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Chapter 1

Introduction

1.1 Introduction a la thése

Le but principal de cette thése est de construire un calcul stochastique pour le mouvement
brownien fractionnaire en temps brownien (mbftb en abrégé.) Dans cette introduction, nous
introduisons le mbftb ainsi que certains résultats basiques le concernant. Nous donnons égale-
ment un rapide apercu des résultats principaux que nous avons obtenus dans notre thése.

1.1.1 Définitions de base et quelques résultats connus a propos du mbftb

Soient X un mouvement brownien fractionnaire (mbf) sur R d’indice de Hurst H € (0, 1),
et Y un mouvement brownien standard sur Rt indépendant de X#.

Définition 1.1.1 Le processus ZH = X" oY est appelé mouvement brownien fractionnaire
en temps brownien (mbfth).

On peut vérifier immédiatement que Z est un processus auto-similaire d’ordre H/2 a
accroissements stationnaires, et qu’il n’est pas gaussien (pour ce dernier point, voir la Propo-
sition 1.1.3 ci-dessous).

LecasH:%

Historiquement, I’étude du mbftb a commencé avec le cas H = %, c’est-a-dire lorsque X > est
un mouvement brownien standard. Il s’agit alors du fameux mouvement brownien itéré (mbi).
Cette dénomination a été introduite par Burdzy en 1993 (voir [5]). Mais I'idée d’introduire le
mbi est plus ancienne que ¢a. En fait, Funaki [12] a découvert en 1979 que le mbi peut servir
a représenter la solution de I’équation aux dérivées partielles parabolique suivante:

ou 1 <8u

4
—=—|=1, (t,x) € (0,0) x R.
gt 8 8:5) (t,2) € ( )
Le lecteur intéressé peut consulter les travaux de Nane (voir, par exemple, [23] et ses références)
pour d’autres résultats intéressants qui montrent le lien entre les processus itérés et les équa-

tions aux dérivées partielles.
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En 1998, Burdzy et Khoshnevisan [7] ont montré que le mbi peut étre considéré comme le
mouvement canonique dans une fissure brownienne indépendante. Autrement dit, le mbi est
un candidat convenable pour modéliser le phénoméne de diffusion dans une fissure brownienne.
Pour asseoir leur théorie, ils ont montré que les deux composantes d’un mouvement brownien
bidimensionnel réfléchi dans une saucisse de Wiener convergent conjointement en loi vers un
mouvement brownien et un mbi, respectivement, lorsque le rayon ¢ > 0 de la saucisse tend
vers zéro.

On peut démontrer que Z 2 nest pas un processus de Markov dans sa filtration naturelle.
De plus, d’apres [6], les trajectoires de Z2 sont a variation quartique finie presque sirement.
Une conséquence immédiate de ce dernier fait est que Z 3 admet une variation quadratique
infinie sur un ensemble de probabilité 1. En particulier, Z 3 nlest ni une semi-martingale, ni
un processus de Dirichlet.

Ainsi, un probléme intéressant et loin d’étre trivial* était de construire un processus

1 1
d’intégrale stochastique de la forme fo f(Z2)dZ2, pour f appartenant a une certaine classe
de fonctions suffisamment réguliéres. Ce probléme a été abordé et résolu par Khoshnevisan
et Lewis [20, 21| en 1999. Ils ont construit une intégrale stochastique par rapport au mbi,
aprés avoir analysé ses variations puissance. Ils ont aussi trouvé une formule de changement
de variable pour le mbi.

LecasH#%

Une suite naturelle des travaux [20, 21] précédemment cités de Khoshnevisan et Lewis consiste
a étudier la situation lorsque H # % Meéme si la situation pourrait sembler similaire, ce
changement de cadre nécessite une analyse radicalement différente.

Avant d’entrer dans le coeur de cette theése, il est intéressant de collecter quelques pro-
priétés basiques du mbftb qui ont déja été obtenues dans la littérature. Durant I'écriture de
notre manuscrit, nous avons découvert que le mbftb avait été le sujet principal de la thése
récente de Joseph A. Zadeh [39], rédigée sous la direction de Frederi Viens et soutenue a
I’Université de Purdue en 2012. Nous allons décrire quelques-uns des résultats obtenus par
Zadeh. Commengons par le résultat suivant, qui correspond au Théoréeme 3.2.4 de [39].

Théoréme 1.1.2 ZH satisfait le module de continuité suivant: P-p.s.,

zi - zH
lim sup 12t 5 |

=0 ogls—t|<n,0<st<1 % |lognm| "2 (%)
On a aussi un résultat simple concernant la densité de Z}.
Proposition 1.1.3 Pour tout t > 0, la variable aléatoire ZtH admet pour densité fr(t,-)

donnée par

22 2

puttn) = [ <
H(t,2) = | ———dy.
R 2m\/t|y|2H

“En effet, il existe un résultat de Bichteler et Dellacherie qui affirme que pour que [ MdN existe pour une
large classe de processus M, alors N doit étre une semimartingale.
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Un exemple d’application de la formule précédente est ’encadrement de la queue de dis-
tribution de ZlH . Nous renvoyons au Corollaire 4.1.6 de [39] pour un énoncé précis. Bien

entendu, grace a un argument d’autosimilarité on pourrait énoncer un résultat similaire pour
ZH
i -

Théoréme 1.1.4 Soit H* = Hw et L(H*) = %(HﬁHLH + Hﬁ) Alors, il existe des
constantes k(H), K(H) > 0 dépendant seulement en H telles que, pour tout x > %,
k(H)z™ 71 exp(—L(H*)z 1) < P(Z7 > 2) < K(H) exp(—L(H*)z7+1).

Pour finir, observons qu’il est mentionné dans la thése de Zadeh (Chapitre 5) qu’un étudi-
ant d’Orsingher a montré en 2010 que la densité fy(t,-) de Z[! est solution de I'équation aux
dérivées partielles de second ordre suivante, montrant ainsi & nouveau comment ce processus
est lié aux EDP.

Théoréme 1.1.5 On a
H) Ofn | 20°fu _Hz< Ofu 232fH>

TR L _ 10,00
I+ 3) iS5+ a = 7 (25, T7° 52

1.1.2 Formules de type Ito6: un trés bref apercu historique

Entrons maintenant dans le coeur de cette thése qui, rappelons-le, a comme but principal de
construire un calcul stochastique pour le mbftb. Nous commencons d’abord par une présenta-
tion succincte de I’état de I’art, ceci afin de positionner notre étude dans le contexte scientifique
existant.

Calcul stochastique et formule d’Itd pour les semimartingales

Soit (By)¢>0 un mouvement brownien défini sur un espace de probabilité (2, F, P). Comme il
est bien connu, Wiener fut le premier & donner un sens & l'intégrale

/0 ' F(8)B,(w),

lorsque f est une fonction déterministe telle que f(f f?(s)ds < oo. Cette intégrale est définie
globalement sur €2, mais ce n’est pas une intégrale trajectorielle. Ceci est di au fait que B est
a variation infinie presque sirement. It6 a ensuite étendu en 1944 (voir [17]) la construction
de Wiener, en considérant plus généralement des intégrales de la forme

t
/0 fs(w)dBg(w) (1.1.1)

ou (f) est un processus adapté a la filtration naturelle de (B;). 1t6 a non seulement donné un
sens & (1.1.1), mais il a aussi mis en évidence une formule de changement de variable associée
qui, dans sa forme la plus simple, prend la forme suivante.

Théoréme 1.1.6 (Formule d’It6) Soit (B:)i=0 un mouvement brownien et soit f une fonc-
tion de classe C? sur R. Alors, pour tout t > 0,

f(Bt) = f(Bo) +/0 f'(Bs)dBs + ;/0 f"(Bs)ds.
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En utilisant son intégrale, 1t6 fut capable de construire un processus de diffusion de la
forme

t t
Xi=z+ / a(s, Xs)ds + / b(s, Xs)dBs
0 0

(ou1, bien sur, a(s,z) et b(s,z) doivent satisfaire certaines conditions). Avant It6 il est in-
téressant de se rappeler que, pour construire un processus de diffusion avec un générateur
infinitésimal donné G, la stratégie consistait & résoudre 1’équation de Kolmogorov

0
~pPf=@GP
ot tf G tf7

et ensuite d’utiliser le semi-groupe (P;);>o et le théoréme de Kolmogorov pour en déduire le
processus de diffusion.

Apreés la découverte d’Ito, la communauté probabilistes s’est montrée de plus en plus
intéressée par le calcul stochastique, et plusieurs autres résultats fondamentaux ont été décou-
verts. Il est bien entendu impossible de les citer tous ici: nous renvoyons le lecteur a n’importe
quel traité de référence (par exemple, [22]) dédié a 'histoire fascinante du calcul stochastique.

Pour clore cette section, nous allons seulement rappeler la formule d’Itd pour les semi-
martingales. C’est d’ailleurs sous cette forme que la formule d’'It6 est généralement enseignée
aujourd’hui partout dans le monde.

Théoréme 1.1.7 (Formule d’Ité pour les semimartingales continues) Soit (X},..., X}")i=0
une semimartingale continue et soit f une fonction de classe C? sur R™. Pour tout i,j €
{1,...,n}, soit {X*, X7) le crochet de X* et X7. Alors, pour tout t > 0:

n t o )
fxt . Xy = f(Xg,...,Xg)JrE /f (XL, ., X™Mdx! (1.1.2)
= Jo Oxi
I~ 2f o
— XL X™MAXE XY,
+2 81_18.%,]( S 9 8)d< ? >

Généralisation du calcul stochastique et de la formule d’It6 au cas du mbf

Vu le grand succes rencontré par la théorie du calcul stochastique, de nombreux chercheurs
se sont intéressés a étendre l'intégrale stochastique & une classe plus générale de processus
et & sortir du cadre des semimartingales. Plusieurs approches ont été proposées. Citons,
par exemple, les travaux de Skorokhod [38|, Asch et Potthoff [1], Nualart et Pardoux [32],
ou bien encore Russo et Vallois [35]. Arrétons-nous un instant sur cette derniére référence.
En 1993, Russo et Vallois ont défini ce qui est connu aujourd’hui sous le nom d’intégrale
de Russo-Vallois. Cette intégrale généralise & la fois l'intégrale classique d’Itd et celle de
Stratonovich. Une des conséquences les plus importantes de I'intégrale de Russo-Vallois est
la possibilité de construire une intégrale stochastique par rapport & un processus qui n’est
pas une semimartingale. L’exemple typique et populaire d'un tel processus est le mouvement
brownien fractionnaire (mbf).
Rappelons les définitions basiques de la théorie de Russo-Vallois.
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Définition 1.1.8 51 X = {X,t e Ry} et Y = {Y;, t € Ry} sont deux processus continus, on
définit, lorsque la limite existe

/0' Yid X5 = !gr(l) ucp/' YSiXSJre — % ds "intégrale progressive”,
/. Yt X, = hm ucp/ Ysie Kote = Sd "intégrale rétrograde”,
0
/0‘ Y.d°X, = lgr(l) ucp/o (Yoqe + n)%ds "intégrale symétrique”,
(X, X] = 25\1(1] ucp/o' st "yariation quadratique”,
(X, X, X] = lgr(l) ucp/o‘ st "variation cubique.

Le terme “ucp” dans la définition précédente signifie la “convergence en probabilité uniforme sur
les compacts”. Rappelons qu’'une famille de processus (Y ¢)0 est dite converger en probabilité
vers Y uniformément sur les compacts lorsque € — 0 si
VI >0,¥6>0: limP( sup |X;— X >6)=0.
=0 “tefo,1]

On peut démontrer que 'intégrale progressive (resp. l'intégrale symétrique, la variation
quadratique) généralise l'intégrale d’It6 (resp. lintégrale de Stratonovich, le crochet) lorsque
Y est adapté et X est une semimartingale (resp. X et Y sont deux semimartingales, X est
une semimartingale). Le lecteur intéressé pourra consulter [35] pour plus de détails & propos
de ces résultats.

Etant donné que nous sommes intéressés par une formule de changement de variable, il

nous parait important de rappeler le résultat suivant, démontré par F. Russo et P. Vallois
[36, 37].

Proposition 1.1.9 Soit X = {X;,t € Ry} un processus continu. L’intégrale progressive
fO f(Xs)d™ X existe pour tout f € C%(R) si et seulement si X posséde une variation quadra-
tique. Dans ce cas,

f(Xy) = f(Xo) + /f )d" X+ = /f” Xls, teR,.

La proposition précédente illustre un phénomeéne typique dans le cadre de la théorie de
Russo-Vallois: 'existence de fo 1'(Xs)d™ X, est équivalente & I'existence de la formule de type
Ito.

Considérons maintenant le cas ot X = X est un mouvement brownien fractionnaire
d’indice de Hurst H € (0,1). D’apres, par exemple, le Corollaire 2.1 de [24], on a

0 siH>%
xXH xH), = t siH=3
1

On déduit de la Proposition 1.1.9 que, pour toute fonction f € C%(R) et tout ¢t > 0,

FXE) = (X + /tf’(Xf)de S H>

F(x{ F(Xqh) /f (XMHd xI+ /f” (XHyds si H=1
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La derniére formule n’est autre que la formule d’It6 classique donnée dans le Théoréme 1.1.6.
En 2002, M. Errami et F. Russo [11] ont découvert la formule de changement de variable
suivante pour des processus a variation cubique forte finie.

Proposition 1.1.10 Soit X = {X;,t € Ry} un processus continu & variation cubique forte
finie, et soit f € C3. Alors,

FX) = f(Xo) + /f ) d° X, —/f”’ VA[X, X, X]s, teR,.

Les mémes autheurs ont démontré aussi une extension multidimensionnelle de la Proposition
1.1.10 qui est donnée par la proposition suivante. (Le lecteur intéressé peut consulter [11]
pour n’importe quelle notion qui n’est pas expliquée dans (1.1.3).)

Proposition 1.1.11 Soit F € C3(R") et X = (X!,..., X™) un vecteur de processus continus
ayant tous leurs 3-covariances mutuelles fortes. Alors,

L X HessP(X), XT)(8), teR,. (1.1.3)

F(X,) = F(X,) + /Ot VF(X).d°X —

Revenons maintenant au cas speciﬁque du mouvement brownien fractionnaire. En con—
sidérant l'intégrale symétrique fo (XH)d°XH on s’attend & aller au-dela du seuil H = 2
C’est effectivement ce qu’il se passe. Plus précisément, nous avons le résultat suivant, qui
fut démontré simultanément et indépendamment d’une part par Cheredito et Nualart |9] et

d’autre part par Gradinaru, Nourdin, Russo et Vallois [13] en 2004.

Théoréme 1.1.12 (Une formule de type It6 pour le mbf avec H > %) Soit H > % et
soit f € CO(R). Alors fg fI(XE)d° X existe et on a

f(xh = rxth /f (XH)yd°xH t e R,.

Comme c’était déja le cas dans la Proposition 1.1.9, on voit que 'existence de l'intégrale
symétrique fo f'(X5)d°Xs est démontrée en méme temps que la formule de changement de
variable qui lui est associée.

1

Le Théoréme 1.1.12 ne dit rien a propos du cas H < 5. En fait, en faisant appel a un

théoréme central limite convenable on peut prouver que fg (X f 2d° X f n’existe pas lorsque
H < % et qu’elle existe, en loi seulement, dans le cas critique H = %. Comme conséquence, ce
n’est pas possible de trouver une formule de changement de variable pour f(z) = % lorsque
H < %. Pour avoir une compréhension compléte du phénomeéne, il reste & comprendre ce qui
se passe dans le cas critique H = %. La réponse a été donnée en 2010 par Nourdin, Réveillac et
Swanson [30]. En utilisant des techniques du calcul de Malliavin, ils ont découvert une formule
de type Itd6 dans laquelle le terme additionnel prend la forme d’une intégrale de Wiener par
rapport & un mouvement brownien indépendant.

Théoréme 1.1.13 (Formule de type It6 pour le mbf avec H = %) Pour tout f € C*(R),
on a

m\»—‘

1
f(X6 /f dOXG—lz/f’” YdAWs, t > 0.
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1 1
Ici, W est un mouvement brownien standard indépendant de Xé, Ky ~ 2.322, et f(f fIXS)d° XS
existe comme une limite stable en loi (lorsque n — o0) de la somme trapézoidale de Riemann
suivante:

1 1 1

(7' (Xfy) + 7' Ky Koy — Xy ). (1.1.4)

Autres formules de type It6

En considérant la méthode du point médian & la place de la méthode trapézoidale dans (1.1.4),
on obtient une autre formule de type Itd avec une autre valeur critique de H (précisement,
H = 7). Ce fait, découvert par Nourdin et Réveillac dans [29], a historiquement précedé le
Théoréme 1.1.13. Un peu plus tard, Harnett et Nualart [15, 14, 16] ont étendu une partie
des résultats précédents a une large classe de processus gaussiens. Tous ces résultats ont en
commun l'utilisation du calcul de Malliavin pour montrer des convergences en loi.

Dans notre description historique, nous ne nous sommes focalisés que sur certains facons
dont on peut construire un calcul stochastique lorsque l'intégrateur est le mouvement brownien
fractionnaire. Ceci car notre but premier est de décrire les résultats qui ont inspiré notre
travail. Mais il existe d’autres approches intéressantes pour construire une telle intégrale
stochastique. Une d’elle est celle obtenue par Christian Bender [3] en 2003 en utilisant le
produit de Wick et l'intégrale de Pettis dans I’espace des distributions d’Hida. A D’aide de
ces techniques, Bender est capable de prouver une formule de changement de variable pour le
mouvement brownien fractionnaire X, et ce quelle que soit la valeur du parameétre d’Hurst
H entre 0 et 1:

Fxth = st + XX / LX) ds, 430,

1.1.3 Un résumé de nos résultats principaux

Nous allons maintenant présenter nos propres résultats.

Fluctuations des variations du mbftb

Notre premiére étude se concentre sur le comportement asymptotique des variations du mbftb.
Elle correspond au contenu d’un article accepté pour publication dans le journal Bernoull:.
Dans cette sous-section, nous présentons seulement les résultats. Pour les détails et les preuves,
nous renvoyons au chapitre 2.

Soit Z un mbftb comme dans la Définition 1.1.1. (Dans la suite, on écrira Z au lieu de
ZH" pour simplifier les notations.) Pour tout entier naturel p, on considére le processus de la
variation d’ordre p associée & Z, défini par:

127t 1
RP)(t) = Z (Zkg1)2—n — Zpo—n)?, meN, t=0.
k=0

Il faut noter, d’'une maniére plus précise, qu’on est en train de travailler avec la variation
d’ordre p de Z, au sens classique du mot, seulement lorsque p est pair. Lorsque p est impair
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on travaille plutot avec ce qu’on appelle la variation signée d’ordre p de Z. Le lecteur intéressé

peut consulter [2, 10] pour plus d’informations sur les variations d’ordre p.
(p)

La version renormalisée de R, ’~ est

127¢] -1
SPt) =27 3" ((Zsry2-n — Zra—n )’ — B[(Zgsryp—n — Zra—n)?]), neN, t>0,
=0

ou x > 0 est une certaine constante qu’il reste & déterminer. La valeur de cette derniére sera a
choisir pour assurer la convergence au sens des distributions fini-dimensionnelles de S,(Lp ) vers
une limite non-dégénérée, ce qui est exactement notre but dans cette section. Pour I'atteindre,
nous allons utiliser une stratégie classique dans ce genre de probléme, qui consiste & développer
le monéme 2P en fonction des polynomes d’Hermite H, (Hy(x) = z, Ha(x) = 22— 1, etc.). En
suivant cette stratégie, notre probléme sera réduit a ’analyse jointe des quantités suivantes:

B [27¢]—1
Uér) (t) — 9Nk

(]

HT(Z(kJrl)Q—n — Zk27n), nec N, t 2 0, r e N*, (115)
k=0

ol kK > 0 est une certaine constante qui dépend a priori de . Mais, vu qu’on ne peut pas
séparer X de Y dans Z dans la définition de Uff), il est difficile de travailler directement
avec (1.1.5) (voir aussi [21, Problem 5.1]). Pour cette raison, en suivant une idée introduite
par Khosnevisan et Lewis [20] dans leur étude du cas H = 1/2 (c’est-a-dire lorsque Z est un
mbi), on va plutdét analyser Ur(f) en utilisant une certaine suite de temps d’arréts de Y. L’idée
de Khoshnevisan et Lewis est la suivante: en arrétant le mouvement brownien Y lorsqu’il
atteint certains niveaux, et en évaluant Z en ces temps, on peut effectivement séparer X de
Y. Pour étre plus précis, introduisons la collection suivante de temps d’arréts (par rapport a
la filtration naturelle de Y'), notée

Ty ={Tpm : k =0}, n>0, (1.1.6)

qui est & son tour exprimée en termes d’une suite de temps d’atteintes d’une partition dyadique
de D’axe réel. Plus précisement, soit Z, = {j2~"/?: j € Z}, n > 0, la partition dyadique (de
R) d’ordre n/2. Pour tout n > 0, les temps d’arréts T}, qui apparaissent dans (1.1.6) sont
donnés par la définition récursive suivante: Tp, = 0, et

Tpp=inf{s>Tp1,: Y(s) € D \{Y (Th-1,)}}, k=1

Il est & noter que la définition de T}, et par conséquent celle de .7}, fait appel seulement au
mouvement brownien Y. De plus, pour tout n > 0, le processus stochastique discret

D ={Y (Tin) : k >0}

définit une marche aléatoire simple sur %,,. Dans [20], les auteurs ont prouvé que, lorsque
n tend vers Uinfini, la collection {T}, : 1 < k < 2"t} approxime la partition dyadique
{k27™: 1 < k < 2"t} d’ordre n de 'intervale [0, ¢] (voir |20, Lemma 2.2| pour la formulation
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précise de ce résultat). En se basant sur ce fait, on peut introduire I’homologue de (1.1.5)
basé sur 7, qui n’est autre que

[27¢]—1
V@) =27 Y H.(Zp,,, - Zr,,), neN, t>0, reN-
k=0

Nous sommes maintenant préts & énoncer le résultat principal de cette section.

Théoréme 1.1.14 Pour tout entier N > 1, les deuz convergences en loi suivantes ont lieu
au sens des distributions fini-dimensionnelles lorsque n — oo.

(1) Supposons H < 3. On a alors

12nt]—1
9 /4 Z ng_l(QnH/2(ZTk+lyn — ZTk,n)) 1< r <N
k=0 >0
E) {azr_lEt(r) 1< r< N} ,
=0
ot oyr_1 est une constante (explicite) et E = (B oY,...,BMN) oY), avec B =
(B(l), e B(N)) un mouvement brownien N -dimensionnel sur R indépendant de Y .
(2) Supposons H < 3. On a alors
12n¢] -1
27848 N Hoo(2"(2p,,,, — Zn.,)): L<T KN
k=0 >0
fdd o T (r)
Md o [ L2Y)ABD i 1<r <NV | (1.1.7)
—00 t=0
ol o9, est une constante (explicite), B = (BW, ...  BN)) est un mouvement brownien

N-dimensionnel sur R indépendant de Y et LY (Y) est le temps local passé par'Y avant
le temps t au niveau x.

Noter que le processus { [ Lf(Y)ng(ET)}t>o qui apparait dans (1.1.7) est le mouvement brown-
ien en scéne aléatoire introduit par Kesten et Spitzer dans [18].

Comme corollaire du Théoréme 1.1.14, on peut déduire les fluctuations des variations
d’ordre p de Z.

Corollaire 1.1.15 Pour tout entier N > 1, les deux convergences en loi suivantes ont lieu
au sens des distributions fini-dimensionnelles lorsque n — oo.

(1) Supposons H < 3. On a alors

|27t]—1
2 (1—(4r—2)H) Z (ZTka _ ZTM)2T*1 S 1<r<N
k=0 >0
T
{ ar oo B 1< r < N} , (1.1.8)
k=1 t>0
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Q2(r+k—-1-1)!
ot arje = Zz' z )(r+k—l—1)!2’"+’f*1'

(2) Supposons H < 2. On a alors

[27t]—1
—3n 4rH
3n (1 . ) o 2r _ o—nrH . <r<
k n n )
2 > ((Zrsrn = Z0,)7" =2 hg) 1< <N
k=0

{Z br,kUZk/ L¥Y)dBW . 1< r < N} ,
k=1 —00

t=0

L2(r + k= 1)!
0t b = le )l (r+ k — [)l2r k-

Observons que b, = E[(Q”H/Z(ZT,C“,n — Z1,.,))*] = E[N*], avec N ~ N(0,1).

Le Corollaire 1.1.15 contient, comme cas particuliers (H = 1/2 et r = 2,3,4), les Théorémes
3.2, 4.4 et 4.5 de Khoshnevisan et Lewis [20].

Vers une formule de type Ité6 pour le mbftb en dimension 1

Le probleme qu’on cherche a résoudre ici est de trouver une formule de type Itd satisfaite par
le mbftb Z. Pour toute fonction suffisamment réguliére f, on s’attend & une formule ayant la
forme suivante:

t
f(Z) = f(Zo) =/ f'(Zs)dZs + reste, t>0. (1.1.9)
0
Bien str, dans (1.1.9) on doit d’abord définir fo 1/(Zs)dZ et ensuite découvrir la forme exacte
du reste.

Rappelons que Z n’est pas un processus gaussien et qu’il est trés irrégulier (précisement:
il est Holdérien d’ordre o avec « strictement plus petit que H/2). A cause de cela, il semble
difficile de définir I'intégrale stochastique comme une limite d’une somme de Riemann par
rapport & une partition déterministe de ’axe des temps. C’est pour cela que nous allons
plutot travailler avec la partition stochastique T}, qu’on a introduite dans la sous-section
précédente. A ce stade, on a besoin de définir d’autres objets. Pour tout entier n > 0,
k € Z et tout nombre réel t > 0, on note Uj ,(t) (resp. Dj,(t)) le nombre de montées (resp.
descentes) dans Pintervale [j27"/2, (j+1)27"/?] durant les |2"¢| premiéres étapes de la marche
aléatoire {Y (Ty ) }k>1. Autrement dit,

t)=t{k=0,...,[2"] —1:
Y (Thn) = 3272 et Y (Thr10) = (j + 1272}
t)=8{k=0,...,[2"] —1:
Y (Tin) = (G + 1272 et Y (Thy10) = 5272}

On dit aussi que ¢ : R? — R est symétrique (resp. anti-symétrique) si ¢(z,y) = o(y, x) (resp.
o(x,y) = —p(y,z)) pour tout z,y € R. Le lemme suivant correspond a [20, Lemma 2.4].
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Lemme 1.1.16 Si ¢ est symétrique, alors

[27¢]—1
D PZnin Z0,) = D 0K 110 X)) Uin () + Djn(1)).
k=0 JEZ

S1 @ est anti-symétrique, alors

|27t]—1
Z SO(ZTk-H,n’ZTkn ng J+1 2 77X]2—%)(U]7n(t) - D]m(t))
k=0 JEZL

L’intérét principal du Lemme 1.1.16 est la séparation de X et Y dans Z. Nous allons
notamment 1’utiliser pour trouver une représentation plus facile & analyser de

|27¢]—1

VO = Y

k=0

(f(Zniyr, + F(Zn,)) Znsn — Z1,) (1.1.10)

N |

Nous choisissons d’appeler V' (f,t) la r-variation a poids (symétrique) de Z.

Fixons une fonction f : R — R appartenant a C}°, I'ensemble des fonctions qui sont
C™ et bornées avec des dérivées bornées. Dans le chapitre 3 nous prouvons que, pour tout
H e [6, 2) tout entier r > 3 et tout ¢ > 0,

V=1 t) prob g quand n — oo. (1.1.11)

Nous prouvons aussi que, pour tout H € (%, %) et tout ¢t > 0,

Vrfg)(f,t) Prob quand n — oo, (1.1.12)

alors que, lorsque H = %,

t
(Xt, Y, VO(7, t))t>0 fad (Xt,Yt,/O f(Zs)dO3ZS> quand 1 — oo. (1.1.13)

=

Autrement dit, (1.1.13) signifie que 1482 (f,) converge stablement en loi (au sens de la con-
vergence des distributions fini-dimensionnelles) vers un processus limite noté fo f(Z5)d*3 Z,.

La formule de type Taylor suivante se vérifie aisément: pour tous a, b € R, et pour certaines
constantes ¢, dont les valeurs explicites sont inutiles pour ce qu’on a a faire,

1

fb) = fa) = 5(f’(a) L) b —a) — = (@) + " (5) (b - a)® (1.1.14)

24

+ZCT 2r 1) ‘|‘f (2r-1) ( ))(b_a)Qr—l +O(|b—a!14),

ot |O(|b — a|')| < Cylb — al*, avec Cy une constante qui dépend seulement f. En insérant
(1.1.11), (1.1.12) et (1.1.13) dans (1.1.14), on en déduit (voir le chapitre 3 pour les détails) les
deux premiers points du théoréme suivant.

Théoréme 1.1.17 Soit f € Cp° et soit t > 0.
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1. Si H > % alors
t
120~ 10) = [ r(zez., (1.1.15)
0

ol fo 1(Z5)d°Zs est la limite en probabilité de v, (f’ t) défini dans (1.1.10). (Son

ezistence fazt partie de la conclusion.)

2. 81 H= % alors, avec kg >~ 2.322,
. ¢
F(Z) - / (2)d% 7, Y / F1(Z5)d Zs. (1.1.16)
0

o [, f'(Zs)d°Zs désigne la limite en loi de v )(f' -) défini dans (1.1.10). (Son exis-

tence fait partze de la conclusion.) De plus, pour tout t > 0,

/Ot f"(Z)d®Z, = /OYt (X

ot W est un mouvement brownien sur R indépendant du couple (X,Y) définissant Z,
et ot l'intégrale par rapport a W est au sens de Wiener-Ito.

3. St H < % alors
V.Y (z — 22, t) ne converge pas, méme stablement en loi. (1.1.17)

Ceci signifie qu’on ne peut pas espérer de formule de changement de variable pour f(x) =
3
x°.

La preuve de (1.1.15) dans le cas H = 3 a déja été donnée dans [21]. Donnons une explication
de la preuve de (1.1.17). En utilisant

3 1
b —a = 5(&2 +b*)(b—a) — §(b —a)?

(qui correspond & 'identité (1.1.14) avec f(x) = 2%), nous pouvons écrire, avec 1 désignant la
fonction constante égale & 1,

|27t]—1

—_

1
3 3
ZTk+1 n Tk n) 7Zt

1
Vn(x»—>x2,t)—§Zf’ = = 3

k=0
3
3(ZTL2"7'75J Zt )

Comme T|any) ,, — t presque siirement et vu que Z est a trajectoires continues, on en déduit que
ZTL2” o Zy; lorsque n — oo presque stirement. Ainsi, la convergence stable de V,(z +— 2, 1)

= o
H(‘.O\H

= WD+

(@)

est équivalente a la convergence stable de Vn(g)(l,t). Mais nous avons démontré dans le

Corollaire 1.1.15 (voir (1.1.8)) que 2_"(1_6H)/4Vn(3)(1,t) converge en loi vers une limite non
(3)(

dégénérée. Comme ceci est clairement en contradiction avec la convergence de V
en déduit la conclusion (1.1.17).

1,¢), on
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Vers une formule de type Itdé pour le mbftb en dimension 2

Notre but dans cette sous-section est d’étendre la formule de changement de variable pour le
mbftb en dimension 1, qui était donnée dans la sous-section précédente, au cas de la dimension
2. Considérons

Zy = (Z},2}) = (Xy,, X3,), t >0,

ot X', X? sont deux mouvements browniens fractionnaires sur R indépendants ayant le
méme paramétre d’Hurst H € (0,1), et Y un mouvement brownien standard indépendant
de (X!, X?). La définition suivante est d'une grande importance dans la suite.

Définition 1.1.18 Soit f : R? — R une fonction de classe C', et fizons un temps t > 0.
1) On définit fot Vf(Xs)dXs comme étant la limite en probabilité (si elle existe), lorsque
n — oo, de

On(f,1) (1.1.18)
27/2¢] -1 X2
B [27/2¢] of (j+l)2*n/2 + X]2 n/2 (j+1)27'n/2 + X]2 n/2 X1 X!
B Z ox 2 ’ 2 ( (j+1)2—/2 j2*”/2)
L2 241

+

1 2
of (X Ko XGinyanse + Xjyonsa (X2 ~ X2 )
0y 2 ’ 2 (j+1)27"/2 j2 %)
=0

2) Lorsque Oy (f,t) défini par (1.1.18) ne converge pas en probabilité mais converge stablement
en loi, on note sa limite fg Vi(Xs)d* X

On peut maintenant énoncer un premier résultat préliminaire, qui représente ’extension
au cas bidimensionnel du Théoréme 1.1.13 et qui est la premiére étape vers 'obtention de la
formule de changement de variable pour le mbftb en dimension 2.

Théoréme 1.1.19 Soit f : R?2 — R une fonction appartenant a C°, et fizons un tempst > 0.

1. Si H > 1/6 alors fot Vf(Xs)dXs est bien défini, et on a

F(X,) = £(0) + /0 VF(X,)dX,

2. Si H=1/6 alors fg Vf(Xs)d*Xs est bien défini, et on a
f(X /D3 X,)d*X l““’/Vf )d* X
ot fg D3f(X,)d> X, désigne

D3 X)X, = & ‘O X! Xx2)aB! o X! x2)aB?
= M o Oz 3( ) + k2 Dy 3( )d

+/<;3/ f( X2)d33+n4 0 (X}, x2)dB;
o O0x20y" %78 5 g Oxoy?‘ °77°° s

avec B (B, ..., B*) un mouvement brownien 4-dimensionnel indépendant de X, /@% =
1 1 1
K5 = g5 Doren P°(7 ( ) K3 = Ki =33 2 ,ezP°(r) et p(r) = 5(Ir + 1[5 +[r — 1[5 —2|r[3).
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8. Si H < 1/6, pour f(x,y) = x3 Uintégrale f(f Vf(Xs)d*Xs n’eziste pas, méme stablement
en loi. Donc, c’est impossible d’avoir une formule de type Ité dans ce cas.

Pour passer du mbf au mbfth, notre stratégie consiste & essayer d’utiliser les mémes objets
introduits dans l’étude précédente correspondant & la dimension 1. Ainsi, il est naturel de
poser la définition suivante pour 'intégrale par rapport au mbftb en dimension 2. A nouveau,
cette définition est basée sur la collection .7, de temps d’arréts définie dans (1.1.6).

Définition 1.1.20 Soit f : R? — R une fonction de classe C', et fitons un temps t > 0. On
définit fot Vf(Zs)dZs comme étant la limite en probabilité (si elle existe), lorsque n — oo, de

[27/2t] -1 1 1 2 2
. of (24, . +2y ZE 4+ 73
On(f7 t) = E —ax < ass 2 - ’ — 2 = (Z%j+1,n o %jyn)
J=0

|2n/2t] -1 1 1 2 2
+ Z 871? ZTj+1’n + ZT]',n ZTj+l,n + ZTJ'J?- (Z2 _ Z2 )
dy 2 ’ 2 Tjt1,n T/
Jj=0

(1.1.19)

Si On(f, t) défini dans (1.1.19) ne converge pas en probabilité mais converge stablement en loi,
on note sa limite fg Vf(Zs)d*Zs.

A Taide de la définition précédente et du Théoréme 1.1.19 nous arrivons a la formule de
changement de variable pour le mbftb en dimension 2 suivante, qui représente la découverte
principale de cette sous-section et qui résoud le probléme posé au début.

Théoréme 1.1.21 Soit f : R? — R une fonction appartenant a C°, et firons un temps t > 0.

1. Si H >1/6 alors fg Vf(Zs)dZs est bien défini, et on a
t
1z = £0)+ [ V5(Z)dz.
2. St H=1/6 alors fg Vf(Zs)d*Zs est bien défini, et on a

£(Z2) — 1(0) - /0 D f(2)d 2, ' /O VH(Z)d 2,

ot fg D3f(Z,)d3Z, désigne

t 5 5 Yi a3f 1 Yi 83f )
/ D f(Zs)d°Zs = nl/ axi),(XS)st+R2/ ﬂ(Xs)st
0 0 0 Y
Yi 33]0 Y: 33f
7 (X,)dB? —(X,)dB?
s 0 8x28y( )dBs + ks 0 83:(33/2( 2)dB;,
avec B = (BY,..., B*) un mouvement brownien j-dimensionnel sur R indépendant de
X, et les constantes Ki,...,kq4 sont les mémes que dans le Théoréme 1.1.19. (B est

aussi indépendant de Y'.)

8. Si H < 1/6, pour f(x,y) = x3 Uintégrale fg V f(Zs)d* Zs n'existe pas, méme stablement
en loi. Donc, c’est impossible d’avoir une formule de type Ité dans ce cas.
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1.2 Introduction to the thesis

Our main goal in this PhD thesis is to build a stochastic calculus for the so-called fractional
Brownian motion in Brownian time (fBmBt in short). We have organized our manuscript
as follows. In this first chapter, we will introduce the fBmBt and provide some useful basic
results about it; we will also give a flavour of the main results we have obtained during our
PhD thesis. All the details will be then provided in the next three chapters. More precisely,
in Chapter 2 we will carefully analyse the fluctuations of the power variations of the fBmBt.
In Chapter 3, we will explain how to deduce from this an Itd’s type formula for fBmB¢t in the
one-dimensional case. Finally, we will devote Chapter 4 to the study of the two-dimensional
case.

1.2.1 Basic definitions and some known results about fBmBt

Consider a two-sided fractional Brownian motion (fBm) X with Hurst parameter H € (0, 1),
as well as a standard Brownian motion ¥ on R* independent of X .

Definition 1.2.1 The process ZH = XH oY s called the fractional Brownian motion in
Brownian time (fBmBt).

At this stage, it is straightforward to check that Z is a self-similar process of order H/2
with stationary increments, which is not Gaussian (for this latter point, see Proposition 1.2.3
below).

The case H = %

Historically, the study of fBmB¢t started with the case H = %, that is, with the case where X3
is a standard Brownian motion. One then recovers the celebrated iterated Brownian motion
(iBm). This terminology was coined by Burdzy in 1993 (see |5]). But the idea of introducing
iBm is actually older than that. Indeed, Funaki [12] discovered in 1979 that iBm may be used
to represent the solution of the following parabolic partial differential equation:

ou 1 (8u

4
— = = t,z) € (0,00) x R.
5= s(5) - e 00)
We refer the interested reader to the research works of Nane (see, e.g., [23] and the references
therein) for many other interesting relationships between iterated processes and partial differ-

ential equations.

In 1998, Burdzy and Khoshnevisan [7| showed that iBm can be somehow considered as
the canonical motion in an independent Brownian fissure. As such, iBm reveals to be a suit-
able candidate to model a diffusion in a Brownian crack. To support their claim, they have
shown that the two components of a reflected two-dimensional Brownian motion in a Wiener
sausage of width € > 0 converge to the usual Brownian motion and iterated Brownian motion,
respectively, when € tends to zero.

Tt can be shown that Z2 is not a Mlarkov process in its natural filtration. In addition,
according to [6], the sample paths of Z2 have finite quartic variation almost surely. As an
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immediate consequence of this last fact, it appears that Z 3 a;dmits an infinite quadratic vari-
ation on a set of full measure. It means in particular that Z2 is not a semi-martingale, nor a
Dirichlet process.

Having said that, an interesting and admittedly non-trivial’ problem was to construct a

stochastic integral process of the form fo f(ZS%)dZs%, where f is supposed to belong in a suffi-
ciently rich class of smooth functions. This problem was tackled and solved by Khoshnevisan
and Lewis [20, 21] in 1999. They were indeed able to construct a stochastic integral with
respect to the iBm, after carefully analyzing its power variations. They were also able to
associate a change of variable formula.

The case H # %

A natural follow-up of the aforementioned work [20, 21] by Khoshnevisan and Lewis consists
in studying the situation where H % Even though it may look similar, this change of
framework makes the analysis radically different.

Before going into the meat of this PhD thesis, let us review some basic properties of
the fBmB¢t already existing in the literature. In the course of writing this manuscript, we
discovered that fBmBt was the subject of a recent PhD thesis by Joseph A. Zadeh [39], written
under the supervision of Frederi Viens and defended in Purdue University in 2012. Let us
review here some of the results obtained in Joseph’s thesis, after specializing them to the case
of our fBmBt Z¥. The following result corresponds to Theorem 3.2.4 in the aforementioned
PHD thesis.

Theorem 1.2.2 We have the following uniform modulus of continuity for the fBmBt Z":
P-a.s.,

ZH o ZH
lim sup 12 s |

H 1 3H
=0 0g|s—t|<n, 0<s,t<1 n?\logm—a(”T)

Also, as far as the problem of the density for Z/! is concerned, one has the following simple
result.

Proposition 1.2.3 For any t > 0, the random variable Z' admits a density fy(t,-) given by

22 y2

futta) = [ S
H(t,z)= | ————r
R 27my\/t|y|?H

An example of application of the previous formula is a bound for the tail of the distribution
of ZH | see indeed Corollary 4.1.6 in the Joseph’s thesis [39]. Note that a similar result could
of course have be obtained for Z/T as well, by merely relying to a selfsimilarity argument.

dy.

Theorem 1.2.4 Set H* = H? % and L(H*) = %(HiHLH + Hﬁ) Then, their exist
k(H),K(H) > 0 depending only on H such that, for all x > %,

k(H)z™ 7 exp(—L(H*)z 1) < P(ZH > ) < K(H) exp(—L(H*)z 7).

"Indeed, a folk result by Bichteler and Dellacherie asserts that for J MdN to exist for a large class of M’s,
N needs to be a semi-martingale.
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Finally, we would like to emphasize that it is claimed in Zadeh’s thesis (in his Chapter
5) that a student of Orsingher derived in 2010 the following second-order partial differential
equation satisfied by the density fr(t,-) of Z/, thus demonstrating once again how this
process is heavily related to PDEs.

Theorem 1.2.5 One has
H) Of | 20*fu _HQ< Ofu 232fH>

14 2y 9y _ 10,00
I+ 3t +a = 7 (25, T7° 502

1.2.2 TIt6’s type formulae: a historical review

We now go into the heart of this thesis, whose main aim is to construct a stochastic calculus
for the fBmBt. We start by giving a very brief state of the art, in order to settle our study in
the existing context.

Stochastic calculus and It6’s formulae for semi-martingales

Let (Bt)t>0 be a Brownian motion defined on a probability space (2, F, P). Wiener was the
first to give a sense to the integral

/ ' F()dBy(w),

when f is a deterministic function such that fg f?(s)ds < oo. This integral is defined globally
on €2, but it is not a path-wise integral. As is well-known, this is because B has an infinite
variation almost surely. Then, It6 extended in 1944 (see [17]) the construction of Wiener, and
was able to properly define

[ i),

This time, (f;) stands for a process adapted to the natural filtration associated to (B;). In
addition, It6 discovered the associated change-of-variable formula which, in its simplest form,
can be stated as follows.

Theorem 1.2.6 (Ito’s formula) Let (By)¢=o be a Brownian motion and let f be a C? function
on R. Then, for any t > 0,

F(B) = £(Bo) + /0 F/(B)AB, + /O F(B)ds.

Using his integral, 1t6 managed to construct a diffusion process of the form

t t
Xi=z+ / a(s, Xs)ds + / b(s, Xs)dBs
0 0

(where, of course, a(s,x) and b(s,z) are assumed to satisfy adequate conditions). Prior to
Ito, it is interesting to remember that, in order to construct a diffusion process with a given
infinitesimal generator (G, the strategy rather consisted in solving the Kolmogorov equation

0
ot = GRS,
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and then to use the semi-group (P;);>0 and Kolmogorov Theorem to deduce the diffusion
process.

After 1t6’s discovery, there has been an increasing interest in stochastic calculus among
the probabilistic community, and many other fundamental results were quickly released. Since
it is of course impossible to list them here, we refer the reader to any textbook (e.g., [22])
dedicated to the fascinating history of stochastic calculus.

To end up this section, let us only recall the Itd’s formula in the framework of semi-
martingales. It is the way this formula is nowadays taught all around the world.

Theorem 1.2.7 (It6’s formula for continuous semimartingales) Let (X},..., X)i=o0 be a
continuous semimartingale and let f be a C? function on R™. For anyi,j € {1,...,n}, let us
indicate by (X', X7) the cross-variation process of X' and X7. Then, for all t > 0:

n t o '
FXE LX) = f(Xg,...,Xg)+Z/O a%(xg,...,xg)dxg (1.2.20)
b n i xJ
JZ_: 3$Zax] L XX, X,

Generalization of stochastic calculus and Ité’s type formulae for fBm

Taking into account the huge success of the theory of stochastic calculus for integrals for other
classes of processes. Different approaches and frameworks have been proposed, such as the
ones of Skorokhod [38], Asch and Potthoff [1], Nualart and Pardoux [32], or Russo and Vallois
[35]. Let us pause a little bit to discuss this latter reference. In 1993, Russo and Vallois defined
what is nowadays refered to as the Russo-Vallois integral. It generalises the classical Ité6 and
Stratonovich integrals. One of the most interesting features of the Russo-Vallois’ theory is the
possibility to construct integrals with respect to processes that are not semimartingales. As
we will see, a popular and typical example of such processes is the fractional Brownian motion
(fBm).
Let us recall the basic definitions of the Russo-Vallois theory.

Definition 1.2.8 If X = {Xy,t € Ry} and Y = {Y;,t € Ry} are two continuous processes,
we define, provided the limit exists

/ Yid Xy = hm ucp/ Ys Xste = d "forward integral”,
0
. X, .
/ Yidt X, = hm ucp/ Yspe——m— Kot 5ds "backward integral”,
0
’ - X
/ Y. d°X, = hn% ucp/ (Yoqe + Ys )%ds "symmetric integral”,
0 €—> 0 €
" (Xope — Xo)?
(X, X] = hn% ucp/ Mds "quadratic variation”,
€E—> 0 €
(Xspe — Xg)3
(X, X, X] = hr% ucp/ Mds "cubic variation”.
€—> 0 €

The term "ucp" in the previous definitions means uniform convergence on compact sets in
probability. Recall that a family of processes (Y ¢)eq is said to converge in probability to Y
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uniformly on compact sets as € — 0 if

VI >0,¥6>0: limP( sup |X;— X >6)=0.
=0 “tefo,17]

One can prove that the forward integral (resp. the symmetric integral, the quadratic varia-
tion) generalizes the It6’s integral (resp. the Stratonovich integral, the cross-variation process)
when Y is adapted and X is a semimartingale (resp. X and Y are two semimartingales, X is
a semimartingale). The reader is referred to [35] for more details about this type of results.

As far as a change-of-variable is concerned, we have the following result proved by F. Russo
and P. Vallois [36, 37].

Proposition 1.2.9 Let X = {X;,t € Ry} be a continuous process. The forward integral
fo f1(Xs)d™ X, exists for all f € C*(R) if and only if X has a quadratic variation. In this
case,

F(Xy) = f(Xo) + /f )d Xy + = /f” X]s, teRy.

The previous proposition highlights a phenomenon which is typical in the Russo-Vallois
framework: the existence of fo 1'(Xs)d~ X, turns to be equivalent to the existence of the Ito’s
type formula.

Let us now consider the case where X = X is a fractional Brownian motion of Hurst
parameter H € (0,1). Recall, for example, from Corollary 2.1 in the PHD thesis of Ivan
Nourdin [24] that

0 ifH>%
(X", xH), = t ifH=]
+oo if H <3

We deduce from Proposition 1.2.9 that, for any f € C?(R) and ¢ > 0,

FXE) = (X + /tf’(Xf)d‘Xf i H > 1,

FX F(xgh) /f (Xd- X + /f”XH s ifH=1

This latter identity is nothing but the classical It6’s formula, as given in Theorem 1.2.6.
In 2002, M. Errami and F. Russo [11] unveiled the following change-of-variable formula for
processes with finite strong cubic variation.

Proposition 1.2.10 Let X = {X;,t € Ry} be a continuous process with finite strong cubic
variation, and let f € C3. Then,

F(X)) = F(Xo) + /f doX—/f”’ dX,X,X],, teRy.

The same authors also prove a multi-dimensional extension of Proposition 1.2.10 which reads
as follows. (We refer to [11] for any unexplained quantity appearing in (1.2.21).)
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Proposition 1.2.11 Let F' € C3(R") and X = (X',...,X™) be a vector of continuous pro-
cesses having all its mutual strong 3-covariations. Then,

F(X,) = F(X,) + /Ot VF(X).d°X — %[X, HessF(X), XT](t), teR,. (1.2.21)

Let us go back to the specific fractional Brownian motion case. By considering the symmet-
ric integral fot fI(XH)d° X and in view of Proposition 1.2.10, one may expect to go beyond
the threshold H = % This is indeed what happens, as evidenced by the following result, which
was shown simultaneously and independently by Cheredito and Nualart [9] on one hand and
Gradinaru, Nourdin, Russo and Vallois [13] on the other hand in 2004.

Theorem 1.2.12 ([t6’s formula for fractional Brownian motion with H > %)
Let H> % and f € C5(R). Then fg F(XEYae X exists and we have

f(xh = rxth / f(XEaexE teRr,.

As it was already the case in Proposition 1.2.9, we see that the existence of the symmetric
integral fo s)d° X is shown at the same time as 1ts associated change-of-variable formula.
Theorem 1 2 12 says nothing about the case H < 6. In fact, relying to a suitable central

limit theorem one can prove that fot (XM)23° X H does not exists when H < %, while it exists

only in law in the critical case H = %. As a result, it is not possible to write a change-of-

variable formula for f(z) = 2® when H < %. To have a complete picture, it remained to
understand the critical case H = %. The answer was given in 2010 by Nourdin, Réveillac
and Swanson [30]. By using techniques from the Malliavin calculus, they discovered an It6’s
type formula in which the bracket term takes the form of a Wiener integral with respect to

an independent Brownian motion.

Theorem 1.2.13 (It6’s formula for fractional Brownian motion with H = %) For any f €
C*(R), one has

1
FXs) ' /f dOXﬁ—/f”’ X6)dW,, t>0.

1 1
Here, W is a standard Brownian motion independent of X%, K3 =~ 2.322, and fg F(X8)de XS
exists as a stable limit in law (as n — 00) of the following trapezoidal Riemann sum:

|27t ] — 1 )

k’2 n +f( k+1 2— n))(X(EkJ’_]_)Q—n Xkﬁz n) (1222)

[N

k=0

Other Itd’s type formulae

By considering the midpoint rule instead of the trapezoidal rule in (1.2.22), one obtains yet
another Ito’s type formula together with a new critical case (namely, H = %) This fact
was unveiled by Nourdin and Réveillac in |29] prior to Theorem 1.2.13. Shortly afterwards,
Harnett and Nualart [15, 14, 16| have extended a part of the previous results to a large class
of Gaussian processes. All these results have in common to be based on a thorough use of
Malliavin calculus.
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In our historical review, we have covered only a few examples of how one can obtain a
stochastic calculus with a fractional Brownian motion as integrator. Indeed, our purpose is
only to focus on the results that have inspired our own work. Nevertheless, we would like to
mention another nice construction of stochastic integral with respect to fractional Brownian
motion, obtained by Christian Bender [3] in 2003 by means of the Wick product and the Pettis
integrals in the space of Hida’s distributions. With these tools at hand, he was able to prove
the following change-of-variable formula for the fractional Brownian motion X and this for
any value of the Hurst parameter H between 0 and 1:

st = s + XXt i / 2L s, ¢ 0.

1.2.3 A summary of our main results

It is now time to present our own results.

Fluctuations of fBmBt power variations

Our first study is about the asymptotic behavior of the power variations of fBmBt. It cor-
responds to the content of a paper accepted for publication in the Bernoulli journal. In this
subsection, we only present the results. Details and proofs will be given in Chapter 2.

Let Z be a fBmBt as given in Definition 1.2.1. (In what follows, we write Z instead of
ZH for the sake of simplicity.) For a given integer p, we consider the pth variation process
associated to Z, defined as:

127t —1
R,,(Ip) (t) = Z (Z(k.+1)27n — Zk2—n)p, n c N, t > 0.
k=0

At this stage it is worthwhile noting that, strictly speaking, we are dealing with the pth
variations of Z in the classical sense only when p is even. When p is odd we are rather dealing
with what is customarily called signed pth variations of Z. The interested reader may consult
[2, 10] for relevant information about power variations.

Normalizing R,(lp ) leads to

127t] -1
e ol nH
SP(t) =2 > (2% (Zgeryp-n — Zra-n))P = B[22 (Z(g1y2-n — Zyo-n))"]), nEN,
k=0

for ¢ > 0 and some s > 0 to be computed. This latter coefficient will be chosen to ensure
the fdd convergence of S,(lp ) to a non-degenerate limit, which is exactly the statement we are
looking for in this section. To reach our goal, we will make use of a somehow classical strategy
in this kind of problem, which consists in expanding the power function z? in terms of the
Hermite polynomials H, (Hi(z) = z, Ho(x) = x? — 1, etc.). Doing so, our problem then
reduced to the joint analysis of the following quantities:

|27 —1
UW (1) = 27~ Hy (27 (Zgpryzn — Zran))y, n€N, t>0, reN. (1.2.23)
k=0
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But due to the fact that one cannot separate X from Y inside Z in the definition of U}LT),
working directly with (1.2.23) seems to be a difficult task (see also [21, Problem 5.1]). This
is why, following an idea introduced by Khosnevisan and Lewis [20] in their study of the case
H = 1/2 (that is, precisely when Z is the iBm), we will rather analyze U by means of certain
stopping times for Y. Khoshnevisan and Lewis’ idea is indeed quite simple: by stopping Y
as it crosses certain levels, and by sampling Z at these times, one can effectively separate X
from Y. To be more specific, let us introduce the following collection of stopping times (with
respect to the natural filtration of Y'), noted

Ty ={Tpm : k =0}, n>0, (1.2.24)

which are in turn expressed in terms of the subsequent hitting times of a dyadic grid cast on
the real axis. More precisely, let 2, = {j2~/2: j € Z}, n > 0, be the dyadic partition (of
R) of order n/2. For every n > 0, the stopping times T} ,, appearing in (1.2.24) are given by
the following recursive definition: Tp, = 0, and

Tpp=inf{s>Tp 1,1 Y(s) € D \{Y (Th-1,)}}, k=1

Note that the definition of 7}, ,,, and therefore of .7,, only involves the one-sided Brownian
motion Y. Moreover, for every n > 0 the discrete stochastic process

Dy = {Y (Tion) : k = 0}

defines a simple random walk over Z,,. As shown in [20], as n tends to infinity the collection
{Tkn : 1 < k < 2"t} approximates the common dyadic partition {k27" : 1 < k < 2"t} of
order n of the time interval [0, ¢] (see [20, Lemma 2.2| for a precise statement). Based on this
fact, one can introduce the counterpart of (1.2.23) based on .7, namely,

|27] -1

V@) =27 Y H(2
k=0

nH
2

(ZTk+1,n — ZTk,n))’ neN, t>20, re N*.

We are now in a position to state the main result of this section.

Theorem 1.2.14 The following two fdd convergences take place as n — oo for any integer

N> 1.
(1) Assume that H < 3. One has
12nt]—1
2771/4 Z ng_l(QnH/2(ZTk+l’n — ZTk,n)) 1<r<N
k=0

t>0
E) {O'QT_lEt(T) 01 § r S N}

>0’

where oa,_1 is some (explicit) constant and E = (BY oY,... BN oY), with B =
(B(l), ceey B(N)) a N-dimensional two-sided Brownian motion independent from Y .
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(2) Assume that H < 3. One has

127t —1
2_3n/4 Z H2T(2nH/2(ZTk+1,n - ZTk,n)) 1<r<N
k=0 £50
fdd R )
M doo [ LE)BY 1<r <N | (1.2.25)
—00 >0
where oy, is some (explicit) constant, B = (BW ..., BM™)) is a N-dimensional two-

sided Brownian motion independent from Y and L7 (Y) stands for the local time of Y
before time t at level x.

Let us emphasize that the process { [ Lf(Y)dBy)}go appearing in (1.2.25) is nothing but
the Brownian motion in Random Scenery introduced by Kesten and Spitzer in [18].

As a corollary of Theorem 1.2.14, one can deduce the fluctuations of the power variations
of Z.

Corollary 1.2.15 The following two fdd convergences in law take place as n — oo for any
iteger N > 1
(1) Assume that H < 3. One has
|27t]—1

2%"(1—(47“—2)H) Z (ZTkJrl,n o ZTk,n)Qr 1. c1<r< N

k=0 >0

.
{Zar,k@k—lEt(k) 1<r< N} ; (1.2.26)
k=1 >0

DI2>r+k—1-1))
where ar = sz z —DI(r+ k-1 — L)lark-1

2) Assume that H < 2. One has
( 1

12n¢]—1
;3"(1*%) Z ((ZTk+17n _ ZTkyn)2T _ 277L7’Hb7,70) -1 g r < N
k=0

r 0
{Z br kTak / Ly(Y)dBP 1< r < N} :
k=1 —o0

L2(r + k= 1)!
where brx = Z (2 )l Ttk — )2tk

Note that b.o = E[(2"#/2(Zz,,,,, — Z1,,,))*"] = E[N?"], with N ~ N(0,1).

Corollary 1.2.15 contains Theorems 3.2, 4.4 and 4.5 from Khoshnevisan and Lewis [20] as
a particular example (H = 1/2 and r = 2,3,4).
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Towards an It6’s type formula for fBmBt in dimension 1

The problem we aim to solve here is to find an Itd’s type formula satisfied by the fBmBt Z.
For any smooth enough function f, one can legitimately expect the formula we are looking
for to have the form

f(Zy) — f(Zo) = /Ot 1'(Zs)dZs + bracket term, ¢ > 0. (1.2.27)

Of course, in (1.2.27) we have first to suitably define fot 1 (Zs)dZs and then to discover the
exact form of the remainder.

Recall that Z is not a Gaussian process and that it is quite irregular (precisely: it is
Holder continuous of order « for all « strictly less than H/2). Because of this, it would be
actually too difficult to try to define our stochastic integral as a limit of Riemann sums with
respect to a deterministic partition of the time axis. This is why we will rather work with the
stochastic partition T}, ,, we already introduced in the previous subsection. At this stage, we
need to define further objects. For each integer n > 0, k € Z and real number ¢ > 0, we let
Ujn(t) (resp. Djn(t)) denote the number of upcrossings (resp. downcrossings) of the interval
(7272, (j + 1)27"/?] within the first [2"¢] steps of the random walk {Y (T}.)} x>0, that is,

Uin(t) =#{k=0,...,[2"t] — 1:
Y(Tk,n) = j2_n/2 and Y(Tk—f—l,n) = (] + 1)2_”/2};
Djn(t) =t{k=0,...,[2"] —1:
Y(Tk,n) = (] + I)Q—n/Q and Y(Tk+1,n) _ j2—n/2}'
Also, we will say that ¢ : R? — R is symmetric (resp. skew symmetric) if p(x,y) = o(y, z)

(resp. ¢(z,y) = —p(y,z)) for all z,y € R. The following lemma corresponds to [20, Lemma
2.4].

Lemma 1.2.16 If ¢ is symmetric, then

|27t]—1
Z SO(ZTk+17n7 ZTk,n) = Z (IO(X(]'+1)2*% ) XjQ*% )(U],n(t) + D],n(t))
k=0 JEL

If ¢ is skew-symmelric, then

|27t]—1
Z QO(ZTk‘Fl'n) ZTkyn) = Z SO(X(j+1)2*% ) XjQ*%)(U],n(t) - D],n(t))
k=0 JEZL

The main feature of Lemma 1.2.16 is to separate X from Y in Z. We will indeed use it to
provide a amenable-to-analysis representation of

|27¢] -1

VO = Y

k=0

(f(Z1sn,, + F(Z1,.,)) Z1ss, — 21, (1.2.28)

DO | —

We call V' (f,t) the (symmetric) weighted r-variation of Z.
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Let us fix a function f : R — R belonging to C}°, the set of those functions that are
C* and bounded together with their derivatives. In Chapter 3 we will prove that, for any
He [6, 2) any integer r > 3 and any t > 0,

V,er=D(f.1) PP () asn - 0. (1.2.29)

We will also prove that, for any H € (%, %) and any t > 0,

(f,4) 280 asn — oo, (1.2.30)
whereas, for H = %,
t
fdd o
(Xt,Yt,V(?’)(f ))t>0 fad (Xt,Yt,/ £(Zs)d 325) as 1 — 00, (1.2.31)
Z t=0

Otherwise stated, (1.2.31) means that V3 (f, ) converges stably in law (in the sense of the
fdd convergence) to a limit process written fo s)dO?’Zs.

Now, observe that one has the following Taylor’s type formula: for any a, b € R, and for
some constants ¢, whose explicit values are useless for our purpose,

fb) = fla) = %(f’(a) FTO)b—a) o (F(a) + 7" (B) (b~ a) (1.2.32)
+Zcr FE D (a) + FED0) (0 a)* "+ O(lb — al'),

where |O(|b — a|'*)| < Cf|b — a|'*, C} being a constant depending only on f. By plugging
(1.2.29), (1.2.30) and (1.2.31) into (1.2.32), one can deduce (see Chapter 3 for the details) the
first two items of the following theorem.

Theorem 1.2.17 Let f € C;° and t > 0.
1. IfH > 5 L then

F(Z0) — £(0) = /0 F(Z)d 2, (1.2.33)

where fo 1(Zs)d°Zs is the limit in probability of v )(f' t) defined in (1.2.28). (Its

ezristence is part of the conclusion.)

2. If H = § then, with r3 ~ 2.322,
t
f(Z) - / "(Zs)d*Z, (taw) / f(Z)d° Z,. (1.2.34)
0

Here, [, f'(Zs)d°Z, denotes the limit in law ofV (f’, -) defined in (1.2.28). (Its exis-

tence is part of the conclusion.) Moreover, we have, for all t > 0,

t Yi
/ f///(ZS)dOBZS = / f///(Xs dWS
0 0

where W is a two-sided Brownian motion independent of the pair (X,Y) defining Z, and
where the integral with respect to W is understood in the Wiener-1té sense.
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3. ]fH< then

V. (& — 22, t) does not converge, even stably in law. (1.2.35)

This means that there is no way to get a change-of-variable formula for f(x) = x3.
The proof of (1.2.33) in the case H = 1 was already done in [21] by Khoshnevisan and Lewis.
Let us also briefly explain how to prove (1.2.35). Using

b3_a3:

3 1
§(a2 +0%)(b—a) - §(b —a)?

(which corresponds to the identity (1.2.32) with f(x) = #3), one can write, with 1 denoting
the function constantly equal to 1,

|27t|—1
1 1 1
Vo(z = $2at) - gZE = 6V g ZTk+1n %kn) gZE
k=0
1 1

Since T|gn¢|, — t almost surely and Z has continuous paths, we deduce that ZTL2" o Zy
as n — oo almost surely. Thus, the stable convergence of V,,(z + 22,t) is equivalent to the
stable convergence of Vn(3)(1, t). But it is shown in Corollary 1.2.15 (see (1.2.26) therein) that
2_”(1_6H)/4V,§3)(1,t) converges in law to a non degenerate limit. This fact being clearly in
contradiction with the convergence of V}Es)(l, t), we deduce that (1.2.35) holds.

Towards an It6’s type formula for the fBmBt in dimension 2

Our aim here is to extend the previous one-dimensional change-of-variable formula for the
fBmBt in the case of dimension 2. Set

Zy = (Z},2}) = (Xy,, X3,), t >0,

where X', X2 are two independent two-sided fractional Brownian motions sharing the same
Hurst parameter H € (0,1), and Y is a standard (one-sided) Brownian motion independent
of X := (X!, X?). The following definition is of pivotal importance.

Definition 1.2.18 Let f : R? — R be a continuously differentiable function, and fir a time
t>0.
1) Provided it exists, define fot Vf(Xs)dXs to be the limit in probability, as n — oo, of

On(/, ) (1.2.36)
27/ 2¢ | — X2
_ : af (J+1 )2-n/2 +XJ2 /2 (j+1)2’"/2 +X32 i ( 1 - X! )
= a;p 2 ) 2 (+1)2 n/2 j27n/2
§=0
[27/2¢)—

1 2
N 6f< ( i+1)2-n/2 +Xj27n/2 X(j+1)2—n/2 + X2 P n/2> (X2

i gnse — X2 )
3 +1)2 n/2 2-n/2
= y 2 2 (j+1) J
2) When Oy(f,t) defined by (1.2.36) does not converge in probability but converges stably
instead, we denote the limit by f(f V(Xs)d* Xs.
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One can now state a first preliminary result, which represents the bi-dimensional extension
of Theorem 1.2.13 and which is the first step for obtaining a change-of-variable formula for
the 2d {BmBt¢.

Theorem 1.2.19 Let f : R? = R be a function belonging to C°, and fix a time t > 0.

1. If H>1/6 then fg Vf(Xs)dXs is well-defined, and we have

F(X0) = £(0) + /O Vf(X,)dX,

2. If H=1/6 then fg Vf(Xs)d* X5 is well-defined, and we have

10 =10 - [ P rxgex,' [iocrx
where fg D3 f(X)d> X, is short-hand for
/ D*f(X)d*X, = 1 g3£ (X2, X2)dB) + i 83]; (X1, X2)dB?
+K3 /0 8x2gy( 1, X2)dB2 + k4 Ot aifaj; S (X2, X2)dB;
with B = (BY,..., B*) a 4-dimensional Brownian motion independent of X, k% = k3 =

1 1 1
56 2orez P°(1), K3 = Kj = 35 30,c7 0°(r) and p(r) = 5(|r + 1[5 + [r — 1[5 — 2|r[3).

8. If H < 1/6, for f(x,y) = 23 then the integral fg Vf(Xs)d* X5 does not exist, even stably
i law. So, it is impossible to write an Itd’s type formula.

To pass from the fBm to the fBmB¢t, our strategy is to make use of similar objects than
the one we dealt with in dimension 1. That being said, it is natural to introduce the following
definition for the integral with respect to the 2d fBmB¢t. Again, it is based on the collection
Iy, of stopping times defined in (1.2.24).

Definition 1.2.20 Let f : R?> — R be a continuously differentiable function, and fix a time
t > 0. Provided it exists, we define fg Vf(Zs)dZs to be the limit in probability, as n — oo, of

[27/2t] -1 1 2 2
~ 8f +1,n + ZT,n ZT'+1,n + ZT,n 1 1
oty = S (T Fn SN )
7=0
[27/2t] -1 1 2 2
8f +1,n + ZT',n ZT'+1,n + ZT',n 2 2
+ Z < - 9 : ’ : 9 : (ZTj+1,n - ZTj,n)'

(1.2.37)

If On(f,t) defined by (1.2.37) does not converge in probability but converges stably, we denote
the limit by [}V f(Zs)d* Zs.
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The previous definition together with Theorem 1.2.19 lead to the following change-of-variable
formula for 2d fBmB#t, which represents the main finding of this section and solves the problem
we pose at the beginning.

Theorem 1.2.21 Let f : R? — R be a function belonging to C°, and fir a time t > 0.

1. If H>1/6 then fg V f(Zs)dZs is well defined, and we have
t
1z = 10)+ [ V5202
2. If H=1/6 then fg Vf(Zs)d* Zs is well defined, and we have

£(20) — £(0) - /0 D3 f(Z)d 2,2 /0 Vi(Z)d Z,

where fg D3f(Z,)d3Zs is short-hand for

t 5 5 Yta3f L Ytai%f )
D stZS:m/Xsst+n/Xsst
| sz U g (XaBl bR |55 ()

Ye a3 Y, o3
"L (x)aBd s [ 2L

v 4
o 0120y o O0xdy? (Xs)dB;,

+K3
with B = (Bl,...,B4) 18 a 4-dimensional two-sided Brownian motion independent of
X, and K1,...,Kkq as in Theorem 1.2.19. (B is also independent from Y .)

8. If H<1/6, for f(z,y) = 2 then the integral fg Vf(Zs)d*Zs does not exist, even stably
in law. So, it is impossible to write an Itd’s type formula.



Chapter 2

Fluctuations of the power variations of
fBmBt

In this chapter we present the results obtained in the paper: R. Zeineddine, “Fluctuations of
the power variations of fractional Brownian motion in Brownian time”, to appear in Bernoulls.

2.1 Introduction

Studying the variations of a stochastic process is of fundamental importance in probability
theory. In this chapter, we are interested in the fractional Brownian motion in Brownian
time, which is defined as follows. Consider a fractional Brownian motion X on R with Hurst
parameter H € (0,1), as well as a standard Brownian motion Y on Ry independent from
X. The process Z = X oY is the so-called fractional Brownian motion in Brownian time
(F.B.M.B.T. in short). It is a self-similar process (of order H/2) with stationary increments,
which is not Gaussian. When H = 1/2, one recovers the celebrated iterated Brownian motion.

In recent years, starting with the articles of Burdzy [5, 6], there has been an increased
interest in iterated processes in which one changes the time parameter with one-dimensional
Brownian motion, see, e.g., [7, 19, 20, 21, 27| to cite but a few. In the present chapter, we
are concerned with the study of the fluctuations of the pth variation of Z for any integer p,
defined as

127¢) -1
R%p) (t) = Z (Z(k‘+1)27" — Zk2—n)p, n e N, t > 0.
k=0

At this stage, it is worthwhile noting that we are dealing with the pth variations of Z in the
classical sense when p is even whereas, when p is odd, we are rather dealing with the signed pth
variations of Z. The interested reader may read |2, 10] in order to find relevant information
about power variations.

After proper normalization we may expect the f.d.d. convergence to a non-degenerate limit
(to be determined) of

127t —1
nH nH
SP(t) =27 Z (272 (Zgg1y2-n = Zho-n))P = El272 (Zgep1)2-n — Zra-n))F]), neN,
k=0

33
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for t > 0 and some « > 0 to be discovered. To reach this goal, a classical strategy consists in
expanding the power function 2P in terms of Hermite polynomials. Doing so, our problem is
reduced to the joint analysis of the following quantities:

|27t —1
U6 =27 S H (2% (Zgyrpn — Zron)), neN, t20, reN. (2.11)
k=0

Here, H, denotes the rth Hermite polynomial (Hi(z) = x, Ha(x) = 2% — 1, etc.). Due to the
fact that one cannot separate X from Y inside Z in the definition of U,(LT), working directly
with (2.1.1) seems to be a difficult task (see also |21, Problem 5.1]). This is why, following
an idea introduced by Khosnevisan and Lewis [20] in the study of the case H = 1/2, we will
rather analyze U,(f) by means of certain stopping times for Y. The idea is quite simple: by
stopping Y as it crosses certain levels, and by sampling Z at these times, one can effectively
separate X from Y. To be more specific, let us introduce the following collection of stopping
times (with respect to the natural filtration of Y'), noted

Ty ={Tpm : k=0}, n>0, (2.1.2)

which are in turn expressed in terms of the subsequent hitting times of a dyadic grid cast on
the real axis. More precisely, let 2, = {j2~™/2 : j € Z}, n > 0, be the dyadic partition (of
R) of order n/2. For every n > 0, the stopping times T}, ,,, appearing in (2.1.2), are given by
the following recursive definition: T, = 0, and

Tem =inf{s > Tp1n: Y(s) € D\ {Y(Tho1n)}}, k=1

Note that the definition of T}, ,, and therefore of .7,, only involves the one-sided Brownian
motion Y, and that, for every n > 0, the discrete stochastic process

Wy ={Y (Tin): k >0}
defines a simple random walk over Z,,. As shown in [20], as n tends to infinity the collection
{Tkn : 1 < k < 2"t} approximates the common dyadic partition {k27" : 1 < k < 2"t} of
order n of the time interval [0, ¢] (see [20, Lemma 2.2| for a precise statement). Based on this
fact, one can introduce the counterpart of (2.1.1) based on .7, namely,

|27t] -1

V@) =27 Y H(2
k=0

nH
2

(Z1sr, — Z1,,), m€EN, t20, reN.  (213)

We are now in a position to state the main result of the present chapter.

Theorem 2.1.1 The following two f.d.d. convergences in law take place as n — oo for any
iteger N > 1.

(1) Assume that H < 3. One has
127t —1
27n/4 Z Hzr_l(ZnH/Z(ZTk+1,n — ZTk,n)) :1<r<N
k=0 0
fdd. {ag,,_lEt(r) L 1<r< N} . (2.1.4)
t=>
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where o9,_1 is some (explicit) constant and E = (B oY,... BN) oY), with B =
(B(l), e B(N)) a N-dimensional two-sided Brownian motion independent from Y .

(2) Assume that H < 3. One has

|2nt]—1
2784 8 N Hon(2M(2p,,,, — Zn.,)): 1< <N
k=0 >0
f.d.d. OO z (r)
— Qo2 Ly (Y)dB)’ : 1<r <N , (2.1.5)
—00 >0
where oy, is some (explicit) constant, B = (BW ..., BN)) is a N-dimensional two-

sided Brownian motion independent from Y and Li(Y) stands for the local time of Y
before time t at level x.

The process { [ Lt‘”(Y)ng(f)}@O appearing in (2.1.5) is nothing but the Brownian motion in
Random Scenery introduced by Kesten and Spitzer (see [18]).

As a corollary of this theorem, we deduce the fluctuations of the power variation of Z:

Corollary 2.1.2 The following two f.d.d. convergences in law take place as n — oo for any
integer N > 1.

1) Assume that H < 1. One has
( 2

|27¢) 1
971 (1-(4r—2)H) Z (ZTk-H " ZTkn)Qr_l :1<r<N
k=0 >0
,
=5 {Z ar,kUQk—lEt(k) 1<r< N} ; (2.1.6)
k=1 t>0
k-1

(D) 2(r +k—1—1))!
2k —1) = DI(r+k—1—1)l2rtk-1"

where a,j 1s some constant given by: a, ) = Z 0
=0

(2) Assume that H < 3. One has

[27¢]—1
2%(1_%) Z ((ZTk+1,n B ZTk,n)zr B 2_ner7"70) PISTSN
k=0 t>0
tdd {Z br kO 2k / Li(Y)dB¥) : 1<r< N } : (2.1.7)
k=1 -

t=0

k
where by 1, 1s some constant given by: b, = Z I
=0

(=DH2(r + k= 1))!
2(k = D)(r + k — I)12r+k’
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Note that b.o = E[(2""/%(Zy,,, , — Z1,,))*| = E[N*], with N ~ N(0,1).

In the particular case where H = 1/2 (that is, when Z is an iterated Brownian motion)
and r = 2,3,4, we emphasize that Corollary 2.1.2 allows one to recovers Theorems 3.2, 4.4
and 4.5 from Khoshnevisan and Lewis |20].

The organisation of the chapter is as follows. In Section 2, we provide some needed
preliminaries. Theorem 2.1.1 and Corollary 2.1.2 are then shown in Section 3.

2.2 Preliminaries

In this section, we collect several results that are useful for the proof of Theorem 2.1.1 .

2.2.1 An algebraic lemma and some local time estimates

For each integer n > 0, k € Z and real number ¢t > 0, let U; ,(t) (resp. D;,(t)) denote the
number of upcrossings (resp. downcrossings) of the interval [j27"/2, (j 4+ 1)27"/?] within the
first |2"¢] steps of the random walk {Y (T} »)}x>0, that is,

Ujn(t) =t{k=0,...,[2"] —1: (2.2.8)
Y (Thp) = 527"% and YV (Thp10) = (5 +1)27"72);
Din(t)=8{k=0,...,[2"] —1: (2.2.9)

Y (Tin) = (G 127772 and Y (Tisn) = 272},
)

The following lemma will play a crucial role in our study of the asymptotic behavior of Vn(r .
Its main feature is to separate X from Y, thus providing a representation of Vn(r) which is
amenable to analysis.

Lemma 2.2.1 (See [20, Lemma 2.4]) Fiz t > 0 and r € N*. Then
V() = 2" H, (2nH/2 (Xt — Xj2,%)> (Ujn(t) + (=1)" D;jn(t))(2.2.10)
JEL
Also, in order to prove the second point of Theorem 2.1.1 we will need estimates on the
local time of Y taken from [20], that we collect in the following statement.

Proposition 2.2.2 1. For every x € R, p e N* and t > 0, we have

E[(LF(YV))"] < 2 E[(LY(Y))?] 7/ exp <—“23t> .

2. There exists a positive constant p such that, for every a,b € R with ab> 0 and t > 0,
2
1/2 a
BIk) - 2P < i/ alt e (-5 ).

3. There exists a positive random variable K € L® such that, for every j € Z, every n > 0
and every t > 0, one has that

1Lt — L2 (V) < 2Km2 A LT (v,

where L, (t) = 2_”/2(Uj7n(t) + D (t)).

)
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2.2.2 Breuer-Major Theorem

Let {Gk}r>1 be a centered stationary Gaussian sequence. In this Gaussian context, stationary
just means that there exist p : Z — R such that E[GxG] = p(k —1), k,l > 1. Assume further
that p(0) = 1, that is, each Gj is .47(0,1) distributed. Let ¢ : R — R be a measurable
function satisfying

E[p?*(G1)] = \/12? /R<p2(x)e_x2/2d:c < +00. (2.2.11)

—2?
The function ¢ may be expanded in L?(R, ¢ \/27:2 dz) (in a unique way) in terms of Hermite

polynomials as follows:

+o0
p(z) =Y agHy(). (2.2.12)
q=0

Let d > 0 be the Hermite rank of ¢, that is, the first integer ¢ > 0 such that a4, # 0 in (2.2.12).
We then have the celebrated Breuer-Major Theorem (see [4], see also [28] for a modern proof).

Theorem 2.2.3 (Breuer-Major) Let {Gi}ir>1 (with covariance p) and ¢ : R — R (with
Hermite index d) be as above. Assume further that Y, ., |p(k)|? < +occ0. Then, as n — +o0,

[27]
f.dd.

27723 3" (o(Gr) ~ Elp(G)]) ¢ S {oBi}so. (2.213)

k=1 0

with B a standard Brownian motion and o > 0 given by

+oo
0% = Zq!ag Zp(k)q € [0, +ool. (2.2.14)
q=d keZ

2.2.3 Peccati-Tudor Theorem

In a seminal paper of 2005, Nualart and Peccati [33] discovered a surprising central limit
theorem (called the Fourth Moment Theorem nowadays) for sequences of multiple stochastic
integrals of a fixed order: in this context, convergence in distribution to the standard normal
law is actually equivalent to convergence of just the fourth moment. Shortly afterwards,
Peccati and Tudor gave a multidimensional version of this characterization, making use of
tools belonging to the Malliavin calculus. Since we will rely on this result in the present
chapter, let us give more details.

Letd > 2and ¢, ...,qq = 1 be some fixed integers. Consider a sequence of random vectors
Fo, = (Fin,...,Fyqy,) of the following form. Each Fj,, can be written as

N,
Fin =Y ajnHgy(Yjn).
j=0

where N,, is an integer, a; ,, are real numbers and {Y},};>0 is a centered stationary Gaussian
family with unit variance. We then have the following result, shown in [34].
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Theorem 2.2.4 (Peccati-Tudor) Let (F,) be a sequence as above. Let C € My(R) be a
symmetric and positive matriz, and let N be a centered Gaussian vector with covariance C.
Assume that

lim E[F;,Fj,) = C(i,5), 1 <i,j <d. (2.2.15)

n—-+40o

Then, as n — +oo, the following two conditions are equivalent:
(a) F,, converges in law to N;
(b) for every 1 <i < d, F;, converges in law to A (0,C(i,1)).

2.3 Proof of Theorem 2.1.1

2.3.1 Proof of (2.1.4)

Recall the definition (2.1.3) of v (t) and let us fix K = 1/4. First of all, let us apply Lemma
2.2.1. Because 2r — 1 is an odd number, we obtain that

V-1 = —n/4ZH2 (2nH/2(x (X(j41)2-n2 = Xjo-n/2))(Ujn(t) = Djn(t)). (2.3.16)
JEL

Now, let us observe (see also [20, Lemma 2.5]) that

H0<j <) it j(nt) >0
Ujn(t) = Djn(t) =4 0 ifj7*=0 ,
—-1(j*(n,t) <j<0) if j*(n,t) <0

where

: 2

i (n,t) =27/ YT ) -
As a consequence,

9—n/4 ZJ “(nt) (QnH/2(XJ; o X(J; e n2)) if j*(n,t) >0
Ve = {0 if j* =0
27 Hoy (20X = X)) G (08) <O

where X;" = X; for t > 0 and X_, = X; for t < 0. Our analysis of VY will become easier
)

if one introduces the following sequence of processes W( 1
Zij (n.t) Zm namely:

, in which we have replaced

|2n/24)
2r—1 —-n n
Wj’,n )(t) = /4 Z H2 2 H/2(X§ n/2 - X(ii;‘_l)2—n/2))’ t 2 0
L2”/2tj
(2r-1) _ o-n/4 nH/2(y— -
Wf,n (t) - / Z H2 2 / (XJQ n/2 X(j_l)an/Z))? 13 2 07

e Wf’é 1)(lt) if£>0
n () - (2r—1) . .
WD) it <o

—n
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It is clear, using the self-similarity property of X, that the f.d.d. convergence in law of the
vector (Wf;ﬁl) W(Qr 2 , 1 < r < N) is equivalent to the f.d.d. convergence in law of the

vector (sz 2 W(2r 1), 1 < r < N) defined as:

|27/2)

Wi = 27 Z Hyro1(X = X)), t20
LG/m

W(_2;:1)(t) = o/ > Hya(X; —X;,), 20

Let G = X;“ — X;r_l. The family {G,} is Gaussian, stationary, centered, with variance 1;
moreover its covariance p is given by

1
p(k) = E[G;G k] = 5(|lc + 1P 4k — 12— 21k 2H), (2.3.17)

so that > |p(k)| < oo because H < 4. Hence, Breuer-Major Theorem 2.2.3 applies and yields
that, as n — oo and for any fixed r,

@) 20 S op ({BY(1): £ >0},

with BT a standard Brownian motion and o,—1 = /(2r — 1)!'Y_ - p(a)?~1. Note that
> aez Ip(@)]'71 < oo if and only if H < 1—1/(2(2r — 1)), which is satisfied for all 7 > 1 since
we have supposed that H < 1/2 (the case H = 1/2 may be treated separately). Similarly,

D@y 1203 S oo {(B7(1) s £ > 0},

with B™" a standard Brownian motion and 9,1 as above. In order to deduce the joint
convergence in law of (Wf’[”,W(f;{”, 1 <r < N), from Peccati-Tudor Theorem 2.2.4 and
taking into account that E[Wf:b 1)( )W(Ql 1)( t)] = 0 for I # r (since Hermite polynomials
of different orders are orthogonal) it remains to check that, for any integer r and any real
numbers ¢, s > 0,

lim B W () =o. (2.3.18)

n—oo
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Let us do it. One can write,

EWE Y o w® V()]

|27/2¢] |27/2s)

— 9—n/2 Z Z E[Hor—1( X;_l)Hzr—l(Xz_—Xz__ﬁ]
k=1 =1
L2n/2tj L2n/2 J
" _ _ 2r—1
=(@2r-127? Y Z XE =X )X = X0))
k=1 =1

L2n/2tj L2n/2 J
= (2r —1)127"/2 Z Z (Bl(Xe — Xpe1)(Xog = X))

L2n/2tj L2n/2 J
=(2r—1)1272 Z 2\k+l 12— |k 127 — k41— 22])> !
k=1 =1

Setting a = k + [, we deduce that

2r—1 —(2r—1
EWE 0w V()]
|27/2t| k+|27/2s]

2—(21"71)(27, — 1) 9—n/2 Z Z (2|a — 1|2H _ ‘a|2H —|a— 2’2H)2r—1,

k=1 a=k+1
|27/2]+|27/25]  (a—1)A|27/2t]
2—(27‘—1)(2T_ 1)‘2—%/2 Z Z (2|a_ 1|2H_ ‘a|2H o ’a_2‘2H)27‘—1
a=2 k=(a—|2"/2s])V1

- 9- (2r— 1) |2 n/Qan

a€eN
where
ful@) == (2a—12 = a7 —ja =2 (a—1) A [27%] — (a — |27/%s]) V1 4+ 1)

X1{2<0«<L2n/2tJ+L2n/25J}'
For any a € {2, cey LQH/%J + {Q”MSJ}, observe that L2n/2tJ + {2n/2sj > 1. Also, we have

as well as
2- %|(a QR/QSJ \/1‘1{2<a<L2n/2tj+L2"/28J}
< 272 (|a| + |2%5) +1 D1 tocacon/ze) 4 2n/24))
< 27E(272] 4202728 )) + 27 Lpc o gz 4 (2024 )
< 275([27%) +2(2%s)) + 275 (|22 + [272s)) < 2t + 3s,
and

273 Lpeqe omie 4 (2v2s)y < 272 (12728] 4 [2725)) <t s,
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Plugging all these inequalities together leads to
272 fu(0)] < (4t +45)[2la — 12 — a7 — Ja — 227

for all n, with Y oy [2la— 127 —|a|?# — |a—2|2H’2T_1 < oo (recall that H < 1/2). Moreover,
272}, (a) — 0 for any fixed a because
n—oo

—1)  [2v?t — |27/?
(azn/2) L2n/2J o (a 2Ln/2 SJ)\/2—H/2+2—TL/2 njo()/\t_(_s)\/o:o

since t,s > 0. Hence, the dominated convergence theorem applies and yields

2*71/2 an<a) j O7

a€eN

that is, (2.3.18) holds true. As we said, using Peccati-Tudor Theorem 2.2.4 one thus obtains
that

W w1 <r < N) S (00 1 BT 00 1 BT, 1< <N, (2.3.19)

—-n

with (BT, B~" 1 < r < N) a 2N-dimensional standard Brownian motion. As a conse-
quence, we have

(WD), 1 <1 < Nser % (021BT (1), 1 <7 < Ne, (2.3.20)

n

with (B(’”), 1 <r < N) a N-dimensional two-sided Brownian motion.

On the other hand, let us prove for any r € N* the existence of C, > 0 such that, for any
n and any s,t € R,

E[(WE=D (1) — W=D ())2] < 8C, (272 + |t — ). (2.3.21)

To do so, we distinguish three cases, according to the sign of s, € R (and reducing the
problem by symmetry) :
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(1) if0<s<t

E[(WEr=D(t) — w&r-1(s))2]
|27/24
[(W(Qr 1)() W(f?;z 1)( ))2] — ’2”/2E[( Z H,_ 1(X _X+ ))2]

j=|2"/2s]+1
[2"¢]

_ \(m et S (- kP
jk=|2ns)+1
[27/2t)  j—|27/2s]—1

= ‘(27" —1)127"/2 Z Z (p(a))? !

j=[2n/25]+1 a=j—|2n/2t]
[27/2¢]—|27/25| -1

< (@2r-1r2? > lp(a)]*

a=|2"/2s]—|2"/2¢|+1
x [(a+[2"t]) A [27t]) = (a+ [27s]) V ([27s])]

< (27" _ 1)! 2711/2 Z ‘p(a)’%fl} £2n/2tj 2n/2 { =C,2" n/2‘ L2n/2tJ 2n/23H
a€Z

S CL|272 | 2728 — ] + |t — 5| + |22 272s] — 5]) < Cr (2272 + |t — s|)
< 20,272 4 |t —s)),

with Cp = (2r — 1)! Z Ip(a)|* ! < 0o, hence (2.3.21) holds true.
a€’Z

(2) if s <t < 0: by the same argument as above

E[(W V() = W (s))?]

= B[V (—s) - WD ()2 < G272 1277%18)) — (27251 )
< Co(|27227218)) — 18] + |Ie] — Isl| + [277/2(27/2]s]) — Is]])

< Cr(227 4 It — |sl])

<2C,(277 4 ||t — Isl]) < 2C. (272 + |t — s)),

so that (2.3.21) holds true as well.
(3) if s < 0 < t: using the two previous inequality (point (1) and point (2)) one has

E[(WD(t) = W1 (s))?] < 2B[(WP V(1) = W =1(0))?]
+ 2B[(W D (s) = W =1(0))?]
<A4C (272 4 1) +4C,(27% + |8])
= 8C, 272 4 4C,(t + |s|)
= 8C, 272 4 4C, |t — s
< 8C, (272 + |t — ).
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This proves (2.3.21).
Now, let us go back to Vn(%_l). Observe that

n n

V(=1 (t) = Wwer=1 (mitJ’n)

and recall from [20, Lemma 2.3] that E[|Y7,,., , — Y (?)[] = 0 as n — oo for any ¢ > 0. We
deduce, combining these two latter facts with (2.3.21), that

V=D — w2 (yy) B0 asn - oo

n

But Y is independent from WT(LQPD so, from (2.3.20), it comes that

W Doy, 1<r < N)™S (02, 1BM oY, 1 <r < N), (2.3.22)

from which the desired conclusion (2.1.4) follows.

2.3.2 Proof of (2.1.5)

Recall the definition (2.1.3) and let us fix K = 3/4. First of all, let us apply Lemma 2.2.1.
Because 2r is an even number, we obtain that

Vé?r) (t) _ 2—3n/4 Z H2r(2nH/2(X(j+1)2*"/2 _ ijfn/Z))(Uj,n(t) + Djm(t)). (2.3.23)
JEZ

Set L, (t) = 27/ 2(Ujn(t) + D;n(t)), so that

V,rSQT) (t) — 2777‘/4 Z H2r(2nH/2 (X(j+1)2—n/2 - Xj27n/2)>£j7n (t)
JEZ

At this stage, to simplify the exposition, let us introduce the short-hand notation

Fix t > 0. In order to study the convergence in law of Vn(%) (t) as n tends to infinity, we
shall consider (separately) the cases when n is even and when n is odd.

When n is even, for any even integers n > m > 0 and any integer p > 0, by following
Nourdin and Peccati (see [27]) one can decompose v (t) as
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where
2 ) ) /2
— n n ;o—n
AR () = 27/ > Yo Hp(X{ = X)) (Lin(t) - LP(Y))
—P2M IS P22 (1)
2 o1
Bt = 2t 37 > Ha(x - XM)
—p2m/241<j<p2m/? i—(j—1)2" 7"
n/2 2 m/2
x (L2 (YY) - L] (Y))
2t 1
— ig—m/2
el =27t Sy Y Hy(x[ -x M)
—p2m/241j<p2m/? i:(j—l)Z%
DED 1) = 27 N Ho (X = X)L+ > Hap (X[ = X Lin(2).
i>p2n/2 i<—p2n/?

We can see that since we have taken even integers n > m > 0 then 27/2, 2°2" and 2"/2 are
integers as well. This justifies the validity of the previous decomposition.

When n is odd, for any odd integers n > m > 0 we can work with the same decomposition
for VTSQT)(t). The only difference is that we have to replace the sum 3 om/2, 1 cpom/2

2 2 2 .
in A&Z)L,p(t), Br(nsz,p(t) and C’T(nj}z,p(t) by Z_p27n2+1+1<j<p2mT+1. And instead of 37;- on/2 and

. (2r) . . .
> ic—pons2 I Dign p(t), we must consider Zi>p2 ng1 and Zkim ng1 respectively. The analysis
can then be done mutatis mutandis.

Let us go back to our proof. Firstly, we will prove that Ag,zl%p(t), Bﬁ,fj;{,,(t) and D%r%p(t)

converge to 0 in L? by letting n, then m, then p tend to infinity. Secondly, we will study the
convergence in law (in the sense f.d.d) of

(cr 1<r<N), (2.3.24)

m?”?p’

which will then be equivalent to the convergence in law (in the sense f.d.d) of

(V) 1<r < N).

n

We will prove that E[(Agf%,p(t))Q] — 0 as n — oco. We have, with p given by (2.3.17) (note

that Z |p(a)|*" < oo if and only if H < 1 — 1/(4r), which is satisfied for any r > 1 because
a€Z
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-ty > Y X smef )

,pzm/2+1<j<p2m/2 *pZm/2+1<j/<P2m/2 i:(jfl)Qn_Qm i/:(jlil)z%

x Hop (X)) = XUV E[(Lon(t) = L2 (V) (L (t) = L2 (V)] \

n—m

. . n—m
j27 2 -1 j'27 2 —1

< (2r)1273 3 3 > > pli—i)

—p2m/ 241 <P/ —p2 M ARG P22 (i 1y9 "™ ()2 T

i —n/2 i —n/2
ILin(t) = L (V)ll2 X |1 Lorn(t) = L2 (Y)l2,

where, in the first equality, we used the independence between X and Y. By the point 3 of
Proposition 2.2.2, we have

1Lin(t) — L2 (V) |l2 < 20274 K ||| L2 (V)15 (2.3.25)
On the other hand
i2—n/2 i2—n/2
L2 (V) [la < IL2 (V) = L2Y) |2 + [ LO(Y)] 2. (2.3.26)

By the point 2 of Proposition 2.2.2, we have

i2—n/2 o—n 1
1L (V) = LEY) |2 < g/ fil27/2 85 (2.3.27)

By combining (2.3.26) and (2.3.27), we get that |L2 " (Y)|l2 < p/]i] 2741 + || LO(Y)l5.
Since vVa+b < a4+ vb for all a,b > 0, we deduce that

i2-n/2 1/2 : -n 1/2
L2 (V)15 <l 427388 LY (v) |15, (2.3.28)

Finally, (2.3.28) together with (2.3.25) show that

1L () = L2 (V)2 < 20/ K [|a /30274 277313 V4 4 2| K |4 | LY (V) |15 *n2 /4,
(2.3.29)
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As a result,

N
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E[(AZ]) ,(6)?]

m,n,p

420\ p Y38 K |2 272 A2 > >

,me/2+1<j<p2m/2 7p2m/2+1<j/<p2m/2
n—m n—m
j2 2 -1 272 —1
2r|.-111/4
3 SO i -y
n—m n—m
i=(=1)2" 7" v=(j—1)2"2

1/25—nao—n
4(2r)! B K2 LY (Y )|y 222 8 >

—me/2+1<j<p2m/2

n—m

n—m
oy j'27 2 —1
. N\2r | :11/4
> > > pli =) lif"
_pm/2 1< <pam /2 4_(],71)2"‘*% i/:(j/71)2n‘72ﬂ

4(2r)! Vat BIKIGILOY) 2 2B Y

—p2m/2 41 <p2m/2

n—m
-1 427z -1

Z Z Z p(i_i/)2r|i/|1/4

_p2m/2+1<j/<p2m/2 i—(i—1 2n7m = —1 2n721n
J

42r) KLY L(Y) 1y 22 >

_pzm/Q_;’_lg]’gme/Q

n—m

i2 -1 2" 1
j J

> > > =i,

—PT ISP ()2 = (jr-1)2 "2

(2.3.30)

(2.3.31)

(2.3.32)

(2.3.33)

and we are thus left to prove the convergence to 0 of (2.3.30)-(2.3.33) as n — oo. Let us do it.

(a) We have

_p2m/2+1<j<p2m/2 _p2m/2+1<j/<p2m/2 i:(j—l)?nam i’:(j’—l)Qnam

p2n/2 1 p2n/2 1

Y Y s

7,——p2”/2 /:_an/Q

p2n/2—1
S S alir = Yt ),
i=—p2n/2 1 €L /€L

27" 3 > > Y, el

Since it is clear that the last quantity converges to 0 as n — 0o, one deduces that (2.3.33)
tends to zero.

(b) Since —

P22 41 <5 < p2™? and (5 — 1)272° < < j'2"2 —1, we deduce that

—p27? i < pQ”/2 1. So, |i'| < p2™/2. Consequently we have that |i'|'/* < p'/427/8,
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which shows that

n—m n—

0T 1 2" 1
J J

DY > DRSS

—P2m/2+1<j<p2m/2 —p2m/2+1§j/<p2m/2 i:(j*l)QEQﬂ i’:(j’*l)?tQﬂ

p(z . i/)2r|i/|1/4
n—m n—m
j2rT 1 T 1

<pfferm R 2 2 2

,pzm/2+1<j<p2m/2 7p2m/2+1<jl<p2m/2 i:(j—l)Qn_?m 7;/:(j/_l)2n—2m

p(z . ’i/)2T

and this last quantity converges to 0 by the same argument as above. This shows that
(2.3.32) tends to zero.

(¢) Following the same strategy as in point (b), one deduces that (2.3.31) tends to zero.
Details are left to the reader.

(d) By the same arguments as above, one can see that |i7/|'/* < p!/227/4. It follows that

n—m n—m
j2rT 1 2T 1

2 2 2. 2.
,p2m/2+1gjgp2m/2 7p2m/2+1<j/<p2m/2 i:(j71)2n—2m i’:(j’fl)Qn_Qm

. N2 200 11/4

pli — i) |id'|"/
m n—m

j2 2 -1 277 —1

<plfmt o 30 > 2 2
—me/2+1<j<p2m/2 —p2m/2+1<j’<p2m/2 i:(j—l)Q% i,:(j/_1)2n5m

plii— Y7,

which converges to 0 by the same arguments as above. Hence, (2.3.30) tends to zero.
The proof of E[(Agf%,p(t))ﬂ — 0 as n — oo is complete.

Now, let us prove the convergence of Bgﬁz,p(t) to 0 in L? as m — oo, uniformly in n. We

have

E[(BG) (1))

m,n,

jznfm_l j/2n7m_1

-y > 'y oy

,me/2+1<j<p2m/2 7p2m/2+1<jlgp2m/2 ’L'Z(j—l)z% 7;,:(.7,,_1)271—27)1

/2

(2r)p(i — )7 x BI(L2 (V) — L2 " o) @ ) - L))

By Proposition 2.2.2 (point 2) and Cauchy-Schwarz, there is a universal constant p such that
B () = L ooy ) - L )

< MQ\/Z\/’Z'Q—n/Q _ jz—m/QHi/Q—nﬂ _ j12—m/2‘ < MQ\/ZQ*W/Q.
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This yields
swp BB, ()} < p(2n)12 /2

p2n/2—1 p2n/2-1

Xsup 9 "/2 Z Z p(i —1')

74_7p2n/2 /_7p2n/2
< pPEr)27VEp Y p(i),
€7
which converges to 0 as m — oc.

Finally, let us prove that D,(n,zr,;p( t) converges to 0 in L? as p — oo, uniformly in m and n.
We have

E[(DS) ,(1))?]
- > BlHa (X[ = X)) Har(XG1) = X)L (0L (1)] - (23.34)
i>p n/2j>p2n/2
+227% 3 S BHa (X - X Hop (X[ - X1) (2.3.35)
i>p2n/2 j<—p2n/2
Xﬁi,n(t)ﬁjm(t)]
P Y Bl - X)X - X) (2336)
i< p2n/2‘7< pzn/Q
X Lin(t)Ljn(t)],

and we are thus left to prove the convergence to 0 of (2.3.34)-(2.3.36) as p — oo, uniformly in
m and n. Let us do it.

(a) We have

’3 S E[H (X~ XY o (X~ X)L () Lg0(1)]

i>p2n/2 j>p2n/?

. ] Y Y B[Hn (X - X Hy (X, X))

i>p2n/2 j>p2n/?

X B [Lin(t) £ (1)]

— 27~ 19— 3 Z Z 2TE' ,Cl,n(t)[,j,n(t)]

7,>]32”/2 J>p2”/2

where, in the second equality, we used the independence between X and Y. It is enough
to prove that, uniformly in n and m, and as p — oo:

277 > Y p(i— ) E[Lin(t)Lin(t)] — 0. (2.3.37)

'L>p2"/2 J>p2"/2

We can write
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i>p2n/2 j>p2n/?

—27% E[Lin®)?] > pli—j§)*
i>p2n/2 j=p2n/?

<273 E[Lin()?] Y p()" =C27% Y E[Lin(t)’]
i2p2”/2 JEZ i}pQ”/Q

where C, := Z p(j)*" < co. By the third point of Proposition 2.2.2, we have
JEZ

Cin(®)] < L (V) + 2Kn2 /4 [ L2 ()
so that
B[Lin(t)") <2E[LP (V)] + 80227 2| K22 L (V)2 (2.3.38)

On the other hand, thanks to the point 1 of Proposition 2.2.2, we have

o 9—n/2)2
B[ () < Cresp (— 20 (2.3.39)
Consequently, we get
jo—n/ i2—n/2 2
LW < O e (— 2T (2.3.40)

By combining (2.3.38) with (2.3.39) and (2.3.40), we deduce that

(,L'Q—n/2)2

272 > E[(Lin(t)?] <2027 > exp (- =

izp2n/2 i>p2n/?

+ 801/2751/2”}—(2”2”22—71/2

i—n/2 2
x 27 "/2 Z exp(—u).

4t
i>p2n/2
But, for a € {2,4},
j21/2)2 00 2
O S e Py L PR
> e (- ) < [ oy (e

i}pQ”/Z

This proves (2.3.37). Hence, we deduce that (2.3.34) converges to 0 as p — oo uniformly
in n and m.
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(b) Following the same strategy as in point (a), one deduces that (2.3.35) and (2.3.36)
converge to 0 as p — oo uniformly in n and m. Details are left to the reader.

This shows that Dgz,p(t) converges to 0 in L? as p — oo, uniformly in m and n.

To finish our proof of (2.1.5), it remains to prove that, by letting n, then m, then p tend
to infinity, we get

o0
{Cg;;p(t), 1<r< N}t>0 fdd. {O’QT/ L¥(Y)dBW 1 1<r < N} . (2.3.41)
> —0 t=0
Since H < 3/4, we claim that, as n — oo,
2T 1
(2—"/4 S Hp (X -X), 1<r <N —p2241< < p2m/2) 1% (2.3.42)
i=(j—1)2" 2
<agr<B§§L>2_mm “BY ) I<r SN2 1< < p2m/2)
where (B, ... BW)) is a N-dimensional two-sided Brownian motion.

Indeed, it is clear, using the self-similarity property of X, that the convergence in law of

2T o1
<2n/4 S H (X - XM 1< <N 22 11 <G < 2! 2)
i=(-1)2" 2"

is equivalent to the convergence in law of

2T o1

n—

i=(j-1)2"

3

Then, Breuer-Major Theorem 2.2.3 applies and yields that, as n — oo and for any fixed
1<r <N,

j2n‘72ﬂ71 1
(2_71/4 Z HQT(Xi+1 - X’L) : —p2m/2 + 1 <] < p2m/2> ﬂ)
i=(j-1)2" 2"

In addition, from Peccati-Tudor Theorem 2.2.4 and taking into account the orthogonality of
Hermite polynomial with different orders, we deduce (2.3.42). (The detailed proof of this
result is similar to the proof of (2.3.20)).
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As a consequence of (2.3.42), and thanks to the independence of X and Y, we have that
as n — oo,

{C(Z’“) 1), 1<r< N} fdd

m?”?p

t>0
p2m/2
jg—m/2 )
o Y B OBy = Bl 1S SN
j=—p2m/2+41 0

Since, for any fixed t > 0 and 1 < r < N and as m — oo,

pzm/Z »
j2—m/2 T T P T r
S OBy~ B ) D [ LEBD,
j=—p2m/2+1 P

P
and since / L¥(Y)dBM il / L¥(Y)dB") as p — oo, we deduce finally that by letting m,
- R

P
then p tend to infinity, we get

p2m/2
A2,m/2 (,’,,) (7") f.d.d.
02r Z Lg (Y)(B(]+1)2 m/2 szfm/2)7 1 ST < N —
j=—p2m/2+41 >0
[e.e]
{O’Qr/ L¥(Y)dB) : 1< r< N}

—00 =0
This proves (2.3.41), and consequently (2.1.5).
2.3.3 Proof of Corollary 2.1.2
Let us decompose zP in terms of Hermite polynomials. We have af = Zap Hy(x), where

a, ; is some (explicit) integer. To calculate ap, let N be a centred Gaussmn variable with
variance one. We have

NP =", H(N). (2.3.43)

Thanks to the orthogonality property of Hermite polynomials with different orders and to the
well known fact that E[Hy(N)?] = k!, we get

ap = EE[Nka(N)] (2.3.44)
On the other hand (see, eg., [28] page 19) we have, for all £ > 1
Lk/2]
k(1) k2l
_ 2.3.45
Z Ik —2l) Wk — 202" ( )

By combining (2.3.44) with (2.3.45), we deduce that

Lk/2]
app= > (_71)ZE(NP+’“*21) (2.3.46)
PR L (ke — 201 ‘ e
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Thus,
Lk/2] (=14 (p+k—21)! " dk ad
B0 a2 (k2 1L pand i are o
Ay = Lk/2] (=)l (p+k—21)! . .
p,k =0 l!(k_2l)!2l2p+k72l Ty if p and k are even
0 otherwise

As a result, we deduce that if p is odd, then

lp/2]+1
P = Z apgk,ngk,l(a:), (2.3.47)
k=1

whereas if p is even, then

p/2
2 = " aponHon(z), (2.3.48)
k=0

Finally, thanks to (2.3.47), (2.3.48), Theorem 2.1.1 and the Continuous Mapping Theorem,
we deduce the content of Corollary 2.1.2.



Chapter 3

An Itd’s type formula for the fBmBt
in dimension 1

In this chapter we present the results obtained in: I. Nourdin and R. Zeineddine, “An It6-type
formula for the fractional Brownian motion in Brownian time”, Electron. J. Probab. 19 (2014),
no. 99, 1-15.

3.1 Introduction

If f: Ry — Ris C! then f(t) = ) + fo f/(s)ds for all t > 0 whereas, if W is a standard
Brownian motion and if f: R — R is 6’2 then, by the 1to’s formula,
f(w, / f(Wo)d W+ = / (W, t>0. (3.1.1)
In (3.1.1) the It6 integral, namely
|27¢) -1
; X d7Y, = lim Z Xpg—n (Yig1)2-n — Yio-n), (3.1.2)

is of forward type. It is well-known that the additional bracket term 5 fo 1" (Ws)ds appearing
in (3.1.1) comes from the non-negligibility of the quadratic variation of W in the large limit;
more precisely,

[27t]—1
Z (W(k+1)2—" — sz—n)2 E) t asn — oo. (313)
k=0

Introducing a family {B"} He(0,1) of fractional Brownian motions parametrized by the
Hurst parameter H may help to reinterpret (3.1.1) in a more dynamical way. Let us elaborate
this point of view further. Recall that B7 is nothing but the standard Brownian motion,
whereas B! is the process B} = tG,t > 0, G ~ N(0,1). The extension of (3.1.3) to any
H € (0,1) is well-known: one has

127t 1
on(2H—-1) Z (Bgﬂ)zw —Blg,n)2 2%t asn — oo. (3.1.4)
k=0

23
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Based on (3.1.4), it is then not difficult to prove the following two facts:

1. f H> % and f: R — Ris C? (actually, C! is enough), then fg f/(BH)d~BH exists as
a limit in probability and we have

f(BH /fBHd BHE t>o.
2. If H <}, then

t
/deBf:—oo a.s.,
0

meaning that there is no possible change-of-variable formula for f(z) = 22

Thus, H = % appears to be a critical value for the change-of-variable formula involving the
forward integral (3.1.2). This is because it is precisely the value from which the sign of 2H —1
changes in (3.1.4). The chain rule being (3.1.1) in the critical case H = 3, one has a complete

picture for the forward integral (3.1.2).

To go one step further, one may wonder what kind of change-of-variable formula one would
obtain after replacing the definition (3.1.2) by its symmetric counterpart, namely

. -1
/0 XY 3 g L (Xpan + Xpryp) (Ve — Yion) (3.1.5)

(provided the limit exists in some sense). As it turns out, it is arguably a much more difficult
problem, which has been solved only recently. In this context, the crucial quantity is now the
cubic variation. And this latter is known to satisfy, for any H < %,

[27t]—1
onBH=3) § (B 1yp-n — Bfb-)? B N(0,0%) asn — oo (3.1.6)
k=0

With a lot of efforts, one can prove (see [9, 13] when H # % and [30] when H = 1) the
following three facts, which hold for any smooth enough real function f: R — R:

1. If H > % then fg f/(BHE)d°BY exists as a limit in probability and one has

f(Bf /f (BHd°BE, t>0. (3.1.7)

2. It H = 1 then fo BG)dOBS6 exists as a stable limit in law and one has, with W a

standard Brownian motion independent of Bs and K3 ~ 2.322,

f(B; % = /f d"BG—/ F"(Bs)dW,, t>0. (3.1.8)
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3. If H < L then

t
/ (BIY24° BH does not exist in law. (3.1.9)
0

Thus, as we see, the critical value for the symmetric integral is now H =
value of H from which the sign of 3H — % changes in (3.1.6).

%; it is exactly the

In [5, 6] (see also |7]), Burdzy has introduced the so-called iterated Brownian motion. This
process, which can be regarded as the realization of a Brownian motion on a random fractal,
is defined as

Zy=X(Y), t=0,

where X is a two-sided Brownian motion and Y is a standard (one-sided) Brownian motion
independent of X. Note that Z is self-similar of order % and has stationary increments; hence,

in some sense, Z is close to the fractional Brownian motion B4 of index H = i. As is the case

for B i, Z is neither a Dirichlet process nor a semimartingale or a Markov process in its own
filtration. A crucial question is therefore how to define a stochastic calculus with respect to it.
This issue has been tackled by Khoshnevisan and Lewis in [20, 21], where the authors develop
a Stratonovich-type stochastic calculus with respect to Z, by extensively using techniques
based on the properties of some special arrays of Brownian stopping times, as well as on
excursion-theoretic arguments. See also the paper [27] which may be seen as a follow-up of
[20]. The formula obtained in |20, 21| reads, unsurprisingly (due to (3.1.7) and the similarities
between Z and Bi) and losely speaking, as follows:

f2)= 10+ [ F(z)wz, >0 (31.10)

The change-of-variable formula (3.1.10) is of the same kind than (3.1.7). In view of what
has been done so far for the fractional Brownian motion B aiming to provide an answer to
the following problem is somehow natural: can we also reinterpret (3.1.10) in a dynamical way,
in the spirit of (3.1.7), (3.1.8) and (3.1.9)? To this end, we first need to introduce a family
of processes that contains the iterated Brownian motion Z as a particular element. The
family consisting in the so-called fractional Brownian motions in Brownian time, introduced
in chapter 1, does the job. More specifically, it is the family {Z} He(0,1) defined as follows:

zI = X" (yy), t=o0,

where X' is a two-sided fractional Brownian motion of index H and Y is a standard (one-
sided) Brownian motion independent of X. Roughly speaking, in the present chapter we are
going to show the following three assertions (see Theorem 3.2.1 for a precise statement): for
any smooth real function f: R — R,

1. IfH>%then

t
£z = £(0) + /0 fzhaezl, 1o
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2. If H= % then, with k3 >~ 2.322,

1 ¢ 1 1 ¢ 1 1
f(z8) —f(0)+/f;/ f"(Z8)d3Z$ :/ fl(z&a°zs, t>0. (3.1.11)
0 0

Where, we have, for all £ > 0,

¢ 1 1 \C 1
/ f”/(ZSG )d03 Zs6 = f///(XSG )dWS,
0 0

where W is a two-sided Brownian motion independent of the pair (X %,Y) defining Z 5.

3. If H < ¢, then
¢
/0 (ZE)2d°ZH does not exist.

The formula (3.1.11) is related to a recent line of research in which, by means of Malli-
avin calculus, one aims to exhibit change-of-variable formulas in law with a correction term
which is an Itd integral with respect to martingale independent of the underlying Gaus-
sian processes. Papers dealing with this problem and which are prior to our work include
[8, 15, 14, 16, 25, 29, 30]; however, it is worthwhile noting that all these mentioned references
only deal with Gaussian processes, not with iterated processes (which are arguably more dif-
ficult to handle).

A brief outline of the chapter is as follows. In Section 2, we introduce the framework in
which our study takes place and we provide an exact statement of our result, namely Theorem
3.2.1. Finally, Section 3 contains the proof of Theorem 3.2.1, which is divided into several
steps.

3.2 Framework and exact statement of our results

For simplicity, throughout the chapter we remove the superscript H, that is, we write Z (resp.
X) instead of ZH (resp. XH).

Let Z be a fractional Brownian motion in Brownian time of Hurst parameter H € (0,1),
defined as

Zy=X(Y;), t>=0, (3.2.12)

where X is a two-sided fractional Brownian motion of parameter H and Y is a standard
(one-sided) Brownian motion independent of X.

The paths of Z being very irregular (precisely: Hélder continuous of order « if and only
if «v is strictly less than H/2), we will not be able to define a stochastic integral with respect
to it as the limit of Riemann sums with respect to a deterministic partition of the time
axis. However, a winning idea borrowed from Khoshnevisan and Lewis [20, 21] is to approach
deterministic partitions by means of random partitions defined in terms of hitting times of
the underlying Brownian motion Y. As such, one can bypass the random “time-deformation”
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forced by (3.2.12), and perform asymptotic procedures by separating the roles of X and Y in
the overall definition of Z.

Following Khoshnevisan and Lewis |20, 21|, we start by introducing the so-called intrinsic
skeletal structure of Z. This structure is defined through a sequence of collections of stopping
times (with respect to the natural filtration of Y'), noted

T ={Tpn:k>0}, n=>1, (3.2.13)

which are in turn expressed in terms of the subsequent hitting times of a dyadic grid cast on
the real axis. More precisely, let 2, = {j2~/2: j € Z}, n > 1, be the dyadic partition (of
R) of order n/2. For every n > 1, the stopping times T}, ,,, appearing in (3.2.13), are given by
the following recursive definition: Tj , = 0, and

Tip=inf{s>Tp 1, : Y(s) € D \{Y (Th-1,)}}, k=1

Note that the definition of T}, ,,, and therefore of .7,, only involves the one-sided Brownian
motion Y, and that, for every n > 1, the discrete stochastic process

Yy = {Y (Tyn) : k > 0}

defines a simple random walk over Z,. As shown in [20, Lemma 2.2|, as n tends to infinity
the collection {T}, : 1 < k < 2"t} approximates the common dyadic partition {k27" : 1 <
k < 2™t} of order n of the time interval [0,¢]. More precisely,

sup ‘T@nsjvn - s‘ — 0 almost surely and in L?(Q). (3.2.14)

0<s<t
Based on this fact, one may introduce the counterpart of (3.1.5) based on .7, namely,

|27¢]—1

Va(fit) = >

k=0

(f(ZTk,n) + f(ZTk+1,n))(ZTk+l,n - ZTk,n)' (3'2'15)

N | —

Let Cp° denote the class of those functions f : R — R that are € and bounded together
with their derivatives. We then have the following result.

Theorem 3.2.1 Let f € C;° and t > 0.

1. IfH > % then

1z~ 10 = [ 1)z, (3:2.16)

where fot 11(Zs)d° Zs is the limit in probability of V,,(f',t) defined in (3.2.15) as n — oo.

2. If H= % then, with k3 ~ 2.322,

K ! aw ! / o]
f(Zt)—f(o)+1§/0 1 z)d%z, ") /Of(Zs)d Zs. (3.2.17)
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Here, [, f'(Zs)d°Zs denotes the limit in law of Vi (f',-) defined in (3.2.15) as n — oo
(its existence is part of the conclusion). Moreover, we have, for all t > 0,

t Y:
/0 f///(Zs)dOSZs :_/O f”/(Xs>dWs,

where W is a two-sided Brownian motion independent of the pair (X,Y") defining Z, and
where the integral with respect to W is understood in the Wiener-Ito sense.

3. If H < § then

Vi(z — 22, t) does not converge, even stably in law. (3.2.18)

This means that there is no way to get a change-of-variable formula for f(x) = x3.

3.3 Proof of Theorem 3.2.1

3.3.1 Elements of Malliavin calculus

In this section, we gather some elements of Malliavin calculus we shall need thoughout the
proof of Theorem 3.2.1. The reader already familiar with this topic may skip this section.

We continue to denote by X = (X})icr a two-sided fractional Brownian motion with Hurst
parameter H € (0,1). That is, X is a zero mean Gaussian process, defined on a complete
probability space (2, o7, P), with covariance function,

1
Cy(t,s) = E(XX;s) = 5(\5\2H + |t|2H — |t - s|2H), s,t e R.

We suppose that & is the o-field generated by X. For all n € N*, we let &, be the set of step
functions on [-n,n], and & := U,&,. Set & = 1oy (vesp. 1y ) if £ > 0 (resp. ¢ < 0). Let
J be the Hilbert space defined as the closure of & with respect to the inner product

(&.&)w = Ch(t,s), s, teR.

The mapping & — X; can be extended to an isometry between .7 and the Gaussian space
H; associated with X. We will denote this isometry by ¢ — X ().
Let .# be the set of all smooth cylindrical random variables, i.e. of the form

F=0¢(Xy,....Xy),

where [ € N*, ¢ : Rl — R is Cp° and t; < ... < t; are some real numbers. The derivative of F
with respect to X is the element of L?(Q, 7#) defined by

l

D,F = . %(th, "'7th)£ti (8)’ s €R.

In particular Dy X; = &(s). For any integer k > 1, we denote by D*2 the closure of the set of
smooth random variables with respect to the norm

k
||FHi2 = E(FQ) + ZE[”D]FH?%&@]'
Jj=1
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The Malliavin derivative D satisfies the chain rule. If ¢ : R* — R is C,} and if Fy,..., F, are
in D52, then ¢(FY, ..., Fy,) € DY? and we have

n
)
D@(Fi, ... Fp) = > 22 (Fy, ..., F) DF;.

We have the following Leibniz formula, whose proof is straightforward by induction on q. Let
@, € Cf (¢ >1), and fix 0 < u < v and 0 < s < t. Then o(X; — X)¢(Xy — X,) € D¥? and

q

D (p(Xe = XY (Xy — Xu)) = ) (Z) P (X, — X)) (X, — X,)189, @150,
a=0

(3.3.19)

where ® stands for the symmetric tensor product. A similar statement holds for u < v < 0
and s <t <0.

If a random element v € L?(€2, 5#) belongs to the domain of the divergence operator, that
is, if it satisfies

|E(DF,u) | < cy\/E(F?) for any F € .F

then I(u) is defined by the duality relationship

E(FI(u)) = E((DF,u)»),

for every F' € D2,

For every n > 1, let H,, be the nth Wiener chaos of X, that is, the closed linear subspace
of L*(Q, </, P) generated by the random variables { H,,(B ( ), h € A, ||h||» =1}, where H,
is the nth Hermite polynomial. The mapping I,,(h®™) = H,,(B(h)) provides a linear isometry
between the symmetric tensor product " and H,. For H = %, I, coincides with the
multiple Wiener-1t6 integral of order n. The following duality formula holds

E(FI(h)) = E((D"F,h) yen), (3.3.20)

for any element h € s#®" and any random variable F' € D™2,

Let {ex, k > 1} be a complete orthonormal system in . Given f € #®" and g € H#°™,
for every r = 0,...,n A m, the contraction of f and g of order r is the element of F#®+m—2r)
defined by

e}

f®rg: Z <f,€k1 ®-~®€kr>%®T®<gaek1 ®...®6kT>jf®r.
ki,...kr=1

Note that f ®, g is not necessarily symmetric: we denote its symmetrization by f®,g €
20+ m=2r) Binally, we recall the following product formula: if f € #°" and g € O™
then

In(f)Im(g) = nAZmr! <n> (T) Insm—2r(f®rg). (3.3.21)

r
r=0



60 CHAPTER 3. PROOF OF THEOREM 3.2.1

3.3.2 Notation and reduction of the problem

Throughout all the proof, we shall use the following notation. For all k,n € N we write

Cpomre = 1[0,1@2771/2}, 5,;2%/2 = 1[,,62771/270},
Opg-—nsz = 1[(1@—1)2*”/2,1@2*"/2}7 5;;2—n/2 = 1[—k2*”/2,(—k+1)2*”/2}'
Also, (+,-) (]| - ||, respectively) will always stand for inner product (the norm, respectively) in

an appropriate tensor product J#%%.

In the sequel, we only consider the case H < % The proof of (3.2.16) in the case H > %

is easier and left to the reader, whereas the proof when H = 1 was already done in [20, 21]

2
by Khoshnevisan and Lewis.

That said, we now divide the proof of Theorem 3.2.1 in several steps.

3.3.3 Step 1: A key algebraic lemma

For each integer n > 1, k € Z and real number ¢t > 0, let Uj;,(t) (resp. Dj,(t)) denote the
number of upcrossings (resp. downcrossings) of the interval [j27"/2, (j 4+ 1)27"/?] within the
first [2"t] steps of the random walk {Y (T} ,,)}r>0, that is,

Uin(t) =#{k=0,...,[2"] — 1:

Y (Thp) =527"% and YV (Thy10) = (5 +1)2772);
Dj,(t)=#{k=0,...,[2"] — 1:

Y (Thp) = (G +1)27"2 and Y (Thi1,) = 5272}

While easy, the following lemma taken from |20, Lemma 2.4| is going to be the key when

studying the asymptotic behavior of the weighted power variation Vn(%_l)(f, t) of odd order

2r — 1, defined as:

|27t]—1
Ve = Y %(f(ZT,M) + f(Zre0,)) (Zn, = Z0, ) £20.
k=0

Its main feature is to separate X from Y, thus providing a representation of VTSQT_I)(f, t)
which is amenable to analysis.

Lemma 3.3.1 Fiz f € C}°, t > 0 and r € N*. Then

V& D(f.1)
B ge%; (f(XjT%) + f(X(jH)T%)) (X(j+1)2*% - XjT%)QT_I(UJV"(t) — Dialt).

Observe that Vrfl)(f, t) = Vo(f,t), see (3.2.15).
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3.3.4 Step 2: Transforming the weighted power variations of odd order

By |20, Lemma 2.5], one has
1{0<j<j*(n,t)} if j*(n,t) >0
Ujm(t) — Djm(t) = 0 if j7*=0 ,
—1grmp<j<oy  if 5 (n,1) <0

(2r-1)

where j*(n,t) = 2”/2YTL2,”J As a consequence, Vn (f, t) is equal to

—nH(r—1 n,t)—1 n, n,+y2r—1 ek
pnittra) J (0 o l(f(XJ; n/2)+f( (j+1)2— w2)) (Xj.:{ - X +) if j*(n,t) >0

0 if j* =0
— - —\2r—1 .
27 =) G L (P (X )+ FX ) (KT = X70)0 i 5 (nt) <0
where X5 := X, for t > 0, X7, := X; for t < 0, X;"" .= 2"H/2x}F  for t > 0 and
XM =22 w2y Tor t < 0.

Let us now introduce the following sequence of processes ny;ﬁl), in which H,, stands for
the pth Hermite polynomial:

|27/2t| -1
(2r-1) . 1 + + n,+ n,x
W = 2; ST, )+ XD e Hara (X = X55), 20
]:

(2r-1) .
. WD) ittt >0
”752 1)(f7 t) _ —é_jrfl)(f ) . )
W (f,—t) ift<0

—-n

We then have, using the decomposition z?"~! = Y7 a, Hy_1(x) (with a,, = 1, which is
the only explicit value of a;, we will need in the sequel),

Vn(2T_1)(f, t) = —nH(r— *)Za lw(Ql 1)(f’YTL2"tJ ). (3.3.22)
=1

3.3.5 Step 3: Asymptotic behaviour of Wﬁ:; 2 (f, )

We have the following proposition :

Proposition 3.3.2 If H € (%, %) if 1 > 2 then, for any f € C;° and as n — oo,

(Xt,r"/‘*Wﬁ;‘”(f,t)) LN (Xt,w . / F(XE) dWi> : (3.3.23)
t=0 t=0

=

where Ko,_1 1S some positive constant depending on the order of the Hermite polynomial Hop_1,
Wt =Wiift >0and W, = W_; if t <0, with W a two-sided Brownian motion independent
of X, and where fo XjE AW must be understood in the Wiener-Ito sense.

Note that in the boundary case r = 2 and H = %, (3.3.23) continues to hold, as was shown in
[30, Theorem 3.1].

In the case r = 1, it was shown in [26, Theorem 4| (case H > #) and [30, Theorem 2.13|
(case H = %) that, for any fixed ¢t > 0, the sequence Wj(tlzl( f,t) converges in probability (when
H > %) or only in law (when H = %) to a non degenerate limit as n — oc.
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Proof.

In all the proof C' shall denote a positive, finite constant that may change value from line
to line. In what follows we may study separately the finite dimensional convergence in law of
(X,2™ ”/4W 2r 2 (f, ), 27 n/4py G 2T 2 (f, )) when n is even and when n is odd. For the sake
of sunphc'lty, we will only con81der the even case, the analysis when n is odd being mutatis
mutandis the same. So, assume that n is even and let m be another even integer such that
n = m = 0. We shall apply a coarse graining argument. We have

[2m/2¢] ot

WDy = 2 Z Z 2(f(Xﬂ; ) FIXE ) (3324)
j=(i-1)2" 7"
X Hyp_y (X7 — XI7F)
[27/2¢) -1
b S L) H I e (3325)

j=|2m/2t 2"

x Hop (X[ — X5).

Observe that 272 is an integer precisely because we have assumed that n and m are even
numbers. We have

(3.3.24) = AL () + B (1) + CF,(t)

where
L2m/2tJ1
AL (1) = 27/ > §(f(X£_m/2) f(X(fH)g my2))
i=1
XY Hy (X - XT)
j=(i-1)2" 7"
l2m/2t] T 1
Bim(t) = 27/ Z 2(f(X(i+1)2 n/2>_f(X(f+1)2 m/2))
j=G-1)2"2"
xHar1 (X1 = X5
l2m/2t] ot 1
Cim(® = 270 3 > 5 (T s) = F(X55 )

j=(i-1)2"7"

><H2T_1(Xf+jf - X]n i)

Here is a sketch of what remains to be done in order to complete the proof of (3.3.23).
Firstly, we will prove (a) the finite dimensional convergence in law of (X, A} ., A, ) to
(X, [y f(XH)aw i, [ f( W) as n — oo and then m — oo. Secondly, we will show that
(b) B, (t ) converges to O in L2(Q) as n — oo and then m — oo. By applying the same
techniques, we would also obtain that the same holds with C’fim(t). Thirdly, we will prove
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that (c) (3.3.25) converges to 0 in L?(f2) as n — oo and then m — co. Once this has been
done, one can easily deduce the fdd convergence of (X 2~/ 4W§_%2_1)( i),

2_"/4W£27;_1)(f, ) to (X, Jo F(XHdW, [o f( W) as n — oo, which is equivalent to
(3.3.23).

(a) Finite dimensional convergence in law of (X, A} A~ ). Fix m. Showing
the fdd convergence of (X, A}, A, ) as n — oo can be easily reduced to checking the fdd
convergence of the following random-vector valued process:

22 —1
<Xx tr>0,27 > Hy (X - X)),
j=(—-1)2" 2
701
2t N Hy g (X5 - X)) 1<i< L2m/2tj>.

j=(i-

Using (2.3.42) in chapter 2 and Peccati-Tudor Theorem (see, e.g., [28, Theorem 6.2.3]), we
have

2 7" 1 2 7" 1
- + 7+ - ’ T .
(2 My Hor 1 (X0 = X75), 2700 Hyr 1 (X = X707
j=(i-1)2" 2" j=(i-1)2" 7"

1<i< L2m/2tj> Lo

(M’"I(WJH)TW = Wigms2), Rar—1 (Wi yg-mz = Wigomye) 11 <0< L2m/2ﬂ>

where W is a two-sided Brownian motion, and we have set W," := W; and W, := W_, for
any t > 0. Moreover, ko1 := +/(2r — D)1, .5 p(a)2 T with p(a) = L(Ja+1*" +|a— 1?7 —
2|a|?#). Since E[Xngr_l(X]”j X?’i)] = 0 when 7 > 2 (Hermite polynomials of different
orders are orthogonal), Peccati-Tudor Theorem applies and yields

22 —1
D S ]
j=(i—1)2" 2"
2" 1

2/t N Hy (X - XPT) i 1<ig L2m/2tj) Ldd

j=(-1)2" 7"

(Xa: c x>0, ko (W

+ - _
(irny2-m/2 = Wigomya)s k2r—1 (W, W

(i-+1)2-m/2 i) :
1<i< L2m/2tj>,

with W is independent of X (and independent of Y as well).
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We then have, as n — co and m is fixed,

(X, A Ap ) 225
2720 f(X] )+ (X )
i2—m/2 (i41)2—m/2
(X, R2r—1 Z ( 9 + ) >(W(J{+1)2 m/2 Wg_m/z)a
i=1
2 (X ) + (X )
i2—m/2 z+1)2 m/2 _ _
R2r—1 ( ) >(W(i+1)2m/2 WZQ m/2)>
=1

One can write

Rl (X ) + F(X )
i2—m/2 (i+1)2—m/2
3 ( ) ) W s — W) = KE() + T (D),
i=1
with
[2m/2¢]
KT:FL( ) = Z f Z2 m/2 Z+1)2 m/2 le2: m/2)
LWQ” X ) = F(X5 o)
+ (i+1)2-m/2 i2—m/2 + i
i=1

t
It is clear that K= (t) prob / f(XE)dWZE, as m — oo. On the other hand L (t) converges

0
to 0 in L?(Q) as m — oo. Indeed, by independence,

E[L5 ()] (3.3.26)
m/2 + + + n
\_QZU s |:< X Z+1)27m/2) — f(Xi2m/2>> <f(X(j+1)2m/2) - f(Xij/2>>:|
2 2
1,j=1
+ +
X E|:(W( +1)2 m/2 W2 m/2)(W(:;+1)2—m/2 W2 m/2):|
L2m/2tJ f(X:I: ) _ f(Xj: ) 9
— (i+1)27'm/2 2—m/2 n 9
B Z E[( 2 ) ] XE[(W( i+1)2—m/2 sz m/2) ]
=1
(2724
—m 9
=27/ Z E[f/(X9 ) (X(j;_l)g m/2) - Xg—m/z) :|7 (3.3.27)
=1

where 0; denotes a random real number satisfying i27™/2 < 6; < (i + 1)27™/2. Since f € C§°
and by Cauchy-Schwarz inequality, we deduce that

[2m/2¢] REE
—m/2 + +
(3.3.27) < Cy2 4 E : E|:(X(i+1)2m/2) o XiQ*m/2) }
i=1

= Cp27m/2 |22 |27 /3 < Cp2mm Y,
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from which the claim follows. Summarizing, we just showed that

(X, A Ar ) S (X gy / FXHAWS, Koy / FXT)aWy)
0 0

as n — oo then m — oo.

(b) B, (t) converges to 0 in L?(2) as n — oo and then m — oo.

With obvious notation, we have that

LQm/QtJ 12 2 —
BE, (t)=2""* Z Z AZ’]mf(Xi)ng,l(X?fl —- X[,
j=(i— 1)2

We will only prove the convergence to 0 of B, (t), the proof for B, ,,(t) being exactly the
same. Using the relationship between Hermite polynomials and multiple stochastic integrals,

namely H, (2%11’/2()((++1)2 iz — ngfm)) onrH/2 (5?11)2 ./2), We obtain, using (3.3.21)
as well,
E[(B} ()] (3.3.28)
L2m/2tJ 1,2” 1 L2m/2tJ i 2 2 _
S TR VI VD S Ol
7( ) n— ’NL / (Z/ 1) 77L
2r—1

2r — n,m n,m ®R((2r—1-1 ®R((2r—1-1
Z l'< ) [Ai,j f(X+)Ai/7j/f( )IQ(Qr 1)— 2l(5( :_1)2 n/)2®5( $+1)2 n32)j|

n—

[2m/2¢] ™21 |2™/2¢) 2t T o1 2r—1

a%r 2—n/22nH(2r 1) Z Z Z Z le

—m =1
2r —1\?
l

j=(i-1)2 y=-1)2"2
2r—1 1 2
_ @2 o-n/2gnH(- 1)2;:( z ) OFL (1), (3.3.20)

n,m
=0

N

(+1)2 n/2 (/+1)2 n/2

E[AZ}mf(XJr)AZZ?}f(XﬂIg(zrfl),Ql(5®(2’" 1-]) & s@(2r—1-1) )}'

l
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with obvious notation. Thanks both to the duality formula (3.3.20) and (3.3.19), we have

oD (i, 4, 5)

n,m n,m ®R(2r—1-1 ®R((2r—1-1
= E[Ai,j f(X )Az‘gj/f(X )I2(2r 1)— 2l(5( :_1)2 n/)2®5( £+1)2 7132)]

I
=

[<D2(2H‘”(A“’mﬂX*)A?i?f( )58 B )]

( +1)2 n/2 ( /+1)2 n/2
1 . a —+ a + ®a
- Z Z 27’ 1-1) |:<(f( )(X(] +1)2— "/2)6(]+1 o-n/2 f( )(X(Z'+1)2—m/2) (i+1)2—m/2)
2(2r—1-1)—a + ®(2(2r—1-1)—a) 22r—1—1—a +
®(f( ( ) )(X(J +1)2 n/2)€(j/+1)2—n/2 - f( ( ) )(X(l +1)2 m/2)

2(2r—1-l)—a) ®(2r—1-1) ®((2r—1-1)
5(z 4+1)2-m/2 ) 5(]+1)2 n/2®5( 141)2- n/2>]

The term O} 2 1 (¢) in (3.3.29) can be bounded by

1 .
1 Sup ) E(|f(Xz) - f(Xy)|2) Z ‘(5(j+1)2—n/25 5(j/+1)2—n/2>’2 L
|z—y|<2—™/ §.5'=0
(3.3.30)
Observe that
Lgm/%p%—l
2r—1
Z ‘(5(j+1)2—n/2;5(j/+1)2—n/2>‘ (3.3.31)
7,j'=0
l2m/2¢ 2" 1 1
—(2r—=1)n . . . . . . 2r—1
= 2 G T S P 1 1P 20— )

7] _0

l2m/2t 2" —1

< 2—(2T—1)nH Z Z ‘ 27"—1

qEZ
< CH2n(%—(2r—1)H)t7

with p(q) == 3(|g + 1|*# + |g — 1*# — 2|¢|*!"). Note that > gez lp(q)|*~1 < Cp since H <
(3.3.31) in (3.3.30) we deduce that

1
OF &1 < {Cr2" G~ DMy sup  B(IF(X,) — £(X,)P). (3:3.32)

|z—y|<27m/2

In order to handle the terms O,T,ln(t) in (3.3.29) when 0 < [ < 2r — 2, we rely to the
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decomposition
b5 (0,1, )
2(2r—1-1)
- i( 2) (2(27' ; 1-— )‘E X(J;Hp n/2)f(2(2r_1_l)_a)(X(—;‘/J,-l)Q*n/?)]|
=
X(E2 1 1mna @8 iy 0 e )]
+2(2§_“ (2(27‘;1 >|E F@(x t )1 “)(XJ - )]
a=0
[T it T A RIVA=L ]
2(2r—1-1)
N % (2(2:1 >|E O 1y ) [CCID(XE )|
X (€2 mna@E 0 e )]
+2(2rz§l> (2(27‘;1 >|E £ (x t e m/Z)f(2(2r_1_l)_a)(Xa+1)2 )l
a=0

®a ®2@2r—1-)—a) ®Q2r—1-1) ~ R(2r—1-1)
|<§ 1)2 m/2®§l+1)2 m/2 ,5(]+1)2 n/2®6( /+1)2 n/2>|)
< Cf(anH)2(2rflfl)’

where C is a constant only depending on f (recall that f € Cy°). The last inequality holds
since, by (3.3.45), [(&:;0(j41)2-ns2)| < 27" for all ¢t > 0 and all j € N. At this stage, the
proof of the claim (b) is going to be different according to the value of I:

o If 1 <1< 2r—2then

l2m/2t)27 2 —1

-n r—1— l
O () < Cyl27mHyer=i=b 3~ (8¢ 1y2-n723 80 1y2-n/2) |
jg'=0

< CpCp(27"H)20@r=1-0 gniz =)y, (3.3.33)
where, we have the last inequality by (3.3.31).
o If / =0 then
O 9(t) < Cp(27mH)2Cr=1(|am/2]2727 )2 < Cp(27H)2er—Dang?, (3.3.34)
By combining (3.3.29), (3.3.32), (3.3.33) and (3.3.34) we obtain

2r—2
E[(B;fm(t))ﬂ < C’t[ sup / E(|f(Xy) — f(Xy)|2) + Z o—nH(2r—1-1)
lz—y|<2—m/2 —

o nHE@=D=5)4], (3.3.35)

1

Since H > &, we deduce that Bim(t) converges to 0 in L?()) as n — oo and then

m — Q.
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(c) (3.3.25) converges to 0 in L*(2) as n — oo and then m — oo. Let J;,,(t) denote
the quantity given in (3.3.25). That is,

n/24|_ + +
L2 tJ ! f(ngfn/Z) + f(X(j+1)27n/2)
Hor—1(

+ _ 9—n/4

n—

j=[2m/2t|272
[27/2t] -1

=27t N @ A(XE) Ho (X - XY,

n,+ n,+
X =X

j=[2m/2¢|2 T

with obvious notation. We will only prove the convergence to 0 of J,F, . (t), the proof for .J,, (t)
being exactly the same. Using the relationship between Hermite polynomials and multiple
stochastic integrals, namely Hr(2"11’/2(X(J;H)2_n/2 — X;g_np)) = 2"7’H/21r(5211)2_n/2), we
obtain, using (3.3.21) as well,

[2n/2t)-1  2r—1 9 — 1\ 2
BlUin@)] = [y Oy (™)
jr=lom/ej2™ ™ =0

n n ®(2r—1-1) ~ R(2r—1-1)
XE[@] f(X+)@j’f(X+)12(27“—1)—2l(5(j+;ﬁ)2—n/2®5(j/+1)2—n/2)]

L2"/2tj71 2r—1

—n/2nH(2r—1) 2r—1 2
27"/22 > Zl!( l )

jar=lam/2e)e" 3™ 150

N

FE [@?f(X+)®?/f(X+>12(2r71)—2l(6®(2r_1_l) ®6®(27"—1—l) )]

8 G220 22

l
X ‘ O 41)2-ns23 5(j’+1)2*"/2>‘

2r—1 2% 1 2
= > l!< l > QL(1), (3.3.36)
1=0
with obvious notation. Thanks both to the duality formula (3.3.20) and to (3.3.19), we have
(i s - n n ®2r—1-1) 5 «®@(2r—1-1)
(5.5 = B[O F(XN)O5 F(X ) ar1)-a(0 10 s @000 )]
_ 22r—1-1) (A n C®@r—1-1) = ®(2r—1-1)
= E[(D* JOTF(XT)OnF(XT)); 5(],“)27”/2@5(],,“)2,”/2>}
2(2r—1-1)

1 a a a a a
= Z Z C’2(27"—1—Z)E |:<(f( )(ng—n/Q) ]%—n/z + f( )(X(J;-+1)2—n/2) 8+1)2—n/2)
a=0

S r—1—l)—a r—1-l)—a r—1—l)—a
®(f(2(2 1-1) )(Xj+/2_n/2)§%2_(3/21 ) )+f(2(2 1-1) )(X(?H)Q_W)

®(2(2r—1-0)—a)\ . ®(2r—1-1) = ®(2r—1-1)
e ) 5<j+1>2—n/2®5(j'+1>2‘"/2>]'

At this stage, the proof of the claim (c) is going to be different according to the value of I:
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o If [ =2r —1in (3.3.36) then

[27/2t] -1
Qi () =272y 'E[@?f(Xﬂ@?ff(Xﬂ]
ji'=l2m/2t)2 T
X } (Oj+1)2-n723 0(jr11)2-n/2) ‘27«_1
[27/2t] -1
< Gyl ) (85412723 gy )|
Ji'=l2m/2e)2 T
[27/2t]—1
i C I D (R A (e e (e T TR e |
Gi'=l2m/2t)2 T
o |27/2¢] 1 j—|2m/2¢]2 T . - . e
= cp27 > > |5 P+ 12 4 [p = 127 = 20p*)]
j=|2m/2t)2 " p=j—|2"/2t|+1
(3.3.37)

where we have the first inequality since f belongs to Cp° and the last one follows by the
change of variable p = j—j'. Using the notation p(p) := (|p+1/* +|p—12 —2p|?H),
and by a Fubini argument, we get that the quantity given in (3.3.37) is equal to

|27/2¢|—|2m/2¢|2 T —1
Cpa > o) (0 2728 11274 = o+
p=|2m/2t|2" 7 —|2n/2¢] 41

n—m n—m

|27/2¢)2757) v |22 )27 > (3.3.38)

n—m

By separating the cases when 0 < p < |2%/2¢] —[27/2t]2"%" —1 or when [27/%t]2"3
|2"/2¢] 41 < p < 0 we deduce that

o

on/2 A on/2 on/2
LQn/2tJ 2—n/2 o L2m/2tJ 2—m/2 _ |L2n/2tJ 2—n/2 o Lzm/ZtJ 2—m/2}
H2n/2tj2—n/2 o t’ + }t o L2m/2tJ2_m/2} < 2—77,/2 + 2—m/2.

<(@ﬂznﬂﬂ) (127/2¢)) <p+L2m/2tJ2"z”>mm/ztp_mm)

<
<

As a result, the quantity given in (3.3.38) is bounded by

Cr> o)t @ +27m),
pEZ

with >° 7 lp(p)|*~! < oo (because H < 1/2 < 1— 15). Finally, we have

Q+72T_1(t) < 0(2—n/2+2—m/2) (3339)

n,m
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e Preparation to the cases 0 <1 < 2r — 2 In order to handle the terms Q! 1.(t) whenever
0 <1< 2r—2, we will make use of the following decomposition:

0G0 < Q06,0 + 2065 + G + 0 GL), (3.3.40)
where
2(2r—1-1)
Q(l l)(] ]) Z Ca?r 1-1) ‘E 2 n/Q)f(2 (@r=1-0)- a)(X §'2— n/2)]|
(2(2r—1-0)—a), ®2r—1-1) ®((2r—1-1)
‘<€ 71/2(g)€~ ir19—n/2 75( +1)2 n/2®6( /+1)2 n/2>‘
2(2r—1-1)
lez,Z)(j’j/) Z Cazr ) \E 2 m)f(2 (2r—1-1)— a)(X(j . n/Q)H
(2(2r—1-1l)—a), ®(2r—1-1) ®(2r—1-1)
’<£ n/2®£j+1)2 n/2 5(]+1)2 n/2®5(j +1)2 n/2>‘
2(2r—1-1)
97(13,1)(].7]./) Z o S 1) \E (+1 - n/g)f@@’"*“”’a)(X;?W/a)]\
a 2(2r—1-l)—a), ®(2r—1-1) 5 ®(2r—1-I1)
X‘<£8+1)2 n/2®§ 19— n/2 5( +1)2 n/2 5 ’+1 2— n/2>‘
2(2r—1-1)
40) a 2(2r—1-l)—a
QSL )(]ajl) Z C 2(2r—1-1) ‘E (j+1 )2 n/Q)f( ( ) )(X(J; '+1)2— H/Q)H
®a 2(2r—1-l)—a), ®((2r—1— l) ®(2r 1-1)
X’<£(j+1)2 n/2®£ /+1 9-—n/2 604_1)2 n/2 J+1 2 n/2>‘

e For 1 <1< 2r—2: Since f belongs to Cp° and since, by (3.3.45), [(§¢;6(;11)2-n/2)| <
27"H for all t > 0 and all j € N, we deduce that

d(+ l)(] j ) < 0(2—nH)2(27"—1—l).

As a consequence of this previous inequality we have

Qrm(®)
[27/2t]—1
< C(27MH)2(2r=2) g—n/2 gnH(2r=1) > |84 1y2-n/23 374 1y2-n/2) |
J.g'=l2m/2 )2 2
< C(z—nH)2(2r—2) 2nH(2r—1)2—nHl<Z p(p)|l> (Q—n/Q + 2—m/2)
pEZ
< C 2 nH@r=2)(9=n/2 4 9=m/2) (3.3.41)

where we have the second inequality by the same arguments that have been used previ-
ously in the case [ = 2r — 1.
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e For [ =0 : Thanks to the decomposition (3.3.40) we get

[27/2t] -1

sz_,’fgz(t) n/22nH(2r 1) Z Z Q%k,()) (],j,) (3-3.42)

R=1 ) gr=l2mr2e)2 "2

We will study only the term corresponding to Qg’o) (7,7") in (3.3.42), which is represen-
tative to the difficulty. It is given by

[27/2t] -1 2(2r—1)

1 -n n r— a
Ly U5 S gy

.’j,_LQm/%p%ﬂ a=0

f(2(2r 1)—a) X+ H 2(2r—1)—a), 6@(27" 1) ®5® (2r-1) >|

n/2®£(j +1 2—n/2 (]_;’_1)2 n/2

] _|_1 9—n/2 /+1 9—n/2
[27/2t] -1 2(2r—1)
—n/2onH (2r—1 (2r—1)—a),
< 02 / 2 ( ) Z Z ‘<£ n/2®£]+1 2-n/2
Ji'= =0
®(2r—1) ®(2r—1)
5( +1)2 n/2®(S /+1 2— n/2>‘
We define E(a r) _ ‘<£ ®£®(2 (2r—1)—a), 5@(27“ 1) ®6®(2r 1) >‘ By (3.3.45),
]7 —n/2 ] +1 9-—n/2 (j+1)2 n/2 (,] +1 2—n/2 y

recall that [(§;0(;41)0- n/z>| <27 for all t > 0 and all j € N. We thus get, with &,
some combinatorial constants,

B () < G2 mHUr (K€ a-n/23 0j1y2-nr2)| + {Ejamnr2; Ojry1)2—nr2)]
+‘<€(j’+1)2*”/2; 6(]’-{-1)2*"/2” + ’<£(j’+1)2*"/2; 5(j/+1)2*n/2>|)'

For instance, we can write

[27/2¢]—1
Z |<f(j/+1)2*n/2§ 5(j+1)27n/2>|
G.d'= E
[27/2t] -1
D DR (VR e e A B T Vi
ji'=l2m/2e)2 T
[27/2¢] -1
< 9—nH-1 Z ((] 1 1) _sz)
e =
+27n > (" =5+ = (" = 5)*")
l2m/2¢)2 %27 <j<jr<|2n/2t] 1
+27mH > (G- =G -4 =)
l2m/2t)2 2" <jr<j<|2n/2t) -1
< 22*’”{ (1272¢] — [2m/2t)2727 ) 2% |2 < 3t; (272t — [2m/2¢]2737).
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Similarly,
[27/2t] -1 3p2H o
Gig'=12m/2t)2 2"
[27/2¢] -1 342H o
Z ‘<§j27n/2; 5(j/+1)2—n/2>| < ? (2n/2t — L2m/2thT)’
gi'=l2mi2e 22
L2"/2tJ_1 3t2H 2 2 n—m
Z |<£(j/+1)2—n/2; (5(j/+1)2—n/2>| < ?(2’”/ t— L2m/ tJ2 2 )
Gr=12m/2t2 T
As a consequence, we deduce
QL) < C27 =2 — |9m/2 2727 ) < ¢ 2 H DM/, (3.3.43)

Combining (3.3.39), (3.3.41) and (3.3.43) finally shows
E[(J;m(t))ﬂ < C<2—n/2 +2—m/2 +2—nH(2r—2)(2—n/2 +2—m/2)
+2—nH(2T—2)2—m/2).

So, we deduce that J,F (t) converges to 0 in L*(Q) as n — oo and then m — oo. Finally,
thanks to (a), (b) and (c), (3.3.23) holds true. ]

3.3.6 Step 4: Moment bounds for W\ V(f,")

Fix an integer r > 1 as well as a function f € Cy°. We claim the existence of ¢ > 0 such that,
for all real numbers s < ¢t and all n € N,

E[(WED(f,6) = W=D (£,5))°] < cmax(|s]H, [t2)(|t — s|27/2 +1).  (3.3.44)
In order to prove (3.3.44), we will need the following lemma.
Lemma 3.3.3 If s,t,u >0 orif s,t,u <0 then

|B(Xu(X: — X)) < |t — s (3.3.45)
Proof. When s,¢,u > 0 we have

1 1
E(Xu(X¢ — Xy)) = i(tzH — 1) + 5(!3 — P — |t — ).

Since |0 — a?"| < |b— a|*" for any a,b € R, , we immediately deduce (3.3.45). The proof
when s,t,u < 0 is similar.
|

We are now ready to show (3.3.44). We distinguish two cases according to the signs of
s,t € R (and reducing the problem by symmetry):
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(1) if 0 < s <t (the case s < ¢t < 0 being similar), then

E[(W(f,6) =W (f,8)% = E(WE V(60 - W V(f,8)?]

1 [27/2t]—1
- - + +
4 E[(f(ij—%) + f(X(j+1)2—%))
3:3'=12"/2s]
n,+ n,+ + n,+
X (f(X;Tg) + f(Xa,+1)2fg))H2r—l(Xj+1 - Xj )H2r—1(X G341 Xj/ )] ’
1 [27/2t]—1
n r— n n ®(2r—1 ®(2r—1
= 2D S BOF (X )OR (X ) ot (01, e e 1 (5 2]
7] _|_2n/28J

with obvious notation. Relying to the product formula (3.3.21), we deduce that this latter
quantity is less than or equal to

[27/2t] -1 9r—1

1 n rT— 1 ’ :
Z2 H(2r-1) Z Zl'( > 5(j+1)2—n/2;5(j'+1)2—n/2>|

g.j'=[2"/2s] =0

n n ®(2r—1-1) ®(2r—1-1
E[ejf(X+)@]’f(X+)I4T 2— Ql((s( +1)2 n/2®5(J +1)2 nZZ)]

= 12% < )QQgﬂvl)(s,t). (3.3.46)

By the duality formula (3.3.20) and the Leibniz rule (3.3.19), one has that

r .. n n T l T l
A (j,3') o= BO] F(X)ORF(X ) Layaan(0 Fr @8 )]

— E[<D4r—2—2l(@}zf(X+)@?/f( )) 6®(2r 1-1) ®6®(2r 1-1) >]

(j+1)27n/2 77 (7 +1)2- /2
4r—2-21
dr — 2 — 21 a ®a
= Z < a )E|:< (f( )(X;; n/2) j2~ n/2 + f ( +1)2 n/z)f(J+1 o— n/g)
a=0
s ( ¢(4r—2-21—a ®(4r—2-2l—a) 4r—2—2l—a ®(4r—2—2l—a)y .
®(f( )(X—i/_Q n/2)5 i19—n/2 + f( )( ;;/+1)2—n/2)§(j/+1)2—n/2 ) ’

®(2r—1-1) ®(2r—1-1)
(5( +1)2 n/2®5( +1)2 7L/2>]

Let now ¢ denote a generic constant that may differ from one line to another and recall that
f € Cp°. We then have the following estimates.

e Casel=2r—1
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Q%—I—,T,QT—I) (S, t)

[27/2t] -1
— 2r—1
< e2nHr-D Z ’<6(j+1)2*"/2;5(j’+1)2*”/2>’T
J.g'=[2"/2s]
[27/2t] -1
o Ls 2H . 112H . 1 2H 2r—1
= ¢ > FUi—d P =g 1P =2l P
Jg'=|2"/2s]

27/2t) -1 j—|27/%s)

> S e

j=127/2s) q=j~[27/2¢]+1

with p(q) :== 3(lg + 1% +|g — 1?7 — 2|¢|*"). By a Fubini argument, it comes

QL (s, 1)
[27/2¢]—|27/25|—1

s ¢ > lp(a) P ((q +[272t)) A1 27%t) = (g + [2"2s)) v pn/2sJ>
q=|2"/2s|—|27/2t|+1
I_2n/2tJ_\_2n/25J—1
S > 1p(q)| P ([27%) — [27/%5))
q=|2"/2s]—[27/2¢|+1
< e ol 1202 - (202 )] = ef 2% — 2%
qEZ
< e([[277t) = 2]+ 272t — o] + |22 ) — 272s))
< e (3.3.47)

Note that > Ip(q)[* ! < cosince H < $ <1— 1.

e Preparation to the cases where 0 <1 < 2r —2

In order to handle the terms Q», Crd) (

following decomposition:

t) whenever 0 < [ < 2r — 2, we will make use of the

|dCHmh (5 Z Qv (5, 4 (3.3.48)

u,v=0

where

4r—2-21 Ay — 2 — 9]
Q(UUT[) (] j ) = Z < ) |E[f(0«) (X(—;+u)2—n/2)f(47'7272l7a) (X(—;/+’U)2_"/2)H

a=0 a
®@(4r—2—2l—a) (®(2r—1-1) ~ @(2r—1—1)
‘<€j+u2 n/2®£(j +’U2 n/2 6( +1)2 n/2 6 /+1 2— n/2>’

e Case 1 <1< 2r — 2 (only when r > 2)

Since f belongs to Cp° and since, by (3.3.45), we have [(§;6(41)9-n/2)| < o—nH for all
t > 0 and all j € N, we deduce that

‘d£1+,7‘,l) (4, ],)‘ < ¢ 9~ nH (4r—2-21)
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As a consequence, and relying to the same arguments that have been used previously in the
case | = 2r — 1, we get

[27/2t] -1
Q7(1+’T’l)(5, t) < ¢ 9~ nH(4r—2-21) onH(2r—1) Z ’(5(]41)2771/2; 6(j/+1)2*”/2> ’l
).] _LG/QSJ
< CQ_nH(4T 2—21) 2nH(2r 1) 2—nHl Z |P 1+ 2n/2‘t D
qEZ
= 2 HEI=D (o2 o)) < e (14 272t — s)). (3.3.49)
e Casel=0
Relying to the decomposition (3.3.48), we get
[27/2t] -1
Q7(1+’T’0)<3,t) < onH(2r—1) Z Z quro (G, j ) (3.3.50)

jv]l |_2n/2SJuv 0

,].,T‘,O)(

We will study only the term corresponding to ng J,7") in (3.3.50), which is represen-

tative of the difficulty. It is given by

[27/2t] -1 4r—2
ZES D YD Dl i [ O ST e IC TN |
j.i'=|2n/2s] a= 0

®(4r—2—a) | ®(2r—1) ®(2r—1)
X‘<§ n/2®§ /+1 2— n/275(]+1)2 "/2®5(] +1)2 n/2>}

[27/2t] -1 4r—2

nH(2r—1 ®(4r—2—a) | ®(2r—1) ®(2r—1)
S c2 ( ) Z Z K "/2®£ ’+1 2— "/2’5(3+1)2 "/2®5(] '4+1)2- n/2>}‘
j.g'=|27/2s] a=0

(ayr) /. . a ®Ar—2—a) A ®(2r—1) ®(2r—1)
We define E,""(j, j') := ‘<§® n/2®§(a "+1)2- n/2’5(a+1)2 n/2®5( j+1)2- w2) |- By (3.3.45), recall

that [(§:0(41y0-n2)] < 27 —aH for all t > 0 and all j € N. We thus get, with ¢, some
combinatorial constants,

E(a ) (J,J ) < Ca 2inH(4T73)(‘<§j2*n/2§ 5(]‘-5-1)2*"/2)’ + |< j2*"/2; 5(]"4—1)2*"/2”

& 1y2-mr23 0 ya—n2) | + (€ 1y2-nr25 0(jr41)2- n2)]).
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For instance, we can write

LG/QtJ—l
Z |<£(j’+1)2—"/2; 5(j+1)2—n/2>|
7.7 7L2n/2$J
[2n/2t]-1
2D DI (Ve VA R Tl VA o
7.7 _L2n/25J
LG/QtJ_l
SIERED DI (o Vi
3.g'=|2"/?s]
-2 Z ((J/ —Jj+ 1)2H — (4 _]-)QH)
[2n/2s]<j<g'<|2n/ 2] -1
4o -1 Z ((j _j )2H G — j/ B 1)2H)
L2”/25J<J”<J<L2"/2tjf1
3 —nH n/2 n/2 n/2, 2H 3t2H n/2
Similarly,
[27/2¢] -1 Jy2i
D &aneiSgenee)l < =5 (L2 = s);
J.g'=[2"/2s]
127/2t]—1 o

> (&anei by < 5 (14272t — 5));
J,3'=[2"/2s]

[27/2t]—1 32H

Z <€(j/+1)2—n/2;5(j/+1)2—n/2>’ < 2 (1 + 271/2|t |)
Jogr=|2n/2s)

As a consequence, we deduce
QLm0 (s,) < c2 mHEr=22H (on/2)4 5| 1 1) et?H (272t — 5| + 1). (3.3.51)
Combining (3.3.46), (3.3.47), (3.3.49) and (3.3.51) finally shows our claim (3.3.44).

(2) if s <0< t, then

E[WRr=D(f,t) = W& (f,5))%) = BIWE D (f.4) = WV (£, -9)?)
< 2B(WEV(5,0)% + 28((W VS, —sm.
By (1) with s = 0, one can write
E(WED(£,6)7 < et (1272 1),
Similarly

E[(WEV(f, =) < e(—)?H ((—5)2"2 + 1)

—-n
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We deduce that
E[((W=D(f,t) = W=D (f,5)%] < cmax(t??, (—s)* ) ((t — 5)2"/% + 1).

That is, (3.3.44) also holds true in this case.

3.3.7 Step 5: Limits of the weighted power variations of odd order

Fix f € C;° and t > 0. We claim that, if H € [%, %) and r > 3 then, as n — oo,

V(1) 22 0. (3.3.52)

Moreover, if H € (%, %) then, as n — oo,

V& (f.6) 2% 0, (3.3.53)
whereas, if H = é then, as n — oo,

(Xtvﬁavrgg)(.}it)) fd_(; <Xt7}/;57"£3

t=>0

Y:
f(Xs)dWs> , (3.3.54)

0 t=0

with W = (Wi)ier a two-sided Brownian motion independent of the pair (X,Y).
Indeed, using the decomposition (3.3.22), the conclusion of Step 4 (to pass from YT 0

2
to Y;) and since by [20, Lemma 2.3], we have YTL2”tJm L, Y; as n — oo, we deduce that the
limit of v,§2’"‘1)(f, t) is the same as that of

27 0= N 0 WEED(£, 7).
=1

Thus, the proofs of (3.3.52), (3.3.53) and (3.3.54) then follow directly from (3.3.23) and
the other results recalled in Step 3, as well as the fact that X and Y are independent.

3.3.8 Step 6: Proving (3.2.16) and (3.2.17)

We assume H € [%, 1). We will make use of the following Taylor’s type formula. Fix f € C{°.

For any a, b € R and for some constants ¢, whose explicit values are immaterial here,

L (@) + 1 0) (b - 0)®

FO) - Fla) = L(F@+ ) b-a) - o

7
+> e (P (a) + fEI®) (00— a)* T+ O(b — o',
r=3
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where |O(|b — a|**)| < Cf|b — a|**, C} being a constant depending only on f. One can thus
write

|27t]—1
f(ZTL2ntJ’n) B f(o) - Z (f(ZTk+l,n) - f(ZTk,n))

k=0

21

= Y )+ P ), — Zn,)  (3355)

k=0
1 /// (2r—1) 2r 1)
12 )+ Z 2¢rVy 1)
127t]—1

+ Y, O(Zn., — Zn,,)").

k=0

As far as the big O in (3.3.55) is concerned, we have, with G ~ N (0, 1),

[27t]-1 [27t]—1
Z O((ZTk+1,n - ZTk,n)14)H < Cf Z E[(ZTk+1,n - ZTk,n)M]
k=0 k=0
[27t]—1
= Cf Y 2 ™EGY < CEIGMt2" ) &5, 00 since H> L. (3.3.56)
k=0

On the other hand, by continuity of f o Z and due to (3.2.14), one has, almost surely and
as n — oo,

F(Z1gn4y,0) = F(O) = F(Z) = f(0). (3.3.57)

Finally, when H > % the desired conclusion (3.2.16) follows from (3.3.56), (3.3.57), (3.3.52)
and (3.3.53) plugged into (3.3.55). The proof of (3.2.17) when H = £ is similar, the only
difference being that one has (3.3.54) instead of (3.3.53), thus leading to the bracket term

= o e (X ) dW, =: % [ f"(Z)d°® Z, in (3.2.17).

3.3.9 Step 7: Proving (3.2.18)

Using b® — a® = 3(a® +b%)(b — a) — (b — a)®, one can write, with 1 denoting the function

constantly equal to 1,
127¢]—1 .
73 3
ZTk+1 n k,n) B th
k=0

1
Vil = 22 t) — ng =

| C»\l—l
— C»DM—!

As a result, and thank to (3.2.14), one deduces that if V,,(x + 2% t) converges stably in
law, then Vés)(l,t) must converge as well. But it is shown in Corollary 2.1.2 in chapter 2
that 2_”(1_6H)/4V753)(1,t) converges in law to a non degenerate limit. This being clearly in
contradiction with the convergence of Vf”(l, t), we deduce that (3.2.18) holds.



Chapter 4

An Itd’s type formula for the fBmBt
in dimension 2

In this chapter we present the results obtained in: R. Zeineddine, “Change-of-variable formula
for the bi-dimensional fractional Brownian motion in Brownian time”, submitted to ALFA.

4.1 Introduction

Our aim in the present chapter is to provide a change-of-variable formula for the fractional
Brownian motion in Brownian time (fBmBt) in multi-dimension. For simplicity of the expo-
sition and because the computations are rather involved, we will stick on dimension 2, which
is representative of the difficulty. In dimension 1, the mathematical definition of fBmB#t (to-
gether with its terminology) were introduced in chapter 1. Let us give an analogue definition
in dimension 2. Set

Zy = (2}, 7¢) = (Xy,, X3,), t =0, (4.1.1)

where X1, X? are two independent (two-sided) fractional Brownian motions having the same
Hurst parameter H € (0,1), and Y is a standard (one-sided) Brownian motion independent
of (X1, X?).

The present work may be seen a natural follow-up of chapter 3, in which we proved a
change-of-variable for fBmBt in dimension one, that is, for Z'. Recall that in chapter 3 we
have proved the following theorem.

Theorem 4.1.1 Let f: R — R be a smooth and bounded enough function.
1. IfH > g5 L then

f(z} / fl(zhaczt, t>o.
2. If H = § then, with kg ~ 2.322,
f(Zt / flll dole law / f doZ1 t> 07

where fot f"(ZHd3Zt is a random variable equal in law to foyt f"(XHdWs, for W a
two-sided Brownian motion independent of the pair (X',Y).

79
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3. If H < %, then

t
/ (ZH2d°Z} does not exist (even stably in law).
0

In the present chapter, our main aim is to extend Theorem 4.1.1 to the bi-dimensional
case. To reach this goal, we follow and use a strategy introduced in [25] and [30]. We continue
to let X', X2 Y, Z be as in (4.1.1), and we set X = (X!, X?). The following definition will
play a pivotal role in the sequel.

Definition 4.1.2 Let f : R2 — R be a continuously differentiable function, and fix a time
t>0.
1) Provided it exists, we define fg Vf(Xs)dXs to be the limit in probability, as n — oo, of

On(/, t) (4.1.2)
on/2¢)| — 2
B L Yor ( it1)2-n/2 T ng 2 X(ingnn t X j2-n/2 L x!
= Iz B ) 9 ( (j+1)2-m/2 j2*n/2)
j=0
[27/2¢] -1 1 1 2
+ 0f (XGrvp-nz + Xipor Xfyapnn + X (x? X2 u2)-
dy 2 ’ 2 (j+1)2-m/2 T “ja-n/2
§=0

2) When O, (f,t) defined by (4.1.2) does not converge in probability but converges stably in-
stead, we denote the limit by fg V(Xs)d* Xs.

A first preliminary result, which concerns the bi-dimensional fractional Brownian motion
X, can now be stated. An analogue result for the fBmBt Z will be the object of the forthcoming
Theorem 4.1.4.

Theorem 4.1.3 Let f : R> = R be a function belonging to C°, and fix a time t > 0.

1. If H > 1/6 then fg Vf(Xs)dXs is well-defined, and we have
¢
FOX) = 1(0) + [ VFX)aX.. (4.13)
0
2. If H=1/6 then fg Vf(Xs)d*Xs is well-defined, and we have

FX / D3 f(X,)d3X, "% / VF(Xs)d* X (4.1.4)

where fo D3f(X)d® X, is short-hand for

L f
/D3 X)d*X, = m/ 523 ( (X, X2)dB] + k2 Ny —= (X1, X2)dB? (4.1.5)
+r / (X2, X2)dB? + k4 o (Xi, X2)dB;
3 0 8:1:261/ s177s s o Oxdy2 %777 s
with B = (B, .. ) a 4- dimensional Brownian motion independent of X, Ii% = Ii% =
3

% Y orez P(T) and KE = K] = 32 >z PP(r) with p defined in (4.2.23).
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8. If H<1/6, for f(x,y) = 3 then
t
/ Vf(Xs)d*Xs does not exist, even stably in law. (4.1.6)
0

So, it is impossible to write an Itd’s type formula.

Theorem 4.1.3 together with a suitable extension of the Khoshnevisan-Lewis definition for
the Stratonovich integral (see the next section for a precise statement) with respect to Z then
lead to the following change-of-variable formula for 2D fBmB¢t, which represents the main
finding of this chapter.

Theorem 4.1.4 Let f : R?> = R be a function belonging to C°, and fix a time t > 0.

1. If H > 1/6 then fg V f(Zs)dZs is well defined, and we have
t
J(Z) = F(0) + /0 V(Z,)dZ,. (417)

2. If H=1/6 then fg V f(Zs)d* Zs is well defined, and we have

f(z /D3 Z)dBZ l“w/ Vf(Z)d*Z (4.1.8)

where fot D3f(Z,)d3Zs is short-hand for

! 3 3 Yt 3f 1 2 1 Y agf 1 2 2
Df(Z)d’Z; = Kk (Xy,X7)dB; + ko (X;,X7)dB;
0 0 0

oz? y oy
Yo f 1 y2 3 Yo p3f 1 yv2 4
+K3 i amQBy(XS,Xs)dBSer i axayQ(Xs,Xs)st,
with B = (Bl,...,B4) 18 a 4-dimensional two-sided Brownian motion independent of

X, and K1,...,Kkq as in Theorem 4.1.3. (B is also independent from Y'.)

8. If H<1/6, for f(x,y) =3 then
t
/ Vf(Zs)d*Zs does not exist, even stably in law. (4.1.9)
0

So, it is impossible to write an Itd’s type formula.

A brief outline of the chapter is as follows. In section 2, we introduce the framework and
the preliminaries to prove our results, as well as the notation and some technical lemmas. In
section 3, we prove Theorem 4.1.3 and finally in section 4, we prove Theorem 4.1.4.
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4.2 Framework, preliminaries, notation and technical lemmas

4.2.1 The framework of Theorem 4.1.4

In this section, we explain and introduce the missing definitions of the mathematical objects
appearing in Theorem 4.1.4.

1. Khoshnevisan-Lewis’ definition of the Stratonovich-integral with respect to
the 1D fBmBt

Recall from the second section of chapter 3 that Khoshnevisan and Lewis [20, 21], have
introduced the so-called intrinsic skeletal structure of Z'. This structure is defined
through a sequence of collections of stopping times (with respect to the natural filtration
of Y'), noted

Ty ={Tpm : k20}, n>1, (4.2.10)

which are in turn expressed in terms of the subsequent hitting times of a dyadic grid
cast on the real axis. More precisely, let 2,, = {j2*"/2 : jJ €7}, n > 1, be the dyadic
partition (of R) of order n/2. For every n > 1, the stopping times T}, appearing in
(4.2.10), are given by the following recursive definition: Tp , = 0, and

Tem=inf{s > Th1: Y(s) € D\ {Y(Tho1)}}, k>1

Note that the definition of T}, ,,, and therefore of .7, only involves the one-sided Brow-
nian motion Y. Also, for every n > 1, the discrete stochastic process

Yy ={Y (Tin) : k > 0}

defines a simple random walk over Z,,. As shown in [20, Lemma 2.2], as n tends to
infinity the collection {1}, : 1 < k < 2"t} approximates the common dyadic partition
{k27": 1 < k <27t} of order n of the time interval [0,¢]. More precisely,

sup ‘TLZnSLn — 5| =0 almost surely and in L*(1). (4.2.11)

0<s<t

Based on this fact, the integral of f(Z!) with respect to Z! is defined as

/t f(Zhdz! .= lim V,(f,1), (4.2.12)
0 n—oo

provided the limit exists in some sense, with V,,(f,t) defined as follows,

|2nt] -1
Vah = Y S(FEh )+ 1(Zh,, ), — 7).
k=0

2. A suitable definition for the Stratonovich-integral with respect to the 2D
fBmBt

In the light of the previous definition of the integral with respect to 1D fBmBt and
of Definition 4.1.2, it might seem natural to introduce the following definition for the
integral with respect to the 2D fBmBt based on .7,.
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Definition 4.2.1 Let f : R? — R be a continuously differentiable function, and fix a
time t > 0. Provided it exists, we define fg Vf(Zs)dZs to be the limit in probability, as

n — oo, of
|27/2¢] -1 1 1 2 2
- 8f ZT‘Jrl,n + ZT',n ZT'+1,n + ZT',n 1 1
On(fa t) = Z (9.%'( : 9 : ) ’ 9 - (ZT]'+1,7L - ZTj,n)
=0
[27/2¢] -1 1 1 2 2
+ Z of ZTj+1,n + ZTj,n ZTj+1,n - ZTj,n (Z2 — 72 )
dy 2 ’ 2 Totn S/
=0
(4.2.13)

If On(f,t) defined by (4.2.13) does not converge in probability but converges stably, we
denote the limit by fg Vf(Zs)d*Zs.

4.2.2 Some preliminary results

We provide now a description of the tools of Malliavin calculus that we need in this chapter.
We follow in this section the idea introduced in [25]. The reader in referred to [28] for details
and any unexplained result.

Let X = (X}, X?)ier be a 2D fBm with Hurst parameter belonging to (0,1). For all
n € N*, we let &, be the set of step R2-valued functions on [-n,n], and & := U,é&,. Set
et = Ljgy (resp. 1pq)) if t > 0 (resp. ¢ < 0). Let JZ be the Hilbert space defined as the
closure of & with respect to the inner product

<(5t176t2)’ (5817582»%” = CH(tlv 51) + CH(tQa 82), 51,82,11,12 € R,

where Cy(t,s) = 3(|s]* + [t|?H — |t — s|*") = E(X!X]) (i equals 1 or 2). The mapping
(€t,,€ty) M Xt11 —FXtQ2 can be extended to an isometry between .7# and the Gaussian space asso-
ciated with X. Also, let .%,, denote the set of step R-valued functions on [—n,n|, Z = U, %,
and G denote the Hilbert space defined as the closure of .% with respect to the scaler product
induced by

(et,e5)9 = Cu(t,s), s,teR. (4.2.14)

The mapping ¢; — X} (i equals 1 or 2) can be extended to an isometry between G and the
Gaussian space associated with X?.
We consider the set of smooth cylindrical random variables, i.e. of the form

F:f(X(pl),...,X(pm)), pi €, i=1,...,m,

where f € Cp° is bounded with bounded derivatives. The derivative operator D of a smooth
random variable of the above form is defined as the ##-valued random variable

DF = —
= O

(X(p1),.... X (pm))pi =t (Dx1F,Dx2F). (4.2.15)

For example, if F' = f(X}, X2) with f € C{°(R?), then

_Of o1 w2 Of o1 2
DF = ax(Xt7Xs)(5t70)+ ay(XtaXs)(OvES)‘
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So, we deduce from (4.2.15) that

of of

Dy F =2 (X}, X?)e; and Dy2F = 9y (X} X2)e,

In particular, we have
DXthk = 0;e¢ for j, k € {1,2},and 0, the Kronecker symbol.

For any integer & > 2, one can define, by iteration, the k-th derivative D*F (which is a
symmetric element of L?(Q, #%F)). As usual, for any k > 1, the space D®2 denotes the
closure of the set of smooth random variables with respect to the norm ||.||52 defined by

k
1FI}2 = E(F?) + Y E[|D F|%e;)-
j=1

The Malliavin derivative D satisfies the chain rule. If ¢ : R® — R is C,} and if Fi,..., F, are
in D2, then ¢(F1, ..., F,,) € D12 and we have

"9
D@(Fi, .. Fp) = > 2 2(Fy, ..., Fy) DF;.

We have the following Leibniz formula. For any F,G € D%? (¢ > 1) such that FG € D%2, for
i € {1,2}, we have

DY(FG) =3 (]) (DheF)2(D56) (42.16)

=0

where @ stands for the symmetric tensor product. In particular, we have the following formula.

1 1 2 2
Let ¢,¢) € CHR?) (¢ > 1), and fix 0 < u < v and 0 < s < t. Then @(u,%)
xw(%, %) € D%2 and for i € {1,2} we have

X+ X X2+ X2 X+ x o x24 X2
D§(1<90< t+ s t+ s>w< v+ U v+ u)) (4217)

2 ’ 2 2 ’ 2

i X1+X1X2—|—X2 8qlw X1+X1X2—|-X2
P 2 ’ 2 83;;1 ! 2 ’ 2

<53+5t>®l <5u+ev>®<q”

A similar statement holds for u < v < 0 and s <t < 0.
If a random element u € L?(€2, %) belongs to the domain of the divergence operator, that
is, if it satisfies

|E(DF,u) | < cy\/E(F?) for any F € %,

then I(u) is defined by the duality relationship

E(FI(u)) = E((DF,u) ),
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for every F' € DH2,

For every n > 1, let H,, be the nth Wiener chaos of X, that is, the closed linear subspace
of L?(Q, o7, P) generated by the random variables { H,,(X (h)),h € 2, ||h||» = 1}, where H,
is the nth Hermite polynomial. The mapping

L,(h®") = Hp (X (R)), (4.2.18)

provides a linear isometry between the symmetric tensor product 2" and H,,. The following
duality formula holds

E(FL(1) = E((D"F.1) o).

for any element h € #°" and any random variable F' € D™2. In particular, we have

E(FIY(h)) = BE((D%.F, h)gen), i=1,2, (4.2.19)

for any h € GO and F € D™?, where we write I,(f)(h) whenever the corresponding n-th
multiple integral is only with respect to X°.

Finally, we mention the following particular cases (the only one we will need in the sequel):
if f,ge G, n,m >1and i€ {1,2}, then we have the classical multiplication formula

nAm
i L n m ( n+m—r n+m—r r
1) = 3 (1) (7)1 s 8 g g (82:20)
r=0
We have also the following isometric property,
B[P (f5")?) = nl{f, )é, (4.2.21)
and, for j € {1,2},

Di; (I (£%) = dyind (£ 71). (4.2.22)

4.2.3 Notation

Throughout all the forthcoming proofs, we shall use the following notation. For all k,n € N
we write

Ega—n/2 = 1[0,1927"/2]7 Opg—n/z = 1[(19—1)2*"/2,14;2*”/2]-

For all k € Z, H € (0,1), we write
1
p(k) = S (|k + 1+ [k = 1 = 2fk[*). (4.2.23)

For any sufficiently smooth function f : R? — R, the notation 85’%}12“2 f (where the index 1 is
repeated k times and the index 2 is repeated [ times) means that f is differentiated & times
with respect to the first component and [/ times with respect to the second one.

X1 +x1 X? +X2
. : —n/2 io—mn/2 ; —n/2 0—n/2
We denote for any j € Z , A;, f(X!, X?) := f< (G+1)2 ki : ,_Gtn2 Gl )

Fori e {1,2}, H € (0,1), X;":=2" X;T%.
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Definition 4.2.2 For any t € RT and any n € N, we define :

12%¢)—1
1 1
KOG = 5p 2 Biadmf (XL XLV
=0
122t -1
2
KO0 = 57 2 Nl (XL XL (65 5010)
=0
12%¢]—1
KO = Ao (X1, X210 (5 17 (5%
Sft) = 3 inOi2a f (X, X7) I ( (j+1)2*"/2) 2 ((j+1)2*”/2)
=0
12%¢]—1
K@ - 1 Ajndaf(XY, X2 IED (522 1 (s
Sft) = 3 jnOn2f (X, X7)1; ((j+1)2—"/2) 1 ((j+1)2‘”/2)‘

For any r € N* and ¢ € C°(R?",R), we define ¢ as follows :

E=(X,,, X2 ..., X, ,X2), (4.2.24)
where s1,...,s, € R. In the proofs contained in this paper, C shall denote a positive, finite

constant that may change value from line to line.

4.2.4 Some technical lemmas

A key tool in our analysis will be the next lemma, which can be deduced from the following
Taylor’s theorem with remainder.

Theorem 4.2.3 Let n be a nonnegative integer. If g € C™(R?), then

(k=D

al

g(k) = "> 9°g(l) + Ra(l, k), (4.2.25)

|a|<n

where

N AYeY 1
Rt =n 3 I [yt - 1) - 07l
|a|=n

if n =1, and Ro(l,k) = g(k) — g(1). In particular, Ry(l,k) = 3 4= ha(l, k)(k — 1)*, where
hea is a continuous function with ha(1,1) =0 for all . Moreover,

|Rn(l,k)] < (nV1) > M|k —1)

|laj=n

Y

where My = sup{|0“g(l + u(k — 1)) — 0%g(l)] : 0 < u < 1}.

Thanks to the previous theorem we deduce the following lemma.
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Lemma 4.2.4 Let f € C}3(R?), then

a+b c+d
0= fed + Y Y Gl ool o wra- o

1=1 a1 +as=2i—1

+Ri3 ((b, d), (CL7 C)),

where a1,as € N, and

‘R13((b7 d)a(au C))’ < Cf Z ‘b_a‘alld_c‘az,
a1tas=13

with Cy is a constant depending only on f. On the other hand, we have C(1,0) = C(0,1) =
C(3,0) = C(0,3) = 3 and C(2,1) = C(1,2) = %. The other constants: C(a1,az) could also
be determined explicitly, but won’t need their explicit values.

Proof. By applying (4.2.25) to f, we get

F(b,d) = f(a,c) + Z arrez )(b —a)® (d—c)* . R13((b7 D, (a. C))

| |
a1+a<13 ar a2
Since f € C’g3,observe that 3Cy > 0 such that

(b—a)* (d—c)*

> MR L f(ae) , — < O Y b—al™d—c™,
a1+tas=13 ai: a2: a1+tas=13

and such that

‘ng((b, d), (a, C))’ < 13 Z ]\joé1 az) ’b _ a’al‘d c’ozz

a1tas=13

< 13 sup Mg, ay) Z |b — a|*|d — ¢|*?
a1taz=13 a1tas=13

< Cr D> b—al™d—d*.
a1+as=13

So, we deduce that

(b—a)* (d—c)*
al! 042!

fb,d) = fla,o)+ > R L f(a,c) + Riz((b,d), (a,¢)), (4.2.26)

a1tas<12

where

|Ri3((b,d), (a,0))| <Cp Y |b—al*|d — ¢

a1taz=13
For each i € {1,...,12} and each ay,as € N such that aq + ay = i, we define gq; a,,i as
Gor.as,i = 015 of and we set k := (a,c), | := (a+b c+d) So, by applying (4.2.25) t0 ga; as,i
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with k := (a,¢), | := (“T‘H’, #) and n = 13 — i, we get

a+b c+d a+b c+d
Yo,z (a c) = goq,ocz,i(Tu 9 )+ Z 81/8171,822 291,00, (?’ 2 )
B1+B2<13—14
(a =0 (c—d)P> ' a+b c+d
gy amgy T sil(@d (57 50)

a+b c+d
)+

a+b c+d
= ga1,a2,i(Tv 9 )

Z 0(61762)8151’12 2ga170‘2» ( 2 ) 2

B1+PB2<13—1

x(b—a)* (d— ) + Ruz_i((a, ), (‘“2”’, C;d)).
By replacing go, as,i(a,c) in (4.2.26) we get
)= + Y Clorand s of (I 4 ay(a - o
a1+as<13
+Ri3((a,c), (a;b, C;d)), (4.2.27)
where
Ris((@.0), (52 T <op X b—alrla— el
artaz=13
Let us prove that Vi € {1,...,6} and Va1, a2 € N/ a; + az = 2i, we have
C(on, a2) = 0. (4.2.28)

Indeed, let f(x,y) = z*y*2. Thanks to (4.2.27), we get

+ b +d
pram —amer 4 S CBLBE L (S ) b - a) - o
B1+B2<2i—1
+arlas!Clar, an) (b — a)® (d — ¢)*2. (4.2.29)

Let us now change a into b and ¢ into d in the previous formula, so to get

b d
e = b 4 Y OB (L T @b e
B1+B2<2i—1
+ailas!C(ar, an)(a — b)* (¢ — d)*2. (4.2.30)

Observe that if in (4.2.30) 31+ B2 is odd (resp. is even) then (a—0b) (c—d)?? = (—1)%1+52(h—
a)?1(d—c)?> = —(b—a)P (d—c)? (resp. (b—a)? (d—c)??). So, by taking the sum of (4.2.29)
and (4.2.30) we get

b+a d
b2 + ™™ = a™e™ + balda2+z Y 208 B +a ;C)(b—a)ﬂl
k=1 B1+B2=2k

x(d — €)% + 20110 C (a1, an) (b — a)™ (d — )2,
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leading to

Z S 2008 8005 L (L L - 0 a - o (4.231)

2 2
k=1 B1+B2=2k
+201 10!y, an) (b — @)™ (d — ¢)2.

We deduce thanks to (4.2.31) that, for ¢ = 1 and each «;, ay € N satisfying ag + ay = 2, we
have Va,b,c,d € R,

2041!042!@(@1, ag)(b — a)al (d — c)Oé2 =0,

implying in turn C(ay,az) = 0. Then, a simple recursive argument shows that for all Vi €
{1,...,6} and Yai,a0 € N/ ay 4+ ay = 2i we have C(ag,az) = 0. As a result, (4.2.28) holds
true.

It remains to prove that C(1,0) = C(0,1) C(3,0) = C(0,3) = 5 and c(2,1) =
C(1,2) = %. Thanks to (4.2;27) and (4. 2~8) by taklng f(z,y) = = (resp. f(x, y) Y)
we deduce immediately that C(1,0) (resp. C(0,1)) equals 1. By taking f(z,y) = 2® (resp
f(x,y) = y®) we deduce that C(3,0) (resp. C(0,3)) equals - ;- Finally, by taking f(z,y) = 2%y
(resp. f(x,y) = xy?) we deduce that C(2,1) (resp. C(1,2)) equals é. The proof of Lemma
4.2.4 is complete. [ |

The following lemma gathers several estimates that will be needed while completing the
proof of our theorems .

Lemma 4.2.5 Suppose that H < 1/2. Then

1. Forall j,k € N and u € R,

(eus Oany2-nr2dgl < 277, (4.2.32)

2. For all integers r,n > 1 and all t € Ry, and with Cy, a constant depending only on H
and r (but independent of t and n),

[27/2t] -1

Z [(O(ks1)2-n/23 Ogg1y2-nr2)gl” < Chy t 2z, (4.2.33)
e, 1=0

3. For all integer n > 1 and allt € Ry,

[27/2t] -1
S Hengnaibgiapnadgl < 271 g ol (4.234)
k,1=0
[27/2t] -1
D Hequrryz-nei Opina-n)gl < 27T ol 2RHEL (4.2.35)
k,1=0

Proof.
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1) We have, for all 0 < s <t and ¢ € {1,2},

o . 1 1
B(Xi(X] - X)) = 5( 2 g2 4 5(\s — M — |t — ).

Thanks to (4.2.14), we have

Since for H < 1/2 one has [b*f — a?#| < |b— a|?! for any a,b € Ry, we immediately
deduce (4.2.32).

2) Thanks to (4.2.14), for i € {1,2}, we have that

(Bs1ys-/23 83 1y2072)5 = (BIK1y0mnr2 = Xy (X 1y = Xy )

Thus,
[27/2¢] -1
Z |<5(k+1)2—“/2§5(l+1)2—n/2>9|T
k,l=0
[27/2t]-1
= 27T N k= 1+ 1P 4 k= 1= 1P 20k — 1P
k=0

By first setting p = k — [ and then applying Fubini, we get that the latter quantity is

equal to:
[27/2t] -1
o= NT p 1P 4 p— 1P 21pPH | (p + [27/%t)) A [27/%t] — p v 0)
p=1-|2"/2t
[27/2t] -1
< oI N | 1P 4 p - 1PH - 2gp P
p=1-[2"/2(]

< CH,Tt2% *HT‘H’

+oo
where Cp, = 5 Z |lp + 125 4 |p— 122 — 2]p\2H‘T. Observe that Cp,, is finite
p=—00

because H < 3. This shows (4.2.33).
3) Thanks to (4.2.14), for ¢ € {1,2}, we have that

7

<€k27n/2; 5(l+1)27n/2>g = E[ ]227n/2 (X(l+1)27n/2 - ;27n/2)]
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Thus,
[27/2¢] -1
Z [(€ra—nr25 0(141)2-n/2)6]
k,1=0
[27/2¢]—1
— 2—nH—1 Z |(l—|—1)2H—l2H—|—|k}—l|2H—|]€—l—1|2H|
k,i=0
[27/2¢] -1 [27/2¢] -1
< 9—nH-1 Z |(l+1)2H—l2H‘+2_nH_1 Z Hk—l|2H—’k‘—l—1’2H‘.
k,1=0 k,1=0
We have
[27/2¢]—1 [27/2t] -1
2—nH—1 Z ‘(l + 1)2H o l2H| — 2—nH—1 L2n/2tJ Z ((l + 1)2H . l2H)
k,1=0 =0
1
— 2—nH—1 LQn/QtJ ( L2n/2tJ )QH < §2n/2t2H+1. (4236)

On the other hand, a telescoping sum argument leads to
|27/2t] -1
P I [ e e e | I A sy (4.2.37)

k=0

By combining (4.2.36) and (4.2.37) we deduce (4.2.34). The proof of (4.2.35) may be
done similarly.

Lemma 4.2.6 Suppose that H < 1/2. Then
1. Fort>0
|2%¢|—1

£ —n/2 + Ers —n/2 1
Z ‘< = 2(J+1)2 75(j+1)2"/2>g' < §t2Ha (4238)
=0

2. ForseRandt >0
|2%¢|—1
> s djraynre)g| < 2627, (4.2.39)

J=0

Proof.
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1) Thanks to (4.2.14) we have

L i |
[ .
(ena-wa ganpma)g = 27+ =P + 1),

Hence, we get that

<€j2n/2 + €(j+1)27n/2

1__ . .
; Sgspeen ) = 2+ AP A,
g

2
and, by a telescoping argument, it yields
|22t]-1

>

J=0

E:9—n + E(s —n/2 1
g2=n/2 T EG+n2 2H
< 2 75(j+1)2"/2>g’ < it )

which proves (4.2.38).
2) Thanks to (4.2.14), for ¢ € {1,2}, we have

<537 5(j+1)27n/2>g = E[Xé(Xéj+1)2—n/2 - X;’2—n/2)]

1. , : 1. _ . _ )
_ 52 nH(’j+1|2H*|j|2H)+§2 nH(|82 n/27]|2H7|82 n/27j71‘2H)'

We deduce that

1. If s>0:
(a) if s<t:
12%¢]—1
Z ‘(857 5(j+1)2—n/2>g‘
§=0
. 2% s|—1

N

2 ,
7=0

1 n n
+§2—“H\|s2”/2 — [s2% PH — |s2/2 — |s23 | — 112H]

|2%¢|—1

1

+§2—7’LH Z ((] + 1— 8271/2)2[‘[ _ (] _ 327’1/2)2[‘[)
j=[2%s]+1
1 1 n
_ §t2H + 52—nH((S2n/2)2H _ (8271/2 _ £825J)2H)

1 n n

+§2*”H\|52"/2 — 523 21— |s2n/2 — 522 | — 121

1
2

1 —_n n . n .
Zg2H 52 H Z ((52 /2 _])QH — (52 /2 - 1)2H)

o2 (28] — s2/2)2H — (1525 ] — 522 1)1,
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where we have obtained the first equality by a telescoping argument. As a conse-
quence of the previous calculation, and since |b? — a?H| < |b — a|?" for H < 1/2
and a,b € Ry, we deduce that

|25 ¢]—1
> Ko dgna-nra)gl
j=0
1 2H 1 —nH/ 2HonH 1 —nH2H 1 —nH
1 1 1 n 1 n
< *t2H—|— *t2H—|— *2_nH(L25tJ>2H+ *Z_HH(L2§tJ)2H
2 2 2 2
< 2,

meaning that (4.2.39) holds true.

(b) if s > ¢ : by the same argument that was used in the previous case, we have

|25 ¢]—1
> [ewdgana-nra)gl
=0

. |23 ¢

1
2
1t2H + ;2 nH((S2n/2)2H - (S2n/2 - \_2%”)2[{)

2
1 1 n
< §t2H+§2_nH(L2§tJ)2H <t2H,

and (4.2.39) holds true.

2. If s<0:

123¢]—1

Z |(es, 5(j+1)2*"/2>g‘

Jj=0

12H 1—H 2 12H 2 - 2H
< =t —|—§2” Z “52”/ — P — 527/ — 5 — 1] ‘

2
J
) ) 125 ¢]—1
7=0
1 2H 1 —nH z - n/2\2H _ (_ .on/2\2H
= 3t +22 (([22t] 4 (—s)2™7) (—s22)*)
1 1
§ §t2H + 5((t_'_ (_S))QH . (—8)2H)
1 2H 1 2H
< = -
< 2t + 2t ,

where the second equality follows from a telescoping argument and the last inequality
follows from the relation [b? — a?#| < |b— a|?! for any a,b € R,. The last inequality
shows that (4.2.39) holds true.
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Lemma 4.2.7 Suppose that fi, f2, f3, f1 € Ci°(R?) and set H = 1/6. Fizt > 0. Then

123 ¢]—1
sup sup
2141 in€{0,[28 8] -1} i5,ig=0

X Ai4,nf4(X17 X2)1£1) (5(7;3-"-1)27"/2)[2(2) (528;54,1)2771/2)[](_1) (5(7;4-"-1)27"/2)[2(2) (5(8;34,1)271/2)) ‘

< Ot +1t2),

E<Ai1,nf1 (XY XA fo (XY XA Ay n f3(XT, X?)

where C is a positive constant depending only on f (but independent of n and t).

Proof. By the product formula (4.2.20), we have

1 1 1
If )(5(13+1)2—n/2)1.£ )(5(i4+1)2_”/2) = Ié )(5(z‘3+1)2—"/2 ® 5(z‘4+1)2—n/2) (4.2.40)
<5(i3+1)2—"/27 5(z‘4+1)2—n/2>
(2) ( 5®2 12 (582 _ ( ) (5®2 ®2
I (5(13+1)2 )13 (5(24H)2 ) = (5(z )2 ®5(@4+1)2 2) (4.2.41)

+4I§ )(5(2'3—&-1)2*"/2 ® 5(1’44—1)2*"/2) <5(i3+1)2*"/2’ 5(i4+1)2*"/2>
F2(0 iy 1)2-0725 O3y 1)2-n/2) -
Thanks to (4.2.40) we deduce that, for all i1,iy € {0,...,[22¢] — 1},

123 ¢]—1

2.

13,14=0

XA'L4,nf4(X1,X2)I§1) ((5(Z3+1)2—n/2)12( )(5(%3_"_1)2 n/Q)I( )(6(Z4+1)2—n/2)12( )(5§f+1)2 n/2))‘

E<Ai1,nf1(X17 XQ)A’Q,an(Xl? XQ)Ai377’Lf3(X17 X2)

|22¢]-1

2.

13,14=0

2
XA’i4,nf4(X17X ) ( )(5(Z3+1)2 n/2 ®6(’L4+1)2 ”/2) ( )(5332+1)2 n/Q)I( )(6E8;4Q+1)2n/2)>‘

N

E(Ail,nfl(xl,X2)Ai2,nf2(xl,X2>Az~3,nf3<X1, X?)

|2%¢|—1

>

13,54=0

2
XAi4ynf4(X(l)vX(2)) I’ )(522+1)2 n/2)]( )(5(%11)2 n/2 >“<6(i3+1)2n/275(i4+1)2n/2>‘

( a1 (X X2 A Fo (X1, X2) Ay f5(X1, X?)

= My (i1, i2,t) + My 2(i1, 12, 1),
with obvious notation at the last line. Set
G(in, 2,13, 14) = DNy n fr(X Y, X2) Ay fo (X1, X2) Ay (X1, X2 A fa(X T, XP).
Let us prove that, for i € {1,2}, 3C > 0 such that :

sup sup M, (i1, i2,t) < C(t +12). (4.2.42)
12041 iref0,...,[28 ¢) -1}
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1. for i =1 : thanks to the duality formula (4.2.19), we have
|25 ¢]—1

My (i1, i2,t) = Z

13,54=0

E<<DX1 (¢(7/13 7/27 7/3) 24))) 5(7'3_,'_1)2711/2 ® 6(l4+1)2n/2>

RGN SIC RN) |

Observe that, thanks to (4.2.16) and (4.2.17), we have

4
Dx1(d(in, i2,13,14)) = Z¢j(i1,i2,i3,i4)( 5

6Z-j27n/2 + 6(ZJ+1)2n/2>
)
i=1

where ¢;(i1,12,13,44) is a quantity having a similar form as ¢(i1,42,143,44) and arising
when one differentiates A;, ,, f;(X', X?) in ¢(i1, i2,43,14) with respect to X*. By com-
bining this fact with (4.2.32), we get

1

4 |22t]-
My (inyig, t) < (27/0)? D

7=1 13,i4=0

4

()
E M, (i1, g, t
J=1

(2) (2)
<¢g (41,142, 13,14) 15 (5(%32+1)2 n/z)I (5(%12“)2%/2))‘

with obvious notation at the last line. We have to prove that, for all j € {1,...,4},

one has sup,, o sup, irel0. 12511 Mé{i(il,ig, t) < O(t +t2). Let us do it. Thanks to
(4.2.41), we have

. |25 ¢]—1
M”j’%(il’h’t) = 2 E<¢j(i17i2,i3,i4) ()(522+1)2 n/2®5(§f42+1)2 n/z)>‘
i3,i4=0
123¢]-1
+427/7 Z E<¢j(i1’i2’i3’i4ﬂ§2) (5(13+1)2—n/2 ®5(z‘4+1)2—n/2)>'
i3,i4=0
X ‘ <5(Z‘3+1)2*”/27 6(i4+1)27n/2>|
128 ¢)—1
2 Z E<¢j(i1’ 2,3, i4)> ‘<5(i3+1)2n/27 5(i4+1)2*n/2>2-
13,24=0

Thanks to the duality formula (4.2.19), to (4.2.17) and to (4.2.32) and since ¢; is
bounded, we deduce that
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L. 2
E<(Z)j('ll, Z27 137 24)*[4& )(6(@;324,1)2771/2 ® 5534,1)271/2)) ’
— E<<D§(2 (¢(i1,42,15,4)), 63?;1)2,”/2 ® 5§f+1)2n/2>> ‘
< C'(an/ﬁ)él’

E <¢j(i1, in, i3, i0)I5" (O(ist1)2-nr2 @ 5(i4+1)2”/2)> ’

<

= E <<D§(2 ((Z)J (Z.l, 2.2, 'L.3, i4)), 5(i3+1)2_"/2 & 5(i4+1)2—n/2>> ’

< Cj(2fn/6)2'
By combining these inequalities with (4.2.33), we get

Mr(zj,i (ilv i27 t)

Cj27 M2 4 Cyt2 /303 4 Cyean/3gn/6
C.

<
< Gt +13).

My(Lji (ilv i?) t) <

Hence 3C' > O such that forall j € {1,...,4}, sup,>q SUD, 0,251} ;

C(t +t?). So, we have the desired conclusion (4.2.42) for i = 1.

2. for i = 2 : Thanks to (4.2.41), we have

12%¢]—1
Mnalinfant) = E(gb(il’h’ ig’u‘)[‘?) (6(@2?32“)2_”/2 ® 6?;424-1)2—71/2)) ‘
13,t4=0
X | <5(i3+1)2*"/27 (5(j4+1)27n/2>}
125 ¢]—1 o
) E<¢<z’1,z’2,z‘3,z’4)12 (6(i3+1)2n/2®5(i4+1)2n/2)>‘
i3,i4=0
X <5(i3+1)2—”/27 5(i4+1)2—n/2>2
|2%¢|—1
o 5
+2 Z E(¢(Z1,Z2723,Z4))‘|<5(i3+1)2_n/275(i4+1)2_n/2>|'
i3,i4=0

By the same arguments as used in the previous case, we deduce that
My,9(i1,dg, t) < C(27™/0)427/3 4 ©(27/6)%27/6 1 Ot < Ct.

Hence, 3C > 0 such that sup,,~q SUD, o 2841} My, 2(i1,i2,t) < C(t +t%). So, we

have the desired conclusion (4.2.42) for ¢ = 2. This ends the proof of Lemma 4.2.7.
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Lemma 4.2.8 Suppose that fi, f2, f3, f1 € C°(R?) and set H =1/6. Fizt > 0. Then

|25 ¢]—1

sup sup Z

2L i2€{0,., 128 8] 1} ig,i4=0

E(AhmhﬁxRX%A@mh@XRX%AﬁmﬁcX%X%

x Ay fa(X1, X2) 1V (5%“)2—"/2)[1(2) (5(i3+1)2,n/2)1§1) (5242+1)2—”/2)11(2) (5(i4+1)2n/2)> ‘

C(t +t?),

N

where C is a positive constant depending only on f (but independent of n and t).

Proof. By symmetry, the proof is very similar to the proof of Lemma 4.2.7 and is left to
the reader. n

Lemma 4.2.9 Suppose that f1, fa, f3,f1 € Ci°(R?) and set H = 1/6. Fiz t > 0. For
i €{1,2}, we have

|25 ¢]—1

sup sup E<Ai1,nf1(X17XQ)Aiz,nf2(X17X2)Ai3,nf3(X1aXQ)

n2l inef0,..,|22 ) =1} i3,ia=0

(4) (4)
<D XN G,y )1 62y )

N

Ot + %),

where C' is a positive constant depending only on f (but independent of n and t).

Proof. = We will consider only the case ¢ = 2 (by symmetry, the proof is very similar for
i=1). Set

B(i1, 79, 03,04) := Dy n fr(XY, XD Ay fo (X1, X2) Aig n f3(XH, X)) Ay nfa(XE X2).

Using the product formula (4.2.20), we have that I§2) ((5(%;1)27”/2)152) (5(%5’“)27"/2) equals
1(2) (5@3 ® 5®3 ) + 9[(2) (5@2 ® 6@2 )<5 ) 5. >
6 \%(sr1)2-n/2 % O3, 41)2-n/2 4 Fgr1)2-m/2  Oigq1)2-n/2) \O(iz+1)277/2> O(ig+1)277/2

2
+18I2( )((5(13+1)2—n/2 ® 6(i4+1)27n/2) <(5(,L'3+1)27n/2,5(i4+1)27”n/2>2 + 6<6(,L'3+1)2—n/2, 6(l4+1)27n/2>3
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So, we get
|2%¢|—1
N O 2
Z E<¢(11, 12,13, Z4)I§ )(5S§+1)27n/2)1§ )(6((%f+1)2n/2)> ’
i3,i4=0
|2%¢|—1
N
- 2 E<¢(“’22’l3’z4)lﬁ( )(52§+1)2*”/2 © 5§f+1)2"/2)>‘

43,54=0

12%¢|—1

L (2

+9 Z E<¢(21, i9,13, Z4)I£ )(5232“)2_71/2 ® 5%“)2_”/2)) ’|<5(i3+1)2—n/27 5(i4+1)2—n/2>|

i3,i4=0

|22t]-1

L (2
+18 Z E<¢(21712723, 14)I§ )(5(1'3-1—1)2*"/2 ® 5(¢4+1)2n/2)> '<5(i3+1)2n/27 5(Z~4+1)27n/2>2
i3,i4=0

12%¢|—1
+6 Z E<¢(i1,i2,i3,i4)> ‘|<5(i3+1)2—"/2>5(i4+1)2—"/2>|3'

43,i4=0

Thanks to the duality formula (4.2.19), we get

125 ¢)—1
L 2 9
Z E((b(h’h’z?”“)[?(’ )(5§§+1)2w/2)1§ )(5(Q?f+1)2n/2)>’
43,44=0
125 ¢]-1
-2 E<<D§(2(¢(i1’i2’i3’i4))’5§§+1)2—n/2®5E€§f+1)2—n/2>>‘
43,54=0
128 ¢)—1
- Z E<<D§(2(¢(il’i2’i3’i4))’5g:+1)2n/2®6gf+1)2n/2>>'
13,t4=0
X|(0(i511)2-m725 O(is 4 1)2-m/2) |
|2%¢|—1
o Z E(<D§(2(¢(i1’i2’ig’i4))’5(ia+1)2"/2®5(i4+1)2n/2>>‘
43,54=0
X <5(i3+1)2*n/27 6(i4+1)27n/2>2
|25 ¢]—1
+6 Z E<¢(i17i27i3,i4)>‘|<5(¢3+1)2—n/2,5(1.4“)2_“/2)\3,
13,t4=0

Observe that, thanks to (4.2.16) and (4.2.17), for any k € {1,2,3}, we have
D35 (¢(in, ia, i3, 14)) (4.2.43)

. . . . 8@'127”/2 + 8(21-&-1)27”/2 ®ai
- Z ¢(a1,a27a37a4)(21722a13714) 5
a1+az+az+as=2k

~ 52'22771/2 + 5(7;2_’_1)2771/2 a2 ~ 52'32771/2 + 5(i3+1)27"/2 ©as ~ 52'42771/2 + €(i4+1)27"/2 @aq
© 2 © 2 © 2
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where (ay,az,a3,as) € N* and B(ay,a2,a3,a0) (11 72,93, 14) is a quantity having a similar form as
&(i1,12,13,14) and arising when one differentiates Aijmfj(Xl,XQ) in ¢(i1,i2,13,14) aj-times
with respect to X2. Thanks to (4.2.43), (4.2.32), (4.2.33) and since @4, ay.a5,a0) (11, 525 i3, %4)
is bounded, we deduce that

123 ¢]—1

2.

13,14=0

L. 2 2
E (¢(11, 12,13, Z4)I?E ) (62§+1)27n/2)]—§ ) (5(@?3+1)2n/2)> ’

|25 ¢]—1
< CE/hS o 4 oo Z 16 (i5+1)2-n725 O3, 1)2-n/2) |
13,t4=0
12%¢]-1 123 ¢]-1
"’C(zin/ﬁ)z Z <6(i3+1)2*"/25(i4+1)2*"/2>2+C Z ’<5(i3+1)2*"/25(i4+1)2*n/2>|3

43,14=0 43,14=0

< O+ 0273t 0275 4 Ot
Hence, we deduce immediately that
|25¢]—1

sup sup
n21 ) inef0,..,|22 ) =1} i3,i4—=0

E <¢(i1, ia iy i) 1§ (082, o) IS (5§j+1)2_n/2)> ‘ < C(t+1%),

which end the proof of Lemma 4.2.9. [ |

Lemma 4.2.10 Suppose that fi, f2, f3, fs € C;°(R?) and set H =1/6. Fiz t > 0. Then

|23 ¢]—1

sup Z

>1. .=
2541 inyig,ia=0

1
E( [T Ainfa(x?, xHnY (6(ia+1)2*"/2)I§2) (5f?f+1>2n/2)) '
a=1

< O+t +83+th),

where C is a positive constant depending only on f (but independent of n and t).
Proof. The proof, which is quite long and rather technical, is postponed in Section 5. ®

Lemma 4.2.11 Suppose that fi, f2, f3, fs € C3°(R?) and set H =1/6. Fiz t > 0. Then

[25¢]—1

sup Z

n=l. .7 .
77 11,42,13,i4=0

< Ct+t2 4183+,

4
E( H Aia»“fa(Xl’ XQ)IS) (523+1)2—n/2)1§2) (5(ia+1)2”/z)> ’

a=1

where C is a positive constant depending only on f (but independent of n and t).

Proof. By symmetry, the proof is very similar to the proof of Lemma 4.2.10 and is left to
the reader. [
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Lemma 4.2.12 Suppose that fi, fo, f3, fs € C°(R?) and set H = 1/6. Fiz t > 0. For
i € {1,2}, we have

|2%t]-1

sup Z

>1. .=
2541 inyig,i4=0

< O+t +83+1th,

4
E( H Aia,nfa(le XQ)I( )(5(®3+1)2 "/2)> ‘

a=1

where C is a positive constant depending only on f (but independent of n and t).

Proof. The proof is similar to the proof of Lemma 4.2.10 and is left to the reader. See also
[30, Lemma 3.5| for a very similar result. ]

Lemma 4.2.13 Suppose H = 1/6. Then
1. Forall j € N

[(Dx2€,8j,1)p-ns2)| < €278, (4.2.44)
[(D%e6, 05515 0| < 027, (4.2.45)
where C in a positive constant depending only on v introduced in (4.2.24).
2. Forall j €N, forie{1,2,3,4}
E[(Dx2 KD (f,1), 8, 1y2-nr2)"] < C273(2 + £+ 1), (4.2.46)
where C' in a positive constant depending only on f.
3. Forall j €N, forie{1,2,3,4}
E{(D%, (KW (f,1)), i )1 <22 b4 1), (4.2.47)
where C' in a positive constant depending only on f.
4. Forall j €N, foric {1,2,3,4}
E[(Dx2 (K (f,8)), 85 10-n/2) "] < C2723( + 42 4 £+ 1), (4.2.48)

where C' in a positive constant depending only on f.

Proof.
1) Observe that, thanks to (4.2.15) (see also the example given after (4.2.15)), we have

Dy2€ = Zax% (XL, X2, X X2 )eq,,

As a consequence, since 1) is bounded and thanks to (4.2.32), we deduce that

‘<DX2§75(]‘+1)2*"/2>‘ < CZ|<58k7(5(j+1)2*"/2>’
k=1

< 02—71/6’
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which proves (4.2.44). On the other hand, we have

r

0%
2 o 1 2 1 2
D528 = ) ,;_1 78:1;2;6830%/ (XSl,Xsl, ... 7X$7-7X87»)85k ®€sy, -

So, as previously, we deduce that
2 ®2 —n/6\2 _ ~o—n/3
}<DX2£’5(j+1)2—n/2>‘ <o@ 9 =027,
which proves (4.2.45).
2) We will prove (4.2.46) for ¢ = 2,3. The proof is similar for the other values of i.

(a) For ¢ =2 : Thanks to (4.2.16) and (4.2.22), we have
DXQK'r(L2)(fa t)

123¢]—1
(2 512—n/2 + E(l+1)27n/2
Y D Al f(X, X)L )(5(%-?;1)2—71/2) ( 2
1=0
12%¢]-1
2
+3 Z Ay ndoaa f(XY, X2 )(5(%)3_1)2771/2)6@—}—1)27"/2'
1=0
So, we deduce that
1 |25 ¢|—1
< Q(Q)2 > |E[Andaa0a f (X1, X?)Ag nOa20o f (X, X?)
1,k=0
(2) (523 (2) (s®3
<137 (00 ya-nr2) 8 (03 1y0-ns2)|
€19-—n/2 + €(l+1)2—n/2
€k2—n/2 + €(k+1)27n/2
: } <( 2 KOS
) 12%¢|—1
+2(§)2 Z |E[A1n 0222 f (X', X?) Ag nO2a f (X7, X?)
1,k=0
(2) (s®2 (2) (522
xIy (5ﬁ+1)2—n/2)12 (5(%;“)2_”/2)”

X ‘ <6(l+1)2*"/2v 6(j+1)2*"/2 > ‘ |<5(k+1)2*”/27 6(j+1)2*"/2> ’
By Lemma 4.2.9, (4.2.32), (4.2.14), (4.2.23) and since
|E[A1n 0222 f (X, X2) A nOa22 f (X, X)) (5%i1)2—n/2)152) (52:11)2—71/2)”

is uniformly bounded in n (because f € C£°(R?) and thanks to the Cauchy-Schwarz
inequality and to (4.2.21) ), we deduce that

E[(Dx2KP(f,1),8410n2)"] < CQ@MO2(t+12) +C22(3 " [p(n)])?
nez
< OB +t+1),
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which proves (4.2.46) for i = 2.
(b) For i =3 : Thanks to (4.2.16) and (4.2.22), we have

mtjq
Z Al,nal222f(X1aX2)I£1)(6(l+1)2 "/2) ( )(5(111)2 n/2)

=0
« <€l2n/2 + 8([—}—1)2"/2)
2

1

|25 ¢]—1
1 1 2
+Z Z Al,nalzgf(Xl, Xz)If )((5(l+1)2—n/2).[£ )((5(1-&-1)27"/2)5@4—1)27"/2‘
=0

Hence, we deduce that

E[(Dx2KP (f,4),041)2-n2)")

12541
1
< 2(@)2 > |EAnO1222 f (XY, X?) Ag nOraaa f (X', X?)
L k=0

xlp) (5(l+1)2 ns2) Iy 1;? )(5%1)2 w2) i ' )(5(k+1)2 n2) Iy oy )(5(6211)2 "/Q)H

€1-n/2 T E(141)2-n/2
et P

<<€k2n/2 +5(k+1)2n/2> 5 >‘
5  O(j41)2-n/2
|2%¢]—1

+2(1)2 > |E[Andraa f (X XP)Apndia (X, X?)
Lk=0

X

<1 (Sary-ns2) 1 Gnano) It (B snyzra) 12 (Sanya=rro) |
‘<5(l+1)2—"/2’ 5(j+1)2—"/2> ‘ ‘< (h4+1)277/25 O 1) 22 ) ‘

Since f € C§°(R?), since X! and X? are independent, and thanks to the Cauchy-
Schwarz inequality and to (4.2.21), we have

|E[A1nO122 f (XY, X?) A O f (X', X?) {1)(5(”1)2%/2)

<P By n2) 1L Bz 1 Ogegnyanre)]|

< CE(\IP)((Sam-n/z)\\11 (O(hs1)2-nr2)|) E (\Iiz)(am-n/z)Hﬁ”(éwp-n/z)D
< O (Baryyno) 21 (Bprsrypnro )2 (8psryp-nro ) 21 (81yanrz) 12
< C(Q_n/12)4<0.

Thanks to the previous estimation, to Lemma 4.2.7 and to (4.2.32) (see also (4.2.23)
for the definition of p), we deduce that

E[(Dx2 K (f.4),0j4102-n2)"] < CETO2(t+12) + 272 |p(n)
ne”

< C27B(2 4+t +1),
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which proves (4.2.46) for i = 3.
Finally, we have proved (4.2.46).
3) We will prove (4.2.47) for i = 2,3. The proof is similar for the other values of i.

(a) For ¢ =2 : Thanks to (4.2.16) and (4.2.22), we have

D= (K2 (f,1))
123 ¢]—1

- ! 1 2y 7(2) ( s®3 €lp-n/2 + 8(Z+1)277z/2 ®2
Y lz_; A nO2202 f (X7, X7) I3 (6(l+1)27n/2) 5
123¢]—1 o o
1 2 2 n —-n -
i Z Aundona f(X5 X0, (6(Q?+1)2"/2)( 2 )®5(l+1)2—n/2
1=0
125 ¢)—1

2
+7 g Ay nOaa (X, XZ)If ) (5(z+1)2*n/2)5ﬁi1)27n/2 :
1=0

So, we have

2
<D§(2 (quf) (f? t)) ) 683_1)2—n/2>
125 ¢)—1
< O Y Dl (X', X7) Ay f(X, XD (550, )
1,k=0

2
(2) q 512771/2 + 8(l+1)27n/2
<1 (5(%11)2_71/2) < < 9 012/

8k2—n/2 + 5(k+1)27n/2 2
><<( 5 ,(5(]-_’_1)2771/2

|25 ¢]—1
+C Z Ay 02222 (X1, X2) A nOa202 f (X1, XZ)I§2) (5%1)2_71/2)
1,k=0

2) Eig—n/2 T E(141)2-n/2
x1y (5ail)g—n/2)<< 92 76(j+1)2*”/2 <5(l+1)2*“/275(j+1)2*”/2>

6k2—n/2 + g k41 9—n/2
X<( 2( ) >’6(j+1)2"/2><5(k+1)2n/275(j+1)2n/2>

|2%¢]—1
+C ) ANpOan f(XT, X?) A 0o f(X, X1 (0(11y2-n/2)
1,k=0

lez) (5(k+1)2*”/2) <5(l+1)2*”/2’ 5(j+1)2*”/2>2<5(k+1)2*"/2’ 5(J’+1)2*"/2>2'



104 CHAPTER 4. AN ITO’S TYPE FORMULA FOR THE FBMBT IN DIMENSION 2

Thanks to (4.2.32) (see also (4.2.23) for the definition of p), we get

E((D3a (KD (£.0).852 5 02)°)

128¢)-1
< C(26)! Z ‘E(Al’naQQZQQf(leX2)Ak,n822222f(X1,X2)I( )(55)?;1)2 )
1,k=0
<A 02|
(k+1)2-7/2
L22tJ71
FOET) DT |B(Arndan fX X7 A f (X XL (532, 2)
1,k=0
TP (552 o))l = 3)lo )
12%¢)-1
oy’ Z }E(Al’"aQQQf(XlaX2)Ak,n3222f(X1,XQ)IP (O41)2-nr2)
1,k=0

< I (S gop1y2-n2)) | 101 = )P0k — 5)I?

< 0B )+ 02BN Ip(r)l)” + 02 (Y o))
rez rEZL

< 2B+t + 1Y),

where we the second inequality follows by Lemma 4.2.9 and by the uniformly bound-
edness on n of :

| E(ArnOo2o2 f (X, X?) Ao f (X, X2) 1) (003 1)s-mr2) T2 1’ )(5(%11)2 w2))|

and | B (A0 f (X', X?) Ao f (X1, XL (8 y0-02) 1 (B1snyo-nia))|.
We deduce from the last inequality that (4.2. 47) holds true for i =2.

(b) For i = 3 : Thanks to (4.2.16) and (4.2.22), we have

D32 (KP)(f,1))

|2%t]—1
1 1
= 3 Az f(XY, X1 )(5(l+1)2 n2) ()(5(%1)2 w2)
1=0
(et e\
2
12%¢)—1

+5 S A fX XL (805190 n2) I (3 1y-nr2)
1=0

Elzfn/Z + 8([-}—1)27"/2 ~
X < 9 ®5(l+1)27n/2

125 ¢]-1
1
+7 Z Al,n8122f(X17X2)I§)(5(l+1)2*"/2)5(®1>42r1)2*n/2'
1=0
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So, we deduce that
2
<D§(2 (K’r(7,3) (f? t))? 5%3_1)2—n/2>

< C inﬂz_l Ay pOioaon f (X1, X2 Ay 019000 f (X, X2)11(1) (O(1g1)2-nr2)
LE=0
XIQ(Q) (5%1)27"/2)151) (5(k+1)2‘"/2)1§2) (5?;11)2%/2)
. < (552”/2 s ;(Hl)?*"/? ) 1O +1)2-/2 >2
% < (81@2"/2 . ;(k+1)2*"/2 >  Oj+1)2-n/2 >2
25 ¢]—1

+C Z AppOrao2 f(XY, X?) Ag nOr222f (X, XQ)I{I) (O11y2-n/2)
1,k=0

x I (5(l+1)2*n/2)1§1) (5(k+1)2*”/2)l£2) (O 1y2-72)

5[2—71/2 +eée I+1 2—n/2
X<< 5 >v5<j+1)2"/2>

€k27n/2 + €(k+1)2—n/2
X<< 2 ,(5(j+1)2—n/2

X <5(l+1)2*"/27 5(j+1)2*"/2><5(k+1)2*”/27 5(j+1)2*"/2>

[2%t]—1
+C Z ApnO12a f(X Y, XAy D02 f(XT, XQ)IF) (O41y2-n/2)
1,k=0
(1) 2 2
XT3 (O g 1y2-nr2) Ougnya—nrzs O 1)2-n2) Ohrnya-nszs Oiyrya—nz) -

Thanks to (4.2.32), we get
2
E((Dx(EP(f1),672 5 02))
(25 ¢]—1

1,k=0

1 2 1

|22¢)-1
+O(27 6 Z |E(ApnO1202f (X1, X?) Ay 01222 f (X, X?)
1,k=0
1 2 1 2
XI% )(5(l+1)27n/2)11( )(5(l+1)27n/2)11( )(5(k’+1)2*"/2)I§ )(5(k+1)27n/2))‘
x|p(l = 3)llp(k = j)|
|2%¢]—1
+C27OY N |BE(Apndioa f (X, X?) Mg pOraaf (X1, XP)
1,k=0

fol) (6(l+1)2*n/2)11(1) (5(k+1)2*n/2))||p(l =PIk = )P

(5(k+1)2—“/2)I§2) (5((23_1)2—71/2)) ‘
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By Lemma 4.2.7 and similar arguments as in the case ¢ = 2, we get

E(<D2 (K(?’)(f, )) 5%3_1)2 n/2>2)

< 027 B( 82 + 027N |o(r)))* + 2723 (S |p(r) )
reZ reZ

< 02731+t +17).

Thus, (4.2.47) holds true for i = 3.

4) We will prove (4.2.48) for i = 2,3. The proof is similar for the other values of 1.

(a) Fori=2:
<DX2(K( )(f7 t)),d (G+1)2~ ”/2>4
L22tj—1 4
15
< C DY ] AinOenf(X', X?)I4 (5?3“)2 w2

i1,i27i37i4—0 a=1

1a2™ n/2 +5 la+1)2 n/2
X H < 5(j+1>2n/2>

2541
+Cc ) HAM nO222 f(X, XQ)I(Q)((SSQH)? w2)

11,i2,13,04=0 a=1

4
X H <6(ia+1)2—"/27 5(j+1)2—n/2>.

a=1

Thus, we have

E(<DX2( (2)(f, )) (j+1)2— n/2>4)

BIE
¢ 5 (Tl awtmnror X672 )

i1 ,7;2,72371'4:0 a=1

< 102~ n/2 +€’L +1)2 n/2

N

»O(g+1)2-m/2 > ‘

\S

|22 ¢)-1
+C

11,12,13,14=0

X H ‘<5(Z’a+1)2—"/27 5(j+1)2—n/2>‘

(H Ai, Do f(X', X1 )(5(®2+1)2 n/2))‘

a=1

Thanks to (4.2.32) and to Lemma 4.2.12, we have

ZC)(t) < CEOE 4+ 2 +13) = C2 23t 442 1 £9),
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On the other hand,

4
)E( H NiynOoa f(X1, X )1(2) (5(®2+1)2 n/2)>'
a=1

is uniformly bounded in n. In fact, since f € Cy° and by applying the Cauchy-
Schwarz inequality two times, we get

4
'E( H Aia’naQQQf(Xl, ) (2) (528;2+1 9-n/2 ) ' H ||I 5®2+1)2 n/2) ||L4
a=1

Thanks to the Hypercontractivity property of the pth multiple integral with p > 1
(see for example Theorem 2.7.2 in [28]), we have for a € {1,...,4},

”I(Q) ((5®2

(ia+1)2~ n/2)HL4 CHI ((5®2

(ia+1)2~ n/z)”L2 <0278,

where C is some positive and finite constant, and we have the last inequality thanks
0 (4.2.21). We deduce immediately from the last inequality that 3C' > 0 such that
forallm e N

4
}E( H Aia’nBQQQf(Xl, ) (2) (5(@32+1)2 n/2)> ' < C. (4.2.49)
a=1

So, we get

|23¢]—1
Z8) < c ST pli — )tz — Dllelis — Dllplia — )]

11,12,13,14=0

< 0BT () = 2,
rez

Consequently, we deduce that E((Dx2 (K. (2)(f, £));0(j41)2-n/2) ) < o271+t +
2 +t3). Hence, we have proved (4.2.48) for i = 2.

(b) For i =3":
(D2 (KP (f,4)), 85 1y9-nr2)"
L22tJ71 4
< C Z HAim”al???f(Xl?XQ)Ig) (5(Za+1)2 ”/2) ()(5?;3+1)2 n/2)

(a1 ,i27i3 14=0a=1

a2~ n/2 +€7«a+12 n/2
x H < ret 5(j+1)2"/2>

L22tJ—1 4
+0 Y [T Auadief (X XL (86, 00-w2) I (3, 11y2-r2)

11,i2,i3,i4=0 a=1

4
X H <5(ia+1)2—n/2a 5(j+1)2—n/2>.
a=1
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Thus, we have

E((Dx2(KP (£,1)), 64 1y2-n72)")
|2%¢|—1

DY

i1 72‘2 ,13,14=0

y H < a2~ n/2 +6(Za+1)2 n/2

4
E<HAia,n31222f(X1’X )1 (1)(5(1 t1y2-n2) I LY (5(633+1)2 n/2)>‘

a=1

N

5(j+1)2"/2>‘

L22tJ—1

+C )

11,12,13,14=0

4
X H }<5(ia+1)2—n/2a 5(j+1)2—n/2>}

a=1

4
E( H Aia,nalmf(Xla XQ)IF) (5(z‘a+1)2—n/2)1§2) (6(ia+1)2—"/2)> ‘

a=1

= 28+ 28)0),

with obvious notation at the last line. Thanks to (4.2.32) and to Lemma 4.2.10,
we have

Z3)(t) < C@ MOt 4+ 2 1+ 13) = C2 23t 4 42 1 £9).

On the other hand, we have that

4
'E< T 2o f (X1 XL (5, 4 1y0-02) I (5(ia+1)2—n/2)> ‘
a=1

is uniformly bounded in n (by the same arguments that has been used to prove
(4.2.49)). Consequently, we get

123 ¢]—1
280 < c@ Ot ST p(in - etz — lipGs — Dllplia - )]

11,12,13,14=0

< 0Bl = o2,
rez

We deduce that E((DXQ( (f, £)),0(j41y2-n/2) 1) < C272/3(1+t+12+1%). Hence
(4.2.48) holds true for i = 3

Finally, we have proved (4.2.48), which ends the proof of Lemma 4.2.13.

4.3 Proof of Theorem 4.1.3

We suppose H < 1/2. The proof in the case H > 1/2 is immediate and, consequently, is left
to the reader.
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Definition 4.3.1 For all p,q € N such that p + q is odd, we define VEU(f,t) as follows:

|2%¢|—1

) — 1 2 1 1 2 2
V’r?Q(f’ t) T Z A],?”Lf(X 7X )(X(j+1)2—n/2 - Xj2—n/2)p(X(j+1)2—n/2 - Xj2—n/2)q'
=0
(4.3.50)

We have the following proposition which will play a pivotal role in the sequel :
Proposition 4.3.2 If (H >1/6 andp+q>3) orif (H=1/6 andp+q>5), then

2
VPa(f,t) 50, as n— oo

Proof. We suppose that p is even and ¢ is odd (the proof when p is odd and ¢ is even
is exactly the same). We have, for all k¥ € N*, 22 = Zle bok,i Hoi(w) + bog o and 22871 =
Zle ask—1,Hoi—1(x), where H, is the nth Hermite polynomial, ba;; and asy—1; are some
explicit constants (if interested, the reader can find these explicit constants, in Corollary 2.1.2
in chapter 2). Set

0(j,7) = D (X, XAy (XY, X?).

n

Recall that for i € {1,2} we denote X]”L = QTHX?Q_%. We distinguish two cases: if p # 0
J
andif p=0,

1. If p # 0 : Then, we have

1

L22tJ 1
HH( +4q)
VPA(fit) = bpo2 7 Zaqk/ S A (XY X Hap o1 (X7 - X0
k'=1 7=0
nH(p+a) ;5 128 ¢]-1
_ nH(p+tgq
Z Z aq7k/ .k Z A] nf X X2>H2k(XJ+1 Xl n)
k=1k'=1
XHlefl (Xjfl — X2 n)
q+1 Q q+1
= p702aqk/ nlfk t +ZZaqk/kan2(fk:k t) (4.3.51)
k'=1 k=1k'=1

with obvious notation at the last equality. Let us now prove the convergence to 0 as n
tends to infinity, in the L? sense, of Vi, 1(f, k', t) and V,,o(f, k, k', t) for all k € {1,..., 5}
and k' € {1,..., 9},
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(a) Convergence to 0, in L2, of V,,1(f,k’,t) : For all ¥’ € {1,..., %1},

E[(Var(£,K,1)"]

122t -1
—n .. 2,n 2,71 2)” 2’n
_  o—nH(p+q) Z E<¢(],]’)H2k/1(Xj+1 — X" Hopr—1 (X577, — X5 ))
J,3'=0
12%¢]—1
o nH(prg— ok -1 . (2 2k’ —1 (2) 2k'—1
= 2 (p a=( )) Z E(¢(171/)12k’1 (524—1)2—”/2)]216’*1 (68—&-1)2_"/2))
7,3'=0
2k'—1 2 [27¢)-1
/ 2k —1
_ gelrmern) ¥ ¥
>oa™ > BG4
a=0 7,3'=0
(2) 2k'—1—a 2k'—1-a @
XA g3 o094 (5§+1)2—n/2 ® 58%1)2—"/2)) (O+1)2-n72: (1 1)2-n/2)
WL orr N2 23 ¢)-1
_ 2—nH(p+q—(2k’ —1)) ZO a|< . > 'ZO E<<Dl)l(k2—2—2a (¢(]7]l>)7
a= J3'=

2k’ —1—a 2k'—1—a a
58+1)2*"/2 ® 5841)2*71/2 >> Oi+1)2=n/2, Ojr41)2-n72)

2k'—1 ;o 2 )
= (™) e,

a=0

with obvious notation at the last equality and with the second equality following
from (4.2.18), the third one from (4.2.20) and the fourth one from (4.2.19). Recall
that f € C;°. We have the following estimates.

e Casea=2k—1

12%¢|—1
QEA D) < 27 mHrra-@K-D) TS g 1))
J,j'=0

2k’ —1
X[ (0gnya=rnr2: 8(grenya-nr2)|

< sznH(erqf(?k’*l))tgn(%f(%’*l)H) - Ctz*n[H(pw)f%},
where we have the second inequality by (4.2.33).

e Preparation to the cases where 0 < a < 2k — 2

Thanks to (4.2.17) we have

4k'—2—2a

'—2—2a . .. €ig—n/2 + e, —-n/2 !
D220 (g i) = 3 ¢Z<J,J’>< et T o )
=0

(4.3.52)

!9 _92q—
~ €j/2—n/2 + 6(]’+1)2—n/2 4k 2—2a—1
@ 5 )

where ¢;(4,j') is a quantity having a similar form as ¢(j, j'). So, we have
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o Case 1 <a <2k -2

Q- (1)]

n
4k'—2—2a [22t] -1

< o—nH (p+q—(2k'-1)) S S B(aG)
=0 7,3'=0
‘< <€j2n/2 + €(j+1)2n/2>l - <€j/2n/2 + 5(]-/_,[_1)2771/2 )4k’22al
X )
2 2
®R2k'—1— Q2K —1— a
Oiryzniz @ O nypn2 > ‘ (3¢ 1)2-n/2, (571 1)2-n/2) |
125 ¢]—1
< C2an(p+Q*(2k 71)) (27nH)4k —2—2a Z ‘<5(j+1)2*7l/27 5(j/+1)27n/2> |a
J,j'=0

Ctz—nH (p+q—(2k’—1)) (2—nH)4k’—2—2a2n(%—aH)

Ct2—n[H(p+q+2k’—1—a)—%}

)

where we have the second inequality thanks to (4.2.32) and the third one thanks
to (4.2.33).

e Casea =0
QO )] (4.3.53)

aK—2 (2% t]-1

< 2—nH(p+q_(2k/_1)) Z Z E(‘¢l(]7]1)‘) X

€jo-—n/2z T E(jy1)2-n/2 l® Ejrg—n/2 T E(ji41)2-n/2 4k —2—1
2 2 ’

®2k'—1 ®2k'—1
OG+1ya-n/2 @ O(jri1y-ns2 >‘
ak'—2 (2% t]—1

< C2‘”H(p+q—(2k/—1)) Z Z <<€j2‘”/2 +5(j+1)2—”/2)l
2
=0 j,j’=0

4k’ —2-1
[ Eirg—ny2 T E(a —n/2 ’
J'2 (3'4+1)2 ®2k'—1 ®2k'—1
®< ) ;0 L @0

2 (G+1)2 (/+1)2-n/2
(4.3.54)
We define
EW0G gy = |( (et S o (Gt e\ T
n JsJ : B 9 )

)

®2k"'—1 ®2k'—1
OG+nya-nsz @ 5(j'+1)2‘"/2>

If [ = 0, observe by (4.2.32) that

E,gk/70)(j7j/) < (2an)4k’f3

5]—/2771/2 + E(j’—‘rl)Q*"/Q
2 OG22 )|
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If [ 0 then

EFD (5,5 < (27 H)W =3

5]'2—71,/2 + 5(J+1)2—n/2
2 »Ogrnyans2 )|

By combining these previous estimates with (4.3.54), (4.2.34) and (4.2.35) we
deduce that

CanH(erqf(Qk’fl)) (27 nH YK =3 (g-nH 1 4 gl+n/22H 1)

Q)]

NN

C2—nHp+a+2k ~1] + CQ—n[H(p+q+2k’—2)—%]t2H+1'

Finally, we deduce that for all k' € {1,..., %1},

2k’ —1
E[(Vaa(f, Kt Z gnlH(p+ar2k ~1-a)-]) (4.3.55)

+C2—n[H(p+q+2k;’—2)—%]tQH—&-l + C9—nHIp+a+2k 1]

It is clear that e1ther for H>1/6and p+q>3orfor H=1/6 and p+q > 5, we
have V,, 1(f, k', t) 20 as 1 tends to infinity.

(b) Convergence to 0, in L2, of V;,o(f, k,k',t) : Forallk € {1,...,5} and ¥’ € {1,. .,%},
thanks to (4.2.18) we have

n
22t

-1

_nH(+)
Voo kK t) = 277 2 Ajnf (X1, X% Hop (X — X;7T)
7=0
2,n 2n
XHQk’—l(Xj+1_Xj )
nH(p+q)

%
nH
= Z Ajnf( (x! XQ)Iék)((Z 2 5(j+1)27n/2)®2k)
=0

nH /_
Xlék)’ (22 5(j+1)2—"/2)®2k b
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We thus get

E[(Vao(f b, K1)
12%¢]—1

g nHlpra=(CK=1] 3" E<¢(J’J')Iz(zlc)((27121{5(#1)2—71/2)@%)
3:3'=0

1 nH 2 /_ 2 /_
XIék;) ((2 2 5(j/+1)2*n/2)®2k)lék2—1 (621161)21771/2)[51@2—1 (58/24]:1)2171/2))

2k —1 ok — 1 9 [2%t]-1 .
_n _ ’_ — .. 1 ni
g-nH (pra—(2K-1) ) a!< ) > E<¢(]7],)I§k)((2 2 §(j1)-nr2) %)
J,j'=0

a
a=0

t]
(1 nH 2k\ 7(2) 2k'—1—a 2k'—1—a
XI2k) ((2 2 5(j/+1)2—n/2)® )I4k’—2—2a(5(%)‘+1)2*n/2 ®6§,+1)2n/2)>

X (01225 Oy 1)2-m/2)"

N o g 22541 ,
_ g-ni(pra-2r-) Za!< ‘ ) 2 E(<D3‘?f2‘2“(¢<m’>)a
a=0 j7jl:0

nH

N '_1—a 1 nH 1 Lo
e ®58/2f1>§n/2>15k)((2 0 enm) I (2% 8o 2)®2k)>
{0 (j1)2-nr2s Oy 1)2-n/2)"
2k’ —1 2
o —1\2 ~ s
= Z a!( ka > Q;k ’a)(t),
a=0

with obvious notation at the last equality. Recall that f € Cp°. We have the
following estimates.

o Casea=2k —1
‘Q%k’,%’fl)(t)‘

N

g (pra-(2K'-1) E<\¢(j, I (27 8(510012) %)

H

XLy ((2g5(1’+1>2”/2)®2k)> DIO41y2-n2: 841122

[2%¢]-1
e D S [ (e L
57=0

>‘2k’—1

N

nH

X Hléllf) ((2750/“)2%/2)@%) 1205 1y2-n725 8541012
|2%¢]-1
< ot (pra—(v-1) 3 |<5(j+1)2,n/2,5(j/+1)27n/2>|2k’—1
7,3'=0
< Ct2,nH(p+q7(2klfl))2n(%7(2k/71)H) _ Cthn[H(pﬂz)*%}7

>‘2k’—1

where the third inequality is a consequence of (4.2.21) and the fourth one a
consequence of (4.2.33).
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e Preparation to the cases where 0 < a < 2k — 2
Thanks to (4.3.52), we have

4k'—2-2 . ®2k'—1— ®2k'—1—
‘E<<Dx2 a(¢(j7j/))7 6(j+1)2—n72 ® 5(j/+1)2:/2>

1 nH 1 nH
Iék)((Q 2 5(%1)2%/2)@%)]2(16)((2 2 50,“)2”/2)@214:))‘

4k’ —2—2a
nH

< Z E(‘Qﬁ(j, j’)é;lﬁ) ((276(]‘—%1)2*”/2)@2/?)[;? ((2%50%1)27”/2)@%) ’>
=0

/_ f— p—
‘<(€j2n/2 +€(] 1)2n/2>l~ <€j/2 n)2 —|—€(j/ 1)2 n/2)4k 2—2a—1
)

2 2

®2k'—1—a ®@2k'~1—a
5(]-“)2,”/2 ® 5(j/+1)2"/2>’

4k’ —2—2a
nH 1 nH
< C N (@8 1y nr) PP Nl (272 80y 1y n2) 52 2
=0

/— p— p—
‘<<€j2n/2 + €(j+1)2n/2>l - <€j/2n/2 + E(j/ 1)2-n/2 >4k 2—2a—1
X )

2 2

2k’ —1— 2k’ —1—
§EHIn g g8 1 >’

(j ('+1)27n/2
4k’ —2-2 9 _92q—
a 8]-27”/2 + 6(]4,1)2771/2 ! - 5j/2—n/2 + 6(]”«}1)2711/2 4k’ —2—2a—1
= =0 2 : 2 7

)

®2k'—1—a ®@2k'~1—a
5(j+1)27n/2 ® 5(j/+1)2n/2>

By the same arguments that was used in the study of V,, 1(f, ¥,t), we deduce
that

e Case 1 <a<2k -2

‘QT(lk:’,a) (t)’ < CtQ_H[H(p+q+2k/_l_a)_%],
e Casea =0

|Q~7(1k/’0) (t)’ < sznH[erquQk’fl] + C2fn[H(p+q+2k’72)f%]t2H+1.
Finally, we deduce that, for all k € {1,...,5} and ' € {1,..., %},
2K —1

E[(Vaa(f kK, 1)°] < Ct( Y 27nlHrar2i-1-a)-3)) (4.3.56)

a=1

+C27n[H(p+q+2k’72)f%]t2H+1 + Co—nHIp+a+2k —1]

It is clear that either for H > 1/6 and p+¢q >3 or for H =1/6 and p+ ¢ > 5, we
2
have V,,o(f, k, k', t) L% 0 as n tends to infinity.
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Combining (4.3.51), (4.3.55) and (4.3.56), we deduce that

2k'—1

B[(VPUL )] < CZ (( S otk 1)) (4.3.57)

k=1 a=1

+2—n[H(p+q+2k’—2)—%}tQH—i—l + 2—nH[p+q+2k'—1]> _

Hence, the desired conclusion of Proposition 4.3.2 holds true when p # 0.
2. If p=0: We have

y ot 125 ¢-1

_nHg

ng(f’t) - E :aqk’ E : Ajnf( X ,X? ) Hopr— I(XJ+1 ijjn).
k'=1 7=0

By the same calculation as in the previous case, we deduce that

q+1

2 2k'—1
()] < 03 (3 2y a3

k'=1 a=1

+2—n[H(q+2k’—2)—%]t2H+1 + 2—nH[q+2k’—1]) ‘

Hence, the desired conclusion of Proposition 4.3.2 holds true when p = 0 as well, which
ends up the proof of Proposition 4.3.2.

4.3.1 Proof of (4.1.3)

Thanks to Lemma 4.2.4, we have

1 2 1 2
f(X(].H)z n/29 X(j+1)27n/2) - f(Xj27H/27Xj27n/2)

of

M ox (j+1)2—n/2

+Z Z C(Oél,OZQ) A]ﬂal 12 2 (XlaXQ)(X(1+1)2 n/2 X2 n/2)a1
=2 a1 t+ao=2i—1

2 2 a 1 2 1 2
X(X(j-‘rl)Q*"/z - Xj2*"/2) i 313((X(j+1)2*n/2’X( j+1)2~ "/2>) (Xj2*"/2’Xj2*"/2)))'
By Definition 4.1.2 and (4.3.50), we can write

ﬂXEﬁth—n/?’ sz%tp—nm) - 1(0,0) (4.3.59)

X; j2- n/z) + Ajn (Xl Xz) (X(2j+1)2*”/2 B ijzfnﬂ)

7
WL +Y Y Clar,an) Vb2 (9047 1)

1=2 a1 +ag=2i—1
[25¢]—1

+ Z R13((X(1j+1)2—n/27X(2j+1)2—n/2)) (leg n/QaX;Q—nm)))-
j=0



116 CHAPTER 4. PROOF OF THEOREM 4.1.3

By Lemma 4.2.4, we have

127 ¢]—1
R13((X(1j+1)27n/2 ) X(2j+1)27n/2))7 (X;anm P X]?anm)))

Jj=0
|25 ¢]—1

2
< G Z Z |XJ+1 2-n/2 T 2 w2l |X(J+1 2-n/2 _ijfn/2)|a2'
ar+az=13 j=0

So, we deduce by the independence of X! and X? that

12%¢|—1
E(‘Rls((X(lepn/zvX(QjH)zn/2))a(X;zn/2=szn/2)))D (4.3.60)
7=0
|22 ¢|—1
< Gy Z Z j+12 nj2 — X2 npo| ™) E (|X(g+12 n/Q_X?Q—n/QHOQ)
aj+az=13 j=0
|_2%tj—1 —nH (o +ag)
= Cr ), 272 B[lG|™]E[IG|*]
art+az=13 j=0
< ¢ (G E[IG1=]2 = 0,

with G ~ N(0,1). On the other hand, by the almost sure continuity of f(Xl, XQ), one has,
almost surely and as n — oo,

f(X\_12%tJ2*”/2’XfQ%tﬂ*"/Q) - f(070) — f(than) - f(07 O) (4361)

Finally, the desired conclusion (4.1.3) follows from (4.3.60), (4.3.61) and the conclusion of
Proposition 4.3.2, plugged into (4.3.59).

4.3.2 Proof of (4.1.4)
We define W, (f,t) b

Walfit) = (Kmf, 0, KD(f.1), KO, t>,K,s4><f,t>),

where, for all i € {1,...,4}, KU ( ,t) is given in Definition 4.2.2. Let also define W (f,t) as
follows,

t
W(f,t) = (Kl/ 8111]“ X X2 dBl I{,Q/ 82221" X;,Xz)ng,
0

t
Ks / Araaf(XL, X2)dB3, k4 / o112 f( Xi,Xﬁ)dB;*),
0

where (B!,..., B%) is a 4-dimensional Brownian motion independent of (X!, X?), x? =

& Yrez PP(r) and K3 = K = 5 3 o, p3(r) with p defined in (4.2.23).
The following theorem will play a crucial role in the proof of (4.1.4).

B
NIV
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Theorem 4.3.3 Suppose H =1/6 and fir t > 0. Then, as n — oo,
(X1, X2, W(f. 1) — (X1, X2, W(f,1)),

in Dg2[0,00) x R,

Proof. The proof of Theorem 4.3.3 will be done in several steps.

Step 1: Tightness of (X', X2 W,(f,t)) in Dg2[0,00) x R,
It suffices to prove that (W,(f,t)), is bounded in L?*(R*). We have

E(IWalf,0)l3:) = E(IED (), KP(f,1), KD (f,6), KD (f,4)I3:)  (4.3.62)
4
Z Kp fv ) )

On the other hand:

1. For p =1,2, thanks to Lemma 4.2.9, we have

sup E((KP(f,1))%) < O(t + 7).

neN
2. Thanks to Lemma 4.2.7, we have

sup E((KP(f.1))%) < O(t + ).

neN

3. Thanks to Lemma 4.2.8, we have also

sup E((KV(f,1))%) < O(t + ).

neN

By combining these previous estimates with (4.3.62), we deduce that 3C' > 0 independent of
n and ¢ such that

E(|Wa(f,1)llga) < C(t+ ),

which proves the boundedness, in L2(R%), of (W,,(f,t)), and consequently its tightness.

Step 2.

By Step 1, the sequence (Xl, X2, Wa(f, t)) is tight in Dg2[0, 00) x R*. Consider a subsequence
converging in law to some limit denoted by

(X1 X2 Wao(f, 1)

(for convenience, we keep the same notation for this subsequence and for the sequence itself).
We have to show in this step that, conditioned on (X!, X?), the laws of Wy (f,t) and
W (f,t) are the same: Let A = (A1,...,\s) denote a generic element of R* and, for \, 8 € R4,
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write <)\,,8> for Z?:l )\lﬁl Let us define g1 ‘= anlf, gs ‘= 8222f, gs ‘= 61221" and g4 ‘= 61121".
We consider the conditional characteristic function of W (f,t) given (X!, X?):

P(N) = E(eMVIED X1 x2).

Observe that ¢(\) = e~ 2 Zp=1 At where, for p € {1,...,4},

¢
= w3 [ L X)),
Observe that ¢ is the unique solution of the following system of PDEs:

99

an(A) = oM (— M), P=1,...,4, (4.3.63)

where the unknown function ¢ : R* — C satisfies the initial condition ¢(0) = 1.
Recall that our purpose is to show that

E(ei<’\7W°°(f7t)>|X1,X2) — E(ei</\’w(f’t)>|X1,X2).
Thanks to (4.3.63) this is equivalent to show that

0

t
aTE(ei<’\’W°°(f’t)>|X1,X2) = E(ei<)"W°°(f’t)>\X1,X2)(—/\png/gg(X;,st)ds),.
/4 0

Hence we have to show that, for all p € {1,...,4},

E(GEE(f,1) MU X2) = B MU0, x2)
t
X(_)‘p’f;%/o gﬁ(Xsl,Xf)ds).

Equivalently, for every random variable £ of the form w(Xsll,stl, - ,Xslr, XSQT), with r € N*,

¥ : R¥ — R belonging to Cf°(R?") and s1,...,s, € R, forall p € {1,...,4}, we have to prove
that

t
E(iKD (,1) OW= () g) = B(geMWoelh0) 5 (X2 / (X1, X2)ds)).
0

Since (Xl, X2 Woo(f, t)) is defined as the limit in law of (Xl, X2 Wh(f, t)) and since W, (f,t)
is bounded in L?, we have

E(z’Kég)(f’ ) ei()\,Woo(fi»g) — lim E(z’Kfj’)(f, ) ei()\,Wn(f,t))g)'

n—oo

Thus, we have to prove that, for all p € {1,...,4},

t
lim E(iKP (f,t) MV e) = B Weell) o (= A k2 / g2 (X1, X2)ds)).
0

n—oo

(4.3.64)
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Let us compute E(ZK (f t) eXAWnlfit )>§) for p = 3 (the calculations are very similar for the
other values of p). We have

E(iKJ(f,t) M0

T
— éQ_g LQZtJ(:) 1E<Aj7n8122f(X1’X2)H1 (X;fl _ Xl " H, (Xg+1 X?’”)eﬂ/\uWn(f,t))g)
. \_2]%tj_1
— %2_% z% E(Ag nO120 f(X 1, XQ)I( )(2125(j+1)2 )l (2)(2 5(@911)2 n/2)€i</\,Wn(f,t)>§>
; |_2%tj7]1 1 |
= 3 par E<Aj,n8122f(X1’X2)Il( )(50“)2 o)l ()(5(]11)2 n/2)6Z<)\’Wn(-f’t>>€>
281
B % E<<DX1(Aj’”amf(xlvXZ)ﬁi(A’W"(f’t»f) S(j1)2-n/2 )] (2)(5811)2 n/2))

(4.3.65)

where the second equality follows from (4.2.18) and the last one follows from (4.2.19). Thanks
to (4.2.16), the first Malliavin derivative with respect to X! of A, 0192 f (X1, X2)ei(>\,Wn(f,t)>f
is given by

Dxa (Aj,namzf(Xl, X2)€i</\,Wn(f,t)>§)
Ej2=n/2 T Ej1)a-ns2 )

2
il j 2o f (XL, X2) AWl e D 1 (N W (f, 1)) + AjpBraa f(XT, X2) AWl D e

= AjnOnaf(X' X2)elAWalfi0) ¢ (

Thus, by (4.3.65), we have
E(iKP(f,1) ' (100)
1

LﬁtJ
7 i o (f,
= 3 . 0 E<Aj,n81122f(X1,X2)e AWn(f0) ¢ 152)(5211)2 n/2)>
J:
5‘2—77,/2 + g i1 2771/2
><< J 2(] ) 75(j+1)2"/2>
) |25 ¢]—1
- 3 E(A]nalzzf (X1, X)W N E (Dyer (0, Wl £,8)),6(541)0- n/2>f(2’<5?;il)2_n/2>)
7=0
Z,Lﬁtj 1
+ g E( Jnaugf X1 XQ) AN Wh (1)) <DX1£ 5]+1)2 n/2> (2)((528)3_1)2 n/2)>
]:
= An(t) + Bn(t) + Cu(t),

with obvious notation at the last equality.
In the next steps we Wlll prove firstly that A, (t) — 0 as n — oo, then that B,(t) —
—Ag/@%E(éeW‘ono(f, f 3(X!, X2)ds) and finally that Cy,(t) — 0.
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Step 3: Proof of the convergence to 0 of A, (t).
Thanks to the duality formula (4.2.19), we have

C12%t)-1
I3 .
An(t) = g E<<D§(2 (Aj,TLallQQf(Xl’ X2)61<A?Wn(f’t)>§) 5?3_1)2 n/2)>>
=0
(SN —n/2 + E(s —n/2

Thanks to (4.2.16), the second Malliavin derivative of Ajmalmgf(Xl,X2)€i<>"W”(f’t)>§ with
respect to X2 is given by

D%@ (Aj,nalmzf(Xl, X2)ei(>\,Wn(f,t)>€)

2
8]'27"/2 + 8(]‘_’_1)2771/2 ) ®
2

= Aj,n8112222f(X1,X2)ei<)\,Wn(f,t)>€<

E:o—n + &/ —n ~ .
+2Aj,n811222f(X1,X2)< j2—mn/2 2(]+1)2 /2>®DX2 (€z<)\,Wn(f,t)>§)

+A; 01120 f (X1, X2) D% (XMW (D) g
On the other hand, we have
Dxa (e¥AWnlE) g) = et OWalED) e D o (N, Wi, (f, 1)) + AWVl D yoe

and
DR (W 0g)
U (Da (o, Wy
+2i! Wl Dy (X, Wi

D)EDya€ + I D e

==

Thus, we finally get

D% (A nO1122 f (X1, X %) !N WnllD)¢) (4.3.67)
. Ei9-nj2 + & —n/2 ®2
_ Aj’n8112222f(X17 X2)61<A,Wn(f,t)>§( J2 2(]+1)2 >
. i E:9-n/2 + e, —n/2 ~
+22Aj,n611222f(X17 X?)e </\’W"(f’t)>f< 72 2(]+1)2 >®DX2 (N Wi(f,1))
. Eig-nj2 + E(; —n/2\ -
+2Aj,n811222f(X1, XQ)ez()\,Wn(f,t)) < j2 2(J+1)2 >®DX2£

— A nBnoa (XY, X2)eAEDN e (D o (X, Wi (f, ) F

il Or1oa f (XY, X2)eAWa D e D2 (N, W (f, 1))

120 01122 f (XL, X2) MWl D (o (N W, (f, 1))@ D 26
FAj 0 f(XE, X2)eAWaF0) D2 ¢
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By replacing the quantity (4.3.67) in (4.3.66), we get

LZ%tJil . 6‘2—77,/2 + 6( '+1)2—n/2 3
A1) = )] E(Aj,n3112222f(X1,X(2))€Z<A’W”(f’t)>§)< J 5 / ,5(j+1)2n/2>
3=0
125 ¢]—1
+2i > B(Ajadnemn f(XT, X)W (D s (N W (£,1)), 651 1)0-n/2))
§=0
15 '2—71/2 + 15 i1 2777,/2 2
X< J 2(] ) ’(S(j+1)2n/2>
|2%¢]—1
+2 Z E(Ajndnanf (X1 X2)€Z<A’W"(f’t)><DX2§, 5(j+1)2*n/2>)
§=0
Ei9—n/2 +e i+1)2—n/2 2
y < j 2(3 2 5(j+1)2_n/2>
|25 ¢]—1
- Z E(Ajn0naaf(X', X?)e! IAWn(£) E(Dx2(N\ Wi (f,1)),6 (j+1)2- n/2>2)
§=0
Ei9-n/2 +e€ i+1)2—n/2
><< J 2(] ) ’5(j+1)2—n/2>
|25 ¢]—1

+Z Z E(Aj,n61122f(X1,X2) <>\ Wn ft £<D )\ W (fv )> 5®3_1)2 n/2>)

=0
E.9— +&¢; —n/2
j2n/2 T Eirnyan/

122t -1

+27 Z E(Aj’nanggf(Xl,X2)€i<A’Wn(f’t)><DX2<A>Wn(fv )>®DX2§7 (+12 n/2>)
=0

Ejo-n/2 t E(j1)2-n/2
><< ] 7 O 1)2-n/2

+ E(Aj 01102 f (X1, X?)e! i W"(ft)><D§(2f 5®+1)2 2))

€ io—mn/2 + 5( ‘_’_1)2771/2
X< J 9 J 75(]‘-‘-1)27"/2

7
:ZA
=1

with obvious notation at the last equality. Let us prove the convergence to 0 of A, ;(t) for
ie{l,...,7}.

convergence of A, 1(t) to 0
Thanks to the boundedness of e Wn(f:)) and ¢, and since f € Cg°(R?), we get
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12%¢)-1 €j9-n/2 + €(j11)2-n/2
s € € 3 (B )
j=0

where the last inequality follows from (4.2.38). Hence, A, 1(t) — 0 as n — oo.
Convergence of A, »(t) to 0

Thanks to the boundedness of e*»Wn(f1)) and ¢, and since f € Cye (R?), we get

4 123 ¢]—1
‘Anyz(t)’ = 212)\17 E(Aj’naugggf(Xl,X2)61<A’W"(f’t)>f
p=1 7=0
8'2—1@/2 +8 i+1)2—n/2 2
<DX2K£p)(t)75(j+1)2"/2>> X < : 2(]+ : ’5(j+1)2"/2>
4 123 ¢]-1
< O N D E(‘(szKq(f)(t),é(jH)Qn/2>’>
p=1 7=0

Ei9—n/2 +e i+1)2—n/2 2
><< J S 5(j+1)2_n/2>
4
= O,
p=1

with obvious notation at the last equality. We will prove that

A(P% (t) < C27 1243 4 1) 4 C27/6¢, (4.3.68)

n,

In fact, it suffices to consider the cases p = 2,3. The previous inequality could be proved
similarly for the other values of p.

1. For p = 2 : By Definition 4.2.2
|25 ¢]—1

KP(W) =55 > Auadanf (XL XLV (552 0)-
=0

So, thanks to (4.2.16) and (4.2.22), we have

D2 KP(t)
12%¢]-1
1 2) [ c®3 €1p-n/2 T E(41)2-n/2
= ﬂ Z Al,n82222f(X17 X2)I§ ) (5(6?_,_1)2771/2) ( 2
1=0
) 123 ¢]—1
2

+3 Ay dana (X1, X2) I )(5(6?3,1)2771/2)6@—}—1)27"/27



and we get

ALYt <

N

N

NN

123

L . e
12771/2 +6l 1 27774/2
0% B 05 )| )

5j2—n/2 + 5(j+1)2—n/2 6 2
x 5 O(+1)2-m/2

125 ¢]-1

2
+C Z < 6(@;_’_1)2 n/2) ‘) ‘<5(l+1)2_”/27 5(j+1)2—”/2>'

7,0=0

5]'2777,/2 + 5(j+1)27n/2 6 2
x 9 P O(j+1)27n/2

|25 ¢]—1

CE™O? 3| (5®;i1)2 ns2)l2
7,1=0

€l27n/2 + 6([%’1)27"/2 5
9 » O(j+1)2—n/2

<5(l+1)2‘"/2’ 5(j+1)2—n/2 > ‘

5[2—71/2 + E(l+1)2—n/2
5 O+1)2-m/2

125 ¢]—1

+CETO?2 N | (5‘8;i1)2 w22
7,0=0

|25 ¢]—1
02—71/3 2—71/4 Z
7,1=0

125 ¢]—1

+C2 B gTn/6 <5(z+1)2"/2’5(j+1>2"/2>‘
41=0

0277n/12(27n/6 + 2n/2t4/3) + 02771/615
C27 243 1 1) 4 276,

The second inequality follows from Cauchy-Schwarz inequality and (4.2.32). The third
inequality follows from (4.2.21) , whereas the fourth one follows from (4.2.33), (4.2.34)
and (4.2.35). As a result, (4.3.68) holds true for p = 2.

. For p = 3 : By definition 4.2.2

K®)(t) =

n

25 ¢]—1

1
Z Ao f(X, X 1Y (5(z+1)2*n/2)I§2) (5(%1)2—71/2)-

Thus, by (4.2.16) and (4.2.22), we have

Dy KP) ()
\_Q%tJ—l (1) ( ) El27"/2 + 8([—}—1)27"/2
D Apndiosaf(XH XA (51 1y9-nr2) I3 (5f?i1)2 n/2)< )
1=0
|23 ¢]—1

1 2
+Z Z Al,naIQQf(X17 X2)I£ )(5(1_’_1)2—71/2)[1( )(5(l+1)2—n/2)5(l+1)2—n/2.
=0

)
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Hence, we get

APt

|25 ¢|—1

DN (RICHRRSAIIF G NI

41=0

Elzfn/Q + 5(l+1)27n/2 5]'2771/2 + 5(j+1)27n/2 2
X , 5(]'_;'_1)2771/2 ) 5(]‘-!,—1)2*"/2
2 2
|25 ¢]—1

+C Z E(‘Ifl)(‘s(lﬂp"/Q)HIF)(‘S(ZHBn/2)|>‘<5(l+1)2n/2v5(j+1)2"/2>‘
4,1=0

N

€j2—n/2 + 5(j+1)2—n/2 5 2
% 2 )27/

|25 ¢|—1

“n 1 2
C@OP 3 LY (Spaya-rse) el 15 (577 pe) o
4,1=0

€l27n/2 + 5(1_;'_1)2771/2
|23 ¢]—1

+C@ 2 S Y (Sgay-nrz) 212 (Sgays-nrz) 2] (B ay2-nr2s 84102 )|

J1=0
€l2_n/2 + €(l+1)2_"/2
5 OG22

N

(25 ¢]—1
C2—n/3 2—n/12 2—n/6 Z
j,1=0

N

|2%¢|—1

L o239 n/12)2 Z \ <5(z+1)2*"/2’ 5(j+1)2*"/2> |
,1=0

< 2743 1) + 0275,

where the previous inequalities are shown by using the same arguments as in the case
of p =2. So, (4.3.68) holds true for p = 3.

Finally, we deduce that |A,o(t)| < C27"/2(#*/3 4+ 1) + C27"/5t.
Convergence of A, 3(t) to 0
Thanks to the boundedness of e**Wn(f1) and ¢, and since f € Cye (R?), we get

LQ%tJ_l €i9—n/2 + 5('+1)27n/2 2
Ans®] < C Y B([(Dx268410-02)|) X< : 2] ’5(j+1)2n/2>
j=0
125 ¢]—1 .
. i9—n/2 +6 it1)2—n/2
< CE? Y] < j s ’5<f+1>2‘”/2>‘

§=0
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where the second inequality comes from (4.2.44) and (4.2.32), and the last one from (4.2.38).

We deduce that A, 3(t) — 0 as n — oo.

Convergence of A, 4(t) to 0
Thanks to the boundedness of e!*Wn(f:)) and ¢, and since f € Cg°(R?), we get

123 ¢]—1
2
[Ana(®)] < C > E(Dx2\Walf,1)),8(51)2-m/2)")
j=0
€jo-n/2 +e i+1)2—n/2
x‘< J 2(] ) ,5(j+1)2n/2>'
4 [2%¢)-1
2
< CZ Z E(<DX2K1§LP)(t)75(j+1)2*n/2> )
p=1 ;=0
€jo-n/2 +e€ i11)2—n/2
x‘< ; 2(] ) ,5(j+1)2n/2>'
4
= CY AN,
p=1

with obvious notation at the last equality. Thanks to (4.2.46) and to (4.2.38), we have

|23 ¢]—1
AP ) < 2P i) Y

n,

€j2—n/2 + €(j+1)27n/2
5 O(+1)2-ns2

j=0
< C27B3( 4t 4+ 1)/,

We deduce that
[ Apa (D] < C273(8 4+t + 1),

As a consequence, the convergence of A, 4(t) to 0 is shown.

Convergence of A, 5(t) to 0
Thanks to the boundedness of e?Wn(f:)) and ¢, and since f € C5°(R?), we deduce that
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|2%¢|—1
Ans®] = i > B(Ayadnoaf(X, X)W M DR\ Wa(£,6),622 115 0r2))
7=0
5'2—71,/2 +5 i+1 2—n/2
><< j S 5(j+1)2n/2>‘
125¢) -1
< CZM Y. E((D% (K (1) 055 5 2)])
7=0
€i0-n/2 +ée i+1)2—n/2
9 < J e 5(j+1)2_n/2>‘
[22tJ 1
< CZP\P‘ Z D?(Z(Kr(Lp)( )) 5811)2 n/2>H2
7=0

Eio— +&¢; —n/2
j27n/2 T =+
- ’< 2 ’5<j+1)2—"/2>‘

< O2BE2 4+ 1)2/3,

where the last inequality comes from (4.2.47) and (4.2.38). As a consequence, the convergence
to 0 of A, 5(t) is shown.
Convergence of A, 6(t) to 0

Thanks to the boundedness of e/*Wn(f:1) and ¢, and since f € C’g’o(RQ), we deduce that

[ An,6(t)]
|2%¢|—1
< C E([(Dx2(\ Wa(f: 1)), 8¢ 1y2-nr2) | [{Dx2&, 8 11y2-n/2) )
§=0
€i9-nj2 T E(; -n/2
x‘< 2 2(14—1)2 ,6(j+1)2—n/2>’
[22tJ 1
< 027 n/62‘)\‘ Z ([{Dx( ()(t))75(j+1)2—"/2>|)
7=0
Ei9—n/2 + & -n/2
% < 72 2(]+1)2 ’5(j+1)2_n/2>'

4
= > nAR @)
p=1

with obvious notation at the last equality, and where the second inequality comes from (4.2.44).
We will prove that

AP (1) < o223 4t 4 1), (4.3.69)

n,

Actually, it suffices to prove this inequality for p = 2,3, the proof for the other values of p
being entirely similar.
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1. Forp=2:
‘<DX2(K( )( t), 5( j+1)2~ n/2>‘
[2%t]-1 s
12—n/2 1+1)2—"n/2
s ¢ Z |I 5?i1)2 n/2 “<( 2(+ ) )75(j+1)2n/2>‘
=0
|2%¢|—1
2)
+C Z ‘I( (5%42&)2 n/2)‘}<6(l+1)2*”/2a5(j+1)27n/2>}-
=0

We deduce that

Ap(®)
|25 ¢]—1 o Erg-n/2 + E(141)2-n/2
—n/6 3 —n —n
S M G N | e T |
4,1=0
€jo-n/2 +e€ i1+1)2—"n/2
X << J 2(.7 ) >’6(j+1)2n/2>'
[2%¢]-1
—n/6 (2)
+o2 Z B(|1; 5%i1)2 wr2) (8 gaya-nr2, 0 11ya-ns2) |
4,1=0
Ei9-—n/2 +¢€ i+1)2-n/2
x‘<<ij e ),50+U2ﬂﬁ2>'
125 ¢]—1 -
—7Tn/12 12-n/2 T Eq1)2-n/2
< opme S0 (ST )
3,1=0
[2%¢]—1

+C272 3 0 [(0ugnyanres g raya-nse)|
j1=0

< 02—7n/12(2—n/6 + 2n/2t4/3) + C2—n/6t < CQ_n/12(t4/3 i+ 1)’

where the second inequality comes from (4.2.32), the Cauchy-Schwarz inequality and
(4.2.21). The third inequality is a consequence of (4.2.33), (4.2.34) and (4.2.35). As a
result, (4.3.69) holds true for p = 2.

2. Forp=3:
[(Dx2 (K8 (), 855 1)2-n/2)|

12%¢)-1 o Ergns2 + Ep1ya—rnr?
< C Z l+12 ”/Q)HI (5(l+1)2 n/2 ‘ 2 7(5(J’+1)2*"/2

12311
+C Y 1V (Bas1)2-n/2)| R (O ny2-n2) |[{Os1ya-nrzs 84 1)2-nr2) |-
=0
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Using the same arguments as in the previous case, we deduce that

ATH(®)
|2%¢|—1
—n 1 2
< 02 3 B(LY (G ae-we) 17 (55 )
4,1=0
€19-n/2 + 5(l+1)2—n/2 5 €j2—n/2 + €(j+1)2—n/2 5
x 2 1O(j+1)27 /2 2 PO +1)27m/2
|25 ¢]—1
+C27S Z E(\If) (5(l+1)2*n/2) { 11{2) (5(l+1)2*"/2) D ‘ <5(l+1)2*"/2v 5(j+1)2*”/2 >‘
4,1=0
Ei9—n/ + & —-n/
" << ia-n/2 2(g+1)2 2>75(j+1)2_n/2>‘
123 ¢]—1
< 273 ; 11 (5(l+1)2_n/2)\|2!\[§2) (5531)2*"/2)“2
4,1=0
€pp-n/2 T € —n/2
x‘<( 2 2( +1)2 >75(j+1)2—n/2>‘
123 ¢]—1

+C27 N g (Ors1)2-ns2)ll2 iz (Basya=n/2) 12| as1y2-nr2: O(j1y2-nr2) |
=0

< 027777,/12(2771/6 + 2n/2t4/3) + szn/6t g 02711/12(154/3 + t + 1)
Hence (4.3.69) holds true for p = 3.

Finally, we have shown that |A, ¢(t)] < C27"/12(t*/3 4t +1). As a result, it converges to 0.
Convergence of A, 7(t) to 0
Thanks to the boundedness of e“*Wn(f)) and ¢, and since f € C°(R?), we deduce that

12%¢]—1
[Ang ] < C Y B([(D%26 607 0-2)])
j=0

e ig—n/2 +ée i+1 2—n/2
% ’< J 2(] ) 75(j+1)2"/2>'
|2%¢|—1 .
“n '2771/2 + Ers 1 an/Z
< C2 /3 Z < J 2(]+ ) 75(j+1)2n/2>‘

=0

where the second inequality comes from (4.2.45) and the last one from (4.2.38). It is now clear
that A, 7(t) converges to 0.
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Step 4: Study of the convergence of B, (t).
By (t)

12%¢]—1
= 3 Z E(Aj,na122f(XlaX2)€Z<A’W"(f’t)>f<DX1<)\,Wn(fat)>a5(j+1)2n/2>

=0
( ) (582
= 3 Z Ap Z E<Aj,n8122f(X17 X2)e' AWl e (D (Kgp)(t))aé(jﬂ)zfn/ﬁ

() ®2

4
— Z )\pBT(Lp) (t), (4.3.70)
with obvious notation at the last equality. We will prove that

n—o0

By (t) — —n2E< “AWoo(£:2) 5></ (X;,Xg)ds>, (4.3.71)
0

where g3 := O122f, see the beginning of Step 2. The proof of (4.3.71) will be done in

several steps. Firstly, we will prove the convergence of Br(Lg)(t) to —E§E<ei<A’W°°(f’t)>§ X

fg (8122f(X;,X52))2d5>. Then, we will prove the convergence to 0 of B (t) for the other

values of p.

Study of the convergence of BY (t).

B@) (¢ (4.3.72)
. 125 ¢]—1
— _é > E(AjmalQQf(Xl,X2>62</\’W"(f’t)>§ <DX1 (Kr(Lg)(t>)’5(j+1)2_”/2>I§ 5(®3_1)2 n/2)>
J:

Our purpose in this subsection is to prove the following result :

BY(t) — —n%E( AW (1) g / t (6122f<X;,X§>)2ds). (4.3.73)

n—oo 0
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Proof of (4.3.73). Thanks to (4.2.16) and (4.2.22), we have

|2%¢|—1
1 2
= 5 2 Bkadunf (X XL G 5 05 )

k=0
Eka—n/2 T E(p1)2-—n/2
X<< 7 >,5(j+1)2n/2>
|25 ¢]—1

2
T3 E Ak,n3122f(X1=X2)I§)(5(6211)2%/2)<5(k+1)2fn/275(j+1)2*n/2>'
k=0

Using the duality formula (4.2.19), we deduce that
BG) (t)

n
|25 ¢]—1

- Z E(Aj,nalng(Xl,X2)Ak,n81122f(X17X2)I£1)(5(k+1)2"/2)12(2)(6(%11)271/2)

J7k:0
(2) AW (f, Eka—n/2 T E(py1)2-n/2
X1y (5811)2—n/2)6< (ft)>§)<< 5 2 0(j41)2-n/2

|25 ¢]—1
1
64 Z E<Aj’"8122f(Xl’ X?) Ag Oz f (X1, X2)12(2)(5E8];i-1)2—n/2)
4,k=0
2 i n(fs
X]é )(68’3_1)2—n/2)€ AW (f t)>€> <5(k+1)2_n/2’ 5(j+1)2_n/2>
1 |25 ¢]—1
= & > E<<D§(2 (Aj,namf(xl, X2) Mg O1122f (XY, XM (81110 -n02)
4,k=0
(2) /s®2 W Wa(F,t ®2 Eka—n/2 + Ek+1)2-7/2
XIQ (5(k+1)2—n/2)6 < s )>€) ; 6(j+1)2—n/2 >> << 2 76(]4‘1)2*”/2
) |25 ¢]—1
64 Z E(<D§(2 (Aj’namf(Xl’ X*)ApnOi2af (X, X2)I§2) (5(6211)2—71/2)
4,k=0
= BPV(6) + BP(1), (4.3.74)

with obvious notation at the last equality. In the following two steps, we will prove firstly
that B*?(t) — —k2E <ei<Aono<f¢>>§ x [ (D22 f(X§,X§))2d3>, then that BV (t) — 0 as

n — oQ.

1. Convergence of B2 (t) as n — oo : Let us prove that

n—o0

t
BB — k2 E(em,woo(f,t»gx / (D122 f(X§,X§))2ds>. (4.3.75)
0
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Proof of (4.3.75). Thanks to (4.2.16) and (4.2.22) , we have

D%(Aj,namﬂxl, %) A nhoa f(XD, XD I (552 )ei<*’W"<f¢>>§)<4-3.76>

(k+1)2-n/2
_ Dg@ (Ajmé?lggf(Xl,XQ)Akmalggf(Xl,XQ)) 72 )(5211)2 n/Q)efL(/\,Wn(f,t))g
2Dy (Aj,nalmf(Xl,XQ)Ak,nauzf(Xl ))®DX ( 72 )(5(%;11)2 n/2)ei<>\,Wn(f7t)>€)
+Aj,n3122f(X1, X2)Ak7n8122f(X1,X2)D (1(2)(5(623_1)2 w2 )€’ ()\,Wn(.ﬂt»é’)'

We also have

D2 (Ajndiaa f(X', X?)ApnOroaf (X1, X?)) (4.3.77)

Eio—n/2 + E/; n
- Aj’"amnf(XlaX2)Ak,n8122f(X1,X2)( P /2)

2

Eszn/Q + 5(k+1)27'n/2
) )

+Aj 0120 f (X1, X Ag D122 (X, X?) <
and

D% (Aj,n8122f(Xla X?)AgnO122f (X, XQ)) (4.3.78)

2
5]'2771/2 + 5(j+1)2n/2>®
2

8]‘27”/2 + €(j+1)27n/2 ) ®

= AjnOi2onf(X XH)AL,0120f (X, X?) <

+2A0 01202 f (X1, X?) A, 01200 f (X, X?) (

<€k2—n/2 + 6(k+1)2—n/2>

2

2

Ero0-n/2 + € n ®2
+Aj,n8122f(X1’ XQ)Ak;,nal2222f(X1, X2)< k2—n/2 (k+1)2 /2) ‘

2

On the other hand, we have

Dx (I ()(5(k2+1)2 wa)e! e (4.3.79)
2 i n(f,
== 2_[](_ )(5(16-"-1)27"/2) <)\ Wn ft) 55(k+1 9-—n/2 + I( )(5ail)2 n/2)DX2 (C </\’W (f t)>§)
2 i n(f,
= 20 (Oyryons2) OIS 1o LY )(5(%11)2 P 3

x D2 (A Wi (f, ) + 157 (522

a6,
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Also
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D2 ( ()(5?];11)2 n/2)6i<)‘aWn(fvt)>€) (4380)
= 2O e AL Bphayan2) s ryn2 B Dxa (@O ID)
2 i n(f,
I GG o) D 0g)

= 2N UNgsD2 e + 4L (O 1ypnr2) @OV ENES s n®

D2 (N Wa(f,1))) + 4L )(5(k+1)2—”/2)ei<)\7wn(f7t)>6(k+1)2—n/2®DX2(5)

HL (G5 ) I EDRG (N Wa(f,1)
(652 1) PN E (D a (0, Wil £,6))))

+ 21 (G2 11y )E NI D (0, W, 1)) @D (€)
G ) OO DR )

From (4.3.77), (4.3.78), (4.3.79) and (4.3.80) plugged into (4.3.76), we deduce that

D% (Aj,namﬂXl,X2>Ak,nalz2f<X1,X2> G m)e’“’W"‘””f) (4.3.81)
Ajnhzaaa f(X, X2) Ao f (X, XD (GF2 1, p)e Mg
y <€j2—n/2 +€(j+1)2—n/2

2

( ) ®2 l<>\,Wn(f,t)> €j2—n/2 + €(j+1)27n/2 - 6]&‘27”/2 + €(k+1)27n/2
2 (6(k+1)2 n/2)e §< 2 & 9

+85n0122f (X1, X2) ApnOrozonf (X, XLV (557, ), o) MW

22
> + 20 0922 f (XY, X Ag 01202 f (X, X?)

» (5k2n/2 + 5(]{:_;’_1)2771/2
2

®2
> -+ 4Aj7na1222f(X1,XZ)Ak,nalmf(Xl)XZ)

2
+2i0; 01200 f (X1, X)) Ap nOroa f (X, X, I )(5®2 )etAWnlfi) e

(k+1)2—n/2
« (€j2—n/2 + €(J+1)2—n/2
2

2 i 5'2—n/2 +ée i+1 2—n/2 ~
I} )<(5(k+1)2—n/2)e <A7W"(f7t)>£< J (] ) >®5(k+1)2—n/2

> &Dx2 (N Wi (f, 1)) + 24, 01920 f (X, X?)

9 j2—n/2 + 5(j+1)27n/2

X Ao f (X' XL, n/z)em’Wn(f’t»( ! 5 )@DX2(g)

A D12 f (XY, X2 A nOrooa f(XT, X2 I (B (g 1y2-ns2)e S tPD¢

y (5k2—n/2 + €(k+1)2—n/2
2

) D0y 1y9-n/2 + 20800122 f (X, X?) Mg n D122 f (X, X?)

i Epo—n/2 +eée k+1)2-7/2 \ ~
IOy ) SN ED (W (. 0)
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+205n 0122 f (X, X2) Apndhzaa f (X1, X IP (052 o) Ol

<€k2—n/2 + 5(k+1)2—n/2
X
2

><€i<)\’Wn(f’t)>£5(%2+l)27n/2 + 4Z'Aj7n8122f(X1, XQ)Akmalef(Xl, XQ)

< I (B gryg-nr) @ OWINES o an@Da (X, Wi f, 1)) + 48,012 f (X1, X?)
X Ao (X, XL 0y 1yp-n2 )N NG o p@Dxa (€)

> &Dy2(€) + 24,0120 f (X1, XA D102 f (X, X?)

i ndhaa f (X1, X2) Do f (X, X)L (G52, a)e 00

X D% (A Wi (£, 6))) = Aj n@1aa f (X, X2) Ag 0o f(X T, X215 (5(%11)2’"/2)

x e OWnlEO) € (D s (O, Wi (£, 0)0)) 52 + 208 0100 f (X1, X2) AgnOraa f (X, X?)
x1? (5(%11)2—71/2)eiQ’W"(f’t»DX? (A Wa(f,8)))©Dx2(€) + Ajndiza f(X', X?)
X A pOr22 f (X, X2)I§2)(5(‘?;11)2%/2)ei“’W"(f’t”D@ (&)

By plugging (4.3.81) in BY? (1), we get

B2 (1)

125 ¢]—1
T e Z E(Aj’n812222f(X1’XQ)A’“’”amf(leXQ)IQ(Q)((S(%;LHn/2)6i<’\’W"(f’t)>£>
j,k=0
®2
X < (6j2n/2 + ;(J'+1)2*"/2 ) , 6811)2"/2><5(’“+1)2"/2’ 5(j+1)27n/2>
’ 55 L x? 1 w2y 7(2) [ s®2 i Wi (£,1))
e j;() E<Aj,n81222f(X XA 01202 f (X, X7) I, (6(k+1)2—n/2)6 Walf, §>

E:o-n "I_ Erx —n/2 g —n/2 + g —n/2
j2—n/? (j+1)2—n/2 \ ~ [ Sk2-n/ (k+1)2—/ ®2
% < ( 2 > ® < 2 ) ’ 5(j+1)2—n/2

x <5(’€+1)2*”/27 6(j+1)2*n/2>

|2%¢]—1

ey 2. E<Aj,n5122f(X1,XQ)Ak,n312222f(leX2)12(2)(5(6211)2—”/2)eiQ’WH(ﬁt»g)
5,k=0
Epa—n/2 F E(ppyz—n/z | ¥
<< 2( : ) ’528;3'1)2*n/2 <5(k+1)2—"/2’ ‘S(J'+1)2‘"/2>
A 125 ¢]-1
64 > E <Aj,n61222f(X17 X2 A0 f(XT, X217 (5(k+1)2_n/2)61<A,Wn(f»t)>§)
k=0

g ig—n/2 + 5( '_;’_1)2771/2 ~
X < ( J 5 J ®5(k+1)2—n/2,5831)27n/2 <(5(k+1)2—n/2,(5(j+1)2—n/2>
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271

- > E<Aj,n81222f(X17X2)Ak,n8122f(X17X2)12(2)((5(®];2+1)2n/2)6i<)\’W"(f’t)>£
§k=0

6'2711/2 +€ i 2—n/2 ~
L e )

x <5(l<r+1)2*"/2 ’ 5(j+1)2*n/2>

122¢)—1
—= > E<Aj,n31222f(X17X2)Ak,n3122f(X1,X2)IQ(2)(58;11)2_71/2)e“’\’W"(f’t))

64 o

3 i9—n/2 + € i+1 9-n/2 5
><<< J 2(3 ) >®DX2(5),5(%11)2_7L/2>>(5(k+1)2n/275(j+1)2n/2>

12%¢|—1
- E <Aj7n6122f(X1, X?)ApnO1202f (X1, X2)I£2) (6(k+1)2_n/2)6'5()\7Wn(f7t)>£>
4,k=0

Epo—n/2 + €(k+1)2_”/2 ~
X < < 9 ®5(k+1)2—n/2, 5{8‘;11)27,”/2 <(5(k+1)2—n/2, 5(J+1)2—n/2>

12841

= Z E<Aj,n8122f(X1, X?)AgnOraaf (X, XQ)IQ(Q)(5??;11)277#2)ei()\,Wn(ﬁt))é_
J,k=0

Epo—n/2 +e E4+1)2-7/2 \ ~
X<( 2( ) )®DX2(<)\7 Wn(f7 t)>)75(%3_1)2n/2>> <5(k+1)27n/27(5(]+1)2—n/2>

123 ¢]-1

2 i o (f,

61 > E<Aj,n8122f (X1, X2 AgnOraoa f(X, X2)1 Ragﬁ /) AWa(f.0)
7,k=0

€pa—n/2 T E(pqryo—n/2 | <
X<< 9 ®Dx2(§), 5811)2_71/2 <6(l~c+1)2*"/2’ 5(j+1)2*”/2>

ey Z L <Aj7n8122f(X15 X2)Ak,n8122f(X1a X2)€i</\’W”(f’t)>§>

2 2
X <5((§i+1)27n/2 ’ 58+1)27n/2> <5(k+1)2*n/2 ) 5(j+1)2*n/2>

2%t

Y Z E <Aj,n6122f(X1a X*) ApnOroaf (X X2)I£2) (5(“1)2%/2)ei<’\’W"(f’t)>§
j,k=0

X <5(k+1)2—n/2®Dx2 (N, Wa(f,1))), 5%11)2_71/2 >> (O(t1)2-n725 0(j41)2-n/2)

4 )
64 Z E<Aj,n6122f(XlaXZ)Ak,namzf(Xl,X2)I£2)(6(k+1)2_n/2)el</\,Wn(f,t)>
J:k=0
X <5(kz+1)2—n/2®DX2 (), 5811)2%/2 >) (Ot 1)2-n/25 O(j41)2-n/2)
2841
1 .
5 > F <Aj,nam FOX X2 A ndron f(X T XD (G52, )OO
J:k=0

X <D§(2 (<)‘7 Wn(fa t)>)7 5%11)2n/2>> <(5(k+1)27n/27 6(j+1)27n/2>
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|25 ¢]—1

to1 Z E(Aj,namzf(Xl,X2)Ak,n3122f(X17X2)12(2)(5(§22+1)2n/2)€i</\’W"(f’t)>§
Jk=0

®2
(Dl Ol F D) 02,1, ) ) BB

C12%t-1

Y Z E(Aj,n3122f(X17Xz)Ak;,namf(Xl,X2)12(2)(58;11)2_71/2)ew"W"(f’t»
4,k=0

X <DX2 (N W(f, 1)) @D x2(8), 5811)2%/2 >) (O(k+1y2-m/2, 04 1y2-n/2)

|25 ¢]—1

- D E(Aj,nauzf(Xl,X2>Ak,namf(X1,X?)I§2><5gf+l)2n/Z)ei<A7Wn<f,t>>
7,k=0

X <D§(2 (5)7 683_1)2771/2 >> <5(k+1)2_”/27 6(j+1)2_”/2>

16
= B 0).
=1

Now, we will prove firstly that BS’I%) (t) — —/ﬁ%E(eiO"Wm(f’t»fog (Dr22f (X1, Xf))2d3> ,

then we will prove the convergence to 0 of BB (t) fori e {1,...,16}\{10}.

n,i

e Convergence of ij”l%) (t) :

123 ¢]—1
Blio®) = —35 > E(Aj,namﬂXl,XQ)Ak,namf(Xl,X2>e’<Aan<f¢>>§>
7,k=0

X <5(k+1)2*n/27 5(j+1)2—n/2>3.

Let us show that

A t
Br(fi%)(t) — _“§E<el</\’w°°(f’t)>§></ (5122f(X;,X§))2ds>. (4.3.82)
0

n—o0

Let us prove firstly that, a.s.,

|2%¢|—1

32 Z Aj,n8122f(X17Xz)Ak,nOIQQf(leX2)<5(k+1)2—"/275(j+1)2—”/2>3
k=0

n—o0

t
— ng/ (8122f(X;,X52))2ds. (4.3.83)
0
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We have, see (4.2.23) for the definition of p :

12%¢)—1
@ Z Aj,naIQZf(Xl, X2)Ak,n8122f(X1, XQ) <6(k+1)2*n/2 , 5(j+1)27n/2>3
j,k=0

9—n/2 |23 ¢]—1

= 32 Z Aj7n8122f(X1, XQ)Ak7n8122f(X1, X2)p(j — k)3
4,k=0

o-nfo 12811 (128 ¢)-1-n)A(23 ¢]-1)

D) > POy > ApiknOiaf(X', X?) (4.3.84)
r=1-[2%¢ k=0V(—7)

XAk,n8122f(X17 X2)a

where the last equality comes from the simple change of variable r = j —k, together
with a Fubini argument. Observe that

(122 t]-1-r)A([2% ¢ -1)

‘2—71/2 Z ApiinOioaf (X', X?)Ap nO1oa f (X', X?)
k=0V(—r)

_/t (a2 f(X1, X2))%ds
0

(2% ¢)-1-r)A([28 t]-1)

‘Qnﬂ Z Atk f (X', X?) Apndina f(X', X7)
k=0V(—r)

N

(22 t]-1-r)A(|28 t]-1)

_2*"/2 Z alng(X;Q,n/g, X,327n/2)Ak,n8122f(X1u X2)
k=0V(—r)

(22 t]-1-r)A(|28t]-1)

+‘2_”/2 Z 6122f(X,12_n/2,Xz2_n/2)Ak,n3122f(X1aX2)
k=0V(—r)

(122 t]—1—r)A([23 t]-1) 9
_9—n/2 > (Or22f (X njos Xy ns2))

+’2n/2 > (D122 (X nsos Xys2))

= /t (8122f(X;7X52))2d3
0

= Tin+7T2n+7T3n,

with obvious notation at the last equality. Let us prove the convergence to 0 of
Tln, T2,n and 734,.

For any fixed integer » > 0 (the case r < 0 being similar), by Theorem 4.2.3 and
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125¢)—1
rin < 0122flle27? D [ ArirnOi22f (X X?) = D192 f (X} nsas Xignso)|
k=0
123 ¢]—1
< C27"2 3 0192 f (Xgnsas Xignso)|
k=0
1 1 1
X ‘X(T+k+l)27n/2 + X(T+k)27"/2 - 2Xk27n/2
122¢]—1
+C27 /2 Z 01222 f (X g —ny2s Xpo—n2)]
k=0
2 2 2
X ’X(T+k+1)27n/2 + X(T+k)27”/2 - 2Xk2—n/2
12%¢]—1
+02—n/2 Z Rl ((X;Q—n/%X]gQ—n/Q)a
k=0
1 1 2 2
X(r+k+1)2—n/2 + X(r+k:)2_”/2 X(r+k+1)2—"/2 + X(r+k)2_"/2
2 ’ 2
1 1 1
< ¢t osup ‘X(r+k+1)2—"/2 T Xrpmyz-ne — 2Xpgns2
0<k<|22t) -1
2 2 2
+Ct  sup }X(r+k+1)2*"/2 + Xiryz-ns2 = 2Xj5-n/2

0<k<|2%t]—1

|25 ¢]—1

+o27? N

k=0

Rl <(X]<1:2n/2 9 X]327'n/2)7

1 1 2
<X(r+k+1)2n/2 - X(r+k)2*”/2 X(r+k+1)2*"/2 +X

2 ’ 2
By Theorem 4.2.3 and since f € C}°, we have
X! + X!

(r+k)2—n/2

k+1)2-7/2
’Rl <(X;2—n/27X]§2—n/2)> ( (ri+l) 2

X2

2

1 1 1
< C(’X(r+k+1)2"/2 + X(r+k)2*”/2 - 2Xk2*n/2|

2 2
+|X(7"+k+1)2*"/2 + X{ya-nr2

We finally get

1 1 1
ra < O sup |X(r+k+1)2—”/2 + X2z — 2X,5- s

0<k<|28t]—1

+C sup ‘XQ

L (r4-k+1)2-7/ (r4+k)2—n/2
0<k<[22t] -1

2
(k)22 T X pya-ns2 >> ’

.+ X? —2X

2
(r+k)2-n/2 )) ‘

o 2X132n/2‘)'
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By Heine’s theorem, the last quantities converge to 0 almost surely. Thus, r1, — 0
as n — 00. We can prove similarly that ry, — 0 as n — oco. Finally, it is clear
that r3, — 0 as n — oo. Hence, we have proved that, for all fixed r € Z, a.s.,
(123 t]—1-r)A([2F t]—1)
2 /2 Z AripnOionf (X1 XA nd122f (X, X?) —
k=0V(-r)

/t (D122f (X1, X2)) ds.
0

By combining a bounded convergence argument with (4.3.84) (observe that /@% =
2 Yoz PP(r) < 00), we deduce that, a.s.,

n—)oo

|2%¢|—1

> Ao f (XY XA nOi22 f(XY, X2) (S 1)2-n/25 (5 4192-nr2)°
7,k=0

t
—_— Hg/ (8122f(X81,X52))2d8.

n—oQ

Thus (4.3.83) holds true.
Since (X', X2 Wy (f, 1)) — (X', X% W (f,t)) in Dg2[0,00) x R, we deduce the

following convergence in law in R3,

|2%¢]—1

D Bt f(X X Apadia f(X', X?)
7,k=0

t
Law i
X (5(k’+1)2*n/2 ) 5(j-|-1)2n/2>3) — (6 AW (f’t)>7 ga K% A (8122f(X81’ XS2))2dS) .

By boundedness of e!MWn(fit) ¢ and 095 f, we deduce that (4.3.82) follows.
Convergence to 0 of th’l )(t), BSQQ)( t) and B(3 2)( t). Let us first focus on Bﬁj’f) (t).

Since f € C}°, e"MWn(f:0) and ¢ are bounded and by Cauchy-Schwarz inequality
and (4.2.21), we have

‘E(Aj,namﬂxl, X?) Ao f(XY, XL, W)e“*wn(f’t”e) '

< CHIZ (5211)2 n/Z)H C27n/6'

Combining this fact with (4.2.32) and (4.2.33), we deduce that

iAW (£0))
(e ' 32

125 ¢]—1
BIP @] < 022 3T [(Bsaypone Bganpne)]
4,k=0

< C2—n/62 n/3t2n/3 Ct2~ n/6
Let us now turn to B;’Q )(t) and Bf%z’,) )(t). Relying to the same arguments, we get

(3 )(t) < Ct2_n/6

B () < cr2 s,

It is now clear that B(3 2)( t), BSQQ) (t) and Br(z?:f) (t) converge to 0 as n — oo.
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e Convergence to 0 of B(3 2)( t) and ij’f) (t). Let us first focus on Bfi’f) (t). Since

fecyr e efAWnlf)) and ¢ are bounded and by Cauchy-Schwarz inequality and
(4.2.21) we have

‘E (Aj,n81222f(X17 X?)Apndraaf (X1, X217 (5(k+1)2n/2)6i</\’W"(f’t)>§> '
< I Bpgnppnra)ll2 < C2712

Combining this fact with (4.2.32) and (4.2.33), we get

€j27'n/2 + 6(‘7'_;'_1)2771/2
2 O 1)2-n/2

X (O 1y2-n/2: 01 1)0-nr2)

|2%¢]—1

3,2 —n
BE ) < o212y

§,k=0

[25¢]—1

< C2—7’L/122—7’L/6 Z <5(k+1)27n/2, 6(J+1)27n/2>2
k=0

Let us now turn to Br(f’f) (t). By the same arguments, we get
B ()] < ot

It is now clear that B(3 2)( t) and B( )( t) converge to 0 as n — oo.

e Convergence to 0 of BS’?) (t) and Bgéz) (t). Let us first focus on BT(E’L;?) (t). Since

f ey, e"AWn(£:D) and ¢ are bounded and thanks to (4.2.32) and to the Cauchy-
Schwarz inequality, we get

1B (1))
|25 ¢]—1

< ety E(\I(2><63;2+1)2 2 H<DX2<<A,wn<f,t>>>,5<m)2-n/z>\)
3,k=0

x ’ <5(k+1)2—"/2’ 5(j+1)2—n/2>{

12%¢|—1

SR SIS Sl (7SIt ] [N LIOR ST
p=1 7,k=0

x ’ <5(k+1)2*"/2’ 6(j+1)2*n/2>{

12%¢|—1

< C27MN TN Y IS (5?;112n/2)||2||<Dx2(K(”)()),5(j+1)2—n/2>||2
§,k=0

x ’ <5(k+1)2*”/2’ 6(j+1)2*n/2> {
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Due to (4.2.21), (4.2.46) and (4.2.33), we have

|2%¢]—1
3,2 —n/65—n/66—n 3
’B’r(L,E))(t)‘ < 02 [697n/62 /6(t2+t+1)2 Z ‘<5(k+1)2—”/275(j+1)2—”/2>}
3,k=0

1
< Ct(tP+t+1)227/5,
Let us now turn to ij’g) (t). The same arguments shows that

IBED ()] < CH(#2 +t + 1)227"/6,

It is now clear that Bfi’f)(t) and BS:éQ) (t) converge to 0 as n — oo.
(3,2) (3,2)

ne (t) and B g7 (t). Let us first focus on Br(s’éz) (t). Since
f e e, efAWalf) is hounded and due to (4.2.32), (4.2.44), (4.2.21) and (4.2.33),

e Convergence to 0 of B

we have
[25¢]—1
3,2 “n 2
BSI 0 < o276y E(\Ié’(68;11)2_n/2)\|<DX2(5>,6(j+1)2_n/2>!)
5,k=0

x ‘ <5(k+1)2—"/2’ 5(j+1)2—n/2>|
12%¢]—1

—n/6e—n 2
3,k=0

< 027 2n/3 — oo /6,

(?52) (t). The same arguments shows that

Let us now turn to B,

BES (1)) < et

(3,2)
n,6

(3,2)

We deduce that B, 5" (t) and B, " (t) both converge to 0 as n — occ.

e Convergence to 0 of ijﬁ) (t) : Since f € C°, ¥MWnlft) and ¢ are bounded and
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due to (4.2.46), (4.2.21) and (4.2.33), we have

1B )]
25 ¢]—1

c Y E<\I§2> (e y2—n2) [ (D2 (O Wi (£,8))), 8 11ya- n/2>\)

3,k=0

N

2
X <6(k+1)2*n/2a 6(j+1)27n/2>

|25 ¢|—1

4
O3l 3 B e (Do U0,
p=1

7,k=0

N

2
X <5(k+1)2—n/2a 5(j+1)2—n/2>
(2 bl t]—-1

CZI/\pI S I Gegayonr) lall{ D2 (K (8), 854 1y0-n2) 2
7,k=0

N

2
X <5(/€+1)2_n/27 5(j+1)2—n/2>

123 ¢]—1
1
< C27Pa O 4t 4 1)2 E , <5(k+1)2*”/2’6(j+1)2*"/2>2
J,k=0

< CHE:+t+1)227/12

Hence, Bs’fl) (t) converge to 0 as n — oo.

e Convergence to 0 of Bfi”é) (t) : Since f € C°, MWnlft) is bounded and due to
(4.2.44), (4.2.21) and (4.2.33), we have

|25 ¢|—1
3,2)
Bl < ¢ Y < i k+1)2—n/2)"<DX2(£),5(J-+1)2_,1/2>‘>
7,k=0
x <5(/’€+1)2*"/27 5(j+1)27n/2>2
128¢)-1
—n 2
< C2 /6 Z HI§)(5(k+1)2*”/2)H2<5(k+1)27n/275(]-_,'_1)2,”/2)2
7,k=0
< 02712

Thus, Br(j’é) (t) converge to 0 as n — oo.
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e Convergence to 0 of B(3 2)( t) :
|25 ¢|—1
(3,2) (2) 2 2
BEAOL < € % B GE 00 [ D O Wl 0).62 4, 00 )
k=0

x{<5(k+4J2_"/2’5(}+1)2—n/2>
[25¢]—1

4
CZ‘)‘P‘ Z <‘I 5%;3_1)2 n/2 H<D2 (p)) 6?3-1)2 n/2>}>
p:

5.k=0

N

x { <5(’%1)2‘”/2’ 5(j+1)2—n/2>‘
L2%tj 1

CY Dol > IO g ) 2D (), 622 o)
§,k=0

N

< 02 "/62 ”/3(t2+t+1)22”/3t—02 62 4t 4 1)2t,

where the fourth inequality is due to (4.2.21), (4.2.47) and (4.2.33). Hence, Bﬁb )( t) —
0 as n — oo.

e Convergence to 0 of Bfi’ﬁ) (t) : Since f € C;° and thanks to (4.2.21), (4.2.48) and
(4.2.33), we have

|23 ¢]-1

BEOL < € % B0 e (D (W00 o)
5,k=0
X ’ <5(k’+1)2*"/2’ 5(j+1)2*n/2>|
125 ¢]—1
< O IEPGL ) al (Dxe (N Wl £.00)). 851152
5,k=0
X ’ <5(kz+1)2*"/2’ 5(j+1)2*”/2>|
4 12%¢)—1
< CY NP Y PG ) Dxe (K1), 654 1002l
p=1 j,k=0
X ‘ <5(k+1)2*”/2’ 6(j+1)2*”/2>|
|2%¢]—1
< 02031 442 4 13)2 > B kr1yz-nr2s S p1y2-ns2)]|
j,k=0

< C2O(1 4+t + 42 432t

It is now clear that Bg?ﬁ)(t) — 0 asn — oo.

e Convergence to 0 of B'r(j’125)(t) : Since f € Cy° and thanks to (4.2.44), (4.2.46),
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(4.2.21) and (4.2.33), we obtain

12841
BO2m < Y < G2 1) D2 (O W, ). 817002
7,k=0

XKDX?( J+1 )2~ n/2>’>‘ (k+1)2- ”/2’5(j+1)2 "/2”

22tJ 1

n 2
< 02 /6Zm E( LG ‘}(DXQ(K,(L”)(t)),5(j+1)2_n/2>‘>
7,k=0
}<5(k+1)2—"/2’ 5(j+1)2—”/2>‘
[22tJ 1
< 02—“/62|A| S IO )2l Dx2 (K (1)), 6541)0-s2) 2
7,k=0

}<5(k+1)2*"/2v 8(js1y2-nr2)]
12%¢]—1

D=

< CEMO#+t+1) [(O(ry1)2-n/25 0(j 4 1)2-n/2) |
,k=0
< 02752 4t 4 1)t

Hence, BS’I? (t) = 0 as n — 0.

e Convergence to 0 of Bfi’i%) (t) : Since f € C;° and thanks to (4.2.45), (4.2.21) and

(4.2.33), we deduce that

12%¢]-1
2 2
BEROL < € S B(IH 65 (DR, 50
7,k=0
x | <5(k+1)2*"/2a 6(j+1)2*"/2>‘
|2%¢|—1
< C2_n/3 Z ||I (5(8];3_1 9—n/2 || ‘ (k+1)2— "/275(j+1)2 "/2>‘
5,k=0
< 0275,

Thus, Bg’l%) (t) > 0asn— oo.

Finally, we have shown that

t
BB (1) — _H§E<ei<%Woo(fvt)>§></ (3122f(X517X52))2d3>’

n—0o0 0

and (4.3.75) holds true. ]

Recall that we are proving (4.3.73). Moreover, by (4.3.74), BY (t) = B£L3’1)(t)+B,(13’2) (1).
(3, 1)( )

So, it remains to prove the convergence to 0 of By,
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2. Convergence to 0 of B,(@3’1)(t) as n — oo.

|2%¢)—1
1
BEFV() = " 64 Z E<<D§€2(Ajmalﬂf(XlaX2)Ak,n61122f(X1’X2)
jok=0

1 2 3 n(f,
xI| )(5(k+1)2—"/2)I§ )(5(%11)2%/2)6 AWn(f t)>f>75gi1)2n/2>>

5k2—n/2 + e k+1 2—71/2
(.

Observe that

D%, (Aj,n8122f(Xlu X2)ApnOnioaf (X, x?)r (O(t1)2-nr2 )15 (5(%;11)2771/2)

T F0) 5)

= I{"(§s1)o-n/2) D (Aj,nalzzf(Xl, X?) Ao f(X1, X1 (O 1yz-nr2)

< F W (£0) 5) .

As in the case of (4.3.81), the same calculations show that

D%, <Aj,n8122f(X17 X?)AgnO1102f (X1, X2)1§2)<5(%i1)27n/2

AT (£0) 5)

= Ay f(X, X2 Ao fOXL, XL G2 el
y <€j2—n/2 + 5(j+1)2—n/2
2

i 5'2771/2 + Ers 1 2711/2 - 6]&‘27”/2 + 3 k=41 2771/2
I )e <A,Wn<f,t>>§< J “ur )®< ) >

+Aj 22 f(X, X?) ApnOnizooa f(X XQ)Iéz) (652 Je! M Wnlh0le

(k+1)2-n/2
(San/z + E(k+1)2-7/2
2

©2
> + 20 92 (XY, X Ag 011022 f (X, X2)

2
> + 40 01220 f (X', X?) Mg nOni2af (X, X?)

i<)‘7Wn(f7t)>f <€j2n/2 * ;(j+1)2*"/2 > ®5(k+1)2_”/2

+2i0j 01202 f(X 1, X?) Ay nOr122f (X7, X2)12(2) (652

(k+1)2—n/2
« (€j2—n/2 —'I' 5(J+1)2—n/2
2

2

)e’L()‘?Wn(fvt))é'

)@pxzw, Wi (f,£))) + 28, nd192 f (X, X?)

' Ei9-mj2 + E¢. -n/ ~
)e’L()\,Wn(fvt» < 72 2 2(]+1)2 2 > ®DX2 (é_)

X Az f(X, X2 1Y (5?;11)2771/2
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F4A; D120 f(X, X2) Ag 01222 f (X1, XQ)IF) (O(k+1y2-n/2 )eWalf) ¢

" <5k2n/2 + E(ht1)2-n/2
2

> @0 (j1)2-n/2 + 2i0; 0102 f (X, X?) Ap nOn1222f (X1, X?)

2 i Epo—n/2 +ée k+1)2-7/2 \ ~
X1 (GG i) <*Wn<f’t>>s< — )@Dx2<<A, Walf,1)))

+2Aj’n6122f(X1’XZ)Ak’n(?HQQZf(Xl’XZ)I§2)(6(6?;2-1_1)27n/2)ei(x\,Wn(f,t))

<5k2—n/2 + E(kt1)2-n/2
X
2

><€i<)\’Wn(f’t)>£5(%2+1)27n/2 + 4Z'Aj7n8122f(X1, XQ)Ak,n81122f(X17 X2)

XIP (O(1)2-n/2 )€i<’\’W”(f’t)>55(1c+1)2—n/2 @D x2((A, Wa(f, 1)) + 44,0122 f (X', X?)
X Az f(X1, X217 (Ss1y2-nr2) W ING 1o ns@Dxa (€)

>®DX2 (&) + 20 nO122 f (X, X?) Ag nO1122 f (X1, X?)

+ilj o2 f (X, X?) Ag 1102 f (X, XQ)Iéz) (5(%11)2771/2)6i</\’W"(f’t)>€
2
X D% (A Walf.0) = Ajnrozf (X, X)) Ao (X XD (65 1), 2)

x e AW IO (Do (N, Wi (£,))) 7 + 208 nOr22 f (X1, X?) Ag 1o f (X', X?)
LD OF2 o 0y2)e N Do (0, W (£,6))@Dixa () + Ajndron (X", X?)

x ApnOioa f(X, X2 IS (5?&1)27”/2)€i</\’W”(f’t)>D§(2 (€)-

Hence, we have

BB (1)
) 12%¢]—1
= w Z E<Aj,n312222f(X1,Xz)Ak,nanmf(Xl,XQ)Ifl)(5(k+1)2n/z)
k=0
®2
(2) (5@2 W0 Wa (£t Eja—n/2 T E(jy1)2-n/2 2
x13 (5(k+1)2—“/2)€ < ( »5) <( 2 ’5(j+1)2—n/2
5]{327"/2 +e k+1 2—n/2
><< 2( ) 76(j+1)2”/2>
5 |2%¢|—1
64 > E<Aj,n51222f(X1a X?) A nOnzaaf(X1, XZ)Ifl)(‘s(kH)zfm)
j,k=0
(2) IO W/, 3 jo—n/2 + 5( '+1)2—n/2 ~ €k2—n/2 + €(k+1)2_n/2
X1y (5ai1)2—n/2)6 < (7 t»f) <( ! 5 . ® 5 ;

5®2 Epo—n/2 + €(k+1)27n/2 5
(j+1)2-m/2 2 O+n2n/
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|2%t]—1

i E<Aj’"amf(X17XQ)Ak,nf)nzzsz(Xl,XQ)Il(l)(‘S(kH)Qn/z)
jok=0

®2
(2)/ s®2 WA Wh (f,t Epo—n/2 + 5(k+1)2—n/2 22
x I (% H)Q_m)e (W ( )>£> << 5 G sa

Epo—n/2 + 6(k+1)27n/2
X< 2  O(j41)2-n/2

[2%¢]—1
P> E(Aj’nammf(Xl’X2)Ak,n51122f(X1»XQ)Ifl)(‘;(kH)zn/z)
Jh=0

2 i - Eio—n/2 +e i+1)2-n/2 \ ~

€po—n/2 +e k+1)2-n/2
><< 2( ) ,5(j+1)2n/2>
9 122¢]—1
64 2 E<Aj’nam22f(Xl’X2)Ak,n51122f(X1»XQ)Ifl)(‘;(kH)zn/z)
4,k=0
2 SO (],
)IPHGE2 )P0
Ei9—n/2 +e i+1)2-n/2 \ ~
><<< SR ) )®DX2(<)\,Wn(f, t)>),5§2+1)2_n/2>>
<5k2"/2 + €(k+1)2-n/2 5 >
2 ) (j+1)27n/2
5 |25 ¢]—1
64 2 E<Aj’"81222f(X1’Xz)Ak,nalmf(Xl,XQ)Ifl)(‘;(kH)zn/z)
4,k=0
(2) iAW (f, €jo-n/2 T E(jp1)2-n/2 ) -
xIy (5(%11)2—71/2)6 Wals t)><< ’ 5 ’ ®@Dx2(§), 6811)2_71/2
€go-n/2 T € k41)2-n/2
><< 2( ) ,5(j+1)2n/2>
4 |25 ¢]—1
64 Z E<Aj’n8122f(X1’ XQ)Ak,nf)llzfo(Xl,X2)1§1)(5(k+1)2w/2)

]7k:0

2 i ' Ega-n/2 T E k+1)2-7/2 \ ~

Epg-n/2 T €(k+1)2-n/2
><< 2 75(j+1)27n/2

C12%t-1
s E<Aj’n8122f(X1’XQ)Ak,nallsz(Xl,X2)1§1)(5(k+1)2n/z)

y 8 —n +5 —n -
< I (622 )ez<A’W"<f’t>>s<( b ¥ P /2>®sz((>\7Wn(f,t)>),

€go-n/2 + E(k_H)g—n/z
Gz ) ) 2 05 41)2-n/2
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12%¢]—1

_Z Z E(Aj,né)lggf(Xl,XQ)Ak,n311222f(X17XZ)Ifl)(fs(kH)zn/2)
Jk=0

(2) W\ Wi (f, Epo—n/2 + €(k+1)27n/2 -
xIy (5(%11)2—71/2)6 Wals t)><< 5 @D x2 (5),5211)2%/2

g < . ;(kﬂ)zinm ) 5(j+1)2"/2>

_2”%_1]5 A ndraaf(X Y, X2)Apnd 1 y2y7 Mg AW ()
64 4= ( inO122 f (X5, X5 AgenO1a2 f (X, XL (O g 41)0-n/2)e 5>
4 12%¢)—1

64 Z E<Aj’n8122f(X1’X2)Ak,n31122f(X1,X2)11(1)(5(k+1)2n/2)

XI£2) ((S(k+1)2—n/2)ei()\’wn(ﬁt))g<5(k+1)2_n/2®DX2(<>\7 Wn(f7 t)>)7 5%11)2—n/2>>

€k2—n/2 + 6(k+1)27n/2
X< 5 ,5(]'_,’_1)2—71,/2

12%¢]—1

-— Y E <Aj,n8122f(X1a X?)ApnOnioaf (X', XQ)Il(l)((S(kH)zfnm)
5k=0

foQ) (5(k+1)2—n/2 )eiO"W"(f’t)> <5(k+1)2—n/2 ®Dx2(8), 5211)2—"/2 >>

6k2—n/2 + 5(k+1)27n/2
X< 5 ,6(]'_,’_1)2—71,/2

——= ) E<Aj,n6122f(X1a X?)ApnOnioaf (X', XQ)Il(l)(fS(kH)gfnm)

2 i n(/f,
IO )OOV DR WL 0052 )

8k2—n/2 + 5(k+1)27n/2
><< 5 ,6(]'_,’_1)2—71,/2

t— > E<Aj,n8122f(X1a X*) ApnOnzaf (X', XQ)Il(l)(fS(kH)an/?)

2 g ' (f, ®2
IO ) O U (Da AW 00) 52, )

5k2—n/2 + 5(k+1)27n/2
><< 5 ,6(j+1)2—n/2

2%t -1

=3 E(Aj,namﬂxl,X2>Ak,namzf(xl,X%If”(a(kﬂ)gm)x
4,k=0
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152) ((5(%;2_‘_1)27n/2 )6i</\’Wn(f7t)> <1)X2 ((Aa Wn(f7 t)>)®DX2 (5)7 5(53_1)2—7#2 >>

5k2—n/2 + 5(k+1)2—n/2
X 9 ,6(J+1)27n/2
|25 ¢]—1

Y Z E(Aj,n8122f(X17XQ)Ak,n81122f(X17XQ)I{U((S(IQ+1)2—”/2)
5,k=0

2 Z’ n b
><I§ )(5(%11)27”/2)@ AW (f t)><D§(2(£), 5811)2"/2>>

5k2—n/2 + €(k+1)2—n/2
X 5 05 1) /2

16

3,1

=Y B3V ).

i=1

(3,1) ;
Let us prove the convergence to 0, as n — oo, of B, (t) for i € {1,...,16}.

e Convergence to 0 of B(g’l)(t), Bfi’él)(t) and Bq(f”él) (t). Since f € Cp° and thanks to

n,l

(4.2.32), (4.2.21), (4.2.34) and (4.2.35) we have

123 ¢]—1
3,1 n 1 2
B @ < e Yy E(\I§><6<k+l>2nn)HIé’(af?;ilﬂn/g)»)
4,k=0
5]{:2771/2 +e k+1 2—n/2
X’< 7 75<j+1>2"/2>‘
|2%¢|—1
< 0 Y IR G 215 O )2
7,k=0
Eka—n/2 T E(p1)2-n/2
XK o v5<j+1>2n/2>‘
2311 Epg-n/2 T € -n
< C27M/2pTm/12 Z <l€2 - 2(k+1)2 /275(j+1)2”/2>‘
7,k=0

< CQ—n/Qz—n/12(2—n/6 + 2n/2t4/3) — 02—371/4 + C2_n/12t4/3.

Hence, ij”ll)(t) — 0 asn— 0.

The same arguments show that

‘ij;)(t)’ < C2*3TL/4 + Can/12t4/3’
IBEI )] < 0273 o1,

Thus, Br(s”;)(t) and Br(j’él)(t) converge to 0 as n — oo.

(311)
n,4

e Convergence to 0 of B, "’ (t) and ij”;)(t). By the same arguments that was used
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previously, we have

|2%¢|—1
3,1 “n 1 2
BE O < 0@ 3 I Gpana-m)ll2l I Gpriya-nre)l
k=0
X ’ <5(k+1)2*”/2’ 6(j+1)2*"/2 >‘
< 0270,
where the last inequality follows from (4.2.21) and (4.2.33).

We can prove similarly that |B,(j’7l)(t)| < C27"/t. Thus, Bfl?:jll)( t) and Bff 1)( t)

converge to 0 as n — oo.
(3,1) (3,1)
e Convergence to 0 of B,"."(t) and B, 3" (t).

1B (1))

|25 ¢]-1

< C27/s Z E(‘I§1)(6(,€+1)2n/2)||fé 5(%11)2 w2
5,k=0

X[ (Dxe2((\, W (f, 1)), 5(j+1)2—”/2>‘>

5]{2771/2 + 5(k+1)27n/2 5
X 9 » O(j+1)2—n/2

4 |2%¢|—1

S0 SN S (L SRR R
p=1 7,k=0

X }<DX2 (Kflp) ®), 5(j+1)2—"/2> ‘)

5]{2771/2 +€(k+1)27n/2 5
8 2 0122 )|

Observe that by the Cauchy-Schwarz inequality, the independence of X and X ®),
(4.2.21) and (4.2.46), we get, for all p € {1,...,4},

E(‘Ifl) (k+1)2-7/2) HI(Q) 5(%11 5ny2)| [(Dx2 (K )(t))a5(j+1)2n/2>}>
< M Ganyzn) I G52yl D2 (K (1)), 1y-ns2) 2
= 11" Gesryg-n2) 252 52 1o 2l (D2 (KP @), 8(51y3-n12) 1
< 2129 /69 n/6(42 Ly )3,
We deduce that
1B ()]

125 ¢]—1

Z <5k2—”/2 + E(ky1)2-n/2

> O+1y2-ns2 > '
4,k=0

< C23WAR ft 4 1)7 + 0271282 + ¢+ 1) 343,

N

< C2—ﬂ/122—n/2(t2 +t+1)
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By the same arguments, we get
IBED ()] < 027342 ¢+ 1)3 + 0272 (2 1 4 1) 3413

Hence, we deduce that Br(fél)(t) and Bffél)(t) converge to 0 as n — oo.

e Convergence to 0 of ijél)(t) and BSél)(t). We can write, using (4.2.44) among

other things and following the same route as previously,

B ()
12%¢]-1
n oF )
< oo Z E<|Il) (k+1)2-n/2 HI 53;2“)2 n/2 H<DX2(5)75(3'+1)2—”/2>‘>
5,k=0
Epo—n/2 +e k4+1)2-n/2
X'< 2( ) 7(5(]-_,’_1)2n/2>‘
|22t)-1
n 2
< 02 N I Gpepnyan 2D (037 o) 2
j,k=0
Eka—n/2 T E(lt1)2-n/2
X'< I ’5<j+1>2n/2>‘

< C2—n/122—n/2(2—n/6 + 2n/2t4/3) _ C2—n/4 + 02_n/12t4/3.

We can prove similarly that
IBEY 1)) < 27/t 4 02124413,

Hence, it is now clear that B(3 1)( t) and ijél)(t) converge to 0 as n — oo.

e Convergence to 0 of Bffﬁ)) (t). We can write, using (4.2.33) and proceeding as pre-
viously, 7
(B (1)
125 ¢]—1
< oty E(‘I£1)(6(k+1)2—”/2)|> (8p1yznr2s Ojanypniz)
j,k=0
|25 ¢]—1
< 0270 ST Y Bprsryrn) 2B pgayznizs Sjsyznse)
5,k=0
123¢]—1
< C2n/6g—n/12 Z <5(k+1)2—"/2’ 5(j+1)2_"/2>2
j,k=0
< o271

Hence, B,(ji%) (t) = 0 as n — oo.
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e Convergence to 0 of B7(3,111) (t). By similar arguments, we have
B ()
25 ¢]—1
n 1 2
< 2 S0 B(110 G I Gy
J,k=0
X‘<DX2(<)‘7 Wa(f, 1)), 5(j+1)2—"/2>}) ‘<5(k+1)2—”/2’ 5(j+1)2—"/2>‘
4 123 ¢]—1
n 1 2
< 02N Y E(‘If "G r1yz-/2) 12 By
p=1 7,k=0

X ‘ <DX2 (KT(Lp) (t)), 5(j+1)2n/2>‘) ‘<5(k+1)2—n/2, 5(j+1)2—n/2>‘.

Observe that, using the Cauchy-Schwarz inequality, (4.2.21) and (4.2.46), we get

E <‘I£1) (6(k+1)2—"/2)| \IfQ) (5(k+1)2—"/2) ‘ ‘ <DX2 (K}zp) (t)), 5(j+1)2—n/2 > })

Y B sy o) I Oyl [ D2 (B (1)), 651y nr2) 2

2
= 11" Gpppryo-m) 2N (O ryz—nro) 2l (D2 (KP (1), 0 1)2-nr2) 12
< 0@ 1220 /6342 4 4 13,

N

So, we deduce that

123 ¢]—1
3, _n 1
IBEYOI < 0272 +t+ 12 Y [(Spaayznos 0ganyzno))]
G:k=0

< C2S( 4t 4 1)et.

Thus, it is now clear that Bfi”lll) (t) > 0asn — oo.

e Convergence to 0 of B,,(j’ll; (t). Since f € Cy° and thanks to (4.2.32), (4.2.21), (4.2.44)

and (4.2.33), we have

B (1)
2 (1) (2)
< 0278 Z E <|I1 (O(k+1y2-n/2) |13 Ok +1)2-n/2) |[{Dx=(¢), 5(j+1)27n/2> ’>
k=0
X }<5(k+1)2*n/27 5(j+1)27n/2>‘
12%¢]—1

< 027 N P Gpprnyan) ol Opeyayo-nra) 2| (O s1ys-nr2: 0517272
4,k=0

< C2fn/3(27n/12)22n/3t — szn/Gt.

(3,1)
n,12

Hence, B, 15 (t) — 0 as n — oo.
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e Convergence to 0 of iji? (t). By similar arguments as before, we have

1By (0
125¢-1
< > E(\Iﬁ) (eanya—n) || I (Ohi1yzns2) [ (D% (L Wi (£ 40)), 007 - n/2>|>
4,k=0
€k2—n/2 + 8(k‘+1)2*"/2
4 125¢]-1
< T Y (\f B NG )
p=1 7,k=0
Eka—n/2 T E(gy1)2—n/2
x|(Dx: J+1 )2- n/2>|>‘< 5 - 75(j+1)2n/2>’-

Observe that, thanks to Cauchy-Schwarz inequality, the independence of X! and
X2, (4.2.21) and (4.2.47), we have

(1) (2)
E<}Il (k+1)2—n/2 HI 5(8;{11 9—n/2 H<D ()( )) 6?11)2 n/2>}>
<Y Gy 52 657y 2l (D3 (KD ), 082 )l
1
= I Gyl I (052 el D (K (0,52 o) 2

< 02 /129 n/6yn/3 (42 4y 4 1)3,

So, we deduce that

3,1
B @)
 PEi Exa—n/2 + E(r1)2-n/2
—n/126—n/2 (42 1 " "
< 02 / 2 /(t +t+1)2 ‘kzo < 92 75(j+1)2n/2>'
1K=

< C2—n/122—n/2(t2 4 1)%(2—71/6 + 2n/2t4/3)
= C2N P 4t 4 1)7 4+ C2 (82 4t 4 1)243,

We deduce that By(fi? (t) — 0 as n — oc.
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e Convergence to 0 of B( 1)( t). Using (4.2.48) among other things, we obtain

1B ()]

L22tj—1

1 2 2
< Z E(‘If ) (k+1)2— n/2 HI( ) 5(823_1)2 n/2)‘< (<)‘ W (f’ ))) 5®3_1)2 n/2> >
4,k=0
Era—n/2 T E(gy1)2-n/2
4 |2%¢]—1
1 2
S CZ(/\P)Z Z E(\If )(5(k+1)2f"/2 HI( : 6%11)2 n/2)‘
p=1 J.k=0
9 ©2 2\ |/ Ek2—n/2 T Er1)2-—n/2
(DR 0572, )" )|( - Ran—
4 2% ¢]—1
< OY N D M G 2BV G2 o)l
p=1 7,k=0
9 ®2 9 €k.2—n/2 + €(k+1)2—n/2
< C2—n/122—n/62—n/3(t3+t2_|_t_|_1)%( —n/6_|_2n/2t4/3)

C2 A + 12 4t +1)2 + C27 1285 442 4t 4+ 1)2¢Y/3,

Hence, BﬁL )()—>Oasn—>oo.

e Convergence to 0 of iji? (t). Arguing as previously, we obtain

1B ()]
L22tj—1

< 0 % B 6o B )
4,k=0

X‘<DX2 (A, Wa(f,1))), 6 (j+1)2— n/2>}|<DX2<5)75(3'+1)2—"/2>‘>

Epo—n/2 + E(k+1)2—n/2
X 2 ,6(]+1)2—n/2
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4 [22¢)-1
. 1
S0 SV Sl (TN )
p=1 J,k=0
X‘<Dx2(qup)(t))a5(]’+1)2n/2>‘)
Epo—n/2 +ée k+1)2-n/2
g
123 ¢]—1
< 02771/62 |>\p| Z Hffl)(6(k+1)27"/2)||2HI(2)(5(®I;2+1)2 n/g)HQ
k=0

X | D2 (K (1)), 8 1y2-nr2) ll2

Epo—n/2 + 6(14:—}—1)2_"/2

C2—n/62—n/122—n/62—n/6(t2 T4 1)%(2—n/6 + 2n/2t4/3)
C2 A2 4t +1)2 + 027 2(12 4 ¢ + 1)244/3,

So, we deduce that 37(13,115) (t) — 0 as n — oo.

e Convergence to 0 of Bff:’llG) (t). Thanks to (4.2.45) among other things, we obtain

B (1)
|25 ¢]—1
2 2
< ¢ 3 B a5y ) D306 0]
7,k=0
5k2—n/2 + 5(k+1)2—n/2
X < 9 76(]*‘1’1)27”/2
|25 ¢]—1
n 1
< 027N IR Gepryae 2D (657 o) o
§,k=0
5k2—n/2 + €(k+1)2—n/2
X < 9 ,5(]+1)2—n/2
< szn/32fn/122fn/6(2fn/6+2n/2t4/3)

_ szn/4+027n/12t4/3.

Hence, we get that ij’llﬁ) (t) > 0asn — oo.

Finally, we have shown that Bq(f’l)(t) — 0 as n — 0.

We have proved that

¢
BB (1) — _ﬁ§E<ei<)‘:Woc(f7t)>f ></ ((9122f(XslaXs2>)2ds>v

n—oo 0

and
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Taking into account that B (t) = BS”I)(t) + B (t) by (4.3.74), we deduce that
t
BO(t) — ~r3E <ei(/\,Woo(f¢)>§ x / (D122 f(X;,Xf))st)
n—oo 0
Consequently, (4.3.73) holds true. [

In order to prove (4.3.71), it remains to prove the convergence to 0 of Bq(q,p) (t), defined in
(4.3.70), for p = 1,2, 4.

Proof of the convergence to 0 of Bfll)(t).

12%¢]—1
1 )
BM(t) = -3 > E<Aj,n8122f(X17X2)€Z<A7W”(f’t)>§ (Dxr (KM(1)), 8054 1y2-n/2)
i=0

(2) (s®2
XIZ (6(]'_,_1)271/2)) :
Recall that, by Definition 4.2.2,

12%¢|—1
1
Kfll)(t):ﬂ 3 Al,namf(xl,X2)1§1)(5§il)2_n/2).
=0

We deduce that

BY(1)
1 |2%¢|—1
= ~dl Z E<Aj,n8122f(X17XQ)Al,nalllf(Xla XQ)IS)(‘;?L)Q—TL/Q)
3,1=0
2 Z n b
XIé )(683_1)27n/2)e </\,W (f t))f) <(5(l+1)2—n/2, 5(j+1)2—n/2>
123 ¢]—1
8 x 24 > E(Aj,namf(xlaXQ)Al,namlf(Xla X2)1§1)(5f?il)h/2)
4,1=0
2 i - 5[2—71/2 + £ I+1 2771/2
x I )(5811)2*"/2)6 A (f’t)>§>< 2( ) =5(j+1)2n/2>

= BV + BI(1).
(1,1) (1,2)
Let us prove the convergence to 0 of By, ' (t) and By, ™ (t).

1. Convergence to 0 of Bfll’l)(t). Observe that, thanks to (4.2.19), we have

B (¢ (4.3.85)
125 ¢]—1

-y E(<D§(2(Aj,namﬂxl,XQ)Az,namf(Xl,X2)
,1=0

iAW (f, 2 (1) 2
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We have shown before that

D%z (8 Do f (X1, X2) Ay, 0111 f(X 1, X)W Wallit)g)

= D% (Aj 0o f (XY, XH) A1, 011 f(XT, X2)) et WalFithe
+2D 2 (A O122 f (X1, X2 Ay 011 f (X', X2)) @D (KA (1))
+Aj 12 (X, X?) A0 f(X, X?) D5 (iAW (F0)g),

that

D2 (8jnOioa f(X', X?) A, 0111 f(X1, X?))
8]'2771/2 + 5(]'_’_1)2771/2 >
2

El27n/2 + €(l+1)277l/2
2 )

= A0 f(XY, X?)AL0m f(XT, X?) <

+ 00122 f (X, X2 A0 f (X, X?) (

that

D32 (8 nOioa f(X 1, X?) A, 0111 f(XT, X?))
€j2—n/2 + E(j+1)2—n/2 ) ®2
2

5-777,/2—’—54 —n/2 5
20 01222 f (X, X)) AppOiniaf (X, X?) < J2 2(]+1)2 )®

<€l2n/2 + E(l+1)27n/2 )

= AjnOiooaf(XY, X?)A,001 f(XT, X?) <

2

€l27n/2 + E(l+1)27n/2 ®2
2 9y

+A; 0122 f (X1, X2 A0z f (X, X?) (

that
D2 (e¥MWnl0)g) = et MWalFD) e Do (N, W, (f, 1)) + &AW Dy oe

and that

Dg(g (€i<>\7Wn(f,t)>§)
= /MWl (Dya (X, Wa(f, 1)) +ie?@Wa D e D, (X, Wi(£, 1))
+2ie" MWD Do (X, Wi (£,£)) @D 2§ + AW D3¢
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We deduce that

D% (Ajndraaf (XY, X2 Ay, 0111 f(XY, X2l MWl e) (4.3.86)
€j2—n/2 "I_ €(J+1)2—n/2 > ®2
2

5j27n/2 + ;(j+1)27n/2 > ®

= A0 f (XY XA f(XT, X2)€i<)"W"(f’t)>f(

+2A0; 01200 (X1, X2 Ay O1112f (X X%)efAWn(fith ¢ <

<5[2—n/2 + €(l+1)2—n/2 >
2

2
Eio—n/2 T E(; —n/2\ .
j2 (+1)2 ) 2

. Ejg-ns2 + € —ny2\ ©2
+Aj7n8122f(X1’XQ)Al7n611122f(X1,X2)61<A,Wn(f,t)>§< 12—n/2 T €(111)2 /2>

+22A]n81222f(X X2 )Al nalllf(Xl XQ)ez)\Wn 1.t E( -

Dx2 (A Wa(f,1))

€jg-n/2 T+ € —n -
+2ZA]n8122f(X X )Al n81112f(X X2)€Z AW (f,t) >§< 12—n/2 (1+1)2 /2>®

2
D2 (X, Wn(f,t))
jo—n/2 T E(j11)2-n/2
2
Ero—n/2 + 6(l+1)2_n/2
2

A 10 f(XY, X2) AL 0111 f(XT, X2)e AW EDN e (D o (X, Wi (f,£)))

il jnOroa f (XY, X2 AL f(X L, X2)eMWalED e D2 (X Wi (f, 1))
+2i0j 0122 f (XY, XAy 0111 f(X, X2) eV D o (N Wy (f,8)) @D x2€
+ A nD12a f (XY, X2V A1, 0111 f(X L, X2)etAWnlID) D2 e

120 01220 f (X1, X2) Ay 0111 f(X T, X2)etAWalFD) ( )®DX2§

20 70122 f (XY, XA Or112 f (X, X2) O (F0) < ) @D 2

By plugging (4.3.86) into (4.3.85), we deduce that

BM(t)
|2%¢|—1

= —5 > E<Aj,n812222f(X17X2)Al,n8111f(X1,X2) WMV (682 nm))
4,1=0

€ jo—n/2 +ée i+1)2—n/2 2
X<< J 2(] ) >75(j+1)2n/2> <5(l+1)2*"/275(j+1)27n/2>

|2%¢|—1

1
5 2 F <Aj,n81222f<X1,X2>Az,namzf<X% 2)ei WD (5e2 - m)) )
4,1=0
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Ejo—n/2 +5(j+1)2 KA Eig—n/2 T E(141)2-n/2 5
0 1)2-nr2 5 0j1)2-nr2

(l+1)2 /25 5(g+1)2 n/2>

12%¢]—1

1
64 Z E<Aj’n8122f(X1’X2)Al,n811122f(X1aX2) HAWn(50) EI (5(%1 2- n/2)>
4,1=0
Elo—n/2 +¢€ [+1)2-n/2 2
% < < 2( ) > ? 6(j+1)2_n/2> <5(l+1)2_n/2a 5(j+1)2—n/2>
;123
iAW 1
R <Aj7”81222f (X1, X2) A 0111 f(XT, X2) WU fD (582 )
4,1=0

1S io—n/2 +e i+1 2—n/2
<DX2<)‘= Wi (f: 1)), 6(j41)2- n/2>) << ’ 2(] ) )7(5(j+1)2—"/2>

x <5(l+1)2f"/27 5(j+1)2*n/2>
o 12%¢—1

—= Z E<Aj:”8122f(X1aX2)Al,n31112f(X1, 2)e A Wn(f) 51(1 (5%}—%1)2 ny2)
51=0

€ig—n/2 T E(41)2-n/2
(D08 ) { [Ty

X <5(l+1)2*”/2 ) 5(j+1)27n/2>

123 ¢]—1
1 i .
32 Z E<Aj,n81222f(XlaX2)Al,n3111f(X17X2)6 </\’W"(f’t)>12()(5§42r1)2 ny2)
J,l=0

3 i9—n/2 + 3 i1 2-n/2
<Dx2§,(5(j+1)2n/2>> << J 2(] ) >75(j+1)2n/2>

X <5(l+1)2—n/27 6(j+1)2—n/2>

2% ¢ -1
1 B

3 E (Aj,nalzzf(xla XA 0m2f (XY, X2)etAWn (50 1) (1) (622
j

J
(1+1)2- ns2)
j1=0

€l27n/2 +eée I+1 9-—n/2

x <5(l+1)2f”/2’ 5(j+1)2*n/2>

12%¢]—1
1
tar 2 B(Bindmf (X X80 (X XD CIDGER )
§,1=0
®2
((Dx2 (A, Wa(f,1))) 5811)2 n/z>) (Os1)2-n/2> O(j1)2-n/2)
; 12%¢|—1
e E(Aj,namﬂx ) Ao f(X, X)W e (582 )
4,1=0

<D§(2 <)‘7 Wn(f7 )>7 6(®3_1)2 n/2>> <6(l+1)2—n/27 6(j+1)2—n/2>
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2%t -1

i i
D) > E<Aj,n3122f(Xl,XQ)Al,namf(XlaX2)€ AW (£) {1 )(5(%1)2 ny2)
41=0
{(Dx2(X\, Wy (f,t)))®Dx2£,65° G+1)2- n/2>> (Os1)2-n/2> O(j41)2-n/2)
) |2%¢|—1
~1 2 E<Aj,n3122f(X1»XQ)Al,nanlf(XlaX2)61<A’W”(f’t)> RO
41=0

<D§(2£’ 5811 2- n/2>> <5(l+1)2—n/2v 5(j+1)2—”/2>7

11
= Y Bl
=1

Let us prove the convergence to 0 of BS’Z’.I)(t) forall i € {1,...,11}.

e Convergence to 0 of B(1 1)( t), Bgél)(t) and Bgél)(t). Since f € C®, eMWallt)

and £ are bounded and thanks to (4.2.32), the Cauchy-Schwarz inequality, (4.2.21)
and (4.2.33), we deduce that

B ()]
|2%¢]—1
< C(zin/t;)z E(‘I 5%5_1)2 n/2)‘>‘<5(l+1)2—"/275(j+1)2—"/2>‘
3,1=0
25 ¢]—1
< c27/? Z ||I (5%11 2-n/2 )2 { (1+1)2— n/275(g+12 "/2>|
4,1=0
< C27Bgn/6gn/3y — con/6¢,

We can prove by the same arguments that

B0 < oy,
Bl (0] < o2

Hence, B 1)( t), Bfllyél)( t) and B 1)( t) converge to 0 as n — oo.

TL, ’I’L,

e Convergence to 0 of Br(:jf)(t) and Bfl{él)(t). Since f € C°, fAWalft) and ¢ are
bounded and thanks to (4.2.32), the Cauchy-Schwarz inequality, (4.2.21), (4.2.46)
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and (4.2.33), we have

N

N

N

<

B ()]
125 ¢]—1

c2 /oy <\I (03 1yns2) [[(Dx2 (0 Wa(£,8)), 85 1)2- n/2>}>
4,1=0

X ‘ <5(l+1)2*"/27 5(j+1)2—n/2 >‘
|25 ¢|—1

4
027"/62|>\p| Z <’I 1) 5%&1 9-n/2 H<DX2 (K1), O(j+1)2- "/2>‘>
p=1 4, 1=0
><‘<5(z+1)2*"/2=5(j+1)2*"/2>‘
125 ¢]—1
C2ON TNl D Y52 ) e (Dxa (KP (), 1y3-1r2) 2
4,1=0

XS 1yz-nr2 054 1)2-nr2)

We can prove similarly that |Bfig—)1)(t)| <0275t 4t + 1)%t. We deduce that

n,

B(ljll)(t) an

d Bsg,l)(t) converge to 0 as n — oo.

e Convergence to 0 of Bgél)(t) and B1(117’71)(t). Since f € C°, AWnlft) and ¢ are

bounded and thanks to (4.2.32), (4.2.44), the Cauchy-Schwarz inequality, (4.2.21)
and (4.2.33), we get

[Brg (1)
125 ¢]—1
S C27/0 Z (‘I 5%12 n/2 H<DX2 5(j+1)2”/2>|>
41=0
X ‘ <5(1+1)27n/2v O(j+1)2-n/2 >‘
[25¢]—1
< 02_n/3 Z ||I (56?_?_12 n/2 H |< (I+1)2— n/275(3+12 n/2>|
41=0

< 02 /39 n/6on/3y _ (ig—n/6y

We can prove similarly that ]Bfl%%l)(t)\ < C27"/5t. Thus, we get that BT(:él)(t) and

Br(L17’71)(t) converge to 0 as n — oo.

e Convergence to 0 of B(1 1)( t). Thanks to (4.2.48) among other things, we deduce
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N

N

N

<
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1B (1))

|2%¢]—1

¢ Z <‘I2 5%1)2 ns2) ‘<DX2 A Wa(f51)), 6 (j+1)2- "/2>2>
7,1=0

X ‘ <(5(l—i-1)2—"/2 5( j+1)2-n/2 >‘

125 ¢)—1
2
CZ)\Z Z E( ( )(5%—?-1)2 n/2 }<DX2(K’I§LP)(t))75(]+1)2—n/2> >
7,l=0
X ‘ <5(l+1)2—"/27 5(j+1)2—n/2 >‘
125 ¢)—1
2
CZ)‘% Z HI (6(%1)2 n/2 H2H<DX2(K7(LP)(1:))’5(j+1)2_"/2> 2
7,0=0

X ‘ <5(l+1)2—"/27 5(j+1)2—n/2 >‘
02_n/62—n/3(t3 + t2 Lt 1)%271/375 02~ n/ﬁ(tg + t2 Lt 1)%

It is now clear that B(1 1)( t) — 0 as n — oo.

e Convergence to 0 of B 1)(t). Thanks to (4.2.47) among other things, we deduce

’I’L,

that

N

N

<

1B (1))

|25 ¢]-1

03 B0 DRl W10, 552 )

7,1=0

x| <5(l+1)2*"/2’ O(j+1)2-n/2 )|
|2%¢|—1

4
Xl 3 B(67 P05, 0 )
p=1

J1=0

x| <5(l+1)2*"/2’ O(j+1)2-n/2 )|
|25 ¢]—1

YN Y I (5®;i12n/2)ll2ll<D (KD (1)), 5% 1o 12
7,=0

X ‘ <5(1+1)2*"/2v 5(j+1)2 n/2 >‘
C27 /69312 4 ¢ 1) = C2O(2 4 ¢ 4 1) 5t

We deduce that B 1)(t) — 0 as n — oo.

7’L,

e Convergence to 0 of Bf:’l%) (t). Thanks to (4.2.44) and (4.2.46) among other things,
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we have
B0 ()]
125 ¢)—1
< ¢ Z (‘12 6%%)2 n/2 H<(DX2 AWy (f, )>) (j+1)2— n/2>‘
7,1=0
X ‘ <DX257 5(j+1)2"/2>‘> |<5(l+1)2*"/2’5(j+1)2*"/2>|
25 ¢]—1
< o S B0 ) (D). G- )
4,1=0
X‘<5(l+1)2*"/2’5(j+1)2*"/2>‘
4 |25 ¢]—1
< Syl Y B(IH6 n [{Dxa (KPO). 8 e
p=1 7,0=0
X ‘ <6(l+1)2*"/2’ 5(j+1)2*"/2 >‘
|2%¢]—1
< 2Nl Y I (5%12 ) 2l (D2 (K (), 85 1y2-n2) 12
4,1=0

><‘<5(l-|—1 2- n/275(]‘+1)2 n/2>‘
Thus, Br(:ﬁ)) (t) - 0as n — co.

e Convergence to 0 of Bflly’lll) (t) : Thanks to (4.2.45) among other things, we have

B )]
12541 ) )
< C Z <’I2 5(§?+12 n/2 H<D§(2§ 5%)+12 n/2>{>‘<5 (I+1)2— "/275(]4-1)2 "/2>‘
4,1=0
|2%¢|—1
< c2mE oy I3 (5%1)2 w2 2| (8 iaya—nr2: O 1ya-ns2)]
§,1=0

< C2/Ben/Son/Sy = CoTn6,

It is now clear that B(1 1)( t) — 0 as n — oo.

0

Finally we have shown that By, — 0 as n — oo.

2. Convergence to 0 of B1(11’2) (t). The proof is very similar to the previous one and is left
to the reader.

Proof of the convergence to 0 of BY (t) and BY (t).

The motivated reader may check that there is no additional difficulties to prove the convergence
to 0 of BY (t) for p € {2,4}. Indeed, all the arguments and techniques which are needed to
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this proof, were already introduced and used along the analysis of the asymptotic behaviour
of BSLp)(t) for p € {1, 3}.
Hence, we may consider that the proof of (4.3.71) is done.

Step 5: Convergence of C,(t) to 0.

Since e!AWnlf:)) is bounded and f € Cg°(R?), we deduce that

C12%t-1

v i\ Wa(f,
g Z E(Aj,n8122f(X17X2)6 A Wn(£:2) <DX1£a 6(j+1)2*n/2> ( )(5(]11)2 n/Z)) ‘
=0

[Cu(t)] =

|2%¢]—1
< C Z KDle O(j+1)2- ”/2>HI 5%11)2 n/2)|)

Observe that

.
Dxi€ = Zaz% : (XL, X2, XL X2 ey,

Since ¢ € Cg°(R?"), we get
‘<DX1§75(]‘+1)277L/2>| < CZ ‘<€5k7 5(j+1)2*"/2>"

k=1

We deduce that

ro12%¢-1
Ca®)l = CY2 > ‘<€5k’5(j+1)2*"/2>‘E(‘I§ 5811)2 w2))
k=1 j=0
ro 2%t -1
SNl S S (O | 1 S R
k=1 j=0
ro (2341
S CT"/G’Z Z ‘<58kv5(j+1)2*n/2>‘gCTn/th/g,
k=1 j=0

where the third inequality follows from (4.2.21) and the last one by (4.2.39). It is now clear
that Cp(t) converges to 0.

Finally, putting together the respective conclusions of Steps 1 to 5 lead to the end of the
proof ofTheorem 4.3.3. ]
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Definition 4.3.4 For f € C°(R?), for all t > 0, we define V,3(f,t) as follows:

|2%¢]—1
1 3nH
3 . 1 y2 1,n\3
Vi (f.t) = 212 > A f(XL X (X - X))
7=0
) |2%¢]—1
M
tg2 Z AjnOona (X1, X2) (X0 — X7)°
1 L22tJ 1
3nH
527 Y Admf(X, XA (X - X (0T - X0
7=0
. |25¢]—1
_3nH
g2 ST A f (XN X2 (XN - X)) (X - X,
7=0

where, fori € {1,2}, X;’" = 9" X

_n-.
j27 3

Since 23 = H3(z) + 3z, 2° = Ho(x) + 1 and = = H;(x). We get, for H = 1/6,

Lﬁt] 1
1
V3(f,t) = ﬂ Z Aj O f(X? X2)H3(X]+1 Xgln)
7=0
. [22¢]-1
_n 2 21 27
+222 i Z AjnOasa f (X', X?)H3 (X1 — X")
=0
|22¢)—1
+-271 Ajndinnf(X', X*) H, (X;ﬂ - Xl ") H (X]+1 XJM)
=0
) [2%¢]-1
—|—§2_Z Aj,n8112f(X17X2)H2(X}fl_Xln)Hl(X]Jrl an)
=0
) 12%¢]—1
N ( (A0 f(XH X?) + Ajndin f(XY, X?)) (X4 — X5)
=0
12%¢)—1

+ Z (AjnOaaf (X, X?) + Ajndiaf(X, XQ))(XJH Xf))
=0

Let us define P,(f,t) as follows:

|2%¢]—1

1 =
Po(f,t) == 826( Z (DO f(X', X?) + Ajndina f (X', X)) (X1 — X))
=0

[25¢]—1

+ Z (AjnOaa f (X, X?) + Ajnduaf (X', X)) (X7 — X;))-
=0
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Then, thanks to (4.2.18) and to the Definition 4.2.2, we deduce that, for H = 1/6,
Va0 = KD (1) + K2 (F.8) + K2 (£.4) + K0 (f. ) + Pa(£,1). (4.3.87)
We have the following corollary of Theorem 4.3.3.

Corollary 4.3.5 Suppose H =1/6. Fiz t > 0. Then
t
(X, X2, V3(f, 1) 224 (XI,XQ,/ D f(X,)d*X,), (4.3.88)
0
where fg D3 f(X,)d®X, is short-hand for

t 3 3
/ D f(X)dP*Xs = f(Xl X2)dB, +m2/ 503 f(Xl X2)dB?
0 0o 9y

a 3
t 3f t a3f
X}, x2)dB2 + X!, X2)dB!
+”3/0 pary Ko Xs) | dady? Ko X3)dBs
with B = (Bl,...,B4) a 4—dimensz’0nal Brownian motion independent of X, k2 = K3 =

9 > rez P (1) and /€3 = K} = 555 ,c50°(r) with p defined in (4.2.23). Otherwise stated,
(4.3.88) means that V3 (f, t) converges stably in law to the random variable fg D3f(X,)d>X,.

Proof. Thanks to (4.3.87), if we prove that

Pu(f,t) 250 as n— oo, (4.3.89)

then we can deduce (4.3.88) immediately from Theorem 4.3.3. So, let us prove (4.3.89).
We define g := 011 f + 022f. Thanks to Lemma 4.2.4, we have

1 2
g<X(j+1)2 n/2s X(j+1)2 n/2)

= A3 X (X s = Kpo) B30 5 ) (s = Ky

2
- g(XJ]:Q—n/Za Xj27n/2)

+Z Z C(ai, az) ]nafél’u 29(X1 XQ)(X(]+1)2 n/2 X2 n/z)al
=2 a1 t+as=2i—1

(X(2 +1)2-7/2 T Xfrnﬂ)a2 + R13((X(1j+1)27n/27X(2j+1)2fn/2))7 (X;an/Zvazfnm)))-

Since f € C°°, we have in particular that 019 = 0111 f + O12of and Oog = O112f + Oaoo f.
So, by combining this fact with the definition of V;;"***(-,¢) given in (4.3.50) and a telescoping
argument, we get

1 2
g(XL2%tJ2_n/25 XL2%tJ2_n/2) - g(ou 0)

7
= 82n/6Pn(f7 t) + Z Z C(a17 OQ) Val,aQ (8011712 29 )

=2 a1 +ae=2i—1
(25 ¢]—1

+ Z R13((X(1j+1)2—”/2’X(2j+1)2—”/2)) (X2 n/Q’ngz—n/Q»)'
j=0
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This way, we deduce that

_ n/6 2
Pn(fat) - §2 / (g(XL22tJ2 n/gaXp%tJQ_n/z)*g(ovO))

1 a
_§2_n/62 Z Clay, az) Vo2 (07115 59,t)

1=2 a1tag=2i—1
n
[22¢t]-1
1

_§2_"/6 Z R13((X(1j+1)2*n/27X(2j+1)2*n/2))’ (X;zfn/% XJZT"/Q)))
=0
1 (07
— _§2*"/6 D Clar,az) Vo2 (97117 49,1)

a1tas=3
+rn,1(t)7
with obvious notation at the last equality. Thanks to Proposition 4.3.2, (4.3.60) and since,

T 1 y2 1 2 1 y2
by continuity of g(X*, X<), we have a.s. g(XL27tJ2 a2 X[Q%tJZ*”/Q) — g(X;, X7), we deduce
that

Tn1(t) 50 as n— oo (4.3.90)

So, it remains to prove that

270 N7 Clan, an) VIR (0045 49.t) 2 0. (43.91)

a1tas=3

By Lemma 4.2.4, we have C(3,0) = C(0,3) = 5; and C(2,1) = C(1,2) = £. As a result,

> Clan,an) VO (0013 49,1) = Vi (g,1), (4.3.92)

a1tao=3
with V,3(g,t) given in Definition 4.3.4. Thanks to (4.3.87), we have
270V (g,1) = 27O (KD (g, 6) + KD (g, 8) + KD (g.t) + KD (g,1)) +27"Pu(g. 1),

By Theorem 4.3.3, we have that 2/6 (K" (g,) + K (g,1) + K& (9,1) + K$Y (g,1)) < 0.

So, in order to prove (4.3.91), we have to show that, as n — oo
277/6p (g,t) - 0. (4.3.93)
Set h := 0119 + Oa2g. Thanks to Lemma 4.2.4, we have
h(X(l +1)2- n/2aX(2~+ 1)2-n/2)
= A nalh(Xl X (x}

1 2
- h(XjQ—n/Z 9 XjQ—n/2)

binanz = Xigouss) + Djudsh (XN X2V (XP 1y e = Xy ua)

+Z Z 0(041,042) A 8?17?22 Qh(X17X2)(X(1 i+1)2- n/2 X j2— n/Q)OC1
=2 a1 t+ao=2i—1

(X(2 j+1)2—n/2 X322*n/2)a2 + R13((X(1j+1)2*"/2’X(2j+1)2*"/2))7 (X;an/%X]?zfn/Z)))'
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Observe that d1h = 91119 + 01229 and Oxh = 01129 + O2009. By the same arguments that has
been used previously, we get

1 2
h(XLQ%tJQ*”/W XLQ%tJ27n/2) B h(07 0)

7
82V°P(g.) 43 D Clonan) Vi o2(97H3 5h1)
1=2 a1+ae=2i—1

(25 ¢]—1

+ Z R13((X(1j+1)2—n/2’X(2j+1)2—"/2)) (Xz n/2’X2 n/2)))
j=0

Hence, we have

1
_  To-n/6 1 2
Pn(gat) - 82 (h(Xl_22tj2 n/Q?XLQ%tp,n/z)

1
2SS Clanan) VO bt

=2 a1 t+as=2i—1

— 1(0,0))

|2%¢]-1

1 —n/6 1 2 L 2

_§2 / Z R13((X(j+1)27n/27X(J’+1)2*n/2)>’(XjT”/Q’XJ'?’"/Q)))
=0

1., Q1,09 [ Q01,0

© Ll S Clay e Vo

ar1taz=3

+rn2(t),

with obvious notation at the last equality. Thus, we finally have

27"/5P,(g,t) = 8 27 Z Clon, a2) Vi (07115 ol t)

a1+as=3

+275, 5(t).

By the same arguments that has been used to prove (4.3.90), we deduce that r, 2(?) 50 as
n — oco. Hence, to prove (4.3.93) it remains to show that, as n — oo

273 N" Olar, az) V2900 4k, t) o 0, (4.3.94)

a1 +tas=3

In fact, since h € Cp° and by the definition of V"***(97'" 15 5h,t) given in (4.3.50), we deduce
that

273 N Clon, ag) VT2 (0717 oh,t)|

altoaz=3
123 ¢]-1 |2%¢]—1
< 2 Y |xl, - xMPror S |x2, - X2 (4.3.95)
j=0 Jj=0
122 ¢)-1 12%¢)-1

+C27 Y (X = X = X 027y X - X NG - XL
j=0 =0
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Recall the following notation: for i € {1,2}, X;” = 213 X" 3. We deduce that, for all
p e N7,

EllX} - Xip) =2~ BEIX]T, - X"

_np
Jj+1 J ] =2 12E[|G|p]v

where G ~ N(0,1). Thanks to this identity , to the independence of X!, X2 and to (4.3.95),
we deduce that

2”/3E(\ Y. Clar,az) Vo983 oh, lt)|>

a1+tas=3
C2 "B AE(|GP |25 ] + €232 A B (|G| E[|G)?] |22 )
c27M12 0.

n—o0

<
<

Convergence (4.3.94) follows immediately. Consequently, we have proved (4.3.93), (4.3.91)
and (4.3.89). It finishes the proof of Corollary 4.3.5. ]

We are now ready to prove (4.1.4). Thanks to Lemma 4.2.4, we have

f(X(l +1)2 n/2 (2j+1)2—n/2) - f(X j2~ n/27X.722—n/2)

of of
- Ajna (Xl XQ)(X(1+1)2 n/2 X2 n/2) +AJH8 (Xl X2)(X( j+1)2—n/2 X2 n/2)

+Z Z Clar, a2) Ajndi" s (Xl XZ)(X( j+1)2—n/2 X;zfnm)al
1=2 a1 +ag=2i—1

2 2 a 1 2 1 2
X (X(j+1)2—”/2 - ij—n/2) f+ R13((X(j+1)2—"/2’X(j+1)2—”/2))’ (ij—n/%ij—nﬂ)))'
Then, by Definition 4.1.2 and (4.3.50), we can write
0,0)

1 2
f(XLQ%tJT"/” XLﬁtJ%n/z) — [

7
On(fv t) + Z Z C(Oq? 042) Val,aQ (8041 {122 Zf t)

1=2 a1 +ag=2i—1

(25 ¢]—1

+ Z R13((X(1j+1)2—n/2’X(2j+1)2—"/2)) (Xz n/2’X;22—n/2)))'
j=0

By the same arguments that has been used to show (4.3.92), we get
> Clar,az) V™ @058 ,f.0) = VI(£.0).
a1+a2=3

Combining this fact with our Taylor’s expansion, we deduce that

On(f1) (4.3.96)
= f(XEQ%tp—n/z’XfQ%tJQ_n/z) - f(0,0) - Vﬁg(ﬁ t)

7
=SS Clar,an) VEreR(001y L fit)

=3 a1+ag=2i—1
(25 ¢]—1

- Z R13((X(1j+1)2—”/2’X(2j+1)2—”/2)) (X2 n/Q’ngz—n/Q»)'
j=0
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Thanks to Proposition 4.3.2, we have

7
S S Clanag) Ve Lf. 1) 0. (4.3.97)

=3 a1 t+as=2i—1

On the other hand, by (4.3.60) we have

123¢]—1
Z R13((X(1j+1)2*n/27X(2j+1)2fn/2))v (X;an/%X?an/?))) L 0 (4.3.98)
§=0

Observe also that, by the almost sure continuity of f (X LX 2), one has, almost surely and as
n — oo,

FX sy g X[y i) = £(0:0) = F(X0, XF) = £(0,0). (4.3.99)

Finally, the desired conclusion (4.1.4) follows from (4.3.97), (4.3.98), (4.3.99) and the conclu-
sion of Corollary 4.3.5, plugged into (4.3.96).

4.3.3 Proof of (4.1.6)

Using b3 — a® = 3("7"’!’)2(6 —a) + 1(b—a)3, one can write

[25¢]—1

On(x = xgat) - (th)3 = _Vr?(x = x37t) + ((X(lj+1)27n/2)3 - (X}27n/2)3) - (Xt1)3)
j=0

[

where Oy, (-, ) is introduced in Definition 4.1.2 and V,3(,t) is given in Definition 4.3.4. As a

result, and since (XLlﬁtjzfnﬂ)S — (X})? as. as n — oo, one deduces that if O, (x — x3,t)

converges stably in law, then V2(x +— 23 t) must converge as well. But it is known (see for
example (1.8) in [26]) that 9-n(3—3H) V3(z — 23, t) converges in law to a non degenerate limit.
This fact being in contradiction with the convergence of V,3(z +— 23,t), we deduce that (4.1.6)
holds.

4.4 Proof of Theorem 4.1.4

We divide the proof of Theorem 4.1.4 in several steps.

4.4.1 Step 1: A key algebraic lemma

For each integer n > 1, k € Z and real number ¢t > 0, let U; ,(t) (resp. D;,(t)) denote the
number of upcrossings (resp. downcrossings) of the interval [j27"/2, (j 4+ 1)27"/?] within the
first [2"t| steps of the random walk {Y (T} ,)}k>0, where (Tj,,)k>0 is introduced in (4.2.10).
That is,
Uin(t) =8{k=0,...,[2"] — 1:
Y (Thp) = 3272 and Y (Tyy10) = (5 + 12772}
Din(t)=t{k=0,...,[2"] —1:
Y(Tk,n) = (] + 1)2_71/2 and Y(Tk-‘rl,n) _ j2—n/2}‘
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Definition 4.4.1 For f € Cp° and ¢ > 0, for all p,q € N such that p + q is odd, we define
VPA(f,t) as follows:

[27t]—1
1
V’npﬂ(f’ t) = Z f Z%Wk’n + Z%k+17n)7 i(Z%k,n + Z%k+17n)) (Z%k+17n - Z%k7n )p
X(Z3,,, . —Z%, )0 (4.4.100)

While easy, the following lemma taken from [20, Lemma 2.4] is going to be the key when
studying the asymptotic behavior ij’q(f, t). Tts main feature is to separate (X1, X2) from Y,
thus providing a representation of V*?(f,t) which is amenable to analysis.

Lemma 4.4.2 Fiz f € Cy°, t > 0 and for all p,q € N such that p + q is odd, we have then
V’”’(f, t)

2 1
Zf (]+1 2 n/2 +X 2 n/2) (X(j+1)2—n/2 + X 2 n/2))(X(j+1)2—n/2 X 2 n/2)
JEZ

X(X(2j+1)2*"/2 X7 j2— ny2)t (Ujan(t) - Dj,n(t))-
4.4.2 Step 2: Transforming the 2D weighted power variations of odd order
By [20, Lemma 2.5], one has

1{O<j<j*(n,t)} lf ]*(n,t) > 0
Ujn(t) = Djn(t) =< 0 if 7*=0 ,
=L (n,t)<j<0) if j*(n,t) <0

where j*(n,t) = 2"/2YTL2MJ’”. As a consequence, we have

1. If j*(n,t) >0 :

V29 f,t)
S 1
_ 1+ 94 -
- PG G Xjiture): 5 (X + Xj3000))
j=0
1+ Lt \P(y2+ 24+ \a
% (X(j+1)2_n/2 o Xj2_"/2) (X(j+1)2—n/2 - ng—n/Q) .

2. Ifj*=0: VPt =0
3. If j*(n,t) <0 :

(s
5™ (n,t)|— L . . ,
j=0
1’_ 1)_ p 2,— 27_ q
8 (X(j“)?’”“ B Xj?*"”) (X(j+1)2fn/2 - Xj2*n/2) ;

where, for i € {1,2}, X/t := X! for t > 0, X", := X/ for t < 0.
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Let us introduce the following sequence of processes W1,

[27/2t] -1

WEL(ft) = Z f ( +1 g-n2 T X]lgin/z) ;(X(Q’im ns2 T ngin/z))
x <X(1j4j:1)2—n/2 o X;;—[nﬂ)p(X(Qﬁl)rn/Q o X;éiﬂ)q’ t=0
weaso = Ly w0
We then have that
VPAUf,t) = W f, Yy, .,.)- (4.4.101)

4.4.3 Step 3: Known results for the 2D fractional Brownian motion

o If H>1/6,p+q>3andif H=1/6, p+ ¢ > 5, then, thanks to (4.3.57) and (4.3.58),
we have for all ¢ > 0

T o1
E[( (f t < C Z <( Z 27n[H(p+q+2k’flfa)f%})t+2fn[H(p+q+2k’f2)7%]
k'=1 a=1

(2HAL 2nH[p+q+2k'1]>. (4.4.102)

o If H=1/6, for all t € R, we define W£3)(f,t) as follows:

WT(L3)(f7 t) = Z C(p7 q)WTIL)’q(a%‘q.ll..va t)? (44103)

p+q=3
where C(3,0) = C(0,3) = &; and C(2,1) = C(1,2) = 1. Then, thanks to Corollary
4.3.3 we have, for H = 1/6, for any fixed t € R and as n — oo

O X W) 4 (0, [ " DRRX) X, (1.4.104)
0

where fot D3 f(X,)d® X, is short-hand for

D3 X)X, = 0 X}, X2)dB] g dB?
= M o Oz 3( 5) T K2 o O3 ( )
1 %2\ 7R3 tof 4
X, X:)dB dB;
+/€3/0 83:267;( s XS)AB + s o Oxdy? ( X;)
with B = (B B4) a 4-dimensional two-sided Brownian motion independent of

(X1, X2), k2 = /f% = 55 ez P (r) and k3 = K] = 353, o5 p3(r) with p defined in
(4.2.23).
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4.4.4 Step 4: Moment bounds for W,Eg)(f, )

Fix f € Cp° and set H = 1/6. We claim the existence of C' > 0 such that, for all real numbers
s<tandall n €N,

BIWO (f,8) — WO(f, 9)%] < Cmax (|s]V/%, [11/3) (22 + |t — s]). (44.105)
Proof. By the definition of W7§3)(f, t) in (4.4.103), we deduce that

E(WP(f,t) - WP (f,5)? < C Z E[(WEUOTTy of t) = WP, of,9))°].
p+q=3

So, if we prove that for all f € C}° and for all p,q € N such that p+ ¢ = 3,
EI(W2A(f,t) — WE(f,5))2] < Cmax (|s|/3, 11]/3) (272 4 |t — s]),
then the conclusion (4.4.105) follows immediately. In fact, we will prove the last inequality

only for p =1 and g = 2, the proof being similar for the other values* of p and gq.
For p =1, ¢ = 2, bearing the notation of Step 2 in mind, we have

|2%¢]—1
1,2 1 _n P 1+
W:I:,n(fut) = §2 4 Z Ajanf(XLi’XZ’i)(QlQ(X(j+1)27n/2_Xj27n/2>)
j=0
24 2+ 2
< (212(X o nre = X32))
) |25 ¢]—1
_n L+ yv2,+ Loy lE 1+
= g2 Z A f(XME X )H1(212(X(j+1)2_n/2—Xj2_n/2))
j=0
1 |2%¢|—1
_n 1+ v2.+ A 1+
+§2 4 Z A],be(X 7X )H1(212(X(j+1)27n/2_Xj2—7l/2))
§=0
EP Y 2,4
XH2 (2 12 (X(j+1)2—n/2 - Xj2—n/2))
=~ 1,2
= Win(f.t) + Win(f.t).
We claim that:
BI(W,2(f.0) = W2(£.9))2] < Cmax (|s'/3 1t/ 272 + |t —s);  (4.4.106)
EI(W, () =W (fs) < Cmax (s'/3 [1]/3) (272 + [t —s]).  (4.4.107)

It suffices to prove (4.4.107) which is representative of the difficulty. To do so, we distinguish
two cases according to the signs of s,t € R (and reducing the problem by symmetry):

*When p=3, ¢ =0 or p=0, ¢ =3 the reader will find a very similar result in Step 4 of chapter 3



173

(1) If 0 < s < t (the case s <t < 0 being similar), then

12

E((W,2(f,8) = Wi (f,9)%) = B(W (o) = W (£, 9)7)

) 125 ¢]-1

= @TW > E(Aj,nf(Xl”L,X2’+)Aj/7nf(X1’+,X2’+)I§1)((2$5(j+1)2_n/2))
3.d'=12"2s)

2 n 1 n 2 n
x I >((2125(j +1)2,,1/2)@2)1% >((2125(j, +1)2%/2))[; >((2125(j, H)ﬂﬁ,)@?))

125 ¢]—1
! 1

— g X B XA X ()
G.j'=|2n/2s)

XI£1)(5(J 1+1)2- "/2) Y (5®2

2 o) IS 72 )(5®2

G'+1)2- ”/2)>

where we have the first equality by (4.2.18). Relying to the product formula (4.2.20),
we deduce that this latter quantity is less than or equal to

|25¢]—1

) ; ; A 72)
64 Z/ ‘E<Aj’"f(X1+’X2+)AJ””f(X1+’X2+) (5811>2 w2)
jyj,:LQn QSJ

2
Iy (057, 1y )‘|<5<j+1)2n/275(jf+1>2”/2>‘

|25 ¢]—1

+674 Z ’E<Aj7nf(X17+)X27+)Aj',nf(X17+7X27+)I§1) (5(]-_,'_1)2771/2 ®
4,3 =|2"/2s]

O(jr41)2- w/2) 1y 1;? )(5(%11)2 w2) T2 1t )(582+1)2 n/2)>‘

2
Z Q7 (s,1). (4.4.108)

We have then the following estimates.

e Casei=1. Since f € C}°, and thanks to the Cauchy-Schwarz inequality and to
(4.2.21), we have

‘E(Ajmf(Xl’J“,X2’+)Aj/7nf(X1’+,X2’+) ()(5(‘811)2 e)  (4.4.109)

><I§ )(5®2

(j'+1)2— n/2)> ‘

(2 2)
< o)l ’(6@11)2 ) 2 (G2, )
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We deduce that

Qn'(s.t)
12%¢)—-1
< C27/3 Z [{0(j1)2-n/25 O(jr 4 1)2-n/2)]
J.3'=2"/2s]
L2n/2tJ_1
< o2y Sl U =g =1 = 20 - )
4,3'=2"/2s]
[2n/2t)-1 j—[27/2s]

= o2y > le@l,

3=12""2s] q=j—[2"/?t]+1
with p(q) defined in (4.2.23). By a Fubini argument, it comes

Qi (s.t)

[27/2t]—|2/2s] -1

< N )l <<q 122 A (2% — (g + [228)) v L2”/28J>
q=|2"/2s|—|2"/2t]+1
[27/2t|—[27/25] —1
< C27? . lp(a)|(127%) — [27/%s))
q=[2/2s]—[27/2¢] +1
< 027N " p(g)|] |22 — (275 ]| = c27 R (202 — |27 %s] |
q€Z
< C2E(|[272) — 2P| 4 2n Rt — | + | [27%s) — 27/2s))
< CR™24t—s|). (4.4.110)

Note that »_ .7 |p(q)| < oo since H < 1.

e Casei=2. Thanks to the duality formula (4.2.19) and to the Leibniz rule
(4.2.17), one has that

‘E (Aj,nf(Xl’Jrv X2 A f(XHT, X2’+)I2(1) (01272 ® O(jr41y2-n/2)
(2) (s®2 (2) (s®2
XIZ (5(j+1)2*n/2)12 (5(j/+1)2n/2)> ‘
= ‘E <<D§(1 (Aj’nf()(17"!‘7 )(2,4‘)A‘]'/,nf()(l,‘f‘7 X27+)) y (5(j+1)2—n/2 & 5(j/+1)2—n/2>

A 02 o) 5 O3 1) )|
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s EQAJ,nallf(Xl’ﬂ X20)Ajr f(XF, X2)) 1Y (06 1y2-nr2)

€ig-n/2 + E€(it1)a-ns2 | ©2
> '< ( : 2(] : ) ,5(j+1)2_"/2 02 5(j/+1)2—n/2

+2F (‘Aj,nal FOXUH X2 Ay, 00 f(X0T, X2H)) 18D (522

2
x I )(582 122

+02-/2)

5]'2771/2 + 5(j+1)27n/2 ® 5]-/2771/2 + 5(]-/_,’_1)2771/2
2 2 ’

5(j+1)2—n/2 & 5(j/+1)2—n/2>

2
B Ié : (58/2+1)27n/2)

o (‘Ai:nf(Xl’Jra X2 Ay f(XHT, X2’+)) 152) (5211)2%/2)

Ejrg—n/2 + Egjri1ya—n/2 | €2
) '<< ] 2 : ’(S(J‘Jrl)rn/2 ® 5(j’+1)27n/2

<Iy (052, 1)

=:d +d%+d>.

Observe that, thanks to (4.4.109), we get

_ g io—n/2 + & i1 2-n/2 ®2
d'}L < 02 TL/3 < < J 2(~] ) > , (5(J+1)2,n/2 ® 6(j/+1)27n/2 5
d2 < CQ*”/:" < (€j2”/2 + E(j+1)27n/2 ) ® <€j/2n/2 + E(jl+1)2n/2>
s 2 2 ’

i

5(j+1)2—n/2 ® (5(jl+1)2—n/2>

Ejra-n/2 + Ejrynyp-nsz )
< < : 2 ’ 76(]"‘1‘1)2_"/2 X 5(j/+1)2—n/2 .

ISH
S

By (4.2.32), recall that [(gy, 8 1y9-n/2)| < 27/6 for all w > 0 and all j € N. We
thus get,

dy+dy +d, < CQ*n/Q(K%Q*n/?? O(jr1yz-n/2)| + (e r1y2-n/2s O(jri1ya-n/2)]
+|<€j’2*"/27 6(j+1)2*"/2>| + |<€(j’+1)2*"/275(j+1)2*n/2>’

+|<5j/27n/2 + 5(j/+1)27n/2, 5(j/+1)27n/2>|)-



176 CHAPTER 4. PROOF OF THEOREM 4.1.4

For instance, we can write
[27/2t] -1

27n/2 Z (e 41)2-n/23 01 1)2-n/2)]
J.3'=2"/2s]

1 [27/2t]—1

— 52—2’!7,/3 Z ’(J+1)1/3_]1/3+|]/_]+1|1/3_|jl_]|1/3‘
J:'=[2"/2s]
|27/2t] -1

127271,/3 Z ((] + 1)1/3 _j1/3)

N

2
jJ/:LQn/ZSJ
1 —2n . . i .
2 ()P )
[2n/2s| <<’ <27/ 2] -1
1 —<n . . . .
+§2 2n/3 Z ((j_j/)l/?)_(]_j/_l)l/g)
[2n/2s] <5 <g< |27/ 2t -1
3 —2n/3 (1 on/2 n/2 n/2,11/3 3¢1/3 —n)2
< S22 — (2%s)) [272)1P < = (27 4 [t s)).
Similarly,
e 3t1/3
2771/2 Z |<€j27n/2; 5(j'+1)2*"/2>| < T (2*”/2 + |t . S’),
Jig'=[2n/2s]
L2n/2tJ—1 3t1/3
2—n/2 Z ‘<€(j+1)2_"/2;5(j’+1)2—"/2>’ < T (2—n/2 + ’t _ 8’);
3.d'=[2n/2s]
|_2"/2tj71 3t1/3
2*”/2 Z |<5j’2*"/2; 6(j+1)27n/2>| < ? (2*n/2 + |t . 5’);
Jig'=[2n/2s]
[27/2¢] -1

1/3
272 Z (ejra—ns2 + €(jrynyz=nrz; O yryp-nrz)| < 2 (2_n/2 +1t = s|).
3:3'=12"/2s]

As a consequence, we deduce
QH2(s,t) < O3 (272 |t — s)). (4.4.111)
Combining (4.4.108), (4.4.110) and (4.4.111) finally shows our claim (4.4.107).

(2) If s <0< t, then

E[(W,2(f.0) = W, (f,9)2) = EI(W5 (£, 1) = W2 (f,—s))?)
< 2E[(W(f )2 + 2B[(WE (. —5))?).

By (1) with s = 0, one can write

E[(W2(£,6)% < O3 (272 4 ).
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Similarly
E[(W25(f,—5)? < C(=)3(27% 4 (=5)).
We deduce that
EI(W,(£,t) = W, (f,9))%] < Cmax (173, (=5)!/%) (272 + (1 — 5)).

That is, (4.4.107) holds true in this case.

|
4.4.5 Step 5: Limits of the 2D weighted power variations of odd order
Fix f € Cp° and t > 0. We claim that, if H € [%, %) and p + ¢ > 5 then, as n — oo,
Pa(f,8) 2% 0. (4.4.112)
Moreover, if H € (6, 2) and p + g = 3 then, as n — oo,
Pa(f,6) 2% 0. (4.4.113)
For all ¢ > 0, we define V,® ( f,t) as follows
VAt = D Clp, VP, o 1), (4.4.114)

p+q=3

with C(3,0) = C(0,3) = &; and C(2,1) = C(1,2) = £. Observe that thanks to (4.4.101) and
(4.4.103), we have

VI (f,1) = W Vg, ) (4.4.115)

Then, we claim that, for H = 1/6, for any fixed ¢t > 0, as n — oo

Y:
(X x?y, i D3f(X)d>Xy), (4.4.116)

(X1, X2 Y, V9 (f,0) 14

where fg D3 f(X,)d® X, is short-hand for

t o3 o3
/ D*f(X)d*Xs = K f(X1 X2)dB! + ks f(X1 X2)dB?
0

Ox3 oy?
+53/ ( X2)dB3+/-@4 o (X1, x2)dB;
0 8x28y §1778 s o Oxdy2\ %77 s

with B = (B!, ..., B%) a 4-dimensional two-sided Brownian motion independent of (X!, X?)
and also independent of Y. The constants K1,...,kq are the same as in (4.4.104). Other-

wise stated, (4.4.116) means that v (f, t) converges stably in law to the random variable
I D3 (X)) dP X
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Indeed, combining (4.4.101), (4.4.102) together with the independence of Y and (X!, X?)
(by the definition of Z in (4.1.1)), we deduce that

T o
E[(VPi(£,1)*] < CZ<(Z2"[HW“““>5}>E<!YTW,HI>

k'=1 a=1

+27n[H(p+q+2k/*2)*%]E(|YTL2ntJ . ‘2H+1) + 2nH[p+q+2k’1]) .

On the other hand, recall from [20, Lemma 2.3] that Y7,,,, 2R Y; as n — 00. So, combining
this fact with the last inequality, we deduce that (4.4.112) and (4.4.113) hold true.

Now, using the decomposition (4 4.115), the conclusion of Step 4 (to pass from Y7y,,,,, to

Y;) and the convergence: YT@n ‘o —> Y;, we deduce that the limit of V ( f,t) is the same as
that of

W (f,Y2).

Thus, the proof of (4.4.116) then follows directly from (4.4.104) and the fact that Y is inde-
pendent of (X!, X?) and independent of (B, ..., B%).

4.4.6 Step 6: Proving (4.1.7) and (4.1.8)

Let us introduce the following notation: for f € C;°, for j € N, A nf(ZY,Z2%) = f(%( .t
Z1 ), (Z% + Z% )) Then, thanks to Lemma, 4.2.4, we have
J+1 n jmn j+1l,n

f(ZT +1,n? Z%j+1 n) - f(Z%j,n’ Z%JG")

J
0 9
= Ajn / (2", 2%)(2z1,,,,, — Z1,,,) + Ajn af (2", 2%) (23, — 7.,

a ji+1i,n

1 2 1
+Z Y. Clan,an) 8053 o f(24, 2 (21, — 21,,)"
1=2 a1 taz=21—1

x (Z72“1+1,n o Z%j ) + R13(( i Tjt1,n> ZT]+1 ))’ (Z%j,n’ Z%J’ﬂ)))

Then, by the Definition 4.2.1 and (4.4.100), we can write

f<Z%1L2"tj,n’ Z’%pn”’n) - f(07 0)

7
Ou(fH+3 S Clas,az) Vs (a2, f,1
1=2 a1 +ag=2i—1
[2n¢]—1

+ Z R13 +1 n? ZQ]Jrl n))7 (Z%j,rﬂ Z%j,n))) :
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Thanks to (4.4.114), we can write

On(f,1) (4.4.117)
= f(Z%sznth, Z%\_Qntj,n) - f(oa 0) - ‘7753) (fa t)

7

=Y D Clan,a) Vo2 (Y5 L f.t)
=3 a1 t+ae=2i—1
|27 —1

- Ry ((ZT]-H n? Z%j-o-l,n))’ (Z%j,n’ Z%j,n)))'
=0

By Lemma 4.2.4, we have, with G ~ N(0, 1),

123 ¢]—1

B(|mas((Zh 0 Z,,0) (2,0, )

|2nt]—1

< G Z Z ( Tivin Zilfj,nlal |Z%j+l,n - Z%J»"‘M)

altaz=13 j=0

|25¢]—1
< 6o, > Wy, -2y M2, - 27,0
a1+az=13 j=0
2" -1
= ¢ Y Z E[G*E[G2?))'/? < cta (5D, (4.4.118)

ait+az=13 j5=0

On the other hand, by continuity of f o Z and due to (4.2.11), one has, almost surely and
as n — 0o,

F(Z gm0, Zhigmyy ) — 1(0,0) = F(Z], Z) = £(0,0). (4.4.119)

Finally, when H > % the desired conclusion (4.1.7) follows from (4.4.112), (4.4.113),
(4.4.118) and (4.4.119) plugged into (4.4.117). The proof of (4.1.8) when H = % is simi-
lar, the only difference being that one has (4.4.116) instead of (4.4.113), thus leading to the

bracket term fot D3f(Zs)d3Zs in (4.1.8).

4.4.7 Step 7: Proving (4.1.9)

Using b3 — a® = 3(%) (b—a)+ 1(b—a)3, one can write,

|27t]—1
Oula = %)= (Z)) = —Viwmat )+ S ((Zh,,.)%— (24 )%) — (2.
=0

As a result and since, by (4.2.11), (Z%FLQM n)3 — (Z})3 a.s. as n — oo, one deduces that if

On(x +— 2°,t) converges stably in law, then V,3(z + 2°,t) must converge as well. But it is
shown in Corollary 2.1.2 in chapter 2 that 2_”(1_6H)/4f/,§3)(:n — 23,t) converges in law to a
non degenerate limit. This fact being in contradiction with the convergence of V.3 (x s 23,t),

we deduce that (4.1.9) holds.
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4.5 Proof of Lemma 4.2.10

Thanks to (4.2.20), we have

"51)(5(13“)2 ”/2) 1, (5(%;1)2 n/2)1(1)(5(z4+1)2 "/2) 1 (5(%“)2 n/z)

— Iél)(5(25+1)2 n/2 ® 0, 1 1y2- ni2) 13 1’ )(5(@?;1)2 "/2)1(2) (5§f+1)2 )

(2) (s®2 (2)
+<5(i3+1)2*"/275(i4+1)27"/2>‘[2 (6(@; +1)2 n/2)‘[ (5(1'44,1)2771/2)

— 7 712 (522
= IQ ((5(13_;'_1)2 n/2 ®6(’L4+1)2 n/2) (5((2? +1)2 n/2 ®5(’L4+1)2 n/2)

"'4[; )(5(23+1)2 n/2 ® 0, 11)2-n/2 ( (i5+1)2-7/2 ® O(;,41)2- n/2)<5(13+1)2—n/2a O(igt1y2-/2)

+12) (522 ® 592 ) (8iy 4 1y2-n/2 Oiy 1 1)2-n/2)

(i3+1)2—n/2

1
+2_T( )(5(13“)2 nj2 ®0 (ig+1)2~ n/2)<5(13+1 2- "/2’6(14+1)2 n/2>2
(i4+1)2— n/2 <

"’4[5 )(5(23+1)2 n/2 @ 0, 11)2-n/2) (O (354 1)2-n/25 5(i4+1)2—n/2>2

+2<5(i3+1)2—"/2 ) 5(i4+1)2—n/2 >3.

For iy,i9,13,14 € N, set ¢ (i1, 12, 13,14) := Hi:l Aia’nfa(Xl, X?2). Then, thanks to the previous
estimate, we get

|2%¢]—1

4
E(HAia,nfa(Xl7X ) ()(5@ c1ya-n/2) 1. ()(5(%2+1)2 n/2)>'
a=1

11,82,13,14=0
|25 ¢]—1

S

11,12,13,14=0

2
E( i1,12,13, 4 H za+12 n/2) ()(5(%&2+1)2 n/2)

(1) (2)
XI2 (5(i3+1)2*”/2 ® 6(i4+1)2*"/2)l4 (5(8;32+1)2 n/2 ® 5(14+1)2 n/2)> ’

|25 ¢]—1
+4

11,12,13,84=0

2
E(cf) 11,72, 13, %4 H za+1)2 n/2) ()(5(13+1)2 n/2)

1
Xlé )(5(23+1)2 n/2 @ O(iy41)2- nr2) I I’ )(5(13+1)2 n/2 ® 0, 4 1)2- ”/2)>’

X|(O(is1)2-n/25 O(is 4 1)2-m/2) |
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12%¢|—1

+2 )

11,12,13,14=0

2
E<¢(i17i27i37i4) H Ifl) +1)2 "/2) ( )((5(@)2+1)2 n/2)

a=1

1
XIQ( )((5(1;3_,’_1)2771/2 & 5(i4+1)2n/2)> ‘(6(i3+1)2n/2,5(i4+1)2n/2>2

|25 ¢]—1

o2

11,12,13,84=0

2
E(¢(i1,i2,i3,l4 H Ofia+1)2- nj2) ()(5§3+1)2 )

2
|2%¢|—1
+4

11,12,13,14=0

2
E <¢(i1, inyis,ia) [] I8V (85, 41)2-ns2) I (6622, 1yp-nr2)

a=1

2
Xlz( )(5(i3+1)2—n/2 ® 5(i4+1)2—n/2)> ‘<6(i3+1)2—”/275(i4+1)2—”/2>2

|2%¢|—1

+2 )

11,12,13,14=0

2
E <¢>(z'1, inyis,ia) [] I8 (85, 41)2-n02) IS (662, 1)a- n/2)> ‘

a=1

x| <5(@‘3+1)2*"/2’ 6(i4+1)2*"/2> K

6
S
i=1
Let us prove that, for any i € {1,...,6} there exists C' > 0 (depending only on f) such that
Lni(t) S Ot + 2 + 3 +1h). (4.5.120)

Then the desired conclusion of Lemma 4.2.10 will follow immediately.
Thanks to the duality formula (4.2.19), we have

|25 ¢]—1

Loa(t) = )

11,82,13,14=0

2
L 1 2
E<<D§((1) <¢(Zl7127l37714 H I§ ) 5(1 +1)2*n/2)]2( )(6§2+1)2 n/2)>

1

a=
(2) ( s®2
5(zs+1)2 n/2 ® 0 (ia+1)2~ n/2>I 5 (i3+1)2—n/2 ® 5(14+1)2 n/2)) ’

2
E <<D§((1) <¢(ila 12,13, i4) H Ifl) (6(ia+1)2n/2)> )
a=1

|25 ¢]—1

= 2

11,12,13,14=0

2

(2) (s®2 (2) (s®2 ®2

Oi5-+1)2/2 ®5(i4+1)2”/2> HI (55 +1)2- n2) 1 (5( 34+1)2-1/2 ®5(14+1)2 n/2))’
a=1

When computing the second Malliavin derivative

2
2
Dx(l) ( Z17227Z3724 H 1a+1)2—n/2)>7

there are three types of terms:
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(1) The first type consists in terms arising when one only differentiates ¢(i1,42,13,74). By
(4.2.32), these terms are all bounded by

|2%¢|—1

ca /3y

11,12,13,84=0

(2) ®2

2
E< i1, %2, 13, 1) H za+1 2= "/2> ()(552“)2 n/2)

where gg(il, i9,13,14) is @ quantity having a similar form as ¢(i1, 2, i3, 74). By the duality
formula (4.2.19), we deduce that the last quantity is equal to

12%¢]—1

c2 /3y

11,12,13,14=0

2
E<<D§((2) <¢(i1ai2ai3»i4) Hffl)(‘s(zﬁl)z w215 )(5E8;f+1)2 n/z))

a=1

®2
6(23+1)2 n/2 ®5(z4+1)2 "/2>)‘

2
E<<D§((2) <¢(i1, iz is,ix) [ 157 (52 +1)2_71/2))

a=1

®2
6( 3+1)2-"/2 ® 5(24+1)2 n/2> H I za+1)2n/2)> ‘

a=1

|2%¢|—1

= c27B Y

11,12,3,14=0

When computing the fourth Malliavin derivative

2
D?{@)( Z17127Z37714 HI() 5(@;2+12 n/2)>

there are three types of terms:

(a) The first type consists in terms arising when one only differentiates 5(2‘1, i2,13,14).
Thanks to (4.2.32), these terms are all bounded by

|2%¢]—1 2
E( i1,12,13, 14 H za+1 2- n/2) ()(5(%;1)2 n/2)>

c2 " Z

11,82,13,84=0

where ¢(i1,142,13,14) is a quantity having a similar form as gg(il, i2,13,14). Observe
that the last quantity is less than

123 ¢]—1 2

ot? sup E<g§(i1,i2, isyia) [T I8V (05, 4102-n2)
i5,i4€{0,., |22 ] =1} i1,i2—=0 a=1
72 (592
L (5(® +1)2- n/2))‘
< CE+th, (4.5.121)

where the last inequality is a consequence of Lemma 4.2.7.
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(b) The second type consists in terms arising when one differentiates 5(i1,i2,i3,i4)

and Ié )(552“)2 ./2) but not IQ( )(6(‘%2“)2 2

5(@'1, ig, i3, 24) and Ié )(5(%2+1)2 n/2) but not Ié )(5(@;2+1)2 n/2

In this case, with p defined in (4.2.23) and « € {0, 1}, the corresponding terms are
bounded either by

) (the case when one differentiates

) is completely similar).

|2%¢|—1

o2 Z

11,12,13,14=0

.. .. a (2)
E <¢(217 12,13, 7‘4)[(2) (651_’_1)2 n/Q)I (5(8222_"_1)2_”/2)

X H I(l Ofiq41)2-m/2 ) ”p iy —i3)|  (4.5.122)

or by the same quantity with |p(i1 — i4)| instead of |p(i; — i3)|. We have obtained
the previous estimate by using (4.2.22) and (4.2.32). Observe that, by the duality
formula (4.2.19), we have

2
o N 2)
'E<¢(21,l2,l3,14)—7é2) (521+1)2—n/2)1( 12“ Ja-n/2 H { 5(za+1 2- n/2)>'

= ‘E <<D§m <<5(i1, iz, i3, i4) [ (5E‘??+1>2_n/2)> : 5(?§H)2_n/2>

2
X H Il(l) (6(ia+1)2n/2)> ‘

a=1
= F(il,ig,ig,i4,a).
We have
e For o = 0:
F(i1,i2,13,14,0)

2
’E<<D§<<2) (@(i1, iz, 13, 14)),55;1)2,” /2> I1 ™ (5(ia+1)2n/2)> ‘
a=1

_ 1 1
< OOV (3, payws) I By 1y-e02) 2
< 02—71/2’
where we have the first inequality since f € C;° and thanks to (4.2.32) and to
the Cauchy-Schwarz inequality. The second inequality follows from (4.2.21).

o For a = 1: Thanks to (4.2.16),(4.2.17), (4.2.22),(4.2.32) and (4.2.21), we have
F(i1,i2,13,14,1)
_n 1 1
< C2BE(IY (0, 1 1y2-72) 11D (O 1ys-n2) |)
< OB (8, snypnrz) 2l (B4 1) -nr2) 12 < €272

For a € {0,1}, by plugging F(i1,i9,13,14,) into (4.5.122) we deduce that the
quantity given in (4.5.122) is bounded by

|25 ¢]—1
Ct?272 N p(iy — is)| < CO_ |p(r)]) < CFP, (4.5.123)

11,83=0 rez
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Note that ) ., |p(r)| < oo because H =1/6 < 1/2.

(c) The third type consists in terms arising when one differentiates 5(2’1,2'2,@'3,2'4),
2 .
é )(5(%2“)2 ny2) and IQ( )(6(%’2“)2 .2)- In this case, thanks to (4.2.22) and (4.2.32),
for a, 5 € {0, 1} the corresponding terms can be bounded either by

125 ¢]—1

o2 Z

11,12,13,14=0

T/ . . . 1o 2 ®
E ((b(llv 12,13, 7/4)1(2) (551-1—1)2 n/Q)I[g ) (5(2'5_;'_1)2771/2)

2
X H [{U((s(wm_n/z)) ’\p(il —i3)||p(iz —i3)|,  (4.5.124)
a=1

or by the same quantity with |p(i1 — i4)||p(i2 — i4)| or |p(i1 — i3)||p(i2 — i4)| or
‘p(ig — i3)||p(i1 — 7,4)’ instead of |p(i1 — ig)Hp(iz - 23)| Observe that

za+1 2- n/2)> ‘

T .. a (2)
}E(Qb(Yq, 12,13, 14)‘[(&2) (5(8;1+1)2 n/Z)Iﬁ Z2+1 )2- n/2

||’:]w

is uniformly bounded in n. So, the quantity given in (4.5.124) is bounded by

123 ¢]—1
Ctr? 3 plis — ia)llplia — ia)] < CE(Y [p(M)? < CE. (45.125)
11,%2,t3=0 rez

Thanks to (4.5.125), (4.5.123) and (4.5.121), we deduce that the terms of the first type
in L, 1(t) agree with the desired conclusion (4.5.120).

(2) The second type consists in terms arising when one differentiates ¢(i1,2,13,74) and
Ifl) (5(241“)2%/2), but not Ifl) (5(2-2“)2%/2) (the case where one differentiates ¢(iy, i2, i3, 14)

and Ip (5(i2+1)2_n/2), but not I{I) ((5(i1+1)2_n/2) is completely similar). In this case,
thanks to (4.2.32), the corresponding terms are all bounded either by

|2%¢]—1 2

“n T (1
c2—"/3 Z E<¢(21,22,13,z4)1£) (ia4+1)2-7/2 H (la+12 n/Q)

11,12,13,84=0 a=1

@ o
x1, (5(®2+1)2 n/2 ®5(2 L 1)2-n/2 )'\p(zl —13)],

or by the same quantity with |p(i; — i4)| instead of |p(i; — i3)|. By the duality formula
(4.2.19), the previous quantity is equal to

125 ¢]—1

c2 /3y

11,12,13,14=0

E(<D§(<2> (¢(11,Z2,l37l4 HIQ 1a+1)2 n/2)>
6®2

1 . .
(ig+1)2—"/2 & (5(6?2+1)2 n/2>11( )((5(2'2—&—1)271/2)) "p(zl — z3)|_
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When computing the fourth Malliavin derivative
TR 2
Dé(@) <¢(21,12,Z3, iq) H ]( )((5(%3“)2 n/2)>
a=1

there are three types of terms, exactly as it has been proved previously:

(a) The first type consists in terms arising when one only differentiates q~5(i1, i2,13,14).
Thanks to (4.2.32), these terms are all bounded by

122t)-1

c2 " Z

11,12,13,14=0

Xfll)(5<i2+1)zn/z)> ‘Ip(h —i3)|. (4.5.126)

E< i1, 12,13, 14) HI(Q) 552“2 w2)

Observe that since f € Cp° and thanks to (4.2.19), (4.2.32) and (4.2.21), we have

’E( i1,1%2,13,14) H[(Q) 5®2+1 . n/2)I(1)(6(i2+1)2n/2))‘
= ’E(<DX(1) (&(il, i9,13,14) H 152) (5(@?2+1)2 n/2))75(i2+1)2_"/2>) ‘
a=1

< 027 n/6E<H ‘[(2> 5‘%;1)2 n/z)\>

< 02 n/6”1(2)(5®2 )”2“152 (5®2

—n/2
(i1+1)27n/2 (i24+1)2~ n/2)H2 <027

Hence, we deduce that the quantity given in (4.5.126) is bounded by

123¢]—1
Cct?am/? Z Ip(iy —i3)] < Ct3( Z Ip(r)]) < Ct2. (4.5.127)
11,t3=0 reZl

(b) The second type consists in terms arising when one differentiates (i1, is, i3, i4)

) [ 2 (2) [ c®2
and I, (5(% 12 n/2) but not I (5224_1)2 ny2

5(@'1,2'2, i3,14) and Ié )((5(@)2“)2 ./2) but not Ié )(5(®2+1)2 n/2

In this case, thanks to (4.2.32) and for o € {0, 1}, the corresponding terms are all
bounded either by

) (the case when one differentiates

) is completely similar).

|2%¢|—1

o2 Z

11,12,13,14=0

1M (6@2+1)2-n/2>> ]wl —iy)llp(is — i) (45.128)

.. .. a (2)
E <¢(217 12,13, 7‘4)[(2) (628;14_1)2 n/Q)I (5(@;22_;'_1)2—n/2)

or by the same quantity with |p(i; — i3)| instead of |p(iy — i4)|. Observe that, by
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(4.2.19) and (4.2.32) among other things and since f € Cp°, we have
‘E(gﬁ(h,iz,ig,u)lf) (09 o) 7 (5(%22“)2n/2)I£1)(6(i2+1)2n/2)>'
N ‘E<<DX(1) (q?(il, 2,13, i4))’5(i2+1)2‘”/2>1é2) (5(%1a+1)27"/2)]§2) (5(%22“)2"/2)) '
b <X(i1’ i, )15 (55f+1)2—"/2)12(2) (53;1)2‘”/2)) ‘

b <<D§((2> (xCin, iz, i, ) I w%ﬂ)r”ﬂ)) ’ 523+1)2”/2>> ‘

< C2—7’L/6

= c27/¢

< 02—7’1/2’

where x(i1,142,13,44) is a quantity having a similar form as ¢(i1, ia,3,44). Thus, we
get that the quantity given by (4.5.128) is bounded by

|2%¢]—1
C27t > |pliy —is)llplis —is)] < C272(Y " |p(r)))?
11,23,24=0 rez

< 0272, (4.5.129)

(¢) The third type consists in terms arising when one differentiates ¢(iy, iz, i3, ),

2 2 .
Ié )(5212“)2%/2) and Ié )(5(@?22“)27”/2). In this case, thanks to (4.2.32), for o, 3 €

{0, 1} the corresponding terms can be bounded either by

125 ¢]—1

c2 " Z

11,12,13,14=0

<1 Bgerrs) )l = i)l = ilotia = i), (45130

T /. . . . o 2 ®
b ((b(“’ 12,13 7’4)16(“2) (5g1+1)27n/2)lﬁ(3 ) (5(2'5—&-1)2*”/2)

or by the same quantity with |p(i; — i3)||p(i2 — i3)| or |p(i1 — i3)||p(ia — i4)| or
|p(ia —i3)||p(i1 — i4)| instead of |p(i1 — i4)||p(i2 — i4)|. Observe that

NIRRT a (2) (@8 1)
'E<¢(Zla 12,13, 14)1&2) (5§1+1)2—n/2)1ﬁ (5(i2+1)2_"/2)11 (5(i2+1)2—"/2)> ‘

is uniformly bounded in n. So, we deduce that the quantity given by (4.5.130) is

bounded by
12%¢|—1
c2 Y p(ia —i)llp(is —ia)||p(iz —ia)] < C272( ] |p(r)))?
41,12,13,i4=0 rel

< 0272 (4.5.131)

Combining (4.5.131), (4.5.129) and (4.5.127), we deduce that the terms of the second
type in Ly, 1(t) agree with the desired conclusion (4.5.120).
(1)

(3) The third type consists in terms arising when one only differentiates Hizl I (6 (iat1)2- 3 ).
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In this case, thanks to (4.2.16) and (4.2.22), the corresponding term is equal to:

|25 ¢]—1

D

11,12,13,14=0

2
(2) (s®2
E( 7/1, 12, 237 14 H (ZaJrl 2 n/Q)I (5(6?3+1)27n/2 ® 6(14+1)2 n/2)> '

X ‘<5(i1+1)2*”/2®6(i2+1)2*"/27 Oiz41)2-n/2 @ 6(1‘4—‘—1)2*"/2”

123¢]—1 2
. 2
¢ o S (B {otiininio T 67,0
11,i2,13,14=0 a=1

X (522 s @057 m)) \wl — i3)lp(i2 — is)]

|25 ¢]—1

273 N

11,12,13,14=0

2
E( 7’177/257’377/4 H Za+12 n/2)

IO Y S n/z)) Iotia = s = )

It suffices to prove that the second quantity agree with the desired conclusion (4.5.120)
(similarly, the first quantity agree as well with (4.5.120)). Thanks to the duality formula
(4.2.19), we have that the last quantity is equal to

|25 ¢]—1

2—n/3 Z

11,12,43,84=0

2
E(<D§((Q)< i1,142,13,14) H12 5@;3+12 n/2)> (4.5.132)
a=1

5?24,1)2 n/2 ® 6(74424»1 2— n/2>> ‘|p 7’2 - 7’3 ||p(ll - Z4)|

Observe that one can prove, thanks to (4.2.32) among other things (and following the
approach already used several times previously) that

2
4 ®2 ®2
‘E<<DX<2>( i1,12,13,14 H za+1)2 n/2)> 6(i3+1)2—”/2 ®5(l4+1)2 n/2>>'
a=1

< C2f2n/3'

Hence, we get that the quantity given in (4.5.132) is bounded by

12%¢)—1
c2m N plia —is)lp(in —ia)| < CECO_ p(r)))? < CF,
41,82,13,i4=0 el

which agrees with the desired conclusion (4.5.120).

Finally, we have proved that L,, 1(t) agrees with the desired conclusion (4.5.120).
The motivated reader may check that there is no additional difficulties to prove that for all
i€{2,...,5}, L,;(t) agrees with the desired conclusion (4.5.120). Indeed, all the arguments
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and techniques which are needed to prove this claim, were already introduced and used along
the previous proof.
It remains to prove that Ly, ¢(t) agrees with the desired conclusion (4.5.120). Observe that

N

<

Ln,6(t)
12%¢|—1 2
22772\ E<¢(i1, invis,ia) [] I8 (85, 41)2-ns2) I L /2)> '
11,12,13,14=0 a=1
x|p(iz — is)|*
128¢]-1 |22t]-1

22 3 ( sup 3

igia=0 “i3,ia€{0,...,|28¢] -1} 41,i2=0

XI§2) (5(®2+1)2 n/2)> ‘) ’p('l?) - i4)‘3

2
s (¢(i1’ iz, ia) [ | 11" (8, +1)2-n/2)
=1

|25 ¢]—1
Ct+t3)272 " |plis —ia)]> < CE+ (D |p(r) C(t* +13),
13,54=0 reZ

where the second inequality is a consequence of Lemma 4.2.7. Thanks to the previous estimate,
it is clear that Ly, 6(t) agrees with the desired conclusion (4.5.120). The proof of Lemma 4.2.10
is now complete.
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Résumé de la thése en francais:

Le mouvement brownien fractionnaire en temps brownien Z est un processus qui sert de
modele & la diffusion d’un gaz le long d’une fissure. Dans cette thése, réalisée sous la direction
d’Ivan Nourdin, nous prouvons des formules de type Itd6 pour Z. Nos principaux outils sont
le calcul de Malliavin, le calcul stochastique et I'utilisation de théorémes limites. Une des
spécificités des formules de changement de variables que nous avons obtenues est qu’elles ont
lieu en loi, avec création d’un nouvel aléa.

Ce mémoire est constitué d’un chapitre introductif, suivi de trois autres chapitres qui
correspondent chacun & différents résultats obtenus lors de la préparation de cette thése et
rédigés sous forme d’articles de recherche. Plus précisément:

1) Dans un premier article, nous introduisons le processus central de cette thése, & savoir
le mouvement brownien fractionnaire en temps brownien Z. Nous étudions ensuite les
fluctuations de ses variations d’ordre p, ol p est n’importe quel entier supérieur ou égal
al.

2) Dans un deuxiéme article, avec mon encadrant Ivan Nourdin nous avons utilisé les ré-
sultats du premier article pour construire une formule de type Itd pour Z. Pour ce faire,
nous avons étendu a notre cadre une idée due originellement & Khoshnevisan et Lewis,
consistant a travailler avec une partition aléatoire du temps au lieu de la partition déter-
ministe classique.

3) Enfin, dans un troisiéme et dernier article, nous avons prolongé la formule unidimen-
sionnelle décrite en 2) au cadre multidimensionnel.

Résumé de la thése en anglais :

Fractional Brownian motion in Brownian time Z may serve as a model for the motion of
a single gas particle constrained to evolve inside a crack. In this PhD thesis, written under
the supervision of Ivan Nourdin, we prove It6’s type formulas for Z. To achieve this goal, our
main tools are the Malliavin calculus, the stochastic calculus and the use of limit theorems.
One of the specificity of the formula we have obtained is that they hold in law, with creation
of a new alea. This manuscript consists in an introductory chapter, followed by three other
chapters, each one corresponding to different results obtained along the preparation of this
thesis and written is the form of research papers. More precisely:

1) In a first paper, we introduce the central process of this thesis, namely the fractional
Brownian motion in Brownian time Z. Then, we study the fluctuations of its power
variations of order p, for any integer p greater than or equal to 1.

2) In a second paper, written jointly with my supervisor Ivan Nourdin, we use the results
obtained in 1) to build an It6’s type formula for Z. To do so, we need to extend to
our setting an approach originally due to Khoshnevisan and Lewis, consisting in rather
working with a random partition of time, instead of the classical uniform deterministic
partition.
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3) Finally, in a third and last paper, we extend to multidimension the one-dimensional
formula obtained in 2)

Mots-clés : Calcul stochastique, calcul de Malliavin, théorémes limites, formules de type
It6, mouvement brownien fractionnaire et mouvement brownien fractionnaire en temps brown-
ien.
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