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1.1 Graphes aléatoires et limites locales

Cette partie est consacrée a 1’étude de graphes aléatoires, et des limites
locales.
1.1.1 Graphes : notation et vocabulaire
Définition 1.1. Un graphe non-orienté est la donnée :
e d’un ensemble V, fini ou dénombrable, appellé ensemble des sommets,
e d’un ensemble F, fini ou dénombrable, appellé ensemble des arétes,

e d’une application ¢ de E dans I’ensemble des parties de V' a un ou
deux élements de V. Si e est une aréte, les élements de 1’ensemble ¢(e)
sont appelés les extrémités de e, appellée fonction d’incidence.

L’ensemble des parties de V' a deux éléments sera noté Fo(V).

Définition 1.2. Deux graphes G = (V1, E1, 1) et Go = (Va, Ea, p2) sont
isomorphes s’il existe deux bijections Uy : Vi3 — Vo et Vg @ By — Es
satisfaisant : Ve € Eq, Uy (p1(e)) = w2 (¥p(e)).

Dans la suite, les graphes seront considérés a isomorphisme pres. Dans
le cadre de ce manuscrit, tous les graphes seront non-orientés, et 1’adjectif
non-orienté sera donc omis.

Définition 1.3. Si p(e) est de cardinal 1, alors e est appelée une boucle. Si
m arétes ont les mémes extrémités, on parle d’aréte multiple de multiplicité
m. Un graphe simple est un graphe sans boucle ni aréte multiple c’est-a-dire,
avec les notations de la définition [1.1] un graphe tel que :

e ( est injective.
o Vec E, p(e) € Za(V).

Dans le cas d’un graphe simple G = (V, E, ), le graphe G = (V,Imep, Id)
est isomorphe a G. Une définition alternative d’'un graphe simple est donc
la donnée :

e d’un ensemble V, fini ou dénombrable, appellé ensemble des sommets,

e d’un ensemble E C P5(V) appellé ensemble des arétes.
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L’application Id étant implicite. Le terme multigraphe est utilisé pour désigner
un graphe lorsque 'on souhaite insister sur le fait qu’il n’est pas forcément
simple.

Définition 1.4. Pour tout ensemble de sommets V', le graphe complet sur V
est le graphe simple ayant V' comme ensemble de sommet et Z5(V') comme
ensemble d’arétes.

1.1.2 L’exemple du modele d’Erdés et Rényi

Cette partie, consacrée aux modeles d’Erdés et Rényi, permettra d’intro-
duire les outils utilisés dans la suite du manuscrit pour I’étude d’autres
modeles de graphes aléatoires.

1.1.2.a Les différents modeles d’Erdés et Rényi

Le premier modele de graphe aléatoire a été introduit par Erdés et Rényi
en 1959 [ER59]. Le terme de modele d’Erdds et Rényi recouvre en réalité
plusieurs modeles proches, sur lesquels beaucoup de résultats sont connus.
Tous ces modeles, bien que non formellement équivalents, satisfont en général
les mémes propriétés. Pour cette raison, lorsqu’une propriété est vérifiée par
tous les modeles d’Erdés et Rényi présentés ici, nous dirons qu’elle est vérifiée
par le graphe d’Erdés et Rényi.

Le premier modele, tel qu'introduit dans I'article fondateur d’Erdés et
Rényi [ER5H9], est défini de la manieére suivante :

Définition 1.5. Soient n et m deux entiers naturels non nuls, tels que
m < (3). Soit E un sous-ensemble de Z5({1,...,n}) choisi uniformément
parmi les sous-ensembles de Z({1,...,n}) am éléments. Le premier modéle
d’Erdés et Rényi G(n,m) est le graphe simple dont 1’ensemble des sommets

est {1,...,n} et 'ensemble des arétes est E.

G(n,m) est donc un graphe & n sommets et m arétes.
Le second modele d’Erdés et Rényi, introduit par Gilbert in 1959 [Gil59)],
et également appelé modele de Gilbert, est défini de la maniere suivante :

Définition 1.6. Soit p un réel entre 0 et 1. Le second modéle d’Erdds et
Rényi G(n,p) est le graphe a n sommets ol chacune des (g) arétes du graphe

complet est présente indépendamment avec probabilité p.

Le nombre d’arétes de G(n,p) est une loi binomiale de parametres (g)
et p. Conditionnellement a son nombre d’arétes m, le second graphe d’Erdos
et Rényi G(n,p) a méme loi que le premier graphe d’Erdds et Rényi G(n, m).
Par la loi des grands nombres, le nombre d’arétes de G(n, p) est proche de son
espérance p(g) et donc G(n,m) et G(n, p) sont proches lorsque m = p(g) Le
second modele possede des propriétés d’indépendance intéressantes facilitant
son étude, et donc pour cette raison est plus souvent utilisé .
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11 est possible de coupler chacun de ces modeles lorsque m (resp. p) varie,
a nombre de sommets fixés, au moyen d’'un graphe aléatoire dynamique
d’Erdés et Rényi. La version dynamique du premier modele est définie de la
maniere suivante :

e Initialement, le graphe possede n sommets et aucune aréte.

e A chaque étape, une aréte est choisie uniformément parmi les arétes
du graphe complet qui ne sont pas encore présentes et est ajoutée au
graphe.

La version dynamique associée au second modele est le suivant :

e Chaque aréte e parmi les (;) arétes possibles est étiquetée par une
variable aléatoire Y. de loi uniforme sur [0, 1]. La collection d’étiquettes
est i.i.d.

e Le modele G(n, p) est alors le graphe a n sommets dont I’ensemble des
arétes est {e: Y. < p}.

Ces deux couplages donnent un processus croissant (au sens de linclu-
sion pour I’ensemble des arétes) dont les marginales sont les deux modeles
d’Erdés et Rényi présentés au début de la section.

Ces modeles sont parfois plus simples a étudier en autorisant les multi-
arétes, et éventuellement les boucles. Deux variantes possibles du premier
modele sont alors :

e Initialement, le graphe a n sommets et aucune aréte.

e A chaque étape, une paire de sommets est choisie uniformément parmi
les (g) paires de sommets, et une aréte les reliant est ajoutée au graphe.

ou bien
e Initialement, le graphe a n sommets et aucune aréte.

o A chaque étape, deux sommets sont choisis indépendamment et une
aréte les reliant est ajoutée (une boucle si le méme sommet est choisi
deux fois).

Une variante multigraphe du second modele est alors :

e Chaque aréte e parmi les (g) arétes possibles est munie d’un processus
ponctuel de Poisson Il d’intensité 1 sur R . La collection de processus
de Poisson est i.i.d;

e Au temps ¢, chaque aréte e est présente avec la multiplicité |II. N[0, ¢]|.

Cette variante sera utilisée dans la partie
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1.1.2.b Composantes géantes

La taille des composantes connexes (en nombre de sommets), en particulier
la taille des plus grandes composantes connexes, apporte des informations
utiles sur la structure d’un graphe. Pour un graphe G, et un entier 7, on note
par C;(G) la taille de la i-¢me plus grande composante de G (avec C;(G) = 0
si G a moins de i composantes). Pour alléger les notations, le G est omis de
la notation C; lorsqu’aucune confusion n’est possible.

Dans le cadre du premier modele d’Erdés et Rényi, une transition de
phase remarquable se produit lorsque le nombre d’arétes est proche de m =
5. Si m = cn avec ¢ une constante réelle positive, Erdés et Rényi [ER60]
ont prouvé le résultat suivant :

Théoreme 1.1.
e Si0<c< 3, Ci(G(n,cn)) = Oy(lnn).

win

).

o Sic> 1 GlClem) » , ac >0 et C2(G(n,cn)) = ©,(In(n)).

9
2 n n—00

e Sic=1, pour tout entier i, C;(G(n, 3n)) = Oy(n

Ou a, est une constante explicite dépendant de c.

Notation. Soient X, est une suite de variables aléatoires positives, et f(n)
une suite réelle positive. La notation X,, = ©,(f(n)) signifie que 'on a
simultanément :

Ii_>m limsupP(X,, > af(n)) = 0 (1.1)
1i_>rn limsupP(f(n) > aX,) = 0 (1.2)

En conditionnant le théoreme [1.1| par le nombre d’arétes multiples, on
obtient le méme théoreéme pour les variantes multigraphes du premier modele
d’Erdds et Rényi. En conditionnant par le nombre d’arétes (resp. le nombre
d’arétes et le nombre d’arétes multiples), on obtient des propriétés similaires
pour le second modele d’Erdds et Rényi (resp. sa variante multigraphe)
lorsque la probabilité de chaque aréte (resp. I'espérance de la multiplicité
de chaque aréte) est de la forme £, avec une transition de phase lorsque c
dépasse 1.

Une composante de taille ©(n) avec n le nombre de sommets est appelée
composante géante. Dans les modeles d’Erdos et Rényi a donc lieu une tran-
sition de phase, ot une faible modification de la probabilité d’existence d’une
aréte (ou du nombres d’arétes) change significativement I’aspect du graphe.
Ce phénomene est appelé <« apparition de la composante géante >. De plus
au seuil critique (p = % oum = %), le graphe contient un grand nombre
de composantes de taille ©(n®) pour un certain a > 0, alors qu’'une seule
telle composante est présente lorsque que ¢ > 1 et aucune quand ¢ < 1. Des
résultats plus précis obtenus par Aldous [AId97] dans le cas critique seront

présentés a la partie
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1.1.2.c Limite locale

Une technique utile pour ’étude de graphes aléatoires est de considérer le
graphe vu depuis un de ses sommets. Pour cela, il est nécessaire de choisir
un sommet, appelé racine :

Définition 1.7. Un graphe enraciné est la donnée de (V, E, ¢, ) ou (V, E, ¢)
est un graphe et () € V. Le sommet () est appelé racine de (V, E, ¢, ).

Remarque. Lorsque le graphe est simple, ¢ peut-étre omis s’il s’agit de I’iden-
tité.

On dit que deux graphes enracinés sont isomorphes s’il existe un iso-
morphisme de graphes de G vers G qui envoie v sur ¥. On ne s’intéressera
dans la suite qu’aux classes d’équivalence de cette relation, c’est-a-dire qu'un
graphe enraciné sera défini a isomorphisme de graphes enracinés pres.

Lorsque (G™)p>1 est une suite de graphes aléatoires a n sommets, il
est souvent utile d’étudier la loi de G™ enraciné en I'un de ses sommets.
Une notion naturellement associée au concept de graphe < vu depuis un
sommet > est la notion de limite locale, introduite par ni et Schramm [BS01].

Définition 1.8. Soient (G, v) et (G, %) deux graphes G et G enracinés res-
pectivement en v et . On définit la distance entre ces deux graphes enracinés
par :

- 1
hoc((G-0):(C29)) = 1S TR 0+ (Bolo, B)ov) = (Ba(o. R0}

ou Bg(v, R) est la boule de rayon R centrée sur v et =~ est la relation d’iso-
morphisme des graphes enracinés. Cette distance est nulle si et seulement si
la composante de v dans G, enracinée en v est isomorphe a la composante
de ¥ dans G’, enracinée en ?. djo. définit donc une pseudo-métrique sur ’en-
semble des classes d’équivalence des graphes enracinés et une métrique si
I’on se limite aux classes d’équivalence de graphes connexes.

Cette métrique est un cas particulier de la limite locale définie par Aldous
et Steele [AS04], qui autorise des arétes de longueur non unitaire.

Graphe multi-enraciné Il est possible de généraliser cette notion en au-
torisant k racines, pour n’importe quel entier k fixé. Dans ce cas, (G,v)
est un graphe k-enraciné si v est un k-uplet de sommets de G. (G,v) est
isomorphe a (G’, D) ¢’il existe un isomorphisme de graphes de G vers G qui
envoie chaque v; sur ;.

La distance entre graphes k-enracinés devient alors :

1

ioe ((G’U)’(é’ﬁ)) - 1+sup{R>0: (U Bg(vi,R),v) ~ (U Bs(0;, R),0)}
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Comme précédemment, cette distance est compatible avec I'isomorphisme
de graphes k enracinés, et est nulle si et seulement si les graphes k-enracinés
restreints aux composantes de leurs racines sont isomorphes en tant que
graphes k-enracinés.

1.1.2.d Processus d’exploration

Pour nombre de modeles de graphe aléatoire, la loi du graphe enraciné en un
sommet converge localement vers un processus plus simple a étudier, comme
un processus de branchement, ce qui peut souvent se voir en explorant la
composante des racines de proche en proche. Soit v un sommet du graphe, on
note par C'(v, G) la composante connexe de v dans le graphe G. L’algorithme,
similaire & celui utilisé par Aldous dans [Ald97], utilise trois ensembles :

e Un ensemble S, muni d’une regle FIFO (First In, First Out, parfois
nommé PEPS en frangais, pour Premier Entré, Premier Sorti). Ini-
tialement, S ne contient que le sommet v. Les éléments de S seront
appelés sommets en réserve.

e Un ensemble U, contenant les sommets qui ont été dans S & un mo-
ment, mais n’y sont plus. Initialement, U est vide.

e Un ensemble 7, contenant tous les autres sommets. Initialement, tous
les sommets sauf v sont donc dans ’ensemble 7.

Remarque. La regle FIFO sur § définit un ordre sur les éléments de S, qui
sont ordonnés par leur temps d’ajout & S. Lorsque l'algorithme aura besoin
de sélectionner un élément de S, il choisira celui qui est présent depuis le
plus longtemps (en cas d’égalité, 'ordre est tiré aléatoirement uniformément
indépendamment du graphe).

Une itération de l'algorithme agit de la maniére suivante :

-Instruction 1 : Soit w le premier élément de S. Enlever w de S et I'ajou-
ter a U.

-Instruction 2 : Dénotons par VJ I’ensemble des éléments de T qui sont
voisins de w. Pour tout élément v de V,J, 6ter v de T et I'ajouter & S.
Tracer l'aréte reliant v a w (éventuellement multiple dans le cas d’un
multigraphe).

-Instruction 2’ : Dénotons par V> I'ensemble des éléments de S qui sont
voisins de w. Tracer les arétes reliant w aux éléments de V5.

-Instruction 3 : Si S est vide, enlever un sommet choisi uniformément au
hasard a 7 et 'ajouter a S. Si T est vide, arréter 1’algorithme.

12



On notera par w; le sommet w lors de la [-eme itération de 'algorithme, et
par S; (resp. T;, U;) ensemble S (resp. T, U) apres la [-eme itération de
I’algorithme.

Remarque.

e L’algorithme trace les différentes composantes de GG, une par une, en
commengant par C'(v, G) et s’arréte apres avoir exploré toutes les com-
posantes.

e Il s’agit d’une exploration en largeur, c’est-a-dire que ’on regarde tous
les sommets a distance k de l’origine v avant de regarder les som-
mets & distance k + 1. Il serait bien sur possible possible d’explorer
C(v, G) dans un autre ordre, et I'on obtiendrait le méme résultat final,
mais cette méthode est généralement plus efficace pour démontrer des
résultats de limites locales.

e Sil’on est uniquement intéressé par I’ensemble des sommets de chaque
composante (et pas par ’ensemble des arétes), I'instruction 2’ peut-
étre supprimée. Cette instruction ne découvrant des arétes qu’entre
deux sommets de S, la supprimer ne fait que supprimer les arétes
créant des cycles. L’algorithme trace alors un arbre couvrant pour
chaque composante, donc une forét couvrante de G.

e L’instruction 3 sert a continuer l’exploration lorsqu’une composante
a été entierement explorée. En effet, S ne devient vide que lorsque
l'algorithme termine d’explorer une composante. I choisit alors un
autre sommet non encore découvert, puis explore sa composante.

e Si 'on ne s’intéresse qu’'a C'(v,G), il est possible de remplacer 'ins-
truction 3 par l'instruction suivante :

-Instruction 3bis : Si S est vide, arréter 1'algorithme.

Dans ce cas, I'algorithme s’arréte apres avoir exploré C'(v, ).

Utilisation de I’algorithme d’exploration pour la limite locale.

Cette partie a pour but de montrer un exemple d’utilisation de 1’algo-
rithme d’exploration pour montrer un limite locale. On se place dans le
second modele d’Erddés et Rényi, ou la probabilité d’existence d’une aréte
est de la forme -.

Théoréme 1.2. Soit TSV I'arbre de Galton-Watson de loi de reproduction
Poi(c) ou Poi(c) est une variable aléatoire de Poisson de paramétre c.

Soit k un entier. Soient vi,ve,...,vx k sommets de G(n, ) choisis
indépendamment uniformément au hasard et indépendamment de G(n, 7).
Alors le graphe G(n, <) k-enraciné en (vi,...vg) converge localement en

distribution vers k copies indépendantes de TV .
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Une preuve de ce résultat peut étre trouvée dans [DMI0, proposition
2.6]. Démontrons d’abord le résultat pour £ = 1. Pour tout entier I, on
note par U (resp. S;, T;) ensemble U (resp. S, T) apres [ itérations de
I’algorithme d’exploration, et par w; le sommet w de l'instruction 1 de la
[-eme itération.

Par construction, apres [ itérations de l’algorithme d’exploration, la
liste des arétes adjacentes aux sommets de U; est connue. On note par
Elinc‘mnu I’ensemble des arétes du graphe complet & n sommets n’ayant pas
d’extrémités dans Uj.

Lemme 1.3. Pour tout entier | fixé, conditionnellement aux | premieres
itérations de lalgorithme appliqué a G(n,p), chaque aréte de Elmcomw est
présente indépendamment avec probabilité p.

Ce lemme se montre par récurrence sur /. Pour [ = 0, 'algorithme d’ex-
ploration n’a pas commencé, et donc le lemme découle de la définition de
G(n,p).

On suppose que le lemme est vérifié pour un certain entier [. L’itération
[+ 1 ajoute le sommet w a I'ensemble U, et regarde la présence de toutes
les arétes entre w et des sommets de &; U T;. En utilisant 'hypothese de
récurrence, les autres arétes, c’est-a-dire les arétes appartenant a Eliﬂ‘r‘ionnu,
sont présentes indépendamment avec probabilité p conditionnellement aux
[ + 1 premieres itérations de ’algorithme.

Lemme 1.4. Pour tout entierl fixé, conditionnellement aux l —1 premieres
itérations de l’algorithme, la loi du nombre d’arétes entre w; et des éléments
de T (resp. S;) converge en distribution vers une variable aléatoire de Pois-
son de parameétre ¢ (resp. 0).

Ce résultat se montre par récurrence forte. On suppose que le lemme est
vérifié pour tout I’ < [. Par construction, aprés l'instruction 1 de la [-éme
itération, |U| = [. D’apres le lemme chacune des arétes possibles entre
w et un élément de 7 (resp. S) est présente dans le graphe indépendamment
avec probabilité -, donc, conditionnellement aux [ —1 premieres itération de
l’algorithme, la loi du nombre d’arétes est une binomiale de parametres |7 |
(resp. |S]) et £. A [ fixé, en utilisant le fait que S; Ul \ {v} est 'ensemble
des sommets découverts aux instructions 2 et 3 des [ — 1 premieres itérations
et 'hypothese de récurrence, on obtient que |S;| = O,(1) et |T;| = n — 5| —
|U;| ~ n. La loi du nombre d’arétes entre w et des sommets de T; (resp. §;)
converge donc en distribution vers Poi(c) (resp. 0).

Par conséquent, la loi du graphe tracé par l'algorithme (c’est-a-dire
C(G(n, ,v)) converge localement vers un arbre de Galton-Watson de loi
de reproduction Poi(c).

Pour montrer le résultat pour k& > 2, nous arrétons ’exploration de
la composante de chaque racine deés que la boule de rayon R est connue,
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et nous commencons ’exploration de la composante de la racine suivante.
Par le méme raisonnement que précédemment, le nombre d’enfants (resp.
de cycles) découverts a chaque étape converge en distribution vers Poi(c)
(resp. 0) pour tous k et R fixés. Par conséquent les boules (Bg(vi, R))1<i<k
sont asymptotiquement presque stirement disjointes, et la loi jointe converge
vers la loi de k copies indépendantes de la boule de rayon R de I'arbre de
Galton-Watson de loi de reproduction Poi(c).

1.1.2.e Utilisation de la limite locale pour étudier la composante
géante

La limite locale permet d’obtenir des informations sur les propriétés macro-
scopiques du graphe, comme 'existence et la taille d’'une composante géante.
Plus précisément on a la majoration suivante :

Théoreme 1.5. Soit G™ une suite de graphes aléatoires a n sommets.

e 5i G" enraciné en un sommet uniforme v converge localement en dis-
tribution vers le graphe enraciné aléatoire 7, alors

lim sup
n—oo

E(C1(G") <P(|7] = ).

o S5i G" enraciné en deux sommets uniformes indépendants converge
localement en distribution vers deux copies indépendantes de 7, alors

Ve>O,IP’<Cl(nG)§]P’(\9\:oo)+e) — 1.

n—o0
Pour un grand nombre de modeles de graphes aléatoires, on a en réalité

la limite suivante :

C1(G™) p

n n—00

P(|7| = o0). (1.3)

Par exemple, ce phénomene apparait dans le modele d’Erdos et Rényi, ou
I’on obtient :

Ci(G(n, 7)) »

n n— 00

P(ITEM| = o) (1.4)

Par exemple, si ¢ < 1, arbre de Galton-Watson TCGW est critique ou
sous-critique, donc est fini presque strement. La limite implique que
C1(G(n, £)) = op(n) a.p.s, alors que si ¢ > 1, TSW a une probabilité positive
de survivre indéfiniment, et donc C1(G(n, )) = ©,(n). Ce résultat permet
de plus de décrire la constante a,. comme la probabilité de survie d’un arbre
de Galton-Watson.
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Heuristiquement, le lien entre composante géante et limite locale peut
se voir de la maniere suivante : P(|7'| = co) est la probabilité que la racine
de T soit dans une composante infinie, ce qui correspond a la probabilité
asymptotique que la racine v de G™ soit dans une grande composante de
G". S’ existe une unique grande composante, par exemple dans le cadre
du graphe d’Erdés-Rényi surcritique, alors la probabilité que v soit dans
une grande composante est proche de la probabilité que v soit dans la plus
grande composante de G", c’est-a-dire E(%)

Pour tout entier i, dénotons par V' le nombre de sommets appartenant
a des composantes de taille au moins i dans le graphe a G™.

Lemme 1.6. Soit G™ une suite de graphes aléatoires a n sommets et (by)nen
une suite d’entiers tendant vers +00.

e 5i G" enraciné en un sommet uniforme converge localement vers le
graphe enraciné aléatoire 7, alors

n

E(,
limsup(nb") <P(|7] = o0).

e 5i G" enraciné en deux sommets uniformes indépendants converge
localement vers deuz copies indépendantes de 7, alors

NTL
VE>O,P<I’”§IP’(]9\ZOO)+6> — 1.
n

n—oo

Preuve du lemme. On suppose pour l'instant la convergence locale en distri-
bution de GG enraciné en un sommet uniforme. Pour tout entier 7, I’événement
< il y a au moins ¢ sommets dans la composante de la racine > est continu
pour la limite locale, donc P(|C(v,G™)| > 1) R P(|T| > i) avec v un

sommet choisi uniformément parmi les sommets de G™.

Le sommet v est choisi uniformément parmi les n sommets de G™, donc
P(IC(v, ") > i) = 250,

Comme b,, tend vers +oo et que N, est décroissant en i, cela implique
que pour tout ¢, limsup,, E(]Zgl”) < P(].7| > i). 1l suffit ensuite de passer a
la limite en ¢ pour obtenir le résultat.

Dans le cas de la limite enracinée en deux sommets, en notant vy et vy
deux sommets uniformes, pour tout ¢ € N, par la limite locale :

E<(NZL)2> :P(|C(v1,G")|Ziet |O(v2,G")|2z’) - P(7]>1i)

E((A:>2> - (E (T))Q S P(7] 2 i) - P(7] > ) =0
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Donc
N
o P P(|7| > i)
n n—oo

Passer a la limite en 7 permet d’obtenir le résultat du lemme. ]

De plus, pour tout entier I, |C1(Gy)| < max(l, N*) <1+ N*. En effet,
si C1(Gn) > [, alors par définition de N}*, |C1(G,)| < N;'. En prenant
l, = v/n, on obtient I'inégalité :

Nn
<YV
n

n n

‘Cl(G")

ce qui permet d’obtenir le théoreme (1.5 a partir du lemme [1.6

Dans le cas ou |.7| < oo p.s., le théoréeme implique la limite (L.3).
Dans le cas ot P(|.7| = 00) > 0, le théoréme [1.5]est insuffisant pour montrer
une limite de type . Il faut également montrer que presque tous les
sommets appartenant & une grande composante dans G™ sont en réalité
dans la méme composante. Dans le cas des modeles d’Erdés et Rényi, une
telle démonstration peut étre trouvée dans [JLROO], p108 sqq. Il est parfois
possible d’utiliser le lemme suivant pour prouver le résultat :

Lemme 1.7. Soit G™ une suite de graphes aléatoires, et (vi,vs) deuz som-
mets choisis indépendamment uniformément parmi les sommets de G™. On
considere Fy, ., U'événement que v1 et va sotent dans la méme composante

de G™. Si

1. (G™, v1,v2) converge en loi vers deux copies indépendantes de T pour
la limite locale et

2. B(By ;) —— B 7| = 00)?

alors €40 L, P(|.7| = o0).

n n—00
Remarque. La premiere condition implique lim sup,, P(Ey, 4,) < P(|7| = )2,
donc la deuxiéme condition peut étre remplacée par lim inf, P(E,, ,,) > P(|.7] = 00)?.
Preuve de la remarque. Conditionnellement & G", la probabilité que deux

sommets choisis au hasard soient dans la méme composante vaut # S (Ci(G™)2.
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En prenant ’espérance :

1
]P)<EU17'U2) = EE <Z Cz2>

:%E ZCEJF%E Y ¢

:C; </ :Ci>/n
1 1 o
< SviE[ Y G|+ B ()
:C;<y/n
N\ 2
< n*%—HE <ﬁ>
n

La démonstration de la remarque se termine en passant a la limite en n et
en utilisant le lemme O

Preuve du lemme|[I.7. On suppose P(].7| = o) > 0 (sinon le lemme découle
du théoreme [1.5)). Pour tout € > 0, si n est assez grand on a :

P(‘y| = 00)2 —€e < P(Evhw)

= B

- CE[ Y o Y @

:C0;<v/n :C;>/n

< %E Vn Z Ci+Cy Z C;
i:Ci<y/n Ci>ym
< %E <n\/ﬁ + ClN%>

NTL
_ E(q «a)g
n on vn

N’n
Les variables aléatoires % et f sont majorées par 1. De plus, avec pro-
N’n.
babilité tendant vers 1, f
€ > 0, pour n assez grand :

< P(|.7] = o0) + e. Par conséquent, pour tout

P(|T| = 00)2 — ¢ <E ((;:1) (P(|T] = 00) +€) + €.

En conséquence, nous avons simultanément :
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e liminf, E(£) > P(|.7| = o) en faisant tendre € vers 0;

n
c .
o ~L <1ps;
e Pour tout € > 0, IF’(% >P(|.7] = o0)+e€) — 0, d’apres le théoréme

Par conséquent % converge vers P(|.7] = oo) en probabilité.
0

1.1.2.f Chemin de Lukasiewicz

L’algorithme d’exploration d’un graphe aléatoire permet également d’étudier
certains graphes au seuil critique de la transition de phase. Dans le second
modele d’Erdos et Rényi, le seuil critique correspond & une probabilité d’exis-
tence de chaque aréte égale & 1 (ou parfois £ (1+0(1))). Dans ce cas, la limite
locale est un arbre de Galton-Watson critique, donc presque strement finie,
et la taille de la plus grande composante est donc op(n) par le théoreme
Un résultat plus précis peut étre obtenu en utilisant le chemin de Lukasie-
wicz associé a ’arbre créé par ’algorithme d’exploration.

La suite de cette partie présente 'utilisation de cette technique par Al-
dous [AId97] pour étudier les tailles des composantes connexes du graphe
d’Erdés et Rényi au voisinage du seuil critique.

Définition 1.9. Le chemin de Lukasiewicz (Lj)ren associé au processus
d’exploration est défini par :

L] L():O.

e Pour tout entier k strictement positif , Ly = Lp_1 + Ap — 1 avec Ag
le cardinal de V] & la k-eme itération de I’algorithme, c’est-a-dire le
nombre de voisins de wy appartenant a T}, .

Si linstruction 2’ n’est pas utilisée, et que 'algorithme trace donc une
forét couvrante, alors Ay est par construction le nombre d’enfants qu’a le
sommet wy, dans cette forét.

Lemme 1.8. Le processus L vérifie les deux propriétés suivantes :

1. le nombre de composantes connexes entiérement explorées par [’al-
gorithme lors des k premiéres itérations de l’algorithme est €gal a
— minkfgk Lk’ ;

2. pour tout k, |Sk| =1+ Ly — ming/ <y, Ly.

Pour tout k, |Ux| = k. Par conséquent le processus L permet de de
connaitre a tous moments la taille des trois ensembles S, T et U utilisés par
l'algorithme, car |T| =n — |S| — |U|.
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Preuve. Ce lemme se démontre par récurrence sur k. Pour & = 0, aucune
composante connexe n’a été explorée, ming <o Ly = Lo =0 et |Si| =1 =
14 Lo — mink/go L.

On suppose que le lemme est vérifié pour un certain entier k£ — 1. Soit
Si_ l'ensemble S apres les instructions 1, 2 et 2’ de la k-éme iteration de
I’algorithme, mais avant 'instruction 3. Lors des instructions 1, 2 et 2’, un
sommet (wy) est déplacé de S a U, et Ay sommets sont déplacés de T a S,
donc ‘Skf‘ — ’Skfl‘ = Ak —1.

En utilisant ’hypothese de récurrence pour k — 1,
|Sk;_‘ = Ap—14+1+4+Li_1— min Ly
B <k—1
= 14+ Ly — min Ly
TR

Deux cas sont possibles. Si |Si_| > 1, alors Ly > ming<j_1 Ly, donc le
minimum de L est inchangé. Comme S;_ n’est pas vide, I'itération k ne
termine pas ’exploration d’une composante, et donc les deux quantités de
la premiere partie du lemme sont inchangées. Comme aucun sommet n’est
ajouté a S a l'instruction 3,

ISkl = [Sk—|
= 14+ L, — in L
ok o S

= 1+ Ly~ min Ly

ce qui prouve la deuxieme partie du lemme dans ce cas.

Si Sp— est vide, alors L, = ming<;_1 Ly — 1, et 'exploration d'une
composante se termine a l'itération k. Par conséquent les quantités de la
premiere partie du lemme sont toutes les deux augmentées de 1. De plus un
sommet est ajouté a S a l'instruction 3, donc :

1Skl = [Sk-+1
K <k—1

= 1+ Ly —min Ly.

O]

1.1.2.g Utilisation du chemin de Lukasiewicz pour I’étude du cas
critique

Pour tout entier ¢ fixé, au seuil critique du modele d’Erd(’SZs et Rényi, les ¢ plus
grandes composantes sont de taille similaire d’ordre n3. La suite de cette
partie décrit les résultats obtenus par Aldous [AId97] pour la convergence de
la suite (n_%Ci,i > 1) vers la longeur d’excursions d’un certain mouvement
brownien lorsque n tend vers ’infini.
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On se place dans ’espace 12\ des suites décroissantes positives x =

(z1,2,...) telles que Y, 27 < oo, muni de la distance euclidienne. Soit ¢ un
parametre réel. On considere le graphe G(n,% + tTf%), que l'on dénotera
dans ce paragraphe par G!, de chemin de Lukasiewicz L. On considere le
chemin de Lukasiewicz renormalisé £ défini par
1
D% - (n_gLTn%sj>
pour tout s > 0.

Définissons les processus aléatoires suivants : (W (s))ser, est un mou-
vement brownien standard. Wt(s) = W(s) + ts — %32 est un mouvement
brownien avec dérive parabolique, et B'(s) = W'(s) — ming<s W'(s') est
le processus réfléchi en 0 associé & Wt(s). On appelle excursion de B! tout
intervalle [g, d] tel que B'(g) = B'(d) = 0 et Bt(s) > 0 pour tout s apparte-
nant a |g,d].

En étudiant la loi du degré de wy, Aldous démontre que .Z converge
en loi vers Wt D’aprés le lemme I’écart entre les instants de deux
records consécutifs vers le bas de .Z correspond a la taille renormalisée des
composantes de GY. L’écart entre les instants de deux records consécutifs
vers le bas de W' correspond a la longueur des excursions de Bf. Ce lien
permet a Aldous [Ald97] de démontrer le théoréme suivant :

Théoréme 1.9.

(n3Ci(GL),i > 1) —2= (73,0 > 1),

n—oo

la convergence ayant lieu dans 12\.

1.1.3 Modele de Soderberg

Dans [802], Soderberg introduit une généralisation inhomogene multitype du
modele d’Erdés et Rényi. Le caractere inhomogene consiste & considérer qu’il
existe différents types de sommets, et que la probabilité que deux sommets
soient reliés dépend de leur type.

1.1.3.a Définition des modeles

Deux modeles proches seront définis dans cette partie. Les parametres sont :

e un entier ¢ désignant le nombre de types;

e un élement r du (¢ — 1) simplexe, qui désigne la probabilité de chaque
type;

e Une matrice P symétrique de taille £ x ¢ de réels compris entre 0 et
1. Le coefficient (7, j) de la matrice P représente la probabilité qu'une
aréte entre un sommet de type 7 et un sommet de type j existe.
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Définition 1.10. Le modéle de Séderberg és(n, r, P) est le graphe simple
aléatoire a n sommets défini par :

e Un type est attribué a chaque sommet indépendamment et selon la
loi 7.

e Conditionnellement a I’ensemble des types, chacune des (;) arétes est
présente indépendamment, avec probabilité P; ; si ses extrémités sont
de type ¢ et j.

Ce modele est une généralisation du second modele d’Erdés et Rényi, que
l’on retrouve en prenant [ =1, P = (p) et r = (1).

Il est parfois intéressant de regarder le graphe G5 (n,r, P) condition-
nellement aux nombres de sommets de chaque type, pour étudier unique-
ment I'influence de 'aléa des arétes. Soit N un f-uplets d’entiers positifs et

Définition 1.11. Le modéle de Siderberg G°(N, P) est le graphe simple
défini par :

e L’ensemble des sommets est {(v,7) € N x {1,...,/},1 <v < N;}. La
seconde coordonnée d’un sommet désigne son type.

e Chacune des (Z) arétes est présente indépendamment. L’aréte entre
(v,7) et (w, j) est présente avec probabilité P; ;.

Si N suit une loi multinomiale de parametres n et r, G5(N, P) suit la
loi de G¥(n,r, P).

1.1.3.b Apparition de la composante géante

Le modele de Soderberg exhibe une transition de phase similaire a celle
du modele d’Erdds et Rényi (théoreme : la taille de la plus grande
composante connexe dans le modele de Soderberg change drastiquement
lorsque la matrice des probabilités d’existence des arétes dépasse un certain
seuil.

On suppose que la matrice des probabilités d’existence des arétes est de

la forme P
P; j = min (Z’], 1>
n

ou & est une matrice symétrique positive irréductible (si & est réductible,
le graphe peut étre décomposé en deux ou plusieurs sous-graphes disjoints,
étudiables séparément). Posons

Hij =12

pour tout ¢ et j appartenant a {1,...,¢}. Notons qu’en vertu du théoréme
de Perron-Frobenius, la plus grande valeur propre A de H est réelle positive.
Soderberg démontre [S02| le résultat suivant :
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Théoreme 1.10. La taille des composantes connexes de Gs (n,r, P) présente
un transition de phase lorsque X\ traverse 1 :

e Si0 <A<, Ci(G*(n,r, P)) = Oy(In(n)).

o SiA=1,VieN* Ci(G(n,r P))=0,(ni).

e SiA>1, Ci(G*(n,r, P)) = 0,y(n), et Co(G*(n,r, P)) = Oy(In(n)).

1.1.3.c Interprétation de la transition de phase via la limite locale

Dans cette section nous allons interpréter H comme un parametre naturel de
la limite locale, via le processus d’exploration introduit & la partie [[.1.2.d]
Nous allons ici considérer le graphe G°(N, P), qui possede des propriétés
intéressantes d’indépendance entre les arétes. Les résultats sur G° (n,r, P)
peuvent ensuite étre obtenus en conditionnant par N, le nombre de sommets
de chaque type. Par la loi des grands nombres, pour tout ¢, IN; est proche
de nr;.

Soit k un entier fixé. On désigne par w le sommet considéré lors de la
k-éme itération de I’algorithme, et I’on note par ¢ son type. L’entier k£ étant
fixé, le nombre de sommets déja découverts par ’algorithme est négligeable
devant n, donc le nombre de sommets de chaque type non encore découverts
est proche de nr. Les arétes entre w et les sommets non encore découverts
sont présentes indépendamment, avec probabilité F;; ou j est le type de
I’autre extrémité. En faisant tendre le nombre de sommets vers l'infini, la
loi du nombre de voisins de wj de chaque type découverts par ’algorithme
d’exploration converge donc vers ¢ variables de Poisson indépendantes, de
parametres respectifs lim,, N;P; ; = r;%%; ; = H; ;.

Ces observations, permettent de montrer que la limite locale de G° (n,r, P)
enraciné en un sommet uniforme est I'arbre de Galton-Watson multitype
suivant :

e Le type de la racine est choisi aléatoirement selon la loi r.
e La loi de reproduction est définie par :

— Le nombre d’enfants de chaque type est indépendant.

— Le nombre d’enfants de type j d’'un sommet de type ¢ est une
variable de Poisson de parametre H; ;.

Le caractere critique d’un tel arbre de Galton-Watson dépend de la plus
grande valeur propre A de H. Il est sous-critique si A < 1, critique si A = 1 et
surcritique si A > 1, ce qui explique heuristiquement la transition de phase
du théoreme [LI0L
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1.1.3.d Etude de la fenétre critique : le modeéele

Le reste de cette partie est consacrée aux résultats obtenus dans le chapitre
de ma thése, a propos de I'étude de la fenétre critique dans le modele de
Soderberg.

On s’intéresse au graphe G¥(N", P") ot N" et P" sont de la forme
suivante :

4
¥n, Y N = n. (1.5)
=1
Vie{l,....0}, N = rin+7ns+o(n?) (1.6)
1

ot 7 est un élément du £ — 1 simplexe ouvert, 7 est un vecteur de R¢ de
somme nulle, & est une matrice symétrique réelle positive irréductible de
taille £ x £ et t un réel. On définit la matrice H € My(Ry) par H; j = r; % ;.
On suppose que la plus grande valeur propre A de H est 1.

La proportion de sommets de chaque type converge vers r, avec des
perturbations d’ordre O(n%) S’il on se place dans le modele G¥(n, 7, P™),
ou le type de chaque sommet est choisi indépendamment selon la loi r, le
théoreme central limite entraine avec 17 = 0.

La matrice & représente les probabilités d’existence d’aréte avant nor-
malisation. Sans perte de généralité, on peut supposer les colonnes de &
sont deux a deux différentes. Si deux colonnes sont identiques, deux types
sont indifférentiables, et il est donc possible de les fusionner.

Le graphe aléatoire G°(N™, P") sera noté G2 pour simplifier les nota-
tions.

1.1.3.e Lien entre un mouvement brownien de dimension ¢ et la
taille des composantes de G5

H est une matrice réelle positive irréductible, de plus grande valeur propre 1.
Les sous-espaces propres a gauche et a droite associée a la valeur propre 1
sont donc de dimension 1, et il existe un vecteur propre a droite et un vecteur
propre a gauche a coefficients strictement positifs. Soient x et y les vecteurs
propres a droite et a gauche de H associé a la valeur propre 1 tels que :

[ lez = 1.
e > vi=1

On considére alors le mouvement brownien W (s) de dimension ¢ et de ma-
trice de covariance :
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Y1 0 0
0 Y2 0

0w

i.€. V;,j = 5i,jyi-
La dérive p est définie par :
i(s) = yist + fiyis — y—’252
Pi Yi r I

Le mouvement brownien de dimension ¢ avec dérive parabolique W?(s) est
défini par Wt(s) = W (s)+p(s). Soit #'* le mouvement brownien avec dérive
parabolique défini par :

Wi(s) = Zazin(s).

On note par #/ le mouvement brownien #* réfiéchi en 0, défini par

Wi(s)=#"(s)— inf #'(s).

§'<s

On note par (7;) la suite décroissante des longueurs d’excursions de #/,
qui est p.s. bien définie et dans 12\.

Théoreme 1.11. Sous les conditions et ,

(n=3CH(G*(N™, P™)),i > 1) —2 (43,0 > 1),

n—oo
la convergence ayant lieu dans l\.

Remarque. En prenant un seul type, r =1, 7 = 0 et P = (1), on retrouve le
résultat d’Aldous pour le graphe d’Erdds et Rényi [AId97].

1.1.3.f Une généralisation multi-dimensionnelle du chemin de Lu-
kasiewicz

Le chemin de Lukasiewicz ne faisant pas la différence entre les différents types
de sommets, nous introduisons une variante ¢-dimensionnelle du chemin de
Lukasiewicz, plus adaptée a ’étude du modele de Soderberg :

Soit (Z},i € {1,...,£},k > 0) le processus défini par :

e Pour tout i € {1,...,¢}, Z} = 0.
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e Pour tout i € {1,...,¢} et tout entier k£ non nul,
Zjy=Zj oy + Dy — Hypi

ot A} est le nombre de sommets de type i appartenant & V. ala k-
éme itération de 'algorithme d’exploration et dj, est le type du sommet
W

Remarque.

e Le processus tient compte du types des sommets, et pas uniquement
du nombre de sommets découverts.

e Chaque processus Z' compte le nombre de sommets de type i découverts.

e Au lieu de soustraire 1 & chaque étape comme dans le chemin de Lu-
kasiewicz, on soustrait Hg, ;, ce qui permet d’obtenir une convergence
vers un mouvement brownien. Ce choix découle de la limite locale
décrite a la partie 1.1.3.c, puisque Hg, ; est une approximation de
I'espérance de Aj.

Théoréme 1.12.

(W32 5 .,5>0) —2 (Wi(s),s > 0).

[sn3]"  — n—o0

On définit Z par :
L =Y 174,

Z permet d’obtenir des informations sur la taille des composantes ex-
plorées par 'algorithme et sur S, similaires a celles obtenues par le chemin
de Lukasiewicz :

e Si ’algorithme termine l’exploration d’'une composante a I’étape k,
alors —%2 atteint un nouveau record en k (mais, contrairement au
chemin de Lukasiewicz, il peut exister d’autres records).

o [l existe trois constantes strictement positives K1, Ko et K3, dépendant
de H et z, telles que pour tout k,

J— 1 / < < —_ 1 / .
K1(Z% g%réfﬁ) < |Sk| < Ka( 25, in%%%v )+ K3

Remarque. L’existence de records parasites de —%2 ne correspondant pas
a la fin de I'exploration d’une composante pourrait poser probléeme pour
la suite du raisonnement, puisque ’écart entre deux records consécutifs ne
correspond plus forcément a la taille d’'une composante, mais2 il est possible
de prouver que 'effet de ces erreurs est négligeable devant n3.
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La convergence vers W implique que (n_%ﬁp 2 .8 > 0) LNV
[n3s] n—00

Nous pouvons ainsi relier les records de —2 avec les records de —#%, c’est-

a~dire les points d’annulation de Wj, et ainsi expliquer le lien entre la taille

des composantes de G et la longueur des excursions de # donné dans le

théoreme [L11]

27



1.1.4 Graphe aléatoire dynamique d’Erdos et Rényi avec
contrainte de degré

1.1.4.a Le modéle

Cette partie est consacrée aux résultats obtenus dans le chapitre [3| de ma
these, sur 'existence ou ’absence de composante géante dans le multigraphe
dynamique (Gﬁ,t)tzo ou n et k sont deux entiers, désignant respectivement
le nombre de sommets et le degré interdit. Ce probleme m’a été suggéré
par Itai Benjamini, que je remercie ici. On note par E ’ensemble des (g)
arétes du graphe simple complet a n sommets. L’apparition des arétes dans
(Gﬁ,t)tzo est décrite par un processus de Poisson ponctuel IT sur Ry x F
d’intensité %ltzodt ® p ou u est la mesure de comptage sur E.

Définition 1.12. Pour tout réel positif ¢, nous définissons le graphe G,’;”,t
de la maniere suivante. On considere la suite (%, e;)1<i<; des éléments de
I1([0, t] x E), triés par ordre croissant de la premiere coordonnée. Le graphe
@' est défini par récurrence par :

e 40 est le graphe avec n sommets et aucune aréte.

e Pour tout i, on part du graphe ¥4°~! et I'on augmente la multiplicité
de e; de 1. Si le degré de 'une des extrémités de e; vaut k, alors toutes
les arétes adjacentes a cette extrémité sont supprimées (y compris e;).
Si les deux extrémités de e; sont de degré k, les arétes adjacentes aux
deux extrémités sont supprimées. 4* est le graphe ainsi obtenu.

° Gﬁ,t est le graphe ¢!, obtenu une fois que tous les éléments de IT ont
été utilisés.

Presque stirement, pour tout temps ¢, II([0,¢] x E) est fini et les ¢; sont
tous différents, donc (Gﬁ,t)tzo est p.s. bien défini. Il s’agit d’une chaine de
Markov a temps continu et & ensemble d’états finis (I’ensemble des graphes
a n sommets de degré majoré par k — 1). Si l’on ne supprime pas les arétes,

on obtient une version multigraphe du modele d’Erdés-Rényi, qui sera notée

[e%S)
n,t*

11 est parfois utile de considérer la suite de graphes ¢4*, version a temps
discret de ce modele. Le modele devient alors :

e Initialement le graphe possede n sommets mais pas d’aréte.

e A chaque étape, une aréte est choisie uniformément. Si le degré de
I'une des extrémités atteint ou dépasse k, on supprime toutes les arétes
adjacentes a cette extrémité (y compris celle qui vient d’étre ajoutée).
Si les deux extrémités atteignent le degré k, on supprime les arétes
adjacentes aux deux extrémités.
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1.1.4.b Difficultés du modele

Plusieurs caractéristiques de ce modele compliquent son étude :

e Le graphe n’est pas monotone : il y a non seulement adjonction, mais
aussi suppression d’arétes. En conséquence, la taille de la plus grande
composante n’est pas monotone : ’existence d’une composante géante
a un temps t ne garantit pas la présence d’une composante géante a
un temps t' > t.

e [l n’est pas facile d’étudier le graphe localement. Pour connaitre les

arétes adjacentes a un sommet donné dans Gf;t, il faut étre capable

de déterminer si les arétes adjacentes ajoutées avant le temps ¢ ont été
supprimées depuis, ce qui dépend du degré de leur autre extrémité. Le
degré de leur autre extrémité dépend des arétes adjacentes supprimées
et ainsi de suite. Cela implique que ’étude d’un voisinage d’un sommet
peut nécessiter de regarder a une distance arbitraire de ce sommet.

1.1.4.c Résultats

Les principaux résultats de la partie [3| sont les suivants :
Théoreme 1.13. Pour k < 3, et toute suite de réels positifs t,, :

C1(GE, ) = op(n).

Nytn
Il n’y a donc pas de composante géante pour k < 3.
Théoreme 1.14. Lorsque k > 5, il existe t tel que
C1(Gy ) = Op(n).
Il existe une composante géante pour k > 5, pour certains temps t.

Théoréeme 1.15. Pour tout k et t fixé, il existe un arbre aléatoire Ttk tel
que pour tout entier I, th enraciné en | sommets indépendants converge
localement vers | copies indépendantes de TF.

De plus on peut caractériser ’existence d’une composante géante a ’aide
de TF :

Théoréme 1.16. Pour toutt et k :

Ci(GE)

n n—00

P(ITf| = o0).
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1.1.4.d Etude de k < 3

Si k < 3, le degré maximal est inférieur ou égal a 2. Par conséquent les
composantes sont des chemins ou des cycles. Soit A (resp. C') I’ensemble des
composantes acycliques (resp. ’ensemble des cycles) de G,’it. On définit la

quantité
Z=> la?+2) |cf

acA ceC

qui va permettre de borner la taille des composantes de Gfm. En étudiant
la loi d’évolution de Gf’L’t, on arrive a montrer qu’il existe une constante K
telle que pour tout ¢ et n :

E(Z) < Kn.

Cela implique que Cl(Gfbyt) est borné stochastiquement par /n, et donc
qu’il n’existe pas de composante géante.

1.1.4.e Etudede k > 5

Pour démontrer le théoréme nous minorons Gfm par un graphe g,’%t plus
simple a étudier et qui contient une composante géante pour t bien choisi.
Le graphe gﬁvt est le graphe obtenu en partant de G7° et en supprimant
toutes les arétes adjacentes a un sommet de degré au moins k dans G7°%.

Lemme 1.17.
gﬁ,t < Gfm < Gqcft

Par construction gfm et Gfm sont des sous-graphes de G°. Soit e une
aréte de G;% qui n’est pas présente dans G’,it. Cela signifie que 'une des
extrémités de e atteint le degré k dans Gf; » pour t' < t, donc possede un
degré supérieur ou égal a k dans GZ?t, et donc dans Gpo- Par conséquent,
I’aréte e n’est pas présente dans gfL’t.

L’intérét du graphe gﬁ',t est qu’il ne dépend que de I’ensemble des arétes
ajoutées, et pas de 'ordre d’ajout de ces arétes. De plus, conditionné par le
nombre de sommets de chaque degré, glit est un modele de configuration,
tel qu’introduit par Bender et Canfield [BCT78| page 297] et Molloy et Reed
[MR95), page 7] :

Définition 1.13. Soit (d;) une suite finie d’entiers positifs, de somme n et
telle que ) id; est pair. Le modele de configuration correspondant & (d;)i>o
est le graphe aléatoire construit de la maniére suivante :

e L’ensemble de sommets V est U;D; avec D; des ensembles disjoints
tels que |D;| = d;.

e On considere 'ensemble L = U;D; x {1,...,i}. Pour chaque élément
x de D;, L contient donc (z,1), (z,2), ..., (x,1).
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e On choisit un appariement aléatoire £ C L? uniforme des éléments de
L.

e [’ensemble des arétes est F et la fonction d’incidence ¢ est définie par

e({(x,1), (y,7)}) = {=,y}.

Le graphe aléatoire (V, E, ) ainsi construit est appelé le modéle de configu-
ration associé a d. Par construction ce graphe contient d; sommets de degré
1, pour tout 7.

Pour démontrer 'existence de la composante géante, nous utilisons le
résultat de Molloy et Reed [MRI5, théoreme 1] dont voici une version sim-
plifiée suffisante pour notre usage :

Théoréme 1.18 (Critere d’existence d’'une composante géante pour le modele
de configuration). Soit ((d;(n))o<i<k—1,n € N) k suites d’entiers positifs ou
nuls tels que :

e pour toutn, y ,di(n) =n;
e pour tout n, . id;i(n) est pair;

e pour tout 0 <1< k—1, difl”) converge vers une limite, notée \;.

On note par G™ le modéle de configuration correspondant a (d;(n))o<i<k—1-
On note par Q la quantité Y, i(i — 2)N;. St Q > 0, alors il existe une
constante K > 0 telle que :

C1(G") > Kn a.p.s.

Le résultat de Molloy et Reed est en réalité plus général, puisqu’il per-
met aussi de travailler avec des graphes dont le degré n’est pas uniformément
borné, sous quelques restrictions techniques additionnelles. Dans notre cas,
le degré des sommets est borné par k—1, donc ces hypotheéses techniques sont
automatiquement vérifiées et cette version simplifiée est suffisante. Pour ap-
pliquer ce théoreme, il suffit donc de vérifier I’existence des \; et de calculer
le signe de Q.

{vegy, s:deg(v)=i}|
n

Lemme 1.19. Pour tout 1 < k,
Dtd €t

converge vers une limite

k
D (i = 2pra >0 et

_2 /i
i i=

> 1.
< (i — 1)

Par construction de gﬁ’t , le degré d’un sommet v dans gﬁt dépend uni-
quement de la boule de rayon 2 centré sur v dans Gy7;. Le graphe G° est
un graphe d’Erddés-Rényi de parametre %, donc d’apres le théoreme it
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enraciné en un sommet uniforme converge localement vers I’arbre de Galton-
Watson T.°W, de loi de reproduction poissonnienne de parameétre ¢, ce qui
permet de montrer 'existence de p; 4 et de calculer sa valeur.

Pour tout k£ > 5, il existe t, < tlj tels que Zf:lz (%1), > 1sit e
Jt, ;[ En utilisant le théoréme cela implique le théoreme et
donc l'existence d’'une composante géante.

Pour k=4, ouk >5ett > t;, les deux arguments précédents ne per-

mettent pas de montrer la présence ou 'absence d’'une composante géante.

1.1.4.f Limite locale

Goo est un graphe d’Erdés et Rényi de parametre %, donc converge locale-
ment vers TtGW, I’arbre de Galton-Watson de loi de reproduction poisson-
nienne de parametre ¢ d’apres le théoréme 1.2} Néanmoins, cette convergence
ne tient pas compte du temps d’ajout des arétes, nécessaire pour connaitre
le graphe GfL’t. Pour cette raison, nous considérons le graphe G}° dont les
arétes sont étiquetées par le temps d’ajout. En étudiant la limite locale,
nous constatons qu’apparait le Poisson Weighted Infinite Tree en dimension
1, défini par Aldous et Steele [AS04] :

Définition 1.14. Le Poisson Weigthed Infinite Tree (PWIT) en dimension
d est un processus de branchement dont les arétes sont étiquetées, construit
récursivement de la maniére suivante :

e 2 la racine est attachée une infinité d’arétes, étiquetées par les valeurs

d'un processus de Poisson d’intensité f(z) = 1297 1,>0.

e conditionnellement aux n premieres générations, a chaque sommet de
la n-éme génération on attache une infinité d’arétes dont les étiquettes
forment une copie d’indépendante d’un processus de Poisson d’inten-
sité f(l') = éxdillxzo.

Nous nous placons dans le cas d = 1, ou l'intensité du Processus de
Poisson est constante et égale a 1 et le PWIT sera noté dans ce cas par T, .
Considérons le sous-arbre du PWIT limité aux arétes d’étiquettes inférieures
ou égales a t :

Définition 1.15. On note par PPP(t) le processus ponctuel de Poisson
d’intensité 1 sur [0, ¢].

T?° est un processus de branchement dont les arétes sont étiquetées défini
de la maniere suivante :

e on note par S, les sommets de la n-eme génération de T7°;

e pour tout sommet v de Ty°, on note par II, I’ensemble des étiquettes
entre v et ses enfants dans 77°;
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e pour tout n, conditionnellement & (Il,)yeu,_, s> (Ilv)ves, est une fa-
mille i.i.d. de copies de PPP(t).

Remarque. En utilisant les propriétés des processus de Poisson, deux définitions
équivalentes de Ty sont :

1. Considérons le graphe obtenu a partir du PWIT en dimension 1 et en
supprimant toutes les arétes d’étiquettes supérieures a t. La compo-
sante de la racine dans le graphe ainsi obtenu a méme loi que T7°.
Cela justifie la notation T3 adoptée ici pour le PWIT.

2. T est 'arbre obtenu en prenant I'arbre T? et en étiquetant chaque
aréte indépendamment par une variable uniforme sur [0, ¢].

Conditionnellement a G77, le temps d’ajout de chaque aréte de G7; est
uniforme sur [0,¢], indépendamment sur I’ensemble des arétes. Comme le
graphe d’Erd6s-Rényi non étiqueté enraciné en un sommet uniforme converge
localement vers T, et en utilisant la deuxie¢me définition équivalent de T},
nous obtenons que le graphe G7°, enraciné en un sommet uniforme et dont
les arétes sont étiquetées par le temps d’ajout converge localement vers T7°.

Méme si G, converge localement, il n’est pas évident que Gfl’t converge
localement, et que la limite puisse s’exprimer en fonction de 77°. En effet,
la version avec contrainte de degré d’un graphe n’est a priori bien définie
que pour un graphe fini. On note par 2« l’ensemble des graphes finis a
arétes étiquetées, dont les étiquettes sont toutes différentes. Nous utilisons
la construction suivante pour définir Tt’“, la version avec contrainte de degré
de Ty° :

Définition 1.16. Soit e une aréte de T7°, [ un entier positif. On considere
I’ensemble Q. (e,1) des éléments T' de Q<o~o avec une aréte distinguée € tels
que les boules de rayon I BY(Tf°, e) et BY(Tf°, €) soient isomorphes.

e Si € est présente dans la version avec contrainte de degré de T pour
tous les graphes T' € Q. (e, 1), alors e appartient a la version avec
contrainte de degré de T;°.

e Si € est supprimée dans la version avec contrainte de degré de T pour
tous les graphes T' € Q. (e,l) alors e n’appartient pas a la version
avec contrainte de degré de T7°.

Si I'un de ces deux cas a lieu, on dit que la connaissance de la boule de
rayon [ est suffisante pour connalitre si e est supprimée dans la version avec
contrainte de degré de T7°.

Lemme 1.20. Presque sirement pour tout temps t et toute aréte e de T°,
il existe un entier fini l; . tel que la connaissance de la boule de rayon | est
suffisante pour connaitre si e est supprimée dans la version avec contrainte
de degré de T°.
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Le lemme implique donc que Ttk la version avec contrainte de degré
de TP° est bien définie : TF est un sous-graphe de T° avec le méme ensemble
de sommets, et il est presque stirement possible de déterminer quelles arétes
de T° appartiennent Ttk en regardant a une distance aléatoire mais finie.
Ttk est un sous-graphe de T7°, et est donc généralement une forét. On note
par T} la composante connexe de T} contenant et enracinée en la racine de
Tpe.

Corollaire 1.21. Pour tout entier l, le graphe étiqueté Gﬁyt enraciné en
I sommets aléatoires uniformes converge localement en distribution vers [
copies indépendantes de TF.

Gy, enraciné en | sommets aléatoires uniformes (v1,...,v;) converge
localement en distribution vers ! copies indépendantes de 7;°°, que ’on note
T1,...,T;. Grace au théoreme de représentation de Skorokhod, nous pouvons
supposer que la convergence a lieu presque sirement. Cela implique que pour
tout entier d, pour n assez grand, la boule de rayon d centrée sur la l-eme
racine est la méme dans G7% et dans 7;. Le lemme @ implique qu’il est
possible de définir Tf” la version avec contrainte de degré de chaque T;, et
qu’il est possible de déterminer si une aréte e de T; appartient a TZk en
considérant une boule de rayon aléatoire, mais fini presque stirement. Par
conséquent, Gfm enraciné en v converge localement vers UlSiSle, c’est-a-
dire vers I copies indépendantes de T}F.

1.14.g Etude de la limite locale

T7° est un processus de branchement, mais qu’en est-il de Tt]’C ? La partie
montre que, mis & part la premiere génération dont la loi est différente,
Ttk peut étre décrit par un processus de branchement multitype, avec en-
semble des types [0,t], le type d’un sommet correspondant en réalité a la
date d’ajout de ’aréte le reliant & son pere dans 7;°. Pour comprendre 1’ap-
parition de ce processus de branchement, nous allons raisonner sur divers
graphes construits a partir de 7°. Nous admettons ici que la version avec
contrainte de degré de tous les graphes invoqués est bien définie.

Définition 1.17.

o Soit (T5~")o<s<t le graphe dynamique obtenu en prenant le graphe
dynamique (T5°)p<s<¢ €t en y ajoutant au temps u un sommet v et

une aréte e entre v et la racine. Un exemple se trouve a la figure [1.2
page [36]

e Pour tout 0 < s < ¢, soit T, k4 14 version de TS avec contrainte de
degré.

e Soit X, € [0,t] U {oo} le premier instant s ou laréte e est supprimée
de (Tsk’u)ogsgt. Si I'aréte e est présente dans Ttk’“, on note X, = oo.
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e Soit Ttk+’“ le graphe ayant la loi de Ttku conditionné par X, = oo.

L’aréte e est appelée aréte racine.

On considere un arbre 71" avec les arétes étiquetées, et une aréte e =
(v1,v2) de ce graphe séparant T en deux arbres T} et T». On considere Tf
(resp. Ts) égal a l’arbre T} (resp. T») auquel on ajoute vy (resp. v1) et 'aréte
e, tel qu’illustré sur la ﬁgure On note par u I'étiquette de e, T* la version
de T avec contrainte de degré, et Tik’e la version de T avec contrainte de
degré.

2>N )
O 6
/UJ

T3

e

1

(&

O

>
e

FIGURE 1.1 — Décomposition de T" en 77

V2
U2

Lemme 1.22. L’aréte e est présente dans TF si et seulement si elle est
. k.e k.e
présente dans T" et dans T, ".

Démonstration. Pour tout 0 < s < t, on considere le graphe T (resp. Tfs)
défini comme le sous-graphe de T' (resp. T) restreint aux arétes d’étiquettes
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inférieures a s. Si 'on considere T' comme un graphe dynamique croissant,
Ts est I’état de T au temps s. On considere la variante de la version avec
contrainte de degré associée & un arbre .7 et a une aréte e de .7 définie de
la maniere suivante :

e Chaque aréte de .7, d’étiquette s, est ajoutée au temps s.

e Si un sommet v atteint le degré k, toutes les arétes adjacentes a v, a
I’exception de e, sont supprimées.

e L[’aréte e n’est jamais supprimée.

Pour tout 0 < s < t, on note par 7%, le et T, Qk  cette variante associée
respectivement a Ty, TT ; et Ty ; et & l'aréte e. Comme 'aréte e n’est jamais
supprimée, I’évolution d’un coté de l’aréte e n’influe pas sur I’évolution de
I’autre coté de I'aréte e. Par conséquent, a tout moment s, le graphe Tf est
égal au recollement de ’flk et TQk ¥ au niveau de l'aréte e, par l'opération
inverse de celle utilisée po’ur construire 1Y et T3.

De plus, par définition de TF et Ti’ff, TF (resp. Tzkse) est égal & TF (resp.
Tff) tant que e n’est pas supprimée. Par conséquent, le premier instant s,
ot I'une des extrémités de e atteint le degré k est le méme dans (T¥)o<s<; et
(Tf)ogsgt- Si lextrémité v; atteint le degré k au temps s., v; atteint le degré
k dans (Ti]f:)ggsgt au temps S, et donc dans (ﬂlf;e)ogsgt. Par conséquent,

. R ., ., k k
si aréte e est supprimée dans T, elle est supprimée dans T’ TCouTy. O

Pour chaque aréte e; = (), vs) quittant la racine de T, étiquetée par
s, et tout 0 < o <, on note par :

o T7°° le sous-arbre de T7>", enraciné en vy, égal au sous-arbre de T,"
partant de vs auquel on ajoute la racine ) de T, et 'aréte es, tel
qu’illustré par la figure [1.2];

900,58 T7100,8 . ~ ) ]
e T, " le sous-graphe de T, restreint aux arétes d’étiquettes inférieures
ou égales a x.

=)o . ~ : ,
o T;° la version de T,>° avec contrainte de degré;

e X, € [0,t] U {oc} le premier instant ot l’aréte e, est supprimée de
=k
(T )o<a<t-

Conditionnellement & I’ensemble S des étiquettes des arétes quittant la ra-
cine de T;.7", (T77%)ses est une famille indépendante, et chaque 7,7 a
méme loi que T;7°. Par conséquent, conditionnellement & S et & (X;)ses,
(T7°%)ses est une famille indépendante, et 7,° a méme loi que (T}7%)ses
conditionné par Xy = X;. La connaissance de S et de (Xg)secg est suffisante

“ ~ . N . P k,u
pour connaitre quelles arétes adjacentes a la racine sont présentes dans 7, ",
via la procédure suivante :
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FIGURE 1.2 — Les arbres 77" et T,

e La connaissance de S permet de savoir & quel moment chaque aréte
adjacente a la racine est ajoutée.

e Si le degré de la racine atteint k& (en comptant I’aréte racine apres le
temps u), toutes les arétes adjacentes a la racine sont supprimées.

e Si'aréte ez est encore présente au temps X, elle est immédiatement
supprimée & cause de son autre extrémité, d’apres le lemme

Par conséquent :

Théoréme 1.23. Conditionnellement a l’ensemble S’ des étiquettes des
arétes quittant la racine de Ttk’“, les arbres Ttk’S sont indépendants et de
. . k+,s
loi respective T, "
Conditionnellement a l’ensemble S’ des étiquettes des arétes quittant la
racine de Ttku et a l'événement < ['aréte racine de TF" est présente au
temps t >, les arbres Ttk’s sont indépendants et de loi respective Tthr’s.
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Soit Sf T Pensemble des étiquettes des arétes quittant la racine de
k+,u PR . . k+,-
T, 7", Le théoreme signifie que 7, est un processus de branchement

multitype, défini récursivement par :

e Densemble des types de enfants de la racine de T} est SFH";

.- s ok
e conditionnellement & S, les sous-arbres commengant aux enfants

de la racine de T}""" sont indépendants, et de loi T} avec s le type
de I'enfant.

Par le méme raisonnement, on montre que Ttk est un processus de bran-
chement multitype & deux étages, défini ainsi :

Théoréme 1.24. Soit SF la loi de I’ensemble des étiquettes adjacentes d la
racine dans TF.
TF a méme loi que Uarbre construit de la manicre suivante :

o ['ensemble des types de enfants de la racine de Ttk est Sf ;

e conditionnellement a Sf, les sous-arbres commengant auzr enfants de
la racine de T} sont indépendants, et de loi Ttk—’_’S avec s le type de
l’enfant.

La racine a donc une loi de progéniture particuliere, mais la loi des
oy . . o Fod
sommets des générations suivantes est la méme que pour 7; t

1.1.4.h Lien entre la limite locale et la composante géante

La partie explique le lien entre existence de la composante géante et
limite locale. En particulier, si la limite locale est finie presque strement,
alors il n’y a pas de composante géante. En revanche, le fait que la limite
locale puisse étre infinie n’implique pas 'existence d’une composante géante.
Le lien se fait en démontrant le résultat suivant :

Lemme 1.25. Soient v et vo deur sommets uniformes indépendants de
Gfm. Alors

liminf P(v; et vy sont dans la méme composante) > P(|TF| = 00)?,
n—oo

C1(G)

Le lemme [1.25| avec le lemme implique ===~ —L2 5 P(TF| = ).
n—r00

Par définition, la limite locale ne donne des informations qu’a distance
fixée de origine. Pour montrer le lemme [I.25] il est nécessaire d’avoir des
informations sur une boule de rayon [ centrée sur la racine, avec [ qui aug-
mente avec n. En étudiant plus finement le processus d’exploration il est
possible d’obtenir successivement les résultats suivants :
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e pour t' =t — ¢, avec probabilité proche de P(|T}| = o0)?, les compo-
. . 2
santes de v; et vy dans sz » contiennent chacune au moins n3 som-
mets ;

3
e avec probabilité proche de P(|T}| = 00)?, au moins n5 de ces sommets
sont dans la composante de v; (resp. v2) dans G’fl’t.

e avec probabilité proche de P(|T}| = 00)?, il existe une aréte dans Gfm
entre un sommet de la composante de vy dans sz,t et un sommet de
la composante de vy dans Gfm.

La derniere condition signifie que v; et vy sont dans la méme composante.
L’idée est donc de montrer que Gfm/ est suffisament proche de T, t’f et donc
que 'on peut découvrir un grand nombre de sommets dans les composantes
de vy et vy dans GfL’t/, de ne regarder parmi ces sommets que ceux qui sont
encore dans les composantes respectives de v; et vo dans G’;;t et de montrer
qu’il existe au moins une aréte entre ces deux ensembles.

39



1.2 Hauteur d’arbres, grandes déviations et marches
branchantes

Cette partie est consacrée a I’étude d’arbres aléatoires (arbre binaire de
recherche, arbre de Lyndon) et a 'utilisation de grandes déviations et de
marches branchantes dans ce cadre.

1.2.1 L’arbre binaire de recherche

Soit X un ensemble totalement ordonné. Un arbre binaire de recherche (dans
la suite abrégé par ABR) étiqueté par des éléments de X est un arbre binaire
dont chaque nceud interne est étiqueté par une clé appartenant a X, et tel
que pour tout ncoeud interne, la clé du nceud soit supérieure a toutes les
clés du sous-arbre gauche et inférieure a toutes les clés du sous-arbre droit
partant de ce noeud. Les feuilles ne sont pas étiquetées.

Remarque. Il existe une autre définition d’'un ABR, comme un arbre unaire-
binaire ou tous les sommets (y compris les feuilles) sont étiquetés, et tels
que I’étiquette d’un sommet soit supérieure aux étiquettes présentes dans le
sous-arbre gauche et inférieure aux étiquettes présentes dans le sous-arbre
droit. Ces deux définitions sont en réalité équivalentes, ce qu’illustre la figure

C2.1:

e Pour passer d’'un ABR selon la premiére définition & un ABR selon la
seconde définition, il suffit de supprimer toutes les feuilles.

e Pour passer d'un ABR selon la deuxieme définition & un ABR selon
la premiere définition, il suffit d’ajouter des feuilles pour que tous les
sommets aient deux fils.

L’ABR associé a une suite finie d’éléments distincts de X est défini
de maniere récursive. Soient x1,...,x, n éléments distincts de X. L’ABR
associé a (1, ...,x,) est 'arbre binaire défini par :

e Sin =0, 'arbre ne comprend qu’une racine, non étiquetée.
e Sinon la racine est étiquetée par x;.

e Le sous-arbre gauche est ABR correspondant a la sous-suite de x;
contenant les termes strictement inférieurs a 7.

e Le sous-arbre droit est ’ABR correspondant a la sous-suite de x; conte-
nant les termes strictement supérieurs a .

I’ABR associé a une suite de n éléments deux a deux distincts est donc
un arbre binaire avec n noeuds internes et n + 1 feuilles, dont les sommets
internes sont étiquetés, de maniere a ce que I'étiquette d’un sommet soit
plus grande que les étiquettes présentes dans le sous-arbre gauche et plus
petite que les étiquettes présentes dans le sous-arbre droit.
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FIGURE 1.3 — ABR associé a (2;1;3;7;¢e,5) selon les deux définitions

1.2.1.a Arbre binaire de recherche associé a une permutation uni-
forme

La forme de ’arbre associé a une suite finie ne dépend que de l'ordre entre
les éléments, et pas de la valeur exacte de ceux-ci. Pour cette raison, il
est souvent plus simple de remplacer la suite z par I'unique permutation
o= (01,...,0p) dont les termes sont rangés dans le méme ordre que ceux
de x, donnée par

o;=|{jx; <}l

L’arbre binaire de recherche associé a une permutation aléatoire uniforme
de {1,...,n} est noté par ABR,,. Il s’agit d’'un arbre binaire aléatoire & n
sommets, dont le comportement asymptotique est connu avec précision :
par exemple sa hauteur h(ABR,,) est proche de alnn — Slnlnn, avec « la
solution de aln(%) = 1 plus grande que 1, et 8 = %(g) [Pit84), [Dev&6,
Drm01], Ree03]. i

1.2.2 Arbre de Yule

Soit A un réel strictement positif. L’arbre de Yule (Y:)¢>0 de parametre A
est la représentation d’un processus de branchement a temps continu définie
de la maniere suivante :

e Au temps t =0, il y a une particule.

e Chaque particule meurt et donne naissance a deux sommets a taux A.
Chaque particule est représentée par une aréte de longueur égale a sa
durée de vie.
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FIGURE 1.4 — Arbre de Yule et arbre binaire associé

La figure présente un exemple d’arbre de Yule (tronqué au temps t).
On appelle arbre binaire associé a Y; I'arbre combinatoire obtenu en
oubliant la longueur des arétes. Un exemple peut étre trouvé figure
L’arbre de Yule permet d’étudier facilement ABR,,, via le lemme sui-
vant :

Lemme 1.26. Soit 7, = inf{t : |Y;| = n} le premier temps ot l'arbre de
Yule Y a n sommets. Alors

1. larbre binaire associé a Y, ., a la méme loi que ABR,, ;

2. Y,

Tp1 €St indépendant de Tyy1.

Preuwve du lemme. Pour toute permutation o de {1,...,n} et tout k entier
entre 1 et n + 1, on définit la permutation f(o,k) de {1,...,n+ 1} par :

e Pour tout i € {1,...,n} tel que o(i) <k, f(0,k)(i) = o(3).
e Pour tout i € {1,...,n} tel que o(i) >k, f(o,k)(i) = o(i) + 1.
e f(o,k)(n+1)=k.

Cette construction revient a choisir I'image de n + 1 (k), tout en gardant
I’ordre relatif du reste de la permutation.
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Exemple. Sio = (3,1,2,4), alors f(0,3) = (4,1,2,5,3).

On considere le processus aléatoire (o,,),>0 défini par récurrence de la
maniere suivante :

e 0 est 'unique permutation sur ’ensemble vide.

e Pour tout n > 0, 0,41 = f(on, Xpn), ot X;, est un entier uniforme sur
{1,...,n+ 1}, indépendant de o,,.

Lemme 1.27. Pour toutn > 0, o, est une permutation uniforme parmsi les
permutations de {1,n}.

Ce lemme se prouve par récurrence. Il est immédiat pour n = 0. On
suppose qu’il est vrai pour n > 0. Soit ¢* une permutation de {1,...,n+1}.
Il existe une unique permutation p de {1,...,n} et un unique entier k entre
1 et n+1 tel que o* = f(p, k), donc

Plopt1=0") = Plon =p)P(Xy =F)

(n+ 1)1

Ce qui prouve le lemme pour n + 1.

On considére maintenant le processus (ABR,,)n>1, ou ABR,, est TABR
associé a o,, pour tout entier n. Cela donne la construction suivante pour
la suite des ABR,, :

e Initialement, ABRj ne contient qu'une feuille.

e Pour passer de ABR,, & ABR, 11, on choisit un entier aléatoire X,
uniforme entre 1 et n+ 1. La X,,-eéme feuille dans le contour de ’arbre
est remplacée par un noeud interne ayant deux feuilles comme enfants.

Ce couplage permet de démontrer le lemme, par récurrence sur n, car (Yz, ., )n>0
et (ABRy,)n>0 évoluent de la méme maniere : conditionnellement & l’arbre

a n noeuds internes, une feuille est choisie au hasard uniformément, et rem-
placée par un noeud interne ayant deux feuilles comme enfant. L’indépendance

entre Y, ., et 7,41 découle du fait que la feuille choisie est indépendante de
I'instant ou elle est choisie. O

1.2.2.a Etude la hauteur de ABR,, via ’arbre de Yule

Le lien entre Y et ABR,, exhibé dans le lemme [1.26] permet d’étudier le
profil de ABR,,, c’est-a-dire le nombre de feuilles & profondeur donnée.

On note par U, ,?B Fn 1e nombre de feuilles & profondeur k dans ABR,, et
par U ,3/’ le nombre de feuilles a profondeur k£ dans Y;. Le but de cette partie
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est d’illustrer sur un exemple simple la technique de couplage avec l'arbre
de Yule, que nous utilisons pour l'analyse asymptotique de la hauteur de
I’arbre de Lyndon. Nous allons pour cela montrer le résultat classique de
Devroye|[Dev86] :

h(ABR,) »p

Inn n—oo

\

Cette preuve sera faite a ’aide du couplage arbre binaire de recherche-arbre
de Yule de la section précédente, en s’inspirant des travaux de Pittel et Chau-
vin et al.. On pourra se reporter a [Pit94l [CR04, [CKMRO5] pour 'analyse
fine du profile de ABR,, a ’aide de cette technique de couplage.

Soit & une suite i.i.d. de Bernoulli(%), indépendante de Y. On considere
Z comme une branche infinie de ’arbre binaire complet infini, de la maniére
suivante : en partant de la racine, si Z; = 0, alors la branche infinie emprunte
la branche menant au sous-arbre gauche & la profondeur 4, et emprunte la
branche menant au sous-arbre droit si x; = 1.

O00000000000O0

81

FIGURE 1.5 — Direction # = (1,1,0,1,...) dans I’arbre binaire complet infini

Tout arbre binaire fini T peut étre considéré comme un sous-arbre de
I’arbre binaire complet infini. En utilisant ce plongement, il existe une unique
feuille de T" appartenant a la direction &. Cette feuille sera appellée la feuille
de T dans la direction .

L’étude de U,z/t nécessite d’étudier la loi de tout I’arbre. Le lemme suivant
permet de relier U ;/t a I’étude d’une seule feuille.

Lemme 1.28. Soit x la feuille de Y; dans la direction Z, et h, sa profondeur
dans Y;. Alors
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E(U)Y) = 2FP(h, = k)

Démonstration. On conditionne par Y;. La probabilité que x soit une feuille
donnée de profondeur k vaut 27%, puisque cela force le choix des k premiers
termes de Z. Il y a U,gfi feuilles de profondeur k, donc P(h, = k|Y};) = 2_1"U,3/t.
Le lemme est obtenu en prenant l’espérance. ]

Dans un processus de Yule de parametre 1, chaque individu meurt et
donne naissance a deux sommets a taux 1. En conséquence, le long de la
direction &, les instants ot un sommet se divise forment un processus de
Poisson d’intensité 1 sur [0,¢]. Comme la hauteur de x dans Y; est égal au
nombre de division de sommets le long de Z, on obtient :

P(h, = k) = P(Poi(t) = k)

puis

Y; —
E(U.") = 2% =k
Sil'on prend v > 0 et k de la forme k; = |7t], on obtient, par la formule
de Stirling :

In(E(U)Y) = keln2—t+ ke In(t) — In(ke!)
= Atln2 —t+ytln(t) — vt In(yt) + vt + o(t)
= t(yIn2—1—vlnvy+7) + o(t)
2e
= t(yIn(—) —1) +o(t)
v
La fonction ¢ : © — zIn(2) — 1 est strictement concave, tend vers —1
en 0 et vers —oo en 400, et est positive en 1. Il existe donc deux réels
a” et a tels que ¢ est positive sur [a”;a] et négative en dehors de cet
intervalle. Ainsi le nombre moyen de feuilles & profondeur |yt] dans Y; tend
exponentiellement vite vers 0 lorsque v > a et augmente exponentiellement
lorsque o~ < v < a. Cela permet de montrer que pour tout € > 0, avec
grande probabilité, il n’existe aucune feuille a profondeur plus grande que
(a+ €)t, et au moins une feuille a profondeur supérieure a (« — ¢€)t, et donc :

(Y
OB (1.8)
t t—00

Le laps de temps 7,41 —75, est le temps qui s’écoule entre 'apparition de la
n-eme feuille et 'apparition de la n+1éme feuille dans (Y;);>0. Chaque feuille
se divise a taux 1 indépendamment, donc 7,11 — 7, suit une loi exponentielle
de parametre n, indépendamment de 7,,. En conséquence, en notant F; une
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suite d’exponentielles indépendantes telle que F; est de parametre i, 7,41 a
méme loi que Y ;" | E;.

E(E;) = L et Var(E;) = #, donc E(7p41) ~ Inn et Var(r,+1) < %f. Par
conséquent :

Tntl P 44 (1.9)

Inn n—oo

En combinant (1.8)) et (1.9)), nous retrouvons le résultat de Devroye :

h(ABR,,) 2o

Inn

1.2.2.b Construction alternative de ’arbre de Yule

Soit t un réel fixé. Si I'on retourne le temps et que 'on considere (Y;_s)s>0,
on observe un processus de coagulation dont la loi peut étre décrite de la
maniere suivante :

e Soit (X;)i>1 une suite i.i.d. de variables exponentielles de parametre
A.

Soit it = 1nf{z : Xz > t}.

Soit Xg = t.

Pour tout 1 < j <4, j~ =sup{i < j : X; > X;}. Par construction
Jj—=0.

Pour tout i, le sommet ¢ est absorbé par le sommet j~ au temps X;.

FIGURE 1.6 — Deuxiéme construction de ’arbre de Yule

Pour montrer 1’égalité de loi, construisons la suite finie Z de la maniere
suivante :

e Soit a une variable exponentielle de parametre 1.
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e Sia >t, alors la suite Z est de longueur 0.

e Sia < t,soit T = t—a. Conditionnellement & T', considérons (X1, ... 7Xil1 )
T

et (X2,... ,XZ.QQT_l) deux copies indépendantes de (X1,..., X;,—1).

(3

oY =(X],.... X} T X}, ..., X% )
T T
Lemme 1.29. Z a méme loi que (X1,...,X;,—1).

Preuve. Les deux suites sont finies presque stirement, donc il est suffisant de
prouver 1’égalité de loi pour chaque longueur possible de suite. La probabilité
que Y soit de longueur 0 vaut e~? c’est-a-dire la probabilité que i; = 1.

A longueur fixée | > 1, les lois des deux suites aléatoires sont absolument
continues par rapport a la mesure de Lebesgue. La densité de la loi de Z est
le produit de :

e ¢ (=T) (choix de T),

1
in—1 _x1 ez . BN
L e X (densité pour les it — 1 premitres valeurs),

e~ (probabilité que la i%-éme variable de X! dépasse T,

o
i Le—x? (densité pour les i2. — 1 dernieres valeurs),
e ¢~ 7 (probabilité que la i%-e variable de X? dépasse T).

Soit, apres simplification :
i—1

€_t H ZZ
i=1

puisque ZilT =T par construction. Cette quantité est également la densité

de la suite (X;)i<i,, ce qui prouve 1’égalité en loi des deux suites.
O

Corollaire 1.30. Le processus de coagulation décrit au-dessus a bien méme
loi qu’un arbre de Yule retourné.

L’arbre créé par la suite Z a la méme construction par récurrence qu’un
arbre de Yule

e Attendre un temps exponentiel a.

e Sia < t, créer deux copies indépendantes de parametre t —a qui seront
le fils gauche et le fils droit.

e Si a > t, 'arbre ne se sépare pas.
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1.2.3 Grandes déviations pour les marches aléatoires

Soit X une suite i.i.d. de variables aléatoires réelles d’espérance nulle. On
définit :
1 n
My =~ E;X
1=

D’apres la loi des grands nombres, M,, — 0 p.s., donc P(M,, > x) — 0
pour tout x > 0. Grace a la théorie des grandes déviations, il est possible
de quantifier la vitesse de convergence :

Théoréme 1.31. La suite = n(P(M,, > z)) converge et la limite vaut :

lim 2 In(P(M, > ) = —I(z)

n—oo N

La fonction 1(.) est la transformée de Legendre-Fenchel de la fonction
génératrice des cumulants de X1, c’est-a-dire :

I(z) = 2150)[93? — A(9)]

ot AM(#) = In(E(e?X1))

Il est possible de montrer I'inégalité limsup,, 2 In(P(M, > z)) < —fx +
A(f) pour tout € > 0 via une inégalité de Markov exponentielle :

n

P(M, >z) = P()_X;>na)

En optimisant en ¢, on obtient limsup,, 1 In(P(M,, > z)) < —I(z)
La démonstration de 'autre inégalité, un peu plus longue, peut étre
trouvée dans [BZ79].
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1.2.4 Marches branchantes

Une marche branchante décrit non seulement la généalogie des individus
formant une population donnée, mais aussi leurs positions respectives. Dans
les exemples que nous envisageons, les individus de la population vivent
sur la droite réelle, et leur généalogie est codée par un arbre dont ils sont
les nceuds. Les noeuds de 'arbre portent chacun, en étiquette, la position
de l'individu correspondant sur la droite réelle. Dans la suite on parlera
indifférement d’individu ou de nceud, de position ou d’étiquette.

Définition 1.18 (Notation de Neveu). Soit Z un arbre dont les sommets
sont étiquetés par un nombre réel, correspondant a leur position. La nota-
tion de Neveu consiste & numéroter chaque sommet de Z par un mot de la
maniere suivante :

e La racine est numérotée par le mot vide.

e Siun sommet est numéroté par le mot fini v et a k enfants, alors ses en-
fants classés par position croissante sont numérotés par ul, u2, ..., uk,
ol ut désigne la concaténation du mot u avec l'entier .

La profondeur d’un sommet u correspond a la longueur |u| du mot le
désignant. La position du sommet u est notée par x,.

Définition 1.19. Soit & un processus ponctuel aléatoire sur R. La marche
branchante Z de loi de reproduction & est un processus de branchement Z
dont les sommets sont étiquetés par un réel défini comme suit :

e La racine de Z est étiquetée par 0, i.e. la position de 'ancétre est
supposée étre 0.

e Conditionnellement aux i premieres générations de Z, la loi et la
position des enfants de chaque individu de la i-eme génération est
indépendante. La loi conditionnelle du nombre et de la position des
enfants d’un individu situé a la position z est la loi de (|Z°],x + Z).

On note par Z; le processus ponctuel comptant les étiquettes des som-
mets de la génération i, c’est-a-dire :

Zi= Y O,

u€Z,lul=i

Dans certains ouvrages, la marche branchante est définie comme la suite
de ces processus ponctuels, plutot que comme un arbre aléatoire étiqueté.

Nous nous intéressons a ’évolution de Z,,. Dans [Kin75, Big76], Kingman
puis Biggins étudient le comportement de la particule la plus a gauche de
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chaque génération, B" = inf Z,,, quand n augmente. Pour cela, on considere
la fonction m : Ry — R4 définie par :

m(0) =E(>_ e ).
x€Z
Lemme 1.32. Pour tout entier i > 1,

E() e ) =m(0)’

TEZ;
avec la convention que (+00)! = +o0.

Preuve. Cette égalité se montre par récurrence. Le cas k = 1 découle des
définitions de Z; et m.

Conditionnellement & Z;, chaque élément x de Z; donne naissance a des
enfants dont la loi de ’ensemble des positions est « + Z. Par conséquent :

E( Z e—Gx’ZZ,) _ ZE Ze—e(x-i-y)

.I‘EZZ‘+1 $EZ¢ yEZ

= Ze*OIE Zefey

TEZ; yeZ

= Z e %%m(9)

TEZ;

E( Y e ™) = m@E() e ")

TEZit1 TE€Z;
= m(9)!

O

On suppose m(0) = E(|Z]) > 1, car dans ce cas la probabilité de non-
extinction est strictement positive, et on note :

S = {Z, # 0}

S est I’événement de non-extinction.
On définit alors p par :

plx) = gr;g{e”m(e)}

La position de la particule la plus a gauche a chaque génération est liée
a e
Théoréme 1.33 ( [Kin75, Big76]). lim, 2~ = v p.s. sur S, avec v = inf{x :
p(z) > 1},
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Comme pour les grandes déviations sur les marches aléatoires, une des
deux inégalités se démontre par une inégalité de Markov exponentielle :

P(B" <na) < e"E( Z e %)
TELy

= (eaam(ﬂ))n
En optimisant en 8, on obtient que
P(B" < na) < p(a)™.

Par conséquent, si a < +, alors par définition de 7, u(a) < 1, et donc cette
probabilité tend exponentiellement vite vers 0.

1.2.4.a Utilisation des marches branchantes pour retrouver la
hauteur d’un arbre de Yule

Il est possible d’utiliser ce résultat pour démontrer la limite en probabilité
e 0 a1 partie 2.2
e —;~ vue a la partie [1.2.2.2

En effet, les temps d’apparition des sommets de profondeur 7 dans I'arbre
de Yule (Y;)ier de parametre 1 forment une marche branchante, de loi de
reproduction 2 = 20g(y), avec £(1) une variable aléatoire exponentielle
de parametre 1. Notons (ZY"€),>o cette marche branchante. On a alors
équivalence entre h(Y;) > k et inf Z,f ule <,

Comme ZY%¢ ne peut pas s’éteindre, on obtient, d’apres le théoreme

2.4 que

1
lim — inf ZY"¢ = 4 p.s.

non
puis
h(Y;
lim (¥2) = 1 p-s.
t t Y

Le calcul de v = inf{z : () > 1}, avec les notations du théoreme [1.2.4]
permet de retrouver la méme limite que dans I’équation ([1.8)).

1.2.5 Arbre de Lyndon

Soit X un alphabet fini ou dénombrable, muni d’un ordre total. L’ensemble
des mots de longueur n est noté X" et ’ensemble des mots finis ou infinis est
noté ¥X*, et est muni de 'ordre lexigraphique défini de la maniere suivante.
Si w1 et wg sont deux éléments de X*, on dit que w1y est inférieur & wy pour
I’ordre lexicographique si I’on est dans I'un des deux cas suivants :

e wj est un préfixe strict de ws.
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o w = uav] et wy = ubvy ou u est le plus long préfixe commun & w; et
ws, a et b deux éléments de ¥ tels que a < b et v et vo deux mots sur
I’alphabet X.

L’ordre lexicographique est un ordre total sur X*.

Définition 1.20. On dit qu'un mot fini w est un mot de Lyndon s’il est
plus petit que tous ses suffixes propres non vides.

Pour tout entier n on note par £, I’ensemble des mots de Lyndon de
longueur n et par £L = U,L,, 'ensemble des mots de Lyndon.

Exemple. Le mot 001 est un mot de Lyndon, car il est plus petit que 1 et
01, ses deux suffixes propres non vides.

Remarque. Un mot de Lyndon est apériodique. En effet, pour tout mot u et
entier k> 2, u < u*.

Définition 1.21. Soit w un mot fini. On dit que w’ est une rotation de w
s’il existe u et v tels que w = uv et w’ = vu. On dit que la rotation est non
triviale si u et v sont non vides.

On appelle collier de w ’ensemble des rotations de w.

Remarque. Larelation < étre une rotation de > est une relation d’équivalence.
Exemple. Le collier de 1001 est {1001,0011,0110,1100}.

Proposition 1.34. Soit w un mot fini; w est un mot de Lyndon si et
seulement si w est strictement inférieur a toutes ses rotations non triviales.

Démonstration. Si w est Lyndon, et s’écrit w = uv avec u et v non vides,
alors w < v < vu.

Supposons que w est strictement inférieur a toutes ses rotations non
triviales. Supposons qu’il existe deux mots u et v non vides tels que w = wv
et v < w. Par hypotheése w < vu. Nous avons donc v < w < vu. Cela signifie
que v est un préfixe de w, donc qu’il existe t tel que w = vt. Nous avons
alors successivement :

vt=w < wvu
t < wu

tv < wv=w cartetwusont de méme longueur

tv étant une rotation non triviale de w, cette derniere inégalité est par hy-
pothese impossible. O

Corollaire 1.35. Si w est un mot apériodique, il existe un unique mot de
Lyndon dans le collier de w (le mot minimal parmi les rotations de w). Si
w est périodique, aucun mot du collier de w n’est de Lyndon.
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Corollaire 1.36. Pour tout n,

1 n
n|l — — *Ed
= S

ou p est la fonction de Mobius.

Soit A, 'ensemble des mots de longueur n apériodiques. Alors le corol-
laire implique I'égalité |L,| = %]An|, puisqu’il y a n mots apériodiques
par collier apériodique, dont un mot de Lyndon. En décomposant I’ensemble
des mots de longueur n selon la longueur de leur plus petite période, on ob-

tient :
2" =) A4l
din

et donc A, =3 4, MEIMIES

1.2.5.a Factorisation standard

Théoréeme 1.37. Soit w un mot de Lyndon. Si v est le plus petit suffixe
strict de w, et u un mot tel que w = wv, alors u et v sont des mots de
Lyndon. Le couple (u,v) est appelé la factorisation standard de w.

Démonstration. Soient a et b deux mots non vides tels que v = ab. Alors
b est un suffixe strict de w, donc v < b. Par conséquent, v est un mot de
Lyndon.

Montrons maintenant par ’absurde que w est un mot de Lyndon. Les
mots a, b, ¢ et d seront tous non vides. On suppose que u n’est pas un mot
de Lyndon. Il existe donc deux mots a et b non vides tels que u = ab et
ba < u. Nous avons alors a la fois b < ba < u et bv > w = uv (car bv est un
suffixe strict de w, qui est un mot de Lyndon), donc b est un préfixe strict de
u (car u est strictement plus long que b). Il existe ¢ non vide tel que u = be.

Nous avons alors ba < u = be, donc a < ¢. De plus abv = w = bev < bva
(car bva est une rotation non triviale du mot de Lyndon w) donc cv < va.
De plus v < cv (car v est le plus petit suffixe strict de w). Donc v est un
préfixe strict de cv, et il existe d non vide tel que cv = vd. Cela implique
que bvd = w < bva, donc d < a, et en conséquence dbv < abv = w, ce qui
est impossible car dbv est une rotation de w.

O

Une autre caractérisation de la factorisation standard est la suivante :

Proposition 1.38. Soit w un mot de Lyndon de longueur au moins 2. 1l
existe au moins une factorisation de w de la forme w = uv avec u et v deux
mots de Lyndon non vides. La factorisation standard est la factorisation de
ce type avec v de longueur maximale.
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Démonstration. L’existence d’une telle factorisation est une conséquence du
théoreme précédent. Il reste donc a prouver que la factorisation avec v de lon-
gueur maximale est bien la factorisation standard. Cela est une conséquence
de I'observation suivante : si v’ est un suffixe de w plus long que le suffixe
strict minimal v, alors v est un suffixe de v/, et donc v’ n’est pas un mot de
Lyndon. O

1.2.5.b Arbre de Lyndon

La factorisation standard permet de décomposer n’importe quel mot de Lyn-
don de longueur au moins 2 en deux mots de Lyndon plus courts. Si I'on
itere cette décomposition, on obtient un arbre de Lyndon :

Définition 1.22. L’arbre de Lyndon T(w) associé a un mot de Lyndon w
est 'arbre binaire planaire enraciné étiqueté défini par :

e Si w est de longueur 1, T'(w) est 'arbre n’ayant qu'un seul sommet
étiqueté par w.

e Si w est de longueur au moins 2, soit (u,v) la factorisation standard
de w. Alors T(w) est l'arbre dont la racine est étiquetée par w, le
sous-arbre gauche est T'(u) et le sous-arbre droit est T'(v).

Si w est de longueur n, T'(w) est un arbre a n feuilles et » — 1 sommets
internes. Les feuilles sont étiquetées par les lettres de w, et I’étiquette de
chaque nceud interne est la concaténation des étiquettes des deux fils.

000101010010010101001

/\
000101010010010101 001

/\

00010101 0010010101 0 01

N T N

0 0010101 001 0010101 0 1
AN

00101 01 0 01 00101 01

0010101 0 1 001 01 01
2%\ NN

0 01 01 0 01 0 1

A

01 01

FIGURE 1.7 — Arbre de Lyndon associé & 000101010010010101001.

1.2.5.c Arbre de Lyndon uniforme

Des combinatoriciens, parmi lesquels Jean Perrin, ou encore Bassino et al.
[BCNO5], ont soulevé la question du comportement typique des grands arbres
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de Lyndon , et en particulier de leur hauteur. Nous donnons ici une premiere
réponse. On se place dans le cadre d’un alphabet 3 de taille 2 que 'on
suppose égal a {0,1}. Soit L,, un mot de Lyndon de longueur n choisi uni-
formément parmi |£,|, et T'(Ly) son arbre de Lyndon associé. La hauteur
d’un arbre T est noté par h(T).

Notons (A(n, k))p, k la famille des nombres eulériens, c’est-a-dire le nombre
de permutations o de {1,...,n} ayant exactement k descentes (k positions
i ot o(i) > o(i+ 1)). Définissons :

=(0) = lién% In(A(n, [6n])/n)), (1.10)

Une expression de Z peut-étre trouvée dans [GK94, p. 299]. Définissons
également :

(14 p)** (eAIn2)In2
put vv2A

(X p,v) = In + 2\ - p), (1.11)
( )

Alors A* est défini comme suit :

A* = )\sup , (A +v+p)In2+ T\ ) /(A(In2)?) (1.12)
V>

ce qui permet d’estimer que A* = 5.092 + 0.5.107%.

Théoréme 1.39.
h(T(Ln)) »p

Inn n—00

A*.

Le théoréme [T.39] est le résultat principal du chapitre [4] de ce manuscrit.

1.2.6 Transformations successives du probleme
1.2.6.a Utilisation d’une source i.i.d.

Pour étudier les propriétés de T'(Ly,), il est utile de comprendre les propriétés
de L,. D’apres le corollaire chaque collier apériodique de longueur n
contient n mots apériodiques dont 1 mot de Lyndon. Par conséquent, L,, a la
méme loi que la rotation minimale d’un mot apériodique choisi uniformément
parmi les mots mots apériodiques de longueur n. Pour éviter d’avoir a vérifier
I’apériodicité, il est possible d’utiliser I'artifice suivant :

e Soit W4, un mot infini aléatoire, obtenu comme le développement bi-
naire d’un réel U uniforme sur [0, 1].

e Soit W), le mot W, tronqué apres n lettres.

e Si W, est apériodique, alors notons L, la rotation minimale de w. Si
W,, est périodique, choisir L,, = 0"~ '1.
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Si 'on conditionne par le fait que W, est apériodique, L, est uniforme
sur £,. Néanmoins, la loi de L, differe de la loi uniforme sur £, a cause
de la probabilité que W, soit périodique. Comme cette probabilité tend
exponentiellement vite vers 0, il est équivalent de prouver le théoreme [1.39
avec L, et avec un mot uniforme sur £,. Pour cette raison, dans la suite,
on considérera que L, est construit via cet artifice.

1.2.6.b Transformation exponentielle

Pour obtenir L,, il est nécessaire de trouver la rotation minimale de W,,.
S’il existe une unique série de 0 consécutifs de longueur maximale, L, est
la rotation commencant par cette série. En revanche, s’il existe deux ou
plusieurs séries de 0 consécutifs de méme longueur maximale, il est nécessaire
de considérer les suffixes les suivant. Comme la probabilité qu’au moins
deux séries aient la méme longueur maximale ne tend pas vers 0, il est plus
simple de considérer la construction suivante, donnant un mot de Lyndon
de longueur aléatoire : soit W' le mot formé par le 1, suivi du Wx, tronqué
a la position 7, du /-eme 0 de la premiere série de £ 0 consécutifs dans W.

Dans ce cas, #* est obligatoirement apériodique. Dénotons par L¢ la
rotation minimale de W¥, c’est-a-dire :

£0s £0s
l_ Y \ l__ 1 \
W*=1010110...1000000 et L°=0000001010110...1.
bl A
préfixe de W préfixe de W

La longueur de L? croit exponentiellement avec £ : E(|Lf|) = 261 — 1.
En conséquence, on peut s’attendre a ce que la hauteur de S(Le) croisse
linéairement avec £ :

Théoréme 1.40. W i) A*In 2.
{—00

On en déduit le théoréeme [1.39 & 'aide d’une factorisation de L, en
facteurs de type L¥.

1.2.7 Couplage avec un arbre de Yule

1.2.7.a Réduction a un squelette, partie haute de ’arbre

Soit k un entier. Pour tout mot w de Lyndon, £F(w) est défini par récurrence
par :

e Si w a au plus un seul facteur 0F (et donc en particulier pas de facteur
0F+1), alors £F(w) est un seul noeud, étiqueté par w.

e Sinon, soit (u,v) la factorisation standard de w. Alors la racine de
£k (w) est étiquetée par w, le fils gauche est £F(u) et le fils droit est
£k (v).
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Dans la suite, on considerera un squelette T, := £ (L) de arbre de Lyndon
£(L"), approximable de maniere précise par un ABR, pourvu que le seuil ay
croisse lentement vers I'infini.

Une feuille v de cet arbre est soit étiquetée par O et est dans ce cas ap-
pelée aiguille (needle), soit par un mot de préfixe 071, et est alors appelée
limbe (blade). Pour retrouver l'arbre de Lyndon complet & partir du sque-
lette, il suffit de remplacer chacun des limbes de %, par 'arbre de Lyndon
associé a l’étiquette de la feuille, 'arbre de Lyndon associé & un limbe sera
appelé arbuste. On numérote les limbes de Ty dans 'ordre de parcours en
profondeur, de 1 a Ny le nombre de limbes.

A tout limbe v de T, associons le couple (ny, ty) tel que 0™ 1¢, est la
concaténation des étiquettes des feuilles situées strictement apres le limbe
v — 1 dans le parcours en profondeur de ¥¢. La construction du squelette
peut étre décrite a partir de la suite (n,,t,) de la maniére suivante.

1.2.7.b Arbre de Lyndon d’une suite

Etant donné un ensemble ordonné (R, <), on peut munir N x R d’un ordre
lexicographique, également noté <, et défini de la maniere suivante : (n,t) <
(m,u) sin>mousin=mett=<u Soit e!) la suite d’entiers définie par
el(-l) = d;1 pour tout i.

Soit B = (l;,7i)1<i<n une suite finie d’éléments de N x R telle que
les r; sont tous distincts et les [; tous supérieurs ou égaux a k. On suppose

également que ’élément minimal de B pour < est le premier élément (I1,77).
Définition 1.23. L’arbre de Lyndon £F(B) est défini par récurrence par :

1. Si N =1etl; =k, alors £¥(B) est réduit & une seule feuille, étiquetée
par (k,t1) qui sera un limbe.

2. Sinon, on considere la suite finie B’ = (r — €M), 1), et on note par g
I'indice de son élément minimal, pour <.

(a) Siip = 1, alors £¥(B) est I’arbre binaire avec une aiguille (étiquetée
par 0) comme fils gauche et £¥(B’) comme fils droit.
(b) Siig>2, £8(B) a £8((l;,7:)1<i<i,) comme fils gauche et
Sk((lpﬂ'o, Ti+io)0§i§N—i0) comme fils droit.
Alors £%((n,,t,)) et Ty sont identiques, aux étiquettes pres, puisque mis

a part les aiguilles, les sommets sont étiquetés par (I,t) dans £%¢((ny,t,)) et
par 0't dans .

1.2.7.c Modification des suffixes

Les suffixes t,, ne sont pas indépendants, puisque que ¢, est un suffixe de ¢,/ si
v > v'. Néanmoins, I’arbre de Lyndon n’utilisant que I'ordre sur les suffixes,
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et non pas leurs valeurs précises, il est possible de modifier 1égérement les
suffixes ¢, sans modifier significativement I’arbre de Lyndon. Soit (¢;);en une
suite i.i.d. de mots infinis uniformes, et soit s, la concaténation du préfixe
de longueur a, de t, avec (,. Si ty, a moins de ay lettres, ¢y, est complétée
par des 0 jusqu’a avoir la bonne longueur. On considere

Sy = L£Y((nv, Sv)1<v<N,)-

Les arbres &, et ¥, différent peu, uniquement quand les a; premieres lettres
ne sont pas suffisantes pour distinguer deux suffixes. La proposition 4 du
chapitre 3 permet de quantifier cette proximité.

Par ailleurs, la loi de ((ny, sy)1<v<n,) possede une description simple :

Proposition 1.41. La suite S = (0™~ %1sy)y>2 suivie de 0™ ~1sy est une
suite i.i.d. de copies de W, arrétée apres la premier mot w commencant
par £ —ay 0, a une légére modification prés : on enleve si nécessaire des 0
initiour du mot w jusqu’a ce que w commence par 011,

Chaque mot binaire infini est le développement dyadique d’un réel dans
[0,1]. La suite S peut donc étre vue comme une suite de réels uniformes sur
[0, 1], arrétée au premier réel inférieur a 20—t ce réel étant éventuellement
multiplié par une puissance de 2 jusqu’a appartenir & [27¢F%~1 2=far] En
posant X; = —logy S;, on obtient alors une suite i.i.d. X = (Xi)i>1 de
variables aléatoires exponentielles, arrétée apres le premier terme supérieur
a ¢ — ag, ce dernier terme étant décalé d’un entier pour appartenir a [¢ —
ag, £ —ayp + 1[.

1.2.8 Etude via ’arbre de Yule

A Taide de la suite X , on peut construire, comme on I'a vu a la section
un arbre de Yule, noté 9y_,,. Les arbres &, et 2,_,, ont des struc-
tures tres voisines, du fait que la transformation (n,, s,,) — X, est croissante.
En effet, en comparant la construction par récurrence de &y avec la définition
de 9¢—q, on constate que les branchements de type 2.b de la définition m
de &, correspondent aux branchements de 9)y_,,. Ainsi Qy_,,, vu comme
un arbre plan sans tenir compte de la longueur des arétes, peut-étre obtenu
a partir de &y en supprimant toutes les aiguilles et en contractant le som-
met pere des aiguilles tel qu’illustré sur la figure La profondeur d’une
feuille v dans &y correspondant donc au nombre de noeuds internes entre la
racine et v. La profondeur correspond donc a la somme du nombre de noeuds
internes entre la racine et v dans 2),_,, et du nombre d’aiguilles supprimées
sur le chemin de la racine a v. D’apres la construction de I'arbre de Lyndon
associé a une suite B, une aiguille est présente a la racine lorsque 1’élément
minimal de B — ¢() est le premier terme, ce qui correspond sur la suite X
a ce que le premier terme de la suite X soit supérieur d’au moins 1 a tous
les autres termes de la suite.
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FiGURE 1.8 — Exemple de contraction d’une aiguille : le sous-arbre T est
déplacé vers le pere de sa racine

Pour calculer la profondeur d’un limbe v dans &y, introduisons les no-
tations suivantes :

e Considérons ’ensemble des nceuds internes sur le chemin de la racine a
v dans Py, vu comme un sous-ensemble de [0, £ — ay] selon le temps
du processus de Yule. Notons par II, un processus ponctuel marqué,
correspondant a I’ensemble de ces noeuds internes, étiqueté par 0 (resp.
1) s’il s’agit d’un fils gauche (resp. droit). On note par I (resp. Hqgl))

la restriction de II, aux points étiquetés par 0 (resp. 1).

e Pour tout processus ponctuel m = {&; < o < -+ < &K1 < &} a valeur
dans un intervalle [0, m], on note par G(7) la quantité

k+1
G(m) = Sup [€it1 — &)
1=
ol par convention &y = 0 et 11 = m.

Alors le nombre d’aiguilles entre la racine et v appartient & {G (Hg,l)), G (HS,UH—

1}, lincertitude de 1 venant d’une condition au bord, qui ne pose pas de
probleme pour connaitre la hauteur asymptotique. Par conséquent la pro-
fondeur d’'un limbe v vaut

IT,| + GITYV) + €

avec € € {0,1}.

A I’exception du terme d’erreur €, d’effet négligeable sur le comportement
asymptotique, la profondeur d’une feuille peut donc étre calculée comme une
fonctionnelle relativement simple de I’arbre de Yule.

1.2.8.a Passage d’un arbre a un chemin par une formule many to
one
On cherche a estimer le nombre de limbes ayant une profondeur donnée dans

Sy. Cette hauteur est la somme de trois termes : |HS,O)| + |H5,1)| +G (IL(JI)).
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Pour tous m, n et A, on dit qu’une feuille v de 2y est de type (m,n, A) si
|H1()O)| =m, yn&l)\ —net I € A, on note par g m.n 4(Q¢) le nombre de
limbes v de type (m,n,A) et par 7y, n 4 I'espérance du nombre de limbes
v de type (m,n, A) dans Q).

On choisit £ un mot infini & droite uniforme, indépendant de 9),, vu
comme une direction infinie dans I’arbre binaire complet infini, telle que fait
dans la figure [1.5] page

Cette direction infinie, dans ), passe par une unique feuille que I’on note
par vz, et on note par Ly, , o I'événement que vz soit de type (m,n, A).
Alors

P(Etmm,alDe) = 27" "7 mn,a(De)

En effet, la probabilité que ¥ passe par une feuille donnée de type
(m,n, A) correspond a la probabilité que ¥ commence par un préfixe de
longueur m + n donné. En passant a I’espérance, on obtient :

P(Eé,m,n,A) = 27m7n7T£,m,n,A

Par ailleurs, par définition d’un arbre de Yule, les marques de II,,, forment

un processus de Poisson d’intensité In 2, chaque point ayant une marque 0 ou

1 indépendamment avec probabilité % Par les proprités classiques des pro-
cessus de Poisson, Hff? et Hl(,li) sont deux processus de Poisson indépendants

d’intensité 1’“72 sur [0, 4], ce qui nous permet d’obtenir la formule suivante :
(ln2)m (1n2)n

P(Etmn,a) = = —7—Usn(4)
ou Uy, est la loi d’'un processus de Poisson sur [0,/] d’intensité %, et

conditionné a avoir n points : Uy, est donc la loi uniforme sur le simplexe
{0<& <& <+ <&, < l}. Nous avons ainsi prouvé la formule suivante :

Proposition 1.42 (Formule many to one).

(¢1n2)mtno—t

m!n! Un.e(4)

T mm,A =

Cette formule permet de passer d’'une fonctionnelle de ’arbre de Yule
tout entier a une fonctionnelle de processus de Poisson, plus facile a étudier.

1.2.8.b Utilisation des grandes déviations

On cherche & estimer le comportement de 7 lorsque £ tend vers l'infini. Par
des techniques de grandes déviations, on montre qu’il existe une fonction ¥
telle que :

V(A p,v) = 1i7rln nt In (Tpmn.g)

lorsque %(ﬁ, m, g) converge vers (A, i, V).

Cela signifie que le nombre de limbes de type (m,n,g) dans Sy est de
lordre de e"Yhiv) = ¥ (Apv)/A

60



1.2.8.c Greffe des arbustes

Pour obtenir I’arbre de Lyndon complet £, a partir de %, chaque limbe v
est remplacé par un arbuste, correspondant a ’arbre de Lyndon associé a v.
Dans la section 3.4 du chapitre 3, on prouve que la hauteur maximale dans
un groupe de k arbustes se comporte comme le maximum de k géométriques
indépendantes de parametre %, et vaut ainsi approximativement logy k. En
conséquence, la profondeur maximale d’une feuille appartenant & un arbuste
correspondant & un limbe de type (m,n, g) est proche de

I+p+v

S

1 v
Flogy(e¥OmnPy = g(LEREY | DY)

= (AN ).

)

En optimisant en A, i et v, on obtient que la hauteur de £ est environ A®f,
avec

A* = sup A\ p,v).
A, >0

1.2.8.d Retour a un mot de Lyndon de longueur fixée

Nous avons jusque la considéré £(L?), 'arbre de Lyndon associé & un mot
de longueur aléatoire. Méme si la hauteur de ’arbre de Lyndon L, n’est
pas une suite croissante, il est possible, en comparant T'(L,,) avec des arbres
T(L*) pour des £ bien choisis de I'ordre de log, n, d’encadrer la hauteur de
Ly, pour des n fixés, et d’ainsi déduire le théoreme du théoreme [1.40

1.3 Index des notations (francais)

Ci-dessous se trouvent ’ensemble des notations utilisées dans ce manuscrit,
avec un rapide rappel de leur sens et la partie ou elles sont introduites.

1.3.1 Graphes aléatoires et limites locales

Ci-dessous se trouve une liste des notations utilisées dans la partie [I.1

e C(v,QG) : composante du sommet v dans le graphe G (partie [1.1.2.d]).

e C;(G) : taille de la i-éme plus grande composante du graphe G (partie
T.1.2.0).

e dj, : distance locale sur les graphes enracinés (définition [1.8)).

e dj : type du sommet wy (partie|1.1.3.1).

e G(n,p) : second modele de graphe aléatoire d’Erdés et Rényi, ou

modele de Gilbert, a n sommets, ou chaque aréte est présente indépendamment

avec probabilité p (définition .
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G(n,m) : premier modele de graphe aléatoire d’Erdés et Rényi, choisi
uniformément parmi les graphes simples a n sommets et m arétes
(définition [1.5)).

GP(N, P) : modele de graphe aléatoire de Séderberg avec nombre de
sommets de chaque type N et une matrice de probabilité P (définition
1.11)).

G (n,r, P) : modele de graphe aléatoire de Soderberg avec n sommets
i.i.d. de loi r et une matrice de probabilité P (définition |1.10]).

GE : modele de graphe aléatoire de Soderberg au seuil critique (partie

T.1.3.d).
G! : graphe G(n, % —|—tn_%) (partie [1.1.2.g)).

H : matrice de terme H;; = r;%;;, dans le modele de Soderberg

(partie [1.1.3.b)).
Ly, : chemin de Lukasiewicz (définition [1.9)).

N;' : nombre de sommets de G" appartenant a des composantes de

taille au moins i (partie|1.1.2.€)).

& : matrice de probabilité d’existence d’aréte, utilisée dans le modele

de Séderberg (partie [1.1.3.1).

P5(V) : ensemble des parties & deux éléments de V.

Poi(c) : variable aléatoire de Poisson de parametre c.

PPP(t) : processus ponctuel de Poisson d’intensité 1 sur [0;¢].

r : proportion de sommets de chaque type, dans le modele de Séderberg

(définition et partie [L.1.3.d).

S : ensemble des sommets en réserve de 'algorithme d’exploration
défini & la partie [[.1.2.d}

T : ensemble des sommets non encore découverts par 1’algorithme d’ex-

ploration défini a la partie
TG’W

Cc

: arbre de Galton-Watson de loi de reproduction Poi(c).

T° : processus de branchement dont les arétes sont étiquetés et de loi
de reproduction PPP(t) (définition [1.15)).

U : ensemble des sommets déja utilisés par I’algorithme d’exploration
défini & la partie [[.1.2.d}
Vu‘? : voisins de w appartenant a S, lors de I'instruction 2’ de l'algo-

rithme d’exploration (partie [1.1.2.dJ).

VJ : voisins de w appartenant & 7T, lors de l'instruction 2 de l'algo-

rithme d’exploration (partie|1.1.2.d]).

wy, : sommet utilisé lors de la k-eme itération de 1’algorithme d’explo-

ration (la partie [1.1.2.d)).

W : mouvement brownien avec dérive parabolique de dimension /

62



(partic [.139).

#?! : mouvement brownien avec dérive parabolique de dimension 1

(partie [12.9).
. : mouvement brownien réfléchi en 0 (partie [1.1.3.¢)).

x : vecteur propre & droite de H de valeur propre 1 (partie|l.1.3.€]).
y : vecteur propre a gauche de H de valeur propre 1 (partie .
Zy, : généralisation du chemin de Lukasiewicz(partie .

A : nombre de sommets découverts par l'algorithme d’exploration
apres k itérations (définition [1.9).

AZ : nombre de sommets de type ¢ découverts par ’algorithme d’ex-
ploration apres k itérations(partie .

IT : famille de processus de Poisson indiquant les temps d’apparition
d’arétes (éventuellement multiples) dans le second graphe d’Erdés et
Rényi et ses variantes.

A : plus grande valeur propre de la matrice H (partie |1.1.3.b)).
p : dérive du mouvement brownien W' (partie [1.1.3.¢)).

Q. : ensemble des graphes finis & arétes étiquetées, dont les étiquettes

sont toutes différentes (partie|1.1.4.1)).

1.3.2 Hauteur d’arbres, grandes déviations et marches bran-

chantes

Ci-dessous se trouve une liste des notations utilisées dans la partie [I.2]

ABR,, : arbre binaire de recherche correspondant & une permutation

uniforme de {1,...,n} (partie [1.2.1.a).
L, : mot de Lyndon uniforme sur £,, (partie|1.2.5.d]).
L : ensemble des mots de Lyndon (définition [1.20)).

L, : ensemble des mots de Lyndon de longueur n (définition |1.20)).

£k () : partie haute de 'arbre de Lyndon T'(-) (partie[1.2.7.al), ou partie
haute de I’arbre de Lyndon d’une suite (définition [1.23]).

M, : marche aléatoire (partie [1.2.4)).

m(0) : fonctionnelle utilisée dans I’étude des marches branchantes (par-

tie [[-2.4).

S, : partie haute de I’arbre de Lyndon £%((n,, sy)1<v<n,), associé a

la suite modifiée des suffixes (partie [1.2.7.c|).
T'(w) : arbre de Lyndon associé au mot de Lyndon w (définition [1.22]).

T, @ squelette £ (L) (partie [1.2.7.al).

U ];4 Bl . nombre de feuilles & profondeur k£ dans ABR,, (partie .
Z : direction infinie dans I’arbre binaire complet (figure page .
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1.4

Y; : arbre de Yule au temps ¢ (partie |1.2.2]).

) : arbre de Yule construit a partir de la suite des suffixes modifiés de

L, (partie [1.2.8]).

w(0) : fonctionnelle utilisée dans I’étude des marches branchantes,
définies a la partie

Y : alphabet fini ou dénombrable.

>* : ensembles des mots finis ou infinis sur ’alphabet X.

Tp, : premier instant ou arbre de Yule Y; a n sommets (lemme [1.26)).

< : relation d’ordre (partie [1.2.7.b)).

Index (English)

In this part are the notations used the introduction chapter, with a short
summary of their meaning and the part where they appear.

1.4.1 Graphes aléatoires et limites locales

Here is the list of notations used in part

C(v,G): component of the vertex v in the graph G (part [[.1.2.d).
Ci(G): size of the i-th largest connected component of the graph G
(part [L.1.2.1).

djoe: local distance on rooted graphs (définition .

dy: type of the vertex wy (part|1.1.3.1).

G(n,p): second Erdds-Rényi random graph model, or Gilbert model,
with n vertices, where each edge is present independently with prob-

ability p (définition [1.6)).

G(n,m): second Erdés-Rényi random graph model, chosen uniformly
at random among simple graphs with n vertices and m edges (définition
13).

G3(N, P): Séderberg random graph model, where N denote the num-
ber of vertices of each type, and P the probability matrix (définition
T.11).

G5(n,r, P): Séderberg random graph model with n i.i.d. vertices of
law r and a probability matrix P (définition |1.10)).

G,f : Séderberg random graph at the critical threshold (part |1.1.3.d)).

G!: graph G(n, * + tn*%) (part |1.1.2.g)).

H: matrix with entries H;; = ;% ;, in the Séderberg model (part

T.1.3.0).
Ly Lukasiewicz path (définition .
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N;]*: number of vertices in components of size larger than or equal to
iin G™ (part|1.1.2.€).
. matrix driving the probability of existence of edges, used in the

Soderberg model (part [1.1.3.b)).
P5(V): family of sets of size 2 over V.

Poi(c): Poisson random variable of parameter c.
PPP(t): Poisson point process of intensity 1 on [0, ¢].

r: proportion of each vertex type, in the Soderberg model (définition

and part .

S: set of vertices in the stack in the exploration algorithm defined at
part

T set of undiscovered vertices in the exploration algorithm defined at

part

TEW: Galton-Watson tree with offspring law Poi(c).

T,;°: branching process with labelled edges and offspring law PPP(t)
(définition [L.15).

U: set of already used vertices in the exploration algorithm defined at
part

VS neighbors of w belonging to S, as in instruction 2’ of the explo-

ration algorithm (part |1.1.2.d)).

V.. neighbors of w belonging to 7, as in instruction 2 of the explo-

ration algorithm (part |1.1.2.d)).

wy: vertex used at the k-th iteration of the exploration algorithm (part

T1zd).

Wt (-dimensional Brownian motion with parabolic drift (part{l.1.3.€]).
#'t: 1-dimensional Brownian motion with parabolic drift (part .
W: reflecting Brownian motion (part [1.1.3.€)).

x: right-eigenvector of H with eigenvalue 1 (part .

y: left-eigenvector of H with eigenvalue 1 (part [1.1.3.€)).

Zy: generalization of Lukasiewiczpath (part .

Ay: number of discovered vertices after k iterations of the exploration
algorithm (définition (1.9)).

Aif number of discovered type i vertices after k iterations of the

exploration algorithm (part [1.1.3.1]).

II: Poisson point process family marking the times of additions of each
edge in the second Erdés-Rényi random graph and its variants.

A: largest eigenvalue of H (part |1.1.3.b]).
p: drift of the Brownian motion W* (part |1.1.3.¢)).

65



Qcoot set of finite graphs with labelled edges, such that all the labels
are different (part |1.1.4.1).

1.4.2 Hauteur d’arbres, grandes déviations et marches bran-

chantes

Here is the list of notations used in part

ABR,: binary search tree associated to a random uniform permuta-

tion of {1,...,n} (part [L.2.1.al).
L,: Lyndon word chosen uniformly at random on £,, (part [L.2.5.c)).

L: set of the Lyndon words (définition [1.20)).
Ly set of the Lyndon words of length n (définition |1.20)).

£k (.): top part of the Lyndon tree T(-) (part |1.2.7.al), or top part of
the Lyndon tree of a sequence (définition |1.23)).

M,,: random walk (part |1.2.4)).

m(0): function used in the study of branching random walks (part
1.2.4).

Sy: top part of the Lyndon tree £%((ny, sy)1<v<n,) of the sequence

of modified suffixes (part [1.2.7.c).
T(w): Lyndon tree of the Lyndon word w (définition (1.22]).

Ty skeleton £%(L*) (part [1.2.7.al).
UkABR”: number of leaves at depth k in ABR,, (part .
Z: infinite direction in the complete binary tree (figure page .

Y:: Yule tree at time ¢ (part [1.2.2]).

2): Yule ¢ built from the sequence of modified suffixes of L, (part
1.2.8)).

w(0): function used in the study of branching random walks (part
1.2.4).

>2: finite or countably infinite alphabet.
>*: set of finite of infinite words on the alphabet X.
Tp: first time where the Yule tree Y; has n vertices (lemme |1.26]).

<: partial order (part |1.2.7.b]).
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Chapter 2

The size of the largest
connected component at the
critical window in an
inhomogeneous graph
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Consider the inhomogeneous random graph model studied by Soder-
berg m with £ types of vertices and look at the sizes of the largest com-
ponents, when the parameters are close to the cr2itical phase. The sequence
of size of components, once rescaled by a factor n3, converges in distribution
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to the law of the excursions lengths of a reflecting Brownian motion with a
drift similar to the one used by Aldous in [Ald97].

2.1 Introduction

In 1960, Erdés and Rényi [ER60] introduced and studied a simple model of
random graph with n vertices, in which each edge is present with probability
~ independently. When n tends to infinity, there is a threshold at ¢ = 1
with a giant component of size ©(N) appearing when c is larger than 1.
Then Aldous [Ald97] studied the behavior at the critical window, i.e. when
the probability of a given edge is close to %

The Erdés-Rényi model is homogeneous (in the sense that all the vertices
are roughly the same), and therefore fails to capture the inhomogeneity of
many real-life networks. Consequently, several models have been proposed
to overcome this restriction (see for example [BA99, INROG, S@2J). The
existence of a threshold has been shown in various models ([ER60, BJRO7,
Tur06]). In particular, Bollobas, Janson and Riordan [BJRO7] defined a
general model of inhomogeneous random graph, where a type is assigned to
each vertex, and the probability of an edge is a function (called the kernel)
of the types of the endpoints of the edge, and showed that there is a phase
transition in this general model.

Various results have been shown on the behavior of this graph at the
critical window when the kernel is of rank 1 [Turl3l [BvdHvI.10], with an in-
finite number of types (see for example [Turl3] for a more precise description
of the rank 1-model). Joseph [Jos14] obtained results in the configuration
model and the graph with a given degree sequence.

The aim of this article is to study the behavior around the critical point
in a model with a finite number of types, but with no additional restriction
on the kernel.

2.1.1 The inhomogeneous random graph

Soderberg [S02] introduced a model of inhomogeneous random graph model
with a finite number of types. This random graph has with n vertices labelled
from 1 to n, which can be of ¢ different types.

The first parameter is a vector r in the unit (n — 1)-simplex that rep-
resents the proportion of each type of vertices. There exists two slightly
different models: in the first one, the type of each vertex form a family of
i.id. r.v. with common distribution r, whereas in the second one the num-
ber N;* of vertices of type ¢ is chosen non-random and close to nr;, and a
partition of [1;n] in ¢ subsets is chosen uniformly with N{ vertices in the
first subset, N3' in the second, and so on. For the sake of simplicity, we
shall focus on the second model, with the possibility of a small deviation in
proportion (up to an order nfi)
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More precisely, let 7 be a vector in R¢ such that Zle 7, = 0, and

(N{)ieq1,q,nen be a family of non-negative integers such that:

L

. VneN,ZNi”:n (2.1)
i=1
o Vi [1;4],N'=rin+ i+ o(n%) (2.2)

It should be noted that these conditions are almost surely true with 7 =0
if the first model is used, in which the type of each vertex is chosen inde-
pendently. Therefore any result on the second model, with a fixed number
of vertices of each type, can be extended to the first model, by conditioning
on the number of vertices of each type.

Once a type is assigned to each vertex, the edges are drawn independently
and with a probability that depends on the types of the endpoints of the
edge. More precisely, let P™ be a £ x £ symmetric matrix with coefficients
in [0;1]: if 41 (resp. 42) denotes the type of the vertex vy (resp. wvg2), the
edge (v1,v2) is present with probability P} ; . The resulting random graph
is denoted by ¥, (or ¢ when no confusion is possible). Séderberg showed
in [S02| that if P = %L@, the behavior of ¥,, depends mostly on the matrix
H with general term:

Hij=r;2i;.

e If the largest eigenvalue of H is smaller than or equal to 1, then the
largest component of ¢ has size o(n).

o If the largest eigenvalue of H is strictly larger than 1, then the largest
component of ¢ has size O(n).

In the following, we consider a matrix & such that the largest eigenvalue of
H is 1, and we take

1
P"=(—+ tn*%)@, with ¢ a real number.
n

In this article, the following hypotheses will be assumed:
o Vi, r; >0,

o & is irreducible,

e The columns of & are all different.

The first two hypotheses allow to be sure that the graph is not in fact two
disjoint independent graphs, and the last hypothesis that two different types
are really different.
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Lemma 2.1. All the eigenvalues of H of modulus 1 are simple.

Proof. As a consequence of the hypotheses, for all (7, j) there exists an in-
teger k& > 0 such that the coefficient (i,7) of H” is positive. Thus the
non-negative matrix H is irreducible, and, the largest eigenvalue of H in
absolute value is real (and therefore equal to 1) and is simple, by the Perron-
Frobenius theorem. Nevertheless, H can have other eigenvalues of absolute
value 1, who will then be simple and roots of unity{l} O

Let x and y be the right-eigenvector and the left-eigenvector associated
to the eigenvalue 1, such that:

l
1=1

The Perron-Frobenius theorem entails that such vectors x and y exist and
that all the entries of x and y are positive. The largest entry of & will be
denoted by #*, and 27 and x~ will denote the largest and the smallest
entry of z. It should be noticed that = > 0.

2.1.2 A Brownian motion with parabolic drift

Let W(s) denote a ¢-dimensional Brownian motion (without drift), with
diagonal covariance matrix V:

Y1 0 0
0 »» 0 ... 0

... 0
0 0y

i.e. Vi j = 0; jy;. The (-dimensional drift p is defined by:

= 2
TiYi Yi 2o

S§— —S§".
T 27’1'

pi(s) = yist +

The Brownian motion with drift W?(s) is defined by W(s) = W (s) + p(s).
Theorem will link this Brownian motion to the size of the largest com-
ponents of ¥.

Tt will be the case if the graph is bipartite.
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2.1.3 The relation between the size of the connected compo-
nents of the graph and the Brownian motion

Let #'t and Wfrbe defined as:
E .
vt = Z .%‘Z'Wt’z;
i=1

Wi (s)=#"(s) —min #"(u).
u<s
#* is a 1-dimensional Brownian motion with parabolic drift and “//j is a
reflecting Brownian motion with parabolic drift.

Let Cn(1) > Cp(2) > -+ > Cp(j) ... be the sorted sequence of compo-
nents’ size of ¢,. (C,(j),j > 1) can be seen as an infinite non-increasing
sequence by adding zeros to the end.

Let y(1) > v(2) ... be the ordered lengths of the excursions of # (which
is well defined, see Aldous [Ald97, Lemma 25]. The excursions above 0 of
W are the excursions of # above its current minimum.

The main theorem of this article is the following;:

Theorem 2.2. (n_%Cn(j))jeN 4, (7(4))jen. The convergences holds

for the [*~topology.

2.2 Preliminary results on the size of the compo-
nents

2.2.1 The exploration process

In this part will be described a classical deterministic process that explores
the connected components by constructing a rooted spanning tree on each
connected component. Recall that the vertices are labelled from 1 to n.

The process uses a FIFO (First In, First Out) stack S of vertices. Ini-
tially, the stack contains only the vertex 1. In order to keep track of the
vertices discovered along the way, the algorithm uses a dynamic partition of
[1;n] in three sets:

e The set U, initially empty, contains the vertices that have been in S
at some point, but no longer are.

e The set S contains the vertices of the stack (S denotes both the stack,
and the set of its vertices). At the beginning of the algorithm, S = {1}.

e The set T contains the vertices that have never been in S. At the
beginning of the algorithm, 7" = [2; n].
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The vertices in U will be called used, the vertices in S will be called in the
stack and the vertices in S U U will be called discovered.

As long as the stack S is not empty, an iteration of the process will
consist of the following two instructions:

Instruction 1: Take the first vertex v out of the stack S and put it in U.

Instruction 2: Ignoring the edges between v and vertices in S U U, remove
any neighbor of v that belongs to 7, and add it, according to
the FIFO rule, to the stack S.

Remark.

e This process explores the connected component of 1, by iteratively
looking at its neighbors, then at its neighbors’ neighbors, and so on.

e Not looking at the edges between v and a vertex previously discovered
does not prevent the algorithm from exploring the whole component.
It only discards edges that would create cycle. Thus the algorithm
generates a spanning tree.

e By the FIFO property, the process explores the component in a breadth-
first order.

e At iteration 2, one often needs to add several vertices to the stack,
and by the FIFO rules, they are added at the end of the stack. By
convention, vertices that are added at the same time will be added in
increasing label order (i.e. the largest label at the end of the stack).

This algorithm runs until the whole connected component of the vertex 1
is explored, and at that moment the stack S becomes empty. In order
to continue the exploration of the graph, an extra instruction needs to be

added:
Instruction 1: Take the first vertex v out of the stack S and put it in .

Instruction 2: Ignoring the edges between v and vertices in S U U, remove
any neighbor of v that belongs to 7, and add it, according to
the FIFO rule, to the stack S.

Instruction 3: If the stack S is empty, take the vertex of smallest label in
T, remove it from 7 and add it to the stack S.

This modification allows this exploration process to run until the whole
graph is explored, generating a spanning forest in the process. The con-
nected components are explored one by one, and in the order of the label of
their smallest vertex. See figure for an example of the exploration order.
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Figure 2.1: The first ten vertices in their component (top) and the order
of exploration of the algorithm (bottom)

The set U (resp. S, T) after k iterations of the algorithm will be denoted
by U (resp. Sk, Tr). The vertex added to U at the kth iteration will be
denoted by v and its type by dix. The set U (resp. S, T) after the first
k — 1 iterations of the algorithm, and the first two instructions of the kth
iteration of the algorithm will be denoted by Uy, (resp. Sk, Tr).

Let us state a few facts about this algorithm:

e At each iteration, a vertex is added to /. Thus after k iterations, Uy
has k vertices.
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e The only difference between Uy, Sk, T, and Z{Ik,gk,ﬁ comes from in-
struction 3. Therefore for every k, U = Uy. For this reason, the
notation U will not be used.

e The instruction 3 only occurs when the process ends the exploration
of a connected component. Then S and 7, differ from Sy and 7T only
if the process ends the exploration of a connected component. In that

case Sp = S U {vk41} and T, = Tr \ {vg+1}-

The integer U} (resp. Si, Té, E,TZ)) will denote the number of vertices of
type i in Uy, (resp. Sk, Tis Sk, Tk)-

2.2.2 A dynamic view

In order to study this algorithm dynamically, two filtrations (%)r>1 and
(Zk)k>1 are needed. Z, (resp. %) denotes the o-algebras generated by
two types of events: on one hand the presence or absence of the edges with
at least one end in Uy, on the other hand, the type of each vertex of Uy U Sk
(resp. Uy, U Sy). Tt is then clear that, for every k:

gk—l C j]f C ﬁk

These o-algebras have the following interpretations: .#; represents the
information revealed by the first k iterations of the exploration process and
Zj, the information revealed by the first £ — 1 iterations and the first two
instructions of the kth iteration.

Consider the random partition 7y (resp. 71) of T (resp. Tz) induced by
the vertices’ type: conditionally on .%, (resp. %), T (resp. 7x) is uniform
among partitions with T} (resp. T,z) vertices of type 7, which can be seen as
some kind of self-similarity property. Moreover, conditionally on % and 7y,
(or Z, and 7k ), the edges with no endpoints in U}, are present independently

and with probability F; ; if the types of their endpoints are ¢ and j.

2.2.3 A probabilistic construction

The law of the set of sizes of components is invariant under any permutation
of vertices’ labels. Thus the following recursive construction, that ignores
labels, is more convenient for our purposes: consider S a finite word, with
letters in the alphabet [1;¢]. The word S can be seen as the sequence of
the types of the elements of S in the previous algorithm. Consider also U a
vector in N¢. (U?); will play the same role as (U}); in the previous algorithm.
Similarly, S* denotes the number of times the letter i appears in the word
S. Initially U =0 andnS contains only one letter, chosen randomly, equal

to i with probability <. Let us iterate the following algorithm n times:

Instruction 1: Remove the first letter of the word S, let say it is a “d”, and
increase U? by one.
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Instruction 2: Add to the end of S a random number of letters, with 6° times
the letter i. The law of (0");c[1 ), given the previous steps, is
as follows:

e & is a binomial random variable with parameters (N —
Ui - Sia Pd,i);
e the family ((5i)1gi§g is independent;

e the Zlgz‘gz 5% letters are shuffled uniformly and then
added at the end of the word S.

Instruction 3: If S is the empty word, add to S a random letter, equal to ¢
with a probability proportional to Nj* — U L

Remark. The distributions in instructions 2 and 3 come from the properties
of self-similarity described in Section [2.2.2

In the following, Uy (resp. Si) denotes the state of U (resp. S) after k
iterations, and Sy, denotes the state of S after k — 1 iterations and the first
two instructions of the kth iteration and dj, the value of d in the instruction
1 of the kth iteration of the algorithm.

The latter process, with the word S, is necessary for rigorous proofs
(in particular to be able to condition on the first & step of the exploration
process), but the arguments will sometimes be expressed in the framework
of the former process, on ¥, for clarity reasons and to avoid confusing the
reader used to considerations on graphs. The equivalences below allow the
reader to express it in the framework of words if needed:

e The letters in S correspond to the types of the vertices contained in
the stack S.

e Adding a letter ¢ to the word S is equivalent to discovering a vertex
of type 1.

e Using the instruction 3 is equivalent to ending the exploration of a

connected component.

2.2.4 A variant of the Lukasiewicz path

Definition 2.1. Let 6}; denote the number of vertices of type i added to S
in the kth iteration. Let (Z;)x>1 be the discrete process with values in R
defined by induction:

Zy = 0 and
Zi = Ziy - Hau+dh
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For ¢/ = 1, we recover the Erdés-Rényi case: Hi; = 1 and Z is the
Lukasiewicz path, as defined in [LG10], also called breadth-first walk in Al-
dous [Ald97]. Thus Z can be seen as a ¢-dimensional generalisation of the
Lukasiewicz path.

If L, is the usual Lukasiewicz path associated to a forest, —minj<y L;
is the number of components explored exhaustively (i.e. how many times
the instruction 3 is used) before the kth iteration of the algorithm, and
|Sk| is equal to Ly — minj<j L; + 1. These results comes from the following
observations:

e L is increased by 1 each time a letter /vertex is added to S at instruc-
tion 2.

e L is decreased by 1 each time a letter/vertex is removed from S at
instruction 1.

e Therefore the only vertices that affect the value of L are on one hand
the vertices in the stack (that have increased the value of L but not
already decreased it) counted with value +1 each and on the other
hand the vertices added at the instruction 3, i.e. the first vertex of each
component (that have not increased the value of L when discovered
but still have decreased it when used) counted with value —1 each.

As with the Lukasiewicz path, estimations of the number of components,
and of the number of vertices in the stack can also be derived from Z, by
considering a suitable combination:

l
=1

Proposition 2.3.

a) Each time the process ends the exploration of a component, say at itera-
tion k, Z reaches a new strict downward record.

b) The number Ay of components explored exhaustively before iteration k
satisfies:

1 A 1
——min & - ——— < Ap < ——min Zj.
Tt i<k zt T~ <k

¢) The cardinal of S after k iterations satisfies

1 . xr 1 . zt
xi(ffk — min;j<pZj) + s < Skl < xi(«%c —minj<p2;) + pre
Remark.
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e Unlike the Lukasiewicz path, there can be other downward records
during the exploration of a given component.

eIf /=12~ = 27 = 1 and we recover some known facts about the
Lukasiewicz path.

Proof. The variation of 2 between k and k + 1 satisfies:

L l
Lioy1 = L — Y Hayjuj+ ) w0},
j=1 j=1
—_——
Zd,,
That means that instead of increasing (resp. decreasing) by 1 when a vertex
is discovered (resp. used), Z increases (resp. decreases) by x;, when a
vertex of type ¢ is discovered in instruction 2 (resp. used in instruction 1).
More precisely, for all k& € N, let 7 denote the step when the exploration

of the kth component ends with the use of the instruction 3 (with 79 = 0).
Then the following lemma holds:

Lemma 2.4. For each k > 0, the following formula holds:

4
L= @S~ Y Tay,.-
1=1

J20,7;<k
Proof. This formula can be proven by induction:
e For k =0, Z; =0, for the only element of S is di = di44,.

e Assume that the formula holds for & — 1.
During instruction 1, one dj is removed from S.

During instruction 2, for each j, the letter j is added 5i times j to S.
Therefore the variation of the first sum in the right-hand side during
the first two instructions is —xz; + Z§:1 xjéi, which is by definition
the variation of the left-hand side between k& — 1 and k. Therefore:

l
L= @S~ D), Tay.
=1

J20,7;<k—1

To end the proof of the lemma, we have to show that substituting S
to S in the first sum and &k to k — 1 in the second does not change the
value of the right-hand side expression.

Case 1: S isnot empty. Then S = S, and the second sum is not modified.

Case 2: S is empty. Then S = {dy11} and k = 7;, for some j, then the
term xq, , is added in the two sums. Therefore the value of the
right-hand side is not changed.
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Proposition [1.9| can be derived from Lemma
m m—1
2 = Tdyyr, — delwm = Z Ldy,,,, because Sy = {di4+,,}
Jj=0 Jj=0
For all integer j in [T, 741),
m
2. > r — ZxdeH.
J=0

The £~ comes from the fact that, due to instruction 3, Si is never empty,
and thus the first sum is at least ™.

Therefore, this entails a relation between the current minimum and the
first sum of Lemma 2.4}

m m—1
Vm, k s.t. T < k < Tim1, _ZdeU +a < rjn<1£133 < — Z Ty -
=0 = j=0

(2.3)
As Ay, = {m, 7 < k}| — 1 (the —1 is due to 7p), this inequalities gives,
by bounding z; by = and z™:

L in 2 x+_x_<1m§_l <A<1m_1 in
——min%——— < — x — x —— min
o ysk Tt T gt g i SRS gm £ B = Ty e
J= J=

By using ([2.3]) and Lemma the following inequalities hold for k& such
that 7, < k < Typg1t

m
—min% +x2- < T < -—min% +a"
i<k 7 D N
7=0
m
2y —minZ; + a2 < ka—i—ZdeT_ S%—minﬁ?—i—ﬁ
i<k =0 J i<k
J:
¢
2 —min %+ < ;5! < % —min%Z +axt
Rk = Zl’“ =Tk T
=1
1 ) _ 1 . i
— (2, —minZ; +2 | < | Sk| <— |2 —minZ+x
=t sk z i<k

O]

We now define a continuous-time version of Z and of the algorithm. The
instruction 1 and 3 remain the same, and the instruction 2 is modified in
the following way:
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Instruction 2: Add to S (at the end of the stack, as it is a FIFO stack) at random
times a random number of elements of [1,£]. §* denotes the number of
times the element i is added. The law of (5i>z‘e[[1 ¢, given the previous
steps, is:

e §' is a binomial random variable with parameters (N — U? —
Sia Pd7’i);
e The family (§%);<;<¢ is independent;

For all i in [1,/], let A} denote the multiset containing % times 4,
and let Ay, denote the disjoint union of the sets A¥ for i in [1,], i.e.
the multiset containing &° times 4 for each i in [1,¢]. To determine
the times when the elements of Ay are added to S, let (Y¢)cea, be a
family of i.i.d. random variables of uniform law on [0, 1]. An element
¢ of Ay is added at the end of S at time k + Y.

Remark. This construction implies that the elements of Ay are added in a
random uniform order.

This construction can also be extended to have a continuous version of Z:
If s is a real number in [k, k + 1], Z! is defined by

Zn(s) = Zj — (s — k) Hap i + Z 1y <s—x-

ceAl

This definition coincides with Definition at integer times. Let Z. be the
rescaled version of Z, defined by:

Zn(s) = n_%Zn(ngs).

This rescaled version is a key argument for proving Theorem due to the
following property

Theorem 2.5. Zn L wt

n—oo

Recall that #%(s) = 3(_, 2:;Wi(s). If Z,(s) denotes n™5 2;,(nis) =
Zle ;7! (s), Theorem implies that 2;, — #* allowing to see the link
between the size of the connected components and the lengths of the excur-
sions of #/{.

For all non-integer times s, let say in (k,k + 1) for some integer k, let
Zs be defined as the g-algebra generated by:

e the o-algebra 7,
o the sets {Y; : Y <s—k;¢ € AL}, for i € [1,4].

This allows us to interpolate the o-algebra % at non-integer times.
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2.3 Proofs

2.3.1 Theorem [2.5]
By general theory, we may write:
Zn(8) = My(s) + An(s)
V(i,) € [1 0%, My ()M (s) = Q37 (s) + By (s)
such that:
o My(.) and Q,(.) are martingales with respect to (%s)s>0,
e A,(.) is a continuous, bounded variation process,
e B,(.) is a continuous matrix with positive-definite increment,
o M,(0) = A,(0) = Qn(0) = B,(0) = 0.

For all positive real numbers sp and all ¢ € [1;/], the following limits
will be proven:

)2 Foar
n"3 sup Aﬁl(s)—yistn_%—l—@—n_%%s L5 0 (24
2 2nr; 5 n—00
s<n3 sg
n"3By(nis)) —— sV (2.5)
n—o0

nSE sup |[Mp(s)— Ma(s7)> —2= 0 (26)
SSR%SO n—oo

The limits become:

sup [An(s) — p(s)] —2> 0

SSSO n—oo
Bn(SO) L> SoV

Esup‘]\Z[n(s)—Mn(s—)|2 L2500

s<s0 n—oo

This implies that Z,, = M,, + A, 4w + p, uniformly on every compact, by
standard arguments, see [EK86, Theorem 7.1.4(b)].

From now on, s is a fixed positive real number. Z(s) is a process with
jumps +1 every time an item “7” is added to the stack S (i.e. a vertex of type
i is discovered) and a drift —Hy _ i, therefore sup <, [My(s) ~M,(s7)*<1
and the limit holds.
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In the following, (7;);c1,q Will denote the random piecewise constant
function defined by:

n:Ry — R

s = (Hq,i<i<e

For each i € [1;£], Z{(u) is a random process, with piecewise constant
downward drift —n;(u) and jumps of height +1 whenever a vertex of type 4
is discovered. For i € [1;/], and u > 0, let a’(u) denote the rate of jumps
at time wu, i.e. a’(u)du is the probability of a jump of Z' between u and
u + du, conditionally on .%,. Similarly, for any 4,7 € [1;/], let b*/(u) be
the rate of simultaneous jumps of Z; and Z;, i.e. b"I(u)du is the probability
that Z¢ and Z7 both jumps between u and u + du, conditionally on .%,. For
any i # j, as the jumps (i.e. the time of addition of discovered vertices) are
almost surely different, b’ = 0 a.s. For any i, by;"(u) = al,(u), by definition.

The processes A% (s) and By’(s) can be computed from the drift and
rates of jumps via the following formulas:

Ais) = As(a2<u>—ni<u>)du (2.7)
Bii(s) = /Osbigj(u)du. (2.8)

Therefore B, is a diagonal matrix. Let us estimate a’,(u) on [k, k + 1].

Let v*(u) denote the number of vertices of type i already discovered at
time u. The jumps correspond to discovered edges between vy, and vertices of
type i. For an eligible vertex v (i.e. a not already discovered vertex of type
i) the edge (vg,?) is discovered between u and u + du if ¥ is a neighbour
of vy (which happens with probability Py, ;) and the associated uniform
random variable Y is in [u,u + du]. A simple computation shows that if
an event occurs with probability p, and, conditionally on its occurrence,
happens uniformly on [0, 1], then

p

P(event occurs during [s, s + ds]|does not occur before s) = s
— sp

At time s, there are N — v/(s) eligible vertices of type 1.
Thus, for any positive s:

Py,
= (5= [s)Pas

ap(s) = (N} = v, (s))

7 n

To simplify the computation, we want to remove the denominator (which
is close to 1) and substitute r;n + 7ms to N. Let @, (s) be defined by:

. 2 .
ap(s) = (rin+7in3 — vy (s)) P, -
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It should be noted that f?(n) does not depend on s, and that fi(n) =
o(nfé). Let f(n) = max;c[i, fi(n), so f(n) is a bound uniform in s and i:
for all s > 0 and i € [1;/]

|an(s) = @y (s)] < f(n). (2.9)

To continue, an estimation of v,(s) is needed. The following lemma shows
that v,(s) is close to sy:

Lemma 2.6. There exists a function g such that g(n) —— 0 and, with

n—oo
probability tending to 1 when n tends to oco:

e Vi, max }U,ﬁ —yik:’ < g(n)ng (2.10)
k‘gson%

e Vi, max |v)(s) —yis| < g(n)n% (2.11)
sgson%

k—1
1 k?
e Vi, max Z (k+2)la=i —vi—| < g(n)n% (2.12)
k<son3 2 2
ssons [m=0

Lemma [2.6] claims that, up to small error terms, one can assume that the
types of the discovered vertices are distributed according to the eigenvec-
tor y. It should be noticed that this repartition is different from the repar-
tition in the initial vertex set, close to r. The proof of Lemma can be
found in Section [2.3.3, We will also assume that g(n) > max(n~3, n%f(n))
In the following computations, K will be a generic constant that does not
depend on s or n and which value can change along the computation (it can
depend on sp).

In the next computation, we assume that the inequalities in Lemma |2.6
hold. Starting from the definition of a! and using Lemma inequality
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1' and n;(s) = P4, the following inequalities hold:

. - 2 . ]_ 7&
ap(s) — (rin+7m3 — vy (s)) P, ’i(ﬁ +1tn"3)

_1 _1_ Y;S
@ (s) — riPa i —n 3riPa it —n 3P0+ #’@dm,i’
, 1 ;s
|ay,(8) = mi(s) —n~5(t + ,,,Z)m( 5) n%im(S)!

Integrating over s:

Al(s)=n~ §t+rZ ZULSJ ]Z+1‘%ZZ I S Hjilima,

7=1k<s
i 1 yz 82
Ap(s) —n73 t+ Zyj Gt Z%}i%’;
%/—/ H/—/
Yi Yi
: 1 1 y?s?
Al (s)—n"3(t+ )yzs—i-nyZT
(2

IN

IN

IN

As g(n) = o(1), and these inequalities hold if the inequalities of Lemma [2.6]
hold, i.e. with probability tending to 1, the limit is proven.

We now need to prove the limit . As B, and V are diagonal, the
limit is trivial for the non-diagonal coefficients. Let ¢ be an integer in [1;].

By previous computations,

Bbi(s) = Al (s) + /OS ni(u)du.

s 1
/ni(u)du—z ZHj’ildk:j < K
0 j=1k<|s]
s l
/ Z Uly| < K
/m(u)du—ZHj,iyjs < Kg(n)n§
0 "
7j=1
/m(u)du—yis < Kg(n)ng
0
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As max _ ]A (s)| = n3 maxs<s, An(s) = op(n %) according to hmlt .,
this proves the limit ( .

The limits , and have been proven ending the proof of
the convergence of Zn and of Theorem

2.3.2 Theorem 2.2

Let now see how Theorem [2.2] can be obtained from Theorem By the
Skorokhod representation theorem, it can assumed that W and all the ¥, are
on the same probability space, with Z, — W uniformly on every compact.
Then % — ¥ uniformly on every compact. The properties of 7 allow

n—oo
us to use this deterministic lemma, proposed by Aldous, in [Ald97, Lemma

7]

Lemma 2.7. Let f : RT — R be a continuous function, f, be a sequence of
functions, and (7, (n,1) € N2) be a collection of non-negative real numbers.
Let & be the set of non-empty intervals e = (I,r) such that:

f(r)y=f(Q) :mgl and f(s) > f(l) forl<s<r

We assume that the following hypotheses hold:
1. For allintervals (l1,71), (l2,72) in & withly < la, we have f(l1) > f(l2)

2. The complement of U e has Lebesque measure zero.
ecd

3. fn — f uniformly on every compact.

4. 9,0 =7p0 <1 <... and T ; —— +00.
1—+00

5. Yi,n, fo(th:) = Igin frn(u).

u<Ty ;

+ A ,
6. Vsp € R 7i:g}7?§80(fn(7—n,z) fn(ﬂz,z—&-l)) m 0.
Let = = {(l r—10:(r) e & and E" = {(Tni, Tnit1 — Tni)}- Then

= = fO’I“ the vague convergence on countmg measures on (0, +OO) X
n——+oo

(0, 4+00).

For all integer n and i, let y(n,i) the iteration of the algorithm when
the exploration of the ith component ends (vy(n,0) = 0). With I denoting
the number of components in 4, let y(n,i) =n+i— I for i > I. We can
apply Lemma with f = ¥, f, = %, and Tni = nfgfy(n,z'):

e the Brownian motion % satisfies almost surely the hypotheses 1 and
2;
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e hypothesis 3 is Theorem

e hypotheses 4, 5 and 6 are direct consequences of the construction of
% and the Lukasiewicz path-like properties of 2 proven in Proposi-

tion 23]

Let Cp; denote the size of the ith component of ¢ (in the order of explo-

ration, i.e. not sorted), then {(n_gy(n, i), n_%Cm)} — (1(7),]7]),~7 an excursion of #},
n—-+0o0o

with /() denoting the starting point of the excursion . This convergence
implies a restricted version of Theorem where one only considers the
components of ¢,, whose exploration ended before sgn3 iterations of the al-
gorithm and the excursion of #/ ended before sg. To fully prove Theorem

we are going to prove that no component of size Q(n%) is missed when
so tends to oo.
Let T'(z) and T,(z) be defined by:

T(z) =min{s: #'(s) < —atz -2t}
To(2) = min{s : Z(s) < —aztz—2"}

Propositionentaﬂs that by iteration n3T, n(2) the algorithm has ended

3 (bt
the exploration of at least L%j —1= LG%j components, and there-

fore has discovered all the vertices whose label is smaller than LG%j By

Theorem Th(z) 9, T(z).

n—-+o00

Let (CZ(j)); be defined as the sorted (in decreasing order) sequence of
the sizes of the components of ¥, explored exhaustively before iteration
T,.(z) and let (y*(j)); be the sorted sequence of lengths of excursions of #/}
before T'(z). As T(z) is a.s. finite, the restricted version of Theorem
entails:

Vz > 0, (n*%C’fL(j))j — (v*(4));-

n—oo

with convergence on every compact (and in fact, as implied later by the
proof, also with respect to the [ topology).

To prove the unrestricted Theorem|[2.2] we use the following lemma show-
ing that no large component is missed when z tends to oo:

Lemma 2.8. Let p(n,z,d) be the probability that %, contains a component

of size greater than 6n3 which does not contain any vertez i in I1; LG%ﬂ]
Then
V6 > 0, lim limsupp(n,z,d) = 0.
2—00 n

Proof. Let q(8,n) denote the expected number of components of size greater
than 8 in ¢,. Conditionally on the unlabelled graph, the labels of the

85



vertices are random, therefore the probabi%ity that none of the vertices olf
a given component of size larger than dn3 has a label smaller than zns3
2

1\ on3
is smaller than (1 - m) — exp(—dz). By summing over all the

n n—+00
components, one can obtain:

lim sup p(n, z,0) < exp(—dz) lim sup q(éng ,n)

Showing that limsup,, q(én%,n) < oo for all § > 0 is sufficient to prove
Lemma 2.8 and is a consequence of the following lemma:

Lemma 2.9. Let w}! denote the probability that the component of the ver-
tex 1 has a size larger than k. Then there exists a constant A (depending
on H and t) such that

Vn, k, wy < A(k‘% + n_%)

The proof of Lemma [2.9]is in Section

As the law of ¥, is invariant by permutation over the vertices, Lemma
2.9 remains true if 1 is substituted by any other vertex. By summing over
the vertices, the expected number of vertices in component whose size is
larger than k is smaller than nwy, and consequently:

nwy < nA(k‘_% +n_%)

k < 2.1
_1
Therefore q(dn%,n) < M < 00. O

Lemma entails that the probability of missing a component of size
at least dn3 by stopping the exploration process at iteration T,,(z) goes to
0 when z goes to infinity uniformly on n. Therefore nfg(Cn(j) —Ci(4));
goes to 0, on every compact, uniformly on n, when z tends to infinity. As
(7(4)) —7¥*(4)); tends to O on every compact (as the set of excursion of
W[ can a.s be sorted in decreasing order, by [AId97, Lemma 25]), we have
proven that

uniformly on every compact.

Theorem is true if one considers the convergence with respect to
the product topology. To conclude with the [?-topology, let us temporarily
assume the following lemma, whose proof can be found shortly afterwards:

Lemma 2.10.

lim lim sup E Z (Tf%Cn(i))Q =0

z=0 n—to0

o

1:Cp (1) <zn3
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For any integer m, the [*-distance between n_g(Cn(j))j and ((j)); can
be bounded by the following sum:

D (G < D) — ()P 42 3o (0 ECu()) 2 D0 ()
Jj=1 Jj<m ji>m e
sy Sy Sy

Let € > 0 be a positive real number.

(v(5)); is a.s. [* [AId97, Lemma 25], thus there exists an integer ms
such that with probability larger than 1 — €, S5* is smaller than e for every
m > ms.

By Lemma there exist a z > 0 such that, for n large enough,
:Chp, (Z)Szn%

Therefore, by Markov inequality, with probability larger than 1 — e,

S G0 <

2
:Cn(1)<zn3

Sa

The expected number of components of size larger than wn3 is q(zn% ,n),
and is finite according to the proof of Lemma Therefore, by Markov
inequality, there exists a mo > mg such that with probability lgirger than
1 — ¢, there are at most msy components of size larger than zn3. In that
case, S5 < Sy.

S1"? is the [*-distance between « and C,, restricted to their mq first
components. The convergence with respect to the product topology has

already been proven, thus S7* — 0 a.s. All these considerations prove
n oo

that the convergence also holds for the I2-topology.

The proof of Lemma [2.10| comes from the following computation, using
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inequality (2.13]):
2 4
E( ), (3G = ns Y E(Ch)
:Cp i<z

i:Cn,iSLZTL%J né)
|2n3 |
— n-3s k2E(card{i :Chi =k})
k=1
2n3 |
— n-3% (2k — 1) E(card{i : Cp; > k})
k=1 Q(kan)
2
[zn3 ]
k=1 “~——
<2
1 LG%J 1 LG%J 1
< 2Kn™3 k™2 + n-s3
k=1 k=1
—— 2K(2y/z+2)
n——+00
— 0
z—0

2.3.3 Lemma [2.6]

Let us recall Lemma 2.6}

Lemma There exists a function g such that g(n) —— 0 and, with
n—oo

probability tending to 1 when n tends to oco:

e Vi, max_|Uj — yik| < g(n)n% 2.10
kgson%

e Vi, max |v(s) —y;s| < g(n)n% 2.11
sgson%

-l 1 k2 4

o Vi, max > (k+ )lay=i — vi| < g(n)n? 2.12
k<son3 2 2
SSson s |m=0

As v'(s) in non-decreasing, it is sufficient to prove (2.11) for s integer.

The difference between (2.10) and (2.11) is the stack S: v (k) — U} is the
number of vertices of type ¢ in the stack Si. Proposition allow us to use

Z to obtain bounds on the sets created by the exploration process. Z can
be bound via the following lemma:
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Lemma 2.11. For a fized sy, max o2 | Z5| is stochastically bounded by
s<sgn

1
ns.

Proof of Lemma|2.11] The same decomposition is used for 2 as for Z, with
Y = M+ o and M? = 2 + B, where M and 2 are martingales, o
a continuous, bounded variation process and % an increasing continuous
function. Then, by linearity, &/ = Zle ;A" and B = Zle 2B (the
non-diagonal terms are null). Let X be a constant and define the stopping
time T'x ,, by min(son%,min{s 2] > Xn%}) In this computation, K will
be a generic constant, whose value may vary, and does not depend on X or
n (but can depend on sy and the parameters of the model).

Recall that f(n) is a bound from above of the difference between @t (s)
and a (s) and that f(n) = o(nfé). Then, by the optional sampling theorem

and equation ([2.8)):
E*(Txy) = EB(Txpn)

TX,n ¢ .
= E / Zx?a;(s)ds
0 i=1

14

E(/OTX’"Z

i=1

IN

2 (s) + f(n))d8>

¢ son3
1 4
< Sat [ a4 s
=1

wln

< Kn

Txnm ¢ .
E(|A(Txn)|) <E (/0 D wilal,(s) —m(S)d8>
i=1

lan(s) = mi(s)] < lag(s) = mi(s)| + f(n)
= |(rin+7ins — Vi(S))PdM i — Hap,ql + f(n)

< Knb4 )
n
Moreover, for s < Tx,, we can bound from above (s), by the number of
vertices already discovered of any type, which is the sum of the number of
vertices already used (i.e. [s]|) and of the number of vertices in the stack.
By Proposition [2.3] the number of vertices in the stack is smaller than:

1 + 2
—( max 2 — min f’f)—l—x—<—_Xn%+K.

xr— SSTX,n SSTX,n X xr
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Then, by integrating, as T'x , < son%:
1
E(JA(Txn)]) < K(n3 + X).
This inequality implies:

P( sup |Z(s)| > Xn3) = P(|Zu(Txn)| > Xn53)

2
3

s<sgn
_ E|Z(Tx,)]
B
Xns3
< ElAu(Txn)| + Bl (Tx,n)|
N Xn%
_ VECBTxn) + Kns + KX
N Xn%
K
< %+ Kn™s
This bound ends the proof of Lemma [2.11 O

By Proposition Lemma has two useful implications. First it
implies that the number of vertices in the stack, is stochastically bounded
by n3 and therefore the inequalities dﬁ and EI) of Lemma are
equivalent (the difference between the two being the vertices in the stack).
Lemma also entails that2 the number of components whosga exploration
started before iteration |sgn3 | is stochastically bounded by ns.

The next step of the proof of Lemma is to estimate U,ﬁ. By definition
of the process, there are k vertices used in the first k iterations, but the
repartition of the types in these k vertices is random. We are going to show
that the proportion of used vertices of type 7 in the first k iterations is close
to Yi-

The instruction 2 of the kth iteration of the algorithm adds a random
number of elements at the end of the stack §. The number of times the
element j is added is a binomial of parameter N; — v/ and Py ;- Let
hﬁj denotes » ;1. (N; — v (k'))1a,,—;i (this can be seen as the number of
Bernoulli random variables used by such binomials in the first & iterations of
the algorithm). The exploration process can be coupled with /% sequences
of independent Bernoulli random variables, %,”, for (i,7) € [1;¢]?, with
IP’(%’,ZJ = 1) = P, j such that the number of times the element 7 is added to
the stack S in the kth iteration is the number of successes in the sequence
8% between positions hfl;% 4+ 1 and h’;k’i.

The following lemma says that the number of successes in the binomials
is close to its expectation:
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Lemma 2.12.

k
> Pl —kPy

m=1

zXn§>> =0

Proof. We want to bound the gap between the number of successes in the
Bernoulli variables and its expected value. Rp = an:l B — kP;; is a
martingale. For a positive real number X, let define the stopping time T’x
by Tx = min{son%,min{k‘ :|Rg| > Xn%}}

By the optional sampling theorem, E(R7, ) = 0, and

Var(Rp,) = E(Tx)P,;(1 — P,;) < son3 P; < Kn3 with K a constant
independent of X. Then, by the Bienaymé-Chebyshev inequality:

V(i j) € [[1;2]]2,Xlim (limsupIP’ ( max_

—+oo n—00 k<son3

Wi

K K
P(|Rry| > Xni) < —— = — — 0.
X2n3 X? X—oo

1
As |Rr,| < Xn3 is equivalent to max_ |Ri| < Xn3, this concludes the
kSS()ng

proof of Lemma [2.12 ]
From now on, the following conditions are assumed to hold:

(C1) There are less than nz components whose exploration started before
the kth iteration.

=

(C2) V(i,4) € [1;]?, max Sk Byl — kP | <n2.

5
k<son3
(C3) At any time before son%, there are less than n? vertices in the stack.

Lemmata and imply that these three quantities are stochastically
bounded by n3, thus the three properties are asymptotically almost surely
true. The end of the proof will consist in showing that these three conditions
imply deterministically the inequalities of Lemma [2.6]

Lemma 2.13. There exists a constant K (depending only on H ) such that
for all w € RY, [|(ui — i 35—y wy)il| < K|JuH — ull

Lemma holds for any norms, as all the norms are equivalent (the
value of K will of course depend on the norms used).

Proof. Let ¢1 and ¢y be two endomorphisms of R defined by:

p1(u) =uH —u
l
p2(u) = (ui =y ) u))i
j=1
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As, by Lemma 1 is a simple eigenvalue of H, with left-eigenvector
y, there exists I stable by H such that R = Ry@ F. Ker(®3) = Ry,
therefore on the finite-dimensional F, @gp : F' — Im®; is invertible, and
its inverse is continue. Therefore there exists a constant K such that for all
u in Im®sy, [[¢1 0 2 (u)|] < Klu||. Applying this inequality to @g(u)
gives for all u € F":

lpr ()] < Kllpa(u)]]- (2.14)

Let u € R’. There exists (up,u,) € F x Ry. ¢1(u) = ¢1(ur) and @a(u) =

@o(ur), therefore inequality (2.14)) holds for every u € R,
L]

Let k < song. To end the proof, we are going to prove that Uy is close
to UpH, andn therefore, by Lemma close to ky. Let U, denote the
set of children of the first k vertices and let U denote the vector of the
numbers of vertices of U, of each type. The sets Uj, and U}, are close: the
set Uy, \L_Ik contains the first vertex of each component seen before iteration
k, and Uy \ Uy, is the stack. By the conditions (C1) and (C3), there are less

than n> vertices in each of these two relative complements. By definition of
. ) hfi . .’ .
hf,jv Ulg =D ic1 2amit P -
Recall that Y, = > (N — v/ (K))1a,,—i. Therefore, hf; < nk <
5
son3, and by using the condition (C2)

4
U] — "Rk Pyl < tns. (2.15)
i=1

Moreover, as v/ (k') < son3 + n2 (the first term bound from above the
number of used vertices, and the second the number of vertices in the stack),
then

2 1
(Nj—sons —n2) > g, < BE, < N; Y 1g,-

K <k k' <k
(Nj —sons —n2)UL < hE, < N;UL
¥, — N;UL| < Kns (2.16)

Inequalities (2.15)) and (2.16) allow us to conclude:

¢ ¢
|UH=Ul| < [URH—=(>_ N;ULP )11+ NyjULPs )= Ukl + 1Tk — Uk
=1 =1

As Uy, < Son% and |rjn — N;| = O(n%):
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? l
, . ] .
(UxH); = > NULPl < ) |HiUj — NjUi (1 +1n73) 2
=1 =1
¢ . .1 1
< z; |H; ;U — TjnUziﬁ(l +tn"3) P |
1=

1
Hrin = Njl(UL 1+ tn™5] 24)

. 1
Hi jUL[t|n™5 + |rjn — Nj’(UIzcﬁ‘l +tn73| P )

I
'M“‘

-
I
A

|
o
3
W=

)

I
)
—~
S
wiN
~—

l l l
Y NULP; =Tl < (UL =Y hiPijl+ > IN;ULP;; — b P ]
=1 =1 =1

V4
tnz + 3 PyIN;UL — hE|

<
=1
1 ¢ 4
< (nz+)» P;Kn3
=1
= O(n?)
= o(n’)

’Uk — Uk‘ < 271%

Thus ||UpyH — Ug|| = o(ng). This proves that, assuming conditions (C1),
(C2) and (C3) hold, there exists g(n) = o(n%) such that, for all i € [1;/],
and k < son3, \U}: — y;k| < g(n) (g(n) is uniform in k < son%).
We now need to prove the inequality (2.12)) of Lemma We assume
that the three conditions (C1), (C2) and (C3) still hold.
Let D be a function such that D(n)n% —— oo and (g(n) +1)D(n) —— 0.
n—oo n—oo

The error terms will be denoted by 6;, which will be proven subsequently to
4
be o(n3). The 6; will be out of the summations.
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Let kp < song be a fixed integer.

ko koD(n)—1
Z klak:i = Z Z klak:i + 00
koD(n)—1 j
= Z Z ——~1a=i+ 0o+ 01
7=0 J <k<(j+1) D(n)
D) <F=Hn)
koD(n)—1 j
= U = U Oy + 0
JZ:% D(n) < Sol LDfn)J) IR
koD(n)—1 j "
= ———"— 4+ 0+ 061+ 0,
2 D(n) D(n)
ilkoD(n) || koD(n) — 1
_ DD =1 g g 4,

kQ
= yi3°+90+91+92+93

We now need to show that the 6; can be bounded by a function g(n) = o(n%),
uniformly on kg < son%.

0 is the error due to the removal of some terms of the summation during
the renumbering:

kg D(n)]
D(n)

by = Zklak:i_ Flay =i
k<ko k=0

k=ko

(90 = Z klak:i

L Lk%’i’f(g” J+1

1 2
< L 2
Bol - = D(n) >’
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0, is the error due to approximating k by %:

koD(n)—1 .
J
0, = kE— ——)1, —;
! — _ ('+1)( D(n)) A=l
T B k< Bm
koD(n)—1 .
J
0 < h— -2
meen 2 FTw
) <F< 5y
) koD(n)—1 1
a 7=0 J G+1) D(’I’L)
B(n) F< 5w
< ko
~ D(n)
4
3
<
n3D(n)
= o(n3)

0y is the error due to approx1mat1ng the number of vertices of type ¢

j+1 .
between Dgn) and lj)(n) by D(n)

koD(n)—1 . . .
— _J i _ ‘]+1 g
b2 = 24 D) (Utg(z)J Yptmy TV Dm) ULD(n)J>
koD(n)—1 . . . .
J i it AU I
s 2 o (i = B0 |+ Pl =56 1) + 2058
koD(n)—1 j j
< = D(n) 9(”)+2yiw
2(9(n) +vi)
< (oD ()5S
< stnsD(n)(g(n) + 1)
= <%>
3 ko
|93| < 5 (n)
= o(n3)

It should be noted that upper bounds of the |6;| are uniform on ky < So%,
which ends the proof.
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2.3.4 Lemma 2.9
Let us first recall Lemma [2.9]

Lemma Let w}! denote the probability that the component of the ver-
tex 1 has a size larger than k. Then there exists a constant A (depending
on H and t) such that

Vn, k, wy; < A(k_% +n_%)

We need to bound from above the probability wj; that the component
of the vertex 1 in ¥,, has more than k vertices, which is also the probability
that the tree created by the algorithm described in the part has more
than k vertices.

First, assume that k < n5. Recall that the law of the number of children
of type j of a vertex of type i is a binomial of parameters (N;* —U; —S;, P; ;).
As NI* < rin + (7 + 1)n% for n large enough, by a coupling argument,
wy can be bounded from above by the probability that there is at least
k nodes in a multitype Galton-Watson tree with the following law for the
children: for a vertex of type ¢, the numbers of children of each type are
independent, and the number of children of type j follow a binomial law
of parameter r;n + (7; + 1)n% and P;. Le Cam’s theorem entails that this
Galton-Watson tree can be coupled with a Galton-Watson tree with Poisson
law of parameters (r;n—+ (7; + l)n% )P’;)i,j in such a way that the probability
that they differ in the first & vertices is smaller than

k¢ max (rm + (7 + 1)n§) max Pi’?jQ — O(nié).
[ 1,7

This means that it is sufficient to prove Lemma [2.9] on this Galton-
Watson tree instead of the component of 1 (up to a change in the constant
A).

As this parameter is smaller than H;; + ns (F +1)P;+tH; j+ 1)
for n large enough, this last Galton-Watson tree can be bound fr10r~n above
b~y a Galton-Watson tree with Poisson law of parameters H; j+n" 3 H; ; with
H;; = (7 + 1)@,’7]‘ +tH; ; + 1).

The event that this Galton-Watson tree has more than k vertices is
included in the union of two events: either the tree has more than vk
generations (i.e. has a depth larger than v/k), or there are more than k
vertices in the first vk generations.

Let us bound from above the probability of the second event. If e;
denotes the row-vector of length ¢, with £ — 1 “0” and a “1” in the ith
position, the expected number of vertices of type j after m generations of
this Galton-Watson tree starting with a vertex of type 7 is:

ei(H + n_%ﬁ)me?

96



Lemma 2.14. There exists a sub-multiplicative norm N(.) on M,,(C) such
that N(H) = 1.

Proof. If P is an invertible matrix, and N a sub-multiplicative norm, then
N : X — N(P~'XP) is a sub-multiplicative norm. Therefore it is sufficient
to prove Lemma with a matrix similar to H. Let H; be the Jordan
normal form of H. As by Lemma the eigenvalues of modulus 1 are
simple, the blocks are either a simple complex number of modulus 1, or a
block with A on the diagonal, |[A\| < 1, and 1 on the extra-diagonal. For
any positive s, let P = Diag(s,s?,...,s"). P~YHP is the matrix H where
every extra-diagonal 1 has be substituted by a s. With s small enough,
N(P~'HP) = 1 where N(A) = maxj<j<( Zle |A; ;| is the induced norm
with respect to the 1-norm.

O

This implies that N((H + El)m) < (1+ w)m < exp(mn_%N(fI)).
n3 n3
Therefore there exists a constant A such that e;(H tn s H )meJT < A for all

1,7,n and for all m < n3. Thus the expected number of vertices in the vk
first generations is smaller than Av/k. By Markov inequality, the probability
that 1thelre are more than k vertices in these vk generations is smaller than
Ak™2.

Let us now deal with the probability of the first event. The probability
of survival after k generations can be easily computed with the generating
function (see for example [Har63|] for a theory of multitype Galton-Watson
trees, and branching processes in general). In this case, the generating
function f,, : RY — R¢ is defined by:

l
f9(s1,...8) = H exp ((HZJ + n_%ggj)(sj N D)
=1
j ) .
= eazp(Z(Hi,j +n 5 H[)(s; — 1))

fjj will denote the kth functional power of f,,. Then the probability
of survival after k generations starting from a single vertex of type i is
1— fF90,0,...,0).

By property of the exponential function, there is a constant K > 0
such that 1 — exp(z) < —z — K22 for all z smaller in absolute value than
Zi,j HiJ' + ’ﬁ:'] . Then:

4
1 J0(s) < = S0 (Hyg S ) (8= 1)~ K ((Hig +n S ) (s~ 1)
=1
! (2.17)
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Let u)" be defined by u)' = Zle yi(l — fn' @) (0)). By applying inequality
(2.17) to s = f}*(0) and summing over i, we obtain, for n large enough:

V4
W< (1+ K'n3) ——Zyz<zﬂw f;”(j)(o)))Q-(ﬂS)

2
As s o lslln = & S (55, Hiss) and 5 sl = Suls ar

strictly positive on [0;00)¢ \ {0} and are positive homogeneous of degree 1,

there exists a constant Ko such that, for all s in [0,00)%, ||s||z > Kal|s|,-
Inequality (2.18)) implies «™*! < (14 K'n™~ 3) — (Ku™)2.
Let us deﬁne v=K'n i and v, = K2u™ — 9. By multiplying each side

by K2, this inequality becomes:
Yy A9

(14 0) (v + 0) — (vm + 0)?
U (1 — vy, — D) (2.19)

U, 18 a decreasing sequence (it is an increasing function of u™, a positive
linear combination of probabilities of survival for m generations), therefore
. 1
1fvm§0forsomem§\/%,vﬁ§0§ﬁ.

Assume that vy, is positive for all m < vk. Inequality 1) implies:
Um+1 < Um(l - Um)

By usmg the inequality (1 -1 < by induction, for all m < VEk,

x—l—l’
U, < +1, thus fu\f < k3. This implies that u\f < K'(n” 5+ k: ) As
1 — f™®(0) < “= this conclude the proof of Lemma [2.9| for k < ni,

Ifkis larger than n3 the probability that there are more than & vertices
is smaller than the probablhty ‘1chat there are more than ns vertlces which
is smaller than A((n: ) I 4n 5) =2An" 5 < 2A(n~ 5k )
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As suggested by Itai Benjamini, we introduced a variant of the Erdds-
Rényi random graph process with a forbidden degree k, in which every edge
adjacent to a vertex v is removed when the degree of v reaches k (but the
removed edges may very well be added again later). We study the existence
of a giant component, depending on the forbidden degree k and the time
parameter t. We prove that for k > 4 a giant component appears at some
point, while for £ < 4, a giant component never occurs. The main tool of
our study is the local limit of the random graph process: it provides useful
information about the cases k > 4, but also the threshold case k=4.

3.1 Introduction

3.1.1 The model

We consider a sequence of multigraph-valued stochastic processes G,’?L =
(sz’t)tzo, in which n and k, two positive integers, stand for the number of
vertices and for the forbidden degree, respectively. The vertices are labelled
from 1 to n, and E denotes the set of their (Z) eventual edges.
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The multiplicity of the edges depends on a Poisson point process II with
intensity %1t20dt ® pon Ry x E, where p is the counting measure on FE.
IT will be seen as a marked point process, with elements in R, marked by
an edge in E. For any e € F, Il denotes the point process on R, of the
elements of IT marked by e, and is the set of times when the multiplicity of
the edge e is increased by 1. More precisely, initially, Gﬁ,o does not contain
any edge. At each time t € Il., the multiplicity of the edge e is increased by
1, and, for any endpoint w of e that reaches degree k at this step, every edge
incident to w, including e, is removed (when both endpoints reach degree
k simultaneously, the destruction of edges takes place on both sides)ﬂ A
given edge can be added several times to the process, therefore an edge can
be removed, and added again at a later time; multiple edges can also occur.
A vertex of G’;;t is said saturated if its degree is k —1, the maximum possible
degree.

At some point, a discrete time version of the continuous time process
GfL will be needed: the unmarked version of II is a Poisson point process
with intensity "Tfl on Ry, so it is a.s. possible to order the points of II in
increasing order. For any integer 4, let 7; = inf{t > 0 : II([0,¢] x E) > i}.
By the memoryless property of the Poisson point process, the times 7; are
independent of the discrete process (Gfbn)@ This discrete process can be
described as follows:

e At step i = 0, there is no edge.

e At each step ¢ > 1, choose an edge uniformly at random among the
(Z) elements of E and increase its multiplicity by one.

e For each endpoint reaching degree k, remove every edge incident to
this endpoint.

The multigraph-valued stochastic process in which the edges appear ac-
cording to (Ile)ecr, but are never erased, is denoted G7° = (G35 )i>0. We
shall call it the Erdds-Rényi multigraph process, or the Erdds-Rényi multi-
graph. For any graph G, Cpax(G) will denote the size (the number of ver-
tices) of the largest connected component of G.

Possible generalisations Let G be a locally finite simple graph. For
every edge e, let II. be a locally finite subset of Ry. Define the forbidden
degree version of GG as the multigraph process with the same set of vertices
as G evolving in the following way:

e Initially no edge is present.

!Technically, the endpoints will never reach degree k, going directly from degree k — 1
to 0, but we will describe this situation as reaching degree k and immediately going to
degree 0.
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e For every point ¢ of Il., increase the multiplicity of e by one at time .
e If a vertex reaches the degree k, remove every adjacent edges.

This model is not always well-defined when the graph is infinite. A sufficient
condition will be described in Section [3.4.2]

It is possible to allow the forbidden degree to depend on the vertex by
using the following generalisation:

e Let (ky)yev be a sequence of integers, indexed by the set of vertices.
The integer k, will be called the forbidden degree of v.

e The edges are added as previously. Whenever a vertex v reaches degree
k,, remove every edge adjacent to v.

This generalization allows to interpolate between two forbidden degrees,
by setting the proportion of vertices of each forbidden degree, e.g. by having
a proportion A of the vertices with forbidden degree k£ + 1 and a proportion
1 — X\ with forbidden degree k + 1.

Heuristically, we expect that the resulting random graph process is stochas-
tically increasing with the forbidden degree, even if it is not deterministically
increasing, as explained in part

3.1.2 Context

In [ER60], Erd6s and Rényi obtained a striking result: the largest component
of the Erd6s-Rényi graph with tn edges and n vertices has two radically
different behaviors depending on t. If ¢ < 3, Crax(Grom) = o(n) a.as
whereas as soon as t > 3 Cpax(G) = ©(n). For this reason we will study
the evolution of C’max(Gfm), depending on (k,t,n).

Another model with a degree constraint is the graph process with degree
restriction [RW92]. There also exists several models with local constraints,
e.g. the triangle-free process[Boh(09] and H-free processes[ESW95, [BR0O0),
OT01] where H is a given subgraph. These models differ with the for-
bidden degree on many aspects, but in our eye the essential difference is
that the graph processes are increasing in the former models, while in the
forbidden degree model the graph process is not, as edges are routinely re-
moved. Another model with edge removal is the Drossel-Schwab forest-fire
model[DS92], where full components are removed with a rate proportional
to their size.

3.1.3 Issues we have to deal with

Several points need to be considered when studying this process:

102



1. Chronology. For a fixed ¢, the Erd8s-Rényi multigraph G, does not
depend on the chronology of the apparition of edges, but only on the set
of added edges, while due the forbidden degree constraint, chronology
suddenly matters for Gfm.

2. Monotony. GF is not an increasing process, and the existence of a
giant component at a given time does not imply the existence of a
giant component at a later time. Actually, having more edges at a
given time can lead to a smaller graph at a later time.

3. Locality. The degree of a given vertex depends on which adjacent edges
have been removed. In turn, this depends on the degrees of the other
endpoints of these edges, and these degrees depend on the neighbors
of these endpoints, and so on... As a consequence, the existence of
a local limit is questionable, much more than for the Erdés-Rényi
random multigraph.

3.1.4 Results
The main results obtained in this article are the following;:

Theorem 3.1. For every k < 3 and for every sequence of non negative real
numbers (tn)n>0,

CmaX(Gﬁ,tn) =o(n).
Theorem means that there is no giant component for k < 3.

Theorem 3.2. If k > 5, there exists an interval I such that for any time
t eI, Cnax(GE,) = 0(n).

n,t

According to Theorem there exists a giant component at some point
if £ > 5, but this does not entail that a giant component still exists at a
later time.

Theorem 3.3. Let v be a random vertex of Gy ¢, chosen uniformly among
the vertices of Gyt independently of (G7%)t>0. Then for any k € NU {oo},
(wa,fu) converges in distribution, for the local limit topology, to TF, when
n tends to oco.

T?° is a Galton-Watson tree with Poissonian offspring distribution. T}
is the forbidden degree version of 77°, and turns out to be a two-stages
multitype branching process. The convergence is with respect to the local
topology, as introduced by Benjamini and Schramm [BS01].

Theorem 3.4. For anyt >0 and k € N,

Cmax(Gi)

n n—00

P(Tf| = o0).
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Expectedly, the behavior of the local limit predicts somehow the exis-
tence of the giant component, as the supercriticality of the local limit T} is
equivalent to the existence of a giant component.

Section [3.2] will be about Theorem [3.1, Theorem [3.2| will be discussed in
Section the existence and properties of the local limit in Section and
the Theorem [3.4] will be discussed in Section [3.5

3.2 There is no giant component if k£ < 3

If £ < 2, no component has more than 2 vertices. Thus, this section dealing
only with the case k = 3, Gf’l’t is denoted G, +. The largest allowed degree
being 2, the connected components are either paths or cycles, which limits
their growth. Theorem follows from the next proposition.

Proposition 3.5. There exists a constant A such that for any £ € N, and
forn > 10,
E [Cmax(Gn,Tg)2] < An.

Proof of Theorem[3.1l Let |a| denote the cardinality of a finite set a, and
set N(t) = |IINJ0,t] x E|, resp. N(t) = |II. N [0,¢]|. Since the two families
(1i)ien and (Gp 7, )ien are independent, we obtain:

E [Cmax(Gn,tn)2] § ZE [Cmax(Gn,tn)Q |N(tn) = Z} P(N(tn) = Z)

< ZE [CmaX(Gn,Ti)Z] P(N(tn) = Z)
< Aln

O

Proof of Proposition[3.5. For any n and ¢, let By (resp. Ay, Cy) denote the
set of connected components of G, , (resp. the set of acyclic connected
components of G, -,, the set of cycles of Gy, r,). Consider Z; defined by:

Zy = > laP+2) b (3.1)

CLEA@ bEC@

The reason for counting cycles twice will be clear later. Proposition [3.5]
follows at once from the next Proposition.

Proposition 3.6. There exists a positive constant A such that for all inte-
gers n and £, B(Z;) < An.

Proof. Set
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Let .%; be the o-algebra generated by (G t)i<r,, and let A denote the vari-
ation of Z;:
Apy1=Zpg1 — Zy.

We shall prove that, for suitable constants « and 5, both larger than 1,

2
E(Ap|Fr) < o+ B2 — 12 (3.2)

n
As a consequence,

2
n(ugyr —ug) < a+ Pug— iug,

Note that ug = 1 and let r denote the positive root of oo+ X — iX2. Now,
o if r <wup <r+a+ B2 then (3.2)) entails that upyq < uy;
. : 1 2
o if 0 < wuy <, then (3.2) entails that uprq —up < (o + (7).

Thus A =+ o + 32 is a suitable choice since ug = 1 < A. O

Now, due to (3.1),
ZZ > Cmax(Gn,Tg)zv

which concludes the proof of Proposition assuming relation (3.2). O

Proof of . Consider a graph process I' = (I'y)>0 that starts from n
vertices and no edges. At each step £ > 1 a first random vertex v, is
picked uniformly and a second random vertex wy different from v, is picked
uniformly too. Then the multiplicity of the edge ey = {vy, wy} is increased
by 1, provided that the forbidden degree rule allows it. If either v, or wy has
degree 2 in I'y_; then its edges are erased and ey is not added. Since I" has
the same distribution as (G, 7, )¢>0, we shall consider, in what follows, that
the process (Z;) is a functional of T, rather than a functional of (G, r,)e>0-

Let us decompose the variation Ay according to the connected compo-
nents of vy and of wy. For ¢,d € By, set

Xc,d = Af]-VgGC]-WZEda

so that

Ay = Z Xea-

(c,d)EBg

Since Ay, By, Cy are measurable with respect to %y,

E[AdF] = > E[X.dZ.
(c,d)eB?

Let us list the cases in which Z; increases:
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1. The edge e¢; makes c a cycle. This entails that ¢ = d € A, and that
vy and wy are the two endpoints of ¢, which happens with probability
at most ﬁ In this case

Ay = |cf.

2. The edge e¢; merges ¢ and d. The components ¢ and d merge only
if ¢,d € Ay, ¢ # d and vy and wy are endpoints of ¢ and d. There are
at most 2 endpoints per component, so, given ¢ and d, this happens
with probability at most ﬁ. In this case

Ag = (Je| + [d])? = [el* = |d|* = 2lc]|d].

Now let us list two of the cases in which Z, decreases:

3. ¢ is a cycle. If ¢ # d, the cycle ¢ is split into a path of length |c¢| — 1
on one hand and an isolated vertex on the other hand. If ¢ = d the

cycle can even be split in smaller parts, but in both cases X4 < —|c|?

with a probability %

4. ¢ has endpoints but v, is not one of them. Let us say that v,
is the mth vertex of c¢. If ¢ # d, the path ¢ is split into three paths,
of length m — 1, |¢| —m and 1. If ¢ = d, one of the three previous
paths can be split again due to the effect of wy. Thus, for any m with

1 <m < |e| = 1, with probability %,

Xea < (m—=12+(lc] —m)® +1—|e[* < 2m(m —|c|).

These 4 cases cover the possible contributions of (¢,vs) to Ay The two
first cases, in which the two sides of e; play symmetric roles, also cover the
positive contributions of the other side of ey, (d,wy), to Ay. As we aim
to provide an upper bound for Ay, we do not need to discuss the negative
contributions of the other side, and considering the 4 cases, we obtain:

Y EXedZ] < Y D

(c.d)EB? 1<i<4
in which
27,
Dy = 2o > < ———,
n(n—1) c;;é n(n—1)
8n
Dy = n(%_l) Z lelld] < n_1
c,d€Ay
Dy = -1 Z e
ceCly
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and

IA
Wl
|

gl

S

o
w

Thus, for n > 9,

3Z 1
E[A|F] <12+ T3 = | Do e+ D dlef?
cEAy ceCy

Let (ac)ceB, and (be)cep, denote two sequences defined as follows:
o ifce Ay, ac = m and b, = ]c\%;
e ifceCy, a.= \m and b, = 2\0\%.

Then, by the Cauchy-Schwarz inequality, we have:

= (D acbe)’ <Y az Y bi=n( [ef’+ Y 4le)

ceBy ceBy ceBy cEA, ceCy

As a consequence, (3.2) holds true for («, 8) = (12, 3). O

3.3 At some point, there is a giant component if
k>5

In this part, rather than considering the process with forbidden degree, we
shall consider a lower bound, i.e. a new process in which all the edges inci-
dent to a vertex to which at least k edges have been added are removed. For
k > 5, this new process is supercritical, allowing us to prove Theorem

3.3.1 Approximation by a simpler model

Consider the graph gﬁjt obtained when one erases all the edges of G7°; that
are incident to a vertex with degree k or more. As opposed to Gfm, gﬁt
depends on II only through (Ne(t))eep, thus it does not depend on the
chronology. Let T}, denote the transformation that maps (Ne(t))eer to gk :



Lemma 3.7. For any n and t,
gﬁ,t < Gfl,t < G;ft-

If G(e) denotes the multiplicity of the edge e in G, the order we consider
in this section is the product order for (G(e))cck-

Proof. The second inequality is clear. For the first one, note that if 0 <
Gk (e) < Go%(e), then one of the endpoints of e reaches the threshold k
in G}° at some point s before ¢, and, as a consequence, gfm(e) = 0. Else
none of the endpoints’ degrees of e reach the threshold k in G77, and as a

consequence g,’it(e) = Gfm(e) = Gxy(e). O

The graph gfl,t, conditionally on its degree sequence, is distributed as
a configuration model conditioned on being loopless, as will be proven in
Corollary [3.9] The configuration model, introduced by Bender and Canfield
[BCT8l, page 297] is defined as follow:

Definition 3.1. Let (¢,)1<y<n be a finite sequence of non-negative integers,
such that ), ¢, is even. The configuration model associated to (¢,)1<v<n is
the random graph constructed as follow:

e The set of vertices V' is {1,...,n}.
e Let L be the multiset containing ¢, copies of each vertex v of V.
e A random uniform pairing F of the elements of L is chosen.

e The set of edges is defined by the pairing, with each pair (z,y) corre-
sponding to an edge between x and y.

By construction, the vertex v has degree ¢, in the resulting graph.

Remark. The configuration model is sometimes defined from the sequence
(dj)j>0 where dj = #{v : ¢, = j} denotes the number of vertices of degree
J, instead of the degree sequence c.

Let ¢ = (¢i)i<i<n be a sequence of integers smaller than k such that
> ¢ is even and let ¢, denote the set of loopless multigraphs with degree
sequence c. An element of ¢, is described by the sequence (ge)ecr of its
edges’ multiplicity.

Lemma 3.8. For g1, g2 € 9., let mz denote the number of edges with
multiplicity i in g;. Then for any t > 0,

P(gne = 91) [T@)™ =Plan, = g2) [T(0)™.

i>2 i>2
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Corollary 3.9. The graph gfht, conditionally given its degree sequence, s a
configuration model conditioned to be loopless.

In the configuration model, the number of configurations corresponding

to a given multigraph is %, thus Lemma implies Corollary

Proof of Lemma([3.8 Set B={v eV :¢,>0}. Let g € 4. Let s(e)ecr be
a multigraph on the set of vertices {1,...,n}.

Lemma 3.10. For all e € E, let r(e) = s(e) — g(e). Tx(s) = g if and only
if the following three conditions hold:

1. Foralle in E, r(e) > 0.

2. For all v € B, the degree of v in the graph r is strictly smaller than
k—cy.

3. For all e € E such that r(e) > 0, one of the endpoints of e is not in B
and has degree at least k in r.

Proof. Let us first assume that Ty (s) = g. The graph g is obtained from s by
removing every edge adjacent to a vertex of degree at least k in s. Therefore
g is a subgraph of s, r denotes the removed edges, and Condition 1 holds.
If the degree of v is at least k in s, then every edge adjacent to v is removed
when building the graph Tj(s). Therefore, if v is in B (i.e. if the degree of v
is positive in g), the degree of v in s is strictly smaller than k. As v has degree
¢y in g, v has degree strictly smaller than k — ¢, in 7, proving Condition 2.
If r(e) > 0, this means that the edge e is removed when building T%(s), i.e.
that one of its endpoint v has degree at least k in s. As by Condition 2, v
cannot be in B, this means that ¢, = 0 and therefore that v has degree at
least k in 7, proving Condition 3.

Conversely, let us assume that r satisfies conditions 1-3. Then by Con-
dition 1, g is a subgraph of s = g+ r. The endpoints of the edges e of g have
positive degree in g and therefore they belong to B. By Condition 2, their
degree in s is strictly smaller than k£, and therefore the edges of g are not
removed when building T(s). The edges of r are removed, as by Condition
3, one of their endpoints has degree at least k£ in r and therefore degree at
least kins=g+r.

O

Let &. denote the set of graphs satisfying Conditions 1-3 of Lemma |3.10
It should be noted that £, only depends on ¢, not on g. It should also be
noted that for any r € £. and g € ¥, the set of edges of r and g are disjoint,
as the endpoints of edges of g are in B, whereas at least one endpoint of the
edges of r is not in B, by Condition 3.
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Since N,(t) is a Poisson random variable with parameter A = %, for any
graph s:

PGy =s) = []BONe(t) =s(e)
eckl

1
—(n=1)t/2)\3. s(e)
¢ A H s(e)!

eck

Therefore, for g € 4,,

P(Qﬁ,t =g) = Z IP’(G;’;} = s)
s:T(s)=g
= ZP(G?& =g+r)
re€e
1
— o (n—1)t/2 Z A2 9(e)+r(e) H - -
e
2 U @+ @

>eale
_ e—(n—l)t/2 A Z)‘Z r(
eeEg ! re€e

Note that for any edge e, r(e)g(e) = 0, hence (g(e) + r(e))! = g(e)!r(e)!
holds. Thus

P(gt, =g) [J()™ = P(gk,=g) [ gle)
1>1 ecl
ei(nil)t/2AEe g(e)qj

e (nDH/2)\3 i i/ 2y

in which ¥, defined by

U= Axer© H

reée €eE (e)
depends only on ¢, as the set &. does. ]

In the rest of the section, ¢ is fixed, so G} and gf{’t are abridged in G7°
and g¥ for readability. In [MR95], Molloy and Reed first study the configu-
ration model associated to a degree sequence, and then extend the results to
the configuration model conditioned on being simple (this conditional model
is called random graph with given degree sequence). In our case, we will
first study the configuration model associated to the degree sequence of g,
using [MR95, Theorem 1] and then extend the result to g¥ by mirroring the
proof used for [MR95, Lemma 2]. For a vertex v, the degree of v in G2°
(resp. in g¥) is denoted Cy,(v) (resp. c,(v)). Set

dp (i) = #{v : cp(v) = i}.
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Let Gf{mf be the configuration model associated to the degree sequence c¢,,.
We shall see that the sequence d,, satisfies the assumptions of [MR95, The-
orem 1], i.e. for each i, there exists a constant p;; such that

. dp .
hTEn ;(z) = Dt

As the degree in the graph is bounded by k& — 1, the sequence d,, is sparse
and well-behaved (with the vocabulary of [MR95]).

Let P& (¢) denote a Galton-Watson tree whose offspring is Poisson
distributed with parameter ¢t. By [DMI10, Proposition 2.6], for any given
vertex v, the rooted graph (GS°,v) converges in distribution to P&(¢)
when n tends to infinity. Since ¢,(v) depends only on the vertices of the
ball with radius 2 in (G%?t, v) and on the edges between them, the asymptotic

distribution of ¢,(v) can be read on the first two levels of P&W(t). Two
cases arise:

o if C,(v) > k, the degree of v in G° exceeds the threshold k, and
cn(v) = 0;

e if C\,(v) < k, an edge {v,w} incident to v in GS° is erased in g¥ if and
only if C),(w) exceeds the threshold k.

Owing to [DM10, Proposition 2.6], (Cy(v),Cy(w)) weakly converges to
(C(v),C(w)) such that (C(v),C(w) — 1) are i.i.d. and Poisson distributed
with parameter t, for both its offspring and its father v contribute to the
degree of w in PBAW(¢). Thus the degree of a neighbor of v is less than k—1
with an asymptotic probability:

k=2
m(t) = '3
i=0
and the asymptotic distribution ¢(v) of ¢,(v) is obtained by the following
algorithm:
1. draw a Poisson random variable C'(v) with parameter ¢;

2. build a Poisson random variable Y with parameter ¢y (¢) by a thinning
of C'(v) with parameter m(t), so that the conditional distribution of
Y given C(v) is binomial with parameters C'(v) and my(t);

3. set ¢(v) = Y1gn)<k—1-

Set
pri = Pc(v) =1i) = li7rln P(cp(v) = 1).

Lemma 3.11. For 0 <i <k, du(i)/n — 20 pp..
n—oo
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Proof. Since P(c,(1) = i) — pt.i, and the vertices play symmetric roles,
n—oo

chn ) = i) = nP(ca(1) = 14),

and the limit holds for expectations. Let us show that it holds in probability.

E[d.()?] = Y Plea(v) =i=cn(w))

v,wen]

= ZIP’ cn(v) =1 —i—ZIP’(cn(v):i:cn(w))
= n]P’(cn(l) =1)+n(n—1)P(c,(1) =i =c,(2))

As the birooted local limit of G} is a couple of independent P&W(¢),
P(cn(1) = ¢n(2) = i) converges to p,, and:

E [dn(i)°] = n*pf; + o(n?).
Thus Var(d,(i)) = o(n?), leading to the desired result. O

Let
Qt = Z i(i = 2)pri.

According to [MR95], Theorem 1], if Q; > 0, there exists a constant «

P(Croax (G) > amlen) —2s 1.

n—oo

Moreover, the law of Gwnf conditionally on ¢, and on G<™ being loop-

less is equal to the law of gt conditionally on ¢,. By the main result of
conf .
n
[McKS85], there exists a constant 8 > 0 such that P(G, " is loopless|c,,) >
a.a.s, and therefore, if Q; > O:
P
]P’(C’max(gﬁ) > anley) L 1.

n—o0

To conclude, we need to to compute the sign of

Qr = Elc(v)(c(v) —2)] = E[c(v)(c(v) = 1)] = Efe(v)] .
According to the points 2 and 3 of the description of the law of ¢(v) above,
E [c(v)|C(v)] = m(t)C(v)1g(v)<k and E [e(v)] = m()E [C(v)1g(v)<i]- Sim-
ilarly, E [c(v)(c(v) — 1)] = m(¢)*E [C(v)(C(v) — 1)1g(v)<k)|- Moreover, we
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have:

Bl
E(C(v)lgw)<k) = e_tzii*,
i=1
-l
—t
= e -
2 i
B _tk 2 i1
= e -
= ¢
= tm(t)

Thus the equation for the existence of a giant component become succes-
sively:

mT()’E(C(v)(C(v) = Dlgwy<k) > m()E(C(v)1gv)<k)
()’ E(C()(C(v) = Dlgy<k) > tmi(t)?
k—1 i
e‘tzfé(i—l)% >t
i k-3 tl
te_tZﬁ > 1
i=0

o If £ > 5, there exists a t such that the condition is satisfied. (e.g.
t=2).

e If k < 4, the condition does not hold for any ¢.

This ends the proof of Theorem

Remark. This part does not prove the existence (nor the non-existence) of a
giant component for k£ = 4, and only proves that there is a giant component
for some bounded interval of ¢ (and not, as it could be expected, for every
t larger than some tg) for £ > 5.

3.4 The local limit

The aim of this part is to prove the existence of a local limit, and to study
the link between this local limit and the existence of a giant component.

3.4.1 Local topology

For the purpose of this study, the objects used are multigraphs with labelled
edges, where the edges are labelled by the time of addition. A root of a
graph G is either a vertex or an edge of G. We consider the local topology,
as introduced by Benjamini and Schramm[BS01].
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Definition 3.2. Given a graph G, an edge e = (v1,v3) of G, a vertex v of G,
and a non-negative integer [, B;(G,v) denotes the set of vertices of the ball
of radius [ centered at v in G, and Bj(G,e) denotes Bi(G,v1) U Bi(G,v3).
The notation B;(G,v) (resp. Bj(G,e)) will also denote the subgraph of G
induced by the set of vertices Bj(G,v) (resp. Bi(G,e)), and S;(G,v) (resp.
S1(G, e)) will denote the sphere of radius [ centered at v (resp. e) i.e. the
set of vertices Bi(G,v) \ Bi—1(G,v) (resp. Bi(G,e)\ B;—1(G,e)), where by
convention B_1 = (). The ball (resp. sphere) of radius [ will be called I-ball
(resp. [-sphere).

Definition 3.3. For an integer [, a l-rooted multigraph (G, r) with labelled
edges is the data of a multigraph G with labelled edges equipped with a
I-tuple r = (r1,...,7;) of roots of G: the set of roots is ordered, and a given
root can appear several times.

For an integer j and an l-rooted graph (G,r), B;(G,(r)) denotes the
l-rooted graph Ui<i<;B;(G,13).

Definition 3.4 (Isomorphism and distance).

e Two l-rooted multigraphs (G,r) and (G, 7) are said to be isomorphic
if there is a graph isomorphism ® from G to G preserving the edges’
labels such that for all i, ®(r;) = 7;.

e For any integer j, (G,r) and (G, 7) are said to be j-isomorphic if their
j-balls are isomorphic.

e The pseudo-distance between two I-rooted graphs G and G is defined
as 277, with j the largest integer such that G and G are J-isomorphic
(as l-rooted labelled multigraphs). The convergence according to this
distance is called the local convergence (this is a straightforward exten-
sion of the definition of the local convergence, according to Benjamini
et al).

If (G,r) and (C:’, 7) are isomorphic, then they are j-isomorphic for any j.
The converse holds if there is at least one root in each connected component
of each graph, but can be false otherwise.

Definition 3.5. Let 77° be the labelled random graph defined by:

e The shape of Ty is a Galton-Watson tree with Poisson offspring with
mean t.

e Conditionally on the shape of 7, the edges’ labels are uniform on
[0,t] and independent.

[e.e]

Lemma 3.12. For any integer l, the unlabelled graph G737, rooted at
[ vertices chosen independently uniformly at random, converges toward
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l independent copies of a Galton-Watson tree with Poisson offspring
with mean t, while the labelled graph G7°, rooted at I vertices chosen
independently uniformly at random, converges toward | independent
copies of TY°.

The one-rooted version of the first part of Lemma [3.12] is a well-known
result, for various versions of the Erdés-Rényi graph. One instance can
be found in [DMI0, Proposition 2.6], for G7°, with no multiple edges. For
completeness, a proof of this multi-roots, multigraph version of the result in
[DM10] can be found below:

Proof. For [ and j some positive integers, consider (G,r), r = (1i)1<i, a I-
rooted finite graph with radius not larger than j (such that Uj<;<;B;(G, ;) = G).
Let us compute p,(G), the probability that B;(G3%,v) is isomorphic to
(G,r), in which (v;)1<i<; is a sequence of [ vertices chosen independently at

random. We need a few notations:
o Vi is the vertex set of G, and Ny = |Vg;

e FE is the edge set of G and Np = |Eg|;

for any edge e € Eg, let m,. denote the multiplicity of e in G.

N}, is the number of vertices of G that are in Bj_1(G,);

(wi)1<i<nNy is a specific ordering of Vi, such that (wi)1<i<N‘b/ are the
elements of B;_1(G,r), and (wi)N‘b/HSiSNV are the remaining vertices
of G.

There are at most [ components of G = Uy<;<;B;(G,r;), therefore [ + Ng >
Ny. If |+ Ng = Ny, then G is a forest of [ simple trees.

Lemma 3.13. Ifl + Ng > Ny, then p,(G) — 0.

Proof of Lemma[3.13. Let ® be an injection from Vg to {1,...,n}. If ®
induces an isomorphism between (G,r) and B;(G7%,v), then the following
conditions holds:

1. For every 1 <i <[, v; = ®(ry).
2. For every edge (w;,w;) of G, there is an edge, with the same multi-
plicity, between ®(w;) et ®(w;), in G35

These conditions are only necessary, not sufficient. For any given ®, the
probability of the first condition is % The probability of the second condi-
tion, being of the following form:

tme

H nmeme!

ecEq
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is smaller than (£)"e. Therefore, by independence between Gpoo and v, the
probability that @ induces an isomorphism between (G,r) and G(5%,v) is

smaller than nltfiﬁE By union bounds, as there are less than ¥V injections
between (w;)i1<i<n, to {1,...,n}, we obtain:
proving Lemma [3.13 O

A Galton-Watson is usually described as a genealogy tree, i.e. the planer
embedding of a rooted tree, or ” plane tree”: a plane tree is a rooted tree with
an order relation between the children of the same node (see [F'S09][Annex
A.9]). An isomorphism of plane trees (resp. of a sequence of plane trees)
is an isomorphism preserving the root (resp. the sequence of roots, with
order) and the children’s order. Assuming that B;(G7%,v) is a forest with [
components, let Bj( nt> V) be the plane representation of B;(G%,v), where
the children are ordered according to their original label, in {1,...,n}. The
rooted graph B;(Gr%, v) and G are isomorphic as rooted graphs, if and only
if the plane representation of B;(G7%,v) is isomorphic to one of the plane
representations of (G, r), as a plane tree or forest. Therefore

P(B;(Gr,0) ~ (Gyr)) = D P(Bj(Gv) ~ (G*,r))

l
G ) plane

where the summation is taken over the plane representations of (G, r).

Let us compute the number of injections ® from Vg to {1,...,n} pre-
serving the order among the children of each node of G. First we choose the
Ny elements of ®(V;), without ordering (there are ( 1\7\/) possible choices).
From there, choosing ® is equivalent to choosing a plane forest isomorphic
to G* on Ny vertices. The number of such plane forests is:

Ny!
Ny
[T do
i=1
where dJ'* is the outdegree of w;, i.e. the number of children of w; (cf.
[Spe97][p.2], [CMO01][p.5] or [CE03][p.12]). Therefore the number of injec-

tions ® from Vg to {1,...,n} preserving the order among the children of

each node of G is
n!

N (3.3)
(n— Ny ] down
i=1
It should be noted that
NY,
Ng =) d3 (3.4)
=1
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Such an injection ® induces an isomorphism of plane forests between
(G*,r) and (B} (Gp%,v) if and only if:

n,ts

1. For each ¢, the random uniform root v; is equal to ®(r;);

2. For any 1 <1 < N‘b/ and 1 < j < Ny, there is the same number of
edges (either 0 or 1) between w; and w; in G and between ®(w;) and
®(wj) in G

3. For any i < N‘b/ and vertex j € {1,...,n} \ ®(Vg), there is no edge
between ®(w;) and j in G3%.

For a given ®, the probability of the first property is % As the multiplic-

ity of each edge of G7% is a Poisson random variable of parameter %, the
probability of the last two properties is:

N (n—1)N— N N
e (NN e () Y _yn=apy (NP
<e 0 T =etn WV . . (3.5)

Combining (3.3), (3.4)), (3.5]), the fact that the probability of the first prop-
erty is # and N, =1+ N,, we obtain:

* 0 * n' —tn=1 b 1 Ne
P| Bj (Gypv) ~ (G*7) = e T YV —

b
plane NV n

(n— Ny)! ] ] do
=1

Sl

b
e—tNVtNE

n—00 N‘b/ out|

Ny dout
_ L
- H € dout!
i=1 wi

=  PGW] ~ (G*1))

plane

where GWJI- denotes [ independent copies of a Galton-Watson tree with Pois-
son offspring with mean ¢. By summing over all the plane representations
of GG, one obtains that:

P (By(Giv) ~ (Gy7) = P (GW) ~ (G,1))

for all G and j, ending the proof of the first part of Lemma [3.12
By the properties of Poisson point processes, conditionally given its unla-
belled version, the labels of the edges of G}, are independent and uniform on
[0,t]. Therefore, the labelled graph Gp% I-rooted at I independent uniform
random roots converges weakly toward [ independent copies of T;°.
O
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By the standard properties of Poisson processes, T can be described
as a branching tree such that the law of the set of labels of outgoing edges
is a Poisson point process of intensity 1 on [0, ¢].

Let T® denote the Poisson-Weighted Infinite Tree in dimension 1, or
PWIT, as defined by Aldous and Steele [AS04]. The distribution of 7;° can
also be described as follows:

e Remove every edge of T3 whose label is larger than ¢.

o Let T be the connected component of the root in the resulting sub-
graph.

It should be noted that the notion of convergence used here is not exactly
the same as the one used in [AS04], as the latter allows the edges’ labels to
converge toward their limit, whereas the former requires the edges’ labels to
be eventually constant.

3.4.2 The forbidden degree version of infinite graphs.
3.4.2.a Neighborhood with boundaries

Definition 3.6. Let 2 be the set of locally finite graphs with labelled edges
such that no two edges have the same label. Let .., be the set of finite
graphs in €. For any non-negative ¢ and graph G , let G} be the subgraph
of G restricted to its edges with label smaller than ¢.

For any graph G € Q. the forbidden degree version G¥ = ®(G) of G
is defined by adding the edges of G in their labelling order and by removing
the edges adjacent to any vertex reaching degree k. If G € 2\ Q., the
labels are not necessarily well-ordered, so some care is needed to extend ®
to a larger class of graphs of €2. This is the aim of this section.

Definition 3.7. Let e be an edge of G. (G, B, S) is called a neighborhood
with boundary of e in G if:

e S and B are subset of the set of vertices of G.
e (Gp is the induced subgraph of G restricted to B.
e The edge e is in Gp.

S is a subset of B.

S contains the boundary of B in G (i.e. the sets of vertices of B with
a neighbor not in B in the graph G)

Remark. The last condition means that elements of B\ S in G are never
endpoints of edges between B and G\ G, while vertices in S may be so.
Sometimes we shorten (Gp, B, S) in (Gp, S) as B can be retrieved from Gp.
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Example. For any graph G, integer [, and vertex or edge = of G, (B;(G, x), Si(G, z))
is a neighborhood with boundary.

Definition 3.8. Let e be an edge of G, V = (Gp, B, S) a neighborhood
with boundary of e in G. Let us consider the set Sy of finite graphs G with
an edge é € G and a neighborhood with boundary (GB, B S) of € in G such
that (G, B, S, e) is isomorphic to (GB,B, S, é). If either,

1. & is present in ®(G) for every G € Sy,
2. or ¢ is removed in ®(G) for every G € Sy,

then we say that the knowledge of V is sufficient to know whether e is
removed in the forbidden degree version of G.

The set Sy depends both on (Gp, B) and on S: the subgraph of G
induced by B is isomorphic to Gg, but one can obtain G only by growing
new edges on the vertices of S. That is, only the vertices of S may have a
different degree in G and in G. Thus S matters in the definition above, in
a somehow hidden way. If finally we are able to extend ® to some infinite
graph G, we expect, obviously, that the status of e in ®(G) (present or
absent) is the same as the status of its counterpart & in ®(G).

3.4.2.b Locality of the forbidden version

For each edge e of G, let [(e) denote the smallest integer [ such that, for
all ¢, the knowledge of (B;(G,e), S;(G,e)) is sufficient to ascertain whether
e is removed in the forbidden degree version of G;. If there is no such [, let
l(e) = o0.

For any vertex v of G, let [(v) be the smallest integer such that the
knowledge of (B;(G,v), Si(G,v)) is sufficient to know which edges adjacent
to v are removed in the forbidden degree version of G for all ¢.

In this section, we shall prove that for any 7" > 0, a.s. [(v) < oo (resp.
l(e) < oo) for any vertex v (resp. any edge e) of T7°.

Definition 3.9. Let QT C Q be the set of labelled graphs G such that for
all edges e of G, l(e) < 00
For any graph G € Q7, ®(G) is defined as follows:

e the set of vertices of ®(G) is V;
o the set of edges of ®(G) is a subset of E;

e for each e € F, e is an edge of ®(G) if and only if e is present in
(I)(Bl(e) (Ga 6))

The main result of this part is the following lemma:
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Lemma 3.14. Almost surely, for allt >0, T € QF.

Lemma will be proven in part By Lemma O(T7°) is

well defined, and, as a subgraph of the tree T,°, ®(77°) is a forest. Let Ttk
be the connected component of the root () in ®(77°).

Corollary 3.15. For any 1, GfL’t rooted at m independent uniform vertices
locally converges in distribution toward m independent copies of (Ttk, 0).

Proof. By Lemma G,‘ft rooted at m random uniform vertices (v;)1<i<m
locally converges in distribution toward 7 := Uj<i<m(Ti, 7i)1<i<m, where
(T;,r;) are m independent copies of (77°,0).

Lemma 3.16. For any positive integer m, let Qb be the set of m-rooted
elements of QY. Then the application

Qr = Qf
(G, (ri)i<i<m) — (P(G), (ri)1<i<m)

is continuous for the local topology.

Lemma entails that (GF ;,v) locally converges toward (®(.7),r), as
G,’jyt = ®(Gr%). As ®(T) = Uy(®(T3)), and TF is the connected component
of the root in ®(77°), (th,v) locally converges toward m independent

copies of TF. O]

Proof of Lemma[3.16, Let (G™, (r?")1<i<m) be a sequence of n-rooted graphs
converging toward (H, (s;)1<i<m) € ;, for the local topology and let j de-
note a positive integer. As H € Q1 U; B;(H, s;) is finite, and [(e) is finite for
every edge e of H. Therefore, L = max.cy,B;(H,s;) l(€) < 0o. By definition
of the local convergence, for n large enough, there exists an isomorphism
VU,, between U;Bjyr+1(G™, 7)) and U;Bjip11(H,s;). By definition of L
and [(e), every edge e of U;B;(G™,r}") is present in ®(G") if and only if
U, (e) is present in ®(H). Therefore ¥,, induces an isomorphism between
U; Bj(®(G™),r}) and U; Bj(®(H), s;). As this construction works for any in-
teger j, (P(G™), (17")1<i<m) locally converges toward (®(H), (si)1<i<m). O

3.4.2.c Propagation paths

Definition 3.10. For any element G of €0, a propagation path of length
[ € N is the data of a self-avoiding path (v, e1,v1,e2,...,e;,v;) of length [
and a sequence of edges (€1, ¢€3,...,€,_1) of length [ — 1 in G such that

e forall 1 <i<I[—1,¢;is adjacent to v;;
o forall i #£1/, & # ey;

e the labels of the sequence (€;) are decreasing.
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For any vertex v of G, let I'(v) € NU {oc} be the supremum of the lengths
of the propagation paths starting at v, i.e. such that v = vg.

Lemma 3.17. Let G € ). For every vertex v in G:
l(v) <U'(v) + 1.
Lemma [3.17] has a useful consequence:

Corollary 3.18. Let Q™ be the set of graphs G € € such that for all vertex
veG,l'(v) <oo. Then

Q- cot.
Lemma [3.14]is a consequence of Corollary and the following lemma:

Lemma 3.19. For allt, a.s. T € Q™.

The rest of this subsection is devoted to the proof of Lemmata [3.17] and
0. 19

Proof of Lemma[3.17. Let G be a graph in €, ¢* be an edge of G and [ a
positive integer. In order to simplify the notations, B will denote B;(G, €*)
and S will denote S;(G, e*).

Definition 3.11. An edge e of B will be said certain at time t if, for all

t' < t, the knowledge of (B,S) allows one to determine if e is removed in

the forbidden degree version of Gy and uncertain at time ¢ otherwise.
The edges in G\ B are said uncertain at any time.

By definition, [(e*) > [ if and only if * is uncertain at some time t. G is
a locally finite graph, therefore B is a finite graph. Let J denote the finite
set of labels of B. The application ¢ — B, is a right-continuous piecewise
constant function jumping only at elements of J.

For every edge e € B, let y. denote the infimum of the times where e is
uncertain, and t. denote the label of e.

Lemma 3.20. For every edge e € B\ S, there exists:
e an edge €' adjacent to one endpoint v of e such that ty = ye;
e an edge €’ # €' adjacent to v such that yer < ye.

Proof. Let e be an edge in B\ S. y. corresponds to a jump of ¢ — By,
therefore there exists an edge € such that t., = y.. As e is certain at
time y_, and uncertain at time y., then,, € is removed at time y. in some
graph G, and it is not in some other graph G (according to the notations
of Definition [3.8). Let ¢’ denote the only edge with label y. ( €’ is unique
by definition of ©2). Only the endpoints of ¢’ can reach the forbidden degree
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at time ., and only edges adjacent to an endpoint of € can be removed at
time gy, thus ¢ and e share a common endpoint v. Moreover, in order for
the removal of e to be uncertain, the degree of v must be uncertain before
time y, = tos in the forbidden degree version of GEL i.e. one of the edge
adjacent to v is uncertain before time y.. Let ¢” denote such an edge. As
an edge cannot be uncertain before its label, " # ¢’. O

Lemma 3.21 (Necessary condition for the uncertainty to spread). Given an
edge e € B such that y. < 0o, there exists a self-avoiding path e, v1, €2, . . . €p, Vp
in B with ey = e and a sequence of edges (€;)1<i<p—1 in B such that:

1. for every i € {1,p — 1}, &; is adjacent to v;;
2. for every i # j, € # ej;

3. te >tey o >te, s

4. the vertex vy, is in S.

Proof. Let = denote the set of integers p such that there exists a path e =
e1,v1,€e2,...€p,Up in B and a sequence of edges (€;)1<ij<p—1 such that:

1. for every i € {1,p — 1}, é; is adjacent to v;;
2’. for every i, €; # €;41;
3a. Yey > Yey '+ > Yep 1
3b. for every i € {1,p — 1}, ts, = ye,.

Such a path trivially exists for p = 1. The edges e; in the path are distinct by
condition 3a, and the graph B is finite, thus = is bounded from above. Let
Pmax = max=. By Lemma if ey € B\ S, the path can be extended
one step further, by taking e = e,, €, = ¢’ and e,1; = €”, and therefore
p is not maximal. This entails that for any maximal path, either v, ., or
Upmax —1 15 in S, and therefore there exists a path satisfying conditions 1, 2’,
3a, 3b and 4 (and condition 3, as a consequence of 3a and 3b). The shortest
path satisfying conditions 1, 2’, 3a, 3b and 4 is self-avoiding (otherwise it
would not be the shortest). If this path does not satisfy condition 2, while
satisfying condition 2’, there exists (¢, j) such that j ¢ {i,i+1} and &; = e;.
In that case, e; is incident to v;, and the path is not self-avoiding. O

As a consequence of Lemma if I(e*) > [, then e* is uncertain at
some time ¢, and there exists a propagation path of length [ starting at an
endpoint of e*, proving Lemma

O
2it is possible that e and e’ share both their endpoints, e.g. if e = ¢’. In that case,

the degree of at least one of their endpoints must be uncertain. Let v denote such an
endpoint.
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Proof of Lemma[3.19. We will now prove that for all t > 0, T° € Q~ a.s.
If T° contains only the root, T>° € ~. With positive probability, the root
has at least one child. Let .7 be the tree T° conditioned on having at least
one edge, and let v be one children of the root of 7 chosen uniformly at
random. The law of 7 rerooted at v is absolutely continuous with respect to
the law of .7. Therefore, it is sufficient to prove that almost surely I'(0)) < co
in .7, and therefore in T;°.

Definition 3.12. A possible propagation path of length [ is the data of:

e a self-avoiding path () = wvg,e1,v1,e2,v9,...¢€,v; in B from @ to a
vertex v; of ;.

e a sequence of edges (€;)1<i<;—1 in B; such that:

— for every ¢ € {1,1 — 1}, ¢; is adjacent to v;;

— for every i # i, &; # ejr.
Let H; be the set of such possible propagation paths.

A possible propagation path is a propagation path if the labels of € are
decreasing. Let p(l) denote the probability that there exists a propagation
path of length [ starting at the root of T;>°. The set H; only depends on the
unlabelled version of the tree 77°. Conditionally on the unlabelled version
of the tree T;°, the labels of the edges are i.i.d. uniform on [0,¢], thus the
conditional probability that a given possible propagation path is actually a
propagation path is ﬁ Therefore, by union bound, p(l) < ]E(l(‘ﬁl)‘!).

The following lemma gives an explicit formula for the expected size of
Hl:

Lemma 3.22. Let X; be a Poisson random variable of parameter t. Then:
E(|H|) = E(X)E(XD)' ™ = t(t +¢*)"!

Proof. The proof is done by induction on I.

Hy is the set of self-avoiding paths of length 1 starting from the root,
equal to the degree of the root, distributed as X;.

The set Hj+1 can be constructed from H; in the following way:

e Take an element of H; and denote its endpoint by v;.
e Take a child v;41 of v; and extend the self-avoiding path to v;11.

e Choose w a neighbor of v; different from v;;1 (either a child of v;, or
v—1). Let €, be the edge between v; and w.

This construction gives every element of H;,; once. Therefore an element
of H; gives d? elements of H;,; with d the number of children of v;. By the
branching property of T/°, this implies that E(|Hyy1|) = E(X2E(|H;|). O
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By a quick computation:

E(|H) _ t(t+¢*)"!
PO T = —a-ay ol

ending the proof of Lemma [3.19

O]

Lemma allows us to study the local limit, and therefore the conver-
gence of [ balls of radius ¢, with ¢ and [ fixed. In Section more precise
results will be needed, in which ¢ and [ can depend on n. For this reason,
the following lemma will be useful:

Lemma 3.23. There exist two sequences b, = o(lnn) and ¢, = o(1) such
that, asymptotically almost surely:

1. For every v in G3%, l(v) < by.

2. For every v in G;5, the ball of radius by, centered at v in G5, contains
K 7
at most x, vertices, where x, = n°".

Definition 3.13 (Good event characteristic functions). To avoid dealing
with problematic events of vanishing probability, we will introduce sev-
eral characteristic functions, denoted GE1,GEs,... (GE stands for “Good
Event”) such that GE; is a Bernoulli variable of parameter tending to 1.
Let GFE; be the characteristic function of the events of Lemma [3.23]

Proof. By Lemma [3.17, proving that a.a.s. there is no propagation path of

length b, in G7 implies the first part of Lemma The total number

. : . . t(n—1 .
of edges in G} is a Poisson variable of parameter (’;)fl = (”2 ) and is

smaller than ¢n with high probability. As a consequence, G7° is a.a.s. a
subgraph of G35 = G%?TW I the graph G7°. stopped the first time 7|4, there
are [tn| edges in G77., thus it is sufficient to prove the absence of propagation
path of length b, in G} instead of G7%, and for this proof we shall rely on
combinatorial arguments.

To detect a propagation path, we do not need the label of each edge,
only its rank among the |nt]| edges of G75. It is convenient to see G53 as the

nn=D urns (the edge r < |nt]

result of a random allocation of |nt]| balls in
being incident to 2 random vertices {v(r), o(r)}).

Remark (Alternative description of propagation paths). A propagation path

of length [ can be described by a sequence of vertices (vg, vy, ..., v;) without
repetition together with a [-uple without repetition (r1,...,r;) of integers
smaller than ¢n and a strictly decreasing [ — 1-uple (71, ...,7;_1) of integers

smaller than ¢n such that:
(C]') For every (S {1’ s 7l}7 {U(Ti)vfa(ri)} = {Uiflavi}'
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(C2) For every i € {1,...,1 =1}, v; € {v(r;),0(7)}.
(C3) If j # 4/, then 7j # rj.

This description is equivalent to the description in Definition [3.10] where
the edge e; (resp. €;) in Definition corresponds to the edge r; (resp. 7;)
in this remark.

The collision set of a propagation path is the set of integers ¢ such that
r; = 7. The collision set is a subset of {1,...,]l — 1}.

Definition 3.14. A potential propagation path with collision set .S is the

data of a [-uple without repetition (r1,...,r;) of integers smaller than tn
and a strictly decreasing [ — 1-uple (7,...,7_1) of integers smaller than tn
such that:

e, =r; <1 ES.
o If i # j, then 7; # r;.

A potential propagation path is only two sequences of edges (denoted by
their corresponding integer), without any constraint on their endpoints: the
sequence of edges described by (r;)1<i<; does not need to constitute a path
nor does the edges r; and 7; need to share a common endpoint. A potential
propagation path will be a propagation path if and only if there exists a
sequence of vertices (vg,v1,...,v;) without repetition such that conditions
(C1) and (C2) are satisfied.

The number of potential propagation paths with collision set S is:

ltn]\  ([tn] = 1) (tn)2-1-15]
(l - 1> ([tn) — 20+ |51 = (- 1)1

This formula is obtained by choosing first (7)1<i<;—1, and then choosing the

[ — | S| elements of (r;)i1<i<; that are still unknown.

Given two vertices v; and vy and an integer r, P({v(r), 0(r)} = {v1,v2}) =
(g)_l, and P(v; € {v(r),8(r)}) = 2. Therefore, given a potential propa-
gation path ((r;);, (7;);) and a sequence of vertices (vg,v1,...,v;) without

repetition, the probability that conditions (C1) and (C2) hold is:

(G

There are less than n(n — 1)! possible choices for (v;)o<i<n, therefore,
by union bound, the probability p; that there exists a propagation path of
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length b, in G§S is bounded by:

n)21—1S]-1 20 1-|5|
mo< Y T 1) (2>

— 1\
Sc{1,..,l-1} (-t n

2% 20—|S|-1
= > nt (3 1)
Sc{l,..,l-1} '

B 1—1)12« >2t2l o

n(2t)!(2t + 1)1
(1—1)!

Taking [ = \/% =: by, and using Stirling formula, one obtains that
P — 0.

We now need to bound the volume of the ball of radius by, in G For any
w € Si(Gy5, 1), let d*(w) be the number of edges that connects w to some

vertex of G35 \ Bi(Gy%, 1). Conditionally on Bi(Gy%, 1), (dy, )weSl(Gm, 1) is

an i.i.d. famlly of Poisson variables of parameter (n —|B;(GyY, )\) i<

t. Therefore the volume of the ball of radius b, in G}’ is stochastically
dominated by the volume of the first b,, generations of 7;°. We assume that
t>1.

Let Z; be the number of vertices in the [th generation of T°. Con-
ditionally on Z;, Z;41 is the sum of Z; independent Poisson variables of
parameter ¢, i.e. a Poisson variable of parameter tZ;. Using large devia-
tions theory (or direct computation), there exists a positive constant a such
that:

Vz > 1, P(Poi(z) > 2x) < exp(—ax) (3.6)
For all integers i, let p; = P (Z;41 > (2t)" ' In®n and Z; < (2t)'In*n).

" e

( i1 > (2t) In? ”|Z) 17.<(2t)i 2 n)
= < (Poz > (2t)" In? n|Z) 1z.<(2¢)in2 n)
(

< ( Poi(t(2t)* In?n) > (2t)" 1n? n|Z;) 1Zi§(2t)i1n2n)
< P (Poi(t(2t) In®n) > (2t)"" In®n)
< exp(—at(2t)'1n’n)
< exp(—aln®n)
1
= O(ﬁ)

Therefore P, := Zz oPi = o(X). With probability larger than 1 — P,, for

all i < by, Z; < (2t)"In%n, and therefore Zi:O Z; < %an =: nn
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where ¢, = o(1). Therefore, By, (G;%,1) contains less than n vertices
with probability larger than 1 — FP,,. By union bounds, all the balls of
radius by, in G7° contain less than n vertices with probability larger than

1—-nP, =1 O

3.4.3 The local limit is a branching process

Definition 3.15. For any G € QT and ¢t > 0, let ®;(G) = ®(G;), where G;
still denotes the subgraph of G restricted to edges with labels smaller than
or equal to t.

Given a vertex v of T3, different from the root, let w denote the parent
of v and T5"" denote the connected component of v in T° \ {v, w} i.e. the
subtree of T starting at v, and let Ts"” = (TS U {v,w}) and T°" =
(Tss"")¢. See figure 3.1] for an example.

O

Figure 3.1: Example of T, T"" and T3,

Lemma 3.24. For a graph G € QF, an edge e € G and a non-negative t,
we say that e is removed in ®(G) if e € Gy and e ¢ O4(G).

Let t be a non-negative number and v vertexr of TX. If T°° € Q7 , then,
at least one of the following propositions hold:

o D(T)NTSY = B(T);
e the edge between v and its parent w is removed in ®1(TY).
An immediate corollary of Lemma, is:

Corollary 3.25. With the notation of Lemma if (v,w) is removed in

O(T,°"), then it is removed in ®(T7°).

In other words, until (v,w) is removed in ®(7), the knowledge of
Ts" is sufficient to know the evolution of the subtree starting at v in the
forbidden degree version of T
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Proof. The graphs ®(T7°) N T and ®;(T7°") have the same vertex set
(the vertex set of Ttoo’v), therefore any difference comes from the set of edges.
Given two graphs GG; and G2 with the same set of vertices and an edge e,
we are going to say that e separates G1 and G2 if e is present in one of the
graphs but not the other. Let us assume that ®(7/°) N 1Y # &(T°Y),
and let e be an edge separating ®(77°) N T, and ®(T,°").

The graph T° isin Q™ a.s., so is Ttoo’”, and therefore these two graphs are
in QF. By definition of Q, there exists an integer [ such that the knowledge
of the balls of radius I centered at e and (v, w) in T2 and T are sufficient
to know whether e and (v,w) are present in ®(7/°) and ®(T7°"). Let
B® = B)(T°, e) U Bi(T°, (v,w)) and B® = By(T7*", e) U Bi(T ™, (v, w)).
By Definition e and (v, w) are present in ®(T°) (resp. ®(T7>")) if and
only if they are present in ®(B?) (resp. ®(B%)). It should be noted that
BY = BNT". B is a finite graph, therefore the set of labels of B® (and
B?) is finite. Let s be the first time such that ®,(B*)NT;*" # &,(B®) holds,
and let ¢ be an edge of T7*" that separates ®4(B*) NT ™" and ®,4(B), i.e.
¢’ is removed at time s in either ®.(B%) or ®.(B). Let z be an endpoint
of € that reaches the forbidden degree at time s in one of the graphs, but
not the other. Therefore the degree of x is different in ®(B?) and in ®(B?)
strictly before time s. This implies that an edge e” adjacent to x is present
in either ®,-(B*) or ®,—(B®) but not in the other graph. If z # w, every
edge adjacent to z in either B* or B’ is in T7°", and ¢’ contradicts the
definition of s and €’. Therefore x = w and ¢’ = (v, w) (as (v, w) is the only
edge of T7°" adjacent to w). As the degree of w in B? is 1, w cannot reach
the forbidden degree in ®(B?). Therefore w reaches the forbidden degree in
®(B%) and (v, w) is removed from ®(B?) i.e. (v,w) is removed in ®(T7°).

O

Let us add to the set of rooted graphs an element 2", used to denote a
graph that is no longer relevant: let Ttk’v (resp. Ttk’v) be defined as equal to
(T (resp. T NT) if the edge between v and its parent has not been
removed from @(Ttoo’”) and equal to 2" otherwise. Let 7q,...,7; denote the
labels of the edges adjacent to the root in 7;°, ordered in increasing order,
and let v1,...,v; denote the other endpoints of these edges. For any s < t,
let 55 denote the set of integers such that {v; : i € Ss} is the set of neighbors
of the root in ®4(7T7°) i.e. S, records which edge is present in the forbidden
degree version of T at time s. For any ¢ <[, let p; = inf{s: TEY = 2}
Let 'y = {r,1 <i<l}and I', = {p;, 1 <i <}

Lemma 3.26. Almost surely, for every 1 <i < j <1, 7, # 75, pi # T}, and
either p; # p; or p; = pj = o0.
Proof. By definition, 7; is the label of (0, v;) and p; is the first time (0, v;) is

removed in ®(7,7"), i.e. is either infinite or equal to the label of an edge
adjacent to v;. As T € €2, no two edges have the same label. O
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Lemmata and allow us to consider the following dynamic set
(Ss)o<s<t:

e at time 0, Sy is empty;
e 5 — S, is piecewise constant, and its set of jumps is included in I',UI';;

o for every 7; ¢ T'), if |[S | = k — 1, then S;, = 0, otherwise S;, =

for every finite p; ¢ I'7, Sp, = 5 - \ {i};

e for every i such that 7; = p;, if |S_—| = k — 1, then S;, = (), otherwise
Sr =8 - 1

(3

In other words, the element ¢ is added at time 7;, removed at time p;, and
S becomes empty whenever it reaches size k, even ﬂeetinglyﬂ

Corollary 3.27. For any time s, Ss = Sy and the connected component of

the root is the same in ®(T) and in Ujcs, ®(Ts ).

Proof. Let first assume that for some s, Sy # Ss. The set S can only change
at the times (7;)1<i<; and (p;)1<i<;; and the set S can only change at times
equal to a label of an edge in By(T7°, (). These two sets of times are finite,
therefore there exists a smallest s such that Ss # S,. Let i € SSASS, in
which A denotes the symmetric difference. The element i is added to S
and S at time 7;, therefore the difference eventually comes from the removal
times: when i is in S and S at time s~ and is removed from one, but not
the other at time s. An element can be removed from S or S at time s for
the following reasons:

1. S (vesp. S) reaches size k at time s. Therefore |S;-| = k — 1 (resp.
|S;-| = k — 1) and an element is added to S (resp. S) at time s. As
S, = S,- by definition of s, and the times of addition are identical
for S and S, S reaches size k at time s if and only if S reaches size k
at time s.

2. p; = s, that is (0, v;) is removed from ®(7°7") at time s. By Corol-
lary (0,v;) is also removed from ®(72°), and ¢ is removed from
S.

3. (0,v;) is removed from ®(7°) at time s because the vertex v; reaches
degree k in ®(7°), i.e. v; has degree k — 1 in ®(7:°), and an edge
is added to v;. i € Sy, therefore (0,v;) is present in ®(T2°"). By
Lemma D(TX)NTL" = B(T2), and therefore v; has degree

3 Actually, S never reaches size k, going directly from size k — 1 to 0, but we informally
say that S reaches size k for an instant, as described in the footnote 1] page [10]]
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k—1in @(T;f’”i), and reaches degree k at time s. Therefore p; = s,
and ¢ is removed from S at time s.

Therefore, for all s, S = S,. Moreover, for any i € Sy, (0,v;) € ®(Ts™"),
therefore, by Lemma [3.24) ®(7>°) N TOO i = ®(Ts*"), ending the proof of

Corollary [3.27]

O]

Definition 3.16. Given a rooted graph (G,0) in Q and a non-negative
number y, we introduce the following notations:

e OY(G, () denotes the graph G rooted at () with an extra vertex w and
an edge between w and (), labelled by v;

o if OY(G,0) € QF, then ®¥(G, () and ®¥(G, ) are defined as follows:

if (w,0) is removed from ®(0Y(G,0)), then let ®¥(G,0) = 2 and
dY(G,0) = Z'; otherwise, let ®¥(G,0) = ®(OY(G, ) and (G, ) =
V(G 0) N G;

o lot 7™V = O(T3<), Tf = $9(17°) and T} = &(T3%),

Let m(t,y) = ]P’(Ttk’y # Z7). The tree Tf° contains no edge with proba-
bility e~* > 0 and in that case T}"¥ # 2, therefore m(t,y) > e~ > 0. Let
T} (resp. TF™Y) be the random tree T;Y (resp. 1Y) conditioned on not
being equal to Z .

Lemma 3.28. Conditionally on (7;)1<i<; and (Ss)o<s<t:
e the graphs ( "“)ies, (resp. (Tk’vl)zest) are independent:

e for each i € S, Ttk’vi (resp. Ttk’”i) has the same law as Ttmﬂ (resp.
j:vk‘-i-,n')
} )

Proof. Let .# be the o-algebra generated by the sequences (7;)1<i<; and
(pi)1<i<i, and #1 be the o-algebra generated by (Ti)1<i<i and (Ss)o<s<t. As
F1 C F, it is sufficient to prove Lemma with % instead of .%#;. By
the branching property, Condltlonally on (7‘1)1<Z<l, the trees (Ttoo’vi)1<z<l are
independent, and for each 4, T} °>Y is a copy of T . Each p; only depends
on T Vi and Sy is .#-measurable. Therefore, Condltlonally on .#: the trees
(Ttoo’ )1<z<l are independent and for each i, TOo " has the same law as T, <™

k \Ti
T

condltlonally on inf{s : = 2} = p;. It follows that conditionally on

: the trees (Ttk “;es, are independent and for each i in S, T, k Y has the

same law as TkJ“TZ

As T/V = T n TOo Yiand TP = TP™ A TP, Lemma with
T Y imply Lemma with Tk i, O

Lemma [3.28] implies the following theorem:
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Theorem 3.29. Let B(y) be the law of the set of the labels of the edges
adjacent to the root of T, th“y. Let BP be the multitype branching process
with offspring law B(-). Then ﬂkJr’y has same law as BP starting with a
root of label y.

Proof. T, MY g either equal to TF or to 2. With the notations of the proof of
Lemma 3.28, the event Ttk’y = Z is #1-measurable, therefore, conditionally
on Ttk’y # 2 and the sequence (71,...,7) of labels of the edges adjacent to

the root, the subtrees starting at the children of the root are independent

copies of T} 7 O

Lemma also implies that T} is a two-stages branching process:

Theorem 3.30. Conditionally on the set (7;)ies, of labels of edges adjacent
to the root in Ttk , the subtrees starting at the root’s children are independent,
and copies of Ttk+’7i.

3.4.3.a Properties of the branching process

Let fu4 (resp. uzfy, v¢) be the law of the set of labels of edges adjacent to the

root in Ttk’y (resp. Ttk+’y, TF). This measure can be decomposed according

to the degree of the root in these trees:

Bty = Z M%,y;
ey = Z T
v = Z vi.
in which uﬁ’y (resp. ,uiz, v}) only puts mass on sets of cardinality 4 and oy yl

is equal to (1 — m(t,y))da .

Definition 3.17. For X be a finite subset of [0, ¢], let us define the random
rooted tree TP as follows:

e let P be a Poisson point process of intensity 1 on [0, t];
e conditionally on P, let (7%).cpux be an i.i.d family of copies of T7°;

e then, adding a root () to the forest (T%),cpux, and, for each z € PUX,
adding an edge with label z between () and the root of 7%, one obtains
T, T°X s rooted at 0.
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Let B denote the event “the only edges adjacent to the root in @(I}OO’X) are
the edges labelled by X 7. If y ¢ X, let E,;y’X denote the event ”@y(lfo’X) +
2 and the only edges adjacent to the root in ®Y (TtOO’X) are the edges labelled
by X 7.

Informally, TtOO’X is the conditional distribution of the tree T;°, given
that the root is incident to edges with labels in X. This informal explanation
will be justified rigorously with the help of Campbell formulas in the follow-
ing pages. If y ¢ X, a.s., OU(T %) € O and ®¥(T7°Y) is well-defined.

Definition 3.18. Let 0 < j < ¢ < k — 2 be two integers. Qg is the set
{ty,z1,...,2) : 0< a1 < ...z <y<uzjy <--- <z <t}, and Q; is the
simplex {(t,x1,...,2;) : 0 <z <--- <x; <t}

Lemma 3.31. For any integer i and j, (t,y,x1,...,2;) — P(Ef7{x1""’xi})
(resp. (t,x1,...,7;) — ]P’(E,;{xlxl})) is continuous on Q) (resp. Q;), and
both are larger than exp(—(i + 1)t).

Lemma 3.32. (y,t) — m(t,y) is continuous on {0 <y < t} and is larger
than e~t. For any integer i and y < t, ,uay, ,ufﬁy and ug are absolutely
continuous with respect to the Lebesque measure on [0,t]", with respective

densities:

o —

= filtyy,e) = BEPT

Outt, —

M gltga) = BEE) (),
o} L1, T
o= hilte) = BEM

The functions f;, ¢g; and h; are not defined on the null set where two
or more coordinates are equal. They are by definition symmetric in the
variables (z;)1<j<;. By Lemma fi and g; are continuous on every set
z , and h; is continuous on Q;, and f;, g; and h; are larger than exp(—(i +

1)t).

The continuity in Lemma [3.31] will be proven by a coupling argument:
e Let PUPl he a Poisson point process of intensity 1 on (0, 00).

e Let (T%%!)__peoupt be a family of independent copies of the process
TX.

e Let (T7l),.; be i independent copies of T,
Let T°{#1:+%i} be constructed in the following way:

e P is the restriction of P! to (0,1).
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e For any z € P, T? = T/,

e For any z;, T = th’wwl.

This construction allows to couple every Ttoo’{xl""’xi} by using the same
randomness. Let 7" be a positive real number, and let (¢,y,2;...,2;) and
(t,9,%1-..,%;) be two elements of Q‘Z such that T >t and T > t. Using the
notation [a, b] to describe the non-empty interval [min(a,b), max(a,b)], let
I = [t,t]U [y, §) U; [z, %;]. Let I be a positive integer. Let X = {z1...,7;}
and X = {il,i‘l}

Lemma 3.33. If the following properties hold,
1. peowln [ = {);

2. For every z € P"P'n[0,T], no edge in the first | generation ofT;’CO“pl
has a label in I.

j,coupl
TT

3. For every j, no edge in the first I generation of has a label in I.

4. For every z € Peowln [0,T], there is no propagation path of length

starting from the root of T;’C"“pl,
5. For every j, there is no propagation path of length l starting from the
root of T%’prl,

then E;X’y holds if and only if E;Z’g holds, and E;X holds if and only if EEX
holds.

Proof. The knowledge of B'(©¥(T;%),0) (resp. B/(©Y(T7X),0)) is sufficient
to know which edges are adjacent to the root in ®(©Y(T;X)) (resp. (ID(@Q(TZX))),
by properties 4 and 5. By properties 1, 2 and 3, the unlabelled versions of
BY(OY(T}X),0) and B (©Y(TYX), ) are equal. For any graph G € Q% the set
of removed edges in ®(G) only depends on the unlabelled graph G and the
respective order of the edges’ labels, not on the actual labels. By hypoth-
esis, the elements of (t,,z) and (,7,%) are in the same respective order.
Therefore, by properties 2 and 3, the respective order of the labels is the
same in B'(©Y(T;/X), ) and BZ(G)Q(fo), 0), and therefore E;*Y holds if and
only if £7 holds.

The proof for E;X is identical upon removing @Y. O

Proof of Lemma|3.51] For a given T', the probability of the properties 4
and 5 tends to 1 when [ tends to co. For a given T and [, the properties of
properties 1, 2 and 3 tends to 1 when (¢, 7, Z1, ... 4;) tends to (t,y, 1, ... 1),
proving the continuity of P(E} ) and P(EX).

If P = () and every subtree starting from a children is empty, the events
E} “and E{X hold. |P|is a Poisson variable of parameter ¢, and T2 is empty
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with probability ezp(—t), therefore P(EY"X) = (resp. P(E¥)) is larger than
exp(—(i + 1)t) for all set X of size i < k — 2 and any y ¢ X (resp. for all
set X of size i <k —1). O

Proof of Lemma[3.39. For any finite set X C [0,t] and y € [0,¢] \ X, we
consider the following construction:

o Let (T7),ex be an i.i.d. family of copies of T°.

o Let I}OO’(X) is the tree obtained by taking a vertex (), every tree (T7),ex
and adding an edge, labelled by z, between () and the root of T7.

17> is rooted at 0.

e Let Z% C X (resp. Zx) be equal to the random set of labels of the
edges adjacent to the root of @y(TtOO’(X)) (resp. <I>(Tt°°’(X))), if defined.

Remark. The difference between TtOO’X and Ttoo’(X) is that the latter have

only edges labelled by elements of X adjacent to the root, whereas the
former have edges labelled by X and additional edges, according to the
Poisson point process P.

By the branching property, conditionally on P, the set of edges adjacent to
the root of T°, T;° has same distribution as Ttoo’(P), and therefore the set
of edges adjacent to ®Y(77°) has same distribution as Z%.

Let A be a bounded positive continuous function [0,t]* — [0, 00).

/)\(m‘l, e xi)u;t(d(a:l S X)) = /)\(xl, conx)fty,xy .., o)dey . da.

[0,t]° [0,t]°
Let A denote the left-hand side:

+
A = E Z )‘(‘rl?'"7xi)1Z5F’,:{x1,...,xi}

= E|E( D A@n.m)lgyog,. x| P
= E| D A@y..,2)P(Zh={z1,...,3:})

= E Z Y(z1,..., 24, P)

T1,..., L, EP

in which y(z1,...,2;,Y) = Ma1,...,2)P(Z) = {z1,...,2;}) for every set
Y and real numbers x1,...,z;. By the reduced Campbell formula, [BB09,
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formula (9.12)]:

#
E Z Y(z1,...,2, P) | = /[ot]i E(y(x1,..., 21, Pey...w))) MO (dzy ... dx,).

T1,...,2,EP

in which, for a Poisson point process of intensity A equal to the Lebesgue
measure, M@ = A’ by [BB09, Proposition 9.1.3] and P, . ,, has same law
as PU{z1,...,2;} by [BB09, Corollary 9.2.5]. Therefore:

A = / E(y(x1,...,21, Py, 2;))dz1 ... dz;
(027

_ , y _ . .
= o Mz, .o x)P (Z{xl,...,xi}UP {z1,... ,xl}> dxy...dx;

= )\(1’1, ceey .’El)P(Ef’X)dl‘l ...dw;
[0,¢]

Therefore ,u;t is absolutely continuous with respect to the Lebesgue measure
with density (x1,...,7;) — P(Ef’{wl“"zi}). This density is a probability,
and is therefore bounded by 1, and is continuous by Lemma|3.31] Therefore
(t,y) — m(t,y) = Zi':oz M;,t(@i) is continuous.

As the random tree Ttk+’y is equal to the tree Ttk’y conditioned on not
being equal to 2, u;t is absolutely continuous with respect to the Lebesgue
measure with density (z1, ..., 2;) — P(EYX)/m(t,y).

The proof for 14 is identical to the proof for u; , upon replacing ®¥ by
@, EYY by EX and ZY by Zyx.

O

3.4.3.b Link between p ; and 1,

Lemma 3.34. For every integer i > 1 and iuple (z1,...7;) € (0,t),
hi(t,x1...,z;) =m(t,z1) fi—1(t,z1,. .., 2).

Let X = {zy,...,2;} and X = {z9,...,2;}. By Lemmam the density
hi(t,x1...,7;) is equal to P(EX), i.e. the probability that the only edges
adjacent to the root in ®(7,”") are the edges labelled by elements of X.

Let v be the other endpoint of the edge labelled by x1, and T,”*! the
subtree of TtOO’X starting at v and rooted at v. L et TtOO’X’\I1 be the tree
TP\ TP°*1 . The figure illustrates these trees.

By definition of Ttoo’X, 777" and @m,x,\ml are independent, and have
same distribution as respectively 7° and TtOO’X.

EtX implies that the edge labelled by x; is present in ®(7; tOO’X), therefore,
by Lemma E;X is equivalent to:
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Figure 3.2: Example of TP~ | TP and T2 \' | from left to right.

e the edge labelled by z7 is present in ®(Q¥1 (T7")), i.e. &1 (T,7") #
2, and

e the edges adjacent to the root in ®(©%1(T°°X:\*1)) are the edges la-
belled by z1,...,x;.

This two events are independent and of probability m(¢, z1) and P(Eéfz""’xi}),
therefore P(EX) = m(t, z1)P(ESY), proving Lemma 3443124

This formula allows to compute the density of any v} for i > 1 from
the density of ,ui’y. As the probability that the root of T} is isolated is
1 - Zf:_ll v4(Q;), it is sufficient to study the measure p to know v. This
computation also implies that m(¢,x1)fi—1(t,x1,22...,2;) is symmetric in
the ZTi.

3.5 The equivalence between supercriticality of the
local limit and the existence of the giant com-
ponent

Let af be the probability that the tree T} is infinite. The goal of this section
is to prove Theorem

k
Theorem M For allt > 0, w

For readability, Crhax (th) is abridged in Cyax.

Remark. Theorem is meaningful both in the subcritical case and in the
supercritical case.

If Ttk is critical or subcritical, a,’f = 0, and therefore the largest compo-
nent’s size is op(n).

If Tt”C is supercritical, af > 0, so there is a giant component of size
equivalent to afn.

This result is analogous to the result on the size of the largest component
in the Erdés-Rényi graph, where a; is the probability of survival of a Galton-
Watson whose offspring is Poisson distributed with parameter ¢.

converges in probability to af.
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The local limit results imply that a,’f is close to the expected proportion
of vertices in large components. To prove Theorem [3.4] one needs to prove
that af is a.s. close to the actual proportion of vertices in large components
(not only in expectation), and that almost every vertices in large components
are in the same component.

3.5.1 The subcritical or critical case

For any integer 7, let N* be the number of vertices of Gfm in components of
size at least i.

Lemma 3.35. For all e > 0, IP(NTﬁ >af +¢) —— 0.

n—o0

Lemma [3.35] allows to bound Cpax from above:

Corollary 3.36. For all e > 0, P(% >af +¢) —— 0.

n—oo

For all 4, if Cpax > i, then N* > Cpax. Therefore for all integer 4,
Ciax < max(N% i) <i+ N'. Using i = /n gives Corollary

Corollary is sufficient to prove Theorem in the subcritical or
critical case, as in that case af =0 and % is a positive random variable.

Proof of Lemma([3.35 Let v1 and vy be two independent uniform random
vertices of G,]?L’t, and 7 a non-negative integer. Let C'(v1) (resp. C(v2)) denote

the component of v (resp. vp) in GF :

P(|C(U1)‘Zi‘G’lr€l,t) = %
P(|C(uv)| > i) = E(Z)

n

P(|C(v1)| > i and |C(va)| > iIGE,) = <N>

N 2
P(|C(v1)| > i and |C(ve)| > i) = E<N> .

n

Being in a component of size at least i is a local event, therefore by the
birooted local convergence proven in Lemma [3.12

B(C)| 29) —— P(T > 9)

P(IC(v1)| 2 i and [C(v2)| 2 1) —— P(ITF| > 4)%
n—o0
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Therefore, for all i,

2(X) — rzhiz

n n—00
Ni
var () o 0
n n—00
Ni P el
and therefore — ——— P(|T{°| > 1).
n n—00

N is non-increasing in i, and P(|Tf| > i) — af, therefore for all € > 0,
1—>00

P(Nfzaf+e)—>0. t

n—oo

3.5.2 The supercritical case

If af > 0, a lower bound is needed. The following lemma gives such a lower
bound.

Lemma 3.37. Let v; and vy be two independent uniform vertices of GF.
Then liminf, P(v; and vy are in the same component) > (aF)?.

Let us first see why Lemma implies Theorem Let (C;)i>1 be the
sequence of the sizes of the component in Gﬁ?t (in any order). Conditionally

on Gfm, the probability that v; and vy are in the same component is # S C2.
Let € > 0. Lemmata and [3:37] imply that for n large enough:

WP —c < B3

= E Yoo+ > c?

chz\/ﬁ i:Ci<\/ﬁ

n2 Z Cf +vn Z Ci
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The last inequality holding for n large enough because % <1as.,
1 a.s. and IP’(NTﬁ <af+e) — 1.

By taking € — 0, implies that liminfE(%) > af. As %
is smaller than 1 a.s. and smaller than af + e with high probability by
Corollary this implies that % 2y ab = P(|TF| = o0).

The proof of Lemma [3.37| will follow these steps:

1. With probability close to (af)?, v1 and vs are in components of G¥ , of
size larger than a threshold (that depends on the number of vertices)
at time t’ =t — ¢;

2. In that case, with probability close to one, a path between w; and ws
will exist at time ¢ in G¥.

In order to do the first step, and use the local limit, we need to construct a
graph that approximates Ttlf and Gﬁ » simultaneously.

3.5.2.a A few standard results on multitype branching processes

This part will summarize the results on multitype branching processes that
will be used, using the results and notations of [Har63]. Let T be a multitype
branching process, with type set X = [0, 7] for some positive 7. For every
integer i, let Z; be the random set equal to the labels of the elements of ith
generation of T'. Let P, (resp. E,) denote the probability (resp. expectation)
when the root of T has type x. For all A C X| let M(z,A) =E,(|JAU Z1]).
We will assume that the branching processes considered always satisfy the
following two conditions:

(Cl) For all z € X, |Z1| < k P,-a.s.

(C2) There exists two positive real numbers a and b such that for all z € X,
M (x,-) is absolutely continuous with respect to the Lebesgue mea-
sure, and its density m(x,y) is a uniformly positive bounded function,
0<a<m(z,y) <b< oo.

Conditions (C1) and (C2) will be direct consequences of Lemmata [3.31]
and for all branching processes we will consider. (C1) and (C2) implies
that T satisfies technical conditions 10.1 and 13.1 with the notations of
[Har63].

By [Har63l Theorem 10.1], the operator M has a real positive eigen-
value p, larger than any other eigenvalue. This eigenvalue p will be called
the spectral radius associated to T. Let g(x) = P,(|T| < oo) denote the
extinction probability function of 7. By [Har63, Theorem 12.1, Theorem
14.1 and following remarks]:

Lemma 3.38.
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1. If p <1, then for allz € X, q(z) =1
2. If p>1:

o Forallz € X, q(x) < 1.

e For all x € X, conditionally on |T| = oo, |f§‘ converges Pyp-a.s.

toward a random non-zero variable W when 1 tends to co.

For all non-negative function s, let ¢, (s) be defined by:

YyeZ1

Remark. With the notation of [Har63], this is actually ®(—Ins), but this
version is more suited for our use.

By [Har63, Theorem 15.1]:
Lemma 3.39. Ifp > 1,

e ¢ is the only uniformly positive and uniformly less than 1 function
satisfying q(x) = @x(q) for all z € X.

o If ¢° is a positive and uniformly less than 1 function, and if we define
the sequence of functions (q%);>1 by ¢ (z) = . (q"), then ¢* converges
everywhere toward q.

Corollary 3.40.

e If ¢° is a positive and uniformly less than 1 function such that for all
7, (x) > a(q°), then for all z € X, q(z) < ¢°(x).

e If ¢° is a positive and uniformly less than 1 function such that for all
z, °(x) < pa(q"), then for all x € X, q(z) > ¢°(x).

Proof. We define (¢%);>o as in Lemma @ Then by Lemma for all
z, ¢*(z) converges toward ¢(z). For the first part of Corollary q'(z) <

¢°(x). As @.(s) is an increasing function of the positive function s, the
sequence (¢');>o is a non-increasing sequence and is therefore larger than its
limit. Similarly, in the second part, the sequence ¢* is non-decreasing, and
therefore smaller than its limit. O

Let T” be a two stages-branching process, with a different law for the
root, and same law as T for the remaining of the tree. Let Z! be the random
set of labels of the ith generation of T”. Recall that ¢ and p denote the
extinction probability function and the spectral radius of T

Lemma 3.41.
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e If p > 1, conditionally on |T'| = oo, [ii“ converges toward a random

non-zero variable W'.

For such a two-stages branching process T”, p will be called the spectral
radius associated to 1.

Proof. Conditionally on the first generation Z;, the subtrees starting at ele-
ments of Z; are independent, so the probability of extinction is Hye ! q(y).
The first part of Lemma is obtained by taking the expectation. The
second part is obtained by using Lemma [3.38| on the surviving subtrees. [J

For all ¢, let p; be the spectral radius associated to Ttk+" or Ttk

Lemma 3.42. The spectral radius p; is a upper semi-continuous function

of t.
Lemma will be proven in part

3.5.3 Approximating Gﬁyt by an idealised graph

Let t be such that af > 0, i.e. p; > 1. Let £ > ¢ > 0and t/ =t — €.

Let €2 > 0. Let K,, = %. Using Lemma |3.42) we can choose €; small
f,/

enough so py > 1.
d . . . .

The graph G™°¢ will be constructed dynamically while exploring G;ft,.
G™°4 will denote the growing graph process and Gg&d the graph G™°9 at
the end of its construction. At any point, G™°? will satisfy the following
properties:

e G™°d js either empty, one planar tree with labelled edges or two planar
trees with labelled edges, such that no two edges have the same label.

e In each planar tree, the children of a given vertex are ordered, for
the planar tree order, in increasing order of the labels of the outgoing
edges.

The graph Gg;lodd will have the same law as two independent copies of T)7°.
Informally, Gg}%d will be built in such a way that the components of the roots
in ®(G™°4) are close to the components of v; and v2 in G¥ , = ®(G>,). In
order to achieve this, we define an exploration process, that will 0n17y look
at the parts of the graph G;ft/ that are useful to construct the component
of v1 and vy in Gfg - At the beginning of its exploration, G0°, (seen from
v1 and v2) looks like two independent copies of T)7°. But, as the exploration
continues, these two graphs differ: G?jﬂ can have cycles or multiple edges,
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and the numbers of neighbors of the vertices decreases (in law), as a grow-
ing fraction of G°, is known. The following construction explains how to

couple G°, with its idealized branching version Gg&d
the differences between ®(G™°%) and sz,t’ are small.
Let V& denote the set of vertices of G- In order to construct G™od | the
process will use G;’;’t, and some extra randomness. Initially, G™°9 is empty,
and will be created dynamically along with the exploration of G;’Z‘ft,. The

in such a way that

process will add vertices to G™°4, from V& and extra vertices. The extra
vertices will be called dummy vertices.
As Ggr‘%d is two planar trees, we can define the following notions:

Definition 3.19. At any point, G™°¢ is a rooted planar tree or two rooted
planar trees. For any vertex w of G™°9 and integer i, the i-children of w are
defined as the vertices at distance ¢ of w in the subtree starting at w.

The set of vertices of Gle?l"dd is ordered with the breadth-first order, de-

noted by <. For any two vertices w and w’ of G, w < w' if either:

e w is in the first component of Ggl]%d and w’ is in the second component.

e w and w’ are in same component, and the distance between w and the
root is strictly smaller than the distance between w’ and the root.

e w and w’ are in the same component, in the same generation, and the
father of w is strictly smaller than the father of w’ for the breadth-first
order.

e w and w’ are two children of the same vertex w”, and the label of the
edge between w and w” is smaller than the label of the edge between
w’ and w”.

The construction of G;ll‘éd will use the following increasing sets:

e A% C V¢ will denote the set of vertices of G7°, that have already been
discovered.

e B¢ C A® will denote the set of the vertices whose neighbors are
known. These vertices will be called used.

o AY C A% will denote the set of corrupted vertices. They indicate
where G™°4 and G,y are different.

e BY C A® will denote the set of corrupted vertices whose children in

Gg&d have already been constructed.

AP¥ will denote the set of dummy vertices. At any point, AP*™ N

V& =.
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o BPum — ADum il denote the subset of dummy vertices whose chil-
dren in Gglll‘éd have already been constructed.

o A= A% U AP ig the set of the vertices of G™°d. The sets A® and
APum are disjoint.

e B = B%UBYUBPY" is the set of the vertices of G™°? whose children
in G™°4 have already been constructed. The sets B¢ U B¢ and BPvm
are disjoint, but B¢ and B® might not be disjoint.

During the process, all these sets will only increase.

G™°4~ is the isomorphism class of the graph G™°4, with respect to the
isomorphism of graphs with labelled edges and unlabelled vertices. This
allows for example to consider G™°9~ without knowing if a given vertex is a
dummy vertex. As the labels of the edges of G™° are all different, the only
automorphism of G™°4, seen as a graph with labelled edges and unlabelled
vertices, is the identity, and therefore a unique way to map G™°9~ back
to G™°4 allowing us to consider the vertex of G™°Y associated to a given
vertex of Gmod—,

Let .Z denote the increasing o-algebra, generated by A, B¢, A¢, B¢,
ADPum - pDum - the set of labelled edges with at least one endpoint in B in
the graph G%’jt, and the set of labelled edges with at least one endpoint in B
in G4 .7 represents the current knowledge obtained with the exploration

end *
of G7°, and the construction of Gmod,

The following tools will be used in the construction of G™°4,

3.5.3.a Split a vertex/edge:

There is no multiple edge in T)7°, whereas there can be multiple edges in
G'°,. To solve this issue, any multiple edge will be substituted upon dis-
CO\;ery by the appropriate number of simple edges. If a multiple edge e of
multiplicity [ is discovered between w and w’ while looking at the neighbors
of w, add w’ to G™°4 and only one edge between w and w’, labelled by the
smallest label of e. For any label y among the [ — 1 other labels, considered
in increasing order, add a dummy vertex w, to G™°d and AP¥" and add
an edge between w and w, labelled by y in G™°d An example can be found
in figure This operations allows to avoid adding multiple edges to G™°4
without altering the degree of w (it does alter the degree of w').

3.5.3.b Probing a vertex w:

This operation will be done for a vertex w € A9\ B. The goal is to ap-
proximate the set of labelled edges adjacent to w in G}°, by a Poisson point
process of intensity 1 on [0, t'].
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Figure 3.3: The triple edge between w and w’ in G9°, is split in G™od by
adding two dummy vertices a and b.

G
e Let ™™ he an independent Poisson point process of intensity |‘2—'

on [0,t']. For each point s of p,, in increasing order, add a dummy
vertex w’ and an edge labelled by s between w and w’ to G™°4. Add
w' to AP¥™_If there is at least one such edge, add w to A and B.

e For every vertex w’ € V& \ A%, look at the edge between w’ and w:

— If there is a single edge between w and w’, add this edge and w’
to G™°d, Add w’ to AC.

— If there is a multiple edge between w and w’, split it. Add w’ to
A% and A®. Add w to A® and BC.

— If there is no edge between w and w’, do not do anything.

e For every vertex w’ in A®\ B, do not add the edges between w and
w to G™°4, If there is at least one such edge, add w to A® and B¢
and add w' to A°.

e Add w to B®.

3.5.3.c Fake-probing a vertex w:

1. If w is a vertex of APvm \ BPum  fake-probing w is the following
operations:

e Add w to BPuvm,

e Let Y, be an independent Poisson point process of intensity 1 on
[0,#]. For each point y of Y, add a dummy vertex w, to G™°4
and AP and add an edge labelled by y between w and wy to
GmOd.

2. If w is a vertex of A%\ B, fake-probing w is the following operations:

e Add w to A® and B€.
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e Let Y, be an independent Poisson point process of intensity 1 on
[0,#]. For each point y of Y,,, add a dummy vertex w, to G™°d
and AP and add an edge labelled by 3 between w and wy to
Gmod‘

For any vertex w, and any set, o-algebra or graph X, let X, denote the
value of X before the probing or the fake-probing of w. Similarly, let X+
denote the value of X after the probing or fake-probing of w.

The following lemma summarizes the properties that will hold through

the construction of G‘;&d:

Lemma 3.43.

1. For every vertex w' € G™% w' # w, the set of edges adjacent to w' in
G™% s not modified during the probing or fake-probing of w.

If the following properties hold before the probing or the fake-probing of a
vertex w in Ay \ By, then the following properties will also hold after the
probing or fake-probing of w.

2. The vertex set of G™ is A.

3. For every vertex w' € BE\ BY, the set of edges adjacent to w' is the
same in G™% and Gy

4. For every vertex w' € A\ B, w' has no child in G™.

5. If w' € AG\ AC, the set of edges between w' and elements of B is
the same in G™% and in Gy

6. If w' € V& \ A then there is no edge between w' and any vertex of B
mn G;.Lot/ .

We assume that the choice of w and of whether to do a probing or a fake-
probing are F -measurable. If the following property holds before the probing
or fake-probing of w, then it holds after:

7. Let EB C E be the set of edges with at least one endpoint in B¢. For
any e € EB, the set of labels of e in G, is F -measurable. Condi-

tionally on .F, the set of labels of edges in E\ EP is an i.i.d. family
of Poisson point processes of intensity % on [0,t'].

If the properties 2-7 hold before the probing of w and if one of these two
properties holds before the probing of a vertex, they still holds after:

8a. G™% s q tree rooted at ¥y.

8b. G™%d is two trees rooted at ¥, and vs.
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If the properties 2-7 hold before the probing of w, then

9. conditionally on %, the law of set of all labels of edges between w
and the children of w in G™%, including dummy vertices, is a Poisson
point process of intensity 1 on [0,].

Proof. The properties 1-6 and 8a/8b are direct consequences of the descrip-
tion of the probing and fake-probing of a vertex.

If w € A9\ B¢ is probed, the only vertex added to B® during the
probing of w is w, and the edges of G?ﬁt' looked at are the edges adjacent

to w. If w is fake-probed, no vertex is added to B and no edge is looked at
during the fake-probing of w. Therefore property 7 holds after the probing
if it holds before the probing.

If w € A is probed, by property 7, conditionally on .%,,, the set of labels

of edges between w and elements of V& \ |AY| is a Poisson point process of
n—|A%|

—. Adding an independent Poisson point process of intensity

intensity
G
% gives the wanted distribution for the property 9. If w is fake-probed,

property 9 is a direct consequence of the definition of the fake-probing. [

Each time several vertices are probed (or fake-probed) at the same time
by the algorithm, they are probed in breadth-first order.

3.5.3.d The initialisation of a component:

This tool is used at the beginning of the construction of each of the two
components of Grerlll‘zid. Let j € {1,2}. The aim of this part is to construct
the ball of radius b, centered at v; in Gmod,

The description assume that, before the initialisation, the properties 2-7
of Lemma hold and that either G™°? is empty (if j = 1) or 8a holds (if
j=2).

For every 4,7, Sj; is the sphere of radius ¢ centered at v; in Gg;l%d.
Let 1@171 = Ui’giSLi and Q@Q’Z‘ = Ui’SiSZz' U Genrll’ii(,il' For any w € GmOd,
generation(w) is the ordered pair (j,7) such that w € Sj;.

Definition 3.20 (Initialisation failed). If one of the following events hap-
pen, the initialisation is said to have failed:

e A previous initialisation has failed.
e Before the initialisation, v; was already in AC.
e At any point of the construction of a S;;, a vertex is added to AC,

Ifv; € AC or if a previous initialisation has failed, then add to G™°? and
APv™ 5 dummy vertex j, as the root of the second component. Otherwise
add v; to A% and to G™°9 and let v = vj.
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Let 0 < i < b,. We assume that S;; has already been built. If the
initialisation has not yet failed, probe every vertex w of S;;. If the initiali-
sation has failed, fake-probe every vertex w of S;;. In both cases, S; ;11 is
the set of children of elements of S;; in G™°d j e. the sphere of radius i + 1
in G™°d centered at ;.

Starting with S0 = {0;}, the sets S;; are built until S;;,, has been built.
For any set, o-algebra of graph X, let X,; denote the value of X after the
construction of Sj;.

Lemma 3.44.

o After the construction of S;;, if the initialisation has not yet failed,
Sjﬂ' C AC \ (BG U AC)

o After the construction of Sj;, for every i’ <i, S;y C B.

These properties are direct consequences of the algorithm: if at any point
a vertex is added to A®, the initialisation is said to have failed. The first
property allows us to probe the elements of S;; when the initialisation has
not yet failed.

3.5.3.e Subsequent construction of the component of v; in Gmod,

If the initialisation has not failed, the balls of radius b, centered at v; are
the same in G™°Y and in G;ft,, by property 3 of Lemma |3.43| Therefore, if
GEy =1, it is possible to determine the neighbors of v; in G} ,, (by Lemma
3.23)). Let Djo = {v;}, Ejo = {v;} and D; be the set of neighbors of vj in
Gn,t/‘ If the initialisation has failed or if it is not possible to determine the
neighbors of v; in Gfm,, let Dj1 =Djo=Ejo=0.

After the initialisation, the component of v; in G™°d is a planar tree
rooted at ¥; of depth at most by, the vertices of the b, — 1 first generations
belonging to B and the vertices of the b,th generation belonging to A \ B.

3.5.3.f One iteration of the main part of the algorithm:

We now describe the iteration ¢, constructing the sets F;;, D;;y1. For all
Jit, Ej; C Dj; C S For any element w of Dj;, if we are able to determine
the children of w in the forbidden degree version of G™°4, w is added to
E;; and its children are added to D, ;1. More precisely, assuming D;; and
B p,+i—1 are known, the iteration i is the following operations:

e Initially, F;; and D; ;1 are empty.

e For each w € 5 ;4p,—1, in the breadth-first order, if w is a b, — 1-
children of an element of D;;, probe w. Otherwise, fake-probe w.
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e Consider every w in Dj; such that no (b, — 1)-child or b,-child of w is
in A®. If the knowledge of G™°4 is sufficient to determine the set N
of neighbors of w in Gfm, add w to Ej;, and add every element of

N\ p(w) to Dj;41 where p(w) is the parent of w in G™°.

Remark. If GE» = 1, the knowledge of the ball of radius b,, centered at w in
Gy is sufficient to know the set N. Lemma will prove that the balls

of radius b, centered at w in Gg&d and G7°, are identical and therefore

that the knowledge of G™°9 is sufficient to know the set N if GEy = 1.
Lemma will also prove that for every b,1-children of elements of D;; is
in Ajgl +s,,» and therefore can be probed.

An iteration is the execution of the algorithm above, for a given value
of i. For any set, o-algebra or graph X, let X;;,; denote the value of X
after the ¢th iteration in the construction of the component of v;, i.e. the

construction of F;; and Dj ;1.

3.5.3.g Finalisation of a component:

After K, iterations of this algorithm are done, and %; k,, 4+, is constructed,
graft to every vertex of Sj, 4, an independent copy of T7°. Add every
added vertex to AP¥™ and BP¥™. Add every vertex of Sy, 4k, to AY and
BC.

The value of the sets and o-algebra X after the finalisation of the jth
component will be denoted by X . If the properties 2-7 and either 8a or 8b
hold before the finalisation of a component, they hold after the finalisation of
a component, as no edge of Gﬁ,t/ is looked at, and the copies are independent.

3.5.3.h Construction of G™°d;

end °

The construction of Gg;lodd is done by starting with A = B¢ = A¢ = B¢ =
APum — pDum — ( and doing the following operations:

1. First initialisation, for the component of v;.

2. Do the iteration ¢ of the algorithm for ¢ from 1 to K, to construct
B p,+i and the sets F1; and Dy ;41 for every i < K.

3. Finalise the construction of the first component.
4. Second initialisation, for the component of 5.

5. Do the iteration ¢ of the algorithm for ¢ from 1 to K, to construct
B i+b, and the sets Fo; and Do ;y1 for every i < K.

6. Finalise the construction of the second component.

For any graph, o-algebra of set X, X¢ng denotes the value of X after the
complete algorithm.
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3.5.3.i First properties of G™°d

Lemma 3.45. For any i < by, j € {1,2}, after the construction of S;; in
the initialisation:

1. the properties 2-7 of Lemma[3.43 hold;
2. if j =1, 8a holds; if j =2, 8b holds.

For every i < K,, and j € {1,2}, after the iteration i constructing Ej;
and Djﬂ;Jrl:

3. for every vertex w of Ej;, the ball of radius by, centered at w is the
same in G™% and Gooys

4. every vertex of Dj;11 is a child of a vertex of Ej; in Gmod.
5. the set of vertices of G;?i(fbn i5 Bty

6. Ajito, = Bjitb,;

7. Bjivo, = Bjivbn—1;

8. the properties 2-7 of Lemma[3.43 hold;

9. if j =1, 8a holds; if j = 2, 8b holds.

- d.
After the construction of G7,%":

10. GZL"dd* has same law as two independent copies of T,3°. Moreover the

second component of GZL"dd* is independent of F1 .

Proof. The properties 1, 2, 8 and 9 are consequences of Lemma [3.43] and
the fact that the properties 2-7 of Lemma are preserved by the initial-
isation or the finalisation of a component. The properties 4, 5, 6 and 7 are
consequences of the description of the algorithm, as every vertex of S; ;14,2
is either probed or fake-probed for the construction of D; ;.

The property 3 is proven by induction. As noted in the subsection
property 3 holds for i = 0 and j € {1,2}. Let us assume that the property 3
holds for 7 > 0 and j € {1,2}. Let w be a vertex of E;;11 C Dj;t1. By
property 4, w is a children of a vertex w’ of Ej;. As the ball of radius b,
centered at w’ is the same in G™°9 and G, the only possible difference
between the balls of radius b,, centered at w is the neighbors of the b, — 1-
children of w. On one hand, if none of the b,, — 1-children or the b,,-children
of w are added to A®, then every ball of radius 1 centered at such children
is the same in G™°9 and in Gz‘it, and therefore the ball of radius b,, centered

in w is the same in G™°9 and G%’t,. One the other hand, if one such vertex
is added to A®, w is not added to E;;.
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To prove property 10, it is sufficient to show that for any ¢ and j, con-
ditionally on Z;;, the law of the set of labels of the edges outgoing of the
vertices of S;; is an i.i.d. family of Poisson point processes of intensity 1 on
[0,¢']. If i < by, conditionally on .%;;, if the initialisation have failed at an
earlier stage, every fake-probing gives the correct law. If the initialisation
has not yet failed, the algorithm is going to probe each vertex of S;;. By
Lemma the conditional law of the set of exiting edges is also a Poisson
point process of intensity 1 on [0,¢'] (some of them might point to dummy
vertices). As %;; is measurable with respect to .%;;, the conditional law is
the same conditioned on %; ;.

For all i € {by,..., K,+b,—1}, %,; is measurable with respect to .%; ;.
Each vertex of the ball of radius 7 is either probed or fake-probed. Therefore,
by property 7 of Lemma conditionally on .%; ;, or on %, ;, the set of
labels of edges between each vertex of the ball of radius ¢ and their children
is an i.i.d. family of Poisson point processes of intensity 1 on [0,t'].

If ¢ > K, + by, the law of the subsequent generations comes from the
grafting of independent copies of 1}7°, and gives the correct conditional law
by the branching properties of T;7°. ]

end
a.s. Let GOk denote the components of 91 and ¥y in ®(G™°%), the for-
bidden degree version of G™°4. For any i < K,, j € {1,2}, let 9;1' be the
union of the sets Dj ;y where (j',i') is strictly smaller than (j,¢) for the
lexicographic order. The set 7, is the union of the sets Dj ;; constructed

G™od has the law of two independent copies of T;7°. Therefore Gg&d cOr

before D;;. Let _@; = Z;;U Dj;. The following lemma gives a few useful

observations about the sets D;; and E;; and the graph G™°¢ produced by
the algorithm and allows to link them with the component of v; and vy in
Gk

7t/

n

Lemma 3.46.

1. Every pair of vertices of '@ZKn that are neighbors in Gg’;fdd are also
neighbors in Gﬁ » and in GZ;‘L‘Qdk, and the edge between them has the
same label in G]fl » and Ggloddk.

2. Every vertex of Dj; belongs to the component of v; in GZ » and in
Gmodk

end *
3. Fori < K, and j € {1,2}, every neighbor of vertices of Ej; in Gfl p

(resp. in Gz’;fjk) belong to either D1 or Ej,;_1.

The first and third observations come from the definition of D;;. The
second observation is consequence of the first observation of Lemma [3.46
and the property 4 of Lemma [3.45
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The first two observations guarantee that the subgraph of Gé?l%d re-

stricted to vertices of @; &, can be seen as a subgraph of GZ »- The last
property guarantees that the degree of vertices of Ej; is the same in this
subgraph and in Gfl -

3.5.4 Finding a path in Gﬁ’t

Definition 3.21. For every i < K,, and j € {1,2}, E;; is the set of ver-
tices w of Ej;; such that no edge is added to w between ¢’ and ¢ in G}°.. Let
Ejr, = Ej K,

The sets E;; are defined by induction:

o For j € {1,2}, Ejo = Ejp.

e For j € {1,2}, 1 € {1,...,Kn}, Ej,O = {’LL S Ejﬂ' : p(u) S Ej’ifl},

where p(u) denotes the parent of u in GRodk.

The set E’JZ is the subset of vertices u of E’j,i such that no edge is added
between ¢ and t to any vertex in the path from o; to u (including w if
i < Ky, excluding u if i = K,). By Lemma any neighbor in Ggrl&dk
of a vertex v of Fj; is either in D; ;11 or in D;;_1. Therefore the following

lemma holds:

Lemma 3.47. Starting from G;’;Loddk, remove every elements of UDj; \ EN'M.

Let G;’;L"ddk be the union of the components of v and vy in the resulting graph.
Then the set of vertices in the balls of radius K, centered at vi and ve in

Gmodk g UE]'J' .

end

Lemma 3.48.

1. For j € {1,2}, every vertex of the ball of radius K, —1 in G;’;%dk s in
the component of v; in the graph wa for any u € [t ].

2. Forj € {1,2}, ifw ofEA-,Kn is such that

modk
end

e at most one edge is added to w in G between t' and t

o the degree of w in G 18 smaller than k — 2, and

then w is in the component of v; in Gk , for any u € [t',1].

By Lemma all the elements of U1E~j7i and the edges between them
in Gg;fédk are present in G’:L’t,. Therefore Ggi%dk is a subgraph of G’fm,. As by
definition of Ej,i no edge is added to any vertex in the balls of radius K,, — 1
between t' and ¢, no vertex of the balls of radius K, reaches the forbidden

degree between ¢’ and t and therefore the ball of radius K, —1 is a subgraph
of GF , for any u € [t/,t].
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If w is a non-saturated vertex of Ge”r‘f(’idk such that at most one edge is

added to w in GJ° between t" and t, the edge between w and its parent in

modk
Gend

is present in wa for any u € [t/, t].
Theorem 3.49. For any n > 0, for €1 and ez small enough and n large
enough, with probability at least (af)2 — 1, there exists a vertex wy in Eq g,

and a vertex wy in Fo g, such that:

o The vertices w1 and wa are non-saturated in Gfb -

e There is an edge added between time t' and time t between wy and wo

in Gy’ .
e No other edge is added between time t' and time t to either wi or we

in Gy’ .
Theorem [3.49] implies Lemma [3.37, as by Lemma [3.48 w; and wy are
respectively in the component of v; and ve in Gfm and the edge between vy

and vg is present in Gﬁt.
To prove this result, the following facts will be proven:

1. For €3 small enough, with probability larger than (af)? — ), for all j,
there are at least n3 non saturated vertices in ]E’] K-

2. The probability that the previous condition happens without the exis-
tence of wy and wy satisfying the conditions of Theorem [3.49| converges
to 0.

It will be done by finding a subgraph of G°dk that is a branching process
with offspring law close to the law of Tt’?. Therefore, the probability of
survival of each component is close to af,, and conditionally on survival, the
components will be large enough.

Lemma 3.50. Let z, = n'=%. With high probability, at any point of the

algorithm |AC| < z,.
Every element of A% belongs to a ball of radius b, centered at an element
of U;;Dj; in G5°,. Moreover, by Lemma @ if GE1 = 1, there exists

z, = n°D such that every ball of radius b, in G}°, contains less than x,
vertices. Therefore,

GRAG <m0 > 1Dl
1<5<2,0<i< Ky

As every element of D;; belongs to the ball of radius i centered at v; in
Gmodk and GModk hag the same law as T%

end end ¢
E( D 1 Dji
1<j<2,0<i<Ky

) < 2E(|Bx, (T, 0)])
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where By, (T}, () is the ball of radius K, centered at the root . As T} is
a (two-stages) supercritical branching process, by Lemma

|Bi(T}, 0)]

pé, 1—00

> W.

(1—e2)Inn

with W a random variable with a finite expectation. As K,, = o)
tl

this limit implies that

S Eny < o
1<5<2,0<i<Kp
E(GE1|ASy]) < aynt-etel
n17€2+0(1)

Therefore, with high probability, |AS | < z,. Let GE2 be the random
variable equal to 1 if this inequality holds and GE; = 1. Otherwise, let
GEy = 0. As A% is an increasing subset, |A%| < |AY | at any point of the
algorithm.

Lemma 3.51. With high probability, all the vertices in the balls of radius
K, + b, centered at 1 and ¥y in GZ:fdd have less than logn children. Let
GFEs3 be the random variable equal to 1 if this property holds and GEs = 1.
Otherwise, let GE3 = 0.

Proof. The expected number of vertices in the sphere of radius ¢ centered
at v; in G™od ig "', Therefore the expected total volume of each ball of
radius K, +b,, centered at 07 and 07 is equal to % = o(n!) for some
a1 > 0. Therefore it is smaller than n®! with high probability by Markov’s
inequality. We assume that n is large enough such that logn > 2t. The law
of the degree of a given vertex is a Poisson random variable of parameter ¢/,
therefore the probability that one of the first n®! vertices of each component

on G4 (in the breadth-first order) has degree larger than logn is smaller

end
than
o0 N .
/tll , tllogn t/7,
2n™! Z el — < opiet .
Al - | AY
i—{Toan] 7! |log,, |! = (2t)
S ——
=2
, t/logn
= 4n%et
[log,, ]!
1
~ de P porplost 1 ( ¢ >LognJ
2rr|logn] \ [logn]
< a2na3—loglogn
— 0
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With as and a3 two constants. The Stirling’s approximation is used for the
factorial. O

Lemma 3.52. With high probability, no initialisation fails.

As A is initially empty, it is not possible that v; € A before the first
initialisation. If GEo = 1, the size of the set A is smaller than z, before
the second initialisation. As vy is a uniform vertex independent of % o,
the probability that vo belongs to A before its initialisation, conditionally
on #1 o before the second initialisation is equal to |ATG|. This quantity is
smaller than 2 if GFE2 = 1, therefore

]P)(Uz S Al,oo) < ]P)(GEQ = O) + IP)(GEQ =1and vy € A3 oo)
Al 00
= P(GEy =0) +E(GE; | ; ‘)
Zn
(GEy =0) + o
(1)

A vertex is added to A for the first time during the construction of Sji+1
if one of the following event happens:

A
~

I
S

1. Two vertices of Sj; are linked by an edge in G7°,

2. A vertex of Sj; is linked to a vertex of AG \ B ; by an edge in G°,
3. Two vertices of S ; are linked by an edge to the same vertex w ¢ Sj,i_l
in G;L.Ot/
4. There is a multiple edge in G7°, between a vertex w of S;; and a
vertex in V& \ A;;.
G
5. When a vertex w is probed, the Poisson point process of intensity %
creating dummy vertices is non-empty.

By Lemma conditionally on the o-algebra .%; ;, the labels of the edges
in Gmo, with no endpoint in B;; are an i.i.d. family of Poisson point pro-

cesses if intensity % on [0,¢]. Therefore, conditionally on .%;;:
. . Sis
1. the probability of the first event is smaller than (' A l) (Poi(t ) > 1);

2. The probability of the second event is smaller than |.S; ;| ]AZGJ \IP’(POZ’(%)
1);

3. the probability of the third event is smaller than n('sgi')]?(Poi(%) >
1)? (there are less than n possible choices for w);

Y
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4. the probability of the fourth event is smaller than ]Sm'\nIP(Poi(%)
2);

Y

t/|Sj7iHAiji+1‘
EEa—

5. the probability of the last event is smaller than
Recall that GE3 = 1 implies that |S;;| < z, and |Afi+1| < z,. Let y, =
n~%. Either GE3 = 0 or the sum of these probabilities is smaller than
é”T’;, for n large enough. By union bound, the probability than one of these
events happens for ¢ < b, during one of the initialisations and GFEy = 3 is
smaller than y,, = o(1).

Let GE4 be the random variable equals to 1 if no initialisation fails and

GE3 = 1. Otherwise, let GE4 = 0.

3.5.5 Construction of an included branching process

The goal of this part is to find a branching process simultaneously included

in Gmed, Gﬁ’t, and sz,t with law close to TF.

3.5.5.a Construction of the included branching process for time ¢/

The idea is to find a two-stages branching process whose set of vertices is
a subset of UE;; and whose law will be close to TF. In order to do this,
some bounds of the probability that a given vertex w is in Dj; \ Ej,i will
be needed. For technical reasons, w € D;; \ E;; and w € Ej; \ EN'M will be
treated separately. Let us add the following families of random variables,
that will be used as extra randomness when needed, such that, conditionally
on Zend, these families are i.i.d. families of uniform random variables on

0, 1].
d (Ug)weog&d;
° (Ub ) .
w,w’ wgw’GG;“nodd7
o (Us ) ws<wegmod;
hd (U’Zl})wEGg;]%d;

These random variables will be used to construct independent variables, by
using the following straightforward construction:

Lemma 3.53. If U and V are random variables, % a o-algebra and p €
[0,1) such that:

e Ve{0,1} as.

o P(V=1|%)<p as.
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e U is a uniform random variable on [0, 1], independent of .F

Then the random variable V™ equals to 1 if either V=1 or U < %

is a Bernoulli random wvariable of parameter p, larger than V, independent

of F.

For any w € G™°9, let us define the following sets:

end
o T = {uw € GU;w' < w}.
o 1%, ={weGhw <w}=T2U{w}

o Y = {(uw',w") € Gmod?, < < w}.

end

o I ={(w,w )GGmOdg;w’ <w” <w}.

end

o IS = {(w,w") € G;‘;&dQ;w’ < w”,w' < w,generation(w”) < generation(w)}.

o I¢ . ={(vw,w") € Gg&d2; w' < w’ w < w,generation(w”) < generation(w)}.

o T¢ = {w € GMo4 : generation(w') + (0,b,) < generation(w)}.

end

These sets will denote the set of uniform variables that have been used via
Lemma when w is probed or fake-probed. For every w € Bend, let
T b the o-algebra generated by Fu, (U2 )wers, (U(bwlyw//))(w/7w//)€1"£7u,

(U(cw/@//))(w’,w”) Tg, and (U )w 'erd -
For every (j,i), i > by, let & faug be the o-algebra generated by .%;;,

(Ua)weﬁj i1 (US; w/)(w w’)EﬂJ ) (Uw w’)(w w')EBj i1 and (U )wEJ] i—bp*
For every vertex w € BS , let Z,}Y be the o-algebra generated by %,
b
(Uw’)w EFZH_’ (U(w’,w”))(w ,w”)eFfﬂJr’ (U(Cw’,w”))(wlyw”)erfu and (U )w EFd
For any w probed or fake-probed during the construction of Ej;; (there—
fore such that generation(w) = (j, 7+ b, — 1)), ﬂ;ﬁ?ﬁb L C I C Ty C
F¥Y
Jyitbn®
Lemma 3.54. For every w € Beyq, every Fepq-measurable random vari-
able X, the distribution of X is the same conditionally on %, (resp. Fy+ )

and conditionally on Fuyp"? (resp. F,"7

For every i € {a,b,c,d}, every w € Bgld, I is .#,-measurable and FfUJr
is Z4+-measurable. Lemma comes from the fact that the law of every
U-variables is independent of Z¢nq. Lemma [3.54] simply means that any
event that can be expressed without the extra randomness is independent
of the extra randomness.

In order to construct the included branching process, one needs to study
when a vertex belongs to UD;; \ E; ;. Assuming GE; = 1, a vertex wy is in
Dj;\ E;; for some (4, j) if a b,, — 1-child or a b,-child of w; is added to AC
during the construction of Dj ;1. Let wy be a b, —1-child of wy. During the
construction of D;;41, only b, — 1-children of elements of D;; are probed.
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e The vertex wy is added to A® while probed if one of the following
happens:

— There exists a multiple edge between wy and another vertex in

GOO

n,t'"

mmy

— When ws is probed, u% is not empty.

— There is an edge between wy and a vertex ws of AgQ \ B%.

e The vertex ws is added to A® while another vertex ws is probed if
there is an edge between wy and w3 in G7°,.

e A child w3 of ws is added to A® while ws is probed if there is a multiple
edge between we and ws in G;ft,.

e A child w3 of wy is added to A while another vertex wy is probed if
there is an edge between w4 and w3 in G7°,.

For any (4,7) € {0, ..., Kp} x{1,2}, let A ;4,1 be the set of b, —1-children
of elements of D;;. For any i, j, Aj;yp,—1 is a subset of S 44, —1. Then wo
or one of its children is added to A® during the construction of Dj i1 if at
least one of the following events happens:

my

1. while wy is probed, uggm is not empty;

G .

2. there is a multiple edge in G;ft, between ws and vertex not in Ay ;

3. there is an edge between wy and a vertex of A not in Ajitp,—1 and
not a children of an element of Aj;p _1;

4. there is an edge between w and a vertex w3 € Aj iy, —1;

5. there are a vertex w3 # wy in Aj 4,1 and wy ¢ AjG’anfl, such that

there are edges between wp and w4 and between w3 and wy in G}°,.

For any (i, j) and any vertices wp and w3 in Aj;p, 1, let X be equal
to 1 if any of the first three events occurs, X? be equal to 1 if the

w2,w3

fourth event occurs and Xy, ., be equal to 1 if the fifth event occurs. This

classification corresponds to the following criteria:
a. one vertex of Aj;1 1 is added to AC:
b. two vertices wy < w3 of Aj ;44,1 are added to A® . when wy is considered;

c. two vertices wg < w3 of Aj ;44,1 are added to A® . when ws is considered.
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F& be the o-algebra generated by .%#,, and Ggid_. F& represents the
knowledge obtained by the algorithm before w is probed, and the set of
labels of edges outgoing from w (without knowing their other endpoints).
Let 74" be the o-algebra generated by .#,"? and Ggid_, i.e. F2 with
the knowledge of the appropriate extra-randomness.

For any w € Uj;Ajitb,—1, let GES, be equal to 1 if for every w’ < w the
degree of w' in Grerrll%d is smaller than logn, and let GEY be equal to 1 if the
degree of w is smaller than logn and |A¢| < z,. For any w, GE? > GE,
and GES > GEy. GES is #(-measurable, and GES, is .#,,_-measurable.

1 t/ In? ’
Let ng = Wv nt =1 and n¢ =

tInn
n n
all these variables are in [0, 1].

. For n large enough,

Lemma 3.55. For any w € UA;j ;1. —1, conditionally on Fy""", the fam-
ilies (X2), (Xg)’w,)wleA‘7_7i+bn_17w<w/, (XS w'en, yp, 1 ur<w are indepen-
dent Bernoulli variables. Moreover:

o P(GE2 X2 = 1|Zy""") <12 a.s.;

o Forallw' € Ajiyp, 1, w <w, P(X) , =175 <n as.;

o Forallw' € Aj;qp,—1, w <w, P(GESXE ., = 1|75 <1t as.;

wrw,w
Proof. By Lemma [3.54] it is sufficient to prove Lemma with Z¢ instead
of FauIE.

Fjitbn—15 Gmed= " GES are measurable with respect to .%,,. The only
difference between G°9~ and Ggid* is the set of edges outgoing from w.
Let denote in this proof by e, the set of labels of outgoing edges. Therefore
ZF& is the o-algebra generated by e,, and .%,,.

V& \ BY can be decomposed in these disjoint subsets:

o Vi = VO AG

e V22 is the subset of vertices in AS, but not in Aj ;4,1 or children of
elements of Aj 1y, —1;

b _ G.
o V= Aj,i-i-bn—l NAy;

e For any w' € Ajitp,—1, w' < w, VS, is the subset of vertices that
are in AG and are children of w'.

Conditionally on .#,,:

G
o pI™MY i o Poisson point process of intensity % on [0,t'],
® (ww))weve\pg is an iid. family of Poisson point processes of

intensity 1 on [0,#], independent of puhmmy
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ew is the union of u%™™¥ and the n — |AG| processes associated to
elements on V2. Therefore, conditionally on .%,, e, is a Poisson point
process of intensity 1 on [0, #'].

e The variable (X2, G199) depends only on {EmmY and on (M) )wreviatuvas;
o for w' € Ajiyp,—1, w <w', XP . depends only on the I, ,n;

o forw € Ajiyp,—1,w>w', X5, depends only on the (Il y))uwreve

therefore conditionally on .%,,, the following variables are independent:
(Xa Gmod )
. (XS) w’) for w' € Aj,i—l—bn—la w < w
° (chv,w’) for w' € Aj,i—l—bn—l-

This implies that conditionally on %, and G299~ (i.e. conditionally on
F4), the following variables are independent:

a
o X

.(X

ww) for w’' € Aj iy, -1, w < w

° (quu,w’) for w' € Aj,i—l—bn—l-

The conclude the proof, we now prove that the parameters of these variables
are respectively smaller than 72, n2 and n¢.

For any element y of e, let oy be equal to 0if y € i and equal to w’
if y € Il (). Conditionally on ., the family (ay)yee,, is an i.i.d. family,
with P(a, = 0|.75) = % and P(ay, = v|.#2) = L for any v € V& \ AG.
Therefore, conditionally on .%#,, and GmOd , the probability that there is
a multiple edge between w and an element of V& \ A% is smaller than
(n—|AS])P(Binom(|e,|, 1) > 2) < |e“’l and the probability that there is an
element y of e, such that oy = 0 is smaller than lewljmiz“l. If GE2 =1, then
lew| < logn and |AS| < z,. Conditionally on .Z¢, the probability that there
is at least an edge between w and an element of Va2 conditionally on .%#,,, is

smaller than /1%l < v lﬁ wl 1f GE{ =1, this quantity is smaller than tz".
By summing the previous results, we obtain that P(GES XS = llff a) < nl.

t/

XfL w 18 equal to 1if IL(, vy # 0. Therefore lP’(Xi’) wFh) =e ;L =nb.
X w1 equal to 1 i Uyreve Ty wmy # (). The probability of th1s event

dummy

is smaller than % If GEY, = 1, then [V /| < logn and therefore
P(GES XS, ) < T8 — pe. O

www
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The following constructions use the tool explained in Lemma [3.53
For any w € Uj;Ajitp,—1, let X5y Andep: — 1 if either GE2X® = 1 or

a ya_—1|gaug,a
Ug < "”P(Hg(gfxf( 0|}|;fl§,a) )| Otherwise, let X indep _ (),

. byind e

For any (w,w’) € UjﬁA?an_l with w < ', let Xu;l:ﬂ P = 1 if either

m—P(Xy =170 )
P(XP =0]7y ")

_, with ' < w, let X;mdw = 1 if ei-

X, w = lor USW/ < . Otherwise, let Xb’mflep =0.

For any (w,w’) € U,;A?

7, i+bn,
a,aug
ther GE¢X¢, =1 or U¢ < Ul G ) Otherwise let
wrw w T w w — IP’(GESUX;, w:OL%‘ﬁ*““g) ’

c,indep __
Xginder = g,

Corollary 3.56. For allw € Aj;1p,—1 and w € {w,w+}, conditionally on

T30 and G4~ the families of random variables (Xg’,mdep)

WEA i, —1NTE7
bzndep cznde .

(Xt ) (! w0 P22 s40, 1027 (Kot ) (1! ) ETE A 45, 1)? OTE indEPEN-

dent 2.1.d. families of Bernoulli mndom variables of respectwe parameters

ne, nb and 1.

The version with w+ is equivalent to the version with w by substitut-
ing w by the next vertex of Aj;iy,—1. Corollary is proven by induc-
tion. Corollary holds for w if w is the first element of Aj ;4,1 (for
the breadth-first order), as the families are empty. Assuming that Corol-
lary [3.50] holds for a vertex w, let F' be the o-algebra generated by the

a,indep b,indep
random variables (X Jw' €A sipy 10T s (Xt ") P )ETZA(A sy —1)2

ind
(Xflj,zzvfp )(w/7w,,)€%m( Ajisoy_1)?- All these Varlables are Z. Y-measurable,

therefore conditionally on .# Jaf_fb _, F and G99~

o (X2),(XP wwen; w<w's (X )Jwen; ; w'<w are independent Bernoulli
variables, of respective parameters smaller than 72, 72 and 7%, by

Lemma

a,indep b,indep c,indep .
hd (Xw )a (me/ )w’EAM,w<w” (Xw/,w )w’EAj,ivw’<w are mdepen—
dent Bernoulli variables, of respective parameters equal to n?, n® and

ns, by Lemma [3.53

And therefore Corollary holds for w+. By applying Corollary to
the last element of A;;, one obtains:

Corollary 3.57. Conditionally on the o-algebra %1y, -1 and the unla-

belled graph GT°%"  the families of random variables (X®"4eP) e a

7yi+bn?
b,indep c,indep
(Xw | Jw<w! YA vty (waw, )w<w’€Aj,¢+bn71 are independent i.i.d. fam-

ilies of Bernoulli random variables of respective parameters n, n% and n.

J,i4bn—17

For any w € Djj, let XgP*“™ = 1 if there exists w', a b, — 1-child
of w such that Xf;’,mdez’ = 1. For any wy,wy € Dj;, let X&ﬁ’?ﬁgent =1 if
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: / . / .
’ n — 47 n — 47
there exists w1 ab 1-child Of w and w2 ab 1-child Of w9 such that

Xfu’,md,ep =1or Xfu’,md,ep = 1. Let GE;; be the random variable equal to 1
172 1272

if all the balls of radius b, — 1 centered at vertices of D;; in G™°d contains
at most x,, vertices and |A]GZ| < z,. Otherwise, let GE;; = 0. GE;; is
Fjitb,—1-measurable, and GE;; > GFEj.
Corollary 3.58. Conditionally on ﬁﬁf_‘gbn_l and G;’;‘fl;, the families of
random variables (Xﬁ;pwem)wel)j’i and (vafﬁf"em)w’w/el)jj are independent.
Moreover,
d—
B(GE X #0, . Groh ) <
be, t d— 2/, b . be,

E(GE; i Xy 170, 1> Gii,) < wnln +mg) = m P
Lemma 3.59. Let I be an ordered finite set, and let (X;)iieri<it) be
a family of independent Bernoulli random wvariables of parameters smaller
thann. Fori <1, let Xy ; = X; . Let %5 be a o-algebra. Then there exists
a family of random variables (X?°"d);c; such that:

° (Xf"“”d)iel is an i.1.d. family of Bernoulli random variables of pa-
rameter min(1,2+/n|I]).

e Foranyi,i' €1, X;, < Xpound,
For anyY Fa-measurable, E(Y |(X;)iver) = E(Y[(Xi)izer, (X2 ier).

Lemma [3:59] allows to take an i.i.d. family of Bernoulli variables indexed
by two elements of I and bound it by an i.i.d. indexed family of Bernoulli
variables indexed by one element of I. The bound 2./7n|I| does not seem
to be optimal, but is sufficient for our use. As we need a specific version
of Lemma the proof will be done in our particular case. A proof of
Lemma [3.59 can be found in Section B.5.7

Let nh" "™ = z,n® + 2 ZpmeeParent — o(1). We assume that n is large
enough such that nﬁment < 1. As a consequence, znnzc’p arent 1,

For any w € D, ;, let XParent — 1 if either GEfgrmth,’p arent — 1 or
there exists w’ € D,; such that GE??TemXbc’p arent — 1. Otherwise, let

w,w
t t,ind t,ind 1 1
X" = 0. Let us define (X4 """ ) yep, , as X" """ P = 1 if either

° Xg}arent _ 1;

parent parent __ aug mod — parent,indep
Nn *P(Xw —1‘“3? Gj B ’(Xw’ )

ji—1 w’<w,w’eD]-,i)

d
[ ] Uw S P(Xgarentzo‘yq.ug Gr}nod— (Xzzjﬁrent,indep)

Jyi+bn—17""5,i+bp’ w’<w,w’eDj,Z-)

If neither condition happens, let Xporentindep _
This family of variables is defined by induction on w. Let

aug mod— parent,indep
be the o-algebra generated by .Z; %, GI>" and (X, Jw! <w,w'€D;

arparent,indep
w

161



Lemma 3.60. For all w € Dj;,

P(Xgarent _ l‘ygarent,indep) < wnng + /znngc,parent.

parent parent __ parent,indep
n L —P(X T =117y )

—
PTOOf- Let pw - P X&arent:()lyga'rent,indep

Lemma [3.60|is proven by induction. We assume that Lemma holds
for every w’ € Dj; < w. Therefore for every w’ < w:

be,parent
n

ZnM
parent __ grparent,indep
P(Xy ™ = 0% )

> / ZnUZC,parent (38)

Xg)arent < Xg,parent_i_ § : Xbc,parent +

w’ w

Vv

Pw’

w'eD; ,w' <w
be,parent
T Z Xw,w’
'LUIED]"I',’LU/>’UJ
E(ngarenqygarent,mdep) < E(Xg,j,parent|g‘;£a7‘ent,zndep) +
be, t t,ind
+ Z E(chlfjren |g£aren in ep) +
w'e€Dj ;,w' <w
be,parent| gr-parent,inde,
’LUIGD]',Z',’UJ/>’LU
As D,; is Z, parent,indep 1 sasurable. Each term of the right-hand-side of the
inequality (3.9) will be bound separately.

Y

a,parent
E <Xw

a agraug mod—
Tl Fii Gy )

aug mod— a,parent

— T | x®parent 7, 7Gji ’ (Xw’ )w’<w,w’6Dj,i)
- w Xbc,parent

( w! W )w’<w”EDj,i

aug ~mod— a,parent
= E [ xparent ‘gj,i 7Gj,i ) (ij’ )w/<w€Djv“
= w Xbc,parent Ue

( ! w )w’<w”€Dj,i’ ( w/)w/eDj;i

. (3.10)
The first inequality comes from Corollary the second equality comes
from the conditional independence of the variables X&P* ™ and ch;fﬁlre”t in
Corollary[3.58 and the last equality comes from the conditional independence
of (U%) e Djip1- As F parent,indep 3o included in the o-algebra used in ,
we have:

E(Xg,parent|ygarent,indep) < mnng' (311)
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We are now going to prove that for all w,w':

be,parent

E(Xbc,parent‘gparent mdep) < M a.s. (3.12)

w,w’ =
Zn

Let w' < w € Dj;. Let FV° 9rent 1o the o-algebra generated by 57;”’1,

mod— a,parent be,parent d
G.. Xw leD,, ( w2 )(wl w2)#(w' w), wl <w2eD; ;> (U Dw teD; \{w'}- As
Z, ﬁarem indep o 1nc1uded in the o-algebra generated by .#” a;;‘f"t and X7 arent,indep ,

we will prove:
be,parent

E<Xbc,parent ’yparent Xparent zndep) < n a.s. (313)

ww ’LU’LU -
Zn

as (|3.12) is a consequence of ((3.13)). There are two possibilitigs. If X arent,indep _ 0,
then X 70 "™ — 0 and (3.13) holds. Otherwise, if Xﬁ’)ﬂ"e”t’mdep =1:

, y ]P,(Xbc,parent _ 1 Xparent sindep 1| fparent)

P(X c/,parent _ 1| parent Xp(/zrent sandep 1) _ w’ w
w’w w

P ( Xparent indep 1’ o«parent)

]P,(Xbc,parent _ 1’ g\parent)

P(Xiarent jindep — 1| garint)

]P,(Xbcl,parent — 1|ﬁ5}?’2§”t)

w’ w
]P:(Ugl < pw,‘ypt/zrent)
]P)(Xbc,parent _ 1| fparent)

= E(pu] 7 g\parem) (3.14)

By using Corollary [3.58{ and the conditional independence of (U%).,¢ D;; We
have:

be,parent parent _ bc,parent aug d
P(X" — 1| grarenty = p(xb = 1FN, LG
< UZC,parent (3 15)

By using and in , the equation ([3.13) holds, and therefore
equation (|3 is proven for all w < w.
Let w’ > w. By Corollary and the conditional independence of the

(Ug)veDj,i:

graug mod— a,parent
Jyitbn—1> G] itbr? leeD]-,i )

be,indep be,parent o bc 'mdep aug mod
E Xw,w’ (le w2 ) 1<w,wi<w2€Dj ;> - ( | 7yi+bn —1’G]71+b )
d
(le)UJl#U)GDj,i
be,parent
<
be,parent
< n
Zn
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as by hypothesis pbeparent 5 < 1. Ag FETHN4eP ig easurable with respect
to this cr—algebra, the bound also holds conditionally on .Z5* ™ proving

inequality (3.12)) for w’ > w.
By summlng the bounds obtained in and -, we obtain:

be,parent
arent arent,inde a
E(GE; X7 P) < ain 2 .
n
be,parent

= xnnz +\/ Znn

O]

faug
J,i+bn

is an t.1.d. family of Bernoulli variables of parameter ny,

mod— parent,indep
Gj i+bn’ (X )
parent

Corollary 3.61. Conditionally on % _, and

WEDj it by,

Corollary [3.61] uses the construction of Lemma [3.53 to obtain i.i.d. vari-
ables.

Definition 3.22. Forevery: € N, j € {'1, 2}, w e S;,\Dj, let XPparentindep _ |
if U2 < pp* ™ Otherwise, let XEentinder —

Definition allows us to extend the family (XErenbindery D, to
vertices not in a D;;, in such a way that the family is still i.i.d:

Lemma 3.62. Conditionally on F“Hb _, and G;”Z‘f; , (Xpmem’mdep)wesjﬂ

is an i.i.d. family of Bernoulli variables of parameter nh™ ™.

Xparent,indep)

By construction, ( wes; \D;,; is an i.i.d. family of Bernoulli

parent Xparent,mdep) Gmod—
w

, independent of ( Jiitby

variables of parameter 7y,
aug

Jyit+bn—1"

U)ED]"Z' and
conditionally on F’,

Lemma 3.63. Conditionally on G~ (Xpare"t’mdep)we(;mod_ is an i.i.d.
end

family of Bernoulli variables of parameter nparem

The proof is done by proving by induction the following two claims:

. C’1 Conditionally on G;n;fb , (X parent,indep Jwez;,; is an iid. family

of Bernoulh variables of parameter n5*" ",

Xparent zndep)

° C’2 Conditionally on Gj by 410 ( we#; ;s aniid. family

of Bernoulli variables of parameter nh* ™.

Lemma 3.64. Conditionally on fjaf_fb , the law of G;”l‘jfb 41 can be de-
scribed as follows:
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o Let (Py)wes, .y, be an i.i.d. family of Poisson point processes of in-
tensity 1 on [0,t'].

o Starting with G™~, for each vertex w € Sjitbn, for each element y
of Py graft an edge labelled by y between w and a new verter. The
resulting graph is G;”yiofl; 41

Proof. By Lemma this construction gives the law of G™°4 condi-

Jritbat1
tionally on .%;;4p,. By Lemma this construction therefore gives the
law of G;.nffbn 41 conditionally on Zj 4, . ]

1. Cio comes from Lemma for j=1and i=0.

2. Let (4,7) € {1,2} xN. The graph G?,lz'(fl; and the variables (Xﬁarent’indep)we%’i
are %, ﬁ?ﬁbn—measurable. Therefore, Lemma entails that, lez im-
plies CJQl

3. For any j, 1, CJQZ implies C]l,i-l—l by Lemmaw

4. The graph G™°%~ is obtained from G™%%~., by grafting i.i.d. copies of

j7OO ]7Kn+b’ﬂ d
T to every vertex of Sj ¢, yp,,. The family (X{" ") God— Gmod-—
72,00 3, Kn+bn

is constructed as an i.i.d. family of Bernoulli variables of parameter
7B via Definition Therefore for all 7, C]% K, implies 0]2700.

o. Cll,oo implies C2170 from Lemma for j =2and ¢ =0.

To summarize the result so far:

e GE* is Bernoulli variable, such that P(GE* = 0) —— 0.

n—o0

mod— parent,indep
end (X w )

e Conditionally on G wegmod— 18 an 1i.d. family of
end

. t
Bernoulli variables of parameter nh*" "

nga'rent 0.

n—0o0

If GE* = 1, then w € D;; \ E;; implies X5 — 1,
e If GE* = 1, no initialisation fails.

This summary ends the first part of the proof of the construction of the
included branching process, dealing with the vertices in D;; \ E;;. We now
need to deal with the vertices in Ejyi\Ej@, 1.e. the vertices that might reach
the forbidden degree between time ¢’ and ¢.
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3.5.5.b Extension of the included branching process to the time ¢

As G2°) and G©° 4] Are independent, conditionally on fa"g the sets of
labelled edges in G ] is an i.i.d. family of Poisson point processes of
intensity E on [t',t]. We now remove remaining vertices adjacent to an edge
added between t’ and t, except if this edge is added between two vertices of
the K, th generation.

e Let E'~ be the set of vertices w of Uj<K,:jef1,2yDj such that XPparent,indep _
0;

e let BEY"5n be the set of vertices w of Dy g, UDs g, such that xparent _
0;

o let B+ = Et'— U Bt Kn,

e For each w in E¥~, let Xz[ﬁl’t] = 1 if at least on edge is added to w in
ot between ¢’ and t.

e For each w in EY"Kn let Xg/’ﬂ = 1 if there is at least one edge added
between w and an element of VC \ E"Kn,

The variable Xgl’t] is used to know if w might be removed because of an
edge added to w between time ¢’ and ¢.
We split the set of edges according to how many endpoints belong to

E'.
e For any (w,w') € (EV+)%\ (E""5n)2 let Xg/;z],’a = 1 if at least one
edge is added between w and w’ between t' and t. Otherwise, let
X[tlvt}va — O

w,w’

e For any (w,w') € (E*"5)? let Xz[ﬁ';t)]/,a —0.

e For any w € E¥'*) let Xg/’t]’b = 1 if at least one edge is added between
w and an element of V& \ E¥+ between time # and ¢. Otherwise, let
X =,

For any w € BT,

Xt — max (X[t ot 7X[t 2, by,
w' et +

Conditionally on .Z,7, (XE ui] ) (wuyepr+ 15 a family of independent
Bernoulli variables of parameter 1 — exp(— t_t/) < <L and is independent of
(XEf"“”’) cpt'+- The set E"" is included in Aend’ therefore if GE4 = 1, then
|EYF| < z,. As GEy is Z2"-measurable, Lemma allows to construct

(x ey o such that, if GE* = 1:
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t' t],a t' t],a
e For all w,w/, Xz[u,w]' < xiiH ;

graug
t/end

variables of parameter 2,/ z,,, independent of (X x e Jwept'+ o,

e Conditionally on (Xﬁ,’[t,’t]) wept'+ 18 an i.i.d. family of Bernoulli

Conditionally on Z5, (XQ[]f,t]’b)w6 pr— is an independent i.i.d. family of

Bernoulli variables of parameter smaller than el%tﬂ < ¢€1. Therefore
conditionally on .%o, max(Xy, [ttha [t,’t]’b) > GEXE Y is an independent

family of Bernoulli variables of parameter smaller than 2,/ 2, +€1 = [t/ i,

It should be noticed that n[t M= e 4 o(1).
Let (Ug),, cqmod be a family of random variables such that conditionally

on (F29, Goe,, (XY o)), the family (US)yeqmes is Lid. uniform

variables on [0; 1]. For all w € G4\ EV'* | let xlthe — xltab — g,
Let Xy hthinder _ 1 if gither:

° X’l[jlvt}va — 1’
o XL _q.

(t'¢)
o Ug < P with pl, = P(Xh " = 1or X1 = 1|704).

w end

Then conditionally on .Z5, (X},f”t]’i”dep )
[t't]

Bernoulli variables of parameter 7, . Therefore conditionally on G™4~,

(xparentindepy " x[¢t'tlindep) are two independent families of Bernoulli vari-
parent [t',t]

weGmod 1s an ii.d. family of

ables of parameters ny, and iy ", and therefore their maximum is an i.i.d.
family of Bernoulli variables of parameter 177[? o (1— n[t 1ﬂ)(l—nﬁarmt) =

€1 + 0(1).

3.5.5.c  Use of the included branching process

The subgraph of G™°dk with only vertices w such that X parentindep

Xg Hhfinal _ ) has same law as an independent percolation of parameter
1-— 777[10  on two independent copies of T,

[0t

For n large enough, ny ] < 2¢;. For this reason, in the following part,
we will study the percolation of parameter 1 — 2¢;. The resulting graph is
also a two-stages multitype branching process.

modke . .
Lemma 3.65. Let G ;7" be the two-stages multitype branching process

obtained by doing a percolation of parameter 1 — 2e1 on szddk. Let af,m be

the probability of survival, and py ., the spectral radius associated to Gzloddk’q
Then:
af/,e ——ak; (3.16)

1 €1 —0,t'—t
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li f pye 3.17
AT P 2 P (3.17)
The proof of Lemma will be done in Section [3.5.6

Recall that K, = (11;(2T;m_ Let € > 0. When ¢; and ¢y tends to 0,
1

(prey) =2 converges to p; > (pt)%. We assume that €; and ey are small
enough so that (py ¢, )17 > (pt/)g, and that af, . > af —

The graph Ggrﬁdk’el is a two-stages branching process. Therefore, con-
ditionally on survival, the size of the ith generation grows as (py ., )", by

Lemma [3.38 '
|SfL (Gmodk,el ) |

end

- - W a.s.
(Iot’,q) 100

where S? denotes the sphere of radius i and W is a random variable, a.s.

positive if Gg;l?idk’el is infinite. Therefore, for any 1 < a < py ¢,

P(S' (G )| = o) — ab,

end i—00

By choosing « close enough to py ,, ns = o(afn), and therefore the

probability that the K,th generation of GmOdk ‘I contains at least n3 is
larger than af, —€.

modk €1

Condltlonally on the first K, generations of G

modk €1

, the offspring of
each vertex w of the K,th generation of G , seen as a subgraph of
G“;Odk is described by the functions f;. By Lemma for ¢ < t, these
density functions are bounded from below, let say by 6 > 0. Therefore, by
the law of large numbers, Wlth high probability when n tends to infinity, if

the K,th generation of G end €1 contains at least n3 vertices, then at least

gn% of them have no children in Gg&dk. As a consequence, for n large enough
and €1 and €5 small enough, the following events happen simultaneously with
probability larger than (af — €)% — e

modk €1

e The first and second component of G are infinite;

e The K, th generation of these components contains at least ns vertices.

3
e Among these vertices, at least 2n5 have no children in Grerrlfzidk, and are
therefore not saturated in GfL -

If these conditions are satisfied, let H; (resp. Hz) be the set of the
first 2n3 (in the breadth-first order) vertices of the generation K, of the
first (resp. second) component of G:;%dk’el with no children in GRotk. By
construction, any element w of H; satisfies the following properties:

e There is a path from v; to w in Gk s such that no edge is added to
any vertex of this path between ¢/ and t, except possibly to w.
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e No edge is added between w and an element of V& \ E"~ between t/
and ¢.

Let 7992 be the o-algebra generated by F49, (US), cqmodenq and
(H(’u),’u}/) N [t/a t])(w@/)e(vc)z\(Eﬂ,K”)z-

H, and H, are ﬁg&gz—measurable. Conditionally on ﬁ;ﬁ’{ the sets of
labels of edges between elements of E* "% with labels in [t/,t] are indepen-
dent Poisson point processes of intensity % on [t',t]. Remove any vertex w
in Hy U Ho, such that at least an edge is added between w and element of
EY"Kn \ (Hy U Hy). These events are independent over the vertices w, and
of probability smaller than e;. Let ﬁl (resp. flg) be the set of remaining
vertices w of Hy (resp. Hs). Assuming ¢; < %, by the law of large numbers,
with high probability ]I:h] > nt and \ﬁg\ > ns.

For any (wy,ws) € H, x H,, exactly one edge is added between t' and

t between w; and wsy with probability e % =: a,. These events are inde-

pendent, therefore conditionally on |H;| > n%, | Hy| > n%, the probability
that no simple edge is added between an element of Hy and an element of
H> is smaller than:

6
(1—a,)"” —— 0.

n—o0

Moreover, the probability that there exists a vertex w; € H; U Hy such
that two edges toward two different vertices of H1 U Ha are added between
t" and t is smaller than (4n%)3(%)2 = 0(1) by union bound.

All these results implies that if |Hq| > 215 and |Ho| > 2n%, then with
high probability there exist w; € ﬁl and woy € JEIQ such that:

e An edge is added between w; and wo between t' and t.

e No other edge is added to either w; or wo between t' and t.

k

In that case there exists a path from vy to vg in Gy, 4,

wo, and this concludes the proof of Lemma [3.37]

through w; and

3.5.6 Proof of Lemmata [3.42] and [3.65l

For all s <t and € > 0, let T, 5’“76 be the component of the root obtained by
taking a percolation of parameter 1 —2¢ on T, T;fe is a two-stages multitype
branching process, with one offspring law for the root, and another offspring
law for all the other vertices. By definition, the spectral radius of a two-
stages branching process is the spectral radius of the associated one-stage
branching process. Let (Tf j’y)ye[oytq denote the one-stage branching process
associated to Tslfe starting at a non root vertex, where y denotes the type

of the first vertex. Let Th¢*“Y be the branching process obtained by doing
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a_percolation of parameter 1 — 2¢ on Tsk Y. With the notation of section
let M. be the operator M for the branching process Tslf Dot
e = 0, M, will be used to denote M. As M corresponds to the expected

number of vertices of each type, M, = (1 — 2¢)M, and
Ps.e = (1 — 2¢€)ps.

Therefore Lemma implies the limit (3.17) in Lemma [3.65]
For s < t, let m4(y, z) denote the expected density of the number of

children of type z that Tsk Y has. With the functions g; introduced in
Lemma for all y,z € [0, s], :

k_2 1 S S S
ms(y,z):zi_“/o /0 /0 9i(t,y, z, 22,23, ..., x;)dzodxs . .. dx;.
i=1 —_—
i—1 times

By the boundedness and continuity property of the functions g; shown
in Lemma this means that s — M is a continuous application, and
therefore that its spectral radius is a upper semi-continuous function of s,

by [New51], proving Lemma

For any s < t and € > 0, let gsc(z) be the extinction probability of

the one-stage multitype branching process Tslf e starting with a vertex of

type x. As previously, to simplify notations, let ¢s = ¢s0. By Lemma [3.39]
gs,e is the smaller positive solution of:

SDS,E(f) =f
where ¢ is the operator defined by

@sef Hf Xe

where (X7,...,X%c) has the law of the types of the vertices of the first

generation of Tslf e, By the percolation properties, ¢, can be computed
as:
scf (@ Hf
where (Xi,...,Xz) has the law of the types of the vertices in the first
k+ T

generation of T , and (B%);ey is an i.i.d. family of Bernoulli variables
equal to 0 with probability 1 — 2¢. Therefore, for s =t and € = 0:

t
prof(y) = go(t,y)+/ Ogl(t,y,xl)f(xl)da:1+~~+ (3.18)
1/ 1;_2
t oo | 9 Gy, zk) f(z1) - fz-2)dan, . dag—a.

Z1,22...T—2=0
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For any , § € [0,1], let ¢° = 61 + (1 — §)q;. For any € > 0, s € [0,1],
5 e0,1], z € [0,4], let

l(e,5,6,2) = (5.e4")(2) — ().

As T} is supercritical by hypothesis, ¢F is not uniformly equal to 1, as we
are working in the supercritical case. As all the functions g are positive and
continuous by Lemmam qf is continuous and not equal to 1 at any point.
For any x, § — ¢°(x) is therefore a strictly increasing positive linear function.
Therefore for any i > 2 and any z...2;, 6 — ¢°(x1)¢*(22)...¢%(z;) is a
strictly convex function of ¢ € [0, 1], and therefore so is:

t
8 — hi(t,y,0) = / gy, x) () ... () dey, . . da.
z1,x2...2,=0

By equation , for a fixed y, 1(0,t, 0, y) is a polynomial in J, of degree at
most k — 2, and its coefficients can be expressed as integrals of the functions
qF and g;. As these functions are continuous, the coefficient of the polyno-
mial § — 1(0,¢,0,y) are continuous in y and its derivative (0,y) — W
is a continuous function of (d,y) and is negative for 6 = 0 for all y. As
[0,1] x [0,¢] is a compact set, there exists 7 > 0 and dy > 0 such that, for all
y € [0,t] and all 0 < § < dy,

o1(0,t,9,y)
96 <
10(0,t,0,y) < -nmo as 1(0,t,0,y) =0

Let 6 € (0,80). By Lemma [3.31] (e, s,y) — I(€,s,8,y) is a continuous
function on the compact set {(e,s,8,y) : € € [0,3],s € [0,t],y € [0, 5]}, and
therefore uniformly continuous. There exists €qnax > 0 and spin < t such
that, for all € € [0, €max|, S € [Smin,t], ¥ € [0, s]:

i(e,8,0,y) —1(0,t,6,y)] < nd
lle,s,0,y) < 0
(Sos,eq6)(y> < qé(y)

As this inequality holds for all y, by Corollary[3.40} ¢° > gs.. As the law
of the set of labels of the vertices of the first generation of Tf’e converges to
the law of the set of labels of the vertices of the first generation of T}, and
as d can be chosen arbitrarily small, this inequality implies that

Cee ok ~k
<
tugint i < i

where cjﬁe is the probability of extinction of Ttk’e. The other side of the limits
is a consequence of the following facts:
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e by definition, ¢, is the limit the non-decreasing sequence (P(|TE<| <
1))n>0;

e the application (s,€) — To° is continuous for the local limit,
e The event |T'| < n is continuous for the local limit.

Therefore the equation (3.16) of Lemma holds (the probability of sur-
vival a?e is equal to 1 — (jﬁe).

3.5.7 Proof of Lemma [3.59]

Proof. If QW > 1, Lemma is straightforward, so w.l.o.g. we can
assume that QW < 1. In particular, n|I| < 1.

For any i, let X; = max; X; ;.

Let (U;)ier be an independent i.i.d. family of uniform variables. For
any 1, let Ximdq) € {0,1} be defined by Ximdep = 1 if and only if either:

20/nT[—B(X=1|XimeP . xinder

eorlU; < , :
Y POG=0|X LX)

Lemma 3.66. For anyi € I, P(X; = 1/(X""P)y ;) < /nlI].

If Lemma holds, by Lemma (Ximdep)ig is an i.i.d. family of
|-

Bernoulli variables of parameter 2

Proof. Lemma [3.66]is proven by induction. By union bound,

i i

EOGH X)) < SR (X099 2,)

irel
= > EX (X ) + ) B(XG (X))
jel,j<i Jj€el,j>1

For any j € I, let #; ; be the o-algebra generated by (Xi, i, )i, iser, (iri2)£(i.j)

and (U, )i er,i,+5- For all iy & {i,j}, Xl-il"dep is .#; j-measurable. Condition-
ally on .%; ;, U; and X ; are independent, U; is a uniform variable and Xj ;
is a Bernoulli random variable of parameter smaller than n. If j < 4:

Z‘/

E(Xi (X, )ir<i) = B(E(Xi5| Fig, XN (X0 i)
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There are two possibilities. If X;ndep = 0, then X;; = 0. Otherwise, if
X = 1.
P(Xi; = 1. X" = 1|.7,)
P(X"P = 1].7;)
P(Xi; = 1|Fi,)
P(U; < pjlZi;)
P(Xi; = 1|Fi;)
E(p;|-Fi;)

E(me%,j,x;"dep =1) =

IN

ind ind
2/l |=P(X;=1]X7"P,.. . X3")
P(X;=0[X}"P,... X" P)

where p; =

. By induction,

Valll < 2/lI] = P(X; = 11X X
< pj
E(Xi | Fig, XM = 1) <
Vil
_ n
1]

Therefore, almost surely E(X; ;|.%; ;, X;ndep) < /1, and therefore E(X; j|(X ), ;) <

1]
n
VI
Ifj >4, E(X; %) <n< \/% =, /%, and therefore E(Xi,j](Xzfldep)i,Q) <

& as all the X", for i’ < i are .%; ;-measurable.
‘I' ? 1 ’ 5J

By summing over I, one obtains Lemma |3.59
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We consider the set £,, of n-letters long Lyndon words on the alphabet
A = {0,1}. For a random uniform element L, of the set L£,, the binary
tree £(L,,) obtained by successive standard factorizations of L,, and of the
factors produced by these factorizations is the Lyndon tree of L,. We prove
that the height H,, of £(L,,) satisfies

in which the constant A* is solution of an equation involving large devia-
tion rate functions related to the asymptotics of Eulerian numbers (A* ~
5.092...). The convergence is the convergence in probability of random
variables.

4.1 Introduction

4.1.1 Lyndon words and Lyndon trees

We recall some notations of [Lot97] for readability. For an alphabet A, A"
is the set of n-letters words, and the language, i.e. the set of finite words,

{(MUAUA?UAU...,

is denoted by A*. The length of a word w € A* is denoted by |w|. A
total order, <, on the alphabet A, induces a corresponding lexicographic
order, again denoted by <, on the language A*: the word w; is smaller than
the word we (for the lexicographic order, w; < ws) at one of the following
conditions: either w; is a prefix of we, or there exist words p, vi, vo in
A* and letters a; < as in A, such that wy; = pajvy and we = pagsvye. For
any factorization w = wv of w, vu is called a rotation of w, and the set
(w) of rotations of w is called the necklace of w. A word w is primitive if
w| = #(w).

The notion of Lyndon word has many equivalent definitions, to be found,

for instance, in [Lot97].

Definition 4.1 (Lyndon word). A word w is Lyndon if w is primitive and
is the smallest element of (w).
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Figure 4.1: a. A = {a,b} and £(a%?*), b. A = {1,2,...,9} and
£(174352698).

Example. The word w = aabaab is the smallest in its necklace
(w) = {aabaab, abaaba, baabaa}

but is not Lyndon; baac is not Lyndon, nor acba or cbaa, but aacb is
Lyndon.

Here is a recursive characterization of Lyndon words:

Proposition 4.1. One-letter words are Lyndon. A word w with length
n > 2 is a Lyndon word if and only if there exists two Lyndon words u and
v such that w = uwv and u < v.

Among such decompositions of w, the decomposition with the longest
second factor (or suffix) v is called the standard decomposition.

Example. 0011 = (001)(1) = (0)(011) is a Lyndon word with two such
decompositions. The latter is the standard decomposition.

The set of Lyndon words is denoted by £, and we set £, = £ N A"
The Lyndon tree (cf. [HRO3], also called standard bracketing tree by some
authors, e.g. [Bar90]) of the Lyndon word w is a binary tree obtained by
iteration of the standard decomposition:

Definition 4.2 (Lyndon tree). For w € £, the Lyndon tree £(w) of w is a
labeled finite binary tree defined as follows:

e if |w| =1, £(w) has a unique node labeled w, and no edges;

e if (u,v) is the standard decomposition of w, then £(w) is the binary
tree with label w at its root, £(u) as its left subtree and £(v) as its
right subtree.

Remark. The labels of the leaves of a Lyndon tree are letters. Also, the label
of an internal node is the concatenation of the labels of its two children, and,
if |{w| = n, £(w) is a rooted binary tree with n leaves, and n — 1 internal
nodes. In general, the height of a rooted tree T, denoted h(T), is the maximal
distance between the root of ¥ and one of its leaves.
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4.1.2 Result

The asymptotic behavior of the size of the right and left subtrees of £(Ly,),
for n large, have been studied in [BCNO5| [CA10], for L,, a random element
of L,,. The height h(£(L,,)) of £(L,,) is of interest for analysis of algorithms
and cryptanalysis , cf. [SSM92] [SR03, BCNO05], but it seems to have resisted
analysis up to now.

For a 2-letter alphabet, say A = {0,1}, and for n > 1, let L,, denote a
uniform random word in £,,. Let (A(n, k)), , denote the Eulerian numbers,
i.e. A(n,k) is the number of permutations o of n symbols having exactly k
descents (k places where o(i) > o(i+ 1)) . Set

[1]

(0)
U\ pv) = I (T BN2) 4 23 ),

M 22X

li;Ln% In(A(n, [6n))/n)),

A* = sup (1+v+p) In 24U (A, u,v)
A0 A(In 2)2
= 5.092...

See Lemma or [GK94l p. 299] for an expression of =. We shall prove
that:

Theorem 4.2.
h(£(Ln)) B, s
Inn
Conditionally given their lengths, the two factors of the standard decom-
position of a uniform Lyndon word are not independent, and they are not
uniform Lyndon words either, which seems to preclude a recursive approach
to the proof of this Theorem. We shall rather use a coupling method: in
Section we sketch the main steps of the construction, on the same prob-
ability space, of a random Lyndon tree, and of two well studied trees, the
binary search tree of a random uniform permutation, and a Yule tree, in
such a way that the height of the Lyndon tree is closely related to some
statistics of the two other trees. Then Theorem follows from a large
deviation result presented in Section |4.3

4.2 Coupling results

4.2.1 Reduction to a Bernoulli source

If the word w is primitive but is not Lyndon, the Lyndon tree £(u) of u is
the Lyndon tree of the unique Lyndon word in the necklace (u) of u, in short
£(u) is the Lyndon tree of the Lyndon word of u. If u is periodic, we define
the Lyndon word of u as the word 0“1, and £(u) is defined accordingly.
Then the following algorithm:

178



e let W, be an infinite word of uniformly random characters, obtained
through the binary expansion of a number U uniformly distributed on
[0,1];

e let W,, be the word W, truncated after n letters, and let L,, be the
Lyndon word of W,.

produces a n-letters long random Lyndon word L,. Conditionally, given
that W, is primitive, this random Lyndon word L,, is uniform on L,, but
the unconditional distribution of L, fails to be uniform due to the small
probability that W,, is periodic. However, the total variation distance be-
tween the probability distribution of L,, and the uniform distribution on £,
is O (2*"/2) (cf. e.g. [CAIO, Lemma 2.1]), thus any property that holds
true asymptotically almost surely with respect to either distribution, holds
true a.a.s. for both. From now on, we shall consider that L,, is produced by
the previous algorithm.

4.2.2 Poissonization

In the first steps of the recursive construction of £(L,), the sizes of the
factors of the successive standard decompositions are predicted by the posi-
tions of the longest runs of 0’s, and the structure of the top levels of £(Ly,)
is given by the lexicographic comparisons between the suffixes of L,, be-
ginning at these longest runs. But when n is large, the number of runs
of 0’s is typically n/4, and several among these runs are tied for the title
of the longest run. Actually the lengths of the runs behave pretty much
as a sample of n/4 i.i.d. geometric random variables with parameter 1/2,
and, according to [BSW94], for any strictly increasing sequence nj such
that limy logy ny, — [logy ni | = a € [0,1), the probability pp, ,, that m > 1
among the n; elements of such a sample are tied for the maximum is given,
approximately, by

) a+j—1\ym
Py = Y €2 (2m‘> (4.1)
JEZ ’
Thus the number of ties does not converge in distribution, but has a set of
limit distributions indexed by a € R/Z.
Such a complex behavior does not bode well, so we shall rather analyze
a transform of this problem, in the form of the Lyndon tree of a word with
random length. Consider the finite word W formed by a letter 1 followed
by the truncation of W, at the position 74 of the £th 0 in the first run of £
consecutive 0’s of W,. Then WY is primitive, and L¢ denotes the Lyndon
word of W¥, i.e.:

£0s £0s
l / N ¢ / N
W*=1010110...1000000 and L°=0000001010110...1.
—_—
prefix of W prefix of W
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If 7, is the position of the last 1 before 74, L’ is the concatenation of 0¢1
and of the truncation of the word W, at position 7.

Now, there exists a unique longest run of 0’s in W* as well as in L¢, and
this run is £ letters long, to be compared with the behavior revealed by .
Moreover, if Z;, denotes the number of runs longer than ¢ —k — 1, then Zy =
1 and (Zj)o<j<¢—1 is a Galton-Watson process with offspring distribution
Z_k]lkzl, so that Z; has a geometric distribution with parameter 277 see
for instance [Dev92]. The family tree of this Galton-Watson process gives a
lot of information on £(L¢), leading ultimately to the proof of Theorem
below. The replacement of £(W,,) by £(L*), motivated by (£.I), has deeper
consequences, initially unexpected to us: embedded in £(L%), appears a
Yule family tree (see Section , and with this Yule tree come, besides
several useful Galton-Watson trees, some Poisson point processes that leads
to the Poisson-like formula . The asymptotic analysis of finally
leads to the computation of A*. Thus the replacement of £(W,,) by £(L")
can be seen as some kind of poissonization.

Note that 74, the length of L up to one unit, has a geometric distribution
of order ¢ , cf. [BKO2, p. 10], and, typically, grows exponentially fast with
£

E[|Lf]] = 24! — 1.

Thus, expectedly, the typical height of the Lyndon tree of L’ grows linearly
with /£:

Theorem 4.3. %/Ll)) i) A*In 2.
{—00

In Section [4.4] we deduce Theorem [4.2] from Theorem [£.3} choosing
{(n) =logyn — &y in such a way that P (7y(,) > n) is small, and that, with
a large probability, W™ is a factor of W, we compare carefully S(We("))
and £(W,,). We set

A®* = A" xIn2.

Sections [4.2] and [4.3] are devoted to the proof of Theorem

4.2.3 Reduction to a skeleton

In the top levels of the tree £(L"), the successive standard decompositions of
the Lyndon word L, at the smallest suffixes of L*, split the word L¢ at the
longest runs of 0’s. For £ large enough, the longest runs are sparse enough to
preserve some degree of independence between the factors. This is not true
anymore at the lowest levels of the tree £(L*). For this reason, it is easier
to split the study of the Lyndon tree in two parts: the first one focuses on
the top of the tree, where the runs of 0’s are still above a threshold a,, and
the second part studies a forest of shrubs at the bottom of the tree, each of
them labeled with a factor of L’ that contains only runs of 0’s shorter than
the threshold. The top part is a tree itself (a subtree of £(L*)), and each
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Figure 4.2: For L° = 0°130310140%180%12, the tree T5 = £2(L5) has 6
needles and 4 blades. In brown, its contour traversal.

shrub of the forest at the bottom of £(L¢) is rooted at (or grafted on) a leaf
of the top tree. We follow here the same path as [BD07], our shrubs playing
the same role as their spaghetti-like subtrees. Let us define by induction the
tree above the threshold k, with k > 1:

Definition 4.3 (Top tree). If w denotes a Lyndon word, £F(w) is a fi-
nite labeled binary tree built recursively according to the following set of
instructions:

e if w has one factor 0 or less (thus 0F*! is not a factor of w), £¥(w) is
a single node, labeled w;

e otherwise, let (u,v) be the standard decomposition of w. Then the
root of £F(w) has label w, the left subtree of £F(w) is £¥(u) and the
right subtree is £F(v).

£k (w) is called the top tree associated to w, with threshold k.

Set
T, = (LY.
The threshold ay depends on £. It has to be large enough for the top tree to
retain the independence properties between the factors, but small enough

that we can handle the shrubs, though they lack these nice independence
properties. We shall assume that

agtoo and ap=o(f).

4.2.4 A binary search tree

Let s;(w) denote the suffix of the finite word w with length |w| — k+ 1, and
let oy (k) be the rank of s;(w) once the sequence (s;(w))i<j<w| is sorted
in increasing lexicographic order. Then a word w is Lyndon if and only
if 0,,(1) = 1, and in this case, according to [HRO03|, £(w) is the binary
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search tree of the permutation o,. Note that according to [SF96l, p. 362],
it should rather be called the heap-ordered tree of oy, see Section
and Figure The asymptotic behavior of the height of the binary search
tree of a random uniform permutation (not different from that of the cor-
responding heap-ordered tree, cf. [SF96, p. 364, Th. 7.1]) is well studied
[Dev86l, Rob10], but the distribution of o7, or of oy is all but uniform.
In this Section, we produce a coupling between o;¢ and a random uniform
permutation. In the next Sections we inspect the relations between the
heap-ordered trees of these two random permutations.

Let us take a closer look at %,: observe that if w € L, then Ow € L,
and the two factors of the standard factorization of Ow are 0 and w. Thus
either a leaf v of Ty has label 0, and v is called a needle, or the label of v is
a factor of w beginning with 0%¢1, and v is called a blade. The number N,
of blades of T, has a geometric distribution with parameter 2=+ and the
set of blades has a natural order related to the contour traversal (see Figure
[4.2), that allows to identify it to [1, Ny]. Note that the number of needles
has a simple expression in terms of a Galton-Watson process with geometric
offspring distribution. In the analysis of the shape of ¥, the configuration
of the needles is a special concern, and the following bound will help at some
point. Let g(v) denote the number of needles on the path between a blade
v and the root §) of £¥(w), and let M (w) be the length of the longest run of
0’s in (w). Then

Lemma 4.4. For any blade v of £¥(w), g(v) < M(w) — k.

Proof. For any interior node v of £¥(w), let g(v) denote the natural exten-
sion of g to the interior nodes of £¥(w) and let m(v) be the length of the
longest run of 0’s in the label f(v) of v. Then, if v is not a needle of £*(w),
g(v) + m(v) does not decrease on the edge towards the root, for

e cither the father u of v has the label 0f(v), in which case g(v) =
1+ g(p) and m(v) = =1 + m(u);

e or f(u) # 0f(v), in which case g(v) = g(u) and m(v) < m(u).
Thus m(0) + g(0) = M(w) > m(v) + g(v) = g(v) + k. O

We shall need some notations: in the contour traversal of %,, there
exists a sequence of n, — ay > 0 needles between a blade v and the previous
blade (or between v and the root, if there exists no previous blade). The
concatenation, starting at this sequence of needles, included, of the labels
of the leaves in the order of the contour traversal of Ty, is a suffix s(v) of
L that can be written 0™ 1 ¢, the run 0™ being maximal in the sense that
0™t11 ¢, is not a suffix of L¢.

The words of the sequence (t,)1<y<n, have different lengths, being proper
suffixes of each other, so they are all different, and we can give a reformula-
tion of the algorithm that produces Ty, or more generally £F(w), in terms of
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the family Ty = ((ny, ty))1<v<n, of the blades (with labels 0*1t,), in which
only the n,’s and the relative order of the t,’s matter. With this reformula-
tion of the algorithm, a slight perturbation of the ¢,’s produces a new tree,
Gy, that is easier to handle than ¥, due to its property of independence
of labels, but that has essentially the same profile as T, (i.e. it has the
same repartition of blades with respect to the height). Let ¢ denote the
sequence of integers defined, for j € I, by
653) = (51'7]‘.

For R a totally ordered set, Ny x R inherits a lexicographic order, <, from
R: (n,t) < (myu) if n >morif n=mand t <u. Let B = (l;,ri)1<i<n
(resp. L = (l;)1<i<n, R = (ri)i1<i<n) be a finite sequence of elements of
Np x R (resp. Ny, R), with no repetitions in the sequence R. Assume that
l; > k for each j, and that (I1,71) is the smallest element of B, for <.

Definition 4.4. The Lyndon tree £F(B) is defined by induction by:

1. If N =1 and l; = k, £¥(B) has no edge and its unique vertex, with
label (k,r1), is a blade.

2. Otherwise, consider the new sequence B’ formed from L — ¢ and R
and let ig denote the index of the smallest element in B’, for <.

(a) If ig = 1, then £F(B) is the binary tree with a needle (labeled 0)
as its left child and £¢(B’) as its right child.

(b) If ip > 2, then the binary tree £¥(B) has £*((I;,7:)1<i<io—1) for
left subtree, and gk(<li+z‘0, Titio)0<i<N—io) for right subtree.

Remark. Since Y (l; + 1) is strictly decreasing at each recursive call to in-
struction (2), and since the /;’s are not allowed to drop under level k, £¥(B)
is well-defined as long as the 7;’s are distinct. The N blades of £¥(B) are
labeled (k,7)1<i<n, and, during the contour traversal, they appear in this
order.

Remark. For R = {t, |1 <v < Ny} and Ty = ((nw, ty))1<v<n, defined in this
section,

L£4%(Ty) = %y,

or more precisely, the shapes are the same, but the labels are different.
When the label of some node of £%(Ty) is (k, t,), the corresponding label of
T, is the prefix of 0¥1t, that stops with the last 1 before the next occurrence
of OF.

For the analysis of Ty, the fact that the ¢,’s are suffixes of ¢1, precluding
any form of independence, is bothering. In order to fix the problem, in
Ty, we replace the sequence (,)1<y<n, With a new sequence (s,)1<y<n, Of
infinite binary words, close to the t,’s but independent, defined as follows:
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let ((i)ien be an ii.d. sequence of uniform infinite words, independent of
Ty and let s, be the concatenation of p,, the prefix formed by the first a,
letters of t,, with ¢,. When ¢y, is shorter than a, letters, py, is completed
with the appropriate number of 0’s, before the concatenation with (y,. This
way, we obtain a new sequence Sy = ((ny, sy))1<v<n,, and we set

Sy = £%(S)).

Differences between ¥, and &, occurs scarcely, only when at least a, letters
are used to distinguish two suffixes, so that ¥, and &, are close, in a sense
stated precisely in Proposition We have:

Proposition 4.5. The probability distribution of Sy is given by:

1. n1 =4, and for v > 2, n, — ay is a geometric random variable with
parameter %, conditioned to be smaller than £ — ay;

Sy 18 a copy of W
For all v, n, and s, are independent;

Ny is geometric with parameter 2%~¢;

AN NI

Ny and the sequence (N, Sy)yen are independent;
6. (N, Sy)veN @S a sequence of i.i.d. random variables.
In terms of words, this can be rephrased as follows:

Proposition 4.6. The sequence of words Sy = (0™~ %15, )o<p<n,, followed
by the word 0™ ~%1s1, is distributed as a sequence of copies of W, observed
until the first occurrence of the prefiz 0°=% this first occurrence 0™~ *1s;
being eventually truncated of any O in excess of 0°~%1 ..., so that n; = {.

Proof of Proposition[{.5. Consider the word W/, = 0‘1W,, and let x;, j >
1, be the jth letter in WZ_, let nj, denote the length of the kth maximal run
of 0’s longer than a; — 1 in W/, let 7 be the position of the letter 1 ending
this kth run of 0’s, so that x,,_12;, ends the kth occurrence of the pattern
0%1 in W’_. Let Ny be the number of runs of 0’s longer than ay — 1 before
the second run longer than ¢ — 1 occurs, and let pp = 27, 11T, 42 .- Trptap-
Then (2¢414;);>1 is a Bernoulli process, the 7;’s are stopping times for the
related filtration, and

No=No, (7, Po)1<v<N, = (Mo, Do) 1<v<Nys

by definition. But since 7 + as + 1 < 711, (R, Pv)v>1 18 an i.i.d. sequence,
with p, uniform on {0,1}* and independent of 7, and 7, — a; geometric.
This entails the six points of Proposition O
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Due to Proposition [4.6] conditionally given N,, the ranks of the terms
of the sequence S; = (0™ %1s,)o<y<n, With respect to the lexicographic
order form a uniform permutation on N; — 1 symbols. This permutation is
quite close to the random non-uniform permutation induced by the family
(5(v))a<v<n, of suffixes of L. As a consequence, the subtree 4, of &
induced by the root and the blades, once the needles and the first blade
erased, forms the binary search tree of a uniform permutation, a well studied
random tree: for instance, a coupling between the Yule process and the
binary search tree leads to a precise analysis of the depths of the leaves of
the binary search tree, see [CKMRO5]. The depths of blades in &, though
they depend on their depths in 4, are also affected by the positions of
the needles, and we need to tweak the arguments of [CKMRO5| in order to
include the needles in their analysis.

In Section we prove that the coupling between T, and &, is tight
enough that the depths of leaves of ¥, and &, share the same asymptotic
behavior, at some level of detail, see Proposition [£.7] below. The proof of
Proposition[d.7]relies on a coupling between G, and a Yule process, described
in Section This coupling is also the key to the analysis of the depths
of blades in &y, which are expressed as functionals of the Yule process, see
Section

Set pn, = tn,, and if v < Ny, set t,, = p, 0"+ 1,41, so that (0™ 1p,)1<v<n,
is a factorization of L and (0%1p,)1<,<n, is a sequence of Lyndon words.
One obtains the Lyndon tree £(L‘) when one grafts each shrub t(v) =
£(0%1p,) on Ty, t(v) replacing the corresponding blade v of T,.

Remark. Due to Proposition[4.7] the tree 2, obtained by grafting the shrubs
t(v)’s on the corresponding blades of &, (rather than ;) is very close in
height to £(L). But t(v) depends on &, only through the prefix p,, of p,, and
Py is short compared to p,, when ay grows (for |p,| = a; while E [|p,|] >~ 2%).
This has a crucial consequence for the study of the heights H,’s of the
shrubs t(v)’s at the bottom of the tree: in Section we shall see that
(Hy)1<v<n, behave like a sample of independent geometric random variables
with parameter 1/2, essentially independent from &,.

4.2.5 The distance between ¥, and S,

For a blade v € [1, Ny], let h, (resp. h,) be its height in &, (resp. in T).
Set

, Dy = max d,.
1<0< N,

Then

Proposition 4.7.
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Figure 4.3: Here ¢ = 4 and ay, = 1. Top figure: a sample s = (n, — ay +
1)o<y<n, = 12312231311111131212 of the geometric distribution, stopped
before the first value larger than 3, value that is reduced to ny = 4, and is
used as a prefix of s. Below, the corresponding Galton-Watson tree &207,.

The proof of Proposition [£.7] uses branching random walks arguments,
as in [Big77], and a coupling of &, with a Yule process. For 1 <i < j < Ny,
the case when t; < t; while s; > s; is called an inversion between ¢ and j.
In order to bound Dy, we need to track inversions. Let wy, = 27 and let
U; be the real number with dyadic expansion s; (according to point (2) of
Proposition U; is uniformly distributed on [0, 1]). We have:

Lemma 4.8. If there is an inversion between i and j then s; and s; coincide
on the first ay letters, and U; and U; are in the same dyadic interval with
width wy.

Proof. Since t; and t; are at least a,-letters long by definition and since
ti (resp. t;) coincides with s; (resp. s;) on the first a, letters, then the
outcome of the comparisons t; <> t; and s; <> s; can be different only
if it is decided after the first a, letters, which entails, by definition of the
lexicographic order, that the 4 words have the same ay-letters long prefix. [J

4.2.5.a A Galton-Watson process

Lemma allows to compute an upper bound on D, that depends only
on &y, and functionals of &, are more tractable than functionals of ¥, for
several reasons. One of them is the description of &y in terms of a Galton-
Watson process with geometric offspring distribution: due to points (1), (4)
and (5) of Proposition (ny+1—ag+1)1<p<n,—1 is distributed as a sample
of i.i.d. geometric random variables, observed until the last time when all
the terms of the sequence are smaller than ¢ — ay. Then the first terms in
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Figure 4.4: Sy 4, and 7Tj,, in the worst case scenario, when the 3 scions in
Ol are in the same dyadic interval, and (¢;); is increasing while (s;); is
decreasing, resulting in (d(w)|w € Ok4) = (1,1,2).

Ty or in Sy, (n1,t1) = (¢,t1) and (ny,s1), are seen as the ancestors, and
the indices v such that n, > ¢ — k form generation k. More precisely, if
ny > £ — k, and if the next index that belongs to generation k is w, the
offspring of (¢ — k, t,) at generation k + 1 is formed by ({ —k — 1,¢,) and by
the nodes (n;,t;) or (n;, s;) such that v < j < w and nj = —k —1. Let us
call the set

Fio={( —k,ty), l —k—1,t,)} U{(n;,tj)|lv<j<wandnj=0—k—1}
={(l—k,sy),l—k—1,5,)}U{(nj,s5)|[v<j<wandn; =0—Fk—1}

the family of (¢ — k,t,) or of (¢ —k, s,). Due to the memoryless property of
the geometric distribution, the probability p, that (¢ —k,s,) has Oy, =n
children satisfies

P (Ok,v = TL) =27" ]anl,

see for instance [Dev92, page 601] for an explanation. This process stops at
generation £ — ay.

We call &2, the family tree of the Galton-Watson process described
in this paragraph. The tree 20, depends only on the sequence (n;);, and
can be seen as the tree induced by some nodes of &y, or of Ty, indifferently,
including the blades. The differences between G, and ¥, can be analyzed at
the level of the binary subtrees Sy, ., (resp. T ) induced by the family Fy,
in &y (resp. in ¥y), for the only comparisons that involve the t;’s or the s;’s
are inside the families, the other comparisons being settled by inspections
of the first terms n;’s of the labels, that are the same in S, and in Tj.

The subtrees Sy, and Ty, have one needle, the other leaves beginning
with one of the elements of the offspring Oy, = Fiw\{({ — k,tw)}. For
such a leaf w = ({ — k — 1,t;) € O, let d(w) denote the modulus of
the difference between the height of w in 7}, and the height of (¢ — k —
1,s;) in Skq. Then a bound for d, is given by the sum of the d(w) on
the path between the blade v and the root. Thus the Galton-Watson tree
&2, underlies a branching random walk with positive steps d(w)’s, and the
rightmost position of this branching random walk gives an upper bound for
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Figure 4.5: A sample of exponential random variables, until hitting ¢, and
the related tree &; (in which the pink horizontal lines are to be seen as

vertices rather than as edges).

D,. Note that the independence of the steps d(w) is questionable at this
stage of the proof, see Section

4.2.5.b A Yule process

According to Lemma there are differences between 7;, ., and Sy, only if
some of the U;’s involved in the comparisons at step (2) of Algorithm are
in the same dyadic interval with width wy = 27%. An additional condition
is that the results of these comparisons change the leader, i.e. the smallest
element in B’, at step (2) of Algorithm But the leader does not change
if it belongs to a different dyadic interval. It turns out that the family
Fkv can be seen as a Galton-Watson process itself, elements of the different
dyadic intervals being the generations. Such nested Galton processes with
geometric progeny typically appear in Yule processes. In this section, we
define a Yule process in terms of the sequence Ty, and in Section
we shall see how a bound for D, can be derived from this Yule process. In
Section we show how to represent the height of a blade of & in term
of this Yule process, a representation that is essential for the computation of
the height of the Lyndon tree, through the large deviation results of Section
4.0l

A Yule process Y (cf. [AN| page 109] or [Ald01]) models a population
in which each individual lives forever, and gives birth to a new individual
according to a Poisson process with rate p. We assume that the population
starts at time 0 with a single individual, called the ancestor. One can keep
track of the history of the population through the Yule tree ) [CKMRO5], a
family tree of the population, in which a vertical life line is drawn downward,
for each individual, starting at an ordinate given by minus the date of birth,
on the left of the life line of its father, and is connected to the life line of
its father by a dotted horizontal line. Let ); denote the family tree )
truncated at time ¢, i.e. at ordinate —t.

This representation comes handy for the description of a correspondence
between the Yule tree and a sample ¥ = (Y,),>1 of ii.d. exponential
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Figure 4.6: A. The permutation o = (5,8,6,1,3,2,4,7). B. The heap-
ordered tree $),. C. The Lyndon tree £(0c) built from §,. D. The Lyndon
tree £(00) built from f(0c), here f(z) =9 — x.

random variables with rate p. Consider the sequence Z(*) defined by:
T, =inf{n>1|Y, >}, 2O = (ZNocher, 1 = (L, Y1,Ya, ..., Y5,_1).

Then picture each term Z,gt) of the sequence Z® by a vertical line of the
corresponding length Z,(f), drawn at abscissa T} — k, and connect, through
an horizontal line, the top of each line k, but the leftmost, to the next line

on its left whose height tops the height Z (t), to obtain a family tree &,.
Proposition 4.9. &, and ), have the same probability distribution.

We do not know a reference for Proposition [£.9] that is part of the folklore
on the topic. For the binary search tree, however, there exists a well studied
analog: the shape of the heap-ordered tredﬂ 9, of a random permutation o
has the same distribution as the shape of the related binary search tree. If
we see o as a word on the alphabet [n], $), is the Lyndon tree of the word 0o
and can also be obtained through the construction by vertical lines that leads
to &, if one starts with the sample (f(0), f(o(1)), f(o(2)),..., f(c(n))) (in
which f is any positive strictly decreasing function) rather than with Z ),

cf. Fig.

4.2.5.c Representation of &, in terms of a Yule process

Let us denote by U, the real number whose dyadic development is 0"~ % 1s,,.
Due to Proposition 4.6}

U= (Us,Us,...,Un,,Uj)

is distributed as a sequence of uniform random variables observed until a
term belongs to [0,27T%], this last term being eventually multiplied by a
power of 2, so as to belong to |27¢ta~1 2=¢+a]  Ag a consequence, the
sequence X image of U by the mapping

X; = —logy,U;

See for instance [SF96, p. 362].
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Figure 4.7: 1. S@ and 7® are equal in this example in which the blades of
the family belong to 5 dyadic intervals a, b, c, d, e sorted in lexicographic
order: the only a being interleaved between the 2 b’s, comparisons between
the 2 b’s do not matter. Then we show two possible shapes (2. and 3.) for
the subtree below bccddcceee, depending on the outcomes of comparisons
ti 2 t; and s; 2 sj. The fluctuation d(E) is 7 — 2 = (ke — 1) + (ke — 1)4,
without (kg — 1)+, for no d is involved in this part of the tree.

is distributed as a sequence of exponential random variables observed until
a term belongs to [¢ — ag, +00], this last term being eventually shifted by
an integer, so as to belong to [¢ — ag,¢ — ay + 1[. Then the construction of
Section based on the sequence (¢ —ay, X2, X3,..., Xy, ), gives a Yule
family tree 9y_,, with lifetime ¢ — a,, and with intensity p = In2. Then the
tree induced by the points of 9,_,, whose distance to the root is an integer
between 0 and ¢ — ay is &,. Also, removing the nodes of &2, splits ,_q,
into connected components @(m), one for each interior node x = (¢ — k, s)
of &2, connected components that are independent and distributed as 2);
(still with intensity In2). The set of leaves of 9)®) is O ,.

4.2.5.d Proof of Proposition

For some element (n;,s;), j > v, of Oy, nj = £ —k — 1. Also, s; is the
dyadic expansion of

Uj _ 2E—a5—kUj C = lteke Xy
and U; belongs to the dyadic interval [m2=%, (m + 1)27%) if and only if
Xj={X;}=X;—l+k+a+1€I,,
in which the intervals
I, = [~logy (5 + (m+ 1)2_”_1) ; —logy (3 + m2_a’~’_1))
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satisfy

0<m<2%

kyaw)

In turn, the points of )¢ with ordinates

Ym = — logy (% + m2_“€_1) , 0<m < 2%,

induce Galton-Watson subtrees 82y, .,y whose offspring distribution changes
at each generation, and, at generation m, is a geometric distribution with
parameter

et
b s T mrn2at T 2w ymt 1

Incidentally, 2)*®) is distributed as 2); and it is built from the sample of
exponential random variables Xj, for (¢ —k —1,s5) € Opy. Keeping in
mind Lemma 4.8 note that differences between ¥, and &, occur only at the
level of the families of &y, ), because, if (n;,s;) and (nj, s;) are not in
the same family but U; and ﬁj are in the same dyadic interval, then

e either n; # n;, and the comparisons between (n;,s;) and (n;,s;), or
between (n;,t;) and (n;,t;), have the same output, for only the n;’ s

are involved,

e either n; = n;, but in the sequence Sy, between (n;,s;) and (n;,s;),
there exists some element (ng, si) such that ny > n;, and the standard
factorization will cut the label just before (ng, sx) in both trees, or be-
fore a similar element, independently of an eventual inversion between
1 and j,

e or (n;,s;) and (n;,s;) are in the same family of 820y, i.e. n; =n; =
¢ —k—1, and (n;, s;) and (nj,s;) are in the same subtree &)
but in the sequence Sy, between (n;, s;) and (n, s;), there exists some
element (ny,s;) such that X} is in some interval I,,, while X; and
X; are in some I, with mg > my. Then (n;,s;) and (n;,s;) land
in different subtrees before an eventual inversion between them can
produce a difference between ¥, and &y.

Inside such a family of @Qﬁ(k’“’), inversion may occur between any couple
of leaves, and may produce differences between the corresponding subtrees
Tkw) and kW) of T, and &y, so that the operation £ can produce any
binary tree, as far as we know, only the number f of leaves of these 2 binary
subtrees of T*) and &**) being given: thus the maximal depth of a leave
is f — 1 and the minimal depth is 1, if f > 1. In any case the difference
between the depth of a leave in W) and in the corresponding subtree of
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Ty is bounded by (f —2)1. Note that in a family at level m, the probability
of difference between T, and &, is thus bounded by

O((1—pn)?) =0 (272%),

which is pretty small. There is an exception, in which the bound is (f —1)4+
rather than (f —2);, when the only needle of &) happens, at some level
mo that depends on the label of the ancestor of Qj(k’“’). This precludes the
Markov property of branching random walks but stochastic monotonicity
alleviates the problem.

Let us give a formal argument: consider

me(0) = E Z et |
1<v<N,

and assign to each blade v the position —d,. Let Zt(n) denote the number of
blades of generation n with a position to the left of ¢. Then, as in [Big77,
page 634],

P(D>1) =P (29 >1) <E[ZY] <emi(0). (4.2)
Set

p=1-27% = 1—¢
<min{py, |0 <m < 2% -1}

—0
— _ _ e
F(p,0) = > ke"ED4p(1 - p)i=t =p(1— ™)+
=1 (1 —e%)
) . p
Gp,0) =) ke?®FDip1—pt = ——
kzz:l (1 —efe)?

The key to the proof of Proposition in the spirit of [Big77, Corollary
(3.4)], is the next Lemma:

Lemma 4.10. For 6 > 0,

G(1—¢,0 t=ay
me(6) < (F8_§a§ F(1 —579)1/a> .

Given Lemma |4.10, setting t = \/% in (4.2), and

200 __ oap __ 1
e 2_25_;

and using

F(p,0) =1+¢+3e/e+2%+2%/e+ ...
G(p,0)) =142y +2e+2e/e+...
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one obtains

P (Dg > \/%7) < e "'my(6y)

< exp (_e\@ln\@ + O(ﬂ)) :

which ends the proof of Proposition [£.7}

Proof of Lemma[{.10. Let us consider the words of {0,1}" as an increasing

sequence { wy < wy < -+ < w_1+1}. Given k € [0, — as] and m € [0, 1],
the factorizations of the sequencesaSg and Ty in subsequences that start with
some term lexicographically smaller than (k+ay, wy,) and end just before the
next one are the same, due to Proposition These factorizations transfer
to the sequence (X;)i<j<n,: here the factors are subsequences that begin
with some X; larger than k+y,, and end just before the next one. The next
level of factorization (fragmentation) is described by the subtrees of ), with
leaves at level k + ypm41 (ie. at time £ — k — y,,11) and ancestors at level
k+ym. Each of these subtrees b is in bijection with binary subtrees of &, and
of T, with the same number Oy of leaves (needles excluded), but eventually
different shapes, leading to different depths of their leaves, relatively to the
2 subtrees. We argued that Oy has a geometric distribution with parameter
Pm > p, independently of the other subtrees, and that for each leaf, the
difference in depth is bounded by (Oy —2)4, in the absence of a needle, and
by (Oy —1)4, in presence of a needle. The uniform bound (O — 1)+ would
be easier to handle, fitting perfectly in the context of branching random
walks, but it is too crude for our purposes.

In each subtree Qj(k’w), there are 2% levels of subtrees of type b, and
there exists exactly one needle, in some subtree located on the right at a
level m(w) such that { Xy} € I,,(,): this level m(w) depends on the levels of
the tree )y that are closer to the root of 2)y. Let us bound the differences in
depth of each leaf of a subtree b at level m(w) of Y+ by dy = (O — 1),
and let us bound by dy = (O — 2)4 the differences in depth of each leaf of
the subtrees h of 9)*®) at other levels than m(w). Let us call ), the part of
), that is at a distance of root smaller or equal than k. Then, given )i, the
conditional distribution of ) ) endowed with elementary displacements dy
from the roots to the leaves of each subtree h, is that of a non homogeneous

(k,w)

branching random walk. Thus, if 4; denotes the difference in depth for
the leaf j between &) and T*w) then

2% —1

6(k w) G(pm(w)y
Ze _Fpm(w)7 H Fpm,
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Note that F' and G are decreasing in p, for the geometric distribution is
stochastically decreasing in its parameter. Thus, by stochastic monotonicity,

(eyw) G(l—¢,0
E Y " | 9| < G428 F(1-c,0)-

J
Now, let us denote by dgk) the difference in depth of a leaf i = (k, w) between
£-k(Ty) and £4%(S,), and assume that j is a generic leaf of &*%) or Tk:w),
indifferently. Then

(k+1) (k) | i

and
(k+1) (k) i
E Z 0d <E | Z 09
i I i
_ 0d{® 06
=E [" E | ™| My
L J
0d®] G(1-¢,0) 1
<E |M7] G2 F(L—e,0)'e.
Lemma follows by induction. O

4.2.6 Depths of leaves of the Lyndon tree in terms of the
Yule process

As observed for instance in [CKMRO5, Lemma 2.1}, 9y_,, seen as a planar
tree, with no edge length, or with edge length 1, is a random binary search
tree. That is to say, iy is a random binary search tree, for the planar tree
structures of 9y_,, and U, depend only on the relative order of the words
Q"v1s, for Uy, and of the real numbers X, for Y,_,,, through the same
algorithm, and the mapping 0"*~%1s,, — X, is monotone. Thus the depth
of the blade v in the binary search tree 4, induced by &y is the depth of the
leaf v corresponding to X, in Yy, .

Now, the difference between the depth of the blade v in 4, and its depth
in &y is the number of needles on the path to the root, whose expression
is given by Proposition below. For a given blade v of &, consider
the marked point process II, formed by the vertices of 9¢_,, on the path
from v to the root, the leaf v and the root excluded. This path is naturally
identified with [0,¢ — ay], the leaf being at 0 and the root at ¢ — ay, for
instance, and the mark being 0 or 1, respectively, according to the side of
the branching, say left or right, leading to a decomposition

i, = ooy,

(%
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Figure 4.8: Trees &y and 9,_,,. In &y, the sign +1 marks the presence of
a needle, while in 9),_,, the lengths of the sticks are rather 2Yi = 1/U;: a
needle occurs above the branchings ab, cd, hm, mn because, in 2),_,,, the
corresponding first stick is at least twice longer than the second, and above
hj because the factor is larger than 4.

By convention, the mark for both points 0 and ¢ — ay is one, and unless
mentioned otherwise, they are not included in the point processes. For a
point process m = {§; < & < -+ < &1 < &} in some interval [0, m], G()

denotes
k+1

G(r) = ZLfr =&l (4.3)

in which &1 = m and & = 0. We have

Proposition 4.11. For 1 < v < Ny,
0< hy — (#10, + 1+ GMY)) < 1.

Proof. Here #I11, + 1 accounts for the depth of v in ;, |&1] is n, — ay, and
one can check that |& — & _1] = a if the corresponding labels w, and w,_1
SatiSfy (nwr —a, Swr) =< (nwr—l ) Swr—l) but (nwr —a— 17 Sw'r') s (nwr—17 Swr—1)7
in which case the corresponding edge in il; is obtained by erasing a needles of
&y. In order for the relation in Proposition to be exact, the point 41
at the top should be X, while it is defined by &;+1 = m = £ — ay here. The
inequality 0 < X1 — £+ ay < 1 entails that 0 < hy, — (%11, + 1 + GIIV)) <
1. O

The special role of Hgl) in Proposition reflects the asymmetry of the
Lyndon tree. Since G (Hq(})) tends to be large when #HS}) is small, and small
when #Hg,l) is large, the difference between the height and the saturation
level should be smaller for the Lyndon tree than for the binary search tree.

From now on, we shall assume that the depth h,, of a leaf v of & is given
by

hy = #11, + 1 + G(II{Y),

since this does not affect the limit in Theorem .3
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4.3 Proof of Theorem 4.3

In Section we prove the key formula about the Yule tree 9.
In fine, through the couplings between ¥, and &, on one hand, between
2, and Sy on the other hand (cf. Propositions and , Proposition
allows to describe the profile of Ty, i.e. the repartition of the leaves
of Ty according to their depth. Section [4.3.2] presents a sketch of the proof
of Theorem The rest of Section is devoted to a detailed proof of
Theorem [4.3

4.3.1 A many-to-one formula

A leaf v of 9y is said to be of type (m,n, A) if its left (resp. right) depth in
2, is m (resp. n) and if its point process Hg,l) belongs to A. Let 7y n 4
denote the average number of leaves of type (m,n,A) in 2, and let U, ,

denote the uniform probability distribution on the simplex {0 < & < & <
<o < &y < (}. Then

Proposition 4.12.

(€In2)mtno—t

——— Un(A). (4.4)

T¢mm,A =

Up to a factor 2", the right hand of is the probability that two

independent Poisson processes on [0, /], with intensity p/2 = In V2, IO

(resp. (), have m (resp. n) points, and that II(Y) belongs to A. This

could be seen as an elementary instance of the many-to-one formula for
branching random walks, cf. [HHQ09].

Proof. Consider the probability p that a random direction of a random Yule
tree Yoo produces a leaf of type (m,n, A). On one hand, conditioning first
on 2, the probability is the number of such leaves times the probability
277" of the path to one of these leaves, so that, going to expectations,

— 2—771—7’1

b Temmn,A-

On the other hand, consider the random walk, on ), of a particle with life
time £: the particle chooses left or right at birth times that form Poisson
process with intensity p = In2 on [0, /], and due to the colouring theorem
(cf. Kingman, Ch. 5) the times when the particle goes left (resp. right)
form two independent Poisson processes II(?) and II(Y) with intensity p/2.
Then p is the probability that #I1(0) = m, #I1IM = n, and IV € A. Thus:

{1n 2)m2—m—t/2 (plp 2)no—n—t/2
p= 2 (tin2) Une (A).

m! n!
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When A, is the set of point processes I on [0, ¢] such that G(II) = g, we
set

ﬂ-é»m»nyAg = ﬂ—f,m,nvg‘

4.3.2 Sketch of proof

To sketch the final argument, that follows [BDQT], it will be convenient to
think of W(A, i, v) as the following limit:

(A p,v) = limn~! In (Temom.g) > (4.5)

when the sequence (A, Vn, pn) = (£/n,m/n,g/n) converges to (A, v, p).
Thus the number of blades of type (m,n, g) in &y would be, approximately:

MYO) _ L) /A

Results in the direction of formula (4.5)), sufficient for our purposes, are
proven in Section On each blade v of type (m,n, g) of &y, with depth

1+V+M£

m+n+g= h

we graft the shrub t(v). In Section we prove that the maximum
height of a set of k& such shrubs behaves like the maximum of a sample
of k independent geometric random variables with parameter 1/2, i.e. the
maximum is essentially log, k. As a consequence, the total height of the
highest leaf in any shrub that is grafted on a blade of type (m,n,g) in &
is approximately

m + n + g _|_ 10g2 (enW(A,M,V)) — (1+I/+/1,) lifn; ‘1’()\7#71/) €

Set
AN p,v)=((1+v+p)In2 + U\ p,v))/An2.

Then the highest leaf in the tree 2, is approximately A®¢ high, in which

A* = sup A\ p,v). (4.6)

A, >0

The supremum is obtained for v = 2A1n 2, leading to

A* = sup A(\ p,2X1In2).
A,u>0

Finally, due to Proposition [£.7] the same is true when the shrubs are grafted
on the blades of T, producing £(L*) instead of 2.
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Remark. After scaling to recover the Lyndon tree based on a n-letters long
Lyndon word, one finds that the maximal height occurs in a shrub grafted
on a leaf of G4, , whose left (resp. right) depth in g, ,, is approximately
2Inn (resp. 1.62..lnn). This can be compared with the height 4.31..Inn
of o, n, induced at equal parts by left (resp. right) depths 2.15..Inn.
The contribution of needles is approximately 0.86..1nn, leading to a height
4.48..Inn for the leaf of &)og,, on which the shrub with the highest top is
grafted. Finally, this shrub is approximately 0.61..1nn high.

4.3.3 Asymptotic behavior of n=!'In ..,

4.3.3.a Heuristic considerations

For a finite or infinite sequence of non negative numbers b = (b;)jercn,, let
us denote

b = ij’ by = Zjbj, and H(b) = —ijln(bj)7

jel Jjel Jjel

and if the entries are integers, set:

|
b = Hbi! and <|Z|) = ]l[b|b'-"

whenever they are defined. If |b| = 1, H(b) is the Shannon entropy of b.
Under U,, ¢, rather than the §;’s, we shall consider the vector v of gaps
between the order statistics, defined by

v=& =&, 1<j<n+1, and v = (v));,

with the convention that £, = 0 and &,41 = ¢. The random vector - is
uniformly distributed on the simplex

n+1
Dpe = ij:€ and Vj, z; >0,

y

=1

and its distribution is denoted U, , again. Also, set p = (pj)i<j<ns1, in
which

Then G = |p|. The probability U, ¢(p = r) depends only on |r| and is given
by:

Upe(p=1)=nll"P E—\r!—1<ZUj<€—]r\ ,
j=1
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in which the U;’s are a sequence of i.i.d. random variables uniform on [0, 1],
P(...) is the Lebesgue measure of the domain {p =r}, and ¢"/n! is the
Lebesgue measure of Dy, ». In order to take advantage of the symmetric role
of the p;’s, let 8 = (5;);>0 be defined by

Bi=#{1<i<n+1|p =j},
so that
|Bl=n+1,and (B) = |p| = G(¢).

Then

Ups(B=b) = Z('Z')P E—(b)—1<§:Uj<£—<b> ,

and (4.4) becomes
m(In2)mtn - |b|
Temmng = — —or—P | {—g—1 <ZUj <t—g| Y ) ) (47)
J=1 (b)=g
Set
DPnom = P m—1<zn:U-<m and t,, = Z 1]
’ ' J g b ’
Jj=1 (by=g,|b|=n+1
so that (4.7) can be written
M (In2)mtn
Temmn,g — W Pnt—g tn,g-

From stronger results on the asymptotics of the Eulerian numbers (de-
noted here (A(k,n))o<k<n), that can be found in [GK94][formulas (6.12) to
(6.16), page 299]E|, we know that

Lemma 4.13. For 0 < 0 < 1, the limit:

[1]

(9) = hTILn%hlpn,Gn
exists and is given by
Z(0) = lnsinha —acotha+1—Ina,

in which o is given implicitly by —a~ + 1 + cotha = 26.

2 According to [Tan73|, A(k,n) = n! pn k1.
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On the other hand, for distributions b such that

bj~cj(n+1), lf=1, and (c)=up,

1 m((’i’) ) — H(0) +o(1).

Following the lines of Lemma 8.3.1 in [Ash65, p. 238], one obtains that

we expect that

H(e) <H (d%) = (1+p)n(1+p) — plnp,

in which d® is the geometric distribution with expectation p. As usual
in large deviation theory, only the leading term of ¢, ;,, provided by ¢ =
d™ | contributes to the limit of n=! In tn,un, SO that we expect the following
behavior:

n~t Intp,m ~ H (d(“)> )
Together with , this would lead to the following expression for W:
T ) = H (dw) + B\ ) + E - p),
in which

d(\,v) = limlln

m m—+n »
%ZIH<M>_
n " m) 2¢

V2N

The analysis of the contribution of the shrubs rests on more or less precise
upper and lower bounds for n=! In (Te,m,n,g), to which the rest of the Section
is devoted.

4.3.3.b Lower bound for n~'In T0mn.g

The lower bounds for p,, and ¢, , do not need to be very precise for our
purposes: for p,, the "lower bound” given by the existence of the limit in
Lemma is precise enough. With u = g/n, according to our heuristic
considerations, the lower bound for t,, ; provided by any term ('Z‘) such that
b is close to d®n should be good enough. The sequence ¢¥) defined by

o & =d¥ for j <k

k k
° 02421 = Zj>k d§“) =1- Zigk Cz(' :
° cz(k):OforiZkJrQ.
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satisfies

H(c®)) — 1 (W) <ﬁ)k+l (k: Inp+ (14 p)ln (ﬁ)) ;
(@) = H(l— (ﬁ)k—i—l)‘
Consider then the sequence of integers b(") defined by
o i < kb = |cF(1+n),
o bl(gi)l =n+1-3 bﬁ”),

° bgn)zopouri2k+2,

so that
1 it i<k,
B — (n+ ne™| <{ k41 i i=k+1,
0 if i>k+2
Thus,
n n k
By < (4 D) + (k+ 1), — (n+ 1))
< (n+ 1))y + (k+1)2
< (n+Dp+ (k+1)%

On the other hand, since b is obtained, from (n+1) ¢®) | by transport
of mass from i < k towards k 4 1, we have (b(™) > (n + 1)(c®), and as a
consequence

n k+1
) > (1= ().
Due to the variations of ¢(x) = zlnx — x, and due to the inequality:
[In(n!) — (n)| < In(4n), (4.8)

that holds for n > 1, we obtain that:
5] (n) (k) (1)
| In pn) )~ (I+n)H@W)| < (n+1)|H(") —H(dW™)| + 4kIn(5n)
= O(In%n),
if one chooses k,n > 5, and also k& = clnn for ¢ large enough, namely
cln(1+ i) > 1, so that [H(c®)) — H(d™)| is small enough. Now b" satisfies

(b™) = un+4, instead of pn. This is corrected by transferring a mass 0 from
1 to 0, say, i.e. considering b" + (J,—6,0,0,...), causing thus a variation
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5 (ln(l + i) + @u(%)) of In (‘Z‘). Here § is O(In?n), thus at least one term
of the sum ¢, 4 is equal to exp(nH(d*) + O(Inn)), so that

tng > exp(nH(dW) + O(In%n)). (4.9)
Owing to (4.8]), we also have

£ (In 2)mtn

n®(A\,v) —In ol

< In(4m) = In(4vn). (4.10)

Thus, owing to Lemma and relations , , we obtain:
Proposition 4.14. For 0 < ¢ < 0.05, when T is large enough, the set
Lyre ={(m,n,9) | 7 mmg > € and m +n+ g + 108y T1mn,g > (A®* — )T}
1s not empty.
Proof. First we prove that, for any ¢ € (0,0.05), the set
D.={(\ )< (0, 400)3 | W(\, i1, v) > 2 and A\, pu,v) > A® — e/2}

contains a box. Consider the two functions

A p) = AN, 1,220 In2) and W(\, p) = U(\, 11,2210 2).

When A reaches its maximum A®, the corresponding value of W, W¥*, is
positive. Actually, {A > 5In2} entails {¥ > 0.1}. The domain {(\, u)|A >
5In2} is bounded and bounded away from A = 0. Both ¥ and A are
Lipschitz continuous as functions of v on any domain

{()\,p,l/)|A >5In2 and |v —2AIn2| < 77}

with 7 not too large. This entails that D, contains a box. Thus it contains
points of the form (T, g,m)/n as long as T is large enough. If (T, g, m)/n €

D., Lemma and relations (4.9)), (4.10) entail that if 7" is large enough
then (m,n,g) € L7.. O
4.3.3.c Uniform upper bound on each term of ¢, ,

For a sequence such that |b| = n + 1 and (b) = un, the Markov inequality
entails that

1<Tn
Set

Funm = {c ‘ci:0f0riZTn+1andn2|c\2%n,(c>§un}.
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Then
inf b > inf ¢!

(by=pn c€Fpu,n

for the truncation, after the 7,th term, of a sequence b such that (b) = un
produces an element c of F,,,, such that b! > c!.
Set ¢ = , so that 1 > |¢] > *=E. For ¢ € F,,, thanks to (4.8), we
have
In(c!) > n(ln(n) — 1)(1 = £) — nH (¢) — (1 + 7) In(4n).

For 7, = \/pn, this leads to:
In(c!) > n(ln(n) —1) — nH (¢) — (1 +2/pn) lndn.
Now, following the lines of Lemma 8.3.1 in [Ash65] p. 238], one obtains that
Proposition 4.15. If |a| <1,
H(a) < (lal+{a) el + (@) — 2lalIn]a| — (o) Infa),
< # (@) —2fajn]a].

Proof. Set d; = |a| 7555t Tizo, 50 that |d| = |a| and (d) = |a|. Then
H(a) = Zailn Zal lnlw +zln1+5)
i>0 >0
< —Zal(ln 1'“‘ + iln 1+ﬁ)
i>0

= —Jaltna] + (ja| + (a)) In(1 + B) — (a) In 5.

Choosing 5 = (a)/|al, i.e. (d)

= (a), leads to the first inequality. Finally,
for0<y<landz >0, (y+z)ln

(y+z) <(1+z)n(l +2). O

Using that © — H (d(“ ) is increasing, we obtain, for c € F, ,,

H(¢)

IN

H (d<<5>>) 208 In|¢]

21 (d“”) Y21 13) <H (d(“)) n 2\/%

IN

so that
In(c!) >nlnn—n — nH (d(“)) — (14 2y/un)In12n.
This leads to

Proposition 4.16. For a sequence such that |b| =n+1 and (b) = un = g,
0] ()
In ; < nHl(d + (3+2/9g)In(12n).
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4.3.3.d Upper bound for # {(b) = un}

As in Section let us see each sequence b such that (b) = un as
the distribution 6(r) of a sequence of integers r = (7;)1<j<n+1 such that
|r| = pn, in the sense that

Now each sequence r can be partially sorted to form a new sequence o(r)
as follows:

e the first terms of o(r) are the terms of r smaller than 7, sorted in
increasing order;

e the other terms follow, and they retain their relative order in the
sequence r.

Then ¢ o 0 = ¢ and the preimage of an element b such that (b) = un has at
least one element in o (61 ({(b) = un})). Thus

#{(b) = pn} < #o (67 ({(b) = pn})) < (n+2)™ T x (un)/™,

the first term of the product on the right because an increasing sequence is
well described by its distribution, here (b;)o<j<r,, the second term for the
length of the second part of the sequence is shorter than un/7, due to the
Markov inequality, and each of its terms is smaller than un and larger than
Tn. As long as n > 2, the choice 7, = |/pun leads to:

4{B) =g} < pVIn+2)""N0 < (dng)VT x 2m. (4.11)

4.3.3.e Upper bound for p, ¢,
Trite computations lead to the next Proposition:

Proposition 4.17. For 0.5 <0 < 1,

Plon<d Uj| =P((1-0n>> U;| <=0

Proof. Set Sy, = 377 1 Uj, e =20 —~1> 0and t > 0. From the Markov
inequality, we obtain that:

P(n<S,) <E [t(w 1)] o—ten

nh(t

| /\

in which

0= (Y,
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Then

Oh 1
i coth(t) —e — e
and since t — coth(t) — % is continuous strictly increasing from -1 to 1, h is

minimal when ¢t = « in which « is defined by
coth(a) —e —a~ ! =0.
Finally

h(a) = Insinh(a) — acoth(a) + 1 — In(«)
— (o).

For 6 < 0.5 use that 1 — Uj’s are uniform, and that Z(6) = Z(1 — 6). O

Corollary 4.18. Forn > 1,

in which

4.3.3.f Conclusion

Combining Proposition and (4.11)), we obtain that, as long as n > 2:
Int,y < nH (d(“)> + (34 2y/9) In(24ng),

With (4.10)), this gives

Proposition 4.19. For (A, u,v) = (¢,9,m)/n, as long as n > 2, one has:

WA u,v

< npn+ (3+2y9g)In(24ng) + In(4m).

4.3.4 Contribution of the shrubs

The proof of Theorem [.3] has two final steps, contained in the next sections.
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4.3.4.a Lower bound for h(£(L%))

Proposition 4.20. For any e > 0,
lim P (h(S(LZ)) < (A - e)e) ~0.
Proof. Keeping in mind Section [4.2.5] we observe that
|A(2A¢) — h(L(L))| < Dy
Thus, according to Proposition 4.7, we only need to prove that
11;11[? (h(2e) < (A* —€)l) = 0.

Working with 2y, we can use the representation of the depth of blades
&, through a Yule process, as in Section Let B denote the infinite
complete binary tree with the language A* = {0,1}* as set of vertices, and
{(w,wa) | (w,a) € A* x A} as edge set, () being the root. We shall see the
infinite family tree ) of the Yule process as B endowed with edge lengths
that form an i.i.d. family of exponential random variables with parameter
In2. In this setting, we shall interpret the distance between w € A* and the
root () as the date of the death of w, and the length of the last edge of the
path from the root to w as the lifetime of w. An interior point of this last
edge inherits the label w of the vertex sitting at the end of the edge.
For any T > 0, we shall consider a new tree ®1 defined as follows:

e the vertices of D7 are the points of 2 at distance nT" from the root
(for any n > 0); they are almost surely interior points of some edges;

e a generic edge (x,y) of D satisfies the following properties:

— the distance between x and y in ) is T

— the labels of z and y are of the form (w, ws) with (w, s) € A*x A*.

If points at distance nT" from the root form the n-th generation of a popula-
tion, then ®r is the family tree of a Galton-Watson process with offspring
distribution 277 (1 —277)*~1 1;>; and average offspring size 27. Each indi-
vidual w € A* living at time nT possesses, attached to him, the Yule family
tree @) with life time 7' that describes his progeny between times n7T" and
(n+1)T. Consider then, for each descendent v = ws of w living at time
(n + 1)T, its marked point process I, s on [0, 7] induced by 9™): this
allows to decide whether ws is a descendent of w of type (m,n, A) or not.
When ws is a descendent of w of type (m,n, A) in D) we say that the
edge (w,ws) of D is open. Erasing the closed edges of D, one obtains a
forest § whose connected components are independent Galton-Watson trees
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with average offspring size 71, 4. In the sequel, A is the set A, of point
processes II on [0, 7] such that G(II) = g, and we set

TTmm,Ag — TTmmn,g — TT-

With the help of Proposition for T' large enough, one can choose
(mr,nr,gr) = (m,n,g) € Lr., such that

Te/\

T > e >1land p=m-+n+g+logymr > (A* —¢)T. (4.12)

As a consequence, the connected components of § are supercritical. Since
their offspring is bounded by a geometric distribution, according to the
Kesten-Stigum Theorem, almost surely, one of the connected components,
rooted at a random but finite distance R x T of the root of ), is infinite
and satisfies

h;?l Z W:Fk = C,

in which Zj is the size of generation k£ of the said component, and C is
random but almost surely positive. Finally, the number Xj of elements of
type (k — R)(m,n,g) at time K7 in Q) is not smaller than Z;_pg, thus it
satisfies a.s.

limkinf% In X3, > Inmp.

This entails that, for n > 0 and ¢ = —n + In7p,
lim P (Xk < eck) —0.

Set k = | (¢ — ag)/T] and let S be the set of shrubs grafted on the blades
of G, that belong to the progeny, at time £ — ay, of the X leaves of Y.
The set S contains Zp > X, shrubs, and all the corresponding blades have
a depth larger than

kE(m+n+yg),

according to Proposition We shall prove that the highest among the
Zp shrubs in S has a height M, given, approximately, by

My ~logy Zp ~ & ~ /T | logy 7 ~ LL,

then we shall use the fact that
h(2p) >k (m+n+g)+ M,. (4.13)

In general, a shrub contains at least one run of 1’s, but with a probability
27%_ thus the height H, of a shrub t(v) is larger than the length of, say, its
last run of 1’s, i.e. stochastically larger than a geometric distribution with
parameter 1/2. Now, roughly speaking, the probability p, . that ar ii.d.
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shrubs are all lower than (1 — «)log, 7 is smaller than the probability that
ar i.i.d. geometric random variables are all smaller than (1 — «)log,r, i.e.

Proa < (1 o 2717(1704) log, r)ar (414)
< exp(—r~ (17" /2)9" = exp(—ar®/2),

for a > 0, 0 < a < 1. However we are not interested here in a sample
of Z; i.i.d. shrubs with the typical distribution, i.e. with the distribution
associated with a Bernoulli word observed until the first occurence of 0%:
each shrub t(v) € S is selected according to the height h, ~ m, + n, + gy
of the corresponding blade v, and h, is determined by the operation of the
algorithm £ on the sequence S; = ((nw, Sw))i<w<n,, see Definition
while t(v) = £(0%1p,).

Now s, and Po have the same ay-letters long preﬁx Py, their respective
suffixes, (, and va being independent. Furthermore Cq, is independent of Sy,
and as a consequence Cv and h, are independent. The probability that CU
begins with the prefix 101 is thus 1/8, and this insures that the last run of
1’s in p, is a factor of év and does not depend on h,. Let Z be the number
of shrubs t(v) € S such that (, begins with 101: conditionally given Z,
Z has a binomial distribution with parameters Z; and 1/8. The maximal
height $, in the sample of Z, shrubs is thus stochastically larger than the
maximum of Z ii.d. geometric random variables with parameter 1/2; and
satisfies, for any a > 0,

T, =P (5 < (1— a)ck/In2)
gP(Zé%)w(zw and 5, < U520
<P(Z<4) +exp(—e*/18),

due to (4.14)), and
P(z<5) <P(Xp<et) +P(Bin(e ) < 5 ).

The probabilities on the right hand side vanish when ¢ grows, and so does

ITy,. Owing to (4.13)),
P (h(2e) < ve) < 1Ly,

in which

=k (m+n+g + “;}’;)C>.
But due to k = [ (¢ —a¢)/T'|, and owing to our choice of (m,n, g), cf. (4.12]),

Ny = (P _ (l—a)?:;lan> k

> (A® = £)(€— ap) — L=SHEANTT | (0 ) /T] — (A® — )T

208



Since « and 7 are arbitrary positive numbers, for a suitable choice,
Ve = (A. - 25)‘€a

for ¢ large enough, which concludes the proof. O

4.3.4.b Upper bound for h(£(L"))

Proposition 4.21. For any € > 0,
lim P (h(s(Lﬁ)) > (A® + s)e) ~0.
Proof. Again, according to Proposition [4.7] we only need to prove that

lim P (h(2) > (A® +2)¢) =0,

A shrub t(v) is the Lyndon tree of a Bernoulli word observed until the first
occurence of 0%, and as such it comes with a sequence of i.i.d. geometric
random variables (the lengths of the runs of 0’s) observed until the hitting
time of [ay, +00): this sequence yields a Galton-Watson tree &20,,(v) with
geometric offspring distribution, that has a; generations, as described by
Figure Based on &20,,(v), one can define a branching random walk
BBW,, (v) as follows: when the offspring of an individual has size N, each
of the N scions jumps N steps in the same direction, say to the left. Then
the height H,, of t(v) is stochastically smaller than the leftmost position M,
of BBW,,(v) at generation a,: the height of a binary tree with n leaves is
smaller than n — 1 and then one has to account for at most one needle in
each family of 820,,(v), so N leaves plus one needle entails that the depth
of each of the N scions is at most the depth of its father plus N. Assume
that the positions of the members of generation a, for B&W,,(v) form a
point process (X;)i;er. Then, as usual, for 0 < 0 < In2, and = > 3,

P(M,>x) < e "E {egM“} ,

and

B[] < [Z X]
el
:E[Nebwré - (%)ae.

2—ef)2

It entails that

Y
. 6(1—x)
P(M, > xap) < inf 227
(My > wag) < <0<9<1112(2—‘29)2

= (27" %(z - D) (x + 1))
< (27%(ex/2)%)",
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in which the equality of the second line holds for x > 3, while the last
inequality holds for x > 1. Thus both the conditional probabilities given
the first ay characters of the word, and, as a consequence, the conditional
probability given the height of the root, satisfy:
P(H, > zap|.) <2 (Z*x(ex/Q)Q)a[,
< (2_2262.%'2)(” .

As a consequence, the maximal height $Hg of any set S of shrubs selected
according to the position of their roots in &, satisfies

a
P (% > ¢/m2) < 8| (e (ect/arn2)?)
S eln‘s‘—ff—}—Qa(z IH(EE)’ (415)
as long as &€ > 3ayIn 2.
Let Zg m n g denote the number of blades of type (¢,m,n, g) in &, and let
Nemong (resp. Hym png) denote the maximal height among the corresponding

set of shrubs (resp. the height of the highest leaf of 2, that has an ancestor
among the Zg,, , 4 leaves of type (¢, m,n, g)). According to Propositions

and LT}

h(S(LZ)) = ]’L(Q[g) = Inax {Hé,m,n,g ‘ m,n,g € N}
=max{m+n+g+Nemng|m,n,geN}.

As a consequence,

P(h() > (A 429)0) < 3 B(Homug > (A°+20)0)  (4.16)

m,n,geEN

Set
(A, v) = A° — AN p,v) > 0.

For an arbitrary choice of «, the Markov inequality yields that
P (ZZ g > 2a€> < e—afln 2—|—ln7rg,m’n7g7

Thus, if S stands for the set of blades of type (¢, m,n, g) in &, (4.15) entails
that, for € > 0,

P (Hé,m,n,g > (A® +2e)0) < o010 2—¢€0+2a, In(€0) +P (Zé,m,n,g > 2a€>
in which

£ = (A® 42e — Y102 — (5(.) 426 + L) In 2.
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The choice
a=A"+¢e— 1“‘%
leads to
P (Hé,m,n,g > (A. + 28)5) < 2f€£+2a5 logs (&4) + 2*(E+6(.))E+T‘Lm’n’g7 (4'17)

provided that £¢ > 3a,1n 2, since we need (4.15) to hold. In view of (4.16))
and (4.17), we need

e to reduce the domain of summation in ,
e and to check that ¢, ,, 4 is uniformly o(¢) on the reduced domain.
First point: for n > 0, set
Tyy = {(m, n,g)|n>nt, % € [%,5} , and 0l +In7g g > 0} ,

and note that #7}, < 2503,

Lemma 4.22. For n small enough, the probability that a leaf of Ay higher
than (A® 4 2¢)l grows from a blade outside Ty, vanishes when ¢ grows, and

P(h() > (A" +20)0) <o(L)+ > P(Hymny > (A +20)0).

m)nzgeTE,’r]

Proof. First we prove that the average number 7y (resp. m—) of blades of
type (m,n,g) with m +n > 5¢In2 (resp. with m 4+ n < (£In2)/3) vanishes
when ¢ grows, and so does the probability that there exist such blades: due

to ().

(£1n 2)k2k—¢ (£1n 2)k2k—¢
T =D kT e = 2 kK
k>501n2 0<k<(¢1n2)/3

If X follows the Poisson distribution with parameter £1n 2, we have:
Ty = E[2¥1x>50m2] m- = E [2X1X§(£1n2)/3] )
and, for any ¢ > 0,

mr < E [2Xet(X_5“n2)} = exp[(e!2 — 1 — 5t)¢In2].

A suitable choice of t leads to limy w1 = 0, and similar inequalities yields
that limy my— = 0. In what follows, we consider only blades of type (m,n, g)
with af < m+n < bl, in which a = (In2)/3 and b =51n2.
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Set

£1n 2)ym+ng—t
Wémn—zﬂ'émng_ ( 22.””' Z ) (418)

and let m,; be the expectation of the number of blades such that nf +
In 7 1.m,g < 0: it satisfies, for any ¢ € (0,1),

Ty < E Tl m,n,g e~ HntHIn T mn )
al <m+n < b,
(£L—n); <g<t

al <m+n < bl
(t—n)y <g<£
—tnl § : 1-t
< 4 7Té,m,n
al<m+n<bl
1—t
S b2t€1+2t6—t1’]€ § Wf,m,n

al<m+n<bl

b2t£1+2t€7tnf]E [ } 1-t

2% o< x<be
= b2 exp(—L(t(n +bIn2) — bIn 2)).

Choosing 1 > ¢ > (1 + ﬁ)_l, we see that m, vanishes as £ grows, and so
does the probability of existence of blades such that n¢ 4 Inmg,,,, < 0 and
al <m+n < bl

For the bounds we have in mind, = has to be Lipshitz continuous around
argmax A, i.e. its argument A\ — u has to be bounded away from 0 and 1.
This should be easy because = goes to —oo when its argument is close to 0
or 1, leaving then little chance to A to be at its maximum. There is chance,
however, for A to be large even if = is close to —oo: if n is very small, and
thus A very large, =/ could be small, and A could eventually be close to
its maximum even though Z is close to —oo. The next Lemma fixes this
problem: consider the set 577 of blades such that ¢ + Inmg,,,, > 0 and
n <nt, for 0 <n <In2, and let H,, denote the maximal height among the
leaves of %, that have an ancestor in \S;,. Then we have:

Lemma 4.23. For any € > 0, there exist n > 0 such that

hmIP’( ne > (1+In2+¢e)l) =0.

Proof. Owing to (4.8) and (4.18]),

0< (n—In2)l —p(n) —p(m)+ (m+n)In(¢In2) + In 16mn.
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Using that cp(?) = ¢(z) — xzlnc, for ¢ = £In2 we obtain:

0< nl—c—cp() —co(%) + 21n(2b¢)
< o(-1-0(zs) - o(s) + i + 5% (4.19)
Since x — —1 — ¢(z) reaches its maximum, 0, when z = 1, then 7 small
and / large entails that |m — £1n 2| has to be small, for the left hand size to
be nonnegative.

More precisely, for any £ > 0, one can choose 1 > 0, independent of
m,n,f, in such a way that, for ¢ large enough, holds only if m €
¢(In2 + ), by strict convexity and smoothness of ¢: solve 1 4+ ¢(u) =
2(55 — ¢(15)). For n small enough, the 2 solutions 71 and 73 are close
enough to 1, so that ry < ;5 < 72 entails m € ¢(In2 £ 2¢). Then one

can choose ¢ large enough7~ so that 21;1(334) < 5 — ¢(15)- Then the depth
m+n+ g of a blade v € S is at most £(In2 4+ +n+ 1), since g < /.

On the other hand, the expected number 7, of blades in S is smaller than
exp({(n(Inln2) — p(n))): again let X, Y be i.i.d. and Poisson distributed

with parameter £1n2/2, so that we have:

iy = E[2%V1xey] = 2°E[2%1x<,] .
Again, for any ¢ > 0, for instance for ¢ = 5,
7, < 2U°E [2X e“’ﬂ*X)] = expll(tn + e ' In2)] (4.20)

= exp[{(n(Inln2) — ¢(n))].
Set

£ =n(lnln2) — (n).
Then, due to (4.15), the probability that the taller shrub planted on a blade

of S is at least % tall vanishes with ¢: we have

P (65> E) <P (18> ) + P (55> & and |5 < )

In In2
< e—eé 4 €—£e+2a,g ln(SEZ),

as long as €0 > ayIn2. This leads to

11?1]?(}1%[ > (1+ln2+€+n+%)€) — 0.

in which e +7n + % is arbitrarily close to 0 for n small. O

We proved that, with a large probability, there exists no blade with Tl—jl";

outside [a,b], and no blade with =2 inside [a,b] but 7 + Inmympg < 0.
Then we proved that, with a large probability, a leaf of 2, with depth larger
than (14 1In2)¢ does not grow from a blade such that 4 Inmg p, 5, 4 > 0 but

n < nf. This concludes the proof since A®* =3.5... > 1+ 1n2. O
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Inside Ty, we have (51n 27l <A<pland 0 <v <5)XIn2. We always
have 0 < A — p < 1, but A — p has to be bounded away from 0 and 1, in
order for np, and ry ., 4 to be small. This holds true due to

0 < T]E + In T, m,n,g
=l +nY N\, 1, V) + g mngIn2
<l +n(V(\ 1, v)+ pn)) + (34 2y/9) In(24ng) + In(4m).

Dividing by ¢, for £ large enough, this insures that on Tp,,

ey (d(“)> + O\, ) +EAN—p—6n)) > 5_112175’

in which all the terms on the left hand side are bounded on 7} ,, but eventu-
ally Z. Thus, for £ large enough, on Ty ,, Z is bounded away from —oo, and
A—p— % is bounded away from 0 and 1, which entails a Lipshitz condition
on Z on the domain 7y ,. Thus, according to Proposition on 1y, since

n>nl,and A < n7l,

Fromng < t(2npn + (6+4,/9) In(24ng) + 21n(4m))

10c1n 2 10(In(24)+21n¥¢) 21n(20¢1n 2)
< 0l + N/ + ¢

in which c is the Lipshitz coefficient for =. Also

€= (A® 42 — A 2
< (A®*+2: — 222,

so that 2aylog,(£0) and 7¢, rn,g are uniformly o(£) on the domain Tp,. Fi-
nally

& > —n-— %lnm’mm,g + (6(.)+2e)In2+ M
= (0(.)+2e)In2—n-— 1’“72 T¢,mn.g

which ensures £/ > 3a,1In 2, and as a consequence (4.15), on the domain Ty,
for ¢ large enough. These inequalities yield that

lim > P(Hymmyg > (A° +26)0) = 0.
(m,n,9)€Ty

4.4 Depoissonization of the length

In this Section, we derive Theorem [£.2] from Theorem [£.3] i.e. we replace
the random length 7+ 1 of W by the deterministic length of W,,. A simple
argument comes to mind: w.h.p. Tiog,n—e, <1 —1 < Tiog, nte, as long as

€n — +00 and €, = o(lnn); (4.21)
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Figure 4.9: Domains A(A, pu,v) > 4.95 and A(\, p,v) > 5, with z = coth(A—
/L)f/\flu,y—)\, and z = v.
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Figure 4.10: Here the alphabet is N and 6 = h(£(w1)) < h(£(w)) = 10.
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thus w.h.p. h(L(Ws2n=en)) < B(L(W,,)) < h(L(W's27+en)). However,
while ¢ — h(£(W?)) is increasing, n — h(£(W,,)) is not, see figure m,
and this line of proof fails. We do not even know whether n — h(£(W,,)) is
stochastically increasing.

In order to address these problems, let the integers «,, £, and =, be
defined by

apn, =logon — 3epn, B = [logon —2e,], v, = |logyn]

in which €, meets conditions . Let us call long run of a word or of
a necklace any maximal run that is at least «,-letters long. Consider the
infinite random word W, and its n-letters long prefix W,. A sequence
Z = (Z;)i>1 of i.1.d. factors of W is defined as follows: for ¢ > 2, Z; begins
just after the end of Z;_1 and, counting from the position of the first 1 of
Z;, Z; stops with the a,,-th 0 of the first long run after that first 1; Z; stops
according to the same rule, but starts with the first letter of W. Each
factor Z; can be written 0XiY;, in which

e Y; has the same distribution as W, cf. section [£.2.2]
° P(XZ = k) = Q_k_l]lkzo,
e Y; and X; are independent.

The Lyndon word of Y;, denoted L; in what follows, is obtained by a rotation
in which the right factor is 0%; L; has the same distribution as L%, cf.
section 4.2.2 The X;’s account for the overshoots of each run not shorter
than a,.

Definition 4.5. Let (7})1<;<; be a finite sequence of planar trees, £ a
planar tree with k marked leaves, naturally labeled by their rank (rank
going clockwise, starting after the root), and o a permutation of {1,2...k}.
Then the tree obtained when one grafts to £% the tree T}, its root being
substituted to the leaf of £ with label o (i), for all i, is called the permuted
concatenation of (Ty,...,T}) with underlying tree £%.
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-+ (Ti,)mﬁ= (‘,gé,?vi @7$)

Figure 4.11: Permuted concatenation of (7};)1<i<5. The underlying tree £
has 3 unmarked leaves and the permutation is circular.

For instance, for any integer-valued random variable N, £(Z1Z; ... Zy)
is a permuted concatenation of the trees £(L;). In this case the permutation
is a circular one, and the underlying tree is a binary tree with N marked
leaves, and Zf\i 1 X; unmarked leaves (here these unmarked leaves are nee-
dles); thus the height of the underlying tree is at most N — 1 + Zfil X;.

Consider the prefix W, of W obtained by concatenation of the factors
Z; that are contained or overlap W,,, say

Wi = Z122... Zn.

4.4.1 Lower bound

According to [BK02l, p. 111, (4.19)], the position of the a,-th 0 of the rth
long run has expectation 72!+%" —2 and a variance smaller than r(2-+22+2n),
So by Chebyshev’s inequality, w.h.p. there exist at least 2?» long runs in
W, which entails successively that N > 3, that £(L2) is a subtree of £(W,,)
and that h(L(W,,)) > h(£(Ls)). For n > 0, set

= (M < A,

Inn

Thus
P SP(N <2)+P (M5 < Ax —p).

On the other hand, the height H; of £(L;) has the same distribution as
h(£(L*)), thus, according to Theorem for any ¢ > 0, for instance if
0<e<n,

lim P (%52)) < (A" —¢) ln2) =0

which, together with the previous inequality, gives lim,, p,— = 0.
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4.4.2 Upper bound
The upper bound for Theorem [£.2] follows at once from the next proposition:

Proposition 4.24. For any n > 0, there exists a sequence (&) that meets
conditions (4.21)), and such that

lim [P <W > A"+ n) =0, (4.22)
and
liéan’ (R(E(Wy)) > h(S(W[n]))) =0. (4.23)

Proof of (4.22). Let us prove that the sequence

h(L(W,
pn+_P<((w>)2N+2n>
Inn

vanishes. Since £(W},) is a permuted concatenation of (£(L;))1<i<n, in
which the underlying tree, £ (W), has ;.. y X; needles unmarked,
and N marked leaves (or blades), Lemma entails that:

h(La, (Win))) < N + max Xi,

which yields the following bound:

h(E(Wp)) < N + max X; + max H;.
1<i<N 1<i<N

Thus, if t,, = o(lnn) and if n is large enough,
<P Ho> A ;
Py <P(N >t,) —i—tnIF’(lnn > A —i—n) + P max X; > 2logyty | -
_Z_ n

Since N — 1 is smaller than the number X of occurrences of the pattern 0%~
in W, that satisfies

E[X+1]=n—a,+1)27% 41 < 2%n

we have
P (N >3%) < (%)%
According to Theorem for n > 0,
h(L(L"
lim P (M > (A" +n) ln2> =0.
n ")/n

We can thus choose a sequence ¢, that fulfills conditions (4.21) in such a
way that 33" = o(Inn) and
h(E(L™))

lim 3% P (
n Tn

> (A*+n)ln2> =0.
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But since h(£(LF)) is stochastically increasing in k, we have

h(£(L))

lim 33" P <
n 10g2 n

> (A* +77)ln2> =0.
Finally

2 tTL 2
P <1r<rﬁ>t<nX > 2log, tn> <1—-(1- %) < —tp,In(1— %)’

and the choice t,, = 33" gives the desired result. O

Proof of (4.23 - Let us call huge run of a word any maximal run of 0’s of its
necklace that is at least (,-letters long. Let now N (resp. N) stand for the
number of huge runs contained in the necklace of W, (resp. of W,); as in
Section w.h.p. N and N grow at least like 2°». We shall prove that,
w.h.p., N N and that, w.h.p., the Lyndon factors L, Lo, ... Ly (resp.
Li,Lo,...L ~) induced by these huge runs have the same lexicographic order.
The convention here is that L; (or L; for that matter) begins with the first
letter of the first huge run in W,,, and ends with the last letter before the
second huge run in W,.

This way, typically, Ly (resp. Ly) straddles the end of W, (resp. W),
for, in (W,), or in (W,)) as well, w.h.p., the run of 0’s that straddles the
end of the word is not huge:

e in W, the length of this run is stochastically smaller than the sum of
two X;’s, thus the probability that it is huge is smaller than 2 Pn/2.

e since W, ends with a run of exactly a,, 0’s, a run straddling the end
of Wy is huge only if the run of 0’s at the beginning of W is longer
than e,, i.e. with probability 27».

Thus N = N w.h.p., and Li=Lifor1<i<N—1.
Also, w.h.p., there exists no huge run in the last 3, + y/n characters of
W, the probability being bounded by

(L+ V)2 = o(1),

and a y/n-letters long pattern does not appear twice in W,,, the probability
being bounded by
n?27Vr = o(1).

It follows that, though different, Ly and Ly begin with the same huge
run, and have the same first \/n characters after their initial huge run. As
a consequence, the outcome of the lexicographic comparison between Ly
(resp LN) and L;, being known before reading the y/n-th character of
Ly (vesp. Ly), is the same in both cases. So, £(W,,) and L£(W,)) are
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A ~

permuted concatenations of (£(L;))1<i<n (resp. (£(Li))1<i<n) with the
same underlying tree and the same permutation, and the height of their
leaves are the same, but perhaps if the label of the leaf is a letter from Ly
or i N-

Finally, we prove that w.h.p. at least one of the highest leaves, say v*,
of £(W,,) is not labeled with a letter from the factor Ly. This is due to the
following facts:

1. if 1 < 2, < y, < n, then with a probability at least 2=~ at least

n

one of the highest leaves of £(W),,) is between x,, and y,;

2. we can choose x,, yn so that, simultaneously, 1 — ¥2—=*= = o(1), and,

w.h.p., Ly does not overlap [zn, yn]-

Since the previous highly likely events insure that all the leaves from [Zl',
i < N have the same height in £(W,) and in £(W,), the height of v* in
L(Wpy) is h(€£(Wy)), which entails (4.23).

Let us prove points (1) and (2). Let w be a primitive word of {0,1}"
and let (w) denote its necklace. Conditionally, given that W,, € (w), W, is
uniform on (w). Let IT = {II;,1 <1 < k} C [1,n] be the set of positions of
the labels of the highest leaves of £(w). The ¢-th element of (w) (obtained
after the permutation of a ¢-letters long suffix of w with the corresponding
n — (-letters long prefix) fills the condition of point (1) iff ¢ € [z, y,] — IL.
Now [z, yn] —II is an union of intervals of Z,, with the same width y,, — x,,
thus this reunion has exactly y, — z, + 1 elements if there exists only one
highest leaf (this never happens for a binary tree), but else it has more
elements. It follows that for any primitive word w,

P (W,, meets condition (1)|W,, € (w)) > %Ma

which takes care of point (1) for n large enough (recall e.g. [CAI0, Lemma
2.1]).

For point (2), consider the position L (resp. R) of the 0 with rank £, in
the first huge run of W, (resp. the position of the 0 ranked 3, in the first
huge run of W, going backward from the last letter of W,,). For R to be
fully defined you need to see W, as a doubly infinite sequence of random
characters. If L ~ overlaps [z, y,] then L — 3, > x,, or R < y,,. Also L and
n + 1 — R follow the geometric distribution of order f, (cf. [BK02, p. 17,
(2.18)]) whose expectation (resp. variance) are

21+5n _ 27 23+2ﬁn(1 _ (2/871 + 5)2*2*,3n + 272725»,7‘)7
with the consequence that, by Chebyshev’s inequality, for n large enough,
P(L2(1+pav2)2' ) < pi2.
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One can choose p,, ~ 2°" so that x,, = (1 + pnﬂ)21+ﬁ" =n27°", and one
can also take n + 1 — y,, = =, so that

P(L>,)+P(R <y, <2p,%,

and 1 — ¥2—%n — pl=en _ %, which proves point (2). O
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Résumé

Cette thése est consacrée a ’étude du comportement asymptotique de grands graphes et ar-
bres aléatoires. Le premier modeéle étudié est un modéle de graphe aléatoire inhomogéne introduit
par Bo Soderberg en 2002. Un chapitre de ce manuscrit est consacré a I’étude du comportement
asymptotique de la taille des composantes connexes & proximité de la fenétre critique, en le re-
liant & la longueur des excursions d’un mouvement brownien avec dérive parabolique, étendant
les résultats obtenus par Aldous. Le chapitre suivant est consacré a I’étude d’un processus de
graphes aléatoires proposé par Itai Benjamini, défini ainsi : les arétes sont ajoutées indépendam-
ment, & taux fixe. A chaque fois qu’un sommet atteint le degré k, toutes les arétes adjacentes a ce
sommet sont immédiatement supprimées. Ce processus n’est donc pas croissant, ce qui empéche
d’utiliser directement un certain nombre d’approches usuelles. L’utilisation de limites locales,
similaires & celles utilisées dans le PWIT, permet de montrer la présence (resp. I’absence) d’une
composante géante a certaines étapes dans le cas k > 5 (resp. k < 3). Dans le cas k = 4, ces
résultats permettent de caractériser la présence (resp. l’absence) d’une composante géante en
fonction du caractére surcritique (resp. critique ou sous-critique) d’un processus de branchement
associé. Dans le dernier chapitre est étudiée la hauteur d’un arbre de Lyndon associé & un mot de
Lyndon choisi uniformément parmi les mots de Lyndon de longueur n, prouvant que cette hau-
teur est approximativement clnn, avec ¢ = 5,092... la solution d’un probléme d’optimisation.
Afin d’obtenir ce résultat, nous couplons d’abord ’arbre de Lyndon & un arbre de Yule, que nous
étudions ensuite a 'aide de techniques provenant des théories des marches branchantes et des
grandes déviations.

Mots-clés: Probabilité, Graphes aléatoires, Limite locale, Transition de phase, Processus de
branchement, Couplage.

Abstract

This thesis is dedicated to the study of the asymptotic behavior of some large random graphs
and trees. First is studied a random graph model introduced by Bo Séderberg in 2002. One
chapter of this manuscript is devoted to the study of the asymptotic behavior of the size of
the connected components near the critical window, linking it to the lengths of excursion of a
Brownian motion with parabolic drift. The next chapter talks about a random graph process
suggested by Itai Benjamini, defined as follows: edges are independently added at a fixe rate.
Whenever a vertex reaches degree k, all adjacent edges are removed. This process is non-
increasing, preventing the use of some commonly used methods. By using local limits, in the
spirit of the PWIT, we were able to prove the presence (resp. absence) of a giant component at
some stages of the process when k > 5 (resp. k < 3). In the case k = 4, these results allows to
link the presence (resp. absence) of a giant component to the supercriticality (resp. criticality
or subcriticality) of an associated branching process. In the last chapter, the height of random
Lyndon tree is studied, and is proven to be approximately clnn, in which ¢ = 5.092... the
solution of an optimization problem. To obtain this result, we couple the Lyndon tree with a
Yule tree, then studied with the help of branching walks and large deviations.

Keywords: Probability, Random Graphs, Local Limits, Phase Transition, Branching Processes,
Coupling.



