameter-dependent Lyapunov-Krasovskii func-
tional is easily extended to deal with the delay-dependent stability of systems with polytopic-
type uncertainties [WHO04], [HWSO05]. The free weighting matrices method has been shown to
be less conservative than previous methods, due to the avoidance of using any bounding tech-
nique. Yet, many researchers criticized the fact that this method introduces many free variables
which complicates the system synthesis and consequently lead to a significant increase in the

The optimal values of the free matrices N1, N and X = [ } can be obtained by solv-
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computational burden [PT08], [PGO5]. On the other hand, when applying this method to de-
sign delay-dependent #., controllers with memoryless state feedback, the resulting conditions
cannot be expressed strictly in terms of LMIs. This NLMI problem is usually solved either by
an iterative algorithm devised by [MPKLO1], or by a parameter-tuning method often used by
Fridman [FS02b], [FS03], which transforms the NLMI into an LMI.

1.6 Observers and controllers design for TDS

The problem of observer design was studied recurrently ever since the original work of Luen-
berger [Lue71] first appeared. The observation problem is to construct internal information of
the system depending on external measurements. The need for designing an observer can be
motivated by various purposes: modeling, fault detection and control. This makes the problem
of observer design the core of a general control problem. Obviously, due to the diversity of the
signals in a system, one cannot use as many sensors as signals characterizing the behavior of the
system. Roughly speaking, those signals can include:

e Time-varying signals characterizing the system or what we call state variables.
e constant signals representing the system parameters.

e unmeasured external signals representing the disturbances.

In short, An observer depends on a model in order to reconstruct the internal state, based on
available measurements.

Obviously, in the case of time-delay systems, it is difficult to analyze the system and synthesise
an observer and/or controller using classical methods since delay terms lead to infinite dimen-
sionality in the characteristic equations. Thus, many methods have been developed over the last
decades for time-delay systems. In the next subsection, we present some definitions related to
the observability of TDS.

1.6.1 Observability and controllability

The observability and controllability are two fundamental attributes of a dynamical system. Such
properties of TDS have been studied extensively (see e.g., [Ric03], [YUN10] and the references
therein). Unlike systems of ODEs, the problem of observability/controllability of delay systems
depends mainly on the nature of the considered system, which was the reason for developing
numerous definitions (e.g., approximate, spectral, weak, strong, point-wise and absolute). Ac-
cording to [Che84], the observability/controllability for linear ODEs systems, is equivalent to
the arbitrary assignability of the eigenvalues of the observer/controller. However, the general-
ization of this property does not necessary hold for Delay Differential Equations (DDEs). The
relationship between eigenvalue assignment and observabilty/controllabilty is still an open is-
sue in spite of the extensive research activities regarding this problem.

First, let us start by introducing some important definitions and notation.
Consider the space Lo([—d,0];R™) of all maps I(—d,0) — R™ which are square integrable in
I(—d,0) endowed with the seminorm:

1
2

0
Il = | 19(0) B + / 1y(6)[2d6
—d

33



Chapter 1. State of the art

The quotient space of L?([—d, 0];R") by the linear subspace of all y such that ||y|,,» = 0 is a
Hilbert space which is isometrically isomorphic to the product space R™ x Lo([—d, 0]; R™). It will
be denoted by My([—d, 0]; R") and its norm by ||.|| 2.

K Ma([—d,0; R") = R™ x Lo([—d,0];R") : k(h) = (h° = 2(0), h* = z(0))

Let Y be a Hilbert space which might be thought of as the observation space. We can observe
the map (., h, u) with an observer Z € L ([0,T]; £L(R",Y")); the observation at time ¢ is defined
by
z(t; hyu) = Z(t)x(t; hyu)
We can also observe the map i (t; h, u) = z(t-+6, h, u) with My-observer Z € Lo ([0,T]; £L(Ma,Y))
Z(t;hyu) = Z(4)Z(t; h,w)

Since M is isomorphic to R™ x Ly(—d,0; R™), there exist Z°(t) € L(R™,Y) and Z'(t) €
L(Ly([—d,0];R™),Y) such that:

Z(t)(k1(h°,0)) = Z°(t)n°

and
Z(t)(x71(0,h1)) = Z'(t)h!

Let us now present some of the most important nontrivial definitions of observability. Evidently,
each definition leads to different characteristics of state observation:

Definition 1.6.1. (Observability) [DM72]
System (1.7) is observable in [0, T if for all h € My([—d,0];R™) and u € Lo([0,T]; R™), the point
hY € R™ can be uniquely determined from a knowledge of u, h' and the observation map z(.; h, ).

Definition 1.6.2. (Strong observability) [DM72]
System (1.7) is strongly observable in [0,T] if for all h € Ma([—d,0];R™) and u € L2(]0,t]; R™),
the state h can be uniquely determined from a knowledge of u and the observation map z(.; h, u).

Definition 1.6.3. (Ms-observability) [DM72]
System (1.7) is Ma-observable in [0,T] if for all h € Ms([—d,0];R™) and v € L2([0,t];R™), the
state h can be uniquely determined from a knowledge of u and the observation map Z(.; h, u)

Remark 1.6.1. Strong observability =—> M -observability and observability

Definition 1.6.4. (F-observability) [Olb81]

Let F denote a class of initial functions for system (1.7). System (1.7) is F-observable on [0,T]
(respectively. F-observable) iff zo(.) € F and the output y(t) = 0 for all t € [0,T] (respectively, for
all t > 0) implies that x(t) = 0 for all t > 0.

Definition 1.6.5. (finally F-observability) [Olb81]
System (1.7) is said to be finally F-observable iff for any continuous initial function xo(.) € F and
y(t) =0 forall t € [0, T] implies x(T) = 0.

Notice that F-observability on [0, T'] implies final F-observability on [0, 7.

Definition 1.6.6. (Infinite-time-observability) [Olb81]

System (1.7) is said to be infinite-time observable iff for any continuous initial function x(.) the
condition x(t) = 0 for all t > 0 implies that for some t; > 0 the identity x(t) = 0 for all t > t;
holds.
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Definition 1.6.7. (Point wise observability) [DM72]
The system (1.7) is point-wise observable, (or equivalently, observable in [0,T] if the initial point
xo can be uniquely determined from the knowledge of the input u(t), ¢(t), and the output y(t).

These notions can be transposed to the controllability as mentioned in [Olb73].

Compared to ODEs, the observability and controllability of delay systems present three main
differences [Ric03], [DM72]:

e First, in the case of ODEs, the controllability describes the ability to move the internal state
of a system from any initial state to any other final state at a time ¢;. Whereas, for any
functional model, the actual notion of controllability means to derive the system to reach
a function (which here means to assign the state vector x(¢) from time ¢; to time ¢; + h.

e Second, delays introduce the notion of a minimum reaching time. Thus, one must define
how many units of delays the system needs in order to reach the target therewith the usual
controllability indices that correspond to reachable spaces.

e Lastly, the nature of the control law to be implemented: choosing a state-feedback law of
the form wu(t) = g(z), implies that the controller has infinite dimension. Different types
of possible controllers for DDEs are available; “memoryless” controls u(t) = g(z(t)) or
point-wise delayed controls u(t) = g(z(t), z(t — h;)).

1.6.2 A brief overview of some existing results

Observer and controller design theory for time-delay systems has been most widely considered in
the last decade. Various methods have been used, for example, spectral decomposition [HL93],
[Sal82]; matrix fractional representation [EK82], coordinate change approach [HZP02], LMI
method [FSDOO], reducing transformation technique [PF89], factorization approach [YZ96],
and polynomial approach [Sen97]. Another type of methods used to stabilize time-delay systems
is prediction-based methods which transform the problem into a non-delay system such as Smith
predictor [Smi59]; Finite Spectrum Assignment (FSA) [MO79], [Zho06]; and adaptive Posicast
[NAO3]. However, this methods require model-based calculations which may cause unexpected
errors when applied to a real system. Some of these methods will be discussed in more details
in the following subsections.

1.6.2.1 Finite dimension approximations

Earlier time-delay problems in engineering systems are often solved indirectly by using approx-
imation and/or prediction methods [RicO3] in order to treat an infinite-dimensional system as
a finite-dimensional one. One of the widely used approximation method is the Padé approxima-
tion, which is a rational approximation involving the truncation of some infinite series and re-
sults in a shortened fraction for the approximation of the delay term. However, such approaches
have many drawbacks e.g., their high order which can complicate the control problem. Even
in the case of constant time-delay which is relatively simple, this approximation constitute a
limitation inaccuracy, that can lead to unstable behaviors of the true system and induce non-
minimum phase and, thus, high-gain problems. In addition, the problem of choosing the order
of the approximation a priori can be difficult.
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1.6.2.2 Finite spectrum assignment

Motivated by the fact that delay systems have infinite eigenvalues which makes it practically im-
possible to control their location in feedback stabilising problems. Spectrum assignment method
has been used in order to design a closed-loop delay system with finite spectrum [MMO03]. The
key is to construct a linear feedback law such that the corresponding closed-loop system has
a finite number (equal to the dimension of the differential equation describing the system) of
eigenvalues located at an arbitrarily preassigned set of points in the complex plane while the
others are automatically eliminated. Compared to the method of spectral decomposition which
consist in decomposing the observer equation into a finite- and an infinite-dimensional compo-
nent [Sal82] or shifting an arbitrary but finite number of eigenvalues [Pan75], the advantage
of the spectrum assignment method is that it does not need the calculation of the open-loop
system spectrum, which significantly simplifies the design procedure. However, one of the dis-
advantages stems from the fact that it is a prediction-based method, thereby it is restricted to
problems with input/output delays that can be countered by a prediction. Besides, it is consid-
erably complicated in the case of MIMO systems.

1.6.2.3 Coordinate change approach

The main idea of this method is to find a generalized coordinate change such that in the new
coordinates, all the time-delay terms in the system description are associated with the output
only. The condition for such coordinate change to exist is guaranteed by a rank condition on the
observability matrix [HZP02].

1.6.2.4 Lyapunov framework

Observers and controllers have also been designed using the Lyapunov framework involving
Algebraic Riccati Equations (AREs) [RA06], Bounded Real Lemmas (BRLs) [PT09], [XLZ06]
and/or Linear Matrix Inequalities (LMIs). Over the last decades, the LMI formulation has been
widely used to express sufficient conditions for the stability and stabilization of time-delay sys-
tems. Combined with other methods, different results were given e.g., [ZB07] for a class of Lip-
schitz nonlinear discrete-time systems independent of delay; [PCET05], [SPP99] for uncertain
linear systems; [HBC98], [ES03] for sliding-mode design; static output feedback control [CT99];
and stability analysis of time-delay systems [YW12].

1.6.2.5 factorization approach

This method has been used to solve different control problems in the finite-dimension frame-
work. Whereas, for infinite-dimension systems, the problem becomes more complicated, be-
cause a proper stable Bezout factorisation does not, in general, exist for this class of sys-
tem [KS82]. Later, it was shown that the existence of the proper stable Bezout factorisations
is equivalent to the spectral controllability (or spectral observability) of the cocanonical (or
canonical) realisation of a transfer function matrix and an explicit procedure for computing
such a factorization was giving in [KKT86].

In the literature, one can find many methods discussing observer design problem for time-
delay systems, where the observer parametrisation is achieved using the factorisation approach
[YZ96], [FSDOO].
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1.6.2.6 Reducing transformation

Employs a 'reducing transformation’ on the state of the differential delay equation (1.7) such
that the transformed state satisfies an ordinary differential equation whose spectrum contains
the unstable poles of the delay system. Thus, a prior condition is that the set of poles or eigen-
values for (1.7) be computed relative to any specified right-half plane. This is admittedly an
onerous task, but the fact that (1.7) is known to possess at most a finite number of poles in
any right-half plane, notwithstanding the countably infinite spectrum in general, hints at the
possibility of using finite-dimensional state variable techniques once the unstable pole set has
been delineated [PF89].

1.6.2.7 Polynomial approach

This method was used for strongly observable system to design observers by assigning the co-
efficient of the characteristic polynomial. The observer is constructed by solving some Bezout
equations [EK82].

1.7 Conclusion

In this chapter, some important definitions and principles concerning time-delay systems in gen-
eral were presented and some existing methods concerning the stability were summarized. In
addition, a few reminders and definitions of observability and controllability in the case of time-
delay systems were presented.
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Chapter 2. LPV formulation to design state observers for Lipschitz systems

2.1 Introduction

Observer design for time-delay systems had received a lot of attention in the last decades. Dif-
ferent methods for different types of systems have been proposed in the literature. For ex-
ample, we can mention, studying the eigenvalues and the eigenvectors of the linear stability
matrix [Raj98]; parameterising all observers by means of the factorisation approach [YZ96];
finding a coordinate change such that in the new coordinates all the time-delay terms in the sys-
tem description are associated with the output only [HZP02]; and finally, using the Lyapunov-
Krasovskii approach to deduce conditions expressed in terms of Riccati equations [FSD98],
[ABD99]; or in terms of LMIs [Ibr07].

On the other hand, different attempts with different time-delay types have been made. We start
by constant delays [LD02], [TANO4], [ZB07]; delay varying in a range [Sha08]; delays acting
on the output [GMP02]; and unknown time-varying delays [SFRS07], [GLB12].

We can distinguish two types of observers when dealing with time-delay systems depending on
whether the additional information on the delay is considered or not: observers with mem-
ory [BK76] and memoryless observers [HL99], [Wu09]. At first sight, it seems that observers
involving the delay value in their realizations are more important. Nevertheless, memoryless
observers do not require additional memory space nor exact knowledge of the delay, thereby,
they are preferred in some applications such as embedded systems.

Observers for special classes of nonlinear systems, namely Lipschitz systems, has been an on-
going subject of interest for decades. Different methods have been developed to treat this type
of systems starting by systems verifying the global Lipschitz property leading to exclude com-
mon nonlinearities such as e or x3. Later, this limitation was replaced by the local property
provided that the operating range of the state is bounded [Raj98]. An alternative method,
presented in [AKO1], removes this restriction by exploiting the nonlinearity and injecting a ma-
trix representing only the state components on which depends the nonlinearity. However, it
is only applicable on systems with monotonic nonlinearities. Generalizations of this technique
were proposed in [Ibr07], [ZB09a]. A different and significant idea is the output injection
approach, based on canceling the nonlinearity by means of an output injection term [KI83],
[KR85], [HP98], [HK96] in this case only nonlinearities depending on the measured output are
considered. Another important technique is the high-gain methodology which is characterized
by dominating the state-dependent nonlinearities by high-gain linear terms [GHO092], [BH91].
All of the aforementioned approaches were soon extended for time-delay systems [GMPO02],
[GPO5], [GWO03], [GLB12], [KBO9], [XLZY04], [RPNO4], [MMMO04], [AAAHLL11], [CMM13].
In this chapter, we are interested in those involving the use of the Lipschitz property. Various
conditions have been provided in terms of LMI [AMO07] or algebraic Riccati equations [PR10b].
Nevertheless, the use of the Lipschitz property was proven to be restrictive and different ap-
proaches has been proposed aiming to relax the existing results. From the relatively recent
results, we can mention, using the differential mean value theorem to transform the nonlinear
system into a Linear Parameter Varying system [Ibr09], [ZBB08], [PR10a]. The main objective
of all these results is reducing the high gain and accept classes with larger Lipschitz constants.
In this chapter, we investigate the observer design problem and we propose a less conservative
observer synthesis method for nonlinear time-delay systems that exploits all the properties of
the nonlinearities of the system. The idea consists in transforming the problem of estimating the
state of a nonlinear system to the stability problem of a Linear Parameter Varying (LPV) system.
This transformation is based on a reformulation of the Lipschitz property leading to change the
dynamics of the estimation error into an LPV system. The stability analysis is fulfilled using the
convexity principle and the Lyapunov stability theory. The particularity of the studied system is
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that the nonlinearity is non differentiable as opposed to existing results.

In order to compare our results to the existing ones, we chose to develop an LMI condition
based on the use of the classical Lipschitz property largely used in the literature to study the
stability of nonlinear observers. The comparison is made for two cases, delay-independent and
delay-dependent respectively. Two examples were given in which we show the superiority of
our methods in terms of the tolerance to larger Lipschitz constants and/or larger delays upper
bounds.

2.2 System presentation and preliminaries

In this chapter, the considered class of time-delay systems is described by the following equa-
tions:

(t) = Az(t) + Agz (t — d(t)) + Bf (z(t),z (t — d(t))),
(t), (2.1)
z(t) = xzo(t), —d<t<0.

where x € R", y € RP represent the state and the output vectors respectively. A, Ay, B, and C
are constant matrices of appropriate dimensions. The nonlinear function f : R"™ x R” — RY
is assumed to be v¢-Lipschitz, i.e.,:

.00~ fwvall <) 220 | vawere 2.2
d— Yd
and d(t) is a bounded time-varying delay verifying:
0<d(t) <d,
. (2.3)
d(it) <p<1.

Let us start by introducing some important definitions and preliminaries needed for the devel-
opment of the sequel sections.

Definition 2.2.1. Consider two vectors:

1 1
z=|:|€R" and y=1| : | e R"™

Tn Yn

For alli =1, ...,n, we define an auxiliary vector ¥ € R™ corresponding to x and y as follows:

y1(t)

Yi — yi(t) - i Yo —
x zo41 (1) for i=1,...,n, with =z x. (2.4)
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x1
Definition 2.2.2. Consider a function f : R™ x R" — R% Then, for all vectors x = | : | € R",
L,
Y1 21
y=|: | €R"andz=| : | € R", we define two functions ); and w;i as follows:
Yn Zn,
0 if z;=y;
(¥ x¥) = i1 )= (Vs . , 2.5
W ) { e léj)_yj(m 22) i xj#yj @
0 Iz =y,
wd (2¥5-1,29%) = Fla,2%5-1)— f (2% . . (2.6)
! (=2 ijyj(xz ) if zj #yj

It worth noting that +; (%1, 2% ) and ¢;l (z¥i-1,2Y%) depend on z and z respectively, but they
were dropped out intentionally from the notation for simplicity since their absence will not ef-
fect the development of the sequel results.

Notice that the Definition 2.2.1 allows to write the nonlinear function f in the system (2.1)
under the following form which is needed subsequently in the rest of this chapter:

f(@,2q) = f(y,ya) = f(@,20) — f(@¥ 2a) + ..+ f(@¥7 20) — f(2¥9,24) + ...
+ f(xyn_l .de) - f(yvxd) + f(ywrd) - f(:%le) +...
+ fly,x] ™) = fly,2f) + +f(y, 7 = F(ysva),
J
— (f (%=1 zq) — f (2%, 2q)) Z y, ng ! —f(y,ajzj)).

J=1 Jj=1

n

Consequently, from Definition 2.2.2 we can write:

f(x,2a) = (Y, Ya) 21/1 7 2% (25 — yj) +ZT/)J iy (T — yap),
j=n 2.7)
Z% (¥, %) e (5) ij g2l el () | (wa — ya)-
=1

In the following, we introduce a new property, necessary to develop the rest of the chapter. The
idea consists in reformulating the Lipschitz condition (2.2) to get an appropriate form for the
application of our LPV-based approach.

Lemma 2.2.3. Consider a function f : R"™ x R™ — RY. Then, the following statements are
equivalent:

e The function f is ~ys-Lipschitz as defined in (2.2).
e Foralli=1,...,q, j =1,...,n, there exist functions
¢ij : R" xR" — R,
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Pl R" X R" — R,

and constants a;j, b;j, a? ¢, and bfj, such that:
i=q j=n i=q j=n
Fa,a) = fya) = | DD wiHiy | (w—y)+ | DD WHiy | (wa—va),  (2.8)
i=1 j=1 i=1 j=1
where the functions 1);; and 1/1 are bounded as follows:
aij < hij < by,
af; <y < b, (2.9)
and
iy £ iy (@0, 2%) 9 2y (25, 2%) and Hig = eq(i)el (9)
Proof. The proof of this lemma is inspired from [ZB13].

1) Sufficiency: First, let us prove the sufficiency. Assume that foralli =1,...,¢q, j =1,...,n
there exist functions #;; : R” x R® = R wd :R™ x R™ — R and constants a;;, a b” and
bd so that equation (2.8) with conditions (2.9) hold for all z,y € R™.

Notice from (2.8) that:
i=q j=n i=q j=n
f(@,za) — f(y,ya) Z Z VijHij | (x —y) + Z Z Uiy | (wa —ya)-
i=1 j=1 i=1 j=1
Thus
. o 2
i=q j=n i=q j=n
1 (@, a) = f (v, ya)I” = Z VijHij | (x —y) + Ui Hig | (xa —ya)||
i=1 j=1 i=1 j=1
SRS L 2
i=q j=n i=q j=n
< SN iHy | (@ —y)||+ > WhHi | (2a — ya)
|| \i=t =1 i=1 j=1
_ 1 1 2
1=q j=n 2 i=q j=n 2
< D2 D ] lle =yl + WP e —vall|
i=1 j=1 i=1 j=1
[ i=q j=n
x [R—
<120 max (I%‘j\27|’yflj\2) . Y
i=1 j=1 d~ Yd

where v;; = max(|a;j|, |b;;]) and ,yw = max(|a 1, |b /|). Hence, the nonlinear function f is

7¢-Lipschitz with ~¢ verifying:

i=q j=n

v < 4|2 ) max (I%’j\Q, I’Y%\Q)-

i=1 j=1

(2.10)
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2) Necessity: Any function f : R™ x R™ — R can be rewritten in the form:

fl(xaxd>
flx,zq) = : = Zeq(i)fi(a:,xd), Vx € R".
fq(xvxd) =1

Then, since f is ;-Lipschitz, we have

1f(z,2za) — f(y, ya)l Z!fz (@, 2a) = fi(y, ya) %,

T —y

<
=71 Td — Yd

The last inequality leads to having:

-y

. (2.11)
Td — Yd

I fi(x, zq) — fi(y, ya)ll < ¢

which means that each component f; is ,-Lipschitz with v;, < ;. In this case, func-
tions f; can be written in terms of two functions ¢ij,¢§lj : R” x R™ — R as given in
Definition 2.2.2 (similarly to (2.7)).

filz,wa) — fi(y,ya) = sz (@%1,2%) e} (§) | (x — )

Z% Yt 2% el () | (2 — ya). (2.12)

Since f; is 7yy,-Lipschitz. Then from (2.11):

- - | fi (x¥i-1, 2%) | |z — yj
iy (2757 a%) | = <, ~ 1
Y ’ |25 — yj |75 — yj
Hence, we have the existence of (2.9) with a;; = —v and b;; = v. In the same manner, we

get —vy, < @bfj < s, and a;-ij —~ and bw = .
This ends the proof.

O]

The proposed lemma provides a detailed version of the Lipschitz property. This detailed version
allows to use the LPV approach, and will lead to less conservative observer synthesis conditions.
Indeed, the new notation (2.8) and (2.9) enable us to exploit all the properties of the nonlinear-
ity and to take into consideration the bounds, a;; and b;;, of each component of the investigated
nonlinearity, hence providing a better precision when compared to the classical Lipschitz form
(2.2). Due to this manipulation of the nonlinearity, the resulting condition becomes able of dis-
tinguishing between different nonlinearities having the same Lipschitz constant with different
bounds, e.g., sin(x) and arctan(x).
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2.3 Observer design
In this section, we consider a Luenberger observer of the form:
b= Ad(t) + Agd (t — d(t)) + Bf (2, 3q) + K(y - c:z) + Ky (yd - o:gd). (2.13)

where 7 is the estimate of the x. Our objective consists in finding the gain matrices (decision
variables) K and K, so that the estimation error e = x — & converges asymptotically towards
zero.

The dynamics of the estimation error is then given by:

¢ = (A— KCO)e(t) + (Ag — KqC)e (t — d(t)) + B [f(z,za) — f(&,34)]. (2.14)
of

Since f(.) is vy-Lipschitz, then following Lemma 2.2.3, there exist functions 1);;, ¢§lj where
ij = i (»’U”ACH,HJ@J) L <1’2dj_1,$2dj> ,

and constants a;;, b;j, aglj, and bfj such that

1=q j=n 1=q j=n
flaswa) = f(@,8a0) = | DD biHi | (x— &)+ [ YD viHiy | (24— &a),
i=1 j=1 i=1 j=1

and notation (2.9) is verified.
Now, define the affine matrix functions:

i=q j=n i=q j=n

Alp) = A+Bzzwij1{ij7 A(pa) = Ad+BZZ¢%HM, (2.15)
i=1j=1 i=1 j=1
with the matrices
p=ij)j, Pa= (d}{-jj)ij - (2.16)

Consequently, the dynamics (2.14) can be rewritten as:
e = (A(,O) —KO)@—i— (A(pd) —KdC) €d. (2.17)

Notice that according to (2.9), the matrix parameters p and p, belongs to bounded convex sets
H,, and H¢ respectively for which the sets of vertices are defined by:

Vi, = {(I) ERT™ ¢ & € {aijabij}}a (2.18)

Vs = {@d R : Bl e {a;?j,bfj}}. (2.19)
In the literature, the first attempts treating nonlinear systems used the Lipschitz property to
provide solutions to the stability problem. Here, we present three different methods, the first
treats the nonlinearity using the Lipschitz property directly as in [Raj98] whereas the second
uses a reformulation of the latter that will help us exploiting the nonlinear part more efficiently
[ZBO9b]. Finally, these two methods will be compared with our LPV-based approach. In the next
sections, we will develop these different methods for delay-independent and delay-dependent
analysis cases.
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2.3.1 Delay-independent synthesis

In the delay-independent analysis, the size of the delay is not taken into consideration, and
the stability is verified for all delay values. For this section, we chose to perform an analysis
independent of the upper bound of the delay d but dependent on the rate .

2.3.1.1 Standard LMI approach

Before presenting our LPV-based design methodology, we start by this subsection where we give
a generalization of the standard LMI design technique to time-delay systems. We provide a
sufficient LMI condition to ensure the asymptotic convergence of the estimation error towards
zZero.

Theorem 2.3.1. The system (2.13) is an asymptotic observer for system (2.1) if there exist sym-
metric and positive definite matrices P and Q, and matrices R, Ry of appropriate dimensions and
a positive scalar « so that the following LMI condition holds:

ATP 4+ PA—CTR" — RC + Q+ anjl PA - R,C PB
(%) —~(1-wQ+anil 0 | <O. (2.20)
(%) (*) —al
Hence, the observer gains are given by:
K=P 'R, K;=P 'R, (2.21)

Proof. Consider the following delay-independent and rate-dependent Lyapunov-Krasovskii func-
tional:

¢
Vie(t)) = T (tYPe(t) + / ¢ (5)Qe(s)ds. (2.22)
t—d(t)
The derivative of V' along the trajectories of system (2.14) is of the form:

V=l ((A _KCO)TP+P(A-KC)+ Q) e+ 2¢TP (Ag — KqO) eq
+ 2" PBSf — (1 - d) el Qeq. (2.23)
Since the delay verifies (2.3), we can write

V<el ((A—KC)TP+P(A—KC) + Q) e+ 2¢TP (Ay — KqC) eq

+2¢"PBIf — (1 — p) €L Qey. (2.24)
In addition, since the function f is Lipschitz, then for any « > 0, we can write:
T
t t
g L(f (—)d)] [e(f (—)d)] -abfléfr 0. (2:25)
Adding (2.25) to (2.24), we get:
' e]" [(A-KC)"P+P(A-KC)+Q+an}l  P(Aa—KiC)  PB] [e
V< |eq (%) 1= Q+arfl 0 eq| -
of (%) (%) a1 |6f
(2.26)
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Using the change of variables R = PK, Ry = PK,, we deduce that in order to get V' < 0, LMI
(2.20) should be verified. O

Remark 2.3.1. The main disadvantage of the previous LMI condition lies in its limitation to nonlin-
earities with Lipschitz constants lesser than one. Thereby, this approach fails to provide a solution
in certain applications characterized by large Lipschitz constants such as chaos synchronization in
digital and analog communication systems (Chua’s circuit) or in vehicle systems, in the case of
aerodynamic drag force.

It was proven that writing the nonlinearity f in a more detailed form to bring out only the states
on which the nonlinearity really depends, instead of considering that the nonlinearity depends
on all the states and that the nonlinearity lies in all the components of the system [ZB09a]. In
this case, we can introduce two matrices H and H, such that:

f(x,2q) = f ([H Ha) [de : (2.27)

To show how to choose these matrices, take for example the function f(x,z4) = (sin(xi)zs —

T42). This function can be written in the form (2.27) with H = [(1) ﬂ and Hq = [0 —1].

Notice that the choice of H and H, is not unique but it plays an important role on the feasibility
of the resulting sufficient LMI conditions (this will be discussed in more details in chapters 4
and 5).

Then we can write the Lipschitz property as:

ar? [e(f(f) d)r [Zg] [H Hd] L(f(_t) d)] —asfTsf > 0. (2.28)

So, by adding the previous inequality to (2.24) instead of the inequality (2.25), we can get a
less conservative and more detailed LMI condition as follows:

Theorem 2.3.2. The system (2.13) is an asymptotic observer for system (2.1) if there exist sym-
metric and positive definite matrices P and Q, and matrices R, Ry of appropriate dimensions and
a positive scalar « so that the following LMI condition holds:

ATP+PA—-CTR" —RC+ Q+ayfH'™H PA—RyC+arfH'Ha PB
() ~(1-p)Q+ayiHiHa 0 | <0. (229
(%) (%) —al

Hence, the observer gains are given by:

K=P 'R, K;=P 'R, (2.30)
These previous theorems will be compared against a method based on reformulating the non-
linear system in the form of LPV one as we will see in the next section.
2.3.1.2 LPV-based approach

At this stage, we can state the following theorem, which provides an LMI condition for an
observer design of Lipschitz systems. This condition is obtained by rewriting the nonlinearities
in a more exploitable form as demonstrated earlier in Lemma 2.2.3.
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Theorem 2.3.3. The system (2.17) is asymptotically stable if there exist symmetric and positive
definite matrices P and Q, and matrices R, R, of appropriate dimensions so that the following LMI
condition holds:

A@)TP+PA@®) —CTRT —RC+Q PA(®y) — RyC

() ~1-wo | =Y

VO eVy, ®4€ VH%. (2.31)
Hence, the observer gains are given by:
K=P 'R, K;=P 'R, (2.32)

Proof. Consider the same delay-independent Lyapunov-Krasovskii functional. By calculating the
derivative of V' along the trajectories of (2.17), we obtain

V=" ((Alp) = KC)' P+ P (A(p) - KC) + Q) e — (1 - d) ] Qe
+2eTP (A(pa) — K4C)eq. (2.33)

Since the delay satisfies (2.3), we can write

. _[e]" [AT(p)P — CTKTP + PA(p) — PKC + Q PA(pg) — PK4C) [e
V< . (2.34)
ed (%) -(1-p)Q
Q(pspa)
Consequently, V < 0 for all e # 0 if
Q(p,pa) <0, ¥p&Mn, VpgcHl (2.35)
'l_"herefore, from the convexity principle [BGFB94] and the notation (2.32), we deduce that
V <0 for all e # 0 holds if the LMI (2.31) is verified for all ® € V3, and ®4 € Vya. O

In the last theorem, we presented an LMI condition ensuring the asymptotic stability of the
estimation error around zero. The developed approach enables the design of observers for a
larger class of nonlinear systems with a larger Lipschitz constant. A comparison will be provided
later by means of an example.

2.3.2 Delay-dependent synthesis

Similarly to the previous subsection 2.3.1, this part presents two delay-dependant methods
based on a generalization of the classical Lipschitz property and the LPV transformation pro-
posed in Lemma 2.2.3 respectively.

2.3.2.1 Standard LMI approach

In this subsection, we use the modified Lipschitz property as we did in the time-independent
case (inequality (2.28)). However, a straightforward application of the modified property is
not enough in the delay-dependant case due to the presence of additional nonlinear terms in
the Lyapunov-Krasovskii functional. Those terms lead to having a condition in the form of
nonlinear matrix inequalities. The main contribution of this subsection is to combine the later
method with the use of the Young’s inequality to linearize those unwanted nonlinear terms and
to get more relaxed conditions in terms of LMI ensuring the stability of the estimation error.
First, let us start by presenting the main result in the following theorem:
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Theorem 2.3.4. The system (2.13) is an asymptotic observer for system (2.1) if for a predefined
scalars o« > 0 and e > 0 there exist symmetric and positive definite matrices P, Q and Z, and
matrices R, Ry of appropriate dimensions so that the following LMI condition holds:

ATP + PA—CTRT — RC+ Q—Z + a?HTH
()
()
()

(%)

PAs—RiC+Z+ayiH"™Hgy PB 0  A"P-CTR" 0 ]
~(1-wQ—Z+av;HiHe O 0 ATP—-CTRT 0
(%) —al BTZ 0 0
) (%) _dTIQZ 0 7 < 0. (2.36)
(%) (*x) (%) —€P 0
(%) (*x) ) (%) —P
Hence, the observer gains are given by:
K=P 'R, K;=P 'Ry (2.37)
Proof. Consider the delay-dependent Lyapunov-Krasovskii functional:
t 0 t
Vie(t)) = el (t)Pe(t) + / el (5)Qe(s)ds + d/ / ¢l (s)Z¢é(s)dsdb. (2.38)
t—d(t) —dt+0

Calculating the derivative of V" along the trajectories of (2.14), we obtain

V=el ((A “ KO P+ P(A-KC)+ Q) e+ 2eTP (Ay — KyC)eq + 2T PBSS

t
(1 d) F Qea+ A% (W Ze(t) — d / T () Ze(s)ds. (2.39)

t—d
The integral term in the derivative can be treated using Jensen’s inequality (refer to Appendix A).
The Lyapunov-Krasovskii functional candidate V' is frequently used in the literature, when com-
bined with Jensen’s inequality it does not require any model transformation nor bounding tech-
niques of cross terms which are known to induce conservatism. Such a solution was considered,

for studying the stability, in different papers [GNOO], [Han08a], [GP06].
Since the delay verify (2.3), we can write:

t

—d eT(s)Z¢é(s)ds < — eT'(s)Ze(s)ds
d/_ (5)Zé(s)ds < d(t)t_/ (5)Zé(s)d

d(t)

= Ledr [zj —ZZ} L@J ' (2.40)

To make full use of the nonlinearity, we add the inequality (2.28) to V.

t—

s9
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In addition, by using the inequality (2.40), we get:

. e T e
V<e| T'lea|, (2.41)
of of
where
Iy PA;—PKC+ Z + +<wj%%T’Hd PB
=1 (% ~(1-w)Q—Z+av;HiHa 0
(%) (%) —al
(A—-KO)T
+d? [(Ag— KO | Z[A-KC Ay— K,C B], (2.42)
BT

whereI'y; = ATP —CTKTP + PA—PKC+Q—Z + a’y}%”HT’H.
Using Schur lemma, one can see that I' < 0 is equivalent to having:

ATP —CTKT™P +PA-PKC+Q—Z+ayjH'H
_ (%)
= ()
(%)
PAs—PK.C+Z+ayiHHy PB  (A-KC)'Z
—(1=p)Q—Z + ar¥HiHy 0 (Aq— K072
(%) —al BTZ
(%) (%) %7

< 0. (2.43)

Notice, the matrix Q contains some bilinearities X7 Z and KgZ . To linearize these terms, we

propose to use Young’s inequality (Appendix A) to separate the gains K and K, from the matrix
Z and replace the latter by P:

(A—KC)" 0
T
Q=0+ A=K g g 0 24+ |V [A-KC A-K,.0 0 0], (244
0 Y 7 X
XT YT
where
ATP —CT"K"™P+PA-PKC+ Q- Z+ayfH'H
0 (+)

PAs—PKsC+ Z+oaviH Hy PB 0
—(1—M)Q—Z+a’y]207-l,g7-ld 0 0
(%) —al BTz
(%) x) —5Z
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So, by using Young’s Inequality, we can write:

(A-Ko)'1m o
0<q _ |(A-KC)'T 0 {—en 9}‘1 [H(A—KC’) M(A-K,C) 0 0]
= 0 ol [ 0 -im 0 0 0 2
0 Z
(2.45)

where II is a symmetric positive definite matrix.
Using Schur lemma and choosing IT = P, we can see that the condition 2 < 0 is satisfied if the
LMI (2.36) is fulfilled. O

In the next section, a new LMI condition based on the LPV formulation is proposed. The non-
linearity is treated differently due to the use of the reformulated Lipschitz property proposed in
Lemma 2.2.3.

2.3.2.2 LPV-based approach

In the following theorem, the stability of the estimation error is guaranteed if a set of LMI condi-
tions are feasible. The main idea of this approach is to use the reformulation of the nonlinearity
f into the LPV form as demonstrated in Lemma 2.2.3 and combine it with the Young’s inequality
to relax the remaining bilinearities. Those bilinearities stem from different sources, in our case,
the choice of the Lyapunov-Krasovskii functional and the presence of the observer.

Theorem 2.3.5. The system (2.17) is asymptotically stable if for a predefined scalar ¢ > 0 there
exist symmetric and positive definite matrices P, Q and Z, and matrices R, Ry of appropriate
dimensions such that the following LMI conditions hold:

(1,1) PA(pa) — RaC+ Z 0 Af(pP-CTRT 0
%)  —(1-we-2z 0 A(p)P-CTRY 0
(%) (%) -%Z 0 Z | <o,
(%) (%) (%) —€eP 0
(%) (%) (%) 0 —P
VP,Q € VHna Pd, O € V’H%
(2.46)
where
(1,1) = AT(p)P + PA(p) — CTRT —RC + Q - Z.
Hence, the observer gains are given by:
K=P 'R, K;=P 'Ry (2.47)

Proof. Consider the same delay-dependent Lyapunov-Krasovskii functional (2.38). Then, calcu-
lating the derivative of V" along the trajectories of (2.17), we obtain:

vV =el ((A(p) —KCO)Y'"P+P(A(p) — KC) + Q) e— (1—d)el Qeq (2.48)

+2e"P (A(pa) — KqC)eq+d *éT (t)Zé(t) —d / T (s)Z¢é(s)ds. (2.49)

t—

U
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Chapter 2. LPV formulation to design state observers for Lipschitz systems

Using the inequality (2.40), V can be rewritten in the form:

T
. (& e
V< |:€d:| F(p, Pd) |:ed:| s (250)
where
T (. pa) = AL(p)P —CTKTP +PA(p) — PKC +Q—Z PAlps) — PKaC + Z
P b = (*) ~(1-pQ-7

(A(p) = KC)"

72
T (Alpa) - KaC)T

Z [(A(p) — KC) (A(pa) — KqC)] . (2.51)

Using Schur lemma, we can see that I" (p, pg) < 0 is equivalent to having:

Q(p,pq) <0, (2.52)

with Q (p, pg) in the form:

AT (p)P — CTKTP +PA(p) —PKC+Q—Z
(*)
(*)
PA(pg) — PKC+Z  (Alp)— KO Z
-1-pe-Zz (A(pa) —leC')T Z
(%) —=7

Q (pv pd) =

(2.53)

The matrix Q (p, pg) contains some bilinear matrix terms that can be linearized using Young’s
inequality (Appendix A) as will be seen in the following notation:

—(KC)T 0
Q(p,pa) =N (p,pa) + |—(KaC)T| [0 0 Z]+|0]| [-KC —Kq.C 0], (2.54)
0 Y Z X
XT YT
where
AL(p)P — CTKTP + PA(p) — PKC+ Q—Z PAlps) —PKC+2Z AT(p)Z
0 = (%) ~(1-wQ—-2  Al(pa)Z
(%) (%) —=Z

In this case, and for any symmetric and positive definite matrix II, we have:

(KC)T 0
Qp,pa) < (popa) + — |(KaC)T | TH[KC Ky 0] 4|01 [0 0 2], (255
0 Z
(ECY'TL 01 1 o 1\ [IKC TK,C 0
=900~ | BCTT 0 ([(i) _iﬂ}) [ e TG 9T @)

A1(p,pa)
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2.3. Observer design

By using Schur lemma again, the condition A; (p, pg) < 0 is equivalent to having:

(Ko)™ o o
O (ppa) | (KaO)'TL 0O
0 VA4 < 0. (2.57)

(%) —ell 0
(x) ¢
Now, by choosing I = P, one can easily get LMI (2.46). Thus, in order to have V < 0 for all
e # 0 the LMI (2.46) should be verified for all ® € Vy,, and @4 € Vy,a. O

2.3.3 Comments on the LPV-based approach

In the following, we discuss in more details the proposed LPV-based approach in order to high-
light the main advantages and clarify some related points.

Numerical aspects

The inequalities (2.36) and (2.46) are not considered as LMIs unless the positive scalar variable
e is fixed a priori. The choice of such a variable can be arbitrary, but an adequate manner to
chose this scalar variable is the use of the gridding method [LF97, Remark 5]. The method
consists in scaling € by defining v = {£,. In order to have ¢ > 0, we need to define v in the
interval |0, 1[. Then, we assign a uniform grid on that interval and for each grid point we look
for a solution.

On the other hand, the proposed LPV-based method is more complex computation-wise, since
we have to solve 27° LMIs for an n dimensional nonlinear vector. Nevertheless, the results
obtained by this method are less conservative. In addition, from the feasibility point of view, the
computation of the gains of the observer is done off-line which make this method suitable for

real-time applications despite the computational complexity.

Details on the LPV reformulation

We should emphasize that this chapter does not treat LPV systems. The objective is to develop
an observer for nonlinear systems using a reformulation of the Lipschitz property in order to
transform the problem of nonlinear observer design to the stability of quasi LPV systems.

The proposed LPV-based approaches can be looked at as an extension of the bounded jacobean
based approach which is only valid for systems with differentiable nonlinearities or a general-
ization of the recent work of [ZB13] for time-delay systems. Nevertheless, we thought that it
is important to be presented in a detailed manner including comparison with classical observer
design methods based on LMI approaches. Furthermore, the presented results are essential to
the next chapter, in which an observer-based controller is proposed.

Moreover, it is possible to generalize our approach by proposing a more general observer that
groups LPV systems with nonlinear systems. The structure of this general observer is the follow-
ing:

&= A+ Agia+ Bf(&,20) + K(y,p(0),0)(y — C2) + Ka(y, o)) (ya — Cia),  (258)

where p is a time-varying parameter and:

K(y.ot)1) = Ko+ Y Kyl (2),

i
(i.5)€S J
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Chapter 2. LPV formulation to design state observers for Lipschitz systems

O fi

K(y Q() ) K0d+ Z Kdzgdx

( J)ESd

(2)-

where

dfi
S=A{(,7): 5;;(2) = gij(y, p(t), 1), gij 0, Vz € R"},

of;:
o) = g0 0(0),0), o 20, 2 € RV
dj

Sa={(67) :

In this case, a parameter-dependent Lyapunov matrix can also be used probably under some
additional assumptions on the bounds of the derivatives of the parameters.

To resume, it is up to the user to choose (depending on the studied system) the adequate ob-
server structure in order to obtain the desired performances. In addition, any method in the LPV
bibliography can be applied on this general observer in order to reduce the conservatism and/or
ameliorate the performance.

Details on the Lipschitz reformulation

The Lipschitz property and consequently the continuity of the nonlinearity is a fundamental
assumption. Indeed, the proposed method is not applicable on discontinuous nonlinearities.
However, nonlinearities with large Lipschitz constants are not considered discontinuous.
Compared to high gain approaches, both methods admit large Lipschitz constants. However,
high gain observers are very sensitive to noisy output measurements and less robust than our
proposed type of observers.

The proposed reformulation of Lipschitz property (Lemma 2.2.3) is able of distinguishing be-
tween functions having the same Lipschitz constant but with different bounds.

2.4 Numerical examples and comparisons

This section is devoted to show the superiority of our proposed design methodology. We consider
two examples for the delay-independent and delay-dependent cases respectively. The goal is to
show that the LPV-based method tolerates nonlinearities with larger values of Lipschitz constant.
In the following examples, there are no optimization criteria, only the feasibility of the LMI
conditions is tested.

2.4.1 Example 1: Delay-independent case

Consider the system of the form:

i(t) = Az(t) + Agz (t — d(t)) + Bf(x(t), z (t — d(t))),
{ y(t) = Cx(t). (2.59)

with
2 0 -1 0 1
a=[t 5} =0k 5 m=f] e=n
f(:c,xd)z,o(\mdQ—m—l\—dez—x1+1l)
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2.4. Numerical examples and comparisons

Following Lemma 2.2.3, there exist functions 1, wfj such that the nonlinearity satisfies the
reformulated Lipschitz condition with

—2p <11 <2p, —2p <y <2p

Notice that v¢ = 2p which coincides with (2.10).
The delay is time-varying in the form:

Ny
N

d(t) = = sin(2t) + —.
To compare between the different approaches presented in the previous section, we used Matlab
toolbox to solve the LMI conditions and increase the value of the Lipschitz constant until the
LMIs can not return solutions. The results of the comparisons are summarized in Table 2.1. We

notice that the LPV-based methodology does tolerate larger Lipschitz constants.

Method || LMI (2.20) | LMI (2.29) | LMI (2.31)

o <1 ~ 10° ~ 102

Table 2.1: Comparison between the proposed delay-independent methods

2.4.2 Example 2: Delay-dependent case

In this example, we study a nonlinear system in the form (2.1), described by the following

parameters:
0 0 0 0 1
A= [—2 0.1} » Aa= [0.4 0.1]  B= [0}  e=[ 2]

The nonlinear part is the same of Example 1. In the following table, we compare between the
maximum Lipschitz constant ; allowable for different delay bounds d. The computation of ~;
is done using two conditions, LMI (2.36) and LMI (2.46), with ¢ = 200. We notice that the
admissible Lipschitz constant decreases for larger values of d. However, the LPV-based method
tolerates larger values of ¢ as presented in Table 2.2.

Method d=0.1d=05|d=0.7

LMI (2.36) 0.98 0.94 0.88

LMI (2.46) 1.98 1.76 1.52

Table 2.2: Comparison between the proposed delay-dependent methods
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Chapter 2. LPV formulation to design state observers for Lipschitz systems

2.5 Conclusion

In order to improve existing results based on classical Lipschitz property, we proposed two ob-
server design methods, delay-independent and delay-dependent respectively. Our methods pro-
vide a relaxation to the existing results by reformulating the nonlinear system into an LPV one.
This method is compared to more classical ones where the Lipschitz property was used directly
to get LMI conditions ensuring the asymptotic stability of the error dynamics. We conclude from
this chapter that the new reformulation of the Lipschitz property provides less restrictive LMI
synthesis conditions. Indeed, from the feasibility point of view, the LPV-based method provides
solutions for larger Lipschitz constants. The superiority of the LPV design method was shown
through two numerical examples.
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Chapter 3. Observer-based controller design via LPV approach

3.1 Introduction

When using the observer in closed-loop configurations, the problem of stability analysis becomes
more complicated. The most common approaches for stability analysis of time-delay systems
are the Lyapunov-Krasovskii functional and Razumikhin function methods. Initially, Lyapunov-
Razumikhin functions were the only tool to study the stability for time-varying delay systems.
However, the Razumikhin approach leads to more conservative conditions and it is inapplicable
to the case of H, control [XL94], [LMO07].

There exist different sources of conservatism stemming from the choice of: Lyapunov functional,
model transformations and bounding techniques, etc. In the control framework (especially the
observer-based control), additional sources appear due to the presence of cross terms and multi-
ple products. The available solutions to this problem generally involve iterative linear matrix in-
equality conditions [CC96], [WHS10]; constrained convex optimization conditions that involve
some equality constraints to be satisfied conjointly with an LMI condition [Lie04], [SB0O6]; the
feasibility of different dependent LMI conditions simultaneously [ID08].

In this chapter, we consider the same system presented in Chapter 2. Depending on the pre-
vious results, we aim to design a controller based on the same proposed observer. Using the
Lyapunov-Krasovskii approach, delay-independent and delay-dependent stability conditions are
formulated in terms of LMI. The proposed method is based on the new representation of the
Lipschitz property, as presented in the previous chapter, combined with linearizing technique
based on Young’s inequality.

In order to show the effectiveness of our results, we compare them with other existing methods
in the literature. For the continuous time case, we chose the method of [Lie04] which provides a
solution to the non-convexity problem of observer-based controllers on the expense of imposing
an additional condition in the form of equality. This equality condition might be considered
restrictive especially under the presence of significant uncertainties. A comparison between
our proposed design methodology and other existing results is then provided and validated by
means of numerical examples.

Different solutions proposing purely LMI conditions were also developed. In the case of discrete-
time systems, we choose to compare our results with the discrete version of the result of [Lie04]
and with the work of [ID08] as well who introduced an interesting approach, of which the
main idea relies on decoupling the observer design problem from the controller design one by
introducing some free scalar variables that link the two separate problems. As a result, the
original non-convex problem is decomposed into two separate convex issues and the stability is
ensured by solving three LMI conditions simultaneously as opposed to one LMI in our case.

3.2 System presentation

In this chapter, we will study continuous nonlinear systems with delayed state, on the form:

x )+ Agx (t —d(t)) + Bf (x(t),x (t — d(t))) + Byu(t),
y(t) = Cx(t), (3.1
z(t) = xo(t), —d<t<O0.

~

where x € R" is the state vector, u € R™ is the input and y € RP? is the output. A, A4, B, B, and
C are constant matrices of adequate dimensions.
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3.3. Observer-based controller design

The delay is assumed to be time-varying and satisfying both of the following conditions:

0<d(t) <d,
. (3.2)
d(t) < p.

The function f : R"™ x R” — RR?is assumed to be ~-Lipschitz. Without loss of generality we
assume that f(0,0) = 0.
Following Definition 2.2.2 there exist functions

&ij : R" xR" — R,
P R" xR — R,

and constants a;j, b;j, al, and b?, such that we can always rewrite the function f as follows:

ij> ij>
j=n ~ j=n ~
f@,2a) = £(0,0) = fz,xa) = | Y Pjer () | x+ | D dfen(4) | za, (3.3)
j=1 j=1
with
aij < ij < by,
al; < ¥ < bl (3.4
and
bij 2 iy (2%71,2%) o 2 4y (x2j71,$gj) and H;j = eq(i)ey, ()-
Define
i=q j=n - ~
.A(Q) =A+ BZ Zq’/}inij’ with 0= (iﬁ”)w , (3.5)
i=1 j=1
i=q j=n ~ ~
Aled) = A+ By 3 0 Hyy, with o0 = (&) . (3.6)
i=1 j=1

where ¢ and g, are parameters belonging to bounded convex sets respectively H,, and H¢ for
which the sets of vertices are defined by:

V’Hn = {(I> € RI*™ . (I)ij S {azj,b@j}}, (37)
Vig = {@a e R 0 e {af0f 1 (3.8)

1J0 V1]

3.3 Observer-based controller design

In this section, we propose to design an observer-based controller with memory for system (3.1)
on the form:
u(t) = —La(t) — Lqz(t — d), (3.9

with the observer dynamics given by:
b= Ad(t) + Agd (t — d(t)) + Bf (&, 4) + K(y - cgz) e (yd - C:Ed) ¥ Buu(t), (3.10)
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Chapter 3. Observer-based controller design via LPV approach

where the gain matrices K, K4, L and L4 are to be determined.
As we saw earlier in Chapter 2, the error dynamics (e = x — %) is expressed as follows:

¢ = (A(p) — KC) e+ (A(pa) — KaC) eq, (3.11)
with o o
i=q j=n i=q j=n
A(p)=A+BY > iHy, Alpg) = Aa+BY > v Hiy, (3.12)
i=1 j=1 i=1 j=1

where p and p, (not to be confounded with ¢ and p,) defined as:

p= (%‘ (ij‘l,ﬂfyj)).

ij

copa= (v @) (3.13)

ij
and p and p, belong to the bounded convex sets #,, and ¢ respectively.
At first, we consider an augmented form containing both the dynamical model of the system and

the error, in order to guarantee the convergence of the observation error and the stability of the
closed-loop system simultaneously as will be seen undermentioned:

l’(t) — ‘A(Q) — B.L By L €T A(Qd) — BuLqg B, Ly T4
L(t)] a [ 0 ,A(p)—KC:| [e] + [ 0 A(pd)_KdC] [ed], (3.14)
By defining
&= ﬂ ) (3.15)
[A(e) 0 ]
A= 1
L0 Ap)] (3.16)
b= 45 ,4<Opd)}» (3.17)
[B,L —B,L
K=1"0 «kc ] (3.18)
Ka = B%Ld _ﬁzc%d}’ (3.19)

the system can be rewritten in the form:

§(t) = (A —K)&(t) + (Ag — Kq) £ (t —d(t)) - (3.20)

We aim to determine the matrices K, Ky, L and L, simultaneously such that the new defined
vector £ converges asymptotically to zero.

As we notice, equation (3.20) has the same form of (2.17). Consequently, we can use the
same methodologies of subsections (2.3.1 and 2.3.2) to retrieve delay-independent and delay-
dependent stabilization criteria, respectively. Nevertheless, a straightforward application of the
aforementioned methods does not directly lead to tractable LMIs. In fact, the presence of mul-
tiple product terms is one of the main challenges in the observer-based control design. In the
literature, so many methods were developed to treat this kind of problems [CYLHO08], [Lie04],
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3.3. Observer-based controller design

[GLCSO03], [ID08], [Ibr11]. In the next sections, we will discuss some of these solutions. At
first, we will present an approach involving an equality constraint [Lie04] in addition to our
own method. Furthermore, we will extend the results for the discrete-time case and present a
method based on the decoupling approach developed in [ID08]. At the end, we will provide a
comparison between all these solutions.

3.3.1 Delay-independent synthesis

We start by the delay-independent case. For this purpose, we consider the following Lyapunov-
Krasovskii candidate:

t
V(W) = ET(1PE(t) + / €7 (5) Q€ (5)ds. (3.21)
t—d(t)

One of the common methodologies is to assume that the Lyapunov matrix P is a block-diagonal
and each block corresponds to a specific part of the augmented system that is the system state
and the estimation error. In this case, we can define the matrix P on the form:

[n o
P = { . PJ. (3.22)

The derivative of V' along the trajectories of system (3.20) is:
V=¢l <(A ~K)TP+P(A-K)+ Q) €+ 26TP (Ag — Ky) &g — (1 - d) e70¢,  (3.23)
Thus, V' < 0 is verified if the following inequality condition is satisfied:

[(A—K)TP+77(A—K)+Q P (Ag —Ky)
(%) —(1—=p)Q

By developing (3.24) we get

] <0 Vp, 0€Vu,; pd, 04 € Vya.  (3.24)

11+ 1+ Q P12 ]
<0 Vp, 0€Vu,; pi: 04 € Vyg, 3.25
[ (%) —-1-p)Q Py 0€ V3,5 Pds @d Hd ( )
with
_ [PiA(e) — 1B, L P,B,L
b= [ 0 PyA(p) — PEC) (3.26)
_ [PrA(ed) — PrBuLg PiB,Ly
o= [ 0 PrA(pa) - PdeC} | (5:27)

From this point on, we can apply different methods to solve the stabilization problem. The main
difficulty is that the condition (3.25) is non-convex due to the multiple product terms P, K,
P,K,, PB,L and P, B, Ly. The first two terms can be treated by simple change of variables R =
P,K, Ry = P,K,. For the last two terms, different methods were suggested in the literature.
Out of these methods, we chose the one presented in [Lie0O4], which proposes an LMI condition
subject to an equality constraint to solve the aforementioned bilinearities. Whereas, we propose
a solution to avoid the equality constraint using the inequality of Young in a different way;, as it
will be shown later.
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Chapter 3. Observer-based controller design via LPV approach

3.3.1.1 First method: LMI conditions under equality constraint

In this subsection, the provided results are a straightforward generalization of [Lie04] to time-
delay systems. This method proposes a simple solution that involves an equality constraint
besides the sufficient condition in form of LMI, from which comes the restrictiveness of such a
method.

Theorem 3.3.1. System (3.1) is asymptotically stable under the action of the observer-based con-
troller (3.9) if there exist symmetric and positive definite matrices P, P, € R™*™ and Q € R?"*?",
and matrices P € R™*™ S, Sy, R and R, of appropriate dimensions so that the following condi-
tions hold:

P,B, = B,P, (3.28)
oy + 07+ 0 By ,
[ (%) —(1- w0 <0,V p, 0€Vy,; pa, 0d € Vg, (3.29)
with
~ o Pl.A(Q) — BuS BuS
e S NP i 5:30)
z P1A4(0) — BuSq BySq }
Oy = . 3.31
12 [ 0 PQAd(p) - RdC ( )
Then, the gain matrices of the observer-based controller are given by:
K =P, 'R, K;=P;'Ry, (3.32)
L=P'S, L;,=P's,. (3.33)

Proof. The proof is straightforward. Remember that the inequality (3.25) implies the condition
V < 0. In addition, if (3.28) is verified then the cross multiple terms containing P; in (3.25) are
replaced by new ones involving the matrix P. In this case, the matrices ¢1; and ¢, defined in
(3.26) and (3.27) become:

oy = |F1AQ) - B,PL B.PL
He 0 PA(p) — BEC|’
b1p = {PlAd(e) ~ BuPLq B.PLq } ‘
0 Py Ai(p) — P2 KaC

The new terms can be treated using the change of variables S = PL and S; = PL,. Similarly,
using R = P,K and Ry = P> K4, the cross terms containing P, are also linearized. Consequently,
inequality (3.25) is equivalent to LMI condition (3.29), which ends the proof. O

Remark 3.3.1. In the Theorem 3.3.1, we suppose, without loss of generality, that the matrix B,, €
R™ ™ is full column rank, this implies that the columns of matrices B, and P, B, are all linear
independent with P; > 0. Hence, if the (3.28) is satisfied for some P, > 0, the matrix P must be
nonsingular.

In the next section, we will propose an LPV-based method which involves LMI conditions only.
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3.3. Observer-based controller design

3.3.1.2 Second method: Judicious use of Young’s relation

This subsection is devoted to present a different method based on the use of the Young’s inequal-
ity in order to relax the equality condition mentioned in the first method. First, let us state the
following theorem, in which only strict LMI conditions ensuring the stability of the system (3.1)
via the observer-based controller (3.9) are provided.

Theorem 3.3.2. System (3.1) is asymptotically stable under the action of the observer-based con-
troller (3.9) if for a predefined scalar ¢ > 0, there exist symmetric and positive definite matrices
W1, Py and Q, and matrices S, S;, R and Ry of appropriate dimensions so that the following LMI
conditions hold:

_ _ - _ B,S B,S, 0 0
Ii+I7 +0Q ISP} [ 0 0 d] [I 0]
= 0 0
) —(1-p0 0 o 7
<0
—eWy 0 ’
(% S 0
_lwl 0
(*) (*) (*) 9
Vp, 0 € Vo, pa, 0a € Vya (3.34)
with
= . .A(Q)Wl — BuS 0
= [0 PA(p) ~ RO|” (5:35)
= A(04)W1 — BuSy 0 }
I'is = . 3.36
12 [ 0 PoA(pa) — RaC (3.36)
Then, the gain matrices of the observer-based controller are given by:
K=Py;'R, K,=P;'Ry, (3.37)
L=SW;t', Lg=S,w" (3.38)

Proof. Using the Lyapunov-Krasovskii functional (3.21), notice that in condition (3.25), the gain
matrices of the observer K and K; are not multiplied in the same manner by the system matrices
as the gains of the controller L and L, i.e., K and K, are multiplied from the left by P, whereas
L and L, are multiplied by P, B, which leads to unavoidable bilinearities that can not be solved
by change of variables without severe conservatism. Hence, in order to overcome this problem
and commute P; and B,, we perform a congruence transformation, on the controller part only,
by pre and post-multiplying (3.25) by:
[Pl‘l o] 0
0 I

" [0 I} . (3.39)
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Chapter 3. Observer-based controller design via LPV approach

As a result we get:

r ' +(]:$T1 + 9 _(11“_12#) Q] <o, (3.40)
with
- :A(Q)Pfl ; B,LP* s (B;;; L RC} ’ (3.41)
Iy — :A(Qd)Pll N BuLaPr PQA(ZU)L—d RdC] : (3.42)
::Pgl ?}Q[Pgl ﬂ (3.43)

In this case, the condition V < 0 is verified if I' < 0. But the last step and the change of
variables R = K, R;j = 2Ky, S = LP| Vand S; = Lde1 are not enough to get rid of all
the nonlinearities in I'. As a solution, we propose to separate the remaining multiple product
terms and replace the products B, L and B, Ly by LP; ' and LyP; ' through judicious use of the
Young’s inequality.

Indeed, to apply the Young’s relation with an appropriate manner, we write I" as follows:

BuL BuLJ1 [0 017 [0 0] [BuL BuLg]"
r [ +If+9Q ISP |0 0 L op |1 offo 0
(%) —(1—-p)Q 0 0 0 0 0 0 0 0
¥ 0 0 0 I 0 I 0 0
— e — — ~
XT Y yT X
(3.44)
Then, using the Young’s inequality, we can write:
ByL  BuLq 0 0
110 0 LB 0 0 0 I 0 110 I 00
< Z u N . .
F<YH2lo0 o H[LdTBgf 000]“0 of™ o001 (3.45)
0 0 0 I

where II is a symmetric positive definite matrix.
In addition, using Schur lemma, the right-hand term of the last inequality is negative (thus
I’ < 0) if the following equivalent term is negative:

B,LIl; ByLgll; 0 0
0 0 I 0
T
0 0 0 0
0 0 o 11l < 0. (3.46)
—ell 0
o [T
~1
Choosing IT = S I B (11 and defining W; = P! lead to having the LMI
0 Tl 0 P
conditions (3.34). O

In this section, we presented two methods to ensure the stability of the system in the closed
loop independently of the delay. In the next section, the size of the delay will be taken into
consideration in the stability analysis.
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3.3. Observer-based controller design

3.3.2 Delay-dependent synthesis

Similarly to the previous chapter, we present two methods for the delay-dependent case. For
that reason, we use the following Lyapunov-Krasovskii functional:

t 0 t

V(W) = ET(BPER) + / €7 (5)Qé(s)ds + d / / €7 (5)Z€(5)d6. (3.47)

t—d(t) —dt+6
The derivative of V' along the trajectories of system (3.20) is:
V=" ((A(p) = K) P+ P (A(p) ~K) + Q) € - (1 - d)&F Q&
t

L 26TP (A(pa) — Ka) €+ d %7 (1) ZE(t) — d / €7 (5)Z€(s)ds. (3.48)

t—d

Consequently, using Jensen’s inequality, the integral term is bounded as follows:

J/éT(s)Zé(s)dsgd(t) / ¢ (s)Zé(s)ds,

t
t—d(t)

t—d
e r -7 7 e
= Ld} [(*) —Z} [ed] ' (3:49)
From (3.49), we have:
- _[€1" [(a) K P+P(A(p) ~K)+Q—Z (%) AT .
Vs [fd] (Alpa) ~Ko)' P+ 2 1-wo-z [fd] A2,

Vp, 0 € Vu,; pas 04 € Vya. (3.50)

Now by applying Schur lemma to separate the quadratic term d 2T (t)ZE(t), we conclude that
in order to get V' < 0, the following sufficient conditions should be verified:

(Ap) —K)' P+P(A(p) —K)+ Q-2 (%) (%)
Q(p, pa) = (Alpa) —Ko) P+ 2 -1-pwe-2 (») | <0,
Z (A(p) — K) Z (Apa) —Ka) —5Z

v P, O S VH"; Pd, 0d S V’Hffl (351)

Theses conditions are not suited for stabilization purposes due to the multiple bilinear terms. In
the next sections, the same solutions presented in the delay-independent case, will be applied
here to get pure LMIs.

3.3.2.1 First method: LMI conditions under equality constraint

The method of [Lie04] will be implemented in the delay-dependent case. We start by introducing
a theorem that ensures the stability of the system (3.1) in the closed loop.
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Chapter 3. Observer-based controller design via LPV approach

Theorem 3.3.3. System (3.1) is asymptotically stable under the action of the observer-based con-
troller (3.9) if for a predefined scalar ¢ > 0 there exist symmetric and positive definite matrices

P = {Pl 0 } Q and Z, and a nonsingular matrix P and matrices R, Ry, S and Sy of appropri-

0 P
ate dimensions so that the following conditions hold:
P,B, = B, P, (3.52)

o+ +0-2 D+ Z 0 51}{1 0
(*) —(1—M)Q—Z 0 @12 0
(%) (%) -%Z 0 Z | <0,
(%) (x) (x) —eP 0
(%) (%) (*) 0 =P

Vp, 0 € Vi, pa, 04 € Vya, (3.53)

with ®1; and ®1, are defined in (3.30) and (3.31) respectively.
Then, the gain matrices of the observer-based controller are given by:

K=P,'R, Ky=P;'Ry, (3.54)
L=P'S, L;,=P's, (3.55)
Proof. Using the Lyapunov-Krasovskii candidate (3.47), the condition V < 0 is verified if Q

defined in (3.51) is definite negative. We Notice that 2 can be separated into the following
matrices:

(A(p) —K)'P+P(A(p) ~K)+ Q- Z () ()
Q(p, pa) = (Alpa) —Ka)" P+ 2 ~1-wQ—-7 (%
0 0 —57
o
0 (A(p) —K)T
+ 10| [(Alp) —K) (Alpa) —Ka) 0] + |(Alpg) —K)T| [0 0 Z]. (3.56)
Z 0

By Young’s inequality with a symmetric matrix IT > 0, we have:

(Ap) —K)" 7 0]
Q<O+ (Alpg) —K)T I [(Alp) —K) (A(pa) —Kg) O]+e|0|[I'[0 0 Z]. (3.57)
0 Z

Hence, Q2 < 0 if the right term of (3.57) is definite negative, which is equivalent, by Schur
lemma, to the following inequality:

(A(p) ~K)'IL 0
Q| (Alpg) —Kg)" T 0
0 Z]| <0. (3.58)
(%) [—el:[ 0 ~]
0 -l |

ChoosiAng II = P and using the change of variables R = P,K, Ry = P,Kg, S = PL and
Sq = PLg, the inequality (3.58) becomes identical to the LMI (3.53). This means that V' < 0 if
the LMI (3.53) is fulfilled. This ends the proof of the theorem. d
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3.3. Observer-based controller design

3.3.2.2 Second method: Judicious use of Young’s relation

This subsection is devoted to one of the main contribution of this chapter, namely the intro-
duction of our new delay-dependent observer-based controller design method. Indeed, as in
the delay-independent case, this method is based on a judicious use of the Young’s relation to
linearize a classical BMI problem. Our methodology leads to less restrictive delay-dependent
synthesis conditions expressed in terms of LMIs. This statement is illustrated through a numer-
ical example given in section 3.6. Our methodology is stated in the following theorem, which
provides sufficient LMI conditions ensuring the asymptotic stability of the system (3.1) in closed
loop.

Theorem 3.3.4. System (3.1) is asymptotically stable under the action of the observer-based con-
troller (3.9) if for predefined scalars €,€ > 0 there exist symmetric and positive definite matrices
Wl, Pg, Qand Z = |:Z1 Z2

5 ], and matrices R, Ry, S and S, of appropriate dimensions so that
the following LMI conditions hold:

(%) Zs3

ByS B,S4 00 T ]
R N R :
- 00
T 0 [0 I] I 0
0 0 0 Z
—eW7 0 B,S B,Sy
()[0 —er] 0 {0 0] 0 <0,
1
_EWI O
R I 0
—eW7 0
CHE® I N
1
w0
CIE () O |
Vo, 0€Vu,; pas 04 € Vya, (3.59)
where _ _ _ _ _
) Iy +Ih+90-2 Po+2 0
T= (%) -1-pe-z 0 |, (3.60)
(%) (%) 2z
with T'11, T'12, Q already defined in Theorem 3.3.2 (equations (3.35), (3.36) and (3.43) respec-
tively).
Then, the gain matrices of the observer-based controller are given by:
K =P,'R, K;=P;'Ry, (3.61)
L=SW' Lg=SWt (3.62)

Proof. Using the Lyapunov-Krasovskii candidate defined in (3.47), we find that the condition
V < 0 is verified if €2 defined in (3.51) is definite negative. To treat a part of the bilinearities,
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Chapter 3. Observer-based controller design via LPV approach

we perform a congruence transformation to commute the diagonal terms containing the control
matrix B, and the decision matrix P, i.e. pre and post-multiplying the right term of (3.51) by:

I 0|
£

Y
- S 1 il

As a result, we obtain the equivalence between (3.51) and the following inequality:

rn+I+9-2 T+ 2 ri,zp

I = (%) —(1-p)Q—2 T{zZP | <. (3.63)
(%) (%) 22

with Z = PZP and I'yy, I'12, Q already defined in Theorem 3.3.2 (equations (3.41), (3.42) and
(3.43) respectively). Define W) = P, 1 and use the change of variables R = P, K, Ry = P, Ky,
S = LWy and S; = Ly;W3i. Then all the diagonal terms in I'1; and I'15 become linear. Notice that
the nonlinear terms stemming from the presence of the controller, the off-diagonal entries in I'y;
and I';5 to be more specific, do not contain the matrix 17 like the entries on the diagonal. The
presence of W is necessary to perform a change of variables and linearize those terms. In order
to introduce this matrix, we will use the Young’s inequality. So let us rewrite I'; as follows:

B.L BuLyg
0 0
I 0 0 070000
i=T+Ti+ 0 0 [0 00710 0}
_ [ BuL  BulLg
Y
K
XT
0 o
I 0
o o|[ZL™B 0 o o [L'BT 0] , -
Tlo 1 [Lng 000 [LC{BE 0} ZP]<O’ (3.64)
0 0 Y
0 0]
——
YT
where T is defined in (3.60) and
0 o rfzp
Ti=|(x) 0 TLzP|. (3.65)
(*x) () 0

Using the Young’s inequality with a symmetric matrix IT > 0, we can write
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3.3. Observer-based controller design

B,L By,Lg
0 0
| 0 0 LB 0 0o o [LTBL 0] 5
< — U u
FrsT+Tat 0 0 H[LdTBE 00 0 [L§B§ 0] ZP}
_ [ B,L  BuLg
R
0 o
10
0 0|l 4,/0 T 0000
Telo |1 {000100]' (3.66)
00
0 0
Using Schur lemma, the last condition can be written as:
i [ B,LII; B, Lglls 0 0]
0 0 I 0
T | o o1
< .
i< py [ Bl BuLaly ] 0 0 <0, (3.67)
I 0 0 0 0]
—ell 0
| ®) s _
T
Choosing IT = B I LUER , help us getting rid of a part of the nonlinearities in the
0 Iy 0 W

inequality (3.67), the one related to the controller. The other part, which is due to the presence
of the matrix Z in the double integral term of V, is linearized in the same manner by rewriting
I'; as follows::

i [B,SW1 B,S; 0 0 T
0 0 I 0
- 0 0 0 0
T 0 0 0 I
_ 0 0 0 0
= 0 0 0 0 +XIv + v Xy, (3.68)
—eW; 0 0 0
(x) —eW; 0 0
*
SO S R R
L (%) (%) *x) -1
Ty
with
i} 0 i i} fil i
0 T
_ [ 0 0
T T _
xI = |pPz [o P;l] , vl = B.S B.S. | (3.69)
0 0 0
i 0 ] L 0 |
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Chapter 3. Observer-based controller design via LPV approach

Applying Young’s inequality on (3.68), we can replace the term [é Po_l} by P = [Wo/l ﬂ such
2
that to obtain PZP = Z.
= ~1
— — T T17 7EH 0 Yl
I <To+ [vi¥ X7 [ *) —gn] [HXI] , (3.70)
Wi

where II is a symmetric positive definite matrix. Letting II = )
can be now transformed into a linear one. Using the Schur lemma, we deduce from (3.70) that
['1 < 0 if the following inequality holds:

0 ] , our nonlinear problem
Py

T [YlT_ XlTﬁ]
el o0 1| <o (3.71)
{(*) [(*) 1H]]

Consequently, the condition I'y < 0 is verified if the LMI (3.59) holds. This ends the proof. [

3.4 Extension to discrete time systems

This section is devoted to extend the previous results on observer-based controller to discrete-
time case. Let us start by presenting the discrete-time version of the augmented system since all
prior steps are the same.

§(t+1) = (A-K)E(t) + (Aa — Ka) £ (£ — d(D)),
§(t) =&o(t), te[-d0].

The delay d(t) is a nonnegative integer and time-varying that satisfies:

(3.72)

0<d(t)<d, deN~,

with the parameters defined in section 3.3 (equations (3.15)-(3.19)).

In this section, we aim to investigate the stabilization of the system (3.72) by the same type of
controller u(t) defined in (3.9).

We will present the delay-dependent stabilizability only. The delay-independent case can be
extended easily from the continuous conditions previously presented.

3.4.1 Delay-dependent synthesis

The Lyapunov-Krasovskii functional candidate is chosen as follows:

V(£(t) = Vi(t) + Va(t) + Va(t),

where
Vi(t) = €L (t)PE(t), (3.73)
i=d(t)
Va(t) = Z ¢ (t — i) QE(t — i), (3.74)
=1
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j=d—1 i=j
=) e (t — ) QE(t — i). (3.75)
=0 =1

Studying the AV =V (£(t + 1)) — V(£(t)) we get:

e
AVi(t) = T (t+ 1)PE(t + 1) — T (1) PE(1),
1=d(t+1) 1=d(t)
AVy(t rt+1-0)QEt+1—i)— Y & (t—i)Qg(t—1),
=1 =1
i=d(t+1)—1

=T ()QE(t) — €M (t —d()QE(t —dt) + Y €Nt —)QE(t —1)

i=1

.

.

j=d—1 i=j j=d—1 i=j
AVs(t) = (t+1-1)QE(t+1—1) et —i)Qe(t — 1),
7=0 =1 =0 =1
i=d—1
=dg"()Qg(t) — ) € (t—1)Qs(t 1)
i=1

Hence, in order to get AV < 0, the following condition should be verified:

A-K)T"PA-K) -P+(d+1)Q (A-K) P(Ag — Ky)
(%) —Q+ (Ag—Kg)" P (Ag —Ky)

V' p, 0 € Vi, pa, 04 € Vya. (3.76)

<0,

By applying Schur lemma, (3.76) is equivalent to:

i . AT (o)P, — LB Py 0 ]
P+ (d+1)Q 0 [ LTRT AT(,o)PQ—CTRT}
AL(o)P — LY B P, 0
) -9 [ LTBT AT (p)Py — CTRY| | = 0
P 0
o () | 5 _

Vo, 0€ Vu,; pas 04 € Vya. (3.77)

Similarly to the continuous case, we will apply different methods to linearize the nonlinearities
in (3.77) and solve the stabilizability problem as we will see in the next subsections. The chosen
approaches are: firstly, the method of [Lie04] with the imposed equality constraint. Secondly,
a method developed by [ID08] which decomposes the untractable condition (3.76) into three
pure LMIs by separating the observer design issue from the controller one. Finally, our method
based on Young’s inequality as a relaxation technique.
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Chapter 3. Observer-based controller design via LPV approach

3.4.1.1 First method: LMI conditions under equality constraint

In this subsection, we extend the method of [Lie04] to time-delay systems in discrete-time. Let
us start by presenting sufficient conditions including an equality constraint to ensure the stability
of the system (3.72).

Theorem 3.4.1. System (3.72) is asymptotically stable under the action of the observer-based

P 0
0 PJ and Q and

a nonsingular matrix P and matrices S, Sy, R, and Ry of appropriate dimensions so that the
following conditions hold:

controller (3.9) if there exist symmetric and positive definite matrices P = [

P\B, = B,P, (3.78)
-P+(d+1)Q 0 of
(*) -Q 9{2 <0,V P, 0€ VHn; Pd, 0d € V’H%’ (3.79)
(%) (x) —P
with
_ |P1A(e) — BuS B.S
O11 = { 0 PyA(p) — RC|” (3.80)
PrAq(0) — BuSa ByuSq ]
O19 = ) 3.81
12 |: 0 PQAd(p) — RdC ( )

Then, the gain matrices of the observer-based controller are given by:

K=P;'R, K;=P;'Ry, (3.82)
L=P7'S, L;=P'S, (3.83)

Proof. Starting by the condition (3.77) which implies AV < 0, we find that if equation (3.78) is
verified, then by simple change of variables R = P,K, Ry = P,K4, S = PL and S; = PLg, the
inequality (3.77) become equal to the LMI (3.79), That ends the proof. O

3.4.1.2 Second method: decoupling approach

In this subsection, we extend the method developed in [ID08] to time-delay system. This method
consists in introducing some free parameters in order to decompose the non-convex problem
into two convex ones linked by a third LMI. In other words, the observer design problem is
separated from the controller’s. Before proceeding, we present a lemma that plays an important
role in the analysis.

Lemma 3.4.2. Let P be a symmetric and positive definite matrix, and let o and (3 be two positive
real scalars. Then P > %I holds, if the following linear matrix inequality holds:

[P I

I (28— a)j} > 0. (3.84)

Now, we will present the main result retrieved by this approach.
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Theorem 3.4.3. System (3.72) is asymptotically stable under the action of the observer-based
controller (3.9) if there exist symmetric and positive definite matrices Wy, P, and Q, and matrices
S, R, Ry of appropriate dimensions and « and 3 two positive real scalars, so that the following
conditions hold:

[v? o5 ! a)l} >0, (3.85)
[—Wi+ (d+1) Q1 W1 AT (0) — STBT 0 0

8 —(?)/1 Ad(g)‘i’a BuSq 8 <0, (3.86)
I (%) (%) (%) —al
P+ (d+1) Qo AT(p)Py — CTRT 0 BI

A T
L (%) (*) (%) W

Vp, 0€ Vi, Pds 0d € Vy-
Then, the gain matrices of the observer-based controller are given by:
K =P,'R, K;=P;'Ry, (3.88)
L=SWt Lg=SWt (3.89)

Proof. We found that AV < 0 if condition (3.77) is fulfilled. But, this condition contains differ-
ent bilinear terms. Thus, to treat the terms related to the controller and commute P; and B,,
pre and post-multiply (3.77) by:

I
o [
o [

By using the change of variables R = P,K, Ry = P,Ky4, S = LP~! and S; = LyP~!, we get the
equivalence between (3.77) and the following inequality:

[~ - P AT () — STBY 0 1
—'P—I—(d—l—l)Q 0 |: LTBZ“ AT(,O)PQ—CTRT
A= %) 5 [PflAg(g)—Sng 0 ] <0, (3.90)
Ly BT AT (p) Py — CTR]
L (%) (%) ~P |
with
- [Pt o0
=% al
[Pt ool [Pt 0
o= e 1)
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The matrix (3.90) is not totally linear yet. But before proceeding, we presume some additional
conditions so that this method become applicable on our system in closed loop:

e The matrix Ly = 0.

A 10
e The matrix Q is diagonal and equal to {%1 0 ]
2
Implementing those conditions in matrix (3.90), we can rearrange the elements of the matrix
and rewrite it in the form:

[P 4 (d+1) Q1 PTrAT (o) - STBE 0
(%) P! Aa(@)P{! — BuSy
(%) (*) —Q1
(%) (*) (%)
(%) (*) (%)
L (%) (*) (%)
0 0 0 T
B,L 0 0
0 0 0
Pyt (d4+1) Qs AT(p)P,— CTRT 0 <0 91
(*) —P Py Aq(p) — RaC
(%) (%) —Q2
According to [ID08], for any a > 0, the left term of inequality (3.91) can be rewritten as follows:
7T 00 0 000 [T OO 0 00 0]
0I 00 00O 0I 0 0 000
007 0 0O0O 0071 0 00O
000P1]00F000P1100’ (3.92)
000 0 0110 000 0 010
000 0 00TI] |[00O0O0 0O I]
with
[ P+ (d+1)Q1 PtAT (o) — STBT 0 0
(%) % Ag(0)P;' —BuSy 0
() (%) -1 0
I'= (%) (%) (%) —al
(%) (%) (%) (%)
(*) (%) (%) (%)
| (%) (%) () (%)
0 0 0 ]
0 0 0
0 0 0
0 0 0 (3.93)
—Py+ (d+1) Q2+ aP Py AT (p)P, — CTRT 0
(*) —Pg PQAd(p)__ RdC
(%) (%) —Q2 i
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Consequently, the sufficient conditions to fulfill inequality (3.91) is I' < 0, which holds if the
following conditions are satisfied:

[—P 4+ (d+1) Q1 Pt AT (o) - STBT 01 0
* —pr Aq(0)P7Y = Bu,S; 0
E*; (*1) a(o) i 5. d o | <0 (3.94)
L (%) (*) (%) —al
[Py + (d+1) Q2 + aP Py AT(p)P, — CTRT 0
(*) —-P PQ.Ad(,O) - R;,C| <O. (3.95)
L (%) () —Q2

By defining W; = P; !, inequality (3.94) is equivalent to the LMI (3.86). In order to linearize
the inequality (3.95) with respect to its variables, let 5 > 0 be some independent constant such

that:
«

32
Then, by the use the result of Lemma 3.4.2, we can deduce that (3.96) holds if the following
LMI holds:

Wy =P ' > 1 (3.96)

Pt I
I (26—«

From conditions (3.96) and (3.95), we derive a new sufficient condition to fulfill (3.95), that is:

)I} > 0. (3.97)

—Py+ (d+1) Q2+ 2Py AT (p)P, — CTRT 0
(*) -P PQAd(p) — RdC < 0. (3.98)

(*) (%) —Q2
By Schur lemma, the last matrix inequality is equivalent to (3.87) which ends the proof. O

Remark 3.4.1. In this method, the decomposition approach is similar to that of Ibrir in [ID08] but
the nonlinearity is treated differently for sake of comparison. Indeed, the transformation into an
LPV system using Definition 2.2.2 is applied instead of the differential mean value theorem adopted
by Ibrir to treat the nonlinearities as uncertainties affecting the linear dynamics. In this case, the
LPV approach gives less conservative conditions. In addition, The LMI formulation using Young’s
inequality reduces the conservatism even more as we will see later in the example.

Now, we proceed to present our own method to obtain an LMI condition for the observer-based
controller design problem.

3.4.1.3 Third method: Judicious use of Young’s relation

This subsection is devoted to extend our method to discrete-time case. The method exploits
the Young’s inequality to provide only one set of strict LMI conditions as opposed to the first
two methods. First, we will state the following theorem summarizing the main results of the
method.

Theorem 3.4.4. System (3.72) is asymptotically stable under the action of the observer-based
controller (3.9) if for a predefined scalar ¢ > 0 there exist symmetric and positive definite matrices
W1, P, and Q, and matrices S, Sq, R, Rq of appropriate dimensions so that the following LMI
condition holds:
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- [vgl PQJ +(d+1)Q o0 of 0 [é 8] '
(%) -9 of, 0 8 ?]
(%) ) P [BSS B%Sd] 0 <0,
() SICI O o
_ (% *) ) (% |
V. 0 € Vu,; pas 04 € Vya, (3.99)
with
6. — [A(Q)WB — B,S PzA(p()) ) RC] ’ (3.100)
o1 — [.A(Qd)W(l) — B,Sy PzA(pd()) ) RdC] . (3.101)
Then, the gain matrices of the observer-based controller are given by:
K =Py,'R, K;=P;'Ry, (3.102)
L=Sw;t', Lg=Sw (3.103)

Proof. Similarly to the proof of the Theorem 3.4.4, we start by the matrix (3.77). Then we
perform a congruence transformation and use the change of variables R = P,K, Ry = P2 Ky,
S = LP~!and S; = LyP~!, to obtain the matrix (3.90). The transformation acted only on
diagonal terms. So, we still need to treat the off-diagonal terms B, L and B, L,. For that reason,
we rewrite the matrix (3.90) in such a way to bring out those terms and then apply the Young’s
inequality to introduce the matrix P~!:

0 0
P+ (d+1)Q 0 OF 00
A= %) _QélT1+o 0 [[0 T 0000
B ) (*)7;73 0 0O |[0001IO0O0
B,L By,Lg Y
T | 0 0
N——— ——
XT
.
I0
0 offo 0o 0o 0 LTBI o
Tlo 1 [0 0 00 LTBT 0} (3.104)
00 Y
[0 0]
N—_——
yT

Using Young’s inequality we can write
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0 0 0 0
0 0 I 0
110 0 0000 LB o 00 (o1 0000
< — u a .
A_T+60 OHOOOOLdTB$0+€OIHOOOIOO
B,L ByL4 0 0
| 0 0 10 0]
(3.105)
By using Schur lemma, the condition A < 0 is satisfied if the following inequality holds:
i [0 0 0 077
0 0 I 0
0 0 0 0
T
0 0 0 I
B,LI, B.LgL 0 o|| <" (3.106)
. 0 0 0 0]
—ell 0
&) T
o I 0 P7to0
To transform the last condition into an LMI, choose 1T = o ml =1 o Pt Then by
2 1

defining Wy = P, 1 and using the change of variables R = P, K, Ry = P.Ky, S = LW; and
Sy = LqW1, one can get the LMI (3.99). This means that the LMI (3.99) ensures the asymptotic
stabilization of the system (3.72) under the action of the observer-based controller (3.9). O

3.5 Discussions: Comments and comparisons

This section provides a few comments on the used methodologies. In addition, it discusses the
main contribution of this chapter and compare it with some existing results in the literature.

3.5.1 On the use of the Young’s relation

It is worth noticing that by using the congruence transformation (3.39), we do not need to
extract all the components containing the terms B,L and B,L,, only off-diagonal entries in
I'y; and 'y pose problems of nonlinearity. Whereas diagonal terms A(o)P; ' — B,LP; " and
A(oq) Pyt — B,LgP; " were treated easily by change of variables S = LP; ! and S; = L' Py
respectively, without affecting the stabilizability nor the detectability of the system contrarily to
some existing works in the literature [Bri08]. In fact, the authors did not use any congruence
transformation, so they were obliged to face similar terms to the ones in (3.26), where the
cross terms are on and off the diagonal simultaneously. So, in order to get rid of this kind of
nonlinearity and treat the terms P, B, L and P, B, L4, they proposed to use Young’s inequality to
bound all controller-related terms. This unsuitable usage of the inequality lead to separating the
diagonal terms P A(9) — P1 B, L and Py A(g4) — P1 B, L4. Thus, influencing the stabilizability of
the system. In other words, the system should be stable in order to find a solution to their LMI
condition. In order to demonstrate this remark, and for sake of simplicity, we consider an LTI
system with no delays nor perturbations. Therefore, according to the technique developed in
[Bri08, Theorem 6.2.2], their proposed LMI condition is feasible if the following block-diagonal
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matrix is negative-definite:

XI'A-Ko) o
_ T o
(X+XT) P+ 0 X7 A

(%) -P

Hence, it is obvious that the matrix A need to be stable in order to find a solution to the LMI.
In addition, the proposed technique helps relaxing the results of the existing LMI approaches
such as using additional constraints in form of equalities and choosing the matrix of Lyapunov
a priori [Lie04], [Che07] or solving several dependent LMIs simultaneously [ID08].

On the other hand, Young’s inequality has been frequently used to separate multiple product
terms. There are different sources for such coupling terms, i.e., the presence of uncertain-
ties [SPP99], [CZ07]; observer-based control design methods; complicated Lyapunov-Krasovskii
functionals. However, this bounding technique has not been exploited in an appropriate manner
which lead to restrictive results. This technique consists in bounding nonlinear terms as follows:
Va,b € R™ and a scalar ¢ > 0, VR invertible matrix

1
207 < ea’ Ra + b R~ 'b. (3.107)
€

To our knowledge, most of the papers using this inequality presume R = I. This choice pro-
vides a good solution in the case of norm-bounded uncertainties; in the observer design frame-
work [AMO7] or for observer-based output feedback controllers [JLM09] but it is not suitable
for the bilinearities in the observer-based controller case [PSBP13]. A Different value of the ma-
trix R was used in [CSL98] to deal with a memoryless state feedback controller but it involves
a model transformation which introduce additional dynamics into the transformed system. An-
other interesting result involves R = P? was presented in [BBZ12] in the case of observers for
one sided Lipschitz systems, providing additional condition on the Lyapunov matrix.

3.5.2 On the LMI conditions under equality constraint

In this part, we will provide some remarks on the feasibility of the LMI condition (3.29) subject
to the equality constraint (3.28). For sake of simplicity, let us consider a linear time-delay system
in the form:

#(t) = Aw(t) + Aga (t — d(t)) + Byul(?),
Cx(t), (3.108)

where A = {Al 4 Bl]. For a matrix P; = [p1 22] ((3.22)), the equality
3

Az Ay 0 (*)

constraint proposed by [Lie04] (P, B, = B,P) lead to having p» = 0. Thus, the matrix P; is
diagonal.

If the LMI (3.29) is verified, we deduce that ®;; + &)1T1 + @ < 0. Since Q > 0, the feasibility of
the LMI (3.29) implies ®1; + &7, < 0.

Let L = [L; Ls]. By computing the last condition, we get:

}andBUZ[

By + 0T, = [(8) ggﬂ <0, (3.109)
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where
(1.1) = p1(A1 — B1L1) + (A1 — B1L1)"py, (3.110)
(1.2) = pa(Ay — By Ly) + Al ps, (3.111)
(2.2) = p3Ay + Alps. (3.112)

Thus, A4 should be Hurwitz diagonally stable in order to verify p3A; + ATps < 0. As a result,
with the solution of [Lie04], we find that in addition to the stabilizability and the detectability
of the studied system, the matrix A4 is Hurwitz diagonally stable is also a necessary condition
for the feasibility of the LMI (3.29).

3.6 Numerical Examples

This section is devoted to provide a comparaison between the diffrent proposed methods. We
will concentrate on the maximum Lipschitz constant allowed by each method. The value of
will be incresed until the LMIs give no solutions.

3.6.1 Example 1: Delay-independent case

In this part, we present a nonlinear time-delay system and we will show how our designed
controller is able to stabilize the system:

1 0 0 0
A_[z 0.1}’ Aa = [0.4 0] (3.113)

e 1. n-[]. 5= ]
The delay is time-varying d(t) = gsin(2t) + g . The nonlinearity is on the form:
flz,zq) = p(lxar —x1 — 1| — |zg1 — 21 + 1)) . (3.114)
The nonlinearity f has the bounds:

W] < 2o, | < 2p.

Thus v4 = 2p. The LMI condition (3.29) is infeasible for the proposed system. This can be
proven in light of the subsection 3.5.2. The matrix B, = B] is in the same form as discussed in

3.5.2. Then, the condition p3A4 + Al'p3 < 0 should be verified in order to find a solution to the
LMI (3.29). Since we have A, = 0.1, then p3 should be definite negative which contradicts the
definition of the matrix P; > 0.

On the other hand, the LMI (3.34) is solvable in Matlab. In the following table, we present the
maximum Lipschitz constant ~; allowable for different delay rates ; with a fixed ¢ = 200.
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Method p=01|pu=05|pu=0.7

LMI (3.34) 47 39 32

Table 3.1: Comparison of Lipschitz constant v of the proposed LPV-based method

3.6.2 Example 2: Delay-dependent case

This example is inspired by [MPKLO1], which considers a liquid monopropellant rocket motor
with a pressure feedback system with the following matrices:

00 0 0 1.0 10
00 0 -1 0 000

A=1900 -1 1|0 M5 0 00 o0 (3.115)
0 1 -1 0 0 000

0 1
01 0 0 1 0
C_[OO—l J’ Bu=1ol> B= o
0 0

Similarly to Example 1, we use the same delay d and nonlinearity f functions. By solving the
two LMI conditions (3.53) and (3.59), for different values of d and ¢ = € = 100, we can compute
the maximum allowable Lipschitz constant ¢ for each method as can be seen in Table 3.2.

Method d=01d=05|d=0.7

LMI (3.53) 0.98 0.94 0.88

LMI (3.59) 71 59 49

Table 3.2: Comparison between the proposed delay-dependent methods

The results presented in the table show the superiority of the new method over the ones retrieved
by means of the equality constraint.

3.6.3 Example 3: Discrete-time case

In this example, we consider a discrete nonlinear time delay system of the form:

0.9 05 03 0
A= [0.8 1]’ Aa = [0.8 0.5] (3.116)

S R K R
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Similarly to previous examples, we use the same delay d but the nonlinearity f of the form
psin(z1 + z14). In this case, the nonlinearity f has the bounds:

Wl <p [WhHI<p, 5 =p

A simple comparison between the proposed methods in sections 3.4.1.2 and 3.4.1.3, for ¢ = 300,
provides us with the following results, which show the superiority of the LPV-based method.

Method d=03|d=05|d=0.7

Theorem 3.4.3 0.21 0.19 0.17

Theorem 3.4.4 0.25 0.23 0.22

Table 3.3: Comparison between the proposed delay-dependent methods

It is worth reminding that in Theorem 3.4.3, for sake of comparison, the nonlinearity was treated
in the same manner used in our approach, using the LPV formulation (Remark 3.4.1), to which
due the close results of both methods.

3.7 Conclusion

In this chapter, new observer-based controller methods for nonlinear time-delay systems have
been presented. In this method, the system with nonlinearity is transformed into an LPV system
and the non-convex problem was treated using Young’s inequality in a different way than that
proposed in the literature. By proposing an appropriate Lyapunov-Krasovskii functional, delay-
independent and delay-dependent conditions were given respectively in the form of LMIs. In
addition, the conditions were extended to treat discrete time systems. Furthermore, in order to
to show the effectiveness of our work, we proposed a comparison with two different methods.
The first involves LMI conditions subject to an equality constraint. The second, introduces some
free parameters to separate the observer design issue from the controller design issue leading
to three dependent LMI conditions needed to be valid simultaneously. Finally, the results of the
two proposed conditions were illustrated through some examples.
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Chapter 4. YW'2 Observer design for singular time-delay systems

4.1 Introduction

Great attention has been paid toward singular systems with and without time-delay. In general,
several design procedures have been proposed to study the problem of stability, stabilization
and robustness [XL06], [DZH96], [DBB08], [JSC06], [XL04], [WM94]. One of the related dif-
ficulties lies in the fact that the standard Lyapunov stability theory cannot be applied directly
to singular systems. The reason is that the quadratic Lyapunov function or functional for sin-
gular systems may not be positive definite. In addition, while studying the stability problem
for singular systems, one should investigate the regularity and absence of impulses (for contin-
uous systems) and causality (for discrete systems) simultaneously. Nevertheless, many results
developed for regular systems have been extended to singular systems. Some of the available
results made use of the LMI formulation by incorporating either non-strict LMIs [LHO5] or strict
LMIs [Pea07], [UI99].

In this chapter, we address the problem of designing an observer for a class of nonlinear time-
delay systems in descriptor form in the presence of disturbances in both the dynamics of the
system and the output vector. Both discrete-time and continuous-time cases are investigated. In
addition, two different approaches to deal with the state estimation are proposed. Our interest
in the descriptor form is due to the related difficulty when dealing with such a representation
and the desire of providing a different solution from existing results. In addition, the sensitivity
of descriptor systems to slight input changes, and the bad effect of the presence of disturbances
or unknown inputs on the design of observers have motivated us to propose two approaches
in order to work-around the presence of the disturbances in the term of the estimation error.
Like most of the preceding works on this subject, the nonlinear function should verify the Lip-
schitz property. Furthermore, the construction of the LMI is based on a recent methodology
for Lipschitz systems, firstly proposed by [AKO1] and later generalized by [ZB09a]. This modi-
fied condition results in new LMI conditions capable of treating functions with larger Lipschitz
constants. Indeed, it is worth mentioning that large Lipschitz constants represent the main limi-
tation of the existing results. The proposed observer design method leads to solve an LMI condi-
tion ensuring the robust convergence of the estimation error to zero. The first proposed method
presents a special Lyapunov-Krasovskii functional depending on the disturbances to avoid the
presence of the disturbance’s derivatives, which ensures, when a certain LMI is satisfied, the H,
convergence of the estimation error. The second method proposes a new criterion of robustness
based on Sobolev norm, inspired by [BC95], in which the authors used the Sobolev space in
place of the Lebesgue space £, for obtaining local input-output stability results. Moreover, they
defined "local W-stability" and showed that all nice properties of £, are still satisfied by Sobolev
space W2, In addition, they studied the relationship between what they called W-stability and
asymptotic stability. Resorting to Sobolev spaces has already been reported in the literature, for
example, in [Ale07] an optimal estimation problem and the relationship between the internal
stability and the input-output stability of the Sobolev type is studied.

4.2 Problem formulation

Many popular physical process in different fields are described in descriptor form. In this chapter,
we are proposing an observer design method for singular time-delay systems. So, the systems
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4.2. Problem formulation

under consideration have the following form:

Ei(t) = Ax(t) + Age(t —d) + Bf (x(t),z(t — d)) + E,w(t),
t) = Cxz(t) + Dyw(t), 4.1
o(t), —d<t<0.

8
—~~
=

I

8

where z € R", w € L}, and y € RP, are the state, the disturbances and the output vectors
respectively. £ € R"*"= A A; € R™*" B e R, E, € R"", C € RP*"=_and D, € RP*"
are constant matrices of appropriate dimensions. d is a known positive delay, z((¢) is the initial
condition. The nonlinear function f : R"* x R™ — RY is assumed, without loss of generality,
to be differentiable with respect to its arguments. Indeed, if the f is not differentiable, but only
Lipschitz, we can use the reformulated Lipschitz property introduced in Chapter 2. Without loss
of generality, we can always write f under the following detailed form:

fi (Hax(t), Hiz(t — d))
f(z,z(t —d)) = : ;
fq (Hqﬂf(t)? ng(t - d))

q

eq(i)f; <7—[Z-x(t), Hz(t — d)) . (4.2)

(2

1=

—

Remark 4.2.1. The matrices H; and H{ have been injected into the system to deal with the more
general case where the considered nonlinearity does not depend on all the states and/or does not
lies in all the components of the system [ZB09a]. Indeed, they were introduced to select only the
state components on which depends the nonlinear function f;. Obviously, if each component of the
system has different nonlinear components and each nonlinear component depends on every state
variable then the matrices H; and H¢ are equal to the identity matrix of size n,.

Remark 4.2.2. There is no condition required on how to choose the matrices H; and H¢. They
represent selection matrices, therefore, and without loss of generality, we choose them to be full row
rank.

For example, let us consider f of the form:

piste=a = (MU )

= § e2(i) fi (%iﬂﬁ(t), Hx(t — d)) ,
i=1

with

f (Hlx(t), Ha(t — d)) — sin(z1 (H)as(t — d)),

fo (’ng(t), Hix(t — d)) = sin(xy(t)).
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Before proceeding to the design of the observer, we state two necessary assumptions the studied
system should verify:

Assumption 4.2.1.

e The following rank condition is assumed to be fulfilled:

rank < g > = ng with ng < n -+ p. (4.3)

e The nonlinear function f is assumed to be Lipschitz, i.e.,

I#tete)ate - ) = sGato.ate—anl < | (L, 79I N @

Since f is differentiable with respect to its arguments, then we can reformulate the condi-
tion (4.4) as follows:

of; . )
Gij = acjzt) (C(t),w(t)) < big, V() €R™, Vw(t) €R™, (4.5)
ofi N .
af; < acﬂw(“““( ) <bL, V() R, Vot) € RY 4.6)

Those conditions coincides with what has been presented in the Lemma 2.2.3 of Chapter 2,
on the reformulation of the Lipschitz property. Here, the function f is differential, so v;; and
1/12‘-1]- defined in (2.5)-(2.6) become the partial derivative of f with respect to the first and the
second arguments respectively.

As proven in the Lemma 2.2.3, conditions (4.5)-(4.6) imply that the differentiable function f
is y¢-Lipschitz with

i=q j=s;
vp < J 22 Z max <max (Jaij|?, |bij|?) , max <\a§lj 2 ]bij)) 4.7)

i=1 j=1

Remark 4.2.3. Descriptor form (4.1) can be found, for instance, in the case of systems with un-
known inputs where the estimation of the unknown inputs and the states is done simultaneously.
This can be employed in the domain of fault diagnosis (fault detection, fault isolation) [CSO3],
[GHO6]. Indeed, let us consider the following Lipschitz nonlinear time-delay system with unknown
inputs and disturbances:

i(t) = Az(t) + Agz(t — d) + Byu(t) + Blu(t — d)
+ Bf (x(t), u(t), z(t — ) u(t —d)) + Euw(t),

y(t) = Ca(t) + Du(t) + Dow(t),

x(t) = zo(t), —d<t§0.

(4.8)

where z(t) € R™ is the state vector, u € R"™ is the unknown input, and w(t) € L% is the vector
of bounded disturbances. A, A; € R™™; B,, B ¢ R"*™;, B € R"™4 E, € R"™" C € RP*" D ¢
RP*™ and D,, € RP*" are constant matrices of adequate dimensions. d is a positive delay, xo(t) is
the initial condition. In the above system, the unknown input u can refer to a sensor or actuator
fault to be detected.
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4.2. Problem formulation

Let us define the following notation:

E=[I, 0], c=[C D], (4.9a)
= =[4 B,], ={=[As BY, (4.9b)
- [Hi 0 a  [HE 0

w0 0] w10 (499
£(t) = [zgg] . (4.9d)

In this case, in order to the condition rank < > = n + m be verified, the matrix D must be of

C
full column rank, i.e. rank(D) = m.

We can rewrite the dynamics (4.8) under the aforementioned descriptor form (4.1) and the nonlin-
ear function f in the form (4.2):

BE(t) = Z160) + ZHe(t — d) + BY eqli)fy (W) HIE( — d)) + Euso(t),

=1

y(t) = C&(t) + Duw(t),
£(t) =&o(t), —d<t<0.

Remark 4.2.4. Notice that s; and r; represent the number of rows of the matrices H; and ’Hf,
respectively. Hence, each function f; depends on s; + r; variables (;(t) and w;(t), fori =1,...,q
and j = 1,...,s;. Indeed, we have f;(H;x(t), Hlz(t — d)).

Remark 4.2.5. We assume, without loss of generality, that f satisfies (4.5) and (4.6) with a;; = 0,
Vi=1,..,q,Vj = 1,...,s where s = max (s;) and azl = 0, Vk=1,..,q, VI = 1,...,7, where
<i<q

"= max (). Indeed, if there exist subsets Sy, S{ C {1,...,q}, So C {1,...,s} and S§ c {1,...,7}
<k<q

such that a;; # 0, Y(i,7) € S1x Sz and a; # 0, V(k,1) € S¢ x S$. Then, we can rewrite the system
(4.1) on the form:

Ei(t) = (A +B Z Clinini) x(t)

(i,j)eSl X So

A

+ (Ad +B Z angngg> z(t — d) + Eyw(t)

(kl)eSExsg (4.10)

Aq

—i—B(f(x,a:d) - ( > ainini> z(t) — ( > aglﬂgﬂg) x(td)),
(4,)€S1 xSz (k,l)eS§{xsg

/

F(t)(t—d))
= Az(t) + Agz(t — d) + Eyw(t) + Bf (z(t), z(t — d)).

87



Chapter 4. YW'2 Observer design for singular time-delay systems

where
H;; = eq(i)eg(j) and Hlf;ll = eq(k‘)ez;(l).

In this case, the nonlinearity f satisfies the inequalities (4.5) and (4.6) with:
dij = 0, Elglj = O, Bij = bij — A4y and i);ij = b;ij — afj

since we have:

o _ Ok o o,
o, ) <) = 5 O = g | | &ttt )
Afi
> (G0, 0(0) ~ a2 aiy a0
We get the same result for 521 (v(t), C(t)).

ac; (%)
This remark will be of use, szibsequently, when we prove the existence of the LMI condition.

As mentioned above, our aim is to design a state observer in order to estimate robustly asymptot-
ically the state x(¢) despite the presence of the disturbances w(t). Thus, taking into consideration
the descriptor form of the system, we propose an observer with the following structure:

O(t) = Hw_(t) + ¢o(t — d) + Hay(t) + My (t — d)
Y Bey(i)fy (M (), Mia(t — d)) 4.11)
(1) = o)+ Ty,
where & denotes the estimate of x. The gain matrices IT;, Hff, II, and Hg are to be determined.
A necessary condition for the existence of the matrices f and 7 (and consequently IIy, TT¢, I,
and Hg as we will see later in Theorem 4.3.1) is that the matrix {g] is of full column rank

(4.3). The objective is to determine the matrices II;, Hff, II, and I1¢, so that the estimation error
e(t) = z(t) — z(t) converges robustly asymptotically towards zero, i.e.,

tlgloao e(t)=0 for w(.) =0 (4.12)
el < Allwlly; Y elt) 20, e(0) =0 4.13)

where A > 0 is the disturbance attenuation level to be minimized. Now, let us compute é:

é(t) = &(t) — 2(t) = 0(t) + Ty(t) — @(t). (4.14)

If the matrix {E

C} is of full column rank then there exist matrices f € R"=*" 7 ¢ R"=*P such

that:
FE+7C=1,,.

Those matrices are not unique and can be computed using the pseudo-inverse of [ C] :
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4.2. Problem formulation

Hence, since y(t) = Ci(t) + D,yw(t), we can write

é(t) =o() + Ty(t) — (FE+7C) @(t),

.15
—o(t) — F Ea(t) + TDuis(t). (4.15)
By exploiting (4.1) and (4.11), we obtain
i=q
é(t) = Tye(t) + Ife(t — d) + > F Beg(i)d fi + TDu(t)
i=1
(4.16)

4 (I + (M — ) C — FA)a(t) + (H‘f + (ng - ngl-r) C - FAd) 2(t — d)
4 (I — I47T) Dy — FE) w(t) + ((ng - H?‘I) Dw> w(t — d).
where
dfi = fi (0(t), w(t)) — fi (v(t),w(t)).

Using the DMVT (Differential Mean Value theorem), we deduce that there exist z; € Co(v, ),
24 € Co(w, ) so that:

§fi = Ji hij(t)el (5) ) + Z hd. (j)Hle(t — d). (4.17)
=
where
hult) = G2 (a(8) w(t) (4.18)
1) = 525 (w0, 0. (419)

This form matches the one we obtained in Chapter 2 (Lemma 2.2.3). According to (4.17), and
using the following notation:

o= o) -
and
T = [y —I4ND, — FE, (11§ -1¢T)D,], (4.22)

we can rewrite (4.16) as follows:

é(t) = Tye(t) + et — d) + T,@(t) + Ga(t)

4 (I + (I — I, TT) C — FA) x(t) + (Hil + (H;’ - H‘f'l) o FAd) z(t — d)

A, i (4.23)
+ 0N hi(OF BHyHie(t) + Y Y hli(t)F BHEHie(t — d).

i=1 j=1 i=1 j=1

Since (4.23) depends on w, then we need to rewrite the condition (4.13) with respect to @. In
fact, it is easy to show that:

0
—112 2 2 2
13y = Il + loalt; =2ty + [ o Ot
—d
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Hence, the inequality (4.13) becomes:

0 2
lell e < ,g <wL -/ wT<t>w<t>dt) L V() £0, e(0) = 0. (4.24)
—d

0
To simplify, assume that w(t) = 0, V¢ € [~d, 0]. Thus: [ wT (t)w(t)dt = 0.

—d
If this condition is not verified, inequality (4.13) should be replaced by the following to get rid
of the integral part.

0
1
lellzpe < A |lwll?; + 2/wT(t)w(t)dt, ¥ w(t) 0, e(0) = 0.
“a

Consequently, given the system (4.8) and the observer (4.11), the H filtering design is to
determine the matrices 11y, I1¢, Tl and T1¢ so that:

lim e(t) = 0,for w(t) =0 (4.25)
t—o0
lelzge < 5 Il ¥ a(0) 0. €(0) =0, (4.26)

The problem of H, filtering design can be reduced to finding a Lyapunov function V' (¢) such

that
2

Wt) = Vt) + e (Delt) — %(DT(t)w(t) <0. 4.27)

It is easy to show that (4.27) implies (4.25) and (4.26). Notice that for w(t) = 0, if (4.27)
is verified then V < 0 and consequently the estimation error converges asymptotically to zero
based on the Lyapunov theory and thus we get (4.25).

Whereas, if w(t) # 0 and e(0) = 0, then from (4.27) we get:

V(t) +/6T(8)6(S)d5— )\Q/wT(s)w(s)ds < 0. (4.28)
0 0

Since V(e(t)) > 0 for all t > 0, then for ¢ — +o00, we obtain:

/eT(s)e(s)ds < );/@T(s)@(s)ds. (4.29)
0 0

which is equivalent to (4.26).

4.3 H, performance analysis
The content of this section consists of proposing a new observer synthesis method for a class of

nonlinear time-delay system in continuous case. The following theorem summarizes the main
result.
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4.3. Hoo performance analysis

Theorem 4.3.1. For a prescribed \ > 0, the H., filtering design problem corresponding to the
system (4.8) and the observer (4.11) is solvable, with the H ., performance level less than )\, if there
exist matrices P = P >0, Q = QT > 0, R, and R, of adequate dimensions so that the following
conditions are feasible.

1. The observer gain matrices 11y, 11{, 1y and T1¢ are given by:

I, =FA-P'RTC, (4.30)
¢ =rA,—P'RIC, (4.31)
I, = P'RT 4+ 11,7, (4.32)
g = P~ RY + 11§77, (4.33)

2. The following LMI condition is feasible:
A+Q+Inx Ay Ni3 M+PFX PFX4

(%) -0 -Alg 0 N
(%) (x) ©—LL, —-G'Prs —GT'Pry,| <o, (4.34)
(%) (%) (*) -1 0
(%) (*) (*) (%) T4
where
A= Vi,

A=PrA-R'C+ (PFA-R'C)",
Aq=PrA; - RYC,
Nig = [RTDW —PFE,— (PFA—RTC)" 1D, RY Dw} ,

o— _ [011(P,R) DI RGD,
DIR4ID,, Orxr ’

011(P, R) = DIV (R"D., = Pr, E,) + (R"D. = P E,) D,

The constant matrices are defined as follows:

M=[M;---M,], where M; = HE L HT (4.35)
——

s; times

N =[N - Ny, where N; = |(HHT..(HHT |, (4.36)
—_——

r; times
S = B[Hy - Hyg Hap - Hy] (4.37)
Sy=B [Hfl o HLHE - ngq] (4.38)
T = dlag (6111817 ey 6181 ISl ) 621]‘927 ey quqlsq) ) (439)
1, = diag (5?1@1, o B Ty BTy ﬁquITq) , (4.40)

2 .2

Bij = by Bij = e (4.41)

ij
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Chapter 4. YW'2 Observer design for singular time-delay systems

Proof. First, notice that for any P, R and Ry, conditions (4.30)-(4.33) lead to reduce (4.23) to
the following:

ét)= (FA—P 'RTC)e(t) + (FAa — P 'RIC) e(t — d)

i=q j=s; i=q j=r;
+ 3 " hi(t)F BHHe(t) + Y > hii(t)F BHEHe(t — d) (4.42)
i=1 j=1 =1 j=1
+ Tww(t) + Go(t)
where T, becomes:
o= [P 'RT'D,-FE, P 'RID,] (4.43)

Now, it suffices to show that the matrices P, R and Ry, provided by the LMI (4.34), ensure the
robustness of the proposed observer.
At first, let us use the following Lyapunov-Krasovskii functional:

V(e(t)) = (e(t) — Gw(t))TP(e(t) — Gu(t)) + /t_d el (s)Qe(s)ds (4.44)

The fact to introduce the term e(t) — Gw(t) into the Lyapunov-Krasovskii-like function allows
avoiding the presence of the quadratic term w’ GTPGw in V. In other words, this allows to
avoid deriving the disturbances, i.e., the presence of & into V.
Considering V' along the system (4.42), we have:

V=¢(1) [(FA ~PRTC) P+ P (FA-P'RTC) + Q} e(t) — T Qey

+2eT (1P (F Ag — P7AREC) eq + 267 () (P‘lw —(FA-P'RTC)" Pg) o(t)

1=q j=s; i=q j=r;
+2¢7 (Z > FBH”Q]) +2¢7 (Z > FBHJCU) (4.45)

i=1 j=1 i=1 j=1
— 207 (#)GTP (FAq — P 'RIC) eg — @™ (t) (G"P T + TLPG) &(2)
i=q j=si i=q j=r;
— 22T (H)GTP (Z > FBHijCij) — 22T (t)GTP (Z > FBH;ljgij)
=1 j=1 i=1 j=1

where
Cij = hij(t)Hie(t), (= hi(t)Hie(t — d)
From (4.5), (4.6), and the Remark 4.2.5 the following inequalities always hold:

1=q j=Ss; 1 1
d o Gij >0 (4.46)
i=1 j=1 hig b”
1=q j=r; 1
d\T
( ij) (hd - bd ) C’L] = (4.47)
i=1 j=1 ij

The inequalities (4.46) and (4.47) become respectively:

i=q j=s; i=q j=s;
eT HTC:H Z Z CZ] C’L] > (448)
i=1 j=1 i=1 j=1
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4.3. Hoo performance analysis

1=q j=r; i=q j=r;

T d\T

e (t = ) (HNT ¢~ ZZ (c)
i=1 j=1 i=1 j=1 U

T
Cz] =

(4.49)

Consequently, by adding the aforementioned inequalities to (4.45), W (t) defined in (4.27) be-

comes:

where

e(t) 'y T2 Ty Ty Ty

e(t —d) (x) T2 Ta3 Taq I'gs

W) < | o) (%) (%) Taz T3y Tss
¢(t) (%) () () Tas Ty

¢4(t) (x) () () () Iss

Ty =(FA-P'R'C) P+P(FA-P'R'C)
Iy =P (FAs—P 'R"[C),

Ty =P, — (FA—P'RTC)" PG,

Ty =M+ PF,

T'is =PFXg,

[y = -0,

Tys = — (FAg— PRYC) PG,
oy =0,

Los =N,

I35 =GTPT, + 1LPG — 127"7
I3 =-GTPry,

a5 = —G'PF %4,

[y =T,

Iy =0,

55 = =Ty,

() = [CT1s s Cloyr Gt oo Gy
Cd(t) = [(C{ll)Tv x3) (Cflrl)Tv (Cgl)Tﬂ x3) (Cgrq)T]T‘

(4.50)

(4.51)
(4.52)
(4.53)
(4.54)
(4.55)
(4.56)
(4.57)
(4.58)
(4.59)

(4.60)

(4.61)
(4.62)
(4.63)
(4.64)
(4.65)
(4.66)

(4.67)

which is identical to (4.34). Consequently, we deduce that under the condition (4.34), the
estimation error converges robustly asymptotically towards zero. This ends the proof of Theo-

rem 4.3.1.

O]

Remark 4.3.1. If [g] is of full column rank, for any square matrix A with the same dimension as

E then (E, A, C) is impulse observable.

Remark 4.3.2. If (E, A, C) is impulse observable then (F A,C) is observable with [ verifying
FE4+7C =1,,.

Remark 4.3.3. The assumption of observability of the system (4.1) is implicitly hidden in the suffi-
cient LMI condition (4.34). In fact, the necessary condition for the feasibility of the LMI (4.34) is the
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Chapter 4. YW'2 Observer design for singular time-delay systems

observability of the pair (F A,C), i.e.,, I'11 < 0. Indeed, if the pair (F A, C) is not observable, then
the LMI (4.34) cannot be solved. It should be noticed that in all LMI approaches, the observability
condition is hidden in the sufficient synthesis condition.

Remark 4.3.4. The detailed form of f; (see (4.2)) and the insertion of H; and ’Hf is not without
interest, on the contrary, it plays an important role on the feasibility of the synthesis condition.
Indeed, these matrices appear in the LMIs (4.34) in the terms M and N.

Remark 4.3.5. Conditions (4.30)-(4.33) imply the unbiasedness of the observer, i.e., the estimation
error does not depend explicitly on system states and thus the estimation error is decoupled from
the measured input.

Remark 4.3.6. This method can be extended to systems with known time-varying delay and to
systems with delayed output.

Remark 4.3.7. The H., method can be applied if the assumption on the rank of matrix D is
verified. But if D is not of full column rank, pseudo measurements, namely, the derivatives of
the measurements [ZB09a], can be used. In fact, in this case, the presence of the derivative of
the disturbances in the dynamics of the error is unavoidable, which brings out the need for an
alternative method.

In this section, we proposed a Lyapunov functional dependent on the disturbances in order to
get rid of the derivative w in the dynamics of the error. In the next section, we propose an
alternative method to the latter, the W2 approach. Depending on the nature of the studied
space, the use of this criterion requires differentiability of the disturbances. By means of this
type of approaches the stability of the estimation error can be ensured and the presence of the
derivatives of the disturbances becomes no longer an obstacle.

4.4 W?'? performance analysis

In this section we introduce a different criterion based on Sobolev norm [BC95], [Ale07]. In
this approach the signals and their derivatives are taken into account. Although this solution
was connivently chosen for a purely technical reason to get rid of the the derivatives of the
disturbances, nevertheless, we will show through an example that this method provides better
results than the one proposed in the previous section. Let us start by defining Sobolev spaces
and Sobolev norms.

4.4.1 Sobolev space and Sobolev norm

e Sobolev space: is a vector space of functions equipped with a norm that is a combination
of L, norms of the function itself as will as its derivatives up to a given order. The deriva-
tives are understood in a suitable weak sense to make the space complete, thus a Banach
space. This space is defined as follows:

Oz

WEP ([0, +00]) = {z : [0, +00] — R" such that vt

€ ([0, 400]),i = 0,...,k} (4.68)

e Sobolev norm: the aforementioned Sobolev space W} ([0, +oc]) admits a natural norm
defined as follows:
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4.4. W2 performance analysis

3=

iz
ott

2l = lf (\

J]

=0 ) (4.69)
=k to0 || Hi||P »

- (¥ / 'af dt
i=0 0 ot

The space Wi ([0, +o0]) equipped with the norm |||l is a Banach space.

Remark 4.4.1. To avoid complication, the same notations used in the previous sections will be used
here.

4.4.2 W?'? performance criterion

We assume that w € W,"2. Then, following the same developments as in the previous section,
the criterion can be stated as follows:

Given the system (4.1), the observer (4.11) and the disturbances @, then the W'? filtering
design is to determine the matrices IIy, I1{, [T and I1¢ so that

tlgglo e(t)=0 for w(.)=0 (4.70)
r A —r _
lel] 5 < % oIy,  VYalt) #0, t>0; e(0)=0 (4.71)

In fact, we have
) ) 0 0
(lal2) =2 (lulia) + [wTGuto)s+ [T ts)ds
—d —d

Then it suffices to suppose, to simplify the notation, that w(t) = 0, V ¢ € [—d,0] to get the
criterion (4.71). Indeed, in this case, we have

0 0
/wT(s)w(s)ds = /dJT(s)w(s)ds =0.
—d ~d

Now that the criterion is well defined, then following the Lyapunov theory, the problem of W2
filtering design can be reduced to finding a Lyapunov function V'(¢) such that:

2 2
I(t) =V (t) + el (t)e(t) + T (t)e(t) — )\;QQT(t)(D(t) — )\;’ZQT(t)(b(t) <0 (4.72)

Notice that condition (4.72) implies (4.70) and (4.71). In fact, if © = 0 (@ = 0) then (4.72)
implies V' < 0 and then the estimation error converges asymptotically to zero which leads to
(4.70). Now, if @ # 0 and e(0) = 0, then from (4.72) we get:

t

t t , N ' '
V(t)—|—/eT(s)e(s)ds+/éT(s)é(s)ds— )\/G)T(s)@(s)ds— y/wT(s)w(s)ds < 0. (4.73)
0 0 0

0
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Chapter 4. YW'2 Observer design for singular time-delay systems

Since V(e(t)) > 0 for all t > 0, then for ¢ — +o00, we obtain:

/ e (5)e(s)ds + / & (s)e(s)ds < 22 / & (s)a(s)ds + 2 / S (s)o(s)ds,  (4.74)
0 0 0 0

which is equivalent to (4.71).

The aforementioned condition (4.72), needed to ensure the WW!? observation design problem,
contains two additional terms when compared to (4.27), the condition for the #., approach.
The first is the quadratic term of w which add no particular difficulty to our problem, and the
second is the term ¢7 (t)é(¢) which leads to an unavoidable Bilinear Matrix Inequality (BMI). So,
in order to counter this problem, we propose a solution based on relaxing the previous inequality
by replacing the term ¢ (¢)é(t) by eé” (t)Pé(t). In this case, the modified criterion is as follows:

. Y- Ny
Ip(t) =V + el (t)e(t) + et (t)Pe(t) — 77’@% — %’@T@ <0. (4.75)
Now, in the following theorem, we state the conditions ensuring the W' 2-stability of the esti-
mation error.

Theorem 4.4.1. For prescribed scalars A\12 > 0 and € > 0, the W'? filtering design problem
corresponding to the system (4.1) and the observer (4.11) is solvable, with the YWW'? performance
level less than A, if there exist matrices P = PT >0, @ = QT > 0, R, and Ry of adequate
dimensions so that the conditions below are fulfilled

1. The observer gain matrices 11y, 11{, 11y and 11¢ are given by:

I, =FA-P'RTC, (4.76)
1 = r Ay — P 'RYC, 4.77)
My, = P 'RT + 11,7, (4.78)
¢ = P~1RT + 1197 (4.79)

2. The following LMI condition is feasible:

My M Mg PG  M+PFE PFSq (PFA- RTC)T i
) -9 0 0 0 N (PrAs—RYC)"
2 Tp _ T T
) & %m0 N
2 w <0, (4.80)
x) ) x) —Flhy 0 0 GTp
*x) ) ) (%) -7 0 (re)tp
(x) (%) (%) (%) (*) Y (F2)TP
L) 0 ) (%) (%) (%) —1P |
A1,2 AP

2 v/min (1, Amin(P))’

My =PFA—R'C+ (PFA—R'C)" + Q+1,,,
Mo = PF Aq — RYC,

M3 = [R"D, - PFE, R}D.].
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Proof. Let us consider the following Lyapunov-Krasovskii functional:
t
V(e(t)) = e (t)Pe(t) + / ¢ (6)Qe(6)do.
t—d
Considering V along the system (4.42), we have:

V =T (t)Pe(t) + €T (t)Qe(t) — e (t — d) Qe(t — d)
= ¢T(t) [(FA=PRTC) P+ P (FA-PT'RTC) + Q] et
+2eT ()P (F Aqg — PT'REC) e(t — d) + 2™ (1), + 2¢7 (1) PG (t)

i=q j=s; i=q j=r;
+2e7(t)P (Z > FBHijgz-j) +2¢T ()P (Z > FBH;ljggj)

i=1 j=1 i=1 j=1
—el'(t —d)Qe(t — d).

By taking into consideration the additive terms of (4.75), we deduce that:

fe)]” e(t) ]
e_d(t) e_d(t)
Ip(t) < Z(E% (Q — 20500 ;(Ei); ,
C(t t
¢4t ¢4t

where Q;, Qs and Q3 are matrices of appropriate dimensions such that

(A+Q+1, Ay P PG M+PFY PF]
(%) -9 0 0 0 N
b
0, = (%) (%) 5 oy /\9 0 0
(x) () ) —Fly 0
(x) *) ) (%) -1 0
L ) *) ) (%) (%) —Tq |

with
A=PFA-R'C+ (PFA—-R'C)", A;=PrAs- RIC,

(PFA—RTC)"
(PFAqs—RYC)"
0, — TP

gtp
(rx)rp
(de)TP

1
Q3 = —-P.
€

(4.81)

(4.82)

(4.83)

(4.84)

(4.85)

(4.86)

Using Schur lemma we deduce that the inequality Q1 — Q295! Q% < 0 is equivalent to the LMI

(4.80). Hence, the feasibility of (4.80) leads to (4.75).
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Chapter 4. YW'2 Observer design for singular time-delay systems

Notice that
2
Ip(t) > V + min (1, i (P)) [7(0)e(t) + T (0)(1)] — %7’ 1@l (4.87)

In this case, the criterion (4.72) is also fulfilled with a performance level

Ap
Ao = ) 4.88
b2 V/min (1, eAmin (P)) (488)
It is clear that if eAy,in(P) > 1, then A 2 = Ap. This ends the proof of Theorem 4.4.1. O

Remark 4.4.2. If the disturbances are differentiable, both H., and W2 methods can be applied
if the rank condition on matrix D is satisfied. If the disturbances are differentiable and the rank
condition is not verified, the WW'2 approach may still be used if the rank condition is satisfied by
using pseudo measurements. On the other hand, in some cases even if the rank condition holds,
the W'2 approach may be more robust than the H., method as we will see in the undermentioned
examples.

Remark 4.4.3. Sobolev space preserves all the nice properties of Lo, and W-stability is well suited
to formulate a local version of the small gain theorem and of the passivity theorem [BC95].

4.5 Some extensions

This section is divided into two parts. In the first part, we present the extension of the developed
results to time-varying delay. The second will be devoted to the discrete-time case of the
approach.

4.5.1 Systems with time-varying delays

The results of this chapter can be extended to systems with time-varying delay. In this case,
a few modifications are expected. First, the delay is assumed to be bounded with a bounded
derivative d, with d < u < 1. Second, the integral term in the Lyapunov-Krasovskii function
become

Va(t) = / t el (6)Qe()do. (4.89)

—d(t)

Hence, the derivative become dependent on the rate d:
Vo = el Qe — (1 — d) e:‘ngd <el'Qe — (1-— u)engd. (4.90)

Following the same steps of sections 4.3 and 4.4, we get the following delay-independent and
rate-dependent conditions in terms of LMIs:

e In the #,, context:

Theorem 4.5.1. For a prescribed \ > 0, the H filtering design problem corresponding to
the system (4.8) and the observer (4.11) is solvable, with the H.. performance level less than
)\, if there exist matrices P = PT > 0, @ = QT > 0, R, and R, of adequate dimensions so
that the following conditions are feasible.
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1. The observer gain matrices 11y, 11{, 1y and T1¢ are given by:
I, = FA-P'RTC,
Y =r Ay — P 'RYC,
My =P 'R +10,7,
g =P 'Ry +1I{7.

2. The following LMI condition is feasible:

A+Q+1,, Ag Ni3 M+PFY  PF3g
(%) -(1-pe Nas 0 N
(%) (%) 0-2nL, —-G"Pry —GTPrs4| <0,
(%) (%) (%) =T 0
(%) (%) (%) (%) —Ya

Niy = |RTD, - PFE, - (PFA-R'C)" D, RID.|,

Nos = — (PFAq— R5C)' 6.

e In the W!2 context:

(4.91)
(4.92)
(4.93)
(4.94)

(4.95)

Theorem 4.5.2. For prescribed scalars A1 2 > 0 and € > 0, the W12 filtering design problem
corresponding to the system (4.1) and the observer (4.11) is solvable, with the W2 perfor-
mance level less than A1 o, if there exist matrices P = PT >0, Q=097 >0, R and Ry of

adequate dimensions so that the conditions below are fulfilled
1. The observer gain matrices Iy, 11¢, Il and 114 are given by:
I, =FA—-P'RTC,
n{=rA;—P'RYC,
I, =P 'R + 11,7,
g = P~'Ry +11{7.

2. The following LMI condition is feasible:

*) —(1-mQ 0 0 0 N
(%) )  —22L 0 0 0
(%) (%) *) 22D, 0 0
(%) (%) (%) (%) =T 0
(%) () (%) (%) (*) —Ty
L (%) (*) (%) (%) (%) (%)
A2 AP

|

(PFA—RTC)" ]
(PFAq— RdTC)T
DIR - ET FTP]

(4.96)
(4.97)
(4.98)
(4.99)

T
D, Ry <0,
grp
(Fx)'p
(de)TP
_1ip ]
(4.100)
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My = PFA—RIC+ (PFA—RTC) +Q+1,,,
Mz = PF Aq — RYC,
Mz = [R"D, — PFE, RjD,].

The proofs of these theorems are omitted, because the extension is straightforward and same
steps of Theorem 4.3.1 and Theorem 4.4.1 are followed.

All the previous results were developed in continuous time due to the interest of the subject.
Nevertheless, in the next section, we will discuss the H,, method in the discrete-time case and
show the advantage of such a solution.

4.5.2 The discrete-time case

In this section, we propose an extension of the introduced #., approach with constant delay to
discrete-time case.
w(t+1)
The W2 criterion has no sense in the discrete case. If we define the vector & = w(t)
w(t —d)
then the W' ? filtering problem defined in (4.70)-(4.71) is reduced to an H filtering one. This

is because
— T 2 T 2 T 2 T 2
(h2l52) = (lwesalli ) + (loellia) + (lwe-allf )

For simplicity, let us presume that w(t) = 0, V¢ € [—d, 0]. Thus, we get

2 2
(hlt2)” =3 (lwillf) -

One of the used methods when dealing with the studied class of systems in discrete-time, is to
augment the state to obtain a new system without delay but this is a quite different philosophy
of what we have proposed in this chapter. In fact, we have chosen to use the non augmented
state for different reasons:

J

e For large values of delays, we risk of having systems of large dimensions which leads to
problems in case of real-time control.

e For time-varying delays, this type of solutions is unsuitable, whereas our method can be
easily extended to this type of delay.

e This method implies re-estimating the state at every iteration which adds a computation
burden to this technique.

e Augmenting the state of the system to avoid the delays will not be of crucial help if the
observer is combined with memoryless state feedback [IXCYO06].

In addition, In certain applications such as fault diagnosis, in particular #_ /H., performance

problem, the presence of w(t + 1) presents a real obstacle in the analysis and defining a new

w(t+1)
w(t)

method proposed in 4.3 provides an interesting solution in the discrete case.

vector [ ] does not lead to a feasible LMI. For these reasons, we believe that the H.,
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The studied system is on the form:

Ex(t+1) = Az(t) + Agz(t — d) + Bf (x(t),z(t — d)) + E,w(t)
y(t) = Ca(t) + Dyw(t) (4.101)
.%'(t) = l‘o(t), te [_J7 O]
The delay d is a nonnegative integer. For simplicity, we will use the same notation, same hy-

pothesis on the system matrices and the nonlinearity (see Assumption 4.2.1) and the observer
has the form:

v(t+1) = Hl’U( )+Hd (t — d) + May(t) + Ody(t — d)
+F Z Beg(i) fi (Hi#(t), Hiz(t — d)) (4.102)
L(t) = ()+'ly( );

where I1y, 11{, I and T1¢ are gain matrices to be determined.
The next theorem proposes a new condition ensuring the robust asymptotic stability of the
estimation error in discrete case.

Theorem 4.5.3. For a prescribed \ > 0, the H., filtering design problem corresponding to the
system (4.101) and the observer (4.102) is solvable, with the H ., performance level less than ), if
there exist matrices P = PT > 0, Q = QT > 0, and matrices R, and R, of adequate dimensions so
that:

1. The observer gain matrices 11y, 11{, 1y and T1¢ are given by:

I, =rA-PRTC, (4.103)
¢ =rA;—P'RIC, (4.104)
I, = P'RT 4+ 11,7, (4.105)
g = P~'RY + 11¢7. (4.106)

2. The following LMI condition is feasible:

—P+Q+1,, 0 PG M0 (FE)'"P-C'R]
(%) -Q 0 0 N  (FEHTP-CTRy
T " DI'R—-ETfTp
(%) (*x) =G"PG—5L 0 0 [ DTR, } <0, (4.107)
(%) (*) (%) -T 0 (r=)™p
(%) (*) (%) (x) =19 (rxhtp
L (%) (*) (%) () (%) -P |

where the matrices are already defined in Theorem 4.34 (equations (4.35)-(4.41)).

Proof. First, notice that for any P, R and R4, conditions (4.103)-(4.106) lead to reduce the
error dynamics to the following:

e(t+1) = (FE1 — PLRTC) et) + (F={ — PLRIC) elt — d)

i=q j=s; 1=q j=r;
+) 0> hij(t)F BHyHie(t) + Y > hii(t)F BHEHe(t — d) (4.108)
=1 j=1 =1 j=1

+ Tow(t) + Go(t + 1).
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where T, becomes:
Tw=[P'RTD,-FE, P RID,]. (4.109)

Now, it suffices to show that the matrices P, R and R4 provided by the LMI (4.107), ensure the
‘H oo robustness of the proposed observer. At first, let us use the following Lyapunov-Krasovskii
functional candidate:

i=d
V(e(t) = (e(t) — Go(t)TP(e(t) — Ga(t) + > e (t — i) Qe(t — i). (4.110)
i=1
The fact to introduce the term e(t) — Gw(t) into the Lyapunov-Krasovskii-like function allows

avoiding the presence of the quadratic term @’ (t + 1)GTPGw(t 4 1) into AV = V(t +1) — V(¢).
After calculation of the difference AV, we have:

AV =T () [(F21 - PIRTC) P (P21~ PIRTC) - P+ Q] e(t)
+eT(t—d) [(FE?{ - P‘leTC>T P (FE‘{ - P—leTc) - Q] e(t — d)

T () [1EP T — 6T PG| w(t)

+2¢7(t) (FE1 - PRTC) P( FEd c) e(t — d)
+2¢7(t) (FE1 - 1RTC ‘Iww(t)
+2¢”(t) (FEL - 1RTc P

+2e"(t) (FE1-P 1RTC P

+2¢7(t — d) (pal leTc PIuo(t)

i=q j=Ss;
12T (t — d) (Fzgl - P—leTc>T7> (Z 3 FBHijgij) (4.111)
i=1 j=1
1=q j=r;
+2¢7(t — d) (FE? 1RTC) (Z 3 FBHJCU)
=1 j5=1
1=q j=s; 1=q j=r;
i=1 j=1 i=1 j=1
T o
1=q )=S; 1=q )=S;
(ZZFBsz<Zj> P ( BHZ]CZJ)
i=1 j=1 i=1 j=1
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where
Cij = hij(t)Hae(t), (= hi;(t)Hie(t — d).
From (4.5), (4.6), and the Remark 4.2.5 the following inequalities always hold:

i=q j=s;
e < ) ij >0 (4.112)
i=1 j=1 hij — bij
i=q j=r;
Z Z Cz] (hd - bd ) C@] (4113)
i=1 j=1
The inequalities (4.112) and (4.113) become respectively:
i=q j=s; i=q j=s;
HOLHTESY Z gwg, > (4.114)
=1 j=1 =1 j5=1
1=q j=r; i=q j=r;
el'(t - = ¢h>o. (4.115)
i=1 j=1 1=1 j=1 l]

Consequently, adding the aforementioned inequalities to (4.111), we get:

T

e(t) [yp T Tis T Tis e(t)
e(t —d) (x) Tz Tog Tay Tos| |e(t —d)
W(t) < (D(t) (*) (*) I'sg3 T'sy I'ss (D(t) R (4.116)
¢(t) (x) () (x) T T'ss ¢(t)
¢4(t) (x) () (0 () Tss) L ¢4t
where
= (F2,—P'RTC)" P (F= - 1RTC) P+ Q-+ I, (4.117)
rip = (P2 - P'R7¢)" P (r={ - P 'R]C), (4.118)
Tis = (F2 — P RTC) P, (4.119)
Tu=M+ (FE; - P }(R)" c) PI Y, (4.120)
Tis = (FZ1 — P Y(R)"C)" Pry?, (4.121)
T
Tgy — (Fzgl _pIRY c) P (cmf _pIRY c) o) (4.122)
T
Pos = (FE{ - P'RC) P, (4.123)
T
Ty = <FEil - 73_le6> Pry, (4.124)
T
Fos = N + (FE{ - P—lRTc) PFY, (4.125)
T35 = TP, — GTPG — IQT, (4.126)
Ty = TPrS, (4.127)
I35 = TLPrxe, (4.128)
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Ty=FS)Pre—-1, (4.129)
Ty = (FY)TPrxd, (4.130)
s = (F ) Prs? — 1, (4.131)
C(t) = [¢f1s oo oy s G oo G ) (4.132)
¢t = [T, s ()T (DT s (ST (4.133)

We notice that the following matric can be rewritten in the form:

'y T'yp Ty Ty T'is
(x) Tag Taz T'ay TI'gs
(%) (x) Ta3 Tas Ta5| = Q1 — 205107, (4.134)
() (x) (x) Taa T'gs
) (x) (x) ) TIss

where 91, Qs, and Q3 are matrices of appropriate dimensions such that:

~P+Q+1I, 0 PG M 0
(%) o) 0 0 N
Q= () *) —GTPG-XDL, 0 0 |, (4.135)
(*) (%) (%) -T 0
(%) (%) (%) (x) —7¢
(FE)TP -CTR
(FEHTP - CTRy
Qs = TP , (4.136)
(r)rp
(rxh’p
Q3 =—P < 0. (4.137)

The condition W (¢t) < 0 is fulfilled if the matrix defined in (4.134) is negative definite which is
equivalent, using Schur lemma, to the following:

Q1 Qo
<0, 4.138
o o (159
which is identical to (4.107). Consequently, under the condition (4.107), the estimation error
converges robustly asymptotically towards zero. This ends the proof of Theorem 4.5.3. O

4.6 Numerical examples and comparisons

In this section, we present some numerical examples to illustrate the performance of the pro-
posed methods. The first two examples concern the ., method stated in sections 4.5.2 and
4.3 in discrete-time and continuous-time cases respectively. The other two examples compare
between the H., and W2 (section 4.4) methods.
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4.6.1 Example 1

In this example we consider the system:

Ex(t+1) = Ax(t) + Agzq(t) + B tanh(0.1z(t — d)),

10 0.9 1 0 0.1
E_[o o]’ A‘[o 0.1}’ Ad_[o 0]’

where

Moreover, the disturbance w is a Gaussian distributed random signal with mean zero and stan-
dard deviation 0 = 0.5, which is added on two finite intervals of time I = {20,...,50} +
{100,...,200}. In other words, the disturbance is yxwy, where yy is defined by:

)1 ifkel,
Xk = 0 otherwise.

We chose to put the disturbances on the aforementioned form in order to show simultaneously
the robustness and the asymptotic convergence to zero of the proposed observer, respectively
with and without disturbances. The bounds of the partial derivatives of f are:

al]l = 0, a‘fl = 0, bll = 1, bllil =1.

According to Remark 4.2.5 our system does fulfill the required condition.
By taking the initial conditions zo = [1,2], 9 = [-5, —1], and using Matlab tools to solve the
LMI (4.34), we obtain the following solution:

7?:104[

8.60 860]  _[826 116
8.60 860’ < [1.16 0.164]"

—0.84 —0.74 1
= [0.68 0.58 ] = [—1] ’

0.81 081 0
d _ 1n-3 d _
Iy =10 [—0.81 —0.81] M= [0] '

and the optimal value of the disturbance attenuation level is A\ = 1.5258.
The simulation results depicted in Figure 4.1 and Figure 4.2 show the good estimation of all
state components.
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Figure 4.1: x; and 2, with respect to ¢

Magnitude

. . . I
o] 5 10 15 20 25
Time (k)

Figure 4.2: x4 and 2 with respect to ¢

4.6.2 Example 2

The considered system is chaotic (Ikeda-like system [SD09]) with unknown input « that can be
used in the field of synchronization and input recovery. We show that the proposed observer is
able of estimating the state and the unknown input as well.

The nonlinearity is on the form:

flz(t),u(t),z(t —d),u(t — d)) = tanh(0.1z(t — d)) with d =2
and the system is described as follows:
#(t) = —10x(t) + u(t) + 10 tanh(0.1z(t — d))

The unknown input « is a sinusoidal signal u(t) = sin(0.2¢). The previous equations can be
transformed into the form (4.1) with:

E=[1 0], A=[-10 1], Ag=][0 0
B=10, C=1, D=1

oo 4 [0 0
Hl_{o o]’ Hl_[o 0]’

E,=05 D,=0.
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The disturbance w is defined as shown in the previous example buton / = [50 100]U[200 400] .

Solving the LMI condition (4.34), we obtain the following solutions:

2.7803 2.7803

2.3521 2.3521
—_ 103 —_ 108
P=10 [2.3521 2.3521}’ e=10 [2.7803 2.7803
—5.7379  5.2621 1
= [ 4.1867 —6.8133} , M= [—J ’
4 [-0.0255 —0.0255 4 [0
= [0.0258 0.0258 |© 2= o)

|\

and the optimal value of the disturbance attenuation level is A = 0.10006.
The simulation results are shown in Figure 4.3 and Figure 4.4 for the initial conditions xg =

[1,0], Zop = [-2, —1].

Real state
— — — Estimated state

Magnitude

L L
300 350 400

. .
200 250
Time (t)

L L L
50 100 150

Figure 4.3: x and z with respect to ¢

Unknown input
— — — Estimated input |_

Magnitude

400

L
350

L
300

. . . . .
50 100 150 200 250
Time (t)

Figure 4.4: u(t) and its estimate with respect to ¢

It is clear from the simulation that the estimates of both the input and system state settle quickly

to the actual responses of these signals.
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4.6.3 Example 3

In this example, we compare between H, and W!'? methods. The considered system is on the
form:

100 0 3 1 1 1 0][L 0
3
01 0[&@®)=1{0 0 1|z(t)+|0 0 0|0 % tﬁ}g(g'5f§(f)2z>> + ELw(t)
00 0 00 —1 0 0 0|1 of LAY
y(t)=1[2 0 0.5]z(t) + Dyw(t), d=1
(4.139)

The bounds of the partial derivatives of f are:
b1 = 0.5, bdy = 0.7
and a;; = 0, af; =0, by =0, bf; = 0 otherwise.
Hi=[05 0 0], =H3=[0 0.7 0], Hi=H2=0

0.5
0.5/,
0.5

E, D, =0.1

The proposed methods are applied on the studied system and the following solutions are founded:

e H., Method: solving the LMI condition (4.34), we get the following matrices.

429.26 x 105 30.68 107.32 x 106
P = 30.68 10.86 8.36 ,
107.32 x 105 8.36 268.29 x 10°
9.02 3.00 3.25 ]
I, = | —3.20 0 0.19
—40.64 —12.00 —14.16
5.10 1.00  1.02 ]
¢ =1{ 0.03 0 0.01
—20.43 —4.00 —4.10

74.27 24.72 11.59

Q= 12472 995 3.87 ],
11.59 3.87 1.80
2
) H2: 2 )
-8
, 1 = 03x1.

and the optimal value of the disturbance attenuation level is A\ = 0.7286.

e W2 Method: Solving the LMI (4.80), we find the following solution.

114.23  —19.019
D —19.019  14.045
T | 18.498  —3.7907
0.32 x 105 4.55
17.47
M, = |—24.02
—149.6
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_15';13(?7 74.27 24.72 11.59

soory |0 Q= (2472 095 387,
0.08 106 11.59 3.87 1.80

3.0  5.36 2

0 =500, Mh=]|2],

~12.0 —41.39 -8



4.6. Numerical examples and comparisons

2.67 1.0 041
¢ =10"210.0047 0  0.0012|, Iy = 03y;.
~10.68 —4.00 —1.67

and for € = 0.05 the optimal value of the disturbance attenuation level is \; » = 14.4306.

The simulation results are shown in Figure 4.5-Figure 4.7 where the initial conditions are: zy =
[0.4,0.6,0.1] and & = [0.7,0.1,1], and w = 0.2sin(0.2¢) is defined on the interval I = [2 5] U
[10  20]. We notice that the observer estimates successfully all the states of the system.

25

x,(0)
200 » o ]
- = =R, with H_ criterion

= = =R with W, , criterion

Magnitude
.
&

»—\
S

1 . . . .
0 05 1 15 2 25 3
Time (1)

Figure 4.5: x1 and &; with respect to ¢
12
10+ 7
o |
(0
ol - = =%,(t) with H,, criterion 1
3 = = =50 with W, , criterion
=
A |
op, K "f q
s \-' o
0 ‘5 Time (t) fo 15

Figure 4.6: z9 and 29 with respect to ¢

—xy)
VI = = =x{0) with H__ criterion

1
' \ = = = x,(0) with W, , criterion|

Magnitude

0 5 Time (t) 10 15

Figure 4.7: x5 and 3 with respect to ¢
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4.6.4 Example 4

In this example, we also compare between the H,, and W2 methods but here we consider a
nonlinear time-delay system with unknown input w.

=[5 S [l [, 28 ]
+ [:(1):; __041] [Eiﬁﬁglg: Z;ﬂ + Bw(t), (4.140)

y(t)=[1 0]z(t) + u(t) + Dow(t), d=2.

The unknown input u is a sinusoidal signal of the form u(t) = sin(0.5%).
According to Remark 4.2.3, the previous equations can be transformed into the form (4.1) with:

o [1 0 0] A= {—10 0 1} Ay = Ogys,

010 0 —10 1
a1 0o e Jo 10
Hl_Hl_{o 0 o]’ H2_H2_[0 0 o]’
c=[ 0 1], E,=|. D,=01

bl w 17 w oL

Moreover, the disturbance w is a sinusoidal signal w(t) = 0.2sin(0.2¢), which is added on two
finite intervals of time I = [2 5] U [10 20].
The bounds of the partial derivatives of f are:

a; =0, al; =0, by =1, b, =1, i,j=1,2
According to Remark 4.2.5 our system does fulfill the required condition.
By taking the initial conditions zp = [0.4,0.5,0], &y = [0.7,0.1,1], we obtain the following

solutions:

e 1~ Method: the LMI condition (4.34) is solved and we obtained the following matrices:

7.46 x 105 0.15 7.46 x 106 26.57 2.72 15.45
P=1| 015 039 021 |, Q=272 245 3.02
7.46 x 106 0.21 7.46 x 10° 15.45 3.02 10.97
455  015.55 1
I = |-6.17 —10 —517|, ILh=|1],
~505 0  —16.05 ~1

—0.799 0 —0.799
¢ = | —4.634 0 —4.634|, Iy =03x;.
0.799 0 0.799

and the optimal value of the disturbance attenuation level is A\ = 0.3537.
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4.7. Conclusion

e W2 Method: solving the LMI condition (4.80), the following values are founded:

12.21 0.08 6.21 73.81 2.74 39.40
P=1008 047 025|, Q= {274 254 330,
6.21 0.25 3.63 39.40 3.30 23.62
~13.09 0 —2.09 1
I, = | =311 —10 —211|, Hy=|1],
458 0 —6.42 ~1
—0.85 0 —0.85
¢ =|-509 0 —5.09|, II%=03y.
0.85 0 0.85

and for e = 0.1 the optimal value of the disturbance attenuation level is A\; » = 3.2044.

The simulation results are shown in Figure 4.8 and Figure 4.9.

05

—x
12f 0 - = =%,(t with H_ criterion 1
- = =%,(t with W, , criterion

—x0)
] ' ;
04 [y Pr = = =&,0 with H,, criterion

i
02 N\ i e - = =0 with W, , citerion
l/‘ﬁ“\_’/\/
N
o -
‘ ‘ ‘ , . ‘ . .

Time (t) Time (t)

Figure 4.8: x and its estimate

15

Unknown input u
- - — Estimated input with H_ criterion

1 H
- - - Estimated input with W, , criterion

0.5
h

Magnitude

0 5 10 15 20 25
Time ()

Figure 4.9: v and its estimate

Remark 4.6.1. By analyzing the results of both methods, we notice that the YWW'?2 is better than
Hoo. Clearly, involving conditions on the derivatives of the disturbances leads to better performance.
However, it is worth mentioning that the disturbance attenuation levels A\ and \; » do not have the
same sense.

4.7 Conclusion

In this chapter, we presented a new observer design method for a class of singular nonlinear
time-delay systems. This method can be applied on nonlinear systems with unknown inputs,
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which can be confronted when dealing with failure detection and fault diagnosis problems. The
nonlinearity of the considered system is assumed to be Lipschitz with respect to its arguments.
By use of the DMVT and a particular Lyapunov-Krasovskii functional, the robustness of the pro-
posed observer was treated using two approaches: H., and W'? criteria. The resulting condi-
tions were expressed in terms of LMI. In the last section, four numerical examples demonstrating
the effectiveness of the established design method were provided, and comparing between the
Hoo and W2 methods.
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5.1 Introduction

The study of control and regulation of singular systems have received considerable attention in
the past decades and interesting results were developed, for example, the problem of #, con-
trol was addressed in [ILUOO]; H., control method was presented in [WYCO06] based on Youla
parameterization. Although stabilisation and control of descriptor time-delay systems have
been treated in the literature abundantly [WHO03], [WZXL08], [Wan12], [KLP02], [Fan09b],
[CZZ11], [HL99], observer-based controllers were rarely treated as opposed to state feed-
back [BouO7] or output feedback [MKO97]. On the other hand, singular systems in discrete
time are more difficult to treat especially in the case of designing observer-based controllers due
to the presence of multiple product terms and the fact that the matrix appearing in the study of
singular systems is indefinite which render the generalization of some state space methods to
descriptor systems a very difficult task.

Over the last decades, different techniques were adapted for singular systems in order to amelio-
rate the existing results. One of the interesting results is the introduction of some slack variables
to induce a relaxation of resulting conditions, leading to increase the degree of freedom of the
design variables, hence deriving less restrictive conditions [OBG99], [PABBOO], [CD12]. This
method consists in eliminating the decoupling between the Lyapunov matrix and replace it by
a coupling between the slack variable and the unknown synthesis matrices. Another important
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contribution is the result of [ZXS08], which lead to replace the semi definite matrix inequal-
ity condition known to distinguish singular systems [XY00], [LJDY08] by a strict tractable LMI
condition ensuring the admissibility of the system.

In this chapter, we consider the same class of nonlinear system presented in Chapter 4. we
choose to study the system in discrete-time because of its difficulty and the rarety of the related
results when compared to the continuous-time. Based on the same observer model presented
in the previous chapter, we aim to design a controller. The proposed method, make use of
some existing results related to singular systems in order to develop a new strict LMI condition
ensuring the stability of the system in closed loop. The idea consists in combining the slack
variables technique proposed by [OBG99] with a perturbation dependant Lyapunov functional
to solve the non-convex problem.

5.2 Problem statement

Let us start by reminding the reader of the considered system and the designed observer. The
system is on the form:

1=q
Expr = Az + Agwp—q + Buug + B'Y eq(i) fi (Hiwn, Hiwp—q) + Eowy,
i=1 5.1
yr = Czp + Dywy, G-

where z;, € R" is the state, u; € R™ is the input, y, € RP? is the output, and w; € R" is the
disturbance vector. The matrices F, A, Ay € R"*"=; B, € R"*"« B ¢ R"*1,C € RP*"=: F, €
R™*" D, € RP*" are constant. d > 0 is a known delay. In order to design an observer, we
assumed that the following conditions are verified:

Assumption 5.2.1.

o rank ([g]) = ng, Withn, <n+ p.

e The nonlinear function f is assumed to have uniformly bounded partial derivatives.

afi

Qi < j(gkawk) Sblja ka’ 6R8i7 \V/’wk; GR”? (5.2)
G,
ot < Yi a) < vl Vo e R Vo, € RY (5.3)
1) — ac’i ks Gk) > 177 k 9 k . *

On the other hand, the designed observer-based controller is given by

1=q
k1 = o + T{ok_g + Tayg + TM3ye g+ Buuk + F By eq(i) f; (”Hz'fck, Hfﬂ?k—d) N CX)
i=1
Ty = vg + Ty, -5
up, = K&, + KgZp_g. (5.6)
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5.2. Problem statement

where % is the estimate of x. The matrices II;, H‘f, I, Hg, K and K, are gain matrices to be
determined. The matrices / and 7 are constant matrices calculated from the pseudo-inverse of

] )
(1) [

Using the DMVT, we deduce that there exist z; € Co(xy, 2x), 28 € Co(z_a, #1_q) such that:

J=si Jj=ri
fi(Miwp, Hiwe—a) — fi(Hidn, MiEr—a) = Y hijel, (7)Hi [xk — 2 +Z heT (GYHE [2h—a — Ex-d)
=1
(5.7)
where
_ ofi d _ ofi d
hij = aT;J (zi,w), hi;= Dw; <U72i) : (5.8)
and the estimation error can be written as:
er+1 = llieg + H‘fek—d + Twwk + Gt
+ (I + (T = T 1) € = F A)ay + (109 + (11— 117) € = F Ag) @ .
i=q j=s; i=q j=r; ( . )
+) N hy(OF BHyHien + Y Y hdi(t)F BHE Hiep_a.
=1 j=1 i=1 j=1
where
G=[TDw Om,)xr] (5.10)
W = { o ] ; (5.11)
Wk—d
T = [, —IL,T)D, — FE, (11§ —11{7)D,,.] (5.12)

Without loss of generality, we assume that f(0,0) = 0. Thus, similarly to (5.7), there exist
zi € Co(0, xg), Zfl € Co(0, xx_q) such that the function f can be rewritten on the form:

J=si J=ri

fi(Miwy, Hiwg—a) Z gijes, () Hixw + Z giel, )Mz a, (5.13)
where
afi — d afi —d
ij = 57— (Z,w), g5 = %0 ) - 1

At first, we use an interesting technique proposed by [CDDO08] in which the system state is
augmented with the control. Then we add the estimation error to the augmented vector, in
order to guarantee the convergence of the observation error and the stability of the closed-loop
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system simultaneously. Thus, we get the following:

E 0 0 Th+1 A Bu 0 Tk
0 0 0] |upt| = K . K| |uw
0 0 I €k+1 Hl“l—(HQ_Hl-[)C—FA 0 II; €k
———
&(k+1)
[ Ag 0 0| [zk—a
+ Kd 0 Kd Uk—d
0§+ (I3 —T§T) C—FA; 0 IY] |epq
- B, 0 .
+ 0 0 [ "?}
(I ~ I, ) D,y — FE, (1§ — 1§D, | W4 (5.15)
0 0
4 0 0 |: Wi+1 :|
Z Z 9i; B z‘jHi-%'k Z E 9, BHEH ey
=19= =1 j=1
+ 0 + 0
i=q j=si i=gj=ri o
> Z hi;F BH;jH;ey, >, > hi;F BH{{H{exq
Li=1 j= ] Li=1 j=1 ]

Remark 5.2.1. Augmenting the state with the controller does not affect the regularity nor the
stability of the original descriptor system [CD12, Lemma 9]. Furthermore, This augmentation does
not change the finite modes nor impulsive modes of the original system.

By using this model, the usual multiple product terms containing the gain of the controller and
the decision matrix (PB,K) are avoided. Thus, there is no need for a congruence transforma-
tion. So the problem to be addressed in this chapter is to determine the gains of the observer II;,
IT,, T1¢ and TI¢ along with the controller gains K and K such that the designed observer-based
controller u, = K&y + Kqi_q is robust and verify:

e The closed loop system is asymptotically stable.

e For the zero state response ¢(k) = 0, k € [—d, 0] and for any arbitrary w(k) € [3]0, +00),
the following condition holds:

k=00
(T (R)E(R) = NwT (k)w(k)) <0 (5.16)

k=0

5.3 Observer-based controller design

In the this section, we provide sufficient condition in the form of LMI ensuring the stability of the
system (5.1) in the closed loop and guaranteeing a minimal attenuation level in the ., sense
defined in (5.16). First, let us start by summarizing the main result in the following theorem.

Theorem 5.3.1. System (5.1) is asymptotically stable under the action of the observer-based con-
troller (5.6) with H., performance ), if there exist symmetric and positive definite matrices S

116



5.3. Observer-based controller design

S S
and O, §1 — [( R,

dimensions so that the following conditions hold.

}, and matrices F, Fy, F., M and My, L = LT, R and R, of adequate

1. The LMI condition (5.25) in the next page is feasible.

2. The following conditions are fulfilled:
I, = FA-Sy'RTC,
Y = FAq— Sy 'RIC,
I = S, 'RT + 11,7,
g = S; ' RY + 1147, (5.17)

and the gains of the controller are given by:

K=5'K, K;=5,"K,. (5.18)
where the variables are defined as follows:
HT 0 HT 0
_ _ _ - 0 0 0 0
M= [Ml /\/lq], where M; = 0 H? 0 H? , (5.19)
Si ;i:lles
(HHT 0 (HHT 0
_ _ _ _ 0 0 0 0
N = [Nl . Nq] s where M = 0 (H;j)T 0 (%EZ)T s (520)
r; times
. B 8 [Hn o] ”[Hlsl 0 } [qu 0] ‘_[Hqsq 0 }
0 IB 0 Hn 0 Hi,| |0 Hp 0 Hgs,| |
o
210, (5.21)
| 32
(B 0
s= |0 0| [ 8] 0] [ m] [ ]
0 IB 0 HY 0 Hf, 0 Hpy 0 Hg,
(241
210 |. (5.22)
| 22
% . Blljs 0 :| |:Bls Is 0 :| |:ﬁ 1Is 0 :| |:B s Is 0 :|
T = dia 1 1751 S q175q ... |795a7 5q ,
g<|: 0 Blljsl 0 Blsllsl 0 6qusq 0 ququq
(5.23)
= d7. 0 e T 0 pLI,. 0 d 1. 0
YT, =dia [611 Tl ]-u[”l 1 }’”'7[(117@ ]...[‘Fq Tq ] :
d 8( 0 BHI, 0 B In 0 g4I, 0 B I,
(5.24)

117



Chapter 5. H. observer-based controller for singular time-delay systems

0 N~
0 0  Pwo—
0 0 0 -
00 0 0
0 0 "iH "iH Ly (*¥) ) (v ¥ =
00 NHU NMU
0 0 e — ) (0 ) &
0 0 0 0 egeP
0 0 0 0 0 0 “p (¥) (v (¥
0 0 (er7—cig)Pg (e —zig)ilz 0
(sz9) 0 >
0 0 0 0 25T
00 0 0 0 0 T e (%) (%)
0 0 (er7—2lg)lx (e —7lg) g 0

m, 1P
= X
0 0 e Ting 2~ L &Aaﬁkmm\\@ﬂ&\mv P P o (%)
S0 0 0 (05 =y 15s)
0 0 0 P &Usﬁ\lﬁw 0 @< ey ©CH WP
oo oo Pt 0
0 ;M 0 0 (04 — v %)
0 0 nw 0 TR A 0 e T g ol
0 M W™ 0 0

118



5.3. Observer-based controller design

F11A+In><nuK FllB _Inxn M InxnuK

b1 = —ETSE + O+ Iy, + Fi3A+ K FisB, — M K +Zf, (5.26)
0 0 0
Al
T
Fidqg 0 0 FiA FaqiBy — Inxn, Mg 0
Qo= |Fi134q 0 0| + [Fy3A Fg13By — My of , (5.27)
0 0 0 0 0 0
Flle 0 T
_ F, 11A F, 1lB - 12 0
$13 = ETSO + | [13E o+[“’ Wil Zu W , 5.28
13 1?(’) v 0 Foi3A Fo13By, — F14 0 ( )
=g g=si AT(S11 — L11)%
Qyy=M+> > | (BIS1 — Sa1) T |, (5.29)
i=1 j=1 0
1=q j=S; AT(SH — LH)Edl
Q15 = (BLS11 — S21) Zar | (5.30)
i=1 j=1 0
FAa+ Lnxn,Ka 0 Tnxn, Ka
Poyy = —Q + Fyi3Aq + Ky 0 Ky +z7, (5.31)
0 0 0
7o
FquE, O T
Foi1Aq FouiBy—Foi2 0
Boy = | FysE, 0] + |1 , 5.32
% dlS * 0 {lei?)Ad Fo13By — Fuia 0 (5-32)
i=q j=s; [AY(S11 — L11)%1
Doy = 0 , (5.33)
i=1 j=1 0
~i=ag=si [Ag (S — L) Ea
@25 = N+ 0 , (534)
i=1 j=1 0
_ | FuizEw 0 T( AT J.) B
By = [ oty o] o7 (s — EXTLEY) O — ulyy, (5.35)
i=q j=s; T B _
S {Ewsonzl} —=TEATLELS, (5.36)
i=1 j—1
1=q j=S$;
D= Y {Ew s “Z‘“] ETELTLELS,, (5.37)
=1 j=1
By =57 (S ELTLEL) ST, (5.38)
D45 = 5T (s — ELTLEL) S, (5.39)
By55 = 57 (S - ELTLEL) Sq— T, (5.40)
b;7=S5—FTLEY -G -GT, (5.41)
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2 2
Bi =5 B =77 (5.42)
ij ij
Proof. Taking into considerations the gains of the observer (5.17), we can simplify the aug-
mented system as following:

E 0 0] [2zp41 A B, 0 Ty
0 0 0 Uk+1 | = K _Inu K U
0 0 I| |epnr 0 0 FA-P'RTC| |ex
[A; 0O 0 Tk—d
+ |Kqg O Ky Uk—d
0 0 rA;—Py'RIC| |ex—a
[ E, 0 w
+ 0 0 [w F ]
\P,'R"D,—FE, Py'RID,| %
[0 0
+1 o0 o [ Wit }
D, 0 Wk+1—d
[ i=gj=s; ] [ i=gj=r; J dard ]
> > 9i;BHjH;xy, > > 9GBHGH xk—a
i=1 j=1 =1 j=1
+ 0 + 0 . (5.43)
1=q j=$; i=q j=r; d drd
Z; j;l hijFBHiniek 1; J;l hijFBHini €k—d
or more easily
1=q J=S; B 0 H.. 0
B = Ak + Aabk—a + g + Ok 41 + Z Z 0 0 [ OU H. } Gij
i=1j=1 |0 FB K (5.44)
1=q j=7; B 0 Hd 0 .
d 4
v oo [ a]e
i=1j=1 |0 FB K
where
Tk
Sk = |uk|, (5.45)
€k
o = [w:’kd] , (5.46)
A B, 0
A= |K —I,, K , (5.47)
0 0 FA-P'RTC
[A; 0O 0
Ag=|Kyg 0 Ky , (5.48)
|0 0 FAs—P'RIC
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[ E, 0
By = 0 0 :
'R"D, ~FrE, Py'RID,
[0 0
e=| 0 o0f,
D, 0

4 0 hijlsi 0 /Hz (% ’

Gl = Q%In 0 HE 0] [wp_a
" 0 h%[rl 0 H? €r—_d '

(5.49)

(5.50)

(5.51)

(5.52)

According to the results of Chapter 4, the presence of the disturbances and consequently their
derivatives can be treated using a Lyapunov-Krasovskii functional depending on the disturbance
vector. In this chapter, we will use the same technique but slightly modified to be more suitable
for the considered problem. In fact, the system in the augmented form (5.44) is singular unlike
the case of Chapter 4, where the dynamics of the estimation error is regular. Indeed, the matrix
E is now introduced as follows:

with

By calculating AV = Vj 41 —

Notice that

The inequalities (5.55) and

i=d
P(EE, — Ow) + > &1,Q6 .

=1

Vi, = (B¢, — Oag)T

[Pn P12:| 0
(%) P
7) frnd N J

Py

0 Py

Vi, we get

AV =& (ATPA—ETPE + Q — Iny) & + 2T ATP Ak —a
+ 267 (ATPE, + ETPO) @, + 26T ATPEG, + 26, ATPYA
+ &g (ATPAG — Q) &g + 26 JAY PE Ly,
+ 267 JATPEG + 26T JAT PR
+wf (ELPE, — ©TPO) wy, + 20 ELPEC, + 2wf ELPEAC!
+ QEETPSGCE + GEETPRAGE + (G T () TP

1=q j=s; - ( 1 bL) p 0
(Cij) 7 0” ' ( 1 i)] ] Cl] > 0,
i=1 j=1 hij by /7S
—q j= 1 1
i=q j=ri AT (gfl] b;ij)ISZ 0 ;
] 0 ( 1 L)I ij >0
i=1 j=1 hi b
(5.56) become respectively
i=q j=58; /HZT 0 i=q j=S; T 1 s
_ 5 1s, _
Z fg 0 0 Cz] - (ng) [ JO 1 Czj Z 07
i=1 j=1 0 HI i=1 j=1 bij =i

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)
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ST 17 L B ST S SR I
ST T 9 91 )l KAV RTINS
i=1 j=1 0 HHT i=1 j=1 by

To ensure a robust behavior of both the observer and the controller, we show that we need to
calculate

/\2
Wie=AV + 7€, — ?og @y, < 0. (5.59)
By adding the left-hand side terms of the inequalities (5.57) and (5.58) to AV, we obtain
_ - T - -
Tk Tk
U Uk
we< |l Q|%*| <o, (5.60)
Wk Wk
Ck Ck
=d ~d
[ G LGk J
where Q is on the form:
ATPA - ETPE + Q+ Iy, ATPA,
() ATPA; -0
Q= (*) (%)
(*) (%)
(*) (%)
ATP=, + ETPO ATPS + M ATPY,
APz, APy ATPY + N
EIP=, — 0TPO — uly, =Py =Py . (5.61)
(%) YIpy -1 SPYy
(%) (%) STPYg—Ta |

From (5.60), we conclude that Q < 0. The last matrix (5.61) is not linear and because of the
singularity of the system E7 PiE > 0, the analysis results developed for state-space systems, ex-
ploiting the symmetry and the positive-definiteness of the matrix P in the Lyapunov functional,
cannot be applied on our descriptor system. In other words, if we try to use Schur lemma to
decouple the cross terms, we end up with a non-strict linear inequality (zeros on the diagonal).
For that reason, we adopt a different approach. The developed method consist of the following
steps:

e Decoupling the cross terms related to the observer, i.e., the terms containing P» with R or
Ry.

e Introducing a free matrix G in order to relax the resulting condition and replace the exist-
ing multiple product terms containing the matrix P by others easier to manipulate.

e Using the inequality of Young to treat the non-convex condition and transform it into a
tractable LMI.

We start by applying Schur lemma on the observer part only. Thus, we can treat the bilinearity
in that part separately. As a result, the cross terms stemmed from the presence of the observer
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5.3. Observer-based controller design

are decoupled and the condition 2 < 0 can be replaced by an equivalent inequality (5.62) as
follows

[ ATPA-E"PE+Q+ L, A"PAy ATPE, + ETPO
(*) -Agp-Ad - Q B B AZ{PEw
Q — (%) (%) ElPz, — 0TPO — uly,
(*) (*) (*)
(*) (%) (*)
I (*) (%) (*)
0 -
ATPY 4+ M ATPS, 0
(P A—RTC)"
0
AL'PS AIPS,+ N 0 .,
(P2F Aq — RIC) ]
STy =T P (R" Dy — Pot E.)
0
STpy - SPYy 0
Yo Py
0
(*) ig’Pid - Td 0
Yo
(%) (%) —P i
with
[A B, 0 Ag 0 0
A=|K -I,, K|, Aj=|K; 0 K4, (5.63)
0 0 0 0 0 0
E, 0 1 Ya1
=10 0, E=]0|, Z;=1|0]. (5.64)
[0 0 0 0

According to the pioneering work of [OBG99] and some attempts in the literature [LHO5],
[CD12], it is possible when treating singular systems to use a relaxation technique based on
injecting some free matrices. In this section, we will show how to generalize this method so it
can be applied to singular time-delay systems with nonlinearities.

In order to do so, notice that ; < 0 implies V < 0. In addition, we can always find a matrix G
such that P — G — GT < 0. Thus, from (5.62) we can write

0 0

sbz[o P—G—G4<O' (5.65)

From the structure of P and to reduce the number of cross terms, the matrix G can be chosen

on the form:
Gii G2 0
G= |Gz Gis O
0 0 Gy

(5.66)
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I 0 0 0 0 o0 —A™T
x I 0 0 0 0 —AF
(*) (x) I 0 0 0 —-EI
Define A= |(x) (x) (x) [ 0 0 0
() x) x) x) I 0 0
) x) ) ) K I 0
0O 0 0 0 0 0 I

Pre—multiplyi_ng (5.65) by A and post—multiply_ing by AT and then by making these change of
variables:

F=A"P - A"q, (5.67)
Fi= Ag'p _ _/ZlZ;G’ (5.68)
Fo,==lp-=Tq, (5.69)

we can get the inequality (5.70), in which the matrix P is not involved in any product with the
matrices A, AL and Z,,,.

Iy FAg+ ATFF F=2, + ATFI + ETS6O
(%) —Q + Fady+ AVFT FiZu + ATFY
L= (% (%) Fo 2l + 2, FL — 0TPO — puly,
(*) (%) (%)
(*) (%) (*)
0 -
ATPE + M ATPE, 0 F—ATGT
(P A— RTC)"
0
.AdTPi Agpid +N |: 0 Fq— .AgGT
(PQFAd - RgC)T
ETPE =Ips, (RT%RT— DPZ)FTE“)T F,— =G
dHw < 0.
0
TPy — Y Py 0 0
Yo Py
0
(*) igpid — Td [ 0 0
Yo P
(%) (%) —P 0
(%) (%) (*) P-G-G" |
I'i=—-E"PE+FA+ATFI + O+ Iy, (5.70)

This technique relaxes the stability condition due to the presence of the extra degree of freedom
provided by the introduction of the matrix GG. Following [ZXS08], one can use a very interesting
result ever since used to get rid of the restrictive equality constraint that for years characterize
singular systems. The method consists in finding the matrices S > 0 and L = L such that:

P=5—EYLEY (5.71)

where E is any matrix verifying ELE = 0 and E-EL" > 0.
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5.3. Observer-based controller design

In this case, the notation E7PE > 0 leads to a new condition in terms of a strict inequality
ETSE > 0 with S on the form:

[511 512] 0
(*)  Sa2

S1

0 Sy

Although the introduction of G has countered the problem of singularity, it added different
multiple product terms that need to be decoupled. Due to the number of variables, the problem
is difficult to treat. For that reason, we choose the matrices F, 5, and F,, as follows:

Fll InxnuM 0

F = |Fi3 M 0f, (5.72)
0 0 Fy
Fdll InxnuMd 0
Fi= | Fai3 My 01|, (5.73)
0 0 Fy
Foi Foie Fuo
Fo=1," . 5.74
Y Foiz3 Foia Fuoo ( )
where M, M, € R™ are free positive matrices.
Notice that
r=v+x’'y+vTx, (5.75)
where the components of ¥ are given by:
\I’ij = <I>'L'j 1,] € [1, 5], (5.76)
and ®;; are defined in equations (5.26)-(5.41).
I 0 Lixn,M ] (KT 0 |
0 M 0 0
0 0 KT 0
Lnxng My 0 0 K7F
My 0 0 0
0 0 0 KdT
X = F, 12 F. 12 , Y=10 0 (5.77)
Foia Foia 0 0
G2 G2 0 0
Gia Gia 0 0
0 0 0 0
Y (S12 — L12)  2T(S12 — Lio) 0 0
S5 (S12 — L1g) X%,(S12 — Lya) | 0 0

Applying Young’s inequality with symmetric and positive definite matrix II, leads to
1
L <U+-XTII'X +ev'mny,
€
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which can be written of the form:

o0 ][x
r<v+[xT vy [ 0 en—l} [HY].

Thus, according to Schur lemma, the condition I" < 0 is verified if the following condition is

fulfilled. ,
X
v

-1
ell 0
@ [
M 0 .- 1 15 .
AL and defining K = MK and K4 = M, K4, we can easily get
d
(5.25). O

< 0. (5.78)

By choosing II = [

5.4 Numerical example

In this section, we present a numerical example to show the performances of the proposed
controller. We will consider a simple example of a discrete system of the form (5.1), where:

10 1.6 2 0.24 0.32 -1
E_[o o]’ A_[l 2]’ Ad_[O.lfi —0.27}’ B“_[l}’
0.1 0

=01, B:[o 0.15

] , E,=[02 04], D,=0.1.

s _
and f(xg, x—q) = [Sin(0.5x2(k a) with a delay d = 5.
i=2
The nonlinear function can be rewritten in the form f(xg, zx_q) = eq(i) fi (”Hi:vk, ”Hglxk_d>,
i=1
with

Hi=[1 0], HI=1[0 0.5].

The disturbance w is a Gaussian distributed random signal with mean zero and standard devia-
tion 0 = 0.1, which we will be added on two intervals of time only, as demonstrated later in
the simulation, in order to show simultaneously the robustness and the asymptotic stabilisation
of the system in closed loop, respectively with and without disturbances.

The bounds of the partial derivatives of f are:

a1 = —1, ay = —0.5, by =1, by = 0.5.
According to the Remark 4.2.5 we need to solve the LMI (5.25) with

bii = b1y —an =2, by =13y —agy =1,
and

1 2 0.16 —0.26

Hence, we obtain the following solutions:

= [1.5 2] A= [0.24 0.32 } .

1. .0044 —12.994
LleS{ 5305 0.00 }’ 512:[ 99 6]7

0.0057 4.6440 1.9365
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0.0055 —0.0010

_ 3
S =10 [—0.0010 1.2872

] , Sop =1314.7,

g, _ [897.6945 902.3377
27 1902.3377 924.6203|°

0.990 —0.409 0.001 0 0

—0.409 0.059 —0.058 0 0

G =10%| 0.050 0.107 0.006 0 0
0 0 0  10.924 4.512
0 0 0 4512 11.058

The observer-based controller gain matrices are given as follows:

_ [-1.2763 —0.7763 a |2
= [ 1.2788  0.7788 } o Ihi= [—2} ’

~ [~0.0018 0.0782 4 [032
27100023 —0.0777|° ~0.32] "

d _
K = [-0.9605 —1.1661], K4=[-0.2762 —0.3566].

and the optimal value of the disturbance attenuation level is A\ = 1.41.
The simulation results represent the behaviour of the system subject to two types of control:

1. The control law: uy = 0.1sin(Tk), T = 1ms, (Figure 5.1-Figure 5.2).
2. The proposed controller uy, = Kz (k) + K44 (Figure 5.3-Figure 5.4).

In both cases, we notice a good estimation of the state, and the robustness of the system to the
presence of disturbances.

0.8

Real state x;

0.6 - = = Estimated state Ql u

Real state VS Estimated state

. . . . . . . . .
10 20 30 40 50 60 70 80 90 100
Time (k)

Figure 5.1: x; and its estimate

5.5 Conclusion

We presented in this chapter a new observer-based controller design method for a class of non-
linear time-delay singular systems with disturbances. The nonlinearity of the considered system
is assumed to be Lipschitz with respect to its arguments. A new sufficient LMI condition was
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Real state VS Estimated state Real state VS Estimated state

Real state VS Estimated state

proposed to ensure the H., robustness of the proposed observer-based controller despite the
presence of disturbances. Different techniques were used to treat this class of systems. First, the
approach of [OBG99] was used to transform the system in closed loop into a more exploitable
form by means of injecting some free matrices. Second, the method of [ZXS08] was performed
to get rid of the restrictive equality constraint which characterizes singular systems. Finally, the
DMVT method was applied to linearize the nonlinear Lipschitz part. The main contribution of
this chapter lies in using a particular Lyapunov-Krasovskii functional disturbance-dependent to
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0.6
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= = = Estimated state )"(1 I
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0.1 0.2 0.3 0.4

Figure 5.3: x; and its estimate

0.81

T T
Real state x,

- = - Estimated state %, ||

. . . . .
0.5 0.6 0.7 0.8 0.9
Time (k)

L L L
0.2 0.3 0.4

L
0.1

Figure 5.4: x5 and its estimate



5.5. Conclusion

get rid of the derivatives of the disturbance and using the Young’s inequality to transform the
non-convex problem into an LMI stability condition.
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Chapter 6. Observer-based controller for unknown time-delay systems

6.1 Introduction

When dealing with time-delay systems, the choice of the Lyapunov Krasovskii functional presents
one of the main difficulties. Considering a complete quadratic Lyapunov-Krasovskii functional,
where the matrices are continuous functions, is not practical. Thus, some researchers choose
what is known as the Discretized Lyapunov Functional (DLF) method [GKCO3], where the matri-
ces chosen to be piecewise linear functions. Discretization techniques were used in the literature
accompanied with Jensen’s inequality or Finsler’s lemma to get LMI conditions. Inspired by the
DLF method and based on the Lyapunov functional method, some stability criteria were derived
by checking the variation of the Lyapunov functional in the whole interval of the delay. To study
the delay-dependent stability and stabilization for systems with interval time-varying delay, the
so called Delay Central-Point DCP method is employed. This method consists in dividing the
delay interval into two subintervals [YueO4] and the variation of the Lyapunov functional is
checked in both subintervals. The main advantage of these methods is that more information on
the variation interval of the delay is employed and the delay central-point DCP state z(t — d),
(where dy = % and dy, d,, are the maximum and minimum delay respectively) is intro-
duced. As an extension of the DCP method, the variation interval of the delay is divided into
I > 2 parts with equal length in [YTZ09]. This method has been used to investigate the
control and filtering for networked control systems and stabilization with unknown input de-
lay [YueO4]. In addition, it was exploited to design observers with unknown delay, the estimate
of the delay is chosen to be the average of the delay [SFRS07] which is equivalent to the DCP
method with two subintervals.

The study of linear systems with known delays has received considerable attention in the last
decades [GKCO3], [ZB07], [VA98], [Kha99] and [IXCY06], [PT08], [LdS97] for known time-
varying delay in particular. The abundance of the existing results leads sometimes to the resem-
blance or even the equivalence between the proposed LMI conditions [XL0O7], [GP06]. The case
of unknown delays has received less attention, due to the difficulty of the problem. However,
Some attempts using sliding mode observer and adaptive observers were suggested to treat this
problem [SOS00], [SFRS09].

On the other hand, Free Weighting Matrix (FWM) method was proposed to reduce conser-
vatism and introduce delay-derivative-dependent stability conditions [WHS10], [HWLWO7].
This method uses some free matrices to express the relationships among the terms of the
Newton-Leibnitz formula. The results obtained by this technique generalizes some of the ex-
isting work such as [FS02b] combined with Park’s inequality (presented in Appendix A).

When using the observer in closed-loop configurations, the problem of stability analysis becomes
more complicated. The available solutions to this problem generally involve iterative linear
matrix inequality conditions as in the case of FWM method [WHS10] or constrained convex
optimization conditions that involve some equality constraints [Lie04].

In this chapter, we extend the DCP method and combine it with the FWM method to design
an observer-based controller for unknown time-delay systems. In our case, we make use of the
DCP method in the design of the observer itself. We divide the delay interval into different
subintervals. The estimate of the delay over each segment will be defined as the mean value of
that segment. In addition, motivated by the FWM method and using an appropriate Lyapunov-
Krasovskii functional, we obtain a delay-dependent stability condition. This condition will be
written in the form of LMI as opposed to some existing result in the literature. It is worth
mentioning that the method is developed for time-delay systems where the nonlinearity depends
only on the present state.
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6.2 Problem formulation

In this section, we aim to design an observer-based controller to estimate the state x and stabilize
the system in the closed loop without knowing the value of the delay at each instant.

6.2.1 System presentation

First, let us consider the following class of continuous nonlinear systems with delayed state:
x(t) =Ax(t) + Agzx (t — d(t)) + Byu(t) + Bf(x(t)),
y(t) =Cx(t).

where x € R” is the state vector and v € R™ is the input and y € RP? is the output. A, Ay, By,
B, and C are constant matrices of adequate dimensions.
The nonlinear function f : R®™ — RY is assumed to be ~-Lipschitz, i.e.,

1) = Fll < plle =yl Va,y R (6.2)

Without loss of generality we assume that f(0) = 0.
The delay is assumed to be unknown time-varying and satisfies both of the following conditions:

(6.1)

0<d(t) <d,
. (6.3)
d(t) < p.
Following Chapter 2-Lemma 2.2.3, the Lipschitz property is equivalent to the existence of func-
tions
1;1‘]‘ : R" — R
and constants a;; and b;; such that we can rewrite the function f as follows:

i=q j=n

f@) = f0) = fl@) = | DD whisHis(j) | . (6.4)

i=1 j=1

with Qij < &ij < bij: &ij £ 157;3» ($01*1,x0j) and Hz'j = €q(2)€£(j)

6.2.2 Observer-based controller design

In this subsection, we address the problem of observer-based control design for continuous time-
delay systems with unknown delay (6.1). The method consists in dividing the maximum delay
interval [0,d] into r divisions [d;_1, d;] with i = 1,...,r, not necessarily of equal length, then
considering the mean value of each subinterval as the estimate of the delay. The delay estimate

is chosen to be the arithmetic mean over each subinterval d; = %. In addition, we define

1=T
the constants «; which verify >~ «; =1, and o; > 0.
i=1
A delay-dependent stability criteria is given first in the form of BMI then using a method based
on Young’s inequality, the condition is transformed into LMI.
We propose to use a memoryless controller depending on the mean value of each interval instead

on the exact value of the delay:
B(t) =Aa(t) + Aa Y i (= d) + K (y(t) = §(8)) + Buu(t) + Bf (1)),
i=1
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e (y (1-d) 3 (- ), o5
=1
u(t) = — Li(t), (6.6)

Where K, K4; (i =1,...,r) and L are gain matrices to be determined.
By calculating the error e(t) = x(t) — Z(t), we find:

é(t) = (A~ KCJelt) + 3 o (g~ KaC)e (&~ &) + B () ~ F(5(6))
v Adi @ (x (t—d(t)) — (t - cZi>> . (6.7)

The nonlinear function can be written, as seen in Chapter 2-Lemma 2.2.3, in the form:
i=q j=n
flo)=f@) = | DD ity | (@ —&), (6.8)
i=1 j=1

where the function v;; is bounded as follows: a;; < v;; < b;; and ;; = ;5 (%1, 2%).
Define the parameter matrices ¢ and p as:

Q==<¢w($%‘5$%)>w’ p::(¢U<m@_%x@))

Then, ¢ and p belong to a bounded convex set #,, for which the sets of vertices are defined by:

ij

VHn = {(I) € RI*™ . (I)ij € {aij,bij}} . (6.9)

Consequently, the dynamics of the system and the error can be rewritten as follows:

i(t) = Ae)z(t) + Agz (t — d(t)) + Byu(?), (6.10)
é(t) = (Alp) — KCe(t) + Z ai (Aq— K4C)e (t — d) + Ay Z a; (1‘ (t—d(t) —z (t - d)) ,
- . (6.11)
with o o
i=q j=n i=q j=n
Alo) :A‘FBZZq/_Jinija A(p) :A+Bzzwinij. (6.12)
i=1 j=1 i=1 j=1

The systems in the closed loop can be described as follows:

#]  [A(e)—BuL  B.L 2] | [Aa 0] [2aw] 0 .
é o 0 A(p)—KC (& Ad 0 ed(t) AdQ_Adl_KdC : ’

Leg, ]

(6.13)
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with
Adl = [[Oqu 0] ‘e [arAd OH s (614)
Ap=[[0 aAq] ... [0 oAd]], (6.15)
Ki=[[0 aeuKs1] ... [0 anKgl]. (6.16)
By defining
£ = m : (6.17)
2(t — dy) ]
e(t —dy)
¢ (t - ci) - : : (6.18)
x(t —d,)
e(t—dy) |
A= A(()Q) A(()p)} , 6.19)
Ag= ﬁj 8] , (6.20)
0
A= g, - Ad1:| : (6.21)
K= BSL _ggﬂ, (6.22)
K = KSC] : (6.23)

the system can be rewritten as follows:
€)= (A —K)E(t) + Ak (¢ — d(t) + (A~ Ka) € (¢~ d). (6.24)

The objective is to find the matrices K, K, and L such that the system in the closed loop is
asymptotically stable.

6.3 Main results: Observer-based controller synthesis

In this section, we shall study and derive sufficient conditions ensuring the asymptotic stability
of the system under the action of an observer-based feedback. The results are summarized in
the following theorem.

Theorem 6.3.1. System (6.1) is asymptotically stable under the action of the observer-based con-
troller (6.6), if there exist:

e two predefined positive scalars: € and €

e symmetric and positive definite matrices: P, Tio, W11, Z1, and Zo; (I = 1,...,7);
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B X1 )gu ):(13
e symmetric positive semi-definite matrices: Q1, Q2, X = | (x) X Xo3 and
(x)  (x) Xss

) Yin Yoo Yas
Vi=|() Y Y| (I=1,....7);
(x)  (») Yiss

e any appropriately dimensioned matrices R, Ry, S, My, N; (i = 1,...,3), T; = [:%1
T 0
0 T}
(Z =2, 3), and T4 = [T41 T42] with T41 = S, Ty =
Th 0
L 0 | T2 ]
so that the following LMI conditions hold:
[ Wi A(e)T — STBE 0 0 0 0 0 B,S 0 ]
0 A(p)TTia —CTRT 0 0 I, 0 0 Tio
) Wi AT 0 T, 0 0 Wndl 0 0
r 0 0 0 T 0 0 0 0
0 0 T3 0 0 0 0 0
0 0 0 T3 0 0 0 0
0 0 Ty O 0 —-WwpdAL 0 0
0 ALT, — CTRT 0 Typ O 0 0 0
—eWW 0 0 0 0 0 B,S 0
(%) —eTE, 0 0 0 0 0 T2
w0 0 0 0 0
17T 0 0 0 0
—eWq1 0 0 0
(%) e, 0 0
w0
_ ) -1, |
v 0, pE Van
(X1 X2 Xiz M
= (%) Xoo Xoz Mo
U= = -1 >0,
(x) (%) Xsg Ms| =
L) () (0 4
Y 5:/112 3:/113 ]Yu_
= () Yoz Yoz Ny
o, = 22 s =1,
: (x)  (x) Yz Ny
L) () (%) Zal
Then, the observer-based controller gains are given by:
K=T,'R, Kq=T'Ra,
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L=Sswl. (6.29)
where

11 = Q1+ Qof + My + ME + N\ T+ TN +dXy, 4+ Y11,

N ~T7' A(o)" + STBT — A(o)Ty;" + B.S 0
0 —A(p)TTlg + CTRT — T12A(p) + RC|’
-1
[o = MQT — M + JX12 - [Adgn 8] )

Ti3=P+ M +ITNL+ T + dX 3 + Yasl,
Ty=-Ni+Nj 4V — [leAdQO_ RdC} )
Too = —(1 — u)Q1 — My — M3 + dXo,

Lo = —Mg +Ts + dXos,

D33 = dZy + Zol + T3 + T4 + dX33 + Y3,
D34 = —N3+ Yao + Tf,

Ty =—Q2— Ny — Nj + Y,

I';j =0 Otherwise.

(6.30)
with
I
I=|:], (6.31)
I,
Yij = [061621371@ Oérczrffnj] ) (6.32)
ala?ﬂ_/mg o 0
Yy = D adiVin : (6.33)
0 .. aTcZTYm
Ni= [N ... oNy| i=1,...,3, (6.34)
N} =[N ... eaoNI] i=1,...,3, (6.35)
arNag 0 ... 0
N=| O ] (6.36)
: . a; Ny 0
0 0 a Ny,
Q2 = [OélQQl arQ2r] ) (6.37)
Qa0 0
G=| U (6.38)
: e @iQo 0
0 0 Qo
Zy = [aldlzgl QTCZTZQT] . (6.39)
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Proof. In order to simplify the proof, we chose to divide it into two main parts. The first contains
the Lyapunov stability which lead to a BMI condition ensuring the stability of the studied system
in closed loop. The second part focuses on linearizing the BMI to reach a tractable LMI.

1. Sufficient condition in the form of BMI:
At first, let us use the following delay-dependent Lyapunov-Krasovskii functional:

V(£(t) = Va(t) + Va(t +Zazvgl ) + Vit +Zazv51 (6.40)
where
Vi(t) =¢" (1) P<(t),
t
Va(t) = / €7 (5)Qu€(s)ds
t—d(t)
t
Vai(t) = | €1()QuiE(s)ds
Vi(t) = / L[ e ziésasao (6.41)
—d(t) Jt+6
0 t . .
V.(t) = /_ €@ zuts)isas,
Z::Oéi =1.
=1
Consequently

Vi =267 (8) PE(1),
Vo = €M()Qué(t) — (1= d(1)7 (¢ — d(£))@(t — d(1)),
Vs =T (1)Quik(t) — &7 (t - sz‘) Q2i¢ <t — CZ¢> ,

, , . ¢ ‘ (6.42)
—dOETO2ED) - (- dw) [ ()7,
t—d(t)
Vs = di€T (t) Zai(t) — ) €7(5) Z2i€(s).
From notation (6.3), we get
V <€7(1)(Qu + QaT €(t) + 26T ()PE(H) — (1 — ) €7 (¢ — d(1)) Qu€ (¢ — d(t))
—¢T (t=d) Qut (t— d) +€7(0)(dz + 2T )E(t) 6.43)

¢
—(1— 8)Z i 8)Za;
( “)/t_dm )21 (s Za/ €7(5) Znié (s
From the dynamics of the system in closed loop (6.24), we can write:
2[7 T + € (= d(t) To + €T + €7 (¢ = d) Ta| x |€t) — (A~ K)€(1)
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— Al (t—d(t)) — (A;— Kg) & (t ~d) } . (6.44)

with 7; (i = 1,...,4) are matrices of adequate dimensions.

In addition, using the Leibnitz-Newton formula, we can write

e—dw) =0 — [ éo)as
. (6.45)

5(15—&1-) —et)— [ Es)ds i=1,...r
t—d;

Rather than using the Newton-Leibnitz formula to directly replace the delay term, we use
the Free Weighting Matrices (FWM) method discussed in [WHS10] to take into account
the relationships among the terms of the Newton-Leibnitz formula in order to derive a
delay-dependent stability criteria for system (6.24).

Hence, for any appropriately dimensioned matrices M7, M> and M3, we have

t

2 [€7 ()M + €7 (¢ = d(t)) Mo+ €7 (1) M x [w) - / §ls)ds — £ (¢~ d(1)| =0.

—d(t)
(6.46)
Also, for any Ny;, Ny and Ng; (I =1,...,r), we have:

t
20 {ET(t)NU +¢&7 (t — dl) Noy + éT(t)N3l:| X [ﬁ(t) — | &(s)ds—¢ (t _ dl)] -0
t—d
l (6.47)
On the other hand, for any matrices X > 0,Y; >0 (i =1,..., 3), the following holds:

t

JeT (1) X6, (1) — /

& ()X & (t)ds > 0,
t—d(t)

. (6.48)
4i&y (OYika(t) — [ & (OYika(t)ds >0 i=1,...,3.
t—d;
where & = [ €7(t) €7 (t—d(t)) £(t) [P and& =] €T(t) €7 (t—di) €'@) )"
Finally, by adding equations (6.44) and (6.46)-(6.48) to (6.43), we conclude that

t

i=r t
V() < T(H)Qq(t) - / GT (L 9)WG(E s)ds — > oy /t ; G (t,8)®iCa(t, 5)ds, (6.49)
=1 —d

t—d(t)
where
Glts) =70 €7(s)]" (6.50)
Gits) = [0 ()] (6.51)
ct)=[e) cw-dw) & ¢(e-d)] (6.52)

and the matrices:

(6.53)
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o= | F) V2 Yos Nafop (6.54)

Q1 Q2 Qg Oy
(x) Qa2 oz oy
Q= : 6.55
(%) (x) Q33 Qa (6-5)
L) (0 (%) Qua
where
Q1 =Q1 + QoI + My + Ml + Ny T+ TP'NH—T1 (A-K) - (A-K)'' 1y
+dXq1 + Y1, (6.56)
Q19 :MQT — M —TiAg — (A — K)T TQT + CZXlg, (6.57)
Quz =P+ MI + I" N+ 11 — (A —K)T T + dX 13+ Yis], (6.58)
Qy=— N+ N =T (A —Ky) — (A KT + v, (6.59)
922 = — (1 — /L)Ql — My — MQT + JXQQ — TgAd — AZ;TQT, (660)
Qo3 = — M3T — AZ;T{{ + 15 + JX23, (6.61)
Qo =— AT —Th (Ayj—Ka), (6.62)
Q33 =dZy + Zol + T3+ T§ + dXs3 + Va3, (6.63)
934:—N3—}—Y332—{—TE—T3 (A&—Kd), (6.64)
Qus=—Qo— No— NJ + Vo — Ty (A — Kg) — (A — Kg)' T7, (6.65)
with
Yij = [aldlylij e acmer-j] y (666)
Oélcilylgg e 0
Y, = : aid; iz : ’ (6.67)
0 e OéTCZTK«QQ
NZ‘ = [Oleil e OATNZ‘T] 1= 1, ceey 3, (668)
Nf =[N} ... oNL] i=1,...,3, (6.69)
O[1N21 0 0
N=| O o (6.70)
. ) OZZ'NQi 0
0 .. 0 ;. Noy
Q2= [a1Q21 ... arQa], (6.71)
a1@Q21 0 0
. 0 :
Qo= , (6.72)
: 0 Qy 0
0 0 arQQr
Zy = adiZay ... opdiZay). (6.73)
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If we can prove that Q@ < 0, ¥ > 0and &; > 0 (I = 1,...,7) then V(¢) < —¢ |¢||* holds
for any sufficiently small ¢ > 0, which ensures the asymptotic stability of system (6.1) in
closed loop.

We notice that the inequality 2 < 0 is a BMI due to the presence of the terms T; K, T; K,
and T;B, L for i = 1,...,4 which makes it difficult to determine the gains of the observer
and the controller. To solve this problem and to linearize the previous condition, we have
two possibilities: the first is to fix the matrices 77, T, T5, T4 and as a result loose the degree
of freedom presented by these matrices. Besides, this method is not systematic which is
a major inconvenient. The second and the better technique consist in separating 73, 75,
T3, Ty from K, K  and L using a congruence transformation and Young’s inequality. This
method will be discussed in more details in the next part.

2. Linearization of the BMI:
In this part we will transform the BMI (6.55) into an LMI by using some matrices ma-
nipulation and Young’s inequality (Appendix A). We start first by commuting 77, and the
control matrix B, in the term T3 B, L. For this purpose, pre- and post multiply Q2 by:

[T 0 1
[ 0 I} 0 0 0
;' 0
(%) [ 0 I] 0 0
T 0
ORI T 0
([T, 0 1. (674
[ 0 I} 0 0
—1
G R SR T
T 0
G I
L T ]
Notice that by defining
Wi = Tﬁl, (6.75)
Ti2K = R, (6.76)
T K4 = Ry, (6.77)
Wi L =S8, (6.78)
[0 I}TZ_O I}—TZ, 1=2,3 (6.79)
TTT =Ty (6.80)
Wi 0] , [Wun 0] 5
|: 0 I QZ] I 0 I *Q’L] (6'81)
Wi 0], [Wu 0] _ -
[ . I} Zi o' p| =% (6.82)
Wi 0], [Wu 0] _ o
[ 0 I] M; o 1]~ M (6.83)
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P i

7 0 I = Njj (6.84)

W 0], [ ], 655
0 = .

7 =Yy, 4j5=1,...,3, [=1,...,7 (6.86)

and rewriting the resulting matrix, we get the following equation:

Q=r-11-n’

(6.87)

where T is defined in (6.30) and the matrix II is given as follows:

I 0

0

0

THSTBE

0

0
Wi AG Tt

0

(Wi A(e)" — STBOT Wiy

LT BTTH Wy,

Wi AngI Wi

0

0

(Alp) — KO)' T, LT"BITEW + (A(p) — KO)T T

Wiy ATTE,
0
0
0
~Wi AL T

(Age — K40)"' T

(W11 A(o)T — STBIYTL Wy 0

LTBTTE Wy, (A(p) - KC)" T,

Wi AT TS Wiy Wi Aj T3
0 0
0 0
0 0
0 — W11 AL TS,
0 (Ago — K40)T TE

0 (W11 A(e) — STBITL W i

Wi AT TE W + Wi ATTE
0
0
0

~Wi AL T

(Age — Kq0)' T i
(6.88)

The matrix II contains all the multiple product terms which prevent us from providing a
solution to ) < 0. To linearize this matrix, the cross terms will be separated and treated
using Young’s inequality. The problem is that one bounding is not enough to decouple all
the elements, so we will have to perform this technique twice. We start first by treating
the matrices 7; (i = 2,...,4) and we leave T} to the next step:
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(Wi A(e)" — STB)Tu 0
L"B;Tn (Alp) — KC)T
WllAngl WllAg _ _ _
Q_F. 0 0 00Th o TH o T o
0 0 00 0 T, 0 T, 0 T
0 0 N
0 ~Wi AL
I 0 (Aaz — Kq0)" |
XT
T 0 0
0 0
Tgl 0
. 70 TQQ T11(.A(Q)W11 — BuS) TllBuL T11AdW11 0 0 0 0
T31 0 0 .A(p) — KC Ade 0 0 —Ad1W11 Ad2 — KdC
0 Ty X
Ty O
L 0 Tyo]
~—_—
yT

(6.89)

with I" contains the rest of the cross terms that can not be decoupled directly from the first
time.

STBI 0 0 0 0
0 0 TL 000

o O
o O
o O

OOOOOO»—HO
3
(s
N
£

@)

[B,S 07

OO OO oo

Applying Young’s inequality on (6.89) with a symmetric positive definite matrix ©, we get:
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_(WHA(Q)T — STBg)TH 0 i
LTB;Tn (A(p) — KC)"
Wi AYTy, Wi AL
- - 1 0 0
< —
Q_F+6 0 0 (C)
0 0
0 —Wi AL
I 0 (Aaz — K40)" |
T11(.A<Q)W11—BUS) THBuL THAdWH 0 0 0 0
0 Alp) —KC AW 0 0 —AaWi Ag — KiC
" 0 0
0 0
TQl 0
0 Tl . [0 0 T o TLH 0 T4 0
telm 0|® oo 0 1% 0 1% o 717 ©9D
0 Ty
Ty O
L 0 Tyof
Choosing:
. W11 0
o= 2], 6

then the last inequality can be rewritten as follows:

(Wi1A(0)T — STBI 0 0 07
LTBT A(p)TTig —CTRT” 0 0
Wi AT Wi Af Tz In 0 -1
~ = 0 0 0 Th —© 0
<T— _
T 0 0 Ty 0 ({0 i@])
0 0 0 Tn| T o
0 —Wi1 AL Tys Ty O l
I 0 AT, —CTRY 0 Ty
Q7
.A(Q)Wll — BuS BuL AdWH 0 0 0 0 0
0 Ti2A(p) — RC T1oAgWi 0 0 0 —TipAnWi Ti2Age — RaC
0 0 T4 0 T o Th 0
0 0 0 T4 o0 T 0 T4
Q2

(6.93)

_ r T
then, using Schur lemma, we conclude that 2 < 0 is verified if T = [ 5 gﬂ < 0.
2 3
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Hence
I Wi1A(0)T — STBT 0 0 0 ]
L"Br A(p)'Ti, —CTRT 0 0
Wi AT Wi ATy, T 0
r 0 0 0 Too
0 0 T3 0
0 0 0 e
T= 0 —Wi1 AL Ty Tn 0 (6.94)
0 ALTy, — CTRY 0 Tio
—eWy 0 0 0
(*) 0 —€T12 0 0
0 0 —wy, 0
I 0 0 0 11y,

From (6.90), we notice that T can be also decomposed as follows:

Wi A(o)" — STBY 0 0 0
0 A(p)TTi2 — CTRT 0 0
_ WUAZ; 0 Tor 0
g 0 0 0 Tao
0 0 Ts 0
0 0 0 T3
T = 0 0 T41 0 _|_X1TY‘1+Y1TX1
0 AT — CTR] 0 Tis
—eWn 0 0 0
() 0 —eTy 0 0
0 0 —1wy 0
= 0 0 0 17,
T
(6.95)
with
“fowg" 0o 000 0O 00000
Xl_ |:0 0 AdWH 0 0 O _Adlwll 0 0 0 0 0:| (696)
STBI 0 000000 STBI 0 00
Yl_[ 0 Ti2 000000 0 T2 O 0] (6.97)

Then, by Young’s inequality with a symmetric and positive definite matrix ©, it is easy to
show that: T < T+ 1XTOX; +e¥ 07113

Choosing © = {WH 0 } , We can write:

0 I,
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0 0  BuS 0]

I, 0 0 T

0 Wndl 0 0

0 0 0 0

0 0 0 0 X

-~ |0 0 0 0]|[-e& o0
T=T-1, WAL 0 0 [ —i@]

0 0 0 0

0 0 Bu,S 0

0 0 0 T

0 0 0 0

0 0 0 0
0 I 0 000 0 0 0 0 00
0 0 AWy 00 0 —AugWi 0 0 00 0| 400

STBI o 0 000 0 0 STBI 0 0 0 ‘

0 Tiz 0 000 0 0 0 Tiz 00

Then by applying Schur lemma on (6.98), we conclude that T < 0 is verified if the in-
equality (6.25) is fulfilled. That completes the proof.

O]

6.3.1 Comments on the approach

In this section, we provide some comments on the method and the choice of the nonlinearity.

The FWM method

As seen in the previous sections, the FWM method provides a solution for our controller prob-
lem by introducing some free matrices instead of eliminating an integral term in the derivative
of the Lyapunov-Krasovskii functional. Nevertheless, computing all these decision variables is
considered a source of conservatism but when dealing with time-delay system, there is always a
trade-off between the complexity and precision.

The nonlinearity

The main idea in the design of the observer is that it does not require the exact value of the
delay but its estimates over different intervals. For that reason, nonlinearities dependent on the
delayed state was not used so that to avoid the presence of the delayed state in the dynamics of
the observer.

Although the proposed approach imposes a specific form of the nonlinearity, yet it proposes a
new sufficient condition in terms of LMI based on the existence of some free variables contrary
to the existing methods which involve nonlinear conditions.

6.4 Conclusion

We presented in this chapter a new observer-based feedback for nonlinear unknown time-delay
systems. In this method, the maximum delay interval is divided into r subintervals; then the
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6.4. Conclusion

mean value over each subinterval is assumed to be an estimate of the delay. The proposed
observer depends on those estimates instead of the exact value of the delay. By using the FWM
method with an appropriate Lyapunov-Krasovskii functional a delay-dependent stability of the
error was studied and a sufficient condition in the form of LMI was provided.
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Conclusion and Perspectives

In this thesis we have tackled the problem of observation and control for time delay systems.
We tried to treat different types of systems (linear, nonlinear, singular) with different types of
delays (constant, time varying, unknown). Different approaches were proposed to design state
observers/observer-based controllers for nonlinear systems that improve the existing results in
the literature. These methods reduce the conservatism of some of the techniques mentioned in
Chapter 1, in the sense that the synthesis conditions are less restrictive and applicable to a larger
class of nonlinear systems.

Different methods were presented depending on the studied class of delay systems. Chapter 2
was devoted to the design of observers for nonlinear systems with varying delay. The method
consists in transforming the non-convex problem into a problem of stability of an LPV system,
by reformulating the Lipschitz property. The Lyapunov-Krasovskii approach was used to deduce
sufficient conditions ensuring the stability of the considered systems for the delay-independent
and delay-dependent cases, respectively. The superiority of our methods were proved by com-
paring them with other classical methods already existing in the literature involving the use of
the Lipschitz property directly in the dynamics of the error. Indeed, we demonstrated that with
the reformulation of the Lipschitz property the resulting stability condition can tolerate nonlin-
earities with larger constants and delays with larger upper bounds.

Chapter 3 concentrated on designing a controller based on the observer already developed in
Chapter 4 using the LPV approach. The non-convexity issue related to the presence of the con-
troller was treated using some mathematical tools leading to less conservative conditions than
the existing results. A comparison with two different methods were giving for continuous and
discrete time respectively. The first provides an easy solution on the expense of imposing addi-
tional condition in form of equality. The second, consists in separating between the observer and
the controller issues resulting in producing three LMI conditions needed to ensure the stability
of the closed loop system.
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Chapter 4 treated the problem of designing observers for singular nonlinear systems with con-
stant delays and subject to disturbances. The main difficulty is to get rid of the derivatives of the
disturbances in the error dynamics. The first suggested method involved the use of the classical
‘H o criterion associated with a Lyapunov-Krasovskii functional dependant of disturbances. An-
other less conventional approach based on a W' ? criterion based on Sobolev norms, which can
be looked at as an alternative solution to the ., method when the derivative of the disturbance
is difficult or impossible to avoid. These two methods were extended to time-varying delays. In
addition, the H., approach was also discussed in the discrete-time case.

Chapter 5 considered the problem of designing observer-based controllers for the aforemen-
tioned class of systems. The proposed method inspired by some works in the literature for linear
singular systems but was adapted to take into consideration Lipschitz nonlinearities. A new
Lyapunov-Krasovskii functional dependent on disturbances was used to retrieve a sufficient con-
dition in terms of LMI.

Another important contribution were developed in Chapter 6, concerning the problem of observer-
based controller design for unknown time-delay systems. The key idea is to replace the delay by
its estimate. For that reason, the delay interval is divided into r subintervals and the estimate
of the delay is considered as the mean on each segment. The stability of the estimated error
is guaranteed by the use of Free Weighting Matrix (FWM) method which consists in injecting
some free matrices in order to formulate a sufficient condition in terms of LMI.

Perspectives

As a future work on the presented results in this thesis, we can mention a few points that can be
developed and improved:

e Considering different classes of systems such as neutral systems and/or systems with dis-
tributed delays [Han03], hybrid systems with delays [XWYO03], fuzzy systems [CHO6].

e All of the results were developed for a delay with zero lower bound 0 = d < d < d. One
of the possible perspectives is to study systems with delays in a range with 0 < d, namely
delay-range analysis. This type of delay is already tackled in the literature, for instance,
the work of [HGO1], [HWLWO07], [Sha08].

e Developing different controllers: dynamic output feedback control laws or sliding mode
controllers.

e Trying to obtain more efficient and less restrictive conditions by using different Lyapunov
Krasovskii functionals, changing the used bounding techniques, minimising the number of
decision variables, and exploiting some existing techniques such as Finsler lemma [GP06].

e Applying our techniques on real applications and different physical systems [CLO7], for
example, consensus of multi-agent systems under communication delay [SDJO8].
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Appendix A. Fundamental elements

A.1 Schur Complement

Lemma A.1.1. (Schur Complement) [BGFB94]

Given the matrices Q € R™"*™, R € R™*™ S € R™™ and the matrix bloc M = { gT Ji ], then
the following representations are equivalents:

1. M is negative-definite.

2. R<0and Q — SR'ST <.

3. Q<0and R—STQ 'S <.

Lemma A.1.2. (Schur complement for the non-strict inequalities) [BGFB94]

Given the matrices ) € R™*", R € R™*™ S ¢ R™*™ and the matrix bloc M = { é?T f% ], then
the following representations are equivalents:

1. M is negative semi-definite.
2. R<0,Q—SR'ST <0and S(I - RR™') =0.
33.Q<0,R-STQ'S<0and (I -Q7'Q)S =0.

A.2 Useful inequalities

The following inequalities play an important role in the stability problem of time-delay systems.

Young’s inequality: Va,b € R" and e > 0, VR > 0
1
2a"b < ea” Ra+ =b" R™'b. (A.1)
€

Park’s inequality [PK99]: Va,b € R", VR > 0 and VM € R™*"

20T < [Z}T [(_f) (MTR+I)];M1 (RM + 1)} m (A.2)

Moons et al.’s inequality [MPKLO1]: Va € R", Vb € R™, VN € R™*™ and for X € R"*",

Y € R™™ and Z € R™*™_if |:(i() }Z/:| > 0, then
a]"TX Y-N][a
. _
26T Nb < M [(*) 7 ] M . (A.3)

Jensen’s inequality [GKCO03]: For any constant matrix M € R™*™ M = M7T > 0, scalar
v > 0, vector function w : [0,7] — R™ such that the integrations concerned are well
defined, we have

v [T @ntees > ( / wa)cw)T M ( / Www)cw) a4
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A.3 Some elements on the convexity

In this section, we present a few definitions and properties on the convex sets, convex functions
and the principle of convexity.

Definition A.3.1. (convex set)
A set E is said convex if:
Ar1 + (1 — A).%'Q e b (A.5)

forall 1,29 € Eand forall 0 < A < 1.

Geometrically, this means that every segment between any two points belonging to a convex set
is included in this set.

Definition A.3.2. (convex function)
A function ¢ : R™ — R is said convex if:

P(Az1 + (1 = AN)z2) < Ap(21) + (1 — N)p(22) (A.6)
forall z1,z5 € R" and for all 0 < X < 1.

The function ¢ is strictly convex if and only if:
eAr1 + (1 — Nz2) < Ap(z1) + (1 — N)p(z2) (A.7)

for all z; # zo and forall 0 < X\ < 1.

A.4 Differential Mean Value theorem

In this section, the differential mean value theorem (DMVT) approach for vector functions,
which allows to write the dynamics of the estimation error as an LPV system, is presented.
Let

M, = {es(i) | es(i) = (0,...,0,1,0,...0)T i =1,..., s} (A.8)

be the canonical basis of the vectorial space R* for all s > 1. Let f : R — RY be a vector
function. Then we have f(z) = [f1(z), ..., f;(z)]T where fi: R* — R is the i*" component of f.
The vectorial space R? is generated by the canonical basis M, so we can write:

flz) = Z eq(i) fi(z) (A.9)

=1
Now we give the following theorem concerning DMVT for vector functions.

Theorem A.4.1. Let f: R™ — R? and a,b € R™. We assume that f is differentiable on Co(a,b).
Then, there exist constant vectors ci, ...,cq € Co(a,b),c; # a,c; # b for i =1, ..., q such that:

q,m 8 ;
@) =) = 3 ei)ely, &fj (ci)(a—b) (A.10)
ig=1
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Peer-reviewed journal papers

e Hassan, L. and Zemouche, A. and Boutayeb, M. "H, design for a class of nonlinear time-
delay systems in descriptor form", International Journal of Control, 84:10, 1653-1663,
2011.

e Hassan, L. and Zemouche, A. and Boutayeb, M. "Robust unknown input observers for
nonlinear time-delay systems", SIAM: Journal on Control and Optimization , 51:4, 2735-
2752, 2013.

e Hassan, L. and Zemouche, A. and Boutayeb, M. "Robust observer and observer-based
controller for time-delay singular systems", Asian Journal of Control, In press, 2013.

e Hassan, L. and Zemouche, A. and Boutayeb, M. "LMI Synthesis Method to Design Observer-
based Controller for Nonlinear Time-Varying Delay Systems", Systems & control letters, In
review, 2013.

International Conferences

e Hassan, L. and Zemouche, A. and Boutayeb, M. "H ., Unknown Input Observers Design for
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Résumé

L’objectif de cette these est de développer des méthodes de syntheses d’observateurs et des contréleurs
basés sur un observateur pour les systemes a retard. Différentes classes de systémes ont été traitées avec
différents types de retard. Trois méthodes ont été développées. La premiére méthode traite des systemes
non linéaires avec des non-linéarités lipschitziennes et consiste a transformer le systeme d’origine & un
systéme LPV grice a une reformulation de la propriété classique de Lipschitz. Cette technique est for-
mulée pour les cas continu et discret, respectivement. Nous avons démontré, a travers des exemples
numeériques, que cette technique offre des conditions de synthése moins restrictives par rapport aux ré-
sultats existants dans la littérature. La seconde méthode est développée pour une classe de systémes
singuliers avec des perturbations. La principale difficulté résidait dans la présence des dérivées des per-
turbations qui entravent I'analyse de la stabilité et pour laquelle deux approches ont été proposées: une
approche H,, en utilisant une fonctionnelle de Lyapunov-Krasovskii spéciale dépendante des perturba-
tions et une approche basée sur I'utilisation d’un critére de performance W'2. La derniére méthode
est basée sur l'utilisation des matrices de pondération libres pour résoudre le probleme de contréle des
systémes non-linéaires a retards inconnus. La solution proposée fournit une condition de synthése LMI
garantissant la stabilisation du systeme en boucle fermée malgré la présence du retard inconnu, au lieu
d’une inégalité matricielle linéaire itérative ILMI trouvée habituellement dans la littérature.

Mots-clés: Systemes a retard, observateurs non linéaires, contréleurs basés sur un observateur, stabilité
de Lyapunov-Krasovskii, stabilité de Lyapunov-Razumikhin, systémes singuliers, théoréme des accroisse-
ments finis (Differential Mean Value Theorem, pour le sigle anglais), systémes LPV, LMIs.

Abstract

The objective of this dissertation is to develop observers and observer-based controllers synthesis methods
for time-delay systems. Different classes of systems were treated with different types of delay. Three
different methods were developed. The first one treats nonlinear systems with Lipschitz nonlinearities
and consists in transforming the original system into an LPV system based on a reformulation of the
classical Lipschitz property. This technique was formulated for continuous and discrete cases respectively
and it was proven to provide less restrictive synthesis conditions when compared to the existing results
in the literature. The second method deals with singular systems with disturbances. The main difficulty
lay in the presence of the derivatives of the disturbances which hinder the stability analysis and for which
two approaches are proposed: a H, criterion combined with a special Lyapunov-Krasovskii functional
depending on disturbances and a WW'2 criterion based on the use of Sobolev norms. The last method is
based on the Free Weighting Matrices technique to solve the observation and control problems of a class
of nonlinear systems with unknown delays. The proposed solution provides a sufficient LMI synthesis
condition ensuring the asymptotic stabilization of the closed loop system, instead of the iterative LMI
condition usually found in the literature.

Keywords: Time-delay systems, nonlinear observers, observer-based controllers, Lyapunov-Krasovskii
stability, Lyapunov-Razumikhin stability, singular systems, Differential Mean Value Theorem (DMVT),
LPV systems, LMIs.
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