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❘❡s❡❛r❝❤❡rs ❛♥❞ st❛✛ ♦❢ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❈❡♥t❡r ✐♥ ❆✉t♦♠❛t✐❝s ▼② ❣r❛t✐t✉❞❡

t♦ ❊r♥❡st ●❆▲❇❘❯◆ ✇❤♦ ❤❡❧♣❡❞ ♠❡ t♦ ❞❡❛❧ ✇✐t❤ ❤✐s ▼❈▼▲✲❈❯❉❆ ♣r♦❣r❛♠ ❛♥❞ ✇❛s ❛❧✇❛②s
❤❡❧♣❢✉❧ t♦ ❣✐✈❡ ❛♥② ❛❞✈✐❝❡ ♦♥ ✐t✳ ❲✐t❤♦✉t ❤✐s ❦♥♦✇❧❡❞❣❡ ❛♥❞ ❤❡❧♣❢✉❧♥❡ss ✐t ✇♦✉❧❞ ❜❡ ♠✉❝❤ ♠♦r❡
❝♦♠♣❧✐❝❛t❡❞✳ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❛❧❧ t❤❡ st❛✛ ♦❢ t❤❡ ❧❛❜♦r❛t♦r②✱ ❡s♣❡❝✐❛❧❧② P■❊❘❙❖◆ ❈❤r✐st✐♥❡
❢♦r ❣✉✐❞✐♥❣ ♠❡ t❤r♦✉❣❤ ❛❞♠✐♥✐str❛t✐✈❡ ♣r♦❝❡❞✉r❡s✱ ❤❡❧♣✐♥❣ ✇✐t❤ ❞♦❝✉♠❡♥ts ❛♥❞ ❜❡✐♥❣ ❤❡❧♣❢✉❧
✇✐t❤ ♠② ❋r❡♥❝❤✱ ❈❖❯❘❘■❊❘ ❈❛r♦❧❡ ❢♦r ❜❡✐♥❣ ♣r♦❢❡ss✐♦♥❛❧ ❛♥❞ ❤❡❧♣✐♥❣ ✇✐t❤ t❤❡ ❛❞♠✐♥✐str❛t✐✈❡
♣r♦❝❡❞✉r❡s ❢♦r ❝♦♥❢❡r❡♥❝❡s ❛♥❞ ♠❛❦✐♥❣ ♠❡ s♣❡❛❦ ❋r❡♥❝❤✳

❙♣❡❝✐❛❧ t❤❛♥❦s t♦ ❛❧❧ t❤❡ P❤❉ st✉❞❡♥ts ■ ♠❡t ❛♥❞ ❣r❡❛t t✐♠❡ ❞✉r✐♥❣ ❜r❡❛❦s✱ ❞✐s❝✉ss✐♦♥s ❛♥❞
❢♦r ❜❡✐♥❣ ❛✇❡s♦♠❡ ❢r✐❡♥❞s✳

▼② ❢❛♠✐❧②▼♦t❤❡r ■♥♥❛ ❱✳ ❑❍❖▲❖❉❚❙❖❱❆ ❛♥❞ ❣r❛♥❞♠♦t❤❡r ❱❛❧❡♥t✐♥❛ ❋✳ ❑❍❖▲❖❉❚❙❖❱❆
❢♦r ✉♥❞❡rst❛♥❞✐♥❣✱ s✉♣♣♦rt ❛♥❞ ❧♦✈❡✱ ❢❛♠✐❧② ❢r✐❡♥❞ ❆♥❛t♦❧✐② ■✳ ❘❨❆❇❚❙❊❱✳

▼② ❢r✐❡♥❞s t❤♦s❡ ■ ❦♥♦✇ s✐♥❝❡ ♠② ❝❤✐❧❞❤♦♦❞ ❛♥❞ ✉♥✐✈❡rs✐t② ②❡❛rs ❛♥❞ t❤♦s❡ ❢r♦♠ ❛❧❧ ♦✈❡r
t❤❡ ✇♦r❧❞ ■ ♠❡t ❞✉r✐♥❣ ♠② P❤❉ st✉❞✐❡s ✐♥ ❋r❛♥❝❡✳

▼② ✉♥✐✈❡rs✐t② ▼❊P❤■ t✉t♦rs Pr♦❢❡ss♦r ❙❡r❣❡② ❆✳ ●❖◆❈❍❯❑❖❱ ❛s t❤❡ ✜rst ❣✉✐❞❡ t♦
❝♦♥❞❡♥s❡❞ ♠❛tt❡r ❛♥❞ ❜✐♦♣❤②s✐❝s✱ ❊❱❙❊❊❱ ■❣♦r ❆✳ ✭♣♦st ♠♦rt❡♠✮ ✇❤♦ ♣❛rt✐❝✐♣❛t❡❞ ✐♥ ♠② s❝✐✲
❡♥t✐✜❝ ❞❡✈❡❧♦♣♠❡♥t✳

▼② ♥❡✐❣❤❜♦rs ♣r♦❢❡ss♦rs ♦❢ ▼❊P❤■ ✲ ❱❉❖❱■◆ ■✉r✐✐ ❆✳ ❛♥❞ ❱❉❖❱■◆❆ ▲✉❞♠✐❧❛ ❆✳ ❢♦r t❤❡✐r
s✉♣♣♦rt ❛♥❞ ❜❡❧✐❡✈❡ ✐♥ ♠② ✇♦r❦✳

❋♦r t❤❡ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦✿
❈♦♥s❡✐❧ ❘é❣✐♦♥❛❧ ❞❡ ▲♦rr❛✐♥❡

❋r❡♥❝❤ ❊♠❜❛ss② ✐♥ ▼♦s❝♦✇

✐✐



❲❤❡♥❡✈❡r ②♦✉ ✜♥❞ ②♦✉rs❡❧❢ ♦♥ t❤❡ s✐❞❡ ♦❢

t❤❡ ♠❛❥♦r✐t②✱ ✐t ✐s t✐♠❡ t♦ ♣❛✉s❡ ❛♥❞ r❡✢❡❝t✳

▼❛r❦ ❚✇❛✐♥

✐✐✐
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❚❛❜❧❡ ♦❢ ❝♦♥t❡♥ts

▲✐st ♦❢ ❋✐❣✉r❡s ✐①

▲✐st ♦❢ ❚❛❜❧❡s ①✈

●❡♥❡r❛❧ ■♥tr♦❞✉❝t✐♦♥ ①✈✐✐

✶ ❋r❛♠❡✇♦r❦ ❛♥❞ ❖❜❥❡❝t✐✈❡s ♦❢ t❤❡ t❤❡s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ①✈✐✐

✷ ▼❛✐♥ ❈♦♥tr✐❜✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ①✈✐✐

✷✳✶ ❊①♣❡r✐♠❡♥t❛❧ ♠♦❞❡❧✐♥❣✴❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ①✈✐✐

✷✳✷ ■♥✢✉❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♥ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ✳ ✳ ①✈✐✐✐

✷✳✸ ■♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✈✐♥❣ t♦ ❡st✐♠❛t❡ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t✐ss✉❡s ❢r♦♠

s♣❛t✐❛❧❧② r❡s♦❧✈❡❞ s♣❡❝tr♦s❝♦♣✐❝ ♠❡❛s✉r❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ①✈✐✐✐

✷✳✹ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♥ t❤❡ ✢✉♦r❡s❝❡♥❝❡ ❧✐❢❡t✐♠❡ ✳ ✳ ✳ ①✐①

✸ ▲✐st ♦❢ s❝✐❡♥t✐✜❝ ♣✉❜❧✐❝❛t✐♦♥s ✭✷✵✶✶✲✷✵✶✻✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ①①

✸✳✶ ■♥t❡r♥❛t✐♦♥❛❧ ❥♦✉r♥❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ①①

✸✳✷ ■♥t❡r♥❛t✐♦♥❛❧ ❝♦♥❢❡r❡♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ①①

✸✳✸ ◆❛t✐♦♥❛❧ ❥♦✉r♥❛❧s ✭❘✉ss✐❛♥✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ①①✐

✸✳✹ ◆❛t✐♦♥❛❧ ❝♦♥❢❡r❡♥❝❡s ✭❋r❡♥❝❤ ❛♥❞ ❘✉ss✐❛♥✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ①①✐✐

✸✳✺ ▼❛♥✉s❝r✐♣t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ①①✐✐

✸✳✻ P❛t❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ①①✐✐✐

❈❤❛♣t❡r ✶

P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s ✶

✶✳✶ P❤♦t♦♣❤②s✐❝s ❜❛s✐❝s ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✶✳✶ ❘❡❢r❛❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷
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✶✳✷ ❈r✐t❡r✐❛ ❢♦r st❛t✐st✐❝❛❧ ❝❤❛r❛❝t❡r✐③✐♥❣ ♦❢ ❛♥ ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s ♠❡t❤♦❞ ❡✣❝✐❡♥❝② ✳ ✳ ✶✵

✶✳✷✳✶ ❙❡♥s✐t✐✈✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✈



❚❛❜❧❡ ♦❢ ❝♦♥t❡♥ts
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✶✳✷✳✸ P♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ♣r❡❞✐❝t✐✈❡ ❢❛❝t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✸ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ✐♥ ❝❛♥❝❡r ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✹ ❚✐ss✉❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❝❤❛♥❣❡ ❞✉❡ t♦ ♣❛t❤♦❧♦❣✐❝❛❧ ♠♦❞✐✜❝❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
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✶✳✺✳✶ Pr♦❜❡ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r ✐♥ ✈✐✈♦ ❛♣♣❧✐❝❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
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✶✳✼ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ♣r♦❝❡ss❡s✳ Rf ✲ r❡✢❡❝t❛♥❝❡✱ Rd ✲ ❞✐❢✲
❢✉s❡❞ r❡✢❡❝t❛♥❝❡✱ Tc ✲ ❝♦❧❧✐♠❛t❡❞ tr❛♥s♠✐tt❛♥❝❡✱ Td ✲ ❞✐✛✉s❡❞ tr❛♥s♠✐tt❛♥❝❡✳ ❊❚
✲ ❊♥❡r❣② ❚r❛♥s❢❡r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✽ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✜❜❡r st❛♥❞❛r❞ ❣❡♦♠❡tr② ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♣❡rt✉r❡ NA s❡♥❝❡✳ ✳ ✳ ✶✺

✶✳✾ ▼✉❧t✐✲✜❜❡r ♣r♦❜❡ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✿ ❛✮ ♣r♦✜❧❡ ♦❢ ❛ s✐♥❣❧❡ ✜❜❡r✱ ❜✮ ❞✐st❛❧ ❡♥❞ ♦❢
❛ s✐♥❣❧❡ ✜❜❡r✱ ❝✮ t❤❡ ♠✉❧t✐✲✜❜❡r ♣r♦❜❡ ❣❡♦♠❡tr②✳ ◆❆ ♦❢ ❛ s✐♥❣❧❡ ✜❜❡r ❂ ✵✳✷✷✱
❞✐❛♠❡t❡r D ❡q✉❛❧s ✷✵✵ µ♠✳ ❚❤❡ ❝♦❧♦r❡❞ ✜❜❡rs ❛r❡ t❤♦s❡ ✇❤✐❝❤ ✇❡r❡ ✉s❡❞ ✐♥ t❤❡
❡①♣❡r✐♠❡♥ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✶✵ ❙❝❤❡♠❡ ♦❢ t❤❡ ♠✐s♠❛t❝❤❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❆ ✲ ❚❤❡ ♣❤♦t♦♥s ❞✐✛✉s❡ ✐♥ ❛ J
✢✉① t♦✇❛r❞s t❤❡ s✉r❢❛❝❡ ❛♥❞ ✐♥ ❛♥ I ✢✉① ❛✇❛② ❢r♦♠ s✉r❢❛❝❡✱ tr❛✈❡❧✐♥❣ ♦♥ ❛✈❡r❛❣❡
t❤❡ ❞✐st❛♥❝❡ L = 2 △ z ♣❡r △z ❛❧♦♥❣ t❤❡ ③✲❛①✐s✱ t❤❡ ✐♥t❡r♥❛❧ r❡✢❡❝t❛♥❝❡ ri ❛t
t❤❡ s✉r❢❛❝❡ ✐s t❤❡♥ I = riJ ✳ ❚❤❡ ❡s❝❛♣✐♥❣ r❡✢❡❝t❛♥❝❡ R = (1 − ri)J ✳ ❚❤✉s t❤❡
✢✉❡♥❝❡ r❛t❡ ❛t t❤❡ s✉r❢❛❝❡ ✐s ❊q✳ ✶✳✸✵✳ ❇ ✲ t❤❡ ✶✲❉ ✢✉❡♥❝❡ r❛t❡ ❞✐str✐❜✉t✐♦♥ ❞✉❡
t♦ ❛ ♣❧❛♥❛r s♦✉r❝❡ ❛t z = zs ❛♥❞ ❛♥ ❛✐r✲t✐ss✉❡ ❜♦✉♥❞❛r② ❛t z0✳ zb ✐s t❤❡ s✉r❢❛❝❡ ♦❢
s②♠♠❡tr②✳ ■❢ t❤❡ ♣♦s✐t✐✈❡ s♦✉r❝❡ ✐s ❛t zs✱ t❤❡♥ t❤❡ ♥❡❣❛t✐✈❡ ♦♥❡ ✐s ❝❛❧❝✉❧❛t❡❞ ❛s
zi = 2zb − zs ❛♥❞ ✐s ♣❧❛❝❡❞ ♦✉ts✐❞❡ t❤❡ t✐ss✉❡✳ ❆ ✢✉① ♦✉t ♦❢ t❤❡ s✉r❢❛❝❡ ✐s ❣✉✐❞❡❞
❜② t❤❡ ❣r❛❞✐❡♥t ♦❢ ❧✐❣❤t ❜❡t✇❡❡♥ z0 ❛♥❞ zb✱ t❤✉s ❘ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❊q✳ ✶✳✸✶ ✳ ✳ ✳ ✷✷

✐①



▲✐st ♦❢ ❋✐❣✉r❡s

✶✳✶✶ ❋❧♦✇❝❤❛rt ❢♦r t❤❡ ▼❈▼▲ ♠♦❞❡❧✳ ❚❤❡ ♣❤♦t♦♥ ♣❛❝❦❡t ✐s ✐♥✐t✐❛❧✐③❡❞✱ ✐✳ ❡✳ ♥✉♠❜❡r
♦❢ ♣❤♦t♦♥s ❛♥❞ t❤❡✐r ✇❡✐❣❤ts ❛r❡ ❞❡✜♥❡❞✳ ❚❤❡♥ r❛♥❞♦♠ ✇❛❧❦ ✐s ❝❛❧❝✉❧❛t❡❞ ❛♥❞
t❤❡ ♣❤♦t♦♥ ♣❛❝❦❛❣❡ ✐s ♠♦✈❡❞ t♦ t❤❡ ♠❡❞✐✉♠✳ ■❢ t❤❡ ♣❤♦t♦♥ ♣❛❝❦❛❣❡ ❤❛s ❧❡❢t t❤❡
♠❡❞✐✉♠ ❛♥❞✴♦r t❤❡ ❧❛②❡r✱ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ t❤❡ ✐♥t❡r♥❛❧ r❡✢❡❝t✐♦♥ ✐s ❝❤❡❝❦❡❞✳ ■❢
t❤❡ ♣❤♦t♦♥ ❧❡❢t t❤❡ ♠❡❞✐✉♠✱ t❤❡♥ t❤❡ ❛❜s♦r♣t✐♦♥ ❛♥❞ ♣❤♦t♦♥ ✇❡✐❣❤t ❛r❡ ✉♣❞❛t❡❞✱
r❡✢❡❝t✐♦♥ ✐s ✉♣❞❛t❡❞ t♦♦✳ ■❢ t❤❡ ✇❡✐❣❤t ✐s t♦♦ s♠❛❧❧✱ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♣❤♦t♦♥
s✉r✈✐✈❛❧ ✐s ❝❤❡❝❦❡❞✳ ■❢ t❤❡ ✇❡✐❣❤t ✐s t♦♦ s♠❛❧❧✱ t❤❡ ♥❡✇ ♣❤♦t♦♥ ✐s ❧❛✉♥❝❤❡❞✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✶ ❘❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ✭ε(λ)✮ ❢♦r ❣♦❧❞ ❛♥❞ s✐❧✈❡r
♥❛♥♦♣❛rt✐❝❧❡s ✐♥ t❤❡ ♦♣t✐❝❛❧ r❡❣✐♦♥ ✭✸✺✵✲✶✵✵✵ ♥♠✮ ♦❜t❛✐♥❡❞ ❜② ❬❏♦❤♥s♦♥ ❛♥❞ ❈❤r✐st②✱
✶✾✼✷❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✷✳✷ ❈♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ r❡❛❧ ❛♥❞ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ ❢r❡❡ ✭❉r✉❞❡✮ ❡❧❡❝tr♦♥s ♦❢
t❤❡ s✐③❡✲❞❡♣❡♥❞❡♥t ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ✭εFree(λ, a)✮ ♦❢ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥ ♦♣t✐❝❛❧
r❡❣✐♦♥ ✭✸✺✵✲✾✵✵ ♥♠✮ ❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❛❞✐✐✿ ✼±✶ ❛♥❞ ✷✺±✶ ♥♠ ✳ ✳ ✳ ✳ ✸✺

✷✳✸ ❈♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ r❡❛❧ ❛♥❞ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ ❜♦✉♥❞❡❞ ❡❧❡❝tr♦♥s ♦❢ t❤❡ s✐③❡✲
❞❡♣❡♥❞❡♥t ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ✭εInterBand(λ, a)✮ ♦❢ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥ ♦♣t✐❝❛❧
r❡❣✐♦♥ ✭✸✺✵✲✾✵✵ ♥♠✮ ❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❛❞✐✐✿ ✼±✶ ❛♥❞ ✷✺±✶ ♥♠ ✳ ✳ ✳ ✳ ✸✻

✷✳✹ ❈♦❛t❡❞ ♥❛♥♦♣❛rt✐❝❧❡ ✐♥ ❞✐❡❧❡❝tr✐❝ ♠❡❞✐✉♠✱ ❦ ✐s t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
✜❡❧❞✱ a✱ b ❛♥❞ c ❛r❡ t❤❡ s❡♠✐✲❛①❡s✱ d st❛♥❞s ❢♦r t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❝♦❛t✳ ❚❤❡
❝♦♦r❞✐♥❛t❡ s②st❡♠ ✐s ✐♥❞✐❝❛t❡❞ ❜② x✱ y ❛♥❞ z✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✺ ◆♦r♠❛❧✐③❡❞ s❝❛tt❡r✐♥❣ ♦❢ t❤❡ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ ▼✐❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✱ r ❂ ✺✱ ✶✵✱ ✷✵✱ ✸✵✱ ✹✵✱ ✺✵ ♥♠✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s
t❤❡ r❡❞✲s❤✐❢t ❢♦r ♥❛♥♦♣❛rt✐❝❧❡s ✇✐t❤ r❛❞✐✐ ❣r♦✇t❤✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷✳✻ ◆♦r♠❛❧✐③❡❞ ❛❜s♦r♣t✐♦♥ ♦❢ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❛♥❛❧②t✐❝❛❧ ▼✐❡ s♦❧✉✲
t✐♦♥ ♦❢ t❤❡ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✱ r ❂ ✺✱ ✶✵✱ ✷✵✱ ✸✵✱ ✹✵✱ ✺✵ ♥♠✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s
t❤❡ r❡❞✲s❤✐❢t ❢♦r ♥❛♥♦♣❛rt✐❝❧❡s ✇✐t❤ r❛❞✐✐ ❣r♦✇t❤✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷✳✼ ❉❡♣❡♥❞❡♥❝❡ ♦❢ r❡s♦♥❛♥t s❝❛tt❡r✐♥❣✱ ❛❜s♦r♣t✐♦♥ ❛♥❞ ❡①t✐♥❝t✐♦♥ ✇❛✈❡❧❡♥❣t❤s ♦♥ ❣♦❧❞
♥❛♥♦♣❛rt✐❝❧❡s r❛❞✐✉s✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s s❤♦✇ t❤❛t t❤❡ r❡s♦♥❛♥t ✇❛✈❡❧❡♥❣t❤s ❛r❡ ❞✐❢✲
❢❡r❡♥t ❢♦r s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥✱ t❤✉s ❡①t✐♥❝t✐♦♥ ❝r♦ss✲s❡❝t✐♦♥ r❡s♦♥❛♥t ✇❛✈❡✲
❧❡♥❣t❤ ✐s ❧②✐♥❣ ❜❡t✇❡❡♥ ❛❜s♦r♣t✐♦♥ ❛♥❞ s❝❛tt❡r✐♥❣ ♠❛①✐♠❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷✳✽ ❉❡♣❡♥❞❡♥❝❡ ♦❢ ❛❜s♦r♣t✐♦♥✱ s❝❛tt❡r✐♥❣ ❛♥❞ ❡①t✐♥❝t✐♦♥ ❝r♦ss✲s❡❝t✐♦♥s ❞❡♣❡♥❞❡♥❝❡ ♦♥
t❤❡ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s r❛❞✐✐✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝r♦ss✲s❡❝t✐♦♥
✈❛❧✉❡ ❢♦r s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥✱ ✇❤❛t ❝❤❛♥❣❡s t❤❡ r❡s♦♥❛♥t ✇❛✈❡❧❡♥❣t❤ ♦❢ t❤❡
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✸✳✺ ❊♣✐❞❡r♠✐s ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡♦r② ✭❬❖▼▲❈❪ ✲ ❬❏❛❝q✉❡s ❛♥❞
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✸✳✻ PP■❳ ✶ ♠❣✴❦❣ ❛♥❞ ❣❡❧❛t✐♥ ✺✪ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts✱ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❛♥❞ ❞❛t❛
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✸✳✼ ❈♦♠♣❛r✐s♦♥ ♦❢t❤❡ ❡♣✐❞❡r♠✐s s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥t ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ❛♥❞ t❤♦s❡ ♦❢
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✸✳✽ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞❡r♠✐s s❝❛tt❡r✐♥❣❝♦❡✣❝✐❡♥t ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ❛♥❞ t❤♦s❡ ♦❢
♣❤❛♥t♦♠s✳ ✭✶✮ ✲ ❬▼❝❉♦♥❛❧❞ ❡t ❛❧✳✱ ✷✵✵✹❪✱ ✭✷✮ ✲ ❬▲✐❧❣❡ ❡t ❛❧✳✱ ✶✾✾✸❪✱ ✭✸✮✲ ❬P♦❣✉❡
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✸✳✾ ❚❤❡ ❛♥✐s♦tr♦♣② ❢❛❝t♦r ❢♦r ■♥tr❛❧✐♣✐❞ ✶✵✪✳ ✭✶✮ ✲ ❬❋❧♦❝❦ ❡t ❛❧✳✱ ✶✾✾✷❪✱ ✭✷✮ ✲ ❬✈❛♥
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▲✐st ♦❢ ❋✐❣✉r❡s

✸✳✶✵ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✉s❡❞ t♦ ♠❡❛s✉r❡ t❤❡ ♦♣t✐❝❛❧ r❡s♣♦♥❝❡ ♦❢ t❤❡ ♠♦❞❡❧❡❞ t✐ss✉❡✳
❚❤❡ ❧❛s❡rs ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ♠✉❧t✐✲✜❜❡r ♣r♦❜❡ ❬P❡r②✱ ✷✵✵✼❪ ✇✐t❤ ✻ ❞✐✛❡r❡♥t ❙❉❙✳
❚❤❡ ❞✐✛✉s❡✲r❡✢❡❝t❡❞ ❧✐❣❤t ✐s ❝♦❧❧❡❝t❡❞ t♦ t❤❡ r❡❝❡✐✈✐♥❣ ✜❜❡rs✱ t❤❡♥ tr❛♥s❢❡rr❡❞ t♦
s♣❡❝tr♦♣❤♦t♦♠❡t❡r ▲❊❙❆ ❛♥❞ ❛♥❛❧②③❡❞ ❜② t❤❡ ❯♥♦▼♦♠❡♥t♦ s♦❢t✇❛r❡✳ ❚❤❡ ♠♦❞❡❧
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✸✳✶✶ ❚❤❡ r❡❛❧ s♣❡❝tr✉♠ ♦❢ ❍❛❧♦❣❡♥ ❧❛♠♣ ❛♥❞ t❤❡ ❜❧❛❝❦ ❜♦❞② ❝♦rr❡❝t✐♦♥ ✇✐t❤ ❛♣♣r♦①✐✲
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✸✳✶✸ ❚❤❡ ✜❧t❡rs ♦♣t✐❝❛❧ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ✇❛✈❡❧❡♥❣t❤ ❢♦r t❤❡ ✺✸✷ ♥♠ ❛♥❞ ✻✸✷✳✽
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✸✳✶✹ ◆♦♥✲ ❛♥❞ ♣♦st ♣r♦❝❡ss❡❞ ❡♠✐ss✐♦♥ s♣❡❝tr❛ ❢♦r ✺✸✷ ♥♠ ❡①❝✐t❛t✐♦♥ ✭PP■❳ ✶ ♠❣✴❦❣✱
❆✉ ◆P ✶ ♠❣✴❦❣✱ ❞❡r♠✐s ♣❤❛♥t♦♠✮✱ ♥♦r♠❛❧✐③❡❞ ❜② ❛r❡❛ ✉♥❞❡r t❤❡ ❝✉r✈❡s ✳ ✳ ✳ ✳ ✳ ✻✺

✸✳✶✺ ●r❛♣❤✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❛♥❛❧②③❡❞ ❝♦♠♣♦♥❡♥ts ✭L ✲ ▲❛s❡r✱ F ✲ ❋❧✉♦r❡s❝❡♥❝❡✱
FI ✲ ❋❧✉♦r❡s❝❡♥❝❡ ■♥❞❡①✮ ❢♦r t❤❡ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✳ M1−M4
❛r❡ t❤❡ ♠❛r❦❡rs ♣❧❛❝❡❞ ±✶✵ ♥♠ ❢r♦♠ t❤❡ ❧❛s❡r ❛♥❞ ✢✉♦r❡s❝❡♥❝❡ ♠❛①✐♠✉♠ ♣❡❛❦s ✳ ✻✻

✸✳✶✻ ●r❛♣❤✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✶ ♠❣✴❦❣ ✐♥ t❤❡ ✈♦❧✲
✉♠❡ ♦❢ ❛ ♣❤❛♥t♦♠✱ ✇❤✐❝❤ ❤❛s ✶✵✵ µm ❡♣✐❞❡r♠❛❧ ❧❛②❡r t❤✐❝❦♥❡ss ❛♥❞ ✸ ❝♠ ❞❡r♠❛❧
❧❛②❡r ❞❡♣t❤ ❛♥❞ ❡①♣♦s❡❞ t❤r♦✉❣❤ t❤❡ ✜❜❡r ✇✐t❤ ✷✵✵ µm ❞✐❛♠❡t❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼
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✸✳✶✽ ■♥✢✉❡♥❝❡ ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞ ❡♣✐❞❡r♠❛❧ ❧❛②❡r t❤✐❝❦♥❡ss ♦♥ ❧❛s❡r ❝♦♠♣♦♥❡♥t ♦❢
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✸✳✶✾ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞ t❤❡ ❙❉❙ ♦♥ t❤❡ ✢✉♦r❡s❝❡♥t ❝♦♠♣♦♥❡♥t ♦❢ t❤❡
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✸✳✷✵ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞ t❤❡ ❡♣✐❞❡r♠❛❧ ❧❛②❡r t❤✐❝❦♥❡ss ♦♥ t❤❡ ✢✉♦r❡s❝❡♥t
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✐♥❞❡① FI ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹
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✸✳✷✸ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❙❉❙ ❛♥❞ t❤❡ ❡♣✐❞❡r♠❛❧ ❧❛②❡r t❤✐❝❦♥❡ss ♦♥ t❤❡ ❧❛s❡r✱ t❤❡ ✢✉♦r❡s✲
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✹✳✶ ❆✮ Pr✐♥❝✐♣❧❡ ♦❢ ❙❉❘❙ ✭s♦✉r❝❡✱ ♣r♦❜❡✱ t✐ss✉❡✱ s♣❡❝tr✉♠✮❀ ❇✮ ❙❝❤❡♠❡ t✐ss✉❡✴s✐♠✉✲
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✹✳✷ ❚❤❡ ♣r✐♥❝✐♣❛❧ s❝❤❡♠❡ ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❢♦r ♠✉❧t✐ ♠♦❞❛❧ s♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞ ♦♣t✐❝❛❧
❞✐❛❣♥♦s✐s✳ ❚❤✐s s❝❤❡♠❡ ✐s r❡♣r❡s❡♥t✐♥❣ t❤❡ ❣❧♦❜❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss ❤♦✇❡✈❡r
❢♦r ♦✉r r❡s❡❛r❝❤ ✇❡ ♦♣t✐♠✐③❡❞ ♦♥❧② s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts✱ ✜①✐♥❣
♦t❤❡r ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✹✳✸ ❙❡t✉♣ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ❡①❝✐t❛t✐♦♥ ❧✐❣❤t
s♦✉r❝❡ ✐s ❛♣♣❧✐❡❞ t♦ t✐ss✉❡ t❤r♦✉❣❤ ✜❜❡r F0 ♦❢ t❤❡ t❤❡ ♠✉❧t✐✜❜❡r ♣r♦❜❡ ❬P❡r②✱ ✷✵✵✼❪
✇✐t❤ t✐ss✉❡ ✐♥❝✐❞❡♥t ❧✐❣❤t ✐♥t❡♥s✐t②✱ I0(λ)✳ ❉❘ ✐♥t❡♥s✐t② s♣❡❝tr❛ ✭Iexp(λ, r)✮ ❛r❡
❝♦❧❧❡❝t❡❞ ❛t ✻ ❞✐✛❡r❡♥t ❙❉❙ ✭261, 344, 500, 778, 1041, 1290µm✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
❞✐st❛♥❝❡s r1..6 = [261, 344, 500, 778, 1041, 1290] µm✱ r❡s♣❡❝t✐✈❡❧②✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✹✳✹ ■♥t❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ♦♥ ❞✐st❛♥❝❡ ❢♦r 108 ♣❤♦t♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✹✳✺ ▲▼❆ s❝❤❡♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✹✳✻ ◆♦r♠❛❧✐③❡❞ ❧♦❣✲s❝❛❧❡ ✐♥t❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ♦♥ s♦✉r❝❡✲❞❡t❡❝t♦r s❡♣❛r❛t✐♦♥ ✇✐t❤ ❙❉
❡rr♦rs ❢♦r ✶✵ s✐♠✉❧❛t✐♦♥s ❢♦r s♦♠❡ ❡①tr❡♠❡ ✈❛❧✉❡s ♦❢ (µs, µa)✱ Nph ❂ ✶✵7 ✳ ✳ ✳ ✳ ✳ ✽✽

①✐✐



✹✳✼ ▲♦❣✲s❝❛❧❡❞ ✈❛r✐❛t✐♦♥ s♣❛❝❡s ❢♦r ▼❈ ✭❆✮ ❛♥❞ ❉❊❆ ✭❇✮✱ ❧♦❣✲s❝❛❧❡❞ ♠✐♥✐♠✉♠ ✈❛❧✉❡s
♦❢ t❤❡ ✈❛r✐❛t✐♦♥ s♣❛❝❡s ❛❧♦♥❣ µa✲❛①✐s ✭❈ ✕ ❢♦r ▼❈ s✐♠✉❧❛t✐♦♥s✱ ❉ ✕ ❢♦r ❉❊❆
s✐♠✉❧❛t✐♦♥s✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✹✳✽ ❉✐str✐❜✉t✐♦♥ ♦❢ ✺✵✵ ❣❧♦❜❛❧ ♠✐♥✐♠❛ ❢♦✉♥❞ ❢♦r t❤❡ ✈❛r✐❛t✐♦♥ s♣❛❝❡s ❝❛❧❝✉❧❛t❡❞ ❢♦r ✈❛❧✲
✉❡s ♦❢ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ r❛♥❣❡s ✶✵✵✲✶✵✵✵ ❝♠−1 ❛♥❞ ✵✳✶✲
✶✵ ❝♠−1✱ ❝♦rr❡s♣♦♥❞✐♥❣❧②✱ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❦♥♦✇♥ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ❛t ✭µs, µa✮
❂ ✭✺✵✵✱ ✺✮ ❝♠−1 ✇✐t❤ ❙❉ ✭σx,y✮✱ ♠❡❞✐❛♥ ✭< x >,< y >✮✱ ♠✐♥✐♠✉♠ ✭xmin, ymin✮
❛♥❞ ♠❛①✐♠✉♠ ✭xmax, ymax✮ ✈❛❧✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✹✳✾ P❛rt✐❝❧❡ s✇❛r♠ ♦♣t✐♠✐③❛t✐♦♥ ♣r✐♥❝✐♣❛❧ s❝❤❡♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✹✳✶✵ ▼❈ s✐♠✉❧❛t✐♦♥ ♥♦✐s❡ ❧❡✈❡❧ ✭st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐♥ ✪✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❙❉❙ ✭r✮
❛♥❞ ♣❤♦t♦♥ ♥✉♠❜❡r Nf ❧❛✉♥❝❤❡❞ ✿ ❝r♦ss❡s ❢♦r Nf ❂ ✶✵7✱ tr✐❛♥❣❧❡s ❢♦r Nf ❂ ✶✵8

❛♥❞ sq✉❛r❡s ❢♦r Nf ❂ ✶✵9✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s✱ ❞❛s❤❡❞ ❛♥❞ ❞♦tt❡❞ ❝✉r✈❡s ❞r❛✇♥ ❛r❡
r❡s♣❡❝t✐✈❡ ❡①♣♦♥❡♥t✐❛❧ ✜tt✐♥❣ ✭✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉❛t✐♦♥s ❧✐st❡❞ ✐♥ t❤❡ ❧❡❣❡♥❞✮
❢♦r ❡❛❝❤ Nf ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✹✳✶✶ ❚❤❡ ✜♥❛❧ ❛❧❣♦r✐t❤♠ ♦❢ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥ ✇❤✐❧❡ s♦❧✈✐♥❣ ✐♥✈❡rs❡ ♣r♦❜❧❡♠
❜❛s❡❞ ♦♥ ▼❈ ❢♦r✇❛r❞ s✐♠✉❧❛t✐♦♥s ❜② P❙❖ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✹✳✶✷ ❙❝❛tt❡r✐♥❣ µrefs ❛♥❞ ❛❜s♦r♣t✐♦♥ µrefa ❝♦❡✣❝✐❡♥ts ❞❡♣❡♥❞❡♥❝✐❡s ♦♥ ✇❛✈❡❧❡♥❣t❤ λ
✇❤✐❝❤ ✇❡r❡ ✉s❡❞ ❛s t❤❡ r❡❢❡r❡♥❝❡ ❞❛t❛ t♦ ❜❡ ❡st✐♠❛t❡❞ ❜② ❲❘✲P❙❖ ❛♥❞ ❋❲❘✲
P❙❖ ❛❧❣♦r✐t❤♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✹✳✶✸ ❉❡♣❡♥❞❡♥❝❡ ♦❢ ❛✈❡r❛❣❡ < I > ❛♥❞ ♠❛①✐♠✉♠ ✭Imax✮ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ♦♥ χ
2 ❢♦r

❲❘ ❛♥❞ ❋❲❘ P❙❖✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s✱ s♦❧✐❞ ❝✉r✈❡s ❝♦rr❡s♣♦♥❞ ❢♦r ✜tt✐♥❣ ❢✉♥❝t✐♦♥s
✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ❧❡❣❡♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✹✳✶✹ ❉❡♣❡♥❞❡♥❝❡ ♦❢ ❲❘✲P❙❖ ❛♥❞ ❋❲❘✲P❙❖ ❝♦♥✈❡r❣❡♥❝❡ s✉❝❝❡ss r❛t❡s ✭✪✮ ♦♥ χ2 ✈❛❧✉❡✶✵✶

✹✳✶✺ ❉❡♣❡♥❞❡♥❝❡ ♦♥ χ2 ✈❛❧✉❡ ♦❢ ❡st✐♠❛t❡❞ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ❡rr♦r ✐♥ s❝❛tt❡r✐♥❣ ✭ǫµs ✱
✪✮ ❛♥❞ ❛❜s♦r♣t✐♦♥ ✭ǫµa ✱ ✪✮ ✈❛❧✉❡s ❞✉r✐♥❣ ❲❘✲P❙❖ ✭s❡❝t✐♦♥ ✹✳✹✮ ❛♥❞ ❋❲❘✲P❙❖
✭s❡❝t✐♦♥ ✹✳✹✳✶✮ ❛❧❣♦r✐t❤♠s ❝♦♥✈❡r❣❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✺✳✶ Pr✐♥❝✐♣❛❧ s❝❤❡♠❡ ♦❢ ❡♥❡r❣② tr❛♥s❢❡r ❜❡t✇❡❡♥ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ❛♥❞ ❛ ✢✉♦r❡s❝❡♥t
♠♦❧❡❝✉❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✺✳✷ ✭❆✮ ❚❤❡♦r❡t✐❝❛❧ ❡♥❡r❣② tr❛♥s❢❡r ❞✐st❛♥❝❡ ♦❢ ❤❛❧❢✲q✉❡♥❝❤✐♥❣✱ R0✱ ❞❡♣❡♥❞✐♥❣ ♦♥
♥❛♥♦♣❛rt✐❝❧❡✬s r❛❞✐✉s ✉♥❞❡r ✻✸✼ ♥♠ ❡①❝✐t❛t✐♦♥ ❛♥❞ ✭❇✮ ❡♥❡r❣② tr❛♥s❢❡r ❡✣❝✐❡♥❝②
❞❡♣❡♥❞❡♥❝❡ ♦♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛ PP■❳ ♠♦❧❡❝✉❧❡ ❛♥❞ ❛ ❣♦❧❞ ❛♥❞ ❛ s✐❧✈❡r ♥❛♥♦♣❛r✲
t✐❝❧❡s ♦❢ r❛❞✐✉s ✼ ❛♥❞ ✷✺ ♥♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✺✳✸ ▲✐❢❡t✐♠❡ ♠❡❛s✉r❡♠❡♥ts s❡t✉♣✿ ❆ ✲ t❤❡ ♣r✐♥❝✐♣❛❧ s❝❤❡♠❡ ♦❢ t❤❡ s❡t✉♣✱ ❇ ✲ t❤❡ ♣❤♦t♦
♦❢ t❤❡ s❡t✉♣✱ ❈ ✲ t❤❡ ♦♣t✐❝❛❧ ✜❜❡r ❜❛♥❞❧❡ ❡♥❞✐♥❣s ❢r♦♠ t❤❡ ❧❡❢t t♦ t❤❡ r✐❣❤t✿ t❤❡
s✐♥❣❧❡ ♠♦❞❡ ✜❜❡r ✉s❡❞ ❢♦r ❡①❝✐t❛t✐♦♥✱ t❤❡ ✻ ✜❜❡rs ❝♦❧❧❡❝t✐♥❣ ✢✉♦r❡s❝❡♥t s✐❣♥❛❧ ❛r❡
❛❧✐❣♥❡❞ ✐♥ ♦♥❡ ❧✐♥❡ t♦ tr❛♥s❢❡r s✐❣♥❛❧ t♦ t❤❡ ♣♦❧②❝❤r♦♠❛t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✺✳✹ ❚r❛♥s♠✐ss✐♦♥ ♦❢ ✜❧t❡rs ✉s❡❞ ❢♦r t❤❡ ❧✐❢❡t✐♠❡ ♠❡❛s✉r❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✺✳✺ ❉❡♣❡♥❞❡♥❝❡ ♦❢ ♠❡❛♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡ ❛♥❞ PP■❳ ♠♦❧❡❝✉❧❡ ♦♥
❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸

✺✳✻ ❋❧✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧ ♦❢ ♣❤❛♥t♦♠s ❞❡r✐✈❡❞ ❜② ✐♥t❡❣r❛❧ s♣❡❝tr❛ ♠❡❛s✉r❡♠❡♥ts ❜❡❢♦r❡
st❛rt✐♥❣ t❤❡ ❧✐❢❡✲t✐♠❡ ♠❡❛s✉r❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✺✳✼ ❋❧✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧ ♦❢ ✶✺✵ µl s♦❧✉t✐♦♥ ♦❢ ◆❙ ✐♥ ❉▼❙❖ ✇✐t❤ ✺ ♠❣✴❦❣ PP■❳ ❛♥❞
❞❡❝♦♥✈♦❧✉t✐♦♥ t♦ t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ PP■❳ ✐s♦♠❡rs✱ ❡①❝✐t❛t✐♦♥ ❜② ✺✸✷ ♥♠ ❞✐♦❞❡
❧❛s❡r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✺✳✽ ❋❧✉♦r❡s❝❡♥❝❡ ✐♥t❡❣r❛❧ s✐❣♥❛❧ q✉❡♥❝❤✐♥❣✱ F (700±10nm)✱ ❞✉❡ t♦ ♥❛♥♦♣❛rt✐❝❧❡s ♣r❡s✲
❡♥❝❡✳ ❖r❛♥❣❡ ♣♦✐♥t ✐♥❞✐❝❛t❡s ♥♦ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥ t❤❡ ♣❤❛♥t♦♠✱ r❡❞ ♣♦✐♥t ✲ ❤❛❧❢
q✉❡♥❝❤✐♥❣ ♦❢ t❤❡ ✢✉♦r❡s❝❡♥❝❡ ✐♥t❡❣r❛❧ s✐❣♥❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

①✐✐✐



▲✐st ♦❢ ❋✐❣✉r❡s

✺✳✾ ❆♥❛❧②③❡❞ ✐♠❛❣❡ ❢r♦♠ t❤❡ str❡❛❦ ❝❛♠❡r❛ r❡♣r❡s❡♥t✐♥❣ ❛ t✐♠❡✲ ❛♥❞ s♣❡❝tr❛❧❧②✲
r❡s♦❧✈❡❞ s✐❣♥❛❧✳ ❲✐t❤ ❝♦❧♦r❡❞ r❡❝t❛♥❣❧❡s ✐♥t❡❣r❛t❡❞ ✇✐t❤✐♥ ❝❤♦s❡♥ ✇❛✈❡❧❡♥❣t❤
r❛♥❣❡s ♥♦r♠❛❧✐③❡❞ s✐❣♥❛❧s ❛r❡ s❤♦✇♥✳ ❆t t❤❡ ❜♦tt♦♠ t❤❡ s✉♠ ✐s ♠❛❞❡ ❜② t✐♠❡✱
❛t t❤❡ r✐❣❤t t❤❡ s✉♠ ✐s ♠❛❞❡ ❜② ✇❛✈❡❧❡♥❣t❤✱ ❛❧❧ t❤❡ s♣❡❝tr❛ ❛r❡ ♥♦r♠❛❧✐③❡❞ ❜②
♠❛①✐♠✉♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

✺✳✶✵ ❋❧✉♦r❡s❝❡♥❝❡ ❞❡❝❛② ✇✐t❤✐♥ ✷✵ ♥s r❛♥❣❡✳ ❈♦❧♦r❡❞ ❧✐♥❡s ✲ t❤❡ ♦❜t❛✐♥❡❞ ✜t✱ ❞♦ts ✲ t❤❡
❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✺✳✶✶ ❆ ✲ ❋❧✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ❧♦♥❣✱ s❤♦rt ❛♥❞ ✉❧tr❛✲s❤♦rt ❝♦♠♣♦♥❡♥ts ❢♦r t❤❡ ✐s♦♠❡r
♦♥ ✻✼✵✲✻✾✵ ♥♠ ✇❛✈❡❧❡♥❣t❤ r❛♥❣❡ ❝❛❧❝✉❧❛t❡❞ ❛❢t❡r ❞❡❝♦♥✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✢✉♦r❡s❝❡♥❝❡
s✐❣♥❛❧✳ ❇ ✲ P❡r❝❡♥t❛❣❡ ♦❢ ❝♦♠♣♦♥❡♥ts✳ ❯❧tr❛✲s❤♦rt ❝♦♠♣♦♥❡♥t ♦❝❝✉rs ❛t t❤❡ ◆P
✈♦❧✉♠❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✸✵✱ ✹✵ ❛♥❞ ✺✵ % ❢♦r ❞❡r✐✈❛t✐✈❡ ♦❢ PP■❳ ❞❡t❡❝t❡❞ ❛t t❤❡
✇❛✈❡❧❡♥❣t❤s ✻✼✵✲✻✾✵ ♥♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽

✺✳✶✷ ❆ ✲ ❋❧✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡✿ t❤❡ ❧♦♥❣✱ t❤❡ s❤♦rt t❤❡ ❛♥❞ ✉❧tr❛✲s❤♦rt ❝♦♠♣♦♥❡♥ts ❢♦r
t❤❡ ✐s♦♠❡r ♦♥ t❤❡ ✻✾✵✲✼✶✵ ♥♠ ✇❛✈❡❧❡♥❣t❤ r❛♥❣❡ ❝❛❧❝✉❧❛t❡❞ ❛❢t❡r ❞❡❝♦♥✈♦❧✉t✐♦♥ ♦❢
t❤❡ ✢✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧✳ ❇ ✲ P❡r❝❡♥t❛❣❡ ♦❢ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ✉❧tr❛✲s❤♦rt ❝♦♠♣♦♥❡♥t
♦❝❝✉rs ❛t t❤❡ ◆P ✈♦❧✉♠❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✹✵ ❛♥❞ ✺✵ % ❢♦r ❞❡r✐✈❛t✐✈❡ ♦❢ PP■❳
❞❡t❡❝t❡❞ ❛t t❤❡ ✇❛✈❡❧❡♥❣t❤s ✻✾✵✲✼✶✵ ♥♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

①✐✈



▲✐st ♦❢ ❚❛❜❧❡s

✶✳✶ ❙❡♥s✐t✐✈✐t②✱ Se ✱ s♣❡❝✐✜❝✐t②✱ Sp✱ ❛♥❞ P♦s✐t✐✈❡ Pr❡❞✐❝t✐✈❡ ❋❛❝t♦r PPF ❢♦r ❝♦♠♠♦♥
♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s ♠❡t❤♦❞s ♦❢ s❦✐♥ ❝❛♥❝❡r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✷ ▼❛✐♥ ❢❡❛t✉r❡s ♦❢ ✐♥ ✈✐✈♦ ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s t❡❝❤♥✐q✉❡❬❙✇✐♥s♦♥ ❡t ❛❧✳✱ ✷✵✵✻✱ ❏❡r❥❡s
❡t ❛❧✳✱ ✷✵✵✹✱ ❏❡r❥❡s ❡t ❛❧✳✱ ✷✵✶✶❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✸ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ❢♦r ♠❡t❤♦❞s ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧✐♥❣✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✶ P❛r❛♠❡t❡rs ✭t❤❡ ❋❡r♠✐ ✈❡❧♦❝✐t②✱ vF ❀ t❤❡ r❡❧❛①❛t✐♦♥ ❝♦♥st❛♥t✱ τ ❀ t❤❡ ♣❧❛s♠❛ ❢r❡✲
q✉❡♥❝②✱ ωp✮ ❢♦r ❣♦❧❞ ❛♥❞ s✐❧✈❡r ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ s✐③❡✲❞❡♣❡♥❞❡♥t ❞✐❡❧❡❝tr✐❝
❢✉♥❝t✐♦♥ ✭s❡❡ ❊q✳ ✷✳✻✮ ❬❏♦❤♥s♦♥ ❛♥❞ ❈❤r✐st②✱ ✶✾✼✷❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✶ ❈♦♥t❡♥t ❞❡s❝r✐♣t✐♦♥ ♦❢ ❡♣✐t❤❡❧✐❛❧ t✐ss✉❡ ♣❤❛♥t♦♠s ✉s❡❞ ❢♦r ♠❛❝r♦ ♣❛r❛♠❡t❡rs ❞❡✲
t❡❝t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✶ ❘❡s✉❧ts ♦❢ s♠♦♦t❤✐♥❣ ❛♥❞ ✜tt✐♥❣ ❢✉♥❝t✐♦♥s ❛♣♣❧✐❝❛t✐♦♥ t♦ ✺✵✵ ❝✉r✈❡s s✐♠✉❧❛t❡❞ ❢♦r
(µs, µa) ❂ ✭✺✵✵✱ ✺✮ ❝♠−1 ❛♥❞ t❤❡ ✇❤♦❧❡ ✈❛r✐❛t✐♦♥ s♣❛❝❡ ✐♥ r❛♥❣❡ ♦❢ (µs, µa) ❂
✭✶✵✵✿✶✵✿✶✵✵✵✱ ✵✳✶✿✵✳✶✿✶✵✮ ❝♠−1✳ ❚❤❡ ♠♦st ❡✣❝✐❡♥t r❡s✉❧t ✇❛s ❛❝❤✐❡✈❡❞ ❜② ❛♣♣❧✐❝❛✲
t✐♦♥ ♦❢ exp2 ✜tt✐♥❣ ❛♥❞ Loess ✜❧t❡r✱ ✐♥❞✐❝❛t❡❞ ❜② ❜♦❧❞ t❡①t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✹✳✷ P❛rt✐❝❧❡ ❙✇❛r♠ ❖♣t✐♠✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs✿ ❛❝❝❡❧❡r❛t✐♦♥s ♦❢ t❤❡ ♣❛rt✐❝❧❡s t♦ t❤❡
❣❧♦❜❛❧ ❜❡st ✭gBest✮ ✲ 11 ❛♥❞ ❣r♦✉♣ ❜❡st ✭grBest✮ ✲ 12✱ ✐♥✐t✐❛❧ ✭wMax✮ ❛♥❞ ✜♥❛❧
✭wMin✮ ✇❡✐❣❤ts❀ ❛♥❞ r❡s✉❧ts ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❲❘ s♦❧✉t✐♦♥✿ r❛t❡ ♦❢ s✉❝❝❡ss ✭✪✮✱
♠❛①✐♠✉♠ ✭Imax✮ ❛♥❞ ❛✈❡r❛❣❡ ✭< I >✮ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ ❡rr♦r ✐♥ s❝❛tt❡r✐♥❣
✭ǫµs ✱ ✪✮ ❛♥❞ ❛❜s♦r♣t✐♦♥ ✭ǫµa ✱ ✪✮ ❝♦❡✣❝✐❡♥ts ❡st✐♠❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✹✳✸ ❈♦❧✉♠♥s ✶✲✹✿ P❙❖ ♣❛r❛♠❡t❡rs ❢♦r ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ✜tt✐♥❣ ❛♣♣r♦❛❝❤ ✭❋❲❘✲P❙❖✮
s❤♦✇✐♥❣ ❛❝❝❡❧❡r❛t✐♦♥s ♦❢ t❤❡ ♣❛rt✐❝❧❡s t♦ t❤❡ ❣❧♦❜❛❧ ❜❡st ✭gBest✮ ✲ a1 ❛♥❞ ❣r♦✉♣
❜❡st ✭grBest✮ ✲ a2✱ ✐♥✐t✐❛❧ ✭wMax✮ ❛♥❞ ✜♥❛❧ ✭wMin✮ ✇❡✐❣❤ts❀ r❛t❡ ♦❢ s✉❝❝❡ss ✭✪✮✱
♠❛①✐♠✉♠ ✭Imax✮ ❛♥❞ ❛✈❡r❛❣❡ ✭< I >✮ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ ❡rr♦r ✐♥ s❝❛tt❡r✐♥❣
✭ǫµs ✱ ✪✮ ❛♥❞ ❛❜s♦r♣t✐♦♥ ✭ǫµa ✱ ✪✮ ❝♦❡✣❝✐❡♥ts ❡st✐♠❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✺✳✶ P❤❛♥t♦♠s s❡t ♠❛✐♥ ❝❤❛r❛❝t❡r✐st✐❝s ♣r❡♣❛r❡❞ ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥ts✳ CPPIX ✐s t❤❡
❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ PP■❳✱ fMS ✐s t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ ✵✳✺ µm ♠✐❝r♦s♣❤❡r❡s✱ CNP

✐s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞ fDMSO st❛♥❞s ❢♦r t❤❡ ❢r❛❝t✐♦♥ ♦❢
❉▼❙❖ ✐♥ ❛ ♣❤❛♥t♦♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶
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❚❤❡ ✐♠♣♦rt❛♥t t❤✐♥❣ ✐s ♥♦t t♦ st♦♣
q✉❡st✐♦♥✐♥❣✳ ❈✉r✐♦s✐t② ❤❛s ✐ts ♦✇♥ r❡❛s♦♥
❢♦r ❡①✐st✐♥❣✳

❆❧❜❡rt ❊✐♥st❡✐♥

❚❤✐s t❤❡s✐s r❡♣r❡s❡♥ts t❤❡ ✇♦r❦ ✇❤✐❝❤ ✇❛s ❞♦♥❡ ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❧❛❜♦r❛t♦r✐❡s✿
❚❤❡ ▲❛s❡r ❇✐♦s♣❡❝tr♦s❝♦♣② ▲❛❜✳ ♦❢ ❆✳▼✳ Pr♦❦❤♦r♦✈ ●❡♥❡r❛❧ P❤②s✐❝s ■♥st✐t✉t❡ ✭▼♦s❝♦✇✱ ❘✉ss✐❛✮
❛♥❞ t❤❡ ❘❡s❡❛r❝❤ ❈❡♥t❡r ♦♥ ❆✉t♦♠❛t✐❝ ❈♦♥tr♦❧ ♦❢ ◆❛♥❝② ♦❢ ❯♥✐✈❡rs✐t② ♦❢ ▲♦rr❛✐♥❡ ❛♥❞ ◆❛t✐♦♥❛❧
❘❡s❡❛r❝❤ ❙❝✐❡♥t✐✜❝ ❈❡♥t❡r ✭◆❛♥❝②✱ ❋r❛♥❝❡✮✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ✐♠♣r♦✈❡ ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s ❛❜✐❧✐t✐❡s ♦❢ ♣r❡✲❝❛♥❝❡r st❛t❡s ♦❢ ❡♣✐t❤❡❧✐❛❧
t✐ss✉❡ ❜② ♠❡❛♥s ♦❢ ♠❡t❛❧ ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞ ✉♥❞❡rst❛♥❞ t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦❝❝✉r ❜❡t✇❡❡♥ ❛ ♠♦❧❡❝✉❧❡
♦❢ ❛ ♣❤♦t♦s❡♥s✐t✐③❡r ❛♥❞ ❛ ♥❛♥♦♣❛rt✐❝❧❡✳

✶ ❋r❛♠❡✇♦r❦ ❛♥❞ ❖❜❥❡❝t✐✈❡s ♦❢ t❤❡ t❤❡s✐s

❚❤❡ str♦♥❣ ♥♦♥✲✐♥✈❛s✐✈❡✱ ♥♦♥✲r❛❞✐❛t✐✈❡ ❛♥❞ r❡❛❧✲t✐♠❡ ♣♦t❡♥t✐❛❧s ♦❢ ❜✐♦♣❤♦t♦♥✐❝s ❛♣♣r♦❛❝❤❡s ❛♥❞
t♦♦❧s t♦ ❛❞❞r❡ss t❤❡ q✉❡st✐♦♥ ♦❢ ✐♥ ✈✐✈♦ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s ❛t st❛❦❡ ✐♥ ❝✉r✲
r❡♥t ❝❧✐♥✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥ ✐ss✉❡s s✉❝❤ ❛s t✉♠♦r ❜♦r❞❡r ❞❡❧✐♥❡❛t✐♦♥ ✭s✉r❣✐❝❛❧ ❣✉✐❞✐♥❣✮ ♦r ❤❡❛❧t❤②
✈s✳ ♣❛t❤♦❧♦❣✐❝❛❧ t✐ss✉❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt② ❡st✐♠❛t✐♦♥ ✇✐t❤ ❛❝❝❡♣t❛❜❧❡ ❡rr♦r✳ ❋✉rt❤❡r♠♦r❡✱ r❡❝❡♥t
②❡❛rs ♣r♦❣r❡ss❡s t❤r♦✉❣❤ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r② ❝♦❧❧❛❜♦r❛t✐♦♥s ❜❡t✇❡❡♥ ❝❤❡♠✐str②✱ ❜✐♦❧♦❣②✱ ♠❡❞✐❝✐♥❡
❛♥❞ ♣❤②s✐❝s ❛❧❧♦✇❡❞ t♦ s②♥t❤❡s✐③❡ ♥❛♥♦♣❛rt✐❝❧❡s ♦❢ ❛❝❝❡♣t❛❜❧❡ s✐③❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ t♦ ✉s❡ t❤❡♠
✇✐t❤ ❜✐♦✲❝♦♥❥✉❣❛t❡❞ ♠♦❧❡❝✉❧❡s t♦ ✐♥❝r❡❛s❡ t❤❡ ❛❜✐❧✐t✐❡s ♦❢ ♣❤♦t♦❞✐❛❣♥♦s✐s✳ ❚❤❡ ❛✐♠ ♦❢ t❤❡ ♣r❡s❡♥t
t❤❡s✐s ✇❛s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ❡♠❜❡❞❞❡❞ ✐♥t♦ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ♦♥ t❤❡✐r
♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✐♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ❞❡❡♣❡r ❛♥❞✴♦r ♠♦r❡ ♣r❡❝✐s❡ ♣r♦❜✐♥❣✳ ❚♦ ❞♦ s♦✱ t❤❡ ✐♥t❡❣r❛❧
s♣❡❝tr♦s❝♦♣✐❝ ♣❛r❛♠❡t❡rs ❛♥❞ ❧✐❢❡t✐♠❡ ♦❢ ✢✉♦r♦♣❤♦r❡ ✐♥ ✈✐❝✐♥✐t② ♦❢ ♠❡t❛❧ ♥❛♥♦♣❛rt✐❝❧❡s ✇❡r❡ ❛♥❛✲
❧②③❡❞ t❤❡♦r❡t✐❝❛❧❧② ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧❧②✳ ❆♥♦t❤❡r ♣❛rt ♦❢ t❤❡ st✉❞② ✇❛s t♦ ♣r♦♣♦s❡ ♥❡✇ ❛❧❣♦r✐t❤♠✐❝
s♦❧✉t✐♦♥s ❢♦r ✐♠♣r♦✈✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡ss ♦❢ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✈❛❧✉❡s
❢r♦♠ s♣❛t✐❛❧❧② r❡s♦❧✈❡❞ s♣❡❝tr♦s❝♦♣✐❝ ♠❡❛s✉r❡♠❡♥ts✳

✷ ▼❛✐♥ ❈♦♥tr✐❜✉t✐♦♥s

✷✳✶ ❊①♣❡r✐♠❡♥t❛❧ ♠♦❞❡❧✐♥❣✴❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♣t✐❝❛❧ ♣r♦♣❡r✲
t✐❡s

❲❡ st❛rt❡❞ ❢r♦♠ ❛♥ ✐❞❡❛ ♦❢ ❡♥❤❛♥❝✐♥❣ ♦r q✉❡♥❝❤✐♥❣ ✢✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧ ❜② ♠❡❛♥s ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s✱
t❤✐s ❝♦✉❧❞ ❜❡ ❞♦♥❡ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦♥ ❝❡rt❛✐♥ ✇❛✈❡❧❡♥❣t❤✳ ■♥❞❡❡❞✱ ✐❢ ❛ ♥❛♥♦♣❛r✲
t✐❝❧❡ ❤❛s ✐ts ▲♦❝❛❧ P❧❛s♠♦♥ ❘❡s♦♥❛♥❝❡ ✭▲P❘✮ ❛t t❤❡ ❛❜s♦r♣t✐♦♥ ❛♥❞ ❡♠✐ss✐♦♥ ✇❛✈❡❧❡♥❣t❤ ♦❢ ❛
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✢✉♦r♦♣❤♦r❡✱ t❤❡♥ ❡♥❡r❣② tr❛♥s❢❡r ❝♦✉❧❞ ♦❝❝✉r ❛♥❞ t✐ss✉❡ ♠✐❣❤t ❜❡ ♣r♦❜❡❞ ❞❡❡♣❡r✳ ❚♦ ♣r♦✈❡ t❤✐s✱
✜rst❧②✱ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ✇❡r❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❛♥ ❛♣♣r♦❛❝❤ ❝♦♠❜✐♥✐♥❣ ❡①✲
♣❡r✐♠❡♥t❛❧ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✐♥❣✳ ❊①♣❡r✐♠❡♥t❛❧❧②✱ ❡①t✐♥❝t✐♦♥ s♣❡❝tr❛ ♦❢ ●♦❧❞
◆❛♥♦❙P❤❡r❡s ✭●◆❙P✮ ❛♥❞ ◆❛♥♦❙t❛rs ✭●◆❙✮ ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ s♣❡❝tr♦♣❤♦t♦♠❡tr②✳ ❚❤❡
s✐③❡ ♦❢ ●◆❙P ✇❛s ❞❡t❡r♠✐♥❡❞ ❜② ❞②♥❛♠✐❝ ❧✐❣❤t s❝❛tt❡r✐♥❣ ♠❡❛s✉r❡♠❡♥ts ✭❣♦♥✐♦♣❤♦t♦♠❡tr②✮✱ ❛♥❞
✇❛s ❝♦♠♣❛r❡❞ t♦ ❛✈❛✐❧❛❜❧❡ ✉♣✲t♦✲❞❛t❡ s❡♠✐✲❡♠♣✐r✐❝❛❧ ♠♦❞❡❧s ♦❢ s✐③❡ ❛♥❞ ❝♦♥❝❡♥tr❛t✐♦♥ ❞❡♣❡♥❞❡♥✲
❝✐❡s ♦♥ ♦♣t✐❝❛❧ ❞❡♥s✐t② ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✳ ❚❤✉s ❢♦r
t❤❡ ❡①♣❡r✐♠❡♥t ●◆❙P ♦❢ ✶✹ ♥♠ ✐♥ ❞✐❛♠❡t❡r ❛♥❞ ●◆❙ ♦❢ ✺✵ ♥♠ ✐♥ ❞✐❛♠❡t❡r ✇❡r❡ ❝❤♦s❡♥✳ ❚❤❡
❡①t✐♥❝t✐♦♥ ♠❛①✐♠✉♠ ❢♦r ●◆❙P ✇❛s ✺✷✸ ♥♠ ✭❝❧♦s❡ t♦ t❤❡ ❛❜s♦r♣t✐♦♥ ❜❛♥❞ ♦❢ Pr♦t♦Pr♦♣❤②r✐♥❡
■❳ ✭PP■❳✮✮✱ ❛♥❞ ✼✵✵ ♥♠ ❢♦r ●◆❙ ✭❝❧♦s❡ t♦ t❤❡ ❡♠✐ss✐♦♥ ❜❛♥❞ ♦❢ PP■❳✮✳ ❚❤❡♦r❡t✐❝❛❧❧②✱ ♦♣t✐❝❛❧
♣r♦♣❡rt✐❡s ♦❢ ♥❛♥♦s♣❤❡r❡s ♦❢ ✈❛r✐♦✉s ❞✐❛♠❡t❡rs ❛♥❞ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧s ❡♠❜❡❞❞❡❞ ✐♥ ❞✐❡❧❡❝tr✐❝
♠❡❞✐❛ ✇❡r❡ ♠♦❞❡❧❡❞ ❜❛s❡❞ ♦♥ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ♦❢ ❏♦❤♥s♦♥ ❛♥❞ ❈❤r✐st②❬❏♦❤♥s♦♥ ❛♥❞ ❈❤r✐st②✱
✶✾✼✷❪ ❛♥❞ ♦♥ t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤❡s ♦❢ s❡✈❡r❛❧ t❡❛♠s ✇❤✐❝❤ t♦♦❦ ✐♥t♦ ❛❝❝♦✉♥t ❜♦t❤ ✐♥t❡r❜❛♥❞
❛♥❞ ✐♥tr❛❜❛♥❞ tr❛♥s✐t✐♦♥s✱ ♥❛♠❡❧② t❤❡ ❉r✉❞❡ ♠♦❞❡❧ ♦❢ ❢r❡❡ ❡❧❡❝tr♦♥s ❛♥❞ t❤❡ ❜♦✉♥❞❡❞ ❡❧❡❝tr♦♥s
♠♦❞❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❞✐❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t② ❞❛t❛ ❢♦r s❡✈❡r❛❧ ♠❛t❡r✐❛❧s ✭❣♦❧❞✱ s✐❧✈❡r✱ ❢❡rr✐❝ ♦①✲
✐❞❡ ✭■■✮✮ s❡r✈❡❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ✉s✐♥❣ ❜♦t❤ t❤❡ ▼✐❡ t❤❡♦r② ❛♥❞ t❤❡ ❋✐♥✐t❡✲❉✐✛❡r❡♥❝❡
❋r❡q✉❡♥❝②✲❉♦♠❛✐♥ ✭❋❉❋❉✮ ♠❡t❤♦❞ ✳

✷✳✷ ■♥✢✉❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♥ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s

❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♥ t❤❡ s♣❡❝tr♦s❝♦♣✐❝ ♠❛❝r♦♣❛r❛♠❡t❡rs ✇❛s ✐♥✈❡st✐❣❛t❡❞ ✉s✐♥❣
t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ❛♣♣r♦❛❝❤❡s ❝♦♠♣❧❡♠❡♥t❛r② t♦ t❤❡ ♣❤❛♥t♦♠✲❜❛s❡❞ ❡①♣❡r✐♠❡♥ts✱ ✉s✐♥❣
s♣❛t✐❛❧❧② r❡s♦❧✈❡❞ s♣❡❝tr♦s❝♦♣✐❝ ❉✐✛✉s❡✲❘❡✢❡❝t❡❞ ❙✐❣♥❛❧s ✭❉❘❙✮✱ ❋❧✉♦r❡s❝❡♥❝❡ ❙✐❣♥❛❧s ✭❋❙✮ ❛♥❞
❋❧✉♦r❡s❝❡♥❝❡ ■♥❞✐❝❡s ✭❋■✮✳ ❲❡ ✇❡r❡ ✐♥t❡r❡st❡❞ ✐♥ ❝♦❧❧♦✐❞❛❧ ♥❛♥♦♣❛rt✐❝❧❡s✱ ♥♦t ❝♦♥♥❡❝t❡❞ t♦ ♣❤♦t♦✲
s❡♥s✐t✐③❡rs ❜② s♣❛❝❡rs ♦r ❜❡✐♥❣ ❛tt❛❝❤❡❞ ❞✐r❡❝t❧② t♦ ❛ s✉r❢❛❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s✱ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡
❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ s✐❣♥❛❧s ❛♥❞ t❤❡✐r ❡♥❤❛♥❝❡♠❡♥t ♦r q✉❡♥❝❤✐♥❣ ❜② ♥❛♥♦♣❛rt✐❝❧❡s
❛t ✈❛r✐❛❜❧❡ ❝♦♥❝❡♥tr❛t✐♦♥✳ ❍❡r❡❜②✱ t❤❡ ♠✉❧t✐✲❧❛②❡r❡❞ t✐ss✉❡ ♣❤❛♥t♦♠s ✇❡r❡ ♠❛❞❡ t♦ ❛♥❛❧②③❡ t❤❡
✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♥ t❤❡ ♠❡❛s✉r❡♠❡♥ts ♣❡r❢♦r♠❡❞ ❜② s♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞
❯❱✲❱✐s✐❜❧❡ s♣❡❝tr♦s❝♦♣②✱ ✐✳ ❡✳ ❉❘❙✱ t❤❡ ❋❙ ❛♥❞ t❤❡ ❋■✳ ❚❤❡ ♣❤❛♥t♦♠s ✇❡r❡ ♠❛❞❡ ♦❢ t✇♦ ❧❛②❡rs
♠✐♠✐❝❦✐♥❣ ❡♣✐t❤❡❧✐✉♠ ✭t♦♣ ❧❛②❡r✮ ❛♥❞ ❞❡r♠✐s ✭❜♦tt♦♠ ❧❛②❡r✮ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s✳ ❚❤❡ t♦♣ ❧❛②❡r
✇❛s ❧✐q✉✐❞ ✇✐t❤ ✈❛r✐❛❜❧❡ t❤✐❝❦♥❡ss✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❧❛②❡r ✇❛s ♠❛❞❡ s♦❧✐❞ t♦ ❛✈♦✐❞ ♠✐①✐♥❣ ❜❡t✇❡❡♥
❜♦t❤ ❧❛②❡rs ❞✉r✐♥❣ ❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ♠❡❛s✉r❡♠❡♥ts✳ ❇♦tt♦♠ ❧❛②❡r ❤❛❞ ✈❛r✐❛❜❧❡ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢
♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞ ❛ ❝♦♥st❛♥t ✢✉♦r♦♣❤♦r❡ ❝♦♥❝❡♥tr❛t✐♦♥✳ ❚❤❡ s♣❡❝tr❛ ✇❡r❡ ❝♦❧❧❡❝t❡❞ ❜② t❤❡ ♠✉❧t✐✲
✜❜❡r ♦♣t✐❝❛❧ ♣r♦❜❡✱ ❞❡✈❡❧♦♣❡❞ ❢♦r s♣❡❝tr♦s❝♦♣✐❝ ❛♥❛❧②s✐s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s✳ ❙✉❝❤ ♣r❡❧✐♠✐♥❛r②
❛♥❛❧②s✐s s❤♦✇❡❞ t❤❛t ❢♦r ✷ ♠❣✴❦❣ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s t❤❡ ✢✉♦r❡s❝❡♥❝❡ ✐♥t❡♥s✐t②
s✐❣♥❛❧ ✐♥❝r❡❛s❡s t✇✐❝❡✳ ▼♦r❡ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ✇❛s ♥❡❡❞❡❞ t♦ ❡①♣❧❛✐♥ ❡♥❤❛♥❝❡♠❡♥t ❛♥❞ q✉❡♥❝❤✐♥❣
♦❢ ✢✉♦r❡s❝❡♥❝❡ ✐♥t❡❣r❛❧ s✐❣♥❛❧ ❛♥❞ ♦❢ ✢✉♦r❡s❝❡♥❝❡ ✐♥❞❡① ❛s ✇❡❧❧ ✭❙❡❡ ■■✳❞✮✳

✷✳✸ ■♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✈✐♥❣ t♦ ❡st✐♠❛t❡ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t✐ss✉❡s ❢r♦♠
s♣❛t✐❛❧❧② r❡s♦❧✈❡❞ s♣❡❝tr♦s❝♦♣✐❝ ♠❡❛s✉r❡♠❡♥ts

Pr❡❝✐s❡ ❛♥❞ r♦❜✉st ❡st✐♠❛t✐♦♥ ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✐s ❛ ❦❡② ❢❛❝t♦r ✐♥ t❤❡ ❞❡✈❡❧✲
♦♣♠❡♥t ♦❢ ♦♣t✐❝❛❧ s♣❡❝tr♦s❝♦♣✐❝ ❛♥❞ ✐♠❛❣✐♥❣ ♠❡t❤♦❞s ❛♥❞ ✐♥ t❤❡✐r ❛♣♣❧✐❝❛❜✐❧✐t② t♦ ♥♦♥✲✐♥✈❛s✐✈❡
❞✐❛❣♥♦s✐s ✐♥ ❝❧✐♥✐❝s✳ Pr♦♠✐s✐♥❣ t❡❝❤♥✐q✉❡s✱ s✉❝❤ ❛s ❯❱✲❱✐s✲◆■❘✱ ♦♣t✐❝❛❧ ❝♦❤❡r❡♥❝❡ t♦♠♦❣r❛♣❤②✱
❛♥❞ ❝♦♥❢♦❝❛❧ ❧❛s❡r✲s❝❛♥♥✐♥❣ ♠✐❝r♦s❝♦♣② ❤❛✈❡ ❛❧r❡❛❞② ♣r♦✈❡❞ s✐❣♥✐✜❝❛♥t r❡s✉❧ts ✐♥ ❜✐♦❧♦❣✐❝❛❧ t✐s✲
s✉❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❛♥❞ ❞✐❛❣♥♦s✐s✳ ❆♠♦♥❣ t❤❡s❡ ♠❡t❤♦❞s✱ ❙♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞ ❉✐✛✉s❡ ❘❡✢❡❝t❛♥❝❡
✭❙❉❘✮ s♣❡❝tr♦s❝♦♣② ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❢♦r ❛❜♦✉t t✇♦ ❞❡❝❛❞❡s ❛s ❛ ✈❛❧✉❛❜❧❡ ♦♣t✐❝❛❧ ❜✐♦♣s②
t♦♦❧✳ ❈♦♠♣❧❡① ♠❡❞✐❛✱ ❧✐❦❡ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s✱ ♣r♦✈✐❞❡ ❛ ♣♦ss✐❜✐❧✐t② t♦ ❝❤❛r❛❝t❡r✐③❡ ♣r❡❝❛♥❝❡r♦✉s

①✈✐✐✐



✷✳ ▼❛✐♥ ❈♦♥tr✐❜✉t✐♦♥s

❛♥❞ ❡❛r❧② ❝❛♥❝❡r♦✉s ❝❤❛♥❣❡s ❛r✐s✐♥❣ ✐♥ ✐t ❜❡❢♦r❡ ❡✈♦❧✈✐♥❣ t♦✇❛r❞s t♦ ♠❛❧✐❣♥❛♥t ❧❡s✐♦♥s✳ ❚❤❡
q✉❡st✐♦♥ ♦❢ t✐ss✉❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥ ✐s ✐♥ s♦❧✈✐♥❣ ❛♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✇❤✐❝❤ ✐s ❝❧❛ss✐✲
❝❛❧❧② ✐❧❧✲♣♦s❡❞ ✭❞✐✛❡r❡♥t s❡ts ♦❢ ♣❛r❛♠❡t❡rs ♠❛② ❧❡❛❞ t♦ ❝❧♦s❡ s✐♠✐❧❛r ❞❛t❛ s❡t✮ ❛♥❞ ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞
✭♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s ❞✉❡ t♦ ✜♥✐t❡ ♣r❡❝✐s✐♦♥ ❛♥❞ ❡rr♦rs ✐♥ t❤❡ ❞❛t❛✮✳ ■♥ t❤✐s
❢r❛♠❡✇♦r❦✱ ✜rst❧②✱ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥
❤❛s t♦ ❜❡ ❝❤♦s❡♥ t♦ r❡♣r❡s❡♥t t❤❡ ❢♦r✇❛r❞ ♣r♦❜❧❡♠✳ ❆ ♥❡✇ ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❛♣♣r♦❛❝❤ t♦ ❡st✐♠❛t❡
♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ❢r♦♠ s♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞ s♣❡❝✲
tr♦s❝♦♣✐❝ ♠❡❛s✉r❡♠❡♥ts ✇❛s ❞❡✈❡❧♦♣❡❞✳ ❋✐rst❧② ❛ ♣♦♣✉❧❛t✐♦♥✲❜❛s❡❞ st♦❝❤❛st✐❝ ❛♣♣r♦❛❝❤ ✭P❛rt✐❝❧❡
❙✇❛r♠ ❖♣t✐♠✐③❛t✐♦♥✱ P❙❖✮ ✇❛s ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❢r❛♠❡ ♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✈✐♥❣ ❛s ❛♥ ♦♣✲
t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ st❛t✐st✐❝❛❧ ♥♦✐s❡ ✐♥❤❡r❡♥t t♦ ▼❈ s✐♠✉❧❛t❡❞ ❞❛t❛ ❛♥❞ ✇✐t❤
t❤❡✐r ✇❛✈❡❧❡♥❣t❤✲r❡s♦❧✈❡❞ ❞✐♠❡♥s✐♦♥✳ ❆♥ ✐♥✲❧✐♥❡ r❡❣✉❧❛r✐③❛t✐♦♥✲❧✐❦❡ ❝♦rr❡❝t✐♦♥ ✇❛s t❤❡♥ ♣r♦♣♦s❡❞
t♦ ✐♠♣r♦✈❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ s❝❤❡♠❡ ♣❡r❢♦r♠❛♥❝❡ ❜② ✐♠♣❧❡♠❡♥t✐♥❣ ❛ ✜tt✐♥❣ ❛❧❣♦r✐t❤♠ ♦✈❡r ✇❛✈❡✲
❧❡♥❣t❤s✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐♥✈♦❧✈❡s ❛♥ ❛ ♣r✐♦r✐ ✇❛✈❡❧❡♥❣t❤ ❝✉r✈❡ s❤❛♣❡ ✜tt✐♥❣ ✭❤❡r❡ ❡①♣♦♥❡♥t✐❛❧
❞❡❝❛②✮ ♦❢ t✇♦ ♣♦✐♥ts ✭µs;µa✮✱ ❤❛✈✐♥❣ t❤❡ ❧♦✇❡st ❡rr♦r ❛t t❤❡ ♠♦♠❡♥t✳ ❚❤❡ ❝♦♥s❡q✉❡♥t ❛❝❝❡❧❡r❛t✐♦♥
♦❢ ❛❧❧ t❤❡ ❣r♦✉♣s ♦❢ ♣❛rt✐❝❧❡s t♦ t❤❡ ✬❜❡st✬ ❝✉r✈❡ ❧❡❛❞s t♦ ❡rr♦r ❞❡❝r❡❛s❡ ✐♥ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s
♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ❡st✐♠❛t✐♦♥✳ ❚❤❡ st✉❞② ❝♦♥s✐❞❡rs ❛♥❛❧②s✐s ♦❢ ❡st✐♠❛t❡❞ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡rr♦r
❞❡♣❡♥❞❡♥❝❡ ♦♥ ❝♦st✲❢✉♥❝t✐♦♥ ❡rr♦r✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❧❡❞ t♦ ❡rr♦rs ❧❡ss t❤❛♥ ✻✪ ❜❡t✇❡❡♥ ♦♣t✐♠✐③❡❞
❛♥❞ ❣r♦✉♥❞ tr✉t❤ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t ✈❛❧✉❡s✳ ❑♥♦✇♥ s♣❡❝tr❛❧ s❤❛♣❡s ♦❢ ♦t❤❡r
❝♦♠♣♦♥❡♥ts s✉❝❤ ❛s ♦①②❣❡♥❛t❡❞ ❛♥❞ ❞❡✲♦①②❣❡♥❛t❡❞ ❤❡♠♦❣❧♦❜✐♥ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞✳

✷✳✹ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♥ t❤❡ ✢✉♦r❡s❝❡♥❝❡ ❧✐❢❡t✐♠❡

❚❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞
✢✉♦r♦♣❤♦r❡s ✇❡r❡ ❝♦♥s✐❞❡r❡❞✳ ❋✐❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ❞✉❡ t♦ ♣❧❛s♠♦♥✐❝ r❡s♦♥❛♥❝❡ ✇❛s t❤❡♦r❡t✐❝❛❧❧②
❝❛❧❝✉❧❛t❡❞ ❢♦r ❞✐✛❡r❡♥t s❡♣❛r❛t✐♦♥s ❜❡t✇❡❡♥ ♥❛♥♦♣❛rt✐❝❧❡ ❞✐♠❡rs ♦❢ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧s❀ t❤❡ ❣❡♦♠✲
❡tr②✱ t❤❡ s✐③❡s ♦❢ ♣❛rt✐❝❧❡s ❛♥❞ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❝❡♥t❡rs ✇❡r❡ ✈❛r✐❛❜❧❡✳ ❚❤❡ ♠❡❞✐❛ ✐♥✢✉❡♥❝❡
♦♥ ❡♥❤❛♥❝❡♠❡♥t ✇❛s ❛❧s♦ ❛♥❛❧②③❡❞✳ ❚❤❡ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ♦❝❝✉rr❡❞ ♦♥ t❤❡ s♠❛❧❧❡st ❛♥❞ ♦♥
t❤❡ ❝❧♦s❡st ❞✐st❛♥❝❡s ❢r♦♠ ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞ t❤❡ r❡s♦♥❛♥t ♣❡❛❦ ✇❛s r❡❞✲s❤✐❢t❡❞ ✇✐t❤ ✐♥❝r❡❛s❡ ♦❢
♠❡❞✐✉♠ r❡❢r❛❝t✐✈❡ ✐♥❞❡①✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts ♦♥ ❧✐❢❡t✐♠❡ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ❤❡❧❞ ❜② ♠❡❛♥s ♦❢ ❛
♣✐❝♦s❡❝♦♥❞ ❧❛s❡r ❛♥❞ ✇✐t❤ ❛ str❡❛❦✲s❝♦♣❡ ❛s ❛ ❞❡t❡❝t♦r✳ ❉✉r✐♥❣ t❤❡s❡ ❡①♣❡r✐♠❡♥ts✱ ❜② ❞❡❝r❡❛s✲
✐♥❣ t❤❡ ❛✈❡r❛❣❡ st❛t✐st✐❝❛❧ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡ ✭✐♥❝r❡❛s✐♥❣ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢
♥❛♥♦♣❛rt✐❝❧❡s✮ ❛♥❞ t❤❡ ✢✉♦r❡s❝❡♥t ♠♦❧❡❝✉❧❡s ♦❢ PP■❳ ❛ s❤♦rt ✢✉♦r❡s❝❡♥t ❧✐❢❡✲t✐♠❡ ❝♦♠♣♦♥❡♥t
✇❛s ❞❡t❡❝t❡❞ ❢r♦♠ ✢✉♦r❡s❝❡♥t s✐❣♥❛❧ t✐♠❡✲r❡s♦❧✈❡❞ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ❛♥❛❧②③❡❞✳ ❚❤❡ ❡①♣❡r✐♠❡♥t
❝♦♥❞✉❝t❡❞ r❡✈❡❛❧❡❞ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ♣✐❝♦s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t✱ ✇❤✐❝❤ ❛♣♣❡❛r❡❞ ❞✉❡ t♦ t❤❡ ❡♥❡r❣②
tr❛♥s❢❡r ❜❡t✇❡❡♥ t❤❡ ♣❤♦t♦s❡♥s✐t✐③❡r ♠♦❧❡❝✉❧❡s t❤❡♠s❡❧✈❡s ❛♥❞✱ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ♥❛♥♦♣❛rt✐✲
❝❧❡s✱ ✇❛s ✐♥✢✉❡♥❝❡❞ ❜② t❤❡♠✳ ❚❤❡ ●❡rst❡♥✲◆✐t③❛♥ ❛♥❞ t❤❡ ◆❛♥♦❙✉r❢❛❝❡ ❊♥❡r❣② ❚r❛♥s❢❡r ♠♦❞❡❧s✱
❜♦t❤ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t s✐③❡✲❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ❞✉❡ t♦ ♥❛♥♦ s✐③❡ ♦❢ ❛ ♠❡t❛❧✱
✇❡r❡ ❝♦♥s✐❞❡r❡❞✳ ▼♦r❡♦✈❡r ✇❡ ✇❡r❡ ❛❜❧❡ t♦ r❡s♦❧✈❡ ✷ ✐s♦♠❡rs ♦❢ PP■❳ ♣❤♦t♦s❡♥s✐t✐③❡r ❞✉r✐♥❣
♦✉r ✐♥t❡❣r❛❧ ✢✉♦r❡s❝❡♥❝❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ t♦ r❡✈❡❛❧ t❤❡ ❦✐♥❡t✐❝s ♦❢ PP■❳ ✐s♦♠❡rs ✢✉♦r❡s❝❡♥❝❡
❧✐❢❡✲t✐♠❡ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s✳ ❖♥ t❤❡ ❝❡rt❛✐♥ ❝♦♥❝❡♥tr❛t✐♦♥✱ t❤❡ ✸rd ✉❧tr❛✲s❤♦rt
✭✮ ❝♦♠♣♦♥❡♥t ♦❝❝✉rs✱ ✇❤✐❝❤ ✐s ❞✉❡ t♦ str♦♥❣ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ♥❛♥♦♣❛rt✐❝❧❡ ❛♥❞ ✢✉♦r❡s❝❡♥t
♠♦❧❡❝✉❧❡✱ r❡s✉❧t✐♥❣ ✐♥ ✢✉♦r❡s❝❡♥❝❡ q✉❡♥❝❤✐♥❣✱ ✐✳ ❡✳ r❡❞✉❝✐♥❣ ♦❢ t❤❡ PP■❳ ❞✐♣♦❧❡ ♠♦♠❡♥t ❜②
♥❛♥♦♣❛rt✐❝❧❡✬s ❝❤❛r❣❡s✳

①✐①
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■❏✶ ▼✳◆✳ ❑❤♦❧♦❞ts♦✈❛✱ P✳❱✳ ●r❛❝❤❡✈✱ ❚✳❆✳ ❙❛✈❡❧✐❡✈❛✱ ◆✳❆✳ ❑❛❧②❛❣✐♥❛✱ ❲✳❈✳P✳▼✳ ❇❧♦♥❞❡❧
❛♥❞ ❱✳❇✳ ▲♦s❝❤❡♥♦✈ ✭✷✵✶✹✮ ❙❝❛tt❡r❡❞ ❛♥❞ ❋❧✉♦r❡s❝❡♥t P❤♦t♦♥ ❚r❛❝❦ ❘❡❝♦♥str✉❝t✐♦♥ ✐♥ ❛ ❇✐✲
♦❧♦❣✐❝❛❧ ❚✐ss✉❡✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ P❤♦t♦❡♥❡r❣②✱ ✷✵✶✹✿✺✶✼✺✶✵✱❞♦✐✿✶✵✳✶✶✺✺✴✷✵✶✹✴✺✶✼✺✶✵
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■❏✷ ▼✳◆✳ ❑❤♦❧♦❞ts♦✈❛✱ ❱✳ ▲♦s❝❤❡♥♦✈✱ ❈✳ ❉❛✉❧ ❛♥❞ ❲✳❈✳P✳▼✳ ❇❧♦♥❞❡❧ ✭✷✵✶✺✲✷✵✶✻✮ ❙♣❛✲
t✐❛❧❧② ❛♥❞ s♣❡❝tr❛❧❧② r❡s♦❧✈❡❞ ♣❛rt✐❝❧❡ s✇❛r♠ ♦♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥
♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥ ❜② ♠❡❛♥s ♦❢ t✐ss✉❧❛r ❞✐✛✉s❡✲r❡✢❡❝t❛♥❝❡ s♣❡❝tr♦s❝♦♣②✱ ❖♣t✐❝s
❊①♣r❡ss ✭❛❝❝❡♣t❡❞✱ ❆♣r✐❧ ✷✵✶✻✮
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❛♥❞ ❱✳❇✳ ▲♦s❝❤❡♥♦✈ ✭✷✵✶✺✲✷✵✶✻✮✱ ❙♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞ ♦♣t✐❝❛❧ s♣❡❝tr♦s❝♦♣② ❛❜✐❧✐t✐❡s ♦❢ st❡r❡♦✲
t❛❝t✐❝ ❜✐♦♣s② ❝❛♥♥✉❧❛ ✈❡r✐✜❡❞ ❜② ♦♣t✐❝❛❧ ♠✉❧t✐✲✜❜❡r ♣r♦❜❡ ♦♥ t✇♦✲❧❛②❡r❡❞ ♣❤❛♥t♦♠s ❝♦♥t❛✐♥✲
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❞ts♦✈❛ ▼✳◆✳✱ ❑♦❜②❛❦♦✈ ●✳ ▲✳✱ ❑✉③♠✐♥ ❙✳●✳✱ ▲♦s❤❝❤❡♥♦✈ ❱✳❇✳✱ ❖❦❤❧♦♣❦♦✈ ❱✳❆✳✱ P♦t❛♣♦✈
❆✳❆✳✱ ❙❛✈❡❧❡✈❛ ❚✳❆✳✱ ❙❤✐s❤❦✐♥❛ ▲✳❱✳✱ ❙❤✉r❦❤❛✐ ❱✳❆✳✱ ❱♦r♦③❤ts♦✈ ●✳◆✳✱ ❩❡❧❡♥❦♦✈ P✳❱✳✱
❩❤✉❦♦✈ ❱✳❨✉✳

P✷ P❛r❡♥❝❤②♠❛❧ ♦r❣❛♥ ❜✐♦♣s② ❛♥❞ s♣❡❝tr♦s❝♦♣✐❝ ✐♥s♣❡❝t✐♦♥ ❞❡✈✐❝❡✱ ❝♦♠♣r✐s❡s ❧❛s❡r ❧✐❣❤t s♦✉r❝❡✱
❧✐❣❤t ❣✉✐❞❡ ❝♦♥♥❡❝t❡❞ t❤❡r❡t♦✱ ❜✐♦♣s② ❝❛♥♥✉❧❛ ❝♦♥♥❡❝t❡❞ t♦ ▲✉❡r ❛❞❛♣t❡r t❤r♦✉❣❤ s❡❝♦♥❞
✐♥♣✉t ♦❢ ✇❤✐❝❤ ♦♣t✐❝❛❧ ✜❜❡r✱ ❘❯✷✺✷✾✻✷✾✲❈✶✱ P♦t❛♣♦✈ ❆✳❆✳✱ ▲♦s❤❝❤❡♥♦✈ ❱✳❇✳✱ ●❛✈r✐❧♦✈
❆✳●✳✱ ▼❛r②❛s❤❡✈ ❙✳❆✳✱ ●♦r②❛②♥♦✈ ❙✳❆✳✱ ●♦❧❜✐♥ ❉✳❆✳✱ ❩❤✉❦♦✈ ❱✳❨✉✳✱ ❑✐s❛r❡✈ ❙✳❆✳✱ ◆❛③❛r♦✈
❱✳❱✳✱ ❙❛✈❡❧❡✈❛ ❚✳❆✳✱ ❑❤♦❧♦❞ts♦✈❛ ▼✳◆✳✱ ●r❛❝❤❡✈ P✳❱✳✱ ❩❡❧❡♥❦♦✈ P✳❱✳

P✸ ▼❡t❤♦❞ ❢♦r tr❡❛t✐♥❣ ❤❡♠♦rr❤♦✐❞s✱ ✐♥✈♦❧✈❡ ❞❡t❡r♠✐♥✐♥❣ s✐③❡ ♦❢ ❤❡♠♦rr❤♦✐❞❛❧ ❜♦❧✉s ❜② ♠❡❛✲
s✉r✐♥❣ s❝❛tt❡r❡❞ ❧❛s❡r r❛❞✐❛t✐♦♥ ♦❢ r❡✢❡❝t❡❞ ❞✐s♣❡rs❡✱ ❛♥❞ ❞❡s❛rt❡r✐③❛t✐♦♥ ♦❢ ✐♥t❡r♥❛❧ ❤❡♠♦r✲
r❤♦✐❞❛❧ ❜♦❧✉s ✐s ❝♦♥tr♦❧❧❡❞ ❜② ✉❧tr❛s♦♥✐❝ ❉♦♣♣❧❡r ✢♦✇ ♠❡t❡rs✱ ❘❯✷✵✶✷✶✷✶✹✵✼✲❆✱ ▲♦s❤❝❤❡♥♦✈
❱✳❇✳✱ ❚✐t♦✈ ❆✳❨✉✳✱ ❈❤❡r♥❡r ❱✳❆✳✱ ❙❤❡❧✱ ❙❤❡❧②❣✐♥ ❨✉✳❆✳✱ ❩❤❛r❦♦✈ ❊✳❊✳✱ ❆❜r✐ts♦✈❛ ▼✳❱✳✱
❑❤♦❧♦❞ts♦✈❛ ▼✳◆✳✱ ●r❛❝❤❡✈ P✳❱✳

①①✐✐✐
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❈❤❛♣t❡r ✶

P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s

❛♥❞ ♦❜❥❡❝t✐✈❡s

■♣s❡ s❡ ♥✐❤✐❧ s❝✐r❡ ✐❞ ✉♥✉♠ s❝✐❛t

❙♦❝r❛t✐❝ ♣❛r❛❞♦①

❚❤✐s ❝❤❛♣t❡r ❞✐s❝✉ss❡s s♦♠❡ ❞r❛✇❜❛❝❦s ♦❢ t❤❡ ♣r❡s❡♥t s✐t✉❛t✐♦♥ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❜✐♦♠❡❞✐❝❛❧
s♣❡❝tr♦s❝♦♣✐❝ ❞✐❛❣♥♦s✐s ❛♥❞ ♦♣❡♥s t❤❡ ♣❛t❤s t♦ ❜❡ ✜❧❧❡❞ ✐♥ ❜② t❤❡ ♣r❡s❡♥t r❡s❡❛r❝❤✳ ❖♥❡ ♦❢ t❤❡
❝r✉❝✐❛❧ q✉❡st✐♦♥s ♥♦✇❛❞❛②s ✐s ❢❛st ❛♥❞ r❡❧✐❛❜❧❡ ❛♥❛❧②s✐s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ✐♥ ♦r❞❡r t♦ ❡❛r❧✐❡r ❞❡t❡❝t
❝❛♥❝❡r♦❣❡♥♦✉s ❞❡❝❡❛s❡s✳ ❚❤❡ ♣r❡s❡♥t st✉❞② ♦♣❡♥s ♣♦ss✐❜✐❧✐t✐❡s t♦ ♥❡✇ ♠❡t❤♦❞ ♦❢ ✐♥ ✈✐✈♦ ♥♦♥✲
✐♦♥✐③✐♥❣ ❞✐❛❣♥♦s✐s ✐♥ ❝❛♥❝❡r r❡s❡❛r❝❤✳ ❚❤❡ t❤❡s✐s ✐s ❜❛s❡❞ ♦♥ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ r❡s❡❛r❝❤
❛❧t❤♦✉❣❤ t❤❡ ❛✐♠ ✇❛s ♥♦t t♦ ✐♥✈♦❧✈❡ t❤❡ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ❞✐r❡❝t❧② ✐♥t♦ ❝❧✐♥✐❝s✳ ❚❤❡ ✐❞❡❛ ✇❛s
r❛t❤❡r t♦ ❞❡✈❡❧♦♣ ❛♥❞ t❡st t❤❡ r❡s✉❧ts ♦♥ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ♠♦❞❡❧s ❛♥❞ ❣✐✈❡ ♣♦ss✐❜✐❧✐t✐❡s t♦ ✉s❡ t❤❡♠
❢✉rt❤❡r ✐♥ ❝❧✐♥✐❝s ❛♥❞ ✉♥❞❡rst❛♥❞ t❤❡ ❝♦♥❝❡♣t ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ❜② t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✐♥❣
❛♥❞ ❝❛❧❝✉❧❛t✐♦♥s✱ t❤✉s t♦ r❡❝♦✈❡r t❤❡ ♣r♦❝❡ss❡s ✇❤✐❝❤ ❛r❡ ✉♥❞❡r❣♦✐♥❣ ✐♥s✐❞❡ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✳ ❚❤❡
t②♣❡ ♦❢ t✐ss✉❡ t♦ ♠♦❞❡❧ ✇❛s ❝❤♦s❡♥ t♦ ❜❡ ❡♣✐t❤❡❧✐❛❧✱ ❛s ✐t ✐s ♣r❡s❡♥t ✐♥ ♠❛♥② ♦r❣❛♥s ❛♥❞ ❝♦✈❡rs
s✉r❢❛❝❡s ❛♥❞ ❝❛✈✐t✐❡s t❤r♦✉❣❤♦✉t t❤❡ ❜♦❞②✳ ❊♣✐t❤❡❧✐❛❧ t✐ss✉❡ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ♠✉❧t✐❧❛②❡r❡❞ t❤✉s ✐t
❜❡❝♦♠❡s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❢r♦♠ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ s✐❣❤t ❛♥❞ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ❢r♦♠
t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s❡❛r❝❤ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚❤❡ ♠❛✐♥ ❝♦♥❝❡♣t ✐s t♦ ❞❡✈❡❧♦♣ ❛ ♥❡✇
♠❡t❤♦❞ ♦❢ ♠✉❧t✐❧❛②❡r❡❞ t✐ss✉❡ ❛♥❛❧②s✐s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧❛st ✜♥❞✐♥❣s ❛♥❞ t❤❡ ❧❛t❡st t❡❝❤♥♦❧♦❣✐❡s✱
♦♣❡♥✐♥❣ t❤❡ ♥❡✇ ♣❛t❤s t♦ ♣r❡❧✐♠✐♥❛r② ❞✐❛❣♥♦s✐s✳

❋✐rst❧②✱ t♦ ❡①♣❧❛✐♥ t❤❡ ❜✐♦♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❧✐❣❤t t❤r♦✉❣❤
❛ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✱ s♦♠❡ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡s ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛❜s♦r❜✐♥❣ ❛♥❞
❤✐❣❤❧② ❞✐✛✉s❡ ♠❡❞✐✉♠ ❝♦♥s✐st✐♥❣ ♦❢ ❡❧❡❝tr♦♥s✱ ✐♦♥s ❛♥❞ t❤❡✐r ❝♦♠❜✐♥❛t✐♦♥s✱ ✐✳ ❡✳ ♦❜st❛❝❧❡s✱ ❛r❡
❞❡s❝r✐❜❡❞✳

❙❡❝♦♥❞❧②✱ s♦♠❡ ❡①✐st✐♥❣ ❞❡t❡❝t✐♦♥ ♠❡t❤♦❞s ♦❢ ♠❡❞✐✉♠ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ❞❡s❝r✐❜❡❞ ❛♥❞
❛♠♦♥❣ t❤❡♠ ♦♥❡ ✐s ❝❤♦s❡♥ ❞✉❡ ✐ts ✐♥t❡r❡st ❢♦r t❤✐s t❤❡s✐s✱ ✐✳ ❡✳ s♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞ ✜❜❡r s♣❡❝tr♦s❝♦♣②✳

❚❤✐r❞❧②✱ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ♦❢ t✐ss✉❧❛r ♣♦✐♥t s♣❡❝tr♦s❝♦♣✐❝ ♠❡t❤♦❞s ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s ✐♥
❜✐♦♠❡❞✐❝❛❧ ❞✐❛❣♥♦s✐s ❛r❡ ❣✐✈❡♥✳

❋♦✉rt❤❧②✱ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ st❛t✐st✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧s ✐s
❣✐✈❡♥ ❛♥❞ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ✐s ♣r❡s❡♥t❡❞ ✐♥ ❛ s❤♦rt ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❡①✐st✐♥❣ s♦❧✉t✐♦♥s ♦❢ t❤❡✐r
❛♣♣❧✐❝❛t✐♦♥ t♦ ❜✐♦♠❡❞✐❝❛❧ ❞✐❛❣♥♦s✐s ✐♥ ✈✐✈♦✳

❋✐♥❛❧❧②✱ t❤❡ ❛✐♠ ♦❢ t❤❡ t❤❡s✐s ✐s ❞❡s❝r✐❜❡❞ ✐♥ t❡r♠s ♦❢ r❡❝❡♥t ❛♣♣r♦❛❝❤❡s ✐♥ ♥❛♥♦♣❛rt✐❝❧❡s
❛♣♣❧✐❝❛t✐♦♥ ❛❞✈❛♥t❛❣❡s ❢♦r ♠✉❧t✐❧❛②❡r❡❞ t✐ss✉❡ ♠♦❞❡❧s✳

✶



❈❤❛♣t❡r ✶✳ P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s

✶✳✶ P❤♦t♦♣❤②s✐❝s ❜❛s✐❝s ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥s

❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❧✐❣❤t ♦r ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s ✇✐t❤ ❛ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜②
s❡✈❡r❛❧ ♣r♦❝❡ss❡s✿ r❡✢❡❝t✐♦♥✱ r❡❢r❛❝t✐♦♥✱ s❝❛tt❡r✐♥❣ ♦r ❛❜s♦r♣t✐♦♥✱ ❛♥❞ ✢✉♦r❡s❝❡♥❝❡✳ ❚❤❡ ❣❡♥❡r❛❧
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡s❡ ♣r♦❝❡ss❡s ✐s ❣✐✈❡♥ ❜❡❧♦✇✳

✶✳✶✳✶ ❘❡❢r❛❝t✐♦♥

❆ ♣❧❛♥❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡ ❛♣♣r♦❛❝❤✐♥❣ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ❝♦✉❧❞ ❜❡ r❡✢❡❝t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ ♠❡❞✐❛✱ n ✭❞✐♠❡♥s✐♦♥❧❡ss✮ ❛♥❞ t❤❡ ✐♥❝✐❞❡♥t ❛♥❣❧❡ θ1✱ ✐✳ ❡✳ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥
t❤❡ ✐♥❝✐❞❡♥t r❛② ❛♥❞ t❤❡ ❧✐♥❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠❡❞✐❛✳ ❚❤❡ ❙♥❡❧❧✬s
❧❛✇ ❞❡s❝r✐❜✐♥❣ t❤✐s ♣r♦❝❡ss ✐s ✭s❡❡ ❊q✳ ✶✳✶✱ ❋✐❣✳ ✶✳✶✮✿

n1 sin θ1 = n2 sin θ2 ✭✶✳✶❛✮

θc =
n2 sin θ1
n1

✭✶✳✶❜✮

■❢ ❛♥ ✐♥❞❡① ♦❢ r❡❢r❛❝t✐♦♥ ✐s ❤✐❣❤❡r ❢♦r t❤❡ ✜rst ♠❡❞✐✉♠✱ t❤❡♥ r❡❢r❛❝t❡❞ r❛② ✇✐❧❧ ❣♦ t❤r♦✉❣❤ t❤❡
s❡❝♦♥❞ ♠❡❞✐❛ ✇✐t❤ ❛ ❧♦✇❡r ❛♥❣❧❡ t❤❛♥ t❤❡ ♦♥❡ ♦❢ t❤❡ ✐♥❝✐❞❡♥t r❛② ✭θ2 < theta1✮✳ ❯s✉❛❧❧②✱ t❤❡

Critical angle 

Total internal 

reflection 

n2, n1 > n2 

n1 

θ1 

θ2 

θ1 θ2 θc 

a) b) c) 

❋✐❣✉r❡ ✶✳✶✿ ▲✐❣❤t ❛t ❛♥ ♦♣t✐❝❛❧❧② s♠♦♦t❤ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t✇♦ ♠❡❞✐❛ ✇✐t❤ ❞✐✛❡r❡♥t r❡❢r❛❝t✐✈❡
✐♥❞✐❝❡s✿ ❛✮ r❡❢r❛❝t✐♦♥❀ ❜✮ ❝r✐t✐❝❛❧ ❛♥❣❧❡❀ ❝✮ r❡✢❡❝t✐♦♥

r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❛ r❡❛❧ ♥✉♠❜❡r✱ ❤♦✇❡✈❡r ✐♥ ❣❡♥❡r❛❧ ❝❛s❡ ✐t ✐s r❡♣r❡s❡♥t❡❞ ❛s
❞❡✜♥❡❞ ❛s ❛ ❝♦♠♣❧❡① ♥✉♠❜❡r ✇✐t❤ k ❛♥❞ p t❤❡ r❡s♣❡❝t✐✈❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ✭s❡❡ ❊q✳ ✶✳✷✮✿

n = k + ip ✭✶✳✷✮

✷



✶✳✶✳ P❤♦t♦♣❤②s✐❝s ❜❛s✐❝s ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥s

Ir
re

g
u

la
r 

su
rf

a
ce

 

In
ci

d
e

n
t 

ra
ys

 

❋✐❣✉r❡ ✶✳✷✿ ❉✐✛✉s❡ r❡✢❡❝t✐♦♥ ♦♥ ✐rr❡❣✉❧❛r s✉r❢❛❝❡

❋♦r ❡①❛♠♣❧❡✱ ✇❛t❡r ❤❛s ❛ ❝♦♠♣❧❡① ❝♦♠♣♦♥❡♥t✱ ❤♦✇❡✈❡r ❢♦r t❤❡ ✜rst ❛♣♣r♦①✐♠❛t✐♦♥ t❤✐s ❝♦✉❧❞
❜❡ ♥❡❣❧❡❝t❡❞ ❛s ✐♥ ♦♣t✐❝❛❧ r❡❣✐♦♥ ✐t ✐s ❧❡ss t❤❛♥ 0.5 · 10−8✱ ✇❤✐❧❡ ❢♦r s♦♠❡ ♠❛t❡r✐❛❧s t❤❡ ❝♦♠♣❧❡①
❝♦♠♣♦♥❡♥t ❤❛s ❛ ❤✐❣❤❡r ✈❛❧✉❡ ❛♥❞ ❝♦✉❧❞ ♥♦t ❜❡ ✐❣♥♦r❡❞✳ ❚❤❡ ❡✛❡❝ts ♦❝❝✉r ✐♥ t❤❡ ❧❛tt❡r ❝❛s❡ ✇✐❧❧
❜❡ ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r ✷✳

❆♥ ✐♥t❡r❢❛❝❡ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ♦♣t✐❝❛❧❧② r♦✉❣❤ ✇❤❡♥ ❊q✳ ✶✳✸ ✐s ❢✉❧✜❧❧❡❞✿

hcosθ ≪ λ ✭✶✳✸✮

✇✐t❤ ❤ ✲ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ✐rr❡❣✉❧❛r✐t✐❡s✱ λ ✲ t❤❡ ✇❛✈❡❧❡♥❣t❤ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t ❛♥❞ θ ✲ t❤❡ ❛♥❣❧❡
❜❡t✇❡❡♥ t❤❡ ❧✐♥❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ s✉r❢❛❝❡ ❛♥❞ t❤❡ ✐♥❝✐❞❡♥t r❛②✳ ■❢ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥♦t ♠❡t t❤❡♥
♦♥ s✉❝❤ s✉r❢❛❝❡ ❞✐✛✉s❡ r❡✢❡❝t✐♦♥ ♦❝❝✉rs ✭❋✐❣✳ ✶✳✷✮ t❤✉s t❤❡ ❧✐❣❤t ✐s s❝❛tt❡r❡❞ ✐♥ ❛❧❧ ❞✐r❡❝t✐♦♥s✳
❚❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ ✐♥❝✐❞❡♥t ❛♥❞ r❡✢❡❝t❡❞ ❧✐❣❤t ❞✐✛❡rs ❢r♦♠ ♣♦✐♥t t♦ ♣♦✐♥t✳

❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ❞❡♣❡♥❞s ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ ♠❡❞✐✉♠ ❛♥❞ ♦♥ ✐ts t❡♠♣❡r❛t✉r❡
❛♥❞ ❞❡♥s✐t②✳ ■t r❡✢❡❝t✐♦♥ ✐♥❞❡① ❛❧s♦ s❧✐❣❤t❧② ❝❤❛♥❣❡s ✐♥ ♦♣t✐❝❛❧ r❡❣✐♦♥ ♦❢ ✇❛✈❡❧❡♥❣t❤s✳ ❆❧❧ t❤❡s❡
r❡✢❡❝t✐♦♥ ✐♥❞❡① ✈❛r✐❛t✐♦♥s s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✇❤❡♥ ❞❡✈❡❧♦♣✐♥❣ ♠❡t❤♦❞s ❛♥❞ ♠♦❞❡❧s
❜❛s❡❞ ♦♥ ❉✐✛✉s❡ ❘❡✢❡❝t❛♥❝❡ ❙♣❡❝tr♦s❝♦♣② ✭❉❘❙✮✳ ❚❤❡ ♠♦❞❡❧ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ s♣❛t✐❛❧ ❞❡✲
♣❡♥❞❡♥❝❡ ♦❢ ❉❘ ✐♥ t✐ss✉❡s ✇❛s ❞❡✈❡❧♦♣❡❞ ❜② ❋❛rr❡❧❧ ❡t ❛❧ ❬❋❛rr❡❧❧ ❡t ❛❧✳✱ ✶✾✾✷❪✳ ❯♥t✐❧ ♥♦✇ ❢♦r
st❡❛❞②✲st❛t❡ s♣❛t✐❛❧❧② r❡s♦❧✈❡❞ r❡✢❡❝t❛♥❝❡ t❤❡ ❡rr♦r ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥ ✇❛s ❢♦✉♥❞ t♦
❜❡ ❝♦♥s✐❞❡r❛❜❧② s♠❛❧❧❡r t❤❛♥ ❢♦r t❤❡ ❝♦♠♠♦♥❧② ✉s❡❞ s♦❧✉t✐♦♥s ❬❑✐❡♥❧❡ ❛♥❞ P❛tt❡rs♦♥✱ ✶✾✾✼❪✳ ❖♣✲
t✐❝❛❧ ❞✐❛❣♥♦s✐s ❜❛s❡❞ ♦♥ r❡✢❡❝t✐♦♥ ❛♥❛❧②s✐s ✐s ❛ ♣r♦♠✐s✐♥❣ s♦❧✉t✐♦♥ ❢♦r ❛♥❛❧②s✐s ♦❢ ❝❡r✈✐❝❛❧ ❝❛♥❝❡r
❬❆r✐✢❡r ❡t ❛❧✳✱ ✷✵✵✻❪✳ ❆♥❛❧②t✐❝❛❧ ♠♦❞❡❧ ♦❢ ❧✐❣❤t r❡✢❡❝t❛♥❝❡ ❢♦r ❡①tr❛❝t✐♦♥ ♦❢ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s
✐♥ s♠❛❧❧ ✈♦❧✉♠❡s ♦❢ t✉r❜✐❞ ♠❡❞✐❛ ✇❛s ♣r❡s❡♥t❡❞ ❜② ❘❡✐❢ ❡t ❛❧ ❬❘❡✐❢ ❡t ❛❧✳✱ ✷✵✵✼❪✳ ❚♦ r❡❝♦✈❡r t✐ss✉❡
♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ❛ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ ❉❘❙ ❞❛t❛ ✇❛s ♣r♦♣♦s❡❞ ❜② ❋r❡❞r✐❦ss♦♥ ❡t ❛❧ ❬❋r❡❞r✐❦ss♦♥
❡t ❛❧✳✱ ✷✵✶✷❪✳ ❉✐❛❣♥♦s✐s ♦❢ ❞②s♣❧❛s✐❛ ✐s ❜❛s❡❞ ♦♥ s✉♣❡r✜❝✐❛❧ t✐ss✉❡ ❛♥❛❧②s✐s✱ t❤✉s ✐t ✐s ♥❡❡❞❡❞ t♦
r❡str✐❝t ❧✐❣❤t ♣r♦♣❛❣❛t✐♦♥ t♦ ❞❡❡♣❡r ❧❛②❡rs✳ ❚❤❡ ♠❡t❤♦❞ ❧✐♠✐t✐♥❣ ❞❡♣t❤ ♦❢ ❧✐❣❤t ♣r♦♣❛❣❛t✐♦♥ ✇❛s
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❈❤❛♣t❡r ✶✳ P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s

❞❡✈❡❧♦♣❡❞ ✉s✐♥❣ ❉❘❙ ❞❛t❛ ❬●♦♠❡s ❛♥❞ ❇❛❝❦♠❛♥✱ ✷✵✶✷❪✳ ❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ✇♦r❦ s❤♦✉❧❞ ❜❡
♠❡♥t✐♦♥❡❞ ❛❜♦✉t ✐♥✈❡st✐❣❛t✐♥❣ ❛ s✉r❢❛❝❡ ♦❢ t✐ss✉❡ ❜② ♠❡❛♥s ♦❢ ❡❧❧✐♣t✐❝❛❧❧② ♣♦❧❛r✐③❡❞ ❧✐❣❤t✳ ❚❤❡
❣r♦✉♣ ♦❢ ♣r♦❢✳ ❉✐♥t❡♥ ♣r❡s❡♥t❡❞ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♠♦❞❡❧✐♥❣ r❡s✉❧ts ♦♥ ❧✐♥❡❛r r❡❧❛t✐♦♥ ❜❡t✇❡❡♥
t❤❡ ❜❛❝❦s❝❛tt❡r❡❞ ❧✐❣❤t ❛♥❞ t❤❡ ❞❡♣t❤ ❡①t❡♥t✐♦♥ ♦❢ t❤❡ ✈♦❧✉♠❡ ❜❡✐♥❣ ♣r♦❜❡❞ ❬❘❡❤♥ ❡t ❛❧✳✱ ✷✵✶✸❪✳
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❋✐❣✉r❡ ✶✳✸✿ ●❡♦♠❡tr✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❧✐❣❤t ❛❜s♦r♣t✐♦♥ ❜② ❛ s✐♥❣❧❡ ❝❤r♦♠♦♣❤♦r❡

●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ t❤❡ ♣r♦❝❡ss ♦❢ ❛❜s♦r♣t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡♥❡r❣② ❧♦ss ♦❢ t❤❡ ❧✐❣❤t
♣r♦♣❛❣❛t✐♥❣ ✐♥ ❛ ♠❡❞✐✉♠ ❛♥❞ ✐ts ❝♦♥✈❡rs✐♦♥ t♦ ♦t❤❡r t②♣❡s ♦❢ ❡♥❡r❣②✳ ❚❤❡ ♠❛✐♥ ♣r♦❝❡ss ❛ss♦❝✐❛t❡❞
✇✐t❤ ❛❜s♦r♣t✐♦♥ ✐s ❛t♦♠ ❝♦❧❧✐s✐♦♥ ❜❡t✇❡❡♥ ❡❛❝❤ ♦t❤❡r ✇❤✐❧❡ ❡♥❡r❣② ✐s tr❛♥s❢❡rr❡❞ ❢r♦♠ ♦♥❡ ❛t♦♠
t♦ ❛♥♦t❤❡r ✐♥ ♥♦♥✲r❛❞✐❛t✐✈❡ ✇❛②✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥ ✇❤② ❛❜s♦r♣t✐♦♥ ♦❝❝✉rs ✐s t❤❛t t✐ss✉❡ ❝♦♥s✐sts
♦❢ ❡❧❡❝tr♦♥s ❛♥❞ ♣♦s✐tr♦♥s✱ ✐✳ ❡✳ ❞✐s❝r❡t❡ ❝❤❛r❣❡s✳ ❚❤❡s❡ ❝❤❛r❣❡s ❝♦✉❧❞ ❢♦r♠ ❛♥② ♦❜st❛❝❧❡ ✐♥ t✐ss✉❡
❛♥❞ ❛r❡ ❛✛❡❝t❡❞ ❜② ❛♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡ ✇❤✐❝❤ ♠❛❦❡s t❤❡♠ ♦s❝✐❧❧❛t❡ ❬❇♦❤r❡♥ ❛♥❞ ❍✉✛♠❛♥✱
✶✾✾✽❪✳

❚❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤✐s ♣r♦❝❡ss ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♣❛r❛♠❡t❡r ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ ❛❜s♦r♣t✐♦♥
❝♦❡✣❝✐❡♥t✱ µa✳ ❚❤❡ ♦❜❥❡❝ts ❛❜s♦r❜✐♥❣ ❧✐❣❤t ✐♥ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ❛r❡ ❝❛❧❧❡❞ ❝❤r♦♠♦♣❤♦r❡s ❛♥❞
r❡♣r❡s❡♥t ♠♦❧❡❝✉❧❡s✱ ✇❤✐❝❤ ❝❛♥ ❛❜s♦r❜ ❧✐❣❤t ✈✐❛ ❡❧❡❝tr♦♥✐❝ tr❛♥s✐t✐♦♥s✳ ❆❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t
❞❡s❝r✐❜❡s ❛ ♠❡❞✐✉♠✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s ❝❤r♦♠♦♣❤♦r❡s ❛t ❝❡rt❛✐♥ ❝♦♥❝❡♥tr❛t✐♦♥✳ ❚❤✉s ✐t ✐s ❝♦♥s✐❞❡r❡❞
❛s ❛ ♣r♦❞✉❝t ♦❢ ✈♦❧✉♠❡ ❞❡♥s✐t② ♦❢ ❝❤r♦♠♦♣❤♦r❡s✱ ρa [cm

−3]✱ ❛♥❞ ❡✛❡❝t✐✈❡ ❝r♦ss✲s❡❝t✐♦♥✱ σa [cm
−2]✱

✇❤✐❝❤ ✐s ✐ts❡❧❢ ❛ ♣r♦❞✉❝t ♦❢ ❛❜s♦r♣t✐♦♥ ❡✣❝✐❡♥❝②✱ Qa [dimensionless]✱ ❛♥❞ ❣❡♦♠❡tr✐❝❛❧ s✐③❡ ♦❢ t❤❡
❝❤r♦♠♦♣❤♦r❡✱ A [cm2]✳ ❚❤✉s✱ t❤❡ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t s❦❡t❝❤❡❞ ✐♥ ❋✐❣✳ ✶✳✸ ✐s ✭s❡❡ ❊q✳ ✶✳✹✿

µa = ρaAQa ✭✶✳✹✮

❚❤❡ ❧✐❣❤t ✐♥t❡♥s✐t② ❧♦ss ❞✉❡ t♦ ❧✐❣❤t ❛❜s♦r♣t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❇❡❡r✲▲❛♠❜❡rt ❧❛✇ ✭♦r ❇❡❡r✕▲❛♠❜❡rt✕❇♦✉❣✉❡r✮✱
✐✳ ❡✳ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♣❤♦t♦♥ s✉r✈✐✈❛❧✿

I = I0e
−µad ✭✶✳✺✮
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✶✳✶✳ P❤♦t♦♣❤②s✐❝s ❜❛s✐❝s ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥s

✇❤❡r❡ d ✐s t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♠❡❞✐❛ t❤r♦✉❣❤ ✇❤✐❝❤ t❤❡ ❧✐❣❤t ♣r♦♣❛❣❛t❡s✱ I0 ✐s t❤❡ ✐♥✐t✐❛❧ ✐♥t❡♥s✐t②
♦❢ ❧✐❣❤t ❛♥❞ I ✐s t❤❡ ✐♥t❡♥s✐t② ❛❢t❡r t❤❡ t❤✐❝❦♥❡ss d✳ ❯s✉❛❧❧② ✐t ✐s ❝♦♥s✐❞❡r❡❞ t❤❛t t❤❡ ❛❜s♦r♣t✐♦♥
❝♦❡✣❝✐❡♥t ✭µa✮ ✐s t❤❡ t❤✐❝❦♥❡ss ♦❢ ♠❡❞✐✉♠ ✇❤❡r❡ t❤❡ ❧✐❣❤t r❡❞✉❝❡s ✐ts ❡♥❡r❣② e t✐♠❡s✳ ■ts ✈❛❧✉❡
❞❡♣❡♥❞s ♦♥ t❤❡ ✇❛✈❡❧❡♥❣t❤ ❛♥❞ ♠❛t❡r✐❛❧ ♦❢ ♠❡❞✐❛✳

❆❜s♦r♣t✐♦♥ ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ❡✛❡❝ts ✐♥ ❜✐♦♠❡❞✐❝❛❧ ♦♣t✐❝s ❜❡❝❛✉s❡ ✇❤❡♥
t❤❡ ❧✐❣❤t ✐s ❛❜s♦r❜❡❞ ✐t ❣✐✈❡s ❡✐t❤❡r t❡r❛♣❡✉t❤t✐❝❛❧ ❡✛❡❝t✱ ✐✳ ❡✳ ❤❡❛t✐♥❣ t✐ss✉❡ t✐❧❧ t❡♠♣❡r❛t✉r❡ ♦❢
❜❧♦♦❞ ❝♦❛❣✉❧❛t✐♦♥✱ ♣r♦t❡✐♥s ❞❡♥❛t✉r❛t✐♦♥✱ ❡t❝ ❬❚✉❝❤✐♥✱ ✷✵✶✵❪✳ ❆❜s♦r♣t✐♦♥ ❧✐♠✐ts t❤❡ ❞❡♣t❤ ♦❢ ❧✐❣❤t
♣r♦♣❛❣❛t✐♦♥✳ ❚❤❡ ♠❛✐♥ ❛❜s♦r❜❡rs ❛r❡ ✇❛t❡r✱ ❜❧♦♦❞ ❛♥❞ ♠❡❧❛♥✐♥✳

■♥ ❛ s♣❡❝tr❛ r❡❣✐str❛t✐♦♥ s❡t✉♣✱ ✇❤❡♥ ❧✐❣❤t ✐s ❞❡t❡❝t❡❞ t❤r♦✉❣❤ ❛ t❤✐♥ ♠❡❞✐✉♠ ♦❢ ❛ ❦♥♦✇♥ t❤✐❝❦✲
♥❡ss✱ ❛❜s♦r♣t✐♦♥ ✇❛✈❡❧❡♥❣t❤✲r❡s♦❧✈❡❞ s♣❡❝tr❛ ❛❧❧♦✇ ❢♦r ❛♥❛❧②③✐♥❣ t❤❡ ❝♦♥st✐t✉❡♥ts ♦❢ ❛ ♠❡❞✐✉♠
✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❢♦r ❜✐♦♠❡❞✐❝❛❧ ♦♣t✐❝s ✐♥ ✈✐✈♦ s♦✉r❝❡ ❛♥❞ ❞❡t❡❝t♦r s❤♦✉❧❞ ❜❡ ♦♥ t❤❡
s❛♠❡ s✐❞❡ ❢r♦♠ t❤❡ ♦❜❥❡❝t✱ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r tr❛♥s♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥ts ✐s ✉s❡❞ ❢♦r ❛♥❛❧②s✐s
♦❢ s♦❧✉t✐♦♥s ❛♥❞ t❤✐♥ ♠❡❞✐❛ ✐♥ ❧❛❜♦r❛t♦r②✬s ♣r❛❝t✐❝❡✳ ❙✉❝❤ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞ ❛♥❞
✉s❡❞ ❢✉rt❤❡r ✐♥ t❤✐s ✇♦r❦✳

✶✳✶✳✸ ❙❝❛tt❡r✐♥❣
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❋✐❣✉r❡ ✶✳✹✿ ●❡♦♠❡tr✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❧✐❣❤t s❝❛tt❡r✐♥❣ ❜② ❛ s✐♥❣❧❡ ❞✐✛✉s❡r✳ P❛rt ♦❢ ❧✐❣❤t ♠❡❡ts
❛ ♣❛rt✐❝❧❡ ❛♥❞ s❝❛tt❡r❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦r♠✱ s✐③❡ ❛♥❞ ♠❛t❡r✐❛❧ ♦❢ ❛ ♣❛rt✐❝❧❡✱ t❤❡ ❧✐❣❤t ✇❤✐❝❤ ✐s
♥♦t s❝❛tt❡r❡❞ ✐s ❝❛❧❧❡❞ tr❛♥s♠✐tt❡❞✳

❖♥❡ ♦❢ t❤❡ ✜rst ❡✈✐❞❡♥❝❡s ✐♥ s❝❛tt❡r✐♥❣ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t✉♠♦r♦✉s ❛♥❞ ❤❡❛❧t❤② t✐ss✉❡s ✇❛s
♣♦✐♥t❡❞ ❜② ▼♦✉r❛♥t ❡t ❛❧ ❬▼♦✉r❛♥t ❡t ❛❧✳✱ ✶✾✾✽❪ ❛♥❞ r❡❧❛t❡❞ t♦ ❣r♦✇t❤ ♦❢ s❝❛tt❡r✐♥❣ ❝❡♥t❡rs✳
❙❝❛tt❡r✐♥❣ ✐s ✉s❡❞ ❢♦r s♣❡❝tr♦s❝♦♣✐❝ ♠❡❛s✉r❡♠❡♥ts ❛s ✇❡❧❧ ❛s ❢♦r ✐♠❛❣✐♥❣✳ P❛rt✐❝❧❡s ❝♦♥❝❡♥tr❛t✐♦♥
✐♥✢✉❡♥❝❡ ♦♥ s❝❛tt❡r✐♥❣ ♣r♦♣❡rt✐❡s ✐s ❞✐s❝✉ss❡❞ ❜② ❇❛s❤❦❛t♦✈ ❡t ❛❧ ❬❇❛s❤❦❛t♦✈ ❡t ❛❧✳✱ ✷✵✵✵❜❪✳ ❚❤✉s✱
♠✐♥✐♠❛❧ ❝❤❛♥❣❡s ✐♥ s❝❛tt❡r✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ❝♦✉❧❞ ❜❡ ❞❡t❡❝t❡❞ ✇✐t❤ s♣❡❝tr♦s❝♦♣✐❝
♠❡t❤♦❞s✳

❙❝❛tt❡r✐♥❣ ✐s ❛ ♣r♦❝❡ss ♦❢ ❧✐❣❤t ❞❡✈✐❛t✐♦♥ ❢r♦♠ ✐ts ✐♥✐t✐❛❧ ❞✐r❡❝t✐♦♥ ✇❤✐❧❡ ♣r♦♣❛❣❛t✐♥❣ ✐♥s✐❞❡ ❛
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❈❤❛♣t❡r ✶✳ P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s

♠❡❞✐✉♠✳ ■t ♦❝❝✉rs ✇❤❡♥ t❤❡ ♠❡❞✐✉♠ t❤r♦✉❣❤ ✇❤✐❝❤ ❧✐❣❤t ♣r♦♣❛❣❛t❡s ✐s ♦♣t✐❝❛❧❧② ✐♥❤♦♠♦❣❡♥❡♦✉s✱
✐✳ ❡✳ ✇❤❡♥ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✈❛r✐❡s s♣❛t✐❛❧❧② t❤r♦✉❣❤♦✉t t❤❡ ♠❡❞✐✉♠ ♦r t❤❡r❡ ❛r❡ ♣❛rt✐❝❧❡s ✐♥
t❤❡ ♠❡❞✐✉♠ ✇❤✐❝❤ ❛r❡ ♦♣t✐❝❛❧❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♠❡❞✐✉♠✬s ♠❛tr✐①✳ ❙❡❝♦♥❞ ♦r❞❡r ✐♥❝♦❤❡r❡♥t
✇❛✈❡s ❛♣♣❡❛r ❛❢t❡r ✐♥t❡r❛❝t✐♦♥ ♦❢ ❧✐❣❤t ✇✐t❤ t❤❡s❡ ♣❛rt✐❝❧❡s ✇❤✐❝❤ ❛r❡ ✐♥❤♦♠♦❣❡♥❡♦✉s❧② ❞✐str✐❜✉t❡❞
❛♥❞ ♠♦✈✐♥❣ ✐♥ ♠❡❞✐❛ ❞✉❡ t♦ t❤❡r♠❛❧ ❡✛❡❝ts✱ t❤✉s ❞✐✛❡r❡♥❝❡s ✐♥ ♦♣t✐❝❛❧ ♣❛t❤s ❛♣♣❡❛r ❧❡❛❞✐♥❣ t♦
✐♥❝♦❤❡r❡♥❝❡ ❬❚✉❝❤✐♥✱ ✷✵✶✵❪✳

❙❝❛tt❡r✐♥❣ ❝♦✉❧❞ ❜❡ ✐♥❞✉❝❡❞ ❜② ❝♦♥t✐♥✉♦✉s ❝❤❛♥❣❡s ♦r ❞✐s❝r❡t❡ ♣❛rt✐❝❧❡s✱ ✇❤✐❝❤ ♠❛❦❡ t❤❡ ❧✐❣❤t
❞❡✢❡❝t ❢r♦♠ t❤❡ ✐♥❝✐❞❡♥t ❞✐r❡❝t✐♦♥✳ ■♥ ❜✐♦♣❤♦t♦♥✐❝s ♣❤♦t♦♥s ❛r❡ s❝❛tt❡r❡❞ ❜② t❤❡ ❝♦♥st✐t✉❡♥ts ♦❢
t✐ss✉❡ ✇❤✐❝❤ ❛r❡ ❛❜♦✉t t❤❡ ❞✐♠❡♥s✐♦♥ ✭s✐③❡✮ ♦❢ t❤❡ ♣❤♦t♦♥✬s ✇❛✈❡❧❡♥❣t❤✳ ▼✉❧t✐s❝❛❧❡ str✉❝t✉r❡ ♦❢
t✐ss✉❡ ❝♦♥s✐sts ♦❢ s♠❛❧❧ ♠♦❧❡❝✉❧❡s ✭❧✐❦❡ ❝❤r♦♠♦♣❤♦r❡s✮ ❛♥❞ ✜♥✐s❤❡s ✉♣ t♦ ❜✐❣ ❡❧❡♠❡♥ts ❧✐❦❡ ❝❡❧❧s✳
❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐③❡ ♦❢ str✉❝t✉r❛❧ ❝♦♠♣♦♥❡♥ts ❞✐✛❡r❡♥t t❤❡♦r✐❡s ❛r❡ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ♣r♦❝❡ss
♦❢ ❧✐❣❤t s❝❛tt❡r✐♥❣✿

✶✳ ▼✐❡ t❤❡♦r② ✭✇❤❡♥ t❤❡ ❞✐✛✉s❡r s✐③❡ ✐s ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ❛s ♣❤♦t♦♥✬s ✇❛✈❡❧❡♥❣t❤✿ ❡✳❣✳✳ ❝❡❧❧
♦r❣❛♥❡❧❧❡s t♦ t❤❡ ❝❡❧❧ ♥✉❝❧❡✉s✮✱

✷✳ ❘❛②❧❡✐❣❤ s❝❛tt❡r✐♥❣ ✭✇❤❡♥ t❤❡ ❞✐✛✉s❡r ❞✐♠❡♥s✐♦♥ ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ ♣❤♦t♦♥✬s ✇❛✈❡❧❡♥❣t❤✿
❡✳❣✳ ❢r♦♠ ♠♦❧❡❝✉❧❛r ❧❡✈❡❧ ✉♥t✐❧ ❝♦❧❧❛❣❡♥ ✜❜❡rs✮

Scattering 

event 

Photon 

trajectory 

A
sim

u
th

a
l 

a
n

g
le

 

θ 

cos θ 

❋✐❣✉r❡ ✶✳✺✿ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ s❝❛tt❡r✐♥❣ ❡✈❡♥t✱ ✐❧❧✉str❛t✐♥❣ ❛ ❞❡✢❡❝t✐♦♥ ♦❢ ❛ ♣❤♦t♦♥ tr❛❥❡❝t♦r②✳
❆♥ ❛③✐♠✉t❤❛❧ ❛♥❣❧❡ ♦❢ s❝❛tt❡r✐♥❣ ✐s ❝♦♥s✐❞❡r❡❞ s✉❝❤ t❤❛t ✐♥ t❤❡s❡ ❞✐r❡❝t✐♦♥s ❧✐❣❤t ✐s s❝❛tt❡r❡❞ ✐♥
t❤❡ s❛♠❡ ✇❛②✱ ❛s t❤❡ ♠❡❞✐✉♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ✐s♦tr♦♣✐❝

❙❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥t ❞❡♥♦t❡❞ ❜② µs✱ ✐s ❛ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❛r❡❛ ♣❡r ✉♥✐t ✈♦❧✉♠❡ ♦❢ ♠❡❞✐✉♠✳ ■t
✐s ❞❡✜♥❡❞ ❛s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ✈♦❧✉♠❡ ❞❡♥s✐t② ♦❢ s❝❛tt❡r✐♥❣ ♣❛rt✐❝❧❡s ❝♦♥❝❡♥tr❛t✐♦♥✱ ρs [cm−3]✱
❜② t❤❡ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❛r❡❛✱ σs [cm

2]✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ❡✣❝✐❡♥❝②✱ Qs

[dimensionless]✱ ❜② t❤❡ ❣❡♦♠❡tr✐❝❛❧ s✐③❡ ♦❢ ❞✐✛✉s❡r✱ As [cm
2]✱ ❣✐✈❡s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥

♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ s❦❡t❝❤❡❞ ✐♥ ❋✐❣✳ ✶✳✹ ✭s❡❡ ❊q✳ ✶✳✻✮✿

µs = ρsAQs ✭✶✳✻✮

❚❤❡ ♣r♦❜❛❜✐❧✐t② T ∈ [0, 1] ♦❢ t❤❡ ♣❤♦t♦♥✬s tr❛♥s♠✐ss✐♦♥ ✇✐t❤♦✉t r❡❞✐r❡❝t✐♦♥ ❛❢t❡r t❤❡ ♣❛t❤
❧❡♥❣t❤ L ✐s ❣✐✈❡♥ ❜② ❊q✳ ✶✳✼✿

T = e−µsL ✭✶✳✼✮

✻



✶✳✶✳ P❤♦t♦♣❤②s✐❝s ❜❛s✐❝s ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥s

■❢ t❤❡ s✐③❡ ♦❢ ❛ ❞✐✛✉s❡r ✐s ❧♦✇❡r t❤❛♥ t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t ✇❛✈❡❧❡♥❣t❤✱ t❤❡♥ t❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡
s❝❛tt❡r❡❞ ❧✐❣❤t ❤❛s ❛ ❞✐str✐❜✉t✐♦♥ ✇❤✐❝❤ ✐s s②♠♠❡tr✐❝❛❧ t♦ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✐♥❝✐❞❡♥t ❧✐❣❤t ❛♥❞ t♦ t❤❡
❧✐♥❡ ✇❤✐❝❤ ✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ ✐t✳ ❚❤❡ ❝✉r✈❡ ✇❤✐❝❤ ✐s ✐♥ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t ❞✐r❡❝t✐♦♥
❛♥❞ ♦❢ ♦❜s❡r✈❛t✐♦♥ ❞✐r❡❝t✐♦♥ ✐s ❝❛❧❧❡❞ ✐♥❞✐❝❛tr✐①✳ ■❢ t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t ✐s ♥♦♥✲♣♦❧❛r✐③❡❞✱ t❤❡♥ t❤❡
❡q✉❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✐❝❛tr✐① ✭♦r s❝❛tt❡r✐♥❣ ♣❤❛s❡ ❢✉♥❝t✐♦♥✮ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✭s❡❡ ❊q✳ ✶✳✽✮✿

P (θ) = I0(1 + cos2θ), ✭✶✳✽✮

✇❤❡r❡ P (θ) ✐s t❤❡ ✐♥t❡♥s✐t② ♦❢ ❧✐❣❤t s❝❛tt❡r❡❞ ❛t ❛♥ ❛♥❣❧❡ θ t♦ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t✱
I0 ✐s t❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t✳ ❚❤❡ s❝❛tt❡r✐♥❣ ♣❤❛s❡ ❢✉♥❝t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧
s❝❛tt❡r✐♥❣ ❝r♦ss✲s❡❝t✐♦♥ ✐s ❞❡✜♥❡❞ ✐♥ ❊q✳ ✶✳✾✿

P (ŝ, ŝ′) =
4π

σs + σa

dσs
dΩ

(ŝ, ŝ′), ✭✶✳✾✮

✇❤❡r❡ ŝ · ŝ′ = cos θ✱ s ❛♥❞ s′ ❛r❡ t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ✐♥❝✐❞❡♥t ❛♥❞ s❝❛tt❡r❡❞ ❧✐❣❤t✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ❛♥❣✉❧❛r ❞❡♣❡♥❞❡♥❝❡ ♦❢ s❝❛tt❡r✐♥❣ ✐s ❝❛❧❧❡❞ t❤❡ s❝❛tt❡r✐♥❣ ♣❤❛s❡ ❢✉♥❝t✐♦♥✱ P (θ)✳ ■t ❞❡s❝r✐❜❡s
t❤❡ ♣♦❧❛r✐③❛❜✐❧✐t② ♦❢ ❛ ♣❤♦t♦♥ s❝❛tt❡r✐♥❣ ✐♥t♦ ❛ ✉♥✐t s♦❧✐❞ ❛♥❣❧❡✱ ✇❤✐❝❤ ✐s ♦r✐❡♥t❡❞ ❛t ❛♥ ❛♥❣❧❡ θ✱
♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ❯s✉❛❧❧② ✐s ✐t ❝♦♥s✐❞❡r❡❞ t❤❛t t❤❡r❡ ✐s ♥♦ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ❛③✐♠✉t❤❛❧ ❛♥❣❧❡✱ ❛s
t❤❡ ♠❡❞✐✉♠ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛♥✐s♦tr♦♣✐❝✳ ❚❤❡ ❡①♣❡❝t❡❞ ♦r t❤❡ ♠❡❛♥ ✈❛❧✉❡ ❢♦r cosθ ✐s ❣✐✈❡♥ ❜②
❊q✳ ✶✳✶✵ ✭s❡❡ ❛❧s♦ ❋✐❣✳ ✶✳✺✮✿

g =

∫ π

0
P (θ)cosθ2π sin θdθ =< cos θ >, ✭✶✳✶✵✮

✇❤❡r❡ 4π
∫ π
0 P (s, s

′)2π sin θdθ = 1✳

❚❤❡ ❝❧♦s❡r ✐s t❤❡ s✐③❡ ♦❢ ❛ ❞✐✛✉s❡r t♦ t❤❡ ✐♥❝✐❞❡♥t ✇❛✈❡❧❡♥❣t❤✱ t❤❡ ❝❧♦s❡r t♦ ✉♥✐t② ✐s t❤❡
❛♥✐s♦tr♦♣② ❢❛❝t♦r✳

■❢ ❛ ❞✐✛✉s❡r ♦❢ ❛ s✐③❡ r ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ ❛♥ ✐♥❝✐❞❡♥t ✇❛✈❡❧❡♥❣t❤✱ λ ✭r ≪ λ✮✱ t❤❡♥ ❛ s♦✲❝❛❧❧❡❞
❘❛②❧❡✐❣❤ s❝❛tt❡r✐♥❣ ♦❝❝✉rs✱ ✇❤❡♥ ❛♥✐s♦tr♦♣② ❡q✉❛❧s t♦ ✵✱ t❤❛t ♠❡❛♥s t❤❛t ❧✐❣❤t ✐s ✐s♦tr♦♣✐❝❛❧❧②
s❝❛tt❡r❡❞ ❛♥❞ ♣❤❛s❡ ❢✉♥❝t✐♦♥ ❡q✉❛❧s t♦ 1

4π ✳ ■❢ s✐③❡ ♦❢ ❛ ❞✐✛✉s❡r ✐s ❛❜♦✉t ✇❛✈❡❧❡♥❣t❤ ✭r < λ✮ t❤❡♥
▼✐❡ s❝❛tt❡r✐♥❣ ♦❝❝✉rs ❬▼✐❡✱ ✶✾✵✽❪✳ ❚❤❡ ▼✐❡ s❝❛tt❡r✐♥❣ t❤❡♦r② ✇❛s s♣❡❝✐❛❧❧② ❞❡✈❡❧♦♣❡❞ ❢♦r s♣❤❡r✐❝❛❧
♣❛rt✐❝❧❡s✱ ❤♦✇❡✈❡r ✐t ✐s ❛♣♣❧✐❡❞ t♦ s♣❤❡r✐❝❛❧ ❛♥❞ ♥♦♥s♣❤❡r✐❝❛❧ ❝❡❧❧✉❧❛r str✉❝t✉r❡s✿ ♠✐t♦❝❤♦♥❞r✐❛✱
❝♦❧❧❛❣❡♥ ✜❜❡rs✱ ♥✉❝❧❡✐✱ ❡t❝✳

❆♥ ❛♥❛❧②t✐❝❛❧ ❢✉♥❝t✐♦♥ ✉s✉❛❧❧② ✉s❡❞ t♦ ♠♦❞❡❧ ❧✐❣❤t s❝❛tt❡r✐♥❣ ✐♥ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ✐s ❞❡r✐✈❡❞
❜② ❍❡♥②❡② ❛♥❞ ●r❡❡♥st❡✐♥ ✭❍●✲❢✉♥❝t✐♦♥ ❬❍❡♥②❡② ❛♥❞ ●r❡❡♥st❡✐♥✱ ✶✾✹✶❪✮ ❜❛❝❦ t♦ ✶✾✹✶ ✭❚❤✐s
❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❝❤❛♣t❡r ✸ ✐♥ ❊q✳ ✷✳✶✼✮✳

❍♦✇❡✈❡r✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❤❛s❡ ❢✉♥❝t✐♦♥ ♠♦❞❡❧✐♥❣ ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ❝♦✉❧❞ ❞✐✛❡r
✉♣ t♦ ✻✵ ✪ ❬❈✐❤❛♥ ❛♥❞ ❆r✐✢❡r✱ ✷✵✶✶❪✳ ❋♦r ❡①❛♠♣❧❡ t❤❡r❡ ✇❛s ❡✈❡♥ ❛ ✇♦r❦ ✇❤✐❝❤ ✇❛s ❞❡❛❧✐♥❣
✇✐t❤ ❢r❛❝t❛❧ s✐③❡s ❞✐str✐❜✉t✐♦♥ ♦❢ ❞✐✛✉s❡rs ❬P❛ss♦s ❡t ❛❧✳✱ ✷✵✵✺❪✳ ❚❤❡ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❢r❛❝t❛❧
♠❡t❤♦❞ ✐s t❤❛t ✐t ✐s ✉♥❧✐❦❡❧② t♦ ❜❡ ❛❜❧❡ t♦ r❡♣r♦❞✉❝❡ t✐ss✉❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦✈❡r ❛ ❜r♦❛❞ r❛♥❣❡
♦❢ ✇❛✈❡❧❡♥❣t❤s s✐♠✉❧t❛♥❡♦✉s❧②✳

❚❤✉s t❤❡r❡ ✐s ❛ ❧✐♥❦ ❜❡t✇❡❡♥ ♣❛rt✐❝❧❡ s✐③❡ ❛♥❞ ❞✐r❡❝t✐♦♥ ♦❢ s❝❛tt❡r✐♥❣✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②
s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥t µs ❛♥❞ ❢♦r ❛♥✐s♦tr♦♣② g✳

❙❝❛tt❡r✐♥❣ ❛♥❛❧②s✐s ❛❧❧♦✇s ❞❡t❡❝t✐♥❣ ❝❤❛♥❣❡s ✉♥❞❡r❣♦✐♥❣ ✐♥ t✉r❜✐❞✱ ✐✳ ❡✳ ❤✐❣❤❧② s❝❛tt❡r✐♥❣✱
♠❡❞✐✉♠✳ ❚❤r♦✉❣❤ ❛♥❛❧②s✐s ♦❢ tr❛♥s♠✐tt❡❞ ♦r ❜❛❝❦s❝❛tt❡r❡❞ ❧✐❣❤t ❞✐str✐❜✉t✐♦♥ ♦❢ s✐③❡s ❝♦✉❧❞ ❜❡
❞❡t❡❝t❡❞✳

❯s✉❛❧❧②✱ ❜✐♦♠❡❞✐❝❛❧ ♦♣t✐❝s ✐s ❞❡❛❧✐♥❣ ✇✐t❤ ❜♦t❤ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r❜✐♥❣ ♠❡❞✐❛✱ ✐♥ s✉❝❤ ❝❛s❡
❛♥❛❧②s✐s ♦❢ ♠❡❞✐❛ ❝♦♥st✐t✉❡♥ts ❛♥❞ t❤❡✐r s✐③❡ ❞✐str✐❜✉t✐♦♥s ✐s ❛ ♥♦♥✲tr✐✈✐❛❧ t❛s❦✳ ❋♦r ❛ ✜rst✲st❡♣

✼
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❋✐❣✉r❡ ✶✳✻✿ ❏❛❜❧♦♥s❦✐ ❞✐❛❣r❛♠ ♦❢ ❧✉♠✐♥❡s❝❡♥❝❡✳ ❆❢t❡r ❛♥ ❛t♦♠✱ ♠♦❧❡❝✉❧❡ ♦r ✐♦♥ ❛❜s♦r❜❡❞ ❛
♣❤♦t♦♥ ♦❢ ❛ s✉✣❝✐❡♥t ❡♥❡r❣②✱ t❤❡ ✇❤♦❧❡ s②st❡♠ ✐s ❡①❝✐t❡❞ ❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡ ✭S0✮ t♦ ❛ ❤✐❣❤❡r
❡♥❡r❣❡t✐❝ ❧❡✈❡❧ ✭❤❡r❡ Sn✮✳ P❛rt❧② s②st❡♠ ❝♦✉❧❞ r❡❧❛① ♥♦♥✲r❛❞✐❛t✐✈❡❧② ❛♥❞ t❤❡♥ ❝♦✉❧❞ ✢✉♦r❡s❝❡ ❛t
❛ ❧♦♥❣❡r ✇❛✈❡❧❡♥❣t❤✳ ❚❤❡ ♦t❤❡r ♣r♦❝❡ss❡s ✉♥❞❡r❣♦ ❛r❡ ✐♥t❡r♥❛❧ ❝♦♥✈❡rs✐♦♥✱ ✇❤✐❝❤ ❣♦❡s t❤r♦✉❣❤
♥♦♥✲r❛❞✐❛♥t ✇❛②✱ ❛♥❞ ♣❤♦s♣❤♦r❡s❝❡♥❝❡✳

❛♣♣r♦①✐♠❛t✐♦♥✱ ❜② ❝♦♥s✐❞❡r✐♥❣ s✐♥❣❧❡✲s❝❛tt❡r✐♥❣ ❡✈❡♥t✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✉s❡ t❤❡ ❇❡❡r✲▲❛♠❜❡rt✲
❇♦✉❣❡r✬s ❧❛✇ ✭❙❡❡ ❊q✳ ✶✳✺✮ ❡✐t❤❡r ✇✐t❤ s✉♠ ♦❢ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts ✐♥ ❡①♣♦♥❡♥t✐❛❧
♣♦✇❡r ❧❛✇ ♦r ❜② ❝♦♥s✐❞❡r✐♥❣ ❛❜s♦r♣t✐♦♥ ♥❡❣❧✐❣✐❜❧❡ t♦ s❝❛tt❡r✐♥❣ ♦r ✈✐❝❡ ✈❡rs❛✳ ❋♦r t❤❡ ♠✉❧t✐♣❧❡
s❝❛tt❡r✐♥❣ ♠❡❞✐❛ t❤✐s ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ♥♦t ❛❧❧♦✇❡❞✱ ❛s ✐♥ tr❛♥s♠✐tt❡❞ ❧✐❣❤t ♥♦t ♦♥❧② ❜❛❧❧✐st✐❝✱ ✐✳ ❡✳
♥♦t s❝❛tt❡r❡❞✱ ♣❤♦t♦♥s ❝♦✉❧❞ ❜❡ ❞❡t❡❝t❡❞✱ ❜✉t ❛❧s♦ t❤♦s❡✱ ✇❤✐❝❤ ✇❡r❡ ♠✉❧t✐♣❧② s❝❛tt❡r❡❞ ✐♥ ❛
♠❡❞✐✉♠✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡t❡❝t ♦♥❧② ❜❛❧❧✐st✐❝ ♣❤♦t♦♥s ✐♥ t✐♠❡✲r❡s♦❧✈❡❞ ♠❡❛s✉r❡♠❡♥ts✳
▼❛✐♥ ♠❡t❤♦❞s ✉s❡❞ ❢♦r t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐♣❧❡ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r❜✐♥❣ ♠❡❞✐❛ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞
❢✉rt❤❡r ✐♥ t❤✐s ✇♦r❦✳

✶✳✶✳✹ ❋❧✉♦r❡s❝❡♥❝❡

▲✉♠✐♥❡s❝❡♥❝❡ ✐s ❛ ♣r♦❝❡ss ♦❢ ❧✐❣❤t ❡♠✐ss✐♦♥ ❢r♦♠ ❛ ♠❡❞✐✉♠ ✇❤✐❝❤ ✇❛s ✐❧❧✉♠✐♥❛t❡❞ ❜② ❛♥ ❡❧❡❝✲
tr♦♠❛❣♥❡t✐❝ ✇❛✈❡✳ ■t ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ♣❤♦s♣❤♦r❡s❝❡♥❝❡ ❛♥❞ ✢✉♦r❡s❝❡♥❝❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥❛t✉r❡
♦❢ t❤❡ ❡①❝✐t❡❞ st❛t❡ ❬▲❛❦♦✇✐❝③✱ ✷✵✵✻❜❪✳ ❋❧✉♦r❡s❝❡♥❝❡ ✐s ❛ ♣r♦❝❡ss ♦❢ ❧✐❣❤t ❛❜s♦r♣t✐♦♥ ❛♥❞ ✐ts ❝♦♥✲
s❡q✉❡♥t r❡✲❡♠✐ss✐♦♥ ❛t ❧♦♥❣❡r ✇❛✈❡❧❡♥❣t❤ ❛♥❞ ❛t ❧♦✇❡r ❡♥❡r❣② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ r❡t✉r♥ ♦❢ ❛t♦♠✱
♠♦❧❡❝✉❧❡ ♦r ✐♦♥ ❡✐t❤❡r ❢r♦♠ t❤❡ ❡①❝✐t❡❞ st❛t❡ t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ S0 ♦r ❜② tr❛♥s✐t✐♦♥s t♦ t❤❡ ❧❡✈❡❧
♦❢ ❤✐❣❤❡r ❡♥❡r❣② ✭❙❡❡ ❋✐❣✳ ✶✳✻✮✳

❚❤❡ ❡①❝✐t❡❞ ❡❧❡❝tr♦♥s ✐♥ ❝❛s❡ ♦❢ ❛ ✢✉♦r❡s❝❡♥t ♠♦❧❡❝✉❧❡ ❝♦✉❧❞ r❡❧❛① ❞♦✇♥ t♦ t❤❡ ✉♥❞❡r❧②✐♥❣
❧❡✈❡❧s ♦❢ ❛ s②st❡♠ ✐♥ ♥♦♥✲r❛❞✐❛♥t ✇❛②✳ ■♥t❡♥s✐t② ♦❢ ✢✉♦r❡s❝❡♥❝❡ ❞❡❝r❡❛s❡s ✇✐t❤ t✐♠❡ ❢♦❧❧♦✇✐♥❣
❊q✳ r❡❢❡q✿❧t✿

It = I0e
− t

τ ✭✶✳✶✶✮

✇❤❡r❡ τ ✐s t❤❡ ❧✐❢❡t✐♠❡ ♦❢ ✢✉♦r❡s❝❡♥❝❡✱ It st❛♥❞s ❢♦r t❤❡ ✐♥t❡♥s✐t② ♦❢ ✢✉♦r❡s❝❡♥❝❡ ❛t t✐♠❡ t ❛♥❞ I0
✐s t❤❡ ✐♥t❡♥s✐t② ♦❢ ✢✉♦r❡s❝❡♥❝❡ ✇❤❡♥ ❡①❝✐t❛t✐♦♥ st♦♣s✳ ❚❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❤♦t♦♥s
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cta
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❋✐❣✉r❡ ✶✳✼✿ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ♣r♦❝❡ss❡s✳ Rf ✲ r❡✢❡❝t❛♥❝❡✱ Rd ✲ ❞✐✛✉s❡❞
r❡✢❡❝t❛♥❝❡✱ Tc ✲ ❝♦❧❧✐♠❛t❡❞ tr❛♥s♠✐tt❛♥❝❡✱ Td ✲ ❞✐✛✉s❡❞ tr❛♥s♠✐tt❛♥❝❡✳ ❊❚ ✲ ❊♥❡r❣② ❚r❛♥s❢❡r✳

❛❜s♦r❜❡❞ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣❤♦t♦♥s ❡♠✐tt❡❞ ✐s ❝❛❧❧❡❞ q✉❛♥t✉♠ ②✐❡❧❞ ♦❢ ✢✉♦r❡s❝❡♥❝❡ γ ✭s❡❡ ❊q✳
✶✳✶✷✮✿

γ =
number of photons emmited

number of photons absorbed
. ✭✶✳✶✷✮

❚❤✉s t❤❡ ♠♦st ❡✣❝✐❡♥t ✢✉♦r♦♣❤♦r❡s ❛r❡ t❤♦s❡✱ ✇❤✐❝❤ ❤❛✈❡ q✉❛♥t✉♠ ②✐❡❧❞ ❝❧♦s❡ t♦ ♦♥❡ ❛♥❞ ❤❛✈❡ ❛
♣♦t❡♥t✐❛❧ t♦ ❜❡ ✉s❡❞ ✐♥ ❜✐♦♠❡❞✐❝❛❧ ❞✐❛❣♥♦s✐s✳ ◗✉❛♥t✉♠ ②✐❡❧❞ ❝♦✉❧❞ ❜❡ ❛✛❡❝t❡❞ ❜② ❛ ♠❡❞✐✉♠ s✉r✲
r♦✉♥❞✐♥❣ t❤❡ ✢✉♦r♦♣❤♦r❡ ♦r ❜② ❛♥♦t❤❡r ♣❛rt✐❝❧❡ ❝♦♥♥❡❝t❡❞ t♦ ✐t✱ ❢♦r ❡①❛♠♣❧❡ ❛ ♥❛♥♦♣❛rt✐❝❧❡✳ ❚❤✐s
t❤❡s✐s ✐s ❛❧s♦ ♣❛rt❧② ❞❡❞✐❝❛t❡❞ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ✢✉♦r♦♣❤♦r❡
❧✐❢❡t✐♠❡ ❛♥❞ q✉❛♥t✉♠ ②✐❡❧❞ ❝❤❛♥❣❡s ❞✉❡ t♦ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡ ♣r❡s❡♥❝❡✳

❇✐♦♠❡❞✐❝❛❧ ♦♣t✐❝s ✢✉♦r❡s❝❡♥❝❡ ✐s ♦❢ ✐♥t❡r❡st ❛s ✐t ❛❧❧♦✇s ❢♦r ❞❡t❡r♠✐♥✐♥❣ t✐ss✉❡ st❛t❡ ✇❤✐❝❤ ✐s ✐♥
❛❝❝♦r❞❛♥❝❡ t♦ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✢✉♦r♦♣❤♦r❡s✳ ■♥ ❛❜s❡♥❝❡ ♦❢ q✉❡♥❝❤❡rs ❧✐❢❡t✐♠❡ ♦❢ ✢✉♦r❡s❝❡♥❝❡✱τ
❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♠❡❞✐✉♠✱ ✐✳ ❡✳ s❝❛tt❡r✐♥❣ ❛♥❞ ❛s♦r♣t✐♦♥ ♣❛r❛♠❡t❡rs ❬▲❛❦♦✇✐❝③✱ ✷✵✵✻❝❪✳
❙✇❛rt❧✐♥❣ ❡t ❛❧ ❬❙✇❛rt❧✐♥❣ ❡t ❛❧✳✱ ✷✵✵✺❪ ♣r❡s❡♥t❡❞ ❛ r❡s❡❛r❝❤ ♦♥ ✢✉♦r❡s❝❡♥❝❡✲❣✉✐❞❡❞ ❞❡❡♣ ❧❡s✐♦♥s
❞❡t❡❝t✐♦♥ ❜② r❛t✐♦ ♦❢ t✇♦ ✇❛✈❡❧❡♥❣t❤ ❜❛♥❞s ✢✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧✳ ❈✐❝❝❤✐ ❡t ❛❧ ❬❈✐❝❝❤✐ ❡t ❛❧✳✱ ✷✵✵✼❪
✐♥tr♦❞✉❝❡❞ ❛ ♠❡t❤♦❞ ♦❢ ❝♦♠❜✐♥❡❞ ♠♦r♣❤♦❧♦❣✐❝❛❧ ❛♥❞ ❧✐❢❡t✐♠❡ ❛♥❛❧②s✐s ♦❢ ❡① ✈✐✈♦ s❦✐♥ s❛♠♣❧❡s✳
❚❤❡② ❞✐st✐♥❣✉✐s❤❡❞ ❜❡t✇❡❡♥ ❜❡♥✐❣♥ ❛♥❞ ♠❛❧✐❣♥❛♥t t✐ss✉❡s✱ t❤✉s ♦✛❡r✐♥❣ ❛ r❡❧✐❛❜❧❡✱ ♥♦♥✲✐♥✈❛s✐✈❡
t♦♦❧ ❢♦r t❤❡ ✐♥ ✈✐✈♦ ❛♥❛❧②s✐s ♦❢ ✐♥✢❛♠♠❛t♦r② ❛♥❞ ♥❡♦♣❧❛st✐❝ s❦✐♥ ❧❡s✐♦♥s✳

❋✐♥❛❧❧②✱ ❛❧❧ t❤❡ ♣r♦❝❡ss❡s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✶✳✼✳

❚❤❡r❡ ✐s ❛❧s♦ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ✐♥ t❤❡ ✜❣✉r❡✱ ❜✉t t❤❡ ♣r♦❝❡ss❡s✱ ✇❤✐❝❤ ♦❝❝✉r ✐♥ ♠❡❞✐✉♠ ❝♦♥t❛✐♥✐♥❣
♥❛♥♦♣❛rt✐❝❧❡s✱ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❝❤❛♣t❡r ✸ ❛♥❞ ❛r❡ t❤❡ ♣❛rt ♦❢ t❤❡ r❡s❡❛r❝❤ ✇♦r❦ ❞♦♥❡ ✐♥ t❤❡ t❤❡s✐s✳

❚❤❡ ❧✐❢❡✲t✐♠❡ ♦❢ ❛♥ ❡①❝✐t❡❞ st❛t❡ ✐s ❛r♦✉♥❞ 10−4 s❡❝♦♥❞s✱ ✢✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ✐s ❛❜♦✉t s❡✈❡r❛❧
♥❛♥♦s❡❝♦♥❞s✱ ❤♦✇❡✈❡r ✐t ❝♦✉❧❞ ❞❡❝r❡❛s❡ t♦ s❡✈❡r❛❧ ♣✐❝♦s❡❝♦♥❞s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢r❡❡❞♦♠ ♦❢ ❛

✾



❈❤❛♣t❡r ✶✳ P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s

♠♦❧❡❝✉❧❡ ❛✛❡❝t❡❞ ❜② ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♦❢ ♦t❤❡r ♣❛rt✐❝❧❡✳ ❚❤❡ q✉❡st✐♦♥ ♦❢ ❡♥❡r❣② tr❛♥s❢❡r ❜❡t✇❡❡♥
♥❛♥♦♣❛rt✐❝❧❡ ❛♥❞ ✢✉♦r♦♣❤♦r❡ ❛♥❞ ♦❢ ❧✐❢❡t✐♠❡ ❝❤❛♥❣❡s ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ t❤❡s✐s
✭❈❤❛♣✳ ✺✮✳

✶✳✷ ❈r✐t❡r✐❛ ❢♦r st❛t✐st✐❝❛❧ ❝❤❛r❛❝t❡r✐③✐♥❣ ♦❢ ❛♥ ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s
♠❡t❤♦❞ ❡✣❝✐❡♥❝②

❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛ ❧❡s✐♦♥ ❞❡t❡❝t✐♦♥ ♠❡t❤♦❞ ✐s ❡①♣r❡ss❡❞ ❜② ✐ts s♣❡❝✐✜❝✐t②✱ s❡♥s✐t✐✈✐t②✱ ♣♦s✐t✐✈❡
❛♥❞ ♥❡❣❛t✐✈❡ ♣r❡❞✐❝t✐✈❡ ❢❛❝t♦rs✳ ▲❡t✬s ✐♠❛❣✐♥❡ ❛ ❞✐❛❣♥♦s✐s ♠❡t❤♦❞ ♦❢ ❛ ❞✐s❡❛s❡ ❛♠♦♥❣ ❛ ❣r♦✉♣ ♦❢
♣❡♦♣❧❡✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ❞❡t❡❝t✐♦♥ t❡st ❝❛♥ ❜❡ ❛s ❢♦❧❧♦✇s✿

❼ ❚r✉❡ P♦s✐t✐✈❡✿ ❞✐s❡❛s❡ ✐s ❝♦rr❡❝t❧② ✐❞❡♥t✐✜❡❞ ✭❚P✮✱

❼ ❋❛❧s❡ P♦s✐t✐✈❡✿ ❞✐s❡❛s❡ ✐s ❞❡t❡❝t❡❞ ❛❧t❤♦✉❣❤ ❛ s✉❜❥❡❝t ✐s ❤❡❛❧t❤② ✭❋P✮✱

❼ ❚r✉❡ ◆❡❣❛t✐✈❡✿ ❤❡❛❧t❤② s✉❜❥❡❝t ✇❛s ✐❞❡♥t✐✜❡❞ ❛s ❤❡❛❧t❤② ✭❚◆✮✱

❼ ❋❛❧s❡ ◆❡❣❛t✐✈❡✿ ❛ s✉❜❥❡❝t ✇✐t❤ ❛ ❧❡s✐♦♥ ✇❛s ✐❞❡♥t✐✜❡❞ ❛s ❤❡❛❧t❤② ✭❋◆✮✳

✶✳✷✳✶ ❙❡♥s✐t✐✈✐t②

❙❡♥s✐t✐✈✐t② Se ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝♦rr❡❝t❧② ✐❞❡♥t✐❢②✐♥❣ ❛ ❞✐s❡❛s❡✳ ■t ✐s ♠❛t❤❡♠❛t✐❝❛❧❧② ❡①♣r❡ss❡❞
❜② ❊q✳ ✶✳✶✸✿

Se =
Number of true positives

Number of true positives+Number of false negatives
× 100 %

✭✶✳✶✸❛✮

Se =
TP

TP + FN
× 100 % ✭✶✳✶✸❜✮

■❢ s❡♥s✐t✐✈✐t② ✐s ❤✐❣❤✱ ✐✳ ❡✳ ❝❧♦s❡ t♦ ✶✵✵ ✪✱ ❛ ♥❡❣❛t✐✈❡ r❡s✉❧t ❛❧❧♦✇s ✐❞❡♥t✐❢②✐♥❣ s✉❜❥❡❝ts ✇❤♦
❛r❡ ❤❡❛❧t❤②✱ s✐♥❝❡ s✉❝❤ ❛ ♥❡❣❛t✐✈❡ t❡st r❡s✉❧t ✇✐❧❧ st❛t✐st✐❝❛❧❧② ❡①❝❧✉❞❡ t❤❡ ❞✐s❡❛s❡✳ ❍♦✇❡✈❡r✱
❝♦♥s✐❞❡r✐♥❣ ♦♥❧② ❛ ♣♦s✐t✐✈❡ r❡s✉❧t ✐s ♥♦t ❛ ❣✉❛r❛♥t❡❡ ❢♦r ❝♦rr❡❝t ❧❡s✐♦♥ ✐❞❡♥t✐✜❝❛t✐♦♥✱ ❡✈❡♥ ❢♦r ❛
❤✐❣❤ s❡♥s✐t✐✈✐t②✱ s✐♥❝❡ t❤✐s ❝r✐t❡r✐♦♥ ❞♦❡s ♥♦t t❛❦❡ ❢❛❧s❡ ♣♦s✐t✐✈❡ r❡s✉❧ts ✐♥t♦ ❛❝❝♦✉♥t✳

✶✳✷✳✷ ❙♣❡❝✐✜❝✐t②

❙♣❡❝✐✜❝✐t② Sp ✐s ❛ ♠❡❛s✉r❡ ✐♥❞✐❝❛t✐♥❣ ✇❤❡t❤❡r ❛ t❡st ❝♦rr❡❝t❧② ✐❞❡♥t✐✜❡s ❛ ♣❡rs♦♥ ✇✐t❤♦✉t ❛
❞✐s❡❛s❡ ♦r ♥♦t✳ ▼❛t❤❡♠❛t✐❝❛❧❧② ✐t ✐s ❡①♣r❡ss❡❞ ❜② ❊q✳ ✶✳✶✹✿

Sp =
Number of true negative

Number of true negative+Number of false positive
100 % ✭✶✳✶✹❛✮

Sp =
TN

TN + FP
× 100 % ✭✶✳✶✹❜✮

■❢ s♣❡❝✐✜❝✐t② ✐s ❤✐❣❤✱ ✐✳ ❡✳ ❝❧♦s❡ t♦ ✶✵✵ ✪✱ ❛ ♣♦s✐t✐✈❡ r❡s✉❧t ✐♥ ❛ t❡st ✇✐❧❧ ❡①❝❧✉❞❡ ❞✐s❡❛s❡ ✐♥ ❛❧❧
❤❡❛❧t❤② ♣❛t✐❡♥ts✳ ❚❤✉s ❛ ♣♦s✐t✐✈❡ r❡s✉❧t ❞❡✜♥❡s ❛ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❞✐s❡❛s❡✳
❍♦✇❡✈❡r✱ ❡✈❡♥ ❢♦r ❤✐❣❤ Sp ✈❛❧✉❡s✱ t❤❡ s♣❡❝✐✜❝✐t② t❛❦❡♥ ❛s ✉♥✐q✉❡ ❝r✐t❡r✐♦♥ ✐s ♥♦t ❛ ❣✉❛r❛♥t❡❡ ❢♦r
❡①❝❧✉❞✐♥❣ ❛ ❞✐s❡❛s❡ ❜❡❝❛✉s❡ ✐t ❞♦❡s ♥♦t t❛❦❡ ❢❛❧s❡ ♥❡❣❛t✐✈❡ r❡s✉❧ts ✐♥t♦ ❛❝❝♦✉♥t✳

❚♦ ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❧❡s✐♦♥ ❞❡t❡❝t✐♦♥ ♣❡r❢♦r♠❛♥❝❡✱ s❡♥s✐t✐✈✐t② ❛♥❞ s♣❡❝✐✜❝✐t② s❤♦✉❧❞ ❜❡
t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t s✐♠✉❧t❛♥❡♦✉s❧②✳ ■♥❞❡❡❞✱ ❛ ♠❡t❤♦❞ ❤❛✈✐♥❣ ❢♦r ❡①❛♠♣❧❡ ❤✐❣❤ Sp ♦❢ ✾✼✪ ✐s ♥♦t
r❡❧✐❛❜❧❡ ❢♦r ❛ ❧♦✇ Se ✈❛❧✉❡ ♦❢ ✹✵✪ ❢♦r ✐♥st❛♥❝❡✳

✶✵



✶✳✸✳ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ✐♥ ❝❛♥❝❡r ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s

✶✳✷✳✸ P♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ♣r❡❞✐❝t✐✈❡ ❢❛❝t♦rs

❊♥s✉r✐♥❣ ❜❡st ♣❡r❢♦r♠❛♥❝❡ ❢♦r ❛ ❞❡t❡❝t✐♦♥ ♠❡t❤♦❞ ✐♠♣❧✐❡s t❤❡ ❤✐❣❤❡st r❛t❡s ♦❢ s❡♥s✐t✐✈✐t② ❛♥❞
s♣❡❝✐✜❝✐t②✱ ✐✳ ❡✳ ✶✵✵ ✪ ❢♦r ❜♦t❤ Se ❛♥❞ Sp✳ ❚❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥ s❡♥s✐t✐✈✐t② ❛♥❞ s♣❡❝✐✜❝✐t② ✐s
q✉❛♥t✐✜❡❞ ❜② t✇♦ ❛❞❞✐t✐♦♥❛❧ ❝r✐t❡r✐❛✿ t❤❡ ♣♦s✐t✐✈❡ ♣r❡❞✐❝t✐✈❡ ✈❛❧✉❡ ❛♥❞ t❤❡ ♥❡❣❛t✐✈❡ ♣r❡❞✐❝t✐✈❡
✈❛❧✉❡ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ t✇♦ ✈❛❧✉❡s ❛r❡ ✉s❡❞ t♦ ✐❞❡♥t✐❢② t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❜❥❡❝ts t♦ ❤❛✈❡ ❛
❞❡❝❡❛s❡ ✐♥ ❝❛s❡ ♦❢ ♣♦s✐t✐✈❡ t❡st ✭s❡❡ ❊q✳ ✶✳✶✺✮✿

Positive predictive value = PPV =
TP

TP + FP
100 ✭✶✳✶✺✮

❛♥❞ t♦ ❜❡ ❤❡❛❧t❤② ✐♥ ❝❛s❡ ♦❢ ♥❡❣❛t✐✈❡ t❡st ✭s❡❡ ❊q✳ ✶✳✶✻✮✿

Posititve predictive value = NPV =
TN

TN + FN
× 100 % ✭✶✳✶✻✮

✶✳✸ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ✐♥ ❝❛♥❝❡r ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s

❙❦✐♥ ❝❛♥❝❡r ✇♦r❧❞✇✐❞❡ ✐s t❤❡ ♠♦st ❢r❡q✉❡♥t ❝❛♥❝❡r ✐♥ t❤❡ ❈❛✉❝❛s✐❛♥ ♣♦♣✉❧❛t✐♦♥ ✇♦r❧❞✇✐❞❡✳ ❊❛r❧②
❞✐❛❣♥♦s✐s ♦❢ t❤✐s ❞✐s❡❛s❡ ✐s ❛ ❦❡② st❡♣ t♦ ❤✐❣❤❡r s✉r✈✐✈❛❧ r❛t❡s ❛♥❞ ❢❛st❡r r❡❝♦✈❡r②✳ ■♥❝✐❞❡♥❝❡
♦❢ ❇❛s❛❧ ❈❡❧❧ ❈❛r❝✐♥♦♠❛ ✭❇❈❈✮✱ ❙q✉❛♠♦✉s ❈❡❧❧ ❈❛r❝✐♥♦♠❛ ✭❙❈❈✮ ❛♥❞ ▼❛❧✐❣♥❛♥t ▼❡❧❛♥♦♠❛
✭▼▼✮ ✐s st✐❧❧ ✐♥❝r❡❛s✐♥❣✳ ❇❡s✐❞❡s st❛♥❞❛r❞ ♣❤②s✐❝❛❧ ❡①❛♠✐♥❛t✐♦♥ ❛♥❞ ❝♦♠♠♦♥ q✉❡st✐♦♥s ❛❜♦✉t
t❤❡ ❤❡❛❧t❤ ❤✐st♦r② ♦❢ ❛ ♣❛t✐❡♥t ❛♥❞ ❤✐s ❢❛♠✐❧②✱ t❤❡ ✜rst ❛♥❞ ♠♦st ❝♦♠♠♦♥ ❛ss❡ss♠❡♥t ♦❢ ❝❛♥❝❡r
✐s ♦❜t❛✐♥❡❞ ❜② t❤❡ ❤✐st♦♣❛t❤♦❧♦❣✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❛ t✐ss✉❡ r❡♠♦✈❛❧ ✭❜✐♦♣s②✮✳ ■t ♠❡❛♥s t❤❛t ❛ ♣✐❡❝❡
♦❢ s✉s♣✐❝✐♦✉s t✐ss✉❡ ✐s r❡♠♦✈❡❞ ❢r♦♠ s❦✐♥ ❛♥❞ t❤❡♥ ❡①❛♠✐♥❡❞ ✉♥❞❡r ♠✐❝r♦s❝♦♣②✳ ❉❡r♠❛t♦❧♦❣✐sts
♠❛② ❛❧s♦ ✉s❡ ❞❡r♠♦s❝♦♣❡s ✭❞❡r♠♦s❝♦♣② ✐s ❛❧s♦ ❝❛❧❧❡❞ ❊♣✐▲✉♠✐♥❡s❝❡♥❝❡ ▼✐❝r♦s❝♦♣② ✭❊▲▼✮ ♦r
s✉r❢❛❝❡ ♠✐❝r♦s❝♦♣②✮ t♦ s❡❡ ♠♦r❡ ❝❧❡❛r❧② s♣♦ts ♦♥ t❤❡ s❦✐♥✳ ❚❤✐s t♦♦❧ ❝♦♥s✐sts ♦❢ ❛ ♠❛❣♥✐❢②✐♥❣
❧❡♥s ❛♥❞ ❛ ❧✐❣❤t s♦✉r❝❡ ✇❤✐❝❤ ❛❧❧♦✇s ❢♦r ♣r❡✈❡♥t✐♥❣ ❜✐♦♣s② ❛♥❞ r❡❛ss✉r✐♥❣ ♣r❡s❡♥❝❡ ♦❢ ❝❛♥❝❡r ✐♥
♣❛rt✐❝✉❧❛r s♣♦t✳

❊①❛♠✐♥❛t✐♦♥ Se Sp PP❋ ❘❡❢❡r❡♥❝❡s

❈❧✐♥✐❝❛❧ ✹✵✕✾✷ ◆❆✕✻✹ ✸✻✕✼✽ ❬◆❛❣❛♦ ❡t ❛❧✳✱ ✷✵✵✵✱ ❊♣st❡✐♥
❡t ❛❧✳✱ ✷✵✵✸❪

▼❊ ✾✺ ✾✵ ◆❆ ❬❆♥❞r❡❛ ❛♥❞ ❉✐❛s✱ ✶✾✾✾✱ ●②♥✲
t❤❡r ❡t ❛❧✳✱ ✷✵✵✵❪

❊❙❙ ✼✷✕✾✽ ✻✽✕✼✺ ◆❆ ❬❇✐❣✐♦ ❛♥❞ ❇♦✇♥✱ ✷✵✵✹✱ ❙✇✐♥✲
s♦♥ ❡t ❛❧✳✱ ✷✵✵✻✱ ❯♣✐❧❡ ❡t ❛❧✳✱
✷✵✶✷✱ ❊✈❡rs ❡t ❛❧✳✱ ✷✵✶✷✱ ❈❛♥✲
♣♦❧❛t ❡t ❛❧✳✱ ✷✵✶✸❪

❆❋ ✽✶✕✽✻ ✾✹✕✶✵✵ ✾✸ ❬❇❡t③ ❡t ❛❧✳✱ ✷✵✵✷✱ ❙t❡❧③❧❡
❡t ❛❧✳✱ ✷✵✶✸❪

❘❙ ✽✺✕✾✶ ✼✺✕✾✶ ✼✻ ❬❈❛❧✐♥ ❡t ❛❧✳✱ ✷✵✶✸✱ ❉❡✈♣✉r❛
❡t ❛❧✳✱ ✷✵✶✹❪

❖❈❚ ✼✾✕✾✹ ✽✸✕✾✻ ✷✼ ❬❑♦r❞❡ ❡t ❛❧✳✱ ✷✵✵✼✱ ▼♦❣❡♥s❡♥
❡t ❛❧✳✱ ✷✵✵✾✱ ❙✉♥ ❡t ❛❧✳✱ ✷✵✶✹❪

❚❛❜❧❡ ✶✳✶✿ ❙❡♥s✐t✐✈✐t②✱ Se ✱ s♣❡❝✐✜❝✐t②✱ Sp✱ ❛♥❞ P♦s✐t✐✈❡ Pr❡❞✐❝t✐✈❡ ❋❛❝t♦r PPF ❢♦r ❝♦♠♠♦♥
♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s ♠❡t❤♦❞s ♦❢ s❦✐♥ ❝❛♥❝❡r✳

✶✶



❈❤❛♣t❡r ✶✳ P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s

❲✐t❤ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥♦♥✲✐♥✈❛s✐✈❡ t❤❡r❛♣✐❡s ❢♦r ❇❈❈ s✉❝❤ ❛s P❤♦t♦❉②♥❛♠✐❝ ❚❤❡r❛♣②
✭P❉❚✮ ❛♥❞ ✐♠♠✉♥❡ t❤❡r❛♣✐❡s✱ ♥♦♥✲✐♥✈❛s✐✈❡ ❞✐❛❣♥♦s✐s ❜❡❝♦♠❡s r❡❧❡✈❛♥t✳ ❖♣t✐❝❛❧ ♠❡t❤♦❞s s✉❝❤ ❛s
❆✉t♦❋❧✉♦r❡s❝❡♥❝❡ ✭❆❋✮✱ ❘❛♠❛♥ ❙♣❡❝tr♦s❝♦♣② ✭❘❙✮✱ ❊❧❛st✐❝ ▲✐❣❤t ❙♣❡❝tr♦s❝♦♣② ✭❊▲❙✮✱ ▼✐❝r♦❊♥✲
❞♦s❝♦♣② ✭▼❊✮ ❛♥❞ ❖♣t✐❝❛❧ ❈♦❤❡r❡♥❝❡ ❚♦♠♦❣r❛♣❤② ✭❖❈❚✮ ❛r❡ ❛♠♦♥❣ t❤❡ ♠♦st st✉❞✐❡❞ ❜❡❝❛✉s❡
♦❢ t❤❡✐r ❛❜✐❧✐t② t♦ ❧♦❝❛❧✱ ♥♦♥✲✐♥✈❛s✐✈❡ ❛♥❞ ❛tr❛✉♠❛t✐❝ ♠❡❛s✉r❡♠❡♥ts✳ ❙♦♠❡ ♦t❤❡r ♠❡t❤♦❞s✱ ❧✐❦❡
▲✐❢❡✲t✐♠❡ ■♠❛❣✐♥❣ ❋❧✉♦r❡s❝❡♥❝❡ ❙♣❡❝tr♦s❝♦♣② ✭▲■❋❙✮✱ ✐♥✈♦❧✈❡ s♣❡❝✐❛❧ ❛❣❡♥ts ❛s ✢✉♦r♦♣❤♦r❡s ♦r
♥❛♥♦♣❛rt✐❝❧❡s ✇❤✐❝❤ ❛r❡ ✐♥❥❡❝t❡❞ t♦ ♣❛t✐❡♥t t♦ ✐♠♣r♦✈❡ t❤❡ Se ♦r Sp ✈❛❧✉❡s ♦❢ t❤❡ ♠❡t❤♦❞✳ ■♥ ✷✵✶✷✱
❛ ❣r♦✉♣ ♦❢ s❝✐❡♥t✐sts ❞❡✈❡❧♦♣❡❞ ❛ ♠❡t❤♦❞ ♦❢ ❇❈❈ s✉❜t②♣❡s ✐♥ ✈✐✈♦ ❞✐❛❣♥♦s✐s ✉s✐♥❣ ❘❡✢❡❝t❛♥❝❡
❈♦♥❢♦❝❛❧ ▼✐❝r♦s❝♦♣② ✭❘❈▼✮ ❛♥❞ ❝♦♥✈❡♥t✐♦♥❛❧ ❖❈❚✳ ❚❤❡ ♠❡t❤♦❞ ✐♠♣❧✐❡s ❍✐❣❤ ❉❡✜♥✐t✐♦♥ ❖❈❚
✇✐t❤ ❛ ❤❡❧♣ ✐♥ ✈✐✈♦ ❞✐❛❣♥♦s✐s ♦❢ ❇❈❈ ❛♥❞ ❤❛s ♠✐❝r♦♠❡t❡r r❡s♦❧✉t✐♦♥ ✐♥ ❜♦t❤ tr❛♥s✈❡rs❛❧ ❛♥❞ ❛①✐❛❧
❞✐r❡❝t✐♦♥s✱ ❡♥❛❜❧✐♥❣ ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❝❡❧❧s ✉♣ t♦ ❛ ❞❡♣t❤ ♦❢ ❛r♦✉♥❞ ✺✼✵ µ♠ ❬❇♦♦♥❡ ❡t ❛❧✳✱
✷✵✶✷❪✳ ❚❛❜❧❡ ✶✳✶ s❤♦✇s t❤❡ ♠♦st r❡❝❡♥t r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❡r♠s ♦❢ s❡♥s✐t✐✈✐t② Se✱ s♣❡❝✐✜❝✐t② Sp
❛♥❞ ♣♦s✐t✐✈❡ ♣r❡❞✐❝t✐✈❡ ❢❛❝t♦r PPF ❢♦r ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❝❛♥❝❡r ❡①❛♠✐♥❛t✐♦♥✳

❊❛❝❤ ②❡❛r ❝❛♥❝❡r ❞✐❛❣♥♦s✐s r❡❛❝❤❡s ♣r♦♠✐s✐♥❣ r❡s✉❧ts ✇✐t❤ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❞❡t❡❝t✐♦♥ t❡❝❤✲
♥✐q✉❡s ❛♥❞ ❜② ✉s✐♥❣ t❤❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ❡①✐st✐♥❣ ♠❡t❤♦❞s✳ ✐♥ ❚❛❜❧❡ ✶✳✷ s♦♠❡ r❡❝❡♥t ❛♣✲
♣r♦❛❝❤❡s ✇✐t❤ t❤❡✐r ❛❞✈❛♥t❛❣❡s ❛♥❞ ❞r❛✇❜❛❝❦s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢ ❡♣✐t❤❡❧✐❛❧ ❝❛♥❝❡r ❞✐❛❣✲
♥♦s✐s✳

❖♣t✐❝❛❧ t❡❝❤✲

♥✐q✉❡s

❆❞✈❛♥t❛❣❡s ❉r❛✇❜❛❝❦s ❋❡❛s✐❜✐❧✐t②

❜❛rr✐♥❣ ✉♥❡①✲

♣❡❝t❡❞ ❜r❡❛❦✲

t❤r♦✉❣❤ ✐♥ ♥❡①t

✷ ②❡❛rs

▼✐❝r♦✲❡♥❞♦s❝♦♣② ■♥ s✐t✉✱ ❝❤❡❛♣✱ ❛✉t♦✲
❝❧❛✈❛❜❧❡✱ ✐♥tr❛✲♦♣❡r❛t✐✈❡
✉s❡✱ ❡♥❞♦s❝♦♣✐❝ ✉s❡✱
r❡❛❧✲t✐♠❡ ♠❛❣♥✐✜❝❛t✐♦♥✱
❝❛♥ ❜❡ ✉s❡❞ t♦ ❣✉✐❞❡
s✐♠♣❧❡ s✉r✈❡✐❧❧❛♥❝❡ ♦❢
❧❛r❣❡ ❛r❡❛s ♦❢ s✉s♣❡❝t
♠✉❝♦s❛✱ ❝♦✉❧❞ ♣r♦✈✐❞❡
t❤❡ st❛t❡ ♦❢ t❤❡ ✐♥ s✐t✉

❡♣✐t❤❡❧✐❛❧ ♠❛r❣✐♥ ✇❤❡♥
❡①❝✐s✐♥❣ sq✉❛♠♦✉s ❝❡❧❧
❝❛r❝✐♥♦♠❛

❯s❡r ❞❡♣❡♥❞❡♥t ❙❤❛❧❧♦✇
❧❡❛r♥✐♥❣ ❝✉r✈❡✱ ❞✐✣❝✉❧t
t♦ ✐♥t❡r♣r❡t✱ s✉❜❥❡❝t✐✈❡
✐♥ s❛♠♣❧✐♥❣ str❛t❡❣②

P♦♦r✱ s♣❡❝✐❛❧✐st
❝❡♥t❡r ✉s❡

❊❧❛st✐❝ s❝❛tt❡r✐♥❣
s♣❡❝tr♦s❝♦♣②

■♥ s✐t✉✱ ❧❡ss ✉s❡r ❞❡✲
♣❡♥❞❡♥t✱ ❝❤❡❛♣✱ ✜❜❡r
❛✉t♦✲❝❧❛✈❛❜❧❡✱ ❡♥❞♦✲
s❝♦♣✐❝ ✉s❡✱ ♦❜❥❡❝t✐✈❡
✐♥ ❛♥❛❧②s✐s✱ ♠♦st ❡✈✲
✐❞❡♥❝❡ ❢r♦♠ ❡① ✈✐✈♦

❡①♣❡r✐♠❡♥ts✱ ❛❧♠♦st
r❡❛❧✲t✐♠❡

Pr♦❝❡ss✐♥❣ ❞❡♣❡♥❞❡♥t✱
r❡q✉✐r❡s ♣❤②s✐❝✐st ❛♥❞
st❛t✐st✐❝✐❛♥✱ ♠❛❝❤✐♥❡
❞❡♣❡♥❞❡♥t✱ s✉❜❥❡❝t✐✈❡
✐♥ s❛♠♣❧✐♥❣ str❛t❡❣②✱
❡①♣❡♥s✐✈❡ ✜❜❡rs

Pr♦♠✐s✐♥❣

✶✷



✶✳✹✳ ❚✐ss✉❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❝❤❛♥❣❡ ❞✉❡ t♦ ♣❛t❤♦❧♦❣✐❝❛❧ ♠♦❞✐✜❝❛t✐♦♥s

❖♣t✐❝❛❧ t❡❝❤✲

♥✐q✉❡s

❆❞✈❛♥t❛❣❡s ❉r❛✇❜❛❝❦s ❋❡❛s✐❜✐❧✐t②

❜❛rr✐♥❣ ✉♥❡①✲

♣❡❝t❡❞ ❜r❡❛❦✲

t❤r♦✉❣❤ ✐♥ ♥❡①t

✷ ②❡❛rs

❖♣t✐❝❛❧ ❝♦❤❡r❡♥❝❡
t♦♠♦❣r❛♣❤②

■♥ s✐t✉✱ r❡❛❧ t✐♠❡ ❯s❡r ❞❡♣❡♥❞❡♥t ❙❤❛❧✲
❧♦✇ ❧❡❛r♥✐♥❣ ❝✉r✈❡✱ ❞✐❢✲
✜❝✉❧t t♦ ✐♥t❡r♣r❡t✱ r❡✲
q✉✐r❡s s♣❡❝✐❛❧ ♣r♦❜❡s
❛♥❞ ❡①♣❡♥s✐✈❡ ✐♠❛❣✐♥❣
♣r♦❝❡ss✐♥❣✱ s✉❜❥❡❝t✐✈❡ ✐♥
s❛♠♣❧✐♥❣ str❛t❡❣② ❛♥❞
r❡q✉✐r❡s ♣❛t❤♦❧♦❣✐st

Pr♦♠✐s✐♥❣

❋❧✉♦r❡s❝❡♥❝❡ ■♥ s✐t✉✱ ❝❛♥ ❣✉✐❞❡ r❡s❡❝✲
t✐♦♥✱ r❡❛❧✲t✐♠❡✱ ❛✉t♦✢✉✲
♦r❡s❝❡♥❝❡

❙✉❜❥❡❝t✐✈❡✱ r❡❛❝t✐♦♥
t♦ ✢✉♦r♦♣❤♦r❡s ✐❢ ♥♦t
❛✉t♦✲✢✉♦r❡s❝❡♥t✱ ❞❡t❡❝✲
t♦rs ✐♥✐t✐❛❧ ❤✐❣❤ ❝❛♣✐t❛❧
♦✉t❧❛②✱ s✉❜❥❡❝t✐✈❡ ✐♥
s❛♠♣❧✐♥❣ str❛t❡❣②✱ ❡①✲
♦❣❡♥♦✉s ✢✉♦r♦♣❤♦r❡s
❤❛✈❡ t♦ ❜❡ ❛✉t❤♦r✐③❡❞
❢♦r ❝❧✐♥✐❝s

❱❡r② ♣r♦♠✐s✐♥❣

❘❛♠❛♥ s♣❡❝✲
tr♦s❝♦♣②

❉❡t❛✐❧❡❞ s✐♥❣❧❡ ❝❡❧❧
♣❤②s✐♦❧♦❣②

❊① ✈✐✈♦ Pr♦♠✐s✐♥❣✱ s♣❡✲
❝✐❛❧✐st ❝❡♥tr❡
✉s❡ ❜✉t ❤❛♥❞
❤❡❧❞ ❞❡✈✐❝❡ ♥♦✇
❛✈❛✐❧❛❜❧❡

◆❛rr♦✇ ❜❛♥❞
✐♠❛❣✐♥❣

■♥ s✐t✉ ❊①♣❡♥s✐✈❡ ❯♥♣r♦✈❡♥

■♥❢r❛ r❡❞ s♣❡❝✲
tr♦s❝♦♣②

■♥ s✐t✉ ❊①♣❡♥s✐✈❡✱ ❢❡✇ ❛♣♣❧✐❝❛✲
t✐♦♥s

❯♥♣r♦✈❡♥

❚❛❜❧❡ ✶✳✷✿ ▼❛✐♥ ❢❡❛t✉r❡s ♦❢ ✐♥ ✈✐✈♦ ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s t❡❝❤♥✐q✉❡❬❙✇✐♥s♦♥ ❡t ❛❧✳✱ ✷✵✵✻✱ ❏❡r❥❡s ❡t ❛❧✳✱
✷✵✵✹✱ ❏❡r❥❡s ❡t ❛❧✳✱ ✷✵✶✶❪✳

✶✳✹ ❚✐ss✉❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❝❤❛♥❣❡ ❞✉❡ t♦ ♣❛t❤♦❧♦❣✐❝❛❧ ♠♦❞✐✜✲
❝❛t✐♦♥s

❲❤❡♥ t✐ss✉❡ ✐s s✉❜❥❡❝t❡❞ t♦ ❛❧t❡r ❞✉❡ t♦ ♣r❡❝❛♥❝❡r✱ ❛❜s♦r♣t✐♦♥✱ s❝❛tt❡r✐♥❣ ❛♥❞ ✐♥tr✐♥s✐❝ ✢✉♦✲
r❡s❝❡♥❝❡ ❝❤❛♥❣❡✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ r❡✢❡❝t❡❞ ✐♥ ♦❜s❡r✈❡❞ ❜② ♠❡❛♥s ♦❢ ♦♣t✐❝❛❧ t❡❝❤♥✐q✉❡s s♣❡❝tr❛ ♦r
✐♠❛❣❡s✳ ❚❤✉s✱ ♣❛t❤♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡s ✐♥ t✐ss✉❡ ❛r❡ ✐♥ ❞✐r❡❝t ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ s❝❛tt❡r✐♥❣✱ ❛❜s♦r♣t✐♦♥✱
r❡❢r❛❝t✐✈❡ ✐♥❞❡① ❛♥❞ ✢✉♦r❡s❝❡♥❝❡✱ s♦ t❤❡② ❝♦♥s❡q✉❡♥t❧② ✇✐❧❧ ❜❡ ✈✐s✐❜❧❡ ✐♥ ❞❡t❡❝t❡❞ s♣❡❝tr♦s❝♦♣✐❝
s✐❣♥❛❧s✳ ❋r♦♠ ❛ ✇❛✈❡❧❡♥❣t❤✲r❡s♦❧✈❡❞ ✐♥t❡♥s✐t② ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♠♣✉t❡ ♠♦r♣❤♦❧♦❣✐❝❛❧ ❛♥❞ str✉❝✲
t✉r❛❧ ❝❤❛♥❣❡s ✇✐t❤✐♥ t✐ss✉❡s s✐♥❝❡✱ ❜❡s✐❞❡ s❝❛tt❡r✐♥❣ ❜② ❝❡❧❧s✱ ✐♥tr✐♥s✐❝ ✭✐♥s✐❞❡ ❝❡❧❧s✱ ❜② t❤❡✐r
♦r❣❛♥❡❧❧❛s✮ s❝❛tt❡r✐♥❣ t❛❦❡s ♣❧❛❝❡ ❬▼♦✉r❛♥t ❡t ❛❧✳✱ ✶✾✾✽❪✳ ❙❝❛tt❡r✐♥❣ ♣r♦❝❡ss ✐s ❞✉❡ t♦ ❣r❛❞✐❡♥ts
✐♥ t❤❡ ♦♣t✐❝❛❧ ✐♥❞❡① ♦❢ r❡❢r❛❝t✐♦♥ r❡s✉❧t✐♥❣ ❢r♦♠ ❞✐✛❡r❡♥❝❡s ✐♥ ❞❡♥s✐t✐❡s t❤❛t ♦❝❝✉r ❛t ❝❡❧❧✉❧❛r ❛♥❞
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❈❤❛♣t❡r ✶✳ P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s

s✉❜✲❝❡❧❧✉❧❛r ❧❡✈❡❧s ♦♥ ♥✉❝❧❡✉s✱ ❝❤r♦♠❛t✐♥✱ ❛♥❞ s✉❜✲❝❡❧❧✉❧❛r ♦r❣❛♥❡❧❧❡s✱ ✐✳ ❡✳ ♠✐t♦❝❤♦♥❞r✐❛✱ ●♦❧❞❥✐
❛♣♣❛r❛t✉s ❬❇❛❞✐③❛❞❡❣❛♥ ❡t ❛❧✳✱ ✷✵✵✹✱ ❏❡r❥❡s ❡t ❛❧✳✱ ✷✵✵✹✱ ❇✐❣✐♦ ❛♥❞ ❇♦✇♥✱ ✷✵✵✹✱ ❏❡r❥❡s ❡t ❛❧✳✱
✷✵✵✺✱ ▲♦✈❛t ❡t ❛❧✳✱ ✷✵✵✻❪✳ ❆t ❛ t✐ss✉❡ ❧❡✈❡❧✱ s❝❛tt❡r✐♥❣ ♠♦❞✐✜❝❛t✐♦♥s ❛r❡ r❡❧❛t❡❞ t♦ ❝❤❛♥❣❡s ✐♥
♠♦r♣❤♦❧♦❣② ♦❢ ❡♣✐t❤❡❧✐❛❧ s✉r❢❛❝❡ t❡①t✉r❡ ❛♥❞ t❤✐❝❦♥❡ss ❛s ✇❡❧❧ ❛s ❞✐s♦r❣❛♥✐③❛t✐♦♥ ♦❢ ❡♣✐t❤❡❧✐❛❧ ❝❡❧❧
♦r✐❡♥t❛t✐♦♥s ♦r ❛r❝❤✐t❡❝t✉r❡✳ ❚❤❡s❡ ❧❛t❡r ❝r✐t❡r✐❛ ❛r❡ ✉s❡❞ ❜② ❤✐st♦♣❛t❤♦❧♦❣✐sts✱ ✇❤❡♥ t❤❡② ❧♦♦❦
❢♦r ♠❛❧✐❣♥❛♥❝② ✇✐t❤✐♥ ❛ t✐ss✉❡✱ ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ ❛s t❤❡ ❜❛s✐s ❢♦r ❞✐❛❣♥♦s✐s ✐♥st❡❛❞ ♦❢ ❤✐st♦♣❛t❤♦❧✲
♦❣② ❛♥❛❧②s✐s✳ ❆❧t❤♦✉❣❤ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♣r❡❝❛♥❝❡r♦✉s ♦r ✈❡r② ❡❛r❧② ♣❛t❤♦❧♦❣✐❝❛❧ st❛t❡s ♦❢ t✐ss✉❡✱
t❤♦s❡ ❝❤❛♥❣❡s ❛r❡ ❤❛r❞ t♦ ✐❞❡♥t✐❢② ❜② ❤✐st♦♣❛t❤♦❧♦❣②✱ ❤♦✇❡✈❡r t❤❡② ❛✛❡❝t ❛♥❞ ♠❛② t❤❡r❡❢♦r❡ ❜❡
❞❡t❡❝t❡❞ ❜② ✢✉♦r❡s❝❡♥❝❡ ❛♥❞ ❉❘ s♣❡❝tr✉♠✳

❚♦ ❝♦♠❡ ❝❧♦s❡r t♦ t❤❡ ♠❛✐♥ ♣r♦❜❧❡♠s t♦ s♦❧✈❡✱ ✇❤✐❝❤ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ t✐ss✉❡ ♣❤♦t♦❞✐❛❣♥♦s✐s✱
s♦♠❡ ❞r❛✇❜❛❝❦s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❜❡❧♦✇✳ Pr❡❝✐s❡ ❞❡❧✐♥❡❛t✐♦♥ ♦❢ t❤❡ ♣❛t❤♦❧♦❣✐❝❛❧ t✐ss✉❡ ❜♦r❞❡r
✕ ✐s ♦♥❡ ♦❢ t❤❡ ❝❤❛❧❧❡♥❣❡s ❢♦r ❝❧✐♥✐❝✐❛♥s✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ s✉s♣✐❝✐♦✉s t✐ss✉❡ ❤❛s t♦ ❜❡ t❛❦❡♥
✐♥ ♦r❞❡r ♥♦t t♦ ❧❡t ❛ ♣❛t❤♦❧♦❣② s♣r❡❛❞ ❛❣❛✐♥✱ ❜✉t ❤❡❛❧t❤② t✐ss✉❡ ♥❡❡❞s t♦ ❜❡ ❧❡❢t ✉♥t♦✉❝❤❡❞✳
P❤♦t♦❉②♥❛♠✐❝❉✐❛❣♥♦s✐s ✭P❉❉✮ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♥♦♥✐♥✈❛s✐✈❡ ✭❛❧t❤♦✉❣❤ s♦♠❡ ✢✉♦r♦♣❤♦r❡s ❛♥❞
♠❛r❦❡rs ❝♦✉❧❞ ❜❡ ✐♥tr♦❞✉❝❡❞ ♦r ❛♣♣❧✐❡❞ t♦ ❛♥ ♦❜❥❡❝t ♦❢ ✐♥✈❡st✐❣❛t✐♦♥✮ ♣r♦♠✐s✐♥❣ ♠❡t❤♦❞ ❢♦r ❝✉✲
t❛♥❡♦✉s ♠❛❧✐❣♥❛♥❝② ❞❡t❡❝t✐♦♥ ❬❆❧❧✐s♦♥ ❛♥❞ ❙✐❜❛t❛✱ ✷✵✵✽❪✳ ■t ❝♦♥s✐sts ✐♥ t❤❡ ❛❞♠✐♥✐str❛t✐♦♥ ♦❢
❛ ♣❤♦t♦s❡♥s✐t✐③❡r ✭❢♦r ❡①❛♠♣❧❡✱ ❆♠✐♥♦✲▲❡✈✉❧✐♥✐❝ ❆❝✐❞✲✺ ✲ ❆▲❆✲✺✮✱ ✇❤✐❝❤ ❡♥❤❛♥❝❡s t❤❡ ✢✉♦r❡s✲
❝❡♥❝❡ ♦❢ ♠❛❧✐❣♥❛♥t ❧❡s✐♦♥s ❜② ✐♥❝r❡❛s✐♥❣ Pr♦t♦♣♦r♣❤②r✐♥❡ ■❳ ✭PP■❳✮ ❛❝❝✉♠✉❧❛t✐♦♥✳ ❖♥❡ ♦❢ t❤❡
✐♠♣r♦✈❡♠❡♥ts ❝♦✉❧❞ ❜❡ ❝♦♥♥❡❝t❡❞ ✇✐t❤ ♥❛♥♦♣❛rt✐❝❧❡s ❛♣♣❧✐❝❛t✐♦♥✳ ❚❤❡r❡❜② ✐t ✐s ♥❡❡❞❡❞ t♦ s♣♦t
t❤❡ t②♣❡ ♦❢ ❛♥❛❧②s✐s ✇❤✐❝❤ ✐s s♣❛t✐❛❧❧② r❡s♦❧✈❡❞✱ s♦ s♦♠❡ ❝♦♥❝❡♣ts ♦❢ ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s ♣r♦❜❡s ❛r❡
♣r❡s❡♥t❡❞ ❜❡❧♦✇✳

✶✳✺ Pr♦❜❡s ❢♦r ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s

✶✳✺✳✶ Pr♦❜❡ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r ✐♥ ✈✐✈♦ ❛♣♣❧✐❝❛t✐♦♥s

■♥ r❡❝❡♥t ②❡❛rs✱ ♦♣t✐❝❛❧ t❡❝❤♥✐q✉❡s ❢♦r ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ❞✐❛❣♥♦s✐s ❤❛✈❡ ♣r♦✈❡❞ t❤❡✐r ✉s❡❢✉❧♥❡ss ✐♥
tr❡♠❡♥❞♦✉s ❛♠♦✉♥t ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ❬❑❡✐s❡r ❡t ❛❧✳✱ ✷✵✶✹❪✳ ❖♣t✐❝❛❧ t❡❝❤♥✐q✉❡s ❛r❡ ♥♦♥✲✐♥✈❛s✐✈❡✱
✐♥❡①♣❡♥s✐✈❡ ❛♥❞ ❛❧❧♦✇ ❢♦r ❛♥❛❧②③✐♥❣ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ✐♥ r❡❛❧ t✐♠❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦
❞❡t❡❝t ♦①②❣❡♥❛t✐♦♥✱ ❛s ✇❡❧❧ ❛s ✜rst ❝❤❛♥❣❡s ✐♥ t✐ss✉❡ ❞✉❡ t♦ ❝❤❛♥❣❡ ✐♥ s✐③❡ ♦❢ ♥✉❝❧❡✐ ❬❆❧❧✐s♦♥ ❛♥❞
❙✐❜❛t❛✱ ✷✵✵✽✱ ❯♣✐❧❡ ❡t ❛❧✳✱ ✷✵✶✷✱ ❈❛❧✐♥ ❡t ❛❧✳✱ ✷✵✶✸❪✳

❇❛s✐❝❛❧❧②✱ t♦ ❞❡t❡❝t t❤❡ ❧✐❣❤t ♦✉t❝♦♠✐♥❣ ❢r♦♠ t✐ss✉❡ ❛ s♣❡❝tr♦♣❤♦t♦♠❡t❡r ✐s ♥❡❡❞❡❞✳ ▼❛✐♥
❝♦♥❝❡♣ts ♦❢ ✐ts ❝♦♥✜❣✉r❛t✐♦♥ ❝♦✉❧❞ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❇✐♦♠❡❞✐❝❛❧ P❤♦t♦♥✐❝s ❍❛♥❞❜♦♦❦ ❬❱♦✲❉✐♥❤✱
✷✵✵✸❪✳ ❚♦ ❞❡❧✐✈❡r ❧✐❣❤t ❢r♦♠ ❧❛s❡rs t♦ t✐ss✉❡ ♦♣t✐❝❛❧ ❣✉✐❞❡s ❛r❡ ✉s❡❞✳ ❚❤❡✐r ❝♦♥✜❣✉r❛t✐♦♥ ❤✐❣❤❧②
❞❡♣❡♥❞ ♦♥ t❤❡ t②♣❡ ♦❢ ❧❛s❡rs ✉s❡❞✱ t②♣❡ ♦❢ t✐ss✉❡ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥✱ ✐ts ❛❝❝❡ss✐❜✐❧✐t②✱ ❡t❝✳ ■♥
t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s s♦♠❡ ♦♣t✐❝❛❧ ♣♦✐♥t ❛♥❞ ✐♠❛❣✐♥❣ ♣r♦❜❡s r❡❝❡♥t❧② ❞❡✈❡❧♦♣❡❞ ❢♦r ❜✐♦♠❡❞✐❝❛❧
❞✐❛❣♥♦s✐s ❛♥❞ t❤❡r❛♣② ❛r❡ ❞✐s❝✉ss❡❞✱ ❜✉t ♥♦t t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤♦s❡ ❢❡❛t✉r❡s ♦❢ ♣r♦❜❡s ✇❤✐❝❤
❞❡♣❡♥❞ ♦♥ ❛❝❝❡ss✐❜✐❧✐t② ♦❢ t✐ss✉❡ ❛s ✐t ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s t❤❡s✐s✳

✶✳✺✳✷ P♦✐♥t✲❛♣♣r♦❛❝❤ t❡❝❤♥✐q✉❡s

●❡♦♠❡tr② ❛♥❞ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ✢✉♦r❡s❝❡♥❝❡ ❛♥❞ ❉❘ ♣r♦❜❡s ❛✛❡❝t ♠❡❛s✉r❡♠❡♥ts✿ ❙♦✉r❝❡✲❉❡t❡❝t♦r
❙❡♣❛r❛t✐♦♥s ✭❙❉❙✮✱ ♥✉♠❡r✐❝❛❧ ❛♣❡rt✉r❡ ✭NA✮✱ t❤❡✐r ❞✐❛♠❡t❡r ✭D✮✱ ♠❛t❡r✐❛❧ ♦❢ ❝♦r❡ ❛♥❞ ❝❧❛❞❞✐♥❣✱
❢♦r♠ ♦❢ t❤❡ ❞✐st❛❧ t✐♣✱ t❤❡ ❛♠♦✉♥t ♦❢ s♦✉r❝❡s ❛♥❞ ❞❡t❡❝t♦rs✳ ❚❤❡ ❜❛s✐❝ ♣❛r❛♠❡t❡rs ♦❢ ❛♥ ♦♣t✐❝❛❧
✜❜❡r ❝♦♥str✉❝t✐♦♥ ❛r❡✿

✶✳ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣❡rt✉r❡ NA ✐s t❤❡ r❛♥❣❡ ♦❢ ❛♥❣❧❡s ♦✈❡r ✇❤✐❝❤ s②st❡♠ ❝❛♥ ❛❝❝❡♣t ♦r ❡♠✐t
❧✐❣❤t✱ ✉s✉❛❧❧② ❛r♦✉♥❞ ✵✳✷✷ t♦ ✵✳✽✱

✶✹



✶✳✺✳ Pr♦❜❡s ❢♦r ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s

NA2 = n2
core

 – n2
clad 

nclad, nclad  > ncore 

ncore 

Fibre cladding 

Fibre core θ
max 

❋✐❣✉r❡ ✶✳✽✿ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✜❜❡r st❛♥❞❛r❞ ❣❡♦♠❡tr② ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♣❡rt✉r❡ NA s❡♥❝❡✳

✷✳ t❤❡ ❞✐❛♠❡t❡r ♦❢ ❝♦r❡ D ✐s ✉s✉❛❧❧② ❛r♦✉♥❞ ✶✵✵✲✻✵✵ µm ❢♦r ♦♣t✐❝❛❧ s♣❡❝tr♦s❝♦♣②✱

✸✳ t❤❡ ♠❛t❡r✐❛❧s ♦❢ ❛ ❝♦r❡ ncore ❛♥❞ ❛ ❝❧❛❞❞✐♥❣ nclad ❛r❡ ✉s✉❛❧❧② q✉❛rt③ ❛♥❞ ♣♦❧②♠❡r✱ r❡s♣❡❝✲
t✐✈❡❧②✳

❚❤❡ ♥✉♠❡r✐❝❛❧ ❛♣❡rt✉r❡ ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❢r❛❝t✐✈❡ ❝❧❛❞❞✐♥❣ ❛s s❤♦✇♥ ✐♥ ❊q✳ ✶✳✶✼ ✭s❡❡ ❋✐❣✳ ✶✳✽✮✿

NA =
√

n2core − n2clad. ✭✶✳✶✼✮

■♥ ❊q✳ ✶✳✶✼ ncore ✐s t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ t❤❡ ❝♦r❡✱ nclad st❛♥❞s ❢♦r t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ t❤❡
❝❧❛❞❞✐♥❣✳

P❢❡❢❡r ❡t ❛❧ ❬P❢❡❢❡r ❡t ❛❧✳✱ ✷✵✵✶✱ P❢❡❢❡r ❡t ❛❧✳✱ ✷✵✵✷✱ P❢❡❢❡r ❡t ❛❧✳✱ ✷✵✵✹❪ ❛♥❞ ❩❤✉ ❡t ❛❧ ❬❩❤✉
❡t ❛❧✳✱ ✷✵✵✸❪ ✐♥✈❡st✐❣❛t❡❞ ▼♦♥t❡✲❈❛r❧♦ ❜❛s❡❞ ♠♦❞❡❧s ❛♥❞ ❝♦♥❞✉❝t❡❞ ❡①♣❡r✐♠❡♥ts ✇✐t❤ ❞✐✛❡r❡♥t
❙❉❙ ❛♥❞ ✇✐t❤ ✈❛r✐❛❜❧❡ ❛♣❡rt✉r❡s ♦♥ ❞❡t❡❝t✐♦♥ ✇❤✐❧❡ ❝♦❧❧❡❝t✐♥❣ ✢✉♦r❡s❝❡♥❝❡ ❛♥❞ ❉❘ s✐❣♥❛❧s✳ ❚❤❡✐r
r❡s❡❛r❝❤❡s s❤♦✇❡❞ t❤❛t t♦ s❡❧❡❝t✐✈❡❧② ❞❡t❡❝t ✢✉♦r❡s❝❡♥❝❡ ❢r♦♠ ❞✐✛❡r❡♥t ❧❛②❡rs ♦❢ ❡♣✐t❤❡❧✐❛❧ t✐ss✉❡
✐t ✐s ♥❡❝❡ss❛r② t♦ ❤❛✈❡ ♥✉♠❡r✐❝❛❧ ❛♣❡rt✉r❡s ✐♥ t❤❡ r❛♥❣❡ ♦❢ ✵✳✷✷ t♦ ✵✳✸✼✳ ❆s ✇❡❧❧ ✐t ✇❛s s❤♦✇♥
t❤❛t ❤✐❣❤❡r ❞✐❛♠❡t❡r ♦r ❤✐❣❤❡r ✜❜❡r✲t✐ss✉❡ s♣❛❝✐♥❣ ❧❡❞ ❢r♦♠ s❡❧❡❝t✐✈✐t② ♦❢ s✉♣❡r✜❝✐❛❧ ✢✉♦r♦♣❤♦r❡s
t♦ ❛ ♠♦r❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜✐♥❣ ❞❡♣t❤✳ ❋✉❧❧ ✉♣ t♦ ❞❛t❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ♦♣t✐❝❛❧ ✜❜❡rs ❛✈❛✐❧❛❜❧❡
❢♦r ❜✐♦♠❡❞✐❝❛❧ ♦♣t✐❝s ❛♣♣❧✐❝❛t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ r❡✈✐❡✇ ♣❛♣❡r ❜② ❑❡✐s❡r ❡t ❛❧ ❬❑❡✐s❡r ❡t ❛❧✳✱
✷✵✶✹❪✳ ❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ❛♣♣r♦❛❝❤ ❢♦r ♥♦♥✲❝♦♥t❛❝t ❞✐✛✉s❡✲r❡✢❡❝t❛♥❝❡ s♣❡❝tr♦s❝♦♣② ♣r♦♣♦s❡❞
❜② ❉✐♥t❡♥ ❡t ❛❧ ❬❙♦r❣❛t♦ ❡t ❛❧✳✱ ✷✵✶✺❪ ❝♦♥s✐sts ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❝♦♠♣❡♥s❛t❡s t❤❡ ❡✛❡❝t ♦❢
s❝❛tt❡r✐♥❣✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ✉s❡❞ ✐♥ t❤❡ t❤❡s✐s✱ ✐t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞✱ t❤❛t ❝♦♠♣r❡ss✐♦♥ ♦❢ ❛
✜❜❡r ♦♥ t✐ss✉❡ ❛✛❡❝ts t❤❡ ❡st✐♠❛t❡❞ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s✳ ❚❤✐s ❡✛❡❝t ✇❛s ✐♥✈❡st✐❣❛t❡❞ ❜② s❡✈❡r❛❧
r❡s❡❛r❝❤ ❣r♦✉♣s ❬❈❤❛♥ ❡t ❛❧✳✱ ✶✾✾✻❜✱ ❘❡✐❢ ❡t ❛❧✳✱ ✷✵✵✽❪✳

✶✳✺✳✸ ■♥ ✈✐✈♦ ✐♠❛❣✐♥❣ t❡❝❤♥✐q✉❡s

❖♣t✐❝❛❧ ✐♠❛❣✐♥❣ s②st❡♠s ❝❛♥ ❜❡ ❝❧❛ss✐✜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

✶✳ ❝♦♥t✐♥✉♦✉s ✇❛✈❡ ♠❡❛s✉r❡♠❡♥t s②st❡♠✱

✷✳ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ❜❛s❡❞ s②st❡♠ ❛♥❞

✸✳ t✐♠❡ ❞♦♠❛✐♥ ❜❛s❡❞ s②st❡♠✳

✶✺



❈❤❛♣t❡r ✶✳ P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s

❚❤❡ ♠♦❞❡s ♦❢ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ♣❧❛♥❛r✱ r❡✢❡❝t❛♥❝❡ ❛♥❞ ❝②❧✐♥❞r✐❝❛❧✳ ❚❤❡ r❡✈✐❡✇s ❜② ❙♦❧♦♠♦♥
❡t ❛❧ ❬❙♦❧♦♠♦♥ ❡t ❛❧✳✱ ✷✵✶✶❪ ❛♥❞ ❑❡✐s❡r ❡t ❛❧ ❬❑❡✐s❡r ❡t ❛❧✳✱ ✷✵✶✹❪ ❞✐s❝✉ss t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ♦♥
✐♠❛❣✐♥❣ t❡❝❤♥✐q✉❡s ❝✉rr❡♥t❧② ❛✈❛✐❧❛❜❧❡✳

❉✐✛✉s❡ ❖♣t✐❝❛❧ ❚♦♠♦❣r❛♣❤② ✭❉❖❚✮ ✐s ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ♠♦st ❡st❛❜❧✐s❤❡❞ ✐♠❛❣✐♥❣ t❡❝❤♥✐q✉❡s
✇❤✐❝❤ ❛❧❧♦✇s ❢♦r ❞❡t❡r♠✐♥✐♥❣ s♣❡❝tr❛❧❧② ❞❡♣❡♥❞❡♥t s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts ❛s ✇❡❧❧
❛s ✢✉♦r♦♣❤♦r❡s ❝♦♥❝❡♥tr❛t✐♦♥s ✇❤✐❝❤ ✐♥ t✉r♥ ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝❤❛♥❣❡ ♦❢ ❡♥❞♦❣❡♥♦✉s ❛♥❞
❡①♦❣❡♥♦✉s ✢✉♦r♦♣❤♦r❡s ❝♦♥❝❡♥tr❛t✐♦♥✳

❆ ♠♦r❡ ❝♦♠♣❧❡① t❡❝❤♥✐q✉❡ t❤❛♥ ❉❖❚ ✐s ❉✐✛✉s❡ ❖♣t✐❝❛❧ ■♠❛❣✐♥❣ ✭❉❖■✮ ✇❤✐❝❤ ❛❝q✉✐r❡s t❤r❡❡✲
❞✐♠❡♥s✐♦♥❛❧ ✐♠❛❣❡s ♦❢ t✐ss✉❡✳ ■t ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♠❡❛s✉r❡♠❡♥ts ❢r♦♠ ♠✉❧t✐♣❧❡ s♦✉r❝❡s ❛♥❞
❞❡t❡❝t♦rs ✇✐t❤ ♠♦❞❡❧✐♥❣ ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ✭t❤❡ ❧❛tt❡r ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❢✉rt❤❡r ✐♥ t❤✐s
❝❤❛♣t❡r✮✳ ❚❤❡ ❣r♦✉♣ ♦❢ ♣r♦❢✳ ❉✐♥t❡♥ ✐♥✈❡st✐❣❛t❡❞ t❤❡ s♣❛t✐❛❧ ❞❡♣t❤ r❡s♦❧✉t✐♦♥ ❢♦r t✐♠❡✲r❡s♦❧✈❡❞
❉✐✛✉s❡ ❖♣t✐❝❛❧ ❚♦♠♦❣r❛♣❤② ✭❉❖❚✮ ❢♦r s❤♦rt s♦✉r❝❡✲❞❡t❡❝t♦r s❡♣❛r❛t✐♦♥ ✇✐t❤ s♠❛❧❧ ✐♥❝❧✉s✐♦♥
❬P✉s③❦❛ ❡t ❛❧✳✱ ✷✵✶✹❪✳

■♠❛❣✐♥❣ s②st❡♠s ❛r❡ ❛❧❧♦✇✐♥❣ t♦ ✐♥✈❡st✐❣❛t❡ ❛ ❜r♦❛❞ r❡❣✐♦♥ ♦❢ t✐ss✉❡ ❛♥❞ ❛r❡ t❤✉s ❛❜❧❡ t♦
❢♦❧❧♦✇ t❤❡ ❝❤❛♥❣❡s ✐♥ ✇✐❞❡r ✜❡❧❞✳ ❚♦ ♠② ❦♥♦✇❧❡❞❣❡ t❤❡ ❧❛t❡st r❡✈✐❡✇ ♦♥ ✐♠❛❣✐♥❣ t❡❝❤♥✐q✉❡s ✐s
❣✐✈❡♥ ❜② ❋❛ss ❡t ❛❧ ❬❋❛ss✱ ✷✵✵✽❪✳ ❚❤✐s ❝♦♥tr✐❜✉t✐♦♥ ✇❛s ❢♦❧❧♦✇❡❞ ❜② ❛ r❡✈✐❡✇ ♦♥ ♣r❡❝❧✐♥✐❝❛❧ ✐♠❛❣✐♥❣
t❡❝❤♥✐q✉❡s ❬❈✉♥❤❛ ❡t ❛❧✳✱ ✷✵✶✹❪✳

✶✳✺✳✹ ❙♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞ ♣r♦❜❡ ✉s❡❞ ✐♥ t❤❡ t❤❡s✐s
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a) Profile of a single fibre 

b) Distal end of a single 

fibre 

c) Profile of the whole 

fibre system 

❋✐❣✉r❡ ✶✳✾✿ ▼✉❧t✐✲✜❜❡r ♣r♦❜❡ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✿ ❛✮ ♣r♦✜❧❡ ♦❢ ❛ s✐♥❣❧❡ ✜❜❡r✱ ❜✮ ❞✐st❛❧ ❡♥❞ ♦❢ ❛
s✐♥❣❧❡ ✜❜❡r✱ ❝✮ t❤❡ ♠✉❧t✐✲✜❜❡r ♣r♦❜❡ ❣❡♦♠❡tr②✳ ◆❆ ♦❢ ❛ s✐♥❣❧❡ ✜❜❡r ❂ ✵✳✷✷✱ ❞✐❛♠❡t❡r D ❡q✉❛❧s
✷✵✵ µ♠✳ ❚❤❡ ❝♦❧♦r❡❞ ✜❜❡rs ❛r❡ t❤♦s❡ ✇❤✐❝❤ ✇❡r❡ ✉s❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s

❚❤❡ ✜❜❡r ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ✇❛s s♣❡❝✐❛❧❧② ❞❡✈❡❧♦♣❡❞ ❢♦r ♠✉❧t✐♠♦❞❛❧ s♣❡❝tr♦s❝♦♣② ❢♦r ❡❧❛st✐❝✲
s❝❛tt❡r✐♥❣ ✭♦r ❉❘✮ ❛♥❞ ❆❋ ❢♦r ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ✐♥ ✈✐✈♦ ❛♥❞ ✐♥ ✈✐tr♦ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❬P❡r②✱ ✷✵✵✼❪✳
■ts ❝♦♥✜❣✉r❛t✐♦♥ ❝♦♠❜✐♥❡s t❤❡ ♣r✐♥❝✐♣❧❡s ♦❢ ❉❖❙ ❛♥❞ ❉❖■ t♦ ♣r♦✈✐❞❡ ❞❛t❛ ✇✐t❤ s♣❛t✐❛❧✱ s♣❡❝tr❛❧
❛♥❞ ❞❡♣t❤ r❡s♦❧✉t✐♦♥s ❛ss♦❝✐❛t❡❞ t♦ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧s ❛♥❞ ❣✐✈✐♥❣ ❛ s✐♠♣❧❡ ❛♣♣r♦❛❝❤

✶✻



✶✳✻✳ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ✐♥ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧✐♥❣

t♦ ❜✐♦♠❡❞✐❝❛❧ ♦♣t✐❝s✳

❚❤❡ ✜❜❡r ❣❡♦♠❡tr② ❛♥❞ ♠❛✐♥ ♣r♦♣❡rt✐❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✳✾✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♠❡❛s✉r❡✲
♠❡♥ts ♣❡r❢♦r♠❡❞ ✇✐t❤ ♣♦✇❡r ♠❡t❡r ✭❏❙❈ ❇✐♦s♣❡❝✮✱ t❤❡ ❧✐❣❤t ❧♦ss❡s ✐♥ t❤❡ ♠✉❧t✐✲✜❜❡r ♣r♦❜❡ ✇❡r❡
♥♦ ♠♦r❡ t❤❛♥ ✶✵ ✪✱ ❤♦✇❡✈❡r ✐♥ t❤❡s✐s ♦❢ P❡r② ❬P❡r②✱ ✷✵✵✼❪ t❤❡ ✳ ■s ✐s ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❞✐✛❡r❡♥❝❡
✐♥ ❧✐❣❤t s♦✉r❝❡s ✉s❡❞ ❛♥❞ t❤❡✐r ♦✉t♣✉t ♣♦✇❡r✱ ❢♦r t❤✐s t❤❡s✐s✱ t❤❡ ♠❛①✐♠✉♠ ♦✉t♣✉t ♣♦✇❡r ✇❛s ✸✵
♠❲✱ ❧♦ss❡s ✲ ❧❡ss t❤❛♥ ✸ ♠❲✳ ❆❧s♦✱ ♦♥❧② ✻ ❙❉❙ s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✳✶✳✾ ✇❡r❡ ✉s❡❞✳ ❚❤❡ ❞✐st❛♥❝❡s
❜❡t✇❡❡♥ t❤❡ ✉s❡❞ s♦✉r❝❡✲❞❡t❡❝t♦r ♣❛✐rs ❛r❡✿

❼ ✷✻✵✳✽ µ♠ ❢♦r t❤❡ ♣❛✐r ♥✉♠❜❡r ✶✵✲✸✱

❼ ✸✹✸✳✻ µ♠ ❢♦r t❤❡ ♣❛✐r ♥✉♠❜❡r ✸✶✲✶✺✱

❼ ✹✾✾✳✻ µ♠ ❢♦r t❤❡ ♣❛✐r ♥✉♠❜❡r ✸✶✲✻✱

❼ ✼✼✼✳✻ µ♠ ❢♦r t❤❡ ♣❛✐r ♥✉♠❜❡r ✸✶✲✶✱

❼ ✶✵✹✵✳✺ µ♠ ❢♦r t❤❡ ♣❛✐r ♥✉♠❜❡r ✸✶✲✸ ❛♥❞

❼ ✶✷✽✾✳✺ µ♠ ❢♦r t❤❡ ♣❛✐r ♥✉♠❜❡r ✸✶✲✶✵✳

❚❤❡ ✇✐❞❡st ❙❉❙ ♦❢ ✶✸✹✶✳✵ µm ✭❜❡t✇❡❡♥ t❤❡ ✜❜❡rs ✇✐t❤ ♥✉♠❜❡rs ✸✶ ❛♥❞ ✷✷ ✮ ✇❛s ♥♦t ✉s❡❞ ❜❡❝❛✉s❡
♦❢ ✐♥s✉✣❝✐❡♥t ✐♥t❡♥s✐t② ♦❢ ❝❛♣t✉r❡❞ ❧✐❣❤t ❛♥❞ t❤❡ ❝♦♥s❡q✉❡♥t ❤✐❣❤ ❡rr♦r ✲ ❤❡r❡❜② t❤❡ ♠✉❧t✐✲✜❜❡r
♣r♦❜❡ ✉s❡❞ ✐♥ t❤❡ t❤❡s✐s ✐s ❞❡s❝r✐❜❡❞✳ ❚♦ ✉♥❞❡rst❛♥❞ t❤❡ ✇❛② ❧✐❣❤t ♣r♦♣❛❣❛t❡s t♦ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✱
t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s r❡❧❛t✐♥❣ t♦ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ♣❤♦t♦♥s ✐♥s✐❞❡ t❤❡ t✐ss✉❡ ❛♥❞ ♦✉t❝♦♠❡s ❢r♦♠ ✐t
❛❢t❡r ♠✉❧t✐♣❧❡ s❝❛tt❡r✐♥❣ ❛s ✇❡❧❧ ❛s ✢✉♦r❡s❝❡♥t ❡✈❡♥ts ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r✳

✶✳✻ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ✐♥ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧✐♥❣

❙❡✈❡r❛❧ ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ t♦ ❞❡s❝r✐❜❡ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥s✿

✶✳ ◆✉♠❡r✐❝❛❧ ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤❡s✿

❼ ❘❚❊ ✿ ▼✉❧t✐✲✢✉① ♠❡t❤♦❞ ❬❲❡❧❝❤ ❡t ❛❧✳✱ ✶✾✽✼❪✱ Pn ♠❡t❤♦❞ ❬❙t♦r❝❤✐✱ ✶✾✽✹❪✱ ▼❡t❤♦❞ ♦❢
❞✐s❝r❡t❡ ❝♦♦r❞✐♥❛t❡s ❬▲✐♦✉✱ ✶✾✼✸❪✱ ❆❞❞✐♥❣✲❉♦✉❜❧✐♥❣ ♠❡t❤♦❞ ❬Pr❛❤❧✱ ✶✾✾✺❪✳

❼ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✿ ❋✐♥✐t❡✲❉✐✛❡r❡♥❝❡ ❚✐♠❡✲❉♦♠❛✐♥ ✭❋❉❚❉✮ ❛♥❞ ❋r❡q✉❡♥❝②✲❉♦♠❛✐♥
✭❋❉❋❉✮

✷✳ ❆♣♣r♦①✐♠❛t✐♦♥ ❛♣♣r♦❛❝❤❡s✿

❼ P❤②s✐❝❛❧ ♠♦❞❡❧s✿ ❉✐✛✉s✐♦♥ ❆♣♣r♦①✐♠❛t✐♦♥ ✭❉❆✮ ❬❚❛❦❛t❛♥✐ ❛♥❞ ●r❛❤❛♠✱ ✶✾✼✾✱ ❈♦♥t✐♥✐
❡t ❛❧✳✱ ✶✾✾✼❪

❼ P❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧✿ ❑✉❜❡❧❦❛✲▼✉♥❦ ✭❑▼✮ t❤❡♦r②❬❑✉❜❡❧❦❛ ❛♥❞ ▼✉♥❦✱ ✶✾✸✶✱ ❱❛r✲
❣❛s✱ ✷✵✵✷❪✳

✸✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ❛♣♣r♦❛❝❤❡s✿ ▼♦♥t❡ ❈❛r❧♦ ✭▼❈✮ ♠♦❞❡❧✐♥❣ ❬Pr❛❤❧ ❡t ❛❧✳✱ ✶✾✽✾✱ ❲❛♥❣
❡t ❛❧✳✱ ✶✾✾✺✱ P❡r② ❡t ❛❧✳✱ ✷✵✵✾✱ ❙❛ss❛r♦❧✐✱ ✷✵✶✶❪❀

✹✳ ❍②❜r✐❞ ❛♣♣r♦❛❝❤❡s✿

❼ ▼❈ ✰ ❉❆ ❬❲❛♥❣✱ ✶✾✾✽❪✳

✶✼



❈❤❛♣t❡r ✶✳ P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s

❚❤❡ ♠♦st ❝♦♠♠♦♥❧②✲✉s❡❞ ✐♥ ❜✐♦♠❡❞✐❝❛❧ ♦♣t✐❝s ❛r❡ t❤❡ ▼✐❡ t❤❡♦r②✱ t❤❡ ❉❆ ♦❢ t❤❡ ❘❚❊ ❛♥❞
❆❞❞✐♥❣✲❉♦✉❜❧✐♥❣ ✭❆❉✮ ✕ ❛s ♦t❤❡r ✇❛② ♦❢ t❤❡ ❘❚❊ s♦❧✉t✐♦♥✱ ❋✐♥✐t❡✲❉✐✛❡r❡♥❝❡ ❚✐♠❡✲❉♦♠❛✐♥
✭❋❉❚❉✮ ✱ ❑✉❜❡❧❦❛✲▼✉♥❦ t❤❡♦r② ❛♥❞ ❙❡♠✐✲❊♠♣✐r✐❝❛❧ ▼♦❞❡❧s ✭❙❊▼✮✱ ▼♦♥t❡ ❈❛r❧♦ ✭▼❈✮ s✐♠✲
✉❧❛t✐♦♥s ♦❢ ❧✐❣❤t ♣r♦♣❛❣❛t✐♦♥ ✐♥t♦ t✐ss✉❡✳ ❲✐❧s♦♥ ❡t ❛❧ ❬❲✐❧s♦♥ ❛♥❞ ▼②❝❡❦✱ ✷✵✶✶❪ ❤❛s ❣✐✈❡♥ ❛♥
♦✈❡r✈✐❡✇ ♦❢ ❉❆ t♦ t❤❡ ❘❚❊✱ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s✱ ❙❊▼ ❛♣♣❧✐❡❞ t♦ t♦ r❡✢❡❝t❛♥❝❡ ❛♥❞ ❡♥✲
❞♦❣❡♥♦✉s ✢✉♦r❡s❝❡♥❝❡ ❞❡t❡❝t✐♦♥ ❢♦r ❝❛♥❝❡r ❞✐❛❣♥♦s✐s ✐♥ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s✳ ❚❤❡ ✉s❡❢✉❧♥❡ss ♦❢ t❤❡s❡
♠❡t❤♦❞s ❛♥❞ s♦♠❡ ♦t❤❡r ♠❡t❤♦❞s ❛❝❝♦r❞✐♥❣ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✶✳✸✳

▼❡t❤♦❞ ❆❞✈❛♥t❛❣❡s ❛♥❞ ❞✐s✲

❛❞✈❛♥t❛❣❡s

❘❡❝❡♥t ✇♦r❦s

▼✐❡ ❙❝❛tt❡r✐♥❣ ❜② s♣❤❡r✐❝❛❧
♣❛rt✐❝❧❡s

❬▲❡❡ ❛♥❞ ▲✉✱ ✷✵✶✷✱ P✉ ❡t ❛❧✳✱
✷✵✶✹❪

❉✐✛✉s✐♦♥
❆♣♣r♦①✐✲
♠❛t✐♦♥

▼♦st❧② ✉s❡❞ ❢♦r s✐♠♣❧❡
s❡t✉♣ ❣❡♦♠❡tr✐❡s ❛♥❞ ❢❛r
❙❉❙ ❞✐st❛♥❝❡s

❬❲✐❧s♦♥ ❛♥❞ ▼②❝❡❦✱ ✷✵✶✶✱
❩❤❛♥❣ ❡t ❛❧✳✱ ✷✵✶✹✱ ●r❛❜t❝❤❛❦
❡t ❛❧✳✱ ✷✵✶✹❪

❆❞❞✐♥❣✲
❞♦✉❜❧✐♥❣

❋♦r t❤❡ s❧❛❜s ❬❙❛❛❣❡r ❡t ❛❧✳✱ ✷✵✶✵✱ ❩❛♠♦r❛✲
❘♦❥❛s ❡t ❛❧✳✱ ✷✵✶✸❛✱ ❩❛♠♦r❛✲
❘♦❥❛s ❡t ❛❧✳✱ ✷✵✶✸❜❪

❋❉❚❉ ❚✐♠❡ ❛♥❞ s♣❛t✐❛❧❧②
r❡s♦❧✈❡❞ ❧✐❣❤t t✐ss✉❡✲
✐♥t❡r❛❝t✐♦♥

❬▲✬❍✉✐❧❧✐❡r ❛♥❞ ❍✉♠❡❛✉✱ ✷✵✵✹✱
❑♦rt✉♥ ❡t ❛❧✳✱ ✷✵✵✽✱ ❆s❧❧❛♥❛❥
❛♥❞ ❋✉♠❡r♦♥✱ ✷✵✶✷❪

❑✉❜❡❧❦❛✲
▼✉♥❦

❋♦r t❤❡ s❧❛❜s ❬❱②❛s ❡t ❛❧✳✱ ✷✵✶✸✱ ❱❛s❡✜
❡t ❛❧✳✱ ✷✵✶✸✱ ❙❛♥❞♦✈❛❧ ❛♥❞
❑✐♠✱ ✷✵✶✹❪

❙❊▼ ❙✉✐t❛❜❧❡ ❢♦r s♣❡❝✐❛❧
❝❛s❡s ✭✐✳ ❡✳ r❡❝♦✈❡r✲
✐♥❣ ❦♥♦✇♥ ❛❜s♦r❜❡r
❝♦♥❝❡♥tr❛t✐♦♥✮

❬❘❡✐❢ ❡t ❛❧✳✱ ✷✵✵✼✱ ❲✐❧s♦♥
❡t ❛❧✳✱ ✷✵✵✾✱ ❲✐❧s♦♥ ❛♥❞
▼②❝❡❦✱ ✷✵✶✶❪

▼❈ ◗✉✐t❡ ♣r❡❝✐s❡✱ ❜✉t t✐♠❡✲
❝♦♥s✉♠✐♥❣✳ ❯s❡❞ ❢♦r
s❤♦rt ❞✐st❛♥❝❡s✳

❬❲✐❧s♦♥ ❛♥❞ ▼②❝❡❦✱ ✷✵✶✶✱
❩❤❛♥❣ ❡t ❛❧✳✱ ✷✵✶✹✱ ❨❛♥✲❋❡✐
❡t ❛❧✳✱ ✷✵✶✹✱ ✈❛♥ ▲❡❡✉✇❡♥✲✈❛♥
❩❛❛♥❡ ❡t ❛❧✳✱ ✷✵✶✹❪

❚❛❜❧❡ ✶✳✸✿ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ❢♦r ♠❡t❤♦❞s ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧✐♥❣✳

✶✳✻✳✶ ❘❛❞✐❛t✐✈❡ ❚r❛♥s♣♦rt ❊q✉❛t✐♦♥ ✭❘❚❊✮

❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s ❧✐❣❤t ♦❢ s♣❡❝✐❛❧ ✐♥t❡♥s✐t② ❞②♥❛♠✐❝s ✐♥ ♠❡❞✐✉♠✱ ✐s
r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❘❚❊ ❛♥❞ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ❬❱♦✲❉✐♥❤✱ ✷✵✵✸❪✳ ▲✐❣❤t ✐s
❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❧♦❝❛❧✐③❡❞✱ ✐♥❝♦❤❡r❡♥t ♣❤♦t♦♥s ✭❞✉❡ t♦ s❝❛tt❡r✐♥❣ t❤❡ ✐♥✐t✐❛❧ ♣♦❧❛r✐③❛✲
t✐♦♥ ✐s ❧♦st✱ ❤♦✇❡✈❡r ✐t ✐s r❡♠❛✐♥✐♥❣ t❤❡ s❛♠❡ ✐❢ t❤❡ ❧✐❣❤t ✇❛s r❡✢❡❝t❡❞✮✳ ▲❡t✬s ❝♦♥s✐❞❡r ❛ s♠❛❧❧
♣❛❝❦❛❣❡ ♦❢ ❧✐❣❤t ❡♥❡r❣② ❞❡✜♥❡❞ ❜② ✐ts ♣♦s✐t✐♦♥✱ r(t)✱ ❛♥❞ ❞✐r❡❝t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♦♥ ŝ ❛t t✐♠❡ t✳
❚❤❡ ♣❛❝❦❛❣❡ ✢♦✇s ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ŝ ❛♥❞ ❧♦ss❡s ✐ts ❡♥❡r❣② ❞✉❡ t♦ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥✱
r❡s♣❡❝t✐✈❡❧② q✉❛♥t✐✜❡❞ ❜② ❝♦❡✣❝✐❡♥ts µs ❛♥❞ µa✳ ■t ❛❧s♦ ❣❛✐♥s ❡♥❡r❣② ✇❤✐❝❤ ❝♦♠❡s ❢r♦♠ ♦t❤❡r
❞✐r❡❝t✐♦♥s ✐♥t♦ t❤❡ ŝ ❞✐r❡❝t✐♦♥ ❢r♦♠ t❤❡ s♦✉r❝❡ ♦❢ ❧✐❣❤t ❛t r(t)✳ ❚❤❡s❡ ♣r♦❝❡ss❡s ❛r❡ ❞❡s❝r✐❜❡❞ ❜②

✶✽



✶✳✻✳ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ✐♥ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧✐♥❣

✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❦♥♦✇♥ ❛s t❤❡ r❛❞✐❛t✐♦♥ tr❛♥s♣♦rt r❡❧❛t✐♦♥ ✭s❡❡ ❊q✳ ✶✳✶✽✮✿

1

cm

d

dt
I(r(t), s, ŝ, t) =

(µa + µs)I(r(t), ŝ, t) +
µa + µs

4π

∫

P (ŝ, ŝ′)I(r(t′), ŝ′, t)dΩ′ +Q(r(t), ŝ),

✭✶✳✶✽✮

✇❤❡r❡ cm ✐s t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ✐♥ t❤❡ ♠❡❞✐✉♠✱ Q(r(t), ŝ, t) st❛♥❞s ❢♦r ❛ s♦✉r❝❡ t❡r♠✳ ■♥ t❤✐s ❢♦r♠
t❤❡ ❊q✳ ✶✳✶✽ ❞❡s❝r✐❜❡s t❤❡ ❞②♥❛♠✐❝ ❝❤❛♥❣❡ ♦❢ I(r(t), ŝ, t) ✇✐t❤ t✐♠❡✳ ❚❤❡ t❡r♠ (µa+µs)I(r(t), ŝ, t))
❞❡❝r❡❛s❡s t❤❡ ✈❛❧✉❡ ♦❢ I(r(t) ❛s ✐t ❝♦rr❡s♣♦♥❞s t♦ s❝❛tt❡r✐♥❣ ✭µs✮ ❛♥❞ ❛❜s♦r♣t✐♦♥ ✭µa✳ ❚❤❡ ✐♥t❡❣r❛❧
t❡r♠ I(r(t)) ❛❧✇❛②s ✐♥❝r❡❛s❡s✱ ❛s ✐t ✐s ✬❝♦❧❧❡❝t✐♥❣✬ ❛❧❧ t❤❡ s❝❛tt❡r❡❞ ❧✐❣❤t ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❝♦♥❡ ŝ✳

❚❤❡ t♦t❛❧ t✐♠❡ ❞❡r✐✈❛t✐✈❡ d
dt ✐s r❡❞✉❝❡❞ t♦ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✿ ∂

∂t + cŝ · −→∇ ✐❢ ✇❡ ✜① t❤❡ ❝♦♦r❞✐♥❛t❡
s②st❡♠ ❢r♦♠ t❤❡ ♣❛❝❦❛❣❡ ♦❢ ♣❤♦t♦♥s t♦ t❤❡ ♠❡❞✐✉♠✳ ❚❤✉s✱ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❘❚❊ ❡q✉❛t✐♦♥
t❛❦❡s t❤❡ ❢♦r♠ ✭s❡❡ ❊q✳ ✶✳✶✾✮✿

1

cm

∂

∂t
I(r, ŝ, t) = (−ŝ·−→∇−(µa+µs))I(r, ŝ, t)+

µa + µs
4π

∫

4π
P (ŝ, ŝ′)I(r, ŝ′, t)dΩ′+Q(r, ŝ, t), ✭✶✳✶✾✮

❚❤❡♥ ✇❡ ❛♣♣❧② t❤❡ st❡❛❞②✲st❛t❡ ❝♦♥❞✐t✐♦♥✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ❧♦ss❡s ❛♥❞ ❣❛✐♥s ❛t ❡❛❝❤ ♣♦✐♥t r
♦❢ t❤❡ ♠❡❞✐✉♠ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✇✐t❤ t✐♠❡✱ t✱ ❛♥❞ t❤❡ s♦✉r❝❡ ✐s ❛❧✇❛②s ♦♥✱ t❤✉s t❤❡ ❝♦♥❞✐t✐♦♥
d
dtI(r(t), ŝ, t) ❂ ✵ ✐s ❢✉❧✜❧❧❡❞ ❛♥❞ ❊q✳ ✶✳✶✽ ✐♥ ❛ s♦✉r❝❡✲❢r❡❡ r❡❣✐♦♥ t❛❦❡s t❤❡ ❢♦r♠ ✭s❡❡ ❊q✳ ✶✳✷✵✮✿

ŝ · −→∇I(r, ŝ) = −(µa + µs)I(r, ŝ) +
µa + µs

4π

∫

4π
P (ŝ, ŝ′)I(r, ŝ′)dΩ′ ✭✶✳✷✵✮

✶✳✻✳✷ ❆♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r ♣❛rt✐❝✉❧❛r ❝❛s❡s

■♥ t❤❡ str❛✐❣❤t✲❢♦r✇❛r❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘❚❊✱ ❝♦♠♣❧✐❝❛t✐♦♥ ❛❧✇❛②s ❛r✐s❡s ✇✐t❤ ❞❡❛❧✐♥❣ ✇✐t❤ ❞✐❢✲
❢❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✈❛r✐♦✉s t②♣❡s ♦❢ s♦✉r❝❡s ❛♥❞ ❞✐✛❡r❡♥t ❣❡♦♠❡tr② ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✳
❲❤❡♥ ❛❜s♦r♣t✐♦♥ ✐s ❧♦✇ ❡♥♦✉❣❤ t♦ ♣❡r♠✐t t❤❡ ❞✐✛✉s✐♦♥ ♦❢ ♣❤♦t♦♥s ✐♥t♦ t❤❡ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✱ ❛♥❞
s❝❛tt❡r✐♥❣ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❞♦♠✐♥❛♥t ♣r♦❝❡ss✱ t❤❡♥ t❤✐s ❧✐♠✐t ✐s ❦♥♦✇♥ ❛s ❞✐✛✉s✐♦♥ ❧✐♠✐t✳ ❚❤✐s
✐s ❛♥ ✐♠♣♦rt❛♥t ❝♦♥❞✐t✐♦♥ t♦ ❜❡ ❢✉❧✜❧❧❡❞ ❢♦r ❜✐♦♠❡❞✐❝❛❧ ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s✱ ❛s ♣❤♦t♦♥s ❛r❡ ❛❜❧❡
t♦ ♣❡♥❡tr❛t❡ t✐ss✉❡ ❡✈❡♥ ✐❢ str♦♥❣ s❝❛tt❡r✐♥❣ ♦❝❝✉rs✱ t❤✉s ❜② ❜❛❝❦✲s❝❛tt❡r❡❞ s✐❣♥❛❧ ✐t ✐s ♣♦ss✐❜❧❡
t♦ ❛♥❛❧②③❡ t✐ss✉❡✳ ❍❡r❡❛❢t❡r ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ s❝❛tt❡r✐♥❣✲❞♦♠✐♥❛♥t ❧✐♠✐t ❛s ✐t ❛♣♣❡❛rs ❢♦r
❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ✇❤✐❝❤ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ t✉r❜✐❞ ♠❡❞✐✉♠ ❬❱♦✲❉✐♥❤✱ ✷✵✵✸❪✳

❙♦❧✉t✐♦♥ ♦❢ t❤❡ ❘❚❊ ❢♦r ❉❘ ❝♦✉❧❞ ❜❡ ❢♦✉♥❞ ❛♥❛❧②t✐❝❛❧❧② ✉s✐♥❣ ❉❆ ❬❲❛♥❣ ❡t ❛❧✳✱ ✷✵✵✾✱ ■s❤✐♠❛r✉✱
✶✾✾✶❪✳

■♥❝✐❞❡♥t ❛♥❞ ❉✐✛✉s❡ ❧✐❣❤t

❚❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ ❧✐❣❤t ♣❡♥❡tr❛t✐♥❣ ✐♥ t❤❡ ♠❡❞✐✉♠ ❢r♦♠ ❛♥ ❡①t❡r♥❛❧ s♦✉r❝❡ ✐s ❞❡s❝r✐❜❡❞ ❜②
❊q✳ ✶✳✷✶

I(r, ŝ, t) = Ic(r, ŝ, t) + Id(r, ŝ, t), ✭✶✳✷✶✮

✇❤❡r❡ Ic ✐s t❤❡ ✉♥s❝❛tt❡r❡❞ ❝♦♠♣♦♥❡♥t✱ ✐❢ t❤❡ ❧✐❣❤t s♦✉r❝❡ ✐s ❝♦❤❡r❡♥t ✐t ✐s t❤❡ ❝♦❧❧✐♠❛t❡❞ ❝♦♠✲
♣♦♥❡♥t ❛♥❞ Id ✐s t❤❡ s❝❛tt❡r❡❞ ♦r t❤❡ ❞✐✛✉s❡❞ ❝♦♠♣♦♥❡♥t✳ ❚❤✉s t❤❡ ❘❚❊ ❊q✳ ✶✳✶✽ ❝♦✉❧❞ ❜❡
s♣❧✐t ✐♥t♦ t✇♦ ♣❛rts✳ ❚❤❡ ✜rst ♦♥❡ ♣❛rt ❝♦rr❡s♣♦♥❞s t♦ ❝♦❤❡r❡♥t ❧✐❣❤t ❝♦♠♣♦♥❡♥t ✇❤✐❝❤ ❧♦ss❡s ✐ts
❡♥❡r❣② ✭s❡❡ ❊q✳ ✶✳✷✷✮✿

1

cm

∂Ic(r, ŝ, t)

∂t
+ ŝ · −→∇Ic(r, ŝ, t) = −(µa + µs)Ic(r, ŝ, t) ✭✶✳✷✷✮

✶✾



❈❤❛♣t❡r ✶✳ P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s

❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ❝♦♥s✐❞❡rs ❜♦t❤ ❝♦❤❡r❡♥t ❛♥❞ ✐♥❝♦❤❡r❡♥t ❝♦♠♣♦♥❡♥ts✱ ✇❤✐❝❤ r❡s♣❡❝t✐✈❡❧②
r❡❝❡✐✈❡s ❛♥❞ r❡t❛✐♥s ❡♥❡r❣② ✭s❡❡ ❊q✳ ✶✳✷✸✮✿

1

cm

∂Ic(r, ŝ, t)

∂t
+ ŝ · −→∇Ic(r, ŝ, t) = −(µa + µs)Ic(r, ŝ, t)

+
µa + µs

4π

∫

4π
P (ŝ, ŝ′)Id(r, ŝ

′, t)dΩ′

+
µa + µs

4π

∫

4π
P (ŝ, ŝ′)Ic(r, ŝ

′, t)dΩ′

✭✶✳✷✸✮

❚❤❡ ❞✐✛✉s❡ ❧✐❣❤t ❡①♣❧❛✐♥s t❤❡ ♣❤❡♥♦♠❡♥❛ ♦❢ ❞✐✛✉s❡✲r❡✢❡❝t❡❞ ❧✐❣❤t✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t t❤❡ s❧❛❜ ❢r♦♠ ✇❤✐❝❤ ✐t ❛r✐s❡ ❛❢t❡r ♠✉❧t✐♣❧❡ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❡✈❡♥ts✳ ❚❤❡ ❞✐✛✉s❡❧②
r❡✢❡❝t❡❞ ❧✐❣❤t ❝♦♥t❛✐♥s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ t❤r♦✉❣❤ ✇❤✐❝❤ ✐t ✇❛s tr❛♥s♠✐tt❡❞
t♦ t❤❡ s✉r❢❛❝❡✳

❉✐✛✉s✐♦♥ ❆♣♣r♦①✐♠❛t✐♦♥ ✭❉❆✮

❲❤✐❧❡ ♣r♦♣❛❣❛t✐♥❣ ✐♥t♦ t❤❡ t✐ss✉❡✱ ♣❤♦t♦♥s ❞✐✛✉s❡ t❤r♦✉❣❤ ✐t ✐♥ ❛ s❡r✐❡s ♦❢ st❡♣s ♦❢ r❛♥❞♦♠ ❧❡♥❣t❤
❛♥❞ ❞✐r❡❝t✐♦♥✳ ❚❤✐s ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✐s ❝❛❧❧❡❞ r❛♥❞♦♠ ✇❛❧❦✳ ❲❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❤♦t♦♥s ♣r♦♣✲
❛❣❛t✐♥❣ ✐♥t♦ t✐ss✉❡s ✐s ❧❛r❣❡✱ t❤❡ ❝♦♥t✐♥✉♦✉s ♣❤♦t♦♥ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❉✐✛✉s✐♦♥
❊q✉❛t✐♦♥ ✭❉❊✮ ✐s ❞❡s❝r✐❜❡❞ ❜② ❊q✳ ✶✳✷✹ ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛♥❣✉❧❛r ❞❡♣❡♥❞❡♥❝❡
♦❢ t❤❡ s♣❡❝✐✜❝ ✐♥t❡♥s✐t② ❛♥❞ ✐s ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ ✜rst✲♦r❞❡r ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ ✉♥✐t ✈❡❝t♦r
ŝ✿

Id(r, ŝ, t) ∼=
1

4π
Φd(r, t) +

3

4π
Fd(r, t)ŝ · ŝ, ✭✶✳✷✹✮

✇❤❡r❡ Φd(r, t) =
∫

4π Id(r, ŝ, t)dΩ ✐s t❤❡ t♦t❛❧ ✐♥t❡♥s✐t② ❛t t❤❡ ♣♦✐♥t r ♦r ✢✉❡♥❝❡ r❛t❡✱ ❛♥❞ Fd(r, t) =
Fd(r, t) · ŝf =

∫

4π Id(r, ŝ, t)ŝdΩ ✐s t❤❡ ♥❡t ✐♥t❡♥s✐t② ✈❡❝t♦r✳ ❇② ✐♥t❡❣r❛t✐♥❣ ❛❧❧ t❤❡ t❡r♠s ♦❢ t❤❡
❘❚❊ ♦✈❡r 4π ✇❡ ❞❡r✐✈❡ ❊q✳ ✶✳✷✺

1

cm

∂

∂t
Φ(r, t) +∇ · Fd(r, t) = −µaΦd(r, t) +Qc +Qs, ✭✶✳✷✺✮

✇❤❡r❡ Qs ❛♥❞ Qc ❛r❡ t❤❡ s♦✉r❝❡ t❡r♠s ♦❢ ❧♦❝❛❧ s♦✉r❝❡s ❛♥❞ ❝♦❤❡r❡♥t ✜❡❧❞✳ ❊q✉❛t✐♦♥ ✶✳✷✺ ✐s ❛♥
❡①♣r❡ss✐♦♥ ♦❢ ❞✐✈❡r❣❡♥❝❡ Fd ✐♥ t❡r♠s ♦❢ t❤❡ t♦t❛❧ ✐♥t❡♥s✐t② Φd✳

Id(r, ŝ
′, t) ∼= 1

4π
Φd(r, t) ✭✶✳✷✻✮

❇② ✐♥t❡❣r❛t✐♥❣ ❡q✳ ✶✳✷✺ ♦✈❡r t❤❡ s❝❛tt❡r✐♥❣ ♣❤❛s❡ ❢✉♥❝t✐♦♥ ✭s❡❡ ❊q✳ ✶✳✾✮ ✇❡ ♦❜t❛✐♥ ❊q✳ ✶✳✷✼✿

µa + µs
4π

∫ ∫

4π
P (ŝ, ŝ′)Id(r, ŝ

′, t)dΩ′dΩ =

µa + µs
4π

∫

4π

[

∫

4π
P (ŝ, ŝ′)dΩ

]

Id(r, ŝ
′, t)dΩ′ =

µs

∫

4π
Id(r, ŝ

′, t)dΩ′ = µsΦd(r, r).

✭✶✳✷✼✮

❚❤✐s t❡r♠ ❛❧❧♦✇s ❢♦r ❝❛♥❝❡❧✐♥❣ ♦✉t t❤❡ ❝♦♠♣♦♥❡♥t r❡❧❛t✐♥❣ t♦ s❝❛tt❡r✐♥❣ ❧♦ss ❝♦♥tr✐❜✉t✐♦♥ ✐♥
❊q✳ ✶✳✶✾✳ ❚♦ ❞❡✜♥❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ Fd ❛♥❞ Φd ❋❧✐❝❦✬s ❧❛✇ ✐s ✉s❡❞ ❢♦r t❤❡ ❧♦✇❡st✲♦r❞❡r
❛♣♣r♦①✐♠❛t✐♦♥ ✭s❡❡ ❊q✳ ✶✳✷✽✮✿

cmFd(r, t) = −D−→∇Φd(r, t), ✭✶✳✷✽✮

✷✵



✶✳✻✳ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ✐♥ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧✐♥❣

✇❤❡r❡ D = 1
3(µa+µs(1−g)) st❛♥❞s ❢♦r ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ❋❧✐❝❦✬s ❧❛✇ ♣♦st✉❧❛t❡s t❤❛t t❤❡

♣❤♦t♦♥ ❞❡♥s✐t② ❞❡❝r❡❛s❡s ❛❧♦♥❣ t❤❡ ❧✐❣❤t ❞✐str✐❜✉t✐♦♥ ❞✐r❡❝t✐♦♥✳ ❙✉❜st✐t✉t✐♦♥ ♦❢ ❊q✳ ✶✳✷✽ t♦ ✶✳✷✺
②✐❡❧❞s t♦ t❤❡ ❉❊ ✭s❡❡ ❊q✳ ✶✳✷✾✮✿

∂

∂t
Φd(r, t) = D△ Φd(r, t)− µacmΦd(r, t) +Qc +Qs ✭✶✳✷✾✮

❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❙✐♥❝❡ ♠♦st ❜✐♦♠❡❞✐❝❛❧ ♦♣t✐❝s ❛♣♣❧✐❝❛t✐♦♥s ✐♥✈♦❧✈❡ ❞❡❧✐✈❡r② ❛♥❞ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❧✐❣❤t ❣♦✐♥❣ t❤r♦✉❣❤
✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ ❛✐r ❛♥❞ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✱ ❜♦✉♥❞❛r✐❡s ❛r❡ ❜❡❝♦♠✐♥❣ ✐♠♣♦rt❛♥t ❬❏❛❝q✉❡s ❛♥❞
P♦❣✉❡✱ ✷✵✵✽❪✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ✐♠❛❣❡s ✐s ✉s❡❞ t♦ ♠♦❞❡❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ■t ✐s ❛❞❛♣t❡❞ t♦
s♦❧✈❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✢✉❡♥❝❡ r❛t❡ ❛t t❤❡ s✉r❢❛❝❡ ❛♥❞ ✢✉① ❡s❝❛♣✐♥❣ t❤❡ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡
s✉r❢❛❝❡✳ ❙❡✈❡r❛❧ ❛ss✉♠♣t✐♦♥s ❛r❡ ♠❛❞❡ t♦ ♦❜t❛✐♥ t❤❡ st❡❛❞②✲st❛t❡ ❉❆✳ ❋♦r s✉❝❤ st❡❛❞②✲st❛t❡✱

t❤❡ ❉❆ ♣r♦✈✐❞❡s s✐♠♣❧❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❉❊ ✇✐t❤ t❤❡ ❧✐♠✐t ♦❢ ❧♦✇ ❛❜s♦r♣t✐♦♥ ✭µ
′

s
µa

>> 1✮ ❛♥❞ ❢♦r

t❤❡ ❞✐st❛♥❝❡s ✭r > 1
µ′

s
✮✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ ✐♠♣r♦✈❡❞ ❛♥❞ ❤✐❣❤❡r ♦r❞❡r ❡q✉❛t✐♦♥s ❢♦r ❝❧♦s❡r ❙❉❙

✇❤❡r❡ t❤❡ ♣❤♦t♦♥ ♣❛t❤s ❝❛♥♥♦t ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❛s ❜❡✐♥❣ ❞✐✛✉s❡✳❬❨♦♦ ❡t ❛❧✳✱ ✶✾✾✵✱ ❋❛rr❡❧❧ ❡t ❛❧✳✱
✶✾✾✷✱ P❛tt❡rs♦♥ ❛♥❞ P♦❣✉❡✱ ✶✾✾✹✱ ❑✐❡♥❧❡ ❛♥❞ P❛tt❡rs♦♥✱ ✶✾✾✼✱ ❩❡✈❛❧❧♦s ❡t ❛❧✳✱ ✶✾✾✽✱ ❙t❛r ❡t ❛❧✳✱
✶✾✽✽✱ ▼❛❦r♦♣♦✉❧♦✉ ❡t ❛❧✳✱ ✷✵✵✼❪ ♣r♦✈✐❞❡ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ❘❚❊ ❢♦r s✐♠♣❧❡ ❣❡♦♠❡tr✐❡s
✉♥❞❡r ❝♦♥❞✐t✐♦♥s t❤❛t t❤❡ ❛❜s♦r♣t✐♦♥ ♦❢ t❤❡ t✐ss✉❡ ✐s ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ s❝❛tt❡r✐♥❣ ❛♥❞
t❤❛t t❤❡ ❞❡❧✐✈❡r② ❛♥❞ ❞❡t❡❝t✐♦♥ ♦❢ ❧✐❣❤t ♦❝❝✉r ❢❛r ❡♥♦✉❣❤ ❛♣❛rt ✭✐♥ s♣❛❝❡ ❛♥❞ ✐♥ t✐♠❡✮ s✉❝❤ t❤❛t
t❤❡ ♣❤♦t♦♥ tr❛❥❡❝t♦r✐❡s ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s ❞✐✛✉s❡✳ ❍✐❣❤❡r✲♦r❞❡r ✈❡rs✐♦♥s ♦❢ t❤❡ ❉❆ ✭s✉❝❤ ❛s t❤❡
P3 ❛♥❞ PN ❛♣♣r♦①✐♠❛t✐♦♥s ❬❍✉❧❧ ❛♥❞ ❋♦st❡r✱ ✷✵✵✶✱ P❤✐❧❧✐♣s ❛♥❞ ❏❛❝q✉❡s✱ ✷✵✵✾❪✮ ♦✛❡r ✐♥❝r❡❛s❡❞
❛❝❝✉r❛❝② ❢♦r s❤♦rt ❙❉❙❀ ❤♦✇❡✈❡r t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥s ❛r❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳ ❚❤❡ ❛✐r
t✐ss✉❡✲❜♦✉♥❞❛r② ✐s r❡♣❧❛❝❡❞ ❜② ❛♥ ✐♥✜♥✐t❡ t✐ss✉❡ ✇✐t❤ ♥❡❣❛t✐✈❡ s♦✉r❝❡ ❧♦❝❛t❡❞ ♦✉ts✐❞❡ t❤❡ ♦r✐❣✐♥❛❧
t✐ss✉❡ ❜♦✉♥❞❛r② ❛♥❞ ♠✐♠✐❝s t❤❡ ❧♦ss ♦❢ ❧✐❣❤t ♦✉t❝♦♠✐♥❣ ❢r♦♠ t❤❡ t✐ss✉❡ ✭s❡❡ ❋✐❣✳ ✶✳✶✵✮✳

❖♥ ❛✈❡r❛❣❡✱ ❡❛❝❤ ♣❤♦t♦♥ tr❛✈❡❧s t❤❡ ❞✐st❛♥❝❡ L = 2 △ z ❢♦r ❡✈❡r② △z ♠♦✈❡♠❡♥t ❛❧♦♥❣ t❤❡
③✲❛①✐s✳ ▲❡t✬s ❝♦♥s✐❞❡r ❛ t❡st ♣♦✐♥t ❛t t❤❡ s✉r❢❛❝❡✱ ✐✳ ❡✳ ③ ❂ ✵✳ ❚❤✉s t❤❡ ✢✉① ❛t t❤✐s ♣♦✐♥t ✇✐❧❧
r❡s✉❧t ✐♥ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❜♦t❤ I ❛♥❞ J ✢✉①❡s ❛♥❞ ✐s t✇✐❝❡ t❤❡ ✈❛❧✉❡ ♦❢ ✢✉① ♣❛ss✐♥❣ ❛❧♦♥❣ t❤❡
③✲❛①✐s✿ Φ(0) = 2(I + J)✳ ❆s t❤❡ ❧✐❣❤t J r❡❛❝❤❡s t❤❡ s✉r❢❛❝❡ ✐t ✐s r❡✢❡❝t❡❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ri✱
t❤✉s t❤❡ ✢✉① ✐♥s✐❞❡ t❤❡ t✐ss✉❡ ✐s riJ ✱ s♦ t❤❛t Φ(0) = 2(1 + ri)J ✳ ❚❤❡ ✢✉① ❡s❝❛♣✐♥❣ t❤❡ t✐ss✉❡ ✐s
t❤❡ ♦❜s❡r✈❡❞ r❡✢❡❝t❛♥❝❡ ✇❤✐❝❤ ✐s R = (1− ri)J ✱ ❛♥❞ t❤❡ ✢✉❡♥❝❡ r❛t❡ ❛t t❤❡ s✉r❢❛❝❡ ✐s✿

Φ(0) = 2(I + J) = 2R
1 + ri
1− ri

. ✭✶✳✸✵✮

❚❤❡♥ t❤❡ ❡s❝❛♣✐♥❣ ✢✉① R ✐s r❡♣r❡s❡♥t❡❞ ❜② ❊q✳ ✶✳✸✶✿

R = −DΦ(z0)

|zb|
. ✭✶✳✸✶✮

❚❤❡ ❣r❛❞✐❡♥t ❢r♦♠ t❤❡ t✐ss✉❡ s✉r❢❛❝❡ t♦ t❤❡ ✈✐rt✉❛❧ s✉r❢❛❝❡ s②♠♠❡tr② ❛t zb ✐s ❞❡s❝r✐❜✐♥❣ t❤❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭❊q✱✶✳✸✷✮✿

R = −D∂Φ
∂z

= D
Φ(0)

zb
. ✭✶✳✸✷✮

❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❊qs✳ ✶✳✸✵ ❛♥❞ ✶✳✸✷ ❛♥❞ ❡❧✐♠✐♥❛t✐♦♥ ♦❢ R ❣✐✈❡s ❊q✳ ✶✳✸✸✿

zb = −2
1 + ri
1− ri

D. ✭✶✳✸✸✮

✷✶



❈❤❛♣t❡r ✶✳ P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s

Air 

Tissue 

R = (1-ri)J 

ri 
I = riJ 

L 

J I 

∆z 
zi 

zb z0 
zs 

z[cm] 

Ф
[W

/c
m

2
] 

А B 

❋✐❣✉r❡ ✶✳✶✵✿ ❙❝❤❡♠❡ ♦❢ t❤❡ ♠✐s♠❛t❝❤❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❆ ✲ ❚❤❡ ♣❤♦t♦♥s ❞✐✛✉s❡ ✐♥ ❛ J
✢✉① t♦✇❛r❞s t❤❡ s✉r❢❛❝❡ ❛♥❞ ✐♥ ❛♥ I ✢✉① ❛✇❛② ❢r♦♠ s✉r❢❛❝❡✱ tr❛✈❡❧✐♥❣ ♦♥ ❛✈❡r❛❣❡ t❤❡ ❞✐st❛♥❝❡
L = 2△ z ♣❡r △z ❛❧♦♥❣ t❤❡ ③✲❛①✐s✱ t❤❡ ✐♥t❡r♥❛❧ r❡✢❡❝t❛♥❝❡ ri ❛t t❤❡ s✉r❢❛❝❡ ✐s t❤❡♥ I = riJ ✳ ❚❤❡
❡s❝❛♣✐♥❣ r❡✢❡❝t❛♥❝❡ R = (1− ri)J ✳ ❚❤✉s t❤❡ ✢✉❡♥❝❡ r❛t❡ ❛t t❤❡ s✉r❢❛❝❡ ✐s ❊q✳ ✶✳✸✵✳ ❇ ✲ t❤❡ ✶✲❉
✢✉❡♥❝❡ r❛t❡ ❞✐str✐❜✉t✐♦♥ ❞✉❡ t♦ ❛ ♣❧❛♥❛r s♦✉r❝❡ ❛t z = zs ❛♥❞ ❛♥ ❛✐r✲t✐ss✉❡ ❜♦✉♥❞❛r② ❛t z0✳ zb
✐s t❤❡ s✉r❢❛❝❡ ♦❢ s②♠♠❡tr②✳ ■❢ t❤❡ ♣♦s✐t✐✈❡ s♦✉r❝❡ ✐s ❛t zs✱ t❤❡♥ t❤❡ ♥❡❣❛t✐✈❡ ♦♥❡ ✐s ❝❛❧❝✉❧❛t❡❞ ❛s
zi = 2zb − zs ❛♥❞ ✐s ♣❧❛❝❡❞ ♦✉ts✐❞❡ t❤❡ t✐ss✉❡✳ ❆ ✢✉① ♦✉t ♦❢ t❤❡ s✉r❢❛❝❡ ✐s ❣✉✐❞❡❞ ❜② t❤❡ ❣r❛❞✐❡♥t
♦❢ ❧✐❣❤t ❜❡t✇❡❡♥ z0 ❛♥❞ zb✱ t❤✉s ❘ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❊q✳ ✶✳✸✶

❚❤✉s t❤❡ ✈❛❧✉❡ ♦❢ ✐♥t❡r♥❛❧ r❡✢❡❝t❛♥❝❡ ri s♣❡❝✐✜❡s t❤❡ ✈❛❧✉❡ ♦❢ zb ❛♥❞ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ✇✐t❤ ❊q✳ ✶✳✸✹✿

ri =

∫ π
2

θ=0
RFresnel(θ)2π sin θdθ, ✭✶✳✸✹✮

✇❤❡r❡ RFresnel ✐s t❤❡ ❋r❡s♥❡❧ r❡✢❡❝t❛♥❝❡ ❛s t❤❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❛♥❣❧❡ ♦❢ ✐♥❝✐❞❡♥❝❡ θ r❡❧❛t✐✈❡ t♦
s✉r❢❛❝❡ ♥♦r♠❛❧ ❛♥❞ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♠✐s♠❛t❝❤ ❛t t❤❡ ❜♦✉♥❞❛r②✳ ❋♦r ❛♥ ❛✐r✴t✐ss✉❡ ✐♥t❡r❢❛❝❡
t❤❡ ✐♥t❡r♥❛❧ r❡✢❡❝t❛♥❝❡ ✐s ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ❛s ❢♦❧❧♦✇s ❬❊❣❛♥ ❛♥❞ ❍✐❧❣❡♠❛♥✱ ✶✾✼✾❪ ✐♥ ❊q✳ ✶✳✸✺✿

ri = 0.6681 + 0.0636n+
0.7099

n
− 1.4399

n2
, ✭✶✳✸✺✮

✇❤❡r❡ n ✲ ✐s t✐ss✉❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡①✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐s ❛♥ ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ r❛♥❣❡
✶✳✵< n <✷✳✷✳ ❋♦r ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ n ∼= ✶✳✹ ❧❡❛❞s t♦ ri ∼= ✵✳✺✳ ❍❡r❡❜② zb ∼= −2zs✱ s♦ t❤❛t t❤❡
♥❡❣❛t✐✈❡ s♦✉r❝❡ ♣♦s✐t✐♦♥ ✐s zi ∼= −5zs✳ ❚❤❡ ♥❡t ✢✉❡♥❝❡ r❛t❡ ✐♥ t❤❡ t✐ss✉❡ ✐s t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢
t✇♦ s♦✉r❝❡s ✭s❡❡ ❊q✳ ✶✳✸✻✮✿

Φ(r, z) =
e

−r1√
D/µa

4πDr1
− e

−r2√
D/µa

4πDr2
, ✭✶✳✸✻✮

✇✐t❤

{

r1 =
√

(r − rs)2 + (z − zs)2

r2 =
√

(r − rs)2 + (z − zi)2.

❋✐♥❛❧❧②✱ ❛s ❢♦r♠✉❧❛t❡❞ ✐♥ ❊q✳ ✶✳✸✻ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ✢✉❡♥❝❡ r❛t❡ ✐s t❤❡ ❡s❝❛♣✐♥❣ r❡✢❡❝t❛♥❝❡ ❛s

✷✷



✶✳✻✳ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ✐♥ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧✐♥❣

❛ ❢✉♥❝t✐♦♥ ♦❢ r❛❞✐❛❧ ♣♦s✐t✐♦♥ ✐s ✭s❡❡ ❊q✳ ✶✳✸✼✮✿

R(r) = −D∂Φ
∂z

∣

∣

∣

z=0
=

1

4π
zs

(1

δ
+

1

r1

)exp(−|r1|/δ)
4πDr21

+ (zs + 2zb)
(1

δ
+

1

r2

)exp(−|r1|/δ)
4πDr22

✭✶✳✸✼✮

✇✐t❤











δ =
√

D/µa ✐s t❤❡ ♦♣t✐❝❛❧ ♣❡♥❡tr❛t✐♦♥ ❞❡♣t❤

µ′t = µa + µs(1− g) ✐s t❤❡ ❞✐✛✉s✐♦♥ ❧❡♥❣t❤

D = 1
3µ′

t
✐s t❤❡ r❡❞✉❝❡❞ tr❛♥s♣♦rt ❝♦❡✣❝✐❡♥t,

❚❤❡ ✈❛❧✉❡s ♦❢ ❛❜s♦r♣t✐♦♥ ❛♥❞ r❡❞✉❝❡❞ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥ts µa ❛♥❞ µ′s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ❝❛♥ ❜❡
❡st✐♠❛t❡❞ ❢r♦♠ ✜tt✐♥❣ ♦❢ ❊q✳ ✶✳✸✼ t♦ t❤❡ r❡✢❡❝t❛♥❝❡ s♣❡❝tr✉♠ ❛❝q✉✐r❡❞ ✇✐t❤ ❛ ✜❜❡r✲♦♣t✐❝ ♣r♦❜❡
✇✐t❤ ❞✐✛❡r❡♥t ❙❉❙✳ ❊✈❡♥ ✐❢ t❤❡ ♠❡t❤♦❞ ✐s ❢❛st ❛♥❞ s❡❡♠s t♦ ❜❡ s✐♠♣❧❡✱ ✐t ❤❛s s♦♠❡ r❡str✐❝t✐♦♥s
✇❤✐❝❤ ❧✐♠✐ts ✐ts ❞✐st❛♥❝❡s t♦ ❜❡ s❤♦rt❡r t❤❛♥ ♦♥❡ ♠❡❛♥ ❢r❡❡ ♣❛t❤ ✭1/µ′t✮✳ ❚❤✉s✱ ✇✐t❤ t❤❡ ♠✉❧t✐✲
✜❜❡r ♣r♦❜❡ ✉s❡❞ ✐♥ t❤❡ t❤❡s✐s ✇♦r❦✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ t❛❦❡ t❤✐s ❡q✉❛t✐♦♥ ❛s ✜rst ❛♣♣r♦①✐♠❛t✐♦♥
✇✐t❤ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ r❡❞✉❝❡❞ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✳ ❚❤❡ ❝♦♥❝❡♣t ♦❢ ✐ts ❛♣♣❧✐❝❛t✐♦♥ ✐♥st❡❛❞ ♦❢ ▼❈
s✐♠✉❧❛t✐♦♥s ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❧❛t❡r ♦♥ ✐♥ t❤✐s t❤❡s✐s✳

✶✳✻✳✸ ❆❞❞✐♥❣✲❞♦✉❜❧✐♥❣ ♠❡t❤♦❞

❚✇♦ ♠❡t❤♦❞s✱ ❞✐s❝r❡t❡ ❝♦♦r❞✐♥❛t❡s ❛♥❞ ❛❞❞✐♥❣✲❞♦✉❜❧✐♥❣✱ ❛❧❧♦✇ ❢♦r ✜♥❞✐♥❣ ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥ ♦❢
t❤❡ ❘❚❊ ❢♦r ❛♥✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣ ❛♥❞ ♠✐s♠❛t❝❤❡❞ ❜♦✉♥❞❛r✐❡s✳ ❚❤❡ ❛❞❞✐♥❣✲❞♦✉❜❧✐♥❣ ♠❡t❤♦❞
❣❡♥❡r❛t❡s ❢❛st ❛♥❞ ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥s ♦❢ ❧✐❣❤t ❞✐str✐❜✉t✐♦♥s ✐♥ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✳ ■t ✐s ❞❡✈❡❧♦♣❡❞ ❜②
❱❛♥ ❞❡ ❍✉❧st ❬✈❛♥ ❞❡ ❍✉❧st✱ ✶✾✽✵❛✱ ✈❛♥ ❞❡ ❍✉❧st✱ ✶✾✽✵❜❪✳ ❙✐♥❝❡ t❤✐s ❢❛st ❛♥❞ ❛❝❝✉r❛t❡ ♠♦❞❡❧ ✐s
✐♥t❡♥❞❡❞ ❢♦r ❧✐❣❤t ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s✱ t❤❡ ♣❛rt✐❝✉❧❛r ❢❡❛t✉r❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s
♠❡❞✐✉♠ ♠✉st ❜❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥ t❤❡ ♠♦❞❡❧✿

✶✳ ❚❤❡r❡ s❤♦✉❧❞ ❜❡ ♥♦ r❡str✐❝t✐♦♥ ♦♥ t❤❡ r❛t✐♦ ♦❢ s❝❛tt❡r✐♥❣ t♦ ❛❜s♦r♣t✐♦♥ µs

µa
s✐♥❝❡ t❤✐s r❛t✐♦

✈❛r✐❡s ❢r♦♠ ♥❡❛r❧② ③❡r♦ ✐♥ t❤❡ ❜♦t❤ t❤❡ ✉❧tr❛✈✐♦❧❡t ✭❞✉❡ t♦ ♣r♦t❡✐♥ ❛❜s♦r♣t✐♦♥✮ ❛♥❞ t❤❡
♠✐❞✲✐♥❢r❛r❡❞ ✭❞✉❡ t♦ ✇❛t❡r ❛❜s♦r♣t✐♦♥✮ t♦ ❧❛r❣❡ ✈❛❧✉❡s ✐♥ t❤❡ t❤❡r❛♣❡✉t✐❝ ✇✐♥❞♦✇ ✐♥ t❤❡
r❡❞ ❛♥❞ ♥❡❛r✲✐♥❢r❛r❡❞ ✭◆■❘✮✳

✷✳ ❚❤❡r❡ s❤♦✉❧❞ ❜❡ ♥♦ r❡str✐❝t✐♦♥ ♦♥ t❤❡ s❝❛tt❡r✐♥❣ ❛♥✐s♦tr♦♣②✱ g✱ s✐♥❝❡ t✐ss✉❡ s❝❛tt❡r✐♥❣ t❡♥❞s
t♦ ❜❡ str♦♥❣❧② ❢♦r✇❛r❞✲♣❡❛❦❡❞✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛♥✐s♦tr♦♣② ❢❛❝t♦r ✈❛❧✉❡s g ∈ ❬✵✳✼✲✵✳✾✾❪✳

✸✳ ■♥t❡r♥❛❧ r❡✢❡❝t✐♦♥ ❛t ❜♦✉♥❞❛r✐❡s s❤♦✉❧❞ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♠♦❞❡❧ s✐♥❝❡ ❛✐r✲t✐ss✉❡ ✐♥t❡r❢❛❝❡s
❛r❡ ❝♦♠♠♦♥✳

❚❤❡ ❞♦✉❜❧✐♥❣ ♠❡t❤♦❞ ❛ss✉♠❡s ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❛♥❞ t❤❡ tr❛♥s♠✐ss✐♦♥ ♣r♦♣❡rt✐❡s
❢♦r ❛ s✐♥❣❧❡ t❤✐♥ ❤♦♠♦❣❡♥❡♦✉s ❧❛②❡r ❬Pr❛❤❧ ❡t ❛❧✳✱ ✶✾✾✸❪✳ ❚❤❡ r❡✢❡❝t✐♦♥ ❛♥❞ t❤❡ tr❛♥s♠✐ss✐♦♥ ♦❢
❛ s❧❛❜ t✇✐❝❡ ❛s t❤✐❝❦ ❛s ❢♦✉♥❞ ❜② ❥✉st ♣♦s✐♥❣ t✇♦ ✐❞❡♥t✐❝❛❧ s❧❛❜s ❛♥❞ s✉♠♠✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s
❢r♦♠ t❤❡ t✇♦ s❧❛❜s✳ ❚❤❡ r❡✢❡❝t✐♦♥ ❛♥❞ tr❛♥s♠✐ss✐♦♥ ❢♦r ❛♥ ❛r❜✐tr❛r✐❧② t❤✐❝❦ s❧❛❜ ❛r❡ ♦❜t❛✐♥❡❞
❜② r❡♣❡❛t❡❞❧② ❞♦✉❜❧✐♥❣ ✉♥t✐❧ t❤❡ ❞❡s✐r❡❞ t❤✐❝❦♥❡ss ✐s r❡❛❝❤❡❞✳ ❚❤❡ ❛❞❞✐♥❣ ♠❡t❤♦❞ ❡①t❡♥❞s t❤❡
❞♦✉❜❧✐♥❣ ♠❡t❤♦❞ t♦ ❞✐ss✐♠✐❧❛r s❧❛❜s✱ t❤❡r❡❜② ❛❧❧♦✇✐♥❣ ♦♥❡ t♦ s✐♠✉❧❛t❡ ♠❡❞✐❛ ✇✐t❤ ❞✐✛❡r❡♥t ❧❛②❡rs
❛♥❞✴♦r ✐♥t❡r♥❛❧ r❡✢❡❝t✐♦♥ ❛t ❜♦✉♥❞❛r✐❡s✳ ❆❞❞✐♥❣✲❞♦✉❜❧✐♥❣ ✇♦r❦s ♥❛t✉r❛❧❧② ✇✐t❤ ❧❛②❡r❡❞ ♠❡❞✐❛
❛♥❞ ②✐❡❧❞s r❡✢❡❝t✐♦♥ ❛♥❞ tr❛♥s♠✐ss✐♦♥ r❡❛❞✐❧②✱ ✇❤✐❧❡ ❞✐s❝r❡t❡ ♦r❞✐♥❛t❡s ❣❡♥❡r❛t❡s ✐♥t❡r♥❛❧ ✢✉❡♥❝✐❡s
❡❛s✐❧②✳

❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❛❞❞✐♥❣✲❞♦✉❜❧✐♥❣ ♠❡t❤♦❞ ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r ✐♥ ✈✐✈♦ ❞✐❛❣♥♦s✐s ❛s ✐t ♦♣❡r❛t❡s
✇✐t❤ s❧❛❜s✱ t❤✉s ✇❤❡♥ ♠❡❛s✉r✐♥❣ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❛ s❛♠♣❧❡✱ t❤❡ ✈❛❧✉❡s ♥❡❡❞❡❞ ❛r❡ t❤❡
t♦t❛❧ r❡✢❡❝t✐♦♥ ❛♥❞ tr❛♥s♠✐ss✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡✳

✷✸



❈❤❛♣t❡r ✶✳ P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s

✶✳✻✳✹ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡✱ ❋✐♥✐t❡ ❊❧❡♠❡♥t ❛♥❞ ❇♦✉♥❞❛r② ❊❧❡♠❡♥t ▼❡t❤♦❞s

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❜❛s✐❝ ❛♣♣r♦❛❝❤❡s ❛❧❧♦✇✐♥❣ t♦ s♦❧✈❡ ❉❊ ♥✉♠❡r✐❝❛❧❧②✿ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ✭❋❉▼✮✱
❋✐♥✐t❡ ❊❧❡♠❡♥ts ✭❋❊▼✮ ❛♥❞ ❇♦✉♥❞❛r② ❊❧❡♠❡♥t ✭❇❊▼✮ ▼❡t❤♦❞s ❬❏❛❝q✉❡s ❛♥❞ P♦❣✉❡✱ ✷✵✵✽❪✳

❚❤❡ ❋❉▼ ✐s ❜❛s❡❞ ♦♥ t❤❡ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❛♣♣❧✐❡❞ t♦ t❤❡ ❞✐s❝r❡t❡ ❈❛rt❡s✐❛♥ ♠❡s❤✱ ✇❤❡r❡
t❤❡ ✈♦❧✉♠❡ ✐s ❛r❜✐tr❛r②✳ ❚❤❡ ✈♦❧✉♠❡ s❤♦✉❧❞ ❜❡ ✇✐t❤ ❛ ✜♥❡ ❞✐s❝r❡t❡♥❡ss t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
s♠♦♦t❤❡❞ ❛♥❞ ❝✉r✈❡❞ ❜♦✉♥❞❛r✐❡s✳ ■t ❛❧❧♦✇s ♠♦❞❡❧✐♥❣ t✐♠❡✲ ❛♥❞ s♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞ ❧✐❣❤t✲t✐ss✉❡
✐♥t❡r❛❝t✐♦♥s✳ ❚✐♠❡✲❞♦♠❛✐♥ ❉❊ ❤❛s ❛ ♠❛❥♦r ❧✐♠✐t❛t✐♦♥ ✲ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❞✉❡ t♦ ✐t❡r❛t✐✈❡
❛♣♣r♦❛❝❤ t♦ ❝♦♥✈❡r❣❡ t♦ s♦❧✉t✐♦♥ ❬❚❛♥❡✈✱ ✷✵✶✵✱ ❚✉ ❡t ❛❧✳✱ ✷✵✶✹✱ ❈❤❛♦ ❛♥❞ ❙✉♥❣✱ ✷✵✶✵❪✳ ❍♦✇❡✈❡r✱
t❤❡ ❋❉▼ ✐s ✉s❡❞ ❢♦r ❤✐❣❤❧② ❝♦♠♣❧❡① ♣r♦❜❧❡♠s ❛s t❡st s♦❧✉t✐♦♥✱ ♠❛✐♥❧② ❜❡❝❛✉s❡ ✐t ✐s ❡❛s② t♦
❝♦♥str✉❝t ❛♥❞ t♦ s❛♠♣❧❡ t❤❡ ✈♦❧✉♠❡✳

❚❤❡ ❋❊▼ ✐s ❜❛s❡❞ ♦♥ s♦❧✈✐♥❣ ♣❛rt✐❛❧❧② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ✐♥t❡❣r❛t❡❞ ♦♥ ❛r❜✐tr❛r②
❞✐s❝r❡t❡ ❡❧❡♠❡♥ts✱ ❝❛❧❧❡❞ ❜❛s✐s ❢✉♥❝t✐♦♥s ψi✱ ✇❤✐❝❤ ♠❛♣ ♣✐❡❝❡s ♦❢ t❤❡ ❡♥t✐r❡ ❞♦♠❛✐♥ ❜❡t✇❡❡♥
❞✐s❝r❡t❡ ♣♦✐♥ts✱ ❝❛❧❧❡❞ ♥♦❞❡s✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❛❧s♦ ❝❛❧❧❡❞ ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❛♥❞ r❡s✉❧ts ✐♥ ❧✐♥❡❛r
s②st❡♠s ♦❢ ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ♠❛tr✐① ♠❡t❤♦❞s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❝♦♠♣✉t❛t✐♦♥❛❧
❝♦st ❧✐♠✐t❛t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❛♠♣❧✐♥❣ ♦❢ ❛♥ ❛r❜✐tr❛r② ✈♦❧✉♠❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ t♦ s♦❧✈❡✳

❚❤❡ ❇❊▼ ✐s q✉✐t❡ ✉s❡❢✉❧ ❢♦r s♦❧✈✐♥❣ t❤❡ ♣r♦❜❧❡♠s ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠❡❞✐✉♠ ♠♦❞❡❧❡❞ ✇✐t❤
❤♦♠♦❣❡♥❡♦✉s ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❡❞✐✉♠ ✐♥t❡r✐♦r ♠♦r❡♦✈❡r t❤❡ ❡①t❡r✐♦r ♦❢ t❤❡ ♠❡❞✐✉♠ ❝❛♥ ❤❛✈❡
❛♥ ❛r❜✐tr❛r② s❤❛♣❡✳ ❚❤✐s ♠❡t❤♦❞ ❛❧❧♦✇s ❢♦r s♦❧✈✐♥❣ t❤❡ ❉❊ ✉♥❞❡r ❤♦♠♦❣❡♥❡✐t② ❝♦♥❞✐t✐♦♥s ✇✐t❤
s✐♠♣❧✐✜❡❞ ❍❡❧♠❤♦❧t③ ❡q✉❛t✐♦♥✳ ■t ✐s ❜❡st ✐♠♣❧❡♠❡♥t❡❞ ✇❤❡♥ t❤❡ ❜♦✉♥❞❛r✐❡s ❛r❡ ❦♥♦✇♥ ❢r♦♠ s♦♠❡
str✉❝t✉r❛❧ ♠✉❧t✐♠♦❞❛❧ ✐♠❛❣✐♥❣ ❛ ♣r✐♦r✐ ❞❛t❛✳ ■ts ♠❛✐♥ ❞r❛✇❜❛❝❦ ❧✐❡s ✐♥ t❤❡ ✉s❡ ♦❢ ❢✉❧❧ ♠❛tr✐❝❡s✳
❚❤❡ ❇❊▼ ✇❛s ❛♣♣❧✐❡❞ t♦ st✉❞② ❆s✐❛♥ ❛♥❞ ❈❛✉❝❛s✐❛♥ s❦✐♥ ❛♥❞ ❣❛✈❡ ♠♦r❡ ♣r❡❝✐s❡ r❡s✉❧ts ❝♦♠♣❛r❡❞
t♦ t❤❡ ▼❈ ♠❡t❤♦❞ ❛♥❞ t❤❡ ❋❉▼ ❬❆♥s❛r✐ ❛♥❞ ▼❛ss✉❞✐✱ ✷✵✵✾❪✳ ❊✈❡♥ ✐❢ ✐ts ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st
✐s s❛✐❞ ❧♦✇❡r✱ s❡✈❡r❛❧ ♦t❤❡r ♠❡t❤♦❞s ❛❧❧♦✇✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ r❡❞✉❝t✐♦♥ ❜② ♠❡❛♥s ♦❢ ♣❛r❛❧❧❡❧
❝♦♠♣✉t✐♥❣ ❢♦r ▼❈ ♠❡t❤♦❞✱ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❧❛t❡r ✐♥ t❤✐s ❝❤❛♣t❡r✳ ▼♦r❡♦✈❡r s✐♥❝❡ ❛ ❜✐♦♠❡❞✐❝❛❧
♦♣t✐❝❛❧ s♣❡❝tr♦s❝♦♣② ❞✐❛❣♥♦s✐s ♣r♦❜❧❡♠ ✇✐❧❧ ❜❡ ♠♦r❡ ❝♦♠♣❧❡①✱ ✐♥ t❡r♠s ♦❢ ❞❡✜♥✐♥❣ s❡✈❡r❛❧ ❙❉❙✱
✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ ♣❤♦t♦♥s ❧❛✉♥❝❤❡❞✱ ❛❞❞✐♥❣ ♠♦r❡ ❝♦♠♣❧❡①✐t② t♦ t❤❡ t✐ss✉❡ str✉❝t✉r❡✱ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✇✐❧❧ ✐♥❝r❡❛s❡✳ ❚❤✉s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✐♥❝r❡❛s❡ ♠❛❦❡s t❤❡ ❇❊▼ ♠❡t❤♦❞
✉♥s✉✐t❛❜❧❡ ❢♦r t❤❡ ❣❡♦♠❡tr② ♦❢ ♦✉r ♠✉❧t✐✲✜❜❡r ♣r♦❜❡✱ ❤♦✇❡✈❡r ♥♦t ❧✐♠✐t✐♥❣ t❤❡ ❛❞✈❛♥❝❡s ♦❢ t❤✐s
♠♦❞❡❧ ❛♣♣❧✐❝❛t✐♦♥ ❢♦r ✐♠❛❣✐♥❣✳

❚❤❡r❡ ❛r❡ ❛❧s♦ ✇♦r❦s ❝♦♠❜✐♥✐♥❣ t❤❡s❡ ♠❡t❤♦❞s ✐♥ ♦r❞❡r t♦ ❣❛✐♥ ♣r❡❝✐s✐♦♥ ❛♥❞ t♦ ❞❡❝r❡❛s❡
❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳ ❚❤❡ ✇♦r❦ ♦❢ P❛✉❧s❡♥ ❡t ❛❧ ❬❙r✐♥✐✈❛s❛♥ ❡t ❛❧✳✱ ✷✵✶✵❪ ❝♦✉♣❧✐♥❣ ❋❊▼ ❛♥❞ ❇❊▼
❢♦r ♠♦❞❡❧✐♥❣ ❉❊ ✐♥ ✸❉ ❢♦r ♠✉❧t✐✲♠♦❞❛❧✐t② ♦♣t✐❝❛❧ ✐♠❛❣✐♥❣✳ ❚❤✐s ❝♦✉♣❧❡❞ s♦❧✉t✐♦♥ s❤♦✇❡❞ ❜❡tt❡r
❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ t❤❛♥ s✐♥❣❧❡ ❋❊▼ ❛♥❞ ✇❛s ❝♦♠♣❛r❛❜❧❡ t♦ st❛♥❞✲❛❧♦♥❡ ❇❊▼✳

❊✈❡♥ t❤♦✉❣❤ ❛❧❧ t❤❡s❡ ♠❡t❤♦❞s ❣✐✈❡ s✉✐t❛❜❧❡ r❡s✉❧ts ❢♦r r❡✢❡❝t❛♥❝❡ ❛♥❛❧②s✐s✱ t❤❡② ❜❡❝♦♠❡ ♠♦r❡
❝♦♠♣❧❡① ❛♥❞ r❡q✉✐r❡ ♠✉❝❤ ♠♦r❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❢♦r ✇❡❧❧✲❞❡✜♥❡❞ ❣❡♦♠❡tr② ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t✳

✶✳✻✳✺ ❙❡♠✐✲❡♠♣✐r✐❝❛❧ ♠♦❞❡❧s

❙❡✈❡r❛❧ ❣r♦✉♣s ❤❛✈❡ r❡❝❡♥t❧② ❞❡✈❡❧♦♣❡❞ s❡♠✐✲❡♠♣✐r✐❝❛❧ ♠♦❞❡❧s t♦ ❡①tr❛❝t ❛❜s♦r♣t✐♦♥ ❛♥❞ s❝❛t✲
t❡r✐♥❣ ♣❛r❛♠❡t❡rs ❢r♦♠ r❡✢❡❝t❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts ♦♥ ❤✉♠❛♥ t✐ss✉❡✳ ❚❤❡s❡ ♠♦❞❡❧s ❜❛s✐❝❛❧❧② ❤❛✈❡
t✇♦ ♠❛✐♥ ❝❤❛r❛❝t❡r✐st✐❝s✿ t❤❡② ❛r❡ ❜❛s❡❞ ♦♥ s✐♠♣❧❡ ❛♥❛❧②t✐❝❛❧ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ t✐ss✉❡ ❛❜s♦r♣t✐♦♥
❛♥❞ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥ts✱ ❛♥❞ t❤❡② ✐♠♣❧✐❝✐t❧② ❛❝❝♦✉♥t ❢♦r t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ✜❜❡r✲♦♣t✐❝ ♣r♦❜❡✳
❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ t✇♦ ❝❤❛r❛❝t❡r✐st✐❝s ♠❛❦❡s s❡♠✐✲❡♠♣✐r✐❝❛❧ ♠♦❞❡❧s ✉s❡❢✉❧✱ ❜❡❝❛✉s❡ t❤❡②
❝❛♥ ❜❡ ♠♦r❡ ❛❝❝✉r❛t❡ t❤❛♥ ❉❆ ♠♦❞❡❧s ✇❤✐❧❡ ❛✈♦✐❞✐♥❣ t❤❡ ❤✐❣❤ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡s ❛ss♦❝✐❛t❡❞
✇✐t❤ ▼❈ s✐♠✉❧❛t✐♦♥s✳

❋♦r ❛ s❡t✉♣ ✇✐t❤ s♠❛❧❧ ❙❉❙✱ ❲✐❧s♦♥ ❡t ❛❧ ❬❘❡✐❢ ❡t ❛❧✳✱ ✷✵✵✼✱ ❘❡✐❢ ❡t ❛❧✳✱ ✷✵✵✽❪ ❞❡✈❡❧♦♣❡❞ ❛
❢♦r✇❛r❞ s❡♠✐✲❡♠♣✐r✐❝❛❧ ♠♦❞❡❧ ♦❢ r❡✢❡❝t❛♥❝❡ ❢r♦♠ ❛ ❤♦♠♦❣❡♥❡♦✉s t✐ss✉❡ s❧❛❜✳ ❚❤❡s❡ ❛✉t❤♦rs ✉s❡❞

✷✹



✶✳✻✳ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ✐♥ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧✐♥❣

t❤❡ ✐♥✈❡rs❡ ♠♦❞❡❧ t♦ st✉❞② t❤❡ ❡✛❡❝t ♦❢ ♣r♦❜❡ ♣r❡ss✉r❡ ♦♥ r❡✢❡❝t❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts ❛❝q✉✐r❡❞ ✐♥

✈✐✈♦ ❢r♦♠ t❤✐❣❤ ♠✉s❝❧❡s ♦❢ ♠✐❝❡✳ ❚❤❡ ❢♦r✇❛r❞ ♠♦❞❡❧ ✇❛s ❜❛s❡❞ ♦♥ t❤r❡❡ ❛ss✉♠♣t✐♦♥s✿

✶✳ t❤❡ r❡✢❡❝t❛♥❝❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ r❡❞✉❝❡❞ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥t✱

✷✳ t❤❡ ❛tt❡♥✉❛t✐♦♥ ♦❢ t❤❡ r❡✢❡❝t❛♥❝❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ ❇❡❡r✲▲❛♠❜❡rt ❧❛✇ e−µa<L>✱ ✇❤❡r❡
< L > ✐s t❤❡ ♠❡❛♥ t♦t❛❧ ♣❛t❤ ❧❡♥❣t❤ ♦❢ ❛ ♣❤♦t♦♥ ✐♥ t❤❡ t✐ss✉❡✱ ❛♥❞

✸✳ t❤❡ ♠❡❛♥ t♦t❛❧ ♣❛t❤ ❧❡♥❣t❤ < L > ♦❢ ❛ ♣❤♦t♦♥ ✐♥ t❤❡ t✐ss✉❡ ✐s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦
❜♦t❤ t❤❡ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ t❤❡ r❡❞✉❝❡❞ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥t✳

❚❤❡ r❡s✉❧t✐♥❣ s❡♠✐✲❡♠♣✐r✐❝❛❧ r❡✢❡❝t❛♥❝❡ ❊q✳ ✶✳✸✽ ✐s✿

Remp = aµ′s(λ)exp
[

− (Ccorrµa(λ)b
[

[Ccorrµa(λ)µ′s(λ
]c

]

. ✭✶✳✸✽✮

❚❤❡ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧ t♦ ❞❡s❝r✐❜❡ t❤❡ t✉r❜✐❞ t✐ss✉❡ r❡✢❡❝t❛♥❝❡ R ✇❛s ❞❡✈❡❧♦♣❡❞ ❢♦r s♠❛❧❧
✈♦❧✉♠❡s ❜② ❇✐❣✐♦ ❡t ❛❧ ❬❲✐❧s♦♥ ❡t ❛❧✳✱ ✷✵✵✾❪ t♦ ❞❡t❡❝t ♣❛♥❝r❡❛t✐❝ ❝❛♥❝❡r✳

R(µa) = (aµ′s + a0)e
−µa

b
(µaµ′s)

c , ✭✶✳✸✾✮

✇❤❡r❡ b ❛♥❞ c ❛r❡ ✜tt✐♥❣ ❝♦❡✣❝✐❡♥ts✱ ✈❛❧✉❡s a ❛♥❞ a0 ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ R(0) = aµ′s + a0✱ ✇❤✐❧❡
t❤❡ ❛❜s♦r♣t✐♦♥ ✐s ♥❡❣❧❡❝t❡❞✳ ■♥ ❊q✳ ✶✳✸✾✱ t❤❡ ❢❛❝t♦r Ccorr ❛❝❝♦✉♥ts ❢♦r t❤❡ ❝♦♥✜♥❡♠❡♥t ♦❢ ❜❧♦♦❞
✐♥t♦ ❝②❧✐♥❞r✐❝❛❧ ❜❧♦♦❞ ✈❡ss❡❧s✳ ❚❤❡ ✈❛❧✉❡s ♦❢ a✱ b✱ ❛♥❞ c ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
✜❜❡r✲♦♣t✐❝ ♣r♦❜❡ ❛♥❞ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ▼❈ s✐♠✉❧❛t✐♦♥s ♦r r❡✢❡❝t❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts ♦♥
t✐ss✉❡ ♣❤❛♥t♦♠s✳

❩♦♥✐♦s ❛♥❞ ❉✐♠♦✉ ❬❩♦♥✐♦s ❛♥❞ ❉✐♠♦✉✱ ✷✵✵✻❪ ❞❡✈❡❧♦♣❡❞ ❛ ❢♦r✇❛r❞ s❡♠✐✲❡♠♣✐r✐❝❛❧ ♠♦❞❡❧ ♦❢
r❡✢❡❝t❛♥❝❡ ❢r♦♠ ❛ ❤♦♠♦❣❡♥❡♦✉s t✐ss✉❡ ❛♥❞ ✉s❡❞ t❤❡ ✐♥✈❡rs❡ ♠♦❞❡❧ t♦ ❡①tr❛❝t ❛❜s♦r♣t✐♦♥ ❛♥❞
s❝❛tt❡r✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ ♥♦r♠❛❧ s❦✐♥ ❛♥❞ ♠❡❧❛♥♦❝②t✐❝ ♥❡✈✐ ❢r♦♠ ✐♥ ✈✐✈♦ r❡✢❡❝t❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts✳

▼❛r❝❤❡s✐♥✐ ❡t ❛❧ ❬▼❛r❝❤❡s✐♥✐ ❡t ❛❧✳✱ ✷✵✵✾❪ ❡♠♣❧♦②❡❞ ❛♥ ✐♥✈❡rs❡ s❡♠✐✲❡♠♣✐r✐❝❛❧✱ ❤♦♠♦❣❡♥❡♦✉s✲
s❧❛❜ ♠♦❞❡❧ t♦ ❛ss❡ss t❤❡ ♠❡❧❛♥✐♥ ❝♦♥t❡♥t ♦❢ s❦✐♥ ❧❡s✐♦♥s ✭✐♥❝❧✉❞✐♥❣ ✷✽✽ ♠❡❧❛♥♦♠❛s ❛♥❞ ✹✷✹
❞②s♣❧❛st✐❝ ♥❡✈✐✮ ❢r♦♠ ♠✉❧t✐s♣❡❝tr❛❧ ✐♠❛❣❡s ❛❝q✉✐r❡❞ ✐♥ ✈✐✈♦✳

❆❜♥♦r♠❛❧✐t✐❡s ✐♥ ♠❡❧❛♥✐♥ ♣r♦❞✉❝t✐♦♥s ❝❛✉s❡ ❞✐s♦r❞❡rs ✐♥ s❦✐♥ ♣✐❣♠❡♥t❛t✐♦♥✱ t❤❡ ♠♦❞❡❧ r❡❝♦✈✲
❡r✐♥❣ ❛❜s♦r♣t✐♦♥ ♦❢ t❤✐s ❝❤r♦♠♦♣❤♦r❡ ✇❛s ❞❡✈❡❧♦♣❡❞ ❜② ❍❛♥✐ ❡t ❛❧ ❬❍❛♥✐ ❡t ❛❧✳✱ ✷✵✶✷❪✳

❲❡ ✇✐❧❧ ♥♦t ❢♦❝✉s ♦♥ t❤❡s❡ s♦❧✉t✐♦♥s ♠♦r❡✱ ❛s t❤❡ ♣r❡s❡♥t r❡s❡❛r❝❤ ✇♦r❦ ♦❢ t❤✐s t❤❡s✐s ❛✐♠s ❛t
✉s✐♥❣ ♠♦r❡ ✉♥✐✈❡rs❛❧ ❢♦r✇❛r❞ ♠♦❞❡❧✱ t❤❛♥ ❛✈❛✐❧❛❜❧❡ ❜② ❙❊▼✳

✶✳✻✳✻ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s

❚❤❡ ▼❈ ♠❡t❤♦❞ ✐s ❛ q✉✐t❡ ✢❡①✐❜❧❡ ❛♥❞ ♣r❡❝✐s❡ ❛♣♣r♦❛❝❤ ❢♦r s✐♠✉❧❛t✐♥❣ ❧✐❣❤t ♣r♦♣❛❣❛t✐♦♥ ✐♥
t✐ss✉❡s✱ ❜✉t ✐t ✐s ❛❧s♦ t✐♠❡ ❝♦♥s✉♠✐♥❣ ♠❡t❤♦❞✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ r❛♥❞♦♠ ✇❛❧❦
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❤♦t♦♥s ❛s t❤❡② tr❛✈❡❧ t❤r♦✉❣❤ t✐ss✉❡s✳ ❚❤❡ r❛♥❞♦♠ ✇❛❧❦s ❛r❡ ❝❤♦s❡♥ ❜② st❛✲
t✐st✐❝❛❧❧② s❛♠♣❧✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ❢♦r st❡♣ s✐③❡ ❛♥❞ ❛♥❣✉❧❛r ❞❡✢❡❝t✐♦♥ ♣❡r s❝❛tt❡r✐♥❣
❡✈❡♥t✳ ❆❢t❡r ♣r♦♣❛❣❛t✐♥❣ ♠❛♥② ♣❤♦t♦♥s✱ t❤❡ ♥❡t ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❧❧ t❤❡ ♣❤♦t♦♥ ♣❛t❤s ②✐❡❧❞s ❛♥
❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ r❡❛❧✐t②✳ ❚❤❡r❡ ✐s ❛ ✈❛r✐❡t② ♦❢ ✇❛②s t♦ ✐♠♣❧❡♠❡♥t ▼❈ s✐♠✉❧❛t✐♦♥s ♦❢
❧✐❣❤t tr❛♥s♣♦rt ✐♥ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✳ ❖♥❡ ❛♣♣r♦❛❝❤ ✐s t♦ ♣r❡❞✐❝t st❡❛❞②✲st❛t❡ ❧✐❣❤t ❞✐str✐❜✉t✐♦♥s✳
❚❤❡ ♠♦st ♣♦♣✉❧❛r ♦♥❡ ✐s ❛ st❡❛❞②✲st❛t❡ ♠♦❞❡❧ ♦❢ ▼❈ ❢♦r ▼✉❧t✐✲▲❛②❡r❡❞ ♠❡❞✐❛ ✭▼❈▼▲✮ t❤❛t ✐s
✇❡❧❧ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❞♦❝✉♠❡♥t❡❞ ❛♥❞ ❤❛s ❜❡❡♥ ✉s❡❞ ❜② ♠❛♥② ❣r♦✉♣s✳

❚❤❡ ❛❧❣♦r✐t❤♠ ✉s❡❞ ❢♦r ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ✐s s❤♦rt❧② ❞❡s❝r✐❜❡❞ ❤❡r❡❛❢t❡r✳ ❇❛s✐❝❛❧❧②✱ ▼❈
s✐♠✉❧❛t✐♦♥ ✐s ❛ st♦❝❤❛st✐❝ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ♣❤♦t♦♥s ✐♥t♦ t✐ss✉❡✱ ✇❤✐❝❤ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❜❡✐♥❣

✷✺



❈❤❛♣t❡r ✶✳ P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s

r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ❢♦r ♣❤♦t♦♥s t♦ ❜❡ s❝❛tt❡r❡❞✱ ❛♥❞ t♦ ❜❡ ❡✈❡♥t✉❛❧❧② ❝♦♥✈❡rt❡❞ t♦
✢✉♦r❡s❝❡♥❝❡ ❛❢t❡r ❛❜s♦r♣t✐♦♥✳

❚❤❡ ▼♦♥t❡ ❈❛r❧♦ ❢♦r✇❛r❞ s✐♠✉❧❛t✐♦♥s ❝♦❞❡ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ✐s ✇r✐tt❡♥ ✐♥ t❤❡ C++ ❧❛♥❣✉❛❣❡
❛♥❞ ✉s❡s ❈❯❉❆ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ ❧✐❜r❛r②✳

❆s ❞❡s❝r✐❜❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✶✳✺✳✹✱ t❤❡ ♣❛❝❦❛❣❡s ♦❢ ♣❤♦t♦♥s ❛r❡ ❧❛✉♥❝❤❡❞ t❤r♦✉❣❤ t❤❡ s♦✉r❝❡✲
✜❜❡r ❛♥❞ ❛r❡ ❞❡t❡❝t❡❞ ✇✐t❤ s❡✈❡r❛❧ ✜❜❡rs ❧♦❝❛t❡❞ ❛t ✻ ❞✐✛❡r❡♥t ❙❉❙ ✇❤✐❝❤ ❢♦r ❤✐❣❤❡r s❡♥s✐t✐✈✐t②
❛♥❞ ❢♦r s❛✈✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❛r❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ✻ r✐♥❣s s✉rr♦✉♥❞✐♥❣ t❤❡ s♦✉r❝❡✲✜❜❡r✳

❚❤❡ ♣❛❝❦❛❣❡ ♦❢ ♣❤♦t♦♥s ✐s ❣♦✐♥❣ ♦✉t ♦❢ t❤❡ ✜❜❡r✲s♦✉r❝❡ ✇✐t❤ ♣r❡❞❡✜♥❡❞ NA ❛♥❞ ❞✐❛♠❡t❡r d
s✐♠✐❧❛r t♦ t❤❡ ♠✉❧t✐✲✜❜❡r ♣r♦❜❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ ♣❤♦t♦♥ ❢r❡❡ ♣❛t❤✇❛② ✐s ❞❡✜♥❡❞ ❜② ❊q✳ ✶✳✹✵✿

δs =
− log ξ

µt
, ✭✶✳✹✵✮

✇❤❡r❡ ξ ✐s ❛ r❛♥❞♦♠ ✈❛❧✉❡ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ✐♥ t❤❡ ✐♥t❡r✈❛❧ ❬✵✱ ✶❪✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♣❤♦t♦♥
t♦ ❜❡ ✐♥t❡r♥❛❧❧② r❡✢❡❝t❡❞ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❋r❡s♥❡❧ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t R(θi) ✭s❡❡ ❊q✳ ✶✳✹✶✮✿

R(θi) =
1

2

(sin2(θi − θt)

sin2(θi + θt)
+

tan2(θi − θt)

tan2(θi + θt)

)

, ✭✶✳✹✶✮

✇❤❡r❡ θi ✐s t❤❡ ❛♥❣❧❡ ♦❢ ✐♥❝✐❞❡♥❝❡ ❛t t❤❡ ❜♦✉♥❞❛r② ❛♥❞ θt t❤❡ tr❛♥s♠✐ss✐♦♥ ❛♥❣❧❡✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞
❜② t❤❡ ❙♥❡❧❧✬s ❧❛✇ ✭s❡❡ ❊q✳ ✶✳✶✮✳ ❆ r❛♥❞♦♠ ♥✉♠❜❡r ξ ✐s s✐♠✉❧❛t❡❞ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r t❤❡ ♣❤♦t♦♥
✐s tr❛♥s♠✐tt❡❞ ✭ξ < R(θi)✮ ♦r ✐♥t❡r♥❛❧❧② r❡✢❡❝t❡❞ ✭ξ ≥ R(θi)✮✳ ❚❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ✐s ❞♦♥❡ ❢♦r
t❤❡ ♣❤♦t♦♥ r❡❛❝❤✐♥❣ t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t✇♦ ❧❛②❡rs✳ ■❢ t❤❡ ♣❤♦t♦♥ ❧❡❢t t❤❡ ♠❡❞✐✉♠✱ t❤❡♥ t❤❡
r❡✢❡❝t❛♥❝❡ ✐s r❡❝♦r❞❡❞✳ ■❢ t❤❡ ♣❤♦t♦♥ ✐s ✐♥t❡r♥❛❧❧② r❡✢❡❝t❡❞ ✐t ✐s tr❛✈❡❧✐♥❣ t❤❡ ❞✐st❛♥❝❡ δs ❢r♦♠
✭x✱y✱z✮ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ (ηx, ηy, ηz) t♦ ✭x′✱y′✱z′✮ ❞❡✜♥❡❞ ❜② ✭s❡❡ ❊q✳ ✶✳✹✷✮✿

x′ = x+ ηxδs,

y′ = y + ηyδs,

z′ = z + ηzδs.

✭✶✳✹✷✮

❚❤❡ t❡❝❤♥✐q✉❡ ♦❢ ✐♠♣❧✐❝✐t ❝❛♣t✉r❡ ❛ss✐❣♥s ❛ ✇❡✐❣❤t t♦ t❤❡ ♣❤♦t♦♥ ♣❛❝❦❛❣❡✱ t❤❡♥ ✐t ✐s r❡❞✉❝❡❞ st❡♣
❜② st❡♣ ❛❢t❡r ❡❛❝❤ ♣r♦♣❛❣❛t✐♦♥✿ ♣❛rt ✐s ❛❜s♦r❜❡❞✱ ♣❛rt ❝♦♥t✐♥✉❡s t♦ ♠♦✈❡✳ ❚❤❡ ❢r❛❝t✐♦♥ ❛❜s♦r❜❡❞
✭fabs✮ ✐s ❞❡✜♥❡❞ ❜② ❊q✳ ✶✳✹✸✿

fabs =
µa

µs + µa
= 1− µs

µs + µa
, ✭✶✳✹✸✮

❚❤❡ ♣❤♦t♦♥ ❞✐r❡❝t✐♦♥ ✐s ❝❤❛♥❣❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣❤❛s❡ ❢✉♥❝t✐♦♥ ✭s❡❡ ❊q✳ ✷✳✶✼✮✳ ❚❤❡ ❢✉♥❝t✐♦♥
❣❡♥❡r❛t✐♥❣ t❤❡ ❢r❡q✉❡♥t❧② ✉s❡❞ ❍●✲❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❜② ❊q✳ ✶✳✹✹✿

cos θ =
1

2g

(

1 + g2 −
[ 1− g2

1− g + 2gξ

]2)

✭✶✳✹✹✮

■❢ t❤❡ s❝❛tt❡r✐♥❣ ✐s ✐s♦tr♦♣✐❝ ✭❝❛s❡ ♦❢ ✢✉♦r❡s❝❡♥❝❡✮✱ t❤❡♥ ❛♥♦t❤❡r ❡q✉❛t✐♦♥ ✐s ✉s❡❞✿

cos θ = 2ξ − 1 ✭✶✳✹✺✮

■❢ ❛ ♣❤♦t♦♥ ✐s s❝❛tt❡r❡❞ ❛t ❛♥ ❛♥❣❧❡ ✭θ, φ✮ ❢r♦♠ t❤❡ ❞✐r❡❝t✐♦♥ ✭ηx✱ηy✱ηz✮✱ t❤❡ ♥❡✇ ❞✐r❡❝t✐♦♥
✭η′x✱η

′
y✱η

′
z✮ ✐s ❞❡✜♥❡❞ ❜② ❊q✳ ✶✳✹✻✿



















η′x = sin θ√
1−η2z

(ηxηz cosφ)− ηy sinψ) + ηx cos θ,

η′y = sin θ√
1−η2z

(ηyηz cosφ) + ηx sinψ) + ηy cos θ,

η′z = − sin θ cosψ
√

1− η2z + ηz cos θ.

✭✶✳✹✻✮
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✶✳✻✳ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ✐♥ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧✐♥❣

Monte Carlo MultiLayered 

Initialise photon 

Generate ∆s 

Move photon 

Photon in 

medium? 

Update Absorption and 

Photon Weight 

Weight too 

small? 

Survive 

roulette? 

Internally 

reflected? 

Update  Reflection or 

Transmission 

Photon in the 

same layer? 

Change 

photon 

direction 

Last 

photon? 

End 

yes no 

no yes 

yes 
no 

no 
yes 

yes 

no 

yes 
no 

❋✐❣✉r❡ ✶✳✶✶✿ ❋❧♦✇❝❤❛rt ❢♦r t❤❡ ▼❈▼▲ ♠♦❞❡❧✳ ❚❤❡ ♣❤♦t♦♥ ♣❛❝❦❡t ✐s ✐♥✐t✐❛❧✐③❡❞✱ ✐✳ ❡✳ ♥✉♠❜❡r
♦❢ ♣❤♦t♦♥s ❛♥❞ t❤❡✐r ✇❡✐❣❤ts ❛r❡ ❞❡✜♥❡❞✳ ❚❤❡♥ r❛♥❞♦♠ ✇❛❧❦ ✐s ❝❛❧❝✉❧❛t❡❞ ❛♥❞ t❤❡ ♣❤♦t♦♥
♣❛❝❦❛❣❡ ✐s ♠♦✈❡❞ t♦ t❤❡ ♠❡❞✐✉♠✳ ■❢ t❤❡ ♣❤♦t♦♥ ♣❛❝❦❛❣❡ ❤❛s ❧❡❢t t❤❡ ♠❡❞✐✉♠ ❛♥❞✴♦r t❤❡ ❧❛②❡r✱
t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ t❤❡ ✐♥t❡r♥❛❧ r❡✢❡❝t✐♦♥ ✐s ❝❤❡❝❦❡❞✳ ■❢ t❤❡ ♣❤♦t♦♥ ❧❡❢t t❤❡ ♠❡❞✐✉♠✱ t❤❡♥ t❤❡
❛❜s♦r♣t✐♦♥ ❛♥❞ ♣❤♦t♦♥ ✇❡✐❣❤t ❛r❡ ✉♣❞❛t❡❞✱ r❡✢❡❝t✐♦♥ ✐s ✉♣❞❛t❡❞ t♦♦✳ ■❢ t❤❡ ✇❡✐❣❤t ✐s t♦♦ s♠❛❧❧✱
t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♣❤♦t♦♥ s✉r✈✐✈❛❧ ✐s ❝❤❡❝❦❡❞✳ ■❢ t❤❡ ✇❡✐❣❤t ✐s t♦♦ s♠❛❧❧✱ t❤❡ ♥❡✇ ♣❤♦t♦♥ ✐s
❧❛✉♥❝❤❡❞✳

■❢ t❤❡ ❛♥❣❧❡ ✐s |ηi| > 0.99999 ❛❧♠♦st ♥♦r♠❛❧ t♦ t❤❡ ❝✉rr❡♥t ❞✐r❡❝t✐♦♥ t❤❡♥ t❤❡ ♥❡✇ ❞✐r❡❝t✐♦♥ ✐s
❞❡✜♥❡❞ ❜② ❊q✳ ✶✳✹✼✿











η′x = sin θ cosψ,

η′y = sin θ sinψ,

η′z =
ηz
|ηz | cosψ.

✭✶✳✹✼✮

■❢ t❤❡ ♣❤♦t♦♥ r❡❛❝❤❡s ♦♥❡ ♦❢ t❤❡ ✜❜❡r✲❞❡t❡❝t♦rs✱ ✐ts ❞✐r❡❝t✐♦♥ ❤❛s t♦ ❜❡ ❝❤❡❝❦❡❞ ✇❤❡t❤❡r ✐t ❣❡t
✐♥t♦ NA ♦❢ t❤❡ ✜❜❡r ♦r ♥♦t✳

❚❤❡ ❣❧♦❜❛❧ ▼❈▼▲ s❝❤❡♠❡ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✶✳✶✶✳

❚❤❡ ♦t❤❡r ❛♣♣r♦❛❝❤ ✐s t♦ ♣r❡❞✐❝t t✐♠❡✲r❡s♦❧✈❡❞ ❧✐❣❤t ❞✐str✐❜✉t✐♦♥s ❬Pr❛❤❧ ❡t ❛❧✳✱ ✶✾✽✾✱ ❲❛♥❣
❡t ❛❧✳✱ ✶✾✾✺❪✳ ❉r❡③❡❦ ❡t ❛❧ ❬❉r❡③❡❦ ❡t ❛❧✳✱ ✷✵✵✶❪ ✐♠♣❧❡♠❡♥t❡❞ ❛ ✢✉♦r❡s❝❡♥t ▼❈ ♠♦❞❡❧ ✐♥ ❧❛②❡r❡❞
s❧❛❜ ❣❡♦♠❡tr② t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ♥♦r♠❛❧ t✐ss✉❡ ❛♥❞ sq✉❛♠♦✉s ❡♣✐t❤❡❧✐❛❧ ❧❡s✐♦♥s ✐♥ ❛♥ ✐♥

✈✐✈♦ st✉❞② ✐♥ ❝❡r✈✐①✳ ❱✐s❤✇❛♥❛t❤ ❛♥❞ ▼②❝❡❦ ❬❱✐s❤✇❛♥❛t❤ ❛♥❞ ▼②❝❡❦✱ ✷✵✵✹❪ ❞❡✈❡❧♦♣❡❞ ❧❛②❡r❡❞
▼❈ s✐♠✉❧❛t✐♦♥s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❡✛❡❝t ♦❢ t✐ss✉❡ ❛♥❞ ♣r♦❜❡ ♣r♦♣❡rt✐❡s ♦♥ t❤❡ t✐♠❡✲r❡s♦❧✈❡❞
✢✉♦r❡s❝❡♥❝❡ ♠❡❛s✉r❡❞ ✐♥ ✈✐✈♦ ❢r♦♠ ♥♦r♠❛❧ ❛♥❞ ♣r❡❝❛♥❝❡r♦✉s ❤✉♠❛♥ ❝♦❧♦♥ t✐ss✉❡s✳ P❛✈❧♦✈❛ ❡t
❛❧ ❬P❛✈❧♦✈❛ ❡t ❛❧✳✱ ✷✵✵✾✱ P❛✈❧♦✈❛ ❡t ❛❧✳✱ ✷✵✵✽❪ ✉s❡❞ ❧❛②❡r❡❞ ▼❈ ♠♦❞❡❧s t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥
♣r❡❝❛♥❝❡r♦✉s✱ ♥❡♦♣❧❛st✐❝✱ ❛♥❞ ♥♦r♠❛❧ ♦r❛❧ t✐ss✉❡ ✐♥ ✈✐✈♦✳

✷✼



❈❤❛♣t❡r ✶✳ P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s

✶✳✼ ▼♦❞❡❧s ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥s ✉s❡❞ ✐♥ t❤❡ t❤❡s✐s

❚✇♦ ♠❡t❤♦❞s ✇❡r❡ ❝❤♦s❡♥ ❛s ❢♦r✇❛r❞ ♠♦❞❡❧✐♥❣ ❢♦r ❧✐❣❤t t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥s s✐♠✉❧❛t✐♦♥ ✐♥ t❤❡
s♣❡❝✐✜❝ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐✲✜❜❡r ♣r♦❜❡ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✺✳✹✳ ❚❤❡ ▼❈
♠❡t❤♦❞ ✇❛s ❝❤♦s❡♥ ❛s t❤❡ ♠❛✐♥ ❛❧❣♦r✐t❤♠ ❛♥❞ ❉❆ t♦ t❤❡ ❘❚❊ ❛s ❛♥ ❛✉①✐❧✐❛r② ♦♥❡ ✇✐t❤ ♥♦✐s❡
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s✳

❚❤❡ ❧❛st ❛❝❝❡❧❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠s ♠❛❞❡ ▼❈ s✐♠✉❧❛t✐♦♥s q✉✐t❡ ❢❛st✱ ✇❤✐❝❤ ♦♣❡♥s ♣♦ss✐❜✐❧✐t✐❡s
t♦ ❢✉rt❤❡r ✉s❡ t❤❡♠ ✐♥ r❡❛❧ t✐♠❡ ✇❤❛t ✐s ❝r✉❝✐❛❧ ❢♦r ❝❧✐♥✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ s♣❡❝tr♦s❝♦♣✐❝
❞✐❛❣♥♦s✐s✳ ❚♦ ✐♥❝r❡❛s❡ s♣❡❡❞ ♦❢ t❤❡ ▼❈ s✐♠✉❧❛t✐♦♥s t❤❡ ❈❯❉❆ ▼❈▼▲ ✐s ✉s❡❞ t♦ ✐♥❝r❡❛s❡ s♣❡❡❞
♦❢ ▼❈ s✐♠✉❧❛t✐♦♥s t❤r♦✉❣❤ ♣❛r❛❧❧❡❧ s✐♠✉❧❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ♠✉❧t✐✲❝♦r❡ ♣r♦❝❡ss✐♥❣ ♦♥ ●r❛♣❤✐❝ ❝❛r❞
❬❆❧❡rst❛♠ ❡t ❛❧✳✱ ✷✵✵✽❪✳ ■♥ ✷✵✶✵✱ ♥❡①t✲❣❡♥❡r❛t✐♦♥ ❛❝❝❡❧❡r❛t✐♦♥ ❛♥❞ ❝♦❞❡ ♦♣t✐♠✐③❛t✐♦♥ ❢♦r ❧✐❣❤t
tr❛♥s♣♦rt ✐♥ t✉r❜✐❞ ♠❡❞✐❛ ✉s✐♥❣ ●P❯s ✇❛s ♣r❡s❡♥t❡❞ ❢♦❧❧♦✇❡❞ ❜② s❡✈❡r❛❧ ♣✉❜❧✐❝❛t✐♦♥s ✇❤✐❝❤
s✉❝❝❡ss❢✉❧❧② ✉s❡❞ t❤✐s ❛❧❣♦r✐t❤♠ ❬❆❧❡rst❛♠ ❡t ❛❧✳✱ ✷✵✶✵✱ ❙❛ss❛r♦❧✐✱ ✷✵✶✶✱ ❈❛✐ ❛♥❞ ❍❡✱ ✷✵✶✷✱ ❍❡♥♥✐❣
❡t ❛❧✳✱ ✷✵✶✸❪✳

❘❡❝❡♥t st✉❞✐❡s ❞❡♠♦♥str❛t❡❞ t❤❛t ▼❈ s✐♠✉❧❛t✐♦♥s ❡♥❛❜❧❡ q✉❛♥t✐t❛t✐✈❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❧✐❣❤t
tr❛♥s♣♦rt ✐♥ t✉r❜✐❞ ♠❡❞✐❛ ✇✐t❤ ♠✉❧t✐♣❧❡ ❧❛②❡rs✱ ❝♦♥t❛✐♥✐♥❣ ❞✐✛❡r❡♥t ✢✉♦r♦♣❤♦r❡s ✐♥ ❡❛❝❤ ❧❛②❡r
❛♥❞ ❛❧❧♦✇ ❢♦r s✐♠✉❧❛t✐♥❣ ❛♥② s♦✉r❝❡ ❛♥❞ ❞❡t❡❝t♦r ♦❢ ♣❤♦t♦♥s ❝❧♦s❡ t♦ r❡❛❧ ♦♥❡ ♦♣t✐❝❛❧ ✜❜❡r✱ ✐✳ ❡✳
♣r❡❝✐s❡ ♥✉♠❡r✐❝❛❧ ❛♣❡rt✉r❡✱ ❞❡✜♥✐♥❣ ✐ts r❡❢r❛❝t✐♦♥ ✐♥❞❡①✱ ❞✐❛♠❡t❡r✳ ❚❤❡s❡ ❛❞✈❛♥t❛❣❡s ❛r❡ ♠❛❦✐♥❣
❢♦r✇❛r❞ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ ▼❈ s✐♠✉❧❛t✐♦♥s s✉✐t❛❜❧❡ ❢♦r t❤✐s r❡s❡❛r❝❤✳

❆s ▼❈ s✐♠✉❧❛t✐♦♥ ✐s ❛ st♦❝❤❛st✐❝ ♠❡t❤♦❞✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❤♦t♦♥s ❧❛✉♥❝❤❡❞✱ t❤❡ ♠✐s♠❛t❝❤❡❞
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♦♥❡ ♦r s❡✈❡r❛❧ ✢✉♦r♦♣❤♦r❡s ❛♥❞ ♦t❤❡r ✐♠♣r♦✈❡♠❡♥ts ♠❛❦❡
t❤❡ ♠♦❞❡❧ ♠♦r❡ ❝♦♠♣❧❡① ❛♥❞ ✐♥❝r❡❛s❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳

❲❡ ❤❛✈❡ ✉s❡❞ ❛♥ ▼❈ ♠♦❞❡❧ ❛♥❞ ❛ ❉❆ ❛s ❢♦r✇❛r❞ ♠♦❞❡❧s ❢♦r t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❞❡✈❡❧♦♣❡❞
❤❡r❡❛❢t❡r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs✳

✶✳✽ ❚❤❡s✐s ❛✐♠ ❛♥❞ ♦❜❥❡❝t✐✈❡s

❆ r❡✈✐❡✇ ♦♥ t❤❡ ❡♠❡r❣✐♥❣ ✜❡❧❞ ♦♥ ♥❛♥♦♣❛rt✐❝❧❡s ❢♦r ✐♥ ✈✐tr♦ ❞✐❛❣♥♦s✐s ✇❛s ♣✉❜❧✐s❤❡❞ ✐♥ ✷✵✶✺
❜② ●❛♦ ❡t ❛❧ ❬●❛♦ ❡t ❛❧✳✱ ✷✵✶✺❪✳ ■t ♦♣❡♥s ♥✉♠❡r♦✉s ♣♦ss✐❜✐❧✐t✐❡s ✐♥ ✐♠❛❣✐♥❣ ❛♥❞ s♣❡❝tr♦s❝♦♣✐❝
❜✐♦♠❡❞✐❝❛❧ ❞✐❛❣♥♦s✐s✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s r❡s❡❛r❝❤ ✇❛s ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❝♦♥❝❡♣t ♦❢ t❤❡ ♥❛♥♦♣❛r✲
t✐❝❧❡ ❛♣♣❧✐❝❛t✐♦♥ ❢♦r ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ♠♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❡♣✐t❤❡❧✐❛❧ t✐ss✉❡✱ ❛s
✐t ❝♦✈❡rs ♠❛♥② ♦r❣❛♥s ♦❢ t❤❡ ❤✉♠❛♥ ❜♦❞② ❛♥❞ ✐s ♠✉❧t✐❧❛②❡r❡❞✳ ■♥ t❤✐s ❢r❛♠❡ t❤❡ ♣r♦❜❧❡♠ ♦❢
❧✐❣❤t✲t✐ss✉❡ ♠♦❞❡❧✐♥❣ ❜❡❝♦♠❡s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✇❡r❡ ✉s❡❞ t♦
♠❛♥✐♣✉❧❛t❡ ✢✉♦r❡s❝❡♥❝❡ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡s ✐♥s✐❞❡ t❤❡ t✐ss✉❡ ❬❑❛♥❣ ❡t ❛❧✳✱ ✷✵✶✶❪✳ ❚❤❡ ❛✐♠ ✐s t♦ ❞❡r✐✈❡
t❤❡ ♦♣t✐♠❛❧ ♣❛r❛♠❡t❡rs ♦❢ ♥❛♥♦♣❛rt✐❝❧❡✲✢✉♦r♦♣❤♦r❡ ❝♦♠❜✐♥❛t✐♦♥ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧❧② ❝♦♥✜r♠ t❤❡
❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡♦r② ♦♥ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ♣❤❛♥t♦♠s ✇✐t❤ s✉❝❤ ❝♦♠❜✐♥❛t✐♦♥s✳ ❚♦ ❞♦ t❤✐s✱ ✐t ✐s
♥❡❡❞❡❞ t♦ ❝♦✈❡r s❡✈❡r❛❧ ❣❛♣s ❛♥❞ ❛♥s✇❡r s❡✈❡r❛❧ q✉❡st✐♦♥s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❛s❦❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣
♦❢ ❡❛❝❤ ❝❤❛♣t❡r t♦ ❣✐✈❡ ✉♥❞❡rst❛♥❞✐♥❣ t♦ t❤❡ ♠❛✐♥ q✉❡st✐♦♥✿ ❤♦✇ ♥❛♥♦♣❛rt✐❝❧❡s ❝❛♥ ❛✛❡❝t ♦♣t✐❝❛❧
♣r♦♣❡rt✐❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ ♠✉❧t✐✲❧❛②❡r❡❞ t✐ss✉❡ ♦♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❡♣✐t❤❡❧✐❛❧ t✐ss✉❡✳

❚❤❡ ❢✉rt❤❡r ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s t❤❡s✐s ❧✐❡s ✐♥ ❞❡t❡❝t✐♦♥ ♦❢ ❝❛♥❝❡r♦✉s ❛♥❞ ♣r❡❝❛♥❝❡r♦✉s st❛t❡s ♦❢
♠✉❧t✐❧❛②❡r❡❞ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s✳ ❈❛r❝✐♥♦♠❛s ❛r❡ t❤❡ ♠♦st ❝♦♠♠♦♥ t②♣❡ ♦❢ ❝❛♥❝❡r ✭❛❜♦✉t ✽✺✪ ♦❢
❛❧❧ ❝❛♥❝❡rs✮ t❤❛t ❜❡❣✐♥s ✐♥ t❤❡ s✉♣❡r✜❝✐❛❧ ❧❛②❡r ♦❢ s❦✐♥ ✭✇✐t❤ ❛ t❤✐❝❦♥❡ss t②♣✐❝❛❧❧② ♦❢ ✶✵✵✕✺✵✵ µ♠✮
♦r ✐♥ t✐ss✉❡s t❤❛t ❧✐♥❡ ♦r ❝♦✈❡r ✐♥t❡r♥❛❧ ♦r❣❛♥s✳ ❚❤✉s✱ t❤❡ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s s❤♦✉❧❞ ❜❡
s❡♥s✐t✐✈❡ t♦ t❤❡ s✉♣❡r✜❝✐❛❧ ❧❛②❡rs✱ ✇❤❛t ✐s ❝♦♥s✐❞❡r❡❞ ❜♦t❤ ❛s ❛ ❞r❛✇❜❛❝❦ ❢♦r ❜✐♦♠❡❞✐❝❛❧ ♦♣t✐❝❛❧
❞✐❛❣♥♦s✐s ❛♥❞ ❛s ❛♥ ❛❞✈❛♥t❛❣❡ t♦ ❞✐❛❣♥♦s❡ ❞✐s❡❛s❡ ♦♥ t❤❡ s✉♣❡r✜❝✐❛❧ ❧❛②❡rs✳ ❚❤❡ ♣❡♥❡tr❛t✐♦♥
❞❡♣t❤ ♦❢ t❤❡ ❝♦❧❧❡❝t❡❞ ♣❤♦t♦♥s ❞❡♣❡♥❞s ♦♥ t❤❡ ✜❜❡r ♣r♦❜❡ ❣❡♦♠❡tr②✱ ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ ✇❛✈❡❧❡♥❣t❤
r❛♥❣❡✳ ❇✉t ✐t s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t✐ss✉❡ ✉♥❞❡r❣♦❡s ❛ ❧♦t ♦❢ ❝❤❛♥❣❡s ✇❤✐❝❤ r❡s✉❧t ✐♥

✷✽



✶✳✽✳ ❚❤❡s✐s ❛✐♠ ❛♥❞ ♦❜❥❡❝t✐✈❡s

♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♠♦❞✐✜❝❛t✐♦♥s✱ t❤✉s ♠♦❞✐❢②✐♥❣ ✐♥ t✉r♥ t❤❡ ♣❡♥❡tr❛t✐♦♥ ❞❡♣t❤✱ ✇❤✐❝❤ ♠❛② ❛❧❧♦✇
❢♦r t❤❡ ♦♣t✐❝❛❧ ♣r♦❜✐♥❣ ❞❡♣t❤ ❡①t❡♥❞✐♥❣ ❜❡②♦♥❞ t❤❡ ❡♣✐t❤❡❧✐❛❧ ❧❛②❡r❬❩❤✉ ❡t ❛❧✳✱ ✷✵✵✸✱ ◆✐❡♠❛♥
❡t ❛❧✳✱ ✷✵✵✹✱ ❲❛♥❣ ❡t ❛❧✳✱ ✷✵✵✺✱ ▲✐✉ ❛♥❞ ❘❛♠❛♥✉❥❛♠✱ ✷✵✵✻❪✳

❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t t❤❡ t❤❡s✐s ❛✐♠ ✐s ✐♥ ✐♠♣r♦✈✐♥❣ t❤❡ r❡❝♦✈❡r✐♥❣ ♣r♦❝❡❞✉r❡ ♦❢ ❜✐♦❧♦❣✐❝❛❧
t✐ss✉❡s ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ❛♥❞ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♥ ✐♥tr✐♥s✐❝ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ s②st❡♠✱ ❤❡r❡❛❢t❡r ✇❡ ♣r❡s❡♥t t❤❡ ❣❡♥❡r❛❧ ♣❧❛♥ ❢♦r t❤❡ ❝♦♥❞✉❝t❡❞ r❡s❡❛r❝❤✳

❋✐rst❧②✱ t♦ st❛rt t❤❡ r❡s❡❛r❝❤✱ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s s✉✐t❛❜❧❡ ❢♦r ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s ✇❡r❡ ❝❤♦s❡♥ ❛♥❞
❝❤❛r❛❝t❡r✐③❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② ❛♥❞ t❤❡♦r❡t✐❝❛❧❧② ❬❏❡♥♥✐♥❣s ❛♥❞ ❙tr♦✉s❡✱ ✷✵✵✼❪✳ ❚❤✉s t❤❡ t❤❡♦r❡t✐❝❛❧
❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s❡❛r❝❤ ♦♥ ♥❛♥♦♣❛rt✐❝❧❡s t♦ ❡st✐♠❛t❡ t❤❡✐r ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✐s ❝♦♥❞✉❝t❡❞ ✐♥
❝❤❛♣t❡r ✷✳

❙❡❝♦♥❞❧②✱ t♦ ♠♦❞✐❢② ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ✇✐t❤ ❝❤♦s❡♥ ♥❛♥♦♣❛rt✐❝❧❡s✳ ❋♦r t❤✐s
♣✉r♣♦s❡ ✐t ✐s ♥❡❡❞❡❞ t♦ ♠♦❞❡❧ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✳ ■♥ t❤✐s t❤❡s✐s ✐t ✐s ❡♣✐t❤❡❧✐❛❧ t✐ss✉❡✱ ♠♦r❡ ♣r❡❝✐s❡❧②
✲ s❦✐♥✳ ■♥ ❝❤❛♣t❡r ✸ ❛ s♣❡❝✐❛❧ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✇❛s ♠❛❞❡ ✉s✐♥❣ t❤❡ ♠✉❧t✐✲✜❜r❡ ♦♣t✐❝❛❧ ♣r♦❜❡✱
♣❛r❛♠❡t❡rs ♦❢ ✇❤✐❝❤ ❛r❡ ❞❡s❝r✐❜❡❞ ♣r❡✈✐♦✉s❧② ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡ ✐♥ t❤❡ t❤❡s✐s ♦❢ P❡r② ❬P❡r②✱ ✷✵✵✼❪✳
❙♦♠❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ❛r❡ ❣✐✈❡♥
❛t t❤❡ ❡♥❞✳ ❚❤✐s ❝❤❛♣t❡r ❛♥s✇❡rs ❛ ♣r❡❧✐♠✐♥❛r② q✉❡st✐♦♥ ✲ ❤♦✇ ♥❛♥♦♣❛rt✐❝❧❡s ❝❛♥ ✐♥✢✉❡♥❝❡ t❤❡
♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❜② ❡①♣❡r✐♠❡♥t❛❧ ♠♦❞❡❧✐♥❣✳ ❚❤✉s✱ ❝❤❛♣t❡rs ✷ ❛♥❞ ✸ ❛r❡ ❢♦r♠✐♥❣ t❤❡ ✜rst ❛✐♠✳

❚❤✐r❞❧②✱ t♦ s♣r❡❛❞ ♠♦r❡ ❧✐❣❤t ♦♥ t❤❡ ♣r♦❝❡ss❡s ✉♥❞❡r❣♦✐♥❣ ✐♥ t✐ss✉❡ ❝♦♥t❛✐♥✐♥❣ ♥❛♥♦♣❛rt✐❝❧❡s
❛♥❞ ❛ ✢✉♦r♦♣❤♦r❡ ✉♥❞❡r ❧❛s❡r ❡①♣♦s✉r❡✱ ✐t ✐s ♥❡❡❞❡❞ t♦ r❡❝♦✈❡r ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❜② ♠❡❛♥s ♦❢ ❛
s♦✲❝❛❧❧❡❞ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✈✐♥❣ ♦r ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥✳ ❚❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✐♥ ❜✐♦♠❡❞✐❝❛❧
♦♣t✐❝❛❧ s♣❡❝tr♦s❝♦♣② ✐s ❜❛s❡❞ ♦♥ ❝♦♠♣❛r✐s♦♥ ♦❢ ♠♦❞❡❧❡❞ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ s♣❡❝tr❛✳ ❚❤❡ ♦♣t✐✲
♠❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ♦❜t❛✐♥❡❞ ✇❤❡♥ ❛ s✐♠✐❧❛r✐t② ❢✉♥❝t✐♦♥✱ ❝❛❧❧❡❞ ❝♦st✲❢✉♥❝t✐♦♥✱ r❡❛❝❤❡s ❛ ❣❧♦❜❛❧
♠✐♥✐♠✉♠✳ ❚❤✉s✱ ❛ ❞❡❞✐❝❛t❡❞ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✈✐♥❣ ❛❧❣♦r✐t❤♠ ✐s ❞❡✈❡❧♦♣❡❞ ❛♥❞ ♣r❡s❡♥t❡❞ ✐♥
❝❤❛♣t❡r ✹✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦r✇❛r❞ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s t♦ ♠♦❞❡❧ ❉❘ s♣❡❝tr❛ ❝❧♦s❡ ❡♥♦✉❣❤
t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♦♥❡s✳ ❚❤✐s ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ s♦❧✈❡s s♦♠❡ ♣r❡s❡♥t ♣r♦❜❧❡♠s ♦❢ ✐♥✈❡rs❡
♣r♦❜❧❡♠ ✐♥ ❜✐♦♠❡❞✐❝❛❧ ❞✐❛❣♥♦s✐s✳ ■ts ❢❡❛t✉r❡s ❛♥❞ ❝❛♣❛❜✐❧✐t✐❡s ❛r❡ ❡①♣❧❛✐♥❡❞ ❛♥❞ ❞✐s❝✉ss❡❞ ✐♥
s❛♠❡ ❝❤❛♣t❡r ✹ ❛♥❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s❡❝♦♥❞ ❛✐♠✳

❚❤❡♥✱ t♦ ❞❡t❡❝t ❛♥② ❝❤❛♥❣❡s ✐♥ ✢✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ♦❢ t❤❡ ♣❤♦t♦s❡♥s✐t✐③❡r✱ ✉s❡❞ t♦ ♠♦❞❡❧
✐♥tr✐♥s✐❝ ✢✉♦r❡s❝❡♥❝❡ ✐♥ ❡♣✐t❤❡❧✐❛❧ t✐ss✉❡✱ ❛ ♠♦❞❡❧ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡✲✢✉♦r♦♣❤♦r❡ ✐♥t❡r❛❝t✐♦♥ ✇❛s
t❤❡♦r❡t✐❝❛❧❧② ❝❛❧❝✉❧❛t❡❞ ✐♥ ❝❤❛♣t❡r ✺✮✳ ❚❤✉s✱ ❢♦r♠✐♥❣ t❤❡ t❤✐r❞ ❛✐♠ t❤✐s ❝❤❛♣t❡r ❛♥s✇❡rs ❛ ♠❛✐♥
q✉❡st✐♦♥✿ ❤♦✇ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ✉♥❞❡r ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❡①❝✐t❛t✐♦♥ tr❛♥s❢❡r t❤❡ ❡♥❡r❣② t♦
❛ ✢✉♦r♦♣❤♦r❡ ❛♥❞ ❤♦✇ ❞♦ t❤❡② ❝♦✉♣❧❡❄ ❆❢t❡r✇❛r❞s✱ ❛ ❧✐❢❡✲t✐♠❡ ♠❡❛s✉r❡♠❡♥ts ❡①♣❡r✐♠❡♥t ✇✐t❤
♣✐❝♦s❡❝♦♥❞ ❡①❝✐t❛t✐♦♥ ✐s ♠❛❞❡ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❝♦❧❧♦✐❞❛❧ ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞ ♣❤♦t♦s❡♥s✐t✐③❡r✳

❋✐♥❛❧❧②✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ✐s ❣✐✈❡♥ ❛♥❞ t❤❡ ❝♦♥s❡q✉❡♥t ♣❡rs♣❡❝t✐✈❡s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❧❛st
❝❤❛♣t❡r ✻✳

✷✾



❈❤❛♣t❡r ✶✳ P❤♦t♦❞✐❛❣♥♦s✐s ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ t❤❡s✐s ❛♥❞ ♦❜❥❡❝t✐✈❡s

✸✵



❈❤❛♣t❡r ✷

▼♦❞❡❧✐♥❣ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♣t✐❝❛❧

♣r♦♣❡rt✐❡s

✷✳✶ ◆❛♥♦♣❛rt✐❝❧❡s✿ ❢r♦♠ ♦♥❡ t♦ ♠❛♥②

❚❤❡ ♠♦st r❡❝❡♥t ❜♦♦❦ ♦♥ ♣❧❛s♠♦♥✐❝s ❡❞✐t❡❞ ❜② ●❡❞❞❡s❬●❡❞❞❡s✱ ✷✵✶✺❪ ❛♥❞ ♣✉❜❧✐s❤❡❞ ✐♥ ❋❡❜r✉❛r②
✷✵✶✺✳ ❆ r❡❝❡♥t r❡✈✐❡✇ ❜② ❈❤❡♥ ❡t ❛❧ ❬●❛♦ ❡t ❛❧✳✱ ✷✵✶✺❪ ❤✐❣❤❧✐❣❤t❡❞ t❤❡ ✉s❡ ♦❢ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s
❢♦r ✐♥ ✈✐tr♦ ❞✐❛❣♥♦s✐s✳ ❚❤❡ ❡✛❡❝ts ♦❝❝✉r ✐♥ ❣♦❧❞ ♥❛♥♦♣❛t✐❝❧❡s ❝♦✉❧❞ ❜❡ ❛♣♣❧✐❡❞ t♦ s♦♠❡ ♦t❤❡r
♥♦❜❧❡ ♠❡t❛❧s✳ ■♥ r❡❝❡♥t ②❡❛rs ♠❛t❡r✐❛❧s ❤❛✈✐♥❣ t❤❡ ❧❛r❣❡st ❞✐♠❡♥s✐♦♥ ❧❡ss t❤❛♥ ✶✵✵ ♥♠ ❤❛✈❡ ❜❡❡♥
❞❡❡♣❧② ✐♥✈❡st✐❣❛t❡❞ ❛♥❞ r❡❛❝❤❡❞ ♦✉tst❛♥❞✐♥❣ ❢❛❝✐❧✐t✐❡s ✐♥ ♣r❡♣❛r❛t✐♦♥ ♣r♦❝❡❞✉r❡s ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s
❬❈❤❛♠♣✐♦♥ ❡t ❛❧✳✱ ✷✵✵✼❪✱ t❤❡✐r ✉s❡ ✐♥ ♠❛♥② ❛r❡❛s ♦❢ ♥♦✇❛❞❛②s ❧✐❢❡❬❲❡✐❜♦ ❡t ❛❧✳✱ ✷✵✵✽❪✳ ❆♠♦♥❣
❛❧❧ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ♣r❛❝t✐❝❛❧ ✉s❛❣❡s ❛♥❞ t❤❡ t❤❡♦r❡t✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥s t❤❡r❡ ✐s ❛ ♦♥❡ q✉✐t❡
♣r♦♠✐♥❡♥t✱ ✇❤✐❝❤ ✐s ❝♦♥♥❡❝t❡❞ ✇✐t❤ ✐♥♥❡r ♣r♦♣❡rt✐❡s ♦❢ ❛ ♠❛t❡r✐❛❧ ❢r♦♠ ✇❤✐❝❤ ♥❛♥♦♣❛rt✐❝❧❡s ❛r❡
♠❛❞❡ ♦❢✳ ❙♦♠❡ ♠❛t❡r✐❛❧s ❤❛✈❡ ❛❜✐❧✐t✐❡s t♦ r❡s♦♥❛♥t❧② ❛❜s♦r❜ ❛♥❞ s❝❛tt❡r ❧✐❣❤t✱ t❤❡s❡ ♥❛♥♦♣❛rt✐❝❧❡s
❛r❡ ❝❛❧❧❡❞ ♣❧❛s♠♦♥✐❝ ♥❛♥♦♣❛rt✐❝❧❡s✳ ❆♣♣❧✐❡❞ t♦ ♣❤♦t♦❞✐❛❣♥♦s✐s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✱ t❤✐s ❦✐♥❞ ♦❢
♥❛♥♦♣❛rt✐❝❧❡s s❡❡♠s t♦ ❜❡ ❧❡❛❞✐♥❣ t♦ t❤❡ ♥❡✇ ❛♣♣r♦❛❝❤❡s ✐♥ ✢✉♦r❡s❝❡♥❝❡ ❞✐❛❣♥♦s✐s

▼❛♥② q✉❡st✐♦♥s ❛r✐s❡✿ ✇❤❛t s❤♦✉❧❞ ❜❡ t❤❡ ❣❡♦♠❡tr② ♦❢ ❛ ♥❛♥♦♣❛rt✐❝❧❡❄ ❲✐❧❧ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s
❛❧❧♦✇ t♦ ✧❣♦ ❞❡❡♣❡r✧ ✐♥t♦ t✐ss✉❡❄ ❙❤♦✉❧❞ t❤❡② ♠♦r❡ s❝❛tt❡r ♦❢ ❛❜s♦r❜ t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t❄ ❍♦✇
t❤❡ ❡♥❡r❣② ✐s tr❛♥s❢❡rr❡❞ ❜❡t✇❡❡♥ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ❛♥❞ ❛ ♣❤♦t♦s❡♥s✐t✐③❡r❄ ❚♦ s♣r❡❛❞ s♦♠❡ ❧✐❣❤t ♦♥
t❤❡s❡ q✉❡st✐♦♥s✱ ✇❡ ✇✐❧❧ tr② t♦ s♦❧✈❡ t❤❡♠ ✐♥ t❤✐s ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs✳

❖♥❡ ♦❢ t❤❡ ♠♦st✲✉s❡❞ ♠♦❞❡❧s ♦❢ ❧✐❣❤t✲s♣❤❡r✐❝❛❧ ♣❛rt✐❝❧❡s ✐♥t❡r❛❝t✐♦♥ ✐s ▼✐❡ t❤❡♦r② ♦❢ ❧✐❣❤t
s❝❛tt❡r✐♥❣ ❬▼✐❡✱ ✶✾✵✽❪✳ ❚❤❡ ♠♦st ✇❡❧❧✲❦♥♦✇♥ ✉♣✲t♦✲❞❛t❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s ♦❢ ❧✐❣❤t ✐♥t❡r❛❝t✐♦♥
✇✐t❤ s♠❛❧❧ ♣❛rt✐❝❧❡s ✇❡r❡ ❞❡s❝r✐❜❡❞ ❜② ❇♦❤r❡♥ ❛♥❞ ❍✉✛♠❛♥ ✐♥ t❤❡✐r ❜♦♦❦ ♦❢ ❆❜s♦r♣t✐♦♥ ❛♥❞

s❝❛tt❡r✐♥❣ ♦❢ ❧✐❣❤t ❜② s♠❛❧❧ ♣❛rt✐❝❧❡s ❛♥❞ ♠❛♥② ♦t❤❡r ❛✉t❤♦rs ❡❛r❧✐❡r ✐♥ ✶✾✺✵✲✼✵s ❬❇♦❤r❡♥ ❛♥❞
❍✉✛♠❛♥✱ ✶✾✾✽❪✳ ❙✐♥❝❡ t❤❡♥ t❤❡s❡ ♠♦❞❡❧s ✇❡r❡ ❛♣♣❧✐❡❞ t♦ ♠❛♥② ♠❛t❡r✐❛❧s ♦❢ ❞✐✛❡r❡♥t s❤❛♣❡s ❛♥❞
❝♦♠♣♦s✐t✐♦♥s✿ ❢r♦♠ s♣❤❡r✐❝❛❧ ♠♦♥♦♠❛t❡r✐❛❧ t♦ ❝♦❛t❡❞ ♣♦❧②♠❛t❡r✐❛❧ r♦❞s✱ s♣❤❡r♦✐❞s✱ ❞✐s❦s✱ ❡t❝
❬■s❤✐♠❛r✉✱ ✶✾✾✶✱ ❇❛s❤❦❛t♦✈ ❡t ❛❧✳✱ ✷✵✵✵❜✱ ❑❡❧❧② ❡t ❛❧✳✱ ✷✵✵✸✱ ❊❤r❤♦❧❞ ❡t ❛❧✳✱ ✷✵✵✽❪✳

■♥ t❤✐s ❝❤❛♣t❡r t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❧✐❣❤t✲♥❛♥♦♣❛rt✐❝❧❡s
✐♥t❡r❛❝t✐♦♥ ❛r❡ ❜❡✐♥❣ ❞✐s❝✉ss❡❞✳ ❋✐rst❧②✱ t❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ♦❢ ♠❡t❛❧s ❛♥❞ ✐ts ❝❤❛♥❣❡ ❞✉❡ t♦
s♠❛❧❧ s✐③❡ ♦❢ ♦❜❥❡❝ts ✭❧❡ss t❤❛♥ ✶✵✵ ♥♠✮ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ❛r❡ ♣r❡s❡♥t❡❞✳ ❚❤❡♥ t❤❡ t❤❡♦r②
♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ✐s ❛r❣✉❡❞✱ ❜❡❣✐♥♥✐♥❣ ❢r♦♠ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♦♥❡ s✐♥❣❧❡ ♥❛♥♦♣❛rt✐❝❧❡✱
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❡❞✐❛ ✐t ✐s ❡♠❜❡❞❞❡❞ t♦ ❛♥❞ t❤❡ ❣❡♦♠❡tr② ♦❢ ❛ ♥❛♥♦♣❛rt✐❝❧❡✳ ❚❤✐r❞❧②✱ t❤❡ ❧♦❝❛❧
✜❡❧❞ ❝❤❛♥❣❡ ❞✉❡ t♦ ♣r❡s❡♥❝❡ ♦❢ t✇♦ ♥❛♥♦♣❛rt✐❝❧❡s ❝❧♦s❡ ❡♥♦✉❣❤ t♦ ❡❛❝❤ ♦t❤❡r ✐s ♠♦❞❡❧❡❞✳ ❋♦✉rt❤❧②✱
s♦♠❡ ❝♦❧❧♦✐❞s ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② t♦ ✜❣✉r❡ ♦✉t t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ♦❢
✐♥t❡r❡st ❢♦r ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s✳ ❋✐♥❛❧❧②✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s✉❧ts s❡✈❡r❛❧ t②♣❡s ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ❛r❡

✸✶



❈❤❛♣t❡r ✷✳ ▼♦❞❡❧✐♥❣ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s

❝❤♦s❡♥ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡✐r ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s✳

✷✳✷ ❉r✉❞❡✲❙♦♠♠❡r❢❡❧❞ t❤❡♦r② ♦❢ ♠❡t❛❧s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❢♦r
❢r❡❡ ❡❧❡❝tr♦♥s

❚❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜② ✉s✐♥❣ s♦❧✐❞✲st❛t❡ t❤❡♦r②✳ ❆❝❝♦r❞✐♥❣ t♦ ❛ s✐♠♣❧❡ ❉r✉❞❡
t❤❡♦r② ❢r❡❡ ❡❧❡❝tr♦♥s ❛r♦✉♥❞ ♥❛♥♦♣❛rt✐❝❧❡ ♦s❝✐❧❧❛t❡ ✶✽✵0 ♦✉t ♦❢ ♣❤❛s❡ r❡❧❛t✐✈❡ t♦ t❤❡ ✐♥❝✐❞❡♥t
❡❧❡❝tr✐❝ ✜❡❧❞ ❬◆♦✈♦t♥② ❛♥❞ ❇✳❍❡❝❤t✱ ✷✵✵✻❪✳ ❚❤❡ ❉r✉❞❡✲❙♦♠♠❡r❢❡❧❞ t❤❡♦r② ❛ss✉♠❡s ❢r❡❡ ❡❧❡❝tr♦♥s
♦s❝✐❧❧❛t❡ ✇✐t❤♦✉t ❛♥② ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ❡❛❝❤ ♦t❤❡r ✇✐t❤ ❝♦♠♠♦♥ r❡❧❛①❛t✐♦♥ t✐♠❡✱ τ ✳ ❊❛❝❤
❝♦❧❧✐s✐♦♥ ❧❡❛❞s t♦ ❞✐r❡❝t✐♦♥❛❧✐t② ❧♦ss✱ ✇❤❛t r❡s✉❧ts ✐♥ r❛♥❞♦♠ ✈❛❧✉❡ ♦❢ ❡❧❡❝tr♦♥ ✈❡❧♦❝✐t②✳ ❋♦r s✉❝❤
♠❛t❡r✐❛❧s ❛s ❣♦❧❞ ❛♥❞ s✐❧✈❡r ❢r❡❡ ❡❧❡❝tr♦♥s ❧❛② ✐♥ t❤❡ 6s ❛♥❞ 5s st❛t❡s✱ ❝♦rr❡s♣♦♥❞✐♥❣❧②✳ ▲❡t✬s
❛♣♣❧② t❤✐s ♠♦❞❡❧ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❢r❡❡ ❡❧❡❝tr♦♥s ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ♠❡t❛❧ ✐♥ ❛♥ ❡q✉❛t✐♦♥
♦❢ ♠♦t✐♦♥ ✷✳✶✳

me
∂2r

∂2t
+meγ

∂r

∂t
= eE0e

−iωt, ✭✷✳✶✮

✇❤❡r❡ e ❛♥❞ me ❛r❡ t❤❡ ❝❤❛r❣❡ ❛♥❞ t❤❡ ❡✛❡❝t✐✈❡ ♠❛ss ♦❢ ❢r❡❡ ❡❧❡❝tr♦♥s✱ γ = 1/τ st❛♥❞s ❢♦r t❤❡
❢r❡q✉❡♥❝② ♦❢ ❡❧❡❝tr♦♥s ❝♦❧❧✐s✐♦♥ ✭τ ✐s t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡✮✳ E0 ❛♥❞ ω ❛r❡ t❤❡ ❛♠♣❧✐t✉❞❡ ❛♥❞ t❤❡
❢r❡q✉❡♥❝② ♦❢ t❤❡ ❛♣♣❧✐❡❞ ❡❧❡❝tr✐❝ ✜❡❧❞✳

❚❤✐s ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t❤❡ r❡st♦r✐♥❣ ❢♦r❝❡✱ ❛s t❤❡ ❡❧❡❝tr♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞
❛s ❢r❡❡✳ ❙♦❧✉t✐♦♥ ♦❢ ❊q✳ ✷✳✶ ✇✐t❤ ❛♥s❛t③ r(t) = r0e

−iωt ❧❡❛❞s t♦ ❛ ♠♦❞✐✜❡❞ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥
✇❤✐❝❤ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❢r❡❡ ❡❧❡❝tr♦♥s ✭s❡❡ ❊q✳ ✷✳✷✮✿

εDrude(ω) = 1−
ω2
p

ω2 + iγω
, ✭✷✳✷✮

✇❤❡r❡ ωp =
√

ne2/(meε0) ✐s t❤❡ ♣❧❛s♠❛ ❢r❡q✉❡♥❝② ❛♥❞ γ ✐s t❤❡ ❞❛♠♣✐♥❣ ❝♦♥st❛♥t ❛♥❞ r❡❧❛t❡❞ t♦
t❤❡ ❋❡r♠✐✲✈❡❧♦❝✐t② ✭vF ✮ ❛♥❞ t❤❡ ❢r❡❡ ❡❧❡❝tr♦♥ ♠❡❛♥ ♣❛t❤ ✭l✮ ❛s vF /l ❬❑❛✇❛t❛✱ ✷✵✵✶❪✳

❚❤✉s✱ ❧✐❣❤t ❝❛♥ ♣❡♥❡tr❛t❡ ❛ ♠❡t❛❧ ♦♥❧② t♦ ❛ ✈❡r② ✈❡r② s♠❛❧❧ ❡①t❡♥t✱ ❛s t❤❡ ✐♠❛❣✐♥❛r② ❞✐❡❧❡❝tr✐❝
❢✉♥❝t✐♦♥ ✐s ♥❡❣❛t✐✈❡ ❛♥❞ ❧❡❛❞s t♦ str♦♥❣ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✭n =

√
ε✮✱ t❤❡ ❡✛❡❝t ♦❝❝✉rs ✐s ❝❛❧❧❡❞

s❦✐♥✲❡✛❡❝t ❛♥❞ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ s❦✐♥✲❞❡♣t❤ δ =
√

2ρ/(ωµ)✱ ✇❤❡r❡ µ st❛♥❞s ❢♦r t❤❡ r❡❧❛t✐✈❡
♣❡r♠❡❛❜✐❧✐t② ♦❢ t❤❡ ♠❡❞✐✉♠ ✭❣♦❧❞ ❛♥❞ s✐❧✈❡r ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ❡✣❝✐❡♥t ❝♦♥❞✉❝t♦rs✱ t❤✉s µ ❂
✶✮✱ ω ✐s t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t✱ ρ ✐s t❤❡ r❡s✐st❛♥❝❡ ♦❢ t❤❡ ♠❡❞✐✉♠ ✭ρAu = 2.44 ·
10−8Ωm, ρAg = 1.62 ·10−8Ωm✮✱ ω = 2πc/λ✳ ❚❤✉s✱ t❤❡ s❦✐♥✲❞❡♣t❤ ♦❢ ❣♦❧❞ ❛♥❞ s✐❧✈❡r ✐♥ t❤❡ ♦♣t✐❝❛❧
r❡❣✐♦♥ ✭λ ≈ ✸✵✵✲✾✵✵ ♥♠✮ ✐s ❛❜♦✉t ✶✲✶✳✼ ♥♠ ❛♥❞ ✵✳✽✲✶✳✹ ♥♠✱ ❝♦rr❡s♣♦♥❞✐♥❣❧②✳ ❚❤❡ ✐♠❛❣✐♥❛r② ♣❛rt
❞❡s❝r✐❜❡s t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ✇❤✐❝❤ ✐s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠♦✈❡♠❡♥t ♦❢ ❡❧❡❝tr♦♥s ♥❡❛r ❛ ♠❡t❛❧
s✉r❢❛❝❡✳

❋♦r t❤❡ ♥♦❜❧❡ ♠❡t❛❧s ❧✐❦❡ ❣♦❧❞ ❛♥❞ s✐❧✈❡r ✐♥ t❤❡ ♦♣t✐❝❛❧ r❡❣✐♦♥ t❤❡ ✐♦♥ ❝❡❧❧ ✐♥✢✉❡♥❝❡ ✐♥❝r❡❛s❡✳
❍♦✇❡✈❡r✱ t❤✐s t❤❡♦r② ❢❛✐❧s ❛t t❤❡ ♦♣t✐❝❛❧ ❢r❡q✉❡♥❝✐❡s✱ ❛s ✐t ❞♦❡s ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥t❡r❜❛♥❞
tr❛♥s✐t✐♦♥✳ ■ts ❝♦♥tr✐❜✉t✐♦♥ ❜❡❝♦♠❡s ✈❛❧✉❛❜❧❡ ❢♦r t❤❡ ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s ✭ω ≫ ωp✮✱ t❤✉s ❢♦r t❤❡
✇❛✈❡❧❡♥❣t❤s ❧♦✇❡r t❤❛♥ ✺✺✵ ♥♠ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤
t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❛ ❜✉❧❦ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥✿

ε(ω) = εbulk −
ω2
p

ω2 + iγω
✭✷✳✸✮

✸✷



✷✳✸✳ ❉✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ♦❢ ♠❡t❛❧s ✇✐t❤ ❜♦✉♥❞❡❞ ❡❧❡❝tr♦♥s ❝♦♥tr✐❜✉t✐♦♥

✷✳✸ ❉✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ♦❢ ♠❡t❛❧s ✇✐t❤ ❜♦✉♥❞❡❞ ❡❧❡❝tr♦♥s ❝♦♥tr✐✲
❜✉t✐♦♥

❚❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ✐♥❝r❡❛s❡s ♠✉❝❤ ♠♦r❡ str♦♥❣❧② ✐♥ ❝❛s❡ ♦❢ ❜♦✉♥❞❡❞
❡❧❡❝tr♦♥s✱ t❤✐s ✐s ❜❡❝❛✉s❡ ❤✐❣❤❡r✲❡♥❡r❣② ♣❤♦t♦♥s ❝❛♥ ♣r♦♠♦t❡ ❡❧❡❝tr♦♥s ♦❢ t❤❡ ❧♦✇❡r✲❧②✐♥❣ ❜❛♥❞s
✐♥t♦ t❤❡ ❝♦♥❞✉❝t✐♦♥ ❜❛♥❞✳ ❚❤♦s❡ ❜♦✉♥❞ ❡❧❡❝tr♦♥s ❧❛② ✐♥ t❤❡ ❧♦✇❡r s❤❡❧❧s ♦❢ ♠❡t❛❧ ❛t♦♠s✳ ❋♦r
❣♦❧❞ ❛♥❞ s✐❧✈❡r ✐t✬s ♥♦t ♣♦ss✐❜❧❡ t♦ ✐❣♥♦r❡ t❤❡ ✐♥t❡r❜❛♥❞ tr❛♥s✐t✐♦♥s✿ 5d → 6sp ❛♥❞ 4d → 5sp✱
r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❣♦❧❞ t❤❡ ✐♥t❡r❜❛♥❞ tr❛♥s✐t✐♦♥ ❧✐❡s ✐♥ t❤❡ ✈✐s✐❜❧❡ r❛♥❣❡✱ s♦ t❤❛t✬s ✇❤② ✇❡ s❡❡ ✐ts
❝♦❧♦r✳ ❍♦✇❡✈❡r ❢♦r s✐❧✈❡r t❤✐s tr❛♥s✐t✐♦♥ ❧✐❡s ♦♥ t❤❡ ❯❱ r❡❣✐♦♥ ✐t r❡s✉❧ts ✐♥ t❤❡ ❛❜s♦r♣t✐♦♥ ✐♥ t❤❡
✈✐s✐❜❧❡ r❛♥❣❡✳

❋♦r ❜♦✉♥❞ ❡❧❡❝tr♦♥s t❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ✐♥t❡r❜❛♥❞ tr❛♥s✐t✐♦♥s ♠❡♥✲
t✐♦♥❡❞ ❛❜♦✈❡ ❬❘♦s❡✐ ❡t ❛❧✳✱ ✶✾✼✸❪✳ ❙❝❛✛❛r❞ ❡t ❛❧ ❬❙❝❛✛❛r❞ ❛♥❞ ❚♦❝❤♦✱ ✷✵✵✻❪ ✉s❡❞ t❤❡ s✐♠♣❧✐✜❡❞
❡q✉❛t✐♦♥ ❢r♦♠ ■♥♦②✉❡ ❡t ❛❧ ❬■♥♦✉②❡ ❡t ❛❧✳✱ ✶✾✾✽❪ ♦❢ t❤❡ ❜♦✉♥❞✲❡❧❡❝tr♦♥s ❝♦♥tr✐❜✉t✐♦♥ ✭s❡❡ ❊q✳ ✷✳✹✮✿

εIB(ω) = QBulk

∫ ∞

ωg

√
x− ωg

x

[1− F (x,EF , T )]

x2 − ω2 + γ2b − 2iωγb
dx, ✭✷✳✹✮

✇❤❡r❡ hωg ✐s t❤❡ ❣❛♣ ❡♥❡r❣② Eg❀ F (x,EF , T ) ✐s t❤❡ ❋❡r♠✐ ❡♥❡r❣② ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢r♦ ❝♦♥✲
❞✉❝t✐♦♥ ❡❧❡❝tr♦♥ ♦❢ ❡♥❡r❣② hx ❛t t❤❡ t❡♠♣❡r❛t✉r❡ T ✇✐t❤ t❤❡ ❋❡r♠✐ ❡♥❡r❣② EF ❀ γb ✐s t❤❡ ❞❛♠♣✐♥❣
❝♦♥st❛♥t ❢♦r t❤❡ ✐♥t❡r❜❛♥❞ tr❛♥s✐t✐♦♥s ❛♥❞ Qbulk ✐s ❛ ♣r♦♣♦rt✐♦♥❛❧✐t② ❢❛❝t♦r✳

✷✳✹ ❙✐③❡✲❞❡♣❡♥❞❡♥t ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥

❋♦r ♥❛♥♦♣❛rt✐❝❧❡s s✐③❡❞ ❧❡ss t❤❛♥ ✷✵ ♥♠ t❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡✐r ❜✉❧❦ ♠❛t❡r✐❛❧ ❜❡❝♦♠❡s
s✐③❡✲❞❡♣❡♥❞❡♥t✱ t❤✉s ✐t ✐s ♥❡❡❞❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥tr❛❜❛♥❞ tr❛♥s✐t✐♦♥s ❞❡s❝r✐❜❡❞ ❜② t❤❡
❉r✉❞❡ t❤❡♦r② ❛♥❞ t❤❡ ✐♥t❡r❜❛♥❞ tr❛♥s✐t✐♦♥s ❞❡s❝r✐❜❡❞ ❜② ❜♦✉♥❞ ❡❧❡❝tr♦♥s✳ ❋♦r ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤s
t❤❡ ❢r❡❡✲❡❧❡❝tr♦♥s ❝♦♥tr✐❜✉t✐♦♥ ❞♦♠✐♥❛t❡s✱ ❢♦r s❤♦rt ✇❛✈❡❧❡♥❣t❤s t❤❡ ❜♦✉♥❞❡❞ ❡❧❡❝tr♦♥s ❝♦♠♣♦✲
♥❡♥t ✐s ♠❛❥♦r✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ ♠❡t❛❧ ♥❛♥♦♣❛rt✐❝❧❡s ❛r❡ s♠❛❧❧❡r t❤❛♥ t❤❡ s❦✐♥✲❞❡♣t❤ ♦❢ t❤❡✐r
❝♦rr❡s♣♦♥❞✐♥❣ ♠❡t❛❧s✱ t❤❡♥ t❤❡ ❡❧❡❝tr♦♥✬s ❢r❡❡ ♠❡❛♥ ♣❛t❤ ❝❛♥ ❜❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ❛s t❤❡ s✐③❡ ♦❢
♥❛♥♦♣❛rt✐❝❧❡✱ a✳ ❍❡r❡❛❢t❡r ✇❡ ❝♦♥s✐❞❡r t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ❜✐❣❣❡r t❤❛♥ ✺ ♥♠ ✐♥ s✐③❡✱ ❛s ✐t ✇❛s s❤♦✇♥
t❤❛t s♠❛❧❧ ♥❛♥♦♣❛rt✐❝❧❡s q✉❡♥❝❤ ✢✉♦r❡s❝❡♥❝❡✱ ❤♦✇❡✈❡r ❜✐❣ ♥❛♥♦♣❛rt✐❝❧❡s ❞r❛st✐❝❛❧❧② ✐♥❝r❡❛s❡ ✐t✳
❆ r❡s❡♥t r❡✈✐❡✇ ♦♥ ✢✉♦r❡s❝❡♥❝❡ q✉❡♥❝❤✐♥❣ ❛♥❞ ❡♥❤❛♥❝❡♠❡♥t ✐s ♣r❡s❡♥t❡❞ ❜② ❆❝❤✐❧❡❢✉ ❡t ❛❧ ❬❑❛♥❣
❡t ❛❧✳✱ ✷✵✶✶❪✳ ❋❧✉♦r❡s❝❡♥❝❡ ❡♥❤❛♥❝❡♠❡♥t ♠♦st❧② ♦❝❝✉rs ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ ❜✐❣❣❡r ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞
t❤✐s q✉❡st✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❧❛st ❝❤❛♣t❡r✳

❈♦♥s✐❞❡r✐♥❣ t❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ❝❤❛♥❣❡s ❞✉❡ t♦ t❤❡ s✐③❡ ♦❢ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ❝♦♠♣❛r❛❜❧❡ ✇✐t❤
t❤❡ s❦✐♥✲❞❡♣t❤ ✇❡ ✜rst t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❝♦♥❞✉❝t✐♦♥ ❡❧❡❝tr♦♥s✳ ❚❤✉s✱ t❤❡ s❝❛tt❡r✐♥❣ ♦❢ ❝♦♥❞✉❝t✐♦♥
❡❧❡❝tr♦♥s ♦♥ ❛ s✉r❢❛❝❡ ♦❢ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ❧❡❛❞s t♦ ❤✐❣❤❡r ❢r❡q✉❡♥❝② ♦❢ ❝♦❧❧✐s✐♦♥s✱ t❤✉s t❤❡ r❡❧❛①❛t✐♦♥
t✐♠❡ ❞❡❝r❡❛s❡s ✭s❡❡ ❊q✳ ✷✳✺✮✿

Γ = τ−1
surface = τ−1 +A

vF
a

= γ +A
vF
a
, ✭✷✳✺✮

✇❤❡r❡ vF ✐s t❤❡ ❋❡r♠✐ ✈❡❧♦❝✐t②✱ A ✐s t❤❡ ❡✛❡❝t✐✈❡ ♣❛r❛♠❡t❡r ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ❝♦❤❡r❡♥❝② ❧♦ss
♦♥ t❤❡ s✉r❢❛❝❡ ✭❢♦r s♣❤❡r❡s t❤✐s ♣❛r❛♠❡t❡rs ❡q✉❛❧s ✶✮✱ ❢♦r ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛
✇❡ st✐❧❧ ❛❝❝♦✉♥t ❢♦r t❤✐s ✈❛❧✉❡ t❛❦❡♥ ❢♦r s♣❤❡r❡s✱ ❛s t❤❡ ❡①♣❡r✐♠❡♥t ✇❛s ❤❡❧❞ ♦♥ t❤❡ ❝♦❧❧♦✐❞s
♦❢ ♥❛♥♦♣❛rt✐❝❧❡s✱ t❤✉s t❤❡ s✉r❢❛❝❡ r♦✉❣❤♥❡ss ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ✐s ♥❡❣❧✐❣✐❜❧❡✳ ❙❝❛✛❛❡r❞✐ ❡t
❛❧ ❬▼❡♥❞♦③❛ ❍❡rr❡r❛ ❡t ❛❧✳✱ ✷✵✶✹❪ ❝❛❧❝✉❧❛t❡❞ t❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ s♣❤❡r✐❝❛❧ ♥❛♥♦♣❛rt✐❝❧❡s
❢r♦♠ ✸ t♦ ✺✵ ♥♠ ✐♥ ❞✐❛♠❡t❡r✳

❚♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ❜♦✉♥❞ ❡❧❡❝tr♦♥s ❝♦♥tr✐❜✉t✐♦♥ ✐s s✐③❡✲❞❡♣❡♥❞❡♥t t❤❡ ♠❡t❛❧ ♥❛♥♦♣❛r✲
t✐❝❧❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤ ❣♦❧❞ ❛♥❞ s✐❧✈❡r ✐s ❝❛❧❝✉❧❛t❡❞✱ t❤✉s✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ✇♦r❦ ♦❢ ❙❝❛✛❛r❞

✸✸



❈❤❛♣t❡r ✷✳ ▼♦❞❡❧✐♥❣ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s

❬❙❝❛✛❛r❞ ❛♥❞ ❚♦❝❤♦✱ ✷✵✵✻❪ ❜② ❝♦♥s✐❞❡r✐♥❣ ❊q✳ ✷✳✹ ✇✐t❤ t❤❡ s✐③❡✲❞❡♣❡♥❞❡♥t ♣❛r❛♠❡t❡rs✳ ❚❤❡
❣❛♣ ❡♥❡r❣② Eg✱ ✇❤✐❝❤ ✇❛s ❝❤♦s❡♥ ❜❡✐♥❣ s✐③❡✲❞❡♣❡♥❞❡♥t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s❡❛r❝❤ ♦❢ ▲♦❣✉♥♦✈ ❡t
❛❧ ❬▲♦❣✉♥♦✈ ❡t ❛❧✳✱ ✶✾✾✼❪ s✉❣❣❡st✐♥❣ ❞✐✛❡r❡♥t ❞❡♥s✐t② ♦❢ st❛t❡s ❢♦r ❞✐✛❡r❡♥t s✐③❡s ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s✱
❤♦✇❡✈❡r ✐t ❝♦♥❝❡r♥s ♦♥❧② ♥❛♥♦♣❛rt✐❝❧❡s ♦❢ s❦✐♥✲❞❡♣t❤ s✐③❡✱ ✇❤✐❝❤ ✐s ♥♦t ♦✉r ❝❛s❡✳ ❍♦✇❡✈❡r✱ t❤✐s
✇♦r❦ ♣r♦♣♦s❡❞ t❤❡ s✐③❡✲❞❡♣❡♥❞❡♥t ♣r♦♣♦rt✐♦♥❛❧✐t② ❢❛❝t♦r Q(a) = QBulk[1 − exp(−a/a0)]✱ ✇❤❡r❡
a ✐s ❛ ♥❛♥♦♣❛rt✐❝❧❡ r❛❞✐✉s✱ ❛♥❞ a0 ✐s ❛ s❝❛❧❡ ❢❛❝t♦r r❡♣r❡s❡♥t✐♥❣ t❤❡ r❛♥❣❡ ✇❤❡r❡ t❤❡ ❞❡♥s✐t② ♦❢
st❛t❡s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ r❡❛❝❤ t❤❛t ❢♦r ❛ ❜✉❧❦ ♠❡t❛❧✳

❚❤❡ ♣❧❛s♠❛ ❢r❡q✉❡♥❝② ωp ❛♥❞ t❤❡ ❋❡r♠✐ ✈❡❧♦❝✐t② vF ✱ t❤❡ r❡❧❛①❛t✐♦♥ ❝♦♥st❛♥t τ ✱ ❢♦r ❣♦❧❞ ❛♥❞
s✐❧✈❡r ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❚❛❜❧❡ ✷✳✶ ❬❙♦♥♥✐❝❤s❡♥✱ ✷✵✵✶❪✿

▼❡t❛❧ ωp✱ ❍③ γfree✱ ❍③ γbound✱ ❍③ Eg✱ ❡❱ EF ✱ ❡❱ vF ✱ ♠✴s a0✱ ♠ Qbulk, cm
3
2

●♦❧❞ ✶✸✳✷✸
·1015

✶✷✳✻·1013 ✷✳✹·1014 ✷✳✶ ✷✳✺ ✶✹✳✶·105 ✵✳✸✺
·10−9

✵✳✹✸·1024

❙✐❧✈❡r ✶✸✳✼✺
·1015

✸✳✶✷·1013 ✶✳✺·1014 ✶✳✾ ✹✳✶✷ ✶✹✳✶ ·105 ✵✳✸✺
·10−9

✵✳✺·1024

❚❛❜❧❡ ✷✳✶✿ P❛r❛♠❡t❡rs ✭t❤❡ ❋❡r♠✐ ✈❡❧♦❝✐t②✱ vF ❀ t❤❡ r❡❧❛①❛t✐♦♥ ❝♦♥st❛♥t✱ τ ❀ t❤❡ ♣❧❛s♠❛ ❢r❡q✉❡♥❝②✱
ωp✮ ❢♦r ❣♦❧❞ ❛♥❞ s✐❧✈❡r ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ s✐③❡✲❞❡♣❡♥❞❡♥t ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ✭s❡❡ ❊q✳ ✷✳✻✮
❬❏♦❤♥s♦♥ ❛♥❞ ❈❤r✐st②✱ ✶✾✼✷❪✳

❏♦❤♥s♦♥ ❛♥❞ ❈❤r✐st② ❬❏♦❤♥s♦♥ ❛♥❞ ❈❤r✐st②✱ ✶✾✼✷❪ ♦❜t❛✐♥❡❞ t❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥s ♦❢ ❜✉❧❦
❣♦❧❞ ❛♥❞ s✐❧✈❡r ✭s❡❡ ❋✐❣✳ ✷✳✶✮✳
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❋✐❣✉r❡ ✷✳✶✿ ❘❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ✭ε(λ)✮ ❢♦r ❣♦❧❞ ❛♥❞ s✐❧✈❡r ♥❛♥♦♣❛r✲
t✐❝❧❡s ✐♥ t❤❡ ♦♣t✐❝❛❧ r❡❣✐♦♥ ✭✸✺✵✲✶✵✵✵ ♥♠✮ ♦❜t❛✐♥❡❞ ❜② ❬❏♦❤♥s♦♥ ❛♥❞ ❈❤r✐st②✱ ✶✾✼✷❪

■♥ t❤❡ ✇♦r❦ ♦❢ ❙❝❛✛❛r❞ ❡t ❛❧❬❙❝❛✛❛r❞ ❛♥❞ ❚♦❝❤♦✱ ✷✵✵✻❪ t❤❡ s✐③❡✲❞❡♣❡♥❞❡♥❝② ✐s t❛❦❡♥ ✐♥t♦

✸✹



✷✳✺✳ ▼✐❡ t❤❡♦r② ❛♣♣❧✐❡❞ t♦ ♥❛♥♦♣❛rt✐❝❧❡s

❛❝❝♦✉♥t ❢♦r ❢r❡❡ ❡❧❡❝tr♦♥s ❜② ❛❞❞✐♥❣ t❤❡ s✐③❡✲❞❡♣❡♥❞❡♥t ❢r❡q✉❡♥❝② γfree = γbulk + aVF /r ❛♥❞ ❢♦r
❜♦✉♥❞❡❞ ❡❧❡❝tr♦♥s ❜② ❡①❝❤❛♥❣✐♥❣ t❤❡ Qbulk t♦ t❤❡ Qbulk(1− e−a/a0) ✭s❡❡ ❊q✳ ✷✳✻✮✿

εMNP (λ, a) = ε∞ + εDrude(λ) + εIB(λ, a) = 7−
ω2
p

ω2 + i(γ +AvF /a)ω

+QBulk(1− exp(−a/a0))
∫ inf

ωg

√
x− ωg

x

[1− F (x,EF , T )]

x2 − ω2 + γ2b − 2iωγb
dx,

✭✷✳✻✮

✇❤❡r❡ ε∞ ❂ ✻ ✐s t❤❡ ♦✛s❡t ✈❛❧✉❡ ✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r t❤❡ ✐♥t❡❣r❛t❡❞ ❡✛❡❝t ♦❢ ❛❧❧ t❤❡ ❤✐❣❤❡r✲❡♥❡r❣②
✐♥t❡r❜❛♥❞ tr❛♥s✐t✐♦♥s ❬◆♦✈♦t♥② ❛♥❞ ❇✳❍❡❝❤t✱ ✷✵✵✻❪✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❉r✉❞❡ ❡❧❡❝tr♦♥s
❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ s✐③❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ✐s ❣✐✈❡♥ ♦♥ ❋✐❣s✳ ✷✳✷ ❛♥❞ ❄❄✳
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❋✐❣✉r❡ ✷✳✷✿ ❈♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ r❡❛❧ ❛♥❞ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ ❢r❡❡ ✭❉r✉❞❡✮ ❡❧❡❝tr♦♥s ♦❢ t❤❡
s✐③❡✲❞❡♣❡♥❞❡♥t ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ✭εFree(λ, a)✮ ♦❢ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥ ♦♣t✐❝❛❧ r❡❣✐♦♥ ✭✸✺✵✲✾✵✵
♥♠✮ ❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❛❞✐✐✿ ✼±✶ ❛♥❞ ✷✺±✶ ♥♠

❚❤❡ ❜✐❣❣❡r ❛ ♥❛♥♦♣❛rt✐❝❧❡ ✐s✱ t❤❡ ❝❧♦s❡r ✐ts ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ t♦ ♦♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐ts ❜✉❧❦
♠❛t❡r✐❛❧✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❜♦✉♥❞❡❞ ❡❧❡❝tr♦♥s t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s✐③❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ✐s
s❤♦✇♥ ♦♥ ❋✐❣✳ ✷✳✸✳

✷✳✺ ▼✐❡ t❤❡♦r② ❛♣♣❧✐❡❞ t♦ ♥❛♥♦♣❛rt✐❝❧❡s

❚❤❡ r❡s♣♦♥s❡ ♦❢ ❛ ♠❡t❛❧ ♥❛♥♦s♣❤❡r❡ ♦♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❡①❝✐t❛t✐♦♥ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜②
s♦❧✈✐♥❣ t❤❡ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✳ ❇r✐❡✢②✱ t❤❡s❡ ❢✉♥❞❛♠❡♥t❛❧ ❡q✉❛t✐♦♥ ❞❡s❝r✐❜❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢
t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s ✐♥ ♣r❡s❡♥t ♦❢ ❝❤❛r❣❡s✱ ❝✉rr❡♥t ❛♥❞ ♣♦❧❛r✐③❛❜❧❡ ♠❡❞✐❛✳ ❚♦ ❞❡✜♥❡ ✜❡❧❞

q✉❛♥t✐t✐❡s ✐♥ t❤❡ ♠❡❞✐❛ ✇❡ ❞❡♥♦t❡ t❤❡ ❧♦❝❛❧ ♣♦❧❛r✐③❛❜✐❧✐t②
−→
P ❛♥❞ t❤❡ ❧♦❝❛❧ ♠❛❣♥❡t✐s❛t✐♦♥

−→
M ✱

t❤❡♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢r❡❡ s♣❛❝❡✿ ♣❡r♠❡❛❜✐❧✐t② ✭µ0✮ ❛♥❞ ♣❡r♠✐tt✐✈✐t② ✭ε0✮✱ t❤✉s ✇❡ ❤❛✈❡✿
−→
D = ε0

−→
E +

−→
P ✭✷✳✼❛✮

−→
H = µ−1

0

−→
B −−→

M ✭✷✳✼❜✮

✸✺



❈❤❛♣t❡r ✷✳ ▼♦❞❡❧✐♥❣ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s
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❋✐❣✉r❡ ✷✳✸✿ ❈♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ r❡❛❧ ❛♥❞ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ ❜♦✉♥❞❡❞ ❡❧❡❝tr♦♥s ♦❢ t❤❡ s✐③❡✲
❞❡♣❡♥❞❡♥t ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ✭εInterBand(λ, a)✮ ♦❢ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥ ♦♣t✐❝❛❧ r❡❣✐♦♥ ✭✸✺✵✲✾✵✵
♥♠✮ ❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❛❞✐✐✿ ✼±✶ ❛♥❞ ✷✺±✶ ♥♠

❚❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❣♦❧❞ ❛r❡ ❞✉❡ t♦ ✈❛❧❡♥❝❡ ✭5d✮ ❛♥❞ ❝♦♥❞✉❝t✐♦♥ ✭6sp✮ ❡❧❡❝tr♦♥s✳ ❚❤❡
♦✉t❡r♠♦st d ❛♥❞ s ❡❧❡❝tr♦♥s ♦❢ t❤❡ ❝♦♥st✐t✉❡♥t ❛t♦♠s ♠✉st ❜❡ tr❡❛t❡❞ t♦❣❡t❤❡r ❧❡❛❞✐♥❣ t♦ s✐①
❜❛♥❞s✿ ✜✈❡ ♦❢ t❤❡♠ ❛r❡ ❢❛✐r❧② ✢❛t✱ ❧②✐♥❣ ❛ ❢❡✇ ❡❱ ❜❡❧♦✇ t❤❡ ❋❡r♠✐ ❧❡✈❡❧✱ ❛♥❞ ❛r❡ ✉s✉❛❧❧② ❞❡♥♦t❡❞
❛s d ❜❛♥❞s❀ t❤❡ s✐①t❤ ♦♥❡✱ ✇❤✐❝❤ ✐s ❛❧♠♦st ❢r❡❡✲❡❧❡❝tr♦♥ ❧✐❦❡ ✐s ❦♥♦✇♥ ❛s sp✲❜❛♥❞ ♦r t❤❡ ❝♦♥❞✉❝t✐♦♥
❜❛♥❞ ❬▲✐♥ ❡t ❛❧✳✱ ✷✵✵✼❪✳ ❆♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ❡①✐st ❢♦r ❛♥ ✉♥❝❤❛r❣❡❞ s♣❤❡r❡ ❜❡❧♦♥❣s t♦
▼✐❡ ❬▼✐❡✱ ✶✾✵✽❪ ❛♥❞ ❛❧s♦ ✇❛s ❞❡s❝r✐❜❡❞ ❜② ❇♦❤r❡♥ ❛♥❞ ❍✉✛♠❛♥ ❬❇♦❤r❡♥ ❛♥❞ ❍✉✛♠❛♥✱ ✶✾✾✽❪✳
❚❤❡ s♣❤❡r✐❝❛❧ s②♠♠❡tr② s✉❣❣❡st t❤❡ ✉s❡ ♦❢ ❛ ♠✉❧t✐♣♦❧❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ✜❡❧❞s✱ ✇❤✐❝❤ ✐s ♥✉♠❜❡r❡❞
❜② n✳ ❚❤❡ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝r♦ss✲s❡❝t✐♦♥s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜② ✷✳✽✿

σext =
2πr2

x2
(2n+ 1)Re(an + bn) ✭✷✳✽❛✮

σabs =
2πr2

x2
(2n+ 1)(|an|2 + |bn|2), ✭✷✳✽❜✮

✇❤❡r❡ x = kr = h̄ωnmedium
h̄c ✱ k ✲ ✇❛✈❡✈❡❝t♦r✱ r ✲ ♣❛rt✐❝❧❡ r❛❞✐✉s✱ nmedium ✲ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢

♠❡❞✐❛✱an ❛♥❞ bn t❤❡ ▼✐❡ ❝♦❡✣❝✐❡♥ts✱ ✇❤✐❝❤ ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜② ✷✳✾✿

an =
mψn(mx)ψ

′
n(x)− ψn(x)ψ

′
n(mx)

mψn(mx)ξ′n(x)− ξn(x)ψ′
n(mx)

✭✷✳✾❛✮

bn =
ψn(mx)ψ

′
n(x)−mψn(x)ψ

′
n(mx)

ψn(mxξ′n(x)−mξn(x)ψ′
n(mx)

✭✷✳✾❜✮

m =
√
εr =

√

εparticle
εmedium

, ✭✷✳✾❝✮

✇❤❡r❡ εparticle ✐s ❛s ❝♦♥s✐❞❡r❡❞ ❛❜♦✈❡❀ ψ ❛♥❞ ξ ✲ t❤❡ ❘✐❝❛tt✐✲❇❡ss❡❧ ❢✉♥❝t✐♦♥s ❬❇♦❤r❡♥ ❛♥❞ ❍✉✛✲
♠❛♥✱ ✶✾✾✽❪✳ ❯s✐♥❣ t❤❡s❡ ❡q✉❛t✐♦♥s ✐t ✐s ❡ss❡♥t✐❛❧ t♦ ❝❛❧❝✉❧❛t❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s
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✷✳✻✳ ▼♦❞❡❧✐♥❣ ♦❢ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❢♦r ♥♦♥s♣❡❤r✐❝❛❧ ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞ ♥❛♥♦s❤❡❧❧s

✇✐t❤ ✇❛✈❡❧❡♥❣t❤ r❡s♦❧✉t✐♦♥✳ ❚❤❡ ❜✉❧❦ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ✇❛s ♦❜t❛✐♥❡❞ ❢r♦♠ ❞❛t❛ ♦❢ ❈❤r✐st②
❛♥❞ ❏♦❤♥s♦♥ ❬❏♦❤♥s♦♥ ❛♥❞ ❈❤r✐st②✱ ✶✾✼✷❪✳ ■♥ ❋✐❣✳ ❄❄ ❛♥❞ ✷✳✷ s✐③❡✲❞❡♣❡♥❞❡♥t ❡①t✐♥❝t✐♦♥ ❝♦❡✣✲
❝✐❡♥ts ✭Im(ε(λ, r))✮ ❛♥❞ r❡❢r❛❝t✐✈❡ ✐♥❞✐❝❡s ✭Re(ε(λ, r))✮ ❢♦r s✐❧✈❡r ❛♥❞ ❣♦❧❞ ❛r❡ r❡♣r❡s❡♥t❡❞✳ ❚❤❡
❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡ ♠❛❞❡ ✐♥ ❲♦❧❢r❛♠ ▼❛t❤❡♠❛t✐❝❛ ✽✳

✷✳✻ ▼♦❞❡❧✐♥❣ ♦❢ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❢♦r ♥♦♥s♣❡❤r✐❝❛❧ ♥❛♥♦♣❛rt✐❝❧❡s
❛♥❞ ♥❛♥♦s❤❡❧❧s

❚❤❡r❡ ❛r❡ s♦♠❡ ✐♥t❡r❡st✐♥❣ ❡✛❡❝ts ♦❝❝✉r ❞✉❡ t♦ ♥♦♥✲s♣❤❡r✐❝❛❧ ❢♦r♠ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s✱ ✐✳ ❡✳ ✜❡❧❞
❡♥❤❛♥❝❡♠❡♥t ❝❛♥ ♦❝❝✉r ❞✉❡ t♦ ❧♦♥❣✐t✉❞❡ r❡s♦♥❛♥❝❡s ❛♥❞ ✐s q✉✐t❡ ❞✐✛❡r❡♥t ✐❢ t❤❡ ♦r✐❡♥t❛t✐♦♥

♦❢ ♥❛♥♦♣❛rt✐❝❧❡s t♦ t❤❡ ❡①❝✐t❛t✐♦♥ ✜❡❧❞ ❞✐r❡❝t✐♦♥ ✭✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②
−→
k ✐s t❤❡ ❞✐r❡❝t✐♦♥ ♦❢

❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞
−→
E ✐s t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞✮✳

❋♦r ❝❛❧❝✉❧❛t✐♥❣ t❤❡ r❡s♣♦♥s❡ ♦❢ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ♦♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ✐t ✐s ♥❡❡❞❡❞ t♦ ❦♥♦✇
t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ ❛ ♥❛♥♦♣❛rt✐❝❧❡✳ ❚❤✐s t②♣❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ ♦s ✇❡❧❧ ❦♥♦✇♥ ❛s t❤❡ s♦❧✉t✐♦♥ ❢♦r ❡❧❡❝✲
tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐❢r❛❝t✐♦♥ ✐♥ t❡r♠s ♦❢ q✉❛s✐✲st❛t✐❝ t❤❡♦r② ♦❢ ❡①❝✐t❛t✐♦♥ ❢♦r s♦❧✈✐♥❣ t❤❡ ▼❛①✇❡❧❧✬s
❡q✉❛t✐♦♥s ❬❱♦②t♦✈✐❝❤ ❡t ❛❧✳✱ ✶✾✼✼✱ ❑❧✐♠♦✈✱ ✷✵✵✾❪✳ ◗✉❛s✐✲st❛t✐❝ t❤❡♦r② ❞♦❡s ♥♦t ❛❝❝♦✉♥t ❢♦r ❞❡❧❛②
❡✛❡❝ts ✇❤✐❝❤ ♦❝❝✉r ✐♥ ❡❧❧✐♣s♦✐❞✱ ❜✉t ✇✐t❤ ❡♥♦✉❣❤ ♣r❡❝✐s✐♦♥ ❣✐✈❡s t❤❡ r❡s✉❧ts ❝♦♠♣❛r❛❜❧❡ t♦ ❡①♣❡r✐✲
♠❡♥t❛❧ ❞❛t❛✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s t❤❡♦r② ✐s ✐♥ ♣❧❛s♠♦♥ ♠♦❞❡s ♦s❝✐❧❧❛t✐♦♥s ❝❛❧❝✉❧❛t✐♦♥ ♠♦r❡♦✈❡r
t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛r❡ ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤✉s ♠❛❣♥❡t✐❝ ♣❡r♠✐tt✐✈✐t② ❡q✉❛❧s ♦♥❡✳

❋♦r ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s✱ ✐✳ ❡✳ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝r♦ss✲
s❡❝t✐♦♥ ✐t ✐s ♥❡❡❞❡❞ t♦ ❦♥♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ♠❛t❡r✐❛❧s ❛♥❞ ❣❡♦♠❡tr② ♦❢ t❤❡
s②st❡♠✳ ▲❡t✬s ❝♦♥s✐❞❡r ❛ ♥❛♥♦♦❜❥❡❝t ❝♦♥s✐st✐♥❣ ♦❢ t✇♦ ❧❛②❡rs ✐♥ ❤♦♠♦❣❡♥❡♦✉s ❡❧❡❝tr♦♠❛❣♥❡t✐❝

✜❡❧❞✿ ✢❛t ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡ ♣r♦♣❛❣❛t❡s ✐♥ ③✲❞✐r❡❝t✐♦♥ ✇✐t❤ ✇❛✈❡✈❡❝t♦r
−→
❦ ✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②

❞✐❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ❤♦st ♠❡❞✐✉♠ εh✱ ❢r❡q✉❡♥❝② ω = 2πn/λ✱ ✇❤❡r❡ nh = ε2h ✐s r❡❢r❛❝t✐✈❡
✐♥❞❡① ♦❢ ♠❡❞✐✉♠✳ ●❡♦♠❡tr✐❝❛❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♦❜❥❡❝t ❛r❡ ✐ts s❡♠✐✲❛①❡s a✱ b✱ c ❛♥❞ ✐ts ❝♦❛t
t❤✐❝❦♥❡ss d✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❢❛r ✜❧❡❞ ♦❢ s✉❝❤ ❛♥ ♦❜❥❡❝t ✐t ✐s ❛ ❞✐♣♦❧❡✬s ✜❡❧❞ ❛♥❞ t❤❡ ♣♦❧❛r✐③❛❜✐❧✐t②
♦❢ ❛ ♣❛rt✐❝❧❡ ❤❛s ❛ ❞✐❛❣♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥✿

Π =





Πx . . . . . .
. . . Πy . . .
. . . . . . Πz



 ✭✷✳✶✵✮

■ts ❝♦♠♣♦♥❡♥ts ❢♦r ❝♦❛t❡❞ ♥❛♥♦♣❛rt✐❝❧❡✿

Πj =
(a+ d)(b+ d)(c+ d)

3

(εsh − εh)[εsh + (εsh − εc)(Li − fL′
i)] + fεsh(εh − εc))

[εsh + (εsh − εc)(Li − fL′
i)][εh + (εh − εsh)L

′
i] + fL′

iεsh(εc − εsh)
,

✭✷✳✶✶✮
✇❤❡r❡ f = abc

(a+d)(b+d)(c+d) ✐s t❤❡ r❛t✐♦ ♦❢ ❝♦❛t ❛♥❞ s♣❤❡r❡ ✈♦❧✉♠❡s✱ Li = abc
3 Ii ✐s ❣❡♦♠❡tr✐❝❛❧

❢❛❝t♦r✱ Ii =
∫ inf
0

du
(x+a)R(x) ✱ R(x) = Π3

m=1

√
x− ai✱ ai = a, b, c ❛r❡ t❤❡ s❡♠✐✲❛①❡s ♦r a + d✱ b + d✱

c+ d ❢♦r t❤❡ ❝♦❛t✱ ✐♥❞✐❝❡s sh✱ c ❛♥❞ h ❝♦rr❡s♣♦♥❞ t♦ s❤❡❧❧✱ ❝♦r❡ ❛♥❞ ❤♦st ♠❡❞✐✉♠✱ r❡s♣❡❝t✐✈❡❧②✳

❆ s✐♠♣❧❡ ❛♥❞ t❤❡ ♠♦st st✉❞✐❡❞ ✐s t❤❡ ♠♦❞❡ ✇❤♦s❡ ♣♦t❡♥t✐❛❧ ✐s ❧✐♥❡❛r ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♦r✲
❞✐♥❛t❡s ✐♥ t❤❡ ✈♦❧✉♠❡ ♦❢ ❛ ♥❛♥♦♣❛rt✐❝❧❡✳ ❋♦r t❤♦s❡ ♠♦❞❡ ❛r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡✐r ❡✐❣❡♥✈❛❧✉❡s✱
✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❢♦✉♥❞ ❜② ❣❡♦♠❡tr✐❝❛❧ ❢❛❝t♦r Li ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ ✈❛❧✉❡s ✐❢ t❤❡ ❧✐♥❡❛r ♣♦t❡♥t✐❛❧s
Li = 1− εi/εh✳

■❢ t❤❡ ♣♦❧❛r✐③❛❜✐❧✐t② ✐s ❦♥♦✇♥✱ t❤❡♥ t❤❡ s❝❛tt❡r✐♥❣ ❛♥❞ t❤❡ ❛❜s♦r♣t✐♦♥ ❝r♦ss✲s❡❝t✐♦♥s ❝♦✉❧❞ ❜❡

✸✼



❈❤❛♣t❡r ✷✳ ▼♦❞❡❧✐♥❣ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s

k 

x 

y 

z 

b 

c 
a d 

❋✐❣✉r❡ ✷✳✹✿ ❈♦❛t❡❞ ♥❛♥♦♣❛rt✐❝❧❡ ✐♥ ❞✐❡❧❡❝tr✐❝ ♠❡❞✐✉♠✱ ❦ ✐s t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞✱
a✱ b ❛♥❞ c ❛r❡ t❤❡ s❡♠✐✲❛①❡s✱ d st❛♥❞s ❢♦r t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❝♦❛t✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✐s
✐♥❞✐❝❛t❡❞ ❜② x✱ y ❛♥❞ z✳

❢♦✉♥❞✿

σabs = 4πk(
Πx

3
+

Πy

3
+

Πz

3
) ✭✷✳✶✷❛✮

σsca =
8πk3

3

| Πx |2
3

+
| Πy |2

3
+

| Πz |2
3

✭✷✳✶✷❜✮

✭✷✳✶✷❝✮

❚❤❡ ✇❤♦❧❡ ❛❧❣♦r✐t❤♠ t♦ ❝❛❧❝✉❧❛t❡ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝r♦ss✲s❡❝t✐♦♥ ✐s r❡♣r❡s❡♥t❡❞ ✐♥
❆♥♥❡① ❇✳

✷✳✼ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥

❇② ♠❡❛♥s ♦❢ ▼❆❚▲❆❇ ❘✷✵✶✺❛ ✭t❤❡ ▼❛t❤❲♦r❦s✱ ■♥❝✳✮ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❣♦❧❞ ❛♥❞ s✐❧✈❡r
s♣❤❡r✐❝❛❧ ♥❛♥♦♣❛rt✐❝❧❡s ✇❡r❡ ♠♦❞❡❧❡❞✱ t❤❡ ♠❡❞✐❛ ✇❛s ❝❤♦s❡♥ t♦ ❜❡ ✇❛t❡r✱t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✐s
n ❂ ✶✳✸✸ ✭❋✐❣✉r❡s ✷✳✺ ❛♥❞ ✷✳✻✮✳

❚❤❡ ❝❤❛♥❣❡ ♦❢ r❡s♦♥❛♥t ✇❛✈❡❧❡♥❣t❤ ❢♦r ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✼✳

❋♦r ♠❡❞✐❛ ✇✐t❤ r❡❢r❛❝t✐✈❡ ✐♥❞❡① n ❂ ✶✳✸✸✱ ✇❤✐❝❤ ✐s ✇❛t❡r✱ t❤❡ ❛❜s♦r♣t✐♦♥ ❛♥❞ s❝❛tt❡r✐♥❣ ❝r♦ss✲
s❡❝t✐♦♥s ✇❡r❡ ❡st✐♠❛t❡❞ ❢♦r t❤❡ r❡s♦♥❛♥t ✇❛✈❡❧❡♥❣t❤s ♦❢ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥ t❤❡ r❛♥❣❡ ♦❢ r ❂ ✺✲✺✵
♥♠✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r s♠❛❧❧ r❛❞✐✉s ❛❜s♦r♣t✐♦♥ ❞♦♠✐♥❛t❡s s❝❛tt❡r✐♥❣✱ t❤❡♥ ❛t t❤❡ ❝❡rt❛✐♥ ♣♦✐♥t✱
❛r♦✉♥❞ r ❂ ✹✵ ♥♠✱ s❝❛tt❡r✐♥❣ ❡q✉❛❧s ❛❜s♦r♣t✐♦♥✱ t❤❡♥ s❝❛tt❡r✐♥❣ st❛rts t♦ ❞♦♠✐♥❛t❡ ✷✳✽✳ ❚❤❡
s❤❛♣❡s ♦❢ ❝r♦ss✲s❡❝t✐♦♥s ❛r❡ ♥♦t s♠♦♦t❤ ❞✉❡ t♦ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❡rr♦rs ✐♥ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥s✳
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✷✳✼✳ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥
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Wavelength, nm 

r = 5 nm 

r = 10 nm 

r = 20 nm 

r = 30 nm 

r = 40 nm 

r = 50 nm 

❋✐❣✉r❡ ✷✳✺✿ ◆♦r♠❛❧✐③❡❞ s❝❛tt❡r✐♥❣ ♦❢ t❤❡ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ ▼✐❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✱ r ❂ ✺✱ ✶✵✱ ✷✵✱ ✸✵✱ ✹✵✱ ✺✵ ♥♠✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s t❤❡ r❡❞✲s❤✐❢t
❢♦r ♥❛♥♦♣❛rt✐❝❧❡s ✇✐t❤ r❛❞✐✐ ❣r♦✇t❤✳
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Wavelength, nm 

r = 5 nm 

r = 10 nm 

r = 20 nm 

r = 30 nm 

r = 40 nm 

r = 50 nm 

❋✐❣✉r❡ ✷✳✻✿ ◆♦r♠❛❧✐③❡❞ ❛❜s♦r♣t✐♦♥ ♦❢ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❛♥❛❧②t✐❝❛❧ ▼✐❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✱ r ❂ ✺✱ ✶✵✱ ✷✵✱ ✸✵✱ ✹✵✱ ✺✵ ♥♠✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s t❤❡ r❡❞✲s❤✐❢t ❢♦r
♥❛♥♦♣❛rt✐❝❧❡s ✇✐t❤ r❛❞✐✐ ❣r♦✇t❤✳
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❈❤❛♣t❡r ✷✳ ▼♦❞❡❧✐♥❣ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s
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Nanoparticle radius, nm 

WL = 526.85 + 0.54exp(0.06r) 

WL  = 256+255exp(0.002r) 

WL = 518.09 + 0.28exp(0.095r) 

Mie theory, Sca 

Mie theory, Abs 

Mie theory, Ext 

❋✐❣✉r❡ ✷✳✼✿ ❉❡♣❡♥❞❡♥❝❡ ♦❢ r❡s♦♥❛♥t s❝❛tt❡r✐♥❣✱ ❛❜s♦r♣t✐♦♥ ❛♥❞ ❡①t✐♥❝t✐♦♥ ✇❛✈❡❧❡♥❣t❤s ♦♥ ❣♦❧❞
♥❛♥♦♣❛rt✐❝❧❡s r❛❞✐✉s✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s s❤♦✇ t❤❛t t❤❡ r❡s♦♥❛♥t ✇❛✈❡❧❡♥❣t❤s ❛r❡ ❞✐✛❡r❡♥t ❢♦r
s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥✱ t❤✉s ❡①t✐♥❝t✐♦♥ ❝r♦ss✲s❡❝t✐♦♥ r❡s♦♥❛♥t ✇❛✈❡❧❡♥❣t❤ ✐s ❧②✐♥❣ ❜❡t✇❡❡♥
❛❜s♦r♣t✐♦♥ ❛♥❞ s❝❛tt❡r✐♥❣ ♠❛①✐♠❛✳
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Nanoparticels radius, nm 

Scattering Cross-section 

Absorption Cross-section 

Extinction Cross-section 

❋✐❣✉r❡ ✷✳✽✿ ❉❡♣❡♥❞❡♥❝❡ ♦❢ ❛❜s♦r♣t✐♦♥✱ s❝❛tt❡r✐♥❣ ❛♥❞ ❡①t✐♥❝t✐♦♥ ❝r♦ss✲s❡❝t✐♦♥s ❞❡♣❡♥❞❡♥❝❡ ♦♥
t❤❡ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s r❛❞✐✐✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝r♦ss✲s❡❝t✐♦♥ ✈❛❧✉❡ ❢♦r
s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥✱ ✇❤❛t ❝❤❛♥❣❡s t❤❡ r❡s♦♥❛♥t ✇❛✈❡❧❡♥❣t❤ ♦❢ t❤❡ ❡①t✐♥❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳
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✷✳✽✳ ❊①♣❛♥❞✐♥❣ ▼✐❡ t❤❡♦r② t♦ ❋✐♥✐t❡✲❉✐✛❡r❡♥❝❡ ❋r❡q✉❡♥❝②✲❉♦♠❛✐♥ ♠❡t❤♦❞

✷✳✽ ❊①♣❛♥❞✐♥❣ ▼✐❡ t❤❡♦r② t♦ ❋✐♥✐t❡✲❉✐✛❡r❡♥❝❡ ❋r❡q✉❡♥❝②✲❉♦♠❛✐♥
♠❡t❤♦❞

■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❜② ▼✐❡ t♦ t❤❡ ❋✐♥✐t❡✲❉✐✛❡r❡♥❝❡
❋r❡q✉❡♥❝②✲❉♦♠❛✐♥ ♠❡t❤♦❞ ✐s ❞❡s❝r✐❜❡❞ ❢✉rt❤❡r✳ ❚❤❡ ❋❉❋❉ ♠❡t❤♦❞ ✐s ❛ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥
♠❡t❤♦❞ ❢♦r ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♣r♦❜❧❡♠s✳ ❚❤❡ ❋❉❋❉ ✐s ❜❛s❡❞ ♦♥ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢
t❤❡ ❞❡r✐✈❛t✐✈❡ ♦♣❡r❛t♦rs ✐♥ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❜❡✐♥❣ s♦❧✈❡❞✳ ❚❤✐s ♠❡t❤♦❞ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❜②
✉s❡ ♦❢ ❛ ❨❡❡ ❣r✐❞ ❬❙❝❤♥❡✐❞❡r ❛♥❞ ❑r✉❤❧❛❦✱ ✷✵✵✶❪✱ ✇❤✐❝❤ ✭✶✮ ✐♠♣❧✐❝✐t❧② s❛t✐s✜❡s t❤❡ ③❡r♦ ❞✐✈❡r❣❡♥❝❡
❝♦♥❞✐t✐♦♥s t♦ ❛✈♦✐❞ s♣✉r✐♦✉s s♦❧✉t✐♦♥s✱ ✭✷✮ ✐t ♥❛t✉r❛❧❧② ❤❛♥❞❧❡s ♣❤②s✐❝❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱
❛♥❞ ✭✸✮ ✐t ♣r♦✈✐❞❡s ❛ ✈❡r② ❡❧❡❣❛♥t ❛♥❞ ❝♦♠♣❛❝t ✇❛② ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❝✉r❧ ❡q✉❛t✐♦♥s ✇✐t❤
✜♥✐t❡✲❞✐✛❡r❡♥❝❡s✳ ❚❤❡ ❡①❛♠♣❧❡ ♦❢ ❛ ❨❡❡✬s ❣r✐❞ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✷✳✾✳ ▲❡t✬s ❞❡✜♥❡ t❤❡ ❣❡♦♠❡tr②
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Ex Ex 

Ex Ex 

❋✐❣✉r❡ ✷✳✾✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❨❡❡✬s ❣r✐❞ ❛♥❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✈❡❝t♦rs ♣♦s✐t✐♦♥s ♦♥ t❤❡ ❜♦r❞❡r ✐♥
✸❉ ❞♦♠❛✐♥✳ ❆ ❨❡❡✬s ❣r✐❞ ✐s ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ✐♥ ❛ ♠❡❞✐✉♠✳

♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞ t❤❡ ♠❡❞✐✉♠ ✐t ✐s ❡♠❜❡❞❞❡❞ t♦✿ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ❛ ♠❡t❛❧ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡
♦❢ ❛ r❛❞✐✉s r ✐♥ ❛ ❞✐❡❧❡❝tr✐❝ ♠❡❞✐✉♠ ✭✇❛t❡r✮ ✇✐t❤ n ❂ ✶✳✸✸✳ ❉✉❡ t♦ t❤❡ s②♠♠❡tr② ♦❢ t❤❡ ♣r♦❜❧❡♠
♣♦s❡❞ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥s✐❞❡r ❛ q✉❛rt❡r ♦❢ t❤❡ ♠❡❞✐❛✱ ♠❡s❤❡❞ ✇✐t❤ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❜❧♦❝❦s✿
❧❛②❡rs ♦❢ ❝❡rt❛✐♥ t❤✐❝❦♥❡ss ❛♥❞ t❡tr❛❤❡❞r♦♥s t♦ ✜t ♣❤②s✐❝❛❧ ❝♦♥❞✐t✐♦♥s ✭s❡❡ ❋✐❣✳ ✷✳✶✵✮✳ ❚❤❡ t✐♠❡ ♦❢
❝❛❧❝✉❧❛t✐♦♥s ❞❡♣❡♥❞s ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❞♦♠❛✐♥s✱ ✇❤✐❝❤ ✐♥ t✉r♥ r❡s✉❧ts ✐♥ t❤❡ s♦❧✉t✐♦♥ ❛❝❝✉r❛❝②✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ♣r❡❝✐s✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✿

δmaxmeshelement = λ/6

δPML = δmedium = λ/2.

■♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✇❡r❡ ❛s ❢♦❧❧♦✇s✿

E0 = 1V/m
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❈❤❛♣t❡r ✷✳ ▼♦❞❡❧✐♥❣ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s

λ = 350 : 2 : 850nm

r = 5 : 5 : 50nm

✳ ❚❤❡ ❧✐❣❤t ✐s ❝♦✲❞✐r❡❝t✐♦♥❛❧ t♦ t❤❡ z✲❛①✐s✱ E = E0e
−ikx✳ ❉✉❡ t♦ t❤❡ s②♠♠❡tr② ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥

♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡✱ t❤❡ XZ ♣❧❛♥❡ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❛ P❡r❢❡❝t ▼❛❣♥❡t✐❝ ❈♦♥❞✉❝t♦r

✭P▼❈✮✱ −→n ×−→
H = 0✱ ❛♥❞ t❤❡ XY ♣❧❛♥❡ ❛s ❛ P❡r❢❡❝t ❊❧❡❝tr✐❝ ❈♦♥❞✉❝t♦r ✭P❊❈✮✱ −→n ×−→

❊ = 0✱ t❤❡
♠❛❣♥❡t✐❝ ✜❡❧❞✿ −→

❇ = µ0µr
−→
❍. ✭✷✳✶✸✮

PML 

Nanoparticle 

Dielectric 

media 

❋✐❣✉r❡ ✷✳✶✵✿ ❙❛♠♣❧❡ ♦❢ t❤❡ ❣❡♦♠❡tr② ❛♥❞ t❤❡ ♠❡s❤✐♥❣ ♦❢ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ❛♥❞ ❛ ♠❡❞✐✉♠✳ P▼▲ ✐s
♣❡r❢❡❝t❧② ♠❛t❝❤❡❞ ❧❛②❡r ✇❤✐❝❤ ✐s ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ s❝❛tt❡r❡❞ ❢❛r ✜❧❡❞ r❡s✉❧t✐♥❣ ✐♥ t❤❡ ✐♥✜♥✐t❡
♠❡❞✐❛ ✐s tr✉♥❝❛t✐♦♥ ❛♥❞ ❝♦♥s❡q✉❡♥t r❡❞✉❝❡ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳ ❉✐❡❧❡❝tr✐❝ ♠❡❞✐❛ ✲ ✐s t❤❡
♠❡❞✐❛ ✇❤❡r❡ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡ ✐s ♣❧❛❝❡❞✱ ✐t ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② nmedium✱ ✇❤✐❧❡ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡
❞♦♠❛✐♥ ✐s t❤❡ ♥❛♥♦♣❛rt✐❝❧❡ ✐ts❡❧❢ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐ts r❡❢r❛❝t✐✈❡ ✐♥❞❡① ❛♥❞ ✐ts ❡①t✐♥❝t✐♦♥ ❝♦❡✣❝✐❡♥t

❚❤❡ s❝❛tt❡r✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ s❝❛tt❡r❡❞ ❢❛r ✜❡❧❞ ❛♥❞ t♦ ✉s❡
tr✉♥❝❛t❡❞ ♠❡❞✐❛✱ ❝♦♥s✐❞❡r❡❞ ❛s ✐♥✜♥✐t❡✱ ✇❤✐❝❤ ❛❧❧♦✇s t✐♠❡ ❣❛✐♥✐♥❣✿

♥× (▽× (
−→
❊ +

−→
❊ b))− (jk +

1

r
)−→♥ × (

−→
❊ ×−→♥ ) = 0 ✭✷✳✶✹✮

❲❛✈❡ ❡q✉❛t✐♦♥✿

▽× µ−1
r (▽×−→

❊ )− k20(εr −
jσ

ωε0
) = 0. ✭✷✳✶✺✮

✷✳✽✳✶ ❘❡s✉❧ts

❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✷✳✶✶ ❛♥❞ ✷✳✶✷✳
❙❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ r❡s♦♥❛♥❝❡ ♣✐❝❦s ❛r❡ r❡❞✲s❤✐❢t❡❞ ✇✐t❤ ❣r♦✇t❤ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡ s✐③❡✳

✹✷



✷✳✽✳ ❊①♣❛♥❞✐♥❣ ▼✐❡ t❤❡♦r② t♦ ❋✐♥✐t❡✲❉✐✛❡r❡♥❝❡ ❋r❡q✉❡♥❝②✲❉♦♠❛✐♥ ♠❡t❤♦❞
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Wavelength (λ), nm 

ACS, r = 10 nm 

ACS, r = 20 nm 

ACS, r = 30 nm 

ACS, r = 40 nm 

ACS, r = 50 nm 

❋✐❣✉r❡ ✷✳✶✶✿ ◆♦r♠❛❧✐③❡❞ ❛❜s♦r♣t✐♦♥ ❝r♦ss✲s❡❝t✐♦♥s ❢♦r ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s✱ r❛❞✐✉s✱ r✿ ✶✵✱ ✷✵✱ ✸✵✱
✹✵ ❛♥❞ ✺✵ ♥♠✳ ❚❤❡ ❣r❛♣❤ s❤♦✇s r❡❞✲s❤✐❢t ♦❢ r❡s♦♥❛♥t ✇❛✈❡❧❡♥❣t❤ ✇✐t❤ ❣r♦✇t❤ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡
r❛❞✐✉s✳
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Wavelength (λ), nm 

SCS, r = 20 nm 

SCS, r = 30 nm 

SCS, r = 40 nm 

SCS, r = 50 nm 

❋✐❣✉r❡ ✷✳✶✷✿ ◆♦r♠❛❧✐③❡❞ s❝❛tt❡r✐♥❣ ❝r♦ss✲s❡❝t✐♦♥s ❢♦r ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s✱ r❛❞✐✉s✱ r✿ ✷✵✱ ✸✵✱ ✹✵ ❛♥❞
✺✵ ♥♠✳ ❚❤❡ ❣r❛♣❤ s❤♦✇s r❡❞✲s❤✐❢t ♦❢ r❡s♦♥❛♥t ✇❛✈❡❧❡♥❣t❤ ✇✐t❤ ❣r♦✇t❤ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡ r❛❞✐✉s✳

✹✸



❈❤❛♣t❡r ✷✳ ▼♦❞❡❧✐♥❣ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s

✷✳✾ ❊①♣❡r✐♠❡♥t❛❧ ❡st✐♠❛t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s

❙♣❡❝tr♦♣❤♦t♦♠❡t❡r ✐s ❛ ❞❡✈✐❝❡ ❢♦r ❞❡t❡r♠✐♥✐♥❣ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❛ t✉r❜✐❞ ♦r r❡✢❡❝t✐♥❣ ♠❡❞✐❛✳
❚♦ ❡st✐♠❛t❡ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s✱ t❤❡ ❍✐t❛❝❤✐ ❯✲✸✹✵✵ s♣❡❝tr♦♣❤♦t♦♠❡t❡r ✇❛s
✉s❡❞✳ ❙♣❡❝tr❛ ✇❡r❡ t❛❦❡♥ ✐♥ t❤❡ ✇❛✈❡❧❡♥❣t❤ s❝❛♥♥✐♥❣ ♠♦❞❡✱ t❤❡ r❛♥❣❡ ♦❢ ✇❛✈❡❧❡♥❣t❤s s❝❛♥♥❡❞
✇❛s ✸✺✵✲✽✺✵ ♥♠✳ ❚❤❡ ❞♦✉❜❧❡ ❜❡❛♠ s❝❤❡♠❡ ❛❧❧♦✇s ❢♦r ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❡①t✐♥❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳

✷✳✾✳✶ ❉♦✉❜❧❡ ❜❡❛♠ s❝❤❡♠❡

❚❤❡ s♣❡❝tr♦♣❤♦t♦♠❡t❡r ❍✐t❛❝❤✐ ❯✲✸✹✵✵ ❛❧❧♦✇s ❢♦r ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❧✐❣❤t ❛tt❡♥✉❛t✐♦♥ ✐♥ ❛ t✉r✲
❜✐❞ ♠❡❞✐❛ ❜② ♠❡❛s✉r✐♥❣ t❤❡ ❧✐❣❤t tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤ t✇♦ ❝✉✈❡tt❡s✿ ✜rst ❝♦♥t❛✐♥s ❛ s♦❧✉t✐♦♥
♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞ t❤❡ s❡❝♦♥❞ ✲ ❛ s♦❧✈❡♥t✳ ■♥ t❤❡ ❞♦✉❜❧❡ ❜❡❛♠ s❝❤❡♠❡✱ t❤❡ ❡♥❡r❣② ❢r♦♠ t❤❡
❧✐❣❤t s♦✉r❝❡ ✐s ❞✐✈✐❞❡❞ ❢♦r t✇♦ ❜❡❛♠s ❜② ♠❡❛♥s ♦❢ t❤❡ ❤❛❧❢ ♠✐rr♦r✱ t❤❡ ❧✐❣❤t ♣❛ss❡s t❤❡ s❛♠❡
❞✐st❛♥❝❡ ❢r♦♠ t❤❡ s♦✉r❝❡ t♦ ❡❛❝❤ ❝✉✈❡tt❡✱ ❛❜s♦r❜❡❞ ❛♥❞ s❝❛tt❡r❡❞ ✐♥ ❛ s❛♠♣❧❡ ❛♥❞ ✐♥ ❛ r❡❢❡r❡♥❝❡
s♦❧✉t✐♦♥ ✭s♦❧✈❡♥t✮ ❛♥❞ t❤❡♥ ✐s ❝♦❧❧❡❝t❡❞ ❜② ♣❤♦t♦♠✉❧t✐♣❧✐❡rs✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ s❝❤❡♠❡ ✐s ♣r❡s❡♥t❡❞
✐♥ t❤❡ ❋✐❣✳ ✷✳✶✸✳ ❚❤✉s✱ t❤❡ ❡①t✐♥❝t✐♦♥ s♣❡❝tr✉♠ ✐s ❡st✐♠❛t❡❞ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s♦❧✈❡♥t
♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s s✉❝❤✇✐s❡ ❛✈♦✐❞✐♥❣ ✐ts ✐♥✢✉❡♥❝❡ ♦♥ ❛ s❛♠♣❧❡ ❡①t✐♥❝t✐♦♥✳ ❚❤❡ ❝✉✈❡tt❡s ✇❡r❡ ✶✵
♠♠ ✇✐❞t❤✱ ✇❤✐❝❤ ✐s t❤❡ ♦♣t✐❝❛❧ ✇❛② ♣❛ss❡❞ ❜② ❧✐❣❤t✱ l✳ ■♥ t❤✐s s❝❤❡♠❡ t❤❡ ❝♦❧❧✐♠❛t❡❞ tr❛♥s♠✐s✲
s✐♦♥ ✇❛s ♠❡❛s✉r❡❞✱ Tc✱ ✇❤✐❝❤ ✐♥ ✜rst ❛♣♣r♦①✐♠❛t✐♦♥ ❡q✉❛❧s t♦ t❤❡ ✇❤♦❧❡ tr❛♥s♠✐ss✐♦♥✱ ✇❤✐❝❤ ✐s
✉s✉❛❧❧② ♠❡❛s✉r❡❞ ✇✐t❤ t❤❡ s❛♠♣❧❡ ✐♥ ❢r♦♥t ♦❢ t❤❡ s♣❤❡r❡✱ ❛s s♦♦♥ ❛s t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥ t❤✐s
❡①♣❡r✐♠❡♥t ♠♦st❧② ❛❜s♦r❜ ❧✐❣❤t✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ t❛❦❡♥ ❢♦r s❡✈❡r❛❧ t②♣❡s ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s✿

Concave diffraction grating 

Entrance slit 

Exit slit 

Filter 

Mirror 

Mirror 

Half 

Mirror 

Monochromator 

Sample 

compartment 

WI lamp 

D2 lamp 

Mirror 

Lens 

Lens Detector 2 

Detector 1 

❋✐❣✉r❡ ✷✳✶✸✿ ❉♦✉❜❧❡✲❜❡❛♠ s❝❤❡♠❡ ♦❢ t❤❡ s♣❡❝tr♦❢♦t♦♠❡t❡r ✐s ✉s❡❞ t♦ ♠❡❛s✉r❡ tr❛♥s♠✐ss✐♦♥✱ T ✱
❜② ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ❛♥❞ ✐ts s♦❧✈❡♥t✳

❣♦❧❞ ♥❛♥♦s♣❤❡r❡s ❛♥❞ ❣♦❧❞ ♥❛♥♦st❛rs✳ ❚❤❡ ❣♦❧❞ ♥❛♥♦st❛rs ✇❡r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❈❛❧✐♥ ❍r❡❧❡s❝✉
✭■♥st✐t✉t❡ ♦❢ ❆♣♣❧✐❡❞ ♣❤②s✐❝s ❛♥❞ ❏♦❤❛♥♥❡s ❑❡♣❧❡r ❯♥✐✈❡rs✐t②✱ ❆✉str✐❛✮✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡
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✷✳✶✵✳ ❍♦♥✐♦♣❤♦t♦♠❡tr②

♥❛♥♦♣❛rt✐❝❧❡ s②♥t❤❡s✐s ❝♦✉❧❞ ❜❡ ❢♦✉♥❞ ❡❧s❡✇❤❡r❡ ❬❍r❡❧❡s❝✉ ❡t ❛❧✳✱ ✷✵✶✶❪✳ ■♥❞✐✈✐❞✉❛❧ ❣♦❧❞ ♥❛♥♦st❛rs
s❤♦✇ ❞✐✛❡r❡♥t ❡✛❡❝ts ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ ✐♥❝✐❞❡♥t ❧✐❣❤t t♦ ❛ ♥❛♥♦st❛r✳

✷✳✾✳✷ ■♥t❡❣r❛t✐♥❣ s♣❤❡r❡ ♠❡❛s✉r❡♠❡♥ts

■♥t❡❣r❛t✐♥❣ s♣❤❡r❡ ❛❝❝❡ss♦r② ♠♦✉♥t❡❞ ✐♥ t❤❡ s♣❡❝t♦♣❤♦t♦♠❡t❡r ❍✐t❛❝❤✐ ❯✲✸✹✵✵ ❛❧❧♦✇s ❢♦r ❞❡t❡r✲
♠✐♥✐♥❣ t❤❡ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ s❛♠❡ s♦❧✉t✐♦♥✳ ❚❤❡ s❝❤❡♠❡ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✷✳✶✹✳
❚❤❡ s❛♠♣❧❡ ✇❛s ♠❛❞❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥❛♥♦♣❛t✐❝❧❡s ✐♥ ❞✐st✐❧❧❡❞ ✇❛t❡r
✇❛s ♣❧❛❝❡❞ ❜❡t✇❡❡♥ t✇♦ t❤✐♥ r♦✉♥❞ ❣❧❛ss❡s ✇❤✐❝❤ ❛r❡ s❡♣❛r❛t❡❞ ❜② s✐❧✐❝♦♥ r✐♥❣ ♦❢ t❤✐❝❦♥❡ss ✵✳✺
♠♠✱ ❜❡❤✐♥❞ t❤❡ ❣❧❛ss t❤❡ ✇❤✐t❡ ♣❛♣❡r ✇❛s ♣❧❛❝❡❞ t♦ ❛✈♦✐❞ ❛❜s♦r♣t✐♦♥ ❛♥❞ t♦ ❢✉❧✜❧❧ t❤❡ ❝♦♥❞✐t✐♦♥
♦❢ ❞✐✛✉s❡ r❡✢❡❝t✐♦♥✳ ❚❤❡ r❡❢❡r❡♥❝❡ s❛♠♣❧❡ ✇❛s ♠❛❞❡ ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ❚❤❡r❡❜② t❤❡ ❧✐❣❤t ✐s
tr❛✈❡❧✐♥❣ ❞♦✉❜❧❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❣❧❛ss❡s✱ ✶ ♠♠✱ ❜❡❢♦r❡ ✐t ✐s s❝❛tt❡r❡❞ t♦ t❤❡ ✐♥t❡❣r❛t✐♥❣
s♣❤❡r❡✳ ❚❤✉s r❡✢❡❝t❛♥❝❡✱ R✱ ✇❛s ♠❡❛s✉r❡❞✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s✱ ✐t ✇❛s

Concave diffraction 
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WI lamp 

D2 lamp 

Mirror 

Reference 

S
am

p
le 

Detector  

❋✐❣✉r❡ ✷✳✶✹✿ ■♥t❡❣r❛t✐♥❣ s❝❤❡♠❡ ♦❢ t❤❡ s♣❡❝tr♦♣❤♦t♦♠❡t❡r ✉s❡❞ t♦ ♠❡❛s✉r❡ r❡✢❡❝t✐♦♥✱ R✱ ♦❢ t❤❡
s♦❧✉t✐♦♥ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ❜② ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ✐ts s♦❧✈❡♥t ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❜❡❛♠✳ ■❢ t❤❡ s♦❧✉t✐♦♥
✐s ♣❧❛❝❡❞ ❛t t❤❡ ❡♥tr❛♥❝❡ ♦❢ t❤❡ ✐♥t❡❣r❛t✐♥❣ s❝❤❡♠❡✱ t❤❡♥ t❤❡ ❝♦❧❧✐♠❛t❡❞ ❚r❛♥s♠✐ss✐♦♥ ✐s ♠❡❛s✉r❡❞✱
Tc✳

❡st✐♠❛t❡❞✱ t❤❛t s♠❛❧❧ ♥❛♥♦♣❛rt✐❝❧❡s ❛r❡ s❝❛tt❡r✐♥❣ ♠✉❝❤ ❧❡ss t❤❛♥ t❤❡② ❞♦ ❛❜s♦r❜✱ s♦ t❤❡ ❝♦❧❧✐✲
♠❛t❡❞ tr❛♥s♠✐ss✐♦♥ ❡q✉❛❧s t♦ tr❛♥s♠✐ss✐♦♥✱ t❤✉s t❤❡ ❝♦❧❧✐♠❛t❡❞ tr❛♥s♠✐ss✐♦♥ ✇❛s ♥♦t ♠❡❛s✉r❡❞✱
❜❡❝❛✉s❡ s❝❛tt❡r✐♥❣ ❝♦✉❧❞ ❜❡ ♥❡❣❧❡❝t❡❞ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ ❛❜s♦r♣t✐♦♥✳

✷✳✶✵ ❍♦♥✐♦♣❤♦t♦♠❡tr②

P❤❛s❡ ❢✉♥❝t✐♦♥ ✇❛s ♦❜t❛✐♥❡❞ ✇✐t❤ ❉②♥❛♠✐❝ ▲✐❣❤t ❙❝❛tt❡r✐♥❣ ✭❉▲❙✮ s②st❡♠ ✭P❤♦t♦❝♦r✱ ▲t❞✳✮
✇❤✐❝❤ ❣❡♦♠❡tr② ✐s s❦❡t❝❤❡❞ ✐♥ t❤❡ ❋✐❣✳ ✷✳✶✺✳ ❚❤❡ s❛♠♣❧❡ ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s s♦❧✉t✐♦♥ ✐♥ ❞✐st✐❧❧❡❞

✹✺



❈❤❛♣t❡r ✷✳ ▼♦❞❡❧✐♥❣ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s

✇❛t❡r ✇❛s ♣❧❛❝❡❞ ✐♥ ❛ r♦✉♥❞ ❣❧❛ss t❡st✲t✉❜❡✱ t❤❡ t❡♠♣❡r❛t✉r❡ ✇❛s ❦❡♣t st❛❜❧❡ ❜② t❤❡r♠♦st❛t ✭✷✵
0❈✮✱ t❤❡ s♦❧✈❡♥t ✇❛s ❞✐st✐❧❧❡❞ ✇❛t❡r✱ ✇❤✐❝❤ ✇❛s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✇❤✐❧❡ t❛❦✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥ts✳
❚❤❡ s②st❡♠ ❛❧❧♦✇s ❢♦r ❛♥❣❧❡✲r❡s♦❧✈❡❞ ♠❡❛s✉r❡♠❡♥ts ✐♥ t❤❡ ✹✵✲✶✸✵ ❞❡❣r❡❡s r❛♥❣❡✳ ❚❤❡ st❡♣ ✇❛s
✺ ❞❡❣r❡❡s✱ ❡❛❝❤ ♣♦✐♥t ✇❛s ♠❡❛s✉r❡❞ ❞✉r✐♥❣ ✻✵ s❡❝♦♥❞s✳ ▲✐❣❤t s♦✉r❝❡ ✇❛s t❤❡ ❍❡✲◆❡ ❧❛s❡r ✇✐t❤
✻✸✷✳✽ ♥♠ ♦✉t♣✉t ✇❛✈❡❧❡♥❣t❤✳ ❚♦ ♠❡❛s✉r❡ t❤❡ ❛♥✐s♦tr♦♣② ❝♦❡✣❝✐❡♥t t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s
✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ s❤♦✉❧❞ ✜t t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ♦♥❡✲❡✈❡♥t s❝❛tt❡r✐♥❣✱ ✐✳ ❡✳ t❤❡ ❧✐❣❤t s❤♦✉❧❞ ❜❡
s❝❛tt❡r❡❞ ♦♥❧② ♦♥❝❡ ❜❡❢♦r❡ ✐t ❜❡✐♥❣ ❞❡t❡❝t❡❞ ❜② ❛ ♣❤♦t♦♥ ❝♦✉♥t❡r✳ ❚♦ ❝❛❧❝✉❧❛t❡ t❤✐s t❤❡ ❢♦❧❧♦✇✐♥❣
❡q✉❛t✐♦♥ ✇❛s ✉s❡❞ ✭✷✳✶✻✮❬❉✉ ▲❡ ❡t ❛❧✳✱ ✷✵✶✹❪✿

N =
6x

yπd3
, ✭✷✳✶✻✮

✇❤❡r❡ x ✐s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥✱ ❣✴♠❧✱ y ✐s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♣❛rt✐❝❧❡✬s ♠❛t❡r✐❛❧✱ ❣✴♠❧ ❛♥❞ d st❛♥❞s
❢♦r t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ♣❛rt✐❝❧❡✱ µ♠✳ ❚❤❡ ♠❡❛s✉r❡❞ ♣❤❛s❡ ❢✉♥❝t✐♦♥ ✇❛s ✜tt❡❞ ✇✐t❤ ♠♦❞✐✜❡❞

Laser, 632.8 

nm 

Lens 

Sample 

Thermostat 

Lens 

Detector 

Goniometer  

❋✐❣✉r❡ ✷✳✶✺✿ ❉②♥❛♠✐❝ ❧✐❣❤t s❝❛tt❡r✐♥❣ s❝❤❡♠❡ ✇❛s ✉s❡❞ t♦ ♠❡❛s✉r❡ t❤❡ s✐③❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ❛t
t❤❡ ❛♥❣❧❡ ♦❢ ✸✵0✱ t❤❡ ♣❤❛s❡ ❢✉♥❝t✐♦♥ ✇❛s ♠❡❛s✉r❡❞ ❢r♦♠ ✸✵ ❞❡❣r❡❡s t♦ ✶✹✵✳

❍❡②♥❡②✲●r❡❡♥st❡✐♥ ❢✉♥❝t✐♦♥ ✭s❡❡ ❊q✳ ✭✷✳✶✼✮✮ ❜② t❤❡ ❧❡❛st sq✉❛r❡s ♠❡t❤♦❞✳

P (θ) =
1

4π
(b+ (1− b)

1− g2

(1 + g2 − 2g cos θ)
3
2

, ✭✷✳✶✼✮

✇❤❡r❡ b ✐s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✐s♦tr♦♣✐❝ s❝❛tt❡r✐♥❣✳ ❚❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❛♥ ❛♥✐s♦tr♦♣② ❢❛❝t♦r ❛❧❧♦✇s ❢♦r
❞❡t❡r♠✐♥✐♥❣ s❝❛tt❡r✐♥❣ r❡❞✉❝❡❞ ❝♦❡✣❝✐❡♥t✱µ′s✱ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ✭s❡❡ ❊q✳ ✭✷✳✶✽✮✮✿

µ′s = µs(1− g). ✭✷✳✶✽✮

✷✳✶✶ ❙✉♠♠❛r②

❚❤❡ ♦♣t✐❝❛❧ ❞❡♥s✐t② ♦❢ t❤❡ ❣♦❧❞ ♥❛♥♦s♣❤❡r❡s ❛♥❞ ♥❛♥♦st❛rs ♠❡❛s✉r❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ ❞♦✉❜❧❡✲❜❡❛♠
s❝❤❡♠❡ ❛♥❞ t❤❡ ✐♥t❡❣r❛t✐♦♥ s♣❤❡r❡ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✷✳✶✻✳

✹✻



✷✳✶✶✳ ❙✉♠♠❛r②
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❋✐❣✉r❡ ✷✳✶✻✿ ❘❡❧❛t✐✈❡ ❛❜s♦r♣t✐♦♥ ♦❢ t❤❡ ❣♦❧❞ ♥❛♥♦s♣❤❡r❡s ❛♥❞ ♥❛♥♦st❛rs ♠❡❛s✉r❡❞ ❜② ♠❡❛♥s ♦❢
t❤❡ t✇♦✲❜❡❛♠ s❝❤❡♠❡

✷✳✶✶✳✶ ◆❛♥♦♣❛rt✐❝❧❡ s✐③❡ ♠❡❛s✉r❡♠❡♥ts ✇✐t❤ ❉②♥❛♠✐❝ ▲✐❣❤t ❙❝❛tt❡r✐♥❣

❚♦ ♠❡❛s✉r❡ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s s✐③❡✱ t❤❡ P❤♦t♦♥✲❈♦rr❡❧❛t✐♦♥ ❙♣❡❝tr♦s❝♦♣② ✭P❈❙✮ t❡❝❤♥✐q✉❡ ✇❛s
✉s❡❞✳ ❚❤❡ P❤♦t♦❝♦r ❙②st❡♠ ✭P❤♦t♦❝♦r✱ ▲t❞✳✮ ✐s ❛❧s♦ ❞❡s✐❣♥❡❞ t♦ ♠❡❛s✉r❡ s✉❜✲♠✐❝r♦♥ ♣❛rt✐❝❧❡
s✐③❡s✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♠❛❞❡ ✇✐t❤ t❤❡ s❛♠❡ s❛♠♣❧❡✱ ❢♦❧❧♦✇✐♥❣ t❤❡ st❡♣s ♦❢ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥ ✷✳✶✵✱ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✇❛s t❤❛t t❤❡ ❛♥❣❧❡ ♦❢ t❤❡ ❤♦♥✐♦♣❤♦t♦♠❡t❡r ✇❛s ✜①❡❞ ♦♥ ❛ s✐♥❣❧❡
❛♥❣❧❡ ♦❢ ✸✵ ❞❡❣r❡❡s ❛♥❞ s✐❣♥❛❧ ✇❛s ❝♦❧❧❡❝t❡❞ ❞✉r✐♥❣ ✷ ♠✐♥✉t❡s✳ ❚❤❡ P❈❙ ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ❞❡✲
t❡r♠✐♥✐♥❣ t❤❡ ✈❡❧♦❝✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ♠♦✈❡♠❡♥t✳ ■t ♠❡❛s✉r❡s ❞②♥❛♠✐❝ ✢✉❝t✉❛t✐♦♥s
♦❢ ❛ s❝❛tt❡r❡❞ ❧✐❣❤t ✐♥t❡♥s✐t②✳ ❚❤❡ ❞✐s♣❡rs❡ ♣❛rt✐❝❧❡s ✇❡r❡ s✉s♣❡♥❞❡❞ ✐♥ ✇❛t❡r ❛♥❞ ✉♥❞❡r❣♦♥❡
❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ ✇❤✐❝❤ ❝❛✉s❡s t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ❧♦❝❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✱ r❡✲
s✉❧t✐♥❣ ✐♥ ❧♦❝❛❧ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s ♦❢ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡①✳ ❚❤✐s ✐♥ t✉r♥ r❡s✉❧ts ✐♥ ✢✉❝t✉❛t✐♦♥s ♦❢
✐♥t❡♥s✐t② ♦❢ t❤❡ s❝❛tt❡r❡❞ ❧✐❣❤t✳ ❚❤❡ ❧✐♥❡✇✐❞t❤ ♦❢ t❤❡ ❧✐❣❤t s❝❛tt❡r❡❞ s♣❡❝tr✉♠ Γ ✭❞❡✜♥❡❞ ❛s t❤❡
❢✉❧❧✲✇✐❞t❤ ❛t ❤❛❧❢✲♠❛①✐♠✉♠✮ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ♣❛rt✐❝❧❡s D ✭s❡❡
❊q✳ ✭✷✳✶✾✮✮✿

Γ = Dt

(4πn

λ
sin

(θ

2

))2
, ✭✷✳✶✾✮

✇❤❡r❡ λ ✐s t❤❡ ❍❡✲◆❡ ❧❛s❡r ✇❛✈❡❧❡♥❣t❤✱ ✻✸✷✳✽ ♥♠✱ n ✐s t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ ✇❛t❡r✱ ♣r♦❣r❛♠✲
❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❡♠♣❡r❛t✉r❡✱ θ ✐s t❤❡ s❝❛tt❡r✐♥❣ ❛♥❣❧❡✱ ✸✵0✳ ❚❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t Dt ♦❢
t❤❡ ♣❛rt✐❝❧❡s ✐s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞❡❝❛② t✐♠❡✱ τ ✱ ♦❢ ❧✐❣❤t s❝❛tt❡r✐♥❣ ✢✉❝t✉❛t✐♦♥s✳ ❚❤❡
❞❡❝❛② t✐♠❡ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❝❛tt❡r❡❞ ❧✐❣❤t✱ t❤❡♥
t❤❡ ♠❡❛♥ r❛❞✐✉s ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s♦❧✉t✐♦♥✱ ❛ss✉♠✐♥❣ t❤❡② ❛r❡ s♣❤❡r✐❝❛❧ ❛♥❞ ♥♦♥✲✐♥t❡r❛❝t✐♥❣✱

✹✼



❈❤❛♣t❡r ✷✳ ▼♦❞❡❧✐♥❣ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s

✐s ♦❜t❛✐♥❡❞ ❜② ❊✐♥st❡✐♥✲❙tr♦❦❡s ❡q✉❛t✐♦♥ ✭✭✷✳✷✵✮✮✿

R =
kBT

6πηD
, ✭✷✳✷✵✮

✇❤❡r❡ kB ✐s t❤❡ ❇♦❧t③♠❛♥♥ ❝♦♥st❛♥t✱ T ✐s t❤❡ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❛♥❞ η st❛♥❞s ❢♦r t❤❡
s❤❡❛r ✈✐s❝♦s✐t② ♦❢ t❤❡ s♦❧✈❡♥t✳ ❆❧❧ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ♣r❡❞❡✜♥❡❞ ❜② t❤❡ ♣r♦❣r❛♠ ❛❝❝♦r❞✐♥❣ t♦
t❤❡ ❝❤♦s❡♥ ♠❡❞✐❛ ❛♥❞ t❤❡ s❡t t❡♠♣❡r❛t✉r❡ ✭T ❂ ✷✵ 0❈✮✳ ❚❤❡ ✐♥♥❡r ❞✐❛♠❡t❡r ♦❢ t❤❡ ❣❧❛ss r♦✉♥❞
❝✉✈❡tt❡ ✇❛s ✶✵ ♠♠✱ ✸✳✺ µ❧ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ✇❡r❡ ❛❞❞❡❞ t♦ ✸ ♠❧ ♦❢ ✇❛t❡r✱ ❣♦❧❞ ❞❡♥s✐t② ✐s ✶✾✳✸
❣✴♠❧✳ ❚❤❡♥✱ ❛❝❝♦r❞✐♥❣ t♦ ❊q✳ ✭✷✳✶✻✮ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ♣❡r ❝✉❜✐❝ µ♠ ✇❛s ❡st✐♠❛t❡❞ 3.24 10−3✳
❚❤❡ ♠❡❛s✉r❡❞ ❞✐❛♠❡t❡r ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✇❛s ✭✶✹✳✵±✶✳✷✮ ♥♠✳

✷✳✶✶✳✷ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts

❚❤❡ ❣r♦✉♣ ♦❢ s❝✐❡♥t✐sts ❬❍❛✐ss ❡t ❛❧✳✱ ✷✵✵✼❪ ❞❡✜♥❡❞ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡ ❞✐❛♠❡t❡r d ✉s✐♥❣ t❤❡ ❡①♣❡r✐✲
♠❡♥t❛❧ ❡①t✐♥❝t✐♦♥ s♣❡❝tr❛ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿

d = e
B1

Aspr
A450

−B2 , ✭✷✳✷✶✮

✇❤❡r❡ B1 ❛♥❞ B2 ❛r❡ t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ❞❡✜♥❡❞ ❝♦❡✣❝✐❡♥ts✱ B1 ❂ ✸✳✵✵ ❛♥❞ B2 ❂ ✷✳✷✵✱ ❣✐✈✐♥❣
t❤❡ ❡rr♦r ✐♥ ❞✐❛♠❡t❡r ❞❡t❡r♠✐♥❛t✐♦♥ ♥♦ ♠♦r❡ t❤❛♥ ✶✶✪✱ Aspr ✐s t❤❡ ❡①t✐♥❝t✐♦♥ ❝♦❡✣❝✐❡♥t ♦♥ t❤❡
♠❛①✐♠✉♠ ♦❢ t❤❡ s✉r❢❛❝❡ ♣❧❛s♠♦♥ r❡s♦♥❛♥❝❡ ❛♥❞ A450 st❛♥❞s ❢♦r t❤❡ ❡①t✐♥❝t✐♦♥ ❝♦❡✣❝✐❡♥t ♦♥ ✹✺✵
♥♠ ✇❛✈❡❧❡♥❣t❤✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡✐r r❡s✉❧ts t❤❡ ♥❛♥♦♣❛rt✐❝❧❡ ❞✐❛♠❡t❡r ✇❛s ❞❡t❡r♠✐♥❡❞ ❛s ✭✶✸✳✵±✶✳✹✮♥♠✱ ✇❤❛t
❝♦rr❡s♣♦♥❞s ✇✐t❤ ♦✉r r❡s✉❧t ♦❢ t❤❡ ❉▲❙ ♠❡❛s✉r❡♠❡♥ts✱ ✇❤✐❝❤ ❣❛✈❡ ✭✶✹✳✵±✶✳✷✮ ♥♠ ❞✐❛♠❡t❡r✳

✷✳✶✷ ▲♦❝❛❧ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ✐♥ ❞✐♠❡r ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s

■♥ t❤❡ s②st❡♠ ♦❢ t✇♦ ♥❛♥♦♣❛rt✐❝❧❡s ❡♥❡r❣② ♠✐❣r❛t✐♦♥ ✐s ♣♦ss✐❜❧❡ ❞✉❡ t♦ ❡❧❡❝tr♦♥s ✐♥t❡r❛❝t✐♦♥✳
❆ ❣r♦✉♣ ♦❢ ♣r♦❢❡ss♦r ❑✐❦ ♠♦❞❡❧❡❞ t❤❡ ❝❛s❝❛❞❡❞ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ✐♥ t❤❡ s②st❡♠ ♦❢ t✇♦ s✐❧✈❡r
♥❛♥♦♣❛rt✐❝❧❡s✳ ❚❤❡② s❤♦✇❡❞ t❤❛t t❤❡ ❧✐❣❤t ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t✇♦ s✐❧✈❡r ♥❛♥♦s♣❤❡r❡s ♦❢ ❞✐✛❡r❡♥t
✈♦❧✉♠❡ r❛t✐♦ r❡s✉❧ts ✐♥ t❤❡ ❧♦❝❛❧ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ♦♥ ❛ s♠❛❧❧❡st ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s✱ ❞❡♣❡♥❞✐♥❣
♦♥ ❛ ❣❡♦♠❡tr② ♦❢ ❛ ❞✐♠❡r✿ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ♥❛♥♦s♣❤❡r❡s ❛♥❞ t❤❡✐r ✈♦❧✉♠❡s r❛t✐♦✳ ❋♦r ❛ s✐❧✈❡r
❞✐♠❡r ✐♥ ❛ ❤♦st ✇✐t❤ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ ✶✳✺✱ t❤❡ ♠❛①✐♠✉♠ ✐♥t❡r♥❛❧ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ♦❢ 2.9 · 103
✇❛s ♦❜t❛✐♥❡❞✱ ✇❤✐❝❤ ✐s ✼✺ t✐♠❡s ❧❛r❣❡r t❤❛♥ t❤❛t ♦❢ ❛♥ ✐s♦❧❛t❡❞ s✐❧✈❡r ♥❛♥♦♣❛rt✐❝❧❡✳ ❋♦❧❧♦✇✐♥❣
t❤❡✐r t❤❡♦r❡t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s✱ ❛ s②st❡♠ ♦❢ t✇♦ ♥❛♥♦s♣❤❡r❡s ✇❛s ♠♦❞❡❧❡❞ ❛s ✐♥t❡r❛❝t✐♥❣ ❞✐♣♦❧❡s
❡✈❡♥ t❤♦✉❣❤ t❤❡② ❤❛✈❡ ✜♥✐t❡ s✐③❡s ❬❚♦r♦❣❤✐ ❛♥❞ ❑✐❦✱ ✷✵✶✷❜✱ ❚♦r♦❣❤✐ ❛♥❞ ❑✐❦✱ ✷✵✶✷❛❪✳ ❚❤❡s❡
t❤❡♦r❡t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ♦t❤❡r t②♣❡s ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♠❛❞❡ ♦❢ ❣♦❧❞ ✐♥ ❝❛s❡ ♦❢
t❤✐s t❤❡s✐s✳ ❊❛❝❤ ♥❛♥♦s♣❤❡r❡ ❤❛s ❛ ♣♦❧❛r✐③❛❜✐❧✐t② ✭s❡❡ ❊q✳ ✷✳✷✷✮✿

α = 3εmεpV
εp − εm
εp + 2εm

, ✭✷✳✷✷✮

✇❤❡r❡ εm ✐s t❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ♦❢ ♠❡❞✐❛✱ εp ✐s t❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ♦❢ ❛ ♠❡t❛❧ ♣❛rt✐❝❧❡ ❛♥❞
Vi st❛♥❞s ❢♦r t❤❡ ✈♦❧✉♠❡ ♦❢ ❛ ♥❛♥♦♣❛rt✐❝❧❡✳ ❇② t❤❡ s✉♣❡r♣♦s✐t✐♦♥ r✉❧❡✱ t❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥t ♦❢ ❛
♥❛♥♦♣❛rt✐❝❧❡ ❛t t❤❡ ♣♦s✐t✐♦♥ ri ✐s ❛ s✉♠ ♦❢ ❛♥ ✐♥❝✐❞❡♥t ✜❡❧❞ ❊0(ri) ❛♥❞ ❛ ✜❡❧❞ ♦❢ ♦t❤❡r ❡❧❡❝tr✐❝
✜❡❧❞s ❛t t❤❡ s❛♠❡ ♣♦✐♥t ri✿

❊np(ri) = ❊0(ri)− ΣjAij♣j , ✭✷✳✷✸✮
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✷✳✶✷✳ ▲♦❝❛❧ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ✐♥ ❞✐♠❡r ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s

✇❤❡r❡ Aij ✐s t❤❡ ❞✐♣♦❧❡ ✐♥t❡r❛❝t✐♦♥ ♠❛tr✐①✳ ■❢ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞ ✐s ♣♦❧❛r✐③❡❞ ♣❛r❛❧❧❡❧ t♦ t❤❡ ❞✐♠❡r
❛①✐s✱ t❤❡♥ t❤❡ ♠❛tr✐① ✐s ❣✐✈❡♥ ❜②✿

❆12 = ❆21 =
eikd

2πε0εm

( ik

d2
− 1

d3

)

, ✭✷✳✷✹✮

✇❤❡r❡ d ✐s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣❛rt✐❝❧❡s ❛♥❞
−→
k ✐s t❤❡ ✇❛✈❡ ✈❡❝t♦r ✐♥ ❛ ♠❡❞✐✉♠✳ ❚❤❡ ❞✐♣♦❧❡

♠♦♠❡♥ts ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ❛r❡ ❛s ❞❡s❝r✐❜❡❞ ❜② ❊q✳ ✷✳✷✺✿

♣1 = α1(E0 −A12p2) ✭✷✳✷✺❛✮

♣2 = α1(E0 −A12p1). ✭✷✳✷✺❜✮

❙♦❧✉t✐♦♥ ❢♦r ♦♥❡ ♣❛rt✐❝❧❡ ✐s ❛s ❢♦❧❧♦✇s ✭s❡❡ ❊q✳ ✷✳✷✻✮✿

p1 = α1
1− α2A12

1− α1α2A2
12

E0 ✭✷✳✷✻✮

❚❤❡♥✱ t❛❦✐♥❣ Enp,1 = p1/α1 ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ t❤❡ ✐♥t❡r♥❛❧ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ηin,1 =
Ein,1/E0 ❛♥❞ t❤❡ r❡❧❛t✐♦♥ Ein/Enp = 3εm/(εp + 2εm) ❞❡✜♥❡❞ ❜② ❊q✳ ✷✳✷✼✿

ηin,1 =
Ein,1

E0
=

3εm
εp + 2εm

1− α2A12

1− α1α2A2
12

. ✭✷✳✷✼✮

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①t❡r♥❛❧ ✜❡❧❞ ✐s t❤❡♥ ✭s❡❡ ❊q✳ ✷✳✷✽✿

ηext,1 =
Ein,1

E0
=

3εp
εp + 2εm

1− α2A12

1− α1α2A2
12

. ✭✷✳✷✽✮

❚❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ❢♦r ❣♦❧❞✱ s✐❧✈❡r ❛♥❞ ❢❡rr✐❝ ❞✐♦①✐❞❡✭■■✮ ♥❛♥♦♣❛rt✐❝❧❡s ✇❛s t❛❦❡♥ ❛s ❝❛❧❝✉❧❛t❡❞
❜❡❢♦r❡ ✐♥ ❊q✳ ✷✳✻✳

❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ ✇❛✈❡❧❡♥❣t❤ r❛♥❣❡ ✸✺✵✲✶✵✵✵ ♥♠ ❛♥❞ ❞✐✛❡r❡♥t r❡❢r❛❝✲
t✐✈❡ ✐♥❞✐❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛✐r nair ❂ ✶✱ t♦ ✇❛t❡r nH20 ❂ ✶✳✸✸✱ t♦ ❛ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ntissue ❂
✶✳✹✹ ❛♥❞ t♦ q✉❛rt③ nquartz ❂ ✶✳✺✹✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡s s❤♦✇ t❤❡ ❞❡s❝❡♥t ♦❢ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t
✐♥ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ❞✐♠❡rs ❞✉❡ t♦ t❤❡ ✐♥t❡r♣❛rt✐❝❧❡ ❞✐st❛♥❝❡ ❣r♦✇t❤ ✭s❡❡ ❋✐❣s✳ ✷✳✶✽✱ ✷✳✶✾✱ ✷✳✷✵✮✳
❆s ✇❡ ✇❡r❡ ✉s✐♥❣ t❤❡ ❣♦❧❞ ♥❛♥♦s♣❤❡r❡s ✇✐t❤ r ❂ ✼ ♥♠ ❛♥❞ t❤❡ ♥❛♥♦st❛rs ✇✐t❤ r ❂ ✷✺✱ t❤❡✐r
♣♦ss✐❜❧❡ ❧♦❝❛❧ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ❛♥❞ t❤❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✷✳✶✼✳

❚❤❡ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢♦r ❛♥② ♦t❤❡r ♥❛♥♦♣❛rt✐❝❧❡s ❞✐♠❡rs ✇✐t❤ ❦♥♦✇♥
❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ✇❛✈❡❧❡♥❣t❤ ✉s✐♥❣ t❤❡ ❝♦❞❡ ♣r❡s❡♥t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳✶✱ ❤♦✇❡✈❡r
t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤✐s t❤❡♦r② ❢♦r ♦t❤❡r ♣❛rt✐❝❧❡s s❤♦✉❧❞ ❜❡ ❝❤❡❝❦❡❞ ❡①♣❡r✐♠❡♥t❛❧❧②✳

■t ❝♦✉❧❞ ❜❡ ♥♦t✐❝❡❞✱ t❤❛t ❢♦r ❜♦t❤ ❣♦❧❞ ❛♥❞ s✐❧✈❡r ♥❛♥♦♣❛rt✐❝❧❡s t❤❡ ❧♦❝❛❧ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t
♦♥ t❤❡ s♠❛❧❧❡st ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ❣r♦✇s ✇✐t❤ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ ♠❡❞✐❛✱ ❤♦✇❡✈❡r ❢♦r t❤❡
❢❡rr✐❝ ♦①✐❞❡ ❞✐♠❡r✱ t❤❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ✐s ♦❜s❡r✈❡❞✳ ❚❤✐s ✐s ❞✉❡ t♦ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ♦❢ ❢❡rr✐❝
♦①✐❞❡✱ ✇❤✐❝❤ ✐♠❛❣✐♥❛r② ♣❛rt ✐s ❧♦✇❡r t❤❛♥ t❤❡ ♠❡❞✐✉♠ r❡❢r❛❝t✐✈❡ ✐♥❞❡①✱ t❤✉s t❤❡ ♦♣♣♦s✐t❡ ❡✛❡❝t
♦❝❝✉r✳

❚❤❡ ❧♦❝❛❧ ✜❧❡❞ ❡♥❤❛♥❝❡♠❡♥t ✐♥✢✉❡♥❝❡ t❤❡ ❡♥❡r❣② ♠✐❣r❛t✐♦♥ ♣❛t❤ ❢r♦♠ ♥❛♥♦♣❛rt✐❝❧❡ t♦ ✢✉✲
♦r♦♣❤♦r❡ ✐♥ ✈✐❝✐♥✐t② ♦❢ ♥❛♥♦♣❛rt✐❝❧❡ ❞✐♠❡r✳ ❆❢t❡r t❤❡ ❝❡rt❛✐♥ ❞✐st❛♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥t α1α2A

2
1,2

❜❡❝♦♠❡s ♥❡❣❧❡❝t❢✉❧ ❛♥❞ t❤❡ ❡♥❤❛♥❝❡♠❡♥t ❜❡❝♦♠❡s t❤❡ s❛♠❡ ❛s ❢♦r ❛ s✐♥❣❧❡ ♥❛♥♦♣❛rt✐❝❧❡✳

✹✾
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❋✐❣✉r❡ ✷✳✶✼✿ ❋✐❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ♦♥ t❤❡ s♠❛❧❧❡st ♥❛♥♦♣❛rt✐❝❧❡ ❢r♦♠ t❤❡ ❞✐♠❡rs ♦❢ t❤❡ ❣♦❧❞ ♥❛♥♦♣❛r✲
t✐❝❧❡s ♦❢ ✼ ♥♠ ❛♥❞ ✷✺ ♥♠ ✐♥ r❛❞✐✉s ❞❡♣❡♥❞✐♥❣ ♦♥ ♠❡❞✐✉♠✿ ❛✐r✱ ✇❛t❡r ♦r ❜✐♦t✐ss✉❡

✺✵



✷✳✶✷✳ ▲♦❝❛❧ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ✐♥ ❞✐♠❡r ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s

NP NP 

a b 

c 

d = 0.1:30 nm 

r = 5 nm 

r = 0.01:30 nm 

❋✐❣✉r❡ ✷✳✶✽✿ ❋✐❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ♦♥ t❤❡ s♠❛❧❧❡st ♥❛♥♦♣❛rt✐❝❧❡ ❢r♦♠ t❤❡ ❞✐♠❡r ♦❢ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s
✐♥ ❛ ✲ ❛✐r✱ ❜ ✲ ✇❛t❡r✱ ❝ ✲ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡

NP NP NP NP 

d = 0.1:30 nm 

r = 5 nm 

r = 0.01:30 nm 

a b 

c 

❋✐❣✉r❡ ✷✳✶✾✿ ❋✐❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ♦♥ t❤❡ s♠❛❧❧❡st ♥❛♥♦♣❛rt✐❝❧❡ ❢r♦♠ t❤❡ ❞✐♠❡r ♦❢ s✐❧✈❡r ♥❛♥♦♣❛r✲
t✐❝❧❡s ✐♥ ❛ ✲ ❛✐r✱ ❜ ✲ ✇❛t❡r✱ ❝ ✲ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡

✺✶



❈❤❛♣t❡r ✷✳ ▼♦❞❡❧✐♥❣ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s

Ferric Oxide 

NP NP NP NP 

d = 0.1:30 nm 

r = 5 nm 

r = 0.01:30 nm 

a b 

c 

❋✐❣✉r❡ ✷✳✷✵✿ ❋✐❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ♦♥ t❤❡ s♠❛❧❧❡st ♥❛♥♦♣❛rt✐❝❧❡ ❢r♦♠ t❤❡ ❞✐♠❡r ♦❢ ❢❡rr✐❝ ♦①✐❞❡
♥❛♥♦♣❛rt✐❝❧❡s ✐♥ ❛ ✲ ❛✐r✱ ❜ ✲ ✇❛t❡r✱ ❝ ✲ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡
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❈❤❛♣t❡r ✸

◆❛♥♦♣❛rt✐❝❧❡s ✐♥✢✉❡♥❝❡ ♦♥ ♦♣t✐❝❛❧

♣r♦♣❡rt✐❡s ♦❢ ❜✐♦t✐ss✉❡

✸✳✶ ◆❛♥♦♣❛rt✐❝❧❡s ✉s❡ ❢♦r ❜✐♦♠❡❞✐❝❛❧ ❞✐❛❣♥♦s✐s

❚❤❡ ✉s❡ ♦❢ ♣❧❛s♠♦♥✐❝ ♥❛♥♦♣❛rt✐❝❧❡s t♦ ✐♠♣r♦✈❡ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ✐s ♦❢ ❛
❝❡rt❛✐♥ ✐♥t❡r❡st ❢♦r t❤❡ ❜✐♦♠❡❞✐❝❛❧ ❞✐❛❣♥♦s✐s✱ ❜❡❝❛✉s❡ ♦❢ r❡s♦♥❛♥t ❛❜s♦r♣t✐♦♥ ❛♥❞✴♦r s❝❛tt❡r✐♥❣
♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♠❛② s✐❣♥✐✜❝❛♥t❧② ❝♦♥tr✐❜✉t❡ t♦ ❞r❛st✐❝ ✐♥❝r❡❛s❡ ♦❢ t❤❡ s✐❣♥❛❧ ✐♥t❡♥s✐t② ❞❡t❡❝t❡❞
❛♥❞ t❤✉s ♣♦t❡♥t✐❛❧❧② ✐♠♣r♦✈❡ t❤❡ ❝❛♣❛❜✐❧✐t② ♦❢ ❞✐st✐♥❣✉✐s❤✐♥❣ ❜❡t✇❡❡♥ ❤❡❛❧t❤② ❛♥❞ ♣❛t❤♦❧♦❣✐❝❛❧
t✐ss✉❡s✳ ❆ ♥❛♥♦♣❛rt✐❝❧❡ ❝❛♥ ❜❡ ❢✉♥❝t✐♦♥❛❧✐③❡❞ ✇✐t❤ ❞✐✛❡r❡♥t tr❛♥s♣♦rt ❛❣❡♥ts✱ ✐✳ ❡✳ ❜✐♦♠♦❧❡❝✉❧❡s✱
t♦ ❛❝❝✉♠✉❧❛t❡ ✐♥ ❛ ♣r❡❝❛♥❝❡r♦✉s t✐ss✉❡✱ t❤✉s ✐♥❝r❡❛s✐♥❣ t❤❡ s♣❡❝tr♦s❝♦♣✐❝ s✐❣♥❛❧✱ ❛s ♥❛♥♦♣❛rt✐❝❧❡s
❝❛♥ ❜❡ t✉♥❡❞ t♦ ❤❛✈❡ t❤❡ ❡♥❤❛♥❝❡❞ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s✱ ✐✳ ❡✳ s❝❛tt❡r✐♥❣ ❛♥❞✴♦r ❛❜s♦r♣t✐♦♥✱ ✐♥ ❛
❝❡rt❛✐♥ ✇❛✈❡❧❡♥❣t❤ r❛♥❣❡✳

❚❤❡ ❡✛❡❝t ♦❢ r❡s♦♥❛♥t s❝❛tt❡r✐♥❣ ❛♥❞✴♦r ❛❜s♦r♣t✐♦♥ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❛
♥❛♥♦♣❛rt✐❝❧❡ ✇❛s ✉s❡❞ ❢♦r ❝❤❛♥❣✐♥❣ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ❬❈✐❤❛♥ ❛♥❞ ❆r✐✢❡r✱
✷✵✶✶❪✳ ❋♦r t❤✐s ♣✉r♣♦s❡ t❤❡ ❡①♣❡r✐♠❡♥t ♦♥ t❤❡ s♣❡❝✐❛❧ ♣❧❛s♠♦♥✐❝ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥✢✉❡♥❝❡ ♦♥ t❤❡
♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ♦❢ ❡♣✐t❤❡❧✐❛❧ ♠✉❧t✐❧❛②❡r❡❞ t✐ss✉❡ ✇❛s ❝♦♥❞✉❝t❡❞✳

❚❤✐s ❝❤❛♣t❡r r❡♣r❡s❡♥ts s♦♠❡ ❡①♣❡r✐♠❡♥ts t♦ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥ ♣♦s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
❝❤❛♣t❡r ✷ ❛❜♦✉t t❤❡ ❧✐❣❤t ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ♠✉❧t✐❧❛②❡r❡❞ t✐ss✉❡ ♠♦❞❡❧ ❞✉❡ t♦ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s
♣r❡s❡♥❝❡✳ ❋✐rst❧②✱ t❤❡ ♣❤❛♥t♦♠s ♠♦❞❡❧✐♥❣ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♠✉❧t✐❧❛②❡r❡❞ ❡♣✐t❤❡❧✐❛❧ t✐ss✉❡ ❛r❡
♣r❡s❡♥t❡❞✳ ❆ ♣❤♦t♦s❡♥s✐t✐③❡r ✇❛s Pr♦t♦♣♦r♣❤②r✐♥❡ ■❳ ✇❤✐❝❤ ✐s ✉s✉❛❧❧② ✉s❡❞ ❢♦r t❤❡ ✢✉♦r❡s❝❡♥❝❡
❞✐❛❣♥♦s✐s ❛s ✺✲❆♠✐♥♦▲❡✈✉❧✐♥✐❝ ❆❝✐❞ ✭✺✲❆▲❆✮ ✇❤✐❝❤ ✐s ❡♥❤❛♥❝✐♥❣ t❤❡ PP■❳ ❛❝❝✉♠✉❧❛t✐♦♥ ❞✉❡
t♦ t❤❡ ❡♥❤❛♥❝❡❞ ♠❡t❤❛❜♦❧✐❝ ❛❝t✐✈✐t② ✐♥ ❧❡s✐♦♥s ❬❑r❛♠♠❡r ❛♥❞ P❧❛❡t③❡r✱ ✷✵✵✽✱ ❘✐❝❦ ❡t ❛❧✳✱ ✶✾✾✼❪✳
❙❡❝♦♥❞❧②✱ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✉s✐♥❣ t❤❡ ♦♣t✐❝❛❧ ♣r♦❜❡ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✐♥ s✉❜s❡❝✳ ✶✳✺✳✹ ✇❛s
♣r♦♣♦s❡❞ t♦ r❡✈❡❛❧ ❝❤❛♥❣❡s ❛r✐s❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ❝❤❛r❛❝t❡r✐③❡❞ ♣r❡✈✐♦✉s❧②✳
❚❤✐r❞❧②✱ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ t❤❡ ♦❜t❛✐♥❡❞ ❞❛t❛ ✇❛s ♣r❡❢♦r♠❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❛♥❞ t♦ ✉♥✐❢② t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t ❢♦r ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s✳ ❋✐♥❛❧❧②✱ t❤❡
✜rst r❡s✉❧ts ❛♥❞ ❛ ♣r❡❧✐♠✐♥❛r② ❛♥❛❧②s✐s ♦❢ t❤❡ s♣❡❝tr❛ ❛r❡ ♣r❡s❡♥t❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s ❝❤❛♣t❡r✳

✸✳✷ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ❢♦r ❡♣✐t❤❡❧✐❛❧ t✐ss✉❡ ♠♦❞❡❧✐♥❣

❚❤❡ t✇♦ ♠❛✐♥ ❝♦♥❝❡♣ts ♦❢ t❤❡ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ♠♦❞❡❧✐♥❣ s❤♦✉❧❞ ❜❡ ❢✉❧✜❧❧❡❞✿ ❛ ♠♦❞❡❧ s❤♦✉❧❞ ❜❡
r❡❛❧✐st✐❝ ❡♥♦✉❣❤ t♦ ♠❛❦❡ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ♦♥ ♣❤❛♥t♦♠s ❜❡ ❛♣♣❧✐❝❛❜❧❡ t♦ ❛ r❡❛❧ ❜✐♦❧♦❣✐❝❛❧
t✐ss✉❡ ❛♥❞ ✐t s❤♦✉❧❞ ❜❡ ✉♥✐✈❡rs❛❧ ❡♥♦✉❣❤ ♥♦t t♦ ❧✐♠✐t t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② t♦ ❛ s✐♥❣❧❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡
❞✐s❡❛s❡✳ ❘❡❝❡♥t r❡✈✐❡✇s ♦♥ ❜✐♦t✐ss✉❡ ♠♦❞❡❧✐♥❣ ❢♦r ♦♣t✐❝❛❧ s♣❡❝tr♦s❝♦♣②✱ ✐♠❛❣✐♥❣ ❛♥❞ ❞♦s✐♠❡tr②

✺✸



❈❤❛♣t❡r ✸✳ ◆❛♥♦♣❛rt✐❝❧❡s ✐♥✢✉❡♥❝❡ ♦♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦t✐ss✉❡

❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ❜② s❡✈❡r❛❧ ❣r♦✉♣s ❬P♦❣✉❡ ❛♥❞ P❛tt❡rs♦♥✱ ✷✵✵✻✱ ▲✐st❡r ❡t ❛❧✳✱ ✷✵✶✷❪✳ ❖♥❡ ♦❢
t❤❡ r❡s❡❛r❝❤ ❣r♦✉♣s ❤❛s ❜❡❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ ❢r❛❝t❛❧ s✐③❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s ✐♥ ❛ s♦❧✉t✐♦♥
❬P❛ss♦s ❡t ❛❧✳✱ ✷✵✵✺❪✳ ❚❤❡ ♠✉❧t✐❧❛②❡r❡❞ s✐❧✐❝♦♥ ♣❤❛♥t♦♠s ✇✐t❤ ✐♥t❡r❝❤❛♥❣❛❜❧❡ ❧❛②❡rs ❢♦r ✐♠❛❣✐♥❣
❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❜② ❛ ❣r♦✉♣ ♦❢ ❉✉r❦✐♥ ❡t ❛❧ ❬❙❛❛❣❡r ❡t ❛❧✳✱ ✷✵✶✵❪✳ ❆ ❣r♦✉♣ ♦❢ ❩❛❝❝❛♥t✐ ❤❛s
❜❡❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ■♥❞✐❛ ■♥❦ ❛s ❛♥ ❛❜s♦r❜❡r ✇❤✐❝❤ ✐s ❝❧♦s❡ t♦ ♠❡❧❛♥✐♥ ❬◆✐♥♥✐ ❡t ❛❧✳✱ ✷✵✶✵❪✳ ❚❤✐s
❣r♦✉♣ ❛s ✇❡❧❧ ❤❛s s✉❣❣❡st❡❞ ■♥tr❛❧✐♣✐❞ ✷✵✪ ❛s ❛♥ ♦♣t✐❝❛❧ st❛♥❞❛r❞ ❢♦r ♣r❡♣❛r✐♥❣ ♣❤❛♥t♦♠s ❬◆✐♥♥✐
❡t ❛❧✳✱ ✷✵✶✶❪✳

❖✉r ♠♦❞❡❧s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ✇❡r❡ ♠❛❞❡ ♦❢ t✇♦ ❧❛②❡rs✿ ❡♣✐❞❡r♠✐s ❛♥❞ ❞❡r♠✐s✳ ❆❧❧ t❤❡
♣❤❛♥t♦♠s ✇❡r❡ ♣r❡♣❛r❡❞ ✐♥ ✸✵①✸✵①✸✵ ♠♠ ♣❧❛st✐❝ ❝✉✈❡tt❡ ✇✐t❤ tr❛♥s♣❛r❡♥t ✇❛❧❧s✳ ❚❤❡ ❜♦tt♦♠
❧❛②❡r ♠✐♠✐❝❦✐♥❣ ❞❡r♠✐s ✇❛s ♠❛❞❡ s♦❧✐❞ ✇✐t❤ ❛ ♣✉r♣♦s❡ t♦ ❤❛✈❡ ❛ ❞✐st✐♥❣✉✐s❤❛❜❧❡ ❜♦r❞❡r ❜❡t✇❡❡♥
t✇♦ ❧❛②❡rs✱ t❤✉s t❤❡ ❤♦❧❞✐♥❣ ❝♦♠♣♦♥❡♥t ✇❛s ❣❡❧❛t✐♥ ✺✪✳ ❚❤❡ ♠❛✐♥ ❛❜s♦r❜❡r ✐♥ t❤❡ s❡❝♦♥❞ ❧❛②❡r
✇❛s Pr♦t♦♣♦r♣❤②r✐♥❡ ■❳ ❛♥❞ t❤❡ ❞✐✛✉s❡r ✲ ■♥tr❛❧✐♣✐❞ ✶✵✪ ✭✶✵ ✪ ❤❡r❡ ✐s ❛ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❛ ❜✉❧❦
t✉r❜✐❞ s♦❧✉t✐♦♥✮✳ ❚❤❡ ✜rst s✉♣❡r✜❝✐❛❧ ❧❛②❡r ❤❛❞ ❛ ✈❛r✐❛❜❧❡ t❤✐❝❦♥❡ss ✭✵✿✶✵✵✿✹✵✵ µ ♠✮ ❛♥❞ ✇❛s
❧✐q✉✐❞✱ ✐t ❝♦♥s✐st❡❞ ♦❢ ■♥tr❛❧✐♣✐❞ ✶✵✪ ❛♥❞ ■♥❞✐❛♥ ■♥❦✳

✸✳✷✳✶ ❈♦♠♣♦♥❡♥ts✬ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✈❡r✐✜❝❛t✐♦♥

❆❧❧ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✇❡r❡ ✈❡r✐✜❡❞ ❢♦r ❡❛❝❤ ❝♦♠♣♦♥❡♥t ❜② ♠❡❛s✉r❡♠❡♥ts ♦♥ ❍✐t❛❝❤✐ ❙♣❡❝✲
tr♦♣❤♦t♦♠❡t❡r ❬❈♦r♣✳✱ ❪ ❢♦r ■♥tr❛❧✐♣✐❞ ✶✵✪ ✲ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥t✱ ■♥❞✐❛ ■♥❦ ❛♥❞ PP■❳ ❛❜s♦r♣t✐♦♥
❝♦❡✣❝✐❡♥ts ❛♥❞ ❛♥✐s♦tr♦♣② ❢❛❝t♦r ❢♦r ■♥tr❛❧✐♣✐❞ ✶✵✪ ✉s✐♥❣ ❉▲❙ ❬■♥str✉♠❡♥ts✱ ❪✳ ❚❤❡ ❣❡❧❛t✐♥ ❛❜✲
s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t ✇❛s ❛❧s♦ ✈❡r✐✜❡❞ t♦ ❛✈♦✐❞ ❡rr♦rs ✐♥ ♣❤❛♥t♦♠ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❋♦r t❤❡s❡
♠❡❛s✉r❡♠❡♥ts ✐t ✇❛s s✉✣❝✐❡♥t t♦ ✉s❡ t✇♦✲❜❡❛♠ s❝❤❡♠❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙✉❜s❡❝✳ ✷✳✾✳✶ ✐♥ ♦r❞❡r t♦
♠❡❛s✉r❡ s❡♣❛r❛t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❢✉t✉r❡ ♣❤❛♥t♦♠s ❬❇❛s❤❦❛t♦✈ ❡t ❛❧✳✱ ✷✵✶✶❪✳ ■♥tr❛❧✐♣✐❞ ✐s
❛ ❜r❛♥❞♥❛♠❡ ✭❑❛❜✐✈✐tr✉♠ ■♥❝✳✱ ❈❛❧✐❢♦r♥✐❛ ❛♥❞ ❙t♦❝❦❤♦❧♠✮ ❢♦r ❛♥ ❛q✉❡♦✉s s✉s♣❡♥s✐♦♥ ♦❢ ❧✐♣✐❞
❞r♦♣❧❡ts t❤❛t ✐s st❡r✐❧❡ ❛♥❞ s✉✐t❛❜❧❡ ❢♦r ✐♥tr❛✈❡♥♦✉s ❢❡❡❞✐♥❣ ♦❢ ♣❛t✐❡♥ts✳ ❍♦✇❡✈❡r ■♥tr❛❧✐♣✐❞ ✐s ♥♦t
❛♥ ♦♣t✐❝❛❧ st❛♥❞❛r❞ ✐t ✐s ✉s✉❛❧❧② ✉s❡❞ ❛s ❛ s❝❛tt❡r✐♥❣ ♠❡❞✐❛ ✇✐t❤ ♥❡❣❧✐❣✐❜❧❡ ❛❜s♦r♣t✐♦♥✱ ❛s t❤❡r❡
❛r❡ ❞❡✈✐❛t✐♦♥s ❢r♦♠ ❜♦tt❧❡ t♦ ❜♦tt❧❡ ❡❛❝❤ t✐♠❡ ✐t ✐s ♥❡❡❞❡❞ t♦ ✈❡r✐❢② t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢
■♥tr❛❧✐♣✐❞ ❜❡❢♦r❡ ✉s✐♥❣ ✐t✳ ❍♦✇❡✈❡r t❤❡r❡ ❛r❡ s♦♠❡ ♣✉❜❧✐❝❛✐t♦♥s ❝❧❛♠✐♥❣ t❤❡ ✉s❡ ♦❢ ■♥tr❛❧✐♣✐❞ ❛s
❛♥ ♦♣t✐❝❛❧ st❛♥❞❛r❞ ❬◆✐♥♥✐ ❡t ❛❧✳✱ ✷✵✶✶❪✳ ❇♦t❤ ❧❛②❡rs ♦❢ t❤❡ ♣❤❛♥t♦♠ ✇❡r❡ ♠❛❞❡ ❢r♦♠ ■♥tr❛❧✐♣✐❞
✶✵✪ ✐♥ ❞✐✛❡r❡♥t ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ ✷ ❛♥❞ ✸ ✪ ❢♦r ❡♣✐❞❡r♠✐s ❛♥❞ ❞❡r♠✐s✱ ❝♦rr❡s♣♦♥❞✐♥❣❧② ✭s❡❡
❋✐❣✳ ✸✳✶✮✳

❍♦✇❡✈❡r ❣❡❧❛t✐♥ ❤❛s ❛ s❧✐❣❤t ❛❜s♦r♣t✐♦♥ ✐♥ t❤❡ ✈✐s✐❜❧❡ ✇❛✈❡❧❡♥❣t❤ r❛♥❣❡✱ ✐t ✇❛s ❝❤♦s❡♥ ❛s ❛
❤♦❧❞❡r ❢♦r t❤❡ s❡❝♦♥❞ ❧❛②❡r t♦ ♠❛❦❡ ✐t s♦❧✐❞ ❛♥❞ ❛✈♦✐❞ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ t✇♦ ❧❛②❡rs✳ ❚❤❡ str✉❝✲
t✉r❡ ♦❢ ❣❡❧❛t✐♥ ✐s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ P❤❉ t❤❡s✐s ♦❢ ▲✐♣❣❡♥s ❬▲✐♣❣❡♥s✱ ✶✾✾✼❪✳ ❆ ❣r♦✉♣ ♦❢ ♣r♦❢❡ss♦r
❚✉❝❤✐♥ ❬❇❛s❤❦❛t♦✈ ❡t ❛❧✳✱ ✷✵✵✵❜❪ ❤❛s ♠❛❞❡ ❡①♣❡r✐♠❡♥ts ♦♥ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢
■♥tr❛❧✐♣✐❞ ✐♥ ❞✐✛❡r❡♥t ❝♦♥❝❡♥tr❛t✐♦♥s ❛♥❞ ❣❡❧❛t✐♥ ✐♥ ❝♦♥❝❡♥tr❛t✐♦♥ ✶✵✪✳ ❙❡✈❡r❛❧ t②♣❡s ♦❢ ❣❡❧❛t✐♥
✇❡r❡ st✉❞✐❡❞ ❜② ❈♦❧❡ ❡t ❛❧ ❬❈♦❧❡ ❛♥❞ ❘♦❜❡rts✱ ✶✾✾✼❪✳

■♥❞✐❛ ■♥❦✬s ❛❜s♦r♣t✐♦♥ ✐s s✐♠✐❧❛r t♦ ♠❡❧❛♥✐♥✱ ✇❤✐❝❤ ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❛❜s♦r❜❡rs ✐♥ ❡♣✐t❤❡❧✐✉♠✱
s♦ ✐t ✇❛s ❝❤♦s❡♥ t♦ ♠✐♠✐❝ ✐t✳ ❆ ❤✉❣❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ■♥❞✐❛♥ ■♥❦ ✇❛s ❤❡❧❞ ❜②
❩❛❝❝❛♥t✐ ❣r♦✉♣ ❬◆✐♥♥✐ ❡t ❛❧✳✱ ✷✵✶✵❪✱ ❛ ❣r♦✉♣ ♦❢ ♣r♦❢❡ss♦r ❘❛♠❛♥✉❥❛♠ ❬▲✐✉ ❡t ❛❧✳✱ ✷✵✵✸❪ s✉❣❣❡st❡❞
❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ♦❢ ✐♥❦✬s ❛❜s♦r♣t✐♦♥ ♦♥ ❝♦♥❝❡♥tr❛t✐♦♥✱ ✇❤❛t ❢❛❝✐❧✐t❛t❡s t❤❡ ❛❜s♦r❜❛♥❝❡ ❡st✐♠❛✲
t✐♦♥✱ t❤✉s t❤❡ ♦♥❝❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✇❡r❡ ♠❡❛s✉r❡❞ ❢♦r ♦♥❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✐♥❦ t❤❡② ❝♦✉❧❞ ❜❡
❧✐♥❡❛r❧② ❛♣♣r♦①✐♠❛t❡❞ t♦ ♦t❤❡r ❝♦♥❝❡♥tr❛t✐♦♥✳ ❚❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ✇❛s ♠❛❞❡ ❢♦r ❣❡❧❛t✐♥✳ ❆s
s♦♦♥ ❛s t❤❡r❡ ❛r❡ ❛ ❧♦t ♦❢ ♣r♦❞✉❝❡rs ♦❢ ■♥❞✐❛ ✐♥❦ ❛♥❞ ❣❡❧❛t✐♥✱ ♠♦r❡♦✈❡r ❜♦t❤ ❝♦♠♣♦♥❡♥ts ❝❛♥
❝❤❛♥❣❡ t❤❡✐r ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✇✐t❤ t✐♠❡ ❛♥❞ ❝♦♥❞✐t✐♦♥s ♦❢ ❝♦♥s❡r✈❛t✐♦♥✱ t❤❡r❡ ❛r❡ ❞✐✛❡r❡♥❝❡s
❜❡t✇❡❡♥ t❤❡ ❞❛t❛ ♦❜t❛✐♥❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② ❛♥❞ ❢♦✉♥❞ ✐♥ ❧✐t❡r❛t✉r❡ ✭❋✐❣✉r❡ ✸✳✸✮✳

❚❤❡ ♠❛✐♥ ❡♣✐t❤❡❧✐❛❧ t✐ss✉❡ ♠♦❞❡❧ ❛❜s♦r❜❡r ✇❤✐❝❤ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✇❡r❡ s✉♣♣♦s❡❞ t♦ ❜❡
❝❤❛♥❣❡❞ ❜② t❤❡ ❝❤♦s❡♥ ♥❛♥♦♣❛rt✐❝❧❡s ✇❛s PP■❳ ✐♥ ❝♦♥❝❡♥tr❛t✐♦♥ ✶ ♠❣✴❦❣✳ ❚❤✐s ❝♦♥❝❡♥tr❛t✐♦♥

✺✹
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Wavelength (λ), nm 

Intralipid 2% (1) 

Intralipid 3% (1) 

Intralipid 2% experiment 

Intralipid 3% experiment 

❋✐❣✉r❡ ✸✳✶✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❧✐t❡r❛t✉r❡ ❞❛t❛ ❛♥❞ ❡①♣❡r✐♠❡♥t ♦❢ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥ts ❢♦r
■♥tr❛❧✐♣✐❞ ✷ ❛♥❞ ✸ ✪✳ ✷ ✪ ■♥tr❛❧✐♣✐❞ ✇❛s ✉s❡❞ ❛s t❤❡ ❞✐✛✉s❡r ♦❢ t❤❡ ✜rst ❧❛②❡r✱ ✸ ✪ ■♥tr❛❧✐♣✐❞ ✲
❢♦r t❤❡ s❡❝♦♥❞ ❧❛②❡r✳ ✭✶✮ ✲ ❬❇❛s❤❦❛t♦✈ ❡t ❛❧✳✱ ✷✵✵✵❜❪

✇❛s ❝❤♦s❡♥ ❛s t❤❡ ❛✈❡r❛❣❡ ❛♠♦✉♥t ♦❢ ❛ ♣❤♦t♦s❡♥s✐t✐③❡r ✇❤✐❝❤ ✐s ❛❝❝✉♠✉❧❛t❡❞ ✐♥ ♥♦r♠❛❧ t✐ss✉❡s✳
❚❤❡ ❛❜s♦r♣t✐♦♥ ❛♥❞ t❤❡ ❡♠✐ss✐♦♥ s♣❡❝tr❛ ♦❢ PP■❳ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳✸✳✹✳ ■♥ ♣✉r❡ st❛t❡ PP■❳
❤❛s t❤❡ ♠❛✐♥ ❛❜s♦r❜❛♥❝❡ ♣❡❛❦ ❛t ✹✶✵ ♥♠ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ ❙♦r❡t ❜❛♥❞✱ ✹ ♠✉❝❤ s♠❛❧❧❡r s♦✲❝❛❧❧❡❞
◗✲❜❛♥❞ ♣❡❛❦s ✭✺✶✵✱ ✺✹✺✱ ✺✽✵ ❛♥❞ ✻✸✵ ♥♠✮ ❛♥❞ ✷ ❡♠✐ss✐♦♥ ♣❡❛❦s ❛t ✻✸✵ ❛♥❞ ✼✵✵ ♥♠✱ ❤♦✇❡✈❡r
❞✉❡ t♦ ❝❤❛♥❣❡ ♦❢ ♣❍ ✐♥ t✐ss✉❡✬s ♣❤❛♥t♦♠s✱ ❛s ✇❡❧❧ ❛s ✐♥ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s✱ t❤❡ s♣❡❝tr❛ ❤❛✈❡ r❡❞
s❤✐❢t ♦❢ ✺ ♥♠ ❬❑✐♠ ❡t ❛❧✳✱ ✷✵✶✵❪✳ ■♥ ❋✐❣✳ ✸✳✹ ♦♥❧② t❤❡ ❛❜s♦r♣t✐♦♥ ♦❢ PP■❳ ✶ ♠❣✴❦❣ ✐♥ ❉②▼❡t❤②❧
❙✉❧❢❖①✐❞❡ ✭❉▼❙❖✮ ✐s ♣r❡s❡♥t❡❞✳ ❚❤❡ ✢✉♦r❡s❝❡♥❝❡ ♣❡❛❦ ✐s ❛❧s♦ r❡❞ s❤✐❢t❡❞ ❢♦r ✺ ♥♠ ❢♦r PP■❳
❜❡✐♥❣ ✐♥ ❛ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✱ t❤✉s t❤❡ ♠❛✐♥ ✢✉♦r❡s❝❡♥❝❡ ♣❡❛❦ ❢r♦♠ ✻✸✵ ♥♠ ♠♦✈❡s t♦ ✻✸✺ ♥♠✱ ❛♥❞
t❤❡ s❡❝♦♥❞ ♣❡❛❦✱ ✇❤✐❝❤ ✐s ❞❡t❡❝t❡❞ ✇❤✐❧❡ ❡①❝✐t✐♥❣ ✐♥ t❤❡ ❜❛♥❞ ♦❢ ✻✸✺ ♥♠✱ ✐s s❤✐❢t❡❞ ❢r♦♠ ✼✵✵ t♦
✼✵✺ ♥♠✳

✸✳✷✳✷ ❚✐ss✉❡ ❛♥❞ ♣❤❛♥t♦♠s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✜tt✐♥❣

❆❢t❡r t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❝♦♠♣♦♥❡♥ts ✇❡r❡ ✈❡r✐✜❡❞✱ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✇❛s ❝♦♠♣❛r❡❞
✇✐t❤ t✐ss✉❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❢♦✉♥❞ ✐♥ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ♠❛✐♥ ❛❜s♦r❜❡r ✐♥ ❡♣✐❞❡r♠✐s ✐s ♠❡❧❛♥✐♥✳
❚❤❡ st✉❞② ♦❢ ♣r♦❢✳ ❚✉❝❤✐♥✬s ❣r♦✉♣ ❬❇❛s❤❦❛t♦✈ ❡t ❛❧✳✱ ✷✵✵✵❜❪ ❤❛❞ s❤♦✇♥✱ t❤❛t ♥❛t✉r❛❧ ♠❡❧❛♥✐♥
❤❛s ♠✉❝❤ ❧♦✇❡r ❛❜s♦r♣t✐♦♥ r❛t❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ s②♥t❤❡t✐❝ ♦♥❡✳ ❚❤✉s✱ t❤❡ ❛❜s♦r♣t✐♦♥ ❜❛s❡❧✐♥❡ ♦❢
❡♣✐❞❡r♠✐s ✐s ❛ ♥♦♥✲♠❡❧❛♥✐♥ s❦✐♥✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ✇❤✐t❡ ❝❛✉❝❛✉s✐❛♥ s❦✐♥❬❏❛❝q✉❡s
❛♥❞ ▼❝❆✉❧✐✛❡✱ ✶✾✾✶❪✳ ❚❤❡ s❦✐♥ ❜❛s❡❧✐♥❡ ❛❜s♦r♣t✐♦♥ ❡q✉❛t✐♦♥ ✇❛s t❛❦❡♥ ❢r♦♠ P❤❉ t❤❡s✐s ♦❢ ❙❛✐❞✐
❬❙❛✐❞✐✱ ✶✾✾✷❪✱ ✇❤♦ ❡st✐♠❛t❡❞ ❞❛t❛ ✭✹✺✵✲✼✺✵ ♥♠✮ ❢♦r ✐♥ ✈✐tr♦ ♥❡♦♥❛t❛❧ s❦✐♥ s❛♠♣❧❡s ✉s✐♥❣ ❛ s❝❤❡♠❡
❜❛s❡❞ ♦♥ ❛♥ ✐♥t❡❣r❛t✐♥❣ s♣❤❡r❡ ❛❢t❡r ❛❝❝♦✉♥t✐♥❣ ❢♦r ❡①❝❡ss ❛❜s♦r♣t✐♦♥ ❞✉❡ t♦ r❡s✐❞✉❛❧ ❤❡♠♦❣❧♦❜✐♥
❛♥❞ ❜✐❧✐r✉❜✐♥ ✐♥ t❤❡ s❛♠♣❧❡s✳ ❚❤❡ s❦✐♥ ❜❛s❡❧✐♥❡ ❛❜s♦r♣t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ❤✐s ❞❛t❛ ✐s✿

µbaselinea = 7.84108(λ[nm]−3.255)[cm−1]. ✭✸✳✶✮
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Wavelength (λ), nm 

India Ink 0.02% (2) 

India Ink, experiment 0.002% 
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Excitation, 532 nm
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Emission, 635 nm

Emission, 705 nm

❋✐❣✉r❡ ✸✳✹✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❧✐t❡r❛t✉r❡ ❞❛t❛ ❛♥❞ t❤❡ ❡①♣❡r✐♠❡♥t ❢♦r t❤❡ ❛❜s♦r♣t✐♦♥
❝♦❡✣❝✐❡♥t ♦❢ PP■❳ ✐♥ ❝♦♥❝❡♥tr❛t✐♦♥ ✶ ♠❣✴❦❣✳ PP■❳ ✇❛s ✉s❡❞ ❛s t❤❡ ✢✉♦r♦♣❤♦r❡ ✐♥ t❤❡ s❡❝♦♥❞
❧❛②❡r✳✭✶✮ ✲ ❬❑✐♠ ❡t ❛❧✳✱ ✷✵✶✵❪

❚❤❡♥ ❛ s❧✐❣❤t ❝♦♥t❡♥t ♦❢ ♠❡❧❛♥✐♥ ✇❛s ❛❞❞❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡q✉❛t✐♦♥✸✳✷❛✱ ❞❡r✐✈❡❞ ❜② ❣r♦✉♣ ♦❢
♣r♦❢✳ ❏❛❝q✉❡s ❬❏❛❝q✉❡s ❛♥❞ ▼❝❆✉❧✐✛❡✱ ✶✾✾✶❪✱ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♠❡❧❛♥✐♥✱ fmel✱ ✇❛s ❝❤♦s❡♥ t♦ ❜❡
✶✪ ❜② ✈♦❧✉♠❡ t♦ s❤♦✇ t❤❡ r❛♥❣❡ ♦❢ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts ❢♦r ❡♣✐❞❡r♠✐s✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t
t❤❡ s❧✐❣❤t ❝❤❛♥❣❡ ♦❢ r❡❛❧ ♠❡❧❛♥✐♥ ❛❝❝♦r❞✐♥❣ t♦ s②♥t❤❡t✐❝ ♦♥❡✳ ❋✐♥❛❧❧②✱ t❤❡ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t
♦❢ ❡♣✐❞❡r♠✐s✱ µepia ✱ ✐s r❡♣r❡s❡♥t❡❞ ❛s t❤❡ s✉♠ ♦❢ s❦✐♥ ❜❛s❡❧✐♥❡ ❛♥❞ t❤❡ ❛❜s♦r♣t✐♦♥ ♦❢ ♠❡❧❛♥✐♥ ❜②
❊q✳ ✭✸✳✷❛✮✿

µmel
a = 6, 61011λ(nm)−3,33 ✭✸✳✷❛✮

µepia = fmelµ
mel
a + (1− fmel)µ

baseline
a . ✭✸✳✷❜✮

❚❤✉s✱ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ ■♥❞✐❛ ■♥❦ ✇❛s ✵✳✵✷✪ ❛♥❞ t❤❡ ❞❡r✐✈❡❞ ❛❜s♦r♣t✐♦♥ ✐s ❧❛②✐♥❣ ❝❧♦s❡r
t♦ s❦✐♥ ❜❛s❡❧✐♥❡ ❛❜s♦r♣t✐♦♥ ✭❋✐❣✉r❡ ✸✳✺✮✳ ❚❤❡ ♠❛✐♥ ❛❜s♦r❜❡r ✐♥ ❞❡r♠✐s ✐s ❤❡♠♦❣❧♦❜✐♥✱ ❜✉t ❢♦r
t❤✐s st✉❞② ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r ❜❧♦♦❞ ♣r❡s❡♥❝❡✱ ❛s t❤❡ ♠❛✐♥ q✉❡st✐♦♥ ✐s t♦ r❡✈❡❛❧ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢
♥❛♥♦♣❛rt✐❝❧❡s ♦♥ ♣❤♦t♦s❡♥s✐t✐③❡r✬s ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✐♥ t❤❡ ✜rst ♣❧❛❝❡✳ ❚❤✉s✱ t♦ ♠✐♠✐❝ ❡♣✐❞❡r♠✐s
t❤❡ s❦✐♥ ❜❛s❡❧✐♥❡ ❛❜s♦r❜❛♥❝❡ ✇❛s ❝♦♥s✐❞❡r❡❞✱ ✇❤✐❝❤ ✐s s✉✣❝✐❡♥t ❢♦r t❤❡ ✜rst ❛♣♣r♦①✐♠❛t✐♦♥✳
◆❡✈❡rt❤❡❧❡ss✱ t❤❡ PP■❳ ❛❜s♦r❜❛♥❝❡ s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❋✐❣✉r❡ ✸✳✻ r❡♣r❡s❡♥ts t❤❡ s✉♠
♦❢ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts ❢♦r ❣❡❧❛t✐♥ ✺✪ ❛♥❞ PP■❳ ✐♥ ✶ ♠❣✴❦❣ ❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞ t❤❡✐r s❡♣❛r❛t❡❞
s♣❡❝tr❛✳ ❚❤❡ s♣❡❝tr❛❧ r❛♥❣❡ s❤♦✇♥ ✐s ✹✺✵✲✽✵✵ ♥♠ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ s❡❝♦♥❞
❧❛②❡r ♦❢ t❤❡ ♣❤❛♥t♦♠ ❝♦♠♣❛r❡❞ t♦ ❞❡r♠✐s ❛❜s♦r♣t✐♦♥ s♣❡❝tr✉♠✳

❚❤❡ s❝❛tt❡r✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ ❜♦t❤ ❧❛②❡rs ✇❡r❡ ♠♦❞❡❧❡❞ ✇✐t❤ ■♥tr❛❧✐♣✐❞ ✶✵✪✱ ❜✉t ✐♥ ❞✐✛❡r❡♥t
❝♦♥❝❡♥tr❛t✐♦♥s✿ ❢♦r ❡♣✐❞❡r♠✐s ✐t ✇❛s ✷✪ ■♥tr❛❧✐♣✐❞ ❛♥❞ ❢♦r ❞❡r♠✐s ✲ ✸✪ ■♥tr❛❧✐♣✐❞✳ ❚❤❡ ❞❡r✐✈❡❞
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Wavelength (λ), nm 

Epidermis, nonmelanin [OMLC] 

Epidermis, fmel = 0.01 [OMLC] 

India Ink, 0.02% 
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Wavelength (λ), nm 

Gelatin 5% and PPIX 1mg/kg, experiment 

Dermis [OMLC] 
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Wavelength (λ), nm 

Intralipid 2%, experiment 

Epidermis (1) 

Epidermis (2) 

Derm+Epiderm (g = 0.7) (3) 

❋✐❣✉r❡ ✸✳✼✿ ❈♦♠♣❛r✐s♦♥ ♦❢t❤❡ ❡♣✐❞❡r♠✐s s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥t ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ❛♥❞ t❤♦s❡ ♦❢
♣❤❛♥t♦♠s✳ ✭✶✮ ✲ ❬❙t❡r❡♥❜♦r❣ ❡t ❛❧✳✱ ✶✾✾✹❪✱ ✭✷✮ ✲ ❬▲✐❧❣❡ ❡t ❛❧✳✱ ✶✾✾✸❪✱ ✭✸✮ ✲ ❬❏❛❝q✉❡s ❛♥❞ ▼❝❆✉❧✐✛❡✱
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❚❤❡ t❤✐r❞ ♦♥❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt② ✈✐t❛❧ ❢♦r ♣❤❛♥t♦♠ ♣r❡♣❛r❛t✐♦♥ ✐s ❛♥✐s♦tr♦♣② ❢❛❝t♦r✱ g✱ ✇❤✐❝❤
❛✛❡❝ts t❤❡ ❧✐❣❤t ❞✐str✐❜✉t✐♦♥ ✜❡❧❞ ✐♥ t✐ss✉❡✳ ❊①♣❡r✐♠❡♥t❛❧❧② ✐t ✇❛s ♦❜t❛✐♥❡❞ ❜② ❉▲❙✱ t❤❡ ♣r♦❝❡❞✉r❡
❝♦✉❧❞ ❜❡ ❢♦✉♥❞ ❡❧s❡✇❤❡r❡ ❬❑❤♦❧♦❞ts♦✈❛ ❡t ❛❧✳✱ ✷✵✶✹❛❪✳ ❆s ❢♦r ❜♦t❤ ❧❛②❡rs t❤❡ s❛♠❡ s❝❛tt❡r✐♥❣
s♦❧✉t✐♦♥ ✇❛s ✉s❡❞✱ t❤❡ ❛♥✐s♦tr♦♣② ❢❛❝t♦r st❛②s t❤❡ s❛♠❡ ❢♦r ❜♦t❤ ❧❛②❡rs✳ ❆❝❝♦r❞✐♥❣ t♦ ❋❧♦❝❦❬❋❧♦❝❦
❡t ❛❧✳✱ ✶✾✾✷❪ ✐♥✈❡st✐❣❛t✐♦♥s✱ ❛♥✐s♦tr♦♣② ❢❛❝t♦r ♦❢ ✶✵✪ ■♥tr❛❧✐♣✐❞ ❝♦✉❧❞ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
✇❛②✿

g = 2.25λ−0.155. ✭✸✳✸✮

❚❤❡ ♦t❤❡r ❞❛t❛ ❜② ❙t❛✈❡r❡♥ ❬✈❛♥ ❙t❛✈❡r❡♥ ❡t ❛❧✳✱ ✶✾✾✶❪ s✉❣❣❡sts ❛♥✐s♦tr♦♣②❢❛❝t♦r ❛❝❝♦r❞✐♥❣
t♦ ✇❛✈❡❧❡♥❣t❤ t♦ ❜❡ ❡①♣r❡ss❡❞ ❜② t❤❡ ▼✐❡ t❤❡♦r② ❛s✿

g = 1.1− 0.58 10−3λ ✭✸✳✹✮

✸✳✷✳✸ Pr❡♣❛r❛t✐♦♥ ♦❢ ♣❤❛♥t♦♠s

❚❤❡ ♣❤❛♥t♦♠s ✇❡r❡ ♠❛❞❡ s❡♠✐✲❧✐q✉✐❞✴s❡♠✐✲s♦❧✐❞ t♦ ❛✈♦✐❞ ❞✐✛✉s✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❧❛②❡rs✳ ❚❤✉s ✐❢
t❤❡ ✜rst ❧❛②❡r ✇❛s ♣r❡♣❛r❡❞ ❜② s✐♠♣❧❡ ♠✐①✐♥❣ ♦❢ ❞✐st✐❧❧❡❞ ✇❛t❡r✱ ■♥tr❛❧✐♣✐❞ ✶✵ ✪ ❛♥❞ ■♥❞✐❛ ■♥❦✱
t❤❡ s❡❝♦♥❞ ❧❛②❡r ♥❡❡❞❡❞ s♦♠❡ ♣r❡♣❛r❛t✐♦♥s✿

✺✾



❈❤❛♣t❡r ✸✳ ◆❛♥♦♣❛rt✐❝❧❡s ✐♥✢✉❡♥❝❡ ♦♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦t✐ss✉❡
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Dermis (3) 

Derm+Epiderm (g = 0.7) (3) 

❋✐❣✉r❡ ✸✳✽✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞❡r♠✐s s❝❛tt❡r✐♥❣❝♦❡✣❝✐❡♥t ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ❛♥❞ t❤♦s❡ ♦❢ ♣❤❛♥✲
t♦♠s✳ ✭✶✮ ✲ ❬▼❝❉♦♥❛❧❞ ❡t ❛❧✳✱ ✷✵✵✹❪✱ ✭✷✮ ✲ ❬▲✐❧❣❡ ❡t ❛❧✳✱ ✶✾✾✸❪✱ ✭✸✮✲ ❬P♦❣✉❡ ❡t ❛❧✳✱ ✶✾✾✼❪
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Experiment (3) 

. 5 λ[nm]^(-0.155) (1) 

1.1 - 0.58 10^(-3) λ[nm] (2) 

❋✐❣✉r❡ ✸✳✾✿ ❚❤❡ ❛♥✐s♦tr♦♣② ❢❛❝t♦r ❢♦r ■♥tr❛❧✐♣✐❞ ✶✵✪✳ ✭✶✮ ✲ ❬❋❧♦❝❦ ❡t ❛❧✳✱ ✶✾✾✷❪✱ ✭✷✮ ✲ ❬✈❛♥ ❙t❛✈❡r❡♥
❡t ❛❧✳✱ ✶✾✾✶❪✱ ✭✸✮ ✲ ❬❑❤♦❧♦❞ts♦✈❛ ❡t ❛❧✳✱ ✷✵✶✹❛❪
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✸✳✸✳ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✉s❡❞ ❢♦r s♣❡❝tr❛❧❧②✲ ❛♥❞ s♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞ ♠❡❛s✉r❡♠❡♥ts

✶✳ ❲❡✐❣❤ ✶ ♠❣ ♦❢ t❤❡ PP■❳ ♣♦✇❞❡r ✭P✺✻✷✲✾✱ ❋r♦♥t✐❡r ❙❝✐❡♥❝❡✮ ✇✐t❤ ❡❧❡❝tr♦♥✐❝ s❝❛❧❡s❀

✷✳ ▼✐① t❤❡ PP■❳ ✇✐t❤ ✶ ♠❧ ♦❢ ❉▼❙❖ ✐♥ ❛♥ ❊♣♣❡♥❞♦r❢ t✉❜❡ t♦ ♦❜t❛✐♥ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✶
♠❣✴♠❧✮❀

✸✳ ❲❡✐❣❤ t❤❡ ❣❡❧❛t✐♥ ✭❆✶✻✾✸✱ ❆♣♣❧✐❈❤❡♠✮ ✇✐t❤ t❤❡ ❡❧❡❝tr♦♥✐❝ s❝❛❧❡s❀

✹✳ ❙t✐r ✇✐t❤ ❛ ♠❛❣♥❡t✐❝ st✐rr✐♥❣ ❜❛r ❛t ❛ ❝♦♥st❛♥t s♣❡❡❞ ✉♥t✐❧ t❤❡ ❣❡❧❛t✐♥ ❞✐ss♦❧✈❡s ❝♦♠♣❧❡t❡❧②
❛♥❞ t❤❡ s♦❧✉t✐♦♥ t✉r♥s tr❛♥s♣❛r❡♥t ✭t❡♠♣❡r❛t✉r❡ ❞✐❞ ♥♦t ❡①❝❡❡❞ ✸✵✵ ❑✱ ♦t❤❡r✇✐s❡ t❤❡r❡
✇♦✉❧❞ ❜❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt❡✐s❬▲❛✐ ❡t ❛❧✳✱ ✷✵✶✹❪✮❀

✺✳ ❆❞❞ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❛♠♦✉♥t ♦❢ ■♥tr❛❧✐♣✐❞ ✶✵✪❀

✻✳ ❆❞❞ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❛♠♦✉♥t ♦❢ t❤❡ PP■❳ t♦ ❣❡t ✶ ♠❣✴❦❣ ❝♦♥❝❡♥tr❛t✐♦♥❀

✼✳ ❚❛❦❡ ♦✉t ✶✵ ♠❧ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ✜rst ❝✉✈❡tt❡❀

✽✳ ❆❞❞ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s t♦ t❤❡ ♠✐①✐♥❣ s♦❧✉t✐♦♥ ✐♥ ❝♦♥❝❡♥tr❛t✐♦♥ ✶ ♠❣✴❦❣❀

✾✳ ❚❛❦❡ ♦✉t ✶✵ ♠❧ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s❡❝♦♥❞ ❝✉✈❡tt❡❀

✶✵✳ ❆❞❞ ♥❛♥♦♣❛rt✐❝❧❡s t♦ ❣❡t ✷ ♠❣✴❦❣ ❝♦♥❝❡♥tr❛t✐♦♥❀

✶✶✳ ❚❛❦❡ ♦✉t ✶✵ ♠❧ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ t❤✐r❞ ❝✉✈❡tt❡❀

✶✷✳ ❆❞❞ ♥❛♥♦♣❛rt✐❝❧❡s t♦ ❣❡t ✹ ♠❣✴❦❣ ❝♦♥❝❡♥tr❛t✐♦♥❀

✶✸✳ ❚❛❦❡ ♦✉t ✶✵ ♠❧ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦✉rt❤ ❝✉✈❡tt❡❀

✶✹✳ ▲❡❛✈❡ t❤❡ ♣❤❛♥t♦♠s ✐♥ ❛ ❢r✐❞❣❡ ❢♦r ✷✵✲✸✵ ♠✐♥✉t❡s t♦ ❜❡❝♦♠❡ st❛❜❧❡✳

❚❤❡ s❡t ♦❢ ♣❤❛♥t♦♠s ✇❛s ❞♦♥❡ ✐♥ ❛♣♣r♦①✐♠❛t❡❧② ✸✵ ♠✐♥✉t❡s✳ ❆❧❧ t❤❡ ✇❡✐❣❤t ♠❡❛s✉r❡♠❡♥ts ❢♦r
t❤❡ PP■❳ ❛♥❞ t❤❡ ❣❡❧❛t✐♥ ✇❡r❡ ❤❡❧❞ ✇✐t❤ t❤❡ ❡❧❡❝tr♦♥✐❝ s❝❛❧❡s ✇✐t❤ ✵✳✶ ♠❣ ♣r❡❝✐s✐♦♥✳ ❋✐♥❛❧❧②✱ t❤❡
❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ❛♥❞ t❤❡ ❣❡♦♠❡tr② ♦❢ ❡❛❝❤ ❧❛②❡r ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❚❛❜❧❡ ✸✳✶✿

❚❛❜❧❡ ✸✳✶✿ ❈♦♥t❡♥t ❞❡s❝r✐♣t✐♦♥ ♦❢ ❡♣✐t❤❡❧✐❛❧ t✐ss✉❡ ♣❤❛♥t♦♠s ✉s❡❞ ❢♦r ♠❛❝r♦ ♣❛r❛♠❡t❡rs ❞❡t❡❝t✐♦♥✳

▲❛②❡r ❊♣✐❞❡r♠✐s ❉❡r♠✐s

❚❤✐❝❦♥❡ss ✵✲✶✵✵✲✹✵✵ µm ❙❡♠✐✲✐♥✜♥✐t❡ ✭❃ ✸ ❝♠✮

❆❜s♦r❜❡r ■♥❞✐❛ ■♥❦✿ ✵✳✵✷✪
●❡❧❛t✐♥✿ ✺✪❀ PP■❳✿ ✶
♠❣✴❦❣

❉✐✛✉s❡r ■♥tr❛❧✐♣✐❞✿ ✷✪ ■♥tr❛❧✐♣✐❞ ✸✪

◆❛♥♦♣❛rt✐❝❧❡s ◆❆ ❆✉✿ ✵✱ ✶✱ ✷✱ ✹ ♠❣✴❦❣

✸✳✸ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✉s❡❞ ❢♦r s♣❡❝tr❛❧❧②✲ ❛♥❞ s♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞
♠❡❛s✉r❡♠❡♥ts

❆s t❤❡ s♠❛❧❧ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✭✶✹ ♥♠ ✐♥ ❞✐❛♠❡t❡r✮ ❞❡s❝r✐❜❡❞ ✐♥ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ✷✳✶ ❤❛✈❡ t❤❡
♠❛①✐♠✉♠ ♦❢ ❛❜s♦r♣t✐♦♥ ♣❡❛❦ ❛r♦✉♥❞ ✺✸✵ ♥♠✱ t❤❡ ✢✉♦r❡s❝❡♥❝❡ ♦❢ PP■❳ ✇❛s ❡①❝✐t❡❞ ❜② ❣r❡❡♥
❞✐♦❞❡ ❧❛s❡r ✭✺✸✷ ♥♠✱ ✸✵ ♠❲✱ ❇✐♦s♣❡❝✮ t♦ t❤❡ ❛❜s♦r♣t✐♦♥ ♣❡❛❦ ❛♥❞ t❤❡♥ ❜② ❍❡◆❡ ❧❛s❡r ✭✻✸✷✳✽
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❈❤❛♣t❡r ✸✳ ◆❛♥♦♣❛rt✐❝❧❡s ✐♥✢✉❡♥❝❡ ♦♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦t✐ss✉❡

♥♠✱ ✸✵ ♠❲✱ ❇✐♦s♣❡❝✮ ❛s✐❞❡ t❤❡ ❛❜s♦r❜❛♥❝❡ ♣❡❛❦ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s✳ ❚❤❡ ❜✐❣ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s
✭✺✵ ♥♠ ✐♥ ❞✐❛♠❡t❡r✮ ❤❛✈❡ t❤❡ ♠❛①✐♠✉♠ ♦❢ ❛❜s♦r♣t✐♦♥ ❛t ✼✵✵ ♥♠✱ ✇❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡
♠❛①✐♠✉♠ ♦❢ t❤❡ ✢✉♦r❡s❝❡♥❝❡ s❡❝♦♥❞ ♣❡❛❦ ♦❢ PP■❳✳ ❇♦t❤ ❧❛s❡rs ❢❛❧❧ t♦ t❤❡ ❛❜s♦r❜❛♥❝❡ ◗✲❜❛♥❞s
♦❢ PP■❳✳ ❘❡❣✐str❛t✐♦♥ ♦❢ s✐❣♥❛❧ ✇❛s ♠❛❞❡ ✇✐t❤ ▲❛s❡r ❊❧❡❝tr♦♥ ❙♣❡❝tr❛ ❆♥❛❧②③❡r ✭▲❊❙❆✲✵✶✲
❇✐♦s♣❡❝✮✳ ❚❤❡ ♠✉❧t✐✲✜❜❡r ♣r♦❜❡❬P❡r②✱ ✷✵✵✼❪ ✇❛s ✉s❡❞ ❢♦r ❞❡t❡❝t✐♥❣ t❤❡ ❜❛❝❦ s❝❛tt❡r❡❞ ❧✐❣❤t✳ ❋♦r
✺✸✷ ♥♠ ❡①❝✐t❛t✐♦♥ t❤❡ ❞❡t❡❝t✐♦♥ r❛♥❣❡ ✇❛s ✺✵✵✲✽✺✵ ♥♠✱ ❢♦r ✻✸✷✳✽ ♥♠ ✲ ✻✵✵✲✽✺✵ ♥♠✳ ❚❤❡ s❡t✉♣
✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✸✳✶✵✱ ✐t ❤❛s ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐✲✜❜❡r ♣r♦❜❡ ❛♥❞ ✐ts ♣❛r❛♠❡t❡rs✳
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❋✐❣✉r❡ ✸✳✶✵✿ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✉s❡❞ t♦ ♠❡❛s✉r❡ t❤❡ ♦♣t✐❝❛❧ r❡s♣♦♥❝❡ ♦❢ t❤❡ ♠♦❞❡❧❡❞ t✐ss✉❡✳
❚❤❡ ❧❛s❡rs ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ♠✉❧t✐✲✜❜❡r ♣r♦❜❡ ❬P❡r②✱ ✷✵✵✼❪ ✇✐t❤ ✻ ❞✐✛❡r❡♥t ❙❉❙✳ ❚❤❡ ❞✐✛✉s❡✲
r❡✢❡❝t❡❞ ❧✐❣❤t ✐s ❝♦❧❧❡❝t❡❞ t♦ t❤❡ r❡❝❡✐✈✐♥❣ ✜❜❡rs✱ t❤❡♥ tr❛♥s❢❡rr❡❞ t♦ s♣❡❝tr♦♣❤♦t♦♠❡t❡r ▲❊❙❆
❛♥❞ ❛♥❛❧②③❡❞ ❜② t❤❡ ❯♥♦▼♦♠❡♥t♦ s♦❢t✇❛r❡✳ ❚❤❡ ♠♦❞❡❧ ♦❢ t❤❡ t✐ss✉❡ ✐s ❞❡s❝r✐❜❡❞ ❡❧s❡✇❤❡r❡ ✸✳✷

✸✳✹ ❙♣❡❝tr❛ ♣♦st✲♣r♦❝❡ss✐♥❣

❚❤❡ ✈❛r✐❛❜✐❧✐t② ♦❢ ❡q✉✐♣♠❡♥t ❢♦r s♣❡❝tr❛❧ ♠❡❛s✉r❡♠❡♥ts r❡q✉✐r❡s ♣♦st✲♣r♦❝❡ss✐♥❣ ♦❢ t❤❡ ♦❜t❛✐♥❡❞
s♣❡❝tr❛✳ ❆❧t❤♦✉❣❤✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♠❡t❤♦❞s t♦ ❞♦ ✐t✱ ♥♦ ♦♥❡ ✐s st✐❧❧ ❛♣♣r♦✈❡❞ t♦ ❜❡ ❛ ❣♦❧❞❡♥
st❛♥❞❛r❞ ❬▲❛❦♦✇✐❝③✱ ✷✵✵✻❛❪✳ ❆s s♦♦♥ ❛s ✐♥ t❤❡ ♣♦st ♣r♦❝❡ss❡❞ ❞❛t❛ ✇❡ ✉s❡❞ t❤❡ ❛r❡❛s ✉♥❞❡r
t❤❡ ❧❛s❡r ❝♦♠♣♦♥❡♥t ❛♥❞ t❤❡ ✢✉♦r❡s❝❡♥❝❡ ❝♦♠♣♦♥❡♥t✱ ✐t ✇❛s ♥❡❡❞❡❞ t♦ ♣r♦✈❡ t❤❛t t❤❡ ✢✉♦r❡s✲
❝❡♥❝❡ s♣❡❝tr❛ ❛r❡ ♥♦t ❞✉❡ t♦ ❲♦♦❞✬s ❛♥♦♠❛❧✐❡s ♦♥ ❞✐✛r❛❝t✐♦♥ ❣r❛t✐♥❣s ❛♥❞ t♦ ❛✈♦✐❞ ✐♥str✉♠❡♥t❛❧
❢✉♥❝t✐♦♥✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ✐s ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳ ❆s s♦♦♥ ❛s ❛ s♣❡❝tr✉♠ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐✛r❛❝t✐♦♥
❣r❛t✐♥❣s✱ ❢♦r ❡①❛♠♣❧❡ r❡s♦❧✉t✐♦♥ ✲ t❤❡ ♥✉♠❜❡r ♦❢ ❣r❛t✐♥❣s ♣❡r ♠♠✱ ✜rst❧②✱ ✇❤✐t❡ ❧✐❣❤t s♣❡❝tr✉♠✱
I(λ)✱ ♦❜t❛✐♥❡❞ ❛s t❤❡ r❡✢❡❝t✐♦♥ ❢r♦♠ BaSO4 s♦❧✐❞ t❛❜❧❡t✱ ✇❛s ❛♣♣r♦①✐♠❛t❡❞ ✇✐t❤ t❤❡ ❜❧❛❝❦ ❜♦❞②
❢✉♥❝t✐♦♥✱ Ibb(λ)✱ ✇❤✐❝❤ ✐s✿

Ibb(λ) =
2hc2

λ5
1

e
hc

λkT − 1
, ✭✸✳✺✮

✇❤❡r❡ h ✐s t❤❡ P❧❛♥❦ ❝♦♥st❛♥t✱ ✻✳✻✷✻✵✾✺✼✭✷✾✮ 10−34✱ J ✱ k ✐s t❤❡ ❇♦❧t③♠❛♥♥ ❝♦♥st❛♥t✱ ✶✳✸✽✵✻✹✽✽✭✶✸✮

✻✷



✸✳✹✳ ❙♣❡❝tr❛ ♣♦st✲♣r♦❝❡ss✐♥❣

10−23✱ J
K ✱ c st❛♥❞s ❢♦r t❤❡ ✈❡❧♦❝✐t② ♦❢ ❧✐❣❤t ✐♥ ✈❛❝✉✉♠✱ ✷✳✾✾✼✾✷✹✺✽ 108✱ m

s ✳ ❆s ❛ ❝♦rr❡❝t✐♦♥ ❝♦❡❢✲
✜❝✐❡♥t t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥ ✇❛s t❛❦❡♥✿

K(λ) =
I(λ)

Ibb(λ)
. ✭✸✳✻✮

❚❤❡♥✱ t❤❡ ❝♦rr❡❝t❡❞ s♣❡❝tr❛✱ Ic(λ)✱ ✇❛s ❝❛❧❝✉❧❛t❡❞ ❛s✿

Ic(λ) = Iin(λ)K(λ). ✭✸✳✼✮

❋✐♥❛❧❧②✱ ✐t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞✱ t❤❛t t❤❡ ✇❤✐t❡ ❧✐❣❤t s♣❡❝tr✉♠ ✇❛s t❛❦❡♥ ✇✐t❤♦✉t ❛ ✜❧t❡r✳
❚❤✐s ✇❛s ♠❛❞❡ ✇✐t❤ ♣✉r♣♦s❡ t♦ ❧❡❛✈❡ t❤❡ ✢✉♦r❡s❝❡♥❝❡ ♦♥ t❤❡ s❛♠❡ ❧❡✈❡❧ ❛s ❜❛❝❦s❝❛tt❡r❡❞ ❧❛s❡r
❧✐❣❤t✱ t❤✉s ❧❡❛✈✐♥❣ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ✜❧t❡r ❛❧r❡❛❞② ✉s❡❞ ✇❤✐❧❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ❛✈♦✐❞✐♥❣ t❤❡
❲♦♦❞✬s ❛♥♦♠❛❧✐❡s ♦♥ t❤❡ ❞✐✛r❛❝t✐♦♥ ❣r❛t✐♥❣✳ ❚❤❡ s❤❛♣❡ ♦❢ t❤❡ ✇❤✐t❡ ❧✐❣❤t s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ✇✐t❤
s♣❡❝tr♦♠❡t❡r ❛♥❞ ✜tt❡❞ ✇✐t❤ ❧❡❛st sq✉❛r❡s ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✸✳✶✶✳

0 

0.2 

0.4 

0.6 

0.8 

1 

1.2 

500 550 600 650 700 750 800 850 900 

In
te

n
si

ty
, 

a
.u

. 

Wavelength (λ), nm 

Real spectrum (I) Bla k ody spe trum T ≈ 3700 K  I  

❋✐❣✉r❡ ✸✳✶✶✿ ❚❤❡ r❡❛❧ s♣❡❝tr✉♠ ♦❢ ❍❛❧♦❣❡♥ ❧❛♠♣ ❛♥❞ t❤❡ ❜❧❛❝❦ ❜♦❞② ❝♦rr❡❝t✐♦♥ ✇✐t❤ ❛♣♣r♦①✐♠❛t❡❞
t❡♠♣❡r❛t✉r❡ ♦❢ ✸✼✵✵ ❑

❚❤❡ ❝♦rr❡❝t✐♦♥ ❢✉♥❝t✐♦♥ ❤❛s t❤❡ ❢♦r♠ ♦❢ t❤❡ ✜❧t❡r ♦♣t✐❝❛❧ ❞❡♥s✐t② t♦ ❝✉t t❤❡ ✺✸✷ ♥♠ ❡①❝✐t❛t✐♦♥
✭❋✐❣✳ ✸✳✶✷✮✳

❋♦r ❡❛❝❤ ♦❢ t❤❡ ❧❛s❡rs s♣❡❝✐❛❧ ✜❧t❡rs ✇❡r❡ ✉s❡❞ ✭s❡❡ ❋✐❣✳ ✸✳✶✸✮✳

❋♦r ✻✸✷✳✽ ♥♠ ❡①❝✐t❛t✐♦♥ t❤❡ ❲♦♦❞✬s ❛♥♦♠❛❧✐❡s ❝♦✉❧❞ ♥♦t ❜❡ s❡❡♥ ❝❧❡❛r❧② ♦♥ t❤❡ s♣❡❝tr❛
♦❜t❛✐♥❡❞✱ ❜✉t ❢♦r t❤❡ ✺✸✷ ♥♠ ❡①❝✐t❛t✐♦♥ ❛❢t❡r ❝♦rr❡❝t✐♦♥ ✇❡ ❛✈♦✐❞ ❲♦♦❞ ❛♥♦♠❛❧✐❡s✱ t❤✉s ❤❛✈✐♥❣
t❤❡ ❝♦rr❡❝t❡❞ s♣❡❝tr✉♠ ♦♥ ❋✐❣✳ ✸✳✶✹✳

❚❤❡ ❧❛s❡r ✐♥t❡♥s✐t② ✇❛s ❝❤♦s❡♥ ❛t t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣ ❛♥❞ ✇❛s ♥♦t ❝❤❛♥❣❡❞ t✐❧❧ t❤❡ ❡♥❞ ♦❢ t❤❡
❡①♣❡r✐♠❡♥t✳ ❚❤❡ ♦✉t♣✉t ♣♦✇❡r ♦♥ t❤❡ t✐♣ ♦❢ t❤❡ ✜❜❡r ✈❛r✐❡s ❢♦r ♥♦ ♠♦r❡ t❤❛♥ ✶✲✷ ✪ ❢r♦♠ t❤❡
❧❛s❡r ♦✉t♣✉t✱ ✇❤✐❝❤ ✐s ✸✵ ♠❲ ❢♦r ❜♦t❤ ❡①❝✐t❛t✐♦♥ ✇❛✈❡❧❡♥❣t❤s✱ ❡①♣♦s✐t✐♦♥ t✐♠❡ ✇❛s ✺✵✵ ♠s✳

✻✸



❈❤❛♣t❡r ✸✳ ◆❛♥♦♣❛rt✐❝❧❡s ✐♥✢✉❡♥❝❡ ♦♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦t✐ss✉❡
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❋✐❣✉r❡ ✸✳✶✷✿ ❈♦rr❡❝t✐♦♥ ❢✉♥❝t✐♦♥✱ K(λ) t♦ ✉♥✐❢② t❤❡ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ❞✉r✐♥❣ ♦✉t ♠❡❛s✉r❡♠❡♥ts
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Filter for 632.8 nm

Filter for 532 nm

❋✐❣✉r❡ ✸✳✶✸✿ ❚❤❡ ✜❧t❡rs ♦♣t✐❝❛❧ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ✇❛✈❡❧❡♥❣t❤ ❢♦r t❤❡ ✺✸✷ ♥♠ ❛♥❞ ✻✸✷✳✽
♥♠ ❧❛s❡rs

✻✹



✸✳✺✳ ❘❡s✉❧ts ❛♥❞ ❛♥❛❧②s✐s

0 

0.2 

0.4 

0.6 

0.8 

1 

520 570 620 670 720 770 820 

In
te

n
si

ty
 (

I)
, 

a
.u

. 

Wavelength (λ), nm 

Processed PPIX 1 mg/kg 

Nonprocessed PPIX 1mg/kg 

❋✐❣✉r❡ ✸✳✶✹✿ ◆♦♥✲ ❛♥❞ ♣♦st ♣r♦❝❡ss❡❞ ❡♠✐ss✐♦♥ s♣❡❝tr❛ ❢♦r ✺✸✷ ♥♠ ❡①❝✐t❛t✐♦♥ ✭PP■❳ ✶ ♠❣✴❦❣✱
❆✉ ◆P ✶ ♠❣✴❦❣✱ ❞❡r♠✐s ♣❤❛♥t♦♠✮✱ ♥♦r♠❛❧✐③❡❞ ❜② ❛r❡❛ ✉♥❞❡r t❤❡ ❝✉r✈❡s

✸✳✺ ❘❡s✉❧ts ❛♥❞ ❛♥❛❧②s✐s

❚❤❡ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛❧❧ t❤❡ ♣❤❛♥t♦♠s ❛r❡ s❡♣❛r❛t❡❞ ✐♥ ❞✐✛❡r❡♥t ❣r♦✉♣s ✇❤✐❝❤ ❢♦r♠ ✸❉
s✉r❢❛❝❡s ✇✐t❤ ❳ ❛♥❞ ❨ ❛①❡s✿

✶✳ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❡♣✐❞❡r♠❛❧ ❧❛②❡r ✭✵✿✶✵✵✿✹✵✵ µ♠✮ ❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s
✭✵✱ ✵✳✺✱ ✶✱ ✷✱ ✹ ♠❣✴❦❣✮❀

✷✳ t❤❡ ❙❉❙ ✭ ✷✵✵✿✷✵✵✿✶✷✵✵ µ♠✮ ❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ✭✵✱ ✵✳✺✱ ✶✱ ✷✱ ✹ ♠❣✴❦❣✮✳

❊❛❝❤ ❣r♦✉♣ ✇❛s ❛♥❛❧②③❡❞ s❡♣❛r❛t❡❧② ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs✿

✶✳ t❤❡ ▲❛s❡r ❝♦♠♣♦♥❡♥t✱ L = S(M1..M2) ✭s❡❡ ✸✳✺✳✶✮✮❀

✷✳ t❤❡ ❋❧✉♦r❡s❝❡♥❝❡ ❝♦♠♣♦♥❡♥t F = S(M3..M4) ✭s❡❡ ✸✳✺✳✷✮❀

✸✳ t❤❡ ❋❧✉♦r❡s❝❡♥❝❡ ■♥❞❡① FI = S(M3..M4)
S(M1..M2) ✭s❡❡ ✸✳✺✳✸✮❀

✇❤❡r❡ M1..M4 ❛r❡ t❤❡ ♥✉♠❜❡r❡❞ ♠❛r❦❡rs ✇❤✐❝❤ ❛r❡ ♣❧❛❝❡❞ ±✶✵ ♥♠ ❢r♦♠ t❤❡ ❧❛s❡r ❛♥❞ t❤❡
✢✉♦r❡s❝❡♥❝❡ ♠❛①✐♠✉♠ ♣❡❛❦s✱ S(Mi..Mj) ✐s t❤❡ ❛r❡❛ ✉♥❞❡r t❤❡ s♣❡❝tr✉♠ ❝✉r✈❡ ❛♥❞ ❜❡t✇❡❡♥ t❤❡
♠❛r❦❡rs Mi ❛♥❞ Mj✳❚❤❡ ❣r❛♣❤✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶✺✳

■t s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✶ ♠❣✴❦❣ ❣✐✈❡s ✹✲✺ ♥❛♥♦♣❛rt✐❝❧❡s ♣❡r ✶✵✵①✶✵✵①✶✵✵
❝✉❜✐❝ µm3 ❛♥❞ PP■❳ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✶ ♠❣✴❦❣ ✲ 1.07x109 ♣❛rt✐❝❧❡s ♣❡r s❛♠❡ ✈♦❧✉♠❡ ✭s❡❡
❋✐❣✳ ✸✳✶✻✮✳

✻✺



❈❤❛♣t❡r ✸✳ ◆❛♥♦♣❛rt✐❝❧❡s ✐♥✢✉❡♥❝❡ ♦♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦t✐ss✉❡
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Wavelength (λ), nm 

Processed PPIX 1 mg/kg 

Nonprocessed PPIX 1mg/kg 

M1    M2 M3           M4 M1    M2 M3           M4 

S(M1..M2)

S(M3..M4)
  FI 

S(M3..M4)F 

S(M1..M2)L 

±10 nm ±10 nm 

❋✐❣✉r❡ ✸✳✶✺✿ ●r❛♣❤✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❛♥❛❧②③❡❞ ❝♦♠♣♦♥❡♥ts ✭L ✲ ▲❛s❡r✱ F ✲ ❋❧✉♦r❡s❝❡♥❝❡✱
FI ✲ ❋❧✉♦r❡s❝❡♥❝❡ ■♥❞❡①✮ ❢♦r t❤❡ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✳ M1−M4 ❛r❡ t❤❡ ♠❛r❦❡rs
♣❧❛❝❡❞ ±✶✵ ♥♠ ❢r♦♠ t❤❡ ❧❛s❡r ❛♥❞ ✢✉♦r❡s❝❡♥❝❡ ♠❛①✐♠✉♠ ♣❡❛❦s

✸✳✺✳✶ ▲❛s❡r ❝♦♠♣♦♥❡♥t

❚❤❡ ❧❛s❡r ❝♦♠♣♦♥❡♥ts ♣❧♦tt❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❙❉❙ ❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥
❋✐❣✳ ✸✳✶✼✳ ❋✐rst❧②✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞✱ t❤❛t t❤❡ ❉❘ ❧✐❣❤t ♦❢ ✻✸✷✳✽ ♥♠ ✐s ❧♦✇❡r ❢♦r ❜♦t❤ ♥❛♥♦♣❛rt✐❝❧❡
t②♣❡s t❤❛♥ t❤❡ ♦♥❡ ❢♦r ✺✸✷ ♥♠ ❡①❝✐t❛t✐♦♥✳ ❚❤✐s ✐s ❡①♣❧❛✐♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ t✐ss✉❡ ❛♥❞ ❤✐❣❤❡r ♣❡♥❡tr❛t✐♦♥ ❞❡♣t❤ ♦❢ ❧♦♥❣❡r ✇❛✈❡❧❡♥❣t❤✳ ❋♦r t❤❡ ❣♦❧❞ ♥❛♥♦s♣❤❡r❡s ✭✶✹
♥♠ ✐♥ ❞✐❛♠❡t❡r✮ ✐t ❛♣♣❡❛r❡❞✱ t❤❛t ✇✐t❤ ❣r♦✇t❤ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s✬ ❝♦♥❝❡♥tr❛t✐♦♥ ✇✐t❤♦✉t t❤❡ ✜rst
❧❛②❡r ✜rst❧② ❉❘ s✐❣♥❛❧ ✐s t❤❡ ❧♦✇❡st t❤❡♥ ✐t ❣r♦✇s ✇✐t❤ ❙❉❙✳ ❚❤❡ ❞❡❝❛② ♦❢ t❤❡ ❉❘ ❧✐❣❤t ✇✐t❤
♥❛♥♦♣❛rt✐❝❧❡s ❝♦♥❝❡♥tr❛t✐♦♥ ✐s ❡①♣❡❝t❡❞✱ ❛s t❤❡② ❛❜s♦r❜ ♠✉❝❤ str♦♥❣❡r t❤❛♥ t❤❡② s❝❛tt❡r t❤❡ ❧✐❣❤t
❢♦r ✺✸✷ ♥♠ ❡①❝✐t❛t✐♦♥✳ ❋♦r t❤❡ ♦t❤❡r ❡♣✐❞❡r♠❛❧ ❧❛②❡r t❤✐❝❦♥❡ss ❉❘ ❧✐❣❤t ✐s s❧✐❣❤t❧② ❞❡❝❛②✐♥❣✳ ❚❤❡
❡①♣❡r✐♠❡♥t ✇❛s ❤❡❧❞ ✐♥ ♣❛r❛❧❧❡❧ ✇✐t❤ ❝❛❧❝✉❧❛t✐♦♥s✱ t❤✉s ✐t ✇❛s ❞❡❝✐❞❡❞ ♥♦t t♦ ♠❡❛s✉r❡ ❤✐❣❤❡r
❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ ♥❛♥♦st❛rs ❛♥❞ ❞♦ ♥♦t ❡①❝✐t❡ t❤❡♠ ❛s✐❞❡ ♠❛①✐♠✉♠ ♦❢ tr❛♥s♠✐ss✐♦♥✳ ❋♦r ✺✸✷
♥♠ ❡①❝✐t❛t✐♦♥ ♦❢ t❤❡ ♣❤❛♥t♦♠s ❝♦♥t❛✐♥✐♥❣ t❤❡ ❣♦❧❞ ♥❛♥♦st❛rs ✐t ✇❛s ❞❡❝✐❞❡❞ t♦ st♦♣ ♦♥ ✷ ♠❣✴❦❣
❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ♥❛♥♦st❛rs✱ ❛s t❤❡ ❡✛❡❝t ✇❛s s❡❡♥ ♦♥ ❧♦♥❣❡r ✇❛✈❡❧❡♥❣t❤ ❡①❝✐t❛t✐♦♥✳

❚❤❡ ❧❛s❡r ❝♦♠♣♦♥❡♥ts ♣❧♦tt❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t❤✐❝❦♥❡ss ♦❢ ❧❛②❡r ❛♥❞ ❝♦♥❝❡♥tr❛t✐♦♥ ❛r❡
♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✸✳✶✽✳ ❚❤❡ s✐t✉❛t✐♦♥ ✇✐t❤ ❧♦✇❡r ❉❘ ❧✐❣❤t ❢♦r ✻✸✷✳✽ ♥♠ ❡①❝✐t❛t✐♦♥ ❢♦r ❣♦❧❞
♥❛♥♦s♣❤❡r❡s r❡♠❛✐♥s ✐♥ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥✳ ❋r♦♠ t❤❡ ✜❣✉r❡s ✐t ❝♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✇✐t❤ ❣r♦✇t❤
♦❢ ❧❛②❡r t❤✐❝❦♥❡ss ❞❡t❡❝t✐♦♥ ❛❜✐❧✐t②✱ ✐✳ ❡✳ ❉❘ ❧✐❣❤t✱ ✐s ❣♦✐♥❣ ❧♦✇❡r ❢♦r t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❣♦❧❞
♥❛♥♦s♣❤❡r❡s ✶ ♠❣✴❦❣ ❛♥❞ t❤❡♥ ❣r♦✇s ✉♣ ❢♦r ❛♣♣r♦①✐♠❛t❡❧② ✶✵ ✪ ♦r r❡♠❛✐♥s t❤❡ s❛♠❡✳ ❚❤❡♥
✇✐t❤ ❣r♦✇t❤ ♦❢ t❤❡ t♦♣✲❧❛②❡r t❤✐❝❦♥❡ss ❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ♥❛♥♦s♣❤❡r❡s t❤❡ ❉❘ ❧✐❣❤t ♦❢
✺✸✷ ♥♠ ✐s ❞❡t❡❝t❡❞ ❜❡tt❡r t❤❛♥ t❤❡r❡ ❛r❡ ♥♦ ♥❛♥♦♣❛rt✐❝❧❡s ❛t ❛❧❧✱ t❤❡ s❛♠❡ ✐s ❣♦✐♥❣ ♦♥ ✇✐t❤ ✻✸✷✳✽
♥♠ ❡①❝✐t❛t✐♦♥✳ ❋♦r t❤❡ ❣♦❧❞ ♥❛♥♦st❛rs t❤❡ ❉❘ ♠❡❛s✉r❡♠❡♥ts ❞✐❞ ♥♦t s❤♦✇ ❛♥② ✐♠♣r♦✈❡♠❡♥t ✐♥
♣r♦❜✐♥❣ ❞❡♣t❤✱ ❛s ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❉❘ s✐❣♥❛❧ ♦♥ ❙❉❙ r❡♠❛✐♥s ❧✐♥❡❛r✳
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✸✳✺✳ ❘❡s✉❧ts ❛♥❞ ❛♥❛❧②s✐s
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Core 

~5 μm  

Epidermis cell 

~30 μm  

Nanoparticl

es 1mg/kg 

~ 4-5 NP/μm3 

(1 mg/kg) 

~1.07x10^9 

molecules of 

PPIX 
 

Optical fibre ~200 μm  

❋✐❣✉r❡ ✸✳✶✻✿ ●r❛♣❤✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✶ ♠❣✴❦❣ ✐♥ t❤❡ ✈♦❧✉♠❡
♦❢ ❛ ♣❤❛♥t♦♠✱ ✇❤✐❝❤ ❤❛s ✶✵✵ µm ❡♣✐❞❡r♠❛❧ ❧❛②❡r t❤✐❝❦♥❡ss ❛♥❞ ✸ ❝♠ ❞❡r♠❛❧ ❧❛②❡r ❞❡♣t❤ ❛♥❞
❡①♣♦s❡❞ t❤r♦✉❣❤ t❤❡ ✜❜❡r ✇✐t❤ ✷✵✵ µm ❞✐❛♠❡t❡r
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❋✐❣✉r❡ ✸✳✶✽✿ ■♥✢✉❡♥❝❡ ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞ ❡♣✐❞❡r♠❛❧ ❧❛②❡r t❤✐❝❦♥❡ss ♦♥ ❧❛s❡r ❝♦♠♣♦♥❡♥t ♦❢ ♦❜t❛✐♥❡❞ s✐❣♥❛❧
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❈❤❛♣t❡r ✸✳ ◆❛♥♦♣❛rt✐❝❧❡s ✐♥✢✉❡♥❝❡ ♦♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦t✐ss✉❡

■t ❝♦✉❧❞ ❜❡ ❝♦♥❝❧✉❞❡❞ t❤❛t ✐❢ t❤❡ t✐ss✉❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❣♦❧❞ ♥❛♥♦s♣❤❡r❡s ✇✐❧❧ ❜❡ ❡①❝✐t❡❞ ❜② ✺✸✷
♥♠✱ ✇❡ ✇✐❧❧ ♦❜s❡r✈❡ ❤✐❣❤❡r r❡s♣♦♥s❡ t❤❛♥ ❢♦r ✻✸✷✳✽ ♥♠✱ ✇❤❡r❡ ✐t ✇♦✉❧❞ ❜❡ ❛ ❞❛r❦ s♣♦t ✐♥ ❝♦♥tr❛st
✇✐t❤ t❤❡ ❣r❡❡♥ ❞✐✛✉s❡❧②✲r❡✢❡❝t❡❞ ❧✐❣❤t✳ ❚❤✉s t❤❡ ❤✐❣❤❡r ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ❣♦❧❞ ♥❛♥♦s♣❤❡r❡s
✐s✱ t❤❡ ❜r✐❣❤t❡r ✐s t❤❡ s♣♦t ✐❢ t✐ss✉❡ ✐s ❡①❝✐t❡❞ ✇✐t❤ ✺✸✷ ♥♠ ✇❛✈❡❧❡♥❣t❤ ❛♥❞ ✈✐❝❡ ✈❡rs❛ ✇✐t❤ ✻✸✷✳✽
♥♠ ❡①❝✐t❛t✐♦♥✱ ✇❤❡r❡ t❤❡ ✧❞❛r❦✧ s♣♦t s❤♦✉❧❞ ❜❡ ♦❜s❡r✈❡❞✳

✸✳✺✳✷ ❋❧✉♦r❡s❝❡♥❝❡ ❝♦♠♣♦♥❡♥t

❚❤❡ ✢✉♦r❡s❝❡♥t ❝♦♠♣♦♥❡♥ts ♣❧♦tt❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❙❉❙ ❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❛r❡ ♣r❡s❡♥t❡❞
✐♥ ❋✐❣✳ ✸✳✶✾✳ ❆s ✐t ✇❛s ✇✐t❤ t❤❡ ❧❛s❡r ❝♦♠♣♦♥❡♥t ❢♦r ✻✸✷✳✽ ♥♠ ❡①❝✐t❛t✐♦♥ ♦❢ t❤❡ ❣♦❧❞ ♥❛♥♦st❛rs✱
✢✉♦r❡s❝❡♥❝❡ ❡①❝✐t❡❞ ❜② t❤❡ s❛♠❡ ✇❛✈❡❧❡♥❣t❤ ❣✐✈❡s t❤❡ ❧♦✇❡r r❡s♣♦♥s❡ t❤❛♥ ♦♥❡ ❡①❝✐t❡❞ ❜② ✺✸✷ ♥♠
✇❛✈❡❧❡♥❣t❤✳ ❆s ✐t ✐s ♦❜s❡r✈❡❞ ❢r♦♠ t❤❡ ❞❛t❛ ♦♥ t❤❡ ✜❣✉r❡✱ t❤❡ ✢✉♦r❡s❝❡♥t ❝♦♠♣♦♥❡♥t ✐♥❝r❡❛s❡
✇✐t❤ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r♦✇t❤ ❛♥❞ t❤❡♥ ❣❡tt✐♥❣ ❧♦✇❡r ❢♦r ✺✸✷ ♥♠✳ ❲✐t❤ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡
❙❉❙ t❤❡ ✢✉♦r❡s❝❡♥t ❝♦♠♣♦♥❡♥t ✜rst❧② ❞❡❝❛②s ❛♥❞ t❤❡♥ ❣r♦✇s ✉♣✱ ✇✐t❤ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r♦✇t❤
✐t r❛✐s❡s ✉♣ ❛♥❞ t❤❡♥ ❞❡❝❛②s✱ t❤✉s ❛t ❛ ❝❡rt❛✐♥ ♣♦✐♥t ✢✉♦r❡s❝❡♥t r❡s♣♦♥s❡ ✐s t❤❡ ❤✐❣❤❡st✱ ✇❤✐❝❤
✐s ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❤✐❣❤❡r ✢✉♦r❡s❝❡♥t ♣r♦❜✐♥❣ ❞❡♣t❤ ❛t t❤❡ s❡❝♦♥❞ ❙❉❙✳ ■♥ ♦✉r ♣r♦❝❡❡❞✐♥❣s
♣❛♣❡r❬❑❤♦❧♦❞ts♦✈❛ ❡t ❛❧✳✱ ✷✵✶✹❛❪ ✐t ✇❛s ♦❜t❛✐♥❡❞✱ t❤❛t t❤❡ ✢✉♦r❡s❝❡♥t ♣r♦❜✐♥❣ ❞❡♣t❤ ❣r♦✇s ✇✐t❤
❙❉❙ ✐♥❝r❡❛s❡✱ ❜✉t t❤❡ s✐❣♥❛❧ ❞❡t❡❝t❡❞ ❛s ✐t ✐s s❡❡♥ ❢r♦♠ t❤❡ ❡①♣❡r✐♠❡♥t ✐s ❤✐❣❤❡r ✷✲✸ t✐♠❡s ❛t t❤❡
❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ✶✲✷ ♠❣✴❦❣✳ ❚❤❡ ❣♦❧❞ ♥❛♥♦st❛rs ❞✐❞ ♥♦t s❤♦✇ s✐❣♥✐✜❝❛♥t ✐♥❝r❡❛s❡ ✐♥
✢✉♦r❡s❝❡♥❝❡ r❛t❡✳ ❚❤❡ ✢✉♦r❡s❝❡♥t ❝♦♠♣♦♥❡♥ts ♣❧♦tt❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡♣✐❞❡r♠❛❧ ❧❛②❡r t❤✐❝❦♥❡ss
❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✸✳✷✵✳ ❲❤❛t ❝♦♥❝❡r♥s t❤❡ ❣♦❧❞
♥❛♥♦s♣❤❡r❡s✱ ✜rst❧②✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ t❤✐❝❦❡r ✐s t❤❡ ❡♣✐❞❡r♠❛❧ ❧❛②❡r✱ t❤❡ ❧♦✇❡r ✐s t❤❡
✢✉♦r❡s❝❡♥t ❝♦♠♣♦♥❡♥t✱ ✇❤✐❝❤ ✐s ❡①♣❧❛✐♥❡❞ ❜② ❧♦✇❡r ✈♦❧✉♠❡ ❡①❝✐t❡❞ ❜② t❤❡ s♦✉r❝❡✲✜❜❡r✳ ❚❤❡ ♠♦st
❡✛❡❝t✐✈❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ❣♦❧❞ ♥❛♥♦s♣❤❡r❡s ❛♣♣❡❛r❡❞ t♦ ❜❡ ✷ ♠❣✴❦❣ ❢♦r ❡❛❝❤ ❧❛②❡r t❤✐❝❦♥❡ss✳
❚❤✐s ❡✛❡❝t ❝♦✉❧❞ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❡①❝✐t❛t✐♦♥ ❧✐❣❤t ❛❜s♦r♣t✐♦♥ ❜② t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞ ♠♦r❡
❡✛❡❝t✐✈❡ tr❛♥s❢❡r t♦ t❤❡ PP■❳ ♠♦❧❡❝✉❧❡s s✉rr♦✉♥❞✐♥❣ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡✳ ❚❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡
✢✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ♦♥ ♥❛♥♦♣❛rt✐❝❧❡s ❝♦♥❝❡♥tr❛t✐♦♥ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ✺✳
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✸✳✺✳ ❘❡s✉❧ts ❛♥❞ ❛♥❛❧②s✐s

✸✳✺✳✸ ❋❧✉♦r❡s❝❡♥❝❡ ✐♥❞❡①

❚❤❡ ❋❧✉♦r❡s❝❡♥❝❡ ■♥❞❡① FI ♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡ ❙❉❙ ❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ❣♦❧❞ ♥❛♥♦♣❛r✲
t✐❝❧❡s ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✸✳✷✶✳ ❆s ✐t ✐s s❡❡♥ ❢r♦♠ t❤❡ ❞❛t❛ t❤❡ ♥❛♥♦s♣❤❡r❡s ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢
✷ ♠❣✴❦❣ r❡♠❛✐♥s t❤❡ ♠♦st ❡✛❡❝t✐✈❡ ❞✉❡ t♦ ❡✛❡❝t✐✈❡ ❡♥❡r❣② tr❛♥s❢❡r ❢r♦♠ ♥❛♥♦s❤♣❡r❡ t♦ PP■❳✱
❤♦✇❡✈❡r ❢♦r ✻✸✷✳✽ ♥♠ ❡①❝✐t❛t✐♦♥ t❤❡ FI ✐s st✐❧❧ ❢r♦♠ ✷ t♦ ✶✵ t✐♠❡s ❧♦✇❡r t❤❛♥ ♦♥❡ ❢♦r ✺✸✷ ♥♠ ❡①❝✐✲
t❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❧♦✇❡r ❛❜s♦r♣t✐♦♥ ♦❢ ❧♦♥❣❡r ✇❛✈❡❧❡♥❣t❤s ❜② t❤❡ ❣♦❧❞ ♥❛♥♦s♣❤❡r❡s✱
t❤✉s ❧♦♥❣❡r ✇❛✈❡❧❡♥❣t❤s ❛r❡ ♣r❡❢❡r❛❜❧② ❛❜s♦r❜❡❞ ❜② PP■❳✳ ❲✐t❤ ❣r♦✇t❤ ♦❢ ❙❉❙ t❤❡ ❋■ ✐s r❛✐s✐♥❣✱
❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❧❛s❡r ❛♥❞ ✢✉♦r❡s❝❡♥t ❝♦♠♣♦♥❡♥t ✐s ❣❡tt✐♥❣ ❤✐❣❤❡r✳ ●♦❧❞ ♥❛♥♦st❛rs
r❡♠❛✐♥ t♦ ❣✐✈❡ ❧♦✇❡r r❛t❡s ♦❢ ❋■ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❣♦❧❞ ♥❛♥♦s♣❤❡r❡s✳ ❚❤❡ ✢✉♦r❡s❝❡♥❝❡ ✐♥❞✐❝❡s
♣❧♦tt❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❙❉❙ ❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✸✳✷✷✳ ❚❤❡ ❢♦r♠ ♦❢ t❤❡
s✉r❢❛❝❡s ✐s q✉✐t❡ s✐♠✐❧❛r t♦ ❡❛❝❤ ♦t❤❡r✳ ❲✐t❤ ❣r♦✇t❤ ♦❢ t❤❡ ❡♣✐❞❡r♠❛❧ ❧❛②❡r t❤✐❝❦♥❡ss ✐t ✐s ❣❡tt✐♥❣
❤❛r❞❡r t♦ r❡❛❝❤ t❤❡ ❞❡r♠❛❧ ❧❛②❡r ❛♥❞ t♦ ❡①❝✐t❡ PP■❳ ♠♦❧❡❝✉❧❡s ♣r❡s❡♥t ✐♥ ✐t✳
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❈❤❛♣t❡r ✸✳ ◆❛♥♦♣❛rt✐❝❧❡s ✐♥✢✉❡♥❝❡ ♦♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦t✐ss✉❡

✸✳✺✳✹ Pr❡❧✐♠✐♥❛r② ❛♥❛❧②s✐s ♦❢ s♣❡❝tr❛

❚❤❡ r❛t❡ ♦❢ t❤❡ ✢✉♦r❡s❝❡♥t ♣❤♦t♦♥s ❞❡t❡❝t❡❞ ✐s ✐♥ t❤❡ ❞✐r❡❝t r❛t✐♦ t♦ t❤❡ ❡♣✐❞❡r♠❛❧ ❧❛②❡r t❤✐❝❦✲
♥❡ss ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡r♠❛❧ ✈♦❧✉♠❡ ❡①❝✐t❡❞ ❜② ❞✐✛✉s✐✈❡❧② ♣r♦♣❛❣❛t✐♥❣ ♣❤♦t♦♥s✿ t❤❡ ❞❡❡♣❡r
♣r♦❜✐♥❣ ❞❡♣t❤ ✐s t❤❡ ❤✐❣❤❡r ✐s ❡①❝✐t❡❞ ✈♦❧✉♠❡✳ ❚❤❡ ❣♦❧❞ ♥❛♥♦s♣❤❡r❡s ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✷ ♠❣✴❦❣
❛♣♣❡❛r❡❞ t♦ ❜❡ t❤❡ ♠♦st ❡✛❡❝t✐✈❡ ✐♥ ❡♥❡r❣② tr❛♥s❢❡r ❢r♦♠ ❛ ♥❛♥♦s♣❤❡r❡ t♦ ❛ PP■❳ ♠♦❧❡❝✉❧❡ ✇❤❡♥
✐t ✐s ❡①❝✐t❡❞ t♦ ❡①t✐♥❝t✐♦♥ ♣❡❛❦ ♦❢ t❤❡ ❣♦❧❞ ♥❛♥♦s♣❤❡r❡s ❛♥❞ PP■❳ s✐♠✉❧t❛♥❡♦✉s❧②✳ ❋♦r t❤❡ ❣♦❧❞
♥❛♥♦♣❛rt✐❝❧❡s ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✷♠❣✴❦❣ t❤❡ ✸❉ s✉r❢❛❝❡s ♦❢ t❤❡ s❛♠❡ ❝♦♠♣♦♥❡♥ts ♣❧♦tt❡❞ ❛❝❝♦r❞✐♥❣
t♦ ❙❉❙ ❛♥❞ ❧❛②❡r t❤✐❝❦♥❡ss ❛r❡ ❝♦♥s✐❞❡r❡❞ s❡♣❛r❛t❡❧② ✭s❡❡ ❋✐❣✳ ✸✳✷✸✮✳

❋✐❣✉r❡ ✸✳✷✸✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❙❉❙ ❛♥❞ t❤❡ ❡♣✐❞❡r♠❛❧ ❧❛②❡r t❤✐❝❦♥❡ss ♦♥ t❤❡ ❧❛s❡r✱ t❤❡ ✢✉♦r❡s❝❡♥❝❡
❝♦♠♣♦♥❡♥t ❛♥❞ t❤❡ ✢✉♦r❡s❝❡♥❝❡ ✐♥❞❡① FI

❚❤❡ ❧❛s❡r ❝♦♠♣♦♥❡♥t ❞♦❡s ♥♦t ❝❤❛♥❣❡ ♠♦r❡ t❤❛♥ ✶✻✪ ✇✐t❤ t❤❡ t❤✐❝❦♥❡ss ❣r♦✇t❤✱ ❜✉t t❤❡
✢✉♦r❡s❝❡♥❝❡ ❞♦❡s ✐♥❝r❡❛s❡✱ t❤✉s t❤❡ ✢✉♦r❡s❝❡♥❝❡ ✐♥❞❡① ✐♥❝r❡❛s❡s t♦♦✳ ❚❤❡ ❣♦❧❞ ♥❛♥♦st❛rs ❞✐❞ ♥♦t
s❤♦✇ ❛♥② ❡✛❡❝t ♦♥ t❤❡ ✢✉♦r❡s❝❡♥❝❡ ❝♦♠♣♦♥❡♥t ❛s ❡①♣❡❝t❡❞ ❞✉❡ t♦ t❤❡ ❧♦❝❛❧ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t
❡✛❡❝ts ♦♥ t❤❡ s❤❛r♣ ❡❞❣❡s ♦❢ t❤❡ ♥❛♥♦st❛rs✳ ❋✐♥❛❧❧②✱ t❤❡ ♠❛✐♥ ❝♦♥❝❧✉s✐♦♥s ❛r❡ ♠❛❞❡ ❢♦r t❤❡ ✺✸✷
♥♠ ❡①❝✐t❛t✐♦♥ ♦❢ t❤❡ ♣❤❛♥t♦♠s ❝♦♥t❛✐♥✐♥❣ t❤❡ ❣♦❧❞ ♥❛♥♦s♣❤❡r❡s✱ ❛s t❤❡② ❛♣♣❡❛r❡❞ t♦ ❜❡ ♠♦r❡
❡✛❡❝t✐✈❡✿

✶✳ t❤❡ ❣♦❧❞ ♥❛♥♦s♣❤❡r❡s ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✷ ♠❣✴❦❣ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ✶ ♠❣✴❦❣ ♦❢ PP■❳ ✐s t❤❡
♠♦st ❡✛❡❝t✐✈❡ ✐♥ t❤❡ r❛♥❣❡ ✐♥✈❡st✐❣❛t❡❞✱ ❛s ✐t ✐♥❝r❡❛s❡s t❤❡ ✢✉♦r❡s❝❡♥❝❡ r❛t❡ t✇✐❝❡❀

✷✳ ❤♦✇❡✈❡r t❤❡ ❧❛s❡r ❛♥❞ t❤❡ ✢✉♦r❡s❝❡♥❝❡ ❝♦♠♣♦♥❡♥ts ❞❡❝r❡❛s❡ ✇✐t❤ t❤❡ ❙❉❙ ❣r♦✇t❤✱ t❤❡
❝❤❛r❛❝t❡r ♦❢ t❤❡ ❞❡❝r❡❛s❡ ✐s ❞✐✛❡r❡♥t ✭t❤❡ ✢✉♦r❡s❝❡♥t ❝♦♠♣♦♥❡♥t ❞❡❝r❡❛s❡s s❧♦✇❡r✱ t❤❛♥ t❤❡
❧❛s❡r ♦♥❡✮✱ t❤✉s t❤❡ ✢✉♦r❡s❝❡♥❝❡ ✐♥❞❡① FI✱ ✐✳ ❡✳ ❝♦♥tr❛st✱ ❛♣♣❡❛rs t♦ ❜❡ t❤❡ ❤✐❣❤❡st ✲ ✽✳✾ ❢♦r
t❤❡ ❧♦♥❣❡st ❙❉❙ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♣❤❛♥t♦♠ ✇✐t❤♦✉t ♥❛♥♦♣❛rt✐❝❧❡s✱ ✇❤❡r❡ FI ✇❛s ♦❜t❛✐♥❡❞
t♦ ❜❡ ✹✳✸✳

✸✳ ❛❧t❤♦✉❣❤ t❤❡ ❧♦♥❣❡r ✇❛✈❡❧❡♥❣t❤✱ ✐✳ ❡✳ ✻✸✷✳✽ ♥♠✱ ❛❧❧♦✇s ❢♦r ♣r♦❜✐♥❣ ❞❡❡♣❡r ❧❛②❡rs✱ t❤❡ ♣r❡s✲
❡♥❝❡ ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥ t❤❡ s❡❝♦♥❞ ❧❛②❡r ❣✐✈❡s ❜❡tt❡r r❡s✉❧ts ❢♦r t❤❡ s❤♦rt❡r ✇❛✈❡❧❡♥❣t❤✱
✐✳ ❡✳ ✺✸✷ ♥♠✱ ❛s ✐t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❡①t✐♥❝t✐♦♥ ♦❢ t❤❡ ♥❛♥♦s♣❤❡r❡s✳

❚❤❡s❡ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♠✉❧t✐❧❛②❡r❡❞ ❜✐♦✲t✐ss✉❡
❝♦♥t❛✐♥✐♥❣ ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞ ✢✉♦r♦♣❤♦r❡s ✉s✐♥❣ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥ ❞❡s❝r✐❜❡❞ ❡❧s❡✇❤❡r❡
✭s❡❡ s❡❝✳ ✹✳✷✳✶✮✳

✼✻



❈❤❛♣t❡r ✹

❙♣❛t✐❛❧❧② ❛♥❞ s♣❡❝tr❛❧❧② r❡s♦❧✈❡❞

❛♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥

♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥ ✉s✐♥❣

❞✐✛✉s❡✲r❡✢❡❝t❛♥❝❡ s♣❡❝tr♦s❝♦♣②

❚♦ r❡✈❡❛❧ ❝❤❛♥❣❡s ❛r✐s✐♥❣ ❞✉❡ t♦ ❛ ♣r❡❝❛♥❝❡r♦✉s st❛t❡ ♦❢ ❡♣✐t❤❡❧✐❛❧ t✐ss✉❡✱ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ♦❢
❜✐♦♠❡❞✐❝❛❧ ❞✐❛❣♥♦s✐s s❤♦✉❧❞ ❜❡ ❛❝❝✉r❛t❡❧② s♦❧✈❡❞✳

❚❤✐s ❝❤❛♣t❡r ♣r❡s❡♥ts ❛ ♥❡✇ ❛♣♣r♦❛❝❤ t♦ ❡st✐♠❛t❡ t❤❡ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ✭❤❡r❡ µa ❛♥❞ µs✮
♦❢ ❛ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ❢r♦♠ s♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞ s♣❡❝tr♦s❝♦♣② ♠❡❛s✉r❡♠❡♥ts✳ ❋✐rst❧②✱ s♦♠❡ ❜❛s✐❝s
♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ✐♥ ♠❛t❤❡♠❛t✐❝s ❛r❡ ❞❡s❝r✐❜❡❞✳ ❙❡❝♦♥❞❧②✱ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥s t❤❡
st❛t❡✲♦❢✲t❤❡✲❛rt ✐s ❣✐✈❡♥✳ ❋✐♥❛❧❧②✱ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♠♦❞❡❧✐♥❣ ✇♦r❦ ❛r❡ ❞✐s❝✉ss❡❞✱ ✐♥❝❧✉❞✐♥❣ t❤❡
❛♥❛❧②s✐s ♦❢ t❤❡ ❡st✐♠❛t❡❞ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡rr♦r ❞❡♣❡♥❞❡♥❝❡ ♦♥ ❝♦st✲❢✉♥❝t✐♦♥ ❡rr♦r✳

✹✳✶ ❇❛s✐❝s ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥s

●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✐s ✜♥❞✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❛ ♠♦❞❡❧ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡①✲
♣❡r✐♠❡♥t❛❧ ❞❛t❛ ♦❜s❡r✈❡❞✳ ❆❧❧ t❤❡ ❧✐♥❡❛r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ❤❛✈❡ ❛ s♦❧✉t✐♦♥✱ ❜✉t t❤❡ ♥♦♥✲❧✐♥❡❛r
❛r❡ ❢r❡q✉❡♥t❧② ❝♦♥s✐❞❡r❡❞ ❛s ✐❧❧✲♣♦s❡❞ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ❛r❣✉♠❡♥ts t♦ ✜♥❞ ❡①❝❡❡❞s t❤❡ ♥✉♠❜❡r ♦❢
♦❜s❡r✈❡❞ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✐s ✉s✉❛❧❧② ❡①♣r❡ss❡❞ ❛s✿

y = G−1(x), ✭✹✳✶✮

✇❤❡r❡ x ✐s t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs t♦ ❜❡ ❢♦✉♥❞✱ y ✐s t❤❡ ♦❜s❡r✈❡❞ ♣❛r❛♠❡t❡rs ♦❢ s②st❡♠✱ ✐✳ ❡✳
❜❛❝❦✲s❝❛tt❡r❡❞ ❧✐❣❤t ✐♥t❡♥s✐t②✱ G ✐s t❤❡ ♦♣❡r❛t♦r✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡
♦❜s❡r✈❡❞ ❞❛t❛ y ❛♥❞ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs x ❛♥❞ ✐s ❝❛❧❧❡❞ ❢♦r✇❛r❞ ♣r♦❜❧❡♠✱ ✐✳ ❡✳ ❋❉❚❉✱ ❋❉❋❉✱
▼❈ ♠❡t❤♦❞✱ ❘❚❊✱ ❉❆ t♦ ❘❚❊✱ ❡t❝✱ −1 ✐♥ t❤❡ G✲♦♣❡r❛t♦r ✐♥❞✐❝❛t❡s t❤❡ ✐♥✈❡rs❡ ♦♣❡r❛t✐♦♥✳

Pr❡❝✐s❡ ❛♥❞ r♦❜✉st ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ✐s ❛ ❦❡② ✐ss✉❡
✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♦♣t✐❝❛❧ s♣❡❝tr♦s❝♦♣✐❝ ❛♥❞ ✐♠❛❣✐♥❣ ♠❡t❤♦❞s ❛♥❞ ✐♥ t❤❡✐r ❛♣♣❧✐❝❛❜✐❧✐t② t♦
♥♦♥ ✐♥✈❛s✐✈❡ ❞✐❛❣♥♦s✐s ✐♥ ❝❧✐♥✐❝s✳ Pr♦♠✐s✐♥❣ ❯❱✲❱✐s✲◆■❘ s♣❡❝tr♦s❝♦♣② ❛♥❞ ✐♠❛❣✐♥❣ t❡❝❤♥✐q✉❡s
❤❛✈❡ ❧❡❞ t♦ s✐❣♥✐✜❝❛♥t r❡s✉❧ts ✐♥ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ❛♥❞ ❞✐❛❣♥♦s✐s ❬❙❡r❛❢❡t✐♥✐❞❡s
❡t ❛❧✳✱ ✷✵✵✽❪✳ ❆♠♦♥❣ t❤❡s❡ ♠❡t❤♦❞s ❙♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞ ❉✐✛✉s❡ ❘❡✢❡❝t❛♥❝❡ ❙♣❡❝tr♦s❝♦♣② ✭❙❉❘❙✮
❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❢♦r ❛❜♦✉t t✇♦ ❞❡❝❛❞❡s ❛♥❞ ♣r♦✈❡❞ t♦ ❜❡ ❛ ✈❛❧✉❛❜❧❡ ♦♣t✐❝❛❧ ❜✐♦♣s② t♦♦❧
❬❈❛♥♣♦❧❛t ❛♥❞ ❏✉❞✐t❤✱ ✷✵✵✵✱ ❇✐❣✐♦ ❛♥❞ ❇♦✇♥✱ ✷✵✵✹✱ ❇❛❞✐③❛❞❡❣❛♥ ❡t ❛❧✳✱ ✷✵✵✹✱ ▼✉r♣❤② ❡t ❛❧✳✱
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❈❤❛♣t❡r ✹✳ ❆♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥
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❋✐❣✉r❡ ✹✳✶✿ ❆✮ Pr✐♥❝✐♣❧❡ ♦❢ ❙❉❘❙ ✭s♦✉r❝❡✱ ♣r♦❜❡✱ t✐ss✉❡✱ s♣❡❝tr✉♠✮❀ ❇✮ ❙❝❤❡♠❡ t✐ss✉❡✴s✐♠✉❧❛✲
t✐♦♥✴♠♦❞❡❧❀ ❈✮ ■♥✈❡rs❡ ♣r♦❜❧❡♠ ❣❡♥❡r❛❧ s❝❤❡♠❡✳

✷✵✵✺✱ ❆r✐✢❡r ❡t ❛❧✳✱ ✷✵✵✻✱ ❆❧❧✐s♦♥ ❛♥❞ ❙✐❜❛t❛✱ ✷✵✵✽✱ ❇♦r✐s♦✈❛ ❡t ❛❧✳✱ ✷✵✵✽✱ ❊✈❡rs ❡t ❛❧✳✱ ✷✵✶✷✱ ❈❛❧✐♥
❡t ❛❧✳✱ ✷✵✶✸✱ ❈✉♥❤❛ ❡t ❛❧✳✱ ✷✵✶✹❪✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❙❉❘❙ ✭❋✐❣✳ ✹✳✶ ❛✮ ✐s t♦ ✉s❡ ❛ ♠✉❧t✐✲✜❜❡r
♦♣t✐❝❛❧ ♣r♦❜❡ ✐♥ ❣❡♥t❧❡ ❝♦♥t❛❝t ✇✐t❤ ❛ t✐ss✉❡ t♦ ❜❡ ♣r♦❜❡❞✳ ❖♥❡ ❡①❝✐t❛t✐♦♥ ✜❜❡r ♦❢ t❤❡ ♣r♦❜❡
❝♦♥❞✉❝ts t❤❡ ❧✐❣❤t ♦❢ ❛ ✇✐❞❡ ✇❛✈❡❧❡♥❣t❤ r❛♥❣❡ s♦✉r❝❡ ❞♦✇♥ t♦ t❤❡ t✐ss✉❡ ✐♥s✐❞❡ ✇❤✐❝❤ ✐t ✐s
❛❜s♦r❜❡❞ ❛♥❞ ♠✉❧t✐♣❧② s❝❛tt❡r❡❞✳ ❙❡✈❡r❛❧ r❡❝❡✐✈✐♥❣ ✜❜❡rs ❝♦❧❧❡❝t t❤❡ ❜❛❝❦s❝❛tt❡r❡❞ ♣❤♦t♦♥s ❛t
❦♥♦✇♥ ❙♦✉r❝❡✲❉❡t❡❝t♦r ❙❡♣❛r❛t✐♦♥s ✭❙❉❙✮ ✐♥ t❤❡ ♣r♦❜❡ ✇❤✐❝❤ ❛r❡ t❤❡♥ ❝♦✉♥t❡❞ ❜② ❛ s♣❡❝tr♦♠❡t❡r
t♦ ♠❡❛s✉r❡ ❡①♣❡r✐♠❡♥t❛❧ r❡✢❡❝t❛♥❝❡ ✐♥t❡♥s✐t② s♣❡❝tr❛ Iexp(λ, r) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✇❛✈❡❧❡♥❣t❤ λ =
[λ1, .., λk, .., λK ] ✭✈❡❝t♦r ♦❢ ❑ ❞✐s❝r❡t❡ ♥✉♠❜❡r ♦❢ ✇❛✈❡❧❡♥❣t❤s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s♣❡❝tr❛❧ r❛♥❣❡ ❛♥❞
r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✮ ❛♥❞ ❞✐st❛♥❝❡ r = [r1, .., rm, .., rM ] ✭✈❡❝t♦r ♦❢ ▼ ❞✐s❝r❡t❡ ♥✉♠❜❡r ♦❢ ❙❉❙
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r♦❜❡ ❢❡❛t✉r❡s✮✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s✱ t❤❡ ✐♥
✈✐✈♦ q✉❛♥t✐✜❝❛t✐♦♥✱ ❛t ✈❛r✐♦✉s ❞❡♣t❤s✱ ♦❢ t❤❡✐r ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✭❋✐❣✳ ✹✳✶ ❜✮ s✉❝❤ ❛s ❛❜s♦r♣t✐♦♥✱
s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥ts µs(λ)✱ µa(λ) ❛♥❞ ❛♥✐s♦tr♦♣② ❢❛❝t♦r g(λ)✱ ✐s ✐♥t❡♥❞❡❞ t♦ ♣r♦✈✐❞❡ ♥❡✇ ❦❡②
❢❡❛t✉r❡s ❢♦r ❝❤❛r❛❝t❡r✐s✐♥❣ ♣❛t❤♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡s ❛r✐s✐♥❣ ❜❡❢♦r❡ ❡✈♦❧✈✐♥❣ t♦✇❛r❞s ♠❛❧✐❣♥❛♥t ❧❡s✐♦♥s
❬❈❛❧✐♥ ❡t ❛❧✳✱ ✷✵✶✸✱ ❉♦♥❣ ❡t ❛❧✳✱ ✷✵✶✹✱ ❘♦❣❛❧❧❛ ❛♥❞ ❈♦♥t❛❣✱ ✷✵✶✺❪✳

❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt② ✈❛❧✉❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ❝♦♥s✐sts ✐♥ s♦❧✈✐♥❣ ❛♥
✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✇❤✐❝❤ ✐s ❝❧❛ss✐❝❛❧❧② ✐❧❧✲♣♦s❡❞ ✭❞✐✛❡r❡♥t s❡ts ♦❢ ♣❛r❛♠❡t❡rs ♠❛② ❧❡❛❞ t♦ ❝❧♦s❡
s✐♠✐❧❛r r❡s✉❧ts✮ ❛♥❞ ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ✭♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s ❞✉❡ t♦ ✜♥✐t❡ ♣r❡❝✐s✐♦♥
❛♥❞ ❡rr♦rs ✐♥ t❤❡ ❞❛t❛✮✳ ■♥ t❤✐s ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❢r❛♠❡✇♦r❦ s❦❡t❝❤❡❞ ✐♥ ❋✐❣✳ ✹✳✶❝✱ ✜rst❧②✱ ❛
♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ❤❛s
t♦ ❜❡ ❝❤♦s❡♥ t♦ ❞❡s❝r✐❜❡ t❤❡ ❢♦r✇❛r❞ ♣r♦❜❧❡♠✱ ✐✳ ❡✳ t♦ ♣r♦✈✐❞❡ ♠♦❞❡❧❡❞ r❡✢❡❝t❛♥❝❡ ✐♥t❡♥s✐t②
s♣❡❝tr❛ Imod(λ, r;♣(λ)) s✐♠✉❧❛t❡❞ ✇✐t❤ t❤❡ t✐ss✉❡ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡r s❡t ♣(λ) ✭❢♦r ✐♥st❛♥❝❡ ♣(λ) =
[µs(λ), µa(λ), g(λ), z(λ), n(λ)])✮✳ ❙❡❝♦♥❞❧②✱ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ❛♣♣❧✐❡❞ ✇✐t❤ t❤❡ ❛✐♠ ♦❢
♠❛①✐♠✐③✐♥❣ ♦r ♠✐♥✐♠✐③✐♥❣ ❛♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭❛❧s♦ ❝❛❧❧❡❞ ❡♥❡r❣②✲ ♦r ❝♦st✲❢✉♥❝t✐♦♥✱ ✉s✉❛❧❧②
q✉❛♥t✐❢②✐♥❣ ❛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❛♥❞ ♠♦❞❡❧❡❞ ❞❛t❛✮ ❜② ✐t❡r❛t✐✈❡❧② ✈❛r②✐♥❣ t❤❡
✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡r s❡t✳ ■♥❞❡❡❞✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❛♥❞ ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞
t♦ ♦♣t✐♠✐③❡ t❤❛t ❢✉♥❝t✐♦♥ ❤❛s ❛ ❞✐r❡❝t ✐♠♣❛❝t ♦♥ t❤❡ ♣r❡❝✐s✐♦♥ ❛♥❞ r♦❜✉st♥❡ss ♦❢ t❤❡ ♦✈❡r❛❧❧
❡st✐♠❛t✐♦♥ s❝❤❡♠❡✳
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✹✳✷✳ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥s ✐♥ ❜✐♦♠❡❞✐❝❛❧ ❞✐❛❣♥♦s✐s

❚❤✉s✱ t❤❡ st❡♣s ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥ ❜❛s✐❝❛❧❧② ✐♥✈♦❧✈❡✿

✶✳ s✐♠✉❧❛t✐♦♥ ♦❢ ♦✉t♣✉t ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛❀

✷✳ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❡rr♦r ❜❡t✇❡❡♥ s✐♠✉❧❛t❡❞ ❞❛t❛ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧❀

✸✳ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❛♥❞ ♥❡✇ ✐♥✐t✐❛❧ ❞❛t❛✳

✹✳✷ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥s ✐♥ ❜✐♦♠❡❞✲
✐❝❛❧ ❞✐❛❣♥♦s✐s

❖♣t✐♠✐③❛t✐♦♥ ✐s ✇✐❞❡❧② ✉s❡❞ ✐♥ ♠❛♥② ❛r❡❛s ❧✐❦❡ ❡❝♦♥♦♠✐❝s✱ ❡♥❣✐♥❡❡r✐♥❣✱ ♣❤②s✐❝s✱ ❡t❝✳ ■❢ t❤❡
♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ✐t❡r❛t✐✈❡✱ t❤❡♥ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❛♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❛♣♣❧✐❡❞ t♦ s❦✐♥
❝❛♥❝❡r ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s ✐s t♦ st❡♣ ❜② st❡♣ ✜♥❞ t❤❡ ✐♥♣✉t ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❢♦r✇❛r❞ ♣r♦❜❧❡♠ ♦r
t♦ ❞❡✜♥❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛♥ ❡①♣❡r✐♠❡♥t ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♠♦❞❡❧✱ ✇❤✐❝❤ s✐♠✉❧❛t❡s t❤❡ ♠♦st
r❡❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❛♥ ❡①♣❡r✐♠❡♥t ❝♦♥❞✉❝t❡❞✳ ❚❤✐s ♠♦❞❡❧ ✐s ❝❛❧❧❡❞ ❢♦r✇❛r❞ ♣r♦❜❧❡♠✳ ❆❧❣♦r✐t❤♠
♦❢ ❛♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥ ✐s ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ ✐ts ❢♦r✇❛r❞ ♣r♦❜❧❡♠ ❞❡s❝r✐♣t✐♦♥ ❛♥❞ t②♣❡
♦❢ ♣❛r❛♠❡t❡rs t♦ ❡st✐♠❛t❡✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✐s ❣❛t❤❡r❡❞ ❜② ♠❡❛♥s ♦❢ ♦♣t✐❝❛❧ s♣❡❝tr♦s❝♦♣②
❛♥❞ ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✶✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❣✐✈❡ ✜rst ❝♦♥str❛✐♥ts t♦ t❤❡ ✐♥✈❡rs❡
♣r♦❜❧❡♠ ❛❧❣♦r✐t❤♠✬s ❡❧❡♠❡♥ts✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ s❝❤❡♠❡ ✐♥ ❝❛s❡ ♦❢ ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s ✐s ❛s ❢♦❧❧♦✇s
♦♥ ❋✐❣✉r❡ ✹✳✷✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ s❝❤❡♠❡ ❛❜♦✈❡ t❤❡r❡ ❛r❡ ♠✉❧t✐♣❧❡ ❝❤♦✐❝❡s t♦ ❜❡ ❞♦♥❡✿ t②♣❡ ♦❢

Cycle 
 

 

 

 

 

 

 

 

 

 

 

 

 

Monte Carlo 

forward problem, 

I(r, λ; µa, µs, g, n, z) 

Initial data, 

based on pre 

knowledge: 

µa(λ), µs(λ), 
g(λ), n(λ), z 

Optimisation 

algorithm 

Optimised properties: 

µa(λ), µs(λ), g(λ), n(λ), z 

Experimental 

data, I0(r, λ) 

Regularisation: 

µa(λ), µs(λ), g(λ), n(λ), z 

+ error function 

❋✐❣✉r❡ ✹✳✷✿ ❚❤❡ ♣r✐♥❝✐♣❛❧ s❝❤❡♠❡ ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❢♦r ♠✉❧t✐ ♠♦❞❛❧ s♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞ ♦♣t✐❝❛❧
❞✐❛❣♥♦s✐s✳ ❚❤✐s s❝❤❡♠❡ ✐s r❡♣r❡s❡♥t✐♥❣ t❤❡ ❣❧♦❜❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss ❤♦✇❡✈❡r ❢♦r ♦✉r r❡s❡❛r❝❤
✇❡ ♦♣t✐♠✐③❡❞ ♦♥❧② s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts✱ ✜①✐♥❣ ♦t❤❡r ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s

❢♦r✇❛r❞ ♣r♦❜❧❡♠✱ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✹✳✷✳✶✱ r❡❣✉❧❛r✐③❛t✐♦♥ ♠❡t❤♦❞✱ ✐♥✐t✐❛❧ ❞❛t❛✱ ❛❧s♦ t❤❡

✼✾



❈❤❛♣t❡r ✹✳ ❆♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥

❞❛t❛ r❛♥❣❡ ❝♦✉❧❞ ❜❡ ✜①❡❞✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s t❤❡ ❡❧❡♠❡♥ts✬ ❝❤♦✐❝❡ ❢♦r t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠
✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞✳

✹✳✷✳✶ ■♥✈❡rs❡ ♣r♦❜❧❡♠ ❢♦r ❞✐✛✉s❡ r❡✢❡❝t❛♥❝❡ s♣❡❝tr♦s♦♣②

❆ ❉❘❙ ✐s ❛ ✈❡r② s❡♥s✐t✐✈❡ ♦♣t✐❝❛❧ ❜✐♦♣s② t❡❝❤♥✐q✉❡s ✉s❡❞ t♦ ♣r♦❜❡ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢
❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ♥♦♥✲✐♥✈❛s✐✈❡❧② ❬❍❛❧❧❛❝♦❣❧✉ ❡t ❛❧✳✱ ✷✵✶✸❪✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ❝♦♥s✐sts ✐♥ ❝♦❧❧❡❝t✐♥❣
♣❤♦t♦♥s ❜❛❝❦ r❡✢❡❝t❡❞ ❢r♦♠ t✐ss✉❡ ❛❢t❡r ♠✉❧t✐♣❧❡ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ♦❢ ❛♥ ✐♥❝✐❞❡♥t ❧❛r❣❡
✇❛✈❡❧❡♥❣t❤ ❜❛♥❞ ❧✐❣❤t s♦✉r❝❡ ✭t②♣✐❝❛❧❧② ✸✻✵✲✼✺✵ ♥♠✮✳ ❉❘ ✐♥t❡♥s✐t② s♣❡❝tr❛ ❛r❡ ❝♦❧❧❡❝t❡❞ t❤r♦✉❣❤ ❛
♠✉❧t✐♣❧❡ ♦♣t✐❝❛❧ ✜❜❡r ♣r♦❜❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❙♣❛t✐❛❧❧② ❘❡s♦❧✈❡❞ ❉❘❙ ✭❙❘❉❘❙✮✱ ✇✐t❤ ✈❛r✐♦✉s ♣♦ss✐❜❧❡
❣❡♦♠❡tr✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ ❛ss♦❝✐❛t❡❞ ❝♦♥❞✐t✐♦♥s ♦❢ ♠❡❛s✉r❡♠❡♥ts✳ ❚♦ ❛♥❛❧②③❡ ❜✐♦❧♦❣✐❝❛❧
t✐ss✉❡ ❛t ✈❛r✐♦✉s ❞❡♣t❤s✱ s❡✈❡r❛❧ ❙❉❙ ❛r❡ ✉s❡❞ ❬●♦♠❡s ❛♥❞ ❇❛❝❦♠❛♥✱ ✷✵✶✷✱ ❋❛♥❣ ❡t ❛❧✳✱ ✷✵✶✶❪✳
❆❧t❤♦✉❣❤ t❤❡ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡ ✐s r❛t❤❡r s✐♠♣❧❡ ❛♥❞ t❤❡ ✐♥str✉♠❡♥t❛t✐♦♥ ❝♦st ❧✐♠✐t❡❞✱ t❤❡
❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t✐ss✉❡✱ ♥❛♠❡❧② s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts✱
❢r♦♠ t❤❡ ❉❘ s♣❡❝tr❛ ❝♦❧❧❡❝t❡❞ ✐s st✐❧❧ ❛ ♠♦❞❡❧✐♥❣ ❝❤❛❧❧❡♥❣❡ ✐♥ t❡r♠s ♦❢ s♣❡❡❞✱ r♦❜✉st♥❡ss ❛♥❞
♣r❡❝✐s✐♦♥ ❬❋r❡❞r✐❦ss♦♥ ❡t ❛❧✳✱ ✷✵✶✷✱ ❆r✐✢❡r ❡t ❛❧✳✱ ✷✵✵✻✱ ▲✐✉ ❛♥❞ ❘❛♠❛♥✉❥❛♠✱ ✷✵✵✻❪✳ ❇❛s❡❞ ♦♥
t❤❡ ❞❛t❛ s❡t ♦❢ s♣❛t✐❛❧❧② ❛♥❞ s♣❡❝tr❛❧❧② r❡s♦❧✈❡❞ ♠❡❛s✉r❡♠❡♥ts ♣r♦✈✐❞❡❞ ❜② ❉❘❙✱ t❤❡s❡ ♦♣t✐❝❛❧
♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❜② s♦❧✈✐♥❣ ❛♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠✳ ❚❤✐s ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✐s ✉s✉❛❧❧② ✐❧❧✲
♣♦s❡❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ✐♥♣✉t ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❜✐♦❧♦❣✐❝❛❧
♠❡❞✐✉♠ ❛♥❞ ♠♦r❡ ❞✐✣❝✉❧t t♦ s♦❧✈❡ ✇❤❡♥ ✐♠♣❧❡♠❡♥t✐♥❣ st❛t✐st✐❝❛❧ s✐♠✉❧❛t✐♦♥ ❛♣♣r♦❛❝❤✱ ✐✳ ❡✳ ▼❈
t♦ ♠♦❞❡❧ t❤❡ ❢♦r✇❛r❞ ♣r♦❜❧❡♠ ❬❆❧❡rst❛♠ ❡t ❛❧✳✱ ✷✵✶✵❪✳ ❚❤❡ ❧❛tt❡r ✐s ✇❡❧❧ ❛♣♣r♦♣r✐❛t❡ t♦ t❛❦❡ ✐♥t♦
❛❝❝♦✉♥t t❤❡ ❝♦♠♣❧❡① ❣❡♦♠❡tr② ♦❢ t❤❡ t✐ss✉❡s ❛♥❞ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♦♣t✐❝❛❧
♣r♦❜❡✱ ❡s♣❡❝✐❛❧❧② ❢♦r s❤♦rt ❙❉❙✳ ❚❤❡ ♠❛✐♥ ❞r❛✇❜❛❝❦ ♦❢ ▼❈ s✐♠✉❧❛t✐♦♥s ✐s t❤❡ st❛t✐st✐❝❛❧ ♥♦✐s❡ ♦♥
❞❛t❛ ✇❤✐❝❤ ✐♥❝r❡❛s❡s ✇✐t❤ ❙❉❙✱ ❢♦r t❤❡ ❉❆ t♦ ❘❚❊ ✲ ✐t ✐s s♣❡❝✐✜❝✐t② ♦❢ t❤❡ ❛♥❛❧②t✐❝❛❧ ❢✉♥❝t✐♦♥
✇❤✐❝❤ r❡✢❡❝ts ✐♥ t❤❡ ✈❛r✐❛t✐♦♥ s♣❛❝❡ s❤❛♣❡ ✇❤❡r❡ ❧♦❝❛❧ ♠✐♥✐♠❛ ♦❝❝✉r ✭❋✐❣✳ ✹✳✼✱ ❈✮✳ ❚❤❡ r❡s♦❧✉t✐♦♥
♦❢ t❤✐s ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✐s ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ❜❛s❡❞ ♦♥ ❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s❬❋r❡❞r✐❦ss♦♥ ❡t ❛❧✳✱
✷✵✶✷✱ ❉❛r♥❡ ❡t ❛❧✳✱ ✷✵✶✹✱ ❈❤❡♥ ❡t ❛❧✳✱ ✷✵✶✸✱ ❑♦rt✉♥ ❡t ❛❧✳✱ ✷✵✵✽✱ ❙❤❛r♠❛ ❡t ❛❧✳✱ ✷✵✶✸✱ ❍❛♥✐ ❡t ❛❧✳✱
✷✵✶✷❪ ♦❢ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ s❡❛r❝❤ ❜② ♠✐♥✐♠✐s✐♥❣ ❝♦st✲❢✉♥❝t✐♦♥s ❬❋r❡❞r✐❦ss♦♥ ❡t ❛❧✳✱ ✷✵✶✷✱ ❉❛r♥❡
❡t ❛❧✳✱ ✷✵✶✹✱ ❑♦rt✉♥ ❡t ❛❧✳✱ ✷✵✵✽✱ ▲✐✉ ❡t ❛❧✳✱ ✷✵✶✷❪✱ ✇❤✐❝❤ ❝♦✉❧❞ ❛❧s♦ ❜❡ ♦❢ ❞✐✛❡r❡♥t t②♣❡s✳ ❚❤❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❤✐❣❤❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❢♦r✇❛r❞ ♣r♦❜❧❡♠ ❛s ✇❡❧❧ ❛s
♦♥ t❤❡ t②♣❡ ♦❢ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ s✐♠✉❧❛t❡❞ ♦r ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✳ ❆❧s♦ t❤❡ ❝♦st✲❢✉♥❝t✐♦♥ s❤♦✉❧❞
t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✇❛✈❡❧❡♥❣t❤ r❛♥❣❡ ♦❢ s♣❡❝tr✉♠ ✇❤❡r❡ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ✉s❡❞✱ t❤❡ s❤❛♣❡ ♦❢
❉❘ s✐❣♥❛❧ ♦r t❤❡ ❛❜s♦r♣t✐♦♥ ♣❡❛❦s ♣r❡s❡♥t ✐♥ t❤❡ s♣❡❝tr✉♠✳ ❚❤❡♥ ✐❢ s❡✈❡r❛❧ ❙❉❙ ❛r❡ ✉s❡❞ ✐t ✐s
❝r✉❝✐❛❧ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥❝r❡❛s❡ ♦❢ ♥♦✐s❡ ✇✐t❤ ❙❉❙ ❛ss♦❝✐❛t❡❞ t♦ ▼❈ s✐♠✉❧❛t✐♦♥s✳ ■♥
♦✉r ❡①♣❡r✐♠❡♥t❛❧ s❡t ✉♣ ✹✳✸ ✇❡ ❤❛✈❡ ✻ ♦✉t♣✉t ✈❛❧✉❡s ✕ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ♥✉♠❜❡r ♦❢ ♣❤♦t♦♥s ❢r♦♠
❞✐st❛♥❝❡ I(λ, ri,i=1:6)❀ ✐t ✐s ♥❡❡❞❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣❤❛♥t♦♠s✳

I(λ, ri,i=1:6) ❞❡♣❡♥❞✐♥❣ ♦♥ ❙❉❙ ❛♥❞ ♦♥ ✇❛✈❡❧❡♥❣t❤✳ ❚♦ ♠♦❞❡❧ t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ▼❈♠❡t❤♦❞
✇❛s ❝❤♦s❡♥✱ ❛s s♦♦♥ ❛s ✐t q✉✐t❡ ✇❡❧❧ r❡♣r❡s❡♥ts ❛❝t✉❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t ❛♥❞ t❤❡ ❡rr♦r✱
✐❢ 108 ♣❤♦t♦♥s ✇✐❧❧ ❜❡ ❧❛✉♥❝❤❡❞✱ ✐s ❧❡ss t❤❛♥ ✶✵✪✳

❘♦❜✉st✱ ♣r❡❝✐s❡ ❛♥❞ ❢❛st ❡st✐♠❛t✐♦♥ ♦❢ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ✭❛❜s♦r♣t✐♦♥✱ s❝❛tt❡r✐♥❣ ❛♥❞ ❛♥✐s♦tr♦♣②
❝♦❡✣❝✐❡♥ts✮ ❢r♦♠ t✐ss✉❧❛r s♣❡❝tr♦s❝♦♣✐❝ ❞❛t❛ ✐s st✐❧❧ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ❢♦r ♣r♦✈✐❞✐♥❣ r❡❧✐❛❜❧❡ ♥♦♥
✐♥✈❛s✐✈❡ ❛♥❞ r❡❛❧ t✐♠❡ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❛ t✐ss✉❡ st❛t✉s ✭♦♣t✐❝❛❧ ❜✐♦♣s②✮✳ ❖✈❡r t❤❡ ♣❛st t✇♦
❞❡❝❛❞❡s s❡✈❡r❛❧ ♠❡t❤♦❞s ♦❢ ❧✐❣❤t✲t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥ ✇❡r❡ ❡♠♣❧♦②❡❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❜✐♦❧♦❣✐❝❛❧❧②
s✐❣♥✐✜❝❛♥t ♣❛r❛♠❡t❡rs✳ ❚❤❡② ❛r❡ t❤❡ ❉❆✱ s❡♠✐✲❡♠♣✐r✐❝❛❧ ♠♦❞❡❧s✱ ▼♦♥t❡ ❈❛r❧♦ ✭▼❈✮ s✐♠✉❧❛t✐♦♥s✱
♣❤♦t♦♥ ♠✐❣r❛t✐♦♥ ❛♥❞ ❧♦♦❦✲✉♣ t❛❜❧❡✲❜❛s❡❞ ♠♦❞❡❧s ❬●❡♠❡rt ❡t ❛❧✳✱ ✶✾✽✾✱ ❲✐❧s♦♥ ❛♥❞ ▼②❝❡❦✱ ✷✵✶✶❪✳
■♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ♦t❤❡r ♠❡t❤♦❞s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ▼❈ s✐♠✉❧❛t✐♦♥s ❢♦r ❧✐❣❤t ♣r♦♣❛❣❛t✐♦♥
t♦ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ❣✐✈❡s ❛❝❝❡♣t❛❜❧❡ ❡rr♦r r❛t❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❤♦t♦♥s ❧❛✉♥❝❤❡❞
❛♥❞ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♠♦❞❡❧ ❬❆r✐✢❡r ❡t ❛❧✳✱ ✷✵✵✻✱ ❆❧❡rst❛♠ ❡t ❛❧✳✱ ✷✵✵✽✱ ❆❧❡rst❛♠ ❡t ❛❧✳✱ ✷✵✶✵❪✳
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✹✳✷✳ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥s ✐♥ ❜✐♦♠❡❞✐❝❛❧ ❞✐❛❣♥♦s✐s

 

 

 

Biological tissue model 

Light source, 

I0(λ) 

Spectrometer, I’(r, λ) 

d = 00 µm 

NA = 0.22 

O.P.: µs, µa, g = 0.8, n = 1.44 

z 
=

 5
 c

m
 

r, μm 

<r> ≈  µm 

❋✐❣✉r❡ ✹✳✸✿ ❙❡t✉♣ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ❡①❝✐t❛t✐♦♥
❧✐❣❤t s♦✉r❝❡ ✐s ❛♣♣❧✐❡❞ t♦ t✐ss✉❡ t❤r♦✉❣❤ ✜❜❡r F0 ♦❢ t❤❡ t❤❡ ♠✉❧t✐✜❜❡r ♣r♦❜❡ ❬P❡r②✱ ✷✵✵✼❪
✇✐t❤ t✐ss✉❡ ✐♥❝✐❞❡♥t ❧✐❣❤t ✐♥t❡♥s✐t②✱ I0(λ)✳ ❉❘ ✐♥t❡♥s✐t② s♣❡❝tr❛ ✭Iexp(λ, r)✮ ❛r❡ ❝♦❧❧❡❝t❡❞
❛t ✻ ❞✐✛❡r❡♥t ❙❉❙ ✭261, 344, 500, 778, 1041, 1290µm✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❞✐st❛♥❝❡s r1..6 =
[261, 344, 500, 778, 1041, 1290] µm✱ r❡s♣❡❝t✐✈❡❧②✳

❋✐❣✉r❡ ✹✳✹✿ ■♥t❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ♦♥ ❞✐st❛♥❝❡ ❢♦r 108 ♣❤♦t♦♥s

✽✶



❈❤❛♣t❡r ✹✳ ❆♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥

❍♦✇❡✈❡r ✐ts ❛♣♣❧✐❝❛t✐♦♥ ❢♦r ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥s ❣✐✈❡s ❤✐❣❤ ❡rr♦r r❛t❡ ❛s ▼❈ s✐♠✉❧❛t✐♦♥ ✐s ❛
st♦❝❤❛st✐❝ ♠❡t❤♦❞✱ t❤✉s ❡rr♦r ❢✉♥❝t✐♦♥ ❜❡t✇❡❡♥ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♠♦❞❡❧❡❞ ❞❛t❛ t♦ ❜❡ ♠✐♥✐♠✐③❡❞
❣✐✈❡s ❤✐❣❤❡r r❛t❡s ❛♥❞ ♦❜str✉❝t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦❝❡ss✳ ❚❤✉s t❤❡ ✜rst ♠❛✐♥ ❞r❛✇❜❛❝❦ ♦❢ t❤❡
❡①✐st✐♥❣ s♦❧✉t✐♦♥s t♦ ✐♥✈❡rs❡ ❡①♣❡r✐♠❡♥t❛❧ ♠♦❞❡❧✐♥❣ ✇❤✐❝❤ ✉s❡ st♦❝❤❛st✐❝ ♠❡t❤♦❞s ❛s ❢♦r✇❛r❞
♠♦❞❡❧ ✐s ❛ ♣r♦❜❛❜❧❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❧♦❝❛❧ ♠✐♥✐♠❛✳

❙❡✈❡r❛❧ r❡❝❡♥t❧② ❞❡✈❡❧♦♣❡❞ s♣❡❝tr♦s❝♦♣✐❝ ♠❡t❤♦❞s ❛❧❧♦✇ ❢♦r s♦❧✈✐♥❣ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ♦❢
♦♣t✐❝❛❧ s♣❡❝tr♦s❝♦♣② ❞✐❛❣♥♦s✐s ✇✐t❤ ❝♦♥s✐❞❡r❛❜❧② ❧♦✇ ❡rr♦r ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥✳ ❋✉r✲
t❤❡r♠♦r❡ ✐❢ ❛ st♦❝❤❛st✐❝ ♠❡t❤♦❞ ✐s ✉s❡❞ ❛s ❢♦r✇❛r❞ ♠♦❞❡❧✱ ✐t ❛✛❡❝ts ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✱ ❛s ❞✉r✐♥❣
❡❛❝❤ ♦♣t✐♠✐③❛t✐♦♥ ✐t❡r❛t✐♦♥ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❬❋r❡❞r✐❦ss♦♥ ❡t ❛❧✳✱ ✷✵✶✷❪✳ ❚❤❡s❡ ❛r❡ t❤❡
❞r❛✇❜❛❝❦s ❢♦r ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❜❛s❡❞ ♦♥ ▲❡✈❡♥❜❡r❣✲▼❛rq✉❛r❞t ❆❧❣♦r✐t❤♠ ✭▲▼❆✮ ❬❑❤♦❧♦❞ts♦✈❛
❡t ❛❧✳✱ ✷✵✶✹❜❪✳

❆♠♦♥❣ t❤❡ ✈❛r✐♦✉s ✇♦r❦s ❛❞❞r❡ss✐♥❣ t❤✐s ♣r♦❜❧❡♠✱ ❘❛♠❛♥✉❥❛♠ ❡t ❛❧ ❬▲✐✉ ❡t ❛❧✳✱ ✷✵✶✷❪ ❛♣♣❧✐❡❞
✐♥✈❡rs❡ ▼❈ t❡❝❤♥✐q✉❡❬▲✐✉ ❛♥❞ ❘❛♠❛♥✉❥❛♠✱ ✷✵✵✻❪ t♦ ❛ t✉r❜✐❞ ♠❡❞✐❛ ✇✐t❤ s✐♥❣❧❡ ❛♥❞ ♠✉❧t✐♣❧❡ ✢✉✲
♦r♦♣❤♦r❡s ♦✈❡r ❛ ✇✐❞❡ ✇❛✈❡❧❡♥❣t❤ r❛♥❣❡ ✉s✐♥❣ t❤❡ ▲▼❆✲❜❛s❡❞ ♦♣t✐♠✐③❛t✐♦♥✳ ❚❤❡ ❡rr♦rs ♦❢ t❤❡
✜♥❛❧ ✈❛❧✉❡s ❡st✐♠❛t❡❞ ✇❡r❡ ❛r♦✉♥❞ ✷✵ ❛♥❞ ✶✵ ✪ ❢♦r ❛❜s♦r♣t✐♦♥ ❛♥❞ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥ts r❡s♣❡❝✲
t✐✈❡❧②✳ ❇✉t ✐t ✇❛s s❤♦✇♥✱ t❤❛t t❤❡ ▲▼❆ ❝♦✉❧❞ ❝♦♥✈❡r❣❡ t♦ ❧♦❝❛❧ ♠✐♥✐♠❛ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ st❛rt✐♥❣
♣♦✐♥t ❬❑❤♦❧♦❞ts♦✈❛ ❡t ❛❧✳✱ ✷✵✶✹❜❪✳ ❘❡❝❡♥t❧② ❞❡✈❡❧♦♣❡❞ ▲♦♦❦✲❯♣ ❚❛❜❧❡✲❇❛s❡❞ ❛❧❣♦r✐t❤♠❬❙❤❛r♠❛
❡t ❛❧✳✱ ✷✵✶✸✱ ❩❤♦♥❣ ❡t ❛❧✳✱ ✷✵✶✹❪✐s ❜❛s❡❞ ♦♥ t❤❡ ❞❛t❛ s✐♠✉❧❛t❡❞ ❢♦r t❤❡ s♣❡❝✐✜❝ ✜❜❡r ❝♦♥✜❣✉r❛t✐♦♥
✉s❡❞ ✐♥ ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s✳ ■t ✐s ❛ r❡❛❞②✲t♦✲✉s❡ s♦❧✉t✐♦♥ ✉s❡❢✉❧ ❢♦r ❝❧✐♥✐❝✐❛♥s ❛♥❞ ❝❡rt❛✐♥ ❝❛s❡s
r❡♣r❡s❡♥t❡❞ ❜② ♣❤❛♥t♦♠s✱ ❤♦✇❡✈❡r t♦ ❢✉❧✜❧❧ ❛❧❧ t❤❡ ♠❡❞✐❝❛❧ ❝❛s❡s ❛♥❞ ❝♦♥s✐❞❡r ♠✉❧t✐❧❛②❡r❡❞ t✐ss✉❡
t❤❡ ❤✉❣❡ ❛♠♦✉♥t ♦❢ ♥❡✇ ♣❤❛♥t♦♠s s❤♦✉❧❞ ❜❡ ✐♥✈❡st✐❣❛t❡❞✳ ❚❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ ✐s t♦ ❝❤♦♦s❡ ♦❢
t❤❡ ❛❧❣♦r✐t❤♠ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦r✇❛r❞ ♣r♦❜❧❡♠✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ▼❈ s✐♠✉❧❛t✐♦♥✱ ✐t ♠❡❛♥s t❤❛t
t❤❡r❡ ✐s ♥♦ ❡q✉❛t✐♦♥✱ ❥✉st ❛ s❡t ♦❢ ✐♥♣✉t ♣❛r❛♠❡t❡rs ❛♥❞ s❡✈❡r❛❧ ♦✉t♣✉t ✈❛❧✉❡s✳ ❚❤❡ ♠❛✐♥ ♣r♦❜❧❡♠
♦❢ ❝❤♦♦s✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ t♦ ✉s❡ ✐s t♦ ✜♥❞ ♦♥❡ ✇❤✐❝❤ ✇✐❧❧ ❝♦♥✈❡r❣❡ t♦ t❤❡ r❡❛❧ ✈❛❧✉❡s ❛♥❞ r❡❞✉❝❡
t✐♠❡ ♦❢ ❝❛❧❝✉❧❛t✐♦♥s✱ ✐✳ ❡✳ ❢✉♥❝t✐♦♥ ❝❛❧❧s✳ ❚❤✉s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s s❡✈❡r❛❧ ❝♦♠♠♦♥❧② ✉s❡❞
❛❧❣♦r✐t❤♠s ❛♥❞ t②♣❡s ♦❢ ❛❧❣♦r✐t❤♠s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞✳

✹✳✷✳✷ ❆ ✇♦r❞ ♦♥ ❝♦st✲❢✉♥❝t✐♦♥ ❛♥❞ ❝♦♥str❛✐♥ts

❖♥❡ ♦❢ t❤❡ ❝r✐t❡r✐❛ ♦❢ ❛♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛ ✈❛❧✉❡ ♦❢ ❛ ❝♦st✲❢✉♥❝t✐♦♥✳ ❯s✉❛❧❧②✱ t❤❡
sq✉❛r❡❞ s✉♠ ♦❢ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♠♦❞❡❧❡❞ ❞❛t❛ ✐s ✉s❡❞✱ χ2✱ ♦r t❤❡ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ ♦♥❡ ❛♥❞ r❛t✐♦ ♦❢ ♠♦❞❡❧❡❞ ❞❛t❛ t♦ ❡①♣❡r✐♠❡♥t❛❧✱ (1 − Xmodel

Xexper
)2✳ ❚❤❡ ❝♦st✲❢✉♥❝t✐♦♥ ✐s

❝❛❧❝✉❧❛t❡❞ ❛❢t❡r ❡❛❝❤ ✐t❡r❛t✐♦♥ ❛♥❞ t❤❡ ✈❛❧✉❡ ❝❛❧❝✉❧❛t❡❞ ✐s ❛♣♣r♦❛❝❤✐♥❣ ③❡r♦✳ ❆s s♦♦♥ ❛s t❤❡ ❝♦st✲
❢✉♥❝t✐♦♥ ✈❛❧✉❡ r❡❛❝❤❡s t❤❡ ♣r❡❞❡✜♥❡❞ ❜② ✉s❡r ❧✐♠✐t✱ ✐t ✐s ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡
✐♥✈❡rs❡ ♣r♦❜❧❡♠✳ ❯s✉❛❧❧②✱ ♣r♦♣❡rt✐❡s t♦ ❡st✐♠❛t❡ ❛❧s♦ ❞❡♣❡♥❞ ♦♥ ❛♥♦t❤❡r ✐♥t❡r♥❛❧ ♣❛r❛♠❡t❡r✱ ❢♦r
♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s ✐t ❝♦✉❧❞ ❜❡ ✇❛✈❡❧❡♥❣t❤ ♦r ❙❉❙ ❞❡♣❡♥❞❡♥❝❡✳ ❚❤✉s✱ ❝♦st✲❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t❡s ✐♥ ❛
s✉♠ ♦❢ sq✉❛r❡s ❜② ✇❛✈❡❧❡♥❣t❤ ❛♥❞✴♦r ❙❉❙ ✇✐t❤ ❝♦rr❡❝t✐♦♥ ❝♦❡✣❝✐❡♥ts ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ ♥✉♠❜❡r ♦❢
✇❛✈❡❧❡♥❣t❤s ❛♥❞ ❙❉❙✳ ❚❤❡ ❛❜♦✈❡ ✇❛② ✐s ❛ ❞✐r❡❝t ♠❡t❤♦❞ ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❝r✐t❡r✐❛ ❢♦r ❛♥ ✐♥✈❡rs❡
♣r♦❜❧❡♠✳ ■❢ t❤❡r❡ ❛r❡ ❛♥② ❝♦♥str❛✐♥ts ♦♥ t❤❡ r❛♥❣❡ ♦❢ ❡st✐♠❛t❡❞ ♣r♦♣❡rt✐❡s✱ ♦r✱ ✇❤❛t ✐s ♠♦r❡
❝♦♠♣❧✐❝❛t❡❞✱ ♦♥ t❤❡✐r ❜❡❤❛✈✐♦✉r✱ ❝♦st✲❢✉♥❝t✐♦♥ ❜❡❝♦♠❡s ❝♦♠♣❧❡①❡❞✳ ❙♦♠❡ ✐♥t❡r❡st✐♥❣ ❛♣♣r♦❛❝❤❡s
♦♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❝♦st✲❢✉♥❝t✐♦♥ ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞ ✇✐t❤ ♠❡t❤♦❞s t❤❡② ✇❡r❡ ✐♠♣❧❡♠❡♥t❡❞ t♦ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s✳

❈♦♥str❛✐♥ts ✐♥ ♦♣t✐♠✐③❛t✐♦♥ ❝♦✉❧❞ ❜❡ ♦❢ t✇♦ t②♣❡s✿ ✐♥❡q✉❛❧✐t② ❛♥❞ ❡q✉❛❧✐t②✳ ❋♦r t❤❡ ♣r❡s❡♥t
❝❛s❡ t❤❡ ✐♥❡q✉❛❧✐t② ❝♦♥str❛✐♥ts ❛r❡ ✉s❡❞✱ ✐✳ ❡✳ t❤❡r❡ ❛r❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ r❛♥❣❡ ♦❢ ♦♣t✐❝❛❧
♣❛r❛♠❡t❡rs ♦❢ t❤❡ s②st❡♠✿

µa = 0.01− 10cm−1

µs = 100− 1000cm−1
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✹✳✷✳ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥s ✐♥ ❜✐♦♠❡❞✐❝❛❧ ❞✐❛❣♥♦s✐s

g = 0.7− 0.99

❚❤✉s✱ ✐❢ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡❞ ✐s ♦✉t ♦❢ r❛♥❣❡✱ ✐t ✐s ❛ss✐❣♥❡❞ t❤❡ ❝❧♦s❡st ✈❛❧✉❡ ❢r♦♠ ❛❧❧♦✇❡❞
r❛♥❣❡ ♦❢ ❞❛t❛✳

✹✳✷✳✸ ▲❡✈❡♥❜❡r❣✲▼❛rq✉❛r❞t ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠

❈❧❛ss✐❝❛❧❧② ✉s❡❞ ❛❧❣♦r✐t❤♠ ✐s ▲❡✈❡♥❜❡r❣✲▼❛rq✉❛r❞t ♦♣t✐♠✐③❛t✐♦♥✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ●❛✉ss✲
◆❡✇t♦♥ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ ♠❡t❤♦❞ ♦❢ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✳ ■t ❝❤♦♦s❡s t❤❡ ♦♥❡ ♦❢ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞
♠❡t❤♦❞s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❛♠♣✐♥❣ ♥♦♥ ♥❡❣❛t✐✈❡ ♣❛r❛♠❡t❡r✱ λ✱ ✇❤✐❝❤ ✐s ❝❤❛♥❣❡❞ ❢♦r ❡❛❝❤ ✐t❡r❛t✐♦♥✳
❚❤❡ ❛❧❣♦r✐t❤♠ ✐s ❛tt❡♥❞❡❞ ✐♥ ✜♥❞✐♥❣ t❤❡ ✜rst ❧♦❝❛❧ ♠✐♥✐♠✉♠✱ ✇❤✐❝❤ ✐s t❤❡ ❝❧♦s❡st t♦ t❤❡ t❤❡ ✐♥✐t✐❛❧
♣♦✐♥t✳ ❚❤✉s✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐♣❧❡ ♠✐♥✐♠❛✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦❝❡❞✉r❡ ✇✐❧❧ ❜❡ ✜♥✐s❤❡❞✱ ❜✉t t❤✐s
❞♦❡s ♥♦t ♠❡❛♥ t❤❛t t❤❡ ♠✐♥✐♠✉♠ ❢♦✉♥❞ ✐s t❤❡ ❣❧♦❜❛❧ ♦♥❡✳ ■♥ ❝❛s❡ ♦❢ ▼❈ s✐♠✉❧❛t✐♦♥s ❛s ❛ ❢♦r✇❛r❞
♣r♦❜❧❡♠✱ ❛❧❣♦r✐t❤♠ ✐s ❝❛❧❝✉❧❛t✐♥❣ ♥✉♠❡r✐❝❛❧ ❞❡r✐✈❛t✐✈❡s✱ t❤✉s ❡✈❛❧✉❛t✐♥❣ t❤❡ ❢✉♥❝t✐♦♥✳ ▼♦r❡♦✈❡r
❡rr♦rs ♦❝❝✉r ❜❡❝❛✉s❡ ♦❢ ♥♦✐s❡ ✐♥ ▼❈ s✐♠✉❧❛t✐♦♥s ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ❜❡❝❛♠❡ ♠♦r❡ t✐♠❡ ❝♦♥s✉♠✐♥❣
t♦♦✳ ❚❤❡ ▲▼❆ ♦♣t✐♠✐③❛t✐♦♥ ✐s ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✺✳

❋✐❣✉r❡ ✹✳✺✿ ▲▼❆ s❝❤❡♠❡

❚❤❡ r❡s❡❛r❝❤ ❣r♦✉♣ ♦❢ ❘❛♠❛♥✉❥❛♠ ❡t ❛❧ ❬▲✐✉ ❛♥❞ ❘❛♠❛♥✉❥❛♠✱ ✷✵✵✻✱ ▲✐✉ ❡t ❛❧✳✱ ✷✵✶✷❪ ❤❛s
❛❧s♦ ❛♣♣❧✐❡❞ ▼❈ t❡❝❤♥✐q✉❡✱ ❞❡✈❡❧♦♣❡❞ ❜② t❤❡♠ ❡❛r❧✐❡r ❬▲✐✉ ❛♥❞ ❘❛♠❛♥✉❥❛♠✱ ✷✵✵✻❪✱ ❛s ❛ ❢♦r✇❛r❞
♣r♦❜❧❡♠ ♠♦❞❡❧✐♥❣ t♦ ❛ t✉r❜✐❞ ♠❡❞✐❛ ✇✐t❤ s✐♥❣❧❡ ❛♥❞ ♠✉❧t✐♣❧❡ ✢✉♦r♦♣❤♦r❡s ♦✈❡r ❛ ✇✐❞❡ ✇❛✈❡❧❡♥❣t❤
r❛♥❣❡ ✉s✐♥❣ t❤❡ ▲▼❆ ❜❛s❡❞ ♦♣t✐♠✐③❛t✐♦♥ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r❛t✐❝ ❡rr♦r ❢✉♥❝t✐♦♥
✭✹✳✷✮ ♦✈❡r t❤❡ ✇❛✈❡❧❡♥❣t❤s✱ λ t♦ ❞❡t❡r♠✐♥❡ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ t♦♣ ❧❛②❡r ✭z✮✱ s❝❛tt❡r✐♥❣ ✭µs✮ ❛♥❞
❛❜s♦r♣t✐♦♥ ✭µa✮ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❜♦tt♦♠ ❧❛②❡r✿

f(Iref , Imodel) = Σ(Iref (λ, rm)− Imodel(λ, rm;♣(λ)))2, ✭✹✳✷✮
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❈❤❛♣t❡r ✹✳ ❆♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥

✇❤❡r❡ ♣(λ) = [µs(λ), µa(λ), z] ✇✐t❤ ✜①❡❞ g✱ n✳ ❚❤❡ ❡rr♦rs ♦❢ t❤❡ ✜♥❛❧ ✈❛❧✉❡s ❡st✐♠❛t❡❞ ✇❡r❡
❛r♦✉♥❞ ✷✵ ❛♥❞ ✶✺ ✪ ❢♦r ❛❜s♦r♣t✐♦♥ µa ❛♥❞ s❝❛tt❡r✐♥❣ µs ❝♦❡✣❝✐❡♥ts r❡s♣❡❝t✐✈❡❧② ❢♦r t✇♦✲❧❛②❡r❡❞
♠♦❞❡❧✱ t❤❡ t♦♣✲❧❛②❡r t❤✐❝❦♥❡ss ✇❛s ❞❡✜♥❡❞ ✇✐t❤ ✷✵ ✪ ❡rr♦r✳

❋♦r t❤❡✐r ✐♥✈❡rs❡ ♣r♦❜❧❡♠ t❤❡② ✉s❡❞ ❧❡❛st sq✉❛r❡ ♦♣t✐♠✐③❛t✐♦♥✱ t❤❡ ❝♦st✲❢✉♥❝t✐♦♥ ✇❛s st❛♥❞❛r❞✱
f(Iref , Imodel)✱ ❜✉t ✇✐t❤ ❝❛❧✐❜r❛t✐♦♥ ❢❛❝t♦r ✭r❛t✐♦ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ❧❛♠♣ s♣❡❝tr✉♠ t♦ ❛ t✉♥❣st❡♥
❝❛❧✐❜r❛t✐♦♥ ❧❛♠♣ st❛♥❞❛r❞ ✭❖♣tr♦♥✐❝ ▲❛❜♦r❛t♦r✐❡s ■♥❝✳✱ ❖r❧❛♥❞♦✱ ❋▲✮✮ ❢♦r ♠❡❛s✉r❡❞ s♣❡❝tr✉♠✳
❋✐rst❧②✱ t❤❡② ❞❡✜♥❡❞ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣❤❛♥t♦♠s✳ ❚❤❡♥✱ t❤❡ s✐♥❣❧❡ ❛♥❞ ♠✉❧t✐♣❧❡ ✢✉♦✲
r♦♣❤♦r❡ ♣❤❛♥t♦♠s ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞✳ ❚❤❡ ❡rr♦rs ❜❡t✇❡❡♥ ❡①♣❡❝t❡❞ ❛♥❞ ❡st✐♠❛t❡❞ ✈❛❧✉❡s ✈❛r②
❢r♦♠ ✾✳✾✸✪ ± ✼✳✾✹✪ t♦ ✷✶✳✽✶✪ ± ✶✹✳✺✷✪✳

✹✳✷✳✹ ▲♦♦❦✲❯♣ t❛❜❧❡✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s

❘❡❝❡♥t ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ❝♦♥❝❡r♥ ❧♦♦❦✲✉♣ t❛❜❧❡✲❜❛s❡❞ ❛❧❣♦r✐t❤♠❬❙❤❛r♠❛ ❡t ❛❧✳✱ ✷✵✶✸✱ ❩❤♦♥❣
❡t ❛❧✳✱ ✷✵✶✹❪✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❞❛t❛ s✐♠✉❧❛t❡❞ ❢♦r s♣❡❝✐✜❝ ♠✉❧t✐✲✜❜❡r ❝♦♥✜❣✉r❛t✐♦♥✳ ■t ❛❧❧♦✇s
t♦ s❡❛r❝❤ t❤❡ ♠♦st ❝❧♦s❡st s♦❧✉t✐♦♥ ✇✐t❤♦✉t s✐♠✉❧❛t✐♥❣ ♥❡✇ ❞❛t❛✳ ❆❧❣♦r✐t❤♠ ✇❛s s❤♦✇♥ t♦ ❜❡
❡✣❝✐❡♥t ❛♥❞ r❡❛❞② t♦ ✉s❡ ✐♥ ❝❧✐♥✐❝s ❢♦r ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❛♥❛❧②s✐s✱ ❜✉t t❤❡r❡ ✐s ❛ ❧❛❝❦ ♦❢ ♥✉♠❜❡r
♦❢ ♣❤❛♥t♦♠s✱ ❛s ✇❡❧❧ ❛s t❤❡r❡ ✐s ❛ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣❤❛♥t♦♠s ❛♥❞ r❡❛❧ s❦✐♥✳ ❚❤❡r❡❢♦r❡✱ ❢♦r t❤❡
✇✐❞❡r s♣❡❝tr✉♠ r❛♥❣❡ ❛♥❞ ♦t❤❡r ♠✉❧t✐✲✜❜❡r ♣r♦❜❡s ❝♦♥✜❣✉r❛t✐♦♥s ♥❡✇ s❡t ♦❢ s✐♠✉❧❛t✐♦♥s s❤♦✉❧❞
❜❡ ♣❡r❢♦r♠❡❞✳ ❚❤❡ ♠❡t❤♦❞ ❛❧❧♦✇s ❞❡t❡r♠✐♥✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t ✭µa✮ ❛♥❞ t❤❡
♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❧❛tt❡r ✇❛s ♦❜t❛✐♥❡❞ ✇✐t❤ ❛♥ ❡rr♦r ♦❢ ✶✵✪ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①❛❝t ❦♥♦✇♥ ✈❛❧✉❡✳
❚❤❡ r❡❞✉❝❡❞ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥t ✇❛s ❞❡t❡r♠✐♥❡❞ ✇✐t❤ ❛♥ ❛✈❡r❛❣❡ ❡rr♦r ✶✺ ✪ ❛♥❞ t❤❡ ❛❜s♦r♣t✐♦♥
❝♦❡✣❝✐❡♥t ❡rr♦r ✇❛s ❡st✐♠❛t❡❞ t♦ ❜❡ ❢r♦♠ ✶✷ t♦ ✷✺ ✪ ✇✐t❤ ❤✐❣❤❡st ❡rr♦r ❢♦r ♠❛①✐♠✉♠ t❤✐❝❦♥❡ss
✺✺✵ µm✳ ❚❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥ ✇❛s ❜❛s❡❞ ♦♥ t❤❡ ▲▼❆ ♦♣t✐♠✐③❛t✐♦♥✳ ❆s ❛ ❝♦st✲❢✉♥❝t✐♦♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛♥ sq✉❛r❡❞ ♣❡r❝❡♥t ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ♠❡❛s✉r❡❞ ❙❉❘ s♣❡❝tr✉♠ ♦✈❡r ❞✐s❝r❡t❡
✇❛✈❡❧❡♥❣t❤s λ✱ Iref (λ, rm)✱ ❛♥❞ t❤❡ ♠♦❞❡❧❡❞ ♦♥❡✱ Imodel(λ, rm;♣(λ))✱ ✇❛s ✉s❡❞ ✭✹✳✸✮✿

f(Iref , Imodel) =
1

MK
ΣλΣ

M
m=1

(

1− Imodel(λ, rm;♣(λ)

Iref (λ, rm)

)2
, ✭✹✳✸✮

✇❤❡r❡ m st❛♥❞s ❢♦r ❙♦✉r❝❡✲❉❡t❡❝t♦r ❙❡♣❛r❛t✐♦♥s ✭❙❉❙✮ ♥✉♠❜❡r ✇✐t❤ ♠❛①✐♠✉♠ ✈❛❧✉❡ M = 2✱
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✇♦ ❙❉❙ ✸✼✵ ❛♥❞ ✼✹✵ µm,K ✲ ♥✉♠❜❡r ♦❢ ✇❛✈❡❧❡♥❣t❤s✱ ♣(λ) = [µs(λ), µa(λ)]
✇✐t❤ ✜①❡❞ n✱ z✱ g✳ ❆ r❡s❡❛r❝❤ ❝♦♥❞✉❝t❡❞ ❜② ❣r♦✉♣ ♦❢ ♣r♦❢✳ ❉✐♥t❡♥ ❜❛s❡❞ ♦♥ t❤✐s ♠❡t❤♦❞ ✐s
r❡♣r❡s❡♥t✐♥❣ t❤❡ ✜rst r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❉❘❙ ♠❡❛s✉r❡♠❡♥ts ♦❢ s❦✐♥ r❡❞♥❡ss ❬❑♦❡♥✐❣ ❡t ❛❧✳✱
✷✵✶✺❪✳

❍♦✇❡✈❡r ✐t ✐s ❛ r❡❛❞②✲t♦✲✉s❡ s♦❧✉t✐♦♥ ✇❤✐❝❤ ✐s ✉s❡❢✉❧ ❢♦r ❝❧✐♥✐❝✐❛♥s ❛♥❞ ❝❡rt❛✐♥ ❝❛s❡s ✇❤✐❝❤
♣❤❛♥t♦♠s r❡♣r❡s❡♥t✳

✹✳✷✳✺ ■♥✈❡rs❡ ❆❞❞✐♥❣✲❉♦✉❜❧✐♥❣

❚❤❡ ■♥✈❡rs❡ ❆❞❞✐♥❣✲❉♦✉❜❧✐♥❣ ✭■❆❉✮ ♠❡t❤♦❞ ♣r♦✈✐❞❡s ❛ t♦♦❧ ❢♦r t❤❡ r❛♣✐❞ ❛♥❞ ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥ ♦❢
✐♥✈❡rs❡ s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠ ❬Pr❛❤❧ ❡t ❛❧✳✱ ✶✾✾✸✱ P✐❝❦❡r✐♥❣ ❡t ❛❧✳✱ ✶✾✾✸✱ ◗✉ ❡t ❛❧✳✱ ✶✾✾✹✱ ❈❤❛♥ ❡t ❛❧✳✱
✶✾✾✻❜✱ ❈❤❛♥ ❡t ❛❧✳✱ ✶✾✾✻❛✱ ❞❡ ❱r✐❡s ❡t ❛❧✳✱ ✶✾✾✾✱ ❙❛r❞❛r ❡t ❛❧✳✱ ✷✵✵✶✱ ❈❤❡♥ ❡t ❛❧✳✱ ✷✵✵✺✱ ❈❤❛♥❞r❛
❡t ❛❧✳✱ ✷✵✵✻✱ ▼❛❤❛❞❡✈❛♥✲❏❛♥s❡♥ ❡t ❛❧✳✱ ✷✵✵✻✱ ❙❛r❞❛r ❡t ❛❧✳✱ ✷✵✵✹✱ ❇❛s❤❦❛t♦✈ ❡t ❛❧✳✱ ✷✵✵✹✱ ❇❛s❤❦❛t♦✈
❡t ❛❧✳✱ ✷✵✵✺❪ ❬❙❛r❞❛r ❡t ❛❧✳✱ ✷✵✵✺✱ ❙❛r❞❛r ❡t ❛❧✳✱ ✷✵✵✼✱ ❇❛s❤❦❛t♦✈ ❡t ❛❧✳✱ ✷✵✶✵✱ ❩❛♠♦r❛✲❘♦❥❛s ❡t ❛❧✳✱
✷✵✶✸❛❪✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❣❡♥❡r❛❧ ♠❡t❤♦❞ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❢♦r ♣❧❛♥❡✲
♣❛r❛❧❧❡❧ ❧❛②❡rs s✉❣❣❡st❡❞ ❜② ✈❛♥ ❞❡ ❍✉❧st ❛♥❞ ✐♥tr♦❞✉❝❡❞ t♦ t✐ss✉❡ ♦♣t✐❝s ❜② Pr❛❤❧ ❬Pr❛❤❧ ❡t ❛❧✳✱
✶✾✾✸✱ ❙❛r❞❛r ❛♥❞ ▲❡✈②✱ ✶✾✾✽❪✳ ❆♥ ✐♠♣♦rt❛♥t ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ■❆❉ ♠❡t❤♦❞ ✇❤❡♥ ❛♣♣❧✐❡❞ t♦
t✐ss✉❡ ♦♣t✐❝s ✐s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ r❛♣✐❞❧② ♦❜t❛✐♥✐♥❣ ✐t❡r❛t✐✈❡ s♦❧✉t✐♦♥s ✇✐t❤ t❤❡ ❛✐❞ ♦❢ ✉♣✲t♦✲❞❛t❡
♠✐❝r♦❝♦♠♣✉t❡rs❀ ♠♦r❡♦✈❡r ✐t ✐s ✢❡①✐❜❧❡ ❡♥♦✉❣❤ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❛♥✐s♦tr♦♣② ♦❢ s❝❛tt❡r✐♥❣ ❛♥❞
t❤❡ ✐♥t❡r♥❛❧ r❡❢❡❝t✐♦♥ ❢r♦♠ t❤❡ s❛♠♣❧❡ ❜♦✉♥❞❛r✐❡s✳ ❚❤❡ ♠❡t❤♦❞ ✐♥❝❧✉❞❡s t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✿

✽✹



✹✳✷✳ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥s ✐♥ ❜✐♦♠❡❞✐❝❛❧ ❞✐❛❣♥♦s✐s

✶✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs t♦ ❜❡ ♠❡❛s✉r❡❞❀

✷✳ ❈♦✉♥t✐♥❣ r❡✢❡❝t✐♦♥s ❛♥❞ tr❛♥s♠✐ss✐♦♥s❀

✸✳ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝❛❧❝✉❧❛t❡❞ ❛♥❞ ♠❡❛s✉r❡❞ r❡✢❡❝t❛♥❝❡ ❛♥❞ tr❛♥s♠✐tt❛♥❝❡❀

✹✳ ❘❡♣❡t✐t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ ✉♥t✐❧ t❤❡ ❡st✐♠❛t❡❞ ❛♥❞ ♠❡❛s✉r❡❞ ✈❛❧✉❡s ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡
❞❡s✐r❡❞ ❛❝❝✉r❛❝②✳

■♥ ♣r✐♥❝✐♣❧❡✱ t❤❡ ♠❡t❤♦❞ ❛❧❧♦✇s ❛♥② ✐♥t❡♥❞❡❞ ❛❝❝✉r❛❝② t♦ ❜❡ ❛❝❤✐❡✈❡❞ ❢♦r ❛❧❧ t❤❡ ♣❛r❛♠❡t❡rs
❜❡✐♥❣ ♠❡❛s✉r❡❞✱ ♣r♦✈✐❞❡❞ t❤❡ ♥❡❝❡ss❛r② ❝♦♠♣✉t❡r t✐♠❡ ✐s ❛✈❛✐❧❛❜❧❡✳ ❆♥ ❡rr♦r ♦❢ ✸✪ ♦r ❧❡ss ✐s
❝♦♥s✐❞❡r❡❞ ❛❝❝❡♣t❛❜❧❡✳ ❆❧s♦✱ t❤❡ ♠❡t❤♦❞ ♠❛② ❜❡ ✉s❡❞ t♦ ❞✐r❡❝t❧② ❝♦rr❡❝t ❡①♣❡r✐♠❡♥t❛❧ ❜✐♥❞✐♥❣s
♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❛✐❞ ♦❢ ✐♥t❡❣r❛t✐♥❣ s♣❤❡r❡s✳ ❚❤❡ t❡r♠ ✧❞♦✉❜❧✐♥❣✧ ✐♥ t❤❡ ♥❛♠❡ ♦❢ t❤❡ ♠❡t❤♦❞
♠❡❛♥s t❤❛t t❤❡ r❡✢❡❝t✐♦♥ ❛♥❞ tr❛♥s♠✐ss✐♦♥ ❡st✐♠❛t❡s ❢♦r ❛ ❧❛②❡r ❛t ❝❡rt❛✐♥ ✐♥❣♦✐♥❣ ❛♥❞ ♦✉t❣♦✐♥❣
❧✐❣❤t ❛♥❣❧❡s ♠❛② ❜❡ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ ❜♦t❤ t❤❡ tr❛♥s♠✐tt❛♥❝❡ ❛♥❞ r❡✢❡❝t❛♥❝❡ ❢♦r ❛ ❧❛②❡r t✇✐❝❡
❛s t❤✐❝❦ ❜② ♠❡❛♥s ♦❢ s✉♣❡r✐♠♣♦s✐♥❣ ♦♥❡ ✉♣♦♥ t❤❡ ♦t❤❡r ❛♥❞ s✉♠♠✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ❡❛❝❤
❧❛②❡r t♦ t❤❡ t♦t❛❧ r❡✢❡❝t❛♥❝❡ ❛♥❞ tr❛♥s♠✐tt❛♥❝❡✳ ❘❡✢❡❝t✐♦♥ ❛♥❞ tr❛♥s♠✐ss✐♦♥ ✐♥ ❛ ❧❛②❡r ❤❛✈✐♥❣
❛♥ ❛r❜✐tr❛r② t❤✐❝❦♥❡ss ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✐♥ ❝♦♥s❡❝✉t✐✈❡ ♦r❞❡r✱ ✜rst ❢♦r t❤❡ t❤✐♥ ❧❛②❡r ✇✐t❤ t❤❡ s❛♠❡
♦♣t✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ✭s✐♥❣❧❡ s❝❛tt❡r✐♥❣✮✱ t❤❡♥ ❜② ❝♦♥s❡❝✉t✐✈❡ ❞♦✉❜❧✐♥❣ ♦❢ t❤❡ t❤✐❝❦♥❡ss✱ ❢♦r ❛♥②
s❡❧❡❝t❡❞ ❧❛②❡r✳ ❚❤❡ t❡r♠ ✧❛❞❞✐♥❣✧ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❞♦✉❜❧✐♥❣ ♣r♦❝❡❞✉r❡ ♠❛② ❜❡ ❡①t❡♥❞❡❞ t♦
❤❡t❡r♦❣❡♥❡♦✉s ❧❛②❡rs ❢♦r ♠♦❞❡❧✐♥❣ ♠✉❧t✐❧❛②❡r t✐ss✉❡s ♦r t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✐♥t❡r♥❛❧ r❡✢❡❝t✐♦♥s
r❡❧❛t❡❞ t♦ ❛❜r✉♣t ❝❤❛♥❣❡ ✐♥ r❡❢r❛❝t✐✈❡ ✐♥❞❡①✳

✹✳✷✳✻ ■♥✈❡rs❡ ▼♦♥t❡ ❈❛r❧♦

❙❝✐❡♥t✐sts ❢r♦♠ ❙✇❡❞❡♥ ✐♥ ✷✵✶✷ ❬❋r❡❞r✐❦ss♦♥ ❡t ❛❧✳✱ ✷✵✶✷❪ ❞❡✈❡❧♦♣❡❞ ✐♥✈❡rs❡ ▼❈ ❛❧❣♦r✐t❤♠ ✜r t❤r❡❡
❧❛②❡r❡❞ t✐ss✉❡ ❛♥❞ ✷ ❙❉❙✳ ❚❤❡ t✇♦ ♠❛✐♥ ❝♦♥❝❧✉s✐♦♥s ❛r❡✿ ❛ ❤♦♠♦❣❡♥❡♦✉s ♠♦❞❡❧ ❝❛♥ ♥♦t ❞❡s❝r✐❜❡
❧✐❣❤t ♣r♦♣❛❣❛t✐♦♥ ✐♥ t✐ss✉❡ ❛♥❞ ❦♥♦✇❧❡❞❣❡ ♦❢ r❡❧❛t✐✈❡ ✐♥t❡♥s✐t✐❡s ❜❡t✇❡❡♥ ❞❡t❡❝t♦rs ✐s s✉✣❝✐❡♥t
❢♦r t❤❡ ✐♥✈❡rs❡ ❛❧❣♦r✐t❤♠✳ ■♥✈❡rs❡ ▼❈ s✐♠✉❧❛t✐♦♥s ♦❢ ✢✉♦r❡s❝❡♥❝❡ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ✉s❡❞ ❢♦r ❝❛♥❝❡r
❞✐❛❣♥♦s✐s ✐♥ ❤✉♠❛♥ t✐ss✉❡s✳ ■♥ ✷✵✶✷ s❝✐❡♥t✐sts ✉s❡❞ ✐♥✈❡rs❡ ▼❈ t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ♠❡❧❛♥✐♥
t②♣❡s✳ ❘❡s✉❧t s❤♦✇s t❤❛t t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ ❡✉♠❡❧❛♥✐♥ ❛♥❞ ♣❤❡♦♠❡❧❛♥✐♥ ♦❢ ❛❧❧ ♠❡❧❛♥♦♠❛
❧❡s✐♦♥s ❛r❡ ❤✐❣❤❡r t❤❛♥ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❡✉♠❡❧❛♥✐♥ ❛♥❞ ♣❤❡♦♠❡❧❛♥✐♥ ♦❢ ♥♦r♠❛❧ s❦✐♥✱ r❡s✉❧t✐♥❣ ✐♥
❤✐❣❤❡r ❧✐❣❤t ♣❤♦t♦♥ ❛❜s♦r♣t✐♦♥✳ ■t ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ t❤❛t t❤❡ ❞❡✈❡❧♦♣❡❞ ✐♥✈❡rs❡ ♠♦❞❡❧ ✐s ❛❜❧❡ t♦
❞❡t❡r♠✐♥❡ r❡❧❛t✐✈❡ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ ❡✉♠❡❧❛♥✐♥ ❛♥❞ ♣❤❡♦♠❡❧❛♥✐♥ ❬❍❛♥✐ ❡t ❛❧✳✱ ✷✵✶✷❪✳

✹✳✷✳✼ ❆♥❛❧②t✐❝❛❧ ♠❡t❤♦❞s

■♥✈❡rs❡ s❡♠✐✲❡♠♣✐r✐❝❛❧ ♠♦❞❡❧s ♦❢ r❡✢❡❝t❛♥❝❡ ❛♥❞ ✢✉♦r❡s❝❡♥❝❡ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r ❝❛♥❝❡r ❞❡✲
t❡❝t✐♦♥ ✐♥ ❤✉♠❛♥ ♣❛♥❝r❡❛t✐❝ t✐ss✉❡s ❬❲✐❧s♦♥ ❡t ❛❧✳✱ ✷✵✵✾✱ ❲✐❧s♦♥ ❡t ❛❧✳✱ ✷✵✶✵❪✳ ■♥ ♦r❞❡r t♦ st✉❞② t❤❡
r❡✢❡❝t❛♥❝❡ ❛♥❞ ✢✉♦r❡s❝❡♥❝❡ s♣❡❝tr❛ ♦❢ ❤✉♠❛♥ ♣❛♥❝r❡❛t✐❝ t✐ss✉❡s✱ ❈❤❛♥❞r❛ ❡t ❛❧ ❬❈❤❛♥❞r❛ ❡t ❛❧✳✱
✷✵✵✻✱ ❈❤❛♥❞r❛ ❡t ❛❧✳✱ ✷✵✵✼✱ ❈❤❛♥❞r❛ ❡t ❛❧✳✱ ✷✵✶✵❪ ❞❡✈❡❧♦♣❡❞ ♣r♦t♦t②♣❡ ❝❧✐♥✐❝❛❧ ✐♥str✉♠❡♥t❛t✐♦♥ t♦
❛❝q✉✐r❡ ✾✻ ♣❛✐rs ♦❢ r❡✢❡❝t❛♥❝❡ ❛♥❞ ✢✉♦r❡s❝❡♥❝❡ s♣❡❝tr❛ ❢r♦♠ ✺✵ s✐t❡s ♦♥ ♣❛♥❝r❡❛t✐❝ t✐ss✉❡s ✭✇✐t❤✐♥
✸✵ ♠✐♥✉t❡s ♦❢ ❡①❝✐s✐♦♥✮ ❢r♦♠ ♥✐♥❡ ♣❛t✐❡♥ts ✉♥❞❡r❣♦✐♥❣ ♣❛♥❝r❡❛t✐❝ s✉r❣❡r②✳ ❆ P❤♦t♦♥✲❚✐ss✉❡ ■♥✲
t❡r❛❝t✐♦♥ ✭P❚■✮ ❛❧❣♦r✐t❤♠ ❞❡✈❡❧♦♣❡❞ ❜② ❲✐❧s♦♥ ❡t ❛❧ ❬❲✐❧s♦♥ ❡t ❛❧✳✱ ✷✵✵✾✱ ❲✐❧s♦♥ ❡t ❛❧✳✱ ✷✵✶✵❪ ✇❛s
❡♠♣❧♦②❡❞ t♦ ♠❛t❤❡♠❛t✐❝❛❧❧② ♠♦❞❡❧ t❤❡ ♠❡❛s✉r❡❞ r❡✢❡❝t❛♥❝❡ ❛♥❞ ✢✉♦r❡s❝❡♥❝❡ s♣❡❝tr❛ t♦ ❡①tr❛❝t
❜✐♦♣❤②s✐❝❛❧❧②✲r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs r❡❧❛t❡❞ t♦ t✐ss✉❡ ♠♦r♣❤♦❧♦❣② ❛♥❞ ❜✐♦❝❤❡♠✐str② ❢r♦♠ ♥♦r♠❛❧
♣❛♥❝r❡❛t✐❝ t✐ss✉❡✱ ❝❤r♦♥✐❝ ♣❛♥❝r❡❛t✐t✐s✱ ❛♥❞ ❛❞❡♥♦❝❛r✐❝♥♦♠❛✳ ❚❤❡ P❚■ r❡✢❡❝t❛♥❝❡ ♠♦❞❡❧ ❬❲✐❧s♦♥
❡t ❛❧✳✱ ✷✵✵✾✱ ❲✐❧s♦♥ ❡t ❛❧✳✱ ✷✵✶✵❪ ✉s❡❞ ❛ s❡♠✐✲❛♥❛❧②t✐❝❛❧✱ ❤♦♠♦❣❡♥❡♦✉s✲s❧❛❜ r❡✢❡❝t❛♥❝❡ ❡q✉❛t✐♦♥
❞❡✈❡❧♦♣❡❞ ❜② ❘❡✐❢ ❡t ❛❧ ❬❘❡✐❢ ❡t ❛❧✳✱ ✷✵✵✼✱ ❘❡✐❢ ❡t ❛❧✳✱ ✷✵✵✽❪ t♦ ❡①tr❛❝t ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ t✐s✲
s✉❡ ❛❜s♦r♣t✐♦♥ ✭❛ttr✐❜✉t❡❞ t♦ ❤❛❡♠♦❣❧♦❜✐♥✮ ❛♥❞ s❝❛tt❡r✐♥❣ ✭❛ttr✐❜✉t❡❞ t♦ ❝♦❧❧❛❣❡♥ ✜❜❡rs ❛♥❞ ❝❡❧❧
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❈❤❛♣t❡r ✹✳ ❆♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥

♥✉❝❧❡✐✮✳ ❚❤❡ P❚■ ✢✉♦r❡s❝❡♥❝❡ ♠♦❞❡❧ ❝♦rr❡❝t❡❞ t❤❡ ♠❡❛s✉r❡❞ ✢✉♦r❡s❝❡♥❝❡ s♣❡❝tr❛ ❢♦r ❛tt❡♥✉❛t✐♦♥
❛rt✐❢❛❝ts ❛♥❞ t❤❡♥ ✜t t❤❡ r❡s✉❧t✐♥❣ ✏✐♥tr✐♥s✐❝✑ ✢✉♦r❡s❝❡♥❝❡ s♣❡❝tr❛ t♦ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝♦❧✲
❧❛❣❡♥✱ ◆❆❉❍✱ ❛♥❞ ❋❆❉ ✢✉♦r❡s❝❡♥❝❡ s♣❡❝tr❛ t♦ ♦❜t❛✐♥ t❤❡ r❡❧❛t✐✈❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ❡①tr❛❝❡❧❧✉❧❛r
❝♦♠♣♦♥❡♥ts ✭❝♦❧❧❛❣❡♥✮ ❛♥❞ ✐♥tr❛❝❡❧❧✉❧❛r ❝♦♠♣♦♥❡♥ts ✭◆❆❉❍✱ ❋❆❉✮ t♦ t❤❡ ✐♥tr✐♥s✐❝ ✢✉♦r❡s❝❡♥❝❡
❬❲✐❧s♦♥ ❡t ❛❧✳✱ ✷✵✵✾✱ ❲✐❧s♦♥ ❡t ❛❧✳✱ ✷✵✶✵❪✳ ❚❤❡ ❢r❛❝t✐♦♥❛❧ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❡①tr❛❝❡❧❧✉❧❛r ❝♦❧❧❛❣❡♥ t♦
t❤❡ ✐♥tr✐♥s✐❝ ✢✉♦r❡s❝❡♥❝❡ ✇❛s s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡r ✐♥ ❛❞❡♥♦❝❛r❝✐♥♦♠❛ t❤❛♥ ✐♥ ♥♦r♠❛❧ ♣❛♥❝r❡❛t✐❝
t✐ss✉❡ ♦r ❝❤r♦♥✐❝ ♣❛♥❝r❡❛t✐t✐s ❬❲✐❧s♦♥ ❡t ❛❧✳✱ ✷✵✵✾❪✳ ❚❤❡s❡ r❡s✉❧ts s✉❣❣❡st t❤❛t s❡♠✐✲❡♠♣✐r✐❝❛❧
♠♦❞❡❧s ♦❢ r❡✢❡❝t❛♥❝❡ ❛♥❞ ✢✉♦r❡s❝❡♥❝❡ ❤❛✈❡ t❤❡ ♣♦t❡♥t✐❛❧ t♦ ❡①tr❛❝t ❜✐♦♠❡❞✐❝❛❧❧②✲r❡❧❡✈❛♥t ♣❛✲
r❛♠❡t❡rs ❢♦r ❞✐st✐♥❣✉✐s❤✐♥❣ ♣❛♥❝r❡❛t✐❝ ❛❞❡♥♦❝❛r❝✐♥♦♠❛ ❢r♦♠ ♦t❤❡r ♣❛♥❝r❡❛t✐❝ t✐ss✉❡ t②♣❡s ❛♥❞
❢♦r s❦✐♥ ❧❡s✐♦♥s✳ ❇✐❣✐♦✱ ❘❡✐❢ ❛♥❞ ❆✬❆♠❛r ✐♥✈❡st✐❣❛t❡❞ ✹ ✜❜❡r ♣r♦❜❡s✱ ♦♥ ❞✐✛❡r❡♥t ❞✐st❛♥❝❡s t♦
❡❛❝❤ ♦t❤❡r ❛♥❞ ❛♥❣❧❡s ❛❝❝♦r❞✐♥❣ t♦ s✉r❢❛❝❡✳ ❚❤❡② ❞❡r✐✈❡❞ r❡✢❡❝t❛♥❝❡ ❛s t❤❡ ❢✉♥❝t✐♦♥ ♦❢ r❡❞✉❝❡❞
s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥t✱ ✇❤❡♥ ❛❜s♦r♣t✐♦♥ ✐s ♥❡❣❧✐❣✐❜❧❡✱ ❛♥❞ ❞❡✈❡❧♦♣❡❞ ✐♥✈❡rs❡ ❛♥❛❧②t✐❝❛❧ ❛❧❣♦r✐t❤♠✳
■t ✐s ❛♣♣❧✐❝❛❜❧❡ ♦♥ t❤❡ s♠❛❧❧ ❙❉❙ ❛♥❞ ✐s ✉s✐♥❣ ❝♦♠♠♦♥ ❢♦r ❜✐♦ t✐ss✉❡ ❣✲❢❛❝t♦r ✇❤✐❝❤ ❡q✉❛❧s t♦ ✵✳✾✳
❍❡♥❝❡✱ t❤❡ ♠♦❞❡❧ ✐s ❛ s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ ❧✐❣❤t tr❛♥s♣♦rt ✐♥ ❛ t✉r❜✐❞ ♠❡❞✐✉♠✳ ❋✉rt❤❡r st✉❞✐❡s ❝♦✉❧❞
✐♠♣❧❡♠❡♥t ♦t❤❡r ✈❛❧✉❡s ♦❢ ❣✲❢❛❝t♦r ❛♥❞ ❝♦✉❧❞ ❜❡ ❛♣♣❧✐❡❞ t♦ ✇✐❞❡r r❛♥❣❡ ♦❢ t✐ss✉❡s ❬❘❡✐❢ ❡t ❛❧✳✱
✷✵✵✼❪✳

✹✳✷✳✽ ❖t❤❡r ❛♣♣r♦❛❝❤❡s ♦♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✈✐♥❣

❖t❤❡r r❡❝❡♥t ❛♣♣r♦❛❝❤❡s ♦♥ t❤❛t ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✈✐♥❣✱ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♦♣t✐❝❛❧
♣❛r❛♠❡t❡rs ❢♦r ❛ ✷✲❧❛②❡r❡❞ t✐ss✉❡ ♠♦❞❡❧✱ ♣r♦♣♦s❡❞ t❤❡ ✉s❡ ♦❢ ♦♥❡ ♦r s❡✈❡r❛❧ ♥❡✉r❛❧ ♥❡t✇♦r❦s ❬❲❛♥❣
❡t ❛❧✳✱ ✷✵✶✷✱ ❏✉❣❡r ❡t ❛❧✳✱ ✷✵✶✸❪✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ s❡✈❡r❛❧ ♥❡✉r❛❧ ♥❡t✇♦r❦s ❧❡❛❞s t♦ t❤❡ ❡rr♦r
✐♥ t❤❡ t❤✐❝❦♥❡ss ❡st✐♠❛t✐♦♥ ♦❢ ✶✷✲✹✷ ✪ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛❜s♦r♣t✐♦♥ r❛t❡✿ t❤❡ ❤✐❣❤❡r ✐t ✐s✱ t❤❡
❤✐❣❤❡r ✐s t❤❡ ❡st✐♠❛t❡❞ ❡rr♦r ✐♥ ✈❛❧✉❡s ♦❢ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s✳ ❚❤❡ ❝♦st✲❢✉♥❝t✐♦♥ ❢♦r t❤✐s ♠❡t❤♦❞
✇❛s t❤❡ s❛♠❡ ❛s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ✭s❡❡ ❊q✳ ✹✳✷✮✳

■♥ ✷✵✶✷✱ ❛♥♦t❤❡r ✇♦r❦ ♦❢ ❋r❡❞r✐❦s♦♥ ❡t ❛❧ ❬❋r❡❞r✐❦ss♦♥ ❡t ❛❧✳✱ ✷✵✶✷❪ ✉s❡❞ ❛ ♠❡r✐t ❢✉♥❝t✐♦♥
♥♦t ♦♥❧② ❜❛s❡❞ ♦♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♠♦❞❡❧❡❞ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ❉❘ ✐♥t❡♥s✐t② s♣❡❝tr❛✱ ❜✉t ❛❧s♦
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡s ❛❝❝♦r❞✐♥❣ t♦ ❞✐st❛♥❝❡s ❜② ❛ss✐❣♥✐♥❣ ❧♦✇❡r ✇❡✐❣❤t t♦ ❧♦♥❣❡r
❙❉❙ ✭s❡❡ ❊q✳ ✹✳✹✮✿

f(Iref , Imodel) = ΣM
m=1Σλ

(Iref (λ, rm)− Imodel(λ, rm;♣(λ))

σs

)2

+
(φ(Iref,0.4(λ;♣(λ)))− φ(Imodel,0.4(λ))

2

)2

+
(φ(Iref,1.2(λ;♣(λ)))− φ(Imodel,1.2(λ))

0.5

)2
,

✭✹✳✹✮

✇❤❡r❡ σs ✐s ✐♥✢✉❡♥❝❡❞ ❜♦t❤ ❜② ❛❜s♦❧✉t❡ ❛♥❞ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ♦❢ ✐♥t❡♥s✐t✐❡s✳ ▼♦r❡♦✈❡r t❤✐s ❝♦st✲
❢✉♥❝t✐♦♥ ✭s❡❡ ❊q✳ ✹✳✹✮ ✐s ❛❧s♦ ❛ss✐❣♥✐♥❣ ❛❞❞✐t✐♦♥❛❧ r❡❣✉❧❛r✐s❛t✐♦♥ t❡r♠ φ(I)✱ ❛❞❞✐♥❣ ✐♠♣♦rt❛♥❝❡
t♦ t❤❡ s❤❛♣❡ ♦❢ t❤❡ s♣❡❝tr✉♠ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❞♦✉❜❧❡✲♣❡❛❦ ♦❢ ♦①②❣❡♥❛t❡❞ ❤❛❡♠♦❣❧♦❜✐♥✳

❚❤❡ ♣r✐♥❝✐♣❛❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❝♦st✲❢✉♥❝t✐♦♥s ✐s t❤❛t t❤❡ ❊q✳ ✹✳✸ ✐s
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥t❡♥s✐t✐❡s ♦♥ ❞✐✛❡r❡♥t ❙❉❙ ✇✐t❤ t❤❡ s❛♠❡ ✇❡✐❣❤t✱ ✐✳ ❡✳ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡
❤♦✇❡✈❡r t❤❡ ❊qs✳ ✹✳✷ ❛♥❞ ✹✳✹ ❞♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✇❡✐❣❤t ❛t ❡❛❝❤ ❙❉❙ ❛s t❤❡ ♠❡❛s✉r❡❞
❉❘ ✐♥t❡♥s✐t② ❞❡❝r❡❛s❡s ✇✐t❤ ❧❛r❣❡r ❙❉❙✱ t❤❡r❡❜② t❤❡② ❛r❡ ❝❛❧❝✉❧❛t✐♥❣ ❛❜s♦❧✉t❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
♠❡❛s✉r❡❞ ❛♥❞ ♠♦❞❡❧❡❞ s♣❡❝tr❛✳ ■❢ t❤❡ ❢♦r✇❛r❞ ♣r♦❜❧❡♠ ✐s ❜❛s❡❞ ♦♥ ❛ st♦❝❤❛st✐❝ ♠❡t❤♦❞ t❤❡
✐♥❝r❡❛s✐♥❣ ✇✐t❤ ❙❉❙ st❛t✐st✐❝❛❧ ♥♦✐s❡ ✐s ❛✛❡❝t✐♥❣ t❤❡ ❝♦st✲❢✉♥❝t✐♦♥ ✈❛❧✉❡ ❛t ❧♦♥❣❡r ❙❉❙✳

✽✻



✹✳✸✳ ■♥✐t✐❛❧ ❞❛t❛ ❛♥❛❧②s✐s

✹✳✸ ■♥✐t✐❛❧ ❞❛t❛ ❛♥❛❧②s✐s

❚❤❡ ✜rst st❡♣ ♦❢ ❛❧❣♦r✐t❤♠ ❝♦✉❧❞ ❜❡ ♣❡r❢♦r♠❡❞ ♦♥ ✐♥✐t✐❛❧ ❞❛t❛✱ ✐✳ ❡✳ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❛♥❞ ♦✉t♣✉t
♦❢ ❛ ❢♦r✇❛r❞ ♠♦❞❡❧✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ✇♦r❦ ❬❑❤♦❧♦❞ts♦✈❛ ❡t ❛❧✳✱ ✷✵✶✹❜❪ t❤✐s ✇❛s ♠❛❞❡ ❜② s♠♦♦t❤✐♥❣
t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✇✐t❤ ❧♦❝❛❧ r❡❣r❡ss✐♦♥ ✇❡✐❣❤t❡❞ s❡❝♦♥❞ ❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ t❤❡♥ ✜tt✐♥❣ t❤❡
❞❛t❛ ✇✐t❤ ❞♦✉❜❧❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❢✉♥❝t✐♦♥ ❞❡❝r❡❛s❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ✐♥✈❡rs❡ ❛❧❣♦r✐t❤♠
t♦ ❝♦♥✈❡r❣❡ t♦ ❧♦❝❛❧ ♠✐♥✐♠❛ ❝❧♦s❡ t♦ t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥t ♦❢ ✜rst ❣✉❡ss✳ ■♥ t❤✐s ✇♦r❦ t❤❡ ✐♠♣❛❝t ♦❢
♥♦✐s❡ ♦♥ ✈❛r✐❛t✐♦♥ s♣❛❝❡ ✇❛s ❤✐❣❤❧✐❣❤t❡❞✱ t❤❡♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❉❘ ❝✉r✈❡s ❢♦r t✇♦ ❝❧♦s❡ ✈❛❧✉❡s
♦❢ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t ✇❛s ✐♥❝r❡❛s❡❞ ✇✐t❤ r❡❞✉❝✐♥❣ ♥♦✐s❡ ✇✐t❤ t❤❡ ♠❡t❤♦❞ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳
❚❤❡ ❞❡✈❡❧♦♣❡❞ ♠❡t❤♦❞ ❛❧❧♦✇s ❡ss❡♥t✐❛❧ ❞❡❝r❡❛s✐♥❣ ♦❢ ❡rr♦rs ♦❝❝✉r ❞✉r✐♥❣ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✈✐♥❣✳

❋♦r t❤❡ ♣r❡❧✐♠✐♥❛r② ❛♥❛❧②s✐s t❤❡ ✈❛r✐❛t✐♦♥ s♣❛❝❡ ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✇❛s ❜✉✐❧t t♦ ✐♥✈❡st✐❣❛t❡
t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤✐s s♣❛❝❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s✉r❢❛❝❡ ✇✐t❤ ① ❛♥❞ ②
❛①❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ (µs, µa) ❛♥❞ t❤❡ z ❛①✐s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦st ❢✉♥❝t✐♦♥✬s ✈❛❧✉❡✳ ❚❤✉s✱
❢♦r t❤❡ ❞✐s❝r❡t✐s❛t✐♦♥ ♦❢ t❤❡ (µs, µa) ♣❧❛♥❡✱ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ♣❛r❛♠❡t❡rs✬ ✈❛❧✉❡s ✇❡r❡
❝❤♦s❡♥ r❡s♣❡❝t✐✈❡❧② ✐♥ t❤❡ r❛♥❣❡ ✭✶✵✲✶✵✵✵ ✇✐t❤ ✶✵ ❝♠−1 st❡♣✮ ❛♥❞ ✭✶✲✶✵ ❜② ✵✳✶ ❝♠−1 st❡♣✮✳ ❚❤❡
✜rst ♣❛✐rs ♦❢ ♣❛r❛♠❡t❡rs (µs, µa) ❝♦✈❡r t❤❡ r❛♥❣❡ ♦❢ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❝♦♠♠♦♥ ❢♦r ❜✐♦❧♦❣✐❝❛❧
t✐ss✉❡s ❧✐❦❡ s❦✐♥ ❬✶✾✱ ✷✵❪✳ ❚❤❡ ❧❛st g✲❢❛❝t♦r ♦❢ ✵✳✽ ✐s ✉s❡❞ ❜❡❝❛✉s❡ ❢♦r ❡❛❝❤ ♣❛✐r ♦❢ (µs, g) ✇❤✐❝❤ ❤❛s
t❤❡ s❛♠❡ µ′s ❞✐✛✉s❡ r❡✢❡❝t❛♥❝❡ ❦❡❡♣s t❤❡ s❛♠❡ ✈❛❧✉❡ ❬✷✶❪✳ ❍❡r❡ I0 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❡❢❡r❡♥❝❡
♣♦✐♥t ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r (µs, µa) ❂ ✭✺✵✵✱ ✺✮ ❝♠−1 t♦ ✇❤✐❝❤ t❤❡ ❛❧❣♦r✐t❤♠ s❤♦✉❧❞ ❝♦♥✈❡r❣❡✳ ❆❢t❡r
❞❡❧✐♠✐t✐♥❣ t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ❢♦r t❤❡ ✈❛r✐❛t✐♦♥ s♣❛❝❡✱ ✺✵✵ s✐♠✉❧❛t✐♦♥s ❢♦r I0 ✇❡r❡ ♣❡r❢♦r♠❡❞✳ ❋♦r
❡❛❝❤ ♦❢ t❤❡s❡ ✺✵✵ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ s♣❛❝❡ ✇❛s ❢♦✉♥❞✳ ❋♦r ❛❧❧ ❝♦♠❜✐♥❛t✐♦♥s
♦❢ t❤❡ ❡❞❣❡ ❛♥❞ ♠✐❞❞❧❡ ✈❛❧✉❡s ♦❢ t❤❡ (µs, µa) ❂ ✭✶✵✵✱ ✺✵✵✱ ✶✵✵✵❀ ✵✳✶✱ ✺✱ ✶✵✮ ❝♠−1✱ t❡♥ s✐♠✉❧❛t✐♦♥s
✇✐t❤ ✶✵7 ♣❤♦t♦♥ ✭♣❡r ❡❛❝❤ ♦❢ t❤❡ ✾ ❝♦♠❜✐♥❛t✐♦♥ ♣❛✐rs✮ ✇❡r❡ ♣❡r❢♦r♠❡❞ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥
✇❛s ❝❛❧❝✉❧❛t❡❞✳

✹✳✸✳✶ Pr❡❧✐♠✐♥❛r② ❛♥❛❧②s✐s ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ s♣❛❝❡ ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥

❚❤❡ st❛t✐st✐❝❛❧ ♥♦✐s❡ ✐♥ I(r) ❞❛t❛ ❞✉❡ t♦ ▼❈ s✐♠✉❧❛t✐♦♥s✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s ✇✐t❤ ❞✐st❛♥❝❡ ❛s s❤♦✇♥
✐♥ ❋✐❣✳ ✹✳✻✱ r❡s✉❧ts ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥♦✐s❡ ✐♥ t❤❡ ❝♦st ❢✉♥❝t✐♦♥✬s ✈❛r✐❛t✐♦♥ s♣❛❝❡ ❛s ✐t ❝❛♥ ❜❡
s❡❡♥ ✐♥ ❋✐❣✳ ✹✳✼ ✭❆ ❛♥❞ ❈✮✳ ◆♦✐s❡ ❧❡✈❡❧ ✐♥❝r❡❛s❡s ✇✐t❤ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts
✈❛❧✉❡s✱ ❜❡❝❛✉s❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣❤♦t♦♥s ❞❡t❡❝t❡❞ ❞❡❝r❡❛s❡s✱ ❛❧s♦ ❢❛r ❞✐st❛♥❝❡ r❡s✉❧ts ✐♥ ❤✐❣❤❡r
❙t❛♥❞❛r❞ ❉❡✈✐❛t✐♦♥ ✭❙❉✮✳ ❚❤❡ r❡❧❛t❡❞ ♥✉♠❜❡r ♦❢ ♣❤♦t♦♥s ✇❛s r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❧♦❣✲s❝❛❧❡ t♦ s❤♦✇
t❤❡ ✐♥❝r❡❛s❡ ♦❢ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✇✐t❤ ❞✐st❛♥❝❡✳ ❲✐t❤ ♣❤♦t♦♥ ♥✉♠❜❡r ❣r♦✇t❤ t❤❡ ❝❛❧❝✉❧❛t✐♦♥
t✐♠❡ ✐♥❝r❡❛s❡s✱ s♦ Nph❂ ✶✵7 ♣❤♦t♦♥s ✇❡r❡ ❝❤♦s❡♥ ❛s ❣♦♦❞ ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥ ❡rr♦r ❧❡✈❡❧ ❛♥❞
❝❛❧❝✉❧❛t✐♦♥ t✐♠❡ ♥❡❡❞❡❞✳

❚❤❡ ✈❛r✐❛t✐♦♥ s♣❛❝❡s r❡♣r❡s❡♥t❡❞ ❛r❡ ❧♦❣✲s❝❛❧❡❞ ❢♦r t❤❡ ③✲❛①✐s✳ ❆❧♦♥❣ µs✲❛①✐s✱ t❤❡ ❝♦st✲❢✉♥❝t✐♦♥
✈❛❧✉❡ ✈❛r✐❡s ✐♥ ✇✐❞❡ r❡❣✐♦♥ ❢♦r ❜♦t❤ t②♣❡s ♦❢ t❤❡ ❢♦r✇❛r❞ ♠♦❞❡❧s✳ ❋♦r µa✲❛①✐s t❤✐s ✈❛r✐❛t✐♦♥ ✐s ♠✉❝❤
s♠❛❧❧❡r✱ ✐t ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✹✳✼ ✭❈✱ ❉✮ ✇❤❡r❡ ②✲❛①✐s ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ s♣❛❝❡ ❢♦r
❡❛❝❤ ✈❛❧✉❡ ♦❢ ❛❜s♦r♣t✐♦♥ µa✳ ❋♦r t❤❡ ▼❈ ❜❛s❡❞ ❢♦r✇❛r❞ ♠♦❞❡❧✐♥❣✱ ❧♦❝❛❧ ♠✐♥✐♠❛ ❛♥❞ ❣❧♦❜❛❧ ♦♥❡
❝❛♥ ❤❛r❞❧② ❜❡ ❞✐st✐♥❣✉✐s❤❡❞✱ t❤✉s ♦♣t✐♠✐③❛t✐♦♥ ❝♦✉❧❞ ❝♦♥✈❡r❣❡ t♦ ❛♥② ♦❢ ❧♦❝❛❧ ♦r ❣❧♦❜❛❧ ♠✐♥✐♠❛
✭❋✐❣✳ ✹✳✼✱ ❈✮✳ ❖♥ ❋✐❣✉r❡ ✹✳✼✭❆✮✱ ❳ ❛♥❞ ❖ ❝♦rr❡s♣♦♥❞ t♦ ❡①♣❡❝t❡❞ ❛♥❞ ❡st✐♠❛t❡❞ ♠✐♥✐♠✉♠ ❢♦r
♦♥❡ ❢♦r✇❛r❞ ▼❈ s✐♠✉❧❛t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r t❤❡ ❉❊❆ ❜❛s❡❞ ♠♦❞❡❧✐♥❣✱ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❛♣♣❡❛r❡❞
♣❡r✐♦❞✐❝❛❧❧② ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ st❡♣ s✐③❡✳ ❆❧t❤♦✉❣❤ ❛ ♥✉♠❜❡r ♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛ ❡①✐st✱ t❤❡ ❣❧♦❜❛❧
♠✐♥✐♠✉♠ ✭③❡r♦ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐s ♥♦t s❡❡♥ ♦♥ ❋✐❣✉r❡ ✹✳✼ ✭❇✱ ❉✮ ❜❡❝❛✉s❡ ♦❢ ❧♦❣✲s❝❛❧❡✮
st✐❧❧ ❞♦❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♣r❡❞❡✜♥❡❞ r❡❢❡r❡♥❝❡ ✈❛❧✉❡s ♦❢ (µs, µa)✳ ❚❤✉s ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t
❡✈❡♥ ✇✐t❤ ❛♥ ❛♥❛❧②t✐❝❛❧ ❢♦r✇❛r❞ ♠♦❞❡❧ ✭❉❊❆✮ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♠❛② ❝♦♥✈❡r❣❡ t♦ ❛
❧♦❝❛❧ ♠✐♥✐♠✉♠✳ ❋♦r t❤❡ ▼❈ s✐♠✉❧❛t✐♦♥s✱ ✺✵✵ ❣❧♦❜❛❧ ♠✐♥✐♠❛ ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥✬s ✈❛r✐❛t✐♦♥
s♣❛❝❡ ✇❡r❡ ♦❜t❛✐♥❡❞ ✭❋✐❣✳ ✹✳✽✮ ❝♦♥s✐❞❡r✐♥❣ (µs, µa) ❂ ✭✺✵✵✱ ✺✮ ❝♠−1 ❛s ❡①♣❡❝t❡❞ ✭❦♥♦✇♥✮ ❣❧♦❜❛❧

✽✼



❈❤❛♣t❡r ✹✳ ❆♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥
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❋✐❣✉r❡ ✹✳✻✿ ◆♦r♠❛❧✐③❡❞ ❧♦❣✲s❝❛❧❡ ✐♥t❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ♦♥ s♦✉r❝❡✲❞❡t❡❝t♦r s❡♣❛r❛t✐♦♥ ✇✐t❤ ❙❉
❡rr♦rs ❢♦r ✶✵ s✐♠✉❧❛t✐♦♥s ❢♦r s♦♠❡ ❡①tr❡♠❡ ✈❛❧✉❡s ♦❢ (µs, µa)✱ Nph ❂ ✶✵7
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Noisy 

Periodic* 

A lot of local minima in noise. Global is lost. 

Smooth 

Global minima is the real minima 
* Periodicity depends on the step of variation space 

❋✐❣✉r❡ ✹✳✼✿ ▲♦❣✲s❝❛❧❡❞ ✈❛r✐❛t✐♦♥ s♣❛❝❡s ❢♦r ▼❈ ✭❆✮ ❛♥❞ ❉❊❆ ✭❇✮✱ ❧♦❣✲s❝❛❧❡❞ ♠✐♥✐♠✉♠ ✈❛❧✉❡s ♦❢
t❤❡ ✈❛r✐❛t✐♦♥ s♣❛❝❡s ❛❧♦♥❣ µa✲❛①✐s ✭❈ ✕ ❢♦r ▼❈ s✐♠✉❧❛t✐♦♥s✱ ❉ ✕ ❢♦r ❉❊❆ s✐♠✉❧❛t✐♦♥s✮
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 − 1.2e+02*x + 9.5e+02

Simulations           

   quadratic
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❋✐❣✉r❡ ✹✳✽✿ ❉✐str✐❜✉t✐♦♥ ♦❢ ✺✵✵ ❣❧♦❜❛❧ ♠✐♥✐♠❛ ❢♦✉♥❞ ❢♦r t❤❡ ✈❛r✐❛t✐♦♥ s♣❛❝❡s ❝❛❧❝✉❧❛t❡❞ ❢♦r
✈❛❧✉❡s ♦❢ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ r❛♥❣❡s ✶✵✵✲✶✵✵✵ ❝♠−1 ❛♥❞ ✵✳✶✲✶✵ ❝♠−1✱
❝♦rr❡s♣♦♥❞✐♥❣❧②✱ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❦♥♦✇♥ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ❛t ✭µs, µa✮ ❂ ✭✺✵✵✱ ✺✮ ❝♠−1 ✇✐t❤
❙❉ ✭σx,y✮✱ ♠❡❞✐❛♥ ✭< x >,< y >✮✱ ♠✐♥✐♠✉♠ ✭xmin, ymin✮ ❛♥❞ ♠❛①✐♠✉♠ ✭xmax, ymax✮ ✈❛❧✉❡s

❚❤❡ ❞✐str✐❜✉t✐♦♥ ✐s ♥♦t ❝♦♥❝❡♥tr❛t❡❞ ❝❧♦s❡ t♦ t❤❡ ❡①♣❡❝t❡❞ ♣♦✐♥t✱ t❤✉s t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠
❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r ❡❛❝❤ ♣❛✐r ♦❢ (µs, µa) ❛❧♦♥❣ t❤❡ ❝✉r✈❡✲s❤❛♣❡ ❛r❡❛ ♣❧♦tt❡❞✳ ❙♦ t❤❡ ♣r♦❜❛❜❧❡
❡st✐♠❛t❡❞ r❛♥❣❡ ♦❢ ❞❛t❛ ♦❜t❛✐♥❡❞ ❢♦r µs ✐s ✹✾✵✳✵±✽✾✳✽ ❝♠−1 ❛♥❞ ❢♦r µa ✐s ✺✳✸±✶✳✾✺ ❝♠−1✱ ✐✳ ❡✳
♠❛①✐♠✉♠ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐♥ ♣❡r❝❡♥t ❢♦r s❝❛tt❡r✐♥❣ ❡st✐♠❛t✐♦♥ ✐s ✷✵ ✪ ❛♥❞ ❢♦r ❛❜s♦r♣t✐♦♥ ✹✺
✪✳

✹✳✸✳✷ ❙♦❧✉t✐♦♥ ♣r♦♣♦s❡❞ t♦ ✐♠♣r♦✈❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦❝❡❞✉r❡

❚♦ ❞❡❝r❡❛s❡ ❙❉ ✈❛❧✉❡s✱ ✇❡ tr✐❡❞ t♦ r❡❞✉❝❡ ♥♦✐s❡ ♦♥ t❤❡ ♠♦❞❡❧ ♦✉t♣✉t ❞❛t❛ ✭Imod(r) ❝✉r✈❡s ❝❛❧❝✉✲
❧❛t❡❞ ❢r♦♠ ❢♦r✇❛r❞ s✐♠✉❧❛t✐♦♥s✮ ✉s✐♥❣ s♠♦♦t❤✐♥❣ ✜❧t❡rs ❛♥❞ ✜tt✐♥❣ ♣r♦❝❡❞✉r❡s✱ ❛❧♦♥❡ ♦r ❝♦♠❜✐♥❡❞✿
♠♦✈✐♥❣ ❛✈❡r❛❣❡✱ ♣♦❧②♥♦♠✐❛❧ ✜tt✐♥❣s✱ ❧♦❝❛❧ r❡❣r❡ss✐♦♥✱ s♣❧✐♥❡s✱ ♣✐❡❝❡✇✐s❡ ❝✉❜✐❝ ✐♥t❡r♣♦❧❛t✐♦♥✳ ❆s
t❤❡ ❞❛t❛ ♥♦✐s❡ ✐♥❝r❡❛s❡s ✇✐t❤ ❞✐st❛♥❝❡ ❛ ✇❡✐❣❤t✐♥❣ s♦❧✉t✐♦♥ ✇❛s ❛♣♣❧✐❡❞ t♦ t❛❦❡ ❛❝❝♦✉♥t ♦❢ t❤❛t✳
❚❤❡ ✇❡✐❣❤ts ✇❡r❡ ❞❡✜♥❡❞ ✐♥ ✐♥✈❡rs❡ ♣r♦♣♦rt✐♦♥ t♦ t❤❡ s♦✉r❝❡✲❞❡t❡❝t♦r s❡♣❛r❛t✐♦♥ s✉❝❤ ❛s w ❂
✶✵✵✵✴r✳ ❚❤❡ ✜tt✐♥❣ ❛♥❞ s♠♦♦t❤✐♥❣ ❢✉♥❝t✐♦♥s ❛♣♣❧✐❡❞ ✇❡r❡ ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s❤❛♣❡ ♦❢ ❞❛t❛✳
◆♦♥❡ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ❧❡❛❞ t♦ ♣r♦♣❡r r❡s✉❧ts ✇❤❡♥ ❛♣♣❧✐❡❞ ❛❧♦♥❡✳ ❚❤❡r❡❢♦r❡✱
t❤❡ ❢♦❧❧♦✇✐♥❣ s♠♦♦t❤✐♥❣ ✜❧t❡rs ✇❡r❡ ❛♣♣❧✐❡❞ ❢♦r ❝♦♠♣❛r✐s♦♥✿ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ✭moving✮ ✇✐t❤ ✇✐♥✲
❞♦✇s s✐③❡ ✭❲❙✮ ✺ ❛♥❞ ✇❡✐❣❤t w✱ ❧♦❝❛❧ r❡❣r❡ss✐♦♥ ✭loess✮ ✇✐t❤ ❛ s❡❝♦♥❞ ♦r❞❡r ♣♦❧②♥♦♠✐❛❧ ✇✐t❤
❲❙ ❡q✉❛❧s ✺✱ ❙❛✈✐ts❦②✲●♦❧❛② ✜❧t❡r ✭sgolay✮ ✇✐t❤ s❡❝♦♥❞ ❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ ✇✐t❤ ❲❙ ✕ ✺✱

✽✾



❈❤❛♣t❡r ✹✳ ❆♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥

❚❛❜❧❡ ✹✳✶✿ ❘❡s✉❧ts ♦❢ s♠♦♦t❤✐♥❣ ❛♥❞ ✜tt✐♥❣ ❢✉♥❝t✐♦♥s ❛♣♣❧✐❝❛t✐♦♥ t♦ ✺✵✵ ❝✉r✈❡s s✐♠✉❧❛t❡❞ ❢♦r
(µs, µa) ❂ ✭✺✵✵✱ ✺✮ ❝♠−1 ❛♥❞ t❤❡ ✇❤♦❧❡ ✈❛r✐❛t✐♦♥ s♣❛❝❡ ✐♥ r❛♥❣❡ ♦❢ (µs, µa) ❂ ✭✶✵✵✿✶✵✿✶✵✵✵✱
✵✳✶✿✵✳✶✿✶✵✮ ❝♠−1✳ ❚❤❡ ♠♦st ❡✣❝✐❡♥t r❡s✉❧t ✇❛s ❛❝❤✐❡✈❡❞ ❜② ❛♣♣❧✐❝❛t✐♦♥ ♦❢ exp2 ✜tt✐♥❣ ❛♥❞ Loess
✜❧t❡r✱ ✐♥❞✐❝❛t❡❞ ❜② ❜♦❧❞ t❡①t✳

❋✐❧t❡r
❡①♣✷ ❝✉❜✐❝✐♥t❡r♣ s♠♦♦t❤✐♥❣s♣❧✐♥❡

µs✱ ❝♠
−1 µa✱ ❝♠

−1 µs✱ ❝♠
−1 µa✱ ❝♠

−1 µs✱ ❝♠
−1 µa✱ ❝♠

−1

▼♦✈✐♥❣ ✺✵✵✳✵±✶✸✹✳✹ ✺✳✶✵±✷✳✵✾ ✹✼✵✳✵±✶✵✷✳✵ ✺✳✹✵±✷✳✵✶ ✹✼✵✳✵±✶✵✹✳✵ ✺✳✺±✷✳✵✺
▲♦❡ss ✺✵✵✳✵±✽✼✳✹ ✺✳✵✵±✶✳✽✺ ✹✾✵✳✵±✾✵✳✻ ✺✳✶✵±✶✳✽✶ ✹✾✵✳✵±✽✷✳✻ ✺✳✷✵±✶✳✼✻
❙❣♦❧❛② ✺✷✵✳✵±✶✺✷✳✺ ✹✳✽✵±✷✳✶✸ ✹✾✵✳✵± ✾✵✳✺ ✺✳✶✵±✶✳✽✸ ✹✾✵✳✵± ✽✾✳✷ ✺✳✷✵±✶✳✽✹
❘❧♦❡ss ✺✵✵✳✵±✶✻✵✳✽ ✹✳✾✵±✷✳✷✾ ✹✾✵✳✵±✶✷✺✳✼ ✺✳✶✵±✶✳✾✾ ✾✽✵✳✵±✹✾✵✳✵ ✺✳✷✺±✷✳✵✹

r♦❜✉st ✜t ✭loess✮ ✇✐t❤ s❡❝♦♥❞ ❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ✇❡✐❣❤t w✳ ❆❢t❡r t❤❛t✱ t❤❡ s♠♦♦t❤❡❞ ❞❛t❛
✇❛s ✜tt❡❞ ✇✐t❤ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s✿ ❞♦✉❜❧❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②❀ aebx + cedx ✭exp2✮❀
♣✐❡❝❡✇✐s❡ ❝✉❜✐❝ ✐♥t❡r♣♦❧❛t✐♦♥ ✭cubicinterp✮❀ s♠♦♦t❤✐♥❣ s♣❧✐♥❡ ✭smoothingspline✮ ✭❚❛❜❧❡ ✹✳✶✮✳
❚❤❡ s❛♠❡ ✺✵✵ ❝✉r✈❡s ✇✐t❤ t❤❡ s❛♠❡ r❡❢❡r❡♥❝❡ ❝♦✉♣❧❡✱ (µs, µa) ❂ ✭✺✵✵✱ ✺✮ ❝♠−1 ✱ ✇❡r❡ s♠♦♦t❤❡❞
❛♥❞ ✜tt❡❞ ✇✐t❤ t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥s ❛s ✇❡❧❧ ❛s t❤❡ ❞❛t❛ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ✇✐❞❡ r❛♥❣❡s ♦❢ (µs, µa)
❂ ✭✶✵✵✿✶✵✿✶✵✵✵✱ ✵✳✶✿✵✳✶✿✶✵✮ ❝♠−1✳ ❚❤❡♥ ❢♦r ✺✵✵ ✈❛r✐❛t✐♦♥ s♣❛❝❡s✬ ♠✐♥✐♠❛ ✇❡r❡ ❢♦✉♥❞ ❛♥❞ t❤❡
❞✐str✐❜✉t✐♦♥s ✇❡r❡ ❛♥❛❧②③❡❞✳ ❚❤❡ ♠✐♥✐♠❛ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ s♣❛❝❡s ✇❡r❡ ♣r♦❥❡❝t❡❞ ♦♥ t❤❡ (µs, µa)
♣❧❛♥❡✳ ❚❤❡② ❛r❡ ❞✐str✐❜✉t❡❞ ❛❧♦♥❣ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❝✉r✈❡✳ ❆❧❧ t❤❡ ✈❛❧✉❡s ♦❢ (µs, µa) ❛❧♦♥❣
t❤✐s ❝✉r✈❡ ❛r❡ t❤❡ ♣r♦❜❛❜❧❡ ❝♦rr❡❝t ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s✱ ❞❡r✐✈❡❞ ❢♦r t❤❡ ❝✉r✈❡ s✐♠✉❧❛t❡❞ ✇✐t❤ s❛♠❡
♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s✳ ❆❢t❡r ✇❡ ❢♦✉♥❞ ♦✉t t❤❡ ❜❡st ♣❛✐r ♦❢ ❢✉♥❝t✐♦♥ t♦ ❝♦♥❝❡♥tr❛t❡ t❤❡ ❝♦rr❡❝t ♦♣t✐✲
❝❛❧ ♣r♦♣❡rt✐❡s ♥❡❛r ✐ts r❡❛❧ ✈❛❧✉❡s ✭❚❛❜❧❡ ✹✳✶✮✳ ❇② t❤❡ ✈❛❧✉❡s ♦❢ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❛♥❞ ♠❡❞✐❛♥
s♠♦♦t❤✐♥❣ ✇✐t❤ ✇❡✐❣❤t❡❞ ❧♦❝❛❧ r❡❣r❡ss✐♦♥ ❛♥❞ ✜tt✐♥❣ ✇✐t❤ ❞♦✉❜❧❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ✇❡r❡ ❝❤♦s❡♥
❛s ♦♣t✐♠❛❧✳ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡s❡ t②♣❡s ♦❢ s♠♦♦t❤✐♥❣ ❛♥❞ ✜tt✐♥❣ t♦ ❡❛❝❤ ❝✉r✈❡ ❜❡❢♦r❡ st❛rt✐♥❣ t❤❡
▲▼❆ ♣r♦❝❡❞✉r❡ ❣✐✈❡s ❝♦rr❡❝t ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s✱ (µs, µa)✳

❚❤✉s ❢♦r s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥t t❤❡ ❡rr♦r ✇❛s r❡❞✉❝❡❞ ❛♥❞ t❤❡ r❛♥❣❡s ♦❢ ♣r♦❜❛❜❧❡ ❡st✐♠❛t❡❞ ❖P
❛♣♣❡❛r❡❞ t♦ ❜❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❛♥❣❡s✿ µs ❂ ✺✵✵✳✵±✽✼✳✹ ❝♠−1 ✭✶✼✳✺ ✪✮ ❛♥❞ ❢♦r ❛❜s♦r♣t✐♦♥ ✲ µa ❂
✺✳✵✵±✶✳✽✺ ❝♠−1 ✭✸✼ ✪✮✳ ❚❤❡ s✉❣❣❡st❡❞ ♣r❡♣r♦❝❡ss✐♥❣ ♠❡t❤♦❞ ❛❧❧♦✇s r❡❞✉❝✐♥❣ t❤❡ ❧❡✈❡❧ ♦❢ ❡rr♦r ♦♥
t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❜♦t❤ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✇✐t❤♦✉t ❛♥② ❛❞❞✐t✐♦♥❛❧ ❝❤❛♥❣❡s ✐♥s✐❞❡ t❤❡ ✐♥✈❡rs❡
♣r♦❜❧❡♠ ❛❧❣♦r✐t❤♠ ✐ts❡❧❢✳ ❇② s♠♦♦t❤✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✇✐t❤ ❧♦❝❛❧ r❡❣r❡ss✐♦♥ ✇❡✐❣❤t❡❞ s❡❝♦♥❞
❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ t❤❡♥ ✜tt✐♥❣ t❤❡ ❞❛t❛ ✇✐t❤ ❞♦✉❜❧❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❢✉♥❝t✐♦♥ ❞❡❝r❡❛s❡s
t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ✐♥✈❡rs❡ ❛❧❣♦r✐t❤♠ t♦ ❝♦♥✈❡r❣❡ t♦ ❧♦❝❛❧ ♠✐♥✐♠❛ ❝❧♦s❡ t♦ t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥t ♦❢
✜rst ❣✉❡ss✳

❈♦♥s❡q✉❡♥t❧② t❤❡ ♣r❡♣r♦❝❡ss✐♥❣ ♠❡t❤♦❞ ♦❢ s♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞ ❉❘ ✐♥t❡♥s✐t② s♠♦♦t❤✐♥❣ ✇✐t❤
♠♦✈✐♥❣ ❛✈❡r❛❣❡ ❛♥❞ ✜tt✐♥❣ ✇✐t❤ ❞♦✉❜❧❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❢✉♥❝t✐♦♥ ❛❧❧♦✇❡❞ ❞❡❝r❡❛s✐♥❣ t❤❡ ♣r♦❜✲
❛❜✐❧✐t② ♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛ ❝♦♥✈❡r❣❡♥❝❡ ✇✐t❤♦✉t ❝❤❛♥❣❡ ♦❢ t❤❡ ✐♥✈❡rs❡ ❛❧❣♦r✐t❤♠ ✐ts❡❧❢✳ ❆❧t❤♦✉❣❤ t❤❡
❡rr♦r ✇❛s r❡❞✉❝❡❞ ❜② ✶✼ ✪ ❢♦r ❛❜s♦r♣t✐♦♥ ❛♥❞ ❜② ✶✷✳✺ ✪ ❢♦r s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥ts ✐t ✐s q✉✐t❡ ❢❛st
♣r❡❧✐♠✐♥❛r② st❡♣ t♦ ❡st✐♠❛t❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠✳

✹✳✹ ◆❡✇ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✲ P❛rt✐❝❧❡ ❙✇❛r♠ ❖♣t✐♠✐③❛t✐♦♥

❍❡r❡❛❢t❡r ✇❡ ♣r♦♣♦s❡ ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ❢♦r r❡❞✉❝✐♥❣ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ♦♣t✐♠✐③❡❞ ❛♥❞ ❣r♦✉♥❞
tr✉t❤ ✈❛❧✉❡s ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❛♣♣r♦❛❝❤ ♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✈✐♥❣ ❢♦r ❙❉❘
s♣❡❝tr♦s❝♦♣②✳ ❚❤❡ P❙❖ ✐s ❛ ♣♦♣✉❧❛t✐♦♥ ❜❛s❡❞ st♦❝❤❛st✐❝ t❡❝❤♥✐q✉❡ ✇❤✐❝❤ ❧❡❛❞s t♦ ❢❛st❡r s♦❧✉t✐♦♥
✐♥ ❝♦♠♣❧❡① ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s ❬❊❜❡r❤❛rt ❡t ❛❧✳✱ ✶✾✾✻❪✳ ❆ ✜rst ♣r♦♠✐s✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢
t❤✐s ❛❧❣♦r✐t❤♠ ✐s t❤❛t ✐t ❞♦❡s ♥♦t ❝❛❧❝✉❧❛t❡ t❤❡ ❞❡r✐✈❛t✐✈❡s✱ t❤✉s r❡❞✉❝✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ❝♦st✳ ❆♥✲

✾✵



✹✳✹✳ ◆❡✇ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✲ P❛rt✐❝❧❡ ❙✇❛r♠ ❖♣t✐♠✐③❛t✐♦♥

♦t❤❡r ❛❞✈❛♥t❛❣❡ ❧✐❡s ✐♥ t❤❡ ❞✐r❡❝t✐✈✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ t❤❛t ✐s ✐ts ❛❜✐❧✐t② t♦ ❝❤♦♦s❡ t❤❡ ❞✐r❡❝t✐♦♥
♦❢ t❤❡ ♥❡①t ✐t❡r❛t✐♦♥ ✇✐t❤ ♥❡✇ st❛rt✐♥❣ ♣♦✐♥ts ❜❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s ❡①♣❡r✐❡♥❝❡ ❬❑❤♦❧♦❞ts♦✈❛
❡t ❛❧✳✱ ✷✵✶✹❜✱ ❩❤❛♥❣ ❡t ❛❧✳✱ ✷✵✵✸❪✳ ❚❤❡ ♠❡t❤♦❞ ❝♦♥s✐sts ♦❢ ✐♥✐t✐❛❧✐s✐♥❣ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss
✇✐t❤ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ r❛♥❞♦♠ s♦❧✉t✐♦♥s✱ ❝❛❧❧❡❞ ♣❛rt✐❝❧❡s✱ ❛♥❞ s❡❛r❝❤✐♥❣ ❢♦r ♦♣t✐♠❛ ❜② ✉♣❞❛t✐♥❣
❣❡♥❡r❛t✐♦♥s ✇❤✐❧❡ ♣r♦❣r❡ss✐♥❣ t❤r♦✉❣❤♦✉t t❤❡ s♣❛❝❡ ♦❢ ♣r♦❜❛❜❧❡ s♦❧✉t✐♦♥s✳ P❙❖ st♦r❡s t❤❡ ❝♦✲
♦r❞✐♥❛t❡s ♦❢ ❡❛❝❤ ♣❛rt✐❝❧❡ r❡❧❛t❡❞ t♦ t❤❡ ♣❡rs♦♥❛❧ ❜❡st s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ❛s ❢❛r ❜② ❡❛❝❤ ♣❛rt✐❝❧❡
✭♣❡rs♦♥❛❧ ❜❡st✮ ❛♥❞ t❤❡ ❣❧♦❜❛❧ ❜❡st ✈❛❧✉❡ ❛♠♦♥❣ ❛❧❧ t❤❡ ♣❛rt✐❝❧❡s ✭❣❧♦❜❛❧ ❜❡st ✈❛❧✉❡ ♦r gBest✮✳
❆t ❡❛❝❤ ✐t❡r❛t✐♦♥ st❡♣✱ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ❡❛❝❤ ♣❛rt✐❝❧❡ t♦✇❛r❞s grBest ❛♥❞ gBest ❧♦❝❛t✐♦♥s ✐s
❝❤❛♥❣❡❞ ❜② r❡s♣❡❝t✐✈❡ ✇❡✐❣❤t✐♥❣ r❛♥❞♦♠ t❡r♠s✳ ■♥ s❡❝t✐♦♥ ✹✳✹✱ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ P❛rt✐❝❧❡
❙✇❛r♠ ❖♣t✐♠✐③❛t✐♦♥ ✭P❙❖✮ ♠❡t❤♦❞ ❛♥❞ ✐ts ❢❡❛t✉r❡s ❛r❡ ♣r❡s❡♥t❡❞ ❢♦r s♣❛t✐❛❧❧②✲r❡s♦❧✈❡❞ s✐♠♣❧❡
❝♦♥✜❣✉r❛t✐♦♥✱ ✐✳ ❡✳ ✬♣♦✐♥t✬ s✐♥❣❧❡ ✇❛✈❡❧❡♥❣t❤ ❛♣♣r♦❛❝❤✳ ❙❡❝t✐♦♥ ✹✳✹ s❤♦✇s ❤♦✇ t❤❡ ❛❧❣♦r✐t❤♠ ✐s
tr❛✐♥❡❞ ❢♦r ❲❛✈❡❧❡♥❣t❤✲❘❡s♦❧✈❡❞ ✭❲❘✮ s♣❡❝tr❛✳ ❚❤✐s ❲❘✲P❙❖ ❛♣♣r♦❛❝❤ ✐s t❤❡♥ r❡✜♥❡❞ ✇✐t❤ ❛
❲❘ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ✜tt✐♥❣ ♦❢ t❤❡ ❲❘✲P❙❖ ✭❋❲❘✲P❙❖✮ ❛♥❞ tr❛✐♥❡❞ ❛❣❛✐♥ t♦ ❡①❝❧✉❞❡ ❞✐✛❡r✲
❡♥❝❡ ✐♥ ❝♦♥✈❡r❣❡♥❝❡ ❛❧❣♦r✐t❤♠✳ ■♥ ♦r❞❡r t♦ s❛✈❡ ❝♦♠♣✉t✐♥❣ t✐♠❡ ❞✉r✐♥❣ t❤❡ tr❛✐♥✐♥❣ ♣r♦❝❡❞✉r❡
❛♥❞ ♠♦r❡♦✈❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ st❛t✐st✐❝❛❧ ♥♦✐s❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ▼❈✲❜❛s❡❞ s✐♠✉❧❛t✐♦♥s t❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❉✐✛✉s✐♦♥ ❆♣♣r♦①✐♠❛t✐♦♥ ✭❉❆✮ ✇✐t❤ ✇❤✐t❡ ●❛✉ss✐❛♥ ♥♦✐s❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
♥✉♠❜❡r ♦❢ ♣❤♦t♦♥s ✐s ♣r♦♣♦s❡❞✳ ❚❤❡ ❝♦st✲❢✉♥❝t✐♦♥ ♣r♦♣♦s❡❞ ✐s ❜❛s❡❞ ♦♥ ❊q✳ ✹✳✸ ❜✉t ✐s ❛✈❡r❛❣❡❞
✐♥s✐❞❡ ❡❛❝❤ ❣r♦✉♣ ♦❢ ♣❛rt✐❝❧❡s✱ ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ❧❛t❡r✱ t❤✉s ❛✈♦✐❞✐♥❣ ❧♦❝❛❧ ♠✐♥✐♠❛ ❝♦♥✈❡r❣❡♥❝❡✱
✇❤✐❧❡ ❡st✐♠❛t✐♥❣ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦✈❡r t❤❡ ✇✐❞❡ s♣❛❝❡ ♦❢ ♣r♦❜❛❜❧❡ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs✳ ■♥ ✹✳✹✳✷
♣r❡s❡♥ts t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✈❛❧✐❞❛t✐♦♥ ♣❡r❢♦r♠❡❞ ♦♥ ♥✉♠❡r✐❝❛❧ ❞❛t❛✱ ♦❜t❛✐♥❡❞ ✇✐t❤
▼❈ s✐♠✉❧❛t✐♦♥s ♣❡r❢♦r♠❡❞ ❢♦r ❛ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ♠✉❧t✐✲✜❜❡r ♣r♦❜❡ ✉s❡❞ ✐♥ ♦✉r ❝❧✐♥✐❝❛❧ ❛♥❞ ❡①✲
♣❡r✐♠❡♥t❛❧ r❡s❡❛r❝❤ ✇♦r❦s ❬P❡r②✱ ✷✵✵✼✱ P❡r② ❡t ❛❧✳✱ ✷✵✵✾✱ ❑❤♦❧♦❞ts♦✈❛ ❡t ❛❧✳✱ ✷✵✶✺❪✳ t❤❡ r❡s✉❧ts
✇❤✐❝❤ ❛❧❧♦✇s ❛✈♦✐❞✐♥❣ ❧♦❝❛❧ ♠✐♥✐♠❛ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ ❝♦st✲❢✉♥❝t✐♦♥ ✈❛❧✉❡ ♠✐♥✐♠✐s❛t✐♦♥ ❢♦r ♦♣✲
t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥ ♥♦t ♦♥❧② ✇✐t❤ ❤✐❣❤❡r ♣r❡❝✐s✐♦♥✱ ✐✳ ❡✳ ❧♦✇❡r ❡rr♦r✱ ❜✉t ✇✐t❤ s✐❣♥✐✜❝❛♥t
r❡❞✉❝t✐♦♥ ♦❢ ✐t❡r❛t✐♦♥s ♥✉♠❜❡r✱ ❧❡❛❞✐♥❣ t♦ r❡❞✉❝❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳ P❛rt✐❝❧❡ s✇❛r♠ ♦♣t✐✲
♠✐③❛t✐♦♥✭P❙❖✮ ❬❩❤❛♥❣ ❡t ❛❧✳✱ ✷✵✵✸❪ ✐❞❡❛ ✐s ❜❛s❡❞ ♦♥ ❝♦❧❧❡❝t✐✈❡ ❜❡❤❛✈✐♦✉r ♦❢ ✐♥s❡❝t ❝♦❧♦♥✐❡s ❛♥❞
♦t❤❡r ❛♥✐♠❛❧ s♦❝✐❡t✐❡s ♦❜s❡r✈❛t✐♦♥✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ♠♦✈✐♥❣ s❡✈❡r❛❧ ♣❛rt✐❝❧❡s
♦r ❣r♦✉♣s ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ ♥✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ♦❢ ✈❛r✐❛❜❧❡s✱ ❛❝❝❡❧❡r❛t✐♥❣ ❡❛❝❤ ❣r♦✉♣ ♦r ❡❛❝❤
♣❛rt✐❝❧❡ t♦ t❤❡ ❜❡st ♣❛rt✐❝❧❡✬s ❣r♦✉♣✬s ♦❢ ♣❛rt✐❝❧❡s ♦❢ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ✇✐t❤ ❝❡rt❛✐♥ s♣❡❡❞✿

xni+1 = xni + vni+1 ✭✹✳✺❛✮

xni+1 = ωxni + c1rand1(pBest− xni ) + c2rand2(gBest− xni ) ✭✹✳✺❜✮

ω =Wmax − (Wmax −Wmin)
i

N
, ✭✹✳✺❝✮

✇❤❡r❡ ω ✲ t❤❡ ✇❡✐❣❤t✱ ✇❤✐❝❤ ✈❛r✐❡s ✇✐t❤ ❡❛❝❤ ✐t❡r❛t✐♦♥✱ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❣❧♦❜❛❧ s❡❛r❝❤✱ Wmax✱ t♦
❧♦❝❛❧✱ Wmin✱ pBest ❛♥❞ gBest ✲ ♣❡rs♦♥❛❧ ❛♥❞ ❣❧♦❜❛❧ ❜❡st ✈❛❧✉❡s✱ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❧♦✇❡st χ2

✈❛❧✉❡ ❢♦r ❡❛❝❤ ♣❛rt✐❝❧❡✱ c1 ✲ t❤❡ s♣❡❡❞ ✇✐t❤ ✇❤✐❝❤ ❛❧❣♦r✐t❤♠ ❛♣♣r♦❛❝❤❡s pBest✱ c2 ✲ t❤❡ s♣❡❡❞
✇✐t❤ ✇❤✐❝❤ ❛❧❣♦r✐t❤♠ ❛♣♣r♦❛❝❤❡s gBest✳

❚❤❡ ♣r✐♥❝✐♣❛❧ s❝❤❡♠❡ ♦❢ t❤❡ P❙❖ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✾✳

P❙❖ ♣♦✐♥t ❛♣♣r♦❛❝❤

■t ✐s s✉❣❣❡st❡❞ ✐♥st❡❛❞ ♦❢ personal ❜❡st ✈❛❧✉❡s ✉s❡ group ❜❡st ✈❛❧✉❡s ✭grBest✮ ❛♥❞ ✐♥st❡❛❞ ♦❢
global ❜❡st ✈❛❧✉❡ ❧❡❛✈❡ t❤❡ bestfromallthegroupbest ✈❛❧✉❡s ✭gBest✮ ❢♦r ▼❈ ❢♦r✇❛r❞ ♣r♦❜❧❡♠✳ ❆s
s♦♦♥ ❛s ▼❈ ❤❛s ❛♥ ❡rr♦r✱ ✐t ❝♦✉❧❞ ❜❡ r❡❞✉❝❡❞ ❜② ✜♥❞✐♥❣ ♦✉t t❤❡ ❣r♦✉♣ ♦❢ ♣❛rt✐❝❧❡s ✇✐t❤ s♠❛❧❧❡st
❝♦st✲❢✉♥❝t✐♦♥ ✈❛❧✉❡✱ ✇❤✐❝❤ ✇❛s ❛✈❡r❛❣❡❞ ✐♥s✐❞❡ t❤❡ ❣r♦✉♣✱ ❣r❇❡st✳ ❆❢t❡r✇❛r❞s✱ ❡❛❝❤ ♣❛rt✐❝❧❡ ✐s
❛ss✐❣♥❡❞ ❣❧♦❜❛❧ ❜❡st ✈❛❧✉❡✱ ❣❇❡st ❛♥❞ t❤❡ ♣r♦❝❡ss ♦❢ s♣❡❡❞ ❛♥❞ ❝♦♦r❞✐♥❛t❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s r❡♣❡❛t❡❞
◆ t✐♠❡s✳

✾✶



❈❤❛♣t❡r ✹✳ ❆♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥

❋✐❣✉r❡ ✹✳✾✿ P❛rt✐❝❧❡ s✇❛r♠ ♦♣t✐♠✐③❛t✐♦♥ ♣r✐♥❝✐♣❛❧ s❝❤❡♠❡

◆❡①t st❡♣ t♦ t✉♥❡ t❤✐s ❛❧❣♦r✐t❤♠ ✐s t♦ ✜♥❞ ❛♣♣r♦♣r✐❛t❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✬ ❣r♦✉♣s ❛♥❞ ♥✉♠❜❡r
♦❢ ♣❛rt✐❝❧❡s ✐♥s✐❞❡ t❤❡ ❣r♦✉♣✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❛♥❣❡s t❤❡ ❛❧❣♦r✐t❤♠ ✇❛s t❡st❡❞ ✉s✐♥❣ ❞❛t❛ s✐♠✉❧❛t❡❞ ✇✐t❤ ❉❆ t♦ ❘❚❊ ❛♥❞
❢♦r✇❛r❞ ♣r♦❜❧❡♠ ❜❛s❡❞ ♦♥ ❉❆ t♦ ❝♦♥✈❡r❣❡ t♦ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ✿

c1 = (0.1 : 0.1 : 3)

c2 = (0.1 : 0.1 : 3)

Wmin = (0.6 : 0.1 : 3)

Wmax = (0.9 : 0.1 : 3)

❚❤❡ ✈❛❧✉❡s ♦❢ s♣❡❡❞s ❛♥❞ ✇❡✐❣❤ts ✇❡r❡ ❢♦✉♥❞ t♦ ❜❡ c1 ❂ ✵✳✸✱ c2 ❂ ✷✳✶✱ Wmin ❂ ✵✳✽✱ Wmax ❂
✵✳✾ ✇✐t❤ ❡rr♦r ✐♥ χ2 ❂ ✶✵✪ ✭χ2 ✐s ❝❛❧❝✉❧❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❊q✳ ✹✳✸✮ t♦ ♦❜t❛✐♥ ❡rr♦r ✷✵ ❛♥❞ ✷✵ ✪
✐♥ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t ❞❡t❡r♠✐♥❛t✐♦♥✳ ■♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ▲▼❆✱ P❙❖ ❡✐t❤❡r
❝♦♥✈❡r❣❡s t♦ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ♦r r❡❛❝❤❡s ♠❛①✐♠✉♠ ✐t❡r❛t✐♦♥s✱ ❛♥❞ ▲▼❆ ❝♦✉❧❞ ❝♦♥✈❡r❣❡ t♦ ❧♦❝❛❧
♠✐♥✐♠✉♠✱ ❞❡♣❡♥❞✐♥❣ ❢r♦♠ t❤❡ st❛rt✐♥❣ ♣♦✐♥t✳

❈❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧

❲❤✐t❡ ❧✐❣❤t s♦✉r❝❡ ✐s ❛ ❤❛❧♦❣❡♥ ❧❛♠♣ ✇✐t❤ ♠❛①✐♠✉♠ t❡♠♣❡r❛t✉r❡ ✸✼✵✵ ❑✱ s♣❡❝tr♦♠❡t❡r ✇❛s t✉♥❡❞
❢♦r t❤❡ r❛♥❣❡ ✹✵✵✲✾✵✵ ♥♠ ✇✐t❤ r❡s♦❧✉t✐♦♥ ♦❢ ✶ ♥♠✳ ❋♦r ♦✉r ♥✉♠❡r✐❝❛❧ st✉❞② ✇❡ t♦♦❦ t❤❡ ✇❛✈❡❧❡♥❣t❤
r❛♥❣❡ ✺✵✵✲✻✵✵ ♥♠ ✇✐t❤ ✶✵ ♥♠ st❡♣ ✭❤♦✇❡✈❡r t❤❡ r❡s✉❧ts ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❛♥② ✇❛✈❡❧❡♥❣t❤ r❛♥❣❡
✐♥ ♦♣t✐❝❛❧ r❡❣✐♦♥✮✳ ❚❤❡ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ❢❡❛t✉r❡s ♦❢ t❤❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ st✉❞② ❛r❡

✾✷
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✹✳✹✳ ◆❡✇ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✲ P❛rt✐❝❧❡ ❙✇❛r♠ ❖♣t✐♠✐③❛t✐♦♥
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SDS (r), μm 

NF=10^7 

NF = 10^8 

NF = 10^9 

❋✐❣✉r❡ ✹✳✶✵✿ ▼❈ s✐♠✉❧❛t✐♦♥ ♥♦✐s❡ ❧❡✈❡❧ ✭st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐♥ ✪✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❙❉❙ ✭r✮ ❛♥❞
♣❤♦t♦♥ ♥✉♠❜❡r Nf ❧❛✉♥❝❤❡❞ ✿ ❝r♦ss❡s ❢♦r Nf ❂ ✶✵7✱ tr✐❛♥❣❧❡s ❢♦r Nf ❂ ✶✵8 ❛♥❞ sq✉❛r❡s ❢♦r Nf

❂ ✶✵9✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s✱ ❞❛s❤❡❞ ❛♥❞ ❞♦tt❡❞ ❝✉r✈❡s ❞r❛✇♥ ❛r❡ r❡s♣❡❝t✐✈❡ ❡①♣♦♥❡♥t✐❛❧ ✜tt✐♥❣ ✭✇✐t❤
❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉❛t✐♦♥s ❧✐st❡❞ ✐♥ t❤❡ ❧❡❣❡♥❞✮ ❢♦r ❡❛❝❤ Nf

❜❛s❡❞ ♦♥ t❤❡ ♦♥❡s ❢♦r ♦✉r ❡①♣❡r✐♠❡♥t❛❧ ❙❉❘ s♣❡❝tr♦s❝♦♣② s❡t✉♣✱ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
st✉❞✐❡s ✭s❡❡ ❞❡t❛✐❧s ✐♥ ❬❑❤♦❧♦❞ts♦✈❛ ❡t ❛❧✳✱ ✷✵✶✹❜✱ ❑❤♦❧♦❞ts♦✈❛ ❡t ❛❧✳✱ ✷✵✶✹❛✱ ❑❤♦❧♦❞ts♦✈❛ ❡t ❛❧✳✱
✷✵✶✺❪✮✳

❆s s❦❡t❝❤❡❞ ♦♥ ❋✐❣✳ ✹✳✸✱ ♦✉r ♠✉❧t✐✲✜❜❡r ♣r♦❜❡ ❤❛s ▼ ❂ ✻ ❞✐✛❡r❡♥t ❙❉❙ r1..6 ❂ ❬✷✻✶✱ ✸✹✹✱
✺✵✵✱ ✼✼✽✱ ✶✵✹✶✱ ✶✷✾✵❪ µm✱ ✇✐t❤ ❡❛❝❤ ✜❜❡r ❤❛✈✐♥❣ ❝♦r❡✬s r❡❢r❛❝t✐✈❡ ✐♥❞❡① n = 1.54 ❛♥❞ ❞✐❛♠❡t❡r
d = 200 µm ❬❑❤♦❧♦❞ts♦✈❛ ❡t ❛❧✳✱ ✷✵✶✺❪✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❛♣♣r♦♣r✐❛t❡ r❛♥❣❡s ♦❢ t❤❡ ♦♣t✐❝❛❧
♣❛r❛♠❡t❡rs t♦ ❜❡ ❛❞❥✉st❡❞ ✐s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✹✳

P❙❖ ✇✐❞❡ r❛♥❣❡ ❛♣♣r♦❛❝❤

❊①❝❤❛♥❣❡ ♦❢ t❤❡ ▼❈ ♠❡t❤♦❞ ♦♥ t❤❡ ❉❆ t♦ t❤❡ ❘❚❊ ✇✐t❤ ●❛✉ss✐❛♥ ♥♦✐s❡ ❇❡❢♦r❡
tr❛✐♥✐♥❣ t❤❡ P❙❖ ❛❧❣♦r✐t❤♠ ❛♥❞ ❝♦♥❞✉❝t✐♥❣ ♦✉r ♥✉♠❡r✐❝❛❧ st✉❞② ✇❡ ❤❛✈❡ ❜❡❡♥ s❡❛r❝❤✐♥❣ ❢♦r
❛ r❡❞✉❝❡❞ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ❛♣♣r♦❛❝❤ ✭❝♦♠♣❛r❡❞ t♦ ▼❈ ❜✉t ✇✐t❤ s✐♠✐❧❛r ❢❡❛t✉r❡s ✐♥ t❡r♠s ♦❢
st❛t✐st✐❝❛❧ ♥♦✐s❡✳ ❚❤❡ ✐❞❡❛ ✐s t♦ st✉❞② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♦✉r ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss
✇❤❡r❡ t❤❡ ❢♦r✇❛r❞ ♣r♦❜❧❡♠ ❡q✉❛t✐♦♥ ❤❛s t❤❡ s❛♠❡ ♥♦✐s❡ r❛t❡s t❤✉s ♥♦✐s❡ ✇❛s ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦
t❤❡ ♥✉♠❜❡r ♦❢ ♣❤♦t♦♥s s✐♠✉❧❛t❡❞ ❜② ▼❈ ♠❡t❤♦❞✳ ❚❤❡ ▼❈ ♠❡t❤♦❞ ❞❡s❝r✐♣t✐♦♥ ❝♦✉❧❞ ❜❡ ❢♦✉♥❞
❡❧s❡✇❤❡r❡❬Pr❛❤❧ ❡t ❛❧✳✱ ✶✾✽✾✱ ❲❛♥❣ ❡t ❛❧✳✱ ✶✾✾✺✱ ❩❤✉ ❡t ❛❧✳✱ ✷✵✵✸✱ ❆r✐✢❡r ❡t ❛❧✳✱ ✷✵✵✻❪✳ ❋♦r ❡❛❝❤ ♦❢
t❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❜❡r ♦❢ ♣❤♦t♦♥s✱ Nf ❂ 107✱ 108✱ 109✱ ▼❈ s✐♠✉❧❛t✐♦♥s ✇❡r❡ r✉♥ ✶✵ t✐♠❡s ❢♦r t❤❡
❝♦♥✜❣✉r❛t✐♦♥ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✭❋✐❣✳ ✸✳✶✵✮✳ ❚❤❡ ♦❜t❛✐♥❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ✇❡r❡ ❛♥❛❧②③❡❞
❛s ●❛✉ss✐❛♥ ❛♥❞ t❤❡ ♥♦✐s❡ ❧❡✈❡❧s ✇❡r❡ r❡✈❡❛❧❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❙❉❙ ✭r✮✱ ❛♥❞ Nf ✭❋✐❣✳ ✹✳✶✵✮✳ ❚❤❡
❧❛tt❡r ✇❡r❡ t❤❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ ❙❉❘ ✐♥t❡♥s✐t② s♣❡❝tr❛ Imod(λ, r) ❝❛❧❝✉❧❛t❡❞ ❜② ❉❆ ❡q✉❛t✐♦♥ ✐♥
t❤❡ r❛♥❣❡ λ ❂ ✺✵✵✿✶✵✿✻✵✵ ♥♠ ❛♥❞ ❞❡✜♥❡❞ ❜② ❊q✳ ✶✳✸✼ ❤❡r❡❛❢t❡r✿

✾✸



❈❤❛♣t❡r ✹✳ ❆♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥

❚❤❡ ❉❆ ❡q✉❛t✐♦♥ ✉s❡❞ t♦ ♠♦❞❡❧ s♣❛t✐❛❧❧② r❡s♦❧✈❡❞ ❉❘ ✭I(λ, rm)✮ ✐s ✭s❡❡ ❊q✳ ✹✳✻✮✿

I(λ, r) =
1

µ′t(λ)

(

µeff (λ) +
1

r1(λ, r)

)e−µeff (λ)r1(λ,r)

r21(λ, r)

+
( 1

µ′t(λ)
+ 2zb(λ)

)(

µeff (λ) +
1

r2(λ, r)

)eµeff (λ)r2(λ,r)

r22(λ, r)
,

✭✹✳✻✮

✇❤❡r❡ µeff (λ) =
√

µa(λ)
D(λ) ❀ D(λ) = 1

3µ′

t(λ)
✲ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t❀ µ′t(λ) = µa(λ) + µs(λ)(1 − g(λ))

✲ tr❛♥s♣♦rt ❝♦❡✣❝✐❡♥t❀ r1(λ, r) =
√

1
µ′2
t (λ)

+, r2❀ r2(λ, r) =

√

2
(

1
µ′

t(λ)
+ 2zb(λ)

)2
+ r2❀ zb(λ) =

2D(λ) ✲ ❡①t❡♥❞❡❞ ❜♦✉♥❞❛r② ❬❋❡♥❣ ❡t ❛❧✳✱ ✶✾✾✺❪✳

P❙❖✲❜❛s❡❞ ❛❧❣♦r✐t❤♠ ❛♣♣❧✐❡❞ t♦ s♣❛t✐❛❧❧② r❡s♦❧✈❡❞ ❞❛t❛ ■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡
t❤❡ ❜❛s✐❝ s❝❤❡♠❡ ♦❢ t❤❡ P❙❖ ❛❧❣♦r✐t❤♠ ❛❞❛♣t❡❞ t♦ ♦✉r ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✈✐♥❣ ❜② t❛❦✐♥❣ ✐♥t♦
❛❝❝♦✉♥t t❤❡ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❡❝tr♦s❝♦♣✐❝ ❞❛t❛ ✭s♣❡❝tr❛❧ ❞✐♠❡♥s✐♦♥ ❜❡✐♥❣ ❛❞❞❡❞ ✐♥ t❤❡
♥❡①t s✉❜s❡❝t✐♦♥✮✳

■♥ ♦✉r ❝❛s❡✱ ❛ ♣❛rt✐❝❧❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣♦✐♥t ✐♥ t❤❡ (µa, µs) ✈❛r✐❛t✐♦♥ s♣❛❝❡ ♦❢ t❤❡ ❝♦st✲❢✉♥❝t✐♦♥
❛s µa ❛♥❞ µs ❛r❡ t❤❡ t✇♦ ♣❛r❛♠❡t❡rs t♦ ❜❡ ❡st✐♠❛t❡❞✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥ D ❂ ✷ ♦❢ t❤❡
♣r♦❜❧❡♠✱ ♦✉r ❛♣♣r♦❛❝❤ ✇❛s t♦ ❝♦♥s✐❞❡r C = (D + 1)2 = 9 ❝❧✉st❡rs ♦❢ P = D + 1 = 3 ♣❛rt✐❝❧❡s✳
■♥ t❤❡ r❡st ♦❢ t❤❡ t❤❡s✐s✱ ❛♥② ❝❧✉st❡r ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ c ✇❤✐❧❡ ❛ s♣❡❝✐✜❝ ❝❧✉st❡r ✇✐❧❧ ❜❡ ♥♦t✐❝❡❞ cj
✇✐t❤ j = [1 : C] t❤❡ ❝❧✉st❡r ✐♥❞❡① ❛♥❞ ❛♥② ♣❛rt✐❝❧❡ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ♣ ✇❤✐❧❡ ❛ s♣❡❝✐✜❝ ♣❛rt✐❝❧❡ ✐♥
❛ ❝❧✉st❡r cj ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ pi,j ✇✐t❤ i = [1 : P ] t❤❡ ♣❛rt✐❝❧❡ ✐♥❞❡① ✐♥ ❛ ❝❧✉st❡r✳ ❆t st❛rt✱ t❤❡s❡
✾ ❝❧✉st❡rs ✇❡r❡ s♣r❡❛❞ ❛❧❧ ♦✈❡r t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡ ❛♥❞ t❤❡ ✸ ♣❛rt✐❝❧❡s ♦❢ ❡❛❝❤ ❣r♦✉♣ ✇❡r❡ ♣❧❛❝❡
❝❧♦s❡ t♦ ❡❛❝❤ ♦t❤❡r ✇✐t❤ ❧❡ss t❤❛♥ ✺ ✪ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡✐r ❝♦♦r❞✐♥❛t❡s X = (µa, µs) ✐♥ t❤❡ s♣❛❝❡
♦❢ ✈❛r✐❛❜❧❡s✳ ●✐✈❡♥ t❤❡ ❞❛t❛ ❢♦✉♥❞ ✐♥ ❧✐t❡r❛t✉r❡ ♦♥ ❡♣✐t❤❡❧✐❛❧ t✐ss✉❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❬●❡♠❡rt
❡t ❛❧✳✱ ✶✾✽✾✱ ❇❛s❤❦❛t♦✈ ❡t ❛❧✳✱ ✷✵✵✺✱ ❇♦r✐s♦✈❛ ❡t ❛❧✳✱ ✷✵✵✽✱ ❇❛s❤❦❛t♦✈ ❡t ❛❧✳✱ ✷✵✶✶✱ ❏❛❝q✉❡s✱ ✷✵✶✸❪✱
t❤❡ ❧✐♠✐ts ❝❤♦s❡♥ ❢♦r t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡ ♦❢ µs ❛♥❞ µa ✈❛❧✉❡s t♦ ❜❡ ❡st✐♠❛t❡❞ ✇❡r❡ r❡s♣❡❝t✐✈❡❧②
✶✵✵✿✶✵✵✵ ❝♠−1 ❛♥❞ ✶✿✶✵ ❝♠−1✳ ❚❤❡ ✧❡rr♦r ♦❢ ❛ ❝❧✉st❡r cj✧ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛✈❡r❛❣❡❞ ✈❛❧✉❡ ♦❢
t❤❡ ❝♦st✲❢✉♥❝t✐♦♥ χ2 ❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡ ✸ ♣❛rt✐❝❧❡s ✐♥ t❤✐s ❣r♦✉♣ ✭s❡❡ ❊q✳ ✹✳✼✮✿

χ2
j =

1

C
ΣC
j=1

(

1−
Imod(λ, rm;♣j(λ))

Iexp(λ, rm)

)2
, ✭✹✳✼✮

✇❤❡r❡ ♣(λ) = [µs, µa] ✲ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs t♦ ❜❡ ❡st✐♠❛t❡❞✳
■♥ ❝♦♠❜✐♥❛t✐♦♥✱ t❤❡ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ❛✈❡r❛❣❡❞ ✐♥s✐❞❡ ❡❛❝❤ ❣r♦✉♣ t❤✉s ❣✐✈✐♥❣✱ ❢♦r ❡❛❝❤

❣r♦✉♣✱ grBestcj = [χ2
j , µ

j
s, µ

j
a]✳ ❚❤❡ gBest ✐s ❞❡✜♥❡❞ ❛s ♠✐♥✐♠❛❧ ✈❛❧✉❡ ♦❢ χ2

p ❛♠♦♥❣ ❛❧❧ t❤❡ (D+1)2

❣r♦✉♣s✱ gBest = min(grBestp)✳ ❚❤❡ ✉s❡ ♦❢ grBest ✭❛✈❡r❛❣❡❞ ✈❛❧✉❡ ♦❢ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ✐♥s✐❞❡
❡❛❝❤ ❣r♦✉♣✮ ❝♦♥tr✐❜✉t❡s t♦ ❧✐♠✐t t❤❡ r✐s❦ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❧♦❝❛❧ ♠✐♥✐♠❛✳

❚❤✉s✱ ❛❢t❡r ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❝♦st✲❢✉♥❝t✐♦♥✱ χ2
cj ✇❡ ♠♦✈❡ ❛❧❧ t❤❡ c ❝❧✉st❡rs ♦❢ ♣❛rt✐❝❧❡s t♦ ♦♥❡

✇❤✐❝❤ ❤❛s t❤❡ ❣❧♦❜❛❧ ✬❜❡st✬ ♣r♦♣❡rt✐❡s✱ ✐✳ ❡✳ µgBest
s ✱ µgBest

a ✱ ❛♥❞ ❡❛❝❤ ❝❧✉st❡r t♦ ✐ts ❛✈❡r❛❣❡❞ ✬❜❡st✬
♣r♦♣❡rt✐❡s✱ ✐✳ ❡✳ µgrBest,j

s ✱ µgrBest,j
a ✳

❚❤✉s ❣♦✐♥❣ ❢r♦♠ ✐t❡r❛t✐♦♥ k t♦ k+1 ❡❛❝❤ ♣❛rt✐❝❧❡ ✇✐t❤ ❝♦♦r❞✐♥❛t❡s Xk(µks , µ
k
a) ✐s ♠♦✈❡❞ ✇✐t❤

t❤❡ s♣❡❡❞✱ V k+1✱ t♦ ♥❡①t ♣♦s✐t✐♦♥ Xk+1 ✐♥ t❤❡ s♣❛❝❡ ♦❢ ✈❛r✐❛❜❧❡s (µs, µa)✳ ❚❤❡✐r s♣❡❡❞ V
k+i ❛♥❞

❝♦♦r❞✐♥❛t❡ Xk+i ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛② ✭s❡❡ ❊q✳ ✹✳✽✮✿

V k+1 = wV k + a1rand1(grBest−Xk) + a2rand2(gBest−Xk), ✭✹✳✽❛✮

Xk+1 = Xk + V k+1, ✭✹✳✽❜✮

✾✹



✹✳✹✳ ◆❡✇ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✲ P❛rt✐❝❧❡ ❙✇❛r♠ ❖♣t✐♠✐③❛t✐♦♥

✇❤❡r❡ w ✐s ❛ ✇❡✐❣❤t✐♥❣ ❢✉♥❝t✐♦♥ w = wMax − (wMax − wMin)
iter

maxIter ✱ ✇✐t❤ wMax ❛♥❞ wMin

✲ ✐♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ✇❡✐❣❤ts✱ iter ❛♥❞ maxIter ✲ t❤❡ ❝✉rr❡♥t ❛♥❞ ♠❛①✐♠✉♠ ♥✉♠❜❡rs ♦❢ ✐t❡r❛t✐♦♥s✱
rand1 ❛♥❞ rand2 ✲ r❛♥❞♦♠ ✈❛❧✉❡s ❞✐str✐❜✉t❡❞ ✐♥ [0, 1]✱ a1 ❛♥❞ a2 ❛r❡ ❝♦❡✣❝✐❡♥ts ✇❡✐❣❤t✐♥❣ t❤❡
❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s t♦ t❤❡ gBest ❛♥❞ grBest✱ ❝♦rr❡s♣♦♥❞✐♥❣❧②✳ ❚♦ ❛❝❝❡❧❡r❛t❡ ❡❛❝❤ ❝❧✉st❡r
s✐♠✉❧t❛♥❡♦✉s❧② ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ rand1 ❛♥❞ rand2 ❛r❡ ✜①❡❞ ✐♥s✐❞❡ ❡❛❝❤ ❝❧✉st❡r✳

❚❤✉s✱ ❛t ✜rst ✐t❡r❛t✐♦♥s t❤❡ ✇❡✐❣❤t✐♥❣ ❢✉♥❝t✐♦♥ ❛ss✐sts t♦ ❣❧♦❜❛❧ s❡❛r❝❤ ❛♥❞ ❛t t❤❡ ❡♥❞ ❢❛❝✐❧✲
✐t❛t❡s ❧♦❝❛❧ s❡❛r❝❤✱ ✐✳ ❡✳ ❞❡❝r❡❛s✐♥❣ w ❢♦r❝❡s t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❣♦ ❢r♦♠ ❣❧♦❜❛❧ t♦ ❧♦❝❛❧ s❡❛r❝❤✳ ■t
✐s ✇♦rt❤ t♦ ♠❡♥t✐♦♥ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs ✇❛s ❝❤♦s❡♥ ❛s ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❝♦st ❞✉r✐♥❣ ♦♥❡ ✐t❡r❛t✐♦♥ st❡♣ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳ ❚❤✉s t❤❡ ❤✐❣❤❡r ✐s t❤❡ ♥✉♠❜❡r
♦❢ ❝❧✉st❡rs t❤❡ ❧♦♥❣❡r ✐s ❡❛❝❤ ✐t❡r❛t✐♦♥ st❡♣ ❛♥❞ t❤❡ ❤✐❣❤❡r ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝❧✉st❡rs t♦ ✜♥❞
t❤❡ ♣r♦♣❡r s♦❧✉t✐♦♥✳ ❲❡ ✜①❡❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs t♦ (D+ 1)2 ❛s ✐t ✇❛s ♠❡♥t✐♦♥s ❛❜♦✈❡✳ ❚❤❡
✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✿ wMax✱ wMin✱ a1✱ a2✱ maxIter ❛r❡ ❡st✐♠❛t❡❞ t❤r♦✉❣❤ tr❛✐♥✐♥❣ ♣r♦❝❡ss
♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳

❲❘✲P❙❖ ❛♣♣r♦❛❝❤ ❛♥❞ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts

❚❤❡ ♦❜❥❡❝t✐✈❡ ❤❡r❡ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ✈❛❧✉❡s ♦❢ ❛❜s♦r♣t✐♦♥ µa ❛♥❞ s❝❛tt❡r✐♥❣ µs ❝♦❡✣❝✐❡♥ts ♦✈❡r
s❡✈❡r❛❧ ✇❛✈❡❧❡♥❣t❤s ✉s✐♥❣ P❙❖✲❜❛s❡❞ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✈✐♥❣ ♦♥ s♣❛t✐❛❧❧② r❡s♦❧✈❡❞ ❞❛t❛✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✇❡ ❝❤♦s❡ t❤❡ ✇❛✈❡❧❡♥❣t❤ r❛♥❣❡ ✺✵✵✿✶✵✿✻✵✵ ♥♠✱ t❤♦✉❣❤
t❤❡ ❛❧❣♦r✐t❤♠ ❝♦✉❧❞ ❜❡ r✉♥ ✇✐t❤ ♦t❤❡r ❧✐♠✐ts ❛♥❞ st❡♣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s♣❡❝tr♦s❝♦♣✐❝ ♠❡❛✲
s✉r❡♠❡♥ts ♦❜t❛✐♥❡❞ ❢r♦♠ ❡①♣❡r✐♠❡♥t✳

❉❡✜♥✐t✐♦♥ ♦❢ ❛❧❣♦r✐t❤♠ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ ❣❧♦❜❛❧ s❡❛r❝❤ t♦ ❧♦❝❛❧ ✐s ❞❡✜♥❡❞ ❢r♦♠ t❤❡ ❜♦r❞❡r
❝♦♥❞✐t✐♦♥s ♦❢ (µs, µa) s♣❛❝❡✱ t❤✉s ♠❛①✐♠✉♠ st❡♣s ❛r❡✿

Lµs = w(a1 + a2)
µmax
s − µmin

s

10

Lµa = w(a1 + a2)
µmax
a − µmin

a

10
.

✭✹✳✾✮

❇② ❞♦✐♥❣ s♦ t❤❡ s♣❛❝❡ ✐s ✬❞✐✈✐❞❡❞✬ ✐♥ r❡❝t❛♥❣❧❡s ✇✐t❤ s✐❞❡s ✾✵ ❛♥❞ ✾ cm−1✱ t❤✉s t❤❡ ♥✉♠❜❡r ♦❢
sq✉❛r❡s ✐s ✶✵✵✳ ❇② st❛rt✐♥❣ (D + 1)2 ❂ ✾ ❣r♦✉♣s ♦❢ ♣❛rt✐❝❧❡s✱ ✜rst s❡✈❡r❛❧ ✐t❡r❛t✐♦♥ st❡♣s t❤❡
✇❡✐❣❤t w ✐s r❡❞✉❝❡❞ t♦ ♠❛❦❡ ❡❛❝❤ ❣r♦✉♣ ✬❝❤♦♦s❡✬ t❤❡ sq✉❛r❡ ♦❢ ❧♦❝❛❧ s❡❛r❝❤✳ ❚❤❡r❡❜② ❛❢t❡r t❤❡
10th ✐t❡r❛t✐♦♥✱ ✐t ✇❛s ❞❡❝✐❞❡❞ t♦ ❦❡❡♣ ✇❡✐❣❤t w ❝♦♥st❛♥t ❛s ❝❤❛♥❣❡ ✐♥ ✇❡✐❣❤t ❢r♦♠ ♠❛①✐♠✉♠ t♦
♠✐♥✐♠✉♠ ❞❡♣❡♥❞s ♦♥ ♥✉♠❜❡r ♦❢ ♠❛①✐♠✉♠ ✐t❡r❛t✐♦♥s ✭❊qs✳ ✹✳✺✮ ❛♥❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r
♦❢ ♠❛①✐♠✉♠ ✐t❡r❛t✐♦♥s✱ maxIter✱ ✇❡ ❥✉st s❧♦✇ ❞♦✇♥ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❣❧♦❜❛❧ s❡❛r❝❤ t♦
❧♦❝❛❧✱ t❤✉s maxIter ❂ ✶✵✱ ❜✉t imax ✇❛s ✸✵✳ ❙✉❝❤✇✐s❡✱ ❛❢t❡r ✶✵th s✐♠✉❧❛t✐♦♥ t❤❡ ❣❧♦❜❛❧ s❡❛r❝❤ ✐s
tr❛♥s❢♦r♠❡❞ t♦ ❧♦❝❛❧✱ ❛♥❞ ❞✉r✐♥❣ ♥♦ ♠♦r❡ t❤❛♥ ✷✵ ✐t❡r❛t✐♦♥s t❤❡ ❛❧❣♦r✐t❤♠ s❤♦✉❧❞ ❝♦♥✈❡r❣❡ t♦
r❡❢❡r❡♥❝❡ ❞❛t❛✳

❚❤✉s✱ ❛❢t❡r t❡♥ ✐t❡r❛t✐♦♥s ✇❡✐❣❤t✐♥❣ ❢✉♥❝t✐♦♥ w ✐s ♣❡r♠❛♥❡♥t❧② ✜①❡❞ t♦ ❧♦❝❛❧ s❡❛r❝❤ t✐❧❧ t❤❡
❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s✳

❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❲❘✲P❙❖ ✇❡r❡ ❞❡t❡r♠✐♥❡❞ t❤r♦✉❣❤ tr❛✐♥✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ✇❛②✿

✶✳ ■♥✐t✐❛❧✐s❡ t❤❡ t✐ss✉❡ ♦♣t✐❝❛❧ ♠♦❞❡❧ ✇✐t❤ g ❂ ✵✳✽✱ n ❂ ✶✳✹✹ ❢♦r t❤❡ ✹✳✶✵✮✿

a1 = (0.1 : 0.1 : 3)

a2 = (0.1 : 0.1 : 3)

wMin = (0.1 : 0.1 : 2.9)

wMax = (0.2 : 0.1 : 3)(wMax > wMin);

✭✹✳✶✵✮

✾✺



❈❤❛♣t❡r ✹✳ ❆♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥

✷✳ t❤❡ ❜❡st P❙❖ ♣❛r❛♠❡t❡rs ✇❡r❡ ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♠✐♥✐♠✉♠ ❡rr♦r ❛s ✭s❡❡ ❊q✳ ✹✳✶✶✮✿

χ2(λ) = ΣλΣ
6
m=1

(

1− Imod(λ, rm;♣(λ))

Iexp(λ, rm)

)2
, ✭✹✳✶✶✮

✇❤❡r❡ ♣ = [µs(λ), µa(λ)]❀

✸✳ t♦ ❤❛✈❡ s✉✣❝✐❡♥t st❛t✐st✐❝❛❧ ❡rr♦r ✺✵ s✐♠✉❧❛t✐♦♥s ✇❡r❡ r✉♥ ❢♦r ❡❛❝❤ ❡rr♦r ✐♥ ❛ r❛♥❣❡ χ2 ❂
✺✲✶✵ ✪ ✇✐t❤ st❡♣ ✶✪

✹✳ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛ ✇❡r❡ ❝❛❧❝✉❧❛t❡❞✿

❼ ❡rr♦r ✐♥ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ❡st✐♠❛t✐♦♥✱ ✐✳ ❡✳ ❡rr♦r ✐♥ s❝❛tt❡r✐♥❣ ǫµs ❛♥❞ ❛❜s♦r♣t✐♦♥ ǫµa

❝♦❡✣❝✐❡♥ts✿

ǫpi = (
prefi − pfinali

prefi

) ∗ 100% ✭✹✳✶✷✮

❼ s✉❝❝❡ss r❛t❡ ✐♥ ♣❡r❝❡♥t ✭♥✉♠❜❡r ♦❢ s✉❝❝❡ss❢✉❧ s✐♠✉❧❛t✐♦♥s ❞✐✈✐❞❡❞ ❜② ♦✈❡r❛❧❧ ♥✉♠❜❡r ♦❢
s✐♠✉❧❛t✐♦♥s ✺✵✮ ✲ ♥✉♠❜❡r ♦❢ s✐♠✉❧❛t✐♦♥s ✇❤❡♥ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛❝❤✐❡✈❡❞ ❜❡❢♦r❡ r❡❛❝❤✐♥❣
t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ imax❀

❼ ❛✈❡r❛❣❡< I > ❛♥❞ ♠❛①✐♠✉♠ Imax ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❜❡❢♦r❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛❝❤✐❡✈❡❞✳

❚❤❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✹✳✷✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❧♦✇❡st ❡rr♦r ✐♥ ❡st✐♠❛t✐♥❣
s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts ❛r❡ ǫµs ❂ ✶✵ ✪ ❛♥❞ ǫµa ❂ ✾ ✪ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ P❙❖
♣r♦♣❡rt✐❡s✿

a1 = 0.1, a2 = 0.6, wmin = 0.4, wmax = 0.7, χ2 = 7%.

a1 a2 wMinwMaxχ
2✱

✪

❙✉❝❝❡ss
r❛t❡✱ ✪

Imax <
I >

ǫµs✱

✪

ǫµa✱

✪

✵✳✸ ✵✳✽ ✵✳✶ ✵✳✻ ✶✵ ✶✵✵ ✷✾ ✶✸ ✶✽✳✺ ✸✼✳✻

✵✳✶ ✵✳✻ ✵✳✹ ✵✳✼ ✶✵ ✺✷ ✷✶ ✶✵ ✷✺✳✸ ✶✾✳✽

✵✳✸ ✶ ✵✳✻ ✵✳✽ ✶✵ ✹✷ ✷✸ ✶✷ ✷✶✳✹ ✸✹✳✼

✵✳✸ ✵✳✽ ✵✳✶ ✵✳✻ ✾ ✷✽ ✷✺ ✶✶ ✷✷✳✻ ✸✾✳✸

✵✳✶ ✵✳✻ ✵✳✹ ✵✳✼ ✾ ✺✵ ✶✽ ✶✵ ✷✹✳✼ ✷✵✳✻

✵✳✶ ✵✳✻ ✵✳✹ ✵✳✼ ✽ ✷✻ ✶✼ ✶✶ ✷✸✳✵ ✶✹✳✻

✵✳✶ ✵✳✻ ✵✳✹ ✵✳✼ ✼ ✶✽ ✷✹ ✶✹ ✾✳✽ ✽✳✽

✵✳✶ ✵✳✻ ✵✳✹ ✵✳✼ ✻ ✷✵ ✷✻ ✶✸ ✶✷✳✽ ✶✺✳✵

✵✳✶ ✵✳✻ ✵✳✹ ✵✳✼ ✺ ✶✵ ✶✻ ✶✷ ✷✷✳✼ ✷✵✳✵

❚❛❜❧❡ ✹✳✷✿ P❛rt✐❝❧❡ ❙✇❛r♠ ❖♣t✐♠✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs✿ ❛❝❝❡❧❡r❛t✐♦♥s ♦❢ t❤❡ ♣❛rt✐❝❧❡s t♦ t❤❡ ❣❧♦❜❛❧
❜❡st ✭gBest✮ ✲ 11 ❛♥❞ ❣r♦✉♣ ❜❡st ✭grBest✮ ✲ 12✱ ✐♥✐t✐❛❧ ✭wMax✮ ❛♥❞ ✜♥❛❧ ✭wMin✮ ✇❡✐❣❤ts❀ ❛♥❞
r❡s✉❧ts ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❲❘ s♦❧✉t✐♦♥✿ r❛t❡ ♦❢ s✉❝❝❡ss ✭✪✮✱ ♠❛①✐♠✉♠ ✭Imax✮ ❛♥❞ ❛✈❡r❛❣❡
✭< I >✮ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ ❡rr♦r ✐♥ s❝❛tt❡r✐♥❣ ✭ǫµs ✱ ✪✮ ❛♥❞ ❛❜s♦r♣t✐♦♥ ✭ǫµa ✱ ✪✮ ❝♦❡✣❝✐❡♥ts
❡st✐♠❛t✐♦♥✳

❍♦✇❡✈❡r ❡✈❡♥ ✐❢ t❤❡ ❡rr♦rs ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥ ❛r❡ ❝♦♠♣❛r❛t✐✈❡❧② s♠❛❧❧✱ t❤❡ ❛❧❣♦✲
r✐t❤♠ ✇✐❧❧ ❝♦♥✈❡r❣❡ ♦♥❧② ♦♥❝❡ ♦✉t ♦❢ ✜✈❡ r✉♥s ♦❢ t❤❡ ❲❘✲P❙❖ ❛❧❣♦r✐t❤♠✱ t❤✉s ❢✉rt❤❡r r❡✜♥❡♠❡♥ts
✇❡r❡ ♥❡❡❞❡❞✳ ■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ ✹✳✹✳✶ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❛♣♣r♦❛❝❤ ♦❢ t❤❡ ❲❘✲P❙❖ ❛❧❣♦r✐t❤♠

✾✻



✹✳✹✳ ◆❡✇ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✲ P❛rt✐❝❧❡ ❙✇❛r♠ ❖♣t✐♠✐③❛t✐♦♥

❡①t❡♥s✐♦♥ ✐s ♣r♦♣♦s❡❞✳

✹✳✹✳✶ ❋✐tt✐♥❣ ❲❘✲P❙❖✲❜❛s❡❞ ❛♣♣r♦❛❝❤ ✇✐t❤ s♣❡❝tr❛❧ ✜tt✐♥❣

❚♦ ✐♠♣r♦✈❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❲❘✲P❙❖✲❜❛s❡❞ ❛♣♣r♦❛❝❤ ♠♦❞✐✜❡❞ ✇✐t❤ s♣❡❝tr❛❧ ❋✐tt✐♥❣ t❤❡ ❋❲❘✲
P❙❖ ❛❧❣♦r✐t❤♠ ✐s ♣r♦♣♦s❡❞✳ ❖✉r ✐❞❡❛ ✐s t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡s❡ s♣❡❝tr❛❧ ❞❛t❛ t♦ ❜r✐♥❣ ♥❡✇
❝♦❤❡r❡♥❝❡ ❝♦♥str❛✐♥t t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ s❝❛tt❡r✐♥❣ µs ❛♥❞ ❛❜s♦r♣t✐♦♥ µa ✈❛❧✉❡s ❞✉r✐♥❣ t❤❡ ♦♣t✐♠✐③❛✲
t✐♦♥ ♣r♦❝❡ss✳ ❚♦ ❞♦ s♦✱ ❛♥ ❛ ♣r✐♦r✐ s♣❡❝tr❛❧ s❤❛♣❡ ✐s ❝♦♥s✐❞❡r❡❞ ❢♦r ❡❛❝❤ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡r✳ ❚❤❡♥
❛t ❡❛❝❤ ✐t❡r❛t✐♦♥ st❡♣ ❛♥❞ ❢♦r ❡❛❝❤ ♣❛r❛♠❡t❡r✱ ✐ts ✈❛❧✉❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❛t ❡❛❝❤
✇❛✈❡❧❡♥❣t❤ ❛♥❞ t❤❡♥ ❛r❡ s❧✐❣❤t❧② ♠♦❞✐✜❡❞ t♦ ✜t t♦ t❤❡❛ ♣r✐♦r✐ ❦♥♦✇♥ s♣❡❝tr❛❧ s❤❛♣❡✳

❖♣t✐❝❛❧ ♣❛r❛♠❡t❡rs t♦ ✜t✱ ✐✳ ❡✳ s❝❛tt❡r✐♥❣✱ µs✱ ❛♥❞ ❛❜s♦r♣t✐♦♥✱ µa✱ ❝♦❡✣❝✐❡♥ts✱ ✇❡r❡ ❝❤♦s❡♥
t♦ ❜❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡♣❡♥❞❡♥t ♦♥ ✇❛✈❡❧❡♥❣t❤ ✭❋✐❣✳ ✹✳✶✷✮ ❛s ✐t ✐s t❤❡ ♠♦st ❝♦♠♠♦♥ s❤❛♣❡ ❢♦r
t✐ss✉❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✐♥ t❤❡ ✇✐❞❡ r❛♥❣❡ s✉❝❤ ❛s ❛❜s♦r♣t✐♦♥ ♦❢ ♠❡❧❛♥✐♥ ❛♥❞ s❝❛tt❡r✐♥❣ ❜② s♠❛❧❧
♣❛rt✐❝❧❡s ❝♦♠♣❛r❡❞ ✇✐t❤ ✇❛✈❡❧❡♥❣t❤ ❛❝❝♦r❞✐♥❣ t♦ ❘❛②❧❡✐❣❤ ❛♥❞ ▼✐❡ t❤❡♦r✐❡s ❬▼✐❡✱ ✶✾✵✽✱ ●❡♠❡rt
❡t ❛❧✳✱ ✶✾✽✾✱ ■s❤✐♠❛r✉✱ ✶✾✾✶✱ ❇❛s❤❦❛t♦✈ ❡t ❛❧✳✱ ✷✵✵✵❛✱ ❙❛r❞❛r ❡t ❛❧✳✱ ✷✵✵✶❪✳ ❍♦✇❡✈❡r t❤❡ P❙❖✲❜❛s❡❞
❛❧❣♦r✐t❤♠ ❝♦✉❧❞ ❜❡ tr❛✐♥❡❞ ❢♦r ♦t❤❡r s♣❡❝tr❛❧ s❤❛♣❡s s✉❝❤ ❛s ✇❛t❡r✱ ❢❛t✱ ❤❡♠♦❣❧♦❜✐♥ ✭♦①②✲ ❛♥❞
❞❡♦①②✲✮✱ ♣❤♦t♦s❡♥s✐t✐③❡rs✱ ❡t❝❬❙❛r❞❛r ❡t ❛❧✳✱ ✷✵✵✶✱ ▲✐st❡r ❡t ❛❧✳✱ ✷✵✶✷✱ ❏❛❝q✉❡s✱ ✷✵✶✸❪✳

❚❤✐s r❡✜♥✐♥❣ ❛♣♣r♦❛❝❤ ✐s ✐♠♣❧❡♠❡♥t❡❞ t❤r♦✉❣❤ ❛❞❞✐t✐♦♥❛❧ st❡♣s ✭st❡♣s ✸ t♦ ✹✮ t♦ t❤❡ ♣r❡✈✐♦✉s
❲❘✲P❙❖ ❛❧❣♦r✐t❤♠✿

✶✳ ❝❛❧❝✉❧❛t❡ ❢♦r ❡❛❝❤ ♣❛rt✐❝❧❡ χ2 ❛♥❞ t❛❦❡ ♠❡❛♥ ✈❛❧✉❡s ✐♥s✐❞❡ t❤❡ ❣r♦✉♣❀

✷✳ ✜♥❞ t✇♦ ♠✐♥✐♠❛❧ χ2
gBest(λ)❀

✸✳ ✜t t✇♦ gBest ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❢✉♥❝t✐♦♥✱ xfit(λ) = fx(λ) = axe
−bxλ✱ ✇❤❡r❡ xfit(λ)

♣❛r❛♠❡t❡r ✐s ♦♥❡ ❢r♦♠ ♣ = [µs(λ), µa(λ), g(λ), n(λ)]❀

✹✳ ❝❛❧❝✉❧❛t❡ Ifitmod(λ, rm;♣fit) ✇✐t❤ ♥❡✇ ✜tt❡❞ ♣❛r❛♠❡t❡rs ♦❢ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s❀

✺✳ ❢♦r ❡❛❝❤ ♣❛rt✐❝❧❡ ✐♥s✐❞❡ t❤❡ ❣r♦✉♣ ❝❛❧❝✉❧❛t❡ χ2
fit(λ) =

∑M
m=1

∑

λ χ
2
fit(λ)❀

✻✳ ✐❢ ♣r❡✈✐♦✉s χ2
sim ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ♥❡✇ ♦♥❡ χ2

fit✱ ❡①❝❤❛♥❣❡ ❛❧❧ t❤❡ ♣❛r❛♠❡t❡rs ✇✐t❤ ✜tt❡❞

♦♥❡s✱ ✐✳ ❡✳ ❛♣♣❧② gBest ❂ ❬χ2
fit(λ)✱ µ

fit
s (λ)✱ µfita (λ)✱ gfit(λ)✱ nfit(λ)✱ zfit❪✱ ❤♦✇❡✈❡r s❛✈❡ t❤❡

✈❛❧✉❡s ♦❢ grBest✳

✼✳ r❡♣❡❛t t❤❡ ♣r♦❝❡ss t✐❧❧ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛❝❤✐❡✈❡❞✳

❋♦r t❤✐s ♥❡✇ st❡♣ t❤❡ ❋❲❘✲P❙❖✲❜❛s❡❞ ❛❧❣♦r✐t❤♠ ✇❛s tr❛✐♥❡❞ ❛❣❛✐♥ ❢♦❧❧♦✇✐♥❣ t❤❡ ♦♥❡ ♣r❡✲
s❡♥t❡❞ ✐♥ ❋✐❣✳ ✹✳✶✶✳

❚❤❡ tr❛✐♥✐♥❣ ♣r♦❝❡ss ✇❛s ❞♦♥❡ ❛♠♦♥❣ t❤❡ s❛♠❡ r❛♥❣❡s ♦❢ ✈❛❧✉❡s ❛s ❢♦r ❲❘✲P❙❖ ✭✹✳✶✵✮ ❢♦r
a1✱ a2✱ wMin ❛♥❞ wMax ✜①✐♥❣ t❤❡ ✇❡✐❣❤t w t♦ ❧♦❝❛❧ ❛❢t❡r ✶✵th ✐t❡r❛t✐♦♥✳

❆❧s♦ ✐♥ t❤✐s ❋❲❘✲P❙❖ ❛♣♣r♦❛❝❤ ✇❡ ✜① ❛♥✐s♦tr♦♣② ✭g ❂ ✵✳✽✮✱ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✭n ❂ ✶✳✹✹✮ t♦♦
❛♥❞ ❞♦ ❛❧❧ t❤❡ s✐♠✉❧❛t✐♦♥s ❢♦r ♦♥❡ ❧❛②❡r ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧✱ s♦ z ❂ ✺ ❝♠✱ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥
❝♦❡✣❝✐❡♥ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✹✳✶✷✳

❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❋❲❘✲P❙❖ ✇❡r❡ ❢♦✉♥❞ t♦ ❜❡ ✇✐t❤ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✕ ✸✶
✭t❤❡ ✜rst tr② ✐s ✵ ❛♥❞ ❢r♦♠ ✶st t♦ ✸✵th ✐t❡r❛t✐♦♥✮✳

❚❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❡rr♦r ❜❡t✇❡❡♥ ❞❛t❛ ♦❜t❛✐♥❡❞ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ♦♥ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs
❡st✐♠❛t✐♦♥ ❛♥❞ r❛t❡ ♦❢ s✉❝❝❡ss ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✇❛s r❡✈❡❛❧❡❞✳ ❚❤❡ ❛❧❣♦r✐t❤♠
✇❛s st❛rt❡❞ ❢♦r s❡✈❡r❛❧ ❡rr♦r r❛t❡s ✐♥ ❞❛t❛✿ χ2 ❂ ✺✲✶✵ ✪ ✇✐t❤ st❡♣ ✶ ✪✳ ❚❤❡ s✐♠✉❧❛t✐♦♥s ✇❡r❡
♣❡r❢♦r♠❡❞ ✺✵ t✐♠❡s ♣❡r ❡❛❝❤ s❡t ♦❢ P❙❖ ♣❛r❛♠❡t❡rs✱ t❤❡♥ t❤❡ ❜❡st ✇❡r❡ ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ ❡rr♦r

✾✼



❈❤❛♣t❡r ✹✳ ❆♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥

Initialise particles in the space for each group (p, p = 

1:P):                  , (i = 1:N), g, z, n for each λk (k = 1:K). 

NxPxK – number of particles 

For each group (p) and each wavelength (k) 

 

1) Simulate spectrum   

2) Calculate for each point (i) and each λk 

1. Calculate average value of  for each group (p). 

 

2. Apply       

1. Find best values of                                  among all the groups (p). 

2. Apply      

FIT algorithm 

 

1. Find 2 best points among all χ2
p(λk). 

2. Fit them with exponential function                       , where x – parameter from 

   which has decays exponentially with λ. 

3. Calculate new       

4. Calculate                  . 

5. If   apply     

 

PSO 

 

For each     in each group calculate: 

1) New velocity 

2) New position 

3) Weight 

                         * Fix rand1 and rand2 inside each group. 

Convergence achieved? 

No 

End 

 

χ2(λ); μs(λ), μa(λ), g(λ), z(λ), n(λ) 

Yes 

Convergence achieved? 

No 
Yes 
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❋✐❣✉r❡ ✹✳✶✶✿ ❚❤❡ ✜♥❛❧ ❛❧❣♦r✐t❤♠ ♦❢ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥ ✇❤✐❧❡ s♦❧✈✐♥❣ ✐♥✈❡rs❡ ♣r♦❜❧❡♠
❜❛s❡❞ ♦♥ ▼❈ ❢♦r✇❛r❞ s✐♠✉❧❛t✐♦♥s ❜② P❙❖

✾✽



✹✳✹✳ ◆❡✇ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✲ P❛rt✐❝❧❡ ❙✇❛r♠ ❖♣t✐♠✐③❛t✐♦♥

✐♥ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ♣r♦♣❡rt✐❡s t❤✉s t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ✇❛s r❡♣❡❛t❡❞ ❢♦r t❤❡ ❛❧❣♦r✐t❤♠
✇✐t❤ ✜tt✐♥❣ ❛♣♣r♦❛❝❤✳ ❚❤❡ ❛ ♣r✐♦r✐ ❞❛t❛✿ s❝❛tt❡r✐♥❣ ✭µs✮ ❛♥❞ ❛❜s♦r♣t✐♦♥ ✭µa✮ ❝♦❡✣❝✐❡♥ts❀ ✇❛s
❝❤♦s❡♥ t❤❡ s❛♠❡ ❛s ❢♦r ❲❘✲P❙❖ ❛♣♣r♦❛❝❤ ✭❋✐❣✳ ✹✳✶✷✮✳

✹✳✹✳✷ ❘❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥ ❢♦r ❋❲❘✲P❙❖ ❛♣♣r♦❛❝❤

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ❋❲❘✲P❙❖ ❛♣♣r♦❛❝❤ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡✹✳✸✳
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Wavelength (λ), nm 

µs, cm-1 

µa, cm-1 

❋✐❣✉r❡ ✹✳✶✷✿ ❙❝❛tt❡r✐♥❣ µrefs ❛♥❞ ❛❜s♦r♣t✐♦♥ µrefa ❝♦❡✣❝✐❡♥ts ❞❡♣❡♥❞❡♥❝✐❡s ♦♥ ✇❛✈❡❧❡♥❣t❤ λ ✇❤✐❝❤
✇❡r❡ ✉s❡❞ ❛s t❤❡ r❡❢❡r❡♥❝❡ ❞❛t❛ t♦ ❜❡ ❡st✐♠❛t❡❞ ❜② ❲❘✲P❙❖ ❛♥❞ ❋❲❘✲P❙❖ ❛❧❣♦r✐t❤♠s

❚❤❡ ❜❡st ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs ✇❛s ❢♦✉♥❞ t♦ ❞❡✜♥❡ ✇❤✐❝❤ ♣❛r❛♠❡t❡rs ♦❢
t❤❡ P❙❖ ❛❧❣♦r✐t❤♠ t♦ ✉s❡✿

✶✳ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✇❤✐❝❤ ❛✛❡❝ts t✐♠❡ ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥ ✭❋✐❣✳ ✹✳✶✸✮❀

✷✳ ❡rr♦r ✭ǫµs ❛♥❞ ǫµa✮ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥✱ ✪✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ❝❤♦s❡♥ χ2✲✈❛❧✉❡
✭❋✐❣✳ ✹✳✶✺✮❀

✸✳ s✉❝❝❡ss r❛t❡ ✭✪✮ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♠❛①✐♠✉♠ ✐t❡r❛t✐♦♥s ✇❛s ♥♦t ♦✈❡r❝♦♠❡ ❜②
t❤❡ ❛❧❣♦r✐t❤♠ ✭❋✐❣✳ ✹✳✶✹✮✳

a1 a2 wMinwMaxχ
2✱

✪

❙✉❝❝❡ss
r❛t❡✱ ✪

Imax <
I >

ǫµs✱

✪

ǫµa✱

✪

✵✳✷ ✵✳✽ ✵✳✷ ✵✳✻ ✶✵ ✾✷ ✶✻ ✹ ✶✾ ✶✺

✵✳✸ ✷✳✶ ✵✳✽ ✵✳✾ ✾ ✺✷ ✶✻ ✸ ✶✸✳✻ ✻✳✸

✵✳✻ ✶✳✼ ✵✳✽ ✶✳✸ ✽ ✸✻ ✷✽ ✻ ✺✳✾ ✶✶✳✶

✵✳✽ ✶ ✵✳✼ ✵✳✾ ✽ ✼✷ ✷✵ ✹ ✶✸✳✻ ✽✳✾

✵✳✻ ✶✳✼ ✵✳✽ ✶✳✸ ✼ ✸✽ ✷✽ ✻ ✹✳✽ ✼✳✼

✾✾



❈❤❛♣t❡r ✹✳ ❆♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥

a1 a2 wMinwMaxχ
2✱

✪

❙✉❝❝❡ss
r❛t❡✱ ✪

Imax <
I >

ǫµs✱

✪

ǫµa✱

✪

✵✳✸ ✷✳✶ ✵✳✽ ✵✳✾ ✻ ✺✹ ✷✾ ✼ ✸✳✸ ✽✳✸

✵✳✻ ✶✳✼ ✵✳✽ ✶✳✸ ✻ ✸✹ ✷✾ ✻ ✹✳✽ ✹✳✾

✶✳✻ ✶✳✷ ✵✳✶ ✵✳✺ ✻ ✻✵ ✷✽ ✸ ✻✳✷ ✻✳✻

✶✳✻ ✶✳✷ ✵✳✶ ✵✳✽ ✺ ✹✽ ✷✾ ✶✽ ✺✳✽ ✹✳✾

✵✳✸ ✶ ✵✳✻ ✵✳✽ ✺ ✸✹ ✸✵ ✷✶ ✷✳✺ ✹✳✵✶

❚❛❜❧❡ ✹✳✸✿ ❈♦❧✉♠♥s ✶✲✹✿ P❙❖ ♣❛r❛♠❡t❡rs ❢♦r ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ✜tt✐♥❣ ❛♣♣r♦❛❝❤ ✭❋❲❘✲P❙❖✮
s❤♦✇✐♥❣ ❛❝❝❡❧❡r❛t✐♦♥s ♦❢ t❤❡ ♣❛rt✐❝❧❡s t♦ t❤❡ ❣❧♦❜❛❧ ❜❡st ✭gBest✮ ✲ a1 ❛♥❞ ❣r♦✉♣ ❜❡st ✭grBest✮ ✲
a2✱ ✐♥✐t✐❛❧ ✭wMax✮ ❛♥❞ ✜♥❛❧ ✭wMin✮ ✇❡✐❣❤ts❀ r❛t❡ ♦❢ s✉❝❝❡ss ✭✪✮✱ ♠❛①✐♠✉♠ ✭Imax✮ ❛♥❞ ❛✈❡r❛❣❡
✭< I >✮ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ ❡rr♦r ✐♥ s❝❛tt❡r✐♥❣ ✭ǫµs ✱ ✪✮ ❛♥❞ ❛❜s♦r♣t✐♦♥ ✭ǫµa ✱ ✪✮ ❝♦❡✣❝✐❡♥ts
❡st✐♠❛t✐♦♥✳

❆s ✐t ✐s s❡❡♥ ❢r♦♠ ❋✐❣✳ ✹✳✶✺✱ ❡rr♦r ❜❡t✇❡❡♥ ♠♦❞❡❧❡❞ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✐s ✐♥ ❞✐r❡❝t r❛t✐♦
t♦ ❡rr♦r ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥✱ ✐✳ ❡✳ χ2 ∼ ǫ(pi)✳ ❚❤✉s ✐t ❝♦✉❧❞ ❜❡ ❝♦♥❝❧✉❞❡❞ t❤❛t ❡rr♦r
❜❡t✇❡❡♥ ♠♦❞❡❧❡❞ ❛♥❞ r❡❢❡r❡♥❝❡ ❞❛t❛ s❤♦✉❧❞ ❜❡ ✺✲✼ ✪ t♦ ❤❛✈❡ ❛♥ ❡rr♦r ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❧❡ss
t❤❛♥ ✶✵✪✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛✈❡r❛❣❡ < I > ❛♥❞ ♠❛①✐♠✉♠ ♥✉♠❜❡r Imax ♦❢ s✐♠✉❧❛t✐♦♥s ✐t ✇❛s
❝❤♦s❡♥ t♦ ✉s❡ ✻ ✪ ❡rr♦r t♦ r❡❞✉❝❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✭r❛t❡ ♦❢ s✉❝❝❡ss ✐s ✻✵ ✪ ❛♥❞ ❛✈❡r❛❣❡ ♥✉♠❜❡r
♦❢ ✐t❡r❛t✐♦♥s ✉♥t✐❧ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ✐s ✸✮✱ t❤✉s ❡rr♦r ✐♥ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ❡st✐♠❛t✐♦♥ ✇❛s ✲
ǫµs = 6.2% ❛♥❞ ǫµa = 6.6% ❢♦r s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts✱ r❡s♣❡❝t✐✈❡❧②✳

✶✵✵



✹✳✹✳ ◆❡✇ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✲ P❛rt✐❝❧❡ ❙✇❛r♠ ❖♣t✐♠✐③❛t✐♦♥
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❋✐❣✉r❡ ✹✳✶✸✿ ❉❡♣❡♥❞❡♥❝❡ ♦❢ ❛✈❡r❛❣❡ < I > ❛♥❞ ♠❛①✐♠✉♠ ✭Imax✮ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ♦♥ χ2 ❢♦r
❲❘ ❛♥❞ ❋❲❘ P❙❖✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s✱ s♦❧✐❞ ❝✉r✈❡s ❝♦rr❡s♣♦♥❞ ❢♦r ✜tt✐♥❣ ❢✉♥❝t✐♦♥s ✐♥❞✐❝❛t❡❞ ✐♥
t❤❡ ❧❡❣❡♥❞
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❋✐❣✉r❡ ✹✳✶✹✿ ❉❡♣❡♥❞❡♥❝❡ ♦❢ ❲❘✲P❙❖ ❛♥❞ ❋❲❘✲P❙❖ ❝♦♥✈❡r❣❡♥❝❡ s✉❝❝❡ss r❛t❡s ✭✪✮ ♦♥ χ2 ✈❛❧✉❡

✶✵✶



❈❤❛♣t❡r ✹✳ ❆♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥

y = 1.5x - 3.0 

R² = 0.  
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❋✐❣✉r❡ ✹✳✶✺✿ ❉❡♣❡♥❞❡♥❝❡ ♦♥ χ2 ✈❛❧✉❡ ♦❢ ❡st✐♠❛t❡❞ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ❡rr♦r ✐♥ s❝❛tt❡r✐♥❣ ✭ǫµs ✱
✪✮ ❛♥❞ ❛❜s♦r♣t✐♦♥ ✭ǫµa ✱ ✪✮ ✈❛❧✉❡s ❞✉r✐♥❣ ❲❘✲P❙❖ ✭s❡❝t✐♦♥ ✹✳✹✮ ❛♥❞ ❋❲❘✲P❙❖ ✭s❡❝t✐♦♥ ✹✳✹✳✶✮
❛❧❣♦r✐t❤♠s ❝♦♥✈❡r❣❡♥❝❡

❚❤✉s t❤❡ ❋❲❘ P❙❖✲❜❛s❡❞ ❛❧❣♦r✐t❤♠ ♣❛r❛♠❡t❡rs ❛r❡✿ a1 ❂ ✶✳✻✱ a2 ❂ ✶✳✷✱ wMin ❂ ✵✳✶✱ wMax

❂ ✵✳✺✱ χ2 ❂ ✻ ✪✳ ❚❤❡ ❧♦✇❡r s✉❝❝❡ss r❛t❡ ♦❢ ✹✽ ✪ ✇✐t❤ ❤✐❣❤❡r ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ s✐♠✉❧❛t✐♦♥s ✭
< I >= 29✮ ✐♥❝r❡❛s✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✇❤✐❝❤ ✐s ❞r❛st✐❝❛❧❧② ✐❢ ▼❈ s✐♠✉❧❛t✐♦♥s ❛r❡ ✉s❡❞ ❛s
❢♦r✇❛r❞ ♠♦❞❡❧✱ ❝♦✉❧❞ ❣✐✈❡ ❧♦✇❡r ❡rr♦r ♦❢ ❧❡ss t❤❛♥ ✺ ✪ ❢♦r ❜♦t❤ s❝❛tt❡r✐♥❣ ✭µs✮ ❛♥❞ ❛❜s♦r♣t✐♦♥
✭µs✮ ✈❛❧✉❡s✱ t❤✉s ❋❲❘✲P❙❖ ❛❧❣♦r✐t❤♠ ♣r♦♣❡rt✐❡s ❛r❡✿ a1 ❂ ✵✳✻✱ a2 ❂ ✶✳✼✱ wMin ❂ ✵✳✽✱ wMax ❂
✶✳✸✱ χ2 ❂ ✻ ✪✳

❘❡s✉❧ts ♦❢ ❲❘ ❛❞ ❋❲❘ P❙❖✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s ❛r❡ ❝♦♠♣❛r❡❞ ❜❡❧♦✇✳ ❚❤❡ ❋❲❘ P❙❖✲❜❛s❡❞
❛♣♣r♦❛❝❤ ❛❧❧♦✇❡❞ ❞❡❝r❡❛s✐♥❣ t❤❡ r❛t❡ ♦❢ s✉❝❝❡ss❢✉❧ ❝♦♥✈❡r❣❡♥❝❡s ✸ t✐♠❡s ✐♥ ❛✈❡r❛❣❡✳ ❆s ❢♦r
s❝❛tt❡r✐♥❣ ✭µs✮ ❛♥❞ ❛❜s♦r♣t✐♦♥ ✭µa✮ ❝♦❡✣❝✐❡♥ts✱ ❡rr♦rs ✐♥ ✐ts✬ ❞❡t❡r♠✐♥❛t✐♦♥ ǫµs ✱ ✪✮ ❛♥❞ ǫµa ✱
✪✮ ✇❡r❡ ❞❡❝r❡❛s❡❞ ✷ ❛♥❞ ✷✳✹ t✐♠❡s ✐♥ ❛✈❡r❛❣❡✱ ❛❝❝♦r❞✐♥❣❧②✳ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❜❡st r❡s✉❧ts
❣✐✈❡♥ ❜② ❜♦t❤ ❛♣♣r♦❛❝❤❡s✱ s❤♦✇❡❞ t❤❛t t❤❡ ✜tt✐♥❣ ❛♣♣r♦❛❝❤ ❞❡❝r❡❛s❡❞ ❡rr♦r ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s
❞❡t❡r♠✐♥❛t✐♦♥ t♦ ✻ ❛♥❞ ✺ ✪ ❢♦r s❝❛tt❡r✐♥❣ ✭µs✮ ❛♥❞ ❛❜s♦r♣t✐♦♥ ✭µa✮ ❝♦❡✣❝✐❡♥ts✱ r❡s♣❡❝t✐✈❡❧②✱
❤♦✇❡✈❡r ❢♦r s✐♠♣❧❡ ❲❘✲P❙❖ ❛♣♣r♦❛❝❤ ♠✐♥✐♠✉♠ ❡rr♦rs ❛r❡ ǫµs ❂ ✶✺ ✪ ❢♦r s❝❛tt❡r✐♥❣ ❛♥❞ ǫµa

❂ ✶✷ ✪ ❢♦r ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥ts ✭❢r♦♠ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❞❛t❛ ♦♥ ✜❣✉r❡s✮✳ ❆✈❡r❛❣❡ ♥✉♠❜❡r ♦❢
✐t❡r❛t✐♦♥s ✭< I >✮ ✇❛s ❛❧s♦ ❞❡❝r❡❛s❡❞ ❢r♦♠ ✶✹ t♦ ✻ ❛♥❞ ✸✱ ✇❤✐❝❤ ✐s ✐♥ ❞✐r❡❝t r❛t✐♦ ✇✐t❤ t✐♠❡ ♦❢
s✐♠✉❧❛t✐♦♥s✱ ✐✳ ❡✳ ✐❢ t❤❡ ▼❈ ✇♦✉❧❞ ❜❡ ✉s❡❞ t♦ s✐♠✉❧❛t❡ t❤❡ ❢♦r✇❛r❞ ♠♦❞❡❧✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡
♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ t✐❧❧ ❝♦♥✈❡r❣❡♥❝❡ ✇♦✉❧❞ ❜❡ ❞❡❝r❡❛s❡❞ ❜② ❛ ❢❛❝t♦r ♦❢ ✸✳

✹✳✺ ❈♦♥❝❧✉s✐♦♥

❚❤❡ ♣r♦♣♦s❡❞ ❛♥❞ ❛♥❛❧②③❡❞ ❋❲❘✲P❙❖ ♠❡t❤♦❞ ❛❧❧♦✇s ❞❡t❡r♠✐♥✐♥❣ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✇❤✐❝❤ ❤❛✈❡
❛ ❝❡rt❛✐♥ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ✇❛✈❡❧❡♥❣t❤✳ ❋♦r ❡❛❝❤ t②♣❡ ♦❢ ❝✉r✈❡ t❤❡ ❛❧❣♦r✐t❤♠ s❤♦✉❧❞ ❜❡ tr❛✐♥❡❞ ♦♥
♥❡✇❧② s✐♠✉❧❛t❡❞ ❝✉r✈❡s✱ ✇❤✐❝❤ ✐s t❛❦✐♥❣ t❤❡ ♠✐♥✐♠❛❧ ❛♠♦✉♥t ♦❢ ❛❝q✉✐s✐t✐♦♥ t✐♠❡✱ ❛s t❤❡ ❉❆ ✇❛s
✉s❡❞ ✐♥st❡❛❞ ♦❢ ▼❈ ♠❡t❤♦❞✳ ❚❤❡ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ❛❧❧♦✇s r❡❞✉❝✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❛♥❞

✶✵✷



✹✳✺✳ ❈♦♥❝❧✉s✐♦♥

s✐♠♣❧✐✜❡s ❝♦♥✈❡r❣❡♥❝❡ ♣r♦❝❡ss✱ ❛✈♦✐❞s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❝♦♥❢✉s✐♥❣ ❧♦❝❛❧ ♠✐♥✐♠❛ ✇✐t❤ t❤❡ ❣❧♦❜❛❧
♦♥❡✱ ❛s t❤❡ ❛r❡❛ ♦❝❝✉♣✐❡❞ ❜② ❡❛❝❤ ❝❧✉st❡r r❡❞✉❝❡s ✇✐t❤ ❡❛❝❤ ✐t❡r❛t✐♦♥ st❡♣ ✇✐t❤ ❛❝❝❡❧❡r❛t✐♦♥
a2✱ ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡ ❛r❡❛ ✇❤❡r❡ t❤❡ ❝❧✉st❡r ❝❛♥ ❜❡ ♠♦✈❡❞ ✐s r❡❞✉❝❡❞ ✇✐t❤ ❛❝❝❡❧❡r❛t✐♦♥
a1✱ ❜❡②♦♥❞ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ♣(λ) ✐s ❛✈❡r❛❣❡❞ ✐♥ ❡❛❝❤ ❝❧✉st❡r✳ ❚❤❡ ✉s❡ ♦❢
t✇♦ ❜❡st ♣♦✐♥ts ❢r♦♠ t❤❡ ✇❤♦❧❡ s♣❡❝tr✉♠ ♦❢ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✭❛❧❣♦r✐t❤♠ ❝♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞ ❢♦r
✇❛✈❡❧❡♥❣t❤ ❞❡♣❡♥❞❡♥t ❛♥✐s♦tr♦♣② ❢❛❝t♦r g(λ)✱ r❡❢r❛❝t✐✈❡ ✐♥❞❡① n(λ)✱ ❛♥❞ t♦ ♠✉❧t✐❧❛②❡r ♠♦❞❡❧✱
t❤✉s ✇✐t❤ ❞✐✛❡r❡♥t t❤✐❝❦♥❡ss ♦❢ ❧❛②❡rszi✱ ✇❤❡r❡ i ✲ ♥✉♠❜❡r ♦❢ ❧❛②❡r✮ ❛❧❧♦✇s ❛✈♦✐❞✐♥❣ ❛❞❞✐t✐♦♥❛❧
st❡♣s ❞✉r✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦❝❡ss ❛♥❞ ♠♦✈❡s ❛❧❧ t❤❡ ♣❛rt✐❝❧❡s ♠♦✈✐♥❣ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ♣r♦❜❛❜❧❡
s♦❧✉t✐♦♥s✱ ❧❡❛✈✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ✜♥❞ t❤❡ ❧♦✇❡r ❡rr♦r✱ t❤✉s t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠✳ ❚❤✐s ♠❡t❤♦❞
✐s ❣✐✈✐♥❣ t❤❡ s♠♦♦t❤ r❡s✉❧t ❢♦r ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❛❧❧♦✇✐♥❣ ✐ts✬ ❞❡t❡r♠✐♥❛t✐♦♥ ✇✐t❤ ❛❝❝❡♣t❛❜❧❡ ❡rr♦r
♦❢ ❧❡ss t❤❛♥ ✺ ✪✳ ▼♦r❡♦✈❡r ❛❞❞✐♥❣ t❤❡ ❝♦♠♣❧❡①✐t② t♦ t❤❡ ❢♦r✇❛r❞ ♣r♦❜❧❡♠✱ ❢♦r ❡①❛♠♣❧❡ ❛♣♣❧②
✐t t♦ t✇♦✲❧❛②❡r ♠♦❞❡❧✱ ❝❛♥ ❧❡❛❞ t♦ ❢❛st❡r s♦❧✉t✐♦♥ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ✇✐❞❡❧② ✉s❡❞ ♠❡t❤♦❞s✱ ✐✳ ❡✳
▲▼❆✳ ❋✐♥❛❧❧②✱ t❤❡ ❋❲❘✲P❙❖ ♠❡t❤♦❞ ❝♦✉❧❞ ❜❡ ✉s❡❞ ✇✐t❤ ❛♥② ❢♦r✇❛r❞ ♠♦❞❡❧✱ t❤♦✉❣❤ ❤❛✈✐♥❣
t❤❡ s❛♠❡ s♣❛❝❡ ♦❢ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s✱ ❛s ❣r♦✉♣ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ s♣❡❡❞s ❞❡♣❡♥❞ ♦♥ t❤✐s r❛♥❣❡ ❛♥❞
❤❛✈❡ t♦ ❜❡ r❡❞❡✜♥❡❞ ✐❢ t❤❡② ❛r❡ ❝❤❛♥❣❡❞✳ ❋✉rt❤❡r t❤✐s ❛❧❣♦r✐t❤♠ ❝♦✉❧❞ ❜❡ ❛♣♣❧✐❡❞ t♦ ♦t❤❡r
❢✉♥❝t✐♦♥s ♦❢ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦♥ ✇❛✈❡❧❡♥❣t❤✱ s✉❝❤ ❛s ❛❜s♦r♣t✐♦♥ ♦❢ ♦①②✲ ❛♥❞ ❞❡♦①②❤❛❡♠♦❣❧♦❜✐♥
✇✐t❤ Pr♦t♦♣♦r♣❤②r✐♥❡ ■❳ ❛♥❞ ❢♦r ♠✉❧t✐❧❛②❡r❡❞ ♠♦❞❡❧✳

✶✵✸



❈❤❛♣t❡r ✹✳ ❆♣♣r♦❛❝❤ t♦ ✐♥❝r❡❛s❡ ♣r❡❝✐s✐♦♥ ✐♥ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❡st✐♠❛t✐♦♥

✶✵✹



❈❤❛♣t❡r ✺

❋❧✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ❝❤❛♥❣❡ ✐♥

♣r❡s❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s

◆❡✈❡r r❡♣❧✐❝❛t❡ ❛ s✉❝❝❡ss❢✉❧ ❡①♣❡r✐♠❡♥t✳

❋❡tt✬s ▲❛✇ ♦❢ t❤❡ ▲❛❜

✺✳✶ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt

Pr♦❢❡ss♦r ◆♦✈♦t♥② ❡t ❛❧ ❬❆♥❣❡r ❡t ❛❧✳✱ ✷✵✵✻❪ s❤♦✇❡❞ t❤❛t t❤❡ ❧♦❝❛❧ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ❧❡❛❞s t♦ ❛♥
❡♥❤❛♥❝❡❞ ❡①❝✐t❛t✐♦♥ r❛t❡ ❤♦✇❡✈❡r ♥♦♥✲r❛❞✐❛t✐✈❡ ❡♥❡r❣② tr❛♥s❢❡r t♦ t❤❡ ♣❛rt✐❝❧❡ ❧❡❛❞s t♦ ❛ ❞❡❝r❡❛s❡
♦❢ t❤❡ q✉❛♥t✉♠ ②✐❡❧❞✱ ✐✳ ❡✳ q✉❡♥❝❤✐♥❣✳

❚❤❡ ❧❛st st❡♣ ♦❢ t❤❡ ♣r❡s❡♥t t❤❡s✐s ✇❛s t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♣r♦❝❡ss ♦❢ t❤❡ ❡♥❡r❣② tr❛♥s❢❡r
❜❡t✇❡❡♥ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ❛♥❞ ❛ ✢✉♦r♦♣❤♦r❡ ✐♥ ❝❛s❡ ♦❢ t❤❡ PP■❳ ♠♦❧❡❝✉❧❡ ❛♥❞ t❤❡ ❣♦❧❞ ♥❛♥♦s♣❤❡r❡
✐♥ ♦r❞❡r t♦ ❣♦ ❞❡❡♣❡r ✐♥ t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ✉♥❞❡r❣♦✐♥❣ ♣r♦❝❡ss❡s✳

❆s ✐t ✐s ❦♥♦✇♥✱ ❡♥❡r❣② tr❛♥s❢❡r ❜❡t✇❡❡♥ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ❛♥❞ ❛ ✢✉♦r♦♣❤♦r❡ ❣♦❡s t❤r♦✉❣❤ t✇♦
✇❛②s✿ ♥♦♥✲r❛❞✐❛♥t ❛♥❞ r❛❞✐❛♥t✳ ❚❤❡ t②♣❡ ♦❢ ❡♥❡r❣② tr❛♥s❢❡r ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❡♥t❡r t♦ ❝❡♥t❡r
s❡♣❛r❛t✐♦♥✿

✶✳ ❉❡①t❡r t②♣❡ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❞✐st❛♥❝❡s ❧❡ss t❤❛♥ ✶ ♥♠✱

✷✳ ❋♦rst❡r t②♣❡ ❝♦rr❡s♣♦♥❞ ❢♦r t❤❡ ❞✐st❛♥❝❡s ❢r♦♠ ✶ ♥♠ t♦ ✶✵ ♥♠✱

✸✳ ❚❤❡ r❛♥❣❡ ♠♦r❡ t❤❛♥ ✶✵ ♥♠ t♦ ♠✐❝r♦♠❡t❡rs ✐s ✉♥❞❡r ❞✐s❝✉ss✐♦♥✳

❍❡r❡❛❢t❡r t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ t②♣❡s ♦❢ t❤❡ ❡♥❡r❣② tr❛♥s❢❡r ❛r❡ ❜❡✐♥❣ ❞✐s❝✉ss❡❞✳ ❚❤❡ ❉❡①t❡r t②♣❡
❡♥❡r❣② ♦r ❡❧❡❝tr♦♥ tr❛♥s❢❡r ✐s ❛ ♠❡❝❤❛♥✐s♠ ♦❢ ✢✉♦r❡s❝❡♥❝❡ q✉❡♥❝❤✐♥❣✱ ✇❤✐❝❤ ♦❝❝✉rs ♦♥ t❤❡ s❤♦rt
❞✐st❛♥❝❡s ❧♦✇❡r t❤❛♥ ✶ ♥♠ ❛♥❞ r❡q✉✐r❡s ❛ ✇❛✈❡✲❢✉♥❝t✐♦♥ ♦✈❡r❧❛♣ ❛♥❞ ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢
s♣❡❝tr❛❧ ♦✈❡r❧❛♣✱ t❤✉s t❤❡ ❡♥❡r❣② tr❛♥s❢❡r r❛t❡ ✐s✿

kD =

∫

fD(λ)ǫA(λ)λ
4dλe

2r
L , ✭✺✳✶✮

✇❤❡r❡ L ✐s t❤❡ s✉♠ ♦❢ ❱❛♥ ❞❡r ❲❛❛❧s r❛❞✐✐ ♦❢ t❤❡ ❞♦♥♦r D ❛♥❞ t❤❡ ❛❝❝❡♣t♦r A ❛♥❞ r st❛♥❞s ❢♦r
t❤❡ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ ❞♦♥♦r ❛♥❞ ❛❝❝❡♣t♦r✳

❚❤❡ ❋♦rst❡r ❡♥❡r❣② tr❛♥s❢❡r ♦❝❝✉rs ❜❡t✇❡❡♥ t✇♦ ✢✉♦r❡s❝❡♥t ♠♦❧❡❝✉❧❡s ♦❢ ♣♦✐♥t✲s✐③❡ ❛♥❞ ❝❛♥
♥♦t ❜❡ ❛♣♣❧✐❡❞ t♦ ❛ s②st❡♠ ♦❢ t✇♦ ♣❛rt✐❝❧❡s ✇❤❡r❡ ♦♥❡ ❤❛s ❛ ✜♥✐t❡ s✐③❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ ♠♦❧❡❝✉❧❡

✶✵✺



❈❤❛♣t❡r ✺✳ ❋❧✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ❝❤❛♥❣❡ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s

✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♣♦✐♥t ❞✐♣♦❧❡✳ ❚❤✐s t②♣❡ ♦❢ ❡♥❡r❣② tr❛♥s❢❡r ✐s ❡①♣❧❛✐♥❡❞ t❤r♦✉❣❤
❞✐♣♦❧❡✲❞✐♣♦❧❡ ❡♥❡r❣② tr❛♥s❢❡r✳ ❚❤❡ ✢✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ❤✐❣❤❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥
✢✉♦r♦♣❤♦r❡s✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ s❝❤❡♠❡ ♦❢ t❤❡ ❡♥❡r❣② tr❛♥s❢❡r ✐s s❦❡t❝❤❡❞ ✐♥ ❋✐❣✳ ✺✳✶✳

E
, 

e
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❋✐❣✉r❡ ✺✳✶✿ Pr✐♥❝✐♣❛❧ s❝❤❡♠❡ ♦❢ ❡♥❡r❣② tr❛♥s❢❡r ❜❡t✇❡❡♥ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ❛♥❞ ❛ ✢✉♦r❡s❝❡♥t ♠♦❧❡❝✉❧❡

❚❤❡ t❤❡♦r② ❢♦r t❤❡ ❧❛st r❛♥❣❡ ✐s st✐❧❧ ✉♥❞❡r ❞✐s❝✉ss✐♦♥ ❛♥❞ ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❝❛s❡ ♦❢
t❤❡ ❝♦❧❧♦✐❞❛❧ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥ ❛ s♦❧✉t✐♦♥ ♦❢ ❛ ✢✉♦r♦♣❤♦r❡✳ ❚❤❡r❡ ✇❡r❡ s❡✈❡r❛❧ ✇♦r❦s s✉❣❣❡st✐♥❣
❞✐✛❡r❡♥t t②♣❡s ♦❢ ❡♥❡r❣② tr❛♥s❢❡r ❜❡t✇❡❡♥ ♥❛♥♦♣❛rt✐❝❧❡ ❛♥❞ ✢✉♦r♦♣❤♦r❡✿

✶✳ ❈P❙✲❑✉❤♥ ♠♦❞❡❧❬❈❤❛♥❝❡ ❡t ❛❧✳✱ ✶✾✼✺❪✱

✷✳ ●❡rst❡♥✲◆✐ts❛♥ ♠♦❞❡❧ ✭●◆✲♠♦❞❡❧✮❬●❡rst❡♥ ❛♥❞ ◆✐t③❛♥✱ ✶✾✽✶✱ ❉✉❧❦❡✐t❤ ❡t ❛❧✳✱ ✷✵✵✺❪✱

✸✳ ◆❛♥♦✲❙✉r❢❛❝❡ ❊♥❡r❣② ❚r❛♥s❢❡r ✭◆❙❊❚✮❬❈❤❛♥❝❡ ❡t ❛❧✳✱ ✶✾✼✽✱ P❡rss♦♥ ❛♥❞ ▲❛♥❣✱ ✶✾✽✷✱ ❨✉♥
❡t ❛❧✳✱ ✷✵✵✺✱ ❏❡♥♥✐♥❣s ❡t ❛❧✳✱ ✷✵✵✻✱ ❙✐♥❣❤ ❛♥❞ ❙tr♦✉s❡✱ ✷✵✶✵✱ ❆❧❣❛r ❡t ❛❧✳✱ ✷✵✶✹❪

✹✳ ❉✐♣♦❧❡ t♦ ▼❡t❛❧ P❛rt✐❝❧❡ ❊♥❡r❣② ❚r❛♥s❢❡r ✭❉▼P❊❚✮❬❈❛r♠✐♥❛t✐ ❡t ❛❧✳✱ ✷✵✵✻✱ P♦♥s ❡t ❛❧✳✱
✷✵✵✼❪✳

❍❡r❡❛❢t❡r t❤❡s❡ t❤❡♦r✐❡s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛♥❞ s♦♠❡ ♦❢ t❤❡♠ ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❝❛s❡ ♦❢
❝♦❧❧♦✐❞❛❧ ♥❛♥♦♣❛rt✐❝❧❡s ✇✐t❤ ♣❤♦t♦s❡♥s✐t✐③❡r PP■❳ ✉s❡❞ ✐♥ ♣r❡✈✐♦✉s ❡①♣❡r✐♠❡♥ts✳ ❚♦ ❡✈❛❧✉❛t❡
t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡s❡ ❡♥❡r❣② tr❛♥s❢❡r t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s ❧✐❢❡✲t✐♠❡ ♠❡❛s✉r❡♠❡♥ts ❡①♣❡r✐♠❡♥ts ✇❡r❡
❝♦♥❞✉❝t❡❞✳ ❚♦ ❝♦♠♣❛r❡ t❤❡s❡ t❤❡♦r✐❡s ✐t ✐s ♥❡❡❞❡❞ t♦ ❝♦♠♣❛r❡ t❤r❡❡ t❡r♠s✿

✶✳ R0 ✲ ❞✐st❛♥❝❡ ♦♥ ✇❤✐❝❤ q✉❡♥❝❤✐♥❣ ❡✣❝✐❡♥❝② r❡❛❝❤❡s ✺✵ ✪✱

✷✳ t❤❡ ♣♦✇❡r ❧❛✇✭N✮ ❢♦r q✉❡♥❝❤✐♥❣ ❡✣❝✐❡♥❝② ✭E✮❀

✸✳ t♦t❛❧ ❝❤❛r❛❝t❡r ♦❢ q✉❡♥❝❤✐♥❣ ✭E✮✳

✶✵✻



✺✳✷✳ ❚❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s ♦❢ ❡♥❡r❣② tr❛♥s❢❡r

❚❤✉s q✉❡♥❝❤✐♥❣ ❡✣❝✐❡♥❝② E ✐s ❞❡✜♥❡❞ ✭s❡❡ ❊q✳ ✺✳✷✮✿

E(r) =
1

1 +
(

r
R0

)N
, ✭✺✳✷❛✮

E(I) = 1− I

I0
, ✭✺✳✷❜✮

E(τ) = 1− τ

τ0
, ✭✺✳✷❝✮

✭✺✳✷❞✮

✇❤❡r❡ r ✐s t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ ♥❛♥♦♣❛rt✐❝❧❡ t♦ ♣❤♦t♦s❡♥s✐t✐③❡r✱ I ❛♥❞ I0 ❛r❡ t❤❡ ✢✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧
r❡s♣❡❝t✐✈❡❧② ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t q✉❡♥❝❤❡rs✱ ✐✳ ❡✳ ♥❛♥♦♣❛rt✐❝❧❡s✱ τ ❛♥❞ τ0 st❛♥❞s ❢♦r t❤❡ ❞❡❝❛② t✐♠❡
r❡s♣❡❝t✐✈❡❧② ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t q✉❡♥❝❤❡rs✳ ❋♦r t❤❡ tr❛❞✐t✐♦♥❛❧ ❋❘❊❚ t❤❡ ♣♦✇❡r ❧❛✇ N ✐s ✻✱ ❛s
✇❡❧❧ ❛s ❢♦r t❤❡ ●◆ ♠♦❞❡❧✱ ❤♦✇❡✈❡r ❢♦r t❤❡ ◆❙❊❚ ❛♥❞ t❤❡ ❈P❙✲❑✉❤♥ t❤❡ q✉❡♥❝❤✐♥❣ ❡✣❝✐❡♥❝②
❢♦❧❧♦✇s N ❂ ✹ ❞✐st❛♥❝❡ ❞❡♣❡♥❞❡♥❝②✳

✺✳✷ ❚❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s ♦❢ ❡♥❡r❣② tr❛♥s❢❡r

✺✳✷✳✶ ❈P❙✲❑✉❤♥ ♠♦❞❡❧

❈❤❛♥❝❡✱ Pr♦❝❦✱ ❙✐❧❜❡② ❛♥❞ ❑✉❤♥ ❞❡✈❡❧♦♣❡❞ ❛ ♠♦❞❡❧ ✭❈P❙✲❑✉❤♥ ♠♦❞❡❧✮ ♦❢ ✢✉♦r♦♣❤♦r❡ t♦ ❛
♥❛♥♦✜❧♠ ♦r t♦ ❛ ♠❡t❛❧ s✉r❢❛❝❡ ❡♥❡r❣② tr❛♥s❢❡r✳ ❚❤✐s ♠♦❞❡❧ s✉❣❣❡sts ❛ ♠✐rr♦r✲❧✐❦❡ ❜❡❤❛✈✐♦r ♦❢
❛ ♠❡t❛❧ s✉r❢❛❝❡✳ ■♥ ❝❛s❡ ♦❢ t❤❡ ❈P❙✲❑✉❤♥ ♠♦❞❡❧ ❛ ♣❤♦t♦s❡♥s✐t✐③❡r ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❧✐♥❡❛r
❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ❛♥❞ ❤❛s ❛ ♠✐rr♦r ❞✐♣♦❧❡ ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ ❛ ♠❡t❛❧ ♥❛♥♦♣❛rt✐❝❧❡ r❡♣r❡s❡♥t❡❞ ❜②
❛ ♣❡r❢❡❝t ♠✐rr♦r✳ ❚❤✐s r❡s✉❧ts ✐♥ ❜♦t❤ q✉❡♥❝❤✐♥❣ ❛♥❞ ❡♥❤❛♥❝❡♠❡♥t ❞❡♣❡♥❞ ♦♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡
❡❧❡❝tr✐❝ ✜❡❧❞ ❢r♦♠ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡ s✉r❢❛❝❡✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ s✐③❡✲❞❡♣❡♥❞❡♥t t♦
❛❝❝♦✉♥t ❢♦r s♠❛❧❧ ♥❛♥♦♣❛rt✐❝❧❡s ♦❢ s❡✈❡r❛❧ ♥❛♥♦♠❡t❡rs ✐♥ ❞✐❛♠❡t❡r✳ ❚❤❡ RCPS−Kuhn

0 ✐s ❞❡s❝r✐❜❡❞
❛s ✭s❡❡ ❊q✳ ✺✳✸✮✿

RCPS−Kuhn
0 =

βλ

n
(Abs · q) 1

4

[Re(nNP )

2n

(

1 +
Re(εNP )

2

|Im(εNP )|2
)]

1
4
, ✭✺✳✸✮

✇❤❡r❡ β = 1
4π9

1
4 ✱ ♦❢ ❞✐♣♦❧❡ ✐s ♦r✐❡♥t❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r❧② t♦ t❤❡ ♠❡t❛❧ s✉r❢❛❝❡ ❡✐t❤❡r β/2

1
4 ✱ ✇❤❡♥

❞✐♣♦❧❡ ✐s ♣❛r❛❧❧❡❧ t♦ t❤❡ ♠❡t❛❧ s✉r❢❛❝❡✱ εNP ✱ Abs ✲ ❛❜s♦r♣t✐✈✐t② ♦❢ t❤❡ t❤✐♥ ♠❡t❛❧ ✜❧♠✱ ❛♥❞
nNP = pNP + ikNP ✐s t❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ t❤❡ ♠❡t❛❧ ✜❧♠✱ d ✐s t❤❡
t❤✐❝❦♥❡ss ♦❢ t❤❡ ♠✐rr♦r ❛♥❞ q st❛♥❞s ❢♦r t❤❡ q✉❛♥t✉♠ ②✐❡❧❞ ♦❢ t❤❡ ♣❤♦t♦s❡♥s✐t✐③❡r✳ ❚❤✐s ❡q✉❛t✐♦♥
✐s s♦♠❡❤♦✇ r❡♠✐♥❞s t❤❡ ❋❘❊❚ ♦✈❡r❧❛♣ ✐♥t❡❣r❛❧ ✭s❡❡ ❊q✳ ✺✳✶✮ ✐❢ t♦ ❛ss✉♠❡ ❛ ❞♦♥♦r ♦s❝✐❧❧❛t♦r ✐s
❝♦✉♣❧❡❞ t♦ t❤❡ st❛t❡s ♦❢ ❡❧❡❝tr♦♥s ✐♥ ❛ ♠❡t❛❧ ♥❛♥♦♣❛rt✐❝❧❡ ❜❡❧♦✇ t❤❡ ❋❡r♠✐ ❧❡✈❡❧✳ ❚❤❡ ♠✐rr♦r
❛❜s♦r♣t✐✈✐t② Abs ✐s ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✿

A =
4πIm(nmirror)d

λ
, ✭✺✳✹✮

✇❤❡r❡ nmirror ✐s t❤❡ ✐♥❞❡① ♦❢ r❡❢r❛❝t✐♦♥ ❢♦r ♠✐rr♦r ❛♥❞ d st❛♥❞s ❢♦r t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ t❤❡ ♠❡t❛❧
✜❧♠✳ ❚❤❡ s✐③❡✲❞❡♣❡♥❞❡♥t ❜❡❤❛✈✐♦r ♦❢ ♥❛♥♦✲s✐③❡❞ ✜❧♠s ❤❛s ♥♦t ❜❡❡♥ ❛♣♣❧✐❡❞ ❤❡r❡✱ ❤♦✇❡✈❡r ❛s ✐t
✇❛s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡ ✐♥ ❝❤❛♣t❡r ✷ ✐❢ t❤❡ t❤✐❝❦♥❡ss ✐s ❜❡❧♦✇ s❦✐♥ ❞❡♣t❤ t❤❡♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥
❜❡❝♦♠❡s s✐③❡✲❞❡♣❡♥❞❡♥t✳

✶✵✼



❈❤❛♣t❡r ✺✳ ❋❧✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ❝❤❛♥❣❡ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s

✺✳✷✳✷ ◆❛♥♦❙✉r❢❛❝❡ ❊♥❡r❣② ❚r❛♥s❢❡r ♠♦❞❡❧

❚❤❡ ♥❡①t ♠♦❞❡❧ ✐s t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❛ s✐③❡✲❞❡♣❡♥❞❡♥t ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ◆❛♥♦❙✉r❢❛❝❡
❊♥❡r❣② ❚r❛♥s❢❡r ♠♦❞❡❧ ✭◆❙❊❚✮ t❤✉s ♣r♦✈✐❞✐♥❣ ❝❤❛♥❣❡s t♦ t❤❡ ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞ ♠♦❞❡❧ ♦❢ ❈P❙✲
❑✉❤♥ ❜② ❛♣♣❧②✐♥❣ ✐♥st❡❛❞ ♦❢ t❤❡ ♠✐rr♦r ❛❜s♦r♣t✐✈✐t② ❛❜s♦r♣t✐✈✐t② Abs ♦❢ t❤❡ ♠❡t❛❧ ♥❛♥♦♣❛rt✐❝❧❡s
❛s ❢♦❧❧♦✇s ✭s❡❡ ❊q✳ ✺✳✺✮✿

Abs = 103ln(10)
(σext(a, λ)(2a)

2

NaV δskin

)

, ✭✺✳✺✮

✇❤❡r❡ σext(r, lambda) ✐s t❤❡ ❡①t✐♥❝t✐♦♥ ❝r♦ss✲s❡❝t✐♦♥✱ ✇❛s ❝❛❧❝✉❧❛t❡❞ ❜❡❢♦r❡ ❛♥❞ t❤❡ ❛❜s♦r♣t✐✈✐t②
Abs ✐ts❡❧❢ ✇❛s ♠❡❛s✉r❡❞ ❛s ✇❡❧❧ ✐♥ t❤❡ ❝❤❛♣t❡r ✷✳ ❚❤❡ ♣❛r❛♠❡t❡rs V ❛♥❞ a ❛r❡ t❤❡ ✈♦❧✉♠❡ ❛♥❞ t❤❡
r❛❞✐✉s ♦❢ ❛ ♥❛♥♦♣❛rt✐❝❧❡ r❡s♣❡❝t✐✈❡❧② ✐♥ ❝♠3 ❛♥❞ ❝♠✱ NA ✐s t❤❡ ❆✈♦❣❛❞r♦ ♥✉♠❜❡r✳ ❚❤✉s t❛❦✐♥❣
✐♥t♦ ❛❝❝♦✉♥t ❜♦t❤ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥✱ ✐♥✢✉❡♥❝❡ ♦♥ ❡♥❡r❣② tr❛♥s❢❡r ✐s tr❡❛t❡❞ ✐♥ t❤❡ ❝♦rr❡❝t
♠❛♥♥❡r ❬❇r❡s❤✐❦❡ ❡t ❛❧✳✱ ✷✵✶✸❪✳ ❇② ❞♦✐♥❣ s♦ t❤❡ ◆❙❊❚ ♠♦❞❡❧ ❝♦♥s✐❞❡rs ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❛ ♣♦✐♥t
❞✐♣♦❧❡ ♦❢ ❛ ♣❤♦t♦s❡♥s✐t✐③❡r ♠♦❧❡❝✉❧❡ ❛♥❞ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ✐♥st❡❛❞ ♦❢ t❤✐♥ ✜❧♠✱ t❤✉s ❞❡s❝r✐❜✐♥❣ t❤❡
✷✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❝❛❧ s✉r❢❛❝❡ ♣❧❛s♠♦♥ r❡s♦♥❛♥❝❡ ❛t ❛ s✉r❢❛❝❡ ♦❢ ❛ ♥❛♥♦♣❛rt✐❝❧❡✳ ❚❤✐s ❝♦♥s✐❞❡r❛t✐♦♥
t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❉r✉❞❡ ♠♦❞❡❧ ♦❢ ❢r❡❡ ❡❧❡❝tr♦♥s ✇❤✐❝❤ ♣r❡❞✐❝ts str♦♥❣ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥
♠❡t❛❧ ♦s❝✐❧❧❛t♦rs✳ ❚❤❡ ◆❙❊❚ ♠♦❞❡❧ ❛♣♣❧✐❡❞ ❜② ❙tr♦✉s❡ ❡t ❛❧ ❬❇r❡s❤✐❦❡ ❡t ❛❧✳✱ ✷✵✶✸❪ ❛❧❧♦✇❡❞ ❢♦r
❞❡s❝r✐❜✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛♥ ♦s❝✐❧❧❛t♦r ✇❤✐❝❤ ✇❛s ✈❡r✐✜❡❞ ❜② s❡✈❡r❛❧ ✢✉♦r❡s❝❡♥t ♠♦❧❡❝✉❧❡s ♦♥
❞✐✛❡r❡♥t ✜①❡❞ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ♦❢ r❛❞✐✉s ❧❡ss t❤❛♥ ✷✵ ♥♠✳ ❚❤✐s ❣r♦✉♣ ♦❢
s❝✐❡♥t✐st ♦❜s❡r✈❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② t❤❡ R−4 ❞✐st❛♥❝❡ ❞❡♣❡♥❞❡♥❝❡ q✉❡♥❝❤✐♥❣ ❢♦r ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s
✵✳✾✹✺✲✽✳✷✺ ♥♠ ✐♥ r❛❞✐✉s ❛♥❞ s❡✈❡r❛❧ ✢✉♦r♦♣❤♦r❡s✱ ✇❤✐❝❤ ❡♠✐ss✐♦♥ s♣❡❝tr❛ ♦✈❡r❧❛♣ t❤❡ ❡①t✐♥❝t✐♦♥
♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s✳

✺✳✷✳✸ ●❡rst❡♥✲◆✐t③❛♥ ♠♦❞❡❧

❚❤❡ ●❡rst❡♥✲◆✐t③❛♥ ✭●◆✮ ♠♦❞❡❧ ❛ss✉♠❡s t❤❛t ♥❛♥♦♣❛rt✐❝❧❡ ❤❛s ❛ str♦♥❣ ✜❡❧❞✱ ✇❤✐❝❤ ❛✛❡❝ts ❛
♣❤♦t♦s❡♥s✐t✐③❡r ♠♦❧❡❝✉❧❡ ♠♦❞❡❧❡❞ ❛s ❛ s✐♥❣❧❡✲♣♦✐♥t ❞✐♣♦❧❡ ✇❤✐❝❤ ✐s ♣❧❛❝❡❞ ❝❧♦s❡ t♦ ❛ ♥❛♥♦♣❛rt✐❝❧❡✳
❚❤❡ ❞✐♣♦❧❡ ♣r❡s❡♥❝❡ r❡s✉❧ts ✐♥ t❤❡ r❛❞✐❛♥t ❛♥❞ t❤❡ ♥♦♥✲r❛❞✐❛♥t ❞❡❝❛② r❛t❡s ❝❤❛♥❣❡ ❛s t❤❡ ❞✐♣♦❧❡
✐s ❝♦✉♣❧❡❞ t♦ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡✬s ❧♦❝❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞✳ ❚❤❡ ✈❛❧✉❡ ♦❢ RGN

0 ❢♦r ❛ ♠❡t❛❧ ♥❛♥♦♣❛rt✐❝❧❡s
✐s ❞❡s❝r✐❜❡❞ ❜②✿

RGN
0 =

(

2.25
c3

ω3
ph

qa3
(Re(ε+NP ) + 2)2 + Im(ε+NP )2

Im(ε+NP )

)
1
6
, ✭✺✳✻✮

✇❤❡r❡ ωph ✐s t❤❡ ❛❜s♦r♣t✐♦♥ ❢r❡q✉❡♥❝② ♦❢ ❛ ♣❤♦t♦s❡♥s✐t✐③❡r✳ ❚❤✐s t❤❡♦r② ❛ss✉♠❡s ♥♦ ❡♥❤❛♥❝❡♠❡♥t
❡✛❡❝ts ❛♥❞ ♥♦ ❝❤❛♥❣❡ ✐♥ t❤❡ r❛❞✐❛t✐✈❡ r❛t❡ ♦❢ ❛ ♣❤♦t♦s❡♥s✐t✐③❡r✳

✺✳✷✳✹ ❚❤❡♦r❡t✐❝❛❧ r❡s✉❧ts

❍❡r❡❛❢t❡r t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ♦❢ t❤❡ ●◆ ✭s❡❡ ❊q✳ ✺✳✻✮ ❛♥❞ t❤❡ ◆❙❊❚ ✭❝❛❧❝✉❧❛t❡❞ ❜② s✉❜st✐t✉t✐♦♥
♦❢ ❊q✳ ✺✳✺ t♦ t❤❡ ❈P❙✲❑✉❤♥ ♠♦❞❡❧ ✭s❡❡ ❊q✳ ✺✳✸✮✮ ♠♦❞❡❧s ❛r❡ ♣r❡s❡♥t❡❞ ✭s❡❡ ❋✐❣✳ ✺✳✷✮✳ ❚❤❡
❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡ ❞♦♥❡ ❢♦r t❤❡ ❣♦❧❞ ❛♥❞ t❤❡ s✐❧✈❡r ♥❛♥♦♣❛rt✐❝❧❡s ♦❢ ✼ ❛♥❞ ✷✺ ♥❛♥♦♠❡t❡rs ✐♥
r❛❞✐✉s t♦ ❝♦♠♣❛r❡ t❤❡ ❡✣❝✐❡♥❝✐❡s ♦❢ ❡♥❡r❣② tr❛♥s❢❡r ❛♥❞ t❤❡ ❞✐st❛♥❝❡s ♦❢ ❤❛❧❢✲q✉❡♥❝❤✐♥❣✱ R0 ✭s❡❡
❊q✳ ✺✳✷❛✮✳

❆s ✐t ✐s s❡❡♥ ❢r♦♠ t❤❡ ❞❛t❛ ♦♥ ❋✐❣✳ ✺✳✷ t❤❡ ❤❛❧❢✲q✉❡♥❝❤✐♥❣ ❞✐st❛♥❝❡ ❢♦r t❤❡ ●◆✲♠♦❞❡❧ ✐s ❤✐❣❤❡r✱
❛♥❞ ❢♦r t❤❡ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥ t❤❡ ●◆ ♠♦❞❡❧ t❤❡ R0 ✐s s♠❛❧❧❡r✱ ❤♦✇❡✈❡r ✐♥ t❤❡ ◆❙❊❚ ♠♦❞❡❧
❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ❤❛s s❤♦rt❡r R0✳

■♥ t❤❡ ♥❡①t ❡①♣❡r✐♠❡♥t s♣❡❝✐❛❧❧② s②♥t❤❡s✐③❡❞ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✇❡r❡ ✉s❡❞ t♦ ❝❤❡❝❦ t❤❡ ♠♦❞✲
❡❧s ♣r❡s❡♥t❡❞ ❤❡r❡ ❢♦r t❤❡ ❡♥❡r❣② tr❛♥s❢❡r ❜❡t✇❡❡♥ ❛ PP■❳ ♠♦❧❡❝✉❧❡ ❛♥❞ t❤❡ s②♥t❤❡s✐③❡❞ ❣♦❧❞
♥❛♥♦♣❛rt✐❝❧❡✳

✶✵✽



✺✳✷✳ ❚❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s ♦❢ ❡♥❡r❣② tr❛♥s❢❡r
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NSET: Gold NS, N = 4 (a) = 7 nm

NSET: Gold NS, N = 4 (a) = 25 nm

NSET: Silver NS, N = 4 (a) = 7 nm

NSET: Silver NS, N = 4 (a) = 25 nm

GN: Gold NS, N = 6 (a = 7 nm)

GN: Gold NS, N = 6 (a = 25 nm)

GN: Silver NS, N = 6 (a = 7 nm)

GN: Silver NS, N = 6 (a = 25 nm)

A

B

❋✐❣✉r❡ ✺✳✷✿ ✭❆✮ ❚❤❡♦r❡t✐❝❛❧ ❡♥❡r❣② tr❛♥s❢❡r ❞✐st❛♥❝❡ ♦❢ ❤❛❧❢✲q✉❡♥❝❤✐♥❣✱ R0✱ ❞❡♣❡♥❞✐♥❣ ♦♥
♥❛♥♦♣❛rt✐❝❧❡✬s r❛❞✐✉s ✉♥❞❡r ✻✸✼ ♥♠ ❡①❝✐t❛t✐♦♥ ❛♥❞ ✭❇✮ ❡♥❡r❣② tr❛♥s❢❡r ❡✣❝✐❡♥❝② ❞❡♣❡♥❞❡♥❝❡
♦♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛ PP■❳ ♠♦❧❡❝✉❧❡ ❛♥❞ ❛ ❣♦❧❞ ❛♥❞ ❛ s✐❧✈❡r ♥❛♥♦♣❛rt✐❝❧❡s ♦❢ r❛❞✐✉s ✼ ❛♥❞ ✷✺
♥♠✳

✶✵✾



❈❤❛♣t❡r ✺✳ ❋❧✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ❝❤❛♥❣❡ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s

✺✳✸ ❊①♣❡r✐♠❡♥t❛❧ s❡❝t✐♦♥

✺✳✸✳✶ P❤❛♥t♦♠s ♣r❡♣❛r❛t✐♦♥ ❢♦r ❧✐❢❡✲t✐♠❡ ♠❡❛s✉r❡♠❡♥ts

❚❤❡ ♣❤❛♥t♦♠s ❢♦r t❤❡ ❧✐❢❡t✐♠❡ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♠❛❞❡ ♦❢ PP■❳ ❛s ❛ ✢✉♦r♦♣❤♦r❡ ❛♥❞ ♦❢ t❤❡ ❣♦❧❞
♥❛♥♦♣❛rt✐❝❧❡s✱ ✇❤✐❝❤ ✇❡r❡ s②♥t❤❡s✐③❡❞ ❜② ❚✉r❦❡✇✐❝❤ ♠❡t❤♦❞ ❬❲✉✐t❤s❝❤✐❝❦ ❡t ❛❧✳✱ ✷✵✶✺❪✳ ❉✐st✐❧❧❡❞
✇❛t❡r s♦❧✉t✐♦♥ ♦❢ ✵✳✷✺ ♠▼ ♦❢ HAuCl4 ✇❛s ❤❡❛t❡❞ ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ♠✐①❡r t♦ ✾✵0❈ t❡♠♣❡r❛t✉r❡✱
t❤❡♥ ✷✺✵ µl ♦❢ Na3Cit ✇❛s ❛❞❞❡❞✳ ❉✉r✐♥❣ t❤❡ r❡❞♦① r❡❛❝t✐♦♥ ❝✐tr❛t❡ ✐s r❡❞❛❝t✐♥❣ ❣♦❧❞ t♦ Au0✱
t❤❡ ❣♦❧❞ s❡❡❞s st❛rt t♦ ❛♣♣❡❛r ❛♥❞ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s st❛rt t♦ ❣r♦✇ ❛r♦✉♥❞ t❤❡s❡ s❡❡❞s✳ ❉✉r✐♥❣
t❤❡ ✷✵ ♠✐♥✉t❡s s②♥t❤❡s✐s t❤❡ ❝♦❧♦r ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐s ❝❤❛♥❣✐♥❣✿ ✇❤❡♥ ❝✐tr❛t❡ ✐s ❛❞❞❡❞✱ t❤❡ s♦❧✉t✐♦♥
❜❡❝♦♠❡s ❞❛r❦ ❣r❛②✱ t❤✐s ♠❡❛♥s t❤❛t ❣♦❧❞ s❡❡❞s ❛♣♣❡❛r❡❞✱ t❤❡♥ t❤❡ ❝♦❧♦r ✐s ❝❤❛♥❣❡❞ t♦ ✈✐♦❧❡t✱ ✜♥❛❧❧②
✐t ❜❡❝♦♠❡s ✇✐♥❡✲r❡❞✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ s②♥t❤❡s✐s ✐s ❝♦♠♣❧❡t❡❞✳ ❚❤❡♥ t❤❡ s♦❧✉t✐♦♥ ✇❛s ❛♥❛❧②③❡❞
❜② t❤❡ s♣r❡❝tr♦♣❤♦t♦♠❡t❡r ❍✐t❛❝❤✐ ❯✲✸✹✵✵ ❬❈♦r♣✳✱ ❪ t♦ ♦❜t❛✐♥ t❤❡ s✐③❡ ❛♥❞ ❝♦♥❝❡♥tr❛t✐♦♥ ❛s ✐t
✇❛s ❞♦♥❡ ❜❡❢♦r❡ ✐♥ t❤❡ ❝❤❛♣t❡r ✷ ✇✐t❤ ❞♦✉❜❧❡✲❜❡❛♠ s❝❤❡♠❡✳ ❚❤❡ ♠❛①✐♠✉♠ ❛❜s♦r♣t✐✈✐t② ✇❛s
✵✳✸✷✹✷ ❛t ✺✷✵✳✶ ♥♠✱ ❛t ✹✺✵ ♥♠ ❛❜s♦r♣t✐✈✐t② ✇❛s ✵✳✷✶✽✷✳ ❚❤❡ ✜♥❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ ✇❛s ❝❛❧❝✉❧❛t❡❞
❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❊q✳ ✷✳✷✶❬❍❛✐ss ❡t ❛❧✳✱ ✷✵✵✼❪✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛✉t❤♦rs ❡st✐♠❛t❡❞ ❡rr♦r ✐s ✶✶ ✪✳
❚❤✉s✱ t❤❡ ❞✐❛♠❡t❡r ♦❢ s②♥t❤❡s✐③❡❞ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✐s ✭✶✸✳✷±✶✳✺✮ ♥♠✳ ❚❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ✇❛s
❡st✐♠❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s❛♠❡ r❡s❡❛r❝❤ ♣❛♣❡r ❛s ✸✳✶✼·1010✳

❚❤❡ ♣❤❛♥t♦♠s ✇❡r❡ ♠❛❞❡ ✐♥ ❛ ✇❛② t❤❛t ♥♦ ❜❛❝❦s❝❛tt❡r✐♥❣ ♦❝❝✉rs ✇❤✐❧❡ t❤❡ ✐♥t❡❣r❛❧ ✢✉♦✲
r❡s❝❡♥❝❡ s♣❡❝tr❛ ♠❡❛s✉r❡♠❡♥ts ❜② t❤❡ ▲❊❙❆✲❇✐♦s♣❡❝ s♣❡❝tr♦♠❡t❡r✱ t❤❡ ♦♣t✐❝❛❧ ♣r♦❜❡ ❤❛s ♦♥❡
❡①❝✐t❛t✐♦♥ ✜❜❡r ❛♥❞ ✻ ❞❡t❡❝t✐♥❣ ✜❜❡rs ♦♥ t❤❡ s❛♠❡ ✜①❡❞ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ s♦✉r❝❡✲✜❜❡r ❛r♦✉♥❞
✷✶✷ µm✱ t❤❡ ❝♦r❡✬s ❞✐❛♠❡t❡r ✐s ✷✵✵ µm✱ NA ❡q✉❛❧s ✵✳✷✷✳ ❚❤❡ t♦♣ ✵✳✺ ♠❧ ❊♣♣❡♥❞♦r❢ ✇❛s ❝♦✈❡r❡❞
✇✐t❤ ❛ t❤✐♥ tr❛♥s♣❛r❡♥t ✜❧♠ t♦ ❛✈♦✐❞ s❝❛tt❡r✐♥❣ ❜② t❤❡ ❊♣♣❡♥❞♦r❢ ✇❛❧❧s✱ ❛♥❞ ❝❧♦s❡❞ ✇✐t❤ ❛ ❝♦✈❡r
✇❤✐❝❤ ❤❛s ❛ s♣❡❝✐❛❧❧② ♠❛❞❡ ❤♦❧❡ t♦ ❦❡❡♣ t❤❡ t❤✐♥ ✜❧♠ str❛✐♥❡❞✳ ❆♥ ❊♣♣❡♥❞♦r❢ ✇✐t❤ ❛ ♣❤❛♥t♦♠
✇❛s t✉r♥❡❞ ✉♣s✐❞❡ ❞♦✇♥ s♦ t❤❡ s♦❧✉t✐♦♥ ✇❛s ✐♥ ❛ ❢✉❧❧ ❝♦♥t❛❝t ✇✐t❤ ❛ t❤✐♥ ✜❧♠✱ t❤❡ ♠✉❧t✐✲✜❜❡r
♣r♦❜❡ ✇❛s ♣❧❛❝❡❞ ✐♥ ❛ t✐❣❤t ❝♦♥t❛❝t t♦ t❤✐♥ ✜❧♠ ♣❡r♣❡♥❞✐❝✉❧❛r❧② t♦ ✐ts s✉r❢❛❝❡✳ ▼✐❝r♦s♣❤❡r❡s ♦❢
✵✳✺ µm ✐♥ ❞✐❛♠❡t❡r ✇❡r❡ ❞✐ss♦❧✈❡❞ ✇✐t❤ ✺ ♠❣✴❦❣ PP■❳ ✐♥ ❉▼❙❖ s♦❧✉t✐♦♥✳ ❚❤❡ ♠✐❝r♦s♣❤❡r❡s
✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ ✶ t♦ ✺✵ ✇❛s ❝❤♦s❡♥ ❡①♣❡r✐♠❡♥t❛❧❧② ✐♥ ❛ ✇❛② t❤❛t t❤❡ ❧❛s❡r ❧✐❣❤t ✐s s❝❛tt❡r❡❞
❜❡❢♦r❡ ✐t r❡❛❝❤❡s t❤❡ ♥❛rr♦✇ ❜♦tt♦♠ ♦❢ t❤❡ ❊♣♣❡♥❞♦r❢ t♦ ❛✈♦✐❞ r❡✢❡❝t✐♦♥ ❢r♦♠ ❛ ✬✇❛t❡r ❧❡♥s✬
✇❤✐❝❤ ❝♦✉❧❞ ♦❝❝✉r ❞✉❡ t♦ s✉r❢❛❝❡ t❡♥s✐♦♥ ❝❧♦s❡ t♦ ♥❛rr♦✇ ❡♥❞ ♦❢ ❛♥ ❊♣♣❡♥❞♦r❢✳

❚❤❡ ✢✉♦r❡s❝❡♥❝❡ s♣❡❝tr❛ ✇❡r❡ t❛❦❡♥ t♦ ✜♥❞ ♦✉t ✐❢ t❤❡ ❡✛❡❝t ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♣r❡s❡♥❝❡ ❝♦✉❧❞
❜❡ s❡❡♥ ❢r♦♠ t❤❡ s♣❡❝tr♦s❝♦♣✐❝ st❡❛❞②✲st❛t❡ s✐❣♥❛❧✳ ■t ✇❛s ❢♦✉♥❞ ♦✉t✱ t❤❛t ❜❡✐♥❣ ❞✐ss♦❧✈❡❞ ❜②
❞✐st✐❧❧❡❞ ✇❛t❡r t✇✐❝❡ ❢r♦♠ ✶✵ ♠❣✴❦❣ ❝♦♥❝❡♥tr❛t✐♦♥✱ PP■❳ ♠♦❧❡❝✉❧❡s ✜rst ❛❣❣r❡❣❛t❡ ❛s t❤❡ ✢✉✲
♦r❡s❝❡♥❝❡ s✐❣♥❛❧ ✐s ❞❡❝r❡❛s❡❞ ❛♥❞ t❤❡♥ ❛❣❛✐♥ s❡♣❛r❛t❡❞ ❞✉❡ t♦ t❤❡ ♠✐❝r♦s♣❤❡r❡s ♣r❡s❡♥❝❡✱ t❤✐s
❡✛❡❝t ❞♦❡s ♥♦t ♦❝❝✉r ✇✐t❤♦✉t ♠✐❝r♦s♣❤❡r❡s✱ ❤♦✇❡✈❡r t❤❡ ✢✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧ ❣r♦✇t❤s t♦ ✐t✬s ♠❛①✲
✐♠✉♠ ❢❛st❡r ❜② ✉s❡ ♦❢ ■♥tr❛❧✐♣✐❞ ✷✪ s♦❧✉t✐♦♥✳ ❍♦✇❡✈❡r ❢♦r t❤❡ ❧✐❢❡t✐♠❡ ♠❡❛s✉r❡♠❡♥ts t❤❡ ✉s❡
♦❢ ■♥tr❛❧✐♣✐❞ ✇❛s ♥♦t ❝♦♥✈❡♥✐❡♥t✱ ❛s t❤❡ ❜❛❝❦s❝❛tt❡r❡❞ ❧✐❣❤t ❞❡♣❡♥❞s ♦♥ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡
♦♣t✐❝❛❧ ♣r♦❜❡ ❛♥❞ ♣❤❛♥t♦♠✬s s✉r❢❛❝❡✱ ✐✳ ❡✳ t❤✐♥ ✜❧♠ s❡♣❛r❛t✐♥❣ ♣❤❛♥t♦♠ ❢r♦♠ t❤❡ ♦♣t✐❝❛❧ ♣r♦❜❡✳
❚❤✐s ✐s ❡①♣❧❛✐♥❡❞ ❜② ❞✐✛❡r❡♥t s✐③❡s ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✭❧✐♣✐❞ ❞r♦♣❧❡ts✮ ♣r❡s❡♥t ✐♥ t❤❡ ■♥tr❛❧✐♣✐❞✱ t❤✉s
❜❛❝❦s❝❛tt❡r✐♥❣ ✐s ❛✈❡r❛❣❡❞ ❛♠♦♥❣ t❤❡ ✇✐❞❡ r❛♥❣❡ ♦❢ t❤♦s❡ ❞r♦♣❧❡ts ❛♥❞ t❤❡ ❜❛❝❦s❝❛tt❡r❡❞ s✐❣♥❛❧
❝♦✉❧❞ ♥♦t ❜❡ ❝♦♥tr♦❧❧❡❞✳ ❚❤❡ ♦♣♣♦s✐t❡ s✐t✉❛t✐♦♥ ✐s ✇✐t❤ ✺✵✵ ♥♠ ♠✐❝r♦s♣❤❡r❡s✱ ✇❤✐❝❤ ❤❛✈❡ t✐♥✐❡r
s✐③❡ ❞✐str✐❜✉t✐♦♥✱ t❤✉s t❤❡ ❜❛❝❦s❝❛tt❡r❡❞ ❧✐❣❤t ✐s ♠♦r❡ st❛❜❧❡ t♦ t❤❡ ❧♦✇ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ♦♣t✐❝❛❧
♠✉❧t✐✲✜❜❡r ♣r♦❜❡ ❛♥❞ s✉r❢❛❝❡ ♦❢ t❤❡ ♣❤❛♥t♦♠✳

CPPIX ✱
♠❣✴❦❣

fMS fNP ✱ ✪ fDMSO✱ ✪

✵
✶✵

✺ ✶✿✺✵ ✷✵ ✺✵

✶✶✵



✺✳✸✳ ❊①♣❡r✐♠❡♥t❛❧ s❡❝t✐♦♥

CPPIX ✱
♠❣✴❦❣

fMS fNP ✱ ✪ fDMSO✱ ✪

✸✵
✹✵

❚❛❜❧❡ ✺✳✶✿ P❤❛♥t♦♠s s❡t ♠❛✐♥ ❝❤❛r❛❝t❡r✐st✐❝s ♣r❡♣❛r❡❞ ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥ts✳ CPPIX ✐s t❤❡ ❝♦♥✲
❝❡♥tr❛t✐♦♥ ♦❢ PP■❳✱ fMS ✐s t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ ✵✳✺ µm ♠✐❝r♦s♣❤❡r❡s✱ CNP ✐s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥
♦❢ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞ fDMSO st❛♥❞s ❢♦r t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❉▼❙❖ ✐♥ ❛ ♣❤❛♥t♦♠✳

❚❤❡ r❡♣❡❛t❛❜✐❧✐t② ♦❢ t❤❡ r❡s✉❧ts ✇❛s ❝❤❡❝❦❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ t❤❡ ♣❤❛♥t♦♠s ✇❡r❡ ❦❡♣t
❛t t❤❡ ✷ 0C ❢♦r ✷ ❞❛②s ❛♥❞ t❤❡✐r ✢✉♦r❡s❝❡♥❝❡ s♣❡❝tr❛ ✉♥❞❡r ✺✸✷ ♥♠ ❛♥❞ ✻✸✷✳✽ ♥♠ ❡①❝✐t❛t✐♦♥
✇❡r❡ t❛❦❡♥✱ t❤❡ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ r❡♣❡❛t❡❞ ✐♥ ♦♥❡ ❤♦✉r ❛❢t❡r t❤❡ ♣❤❛♥t♦♠s ❜❡✐♥❣ ❦❡♣t ❛t t❤❡
r♦♦♠ t❡♠♣❡r❛t✉r❡ ✷✵0❈✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♦❜t❛✐♥❡❞ s♣❡❝tr❛ s❤♦✇❡❞ t❤❛t t❤❡ ✢✉♦r❡s❝❡♥❝❡ ✐s
q✉❡♥❝❤❡❞ ❛❢t❡r t❤❡ ♣❤❛♥t♦♠s ✇❡r❡ ❢r♦③❡♥ ❛♥❞ t❤❡♥ r❡t✉r♥s t♦ t❤❡ s❛♠❡ ❧❡✈❡❧ ❛s ❜❡❢♦r❡ ❢r❡❡③✐♥❣✳
❆❧s♦✱ ❛ ❥✉st ♣r❡♣❛r❡❞ ♣❤❛♥t♦♠ s♦❧✉t✐♦♥ ❤❛s ❛ ❞❡❝r❡❛s❡❞ ✢✉♦r❡s❝❡♥t s✐❣♥❛❧✱ t❤✉s t❤❡ ❧✐❢❡✲t✐♠❡
♠❡❛s✉r❡♠❡♥ts s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✐♥ ♦♥❡ ❤♦✉r ❛❢t❡r ❛ ♣❤❛♥t♦♠ ✇❛s ♠❛❞❡✳

✺✳✸✳✷ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❢♦r ❧✐❢❡✲t✐♠❡ ♠❡❛s✉r❡♠❡♥ts

❚❤❡ ❛♥❛❧②s✐s ♦❢ ❧✐❢❡t✐♠❡ ❝♦♠♣♦♥❡♥ts ❛❧❧♦✇s t♦ ❡st✐♠❛t❡ t❤❡ ❝❤❛r❛❝t❡r ♦❢ ❡♥❡r❣② tr❛♥s❢❡r ❜❡t✇❡❡♥
♥❛♥♦♣❛rt✐❝❧❡ ❛♥❞ ❛ ♣❤♦t♦s❡♥s✐t✐③❡r ✐♥ ❛ ♠❡❞✐✉♠✳ ❇② ❱✐❣♦✉r❡✉① ❡t ❛❧ ❬❈❛r♠✐♥❛t✐ ❡t ❛❧✳✱ ✷✵✵✻❪ ✐t
✇❛s s❤♦✇♥ t❤❛t ✐♥ ❛ ❝❧♦s❡ ♣r♦①✐♠✐t② ♦❢ ❛ ♥❛♥♦♣❛rt✐❝❧❡✱ t❤❡ ♥♦♥✲r❛❞✐❛t✐✈❡ ❞❡❝❛② r❛t❡s ✐♥❝r❡❛s❡s✱
t❤✉s t❤❡ r❛❞✐❛t✐✈❡ r❛t❡s s❤♦✉❧❞ ❞❡❝r❡❛s❡ ❧✐♥❡❛r❧② ✇✐t❤ ❛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ❛♥❞
❛ ♣❤♦t♦s❡♥s✐t✐③❡r✱ ✐❢ t❤❡ ❧❛t❡r ❡♠✐ts ❛t t❤❡ ♣❧❛s♠♦♥ r❡s♦♥❛♥❝❡ ✇❛✈❡❧❡♥❣t❤ ♦❢ t❤✐s ♥❛♥♦♣❛rt✐❝❧❡✳
❋♦r t❤❡ ❧✐❢❡✲t✐♠❡ ♠❡❛s✉r❡♠❡♥ts ✐♥ ♣✐❝♦✲ ❛♥❞ ♥❛♥♦s❡❝♦♥❞ r❛♥❣❡ t❤❡ ❍❛♠❛♠❛ts✉ ❙tr❡❛❦✲❝❛♠❡r❛
❈✶✵✻✷✼✲✶✸ ✇❛s ✉s❡❞✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛ s②st❡♠ ♦❢ r❡❣✐str❛t✐♦♥ ✇✐t❤ ✶✺
♣✐❝♦s❡❝♦♥❞ r❡s♦❧✉t✐♦♥ ♦❢ str❡❛❦✲s❝♦♣❡ ✇❤✐❝❤ ✐s s②♥❝❤r♦♥✐③❡❞ ✇✐t❤ t❤❡ ♣✐❝♦s❡❝♦♥❞ ❧❛s❡r ✇✐t❤ ✻✸✼
♥♠ ✇❛✈❡❧❡♥❣t❤ ♠❛①✐♠✉♠ ❛♥❞ ❋❲❍▼ ✻✺ ♣s ✭❋✐❣✳ ✺✳✸✮✳

❊❛❝❤ ♠❡❛s✉r❡♠❡♥t ✇❛s st❛rt❡❞ ✇✐t❤ ❡①♣♦s✐t✐♦♥ ✺✵✲✽✵ ♠s✱ r❡♣❡t✐t✐♦♥ r❛t❡ ✶✻ ▼❍③✱ ✇✐t❤ ❢✉❧❧
t✐♠❡ ♦❢ ♠❡❛s✉r❡♠❡♥ts ❛r♦✉♥❞ ✶ ❤♦✉r✳

❚❤❡ ♣❤❛♥t♦♠s ✇❡r❡ ❡①❝✐t❡❞ t❤r♦✉❣❤ ❛♥ ♦♣t✐❝❛❧ ✜❜❡r ✭◆❆ ❂ ✵✳✷✷✱ ❉ ❂ ✷✵✵ µ♠✮ ❛♥❞ ❝♦❧❧❡❝t❡❞
✇✐t❤ ✻ s✉rr♦✉♥❞✐♥❣ ✜❜❡rs ❛t t❤❡ ❙❉❙ ✷✻✶ µ♠✳ ❚❤❡ ♠✉❧t✐✲✜❜❡r ♣r♦❜❡ ✇❛s ♣❧❛❝❡❞ ❧✐tt❧❡ ❜✐t ❛s✐❞❡
❢r♦♠ ♣❡r♣❡♥❞✐❝✉❧❛r ♣♦s✐t✐♦♥ t♦ ❛ ✶ ♠❧ ❊♣♣❡♥❞♦r❢ ✇✐t❤ ♣❤❛♥t♦♠ t♦ ❛✈♦✐❞ ❧❛s❡r r❡✢❡❝t✐♦♥ ❢r♦♠ t❤❡
✇❛❧❧ ♦❢ ❛♥ ❊♣♣❡♥❞♦r❢✳ ❆♥ ✐♥t❡r❢❡r❡♥❝❡ ✜❧t❡r ✇❤✐❝❤ ❝✉ts ✺✵ ✪ ♦❢ ✐♥t❡♥s✐t② ♦♥ ✻✻✵ ♥♠ ✇❛s ✉s❡❞ t♦
❛✈♦✐❞ ✐♥✢✉❡♥❝❡ ♦❢ ❧❛s❡r ♦♥ ✢✉♦r❡s❝❡♥❝❡ s♣❡❝tr❛✳

❚❤❡ ❡①♣❡r✐♠❡♥t ✇❛s ❝♦♥❞✉❝t❡❞ ♦♥ t❤❡ s❡t ♦❢ ♣❤❛♥t♦♠s ✇✐t❤ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥ ❞✐✛❡r❡♥t
❝♦♥❝❡♥tr❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✺✳✶✱ t❤❡ ♠❡❛♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞ PP■❳
♠♦❧❡❝✉❧❡s ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✺✳

❚❤❡ pH ♦❢ t❤❡ ♣❤❛♥t♦♠s ✇❛s ♠❡❛s✉r❡❞ ❛s ✇❡❧❧✱ ✐t ❝❤❛♥❣❡❞ ❢r♦♠ ✼✳✹ t♦ ✼✳✻✱ s♦ t❤✐s r❛♥❣❡ ❞♦❡s
♥♦t ❛✛❡❝t ✢✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡✳

❲❤✐❧❡ ❝❤❛♥❣✐♥❣ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s✱ t❤❡ ✢✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧ ✇❛s ♠❡❛s✉r❡❞ ✇✐t❤
s♣❡❝tr♦♣❤♦t♦♠❡t❡r ▲❊❙❆✱ t❤❡ s❛♠❡ ❛s ✇❛s ✉s❡❞ ❜❡❢♦r❡ ✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts✳

❚❤❡ s♣❡❝tr❛ ✇❡r❡ ❛♥❛❧②③❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐t ✐s ❞❡s❝r✐❜❡❞ ✐♥ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✐✳ ❡✳ t❤❡
s♣❡❝tr❛❧ s❤❛♣❡ ✇❛s ❝♦rr❡❝t❡❞ ✇✐t❤ ✇❤✐t❡ ❧✐❣❤t s✐❣♥❛❧✳ ❇② s✉❝❤ ♠❡❛s✉r❡♠❡♥ts✱ ✐t✬s ♣♦ss✐❜❧❡ t♦
♦❜t❛✐♥ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✇❤✐❝❤ ✐s q✉❡♥❝❤✐♥❣ t❤❡ ✢✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧ t✇✐❝❡✳

✶✶✶



❈❤❛♣t❡r ✺✳ ❋❧✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ❝❤❛♥❣❡ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s
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❋✐❣✉r❡ ✺✳✸✿ ▲✐❢❡t✐♠❡ ♠❡❛s✉r❡♠❡♥ts s❡t✉♣✿ ❆ ✲ t❤❡ ♣r✐♥❝✐♣❛❧ s❝❤❡♠❡ ♦❢ t❤❡ s❡t✉♣✱ ❇ ✲ t❤❡ ♣❤♦t♦
♦❢ t❤❡ s❡t✉♣✱ ❈ ✲ t❤❡ ♦♣t✐❝❛❧ ✜❜❡r ❜❛♥❞❧❡ ❡♥❞✐♥❣s ❢r♦♠ t❤❡ ❧❡❢t t♦ t❤❡ r✐❣❤t✿ t❤❡ s✐♥❣❧❡ ♠♦❞❡ ✜❜❡r
✉s❡❞ ❢♦r ❡①❝✐t❛t✐♦♥✱ t❤❡ ✻ ✜❜❡rs ❝♦❧❧❡❝t✐♥❣ ✢✉♦r❡s❝❡♥t s✐❣♥❛❧ ❛r❡ ❛❧✐❣♥❡❞ ✐♥ ♦♥❡ ❧✐♥❡ t♦ tr❛♥s❢❡r
s✐❣♥❛❧ t♦ t❤❡ ♣♦❧②❝❤r♦♠❛t♦r
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❋✐❣✉r❡ ✺✳✹✿ ❚r❛♥s♠✐ss✐♦♥ ♦❢ ✜❧t❡rs ✉s❡❞ ❢♦r t❤❡ ❧✐❢❡t✐♠❡ ♠❡❛s✉r❡♠❡♥ts

✶✶✷



✺✳✹✳ ❘❡s✉❧ts ♦❢ ✢✉♦r❡s❝❡♥❝❡ q✉❡♥❝❤✐♥❣ ❛♥❞ ❡♥❤❛♥❝❡♠❡♥t ❡①♣❡r✐♠❡♥t

y = 96x-0.3 

R² = 0.99 

y = 91x-0.3 

R² = 0.99 

0 

10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

110 

0 20 40 60 80 100 

M
e

a
n

 d
is

ta
n

ce
 f

ro
m

 G
o

ld
 N

S
 t

o
 P

P
IX

, 
n

m
 

Gold NS concentration, mg/ml 

<R1>, nm 

<R2>, nm 

❋✐❣✉r❡ ✺✳✺✿ ❉❡♣❡♥❞❡♥❝❡ ♦❢ ♠❡❛♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡ ❛♥❞ PP■❳ ♠♦❧❡❝✉❧❡ ♦♥
❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s

✺✳✹ ❘❡s✉❧ts ♦❢ ✢✉♦r❡s❝❡♥❝❡ q✉❡♥❝❤✐♥❣ ❛♥❞ ❡♥❤❛♥❝❡♠❡♥t ❡①♣❡r✐✲
♠❡♥t

✺✳✹✳✶ ■♥✢✉❡♥❝❡ ♦❢ ❝♦❧❧♦✐❞❛❧ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ♣r❡s❡♥❝❡ ♦♥ PP■❳ ✢✉♦r❡s❝❡♥❝❡
s✐❣♥❛❧

❍❡r❡ ✇❡ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❢ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥✢✉❡♥❝❡ ♦♥ ✐♥t❡❣r❛❧ ✢✉♦r❡s❝❡♥❝❡ ♦❢ PP■❳
❛❝❝♦r❞✐♥❣ t♦ ❊q✳ ✺✳✷❜ t❤❡ R0(I) ❞✐st❛♥❝❡ ✐s ✇❤❡r❡ ✢✉♦r❡s❝❡♥❝❡ ✐s q✉❡♥❝❤✐♥❣ t✇✐❝❡✳ ❋r♦♠ t❤❡ ❞❛t❛
r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✺✳✺ ✐t ✐s ♣♦ss✐❜❧❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s✱ CNP t♦ ♦❜t❛✐♥
t❤❡ ❛♣♣r♦①✐♠❛t❡ ❡①♣❡r✐♠❡♥t❛❧ R0✳ ❍♦✇❡✈❡r t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ♠❡❛♥ ❝❛❧❝✉❧❛t❡❞ ❞✐st❛♥❝❡ ✐s ♥♦t
❛❧❧♦✇✐♥❣ t♦ ❥✉❞❣❡ ❛❜♦✉t t❤❡ r❡❛❧ ✢✉♦r♦♣❤♦r❡✲♥❛♥♦♣❛rt✐❝❧❡ s❡♣❛r❛t✐♦♥✱ ❛s t❤❡② ❝♦✉❧❞ ❜❡ ❝♦✉♣❧❡❞
❛t ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ❞✐st❛♥❝❡s✱ ✇❤✐❝❤ ❛r❡ ✉♥❞❡r ✐♥✢✉❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡ ❧♦❝❛❧ ✜❡❧❞✳

❋♦r ✺✸✷ ♥♠ ❡①❝✐t❛t✐♦♥ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ✇❛s ❛r♦✉♥❞ ✼✺±✷ ♠❣✴❦❣ ❢♦r PP■❳
❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✷ ♠❣✴❦❣ ❛♥❞ ❢♦r ✶ ♠❣✴❦❣ ✐t ✇❛s ♥❡❡❞❡❞ t♦ ❡①tr❛♣♦❧❛t❡ t❤❡ ❞❛t❛ t♦ ❤✐❣❤❡r
❝♦♥❝❡♥tr❛t✐♦♥s✱ t❤✉s ✇❡ ♦❜t❛✐♥❡❞ ✼✶±✷ ♠❣✴❦❣✳

❚❤❡ ✢✉♦r❡s❝❡♥❝❡ s♣❡❝tr❛ ✇❡r❡ t❛❦❡♥ ❛❢t❡r t✐♠❡✲r❡s♦❧✈❡❞ ❡①♣❡r✐♠❡♥t✱ ✐t ✐s ❝❧❡❛r❧② s❡❡♥ t❤❛t
❛❢t❡r ❛r♦✉♥❞ ♦♥❡ ❤♦✉r ♦❢ ♠❡❛s✉r❡♠❡♥ts✱ ♣❤♦t♦✲♣r♦❞✉❝ts ❛♣♣❡❛r❡❞✿ ❝❤❧♦r✐♥❡✲✶✱ ❝❤❧♦r✐♥❡✲✷ ❛♥❞
❞❡r✐✈❛t✐✈❡ ♦❢ PP■❳✱ ✇❤✐❝❤ ❤❛✈❡ ✢✉♦r❡s❝❡♥t ♠❛①✐♠✉♠ ❛t ✻✼✺✱ ✻✼✽ ❛♥❞ ✼✵✵ ♥♠✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡
♦❜t❛✐♥❡❞ s✐❣♥❛❧s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✻✳

■t ✐s s❡❡♥ t❤❛t t❤❡ s✐❣♥❛❧ ✐s ♥♦t ❝❧❡❛r❧② ●❛✉ss✐❛♥✱ ❜✉t ❤❛s t✇♦ ❝♦♠♣♦♥❡♥ts✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡
t✇♦ ❞❡r✐✈❛t✐✈❡s ♦❢ PP■❳ ❝♦✉❧❞ ❜❡ r❡s♦❧✈❡❞✳ ❚❤✉s✱ t❤❡ ✢✉♦r❡s❝❡♥t s♣❡❝tr❛ ✇❡r❡ ❞❡❝♦♥✈♦❧✉t❡❞ t♦ ✷
❝♦♠♣♦♥❡♥ts✱ ❡❛❝❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦♥❡ ♦❢ t❤❡ PP■❳✬s ✐s♦♠❡rs✳ ❚❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❞❡❝♦♥✈♦❧✉t❡❞
s♣❡❝tr❛ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✼✳ ❚❤❡ ❛❞❥✉st❡❞ R2 ✇❛s ♠♦r❡ t❤❛♥ ✵✳✾✾ ❢♦r ❛❧❧ t❤❡ ✜ts ♦❜t❛✐♥❡❞✳

❆❢t❡r t❤❡ ❧✐❢❡✲t✐♠❡ ♠❡❛s✉r❡♠❡♥ts t❤❡ ✢✉♦r❡s❝❡♥❝❡ ✐♥t❡❣r❛❧ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ r❡♣❡❛t❡❞✳

✶✶✸



❈❤❛♣t❡r ✺✳ ❋❧✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ❝❤❛♥❣❡ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s
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 NS 0% (a.u.)
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 NS 20% (a.u.)

 NS 30% (a.u.)

 NS 40% (a.u.)

 NS 50% (a.u.)

 NS 0% (a.u.)

 NS 10% (a.u.)

 NS 20% (a.u.)
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 NS 40% (a.u.)

 NS 50% (a.u.)

❋✐❣✉r❡ ✺✳✻✿ ❋❧✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧ ♦❢ ♣❤❛♥t♦♠s ❞❡r✐✈❡❞ ❜② ✐♥t❡❣r❛❧ s♣❡❝tr❛ ♠❡❛s✉r❡♠❡♥ts ❜❡❢♦r❡
st❛rt✐♥❣ t❤❡ ❧✐❢❡✲t✐♠❡ ♠❡❛s✉r❡♠❡♥ts
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Wavelength (λ), nm 

λ =  7.  nm  150 ul NS 

λ =  99.1 nm  150 ul NS 

sum(150 ul)

❋✐❣✉r❡ ✺✳✼✿ ❋❧✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧ ♦❢ ✶✺✵ µl s♦❧✉t✐♦♥ ♦❢ ◆❙ ✐♥ ❉▼❙❖ ✇✐t❤ ✺ ♠❣✴❦❣ PP■❳ ❛♥❞
❞❡❝♦♥✈♦❧✉t✐♦♥ t♦ t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ PP■❳ ✐s♦♠❡rs✱ ❡①❝✐t❛t✐♦♥ ❜② ✺✸✷ ♥♠ ❞✐♦❞❡ ❧❛s❡r✳

✶✶✹



✺✳✹✳ ❘❡s✉❧ts ♦❢ ✢✉♦r❡s❝❡♥❝❡ q✉❡♥❝❤✐♥❣ ❛♥❞ ❡♥❤❛♥❝❡♠❡♥t ❡①♣❡r✐♠❡♥t

F0 = .7·104 

1/ F0  ~ .0·10  
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Volume of NS, µl 

❋✐❣✉r❡ ✺✳✽✿ ❋❧✉♦r❡s❝❡♥❝❡ ✐♥t❡❣r❛❧ s✐❣♥❛❧ q✉❡♥❝❤✐♥❣✱ F (700 ± 10nm)✱ ❞✉❡ t♦ ♥❛♥♦♣❛rt✐❝❧❡s ♣r❡s✲
❡♥❝❡✳ ❖r❛♥❣❡ ♣♦✐♥t ✐♥❞✐❝❛t❡s ♥♦ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥ t❤❡ ♣❤❛♥t♦♠✱ r❡❞ ♣♦✐♥t ✲ ❤❛❧❢ q✉❡♥❝❤✐♥❣ ♦❢ t❤❡
✢✉♦r❡s❝❡♥❝❡ ✐♥t❡❣r❛❧ s✐❣♥❛❧✳

✺✳✹✳✷ ■♥✢✉❡♥❝❡ ♦❢ ❝♦❧❧♦✐❞❛❧ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ♦♥ t❤❡ ❦✐♥❡t✐❝s ♦❢ PP■❳ ✢✉♦✲
r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡

❚❤❡ ♦❜t❛✐♥❡❞ ✢✉♦r❡s❝❡♥❝❡ t✐♠❡✲r❡s♦❧✈❡❞ ❞❛t❛ ✇❛s ❞❡❝♦♥✈♦❧✉t❡❞ t♦ t✇♦ ♦r t❤r❡❡ t✐♠❡ ❝♦♠♣♦♥❡♥ts✱
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❧❛s❡r ♣✉❧s❡ ✇✐t❤ ❋❲❍▼ ❛r♦✉♥❞ ✻✺✳✵±✼✳✺ ♣s✿

I(t) = L(t)⊗ F (t), ✭✺✳✼✮

✇❤❡r❡ F (t) ✐s t❤❡ s❛♠♣❧❡✬s ❞❡❝❛② ❝✉r✈❡ ❛♥❞ L(t) st❛♥❞s ❢♦r t❤❡ ❧❛s❡r ♣✉❧s❡✳
❚❤❡ ✜tt✐♥❣ ✇❛s ❞♦♥❡ ❛❢t❡r ✐♥t❡❣r❛t✐♥❣ ❜② ✇❛✈❡❧❡♥❣t❤ t❤❡ ❞❛t❛ ♦❜t❛✐♥❡❞✱ ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞

❜② s♣❡❝tr❛❧❧②✲t✐♠❡✲r❡s♦❧✈❡❞ s✐❣♥❛❧s ✭s❡❡ ❋✐❣✳ ✺✳✾✮
❋r♦♠ t❤❡ ✜tt✐♥❣ r❡s✉❧ts t❤❡ t✐♠❡ ❝♦♠♣♦♥❡♥ts ❛♥❞ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ✇❡r❡

❡st✐♠❛t❡❞ ✭❋✐❣✉r❡s ✺✳✶✶ ❛♥❞ ✺✳✶✷✮✳ ❚❤❡ ❛❞❥✉st❡❞ R2
adj ✇❛s ✶✳✵✹±✵✳✵✸ ❢♦r ❛❧❧ t❤❡ ❞❡❝♦♥✈♦❧✉t❡❞

❞❛t❛✳
❊❛❝❤ ❧✐❢❡✲t✐♠❡ ❝♦♠♣♦♥❡♥t ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ PP■❳ ♠♦❧❡❝✉❧❡s ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳

❚❤❡ ❧✐❢❡✲t✐♠❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❝❤❛♥❣✐♥❣ ✉♥❞❡r ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞
✐♥❞✉❝❡❞ ❜② ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s✳ ■♥ t❤✐s r❡❣✐♦♥ ♦❢ ✇❛✈❡❧❡♥❣t❤s t❤❡ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✉s❡❞ ✐♥ t❤❡
❡①♣❡r✐♠❡♥t ❤❛✈❡ str♦♥❣ ❡♥❤❛♥❝❡♠❡♥t✱ t❤✉s t❤❡ ♥❛♥♦♣❛rt✐❝❧❡✬s ❞✐♣♦❧❡ ♠♦♠❡♥t✱ ✇❤✐❝❤ ✐s ❡♥❤❛♥❝❡❞
❞✉❡ t♦ t❤❡ ♣✐❝♦s❡❝♦♥❞ ❧❛s❡r ❡①❝✐t❛t✐♦♥✱ ✐s ❝♦♠♣❡♥s❛t✐♥❣ t❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥t ♦❢ ❛ PP■❳ ♠♦❧❡❝✉❧❡✳
❋♦r t❤❡ PP■❳ ✐s♦♠❡r ✢✉♦r❡s❝✐♥❣ ❛t t❤❡ ✻✼✵✲✻✾✵ ♥♠ r❡❣✐♦♥✱ t❤❡ ✉❧tr❛✲s❤♦rt ❝♦♠♣♦♥❡♥t ♦❝❝✉rs
✇❤❡♥ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s r❡❛❝❤❡s ✸✵✪✱ ❢♦r t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s♦♠❡r✱ t❤❡
✉❧tr❛✲s❤♦rt ❝♦♠♣♦♥❡♥t ♦❝❝✉rs ❛t t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ ✹✵ ✪✳ ❇♦t❤ ✉❧tr❛✲s❤♦rt ❝♦♠♣♦♥❡♥ts ❛r❡
❛❜♦✉t ❤✉♥❞r❡❞ ♣✐❝♦s❡❝♦♥❞s ❛♥❞ ❜♦t❤ ♦❢ t❤❡♠ ❝♦♠♣r✐s❡ ❛❜♦✉t ♦♥❡ ❤❛❧❢ ♦❢ t❤❡ ✢✉♦r❡s❝❡♥❝❡ ❞❡❝❛②
❝✉r✈❡✱ ♠❡❛♥✐♥❣ t❤❛t ❤❛❧❢ ♦❢ t❤❡ PP■❳ ♠♦❧❡❝✉❧❡s ❞✐♣♦❧❡s ❛r❡ ❝♦♠♣❡♥s❛t❡❞ ❜② ♥❛♥♦♣❛rt✐❝❧❡s str♦♥❣
✜❡❧❞✳ ■❢ t♦ ❝♦♠❡ ❜❛❝❦ t♦ ✢✉♦r❡s❝❡♥❝❡ ✐♥t❡❣r❛❧ s✐❣♥❛❧ ❝❤❛♥❣❡✱ ✇❤✐❝❤ ♦❝❝✉rs ❞✉❡ t♦ ♥❛♥♦♣❛rt✐❝❧❡s

✶✶✺



❈❤❛♣t❡r ✺✳ ❋❧✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ❝❤❛♥❣❡ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s

±10 nm ±20 nm ±20 nm 

❋✐❣✉r❡ ✺✳✾✿ ❆♥❛❧②③❡❞ ✐♠❛❣❡ ❢r♦♠ t❤❡ str❡❛❦ ❝❛♠❡r❛ r❡♣r❡s❡♥t✐♥❣ ❛ t✐♠❡✲ ❛♥❞ s♣❡❝tr❛❧❧②✲r❡s♦❧✈❡❞
s✐❣♥❛❧✳ ❲✐t❤ ❝♦❧♦r❡❞ r❡❝t❛♥❣❧❡s ✐♥t❡❣r❛t❡❞ ✇✐t❤✐♥ ❝❤♦s❡♥ ✇❛✈❡❧❡♥❣t❤ r❛♥❣❡s ♥♦r♠❛❧✐③❡❞ s✐❣♥❛❧s
❛r❡ s❤♦✇♥✳ ❆t t❤❡ ❜♦tt♦♠ t❤❡ s✉♠ ✐s ♠❛❞❡ ❜② t✐♠❡✱ ❛t t❤❡ r✐❣❤t t❤❡ s✉♠ ✐s ♠❛❞❡ ❜② ✇❛✈❡❧❡♥❣t❤✱
❛❧❧ t❤❡ s♣❡❝tr❛ ❛r❡ ♥♦r♠❛❧✐③❡❞ ❜② ♠❛①✐♠✉♠✳

✶✶✻



✺✳✹✳ ❘❡s✉❧ts ♦❢ ✢✉♦r❡s❝❡♥❝❡ q✉❡♥❝❤✐♥❣ ❛♥❞ ❡♥❤❛♥❝❡♠❡♥t ❡①♣❡r✐♠❡♥t
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❋✐❣✉r❡ ✺✳✶✵✿ ❋❧✉♦r❡s❝❡♥❝❡ ❞❡❝❛② ✇✐t❤✐♥ ✷✵ ♥s r❛♥❣❡✳ ❈♦❧♦r❡❞ ❧✐♥❡s ✲ t❤❡ ♦❜t❛✐♥❡❞ ✜t✱ ❞♦ts ✲ t❤❡
❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✳

♣r❡s❡♥❝❡✱ t❤❡ ❤✐❣❤❡st ❡♥❤❛♥❝❡♠❡♥t ✐s r❡❛❝❤❡❞ ❛t t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ ✷✵ ✪✱ t❤❡♥ ✐t ❞❡❝r❡❛s❡s
✇✐t❤ ✐♥❝r❡❛s❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ❝♦♥❝❡♥tr❛t✐♦♥✳

■t ✇❛s r❡✈❡❛❧❡❞✱ t❤❛t ❜② ♠❡❛♥s ♦❢ t❤❡ ❧✐❢❡✲t✐♠❡ ♠❡❛s✉r❡♠❡♥ts ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❥✉❞❣❡ ❛❜♦✉t
t❤❡ ❝♦♠♣❡♥s❛t✐♦♥ ♦❢ t❤❡ PP■❳ ♠♦❧❡❝✉❧❡✬s ❞✐♣♦❧❡ ♠♦♠❡♥t ✇✐t❤ t❤❡ ❢r❡❡ ❡❧❡❝tr♦♥s s✉rr♦✉♥❞✐♥❣
t❤❡ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s✱ ❛s t❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ ✜❡❧❞ ♦❝❝✉rs ❞✉❡ t♦ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ❡♥❤❛♥❝❡❞
❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞✱ ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♣✐❝♦s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡ ❢♦r ❜♦t❤
✐s♦♠❡rs ✇✐t❤ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ❝♦✉♣❧✐♥❣ ✇✐t❤ PP■❳ ♠♦❧❡❝✉❧❡s✱ ✐✳ ❡✳ ✐♥❝r❡❛s❡ ♦❢ t❤❡
♥❛♥♦♣❛rt✐❝❧❡s ❝♦♥❝❡♥tr❛t✐♦♥✳

❚❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ ♣✐❝♦s❡❝♦♥❞ ❧✐❢❡t✐♠❡ ❝♦♠♣♦♥❡♥t ♠❡❛♥s t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ✐♥t❡r✲
s②st❡♠ ❝♦♥✈❡rs✐♦♥ t♦ t❤❡ tr✐♣❧❡t ❧❡✈❡❧ ♦❢ PP■❳✱ ✇❤✐❝❤ ❝❛♥ ♥♦t ❜❡ ❡①❝✐t❡❞ ❞✐r❡❝t❧②✱ ❜✉t ♦♥❧② t❤r♦✉❣❤
r❡❧❛①❛t✐♦♥ ❢r♦♠ ✉♣♣❡r ❧❡✈❡❧s✱ ✐s ❞r❛st✐❝❛❧❧② r❡❞✉❝❡❞ ❛♥❞ t❤❡ ❝♦♥s❡q✉❡♥t tr❛♥s❢❡r ♦❢ t❤❡ ❡♥❡r❣② t♦
♠♦❧❡❝✉❧❛r ♦①②❣❡♥ ❜❡❝♦♠❡s ❧❡ss ♣r♦❜❛❜❧❡✳ ❆s t❤❡ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s s❡❡♠s t♦ ❜❡ ❜✐♦✲❝♦♠♣❛t✐❜❧❡✱
t❤❡ ❝❤❛♥❣❡ ✐♥ ❡♥❡r❣② tr❛♥s❢❡r ♠❡❝❤❛♥✐s♠ ❝♦✉❧❞ ❜❡ ✉s❡❞ ❛❢t❡r ❛ P❤♦t♦❉②♥❛♠✐❝ ❚❤❡r❛♣② ✭P❉❚✮
❜② ❛♣♣❧②✐♥❣ s✉♣❡r✜❝✐❛❧❧② ♥❛♥♦♣❛rt✐❝❧❡s ❝♦♥s✐❞❡r❡❞ ✐♥ ♦✉r ✇♦r❦ t♦ ✬❜❧♦❝❦✬ s✐♥❣❧❡t ♦①②❣❡♥ ❢♦r♠❛t✐♦♥
❛♥❞ ❝♦♥s❡q✉❡♥t ❝❡❧❧s ❞❡❛t❤✱ t❤✉s r❡❞✉❝✐♥❣ ♣❤♦t♦✲t♦①✐❝✐t② ♦❢ s❦✐♥✳

✶✶✼



❈❤❛♣t❡r ✺✳ ❋❧✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ❝❤❛♥❣❡ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s
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❋✐❣✉r❡ ✺✳✶✶✿ ❆ ✲ ❋❧✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ❧♦♥❣✱ s❤♦rt ❛♥❞ ✉❧tr❛✲s❤♦rt ❝♦♠♣♦♥❡♥ts ❢♦r t❤❡ ✐s♦♠❡r
♦♥ ✻✼✵✲✻✾✵ ♥♠ ✇❛✈❡❧❡♥❣t❤ r❛♥❣❡ ❝❛❧❝✉❧❛t❡❞ ❛❢t❡r ❞❡❝♦♥✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✢✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧✳ ❇ ✲
P❡r❝❡♥t❛❣❡ ♦❢ ❝♦♠♣♦♥❡♥ts✳ ❯❧tr❛✲s❤♦rt ❝♦♠♣♦♥❡♥t ♦❝❝✉rs ❛t t❤❡ ◆P ✈♦❧✉♠❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✸✵✱
✹✵ ❛♥❞ ✺✵ % ❢♦r ❞❡r✐✈❛t✐✈❡ ♦❢ PP■❳ ❞❡t❡❝t❡❞ ❛t t❤❡ ✇❛✈❡❧❡♥❣t❤s ✻✼✵✲✻✾✵ ♥♠✳

✶✶✽
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❋✐❣✉r❡ ✺✳✶✷✿ ❆ ✲ ❋❧✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡✿ t❤❡ ❧♦♥❣✱ t❤❡ s❤♦rt t❤❡ ❛♥❞ ✉❧tr❛✲s❤♦rt ❝♦♠♣♦♥❡♥ts ❢♦r t❤❡
✐s♦♠❡r ♦♥ t❤❡ ✻✾✵✲✼✶✵ ♥♠ ✇❛✈❡❧❡♥❣t❤ r❛♥❣❡ ❝❛❧❝✉❧❛t❡❞ ❛❢t❡r ❞❡❝♦♥✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✢✉♦r❡s❝❡♥❝❡
s✐❣♥❛❧✳ ❇ ✲ P❡r❝❡♥t❛❣❡ ♦❢ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ✉❧tr❛✲s❤♦rt ❝♦♠♣♦♥❡♥t ♦❝❝✉rs ❛t t❤❡ ◆P ✈♦❧✉♠❡
❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✹✵ ❛♥❞ ✺✵ % ❢♦r ❞❡r✐✈❛t✐✈❡ ♦❢ PP■❳ ❞❡t❡❝t❡❞ ❛t t❤❡ ✇❛✈❡❧❡♥❣t❤s ✻✾✵✲✼✶✵ ♥♠✳

✶✶✾



❈❤❛♣t❡r ✺✳ ❋❧✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ ❝❤❛♥❣❡ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s

✶✷✵



❈❤❛♣t❡r ✻

❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♣❡rs♣❡❝t✐✈❡s

▼❛✐♥t❡♥❛♥t ❏❊ ❙❆■❙✱ ❏❊ ❙❆■❙ ◗❯✬❖◆
◆❊ ❙❆■❚ ❏❆▼❆■❙ ✦
▲❛ ✈✐❡✱ ❧✬❛♠♦✉r✱ ❧✬❛r❣❡♥t✱ ❧❡s ❛♠✐s ❡t ❧❡s
r♦s❡s
❖♥ ♥❡ s❛✐t ❥❛♠❛✐s ❧❡ ❜r✉✐t ♥✐ ❧❛ ❝♦✉❧❡✉r
❞❡s ❝❤♦s❡s
❈✬❡st t♦✉t ❝✬q✉❡ ❥✬s❛✐s ✦ ▼❛✐s ç❛✱ ❥✬❧❡
❙❆■❙✳✳✳

❈❤❛♥s♦♥ ✭✶✾✼✹✮ ✐♥t❡r♣rété❡ ♣❛r ❏❡❛♥
●❛❜✐♥

❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡s ♦❢ t❤❡ ✇♦r❦ ✇❡r❡ s♣❡❝tr❛❧✱ s♣❛t✐❛❧ ❛♥❞ t❡♠♣♦r❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♠✉❧t✐❧❛②❡r❡❞
t✐ss✉❡ ✐♥ ✈✐✈♦✱ ❡s♣❡❝✐❛❧❧② ❡♣✐t❤❡❧✐❛❧ t✐ss✉❡✱ s♣❛t✐❛❧❧② r❡s♦❧✈❡❞ s♣❡❝tr♦s❝♦♣② ✐♠♣r♦✈❡♠❡♥t ✇✐t❤ t❤❡
♥❛♥♦♣❛rt✐❝❧❡s ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥ ❢♦r ❜✐♦♠❡❞✐❝❛❧ ♦♣t✐❝❛❧ ❞✐❛❣♥♦s✐s✳

❚❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t ❜② ❛ s✐♥❣❧❡ ♥❛♥♦♣❛rt✐❝❧❡ ✇❛s ❛♥❛❧②③❡❞ t❤❡♦r❡t✐❝❛❧❧②
❜② ♠❡❛♥s ♦❢ t❤❡ ▼✐❡ t❤❡♦r② ❛♥❞ t❤❡ ❋❉❋❉ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ❡♥❤❛♥❝❡♠❡♥t ❢♦r t❤❡ ❣♦❧❞✱ s✐❧✈❡r
❛♥❞ ❢❡rr✐❝ ♦①✐❞❡ ✭■■✮ ♥❛♥♦♣❛rt✐❝❧❡ ❞✐♠❡rs ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡♦r❡t✐❝❛❧❧② ❜② t❤❡ ❞✐♣♦❧❡✲❞✐♣♦❧❡
✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧✳

❚❤❡ ✢✉♦r❡s❝❡♥❝❡ ✐♥t❡❣r❛❧ s✐❣♥❛❧ ❡♥❤❛♥❝❡♠❡♥t ❛♥❞ q✉❡♥❝❤✐♥❣ ✇❡r❡ r❡✈❡❛❧❡❞ ❞✉r✐♥❣ t❤❡ s♣❛t✐❛❧❧②✲
❛♥❞ s♣❡❝tr❛❧❧②✲r❡s♦❧✈❡❞ ♠❡❛s✉r❡♠❡♥ts ♦♥ t❤❡ ♠✉❧t✐❧❛②❡r❡❞ ♣❤❛♥t♦♠s ♦❢ ❡♣✐t❤❡❧✐❛❧ t✐ss✉❡✱ ❝♦♥✲
t❛✐♥✐♥❣ t❤❡ ♣❤♦t♦s❡♥s✐t✐③❡r ❛♥❞ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ✐♥ ❞✐✛❡r❡♥t ❝♦♥❝❡♥tr❛t✐♦♥s ✲ t❤❡ ❣♦❧❞ ✶✹ ♥♠
♥❛♥♦s♣❤❡r❡s ❛♥❞ t❤❡ ❣♦❧❞ ✺✵ ♥♠ ♥❛♥♦st❛rs✳

❚❤❡ ❋❲❘✲P❙❖ ♠❡t❤♦❞ ✇❛s ♣r♦♣♦s❡❞ ❢♦r ❞❡t❡r♠✐♥✐♥❣ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡
♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ✇❤✐❝❤ ❤❛✈❡ ❛ ❝❡rt❛✐♥ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ✇❛✈❡❧❡♥❣t❤✳ ❚❤❡ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ❛❧❧♦✇s
r❡❞✉❝✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❛♥❞ s✐♠♣❧✐✜❡s ❝♦♥✈❡r❣❡♥❝❡ ♣r♦❝❡ss✱ ❛✈♦✐❞s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢
❝♦♥❢✉s✐♥❣ ❧♦❝❛❧ ♠✐♥✐♠❛ ✇✐t❤ t❤❡ ❣❧♦❜❛❧ ♦♥❡✱ ❛s t❤❡ ❛r❡❛ ♦❝❝✉♣✐❡❞ ❜② ❡❛❝❤ ❝❧✉st❡r r❡❞✉❝❡s ✇✐t❤
❡❛❝❤ ✐t❡r❛t✐♦♥ st❡♣ ✇✐t❤ ❛❝❝❡❧❡r❛t✐♦♥ a2✱ ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡ ❛r❡❛ ✇❤❡r❡ t❤❡ ❝❧✉st❡r ❝❛♥ ❜❡ ♠♦✈❡❞
✐s r❡❞✉❝❡❞ ✇✐t❤ ❛❝❝❡❧❡r❛t✐♦♥ a1✱ ❜❡②♦♥❞ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ♣(λ) ✐s ❛✈❡r❛❣❡❞
✐♥ ❡❛❝❤ ❝❧✉st❡r✳ ❚❤❡ ✉s❡ ♦❢ t✇♦ ❜❡st ♣♦✐♥ts ❢r♦♠ t❤❡ ✇❤♦❧❡ s♣❡❝tr✉♠ ♦❢ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s
✭❛❧❣♦r✐t❤♠ ❝♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞ ❢♦r ✇❛✈❡❧❡♥❣t❤ ❞❡♣❡♥❞❡♥t ❛♥✐s♦tr♦♣② ❢❛❝t♦r g(λ)✱ r❡❢r❛❝t✐✈❡ ✐♥❞❡①
n(λ)✱ ❛♥❞ t♦ ♠✉❧t✐❧❛②❡r ♠♦❞❡❧✱ t❤✉s ✇✐t❤ ❞✐✛❡r❡♥t t❤✐❝❦♥❡ss ♦❢ ❧❛②❡rszi✱ ✇❤❡r❡ i ✲ ♥✉♠❜❡r ♦❢
❧❛②❡r✮ ❛❧❧♦✇s ❛✈♦✐❞✐♥❣ ❛❞❞✐t✐♦♥❛❧ st❡♣s ❞✉r✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦❝❡ss ❛♥❞ ♠♦✈❡s ❛❧❧ t❤❡ ♣❛rt✐❝❧❡s
♠♦✈✐♥❣ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ♣r♦❜❛❜❧❡ s♦❧✉t✐♦♥s✱ ❧❡❛✈✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ✜♥❞ t❤❡ ❧♦✇❡r ❡rr♦r✱ t❤✉s
t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❣✐✈✐♥❣ t❤❡ s♠♦♦t❤ r❡s✉❧t ❢♦r ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ❛❧❧♦✇✐♥❣
✐ts✬ ❞❡t❡r♠✐♥❛t✐♦♥ ✇✐t❤ ❛❝❝❡♣t❛❜❧❡ ❡rr♦r ♦❢ ❧❡ss t❤❛♥ ✺ ✪✳ ▼♦r❡♦✈❡r ❛❞❞✐♥❣ t❤❡ ❝♦♠♣❧❡①✐t② t♦

✶✷✶



❈❤❛♣t❡r ✻✳ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♣❡rs♣❡❝t✐✈❡s

t❤❡ ❢♦r✇❛r❞ ♣r♦❜❧❡♠ ❝❛♥ ❧❡❛❞ t♦ t❤❡ ❢❛st❡r s♦❧✉t✐♦♥ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ✇✐❞❡❧② ✉s❡❞ ♠❡t❤♦❞s✱
✐✳ ❡✳ ▲▼❆✳ ❆♥♦t❤❡r ♦♥❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❋❲❘✲P❙❖ ♠❡t❤♦❞ ✐s t❤❛t ✐s ❝♦✉❧❞ ❜❡ ✉s❡❞ ✇✐t❤ ❛♥②
❢♦r✇❛r❞ ♠♦❞❡❧✱ t❤♦✉❣❤ ❤❛✈✐♥❣ t❤❡ s❛♠❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦♥ ✇❛✈❡❧❡♥❣t❤✳ ❚❤❡
❣r♦✉♣ ❛♥❞ t❤❡ ✐♥❞✐✈✐❞✉❛❧ s♣❡❡❞s ♦❜t❛✐♥❡❞ ❞❡♣❡♥❞ ♦♥ t❤❡ r❛♥❣❡ ♦❢ ❛♣♣❧✐❡❞ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ❛♥❞
❤❛✈❡ t♦ ❜❡ r❡❞❡✜♥❡❞ ✐❢ t❤❡② ❛r❡ ❝❤❛♥❣❡❞✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ♦♣❡♥s ✇✐❞❡ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r
♦t❤❡r ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥s ♦❢ ♦♣t✐❝❛❧ ♣❛r❛♠❡t❡rs ♦♥ ✇❛✈❡❧❡♥❣t❤✱ s✉❝❤ ❛s ❛❜s♦r♣t✐♦♥ ♦❢ ♦①②✲ ❛♥❞
❞❡♦①②✲❤❡♠♦❣❧♦❜✐♥✱ Pr♦t♦♣♦r♣❤②r✐♥❡ ■❳ ❛♥❞ ♦t❤❡r ♣❤♦t♦s❡♥s✐t✐③❡rs ❛♥❞ ❢♦r ♠✉❧t✐❧❛②❡r❡❞ ♠♦❞❡❧ ❛s
✇❡❧❧✳

❆s t❤❡ ❧❛st st❡♣✱ t❤❡ ❦✐♥❡t✐❝s ♦❢ PP■❳ ✢✉♦r❡s❝❡♥❝❡ ✐♥t❡❣r❛❧ s✐❣♥❛❧ ❛♥❞ ✢✉♦r❡s❝❡♥❝❡ ❝♦✉♣❧✐♥❣ ♦❢
PP■❳ ✇✐t❤ t❤❡ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✇❛s ✐♥✈❡st✐❣❛t❡❞✳ ❚❤❡ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ✇❡r❡ s②♥t❤❡s✐③❡❞ ✇✐t❤
♠❛①✐♠✉♠ ♦❢ ❡①t✐♥❝t✐♦♥ ♦♥ ✺✷✸ ♥♠✳ ❚✇♦ ❧✐❢❡✲t✐♠❡ ❝♦♠♣♦♥❡♥ts ✇❡r❡ r❡s♦❧✈❡❞ ✇✐t❤♦✉t ♥❛♥♦♣❛r✲
t✐❝❧❡s ✐♥ t❤❡ s♦❧✉t✐♦♥✱ t❤❡✐r ❝♦♥s❡q✉❡♥t ❝❤❛♥❣❡ ✇✐t❤ ❣r♦✇t❤ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡✬s ❝♦♥❝❡♥tr❛t✐♦♥ ✇❛s
❛♥❛❧②③❡❞✳

❚❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ❢♦r t❤❡ ✐s♦♠❡r ✇❤✐❝❤ ✢✉♦r❡s❝❡s ✐♥ ✻✼✵✲✻✾✵ ♥♠ r❛♥❣❡ ✐s ✇❤❡♥ t❤❡ ❝♦♥❝❡♥tr❛✲
t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ✐s ✸✵ ✪✱ ❢♦r t❤❡ ♦t❤❡r ♦♥❡ ✐s♦♠❡r✱ t❤✐s ♣♦✐♥t ♦❝❝✉rs ✇❤❡♥ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥
♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ✐s ✹✵ ✪ ♦❢ ♣❤❛♥t♦♠✬s ✈♦❧✉♠❡✳ ❚❤❡ ❧✐❢❡✲t✐♠❡ ♠❡❛s✉r❡♠❡♥ts s❤♦✇❡❞ t❤❛t t❤❡
❝♦❧❧♦✐❞❛❧ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s ❝❤❛♥❣❡ t❤❡ ❡♥❡r❣② tr❛♥s❢❡r s❝❤❡♠❡ ♦❢ t❤❡ ♣❤♦t♦s❡♥s✐t✐③❡r PP■❳✱ t❤✉s
t❤❡ ❡♥❡r❣② tr❛♥s❢❡r t♦ t❤❡ tr✐♣❧❡t ❧❡✈❡❧ ♦❢ t❤❡ PP■❳ ♠♦❧❡❝✉❧❡ ✐s ♣❛rt❧② ❜❧♦❝❦❡❞✳ ❙✉❝❤ st✉❞② s✉❣✲
❣❡sts ❛ ♣♦t❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ❜✐♦♠❡❞✐❝❛❧ ♦♣t✐❝s ❢♦r ✢✉♦r❡s❝❡♥❝❡ ❧✐❢❡✲t✐♠❡ s❡♥s✐♥❣ ❢♦r ✉♣t❛❦❡ ♦❢
♥❛♥♦♣❛rt✐❝❧❡s ❜② ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✳ ❚❤❡ ♦t❤❡r ♦♥❡ ❡✛❡❝t ❝♦✉❧❞ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❛♣♣❧②✐♥❣ ♥❛♥♦♣❛r✲
t✐❝❧❡s s✉♣❡r✜❝✐❛❧❧②✱ t❤✉s ❛✈♦✐❞✐♥❣ ♣❤♦t♦t♦①✐❝✐t② ♦❢ s❦✐♥✱ ❛s ♥❛♥♦♣❛rt✐❝❧❡s ✇✐❧❧ ❜❧♦❝❦ t❤❡ ❡♥❡r❣②
tr❛♥s❢❡r t♦ ♦①②❣❡♥✳

✶✷✷



❆♣♣❡♥❞✐① ❆

▼❆❚▲❆❇ ❝♦❞❡ ❢♦r ❞✐♠❡rs

❆✳✶ ▼❛✐♥ ♣❛rt ♦❢ t❤❡ ❝♦❞❡

✶ clear all; clc

✷ global Eps0

✸ Eps0 = 8.854*10^(−12)/10^9; % F/nm Vacuum permittivity

✹ lambda = 349:1000; % wavelength, nm

✺ %% set values of Ag, Au and Fe_2O_3 refractive index real

✻ % and imaginary parts from Johnson and Christy, 1972, either from Eq. ...

\ref{eq:epsdrr}

✼ % NRe = [];

✽ % NIm = [];

✾ Quartz =1.544;

✶✵ H2O =1.33;

✶✶ Air =1.029;

✶✷ Nmed = [1.00 1.33 1.44];

✶✸ %%

✶✹ % r1 = 5:5:50;

✶✺ % r2 = 5:5:50;

✶✻ delta = [0.1:0.1:0.9 1:30]; % distance between nanoparticles' surfaces

✶✼ r1 = [0.01:0.01:0.1 0.2:0.1:0.9 1:30];

✶✽ r2 = 5;

✶✾ o = 0;

✷✵ for m = 1:length(Nmed)

✷✶ for i = 1:length(r1)

✷✷ for j = 1:length(r2)

✷✸ for n = 1:length(delta)

✷✹ A12 = dipoleMatrix(lambda, Nmed(m), r1(i), r2(j), delta(n));

✷✺ alfa1 = alfa(r1(i), Nmed(m), NRe, NIm); % 1st nanoparticle

✷✻ alfa2 = alfa(r2(j), Nmed(m), NRe, NIm); % 2d nanoparticle

✷✼ Enh1(m, i, j, n, :) =...

✷✽ real(3*Nmed(m).^2./((NRe+1i*NIm).^2 + 2*Nmed(m).^2).*...

✷✾ (1 − A12.*alfa2)./(1 − alfa1.*alfa2.*A12.^2));

✸✵ %% Calculate external field near 1st nanoparticle

✸✶ % Enh2(m, i, j, n, :) =...

✸✷ real(3*(NRe+1i*NIm).^2./((NRe+1i*NIm).^2 + 2*Nmed(m)^2).*...

✸✸ % (1 − A12.*alfa2)./(1 − alfa1.*alfa2.*A12.^2));

✸✹ EnhMax1(m, i, j, n) = squeeze(max(Enh1(m, i, j, n, :)));

✸✺ %% Calculate maximal external field near 1st nanoparticle

✸✻ % EnhMax2(m, i, j, n) = squeeze(max(Enh2(m, i, j, n, :)));

✸✼ col = [rand rand rand];

✶✷✸



❆♣♣❡♥❞✐① ❆✳ ▼❆❚▲❆❇ ❝♦❞❡ ❢♦r ❞✐♠❡rs

✸✽ end

✸✾ end

✹✵ end

✹✶ end

✹✷

✹✸ %%

✹✹ for i = 1:length(Nmed)

✹✺ figure(4), subplot(2, 2, i), contourf(r1', delta', squeeze(EnhMax1(i, :, ...

1, :))')

✹✻ xlabel('log(Separation (d)), nm'), ylabel('log(r), nm')

✹✼ title(['Nmed = ', num2str(Nmed(i)), ', r = ', num2str(r2), ' nm'])

✹✽ colorbar, set(gca,'xscale','log'), set(gca,'yscale','log')

✹✾ %% Output external field of 1st NP

✺✵ % figure(5), subplot(2, 2, i), contourf(r1', delta', squeeze(EnhMax1(i, ...

:, 1, :))')

✺✶ % xlabel('Separation (d), nm'), ylabel('r, nm')

✺✷ % title(['Nmed = ', num2str(Nmed(i)), ', r = ', num2str(r2), ' nm'])

✺✸ % colorbar, set(gca,'xscale','log'), set(gca,'yscale','log')

✺✹ end

❆✳✷ ❉✐♣♦❧❡ ✐♥t❡r❛❝t✐♦♥ ♠❛tr✐①

✶ function A12 = dipoleMatrix(lambda, Nmed, r1, r2, delta)

✷ global Eps0

✸ A12 =...

✹ exp(1i*K(lambda, Nmed).*diam(r1, r2, delta)).*(1i*K(lambda, Nmed)...

✺ ./diam(r1, r2, delta).^2 − 1./diam(r1, r2, delta).^3)./(2*pi*Nmed^2*Eps0);

❆✳✸ P♦❧❛r✐③❛t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡

✶ function pol = alfa(r, Nmed, NRe, NIm)

✷ global Eps0

✸ pol = Eps0*Nmed^2*4*pi*r^3*((NRe + 1i*NIm).^2−Nmed^2)./((NRe + 1i*NIm).^2 + ...

2*Nmed^2);

❆✳✹ ❈❡♥t❡r✲t♦✲❝❡♥t❡r s❡♣❛r❛t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s

✶ function d = diam(r1, r2, delta)

✷ d = r1 + r2 + delta;

✶✷✹



❆♣♣❡♥❞✐① ❇

❲♦❧❢r❛♠ ▼❛t❤❡♠❛t✐❝❛ ❝♦❞❡
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♦❢ ♥❛♥♦s❤❡❧❧s ❛♥❞ ♥❛♥♦s❤❡r♦✐❞s

✶ (*dielectric functions of gold, silver and Ferric oxide (II):

✷ Au, Ag, Fe2O3

✸ lambda := 370:1195 − wavelength, nm

✹ a, b, c, d − 3 semi−axes and shell thickness, nm

✺ AA, BB, CC − angle between ellipsoid a, b, c semi−axes and x, y, z axes,

✻ respectively, in degrees

✼ MuM, MuC, MuSH − magnetic permittivity of medium, core and shell, respectively

✽ *)

✾ Ncore, Nmed, Nshell *)EpsC[Ncore_, MuC_] := Ncore^2/MuC;

✶✵ EpsM[Nmed_, MuM_] := Nmed^2/ MuM;

✶✶ EpsSH[Nshell_, MuSH_] := Nshell^2 /MuSH;

✶✷

✶✸ Int11[a_, b_, c_] :=

✶✹ NIntegrate[

✶✺ 1/((x + a^2) (x + a^2)^0.5 (x + b^2)^0.5 (x + c^2)^0.5), {x, 0,

✶✻ Infinity}];

✶✼ Int12[a_, b_, c_] :=

✶✽ NIntegrate[

✶✾ 1/((x + b^2) (x + a^2)^0.5 (x + b^2)^0.5 (x + c^2)^0.5), {x, 0,

✷✵ Infinity}];

✷✶ Int13[a_, b_, c_] :=

✷✷ NIntegrate[

✷✸ 1/((x + c^2) (x + a^2)^0.5 (x + b^2)^0.5 (x + c^2)^0.5), {x, 0,

✷✹ Infinity}];

✷✺

✷✻ L1[a_, b_, c_] := a b c Int11[a, b, c]/2;

✷✼ L2[a_, b_, c_] := a b c Int12[a, b, c]/2;

✷✽ L3[a_, b_, c_] := a b c Int13[a, b, c]/2;

✷✾ Int21[a_, b_, c_, d_] :=

✸✵ NIntegrate[

✸✶ 1/((x + (a +

✸✷ d)^2) (x + (a + d)^2)^0.5 (x + (b + d)^2)^0.5 (x + (c +

✸✸ d)^2)^0.5), {x, 0, Infinity}];

✸✹ Int22[a_, b_, c_, d_] :=

✸✺ NIntegrate[

✸✻ 1/((x + (b +

✶✷✺
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✸✼ d)^2) (x + (a + d)^2)^0.5 (x + (b + d)^2)^0.5 (x + (c +

✸✽ d)^2)^0.5), {x, 0, Infinity}];

✸✾ Int23[a_, b_, c_, d_] :=

✹✵ NIntegrate[

✹✶ 1/((x + (c +

✹✷ d)^2) (x + (a + d)^2)^0.5 (x + (b + d)^2)^0.5 (x + (c +

✹✸ d)^2)^0.5), {x, 0, Infinity}];

✹✹

✹✺ Lsh1[a_, b_, c_, d_] := (a + d) ( b + d) ( c + d) Int21[a, b, c, d]/2;

✹✻ Lsh2[a_, b_, c_, d_] := (a + d) ( b + d) ( c + d) Int22[a, b, c, d]/2;

✹✼ Lsh3[a_, b_, c_, d_] := (a + d) ( b + d) ( c + d) Int23[a, b, c, d]/2;

✹✽ f[a_, b_, c_, d_] := a b c/((a + d) ( b + d) ( c + d));

✹✾

✺✵ Polariz1[Nmed_, Nshell_, Ncore_, MuM_, MuC_, MuSH_, a_, b_, c_,

✺✶ d_] := ((a + d) ( b + d) ( c + d))/

✺✷ 3 ((EpsSH[Nshell, MuSH] −

✺✸ EpsM[Nmed, MuM]) (EpsSH[Nshell,

✺✹ MuSH] + (EpsC[Ncore, MuC] −

✺✺ EpsSH[Nshell, MuSH]) (L1[a, b, c] −

✺✻ f[a, b, c, d] Lsh1[a, b, c, d])) +

✺✼ f[a, b, c, d] EpsSH[Nshell,

✺✽ MuSH] (EpsC[Ncore, MuC] −

✺✾ EpsSH[Nshell, MuSH]))/((EpsSH[Nshell,

✻✵ MuSH] + (EpsC[Ncore, MuC] −

✻✶ EpsSH[Nshell, MuSH]) (L1[a, b, c] −

✻✷ f[a, b, c, d] Lsh1[a, b, c, d])) (EpsM[Nmed,

✻✸ MuM] + (EpsSH[Nshell, MuSH] − EpsM[Nmed, MuM]) Lsh1[a, b, c,

✻✹ d]) + f[a, b, c, d] Lsh1[a, b, c, d] EpsSH[Nshell,

✻✺ MuSH] (EpsC[Ncore, MuC] − EpsSH[Nshell, MuSH]));

✻✻ Polariz2[Nmed_, Nshell_, Ncore_, MuM_, MuC_, MuSH_, a_, b_, c_,

✻✼ d_] := ((a + d) ( b + d) ( c + d))/

✻✽ 3 ((EpsSH[Nshell, MuSH] −

✻✾ EpsM[Nmed, MuM]) (EpsSH[Nshell,

✼✵ MuSH] + (EpsC[Ncore, MuC] −

✼✶ EpsSH[Nshell, MuSH]) (L2[a, b, c] −

✼✷ f[a, b, c, d] Lsh2[a, b, c, d])) +

✼✸ f[a, b, c, d] EpsSH[Nshell,

✼✹ MuSH] (EpsC[Ncore, MuC] −

✼✺ EpsSH[Nshell, MuSH]))/((EpsSH[Nshell,

✼✻ MuSH] + (EpsC[Ncore, MuC] −

✼✼ EpsSH[Nshell, MuSH]) (L2[a, b, c] −

✼✽ f[a, b, c, d] Lsh2[a, b, c, d])) (EpsM[Nmed,

✼✾ MuM] + (EpsSH[Nshell, MuSH] − EpsM[Nmed, MuM]) Lsh2[a, b, c,

✽✵ d]) + f[a, b, c, d] Lsh2[a, b, c, d] EpsSH[Nshell,

✽✶ MuSH] (EpsC[Ncore, MuC] − EpsSH[Nshell, MuSH]));

✽✷ Polariz3[Nmed_, Nshell_, Ncore_, MuM_, MuC_, MuSH_, a_, b_, c_,

✽✸ d_] := ((a + d) ( b + d) ( c + d))/

✽✹ 3 ((EpsSH[Nshell, MuSH] −

✽✺ EpsM[Nmed, MuM]) (EpsSH[Nshell,

✽✻ MuSH] + (EpsC[Ncore, MuC] −

✽✼ EpsSH[Nshell, MuSH]) (L3[a, b, c] −

✽✽ f[a, b, c, d] Lsh3[a, b, c, d])) +

✽✾ f[a, b, c, d] EpsSH[Nshell,

✾✵ MuSH] (EpsC[Ncore, MuC] −

✾✶ EpsSH[Nshell, MuSH]))/((EpsSH[Nshell,

✾✷ MuSH] + (EpsC[Ncore, MuC] −

✾✸ EpsSH[Nshell, MuSH]) (L3[a, b, c] −

✾✹ f[a, b, c, d] Lsh3[a, b, c, d])) (EpsM[Nmed,

✾✺ MuM] + (EpsSH[Nshell, MuSH] − EpsM[Nmed, MuM]) Lsh3[a, b, c,

✶✷✻
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✾✻ d]) + f[a, b, c, d] Lsh3[a, b, c, d] EpsSH[Nshell,

✾✼ MuSH] (EpsC[Ncore, MuC] − EpsSH[Nshell, MuSH]));

✾✽ k[lambda_, Nmed_] := Nmed 2 Pi/lambda ;

✾✾

✶✵✵ CosA[AA_, BB_, CC_] :=

✶✵✶ Cos[AA/360 2 Pi]/(Cos[AA/360 2 Pi]^2 + Cos[BB/360 2 Pi]^2 +

✶✵✷ Cos[CC/360 2 Pi]^2)^0.5;

✶✵✸ CosB[AA_, BB_, CC_] :=

✶✵✹ Cos[BB/360 2 Pi]/(Cos[AA/360 2 Pi]^2 + Cos[BB/360 2 Pi]^2 +

✶✵✺ Cos[CC/360 2 Pi]^2)^0.5;

✶✵✻ CosC[AA_, BB_, CC_] :=

✶✵✼ Cos[CC/360 2 Pi]/(Cos[AA/360 2 Pi]^2 + Cos[BB/360 2 Pi]^2 +

✶✵✽ Cos[CC/360 2 Pi]^2)^0.5;

✶✵✾

✶✶✵ Qsca[lambda_, Nmed_, Nshell_, Ncore_, MuM_, MuC_, MuSH_, a_, b_, c_,

✶✶✶ d_, AA_, BB_, CC_] :=

✶✶✷ 8 Pi (k[lambda, Nmed])^4 (

✶✶✸ CosA[AA, BB, CC]^2 (

✶✶✹ Abs[Polariz1[Nmed, Nshell, Ncore, MuM, MuC, MuSH, a, b, c,

✶✶✺ d]])^2 +

✶✶✻ CosB[AA, BB,

✶✶✼ CC]^2 (Abs[

✶✶✽ Polariz2[Nmed, Nshell, Ncore, MuM, MuC, MuSH, a, b, c,

✶✶✾ d]])^2 +

✶✷✵ CosC[AA, BB,

✶✷✶ CC]^2 (Abs[

✶✷✷ Polariz3[Nmed, Nshell, Ncore, MuM, MuC, MuSH, a, b, c,

✶✷✸ d]])^2)/3 ;

✶✷✹ Qabs[lambda_, Nmed_, Nshell_, Ncore_, MuM_, MuC_, MuSH_, a_, b_, c_,

✶✷✺ d_, AA_, BB_, CC_] :=

✶✷✻ 4 Pi k[lambda, Nmed] Im[

✶✷✼ CosA[AA, BB, CC]^2 Polariz1[Nmed, Nshell, Ncore, MuM, MuC, MuSH,

✶✷✽ a, b, c, d] +

✶✷✾ CosB[AA, BB, CC]^2 Polariz2[Nmed, Nshell, Ncore, MuM, MuC, MuSH,

✶✸✵ a, b, c, d] +

✶✸✶ CosC[AA, BB, CC]^2 Polariz3[Nmed, Nshell, Ncore, MuM, MuC, MuSH,

✶✸✷ a, b, c, d]];

❇✳✷ ❈r❡❛t❡ ♠❛♥✐♣✉❧❛t❡❞ ♣❧♦t

✶ Manipulate[{

✷ If[tick == True, AA := 180/Pi ArcCos[1/3^0.5];

✸ BB := 180/Pi ArcCos[1/3^0.5]; CC := 180/Pi ArcCos[1/3^0.5];];

✹ If[tick2 == True, AA2 := 180/Pi ArcCos[1/3^0.5];

✺ BB2 := 180/Pi ArcCos[1/3^0.5]; CC2 := 180/Pi ArcCos[1/3^0.5]];

✻ Manipulate[

✼ ListLinePlot[{Transpose[{lambda,

✽ Qsca[lambda, Nmed, Nshell, Ncore, MuM, MuC, MuSH, a, b, c, d,

✾ AA, BB, CC]}],

✶✵ Transpose[{lambda,

✶✶ Qsca[lambda, Nmed2, Nshell2, Ncore2, MuM, MuC, MuSH, a2, b2,

✶✷ c2, d2, AA, BB, CC]}]},

✶✸ AxesLabel −> {"Wavelength, nm",

✶✹ "\!\(\*SubscriptBox[\(\[Sigma]\), \(sca\)]\), \

✶✺ \!\(\*SuperscriptBox[\(nm\), \(2\)]\)"},

✶✷✼
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✶✻ PlotStyle −> {{Red, Thick}, {Orange, Thick}},

✶✼ PlotRange −> {Ymin, Ymax},

✶✽ AxesOrigin −> {385, 0},

✶✾ PlotLabel −> "Scattering cross−section",

✷✵ BaseStyle −> {FontSize −> 14},

✷✶ ImageSize −> 450], "Control maximum and minimum of graph",

✷✷ {{Ymin, 0,

✷✸ "Axis \!\(\*SubscriptBox[\(\[Sigma]\), \(abs\)]\), Ymin"}, 0,

✷✹ 100000, Appearance −> "Open"},

✷✺ {{Ymax, Full,

✷✻ "Axis \!\(\*SubscriptBox[\(\[Sigma]\), \(abs\)]\), Ymax"}, 0,

✷✼ 100000, Appearance −> "Open"},

✷✽ ControlPlacement −> Bottom, ControlType −> Manipulator],

✷✾ Manipulate[

✸✵ ListLinePlot[{Transpose[{lambda,

✸✶ Qabs[lambda, Nmed, Nshell, Ncore, MuM, MuC, MuSH, a, b, c, d,

✸✷ AA, BB, CC]}],

✸✸ Transpose[{lambda,

✸✹ Qabs[lambda, Nmed2, Nshell2, Ncore2, MuM, MuC, MuSH, a2, b2,

✸✺ c2, d2, AA, BB, CC]}]},

✸✻ AxesLabel −> {"Wavelength, nm",

✸✼ "\!\(\*SubscriptBox[\(\[Sigma]\), \(abs\)]\), \

✸✽ \!\(\*SuperscriptBox[\(nm\), \(2\)]\)"},

✸✾ PlotStyle −> {{Red, Thick}, {Orange, Thick}},

✹✵ PlotRange −> {Ymin2, Ymax2},

✹✶ AxesOrigin −> {385, 0},

✹✷ PlotLabel −> "Absorption cross−section",

✹✸ BaseStyle −> {FontSize −> 14},

✹✹ ImageSize −> 450],

✹✺ "Control maximum and minimum of graph",

✹✻ {{Ymin2, 0,

✹✼ "Axis \!\(\*SubscriptBox[\(\[Sigma]\), \(sca\)]\), Ymin"}, {0,

✹✽ 100000}, Appearance −> "Open"},

✹✾ {{Ymax2, Full,

✺✵ "Axis \!\(\*SubscriptBox[\(\[Sigma]\), \(sca\)]\), Ymax"}, {0,

✺✶ 100000}, Appearance −> "Open"},

✺✷ ControlPlacement −> Bottom, ControlType −> Manipulator]},

✺✸ Delimiter,

✺✹ Style["Scattering and absorption cross−sections for elipsoid, \

✺✺ nonpolarized e/m wave is following z−direction", 14, Bold],

✺✻ Delimiter,

✺✼ Style["Control properties of the red graph", 13, Bold, Red],

✺✽ Style["Geometry of core and shell", 12, Bold],

✺✾ {{a, 40, "Semi−axis a, nm"}, 1, 500, Appearance −> "Open"},

✻✵ {{b, 40, "Semi−axis b, nm"}, 1, 500, Appearance −> "Open"},

✻✶ {{c, 40, "Semi−axis c, nm"}, 1, 500, Appearance −> "Open"},

✻✷ {{d, 3, "Shell thickness, nm"}, 0, 50, Appearance −> "Open"},

✻✸ Delimiter, Style["Magnetic permittivity", 12, Bold],

✻✹ {{MuM, 1, "Magnetic permittivity of medium"}, 0, 100},

✻✺ {{MuC, 1, "Magnetic permittivity of core"}, 0, 100},

✻✻ {{MuSH, 1, "Magnetic permittivity of shell"}, 0, 100},

✻✼ Delimiter, Style["Refractive indice of medium and shell", 12, Bold],

✻✽ {{Nmed, 1.33, "Medium refractive index"}, 1, 5, Appearance −> "Open"},

✻✾ {{Nmed, "Water", "Medium refractive index"}, {1.33 −> "Water",

✼✵ 1.544 −> "Quartz", 1.00029 −> "Air"}},

✼✶ {{Nshell, Au, "Shell refractive index"}, 1, 5, Appearance −> "Open"},

✼✷ {{Nshell, Au, "Choose shell refractive index"}, {Au −> "Au",

✼✸ Fe2O3 −>

✼✹ "\!\(\*SubscriptBox[\(Fe\), \(2\)]\)\!\(\*SubscriptBox[\(O\), \(3\

✶✷✽
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✼✺ \)]\)", Ag −> "Ag"}},

✼✻ Delimiter, Style["Core refractive index", 12, Bold],

✼✼ {{Ncore, 1.72, "Constant value for all wavelengths"}, 1, 5,

✼✽ Appearance −> "Open"},

✼✾ {{Ncore, 1.72, "Choose material of core"}, {Au −> "Au",

✽✵ Fe2O3 −>

✽✶ "\!\(\*SubscriptBox[\(Fe\), \(2\)]\)\!\(\*SubscriptBox[\(O\), \(3\

✽✷ \)]\)", Ag −> "Ag"}},

✽✸ Delimiter, Style["Elipsoid position accroding to z−axis", 12, Bold],

✽✹ {{AA, 180/Pi ArcCos[1/3^0.5],

✽✺ "According to axis X,\!\(\*SuperscriptBox[\(\\\ \), \(0\)]\)"}, 0,

✽✻ 180},

✽✼ {{BB, 180/Pi ArcCos[1/3^0.5],

✽✽ "According to axis Y,\!\(\*SuperscriptBox[\(\\\ \), \(0\)]\)"}, 0,

✽✾ 180},

✾✵ {{CC, 180/Pi ArcCos[1/3^0.5],

✾✶ "According to axis Z,\!\(\*SuperscriptBox[\(\\\ \), \(0\)]\)"}, 0,

✾✷ 180},

✾✸ {{tick, True, "Average position"}, {True, False},

✾✹ ControlType −> Checkbox },

✾✺ Style["If chosen Average position, then the angles stay constant",

✾✻ 10, Red],

✾✼ Delimiter,

✾✽ Style["Control the parameters of orange graph", 13, Bold, Orange],

✾✾ Style["Geometry of core and shell", 12, Bold],

✶✵✵ {{a2, 40, "Semi−axis a, nm"}, 1, 500, Appearance −> "Open"},

✶✵✶ {{b2, 40, "Semi−axis b, nm"}, 1, 500, Appearance −> "Open"},

✶✵✷ {{c2, 40, "Semi−axis c, nm"}, 1, 500, Appearance −> "Open"},

✶✵✸ {{d2, 5, "Shell thickness, nm"}, 0, 50, Appearance −> "Open"},

✶✵✹ Delimiter, Style["Magnetic permittivity", 12, Bold],

✶✵✺ {{MuM2, 1, "Magnetic permittivity of medium"}, 0, 100},

✶✵✻ {{MuC2, 1, "Magnetic permittivity of core"}, 0, 100},

✶✵✼ {{MuSH2, 1, "Magnetic permittivity of shell"}, 0, 100},

✶✵✽ Delimiter, Style["Refractive indice of medium and shell", 12, Bold],

✶✵✾ {{Nmed2, 1.33, "Medium refractive index"}, 1, 5,

✶✶✵ Appearance −> "Open"},

✶✶✶ {{Nmed2, 1.33, "Choose medium refractive index"}, {1.33 −> "Water",

✶✶✷ 1.544 −> "Quartz", 1.00029 −> "Air"}},

✶✶✸ {{Nshell2, Au, "Shell refractive index"}, 1, 5, Appearance −> "Open"},

✶✶✹ {{Nshell, Au, "Choose shell refractive index"}, {Au −> "Au",

✶✶✺ Fe2O3 −>

✶✶✻ "\!\(\*SubscriptBox[\(Fe\), \(2\)]\)\!\(\*SubscriptBox[\(O\), \(3\

✶✶✼ \)]\)", Ag −> "Ag"}},

✶✶✽ Delimiter, Style["Core refractive index", 12, Bold],

✶✶✾ {{Ncore2, 1.72, "Constant value for all wavelengths"}, 1, 5,

✶✷✵ Appearance −> "Open"},

✶✷✶ {{Ncore2, 1.72, "Choose material of core"}, {Au −> "Au",

✶✷✷ Fe2O3 −>

✶✷✸ "\!\(\*SubscriptBox[\(Fe\), \(2\)]\)\!\(\*SubscriptBox[\(O\), \(3\

✶✷✹ \)]\)", Ag −> "Ag"}},

✶✷✺ Delimiter, Style["Elipsoid position accroding to z−axis", 12, Bold],

✶✷✻ {{AA2, 180/Pi ArcCos[1/3^0.5],

✶✷✼ "According to axis X,\!\(\*SuperscriptBox[\(\\\ \), \(0\)]\)"}, 0,

✶✷✽ 180},

✶✷✾ {{BB2, 180/Pi ArcCos[1/3^0.5],

✶✸✵ "According to axis Y,\!\(\*SuperscriptBox[\(\\\ \), \(0\)]\)"}, 0,

✶✸✶ 180},

✶✸✷ {{CC2, 180/Pi ArcCos[1/3^0.5],

✶✸✸ "According to axis Z,\!\(\*SuperscriptBox[\(\\\ \), \(0\)]\)"}, 0,

✶✷✾
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✶✸✹ 180},

✶✸✺ {{tick2, True, "Average position"}, {True, False},

✶✸✻ ControlType −> Checkbox },

✶✸✼ Style["If chosen Average position, then the angles stay constant",

✶✸✽ 10, Red]]

✶✸✵
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▲❡ tr❛✈❛✐❧ ❞❡ t❤ès❡ ❡st ❝♦♥s❛❝ré❡ ❛✉① ✐♥t❡r❛❝t✐♦♥s s♣❛t✐♦✱ t❡♠♣♦r♦✲ ❡t s♣❡❝tr♦✲ rés♦❧✉❡ ❞❡ ❧❛s❡r
❛✈❡❝ ❞❡s t✐ss✉s ❜✐♦❧♦❣✐q✉❡s✳ ▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡tt❡ t❤ès❡ ét❛✐t ❞✬ét✉❞✐❡r ❧✬✐♥✢✉❡♥❝❡ ❞❡s ♥❛♥♦♣❛rt✐❝✲
✉❧❡s ❝♦❧❧♦ï❞❛❧❡s ❡♠❜❛rq✉és ❞❛♥s ❧❡s t✐ss✉s ❜✐♦❧♦❣✐q✉❡s ♠✉❧t✐❝♦✉❝❤❡s s✉r ❧❡✉rs ♣r♦♣r✐étés ♦♣t✐q✉❡s
❛✜♥ ❞❡ ❢♦✉r♥✐r ♣❧✉s ♣r♦❢♦♥❞ ❡t ✴ ♦✉ ♣❧✉s ♣ré❝✐s❡ ❞❡ s♦♥❞❛❣❡✳ P♦✉r ❝❡ ❢❛✐r❡✱ ❧❡s ♣❛r❛♠ètr❡s
s♣❡❝tr♦s❝♦♣✐q✉❡s ✐♥té❣r❛❧❡s ❡t ❞✉ré❡ ❞❡ ✈✐❡ ❞❡ ✢✉♦r♦♣❤♦r❡ ❞❛♥s ❧❡s ❡♥✈✐r♦♥s ❞❡ ♥❛♥♦♣❛rt✐❝✉❧❡s
♠ét❛❧❧✐q✉❡s ♦♥t été ❛♥❛❧②sé❡s t❤é♦r✐q✉❡♠❡♥t ❡t ❡①♣❡r✐♠❡♥t❛❧❡♠❡♥t✳ ▲✬❛✉tr❡ ♣❛rt✐❡ ❞❡ ❧✬ét✉❞❡
ét❛✐t ❞❡ ♣r♦♣♦s❡r ❞❡ ♥♦✉✈❡❧❧❡s s♦❧✉t✐♦♥s ❛❧❣♦r✐t❤♠✐q✉❡s ♣♦✉r ❧✬❛♠é❧✐♦r❛t✐♦♥ ❞❡ ❧❛ ♣❡r❢♦r♠❛♥❝❡ ❞✉
♣r♦❝❡ss✉s ❞✬❡st✐♠❛t✐♦♥ ❞❡s ✈❛❧❡✉rs ❞❡s ♣r♦♣r✐étés ♦♣t✐q✉❡s ❞❡ ❧❛ rés♦❧✉t✐♦♥ s♣❛t✐❛❧❡ ❞❡s ♠❡s✉r❡s
s♣❡❝tr♦s❝♦♣✐q✉❡s✳ ▲❛ ❞❡r♥✐èr❡ ♣❛rt✐❡ ❞❡ ❧❛ t❤ès❡ ❡st ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡ ❡t t❤é♦r✐q✉❡
❞❡ ❧❛ ❝✐♥ét✐q✉❡ ❞❡ ✢✉♦r♦♣❤♦r❡s ❡♥ ♣rés❡♥❝❡ ❞❡s ♥❛♥♦♣❛rt✐❝✉❧❡s ❞✬♦r ❝♦❧❧♦ï❞❛❧❡s✳ ▲❛ ❝♦♠♣♦s❛♥t❡
✉❧tr❛✲❝♦✉rt❡ ♣✐❝♦s❡❝♦♥❞❡ ✭❡♥✈✐r♦♥ ✶✵✵ ♣s✮ ❛ été rés♦❧✉❡ ❡t ❛ été ❝♦rré❧é❡ à ❝❤❛♠♣ ❞✐♣♦❧❛✐r❡ ❢♦rt❡
❞❡s ♥❛♥♦♣❛rt✐❝✉❧❡s q✉✐ ❝♦♠♣❡♥s❡ ❧❡ ❞✐♣ô❧❡ ❞❡ ❧❛ ♠♦❧é❝✉❧❡✳

▼♦ts✲❝❧és✿ t✐ss✉ é♣✐t❤é❧✐❛❧✱ s♣❡❝tr♦s❝♦♣✐❡ ♦♣t✐q✉❡✱ ♥❛♥♦♣❛rt✐❝✉❧❡s✱ ❝♦♠♣♦s❛♥t❡ ♣✐❝♦s❡❝♦♥❞✱ ✢✉✲
♦r♦♣❤♦r❡✱ ♣r♦❜❧❡♠❡ ✐♥✈❡rs❡

❆❜str❛❝t

❚❤❡ t❤❡s✐s ✇♦r❦ ✐s ❞❡✈♦t❡❞ t♦ s♣❛t✐❛❧❧②✲✱ t❡♠♣♦r❛❧❧②✲ ❛♥❞ s♣❡❝tr❛❧❧②✲ r❡s♦❧✈❡❞ ❧❛s❡r ❛♥❞ ❜✐♦❧♦❣✲
✐❝❛❧ t✐ss✉❡ ✐♥t❡r❛❝t✐♦♥s✳ ❚❤❡ ❛✐♠ ♦❢ t❤❡ ♣r❡s❡♥t t❤❡s✐s ✇❛s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❝♦❧❧♦✐❞❛❧
♥❛♥♦♣❛rt✐❝❧❡s ❡♠❜❡❞❞❡❞ ✐♥t♦ ♠✉❧t✐❧❛②❡r❡❞ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ♦♥ t❤❡✐r ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✐♥ ♦r❞❡r
t♦ ♣r♦✈✐❞❡ ❞❡❡♣❡r ❛♥❞✴♦r ♠♦r❡ ♣r❡❝✐s❡ ♣r♦❜✐♥❣✳ ❚♦ ❞♦ s♦✱ t❤❡ ✐♥t❡❣r❛❧ s♣❡❝tr♦s❝♦♣✐❝ ♣❛r❛♠❡t❡rs
❛♥❞ ❧✐❢❡t✐♠❡ ♦❢ ✢✉♦r♦♣❤♦r❡ ✐♥ ✈✐❝✐♥✐t② ♦❢ ♠❡t❛❧ ♥❛♥♦♣❛rt✐❝❧❡s ✇❡r❡ ❛♥❛❧②③❡❞ t❤❡♦r❡t✐❝❛❧❧② ❛♥❞ ❡①✲
♣❡r✐♠❡♥t❛❧❧②✳ ❆♥♦t❤❡r ♣❛rt ♦❢ t❤❡ st✉❞② ✇❛s t♦ ♣r♦♣♦s❡ ♥❡✇ ❛❧❣♦r✐t❤♠✐❝ s♦❧✉t✐♦♥s ❢♦r ✐♠♣r♦✈✐♥❣
t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡ss ♦❢ t❤❡ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ✈❛❧✉❡s ❢r♦♠ s♣❛t✐❛❧❧② r❡s♦❧✈❡❞
s♣❡❝tr♦s❝♦♣✐❝ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ t❤❡s✐s ✇❛s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧
♠♦❞❡❧✐♥❣ ♦❢ ✢✉♦r♦♣❤♦r❡✬s ❦✐♥❡t✐❝s ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❝♦❧❧♦✐❞❛❧ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s✳ ❚❤❡ ✉❧tr❛✲s❤♦rt ♣✐✲
❝♦s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ✭❛r♦✉♥❞ ✶✵✵ ♣s✮ ✇❛s r❡s♦❧✈❡❞ ❛♥❞ ❝♦rr❡❧❛t❡❞ t♦ str♦♥❣ ♥❛♥♦♣❛rt✐❝❧❡s ❞✐♣♦❧❡
✜❡❧❞ ✇❤✐❝❤ ✐s ❝♦♠♣❡♥s❛t✐♥❣ t❤❡ ♠♦❧❡❝✉❧❡✬s ❞✐♣♦❧❡✳
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