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ṗB(t)
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x̂(t) = P ζ(t) +Qy(t)

ζ(t) ∈ Rq0 x̂ ∈ Rn
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ε(t) = ζ(t)− TEx(t)
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P Q
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Ē(s) = P (sI −N)−1(ε(0)− T ð̄ðð(s))

ð(t) dC ð̄ðð(s) = dC

s
N N

N
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�
P (sI −N)−1
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s
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= (PN
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ζ̇(t) = Nζ(t) +Hv(t) + Fy(t) + Ju(t)
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x̂(t) = P ζ(t) +Qy(t)
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e(t) = Pε(t)
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s
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Ē(s) = P (sI −N)−1(ε(0) +HV̄(s)− T ð̄ðð(s))



N ð̄ðð(s) = dc

s
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s→0

sĒ(s) = lim
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�
P (sI −N)−1

�
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�
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s→0

sV̄(s) = Tdc

V̄(s)
H lim

s→0
sV̄(s) = Tdc

ζ̇(t) = Nζ(t) +Hv(t) + Fy(t) + Ju(t)

v̇(t) = Sζ(t) + Lv(t) +My(t)

x̂(t) = P ζ(t) +Qy(t)

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂(t) ∈ Rn
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e(t) = Pε(t)

ε̇(t)
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�
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Eẋ(t) =Ax(t) +Bu(t)

y(t) =C1x(t)

x(t) ∈ Rn
u(t) ∈ Rm

y(t) ∈ Rny

E A B C1

E A

γ ∈ C
det(γE −A) �= 0

det(sE − A) (E, A)
sE −A

(E,A)
normal− rank

�
γE −A BU(s) Ex(0)

�
= normal− rank(λE − A)

normal− rank sE − A (λE − A)
λ ∈ C U(s) u(t)

eig(E, A) ⊂ C− = {s|s ∈ C, Re(s) < 0}

eig(E, A) det(sE − A) = 0



(E, A)
deg(det(sE −A)) = rank(E)

rank

�
E 0
A E

�
= n+ rank(E)

(E, A)

(E, A) Θ
E

TΘ = ΘT
E ≥ 0 A

TΘ+ΘT
A < 0

rank

�
sE −A

C1

�
= n, ∀s ∈ C, s

rank

�
E

C1
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x(t) y(t)

rank




E A

0 E
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 = n+ rank(E).

rank

�
sE −A
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= n, ∀s ∈ C+

, s

u(t)

rank
�
sE −A B
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, s



rank
�
sE −A B

�
= n, ∀s ∈ C, s rank

�
E 0 0
A E B

�
= n+ rank(E)

V (x(t))

V (x(t))
ẋ = f(x(t))

V (x(t)) : Rn
→ R

V (x(t)) > 0

d

dt
V (x(t)) =

∂V

∂x

d(x(t))

dt
< 0

ẋ = f(x(t))

H∞ L2

G :=

�
ẋ(t) =Ax(t) +Bu(t)

y(t) =C1x(t) +D1u(t)

x(t) ∈ Rn
y(t) ∈ Rny u(t) ∈ Rm

H∞ G(s)
G(s) G(jw)

H∞
H∞ G(s) G(jw)

�G(s)�∞ = sup
w

σ(G(jw))

σ G(s)



L2 γ > 0 P

V (x(t)) = x(t)TPx(t) � > 0

∂V

∂x
(Ax(t) +Bu(t)) ≤ −�[x(t)Tx(t)] + γ

2[u(t)Tu(t)]− [y(t)T y(t)]
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∂V
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� T
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T > 0 V (x(T )) ≥ 0

[�y(t)�2]
2
≤ γ

2 [�u(t)�2]
2
,
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u(t) ∈ L2[0,∞) x(0) = 0
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ẋ(t) =Ax(t) +Bw(t)

z(t) =C1x(t) +D1w(t)

x(t) ∈ Rn
w(t) ∈ L2[0,∞) z(t) ∈ Rnz

A, B, C1 D1 γ > 0

J =

� ∞
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2
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x(t+ 1) = Ax(t) +Bw(t)

y(t) = C1x(t) +D1w(t)

G(z) = C1(zI − A)−1 +D1 γ �Gwy�∞ < γ
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T
> 0

�
A B

C1 D1

�T �
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T

r (CrϑC
T

r )
−1

Crϑ]BlR
−1
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T + �
−1

H
T
H < 0 � > 0





H∞

w(t)=0

H∞ w(t) �= 0

w(t) = 0

H∞ w(t) �= 0
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Eẋ(t) = Ax(t) +Bu(t) +Dw(t)

y(t) = C1x(t) +D1w(t)
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u(t) ∈ Rm
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ζ̇(t) = Nζ(t) +Hv(t) + F
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x1(t) 5398.99 6675 54813.07
x2(t) 0 0 0
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�
−E

⊥
Bu(t)

y(t)

�

x̂(t) = P ζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

ϕ̇(t) = (A1 − YA2)ϕ(t) + (B1 − YB2)w(t)

e(t) = Pϕ(t) +Qw(t)

A1 =

�
N1 − ZN2 0

0 0

�
A2 =

�
N3 0
0 −Iq1

�
B1 =

�
Fd1 − T1D1 + Z(T2D1 − Fd2)

0

�
B2 =

�
Fd3

0

�

P =
�
P1 − Y3N3 0

�
Q = Qd1 − Y3Fd3 Y =

�
Y1 H

Y2 L

�
ϕ(t) =

�
ε(t)
v(t)

�

H∞
Z Y �e�2

w(t) �Gwe�∞ < γ Gwe

γ

H∞

�Gwe�∞ < γ X =

�
X1 X1

X1 X2

�
> 0 X1 = X

T
1



H∞ w(t) �= 0

C
T⊥





Π1 N
T
1 X1 −N T

2 W
T
1 Π2 (P1 − Y3N3)T

(∗) 0 Π2 0
(∗) (∗) −γ

2
Inw (Qd1 − Y3Fd3)

T

(∗) 0 (∗) −In



 C
T⊥T

< 0

Π1 = X1N1 −W1N2 +N
T

1 X1 −N
T

2 W
T

1

Π2 = X1(Fd1 − T1D1) +W1(T2D1 − Fd2)

�
−γ

2
Inw (Qd1 − Y3Fd3)

T

(∗) −In

�
< 0

W1 = X1Z Y

Y = X
−1(B+

r KC
+
l
+ Z − B

+
r BrZClC

+
l
)

K = −R
−1

B
T

l ϑC
T

r (CrϑC
T

r )
−1 + S

1/2
L(CrϑC

T

r )
−1/2

ϑ = (BlR
−1

B
T

l −D)−1
> 0

S = R
−1

−R
−1

B
T

l [ϑ− ϑC
T

r (CrϑC
T

r )
−1

Crϑ]BlR
−1

D =





Π1 N
T
1 X1 −N T

2 W
T
1 Π2 (P1 − Y3N3)T

(∗) 0 Π2 0
(∗) (∗) −γ

2
Inw (Qd1 − Y3Fd3)

T

(∗) 0 (∗) −In



 B =




−Iq0+q1

0
0



 C =

��
N3 0
0 −Iq1

� �
Fd3

0

�
0

�

Π1 Π2 L, R Z

R > 0 �L�2 < 1. Cl Cr Bl Br C = ClCr

B = BlBr

�Gwe�∞ < γ

X = X
T
> 0




(A1 − YA2)TX +X(A1 − YA2) X(B1 − YB2) PT

(∗) −γ
2
Inw QT

(∗) (∗) −In



 < 0

BXC + (BXC)T +D < 0

X = XY D =




AT

1 X +XA1 XB1 PT

(∗) −γ
2
Inw QT

(∗) (∗) −In



 C =
�
A2 B2 0

�
B =




−Iq0+q1

0
0



 .

C
T⊥

DC
T⊥T

< 0

B
⊥
DB

⊥T
< 0



H∞

B⊥ =

�
0 Inw 0
0 0 In

�
CT⊥ =




�
AT

2

BT
2

�⊥
0

0 In



 C D W1

C
T⊥





Π1 N
T
1 X1 −N T

2 W
T
1 Π2 (P1 − Y3N3)T

(∗) 0 Π2 0
(∗) (∗) −γ

2
Inw (Qd1 − Y3Fd3)

T

(∗) 0 (∗) −In



 C
T⊥T

< 0

Π1 Π2 B D

�
−γ

2
Inw (Qd1 − Y3Fd3)

T

(∗) −In

�
< 0.

Y
�

•
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 , B =




1
0
0



 , D =




0.4
0.3
0.2



 ,

C1 =

�
0 1 1
0 0 1

�
, D1 =

�
0.3
0.5

�
x(t) =




x1(t)
x2(t)
x3(t)



 .

E
⊥ =

�
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�

rank




E

E
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 = 3 rank

�
sE −A

C1

�
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H∞

H∞

H∞ R =

�
0 1 1
0 1 0

�
rank(Σ) = 4. γ = 1

X Z Y3

X =





63.82 3.97 63.82 3.97
3.97 71.95 3.97 71.95
63.82 3.97 163.21 1.08
3.97 71.94 1.08 165.42



 ,

Z =

�
−1.86 −1.84 −1.86 −1.87 −1.88 −1.85
−1.64 −1.54 −1.64 −1.65 −1.68 −1.6

�

Y3 =




0.17 −15.25 −12.29 7.37 −14.97
−0.03 0.06 −0.26 −0.19 0.07
−0.04 1.16 0.64 −0.76 1.15



 .

Z =





2 3 1 4 9 7 9
3 2 6 3 3 5 4
6 1 4 2 6 2 6
9 5 2 7 4 3 2



 L =





0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1



 R = I4 × 0.0001
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242.96 −68.96 −0.02 −173.86 −68.86 94.61 −2.25
−85.06 27.88 0.12 57.14 27.91 20.86 127.13
−89.18 25.24 0.03 63.94 25.23 −104.73 −7.43
35.71 −11.72 −0.04 −23.85 −11.74 −16.65 −121.58



 .

N =

�
−243.63 65.3
84.36 −31.81

�
, S =

�
89.18 −25.23
−35.66 11.75

�
, H =

�
94.61 −2.25
20.86 127.13

�
, J =

�
−0.01
0.02

�
,

L =

�
−104.73 −7.43
−16.65 −121.58

�
, F =

�
34.12 111.61 −79.35
−9.17 −35.89 25.08

�
, P =




−1.85 26.73
0.17 0.5
0.38 −1.48
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M =

�
−11.57 −41.31 29.74
4.98 14.74 −9.75

�
Q =




−3.23 −11.31 8.08
0.1 0.34 −0.24
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�
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�
2 3 1 4
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�
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�
0.1
0.1

�
R = I2 × 0.01 γ = 1

N =

�
−2.85 38.45
−0.21 −37.43

�
, Fa =

�
−23.31 22.27
24.16 −24.85

�
, J =

�
1
0

�
,
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0 1.5
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R =

�
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�
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9 5 2 7 8 4 9
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0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1
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�
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�
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x1(t)

H∞
x1(t) 3981.52 14287.59 15463.76
x2(t) 82.7 948.15 1004.23
x3(t) 210.19 2082.05 2510.58

w(t) = 0

ẋ(t) x(t + 1)
w(t) = 0

Ex(t+ 1) = Ax(t) +Bu(t)

y(t) = C1x(t)

ζ(t+ 1) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v(t+ 1) = Sζ(t) + Lv(t) +M

�
−E

⊥
Bu(t)

y(t)

�

x̂(t) = P ζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

w(t) = 0

ϕ(t+ 1) = (A1 − YA2)ϕ(t)

e(t) = Pϕ(t)

A1 =

�
N1 − Z1N2 0

0 0

�
A2 =

�
N3 0
0 −Iq1

�
P =

�
P1 0

�
Y =

�
Y1 H

Y2 L

�
ϕ(t) =

�
ε(t)
v(t)

�
Y3 = 0

(A1 − YA2)

Y Z1

X1 X2 W1

C
T⊥





−X1 (∗) (∗) (∗)
−X1 −X2 0 0

X1N1 −W1N2 0 −X1 (∗)
X1N1 −W1N2 0 −X1 −X2



 C
T⊥T

< 0

X2 −X1 > 0.



w(t) = 0

W1 = X1Z1 Y

Y = X
−1(B+

r KC
+
l
+ Z − B

+
r BrZClC

+
l
)

K = −R
−1

B
T

l ϑC
T

r (CrϑC
T

r )
−1 + S

1/2
L(CrϑC

T
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ϑ = (BlR
−1

B
T
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B
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−1
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−X1 (∗) (∗) (∗)
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X1N1 −W1N2 0 −X1 (∗)
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 B =

�
0

−Iq0+q1

�
C =

��
N3 0
0 −Iq1

�
0

�
L, R Z

R > 0 �L�2 < 1. Cl Cr Bl Br

C = ClCr B = BlBr

V (ϕ(t)) = ϕ(t)TXϕ(t)

X =

�
X1 (∗)
X1 X2

�
> 0 X1 = X

T
1 > 0 V (ϕ(t))

∆V (ϕ(t)) = V (ϕ(t+ 1))− V (ϕ(t))

= ϕ(t+ 1)TXϕ(t+ 1)− ϕ(t)TXϕ(t)

= ϕ(t)T (A1 − YA2)
T
X(A1 − YA2)ϕ(t)− ϕ(t)TXϕ(t)

∆V (ϕ(t)) < 0 ϕ(t) �= 0

(A1 − YA2)
T
X(A1 − YA2)−X < 0.

�
−X (A1 − YA2)TX

X(A1 − YA2) −X

�
< 0

BXC + (BXC)T +D < 0
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�
−X AT

1 X
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�
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�
A2 0

�
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�
0
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�
X = XY

C
T⊥
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⊥
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�
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�
CT⊥ =

��
N
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3 0

�
0

0 Iq0+q1

�



H∞

C D W1
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X1N1 −W1N2 0 −X1 (∗)
X1N1 −W1N2 0 −X1 −X2



 C
T⊥T
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B D −X < 0
X X1 = X

T
1

X2 −X1 > 0.

Y
�

•

Ex(t+ 1) = Ax(t) +Bu(t)

y(t) = C1x(t)

ζ(t+ 1) = Nζ(t) + Fay(t) + Ju(t)

x̂(t) = P ζ(t) +Qay(t)

ε(t+ 1) = (Ā1 − ȲĀ2)ε(t)

e(t) = P̄ε(t)

Ā1 = N1−Z1N2 Ā2 = N3 P̄ = P1 Ȳ = Y1 D C B X

D =

�
−X (N1 − Z1N2)TX
(∗) −X

�
, C =

�
N3 0

�
,B =

�
0

−Iq0

�
X = XȲ.

Σ Ω Σ =

�
R

C1

�
Ω =

�
E

C1

�

•

Ex(t+ 1) = Ax(t) +Bu(t)

y(t) = C1x(t)

ζ(t+ 1) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v(t+ 1) = y(t)− C1x̂(t)

x̂(t) = P ζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�



w(t) = 0

ϕ(t+ 1) = (¯̄A1 −
¯̄Y ¯̄A2)ϕ(t)

e(t) = ¯̄Pϕ(t)

¯̄A1 =

�
N1 − Z1N2 0
−C1P1 0

�
¯̄A2 =

�
N3 0
0 −Iq1

�
¯̄P =

�
P1 0

� ¯̄Y =

�
I

0

� �
Y1 H

�
D C B

X

D =





−X1 (∗) (∗) (∗)
−X1 X2 0 0

X1(N1 − Z1N2)−X1C1P1 0 −X1 (∗)
X1(N1 − Z1N2)−X2C1P1 0 −X1 −X2



 , C =

��
N3 0
0 −Iq1

�
0

�
, B =

�
0

−Iq0+q1

�
,

X = X
¯̄Y

�
Y1 H

�
=

�
X

�
I

0

��+

X

E =





1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0



 , A =





0.7 −0.4 0 0
0 0.5 0 0
0 1 0.3 0

−0.1 0.2 0 0.5



 , B =





0
1
0
−1



 ,

C1 =

�
0 1 1 0
0 0 0 1

�
x(t) =





x1(t)
x2(t)
x3(t)
x4(t)



 .

E
⊥ =

�
0 0 1

�

rank




E

E
⊥
A

C1



 = 4 rank

�
sE −A

C1

�
= 4

R =

�
0.1 0 10 0.5
0 1 0 0.3

�
rank(Σ) = 4

X Z1

X =





968.64 1163.39 968.64 1163.39
1163.39 12875.59 1163.39 12875.59
968.64 1163.39 21675.79 1473.81
1163.39 12875.59 1473.81 34862.37





Z1 =

�
−23.25 −16.84 −16.69 −23.39 −22.05 −37.78 −24.12
0.38 0.03 0.02 0.39 0.31 1.35 0.43

�
.

Z =





8 2 9 7 3 9 2
9 3 7 5 9 7 3
9 2 8 5 8 6 1
9 3 8 5 1 5 1



 , L =





0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1



 R = I4 × 0.0001

Y =





0.18 1.68 0.18 −1.71 −0.67 −0.47 −0.69
0.02 0.18 0.02 −0.18 −0.07 −0.05 −0.07
0 0 0 0 0 −0.04 −0.06

−0.01 −0.06 −0.01 0.06 0.02 −0.01 −0.01







H∞

N =

�
−0.23 −0.31
−0.04 0.18

�
, S =

�
0 0

0.01 0.06

�
, H =

�
−0.47 −0.69
−0.05 −0.07

�
,

L =

�
−0.04 −0.06
−0.01 −0.01

�
, F =

�
16.47 3.03 3.46
−0.83 0.27 0.22

�
, J =

�
−28.99
1.46

�
,

M =

�
0 0 0

0.06 −0.04 −0.03

�
, P =





0.04 2.35
−0.05 0.5
0.1 −0.04
0.02 0.18



 Q =





−9.28 −0.47 4.64
−0.29 0.24 0.14
0.72 0.45 −0.36
0.17 −0.12 0.91



 .

R =

�
1 1 0 1
0 1 0 1

�
Z =

�
8 2 9 7
9 3 7 5

�
L =

�
0.1 0.1
0.1 0.1

�
R = I2 × 0.1

N =

�
0.51 −0.11
−0.07 0.28

�
, F =

�
0.03 0.65
0.06 0.35

�
, J =

�
−0.16
0.05

�
,

P =





1 −1
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0 −1
0 0



 Q =





−0.41 0
0.31 0
0.69 0
0 1



 .

R =

�
0.1 0 10 0.5
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�
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8 2 9 7 3 9 9
9 3 7 5 9 2 3
9 2 8 5 3 6 1
9 3 8 0 1 5 1



 L =





0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1



 R =

I4 × 0.0001

N =

�
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−0.03 −0.27

�
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�
−1.31 −1.86
−0.06 −0.09

�
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�
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�
−7.55 1.22 3.78
0.82 −0.12 −0.41

�
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0.1 −0.04
0.02 0.18



 Q =





−12.31 0.83 6.15
−1.1 0.42 0.55
1.07 0.58 −0.54
−0.01 0 1.01



 .

x(0) = [0.1, 0, 0, 0]T ζ(0)GDO = [0, 0]T v(0)GDO = [0, 0]T

x̂(0)GDO = [0, 0, 0, 0]T ζ(0)PIO = [0, 0]T v(0)PIO = [0, 0]T x̂(0)PIO = [0, 0, 0, 0]T

ζ(0)PO = [0, 0]T x̂(0)PO = [0, 0, 0, 0]T

℘(t) A
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ζ(t+ 1) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v(t+ 1) = Sζ(t) + Lv(t) +M

�
−E

⊥
Bu(t)

y(t)

�

x̂(t) = P ζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

ϕ(t+ 1) = (A1 − YA2)ϕ(t) + (B1 − YB2)w(t)

e(t) = Pϕ(t) +Qw(t)

A1 =

�
N1 − ZN2 0

0 0

�
A2 =

�
N3 0
0 −Iq1

�
B1 =

�
Fd1 − T1D1 + Z(T2D1 − Fd2)

0

�
B2 =

�
Fd3

0

�

P =
�
P1 − Y3N3 0

�
Q = Qd1 − Y3Fd3 Y =

�
Y1 H

Y2 L

�
ϕ(t) =

�
ε(t)
v(t)

�

H∞
Y3 Z Y �e�2

w(t) sup
w∈L2−{0}

�e�2

�w�2

�Gwe�∞ < γ Gwe

γ



H∞ w(t) �= 0

H∞

�Twe�∞ < γ X =

�
X1 X1

X1 X2

�
> 0 X1 = X

T
1 > 0

C
T⊥





−X1 (∗) 0 (∗) (∗) (∗)
−X1 −X2 0 0 0 0
0 0 −γ

2
Inw (∗) (∗) (∗)

X1N1 −W1N2 0 Π1 −X1 (∗) 0
X1N1 −W1N2 0 Π1 −X1 −X2 0
P1 − Y3N3 0 Qd1 − Y3Fd3 0 0 −In




C
T⊥T

< 0

Π1 = X1(Fd1 − T1D1)−W1(Fd2 − T2D1)





−X1 (∗) 0 (∗)
−X1 −X2 0 0
0 0 −γ

2
Inw (∗)

P1 − Y3N3 0 Qd1 − Y3Fd3 −In



 < 0

W1 = X1Z Y

Y = X
−1(B+

r KC
+
l
+ Z − B

+
r BrZClC

+
l
)

K = −R
−1

B
T

l ϑC
T

r (CrϑC
T

r )
−1 + S

1/2
L(CrϑC

T

r )
−1/2

ϑ = (BlR
−1

B
T

l −D)−1
> 0

S = R
−1

−R
−1

B
T

l [ϑ− ϑC
T

r (CrϑC
T

r )
−1

Crϑ]BlR
−1

D =





−X1 (∗) 0 (∗) (∗) (∗)
−X1 −X2 0 0 0 0
0 0 −γ

2
Inw (∗) (∗) (∗)

X1N1 −W1N2 0 Π1 −X1 (∗) 0
X1N1 −W1N2 0 Π1 −X1 −X2 0
P1 − Y3N3 0 Qd1 − Y3Fd3 0 0 −In
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0
0

−Iq0+q1
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C =

��
N3 0
0 −Iq1

� �
Fd3

0

�
0 0

�
Π1 L, R Z

R > 0 �L�2 < 1. Cl Cr Bl Br

C = ClCr B = BlBr

�Twe�∞ < γ

X = X
T
> 0

�
A1 − YA2 B1 − YB2

P Q

�T �
X 0
0 Inw

� �
A1 − YA2 B1 − YB2

P Q

�
<

�
X 0
0 γ

2
Inw

�





−X 0 (∗) (∗)
0 −γ

2
Inw (∗) (∗)

A1 − YA2 B1 − YB2 −X
−1 0

P Q 0 −In



 < 0.
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Iq0+q1 0 0 0
0 Inw 0 0
0 0 X 0
0 0 0 In









−X 0 (∗) (∗)
0 −γ

2
Inw (∗) (∗)

X(A1 − YA2) X(B1 − YB2) −X 0
P Q 0 −In



 < 0.

BXC + (BXC)T +D < 0

D =





−X 0 (∗) (∗)
0 −γ

2
Inw (∗) (∗)

XA1 XB1 −X 0
P Q 0 −In



 C =
�
A2 B2 0 0

�
B =





0
0

−Iq0+q1
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 X = XY

C
T⊥

DC
T⊥T

< 0

B
⊥
DB

⊥T
< 0

B⊥ =




Iq0+q1 0 0 0

0 Inw 0 0
0 0 0 In



 CT⊥ =





�
AT

2

BT
2

�⊥
0 0

0 Iq0+q1 0
0 0 In





C D W1
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T⊥





−X1 (∗) 0 (∗) (∗) (∗)
−X1 −X2 0 0 0 0
0 0 −γ

2
Inw (∗) (∗) (∗)

X1N1 −W1N2 0 Π1 −X1 (∗) 0
X1N1 −W1N2 0 Π1 −X1 −X2 0
P1 − Y3N3 0 Qd1 − Y3Fd3 0 0 −In




C
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Π1 B D





−X1 (∗) 0 (∗)
−X1 −X2 0 0
0 0 −γ

2
Inw (∗)

P1 − Y3N3 0 Qd1 − Y3Fd3 −In



 < 0.

Y
�

•

Ex(t+ 1) = Ax(t) +Bu(t) +Dw(t)

y(t) = C1x(t) +D1w(t)



H∞ w(t) �= 0

ζ(t+ 1) = Nζ(t) + Fay(t) + Ju(t)

x̂(t) = P ζ(t) +Qay(t)

ε(t+ 1) = (Ā1 − ȲĀ2)ε(t) + (B̄1 − ȲB̄2)ϕ(t)

e(t) = P̄ε(t) +Qw(t)

Ā1 = N1 −ZN2 Ā2 = N3 B̄1 = Fd1 − T1D1 +Z(T2D1 −Fd2) B̄2 = Fd3 P̄ = P1 − Y3N3 Q̄ = Qd1 − Y3Fd3

Ȳ = Y1

D C B X

D =





−X 0 (∗) (∗)
0 −γ

2
Inw (∗) (∗)

X(N1 − ZN2) X[Fd1 − T1D1 + Z(T2D1 − Fd2)] −X 0
P1 − Y3N3 Qd1 − Y3Fd3 0 −In



 ,

B =





0
0

−Iq0

0



 , C =
�
N3 Fd3 0 0

�
X = XȲ Σ Ω Σ =

�
R

C1

�
Ω =

�
E

C1

�

•

Ex(t+ 1) = Ax(t) +Bu(t) +Dw(t)

y(t) = C1x(t) +D1w(t)

ζ(t+ 1) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v(t+ 1) = y(t)− C1x̂(t)

x̂(t) = P ζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

ϕ(t+ 1) = (¯̄A1 −
¯̄Y ¯̄A2)ϕ(t) + (B̄1 − ȲB̄2)ϕ(t)

e(t) = ¯̄Pϕ(t) + ¯̄Qw(t)

Y3 = 0 ¯̄A1 =

�
N1 − ZN2 0
−C1P1 0

�
¯̄A2 =

�
N3 0
0 −Iq1

�

¯̄B1 =

�
Fd1 − T1D1 − Z(Fd2 − T2D1)

D1 − C1Qd1

�
¯̄B2 =

�
Fd3

0

�
¯̄P =

�
P1 0

� ¯̄Q = Qd1
¯̄Y =

�
I

0

� �
Y1 H

�

D C B X

D =





−X1 (∗) 0 (∗) (∗) (∗)
−X1 −X2 0 0 0 0
0 0 −γ

2
Inw (∗) (∗) (∗)

X1(N1 − C1P1 − ZN2) 0 Π1 −X1 (∗) 0
X1(N1 − ZN2)−X2C1P1 0 Π2 −X1 −X2 0

P1 − Y3N3 0 Qd1 − Y3Fd3 0 0 −In




,



H∞

Π1 = X1[Fd1 − T1D1 − Z(Fd2 − T2D1) +D2 − C1Qd1 ]

Π2 = X1[Fd1 − T1D1 − Z(Fd2 − T2D1)] +X2(D2 − C1Qd1)

C =

��
N3 0
0 −Iq1

� �
Fd3

0

�
0 0

�
B =





0
0

−Iq0+q1

0



 X = X
¯̄Y

�
Y1 H

�
=

�
X

�
I

0

��+

X

E =




1 0 0
0 1 0
0 0 0



 , A =




0.7 1 0
0 0.5 0
0 1 0.3



 , B =




1
−1
1



 , D =




0
0
1





C1 =




0 0 1
0 1 1
0 1 0



 , D1 =




0.1
0
0



 x(t) =




x1(t)
x2(t)
x3(t)



 .

E
⊥ =

�
0 0 1

�

rank




E

E
⊥
A

C1



 = 3 rank

�
sE −A

C1

�
= 3

H∞

H∞ R =




1 0 1
0 1 0
1 0 1



 rank(Σ) = 3 γ = 1.73

X Z Y3

X =





2.84 0 0 2.84 0 0
0 2.43 0 0 2.43 0
0 0 2.43 0 0 2.43

2.84 0 0 7.35 0 0
0 2.43 0 0 6.95 0
0 0 2.43 0 0 6.95




,

Z =




−1.58 −1.58 −1.58 −1.58 −1.58 −1.58 −1.58
−1.86 −1.86 −1.86 −1.86 −1.86 −1.86 −1.86
−1.86 −1.86 −1.86 −1.86 −1.86 −1.86 −1.86





Y3 =




0.1 0 0 0 0 0 0
0.1 0.29 −0.12 0.22 0.22 −0.17 −0.34
0.1 −0.12 0.37 0.06 −0.28 −0.11 0.17



 .



H∞ w(t) �= 0

Z =





2 3 1 4 9 7 9 6 3 9
3 2 6 3 3 5 4 6 3 9
6 1 4 2 6 2 6 6 1 0
9 5 2 7 4 3 2 8 1 6
2 6 3 8 1 8 4 7 3 9
8 2 7 1 9 3 6 2 8 2




L =





0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1




R = I6 × 0.1

Y =





−0.85 2.57 1.69 1.12 3.99 1.96 3.76 1.14 −0.03 −0.03
1.46 0.75 2.01 −0.41 2.62 1.74 1.03 −0.06 −0.16 −0.16
2.03 1.35 0.94 −0.19 2.02 0.81 2.34 −0.06 −0.16 −0.16
1.55 −0.26 −0.35 −0.09 −1.11 −0.08 −0.89 −0.21 −0.07 −0.07
−0.22 0.75 −0.33 0.87 −0.75 0.71 0.32 −0.02 −0.05 −0.05
0.44 −0.13 0.56 0.19 0.68 0.18 −0.01 −0.02 −0.05 −0.05




.

N =




0.7 −0.08 −0.01
0 −0.04 −0.11
0 −0.05 −0.10



 , S =




0 0.07 −0.07
0 0.03 −0.04
0 0.02 −0.03



 , H =




1.14 −0.03 −0.03
−0.06 −0.16 −0.16
−0.06 −0.16 −0.16



 ,

J =




2.25
1.15
1.66



 , L =




−0.21 −0.07 −0.07
−0.02 −0.05 −0.05
−0.02 −0.05 −0.05



 , F =




1.82 −1.91 1.84 −1.09
1.7 −0.88 0.93 −0.37
1.73 −1.35 1.39 −1.11



 ,

P =




1 0 0
0 0 0
0 0 0



 , M =




−0.21 0.62 −0.55 0.73
−0.19 0.36 −0.30 0.48
−0.14 −0.19 0.23 −0.09





Q =




−0.06 0.63 −0.61 0.34
0.03 −0.34 0.33 0.63
−0.06 0.66 0.36 −0.29



 .

H∞

R =




1 0 0
0 1 0
0 0 1



 Z =




2 3 1 4 9 7
3 2 6 3 3 5
6 1 4 2 6 2



 L =




0.01 0.01 0.01
0.01 0.01 0.01
0.01 0.01 0.01



 R = I3 × 0.1 γ = 1.73

N =




0.7 0.18 −0.01
0 0.15 −0.02
0 0.1 −0.01



 , Fa =




6.83 −6.56 8.37
3.98 −3.75 4.65
4.02 −3.79 4.41



 , J =




1.88
0.36
0.96



 ,

P =




1 −0.21 −0.23
0 −0.01 −0.2
0 −0.19 −0.03



 Qa =




−2.73 2.73 −2.69
−2.68 2.68 −1.72
−2.04 3.04 −2.97



 .



H∞

H∞

R =




1 0 1
0 1 0
1 0 1



 Z =





2 3 1 4 9 7 9 6 3 9
3 2 6 3 3 5 4 6 3 9
6 1 4 2 6 2 6 6 1 0
9 5 2 7 4 3 2 8 1 6
2 6 3 8 1 8 4 7 3 9
8 2 7 1 9 3 6 2 8 2




, L =





0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1




R = I6 × 10

γ = 1.73

N =




0.34 0.62 0.36
−0.01 0.29 0.01
0.34 0.63 0.36



 , H =




0 −0.04 0

−0.02 −0.04 −0.01
0 −0.04 0



 , P =




0.5 −0.3 0.5
0 −0.02 0
0 −0.07 0



 ,

J =




1.89
0.42
1.89



 , F =




0.7 −0.7 0.76 0.11
0.38 0.05 0.12 0.54
0.76 −1.26 1.29 −0.49



 Q =




0.31 −1.82 1.73 −2.02
0.25 −2.44 2.37 −1.61
0.28 −1.53 2.44 −2.69



 .
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H∞
x1(t) 51.53 111.27 204.79
x2(t) 1.84 14.07 12.2
x3(t) 3.51 15 12.18

H∞



H∞



H∞

H∞

w(t)=0

H∞
w(t) �= 0

H∞

w(t) = 0

H∞ w(t) �= 0

H∞

H∞
H∞

H∞



H∞

H∞

H∞

Eẋ(t) = (A+∆A(t))x(t) +Dw(t)

y(t) = (C1 +∆C(t))x(t) +D1w(t)

x(t) ∈ Rn
w(t) ∈ Rnw y(t) ∈ Rny

E ∈ Rn1×n
A ∈ Rn1×n

C1 ∈ Rny×n1 D ∈ Rn1×nw D1 ∈ Rny×nw

∆A(t) ∆C(t)

∆A(t) = M1Γ(t)G

∆C(t) = M2Γ(t)G

M1 M2 G Γ(t)

Γ(t)TΓ(t) ≤ I, ∀t ∈ [0,∞)

rank




E

E
⊥
A

C1



 = n.

rank

�
sE −A

C1

�
= n, ∀s ∈ C+

, s

∆A(t)

ζ̇(t) = Nζ(t) +Hv(t) + Fy(t)

v̇(t) = Sζ(t) + Lv(t) +My(t)

x̂(t) = P ζ(t) +Qy(t)

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂(t) ∈ Rn

x(t) N, F, H, L, M, S, P Q

x̂(t) x(t)



H∞

T

NTE + FC1 − TA = 0
MC1 + STE = 0
�
P Q

� �TE
C1

�
= In

�
N H

S L

�
w(t) = 0 Γ(t) = 0

T ∈ Rq0×n1 ε(t) = ζ(t)− TEx(t)

ε̇(t) = Nε(t) +Hv(t) + (NTE + FC1 − TA)x(t) + (F∆C(t)− T∆A(t))x(t) + (FD1 − TD)w(t)

ε(t)

v̇(t) = Sε(t) + Lv(t) + (STE +MC1)x(t) +M∆C(t)x(t) +MD1w(t)

x̂(t) = Pε(t) +
�
P Q

� �TE
C1

�
x(t) +Q∆C(t)x(t) +QD1w(t)

(a)− (c)

�
ε̇(t)
v̇(t)

�
=

�
N H

S L

� �
ε(t)
v(t)

�
+

�
F∆C(t)− T∆A(t)

M∆C(t)

�
x(t) +

�
FD1 − TD

MD1

�
w(t)

x̂(t)− x(t) = e(t) = Pε(t) +Q∆C(t)x(t) +QD1w(t)

w(t) = 0 Γ(t) = 0

�
N H

S L

�
lim
t→∞

e(t) = 0 �
(a)− (c)

F Z1 = 0

T = T1

N = N1 − Y1N3

F = F1 − Y1F3

S = −Y2N3
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Q = Q1

F1 = T1AΣ+

�
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I�1+ny

�
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�
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�
R
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�
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�
E
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�

ϕ̇(t) = Aϕ(t) + FΓ(t)Gx(t) + Bw(t)
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A = A1 − YA2

F = F1 − YF2

B = B1 − YB2

A1 =

�
N1 0
0 0

�
, A2 =

�
N3 0
0 −Iq1

�
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0

�
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�
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0

�
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�
Y =
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ϕ(t) =

�
ε(t)
v(t)

�

E β̇(t) = A β(t) + Bw(t)
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�
E 0
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�
A =

�
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�
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D
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�
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�
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ϕ(t)

�
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∆A(t)

w(t)=0

w(t) = 0 ∆A(t) ∆C(t)

Eẋ(t) = (A+M1Γ(t)G)x(t)

y(t) = (C1 +M2Γ(t)G)x(t)

ζ̇(t) = Nζ(t) +Hv(t) + Fy(t)

v̇(t) = Sζ(t) + Lv(t) +My(t)

x̂(t) = P ζ(t) +Qy(t)

ϕ̇(t) = Aϕ(t) + FΓ(t)Gx(t)
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�
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�
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�
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�

X2 =

�
X21 X22

X
T
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�
X21 = X

T
21 X1
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T

1 E ≥ 0,
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A
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X1 +X1A+ 2�GTG (∗) 0 0

MT
1 X1 −�I 0 0

0 0

�
N
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1 X21 +X21N1 (∗)

X
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�
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�
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C
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A

T
X1 +X1A+ 2�GTG (∗) 0

MT
1 X1 −�I 0
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� > 0 Y

Y = X
−1
2 (B+

r KC
+
l
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+
r BrZClC

+
l
)
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−1

B
T
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T
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T
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−1 + S
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T
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−1

B
T
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S = R
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T
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T

r (CrϑC
T

r )
−1
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−1
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�
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� �
F3M2

0

��
L, R Z

R > 0 �L�2 < 1. Cl Cr Bl Br C = ClCr B = BlBr

V (x(t),ϕ(t)) = V1(x(t)) + V2(ϕ(t))

V1(x(t)) = x(t)TET
X1x(t) E

T
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T
1 E ≥ 0 V2(ϕ(t)) = ϕ(t)TX2ϕ(t) X2 = X

T
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�
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�
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T

1 A
�
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E β̇(t) = A β(t) + F1Γ(t)F2β(t) + Bw(t)
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T

1 E ≥ 0
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�
B =

�
D −BκQ1D1

F̄d

�
F1 =

�
M1 −BκQ1M2

F̄m

�
F2 =

�
G 0

�
C =

�
C2 0

�

D = D2 β(t) =

�
x(t)
ε(t)

�
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Π2 = X2(F1M2 − T1M1)−XY F3M3

Π3 = X2(F1D1 − T1D)−XY F3D1

Σ Ω Σ =

�
R

C1

�
Ω =

�
E

C1

�

•

Eẋ(t) = (A+∆A(t))x(t) +Bu(t) +Dw(t)

y(t) = (C1 +∆C(t))x(t) +D1w(t)

z(t) = C2x(t) +D2w(t)

ζ̇(t) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v̇(t) = y(t)− Cx̂(t)

x̂(t) = P ζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

u(t) = −κx̂(t)

E β̇(t) = A β(t) + F1Γ(t)F2β(t) + Bw(t)

z(t) = Cβ(t) + Dw(t)



H∞

E =

�
E 0
0 Iq0+q1

�
A =

�
A−Bκ

�
−BκP1 0

�

0 ¯̄A

�
B =



D −Bκ

�
E

⊥
D

D1

�

¯̄Fd



 F1 =



M1 −BκQ1

�
E

⊥M1

M2

�

¯̄Fm





F2 =
�
G 0 0

�
C =

�
C2 0 0

�
D = D2 β(t) =




x(t)
ε(t)
v(t)



 ¯̄A = ¯̄A1 − ¯̄Y ¯̄A2
¯̄Fm = ¯̄Fm1 − ¯̄Y¯̄Fm2

¯̄Fd = ¯̄Fd1 − ¯̄Y¯̄Fd2
¯̄A1 =

�
N1 0

−C1P1 0

�
¯̄A2 =

�
N3 0
0 −Iq1

�
¯̄Fm1 =




F1

�
E

⊥M1

M2

�
− T1M1

M2 − C1Q1

�
E

⊥M1

M2

�



 F̄m2 =



F3

�
E

⊥M1

M2

�

0





¯̄Fd1 =




F1

�
E

⊥
D

D1

�
− T1D

D1 − C1Q1

�
E

⊥
D

D1

�




¯̄Fd2 =



F3

�
E

⊥
D

D1

�

0



 ¯̄Y =

�
I

0

� �
Y1 H

�

D B C

D =





X1A
T +AX

T
1 0 (∗) (∗) (∗) (∗)

0 Π1 (∗) 0 (∗) 0
MT

1 ΠT
2 −�I 0 0 0

�GXT
1 0 0 −�I 0 0

D
T ΠT

3 0 0 −γ
2
I (∗)

C2X
T
1 0 0 0 D2 −I




, B =





X1�
P

T
1

0

�

�
Q1

�
E

⊥M1

M2

��T

0�
Q1

�
E

⊥
D

D1

��T

0





C =
�
−B 0 0 0 0 0

�

Π1 =

�
X21N1 +N

T
1 X21 −X21C1P1 − P

T
1 C

T
1 X21 (∗)

X21N1 −X22C1P1 0

�
−XY

�
N3 0
0 −Iq1

�
−

�
N3 0
0 −Iq1

�T

X
T

Y

Π2 =




X21

�
F1

�
E

⊥M1

M2

�
− T1M1

�
+X21

�
M2 − C1Q1

�
E

⊥M1

M2

��

X21

�
F1

�
E

⊥M1

M2

�
− T1M1

�
+X22

�
M2 − C1Q1

�
E

⊥M1

M2

��



−XY



F3

�
E

⊥M1

M2

�

0





Π3 =




X21

�
F1

�
E

⊥
D

D1

�
− T1D

�
+X21

�
D1 − C1Q1

�
E

⊥
D

D1

��

X21

�
F1

�
E

⊥
D

D1

�
− T1D

�
+X22

�
D1 − C1Q1

�
E

⊥
D

D1

��



−XY



F3

�
E

⊥
D

D1

�

0



 .

E =





1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0



 , A =





0 0 1 0
−1 0 1 0
−1 0 0 1
0 1 1 1



 , B =





1
0
0
0



 , D =





0
1
1
0



 , M1 =





0.1
0.7
0.2
0.1



 ,

C1 =

�
0 1 0 0
0 0 0 1

�
, M2 =

�
0.1
0.3

�
, G =

�
0.1 0 0.2 0.1

�
, C2 =

�
0 0 0 1

�
, D2 = 0.2 x(t) =





x1(t)
x2(t)
x3(t)
x4(t)



 .

Γ(t) = 0

eig(E, A) = [0.39, −0.7 + 1.43i, −0.7− 1.43i]



H∞

E
⊥ =

�
0 0 0 I

�
Γ(t) = 0

rank




E

E
⊥
A

C1



 = 4, rank

�
sE −A

C1

�
= 4 rank

�
sE −A B

�
= 4.

R =

�
7 3 6 2
6 1 8 4

�
rank(Σ) = 4

γ = 2.5 � = 10 X1 X2

Y

X1 =





5124.12 7.48 4.34 0
7.48 2.51 −0.36 −0.64
4.34 −0.36 2.49 −1.75
0 0 0 −0.87



 , X2 =





6.74 −6.91 6.74 −6.91
−6.91 7.31 −6.91 7.31
6.74 −6.91 96.73 −6.47
−6.91 7.31 −6.47 97.6





Y =





−52592.29 −15685.89 4256.43 −4389.14 3774.25 −2.41 3.1
−50477.55 −15049.83 4084.18 −4210.05 3625.18 −2.75 3.2

61.44 18.65 −4.95 5.16 −4.24 −0.53 0
62.7 18.34 −5.06 5.18 −4.67 0.06 −0.53





Z =





2
3
1
8



 , L =





0.1
0.1
0.1
0.1



 R = I4 × 0.1

κ =
�
35.79 −70.72 −42.67 22.07

�
,

N =

�
−3.9 3.98
−2.58 2.49

�
, S =

�
0.01 −0.02
−0.02 0.02

�
, H =

�
−2.41 3.1
−2.75 3.2

�
, J =

�
7
6

�
,

F =

�
2.33 3.34 0.95
2.18 1.39 2.25

�
, L =

�
−0.53 0
0.06 −0.53

�
, M =

�
0.03 −0.05 −0.03
−0.03 0.07 0.03

�

P =





0.27 −0.15
0.13 −0.15
−0.22 0.26
0.02 −0.02



 Q =





−0.22 −0.01 0.22
0.24 0.55 −0.24
0.57 −0.2 −0.57
0.03 −0.06 0.97



 .

R =

�
4 0 2 0
2 3 0 2

�
Z =





2
3
1
8



 , L =





0.1
0.1
0.1
0.1



 R = I4 × 1 γ = 2.5 � = 10

κ =
�
0.88 −1.1 −0.69 0.67

�
,

N =

�
2 −5

1.75 −4.25

�
, Fa =

�
7.5 2
6.37 0

�
, J =

�
4
2

�
,

P =





0 0.5
0 0
0.5 −1
0 0



 Qa =





−0.75 0
1 0
1.5 0
0 1



 .



H∞

R =

�
5 3 2 1
2 4 3 2

�
Z =





2
3
1
8



 , L =





0.4
0.4
0.4
0.4



 R = I4 × 0.1 γ = 2.5 � = 10

κ =
�
54.67 −177.56 −123.46 2.4

�
,

N =

�
−31.8 78.71
−11 26.51

�
, H =

�
−458.15 −132.09
−161.28 −57.73

�
, F =

�
−50.14 −1.31 50.86
−15.65 −1.43 16.65

�
, J =

�
5
2

�
,

P =





0.26 −0.15
−0.03 0.09
−0.13 0.33
0.03 −0.09



 Q =





−0.03 −0.04 0.03
−0.06 1 0.06
0.77 −0.98 −0.77
0.06 0 0.94



 .

x(0) = [0, 0.1, 0, 0.1]T ζ(0)GDO = [0, 0]T v(0)GDO = [0, 0]T

x̂(0)GDO = [0, 0, 0, ]T ζ(0)PIO = [0, 0]T v(0)PIO = [0, 0]T x̂(0)PIO = [0, 0, 0, ]T

ζ(0)PO = [0, 0]T x̂(0)PO = [0, 0, 0, ]T

℘(t) A + ∆A(t)

(A+∆A+ ℘(t)) ℘(t) = δ(t)×





0.3 0 0.2 0
0.1 0.2 0.3 0
0 0 0.1 0
0.2 0.4 0 0





δ(t)
Γ(t) w(t) u(t)
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Γ(t)

H∞ Γ(t)
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w(t)

H∞ w(t)



H∞
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u

GDO

u
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u
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H∞ u(t)
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z
GDO

z
PIO

z
PO

H∞ z(t)

w(t) = 0



H∞







Eẋ(t) = Ax(t) +Bu(t) +Gf(t)

y(t) = C1x(t)

x(t) ∈ Rn
u(t) f(t) ∈ Rnf y(t) ∈ Rny

E ∈ Rn×n
A ∈ Rn×n

B ∈ Rn×m
G ∈ Rn×nf C1 ∈ Rny×n rank(E) = � < n E

⊥ ∈ R�×n

E
⊥ �

E G
�
= 0 �1 = n− �

rank




E

E
⊥
A

C1



 = n.

rank

�
sE −A

C1

�
= n, ∀s ∈ C+

, s

O1 :=






ζ̇(t) = Nζ(t) +Hv(t) + F

�
E

⊥
Bu(t)
y(t)

�
+ Ju(t)

v̇(t) = Sζ(t) + Lv(t) +M

�
E

⊥
Bu(t)
y(t)

�

x̂(t) = P ζ(t) +Q

�
E

⊥
Bu(t)
y(t)

�

r(t) = W (C1x̂− y(t))

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂(t) ∈ Rn
x(t)

r(t) ∈ Rnf N, F, H, L, M, S, P, Q W

T

NTE + F

�
E

⊥
A

C1

�
− TA = 0

J = TB

M

�
E

⊥
A

C1

�
+ STE = 0

�
P Q

�



TE

E
⊥
A

C1



 = In

�
N H

S L

�
f(t) = 0

T ∈ Rq×n
ε(t) = ζ(t)− TEx(t)

ε̇(t) = Nε(t) +Hv(t) + TGf(t) +

�
NTE + F

�
E

⊥
A

C1

�
− TA

�
x(t) + (J − TB)u(t)



ε(t)

v̇(t) = Sε(t) + Lv(t) +

�
M

�
E

⊥
A

C1

�
+ STE

�
x(t)

x̂(t) = P ε+
�
P Q

�



TE

E
⊥
A

C1



x(t)

(a)− (d)

�
ε̇(t)
v̇(t)

�
=

�
N H

S L

� �
ε(t)
v(t)

�
+

�
−TG

0

�
f(t)

x̂(t)− x(t) = e(t) = P ε

r(t) = WC1P ε

f(t) = 0

�
N H

S L

�
lim
t→∞

e(t) = 0 �
(a)− (d)

T̄2 = T2G Z1 = Z(In+ny − T̄2T̄
+
2 ) Z

TG

TG = T1G

T K, N F

T = T1 − ZT2

K = K1 − ZK2

N = N1 − ZN2 − Y1N3

F = F1 − ZF2 − Y1F3

T2 = (In+ny − T̄2T̄
+
2 )T2 K2 = (In+ny − T̄2T̄

+
2 )K2 N2 = (In+ny − T̄2T̄

+
2 )N2 F2 = (In+ny − T̄2T̄

+
2 )F2 T1

T2 K1 K2 N1 N2, N3, F1 F2 F3

Y3 = 0

S = −Y2N3

M = −Y2F3

P = P1

Q = Q1

Q1 P1

ϕ̇(t) = (A1 − YA2)ϕ(t) + F1f(t)

r(t) = WC1ϕ(t)

A1 =

�
N1 − ZN2 0

0 0

�
A2 =

�
N3 0
0 −Iq1

�
F1 =

�
−T1G

0

�
C1 =

�
C1P1 0

�
Y =

�
Y1 H

Y2 L

�

lim
t→∞

r(t) = 0 f(t) = 0

r(t) �= 0 f(t) �= 0



f(t) r(t)

Grf (s) =

�
A1 − YA2 F1

WC1 0

�

Grf (s)

Grf (s) = diag(g1(s), . . . , gnf (s))

Grf (s) (C1F1) ny ≥ nf

nf

(C1F1) nf ny

ny ≥ nf

Λ = diag(λ1, . . . ,λnf ) ∈ Rnf×nf , λi < 0,

Ψ = diag(ψ1, . . . ,ψnf ) ∈ Rnf×nf , |ψi| > 0,

∀i ∈ [1, . . . , nf ] Y W

(A1 − YA2)F1 = F1Λ

WC1F1 = Ψ

(A2F1) Y W

Y = (A1F1 − F1Λ)(A2F1)
+ − �Z(I − (A2F1)(A2F1)

+)

W = Ψ(C1F1)
+

�Z Y W

Grf (s) =

�
Λ I

Ψ 0

�

= diag

�
ψ1

s− λ1
, · · · ,

ψnf

s− λnf

�
.

F1 F⊥
1 ∈ R(q0+q1)×(q0+q1−nf )

�F =
�
F1 F⊥

1

�
∈ R(q0+q1)×(q0+q1) �F−1 =

�
�F1

�F2

�T �F1 ∈ R(q0+q1)×nf

Grf (s) =




�F−1(A1 − YA2)�F �F−1F1

WC1
�F 0



 =








�FT
1

�FT
2



 (A1 − YA2)
�
F1 F⊥

1

�



�FT
1

�FT
2



F1

WC1

�
F1 F⊥

1

�
0





=





�FT
1 (A1 − YA2)F1

�FT
1 (A1 − YA2)F⊥

1 I

�FT
2 (A1 − YA2)F1

�FT
2 (A1 − YA2)F⊥

1 0

WC1F1 WC1F⊥
1 0







�
�F1

�F2

�T �
F1 F⊥

1

�
= I

Grf (s) =





�FT
1 (A1 − YA2)F1

�FT
1 (A1 − YA2)F⊥

1 I

0 �FT
2 (A1 − YA2)F⊥

1 0

WC1F1 WC1F⊥
1 0





Grf (s) =

�
Λ I

Ψ 0

�
= diag

�
ψ1

s− λ1
, · · · ,

ψnf

s− λnf

�

(A1 − YA2)F1 = F1Λ

WC1F1 = Ψ

Y

Y = (A1F1 − F1Λ)(A2F1)
+ − �Z(I − (A2F1)(A2F1)

+)

�Z

W

W = Ψ(C1F1)
+

�

ϕ̇(t) = [A1 − (A1F1 − F1Λ)(A2F1)
+A2� �� �

Ā1

+ �Z (I − (A2F1)(A2F1)
+)A2]� �� �

Ā2

ϕ(t) + F1f(t)

r(t) = Ψ(C1F1)
+C1� �� �

C̄1

ϕ(t)

Ā1 =

�
N1 + (T1GΛ−N1T1G)(N3T1G)+N3 − Z(N2 −N2T1G(N3T1G)+N3) 0

0 0

�

Ā2 =

�
N3 −N3T1G(N3T1G)+N3 0

0 −I

�

C̄1 = −Ψ
�
(C1P1T1G)+C1P1 0

�

X =

�
X1 X1

X1 X2

�
> 0 X1 = X

T
1 > 0

CT⊥
�
Π1 (N1 + (T1GΛ−N1T1G)(N3T1G)+N3)

T
X1 − (N2 −N2T1G(N3T1G)+N3)

T
W

T
1

(∗) 0

�
CT⊥T

< 0

Π1 = (N1 + (T1GΛ−N1T1G)(N3T1G)+N3)
T
X1 +X1(N1 + (T1GΛ−N1T1G)(N3T1G)+N3)−

(N2 −N2T1G(N3T1G)+N3)
T
W

T

1 −W1(N2 −N2T1G(N3T1G)+N3)

W1 = X1Z
�Z

Z̃ = X
−1(KC+

l
+ Z(I − ClC+

l
))



K = −R−1
ϑCT

r (CrϑCT

r )
−1 + S1/2L(CrϑCT

r )
−1/2

ϑ = (R−1 −D)−1
> 0

S = R−1 −R−1[ϑ− ϑCT

r (CrϑCT

r )
−1Crϑ]R−1

D =

�
Π1 (N1 + (T1GΛ−N1T1G)(N3T1G)+N3)

T
X1 − (N2 −N2T1G(N3T1G)+N3)

T
W

T
1

(∗) 0

�
B = Iq0+q1

C =

�
N3 −N3T1G(N3T1G)+N3 0

0 −I

�
Π1 L, R Z

R > 0 �L�2 < 1. Cl Cr C = ClCr

X = X
T
> 0

(Ā1 + �ZĀ2)
T
X +X(Ā1 + �ZĀ2) < 0

BXC + (BXC)T +D < 0

X = X �Z D = ĀT
1 X +XĀ1 C = Ā2 B = Iq0+q1 .

B⊥ = 0

CT⊥DCT⊥T
< 0

CT⊥ = ĀT⊥
2 C D

CT⊥
�
Π1 (N1 + (T1GΛ−N1T1G)(N3T1G)+N3)

T
X1 − (N2 −N2T1G(N3T1G)+N3)

T
W

T
1

(∗) 0

�
CT⊥T

< 0

Π1
�Z
�

O2 :=






ζ̇(t) = N(ζ(t) + TGf̂(t)) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t) + TGf̂(t)

v̇(t) = S(ζ(t) + TGf̂(t)) + Lv(t) +M

�
−E

⊥
Bu(t)

y(t)

�

x̂(t) = P (ζ(t) + TGf̂(t)) +Q

�
−E

⊥
Bu(t)

y(t)

�

˙̂
f(t) = Φ(C1x̂(t)− y(t))

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂ ∈ Rn
x(t)

f̂(t) f(t) N, F, J, H, L, M, S, P, Q, T Φ



T

NTE + F

�
E

⊥
A

C1

�
− TA = 0

J = TB

M

�
E

⊥
A

C1

�
+ STE = 0

�
P Q

�



TE

E
⊥
A

C1



 = In

�
N H

S L

�
f(t) = 0

T ∈ Rq×n

ε(t) = ζ(t)− TEx(t) + TGf(t)

ε̇(t) = Nε(t) +Hv(t) + (NTG+ TG) �f(t) +
�
NTE + F

�
E

⊥
A

C1

�
− TA

�
x(t) + (J − TB)u(t)

ḟ(t) = 0 �f(t) = f̂(t)− f(t).

v̇(t) = Sε(t) + Lv(t) + STG �f(t) +
�
M

�
E

⊥
A

C1

�
+ STE

�
x(t)

x̂(t) = P ε(t) + PTG �f(t) +
�
P Q

�



TE

E
⊥
A

C1



x(t)

ḟ(t) = 0 �f(t)

�̇f(t) = ΦC1P ε(t) + ΦC1PTG �f(t)

(a)− (d)

�
ε̇(t)
v̇(t)

�
=

�
N H

S L

� �
ε(t)
v(t)

�
+

�
NTG+ TG

STG

�
�f(t)

x̂(t)− x(t) = e(t) = P ε(t) + PTG �f(t)

f(t) = 0

�
N H

S L

�
lim
t→∞

e(t) = 0 �

ϕ̇(t) = (A1 − YA2)ϕ(t) + (F1 − YF2) �f(t)

A1 =

�
N1 − ZN2 0

0 0

�
A2 =

�
N3 0
0 −Iq1

�
F1 =

�
N1T1G+ T1G− ZN2T1G

0

�
F2 =

�
N3T1G

0

�
Y =

�
Y1 H

Y2 L

�

ϕ(t) =

�
ε(t)
v(t)

�



β̇(t) = A β(t)

A =

�
A1 − YA2 F1 − YF2

C1 D1

�
β(t) =

�
ϕ(t)
�f(t)

�
C1 =

�
ΦC1P1 0

�
D1 = ΦC1P1T1G

Y Φ Z

Y Φ Z

X1 =

�
X11 X11

X11 X12

�
> 0 X11 = X

T
11 X2 > 0

CT⊥




Π1 N

T
1 X11 −N T

2 W
T
1 Π2

(∗) 0 X1(N1T1G+ T1G)−W1N2T1G

(∗) (∗) X2ΦC1P1T1G+G
T
T

T
1 P

T
1 C

T
1 ΦT

X2



 CT⊥T
< 0

Π1 = X11N1 +N
T

1 X11 +W1N2 −N2W
T

1

Π2 = X1(N1T1G+ T1G)−W1N2T1G+ P
T

1 C
T

1 ΦT
X2

X2ΦC1P1T1G+G
T
T

T

1 P
T

1 C
T

1 ΦT
X2 < 0.

W1 = X11Z Y

Y = X
−1
1 (B+

r KC+
l
+ Z − B+

r BrZClC+
l
)

K = −R−1BT

l ϑCT

r (CrϑCT

r )
−1 + S1/2L(CrϑCT

r )
−1/2

ϑ = (BlR−1BT

l −D)−1
> 0

S = R−1 −R−1BT

l [ϑ− ϑCT

r (CrϑCT

r )
−1Crϑ]BlR−1

D =




Π1 N

T
1 X11 −N T

2 W
T
1 Π2

(∗) 0 X1(N1T1G+ T1G)−W1N2T1G

(∗) (∗) X2ΦC1P1T1G+G
T
T

T
1 P

T
1 C

T
1 ΦT

X2



 B =

�
−Iq0+q1

0

�
C =

��
N3 0
0 −Iq1

� �
N3T1G

0

��

Π1 Π2 L, R Z
R > 0 �L�2 < 1. Cl Cr Bl Br C = ClCr B = BlBr

V (β(t)) = β(t)TXβ(t)

X =

�
X1 0
0 X2

�

V̇ (β(t)) = β(t)T (A T
X +XA )β(t)

V̇ (β(t)) < 0

A T
X +XA < 0.



A X

�
X1(A1 − YA2) + (A1 − YA2)

T
X1 X1(F1 − YF2) + CT

1 X2

(∗) X2D1 + DT
1 X2

�
< 0

BXC + (BXC)T +D < 0

X = X1Y D =

�
X1A1 + AT

1 X1 X1F1 + CT
1 X2

(∗) X2D1 + DT
1 X2

�
B =

�
−Iq0+q1

0

�
C =

�
A2 B2

�

CT⊥DCT⊥T
< 0

B⊥DB⊥T
< 0

CT⊥ =

�
AT

2

BT
2

�⊥

B⊥ =
�
0 I

�
C D X1

CT⊥




Π1 N

T
1 X11 −N T

2 W
T
1 Π2

(∗) 0 X1(N1T1G+ T1G)−W1N2T1G

(∗) (∗) X2ΦC1P1T1G+G
T
T

T
1 P

T
1 C

T
1 ΦT

X2



 CT⊥T
< 0

B D

X2ΦC1P1T1G+G
T
T

T

1 P
T

1 C
T

1 ΦT
X2 < 0

Y
�

E =




1 0 0
0 1 0
0 0 0



 , A =




−2.7 0 0.3
−0.2 −3 0
−0.11 1.74 −1



 , B =




1
0.5
0



 , G =




1 1
0 1
0 0



 ,

C1 =

�
1 0 1
0 0 1

�
x(t) =




x1(t)
x2(t)
x3(t)



 .

E
⊥ =

�
0 0 1

�
E

⊥ �
E G

�
= 0

rank




E

E
⊥
A

C1



 = 3 rank

�
sE −A

C1

�
= 3

R = I3 rank(Σ) = 3

ny ≥ nf Λ =

�
−1 0
0 −4

�
Ψ =

�
1 0
0 1

�
W

W =

�
2.12 5.85
−6.05 −4.97

�



X Z

X =





5.22 −1.96 0.15 5.22 −1.96 0.15
−1.96 11.16 1.67 −1.96 11.16 1.67
0.15 1.67 11.86 0.15 1.67 11.86
5.22 −1.96 0.15 20.83 0 0
−1.96 11.16 1.67 0 20.83 0
0.15 1.67 11.86 0 0 20.83





Z =




−182.04 64.68 −11.11 −11.58 126.48 −65.09
−23.83 3.9 −4.16 0.48 13.9 −8.34
87.05 −72.45 −3.25 23.72 −84.65 32.74





Z =





9 3 2 1 8 9 9 0 3
9 4 1 3 8 7 8 2 8
9 2 8 4 1 7 7 4 2
9 4 4 5 7 8 3 8 3
9 1 8 4 7 2 8 4 1
9 4 8 2 8 4 9 3 8




L =





0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1




R = I6

�Z =





2.28 0.39 0.79 0.18 1.85 1.91 −0.15 0.12 0.05
1.46 0.21 0.3 0.59 0.7 1.19 −0.06 −0.2 −0.07
0.35 0.28 −0.1 0.3 −0.67 1.09 −0.02 −0.11 −0.17
−0.01 0.12 0.01 0.24 −0.05 0.02 0.08 −0.04 −0.03
−0.24 0.07 0.09 −0.2 0.26 −0.38 0.01 0.18 0.05
0.05 0.08 0.29 −0.17 0.74 −0.49 0.01 0.08 0.14





N =




−2.92 −3.19 −3.15
−0.92 −2.33 −1.58
0.15 0.45 −0.81



 , H =




0.15 −0.12 −0.05
0.06 0.2 0.07
0.02 0.11 0.17



 , F =




12.18 −0.97 2.23
4.19 0.1 −0.1
2.87 0.42 −0.88



 ,

J =




11.71
4.23
3.07



 , S =




0.49 −0.77 1.33
−1.49 2.33 −4.02
2.53 −3.97 6.84



× 10−2
, L =




−7.6 4.47 2.62
−1.48 −17.91 −4.9
−1.28 −8.04 −14.55



× 10−2
,

M =




0 0 0
0 0 0
0 0 0



 , P =




0.59 −0.05 −0.19
−0.05 0.31 0.15
−0.19 0.15 0.37



 ,

Q =




0.07 0.56 −0.49
0.49 0.16 0.33
−0.09 0.24 0.67



 W =

�
2.12 5.85
−6.05 −4.97

�
.

E
⊥

R

X2 Φ X2 = I2

X1 Z Φ



X1=





21.21 −2.12 6.72 21.21 −2.12 6.72
−2.12 41.23 −0.07 −2.12 41.23 −0.07
6.72 −0.07 40.17 6.72 −0.07 40.17
21.21 −2.12 6.72 50 0 0
−2.12 41.23 −0.07 0 50 0
6.72 −0.07 40.17 0 0 50




,

Z =




0 0 9.77 0 0 0
0 0 1.92 0 0 0
0 0 −1.32 0 0 0



 Φ =

�
−238.94 −161.63
−161.63 −323.92

�

Z =





2 3 1 4 9 7 6 3 9
3 2 6 3 3 4 6 3 9
6 1 4 2 2 6 6 1 0
9 5 2 4 3 2 8 1 6
2 6 8 1 8 4 7 3 9
8 7 1 9 3 6 2 8 2




L =





0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1




R = I6 × 0.01

Y =





−0.18 −8.64 −4.11 4.89 1.13 9.24 4.87 −1.13 2.43
0.47 9.51 −5.77 −5.29 −1.35 0.89 −1.03 12.13 −0.62
5.98 −0.86 14.73 −0.79 −6.22 −7.7 2.49 −0.67 12.25
−0.62 4.37 −0.53 −2.16 0.45 −2.86 −4.63 0.89 −2.91
−0.37 −7.99 4.67 4.53 1.34 −0.25 0.87 −12.25 0.43
−4.72 2.12 −11.32 0.09 4.99 4.96 −2.85 0.51 −12.37





N =




−1.21 5.13 5.8
−0.37 −10.63 5.49
−5.71 0.66 −14.85



 , H =




4.87 −1.13 2.43
−1.03 12.13 −0.62
2.49 −0.67 12.25



 , F =




−11.48 1.09 −2.6
−1.17 1.11 −0.39
2.48 0.25 0.82



 ,

J =




−9.16
−1.84
1.1438



 , T =




0.65 −0.1 −9.77
−0.1 0.34 −1.92
−0.3 0.24 1.32



 , S =




0.77 −4.31 0.32
0.43 8.12 −4.32
5.03 −1.64 11.07



 ,

L =




−4.63 0.89 −2.91
0.87 −12.25 0.43
−2.85 0.51 −12.37



 , M =




0.85 −0.73 1.59
−1 −0.88 −0.12
−0.9 −0.24 −0.66



 , P =




0.59 −0.05 −0.19
−0.05 0.31 0.15
−0.19 0.15 0.37



 ,

Q =




0.07 0.56 −0.49
0.49 0.16 0.33
−0.09 0.24 0.67



 Φ =

�
−238.94 −161.63
−161.63 −323.92

�
.
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f2

f̂2GDO

f2(t)

Eẋ(t) = (A+∆A(t))x(t) +Gf(t)

y(t) = C1x(t)

x(t) ∈ Rn
f(t) ∈ Rnf y(t) ∈ Rny

E ∈ Rn×n
A ∈ Rn×n

G ∈ Rn×nf C1 ∈ Rny×n ∆A(t)

∆A(t) = MΓ(t)G

M G Γ(t)

Γ(t)TΓ(t) ≤ I, ∀t ∈ [0,∞)

rank




E

E
⊥
A

C1



 = n.



rank

�
sE −A

C1

�
= n, ∀s ∈ C+

, s

∆A(t)

O1 :=






ζ̇(t) = Nζ(t) +Hv(t) + Fy(t)

v̇(t) = Sζ(t) + Lv(t) +My(t)

x̂(t) = P ζ(t) +Qy(t)

r(t) = W (C1x̂(t)− y(t))

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂(t) ∈ Rn
x(t)

r(t) ∈ Rnf N, F, H, S, L, M, P, Q W

T

NTE + FC1 − TA = 0
MC1 + STE = 0
�
P Q

� �TE
C1

�
= In

�
N H

S L

�
Γ(t) = 0 f(t) = 0

T ∈ Rq0×n
ε(t) = ζ(t)− TEx(t)

ε̇(t) = Nε(t) +Hv(t) + (NTE + FC1 − TA)x(t)− T∆A(t)x(t)− TGf(t)

ε(t)

v̇(t) = Sε(t) + Lv(t) + (STE +MC1)x(t)

x̂(t) = P ε(t) +
�
P Q

� �TE
C1

�
x(t)

(a)− (c)

�
ε̇(t)
v̇(t)

�
=

�
N H

S L

� �
ε(t)
v(t)

�
+

�
−T∆A(t)

0

�
x(t) +

�
−TG

0

�
f(t)

x̂(t)− x(t) = e(t) = P ε(t)

r(t) = WC1P ε(t)

Γ(t) = 0 f(t) = 0

�
N H

S L

�
lim
t→∞

e(t) = 0 �
Z1 = 0

T = T1

K = K1

N = N1 − Y1N3



F = F1 − Y1F3

S = −Y2N3

M = −Y2F3

P = P1

Q = Q1

T1 K1 N1 N3 F1 F3 P1 Q1 Σ =

�
E

C1

�
Ω =

�
R

C1

�

ϕ̇(t) = (A1 − YA2)ϕ(t) +G1Γ(t)Gx(t) + F1f(t)

r(t) = WC1ϕ(t)

A1 =

�
N1 0
0 0

�
A2 =

�
N3 0
0 −Iq1

�
G1 =

�
−T1M

0

�
F1 =

�
−T1G

0

�
C1 =

�
C1P1 0

�
Y =

�
Y1 H

Y2 L

�
ϕ(t) =

�
ε(t)
v(t)

�

�
Grf (s) Grx(s)

�
=

�
A1 − YA2 F1 G1Γ(s)G

WC1 0 0

�

Grf (s)

Grf (s) = diag(g1(s), . . . , gnf (s))

Grf (s) (C1F1) ny ≥ nf

Grf (s)

ny ≥ nf

Λ = diag(λ1, . . . ,λnf ) ∈ Rnf×nf , λi < 0,

Ψ = diag(ψ1, . . . ,ψnf ) ∈ Rnf×nf , |ψi| > 0.

∀i ∈ [1, . . . , nf ] Y W

(A1 − YA2)F1 = F1Λ

WC1F1 = Ψ

(A2F1) Y W

Y = (A1F1 − F1Λ)(A2F1)
+ − Z̃(I − (A2F1)(A2F1)

+)

W = Ψ(C1F1)
+

�Z Y W

Grf (s) =

�
Λ I

Ψ 0

�

= diag

�
ψ1

s− λ1
, · · · ,

ψnf

s− λnf

�
.



ϕ̇(t) = [A1 − (A1F1 − F1Λ)(A2F1)
+A2� �� �

Ā1

+ �Z (I − (A2F1)(A2F1)
+)A2]� �� �

Ā2

ϕ(t) +G1Γ(t)Gx(t) + F1f(t)

r(t) = Ψ(C1F1)
+C1� �� �

C̄1

ϕ(t)

Ā1 =

�
N1 + (T1GΛ−N1T1G)(N3T1G)+N3 0

0 0

�

Ā2 =

�
N3 −N3T1G(N3T1G)+N3 0

0 −I

�

C̄1 = −Ψ
�
(C1P1T1G)+C1P1 0

�

E β̇(t) = A β + Ff(t)

E =

�
E 0
0 Iq0+q1

�
A =

�
A+MΓ(t)G 0

G1Γ(t)G Ā1 + �ZĀ2

�
F =

�
G

F1

�
β(t) =

�
x(t)
ϕ(t)

�

X2 =

�
X21 X21

X21 X22

�
> 0 X21 = X

T
21 X1

E
T
X1 = X

T

1 E ≥ 0,

CT⊥





A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0

MT
X1 −�I 0 0

0 0 Π1 (∗)
0 0

�
−MT

T
T
1 X21 −MT

T
T
1 X21

�
−�I



 CT⊥T
< 0

Π1 =

�
X21N1 +N

T
1 X21 (∗)

X21 0

�




A

T
X1 +X

T
1 A+ 2�GTG (∗) 0

MT
X1 −�I 0

0 0 −�I



 < 0.

� > 0 �Z

�Z = X
−1
2 (B+

r KC+
l
+ Z − B+

r BrZClC+
l
)

K = −R−1BT

l ϑCT

r (CrϑCT

r )
−1 + S1/2L(CrϑCT

r )
−1/2

ϑ = (BlR−1BT

l −D)−1
> 0

S = R−1 −R−1BT

l [ϑ− ϑCT

r (CrϑCT

r )
−1Crϑ]BlR−1

D =





A
T
X1 +X1A

T + 2�GTG (∗) 0 0
MT

X1 −�I 0 0
0 0 Π1 (∗)
0 0

�
−MT

T
T
1 X21 −MT

T
T
1 X22

�
−�I



 B =





0
0
I

0







C =

�
0 0

�
N3 −N3T1G(N3T1G)+N3 0

0 −I

�
0

�
Π1 L, R Z

R > 0 �L�2 < 1. Cl Cr Bl Br

C = ClCr B = BlBr

X =

�
X1 0
0 X2

�

E T
X = X

TE ≥ 0

A T
X +X

TA < 0

E X

E
T
X1 = X

T

1 E ≥ 0

X2 = X
T
2 > 0.

A X

�
A

T
X1 +X

T
1 A+X

T
1 MΓ(t)G + GTΓ(t)TGT

X1 GT
1 Γ(t)

TGX2

(∗) X2(Ā1 + �ZĀ2) + (Ā1 + �ZĀ2)
T
X2

�
< 0

�
A

T
X1 +X

T
1 A 0

0 X2(Ā2 + �ZĀ2) + (Ā2 + �ZĀ2)
T
X2

�
+

��
X

T
1 M
0

�
Γ(t)

�
G 0

����
X

T
1 M
0

�
Γ(t)

�
G 0

��T

+

��
0

X2G1

�
Γ(t)

�
G 0

����
0

X2G1

�
Γ(t)

�
G 0

��T

< 0

Γ(t)TΓ(t) ≤ I

��
X

T
1 M
0

�
Γ(t)

�
G 0

����
X

T
1 M
0

�
Γ(t)

�
G 0

��T

≤
�
�
−1

X
T
1 MMT

X1 + �GTG 0
0 0

�

��
0

X2G1

�
Γ(t)

�
G 0

����
0

X2G1

�
Γ(t)

�
G 0

��T

≤
�
�GTG 0
0 �

−1
X2G1GT

1 X2

�

� > 0

�
A

T
X1 +X

T
1 A+ 2�GTG + �

−1
X

T
1 MMT

X1 0

0 X2(Ā1 + �ZĀ2) + (Ā1 + �ZĀ2)
T
X2 + �

−1
X2G1GT

1 X2

�
< 0





A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0

MT
X1 −�I 0 0

0 0 X2(Ā2 + �ZĀ2) + (Ā2 + �ZĀ2)
T
X2 (∗)

0 0 GT
1 X2 −�I



 < 0

BXC + (BXC)T +D < 0

X = X2
�Z D =





A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0

MT
X1 −�I 0 0

0 0 X2Ā1 + ĀT
1 X2 (∗)

0 0 GT
1 X2 −�I



 C =
�
0 0 Ā2 0

�
B =





0
0
I

0







CT⊥DCT⊥T
< 0

B⊥DB⊥T
< 0

CT⊥ =





I 0 0 0
0 I 0 0
0 0 ĀT⊥

2 0
0 0 0 I



 B⊥ =




I 0 0 0
0 I 0 0
0 0 0 I





C D X2

CT⊥





A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0

MT
X1 −�I 0 0

0 0 Π1 (∗)
0 0

�
−MT

T
T
1 X21 −MT

T
T
1 X22

�
−�I



 CT⊥T
< 0

B D



A

T
X1 +X

T
1 A+ 2�GTG (∗) 0

MT
X1 −�I 0

0 0 −�I



 < 0.

Π1
�Z
�

O2 :=






ζ̇(t) = N(ζ(t) + TGf̂(t)) +Hv(t) + Fy(t) + TGf̂(t)

v̇(t) = S(ζ(t) + TGf̂(t)) + Lv(t) +My(t)

x̂(t) = P (ζ(t) + TGf̂(t)) +Qy(t)

˙̂
f(t) = Φ(C1x̂(t)− y(t))

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂(t) ∈ Rn

x(t) f̂(t) f(t) N, F, H, L, M, S, P, Q, T Φ

T

NTE + FC1 − TA = 0
MC1 + STE = 0
�
P Q

� �TE
C1

�
= In

�
N H

S L

�
Γ(t) = 0 f(t) = 0

T ∈ Rq×n

ε(t) = ζ(t)− TEx(t) + TGf(t)
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