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Thesis director

Latifa BOUTAT-BADDAS Associate Professor, Université de Lorraine,CRAN,
Co-director of thesis

Carlos Manuel Professor, Centro Nacional de Investigación
ASTORGA ZARAGOZA y Desarrollo Tecnológico, CENIDET,

Co-director of thesis

Centre de Recherche en Automatique de Nancy

CRAN - CNRS UMR 7039













•

• H∞

• H∞

•

H∞

•

•

•

•

•

H∞















H∞ L2

H∞

w(t)=0

H∞ w(t) �= 0

w(t) = 0

H∞ w(t) �= 0



H∞

H∞

w(t)=0

H∞

w(t) �= 0

H∞

w(t) = 0

H∞ w(t) �= 0

H∞

H∞

w(t) = 0

H∞ w(t) �= 0

H∞

w(t) = 0



H∞

w(t) �= 0



u(t)
δ(t)

x1(t)
x1(t)

x2(t)
x2(t)

x3(t)
x3(t)

x4(t)
x4(t)

H∞ u(t)
H∞ w(t)
H∞ δ(t)
H∞ x1(t)
H∞ x1(t)
H∞ x2(t)
H∞ x2(t)
H∞ x3(t)
H∞ x3(t)

u(t)
δ(t)

x1(t)
x1(t)

x2(t)
x2(t)

x3(t)
x3(t)

x4(t)
x4(t)

H∞ u(t)
H∞ w(t)
H∞ δ(t)
H∞ x1(t)
H∞ x1(t)



H∞ x2(t)
H∞ x2(t)
H∞ x3(t)
H∞ x3(t)

δ(t)
Γ(t)

x1(t)
x1(t)

x2(t)
x2(t)

x3(t)
x3(t)

H∞ w(t)
H∞ δ(t)
H∞ Γ(t)
H∞ x1(t)
H∞ x1(t)
H∞ x2(t)
H∞ x2(t)
H∞ x3(t)
H∞ x3(t)

u(t)
δ(t)
ρ(t)
σ1(t) σ2(t)

x1(t)
x1(t)

x2(t)
x2(t)

x3(t)
x3(t)

H∞ u(t)
H∞ w(t)
H∞ δ(t)
H∞ ρ(t)
H∞ σ1(t) σ2(t)
H∞ x1(t)
H∞ x1(t)
H∞ x2(t)
H∞ x2(t)
H∞ x3(t)
H∞ x3(t)

δ(t)
u(t)

z1(t)
z2(t)

H∞ δ(t)
H∞ w(t)
H∞ u(t)
H∞ z(t)

δ(t)
Γ(t)

u(t)



z(t)
H∞ δ(t)
H∞ Γ(t)
H∞ w(t)
H∞ u(t)
H∞ z(t)

f1(t)
f2(t)

r1(t)
r2(t)

x1(t)
x2(t)
x3(t)
f1(t)
f2(t)

Γ(t)
f1(t)
f2(t)

r1(t)
r2(t)

x1(t)
x2(t)
x3(t)
f1(t)
f2(t)





H∞

H∞

H∞

H∞





R C
R+ R−

C+ C−

Rn Cn
n

Rn×m
n×m

L2[0,∞) [0,∞).

|a| a

�x�∞ ∞ x

�x�2 x

�G�∞ ∞ G(s)

A > 0 A ≥ 0 A

A < 0 A ≤ 0 A

I 0

In n× n

A
−1

A ∈ Rn×n det(A) �= 0

A
+

A AA
+
A = A

A
T

A

A
⊥

A
⊥
A = 0 A

⊥
A

⊥T
> 0

eig(A) A

det(A) A ∈ Rn×n

rank(A) A ∈ Rn×m

Im(A) A : {y y = Ax}

R(A) A Im(A) = {Ax, x ∈ Rn} R(A) = Im(AT )

Re(A) A

diag(A1, . . . , Ap) Ai ∈ Rn×n
, i = 1, . . . , p

dim(A) A

(∗)







•

•

•

•
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ṗB(t)
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−L3C0 0

� �
T1A0 T1N

0 0

�
−

�
L2

L3

� �
C0 0

�

�
L2

L3

� ��
T1A0 T1N

0 0

�
,
�
C0 0

��



Eẋ(t) =Ax(t) +Bu(t)

y(t) =C1x(t)

x(t) ∈ Rn
u(t) ∈ Rm

y(t) ∈ Rny

ζ̇(t) =Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v̇(t) =Sζ(t) + Lv(t) +M

�
−E

⊥
Bu(t)

y(t)

�

x̂(t) =Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂(t) ∈ Rn

x(t)

e(t)

H = 0 S = 0 M = 0 L = 0

ζ̇(t) =Nζ(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

x̂(t) =Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�
.

H = 0 S = 0 M = 0 L = 0 F =
�
0 Fa

�
Q =

�
0 Qa

�

ζ̇(t) =Nζ(t) + Fay(t) + Ju(t)

x̂(t) =Pζ(t) +Qay(t)

L = 0 S = −C1 M = −C1Q+
�
0 I

�

ζ̇(t) =Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v̇(t) =y(t)− C1x̂(t)

x̂(t) =Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�



Eẋ(t) = Ax(t) +Bu(t) + ð(t)
y(t) = C1x(t)

x(t) ∈ Rn
u(t) ∈ Rm

y(t) ∈ Rny ð ∈ Rn

ζ̇(t) = Nζ(t) + Fy(t) + Ju(t)

x̂(t) = Pζ(t) +Qy(t)

ζ(t) ∈ Rq0 x̂ ∈ Rn
x(t)

ε(t) = ζ(t)− TEx(t)

ε̇(t) = Nε(t)− Tð(t) + (NTE + FC1 − TA)x(t) + (J − TB)u(t)

ε(t)

x̂(t) = Pε(t) +
�
P Q

� �TE
C1

�
x(t)

u(t) x(t)

NTE + FC1 − TA = 0
J = TB

x̂(t)− x(t)

�
P Q

� �TE
C1

�
= I

ε̇(t) = Nε(t)− Tð(t)

x̂(t)− x(t) = e(t) = Pε(t)

Ē(s) = P ĒEE (s)

Ē(s) ĒEE (s) e(t) ε(t)

ĒEE (s) = (sI −N)−1(ε(0)− T ð̄ðð(s))

ε(0) ð̄ðð(s)
ð(t)



Ē(s) = P (sI −N)−1(ε(0)− T ð̄ðð(s))

ð(t) dC ð̄ðð(s) = dC

s
N N

N

lim
s→0

sĒ(s) = lim
s→0

�
P (sI −N)−1

�
sε(0)− Ts

dC

s

��

= (PN
−1

T )dC

ζ̇(t) = Nζ(t) +Hv(t) + Fy(t) + Ju(t)

v̇(t) = y(t)− C1x̂(t)

x̂(t) = Pζ(t) +Qy(t)

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂ ∈ Rn

x(t)

e(t) = Pε(t)

ε̇(t)

ε̇(t) = Nε(t) +Hv(t)− Tð(t)
v̇(t) = −C1Pε(t)

Ē(s) = P ĒEE (s)

ĒEE (s) = (sI −N)−1(ε(0) +HV̄(s)− T ð̄ðð(s))

V̄(s) v(t)

V̄(s) =
1

s
(v(0)− C1P ĒEE (s))

v(0) v(t)

Ē(s) = P (sI −N)−1(ε(0) +HV̄(s)− T ð̄ðð(s))



N ð̄ðð(s) = dc

s

lim
s→0

sĒ(s) = lim
s→0

�
P (sI −N)−1

�
sε(0) +HsV̄(s)− Ts

dc

s

��

= −PN
−1

�
H lim

s→0
sV̄(s)− Tdc

�

H lim
s→0

sV̄(s) = Tdc

V̄(s)
H lim

s→0
sV̄(s) = Tdc

ζ̇(t) = Nζ(t) +Hv(t) + Fy(t) + Ju(t)

v̇(t) = Sζ(t) + Lv(t) +My(t)

x̂(t) = Pζ(t) +Qy(t)

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂(t) ∈ Rn

x(t)

MC1 + STE = 0

e(t) = Pε(t)

ε̇(t)

ε̇(t) = Nε(t) +Hv(t)− Tð(t)
v̇(t) = Sε(t) + Lv(t)

Ē(s) = P ĒEE (s)

ĒEE (s) = (sI −N)−1(ε(0) +HV̄(s)− T ð̄ðð(s))

V̄(s) = (sI − L)−1(v(0) + SĒEE (s))

Ē(s) = P (sI −N)−1(ε(0) +HV̄(s)− T ð̄ðð(s))

N ð̄ðð(s) = dC

s

lim
s→0

sĒ(s) = lim
s→0

�
P (sI −N)−1(sε(0) +HsV̄(s)− Ts

dc

s
)

�

= −PN
−1

�
H lim

s→0
sV̄(s)− Tdc

�

H lim
s→0

sV̄(s) = Tdc



Eẋ(t) =Ax(t) +Bu(t)

y(t) =C1x(t)

x(t) ∈ Rn
u(t) ∈ Rm

y(t) ∈ Rny

E A B C1

E A

γ ∈ C
det(γE −A) �= 0

det(sE − A) (E, A)
sE −A

(E,A)
normal− rank

�
γE −A BU(s) Ex(0)

�
= normal− rank(λE − A)

normal− rank sE − A (λE − A)
λ ∈ C U(s) u(t)

eig(E, A) ⊂ C− = {s|s ∈ C, Re(s) < 0}

eig(E, A) det(sE − A) = 0



(E, A)
deg(det(sE −A)) = rank(E)

rank

�
E 0
A E

�
= n+ rank(E)

(E, A)

(E, A) Θ
E

TΘ = ΘT
E ≥ 0 A

TΘ+ΘT
A < 0

rank

�
sE −A

C1

�
= n, ∀s ∈ C, s

rank

�
E

C1

�
= n

x(t) y(t)

rank




E A

0 E

0 C1



 = n+ rank(E).

rank

�
sE −A

C1

�
= n, ∀s ∈ C+

, s

u(t)

rank
�
sE −A B

�
= n, ∀s ∈ C+

, s



rank
�
sE −A B

�
= n, ∀s ∈ C, s rank

�
E 0 0
A E B

�
= n+ rank(E)

V (x(t))

V (x(t))
ẋ = f(x(t))

V (x(t)) : Rn
→ R

V (x(t)) > 0

d

dt
V (x(t)) =

∂V

∂x

d(x(t))

dt
< 0

ẋ = f(x(t))

H∞ L2

G :=

�
ẋ(t) =Ax(t) +Bu(t)

y(t) =C1x(t) +D1u(t)

x(t) ∈ Rn
y(t) ∈ Rny u(t) ∈ Rm

H∞ G(s)
G(s) G(jw)

H∞
H∞ G(s) G(jw)

�G(s)�∞ = sup
w

σ(G(jw))

σ G(s)



L2 γ > 0 P

V (x(t)) = x(t)TPx(t) � > 0

∂V

∂x
(Ax(t) +Bu(t)) ≤ −�[x(t)Tx(t)] + γ

2[u(t)Tu(t)]− [y(t)T y(t)]

x(t) ∈ Rn
u(t) ∈ Rm

u(t) = 0
∂V

∂x
Ax(t) ≤ −�[x(t)Tx(t)]

L2[0,∞)
[0, T ] x(0)

V (x(T )) ≤ V (x(0)) + γ
2

� T

0
[u(t)Tu(t)]dt−

� T

0
[y(t)T y(t)]dt

x(t) t ∈ [0,∞)
x(0) = 0

V (x(T )) ≤ γ
2

� T

0
[u(t)Tu(t)]dt−

� T

0
[y(t)T y(t)]dt

T > 0 V (x(T )) ≥ 0

[�y(t)�2]
2
≤ γ

2 [�u(t)�2]
2
,

�y(t)�2 ≤ γ�u(t)�2.

u(t) ∈ L2[0,∞) x(0) = 0
t ≥ 0 y(t) L2[0,∞)

γ L2 γ

H∞

ẋ(t) =Ax(t) +Bw(t)

z(t) =C1x(t) +D1w(t)

x(t) ∈ Rn
w(t) ∈ L2[0,∞) z(t) ∈ Rnz

A, B, C1 D1 γ > 0

J =

� ∞

0
[z(t)T z(t)− γ

2
w(t)Tw(t)]dt

J < 0 w(t) ∈ L2[0,∞)
P ∈ Rn×n




A

T
P + PA XB C

T
1

B
T
P −γ

2
I D

T
1

C1 D1 −I



 < 0,

P



x(t+ 1) = Ax(t) +Bw(t)

y(t) = C1x(t) +D1w(t)

G(z) = C1(zI − A)−1 +D1 γ �Gwy�∞ < γ

X = X
T
> 0

�
A B

C1 D1

�T �
X 0
0 I

�
<

�
X 0
0 γ

2
I

�
.

A, B D

�
A B

B
T

D

�
< 0.

D < 0 A−BD
−1

B
T
< 0

A < 0 D −B
T
A

−1
B < 0

D

�
A B

B
T

D

�
≤ 0 D < 0 A−BD

−1
B

T ≤ 0

B C D = D
T

Λ
BΛC + (BΛC)T +D < 0.

B
⊥
DB

⊥T
< 0 BB

T
> 0

C
T⊥

DC
T⊥T

< 0 C
T
C > 0.

(ii) rb rc B C (Bl, Br) (Cl, Cr)
B C B = BlBr C = ClCr Λ (i)

Λ = B
+
r KC

+
l
+ Z −B

+
r BrZClC

+
l

Z

K =−R
−1

B
T

l ϑC
T

r (CrϑC
T

r )
−1 + S

1/2
L(CrϑC

T

r )
−1/2

S =R
−1

−R
−1

B
T

l [ϑ− ϑC
T

r (CrϑC
T

r )
−1

Crϑ]BlR
−1

L �L�2 < 1 R

ϑ = (BrR
−1

B
T

l −D)−1
> 0.

H D S

∆(t) ∆(t)T∆(t) ≤ I

S +D∆(t)H +H
T∆(t)TDT

< 0,
S + �DD

T + �
−1

H
T
H < 0 � > 0





H∞

w(t)=0

H∞ w(t) �= 0

w(t) = 0

H∞ w(t) �= 0

H∞

H∞



H∞

Eẋ(t) = Ax(t) +Bu(t) +Dw(t)

y(t) = C1x(t) +D1w(t)

x(t) ∈ Rn
u(t) ∈ Rm

w(t) ∈ Rnw

y(t) ∈ Rny E ∈ Rn1×n
n1 = n E

A ∈ Rn1×n
B ∈ Rn1×m

D ∈ Rn1×nw C1 ∈ Rny×n
D1 ∈ Rny×nw rank(E) = � < n

E
⊥ ∈ R�1×n1 E

⊥
E = 0 �1 = n1 − �

rank




E

E
⊥
A

C1



 = n.

rank

�
sE −A

C1

�
= n, ∀s ∈ C+

, s

rank




E

E
⊥
A

C1



 = n.

rank




E A

0 E

0 C1



 = n+ rank(E).

�
E

⊥

EE
+

�
E

+

E EE
+
E = E

rank




E A

0 C1

0 E



 = rank




E

⊥ 0
EE

+ 0
0 I








E A

0 C1

0 E



 = rank





0 E
⊥
A

E EE
+
A

0 C1

0 E





= rank





0 E
⊥
A

E EE
+
A

0 C1

0 E





�
I −E

+
A

0 I

�
= rank





0 E
⊥
A

E 0
0 C1

0 E





= rank




E

E
⊥
A

C1



+ rank(E)

�



Eẋ(t) = Ax(t) +Bu(t) +Dw(t) +Gd(t)

y(t) = C1x(t) +D1w(t)

G ∈ Rn1×nd d(t) ∈ Rnd ḋ(t)

x(t) d(t)

Eχ̇(t) = Aχ(t) +Bu(t) +Dw(t)

y(t) = Cχ(t) +D1w(t)

χ(t) =

�
x(t)
d(t)

�
E =

�
E 0

�
A =

�
A G

�
C =

�
C1 0

�

rank




E A G

0 C1 0
0 E 0



− rank(E) = n+ nd

rank




E

E⊥A
C



 = n+nd

rank




E

E⊥A
C



 = rank




E 0

E
⊥
A E

⊥
G

C1 0



 = n+ nd.

rank




E A G

0 C1 0
0 E 0



 = rank




E

⊥ 0
EE
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0 I








E A G
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0 E 0



 = rank




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⊥
A E

⊥
G

E EE
+
A EE

+
G

0 C1 0
0 E 0





= rank





0 E
⊥
A E

⊥
G

E EE
+
A EE

+
G

0 C1 0
0 E 0








I −E

+
A −E

+
G

0 I 0
0 0 I



 = rank





0 E
⊥
A E

⊥
G
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0 E 0





= rank




E

⊥
A E

⊥
G

C1 0
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+ rank(E)
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H∞

ζ̇(t) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v̇(t) = Sζ(t) + Lv(t) +M

�
−E

⊥
Bu(t)

y(t)

�

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂(t) ∈ Rn

x(t) N, F, J, H, L, M, S, P Q

x̂(t) x(t)

T

NTE + F

�
E

⊥
A

C1

�
− TA = 0

J = TB

M

�
E

⊥
A

C1

�
+ STE = 0

�
P Q

�



TE

E
⊥
A

C1



 = In

�
N H

S L

�
w(t) = 0

T ∈ Rq0×n1 ε(t) = ζ(t) − TEx(t)

ε̇(t) = Nε(t) +Hv(t) +

�
NTE + F

�
E

⊥
A

C1

�
− TA

�
x(t) + (J − TB)u(t) +

�
F

�
E

⊥
D

D1

�
− TD

�
w(t)

ε(t)

v̇(t) = Sε(t) + Lv(t) +

�
M

�
E

⊥
A

C1

�
+ STE

�
x(t) +M

�
E

⊥
D

D1

�
w(t)

x̂(t) = Pε(t) +
�
P Q

�



TE

E
⊥
A

C1



x(t) +Q

�
E

⊥
D

D1

�

(a) − (d)

�
ε̇(t)
v̇(t)

�
=

�
N H

S L

� �
ε(t)
v(t)

�
+




F

�
E

⊥
D

D1

�
− TD

M

�
E

⊥
D

D1

�



w(t)



x̂(t)− x(t) = e(t) = Pε(t) +Q

�
E

⊥
D

D1

�
w(t)

w(t) = 0

�
N H

S L

�
lim
t→∞

e(t) = 0 �

N, F, J, H, L, M, S, P, Q T

q0 + q1 ζ(t) ∈ Rq0

x̂(t) x̂(t)

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�
+Φv(t)

Φ

e(t) = Pε(t) + Φv(t)

w(t) = 0 Φ e(t) → 0 lim
t→∞

ε(t) = 0

Φ = 0

(a)− (d)

A ∈ Rn×m rank(A) = m, A
+

A A
+
A = I rank(A) = n, A

+
A AA

+ = I

AA
+
A = A

AX = B

A ∈ Rn×m B ∈ Rn×p X ∈ Rm×p

rank(A) = rank
�
A B

�

X = A
+
B − (I −A

+
A)Z

Z

XA = B

rank(A) = rank

�
A

B

�



H∞

X = BA
+
− Y (I −AA

+)

Y

(a)− (d)

R ∈ Rq0×n Σ =




R

E
⊥
A

C1





(a)− (d)

T = T1 − Z1T2

N = N1 − Z1N2 − Y1N3

F = F1 − Z1F2 − Y1F3

S = −Y2N3

M = −Y2F3

P = P1 − Y3N3

Q = Q1 − Y3F3

Z1 Y1 Y2 Y3

R ∈ Rq0×n Σ =




R

E
⊥
A

C1





Ω =




E

E
⊥
A

C1



 (c) (d)

�
S M

P Q

�


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E
⊥
A

C1



 =

�
0
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�

rank




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E
⊥
A

C1



 = rank


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E
⊥
A
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0
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
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rank




TE

E
⊥
A

C1


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TE +K

�
E

⊥
A

C1

�
= R

�
T K

�
Ω = R

rank

�
Ω
R

�
= rank(Ω) RΩ+Ω = R

�
T K

�
= RΩ+

− Z1(In1+�1+ny − ΩΩ+)

Ω+ Ω



T = T1 − Z1T2

K = K1 − Z1K2

T1 = RΩ+

�
In1

0

�
T2 = (In1+�1+ny − ΩΩ+)

�
In1

0

�
, K1 = RΩ+

�
0

I�1+ny

�
, K2 = (In1+�1+ny − ΩΩ+)

�
0

I�1+ny

�

Z1

N1 = T1AΣ+

�
Iq0

0

�
, N2 = T2AΣ+

�
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0

�
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�
Iq0

0

�
, �K1 = T1AΣ+

�
0
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�
, �K2 = T2AΣ+

�
0
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�
,
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�
0
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�
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�
K
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�
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�
K
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�
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�
K
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�
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N

�
R−K

�
E

⊥
A

C1

��
+ F

�
E

⊥
A

C1

�
= TA

NR+ �K
�
E

⊥
A

C1

�
= TA

�K = F −NK

�
N �K

�
Σ = TA

�
N �K

�
= TAΣ+

− Y1(Iq0+�1+ny − ΣΣ+)

T

N = N1 − Z1N2 − Y1N3

�K = �K1 − Z1
�K2 − Y1

�K3

Y1

N, T, K �K F

F = �K +NK

= �K1 +N1K − Z1( �K2 +N2K)− Y1( �K3 +N3K)

= F1 − Z1F2 − Y1F3




TE

E
⊥
A

C1



 =

�
Iq0 −K

0 I�1+ny

�
Σ

�
S M

P Q

� �
Iq0 −K

0 I�1+ny

�
Σ =

�
0
In

�
.
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Σ

�
Iq0 −K

0 I�1+ny

�−1

=

�
Iq0 K

0 I�1+ny

�

�
S M

P Q

�
=

��
0
In

�
Σ+

−

�
Y2

Y3

�
(Iq0+�1+ny − ΣΣ+)

��
Iq0 K

0 I�1+ny

�

Y2 Y3

S, M, P Q

S = −Y2N3

M = −Y2F3

P = P1 − Y3N3

Q = Q1 − Y3F3

P1 = Σ+

�
Iq0

0

�
Q1 = Σ+

�
K

I�1+ny

�
�

F

F

F = T1AΣ+

�
K1 − Z1K2

I�1+ny

�
− Z1T2AΣ

+

�
K1 − Z1K2

I�1+ny

�
− Y1(Iq0+�1+ny − ΣΣ+)

�
K1 − Z1K2

I�1+ny

�

Z1 Y1

K̄2 = K2

�
E

⊥
D

D1

�
Z1 = Z(In1+�1+ny − K̄2K̄

+
2 ) Z

F

�
E

⊥
D

D1

�
,

F

�
E

⊥
D

D1

�
= Fd1 − ZFd2 − Y1Fd3

Fd1 = T1AΣ+

�
K1

I�1+ny

� �
E

⊥
D

D1

�
, Fd2 = (In1+�1+ny − K̄2K̄

+
2 )T2AΣ+

�
K1

I�1+ny

� �
E

⊥
D

D1

�

Fd3 = (Iq0+�1+ny − ΣΣ+)

�
K1

I�1+ny

� �
E

⊥
D

D1

�
.

T, K, N, M

�
E

⊥
D

D1

�
Q

�
E

⊥
D

D1

�

T = T1 − ZT2

K = K1 − ZK2

N = N1 − ZN2 − Y1N3

M

�
E

⊥
D

D1

�
= −Y2Fd3

Q

�
E

⊥
D

D1

�
= Qd1 − Y3Fd3



w(t)=0

T2 = (In1+�1+ny − K̄2K̄
+
2 )T2, K2 = (In1+�1+ny − K̄2K̄

+
2 )K2, N2 = (In1+�1+ny − K̄2K̄

+
2 )N2

Qd1 = Σ+

�
K1

I�1+ny

� �
E

⊥
D

D1

�
K̄2K̄

+
2 K̄2 = K̄2

ϕ̇(t) = (A1 − YA2)ϕ(t) + (B1 − YB2)w(t)

e(t) = Pϕ(t) +Qw(t)

A1 =

�
N1 − ZN2 0

0 0

�
A2 =

�
N3 0
0 −Iq1

�
B1 =

�
Fd1 − T1D1 + Z(T2D1 −Fd2)

0

�
B2 =

�
Fd3

0

�
P =

�
P1 − Y3N3 0

�

Q = Qd1 − Y3Fd3 Y =

�
Y1 H

Y2 L

�
ϕ(t) =

�
ε(t)
v(t)

�

w(t) �= 0

Z Y (A1 − YA2) w(t) = 0

w(t)=0

w(t) = 0

Eẋ(t) = Ax(t) +Bu(t)

y(t) = C1x(t)

ζ̇(t) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v̇(t) = Sζ(t) + Lv(t) +M

�
−E

⊥
Bu(t)

y(t)

�

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

ϕ̇(t) = (A1 − YA2)ϕ(t)

e(t) = Pϕ(t)

A1 =

�
N1 − Z1N2 0

0 0

�
A2 =

�
N3 0
0 −Iq1

�
P =

�
P1 0

�
Y =

�
Y1 H

Y2 L

�
ϕ(t) =

�
ε(t)
v(t)

�
Y3 = 0

rank

�
sE −A

C

�
= n, ∀s ∈ C, Re(s) ≥ 0

��
N2

N3

�
, N1

�
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rank





sR− T1A

E
⊥
A

C

T2A



 = rank(Σ), ∀s ∈ C, Re(s) ≥ 0

rank

�
sE −A

C

�
= rank




I 0

−E
⊥ 0

0 I




�
sE −A

C

�
= rank




sE −A

E
⊥
A

C



 = rank





sE −A

sE
⊥
A

sC

E
⊥
A

C





= rank




sΩ−

�
A

0

�

E
⊥
A

C



 = rank








R

E
⊥
A

C



Ω+ 0

(ΩΩ+ − I) 0
0 I








sΩ−

�
A

0

�

E
⊥
A

C



 = rank





sΣ− ΣΩ+

�
A

0

�

(I − ΩΩ+)

�
A

0

�

E
⊥
A

C





= rank





sR− T1A

s

�
E

⊥
A

C

�
−

�
E

⊥
A

C

�
Ω+

�
A

0

�

E
⊥
A

C

T2A




= rank





sR− T1A�
E

⊥
A

C

�
Ω+

�
A

0

�

E
⊥
A

C

T2A





= rank





sR− T1A

E
⊥
A

C

T2A





Ω+Ω = I

R

��
E

⊥
A

C

�
Ω+

�
A

0

��
⊂ R(T2A)

Σ

rank





sR− T1A

E
⊥
A

C

T2A



 = rank




s
�
I 0

�
Σ− T1AΣ+Σ�
I 0

�
Σ

T2AΣ+Σ



 = rank





s
�
I 0 0

�
− T1AΣ+

�
0 I 0
0 0 I

�

T2AΣ+



Σ

rank




s
�
I 0

�
− T1AΣ+

�
0 I

�

T2AΣ+



Σ = rank(Σ)




s
�
I 0

�
− T1AΣ+

�
0 I

�

T2AΣ+









sI − T1AΣ+

�
I

0

�
�

0 I

T2AΣ+

�
I

0

�
�

(I − ΣΣ+)

�
I

0

�
�





�




sI −N1

N2

N3





�



w(t)=0

Z1 Y (A1 − YA2)

Y (A1 − YA2) (A2, A1)

rank

�
sI − A1

A2

�
= q0 + q1, ∀s ∈ C, Re(s) ≥ 0

rank

�
sI − A1

A2

�
= rank





sI −N1 + Z1N2 0
0 sIq1

N3 0
0 −Iq1





= rank

�
sI −N1 + Z1N2

N3

�
+ q1

= q0 + q1, ∀s ∈ C, Re(s) ≥ 0.

(N3, N1 − Z1N2)

Z1 Y
X =

�
X1 X1

X1 X2

�

X1 = X
T
1

N
T⊥
3 (NT

1 X1 +X1N1 −N
T

2 W
T

1 −W1N2)N
T⊥T

3 < 0.

W1 = X1Z1 Y

Y = X
−1(KC

+
l
+ Z(I − ClC

+
l
))

K = R
−1

ϑC
T

r (CrϑC
T

r )
−1 + S

1/2
L(CrϑC

T

r )
−1/2

ϑ = (R−1
−D)−1

> 0

S = R
−1

−R
−1[ϑ− ϑC

T

r (CrϑC
T

r )
−1

Crϑ]R
−1

D =

�
(N1 − Z1N2)TX1 +X1(N1 − Z1N2) (N1 − Z1N2)TX1

(∗) 0

�
C =

�
N3 0
0 −Iq1

�
L, R Z

R > 0 �L�2 < 1. Cl Cr

C = ClCr

V (ϕ(t)) = ϕ(t)TXϕ(t)

V̇ (ϕ(t)) = ϕ(t)T [(A1 − YA2)
T
X +X(A1 − YA2)]ϕ(t)

V̇ (ϕ(t)) < 0

(A1 − YA2)
T
X +X(A1 − YA2) < 0

BXC + (BXC)T +D < 0

X = XY D = XA1 +AT
1 X C = A2 B = −I
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C
T⊥

DC
T⊥T

< 0

CT⊥ =
�
N

T⊥
3 0

�
C D W1

N
T⊥
3 (NT

1 X1 +X1N1 −N
T

2 W
T

1 −W1N2)N
T⊥T

3 < 0.

Y
�

•

Eẋ(t) = Ax(t) +Bu(t)

y(t) = C1x(t)

ζ̇(t) = Nζ(t) + Fay(t) + Ju(t)

x̂(t) = Pζ(t) +Qay(t)

ε̇(t) = (Ā1 − ȲĀ2)ε(t)

e(t) = P̄ε(t)

Ā1 = N1−Z1N2 Ā2 = N3 P̄ = P1 Ȳ = Y1 D C B X

D = X(N1 − Z1N2) + (N1 − Z1N2)
T
X, C = N3, B = −I X = XȲ.

Σ Ω Σ =

�
R

C1

�
Ω =

�
E

C1

�

•

Eẋ(t) = Ax(t) +Bu(t)

y(t) = C1x(t)

ζ̇(t) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v̇(t) = y(t)− C1x̂(t)

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�



w(t)=0

ϕ̇(t) = ( ¯̄A1 −
¯̄Y ¯̄A2)ϕ(t)

e(t) = ¯̄Pϕ(t)

¯̄A1 =

�
N1 − Z1N2 0
−C1P1 0

�
¯̄A2 =

�
N3 0
0 −Iq1

�
¯̄P =

�
P1 0

� ¯̄Y =

�
I

0

� �
Y1 H

�

D C B X

D =

�
X1(N1 − Z1N2) + (N1 − Z1N2)TX1 −X1C1P1 − (C1P1)TX1 (N1 − Z1N2)TX1 − (C1P

T
1 )X2

(∗) 0

�
,

C =

�
N3 0
0 −Iq1

�
B = −I X = X

¯̄Y
�
Y1 H

�
=

�
X

�
I

0

��+

X

E =





1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0



 , A =





0 0 0 1
0 0 1 0
−1 1 0 0
1 0 1 1



 , B =





0
0
0
−1



 ,

C1 =

�
0 0 1 1
0 1 0 0

�
x(t) =





x1(t)
x2(t)
x3(t)
x4(t)



 .

E
⊥ =

�
0 0 0 1

�

rank




E

E
⊥
A

C1



 = 4 rank

�
sE −A

C1

�
= 4

R =

�
0 1 0 1
0 1 0 1

�
rank(Σ) = 4

X Z1

X =





25.23 10 25.23 10
10 25.23 10 25.23

25.23 10 40.46 10
10 25.23 10 40.46





Z1 =

�
50.96 43.55 0 0 −122.18 19.77 −51.86
52.45 −57.73 0 0 78.08 20.3 −89.84

�
.
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Z =





2 3 9 7 7 3 9
7 3 9 9 6 4 9
6 3 9 2 8 1 0
6 3 9 2 7 4 9



 L =





0.1 0.1 0.1
0.1 0.1 0.1
0.1 0.1 0.1
0.1 0.1 0.1



 R = I4 × 0.01

Y =





−4.4 4.19 0.25 0.49 0.15 17.79 −9.98
−17.20 17.65 0.25 0.75 0.09 11.23 −3.42
4.53 −4.27 0 −0.33 0.06 −14.54 6.71
10.93 −11 0 −0.46 0.06 −7.98 0.15



 .

N =

�
−4.42 −13.01
25.93 −8.92

�
, S =

�
−4.4 4.4

−10.97 10.97

�
, H =

�
17.79 −9.98
11.23 −3.42

�
, L =

�
−14.54 6.71
−7.98 0.15

�
,

J =

�
0
0

�
, F =

�
−267.95 203.32 −410.12
1687.84 −1686.39 1086.07

�
, M =

�
−290.86 290.86 −139.3
−724.74 724.74 −347.09

�
,

P =





0 0
0 0

−0.5 −0.5
0.5 0.5



 Q =





1 −1 0
0 0 1

−31.6 31.6 −31.38
31.6 −30.6 31.38





R =

�
1 0 1 0
0 1 0 1

�
Z =

�
2 3 1 4
3 2 6 3

�
L =

�
0.1 0.1
0.1 0.1

�
R = I2 × 0.1

N =

�
−2.34 2.69
0.95 −1.51

�
, Fa =

�
−0.17 −16.86
0.85 8.5

�
, J =

�
1.77
−1.27

�
, P =





1 1
0 0
0 −1
0 1



 Qa =





0 0.55
0 1
0 1.47
1 −1.47





R =

�
0 1 1 0
1 0 1 1

�
Z =





2 3 1 4 7 3 9
9 7 8 7 6 2 9
5 4 9 2 8 4 7
6 2 9 4 8 2 7



 L =





0.1 0.1 0.1
0.1 0.1 0.1
0.1 0.1 0.1
0.1 0.1 0.1



 R = I4 × 0.01

N =

�
−0.87 1.14
−0.96 −2.89

�
, H =

�
−3.86 0.08
−0.48 −4.06

�
, J =

�
−2.13
−1.94

�
, F =

�
2.87 0.23 −0.92
5.68 −2.77 0.13

�
,

P =





0 0.5
0 0
1 0
−1 0



 Q =





0.51 −0.51 −0.01
0 0 1

−0.97 0.97 −0.1
0.97 0.02 0.1



 .

x(0) = [0.15, 0, 0, 0, 0]T ζ(0)GDO = [0, 0]T

v(0)GDO = [0, 0]T x̂(0)GDO = [0, 0, 0, 0]T ζ(0)PIO = [0, 0]T v(0)PIO = [0, 0]T

x̂(0)PIO = [0, 0, 0, 0]T ζ(0)PO = [0, 0]T x̂(0)PO = [0, 0, 0, 0]T



w(t)=0

℘(t) A

(A+ ℘(t)) ℘(t) = δ(t)×





0 0 0 0
0 0 0 0
1 0 0 0
0 0 −1 0





u(t)
δ(t)
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x1(t)

0 10 20 30 40 50 60 70 80 90 100

−1.4

−1.2

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

Time

 

 
x̂1GDO

− x1

x̂1PIO − x1

x̂1PO − x1

x1(t)



w(t)=0
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
x1(t) 5398.99 6675 54813.07
x2(t) 0 0 0
x3(t) 16699 32450.92 210982.44
x4(t) 16699 32450.92 210982.44

H∞

w(t) �= 0

w(t) �= 0

Eẋ(t) = Ax(t) +Bu(t) +Dw(t)

y(t) = C1x(t) +D1w(t)

ζ̇(t) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v̇(t) = Sζ(t) + Lv(t) +M

�
−E

⊥
Bu(t)

y(t)

�

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

ϕ̇(t) = (A1 − YA2)ϕ(t) + (B1 − YB2)w(t)

e(t) = Pϕ(t) +Qw(t)

A1 =

�
N1 − ZN2 0

0 0

�
A2 =

�
N3 0
0 −Iq1

�
B1 =

�
Fd1 − T1D1 + Z(T2D1 −Fd2)

0

�
B2 =

�
Fd3

0

�

P =
�
P1 − Y3N3 0

�
Q = Qd1 − Y3Fd3 Y =

�
Y1 H

Y2 L

�
ϕ(t) =

�
ε(t)
v(t)

�

H∞
Z Y �e�2

w(t) �Gwe�∞ < γ Gwe

γ

H∞

�Gwe�∞ < γ X =

�
X1 X1

X1 X2

�
> 0 X1 = X

T
1



H∞ w(t) �= 0

C
T⊥





Π1 N
T
1 X1 −N T

2 W
T
1 Π2 (P1 − Y3N3)T

(∗) 0 Π2 0
(∗) (∗) −γ

2
Inw (Qd1 − Y3Fd3)

T

(∗) 0 (∗) −In



 C
T⊥T

< 0

Π1 = X1N1 −W1N2 +N
T

1 X1 −N
T

2 W
T

1

Π2 = X1(Fd1 − T1D1) +W1(T2D1 −Fd2)

�
−γ

2
Inw (Qd1 − Y3Fd3)

T

(∗) −In

�
< 0

W1 = X1Z Y

Y = X
−1(B+

r KC
+
l
+ Z − B

+
r BrZClC

+
l
)

K = −R
−1

B
T

l ϑC
T

r (CrϑC
T

r )
−1 + S

1/2
L(CrϑC

T

r )
−1/2

ϑ = (BlR
−1

B
T

l −D)−1
> 0

S = R
−1

−R
−1

B
T

l [ϑ− ϑC
T

r (CrϑC
T

r )
−1

Crϑ]BlR
−1

D =





Π1 N
T
1 X1 −N T

2 W
T
1 Π2 (P1 − Y3N3)T

(∗) 0 Π2 0
(∗) (∗) −γ

2
Inw (Qd1 − Y3Fd3)

T

(∗) 0 (∗) −In



 B =




−Iq0+q1

0
0



 C =

��
N3 0
0 −Iq1

� �
Fd3

0

�
0

�

Π1 Π2 L, R Z

R > 0 �L�2 < 1. Cl Cr Bl Br C = ClCr

B = BlBr

�Gwe�∞ < γ

X = X
T
> 0




(A1 − YA2)TX +X(A1 − YA2) X(B1 − YB2) PT

(∗) −γ
2
Inw QT

(∗) (∗) −In



 < 0

BXC + (BXC)T +D < 0

X = XY D =




AT

1 X +XA1 XB1 PT

(∗) −γ
2
Inw QT

(∗) (∗) −In



 C =
�
A2 B2 0

�
B =




−Iq0+q1

0
0



 .

C
T⊥

DC
T⊥T

< 0

B
⊥
DB

⊥T
< 0



H∞

B⊥ =

�
0 Inw 0
0 0 In

�
CT⊥ =




�
AT

2

BT
2

�⊥
0

0 In



 C D W1

C
T⊥





Π1 N
T
1 X1 −N T

2 W
T
1 Π2 (P1 − Y3N3)T

(∗) 0 Π2 0
(∗) (∗) −γ

2
Inw (Qd1 − Y3Fd3)

T

(∗) 0 (∗) −In



 C
T⊥T

< 0

Π1 Π2 B D

�
−γ

2
Inw (Qd1 − Y3Fd3)

T

(∗) −In

�
< 0.

Y
�

•

Eẋ(t) = Ax(t) +Bu(t) +Dw(t)

y(t) = C1x(t) +D1w(t)

ζ̇(t) = Nζ(t) + Fay(t) + Ju(t)

x̂(t) = Pζ(t) +Qay(t)

ε̇(t) = (Ā1 − ȲĀ2)ε(t) + (B̄1 − ȲB̄2)w(t)

e(t) = P̄ε(t) + Q̄w(t)

Ā1 = N1 −ZN2 Ā2 = N3 B̄1 = Fd1 − T1D1 +Z(T2D1 −Fd2) B̄2 = Fd3 P̄ = P1 − Y3N3 Q̄ = Qd1 − Y3Fd3

Ȳ = Y1 D C B X

D =




(N1 − ZN2)TX +X(N1 − ZN2) X(Fd1 − T1D1 + Z(T2D1 −Fd2)) (P1 − Y3N3)T

(∗) −γ
2
Inw (Qd1 − Y3Fd3)

T

(∗) (∗) −In



 ,

C =
�
N3 Fd3 0

�
B =




−Iq0+q1

0
0



 X = XȲ Σ Ω Σ =

�
R

C

�
Ω =

�
E

C

�

•

Eẋ(t) = Ax(t) +Bu(t) +Dw(t)

y(t) = C1x(t) +D1w(t)



H∞ w(t) �= 0

ζ̇(t) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v̇(t) = y(t)− C1x̂(t)

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

ϕ̇(t) = ( ¯̄A1 −
¯̄Y ¯̄A2)ϕ(t) + (¯̄B1 −

¯̄Y ¯̄B2)w(t)

e(t) = ¯̄Pϕ(t) + ¯̄Qw(t)

Y3 = 0 ¯̄A1 =

�
N1 − ZN2 0
−C1P1 0

�
¯̄A2 =

�
N3 0
0 −Iq1

�

¯̄B1 =

�
Fd1 − T1D1 + Z(T2D1 −Fd2)

D2 − C1Qd1

�
¯̄B2 =

�
Fd3

0

�
¯̄P =

�
P1 0

� ¯̄Q = Qd1 Y =

�
I

0

� �
Y1 H

�

D, C, B X

D =





Π1 (N1 − ZN2)TX1 − P
T
1 C

T
1 X2 Π2 P

T
1

(∗) 0 Π3 0
(∗) (∗) −γ

2
Inw QT

d1

(∗) 0 (∗) −In



 ,

Π1 =
�
(N1 − ZN2)

T
− P

T

1 C
T

1

�
X1 +X1 [(N1 − ZN2)− C1P1]

Π2 = X1 [Fd1 − T1D1 +D2 − C1Qd1 + Z(T2D1 −Fd2)]

Π3 = X1 [Fd1 − T1D1 + Z(T2D1 −Fd2)] +X2 (D2 − C1Qd1)

C =

��
N3 0
0 −Iq1

� �
Fd3

0

�
0

�
, B =




−Iq0+q1

0
0



 X = X
¯̄Y

�
Y1 H

�
=

�
X

�
I

0

��+

X

E =




1 0 0
0 1 0
0 0 0



 , A =




−2.7 0 0.3
−0.2 −3 0
−0.11 1.74 −1



 , B =




1
0
0



 , D =




0.4
0.3
0.2



 ,

C1 =

�
0 1 1
0 0 1

�
, D1 =

�
0.3
0.5

�
x(t) =




x1(t)
x2(t)
x3(t)



 .

E
⊥ =

�
0 0 1

�

rank




E

E
⊥
A

C1



 = 3 rank

�
sE −A

C1

�
= 3



H∞

H∞

H∞ R =

�
0 1 1
0 1 0

�
rank(Σ) = 4. γ = 1

X Z Y3

X =





63.82 3.97 63.82 3.97
3.97 71.95 3.97 71.95
63.82 3.97 163.21 1.08
3.97 71.94 1.08 165.42



 ,

Z =

�
−1.86 −1.84 −1.86 −1.87 −1.88 −1.85
−1.64 −1.54 −1.64 −1.65 −1.68 −1.6

�

Y3 =




0.17 −15.25 −12.29 7.37 −14.97
−0.03 0.06 −0.26 −0.19 0.07
−0.04 1.16 0.64 −0.76 1.15



 .

Z =





2 3 1 4 9 7 9
3 2 6 3 3 5 4
6 1 4 2 6 2 6
9 5 2 7 4 3 2



 L =





0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1



 R = I4 × 0.0001

Y =





242.96 −68.96 −0.02 −173.86 −68.86 94.61 −2.25
−85.06 27.88 0.12 57.14 27.91 20.86 127.13
−89.18 25.24 0.03 63.94 25.23 −104.73 −7.43
35.71 −11.72 −0.04 −23.85 −11.74 −16.65 −121.58



 .

N =

�
−243.63 65.3
84.36 −31.81

�
, S =

�
89.18 −25.23
−35.66 11.75

�
, H =

�
94.61 −2.25
20.86 127.13

�
, J =

�
−0.01
0.02

�
,

L =

�
−104.73 −7.43
−16.65 −121.58

�
, F =

�
34.12 111.61 −79.35
−9.17 −35.89 25.08

�
, P =




−1.85 26.73
0.17 0.5
0.38 −1.48



 ,

M =

�
−11.57 −41.31 29.74
4.98 14.74 −9.75

�
Q =




−3.23 −11.31 8.08
0.1 0.34 −0.24

−0.34 1.29 −0.64



 .

H∞

R =

�
1 0 0
0 1 0

�
Z =

�
2 3 1 4
3 2 6 3

�
, L =

�
0.1
0.1

�
R = I2 × 0.01 γ = 1

N =

�
−2.85 38.45
−0.21 −37.43

�
, Fa =

�
−23.31 22.27
24.16 −24.85

�
, J =

�
1
0

�
,

P =




1 0
0 1.5
0 −3.75



 Qa =




0 0
0 0
2.5 −1.5



 .



H∞ w(t) �= 0

H∞

R =

�
1 0 1
1 1 1

�
Z =





2 3 1 4 9 7 9
3 2 6 3 3 5 4
6 1 4 2 6 2 6
9 5 2 7 8 4 9



 , L =





0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1





R = I4 × 0.00001 γ = 1

N =

�
−390.74 372.39
354.82 −345.2

�
, H =

�
−876.88 −144.9
−145 −876.78

�
, J =

�
1.29
1.33

�
, P =




0.57 0.43
−0.09 0.13
−0.04 0.01



 ,

F =

�
−75.5 −70.3 −4.82
−7.24 175.82 −182.66

�
Q =




2.84 10.22 −7.38
0.49 0.72 −0.23
−0.31 0.14 0.55



 .

γ

x(0) = [0.1, 0, 0.2]T ζ(0)GDO = [0, 0]T v(0)GDO = [0, 0]T x̂(0)GDO = [0, 0, 0]T

ζ(0)PIO = [0, 0]T v(0)PIO = [0, 0]T x̂(0)PIO = [0, 0, 0]T ζ(0)PO = [0, 0]T x̂(0)PO = [0, 0, 0]T

℘(t) A

(A+ ℘(t)) ℘(t) = δ(t)×

�
0 0 1
0 0 0
0 0 0

�

u(t) w(t)
δ(t)
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H∞
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H∞ w(t) �= 0
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H∞ x1(t)
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H∞
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x̂2GDO

x̂2PIO
x̂2PO

H∞ x2(t)
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H∞ w(t) �= 0
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x3

x̂3GDO

x̂3PIO

x̂3PO

H∞ x3(t)

0 10 20 30 40 50 60 70 80 90 100−0.05
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Time
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H∞

x1(t)

H∞
x1(t) 3981.52 14287.59 15463.76
x2(t) 82.7 948.15 1004.23
x3(t) 210.19 2082.05 2510.58

w(t) = 0

ẋ(t) x(t + 1)
w(t) = 0

Ex(t+ 1) = Ax(t) +Bu(t)

y(t) = C1x(t)

ζ(t+ 1) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v(t+ 1) = Sζ(t) + Lv(t) +M

�
−E

⊥
Bu(t)

y(t)

�

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

w(t) = 0

ϕ(t+ 1) = (A1 − YA2)ϕ(t)

e(t) = Pϕ(t)

A1 =

�
N1 − Z1N2 0

0 0

�
A2 =

�
N3 0
0 −Iq1

�
P =

�
P1 0

�
Y =

�
Y1 H

Y2 L

�
ϕ(t) =

�
ε(t)
v(t)

�
Y3 = 0

(A1 − YA2)

Y Z1

X1 X2 W1

C
T⊥





−X1 (∗) (∗) (∗)
−X1 −X2 0 0

X1N1 −W1N2 0 −X1 (∗)
X1N1 −W1N2 0 −X1 −X2



 C
T⊥T

< 0

X2 −X1 > 0.



w(t) = 0

W1 = X1Z1 Y

Y = X
−1(B+

r KC
+
l
+ Z − B

+
r BrZClC

+
l
)

K = −R
−1

B
T

l ϑC
T

r (CrϑC
T

r )
−1 + S

1/2
L(CrϑC

T

r )
−1/2

ϑ = (BlR
−1

B
T

l −D)−1
> 0

S = R
−1

−R
−1

B
T

l [ϑ− ϑC
T

r (CrϑC
T

r )
−1

Crϑ]BlR
−1

D =





−X1 (∗) (∗) (∗)
−X1 −X2 0 0

X1N1 −W1N2 0 −X1 (∗)
X1N1 −W1N2 0 −X1 −X2



 B =

�
0

−Iq0+q1

�
C =

��
N3 0
0 −Iq1

�
0

�
L, R Z

R > 0 �L�2 < 1. Cl Cr Bl Br

C = ClCr B = BlBr

V (ϕ(t)) = ϕ(t)TXϕ(t)

X =

�
X1 (∗)
X1 X2

�
> 0 X1 = X

T
1 > 0 V (ϕ(t))

∆V (ϕ(t)) = V (ϕ(t+ 1))− V (ϕ(t))

= ϕ(t+ 1)TXϕ(t+ 1)− ϕ(t)TXϕ(t)

= ϕ(t)T (A1 − YA2)
T
X(A1 − YA2)ϕ(t)− ϕ(t)TXϕ(t)

∆V (ϕ(t)) < 0 ϕ(t) �= 0

(A1 − YA2)
T
X(A1 − YA2)−X < 0.

�
−X (A1 − YA2)TX

X(A1 − YA2) −X

�
< 0

BXC + (BXC)T +D < 0

D =

�
−X AT

1 X

XA1 −X

�
C =

�
A2 0

�
B =

�
0

−Iq0+q1

�
X = XY

C
T⊥

DC
T⊥T

< 0

B
⊥
DB

⊥T
< 0

B⊥ =
�
Iq0+q1 0

�
CT⊥ =

��
N

T⊥
3 0

�
0

0 Iq0+q1

�



H∞

C D W1

C
T⊥





−X1 (∗) (∗) (∗)
−X1 −X2 0 0

X1N1 −W1N2 0 −X1 (∗)
X1N1 −W1N2 0 −X1 −X2



 C
T⊥T

< 0

B D −X < 0
X X1 = X

T
1

X2 −X1 > 0.

Y
�

•

Ex(t+ 1) = Ax(t) +Bu(t)

y(t) = C1x(t)

ζ(t+ 1) = Nζ(t) + Fay(t) + Ju(t)

x̂(t) = Pζ(t) +Qay(t)

ε(t+ 1) = (Ā1 − ȲĀ2)ε(t)

e(t) = P̄ε(t)

Ā1 = N1−Z1N2 Ā2 = N3 P̄ = P1 Ȳ = Y1 D C B X

D =

�
−X (N1 − Z1N2)TX
(∗) −X

�
, C =

�
N3 0

�
,B =

�
0

−Iq0

�
X = XȲ.

Σ Ω Σ =

�
R

C1

�
Ω =

�
E

C1

�

•

Ex(t+ 1) = Ax(t) +Bu(t)

y(t) = C1x(t)

ζ(t+ 1) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v(t+ 1) = y(t)− C1x̂(t)

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�



w(t) = 0

ϕ(t+ 1) = (¯̄A1 −
¯̄Y ¯̄A2)ϕ(t)

e(t) = ¯̄Pϕ(t)

¯̄A1 =

�
N1 − Z1N2 0
−C1P1 0

�
¯̄A2 =

�
N3 0
0 −Iq1

�
¯̄P =

�
P1 0

� ¯̄Y =

�
I

0

� �
Y1 H

�
D C B

X

D =





−X1 (∗) (∗) (∗)
−X1 X2 0 0

X1(N1 − Z1N2)−X1C1P1 0 −X1 (∗)
X1(N1 − Z1N2)−X2C1P1 0 −X1 −X2



 , C =

��
N3 0
0 −Iq1

�
0

�
, B =

�
0

−Iq0+q1

�
,

X = X
¯̄Y

�
Y1 H

�
=

�
X

�
I

0

��+

X

E =





1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0



 , A =





0.7 −0.4 0 0
0 0.5 0 0
0 1 0.3 0

−0.1 0.2 0 0.5



 , B =





0
1
0
−1



 ,

C1 =

�
0 1 1 0
0 0 0 1

�
x(t) =





x1(t)
x2(t)
x3(t)
x4(t)



 .

E
⊥ =

�
0 0 1

�

rank




E

E
⊥
A

C1



 = 4 rank

�
sE −A

C1

�
= 4

R =

�
0.1 0 10 0.5
0 1 0 0.3

�
rank(Σ) = 4

X Z1

X =





968.64 1163.39 968.64 1163.39
1163.39 12875.59 1163.39 12875.59
968.64 1163.39 21675.79 1473.81
1163.39 12875.59 1473.81 34862.37





Z1 =

�
−23.25 −16.84 −16.69 −23.39 −22.05 −37.78 −24.12
0.38 0.03 0.02 0.39 0.31 1.35 0.43

�
.

Z =





8 2 9 7 3 9 2
9 3 7 5 9 7 3
9 2 8 5 8 6 1
9 3 8 5 1 5 1



 , L =





0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1



 R = I4 × 0.0001

Y =





0.18 1.68 0.18 −1.71 −0.67 −0.47 −0.69
0.02 0.18 0.02 −0.18 −0.07 −0.05 −0.07
0 0 0 0 0 −0.04 −0.06

−0.01 −0.06 −0.01 0.06 0.02 −0.01 −0.01







H∞

N =

�
−0.23 −0.31
−0.04 0.18

�
, S =

�
0 0

0.01 0.06

�
, H =

�
−0.47 −0.69
−0.05 −0.07

�
,

L =

�
−0.04 −0.06
−0.01 −0.01

�
, F =

�
16.47 3.03 3.46
−0.83 0.27 0.22

�
, J =

�
−28.99
1.46

�
,

M =

�
0 0 0

0.06 −0.04 −0.03

�
, P =





0.04 2.35
−0.05 0.5
0.1 −0.04
0.02 0.18



 Q =





−9.28 −0.47 4.64
−0.29 0.24 0.14
0.72 0.45 −0.36
0.17 −0.12 0.91



 .

R =

�
1 1 0 1
0 1 0 1

�
Z =

�
8 2 9 7
9 3 7 5

�
L =

�
0.1 0.1
0.1 0.1

�
R = I2 × 0.1

N =

�
0.51 −0.11
−0.07 0.28

�
, F =

�
0.03 0.65
0.06 0.35

�
, J =

�
−0.16
0.05

�
,

P =





1 −1
0 1
0 −1
0 0



 Q =





−0.41 0
0.31 0
0.69 0
0 1



 .

R =

�
0.1 0 10 0.5
0 1 0 0.3

�
Z =





8 2 9 7 3 9 9
9 3 7 5 9 2 3
9 2 8 5 3 6 1
9 3 8 0 1 5 1



 L =





0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1



 R =

I4 × 0.0001

N =

�
0.3 2.96

−0.03 −0.27

�
, H =

�
−1.31 −1.86
−0.06 −0.09

�
, J =

�
−7.81
0.81

�
,

F =

�
−7.55 1.22 3.78
0.82 −0.12 −0.41

�
, P =





0.04 2.35
−0.05 0.5
0.1 −0.04
0.02 0.18



 Q =





−12.31 0.83 6.15
−1.1 0.42 0.55
1.07 0.58 −0.54
−0.01 0 1.01



 .

x(0) = [0.1, 0, 0, 0]T ζ(0)GDO = [0, 0]T v(0)GDO = [0, 0]T

x̂(0)GDO = [0, 0, 0, 0]T ζ(0)PIO = [0, 0]T v(0)PIO = [0, 0]T x̂(0)PIO = [0, 0, 0, 0]T

ζ(0)PO = [0, 0]T x̂(0)PO = [0, 0, 0, 0]T

℘(t) A

(A+ ℘(t)) ℘(t) = δ(t)×





0 0 1 0
0 0 0 0

0.01 0 0 0
0 0 0 0





u(t)
δ(t)
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w(t) = 0
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x2
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x̂3GDO
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w(t) = 0
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
x1(t) 1.15 6.07 25.35
x2(t) 0.94 2.87 29.35
x3(t) 1.57 2.77 29.35
x4(t) 0.28 0.04 0

x4(t)

H∞

w(t) �= 0

w(t) �= 0

Ex(t+ 1) = Ax(t) +Bu(t) +Dw(t)

y(t) = C1x(t) +D1w(t)

ζ(t+ 1) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v(t+ 1) = Sζ(t) + Lv(t) +M

�
−E

⊥
Bu(t)

y(t)

�

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

ϕ(t+ 1) = (A1 − YA2)ϕ(t) + (B1 − YB2)w(t)

e(t) = Pϕ(t) +Qw(t)

A1 =

�
N1 − ZN2 0

0 0

�
A2 =

�
N3 0
0 −Iq1

�
B1 =

�
Fd1 − T1D1 + Z(T2D1 −Fd2)

0

�
B2 =

�
Fd3

0

�

P =
�
P1 − Y3N3 0

�
Q = Qd1 − Y3Fd3 Y =

�
Y1 H

Y2 L

�
ϕ(t) =

�
ε(t)
v(t)

�

H∞
Y3 Z Y �e�2

w(t) sup
w∈L2−{0}

�e�2

�w�2

�Gwe�∞ < γ Gwe

γ



H∞ w(t) �= 0

H∞

�Twe�∞ < γ X =

�
X1 X1

X1 X2

�
> 0 X1 = X

T
1 > 0

C
T⊥





−X1 (∗) 0 (∗) (∗) (∗)
−X1 −X2 0 0 0 0
0 0 −γ

2
Inw (∗) (∗) (∗)

X1N1 −W1N2 0 Π1 −X1 (∗) 0
X1N1 −W1N2 0 Π1 −X1 −X2 0
P1 − Y3N3 0 Qd1 − Y3Fd3 0 0 −In




C
T⊥T

< 0

Π1 = X1(Fd1 − T1D1)−W1(Fd2 − T2D1)





−X1 (∗) 0 (∗)
−X1 −X2 0 0
0 0 −γ

2
Inw (∗)

P1 − Y3N3 0 Qd1 − Y3Fd3 −In



 < 0

W1 = X1Z Y

Y = X
−1(B+

r KC
+
l
+ Z − B

+
r BrZClC

+
l
)

K = −R
−1

B
T

l ϑC
T

r (CrϑC
T

r )
−1 + S

1/2
L(CrϑC

T

r )
−1/2

ϑ = (BlR
−1

B
T

l −D)−1
> 0

S = R
−1

−R
−1

B
T

l [ϑ− ϑC
T

r (CrϑC
T

r )
−1

Crϑ]BlR
−1

D =





−X1 (∗) 0 (∗) (∗) (∗)
−X1 −X2 0 0 0 0
0 0 −γ

2
Inw (∗) (∗) (∗)

X1N1 −W1N2 0 Π1 −X1 (∗) 0
X1N1 −W1N2 0 Π1 −X1 −X2 0
P1 − Y3N3 0 Qd1 − Y3Fd3 0 0 −In




, B =





0
0

−Iq0+q1

0





C =

��
N3 0
0 −Iq1

� �
Fd3

0

�
0 0

�
Π1 L, R Z

R > 0 �L�2 < 1. Cl Cr Bl Br

C = ClCr B = BlBr

�Twe�∞ < γ

X = X
T
> 0

�
A1 − YA2 B1 − YB2

P Q

�T �
X 0
0 Inw

� �
A1 − YA2 B1 − YB2

P Q

�
<

�
X 0
0 γ

2
Inw

�





−X 0 (∗) (∗)
0 −γ

2
Inw (∗) (∗)

A1 − YA2 B1 − YB2 −X
−1 0

P Q 0 −In



 < 0.



H∞





Iq0+q1 0 0 0
0 Inw 0 0
0 0 X 0
0 0 0 In









−X 0 (∗) (∗)
0 −γ

2
Inw (∗) (∗)

X(A1 − YA2) X(B1 − YB2) −X 0
P Q 0 −In



 < 0.

BXC + (BXC)T +D < 0

D =





−X 0 (∗) (∗)
0 −γ

2
Inw (∗) (∗)

XA1 XB1 −X 0
P Q 0 −In



 C =
�
A2 B2 0 0

�
B =





0
0

−Iq0+q1

0



 X = XY

C
T⊥

DC
T⊥T

< 0

B
⊥
DB

⊥T
< 0

B⊥ =




Iq0+q1 0 0 0

0 Inw 0 0
0 0 0 In



 CT⊥ =





�
AT

2

BT
2

�⊥
0 0

0 Iq0+q1 0
0 0 In





C D W1

C
T⊥





−X1 (∗) 0 (∗) (∗) (∗)
−X1 −X2 0 0 0 0
0 0 −γ

2
Inw (∗) (∗) (∗)

X1N1 −W1N2 0 Π1 −X1 (∗) 0
X1N1 −W1N2 0 Π1 −X1 −X2 0
P1 − Y3N3 0 Qd1 − Y3Fd3 0 0 −In




C
T⊥T

< 0

Π1 B D





−X1 (∗) 0 (∗)
−X1 −X2 0 0
0 0 −γ

2
Inw (∗)

P1 − Y3N3 0 Qd1 − Y3Fd3 −In



 < 0.

Y
�

•

Ex(t+ 1) = Ax(t) +Bu(t) +Dw(t)

y(t) = C1x(t) +D1w(t)



H∞ w(t) �= 0

ζ(t+ 1) = Nζ(t) + Fay(t) + Ju(t)

x̂(t) = Pζ(t) +Qay(t)

ε(t+ 1) = (Ā1 − ȲĀ2)ε(t) + (B̄1 − ȲB̄2)ϕ(t)

e(t) = P̄ε(t) +Qw(t)

Ā1 = N1 −ZN2 Ā2 = N3 B̄1 = Fd1 − T1D1 +Z(T2D1 −Fd2) B̄2 = Fd3 P̄ = P1 − Y3N3 Q̄ = Qd1 − Y3Fd3

Ȳ = Y1

D C B X

D =





−X 0 (∗) (∗)
0 −γ

2
Inw (∗) (∗)

X(N1 − ZN2) X[Fd1 − T1D1 + Z(T2D1 −Fd2)] −X 0
P1 − Y3N3 Qd1 − Y3Fd3 0 −In



 ,

B =





0
0

−Iq0

0



 , C =
�
N3 Fd3 0 0

�
X = XȲ Σ Ω Σ =

�
R

C1

�
Ω =

�
E

C1

�

•

Ex(t+ 1) = Ax(t) +Bu(t) +Dw(t)

y(t) = C1x(t) +D1w(t)

ζ(t+ 1) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v(t+ 1) = y(t)− C1x̂(t)

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

ϕ(t+ 1) = (¯̄A1 −
¯̄Y ¯̄A2)ϕ(t) + (B̄1 − ȲB̄2)ϕ(t)

e(t) = ¯̄Pϕ(t) + ¯̄Qw(t)

Y3 = 0 ¯̄A1 =

�
N1 − ZN2 0
−C1P1 0

�
¯̄A2 =

�
N3 0
0 −Iq1

�

¯̄B1 =

�
Fd1 − T1D1 − Z(Fd2 − T2D1)

D1 − C1Qd1

�
¯̄B2 =

�
Fd3

0

�
¯̄P =

�
P1 0

� ¯̄Q = Qd1
¯̄Y =

�
I

0

� �
Y1 H

�

D C B X

D =





−X1 (∗) 0 (∗) (∗) (∗)
−X1 −X2 0 0 0 0
0 0 −γ

2
Inw (∗) (∗) (∗)

X1(N1 − C1P1 − ZN2) 0 Π1 −X1 (∗) 0
X1(N1 − ZN2)−X2C1P1 0 Π2 −X1 −X2 0

P1 − Y3N3 0 Qd1 − Y3Fd3 0 0 −In




,
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Π1 = X1[Fd1 − T1D1 − Z(Fd2 − T2D1) +D2 − C1Qd1 ]

Π2 = X1[Fd1 − T1D1 − Z(Fd2 − T2D1)] +X2(D2 − C1Qd1)

C =

��
N3 0
0 −Iq1

� �
Fd3

0

�
0 0

�
B =





0
0

−Iq0+q1

0



 X = X
¯̄Y

�
Y1 H

�
=

�
X

�
I

0

��+

X

E =




1 0 0
0 1 0
0 0 0



 , A =




0.7 1 0
0 0.5 0
0 1 0.3



 , B =




1
−1
1



 , D =




0
0
1





C1 =




0 0 1
0 1 1
0 1 0



 , D1 =




0.1
0
0



 x(t) =




x1(t)
x2(t)
x3(t)



 .

E
⊥ =

�
0 0 1

�

rank




E

E
⊥
A

C1



 = 3 rank

�
sE −A

C1

�
= 3

H∞

H∞ R =




1 0 1
0 1 0
1 0 1



 rank(Σ) = 3 γ = 1.73

X Z Y3

X =





2.84 0 0 2.84 0 0
0 2.43 0 0 2.43 0
0 0 2.43 0 0 2.43

2.84 0 0 7.35 0 0
0 2.43 0 0 6.95 0
0 0 2.43 0 0 6.95




,

Z =




−1.58 −1.58 −1.58 −1.58 −1.58 −1.58 −1.58
−1.86 −1.86 −1.86 −1.86 −1.86 −1.86 −1.86
−1.86 −1.86 −1.86 −1.86 −1.86 −1.86 −1.86





Y3 =




0.1 0 0 0 0 0 0
0.1 0.29 −0.12 0.22 0.22 −0.17 −0.34
0.1 −0.12 0.37 0.06 −0.28 −0.11 0.17



 .



H∞ w(t) �= 0

Z =





2 3 1 4 9 7 9 6 3 9
3 2 6 3 3 5 4 6 3 9
6 1 4 2 6 2 6 6 1 0
9 5 2 7 4 3 2 8 1 6
2 6 3 8 1 8 4 7 3 9
8 2 7 1 9 3 6 2 8 2




L =





0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1




R = I6 × 0.1

Y =





−0.85 2.57 1.69 1.12 3.99 1.96 3.76 1.14 −0.03 −0.03
1.46 0.75 2.01 −0.41 2.62 1.74 1.03 −0.06 −0.16 −0.16
2.03 1.35 0.94 −0.19 2.02 0.81 2.34 −0.06 −0.16 −0.16
1.55 −0.26 −0.35 −0.09 −1.11 −0.08 −0.89 −0.21 −0.07 −0.07
−0.22 0.75 −0.33 0.87 −0.75 0.71 0.32 −0.02 −0.05 −0.05
0.44 −0.13 0.56 0.19 0.68 0.18 −0.01 −0.02 −0.05 −0.05




.

N =




0.7 −0.08 −0.01
0 −0.04 −0.11
0 −0.05 −0.10



 , S =




0 0.07 −0.07
0 0.03 −0.04
0 0.02 −0.03



 , H =




1.14 −0.03 −0.03
−0.06 −0.16 −0.16
−0.06 −0.16 −0.16



 ,

J =




2.25
1.15
1.66



 , L =




−0.21 −0.07 −0.07
−0.02 −0.05 −0.05
−0.02 −0.05 −0.05



 , F =




1.82 −1.91 1.84 −1.09
1.7 −0.88 0.93 −0.37
1.73 −1.35 1.39 −1.11



 ,

P =




1 0 0
0 0 0
0 0 0



 , M =




−0.21 0.62 −0.55 0.73
−0.19 0.36 −0.30 0.48
−0.14 −0.19 0.23 −0.09





Q =




−0.06 0.63 −0.61 0.34
0.03 −0.34 0.33 0.63
−0.06 0.66 0.36 −0.29



 .

H∞

R =




1 0 0
0 1 0
0 0 1



 Z =




2 3 1 4 9 7
3 2 6 3 3 5
6 1 4 2 6 2



 L =




0.01 0.01 0.01
0.01 0.01 0.01
0.01 0.01 0.01



 R = I3 × 0.1 γ = 1.73

N =




0.7 0.18 −0.01
0 0.15 −0.02
0 0.1 −0.01



 , Fa =




6.83 −6.56 8.37
3.98 −3.75 4.65
4.02 −3.79 4.41



 , J =




1.88
0.36
0.96



 ,

P =




1 −0.21 −0.23
0 −0.01 −0.2
0 −0.19 −0.03



 Qa =




−2.73 2.73 −2.69
−2.68 2.68 −1.72
−2.04 3.04 −2.97



 .



H∞

H∞

R =




1 0 1
0 1 0
1 0 1



 Z =





2 3 1 4 9 7 9 6 3 9
3 2 6 3 3 5 4 6 3 9
6 1 4 2 6 2 6 6 1 0
9 5 2 7 4 3 2 8 1 6
2 6 3 8 1 8 4 7 3 9
8 2 7 1 9 3 6 2 8 2




, L =





0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1




R = I6 × 10

γ = 1.73

N =




0.34 0.62 0.36
−0.01 0.29 0.01
0.34 0.63 0.36



 , H =




0 −0.04 0

−0.02 −0.04 −0.01
0 −0.04 0



 , P =




0.5 −0.3 0.5
0 −0.02 0
0 −0.07 0



 ,

J =




1.89
0.42
1.89



 , F =




0.7 −0.7 0.76 0.11
0.38 0.05 0.12 0.54
0.76 −1.26 1.29 −0.49



 Q =




0.31 −1.82 1.73 −2.02
0.25 −2.44 2.37 −1.61
0.28 −1.53 2.44 −2.69



 .

x(0) = [0.1, 0, 0]T ζ(0)GDO = [0, 0, 0]T v(0)GDO = [0, 0, 0]T

x̂(0)GDO = [0, 0, 0]T ζ(0)PIO = [0, 0, 0]T v(0)PIO = [0, 0, 0]T x̂(0)PIO = [0, 0, 0]T

ζ(0)PO = [0, 0, 0]T x̂(0)PO = [0, 0, 0]T

℘(t) A

(A+ ℘(t)) ℘(t) = δ(t)×

�
0 1 0
0 0 0
1 0 0

�

u(t) w(t)
δ(t)
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H∞ w(t) �= 0
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H∞ x2(t)
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x3
x̂3GDO

x̂3PIO
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H∞ x3(t)
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H∞
x1(t) 51.53 111.27 204.79
x2(t) 1.84 14.07 12.2
x3(t) 3.51 15 12.18

H∞
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H∞

H∞

w(t)=0

H∞
w(t) �= 0

H∞

w(t) = 0

H∞ w(t) �= 0

H∞

H∞
H∞

H∞



H∞

H∞

H∞

Eẋ(t) = (A+∆A(t))x(t) +Dw(t)

y(t) = (C1 +∆C(t))x(t) +D1w(t)

x(t) ∈ Rn
w(t) ∈ Rnw y(t) ∈ Rny

E ∈ Rn1×n
A ∈ Rn1×n

C1 ∈ Rny×n1 D ∈ Rn1×nw D1 ∈ Rny×nw

∆A(t) ∆C(t)

∆A(t) = M1Γ(t)G

∆C(t) = M2Γ(t)G

M1 M2 G Γ(t)

Γ(t)TΓ(t) ≤ I, ∀t ∈ [0,∞)

rank




E

E
⊥
A

C1



 = n.

rank

�
sE −A

C1

�
= n, ∀s ∈ C+

, s

∆A(t)

ζ̇(t) = Nζ(t) +Hv(t) + Fy(t)

v̇(t) = Sζ(t) + Lv(t) +My(t)

x̂(t) = Pζ(t) +Qy(t)

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂(t) ∈ Rn

x(t) N, F, H, L, M, S, P Q

x̂(t) x(t)



H∞

T

NTE + FC1 − TA = 0
MC1 + STE = 0
�
P Q

� �TE
C1

�
= In

�
N H

S L

�
w(t) = 0 Γ(t) = 0

T ∈ Rq0×n1 ε(t) = ζ(t)− TEx(t)

ε̇(t) = Nε(t) +Hv(t) + (NTE + FC1 − TA)x(t) + (F∆C(t)− T∆A(t))x(t) + (FD1 − TD)w(t)

ε(t)

v̇(t) = Sε(t) + Lv(t) + (STE +MC1)x(t) +M∆C(t)x(t) +MD1w(t)

x̂(t) = Pε(t) +
�
P Q

� �TE
C1

�
x(t) +Q∆C(t)x(t) +QD1w(t)

(a)− (c)

�
ε̇(t)
v̇(t)

�
=

�
N H

S L

� �
ε(t)
v(t)

�
+

�
F∆C(t)− T∆A(t)

M∆C(t)

�
x(t) +

�
FD1 − TD

MD1

�
w(t)

x̂(t)− x(t) = e(t) = Pε(t) +Q∆C(t)x(t) +QD1w(t)

w(t) = 0 Γ(t) = 0

�
N H

S L

�
lim
t→∞

e(t) = 0 �
(a)− (c)

F Z1 = 0

T = T1

N = N1 − Y1N3

F = F1 − Y1F3

S = −Y2N3

M = −Y2F3

P = P1

Q = Q1

F1 = T1AΣ+

�
K1

I�1+ny

�
F3 = (Iq0+�1+ny −ΣΣ+)

�
K1

I�1+ny

�
N1, N3, P1 Q1

Y3 = 0 P Q Σ Ω Σ =

�
R

C1

�
Ω =

�
E

C1

�

ϕ̇(t) = Aϕ(t) + FΓ(t)Gx(t) + Bw(t)



H∞

A = A1 − YA2

F = F1 − YF2

B = B1 − YB2

A1 =

�
N1 0
0 0

�
, A2 =

�
N3 0
0 −Iq1

�
, F1 =

�
F1M2 − T1M1

0

�
F2 =

�
F3M2

0

�
B1 =

�
F1D1 − T1D

0

�
B2 =

�
F3D1

0

�
Y =

�
Y1 H

Y2 L

�
ϕ(t) =

�
ε(t)
v(t)

�

E β̇(t) = A β(t) + Bw(t)

E =

�
E 0
0 Iq0+q1

�
A =

�
A+M1Γ(t)G 0

FΓ(t)G A

�
B =

�
D

B

�
β(t) =

�
x(t)
ϕ(t)

�

β(t)
∆A(t)

w(t)=0

w(t) = 0 ∆A(t) ∆C(t)

Eẋ(t) = (A+M1Γ(t)G)x(t)

y(t) = (C1 +M2Γ(t)G)x(t)

ζ̇(t) = Nζ(t) +Hv(t) + Fy(t)

v̇(t) = Sζ(t) + Lv(t) +My(t)

x̂(t) = Pζ(t) +Qy(t)

ϕ̇(t) = Aϕ(t) + FΓ(t)Gx(t)

A = A1 − YA2 F = F1 − YF2 A1 =

�
N1 0
0 0

�
A2 =

�
N3 0
0 −Iq1

�

F1 =

�
F1M2 − T1M1

0

�
F2 =

�
F3M2

0

�
Y =

�
Y1 H

Y2 L

�

X2 =

�
X21 X22

X
T
22 X23

�
X21 = X

T
21 X1

E
T
X1 = X

T

1 E ≥ 0,



H∞

C
T⊥





A
T
X1 +X1A+ 2�GTG (∗) 0 0

MT
1 X1 −�I 0 0

0 0

�
N

T
1 X21 +X21N1 (∗)

X
T
22N1 0

�
(∗)

0 0
�
(F1M2 − T1M1)TX21 (F1M2 − T1M1)TX22

�
−�I




C
T⊥T

< 0




A

T
X1 +X1A+ 2�GTG (∗) 0

MT
1 X1 −�I 0
0 0 −�I



 < 0.

� > 0 Y

Y = X
−1
2 (B+

r KC
+
l
+ Z − B

+
r BrZClC

+
l
)

K = −R
−1

B
T

l ϑC
T

r (CrϑC
T

r )
−1 + S

1/2
L(CrϑC

T

r )
−1/2

ϑ = (BlR
−1

B
T

l −D)−1
> 0

S = R
−1

−R
−1

B
T

l [ϑ− ϑC
T

r (CrϑC
T

r )
−1

Crϑ]BlR
−1

D =





A
T
X1 +X1A (∗) (∗) 0 0 0
MT

1 X1 −�I 0 0 0 0
�G 0 −�I 0 0 0
0 0 0 N

T
1 X21 +X21N1 (∗) (∗)

0 0 0 X22N1 0 (∗)
0 0 0 (F1M2 − T1M1)TX21 (F1M2 − T1M1)TX22 −�I




B =





0
0
0
−I

0





C =

�
0 0 0

�
N3 0
0 −Iq1

� �
F3M2

0

��
L, R Z

R > 0 �L�2 < 1. Cl Cr Bl Br C = ClCr B = BlBr

V (x(t), ϕ(t)) = V1(x(t)) + V2(ϕ(t))

V1(x(t)) = x(t)TET
X1x(t) E

T
X1 = X

T
1 E ≥ 0 V2(ϕ(t)) = ϕ(t)TX2ϕ(t) X2 = X

T
2 > 0

X2 =

�
X21 X22

X
T
22 X23

�
X21 = X

T
21

V1(x(t))

V̇1(x(t)) = x(t)T
�
A

T
X1 +X

T

1 A
�
x(t) + 2x(t)TXT

1 M1Γ(t)Gx(t)

V2(ϕ(t))

V̇2(ϕ(t)) = ϕ(t)T (AT
X2 +X2A)ϕ(t) + 2ϕ(t)TX2FΓ(t)Gx(t)

Γ(t)TΓ(t) ≤ I

2x(t)TXT

1 M1Γ(t)Gx(t) ≤ �
−1

x(t)TXT

1 M1M
T

1 X1x(t) + �x(t)TGT
Gx(t)

2ϕ(t)TX2FΓ(t)Gx(t) ≤ �
−1

ϕ(t)TX2FFT
X2ϕ(t) + �x(t)TGT

Gx(t)

� > 0

V̇ (x(t), ϕ(t)) ≤x(t)T (AT
X1 +X1A+ �

−1
X

T

1 M1M
T

1 X1 + 2�GT
G)x(t)+

ϕ(t)T (AT
X2 +X2A+ �

−1
X2FFT

X2)ϕ(t)



H∞

V̇ (x(t), ϕ(t)) ≤

�
x(t)
ϕ(t)

�T




A
T
X1 +X1A+ 2�GTG (∗) 0 0

MT
1 X1 −�I 0 0
0 0 AT

X2 +X2A (∗)
0 0 FT

X2 −�I





�
x(t)
ϕ(t)

�

V̇ (x(t), ϕ(t)) < 0





A
T
X1 +X1A+ 2�GTG (∗) 0 0

MT
1 X1 −�I 0 0
0 0 AT

X2 +X2A (∗)
0 0 FT

X2 −�I



 < 0

A F




A
T
X1 +X1A+ 2�GTG (∗) 0 0

MT
1 X1 −�I 0 0
0 0 (A1 − YA2)TX2 +X2(A1 − YA2) (∗)
0 0 (F1 − YF2)TX2 −�I



 < 0

BXC + (BXC)T +D < 0

X = X2Y D =





A
T
X1 +X1A+ 2�GTG (∗) 0 0

MT
1 X1 −�I 0 0
0 0 AT

1 X2 +X2A1 (∗)
0 0 FT

1 X2 −�I



 C =
�
0 0 A2 F2

�
B =





0
0
−I

0





C
T⊥

DC
T⊥T

< 0

B
⊥
DB

⊥T
< 0

CT⊥ =





I 0 0
0 I 0

0 0

�
AT

2

FT
2

�⊥



 B⊥ =




I 0 0 0
0 I 0 0
0 0 0 I





C D X2

C
T⊥





A
T
X1 +X1A+ 2�GTG (∗) 0 0

MT
1 X1 −�I 0 0

0 0

�
N

T
1 X21 +X21N1 (∗)

X
T
22N1 0

�
(∗)

0 0
�
(F1M2 − T1M1)TX21 (F1M2 − T1M1)TX22

�
−�I




C
T⊥T

< 0

B D




A

T
X1 +X1A+ 2�GTG (∗) 0

MT
1 X1 −�I 0
0 0 −�I



 < 0.

Y
�



H∞

•

Eẋ(t) = (A+M1Γ(t)G)x(t)

y(t) = (C1 +M2Γ(t)G)x(t)

ζ̇(t) = Nζ(t) + Fay(t)

x̂(t) = Pζ(t) +Qay(t)

ε̇(t) = (Ā1 − ȲĀ2)ε(t) + (F̄1 − ȲF̄2)Γ(t)Gx(t)

Ā1 = N1 Ā2 = N3 F̄1 = F1M2 − T1M1 F̄2 = F3M2 Ȳ = Y1 D C B X

D =





A
T
X1 +X1A+ 2�GTG (∗) 0 0

MT
1 X1 −�I 0 0
0 0 N

T
1 X2 +X2N1 (∗)

0 0 (F1M2 − T1M1)TX2 −�I



 , B =





0
0
−I

0



 ,

C =
�
0 0 N3 F3M2

�
X = X2Ȳ

•

Eẋ(t) = (A+M1Γ(t)G)x(t)

y(t) = (C1 +M2Γ(t)G)x(t)

ζ̇(t) = Nζ(t) +Hv(t) + Fy(t)

v̇(t) = y(t)− C1x̂(t)

x̂(t) = Pζ(t) +Qy(t)

ϕ̇(t) = ( ¯̄A1 −
¯̄Y ¯̄A2)ϕ(t) + (¯̄F1 −

¯̄Y¯̄F2)Γ(t)Gx(t)

¯̄A1 =

�
N1 0

−C1P1 0

�
¯̄A2 =

�
N3 0
0 −I

�
¯̄F1 =

�
F1M2 − T1M1

M2 − C1Q1M2

�
¯̄F2 =

�
F3M2

0

�
¯̄Y =

�
I

0

� �
Y1 H

�



H∞

D C B X

D =





A
T
X1 +X1A+ 2�GTG (∗) 0 0 0

MT
1 X1 −�I 0 0 0
0 0 Π1 (∗) (∗)
0 0 X

T
22N1 −X23C1P1 0 (∗)

0 0 Π2 Π3 −�I





Π1 = N
T

1 X21 − P
T

1 C
T

1 X
T

22 +X21N1 −X22C1P1

Π2 = (F1M2 − T1M1)
T
X21 + (M2 − C1Q1M2)

T
X

T

22

Π3 = (F1M2 − T1M1)
T
X22 + (M2 − C1Q1M2)

T
X23

C =

�
0 0

�
N3 0
0 −I

� �
F3M2

0

��
B =





0
0
−I

0



 X = X2
¯̄Y

�
Y1 H

�
=

�
X2

�
I

0

��+

X

E =




1 0 0
0 1 0
0 0 0



 , A =




−1 2 2
1 −1 2
0 −1 −1



 , M1 =




0.4
0
0.2



 , G =
�
0.1 0 0.1

�
,

C1 =

�
0 0 1
1 0 1

�
, M2 =

�
0.5
0.3

�
x(t) =




x1(t)
x2(t)
x3(t)



 .

∆A(t) ∆C(t) M1 M2 G

E
⊥ =

�
0 0 1

�

rank




E

E
⊥
A

C1



 = 3 rank

�
sE −A

C1

�
= 3

R =

�
0.1 0 0.1
0 0.1 0.1

�
rank(Σ) = 3 � = 1

X1 X2

X1 =




0.65 0.08 0
0.08 0.48 0
1.5 0.34 0.68



 X2 =





1.27 0.15 0.42 0.42
0.15 0.51 0.42 0.42
0.42 0.42 1.27 0
0.42 0.42 0 1.27



 .

Z =





2 3 1 4 9 7
3 2 6 3 3 5
6 1 4 2 6 2
9 5 2 7 4 8



 L =





0.1 0.1 0.1
0.1 0.1 0.1
0.1 0.1 0.1
0.1 0.1 0.1



 R = I4 × 0.1

Y =





11.56 1.1 1.45 −0.51 5.86 5.86
7.6 0.64 18.51 −1.27 21.09 21.09

−5.39 0.21 −3.5 2.55 −17.67 −9.77
−4.98 3.37 −5.08 6.69 −9.77 −17.67



 .
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N =

�
−11.5 0.67
−7.63 −1.67

�
, S =

�
5.59 0
5.59 0

�
, H =

�
5.86 5.86
21.09 21.09

�
,

M =

�
0.19 −0.19
0.19 −0.19

�
, L =

�
−17.67 −9.77
−9.77 −17.67

�
, F =

�
−0.3 0.37
−0.2 0.33

�
,

P =




0.1 0
0 10
0 0



 Q =




−1 1

−0.33 0.33
1 0



 .

� = 10 R =

�
1 0 1
0 1 1

�
Z =

�
2 3 1 4
3 2 3 5

�
L =

�
0.1
0.1

�
R = I2 × 0.001

N =

�
−40.67 0.67
−1.73 −1.67

�
, Fa =

�
−12.78 13.45
−0.02 1.35

�
,

P =




0.5 0
0 1
0 0



 Qa =




−0.83 0.83
−0.33 0.33

1 0



 .

� = 1 R =

�
1 0 1
0 1 1

�
Z =





2 3 1 4 9 7
3 2 6 3 3 5
6 1 4 2 6 2
9 5 2 7 4 8



 L =





0.1 0.1 0.1
0.1 0.1 0.1
0.1 0.1 0.1
0.1 0.1 0.1



 R = I4 × 0.01

N =

�
−53.98 0.67
26.75 −1.67

�
, H =

�
−5.87 −1.7
76.9 98.79

�
, F =

�
−17.22 17.88
9.47 −8.14

�
,

P =




0.5 0
0 1
0 0



 Q =




−0.83 0.83
−0.33 0.33

1 0



 .

x(0) = [0, 0.7, 0]T ζ(0)GDO = [0, 0]T v(0)GDO = [0, 0]T

x̂(0)GDO = [0, 0, 0]T ζ(0)PIO = [0, 0]T v(0)PIO = [0, 0]T x̂(0)PIO = [0, 0, 0]T

ζ(0)PO = [0, 0]T x̂(0)PO = [0, 0, 0]T

℘(t) A+∆A(t)

(A+∆A(t) + ℘(t)) ℘(t) = δ(t)×




0 0 0.3
0 0 0
0 0.2 0



 .

δ(t)
Γ(t)
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
x1(t) 4.51 4.82 2.42
x2(t) 446.57 775.65 420
x3(t) 11.92 11.92 11.92

H∞
w(t) �= 0

w(t) �= 0 ∆A(t) ∆C(t)

Eẋ(t) = (A+M1Γ(t)G)x(t) +Dw(t)

y(t) = (C1 +M2Γ(t)G)x(t) +D1w(t)

ζ̇(t) = Nζ(t) +Hv(t) + Fy(t)

v̇(t) = Sζ(t) + Lv(t) +My(t)

x̂(t) = Pζ(t) +Qy(t)

ϕ̇(t) = Aϕ(t) + FΓ(t)Gx(t) + Bw(t)

A = A1 − YA2 F = F1 − YF2 B = B1 − YB2 A1 =

�
N1 0
0 0

�
A2 =

�
N3 0
0 −Iq1

�
B1 =

�
F1D1 − T1D

0

�

B2 =

�
F3D1

0

�
F1 =

�
F1M2 − T1M1

0

�
F2 =

�
F3M2

0

�
Y =

�
Y1 H

Y2 L

�

E β̇(t) = A β(t) + Bw(t)

E =

�
E 0
0 Iq0+q1

�
A =

�
A+M1Γ(t)G 0

FΓ(t)G A

�
B =

�
D

B

�
β(t) =

�
x(t)
ϕ(t)

�

H∞ Y �ϕ(t)�2
w(t)

ϕ(t)

z(t) = Hϕ(t) =
�
0 H

�
β(t)

H

�Gwz�∞ < γ Gwz w(t) z(t)
γ

J =

� ∞

0

�
z(t)T z(t)− γ

2
w(t)Tw(t)

�
dt.
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H∞

X2 =

�
X21 X22

X
T
22 X23

�
X21 = X

T
21 X1

E
T
X1 = X

T

1 E ≥ 0,

CT⊥





A
T
X1 +X1A (∗) (∗) 0 0 (∗)
MT

1 X1 −�I 0 0 0 0
�G 0 −�I 0 0 0

0 0 0 HTH+

�
N

T
1 X21 +X21N1 (∗)

X
T
22N1 0

�
(∗) (∗)

0 0 0 Π1 −�I 0
D

T
X1 0 0 Π2 0 −γ

2
I





CT⊥T
< 0

Π1 =
�
(F1M2 − T1M1)

T
X21 (F1M2 − T1M1)

T
X22

�

Π2 =
�
(F1D1 − T1D)TX21 (F1D1 − T1D)TX22

�





A
T
X1 +X1A (∗) (∗) (∗)
MT

1 X1 −�I 0 0
�G 0 −�I 0

D
T
X1 0 0 −γ

2
I



 < 0.

Y
Y = X

−1
2 (B+

r KC+
l
+ Z − B+

r BrZClC+
l
)

K = −R−1BT

l ϑCT

r (CrϑCT

r )
−1 + S1/2L(CrϑCT

r )
−1/2

ϑ = (BlR−1BT

l −D)−1
> 0

S = R−1 −R−1BT

l [ϑ− ϑCT

r (CrϑCT

r )
−1Crϑ]BlR−1

D =





A
T
X1 +X1A (∗) (∗) 0 0 (∗)
MT

1 X1 −�I 0 0 0 0
�G 0 −�I 0 0 0

0 0 0 HTH+

�
N

T
1 X21 +X21N1 (∗)

X
T
22N1 0

�
(∗) (∗)

0 0 0 Π1 −�I 0
D

T
X1 0 0 Π2 0 −γ

2
I





B =





0
0
0
−I

0
0





C =

�
0 0 0

�
N3 0
0 −Iq1

� �
F3M2

0

� �
F1D1

0

��
Π1 Π2 L, R Z

R > 0 �L�2 < 1. Cl Cr Bl Br

C = ClCr B = BlBr

V (x(t), ϕ(t)) = V1(x(t)) + V2(ϕ(t))

V1(x(t)) = x(t)TET
X1x(t) E

T
X1 = X

T
1 E ≥ 0 V2(ϕ(t)) = ϕ(t)TX2ϕ(t) X2 = X

T
2 X2 =

�
X21 X22

X
T
22 X23

�

X21 = X
T
21

V1(x(t))

V̇1(x(t)) = x(t)T (AT
X1 +X

T

1 A)x(t) + 2x(t)TXT

1 M1Γ(t)Gx(t) + x(t)TX1Dw(t) + w(t)TDT
X1x(t)

V2(ϕ(t))

V̇2(ϕ(t)) = ϕ(t)T (AT
X2 +X2A)ϕ(t) + 2ϕ(t)TX2FΓ(t)Gx(t) + ϕ(t)TX2Bw(t) + w(t)TBT

X2ϕ(t)



H∞

Γ(t)TΓ(t) ≤ I

2x(t)TXT

1 M1Γ(t)Gx(t) ≤ �
−1

x(t)TXT

1 M1MT

1 X1x(t) + �x(t)TGTGx(t)
2ϕ(t)TX2FΓ(t)Gx(t) ≤ �

−1
ϕ(t)TX2FFT

X2ϕ(t) + �x(t)TGTGx(t)

� > 0

V̇ (x(t), ϕ(t)) ≤ x(t)T (AT
X1 +X1A+ �

−1
X

T

1 M1MT

1 X1 + 2�GTG)x(t)+
ϕ(t)T (AT

X2 +X2A+ �
−1

X2FFT
X2)ϕ(t) + ϕ(t)TX2Bw(t)+

w(t)TBT
X2ϕ(t) + x(t)TX1Dw(t) + w(t)TDT

X1x(t)

J <

� ∞

0

�
z(t)T z(t)− γ

2
w(t)Tw(t) + V̇ (t)

�
dt.

J < 0

z(t)T z(t)− γ
2
w(t)Tw(t) + V̇ (t) < 0, ∀t ∈ [0,∞).

z(t)T z(t)− γ
2
w(t)Tw(t) + V̇ (t) = x(t)T (AT

X1 +X1A+ �
−1

X
T

1 M1MT

1 X1 + 2�GTG)x(t)+
ϕ(t)T (HTH+ AT

X2 +X2A+ �
−1

X2FFT
X2)ϕ(t) + ϕ(t)TX2Bw(t)+

w(t)TBT
X2ϕ(t) + x(t)TX1Dw(t) + w(t)TDT

X1x(t)− γ
2
w(t)Tw(t)




x(t)
ϕ(t)
w(t)




T





A
T
X1 +X1A+ 2�GTG (∗) 0 0 (∗)

MT
1 X1 −�I 0 0 0
0 0 HTH+ AT

X2 +X2A (∗) (∗)
0 0 FT

X2 −�I 0
D

T
X1 0 BT

X2 0 −γ
2
I








x(t)
ϕ(t)
w(t)



 < 0





A
T
X1 +X1A+ 2�GTG (∗) 0 0 (∗)

MT
1 X1 −�I 0 0 0
0 0 HTH+ AT

X2 +X2A (∗) (∗)
0 0 FT

X2 −�I 0
D

T
X1 0 BT

X2 0 −γ
2
I




< 0

A F B




A
T
X1 +X1A+ 2�GTG (∗) 0 0 (∗)

MT
1 X1 −�I 0 0 0
0 0 HTH+ (A1 − YA2)

T
X2 +X2(A1 − YA2) (∗) (∗)

0 0 (F1 − YF1)
T
X2 −�I 0

D
T
X1 0 (B1 − YB2)

T
X2 0 −γ

2
I




< 0

BXC + (BXC)T +D < 0

X = X2Y D =





A
T
X1 +X1A+ 2�GTG (∗) 0 0 (∗)

MT
1 X1 −�I 0 0 0
0 0 HTH+ AT

1 X2 +X2A1 (∗) (∗)
0 0 FT

1 X2 −�I 0
D

T
X1 0 BT

1 X2 0 −γ
2
I




, B =





0
0
−I

0
0




C =

�
0 0 A2 F2 B2

�
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CT⊥DCT⊥T
< 0

B⊥DB⊥T
< 0

CT⊥ =





I 0 0
0 I 0

0 0




AT

2

FT
2

BT
2




⊥




B⊥ =





I 0 0 0 0
0 I 0 0 0
0 0 0 I 0
0 0 0 0 I



 C D X2

CT⊥





A
T
X1 +X1A (∗) (∗) 0 0 (∗)
MT

1 X1 −�I 0 0 0 0
�G 0 −�I 0 0 0

0 0 0 HTH+

�
N

T
1 X21 +X21N1 (∗)

X
T
22N1 0

�
(∗) (∗)

0 0 0 Π1 −�I 0
D

T
X1 0 0 Π2 0 −γ

2
I





CT⊥T
< 0

B D




A
T
X1 +X1A (∗) (∗) (∗)
MT

1 X1 −�I 0 0
�G 0 −�I 0

D
T
X1 0 0 −γ

2
I



 < 0

Π1 Π2

Y �

•

Eẋ(t) = (A+M1Γ(t)G)x(t) +Dw(t)

y(t) = (C1 +M2Γ(t)G)x(t) +D1w(t)

ζ̇(t) = Nζ(t) + Fay(t)

x̂(t) = Pζ(t) +Qay(t)

ε̇(t) = (Ā1 − ȲĀ2)ε+ (F̄1 − ȲF̄2)Γ(t)Gx(t) + (B̄1 − ȲB̄2)w(t)

Ā1 = N1 Ā2 = N3 F̄1 = F1M2 − T1M1 F̄2 = F3M2 B̄1 = F1D1 − T1D B̄2 = F3D1 Ȳ = Y1

D B C X

D =





A
T
X1 +X1A+ 2�GTG (∗) 0 0 (∗)

MT
1 X1 −�I 0 0 0
0 0 HTH+N

T
1 X2 +X2N1 (∗) (∗)

0 0 (F1M2 − T1M1)
T
X2 −�I 0

D
T
X1 0 (F1D1 − T1D)TX2 0 −γ

2
I




, B =





0
0
−I

0
0




,

C =
�
0 0 N3 F3M1 F3D1

�
X = X2Ȳ
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•

Eẋ(t) = (A+M1Γ(t)G)x(t) +Dw(t)

y(t) = (C1 +M2Γ(t)G)x(t) +D1w(t)

ζ̇(t) = Nζ(t) +Hv(t) + Fy(t)

v̇(t) = y(t)− C1x̂(t)

x̂(t) = Pζ(t) +Qy(t)

ϕ̇(t) = (¯̄A1 − ¯̄Y ¯̄A2)ϕ(t) + (¯̄F1 − ¯̄Y¯̄F2)Γ(t)Gx(t) + (¯̄B1 − ¯̄Y¯̄B2)w(t)

¯̄A1 =

�
N1 0

−C1P1 0

�
¯̄A2 =

�
N3 0
0 −Iq1

�
¯̄F1 =

�
F1M2 − T1M1

M2 − C1Q1M2

�
¯̄F2 =

�
F3M2

0

�
¯̄B1 =

�
F1D1 − T1D

D1 − C1Q1D1

�
¯̄B2 =

�
F3D1

0

�

¯̄Y =

�
I

0

� �
Y1 H

�

D B C X

D =





A
T
X1 +X1A+ 2�GTG (∗) 0 0 (∗)

MT
1 X1 −�I 0 0 0
0 0 Π1 (∗) (∗)
0 0 Π2 −�I 0

D
T
X1 0 Π3 0 −γ

2
I





Π1 = HTH+

�
N

T
1 X21 − P

T
1 C

T
1 X

T
22 +X21N1 −X22C1P1 (∗)

X
T
22N1 −X23C1P1 0

�
,

Π2 =
�
(F1M2 − T1M1)

T
X21 + (M2 − C1Q1M2)

T
X

T
22 (F1M2 − T1M1)

T
X22 + (M2 − C1Q1M2)

T
X23

�
,

Π3 =
�
(F1D1 − T1D)TX21 + (D1 − C1Q1D1)

T
X

T
22 (F1D1 − T1D)TX22 + (D1 − C1Q1D1)

T
X23

�
,

B =





0
0
−I

0
0




C =

�
0 0

�
N3 0
0 −Iq1

� �
F3M2

0

� �
F3D1

0

��
X = X2

¯̄Y
�
Y2 H

�
=

�
X2

�
I

0

��+

X

E =




1 0 0
0 1 0
0 0 0



 , A =




−1 2 2
1 −1 2
0 −1 −1



 , M1 =




0.4
0
0.2



 , D =




1
0
1



 , D1 =

�
0
1

�

G =
�
0.1 0 0.1

�
, C1 =

�
0 0 1
1 0 1

�
, M2 =

�
0.5
0.3

�
x(t) =




x1(t)
x2(t)
x3(t)



 .

∆A(t) ∆C(t) M1 M2 G



H∞

E
⊥ =

�
0 0 1

�

rank




E

E
⊥
A

C1



 = 3 rank

�
sE −A

C1

�
= 3

H∞

H∞ R =

�
0.1 0 0.1
0 0.1 0.1

�
rank(Σ) = 3 � = 1 γ = 1.39

X1 X2

X1 =




0.27 −0.14 0
−0.14 0.38 0
0.58 −0.05 0.46



 X2 =





1.08 0.08 0 0
0.08 0.71 0 0
0 0 1.08 0
0 0 0 1.08



 .

Z =





2 3 1 4 9 7
3 2 6 3 3 5
6 1 4 2 6 2
9 5 2 7 4 8



 L =





0.1 0.1 0.1
0.1 0.1 0.1
0.1 0.1 0.1
0.1 0.1 0.1



 R = I4 × 0.1

Y =





10.26 2.59 0.32 2.54 −0.84 −0.84
0.49 2.55 8.44 4.23 −0.35 −0.35
1.11 0.93 3.71 2.3 −10.16 −0.88
1.59 4.64 1.85 7.17 −0.88 −10.16



 .

N =

�
−9.91 0.67
−0.05 −1.67

�
, S =

�
−0.87 0
−0.87 0

�
, H =

�
−0.84 −0.84
−0.35 −0.35

�
,

L =

�
−10.16 −0.88
−0.88 −10.16

�
, F =

�
−0.25 0.32
0.05 0.08

�
, P =




0.1 0
0 10
0 0



 ,

M =

�
−0.03 0.03
−0.03 0.03

�
Q =




−1 1

−0.33 0.33
1 0



 .

H∞ H∞ H∞

H∞

R =

�
2 0 1
2 1 3

�
, Z =

�
2 3 1 4
3 2 6 3

�
, L =

�
0.1
0.1

�
R = I2 × 0.0001 � = 1 γ = 1.39

N =

�
−6.13 2
−4.19 −0.33

�
, Fa =

�
−2.46 4.46
−2.3 4.97

�
,

P =




0.5 0
−0.5 1
−0.17 0



 Qa =




−0.5 0.5
−0.17 0.17
0.83 0.17



 .



H∞

H∞

R =

�
0.1 0 0.1
0 0.1 0.1

�
Z =





2 3 1 4 9 7
3 2 6 3 3 5
6 1 4 2 6 2
9 5 2 7 4 8



 L =





0.1 0.1 0.1
0.1 0.1 0.1
0.1 0.1 0.1
0.1 0.1 0.1



 R = I4 × 0.01 � = 1 γ = 1.39

N =

�
−1.91 0.67
0.74 −1.67

�
, H =

�
−1.08 −0.78
2.15 3.88

�
, F =

�
0.01 0.05
0.08 0.05

�

P =




0.1 0
0 10
0 0



 Q =




−1 1

−0.33 0.33
1 0



 .

x(0) = [0.1, 0.1, 0]T ζ(0)GDO = [0, 0]T v(0)GDO = [0, 0]T

x̂(0)GDO = [0, 0, 0]T ζ(0)PIO = [0, 0]T v(0)PIO = [0, 0]T x̂(0)PIO = [0, 0, 0]T

ζ(0)PO = [0, 0]T x̂(0)PO = [0, 0, 0]T

℘(t) A + ∆A(t)

(A+∆A(t) + ℘(t)) ℘(t) = δ(t)×




0 0 0
1 0 0
0 0 0



.

w(t) δ(t)
Γ(t)

0 10 20 30 40 50 60 70 80−0.5

0

0.5

1

Time

 

 

w(t)

H∞ w(t)
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0 10 20 30 40 50 60 70 80−0.5

0

0.5

Time

 

 

δ(t)

H∞ δ(t)

0 10 20 30 40 50 60 70 80

−2

−1

0

1

2

Time

 

 

Γ(t)

H∞ Γ(t)
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0 10 20 30 40 50 60 70 80−0.5

0

0.5

1

1.5

2

2.5

Time

 

 
x1
x̂1GDO

x̂1PIO
x̂1PO

H∞ x1(t)

0 10 20 30 40 50 60 70 80−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

Time

 

 
x̂1GDO

− x1

x̂1PIO − x1

x̂1PO − x1

H∞ x1(t)
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0 10 20 30 40 50 60 70 80−1

−0.5

0

0.5

1

1.5

2

2.5

Time

 

 
x2

x̂2GDO

x̂2PIO

x̂2PO

H∞ x2(t)

0 10 20 30 40 50 60 70 80−1

−0.5

0

0.5

1

1.5

2

Time

 

 
x̂2GDO

− x2

x̂2PIO − x2

x̂2PO − x2

H∞ x2(t)
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0 10 20 30 40 50 60 70 80−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

Time

 

 
x3
x̂3GDO

x̂3PIO
x̂3PO

H∞ x3(t)

0 10 20 30 40 50 60 70 80−0.25

−0.2

−0.15
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0.1
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Time

 

 
x̂3GDO

− x3

x̂3PIO − x3

x̂3PO − x3

H∞ x3(t)



H∞

H∞
x1(t) 8008.3 8057.96 10103.16
x2(t) 21386.44 32393.6 18961.28
x3(t) 1317.32 1317.32 1247.56

H∞

H∞

Eẋ(t) = A(ρ(t))x(t) +B(ρ(t))u(t) +Dw(t)

y(t) = C1x(t) +D1w(t)

x(t) ∈ Rn
u(t) ∈ Rm

w(t) ∈ Rnw y(t) ∈ Rny

E ∈ Rn1×n rank(E) = r < n A(ρ(t)) ∈ Rn1×n
B(ρ(t)) ∈ Rn1×m

D ∈ Rn1×ny C1 ∈ Rny×n1 D1 ∈ Rny×nw ρ(t) = {ρ1(t), . . . , ρj(t)} j

ρ τ

ρk ∀k ∈ [1, . . . , j]

Eẋ(t) =
τ�

i=1

σi(ρ(t))(Aix(t) +Biu(t)) +Dw(t)

y(t) = C1x(t) +D1w(t)

τ�

i=1

σi(ρ(t)) = 1, 0 ≤ σi(ρ(t)) ≤ 1

∀i ∈ [1, . . . , τ ] τ = 2j σi(ρ(t)) = σ(ρ
i
, ρ

i
, ρi(t), t) ρ

i
ρ
i

ρi

rank




E

E
⊥
Ai

C1



 = n, ∀i ∈ [1, . . . , τ ]

rank

�
sE −Ai

C1

�
= n, ∀s ∈ C+

, s ∀i ∈ [1, . . . , τ ]



H∞

ζ̇(t) =
τ�

i=1

σi(ρ(t))(Niζ(t) +Hiv(t) + Fiy(t) + Jiu(t))

v̇(t) =
τ�

i=1

σi(ρ(t))(Siζ(t) + Liv(t) +Miy(t))

x̂(t) = ζ(t) +Qy(t)

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂(t) ∈ Rn

x(t) Ni Hi Fi Si Li Mi Q

�
Ni Hi

Si Li

�
∀i ∈ [1, . . . , τ ]

w(t) = 0 T

NiTE + FiC1 − TAi = 0
Ji = TBi

SiTE +MiC1 = 0
TE +QC1 = In

T ∈ Rq0×n1 ε(t) = ζ(t)− TEx(t)

ε̇(t) =
τ�

i=1

σi(ρ(t))(Niε+Hiv(t) + (NiTE + FiC1 − TAi)x(t) + (Ji − TBi)u(t) + (FiD1 − TD)w(t))

ε(t)

v̇(t) =
τ�

i=1

σi(ρ(t))(Siε(t) + Liv(t) + (SiTE +MiC1)x(t) +MiD1w(t))

x̂(t) = ε(t) + (TE +QC1)x(t) +QD1w(t)

(a)− (d)

�
ε̇(t)
v̇(t)

�
=

τ�

i=1

σi(ρ(t))

��
Ni Hi

Si Li

� �
ε(t)
v(t)

�
+

�
FiD1 − TD

MiD1

�
w(t)

�

x̂(t)− x(t) = e(t) = ε(t) +QD1w(t)

w(t) = 0

�
Ni Hi

Si Li

�
lim
t→∞

e(t) = 0 �
(a)− (d)

(d) �
T Q

�
Σ = In

Σ =

�
E

C

�

rank

�
E

C1

�
= rank




E

C1

In



 = n

�
T Q

�
= Σ+



H∞

Σ+ Σ

T = Σ+

�
Iq0

0

�

Q = Σ+

�
0
Iny

�

TE (d) (a)

Ni = TAi +KiC1

Ki = NiQ− Fi

TE (c)

Si = ZiC1

Zi = SiQ−Mi

Ki

Fi = TAiQ+Ki(C1Q− I)

Zi

Mi = Zi(CQ− I).

ϕ̇(t) =
τ�

i=1

σi(ρ(t))((A1i + YiA2)ϕ(t) + (B1i + YiB2)w(t))

e(t) = Pϕ(t) +Qw(t)

A1i =

�
TAi 0
0 0

�
A2 =

�
C1 0
0 Iq1

�
B1i =

�
TAiQD1 − TD

0

�
B2 =

�
(C1Q− I)D1

0

�
P =

�
I 0

�
, Q = QD2 Yi =

�
Ki Hi

Zi Hi

�
ϕ(t) =

�
ε(t)
v(t)

�

w(t) = 0

w(t) = 0

Eẋ(t) =
τ�

i=1

σi(ρ(t))(Aix(t) +Biu(t))

y(t) = C1x(t)

ζ̇(t) =
τ�

i=1

σi(ρ(t))(Niζ(t) +Hiv(t) + Fiy(t) + Jiu(t))

v̇(t) =
τ�

i=1

σi(ρ(t))(Siζ(t) + Liv(t) +Miy(t))

x̂(t) = ζ(t) +Qy(t)

ϕ̇(t) =
τ�

i=1

σi(ρ(t))((A1i + YiA2)ϕ(t))



H∞

A1i =

�
TAi 0
0 0

�
A2 =

�
C1 0
0 Iq1

�
Yi =

�
Ki Hi

Zi Hi

�
ϕ(t) =

�
ε(t)
v(t)

�

Yi

X =

�
X1 X2

X
T
2 X3

�

X1 = X
T
1

CT⊥
�
(TAi)

T
X1 +X1(TAi) (∗)

X
T
2 (TAi) 0

�
CT⊥T

< 0.

Yi

Yi = X
−1(KiC+

l
−Z(I − ClC+

l
))

Ki = R−1
ϑiCT

r (CrϑiCT

r )
−1 + S1/2

i
L(CrϑiCT

r )
−1/2

ϑi = (R−1 −Di)
−1

> 0

Si = R−1 −R−1[ϑi − ϑiCT

r (CrϑiCT

r )
−1Crϑi]R−1

Di =

�
(TAi)

T
X1 +X1(TAi) (∗)

X
T
2 (TAi) 0

�
C =

�
C1 0
0 I

�
L R Z

R > 0 �L�2 < 1 Cl Cr Bl Br C = ClCr

B = BlBr

V (ϕ(t)) = ϕ(t)TXϕ(t) > 0

X =

�
X1 X2

X
T
2 X3

�
> 0 X1 = X

T
1

V̇ (ϕ(t)) = ϕ(t)T [(A1i + YiA2)
T
X +X(A1i + YiA2)]ϕ(t) < 0

V̇ (ϕ(t)) < 0

(A1i + YiA2)
T
X +X(A1i + YiA2) < 0

BX iC + (BX iC)T +Di < 0

X = XYi B = I C = A2 Di = AT

1iX+XA1i B⊥ = 0

CT⊥DiCT⊥T
< 0

CT⊥ =

�
C1 0
0 I

�T⊥

C Di X

CT⊥
�
(TAi)

T
X1 +X1(TAi) (∗)

X
T
2 (TAi) 0

�
CT⊥T

< 0.

Yi �
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•

Eẋ(t) =
τ�

i=1

σi(ρ(t))(Aix(t) +Biu(t))

y(t) = C1x(t)

ζ̇(t) =
τ�

i=1

σi(ρ(t))(Niζ(t) + Fiy(t) + Jiu(t))

x̂(t) = ζ(t) +Qy(t)

ε̇(t) =
τ�

i=1

σi(ρ(t))(Ā1i + ȲiĀ2)ε(t)

Ā1i = TAi Ā2 = C1 Ȳi = Ki Di C B Xi

Di = (TAi)
T
X +X(TAi), C = C1, B = I Xi = XȲi.

•

Eẋ(t) =
τ�

i=1

σi(ρ(t))(Aix(t) +Biu(t))

y(t) = C1x(t)

ζ̇(t) =
τ�

i=1

σi(ρ(t))(Niζ(t) +Hiv(t) + Fiy(t) + Jiu(t))

v̇(t) = y(t)− C1x̂(t)

x̂(t) = ζ(t) +Qy(t)

ϕ̇(t) =
τ�

i=1

σi(ρ(t))( ¯̄A1i − ¯̄Yi
¯̄A2)ϕ(t)

¯̄A1i =

�
TAi 0
−C1 0

�
¯̄A2 =

�
C1 0
0 I

�
¯̄
Yi =

�
I

0

� �
Ki Hi

�
Di C B Xi

Di =

�
(TAi)

T
X1 +X1(TAi)− C

T
1 X

T
2 −X2C1 (∗)

X
T
2 (TAi)−X3C1 0

�
, C =

�
C1 0
0 I

�
, B = I Xi = X

¯̄
Yi



H∞

E =




1 0 0
0 1 0
0 0 0



 , A(ρ(t)) =




−2.7 ρ(t) 0.3
−0.2 −ρ(t) 0

−0.11 + ρ(t) 1.74 −1



 , B(ρ(t)) =




ρ(t)
0
1



 C =
�
0 0 1

�

ρ(t)

σi(ρ(t))

σ1(ρ(t)) =
ρ− ρ(t)
ρ− ρ

=
3− ρ(t)

2

σ2(ρ(t)) =
ρ(t)− ρ

ρ− ρ
=

ρ(t)− 1
2

E
⊥ =

�
0 0 1

�

rank




E

E
⊥
Ai

C1



 = 3 rank

�
sE −Ai

C1

�
= 3, ∀i ∈ [1, 2]

X

X =





4.81 0.87 0 0 0 0
0.87 4.92 0 0 0 0
0 0 24.29 0 0 0
0 0 0 24.29 0 0
0 0 0 0 24.29 0
0 0 0 0 0 24.29




.

Z =





34 92 81 93
45 12 65 23
3 54 23 5
12 6 23 7
67 23 67 4
2 74 11 6




L =





0.01 0.01 0.01 0.01
0.01 0.01 0.01 0.01
0.01 0.01 0.01 0.01
0.01 0.01 0.01 0.01
0.01 0.01 0.01 0.01
0.01 0.01 0.01 0.01




, R = I6 × 0.001

Y1 =





0.02 0.31 0.31 0.31
−0.27 0.22 0.22 0.22
−40.76 0.41 0.41 0.41
0.41 −40.76 0.41 0.41
0.41 0.41 −40.76 0.41
0.41 0.41 0.41 −40.76




Y2 =





0 0.29 0.29 0.29
−0.18 0.31 0.31 0.31
−40.76 0.41 0.41 0.41
0.41 −40.76 0.41 0.41
0.41 0.41 −40.76 0.41
0.41 0.41 0.41 −40.76




.

N1 =




−2.7 1 0.32
−0.64 −1.87 0.23

0 0 −40.76



 , N2 =




−2.7 3 0.3
−1.64 −3.87 0.32

0 0 −40.76



 , S1 = S2 =




0 0 0.41
0 0 0.41
0 0 0.41



 ,

J1 =




1

−0.5
0



 , J2 =




3

−0.5
0



 , H1 =




0.31 0.31 0.31
0.22 0.22 0.22
0.41 0.41 0.41



 , H2 =




0.29 0.29 0.29
0.31 0.31 0.31
0.41 0.41 0.41



 ,



H∞

L1 = L2 =




−40.76 0.41 0.41
0.41 −40.76 0.41
0.41 0.41 −40.76



 , F1 = F2 =




0.3
0.5
0



 , M1 = M2 =




0
0
0



 Q =




0
0
1



 .

Z =




8
9
9



 , L =




0.1
0.1
0.1



 R = I3 × 10

N1 =




−2.7 1 0.31
−0.64 −1.87 0.48

0 0 −0.06



 , N2 =




−2.7 3 0.31
−1.64 −3.87 0.50

0 0 −0.06



 ,

Fa1 = Fa2 =




0.3
0.5
0



 , J1 =




1

−0.5
0



 , J2 =




3

−0.5
0



 Q =




0
0
1





Z =





8 2
9 3
9 2
9 3



 , L =





0.1 0.1
0.1 0.1
0.1 0.1
0.1 0.1



 R = I4 × 0.001

N1 =




−2.7 1 3.18
−0.64 −1.87 2.23

0 0 −37



 , N2 =




−2.7 3 2.93
−1.64 −3.87 3.13

0 0 −37



 , H1 =




3.17
2.22
4.17



 ,

H2 =




2.92
3.11
4.17



 , F1 = F2 =




0.3
0.5
0



 ,

J1 =




1

−0.5
0



 , J2 =




3

−0.5
0



 Q =




0
0
1



 ,

x(0) = [0.1, 0.1, 0]T ζ(0)GDO = [0, 0, 0]T v(0)GDO = [0]
x̂(0)GDO = [0, 0, 0]T ζ(0)PIO = [0, 0, 0]T v(0)PIO = [0] x̂(0)PIO = [0, 0, 0]T

ζ(0)PO = [0, 0, 0]T x̂(0)PO = [0, 0, 0]T

℘(t) Ai

(Ai + ℘(t)) ℘(t) = δ(t)×




0 0 0.5
0 0 0
0 1 0





u(t)
δ(t) ρ(t)
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H∞


x1(t) 1432.03 2306.01 1584.42
x2(t) 456.65 947.53 772.35
x3(t) 4.88 104.59 3028.48

H∞
w(t) �= 0

w(t) �= 0

Eẋ(t) =
τ�

i=1

σi(ρ(t))(Aix(t) +Biu(t)) +Dw(t)

y(t) = C1x(t) +D1w(t)

ζ̇(t) =
τ�

i=1

σi(ρ(t))(Niζ(t) +Hiv(t) + Fiy(t) + Jiu(t))

v̇(t) =
τ�

i=1

σi(ρ(t))(Siζ(t) + Liv(t) +Miy(t))

x̂(t) = ζ(t) +Qy(t)

ϕ̇(t) =
τ�

i=1

σi(ρ(t))((A1i + YiA2)ϕ(t) + (B1i + YiB2)w(t))

e(t) = Pϕ(t) +Qw(t)

A1i =

�
TAi 0
0 0

�
A2 =

�
C1 0
0 Iq1

�
B1i =

�
TAiQD1 − TD

0

�
B2 =

�
(C1Q− I)D1

0

�
P =

�
I 0

�
, Q = QD1 Yi =

�
Ki Hi

Zi Hi

�
ϕ(t) =

�
ε(t)
v(t)

�

x̂(t) x(t) w(t) = 0

w(t) �= 0 sup
w∈L2−{0}

�e�2
�w�2

< γ γ

H∞

sup
w∈L2−{0}

�e�2
�w�2

< γ X =

�
X1 X2

X
T
2 X3

�
> 0, X1 = X

T
1

CT⊥





(TAi)
T
X1 +X1(TAi) (TAi)

T
X2 X1(TAiQD1 − TD) I

X
T
2 (TA1) 0 X

T
2 (TAiQD1 − TD) 0

(∗) (∗) −γ
2
Inw (QD1)

T

I 0 (∗) −In



 CT⊥T
< 0

�
−γ

2
Inw (QD1)

T

(∗) −In

�
< 0.



H∞

Yi

Yi = X
−1(B+

r KiC+
l
+ Z − B+

r BrZClC+
l
)

Ki = −R−1BT

l ϑiCT

r (CrϑiCT

r )
−1 + S1/2

i
L(CrϑiCT

r )
−1/2

ϑi = (BlR−1BT

l −Di)
−1

> 0

Si = R−1 −R−1BT

l [ϑi − ϑiCT

r (CrϑiCT

r )
−1Crϑi]BlR−1

Di =





(TAi)
T
X1 +X1(TAi) (TAi)

T
X2 X1(TAiQD1 − TD) I

X
T
2 (TA1) 0 X

T
2 (TAiQD1 − TD) 0

(∗) (∗) −γ
2
Inw (QD1)

T

I 0 (∗) −In





C =

��
C1 0
0 I

� �
(C1Q− I)D1

0

�
0

�
B =




Iq0+q1

0
0



 L R Z

R > 0 �L�2 < 1 Cl Cr Bl Br C = ClCr B = BlBr

V (ϕ(t)) = ϕ(t)TXϕ(t)

X = X
T
> 0

V̇ (ϕ(t)) = ϕ(t)T
�
(A1i + YiA2)

T
X +X(A1i + YiA2)

�
ϕ(t) + ϕ(t)TX(B1i + YB2)w(t) + w(t)T (B1i + YB2)

T
Xϕ(t)

sup
w∈L2−{0}

�e�2
�w�2

< γ

� ∞

0

e(t)T e(t)− γ
2
w(t)Tw(t) + V̇ (ϕ(t)) < 0

e(t) V̇ (ϕ(t))

ϕ(t)T
�
(A1i + YiA2)

T
X +X(A1i + YiA2)

�
ϕ(t) + ϕ(t)T

�
X(B1i + YB2) + PTQ

�
w(t)+

w(t)T
�
(B1i + YB2)

T
X +QTP

�
ϕ(t) + w(t)(QTQ− γ

2
I)w(t) < 0




(A1i + YiA2)

T
X +X(A1i + YiA2) (∗) (∗)

(B1i + YiB2)
T
X −γ

2
Inw (∗)

P Q −In



 < 0

BX iC + (BX iC)T +Di < 0

Xi = XYi Di =




A1iX +XA1i (∗) (∗)

BT

1iX −γ
2
Inw (∗)

P Q −In



 , C =
�
A2 B2 0

�
B =




Iq0+q1

0
0





CT⊥DiCT⊥T
< 0

B⊥DiB⊥T
< 0

B⊥ =

�
0 Inw 0
0 0 In

�
CT⊥ =





�
AT

2

BT
2

�⊥

0

0 In



 C Di



H∞

Ct⊥





(TAi)
T
X1 +X1(TAi) (TAi)

T
X2 X1(TAiQD1 − TD) I

X
T
2 (TA1) 0 X

T
2 (TAiQD1 − TD) 0

(∗) (∗) −γ
2
Inw (QD1)

T

I 0 (∗) −In



 CT⊥T
< 0

B Di

�
−γ

2
Inw (QD1)

T

(∗) −In

�
< 0.

Yi

�

•

Eẋ(t) =
τ�

i=1

σi(ρ(t))(Aix(t) +Biu(t)) +Dw(t)

y(t) = C1x(t) +D1w(t)

ζ̇(t) =
τ�

i=1

σi(ρ(t))(Niζ(t) + Fiy(t) + Jiu(t))

x̂(t) = ζ(t) +Qy(t)

ε̇(t) =
τ�

i=1

σi(ρ(t))(Ā1i + ȲiĀ2)ε(t) + (B̄1i + ȲiB̄2)w(t)

e(t) = P̄ε(t) + Q̄w(t)

Ā1i = TAi Ā2 = C1 B̄1i = TAiQD1 − TD B̄2 = (C1Q− I)D1 P̄ = Iq0 Q̄ = QD1 Ȳi = Ki

Di B C Xi

Di =




(TAi)

T
X +X(TAi) X(TAiQD1 − TD) Iq0

(∗) −γ
2
Inw (QD1)

T

(∗) (∗) −In



 , B =




Iq0

0
0



 , C =
�
C1 (C1Q− I)D1 0

�

Xi = XȲi

•

Eẋ(t) =
τ�

i=1

σi(ρ(t))(Aix(t) +Biu(t)) +Dw(t)

y(t) = C1x(t) +D1w(t)

ζ̇(t) =
τ�

i=1

σi(ρ(t))(Niζ(t) +Hiv(t) + Fiy(t) + Jiu(t))

v̇(t) = y(t)− C1x̂(t)

x̂(t) = ζ(t) +Qy(t)



H∞

ϕ̇(t) =
τ�

i=1

σi(ρ(t))( ¯̄A1i + ¯̄Yi
¯̄A2)ϕ(t) + (¯̄B1i + ¯̄Yi

¯̄B2)w(t)

e(t) = ¯̄Pϕ(t) + ¯̄Qw(t)

¯̄A1i =

�
TAi 0
−C1 0

�
¯̄A2 =

�
C1 0
0 Iq1

�
¯̄B1i =

�
TAiQD1 − TD

−(C1Q− I)D1

�
¯̄B2 =

�
(C1Q− I)D1

0

�
¯̄P =

�
I 0

� ¯̄Q = QD1
¯̄Yi =

�
I

0

� �
Ki Hi

�
Di B C Xi

Di =





(TAi)
T
X1 +X1(TAi)−X2C1 − C

T
1 X

T
2 (TAi)

T
X2 − C

T
1 X3 Π1 I

(∗) 0 Π2 0
(∗) (∗) −γ

2
Inw (QD1)

T

I 0 (∗) −In



 ,

Π1 = X1(TAiQD1 − TD)−X2(C1Q− I)D1

Π2 = X
T

2 (TAiQD1 − TD)−X3(C1Q− I)D1

B =




Iq0+q1

0
0



 , C =

��
C1 0
0 I

� �
(C1Q− I)D1

0

�
0

�
Xi = X

¯̄
Yi,

�
Ki Hi

�
=

�
X

�
I

0

��+

X .

E =




1 0 0
0 1 0
0 0 0



 , A(ρ(t)) =




−2.7 ρ(t) 0.3
−0.2 −ρ(t) 0

−0.11 + ρ(t) 1.74 −1



 , B(ρ(t)) =




ρ(t)
0
1



 , D =




0
0.5
0



 ,

C =
�
0 0 1

�
D =1= 0.2

ρ(t)

σi(ρ(t))

σ1(ρ(t)) =
ρ− ρ(t)
ρ− ρ

=
3− ρ(t)

2

σ2(ρ(t)) =
ρ(t)− ρ

ρ− ρ
=

ρ(t)− 1
2

E
⊥ =

�
0 0 1

�

rank




E

E
⊥
Ai

C1



 = 3 rank

�
sE −Ai

C1

�
= 3, ∀i ∈ [1, 2]

γ = 1.41 X

X =





0.59 0.18 0 0 0 0
0.18 0.97 0 0 0 0
0 0 1.72 0 0 0
0 0 0 1.72 0 0
0 0 0 0 1.72 0
0 0 0 0 0 1.72




.



H∞

Z =





8 2 9 7
9 3 7 5
9 2 8 5
9 3 8 5
8 3 3 9
9 1 4 8




L =





0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1




R = I6 × 0.01

Y1 =





2.28 2.59 2.59 2.59
0.35 0.33 0.33 0.33

−52.39 5.82 5.82 5.82
5.79 −52.36 5.82 5.82
5.79 5.82 −52.36 5.82
5.79 5.82 5.82 −52.36





Y2 =





1.48 1.79 1.79 1.79
1.43 1.42 1.42 1.42

−52.39 5.82 5.82 5.82
5.79 −52.36 5.82 5.82
5.79 5.82 −52.36 5.82
5.79 5.82 5.82 −52.36




.

N1 =




−2.7 1 2.58
−0.2 −1 0.35
0 0 −52.39



 , N2 =




−2.7 3 1.78
−0.2 −3 1.43
0 0 −52.39



 , F1 = F2 =




0.3
0
0



 ,

H1 =




2.59 2.59 2.59
0.33 0.33 0.33
5.82 5.82 5.82



 , H2 =




1.79 1.79 1.79
1.42 1.42 1.42
5.82 5.82 5.82



 ,

M1 = M2 =




0
0
0



 , Q =




0
0
1



 , S1 = S2 =




0 0 5.79
0 0 5.79
0 0 5.79



 ,

L1 = L2 =




−52.36 5.82 5.82
5.82 −52.36 5.82
5.82 5.82 −52.36



 , J1 =




1
0
0



 J2 =




3
0
0



 .

Z =




8
9
9



 L =




0.1
0.1
0.1



 R = I3 × 0.1 γ = 1.41

N1 =




−2.7 1 0.78
−0.2 −1 0.12
0 0 −5.17



 , N2 =




−2.7 3 0.57
−0.2 −3 0.41
0 0 −5.17



 , F1 = F2 =




0.3
0
0



 ,

J1 =




1
0
0



 , J2 =




3
0
0



 Q =




0
0
1




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Z =





8 2
9 3
9 2
9 3



 L =





0.1 0.1
0.1 0.1
0.1 0.1
0.1 0.1



 R = I4 × 0.1 γ = 1.41

N1 =




−2.7 1 0.85
−0.2 −1 0.12
0 0 −5.13



 , N2 =




−2.7 3 0.85
−0.2 −3 0.12
0 0 −5.13



 , F1 = F2 =




0.3
0
0



 ,

H1 = H2 =




0.84
0.11
0.62



 , J1 =




1
0
0



 , J2 =




3
0
0



 Q =




0
0
1



 .

x(0) = [0.1, 0.1, 0]T ζ(0)GDO = [0, 0, 0]T v(0)GDO = [0]
x̂(0)GDO = [0, 0, 0]T ζ(0)PIO = [0, 0, 0]T v(0)PIO = [0] x̂(0)PIO = [0, 0, 0]T

ζ(0)PO = [0, 0, 0]T x̂(0)PO = [0, 0, 0]T

℘(t) Ai

(Ai + ℘(t)) ℘(t) = δ(t)×




0 0 0.5
0 0 0
0 1 0





u(t)
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H∞ x3(t)

0 5 10 15 20 25 30 35 40 45 50−0.1

−0.05

0

0.05

0.1

0.15

0.2

Time (s)

 

 
x̂3GDO

− x3

x̂3PIO − x3

x̂3PO − x3

H∞ x3(t)



H∞

H∞
x1(t) 2191.87 2179.96 2194.5
x2(t) 1363.57 1373.97 1363.73
x3(t) 604.88 705.06 638.66
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x(t) ∈ Rn
u(t) ∈ Rm
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Bl Br C = ClCr B = BlBr
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�Gwz�∞ < γ

X̄

E T
X̄ = X̄

TE ≥ 0




A T

X̄ + X̄
TA (∗) (∗)

BT
X̄ −γ

2
Inw (∗)

C D −Is



 < 0

X̄ =

�
X̄1 0
0 X2

�
X2 =

�
X21 X21

X21 X22

�
E

E
T
X̄1 = X̄

T

1 E ≥ 0

X
−T

1 X
−1
1

X1E
T = EX

T

1 ≥ 0

X1 = X̄
−T

1





(A−Bκ)T X̄1 + X̄
T
1 (A−Bκ) (∗) (∗) (∗)�

(−BκP1)
T

0

�
X̄1 AT

X2 +X2A (∗) 0

(D −BκQd1)
T
X̄1 BT

X2 −γ
2
Inw (∗)

C2 0 D2 −Is




< 0





X̄
−T

1 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I









X̄
−1
1 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I









X1(A−Bκ)T + (A−Bκ)XT
1 (∗) (∗) (∗)�

(−BκP1)
T

0

�
AT

X2 +X2A (∗) 0

(D −BκQd1)
T BT

X2 −γ
2
Inw (∗)

C2X1 0 D2 −Is




< 0

X1 = X̄
−T

1

A B





X1(A−Bκ)T + (A−Bκ)XT
1 (∗) (∗) (∗)�

(−BκP1)
T

0

�
(A1 − YA2)

T
X2 +X2(A1 − YA2) (∗) 0

(D −BκQd1)
T (B1 − YB2)

T
X2 −γ

2
Inw (∗)

C2X1 0 D2 −Is




< 0

BκT C + (BκT C)T +D < 0

D =





X1A
T +AX

T
1 0 (∗) (∗)

0 AT
1 X2 +X2A1 − AT

2 X
T

Y −XY A2 (∗) 0
D

T BT
1 X2 − BT

2 X
T

Y −γ
2
Inw (∗)

C2X1 0 D2 −Is



 B =





X1�
P

T
1

0

�

QT

d1

0




C =

�
−B

T
�
0 0

�
0 0

�
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CT⊥DCT⊥T
< 0

B⊥DB⊥T
< 0

CT⊥ =





−B
⊥ 0 0 0

0 I 0 0
0 0 I 0
0 0 0 I



 B⊥ =




0

�
P

T
1

0

�⊥

0 0

0 0 QT⊥
d1

0
0 0 0 I





C D X2

CT⊥





X1A
T +AX

T
1 0 (∗) (∗)

0 Π1 (∗) 0
D

T ΠT
2 −γ

2
Inw (∗)

C2X
T
1 0 D2 −Is



 CT⊥T
< 0,

B D




�
P

T
1

0

�⊥

Π1

�
P

T
1

0

�⊥T

(∗) 0

QT⊥
d1

ΠT
2

�
P

T
1

0

�⊥T

−γ
2QT⊥

d1
QT⊥T

d1
(∗)

0 D2QT⊥T

d1
−Is




< 0

Π1 Π2

κ �

•

Eẋ(t) = Ax(t) +Bu(t) +Dw(t)

y(t) = C1x(t) +D1w(t)

z(t) = C2x(t) +D2w(t)

ζ̇(t) = Nζ(t) + Fya(t) + Ju(t)

x̂(t) = Pζ(t) +Qay(t)

u(t) = −κx̂(t)

E β̇(t) = A β(t) + Bw(t)

z(t) = Cβ(t) + Dw(t)

E =

�
E 0
0 Iq0

�
A =

�
A−Bκ −BκP1

0 Ā

�
B =

�
D −BκQd1

B̄

�
C =

�
C2 0

�
D = D2 β(t) =

�
x(t)
ε(t)

�

Ā = Ā1 − ȲĀ2 B̄ = B̄1 − ȲB̄2 Ā1 = N1 − ZN2 Ā2 = N3 B̄1 = Fd1 − T1D + Z(T2D − Fd2) B̄2 = Fd3

Ȳ = Y1
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D B C

D =





X1A
T +AX

T
1 0 (∗) (∗)

0 Π1 (∗) 0
D

T ΠT
2 −γ

2
Inw (∗)

C2X
T
1 0 D2 −Is



 , B =





X1

P
T
1

QT

d1

0



 C =
�
−B

T 0 0 0
�

Π1 = (N1 − ZN2)
T
X2 +X2(N1 − ZN2)−N

T

3 X
T

Y −XY N3

Π2 = X2(Fd1 − T1D + Z(T2D −Fd2))−XY Fd3

Σ Ω Σ =

�
R

C1

�
Ω =

�
E

C1

�

•

Eẋ(t) = Ax(t) +Bu(t) +Dw(t)

y(t) = C1x(t) +D1w(t)

z(t) = C2x(t) +D2w(t)

ζ̇(t) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v̇(t) = y(t)− C1x̂(t)

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

u(t) = −κx̂(t)

E β̇(t) = A β(t) + Bw(t)

z(t) = Cβ(t) + Dw(t)

E =

�
E 0
0 Iq0+q1

�
A =

�
A−Bκ

�
−BκP1 0

�

0 ¯̄A

�
B =

�
D −BκQd1

¯̄B

�
C =

�
C2 0 0

�
D = D2 β(t) =




x(t)
ε(t)
v(t)





¯̄A = ¯̄A1− ¯̄Y ¯̄A2
¯̄B = ¯̄B1− ¯̄Y¯̄B2

¯̄A1 =

�
N1 − ZN2 0
−C1P1 0

�
¯̄A2 =

�
N3 0
0 −Iq1

�
¯̄B1 =

�
Fd1 − T1D + Z(T2D −Fd2)

D1 − C1Qd1

�

¯̄B2 =

�
Fd3

0

�
¯̄Y =

�
I

0

� �
Y1 H

�

D B C

D =





X1A
T +AX

T
1 0 (∗) (∗)

0 Π1 (∗) 0
D

T ΠT
2 −γ

2
Inw (∗)

C2X
T
1 0 D2 −Is



 , B =





X1�
P

T
1

0

�

QT

d1

0




C =

�
−B

T
�
0 0

�
0 0

�
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Π1 =

�
X21(N1 − ZN2) + (N1 − ZN2)

T
X21 −X21C1P1 − P

T
1 C

T
1 X21 (∗)

X21(N1 − ZN2)−X22C1P1 0

�
−

�
N3 0
0 −Iq1

�T

X
T

Y −XY

�
N3 0
0 −Iq1

�

Π2 =

�
X21(Fd1 − T1D + Z(T2D −Fd2)) +X21(D1 − C1Qd1)
X21(Fd1 − T1D + Z(T2D −Fd2)) +X22(D1 − C1Qd1)

�
−XY

�
Fd3

0

�

E =





1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0



 , A =





0 0 1 0
−1 0 1 0
−1 0 0 1
0 1 1 1



 , B =





1
0
0
0



 , D =





1
0
0
1



 , C1 =

�
0 1 0 0
0 0 0 1

�
, D1 =

�
0.3
0

�
,

C2 =
�
0 0 0 1

�
, D2 = 0.2 x(t) =





x1(t)
x2(t)
x3(t)
x4(t)





eig(E, A) = [0.39, −0.7 + 1.43i, −0.7− 1.43i]

E
⊥ =

�
0 0 0 1

�

rank




E

E
⊥
A

C1



 = 4, rank

�
sE −A

C1

�
= 4 rank

�
sE −A B

�
= 4.

R =

�
4 0 2 0
2 3 0 2

�
rank(Σ) = 4

γ = 2.5 X1 X2 Z Y

X1 =





2.44 0.34 0.6 0
0.34 1.3 −0.65 −0.39
0.6 −0.651.54 −0.25
0 0 0 −0.68



 , X2 =





1.31 0.07 1.31 0.07
0.07 0.86 0.07 0.86
1.31 0.07 3.11 0.08
0.07 0.86 0.08 2.58



 ,

Z =

�
0 −9.91 −33.56 27.07 −47.88 −2.99 −13.41
0 18.93 −28.44 8.5 −54.2 8.64 −0.19

�
Y =





2.44 0.34 0.6 0
0.34 1.3 −0.65 0
0.6 −0.65 1.54 0
0 0 0 2.06



 .

Z =





2
3
1
8



 L =





0.4
0.4
0.4
0.4



 R = I4 × 0.4

κ =
�
5.76 −4.69 −4.29 −1.12

�
.

N =

�
−0.65 0.25
0.36 −1.06

�
, S =

�
0.12 −0.23
0.04 −0.08

�
, H =

�
1.14 −0.58
0.8 2.61

�
, J =

�
4
2

�
,
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F =

�
−20.83 −5.9 −5.53
−6.15 −0.49 −3.87

�
, L =

�
−0.82 0.22
−0.27 −1.26

�
, P =





0.17 0.15
−0.07 0.15
0.15 −0.29
−0.05 0.11



 ,

M =

�
−0.44 0.8 0.44
−0.16 0.29 0.16

�
Q =





0.11 −0.68 −0.11
0.27 0.5 −0.27
0.45 0 −0.45
0.21 −0.37 0.79



 .

R =

�
5 0 2 0
2 3 0 5

�
, Z =





2
3
1
8



 L =





0.1
0.1
0.1
0.1



 R = I4 × 0.1 γ = 2.5

κ =
�
3.66 −1.08 −0.65 0.92

�
,

N =

�
−0.62 0.56

0 −0.76

�
, Fa =

�
−7.08 −4.24
−2.34 −3.49

�
, J =

�
5
2

�
, P =





0 0.5
0 0
0.5 −1.25
0 0



 Qa =





−0.75 0
1 0

1.88 0
0 1



 .

R =

�
1 1 0 1
0 1 0 1

�
, Z =





2
3
1
8



 L =





0.1
0.1
0.1
0.1



 R = I4 × 0.001 γ = 2.5

κ =
�
2.93 −2.28 −2.08 0.19

�
,

N =

�
−1.09 −2.64
0.3 −0.44

�
, H =

�
0.04 −0.18
2.97 −0.21

�
, P =





1 −0.67
0 0.33
0 −0.67
0 0.33



 , J =

�
1
0

�
,

F =

�
−13.68 1.56 −2.5
2.81 −1 −0.59

�
Q =





1.14 −3.58 −1.14
0.1 0.89 −0.1
0.79 −0.78 −0.79
0.1 −0.11 0.89



 .

x(0) = [0, 0.1, 0, 0.1]T ζ(0)GDO = [0, 0]T v(0)GDO = [0, 0]T

x̂(0)GDO = [0, 0, 0]T ζ(0)PIO = [0, 0]T v(0)PIO = [0, 0]T x̂(0)PIO = [0, 0, 0]T

ζ(0)PO = [0, 0]T x̂(0)PO = [0, 0, 0]T

℘(t) A

(A+ ℘(t)) ℘(t) = δ(t)×





0.3 0 0.5 0
0 0.2 0 0
0.1 0 0.3 0
0 0.2 0.2 0





δ(t)
w(t) u(t)
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H∞

H∞

Eẋ(t) = (A+∆A(t))x(t) +Bu(t) +Dw(t)

y(t) = (C1 +∆C(t))x(t) +D1w(t)

z(t) = C2x(t) +D2w(t)

x(t) ∈ Rn
u(t) ∈ Rm

w(t) ∈ Rnw

y(t) ∈ Rny z(t) ∈ Rs
E ∈ Rn1×n

A ∈ Rn1×n
B ∈ Rn×m

D ∈ Rn×nw C1 ∈ Rny×n1 D1 ∈ Rny×nw C2 ∈ Rs×n
D2 ∈ Rs×nw rank(E) = � < n

E
⊥ ∈ R�1×n

E
⊥
E = 0 �1 = n− �

∆A(t) ∆C(t)

∆A(t) = M1Γ(t)G
∆C(t) = M2Γ(t)G

M1 M2 G Γ(t)

Γ(t)TΓ(t) ≤ I, ∀t ∈ [0,∞).

rank




E

E
⊥
A

C1



 = n.

rank

�
sE −A

C1

�
= n, ∀s ∈ C+

, s

rank
�
sE −A B

�
= n, ∀s ∈ C+

, s

ζ̇(t) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v̇(t) = Sζ(t) + Lv(t) +M

�
−E

⊥
Bu(t)

y(t)

�

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

u(t) = −κx̂(t)

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂(t) ∈ Rn

x(t) N, F, J, H, L, M, S, P, Q κ
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T

NTE + F

�
E

⊥
A

C1

�
− TA = 0

J = TB

M

�
E

⊥
A

C1

�
+ STE = 0

�
P Q

�



TE

E
⊥
A

C1



 = In

�
N H

S L

�
w(t) = 0 Γ(t) = 0

T ∈ Rq0×n1 ε(t) = ζ(t)− TEx(t)

ε̇(t) = Nε(t) +Hv(t) +

�
NTE + F

�
E

⊥
A

C1

�
− TA

�
x(t) +

�
F

�
E

⊥∆A(t)
∆C(t)

�
− T∆A(t)

�
x(t)+

(J − TB)u(t) +

�
F

�
E

⊥
D

D1

�
− TD

�
w(t)

ε(t)

v̇(t) = Sε(t) + Lv(t) +

�
M

�
E

⊥
A

C1

�
+ STE

�
x(t) +M

�
E

⊥∆A(t)
∆C(t)

�
x(t) +M

�
E

⊥
D

D1

�
w(t)

x̂(t) = Pε(t) +
�
P Q

�



TE

E
⊥
A

C1



x(t) +Q

�
E

⊥∆A(t)
∆C(t)

�
x(t) +Q

�
E

⊥
D

D1

�
w(t)

(a) − (d)

�
ε̇(t)
v̇(t)

�
=

�
N H

S L

� �
ε(t)
v(t)

�
+




F

�
E

⊥∆A(t)
∆C(t)

�
− T∆A(t)

M

�
E

⊥∆A(t)
∆C(t)

�



x(t) +




F

�
E

⊥
D

D1

�
− TD

M

�
E

⊥
D

D1

�



w(t)

x̂(t)− x(t) = e(t) = Pε(t) +Q

�
E

⊥∆A(t)
∆C(t)

�
x(t) +Q

�
E

⊥
D

D1

�
w(t)

w(t) = 0 Γ(t) = 0

�
N H

S L

�
lim
t→∞

e(t) = 0 �

Eẋ(t) = (A−Bκ)x(t) +

�
∆A(t)−BκQ

�
E

⊥∆A(t)
∆C(t)

��
x(t)−BκPε(t) +

�
D −BκQ

�
E

⊥
D

D1

��
w(t)

ε̇(t) = Nε(t) +Hv(t) +

�
F

�
E

⊥∆A(t)
∆C(t)

�
− T∆A(t)

�
x(t) +

�
F

�
E

⊥
D

D1

�
− TD

�
w(t)

v̇(t) = Sε(t) + Lv(t) +M

�
E

⊥∆A(t)
∆C(t)

�
x(t) +M

�
E

⊥
D

D1

�
w(t)

z(t) = C2x(t) +D2w(t)
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Z1 = 0 Y3 = 0
∆A(t) ∆C(t)

E β̇(t) = A β(t) + F1Γ(t)F2β(t) + Bw(t)

z(t) = Cβ(t) + Dw(t)

E =

�
E 0
0 Iq0+q1

�
A =

�
A−Bκ

�
−BκP1 0

�

0 A

�
B =



D −BκQ1

�
E

⊥
D

D1

�

Fd



 F1 =



M1 −BκQ1

�
E

⊥M1

M2

�

Fm





F2 =
�
G 0 0

�
C =

�
C2 0 0

�
D = D2 β(t) =




x(t)
ε(t)
v(t)





A Fm Fd

A = A1 − YA2

Fm = Fm1 − YFm2

Fd = Fd1 − YFd2

A1 =

�
N1 0
0 0

�
A2 =

�
N3 0
0 −Iq1

�
Fm1 =



F1

�
E

⊥M1

M2

�
− T1M1

0



 Fm2 =



F3

�
E

⊥M1

M2

�

0



 Fd1 =



F1

�
E

⊥
D

D1

�
− T1D

0





Fd2 =



F3

�
E

⊥
D

D1

�

0



 Y =

�
Y1 H

Y2 L

�

z(t) w(t) = 0 Γ(t) = 0

w(t) = 0

w(t) = 0

Eẋ(t) = (A+∆A(t))x(t) +Bu(t)

y(t) = (C1 +∆C(t))x(t)

z(t) = C2x(t)

ζ̇(t) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v̇(t) = Sζ(t) + Lv(t) +M

�
−E

⊥
Bu(t)

y(t)

�

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

u(t) = −κx̂(t)

E β̇(t) = A β(t) + F1Γ(t)F2β(t)

z(t) = Cβ(t)

E =

�
E 0
0 Iq0+q1

�
A =

�
A−Bκ

�
−BκP1 0

�

0 A

�
F1 =



M1 −BκQ1

�
E

⊥M1

M2

�

Fm



 F2 =
�
G 0 0

�
C =

�
C2 0 0

�
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β(t) =




x(t)
ε(t)
v(t)



 A Fm

A = A1 − YA2

Fm = Fm1 − YFm2

A1 =

�
N1 0
0 0

�
A2 =

�
N3 0
0 −Iq1

�
Fm1 =



F1

�
E

⊥M1

M2

�
− T1M1

0



 Fm2 =



F3

�
E

⊥M1

M2

�

0



 Y =

�
Y1 H

Y2 L

�

κ Y

X2 =

�
X21 X21

X21 X22

�
X21 = X

T
21 X1

X1E
T = EX

T

1 ≥ 0,

CT⊥





X1A
T +AX

T
1 0 (∗) (∗)

0 Π1 (∗) 0
MT

1 Π2 −�I 0
�GXT

1 0 0 −�I



 CT⊥T
< 0,





�
P

T
1

0

�⊥

Π1

�
P

T
1

0

�⊥T

(∗) 0
�
Q1

�
E

⊥M1

M2

��T⊥

Π2

�
P

T
1

0

�⊥T

−�

�
Q1

�
E

⊥M1

M2

��T⊥ �
Q1

�
E

⊥M1

M2

��T⊥T

0

0 0 −�I




< 0

Π1 =

�
X21N1 +N

T
1 X21 (∗)

X21N1 0

�
−

�
N3 0
0 0

�T

X
T

Y −XY

�
N3 0
0 0

�

Π2 =

��
F1

�
E

⊥M1

M2

�
− T1M1

�T

X21

�
F1

�
E

⊥M1

M2

�
− T1M1

�T

X21

�
−



F3

�
E

⊥M1

M2

�

0




T

X
T

Y

XY = X2Y κ

κ = (B+
r KC+

l
+ Z − B+

r BrZClC+
l
)T

K = −R−1BT

l ϑCT

r (CrϑCT

r )
−1 + S1/2L(CrϑCT

r )
−1/2

ϑ = (BlR−1BT

l −D)−1
> 0

S = R−1 −R−1BT

l [ϑ− ϑCT

r (CrϑCT

r )
−1Crϑ]BlR−1

D =





X1A
T +AX

T
1 0 (∗) (∗)

0 Π1 (∗) 0
MT

1 Π2 −�I 0
�GXT

1 0 0 −�I



 C =
�
−B 0 0 0

�
B =





X1�
P

T
1

0

�

�
Q1

�
E

⊥M1

M2

��T

0




Π1 Π2

L R Z R > 0 �L�2 < 1
Cl Cr Bl Br C = ClCr B = BlBr

V (β(t)) = β(t)TE T
X̄β(t) ≥ 0
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E T
X̄ = X̄

TE ≥ 0

X̄ =

�
X̄1 0
0 X2

�
X2 = X

T
2 =

�
X21 X21

X21 X22

�
> 0

E

E
T
X̄1 = X̄

T

1 E ≥ 0

X̄
−T

1 X̄
−1
1

X1E
T = EX

T

1 ≥ 0

X1 = X̄
−T

1

V (β(t))

V̇ (β(t)) = β(t)T (A T
X̄ + X̄

TA )β(t) + 2β(t)T X̄TF1Γ(t)F2β(t)

Γ(t)TΓ(t) ≤ I

2β(t)T X̄TF1Γ(t)F2β(t) ≤ �
−1

β(t)T X̄TF1F
T

1 X̄β(t) + �β(t)TFT

2 F2β(t)

� > 0
V̇ (β(t)) ≤ β(t)T (A T

X̄ + X̄
TA + �

−1
X̄

TF1F
T

1 X̄ + �FT

2 F2)β(t)

V̇ (β(t)) ≤ β(t)T




A T

X̄ + X̄
TA

�
X̄

TF1 �FT
2

�
�
FT

1 X̄

�F2

�
−�I



β(t)

V̇ (β(t)) < 0




A T

X̄ + X̄
TA

�
X̄

TF1 �FT
2

�
�
FT

1 X̄

�F2

�
−�I



 < 0

A F1 F2 X̄





(A−Bκ)T X̄1 + X̄
T
1 (A−Bκ) (∗) (∗) (∗)�

(−BκP1)
T

0

�
X̄1 X2A+ AT

X2 (∗) 0
�
M1 −BκQ1

�
E

⊥M1

M2

��T

X̄1 FT
mX2 −�I 0

�G 0 0 −�I




< 0





X̄
−T

1 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I









X̄
−1
1 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I









X1(A−Bκ)T + (A−Bκ)XT
1 (∗) (∗) (∗)�

(−BκP1)
T

0

�
X2A+ AT

X2 (∗) 0
�
M1 −BκQ1

�
E

⊥M1

M2

��T

FT
mX2 −�I 0

�GXT
1 0 0 −�I




< 0

X1 = X̄
−T

1
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A Fm





X1(A−Bκ)T + (A−Bκ)XT
1 (∗) (∗) (∗)�

(−BκP1)
T

0

�
X2(A1 − YA2) + (A1 − YA2)

T
X2 (∗) 0

�
M1 −BκQ1

�
E

⊥M1

M2

��T

(Fm1 − YFm2)
T
X2 −�I 0

�GXT
1 0 0 −�I




< 0

BκT C + (BκT C)T +D < 0

D =





X1A
T +AX

T
1 0 (∗) (∗)

0 X2(A1 − YA2) + (A1 − YA2)
T
X2 (∗) 0

MT
1 (Fm1 − YFm2)

T
X2 −�I 0

�GXT
1 0 0 −�I



 B =





X1�
P

T
1

0

�

�
Q1

�
E

⊥M1

M2

��T

0





C =
�
−B 0 0 0

�

CT⊥DCT⊥T
< 0

B⊥DB⊥T
< 0

CT⊥ =





−B
⊥ 0 0 0

0 I 0 0
0 0 I 0
0 0 0 I



 B⊥ =





0

�
P

T
1

0

�⊥

0 0

0 0

�
Q1

�
E

⊥M1

M2

��T⊥

0

0 0 0 I





C D X2

CT⊥





X1A
T +AX

T
1 0 (∗) (∗)

0 Π1 (∗) 0
MT

1 Π2 −�I 0
�GXT

1 0 0 −�I



 CT⊥T
< 0,

B D




�
P

T
1

0

�⊥

Π1

�
P

T
1

0

�⊥T

(∗) 0
�
Q1

�
E

⊥M1

M2

��T⊥

Π2

�
P

T
1

0

�⊥T

−�

�
Q1

�
E

⊥M1

M2

��T⊥ �
Q1

�
E

⊥M1

M2

��T⊥T

0

0 0 −�I




< 0

Π1 Π2

κ �

•

Eẋ(t) = (A+∆A(t))x(t) +Bu(t)

y(t) = (C1 +∆C(t))x(t)

z(t) = C2x(t)
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ζ̇(t) = Nζ(t) + Fay(t) + Ju(t)

x̂(t) = Pζ(t) +Qay(t)

u(t) = −κx̂(t)

E β̇(t) = A β(t) + F1Γ(t)F2β(t)

z(t) = Cβ(t)

E =

�
E 0
0 Iq0

�
A =

�
A−Bκ −BκP1

0 Ā

�
F1 =

�
M1 −BκQ1M2

F̄m

�
F2 =

�
G 0 0

�
C =

�
C2 0

�
β(t) =

�
x(t)
ε(t)

�

Ā = Ā1 − ȲĀ2 F̄m = F̄m1 − ȲF̄m2 Ā1 = N1 Ā2 = N3 F̄m1 = F1M2 − T1M1 F̄m2 = F3M2 Ȳ = Y1

D B C

D =





X1A
T +AX

T
1 0 (∗) (∗)

0 Π1 (∗) 0
MT

1 Π2 −�I 0
�GXT

1 0 0 −�I



 , C =
�
−B 0 0 0

�
B =





X1

P
T
1

(Q1M2)
T

0





Π1 = N
T

1 X2 +X2N1 −XY N3N
T

3 X
T

Y

Π2 = (F1M2 − T1M1)
T
X2 −MT

2 F
T

3 X
T

Y

Σ Ω Σ =

�
R

C1

�
Ω =

�
E

C1

�

•

Eẋ(t) = (A+∆A(t))x(t) +Bu(t)

y(t) = (C1 +∆C(t))x(t)

z(t) = C2x(t)

ζ̇(t) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v̇(t) = y(t)− C1x̂(t)

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

u(t) = −κx̂(t)

E β̇(t) = A β(t) + F1Γ(t)F2β(t)

z(t) = Cβ(t)

E =

�
E 0
0 Iq0

�
A =

�
A−Bκ

�
−BκP1 0

�

0 ¯̄A

�
F1 =



M1 −BκQ1

�
E

⊥M1

M2

�

¯̄Fm



 F2 =
�
G 0 0

�
C =

�
C2 0 0

�

β(t) =




x(t)
ε(t)
v(t)



 ¯̄A = ¯̄A1 − ¯̄Y ¯̄A2
¯̄Fm = ¯̄Fm1 − ¯̄Y¯̄Fm2

¯̄A1 =

�
N1 0

−C1P1 0

�
¯̄A2 =

�
N3 0
0 −Iq1

�

¯̄Fm1 =




F1

�
E

⊥M1

M2

�
− T1M1

M2 − C1Q1

�
E

⊥M1

M2

�




¯̄Fm2 =



F3

�
E

⊥M1

M2

�

0



 ¯̄Y =

�
I

0

� �
Y1 H

�
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D B C

D =





X1A
T +AX

T
1 0 (∗) (∗)

0 Π1 (∗) 0
MT

1 ΠT
2 −�I 0

�GXT
1 0 0 −�I



 , C =
�
−B 0 0 0

�
B =





X1�
P

T
1

0

�

�
Q1

�
E

⊥M1

M2

��T

0





Π1 =

�
X21N1 −X21C1P1 +N

T
1 X21 − P

T
1 C

T
1 X21 (∗)

X21N1 −X22C1P1 0

�
−XY

�
N3 0
0 −Iq1

�
−

�
N3 0
0 −Iq1

�T

X
T

Y

Π2 =




X21

�
F1

�
E

⊥M1

M2

�
− T1M1

�
+X21

�
M2 − C1Q1

�
E

⊥M1

M2

��

X21

�
F1

�
E

⊥M1

M2

�
− T1M1

�
+X22

�
M2 − C1Q1

�
E

⊥M1

M2

��



−XY



F3

�
E

⊥M1

M2

�

0





E =





1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0



 , A =





0 0 1 0
−1 0 1 0
−1 0 0 1
0 1 1 1



 , B =





1
0
0
0



 , M1 =





0.1
0.7
0.2
0.1



 ,

C1 =

�
0 1 0 0
0 0 0 1

�
, M2 =

�
0.1
0.3

�
, G =

�
0.1 0 0.2 0.1

�
, C2 =

�
0 0 0 1

�
x(t) =





x1(t)
x2(t)
x3(t)
x4(t)



 .

Γ(t) = 0

eig(E, A) = [0.39, −0.7 + 1.43i, −0.7− 1.43i]

E
⊥ =

�
0 0 0 I

�
Γ(t) = 0

rank




E

E
⊥
A

C1



 = 4, rank

�
sE −A

C1

�
= 4 rank

�
sE −A B

�
= 4.

R =

�
4 0 2 0
2 3 0 2

�
rank(Σ) = 4

X1 X2 Y

X1 =





54.92 11.58 2.29 0
11.58 49.24 −8.52 −40.44
2.29 −8.52 54.73 −24.9
0 0 0 −27.15



 , X2 =





44.56 −27.47 44.56 −27.47
−27.47 29.29 −27.47 29.29
44.56 −27.47 104.2 −29.16
−27.47 29.29 −29.16 85.06





Y =





−1.51 1.53 0.94 −3.4 −3.04 1.54 −0.05
−1.9 2.55 1.93 −7.62 −6.3 1.34 2.48
0.22 −0.12 −0.01 −0.07 0 −0.65 0.36
0.06 −0.05 0.02 −0.04 0.01 −0.18 −1.1




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Z =





2
3
1
8



 L =





0.4
0.4
0.4
0.4



 R = I4 × 0.1

κ =
�
265.42 −96.81 −41.545 −26.47

�

N =

�
0.74 −2.06
1.5 −3

�
, S =

�
0.07 −0.14
0.15 −0.3

�
× 10−2

, H =

�
1.54 −0.05
1.34 2.48

�
, J =

�
4
2

�
, F =

�
0.59 1.67 0.83
−2.15 5.58 1.15

�
,

L =

�
−0.65 0.36
−0.18 −1.1

�
, P =





0.17 0.15
−0.07 0.15
0.15 −0.29
−0.05 0.11



 , M =

�
−0.24 0.39 0.24
−0.51 0.85 0.51

�
× 10−2

Q =





−0.1 0 0.1
0.25 0.58 −0.25
0.5 −0.16 −0.5
0.2 −0.31 0.81



 .

R =

�
8 0 3 0
5 2 0 4

�
Z =





2
3
1
8



 L =





0.4
0.4
0.4
0.4



 R = I4×0.1

κ =
�
480.76 −570.26 400.45 −83.66

�
,

N =

�
2.67 −4.87
2 −3.4

�
, Fa =

�
4.87 3
3.4 0

�
, J =

�
8
5

�
, P =





0 0.2
0 0

0.33 −0.53
0 0



 Qa =





−0.2 0
1 0

0.53 0
0 1



 .

R =

�
1 0 1 0
0 1 0 1

�
Z =





2
3
1
8



 L =





0.4
0.4
0.4
0.4



 R = I4

κ =
�
89.23 −36.73 −12.54 −15.39

�
,

N =

�
−0.57 −1
0.14 −0.97

�
, H =

�
−0.01 −0.26
0.44 −0.06

�
, J =

�
1
0

�
, F =

�
0.84 −0.63 −0.12
−0.23 0.53 −0.2

�
,

P =





1 0.67
0 0.33
0 −0.67
0 0.33



 Q =





−0.43 0.38 0.43
0.14 0.76 −0.14
0.71 −0.52 −0.71
0.14 −0.24 0.86



 .

x(0) = [0, 0.1, 0, 0.1]T ζ(0)GDO = [0, 0]
v(0)GDO = [0, 0] x̂(0)GDO = [0, 0, 0, 0] ζ(0)PIO = [0, 0] v(0)PIO = [0, 0] x̂(0)PIO = [0, 0, 0, 0]

ζ(0)PO = [0, 0] x̂(0)PO = [0, 0, 0, 0]

℘(t) A + ∆A(t)

(A+∆A(t) + ℘(t)) ℘(t) = δ(t)×





0.3 0 0.2 0
0.1 0.2 0.3 0
0 0 0.1 0
0.2 0.4 0 0




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H∞
w(t) �= 0

w(t) �= 0

Eẋ(t) = (A+∆A(t))x(t) +Bu(t) +Dw(t)

y(t) = (C1 +∆C(t))x(t) +D1w(t)

z(t) = C2x(t) +D2w(t)

ζ̇(t) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v̇(t) = Sζ(t) + Lv(t) +M

�
−E

⊥
Bu(t)

y(t)

�

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

u(t) = −κx̂(t)

E β̇(t) = A β(t) + F1Γ(t)F2β(t) + Bw(t)

z(t) = Cβ(t) + Dw(t)

E =

�
E 0
0 Iq0+q1

�
A =

�
A−Bκ

�
−BκP1 0

�

0 A

�
B =



D −BκQ

�
E

⊥
D

D1

�

Fd



 F1 =



M1 −BκQ1

�
E

⊥M1

M2

�

Fm





F2 =
�
G 0 0

�
C =

�
C2 0 0

�
D = D2 β(t) =




x(t)
ε(t)
v(t)





A Fm Fd

A = A1 − YA2

Fm = Fm1 − YFm2

Fd = Fd1 − YFd2

A1 =

�
N1 0
0 0

�
A2 =

�
N3 0
0 −Iq1

�
Fm1 =



F1

�
E

⊥M1

M2

�
− T1M1

0



 Fm2 =



F3

�
E

⊥M1

M2

�

0



 Fd1 =



F1

�
E

⊥
D

D1

�
− T1D

0





Fd2 =



F3

�
E

⊥
D

D1

�

0



 Y =

�
Y1 H

Y2 L

�

H∞ Y κ

γ > 0 z(t) w(t) = 0 w(t) �= 0

J =

� ∞

0

[z(t)T z(t)− γ
2
w(t)Tw(t)]dt

∀w(t) ∈ L2[0,∞)

H∞

X2 =

�
X21 X21

X21 X22

�
X21 = X

T
21

X1

E
T
X1 = X

T

1 E ≥ 0,
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CT⊥





X1A
T +AX

T
1 0 (∗) (∗) (∗) (∗)

0 Π1 (∗) 0 (∗) 0
MT

1 ΠT
2 −�I 0 0 0

�GXT
1 0 0 −�I 0 0

D
T ΠT

3 0 0 −γ
2
I (∗)

C2X
T
1 0 0 0 D2 −I




CT⊥T

< 0,





�
P

T
1

0

�⊥

Π1

�
P

T
1

0

�⊥T

(∗) (∗) 0
�
Q1

�
E

⊥M1

M2

��T⊥

ΠT
2

�
P

T
1

0

�⊥T

−�Π4 0 0
�
Q1

�
E

⊥
D

D1

��T⊥

ΠT
3

�
P

T
1

0

�⊥T

0 −γ
2

�
Q1

�
E

⊥
D

D1

��T⊥ �
Q1

�
E

⊥
D

D1

��T⊥T

(∗)

0 0 D2

�
Q1

�
E

⊥
D

D1

��T⊥T

−I





< 0

Π1 =

�
X21N1 +N

T
1 X21 (∗)

X21N1 0

�
−XY

�
N3 0
0 −Iq1

�
−

�
N3 0
0 −Iq1

�T

X
T

Y

Π2 =




X21

�
F1

�
E

⊥M1

M2

�
− T1M1

�

X21

�
F1

�
E

⊥M1

M2

�
− T1M1

�



−XY



F3

�
E

⊥M1

M2

�

0





Π3 =




X21

�
F1

�
E

⊥
D

D1

�
− T1D

�

X21

�
F1

�
E

⊥
D

D1

�
− T1D

�



−XY



F3

�
E

⊥
D

D1

�

0





Π4 =

�
Q1

�
E

⊥M1

M2

��T⊥ �
Q1

�
E

⊥M1

M2

��T⊥T

.

XY = X2Y κ

κ = (B+
r KC+

l
+ Z − B+

r BrZClC+
l
)T

K = −R−1BT

l ϑCT

r (CrϑCT

r )
−1 + S1/2L(CrϑCT

r )
−1/2

ϑ = (BlR−1BT

l −D)−1
> 0

S = R−1 −R−1BT

l [ϑ− ϑCT

r (CrϑCT

r )
−1Crϑ]BlR−1

D =





X1A
T +AX

T
1 0 (∗) (∗) (∗) (∗)

0 Π1 (∗) 0 (∗) 0
MT

1 ΠT
2 −�I 0 0 0

�GXT
1 0 0 −�I 0 0

D
T ΠT

3 0 0 −γ
2
I (∗)

C2X
T
1 0 0 0 D2 −I




B =





X1�
P

T
1

0

�

�
Q1

�
E

⊥M1

M2

��T

0�
Q1

�
E

⊥
D

D1

��T

0





C =
�
−B 0 0 0 0 0

�

Π1 Π2 Π3 Π4 L R Z
R > 0 �L�2 < 1 Cl Cr Bl Br C = ClCr B = BlBr

V (β(t)) = β(t)TE T
X̄β(t) ≥ 0
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E T
X̄ = X̄

TE ≥ 0

X̄ =

�
X̄1 0
0 X2

�
X2 = X

T
2 =

�
X21 X21

X21 X22

�
> 0

E

E
T
X̄1 = X̄

T

1 E ≥ 0

X̄
−T

1 X̄
−1
1

X1E
T = EX

T

1 ≥ 0

X1 = X̄
−T

1

V (β(t))

V̇ (β(t)) = β(t)T (A T
X̄ + X̄

TA )β(t) + 2β(t)T X̄TF1Γ(t)F2β(t) + w(t)TBT
X̄β(t) + β(t)T X̄TBw(t)

Γ(t)TΓ(t) ≤ I

2β(t)T X̄TF1Γ(t)F2β(t) ≤ �
−1

β(t)T X̄TF1F
T

1 X̄β(t) + �β(t)TFT

2 F2β(t)

� > 0

V̇ (β(t)) ≤ β(t)T (A T
X̄ + X̄

TA + �
−1

X̄
TF1F

T

1 X̄ + �FT

2 F2)β(t) + w(t)TBT
X̄β(t) + β(t)T X̄TBw(t)

J ≤
� ∞

0

[z(t)T z(t)− γ
2
w(t)Tw(t) + V̇ (β(t))]dt

J ≤ 0

z(t)T z(t)− γ
2
w(t)Tw(t) + V̇ (β(t)) ≤ 0, ∀t ∈ [0,∞)

z(t)T z(t)− γ
2
w(t)Tw(t) + V̇ (β(t)) ≤ β(t)T (A T

X̄ + X̄A + �
−1

X̄
TF1F

T

1 X̄ + �FT

2 F2 + C TC )β(t)+

β(t)T (C TD + X̄
TB)w(t) + w(t)T (DTC + BT

X̄)β(t)+

w(t)T (DTD − γ
2
I)w(t)

�
β(t)
w(t)

�T





A T
X̄ + X̄

TA + C TC (∗) (∗)�
FT

1 X̄

�F2

�
−�I 0

DTC + BT
X̄ 0 DTD − γ

2
I





�
β(t)
w(t)

�
< 0





A T
X̄ + X̄

TA (∗) (∗) (∗)�
FT

1 X̄

�F2

�
−�I 0 0

BT
X̄ 0 −γ

2
I (∗)

C 0 D −I




< 0
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A B F1 F2 X̄





X̄
T
1 (A−Bκ) + (A−Bκ)T X̄1 (∗) (∗) (∗) (∗) (∗)�

(−BκP1)
T

0

�
X̄1 X2A+ AT

X2 (∗) 0 (∗) 0
�
M1 −BκQ1

�
E

⊥M1

M2

��T

X̄1 FT
mX2 −�I 0 0 0

�G 0 0 −�I 0 0�
D −BκQ1

�
E

⊥
D

D1

��T

X̄1 FT

d X2 0 0 −γ
2
I (∗)

C2 0 0 0 D2 −I





< 0





X̄
−T

1 0 0 0 0 0
0 I 0 0 0 0
0 0 I 0 0 0
0 0 0 I 0 0
0 0 0 0 I 0
0 0 0 0 0 I









X̄
−1
1 0 0 0 0 0
0 I 0 0 0 0
0 0 I 0 0 0
0 0 0 I 0 0
0 0 0 0 I 0
0 0 0 0 0 I









(A−Bκ)XT
1 +X1(A−Bκ)T (∗) (∗) (∗) (∗) (∗)�

(−BκP1)
T

0

�
X2A+ AT

X2 (∗) 0 (∗) 0
�
M1 −BκQ1

�
E

⊥M1

M2

��T

FT
mX2 −�I 0 0 0

�GXT
1 0 0 −�I 0 0�

D −BκQ1

�
E

⊥
D

D1

��T

FT

d X2 0 0 −γ
2
I (∗)

C2X
T
1 0 0 0 D2 −I





< 0

X1 = X̄
−T

1

A Fm Fd





(A−Bκ)XT
1 +X1(A−Bκ)T (∗) (∗) (∗) (∗) (∗)�

(−BκP1)
T

0

�
X2(A1 − YA2) + (A1 − YA2)

T
X2 (∗) 0 (∗) 0

�
M1 −BκQ1

�
E

⊥M1

M2

��T

(Fm1 − YFm2)
T
X2 −�I 0 0 0

�GXT
1 0 0 −�I 0 0�

D −BκQ1

�
E

⊥
D

D1

��T

(Fd1 − YFd2)
T
X2 0 0 −γ

2
I (∗)

C2X
T
1 0 0 0 D2 −I





< 0

BκT C + (BκT C)T +D < 0

D =





X1A
T +AX

T
1 0 (∗) (∗) (∗) (∗)

0 X2(A1 − YA2) + (A1 − YA2)
T
X2 (∗) 0 (∗) 0

MT
1 (Fm1 − YFm2)

T
X2 −�I 0 0 0

�GXT
1 0 0 −�I 0 0

D
T (Fd1 − YFd2)

T
X2 0 0 −γ

2
I (∗)

C2X
T
1 0 0 0 D2 −I




B =





X1�
P

T
1

0

�

�
Q1

�
E

⊥M1

M2

��T

0�
Q1

�
E

⊥
D

D1

��T

0





C =
�
−B 0 0 0 0 0

�
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CT⊥DCT⊥T
< 0

B⊥DB⊥T
< 0

CT⊥ =





−B
⊥ 0 0 0 0 0

0 I 0 0 0 0
0 0 I 0 0 0
0 0 0 I 0 0
0 0 0 0 I 0
0 0 0 0 0 I




B⊥ =





0

�
P

T
1

0

�⊥

0 0 0 0

0 0

�
Q1

�
E

⊥M1

M2

��T⊥

0 0 0

0 0 0 I 0 0

0 0 0 0

�
Q1

�
E

⊥
D

D1

��T⊥

0

0 0 0 0 0 I





C, D X2

CT⊥





X1A
T +AX

T
1 0 (∗) (∗) (∗) (∗)

0 Π1 (∗) 0 (∗) 0
MT

1 ΠT
2 −�I 0 0 0

�GXT
1 0 0 −�I 0 0

D
T ΠT

3 0 0 −γ
2
I (∗)

C2X
T
1 0 0 0 D2 −I




CT⊥T

< 0,

B D




�
P

T
1

0

�⊥

Π1

�
P

T
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0

�⊥T

(∗) 0 (∗) 0
�
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�
E

⊥M1
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��T⊥

ΠT
2

�
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T
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−�Π4 0 0 0
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�
E

⊥
D

D1

��T⊥

ΠT
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�
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T
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⊥
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⊥
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��T⊥T
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�
E

⊥
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��T⊥T

−I


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< 0





�
P

T
1

0

�⊥

Π1

�
P

T
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�⊥T

(∗) (∗) 0
�
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�
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��T⊥

ΠT
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1
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−�Π4 0 0
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



< 0

Π1 Π2 Π3 Π4

κ �

•

Eẋ(t) = (A+∆A(t))x(t) +Bu(t) +Dw(t)

y(t) = (C1 +∆C(t))x(t) +D1w(t)

z(t) = C2x(t) +D2w(t)
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ζ̇(t) = Nζ(t) + Fay(t) + Ju(t)

x̂(t) = Pζ(t) +Qay(t)

u(t) = −κx̂(t)

E β̇(t) = A β(t) + F1Γ(t)F2β(t) + Bw(t)

z(t) = Cβ(t) + Dw(t)

E =

�
E 0
0 Iq0

�
A =

�
A−Bκ −BκP1

0 Ā

�
B =

�
D −BκQ1D1

F̄d

�
F1 =

�
M1 −BκQ1M2

F̄m

�
F2 =

�
G 0

�
C =

�
C2 0

�

D = D2 β(t) =

�
x(t)
ε(t)

�
Ā = Ā1 − ȲĀ2 F̄m = F̄m1 − ȲF̄m2 F̄d = F̄d1 − ȲF̄d2 Ā1 = N1 Ā2 = N3

F̄m1 = F1M2 − T1M1 F̄m2 = F3M2 F̄d1 = F1D1 − T1D F̄d2 = F3D1 Ȳ = Y1

D B C

D =





X1A
T +AX

T
1 0 (∗) (∗) (∗) (∗)

0 Π1 (∗) 0 (∗) 0
MT

1 ΠT
2 −�I 0 0 0

�GXT
1 0 0 −�I 0 0

D
T ΠT

3 0 0 −γ
2
I (∗)

C2X
T
1 0 0 0 D2 −I


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, B =





X1

P
T
1

(Q1M2)
T

0
(Q1D1)

T

0




C =

�
−B 0 0 0 0 0

�

Π1 = X2N1 +N
T

1 X2 −XY N3 −N
T

3 X
T

Y

Π2 = X2(F1M2 − T1M1)−XY F3M3

Π3 = X2(F1D1 − T1D)−XY F3D1

Σ Ω Σ =

�
R

C1

�
Ω =

�
E

C1

�

•

Eẋ(t) = (A+∆A(t))x(t) +Bu(t) +Dw(t)

y(t) = (C1 +∆C(t))x(t) +D1w(t)

z(t) = C2x(t) +D2w(t)

ζ̇(t) = Nζ(t) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t)

v̇(t) = y(t)− Cx̂(t)

x̂(t) = Pζ(t) +Q

�
−E

⊥
Bu(t)

y(t)

�

u(t) = −κx̂(t)

E β̇(t) = A β(t) + F1Γ(t)F2β(t) + Bw(t)

z(t) = Cβ(t) + Dw(t)



H∞

E =

�
E 0
0 Iq0+q1

�
A =

�
A−Bκ

�
−BκP1 0

�

0 ¯̄A

�
B =



D −Bκ

�
E

⊥
D

D1

�

¯̄Fd



 F1 =



M1 −BκQ1

�
E

⊥M1

M2

�

¯̄Fm





F2 =
�
G 0 0

�
C =

�
C2 0 0

�
D = D2 β(t) =




x(t)
ε(t)
v(t)



 ¯̄A = ¯̄A1 − ¯̄Y ¯̄A2
¯̄Fm = ¯̄Fm1 − ¯̄Y¯̄Fm2

¯̄Fd = ¯̄Fd1 − ¯̄Y¯̄Fd2
¯̄A1 =

�
N1 0

−C1P1 0

�
¯̄A2 =

�
N3 0
0 −Iq1

�
¯̄Fm1 =




F1

�
E

⊥M1

M2

�
− T1M1

M2 − C1Q1

�
E

⊥M1

M2

�



 F̄m2 =



F3

�
E

⊥M1

M2

�

0





¯̄Fd1 =




F1

�
E

⊥
D

D1

�
− T1D

D1 − C1Q1

�
E

⊥
D

D1

�




¯̄Fd2 =



F3

�
E

⊥
D

D1

�

0



 ¯̄Y =

�
I

0

� �
Y1 H

�

D B C

D =





X1A
T +AX

T
1 0 (∗) (∗) (∗) (∗)

0 Π1 (∗) 0 (∗) 0
MT

1 ΠT
2 −�I 0 0 0

�GXT
1 0 0 −�I 0 0

D
T ΠT

3 0 0 −γ
2
I (∗)

C2X
T
1 0 0 0 D2 −I




, B =





X1�
P

T
1

0

�

�
Q1

�
E

⊥M1

M2

��T

0�
Q1

�
E

⊥
D

D1

��T

0





C =
�
−B 0 0 0 0 0

�

Π1 =

�
X21N1 +N

T
1 X21 −X21C1P1 − P

T
1 C

T
1 X21 (∗)

X21N1 −X22C1P1 0

�
−XY

�
N3 0
0 −Iq1

�
−

�
N3 0
0 −Iq1

�T

X
T

Y

Π2 =




X21

�
F1

�
E

⊥M1

M2

�
− T1M1

�
+X21

�
M2 − C1Q1

�
E

⊥M1

M2

��

X21

�
F1

�
E

⊥M1

M2

�
− T1M1

�
+X22

�
M2 − C1Q1

�
E

⊥M1

M2

��



−XY



F3

�
E

⊥M1

M2

�

0





Π3 =




X21

�
F1

�
E

⊥
D

D1

�
− T1D

�
+X21

�
D1 − C1Q1

�
E

⊥
D

D1

��

X21

�
F1

�
E

⊥
D

D1

�
− T1D

�
+X22

�
D1 − C1Q1

�
E

⊥
D

D1

��



−XY



F3

�
E

⊥
D

D1

�

0



 .

E =





1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0



 , A =





0 0 1 0
−1 0 1 0
−1 0 0 1
0 1 1 1



 , B =





1
0
0
0



 , D =





0
1
1
0



 , M1 =





0.1
0.7
0.2
0.1



 ,

C1 =

�
0 1 0 0
0 0 0 1

�
, M2 =

�
0.1
0.3

�
, G =

�
0.1 0 0.2 0.1

�
, C2 =

�
0 0 0 1

�
, D2 = 0.2 x(t) =





x1(t)
x2(t)
x3(t)
x4(t)



 .

Γ(t) = 0

eig(E, A) = [0.39, −0.7 + 1.43i, −0.7− 1.43i]



H∞

E
⊥ =

�
0 0 0 I

�
Γ(t) = 0

rank




E

E
⊥
A

C1



 = 4, rank

�
sE −A

C1

�
= 4 rank

�
sE −A B

�
= 4.

R =

�
7 3 6 2
6 1 8 4

�
rank(Σ) = 4

γ = 2.5 � = 10 X1 X2

Y

X1 =





5124.12 7.48 4.34 0
7.48 2.51 −0.36 −0.64
4.34 −0.36 2.49 −1.75
0 0 0 −0.87



 , X2 =





6.74 −6.91 6.74 −6.91
−6.91 7.31 −6.91 7.31
6.74 −6.91 96.73 −6.47
−6.91 7.31 −6.47 97.6





Y =





−52592.29 −15685.89 4256.43 −4389.14 3774.25 −2.41 3.1
−50477.55 −15049.83 4084.18 −4210.05 3625.18 −2.75 3.2

61.44 18.65 −4.95 5.16 −4.24 −0.53 0
62.7 18.34 −5.06 5.18 −4.67 0.06 −0.53





Z =





2
3
1
8



 , L =





0.1
0.1
0.1
0.1



 R = I4 × 0.1

κ =
�
35.79 −70.72 −42.67 22.07

�
,

N =

�
−3.9 3.98
−2.58 2.49

�
, S =

�
0.01 −0.02
−0.02 0.02

�
, H =

�
−2.41 3.1
−2.75 3.2

�
, J =

�
7
6

�
,

F =

�
2.33 3.34 0.95
2.18 1.39 2.25

�
, L =

�
−0.53 0
0.06 −0.53

�
, M =

�
0.03 −0.05 −0.03
−0.03 0.07 0.03

�

P =





0.27 −0.15
0.13 −0.15
−0.22 0.26
0.02 −0.02



 Q =





−0.22 −0.01 0.22
0.24 0.55 −0.24
0.57 −0.2 −0.57
0.03 −0.06 0.97



 .

R =

�
4 0 2 0
2 3 0 2

�
Z =





2
3
1
8



 , L =





0.1
0.1
0.1
0.1



 R = I4 × 1 γ = 2.5 � = 10

κ =
�
0.88 −1.1 −0.69 0.67

�
,

N =

�
2 −5

1.75 −4.25

�
, Fa =

�
7.5 2
6.37 0

�
, J =

�
4
2

�
,

P =





0 0.5
0 0
0.5 −1
0 0



 Qa =





−0.75 0
1 0
1.5 0
0 1



 .



H∞

R =

�
5 3 2 1
2 4 3 2

�
Z =





2
3
1
8



 , L =





0.4
0.4
0.4
0.4



 R = I4 × 0.1 γ = 2.5 � = 10

κ =
�
54.67 −177.56 −123.46 2.4

�
,

N =

�
−31.8 78.71
−11 26.51

�
, H =

�
−458.15 −132.09
−161.28 −57.73

�
, F =

�
−50.14 −1.31 50.86
−15.65 −1.43 16.65

�
, J =

�
5
2

�
,

P =





0.26 −0.15
−0.03 0.09
−0.13 0.33
0.03 −0.09



 Q =





−0.03 −0.04 0.03
−0.06 1 0.06
0.77 −0.98 −0.77
0.06 0 0.94



 .

x(0) = [0, 0.1, 0, 0.1]T ζ(0)GDO = [0, 0]T v(0)GDO = [0, 0]T

x̂(0)GDO = [0, 0, 0, ]T ζ(0)PIO = [0, 0]T v(0)PIO = [0, 0]T x̂(0)PIO = [0, 0, 0, ]T

ζ(0)PO = [0, 0]T x̂(0)PO = [0, 0, 0, ]T

℘(t) A + ∆A(t)

(A+∆A+ ℘(t)) ℘(t) = δ(t)×





0.3 0 0.2 0
0.1 0.2 0.3 0
0 0 0.1 0
0.2 0.4 0 0





δ(t)
Γ(t) w(t) u(t)
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Γ(t)

H∞ Γ(t)
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w(t)

H∞ w(t)
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u
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z
GDO
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H∞ z(t)
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H∞







Eẋ(t) = Ax(t) +Bu(t) +Gf(t)

y(t) = C1x(t)

x(t) ∈ Rn
u(t) f(t) ∈ Rnf y(t) ∈ Rny

E ∈ Rn×n
A ∈ Rn×n

B ∈ Rn×m
G ∈ Rn×nf C1 ∈ Rny×n rank(E) = � < n E

⊥ ∈ R�×n

E
⊥ �

E G
�
= 0 �1 = n− �

rank




E

E
⊥
A

C1



 = n.

rank

�
sE −A

C1

�
= n, ∀s ∈ C+

, s

O1 :=






ζ̇(t) = Nζ(t) +Hv(t) + F

�
E

⊥
Bu(t)
y(t)

�
+ Ju(t)

v̇(t) = Sζ(t) + Lv(t) +M

�
E

⊥
Bu(t)
y(t)

�

x̂(t) = Pζ(t) +Q

�
E

⊥
Bu(t)
y(t)

�

r(t) = W (C1x̂− y(t))

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂(t) ∈ Rn
x(t)

r(t) ∈ Rnf N, F, H, L, M, S, P, Q W

T

NTE + F

�
E

⊥
A

C1

�
− TA = 0

J = TB

M

�
E

⊥
A

C1

�
+ STE = 0

�
P Q

�



TE

E
⊥
A

C1



 = In

�
N H

S L

�
f(t) = 0

T ∈ Rq×n
ε(t) = ζ(t)− TEx(t)

ε̇(t) = Nε(t) +Hv(t) + TGf(t) +

�
NTE + F

�
E

⊥
A

C1

�
− TA

�
x(t) + (J − TB)u(t)



ε(t)

v̇(t) = Sε(t) + Lv(t) +

�
M

�
E

⊥
A

C1

�
+ STE

�
x(t)

x̂(t) = Pε+
�
P Q

�



TE

E
⊥
A

C1



x(t)

(a)− (d)

�
ε̇(t)
v̇(t)

�
=

�
N H

S L

� �
ε(t)
v(t)

�
+

�
−TG

0

�
f(t)

x̂(t)− x(t) = e(t) = Pε

r(t) = WC1Pε

f(t) = 0

�
N H

S L

�
lim
t→∞

e(t) = 0 �
(a)− (d)

T̄2 = T2G Z1 = Z(In+ny − T̄2T̄
+
2 ) Z

TG

TG = T1G

T K, N F

T = T1 − ZT2

K = K1 − ZK2

N = N1 − ZN2 − Y1N3

F = F1 − ZF2 − Y1F3

T2 = (In+ny − T̄2T̄
+
2 )T2 K2 = (In+ny − T̄2T̄

+
2 )K2 N2 = (In+ny − T̄2T̄

+
2 )N2 F2 = (In+ny − T̄2T̄

+
2 )F2 T1

T2 K1 K2 N1 N2, N3, F1 F2 F3

Y3 = 0

S = −Y2N3

M = −Y2F3

P = P1

Q = Q1

Q1 P1

ϕ̇(t) = (A1 − YA2)ϕ(t) + F1f(t)

r(t) = WC1ϕ(t)

A1 =

�
N1 − ZN2 0

0 0

�
A2 =

�
N3 0
0 −Iq1

�
F1 =

�
−T1G

0

�
C1 =

�
C1P1 0

�
Y =

�
Y1 H

Y2 L

�

lim
t→∞

r(t) = 0 f(t) = 0

r(t) �= 0 f(t) �= 0



f(t) r(t)

Grf (s) =

�
A1 − YA2 F1

WC1 0

�

Grf (s)

Grf (s) = diag(g1(s), . . . , gnf (s))

Grf (s) (C1F1) ny ≥ nf

nf

(C1F1) nf ny

ny ≥ nf

Λ = diag(λ1, . . . , λnf ) ∈ Rnf×nf , λi < 0,

Ψ = diag(ψ1, . . . , ψnf ) ∈ Rnf×nf , |ψi| > 0,

∀i ∈ [1, . . . , nf ] Y W

(A1 − YA2)F1 = F1Λ

WC1F1 = Ψ

(A2F1) Y W

Y = (A1F1 − F1Λ)(A2F1)
+ − �Z(I − (A2F1)(A2F1)

+)

W = Ψ(C1F1)
+

�Z Y W

Grf (s) =

�
Λ I

Ψ 0

�

= diag

�
ψ1

s− λ1
, · · · ,

ψnf

s− λnf

�
.

F1 F⊥
1 ∈ R(q0+q1)×(q0+q1−nf )

�F =
�
F1 F⊥

1

�
∈ R(q0+q1)×(q0+q1) �F−1 =

�
�F1

�F2

�T �F1 ∈ R(q0+q1)×nf

Grf (s) =




�F−1(A1 − YA2)�F �F−1F1

WC1
�F 0



 =








�FT
1

�FT
2



 (A1 − YA2)
�
F1 F⊥

1

�



�FT
1

�FT
2



F1

WC1

�
F1 F⊥

1

�
0





=





�FT
1 (A1 − YA2)F1

�FT
1 (A1 − YA2)F⊥

1 I

�FT
2 (A1 − YA2)F1

�FT
2 (A1 − YA2)F⊥

1 0

WC1F1 WC1F⊥
1 0







�
�F1

�F2

�T �
F1 F⊥

1

�
= I

Grf (s) =





�FT
1 (A1 − YA2)F1

�FT
1 (A1 − YA2)F⊥

1 I

0 �FT
2 (A1 − YA2)F⊥

1 0

WC1F1 WC1F⊥
1 0





Grf (s) =

�
Λ I

Ψ 0

�
= diag

�
ψ1

s− λ1
, · · · ,

ψnf

s− λnf

�

(A1 − YA2)F1 = F1Λ

WC1F1 = Ψ

Y

Y = (A1F1 − F1Λ)(A2F1)
+ − �Z(I − (A2F1)(A2F1)

+)

�Z

W

W = Ψ(C1F1)
+

�

ϕ̇(t) = [A1 − (A1F1 − F1Λ)(A2F1)
+A2� �� �

Ā1

+ �Z (I − (A2F1)(A2F1)
+)A2]� �� �

Ā2

ϕ(t) + F1f(t)

r(t) = Ψ(C1F1)
+C1� �� �

C̄1

ϕ(t)

Ā1 =

�
N1 + (T1GΛ−N1T1G)(N3T1G)+N3 − Z(N2 −N2T1G(N3T1G)+N3) 0

0 0

�

Ā2 =

�
N3 −N3T1G(N3T1G)+N3 0

0 −I

�

C̄1 = −Ψ
�
(C1P1T1G)+C1P1 0

�

X =

�
X1 X1

X1 X2

�
> 0 X1 = X

T
1 > 0

CT⊥
�
Π1 (N1 + (T1GΛ−N1T1G)(N3T1G)+N3)

T
X1 − (N2 −N2T1G(N3T1G)+N3)

T
W

T
1

(∗) 0

�
CT⊥T

< 0

Π1 = (N1 + (T1GΛ−N1T1G)(N3T1G)+N3)
T
X1 +X1(N1 + (T1GΛ−N1T1G)(N3T1G)+N3)−

(N2 −N2T1G(N3T1G)+N3)
T
W

T

1 −W1(N2 −N2T1G(N3T1G)+N3)

W1 = X1Z
�Z

Z̃ = X
−1(KC+

l
+ Z(I − ClC+

l
))



K = −R−1
ϑCT

r (CrϑCT

r )
−1 + S1/2L(CrϑCT

r )
−1/2

ϑ = (R−1 −D)−1
> 0

S = R−1 −R−1[ϑ− ϑCT

r (CrϑCT

r )
−1Crϑ]R−1

D =

�
Π1 (N1 + (T1GΛ−N1T1G)(N3T1G)+N3)

T
X1 − (N2 −N2T1G(N3T1G)+N3)

T
W

T
1

(∗) 0

�
B = Iq0+q1

C =

�
N3 −N3T1G(N3T1G)+N3 0

0 −I

�
Π1 L, R Z

R > 0 �L�2 < 1. Cl Cr C = ClCr

X = X
T
> 0

(Ā1 + �ZĀ2)
T
X +X(Ā1 + �ZĀ2) < 0

BXC + (BXC)T +D < 0

X = X �Z D = ĀT
1 X +XĀ1 C = Ā2 B = Iq0+q1 .

B⊥ = 0

CT⊥DCT⊥T
< 0

CT⊥ = ĀT⊥
2 C D

CT⊥
�
Π1 (N1 + (T1GΛ−N1T1G)(N3T1G)+N3)

T
X1 − (N2 −N2T1G(N3T1G)+N3)

T
W

T
1

(∗) 0

�
CT⊥T

< 0

Π1
�Z
�

O2 :=






ζ̇(t) = N(ζ(t) + TGf̂(t)) +Hv(t) + F

�
−E

⊥
Bu(t)

y(t)

�
+ Ju(t) + TGf̂(t)

v̇(t) = S(ζ(t) + TGf̂(t)) + Lv(t) +M

�
−E

⊥
Bu(t)

y(t)

�

x̂(t) = P (ζ(t) + TGf̂(t)) +Q

�
−E

⊥
Bu(t)

y(t)

�

˙̂
f(t) = Φ(C1x̂(t)− y(t))

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂ ∈ Rn
x(t)

f̂(t) f(t) N, F, J, H, L, M, S, P, Q, T Φ



T

NTE + F

�
E

⊥
A

C1

�
− TA = 0

J = TB

M

�
E

⊥
A

C1

�
+ STE = 0

�
P Q

�



TE

E
⊥
A

C1



 = In

�
N H

S L

�
f(t) = 0

T ∈ Rq×n

ε(t) = ζ(t)− TEx(t) + TGf(t)

ε̇(t) = Nε(t) +Hv(t) + (NTG+ TG) �f(t) +
�
NTE + F

�
E

⊥
A

C1

�
− TA

�
x(t) + (J − TB)u(t)

ḟ(t) = 0 �f(t) = f̂(t)− f(t).

v̇(t) = Sε(t) + Lv(t) + STG �f(t) +
�
M

�
E

⊥
A

C1

�
+ STE

�
x(t)

x̂(t) = Pε(t) + PTG �f(t) +
�
P Q

�



TE

E
⊥
A

C1



x(t)

ḟ(t) = 0 �f(t)

�̇f(t) = ΦC1Pε(t) + ΦC1PTG �f(t)

(a)− (d)

�
ε̇(t)
v̇(t)

�
=

�
N H

S L

� �
ε(t)
v(t)

�
+

�
NTG+ TG

STG

�
�f(t)

x̂(t)− x(t) = e(t) = Pε(t) + PTG �f(t)

f(t) = 0

�
N H

S L

�
lim
t→∞

e(t) = 0 �

ϕ̇(t) = (A1 − YA2)ϕ(t) + (F1 − YF2) �f(t)

A1 =

�
N1 − ZN2 0

0 0

�
A2 =

�
N3 0
0 −Iq1

�
F1 =

�
N1T1G+ T1G− ZN2T1G

0

�
F2 =

�
N3T1G

0

�
Y =

�
Y1 H

Y2 L

�

ϕ(t) =

�
ε(t)
v(t)

�



β̇(t) = A β(t)

A =

�
A1 − YA2 F1 − YF2

C1 D1

�
β(t) =

�
ϕ(t)
�f(t)

�
C1 =

�
ΦC1P1 0

�
D1 = ΦC1P1T1G

Y Φ Z

Y Φ Z

X1 =

�
X11 X11

X11 X12

�
> 0 X11 = X

T
11 X2 > 0

CT⊥




Π1 N

T
1 X11 −N T

2 W
T
1 Π2

(∗) 0 X1(N1T1G+ T1G)−W1N2T1G

(∗) (∗) X2ΦC1P1T1G+G
T
T

T
1 P

T
1 C

T
1 ΦT

X2



 CT⊥T
< 0

Π1 = X11N1 +N
T

1 X11 +W1N2 −N2W
T

1

Π2 = X1(N1T1G+ T1G)−W1N2T1G+ P
T

1 C
T

1 ΦT
X2

X2ΦC1P1T1G+G
T
T

T

1 P
T

1 C
T

1 ΦT
X2 < 0.

W1 = X11Z Y

Y = X
−1
1 (B+

r KC+
l
+ Z − B+

r BrZClC+
l
)

K = −R−1BT

l ϑCT

r (CrϑCT

r )
−1 + S1/2L(CrϑCT

r )
−1/2

ϑ = (BlR−1BT

l −D)−1
> 0

S = R−1 −R−1BT

l [ϑ− ϑCT

r (CrϑCT

r )
−1Crϑ]BlR−1

D =




Π1 N

T
1 X11 −N T

2 W
T
1 Π2

(∗) 0 X1(N1T1G+ T1G)−W1N2T1G

(∗) (∗) X2ΦC1P1T1G+G
T
T

T
1 P

T
1 C

T
1 ΦT

X2



 B =

�
−Iq0+q1

0

�
C =

��
N3 0
0 −Iq1

� �
N3T1G

0

��

Π1 Π2 L, R Z
R > 0 �L�2 < 1. Cl Cr Bl Br C = ClCr B = BlBr

V (β(t)) = β(t)TXβ(t)

X =

�
X1 0
0 X2

�

V̇ (β(t)) = β(t)T (A T
X +XA )β(t)

V̇ (β(t)) < 0

A T
X +XA < 0.



A X

�
X1(A1 − YA2) + (A1 − YA2)

T
X1 X1(F1 − YF2) + CT

1 X2

(∗) X2D1 + DT
1 X2

�
< 0

BXC + (BXC)T +D < 0

X = X1Y D =

�
X1A1 + AT

1 X1 X1F1 + CT
1 X2

(∗) X2D1 + DT
1 X2

�
B =

�
−Iq0+q1

0

�
C =

�
A2 B2

�

CT⊥DCT⊥T
< 0

B⊥DB⊥T
< 0

CT⊥ =

�
AT

2

BT
2

�⊥

B⊥ =
�
0 I

�
C D X1

CT⊥




Π1 N

T
1 X11 −N T

2 W
T
1 Π2

(∗) 0 X1(N1T1G+ T1G)−W1N2T1G

(∗) (∗) X2ΦC1P1T1G+G
T
T

T
1 P

T
1 C

T
1 ΦT

X2



 CT⊥T
< 0

B D

X2ΦC1P1T1G+G
T
T

T

1 P
T

1 C
T

1 ΦT
X2 < 0

Y
�

E =




1 0 0
0 1 0
0 0 0



 , A =




−2.7 0 0.3
−0.2 −3 0
−0.11 1.74 −1



 , B =




1
0.5
0



 , G =




1 1
0 1
0 0



 ,

C1 =

�
1 0 1
0 0 1

�
x(t) =




x1(t)
x2(t)
x3(t)



 .

E
⊥ =

�
0 0 1

�
E

⊥ �
E G

�
= 0

rank




E

E
⊥
A

C1



 = 3 rank

�
sE −A

C1

�
= 3

R = I3 rank(Σ) = 3

ny ≥ nf Λ =

�
−1 0
0 −4

�
Ψ =

�
1 0
0 1

�
W

W =

�
2.12 5.85
−6.05 −4.97

�



X Z

X =





5.22 −1.96 0.15 5.22 −1.96 0.15
−1.96 11.16 1.67 −1.96 11.16 1.67
0.15 1.67 11.86 0.15 1.67 11.86
5.22 −1.96 0.15 20.83 0 0
−1.96 11.16 1.67 0 20.83 0
0.15 1.67 11.86 0 0 20.83





Z =




−182.04 64.68 −11.11 −11.58 126.48 −65.09
−23.83 3.9 −4.16 0.48 13.9 −8.34
87.05 −72.45 −3.25 23.72 −84.65 32.74





Z =





9 3 2 1 8 9 9 0 3
9 4 1 3 8 7 8 2 8
9 2 8 4 1 7 7 4 2
9 4 4 5 7 8 3 8 3
9 1 8 4 7 2 8 4 1
9 4 8 2 8 4 9 3 8




L =





0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1




R = I6

�Z =





2.28 0.39 0.79 0.18 1.85 1.91 −0.15 0.12 0.05
1.46 0.21 0.3 0.59 0.7 1.19 −0.06 −0.2 −0.07
0.35 0.28 −0.1 0.3 −0.67 1.09 −0.02 −0.11 −0.17
−0.01 0.12 0.01 0.24 −0.05 0.02 0.08 −0.04 −0.03
−0.24 0.07 0.09 −0.2 0.26 −0.38 0.01 0.18 0.05
0.05 0.08 0.29 −0.17 0.74 −0.49 0.01 0.08 0.14





N =




−2.92 −3.19 −3.15
−0.92 −2.33 −1.58
0.15 0.45 −0.81



 , H =




0.15 −0.12 −0.05
0.06 0.2 0.07
0.02 0.11 0.17



 , F =




12.18 −0.97 2.23
4.19 0.1 −0.1
2.87 0.42 −0.88



 ,

J =




11.71
4.23
3.07



 , S =




0.49 −0.77 1.33
−1.49 2.33 −4.02
2.53 −3.97 6.84



× 10−2
, L =




−7.6 4.47 2.62
−1.48 −17.91 −4.9
−1.28 −8.04 −14.55



× 10−2
,

M =




0 0 0
0 0 0
0 0 0



 , P =




0.59 −0.05 −0.19
−0.05 0.31 0.15
−0.19 0.15 0.37



 ,

Q =




0.07 0.56 −0.49
0.49 0.16 0.33
−0.09 0.24 0.67



 W =

�
2.12 5.85
−6.05 −4.97

�
.

E
⊥

R

X2 Φ X2 = I2

X1 Z Φ



X1=





21.21 −2.12 6.72 21.21 −2.12 6.72
−2.12 41.23 −0.07 −2.12 41.23 −0.07
6.72 −0.07 40.17 6.72 −0.07 40.17
21.21 −2.12 6.72 50 0 0
−2.12 41.23 −0.07 0 50 0
6.72 −0.07 40.17 0 0 50




,

Z =




0 0 9.77 0 0 0
0 0 1.92 0 0 0
0 0 −1.32 0 0 0



 Φ =

�
−238.94 −161.63
−161.63 −323.92

�

Z =





2 3 1 4 9 7 6 3 9
3 2 6 3 3 4 6 3 9
6 1 4 2 2 6 6 1 0
9 5 2 4 3 2 8 1 6
2 6 8 1 8 4 7 3 9
8 7 1 9 3 6 2 8 2




L =





0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1




R = I6 × 0.01

Y =





−0.18 −8.64 −4.11 4.89 1.13 9.24 4.87 −1.13 2.43
0.47 9.51 −5.77 −5.29 −1.35 0.89 −1.03 12.13 −0.62
5.98 −0.86 14.73 −0.79 −6.22 −7.7 2.49 −0.67 12.25
−0.62 4.37 −0.53 −2.16 0.45 −2.86 −4.63 0.89 −2.91
−0.37 −7.99 4.67 4.53 1.34 −0.25 0.87 −12.25 0.43
−4.72 2.12 −11.32 0.09 4.99 4.96 −2.85 0.51 −12.37





N =




−1.21 5.13 5.8
−0.37 −10.63 5.49
−5.71 0.66 −14.85



 , H =




4.87 −1.13 2.43
−1.03 12.13 −0.62
2.49 −0.67 12.25



 , F =




−11.48 1.09 −2.6
−1.17 1.11 −0.39
2.48 0.25 0.82



 ,

J =




−9.16
−1.84
1.1438



 , T =




0.65 −0.1 −9.77
−0.1 0.34 −1.92
−0.3 0.24 1.32



 , S =




0.77 −4.31 0.32
0.43 8.12 −4.32
5.03 −1.64 11.07



 ,

L =




−4.63 0.89 −2.91
0.87 −12.25 0.43
−2.85 0.51 −12.37



 , M =




0.85 −0.73 1.59
−1 −0.88 −0.12
−0.9 −0.24 −0.66



 , P =




0.59 −0.05 −0.19
−0.05 0.31 0.15
−0.19 0.15 0.37



 ,

Q =




0.07 0.56 −0.49
0.49 0.16 0.33
−0.09 0.24 0.67



 Φ =

�
−238.94 −161.63
−161.63 −323.92

�
.
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f2

f̂2GDO

f2(t)

Eẋ(t) = (A+∆A(t))x(t) +Gf(t)

y(t) = C1x(t)

x(t) ∈ Rn
f(t) ∈ Rnf y(t) ∈ Rny

E ∈ Rn×n
A ∈ Rn×n

G ∈ Rn×nf C1 ∈ Rny×n ∆A(t)

∆A(t) = MΓ(t)G

M G Γ(t)

Γ(t)TΓ(t) ≤ I, ∀t ∈ [0,∞)

rank




E

E
⊥
A

C1



 = n.



rank

�
sE −A

C1

�
= n, ∀s ∈ C+

, s

∆A(t)

O1 :=






ζ̇(t) = Nζ(t) +Hv(t) + Fy(t)

v̇(t) = Sζ(t) + Lv(t) +My(t)

x̂(t) = Pζ(t) +Qy(t)

r(t) = W (C1x̂(t)− y(t))

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂(t) ∈ Rn
x(t)

r(t) ∈ Rnf N, F, H, S, L, M, P, Q W

T

NTE + FC1 − TA = 0
MC1 + STE = 0
�
P Q

� �TE
C1

�
= In

�
N H

S L

�
Γ(t) = 0 f(t) = 0

T ∈ Rq0×n
ε(t) = ζ(t)− TEx(t)

ε̇(t) = Nε(t) +Hv(t) + (NTE + FC1 − TA)x(t)− T∆A(t)x(t)− TGf(t)

ε(t)

v̇(t) = Sε(t) + Lv(t) + (STE +MC1)x(t)

x̂(t) = Pε(t) +
�
P Q

� �TE
C1

�
x(t)

(a)− (c)

�
ε̇(t)
v̇(t)

�
=

�
N H

S L

� �
ε(t)
v(t)

�
+

�
−T∆A(t)

0

�
x(t) +

�
−TG

0

�
f(t)

x̂(t)− x(t) = e(t) = Pε(t)

r(t) = WC1Pε(t)

Γ(t) = 0 f(t) = 0

�
N H

S L

�
lim
t→∞

e(t) = 0 �
Z1 = 0

T = T1

K = K1

N = N1 − Y1N3



F = F1 − Y1F3

S = −Y2N3

M = −Y2F3

P = P1

Q = Q1

T1 K1 N1 N3 F1 F3 P1 Q1 Σ =

�
E

C1

�
Ω =

�
R

C1

�

ϕ̇(t) = (A1 − YA2)ϕ(t) +G1Γ(t)Gx(t) + F1f(t)

r(t) = WC1ϕ(t)

A1 =

�
N1 0
0 0

�
A2 =

�
N3 0
0 −Iq1

�
G1 =

�
−T1M

0

�
F1 =

�
−T1G

0

�
C1 =

�
C1P1 0

�
Y =

�
Y1 H

Y2 L

�
ϕ(t) =

�
ε(t)
v(t)

�

�
Grf (s) Grx(s)

�
=

�
A1 − YA2 F1 G1Γ(s)G

WC1 0 0

�

Grf (s)

Grf (s) = diag(g1(s), . . . , gnf (s))

Grf (s) (C1F1) ny ≥ nf

Grf (s)

ny ≥ nf

Λ = diag(λ1, . . . , λnf ) ∈ Rnf×nf , λi < 0,

Ψ = diag(ψ1, . . . , ψnf ) ∈ Rnf×nf , |ψi| > 0.

∀i ∈ [1, . . . , nf ] Y W

(A1 − YA2)F1 = F1Λ

WC1F1 = Ψ

(A2F1) Y W

Y = (A1F1 − F1Λ)(A2F1)
+ − Z̃(I − (A2F1)(A2F1)

+)

W = Ψ(C1F1)
+

�Z Y W

Grf (s) =

�
Λ I

Ψ 0

�

= diag

�
ψ1

s− λ1
, · · · ,

ψnf

s− λnf

�
.



ϕ̇(t) = [A1 − (A1F1 − F1Λ)(A2F1)
+A2� �� �

Ā1

+ �Z (I − (A2F1)(A2F1)
+)A2]� �� �

Ā2

ϕ(t) +G1Γ(t)Gx(t) + F1f(t)

r(t) = Ψ(C1F1)
+C1� �� �

C̄1

ϕ(t)

Ā1 =

�
N1 + (T1GΛ−N1T1G)(N3T1G)+N3 0

0 0

�

Ā2 =

�
N3 −N3T1G(N3T1G)+N3 0

0 −I

�

C̄1 = −Ψ
�
(C1P1T1G)+C1P1 0

�

E β̇(t) = A β + Ff(t)

E =

�
E 0
0 Iq0+q1

�
A =

�
A+MΓ(t)G 0

G1Γ(t)G Ā1 + �ZĀ2

�
F =

�
G

F1

�
β(t) =

�
x(t)
ϕ(t)

�

X2 =

�
X21 X21

X21 X22

�
> 0 X21 = X

T
21 X1

E
T
X1 = X

T

1 E ≥ 0,

CT⊥





A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0

MT
X1 −�I 0 0

0 0 Π1 (∗)
0 0

�
−MT

T
T
1 X21 −MT

T
T
1 X21

�
−�I



 CT⊥T
< 0

Π1 =

�
X21N1 +N

T
1 X21 (∗)

X21 0

�




A

T
X1 +X

T
1 A+ 2�GTG (∗) 0

MT
X1 −�I 0

0 0 −�I



 < 0.

� > 0 �Z

�Z = X
−1
2 (B+

r KC+
l
+ Z − B+

r BrZClC+
l
)

K = −R−1BT

l ϑCT

r (CrϑCT

r )
−1 + S1/2L(CrϑCT

r )
−1/2

ϑ = (BlR−1BT

l −D)−1
> 0

S = R−1 −R−1BT

l [ϑ− ϑCT

r (CrϑCT

r )
−1Crϑ]BlR−1

D =





A
T
X1 +X1A

T + 2�GTG (∗) 0 0
MT

X1 −�I 0 0
0 0 Π1 (∗)
0 0

�
−MT

T
T
1 X21 −MT

T
T
1 X22

�
−�I



 B =





0
0
I

0







C =

�
0 0

�
N3 −N3T1G(N3T1G)+N3 0

0 −I

�
0

�
Π1 L, R Z

R > 0 �L�2 < 1. Cl Cr Bl Br

C = ClCr B = BlBr

X =

�
X1 0
0 X2

�

E T
X = X

TE ≥ 0

A T
X +X

TA < 0

E X

E
T
X1 = X

T

1 E ≥ 0

X2 = X
T
2 > 0.

A X

�
A

T
X1 +X

T
1 A+X

T
1 MΓ(t)G + GTΓ(t)TGT

X1 GT
1 Γ(t)

TGX2

(∗) X2(Ā1 + �ZĀ2) + (Ā1 + �ZĀ2)
T
X2

�
< 0

�
A

T
X1 +X

T
1 A 0

0 X2(Ā2 + �ZĀ2) + (Ā2 + �ZĀ2)
T
X2

�
+

��
X

T
1 M
0

�
Γ(t)

�
G 0

����
X

T
1 M
0

�
Γ(t)

�
G 0

��T

+

��
0

X2G1

�
Γ(t)

�
G 0

����
0

X2G1

�
Γ(t)

�
G 0

��T

< 0

Γ(t)TΓ(t) ≤ I

��
X

T
1 M
0

�
Γ(t)

�
G 0

����
X

T
1 M
0

�
Γ(t)

�
G 0

��T

≤
�
�
−1

X
T
1 MMT

X1 + �GTG 0
0 0

�

��
0

X2G1

�
Γ(t)

�
G 0

����
0

X2G1

�
Γ(t)

�
G 0

��T

≤
�
�GTG 0
0 �

−1
X2G1GT

1 X2

�

� > 0

�
A

T
X1 +X

T
1 A+ 2�GTG + �

−1
X

T
1 MMT

X1 0

0 X2(Ā1 + �ZĀ2) + (Ā1 + �ZĀ2)
T
X2 + �

−1
X2G1GT

1 X2

�
< 0





A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0

MT
X1 −�I 0 0

0 0 X2(Ā2 + �ZĀ2) + (Ā2 + �ZĀ2)
T
X2 (∗)

0 0 GT
1 X2 −�I



 < 0

BXC + (BXC)T +D < 0

X = X2
�Z D =





A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0

MT
X1 −�I 0 0

0 0 X2Ā1 + ĀT
1 X2 (∗)

0 0 GT
1 X2 −�I



 C =
�
0 0 Ā2 0

�
B =





0
0
I

0







CT⊥DCT⊥T
< 0

B⊥DB⊥T
< 0

CT⊥ =





I 0 0 0
0 I 0 0
0 0 ĀT⊥

2 0
0 0 0 I



 B⊥ =




I 0 0 0
0 I 0 0
0 0 0 I





C D X2

CT⊥





A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0

MT
X1 −�I 0 0

0 0 Π1 (∗)
0 0

�
−MT

T
T
1 X21 −MT

T
T
1 X22

�
−�I



 CT⊥T
< 0

B D



A

T
X1 +X

T
1 A+ 2�GTG (∗) 0

MT
X1 −�I 0

0 0 −�I



 < 0.

Π1
�Z
�

O2 :=






ζ̇(t) = N(ζ(t) + TGf̂(t)) +Hv(t) + Fy(t) + TGf̂(t)

v̇(t) = S(ζ(t) + TGf̂(t)) + Lv(t) +My(t)

x̂(t) = P (ζ(t) + TGf̂(t)) +Qy(t)

˙̂
f(t) = Φ(C1x̂(t)− y(t))

ζ(t) ∈ Rq0 v(t) ∈ Rq1 x̂(t) ∈ Rn

x(t) f̂(t) f(t) N, F, H, L, M, S, P, Q, T Φ

T

NTE + FC1 − TA = 0
MC1 + STE = 0
�
P Q

� �TE
C1

�
= In

�
N H

S L

�
Γ(t) = 0 f(t) = 0

T ∈ Rq×n

ε(t) = ζ(t)− TEx(t) + TGf(t)



ε̇(t) = Nε(t) +Hv(t) + (NTG+ TG) �f(t) + (NTE + FC1 − TA)x(t)− T∆A(t)x(t)

ḟ(t) = 0 �f(t) = f̂(t)− f(t).

ε(t)

v̇(t) = Sε(t) + Lv(t) + STG �f(t) + (MC1 + STE)x(t)

x̂(t) = Pε(t) + PTG �f(t) +
�
P Q

� �TE
C1

�
x(t)

ḟ(t) = 0 �f(t)

�̇f(t) = ΦC1Pε(t) + ΦC1PTG �f(t)

(a)− (c)

�
ε̇(t)
v̇(t)

�
=

�
N H

S L

� �
ε(t)
v(t)

�
+

�
−T∆A(t)

0

�
x(t) +

�
NTG+ TG

STG

�
�f(t)

x̂(t)− x(t) = e(t) = Pε(t) + PTG �f(t)

Γ(t) = 0 f(t) = 0

�
N H

S L

�
lim
t→∞

e(t) = 0 �

ϕ̇(t) = (A1 − YA)ϕ(t) +G1Γ(t)Gx(t) + (F1 − YF2) �f(t)

A1 =

�
N1 0
0 0

�
A2 =

�
N3 0
0 −Iq1

�
G1 =

�
−T1M

0

�
F1 =

�
N1T1G+ T1G

0

�
F2 =

�
N3T1G

0

�
Y =

�
Y1 H

Y2 L

�
ϕ(t) =

�
ε(t)
v(t)

�

E β̇(t) = A β(t) + Bf(t)

E =




E 0 0
0 Iq1+q0 0
0 0 Inf



 A =




A+MΓ(t)G 0 0

G1Γ(t)G A1 − YA2 F1 − YF2

0 C1 D1



 B =




G

0
0



 β(t) =




x(t)
ϕ(t)
�f(t)



 C1 =

�
ΦC1P1 0

�
D1 = ΦC1P1T1G

Y Φ

Y Φ

X1 X2 =

�
X21 X22

X
T
22 X23

�
> 0 X21 = X

T
21, X3 = X

T
3

E
T
X1 = X

T

1 E ≥ 0,



CT⊥





A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0 0

MT
X1 −�I 0 0 0

0 0

�
N

T
1 X21 +X21N1 (∗)

X
T
22N1 0

�
(∗) (∗)

0 0
�
−MT

T
T
1 X21 −MT

T
T
1 X22

�
−�I 0

0 0 Π1 0 Π2




CT⊥T

< 0

Π1 =
�
X3ΦC1P1 + (N1T1G+ T1G)TX21 (N1T1G+ T1G)TX22

�

Π2 = X3ΦC1P1T1G+G
T
T

T

1 P
T

1 C
T

1 ΦT
X3





A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0

MT
X1 −�I 0 0

0 0 −�I 0
0 0 0 Π2



 < 0

� > 0 Y

Y = X
−1
2 (B+

r KC+
l
+ Z − B+

r BrZClC+
l
)

K = −R−1BT

l ϑCT

r (CrϑCT

r )
−1 + S1/2L(CrϑCT

r )
−1/2

ϑ = (BlR−1BT

l −D)−1
> 0

S = R−1 −R−1BT

l [ϑ− ϑCT

r (CrϑCT

r )
−1Crϑ]BlR−1

D =





A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0 0

MT
X1 −�I 0 0 0

0 0

�
N

T
1 X21 +X21N1 (∗)

X
T
22N1 0

�
(∗) (∗)

0 0
�
−MT

T
T
1 X21 −MT

T
T
1 X22

�
−�I 0

0 0 Π1 0 Π2




B =





0
0
−I

0
0





C =

�
0 0

�
N3 0
0 −Iq1

�
0

�
N3T1G

0

��
Π1 Π2 L, R Z

R > 0 �L�2 < 1. Cl Cr Bl Br

C = ClCr B = BlBr

X =




X1 0 0
0 X2 0
0 0 X3





E T
X = X

TE ≥ 0

A T
X +X

TA < 0

E X

E
T
X1 = X

T

1 E ≥ 0

X2 = X
T
2 > 0 X3 = X

T
3 > 0

A X




(A+MΓ(t)G)TX1 +X

T
1 (A+MΓ(t)G) (G1Γ(t)G)TX2 0

(∗) (A1 − YA2)
T
X2 +X2(A1 − YA2) CT

1 X3 +X2(F1 − YF2)
0 (∗) X3D1 + DT

1 X3



 < 0






A

T
X1 +X

T
1 A 0 0

0 (A1 − YA2)
T
X2 +X2(A1 − YA2) CT

1 X3 +X2(F1 − YF2)
0 (∗) X3D1 + DT

1 X3



+








X

T
1 M
0
0



Γ(t)
�
G 0 0

�











X

T
1 M
0
0



Γ(t)
�
G 0 0

�



T

+








0

X2G1

0



Γ(t)
�
G 0 0

�











0

X2G1

0



Γ(t)
�
G 0 0

�



T

< 0

Γ(t)TΓ(t) ≤ I








X

T
1 M
0
0



Γ(t)
�
G 0 0

�











X

T
1 M
0
0



Γ(t)
�
G 0 0

�



T

≤




�
−1

X
T
1 MMX1 + �GTG 0 0

0 0 0
0 0 0












0

X2G1

0



Γ(t)
�
G 0 0

�











0

X2G1

0



Γ(t)
�
G 0 0

�



T

≤




�GTG 0 0
0 �

−1
X2G1GT

1 X2 0
0 0 0





� > 0




Πa 0 0
0 (A1 − YA2)

T
X2 +X2(A1 − YA2) + �X2G1GT

1 X2 CT
1 X3 +X2(F1 − YF2)

0 (∗) X3D1 + DT
1 X3



 < 0

Πa = A
T
X1 +X

T

1 A+ 2�GTG + �
−1

X
T

1 MMT
X1





A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0 0

MX1 −�I 0 0 0
0 0 (A1 − YA2)

T
X2 +X2(A1 − YA2) (∗) (∗)

0 0 GT
1 X2 −�I 0

0 0 X3C1 + (F1 − YF2)
T
X2 0 X3D1 + DT

1 X3




< 0

BXC + (BXC)TD < 0

X = X2Y D =





A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0 0

MX1 −�I 0 0 0
0 0 AT

1 X2 +X2A1 (∗) (∗)
0 0 GT

1 X2 −�I 0
0 0 X3C1 + FT

1 X2 0 X3D1 + DT
1 X3




B =





0
0
−I

0
0





C =
�
0 0 A2 0 F2

�

CT⊥DCT⊥T
< 0

B⊥DB⊥T
< 0

CT⊥ =





I 0 0 0 0
0 I 0 0 0
0 0 AT⊥

2 0 0
0 0 0 I 0
0 0 0 0 FT⊥

2




B⊥ =





I 0 0 0 0
0 I 0 0 0
0 0 0 I 0
0 0 0 0 I







C D X2

CT⊥





A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0 0

MT
X1 −�I 0 0 0

0 0

�
N

T
1 X21 +X21N1 (∗)

X
T
22N1 0

�
(∗) (∗)

0 0
�
−MT

T
T
1 X21 −MT

T
T
1 X22

�
−�I 0

0 0 Π1 0 Π2




CT⊥T

< 0

B D




A
T
X1 +X

T
1 A+ 2�GTG (∗) 0 0

MT
X1 −�I 0 0

0 0 −�I 0
0 0 0 Π2



 < 0

Π1 Π2

Y �

E =




1 0 0
0 1 0
0 0 0



 , A =




−1.7 0 0.3
−2 −3 1
−1 1.74 −1



 , G =




1 1
1 0
1 1



 , C1 =




1 1 0
0 0 1
0 1 1



 ,

M =




0.3
0.7
0.4



 , G =
�
0.6 0.9 0.3

�
x(t) =




x1(t)
x2(t)
x3(t)



 .

E
⊥ =

�
0 0 1

�
E

⊥ �
E G

�
= 0

rank




E

E
⊥
A

C1



 = 3 rank

�
sE −A

C1

�
= 3

R =




7 2 9
6 3 9
6 2 8



 rank(Σ) = 3.

ny ≥ nf Λ =

�
−1 0
0 −1

�
Ψ =

�
−1 0
0 −4

�
W

W =

�
1.72 3.44 10.64
2.8 5.61 −21.45

�

X1 X2

X1 =




8.47 −4.99 0
−4.99 4.87 0
7.97 −14.47 5.88



 X2 =





250.69 254.36 −269.45 250.69 254.36 −269.45
254.36 384.1 −194.9 254.36 384.1 −194.9
−269.45 −194.9 704.88 −269.45 −194.9 704.88
250.69 254.36 −269.45 1114.61 246.52 −322.3
254.36 384.1 −194.9 246.52 1274.12 −209.17
−269.45 −194.9 704.88 −322.3 −209.17 1489.88







Z =





2 3 1 4 9 9 6 3 9
3 2 6 3 5 4 6 3 9
6 1 4 6 2 6 6 1 0
9 5 7 4 3 2 8 1 6
2 3 8 1 8 4 7 3 9
2 7 1 9 3 6 2 8 2




L =





0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1




R = I6 × 0.001

�Z =





−9.14 −3.02 13.72 0.07 0.14 0.17 −1.35 −0.07 −4.71
5.74 1.9 −8.59 −0.02 −0.06 −0.07 −0.51 −1.99 2.48
−0.68 −0.23 1.07 0.03 0.04 0.05 −0.41 −0.45 −2.59
0.55 0.18 −0.8 0 −0.01 −0.01 1.13 0.01 0.18
−0.14 −0.04 0.2 0 0 0 0.08 1.26 −0.1
−0.44 −0.14 0.65 0 0 0 0.07 0.06 1.33





N =




−9.84 −2.95 13.27
5.83 0.94 −8.74
−1.15 −0.38 0.72



 , H =




1.35 0.07 4.71
0.51 1.99 −2.48
0.41 0.45 2.59



 , F =




2.5 −5 3.5
1.61 −3.9 2.89
2.02 −4.2 2.97



 ,

S =




0.54 0.18 −0.81
−0.14 −0.04 0.2
−0.43 −0.14 0.65



 , L =




−1.13 −0.01 −0.18
−0.08 −1.26 0.1
−0.07 −0.06 −1.33



 , M =




0 0 0
0 0 0
0 0 0



 ,

P =




0.2 −0.21 0.08

−0.22 0.27 −0.09
−0.04 0.12 0



 , Q =




0.51 0.18 −0.18
0.36 −0.37 0.37
−0.25 0.62 0.38



 W =

�
1.72 3.44 10.64
2.8 5.61 −21.45

�

R

X3 Φ X3 = I2

X1 X2 Φ

X1 =




1043.34 −612.29 0
−612.29 603.56 0
−222.43 414.22 50.21



 , X2 =





514.17 −419.33 −181.43 0 0 0
−419.33 763.11 −253.65 0 0 0
−181.43 −253.65 469.22 0 0 0

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1





Φ =

�
−422.45 −1216.35 −3321.22
117.45 −531.18 1966.42

�

Z =





2 3 1 4 9 9 6 3 9
3 2 6 3 5 4 6 3 9
6 1 4 6 2 6 6 1 0
9 5 7 4 3 2 8 1 6
2 3 8 1 8 4 7 3 9
2 7 1 9 3 6 2 8 2




L =





0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1




R = I6 × 0.0001

Y =





6.93 −0.02 −5.05 −7.91 −16.32 9.27 −5.85 −5.85 −5.85
−3.34 9.65 −2.96 −8.16 −16.74 −3.93 −5.01 −5.01 −5.01
−6.44 −1.29 11.46 −7.18 −14.8 5.35 −5.19 −5.19 −5.19
−62.45 99.52 91.59 −570.48 −1145.96 266.65 −11000 −1000 −1000
−66.86 98.8 88.49 −574.67 −1143.33 269.03 −1000 −11000 −1000
−69.6 100.35 87.01 −565.91 −1146.82 272.06 −1000 −1000 −11000







N =




−9.1 3.78 4.44
1.61 −6.59 2.49
4.61 4.48 −11.97



 , H =




−5.85 −5.85 −5.85
−5.01 −5.01 −5.01
−5.19 −5.19 −5.19



 , F =




8.53 5.72 −7.22
6.08 2.12 −3.13
7.11 4.39 −5.62



 ,

T =




5 −3 0

4.12 −2.25 0
4.25 −2.5 0



 , S =




70.09 −92.33 −84.9
70.09 −92.33 −84.9
70.09 −92.33 −84.9



 , L =




−11000 −1000 −1000
−1000 −11000 −1000
−1000 −1000 −11000



 ,

M =




391.25 600.98 −600.98
391.25 600.98 −600.98
391.25 600.98 −600.98



 , P =




0.2 −0.21 0.08

−0.22 0.27 −0.09
−0.04 0.12 0



 ,

Q =




0.51 0.18 −0.18
0.36 −0.37 0.37
−0.25 0.62 0.38



 Φ =

�
−422.45 −1216.35 −3321.22
117.45 −531.18 1966.42

�
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