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Abstract

This thesis deals with two-dimensional crystallization of dipolar particles. The
first part of the manuscript treats one component systems. There, the idea of using
excited dry granular media as substitutes of wet colloidal suspensions is exploited to
tackle the problem of crystallization. Athermal two-dimensional granular systems
are exposed to external mechanical noise leading to Brownian-like motion. Using
tunable repulsive interparticle interaction via an external imposed magnetic field,
it is shown that the same microstructure as that observed in colloidal suspensions
can be quantitatively recovered at a macroscopic scale. To that end, experiments on
granular (realized by the GRASP group in Liège) and colloidal systems made up of
magnetized particles as well as computer simulations are performed and compared.
Excellent agreement throughout the range of the dipolar coupling is found for the
pair distribution as well as the bond-orientational correlation functions. This find-
ing opens new ways to efficiently and very conveniently explore phase transitions,
crystallization, nucleation, etc in confined geometries. The second part of this thesis
addresses two component systems. Binary mixtures made up of particles carrying
similar dipole moments are investigated. Using Monte Carlo simulations, a detailed
structural analysis based on partial pair distribution functions and microstructure
snapshots is presented for high dipolar coupling. At equimolar composition, the
relevance of the coexistence of triangular superlattices with stoichiometry AB2 and
A2B is revealed, with A(B) standing for the large(small) dipole moments. This
finding is in excellent qualitative agreement with the zero temperature theoretical
predictions.
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Résumé

Cette thèse porte sur la cristallisation bidimensionnelle de particules dipolaires.
La première partie concerne les systèmes à un composant. L’idée d’utiliser des
matériaux granulaires secs comme substituts de suspensions colloïdales mouillées y
est exploitée pour aborder le phénomène de cristallisation. Des systèmes granulaires
athermaux bidimensionnels sont alors exposés à un bruit mécanique extérieur con-
duisant à un mouvement de type brownien des grains. En utilisant des interactions
interparticulaires répulsives via un champ magnétique externe imposé, on montre
que la microstructure observée dans les suspensions colloïdales peut être retrou-
vée quantitativement à l’échelle macroscopique. A cette fin, des expériences sur
des granulaires (réalisées au laboratoire GRASP à Liège) et sur des systèmes col-
loïdaux constitués de particules magnétiques ainsi que des simulations numériques
sont effectuées et comparées. Un excellent accord pour toute la gamme de couplage
dipolaire est obtenu pour les fonctions de distribution de paires ainsi que pour les
fonctions de corrélation orientationnelles. Cette découverte ouvre de nouvelles pos-
sibilités pour explorer efficacement et aisément les transitions de phase, la cristalli-
sation, la nucléation, etc. dans des géométries confinées. Le second volet de cette
thèse concerne les systèmes à deux composants. Des mélanges binaires constitués
de particules pourvues de moments dipolaires similaires sont examinés. En util-
isant des simulations Monte Carlo, une analyse structurale détaillée basée sur les
fonctions de distribution de paires partielles et les clichés de microstructures est
présentée pour un couplage dipolaire fort. Pour une composition équimolaire, la
coexistence entre des super-réseaux triangulaires avec une stoechiométrie AB2 et
A2B est mise en évidence, où A(B) dénote les grands (faibles) moments dipolaires.
Ce résultat est en très bonne adéquation avec les prédictions théoriques à tempéra-
ture nulle.
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Introduction

This thesis deals with crystallization in two dimensions of dipolar particles. In
particular, we study the case where particles are characterized by a typical size
belonging to the so-called mesoscopic scale, which ranges from 1 nm to 1 µm (see
figure 1). Such systems are called Colloids and are ubiquitous in everyday life: for
example milk (fat globules dispersed in a water-based fluid), blood (red blood cells
suspended in plasma) and paint (pigments suspended in solvent) are all systems
composed of colloidal particles.

Figure 1 – A length scale ruler showing different particles size from atomic to macroscopic
scale. Starting from left to right the pictures refers to: Atom(∼ 10−10 m), DNA strand(∼
10−9 m), H1N1 viruse particles(∼ 10−7 m), red blood cells(∼ 10−6 m), human hair
(∼ 10−4 m), tennis ball (∼ 10−2 m).

The scientific field known as colloidal science has been initiated by the Scot-
tish chemist Thomas Graham in 1861, who observed that compared to molecular
solutes, mesoscopic-sized particles exhibited slower diffusion times [1]. This dis-
covery implied that the so-called colloids are larger than atoms, but yet not large
enough to be seen by the naked eye. An essential characteristic of colloidal par-
ticles is that they are subjected to Brownian motion, originating from the thermal
energy of order of kBT . This foundation was credited to Brown [2].

Colloidal particles are sufficiently small to display properties similar to those
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4 Introduction

of atomic systems. In particular, theories known from statistical mechanics can be
applied for both systems [3]. However, comparatively to atomic systems, colloidal
systems offer an easy visualisation of their structure with optical methods and the
interaction between particles can be easily tuned. This analogy between colloids and
atomic systems has proved particularly useful for the study of crystallization [4, 5],
where colloidal suspensions have being used as powerful model systems. Crystal-
lization and more generally phase transitions constitute a central topic in condensed
matter physics [4, 6]. It plays a fundamental role in fabrication of crystalline ma-
terials and, therefore, is of great importance for many applications. In particular,
colloidal crystals [7] are of great interest for developing photonic bandgap materi-
als [8] or optical filters [9] that form by self-assembly. Images of binary crystals
demonstrating the crystallisation phenomenon occuring at different typical length
scales are displayed figure 2.

In two dimensions, Peierls [13] and Mermin [14] have shown that long-range
translational order does not exist at finite temperature. Thus, crystallisation features
may depend on the dimensionality. In the 80s, the formation of two-dimensional
colloidal crystals was observed experimentally with hardcore like interparticle inter-
actions [15,16], with charged particles [17], and with so-called magnetic holes [18].
In parallel, computer simulations were carried out as well to explore the solid phase
behavior of two dimensional systems, e.g. hard disks [19], soft Lennard-Jones
spheres [20, 21], and a one component plasma [22]. There has been a long debate
on the possible existence of the predicted Kosterlitz- Thouless- Halperin-Nelson-
Young (KTHNY) melting process [23–25], mediated by topological defects in a
two dimensional solid. This theory predicts a two-stage melting scenario where an
intermediate phase in the transition from solid to liquid phase sets in, namely the
so-called hexatic phase. During the solid-hexatic transition, the long-ranged trans-
lational order is lost but the orientational one persists, whereas the longe-ranged
orientational order vanishes during the hexatic-liquid transition. This theory was
successfully confirmed experimentally in the late 90s by the Maret’s group, who
was able to develop a new experimental setup allowing a comprehensive study of
the two dimensional phase transitions [26–29]. A simplified scheme of their exper-
imental setup is sketched in figure 3.

A major achievement of this thesis (see Chapter 2) was to quantitatively mimic
wet micron-sized colloids with dry millimeter-sized particles (granular media) [31].
In the same spirit of the experiment depicted in figure 3, an external magnetic field
was used to tune the interparticle repulsive dipolar interaction enabling a quantita-
tive microstructure comparison between both systems. To that end, athermal granu-
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Figure 2 – Binary crystals at different scales, the macroscopic, mesoscopic and atomistic
level. The pictures from left to right refers to: binary granular system [10], colloidal
binary AB2 crystalline structure [11], Cl16CuPc molecular crystal [12].

lar systems were excited by an external mechanical noise leading to Brownian-like
motion. 1 Moreover computer simulations were performed to corroborate these ex-
perimental findings.

The other central task of this thesis was devoted to two component systems,
see Chapter 3. It is well known that binary mixtures present a much richer variety
of solid phases than their one-component counterpart. In this study, Monte Carlo
simulations are employed to explore the phase behavior of binary mixtures made up
of similar dipole moments at high dipolar coupling. Indeed an important question

1. The experiments on granular media were performed by the GRASP Laboratory of Liège [32].
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Figure 3 – Scheme of the Maret’s group experimental setup [30]. Superparamagnetic
particles are confined by gravity on a water/air interface created by a pending drop. An
external magnetic field is applied to induce a dipole moment in the particles leading to
repulsive pair interactions varying like 1/r3.

remains to be answered: what are the coexisting crystal structures in that regime of
similar dipole moments at equimolar composition?

The organization of this thesis will follow the outline given below:

— Chapter 1 is devoted to the methods used in our experiments and computer
simulations. The relevant orders parameters are also introduced there.

— In Chapter 2, a quantitative comparison of the two-dimensional crystallization
taking place (i) in horizontally vibrated granular media and (ii) in colloidal
monolayers is presented.

— Chapter 3 deals with the phase behavior of binary mixtures made up of similar
dipole moments at high dipolar coupling.

— Conclusions and perspectives are gathered at the end of the manuscript.



Chapter 1

Methods

1.1 System and Experimental Tools

1.1.1 Colloidal suspension of super-paramagnetic spheres

1.1.1.1 Super-paramagnetic spheres and their magnetic moment

Life technologies enterprise provided the colloidal particles for our experiments
[33]. The beads are uniform spherical super-paramagnetic of diameter 4.5µm sus-
pended in distilled water, see Fig. 1.1.

According to the information provided by the enterprise, Dynabeads® magnetic
beads are uniform, non-porous, super-paramagnetic, mono-dispersed and highly
cross-linked polystyrene microspheres consisting of an even dispersion of magnetic
material throughout the beads. The magnetic material within the Dynabeads® con-
sists of a mixture of maghemite (γ − Fe2O3) and magnetite (Fe3O4). The iron
content (Fe) of the beads is 20% by weight in Dynabeads® M-450 epoxy. The
magnetic beads are coated with a thin polystyrene shell which encases the magnetic
material, and prevents any leakage from the beads or trapping of ligands inside the
bead. Due to the doping with iron oxide, applying an external magnetic field ~B

induces a magnetic moment ~m(B) which is parallel to the field, and depends on
the magnitude of the magnetic field. These 4.5 µm microspheres display a super-
paramagnetic behavior 1. The field created at a point ~r by a magnetic dipole moment

1. Super-paramagnetism is a form of magnetism, which appears in small ferromagnetic or ferrimagnetic
nanoparticles. In sufficiently small nanoparticles, magnetization can randomly flip direction under the in-
fluence of temperature. The typical time between two flips is called the Néel relaxation time. In the absence
of an external magnetic field, when the time used to measure the magnetization of the nanoparticles is much
longer than the Néel relaxation time, their magnetization appears to be in average zero: they are said to be in
the super-paramagnetic state. In this state, an external magnetic field is able to magnetize the nanoparticles,
similarly to a paramagnet. However, their magnetic susceptibility is much larger than that of paramagnets.

7



8 CHAPTER 1. METHODS

Figure 1.1 – A concentrated raw sample of Dynabeads with lens objective × 50.

~m located at the origin of the frame of reference is given by :

~B =
µ0

4π

3(~r.~m)~r − r2 ~m
r5

(1.1)

The interaction energy U between two dipoles ~m1 and ~m2 is given by the magnetic
field ~B2 created by dipole ~m2 and the position of dipole ~m1 and can be expressed
by U = − ~m1. ~B2. Using Eq. 1.1 this can be written as:

U = −µ0

4π

3(~r. ~m1)(~r. ~m2)− r2 ~m1. ~m2

r5
(1.2)

where ~r represents the position vector between the two dipoles. Since the magnetic
field ~B is homogeneous, the two magnetic dipoles are equal. Substituting ~m1 =

~m2 = ~m in Eq. 1.2 this gives:

U =
µ0

4π

r2m2 − 3(~r.~m)2

r5
(1.3)

For two particles placed along the field line the relation ~r.~m = rm, leads to U =

−2µ0m
2/4πr3, therefore two particles located on the same field line attract.
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Oppositely in the case where the particles are placed in a plane perpendicular to
that of the magnetic field ~B (which is our case) ~r.~m = 0. This leads to a repulsive
dipole-dipole interaction with final expression:

U =
µ0

4π

m2

r3
(1.4)

For a super-paramagnetic particle the magnetic dipole moment is defined by the
Langevin function:

m(B) = m0L(αB) L(x) = coth(x)− 1

x
, (1.5)

where m0 denotes a saturation moment and the constant α represents the inverse of
the typical field necessary to reach saturation. For small values of the magnetic field
~B it is possible to linearise Eq. 1.5 to obtain:

m(B) =
1

3
m0αB = χmB, (1.6)

where χm is the magnetic susceptibility of the Dynabeads. The determination of
the magnetic susceptibility is usually done by magnetophoresis experiments [34–
36]which were not performed on our batch of Dynabeads. Since we used the same
type of magnetic particles as in [27], we can infer that the susceptibility should be
very similar. The values determined in [26] were χm = (7.3± 0.9).10−11Am2/T ,
m0 = (5.7± 0.4).10−13Am2 and α = (3.9± 0.4).100 T−1 . With these values one
can plot the magnetic moment of the particles as function of the magnetic field ~B see
Fig. 1.2. Before ending this section we would like to discuss the possible particle
interactions in the absence of a magnetic field. The Debye screening length, κ−1, is
calculated from the definition:

κ2 =
2e2NAC

103εkBT
. (1.7)

In Eq. 1.7 e is the charge of electron, NA is Avogadro’s number, kB is the Boltz-
mann constant, T is the temperature, ε is the solvent dielectric constant, and C is the
concentration in mol/L. By adding 7.28 × 10−3 mol/L of surfactant SDS (Sodium
dodecyl sulfate), the Debye length is found to be 3.6 nm, and therefore one can
exclude the effects due to electrostatic repulsions. Although Van der Waals forces
are important at short distance as they lead to aggregation of particles if the solu-
tion is not stabilized by adding surfactant, their influence is negligible for the given
separating distance of the particles. Moreover a weak magnetic field causes a gap
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Figure 1.2 – Representation of the magnetic moment of our particles as function of the
magnetic field B. The relation becomes non-linear for high values of B as deduced from
the deviation from the straight red line. The inset shows the magnetic moment as function
of the applied current I.

between two spheres which shows that the Van der Waals attraction is negligible
compared to the magnetic interaction. So, with the possible effects of electrostatic
repulsion and Van der Waals being neglected, the system’s only contributing inter-
action is the magnetic repulsive interaction given by Eq.1.4.
Finally we introduce the coupling parameter Γ which represents the ratio of the
magnetic energy to the thermal energy kBT of two particles at a distance 1/

√
ρ,

where ρ is the particle number density.

Γ =
µ0

4π

m2ρ3/2

kBT
=
µ0

4π

χ2
mB

2ρ3/2

KBT
. (1.8)

In all that follows, Γ will always be used to describe the interaction energy for a
given set of particles.
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1.1.1.2 Preparation of the colloidal suspension

For this experimental study we found that a careful sample preparation proce-
dure was extremely necessary before beginning our series of measurements. We
noticed that the beads tend to aggregate in pure distilled water as shown in Fig. 1.3.
To avoid this problem the addition of a surfactant sodium dodecyl sulfate (SDS)

Figure 1.3 – Microscope snapshot taken with objective ×10 showing chains formation
when particles are suspended in pure distilled water

of concentration slightly less than the critical micelle concentration (CMC) was
needed (about 2.1g/l-2.2g/l). However the suspension still contained some pair of
aggregates (doublets). Sonication of the sample just before using it was the only
way to break the doublets and obtain a suspension exclusively constituted of non
aggregated particles. In general, short sonication is a good way to reduce aggrega-
tion of the beads but with iron inclusions in the beads, more care is needed, as the
binding might break. Sonication should not exceed 12 minutes at low amplitude,
because the particles will be damaged and thus lose their magnetic properties. A
picture of bad sonication trial is shown in Fig. 1.4.

1.1.2 General description of the Experimental Setup

1.1.2.1 Sample holder

Two typical types of cell were used(see Fig. 1.5). They were custom made by
fixing a hollow cylinder on a glass slide, using a 2 components epoxy glue which
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Figure 1.4 – Microscope image showing the results of intense sonication, where the very
tiny dots indicate that the particles were broken and lost their iron content and thus their
magnetic properties.

Figure 1.5 – The two typical cells used to conduct these experiments, as shown both cells
are glued on a glass slide.

shows no visible interaction with the particles. Bulk concentration is adjusted to
keep surface concentration constant. Since the mass density of the colloidal particles
is 1.7× 10−3kg/m3 , the particles in suspension are subjected to sedimentation. As
a consequence all the particles fall on the glass/water interface and remain confined
there due to gravity, thus creating a monolayer on the glass slide. Placing the glass
slide on the microscope support we ensure that our system is flat which is necessary
to avoid gradients of particle concentration.

Before going on further with the description of the optical part, one should note
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that after several trials we notice that the cleanliness of the cell used is extremely
important. It is essential to check that the cell is clean before starting our series
of measurements. Without these precautions, if the glass slide or the inner part of
the cylindrical cell is not completely clean, impurities (see Fig. 1.6) are generally
suspended in water and contaminate the interface. The protocol used to clean the

Figure 1.6 – Microscope image showing the impurities that fall on the interface (see encir-
cled objects). The number of impurities keep growing with time as a results of not having
a clean cell initially.

cell consists in rinsing the cell with SDS and distilled water for about 30 minutes,
and if necessary repeating this process until no impurities can be detected under
the microscope. After filling the cell with the suspension, we wait a sufficiently
long time to ensure that all beads have sedimented. Failing to do so might lead
to the formation of chains of beads upon application of the magnetic field. The
external magnetic field is applied in the direction normal to the glass/water interface
and leads to a mutual repulsion between the particles. The potential interaction
energy (described in section 1.1.1) can be controlled by varying the magnitude of
the magnetic field.

1.1.2.2 The external magnetic field ~B

The field is considered to be uniform and homogeneous and is generated by a
flat coil having a radius R = 6.5cm and length L = 1.25cm. The coil has N=95
turns enclosing an area of 1mm2 enamelled copper wire. The maximum admissible
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current is 5A (7A for a few minutes) which was sufficient to reach the crystalline
phase. The induction at the center of the coil is given by the formula:

B = µ0I × 731,

where I being the current applied measured by a multimeter. Substituting this ex-
pression in Eq.1.6 yields the magnetic moment of our particles as function of I,
which is plotted as inset in Fig. 1.2. In the range of current used in our experiments
( 0 to 4A ), this plot shows that we stayed in the linear regime of Eq. 1.5.

1.1.2.3 Optical Device

Visualization of the particles is carried out with an inverted microscopic (Nikon
ECLIPSE TI-E) equipped with a GIGE vision Camera(Type Prosilica, GE640 /
640C) (see Fig. 1.7). We could widen or decrease the field of view by changing

Figure 1.7 – Left panel: A real picture of our device showing the sample placed at the
center of the coil. Right panel: A schematic representation of the setup.

the lens objective(5×, 10×, 40×). The lens ×10 objective was the most suitable
one. Typically the field of view is 560 × 480 µm2 containing about 1200 to 1400
particles, with the cell surface area being 7.85× 10−5m2 the whole sample contains
approximately 270000 particles in total. This provided a sufficient number of parti-
cles for a good statistical study. The lens objective used (Nikon, plane-achromat, ×
10, ELWD condenser) has a particularly high working length depth, which allowed
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us to obtain good image quality through the rather thick glass slide at the bottom
of the sample cell. With these conditions images are captured by the camera, pro-
cessed and then analyzed on a PC. The operating software image analysis will be
discussed in the next section.

1.1.2.4 Image Processing

After certain equilibration time, series of images where recorded every 10 s.
These images were then processed with the use of ImageJ software. The image
of resolution 640 × 480 pixels2 is first converted to 8-bit black and white image
and then adjusted to a certain threshold, see Fig. 1.8. We checked that changing
the threshold does not affect at all the statistical properties we are interested in.
The particle detection works by scanning the image until it finds the edge of an
object. Particles in the image are then selected based on their size in (pixel2) and
circularity (a circularity of 1 indicates a perfectly circular shape). This ensures that
only beads are selected by the program. The center of mass of the beads, which
is the brightness-weighted average of its x and y coordinates, is then output. It
provides the precise coordinates of the center of the beads.

Finally a plug-in script is written to treat a batch of images and extract the co-
ordinates of each bead. The text file containing the positions of the beads was used
as an input in a C language program to calculate the structural parameters g(r) and
g6(r).

Figure 1.8 – Microscope image of ∼ 1300 particles in the field of view of 560× 480 µm2

(10 × objective). This image corresponds to an interaction strength Γ=32. The left panel
corresponds to the real image, whereas the right one corresponds to the thresholded 8-bit
grey scale image used to get the coordinates of particles.
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1.2 Simulation Methods

1.2.1 Cell Geometry

Inspired by the cell geometry of the experimental granular materials [32], our
starting configuration was built the same way. A set of N particles (here point-like
particles) were arranged in a perfect triangular lattice. In general to fill a triangular
lattice confined within a hexagonal cell, N should follow the relation [37]:

N = 3p2 − 3p+ 1 (1.9)

where p is the number of particles on each outer edge see Fig. 1.9. In our case
we used N = 547 corresponding to p = 14 as an initial hexagonal configuration,
as performed by the GRASP group [38] see Fig. 1.9. For a triangular lattice, the
nearest neighbour distance between two particles is defined by b = ( 2√

3ρ
)1/2, with ρ

being the particle number density. So the hexagonal cell was built in a way such that
the outer radius Rout (see Fig. 1.12) of a circumscribed circle around the hexagon
can be written in terms of this distance b, with Rout = (p− 1)b.

1.2.2 Monte Carlo Procedure

The Total interaction Potential

In parallel with experiments, we have performed Monte Carlo (MC) computer
simulations [39], under constant density and temperature. Mimicking the exper-
iments on granular materials and colloidal suspensions, particles (point-like) are
confined in a hexagonal box in two dimensions, in simulation they interact via the
pair potential:

U(rij)

kBT
= Γ

(
1

rij
√
ρ

)3

(1.10)

Γ is the dimensionless coupling parameter defined in Eq. 1.8, rij is the distance sep-
arating two particles i and j. Γ is the only key parameter controlling the interaction
strength.

The total energy of the system is the sum of all interactions between pairs of
particles and can be expressed by:

UN =
N∑
i>j

U(rij). (1.11)
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p = 2 p = 3

p = 14

:::::::::

Figure 1.9 – Top panel: top view of the experimental setup for the granular material used
by GRASP [38]. Bottom panel: Illustrations of perfect finite triangular lattices enclosed
in a hexagonal cell for different values of p (see Eq. 1.9).

Relaxation towards equilibrium

The Metropolis algorithm [40] for a single particle move was used. Typically
5 × 106 MC steps were used to equilibrate the system, and additional 5 × 106 MC
steps were used to gather statistics for the computation of the required observables.
We have carefully checked that upon starting with a perfect lattice or fully randomly
generated configuration, identical properties are obtained within the statistical un-
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certainties as shall be seen in section 1.3. The energy profile for these two different
starting configuration is shown in Fig. 1.10. The fact that the same minimum energy
is reached warranties that equilibrium is indeed reached.

0 1 2 3 4 5 6 7 8 9 10
x 10

6

4.3

4.4

4.5

4.6

4.7

4.8

4.9

5

5.1 x 10
4

number of steps

E
n
e
r
g
y
/
k
B
T

 

 

Random
Crystal

2 4 6 8 10

x 10
5

4.36

4.38

4.4

4.42
x 10

4

 

 

2 4 6 8 10

x 10
6

4.36

4.37

4.38

4.39

4.4
x 10

4

 

 

Figure 1.10 – Plot of the energy profile (in kBT units) of the system comparing the two
starting configurations. Red profile corresponds to a random starting distribution, whereas
the blue one corresponds to a perfect crystal initial configuration.

1.3 Order Parameters

1.3.1 Pair distribution function

1.3.1.1 Basic formalism for liquid structure

In the canonical ensemble, consider a system ofN particles in a constant volume
V at temperature T , the probability of finding particle 1 lying between ~r1 and ~r1 +

d~r1, particle 2 lying between ~r2 and ~r2 + d~r2,..., particle N lying between ~rN and
~rN + d~rN is given by [41]:

P (N)(~r1... ~rN) =
exp[−βUN ]

ZN
d~r1...d ~rN (1.12)
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with ZN =
∫
...
∫

exp[−βUN ]d~r1...d~rN

where ZN is the so-called configuration integral. P (N)(~rN) is normalized in such a
way that: ∫

P (N)(~r1...~rN)d~r1...d~rN = 1

~r1...~rN represents an ensemble of coordinates of all N particles, d~ri = dxidyi, UN
is the total interaction potential energy between the particles defined in the previous
section, and β = 1/kT . One can also define the probability of "reduced" con-
figuration [42] where only portions of the particles are fixed, say n (n < N ), the
corresponding probability is obtained by integrating over the degrees of freedom
~rn+1...~rN leading to:

P
(n)
N (~r1...~rn) =

1

ZN

∫
...

∫
exp[−βUN ]d~rn+1...d~rN (1.13)

Similarly P (n)
N is normalized such that:∫

P
(n)
N (~r1...~rn)d~r1...d~rn = 1

If the particles are non distinguishable, then the probability that any particle at r1 is
in dr1, ..., and any particle at rn is in drn, one defines the n-particle density as :

ρ
(n)
N (~r1...~rn) =

N !

(N − n)!
P

(n)
N (~r1...~rn) (1.14)

The term N !
(N−n)! in Eq. 1.14 stems from the fact that one could have N possible

ways to chose the first particle, (N − 1) to chose the 2nd ..., (N − n + 1) ways to
chose the nth particle. Eq. 1.14 is normalized as follows:∫

ρ
(n)
N (~r1...~rn)d~r1...d~rn =

N !

(N − n)!
(1.15)

For the special case where n = 1, Eq. 1.14 becomes 2

ρ(1)(~r1) =
N !

(N − 1)!
P (1)(~r1) = NP (1)(~r1) (1.16)

2. for simplicity the subscript N in Eq. 1.13, 1.14, 1.15 could be omitted and thus ρ(n)N = ρ(n)
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It follows from Eq. 1.15 that the normalization for n=1 is given by :∫
ρ(1)(~r1)d~r1 =

N !

(N − 1)!
= N (1.17)

In case of homogeneous systems, Eq. 1.17 leads to:

ρ(1)(~r1) =
N

V
= ρ (1.18)

At this stage, it is insightful to introduce the so-called n-particle distribution function
g
(n)
N (r1...rn) [43] related to the n-particle density function as :

ρng
(n)
N (~r1...~rn) = ρ

(n)
N (~r1...~rn) (1.19)

This equation is only valid for a homogeneous system. If the system is isotropic
as well as homogeneous, as in our case, the pair distribution function g(2)(~r1, ~r2)

is only function of the separation distance between the particles r12 = |~r2 − ~r1|;
written simply as g(r) with r = r12. Hence from Eq. 1.19 it follows that :

g(r) = ρ(2)(r)/ρ2 (1.20)

Statistical mechanics of fluids [44] shows that ρ(2)(r) is given by:

ρ(2)(r) =

〈
N∑
i=1

N∑
j=1

i 6=j

δ(r − rij)

〉

Hence, the final expression of the pair distribution function for a homogeneous sys-
tem can be given by [43]:

ρg(r) =
1

N

〈
N∑
i=1

N∑
j=1

i 6=j

δ(r − rij)

〉
, (1.21)

In two dimensional systems, this is normalized as follows:

ρ

∫
g(r)2πrdr = N − 1, (1.22)

indicating that g(r) represents the probability of finding a particle at a distance
r from a reference particle 3. The pair distribution function g(r) is of particular

3. in case of large system, N − 1 ≈ N in Eq.1.22
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Figure 1.11 – Profile of a typical g(r) establishing the 3 first peaks and the distances
between nearest neighbours.

importance, as it is directly related via a Fourier transform to the structure factor
of the system, that can be determined experimentally using X-ray diffraction and
neutron scattering [45–47]. On the other hand, it is possible, if the particles interact
with a pair potential, to express the thermodynamic properties of the system as
integrals of the function g(r). An illustrative scheme explaining the meaning of
g(r) is shown in Fig. 1.11.
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2Rout

Rmax

2Rin

Figure 1.12 – Illustrative figure of computation of g(r). The number of particles N chosen
is the number included within a circle of maximum radius Rmax. Rmax is half the value
of the radius of inner circle (green circle) inscribed in the hexagon with Rin =

√
3Rout/2,

where Rout is the outer radius of the blue circle circumscribing the hexagon.

1.3.1.2 Computing the pair distribution function g(r) of a cell geometry

The implementation of our algorithm differs from some previously used meth-
ods and it is worth paying them a careful attention. Often to avoid errors due to
edge/size effects, the evaluation function around each particle i is limited to a dis-
tance r less than a maximum cutoff radius distance Rmax which we take to be half
the radius of the inner circle inscribed inside the hexagon Rmax = Rin/2 (Fig.
1.12). Thus each particle explores the same environment as neighboring particles
and effects at the edges of the image are excluded. So ρ here is assumed to be a
scanned density or effective density and equal to Nk

A
where Nk is the number of

particles included within an area A = πR2
max. One might think that because of this



1.3. ORDER PARAMETERS 23

procedure, the correlation function may depend on the value of Rmax. Indeed, the
correlations in Fig. 1.13 do not show a significant dependence on the value of Rmax

chosen. The function g(r) will always be normalized by multiplying the x-axis by
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Figure 1.13 – Profiles of the pair distribution function g(r) for different cutoff radii Rmax

at Γ = 21.

√
ρ. For a square lattice 1 /

√
ρ in fact corresponds to the nearest neighbour distance

between the particles and thus g(r) takes its first maximum at a value of about 1.
However, for a triangular lattice, the first nearest distance between particles is equal
to b = ( 2√

3ρ
)1/2. The first maximum of g(r) is at a value of about r = 1.075.

1.3.1.3 Equilibration and finite size effect check

As discussed before in section 1.2.2, we have carefully checked that equilibrium
is attained upon starting from a perfect crystal or starting from a random particles
arrangement. We performed a similar check for the pair distribution function g(r)

and noticed that they are eventually identical for N = 547, see Fig. 1.15.
In addition we have checked finite size effects by varying the hexagonal box size
from 547 to 2611 particles, so that according to the relation in Eq. 1.9, the number
of layers p is varied from 14 to 30 see Fig. 1.14. The same structural properties
given by the pair distribution function (Fig. 1.16) were obtained for large enough
cells (hence from N = 1141).



24 CHAPTER 1. METHODS

N = 1141
N = 1801

N = 2611

Figure 1.14 – Snapshots at equilibrium at Γ = 21 for the three different simulation cell
sizes that were used to check the size effect problem.
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Figure 1.15 – Pair distribution functions for Γ = 21 with two different starting configu-
rations. The red profile corresponds to initially randomly distributed particles, while the
blue one corresponds to an initial perfect crystal .
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Figure 1.16 – Pair distribution function profiles for different cell sizes at Γ = 21, ranging
from N = 547 to N = 2611.
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Figure 1.17 – A geometrical sketch for the calculation of the bond orientational correlation
function g6(rm − rn) between two particles m and n. Figure (a) illustrates the arbitrary
reference axis as well as ml bonds relative to a reference particle m. Figure (b) illustrates
two bonds ml and nl′ relative to reference particle m and n respectively, which intervene
in the calculation of g6 (see Eq. 2.4).

1.3.2 Bond orientational correlation function g6(r)

1.3.2.1 General definitions

For a perfect triangular lattice each particle is surrounded by six neighbours
defining six local bonds, see Fig. 1.17 b. In this zero-temperature situation, all the
bond orientations for two different reference particles are identical. In the other
limiting case of high temperature, the relative orientation between the bonds of two
reference particles are fully uncorrelated. In general, at finite temperature one can
quantify the degree of correlation between two bonds of two particles located at ~rm
and ~rn by introducing the so called bond orientational correlation function, which
is defined as follows [48] :

g6(r = |~rm − ~rn|) = 〈ψ∗6(~rm)ψ6(~rn)〉 (1.23)

where 〈...〉 corresponds to ensemble average. ψ6(rm) is the 6-fold local bond order
parameter at position ~rm , and can be defined as :

ψ6(~rm) =
1

Nm

Nm∑
l=1

ei6θml (1.24)
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where Nm is the number of nearest neighbours of particle m and θml is the angle
formed between the bond linking particles m and l and an arbitrary prescribed ref-
erence axis, a figure explaining this parameter is shown in Fig. 1.17 a. The criterion
for choosing nearest neighbors is based on the first minimum of the pair distribution
function g(r).

For a perfect triangular lattice, θml is a multiple of π/3 for all m particles. The
local bond order parameter ψ6(~rm) is therefore unity for all the particles. Never-
theless, for a non-zero thermal agitation ‖ψ6‖ may vary from 0 to unity because of
relative change of orientation between particles.

1.3.2.2 Equilibrium and finite size effect check

Like we did for the pair distribution function discussed in section 1.3, the bond
orientational correlation function g6(r) shows also identical properties if one starts
with a perfect crystal or random particle distribution see Fig. 1.18. Finite size effect
was also checked concerning the orientational order function, Fig. 1.19 shows no
significant effect for having large enough cells.
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Figure 1.18 – Bond orientational correlation function g6(r) at Γ = 21 with two different
starting configurations. The red correspond to initially randomly distributed particles,
while the blue one corresponds to an initial perfect crystal.
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Figure 1.19 – Bond orientational correlation function g6(r) for different box sizes at Γ =
21, ranging from N = 547 to N = 2611.



Chapter 2

Quantitatively mimicking wet
colloidal suspensions
with dry granular systems

2.1 Introduction

Order vs disorder in condensed matter is a fundamental aspect governing macro-
scopic properties [49–51]. In this respect, colloidal suspensions represent a model
system for the physicist that enables easy visualization of microstructures in the real
space, establishing a direct link with the pair potential of the constituting particles.
A nice illustration is provided by magnetic monolayers thoroughly studied the two
last decades [27,28,52–54]. Thereby ordering and crystallization in two dimensions
were investigated experimentally and corroborated by computer simulations when
thermal agitation kBT competes with the particle potential energy U .

At first sight, granular systems made up of macroscopic particles possess sim-
ilarities with colloidal ones. The crucial difference, however, is that thermal fluc-
tuations are negligible for such materials. Hence granular systems are intrinsically
athermal. Nonetheless, shaking granulates lying on vibrating substrates is a com-
mon practice to study two dimensional phase transitions [55–58].

In the present study, GRASP [38] employ a recently proposed technique allow-
ing a precise measurable induced effective temperature in two dimensional granular
systems [32]. A monolayer of spherical grains is placed within a hexagonal cell
which is mechanically shaken in the lateral directions, as sketched in Fig.2.1(a)
and (b). By means of Helmholtz coils, see Fig.2.1 (a), an external magnetic field

29
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is applied to induce repulsive interactions between neighboring particles, leading
to some ordering of the grains. The mechanical agitation provides a Maxwellian
distribution of the velocities of the particles as shown in Fig.2.1(c). The remark-
able achievement of this study [32] was thus to establish a bridge between average
particle kinetic energy 〈1

2
mv2〉 and some effective granular temperature.

One of the goals of this thesis is to show that the same ordering observed in del-
icate wet colloidal suspensions can be advantageously quantitatively obtained with
dry granular systems that are much easier to manipulate. To accomplish this chal-
lenge, we will compare the experimental data of granular systems to those obtained
with colloidal systems, as well as numerical Monte Carlo simulations.

2.2 Methods

Granular media

A set of N soft-ferromagnetic beads of diameter 1 mm is confined in a 2D
hexagonal cell of diameter 3 cm. The hexagonal cell is shaken horizontally by two
loudspeakers oriented in two orthogonal directions (see Fig. 2.1 ). This mechanical
agitation leads to an erratic motion of each beads in the plane. The system is placed
in a vertical and homogeneous external magnetic field ~B. Considering that each
bead has the same dipolar moment ~m, the beads interact via a repulsive pair potential

U(rij) =
µ0

4π

χ2
effB

2

r3ij
, (2.1)

with µ0 denoting the vacuum permeability and χeff the effective susceptibility relat-
ing the dipolar moment of one bead with ~B such that ~m = χeff ~B. The interaction
is well controlled by adjusting the external magnetic field strength. More specifi-
cally by defining Um = U(r = 1/

√
ρ), with ρ standing for the particle area density,

the magnetic coupling can be fully characterized by the dimensionless Γ parameter
given by Eq.1.8. In order to obtain reproducible initial conditions, beads are placed
in a perfect hexagonal configuration. In order to form a finite triangular lattice, the
number of beads N must satisfy the relation N = 3p2− 3p+ 1 where p is the num-
ber of beads per outer edge. A special technique was developed by Liege [32] to
obtain this perfect arrangement initially. A mask was used of the size and shape of
the cell. This mask has an array of holes whose diameter is 30% larger than the di-
ameter of the beads. The system is prepared by placing a bead into each hole of the
mask, which then deposited in the cell. Then turning on the external magnetic field
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Figure 2.1 – (a) Sketch of the experimental setup for dry macroscopic grains. Millimetric
grains of mass m are placed in a hexagonal cell at the center of Helmholtz coils. The
vertical field B provides a pair interaction between particles. Two shakers are able to
agitate the system along x and y axes. (b) Top view of the cell with typical pattern. (c) The
Probability Distribution Function (PDF) of particle velocities v obtained for a fixed low
magnetic field. The solid line represents the corresponding Maxwellian distribution [32].

to cause repulsion between the beads. Finally, the mask is removed and repulsion
between the beads allows them to keep the organization defined by their position
within the mask. It may happen that the beads are glued to the mask, so a coun-
termask is used to remove each ball from its hole. Such process requires a certain
precision of execution, so the crystal obtained once the mask is removed, presents
few defects. Such technique provides a crystal with fewer defects than those ob-
tained by the method of annealing [59]. This makes the initial conditions for each
measurement identical. Such process is also much faster than it seems: the system
is prepared in less than ten minutes. The experiment is performed here with N = 547
beads (p = 14). Before each measurement, the agitation and the external magnetic
field are switched on for 200 seconds to allow the system to reach the equilibrium
state. After this initialization process, a CCD camera records a series of images at a
fixed rate of 10 frames per second during 100 seconds. A basic tracking method al-
lows one to determine the position and the trajectory of each bead during the whole
experiment. Observables are computed from these trajectories, see [32] for details.
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Colloidal suspensions

Superparamagnetic colloids of diameter 4.5 µm and mass density 1.7×103 kg/m3

(Invitrogen) are dispersed in a Sodium Dodecyl Sulfate solution in order to prevent
their aggregation. The suspension is filled in a cylindrical cell of diameter 1 cm
glued on a glass slide. A 2D monolayer is obtained by the sedimentation of the
particles on the glass/water interface. The large volume of water above the array
of particles prevents any drift induced by thermal gradient or disturbance of the
air-water interface. Similarly to the experiments in granular media, the repulsive
pair potential given by Eq. 2.1 is generated by an external magnetic field applied
perpendicularly to the particle layer. The same definition of the typical repulsion at
mean separation Um = U(r = 1/

√
ρ) holds. The magnetic interaction is increased

in small steps followed by an equilibration time of several hours. After equilibra-
tion the particles coordinates are determined using an inverted microscope equipped
with a CCD camera. Typically, the field of view 560×480 µm2 contains about 1400
particles. More details of the colloidal experimental methods are given in Methods
chapter section 1.1.

Monte Carlo simulations

The very same geometry and number of particles intervening in our experiments
on granular media are employed in our numerical MC simulations. The constitutive
(here point-like) particles interact via the pair potential

U(r)

kBT
= Γ

(
1

r
√
ρ

)3

. (2.2)

A standard MC procedure is executed to generate a canonical ensemble [39]. Typ-
ically 106 MC steps are used to equilibrate the system and 106 additional MC steps
are conducted to gather statistics for the computation of the required observables.
We have carefully checked that upon starting with a perfect lattice or a fully ran-
domly generated configuration, identical properties are obtained within the statisti-
cal uncertainties. This warranties that equilibrium is indeed reached. The experi-
mental values of the effective susceptibilities χeff for granular and colloidal systems
are deduced from the best matching in g(r) between simulations and experiments
similarly to what Zahn et al [27] did. More details of the simulation methods are
given in Methods chapter section 1.2.
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! = 16:3

! = 21

Figure 2.2 – Representative microstructures of magnetic particles for the moderate cou-
pling regime: top snapshots corresponds to Γ = 16.3, whereas the bottom one corresponds
to Γ = 21. The left panel (green) corresponds to experimental data, whereas the right one
(red) corresponds to simulation data.
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! = 41:2

! = 53:5

Figure 2.3 – Representative microstructures of magnetic particles for the strong coupling
regime: top snapshots corresponds to Γ = 41.2, whereas the bottom one corresponds to
Γ = 53.52. The left panel (green) corresponds to experimental data, whereas the right
one (red) corresponds to simulation data.
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2.3 Results

For the granular media, we use millimetric particles confined in a hexagonal box,
as illustrated in Figure 2.1. In parallel, Monte Carlo simulations are performed with
the same number of particles and geometry, see Methods for more details. Com-
parative snapshots are displayed in Fig. 2.2,2.3 for different values of the magnetic
coupling parameter Γ. A visual inspection shows qualitatively identical ordering in
experiments and simulations at given Γ. As expected the ordering increases with Γ

and a nearly perfect triangular lattice is recovered at the highest value of Γ = 53.5.
This striking agreement is going to be analysed now more quantitatively.

The first observable we consider to quantify the ordering is the pair distribution
function g(r) given by

ρg(r) =
1

N

〈
N∑
i=1

N∑
j=1

i 6=j

δ(r − rij)

〉
, (2.3)

with ρ standing for the particle area density and rij = |~ri − ~rj| for the distance
between particles i and j located at ~ri and ~rj , respectively. This relevant quantity
g(r) tells us about the probability of observing two particles at distance r.

The pair distributions are plotted in Fig. 3.4 for different values of Γ. Data
for colloidal systems are also provided in the moderate coupling (Γ = 16.3 and
21) regime where equilibration is sufficiently fast to avoid the pinning of the sed-
imented particles on the glass substrate [54], see Methods for more information.
Two typical regimes are observed. The so-called hexatic phase is found at moderate
dipolar coupling (here Γ = 16.3 and Γ = 21) and a solid phase emerges at high
dipolar coupling (here Γ = 42.2 and Γ = 53.5). The hexatic phase is predicted
by Kosterlitz-Thouless-Halperin-Nelson-Young (KTHNY) theory and is character-
ized by an algebraically decaying orientational correlation function g6(r) that will
be discussed later. The agreement between experiments and MC simulations is re-
markable and constitutes a decisive discovery bridging two well distinct scales and
systems exhibiting the very same ordering. It is interesting to see that the excellent
agreement between experiments on grains and simulations holds in situations where
Γ is roughly doubled, going from about 20 to about 40, but also when it is varied
by relatively smaller increments (roughly 20%). More specifically, in the regime
of high dipolar coupling pronounced peaks in g(r) set in at distances of nearest
neighbors of a triangular lattice, see Fig. 3.4. At intermediate dipolar coupling the
ordering still persists, but peaks get now broader and even merge. The latter feature
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Figure 2.4 – Pair distribution functions for different values of the magnetic coupling pa-
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lines correspond to MC simulation data, whereas dots (•) and stars (∗) represent granular
and colloidal experimental data, respectively. Vertical lines indicate the distances between
nearest neighbors for a perfect triangular lattice as illustrated in the left panel. Thereby the

shortest distance between two neighbors is given by r1 =
(

2√
3

)1/2
1√
ρ
' 1.075 1√

ρ
. The

other distances between further neighbors appear in the following sequence: r2 =
√

3r1,
r3 = 2r1, r4 =

√
7r1, r5 = 3r1, and r6 = 2r2 = 2

√
3r1.

is especially vivid for the second and third peaks located at r2 and r3, respectively,
see Fig. 3.4.

To further investigate the ordering of the magnetized particles, we have moni-
tored the bond-orientational correlation function g6(r) defined as follows

g6(r = |~rm − ~rn|) = 〈ψ∗6(~rm)ψ6(~rn)〉 , (2.4)

with

ψ6(~rm) =
1

Nm

Nm∑
l=1

ei6θml (2.5)

denoting the local sixfold bond orientational order parameter, whereNm is the num-
ber of nearest neighbours of particlem and θml is the angle formed between the bond
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Figure 2.5 – Bond-orientational correlation functions for different values of the magnetic
coupling parameter Γ.

linking particles m and l and an arbitrary prescribed reference axis.

The bond-orientational correlation functions are plotted in Fig. 2.5 for different
values of Γ. At moderate coupling, good agreement between the three approaches
(granular, colloidal, and simulated systems) is achieved. Upon increasing Γ, g6(r)
increases and becomes close to unity at Γ = 53.5. Clearly, at high dipolar cou-
pling (here Γ = 42.2 and Γ = 53.5) g6(r) tends to a constant in accordance with
the KTHNY theory predecting (asymptotically) a constant value in the crystalline
phase. For the lower values of Γ (here Γ = 16.3 and Γ = 21), it can be seen
that g6(r) tend to decay algebraically. Following the KTHNY theory, this feature
is a signature of the hexatic phase. Given the limited finite number of beads in the
granular systems, a quantitative comparison with the KTHNY theory that holds for
infinite systems is restricted.
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(b)(a) (c)

Figure 2.6 – Two dimensional hexagonal lattice defects. (a) free disclination : 7-folded
lattice sites. (b) a pair of 5- and 7- fold disclination forming a free dislocation. (c) Pair
of dislocations. Red particles and dotted lines symbolize a particle possesing 7 nearest
neighbour, blue particles and the dashesd lines corresponds to particles having 5 nearest
neighbours.

2.4 Crystalline Defects Analysis

2.4.1 Comparison of Granular and Colloidal systems

The crystallisation of two-dimensional systems is usually associated with the
presence of defects especially at finite temperature. Disclinations, also called point
defects, are one possible type of defects in a two-dimensional system. Basically
disclinations correspond to a vacancy or insertion of particles in an ideal hexag-
onal lattice [60]. For instance instead of the normal six nearest neighbours, one
could have 5-folded or 7-folded lattice sites, the latter is illustrated in figure 2.6
a. Another type of defect is dislocation which corresponds to adding or remov-
ing a row of particles to a perfect crystal [61]. A short dislocation (two particle
row) is considered as a pair of a 5-and 7-fold defect disclinations that adjust the
lattice 1 (Fig. 2.6 b). Presence of short dislocations is shown in figure 2.6 c. This
configuration, also called “dislocation pair”, is used to describe theoretically two-
dimensional melting [23–25, 62]. The solid-hexatic transition occurs by formation
of dislocation pairs, while the hexatic-liquid transition occurs by formation of pairs
of disclinations [63,64]. A simple and effective way to treat the appearance of point
defects in the crystal during phase transitions, is by counting the number of particles

1. Dislocation here means a pair of 5-fold and 7-fold disclinations, which is the most encountered dislo-
cation type in the hexagonal lattice. Dislocations made up of four-fold and eight-fold disclinations are also
plausible but statistically rare.
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Moderate Coupling Strong Coupling

Figure 2.7 – The Voronoi diagram for two typical coupling regime: moderate coupling
(Γ=21), strong coupling (Γ=53.5).

possessing a different number of neighbours than six .

This is done using the Voronoi triangulation algorithm [65, 66]. The Voronoi
polygon construction can be seen as a generalisation of the Wigner-Seitz cell [67,68]
but applied to disordered systems. This method allows us to assign for a given parti-
cle the number of neighbours. An illustration of the Voronoi diagram for two typical
magnetic coupling regimes is shown in figure 2.7.
The distribution of the number of neighbours within the system for different mag-

netic coupling is deduced by counting the sides of polygon associated with each
particle. It is clearly seen from figure 2.7 that for the moderate coupling there are
many particles surrounded by a 7 and 5 sided polygons, which indicates rather weak
ordering, while for the strong coupling the system is more ordered and mostly all
particles are enclosed by 6 sided polygons (i.e 6 surrounding neighbours), indicat-
ing low presence of defects. To quantify this property the distribution of the number
of neighbours is presented as a histogram in figure 2.8. When the effective tempera-
ture is high (Γ = 21), the distribution of the number of neighbours ranges between 4
and 8 neighbours. At this stage the system could be considered in the hexatic phase,
since the percentages of the 5 and 7 neighbours indicate that the system is not fully
ordered. Looking at these proportions in figure 2.8, interestingly we see that both
systems (granular and simulations) possess almost the same percentages of defects.
As the coupling strength Γ increases , we can see that the system is mainly consti-
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Figure 2.8 – The distribution of the number of neighbours in the system for two typical
values of the coupling interaction strength Γ.

tuted of particles possessing six neighbours which indicates that it is well ordered
in a perfect hexagonal lattice. However, we noticed that this agreement does not
hold at high values of Γ for the colloidal experiments, and this is due to the fact that
at low effective temperature the system was not well equilibrated , this part will be
discussed in more details in the following section.

2.4.2 Influence of equilibration time on ordering

Our experimental setup described in the Methods chapter was a similar setup
to [27–29,52,54]. However, in our case the two-dimensional monolayer is confined
by gravity to a water/glass interface, instead of water/air interface (see [30,69]). The
general protocol used for the experiments always consist in a step wise increment
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of the magnetic coupling parameter Γ.
We discuss in this section the effect of equilibration time on the number of defects
present in the system. To this end, two experimental protocols were used. The first
one, referred to as fast quench is characterized by a short waiting time for each value
of Γ. The total duration of measurements for this protocol was a couple of hours.
The second protocol, referred to as slow quench was done using the cylindrical cell
covered with para-film to avoid evaporation. The slow quench protocol is charac-
terized by longer waiting time and more intermediate values of Γ . For the slow
quench protocol the highest value of Γ was reached after 17 days. The details of
these two protocols and measurements are explicitly gathered in table 2.1.

Fast Quench

B (mT) 1.56 1.65 1.84 2.11 2.21 2.4 2.76
Γ 14.5 16.3 20 26.6 28.9 34 45

time(mins) 30 30 30 30 30 30 60

Slow Quench

B (mT) 0.55 0.7 0.83 1.03 1.2 1.4 1.56 1.75 1.94 2.11 2.3
Γ 1.6 2.5 3.6 5.4 7.5 10 12.8 16.3 20 23.8 28.2

time(hrs) 20 5 24 10 24 48 48 24 48 48 48

Table 2.1 – Details of the two protocols used in experiments. The time indicates the
duration spent at prescribed magnetic field B corresponding to each Γ value.

Figure 2.9 shows the distribution percentages of the number of neighbours within
the system at Γ=28.9 for the fast quench protocol, and at Γ=28.2 for the slow quench
protocol. As it is shown in this figure the proportions of the number of particles pos-
sessing six neighbours is clearly higher in the slow quench. This leads to the con-
clusion that there are less defects when the time spent to reach the targeted Γ value
is longer. In these colloidal experiments only the pair distribution function for the
moderate coupling regime (Γ = 16.3,Γ = 21) were confirmed and presented in the
results section. Figure 2.10 presents the distributions of the number of neighbours
for each lattice site for the three systems (grains, simulation, and colloids 2), and

2. The colloidal data in figure 2.10 were obtained with the fast quench protocol, since we couldn’t
reach the highest value of Γ with the slow quench due to pinning of particles on the glass substrate at long
times [54].
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Figure 2.9 – The distribution of the number of neighbours of the two experimental proto-
cols for coupling parameter Γ=28: The left panel corresponds to slow quench (in yellow),
while the right one corresponds to fast quench (in blue).

their corresponding pair distribution function g(r) for the high coupling regime 3.
The percentages in the colloidal experiment shows that the number of particles pos-
sessing six nearest neighbours is low. This indicates the presence of defects and
that the system was not well equilibrated in this regime. In fact, in the colloidal
experiments of other groups [27–29, 52, 54], it is always noted that when the exter-
nal magnetic field ~B is turned on, an equilibration time of several days or weeks is
necessary to equilibrate the system [70].

3. The prescribed Γ in figure 2.10 for the colloidal experiments (Γ=45) differs from the Γ value of
simulations and grains (Γ=53.52), because we couldn’t control a priory the particle number density ρ that
is related to Γ by Eq.1.8.
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Figure 2.10 – The distribution of the number of neighbours at high magnetic coupling
(Γ = 53.5 for granular experiments and MC simulations, Γ = 45 for colloidal experi-
ments). The corresponding profiles of the pair distribution function g(r) are shown in the
lower panel.

2.5 Discussion

We have shown that Brownian motion can be induced in athermal systems such
as granular media following a recently introduced technique [32]. In this study, the
crucial energy/entropy interplay is contained in the single universal dimensionless
parameter Γ. The ordering in the granular system matches quite quantitatively that
found experimentally and numerically in colloidal systems. This constitutes good
news for the Soft Matter community, since setting up experiments on (dry) granular
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systems is much easier and convenient (e.g. considerably faster equilibration [32])
than on (wet) colloidal suspensions [30].

This being said, we are aware that our approach is only relevant for two-dimensional
granular systems since gravity would cause inhomogeneity in the third dimension
in contrast to colloidal systems. Besides, having to deal with repulsive and/or dilute
systems allows particles to virtually not collide, and hence the effective temperature
is well defined in our granular media.

This new experimental approach involving forced Brownian motion in macro-
scopic granular systems can be extended to study 2D binary systems [52,53]. Quite
generally speaking, a wide range of repulsive colloidal systems can be mapped onto
granular ones. For the sake of the present thesis, magnetic dipolar interactions (in
contrast to electrostatic forces for instance [71]) were the example of choice due to
the ease of tailoring their strength. Nonetheless, partially attractive particles such as
Janus spheres [72] could also be mimicked by macroscopic beads where self assem-
bly kinetic paths could be thereby conveniently monitored. Another great advantage
of fundamental importance is that reaching ground state situations (i.e. very high
coupling value) is straightforward for granular media where induced noise can be
merely suppressed by turning off the sources. Since both agitation and magnetic
interaction could be tuned precisely and rapidly, the present granular system can be
used to study the pathways of relaxation during ultrafast quenching [53].



Chapter 3

Crystallization of binary mixtures of
similar dipole moments in two
dimensions

3.1 Introduction

Tackling crystallization phenomena (nucleation, growth, structural defects, etc.)
via colloidal crystals as analogs of conventional solids has been a very beneficial
approach in condensed matter physics [4,73]. It is also well known that binary mix-
tures present a much richer variety of solid phases than its one-component coun-
terpart. For instance, a one component hard-sphere system freezes into the close-
packed face-centered-cubic crystal structure [74] whereas binary mixtures made up
of big (denoted by A) and small (denoted by B) spheres exhibit a large basket of
close-packed structures depending on their size ratio. Related superlattices of the
form ABn with n = 1, 2, 3, 4, 5, 6, 13 have been identified theoretically [75], in
computer simulations [76], and in experiments of hard-sphere like colloids [77].
Concerning binary mixtures with soft repulsive interparticle interactions in three
dimensions, the situation is still a puzzle that needs to be addressed.

In two dimensions, the phase behavior of binary colloidal mixtures is equally
rich and intriguing. On the theoretical side, it has been studied for hard disk sys-
tems [78], and for soft repulsive pair potentials of the dipole-dipole type at zero
temperature [79–81]. Computer simulations at finite temperature have been carried
out for strong contrasts in dipolar moments of the constitutive particles [53,82–84].
The relevance of the square AB-superlattice for equimolar composition theoret-
ically predicted by Assoud et al. [79] at moderate/low reduced dipole moment
was confirmed experimentally with micron-sized superparamagnetic colloidal par-

45
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ticles [52, 53, 83] and by computer simulations [53, 83].

In this chapter, we explore the microstructures of binary mixtures with similar

dipole moments. Typically two fundamental questions arise and will be addressed
in this chapter:

— The very first question that arises is the possibilty or not of mixing at high
dipolar coupling. Indeed, it is well known for a binary mixture of (small and
big) hard objects that if they have a similar size, then they become unmisci-
ble [85] (say in the high pressure limit) simply because of the impossibility
of building a composite close-packed structure owing to purely excluded vol-
ume effects. For soft repulsive pair potentials the scenario is expected to be
qualitatively different.

— If mixing turns out to be effective in this regime of symmetry of the dipole
moments, then what are the coexisting phases for an equimolar composition?
In this respect, it would be interesting to verify if they are in agreement with
those theoretically predicted at zero temperature by Assoud et al. [79].

3.2 Model

The two particle species A and B are characterized by two dipole moments ~mA

and ~mB, respectively. The latter are assumed to be perpendicular to the confining
surface mimicking the presence of a strong external electric/magnetic field. 1 The
resulting pair potential is then given by:

Uij(r) =
µ0

4π

mimj

r3
(i, j = A,B), (3.1)

with µ0 denoting the vacuum permeability and r the separating distance between
two particles of species i and j. The constitutive particles are confined into a large
hexagonal cell similar to that used in Refs. [31, 32]. The total number of particles
Ntot = NA + NB = 1027 is fixed (NA = 514 and NB = 513 with NA and NB

corresponding to the number of A− and B− particles, respectively) in this study so
that a perfect finite triangular lattice is compatible. 2 The relative composition of the

1. This situation would experimentally correspond for instance to a binary mixture of superparamag-
netic colloidal particles living at an water-air interface exposed to a strong external magnetic field yielding
repulsive parallel dipole moments [52]. An analogous system in dry granualr media has been realized too
upon mixing millimeter-sized magnetic steel and brass spheres lying on a horizontal solid substrate and
subjected to a spatially uniform external magnetic field [10].

2. In order to form a defect free finite triangular lattice, the total number of particles (or sites) Ntot must
satisfy the relation Ntot = 3p2 − 3p+ 1 where p is the number of sites per outer edge. Here p = 19 yields
Ntot = 1027.



3.2. MODEL 47

particles or the mixing ratio is defined as:

X =
NB

NA +NB

. (3.2)

Unless explicitly specified, this ratio will be fixed to 50%, i.e., (practically) the same
amount of A− and B− particles is present in the system. All the static properties
depend solely on two dimensionless parameters at prescribed composition.

1. A coupling parameter Γ defined as the ratio of the magnetic energy to the
thermal energy kBT :

Γ =
µ0

4π

m2
A

kBTa3
(3.3)

with a = 1√
ρA

representing the typical mean separation between A-particles, 3

where ρA stands for the surface density of the A-particles.

2. The reduced dipole moment defined as

m =
mB

mA

. (3.4)

The total interaction potential energy of the system can now be written as

βUtot =
N−1∑
i=1

N∑
j=i+1

βUαγ(rij), (α, β = A,B) (3.5)

where βUAA = Γa3

r3
, βUAB = mΓa3

r3
, and βUBB = m2Γa3

r3
.

The Hamiltonian of the system being specified, see Eq. (3.5), standard Monte
Carlo simulations involving single particle moves [39, 86] have been performed for
a total number of particles Ntot = 1027, with NA = 514 A-particles and NB =

513 B-particles. Starting with a random particle distribution, a gentle quench was
applied where Γ is incremented by 10 every 106 steps up to the desired final value.
Finite size effects are taken into account by imposing hard walls at the edges of
the hexagonal cell. Typically 106 Monte Carlo steps are used for equilibration and
statistics is gathered over additional 106 Monte Carlo steps.

3. On a square lattice, a = 1√
ρA

would be exactly the lattice constant relative to the A-particles.
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Figure 3.1 – Excerpt of the phase diagram from [79] in the (m,X) plane at zero tem-
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3.3 Results

We first briefly recall the main features of the phase diagram in the (m,X)-
plane predicted theoretically at zero temperature by Assoud et al. [79], see Fig.
3.1. 4 Thereby, a large dipole strength asymmetry corresponds to low values of the
reduced dipole moment m (m . 0.5), whereas a weak asymmetry corresponds to
high values of m (m & 0.5). At moderate dipolar parameter 0.3 . m . 0.5, a
stable equimolar compound is found with a rhombic unit cell, Rh(A)AB2, see Fig.
3.1. For larger values of m, phase coexistences are predicted, see Fig. 3.1. It is
seen that the phase T(AB2) plays a crucial role and should always be present for
equimolar composition (X = 1/2) as a coexisting phase, see Fig. 3.1. The other
accompanying phase is either (i) the pure A triangular phase T(A) for 0.5 . m .

4. This is a slightly simplified version of the original phase diagram [79], see Fig. 3.1, where some
phases are absent in the regime of low dipolar paramaters m . 0.3 and high B-particles concentration
(X > 0.8). In the scope of our present study, aiming equimolar composition (i.e., X = 0.5) and essentially
weak polar asymmetry (i.e., m & 0.5), these missing phases are not relevant.
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Figure 3.2 – Partial pair distribution functions at reduced dipole moment m = 0.3 at
equimolar composition X = 0.5 and dipolar interaction coupling Γ = 100. The distances
r1 (already defined in Fig. 3.1) and r� = a are emphasized with vertical lines. They
represent nearest AB neighbors (solid line) in the triangular phase T(A2B) and nearest
AA neighbors (dashed line) in the square phase S(AB), respectively. A typical perfect
unit cell of Rh(A)AB2 is depicted in Fig. 3.1. An illustrative simulation snapshot is also
provided revealing Rh(A)AB2-like patches. Large A-particles are shown in red if they
belong to a Rh(A)AB2 environment, whereas small B-particles appear in green in such
a case. Otherwise big and small particles appear in light grey/dark grey, respectively.

0.9 or (ii) the composite phase T(A2B) at weak dipolar asymmetry (i.e., m & 0.9).
It is precisely these striking features that we would like to investigate by computer
simulations. Two important questions arise:

1. Do composite phases of similarly magnetized/polarized particles show up at
finite temperatures representative of experimental conditions?

2. If yes, do they correspond to the phases predicted by Assoud et al. [79], see
Fig. 3.1?

We shall present our results for several values of the dipole strength asymmetry
(m ≥ 0.3). The interaction coupling strength Γ is fixed, unless explicitly differ-
ently stated, to Γ = 100. The choice of this value for Γ is motivated by previous
experimental studies where very similar values were employed [53, 83] A detailed
microstrucural study is carried out with the help of (i) partial pair distribution func-
tions: gAA(r), gBB(r) and gAB(r), and (ii) instructive snapshots.

Before answering the two intriguing questions advocated just above, we are
going to discuss the regime of moderate reduced dipole parameter, namely m = 0.3
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in this work. Interestingly, rhombic like crystallites of the Rh(A)AB2-type are
well present and dominant in the system at finite temperature, see Fig. 3.2. This
feature qualitatively confirms the theoretical prediction, compare Fig. 3.1 with Fig.
3.2. To be more quantitative, we are going to analyze the corresponding partial pair
distribution functions that can also be found on Fig. 3.2. It is clearly seen that the
first neighbour peak of the triangular and square phases are absent. More precisely:

— The location of the first peak in gAA occurs at r/a ' 0.86 clearly smaller
than unity, see Fig. 3.2. Therefore, the square phase S(AB) (not shown in
Fig. 3.1 but easily identifiable around m = 0.1 in Ref. [79]) characterized by
a first peak in gAA at r�/a := 1 does not show up. Similarly, the triangular

phase T(A) characterized by a first peak in gAA at r1/a :=
(

1√
3

)1/2
' 0.76 is

marginally apparent. 5

— The occurrence of triangular phases of the type T(AB2) or T(A2B) should
be accompanied by a first peak in gAB at r1, see Fig. 3.1. This is not verified
here, see Fig. 3.2, where the first peak in gAB is at r/a ' 0.71.

We now turn to the main finding of our simulation data that concern the regime
of similarly magnetized/polarized dipoles (i.e., m & 0.5). An overview of our re-
sults can be found in Fig. 3.3. In good qualitative agreement with the theoretical
prediction at zero temperature, compare Fig. 3.3 with Fig. 3.1, the phase T(AB2) is
well present in the microstructure at all m values. As a matter of fact, a finite tem-
perature allows the appearance of all the predicted relevant triangular phases [i.e.,
T(A), T(B) and especially T(AB2) and T(AB2)], see Fig. 3.3, in a proportion
that reflects the zero temperature phase diagram, compare Fig. 3.1 with Fig. 3.3.
Two relevant effects supporting the theoretically predicted phase behavior at zero
temperature (compare Fig. 3.3 with Fig. 3.1) can be pointed out:

1. The global surface fraction of T(AB2) and T(A2B) patches tends to increase
with growing similarity in dipole moments (i.e., m).

2. The ratio of surface fraction of T(A2B) phase and that of T(AB2) one is
increasing with m. At high dipolar similarity, especially at m = 0.9 (see Fig.
3.3), the phase T(A2B) occupation becomes quite comparable to that of phase
T(AB2).

To further deepen our understanding of the phase behavior of this binary mixture
we are going to investigate the related partial pair distribution functions. The latter

5. One has to bear in mind that we always have a binary mixture at equimolar composition X = 0.5.
Thereby, in case of phase separation involving a phase T(A), the local surface density would become (at
most) 2ρA for the A-particles. Note that r1 corresponds also to the lattice constant of the triangular lattice
of surface (site) density ρA + ρB = 2ρA.
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m=0.6 m=0.7

m=0.8 m=0.9

Figure 3.3 – Simulation snapshots for four values of the reduced dipole moment m =
0.6, 0.7, 0.8, and 0.9 at equimolar composition X = 0.5 and dipolar interaction coupling
Γ = 100. Big A-particles are shown in yellow if they belong to a T(AB2) environment
(see Fig. 3.1 for typical unit cells), in purple if they belong to a T(A2B) one, in pink if
they belong to both, and light grey otherwise. Small B-particles are depicted in light blue
if they belong to a T(AB2) environment (see Fig. 3.1 for typical unit cells), in brown if
they belong to T(A2B), in pink (same color as for A-particles) if common to both, and
dark grey otherwise.
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Figure 3.4 – Partial pair distribution functions for four values of the reduced dipole mo-
mentm = 0.6, 0.7, 0.8, and 0.9 at equimolar compositionX = 0.5 and dipolar interaction
coupling Γ = 100. The corresponding simulation snapshots can be found in Fig. 3.3. The
four vertical solid lines represent the four nearest AB neighbor distances (r1, r2, r3, r4)
depicted in Fig. 3.1 in the T(AB2)/T(A2B)-phase. The vertical dashed line indicates the
nearest AA/BB distance in the T(AB2)/T(A2B)-phase corresponding to r′1 =

√
3r1, see

also Fig. 3.1. The distance r4 is not shown for the sake of clarity.

are displayed in Fig. 3.4 for the same parameters of the previously discussed snap-
shots in Fig. 3.3. A striking feature in these profiles of gAA(r), gAB(r), and gBB(r),
is a common high first peak around r1, see Fig. 3.4. This remarkable property of
mixing has the following origins:

— The first high peak in gAB precisely located at r1, see Fig. 3.4, is the signature
of the T(AB2) and T(A2B) phases, see also Fig. 3.3. AB correlations medi-
ated by alloy patches, see grayed particles in Fig. 3.3, should also contribute
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to some extent to this peak in gAB.

— On the other hand, the first peak in gBB and gAA located in the vicinity of r1,
see Fig. 3.4, stems from the shortest BB- and AA-separation in the T(AB2)

and T(A2B) phases (see also Fig. 3.1), respectively. 6 A closer visual inspec-
tion of the microstructures of Fig. 3.3 reveals that patches (grayed particles) of
the phase T(A) and T(B) should also to some extend contribute to the peaks
around r1 in gAA and gBB, respectively.

The crystallization into composite triangular phases [i.e., T(AB2) and T(A2B)] is
now addressed in more detail. As far as gAB is concerned, it unambiguously exhibits
the four peaks attributed to the pronounced correlations betweenAB particles at the
four nearest AB-distances in a T(AB2)/T(A2B)-phase, see Fig. 3.4. The height of
the first peak in gAB at r1 increases with m, in agreement with the microstructural
analysis, where a m-enhanced crystallization into T(AB2) and T(A2B) patches is
found, compare Fig. 3.3 with Fig. 3.4. Similarly, the height of the first peak in
gAA and gBB around r1 increases with m, see Fig. 3.4. The first neighbor distance
between minority species (i.e., AA and BB distances in T(AB2) and T(A2B),
respectively) designated by r′1 :=

√
3r1, see Fig. 3.1, is expected to be the location

of peaks in gAA and gBB. This feature is indeed well confirmed, see Fig. 3.4, and is
especially relevant at high dipolar similarity (e.g., m = 0.8, 0.9) where patches of
T(AB2) and T(A2B) are dominant, see Fig. 3.3.

3.4 Concluding remarks

In conclusion, the crystallization of binary mixtures of dipolar particles at high
dipolar coupling has been investigated by computer simulations for an equimolar
composition. The relevant features of the phase diagram at zero temperature pre-
dicted theoretically by Assoud et al. [79] are well reproduced. As a major result, a
strong mixing involving triangular phases T(AB2) and T(A2B) is found for sim-
ilarly magnetized/polarized particles. At moderate reduced dipole moment m, the
rhombic phase Rh(A)AB2 emerges excluding traces of the square phase S(AB)

(stable at low m) and the triangular composite ones T(AB2) and T(A2B) (stable at
higher m).

We finish with the experimental possibility of realizing such dipolar mixtures
with low dipolar asymmetry. Recently, it was shown, at the level of one-component

6. A careful inspection of the peaks around r1 reveals that their position (say rAA for gAA, rAB for
gAB , and rBB for gBB) always obeys rBB < rAB < rAA, see Fig. 3.4. This feature merely reflects the
growing repulsion when going from a BB-pair to a AA-pair via a AB-pair.
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systems, that excited granular media [31] could be of great help to quantitatively
mimic crystallization of colloidal particles. A similar approach could be advanta-
geously used to study binary mixtures. This would be especially relevant in this
regime of high dipolar similarity (0.5 . m < 1), where a colloidal suspension with
weakly contrasted bidispersity in size is awkward to achieve.



Conclusion and Perspectives

We have studied the crystallization of two-dimensional systems made up of re-
pulsive dipolar particles. Performing experiments as well as computer simulations
on colloidal systems, microstructural properties are analyzed via order parameters
such as the pair distribution function or the orientational correlation function. The
first part of the manuscript treats about one-component systems, whereas the second
part deals with two-component systems.

Concerning the one-component case, we have shown that Brownian motion can
be induced in athermal systems such as granular media following a technique devel-
oped in the GRASP Laboratory in Liége [32]. In both granualar and colloidal sys-
tems the constitutive particles lie on a substrate and are paramagnetic. Thereby, the
repulsive interparticle interaction can be precisely controlled by varying the mag-
nitude of an external magnetic field ~B normal to the surface [31]. The granular
particles are subjected to horizontal mechanical vibration that can be seen as the
analog of thermal agitation. Therefore, the magnetic interaction for both systems
competes with thermal agitation and the ratio of the magnetic to thermal energy is
then characterized by an inverse reduced temperature: the dimensionless magnetic
coupling parameter Γ. Excellent agreement between (i) experimental data on gran-
ular systems and (ii) experimental as well as simulation data on colloidal systems
throughout the range of the magnetic coupling parameter Γ is found for the pair
distribution as well as the orientational correlation functions. Excellent agreement
concerning these two order parameters was found, for moderate and high magnetic
coupling regimes. These results reveal that well characterized granular systems
could function as ’wet models’ for studying the case of phase transitions in two
dimensional systems. This fundamental finding constitutes good news for the Soft
Matter community, since experiments on dry granular systems circumvent usual
drawbacks encountered in wet colloidal suspensions especially the long equilibra-
tion time.

The second part of this thesis addresses the two-component case. Binary mix-
tures made up of particles with similar dipole moments are investigated by computer
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simulations. Using Monte Carlo methods, a quantitative structural study based on
partial pair distribution functions and microstructure snapshots is presented for high
dipolar coupling Γ. At equimolar composition, the relevance of the coexistence
of triangular superlattices with stoichiometry AB2 and A2B is revealed, with A(B)

standing for the large(small) dipole moments. This finding is in excellent qualitative
agreement with the zero temperature theoretical predictions [79]. More specifically,
these found superlattices are relevant for a quite large range in the regime of similar
dipole moments mA and mB (0.6 . mB/mA ≤ 1).

The related findings of this research work can serve as starting points for new
exciting future projects. Granular media could be further exploited to understand
ordering due to the crucial balance of energy vs entropy. A promising situation
concerns a tilted external magnetic field that allows exploring repulsive as well as
attractive interparticle interactions depending on the relative angle with the sub-
strate. In this scenario, despite of some existing preliminary theoretical results in
the literature [81,87], the case of binary mixtures is poorly understood at tilted field.
Hence, experiments involving both colloidal and granular systems corroborated by
simulations, would be of great help to elucidate the ordering at tilted field.
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