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g�edkx^`P`{�}|^ji��¸g`edc,i É iKpvgjs>iIs�i�adcfedg`hji �ltdpvg`s�iKmN[`i4mfcotd{>kNkot�pwpvi�mfk

{a, b, c}
g~il^jmP�Kmfcui%[`� �lt�pwg�tdko�

g�edcCs>izpwt¸[j^`s>i
{a, b} � g�e�crs>izpwt|[`^`s>i

{b, c}
iKm\g�e�c\s>i�pwt|[`^`s>i

{a, c} � � g`c$�Kk\sà]�t�g��Kcfe�mo{>t�P�[`i
�ltdP�mocfeX��mf{�t�P � s>iKkxadcfedg`hjilkNt�qjmfiKP�^`k,kut�P�mxmot�^`kÕmfco{�y|{±ed^ É � Ë Pve�[`t�Ph�4mocot�{�kd�Ze	�lt�P`kN[`{����KcoilP�moilkNg�t�^jc
[`� �lt�pwg�tdkoilc�s�i1p �Kpvi1a�coedg`h`i �
/103240./ 
 M��@7ÐH����¯= 9�= 9����µ7���L�7Ð?�������7%E��¯7I91:�;�J��.HK=

�µivmfhj�lt�c��lpwivku^`{�y�edP�m�[`t�P`P`iw^`P�pwt Ó�iKPS[`iv[`�b�Kt�pvg~t�kuilc�[`ij�Ze	�lt�P�^`P`{>}�^`iv^`PSadcfedg`hjivg�e�c
[`iKk4pwt|[`^`s>iKk � °�e�s>s±e�{~s.]�er�KP`t�P��K�1{>P`{�mf{>eds>iKpviKP�mxg~t�^`cÐs.]_��mf^`[`i1[jilk<a�coedg`h`iKk<[`i �lt�pwg�edcoedq`{>s�{�mo� � Ë P
coi�y�iKcocfe�}|^�]_{�s�Ó'e¦^`P`ir�¤t�cumoiÊcuils±e�mf{>tdP'iKP�mfcoiÊs±e�[`� �lt�pwg�tdko{�mo{>t�P'pwt¸[`^js±ed{�coizi�m �KiKmomoiq�Ks±edkukoi©[`i
a�coedg`h`iKk �
� »�Ï�R¾¡�¿|QSY=JFL �"! � »�Ï�R¾¡�¿|QSYÊT�Y¼T�Ï ­ R~Q ´ R~®��+ ��¤R~� QSRUT@VXWZ£`�Z¡�Y$#&%z£�W('*),+.-�L OFQ�R+S

G = (V,E)
TVU �XW�Y[Z \ ]jY0/XY U SpY T ` Q�R Uhf aV] T	1'f Q `;` ][S f � l6�
Q�W f ] 1 Y,2[S�] ` ] U S TVU ] aV] f 2_Q U aXR+SNR Q Uhfsf[T R5��Y U S�] f] f S W_] f Z ]32[S.4_]65
!u£7-

G U*8 ] f S�ZhY f 2_Q U U ] 1 ]_^!u¹9-
G U*8 ] f S2ZhY f 2_Q U U ] 1 ]_^! ­ -
G

][S
G f Q U S:2_Q U U ] 1 ]�; R5��] 1 R f S
] TeU'f Q T:f[g ] Uhf ] `ji �
] U aV]

V
][S TVU ] TVU R�k T ]�ZhYXW8SNR+S�R Q U P aV]

V
S
]1� f k T ]<5

= |U | ≥ 3
^

= G[U ]
] f S TeUqf Q T7f[g �XW�Y[Z \ ]/Z�W ] ` R ][W ` Y 1 R ` Y��?>CaV] G ^

= Z Q T WpS
Q T S ] Uhf ] `ji �
] S Y[Z7ZhYXW[S�] U Y U SA@�� YpZhYXW8SNR+S�R Q U P ^ S ] f S TeUE` Qba T �
]c][S |S∩U | = 1
�

B �Ìh�ed}�^`i ��edkÕ[`^\moh`�lt�c��lpwi�[`i<[`�b�Kt�pwg�t�ku{�mo{>t�P\pwt¸[j^`s±ed{�coi �lt�cucoiKkog~t�P`[w^`P`i�[`�b�Kt�pwg�t�ku{�mo{>t�Pz�
!u£7-�ko{

G
P�]_iKkum1g�e�kc�lt�PjP`i É i � eds>t�cuk G ilknm1[`� �lt�pwg�tdko�riKP�s>ilk�a�cfe�g`h`ilkI{>P`[`^j{�mfk�g�edc�koilk �lt�pwg�t�¶

koedP�mfilkp�ltdP`P`i É iKk �!u¹9-¼ku{
G

PU]�ilkum%g�edkc�Kt�P`P`i É i � eds>tdcok G ilknm1[`� �lt�pwg�tdko�riKP�s>ilkIa�cfedgjh`ilk%{�P`[`^`{�mfk�g�edcIs�ilk �lt�pwg�t�¶
koedP�mfilkp�ltdP`P`i É iKk�[`i

G �! ­ -�ko{�P`t�P � G ilknmI[`� �lt�pwg~t�ko��ilP©s>iKk<a�cfe�g`h`ilk�{�P`[`^`{�mfk<g�edc<s�ilk �ls>edkokuilk�[`i�s±erg`edcumo{�mf{�t�P
P ���eC[`�b�Kt�pwg�t�ku{�mo{>t�Pwpvt|[`^`s>ed{>cui<ilknm<sà]_edg`g`s�{
�le�mf{�t�P\co� �l^`cuko{�ydi1[`i �KiKmumfi%[`� �lt�pwg~t�ko{�mf{>tdP � �u^`ko}�^U]_��li�}�^U]�{>sµPU]ÔÓ)ed{�m<g`s�^`k�}|^ji�[jilk4a�cfedgjh`ilk�[U]�^`P©koil^jsXkut�pwpvi�m �

(�)+*,)w(�)+* Cs.�~ .�@=B�@=B�4e| 02<=1�0�9�3A6}350�y <E02B�G?>A{,3
. @
��eI[`�b�Kt�pwg�t�ku{�mo{>t�P�pvt|[`^`s>ed{>cuiÒ[U]�^`P\a�cfe�g`h`i

G
g~il^jm �KmocoiÐcuilg`cu�lkoiKP�mf�li<g`edcº^`PÑe�coq`cui,ilPjcfeX�K{>P`� ���e©coeX�l{�P`ij�lt�cucoilkug�tdP`[��©s±e)[`�b�Kt�pvg~t�ku{�mf{�t�P�[`i

G � i�mCs�ilk�kot�^jkn¶5e�coq`cuilkCiKP`cfe �l{>Pj�lkre�^ É ��s>k�[U]�^`P
D�E@ë ÚoÝ¤ßGFÐé ÜIHàÚâêlá�ë Ü�Ù�ã�ë Ú5Û Ü�ÝZß.ÚÒì�í�Ýµé Ú

U ′ ) U
ßàÚnÙ|êlá�Ú

G[U ′]
Ý.ä�Ü_ßµìJH.ÚuæÐÜ_Ú�Huî
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P`t|il^`[
h
�Kt�cocuilkog~t�P`[jilP�m\�)s±ez[`� �lt�pwg~t�ko{�mf{>tdP�[`ilk�a�cfe�g`h`ilk�t�qjmoilP�^`k�g�edc�s±eb[`� �lt�pwg~t�ko{�mf{>tdP�[`^

a�coedg`h`i �ltdcocoiKkog~t�P`[�e�P�m�ed^©P`t|il^`[
h �� {jtdP\ilkumâ[�edP`kÒs�iP��e�k � e � [`^rmfh`�Kt�c$�Kpvix[`i<[`� �lt�pwg�tdko{�mo{>t�P � s�i,P`t|il^j[\[`iÐsà]_edcuq`coixkoilcoe%�Kmo{>}�^`iKmo�

�������	�
���	�
� � � {Us�ic��e�k<ilkum�s�i � q ��� {�s�kuilcfe\��mf{>}�^`i�mf����� ����� � È P ��P � [�edP`k<s�ic��edk � � � � s>i%Pjt¸iK^`[bkoiKcfe
�Kmo{>}�^`i�mf� �	����������� �

Í h�ed}�^`irPjt¸iK^`[
h

[`iCs.]�e�coq`cuis�Kt�cocuilkog~t�P`[¼��^`P�pwt|[`^`s>i
Vh

[`i
G � Ë P¼P`tdmoilcoe

Gh

s�i�adcfedg`hji
{>Pj[`^`{�mÐg�edc

Vh � � { h iKkum4^`P`i �¤iK^`{>s�s>i � eds�t�cok Gh

ilkum4^`P©a�coedg`h`i1g~t�koku�l[�e�P�m�^`P)koiK^`s�kot�pwpwiKm � iKm�ku{
h

iKkum4s±ercoeX�l{�P`i1[`i�sà]_edcoqjcoi � Gh = G �� t�{�m
h

^`PSPjt¸iK^`[�[jiws.]�e�coq`cui � iKm�kut�{�m
h1, . . . , hk

koiKk �`s>k�[�edP`k�s.]�edcuq`coi � �µiw½¾¡�£ ´ »XY ­ £j¡�£ ­��  Ï�¡��.®� �����VXYv[`i
h � P`tdmo� G∗

h � ilknmIs�i�a�cfedgjh`i
G

v1 ... vk

Vh1
... Vhk

� �d]�ilkum%�w[j{>coi�s>i�a�coedg`h`i�t�q¸mfilP�^�e�g`c$�Kk�s>e
�ltdP�mocfeX��mf{�t�P)[`ilk4pvt|[`^`s�ilk

Vh1, . . . , Vhk

ilP©kotdpvpwiKmok
v1, . . . vk �� {4s>i)P`t|il^`[�iKkum��Kmf{�}�^`iKmo� �����	���
���	��� � kot�P a�cfedgjh`iq�ledcfeX��mf�Kco{>knmf{�}|^jiÊkuilcfe¦^`P�a�coedg`h`i©kfe�P`k

edc��KmfiKk � � ]�{>s�iKkum@�Kmo{>}�^`iKmo����� ����� � {�s�kl]_eda�{�cfe<[U]�^`PCa�coedg`h`id�Kt�pvgjs>iKm � È P ��P � ku{|s�iÒP`t|il^`[�ilknm �	�	��������� �s>i1adcfedg`hjin�ledcfe �Kmf�Kco{�kumf{�}�^`i1koiKcfeÑ^`PÊadcfedg`hji�gjcoilpw{>iKc ��µi�s>iKpvpwi)ko^`{�y�edP�mzpwt�P�mfcoiÊ}�^`i�s.]�edcuq`coi©[`i¼[j�b�ltdpvg~t�ko{�mf{�t�P pvt|[`^`s>ed{>cui � e�y�i �¼s>iKkva�coedg`h`iKk
��e�cfeX��mf�lcu{>knmf{>}�^`iKk � kuilcfe\mftd^��ut�^`cuk4[ji�mfed{>s�s>i4s>{�P`��ed{�coi%iKPÊs>eCmÌed{�s>s�iI[`^©a�cfe�g`h`i1t�cu{>a�{�P�eds �
�ÕY¸QSQSY J2L��FLtOFQ�R+S

G = (V,E) TVU �XW�Y[Z \ ]m][S
T = (VT , ET ) f Q U YXW i W ]qaV]=a,432_Q ` Z Q f R+S�R Q U

` Qba T � YXR+W_]��?l6�
Q�W f Q U Y ∑
h∈VT

n(G∗
h) ≤ 2× n(G)

][S ∑
h∈VT

m(G∗
h) ≤ m(G)

�
 4 ` Q Uhf S�W�YXSNR Q U �"!@t�^jcC�Ìh�ed}�^`ibP`t|il^j[�{>P�mfiKcoP`i

h � s>iwP`t�pCq`coiv[`izkotdpvpwiKmokC[`i
G∗

h

iKkum\�Ka�edsxed^
P`t�pCq`coi�[`i<��s�kI[`i

h
[�e�P`k%sà]_edcuq`coi

T �,� ^¼mftdmfeds � ∑h∈VT
n(G∗

h)
iKkum1[`tdP��rq~t�coP`��g�edc�s>iCPjt�prq`cui

[`i�P`t|il^`[`k�[�edP`k
T � }�^`{�iKkum1e�^�g`s�^`k�[jil^ É �¤t�{�k4s�i�P`t�prq`cui�[jis�¤il^j{>s>s�ilk<[`i

T � ��edcp�Ìh�ed}�^`irPjt¸iK^`[
{>P�moilcoPji�eÑed^©pwt�{>P`k

2
��s>k �Ë P�pwt�P�mfcoi�g�e�c�cu�b�l^jcocoiKP��li�ko^`c4sà]_edcuq`coi�[`i�[`�b�Kt�pwg�t�ku{�mo{>t�P)}�^`i ∑

h∈VT
m(G∗

h) ≤ m(G) � � {sà]_edcuq`coiNPU]_eI}�^U]_^jP`iP�¤il^j{>s>s�i � e�s>t�cuk ∑h∈VT
m(G∗

h) = m(G) = 0 � � {>P`t�P � kut�{�m r s±e�cfeX�K{>P`iN[`iÐs.]�edcuq`coi �
h1, . . . , hk

kuilk ��s�k � Ti

s>i�kot�^`k5¶5edcuq`coiIilP`coeX�l{�P`�IiKP
hi � g~t�^`c i ∈ {1, . . . , r} � iKm Mi

sà]�ilP`kuilprq`s�iI[`iKk
�¤il^j{>s>s�ilkz[ji

Ti � Ë P y�t�{�mÊ}�^`i
G∗ = G∗

r � � s�t�cokbg�e�c©cu�b�K^`cocuilP��Ki � g�t�^jc)mot�^jm
i ∈ {1, . . . , k} �∑

h∈V (Ti)
m(G∗

h) ≤ m(Ghi
) � {M1, . . . ,Mk}

ilknmÊ^jP`i�g�edcumo{�mo{>t�P�[ji
V

iKP pvt|[`^`s�ilk �<Í h�ed}�^`i
edc��Kmfi�ilknm%[`tdP���kut�{�m �ltdP�moilP�^`i�[�edP`k�^`P�pwt¸[j^`s>i

Mi � kut�{�m�ew^`P`iCi É mfco�Kpv{�mf��[�edPjk
Mi � i�m%s.]�ed^¸mfcoi

[�edPjk
Mj � e�y�ib� i 6= j � � t�{�m E ′ s.]_iKP`koiKprq`s>i)[`iKkzedc��Kmoilkw}|^j{�P`i©kotdP�m�g�edkj�lt�P�moilP�^`ilk�[�edP`kv^`P

pwt¸[`^js>i � {E ′, E(Gh1), . . . , E(Ghk
)}

ilkum)^jP`i�g�edcnmf{�mo{>t�P [`i
E ��Í t�pwpvi

G∗ ilknm){>kut�pvtdcog`h`i�e
G[{v1, . . . vk}] � t�#

vi ∈ Mi

g~t�^`cvmot�^jm
i ∈ {1, . . . , k} � t�P e

m(G∗) ≤ |E ′| ��� ^"��P�eds � t�Pt�qjmo{>iKP�m��
∑

h∈VT

m(G∗
h) = m(G∗) +

∑

i∈{1,...,k}

∑

h∈V (Ti)

m(G∗
h) ≤ |E

′|+
∑

i∈{1,...,k}

|E(Ghi
)| ≤ m(G)

Í i¼s>iKpvpwi©ed^`coe�kotdP {>pwg�t�cnmÌedPh�li)g�edcvs±e�ko^`{�mfi � ed^�pwt�pwilP�mvt�#�t�P'y�t�^`[jcfe�koiÊkoiKcuy|{>cv[`i
s±e�[`� �lt�pwg~t�ko{�mf{>tdP pvt|[`^`s>ed{>cuizg�td^`cÑco�lkut�^`[`cuiÊ^jPAg`cut�q`s
�Kpvibku^`cw^`PAa�coedg`h`i � !ºedcwi É iKpvg`s�i � ku{t�P iK��ib��mf^`i¦^`P`i�t�g~�lcoe�mf{�t�P s>{�P`��e�{>coiÊko^`c'�Ìh�e�}|^ji�a�coedg`h`i �ledcfeX��mf�Kco{>knmf{�}|^ji�edg`g�edcoed{>kukfedP�m)[�e�P`k
s±e¦[`�b�Kt�pwg�t�ku{�mo{>t�P pvt|[`^`s>ed{>cui©[�]_^`P adcfedg`hji

G � s�iÊmfiKpvgjkvmft�mÌeds4koiKcfe�s>{�P`��e�{>coi©ilP s>e¦mfed{>s�s>i)[`^
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a�coedg`h`i
G � !ºe�cn�Kt�P�mfcui � ko{ÒtdP¦i���i �Kmo^`iv^jP`iÑt�g��Kcfe�mo{>t�P�iKP¦moilpwg`k �lt�PjkumÌe�P�m�ku^`c �Ìh�ed}�^`iwa�cfedgjh`i

��e�cfeX��mf�lcu{>knmf{>}�^`i � �Ki¼}�^`{Ie�coco{�y�iÊg�edc�i É ilpwg`s>iÊko{ �Ìh`ed}�^`i¼a�coedg`h`i���edcoeX�Kmo�lco{�kumo{>}�^`i¼e�^`P`i�mfed{>s�s>i
q~t�coP`�Ki � � s�iÐmfiKpvg`kÕmft�mÌeds�kuilcfe�ilP

O(n) � ��edcÕ{>s`Ó\e
O(n)

�¤iK^`{>s�s>iKkÒ[�edP`kÕsà]_edcuq`coi�[`i4[`�b�Kt�pwg�t�ku{�mo{>t�P �
/103240�� ���Ò=���L4;�= 9�= 9����µ7���L�7Ð?�������7%E

Ë Pw[jt�P`P`i<iKPwi É ilpwg`s>i<s>eI[`�b�Kt�pwg�t�ku{�mo{>t�Prpwt|[`^`s±e�{>coiN[`^Ña�coedg`h`iÐ[ji<s±e ��a�^jcoi�� � « � !Xt�^`c �Kt�pÑ¶
pwilP��Kilc � t�P\coiKp�e�co}�^`i,}�^`i �KiÐa�coedg`h`iÐP�]_iKkumÒg�e�k��lt�PjP`i É i � � ilkÒ[`iK^ É �Kt�pwg�t�koedP�mfiKk��lt�PjP`i É ilkÒkut�P�m
{a, b, c, d, e, f, g, h}

i�m
{i, j, k, l,m, n} � ��iIa�cfedgjh`i1ilknm�[`t�P��%[j�b�ltdpvg~t�ko�1iKP)[`il^ É a�cfe�g`h`ilk � }�^`{�ltdcocoiKkog~t�P`[`iKP�m1ed^ É adcfedg`hjilkI{�P`[`^`{�mfk�g�edc �KilkIiKP`koiKprq`s�ilkI[ji�kut�pvpwiKmok � ��evcoeX�l{�P`i�[`i�sà]_edcoq`cui�[`i

[`� �lt�pwg�tdko{�mo{>t�PÑpwt¸[j^`s±ed{�coi<kuilcfe�[`t�P���^`P�Pjt¸iK^`[z�Kmo{>}�^`i�mf� �����	�	� ���	��� �	� s�ed^`cfe�[`iK^ É �`s>k � }�^`{~koi ¶cotdP�mºs>iKkºcfe �l{>Pjilkº[jilkâkut�^`kn¶3edcoqjcoilk �lt�cucoilkug�tdP`[�edP�mfkâ�Is±e4[`�b�Kt�pvg~t�ku{�mf{�t�P�[`iP�Kilkâ[`iK^ É �Kt�pwg�t�koedP�mfiKk
�ltdP`P`i É iKk �Ë P coiKa�edco[ji�s�i�a�coedg`h`i�{>P`[j^`{�m©g�edc

{a, b, c, d, e, f, g, h} �4Í i�a�cfedgjh`i�iKkumm�Kt�P`P`i É i�iKm��lt�¶
�ltdP`P`i É i � Ë P�coiKa�edco[ji¼koiKkzpvt|[`^`s�ilkwp�e É {�p�e�^ É [`{����lcuilP�mfk�[`i

V � }�^`{�kut�P�m
{a} � {b, c} � {d} �

{e}
iKm
{f, g, h} �¾Í i�kot�^`k5¶3a�coedg`h`i�ilknm4[`t�P���[`�b�Kt�pwg�t�ku��ilPq�K{>P`}�a�cfedgjh`ilk � }�^`{�kut�P�m�s�ilk�a�coedg`h`iKk

{>Pj[`^`{�mok�g�edc
{a} � {b, c} � {d} � {e} i�m

{f, g, h} � � {Õt�P¦g`cuilP`[�^jPSkotdpvpwiKm�g�e�c�iKP`koiKprq`s>iw[`iws±e
g�edcnmf{�mf{>tdP � g�edcNi É ilpwg`s�i

a, b, d, e, h � t�Pvt�qjmo{>ilP�mN^`P
C5 � }�^`{~ilkum,s>i�a�coedg`h`i ��edcoeX�Kmo�lco{�kumo{>}�^`i4[`i �Ki

kotd^`kn¶Da�cfedgjh`i � ��i�P`t|il^`[�[`iCsà]_edcoq`cuis�Kt�cocuilkug�t�Pj[�edP�m�koiKcfe�[`tdP��r�Kmo{>}�^`i�mf� �	�	��������� � e�y�i �;�lt�pwpvi
a�coedg`h`is��edcoeX�Kmo�lco{�kumo{>}�^`iC^jP

C5 �
� sºed^jcfe �K{>P`} ��s�k � �Ìh�ed}�^`i<�`s>kp�lt�cucoilkug�tdP`[�edP�m���^jP¼kot�pwpwiKm�[`^
C5 ��� cot�{�k<[`i�koiKk ��s�k<koiKcot�P�m4[`ilk �¤il^j{>s>s�ilk � �lt�cucoiKkog~t�P`[�edP�m�ed^ É kot�pwpvi�mfk

a � d iKm
e ���O�P�[jilk ��s�k �Kt�cocuilkog~t�P`[jcfe�ed^Akot�^`k5¶3a�coedg`h`iÊ{>P`[j^`{�mwg�edc

{b, c} �ÐÍ iÊkot�^jkn¶3adcfedg`hji¼PU]�ilkumzg�edk
�lt�¶��ltdP`P`i É i � [`t�P��Is>i4P`t¸iK^`[E�ltdcocoiKkog~t�P`[�e�P�m�kuilcoe ��� ����� � �µi%[`iKcoP`{�ilc��`s>kP�Kt�cocuilkug�t�Pj[`cfe\ed^bkut�^`k5¶
a�coedg`h`ir{�P`[`^`{�mIg`edc

{f, g, h} � }|^j{ºPU]�ilknm�g�edkc�Kt�P`P`i É i � [`t�Ph�rs>i�P`t¸iK^`[�koiKcfe �����	���
���	��� � gj^`{>k%s�i
kotd^`kn¶Da�cfedgjh`i�{>P`[`^j{�m<g�e�c

{f, g}
koiKcfeÑ[`�b�Kt�pwg�t�ku��g�edc<sà]�t�g~�lcoe�mf{�t�P ��� ����� �Ë P �Zed{�mÑ[ji�pj�lpwiÊg~t�^`cÑs>i©kotd^`kn¶Da�cfedgjh`i�{�P`[`^`{�mvg`edc

{i, j, k, l,m, n} � }�^`{4ilknmD�Kt�P`P`i É i�iKm
�lt�¶��ltdP`P`i É i � iKmC[`t�P�mrs�ivadcfedg`hji ��e�cfeX��mf�lcu{>knmf{>}�^`iwilknm\^`P

P4 �ºÍ ib�l{NP`t�^jkr[`t�P`PjilcfeÊsà]_ed^jmfcuivkut�^`k5¶
edcuq`coi���s�k<[`i1s±ercoeX�l{�P`i �e� ^ ��P�e�sUt�P)t�qjmo{>ilPj[`cfers.]�edcuq`coi1[ji1[`�b�Kt�pvg~t�ku{�mf{�t�Pzpwt¸[j^`s±ed{�coi4[`t�P`Pj�1ilP
��a�^jcoi
� � � �
/103240�� �NJ � �Z;.;�=º?A9�=@? �¯7I91:�;�=º? �µ7�� �¯=��KJ � �Z;Z;>= LNJÕH ��� �����â=
I�¡�R ´ R~®��+ ��¤R�� JFL�'FLPOFQ�R ] U S X ][S

Y
aV] fp` Qba T �
] f a T �XW$Y[Z \ ] G ^HS�]1� f k T ] X 2_\ ]1��Y T 2_\ ]

Y
��l6�
Q�W f

X ∩ Y
^
X ∪ Y

^
X \ Y

^
Y \X

][S
X∆Y f Q U SPaV] f ` Qba T �
] f aV] G �Ë P�e\[`t�Ph��{�pvpw�l[j{±e�moilpwilP�m%�

� »�Ï�R¾¡�¿|QSYuJFL&),L OFQ�R+S
G TVU �XW$Y[Z \ ]����FY�� Y ` R5�5�
] aV] S
Q T7f �
] fj` Qba T �
] f aV]

G
] f S TeU ]�� Y ` R5�5�
]ZhYXW8SNR+S�R5�X]��

Ë PA[`{�mv}�^U]�^`P�pwt|[`^`s>i
X

ilknm��DR¾¡  �kK]_{�s�ilkum�^`PA�Ks>�KpviKP�m �¤t�cnm�[jiÊs>e �Zedpw{>s�s>ivg�edcumo{�mo{�y�i)[`iKk
pwt¸[`^js>ilk � �d]�ilknm��w[`{�coi1kK]_{�sUPU]�i É {>knmfi�g�edk�[U]_ed^jmocoi�pvt|[`^`s�i

Y
}�^`{2�Ìh`iKy�ed^h�Ìh`i

X �Ë P�y�t�{�m%}�^`ir[`edP`kc�Ìh�e �l^`P�[`iKkc��e�kI[`^¼moh`�lt�c��lpwiC[`i�[`�b�Kt�pwg�t�ku{�mo{>t�P�� � « � tdP¼[`�b�Kt�pwg�t�kuirs>i
a�coedg`h`i1ku^`{�y�edP�m�[`iKk�pwt¸[j^`s>iKkP�¤t�cumok ��� i�gjs>^`k � �liKk4pwt|[`^`s>iKkP�¤t�cnmfk<kotdP�m4[`iKk��ls>�KpviKP�mfk�p�e É {�p�e�^ É
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a
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i

ÀjÁ�Â¾Ã¾Ä`Ã���Æ©Ç �µi�a�cfe�g`h`i�[`i�s±erkuib�Kmo{>t�P � �������j�

w x yvu u v w x

d e

b c h

f g

k n

i l j m

Prem. Prem.

a Ser Par ParSer

Ser

Par.

u
v

wx

y
u v w x

ÀjÁ�Â¾Ã~Ä`Ã���Æ©Ç �Ò]_edcoq`cui�[`i�[`�b�Kt�pvg~t�ku{�mf{�t�Pbpwt¸[`^js±ed{�coi �
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� g`edcC{�P��ls�^`ko{�t�P � g�edcopw{Õs>iKkrpvt|[`^`s�ilk �¤t�cumokC[`^ adcfedg`hjibed^jmocoi�}�^`ibs�ivpwt|[`^`s>i
V � � t�P�� �Ìh�ed}�^`i

P`t|il^`[�[`iNsà]_edcoq`cuiÒ[`iN[`�b�Kt�pvg~t�ku{�mf{�t�P�pvt|[`^`s>ed{>cuiâ[`� ��P`{�ilP�koib��mf{�t�P � � ��� � �lt�cucoilkug�tdP`[\��^`P�pwt|[`^`s>i
�¤t�cnm � i�m4mot�^`k�s>iKk<pvt|[`^`s�ilk/�¤t�cnmfk<kut�P�m�cuilg`cu�lkuilP�mf�KkI[�edPjkp�KiKmIedcoqjcoi ��Ò]�edcuq`coixcoiKg`co�KkoilP�mfe�mf{ ��[ji,s±e �Zedpw{>s>s�iâg�edcnmf{�mf{�ydix[jilkâpwt¸[j^`s>iKk@[U]�^`P\a�coedg`h`ixilknmÒ[`t�P��x{>kut�pvtdcog`h`i
��sà]_edcuq`coi¼[ji�[`�b�Kt�pvg~t�ku{�mf{�t�PApwt|[`^`s±e�{>coi©[`^ a�coedg`h`i � �µilkbP`t|il^`[jk������	����� � ��� [`i¼s.]�e�coq`cui¼coi ¶
g`cu�lkoiKP�mÌe�mo{��%[jilkwpvt|[`^`s�ilkC�Kt�cocuilkog~t�P`[jilP�mze�^ É P`t|il^`[`k ��� ����� ��i�m �����	�	� ���	��� ��[ji©s.]�e�coq`cuib[`i
[`� �lt�pwg�tdko{�mo{>t�P � iKm�s�ilk�P`t|il^`[jk �	�	��������� �j�lt�cucoiKkog~t�P`[`iKP�mIed^ É P`t¸iK^`[`k �	�	��������� � ��Ò]�edcuq`coiw[`iw[`�b�Kt�pwg�t�ku{�mo{>t�P�pwt¸[`^js±ed{�coiCiKkumC[`t�P��Ñ^`P`ivcoiKg`co�KkoilP�mfe�mf{�t�PS[`iÑmftd^`k�s�ilk�pwt¸[`^js>ilk
[U]�^`P'a�cfedgjh`i � O4P a�coedg`h`i)g~il^jmve�y�td{>c\^`P'P`t�prqjcoi)i É g~t�P`ilP�mo{>ils�[`i)pwt¸[j^`s>iKk � g�e�cwi É ilpwg`s>i)s>i
a�coedg`h`in�lt�pwg`s�iKm4[`i

n
kotdpvpwiKmok4g~t�kuk$�l[ji

2n − 1
pvt|[`^`s�ilk � � p�e�{>k<sà]_edcuq`coi�g�iKcopwiKm4[`i�s>ilk4coiKg`co� ¶

koiKP�mfilc�mftd^`k�[`i �Ze0�lt�P){�pvg`s�{
�K{�mfi4ilP©ilkug�eX�Ki�s�{>P`�led{>cui �
/103240	� 
NJ �â;>JÕ?¸?j=�9<=@?"�µ7ÐFIHKJ<L�MÕ=@?

O�P`is�ls>edkokuiC[`iradcfedg`hjilkIiKkum%e�momfeX�Ìh`�li�ilP¼g`edcumo{
�l^js>{>iKc4�vs±eÑ[`� �lt�pwg�tdko{�mo{>t�P©pwt¸[`^js±ed{�coi ��Í iKmomoi
�ls>edkokui�ilkump�Kils>s�i1[`ilk�a�coedg`h`iKk�kui�[`�b�Kt�pvg~t�koedP�m�iKP�mf{
�KcoiKpviKP�m4g�e�c �liKmumfi�[`� �lt�pwg�tdko{�mo{>t�P �Ë P\[`{�m@}�^U]_^jPwadcfedg`hji,ilknmÕ^`P ­ R¾½¾¡�£ ´ »�YCkK]_{�s¸P�]�ÓCe%ed^��K^`P\P`t|il^`[ �	�	��������� [�edP`kâkut�PÑedcuq`coix[`i
[`� �lt�pwg�tdko{�mo{>t�Pbpwt|[`^`s±e�{>coi � � e�P`k �Ki ��edk � kut�P¼e�coq`cui�[ji�[j�b�ltdpvg~t�ko{�mf{�t�Pbpvt|[`^`s>ed{>cui%koiKcfewedg`g~ils��
kotdP ­ R � £`¡�¹@¡�Y �� t�{�m

G = (V,E)
^`PCa�cfedgjh`i � iKm u ∈ V � O�P �D£`V�Î���V@Q�Y|£`V � coilkug�i �Kmo{�y�iKpviKP�m � ¢U¡�£`����VXQSY�£�V �[`i

u
ilknm%^`PÊkot�pwpvi�m

v
mfiKs@}�^`i

N(v) = N(u) � N [v] = N [u] ��� Ë P�[`{�cfeÑ}�^U]_tdP¼e��ut�^¸mfiC^jP��Zed^ É�u^`pwi�ed^ � y|cfe�{��u^`pwi�e�^ � �w^`P¼a�coedg`h`i
G

ko{@t�P¼e��utd^jmfi�^`P¼P`t�^¸y�i�e�^�kot�pwpvi�m
w

ed[��oeX�liKP�m%�vmftd^`k
s>iKkÕkot�pwpvi�mfkÒ[�e�P`k

NG(u) � NG[u] � � t�# u ilknm,^`PwkotdpvpwiKmÕ[`^wa�coedg`h`i �|Í ilkN[`il^ É tdg��Kcfe�mo{>t�P`kÒkut�P�m
[`iKk�i É moilP`ku{>t�Pjk4[ji�kut�pwpvi�mfk �
� »�Ï�R¾¡�¿|QSY JFL�
 !�#�� ����
2M����UVXQ )�v�+.-�LcOFQ�R+S

G TeU�� W�Y[Z \ ]�� ��] f Z�W Q_Z Q f R+SNR Q UhfCf[T R���Y U S�] f;f Q U S4$k T R���Y��
] U S
] f 5
�! #"

G
] f S TeU 2_Q � W�Y[Z \ ]���%$&"

G
] f S�2_Q ` Z���'[S
] ` ] U S�a,432_Q ` Z Q f Y i �
] ZhYXWnW�Y[Z7Z Q�W8S:@(� YEa,432_Q ` Z Q f R+SNR Q U�` Qba T � YXR+W ]���*)�"

G
] f S f Y Uhf P4

R U a T R+S*���+,".- Q T W;S�Q T S f Q T7f[g/� W�Y[Z \ ]CR U a T R+S H aV]
G
^ f Q�R+S H ] f S U Q U 2_Q U U ] 1 ] Q T=f Q�R+S H ] f S U Q U2_Q U U ] 1 ]���10�"

G
Z ] T S32[S�W ] Q i S�] U T a 8 TVU f ] T � f Q `;` ][SHZhYXW TVU ] f 4$k T ] U 2_];a 8 ] 1 S
] Uhf R Q Uhf aV] f Q `;` ][S f 5

Y!4}Q T S/a 8 TVU �zW�YXR54 Te` ]$Y T Q T Y!4}Q T SPa 8 TeU � Y T01 4 TV` ]$Y T �
Ë PÊg~il^jm4P`t�mfilc<s>e\g`cot�g~t�ku{�mf{�t�Pzku^`{�y�edP�mfiÑ�

I�¡�R ´ R~®��+ ��¤R�� JFL�6FL(7 U8� W�Y[Z \ ] G ] f S TeU 2_Q � W�Y[Z \ ] f R ][S f ] T �
] ` ] U S f R�S�Q T S f Q T7f[g/� W$Y[Z \ ] R U a T R+SaV]
G

Y��X]32sY Tr` Q�R Uhf 3 f Q `;` ][S f Z Q f_f '$aV] TVUm` Qba T �
] U Q U SNW8R��zR�Y��9�
 4 ` Q Uhf S�W�YXSNR Q U � � { G PU]_iKkumIg�edkI^jPq�ltda�cfedgjh`i � eds>tdcok�{>sµg~t�kok��l[`iC^`P

P4

{>P`[`^j{�m � }�^`{XP`i�g�t�kuk$�K[`i
g�edk�[`i�pwt¸[j^`s>i%Pjt�P©moco{�y¸{>eds �� {

G
iKkumw^`Po�ltda�cfedgjh`i � eds�t�cokCg�t�^jcrmft�^jmrkot�^`k5¶3a�coedg`h`i){�P`[`^`{�m

H � H iKkumwP`t�Po�ltdP`P`i É i©t�^
H

ilknm�Pjt�P �lt�P`Pji É i � � ^`gjg�t�kut�P`k�}�^`i
H

P�]_iKkum�g�edk �ltdP`P`i É i � � { H ilkum�^`P¦a�coedg`h`i\koedP`k�edc$��mfi �
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eds�t�cokrP�]_{�pvg~t�cumoiz}�^`ils�kut�^`kn¶DilP`kuilprqjs>i)[`i
2

kot�pwpwiKmfk\iKkumw^`P'pvt|[`^`s�izP`t�P mfcu{�y|{±e�s � � {>Pjt�P ^`P`i
�ltdpvg~t�kfe�P�moi=�ltdP`P`i É i�[U]_ed^ pwt�{>Pjk

2
kut�pvpwiKmok�iKkumb^`P pwt¸[j^`s>i©P`t�P�moco{�y|{>eds � � { H PU]�ilkum)g`edk

�ltdP`P`i É i � s�i1p �Kpvi�e�coa�^`pwilP�m�g~il^jmp��mfcoi�^jmo{>s�{>ko�Iko^`c
H �

/103240�� �¦HlJ<L4MÕ=º? LxHK=:� ��=xHK?
Ë PÊg~il^jm4[`�K[`^`{�coi1[`^)mfh`�Kt�c$�Kpvi
� � ª\s±erg`cut�g~t�ko{�mf{>tdPbko^`{�yde�P�moiÑ�

I�¡�R ´ R~®��+ ��¤R��uJFL�M��2L	�,Q T S � W�Y[Z \ ]/Z�W ] ` R ][Wna 8 Y Tr` Q�R Uhf 4 f Q `;` ][S f Z Q f_f '$aV] TVU P4
R U a T R+S �

�µilk,kuil^`s�kxadcfedg`hjilkNg`coiKpv{�ilcokN}�^`{¾kot�P�m,[`ilk �lt�adcfedg`hjilk,tdP�mx[`t�Ph�Ied^wg`s�^`k
2
kotdpvpwiKmok � � s¾kl]_eda�{�m[`iKk�a�coedg`h`iKk

K1 � K2

i�m
K2 � �µi1mfh`�Kt�c$�Kpvi�ku^`{�y�edP�m�ilknmI^jP`i�i É mfiKP`ko{�t�PÊ[ji�s>erg`cotdg�t�ku{�mo{>t�P � ��� ·

� »�Ï�R¾¡�¿|QSY JFL�M�M !�#���
 6 
 +.-�L OFQ�R+S
G = (V,E) TVU � W$Y[Z \ ] Z�W ] ` R ][W a 8 Y T ` Q�R Uhf 4 f Q `;` ][S f �OFQ�R+S

W ⊆ V
� 8 ] Uhf ] `ji �
] aV] f f Q `;` ][S f x ∈ V S
]&�,k T98 R���] 1 R f S�] TeU X ⊆ V

R U a T R f Y U S TeU P4

Y��X]32
x ∈ X

�Hl��
Q�W f |V \W | ≤ 1
�  C]pZ�� T7f ^ f R V \W = {x}

^ Y��
Q�W f R��d] 1 R f S�] X ⊆ V
R U a T R f Y U S TVUS Y T W ]$Y T ^PY��X]32

x ∈ X
][S
dG[X](x) = 2

�

��e �ls>edkokuir[`ilk1adcfedg`hjilk%g`cuilpw{>iKc�PU]�ilknm�g�edk�h`�lcu�l[`{�mÌed{�coi � pved{>k4P`��e�P`pvtd{>P`k�t�P�e�s�i�mfhj�lt�c��lpwi
ko^j{�y�edP�m��
� »�Ï�R¾¡�¿|QSY=JFLNMVJ !�#
���86�� +.-�LpOFQ�R+S

G TeU�� W$Y[Z \ ]PZ�W_] ` R ][Wna 8 TVUm` Q�R Uhf 5 f Q `;` ][S f �,l��
Q�W f G Y
TVUqf Q T:f[g/� W�Y[Z \ ] R U a T R+S H Z�W ] ` R ][W_^ S
]&�Hk T ] 1 ≤ n(G)− n(H) ≤ 2

�

/103240�� � � ��7 ��L�7Ð?7� ���>7IE�9CB+J�:9��Hl=@? ?,��Hd: � �¾:<Hl=@?'9 ��?��âH �A��=@?
��e�[j�b�ltdpvg~t�ko{�mf{�t�Prpwt¸[`^js±ed{�coiNg�iK^jmd�Kmocoi<�KmoilP`[j^`i4�%[U]�e�^jmfcuilkÕt�q|�ui�mfkÕp�e�mfh`�Kp�e�mo{>}�^`iKkº}�^`i�s>iKk

a�coedg`h`iKk � ��e%P`tdmo{>t�P\[`i<pwt|[`^`s>iKkâiKmÕ[ji4[j�b�ltdpvg~t�ko{�mf{�t�Prpwt¸[`^js±ed{�coixe%�Kmf��{�P�mocot|[`^`{�mfi,g~t�^`cÒs.]_��mf^`[ji
[`iKkIt�cu[`coiKk ��Í ilk�P`tdmf{�t�P`k4koi�kot�P�mIilP`ku^`{�moi�a��KP`�lcoeds>{�ko�Kilk�ed^ É a�coedg`h`iKkF��s>e\[`�b�Kt�pvg~t�ku{�mf{�t�P)pvt|[`^¸¶
s±e�{>coi�[U]�^`P�t�cu[`coiC�Kt�cocuilkug�t�Pj[��vs±e�[`� �lt�pwg~t�ko{�mf{>tdP�pwt¸[`^js±ed{�coi�[`^�a�coedg`h`irtdco{>iKP�mf�rcuilg`cu�lkoiKP�mÌedP�m
�li�m4t�co[`cui � !@edc�s±erko^j{�mfi � ils�s>i1e\�Kmo��a��lP`�Kcfeds�{>ku�li�ed^ É h�Ó|g~ilcoadcfedg`hjilk4iKm�ed^ É

k
¶3knmfco^h�Kmf^jcoilk �

(�)+*,)���)+* � .�{,1���@:9C0�.�35@ yh684:9
O�P¼kut�^`k5¶3ilPjkoilpCq`s>i

M ⊆ V
iKkum1^`P�pvt|[`^`s�i�[�]_^`P�a�cfedgjh`iCt�cu{>iKP�mo�

G = (V,A)
ko{Xg�td^`c4mot�^jm

kotdpvpwiKm
u 6∈ M

i�m�g~t�^`c%mot�^jm
v, w ∈ M � (u, v) ∈ A ⇐⇒ (u, w) ∈ A

iKm
(v, u) ∈ A ⇐⇒

(w, u) ∈ A ���e �Ze�pv{�s>s>i©[`iKk©pwt|[`^`s>iKkb[U]�^`P adcfedg`hji�t�co{�ilP�mf�=�¤t�cupvi�^jP`im�Zedpv{�s>s�i'�Ze�{>q`s�ilpwilP�mbg�edcnmf{�mf{�ydi ��Ò]�e�coq`cui%[`i%[`� �lt�pwg~t�ko{�mf{>tdP �ltdpvg~t�cumoi%[`t�Ph�%^`P)ed^jmocoiIm3Ó|g~i1[`i%P`t|il^j[ � s>i�P`t|il^`[ �	� ��� ��� �	� � ��iKka�coedg`h`iKk ��e�cfeX��mf�lcu{>knmf{>}�^`iKkº[`i��liKkâP`t|il^`[`kºkot�P�mâ[jilkºtdco[`cuilkºmotdmÌed^ É � �d]�ilknmÕ��[j{>coiN^`Pradcfedg`hji,t�cu{>ilP�mo�
(V,A)

mfiKsµ}|^ji�s>ercoils>e�mf{�t�Pb[U]_ed[��oeX�KilP��Ki�kut�{�m<edP�mf{�¶DkuÓ|pw�Kmfcu{>}�^`i � edP�mf{ ¶3co����i É {�y�i�iKm�mfcoedP`ku{�mf{�y�i ���
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(�)+*,)���)w( ��� 1�@ .��2.�{,1���@:9
O�P'»�� ´ Y�¡�½¾¡�£ ´ »�Y�iKkumÑ^`Po�ltd^`g`s>i

(V, E)
t�#
E ⊆ P(V ) � O4P'h�Ó|g~ilcoadcfedg`hjibilkumwku{>pwg`s>iwko{

∀X, Y ∈ E , X 6( Y � O4P ­ R~Q��+  Ïr[�edPjk,^`Pbh�Ó|g�iKcoa�coedg`h`iIilkum,^`Pbkotd^`kn¶DilP`kuilprq`s�i
M ⊆ V

mfiKs�}�^`i
g~t�^`cÐmftd^jm

X, Y ∈ E
mfils�k<}�^`i

X ∩M 6= ∅
i�m
Y ∩M 6= ∅ � (X \M) ∪ (Y ∩M) ∈ E �

� »�Ï�R¾¡�¿|QSY JFL�MevFL��
	���
�� $ ^�
���� 0�� � 8 ] Uhf ] `ji �
]qaV] f 2_Q ` R+S 4 f a 8 TVU � W�Y[Z \ ] f R ` Z��
]=] f S TVU ]� Y ` R����
]/ZhYXW8S�R+SNR��X]��
(�)+*,)���)��

k � 9 6z.�G |X6zG,.�@:9O�P`i
k
¶3knmfcu^��Kmo^`coi�� � g~t�^`c k ≥ 2 � iKkum<^jP�mfcu{>g`s�iKm

(V,E, k)
t�#

V
iKkumÐs.]_iKP`koiKprq`s�iI[`iKk,kotdpvpwiKmok �iKm

E : V k \ {{x}k : x ∈ V } → N � O4PAkut�^`kn¶DilP`kuilprqjs>i
M ⊆ V

ilknmv^jPApwt¸[`^js>iz[U]�^`P`i
k
¶

kumoco^���mf^`cui
(V,E, k)

ku{�g~t�^`cÕmft�^¸m
e1, . . . , ek ∈ V � e�ydib� {e1, . . . , ek}

�ÌhjiKy�ed^��Ìh�e�P�m
M � g~t�^`cÕmftd^jm

i ∈ {1, . . . , k}
mfiKsU}�^`i

ei ∈M � i�m�g~t�^`c<mot�^jm
e′ ∈M �

E(e1, . . . , ek) = E(e1, . . . , ei−1, e
′, ei+1, . . . ek).

O�P a�coedg`h`ibt�cu{>iKP�mo�zilknmvedkoku{>pw{>s±e�q`s>iw�¼^`P`i
2
¶3knmfco^h�Kmf^jcoizmfiKs>s�iz}�^`ibs>iKkÑedc$�KkÑed{>iKP�mr[`il^ É yde�¶

s>iK^`cokbg~t�kuko{>qjs>ilk ��� g`cu�lkuilP�mfi���iKm � Pjt�P¸¶3gjco�lkuilP�mfi�� ��� � e�P`kE�li ��e�kbs>ilkbpwt|[`^`s>iKk�[`^ a�coedg`h`iKk
�ltdcocoiKkog~t�P`[`iKP�m�i É eX�KmoilpwilP�m�ed^ É pwt¸[j^`s>iKk�[`iCs±e

2
¶3knmfco^h�Kmf^jcoi � �µilk k ¶3kumoco^���mf^`cuilk1kut�P�m1[`ilkIa��lP`� ¶

cfe�s>{>koe�mf{�t�P`kx[`ilk
k
¶Dh�Ó|g~ilcua�cfedgjh`ilk � h�Ó|g~ilcoadcfedg`hjilk (V,E)

moils>k<}�^`i�g~t�^`cÐmftd^jm
X ∈ E � |X| = k ���

� »�Ï�R¾¡�¿|QSYrJFL�M ��L��! "�$#  %� � 8 ] Uhf ] `ji �
] aV] fc` Qba T �
] f a 8 TeU ] 2 g f S�W T 2[S T W_]s] f S TVU ] � Y ` R����
] � YXR i �
] g
` ] U S2ZhYXW[S�R+S�R��X]��
� »�Ï�R¾¡�¿|QSYmJ2L�M �FL&�! �
'# 0�� � 8 ] Uhf ] `ji �
]saV] fn` Qba T �
] f a 8 TVU ] k g f S�W T 2[S T W ]_^HZ Q T W k ≥ 3

^ ] f S TeU ]� Y ` R����
]/ZhYXW8S�R+SNR��X]��
�µilk)a�cfe�g`h`ilkE�ledcfe �Kmf�Kco{�kumf{�}�^`ilk)[`iKk©Pjt¸iK^`[`k��	��������� � ��� kut�P�m©[`ilk

k
¶Dkumoco^���mf^`cuilkbmfiKs>s>iKkz}�^`i

E(u, v) = E(u′, v′)
g~t�^`c4mft�^jm

u 6= v � i�m u′ 6= v′ � � edPjkIs>is��edk
k = 2 � s�ilkIadcfedg`hjilkc�ledcfeX��mf�Kco{>k5¶

mf{�}�^`ilkx[`ilkxP`t¸iK^`[`k ��� ��� �����	� ��kot�P�mÐ[jilk
2
¶3kumoco^���mf^`cuilkNmfils�s>iKkN}�^U]�{>s¾i É {�kumoiI^`Pztdco[`cui�[`iKk,kut�pvpwiKmok

v1, . . . , vn

iKm
k, l ∈ N � k 6= l � e�y�ib� E(vi, vj) = k

ku{
i < j � iKm E(vi, vj) = l

ko{
i > j � Ë P�y�td{�m

�ZeX�K{>s>iKpviKP�mÕ}|^ji�s�ilkNa�cfedgjh`ilk ��edcoeX�Kmo�lcu{>kumo{>}�^`iKkN[jilk,adcfedg`hjilkNt�co{�ilP�mf�KkNkut�P�m,[jilkP�ledkNg�edcumo{
�K^`s>{�ilcokº[`i
�liK^ É [`iKk

2
¶3knmfco^h�Kmf^jcoilk �

/103240!( ) ;>FÐ7ÐH � �¾M �¯=@? ��J<; �Ò:�;�J�E9� ;>J89����µ7���L�7Ð?�������7%E��¯7I91:�;�J��.HK=
��evcoi �Ìh`ilc��Ìh`i\[U]_eds>adt�co{�mfh`pwilk<[`i�g`s>^jkIilPÊg`s>^jkIi+*j�leX�liKk%g�td^`c�s>ew[j�b�ltdpvg~t�ko{�mf{�t�PÊpwt|[`^`s±e�{>coi �iKm4kuilk�yde�co{±e�P�moilk � e\g`cot|[`^`{�m�q�iled^��ltd^`gÊ[ji�gj^`q`s>{���e�mo{>t�PjkÐ[`ilgj^`{>k�}�^`ils�}�^`ilk4[`�b�KilP`Pj{>ilk �Ë P g�iK^jm)coiKp�edcu}�^`ilcz}�^U]�{>s�ilknmD�ZeX�l{�s>iÊ[`i�mfcut�^jydilcb^`P pwt¸[`^js>i©P`t�P�mfcu{�y|{±e�s�pve É {>pveds<[U]�^`P

a�coedg`h`i�g�edcÒ�Ks±eda�eda�i � È Pv^jmo{>s�{>kfe�P�m��liKmumfi�t�q`kuilcnyde�mf{>tdPwi�mNs>iÐmfhj�lt�c��lpwi<[`i�[`�b�Kt�pvg~t�ku{�mf{�t�P � t�P\y�t�{�m
{>pwpw�l[`{>e�mfiKpviKP�m�}�^`iÑs±ez[`� �lt�pwg~t�ko{�mf{>tdP¼pvt|[`^`s>ed{>cui�g~il^¸ms��mfcui;��eds��l^`s��li\ilP�moilpwg`k�g�t�s�Ó|P`t�pw{±eds ���ezko^`{�mfir[jilk�edcnmf{
�Ks>iKk%ko^`cIs>ilk%eds>a�tdco{�moh`pwilk4[`i\[`�b�Kt�pwg�t�ku{�mo{>t�P`kIe�yde�{�mc�Kt�pwpvi�q`^jm�[`ir[j{>pw{>P�^`ilc
,.-�ßZßàÚnãlß.Ü�ä�ã F,ã�ÚÒì�íKÝUÙ_ÚoÝ0/5ä�ã21 ä�ã�é HàÚÒífè�Ú�/XÙ�ÚuÝ�ÝZß(Hàá3/5ß.áJHàÚuÝUé á4/�5�í�ì�Ü�ß H.Ú�627 ç�Ü_Úuã1êKá|ë ÚuÙ_Ù�ÚuÝµí�Ü_ÚuãKß�é ÚoÝ�Ý.Ü_æÐÜ�Ù_Ü_ß.á�é�ÚuÝuî
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s>i�mfilpwg`k � [`i1a��KP`�lcoeds>{�koiKcÐs>iKkÐkumoco^���mf^`cuilk�ko^`c<s�ilku}|^jils>s�ilkÐtdPE��eds��l^`s>ed{�mxs±eC[j�b�ltdpvg~t�ko{�mf{�t�P � iKm<iKP ��P
[`i�ko{�pvgjs>{��`ilc,s�ilk4eds�a�t�co{�mfh`pwilk ��µiIg`cuilpw{>ilcNeds�a�t�cu{�mfhjpviÐku^`c,s�ilkNa�cfe�g`h`ilkxP`t�Pvt�co{�ilP�mf�Kk,ilknmÐ[`tdP`P`�4g�edc�¨ Í�� � ³ ��¬�i�m��¤tdP��Kmo{>t�P`PjiilPÑmfiKpvgjk

O(n4) � �Ò]_edcumo{
�ls�i�¨ 
 � ª ��¬¾g`cu�lkuilP�mfi�^`P�e�s>a�t�cu{�moh`pvix{>P��Kco�KpviKP�mfeds�ilPÑmfiKpvgjk
O(n2)

g�t�^jc
s>iKk\a�cfe�g`h`ilk\Pjt�P t�co{�ilP�mf�Kk �ÕÍ i�m�e�s>a�t�cu{�moh`pviwkoiKcfe�ilPjko^`{�mfi)a��lPj�lcfe�s>{>ku�bed^ É a�cfe�g`h`ilkÑt�cu{>iKP�mo�lk\i�m
ed^ É

2
¶Dkumfcu^��Kmo^`coiKk©¨ 
 � Í �7��¬ � ��e�gj^`q`s>{���e�mo{>t�P�¨ � gj{ � � ¬<[`t�P`Pjib^`PAe�s>a�t�cu{�moh`pviwilP moilpwg`k

O(n +
mα(m,n))

ilP�g�e�kokfe�P�mCg�edc�^`P`ivkumfcu^��Kmo^`coiv{>P�mfiKcopw�l[`{>ed{>cui � s�i P4 g SNW ]_] � �µiwmoilpwg`k�s�{>P`�led{>cui\koiKcfe
ilP ��P�e�momfiK{>P�m�¨ Í�� �d« � 
 � � ��¬ �

� ilgj^`{>k � s�ilk�ed^¸mfil^jcok �Ìh`ilc��Ìh`ilP�mÑ�bku{>pwg`s>{ ��ilc�s>ilk�eds�a�t�cu{�mfhjpviKkI[`iÑ[`� �lt�pwg�tdko{�mo{>t�P � ¨ ��
 !Õ·d« �

 t�P`· � ¬Ð[jt�P`P`iKP�mr^`P eds>adt�co{�mfh`pwiÑs>{>Pj��ed{�coiÑko{�pvg`s�ivg~t�^`cCs>ilk�a�cfe�g`h`ilkCP`t�P t�cu{>ilP�mo�lkriKP g�edkokoedP�m
g�edc@^`P`i<g~ilcupr^jmÌe�mf{>tdPs�ZeX��mft�cu{>kfe�P�moi � ^`P`iÐg~ilcupr^jmÌe�mf{>tdPC[`iKkÒkot�pwpvi�mfkXmfils�s>iN}�^`iÐmft�^jkâs>iKkºkotdpvpwiKmok
[`iKk%pvt|[`^`s�ilk4kot�{�ilP�mc�Kt�P`ku�b�l^¸mf{��¤k ��� ¨ 
 
 ·7��¬@g`co�KkoilP�moir^`P�eds�a�t�co{�mfh`pwi%s�{>P`�led{>cui�g~t�^`c�s>iKk�a�coedg`h`iKk
t�cu{>ilP�mo�lk �

� edP`kws>i'�ledkÑg�edcumo{
�K^`s>{�ilcr[`iKk �Kt�a�coedg`h`iKk � ¨ Í ! � ª ��¬�g`co�KkoilP�moilP�mb^`P eds>adt�co{�mfh`pwi�s�{>P`�led{>cuiz{>P¸¶
�lcu�lpwilP�mÌe�sI[`i�cuib�ltdP`P�ed{�kokfe�P��li � g`cot|[`^`{�kfedP�m�s>iq�Kt�¶5e�coq`cui¼ko{�s>i�adcfedg`hji¼ilknm)^`P �lt�adcfedg`hji � � c$�Kkco� �liKpvpwilP�m � [jilk4eds>adt�co{�mfh`pwilkxg`s>^`k�ku{>pwg`s>iKkÐt�P©�Kmf��g`cu�lkuilP�mf�Kkr¨�� Í�� · �¸��� !Õ·7��¬ �
���o� !#"��I-
	 ��-
��(¤*,(.-�& 	 -��������b(���� �I*������������������  !�"�#�#$����

/10Z/1052 %�;�JÕ?j?¸=º? 9�= FIHKJ�L4MÕ=º?'? ��J�&�;�=º? LxJÕHÊ?�:�&N? ��� �¾:�����7%EÕ?
Ë P
[`{�m)}|^�]_^`PjiK�ls>edkokui

G
ilknm¼®K �£`¹ºW¤Y ´ £j¡ ®lVX¹@®K ��+ �Vµ ��ZR~�X®�ko{�g�td^`cbmft�^jm

G,H ∈ G � i�m
v ∈ V (G) � eds>tdcok G H

v ∈ G �O�Pba�coedg`h`iI[`i ­ R~Q ´ £j¡�£j¹º�ZW.�+  ÏriKkum�^`Pbadcfedg`hji%}�^`{Ued[jpvi�mÐ^`P`i1tdco{>iKP�mÌe�mo{>t�Pwmfcfe�P`ko{�mf{�ydi � ��iKk
a�coedg`h`iKkNtdco{>iKP�mf�lkÕmfcoedP`ku{�mf{ �¤kâkotdP�mxkumfedq`s�ilkÕg�edcÒku^`q`kumo{�mo^jmf{�t�P`k � i�mN[`t�P��4s>iKkÒa�cfedgjh`ilk � P`tdPvt�cu{>iKP�mo�lk �[`i �ltdpvg�e�cfedq`{�s>{�mf�lkxs>i1kut�P�mIe�^`koku{ �Ë PÑydt�{�m �Ze �l{>s�ilpwilP�mâ}�^`i�s�ilk �ltda�cfedgjh`ilkÕkotdP�mNknmÌedq`s�ilkÒg�e�cÒko^`q`knmf{�mf^jmo{>t�P`k ��Í ils>e%ilknm,e�^`koku{�s>i/�ledk
g~t�^`cNs>ilkxa�cfe�g`h`ilk �Zed{>qjs>ilpwilP�m �Ìh`t�cu[�ed^ É � iKm,s>ilkNa�coedg`h`iKkÐg�edc"�Zed{�mok � ��e�c,^`P`i�ko^`qjkumf{�mf^jmo{>t�PvP`iIg~il^¸m
g�edkp�lcu�liKc�^`Pr�KÓV�Ks>i�kfedP`kp�ltdco[`iKk%e�y�i �Ced^Êpvtd{>P`kp�\kot�pwpwiKmfk � Ë PÊydilcocoev}�^`in�liKs±eÑilkum��la�eds>iKpviKP�m
s>i �ledkC[`iKk�adcfedg`hjilkC[jivg~ilcupr^jmÌe�mf{>tdP � !ºedcn�ltdP�mocoi � s�ilk�a�cfe�g`h`ilks�Ìh`t�cu[�ed^ É P`iwkot�P�mCg�edk�kumÌe�q`s>iKk
g�edc<ku^`q`knmf{�mo^jmf{�t�P`k ��e�c<^`P`i�ko^`q`knmf{�mf^jmo{>t�Pbg~il^jm �Zed{�coi�edgjg�edcfe��>mfcui%^`P

C4 �!Òs>^`krad�lP`�Kcfeds�ilpwilP�m � mft�^¸mfiD�Ks±edkukoiz[`i�a�cfedgjh`ilkr}�^`{xg�iK^jm;��mfcoi�[`� ��Pj{>izg�e�cr^`P�iKP`koiKprq`s>i�[`i
kotd^`kn¶Da�cfedgjh`ilk4{>P�mfiKco[`{�mfkÐgjcoilpw{>iKcok�ilknm4kumÌe�q`s>i1g�e�c<ko^`q`knmf{�mf^jmo{>t�P`k �
/10Z/10./ %�;�JÕ?j?¸=º? 9�= FIHKJ�L4MÕ=º?('d7I; � �¯=xE�� 9 � �µ7���L�7Ð?jJ�&�;�=º?

� edP`k�s>i�q`^jm�[U]�^jmf{�s>{>kuilc<s>ew[`� �lt�pwg~t�ko{�mf{>tdP©pwt|[`^`s±e�{>coi1g~t�^`c�cu�lkotd^`[`coiC^`P�g`cut�q`s��lpwi � t�PÊ[`t�{�m
koi�coilknmfcuil{>Pj[`coi���^`P �ls>edkokui¼[`i¼a�coedg`h`iKk � �ut�s�{>pwilP�m � [`� �lt�pwg�tdkfedq`s�ilkvg�edczs>e�[`� �lt�pwg�tdko{�mo{>t�P
pwt¸[`^js±ed{�coi � �)� t�s>{�pviKP�m �%ydil^jm@[`{�coiâ}�^U]�t�P�e�^jP`iÕpviK{>s>s�il^`cui �ledcfeX��mf�Kco{>koe�mf{�t�P1[`iKk@a�coedg`h`iKkµg`coiKpv{�ilcuk
}�^`i%[`i�s±en�ls±e�kokoi �lt�Pjko{>[j�lco�Ki � !ºedcxi É ilpwg`s>i�s>iKk,a�coedg`h`iKk,g`cuilpw{>ilcuk,g~il^jydilP�m �Kmocoi�[`i�mfed{>s�s>i�q�tdcoP`�Ki
t�^ edgjg�edcumoilP`{�cr�¼^`PjiD�ls>edkokuibg`s>^`kCcoilknmfcuil{>P�moi � ��e=�Ks±edkukoiz[`iKk;�lt�adcfedg`hjilk\ilknmÑsà]�i É ilpwg`s�i�s>ivg`s>^jk
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P�e�mo^`coiKsU��s.]_iKP`koiKprq`s>i<[jilkÕa�cfe�g`h`ilkÒgjcoilpw{>iKcokÕed^¸mft�cu{>ko�KkâilknmÕy¸{�[`i � Ë Pwe1}�^`ils�}�^`ilkNed^jmocoiKkÒi É ilpwg`s>iKk
[`i �ls>edkokuilk�[`i�a�cfe�g`h`ilkº�ut�s�{>pwilP�mÐ[j�b�ltdpvg~t�kfe�q`s>iKk �
(�)w(H)w(�)+* � .�{,1���@:9

P4 � .�4VBHG�|X6}3
~,>5@:9C@76 P4 � |h>5{,3�.�9 @ <E4:9
O�Pzadcfedg`hji�iKkum

P4 �
¡�Ï|TXV ­   �Z¹@WZYCko{��Ìh�ed}�^`i%kut�pwpvi�m,e�g`g�edcnmf{>iKP�m,��ed^�gjs>^`kN^`P

P4 � O�P�adcfedg`hji
ilknm

P4 �Ì­ W¤£��¤¡�®lY|QSÏ���ku{µmft�^`k4s>iKk�kut�^`k5¶3a�coedg`h`iKkI{>Pj[`^`{�mok<[`i
5
kut�pvpwiKmok�{>P`[`^j{>koiKP�m%ed^©g`s�^`k�^jP

P4 �Ë P�y�t�{�mc�ZeX�l{�s>iKpviKP�mI}�^`i\s>iKk1a�cfedgjh`ilk
P4

¶3cu�l[`^���mf{�q`s>iKk%kot�P�m�[`iKk�a��lP`�Kcfeds�{>koe�mf{�t�P`kI[jilk �ltda�cfedgjh`ilk �iKm4s�ilk<a�coedg`h`iKk
P4

¶��Ks±ed{�cokoiKpv�KkÐkotdP�m4[`iKk�a��lP`�Kcfeds�{>koe�mf{�t�P`kÐ[`iKk�adcfedg`hjilk
P4

¶Dco�K[`^��Kmo{>q`s�ilk �O�Pba�coedg`h`i�ilknmÐ^`P`iI£`¡�£��Z½~��Ï�YÊQ�£��Z½¾¡�Yrku{�t�Pzg~il^¸mÐg�edcnmf{�mf{>tdP`P`ilcÕkut�PbilP`kuilprqjs>iI[jiIkotdpvpwiKmok
ilPS^`P�ilPjkoilpCq`s>iwkumfedq`s>i

S
iKm�^`P`i �ls>{�}�^`i

C
[`iÑmfiKs>s�ij�Ze0�Kt�PS}�^`i

|S| = |C|
t�^
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PU]_tdP�mâg�edkÒ[`iÐydt�{>ku{>Pr[�e�P`k
G−v � !@td^`c U ⊆ V � kot�{�m ext(G,U)
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� t�^jk�g`cu�lkuilP�mft�Pjk�[�e�P`k �KiKmumfi�koi �Kmf{�t�P©^`P`i �lt�s�s>i �Kmf{�t�Pb[`i�g`cut�q`s
�KpviKk<iKm4s>iK^`c�eds�a�t�co{�mfh`pwiI^¸mf{�¶
s>{�kfedP�m,s±er[`� �lt�pwg�tdko{�mo{>t�P�pvt|[`^`s>ed{>cui �¸Í ilcnmÌed{�P`kÐ[`i �Kilk�co�Kko^`s�mÌe�mok<kot�P�m�g`cu�b�l�K[`ilpwpwilP�mp�lt�P`P�^`k�i�m
^jmo{>s>{�ko�Kilk � [`{>cuib�KmoilpwilP�m�t�^©{>P`[j{>coi �KmoilpwilP�m � [`edP`k�[`ilk4eds�a�t�cu{�mfhjpviKk �
/10 �1052 � H �>=xE���J9����7%E ��HKJ4EÕ?��������â=

O�P'a�cfe�g`h`i)ilknmv^jP a�coedg`h`ib[ji ­ R~Q ´ £`¡�£`¹@�.WZ�+  Ï�kl]�{>s<i É {�kumfi)^`Pji©tdco{>iKP�mÌe�mo{>t�P�mocfedP`ku{�mo{�y�i�[`i
koiKk�e�c$�Kmoilk � Ë P'e�[`t�Ph�©[jil^ É g`cut�q`s��lpwilkb���Kils>^j{Ð[`i)[`�b�K{>[`iKcÑko{<^`P'a�cfe�g`h`ibilknmw^`P adcfedg`hjib[`i
�ltdpvg�e�cfedq`{�s>{�mf� � i�m �liKs>^`{~[`i%mocot�^jydilcÐ^jP`i1t�co{�ilP�mÌe�mf{>tdPwmocfedP`ku{�mo{�y�iI[U]_^jPba�cfedgjh`i%[`ic�Kt�pwg�edcfe�q`{>s�{�mf� �
�ÕY¸QSQSYDJFL�J�vFL ��� Q ���  %� OFQ�R+S

G TVU � W�Y[Z \ ] ][S D f Q U YXW i W ] aV] a,432_Q ` Z Q f R+SNR Q U ` Qba T � YXR+W ]���l��
Q�W f
G

] f S TeU � W�Y[Z \ ]�aV] 2_Q ` ZhYXW�Y i R�� R+S.4 f Rs][S f ] T �
] ` ] U S f R��
] � W$Y[Z \ ] 2$YXW�Y,2[S 4[W8R f S�R�k T ]�aV] 2_\hY7k T ]
U Qz] T a Z�W ] ` R ][WnaV] D ] f S TeU � W�Y[Z \ ]saV] 2_Q ` ZhYXW�Y i R�� R+S.4��

� gjco{>tdco{ � s>i\s�ilpwpvi\g`cu�b�K�l[`iKP�mCP`iÑP`t�^`k�edg`g~t�cnmfiÑco{�ilP �µg~t�^`c�kfe�y�td{>c�ko{Õ^`P¦a�cfe�g`h`iwg�t�kuk$�K[`i
^`P`i�t�co{�ilP�mÌe�mf{>tdPwmocfedP`ku{�mo{�y�i � {>s �Zed^jmxkfe�y�td{>c,ku{�s�ilkxa�cfedgjh`ilk���edcoeX�Kmo�lco{�kumo{>}�^`ilkx[`iIkoeC[`� �lt�pwg�tdko{�mo{>t�P
pwt¸[`^js±ed{�coiNg�t�kuk$�K[`ilP�mN^`P`i<t�cu{>iKP�mfe�mf{�t�PCmocfedP`ku{�mo{�y�i � 
 e�{>k � g�td^`câ^`PÑa�coedg`h`iÐgjcoilpw{>iKc � �li<g`cut�q`s
�Kpvi
ilknm�g`s>^jk/�ZeX�l{�s>i%�rmocfed{�mfilc � �ledc<^`P)a�coedg`h`i1g`cuilpw{>iKcÐ[`i �ltdpvg�e�cfedq`{�s>{�mf��g�tdkok$�K[`i�^`P`{>}�^`iKpviKP�m�[`il^ Ét�cu{>ilP�mfe�mf{�t�P`k,mocfedP`ku{�mo{�y�iKk � [`tdP�m4s.]_^`Pji1ilkum4s.]_t�gjg�t�ku�li�[`i�sà]_ed^jmocoi �
�ÕY¸QSQSY J2L�J���L ��� Q ���  � OFQ�R+S

G TeU � W�Y[Z \ ] aV] 2_Q ` ZhYXW�Y i R�� R+S 4pZ�W ] ` R ][W;Y��X]32;Y Tm` Q�R Uhf 2 f Q `;g
` ][S f � l��
Q�W f G Z Q f_f '$aV] ] 1 Y,2[S
] ` ] U S aV] T	1 Q�W[R ] U S YXS�R Q Uhf SNW�Y Uhf R+S�R��X] f aXR f S�R U 2[S
] f ^ aVQ U S � 8 TVU ]E] f S� 8 Q_Z7Z Q f 4_]naV] � 8 Y T S�W_]��

��e�[j�b�ltdpvg~t�ko{�mf{�t�P%pwt¸[`^js±ed{�coiXg�iK^jm�[`t�P��Òkuilcny¸{�c��<coib�Kt�P`P�e��>mfcuiÒs>iKkUa�cfe�g`h`ilk�[`i �Kt�pwg�edcfe�q`{>s�{�mf� �!@td^`c/�liKs±e�{>s¾ko^ *Ñm<[jic��eds��l^`s�ilcNsà]_edcoqjcoi4[`iI[`� �lt�pwg~t�ko{�mf{>tdP�[`^zadcfedg`hji � iKmÐ[jiIy��Kco{��`ilc,}�^`i �Ìh�ed}�^`i
a�coedg`h`ij��edcoeX�Kmo�lcu{>kumo{>}�^`iw[�edP`k�sà]_edcuq`coiÑilknmr^`P�a�cfe�g`h`iw[`i �Kt�pvg`edcfedqj{>s>{�mf� � � ivg`s>^jk � ko{Õt�P�a�edco[ji
sà]�t�cu{>ilP�mfe�mf{�t�P�mocfedPjko{�mo{�ydix[`iKkâa�coedg`h`iKk���edcoeX�Kmo�lcu{>kumo{>}�^`iKk � tdP\eI^`P`ixkumoco^���mf^`cui �lt�pwg�eX��mfiP�Kt�P�mfiKP�edP�m
mftd^jmfiKk4s�ilk�t�cu{>ilP�mfe�mf{�t�P`k,mocfedP`ku{�mo{�y�iKk<[`^©a�cfedgjh`i �O�P`i)t�cu{>iKP�mfe�mf{�t�P�mfcoedP`ku{�mf{�y�ib[U]�^`P'a�cfe�g`h`i)[`i'�lt�pwg�edcoedq`{�s>{�mo�vg~il^¸m ��mfcui)mocot�^¸y��li©ilP mfiKpvgjk
s>{�P`��e�{>coi¼¨ 
 � � ��¬ �NÍ eds
�K^`s>iKc\s±eq�¤ilcupvi�mf^`cuibmfcfe�P`ko{�mf{�ydi)[U]_^jP a�coedg`h`i)t�cu{>iKP�mo�)ilkumw�K}|^j{�y�eds>iKP�m���s>e
pr^`s�mf{�g`s>{���e�mo{>t�Pv[`iCpve�mfcu{
�Kilk�¨_¥ 
 ³ ���7
 ^`cf³ � ¬ � � !@td^`c�moilkumoilc�ko{X^`P�a�coedg`h`i�ilknm�mocfedP`ku{�mo{�� � {>sµku^ *Ñm
[`iCyd�lcu{���iKc%ko{@s±evpve�moco{
�Ki�[�]�ed[��oeX�liKP��li\q~t¸tds>�liKP`P`iCe ydib�\[`iKk � ku^`c%s±ew[`{±e�a�t�P�eds�i�iKkum1�Ka�eds�iC�zkut�P
��e�coco� ��� �µilk�a�coedg`h`iKk�[`i �lt�pwg�edcoedq`{>s�{�mo�lkIg~il^¸y�ilP�m�[`t�P�� ��mfcoiÑcuib�ltdP`P�^`kCiKP¦moilpwg`k

O(nα) � t�# α[`�Kko{>adP`iÐs>iNpwil{>s�s>iK^`cµmfilpwg`k��Kt�P`P�^\g~t�^`cºs>e�pr^js�mf{�g`s>{���e�mo{>t�P1[jiÐp�e�mfco{��liKk � eX�Kmo^`ils�s>ilpwilP�m
2.376 . . . � �� t�{�m

π
^`Pji<g�iKcopr^jmfe�mf{�t�PC[jilkÒP`t�pCq`coiKkâ[`i

1
�
n � Ë P\[j�lP`tdmoiÐg�edc

G[π]
s�i,a�coedg`h`ix[`iÐkut�pvpwiKmok

{1, . . . , n} � e�y�i � i iKm j ed[��oeX�KilP�m�ko{
(i− j)× (π−1

i − π
−1
j ) < 0 � O4P�a�coedg`h`i

G
ilknmI^`PÊ½¾¡�£ ´ »�YT�Y ´ Y�¡�Q�Vµ  £j ��¤R~��kK]_{�sUi É {>knmfi�^`P`i�g~ilcopC^jmÌe�mo{>t�P

π
moils>s�i%}�^`i

G
ilknmI{�kot�pwt�cug`h`i1�

G[π] �
�ÕY¸QSQSY JFL�J��FL � - �  �� $.� 7 U � W�Y[Z \ ] G ] f S TVU � W�Y[Z \ ]jaV] Z ][W `;T S YXSNR Q U f R ][S f ] T �
] ` ] U S f R G][S
G f Q U SPaV] f3� W�Y[Z \ ] f aV] 2_Q ` ZhYXW�Y i R�� R+S.4��
�µilkCadcfedg`hjilk�[`ivg~ilcupr^jmfe�mf{�t�P�g�iK^jy�iKP�mt�Kmocoiwcoib�Kt�P`P�^`kriKP�moilpwg`k�s>{>Pj��ed{�coi)¨ 
 � � ��¬ � a�c�� �liw�

^`Pbe�s>a�t�cu{�moh`pvi,[`iI[`� �lt�pwg~t�ko{�mf{>tdPvpwt¸[j^`s±ed{�coi<s�{>P`�led{>cui � i�mÐ^`Pbe�s>a�t�cu{�moh`pvi,s>{>Pj��ed{�coi<[U]�t�co{�ilP�mÌe�mf{>tdP
mfcoedP`ku{�mf{�y�i1[U]�^`P©a�cfe�g`h`i�[`i �lt�pwg�edcoedq`{�s>{�mo��i�m4[`i�kot�Pr�lt�pwg`s��lpwilP�m �
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/10 �10./ �CEÕ?j=:� &�;�= ? ��J�&�;>=
�µi�g`cot�qjs
�lpwi - ��45- ��*0$%- 4 �%� *,$3-�� ()����� +�� ilknmb^`P`i�ad�lP`�Kcfeds�{>kfe�mf{>tdPA[`^ g`cut�q`s
�Kpvi - ���

45- ��*,$3- 45�3� *,$3- � t�#¼s.]_tdP¼ev^jP`it�¤t�P���mf{�t�P�[`i�g�td{>[`k
w : V → N

ku^`cIs�ilk�kot�pwpvi�mfk4[`^�a�coedg`h`i ��µi ´ R~�ZT@®w[U]_^jP�kot�^jkn¶3iKP`koiKprq`s�i
S ⊆ V

iKkum ∑
v∈S w(v) � Ë PSP`t�mfiwg�edc

αw(G)
s�ivg~t�{�[`k�pve É {�¶pr^`p [U]_^jP�iKP`koiKprq`s>iwkumfedq`s�i\[`i

G � Ë P¦P`tdmoiwg`edc
ωw(G)

s>i\g~t�{�[`k1p�e É {�pr^`p [U]�^`P`ij�ls>{�}�^`i\[`i
G � �d]�ilknmu¶5��¶3[`{�coi αw(G) �
�1�X®lY|Q�¹ºW¤Y�®�  £`¹@WZY ´ R��XT�Ï|¡�Ï !uR ´  ��ZQ��.®K£j ��¤R���-
� ��4 �%� � ��-��`^`P©a�coedg`h`i

G
i�m
w : V → N

^`Pji �¤tdP��Kmo{>t�P)[`i�g~t�{>[`k �	 ()+3����-¦�
αw(G) �

�µilkCtdg��Kcfe�mo{>t�P`k��Êcu�lkut�^`[`cui�g~t�^`cn�Ìh�ed}�^`izP`t|il^j[�[`i�s.]�e�coq`cuiw[ji�[`� �lt�pwg�tdko{�mo{>t�P¦pwt¸[`^js±ed{�coi
kotdP�m4[`tdP`P`�liKk�g`edc<s>i1s�ilpwpvi%ku^`{�y�edP�m �
�ÕY¸QSQSY JFL�J�'FL �
	 \ � � � ^"
 ��� 0�� OFQ�R+S

h TVU U Qz] T a'aV] � 8 YXW i W ]taV];a,432_Q ` Z Q f R+S�R Q Um` Qba T � YXR+W_]_^ ][S
f Q�R+S h1, . . . , hr f ] f � � f f R h ] f S TeUmU Qz] T a R U S�][W U ]��

$ �nO�R
h
] f S TeU ] �}] T R����
]_^�Y��
Q�W f αw(Gh) = w(vh)

^
) �nO�R

h
] f S TeUmU Qz] T a � ��
������������ ^ Y��
Q�W f αw(Gh) =

∑r

i=1 αw(Ghi
)
^

+ �nO�R
h
] f S TeUmU Qz] T a 	���
���� ^/Y��
Q�W f αw(Gh) = maxi∈{1,...,r} αw(Ghi

)
^

0 �nO�R
h
] f S TVU U Qz] T a � 
���
 ����
 � OFQ�R+S G∗

h = (V ∗, E∗)
�
] � W�Y[Z \ ] 2$YXW$Y,2[S.4[W8R f SNR�k T ]CaV] h ^ Y��X]32

V ∗
h = {v1, . . . , vr}

][S/S�]&� k T ] vi f Q�R+S �
] f Q `;` ][SPW ]�Z�W�4 f ] U S�YXS�R �ta Tq` Qba T �
] Vhi

� OFQ�R+S
w∗ :

V ∗ → N TVU ] �}Q U 2[S�R Q U aV]�Z Q�R�a f S�]&���
] k T ] w∗(vi) = αw(Ghi
)
�,l��
Q�W f αw(Gh) = αw∗(G∗

h)
�

Ë PÊy�td{�m4}�^`iCku{XtdP¼edcuco{�ydiC�Ñco�Kkot�^j[`coi - ��45- ��*,$3- 4 �%� *,$3-�� ()���
� +���ko^`c4s>iKk�adcfedg`hjilk4g`coi ¶
pw{>ilcuk<[`i�s±eÑ[`�b�Kt�pvg~t�ku{�mf{�t�P � t�P�g~il^jm4[`tdP���cu�lkut�^`[`cui - � 45- ��*,$3- 4 �3��*0$%-�� ()����� +�� � iKm�[`t�Ph�
- � 45- ��*,$3- 4 �3��*0$%- � ko^`cNs>i4a�cfe�g`h`i4t�co{�a�{>P`iKs � � iIg`s�^`k � ko{~t�Pvg�iK^jmÐcu�lkotd^`[`coi�s>iKkxkut�^`kn¶Dg`cotdq`s
�KpviKk
ilP)mfiKpvgjk4g~t�s�Ó¸Pjt�pv{>eds � eds�t�cok,t�PÊg~t�^`cucfe\co�Kkot�^j[`coi�s>i1gjcot�q`s��lpwi1t�co{�a�{>Pjils�iKP©moilpwg`k<g~t�s�Ó|P`t�pw{±e�s ��Ò]�eds�a�t�cu{�mfhjpviÑg`cu�b�l�K[`ilP�mÑP`td^`krg~ilcopwiKmC[`iD�leds
�K^`s>iKc

αw(G)
ilP ^¸mf{>s�{>koedP�m�s>eÊ[`� �lt�pwg~t�ko{�mf{>tdP

pwt¸[`^js±ed{�coi �ºÍ iKm�eds�a�t�co{�mfh`pwi�g~il^¸m ��mfcui©pwt|[`{�����g�t�^jcj�leds
�K^`s>iKcr^`P ilP`kuilprq`s�i)kumÌe�q`s>ib[`i©g~t�{>[`k
pve É {>pr^`p ��s±ewg`s±eX�Ki�[ji

αw(G) � � edP`kIs.]�e�s>a�t�cu{�moh`pviIko^`{�yde�P�m � Sw(G)
coilgjco�lkuilP�mfi\^jP¼ilP`kuilprqjs>i

kumfedq`s�i1[`i�g�t�{�[`k<pve É {>pr^`p [`^©a�cfe�g`h`i
G �

�ÕY¸QSQSYoJFL�J*),L OFQ�R+S
h TVU U Qz] T amaV] � 8 YXW i W ] aV] a,432_Q ` Z Q f R+S�R Q U ` Qba T � YXR+W_]_^ ][S f Q�R+S h1, . . . , hrf ] f � � f f R h ] f S TeUmU Qz] T a R U S�][W U ]��

$ �nO�R
h
] f S TeU ] �}] T R����
]_^�Y��
Q�W f Sw(Gh) = {vh}

^
) �nO�R

h
] f S TeUmU Qz] T a � ��
������������ ^ Y��
Q�W f Sw(Gh) =

⋃r
i=1 Sw(Ghi

)
^

+ �nO�R
h
] f S TeUmU Qz] T a 	���
���� ^ Sw(Gh) = Sw(Ghj

)
^ Q��

αw(G(hj)) = maxi∈{1,...,r} αw(Ghi
)
^

0 �nO�R
h
] f S TVU U Qz] T a � 
���
 ����
 � OFQ�R+S G∗

h = (V ∗, E∗)
�
] � W�Y[Z \ ] 2$YXW$Y,2[S.4[W8R f SNR�k T ]CaV] h ^ Y��X]32

V ∗
h = {v1, . . . , vr}

][S S�]&� k T ] vi f Q�R+S �
] f Q `;` ][SjW ]�Z�W�4 f ] U S YXSNR � a T ` Qba T �
] Vhi

�nOFQ�R+S
w∗ : V ∗ → N TVU ] �}Q U 2[SNR Q U aV] Z Q�R�a f S�]&���
]tk T ] w∗(vi) = αw(Ghi

)
� OFQ�R+S

S∗ TVU ] Uhf ] `ji �
]
f S Y i �
]naV]�Z Q�R�a fc` Y 1 R `;TV` aV]

G∗ Y��X]32 � Y �}Q U 2[SNR Q U aV]�Z Q U a,4[W�YXS�R Q U w∗ �?l��
Q�W f Sw(Gh) =⋃
i:vi∈S∗ Sw(Ghi

)
�
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�µt�coku}|^jiz}�^`i�s.]_t�P�y�iK^jm\^jmo{>s�{>koiKc1s±e©[`�b�Kt�pvg~t�ku{�mf{�t�P�pvt|[`^`s>ed{>cui\g�td^`c�cu�lkut�^`[`cui�s>iwg`cut�q`s
�Kpvi
- � 45- ��*,$3- 4 �%� *,$3-�ko^`cI^`P`iC�Kilcumfed{>Pjit�ls>edkokuiC[`iCa�cfedgjh`ilk

G � {>s��Zed^jmIiKmI{>s�ko^ *Ñm�[`i�co�Kkot�^`[jcoi\s>i
g`cut�q`s
�Kpvi - ��45- ��*0$%- 45�3� *,$3- � ()���
� +���ko^jc�s�ilk�a�cfe�g`h`ilk�g`cuilpw{>ilcuk1[`iws±eE�ls>edkokuiv[`iÑa�coedg`h`iKk
G �ÒÍ i �l{ÐiKkumÑe�y�edP�mÌe�a�il^ É ^`P`{�}�^`ilpwilP�mÑko{xt�P e¼^`PjizpviK{>s�s>il^jcoi ��edcoeX�Kmo�lcu{>kfe�mf{>tdPS[`iE�Kilkra�coedg`h`iKk
g`cuilpw{>ilcuk � � sµiKkum4[`t�Ph��{�pvg~t�cnmÌedP�m<[U]_e�y�t�{�c<[`ilk�mfhj�lt�c��lpwilk�[`i�kumoco^���mf^`cui�[jilkp�ls±e�kokoiKk�[`i�a�cfedgjh`ilk �
�zY|QS£`¡��UV�Y�L - Q T W �
] Z�W Q i ��' ` ] - ��45- ��*,$3- 45�3� *,$3-?^ �
] f Q_Z�4[W�YXS�R Q Uhf @�] � ]32[S T ][W Z Q T W �
] f a,4 g2_Q ` Z Q f R+S�R Q Uhf f 4[W8R ] f ][SPZhYXW�Y�����'&�
] fjf Q U SsaV] f 2$Y f ZhYXW8S�R 2 T � R ][W f aV]�� 8 Q_Z�4[W�YXSNR Q U @o] � ]32[S T ][WnZ Q T W
TVU U Qz] T a Z�W ] ` R ][W����nQ T7f �X][W8W Q Uhf k T ] 2_]&� Y U*8 ] f S ZhY f S
Q T 4}Q T W f �
] 2$Y f ����] � YXR+Sck T ](�
] � W�Y[Z \ ]2$YXW�Y,2[S 4[W8R f S�R�k T ] f Q�R+S�Z�W_] ` R ][W a7Y Uhf �
] 2$Y f aV] f U Qz] T a f Z�W_] ` R ][W f Z ] T S f R ` Z�� R �/][W � 8 Q_Z�4[W�YXSNR Q U ^92$YXW
ZhYXWC] 1 ] ` Z��
] �
] � W�Y[Z \ ]C] f S�2_Q U U ] 1 ]t][S�2_Q g 2_Q U U ] 1 ]��

!@t�^jcxcu�lkotd^`[`coi4s>i<gjcot�q`s��lpwi'- � 45- ��*,$3- 4 �3��*0$%-ÑilP�^¸mf{>s�{>koedP�mÒs±e1[`� �lt�pwg�tdko{�mo{>t�P\pwt|[`^`s±e�{>coi �t�Pve�[`^wg�edkukoiKcÐ��^`P`i4a��lP`�Kcfeds�{>koe�mf{�t�P\[`^�gjcot�q`s��lpwi�}|^j{~iKkum - � 45- ��*,$3- 4 �3��*0$%- � (������ +�� � Ë P
y�iKcocoe©}�^`i �d]�ilknmn�liÑ}�^`{Õedcocu{�ydi\ilP¦a��lP`�KcfedsÒs�t�coku}�^`i\}�^U]_tdP�iKkokfe�Ódi�[`i\cu�lkotd^`[`coiw^`P�g`cut�q`s
�KpviCilP
^jmo{>s>{�kfedP�mºs±eI[`� �lt�pwg~t�ko{�mf{>tdPrpvt|[`^`s>ed{>cui � !@td^`c �liKcumÌe�{>P`kâgjcot�q`s��lpwilk � s>ixkot�^`k5¶3g`cut�q`s��lpwi��%co�lkut�^`[`cui
ko^jcws�ilkradcfedg`hjilkÑg`coiKpv{�ilcuk\koilcoe�s>ibg`cut�q`s
�Kpvi�t�co{�a�{>P`iKs � !@td^`cÑ[U]�e�^jmfcui � {�s,kl]_eda�{�cfe¼[`i)s>eÊy�iKcoko{�t�P
g~t�P`[`�Kco�li � È P �`P � g~t�^`cN^`P`i�[`ilcuP`{
�Kcoip��e�mo�la�t�cu{>i � {�s¾kl]_eda�{>coe�[jiIg`cut�q`s
�KpviKkÕilP��Kt�coi%gjs>^`kNa��lPj�lcfe�^ É �
�zY|QS£`¡��UV�Y�L � 8 Y[Z7Z�� R 2$YXS�R Q U a T �
] `;` ] ) � )�� f[T W �
] 2_Q ` Z�� 4 ` ] U S�YXR+W ]ra T � W�Y[Z \ ] U Q T7f aVQ U U ]aXR+W ]32[S
] ` ] U S �
] f f Q T7f[g Z�W Q i ��' ` ] f @ W�4 f Q T aXW_] Z Q T W �
]/Z�W Q i ��' ` ]2��$3��1)� - � ()���
� +�� - �
/10 �10�� %z7�;>7ÐHKJ9���>7%E

O�P`i ­ R~W¤R¾¡�£¸ ��ZR~� ´ R��XT�Ï|¡�Ï�YS[�]_^`P a�coedg`h`i
G = (V,E)

e�y�i �)^`P`iD�¤t�P���mf{�t�P [`izg~t�{>[jk
w :

V → N
iKkum,^`P�pr^js�mf{ ¶3iKP`koiKprq`s>i

C = 〈V1, . . . , Vk〉
[�]_iKP`koiKprq`s>iKk,knmÌedq`s�ilkN[`i

G � moils¾}�^`iIg~t�^`cÒmftd^jm
v ∈ V � |〈V ′ ∈ C : v ∈ V ′〉| ≥ w(v) � �µiÑ��R~Q�¹X¡�Y ­ »X¡�R~QS£j �� �UV�Y ´ R~�XTXÏ�¡�Ï�[U]�^`P¦a�cfedgjh`i

Ge�y�i ��^jP`ic�¤t�P���mf{>tdPz[`i1g~t�{>[`k
w

ilknm�s±erg`s�^`kÐg~iKmo{�mfi�mÌed{�s>s>i�[U]�^`P`i �Kt�s>t�coe�mf{�t�P�g~t�P`[j�lco�Ki1[`i
G

iKm
w �

� sNkoilcoe�P`tdmo�
χw(G) � O�Pji ­ R~WZR¾¡�£j ��¤R~� ´ R��XT�Ï|¡�Ï�Y Q��.�X�ZQ¦VXQ [`i

(G,w)
ilknmr^`Pji �ltds>t�coe�mf{�t�P

g~t�P`[`�Kco�li)[`i
(G,w)

e ydib�)^`P P`t�pCq`coibpw{>P`{�pr^`p [`i'�Kt�^`s>iK^`cok � Ë P edg`g~ils�s>ilcoe��la�eds>iKpviKP�mr^`P`i
�ltds>t�coe�mf{�t�P)g�t�Pj[`�lcu�liCpw{>Pj{>pr^`p8[`i

G
e�ydib�t�¤t�Ph�Kmf{�t�P©[`iCg~t�{>[jk

w
^`P`is�lt�s�t�cfe�mo{>t�P)pw{>P`{�pr^`p [`i

(G,w) � O�Pji ´ £j¡�  �¤ ��¤R~��Y|� ­ W.� �UV�Y¸® ´ R��XT�Ï|¡�Ï�YS[ji
(G,w)

ilkumr^`P`iD�Kt�s>t�coe�mf{�t�P¦g�t�Pj[`�lcu�liz[`i
(G,w) � Ë P)P`tdmoilcoeÑg`edc

κw(G) = χw(G) �
��R~WZR¾¡�£j ��¤R~� ´ R~�@T�Ï�¡�Ï|Y¼Q��.�X�ZQ¦VXQ !nR ´  ��ZQ��Z®l£j ��¤R~�9-
� ��4 �%� � ��-��`^`P©a�coedg`h`i

G
i�m4^`P`i �¤t�P���mf{>tdP©[ji�g~t�{�[`k

w : V → N �	 ()+3����-¦�`^jP`i �lt�s�t�cfe�mo{>t�P�pv{�P`{>pr^jp8[`i
(G,w) �

�ÕY¸QSQSY JFL�J�
FL �
	 \ � � � ^"
 ��� 0�� OFQ�R+S
h TVU U Qz] T a'aV] � 8 YXW i W ]taV];a,432_Q ` Z Q f R+S�R Q Um` Qba T � YXR+W_]_^ ][S

f Q�R+S h1, . . . , hr f ] f � � f f R h ] f S TeUmU Qz] T a R U S�][W U ]��
$ �nO�R

h
] f S TeU ] �}] T R����
]_^�Y��
Q�W f χw(Gh) = w(vh)

^
) �nO�R

h
] f S TeUmU Qz] T a � ��
������������ ^ Y��
Q�W f χw(Gh) = maxi∈{1,...,r} χw(Ghi

)
^

+ �nO�R
h
] f S TeUmU Qz] T a 	���
���� ^/Y��
Q�W f χw(Gh) =

∑r

i=1 χw(Ghi
)
^
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0 �nO�R
h
] f S TVU U Qz] T a � 
���
 ����
 � OFQ�R+S G∗

h = (V ∗, E∗)
�
] � W�Y[Z \ ] 2$YXW$Y,2[S.4[W8R f SNR�k T ]CaV] h ^ Y��X]32

V ∗ = {v1, . . . , vr}
][S/S�]&� k T ] vi f Q�R+S �
] f Q `;` ][SPW ]�Z�W�4 f ] U S�YXS�R �ta Tq` Qba T �
] Vhi

� OFQ�R+S
w∗ :

V ∗ → N TVU ] �}Q U 2[S�R Q U aV] Z Q�R�a f S
]&���
] k T ] w∗(vi) = χw(Ghi
)
�,l��
Q�W f χw(Gh) = χw∗(G∗

h)
�

�zY|QS£`¡��UV�Y�L � 8 Y[Z7Z�� R 2$YXS�R Q U a T �
] `;` ] ) � ) � f[T W �
] 2_Q ` Z�� 4 ` ] U S�YXR+W ]ra T � W�Y[Z \ ] U Q T7f aVQ U U ]aXR+W ]32[S
] ` ] U S �
] f f Q T7f[g Z�W Q i ��' ` ] f @ W�4 f Q T aXW_] Z Q T W �
]/Z�W Q i ��' ` ] � � +%��������(��6- � ��$%��1)��- 4 �
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� t�^jkÕeds>s�t�P`kH�lt�pwpviKP��liKcºg�e�câ[`ilk@yde�co{±e�P�moilkâ[jiÐg`cotdq`s
�KpviKkº[`i<[`tdpv{�P�e�mf{�t�P � }�^`{¸t�P�mÒ[`ilkÒkut�^`k5¶g`cut�q`s
�KpviKk<g`s>^jk �Ze �l{>s�ilk<}�^`i�s>i�g`cut�q`s��lpwi ��()�������#����()� � �µi�g`cot�qjs
�lpwi�- � 45- ��*,$3-�� ()�����������

��()��� -#��- � }�^`{`[`iKp�e�P`[`i<g~t�^`câ^`PÑa�coedg`h`i
G

iKmâ^`P
k ∈ N

ko{
G

g�tdkok$�K[`i�^`P\ilPjkoilpCq`s>i<[`tdpv{�P�edP�m
�ltdP`P`i É iÑ[`irmfed{>s�s>i�ed^�g`s>^`k

k � iKkum � !º¶��Kt�pwg`s>i�m\¨_° � ³dª�¬ � Ë P�g~il^jm�cuilpvedco}�^`iKc1}�^`irmft�^¸m�a�cfedgjh`i
�ltdP`P`i É i�e\^`PÊiKP`koiKprq`s�i�[jt�pv{�P�edP�m �Kt�P`P`i É i � �Õtd{
�l{�s±eCy�iKcoku{>t�P©[U]�t�gjmf{�pv{�kfe�mo{>t�Pv[`^©g`cot�qjs
�lpwi\�
�1�X®lY|Q�¹ºW¤Y�T�R~Q��Z�X£��~  ­ R~�X�XY�ÎµY !uR ´  ��ZQ��Z®l£j ��¤R~�9-
� ��4 �%� � ��-��`^`P©a�coedg`h`i

G = (V,E) �	 ()+3����-)��mÌed{�s>s>ixpv{�P`{>pC^`p [U]_^jPwiKP`koiKprq`s�i4[jt�pv{�P�edP�m �Kt�P`P`i É i4[`i
G � +∞ kl]�{>s`P�]_iKPvg~t�kok��l[`i�g�e�k �

Ë PzP`tdmoiIg�edc
γ
/
(G)

s>e�mfed{>s�s>i<[U]�^`Pzg`s�^`kNg�i�mf{�mxilPjkoilpCq`s>i�[`t�pw{>P�edP�m �ltdP`P`i É i1[`i
G � �µiKkÐkot�^jkn¶

g`cut�q`s
�KpviKk\��cu�lkotd^`[`coi)ku^`crsà]_edcuq`coiz[jiz[`�b�Kt�pwg�t�ku{�mo{>t�P�pvt|[`^`s>ed{>cuivkut�P�m\[`t�P`Pj�lk\g�edcCs>izs�ilpwpvi
ko^j{�y�edP�m �
�ÕY¸QSQSYoJFL�J�6FL OFQ�R+S

h TVU U Qz] T amaV] � 8 YXW i W ] aV] a,432_Q ` Z Q f R+S�R Q U ` Qba T � YXR+W_]_^ ][S f Q�R+S h1, . . . , hrf ] f � � f f R h ] f S TeUmU Qz] T a R U S�][W U ]��
$ �nO�R

h
] f S TeU ] �}] T R����
]_^�Y��
Q�W f γ � (Gh) = 1

^
) �nO�R

h
] f S TeUmU Qz] T a � ��
������������ ^ Y��
Q�W f γ � (Gh) = +∞

^
+ �nO�R

h
] f S TVU U Qz] T a 	���
���� ^cY��
Q�W fCf�8 R���] 1 R f S�] i ∈ {1, . . . , r} S
]&�dk T ] Ghi

YXR+S TeUKf Q `;` ][S
aVQ ` R U Y U S+^�Y��
Q�W f γ � (Gh) = 1

^ f R U Q U γ � (Gh) = 2
^

0 �nO�R
h
] f S TVU U Qz] T a � 
�� 
 ����
 ^ Y��
Q�W f γ � (Gh) = γ � (G∗

h)
^ Q��

G∗
h = (V ∗, E∗)

] f S �
] � W�Y[Z \ ]2$YXW�Y,2[S.4[W[R f S�R�k T ]saV] h �
 4 ` Q Uhf S�W�YXSNR Q U ���µilkwe *wcopve�mf{�t�P`k ��� ��i�m � kut�P�mÑ{>pwpv�K[`{±e�mfilk � Ë P ku^`g`g~t�koi)[`t�Ph�b}|^ji

h
ilknm

�	�	��������� � � t�{�m D∗ ^`P ilP`kuilprq`s�ib[`t�pw{>P�e�P�mt�lt�PjP`i É i)[`i
G∗

h � Ë P �Kt�P`knmfco^j{�m\s.]_iKP`koiKprq`s>i
D

ilP
g`cuilP�edP�m�^`P�kotdpvpwiKm1[ji

Vhi

g�t�^jcImft�^jk1s>ilk1kut�pwpvi�mfk
vi

[�edP`k
D∗ �F� s�t�cok

|D| = |D∗| ��Í t�pwpvi
D∗ ilknm �Kt�P`P`i É i�i�m�g~t�kuk$�l[jiCed^)pwt�{>Pjk

2
kot�pwpvi�mfk � D [`t�pw{>P`iImot�^jm4s>i1adcfedg`hji

Gh �
� P�y�ilcukoiKpviKP�m � kot�{�m D iKkum1^jP¼ilP`kuilprqjs>ir[`tdpv{�P�edP�mI[ji

Gh � iKm%kot�{�m
D∗ s.]_iKP`koiKprq`s�iC[`iKk

vi

mfils
}�^`i

D ∩ Vhi
6= ∅ � � s�t�cok

|D∗| ≤ |D| �¾Í t�pwpvi �Ìh�e�}|^jiCkotdpvpwiKm<iKkum�[`t�pw{>P`�1[`edP`k
Gh

g�edc
D � ku{

D ∩ Vhj
= ∅ � eds�t�cokx{>s~i É {>knmfi

k
moils�}�^`i

{vj, vk} ∈ E(G∗
h)

iKm
D ∩ Vhk

6= ∅ �	� t�^jmÐkot�pwpvi�mÐ[`i
G∗

hkoiKcfeÑ[`t�P���[`tdpv{�P`�%g�edc�^`P©kotdpvpwiKm<[`edP`k
D∗ �

Ë Pry�t�{�mâ}�^`iÐ[�e�P`k��li �ledk � s>ixkot�^`k5¶3g`cut�q`s��lpwiÐ�Icu�lkotd^`[`coi<ku^`câs�ilkºadcfedg`hjilk��ledcfeX��mf�Kco{>knmf{�}|^jilkâ[`iKk
P`t|il^`[jk4gjcoilpw{>iKcok<iKkum�s>i1g`cut�q`s
�KpviIt�co{�a�{>P�e�s � �µi�gjcot�q`s��lpwi1ko^`{�y�edP�m�ilkum��la�eds>iKpviKP�m � !º¶��Kt�pvgjs>iKm �
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�CW.� �UV�Y�T�R~Q��Z�X£��~  Y !uR ´  ��ZQ��.®K£j ��¤R���-
� ��4 �%� � ��-��`^`P©a�coedg`h`i

G = (V,E) �	 ()+3����-¦�jmfed{>s�s>i�pv{�P`{>pr^jp [�]_^`Pjis�Ks>{>}�^`i1[jt�pv{�P�edP�mfiI[`i
G � +∞

kl]�{>s�PU]_iKPÊg~t�kuk$�l[ji�g�e�k �
Ë PSP`tdmoivg`edc

γ /5Ù (G)
s±ezmÌed{�s>s�ir[`iws±ebg`s>^jk�g~iKmo{�mfi �Ks>{>}�^`iÑ[`tdpv{�P�edP�mfi\[`i

G � Ë P�eÊs�iÑs>ilpwpwi
ko^j{�y�edP�m � s>erg`coiK^jy�i�ilknm�ku{>pw{>s>ed{>cuiI�\s±e\g`cuil^jydi�gjco�b�K�l[`iKP�mfi �
�ÕY¸QSQSYoJFL�v �2L OFQ�R+S

h TVU U Qz] T amaV] � 8 YXW i W ] aV] a,432_Q ` Z Q f R+S�R Q U ` Qba T � YXR+W_]_^ ][S f Q�R+S h1, . . . , hrf ] f � � f f R h ] f S TeUmU Qz] T a R U S�][W U ]��
$ �nO�R

h
] f S TeU ] �}] T R����
]_^�Y��
Q�W f γ ��� (Gh) = 1

^
) �nO�R

h
] f S TeUmU Qz] T a � ��
������������ ^ Y��
Q�W f γ ��� (Gh) = +∞

^
+ �nO�R

h
] f S TVU U Qz] T a 	���
���� ^cY��
Q�W fCf�8 R���] 1 R f S�] i ∈ {1, . . . , r} S
]&�dk T ] Ghi

YXR+S TeUKf Q `;` ][S
aVQ ` R U Y U S+^�Y��
Q�W f γ ��� (Gh) = 1

^ f R U Q U γ ��� (Gh) = 2
^

0 �nO�R
h
] f S TeUmU Qz] T a � 
���
 ����
 ^ Y��
Q�W f γ ��� (Gh) = γ ��� (G∗

h)
^/Q��

G∗
h = (V ∗, E∗)

] f S �
] � W�Y[Z \ ]2$YXW�Y,2[S.4[W[R f S�R�k T ]saV] h �
�1�X®lY|Q�¹ºW¤Y�®�  £`¹@WZY�TXR~Q��Z�X£`��  !uR ´  ��ZQ��Z®l£j ��¤R~�9-
� ��4 �%� � ��-��`^`P©a�coedg`h`i

G = (V,E) �	 ()+3����-¦�jmfed{>s�s>i�pv{�P`{>pr^jp [�]_^`P©ilPjkoilpCq`s>i�kumfedq`s�i�[jt�pv{�P�edP�m<[`i
G �

Ë P�P`tdmfiCg�edc
γ Ü (G)

s>ewmÌe�{>s>s�i�[U]_^jP¦gjs>^`k�g�i�mf{�mIilP`kuilprqjs>ir[`tdpv{�P�edP�m �Kt�P`P`i É iw[ji
G � �µirg`cut�¶

q`s��lpwi1ko^`{�yde�P�m�iKkum4s±erydilcoku{>t�P©g~t�P`[`�Kco�li�[`^©g`cut�q`s
�Kpvi\�
�1�X®lY|Q�¹ºW¤Y�®�  £`¹@WZY�TXR~Q��Z�X£`��  ´ R��XT�Ï|¡�Ï !nR ´  ��ZQ��Z®l£j ��¤R~�9-
� ��4 �%� � ��-��`^`P©a�coedg`h`i

G = (V,E)
i�m4^`P`i �¤t�P���mf{>tdP©[ji�g~t�{�[`k

w
ko^`c

V �	 ()+3����-¦�`g~t�{�[`k<pv{�P`{>pC^`p
γ Ü w(G)

[U]�^`PÊiKP`koiKprq`s�i�knmÌedqjs>i1[`t�pw{>P`edP�m�[`i
G �

�ÕY¸QSQSYoJFL�v�M L OFQ�R+S
h TVU U Qz] T amaV] � 8 YXW i W ] aV] a,432_Q ` Z Q f R+S�R Q U ` Qba T � YXR+W_]_^ ][S f Q�R+S h1, . . . , hrf ] f � � f f R h ] f S TeUmU Qz] T a R U S�][W U ]��

$ �nO�R
h
] f S TeU ] �}] T R����
]_^�Y��
Q�W f γ � w(Gh) = w(vh)

^
) �nO�R

h
] f S TeUmU Qz] T a � ��
������������ ^ Y��
Q�W f γ � w(Gh) =

∑r

i=1 γ � w(Ghi
)
^

+ �nO�R
h
] f S TeUmU Qz] T a 	���
���� ^/Y��
Q�W f γ � w(Gh) = mini∈{1,...,r} γ � w(Ghi

)
^

0 �nO�R
h
] f S TVU U Qz] T a � 
���
 ����
 � OFQ�R+S G∗

h = (V ∗, E∗)
�
] � W�Y[Z \ ] 2$YXW$Y,2[S.4[W8R f SNR�k T ]CaV] h ^ Y��X]32

V ∗ = {v1, . . . , vr}
][S/S�]&� k T ] vi f Q�R+S �
] f Q `;` ][SPW ]�Z�W�4 f ] U S�YXS�R �ta Tq` Qba T �
] Vhi

� OFQ�R+S
w∗ :

V ∗ → N TVU ]
�}Q U 2[SNR Q U aV]�Z Q�R�a f S�]&���
] k T ] w∗(vi) = γ � w(Ghi
)
�Vl��
Q�W f γ � w(Gh) = γ � w∗(G∗

h)
�

!@t�^jc ��P`{�c � t�P�[`t�PjP`i�s.]�eds�a�t�cu{�mfhjpvibg~t�^`c - ��45- ��*,$3- � ()����������� � � t�{�m G = (V,E)
^`P

a�coedg`h`i � f : V → {1, 2}
^`PÊ��mf{�}|^jiKmÌe�a�i1[`ilk4kotdpvpwiKmok<[`i

V
i�m
D ⊆ V � � t�{�m��

a(v) =





2
ku{
f(v) = 2

i�m
v
ilknm4^`PÊkut�pwpvi�m�{>kotds>�%[`i

G[D] �
1

ku{>P`t�P �
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w(f,G,D) =
∑

v∈D

a(v),

γ(f,G) = min
D⊆V

w(f,G,D)
t�#

D
ilknmI^jP©iKP`koiKprq`s�i�knmÌedqjs>i�[`i

G �
�ÕY¸QSQSYoJFL�v�JFL OFQ�R+S

h TVU U Qz] T amaV] � 8 YXW i W ] aV] a,432_Q ` Z Q f R+S�R Q U ` Qba T � YXR+W_]_^ ][S f Q�R+S h1, . . . , hrf ] f � � f f R h ] f S TeUmU Qz] T a R U S�][W U ]��
= O�R

h
] f S TeU ] �}] T R����
]_^�Y��
Q�W f γ(Gh) = 1

�
= O�R

h
] f S TeUmU Qz] T a R U S
][W U ] 4[S�R�k T ][S 4 � ��
�� ��������� ^ Y��
Q�W f γ(Gh) =

∑r

i=1 γ(Ghi
)
�

= O�R
h
] f S TeUKU Qz] T a�R U S�][W U ] 4[S�R�k T ][S.4 	���
���� ^ Y��
Q�W fCf�8 R���] 1 R f S�] TeU i ∈ {1, . . . , r} S�]&�dk T ]

Ghi

YXR+S TVUqf Q `;` ][SPaVQ ` R U Y U S+^ Y��
Q�W f γ(Gh) = 1
^ f R U Q U γ(Gh) = 2

�
= O�R

h
] f S TeU U Qz] T a R U S�][W U ] 4[SNR�k T ][S.4 � 
�� 
 ����
 �cOFQ�R+S V (G∗

h) = {v1, . . . , vr}
^t][S f Q�R+S f� 8 4[S�R�k T ][S Y � ] aV] fCf Q `;` ][S f aV] G∗

h

S
]&� k T ] f(vi) = 1 f R Ghi

Y TVUKf Q `;` ][S aVQ ` R U Y U S�^ 2
f R U Q U �Fl��
Q�W f γ(Gh) = γ(f,G∗

h)
�

 4 ` Q Uhf S�W�YXSNR Q U ���µilk�tdq`koiKcuy�e�mf{�t�P`kwg�td^`cÑs>ilkwP`t|il^`[jk��Kmo{>}�^`i�mf�lk ��� ����� �¦iKm � ���	�	�
�
�	��� �Skut�P�m
{>pwpw�l[`{>e�mfiKk � � t�{�m h ^`P P`t|il^j[ �	����������� � � t�{�m D∗ ^`P kut�^`k5¶3ilPjkoilpCq`s>i¼[jt�pv{�P�edP�mv[`i

G∗
h

}|^j{
pw{>P`{�pv{�koi

w(F,G∗
h, D

∗) � Ë Pj�Kt�P`knmfco^j{�mÒ^`PÑkut�^`kn¶DilP`kuilprqjs>i
D

[`i
V (Gh)

[`i<s±eIpvedP`{��lcuiÐko^`{�y�edP�mfi �� {
vi ∈ D∗ iKm

f(vi) = 1 � eds�t�cok�t�P e��utd^jmfi��
D

^`P kut�pwpvi�mC[`tdpv{�P�edP�m�[`i
Ghi

� � { vi ∈ D∗ �
f(vi) = 2

i�m
vi

e�^`P�ydt�{>ku{>P¼[�e�P`k
G∗

h[D
∗] � eds>tdcok4t�P�e��ut�^jmoiC^`P�kut�pwpvi�mI[`i

Ghi

�
D � È P ��P�ku{

vi ∈ D∗ � f(vi) = 2
iKm
vi

P�]�eÑg�edk<[`i1ydt�{>ku{>P)[�edP`k
G∗

h[D
∗] � tdPÊe �ut�^jmfi1^jPÊkut�pvpwiKm�[ji

Ghi

i�m4^`P
kotdpvpwiKm1[ji

Ghj

�
D � t�# j ∈ {1, . . . , r} moilsÒ}�^`i

vi

iKm
vj

kot�{�ilP�m�ed[��oe �lilP�mok�[`edP`k
G∗

h � tdP¦koed{�m
}�^U]�^`P�mfiKs

j
i É {>kumoi � ��edc4s>i�a�cfe�g`h`i�ilkumIg`coiKpv{�ilc ��� � s�ilkum �ZeX�l{�s>i1[`i�y�t�{�c�}�^`i

|D| = w(f,G∗
h, D

∗) �iKm4}�^`i
D

ilkum4^`P©ilPjkoilpCq`s>i�[`t�pw{>P`edP�m<[`i
Gh � � t�P��

γ(Gh) ≤ γ(f,G∗
h) �� t�{�m

D
^`PÑilPjkoilpCq`s>i<[`tdpv{�P�edP�mºpw{>Pj{>pr^`p¯[ji

Gh � � t�{�m i ∈ {1, . . . , r} moilsj}�^`i D∩V (Ghi
) 6=

∅ � � { Ghi

ew^jP�kotdpvpwiKm�[`tdpv{�P�edP�m � td^ÊkK]_{�sµi É {>knmfi
j 6= i

mfils�}�^`i
D ∩ V (Ghj

) 6= ∅
iKm
{vi, vj} ∈

E(G∗
h) � eds�t�cok |D ∩ V (Ghi

)| = 1 � ko{>Pjt�P�t�P�g~t�^`cocoed{�m �lt�Pjkumfcu^`{>cui\^`P�ilP`kuilprqjs>i\[`t�pw{>P`edP�m%g`s�^`k
g~iKmf{�m�}�^`i

D ��� � {>P`t�P |D ∩ V (Ghi
)| = 2 ��� tdP��

w(f,G∗
h, D

∗) = |D| � t�# D∗ iKkum4sà]�ilPjkoilpCq`s>i1[`iKk
vi � g~t�^`c<s>iKko}�^`iKs>k

D ∩ V (Ghi
) 6= ∅ � � t�P��

γ(f,G∗
h) ≤ γ(Gh) �

�µi�g`cut�q`s��lpwi4}�^U]�{>s �Zed^¸mxcu�lkut�^`[`cuiIko^jc,s>iKkÕa�cfedgjh`ilkxg`coiKpv{�ilcokÕiKkumx[`t�P���^`P`i4a��lP`�Kcfeds�{>koe�mf{�t�PÑ[`^
g`cut�q`s
�Kpvi ��()�������#����()� � pved{>k�{>s@P`i\kl]_eda�{�m1g�edk1[`i\koezy�ilcuko{�t�P�g�t�Pj[`�lcu�li � Ë P�g~il^jm�cuilpvedco}�^`iKc
}�^`i1[�edPjk �li ��e�k � t�PbP�]_iKkum�g�edk<tdq`s>{�a��I[`i ��eds��l^`s�ilcÐs�ilk,y�eds�il^`cukÐg�td^`c,mftd^`k<s>iKkÐP`t|il^`[`k<[ji1sà]_edcoq`cui �È PbiK��iKm � ko{�s>i%a�coedg`h`iIilkum/�lt�P`Pji É i � s�ilkÐkuil^`s�ilk<{>Pe�¤t�copve�mf{�t�P`kÕP`� �lilkukfed{�coiKk<g�t�^jc/��eds��l^`s�ilcxs±e�mfed{>s�s>i
[U]�^`P\[`iKkâg`s>^jkºg~iKmf{�mfk@ilP`kuilprq`s�ilkâ[jt�pv{�P�edP�mfkXkotdP�mâs>ilk@{>Ph�¤tdcopve�mf{�t�P`k�[`i,s>e�coeX�l{�P`i � sà]��Kmf{�}�^`iKmumfi,i�mÒs>i
a�coedg`h`i �ledcfeX��mf�Kco{>knmf{�}|^ji ��� iKm � g�t�^jc/�Ìh�ed}�^`i ��s�k<[`i1s±eCcoeX�l{�P`i � [`i1kfe�y�td{>c<ko{�s>i%kut�^`kn¶Da�cfe�g`h`i1{>Pj[`^`{�m
g�edc�s�i1pvt|[`^`s�i �lt�pwg�tdcumfi1^jPÊkut�pvpwiKm4[`tdpv{�P�edP�m � }�^`{�g~il^jmp��mfcoi�mfcut�^jyd��iKP©moilpwg`k

O(n+m) � �� {�s>i©a�cfedgjh`i¼PU]�ilknmbg�edkD�Kt�P`P`i É i � {�s �Ze�^jmD�leds
�K^`s>iKcvs>e¦mÌe�{>s>s�i)[U]_^jP [`ilkzgjs>^`kvg�i�mf{�mok�iKP`koiKprq`s>iKk
[`t�pw{>P`edP�mfk<[`i �Ìh�ed}�^`in�ltdpvg~t�kfe�P�moi �lt�PjP`i É i �
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�C»XY|Q��Z�A�Z�XT@VX�¤ 
� ��4 �%� � ��-��`^`P©a�coedg`h`i

G = (V,E) �� � - 4 ����()�A�`}�^`iKs�ilkum4s�i1g`s>^`k<adcfedP`[
k
mfiKsµ}�^`i

G
ed{�m<^jP

Pk

{�P`[`^`{�m��
Í i)g`cot�qjs
�lpwiziKkum � !º¶��Kt�pwg`s>i�m � cu� �¤�KcoilPh�li�¨�° � � � ¬,[�edP`k©¨_° � ³dª�¬ � � Ë P P`tdmfi

ip(G)
s�izg`s�^`k

a�coedP`[
k
mfilsµ}�^`i

G
ed{�m<^`P

Pk

{>Pj[`^`{�m �
�ÕY¸QSQSYoJFL�v�vFL OFQ�R+S

h TVU U Qz] T amaV] � 8 YXW i W ] aV] a,432_Q ` Z Q f R+S�R Q U ` Qba T � YXR+W_]_^ ][S f Q�R+S h1, . . . , hrf ] f � � f f R h ] f S TeUmU Qz] T a R U S�][W U ]��
= O�R

h
] f S TeU ] �}] T R����
]_^�Y��
Q�W f ip(Gh) = 1

�
= O�R

h
] f S TeUmU Qz] T a R U S
][W U ] 4[S�R�k T ][S 4 � ��
�� ��������� ^ Y��
Q�W f ip(Gh) = maxi∈{1,...,r} ip(Ghi

)
�

= O�R
h
] f S TVUqU Qz] T a R U S�][W U ]64[SNR�k T ][S.4 	���
���� ^�Y��
Q�W fcf R�Z Q T W S�Q T S i ∈ {1, . . . , r} ^ G(hi)

] f S2_Q ` Z��
][S+^�Y��
Q�W f ip(Gh) = 2
^ f R U Q U ip(Gh) = max

(
3, ip(Gh1), . . . , ip(Ghr

)
) �

= O�R
h
] f S TeUmU Qz] T a R U S
][W U ] 4[S�R�k T ][S 4 � 
�� 
 ����
 ^ Y��
Q�W f

ip(Gh) = max
(
3, ip(G∗

h), ip(Gh1), . . . , ip(Ghr
)
)
.

��e�gjcoil^¸y�i4ilkumÕ{�pvpw�l[j{±e�moi � ��edcÒs�i<a�cfe�g`h`i
Pk � g~t�^`c k ≥ 4 � ilkumÕgjcoilpw{>iKc � iKmN[`t�P��<Pji<g�iK^jmNg�edk

�Kmocoi1[`� �lt�pwg~t�ko�1g�e�cÐs±er[`� �lt�pwg~t�ko{�mf{>tdPzpvt|[`^`s>ed{>cui�[`^)a�cfedgjh`i � �µi1s�ilpwpvi�P`t�^`k<[`tdP`P`i1[`{�coib��mfi ¶
pwilP�m�^`P�eds�a�t�cu{�mfhjpvi�co�b�K^`coku{��,g�t�^jcn�leds
�K^`s>iKc

ip(G)
iKP�^¸mf{>s�{>koedP�m1s±eb[`� �lt�pwg�tdko{�mo{>t�P�pwt¸[j^`s±ed{�coi

[`i
G

��s�i1g`cotdq`s
�Kpvi��\co�Kkot�^j[`coi�ko^`c�s�ilk<a�coedg`h`iKkp�ledcfe �Kmf�Kco{�kumf{�}�^`ilk�ilknm4s>i1g`cut�q`s
�Kpvi1tdco{>ad{>P�eds �
/10 �10�� �N=@=â9 &NJ���� �º=xH ��= �#?¸=A�

� t�{�m
G = (V,E)

^`Pva�cfe�g`h`i � O�PvilP`kuilprqjs>i
F ⊆ V

iKkumÐ^jP��
	 � � g�td^`c �}]_]$a i Y,2�� �X][W8S�] 1;f ][S �kl]�{>s?�lt�P�mf{�ilP�m�ed^©pvt�{�P`kÐ^`P©kotdpvpwiKm<[jin�Ìh`ed}�^`is��ÓV�ls>i�[`i
G �

�µY�Y¸T�¹X£ ­�
 ¢~Y|¡   Y�Î ®lY� 
� ��4 �%� � ��-��`^`P©a�coedg`h`i

G = (V,E) �� � - 4 ����()�A�`}�^`iKs>s�i1ilkum4s>e\mfed{>s�s>i�[U]_^jP�¥ � � [`i1mÌed{�s>s>i�pv{�P`{>pC^`pG[`i
G
�

Í iÑg`cot�qjs
�lpwiriKkum � !º¶��Kt�pwg`s>i�m � cu� �¤�lcuilP��Ki©¨�° � ³�¬Ò[�e�P`kw¨�° � ³dª�¬ ��� Ë P�P`t�mfilcoe
µ(G)

s±e�mfed{>s�s>i
[U]�^`PÑg`s>^jkÒg�i�mf{�mÒ¥ � � [`i

G � O4PÑilP`kuilprq`s�i
V ′ ilknmÕ^`P`i ­ R~V�¢~Y�¡  �V�¡�YvT�Y�®lR~Q�Q�Y�  ®,ko{`g~t�^`câmot�^jmoi

edc��Kmfi
{u, v} ∈ E � u ∈ V ′ t�^

v ∈ V ′ � Ë P�P`tdmoi
β(G)

s±e)mÌed{�s>s>i\pw{>Pj{>pr^`p [U]�^`P`iD�Kt�^jy�iKcumo^`coi
[`i�kot�pwpvi�mfk�[`i

G � � sXilknmc�ltdP`P�^¼}�^`i
β(G) = n − α(G) � y�t�{�c�g`edc�i É ilpwg`s>iv¨�° � ³dª�¬ ����Í eds��l^`s�ilc

β(G)
coi�y|{>ilP�m4[`t�Ph���;�leds
�K^`s>iKc

α(G) �� t�{�m
G = G′ G1 ... Gr

v1 ... vr
� e�ydib� G′ = (V ′, E ′)

iKm�g�td^`c1mft�^jm
i ∈ {1, . . . , r} � Gi = (Vi, Ei) � i�mkotd{�m

f : V ′ → {1, 2, 3, 4}
^`Pb��mf{�}|^jiKmÌe�a�i%[`iKkÐkot�pwpwiKmfkx[`i

G′ �	� edP`k/�KiKmumfi1koi �Kmo{>t�Pbt�P)e�g`g�iKs>s�ilcfe
W¤Y ´ R~�.TX®1[`i

f
s±ery�eds>iK^`c<ko^`{�y�edP�mfi\�

w(f,G′, G1, . . . , Gr) =
r∑

i=1

a(f(vi), Gi)
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t�#
G = (V,E)

i�m

a(e, G) =





µ(G)
ko{

e = 1,

β(G)
ko{

e = 2,

|V | − 1
ko{

e = 3,

|V |
ko{

e = 4

Ë PÊ[`{�m�}�^U]_^jPÊ��mf{>}�^`i�mÌedadi
f

iKkum�¢`£`W.�ZTXYvkl]�{>sUcuilkug�i �Kmfi�s>iKk �lt�P`[j{�mf{�t�P`kÐku^`{�y�edP�moilk��
Ç s.]_iKP`koiKprq`s>i1[jilk4kot�pwpvi�mfk<��mf{>}�^`i�mf�Kk

4
�¤t�cupviKP�m�^`P©¥ � � [`i

G′ �Ç ku{µ^`PÊkut�pwpvi�m<ilknmI��mf{>}�^`i�mf�
1 � eds>t�cukÐmft�^jk4kuilk<y�td{>ko{�P`k�kot�P�m4�Kmo{>}�^`i�mf�lk

4 �Ç ku{º^`P�kut�pvpwiKmIilknm��Kmf{�}�^`iKmo�
2 � eds>t�cuk�mot�^`k%kuilk%y�td{>ko{�P`kIkut�P�m��Kmo{>}�^`iKmo�lk

4
koed^h�xed^�g`s�^`k%^`P �}�^`{µiKkum4�Kmo{>}�^`iKmo�

3 �Ë PÊP`t�mfiÑ�
µ′(G′, G1, . . . , Gr) = min

f
w(f,G′, G1, . . . , Gr)

t�#
f

ilknmI^`P)��mf{>}�^`i�mÌedadi�y�eds�{>[`iI[`i
G′.

�ÕY¸QSQSYoJFL�v���L OFQ�R+S
h TVU U Qz] T amaV] � 8 YXW i W ] aV] a,432_Q ` Z Q f R+S�R Q U ` Qba T � YXR+W_]_^ ][S f Q�R+S h1, . . . , hrf ] f � � f f R h ] f S TeUmU Qz] T a R U S�][W U ]��

= O�R
h
] f S TeU ] �}] T R����
]_^�Y��
Q�W f µ(Gh) = 0

�
= O�R

h
] f S TeUmU Qz] T a R U S
][W U ] 4[S�R�k T ][S 4 � ��
�� ��������� ^ Y��
Q�W f µ(Gh) =

∑r

i=1 µ(Ghi
)
�

= O�R
h
] f S TeUmU Qz] T a R U S
][W U ] 4[S�R�k T ][S 4 	���
�� � ^/Y��
Q�W f

µ(Gh) = min
i∈{1,2,...,r}

(min(µ(Ghi
), β(Ghi

)− 1) + n(Gh)− n(Ghi
)).

= O�R
h
] f S TeUmU Qz] T a R U S
][W U ] 4[S�R�k T ][S 4 � 
�� 
 ����
 ^ Y��
Q�W f

µ(Gh) = µ′(G∗
h, Gh1, . . . , Ghr

).
 4 ` Q Uhf S�W�YXSNR Q U � � t�{�m f ^`P �Kmo{>}�^`iKmfeda�iby�eds>{�[`i � � t�{�m � g�td^`c\mft�^jm

i ∈ {1, . . . , r} � Fi

^`P�¥ � �
pw{>P`{�pr^`p [`i

Ghi
� Ci

^`Pji �Kt�^jy�iKcumo^`coi�[`i�kut�pwpvi�mfk)pv{�P`{>pC^`p [ji
Ghi

� V ′
i ⊂ Vhi

moils�}�^`i
|V ′

i | = |Vhi
| − 1 � iKm Vi = Vhi

� Ë P)[`� ��Pj{�m��

Ai =





Fi

ku{
f(vi) = 1,

Ci

ku{
f(vi) = 2,

V ′
i

ku{
f(vi) = 3,

Vi

ku{
f(vi) = 4,

iKm
F =

⋃r
i=1Ai.

Ë P©g~il^¸m�cuilpvedco}�^`iKc�}|^ji
|F | = w(f,G∗

h, Gh1, . . . , Ghr
) �Ë P�pwt�P�mfcuiN}�^`i

F
iKkum@^`PC¥�� � [`i

Gh � � td{�m C = (u1, u2, . . . , uk)
^`Ps��ÓV�ls>iN[`i

Gh � � ^`g`g~t�kotdP`k}�^`i\ed^h�l^`P
ui

PU]�e�g`g�edcnmf{>iKP�m1�
F � Ë P�[`� ��Pj{�m

u′1, u
′
2, . . . , u

′
k

moilsX}�^`irg~t�^`c�mot�^jm
j ∈ {1, . . . , k} �

uj ∈ Vi

ko{µi�m�kuil^`s�ilpwilP�m4ko{
u′j = vi �Ç � {xmft�^`kÑs�ilk

vj

kotdP�mw[`{����KcoiKP�mok � eds�t�cok C ′ = (u′1, . . . , uk)
ilknmw^`Po�KÓV�ls�i©[ji

G∗
h � Ë crP`td^`k

koe ydt�P`k1}�^`i\s.]_iKP`koiKprq`s>iC[`ilk1kut�pvpwiKmokI��mf{>}�^`i�mf�Kk
4
�¤t�copwilP�mI^`P�¥ � � [ji

G∗
h � � t�P��\{�sXÓ�e

ed^�pvt�{�P`k,^jPbkot�pwpvi�m,[j^E�KÓV�ls�i
C ′ }|^j{�ilknm��Kmo{>}�^`iKmo�

4 � � s�Ó�eC[`tdP��1ed^bpwt�{>Pjkx^`Pbkut�pwpvi�m
[`i

C
[`edP`k

F �~Í t�P�mfcfe�[`{
��mf{>tdP �
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Ç � {�P`t�Pr{�s¸i É {>kumoi
i
mfiKsj}�^`i

vi

edg`g`edcfe���mÒed^\pwt�{�P`k@[jil^ É �¤t�{>k@[�edP`k
(u′1, . . . , u

′
k) � � tdP��

f(vi) ∈
{1, 2} �Ç ko{

f(vi) = 1
eds�t�cokxmft�^`k<s�ilkÐydt�{>ku{>P`k<[`i

vi

kot�P�m4�Kmo{>}�^`i�mf�lk
4 ��Í t�pwpvi%ed^��l^jPÊkut�pvpwiKm,[`i

C
PU]_iKkum�[�edP`k

F � mft�^jk4s�ilk
u′j � j ∈ {1, 2, . . . , k} kut�P�mI�Ka�ed^ É �
� t�Ph�

C ⊆ Vi � Ë c
F ∩ ViilknmI^`PÊ¥ � � [ji

Ghi
� [U]�t�#'�lt�P�mfcoed[`{��Kmf{�t�P �Ç ko{�P`t�P

f(vi) = 2 � � s¸ÓCe%ed^\g`s�^`kº^`PÑkut�pvpwiKm@[�edPjkÒs>ilk@ilP`kuilprqjs>ilkÒhjt�pvtda �lP`iKkâpve É {>pved^ É�lt�cucoiKkog~t�P`[�edP�mok¼ed^ É y�t�{�ko{>Pjk©[ji
vi

}|^j{�P�]_iKkumÊg�edk©[�edP`k
F � � s>t�cukbkot�{�mbmft�^jkÊs�ilk

u′j �
j ∈ {1, 2, . . . , k}

kut�P�mb�la�ed^ É � i�mbt�P e�^`P`i=�Kt�P�mfcfe�[`{
��mf{>tdP � �ledc�^jP`i=�ltd^jy�iKcumf^jcoi¼[`i
kot�pwpwiKm�ilkum�^`P�¥�� � � � kut�{�m4^`P�iKm�^`P�kuil^`s@kot�pwpvi�m4[`i

C ′ iKkumI[`{����lcuilP�mI[ji
vi �
� t�P���{>s

i É {>knmfiKcfed{�mC^`P �Ìh`ilpw{>P�[`ivmfed{>s�s>irku^`g~�lco{�il^`cui�t�^��la�e�s>iw���)[�edP`k
Ghi

}�^`{NP`ivg�edkokui�g�e�c
ed^��K^`P�kot�pwpvi�m%[`i

F �µÍ tdP�mocfed[j{
�Kmo{>t�P�e�y�ib�Ñs�is�Zed{�m%}�^`i
F ∩ Vi

iKkum�^`Pji;�lt�^jydilcnmf^`cui\[`i
kot�pwpwiKm�[`i

Ghi
�

� t�Ph�
F

ilknmÑ^`P ¥ � � [`i
Gh � iKm µ(Gh) ≤ |F | �âÍ t�pvpwi �Kils>e¼ilkumCy¸coed{Ðg~t�^`cCmot�^jm\��mf{�}|^jiKmÌe�a�i

y�eds>{�[`i � µ(Gh) ≤ µ(G∗
h, Gh1, . . . , Ghr

) �� t�{�m
F

^`P)¥ � � [`i
G = G∗

h
Gh1

... Ghr
v1 ... vr

�h� s>t�cuk,g~t�^`cxmot�^jm
i � F ∩ Vi

iKkum<^jP)¥ � � [ji
Ghi

� � t�{�m
f : V ∗

h → {1, 2, 3, 4}
s.]_��mf{�}|^jiKmÌe�a�i1ko^`{�y�edP�m��

f(vi) =





1
ko{
F ∩ Vi

PU]�ilkum�g�edk�^`Pjin�Kt�^jydilcumo^`coi�[`i�kotdpvpwiKmok<[`i
Ghi

�
2

ko{
F ∩ Vi

ilknmI^`Pjin�Kt�^jydilcumo^`coi�[`i�kotdpvpwiKmok<[`i
Ghi

i�m
|F ∩ Vi| < |Vi| − 1 �

3
ko{
|F ∩ Vi| = |Vi| − 1 �

4
ko{
F ∩ Vi = Vi.

Ë P coilpvedcu}|^ji©}�^`i
w(f,G∗

h, Gh1, . . . , Ghr
) ≤ |F | � �ledc µ(G) ≤ β(G) ≤ |V | − 1

g~t�^`crmftd^jm
a�coedg`h`i

G = (V,E) ��Ò]_iKP`koiKprq`s>iI[`ilkÐkut�pwpvi�mfk,��mf{�}|^jiKmf�Kk
4
�¤tdcopwi�^`P)¥�� � [`i

G∗
h � ko{�P`t�Pzt�P�g�t�^jcocfe�{�m��lt�P`knmfcu^`{>cui

^`PE��Óe�Ks>i%[ji
Gh

�rg�e�cumf{�cx[�]_^`P'��Óe�Ks>i
C ′ [`i G∗

h

ilPbgjcoilP`edP�m<^`PbkotdpvpwiKm,P`t�PE�ltd^jy�iKcum�g�edc
F

g�e�c
ilPjkoilpCq`s>i�h`t�pwt�a �KP`i �ltdcocoiKkog~t�P`[�e�P�mI�\^`P©kot�pwpvi�m<[`^r�KÓV�ls�i

C ′ �� t�{�m
i
mfilsX}�^`i

F ∩ Vi

Pjirkot�{�m4g�edk%^`Pjit�ltd^jy�iKcumf^jcoir[`i�kot�pwpwiKmfk�[`i
Ghi

� e�s>t�cuk4g~t�^`c4mft�^¸m
jmfiKsÕ}|^ji

vi

i�m
vj

kotd{>ilP�mCe��u[�eX�KilP�mfk � Vj ⊆ F � ko{�P`t�P¦{>sÒi É {�kumfiKcfed{�m�^`PK��Óe�Ks>iw[`iÑmÌed{�s>s>i
3
[`tdP�m�s>iKk

kotdpvpwiKmok4Pji�kut�P�mIg�e�k�[�e�P`k
F � � t�Ph��ku{

f(vi) = 1 � eds>tdcok<mft�^jk4s�ilk�y�t�{�ko{�P`k�[`i
vi

kut�P�mI��mf{�}|^jiKmf�Kk
4 � � t�{�m

i
mfils�}|^ji

|F ∩ Vi| < |Vi| − 1 � eds>tdcokÐ{�sUP`i1g~il^jm�g�e�k�Óze�y�t�{�c<[`il^ É kot�pwpvi�mfkÐg`edcopw{�mftd^`k
s>iKkÐkotdpvpwiKmokÐ[`ilk<pwt|[`^`s>iKk/�ltdcocoiKkog~t�P`[�e�P�mok�ed^ É y�t�{�ko{>PjkÐ[`i

vi

}�^`{µP`i%kut�{>iKP�m�g`edkÐ[�edPjk
F � ko{>Pjt�Pt�Pvg�t�^jcocfe�{�md�ltdP`kumoco^`{�coi4^`P ��Óe�Ks>i4[`i�mfed{>s�s>i

4
[`tdP�mxs>iKkxkut�pwpvi�mfkÕP`iIkut�P�m,g`edkx[`edP`k

F � � t�Ph��mftd^`k
s>iKkÐy�t�{�ko{�P`k�[`i

vi

kotdP�m4��mf{>}�^`i�mf�Kk
4
g�e�c

f � kfe�^h�Òed^©g`s�^`k<^`P©}|^j{µilkum4��mf{>}�^`i�mf�
3 ��Ò]_��mf{>}�^`i�mÌedadi

f
iKkum\y�eds�{>[`i � [`tdP�� w(f,G∗

h, Gh1, . . . , Ghr
) ≥ µ′(G∗

h, Gh1, . . . , Ghr
) � iKmÑg�e�c

�ltdP`ko�K}|^jilP��Ki
|F | ≥ µ′(G∗

h, Gh1, . . . , Ghr
) ��Í t�pwpvin�liKs±eviKkum�y¸coed{Xg�t�^jc4mot�^jm1¥�� � [ji

Gh � t�P�e
µ(Gh) ≥ µ′(G∗

h, Gh1, . . . , Ghr
) � Ë PÊe ��P�eds�ilpwilP�m

µ(Gh) = µ′(G∗
h, Gh1 , . . . , Ghr

) �Ë PÊg~il^jmp�Kt�P��ls�^`coi\�
Ç � {

h
ilknmI^`Pji �¤iK^`{>s�s>i � eds�t�cok Gh

ilkum4^`P©kotdpvpwiKm�{�kot�s�� � i�m µ(Gh) = 0 �
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Ç � {
h
iKkum<��mf{�}|^jiKmf� � ���	�	�
�
�	��� � eds>tdcok G∗

h

ilknm<^`Pba�coedg`h`iIkfedP`k�e�c$�Kmoilk � sà]��Kmo{>}�^`i�mÌeda�i f : V ∈
V ∗

h → 1
ilkum�y�eds�{>[`i � iKm4kut�PÊg~t�{�[`k<ilknm�pw{>Pj{>pr^`p �Ç � {

h
iKkum��Kmo{>}�^`i�mf� ��� ����� � eds�t�cok G∗

h

iKkum�^`Pba�coedg`h`i �Kt�pwg`s>i�m � O�Pb�Kmo{>}�^`i�mÌeda�i%y�eds�{>[`i4[`t�PjP`i
^`Pji�y�eds�il^`cÒ[j{����lcoiKP�mfi�[`i

4
g�td^`cNed^Ñg`s>^`k �%kotdpvpwiKmok � � {>P`ku{ � kut�{�mÕ^`PÑkut�pvpwiKmÕiKkumN�Kmo{>}�^`i�mf�

1
iKm4mft�^jkIs>iKkIe�^jmfcuilkIkut�P�m%��mf{>}�^`i�mf�Kk

4 � kotd{�m4^`P¼kut�pvpwiKm4iKkum%��mf{�}|^jiKmf�
2 � ^`P�e�^jmfcui

3
iKm%s�i

cuilkumoi
4 � �µilk4ed^jmocoiKk4��mf{�}|^jiKmÌe�a�ilk<y�eds>{�[`ilk<tdP�m�^jPÊg~t�{>[jk<ko^`g~�lcu{>il^jc4td^Ê�Ka�eds �Ç � {

h
ilknmI��mf{>}�^`i�mf� �	�	��������� � tdP�e\q`{�ilP

µ(Gh) = µ′(G∗
h, Gh1, . . . , Ghr

) �

/10 �10�� ��7 � &xHK=�9�= ? �NLxJÕHKJ���=x:<Hl? � �.E �(�¯J�: �
� t�{�m

G = (V,E)
^`P a�coedg`h`i � i�mbkot�{�m

u, v ∈ V
mfils�kz}�^`i

u
iKm
v

kotd{>ilP�mb[`edP`kbs±e�p �Kpvi
�ltdpvg~t�kfe�P�moi;�lt�PjP`i É iw[`i

G � O4P�kut�^`k5¶3ilPjkoilpCq`s>i
S ⊆ V \ {u, v}

ilknm�^`P
uv �

®lÏ ´ £`¡�£j  Y|VX¡bku{
uiKm

v
kotdP�m�[`edP`k<[`iK^ É �Kt�pvg~t�koedP�mfilk<[j{����lcoiKP�mfilk<[ji

G− S � S ilknm�^`P
uv �

®lÏ ´ £j¡�£¸  Y|VX¡vQ��Z�@�ZQS£�W
ko{
S

ilknm\^`P
uv

¶3ku�lg�e�cfe�moil^`c�iKmrg~t�^`c�mft�^¸m
S ′ ( S � S ′ PU]�ilknm\g�edk�^`P

uv
¶3ku�lg�edcoe�mfiK^`c � S ilknm\^`P

®lÏ ´ £`¡�£j  Y|VX¡�Q��.�X�ZQS£�WÐkl]�{>sxi É {>knmfi
u, v ∈ V

moilsÐ}�^`i
S

kot�{�mr^`P
uv

¶3ku�lg�e�cfe�moil^`crpw{>Pj{>pveds � Ë P
coiKp�e�co}�^`i�}�^`i

∅
iKkum4^`P©ko�lg`edcfe�moil^`c�pw{>P`{�p�e�s~ku{µiKm4koiK^`s>iKpviKP�m�ku{µs>i1a�coedg`h`i�PU]�ilknm4g�edk �lt�PjP`i É i �� t�{�m

s(G)
s>i1P`t�pCq`coi1[`i�ko�Kg�edcoe�mfiK^`cok�pw{>P`{�p�e�^ É [`i

G �
�ÕY¸QSQSYoJFL�v �FL OFQ�R+S

h TVU U Qz] T amaV] � 8 YXW i W ] aV] a,432_Q ` Z Q f R+S�R Q U ` Qba T � YXR+W_]_^ ][S f Q�R+S h1, . . . , hrf ] f � � f f R h ] f S TeUmU Qz] T a R U S�][W U ]��
= O�R

h
] f S TeU ] �}] T R����
]_^�Y��
Q�W f s(Gh) = 0

�
= O�R

h
] f S TeUmU Qz] T a R U S
][W U ] 4[S�R�k T ][S 4 � ��
�� ��������� ^ Y��
Q�W f s(Gh) = 1 +

∑r
i=1 s(Ghi

)
�

= O�R
h
] f S TeUmU Qz] T a R U S
][W U ] 4[S�R�k T ][S 4 	���
�� � ^/Y��
Q�W f s(Gh) =

∑r
i=1 s(Ghi

)
�

= O�R
h
] f S TVUEU Qz] T a R U S
][W U ]�4[S�R�k T ][S.4 � 
�� 
 ����
 ^�Y��
Q�W f s(Gh) = s(G∗)+

∑r

i=1(s(Ghi
)−ai)

^
Q��
ai = 1 f R Ghi

U*8 ] f ShZhY f 2_Q U U ] 1 ] ][S NG∗
h
(vi)

] f S TVUjf 4�ZhYXW�YXS�] T W ` R U R ` Y��haV] G∗
h

^
ai = 0

f R U Q U �
 4 ` Q Uhf S�W�YXSNR Q U � � { h ilknmb�Kmo{>}�^`i�mf� �����	���
���	��� � e�s>t�cuk

∅
iKkum)^`P�ku�lg�e�cfe�moil^`cbpw{>P`{�p�e�s � i�mbs>iKk

ed^jmocoiKkNku�lg�e�cfe�moil^`cukxpw{>P`{�p�e�^ É kot�P�mN[`ilkÕku�lg�edcoe�mfiK^`cokNpw{>P`{�p�ed^ É [jilk
Ghi

� �µilkNa�coedg`h`iKk Ghi

kut�P�m
�ltdP`P`i É iKk � [`t�P���PU]�t�P�m4g�edk

∅
�lt�pwpviIko�lg`edcfe�moil^`c �� t�{�m

h
iKkumI�Kmf{�}�^`iKmo� ��� ����� � � {�{>sµi É {�kumoiC^`P

uv
¶Dko�Kg�edcfe�mfil^jc4pw{>Pj{>pveds

S � eds�t�cok u P`i�[`t�{�m�g`edk
�KmocoiÑed[��oeX�liKP�m��

v � iKm1[`tdP��\{>sXi É {>knmfi
i ∈ {1, . . . , r}

moilsº}�^`i
u, v ∈ Vhi

� � edP`k �li;�ledk
Vhj
⊆ Sg~t�^`câmftd^jm

j 6= i � iKm S∩Vhi

iKkumN^`P
uv

¶3ko�Kg�edcoe�mfiK^`cÒpv{�P`{>pveds�[�edPjk
Ghi

�X� {>Pjko{ �Ìh�ed}�^`i4ko�Kg�edcoe�mfiK^`c
pw{>P`{�p�eds¾[`i

Gh

�Kt�cocuilkog~t�P`[Ê�\^`P©ko�lg`edcfe�moil^`c�pw{>P`{�p�e�s�[U]�^`P
Ghi

�È P ��P�kut�{�m
h

�Kmo{>}�^`iKmo� ���	�������
� � � t�{�m u, v ∈ Vh � � sUÓ)e\[`iK^ É ��e�k��rmocfed{�mfilc �
Í edk � �¸{>s~i É {>knmfi%^`P

i ∈ {1, . . . , r}
mfiKs�}�^`i

u, v ∈ Vhi
� O4P

uv
¶3ko�Kg�edcoe�mfiK^`c,pw{>P`{�p�e�s

S
[jiKy|cfe

�¤t�c��l�lpwilP�m�{>P��Ks>^`cui\mft�^`k�s>iKk
Vhj

� e�ydib� {vi, vj} ∈ E(G∗
h)

i�mCg~t�^`c1mot�^jm
j 6= i � S ∩ Vhj

6= ∅
ku{

iKm�koiK^`s>iKpviKP�m%ko{
{vi, vj} ∈ E(G∗

h) � ��e�cI{>sµiKkumIpv{�P`{>pveds � � i�g`s>^jk � ko{ u iKm
v
kotdP�m�[�edPjkIs±eÑpj�lpwi

�ltdpvg~t�kfe�P�moi �lt�P`Pji É i�[ji
Ghi

� eds�t�cok S ∩ Vhi

ilknm�^jP
uv

¶3ku�lg�e�cfe�moil^`c<pw{>P`{�p�e�s~[`edP`k
Ghi

�
Í edk �Ñ�

u ∈ Vhi

iKm
v ∈ Vhj

� e�y�i � i 6= j � � t�{�m S ^jP
uv

¶3ku�lg�edcoe�mfiK^`cNpv{�P`{>pveds � � t�{�m S∗ = {vk :
Vhk
⊆ S} � S∗ ilkumx^`P

vivj

¶3ku�lg�edcoe�mfiK^`cNpv{�P`{>pveds|[�edP`k
G∗

h � � i�g`s�^`kÕg�td^`cNmot�^jm
k
mfiKs~}�^`i

vk 6∈ S∗ �
S ∩ Vhk

= ∅ � ko{�P`t�P){>sUPji�kuilcoed{�m�g�e�k4pw{>Pj{>pveds �
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Í h�ed}�^`ibku�lg�edcoe�mfiK^`c\pw{>P`{�p�edsº[`i
Gh

�lt�cucoilkug�tdP`[ [`t�P��z�¼^`P ko�Kg�edcfe�mfil^jcrpv{�P`{>pvedsâ[ji
G∗

h �t�^��w^`P�ko�lg`edcfe�moil^`c4pw{>P`{�p�eds�[U]�^`P
Ghi

� i ∈ {1, . . . , r} � � ^`gjg�t�kut�P`k�}|^ji
S

kut�{�m4^`PÊko�lg`edcfe�moil^`c
pw{>P`{�p�eds@g�td^`c�^jP

u
iKm
v

[�e�P`k�s�i �ledk ��� iKmrg~t�^`c
u′

i�m
v′

[�edP`k�s>ij��edk ��� mfiKsx}�^`i
u, v ∈ Vhi

�iKm
u′, v′ ∈ Vhj

� e�y�ib� i 6= j �2� s>t�cuk�t�PSe�^`cfed{�m
NG∗

h
(vi) = NG∗

h
(vj) � iKm�[`t�P��

{vi, vj}
kuilcfe�{�m�^`P

pwt¸[`^js>i%[`i
G∗

h �¾Í t�P�mfcoed[`{��Kmf{�t�P'��edc
G∗

h

iKkum4g`cuilpw{>ilc �� ^`g`g~t�kut�P`kÐ}�^`i
S

kot�{�m,^`P�ko�lg`edcfe�moil^`cxpv{�P`{>pveds¸g�t�^jcx^`P
u
iKm
v
[�edP`kxs>ip��edk ��� iKmxg�t�^jc

u′
i�m

v′
[�edP`k4s>i �ledk � � � t�{�m i ∈ {1, . . . , r} moilsµ}�^`i

u, v ∈ Vhi
� � s�t�cok

S ∩ Vhi
= ∅ � ko{�P`t�P S P`i�koiKcfed{�m

g�edkI[`^=��e�k � � iKm%[jt�P��
Ghi

P`irkoiKcfed{�mIg`edkc�ltdP`P`i É i � � irg`s�^`k
S∗ = NG∗

h
(vi)

ilkum%^`P¼ko�Kg�edcoe�mfiK^`c
pw{>P`{�p�eds¾[`i

G∗
h ��� s�Ó)eÑ[`t�P���i É e �KmfiKpviKP�m ∑r

i=1 ai

ko�Kg�edcoe�mfiK^`cok4}�^`{µkot�P�m�[`^r��edk � iKm � �
�Ò]�edcnmf{��ls>i¦¨ � !Õ·�²�¬4[`tdP`P`i�^jP�eds�a�t�co{�mfh`pwiD�leds
�K^`s±edP�mws>i©P`t�pCq`coi©[`i©ko�lg`edcfe�moil^`cukzpw{>P`{�p�ed^ É^jmo{>s>{�kfedP�m<s>er[`�b�Kt�pwg�t�ku{�mo{>t�Pzpwt|[`^`s±e�{>coi � [`edP`k4s>ic�ledk�g`edcumo{
�l^js>{>iKc,[`iKk�a�cfedgjh`ilk

P4
¶��ls>ed{>cukoilpw�lk �

����� � �  v-#�¾(¤*�$#	 ����� �#� � ���  
� �#��$������ �)&��
P5

�I*  
�
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g`cu�lkoiKP�mfi��la�e�s>ilpwilP�m<^jP`i ��edcoeX�Kmo�lcu{>kfe�mf{>tdPz[`ilk<adcfedg`hjilk<kfe�P`k
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i�m�a�ilp {>P`[j^`{�m � y|{±ers>eCkumoco^���mf^`cui
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kotdpvpwiKmok � t�^�ku{�{�s~e�pwt�{>P`kN[`i

n2/4
edc$��mfiKk � e�s>t�cuk G P`i�g�iK^jm

g�edk ��mfcoi1^jPÊa�coedg`h`i �Kt�¶3qj{>g�edcnmf{�k/�lt�^jg`s>�1g`cuilpw{>iKc � � { G e
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i�m
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s>{�P`��e�{>coi�[`i�coi �lt�P`P`ed{>kukfedP��Ki%[`iKk,a�coedg`h`iKkÐq`{>g`edcumo{>kÕko^`c
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K1 � K2
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K1
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2 �
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kot�pwpwiKmfk � sà]_edg`g`edcumoilP�edPh�li�g�iK^jm �Kmocoi<y��Kco{��`�li

ilP)mfiKpvgjk
O(1) �� {�t�Pwe1^`Pwa�cfedgjh`i<kfedPjk

P5
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O(n2)
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P5
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V
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s>iKpvpwi
� ��� ² � � t�{�ilP�m a1

i�m
a2
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K1 � iKmIkot�{�ilP�m
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i�m
b2[`iK^ É kot�pwpwiKmfk<[ji�g~t�{�[`k<p�e É {�pr^`p [�edP`k

K2 �



� � �������
	 �
�������������������
���
	 ��	 ����� �"!$#
% ��	 ���

Í t�pwpvi �Ìh�e�}|^ji�kut�pvpwiKm4eÑed^)g`s�^`k�^`P)y�t�{�ko{>Pb[`edP`k4sà]_ed^jmfcuic�ls�{>}�^`i � t�P©e)�

α′
w(G) = max

{
w(ai) + w(bi) : i, j ∈ {1, 2}

i�m
{ai, bi} 6∈ E

}
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kumfedq`s�i1g�iK^jmp�Kmfcui1mfcotd^jy���ilP)mfiKpvg`k
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w
e�y�i ��i É eX�KmoilpwilP�m4[`il^ É y�t�{�ko{�P`k

u
i�m
v
[�edP`k

V ′ � t�PbmfiKkumfi�ku{
N [u] ∪N [v]{>Pj[`^`{�mÐ^`P

C5 �!ºedc)[`� ��P`{�mf{>tdP�[ji¦s>e �ls±e�kokoi �j� mot�^`k)s>iKk
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C5

kot�P�mIed[��oeX�KilP�mfkI�wi É e �KmfiKpviKP�m
3
kot�pwpwiKmfk�[`^

C5 � [`t�P���t�P�mI^jP�[`iKa�co��[U]_ed^
pwt�{>P`k

3 � � t�^`k�s>ilk
C5
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iKm�mot�^`k�s>iKk
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[`i
G

iKPÊ^jmo{>s�{>kfe�P�m,sà]_eds>adt�co{�mfh`pwi�[j^©moh`�lt�c��lpwi � � «�· �� {
G

ilknm �Kt�¶��Ìhjt�co[�e�s � eds�t�cok S ilkum�^`PÊilP`kuilprq`s�i�kumÌe�q`s>i�[`i�g�td{>[`k�pve É {>pr^`p ko{�i�mIkuil^`s�ilpwilP�m
ko{
S

ilknm4^`P`i �ls�{>}�^`i%[ji�g~t�{�[`kÐpve É {>pr^`pG[`i
(G,w) � O�P)t�cu[`coi1[�]_�Ks>{>pw{>P`e�mf{�t�Pvg`edc��Zed{�m

v1, . . . , vn[`i
G

g�iK^jm/��mfcoi ��eds��l^`s���iKP�mfiKpvgjk
O(n+m)

¨ 
 � �X��¬ � !Xt�^`c,^jP`ic�ls�{>}�^`i4p�e É {�pr^`p
S

[j^za�cfe�g`h`i
G � S = N i

G
[vi]

g�td^`cC^`P
i ∈ {1, . . . , n} � e�y�ib� N i

G
[vi] = NG[vi] ∩ {vi, vi+1, . . . vn} � w(S) =

W i −
∑

u∈N i

G
(vi)

w(u) � e�y�i � W i =
∑n

j=iw(vj) �F� {�P`ko{
αw(G) = ωw(G)

g~il^jm ��mfcoi;�leds
�K^`s>��ilP
mfiKpvgjk4s�{>P`�led{>cui �� {

G
ilknmÕ^`P

C5 � eds�t�cok@s>iÐg~t�{>[jkâp�e É {�pr^`p [U]�^`P\ilPjkoilpCq`s>i<knmÌedq`s�iÐg~il^jmd��mfcoi �leds
�K^`s>�xilP\mfiKpvgjk
�ltdP`kumfedP�m � � {>Pjt�P � g~t�^`cÒmft�^¸m C5 C = (v1, v2, v3, v4, v5)

[`i
G � {�s`Ówe�[jil^ É kut�pvpwiKmok

v1

i�m
v3

Pjt�P
ed[��oe �lilP�mok%[`ir[`iKa�co�

2 � iKm%mocot�{�k�kut�pwpvi�mfk
v2, v4, v5

[`ir[`iKa�co�Ced^¼pwt�{>Pjk
3 � � td{�m S ^jP¼ilP`kuilprqjs>i

kumfedq`s�i4[ji
G � � { S �lt�P�mo{>ilP�mN^`Pwkot�pwpwiKmÕ[`i�[`iKa�co��ed^Ñpvtd{>P`k

3
[U]�^`P

C5 � e�s>t�cuk��li4PU]�ilkumxs>i �ledkÕ}�^`i
g~t�^`c,^jP

C5 � [`{>kut�P`k C � � t�^¸mÐilPjkoilpCq`s>i�kumÌe�q`s>i�p�e É {�p�edsj[`i �KiIm3Ó|g�ic�Kt�P�mf{�ilP�mÐs.]_iKP`koiKprq`s>i4kumfedq`s�i
A

[`ilk�kot�pwpwiKmfk�P`tdP�ed[��oe �lilP�mokC�
C � i�mC[jil^ É kut�pvpwiKmok�P`t�P�e�[��oeX�liKP�mfk�[`i

C � � sÒÓ�e�ed^¦g`s�^`k
O(n)

iKP`koiKprq`s�ilk�kumÌe�q`s>iKk�[jij�Ki\m3Ó¸g~i � i�m�s�il^`cuk1g�td{>[`k1g~il^jmn��mfcoij��e�s
�l^js>�riKP�mfiKpvgjk%mftdmfeds
O(n) �g`^`{�ko}�^`i

w(S) = w(A) + w(x) + w(y) � t�# x iKm
y
kot�P�m4[`il^ É kot�pwpwiKmfk<Pjt�P�e�[��oeX�liKP�mfk4[`^

C5 �� {
S

P`i �ltdP�mo{>iKP�m,ed^��K^`Pwkot�pwpvi�mÕ[`i4[`ila�cu�
2
[U]�^`P

C5

[`i
G � eds>tdcok S iKkumx^`P�iKP`koiKprq`s>i�knmÌedq`s�i

[`^ba�coedg`h`i �lt�¶��Ìh`t�co[`eds
G′ = G− V ′ � t�# V ′ ilknm�sà]�ilP`kuilprq`s�iI[`iKkÐkotdpvpwiKmok,[`i1[`iKa�co�

2
[`iKk

C5

[`i
G � Ë PÊe\[`�3�o�Ñy|^©}�^`i�s�il^`c<g~t�{�[`k<p�e É {�pr^`p g�td^jy�ed{�m ��mfcuin�leds
�K^`s>�1iKP©moilpwg`k<s>{�P`��e�{>coi �
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]jZ�W Q i ��' ` ] - ��45- ��*0$%- 4 �%� *,$3-
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� +�� f[T W �
] f3� W�Y[Z \ ] fcf Y Uhf P5
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Ë P)ydil^jm4[`tdP��1co�Kkot�^`[jcoi���$%��1�� - � ()���
� +�� -bko^jc4s�ilkÐadcfedg`hjilk ��e�cfeX��mf�lcu{>knmf{>}�^`iKk�[`ilk<P`t|il^j[`k
g`cuilpw{>ilcuk �
(�)%$ )���)+* x >5{�9 9b@ *'& � .�{?1 ��@:9;| 0 � ~�3
1h{ . 6}359;| 02G?1?>A4:9

� t�{�m
G = (V,E)

^`P�adcfedg`hji �lt�¶3q`{�g�edcumo{ �lt�^jg`s>� � i�m K1 � K2

^`Pji�g�edcnmf{�mf{>tdP�[`i
V

ilPS[`il^ É�ls�{>}�^`iKk ��Í h`ed}�^`i �ls>{�}�^`iIpve É {>pveds>i4g�edc,{>P��Ks>^`ku{>t�Pv[`i
G

iKkum�kut�{�m
K1 � kut�{�m K2 � kut�{�m,^`P`i�edc��Kmoi1[`^

a�coedg`h`i � � {>Pjko{ � ωw(G)
g~il^¸m ��mfcuin�leds
�K^`s>�1iKP©moilpwg`k<s>{�P`��e�{>coi �

(�)%$ )���)w( x >5{�9 9b@q( & � .�{?1 ��@:9C9 1�4V|e3 ��� G�@:9
�µilkCadcfedg`hjilk�kog~�b�l{ ��}�^`ilk�t�P�mre�^�g`s�^`k

9
kut�pwpvi�mfk � [jt�P��ws>iÑg�td{>[`k�pve É {>pr^`p [U]�^`P`ij�ls>{�}�^`i

g~il^jmp�Kmocoi1mfcut�^jyd��iKP©moilpwg`k
O(1) � ilP©ilkukfe�Ó�edP�m4mft�^¸mfilk4s>iKk �ls�{>}�^`ilk<[j^Êa�coedg`h`i �

(�)%$ )���)�� x >5{�9 9b@ �
!@t�^jcp�Kt�pwpviKP��liKc4tdPr�Kt�P`ku{>[��Kcoi�s>i1g`cut�q`s��lpwi1ko^`c�s>iKk<a�cfe�g`h`ilk �Kt�¶��Ìh`tdco[�ed^ É �

�ÕY¸QSQSY JFL �,vFL ��] Z�W Q i ��' ` ]���$3��1)��-�� ()���
� +�� -mZ ] T S32[SNW ]sW�4 f Q � T ] U S
] ` Z f � R U 4$YXR+W ] f[T W �
] f
� W�Y[Z \ ] f 2_Q g 2_\ Q�W�a7Y T01 �
 4 ` Q Uhf S�W�YXSNR Q U ���Ò]�eds�a�t�cu{�mfhjpvivs>{>Pj��ed{�coiz[`i©¥�cfe�P	� ¨�¥¾coe�³d²�¬�g�t�^jcj�leds
�K^`s>iKc\s>ibg~t�{>[jk\p�e É {�pr^`p
[U]�^`P�iKP`koiKprq`s�i�knmÌedq`s�i�[U]_^jP�a�coedg`h`in�Ìh`t�cu[�eds

G
g~il^jm �Kmocoi�^jmf{�s>{>ku�1g�td^`c ��eds��l^`s�ilc<s>i�g~t�{>[jk4pve É {�¶pr^`p#[�]_^`Pji �Ks>{>}�^`i�ku^`c,^`Pva�cfe�g`h`i �lt�¶��Ìh`t�cu[�eds

G
ilPwmfilpwg`k

O(n2) � Ë Pvs>i�pvt|[`{ ��i<g�td^`cxg~t�^jydt�{>c
��e�s
�l^js>ilc

ωw(G)
iKP©moilpwg`k�s>{>Pj��ed{�coi �Ë P coedg`g~ils>s�ibsà]_eds>adt�co{�mfh`pwiv[ji�¥�cfe�P	� � � s �lt�pwpviKP��li)g�e�c;��eds��l^`s�ilcÑ^`P't�co[`cui)[U]_�Ks>{�pv{�P�e�mf{�t�P

g�edc"�Zed{�m
v1, . . . vn

[`^Sa�cfedgjh`i�[U]�ilP�moco�li
G = (V,E) � e�y�i � w(vi) ≥ 0

s>iwg~t�{>[`k�[`i
vi

g~t�^`c
i ∈

{1, . . . n} �O�PbiKP`koiKprq`s>i�kumfedq`s>i�[`iIg~t�{�[`k,pve É {>pr^jp�ilknm �lt�Pjkumfcu^`{�m,[`iIs>en�Ze0�Kt�Pzku^`{�y�edP�mfi � � Pj{�mf{>eds>iKpviKP�m �kotd{�m
c 
 w(vi) = w(vi) � g~t�^`c<mft�^¸m

i ∈ {1, . . . , n} � !Xt�^`c<mft�^¸m
i
[`i

1
�
n � ko{ c 
 w(vi) > 0 � e�s>t�cukt�P �ltds>t�cu{>i

vi

ilPwcot�^`adi � iKmNt�PÑkut�^`kumocfed{�m
c 
 w(vi)

�
c 
 w(vj)

g~t�^`câmot�^jm
vj ∈ N [vi]∩{vi, . . . vn} �& ^�edP`[bmot�^`k�s>iKk<kot�pwpvi�mfkÐtdP�m4��mf�%mfcoed{�mo�lk � kot�{�m I = ∅

i�m � g~t�^`cÐmot�^jm
i
[`i

n
�

1 � ku{ vi

ilknm4cot�^`adi
iKm�Pjt�P)ed[��oeX�KilP�m4�\ed^��K^`P)kot�pwpwiKmÐ[ji

I � eds>tdcok I = I ∪ {vi} � & ^�edP`[zmot�^`k<s�ilkÐkut�pvpwiKmokÐt�P�m<��mf�
mfcoed{�mo�lk � s.]�e�s>a�t�cu{�moh`pvi�mfilcupv{�P`i�ilP¼cuilP�y�t Ó�edP�m�^`P¼ilPjkoilpCq`s>i�[`iCknmÌedq`s�i�[jiCg~t�{>[`k4pve É {>pr^`p

I
[`i

(G,w) �Ë P©y�eÑko{>pC^`s>iKc<sà]_eds>a�tdco{�moh`pwi�[`i�¥�cfe�P	�zko^jc
G

ilPÊmoilpwg`k�s>{�P`��ed{�coi%g`edc<cfedgjg�t�cnm��Ñs>ermÌed{�s>s>i�[`i
G � t�#)sà]�ilP�moco�li

G
ilkum4^`P)a�coedg`h`i �Kt�¶��Ìh`tdco[�eds � !Xt�^`c �ltdpvpwilP��Kilc � sà]_eds>adt�co{�mfh`pwi ��eds��l^`s�i1^`P)t�co[`cui

[U]��ls�{>pw{>P�e�mo{>t�PÑg�e�c��Zed{�m
v1, . . . vn

[`i
G

ilPzmfiKpvgjkÐs>{�P`��ed{�coi � ydt�{>c1¨ 
 � �X��¬ � � � td{�m w(vi)
s�iIg~t�{>[`k,[`^

kotdpvpwiKm
vi � g~t�^`c i ∈ {1, . . . , n} �
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�µiIg~t�{>[`kNpve É {>pr^`p [U]_^jP`i �Ks>{>}�^`i4[`i
G

iKkumP�lt�P`knmfcu^`{�mx[`iIs>en�Ze0�Kt�P�ku^`{�y�edP�moi � � t�{�m W ′ = 0
i�m

s(vi) = 0
g�td^`cxmot�^jm

i ∈ {1, . . . , n} � !Xt�^`cNmft�^jm i [ji 1
�
n � ku{ w(vi)−W ′ + s(vi) > 0 � eds�t�cokNt�P�ltds>t�cu{>i

vi

ilP)cotd^`a�i � iKm4e���ib��mfi��
W = w(vi) + s(vi) � iKm4t�P)e��utd^jmfi

w(vi)−W
′ + s(vi)

�
s(vj)g~t�^`cÐmftd^jm

vj ∈ N(vj) ∩ {vi+1, . . . , vn} �& ^�edP`[�mft�^jk�s�ilk�kotdpvpwiKmok1t�P�m���mf�\mfcoed{�mo�lk � kot�{�m K = ∅ � i�m�g~t�^`c �Ìh`ed}�^`i
i
[`i

n
�

1 � ku{ viilknm�cot�^ja�i1iKm4ed[��oeX�liKP�m4�Cmot�^`k<s�ilk<kotdpvpwiKmokÐ[`i
K � eds�t�cok K = K ∪ {vi} ��� ^ ��P�eds � sà]_eds�a�t�co{�mfh`pwi

coiKP�y�t�{�i�s>e;�ls>{�}�^`i1[`i�g�td{>[`k<pve É {>pr^jp
K

[`i
(G,w) �Ë P�y�td{�mX{>pwpv�K[`{±e�mfilpwilP�mµ}�^`ixsà]_eds>adt�co{�mfh`pwiºkK]_i É � �l^jmoi<ilP�mfilpwg`kXs>{�P`��ed{�coi � � e �lt�cucoib��mf{�t�P�y|{>iKP�m

[`^ �Zed{�m%}|^jiws�t�coku}�^`iÑ}|^jiws.]_tdP�mocfed{�mfirs�i\kot�pwpwiKm
vi � s±ez[j{����lcoiKP��li

W ′ − s(vi)
ilknm�gjco�b�K{>ku�lpwilP�m

s±e)y�eds>iK^`c�}�^`i�sà]_eds>a�tdco{�moh`pwirt�co{�a�{>P`edsÒ[`ib¥�cfe�P	��edg`g`s�{>}�^`���
G

ed^`coed{�m�kot�^jkumfcoed{�mC�
c 
 w(vi)

[`^
�ltdpvpwilP��KilpwilP�m,�u^`ku}|^�]�ed^�mocfed{�mfilpwilP�m1[ji

vi �?� {>Pjko{ � P`tdmocoiÑeds�a�t�cu{�mfhjpvi�ko{�pr^`s>i�sà]_eds>adt�co{�mfh`pwi�[`i
¥�cfedP ��ko^jc

G
iKm4ilknm �Kt�cocuib��m �

� »�Ï�R¾¡�¿|QSYKJFL ����L ��] Z�W_Q i ��' ` ]���$3��1)��- � (������ +�� - Z ] T S�2[SNW ]CW34 f Q � T ] U S�] ` Z f � R U 4$YXR+W ] f[T W�
] f3� W�Y[Z \ ] f aV] � Y 2&� Y f_f ] + �
 4 ` Q Uhf S�W�YXSNR Q U �"!@t�^jc �ltdpvpwilP��Kilc � tdPq��e�s
�l^js>i�ilP�moilpwg`k4s>{>Pj��ed{�coi%mftd^`kIs�ilk4kot�pwpvi�mfk4[`i�[`ila�cu�
2
iKm�mot�^`k�s>iKk

C5

[`i
G

iKPÊ^jmo{>s�{>kfe�P�m,sà]_eds>adt�co{�mfh`pwi�[j^©moh`�lt�c��lpwi � � «�· �� {
G

ilknm/�lt�¶��Ìh`t�cu[�eds � eds>t�cukÕt�P�e�g`g`s>{�}�^`i�sà]_eds>a�tdco{�moh`pwiÐ[`^�s�ilpwpvi�� � « � g~t�^`cxe ydt�{>cÕs�i4cu�lku^`s�mfe�m
ilP¼moilpwg`k%s�{>P`�led{>cui � � { G ilknm1^`P

C5 � e�s>t�cuk�s�irg�td{>[`k�p�e É {�pr^`p [U]�^`P`i;�Ks>{>}�^`i�g�iK^jm ��mfcoi;�leds
�K^`s>�
ilP)mfiKpvgjkp�Kt�P`knmÌedP�m �� {>Pjt�P � kut�{�m u ^`PÑkut�pvpwiKmâ[`i<[`iladco�

2
[U]�^`P

C5 � � sjÓre�[jil^ É �ls>{�}�^`ilkÒpve É {>pveds>iKk@g`edcÒ{>P��Ks>^`ku{>t�P
[`i
G

}�^`{X�lt�P�mf{�ilP`PjilP�m
u � �lt�cucoilkug�tdP`[�edP�m@ed^ É [jil^ É e�c$�Kmoilk�{>Ph�l{>[jilP�mfiKk��

u � �µiÒg~t�{>[jkµp�e É {�pr^`p [`i
mftd^jmfiKkP�liKkP�Ks>{>}�^`iKkxg~il^¸m/�Kmocoi ��eds��l^`s��4iKP�mfiKpvgjk

O(m) � � t�^jmoilkxs>ilk,ed^jmocoilk �ls�{>}�^`iKk,pve É {>pveds>iKkâ[`i
G

kot�P�m1[`iKk �ls�{>}�^`ilkI[`^�a�cfedgjh`iC�lt�¶��Ìh`t�cu[�eds@t�qjmfiKP�^`ilk�edg`c��lk1e�ydt�{>c%ku^`g`g`cu{>pw��mot�^`k1s>iKkIkut�pvpwiKmok
[`i)[`iKa�co�

2
[`iKk

C5

[`i
G � �µil^`c\g~t�{�[`k\p�e É {�pr^`p g�iK^jm �Kmocoi'��e�s
�l^js>�ziKP'moilpwg`k\s>{�P`��ed{�coi�e ydib�

sà]_eds�a�t�co{�mfh`pwi4[`^Ês�ilpwpvi � � « �j�
��R¾¡�R~WZWZ£`�Z¡�Y JFL � �FL � �F] 1 R f S�] TeU Y�� � Q�W8R+S�\ ` ] � R U 4$YXR+W ]dZ Q T W3�
]dZ�W Q i ��' ` ] ��$%��1�� - � ()����� +�� - f[T W�
] f3� W�Y[Z \ ] fcf Y Uhf P5
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Ë P¼y�il^¸m�co�lkut�^`[`cui ��()$3()+��#����()� ����������� � � ()���
� +�� -�ku^`c1s>iKkIa�coedg`h`iKk ��edcoeX�Kmo�lcu{>kumo{>}�^`iKk
[`iKk�P`t|il^j[`k�g`coiKpv{�ilcok �
(�)%$ )%$ )+* x >5{�9 9b@ *'& � .�{?1 ��@:9;| 0 � ~�3
1h{ . 6}359;| 02G?1?>A4:9

Í iKmumfin�ls±e�kokoi�iKkum4^`P`i �ls>edkokui�[`i�a�cfedgjh`ilk�g�edc"�Zed{�mok � �ledc �lt�¶Dq`{>g`edcumo{>k �
�ÕY¸QSQSYrJFL �7'FL ��� � O � 0+� OFQ�R+S

G TVU�� W�Y[Z \ ] ZhYXW � YXR+SP][S w TVU ] �}Q U 2[S�R Q U aV] Z Q�R�a fpf[T W �
] f YXW 2[S
] faV]
G
�2l��
Q�W f χw(G) = ωw(G)

][S
κw(G) = αw(G)

�
�µil^`c%Pjt�prq`cuiC�Ìh`cotdp�e�mo{>}�^`i�g�t�Pj[`�lcu�rilknm1[`t�P��C�la�eds@ed^�g~t�{>[jk�pve É {>pr^jp [U]_^jP`i;�ls�{>}�^`i � Ë P

eb[`�5�o�zy|^¦ilP¦koib��mf{�t�P � � « ��� }�^U]�{>sâg~t�^jy�ed{�m �Kmocoi ��eds��l^`s��rilP�mfiKpvgjk1s>{>Pj��ed{�coirku^`c1s>iKk�adcfedg`hjilk �lt�¶
q`{�g�edcumo{>k/�Kt�^`g`s��lk �
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(�)%$ )%$ )w( x >5{�9 9b@q( & � .�{?1 ��@:9C9 1�4V|e3 ��� G�@:9
!ºedcoed[`t É eds>iKpviKP�m � g~t�^`c �li�momfiP�ls±e�kokoi,[`iÐa�coedg`h`iKkâs>iNco�Kko^`s�mÌe�mºPU]_iKkumÕg�e�kâ{>pwpv�K[`{±e�m � Ë Prpwt�P�mfcui

}�^`iCs�i�gjcot�q`s��lpwi�g~il^¸mc�Kmocoi�co�lkut�s>^ÊilP�moilpwg`kp�lt�P`knmÌedP�m1g~t�^`cp�Ìh�ed}�^`iCa�cfedgjh`i�[ji�mÌe�{>s>s�i
O(1) � ko{t�P©edkuko^`pwi�}|^ji�s�ilk<t�g~�lcoe�mf{�t�P`kÐku^`c�s>iKk<P`t�prq`cuilk�ilP�mo{>ilcuk<koi �¤t�P�m�ilP)mfiKpvgjk

O(1) � !@t�^`c �Kils>e � t�Pkoi�coedp �KP`i��\^`PÊgjcot�q`s��lpwi%[`i�g`cut�a�cfe�pvpve�mf{�t�Pzs�{>P`�led{>cuiIilP©P`t�pCq`coiKk4iKP�mf{>iKcok �Ë P � É i�^`P©a�cfe�g`h`i
G = (V,E) � iKm w : V → N

^`P`i �¤t�P���mf{>tdP©[ji�g~t�{�[`k �� t�{�m
I

sà]�ilPjkoilpCq`s>i\[`iKk�knmÌedqjs>ilk1pve É {>pved^ É [`i
G � Ë P �lt�P`knmfcu^`{�m�s�i\g`cot�qjs
�lpwir[`iÑg`cut�a�coedpÑ¶

pve�mf{�t�Pbs>{�P`��ed{�coi�ilP©P`t�prq`cuilk�ilP�mo{>ilcuk�ko^`{�yde�P�m �
pv{�P`{>pw{>kuilc ∑

I∈I xI � � � ���mfiKsµ}�^`i
∑

I∈I:v∈I xI ≥ w(v)
g~t�^`cÐmot�^jm

v ∈ V � � � � �
xI ∈ N

g~t�^`cÐmot�^jm
I ∈ I. � � ��� �

Ë PÊ[`�Kko{�a�P`i�g�edc −→x s>i%ydib�Kmoil^`c �lt�P�moilP�edP�m4g~t�^`c �Ìh�ed}�^`i
I ∈ I

s±ery�eds>iK^`c
xI �� t�{�m

z
s>e�y�eds�il^`cNt�gjmo{>pveds>i<[`i �liIgjcot�q`s��lpwi�[jiIg`cut�a�cfe�pvpve�mf{�t�PÑs>{�P`��ed{�coi<iKP�mo{
�Kcoi �e� s�t�cok

z
iKkum

�la�edsâed^�Pjt�prq`cuir[`i;�ltd^`s>iK^`cok%Pj�b�liKkokoed{>cuilk�g�td^`cc�ltds>t�cu{>ilc
(G,w) � � {ât�P�ev^`P`i;�ltds>t�coe�mf{�t�P

C ′
[`i

(G,w) � eds>t�cuk �Kt�P`kumoco^`{�m�s±e �Kt�s>tdcfe�mo{>t�P
C

ilP�coiKpvgjs±e0�ledP�m �Ìh�ed}�^`iÑkumfedq`s�i
I ′

[`i
C

g�edc%^`P�knmÌedq`s�i
pve É {>pr^`p

I
�Kt�P�mfilP`edP�m

I ′ � C iKkum��la�eds�ilpwilP�m�^`P`in�ltds>t�coe�mf{�t�Pb[`i
(G,w) � i�m%e\s>i�pj�lpwi1P`t�prqjcoi

[`ip�lt�^js>il^jcok � � td{�m xI

s>i�P`tdprq`coi�[`ip�ltd^`s>iK^`cokxedkoku{>a�Pj�lilk,�
I �7� s>t�cuk

xI

ilkum,^`P�iKP�mf{>iKcÕP`t�P�Pj�la�e�mo{�� �!@td^`c �Ìh`ed}�^`i
v ∈ V � �ltdpvpwi

v
eve�^�pwt�{>P`k

w(v)
�Kt�^`s>iK^`cok � ∑I∈I:v∈I xI ≥ w(v) � ∑I∈I xI

ilknm
�la�eds`ed^ÑP`tdprq`coi,[`i �lt�^js>il^jcokÒ[`i

C � � P�y�iKcokoiKpviKP�m � kot�{�m −→x ^`P`i<kotds>^jmo{>t�Prtdgjmf{�p�eds�ix[j^wgjcot�a�coedpwpvi
s>{�P`��e�{>coiÕiKPrP`t�prqjcoilk@ilP�mf{�ilcuk � !Xt�^`c �Ìh�ed}�^`i I ∈ I � t�PCg�iK^jmâg`cuilP`[jcoiÐ^`PCilP`kuilprq`s�i,[`i

xI

�Kt�^`s�il^`cuk
g~t�^`ct�Kt�s>tdco{>iKc�s�ilkrkut�pwpvi�mfkC[ji

I �âÍ t�pwpwi
I

ilknm\^`P knmÌedq`s�i � iKm\}�^`izg~t�^`cs�Ìh�ed}�^`i)kotdpvpwiKm
v �∑

I∈I:v∈I xI ≥ w(v) � �liKs±e\P`t�^`k�[`tdP`P`i�^`P`in�lt�s�t�cfe�mf{>tdPz[`i
(G,w) � e�ydib� z �Kt�^`s>iK^`cok ���eÊcoiKs±e É e�mo{>t�P�[`^Sg`cot�qjs
�lpwi � e�g`c$�KkCko^jg`g`coiKkoku{>t�P�[ji�s±e'�ltdP`[`{�mo{>t�P � ���j� ilknmrs�iwgjcot�q`s��lpwiÑ[`i

g`cut�a�cfe�pvpve�mf{�t�P�s�{>P`�led{>cuiIku^`{�y�edP�m��

pw{>Pj{>pw{>koiKc ∑
I∈I xI � � � « �mfiKsµ}�^`i

∑
I∈I:v∈I xI ≥ w(v)

g~t�^`cÐmot�^jm
v ∈ V � � � � �

� t�{�m −→
x′

^`Pji�kut�s>^¸mf{>tdPbt�gjmf{�p�e�s>iI[jin�KiKmumfi�coils>e É e�mf{�t�P � iKm4kotd{�m
z′ =

∑
i∈I x

′
I �

� tdmot�P`k@}|^ji,g`^`{�ko}�^`ixs>iÕa�cfe�g`h`i
G

ilkumA� É � � �lixg`cot�qjs
�lpwiÕ[`i,gjcot�a�coedpwp�e�mo{>t�P1s�{>P`�led{>cuiÒg�tdkok$�K[`i
^`P P`tdprq`coi �lt�PjkumÌe�P�mÑ[ji�y�edco{>edq`s>iKk � s>ivP`t�prq`cuiz[`izknmÌedqjs>ilkCp�e É {�p�ed^ É [`i

G ��� iKm\^jP P`t�prq`cui
�ltdP`kumfedP�m�[`i;�lt�P�mocfed{�P�moilk � s>irP`tdprq`coi\[ji\kot�pwpvi�mfk%[ji

G � � � sºg~il^¸m�[`t�P��;��mfcoi\cu�lkut�s>^�ilP�moilpwg`k
�ltdP`kumfedP�m � g�edc<i É iKpvgjs>i�ilP©�lP�^`pw�lcoedP�m�i�m4ilkokoe�Ó�edP�m4mft�^`k�s�ilk<kotdpvpwiKmok<[`^Êg~t�s�Ó �l[jcoi�[`� �`P`{�m�g�e�c
s>ivg`cotda�cfedpwpwi ��� Ë P g~il^jm\� �lcu{>coivs>ivg`cot�adcfedpwpviws>{�P`��e�{>coiwkotd^`krs±er�¤t�copwi

max{cx : Ax ≤ b} �mfiKsâ}�^`i �Ìh�ed}�^`iw�ls��lpwilP�m1[`iÑs±evp�e�moco{��li
A

iKkum�kot�{�m
0 � kot�{�m 1 � � t�{�m ∆

s±evy�eds�il^`cIp�e É {�pr^`p [`ilk
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[`��mfilcupv{�P�edP�mfk\[jilkwkot�^`k5¶3pve�mfcu{
�Kilk\[`i)s±e¼pve�moco{
�Ki
A � ∆

ilknmvq~t�cuP`�li)g�edcÑ^`Pjir�Kt�P`knmÌedP�mfi � � � t�{�m
k = |I| �Ë P�g~il^jm,p�ed{�P�mfilP`edP�mx^¸mf{>s�{>kuilcÒ^`Pvco�lku^`s�mfe�mx[`i Í t|t � � °�iKcfedcu[`k � � �Ìhjco{Ô�nydilcxiKm � edcu[`t�k � s�i�moh`�lt�¶
c$�Kpvi � ³ � �\[�edP`k�¨ � �Ìh�ª�²�¬ ��Í i�moh`�ltdc$�lpwi�P`t�^`k4[`{�m�}|^jiCs>i1gjcot�q`s��lpwi�[`i�g`cot�adcfedpwp�e�mf{>tdPzs>{�P`��ed{�coi
ilP©P`t�pCq`coiKk4iKP�mf{>iKcok4e\^`P`i�kot�s�^jmf{�t�Pbt�gjmo{>pveds>i −→

x′′ � mfiKs>s�i%}�^`i�g~t�^`cÐmot�^jm
I ∈ I � |x′I − x′′I | ≤ q∆ �

!Òcoilpw{
�KcoiKpviKP�m � t�P¼mocot�^¸y�i\^`P`iCkot�s�^jmf{�t�P¼t�gjmo{>pveds>i −→
x′

[`^�g`cut�a�coedpvpwi�s>{>Pj��ed{�coi�coils>e É � � È P|¶ko^j{�mfi�t�P¼�KP|^jp �KcoiCmot�^`k%s�ilk�ydib��mfil^jcok1[U]�ilP�mf{�ilcuk −→
x′′

mfiKs>kI}�^`iCg�t�^jc�mftd^jm
I ∈ I � |x′I − x′′I | ≤ q∆ �!ºe�copw{Us>iKk,y�i �KmfiK^`cok�}�^`{�y��Kco{ ��ilP�m4s>iKk �lt�P`[j{�mf{�t�P`k � � � � t�P'�Ìh`t�{>ku{�m<s�iIy�i �Kmoil^`c4kot�s�^jmf{�t�Pzpw{>P`{�pr^`p �!ºe�cvs�i©moh`�lt�c��lpwi � ³ � ��[`iS¨ � �Ìh`ª�²�¬ � ��]_iKkumb^jP`iÊkut�s>^¸mf{>tdP t�g¸mf{>pveds�iz[`^Agjcot�a�coedpwpvi)s>{�P`��e�{>coi�ilP

P`t�pCq`coiKkNiKP�mf{>iKcok �|Í iKmomoi�pw�Kmoh`t|[`i<g`coiKP`[�^jPwmoilpwg`kd�lt�P`knmÌedP�m � ��edc q i�m
∆

kot�P�m�� É �lkxko{�s>i<adcfedg`hji
ilknm � É � � [`t�P���s�i1P`t�prq`cui1[`i1y�i �KmfiK^`cokI�rmfilknmfiKc�iKkump�lt�PjkumÌe�P�m �O�P`i,{>pwg`s>�KpviKP�mfe�mf{�t�P%mfiKs>s�ix}�^`iKs>s>iN[`i/�KiKmumfi,gjcotV�l�l[j^`coiÐPjiÐkoiKcfeIg�e�kºg`coe�mf{�}|^ji � g`^`{>ku}�^U]_{�s|Ó�e4[`i
sà]�t�cu[`coix[`i

(q∆)q
y�ib��mfiK^`cokÕ��moilknmfilc � È Prg`coe�mf{�}|^ji � tdPrg�iK^jmâg`edcºi É iKpvgjs>iÐcu�lkotd^`[`coi,s>i,gjcot�a�coedpwpvi

s>{�P`��e�{>coi � g`^`{�kxkui%koiKcuy|{>cx[`iIs>e�kut�s>^jmo{>t�Pj�ltdpvpwi�g~t�{�P�mx[`i�[`�lg�e�cumÐ[�]_^`Pji%g`cotV�l�K[`^`cui � qjcfedP��Ìh)e�P`[
q~t�^`P`[ � �

Í t�pwpvi�{>s¸Ówe�^`PvP`t�prqjcoi �lt�PjkumÌe�P�m,[`i�a�cfe�g`h`ilkN[`i�mÌed{�s>s�iÐq�tdcoP`�Ki � t�Pve�[`tdP���^jPzeds�a�t�co{�mfh`pwi
ilPbmoilpwg`k

O(1)
g~t�^`cÐmocot�^¸y�ilc�s�i%P`t�prqjcoi �Ìh`cut�p�e�mf{>}�^`i1g~t�P`[j�lco�1[�]_^`P©a�coedg`h`i1[`i%mfed{>s�s>i4q�tdcoP`�Ki �

Í ]�ilkumIed^`kuko{µs�i ��edk�[`iKk�a�coedg`h`iKk�kog~�b�l{ ��}�^`ilk � }|^j{XtdP�m4e�^Êg`s�^`k
9
kotdpvpwiKmok �Ë P�ez^jP�eds>a�tdco{�moh`pwi�iKP¼mfilpwg`k

O(1)
g~t�^`cc�leds
�K^`s>iKcIs>iCP`t�prq`cuiC�Ìh`cut�p�e�mf{>}�^`iCg�t�Pj[`�lcu�\[`ilk

a�coedg`h`iKk<[`i%mÌed{�s>s�i�q~t�coPj� ��� {>P`ku{ � t�P)g�iK^jm<co�Kkot�^j[`coi���()$3()+��#����()� ����������� �¯ilPbmoilpwg`k<s>{�P`��ed{�coi
ko^jcÐs>iKk,a�coedg`h`iKkÐg�td^`cxs�ilku}|^jils>k,s>ilkxa�cfe�g`h`ilk,g`coiKpv{�ilcok,edg`g�e�cfed{�kokfe�P�mx[�edPjkÐs±e�[`�b�Kt�pvg~t�ku{�mf{�t�Pwpvt�¶
[`^`s>ed{>cuiIt�P�m�^`Pji�mfed{>s�s>i4q�tdcoP`�Ki �¾Í i �l{�edpw�ls�{>t�cuiI^`P`i1cuilpvedco}�^`i1[ji 
 � � {>edcopw{>[bi�m'�4iKil[¦¨ 
 ��·d·�¬ �}�^`{¾t�q`kuilcuy�ed{�ilP�mÐ}�^`i4s>i�g`cut�q`s��lpwi ��(�$%()+��#����(���� ()���
� +�� - ����� ������� g~t�^jy�ed{�m���mfcui�cu�lkotds>^wilP
mfiKpvgjk4g~t�s�Ó¸Pjt�pv{>eds~ko^`c�s>iKk<a�cfe�g`h`ilk�[`i1mfed{>s�s>i �Kt�P`knmÌedP�mfi �
(�)%$ )%$ )�� x >5{�9 9b@ �

� t�{�m
G

^`P a�coedg`h`iz[jizs±eq�Ks±edkukoi �¸� e�y�i �b^`P`iD�¤t�Ph�Kmf{�t�PS[jibg�t�Pj[`�lcoe�mf{�t�P
w � !ÒcoiKpv{��lcuilpwilP�m

t�P���eds��l^`s�i�iKP�mfiKpvgjk�s�{>P`�led{>cui%mft�^`k�s>iKk�kut�pvpwiKmok�[`iC[`iKa�co�
2
iKmImot�^`k4s>iKk

C5

[`i
G � ilP¼^jmo{>s�{>kfe�P�m

sà]_eds�a�t�co{�mfh`pwi4[`^©moh`�ltdc$�lpwi � � «�· �� {
G

ilknm<kfedPjk
C5

{�P`[`^`{�m � G iKkum<[`tdP��1^`Pba�coedg`h`ic�Kt�¶��Ìhjt�co[�e�s � i�m χw(G) = ωw(G)
g~il^¸m �Kmocoi

��e�s
�l^js>�1ilP)mfiKpvgjk<s>{>Pj��ed{�coi%g�e�c<sà]_eds>a�tdco{�moh`pwi�g`cu�lkuilP�mf��ed^©s>ilpwpwi � � « �j�� {>Pjt�P � G ∈ Gk � e�y�i � k ≥ 1 � � { G ilkum�^jP
C5 � eds>t�cukIs>e�mfib�ÌhjP`{>}�^`i\^jmo{>s�{>ko�KiC[�e�P`k1s>is��edk1[`iKk

a�coedg`h`iKk�kug�� �l{ ��}�^`ilk � gjco�lkuilP�mf�Kiv[`edP`k�s±ezkuib�Kmo{>t�P�g`cu�b�K�l[`iKP�moi � g~il^jmn�Kmocoi\^jmo{>s�{>ko�Kirg~t�^`c ��e�s
�l^js>ilc
s±eC�Kt�s>tdcfe�mo{>t�Pzg~t�P`[j�lco�Ki�pw{>Pj{>pr^`pGiKP©moilpwg`k �lt�P`knmÌedP�m �¥º{>P`eds>iKpviKP�m � kut�{�m C = (v1, v2, v3, v4, v5)

^`P
C5

[ji
G � i�mvkut�{�m

v1

i�m
v3

koilkwkotdpvpwiKmok\[`i
[`iKa�co�

2 � !@edc,[j� ��P`{�mf{�t�P�[`iKkÐa�coedg`h`iKkÐ[`i%s>en�Ks±edkukoi �j� sà]�ilPjkoilpCq`s>i
A

[`iKkÐkot�pwpwiKmfkxP`t�Pbe�[��oeX�liKP�mfk
�
C

iKkum�^`P�iKP`koiKprq`s�irkumfedq`s>i � B = V \ (C ∪ A) = N(v2) \ C = N(v4) \ C = N(v5) \ C � i�m
G[B]

ilknm�^jP �Kt�a�cfe�g`h`i � È P �ltdP`ko�K}|^jilP��Ki�{>s@Ó�ebg`co� �l{�ko�lpwilP�m
4
ilPjkoilpCq`s>iKk�knmÌedqjs>ilk�pve É {>pved^ É[`i

G
�ltdP�moilP�e�P�mzed^'pvt�{�P`k\^`P [`ilkÑmfcut�{>kÑkotdpvpwiKmok

v2 � v4

t�^
v5

�N{�sÐkl]_eda�{�mw[`i
{v1, v4} ∪ A �

����Ü
G

ÚuÝZß�á�ã ( HDí ì25�ÚºÝ.ì -�/5Ü /�êlá�Ú 7
∆ ≤ 3
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{v2, v4} ∪ A � {v2, v5} ∪ A
i�m
{v3, v5} ∪ A � � t�^`kzs�ilkbed^¸mfcoiKkzilPjkoilpCq`s>iKkzkumfedq`s>iKkzpve É {>pved^ É{>Ph�ls>^jilP�m�sà]�ilP`kuilprq`s�iÑkumÌe�q`s>i

{v1, v3}
[`i

C � !Òs>^jk�gjco�b�K{>ku�lpwilP�m � {v1, v3} ∪ A′ ilkumC^`P¦ilP`kuilprq`s�i
kumfedq`s�i�[`i

G
ko{XiKm%kuil^`s�ilpwilP�m%ku{

A′ ilknm%^`P¼iKP`koiKprq`s�iCkumfedq`s�i�pve É {>pvedsµ[`i
G− C � � � tdmft�PjkI}�^`i

{v1, v3} ∪ A
ilkum4^`P©ilPjkoilpCq`s>i�kumfedq`s�i1[`i

G �5�
�ÕY¸QSQSYmJFL � )?LpOFQ�R+S

k ≥ 1
^ ][S

G ∈ Gk

� OFQ�R+S
C = (v1, v2, v3, v4, v5) TeU C5

aV]
G

S�]&� k T ] v1

][S
v3 f Q�R ] U S aV] aV] � W�4 2

�,OFQ�R+S
w TeU ] �}Q U 2[S�R Q U aV]�Z Q�R�a f f[T W �
] f f Q `;` ][S f aV] G � l��
Q�W f R��?] 1 R f S�] TeU ]2_Q �
Q�W�YXSNR Q U Z Q U a,4[W�4_] ` R U R `;TV` S aV]

(G,w)
Y��X]32 Z�W3432[R f 4 ` ] U S max

(
w(v2), w(v4) + w(v5)

)
] Uhf ] `ji �
] f f S Y i �
] f 2_Q U S�] U Y U S/Y Tr` Q�R Uhf TVUqf Q `;` ][S�aV]

{v2, v4, v5}
�

 4 ` Q Uhf S�W�YXSNR Q U � � t�{�m S ^`P`i;�Kt�s>tdcfe�mo{>t�PÊg�t�Pj[`�lcu�li\pw{>P`{�pr^`p [`i
(G,w) � � t�{�m C = (v1, v2, v3 �

v4 � v5)
^jP

C5

[`i
G

moilsN}|^ji � ku{ G 6= C5 � v1

iKm
v3

kut�{>iKP�mCs>iKkCkotdpvpwiKmok�[`i�[`ila�cu�
2 � !Ò^`{�ko}�^`i

N(v1) \ C = N(v3) \ C = ∅
i�m
N(v2) \ C = N(v4) \ C = N(v5) \ C = B � t�P¼ko^jg`g�tdkoir}�^`i

mftd^`k�s>ilk<iKP`koiKprq`s�ilk4kumÌe�q`s>iKk4[ji
S
�Kt�P�mf{�ilP`P`iKP�m�kut�{�m4e�^��l^`P � kot�{�m�[`il^ É kut�pwpvi�mfk<[`i

C �È P �Kt�P`ku�l}�^`ilPh�liÑt�P��Kmo^`[`{�iCs>iKkc�ltds>t�coe�mf{�t�P`k4g�t�Pj[`�lcu�lilk1[j^
C5 C = (v1, v2, v3, v4, v5)

[`i
Ge�y�i �;�lt�pwpvi�g~t�{>[`k4g~t�^`cIs�ilk�kot�pwpvi�mfk

w � t�#�mftd^`kIs�ilkIiKP`koiKprq`s�ilk%knmÌedq`s�ilk%kut�P�m%[`iKk1P`t�P¸¶3edc$��mfiKk
[`i

C � Ë PAs�ilkwedg`g~ils�s>iKcfe�[`ilk �lt�s�t�cfe�mf{>tdP g�t�Pj[`�lcu�lilkvg�edcnmf{>iKs>s�ilk\[`i
C � � tdmftdP`kv}�^`i©mft�^¸mfilkws>iKk

�ltds>t�coe�mf{�t�P`kÕg�tdP`[`�lcu�liKk<[`i
C = (v1, v2, v3, v4, v5)

[`t�{�ydilP�m<g~t�koku�l[`iKc�ed^zpwt�{>Pjk
w(v2)

iKP`koiKprq`s>iKk
kumfedq`s�ilk �lt�P�moilP�edP�m

v2 � iKm4ed^©pvtd{>P`k
w(v4) + w(v5)

ilP`kuilprqjs>ilk�knmÌedq`s�ilk �ltdP�moilP�e�P�m
v4

t�^
v5 �� t�{�m

S ′ ^`P`i'�ltds>t�coe�mf{�t�P�g~t�P`[`�Kco�li©[`i
G′ �Kt�P�mfiKP�edP�m�s�ibP`t�prqjcoibpw{>P`{�pr^`p g�t�kuko{�q`s>ib[U]�ilP|¶

koiKprq`s�ilk%knmÌedq`s�ilk
S

e�y�i �
S ∩ {v2, v4, v5} 6= ∅ � � tdmftdP`k

q
s�iCP`tdprq`coiC[U]_iKP`koiKprq`s�ilk1kumfedq`s�ilk%[`i

S[`i
S ′ e�ydib� S ∩ {v2, v4, v5} 6= ∅ � iKm%ku^`g`g~t�kotdP`k%}�^`iC�Kt�P�mfcfe�{>coiKpviKP�m%�wsà]_e *wcopve�mf{�t�P)[`^¼s>iKpvpwi �

q > max
(
w(v2), w(v4) + w(v5)

) � � t�{�m c(v) s>i<Pjt�prq`cui<[U]_iKP`koiKprq`s�ilkÕkumfedq`s>iKkÒ[`i
S ′ �ltdP�moilP�e�P�mxs>ikotdpvpwiKm

v � � s>t�cuk � q > w(v4)+w(v5)
{�pvg`s�{>}�^`i

c(v4) > w(v4)
t�^

c(v5) > w(v5) � � e�P`kÒg�iKcumoi<[`i
a��KP`�lcoeds>{�mf� � t�P�ku^`g`g~t�koi

c(v4) > w(v4) � È Pq�ltdP`ko�K}|^jilP��Kir{>sµi É {�kumoi�^`PÊilP`kuilprqjs>i�kumÌe�q`s>i
S ′ ∈ S ′�ltdP�moilP�e�P�m

v4 � i�m�t�P¦ezkot�{�m
S ⊆ {v2, v4} ∪ A � kot�{�m S ⊆ {v2, v3} ∪ A � � e�P`k1s>iKk1[`il^ É ��edk � t�PcoiKpvgjs±eX�Ki

S ′ g`edc {v1, v3} ∪ A ��Í ils±ew[`{>pw{>P�^`i�[`i
1
s�i�P`tdprq`coi�[U]�ilP`kuilprq`s�ilk%knmÌedqjs>ilk �lt�P�moilP�edP�m

v4 � iKmÕ��y�iKP�mo^`ils�s>iKpviKP�mN[`i
1
s>iÐP`tdprq`coi<[�]_iKP`koiKprq`s>iKkÕkumÌe�q`s>iKk��lt�P�moilP�edP�m

v2 � � {�P`ko{`Pjt�^`kÒt�qjmoilP`tdP`k
^`P`i �Kt�s>tdcfe�mo{>t�P�g�t�Pj[`�lcu�li

S ′′ [`i G e�y�i �
q−1

ilPjkoilpCq`s>i<knmÌedq`s�ilk
S

y��Kco{ �¾edP�m
S∩{v2, v4, v5} 6= ∅ �Í ib�K{��lt�P�mfcuil[`{�m�s>i �Ìh`td{ É [`i

S ′ �!ºedc �Kt�P`ko�K}�^`ilP�m � q = max
(
w(v2), w(v4) + w(v5)

) �
��R¾¡�R~WZWZ£`�Z¡�Y JFL � 
FLjOFQ�R+S

G TeU C5 (v1, v2, v3, v4, v5)
^q][S

w TVU ] �}Q U 2[SNR Q U aV]rZ Q�R�a f f[T W �
] f
f Q `;` ][S f � l��
Q�W f R��n] 1 R f S
] TeU ]$2_Q �
Q�W$YXS�R Q U Z Q U a,4[W�4_] ` R U R `;Te` aV]

(G,w)
Y��X]32jZ�W3432[R f 4 ` ] U S

max
(
w(v2), w(v4) + w(v5)

) ] Uhf ] `ji �
] f f S�Y i �
] f 2_Q U S
] U Y U S?Y Ts` Q�R Uhf TeUtf Q `;` ][S,aV]
{v2, v4, v5}

�
!@t�^jc���mfilPj[`coiw^`P`ij�lt�s�t�cfe�mf{>tdP¼g�tdP`[`�lcu�liwg�edcnmf{>iKs>s�ir[U]�^`P

C5

�b^`P`ij�lt�s�t�cfe�mo{>t�P�g~t�P`[j�lco�KiÑ[`i
G � koiK^`s>iKpviKP�m4[`iK^ É g�e�cfedpj�Kmocoilk�kut�P�m�{�pvg~t�cnmÌedP�mfkI�

Ç s�i4Pjt�prq`cui4[ji �ltdg`{>iKkN[ji
{v1, v3}

[�e�P`kxs>e �lt�s�t�cfe�mo{>t�P\g~t�P`[j�lco�KiIg�e�cumf{�ils�s>i � [`�lPjtdmf��g�edc
s � i�mÇ s�i�P`tdprq`coi�[U]�ilP`kuilprqjs>ilk�kumfedq`s>iKkI[`^

C5

[`{����KcoilP�mokI[`i
{v1, v3}

[`iCs>ej�Kt�s>tdcfe�mo{>t�P)g�edcnmf{�ils>s�i �[`�KP`tdmo��g`edc
t �!@td^`c �Ìh�eX�l^jP [`iKk
s

ilPjkoilpCq`s>iKkwknmÌedqjs>ilk
{v1, v3}

[`^
C5 � �Ìh�ed}�^`i {v1, v3} ∪ A′ � t�# A′ ilknmw^`P

ilPjkoilpCq`s>i�kumfedq`s�i<p�e É {�p�eds|[`i
G−C � iKkumN^`PwilP`kuilprqjs>i�p�e É {�p�e�s¸[`i

G
}|^j{��KmfiKP`[

{v1, v3} � !Xt�^`c�Ìh�eX�K^`P¦[`ilk
t
ilPjkoilpCq`s>iKk1kumÌe�q`s>iKk

S
[`{����KcoiKP�mok1[`i

{v1, v3}
[`^

C5 � S ∪ A iKkum�s>iCkoil^jsâilP`kuilprqjs>i
kumfedq`s�i1p�e É {�p�eds�[`i

G
��mfilPj[�edP�m

S �
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!ºedcbs�i�s�ilpwpvi�� � «�³ � g~t�^`cD�Ìh`ed}�^`i
C5

[`i
G

{�s4Ó�e�^`P`i=�Kt�s>tdcfe�mo{>t�P g�t�Pj[`�lcu�li�pw{>P`{�pr^`p
[`i

G
e�ydib�

t = max
(
w(v2), w(v4) + w(v5)

) iKP`koiKprq`s�ilkrknmÌedq`s�ilks�lt�P�mfiKP�edP�mÑed^Spvt�{�P`k�^`P�[`iKk
kotdpvpwiKmok,[`i

{v2, v3, v4} � È P)g`cuilP�e�P�mÐ^`P`i1[`ic�Kilk �Kt�s>t�coe�mf{�t�P�g~t�P`[j�lco�Ki%pw{>P`{�pr^`p � t�Pbg�iK^jm<iKP¸¶
s>i�y�iKc©s�ilkbkut�pvpwiKmok

v1
iKm

v3
[jilk)ilP`kuilprqjs>ilk©kumfedq`s�ilkE�ltdP�moilP�e�P�mÊs>iKkb[`il^ É kot�pwpvi�mfk � �u^`ko}�^U]_�t�qjmoilP`{�c¼s±e g`s>^`k�g�i�mf{�moiSy�eds>iK^`c�g~t�kuko{>qjs>i�g~t�^`c

s
[�edPjk�^`P`i �ltds>t�coe�mf{�t�P
g�e�cumf{�ils�s>i¦[`i

C
e ydib�

t = max
(
w(v2), w(v4) + w(v5)

) � !ºedc\s�iD�ltdcot�s�s±ed{�coi � � «�ª � {>sxi É {>knmfi)^`P`iE�Kt�s>tdcfe�mo{>t�P�g~t�P`[j�lco�Ki
g�edcnmf{�ils>s�i¼e�y�i �

χ(G[C])
iKP`koiKprq`s�ilk©kumÌe�q`s>iKk � mfiKs%}�^`i

max
(
w(v2), w(v4) + w(v5)

) iKP`koiKprq`s>iKk
kumfedq`s�ilk/�Kt�P�mf{>iKP`P`iKP�m�ed^bpwt�{�P`k,^`Pbkut�pwpvi�m<[`i

{v2, v3, v4} � i�m�ed{>Pjko{
s = χ(G[C])− t

g~il^jm ��mfcui
��e�s
�l^js>�li1iKP©moilpwg`k �lt�PjkumÌe�P�m �Ë PÊg`cu�lkuilP�mfi�p�ed{�P�mfilP`edP�m�s.]�e�s>a�t�cu{�moh`pvi4}�^`{2��e�s
�l^js>i�^`P`i �ltds>t�coe�mf{�t�Pbg�tdP`[`�lcu�li�pv{�P`{>pC^`pG[`i
(G,w)

g~t�^`cÐ^`P)a�coedg`h`i
G

[`i
Gk � k ≥ 1 �	� sUiKP`s
��y�i�ed^bg`s�^`k

k
�¤t�{>kx^`P

C5
g`cu�b�leds
�K^`s>�1e�^©adcfedg`hji

�ltd^`cfedP�m � �u^`ku}|^�]��D�Kir}�^`irs>i�a�cfe�g`h`ircuilkumfedP�m1PU]_ed{�m�g`s�^`kI[`i
C5 � i�m1[`t�P���kot�{�mc�Kt�¶��Ìh`tdco[�eds �,� s>t�cuk �^`P`i �ltds>t�coe�mf{�t�P�pv{�P`{>pr^jp g~t�P`[`�Kco�Ki,[`^�a�cfedgjh`id�lt�¶��Ìh`t�co[`eds�g�iK^jm ��mfcuixt�q¸mfilP�^`ixilP�mfilpwg`kXs>{�P`��ed{�coi

ilP©^jmo{>s>{�kfedP�m<s.]�e�s>a�t�cu{�moh`pvi�g~t�^`c�s±eC�Ks>{�}|^ji1g�t�Pj[`�lcu�li�p�e É {�pr^`p g`co�KkoilP�mo�Ced^©s>iKpvpwi � � « �¸�
� �Ìh�ed}�^`iI�KmÌe�g�i � �d]�ilknm��C[`{�coi�}|^`edP`[bt�Pzku^`g`g`cu{>pwiI^`P

C5 C = (v1, v2, v3, v4, v5)
[`^badcfedg`hji

�ltd^`cfedP�m
G′ e�ydib��s±eC�¤t�P���mf{>tdP©[ji�g~t�P`[j�lcfe�mf{>tdP

w′ � s.]�eds�a�t�cu{�mfhjpvi4g`cotV�b�K[`i�[`i�s±et�Ze0�Kt�PÊku^`{�y�edP�moiw�
{>s �leds
�K^`s>i � ilPSmoilpwg`kn�lt�P`knmÌedP�m � ^`Pji �ltds>t�coe�mf{�t�P�g�tdP`[`�lcu�livpv{�P`{>pr^jp g�edcnmf{�ils>s�i\[`i

C
moils�s>iÑ}�^`i

t = max
(
w(v2), w(v4) + w(v5)

) � iKmNmfiKs>s�i<}|^ji
s
kut�{�mNs�i4gjs>^`kÕg~iKmf{�mN}|^ji�g~t�koku{>q`s�i �7� s>t�cukÒ{>s�ilPjs
�Kydi

mftd^`kxs�ilkNkot�pwpwiKmfkN[`i
C � iKmx{>s�iKP`s
��y�i4mft�^`kxs>iKkxkut�pvpwiKmokÕ[`i

A
e�y�i �I^`Pzg~t�{�[`kÕ{>Ph�¤�Kco{>iK^`cÕt�^��Ka�eds~�

t � iKm<kut�^`kumocfed{�m
t
e�^ É g~t�{�[`kx[jiImft�^jk,s>iKkÐed^¸mfcoiKk,kut�pvpwiKmok,[`i

A � Ë PzP`tdmoi
G′′ s>i�P`t�^jydi�ed^badcfedg`hji

t�qjmoilP�^ � iKm w′′ s±e�P`t�^jydils>s�ip�¤tdP��Kmo{>t�Pv[`iIg~t�P`[`�Kcfe�mo{>t�P �V� s>t�cukxs.]�e�s>a�t�cu{�moh`pvixco�Kkot�^jmÐco�b�K^`coku{�ydilpwilP�m
s>i�gjcot�q`s��lpwim�lt�s�t�cfe�mf{>tdP�pv{�P`{>pC^`p ku^`c

(G′′, w′′) � È P ��P � s�i�P`t�prq`cui�pv{�P`{>pC^`p [�]_iKP`koiKprq`s>iKk
kumfedq`s�ilk�[�edP`k�^`Pjin�Kt�s>tdcfe�mo{>t�Pz[ji

(G′, w′)
ilknmIt�q¸mfilP�^©g�edc<s>e;�¤tdcopr^`s�i%ko^j{�y�edP�mfi

χw′(G′) = t + max
(
s, χw′′(G′′)

)
.

�Ò]�eds�a�t�cu{�mfhjpviÕilPjs
�Kydi<ed^rgjs>^`k
k ≤ n

�¤t�{>kX^`P
C5 �dÍ h�ed}�^`i �Kt�s>t�coe�mf{�t�P�g�tdP`[`�lcu�li<g�e�cumf{�ils�s>iÒ[U]�^`P

C5

g�iK^jm �Kmfcui �leds
�K^`s>�Ki<ilPÑmfiKpvg`kd�Kt�P`kumfedP�m � !@td^`cÕs>i�a�cfe�g`h`i �lt�¶��Ìh`t�cu[�eds���P`eds � s>ec�lt�s�t�cfe�mo{>t�P\g~t�P¸¶
[`�Kco�li�pw{>P`{�pr^`pGg~il^jmp�Kmocoi �leds
�K^`s>�Ki1ilP)mfilpwg`k<s�{>P`�led{>cui �V� {>Pjko{ � s>i%moilpwg`kÐmftdmfedsF�KiKm4sà]_eds>adt�co{�mfh`pwi
g~t�^`c<s±e;�Ks±edkukoi � ilkum4s�{>P`�led{>cui � È P©co�Kko^`pw� � t�P)t�q¸mf{>iKP�m��
��R¾¡�R~WZWZ£`�Z¡�Y JFL � 62L � ��] 1 R f S
] TVU Y�� � Q�W8R+S+\ ` ]�� R U 4$YXR+W ] Z Q T W��
]�Z�W Q i ��' ` ] ��()$3()+��#����()� � (������ +��
����������� � f[T W �
] f � W$Y[Z \ ] f f Y Uhf P5

][S � ] ` R U a T R+S*�
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Ë P�y�iK^jm%cu�lkotd^`[`coi � � +%��������()� - � ��$%��1)��- 4 � ()���
� +�� -�ku^`cIs�ilk4a�cfe�g`h`ilk ��edcoeX�Kmo�lcu{>kumo{>}�^`iKk
[`iKk�P`t|il^j[`k�g`coiKpv{�ilcok �
(�)%$ )��H)+* x >5{�9 9b@ *'& � .�{?1 ��@:9;| 0 � ~�3
1h{ . 6}359;| 02G?1?>A4:9

Í iKmumfin�ls±e�kokoi�iKkum4^`P`i �ls>edkokui�[`i�a�cfedgjh`ilk�g�edc"�Zed{�mok � �ledc �lt�¶Dq`{>g`edcumo{>k �
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!ºedc4s>i�s�ilpwpvi � � «�² � κw(G) = αw(G) � È P�^¸mf{>s�{>koedP�m<sà]_eds>adt�co{�mfh`pwiIs�{>P`�led{>cui%g�td^`c2- ��45- ��*,$3-
4 �%� *,$3- � ()���
� +��\g~t�^`cºs±e �Ks±edkukoiÐ[`iKkÒa�cfe�g`h`ilk �Kt�¶3qj{>g�edcnmf{�k �Kt�^`g`s�� � gjco�lkuilP�mf��iKPwkuib��mf{>tdP � � « � � �����
κw(G)

g�iK^jm4[`t�P�� �Kmocoi ��e�s
�l^js>�1ilP)mfiKpvgjk<s>{>Pj��ed{�coi �
(�)%$ )��H)w( x >5{�9 9b@q( & � .�{?1 ��@:9C9 1�4V|e3 ��� G�@:9

��e�mfi �Ìh`P`{>}�^`i,g`co�KkoilP�mo�li<[�edPjkâs±e�koi �Kmf{�t�Prg`cu�b�K�l[`iKP�moi�g�t�^jc �leds
�K^`s>iKc@^`Pji/�lt�s�t�cfe�mf{>tdP�g~t�P`[j�lco�Ki
pw{>P`{�pr^`p [U]�^`P a�coedg`h`i � É �bg~il^jmC�Kmfcuibedg`gjs>{>}�^`�Kizko^jc\s>i �Kt�pwg`s>�KpviKP�mfed{>cuivg~t�^`ct��eds��l^`s�ilcC^jP`i
g�edcnmf{�mf{>tdPzilPr�ls�{>}�^`ilk�pw{>P`{�pr^`pGilP)mfiKpvgjkp�Kt�P`knmÌedP�m �
(�)%$ )��H)�� x >5{�9 9b@ �

� t�{�m
G

^`P a�coedg`h`iz[jizs±eq�Ks±edkukoi �¸� e�y�i �b^`P`iD�¤t�Ph�Kmf{�t�PS[jibg�t�Pj[`�lcoe�mf{�t�P
w � !ÒcoiKpv{��lcuilpwilP�m

t�P �leds
�K^`s>iwilP�moilpwg`kCs�{>P`�led{>cui\sà]�ilP`kuilprqjs>i�[jilkrkut�pvpwiKmokC[`iv[`iladco�
2

iKmrmot�^`k�s>ilk
C5

[`i
G � ilP^jmo{>s>{�kfedP�m<s.]�e�s>a�t�cu{�moh`pvi�[`^)mfhj�lt�c��lpwi�� � «�· �� {

G
ilkumºkfedPjk

C5

{>Pj[`^`{�m � [`t�P��xilknmâ^`Pradcfedg`hji��Kt�¶��Ìh`tdco[�eds � κw(G) = αw(G)
g~il^¸m��Kmocoi���eds��l^`s��

ilP)mfiKpvgjk4s�{>P`�led{>cuiIg�e�c<sà]_eds>a�tdco{�moh`pwi�g`cu�lkuilP�mf��ilP©koib��mf{�t�P � � « � � ���j�� {>Pjt�P � G ∈ Gk � e�ydib� k ≥ 1 � � { G iKkum�^`P
C5 � e�s>t�cuk4s>eCmfi �Ìh`P`{>}�^`i�^jmf{�s>{�ko�li1[`edP`k�s>i ��e�k�[`i�s>e

�ltds>t�coe�mf{�t�PÑ[`ilkxa�cfedgjh`ilkxkog~�b�l{ ��}�^`ilk � g`cu�lkuilP�mf�Ki%[�edP`kxs±e�koi �Kmf{�t�P � � « � « � � � g�iK^jm/��mfcuiI^jmo{>s>{�ko�Ki<g�t�^jc
��e�s
�l^js>ilc<^jP`i�g�edcumo{�mo{>t�Pzpw{>Pj{>pr^`pGiKP��Ks>{>}�^`iKk�ilP)mfilpwg`k �ltdP`kumfedP�m �¥º{>P`eds>iKpviKP�m � kut�{�m C = (v1, v2, v3, v4, v5)

^`P
C5

[ji
G � i�mvkut�{�m

v1

i�m
v3

koilkwkotdpvpwiKmok\[`i
[`iKa�co�

2 � !@edc,[j� ��P`{�mf{�t�P�[`iKkÐa�coedg`h`iKkÐ[`i%s>en�Ks±edkukoi �j� sà]�ilPjkoilpCq`s>i
A

[`iKkÐkot�pwpwiKmfkxP`t�Pbe�[��oeX�liKP�mfk
�
C

iKkum�^`P�iKP`koiKprq`s�irkumfedq`s>i � B = V \ (C ∪ A) = N(v2) \ C = N(v4) \ C = N(v5) \ C � i�m
G[B]

ilknm�^jP �Kt�a�cfe�g`h`i � È P �ltdP`ko�K}|^jilP��Ki�{>s@Ó�ebg`co� �l{�ko�lpwilP�m
4
ilPjkoilpCq`s>iKk�knmÌedqjs>ilk�pve É {>pved^ É[`i

G
�Kt�P�mfiKP�edP�mÑed^�pvt�{�P`k�^`P�[`iKk�mfcut�{>k�kotdpvpwiKmok

v2, v4, v5 � kut�{�m {v1, v4} ∪ A � {v2, v4} ∪ A �
{v2, v5}∪A

i�m
{v3, v5}∪A � mft�^`kÕs�ilkNed^jmocoilkÕiKP`koiKprq`s>iKkxknmÌedqjs>ilkÕpve É {>pved^ É {>P��Ks>^`iKP�mÕsà]�ilP`kuilprq`s�i

kumfedq`s�i
{v1, v3}

[`i
C � !Òs>^jk�g`cu�b�l{�ko�KpviKP�m � {v1, v3} ∪ A′ iKkum�^`P�ilPjkoilpCq`s>iÊkumÌe�q`s>i©[`i

G
ku{�i�m

koiK^`s>iKpviKP�mÐko{
A′ ilkumÐ^`PbilP`kuilprqjs>iIknmÌedqjs>iIpve É {>pveds�[`i

G−C �F� � tdmot�P`kx}|^ji
{v1, v3}∪A

ilknm<^`P
ilPjkoilpCq`s>i�kumfedq`s�i1[`i

G �5�
�ÕY¸QSQSYmJFL�����LpOFQ�R+S

k ≥ 1
^ ][S

G ∈ Gk

� OFQ�R+S
C = (v1, v2, v3, v4, v5) TeU C5

aV]
G

S�]&� k T ] v1

][S
v3 f Q�R ] U S aV] aV] � W�4 2

�,OFQ�R+S
w TeU ] �}Q U 2[S�R Q U aV]�Z Q�R�a f f[T W �
] f f Q `;` ][S f aV] G � l��
Q�W f R��?] 1 R f S�] TeU ]ZhYXW8SNR+S�R Q U ] U 2&� R�k T ] f Z Q U a,4[W�4_] ` R U R `;Te` aV]

(G,w)
Y��X]32 Z�W�432[R f 4 ` ] U S w(v1) + w(v3)

2&� R�k T ] f2_Q U S�] U Y U SPY Tr` Q�R Uhf TVUqf Q `;` ][S�aV]
{v1, v3}

�

 4 ` Q Uhf S�W�YXSNR Q U � Í t�P`ku{>[`�Kcot�P`k<^jP`i�g�edcumo{�mo{>t�PvilP'�ls�{>}�^`ilk,pv{�P`{>pr^jp
K

[`i
G �¾Í h�ed}�^`i �Ks>{>}�^`i�[`i

K
�Kt�P�mfilP`edP�m

v1

t�^
v3

iKkum4^`P©kot�^jkn¶3iKP`koiKprq`s�i�[`i
C �� ^`g`g~t�kut�P`k,}�^`i

K
�ltdP�mo{>iKP`P`i4g`s>^`kN}�^`i

w(v1)+w(v3)
�ls�{>}�^`iKk��Kt�P�mfilP`edP�m

v1

t�^
v3 �7� s>t�cukÕt�P

g~il^jmIt�qjmfiKP`{>c4^`P`i�g�edcnmf{�mo{>t�P)iKP=�ls�{>}�^`ilk�pv{�P`{>pC^`p
K

e�y�i �rg`co� �l{�ko�lpwilP�m
w(v1) + w(v3)

�ls�{>}�^`iKk
�ltdP�moilP�e�P�m

v1

td^
v3

ilP edg`gjs>{>}�^�e�P�m�s>iKk�tdg��Kcfe�mo{>t�P`k�[`izcuilpwg`s±e �lilpwilP�m�ko^`{�y�edP�mfilk � � t�{�m c(v) s�i
P`t�pCq`coi�[`ic�ls�{>}�^`iKkÐ[`i

K
�lt�P�moilP�edP�m

v � Ë P�coilpwg`s>eX�li
c(v1)−w(v1)

�ls�{>}�^`ilk
K

[`i
K

�lt�P�mfiKP�edP�m
v1

g�edc
K \ {v1} � i�m%[`iCp �Kpvi�t�P¼cuilpwg`s±eX�Ki

c(v3) − w(v3)
�ls�{>}�^`iKk

K
[`i
K

�Kt�P�mfilP`edP�m
v3

g�e�c
K \ {v3} �
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��R¾¡�R~WZWZ£`�Z¡�Y�JFL �2M L OFQ�R+S
G TeU C5 (v1, v2, v3, v4, v5)

^ ][S
w TVU ] �}Q U 2[SNR Q U aV] Z Q�R�a f f[T W �
] f f Q `;g

` ][S f �hl��
Q�W f R���] 1 R f S�] TVU ]�ZhYXW8S�R+SNR Q U ] U 2&� R�k T ] f Z Q U a,4[W�4_] ` R U R `;TV` aV]
(G,w)

Y��X]32 Z�W3432[R f 4 ` ] U S
w(v1) + w(v3)

2&� R�k T ] f 2_Q U S
] U Y U S�Y Tr` Q�R Uhf TVU aV] fcf Q `;` ][S f {v1, v3}
�

Ë Pz�Kmo^`[`{>i�s>iKkxg�e�cumf{�mf{�t�P`kNilPD�Ks>{>}�^`iKkxg~t�P`[j�lco�Ki%[U]�^`P
C5 C

e�y�i �%s±e �¤t�P��Kmo{>t�Pv[`iIg~t�P`[j�lcfe�mf{>tdP
w � Ë Pze�g`g�iKs>s�i<^`P`iIg`edcumo{�mf{�t�PÑilP �ls>{�}�^`ilkNg�tdP`[`�lcu�li�[`^

C5

^jP`i�g`edcumo{�mf{�t�PÑg�edcnmf{>iKs>s�i<ilP �Ks>{�}|^jilkN[`i
C � !@t�^`c���mfilPj[`coiÑ^`P`iÑg�e�cumf{�mf{�t�P�g�edcnmf{>iKs>s�iCilP �ls�{>}�^`iKk1[`i

C
�
G � kuil^`s�ilpwilP�m�[`il^ É g�edcfe�p ��mfcoiKk

kotdP�m4{�pvg~t�cumfedP�mfk%�
Ç s�irP`t�prqjcoi\[`i;�Ks>{>}�^`iKk1[`i\s±ezg`edcumo{�mf{�t�P¼g�e�cumf{�ils�s>i�ilP �ls�{>}�^`ilk1[ji

C
�lt�P�moilP�edP�m�kotd{�m

v1
kut�{�m

v3 � [`�KP`tdmf��g�e�c
s � i�mÇ s�i1P`t�prq`cui1[`i �ls�{>}�^`ilk�P`i �Kt�P�mfilP`edP�mIg�e�k

v1
t�^

v3 � [j�lP`tdmo��g�edc
t �!@t�^jcI�KmoilP`[jcoir^`Pjirg�edcnmf{�mo{>t�P)g�e�cumf{�ils�s>i1ilPq�ls>{�}�^`ilk�[`^

C5 C = (v1, v2, v3, v4, v5)
�v^`P`iCg�edcn¶

mf{�mf{�t�P�iKPE�ls>{�}�^`ilkÐg~t�P`[j�lco�Ki1pv{�P`{>pC^`p#[`i
G � t�Pb[jt�{�m,�KmfiKP`[`cui1s>ilk

t
�Ks>{�}|^jilk

{v4, v5} � {v4} � {v5}t�^
{v2}

[j^
C5

ilP�e��utd^jmÌedP�mI� �Ìh�eX�K^`P`i\[`is�liKk
t
�ls�{>}�^`ilk�^`P`is�ls>{�}�^`i

B′ [`i G[B] � Ë P¼ko^jg`g�tdkoi
}�^`i �Ìh�ed}�^`i4kot�pwpwiKm

a ∈ A
edg`g�edcoe��>mâ[�edP`kÕi É eX��mfiKpviKP�m

w(a)
�ls�{>}�^`iKkÒ[`i

K � t�PwP`tdmoi<}�^U]�e�^��l^`Pji
[`i �liKk �Ks>{�}|^jilk �ltdP�mo{>iKP�m4^`P©kotdpvpwiKm<[ji

C ����Ò]�eds�a�t�cu{�mfhjpvi ��e�s
�l^js>i%^`Pji%g�edcnmf{�mo{>t�PvilPE�Ks>{>}�^`iKkÐpw{>P`{�pr^`p#[`i
(G,w)

g�t�^jcÐ^`Pba�coedg`h`i
G

[`i
Gk � k ≥ 1 � iKP ko^`gjg`co{�p�edP�m

k
�¤t�{�kC^`P

C5

[`^ a�cfe�g`h`iD�Kt�^`cfe�P�m � �u^`ku}|^�]�� �lib}�^U]�{>sxPU]�Ó�ed{�mCg`s>^jk
ed^��K^`P

C5

[�edP`k\s�iza�cfe�g`h`i � iKmwed{�P`ko{xilkumw^`P a�coedg`h`i �lt�¶��Ìh`t�co[`eds � � mfedP�mÑ[`t�P`Pj�©^jP
C5 C � g�e�cs>it�lt�cut�s>s>ed{>cui�� � � �d� {>sXi É {�kumfi\^jP`i\g�edcnmf{�mo{>t�P�g�edcumo{>iKs>s>i�ilP �Ks>{>}�^`iKk%[`i

C
e ydib�

s = w(v1) + w(v3)�ls�{>}�^`iKkp�Kt�P�mfiKP�edP�m
v1

t�^
v3 � i�m t = κw(G[C])− s

�Ks>{�}|^jilk
{v4, v5} � {v4} � {v5}

t�^
{v2} ��Ò]�eds�a�t�cu{�mfhjpvixco�lkut�^jmxs>i<g`cut�q`s��lpwi<[`i�g`edcumo{�mf{�t�P`P`iKpviKP�mÒilP �ls>{�}�^`ilkÕg~t�P`[`�Kco�li�cu�b�l^jcoko{�y�iKpviKP�m �� t�{�m

G′ s�iva�coedg`h`i �lt�^`coedP�m � e�y�ib� w′ s>er�¤t�P���mf{�t�PS[`i�g�t�Pj[`�lcoe�mf{�t�P � �Õ]_eds�a�t�co{�mfh`pwi;��e�s
�l^js>i
s =

w′(v1) + w′(v3)
iKm
t � ���b�K^`coku{�ydilpwilP�m � s.]�e�s>a�t�cu{�moh`pvi �leds
�K^`s>i

κw′′(G′ − C) � t�# w′′(v) = w′(v)g~t�^`cÒmft�^jkNs�ilkÕkotdpvpwiKmok
v
[`i
G−C � � s�t�cokÒs�i�P`t�prq`cui�pv{�P`{>pr^jp�[jip�Ks>{�}|^jilkÕ[�edP`kN^`P`i�g�e�cumf{�mf{�t�P

ilPr�ls�{>}�^`iKk4[ji
(G′, w′)

ilknm�tdqjmfiKP|^©g�edc�s>et�¤t�copr^js>ir�

κw′(G′) = s+
∑

a∈A

w′(a) + max


t, κw′′(G′ − C)−

∑

a∈A

w′(a)


 ,

t�#
A

ilknmÐs.]_iKP`koiKprq`s>i�[`ilkxkot�pwpwiKmfkNP`t�Pzed[��oeX�KilP�mfk,�
C

[�edP`k
G′ � Ë P�Pjtdmfi�}|^�]_{�s~Óve�i É eX�KmoilpwilP�m

∑
a∈A w

′(a)
�Ks>{�}|^jilkÒ[`i�s±e%g`edcumo{�mf{�t�PriKP �Ks>{>}�^`iKkÕ[`i

(G′−C,w′′)
}�^`{ �Kt�P�mf{�ilP`P`iKP�mx^jPvkut�pvpwiKmâ[`i

A � iKm,[`t�P���P`iIg~il^¸y�ilP�m�g�e�kP�Kmocoi��KmfiKP`[`^`iKkÐilP)e �ut�^jmÌe�P�mx^`P`i �ls>{�}�^`i�[ji
C � � s~Ó�e

κw′′(G′−C)−∑
a∈A w

′(a)
�Ks>{�}|^jilk<}�^`{µg~il^jydilP�mc��mfcoi���mfilPj[`^`ilk4ilPÊe��ut�^¸mÌedP�m

{v4, v5} � {v4} � {v5}
t�^
{v2} �� {�P`ko{ � s.]�e�s>a�t�cu{�moh`pvi@ko^`gjg`co{�pvi

k < n
�¤td{>kX^`P

C5 � iKm ��eds��l^`s�iNs>e�g�e�cumf{�mf{�t�P�ilPC�Ks>{>}�^`iKk@g~t�P`[j�lco�Ki
[U]�^`PÑa�cfe�g`h`i/�Kt�¶��Ìh`tdco[�eds � }�^`{`g~il^¸m �Kmocoi/�Zed{�mâilP\moilpwg`kâs>{�P`��e�{>coi � �Kt�cotds>s±e�{>coi � � « � � � È P �lt�Pjko�l}�^`iKP¸¶
�li � s>i%moilpwg`k<mftdmfedsU[`i�sà]_eds�a�t�co{�mfh`pwi4ilkum4s�{>P`�led{>cui � È PÊco�Kko^`pw� � t�P)t�q¸mf{>iKP�m��
��R¾¡�R~WZWZ£`�Z¡�Y JFL���J2L � �,] 1 R f S�] TVU Y�� � Q�W8R+S�\ ` ] � R U 4$YXR+W ] Z Q T W �
] Z�W_Q i ��' ` ] � � +%��������()� - � ��$3��1)� - 4
����������� � f[T W �
] f � W$Y[Z \ ] f f Y Uhf P5

][S � ] ` R U a T R+S*�
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��eÑ[j�b�ltdpvg~t�ko{�mf{�t�PbilPr�lt�^jg�iKk4g~il^¸m ��mfcui�y|^`i �Kt�pvpwi1^`P`i�a��KP`�lcoeds>{�kfe�mo{>t�P�[`i�s±er[`� �lt�pwg�tdko{�¶
mf{�t�P¼pwt¸[j^`s±ed{�coi � È s�s>i\ez��mf�\{>P�mocot|[`^`{�moiCg�e�c Í ^`P`P`{�P`a�h�edp�¨ Í ^`P�ª ��¬ � }�^`{Òezg`cut�^jyd�wkut�P�^`P`{��l{�mo� �iKm4}�^`{�e\[`t�PjP`��^`P�e�s>a�t�cu{�moh`pvi�g�tds�Ó|P`t�pw{±eds~g~t�^`c<s±e;�leds
�K^`s>iKc �
	�� � !#"��I-
	 ��-
��(¤*,(.-�& �v& �%-
�#� ���
�10324052 %z7I:�L�=@?'9rBD:�E F�HlJ<L4MÕ=

O�P`i ­ R~V ´ Y�[�edPjk�^jP¦adcfedg`hji\ilkum�^`Pji\g�edcumo{�mo{>t�P¼[jiws.]_iKP`koiKprq`s�ir[`ilk�kut�pvpwiKmok%ilP¦[`iK^ É ilP|¶
koiKprq`s�ilk

V1

iKm
V2

mfiKsâ}�^`iCmot�^`k%s�ilk%kut�pvpwiKmokI[`i
V1

e�Ó�edP�m�ed^�pvt�{�P`kI^jP¼y�t�{�ko{>P�[�edP`k
V2

t�P�m1s>i
pj�lpwi4ydt�{>ku{>P�edadi�[�e�P`k

V2 � Ë P�g�iK^jmÐcuilpvedco}�^`iKc,}�^`i%ku{
X

ilkumÐ^`Pzpwt¸[`^js>i � e�s>t�cuk {X, V \X} iKkum
^`P`i �Kt�^`g~i �

V1 V2

a

b d

c e

f h

g

À`ÁÔÂ¾Ã��`Ã�ÅxÆ©Ç O4PÊa�coedg`h`i�e�y�i ��^jP`i �lt�^`g~i
{V1, V2} �

O�P`iE�Kt�^`g~ibilknm\  ¡��¤¢��¤£�W¤Y�ko{
|V1| = 1

t�^
|V2| = 1 � � mumfilP�mo{>t�P mftd^jmfi[�¤t�{>k � ^`P pwt¸[j^`s>ivP`t�P

mfcu{�y|{±e�s�g~il^jmp�Kmocoi�^`P`i �Kt�^`g~i�moco{�y¸{>eds>i �O�P©a�cfe�g`h`i1ilknm ´ ¡�Y|Q��¤Y|¡�g�edc<coedg`g~t�cum4�\s>er[`�b�Kt�pvg~t�ku{�mf{�t�PbilP'�Kt�^`g~ilk4ko{Umftd^jmfiKk<koilkp�ltd^`g�iKk
kotdP�m�moco{�y|{>eds>iKk �
� »�Ï�R¾¡�¿|QSY vFL�M L��
	 TeU � )�� �2Y � Y ` R����
] aV]=S
Q T S
] f �
] f 2_Q T Z ] f a 8 TeU � W�Y[Z \ ] 2_Q U U ] 1 ] ] f S TVU ]� Y ` R����
] i R g ZhYXW8S�R+SNR��X]��
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� s,iKkumÑ{>pwg~t�cumfedP�m�}�^`ibs�i�a�coedg`h`i�kot�{�mC�ltdP`P`i É i �ÕÍ t�P`ku{>[`�Kcot�P`k\g`edcCi É iKpvgjs>izs�i�a�coedg`h`izPjt�P
�ltdP`P`i É i �¤tdcopw�vg�e�cC^`P �Ìhjilpw{>P

a, b, c, d
i�mr[U]�^`P kut�pvpwiKmCed[`[j{�mf{�t�P`P`iKs

e
[`iz[`iKa�co�

0 � �µilkCqj{�¶
g�edcnmf{�mf{>tdP`k {

{a, e}, {b, c, d}
} iKm {

{c, e}, {a, b, d}
} kot�P�mI[`ilk �lt�^`g~ilk�}�^`{@kuit�Ìh`i�y�ed^��Ìh`iKP�m � pved{>k

s±erqj{�¶3g`edcumo{�mf{�t�P {
{a, c, e}, {b, d}

} PU]_iKkum4g�edk�^`Pjis�Kt�^`g~i �
�103240./ %zJN9%HK= 9<=�9�� ��7 ��L�7Ð?7� ���>7IE

� P`{�mo{±eds�ilpwilP�m �ÒÍ ^`P`P`{�P`a�h�edp ¨ Í ^`P`ª ��¬4e�[`� ��P`{�s±e�[`� �lt�pwg~t�ko{�mf{>tdP'iKP �Kt�^`g~ilkwiKm�e¦pwt�P�mfcu�
kotdP ^`P`{
�K{�mo��kfe�P`krg�edcus>iKcC[`i �Ze�pv{�s>s>iKk1q`{�¶Dg�edcnmf{�mo{�ydilk � È [`pwt�P`[`kCiKmrs�^`{Np �Kpvi�e y�ed{�ilP�mr[j� ��P`{,^`P
��e�[`coiÊ[`iÊ[j�b�ltdpvg~t�ko{�mf{�t�P'e ydib���lilcnmÌed{�P`ilkvg`cotdg`co{��Kmf�Kk�¨ Í È ª�·�¬ � � s>kve y�ed{�ilP�mvpvt�P�moco�)}�^`iÊmot�^jmfiKk
s>iKk�[j�b�ltdpvg~t�ko{�mf{�t�P`k<coiKkog~ib��mÌedP�m1s�ilk4g`cot�gjco{>��mf�Kk�[`iKk �led[`coiKkI[`i�[`� �lt�pwg�tdko{�mo{>t�Pjk4tdP�m�^`P`i�^`P`{�}|^ji
[`� �lt�pwg�tdko{�mo{>t�P �`Í ^`PjP`{>P`adh�edp e\pwt�P�mfcu�%}�^`i�s>ilk �Kt�^`g~ilk�coiKkog~ib��mÌed{�ilP�m �li ��e�[`coi1i�m�s>eCg`cut�g`co{��Kmo�
[U]�{>P�mfiKcokuib�Kmo{>t�P �� t�{�m

N
^`P`i �ls>edkokui�iKm

E
^`P`i �¤t�P���mf{�t�Pb[`� �`P`{>i�ko^jc

N
mfiKs>s>iKkÐ}�^`i � g~t�^`cÐmot�^jm

N ∈ N � E(N)ilknm<^`PziKP`koiKprq`s�i ��P`{ � e�g`g�iKs>��sà]�ilP`kuilprq`s�i�[jilk/�Kils>s�^`s>iKkx[ji
N � � t�{�m → ^jP`iIcuils±e�mf{>tdP�edkukotV�l{>edP�mÐs>iKk

�ls��lpwilP�mfk
N

[`i
N

e�^ É kot�^`k5¶3iKP`koiKprq`s>iKk1[`iCmfed{>s�s>i
2 {N1, N2}

[`i
N ��Í i�momoircoiKs±e�mo{>t�PÊilkumIP`tdmo�li

N → {N1, N2} �
�bÏ��â�X�¤  �ZR~� vFLNM L�M LC¨ Í È ª�·�¬,�µivmfcu{>g`s�iKm

(N , E,→)
ilkumC^`P ­ £�T�¡�Y�T�YAT�Ï ­ R~Q ´ R~®��¤  �ZR~��ko{Ns>iKk

�ltdP`[`{�mo{>t�Pjk<ko^`{�yde�P�moilk�kotdP�m4cuilkog~ib��mf�KilkC�
� ¥ �z� � {

N → {N1, N2} � e�s>t�cuk�{�sxi É {�kumoi
e 6∈ E(N)

i�m\^`P`ivg�edcnmf{�mo{>t�P
{E1, E2}

[`i
E(N)e�y�i �

|Ei| ≥ 2
g�t�^jc

i ∈ {1, 2} � mfiKs>k<}�^`i
E(Ni) = Ei ∪ {e}

g�t�^jc
i ∈ {1, 2} �

{N1, N2}
ilknmÐe�g`g�iKs>�Ki�^`PjiIT�Ï ­ R�Q ´ R�®l�¤ ��¤R~�S®��ZQ ´ WZY�[`i

N � e s>i4QS£j¡���VXY|V�¡%iKm
{E1, E2}s>e\®lY ­  ��ZR~�âÖx[`i

N
�lt�cucoilkug�tdP`[�edP�mI�Ñs>er[`�b�Kt�pwg�t�ku{�mo{>t�Pbku{>pwg`s>i �

� ¥ � � !Xt�^`c�^`P`i1kuib��mf{>tdP
{E1, E2}

[`i
N ∈ N

i�m
e 6∈ E(N) � {>s~Óberi É eX��mfiKpviKP�m4^`Pji�[j�b�ltdpÑ¶

g~t�ko{�mf{�t�Pbko{�pvg`s�i
{N1, N2}

[`i
N

e�y�ib��s>iIp�edcu}�^`il^`c
e
�lt�cucoiKkog~t�P`[�edP�m��

{E1, E2} �� mÌe�P�mâ[`t�P`P`�<^jP`iÐkoi �Kmo{>t�P
{E1, E2}

[`i
N

i�m
e 6∈ E(N) � t�P\P`tdmoiÐg�edc

N(Ei; e) � i ∈ {1, 2} �s.]_^`Pj{>}�^`i%�Ks>�lpwilP�m<[ji
N

moils�}�^`i
E(N(Ei; e)) = Ei ∪ {e}

iKm
N → {N(E1; e), N(E2; e)} �� ¥ � � � t�{�m

{E1, E2}
^`Pji�kuib�Kmo{>t�Pw[`i

N ∈ N � kut�{�m A ⊆ E1

iKm
E 6∈ E(N) �:� s>tdcok

{A,E(N)\
A}

ilknm\^`P`izkuib��mf{>tdP [`i
N

ko{,i�m\koiK^`s>iKpviKP�m\ko{
{A, (E1 ∪ {e}) \ A}

iKkum\^`Pjizkoi �Kmf{�t�P�[ji
N(E1, e).� ¥º« � � t�{>iKP�m

{E1, E2} � {E3, E4}
[`il^ É koi �Kmo{>t�P`kC[`i

N ∈ N
moils�s>ilk�}�^`i

E3 ⊆ E1 � iKm\kut�{�m
e, f ∈ E(N) � e 6= f ��� s�t�cok

N(E1; e)(N3; f) = N(E3; f)

i�m
N(E1; e)(E1 \ E3 ∪ {e}; f) = N(E4; f)(E4 \ E2 ∪ {f}; e).Ë P©[j{�m�}�^U]�^`P`i�koi �Kmf{�t�P)ilknm �àR~¡   Yvko{UiKs>s�i%P`i �Ìh`iKy�ed^h�Ìh`iCe�^��l^`Pji�e�^jmfcui1koib��mf{�t�P)[`i

N �~Í ^`PjP¸¶
h`{�P`a�h�edp8iKm È [`pwt�P`[`k<pwt�P�mfcuilP�m4}�^`i�ko{Ut�P©e\^`Pr��ed[jcoi1[`i�[`� �lt�pwg�tdko{�mo{>t�P � i�m�^`PÊiKP`koiKprq`s�i1[`i

×�� í�ã�ÝÐÙ�ÚuÝ<í H.ß.Ü /5Ù�ÚuÝ�� E�á�ã���� 77E
	�� 3
� 7~Ù_ÚoÝ /5ä�á�ì�ÚoÝxÚnß�Ù_ÚoÝ<ÝZÚ�/3ßàÜ_äKã�ÝÐÝZäKãKß�í�ì�ì�ÚuÙ -uÚuÝÐé ÚoÝ�����������î � í ã�Ý<Ýàí�ß 5��uÝ.Ú 7
� í�ã�Ù�Ü (Kã�ÚnÙ|í /�5�ä�ÜÞÝZÜ�Ù�ÚÕæÐä ß������ ��!"�Òìdä�á H�Ù_ÚoÝ

� � � �$# �
é Ú%�?E�á�ã&�'�(�±î�)`ä�á H�-nè�Ü_ß.Ú HXÙ_ÚoÝ /5äKã 1 á�Ý.Ü_äKã�Ý.7�ã�ä�á�Ý�ífè�äKã�Ý0/�5�ä�ÜÞÝ.Ü

�(!����*�+�&,rìdä�áJHµÙ�ÚuÝµÝ.ì�Ù�Ü�ßDÝ�é ÚoÝ0/ní�éJH.ÚoÝµé ÚÒé.-./nä�æÐì�älÝZÜ_ß.Ü�ä�ã|î
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koi �Kmo{>t�P`kÕ[`tdP�mNe�^��l^`Pji�kuib�Kmo{>t�PÑP`i �Ìh`i�y�ed^��Ìh`i4^`P`i4ed^jmocoi � eds>t�cukâs±e%[j�b�ltdpvg~t�ko{�mf{�t�PrilknmN^`P`{>}�^`i�g�e�c
�li�mwilP`kuilprq`s�i)[`ibkoi �Kmf{�t�P`k � !Õs�^`kÑg�edcnmf{
�K^`s>{��lcuilpwilP�m � ko{<s.]_iKP`koiKprq`s>ib[ji©kuib��mf{>tdP`k\ilknmvs.]_iKP`koiKprq`s�i
[`iKk�koi �Kmo{>t�P`k �¤t�cnmfilk � eds>t�cukÑt�P�e¦sà]�^`P`{
�K{�mo�b[`iÊs>e¦[j�b�ltdpvg~t�ko{�mf{�t�P ��
 e�{>k � ^jP`{>}�^`iKpviKP�mze�y�ib�Ês>iKk
g`cut�g`co{��Kmo�lk%¥ � Ç ¥º« � Pjt�^`k%PU]�ilP�kfe�y�t�Pjk1g�edkIgjs>^`k�ko^`c�s±evknmfcu^��Kmo^`coir[jilk%a�coedg`h`iKkIt�q¸mfilP�^`k%��s±e ��P
[`i�s±er[j�b�ltdpvg~t�ko{�mf{�t�P �

� s>k<t�P�m<�Ka�eds�ilpwilP�m<{>P�mocot|[`^`{�m,[`il^ É ed^jmocoiKk4gjcot�g`cu{>��mf�lk,ko^`c<s�ilk ��e�[`coiKk<[`i1[`�b�Kt�pwg�t�ku{�mo{>t�P � Ë P
[`{�m%}�^U]�^`P ��ed[`cui\[`i\[`� �lt�pwg�tdko{�mo{>t�P�ezs±e ´ ¡�R ´ ¡��¤Ï� �Ï�T����.�~  Y�¡�®KY ­   �ZR~� ko{âg~t�^`c�mft�^jmoilk%kuib��mf{>tdP`k
{E1, E2}

iKm
{E3, E4}

[`i
N ∈ N

mfiKs>s�ilkz}�^`i
|E1 ∩ E3| ≥ 2

iKm
E1 ∪ E3 6= E(N) � eds>t�cuk

{E1 ∩ E3, E2 ∪ E4}
ilknmC^`Pjivkuib�Kmo{>t�P�[`i

N � � i�gjs>^`k � t�PS[`{�m�}|^�]_^`PK��ed[`cuiv[jiv[`� �lt�pwg~t�ko{�mf{>tdP
eÑs±e ´ ¡�R ´ ¡��¤Ï�  Ï¼T�Y�  ¡�£��X®��+ ��+¢��¤ �Ïwku{�g�t�^jc

e1 � e2 iKm
e3

mfils�k�}|^ji {
{e1, e2}, E(N) \ {e1, e2}

} i�m
{
{e2, e3}, E(N) \ {e2, e3}

} kot�P�mr[jilkrkuib�Kmo{>t�Pjkr[`i
N ∈ N � eds>tdcok {{e1, e3}, E(N) \ {e1, e3}

}
ilknm4^`P`i�koi �Kmf{�t�P©[`i

N �
�ÕY¸QSQSY v2L�JFLPOFQ�R+S

(N , E,→) TeU 2$Y7aXW ] aV]pa,432_Q ` Z Q f R+SNR Q U Y��X]32 � Y Z�W Q_Z�W8R 4[S 4 a 8 R U S�][W f ]32[S�R Q U ^�][S
f Q�R+S N ∈ N ��OFQ�R+S

F ′ � Y � Y ` R����
] aV] f f ]32[SNR Q Uhf aV] N ^P][S f Q�R+S F = F ′ ∪ T
^PQ��
T

] f S � 8 ] Uhf ] `ji �
]aV] fEi R g ZhYXW[S�R+S�R Q Uhf S�W8R��zR�Y��
] f aV]
E(N)

�Pl��
Q�W f � Y � Y ` R����
] F aV] f f ]32[S�R Q Uhf aV]
N

] f S � YXR i �
] ` ] U S
i R g ZhYXW8SNR+S�R��X]�� C] Z�� T:f ^ f R �
] 2$Y7aXW ] aV]Da,432_Q ` Z Q f R+SNR Q U Z Q f_f '$aV] � Y Z�W_Q_Z�W8R 4[S.4 aV] SNW�Y Uhf R+S�R��zR+S 4_^ Y��
Q�W f F ] f S
i R g ZhYXW8SNR+S�R��X]��
 4 ` Q Uhf S�W�YXSNR Q U � � ^`g`g~t�kut�P`kw}|^ji

{E1, E2}
iKm
{E3, E4}

kut�{>iKP�m
2

kuib�Kmo{>t�Pjkw[ji
N

}�^`{<kui'�Ìh`i�¶
y�ed^��Ìh`iKP�m � � { |E1 ∩ E3| = 1 � eds�t�cok

{E1 ∩ E3, E2 ∪ E4}
iKkum�^jP`iSq`{ ¶3g�e�cumf{�mf{�t�P�mfcu{�y|{±eds�i�[`i

E(N) � i�m1[`t�P��Cilkum%[�edP`k
F � � {>Pjt�P � �lt�pwpvi�s>in��ed[jcoir[`iC[`�b�Kt�pvg~t�ku{�mf{�t�P�g~t�kuk$�l[ji\s±evgjcot�g`cu{>��mf�

[U]�{>P�mfiKcokuib�Kmo{>t�P � {E1 ∩ E3, E2 ∪ E4}
iKkumr^jP`izkoi �Kmo{>t�P�[ji

N � iKmr[`t�P��vilkumC[�edP`k
F � � i�p �Kpvi �

{E1 ∩ E4, E2 ∪ E3} � {E2 ∩ E3, E1 ∪ E4}
i�m
{E2 ∩ E4, E1 ∪ E3}

kot�P�m4[`iKk�kuib�Kmo{>t�Pjk �� ^`g`g~t�kut�P`kIpved{�P�moilP�e�P�m4}�^`i�s>i ��e�[`coi�g�tdkok$�K[`iC�Ka�eds�ilpwilP�m4s±e\g`cotdg`co{��Kmf��[`i�mfcoedP`ku{�mf{�y|{�mf� � Ë P
kfe�{�m � �lt�pwpwi%{>s�g�t�kuk$�K[`i�s±erg`cut�g`co{��Kmo�1[U]_{�P�mfilcukoi �Kmf{�t�P � }�^`i {E1 ∩E3, E(N) \ (E1 ∩ E3)} � {E1 \
E3, E(N)\(E1\E3)}

iKm
{E3\E1, E(N)\(E3\E1)}

kut�P�mº[jilkºkuib��mf{>tdP`k � Ë P�[j�b�ltdpvg~t�koiNko^h�b�liKkoku{�¶
y�iKpviKP�m

N
g�edc2�liKk

3
kuib��mf{>tdP`k � iKP�^¸mf{>s�{>koedP�mUcoiKkog~ib��mf{�ydilpwilP�mXs>iKkµp�edcu}�^`il^`cuk

a � b i�m c � � t�{�m N ′ ∈ N{>kuko^�[ji �liKkC[`� �lt�pwg~t�ko{�mf{>tdP`k � g~t�koku�l[�e�P�mrs>ilk�p�e�co}�^`il^jcok
a � b iKm

c � {{a, b}, E(N) \ {a, b}
} i�m

{
{a, c}, E(N) \ {a, c}

} kut�P�m�[`ilk�koi �Kmf{�t�P`k�[`i
N ′ � �ledc {E1, E(N) \ E1}

i�m
{E3, E(N) \ E3}kotdP�m�[`iKk�kuib��mf{>tdP`k�[ji

N � � t�P�� � g�edc1s±ebg`cut�g`cu{>�Kmo�Ñ[`i\mfcfe�P`ko{�mf{�y|{�mf� � {{b, c}, E(N) \ {b, c}
} ilknm

^`P`iÑkuib�Kmo{>t�P¦[`i
N ′ � iKm�g�edc�s>ezg`cot�gjco{>��mf�Ñ¥ �¸� {E1∆E3, E(N) \ (E1∆E3)}

iKkum�^`P`iÑkoi �Kmf{�t�P�[`i
N �

È PC�Zed{�m � koil^js>ilkºs>ilk@g`cotdg`co{��Kmf�Kk@[�]_{�P�moilcukoib��mf{�t�PriKmº[`i,mocfedP`ku{�mo{�y|{�mo�Nkut�P�mâ{�pvg~t�cumfedP�mfiKk@g~t�^`c@e�y�t�{�c
^`P`id�Zedpw{>s�s>iXq`{�¶Dg�edcumo{�mo{�y�i � �µilk�g`cut�g`cu{>�Kmo�lk@¥ � Ç ¥@«<kot�P�m@P`�b�Kilkokoed{>cuilkXg�td^`c�}|^jixs.]�edgjg`cotV�Ìh`iÕco� �l^`cuko{�ydi
g`^`{�kokui,mft�^��ut�^`cokºedcocu{�ydilcâ��^`P`iÐpj�lpwi,[`� �lt�pwg~t�ko{�mf{>tdP � È s>s>iKkºg~ilcupvi�momfiKP�mÒed^`kuko{`[jixmfcut�^jydilcºmot�^jmfiKk
s>iKkÐkoi �Kmo{>t�P`k/�¤tdcumfiKkÐ[`i

N
ilPb[`� �lt�pwg�tdkfedP�m�co� �l^`cuko{�y�ilpwilP�m

N
g�e�c,[`iKk<[`�b�Kt�pvg~t�ku{�mf{�t�P`kxko{>pwg`s�ilk �È P�i���i�m � �Kt�pwpviÒe�^��l^`PjiNkuib��mf{>tdP�P`i �ÌhjiKy�ed^��Ìh`iN^`P`iÕkuib�Kmo{>t�P �¤t�cnmfiÒ[`i

N � s±eÐkuib��mf{>tdPs�Kt�cocuilkog~t�P`[jcfe
�\^`P`i�koi �Kmo{>t�P©[`i

N1

t�^
N2

edg`c$�Kk�^`P`i�[`�b�Kt�pwg�t�ku{�mo{>t�Pbku{>pwg`s>i%[ji
N

iKP
N1

i�m
N2 �Í ^`P`P`hj{>P`a�h`edp iKm È [`pvtdP`[`k4[`t�P`P`iKP�mIs>eÑknmfcu^��Kmo^`coi�[`ilk4a�cfe�g`h`ilk4t�qjmoilP�^`kI�ws>e �`P�[`i�s±e\[`� ¶

�ltdpvg~t�ko{�mf{�t�P �	� s�kK]�edad{�m�kotd{�m4[`i�a�cfedgjh`ilk4g`coiKpv{�ilcuk � }�^`{�PU]_tdP�mIed^��K^`P`i�koi �Kmf{�t�P � � kut�{�m�[ji�a�coedg`h`iKk
¹X¡��+ � �W¤Y|® � mft�^¸mfilkxs>iKk,q`{ ¶3g�edcnmf{�mf{>tdP`kÒkot�P�m<[jilkÐkuib�Kmo{>t�Pjk ��� t�^z[ji%a�cfe�g`h`ilk,®lY|Q��

�
¹X¡��¤ �  WZY|® � {�s~i É {>kumoi
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^`P©t�co[jt�P`P�edPh�lilpwilP�m
e1, . . . en

[`ilk4�ls��lpwilP�mfk�[`i
E(N)

moilsµ}�^`i�s>iKk4kuib��mf{>tdP`k�kut�{>iKP�m�[ji�s>eC�¤t�copwi
{
{ei+1, . . . ej}, {ej+1, ei}

} � t�# s�ilk\{�P`[`{
�Kilk\kut�P�mÑpvt|[`^`s�t
n � � Ë P coiKmot�prq~ib[`t�P��bqj{>ilP ku^`c\s>iKk

P`t|il^`[jk �	����������� � � �	���	����� � ���\iKm ��� ��� �����	� �\[�e�P`kÐsà]_edcuq`coi�coilgjco�lkuilP�mÌe�mf{��X[U]�^`P`i �Zedpv{�s>s�i/�Zed{>q`s�i�¶
pwilP�m4q`{�¶Dg�edcumo{�mo{�y�i �

� s>kâ[jt�P`P`iKP�mÕ�Ka�eds�ilpwilP�mÒ}�^`ils�}�^`ilkÒi É iKpvgjs>ilkÒ[ji ��ed[`cuilkÒ[`i,[`�b�Kt�pvg~t�ku{�mf{�t�P � [`t�P�mÒs>eI[`�b�Kt�pwg�t�¶
ko{�mf{�t�PCiKP\a�cfedgjh`ilk

3
¶��Kt�P`P`i É iKkÒ[`ilkºa�cfedgjh`ilk

2
¶��ltdP`P`i É iKk � !Òs>^jk@mÌe�co[ ��Í ^`P`P`{�P`a�h�edp [`tdP`P`ilcoe%[`il^ Éed^jmocoiKkri É ilpwg`s�ilk��@s±e©[`�b�Kt�pvg~t�ku{�mf{�t�P¦ilP �Kt�^`g~ilk)¨ Í ^`P�ª ��¬ � iKm\s>eÊ[`� �lt�pwg�tdko{�mo{>t�P¦[`ij�¤t�P��Kmo{>t�Pjk

ko^jq`pvt|[`^`s>ed{>cuilk1¨ Í ^`P�ª � ¬ �
�103240�� � � ��7 ��L�7Ð?7� ���>7IE =,E �µ7%:<L�=º?'?7�(��L�;>=@?

� t�{�m
{V1, V2}

^`P`i �ltd^`g�i1Pjt�Pbmfco{�y|{±eds�i�[U]�^`P)a�coedg`h`i
G = (V,E) � i�m�kot�{�m

W1

sà]�ilP`kuilprqjs>i%[`iKk
kotdpvpwiKmok%[�edP`k

V1

}|^j{ât�P�m�ed^�pvtd{>P`k�^`P�y�t�{�ko{>P�[�e�P`k
V2

i�m�kot�{�m
W2

s.]_iKP`koiKprq`s>i\[jilk1kotdpvpwiKmok
[�edPjk

V2

}�^`{It�P�m�ed^�pwt�{>Pjkv^`P y�t�{�ko{>P [�edP`k
V1 � ��eST�Ï ­ R~Q ´ R~®��¤  �ZR~� ®��.Q ´ W¤Y�[`i

G
g`edcvs>e

�ltd^`g�i
{V1, V2}

ilknm�s±ez[`� �lt�pwg�tdko{�mo{>t�P�ilP
G1 = (V1 ∪ {v}, E1)

i�m
G2 = (V2 ∪ {v}, E2) � e�ydib�

Ei = (E ∩ P2(Vi)) ∪ {{u, v} : u ∈ Wi} � g~t�^`c i ∈ {1, 2} �

V1 V2 G21G

d

c e

f

a

b h

g

d

ca

b

v

e

f

v

g

h

ÀjÁ�Â¾Ã �`Ã�Ä<Æ�Ç O4P�a�coedg`h`ive�y�i ��^`P`ij�ltd^`g�i
{V1, V2} � iKm�kfe©[`�b�Kt�pwg�t�ku{�mo{>t�P�ilP �lt�^jg�iKk�ku{>pwg`s>iKk

g�edc<s>e;�lt�^`g~i
{V1, V2} �

Í ^`P`P`{�P`a�h�e�p ¨ Í ^`P�ª ��¬�pwt�P�mfcuiS}�^`i�s±e [j�b�ltdpvg~t�ko{�mf{�t�P ilP �Kt�^`g~ilk¼ku{>pwg`s>iKkÊ[U]�^`P adcfedg`hji
t�cu{>ilP�mo�r�¤t�cnmfiKpviKP�m �lt�PjP`i É i¼iKkumz^jP ��ed[jcoi�[ji�[`� �lt�pwg�tdko{�mo{>t�P � iKmvg�t�kuk$�K[`i¼s±e¦g`cotdg`co{��Kmf�©[U]�{>P¸¶
mfiKcokuib�Kmo{>t�P � � sµg�iK^jm�ilP'��mfcoi�[`�K[`^`{�m<}�^`i�sà]�ilP`kuilprq`s�i1[`ilk �Kt�^`g~ilk�[U]�^`P)a�cfedgjh`i1t�co{�ilP�mf�c�¤tdcumfiKpviKP�m
�ltdP`P`i É i�ilknm�^jP`in�Ze�pv{�s>s>i �Zed{�q`s>iKpviKP�m,q`{�¶Dg�edcnmf{�mo{�ydi �
� »�Ï�R¾¡�¿|QSY vFL�vFL$�
	 TVU � )�� ��]rSNW8R5Z��
][S

(G, V,→)
^CQ��

G
] f S � 8 ] Uhf ] `ji �
]�aV] f � W$Y[Z \ ] f Q�W[R ] U S.4 f�}Q�W8S
] ` ] U S 2_Q U U ]32[S.4 f ^ V � Y �}Q U 2[S�R Q U aVQ U U Y U S � 8 ] Uhf ] `ji �
]'aV] fDf Q `;` ][S f a 8 TeU � W�Y[Z \ ]_^t][S →� Y=W ]&� YXSNR Q U aV](� Y a,432_Q ` Z Q f R+SNR Q U ] U 2_Q T Z ] f;f R ` Z��
] f ^ ] f S TVU 2$Y7aXW ]EaV]Da,432_Q ` Z Q f R+S�R Q U Y��X]32 � Y

Z�W Q_Z�W8R 4[S 4sa 8 R U S�][W f ]32[SNR Q U �
�Ò]_t�g~�lcoe�mf{�t�P¦{>P�y�iKcokoiv[`iws±e)[`�b�Kt�pvg~t�ku{�mf{�t�P�ko{�pvg`s�i\ilknmrs±e ­ R~Q ´ R~®��+ ��¤R��¯®l�.Q ´ W¤Y � � t�{�m G1iKm
G2

[`iK^ É adcfedg`hjilk%mfiKs>k�}|^ji
V (G1) ∩ V (G2) = {v} �?� s>t�cuk

G1 ∗ G2

cuilg`cu�lkuilP�mfiKcfe)s>iCadcfedg`hji
[U]�ilP`kuilprqjs>iÕ[`iNkot�pwpvi�mfk

(V (G1)∪V (G2))\{v} � i�m�[U]�ilP`kuilprq`s�ix[�]�edc��Kmoilk
(E(G1)∩P2(V (G1)))∪

(E(G2) ∩ P2(V (G2))) ∪
{
{u1, u2} : u1 ∈ NG1(v)

iKm
u2 ∈ NG2(v)

} � Ë P¼ydt�{�mI{>pwpv�K[`{±e�moilpwilP�m
}�^`i�ko{

G
e\^`Pji�[`� �lt�pwg~t�ko{�mf{>tdPzko{�pvg`s�i%ilP

G1
iKm
G2 � eds�t�cok G = G1 ∗G2 �
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ÀjÁ�Â¾ÃP�`Ã5�4Æ Ç O�P a�cfe�g`h`i©iKmvkot�P e�coq`cui©[ji�[`� �lt�pwg�tdko{�mo{>t�P iKP �ltd^`g�iKk � �µilkwp�edcu}�^`il^`cukvkut�P�m
v, w, x, y

iKm
z �

�103240�� ) H &NHl= 9<=�9����µ7���L�7,?7� ���>7%E =,E �µ7%:<L�=º?
�Ò]�edgjg`s>{���e�mo{>t�P¦co� �l^`cuko{�ydib[`izs>eÊ[`� �lt�pwg�tdko{�mo{>t�P�ko{�pvg`s�ivku^`cr^`PSa�cfedgjh`i

G
P`t�^`kC[`t�P`P`i�^`P`i

[`� �lt�pwg�tdko{�mo{>t�P¦g�edc�[`ilkt�lt�^`g~ilkC[`^�a�coedg`h`i
G � 
 ed{�kt�KiKmomoiz[`� �lt�pwg�tdko{�mo{>t�P¦PU]�ilknm\g�edk�^`P`{>}�^`i �

� �ledP`pwt�{>Pjk �dÍ ^`P`P`{�P`a�h�edp i�m È [`pwt�P`[`kâpwt�P�mfcuilP�mâ}�^`i<ku{¸tdPÑedg`g`s�{>}�^`iNs±e�[j�b�ltdpvg~t�ko{�mf{�t�PCku{>pwg`s>i
^`P`{�}�^`ilpwilP�m�ko^`c�[`iKk �lt�^`g~ilk �¤t�cnmfiKk � sà]_edcuq`coi\[`iÑ[`� �lt�pwg~t�ko{�mf{>tdP¼t�qjmoilP�^�kuilcoe©^`Pj{>}�^`i �XÍ ^jP`P`{>P|¶
a�h�e�p¯g�edcos�ix[jiÐT�Ï ­ R~Q ´ R~®��+ ��¤R~� ´ ¡�Y|Q��¤¿�¡�Y � P`tdPC^`P`{�}�^`i � g�td^`c@s�ilk@[`�b�Kt�pvg~t�ku{�mf{�t�P`k�g�edcH�ltd^`g�iKk
mfiKs>s�ilkN}|^ji �Ìh�ed}�^`i �lt�pwg�tdkfedP�mfi4t�qjmoilP�^`iKk���s±e ��Pz[jiIs±e�[`� �lt�pwg�tdko{�mo{>t�PÑiKkumÐ^jPza�cfe�g`h`iIgjcoilpw{>iKc �iKm�[jiÑTXÏ ­ R~Q ´ R~®��+ ��ZR~��®K  £��XT�£`¡�T � ^`Pj{>}�^`i � g�t�^jc%s±ez[`� �lt�pwg~t�ko{�mf{>tdP¼g�edcc�Kt�^`g~ilk �¤t�cnmfilk � � e�P`k{>Pe�¤t�copve�mf{�t�P �lt�pwg`s��lpwilP�mÌed{�coi � s±e�[j�b�ltdpvg~t�ko{�mf{�t�PviKPE�lt�^jg�iKkÐ[`�lku{>a�Pjilcfe�s±e�[j�b�ltdpvg~t�ko{�mf{�t�PvknmÌedP|¶
[�edcu[ �!@t�^jcP�Ìh�ed}�^`i �lt�pwg�tdkfedP�mfi

H
��s±e ��Pz[`i�s±e�[j�b�ltdpvg~t�ko{�mf{�t�P � kut�{�m H iKkumÐ^jPza�cfe�g`h`iIgjcoilpw{>iKc �kotd{�mÐmot�^jmfiKk<s>iKk<q`{�¶Dg�edcumo{�mo{>t�P`kN[`i
V (H)

kut�P�m�[`ilk �Kt�^`g~ilk<[`i
H �	� edP`k�s>iIkoib�Kt�P`[r��edk � H ilknm4kot�{�m

^`P©a�cfe�g`h`i �lt�pwg`s�iKm � kot�{�m�^`P`i�Ï�  R~�.W¤Y � �d]�ilknmu¶3��¶3[`{�coi1^`P)a�coedg`h`i
K1,k � k ∈ N ���

� »�Ï�R¾¡�¿|QSY v2L ��L$�
	 TVU � )�� 	 \hY7k T ] � W$Y[Z \ ] 2_Q U U ] 1 ]'Y TeU ]ra,432_Q ` Z Q f R+SNR Q UoTVU R�k T ]_^ S�]&���
]rk T ]2_\hY7k T ] 2_Q ` Z Q f Y U S
]t] f S TVU8� W�Y[Z \ ]/Z�W ] ` R ][W ^ TeU ] 4[S�Q�R��
];Q T � W$Y[Z \ ]<2_Q ` Z��
][S*�
Ë Pvg~il^jmxt�qjmoilP`{�cÒsà]_edcoqjcoi<[`i4[`�b�Kt�pwg�t�ku{�mo{>t�P\g�e�cNs�ilk �Kt�^`g~ilkd�¤t�cumoilkNilPj��eds��l^`s>edP�mÕ^`P`i4[`�b�Kt�pÑ¶

g~t�ko{�mf{>tdPbg`coiKpv{��lcoi � g`^`{�k�ilP©coib�Kt�pwg�t�koedP�m4s>ilk�P`t|il^j[`k<y�t�{�ko{>Pjk4[ji�s.]�e�coq`cui�}�^`{µPjin�Kt�cocuilkug�t�Pj[`ilP�m
g�edkX��[`ilkH�ltd^`g�iKk2�¤t�cumoilkF��{>sdkl]_eda�{�m�[jiNs.]�e�s>a�t�cu{�moh`pviX[`t�PjP`�xg`edc Í ^`P`P`{�P`a�h�e�p � Ë P�g�iK^jmH�ZeX�l{�s>ilpwilP�m
kfe�ydt�{>c�}�^`ils�s>iKk�edc$��mfilk �Kt�cocuilkog~t�P`[jilP�m%�Ñ^`P`i �Kt�^`g~i�Pjt�Pr�¤tdcumfi �
�ÕY¸QSQSYCvFL��FL �
	 TeU � ).� OFQ�R ] U S G1

][S
G2

aV] f � W�Y[Z \ ] f 2_Q U U ] 1 ] f ^�S�]&� f k T ] V (G1)∩V (G2) = {v}
�

l��
Q�W f G1 ∗G2

] f S TVU � W�Y[Z \ ] 2_Q ` Z��
][S�Q T ] f S TeU ] 4[S
Q�R��
] f R ][S f ] T �
] ` ] U S f R TVU ] aV] f 2_Q U aXR+S�R Q Uhf
f[T R���Y U S
] f ] f S �zW�YXR ]65

= G1
][S
G2 f Q U S�2_Q ` Z��
][S f ^

= G1
][S
G2 f Q U SPaV] f 4[S�Q�R��
] f ^ ][S v ] f S �
] 2_] U SNW ]sa 8 ] 1 Y,2[S�] ` ] U S TVU ]ta 8 ]&���
] f �
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�103240	� �¦HlJ<L4MÕ=º?'9��>?,��J4E �µ= M �NH��º9�����J��ZHl=
�µilk�a�cfedgjh`ilk�[`{>knmÌedPh�liÑh`�lcu�l[`{�mÌed{�coiÑkotdP�m�g~t�^`c�s±eb[`� �lt�pwg~t�ko{�mf{>tdP¦iKP �Kt�^`g~ilkn�liw}�^`ivs�ilk �lt�¶

a�coedg`h`iKkIkotdP�m�g~t�^`c4s±eÑ[`�b�Kt�pvg~t�ku{�mf{�t�P)pvt|[`^`s>ed{>cuir�¾s±e �ls>edkokuiC[`iKkIa�coedg`h`iKk�iKP�mo{
�KcoilpwilP�mI[`�b�Kt�pÑ¶
g~t�kfedqjs>ilk �O�P)a�coedg`h`i1iKkum4^`P)a�cfe�g`h`i�TX�.®K �£�� ­ YÊ»�Ï|¡�Ï|TX�¤  £`�Z¡�YÑko{Umot�^`k<s>iKk/�Ìh`iKpv{�P`k<{>P`[j^`{�mokÐilP�mfcui�[`il^ ÉkotdpvpwiKmokv[`^Aa�cfedgjh`i�t�P�m�s±e�pj�lpwi©s>t�P`ad^`il^`c � O�P ®lR~Q�QSY�  ´ Y|�XTX£`�� �[U]�^`P�a�coedg`h`iÊilkumz^`P
kotdpvpwiKmx[`i%[`iKa�co�

1 � Ë Pb[j{>cfe�}�^U]_tdP)e��ut�^jmoi%^`Pzkut�pvpwiKm,g�iKP`[�edP�m���^`Pza�coedg`h`i%ku{�t�Pze��ut�^jmoi%^`P
kotdpvpwiKm4ed[��oeX�liKP�m��\i É eX��mfiKpviKP�m�^`P©kot�pwpwiKm<[`^©a�coedg`h`i ��µirmfh`�Kt�c$�Kpvirku^`{�y�edP�m�[`tdP`P`i\[U]_ed^jmocoilk �ledcfe �Kmf�Kco{�kfe�mo{>t�P`k�[`i\s±eD�Ks±edkukoir[jilk�a�cfe�g`h`ilk1[j{>kumfedP��Ki
h`�Kco�l[j{�mÌe�{>coi\�
� »�Ï�R¾¡�¿|QSY=vFL 'FL ���&
'� 0 ^ ��
'#  %� ��] f Z�W_Q_Z Q f R+S�R Q Uhf f[T R���Y U S�] f f Q U S�4$k T R���Y��
] U S�] f 5
�%$&"

G
] f S�2_Q ` Z���'[S
] ` ] U S�a,432_Q ` Z Q f Y i �
] ZhYXW � Y a,432_Q ` Z Q f R+SNR Q U ] U 2_Q T Z ] f ��*)�"

G
] f S TeU � W�Y[Z \ ]saXR f S Y U 2_]c\�4[W�4$aXR+S�YXR+W ]��

��+,"
G

] f S f Y Uhf ` YXR f Q U ^dS�W_Q T7f ^PaVQ ` R U Q ][S � ] ` R U a T R+S�> ��10�"
G
Z ] T S 2[SNW ] Q i S
] U T a 8 TeUDf ] T � f Q `;` ][S�ZhYXW TVU ] f 4$k T ] U 2_] a 8 ] 1 S�] Uhf R Q Uhf aV] f Q `;` ][S f 5�Y!4}Q T Sa 8 TVU �zW$YXR 4 Te` ]$Y T ^PY!4}Q T SPa 8 TVU � Y T01 4 TV` ]$Y T Q T Y!4}Q T SPa 8 TeUqf Q `;` ][SFZ ] U a7Y U S �

�103240�� ) ;>FÐ7ÐH � �¾M �¯=@?'9�= 9����µ7���L�7Ð?�������7%E
�µi g`coiKpv{�ilc¼e�s>a�t�cu{�moh`pvi�g~t�^`c¼s>eA[`� �lt�pwg�tdko{�mo{>t�P ilP �Kt�^`g~ilk�e��Kmo� [`t�P`Pj��g�edc Í ^jP`P`{>P|¶

a�h�e�p ¨ Í ^jP�ª ��¬ � e ydib��^`Pwmoilpwg`kNilP
O(n3) � ��e �lt�pwg`s>i É {�mf��e��Kmo�Ie�pv�Ks>{>tdco�li,ilP

O(nm)
¨�° � � ª ��¬ �g`^`{�k<ilP

O(n2)
[�edPjk�¨ 
 � ��«d¬ � ¥@{>P�eds�ilpwilP�m � edh`s>h`ed^`k�¨ � edh�·�·�¬�[jt�P`P`i�^`PÊeds>adt�co{�mfh`pwi�s�{>P`�led{>cui �� {ât�P�[`{�kog~t�koiC[U]_^jPSeds�a�t�cu{�mfhjpvi�g~t�^`cImocot�^jydilc�^`P`i;�Kt�^`g~i\P`t�P�mfcu{�y|{±e�s>i�[U]_^jP¦adcfedg`hji � eds�t�cokt�P)g~il^jm�kK]_iKPÊkuilcuy|{�c<g�t�^jc/��eds��l^`s�ilcÐs>eC[`� �lt�pwg�tdko{�mo{>t�P�ilPr�lt�^`g~ilk1�j{>s�ku^ *Ñm4[`i1[`�b�Kt�pwg�t�kuilcÐmfedP�m

}�^U]�{>sNi É {>knmfiz^`PjiD�lt�^jg�izPjt�P�mfcu{�y|{±eds�i � g`^j{>kC[ji �¤^`ko{�t�P`P`iKcrs>iKkt�Kt�^`g~ilkrP`tdP �¤t�cumoilkCg~t�^`cCt�qjmfiKP`{>c
sà]_edcuq`coi1^`Pj{>}�^`i�[`i�[`�b�Kt�pwg�t�ku{�mo{>t�P �

Í ^`P`P`hj{>P`a�h`edp [`t�P`P`i�^`P�eds�a�t�cu{�mfhjpvi1iKP
O(n2)

}�^`{ � g~t�^`c (x1, y1), (x2, y2) ∈ A
cuib�Ìh`iKc$�Ìh`i

g�edcÒcoe *wP`ilpwilP�mN^`P`ip�ltd^`g�i
{V1, V2}

[`^wa�cfedgjh`i�t�co{�ilP�mf�
(V,A)

mfiKs>s>i,}|^ji
x1, y2 ∈ V1

iKm
x2, y1 ∈

V2 � È PvP`i<moilkumfedP�m,}�^`i4s>iKkÕedc$��mfiKkx[U]_edcuq`coiKk �Kt�^jy|cfe�P�mok � {>s`edcocu{�y�i���^`Pveds>adt�co{�mfh`pwi,iKP
O(n4)

g�t�^jc
s>it��eds��l^`s@[`irs±ez[j�b�ltdpvg~t�ko{�mf{�t�P�iKP �Kt�^`g~ilk � � edP`k1s�iC��e�k1[`ilk1a�coedg`h`iKk1P`t�P�t�cu{>iKP�mo�lk � {>s@edcocu{�ydi\�
O(n3)

iKP � É e�P�m
x2 = y1

iKm
y2 = x1 � °�edq~t�c � � ko^¦iKm � ^jg�t���{�mw¨_° � � ª ��¬Nedcocu{�ydilP�m�ilP`ku^`{�moiwed^

mfiKpvgjk
O(nm)

[`edP`k1s>is��edk1[jilk1a�coedg`h`iKk1P`t�P�t�cu{>ilP�mo�lk � ilP�edpw�ls�{>t�coedP�m%�
O(m)

s>iCmoilpwg`k%g~t�^`c
mfcut�^jydilc�^`P`in�lt�^jg�i1mfiKs>s�i%}�^`i

x ∈ V1
i�m
y ∈ V2 � g�td^`c<^`P`i�edc$��mfi

{x, y}
[`t�PjP`�li �


 evi�m � g`{>P`coed[�¨ 
 � �d«�¬�t�qjmo{>ilPjP`ilP�m�s>i�mfilpwg`k
O(n2)

ilPÊ^jmf{�s>{�kfedP�m�co� �l^`cuko{�y�ilpwilP�mI^`P`iCkut�^`k5¶
cotd^jmf{�P`i�}�^`{�coi �Ìh`ilc��Ìh`i�^`Pzg�edcnmf{�mf{>tdP`P`ilpwilP�m

F1, . . . , Fk

[`i
V

moils�}|^ji%ko{
{V1, V2}

ilknm<^`P`i �lt�^`g~i
e�y�i �

a, b ∈ V1 � eds>tdcokº{�s¸i É {>kumoi<^`P
i > 1

moils`}�^`i
V2 ∈ Fi � ¥@{>P�eds�ilpwilP�m � edh`s>h`ed^`k<¨ � edh�·d·�¬`t�q¸mf{>iKP�m

s>i<moilpwg`kxs�{>P`�led{>cui<ilPzcu�l[`^j{>kfe�P�mxs>i�g`cut�q`s��lpwi��n�liKs>^`{¾[`i�mfcut�^jy�iKc,s�ilk �ls±e�kokoiKk,[U]��l}�^`{�y�eds>iKP��liKkx[�e�P`k
s±et�¤iKcopwiKmo^`coi1mfcoedP`ku{�mf{�y�i1[`i�s>ercoils>e�mf{�t�Pb[`i �Ìh`i�yde�^��Ìh`ilpwilP�mI[`i�kot�^`k5¶3iKP`koiKprq`s>iKk �

D�� (Kí�Ù_ÚuæÐÚnãlßXí ì�ìdÚnÙ -������
	
���%# &%& î
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	 ��- ��(¤*,(Z-�& �v& �%-!��� ���
� {âs.]_t�PÊy�il^¸m�^jmf{�s>{>kuilc4s±e�[j�b�ltdpvg~t�ko{�mf{�t�P�iKP �Kt�^`g~ilk �Kt�pvpwiCq`edkoi\[U]�^`P¦eds�a�t�co{�mfh`pwi � tdP�[`t�{�m

koi�cuilkumocoiK{>P`[`cuiC�\^`Pjin�Ks±edkukoi�[`i�a�coedg`h`iKkâ�utds>{>pwilP�m,[`�b�Kt�pvg~t�koedq`s>iKk�g�edc �li�momoi�[`� �lt�pwg~t�ko{�mf{>tdP ���e�g`coiKpv{��lcui�[`iKkc�ls>edkokuilkN�utds>{>pwilP�m4[`� �lt�pwg�tdkfedq`s�ilk�ilkum%q`{>iKP�k��jc%s±ej�ls±e�kokoi�[`ilkIa�cfedgjh`ilk%[j{>kn¶
mÌe�P��li�h`�Kco�l[j{�mÌe�{>coi1��mot�^`kÕs>iKkÕa�cfedgjh`ilk ��edcoeX�Kmo�lcu{>kumo{>}�^`iKkNkut�P�mNkot�{�mÕ[`ilkNa�cfe�g`h`ilk �ltdpvg`s�iKmok � kut�{�mÕ[`iKk�Kmot�{>s�ilk �Ë P�[`{�mx}�^U]�^`P`i �ls>edkokui�[`i4a�coedg`h`iKk

G
iKkum,®K  £`¹@W¤Yrg�edcNs±e �ltdpvg~t�ko{�mf{�t�P\ilP �lt�^`g~ilkxko{¾g~t�^`cÒmft�^¸m

G,H ∈ G � eds>tdcok G ∗ H ∈ G � �µilk1a�coedg`h`iKk1[`{>knmÌedPh�lirh`�Kco�K[`{�mfed{>cuirkotdP�m�qj{>ilP�k��`c1kumfedq`s�ilk%g�e�c%s±e
�ltdpvg~t�ko{�mf{�t�PCiKP;�lt�^`g~ilk � �,{ É q�Ó�¨ �,{ É ªd«�¬�pwt�P�mfcui,}�^`i�s>iKkâa�coedg`h`iKkâg�edc"�Zed{�mokºs>i,kot�P�mNed^`kuko{ ��Í t�pwpvi
s±en�lt�pwg~t�ko{�mf{>tdPwPji%g�iK^jmÐg`edkP�Kco�liKcÐ[`iImocot�^jk,t�^z[�]�edP�mo{�¶Dmocot�^jk � s>iKk,a�coedg`h`iKkP�Zed{>qjs>ilpwilP�m �Ìh`t�cu[�ed^ ÉkotdP�m�kumfedq`s�ilk4g�edc4s±e �lt�pwg�tdko{�mo{>t�PbiKPq�Kt�^`g~ilk ��Í ils>ewP�]_iKkum%g`edk�s�is�ledk4[`ilk�a�cfedgjh`ilkp�Ìh`t�cu[�ed^ É ��e�c
s±eC�Kt�pwg�t�ku{�mo{>t�Pzg~il^¸m �Kco�Kilc4^`P

C4 �
� edP`kN}�^`ils�}�^`ilk ��edk � t�PÑcoi �Ìh`ilc��Ìh`iIg`s�^`kÒ}�^U]�^`P`ip�ls±e�kokoi�knmÌedq`s�i<g�edcÕs±ec�Kt�pwg�t�ku{�mo{>t�PriKP �Kt�^`g~ilk �Ë PÊydil^jm1i É h`{>q~ilc4^`P`irkut�^`k5¶��ls>edkokui

G ′
[`i
G

moils�s>i�}�^`iCs�ilkIadcfedg`hjilk �ledcfe �Kmf�Kco{�kumf{�}�^`ilk4[`ilkI[`�b�Kt�pÑ¶
g~t�ko{�mf{>tdP`kÐ[`iKk�a�coedg`h`iKk�[`i

G
kotd{>ilP�m�[�e�P`k

G ′ �
� .�{,1���@:9;| @ .�|h>5@

O�PÊa�cfedgjh`i�ilkum�^`PÊ½~¡�£ ´ »�Y ­ Y|¡ ­ W¤YvkK]_{�sµkl]_eda�{�m�[�]_^`P©a�coedg`h`i�[U]�{>P�mfiKcokoi �Kmo{>t�P �4[`in�lt�cu[`ilk4[U]�^`P
�liKc$�Ks>i � °�e�q�t�c � � ko^�i�m � ^`g~t���{�mr¨�° � � ªX��¬ºpwt�P�mfcuilP�m1}�^U]�^`P�a�coedg`h`iriKkum1^jP¼a�cfe�g`h`iC�Kilc$�Ks>irku{ºi�m
koiK^`s>iKpviKP�m%ko{ �Ìh�ed}�^`iradcfedg`hjiC��edcoeX�Kmo�lcu{>kumo{>}�^`i�ilknm1^`P¼a�coedg`h`it�lilc��ls�i � iKm%}�^`iCs>ilk�a�cfe�g`h`ilk �lilc��ls�i
g`cuilpw{>ilcukât�P�mÕ^`P`i�^`Pj{>}�^`i<coiKg`co�KkoiKP�mfe�mf{�t�Pwg�edcÒ{>P�moilcokuib��mf{>tdP\[`i �lt�cu[`ilkÒ[U]�^`Pj�liKc$�ls�i � cu�lko^js�mÌe�mÕ�la�e�¶s>iKpviKP�m@pwt�P�mfcu�Õg�edc �,t�^��ÌhjiKm,¨ �,td^�ª�³�¬ ��� � s�kX[jt�P`P`iKP�mº�la�e�s>ilpwilP�m�^`PCeds>adt�co{�mfh`pwiºiKP�mfiKpvgjk

O(nm)g~t�^`cÐcuib�ltdP`P�e���mfcoi�s>iKkÐa�cfe�g`h`ilkP�lilc��ls�i ��Í i1cu�lku^`s�mfe�mÐkuilcfe\e�pv�Ks>{>tdco���
O(n2)

g`edc � gj{>P`coed[�¨ � g`{ �d«�¬ �Ë P g�iK^jm;�Zed{>cuiz^`P g�edcoeds>s��ls�iviKP�mocoi'�li)cu�lko^js�mÌe�m\^jmf{�s>{�kfedP�mrs>e¼[`�b�Kt�pwg�t�ku{�mo{>t�P � iKmÑs�izco�Kko^`s�mÌe�mr[`i
[`� �lt�pwg�tdko{�mo{>t�Pb[jilk�a�cfe�g`h`ilk�[`i�g~ilcupr^jmÌe�mf{>tdPb^jmf{�s>{>koedP�m<s±er[j�b�ltdpvg~t�ko{�mf{�t�Pbpvt|[`^`s>ed{>cui �
� .�{,1���@:9;B�@ 1h{�."35684

O�P a�cfedgjh`i�ilkumÊ^`P ½~¡�£ ´ »�Y T�Y ´ £`¡��+  Ï�ko{�s�ilk)s>t�Pja�^`il^jcok)[`ilkr�Ìh`iKpv{�P`kÊ{�P`[`^`{�mfkbiKP�mocoi �
kotdpvpwiKmokCt�P�mCmot�^jmoilkrs>eÊpj�lpwivg�e�co{�mo� � kot�{�mCg�e�{>coiKk � kot�{�mC{�pvg`ed{>cuilk � � !@t�^`c k ∈ {5, 6 . . .} � kotd{�m
H∗

k

s�iSa�coedg`h`iS[U]_iKP`koiKprq`s�i�[`i�kut�pvpwiKmok
{v1, . . . , vk}

i�m�[U]�ilP`kuilprqjs>i�[U]_edc��KmfiKk {
{v1, v3}

}
∪{

{vi, vi+1} : i ∈ {1, . . . , k}
} � s�ilk%{�P`[`{
�Kilk1kut�P�m�pvt|[`^`s�t

k � � �,^`cus>iKm%iKm�O�hjcuÓ ¨��ÐO�ªd«d¬Òpwt�P�mfcuilP�m
}�^U]�^`P�a�cfe�g`h`iCiKkumI^`P¼a�coedg`h`i�[`iCg�e�co{�mo��ku{@i�m%kuil^`s�ilpwilP�m%ku{ ��]_iKkum1^`P�a�cfedgjh`iCkoedP`k�mocot�^�{>pwg�ed{>c �a�iKp iKm

H∗
2k+1 � k ≥ 2 � {>P`[`^j{�m �

Í {
�KilcotdP`i�iKm � moilg`h�e�P`t�¨ Í � � ��¬µpvtdP�mocoiKP�m�}�^`i�s>eC�ls±e�kokoi�[`iKk�a�cfedgjh`ilk�[`i1g�e�co{�mo�1kot�P�m�i É e �Kmfi ¶pwilP�mÒs>iKkÒa�cfe�g`h`ilkâmoils�kâ}�^`iÐmft�^jkÒs>ilkºa�cfedgjh`ilkd��e�cfeX��mf�lcu{>knmf{>}�^`iKkâ[�edPjkÒs±e%[`� �lt�pwg�tdko{�mo{>t�P�ilP �ltd^`g�iKk
kotdP�mIkot�{�m4[`ilk%adcfedg`hjilk �Kt�pwg`s>i�mfk � kut�{�m�[`iKkIa�coedg`h`iKkIq`{�g�edcumo{>k �~Í iKmomoiC��e�cfeX��mf�lcu{>koe�mf{�t�P)g�iKcopwiKm�[`i
coi �lt�PjP�e��>mocoi1s�ilk�a�cfe�g`h`ilk�[`i�g�e�co{�mo�1ilP)mfiKpvg`k<s�{>P`�led{>cui\¨ � edh�·�·�¬ �
, � Ú ( Hàí�ì25�Ú é�ë Ü_ãlßàÚ HDÝZÚ�/3ß.Ü�ä�ã é�ë á�ã�Ú 1�í�æÐÜ_Ù�Ù_Ú

E
é�Ú ÝZäKá�Ý¤å±Únã�ÝZÚuæNç�Ù�ÚuÝ ÚoÝ¤ß Ù�Ú ( HDí ì25�Ú

(
E ,
{
{X, Y } : X, Y ∈ E

Ú5ß
X ∩ Y 6= ∅

}) î
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 4 ` Q Uhf S�W�YXSNR Q U ���µilkIadcfedg`hjilkIkoedP`k�p�ed{�kot�P � mfcut�^�i�mIa�iKp {>P`[`^j{�m�kotdP�mI[`ilk�a�cfe�g`h`ilkp�Zed{>qjs>ilpwilP�m
�Ìh`t�cu[�ed^ É � �ledcº{�s>kXP`iÐg~t�kok��l[`iKP�mÕg�edkâ[`ixmfcotd^ � i�mâs>iK^`cok �lt�pwg`s>�KpviKP�mÌed{�coilkXP`iÐg~t�kuk$�l[jilP�mÕg�edkâ[ji

C5iKm4[`i
P5 �~Í i�kut�P�mI�Ka�eds>iKpviKP�m�[`ilk4a�cfe�g`h`ilk4[`i�g�edcu{�mo�n�ledc�{>s�k<coilkug�i �KmoilP�m%s>eC��edcoeX�Kmo�lco{�kfe�mo{>t�P)g�e�c

kotd^`kn¶Da�cfedgjh`ilkN{>P`[j^`{�mokÒ{>P�mfiKco[`{�mfkÕ[`ilkNa�coedg`h`iKkx[`i�g�e�co{�mo� � � tdP��<mft�^`kNs>iKkÕa�cfedgjh`ilk ��edcoeX�Kmo�lcu{>kumo{>}�^`iKk
[�edPjkxs>e�[j�b�ltdpvg~t�ko{�mf{�t�PÑilP �Kt�^`g~ilkN[U]�^`P�a�coedg`h`i�koedP`k,pved{�kot�P � mfcotd^vi�m,a�iKp�{>Pj[`^`{�mÕkut�P�m,kut�{�mN[`iKk
a�coedg`h`iKk4qj{>g�edcnmf{�kP�Zed{>qjs>ilpwilP�m �Ìhjt�co[�e�^ É � kut�{�m�[jilk�a�cfe�g`h`ilk �Kt�pvgjs>iKmok �

� P�y�ilcukoiKpviKP�m � ku{Umft�^`k4s>iKk�a�cfedgjh`ilk ��e�cfeX��mf�lcu{>knmf{>}�^`iKk�[`edP`k�^`P`i�[`�b�Kt�pwg�t�ku{�mo{>t�PbiKP��Kt�^`g~ilk4[`i
G

kut�P�m�kot�{�m1[`iKk�adcfedg`hjilk1q`{�g�edcumo{>kp�Zed{>q`s�ilpwilP�mc�Ìhjt�co[�e�^ É � kot�{�m1[`ilk�a�coedg`h`iKk �lt�pwg`s�iKmfk � eds�t�cok GilknmÑ^`P a�coedg`h`izkoedP`k\pved{>kut�P � mfcut�^ iKm\adilp {�P`[`^`{�m � È P iK��iKm � ^`P`iD�Kt�pvg~t�ku{�mf{�t�PSiKP �lt�^jg�iKk\P`i
g~il^ É g�e�k �Kco�liKc�[`i©pved{>kut�P � [`i)mfcut�^Atd^ [`i©a�iKp � ��e�cwkui�kut�P�m�[`iKkvadcfedg`hjilk�gjcoilpw{>iKcokÑg�edcÑs>e
[`� �lt�pwg�tdko{�mo{>t�PbiKP��Kt�^`g~ilk �

� sÑi É {>knmfi ^`P�e�s>a�t�cu{�moh`pvi�ilP mfiKpvg`k
O(min(m log(n), n2))

g�td^`c�s±e coi �lt�P`P`ed{>kukfedP��Ki [jilk
a�coedg`h`iKkzq`{>g`edcumo{>k �Zed{>q`s�ilpwilP�m �Ìh`t�co[`ed^ É ¨��µ^`q�ª�³�¬ � �li¼}�^`{�P`t�^`kz[jt�P`P`i�^`P�eds>a�tdco{�moh`pwi©[ji¼coi ¶
�ltdP`P�ed{�kokfe�P��li�[`ilkÐadcfedg`hjilk,koedP`kxp�ed{�kot�P � mfcotd^�iKmxa�iKp {�P`[`^`{�mNilP�moilpwg`k

O(min(m log(n), n2)) �

	��
	 �¯-w* ��*,(Z-�&�� �%-!	 ���."
	 �v&�* �b(������

� edP`k,sà]_edcoq`cuiI[`iI[`�b�Kt�pvg~t�ku{�mf{�t�Pwpvt|[`^`s>ed{>cui � }�^`{�iKkum,ilP`coeX�l{�P`� � �Ìh�ed}�^`i1P`t|il^`[ �lt�cucoilkug�tdP`[)�
^`Pbkut�^`kn¶Da�cfe�g`h`i1[`^ba�coedg`h`iIt�co{�a�{>P`iKs � � s�iKkum<[jt�P��1g~t�koku{>q`s�iI[`i1cu�lkotd^`[`coi1^jPbg`cot�qjs
�lpwiIcu�b�K^`coku{�y�i ¶
pwilP�mâku^`câsà]_edcuq`coiN[`iÐ[`� �lt�pwg~t�ko{�mf{>tdP�pwt¸[j^`s±ed{�coi � �Õ]_edcuq`coix[`iÐ[`� �lt�pwg�tdko{�mo{>t�P�ilPt�lt�^`g~ilkºPU]_iKkumÕg�e�k
ilPjcfeX�K{>P`� � [jt�P��wt�PSPU]_e)g�edk�[`{>cuib�KmoilpwilP�m�^`PSkut�^`kn¶Da�cfe�g`h`ij�lt�cucoilkug�tdP`[�edP�m\�'�Ìh�ed}�^`ivP`t|il^`[�[`i
sà]_edcuq`coi � !@td^`cd�liKmumfi�cfe�{>kotdP � {�sjilknmNg`s>^`k �Kt�pwpvt|[`i,[jip�Ìhjt�{>ku{>câ^`Pji4coeX�l{�P`i<� �li�mxedcoq`cui � e�{>P`ku{j{>s¸koiKcfeg~t�koku{>q`s�ix[U]_e�y�t�{�c@^jP`i/�ltdcocoiKkog~t�P`[�e�P��liÐiKP�mfcoixs>iKkºP`t|il^`[jkâ[`i,s.]�e�coq`cuixiKP`cfeX�K{>P`�NiKmº[`ilkºkot�^`k5¶3a�coedg`h`iKk
[`^©a�cfe�g`h`i�t�co{�a�{>Pjils �� t�{�m

G
^`Pzadcfedg`hjic�lt�PjP`i É i%i�m

T
kot�Pzedcoq`cuiI[`iI[`�b�Kt�pvg~t�ku{�mf{�t�PwilPD�Kt�^`g~ilk � Ë Pzcfedgjg�iKs>s>i4}�^`i

g~t�^`c<^`P©P`t|il^`[
h

[`i
T � G∗

h

iKkum�s>i1a�coedg`h`i �ledcfeX��mf�Kco{>knmf{�}|^ji�[j^©Pjt¸iK^`[
h �Ë P �Ìh`t�{�ko{�mCedcuq`{�mocfed{�coilpwilP�m�^`P`ivcfeX�K{>P`i

r
g�t�^jc

T � !@t�^jc�mftd^jmrP`t|il^j[
h 6= r � t�P�P`t�mfi�g`edc

vh

s.]_^`Pj{>}�^`irpvedco}�^`iK^`c �ltdpvpr^jP��
G∗

h

iKm
G∗

h′ � t�# h′ iKkum�s>iCg,�Kcoi\[`i
h � !Xt�^`c �Ìh�ed}�^`i;�¤il^j{>s>s�i h[`i

T � t�P�[`� �`P`{�m
Gh = G∗

h � Ë PS[j� ��P`{�mCcu�b�K^`coku{�y�iKpviKP�m\g�td^`cs�Ìh`ed}�^`i�P`t|il^j[�{>P�mfiKcoP`i
h

[`i
T �

Gh = G∗
h ∗Gh1 ∗ . . . ∗Ghk

� t�# h1, h2, . . . , hk

[`�Kko{�a�P`ilP�m<s�ilk ��s>kx[`i
h � Ë Pbedgjg�iKs>s>i

Gh

s>iIadcfedg`hji
�ltdcocoiKkog~t�P`[�e�P�m1ed^�kut�^`kn¶3edcoqjcoiC[ji

T
ilP`coeX�l{�P`�CiKP

h � Ë P¼Pjtdmfi�g�edc
Vh

s.]_iKP`koiKprq`s�iC[`iKkIkotdpvpwiKmok
[`i

Gh � Ë P©ydt�{�m�{�pvpw�l[`{>e�mfiKpviKP�mÐ}�^`i
Gr = G �

� � (Kí�Ù_ÚuæÐÚnãlßXí ì�ìdÚnÙ -����
	
���%# & & î
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cd
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h
i j

x

f

k

Gh

ÀjÁ�Â¾Ã��`Ã��4Æ)Ç �µi�a�coedg`h`i
Gh � vh = x � �

	���� � � ����*,(.-�& ������� � � � � �  
�
��� �#� � �f(������

� t�^jkxkoe ydt�P`kN}�^`i�s>e%s±edcua�il^jcÒ[`i �Ks>{�}|^ji<[U]_^jPva�coedg`h`i�iKkumxs>i<pve É {>pr^`p�[`iKkxs>edcoa�iK^`cokÒ[jip�Ks>{�}|^ji
[`iKkwadcfedg`hjilk\g`cuilpw{>ilcukr[`ibkoe�[j�b�ltdpvg~t�ko{�mf{�t�PSpwt¸[j^`s±ed{�coi � � edP`k �li�momfibkuib��mf{>tdP � t�P pwt�P�mfcuib^`P
mfhj�lt�c��lpwizko{�pv{�s±ed{�coi\g~t�^`crs>e�[`�b�Kt�pwg�t�ku{�mo{>t�P�ilP �ltd^`g�iKkb�ºku{Ðs±e©s±edcua�il^`c�[`iE�ls�{>}�^`iv[`izmft�^jkrs>iKk
a�coedg`h`iKk,g`cuilpw{>ilcukÕ[`iIs>e�[`� �lt�pwg~t�ko{�mf{>tdPwiKP �Kt�^`g~ilkÐiKkum,ed^�g`s�^`k

k � eds>tdcokNs±e1s±edcua�il^jcN[ji �ls�{>}�^`i4[`^
a�coedg`h`i�ilknm�ed^)g`s>^`k

2k + 1 �
� »�Ï�R¾¡�¿|QSYEv2L�
FL/OFQ�R+S

G TeU(� W�Y[Z \ ]���l��
Q�W f cwd(G) ≤ 2×k+1
^ Q��

k
] f S � Y � YXW � ] T W aV] 2&� R�k T ]

` Y 1 R `;TV` aV] f � W�Y[Z \ ] f W_]�Z�W�4 f ] U S YXSNR � f aV] f U Qz] T a f R U S�][W U ] f aV] � YDa,432_Q ` Z Q f R+S�R Q U ] U 2_Q T Z ] f aV]
G
�

 4 ` Q Uhf S�W�YXSNR Q U � � t�{�m T sà]_edcuq`coi4[`i%[`� �lt�pwg~t�ko{�mf{>tdPviKPD�lt�^jg�iKkÐ[`i
G

iKm,g�td^`cxmot�^`k,s�ilkxP`t¸iK^`[`k
h[`i

T � kot�{�m t∗h ^`Pji
k
¶3i É gjcoilkuko{�t�P�[`i

G∗
h

e�y�i ��s�ilk��Kmo{>}�^`iKmumfiKk�[�e�P`k
{1, . . . , k} � Ë P��Kt�P`kumoco^`{�m�^`P`i

(2k+1)
¶3i É gjcoilkuko{�t�PÑg�t�^jc

G
ilP�^¸mf{>s�{>koedP�m

T � Ë P �Ìh`td{>ko{�mÕedcuq`{�mocfed{�coilpwilP�mÒ^jP`i�cfeX�K{>P`i
r
[`edP`k

T
iKm

t�P;�Kt�P`kumoco^`{�mÕco� �l^`cuko{�ydilpwilP�mN^`P`i
(2k+1)

¶3i É g`coiKkoko{�t�P
th

g~t�^`c
Gh−vh � e�y�i ��s>ilkÒ��mf{�}|^jiKmomoilkÒ[�e�P`k

{0, 1, . . . , 2k} � moils>s�i%}�^`i
∀v ∈ NGh

(vh) � labG(th)(v) = 1
i�m
∀v 6∈ NGh

(vh) � labG(th)(v) = 0 �� t�{�m
h
^`PrP`t|il^j[r[`i

T � kot�{�m q kotdPrP`t�prqjcoi,[ji:��s>k � ��y�ilP�mo^`ils�s>ilpwilP�mºP|^js � i�mâkut�{�m h1, . . . , hq

s>iKk
��s�k,[`i

h � Ë PD�Kt�P`knmfco^j{�m<cu�b�l^jcoko{�y�iKpviKP�m
thi

g~t�^`cxmot�^jm
i ∈ {1, . . . , q} � !Xt�^`c h 6= r � t�P �lt�P`knmfcu^`{�m

^`P`i
2k

¶3i É g`coiKkoko{�t�P
t′h

[`i
G∗

h − vh

[`ilg`^j{>k
t∗h � e�y�i �Ñs>ilk1��mf{�}|^jiKmomoilk�[�edPjk

{1, . . . , 2k} � mfils�s>ir}�^`i
∀v ∈ NG∗

h
(vh) � labG(t′

h
)(v) = labG(t∗

h
)(v) � ko{�P`t�P labG(t′

h
)(v) = labG(t∗

h
)(v) + k � � t�{�m t′r = t∗h �Ë P �Kt�P`knmfco^j{�m

th
[`ilg`^j{>k

t′h
[ji\s±e �Ze0�Kt�P�ko^`{�yde�P�moi � !Xt�^`c%mftd^jm

i ∈ {1, . . . , q} � t�P�ko^`q`knmf{�mf^`i
[�edPjk

t′h
s±e�kut�^`kn¶Di É g`cuilkoku{>t�P¦{>P�mocot|[`^`{>koedP�m

vhi

e�ydib�\sà]��Kmo{>}�^`i�momfi
l
g�e�c

ρ1→l(thi
) � ¥@{>P�eds�ilpwilP�m�t�P

coi ¶3��mf{>}�^`i�momoiÐmft�^jmoilkÒs�ilkÒ�Kmo{>}�^`i�momfiKkÒ[`i
{k+1, . . . 2k}

iKP
0
i�mÒmft�^jmoilkÒs�ilkâ��mf{>}�^`i�momoilkÕ[`i

{1, . . . , k}ilP
1 �2� Ë PÊcuilpvedco}�^`i�}�^`i�ko{

h
ilkum4^`Pji �¤iK^`{>s�s>i � eds�t�cok th = t′h ���Ë P¦pwt�P�mfcuir}�^`iÑg�td^`cImftd^jm
h 6= r � th iKkum�^`P`i

(2k + 1)
¶3i É g`coiKkoko{�t�P�g�td^`c

Gh − vh

e�y�ib�Ñs>e
g`cut�g`co{��Kmo�N[jilpvedP`[`�Ki � iKm tr ilknm@^jP`i

(2k+1)
¶3i É g`coiKkoko{�t�P�g�td^`c

Gr = G � !@t�^`cµmot�^jm i ∈ {1, . . . , k} �kotd{�m
Ai = NGhi

(vhi
)
iKm%kot�{�m

Bi = Vhi
\ NGhi

[vhi
] � � t�{�m C = V ∗

h \ {v1, . . . , vq} � Ë P�P`t�mfi\}�^`i
{C,

⋃q
i=1Ai,

⋃q
i=1Bi}

ilknm4^`P`i�g�edcnmf{�mo{>t�P�[`ilk4kot�pwpwiKmfk<[ji
Gh �Ë PvPU]_e��ut�^¸mfi@�oedpved{>k@[U]_edc$��mfilkNilP�mocoi�[`ilkÕkut�pvpwiKmokÒ�Kmo{>}�^`iKmo�lk

0
iKmÕ[�]�ed^¸mfcoiKkÕkot�pwpvi�mfkÒ[�e�P`k

th �[`t�Ph��g~t�^`cÐmot�^jm
i ∈ {1, . . . , q} � G(th)[Ai ∪ Bi] = G(thi

) = Ghi
− vhi

� i�m4{>sUPU]ÔÓ)e\g�edk�[U]_edc��KmfiKk
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ilP�mocoi
B1 � B2 �Ò�K�l�K� Bq

iKm
C

[�edP`k
G(th) � !@t�^jc�mot�^jm

j ∈ {1, . . . , q} � Ai

ilkum�^`P¦pwt¸[`^js>ir[�e�P`k
Gh−

⋃q
i=1Bi

iKmX[�edPjk
G(th)−

⋃q
i=1Bi �z� {>Pjko{�ko{

h 6= r
e�s>t�cuk

G(th)−
⋃q

i=1Bi = Gh−vh−
⋃q

i=1BiiKm
G(tr)−

⋃q

i=1Bi = G−
⋃q

i=1Bi �
	���� � �  v-#�¾(¤*�$#	 ��� ��*,( �f( � �)&�* ��� �)"��%-
	 �z-
��(¤*,(.-�& �v& �%-
�#� ���

Í t�pwpvi%[`edP`k�s>ic�ledk�[`i1s±er[j�b�ltdpvg~t�ko{�mf{�t�Pzpwt¸[`^js±ed{�coi � t�P)ilknm�{
�K{U{>P�mf�KcoiKkoko��g�e�c<sà]�^jmf{�s>{>koe�mf{�t�P
[`i)s±e�[`� �lt�pwg~t�ko{�mf{>tdP�ilPu�lt�^`g~ilkÑg~t�^`cÑco�Kkot�^j[`coi)^`P �liKcumÌe�{>P'g`cot�qjs
�lpwizku^`cv^jP a�coedg`h`i � !@td^`c�liKs±e � {>sp�Zed^jmD�¤t�cupr^`s�ilc�^jP g`cot�qjs
�lpwi � �KydilP�mf^`iKs>s�ilpwilP�m)g`s>^jkba��lP`�Kcfeds � }�^`i�s.]_t�P [jt�{�m�co�lkut�^`[`cui
ko^jcj�Ìh`ed}�^`i�a�coedg`h`i'�ledcfeX��mf�Kco{>knmf{�}|^jib[`iÊs>e¼[`�b�Kt�pwg�t�ku{�mo{>t�P [`^'a�coedg`h`i � �Xe�[`� �lt�pwg�tdko{�mo{>t�PSilP
�ltd^`g�iKkxg~t�^jy�edP�md��mfcoi<y|^`ip�lt�pwpwiÐ^`P`i�a��KP`�lcoeds>{�kfe�mo{>t�P\[`i�s>e%[`�b�Kt�pvg~t�ku{�mf{�t�P\pwt¸[`^js±ed{�coi � s>i<kut�^`k5¶
g`cut�q`s
�KpviI�Cco�Kkot�^j[`coi1[`td{�m/��mfcui � kut�{�m,s>i�p �Kpvi�g`cot�qjs
�lpwiI}�^`i1s�iIg`cut�q`s��lpwi �ltdcocoiKkog~t�P`[�e�P�mÐg�t�^jc
s±er[j�b�ltdpvg~t�ko{�mf{�t�Pbpvt|[`^`s>ed{>cui � kot�{�m�^`P©g`cot�qjs
�lpwi%g`s�^`k�a��lPj�lcfe�s �

Í ilcnmÌed{�P`k�gjcot�q`s��lpwilk�g~il^jydilP�m%[`{�coi �KmfiKpviKP�m ��mfcoi�cu�lkotds>^`k4ko^`c4s>iKk�[`�b�Kt�pvg~t�ku{�mf{�t�P`k<iKPq�ltd^`g�iKk
ko{�pvgjs>i � !@t�^jc4s�i1P`t�prqjcoi �Ìh`cotdp�e�mo{>}�^`i � t�P)[`t�P`PjilcfeÑ^`PÊeds>adt�co{�mfh`pwi �leds
�K^`s±edP�m<s�i1P`t�prqjcoi �Ìh`cot�¶
pve�mf{�}|^jiÐg�tdP`[`�lcu��co�b�K^`coku{�ydilpwilP�mNko^`cÕsà]_edcuq`coiÐ[ji4[j�b�ltdpvg~t�ko{�mf{�t�PrilP �Kt�^`g~ilkÕilP`coeX�l{�P`� � ��i�s�ilpwpvi
ko^j{�y�edP�mIpwt�P�mfcui�}�^`i�sà]_edcoqjcoi�[`iC[j�b�ltdpvg~t�ko{�mf{�t�P)ilP=�Kt�^`g~ilk � e�y�i �rs>iKk�a�coedg`h`iKk �ledcfeX��mf�Kco{>knmf{�}|^jilk �koiKcfe)mft�^��utd^`cok�[`iÑmÌed{�s>s>iCs>{>Pj��ed{�coi\ilP�s±ebmÌed{�s>s�ir[`^Sadcfedg`hjiwtdco{>ad{>P�eds � � sÕkl]_eda�{�m�[`ivs.]_�K}�^`{�y�eds�ilP�m�[`^
s>iKpvpwi � � � � g~t�^`c<s>e\[`�b�Kt�pvg~t�ku{�mf{�t�PziKP��Kt�^`g~i �
�ÕY¸QSQSY vFL�6FLcOFQ�R+S

G = (V,E) TVU � W�Y[Z \ ]j][S T = (VT , ET ) f Q U YXW i W ]jaV] a,432_Q ` Z Q f R+SNR Q U ] U2_Q T Z ] f �Fl��
Q�W f Q U Y ∑
h∈VT

n(G∗
h) ≤ 3× n(G)− 4

][S ∑
h∈VT

m(G∗
h) ≤ m(G) + n(G)− 3

�

 4 ` Q Uhf S�W�YXSNR Q U � Ë Pry�t�{�c �ZeX�l{�s>iKpviKP�m@g�edcºco�b�K^`cocuilP��Ki�}|^�]_^`Pwedcuq`coi,[`iÐ[`� �lt�pwg�tdko{�mo{>t�PCilP;�ltd^`g�iKk
[U]�^`P�a�coedg`h`iÊ[`i

n
kot�pwpwiKmfkveSe�^�g`s>^jk

n − 2
Pjt¸iK^`[`k � � t�Ph� � �Kt�pwpvi'�Ìh�ed}�^`i�kot�pwpvi�m�[jilk

a�coedg`h`iKkt��e�cfeX��mf�lcu{>knmf{>}�^`iKk�[ji�s±e)[`� �lt�pwg�tdko{�mo{>t�P�iKP �lt�^jg�iKkCilknmCkut�{�m�^`P�kot�pwpvi�m�t�co{�a�{>P`iKs � kut�{�m^`P�pvedcu}|^jil^`c � edgjg�edcfe�{>kokoedP�m�[jil^ É �¤t�{>k ��� s±e�kotdpvpwiÊ[jilk�Pjt�prq`cuilk�[ji�kotdpvpwiKmokv[`iKk�a�coedg`h`iKk
��e�cfeX��mf�lcu{>knmf{>}�^`iKk�ilkum�ed^©g`s�^`k

3n− 4 �
� i�g`s>^jk � �ltdpvpwiÐs>iKkÒa�cfe�g`h`ilkÕkut�P�m��Kt�P`P`i É ilk � �Ìh�e�}|^ji�[`� �lt�pwg~t�ko{�mf{>tdP\ko{>pwg`s�iÐe��ut�^¸mfi4ed^Ñg`s>^jk

^`P`ivedc��Kmfiwed^¦P`t�pCq`coi\mft�mÌedsÒ[U]_edc��KmfiKk�[`edP`k�s>ilk�a�coedg`h`iKks�ledcfe �Kmf�Kco{�kumf{�}�^`ilk � � t�P��ws±ebkotdpvpwiÑ[`^
P`t�pCq`coi1[U]_edc��KmfiKk�[jilk4a�cfedgjh`ilk ��e�cfeX��mf�lcu{>knmf{>}�^`iKk�ilkum4q~t�coPj�li�g�edc

m + n− 3 �
�10���052 %�; � ��:Õ= =A� =,EÕ?¸=:� &�;>= ?,��J &�;�=

Í ^`P`P`{�P`a�h�e�p ¨ Í ^`P�ª ��¬%eS[`t�PjP`�¼^`P�eds�a�t�co{�mfh`pwibg~t�^`cD�leds
�K^`s>iKc�s>iÊg�td{>[`kvp�e É {�pr^`p [U]�^`P
ilPjkoilpCq`s>i�kumfedq`s�iÐ[�edP`kÕ^`PÑa�coedg`h`i�g~t�P`[`�Kco� � ilPw^jmf{�s>{�kfedP�mâs>e%[`�b�Kt�pwg�t�ku{�mo{>t�PriKP �lt�^`g~ilk �¸Í {
�liKcot�Pji
iKm � mfiKg`h�edPjtb¨ Í � � ��¬�[`t�P`P`iKP�mÐg~t�^`c,s�il^`cNg�edcnm,^jPbeds>adt�co{�mfh`pwi<g�td^`c��leds
�K^`s>iKcÕs>i4g�t�{�[`kNp�e É {�pr^`p
[U]�^`P`i �Ks>{>}�^`i � �Ò]_eds>adt�co{�mfh`pwiÕ[`t�P`P`�,ilkumÕs�i,ku^`{�y�edP�m<��s>iÐg~t�{�[`kºpve É {>pr^jp¯[U]_^jP`i �ls�{>}�^`i,iKkumÒs�iÐg~t�{>[`k
pve É {>pr^`p [�]_^`PjiD�ls�{>}�^`iw[�edP`krs�ilk�a�cfedgjh`ilks��edcoeX�Kmo�lco{�kumo{>}�^`ilkC[`i�s>eÊ[`� �lt�pwg�tdko{�mo{>t�P¦ilP �Kt�^`g~ilk ��µivpvedcu}|^jil^`c

u
[�edP`k�s>iwa�cfe�g`h`ij��edcoeX�Kmo�lco{�kumo{>}�^`i

H
e��Kt�pwpviÑg~t�{>[`k

maxv∈V ∩NH′(u) w(v) � t�#
H ′ ilknm,s.]_^jP`{>}�^`i�ed^¸mfcoi�a�coedg`h`ip��e�cfeX��mf�lcu{>knmf{>}�^`i�g~t�koku�l[�e�P�mxs>i<pvedcu}|^jil^`c

u �|Í iKm,eds>adt�co{�mfh`pwi,PU]�ilknm
g�edk �Kt�cocuib�Km���s>e<��a�^`cui �¸� �rilP©g`cu�lkoiKP�mfiC^jPr�Kt�P�mfcui�i É iKpvgjs>i �
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G

d

e
w vw

a
b

c
v

a b c

ed

ÀjÁ�Â¾ÃP�`Ã���Æ Ç °�ed^h�Ìh`i��Õ^`P a�cfe�g`h`i©[`i�g�e�co{�mo�)g�t�^jcws�il}�^`iKs4s.]�e�s>a�t�cu{�moh`pvi�g�t�^jcws>e�mfed{>s�s>iz[jiÊs>e
g`s�^`k�a�cfedPj[`i �ls>{�}�^`i�[`t�P`P`��[�edPjkC¨ Í � � ��¬�� �Ìh`t�^`i � � t�^`k4s>iKk�g�t�{�[`k�kot�P�m4[`i

1 � � cut�{�moiÑ��kot�P�edcoq`cui
[`ib[`� �lt�pwg~t�ko{�mf{>tdPSilPo�Kt�^`g~ilk � }�^`{,ilkumÑ�Ka�eds�ilpwilP�m\kotdP'^jP`{>}�^`ib[`� �lt�pwg~t�ko{�mf{>tdPSg`cuilpw{
�lcui � ��iKkpvedco}�^`iK^`cok�kotdP�m

v
iKm
w � ω(G) = 4

iKm4s>erco�lg~t�P`kui�[`i�sà]_eds>a�tdco{�moh`pwi�iKkum
3 �

�µi<s>ilpwpwi �j��� ·I[`tdP`P`i�sà]_eds>adt�co{�mfh`pwiÒ[`i Í ^`P`Pj{>P`a�h`edp � �µi<s>ilpwpwi �j��� � [`tdP`P`i<^`Pweds�a�t�co{�mfh`pwi
g~t�^`c ��e�s
�l^js>ilc<s�i1g�td{>[`k<pve É {>pr^jp8[U]�^`P`i �Ks>{>}�^`i � ilP©^jmo{>s>{�kfedP�m<s>er[`�b�Kt�pwg�t�ku{�mo{>t�PbiKP��Kt�^`g~ilk �� t�{�m

G = (V,E)
^jPAa�coedg`h`i)mfiKs�}�^`i

G = G1 ∗ G2 � G1 = (V1, E1) � G2 = (V2, E2)
i�m

V1 ∩ V2 = {v} � � t�{�m w : V → N
^`P`i �¤t�Ph�Kmf{�t�P)[`i�g�tdP`[`�lcoe�mf{�t�P �

�ÕY¸QSQSYmvFL�M �"!�#��CV@� 
�J + -zL OFQ�R+S
a = αw(G2 −NG2 [v])

][S
a′ = αw(G2 − v)

�Fl��
Q�W f
αw(G) = αw|v→a′−a

(G1) + a.

�ÕY¸QSQSYmvFL�M�M�LpOFQ�R+S
a = ωw(G2[NG2(v)])

�2l��
Q�W f ωw(G) = max
(
ωw(G2 − v), ωw|v→a

(G1)
) �

 4 ` Q Uhf S�W�YXSNR Q U � Ë P e {>pwpw�l[`{>e�mfiKpviKP�m
ωw(G) ≥ ωw(G2 − v) � � i g`s>^jk¦tdP e

ωw(G) ≥

ωw

(
G[(V1\{v})∪NG2(v)]

) � i�m ωw

(
G[(V1 \ {v}) ∪NG2(v)]

)
= ωw|v→a

(G1) � �ledc NG2(v)
iKkum@^`P

pwt¸[`^js>iÕ[`i
G[(V1\{v})∪NG2(v)] � È P;�Kt�P`ku�l}�^`ilPh�li ωw(G) ≥ max

(
ωw(G2 − v), ωw|v→a

(G1)
) �

È PAt�^jmocoi � tdPAe
ωw(G) = max

(
ωw(G2 − v), ωw|v→a

(G1)
) g`^`{�ko}�^`iÊko{

C
ilknm�^`Pjir�Ks>{�}|^ji

[`i
G

e�s>t�cukrkot�{�m
C ⊆ V2 \ {v}

iKm
w(C) ≤ ωw(G2 − v) � kot�{�m C ⊆ (V1 \ {v}) ∪ NG2(v)

i�m
w(C) ≤ ωw|v→a

(G1) �
�µilk1s>iKpvpwilk �j� � ·�iKm �j��� ��� coiKkog~ib�Kmo{�ydilpwilP�m � g~il^jydilP�mn�Kmocoi\^jmo{>s>{�ko�KkIg~t�^`cc�leds
�K^`s>iKc

αw(G)
i�m

ωw(G)
[U]�^`P�adcfedg`hji

G
ilP�^jmo{>s�{>kfe�P�mIkfe)[`�b�Kt�pwg�t�ku{�mo{>t�P¼iKP �lt�^`g~ilk

T � �Ò]�{>[`�Ki\ilkumn�Kils>s�ir[`t�PjP`�li
g�edc Í {
�KilcotdP`iziKm � mfiKg`h�edP`t ¨ Í � � ��¬ � Ë PSg`coiKP`[ ^`P`iD�Kt�^`g~i

{V1, V2}
[`^�a�coedg`h`i � e�y�i �E�lt�pwpwi

[`� �lt�pwg�tdko{�mo{>t�PSko{>pwg`s�i
G1

i�m
G2 � [jibp�edcu}�^`il^`c

v � moils�k\}|^ji
G2

ilknmv^jP'adcfedg`hjibg`coiKpv{�ilc � ^`Pa�coedg`h`ic�Kt�pwg`s>i�mÐt�^)^`P`iI�Kmftd{>s>i �F�.Í ]_iKkum��C[`{�coi%tdPbg`coiKP`[)^`P`i �ltd^`g�i �Kt�cocuilkug�t�Pj[�edP�m4�r^`P`i�edc��Kmoi
[`iwsà]_edcoqjcoiÑ[`iw[`�b�Kt�pvg~t�ku{�mf{�t�P�{>P��K{>[`iKP�mfiw�Ê^`Pjij�¤iK^`{>s�s>i �5� Ë P �leds
�K^`s>i

a = αw(G2 − NG2 [v])
i�m

a′ = αw(G2 − v) � g`^`{�k�t�P �leds
�K^`s>i©co� �l^`cuko{�ydilpwilP�m
αw|v→a′−a

(G1) � � ]_edg`c��lkbs�iÊs�ilpwpvi � tdP e
αw(G) = αw|v→a′−a

(G1) + a � � ^ ��P�eds � t�PÊed^`coej�leds
�K^`s>��ed^©g`s�^`k�[`il^ É �¤td{>k<s>i1g~t�{�[`k<p�e É {�pr^`p
[U]�^`P©ilP`kuilprq`s�i�kumÌe�q`s>i1ku^`c �Ìh`ed}�^`i�adcfedg`hji ��edcoeX�Kmo�lco{�kumo{>}�^`i�[`i�s±er[`� �lt�pwg~t�ko{�mf{>tdP �
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� t�^jk4��mf^`[j{>t�P`k<[`edP`k �li�momoi�kuib��mf{>tdP©s�i%g`cut�q`s
�KpviI[`i�[`t�pw{>P�e�mo{>t�PviKm�kuilk<y�edco{>edP�mfilk � � t�{�m G =

(V,E)
^`P)a�cfe�g`h`i%mfiKsU}�^`i

G = G1 ∗G2 � G1 = (V1, E1) � G2 = (V2, E2)
i�m
V1 ∩ V2 = {v} � � t�{�m

w : V → N
^`P`i �¤t�P���mf{>tdP©[ji�g~t�P`[j�lcfe�mf{>tdP ��µi¦s�ilpwpvi�ko^`{�yde�P�m)Pjt�^`k)pvtdP�mocoi �ltdpvpwilP�m'��e�s
�l^js>ilc�s±eSmÌe�{>s>s�i�pw{>P`{�pr^`p [U]�^`P�ilP`kuilprq`s�i

[`t�pw{>P`edP�m �lt�PjP`i É i � e�y�i ��^jP`i�[j�b�ltdpvg~t�ko{�mf{�t�PzilPr�ltd^`g�iKk�ku{>pwg`s>i �
�ÕY¸QSQSYmvFL�MVJ2LpOFQ�R+S

a1 = minu∈V1 w(u)
][S
a2 = minu∈V2 w(u)

�?l��
Q�W f Q U Y 5

γ � w(G) =





min
(
γ � w(G1 − v), γ � w(G2 − v), a1 + a2

) f R NG1 [v] = V1

][S
NG2 [v] = V2

^
γ � w|v→a1

(G2) f R NG1 [v] = V1

][S
NG2 [v] 6= V2

^
γ � w|v→a2

(G1) f R NG1 [v] 6= V1
][S
NG2 [v] = V2

^
γ � w|v→0

(G1) + γ � w|v→0
(G2) f R NG1 [v] 6= V1

][S
NG2 [v] 6= V2

�

 4 ` Q Uhf S�W�YXSNR Q U � � edP`kIs>i�g`coiKpv{�ilcp��edk � G iKkum%s>e%�utd{>P�mf^`cui�[ji
G1 − v

iKm
G2 − v � O�PÊilP`kuilprqjs>i

[`t�pw{>P`edP�md�lt�P`Pji É i%pw{>P`{�p�eds|ilknm,[jt�P��4kot�{�mx^jP�ilPjkoilpCq`s>i4[`t�pw{>P�e�P�m �Kt�P`P`i É i�[`i
G1−v � kotd{�mN^`PilPjkoilpCq`s>i�[`t�pw{>P`edP�m �lt�PjP`i É i�[`i

G2 − v � kotd{�m�sà]�^`P`{�t�Pb[U]�^`P©kot�pwpvi�m<[`i
G1 − v

iKm4[`i
G2 − v �

� edP`kCs>iw[`il^ É {��lpwi ��e�k � ko{ D ilknmr^`P�iKP`koiKprq`s�i�[`t�pw{>P`edP�mt�Kt�P`P`i É i�pv{�P`{>pr^jp [`i
G

e�s>t�cuk
D ∩NG2(v) 6= ∅ � � { D ∩ (V1 \ {v}) 6= ∅ � eds�t�cok |D ∩ (V1 \ {v})| = 1

g`^`{>ku}�^`i
D

ilknmIpw{>Pj{>pveds �iKm�ed{�P`ko{
w(D ∩ (V1 \ {v})) = a1 � �µi%mocot�{�ko{
�Kpvi ��edk�ilknmIku{>pw{>s>ed{>cui�e�^Ê[`iK^ É {
�Kpvi �

� edP`k�s>i\[jilcoPj{>ilc �ledk � kut�{�m D ^`P¦ilPjkoilpCq`s>iÑ[`t�pw{>P`edP�m �lt�PjP`i É iw[`i
G � D ∩ NG1(v) 6= ∅

iKm
D∩NG2(v) 6= ∅ ��� s>tdcok

D∩V1∪{v}
ilknmÕ^`P\ilP`kuilprqjs>iÐ[`tdpv{�P�edP�m��Kt�P`P`i É i<[ji

G1

iKm
D∩V2∪{v}ilknm4^`PÊiKP`koiKprq`s�i�[jt�pv{�P�edP�m �Kt�P`P`i É i�[`i

G2 ��� {�P`ko{
γ
/
w(G) ≥ γ

/
w|v→0

(G1) + γ
/
w|v→0

(G2) �
� i�sà]_ed^jmfcuic����mf� � ku{ D1

iKkum4^`P©ilP`kuilprq`s�i�[`t�pw{>P�edP�m �Kt�P`P`i É i�[`i
G1

i�m
D2

ilknm4^`P)ilP`kuilprq`s�i
[`t�pw{>P`edP�m �Kt�P`P`i É i,[`i

G2 � e�s>t�cuk D1∪D2\{v}
ilkum��lt�P`Pji É i � iKkumÒ^jPrilP`kuilprqjs>iÐ[`tdpv{�P�edP�mX[`i

G
iKm

w(D1∪D2 \{v}) = w(D1)+w(D2) �7� ^ ��P�eds�t�P�e
γ
/
w(G) = γ

/
w|v→0

(G1)+γ
/
w|v→0

(G2) �
�µi�pj�lpwi � t�PÊevs�i�s�ilpwpvi�ku^`{�y�edP�m4g�td^`c�s�i�g`cot�qjs
�lpwi�[`it�Ks>{�}|^ji�[jt�pv{�P�edP�mfi � ��evg`cuil^jydiCilknm

mfc��lk�ko{�pv{�s±ed{�coi��;�lils�s>i1[`^©s>iKpvpwi �j��� � �
�ÕY¸QSQSYmvFL�MVv2LpOFQ�R+S

a1 = minu∈V1 w(u)
][S
a2 = minu∈V2 w(u)

�?l��
Q�W f Q U Y 5

γ ��� w(G) =





min
(
γ ��� w(G1 − v), γ ��� w(G2 − v), a1 + a2

) f R NG1[v] = V1

][S
NG2 [v] = V2

^
γ ��� w|v→a1

(G2) f R NG1[v] = V1

][S
NG2 [v] 6= V2

^
γ ��� w|v→a2

(G1) f R NG1[v] 6= V1

][S
NG2 [v] = V2

^
γ ��� w|v→0

(G1) + γ ��� w|v→0
(G2) f R NG1[v] 6= V1

][S
NG2 [v] 6= V2

�

!@t�^jcNs�ilkÕg`cut�q`s
�KpviKkÒilP`kuilprqjs>i�kumfedq`s>i � �ls�{>}�^`i<i�mxs�ilkÕ[`iK^ É g`cu�b�l�K[`ilP�moilk,y�edcu{±edP�mfiKkÒ[U]�ilP`kuilprq`s�i
[`t�pw{>P`edP�m � s�i\g`cot�qjs
�lpwiÑ�bco�Kkot�^`[jcoiwko^`c�s>iKk �lt�pwg�tdkfedP�mfiKk���mÌed{�m1kotd{�m�s>iÑpj�lpwi � kut�{�m�s>e�y�iKcoko{�t�P
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g~t�P`[`�Kco�li�[`^�gjcot�q`s��lpwi � !Xt�^`c4ilP`kuilprq`s�i�[jt�pv{�P�edP�m � tdP�ewq�iKkot�{�PÊ[`i�[`� �`P`{>c�^`PÊg`cot�qjs
�lpwi�g`s>^jk
a��KP`�lcoeds �� t�{�m

N = N ∪ {+∞}
iKm
w : V → N

4 � � t�{�m Πi : N
4
→ N

s>e¼g`cot��ui �Kmo{>t�P [`i)s±e�{��lpwi
�lt|t�cu[`t�P`P`�Ki � i ∈ {1, 2, 3, 4} � � t�{�m

w̃(G,D,w, u) =





Π1(w(u))
ku{
u ∈ D

i�m
NG(u) ∩D 6= ∅,

Π2(w(u))
ku{
u ∈ D

i�m
NG(u) ∩D = ∅,

Π3(w(u))
ku{
u 6∈ D

i�m
NG(u) ∩D 6= ∅,

Π4(w(u))
ku{
u 6∈ D

i�m
NG(u) ∩D = ∅.

�µi ´ R~�ZT@®\½¾Ï|�XÏ�¡�£�WZ�.®KÏ�[U]�^`P©ilP`kuilprq`s�i
D

[�e�P`k
G

ilknm
w̃(G,D,w) =

∑

u∈V (G)

w̃(G,D,w, u).

� t�{�mCW¤Y ��R�Q�¹X¡�Y TXY TXR~Q��Z��£j ��¤R�� ½¾Ï|��Ï|¡�£�WZ�Z®lÏ¼[`i
G � Pjtdmf� γ (

w
(G) � s�iÑg�t�{�[`k�a��lP`�Kcfeds�{>ku�

pw{>P`{�pr^`pG[U]�^`P�kut�^`kn¶DilP`kuilprqjs>i�[`i�kot�pwpvi�mfk
D

[`i
G ��� sµilkum �ZeX�K{>s�i%[`i�y�t�{�c<}|^ji�P`tdprq`coi1[ji�[`t�¶

pw{>P�e�mo{>t�PÑa��KP`�lcoeds>{�ko�4ilknm<^`P`i%ad�lP`�Kcfeds�{>kfe�mf{>tdPw[�]_iKP`koiKprq`s>iI[`t�pw{>P�edP�m � gj^`{>ku}|^ji γw(G) = γ
(
w′(G)e�y�i �

w′(u) = (w(u), w(u), 0,+∞)
g~t�^`c\mft�^¸m

u ∈ V � � s�kl]_eda�{�mved^`koku{�[�]_^`PjiÊa��KP`�lcoeds>{�kfe�mo{>t�P
[U]�ilP`kuilprqjs>ir[`tdpv{�P�edP�m�motdmÌe�s � e�y�i � w′(u) = (w(u),+∞, 0,+∞) � iKm1[U]�ilPjkoilpCq`s>i�[`t�pw{>P�edP�m�{>P¸¶
[`�Kg�iKP`[�edP�m � e�y�i � w′(u) = (+∞, w(u), 0,+∞) �
�ÕY¸QSQSYmvFL�M �HLpOFQ�R+S

a1 = γ �
w|v→(0,∞,∞,∞)

(G2),

a2 = γ �
w|v→(∞,∞,0,∞)

(G2),

a3 = γ �
w|v→(∞,0,∞,∞)

(G2),

a4 = γ �
w|v→(∞,∞,∞,0)

(G2).

l��
Q�W f
γ �

w
(G) = γ �

w|v→(a1,a2,a3,a4)
(G1).

 4 ` Q Uhf S�W�YXSNR Q U � � t�{�m w′ = w|v→(a1,a2,a3,a4) � � t�{�m D ^`P¼kut�^`k5¶3ilPjkoilpCq`s>i\[`i
V � � ^`g`g~t�kot�Pjk%}�^`i

D ∩NG2(v) = ∅
i�m
D ∩NG1(v) 6= ∅ � � edP`k �li �ledk � t�P©t�qjmo{>iKP�m��

w̃w′(G1, D ∩ V1) = a3 +
∑

u∈V1

w̃w(G1, D ∩ V1, u)

≤ w̃w|v→(∞,0,∞,∞)

(
G2, (D ∩ V2) ∪ {v}

)
+
∑

u∈V1

w̃w

(
G1, D ∩ V1, u

)

≤
∑

u∈V2

w̃w

(
G2, (D ∩ V2) ∪ {v}, u

)
+
∑

u∈V1

w̃w

(
G1, D ∩ V1, u

)

≤ w̃w(G,D).
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� {�pv{�s±ed{�coilpwilP�m � ko{ D ∩NG2(v) = ∅
iKm
D ∩NG1(v) = ∅

eds>t�cuk
w̃w′(G1, D ∩ V1) ≤ w̃w(G,D) � i�mko{

D ∩NG2(v) 6= ∅
eds�t�cok

w̃w′(G1, (D ∩ V1)∪ {v}) ≤ w̃w(G,D) � � edPjkÐmft�^`k,s>ilk �ledkÐt�Pbtdqjmf{�ilP�m
γ
(
w′(G1) ≤ w̃w(G,D) �e� {>Pjko{

γ
(
w′(G1) ≤ γ

(
w
(G) �� t�{�m

Di � i ∈ {1, 2, 3, 4} � [`ilk4kot�^jkn¶3iKP`koiKprq`s�ilk�[`i
V2 ∪ {v}

moils�k4}�^`i
a1 = w̃w|v→(0,∞,∞,∞)

(G2, D1),

a2 = w̃w|v→(∞,∞,0,∞)
(G2, D2),

a3 = w̃w|v→(∞,0,∞,∞)
(G2, D3),

a4 = w̃w|v→(∞,∞,∞,0)
(G2, D4).

� t�{�m
D′ ^`P©kot�^jkn¶3iKP`koiKprq`s�i�[ji

V1 ∪ {v} � � t�{�m

D =





D′ \ {v} ∪D1

ko{
v ∈ D′ iKm D′ ∩NG1(v) 6= ∅ �

D′ \ {v} ∪D2

ko{
v ∈ D′ iKm D′ ∩NG1(v) = ∅ �

D′ ∪D3
ko{
v 6∈ D′ iKm D′ ∩NG1(v) 6= ∅ �

D′ ∪D4
ko{
v 6∈ D′ iKm D′ ∩NG1(v) = ∅ �

� s�t�cok
γ
(
w
(G) ≤ w̃w(G,D) ≤ w̃w′(G1, D

′) ��� {�P`ko{
γ
(
w
(G) ≤ γ

(
w′(G1) �

� td^jm �Kt�pwpvibg~t�^`c\s�ilkÑg`cotdq`s
�KpviKkwiKP`koiKprq`s�iÊknmÌedq`s�ibiKm �ls�{>}�^`i � �lilkvs>iKpvpwilkrg~il^¸y�ilP�m �Kmfcui
^jmo{>s>{�ko�KkÐg�td^`c ��eds��l^`s�ilc<s�i1g�edcfe�p ��mfcoi

γ
(
w

iKPÊ^¸mf{>s�{>koedP�m<sà]_edcoqjcoi1[`i�[`� �lt�pwg�tdko{�mo{>t�P�ilPr�lt�^`g~ilk �
�10���0�� ��7 � &xHK= �ÕM<HK7��¯J9�����1:Õ= =A� �µ7I;�7ÐHlJ9����7%E

Ë P¼ilknm1p�e�{>P�mfiKP�edP�mI{�P�mf�lcuilkuko�rg�e�cIs>in��e�s
�l^js@[`^�P`t�prq`cuit�Ìh`cut�pve�mf{�}|^ji�[U]�^`P�a�coedg`h`i�ilP¼^¸mf{�¶
s>{�kfedP�mÑkut�P�edcuq`coi)[`i©[`� �lt�pwg�tdko{�mo{>t�P iKP �Kt�^`g~ilk � Ë P'kfed{�mv[j�5�o��}|^jiÊ[�e�P`kvs�iE��edkw[`iKkva�coedg`h`iKk
g�edc"�Zed{�mokÐs>i1gjcot�q`s��lpwi1koi �ltdpvg~t�cumoi1q`{>iKP'��edc�{>s�ilkum4�K}|^j{�y�eds>iKP�m4ed^Êgjcot�q`s��lpwi ��$3��1)� - �


 ed{�k1[�edP`k1s�iC��edk1ad�lP`�Kcfeds � s>iCg`cot�qjs
�lpwirkuilprq`s�irg`s�^`k �lt�pwg`s�i É i � g`^`{>ku}�^`iÑko{
G = G1 ∗ G2 �

χ(G)
P`i�g~il^jmCg�edks�Kmfcui�[`�K[`^`{�mt�ZeX�K{>s>iKpviKP�m�[jilkCkut�s>^¸mf{>tdP`k�[jilkCkut�^`k5¶3g`cut�q`s
�KpviKkCku^`c

G1

iKm
G2 ��Ò]�e�s>a�t�cu{�moh`pvi ��eds��l^`s�ilcoe¼s>i)P`t�prqjcoiE�Ìh`cut�p�e�mf{>}�^`i)g~t�P`[`�Kco�)[`iKkvkut�^`kn¶Da�cfe�g`h`ilkj�ltdcocoiKkog~t�P`[�e�P�mok

ed^ É P`t|il^j[`kI[`i�sà]_edcoqjcoi�[`iC[`� �lt�pwg~t�ko{�mf{>tdPÊiKP=�lt�^jg�iKkIilPjcfeX�K{>P`� � [`� ��P`{@�vs±ewkoi �Kmf{�t�P �¸���7� � g�t�^jc^`P`i;�Kt�s>s�ib��mf{>tdP¼[`iC�¤t�P���mf{�t�P`k1[`i\g~t�{>[jk � � t�{�m G ^`P�a�cfe�g`h`i � iKm T kut�P¦edcoqjcoi\[`i\[`� �lt�pwg~t�ko{�mf{>tdP
ilPr�ltd^`g�iKk � ��e�s
�l^js>�1g�edc�i É iKpvgjs>i�ilP©^jmf{�s>{�kfedP�m<s.]�eds�a�t�cu{�mfhjpvi4s>{�P`��ed{�coi%[ji � edh`s>h`ed^`k�¨ � edh�·�·�¬ � Ë P
�Ìh`t�{�ko{�mÒedcuq`{�mocfed{�coilpwilP�mº^`P\P`t|il^`[

r
[jiÐsà]_edcoqjcoiÐ}�^U]�t�PÑg`coiKP`[`coe �Kt�pwpvixcfeX�K{>P`iÐ[ji

T
g�t�^jcâs>iÐcuilknmfi

[`i �li�momoi�kuib��mf{>tdP ��� tdmocoi�eds�a�t�co{�mfh`pwi�mfcfe�y�ed{�s>s>iKcfeCcu�b�K^`coku{�y�iKpviKP�mIku^`c�sà]_edcoq`cui
T

iKP`cfeX�K{>P`��iKP
r �Ë Pbcfedg`g~ils�s>i4}�^`i%g~t�^`c,^jPbP`t¸iK^`[

h
[`i
T � G∗

h

iKkum<s�i�a�coedg`h`i ��edcoeX�Kmo�lco{�kumo{>}�^`i �Kt�cocuilkug�t�Pj[�edP�m
ed^wP`t|il^`[

h
[`i
T � Gh

iKkumNs>i<a�coedg`h`i �Kt�cocuilkog~t�P`[`edP�mÐed^Ñkut�^`kn¶Da�cfe�g`h`i�ilP`coeX�l{�P`��ilP
h � iKmNko{ h 6= r �

vh

iKkum�s.]_^`Pj{>}�^`irpvedco}�^`iK^`cc�Kt�pvpC^`P��
G∗

h

i�m
G∗

h′ � t�# h′ ilkum�s�iCg��lcui\[`i
h

[`edP`k
T � � tdmfi��\}�^`i

Gr = G �Ë Pvg`cu�lkuilP�mfi4P`tdmocoi�eds�a�t�co{�mfh`pwix��s>e���a�^`cui �j� ² � � e%y�eds>{�[`{�mo�,ilknmNq�edko�Ki�ko^`cÕs>iKkÒs>iKpvpwilk �¸� � �%i�m
�j��� ² � �µiKkNPjtdmÌe�mo{>t�PjkÒko^`{�yde�P�moilkÕkotdP�mN^jmo{>s�{>ko�Kilkâmot�^jmNed^ws>t�Pja1[`i�s±e%koi �Kmo{>t�P � � t�{�m C ^jP`i �lt�s�t�cfe�mo{>t�P
w
¶Dg�tdP`[`�lcu�li�[`i

G = (V,E)
i�m
V ′ ⊆ V � Ë P©P`tdmoi�g`edc

CV ′

s>eC�lt�s�s>i �Kmf{�t�Pb[`i1mftd^`k�s>ilk�iKP`koiKprq`s>iKk
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(T )$�%'&)(+*-,/.1032546()78(+,:98,;98*-<-=?>A@B=�C)DE&)DF=?%G,H%I<-=?J8@B,-C

T
98,

G KL =?()&)DF,M.�NF,�%1=?>O78(+,;<+P8(+=?>M46&)DFQRJ1,;98,
GS�TRUWV �

X � V�Y �Z� V ��%1=R,HJ19 h
98,

T K 98,-C\[],HJ8DENENF,-C"^ N_4 (`4?<HDE%1, K =?a k
,-C)&�NF,�%1=?>;78(+,O98,�b1NFC

98,
h
,H&

h1, h2, . . . , hk

C+=?%'&"C+,-C\b1NFC
c 	

h 6= r d1e � Y c
Dh ← ∅X � V�Y b

S�f
0 g n hid 	 Y6f

Dh ← Dh ∪ {(
���������kjBl�m'���

(h, b, k,Dh1 , Dh2 , . . . , Dhk
)− b, b)}n � X � V�Y

c 	o����� Y6f �Z� V�Y � f'Y ���p������jBl1m'��� (r, 0, k,Dh1 , Dh2 , . . . , Dhk
)n � c 	

n � X � V�Y
n �rq6stP8(+=?>M46&)DF<-u"J8>;7�,H(Hv

���������
	����
���������kjBl�m'���
(h, b, k,Dh1 , Dh2 , . . . , Dhk

)S�TRUWV �
c 	

k = 0 d1e � Y cc �B	_�
w∗ : V ∗

h → N
&+,HN�QRJ1,

∀v ∈ V ∗
h \ {vh} K w∗(v) = 1

,H& K C)D h 6= r K w(vh) = bY6f �Z� V�Y � fRY
χw∗(G∗

h)c 	������
c �B	_�

m← +∞X � V�Y c
SWf

0 g 2n hwd 	 YxfX � V�Y i
SWf

1 g k hwd 	 Yxf
c �B	��

ai ← min
{

a′ : ∃b′
&+,HNpQ'J1,

(a′, b′) ∈ Dhi

,H&
a′ + b′ ≤ c

}

n � X � V�Y
c ��	��

w∗ : V ∗
h → N

&+,HN�Q'J1,�@�=?J8(�&+=?J8&
i ∈ {1, 2, . . . , k} K w∗(vhi

) = ai K@B=?J8(�&+=?J8&
v ∈ V ∗

h \ {vh, vh1 , . . . vhk
} K w∗(v) = 1

,H& K C+D h 6= r K w(vh) = b

m← min

(
m,max

(
c, χw∗(G∗

h)
))

n � X � V�Y
Y6f �Z� V�Y � fRY

mn � c 	
n �rq6stP8(+=?> L @8NEDE&Hv

ÀjÁ�Â¾Ã��`Ã���Æ©Ç � s>a�t�cu{�moh`pvi ��eds��l^`s>edP�m<s>i1Pjt�prq`cui �Ìh`cot�pve�mo{>}�^`i �
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kumfedq`s�ilkÐ[`iIs±es�Kt�s>tdcfe�mo{>t�P
C

}�^`{,�lt�P�mo{>ilP�m�e�^bpvt�{�P`kN^`Pbkot�pwpwiKmx[`i
V ′ � ��]_iKkum4�C[`{�coi

CV ′ = 〈S ∈
C : S ∩ V ′ 6= ∅〉 � Ë P�Pjtdmfiwg�edc

D(G,w, V ′)
s.]_iKP`koiKprq`s>iÑ[`iÑmftd^`k�s>ilkn�ltd^`g`s>iKk

(a, b) ∈ N × NmfiKs>kr}�^U]�{>sÕÓ e�{�m�^`P`iE�ltds>t�coe�mf{�t�P
x

g~t�P`[`�Kco�Ki
C

[`i
G

e�y�i �
a + b

�lt�^js>il^jcokri�m
|CV ′ | = a � Ë P

y�td{�mC�ZeX�K{>s�ilpwilP�m\}�^`i)ko{
(a, b) ∈ D(G,w, V ′) � eds>t�cuk (a′, b) ∈ D(G,w, V ′)

g�td^`cCmftd^jm
a′ > aiKm

(a, b′) ∈ D(G,w, V ′)
g�td^`c\mft�^jm

b′ > b � Ë P'[`{�mv}�^U]�^`Pu�lt�^`gjs>i
(a, b) ∈ D(G,w, V ′)

ilknm
Q��Z�@�ZQS£�WNko{

(a − 1, b) 6∈ D(G,w, V ′)
i�m

(a, b − 1) 6∈ D(G,w, V ′) ��� tdmfi��v}�^`ivg�td^`c �Ìh�ed}�^`i
�ltd^`g`s>i1pw{>Pj{>pveds

(a, b)
[`i
D(G,w, V ′) � t�PÊe

a ≤ χw(G)
i�m
b ≤ χw(G) �

� g�edcnmf{>c�[`i�p�ed{�P�mfilP`edP�m � g~t�^`cE�Ìh`ed}�^`i�P`t¸iK^`[
h 6= r � tdP e�g`g�iKs>s�i¼sà]�ilP`kuilprqjs>i

D(h) =
D(Gh− vh, w,NGh

(vh))
s>i
D �

Y|�@®KY¸Q�¹@WZYw[`i
h � t�#bg~t�^`cxmft�^jm

v ∈ Vh \ {vh} � w(v) = 1 � � tdmocoi
eds�a�t�co{�mfh`pwi�^¸mf{>s�{>kuizs±e¼g`cut�a�coedpvpve�mo{>t�P�[¸Ó¸P`edpv{�}�^`ibiKmj��e�s
�l^js>ib[`iKkvP`t|il^j[`k���s>e�coeX�l{�P`i � g�t�^jc�Ìh�ed}�^`i�P`t|il^`[

h 6= r
[ji

T � s>i D ¶DilP`kuilprqjs>i�[`i
h

[jilg`^`{�k�s�ilk
D
¶3iKP`koiKprq`s�ilk4[`i�mot�^`k4koiKk ��s�k ��� ^

��P�e�s � {�sF��eds��l^`s�i χ(G)
[`ilgj^`{>k�s>iKk

D
¶3iKP`koiKprq`s�ilk�[`ilk���s�k<[`i�s±e\cfe �l{>Pji

r ��µivs�ilpwpvi\ku^`{�y�edP�m�i É g�tdkoiwsà]�t�g��Kcfe�mo{>t�P¦�)i É �b�K^jmfiKcrg~t�^`c �Ìh�ed}�^`ivP`t¸iK^`[S[jivs.]�edcuq`coiÑ[`iw[`� ¶
�ltdpvg~t�ko{�mf{�t�P g~t�^`c ��eds��l^`s�ilc�kut�P

D
¶DilP`kuilprq`s�i¼iKmzkot�P P`tdprq`coiq�Ìh`cot�pve�mo{>}�^`i � ilP ^jmo{>s�{>kfe�P�mvs>iKk

D
¶DilP`kuilprq`s�ilkÕ[`i�koiKk �`s>k � � t�{�m h ^`PvPjt¸iK^`[v[ji

T � � td{�m G∗
h = (V ∗

h , E
∗
h)

s>i<a�coedg`h`i �ledcfeX��mf�Kco{>knmf{�}|^ji
�ltdcocoiKkog~t�P`[�e�P�m��

h � iKm�kut�{�m
Gh = (Vh, Eh)

s>i%adcfedg`hji �lt�cucoilkug�tdP`[�edP�m�ed^)kot�^jkn¶3adcfedg`hji�iKP`cfe �l{>Pj�
ilP
h � � t�{�m h1, h2, . . . , hk

s�ilk9��s>kÕ[`i
h
[�e�P`k

T �7� s>t�cuk
Ghi

iKkumxs>i�a�cfe�g`h`i �lt�cucoiKkog~t�P`[�edP�m,ed^�kut�^`k5¶
edcuq`coi�ilPjcfeX�K{>P`��ilP

hi

iKm
vhi

ilknmIs.]_^`Pj{>}�^`i1pvedco}�^`iK^`c�ilPr�lt�pwpr^`P©�
G∗

h

iKm
Ghi

� !@t�^`c�ku{>pwg`s>{ ��ilc
s>iKk%P`tdmfe�mf{�t�P`k�[�edP`k%s�iCs�ilpwpvi �j��� ��iKm1koezg`coiK^jy�i � t�P�P`t�mfilcoe

Gi = Ghi
= (Vi, Ei) � vi = vhi

i�m
G∗ = G∗

h = (V ∗, E∗) �ºÍ t�pwpviw{>sxe���mf�z[`{�mCgjco�b�K�l[`iKpvpwilP�m � Gh = G∗ ∗ G1 ∗ . . . ∗ Gk � � t�{�m
w : Vh → N

^`P`i �¤t�Ph�Kmf{�t�P)[`i�g�td{>[`k �
�ÕY¸QSQSY vFL�M	�FL - Q T W S
Q T S i ∈ {1, . . . k} ^ f Q�R+S (ai, bi) ∈ D(Gi − vi, w,NGi

(vi))
�COFQ�R+S

C� 8 ] Uhf ] `ji �
]KaV] S
Q T S�] f �
] f 2_Q �
Q�W�YXSNR Q Uhf w g Z Q U a,4[W34_] f C aV]
Gh

Y��X]32
|CVi\{vi}| = ai + bi

][S
|CNGi

(vi)| = ai

�2l��
Q�W f

min
C∈C
|C| = max

(
χw∗(G∗), max

i∈{1,2,...,k}
(ai + bi)

)

Q��
w∗ : V ∗ → N

S�]&�Pk T ]sZ Q T W S
Q T S i ∈ {1, 2, . . . , k}, w∗(vi) = ai

^s][SPZ Q T WDS�Q T S v ∈ V ∗ \
{v1, v2, . . . , vk}

^
w∗(v) = w(v)

�

 4 ` Q Uhf S�W�YXSNR Q U � Ë P¼cfedgjg�iKs>s>i�}�^`irku{
C

ilknm%^`PjiC�lt�s�t�cfe�mf{>tdP©g~t�P`[j�lco�Kir[`i
G � iKm V ′ ⊆ V � e�s>t�cuk

CV ′

ilknmN[`� ��Pj{ �lt�pwpvi,s>iÐpr^js�mf{ ¶3iKP`koiKprq`s>ix[`ilkÕiKP`koiKprq`s>iKkÕkumÌe�q`s>iKkÒ[`i
C

}�^`{`t�P�mÕ^`P`i�{�P�moilcukoib��mf{�t�P
P`t�P)y|{>[`i�e�ydib�

V ′ � !Xt�^`c<mft�^¸m
i ∈ {1, . . . , k} � kotd{�m Ai = NGi

(vi)
iKm
Bi = Vi \NGi

[vi] �Ë P pvtdP�mocoi�}�^`iSmot�^jmfiKkÊs�ilk��lt�s�t�cfe�mo{>t�Pjk
C ∈ C

�lt�P�mf{�ilP`PjilP�m�ed^ pvtd{>P`k
max

(
χw∗(G∗),

maxi∈{1,2,...,k}(ai + bi)
) iKP`koiKprq`s�ilkNkumÌe�q`s>iKk � !@t�^jcÕmot�^jm i ∈ {1, . . . k} � ai + bi = |CVi\{vi}| ≤ |C| �

� s�coiKkumfi���g`cut�^jydilc�}�^`i
χw∗(G∗) ≤ |C| � !@t�^`cj�liKs±e � t�Pu�lt�Pjkumfcu^`{�mv^`P`ir�ltds>t�coe�mf{�t�P g�t�Pj[`�lcu�li

C∗ [`i
(G∗, w∗)

[`ilgj^`{>k
CVh\

Sk
i=1 Bi

� !Xt�^`cvmot�^jm
S ∈ CVh\

Sk
i=1 Bi

� kut�{�m
S∗ ⊆ V ∗ s.]_iKP`koiKprq`s�i

y��Kco{ �¾edP�m
S∗ ∩ (V ∗ \ {v1, . . . vk}) = S ∩ (V ∗ \ {v1, . . . vk}) � i�m\g�td^`c�mot�^jm

i ∈ {1, 2, . . . , k} �
vi ∈ S∗ ku{Ii�mbkoiK^`s>iKpviKP�mzko{

S ∩ Ai 6= ∅ � � tdmot�P`kz}�^`i
S∗ ilknm)^`P ilPjkoilpCq`s>i¼knmÌedqjs>i�[ji

G∗ �� t�{�m
C∗ s>ivpr^`s�mf{�¶DilP`kuilprqjs>iÑ[`i�mot�^`kCs�ilkriKP`koiKprq`s�ilk

S∗ �ºÍ s±ed{�coiKpviKP�m
|C∗| ≤ |C| � � izgjs>^`k

C∗
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ilknmz^`Pji=�lt�s�t�cfe�mf{>tdP
w∗ ¶3g~t�P`[j�lco�Ki�[`i

G∗ g`^`{>ku}�^`i�g~t�^`cwmft�^jm
i � |C∗

{vi}
| = |CAi

| = ai � � {�P`ko{
minC∈C |C| ≥ max

(
χw∗(G∗),maxi∈{1,2,...,k}(ai + bi)

) �
� sÒcoiKkumfiv�b[`�lpwt�P�mfcuilc1s.]_�Ka�eds>{�mf� � !@td^`c �lils>ebt�P �lt�P`knmfcu^`{�m�^`Pji �Kt�s>t�coe�mf{�t�P

w
¶3g~t�P`[`�Kco�li

C
[`i

Gh

moils�s>iI}�^`i
C ∈ C

iKm
|C| = max

(
χw∗(G∗),maxi∈{1,2,...,k}(ai + bi)

) � � t�{�m C∗ ^`P`i �lt�s�t�cfe�mo{>t�P
w∗ ¶3g~t�P`[`�Kco�liÑpw{>P`{�pr^`p [`i

G∗ � i�m�g�t�^jc�mot�^jm
i � kut�{�m Ci

^`P`ij�lt�s�t�cfe�mf{>tdP¼[`i
Gi − vi

moils>s�i\}�^`i
|Ci| = ai + bi

i�m
|Ci

Ai
| = ai �Ë P �lt�P`knmfcu^`{�m

C
[`i�s±er�Ze	�lt�P�ku^`{�y�edP�moi � � edP`krs>eÊg`cuilpw{
�lcui���mÌedg~i � t�P g`cuilP`[ ^`PSilP`kuilprq`s�i

kumfedq`s�i
S∗ ∈ C∗ iKm@g�td^`cµmft�^jm

i ∈ {1, 2, . . . , k} � ko{ vi ∈ S∗ t�P�g`coiKP`[C^`PCilP`kuilprq`s�ixknmÌedqjs>i
Si

[�e�P`k
Ci

Ai
� ku{>P`t�Pwt�Pwg`coiKP`[

Si
[�edP`k

Ci \Ci
Ai
� � ]�{>s�P`i4coiKkumfi�ed^��K^`P�iKP`koiKprq`s�i�knmÌedq`s�i � t�Pvg`coiKP`[

Si = ∅ �Ë P�e��ut�^¸mfi��
C

sà]�ilP`kuilprq`s�i
S = S∗ \ {v1, . . . vk} ∪

⋃k

i=1 S
i � Ë PÊP`tdmfi�}�^`i

S
ilknm1^`PÊilP`kuilprq`s�i

kumfedq`s�i � Ë Pzcu�lg��Kmoi �liKmumfi%tdg��Kcfe�mo{>t�P��u^jko}�^U]_� �Ki%}�^`i
C∗ kot�{�m,y|{>[`i ��Í t�pwpwi

w∗(vi) = ai = |Ci
Ai
| �{>s�P`i�coilknmfi�ed^��K^`P©ilP`kuilprq`s�i�[�edP`k

Si ∈ Ci
moilsµ}�^`i

Si ∩ Ai 6= ∅
�\s±e ��P©[`i�s±ergjcoilpw{
�Kcoi1��mÌedg~i �

� edP`k<s>eC[`iK^ É {
�lpwi1�Kmfedg~i � mfedP�m�}�^U]_{�s�i É {�kumoi1^`P
i ∈ {1, 2, . . . , k}

moils�}|^ji
C i 6= ∅ � t�PbgjcoilPj[ �g~t�^`c�mft�^jm

i ∈ {1, 2, . . . , k} � ^`P�ilP`kuilprq`s�iCknmÌedq`s�i
Si ∈ Ci

ku{
Ci 6= ∅ � ko{>Pjt�P�t�P�g`coiKP`[

Si = ∅ �Ë P©e��ut�^jmoi��
C

sà]�ilP`kuilprqjs>i
S =

⋃k

i=1 S
i � Ë P)P`t�mfi%}�^`i

S
iKkum�^`P)iKP`koiKprq`s>i1knmÌedqjs>i �	� sUPU]�ilkum4g�e�k

[`{ * �K{>s�i%[`i1y�t�{�c<}�^`i
C

ilkum4^`Pjin�Kt�s>tdcfe�mo{>t�P
w
¶3g~t�P`[`�Kco�Ki1[`i

Gh � i�m�}�^`i
C ∈ C �B s>e ��PC[`iNs±e�g`cuilpw{
�lcuiÕ�KmÌe�g�i � C e

χw∗(G∗)
ilPjkoilpCq`s>iKkºkumfedq`s�ilk � i�mºg~t�^`c�mftd^jm i ∈ {1, . . . , k} �

Ci
e

max
(
0, |Ci \ Ci

Ai
| − |C∗ \ C∗

vi
|
)

= max
(
0, bi − χw∗(G∗) + ai

) ilPjkoilpCq`s>iKkCkumfedq`s�ilkCcuilk5¶
mÌe�P�mok �V� s�t�cokNt�Pze �ut�^jmfi4[�edPjk,s±e�[`il^ É {��lpwi���mÌedg~i

max
(
0,−χw∗(G∗) + maxi∈{1,2,...,k}(ai + bi)

)

ilPjkoilpCq`s>iKk�knmÌedq`s�ilk��
C �h� {>Pjko{ � �Ñs>e<��P

|C| = max
(
χw∗(G∗),maxi∈{1,2,...,k}(ai + bi)

) �
� s�t�cok

χw(Gh)
iKkum�s>i�pw{>P`{�pr^`pG[`i

max
(
χw∗(G∗

h),maxi∈{1,2,...,k}(ai + bi)
) g�edcupv{Umot�^`k�s>iKk

�Ìh`t�{ É g~t�koku{>q`s�ilkÒ[`iKk
k
¶3^`gjs>iKm (

(a1, b1), (a2, b2), . . . , (ak, bk)
) [�e�P`k

D(h1)×D(h2)× . . .×D(hk) �!@td^`c�mot�^jm
c ∈ N � kotd{�m tc s>i

k
¶3^jg`s>i�m�moils�}�^`irg~t�^`c�mft�^jm

i ∈ {1, 2, . . . k} � (ai, bi)
ilkumI^`P=�Kt�^`g`s�i

[`i
{(a, b) ∈ D(hi) : a+ b ≤ c}

e�ydib��s>i1g`s�^`k<g�i�mf{�m
a
g~t�koku{>q`s�i � Ë Pby�t�{�m �ZeX�l{�s>iKpviKP�m � ku{ t ilknmI^jP

k
¶D^`g`s�iKm (

(a1, b1), (a2, b2), . . . , (ak, bk)
) iKm

c = maxi(ai + bi) � eds>t�cukxs�i �Ìhjt�{ É [`i
tc

iKkumÐed^zpwt�{>P`k
ed^`kuko{xq�t�PS}|^jizs>i �Ìh`t�{ É [`i

t � �Ò]_eds>a�tdco{�moh`pwij�leds
�K^`s>i
χw(Gh)

ilP�gjcoilP`edP�m\s>ivpv{�P`{>pr^jp g�edcupv{
mftd^`k�s>ilk

k
¶3^`gjs>iKm

tc � c ∈ {0, 1, . . . , 2n} ��µi%s>iKpvpwi�gjco�b�K�l[`iKP�m�pvt�P�mocfed{�mP�Kt�pvpwilP�mP��eds��l^`s�ilcNs>iIPjt�prq`cui �Ìh`cut�p�e�mf{>}�^`i�g�tdP`[`�lcu�%[`i
Gh[`iKg`^`{>k1s�ilk

D
¶DilP`kuilprqjs>ilk1[jilk ��s>kI[`i

h � � { h iKkum�^`P�P`t|il^j[¦[j{����lcoiKP�m�[`i
r � t�P�[`t�{�mc��eds��l^`s�ilc%s�i

D
¶DilP`kuilprq`s�i1[`i

h � ��i�s�ilpwpvi%ku^`{�y�edP�m�P`td^`k�pvt�P�mocoi �ltdpvpwilP�m �liKs±e\g~il^jmp�Kmocoi �Zed{�m �
�ÕY¸QSQSYuv2L�M,'FL OFQ�R+S

G = (V,E) TeU�� W�Y[Z \ ]_^ v ∈ V
][S
w : V \ {v} → N TVU ]��}Q U 2[SNR Q U aV]

Z Q�R�a f ��OFQ�R+S b ∈ N
][S
w′ : V → N

S�]&� f k T ] w′(v) = w(v)
Z Q T W S
Q T S v ∈ V \ {v} ^P][S w′(v) = b

�
l��
Q�W f (χw′(G)− b, b) ∈ D(G− v, w,N(v))

^�][S
(χw′(G)− b− 1, b) 6∈ D(G− v, w,N(v))

�
 4 ` Q Uhf S�W�YXSNR Q U � � t�{�m C ^`P`is�lt�s�t�cfe�mf{>tdP

w′ ¶Dg�t�Pj[`�lcu�liCpw{>Pj{>pr^`p8[`i
G ��� s�t�cok

C ′ = 〈S \ {v} :
S ∈ C〉

ilkumÐ^`P`ic�Kt�s>t�coe�mf{�t�P
w
¶Dg�t�Pj[`�lcu�liI[ji

G � i�m<ered^�pvt�{�P`k
b
iKP`koiKprq`s�ilkÐknmÌedq`s�ilkxPU]�e�Ó�edP�m�g�edk

[`i�kotdpvpwiKmok<ilPr�lt�pwpr^`P©e�y�i �
N(v) � � {>Pjko{
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e�Ó�edP�mâed^Cpwt�{>Pjk
b
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� »�Ï�R¾¡�¿|QSY�vFL�M )?L � 8 Y�� � Q�W8R+S�\ ` ]�� / +0()���#������� � ��*0- +=Z�W ] U aD] U ] U SNW�4_] TeU � W$Y[Z \ ] G ][S f Q UYXW i W ]saV]ta,432_Q ` Z Q f R+SNR Q U ] U 2_Q T Z ] f T ][S 2$Y�� 2 T �
] �
] U Q `ji W ] 2_\VW Q ` YXSNR�k T ]saV] G �
 4 ` Q Uhf S�W�YXSNR Q U ����ej�¤t�P���mf{�t�P���/�+,(�� 	 � $%���

(h, b, . . .)
coiKmot�^`cuP`i

χw(Gh) � e�y�i � w(v) = 1
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Gr = G �

�Ò]�eds�a�t�cu{�mfhjpvi �leds
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^`P`ip�ltds>t�coe�mf{�t�P\[`i�mÌed{�s>s>i,pv{�P`{>pr^jp � ko{¾t�Pw^jmf{�s>{�koi<ilPwkotd^`kn¶Dcot�^jmo{>P`i4^`P`i4g`cute�K�l[`^`cui �leds
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ilP�g`co� ¶��leds
�K^`s±edP�m

min{a′ : ∃b′
mfilsµ}�^`i
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a′+b′ ≤ c}

g~t�^`c�mft�^jm@P`t|il^`[
h
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T
iKmÒg~t�^`cºmot�^jm

c ∈ {0, 1, . . . , 2n} � È P;�Kt�P`ko�K}�^`ilP��Ki � s>ixmfilpwg`kºmotdmÌe�s¸iKkumÕilP
O(n3 ·f(n,m)) �
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Z Q T W��
] f �}Q U 2[S�R Q Uhf f S�]&���
] f k T ]

f(a+a′, b+b′) ≥ f(a, b)+f(a′, b′)
Z Q T W a, a′, b, b′ ] U SNR ][W f/f S�W8R 2[S
] ` ] U S�Z Q f R+S�R � f �  sY Uhf 2_] 2$Y f �
]S�] ` Z f Z Q T Wt] 1 432 T S�][W � 8 Y�� � Q�W8R+S�\ ` ] Z Q T W �
] U Q `ji W ]<2_\VW Q ` YXSNR�k T ]PZ Q U a,4[W�4 f[T W S�Q T:f �
] f � W�Y[Z \ ] fZ�W ] ` R ][W f ] f S ] U O(f(n,m))

� 	�]&� Y'] f S �
] 2$Y f ZhYXWt] 1 ] ` Z��
] f R f(n,m) = n+m
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G = (V,E)
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V1C�/
V2
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|V1| ≥ 1

c
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c
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∆
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Gi
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V
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{H1, H2}
(E��@?B52L3"-Å6089$'-02:/
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H
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i ∈ {0, 1, 2, 3, 4}

cA+9$'-0/_�§
Xi = {v ∈ V \ C : N(v) ∩ C = {vi−2, vi+2}}

c§
Yi = {v ∈ V \ C : N(v) ∩ C = {vi−2, vi, vi+2}}

c§
Zi = {v ∈ V \ C : N(v) ∩ C = {vi−1, vi+1}}

c§
Ti = {v ∈ V \ C : N(v) ∩ C = {vi−1, vi, vi+1}}

UÃ�2^�
V =

⋃4
i=0(Xi ∪ Yi ∪ Zi ∪ Ti ∪ {vi})
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Xj = Yj = ∅
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Xj = Yj = ∅

cE�,N0$'@.+
G
C%+�/�B"2

C5

�Á�"C_Nô[]$'3"+9C%@�h,�Ü/>-1$,2/>���=U
�b�A-1-1- �JtA-

Xi 6= ∅
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Zk = Tk = ∅
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ϕ1 = ∀u, ∀v, (¬Adj(u, v) ∨ u 6∈ X ∨ v 6∈ X)

ϕ2 = ∀u, ∀v, (¬(Adj(u, v) ∨ (u ∈ P1 ∧ v ∈ P2) ∨ (v ∈ P1 ∧ u ∈ P2)) ∨ u 6∈ X ∨ v 6∈ X))

ϕ3 = ∀u, ∀v, (u 6∈ P1 ∨ v 6∈ P2 ∨ u 6∈ X ∨ v 6∈ X)

ϕ4 = ∀u, ∀v, (v 6∈ P1 ∨ u 6∈ P2 ∨ u 6∈ X ∨ v 6∈ X)

ϕ5 = ∀u, (u 6∈ P1 ∨ u 6∈ X)

ϕ6 = ∀u, (u 6∈ P2 ∨ u 6∈ X)

ϕ7 = ∀v, (¬(v ∈ P1 ∨ v ∈ P2) ∨ v 6∈ X)
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ϕ1 ≡ ϕ ≡ p

cE�XB"C
ϕ5 ≡ ¬p1
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c
Faux
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R(x1, . . . , xa)
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ϕ ∧ ψ
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libre(∀X,ϕ) , libre(ϕ) \ {X}
cA$��

X
C%+�/�B"2"CKh��,@9-b�,3"N0C��"B ("@.C�&I-0C%@á$'B`�"B +9C%#�$'2"��$'@.�5@.C,c§

libre(∃X,ϕ) , libre(ϕ) \ {X}
U

� ��� ��� � ,/& 	 �<$^2
���)@9C%Nb�Ü/>-1$,2

|=
C%+�/?�"!�OE25-1C��"C�Nb��df��
�$'2�+.B"-7h��,2:/>C9�§

〈A, z〉 |= ϕ = R(x1, . . . , xr)
+9-

(z′(x1), . . . , z
′(xr)) ∈ z′(R)

cø$e�
z′
C%+9/ Nb� dÁ$'2"#=/>-0$'2 �aB5-!=/>C%25�

z
�,BA�Æ+@�a&�3H$'N1C�+y�5C

τ
�f#,[]C%+�/96�oÜ6Y�"-0@.C

z′(R) = RA (H$'B"@�/.$'B5/.C4@.C%N1��/>-0$'2 R �"C
τ
cøC=/

z′(X) = z(X)
(H$'B"@e/.$'B5/.C�h��,@9-b�,35N1CK�"�,2"+�N1C_�"$,& �,-02"C_�"C

z
� U§

〈A, z〉 |= ϕ1 ∧ ϕ2

+.-
〈A, z〉 |= ϕ1

C=/
〈A, z〉 |= ϕ2

c§
〈A, z〉 |= ϕ1 ∨ ϕ2

+.-
〈A, z〉 |= ϕ1

$,B
〈A, z〉 |= ϕ2

c§
〈A, z〉 |= ¬ϕ1

+9-ø$'2�2�[Q� (E�,+
〈A, z〉 |= ϕ1

c§
〈A, z〉 |= ∃X,ϕ1

+�[\-0N5C=�A-0+9/>C
C ⊆ A

�
C ∈ A

+9-
X
C%+�/á�"B ("@.C�&I-0C%@ü$,@.�"@9C �=c

〈A, z[ C
X

]〉 |= ϕ1
c




 � � �����	��
 ��� � �,��
5������� � ��� 
 ��
 ���?���3� � 
 � � ���

§
〈A, z〉 |= ∀X,ϕ1

+9-�(H$'B"@G/.$'B5/
C ⊆ A

�
C ∈ A

+.-
X
C%+9/e�"B�("@.C�&I-0C%@á$'@.�5@.C � c

〈A, z[ C
X

]〉 |=
ϕ1

U
tA-
〈A, z〉 |= ϕ

c�$'2Ä�"-0/��aB5C
〈A, z〉

C%+�/yB"2kÉ«�øËW%aÂÁÈL�5C
ϕ
UWtA-üN1C4�5$'& ��-12"C��5C

z
C%+�/y2aB5Nôc�$'2!%#�@.-0@>�

A |= ϕ
U

� ��� � � � ���14�� �	�<$39#+-$)&($^2 
%,��". �	��$g2
Ã�2I�"-7/å�XB"C��"C%BA� dÁ$,@.&�B"N0C%+

ϕ
C�/
ψ
+9$'2:/áÌ,�3p��r¿"ÀEÂÁÈa�*�mÈaÎ,c'�XB"C�NV[\$'2 2"$�/>C%@.��(E�,@

ϕ ≡ ψ
c'+9-E(*$,B"@/>$,B5/>CI+9/>@9B"#�/.B"@.C

A
C�/��,+.+9-1M'2"��/>-0$'2

z
c
〈A, z〉 |= ϕ

+.-áC�/�+.C%B5N1C%&)C%2:/ +.-
〈A, z〉 |= ψ

U tA-á$'2ÄO5�AC
q ∈ N

cÜ-1N ���KB"2 2"$,&�3"@.C�2"$'2�OE25-"�"C�dÁ$'@9&�B"N0C%+<�5CD("@.$,dÁ$,2"�"C%B5@ü�"Ce�XBE�,2:/.-0OE#%��/>-0$'24�,B4("N0B"+
q
cÜ& �,-0+-1N�2º[��«�L�XB�[]B"2 2"$,&�3"@.C OE2"-á�"C dÁ$'@.&�B"N1C�+ 2"$,2k!%�XB"-7h��,N1C�2X/.C%+�UüJ^��N1�"C�B"@.C�B"+.C�&IC�2X/%c<NV[\!��aB5-0h��,N1C�2"#%CC%2:/.@.CyN1C%+edÁ$,@.&�B"N0C%+��Á&I��&IC��5BL("@9C%&)-1C�@D$'@.�"@9C ��C�+9/�-12"�"!�#%-0�E�,3"N0C,U

	<�,@ #%$'2:/.@.C,c{$'2«(*C�B5/ /.@.$'BAh'C%@ B"2"CI@.C%N1��/>-0$'2 ��[]!%�XB"-0h��,N0C%2"#�C
≈
C�2X/.@.CIN1C%+�dÁ$'@9&�B"N1C�+_/>C%N0N1C �XB"C+.-

ϕ ≈ ψ
c<�,N1$,@.+

ϕ ≡ ψ
c{C�/ (H$'B"@ B"2

q ∈ N
O5�A!,c<-1N�� �,-7/�B"2 25$'&�3"@9C OE2"-e�5C dÁ$'@.&�B"N1C�+�2"$'2!%�XB"-7h��,N1C�2X/.C%+�(E�,@

≈
cZ�"C�("@9$,dÁ$'2"�"C�B"@D�"C��XBE�,2:/>-7OE#��Ü/>-1$,2L��B�(5N1B"+

q
U

l�C�/9/>Cy!%�XB"-0h��,N0C%2"#�C�B5/>-0N1-1+9CKNV[\!��aB5-0h��,N1C�2"#%C_�5C%+�dÁ$'@.&�B5N1C%+�3*$a$'N1!�C%2"25C%+%cE�XB"-øC�+9/?�"!�#%-1�"�,3"N1C�U
��2"C �g�Z¾�Éqp{ÂfÈ �����HÂÁÌXÈA�{��ÈLC�+9/_B"25C�dÁ$'@.&�B"N1Cy#%$'25+9/>@9B"-0/.C�o ("�,@9/.-1@?�"C%+_#�$'2"2"C�#�/>C�B"@.+

∧
c
∨
C=/

¬
c<C=/4�"C ¿5À"¾Ü�fÀ"��ÂÁÈAÎL�����HÂfÌXÈa����ÈaÎ,U��?2"C`ÀEÎ�Î%��zH��À5�°�Á�*� (H$'B"@�B52"C dÁ$'@9&�B"N1C)3H$A$'N0!%C�2"2"C C�+9/4B52"CdÁ$'2"#=/>-0$'2Æ�XB"-�o`#w�"�,�XB"C�h��,@.-1�,3"N1Cy3H$A$'N0!%C�2"2"C4�,+9+.-0M'2"C�ha@>��-<$'BÆdf�,Ba�ºU3�KC%Ba�ÆdÁ$'@9&�B"N1C�+K3H$A$,N1!%C�2"2"C�+

f
C�/
g
+.$,2X/�Ì<�;p{�r¿"ÀEÂÁÈa�*�mÈaÎ�+.-�(H$'B"@K/.$'B5/.C%+�N1C�+_�,+.+9-1M'2"��/>-0$'2"+%c

f
C%+9/_ha@.�,-1C4+9-üC�/�+9C%B"N0C%&)C%2:/�+.-

gC%+�/ ha@.�,-1C�Uø��[\!��aB5-0h��,N1C�2"#%C)C%2:/.@.C)N1C%+_dÁ$'@9&�B"N0C%+_3H$A$'N0!%C�2"2"C%+�C�+9/y�"!%#�-1�E��3"N1C�UøWYN�+.B 
 / (E�,@�C=�AC%&)("N0C�"C�#%$,&I(E��@.C%@DN0C%+e/>�,3"N1C%�,BA���5C�h,!%@9-0/>!��"C�+��"C%BA��dÁ$,@.&�B"N0C%+�U
tA$'-7/

MSOL∗
0(τ,X,Y)

NV[\C�2"+.C�&�3"N0C4�"C%+_dÁ$'@9&�B"N1C�+_��/.$'&I-0�XB"C%+��5C
MSOL0(τ,X,Y)

cºC=/�(*$,B"@/>$,B5/
q > 0

c
MSOL∗

q(τ,X,Y)
C%+�/ NV[\C�2"+.C�&�3"N0C4�"C%+_dÁ$'@9&�B"N1C�+��"C

MSOLq(τ,X,Y)
�"C4Nb� dÁ$,@.&)C

QX,ψ
cø$��

Q
C%+9/yB"2«�XBE�,2:/>-7OE#���/.C%B"@�C=/

X 6∈ X ∪ Y
B52"C)h��,@9-b�,35N1C��"BÄ("@9C%&)-1C%@_$,B«�"B«+.C�#%$'2"�$'@9�"@.C�UU��$,B5/>C�dÁ$'@9&�B"N1C

ϕ ∈ MSOLq(τ,X,Y)
(*C�B5/�+%[]!%#�@.-1@9C

B(ϕ1, . . . , ϕm)
c�$��

B
C�+9/{B"2"CüdÁ$'@9&�B"N0C3H$A$'N0!%C�2"2"C_C�/?(H$'B"@e/.$'B5/

i ∈ {1, . . . , m}
c
ϕi ∈ MSOL∗

q(τ,X,Y)
U

tA$'-7/
q ∈ N

C=/
ϕ ∈ MSOL∗

q(τ,X,Y)
U 	<�,@?�"!=OE2"-0/.-1$'2L�"CyNb� ("@.$,dÁ$,2"�"C%B5@K�"C �aB"�,2:/>-0O"#���/.-1$'2�c

ϕ
(*C�B5/�+%[]!%#%@9-1@9C

QX,B(ψ1, . . . , ψm)
cD$��

B
C%+9/LB"2"C dÁ$'@9&�B"N1C^3*$a$'N1!�C%2"25CÄC=/�(*$'B5@�/.$'B5/

i ∈
{1, . . . , m}

c
ψi ∈ MSOL∗

q−1(τ,X,Y)
UÃ�2LO5�AC�B52�h,$A#%�,3"B"N1�,-1@9C

τ
��h'C�#

ui

+@�a&�3H$'N1C�+��"Cy@.C�Nb��/.-1$'2���[\�,@9-0/>!
i
cH(H$'B"@D/.$'B5/

i ∈ N∗ U tA$'-0/
X
B"2 C�2"+.C�&�3"N1C)OE2"-á�"C h��,@9-b�,3"N0C%+��"B (5@.C%&)-1C�@ $,@.�"@9CIC=/

Y
B"2 C%25+.C%&�3"N1C)OE2"-á�"CIh��,@9-b�,3"N0C%+y�"B+.C�#%$'25�ý$'@9�"@.C�U��øC%+4dÁ$'@9&�B"N1C�+4��/.$'&I-0�XB"C%+4��h,C%#�N1C�+�h,��@.-b��3"N1C�+��"B�("@.C�&I-0C%@�$,@.�"@9C �E�,2"+

X
C=/ N1C�+h��,@.-1�,3"N0C%+_�"B«+.C%#�$'2"� $,@.�"@9C)+9$'2:/��5CIN1��dÁ$'@9&IC

x1 = x2
c
U(x1)

$'B
R(x1, . . . xi)

$��
R
C�+9/ B"2"C@.C�Nb��/.-1$'2u�º[Q�,@9-0/.!

i
c
U ∈ Y

C%+�/�B52"C4h,��@.-b��3"N1C��5B«+9C%#%$,2"�k$'@9�"@.C C=/ (H$'B"@�/.$'B5/
j
c
xj ∈ X

U ��$'2"#
|MSOL∗

0(τ,X,Y)| ≤ |X|2 + |Y| × |X|+
∑

i>0 ui|X|i
U��[\!��aB5-0h��,N1C�2"#%C

≈
C�+9/��"!=OE2"-1CL@.!�#%B"@9+.-0h,C%&)C%2:/�U�ta$'-0/

q ∈ N
c�C=/

ϕ, ψ ∈ MSOL∗
0(τ,X,Y)

U
tA-
q = 0

cD�,N0$'@.+
ϕ ≈ ψ

+.-
ϕ = ψ

U�tA-02"$'2�c
ϕ
C�+9/��"CuN1�kdÁ$'@.&)C

QX,ϕ′ C=/ ψ �"C Nb�kdÁ$'@9&IC
Q′X ′, ψ′ U tA- X C%+9/áB"25C�h��,@9-b�,35N1Ce�"B)("@9C%&)-1C%@�$,@.�"@9C,cX�,N0$'@.+

ϕ ∈ MSOLq−1(τ,X∪{X},Y)
c,+9-12"$'2

ϕ ∈ MSOLq−1(τ,X,Y∪{X})
UM��C�&)�%&)C,c'+9-

X ′ C%+�/áB"2"C�h,��@.-b��3"N1Ce�5B ("@9C%&)-1C%@�$,@.�"@9C,cX�,N0$'@.+ ψ ∈
MSOLq−1(τ,X∪{X ′},Y)

cm+.-125$'2
ψ ∈ MSOLq−1(τ,X,Y∪{X ′})

U���N1$'@9+
ϕ ≈ ψ

+9-
Q = Q′ c X C=/

X ′ +.$'2:/��"C%+áh,��@.-b��3"N1C�+��"B &)�%&)C�$,@.�"@9C,cXC�/ ϕ ≈ ψ′ X′

X

U�	<��@G@9!%#%B5@.@.C�2"#%C�c5-0NR�)� B"2I2"$'&�3"@9C?O"2"-Z�"C



��� � ���M�	� � ��� 
 � �

#%N1�,+.+9C%+���[\!��XB"-0h��,N0C%2"#�CG�"C
≈
�E�,2"+

MSOLq−1(τ,X,Y)
U��K$'2"#GN1Cå2"$'&�35@.Cá�"C�#�Nb�,+9+.C%+���[]!%�XB"-0h��,N0C%2"#�C�"C

≈
�E�,2"+

MSOL∗
q(τ,X,Y)

C%+�/�OE25-GC=/�+.C�@>����[Q��B ("N1B5+
2 × (|MSOLq−1(τ,X ∪ {X},Y)| +

|MSOLq−1(τ,X,Y ∪ {X})|)
U

tA$'-7/
ϕ, ψ ∈ MSOLq(τ,X,Y)

U
ϕ
C=/
ψ
(*C�B5h'C�2X/y+�[\!�#%@.-0@.C�@9C%+9(*C�#�/>-7h'C�&IC�2X/

B(ϕ1, . . . , ϕm)
C=/

B′(ψ1, . . . , ψm′)
c��mh,C%#

ϕi, ψi ∈ MSOL∗
q(τ,X,Y)

U 	<�,@�@.!�#%B"@9@.C�2"#%C�c�-0N^� ��B"2«25$'&�3"@9C O"2"-��"C#%N1�,+.+9C%+���[]!%�XB"-7h,��N1C%25#%C4�"C
≈
�E�,2"+

MSOL∗
q(τ,X,Y)

U��øC42"$,&�3"@.C��"C #%Nb��+.+.C�+_��[]!%�XB"-0h��,N0C%2"#�C4�"C
≈
�E��2"+

MSOLq(τ,X,Y)
C�+9/�OE2"-øC=/�+9C%@.�)��[\�,B�("N1B5+

22|MSOL∗
q(τ,X,Y)| U

� ��� � � � �����3$ �(�f&1$ + � 4����#$ &����19�$ 2 68�D�#+M6"�1� $
tA$'-7/

τ
B52Æh'$a#��,3"B5Nb�,-0@.C,U*Ã�2u�"!=OE2"-0/

τ k
N1C h,$A#%�,3"B"N1�,-1@9C #�$'2:/>C�2E�,2:/_/>$'BA/>C�N0C%+�@9C%N1��/>-0$'2"+?�"C

τ
c��h'C�#

k
@.C�Nb��/.-1$'25+eB"2E�,-0@.C�+

Pi, . . . Pk

U
tA$'-7/
A
C=/
A′ �"C%BA� τ 6g+9/.@.B"#=/>B"@9C%+%c,�"Ce�"$'&I�,-02"C%+�@.C�+.(HC%#=/>-0dÁ+ A C=/ A′ U'Ã�2�+9B"("(H$'+.CD�XB"C A∩A′ =

∅
�Á+.-125$'24$'2�("@9C%2"� B"25Ce#%$'(5-1Ce�"-0+Á89$'-02:/>Cá�"C

A′ � U'��[\B52"-1$'2��"-1+r89$'-12:/>CG�"C A C=/ A′ C%+�/�Nb� τ 6Y+�/>@9B"#�/.B"@.C�c2"$,/.!%C
A
⊔
A′ ca�"C��5$'& ��-12"C A∪A′ caC=/�/.C%N1N0C��aB5CK(H$'B"@á#w�E�,�XB"C�@9C%Nb�Ü/>-1$,2 R c RA

F

A′
= RA ∪RA′ U

���,25+?N0C%+�#���+?�5C%+�M'@>��("�"C%+�cZ#%C�/9/>C�$'(H!%@.��/>-0$'2 #%$'@9@.C�+.(H$'2"� o4NV[\B"25-1$'2 �"-0+Á89$'-02:/>C,U§
·i
@9C%("@9!%+.C�2:/>C�Nb�

τk
6Y+9/.@.B"#=/>B"@9C,c<�mh,C%#`#�$'&)&IC)�"$'&I�,-125C

{v}
c{/.C%N1N0C �aB5C

Pi = {v}
C=/�/.C%N1N0C�XB"C_/>$,B5/>C�+?N0C%+?�,B5/.@.C�+?@9C%N1��/>-0$'2"+e+9$'2:/?ha-0�"C%+�U§

ρi→j(A)
C�+9/�Nb� +9/.@.B"#=/>B"@9C �"Cy�"$'&I�,-02"C

A
cE/>C�N1N0C_�aB5C

P
ρi→j(A)
i = ∅

c
P

ρi→j(A)
j = PA

i ∪ P
A
j

cC=/��XB"C�(H$'B"@e/.$'B5/>C�+�N0C%+��,BA/>@.C�+�@.C%N1��/>-0$'2"+
Rρi→j (A) = RA U§ tA$,-0/

R
B52L+ �A&�3*$'N0C��"C�@.C%N1��/>-0$'2��,B5/.@.Cy�XB"C

Pi

c
i ∈ {1, . . . , k}

c"C=/K+9$'-0/
a
+.$'2^�,@.-7/>!,U`�KN1$,@.+

ηR
(i1,...,ia)(A)

C�+9/KNb� +9/>@9B"#�/.B"@.C �"Cy�"$'&I�,-12"C
A
c*��h,C%#

R
ηR
(i1,...,ia)

(A)
= RA ∪ PA

i1
× . . .× PA

iaC=/�(H$'B"@e/.$'B5/�+ �A&�3*$'N0C_�"C�@.C�Nb��/.-1$'2
Q
��B5/>@9C_�aB5C

R
c
Q

ηR
(i1,...,ia)

(A)
= QA U§

A⊕A′ C%+�/�NV[\B52"-1$'2 �5-1+Á89$,-12:/>C_�"C�+�+9/>@9B"#�/.B"@.C�+ A C�/ A′ cE#,[]C%+9/�6	oÜ6g�"-1@9C A⊔A′ U��� N1�,@.M,C%B"@��5C�#�N1-0�aB5C ��[\B52"C
τ
6Y+�/>@9B"#�/.B"@.C

A
C%+9/)N0C ("N1B"+4(HC�/.-0/

k
/.C%ND�XB�[]-1NeC�+9/)(H$'+.+9-13"N0C`�"C#%$,2"+9/.@.B"-0@.C_Nb�

τk
6g+9/>@9B"#�/.B"@.C

A′ ��h,C%#yN1C%+�$'(*!�@>��/.-1$'25+D#%-��"C�+.+9B"+%cZC�/D/.C%N��XB"C A C%+�/�Nb��+9/.@.B"#=/>B"@9C A′@.C�+9/.@.C%-02:/>C��"C%+?("@9!%�"-0#���/.+?B52E�,-1@9C%+
Pi

c
i ∈ {1, . . . , k}

U





� ��� ����� �
	 �

� 
�� 
 � � � � � ����� � � �

�����5!%#%$,&I(H$'+.-7/>-0$'2ÆC%2Ä#%$,B"(*C�+y�,-12"+9-<�XB"C Nb�`�5!%#%$,&I(H$'+.-7/>-0$'2Æ3"-Å6089$'-02X/K+.$'2:/y�"C�BA� M'!�2"!%@.�,N1-0+>�Ü6/>-0$'2"+��"CDN1�_�"!%#�$'&I(H$'+9-0/>-0$'2�&)$A�5B"Nb�,-0@.C�c�M'!�2"!%@.�,N1-0+>��/.-1$'2��E�,2"+�N0CD+.C%25+G�XB�[]B"2)&I$a�"B"N0Ce��[]B"2IM,@>�,("�5CC%+�/�/.$'BÜ89$'B"@9+ B52"CI#�$'B"(HC C=/�B"2«3"-76789$'-12:/%U �KC #�C)df��-0/yB"2kM,@>�,("�5CI#�$'&I(5NE �/.C%&)C%2:/ �"!%#�$'&I(H$'+.�,3"N1C(E�,@GNb���"!%#�$'&)(*$'+9-0/.-1$'2)&I$a�"B"N1�,-1@9CD+.C�@>��#%$,&I("N� �/.C%&)C%2:/��5!%#%$,&I(H$'+>��3"N1C?(E�,@GNb� �5!%#%$,&I(H$'+.-7/>-0$'2 C%2#%$,B"(*C�+�C=/�Nb�4�"!�#%$'&)(*$,+.-0/.-1$'2 3"-76789$'-12:/�U
l�$'&)&IC��,B5/.@.CKM,!%2"!�@>�,N0-1+>�Ü/>-1$,2I�"C�Nb�y�"!%#�$'&I(H$'+9-0/>-0$'2)&I$a�"B"N1�,-1@9C,c:$'2I(*C�B5/��°89$'BA/>C%@GNb�y�"!%#�$'& 6(H$'+.-7/>-1$,2�C�2^#�$'B"(HC%+K�5B^M'@.�,("�"Cy#%$'&)("N0!%&)C%2:/w�,-0@.C�UE��2"Cy3"-Å6Y(E�,@�/>-7/>-1$,2 �"C%+?+.$'&)&)C�/>+���[]B"2ÆM,@>�,("�5CC%+�/y�,("(HC%N0!%C4B"2"C Í'�"�>Í'�mp{Ç�ÈÆ+9-ü#%C=/./.C)35-76Y("�,@9/.-0/>-0$'2�C%+9/�B52"C #%$'B"(HC4�"B M'@.�,("�"C4#�$'&I(5N1!%&)C%2:/>�,-1@9C,U�øC%+y3"-76789$'-12:/.+_�"Bk#�$'&I(5N1!%&)C%2:/>�,-1@9C���[]B"2 M'@.�,("�"C +.$,2X/ C=�5�,#=/>C�&IC�2X/�N1C�+y35-76089$,-12:/>+_�"B«M'@>��("�"C,c�C=/�"$'25#y2º[\-02"�"B"-0+.C%2:/?(E�,+��"C�2"$,B5h'C�N1N1C_�5!%#%$,&I(H$'+.-7/>-0$'2�U
���,2"+?#%C�#w�E��("-0/.@.C,cE$,2�!=/>B"�5-1C��"C%+�M'!�2"!%@.�,N1-0+>��/.-1$'25+e�"C�#%C�+��"!�#%$'&)(H$'+.-7/>-1$,2"+%U

� jml
k
q�k tL|k� ff�_z �Kx fg� �'� �I��� k tL| �Gfg� o>�:�

�,C��,2a6�J^�,@9#)�{��2"N1-0M'2"C%NVc*�"�,2"+yNb�`#%$,2"#%N0B"+.-0$'2 �"C +>� />�! �+.CLP\���,2ERA��TVcø(E�,@.N0C4-125dÁ$,@.&)C%N1N0C%&)C%2:/��"C#%C �aB5C`(*$,B"@.@.�,-0/y��/.@.C`N1��N1�,@.M,C%B"@y&I$a�"B"N1�,-1@9C ��[\B52 M'@>��("�"C,c{B"2"C +.$'@�/>C`�"CIM'!%25!%@>��N1-1+.��/>-0$'2Ä�"C N1��"!�#%$'&)(*$,+.-0/.-1$'2 &)$A�5B"Nb�,-0@.C�U,WYNE�"-7/G�XB"C?#%C�(E�,@.�,&� =/>@9C?(H$'B"@9@>�,-7/å��/.@.C?B"2"C��,N0/.C%@.2"��/>-7h'C�o N1�_Nb�,@9M'C%B"@�"C�#%N0-1�XB"C_C=/�o4N1��Nb�,@9M'C%B"@ ;��WlKU
���,2"+ #�C�/9/>C +.C�#�/>-0$'2�cG$'2 �"$'2"25CuB"2"Cu�"!=OE2"-0/.-1$'2ýdÁ$'@.&)C%N0N1C���[\B52"CuNb�,@9M'C%B5@`&I$a�"B"N1�,-1@9C,cå�,-02"+.-�XB"C`�"C�+�@.C�Nb��/.-1$'25+ �"C #%C�/9/>C`N1�,@.M,C%B"@ ��h'C%# Nb�LN1�,@.M,C%B"@ �"C #�N1-1�XB"CIC�/�Nb�LN1�,@.M,C%B"@�;K�WlKU�Ã�2kh,C%@9@>��XB�[]-1N�+�[Q�,M,-0/D�"C�(E��@>�,&g �/.@.C%+D+9-1&)-1N1�,-1@9C%+%cXC=/��XB"C�N0C_@>�,("(H$'@�/DC%2:/>@9C #�C%+�Nb��@.M'C�B"@.+DC�+9/��,B�("N1B5+

2
UZÃ�2�"$'252"C%@.�4�,B"+.+9-�B"2"C_25$'B5h'C�N1N0C��,N0M  %3"@9C�(H$'B"@�#�$'2"+�/>@.B5-1@.C_B52 M'@>�,(5�"C��"C�N1�,@.M,C%B"@G&I$a�"B"N1�,-1@9C

k
�mh,C%#�,B�("N0B"+

k
#%$'B"N0C%B"@9+��"-��*!%@9C%2:/>C�+%U

� ��� ��� �#$g2
k
� . ,/&��	��$g2

� Ì � �{�Á�m�f�H� 
;(�)+(�)�(-tA$,-0/
k ∈ N∗ c G = (V,E)

B"2ÄM'@>�,(5�"C4C�/
V ′ ⊆ V

U{Ã�2 �"-0/_�XB"C
V ′ C%+�/yB"2

k
�>Ék�øËWp{ÂfÈL+%[]-1N<C �A-1+9/.C B"2"C (E�,@�/>-0/.-1$'2

{V ′
1 , . . . , V

′
k}
�"C

V ′ />C�N1N0C��XB"C (*$,B"@�/>$'BA/ i ∈ {1, . . . , k} cC�/?(H$'B"@e/.$'B5/
u, v ∈ V ′

i

c
N(u) \ V ′ = N(v) \ V ′ U




 ��� �����	��
 ��� � � � ������� �u��� 
 � � ��
 �����

�" ¢¡Z£ �"£7¥�¦ § ��2
3
6g&I$a�"B"N0CK�E��2"+�B"2LM,@>�,("�5C ��h,C%#y+>� (E�,@9/.-0/.-1$'2�U

Ã�2 h'$'-7/�df�,#%-0N1C�&IC�2X/��XB�[\B52
1
6Y&)$A�5B"N1C)#%$'@9@.C�+.(H$'2"�so^B"2�&)$A�"B5N1C,U����^OEM'B"@9CGx5U7� �"$'2"25C`C%2C=�AC�&I("N0C�B"2

3
6Y&)$a�"B"N1CK�E�,2"+�B"2�M'@>��("�"C,UÃ�2 h,C%@9@>���E�,2"+�Nb� +9C%#=/>-1$,2 xAUQS #%$,&I&)C%2:/ $'2 (HC%B5/��5!%#%-0�"C%@�C�2 /.C%&)("+�(*$,N<�a2"$'&)-b�,N�+9-_B"2M'@.�,("�"C�(H$'+9+7 %�5C_B"2

k
6g&I$a�"B"N0C?25$'2`/>@9-0ha-b�,NVc:(*$,B"@

k
O5�A!�UEÃ�2`h'C�@.@>��!�M:�,N0C%&)C%2:/e�XB�[]B"2"C_+�/>@.B5#�/>B5@.C@.C�("@.!�+.C�2X/>�,2:/D/>$'B5+�N1C�+

k
6Y&)$A�"B5N1C%+á�"B`M,@>�,("�5C�(*C�B5/e�=/>@9CK#���N1#%B5N1!%C�C%2 /.C%&)("+e(H$'N<�a2"$,&I-1�,Nôc�(*$'B5@

kO5�A!,U��2"CIÍ:ÂÁÀEÎ�Î%ÈÆ�"�,2"+
G
��[]B"2k+9$'B"+�6gC%2"+9C%&�35N1C

V ′ �5C V C%+�/�B"2Ä+.$,B"+�6gC%2"+9C%&�3"N0CI&I�Ü�A-1&I�,N
C
�"C+.$,&I&)C�/.+��"C

V ′ /.C%Nº�XB"CK(*$'B5@á/.$'B5/ u ∈ V (G) \V ′ ca+.$,-0/ u C�+9/����Ü8.�,#%C�2:/�oy/.$'B"+eN0C%+�+9$'&)&IC=/>+á�"C
C
c:+.$'-7/yoy�,B"#�B"2�UAÃ�2I25$,/>C�@>��(E�,@

PartG(V ′)
Nô[]C%25+.C%&�3"N1C��"C�+G#�Nb�,+9+.C%+á�"C

V ′ �E�,2"+ G UaÃ�2)h,$'-0/á�XB"C
V ′ C%+�/4B"2 k 6Y&)$A�5B"N1C +.-áC�/�+.C�B"N1C�&IC�2X/�+.- |PartG(V ′)| ≤ k

U��øC%+ �"C%BA�k$'3"+9C%@�h,�Ü/>-1$,2"+ +9B"-0h��,2:/.C%++.$,2X/?-0&I&)!%�"-1��/>C�+%U
�åÈAÉkÉkÈ 
;(�)+(���@

V ′ DNL]I�KH1 k R�>�/QF?KHBED FHD G �y:?BE/�[�L
V ′ DNL]I KH1 k R�>�/QF?KHBED FHD G c

�åÈAÉkÉkÈ 
;(E�;(���@
V ′′ ⊆ V ′ ⊆ V

D]I
V ′′ DNL]IyKH1 k R�>�/QF?KHBED�FHD G � :?BE/�[�L

V ′′ DNL]IyKH1 k R�>�/QF?KXBED$FHD
G[V ′]

c
tA-
{V1, V2}

C�+9/<B"2"Ce#�$'B"(HC,c,B52"C�#�$�6Y#�$'B"(HCe$'B�B"2�3"-76789$'-12:/�c°��N1$'@9+
V1

C�/
V2

+9$'2:/��"C%+
2
6Y&)$a�"B"N1C�+%U

�K$'25# +9-
V ′ C�+9/KB"2L&)$a�"B"N1C�c V \ V ′ C%+�/KB52 2

6g&I$a�"B"N0C,U 	åN0B"+�M'!%25!%@>��N1C%&)C%2:/�$'2�(*C�B5/K�5!%&)$'2:/>@.C�@N1C_N0C%&)&ICK+.B"-7h,��2X/%U
�åÈAÉkÉkÈ 
;( �;(���@

V ′ DNL]I�KH1 k R�>�/QF?KHBED���:?BE/�[�L V \ V ′ DNL]I KX1 2k
R�>�/QF?KHBEDQc

���]>�/�1`L]I�[�:?I*@�/�1mc�tA$'-7/
u 6∈ V ′ U��KN0$'@.+�(H$'B"@�#w�E�,�XB"C #%Nb��+.+.C C �"C

V ′ c u C�+9/�+.$'-7/��,�Ü8.�,#�C%2:/ o />$'B5+N1C�+�+.$'&)&IC=/>+D�"C
C
cE+.$'-7/�oI�,B5#%B"2�U l�$'&)&)C_-1NK���)�,B�("N1B"+

k
#%N1�,+.+9C%+?�E�,2"+

V ′ cE-1NK���)�,B�("N1B"+ 2k�,�Ü8.��#%C%25#%C%+?(H$'+.+9-13"N0C%+e(H$'B"@DN0C%+D+.$,&I&)C�/.+D�"C
V \ V ′ �E�,2"+ V ′ U��K$'25# |PartG(V \ V ′)| ≤ 2k

U
FZ�,3"-1C�2k�"C`JL$'2:/>M,$'N0OEC�@���#%$'2"+.�,#%@9!`B"2 #w�"�,("-0/.@.CI�"C +.�L/>�! �+.CGoLNô[]!�/>B5�"C �"C�+

2
6g&I$a�"B"N0C%+�UøWYN&)$'2:/>@.C_C�2L("�,@9/.-1#%B5N1-1C�@e�XB�[]-1N1+D25C�dÁ$,@.&)C%2:/�(E�,+�cEC%2�M'!%2"!�@>�,NVc"B"2"C_df�,&)-1N0N1C?(E�,@�/>-0/.-0h,C,U

l�C%N1��C�+9/y�"!Y87o�B52 ��&I�,B5h��,-0+�(*$,-12:/ �Æ(*$,B"@_Nb�`�"!=OE2"-7/>-1$,2u�"C4#%C �XB"C (*$,B"@.@.�,-0/K��/>@9C4B"2"C �"! 6#%$,&I(H$'+.-7/>-0$'2
k
6Y&)$a�"B"Nb��-1@.C

	
Nb�)("@.$'(5@.-1!=/>!y�"C�("�,@9/.-0/>-7ha-0/>!�(HC%@9&IC=/./w��-0/?��[\�mh,$'-1@?Nô[]B"2"-0#%-7/>!��"C�N1�I�"! 6#%$,&I(H$'+.-7/>-0$'2�U
��N1N0C�M:��@>�,2:/>-7/e��B"+.+9-º�XB�[]B"2"C��"!�#%$'&)(H$'+.-7/>-1$,2 @.!�#%B"@9+.-7h'C�(E��@�B"2 &)$A�5B"N1C�2"$'2`/.@.-7hA-1�,N�,3H$'B5/.-0/e/.$'BÜ89$'B"@9+�o N1���"!%#�$'&)(*$'+9-0/.-1$'2�U



� � 
 �
k
� �!� � � � ���7� ��� � � � �/� � �!��� � � ��
 � � 
 ���

Ã�2�(*C�B5/ü25!��,2"&)$'-02"+�+.B"M'M,!%@.C�@�oK�XB"$,-a#�$'@.@9C%+9(*$'25�"@>�,-7/<B52"Ce�"!�#%$'&)(*$,+.-0/.-1$'2
k
6Y&)$A�"B5Nb�,-0@.Cü��[]B"2M'@.�,("�"C�U

� Ì � �{�Á�m�f�H� 
;(�)+(�� (�tA$'-7/
G
B"2 M'@.�,("�"C�U���2"C`Ë{ÌaÍ'�HÉkÇ��HÎ��r�°�f�H�

k
�wÉ«�øË p{ÂÁÀE�f¾°È �"C

G
C%+�/4B"2"Cdf�,&)-1N0N1C

F
��[]C%2"+9C%&�3"N0C%+?�"C�+.$'&)&)C�/>+D�5BLM'@.�,("�"C�/.C%N0N1C_�XB"C9�§ (H$'B"@e/.$'B5/�+.$,&I&)C�/

v
�"BLM,@>�,("�5C,c

{v} ∈ F
c§

V ∈ F
c§ (H$'B"@e/.$'B5/

X ∈ F
C=/
Y ∈ F

c
X
2"C�#w�"C=h��,B"#w�"C (E�,+

Y
c§ (H$'B"@e/.$'B5/

X ∈ F
c
X
-12"�"B5-0/�B"2

k
6g&I$a�"B"N0C��"C

G
U

���,2"+�N1Cy#��,+?�"C�+
1
6g&I$a�"B"N0C%+%c5#%C�/9/>Cydf�,&I-0N1N0CK#%$,@.@.C�+.(H$'2"�u��BA�L&I$a�"B"N0C%+DdÁ$'@9/.+��5B^M'@.�,("�"C�U
	��,@�"!=OE2"-0/.-1$'2ºcºB"2"C4�5!%#%$,&I(H$'+.-7/>-0$'2

k
6g&I$a�"B"N1�,-1@9C �º[\B"2 M'@.�,("�"C4C�+9/yB"2"C�df��&I-0N1N1C �,@93*$'@9C%+9#%C%2:/.C,U ��N1N0C�"C�& �,25�"C�C�24("N1B"+{�XB"Ce#w�E���aB5CD&IC�&�3"@.Cá�"CeN1��df��&I-0N1N1C�-02"�"B"-0+.CáB"2

k
6Y&)$A�"B5N1C,U°�?2"Ce�"!�#%$'&)(H$'+.-7/>-1$,2

k
6g&I$a�"B"N1�,-1@9C���[\B52�M,@>�,("�5C�#%$'@9@.C�+.(H$'2"� �"$'25# o�B"2��,@.35@.C,ca/>C�N��XB�[\-0N_�`�,-0/�B"2"C�35-¢89C%#=/>-0$'2`C%2:/.@.C_N1C�++.$,&I&)C�/.+D�"BLM,@>�,("�5CyC=/?N1C%+edÁC�B"-1N0N1C�+e�"CyNô[\�,@.3"@9C,c"C=/?(*$'B5@e/>$'B5/�25$AC�B"�L�5C NV[Q�,@93"@.C�c"Nô[]C%25+.C%&�3"N1C_�"C�+dÁC%B5-1N1N0C%+_�"B«+.$'B5+�6ö��@.3"@9CIC�2"@>�,#�-12"!)�,B«2"$aC%B"�«-12"�"B5-0/�B"2

k
6Y&)$a�"B"N1C��"C

G
U�Ã�2 �,("(HC%N0N1C4#�C�/��,@.3"@9CÂ��7À5¾Ü�{¾°ÈÆË�ÈuÂÁÀ«Ë�ÌaÍ'�HÉkÇ��HÎ��Á�m�f�H�åUÃ�2�h��Æ+�[\-02X/.!%@9C%+.+9C%@�oÆ(E�,@�/>-1@��"C & ��-12:/>C�2E�,2:/ �,BA� M'@>��("�"C%+4#�$'&)("NE =/>C%&)C%2:/4�5!%#%$,&I(H$'+>��3"N1C�+(E�,@D#�C�/9/>Cy�"!%#�$'&I(H$'+9-0/>-0$'2

k
6Y&)$A�"B5Nb�,-0@.C,U

� ��� ��� � *^+ ,�.)01,�2547684�,�9 0 �#�
k
� . ,/&��	��$g2 $g6 ���#����$ �(�h. ,/&��	���(4B�%$

� Ì � �{�Á�m�f�H� 
;(*)+( �;(�tA$'-7/
G = (V,E)

B"2uM'@.�,("�"C�UøÃ�2Æ�"-7/��XB"C
G
C�+9/yË�ÌAÍ'�HÉkÇ��HÎ%À5�<ÂÁÈ Ç�À"¾

k
�Ék�øËWp{ÂfÈaÎå+%[]-1NXC=�A-1+�/>CGB"2��,@93"@.Cá3"-02E�,-1@9C�C%2"@.�,#%-02"!

T
/>C%NX�XB"CG-1N�� �,-0/{B"25CG3"- 89C%#=/>-1$,2 C�2X/.@.CGN1C%+�dÁC%B5-1N1N0C%+�"C�Nô[\�,@.3"@9C�C�/eN0C%+á+.$'&)&)C�/>+å�"B M'@>�,(5�"C,cXC�/G�XB"C�(H$'B"@å#w�E�,�XB"CK2"$AC�B"�

a
�5CKNô[\�,@93"@.C�c:Nô[]C%2"+9C%&�3"N0C��5C%++.$,&I&)C�/.+D#%$'@9@.C%+9(*$,2"�E�,2:/��,BA� dÁC�B"-1N0N1C�+e�"B�+.$'B"+ö6ö�,@93"@.C�C�2"@>�,#�-12"!�C�2

a
C%+9/?B"2

k
6g&I$a�"B"N0C,U

Ã�2^h'$'-7/�3"-0C%2L�aBº[\-0N�+�[Q�,M,-0/���[\B52u#��,+�(E�,@9/.-1#�B"N1-0C%@��"C�N1�I�"!�#%$'&)(H$'+.-7/>-1$,2
k
6Y&)$A�"B5Nb�,-0@.C,cA/>C%N{�XB"C#w�E�,�XB"C�2"$aC%B"�Ï�"C�Nô[\�,@93"@.C �"C��"!�#%$'&)(H$'+.-7/>-1$,2 � �,Bý(5N1B"+4�"C�BA��OEN0+%U�� (E��@9/>-0@4�"C�& ��-12:/>C�2E�,2:/�c�XBE�,2"� $,2 (E�,@.N0C%@.� �"C��5!%#%$,&I(H$'+.-7/>-0$'2

k
6Y&)$A�"B5Nb�,-0@.C,c,$'2 +.$'B5+eC%2:/>C�2"�"@.� �XB"CK#w�E�,�XB"C�2"$aC%B"�`�"�,2"+Nô[\�,@93"@.C��5C4�"!%#�$'&I(H$'+9-0/>-0$'2u� �,B ("N0B"+

2
OEN0+%Uº��C�+_M'@>��("�"C%+��"!�#%$'&)(H$'+>�,35N1C%+K(E�,@

1
6g&I$a�"B"N0C%+�+.$'2:/C=�5�,#=/>C�&IC�2X/ N1C�+I#�$'M'@>��("�"C%+�UeÃ�2ý@.C�/.$'&�3HC��"$'2"#L3"-1C�2ý+9B"@ N1�Ä#�Nb�,+9+.C��"C%+IM'@>�,(5�"C%+IC%2:/>-� %@.C�&IC�2:/�"!�#%$'&)(*$,+>�,3"N0C%+D(E��@?N1���"!%#�$'&)(*$'+9-0/.-1$'2 &)$A�5B"Nb�,-0@.C�UÃ�2L(HC%B5/?�"!=OE2"-0@DB"2L("�,@>�,&g �/.@.C_�"C�M'@.�,("�"C�#�$'@.@9C%+.(H$'2"�"�,2:/�o4#�C�/./.C �5!%#%$,&I(H$'+.-7/>-0$'2 �

� Ì � �{�Á�m�f�H� 
;(�)�( &�(�tA$'-7/
G = (V,E)

B"2«M'@>�,(5�"C,U�����ÂfÀ"¾�zZÈHp{¾ É«�øË p{ÂÁÀE�f¾°ÈL�"C
G
C%+�/�N0C)(5N1B"+(HC�/>-7/

k ∈ N∗ />C�Nø�XB"C G +.$'-7/��"!%#�$'&)(*$'+.�,3"N0C_(E�,@ k 6g&I$a�"B"N0C%+%U5WYN�C%+�/K2"$�/>! mod-wd(G)
U

�øC%+�M'@>�,(5�"C%+��"-0+9/w��2"#%Cu�"!�@.!��"-0/>�,-1@9C,ceN0C%B"@ #�$'&I(5N1!%&)C%2:/�C=/�N1C%+�M'@.�,("�"C�+�+>�,2"+
C5

ce/>�,B"@9C��,B�cM'C�&�C=/ #%$�6gM'C%&	-125�"B"-0/�$'2:/4B"2"C N1�,@.M,C%B"@ &I$a�"B"N1�,-1@9C)�º[Q�,B (5N1B"+
2
U���2 C �*C�/%cü#%C�+4M'@>��("�"C%+�+.$'2:/#%$,&I("N� �/.C%&)C%2:/4�"!�#%$'&)(*$,+>�,3"N0C%+�("�,@4Nb�^�5!%#%$,&I(H$'+.-7/>-0$'2 C%2�#�$'B"(HC%+%c<Nb�Æ�"!�#%$'&)(*$,+.-0/.-1$'2«3"-76789$'-12:/$'BuN1�`�"!%#�$'&I(H$'+9-0/>-0$'2^C�2 #%$�6g#%$'B"(HC%+�UWtA-<NV[\$,2uC%2"@.�,#%-02"C4Nô[\�,@.35@.C��5C4�"!%#�$'&I(H$'+9-0/>-0$'2�cHC�/�$'2u�5-0ha-1+9C/>$,B"+_N1C�+_2"$AC�B"�"+�-12:/.C%@.25C%+�C%2Ä2"$aC%B"�"+_�5C)�5C%M'@9!

3
cºNV[Q�,@93"@.C4$,35/>C�2aBÄ-125�"B"-1@.� B"2"C �"!�#%$'&)(H$'+.-7/>-1$,2

2
6g&I$a�"B"N1�,-1@9C,U,J^�,-0+�Nb�_#%N1�,+.+9C?�5C%+áM'@>�,(5�"C%+á�"C�Nb�,@9M'C%B5@�&I$a�"B"N1�,-1@9Ce�,B)("N1B5+

2
C%+�/á+9/>@9-1#=/>C%&)C%2:/á("N0B"+M'@.�,2"�"C��XB"C�Nô[]B"2"-0$'2 �"C�#%C�+?/.@.$'-0+D#%Nb��+.+.C�+��"C�M'@>�,(5�"C%+�cE#��,@�C%N0N1C�#�$'2:/>-0C%2:/�cE(E��@?C �AC%&)("N1C�c"N1C

C5
U




 
 � �����	��
 ��� � � � ������� �u��� 
 � � ��
 �����

b

dc

e

a

b c

a

ed
�5 ]¡Z£ �"£T|�¦�§ �?2"C��"!%#�$'&)(*$'+9-0/.-1$'2

2
6Y&)$A�"B5Nb�,-0@.C?�"B

C5

U
�åÈAÉkÉkÈ 
;( &�(��;/�@CI

G
KX1PY?[�:]\+^+DQc;��BE/�[�L

mod-wd(G) = mod-wd(G)
c

���]>�/�1`L]I�[�:?I*@�/�1mcDWY&I&)!%�5-b��/%c'#��,@�cX(E�,@áN1C?N1C%&)&)C�x5U0�,c:B"2"CK�5!%#%$,&I(H$'+.-7/>-0$'2
k
6Y&)$a�"B"Nb��-1@.C��"C

G
C�+9/B"2"C��"!�#%$'&)(H$'+.-7/>-1$,2

k
6Y&)$a�"B"Nb��-1@.C?�"C

G
U

�åÈAÉkÉkÈ 
;(<;;(��;/�@CI
G = (V,E)
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V ′ ⊆ V
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k
6Y&)$A�"B5Nb�,-0@.C��5C
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F ′ = {X ∩ V ′ : X ∈ F
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U
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� Ì � �{�Á�m�f�H� 
;(�)+(<; ( tA$,-0/
k ∈ N∗ U tA$,-0/ G1 = (V1, E1, lab1)

C�/
G2 = (V2, E2, lab2)

�"C%BA�M'@.�,("�"C�+L!=/>-1�XB"C=/>!�+%c
S ⊆ {1, . . . , k}2

cDC�/L(*$'B5@
i ∈ {1, 2}

c
Ri : {1, . . . , k} → {1, . . . , k}

U
�KN0$'@.+

G1 ×S,R1,R2 G2 = (V,E, lab)
��h,C%#

V = V1 ∪ V2
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E = E1 ∪ E2 ∪

{
{u, v} : u ∈ V1, v ∈ V2, (lab1(u), lab2(v)) ∈ S

}

C�/
lab(u) =




R1(lab1(u))

+.-
u ∈ V1,

R2(lab2(u))
+.-
u ∈ V2.
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R2 : {1, . . . , k} → {1, . . . , k}

�y:?BE/�[�L
G×S,R1,R2 H ∈MODk
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S ⊆ {1, . . . , k}2

/>C%N<�aB5C
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