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Resumé

Cette these présente des techniques efficaces pour déleguer des obligations de
preuves TLAT dans des démonstrateurs automatiques basées sur la logique
du premier ordre non-sortée et multi-sortée. TLA™ est un langage formel pour
la spécification et vérification des systémes concurrents et distribués. Sa partie
non-temporelle basée sur une variante de la théorie des ensembles Zermelo-
Fraenkel permet de définir des structures de données. Le systeme de preuves
TLAPS pour TLA™ est un environnement de preuve interactif dans lequel les
utilisateurs peuvent vérifier de maniére deductive des propriétés de stireté sur
des spécifications TLA'. TLAPS est un assistant de preuve qui repose sur les
utilisateurs pour guider l'effort de preuve, il permet de générer des obligations
de preuve puis les transmet aux vérificateurs d’arriere-plan pour atteindre un
niveau satisfaisant d’automatisation.

Nous avons développé un nouveau démonstrateur d’arriere-plan qui intégre
correctement dans TLAPS des vérificateurs externes automatisés, en partic-
ulier, des systemes ATP et solveurs SMT. Deux principales composantes con-
stituent ainsi la base formelle pour la mise en oeuvre de ce nouveau vérificateur.
Le premier est un cadre de traduction générique qui permet de raccorder a
TLAPS tout démonstrateur automatisé supportant les formats standards TPTP/
FOF ou SMT-LIB/AUFLIA. Afin de coder les expressions d’ordre supérieur,
tels que les ensembles par compréhension ou des fonctions totales avec des do-
maines, la traduction de la logique du premier ordre repose sur des techniques
de réécriture couplées a une méthode par abstraction. Les théories sortées
telles que l’arithmétique linéaire sont intégrés par injection dans la logique
multi-sortée. La deuxiéme composante est un algorithme pour la synthese
des types dans les formules (non-typées) TLA'. L'algorithme, qui est basé
sur la résolution des contraintes, met en oeuvre un systéme de type avec types
élémentaires, similaires a ceux de la logique multi-sortée, et une extension avec
des types dépendants et par raffinement. Les informations de type obtenues
sont ensuite implicitement exploitées afin d’améliorer la traduction. Cette
approche a pu étre validé empiriquement permettant de démontrer que les
vérificateurs ATP/SMT augmentent de maniére significative le développement
des preuves dans TLAPS.

Mots-clés: verification formelle, démonstration automatique des théoremes,
théorie des ensembles, systéemes de types.



Proof automation and type synthesis for set theory
in the context of TLA™

Abstract

This thesis presents effective techniques for discharging TLA™ proof obliga-
tions to automated theorem provers based on unsorted and many-sorted first-
order logic. TLA™ is a formal language for specifying and verifying concur-
rent and distributed systems. Its non-temporal fragment is based on a variant
of Zermelo-Fraenkel set theory for specifying the data structures. The TLA™
Proof System TLAPS is an interactive proof environment in which users can
deductively verify safety properties of TLA™ specifications. While TLAPS is
a proof assistant that relies on users for guiding the proof effort, it generates
proof obligations and passes them to backend verifiers to achieve a satisfactory
level of automation.

We developed a new back-end prover that soundly integrates into TLAPS ex-
ternal automated provers, specifically, ATP systems and SMT solvers. Two
main components provide the formal basis for implementing this new back-
end. The first is a generic translation framework that allows to plug to TLAPS
any automated prover supporting the standard input formats TPTP/FOF or
SMT-LIB/AUFLIA. In order to encode higher-order expressions, such as sets
by comprehension or total functions with domains, the translation to first-order
logic relies on term-rewriting techniques coupled with an abstraction method.
Sorted theories such as linear integer arithmetic are homomorphically embed-
ded into many-sorted logic. The second component is a type synthesis algo-
rithm for (untyped) TLA" formulas. The algorithm, which is based on con-
straint solving, implements one type system for elementary types, similar to
those of many-sorted logic, and an expansion with dependent and refinement
types. The obtained type information is then implicitly exploited to improve
the translation. Empirical evaluation validates our approach: the ATP/SMT
backend significantly boosts the proof development in TLAPS.

Keywords: formal verification, theorem proving, set theory, type systems
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Chapter 0.

Résumé etendu

Introduction

TLA™ [Lam02] est un langage de spécification formelle, congu initialement pour
modéliser et analyser des algorithmes et des systemes concurrents et répartis. L'un
de ses objectifs est de décrire et de raisonner sur des systémes en utilisant des no-
tions mathématiques simples. Les fondements logiques de TLA™ résultent du croi-
sement de la logique temporelle des actions (TLA) [Lam94a], une variante de la lo-
gique temporelle linéaire, et d'une variante de la théorie des ensembles standard
Zermelo-Fraenkel avec l’axiome du choix (ZFC). Ce dernier langage est accepté
par la plupart des mathématiciens comme étant la base pour la formalisation des
mathématiques. TLA permet de décrire le comportement dynamique des systémes,
alors que ZFC sert pour définir les structures de données. En tant que langage de
spécification, TLA™ fournit une syntaxe concréte pour des constructions de haut
niveau, comme les modules, les déclarations de constantes et de variables, et les
définitions d’opérateurs aidant a structurer les formules TLA. Un trait saillant de
TLA™ est son caractére non-typé, au point de ne pas méme distinguer les formules
(expressions booléennes) des termes (expressions non-booléennes).

Récemment, TLA™ a été étendu par une notation pour écrire des preuves hiérarchi-
ques [CDLMO08, CDL™]. Lassistant de preuve dédi¢ a TLA™ nommé TLAPS (TLA™
Proof System) [CDLMO08, CDLM10] est un environnement de preuve interactif au-
quel l'utilisateur peut soumettre une preuve de propriétés de spécifications TLA™.
TLAPS peut étre utilisé a partir de I’outil TLA™ Toolbox, un environnement intégré
de développement pour TLA™ basé sur Eclipse et qui inclut des outils tels que le
model-checker TLC [YML99] et un traducteur du langage algorithmique de haut ni-
veau PlusCal [Lam08] vers TLA™. TLAPS est construit autour d’un noyau appelé le
Proof Manager, qui génere des obligations de preuve correspondant aux différentes
étapes de la preuve fournie par 1'utilisateur, puis les transmet a des vérificateurs
automatiques.
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Avant les travaux décrits dans cette these, TLAPS incluait trois démonstrateurs auto-
matiques, ou backends, avec des capacités différentes : Zenon [BDD07], un démonstra-
teur fondé sur la méthode de tableaux pour la logique du premier ordre avec égalité
et qui inclut des extensions pour raisonner sur des ensembles et des fonctions de
TLA™ ; Isabelle/TLA™, un encodage fidele de TLA™ dans 'assistant de preuve Isa-
belle [WPNO8], qui fournit des méthodes de preuve automatisées basées sur le rai-
sonnement en logique de premier ordre et sur la réécriture; et un démonstrateur
automatique appelé SimpleArithmetic qui met en oeuvre une procédure de décision
pour l'arithmétique de Presburger. Isabelle/TLA™ et Zenon fournissent un soutien
trés limité pour raisonner en arithmétique, tandis que SimpleArithmetic ne mani-
pule que des formules arithmétiques pures, obligeant 'utilisateur & décomposer ma-
nuellement les preuves jusqu’a ce que les obligations de preuve se situent dans ces
fragments respectifs.

Dans ce travail, nous introduisons un nouveau démonstrateur générique pour TLAPS
qui est basé sur des systemes ATP (demonstrateurs de théoremes automatiques) et
des solveurs SMT (Satisfaisabilité Modulo Théories). Les traductions sur lesquelles
repose ce démonstrateur font intervenir deux systemes de types et des algorithmes
correspondants pour la construction de types pour des expressions TLA™. Les syste-
mes ATP et SMT sont basés respectivement sur la logique classique du premier ordre
avec égalité (FOL) et la logique du premier ordre multi-sortée (MS-FOL). Les sol-
veurs SMT ont suscité un intérét particulier pendant la derniere décennie parce qu’ils
combinent un raisonnement en logique du premier ordre sans quantificateurs, des
mécanismes d’instantiation de quantificateurs et des procedures de décision pour
des théories fondamentales pour la vérification, telles que des fragments décidables
de l'arithmétique, des tableaux, ou des vecteurs de bits. Bien que beaucoup de nos
études de cas concernent des systemes repartis, nous considérons des systémes cri-
tiques au sens large.

Motivation TLA™ s’appuie fortement sur la modélisation de données en utili-
sant des ensembles et des fonctions. Les n-uplets et les records, qui apparaissent
trés souvent dans des spécifications TLA™, sont définis a partir des fonctions. Des
expressions dans lesquelles interviennent a la fois des opérateurs de la logique
du premier ordre, des constructions ensemblistes, des fonctions et des opérateurs
arithmétiques surviennent fréquemment dans les preuves des propriétés de streté
des spécifications TLA™. La logique du premier ordre offre un compromis entre
expressivité et raisonnement automatisé efficace. Nous nous concentrons donc sur
deux classes différentes de démonstrateurs automatiques adaptés a ce langage : les
systemes ATP et les solveurs SMT. Beaucoup d’obligations de preuve faisant un
usage intensif de fonctions non interprétées et de formules quantifiées peuvent étre
traitées par les systémes ATP. Les obligations de preuve incluant des expressions
arithmétiques peuvent souvent étre traitées par des solveurs SMT.
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Défis L'objectif principal de cette these est d’améliorer de maniére sure et effi-
cace les capacités d’automatisation du systeme de preuves de TLA™. Nous nous
concentrons uniquement sur le fragment non-temporel du langage, ce qui est suffi-
sant pour démontrer les propriétés de stireté, y compris les invariants inductifs et
les conditions de raffinement [AL91]. En de termes pratiques, moins de 5% d’une
spécification TLA™ typique contient des expressions temporelles, donc la partie non-
temporelle d"une spécification représente la majeure partie de 1'effort de vérification,
et la vérification de propriétés de stireté ne nécessite qu'un raisonnement trivial en
logique temporelle. Pour traiter ces cas, TLAPS inclut depuis trés récemment une
procédure de décision pour la logique temporelle propositionnelle [DKL*14].

Traduire les expressions TLA™ en des expressions de la logique du premier ordre
représente le premier défi de l'intégration auquel nous nous sommes confrontés.
Méme si quelques-unes des techniques d’encodage utilisées peuvent étre trouvées
dans des outils similaires pour d’autres langages de spécification, les particularités
de TLA™ rendent cette traduction non-triviale :

e La syntaxe de TLA™ permet d’écrire des expressions absurdes : par exemple,
3 U TRUE dénote une valeur, mais cette valeur n’est pas spécifiée. En outre, il
n’y a pas de distinction syntaxique entre les termes et les formules.

e La théorie des ensembles de Zermelo-Fraenkel ne permet pas d’axiomatisation
finie en logique du premier ordre, contrairement a d’autres formalisations de
la théorie des ensembles telles que von Neumann-Bernays-Godel (NBG). Plus
précisément, les axiomes de compréhension et de remplacement de ZF per-
mettent I'introduction de nouveaux ensembles a travers des schémas d’axiomes,
c’est-a-dire, d’axiomes paramétrés par un prédicat. Par conséquent, ces objets
ne peuvent pas étre codés directement en logique du premier ordre.

e Les fonctions, qui sont définies de maniere axiomatique, sont totales sur leur
domaine. Cela signifie qu'une fonction appliquée a un élément de son domaine
renvoie la valeur attendue mais, pour tout autre argument, le résultat de 1’ap-
plication de la fonction renvoie une valeur non spécifiée. De la méme maniere,
le comportement des opérateurs arithmétiques n’est pas spécifié en dehors des
arguments numériques.

e Le langage TLA™ comporte un opérateur primitif de choix déterministe, cor-
respondant a I'opérateur de Hilbert ¢, qui est difficile a encoder dans un cadre
classique du premier ordre.

Peut-étre plus éprouvant dans la définition de la traduction est le fait que TLA™
est un langage non-typé. Cette caractéristique résulte en un langage tres expressif
et flexible pour I’écriture des spécifications; par contre, il rend assez difficile ’au-
tomatisation du raisonnement. Ne pas avoir de types fait partie de I'idiosyncrasie
de TLA™. La justification de cette décision prise lors de la conception du langage se
trouve dans un article de Lamport et Paulson [LP99]. Essentiellement, ils affirment
qu'une discipline de types dans un langage de spécification de haut niveau limite le
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pouvoir expressif du langage. En outre, les types compliquent la tache des utilisa-
teurs lors de la rédaction des specifications. TLA™ est orienté vers 1'utilisateur, dans
le sens ou le langage se concentre a fournir aux utilisateurs un compromis entre
un langage de spécification simple mais tres expressif. Une discipline de types peut
conduire a une détection précoce des erreurs de syntaxe, mais plus important pour
notre propos, elle est bénéfique aux capacités déductives des outils de raisonnement.
Si elle peut étre évitée, la tache de traiter les complications de I’absence d’un systeme
de type doit reposer sur les développeurs des outils, au lieu de forcer les utilisateurs
a adapter leurs spécifications au fardeau des types. Puisque les langages d’entrée des
solveurs SMT requierent 1'identification de sortes, un deuxiéme défi consiste a affec-
ter automatiquement des types aux sous-expressions d’une obligation de preuve
TLA™. Nous utiliserons indistinctement les termes type et sorte.

Integration de démonstrateurs automatiques de premier
ordre dans TLAPS

L'intégration de concepts de la théorie des ensembles dans la logique du premier
ordre est souvent contre nature. Pour encoder des expressions du second ordre,
notamment liées aux axiomes de compréhension et de remplacement, la premiere
partie de la traduction consiste en une phase de pré-traitement et d’optimisation
qui fait appel a des techniques de réécriture de termes, couplées avec une méthode
d’abstraction pour gérer efficacement des expressions non-basiques. Par exemple,
I'axiome définissant l'union des ensembles conduit a la regle de réécriture

reeqUe —>x€e VI E e.
De fagon similaire, la regle
S={a,b} —ViizeSsSr=aVr=>

est une conséquence de l’axiome d’extensionalité, appliqué a un type particulier
d’ensemble. Nous décrivons une collection de telles regles de réécriture; afin de
nous assurer de leur correction vis a vis de la sémantique de TLA™, les équivalences
sous-jacentes a chacune de ces reégles ont ét¢ démontrées en utilisant Isabelle/ TLA™.
Les regles de réécriture, cependant, présentent de nombreuses formules quantifiées
supplémentaires, qui sont difficiles a manipuler par les solveurs.

Le premier pas de la traduction consiste en un processus appelé Boolification qui
rend possible la distinction entre des expressions booléennes et non-booléennes.
Pour les expressions non-basiques, c’est-a-dire, les expressions qui ne peuvent pas
étre réduites a la logique du premier ordre a travers la réécriture, la méthode d’abs-
traction les remplace par un nouveau symbole, puis elle ajoute une nouvelle hy-
pothese définissant le symbole. En conséquence, cette méthode produit des formules
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équisatisfiables mais pas nécessairement équivalentes a la formule d’origine. Par
example, considérons 1'obligation de preuve

Vz: P({z}) & P({z} U{z})

qui est valide. Les sous-expressions non-basiques {z} et {z} U {z} sont remplacées
par de nouveaux constantes kj(z) et k(z). Apres cette étape d’abstraction, la for-
mule devient alors :

AV k() = {wn}

AN Vi k() = {1} U{nr}
= Vz: P(k(z)) < P(k(x)).

Il est désormais possible d’appliquer les regles de réécriture correspondant a 'ex-

tensionalité qui élargissent les égalités dans les définitions des expressions non-

basiques. Le mécanisme qui combine la réécriture de termes avec l'abstraction per-

met également aux backends de traiter avec succes des expressions CHOOSE (opérateur
de choix de Hilbert) et des expressions TLA™ de construction de fonctions, cor-

respondant aux A-abstractions. Dans notre traduction nous traitons les fonctions

comme si elles étaient des fonctions partielles, encodant les applications a des argu-

ments dans le domaine de la fonction par une fonction « et les autres par une fonc-

tion w. Ainsi, f[z] est traduit comme «(f,z) quand z € DOMAIN f, et comme w(f, z)

sinon.

La deuxiéme partie de la traduction est un encodage bien-fondé des formules TLA™
appartenant au fragment du premier ordre dans les logiques du premier ordre non-
sortée et multi-sortée. ce stade, les obligations de preuve ont déja été transformées
en des formules du premier ordre dans la phase précédente. Lorsque le langage
cible est non-sorté, nous encodons les opérateurs booléens et non-booléens respec-
tivement comme des fonctions ou des prédicats, tout en respectant leurs arités. Par
exemple, les opérateurs binaires comme U et € sont représentés dans le langage cible
par la fonction union et le prédicat in, tous les deux d’arité 2. De la méme maniere,
lors de I’encodage dans un langage sorté, nous représentons 1'univers des valeurs de
TLA™ avec la sorte prédéfinie Bool pour les propositions, et nous déclarons une nou-
velle sorte U pour les autres expressions. Par conséquent, les opérateurs de TLA™
correspondent a des fonctions ou prédicats non interprétés qui prennent des argu-
ments de type U.

Pour résoudre le probléme de l'intégration d’un langage non-typé tel que TLA™
dans un langage typé, nous avons mis en place une méthode qui revient a déléguer
lI'inférence de types aux solveurs. En ce qui concerne les expressions appartenant a
des sortes interprétées par le langage cible (comme les expressions arithmétiques),
la traduction repose sur un plongement homomorphique : la sorte interprétée est
plongée dans 1'univers TLA™ par une fonction injective, et les opérateurs interprétés
s’étendent de maniére homomorphique sur I'image de ce plongement. Par example,
les opérateurs arithmétiques de TLA™ sont defines en utilisant la function injective
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int2u : Int — U. L’addition est encodée par la fonction plus : U x U — U dont le
comportement sur les entiers est décrit par ’axiome

Vm!™, nI"t, plus(int2u(m), int2u(n)) = int2u(m + n),

ou le symbole + a droite représente l’addition primitive des solveurs SMT sur les
entiers.

La correction de l’encodage est immédiate : tous les axiomes sur les ensembles,
les fonctions, les records, les n-uplets etc. sont des théoremes dans la théorie de
TLA™ de fond qui existe dans I'encodage en Isabelle. La correction de l'encodage
des opérateurs arithmétiques par plongement repose sur le fait que l'arithmétique
de TLA™ coincide avec celle des solveurs SMT sur les entiers. En faisant abstraction
des instances de 1’axiome d’extensionalité, la traduction est complete dans le sens
que la traduction d’une obligation de preuve valide en logique de TLA™ est une
formule valide en logique du premier ordre. Par défaut, la traduction n’inclut des
instances d’extensionalité que pour des ensembles spécifiques, des domaines fonc-
tionnels et des fonctions. Pour raisonner sur 1'égalité dans sa forme la plus générale,
l"utilisateur devra explicitement ajouter I’axiome de extensionalité a la preuve. Nous
avons démontré que les étapes intermédiaires de pré-traitement et 'encodage de
formules basiques sont correctes et que leur mise en ceuvre termine.

Notre traduction gere un fragment utile de TLA™, y compris la théorie des en-
sembles, des fonctions, des expressions arithmétiques, n-uplets, records, et I'opéra-
teur du choix. Certaines restrictions existent concernant les expressions bien formées
pris en charge par la traduction. Par exemple, apres 1'étape de Boolification, la tra-
duction rejettera des expressions absurdes comme z A 42. Un ensemble comme {z, y }
peut étre traduit lorsque ses composants ont la méme sorte. De méme, le co-domaine
des fonctions, y compris les n-uplets et les records, doit étre d'une sorte précise dans
le langage cible. Par exemple, une fonction comme

[z € Int > IF ¢ THEN x ELSE FALSE]

sera rejetée.

Synthése de types pour TLA™

Au-dela des débats récurrents sur l'utilisation ou non des types pour formaliser
les mathématiques ou pour spécifier les systémes logiciels [LP99], nous observons
que les types, considérés simplement comme une classification des éléments d'un
langage, se posent tout naturellement dans la théorie des ensembles. Motivés par
I'intégration des démonstrateurs automatiques basées sur la logique multi-sortée,
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nous avons défini deux systémes de types pour TLAT. Un des avantages de 1’ap-
proche SMT pour la démonstration automatique est que la logique MS-FOL parti-
tionne 1'univers en types, a la différence de la logique non-typée FOL. Les systemes
de types pour TLA™ visent a synthétiser I'information de type a partir de formules
non-typées pour mieux classifier le domaine de discours. Pour une obligation de
preuve donnée, des types sont synthétisés a partir de ce que nous appelons des
hypotheses de type, qui proviennent souvent d’invariants de typage, naturellement
utilisés en TLA™. Lorsque la synthese de types réussit, on obtient des annotations
de types au dessus d"un langage de spécification non-typé, pour obtenir le meilleur
des deux approches.

Considérons la traduction en SMT-LIB de la formule TLA™
Ve:z €Int=z2+0=z.

Comme décrit précédemment, la traduction plonge le terme 0 dans le type uni-
versel U comme int2u(0) et encode 'addition en utilisant une fonction axiomatisée.
Si nous pouvions détecter I'information de type appropriée a partir de la formule
TLA™ originale, spécifiquement si la variable quantifiée = était de type entier, nous
pourrions traduire cette formule en SMT-LIB comme

V2" in(int2u(z), tla_Int) = 4+ 0 = z,

en utilisant 1'opérateur SMT intégré + au lieu de l'opérateur axiomatisé plus : U X
U — U. Nous pourrons faire encore mieux et appliquer des regles de réécriture
conditionnelles basées sur les informations de type. Si la variable z est connue pour
étre de type entier, noté z:Int, le processus de réécriture déclenchera l'application

des regles

| |
xEInth>TRUE et x+0$—nt>x.

La formule résultante apres le pré-traitement sera simplement TRUE.

Notre premier systéme de types pour TLA™, appelé 71, inclut des types élémentaires,
tels que les entiers, les booléens et les types fonctionnels, qui refletent de facon na-
turelle les sortes de MS-FOL, et un constructeur des types Set qui permet la stratifi-
cation des ensembles. Ce systéme de type est assez limité et ne peut, dans certains
cas, pas exprimer des informations adéquates de type. Il donne lieu & un probleme
décidable de construction de types, au prix d'une sur-approximation des types des
expressions TLA™. Ainsi, des contrdles supplémentaires doivent étre ajoutés a 'en-
codage, par exemple pour vérifier que I'argument d"une fonction appartient bien au
domaine de la fonction.

Prenons comme exemple la formule (non valide en TLA™)
f=[z€{1,2,3} —»axz] = f]0] < f[0] +1

ou [z € {1,2,3} — z x z] est la fonction avec domaine {1,2,3} et qui renvoie le carré
de son argument. Le systeme 77 représente le type de f comme une fonction de Int
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vers Int. Méme si 'argument 0 n’est pas dans le domaine de f, le type Int sera attribué
a l'expression f[0]. La correction de la traduction est maintenue grace a I'ajout de la
condition de domaine 0 € DOMAIN f a la formule générée par la traduction, et cette
condition est fausse dans notre exemple. La construction des types nous permet
d’attribuer un type a toute sous-expression qui apparait dans 1’obligation de preuve.
La traduction non-typée encode toute expression de la forme f[z] par 'expression
conditionnelle
IF © € DOMAIN f THEN «(f, z) ELSE w(f, z)

N

ce qui oblige le solveur a considérer les deux cas possibles, et de raisonner sur
les opérateurs supplémentaires « et w. Le calcul du domaine d’une fonction TLA™
encodé dans une logique du premier ordre n’est pas toujours facile, et peut faire en
sorte que les démonstrateurs échouent & démontrer les conditions correspondantes.
Par ailleurs, la conception d"un systeme de type approprié est compliquée par le fait
que certaines formules, comme f[z] U {} = f[z], sont en fait valides indépendam-
ment du fait que la condition de domaine soit vraie ou non.

Les observations ci-dessus nous incitent a utiliser un systeme de type plus ex-
pressif. Nous introduisons un deuxieme systeme de type appelé 7, qui étend 7;
et est basé sur des types dépendants et par raffinement [FP91, XP99]. En utili-
sant les types par raffinement, le type de 'expression DOMAIN f dans 1'exemple
ci-dessus est {z:Int | 2 = 1V 2z = 2Vaz = 3}, ce type représentant la collec-
tion des éléments z avec le type de base Int qui satisfont au prédicat de raffine-
ment x = 1V z = 2V 2z = 3. Pendant la construction des types, le systeme tentera
de démontrer z = 0 = z € DOMAIN f, et cette preuve va échouer. Par conséquent,
la traduction va retomber a 'encodage non-typé (qui a son tour ne prouvera pas
la formule, comme il se doit). Dans de nombreux exemples concrets, la condition
de domaine z € DOMAIN f peut étre établi au cours de la construction des types,
conduisant a des obligations de preuve plus courtes et plus simples.

Cependant, le probleme de syntheése de type pour ce systeme est indécidable. Les
formules pour lesquels l'inférence de type échoue sont toujours converties selon
I'encodage “non typé”, et peuvent donc étre démontrées par les solveurs du premier
ordre. Puisque TLA™ est basée sur la théorie des ensembles de Zermelo-Fraenkel,
nous pensons que cette approche peut s’appliquer plus largement a la demonstration
de théoremes dans d’autres langages basés sur la théorie des ensembles. Un systeme
de types avec des types par raffinement est tres expressif et en fait assez proche
de la théorie des ensembles elle-méme, donnant lieu a des obligations de preuve
qui sont indécidables. Plus précisément, 1'égalité entre les deux types {z:7T | ¢1}
et {z:7 | ¢} est réduit a démontrer ¢, < ¢, et le sous-typage entre ces types
conduit & démontrer ¢; = ¢», toujours dans un contexte o1 = est de type T.

Introduire des types dans la théorie des ensembles représente le passage d"un para-
digme a l’autre, dans le sens ou, inévitablement, les systemes de types restreignent
le fragment d’expressions accepté. Néanmoins, nous pouvons profiter de cela et uti-
liser les systemes de type pour la détection : (i) des expressions mal formées ou in-
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cohérentes, c’est-a-dire, des expressions qui ne possédent pas de valeur sémantique
définie, comme par exemple 3 4 TRUE, (ii) des expressions parfois utiles qui sont
sémantiquement correctes mais ne peuvent étre traduites dans le langage cible,
comme par exemple {3,TRUE}, et (iii) des expressions dont la valeur ne corres-

pond probablement pas a celle prévue par 'utilisateur, comme par exemple f|[z]
lorsque z € DOMAIN f (seulement dans 75).

Evaluation empirique

Nous pensons que notre objectif initial d’améliorer les capacités d’automatisation
de TLAPS a été réalisé avec succes. Des résultats encourageants montrent que les
systéemes ATP et les solveurs SMT améliorent significativement les performances du
démonstrateur interactif TLAPS pour la vérification des obligations de preuve “peu
profondes”, ainsi que pour des formules plus complexes, y compris, par exemple,
des expressions arithmétiques linéaires dans le cas des solveurs SMT. La taille des
preuves interactives, ainsi que le temps nécessaire pour trouver des preuves auto-
matiques peuvent étre réduits sensiblement en utilisant le nouveau démonstrateur.
Nous considérons que la réduction de la taille des preuves est I'élément le plus im-
portant, car il reflete le nombre d’interactions effectuées par 'utilisateur. Par ailleurs,
les deux classes de démonstrateurs automatiques considérés, c’est a dire ATP et
SMT, s’aveérent étre complémentaires pour différentes obligations de preuve.

Notre expérience avec la mise en oeuvre de 1’algorithme de construction des types
adaptés aux backends ATP/SMT a été trés positive : les types sont déduits avec
succes pour la grande majorité des obligations de preuve que nous avons vu en
pratique. Le systeme de type décidable 77 ne peut qu’étre avantageux par rap-
port a I'encodage non typé, hormis un cofit trés réduit nécessaire a la construc-
tion des types. Lorsque la synthese de types est applicable, la traduction génere
des formules beaucoup plus simples que l'encodage non typé et introduit notam-
ment beaucoup moins de quantificateurs. Ceci conduit a une augmentation signifi-
cative du nombre des obligations de preuve que les deux backends basés sur ATP
et SMT peuvent gérer sans intervention humaine. Puisque le systeme de type 7
est un raffinement de 77, 7, réussit pour toutes les obligations pour lesquelles Ty
réussit tout en simplifiant davantage la taille des formules générées, ce qui aug-
mente encore plus le nombre d’obligations de preuve qui peuvent étre traitées.
Les améliorations introduites par 7, sont particulierement appréciables pour les
spécifications qui contiennent un nombre important d’applications de fonctions. Ces
expressions se produisent fréquemment dans des obligations de preuves générées
a partir de spécifications TLA™ étant donné que les fonctions, les n-uplets et les
records sont des structures de données fondamentales.
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Contributions

Cette these présente des techniques correctes et efficaces pour traduire des obliga-
tions de preuve TLA™ en langages d’entrée de démonstrateurs automatiques basées
sur la logique du premier ordre non-sortée et multi-sortée. Un nouveau backend
ATP/SMT integre des démonstrateurs automatiques externes a TLAPS.

La premieére contribution de cette these est une proposition pour l'intégration de
systémes ATP et de solveurs SMT dans des preuves TLA™, mise en ceuvre au sein
de TLAPS. Les démonstrateurs externes sont intégrés en tant qu’oracles, ce qui si-
gnifie que nous les considérons dignes de confiance. L'intégration comporte deux
volets principaux. Le premier est une traduction correcte d'un fragment important
de formules TLA™ en des logiques du premier ordre non-sortée et multi-sortée. La
théorie des ensembles de TLA™ est codée en utilisant une sorte unique (permettant
en particulier de représenter des ensembles d’ensembles), et les théories primitives
des solveurs, comme l'arithmétique, sont plongées homorphiquement dans cet uni-
vers. Le deuxieme volet de l'intégration englobe des techniques de pré-traitement
et d’optimisation pour rendre la traduction efficace et réalisable pour toutes les
constructions de TLA™, y compris I'opérateur cHOOSE. Parmi ces techniques figure
un moteur de réécriture de termes confluent qui transforme des expressions TLA™
en une forme normale, couplé avec une méthode d’abstraction qui introduit de nou-
veaux symboles pour représenter des expressions TLA" complexes pour lesquelles
la traduction de base ne s’applique pas directement.

La deuxieme contribution principale est la définition formelle de deux systémes de
types pour la théorie des ensembles non-typée, couvrant toutes les expressions de
TLA™ pertinentes. Dans cette approche, un algorithme de synthese de types basé
sur des contraintes affecte des types aux expressions TLA™. Cette synthese de types
reste invisible pour l'utilisateur de TLA™, les types n’étant utilisés qu’en interne
pour simplifier les formules générées par la traduction. Dans une premiére approche
a la traduction que nous appelons “non typée”, nous utilisons une sorte unique
pour représenter toutes les expressions de TLA™, avec un plongement des théories
primitives du solveur. De cette facon, I'inférence de type est essentiellement déléguée
aux solveurs par I'encodage.

Le systeme de type 71 pour TLA™ repose sur des types élémentaires. Ce systeme de
type est simple et donne lieu a un algorithme efficace pour la construction de types,
mais il renvoie des approximations des types des expressions TLA™. Le deuxieme
systéme 7, étend le systeme précédent avec des types dépendants et par raffine-
ment, ce qui saisit trés précisément les valeurs représentées par les termes de TLA™,
au prix de l'indécidabilité de la construction des types. Alors que 1'encodage non
typé peut étre utilisé pour traiter les expressions non-typables, les types précis per-
mettent opportunément de simplifier les traductions. En particulier, les conditions
de domaine pour le systeme de type 7; deviennent superflues pour 7. Nous avons
démontré la correction des systemes de type dans le sens ot les annotations de types

10
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ne changent pas la validité des expressions originales TLA™. Ces techniques pour la
construction de types pour des langages non typés peuvent étre d’intérét au-dela de
TLA™.

Les résultats précédents fournissent la base formelle pour la mise en oeuvre d'un
nouveau backend générique pour TLAPS basé sur des démonstrateurs ATP et SMT.
Tout démonstrateur externe qui accepte les langages d’entrée standard des systemes
ATP et des solveurs SMT, c’est-a-dire, les formats TPTP/FOF et SMT-LIB (plus
spécifiquement la logique AUFLIA), peut étre branché a TLAPS. Nous fournissons
des preuves expérimentales montrant que notre approche est réalisable et utile en
pratique.

Plusieurs des contributions décrites ici ont été présentées lors de conférences et de
workshops internationaux. Ce mémoire de these consolide et améliore les idées et les
résultats préliminaires présentés dans les publications [MV12a], [MV12b] et [MV14].

11
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Distributed algorithms lie at the heart of modern operating systems, network proto-
cols, real-time controllers, and other safety-critical systems [Lyn96, FMO03]. Their task
is highly complex because they are autonomously executed without a centralized
control, interacting one with the other, and sometimes also with the environment,
sharing resources such as memory or services over a network. Concurrency seems to
be unavoidable in distributed systems, introducing non-determinism and problems
such as race conditions between the interleaving processes. An exponential number
of execution scenarios is thus plausible, making concurrent systems particularly dif-
ticult to reason about, even for experienced users. For all these reasons, traditional
validation methods of software quality assessment, such as testing and simulation,
are not sufficient and they should be complemented with formal verification tech-
niques.

The formal verification approach essentially amounts to abstracting the system into a
precise, unambiguous specification, then finding the properties that the system must
meet to be correct, and finally proving these properties against the specification with
mathematical certainty [WLBF09]. Just by using a formal language to write down
their specifications, software developers can gain a lot of confidence in their systems,
even before starting to write a proof. But formal specifications allow us to go further
and mechanize the verification process.

Since the seminal works of Floyd [Flo67] and Hoare [Hoa69] we know how to for-
mally reason about programs as state-transition systems. Ashcroft [Ash75] extended

12
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state-based reasoning to concurrent programs through the fundamental concept of
invariance, which considers states from a global point of view, instead of locally
as in sequential programs. An invariant is a property that holds true in all reach-
able states of a system [Lam77]. With the introduction of temporal logic to computer
science by Pnueli [Pnu77], reasoning about the properties of concurrent algorithms
found a strong basis.

Temporal logic allows us to express two kinds of properties of concurrent systems:
safety properties express what the system is allowed to do, while liveness properties
state that something must occur within the system [Lam?77, Lam83]. Examples of
safety properties are: partial correctness (the program does not produce a wrong
answer), mutual exclusion (two processes are not in their critical section at the same
time), and dead-lock freedom (the program does not reach a deadlock state). Exam-
ples of liveness properties are: termination (the program does eventually terminate)
and starvation freedom (a process eventually receives service).

That said, important distributed safety-critical algorithms are still presented as pseudo-
code or through semi-formal specifications, and their properties are proved by hand.
For example, consider the case of Chord [SMK'01, SMLN'03], a well-known dis-
tributed protocol that maintains a decentralized hash-table over a peer-to-peer net-
work. Introduced in 2001, this algorithm is significant because it is frequently used
as a foundation for research on distributed hash-tables and it is widespread im-
plemented in many applications.! Many different versions of the algorithm ex-
ist, each presented informally, their invariants having inconsistencies and ambigu-
ities, and their correctness proofs having undefined terms and unstated assump-
tions [Zav12].

Unfortunately, no published version of Chord is correct, as shown by Zave [Zav12]
in 2012. By compiling from various sources a definitive version of the algorithm, and
applying to it a “lightweight” verification approach, Zave found a number of subtle
errors in all of the algorithm’s published alternatives, either in the pseudo-code or
in the invariants. The approach to formal methods called lightweight modeling [Jac12]
consists in constructing a small abstract model of the key parts of the system, and
then analyzing the model with a fully automated tool, such as a model-checker. In
this case, the model was written in Alloy and the verification tool was the Alloy
Analyzer [Jac12].

The model-checking approach [DKWO08, GV08, Hol91] to formal verification is a stan-
dard technique for state-based transition systems that performs exhaustive state-
space exploration on a finite abstraction of the system. Given a bounded model of
a system and a property one wants to verify, the model-checker analyzes all reach-
able states to verify that the property is valid in all of them. In case the property

IThe paper that introduced Chord [SMK*01], with over 3.000 citations, is the fourth most cited
paper in Computer Science (according to Citeseer), and it won SIGCOMM'’s 2011 Test-of-Time
award.

13



Chapter 1. Introduction

is not satisfied, it can report the trace of states that led to the property violation,
which provides valuable information to make corrections to the specification. This
method has been very successful in many research and industrial applications of
hardware and software systems [GV08]. One of the main reasons is in part due to
its one-click invocation feature: the user just needs to point the property he wants
to verify, invoke the model-checker and wait for the results. There are two methods
to represent states. Explicit-state model-checkers enumerate states, and use graph
algorithms to explore the states. Symbolic model-checkers drastically reduce the
state space by implicitly representing set of states, originally analyzed using binary
decision diagrams [BCM192], later using SAT solvers [BCCZ99].

TLA™ and the limitations of model-checking

In this work, our working platform for applying formal methods is TLA' [Lam02],
a general-purpose formal specification language. It was designed by Leslie Lamport
during the 1990s, originally to formally analyze concurrent and distributed algo-
rithms and systems. One of the language’s design goals is to describe and reason
about systems by using simple mathematics. The logical foundation of TLA™ is a
combination of the Temporal Logic of Actions (TLA) [Lam94a], which is a variant
of linear temporal logic, and a variant of standard Zermelo-Fraenkel set theory with
the axiom of choice (ZFC), the language accepted by most mathematicians as the
standard basis for formalizing mathematics. The first one allows the description of
the dynamic system behavior, and the latter is used for specifying data structures.
As a full-fledged specification language, TLA™ provides a concrete syntax support-
ing high-level constructs, like modules, declaration of constants and variables, and
operator definitions that help to give structure to the TLA formulas. A salient char-
acteristic of TLA™ is that it is untyped, to the point of not even distinguishing Boolean
from non-Boolean expressions.

TLC [YML99] is an explicit-state model checker for TLA™ that has been success-
fully applied to the verification of software and hardware systems in many in-
dustrial projects. For example we can mention: cache-coherency protocols for mi-
croprocessors at Compaq [LMTY02] and Intel [TYBKO02, BL0O3], and fault-tolerant
distributed algorithms at Amazon [New14], among others. However, the model-
checking approach has some limitations, and TLA™ users require proof-based veri-
fication tools [New14].2

Model-checking requires much less effort and less expertise in the verification do-
main from the user than writing a fully formal proof of correctness. Nevertheless,
the combinatorial “explosion” of states makes this approach not scalable for many

2Newcombe [New14], regarding TLC: “Even when using such constraints [to bound the state-space]
the model-checker still has to explore billions of states. We doubt that model-checking can go
much further than this. Therefore, for our most critical algorithms we wish to also use proofs.”
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industrial-strength specifications. Users need to construct suitable abstractions of the
system, usually resulting in small models, for which finite instances can effectively
be verified.

Regarding the Chord algorithm, Zave provides in a subsequent paper [Zav14] a
formal specification of a correct version of the algorithm, together with a proof of
its correctness. However, because the formal analysis is based on model-checking,
the proof is restricted to systems with up to 8 nodes in the network and considers
that nodes can maintain a routing table of up to two nodes. The generalized proof
was completed only informally, falling short of providing complete confidence in
its correctness.

Another representative example is the non-blocking multi-threaded algorithm by
Detlefs et al. [DFGT00] named Snark. This algorithm implements a shared two-
sided queue based on a machine-primitive operation called double-compare-and-
swap (DCAS), which performs an atomic access to two memory locations. The orig-
inal paper concludes saying that the informal proof of correctness is “complex and
delicate” and that “we are not sure that we can wholeheartedly recommend” that
the proposed DCAS operation be implemented on real multiprocessor machines. It
turns out that a few years following the algorithm’s publication, it was discovered
that the algorithm was incorrect. The original publication included a detailed semi-
formal proof of correctness. In an attempt to formalize that proof for a master’s
thesis project, Doherty [DDG*04] found a previously undetected bug. This time,
the verification methodology was a formal proof in the PVS [ORSSC99] proof as-
sistant. Two corrected and verified versions were proposed. Reportedly [Holl4],
each proof attempt, for both the original algorithm and the corrected versions, took
several months.*

The Chord and Snark case examples provide evidence that we cannot trust our in-
tuition when reasoning about concurrent algorithms. Mechanically-checked proofs
seem to be the solution. Like informal, hand-written proofs are no substitute for
model checking, model checking is no substitute for formal proofs. Push-button
methods have an enormous value for finding bugs through counter-examples, but
full correctness assurance is needed for safety-critical systems.

3Zave [Zav14], regarding the proof of the corrected version of Chord: “In general, the claim that
this constitutes a proof is based on the empirical small scope hypothesis, which says that most
bugs can be illustrated by small examples [Jac12]. In particular, there is no evidence that longer
successor lists would exhibit new problems. Concerning the number of nodes, although many
new behaviors were found by increasing the number of nodes from 5 to 6, no new behaviors were
ever found by increasing the number from 6 to 7; this makes 8 look safe as a limit.”

4 Afterwards, Doherty used the Spin model-checker [Hol97] to demonstrate the bug he had already
discovered [Lam06]. The algorithm was later formalized by Lamport [Lam06] as a way to test
the PlusCal language [Lam08], a high-level algorithm language based on TLA". Writing the
specification and finding the algorithm’s flaws with TLC took him just a couple of days.
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Automated reasoning and interactive proofs

By following the laws of formal logic, automated deduction aims at mechanizing
reasoning. A deductive system is a collection of axioms and inference rules for a
logical language, which allows the derivation of theorems. An automated theorem
prover is a computer program that implements a deductive system in order to gen-
erate proofs. There are many classes of theorems provers, including SAT solvers for
propositional logic, provers for classical first-order logic with equality (FOL), which
we will refer in the following as automated theorem proving (ATP) systems, and sat-
isfiability modulo theories (SMT) solvers, which are usually based on many-sorted
tirst-order logic (MS-FOL). In the last decade, SMT solvers have attracted particular
interest because they combine quantifier-free first-order reasoning with quantifier
instantiation and decision procedures for theories relevant to verification, such as
decidable fragments of arithmetic, arrays, or bit-vectors.

In richer mathematical domains, higher-order languages increase undecidability,
thus automation becomes less tractable. In the semi-automatic or interactive ap-
proach to automated deduction, the user —usually a domain expert— guides the
theorem-proving effort either by writing declarative proofs or by systematically ap-
plying proof-tactics that simplify the conjecture until it becomes trivial. These sys-
tems are thus called interactive proof assistants [Wie06]. The lower levels of the proof
can be discharged as proof obligations to be verified by automated provers integrated
to the interactive system as back-end tools. Essential components of such systems
are libraries of already proven results and powerful back-end provers to achieve a
satisfactory level of automation.

While the application of (semi-)automated reasoning techniques to solve engineer-
ing problems is relatively recent, they are traditionally applied by researchers to
solve open questions in mathematics and logic —even when mathematicians are
still reluctant to accept mechanical proofs. Examples of ground-breaking proofs
carried out using semi-automated theorem provers are: the four-color theorem in
Coq [Gon08], the formalization of the operating-system micro-kernel sel.4 in Isa-
belle/HOL [KEH"(09], or the very recently finished proof for the longstanding Ke-
pler conjecture (which by now should be called Kepler’s theorem) in HOL Light
[HHM™11].

Recently, TLA" has been extended by a notation for writing hierarchical proofs
[CDLMO0S8, CDL*]. The TLA™ Proof System TLAPS [CDLMO08, CDLM10] is an inter-
active proof environment in which users can deductively verify properties of TLA™
specifications. TLAPS can be used from within the TLA™ Toolbox, an Eclipse-based
framework for the development of TLA™ specifications, supported by tools like the
TLC model checker [YML99], and a translator from the high-level algorithm lan-
guage PlusCal [Lam08] to TLA™. TLAPS is built around an application called the
Proof Manager, which generates proof obligations, and passes them to back-end
verifiers.
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At the time of starting this work, there were three available back-end provers with
different capabilities: Zenon [BDDO07], a tableau prover for first-order logic with
equality that includes extensions for reasoning about sets and TLA™ functions;
Isabelle/TLA™, a faithful encoding of TLA™ in the Isabelle proof assistant [WPNO0S],
which provides automated proof methods based on first-order reasoning and rewrit-
ing; and a back-end called SimpleArithmetic that implements a decision procedure
for Presburger arithmetic. The Isabelle and Zenon back-ends have very limited sup-
port for arithmetic reasoning, while SimpleArithmetic handles only pure arithmetic
formulas, requiring the user to manually decompose the proofs until the correspond-
ing proof obligations fall within the respective fragments.

Proof support for TLA' is more recent than the TLC model-checker. Therefore,
fewer case studies and applications exists for the moment. We can still mention
the verification of the Paxos consensus algorithm [Lam11], the Memoir [PLD*11]
security architecture, and the Pastry [LMW11, LMW '12] algorithm, which, as Chord
[SMKT01], is a protocol for distributed hash-tables over a ring topology.

In this work, we introduce a new generic back-end prover for TLAPS based on
ATP systems and SMT solvers, which is coupled with type systems and a type
construction algorithm for TLA". Although many of our case studies fall in the
category of distributed systems, we consider safety-critical systems in the general
sense.

1.1. Motivation

TLA™ heavily relies on modeling data using sets and functions. Tuples and records,
which occur very often in TLA™ specifications, are defined as functions. Asser-
tions mixing first-order logic with sets, functions and arithmetic expressions arise
frequently in safety proofs of TLA™ specifications. First-order logic offers a fair
tradeoff between expressiveness and efficient automated reasoning. We thus focus
on two different classes of automated theorem provers based on first-order logic:
ATP systems and SMT solvers. Many TLA™ proof obligations making heavy use of
uninterpreted functions and quantified formulas can be handled by ATP systems.
Proof obligations including arithmetic expressions can often be handled by SMT
solvers.

The everyday use of TLAPS provides us with the examples that we use to illustrate
our motivations to improve its proving capabilities.

Example case one One of the first proofs ever carried out in TLAPS was the proof
that (a simplified version of) the well-known Bakery algorithm [Lam74] implements
mutual exclusion. Leslie Lamport wrote the proof as a way to test TLAPS. At
that moment, the only back-end provers available in TLAPS were Isabelle/ TLA™
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and Zenon. Arithmetic and string reasoning was obtained by manually adding the
required axioms to the interactive proof.

The standard approach to prove that a safety property is an invariant is finding a
stronger inductive invariant that logically implies the one we want to prove. As a
comment in the specification, Lamport wrote that the inductive proof “is about 600
lines long (down from 1400 for the original version) and takes about 6 minutes to
process [it] (down from about 40 minutes on [my] laptop for the original version)”.
The Proof Manager generates 223 proof obligations corresponding to the lower levels
of the proof hierarchy.

He further comments about proving Bakery’s inductive invariant:

The proof of the last theorem took me about a week. I wrote it the way
I usually write such proofs, first breaking it down into checking that
each action preserves the invariant, then for each action checking that it
preserves each conjunct of the invariant. [...] No matter how trivial the
reasoning, Zenon and Isabelle require that quantifiers in a conclusion be
eliminated. And Isabelle sometimes needs to be led by the nose.

Even if a decision procedure for arithmetic had been available at that moment, the
proof would have been written practically with the same proof structure and in
almost the same length. Moreover, the deductive capabilities of Zenon and Isabelle
have not improved significantly since.

Now, we can replace the 600 lines of proof by a significantly shorter one. A user
would have to write one level of interactive proof to decompose the conjecture at
its first syntactical level, which basically corresponds to the disjunction of the eight
actions of the algorithm (this step can be also achieved with a couple of mouse-
clicks in the Toolbox). No extra lemmas are required, just the explicit expansion of
the necessary definitions. By instructing the Proof Manager to use the new backend,
the solvers succeed to find the proofs in a few seconds, depending on the SMT solver
that was invoked.

Example case two Memoir [PLD"11] is a generic security architecture, formally
verified by Douceur et al. [DLP11] with TLAPS, when the first versions of the ATP
and SMT backends were not yet publicly available. Briefly, they demonstrated that
Memoir’s protocols preserve the property of state continuity for protected modules
of the architecture, meaning that a module’s state remains persistently and com-
pletely inviolate. Memoir’s specification can be considered to be a medium or large
specification by TLA™ standards: it contains 61 top-level definitions and 182 LET-IN
definitions in three refinement levels, with 3, 8, and 9 actions at each refinement
level. The specification makes heavy use of records, but the proofs do not require
any arithmetic reasoning. The verification of the safety, type-correctness and refine-
ment properties encompass 74 proofs of lemmas and theorems from which 5816
proof obligations are generated.
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The proofs were originally hand-written and then transcribed to TLA™ proofs. Dif-
ferent users have different styles of writing proofs, being hand-written or machine-
checked. The TLA™ proofs for Memoir are very detailed and could likely have been
compressed somewhat further with the available back-end provers at that moment,
although not as much as with the ATP and SMT backends.

For instance, the type-correctness proof of the first level specification is split in 424
smaller proof steps taking less than 8 seconds to prove it. The same interactive proof
can now be discharged by the default ATP system or SMT solver in one line of proof
step in less than 2 seconds. The user time and effort to write the TLA™ proof is thus
tremendously reduced.

Example case three Mathematical problems are conceptually deeper than proving
safety properties about algorithms. Almost always, they include at least some basic
arithmetic. As a toy example, consider a trivial theorem about the cardinality of sets,
informally stated as: “any finite set whose cardinality is equal to one is a singleton”.
In TLA™, it is written as follows:

THEOREM VS: IsFiniteSet(S) A Cardinality(S) =1 = Im: S = {m}
The constant Cardinality is a unary operator, and IsFiniteSet is defined as:
IsFiniteSet(S) = In € Nat: 3f: IsBijection(f,1..n,5)

In turn, each conjunct that defines the predicate IsBijection(f, S, T') states that [ is
(i) a function with domain S and codomain 7, (ii) injective, and (iii) surjective:’
A

IsBijection(f, S, T) = Nf e[S — T]

AVz,y € S: (z #y)= (flz] # fly])
AVye T:3zeS: flz] =y

The definition of cardinality is given axiomatically, that is, a formula given as an
axiom over the TLA™ logic defines its semantics. The standard TLA™ module defines
the following formula named CardinalityAziom. It expresses that for any variable S
that is a finite set, the cardinality of S is equal to some variable n if and only if n is a
natural number and there exists a bijection between the interval from 1 to n and the
set S:

AxioM CardinalityAxziom =
VS IsFiniteSet(S) =
Vn: (n = Cardinality(S)) < n € Nat A 3f: IsBijection(f,1..n,S)

5Tt is conventional in TLA™ to write conjunctions and disjunctions as multi-line bulleted lists, for
better presentation and to save parentheses.
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After inspecting the theorem statement and the above definitions, one can deduce
that the definition of IsFiniteSet is irrelevant for the proof’s validity (finiteness is
just required as a condition to apply CardinalityAziom). As a user writing the proof,
one would expect to prove the theorem just by using CardinalityAziom as a fact and
expanding the definition of IsBijection. In TLA™ this is expressed by writing after
the theorem statement:

BY CardinalityAziom DEF IsBijection

However, the default provers called by the Proof Manager, that is, Zenon and Isa-
belle, fail to find a proof. Then, the user would have to decompose the proof in
many steps and prove them separately. The proof would look like this:

(1) SUFFICES ASSUME NEW S, IsFiniteSet(S), Cardinality(S) = 1
PROVE Jm: S = {m}

OBVIOUS

(H1.1..1={1}
BY SimpleArithmetic

(1)2. P1cK f: IsBijection(f,1..1,5)
BY CardinalityAxiom

(1)3. 8 = {f[1]}
BY (1)1, (1)2 DEF IsBijection

(1)4. QED
BY (1)3

This detailed proof is straight-forward, but it requires the user to decompose it in
five steps to prove trivial arithmetic facts such as step (1)1, where the expression
a..b represents the set of integer numbers comprised between the expressions a
and b.

This example suggests that an automated prover handling simultaneously first-order
logic and arithmetic could be very useful in practice. As a matter of fact, the back-
end prover based on SMT solvers is able to discharge the proof obligation generated
from the above single-line TLA™ proof.

1.2. Challenges

The main goal of this thesis is to soundly and efficiently improve the automation ca-
pabilities of the proof development performed with the TLA™ Proof System. We fo-
cus only on the non-temporal fragment of the language, which is enough for proving
safety properties, including inductive invariants and refinement mappings [AL91].
In practical terms, less than 5% of a typical TLA™ specification contain temporal ex-
pressions, therefore the non-temporal part of a specification accounts for the major
part of the verification effort. Only trivial temporal-logic reasoning is needed for
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safety. To handle these cases, we can use a new decision procedure for propositional
temporal logic [DKL*14], very recently integrated in TLAPS.

The translation from TLA™ to first-order logic presents the first challenge of the
integration. Even if some of the employed encoding techniques can be found in
similar tools for other specification languages, the particularities of TLA™ make the
translation non-trivial:

e The TLA™ syntax allows to write absurd expressions such as 3 U TRUE, which
denotes a value, though unspecified. Moreover, there is no syntactical distinc-
tion between terms and formulas.

e Zermelo-Fraenkel set theory is not finitely axiomatizable in first-order logic,
unlike other formalizations of set theory such as von Neumann-Bernays-Godel
(NBG). Specifically, the ZF axioms of set comprehension and replacement allow
the introduction of new sets through axioms schemas, i.e. axioms parameter-
ized by a predicate. Therefore, those set objects cannot be encoded directly in
tirst-order logic.

e Functions, which are defined axiomatically, are total and have a domain. This
means that a function applied to an element of its domain has the expected
value but, for any other argument, the function application still has a value, but
unspecified. In the same way, the behavior of arithmetic operators is specified
only for arguments that are integers or positive integers.

e TLA™ is equipped with a deterministic choice operator as a primitive element
of the language. It corresponds to Hilbert’s & operator, which is difficult to
encode in a classical first-order setting.

Perhaps more challenging is the fact that TLA' is an untyped language. Being
untyped makes a language very expressive and flexible for writing specifications,
but it also makes automated reasoning quite challenging. Not having types is part of
the idiosyncrasy of TLA™. The rationale behind this fundamental design principle
can be found in a paper by Lamport and Paulson [LP99]. Basically, they argue
that a type discipline in a high-level specification language restricts what can be
expressed in that language. Moreover, types complicate the task of the users writing
the specifications. TLA™ is user oriented, in the sense that it focuses on providing
users a compromise of a simple, yet very expressive, specification language. A type
discipline can lead to an early detection of syntactic errors, but more importantly for
our purposes, it benefits the deductive capabilities of the reasoning tools. If it can be
avoided, the task of dealing with the complications of a lack of a type system should
rest on the tool developers, instead of forcing the users to adapt their specifications
to the burden of types. Since SMT input languages are sorted, a second challenge
consists in automatically assigning types to the sub-expressions of a TLA™ proof
obligation. In the following we will use the terms type and sort interchangeably.
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1.3. Related work

Over the past years there have been several efforts to integrate interactive and auto-
mated theorem provers. One of the main components of any integration is the defi-
nition of the translation from the logic of the specification language to the input lan-
guage of the external provers. Most automated theorem provers are based on (typed
or untyped) first-order logic, while the proof assistants are generally founded on
variants of Church’s higher-order logic or Martin-L6f’s type theory, which are foun-
dational alternatives to set theory. Therefore, many integrations for these kind of sys-
tems exist in the literature, for instance in Coq [AF06, AGST10, BCP11, AFG'11], in
Isabelle/HOL [Hur03, MP06, FMM 06, PB10, BBN11, BBP13], in HOL Light [KU13],
in PVS [Dd06], or in ACL2 [RHO06]. Only a few formalisms are based on set the-
ory, namely Z [Spi92], B [Abr10], Mizar [IM93], Isabelle/ZF [Pau93], and Meta-
math [Meg07].

Specification formalisms almost always exploit types in some way, either explicitly
or implicitly. Except TLA™ and Isabelle/ZF (described below), the only other for-
mal language that does not have any kind of type system, as far as we know, is
ACL2 [KMMO0]. In short, ACL2 is an applicative programming language based on
Common Lisp. In an untyped language like set theory, one writes z € Int to express
that a variable z is an integer. In ACL2, one relies on the predicate (integerp z),
which is true if and only if z is an integer number.

In the rest of this section we compare TLA™ and TLAPS with three formal languages
and their respective tools and proof environments: the B method, Mizar, and Isa-
belle/ZF. We consider these three systems as the most relevant and established set
theory-based languages [Wie06]. Apart from being based on some variant of set
theory, they integrate external first-order automated provers. The technical details
about the translation to first-order languages and how they treat types will be given
respectively in the chapters 4 and 5, where that information is relevant.

B The (classical) B and Event-B methods [Abr10] are modeling notations founded
on the concept of refinement to represent systems at different abstraction levels. Like
TLA™, B models represent abstract state machines. The B languages are also based
on Zermelo-Fraenkel set theory, although in a somewhat weaker version, because
terms and functions have monomorphic types in the style of MS-FOL, thus greatly
simplifying the translations to SMT languages. Another difference is that functions
are defined as binary relations, as is typical in set theory.

Deductive proofs for B models are mainly performed to verify safety properties and
consistency between refinement levels. The Eclipse-based Rodin toolset [ABH10]
for Event-B generates proof obligations that can either be proved interactively or they
can be discharged to SMT solvers, which are used as oracles. Rodin incorporates two
plugins to translate to SMT languages: ppTrans by Konrad et al. [KV12] and, another
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one incidentally called SMT solvers by Deharbe et al. [DFGV12]. Atelier-B is a similar
tool aimed at the verification of industrial B models. Mentre et al. [MMFA12] pro-
posed Why3 as an interface to discharge Atelier-B proof obligations to different SMT
solvers. The recent BWare project by Delahaye et al. [DDMM14] aims at building a
generic verification platform based on Why3 as a proxy for discharging proof obli-
gations to first-order provers and SMT solvers. Unlike previous tools, BWare adopts
a skeptic approach. It requires the external theorem provers to return proof objects,
with the goal of checking them independently in logical frameworks such as Coq or
Dedukti.

Pro-B [PL12] is another related platform which includes an animator, a model-
checker and a constraint solver for Event-B. It relies on Kodkod, the Alloy Ana-
lyzer’s [Jac12] backend, to do constraint solving over the first-order fragment of the
language, and on the Pro-B kernel for the rest. It can translate TLA' modules to
Event-B [HL12] (and back) allowing TLA™ users to use the Pro-B tools.

Mizar The longstanding Mizar project [IM93] provides one of the largest available
libraries of formalized mathematics, mechanically verified by the Mizar checker. Its
architecture, and the way it integrates external provers, is quite different than that of
TLAPS. But as a set-theoretic language, it has some points in common with the un-
derlying logic of TLA™. The Mizar language is based on first-order predicate logic
extended with schematic axioms to be able to deal with the comprehension and
replacement axiom schemes of ZF set theory, and with Hilbert’s choice operator.®
Semantically all objects are sets, but contrary to standard set theory axiomatizations,
the Mizar language is typed [Wie07]. Every quantified or declared variable is ac-
companied, possibly implicitly, by a type annotation, even when types do not play
any foundational role in the system. In particular, it implements a powerful type
system with dependent types.

Earlier Mizar tools MoMM and Proof Advisor based on first-order theorem provers,
apply machine learning techniques to search the entire MML library for similar
already-proved theorems, which are then provided as hints to prove new conjec-
tures. The more recent MizARR (Automated Reasoning for Mizar) tool suite [Urb08],
attaches several automated reasoning and presentation tools to the Mizar system. It
relies on a web service, inspired by SystemOnTPTP [Sut00], that invokes external
ATP systems. The ATP integration is also exploited to do cross-verification of the
Mizar library in different theorem provers. There is no integration of Mizar with
SMT solvers that we know of.

Isabelle Isabelle [WPNO08]is an LCF-style theorem prover based on a generic logical
framework called Isabelle/Pure. Obiject-logics such as Isabelle/TLA™, Isabelle/ZF

®Mizar’s set theory is called Tarski-Grothendieck set theory, which is ZF plus an extra axiom from
which the Axiom of Choice can be derived.
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[Pau93], and Isabelle/HOL [NPWO02] are instantiations over the meta-theory of Isa-
belle/Pure. Isabelle/ZF axiomatizes classical Zermelo-Fraenkel set theory with the
Axiom of Choice, and it is mainly used for formalizing pure mathematics. Except for
terms and formulas, which are defined as different syntactical entities, Isabelle/ZF
is untyped. On the other hand, Isabelle/HOL is an encoding of polymorphic higher-
order logic.

The proof language of Isabelle, which is called Isar [Wen(7], as well as that of TLAT,
are hierarchical and declarative, allowing the combination of structured proofs with
the invocation at the lowest proof levels of automatic theorem provers and decision
procedures. Isar and TLA™ proofs have some differences that encourage different
styles of proof development in each case. For instance, Isar users have more con-
trol on how to invoke the back-end tools, and they can accumulate facts instead
of citing proof steps by their name, allowing a more linear, rather than hierarchi-
cal, proof development. Isabelle is equipped with several native automatic proof
tools, including decision procedures for arithmetic, a term-rewriting engine called
Simplifier [Nip89], and a tableau prover [Pau99].

Sledgehammer [PB10] is a sophisticated tool for Isabelle/HOL that automates the
invocation of external first-order ATP systems and SMT solvers. The underlying
logic of Isabelle/HOL entails a quite different encoding into first-order languages
than set theory. This is one of the reasons why Sledgehammer is not available for
Isabelle/ZF. Despite that, most Isabelle/HOL formulas fall in the first-order domain,
using only a few higher-order features [MP08].

Unusually, but inspired by a previous integration of the first-order prover Metis and
HOL4 [Hur03], the first implementation of the translation to the input format of
automated theorem provers was allowed to be unsound: types were not attached to
every term, only enough type information was encoded to enforce correct type class
reasoning [MP06]. This is sufficient because proofs are rechecked by Isabelle’s infer-
ence kernel, thus soundness is not crucial. The current implementation safely erases
most type information by inferring type monotonicity [BK11, CLS11], resulting in a
sound encoding [BBN11]. The automated provers can be executed in parallel, either
locally or remotely via the SystemOnTPTP [SutO0] web service.

One of Sledgehammer’s most important features is one-click invocation, which is
also inherent to the TLA™ proof language and to the architecture of TLAPS. The
difference is that Sledgehammer implements a symbol-based relevance filter that
heuristically collects a potentially useful set of a few hundred lemmas from ex-
isting libraries to attach to the translations. TLAPS libraries are currently under
development, so users have to manually identify relevant facts and add these facts
themselves to the interactive proof.
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1.4. Contributions

The first contribution of this thesis is a solution to the integration of ATP systems
and SMT solvers to the TLA™ proof environment (Chapter 4). The external theorem
provers are integrated as oracles, meaning that we consider them sound and bug-
free (at least for now). The integration has two main components. The first one is a
sound translation of a significant fragment of TLA™ formulas to unsorted and many-
sorted first-order logic. The set theoretical fragment of the language is encoded
using a unique sort (allowing set of sets), while sorted theories like arithmetic are
homomorphically injected into the single-sorted formulas. However, set theoretical
objects that are defined by axiom schemas cannot be finitely encoded in first-order
logic. For instance, in the set {z € S : P(z)}, which contains the elements of S
satisfying P, the predicate P would be quantified as a second-order variable. The
second component of the integration encompasses preprocessing and optimization
techniques to make the translation efficient and feasible for all TLA™ constructs,
including the cHOOSE operator. Among them, a confluent term-rewriting engine
that takes TLA™ expressions to basic normal form is coupled with an abstraction
method that removes complex and untranslatable TLA™ expressions from the proof
obligation.

The second main contribution is the formal definition of two type systems for un-
typed set theory, extended to all relevant TLA™ expressions (Chapter 5). In this
approach, a constraint-based type synthesis algorithm takes a TLA™ expression and
decorates it with types. This happens behind the scenes: TLA™ users never see any
type annotation, which is used only internally by TLAPS to improve the above trans-
lation. In a first approach to the translation, which we call “untyped”, we use only
one sort to encode all TLA™ expressions except for sorted theories. In this way, type
inference is essentially delegated to the solvers through the encoding.

The first type system for TLA™ is based on elementary types, i.e. types that are on
a par with the sorts of many-sorted first-order logic. This type system is simple and
results in a decidable algorithm for constructing types, but it over-approximates the
values of TLA" expressions. Thus, extra checks need to be added to the encod-
ing, for instance to make sure that a function’s argument belongs to the function’s
domain. The second type system expands the previous one with dependent and
refinement types, which captures very precisely the values represented by the TLA™
terms, at the expense of undecidability of type construction. While the above “un-
typed” encoding can be used to deal with the non-typable expressions, the precise
types opportunely allow to further simplify the translations. In particular, the do-
main checks for the previous type system are no longer needed. This technique for
untyped languages may be of independent interest.

Additionally, the above results have been realized in a new generic back-end prover
based on ATP systems and SMT solvers for TLAPS. We say it is generic because it
is not tailored to improve the performance of a specific prover. Instead, any external
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prover that accepts the standard input languages of ATP systems and SMT solvers
can be plugged to TLAPS. We provide experimental evidence showing that our
approach is feasible in practice (Chapter 6).

Several of the contributions described here have been presented at conferences and
workshops. The work in this thesis consolidates and improves upon preliminary
ideas and results presented in the publications [MV12a], [MV12b], and [MV14].

1.5.

Overview

The rest of this thesis is organized as follows:

Chapter 2 describes the TLA™ specification language, the TLA™ proof lan-
guage and TLA™’s proof tools. First, we formally describe the logic under-
lying the TLA™ fragment under consideration in this document. As a minor
contribution, we formally describe the syntax and semantics of the set theo-
retic fragment of TLA™, and analyze to which variant of ZFC set theory TLA™
belongs. By way of a running toy example, we present a typical specification
with its properties, and then we describe the proof language, and the TLA™
Proof System.

Chapter 3 briefly describes the main languages, concepts, and techniques of
automated theorem provers based on first-order logic. In particular, we de-
scribe the underlying unsorted and many-sorted first-order logics in which
the theorem provers operate, their standard input languages, and the internal
workings of the ATP systems and SMT solvers.

Chapter 4 presents the generic integration framework for automated theorem
provers in TLAPS and its main component, the translation to unsorted and
many-sorted first-order logics.

Chapter 5 describes the two new type systems for TLA", including typing
rules, soundness results, and the constraint-based type synthesis algorithm.

Chapter 6 presents experimental evaluation of the ATP and SMT back-end
prover, which implement the encoding methods and the type systems of the
previous two chapters.

Chapter 7 concludes and gives directions for future work.

The main results of this thesis are in Chapters 4 and 5, which can be read indepen-
dently.
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TLAT and its proof tools
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One good definition is worth three
theorems.

Alfred Adler, 1972

The specification language TLA' [Lam02] provides a concrete syntax on top of its
logical foundation, the temporal logic of actions (TLA), which describes dynamic
behaviors of state-transition systems. Specifically, TLA is a variant of linear-time
temporal logic [AM96] coupled with a modal priming operator ’ for specifying the
state transitions. A state of a system is an assignment of values to variables zy, ..., z,.
Each event or step of the system is defined as a transition from one state to another.
An action asserts a relation between two states through a transition predicate on
variables z,...,1, and z, ..., 2. Given a pair of states (z,2’), the unprimed vari-
able z refers to the value of z in the first state, and the primed variable 2’ refers
to the value of z in the second state. TLA™ specifications are organized in modules,
which belong to the extra-logical part of the language. TLA is parameterized by an
underlying first-order language. In the case of TLA™, that language is a variant of
Zermelo-Fraenkel set theory with the axiom of choice, which is used to specify the
systems’ data structures.

In addition, TLA™ is extended with a notation for writing hierarchical proofs. The
TLA™ Proof System (TLAPS) interactive environment interprets those proofs to gen-
erate proof obligations, which are discharged to be proved by back-end verifiers.
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Primed expressions, modules and macro definitions are irrelevant in our context
because the Proof Manager application “flattens out” these expressions before gen-
erating the proof obligations.

Chapter overview Section 2.1 presents the underlying logic of TLA™ over which we
will work in the rest of this document. In Section 2.2, with the help of a toy example,
we describe a TLA™T specification to introduce some basic concepts. In Section 2.3,
we continue developing the running example to present the TLA™ Proof System and
to show how it generates proof obligations.

2.1. Underlying logic

The logical foundations of TLA™ are the TLA logic and a variant of ZFC set theory.
We are interested in the language of the proof obligations generated by the TLA™
Proof System, in particular its non-temporal fragment. In TLA™ terminology, we are
only considering the language at the state level,' which includes constants, constant
operators, and unprimed variables. A proof obligation, which we define in detail
below, is a TLA™' sequent containing state-level expressions and possibly primed
variables or primed operators. If a primed variable 2’ appears in a proof obligation,
we simply consider it as a different symbol than the variable symbol z. The same
applies for primed operators.

For a complete presentation of the TLA™ language, we refer the reader to [Lam02,
Sec. 16], which can be considered the “official” description of the language. The
language we describe is an extension of first-order logic with equality. The main dif-
ference with standard fist-order logic is that predicate and function symbols belong
to the single entity of TLA™ operators. We start by defining the syntax and semantics
of the first-order fragment over which the set theoretical axioms are defined. Then,
we add the choice operator and gradually append other constructs.

TLA™ syntax

We assume given two non-empty, infinite, and disjoint collections

e V of variable symbols, and

In TLA, expressions are categorized in four levels, hierarchically ordered as follows: constant C
state C transition C temporal. Constant-level expressions contain only rigid variables (a.k.a. con-
stants). Flexible variables belong to the state level. Primed expressions may occur at the transition
level. A temporal-level expression may contain any TLA operator, i.e. it is a temporal formula.
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e O of operator symbols,?
and a function
e ar : O — IN that assigns a non-negative number, the arity, to each symbol in O.

Together, they define a TLA™ signature (), O, ar) that fixes an alphabet of non-
logical symbols. We consider V and O as fixed collections of built-in and user-
defined symbols, pre-existing in each generated proof obligation. Note that these
“variables” are not the state variables mentioned before, but variables of ordinary
logic (more precisely, the rigid variables of modal logic), and they are among the
“constants” of TLA™.

The only syntactical category in the language is the expression. Only for presen-
tational purposes we distinguish among them terms, formulas and set-objects. An
expression e is inductively defined by the following grammar:

ex=v]|w(e,..e) (terms)
| FALSE | e = ¢ |Vv: e|e=c|e€e (formulas)
| {} | {e, e} | suBsEr s | UNTON s | {v € e:e} | {e:v € e} (sets)

A term is a variable symbol v in V or an arity-consistent application of an operator
symbol w in O to expressions. Nullary operator symbols c are called constants, and
are written ¢ instead of ¢().

Formulas are built from FALSE, implication and universal quantification, and from the
binary operators = and € which are the two non-logical primitive symbols of the
language, set aside the set objects. From these formulas, we can define the familiar
constant TRUE, the unary connective —, the binary connectives A, V, <, and the
existential quantifier 3.

In standard set theory, sets are constructed from axioms that state their existence.
Here, we add the set constructors as primitive objects of the language, and later we
define their semantics axiomatically. The set objects are the empty set, the pairing set,
the power set, the generalized union, and two forms of set comprehension. The enu-
meration set {ej,..., e, }, with n > 1, can be defined using pairs and UNION. Since
TLA™ is a set-theoretic language, every expression —including formulas, functions,
numbers, etc.— denotes a set.

Other familiar set expressions can be defined from the above: e; U e; (union), e; N e
(intersection), and e; \ e (set difference). TLA™ also defines the abbreviations:

TF#y —(z =y) SCT

= dz:zeSAe
r ¢y = —=(z €y) BOOLEAN

Ve:ze S =e

VeeS:zeT dzeS:e

A
{TRUE, FALSE} Vz € §:e =

A
A

2TLA™ operator symbols correspond to the standard function and predicate symbols of first-order
logic but we reserve the term “function” for TLA™ functional values.
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The definition of free variables is the usual one for first-order logic over the set of
variable symbols V. We note F'V (e) the free variables of an expression e. We addi-
tionally define variable substitution in the usual way, and substitution for operators
when applied only to variables. These definitions are for terms and formulas only.
The extension to set objects and other expressions is straightforward.

Definition 1 (Variable substitution). Given two TLA™ expressions e and ey, and = a free
variable of e1. The expression e[z <— ey is inductively defined as follows on e;:

o[t — ] = e
ylz ] =y
o(er, ..., en)r < e = oleilr < e,...,enlz < €])
FALSE[Z <— ¢] = FALSE
(¢1= @2)[z ¢ 2] = (Pi]z = ]) = (Pofr ¢ e2))
(Vy: @)z ] = Vz: (¢p[y + 2][z « e]) (where z is a fresh variable)
(e=Plr el = (s a]) = (flr + al)
(e€f)lr e = (e[z + &) € (flz + e])

TLAT first-order semantics

The standard semantics of TLA™ offers three different alternatives to interpret ex-
pressions. We adopt the liberal interpretation, as defined in [Lam94b, Sec. 16.1.3], in
contrast to the moderate and to the conservative interpretations. In the liberal inter-
pretation, an expression like 42 = {} always has a truth value, but it is not specified
if that value is true or false. In the conservative and moderate interpretations, the
value of 42 = {} is completely unspecified. Only in the moderate and liberal in-
terpretation, the expression FALSE = {} has a Boolean value, and that value is true.
In the liberal interpretation, all the ordinary laws of logic, such as commutativity of
A, and any tautology of propositional or predicate logic, are valid, even when the
arguments are not guaranteed to be Boolean.

We formally define the first-order semantics of TLA™ as an extension to the standard
semantics of first-order logic with equality. Let a TLA™ model or structure M be a
triple (D, v, Z), which is composed of:

e a countably infinite set D called the domain or universe of discourse, which con-
tains two fixed, distinguished symbols T and F denoting truth values, such
that T # F,

e a valuation function v: V — D that assigns to each non-logical variable symbol
an element in the domain, and

e an interpretation function Z that assigns to each operator symbol 0 € O a func-
tion Z(0): D (?) — D,
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With this in mind, we define the truth valuation of TLA™ expressions in the standard
Tarskian way, with the aid of a function assigning universal values to expressions. In
the following, let v @ (z + d) be the valuation function equal to v for all variables
in V except for z, where it maps z to d.

Definition 2 (Truth value and universal value). We define the interpretation of TLA™
expressions with two mutually recursive valuation functions, both defined under a model
M = (D,v,I). The truth value of an expression e, noted truthyq(e) or truthp , 7(e), is
defined by:

truthpg(z) = valpg(z) iff valpg(z) is T or F

truthpg(o(e, ..., en)) = valpg(o(e, ..., en)) iff valpg(o(ey, ..., en)) is Tor F

truth (FALSE) =F

truthpq (91 = ¢2) = F iff truthp(¢p1) is T and trutha (¢s) is F, or T otherwise
truthp(Vz: ¢) = T iff truthp 7 v (zrsa) (@) i8 T for all d € D, or F otherwise
truthpq(er = e) = T iff valpg(ey) is equal to valp(ep), or F otherwise

and the universal value of an expression e, noted valyq(e), is defined by:

valpg(z) = v(z)

valpg(o(er, ..., en)) = Z(0)(valpq(er),. .., valp(en))
valpq (FALSE) =F

valpg (4)1 = 472) = truthp (4)1 = 4)2)

valpg(Vz: ¢) = truthp(Vz: ¢)

valp (e = ) = truthy((e1 = )

The truth and universal value of any other expression is unspecified. The truth value
of a variable or an applied operator is defined only when the universal value is T
or F. The universal value of any expression is an element of D, while the truth value,
if defined, is either T or F.

We say that an expression e is valid in a model M = (D,v,I), noted M |= e, iff
truthaq(e) is T under M. If truthyq(e) is F, we note it M [~ e. An expression e
is valid, noted |= e, iff truthp,z(e) = T in every model (D,v,Z), that is, for any
domain D, interpretation Z, and valuation v. An expression e is called satisfiable iff
there exists a model M such that M = e. Otherwise, the expression e is unsatisfi-
able.

TLA™ set theory

We axiomatically build TLA™ set theory on our first-order language, where equality
is an interpreted relation, by adding the primitive concept of set membership. We
first take the essential axiom of extensionality:

(extensionality) (Ve:zeS<ezel)=S=T (2.1)
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The truth and universal values for set expressions are unspecified. In order to give
them a meaning, we also take as axioms the universal closure of the propositions:

(power set) SesuBseT T Ve S:xeT (2.2)
(union) TEUNIONS < dT € S:z e T (2.3)
(empty set) z € {} < FALSE (2.4)
(pairing) r€f{e, 0} r=Vr=¢ (2.5)

together with the following axiom schemas:

(comprehension;) re{yeS: Ply)} & reSAP() (2.6)
(comprehensiony) re{e(y):yeStedye Siz=ce(y) (2.7)

where P and e are schematic variables, meaning that they can be instantiated by
countably infinite expressions. In a second-order setting, P and e would be simply
second-order variables.

TLA™ as a variant of ZF set theory It is usually said that the set theory of TLA™
is a variant of Zermelo-Fraenkel (ZF) set theory. In the follo