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Introduction Générale

Dans ce travail, on s’intéresse a la résolution de problemes algébriques et
d’évolution en dimension finie et infinie.
On trouve dans la littérature un nombre considérable de méthodes permet-
tant d’atteindre cet objectif. On cite a titre d’exemples :
- les méthodes de points fixes (Théoreme de Banach, de Schauder,...) avec
de nombreuses applications en théorie des équations différentielles et des
équations aux dérivées partielles ; les théoremes d’inversion locale et de fonc-
tion implicite peuvent-étre considérés comme des conséquences et ont eux
aussi beaucoup d’applications,
- les méthodes de degré topologiques (Brouwer, Leray—Schauder,...) qui sont
tres proches des méthodes de points fixes,
- les méthodes variationnelles comme application de ’analyse fonctionnelle
abstraite (théorémes de Riesz et de Lax-Milgram, minimisation des fonctions
convexes sur les espaces réflexifs,...) et qui en revanche ont de nombreuses
applications en théorie des équations aux dérivées partielles,
- la méthode d’approximation de Galerkin qui permette la résolution des
équations différentielles et les équations aus dérivées partielles, cette méthode
est courammnent utilisée en calcul numérique,
- les méthodes itératives comme par exemple la méthode de Newton et la
méthode de la plus grande descente.

Dans le premier chapitre du présent manuscript, on étudie l'existence des
solutions globales d'un systeme gradient abstrait.

Afin de formuler le probleme, soit V' un espace de Banach réel réfléxif séparable
et soit H un espace de Hilbert tel que V <— H avec injection continue. Soit
E : V — R une fonction continiement différentiable. Soit ¢ : [0,7] x V —
Lo(H,R), (t,u) — (-,-)g(u) une application telle que pour tout t € [0,7],
g(t,-) est une métrique sur H.

Pour tout ¢t € [0,T], on définit le gradient de E dans H par rapport a la
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métrique g(t,-) par

D(VypE)={ueV:3weH YveV, E'(u)v= (w,0)gtu}
Vg(t)E(u) = w.

On considere le systeme gradient suivant :

u'(t) + Ve E(u(t)) = f(t), t€(0,T),

{ (1)
u(0) = o,

ot ug € Vet f € L*(0,T; H) sont données.

On montre un résultat de régularité L?-maximale pour le systeme (1), en

le sens que, pour tout uy € V, pour tout f € L*(0,T; H), il existe u €

Wh2(0,T; H) N L>(0,T;V) tel que pour presque tout ¢t € (0,7, u(t) €

D(V gy E), qui est solution du systeme (1).

Plus précisément, on montre le théoreme suivant :

Théoreme 0.0.1. Supposons que l'injection V' — H est compacte. Suppo-
sons que E est H-elliptique et que E' -V — V' transforme les bornés de
V' en des bornés de V''. Supposons de plus que g(t,-) est une métrique pour
tout t € [0,T] et que pour tout u € V, pour tout v, w € H, la fonction
t — (U, W)yt est mesurable sur [0,T]. On suppose aussi qu’il existe cy,
cy > 0 tels que pour tout w € V,ve H, t € [0,T] on a

allolla < vllgew < cllvlla.
Supposons finalement que la métrique g(t,-) est continue :

U, — u dans WH2(0,T; H),

weak*

T T
U, — u dans L>(0,T;V), :>/ (Vs W)ty dt _)/ (0, W) g1 It
v, — v dans L*(0,T; H), 0 0

w e L*0,T; H)
@)
Alors pour toutug € V, pour tout f € L*(0,T; H), il existeu € W20, T; H)N
L*(0,T5V) tel que pour presque tout t € (0,7T), u(t) € D(VypE), qui est
solution du systéme (1).

Afin de démonter le Théoreme 0.0.1, on utilise la méthode d’approxima-
tion de Galerkin, une méthode qui est tres utilisée en analyse numérique et
qui a 'avantage de donner une démonstration constructive d’existence de
solutions.



La difficulté majeure pour la démonstration du Théoreme 0.0.1 se présente
au niveau du passage a la limite dans le terme non linéaire de 1’équation
en dimension finie associée a ’équation (1), surtout a cause de la présence
de la métrique g(t,-). Afin de surmonter ce probléme, on utilise la théorie
de monotonie et une idée dtue a J.L. Lions [39] qui permet de prouver que
la limite éventuelle du terme non linéaire de I’équation en dimension finie
coincide avec le terme non linéaire de 1'équation (1).

Une premiere application de ce théoreme est la résolution d’un probleme de
diffusion non-linéaire qui fait intervenir I'opérateur p-Laplacien avec condi-
tions aux limites de Dirichlet :

% —m(t,-,u) Apu = f dans (0,7) x Q,
u=20 sur (0,7) x 04, (3)
u(0,-) = up dans ,

olt Q est un ouvert borné de RN, uy € Wy *(Q), f € L*(0,T; L*(Q)) et
1
m:[0,T] x QxRN — e, g] (e € (0,1) fixé)

est une fonction mesurable qui est continue par rapport a la troisieme va-
riable.

La résolution d’un probleme de diffusion non-linéaire faisant intervenir I’opé-
rateur p-Laplacien avec conditions aux limites de Neumann fait I'objet d’une
deuxieme application du Theoreme 0.0.1 :

% —m(t,-,u) Apu = f dans (0,7) x Q,
|VulP2Vu -7 =0 sur (0,7) x 09, (4)
u(0,-) = up dans ©,

ot1 ) est un ouvert borné régulier de RV, ug € Wt?(Q), f € L*(0,T; L*(Q)),
7 est la normale sortante & € et m est comme dans ’application précédente.
Une troisieme application de ce théoreme est la résolution du probléeme
d’évolution suivant :

ou _
i div (a(-,u)Vu) = f dans (0,7) x Q,
u=0 sur (0,7) x 09, (5)

u(0,-) = ug dans Q,



ot 2 est un ouvert borné de RY, uy € L*(Q), f € L*(0,T; H'(Q2)) et

1
a:Qx L*(Q) —[e,~] (¢ €(0,1) fixé)
€
est une fonction mesurable par rapport a la premiere variable et qui satisfait
une certaine continuité faible par rapport a la seconde variable.

Les systemes gradients ont été étudié par plusieurs auteurs. Parmi ces au-
teurs, on cite J-.L. Lions [39] qui a étudié I'existence et 'unicité des solutions
du probleme suivant :

u'(t) + Au(t)) = f(t), t€(0,7),
{ (6)
u(0) = up,
ottug € H et f € LP'(0,T;V’) sont donnés.
Sous certaines hypotheses sur 'opérateur A, J.-L. Lions prouve un résultat
de régularité LP'-maximale dans V' pour le systeme (6). Plus précisément, il
prouve le théoreme suivant :

Théoreme 0.0.2. Supposons que l'injection V. — H soit continue et que
Ve H=H —V' Soit A:V — V' un opérateur monotone, hémicontinu
et vérifiant :

Je; >0, Vu eV, [|[A(w)|| < crf|ul|P™!

et
Jey >0, Vu eV, (A(u),u)yy v > coflul|? (p>1).

Alors pour tout ug € H, pour tout f € Lp'(O,T; V'), il existe un unique
we Wh'(0,T; V') N LP(0,T; V) qui est solution de (6).

Remarquons que par rapport au Théoreme 0.0.2, on perd au Théoreme
0.0.1 I'unicité de la solution et on suppose en plus que l'injection V' — H soit
compacte. Par contre, on permet la présence d’'une métrique non-constante.
Dans le cas particulier p = 2, W. Arendt et R. Chill [12] ont étudié I'exis-
tence des solutions pour le probleme (3) pour des coefficients m qui de-
pendent en plus du gradient de la solution u et pour des non-homogeniétés
f qui dépendent en plus de la solution u et de son gradient. Ils prouvent
Iexistence des solutions pour ce probleme dans l'espace H} ([0, 00); L2(©2))N
L2 ([0,00); D(Ap)) N C([0,00); HF (), ou D(Ap) est le domaine de I'opé-
rateur Laplacien dans L?(2) avec conditions aux limites de Dirichlet.

Dans ce méme cas, c’est-a dire p = 2, W. Arendt et R. Chill prouvent
également 'existence des solutions pour le probleme (4) dans l’espace



(10, 00); L)) 1 L2, (10, 00); D(Ax)) N C([0, 00); H'(2), ot D(Ay) est
le domaine de I'opérateur Laplacien dans L?(§2) avec conditions aux limites
de Neumann.

L’ingrédient essentiel de la preuve de ces résultats est 'utilisation du théoreme
du point fixe de Schaefer.

Remarquons que pour les problemes quasi-linéaires étudiés par W. Arendt et
R. Chill, 'ouvert €2 est supposé quelconque, pour les problemes non-linéaires
(problemes (3) et (4)) on perd cette propriété et on suppose que €2 est borné.
Dans [7, 40], les auteurs ont étudié I'existence et 1'unicité des solutions du

probleme quasi-linéaire

W (t) + A(u(t))u(t) + F(u(t)) = f(t), t€(0,T), -
u(0) = wy, 0

ouuy € Try(X,D), A:Tr,(X,D) — L(X,D) et F:Tr,(X,D) - X; X
et D sont deux espaces de Banach tel que D — X avec injection dense et
continue.

IIs prouvent que sil'opérateur linéaire A(ug) admet une régularité LP-maximale
et si F' est une fonction continue et localement lipschitizienne, alors le théoreme
du point fixe de Banach implique ’existence locale des solutions du probléeme
(7).

Dans [38], les auteurs utilisent la méthode du point fixe de Schauder afin
d’obtenir l'existence de solutions pour le probleme (7).

Lorsque la métrique g est constante, c’est-a-dire indépendente de t et wu,
I’équation (1) peut-étre généralisée en une équation faisant intervenir des
opérateurs multivoques. Dans [18], H. Brézis a étudié I'existence et 1'unicité
des solutions de I’équation

u'(t) +0p(u(t)) > f(t), t€(0,T),
u(0) = wy, (®)

ou ¢ : H —]—00, +00] est une fonction convexe, semi-continue inférieurement,
définie sur un espace de Hilbert H, f € L*(0,T; H), ug € H et dp(u) est la
sous-différentielle de ¢ en w.

Sous I’hypotheése que 0¢ est un opérateur maximal monotone, H. Brézis
prouve que pour tout f € L*(0,7T; H), pour tout ug € D(9¢), I'équation
(8) admet une unique solution forte, c’est-a-dire, il existe une fonction u €
C([0,T7]; H) qui est absolument continue sur tout compact de (0, 7"), vérifiant
u(t) € D(0¢) et v'(t) + 0p(u(t)) > f(t) pour presque tout ¢t € (0,7).

Dans le chapitre 2, on étudie I'existence locale, I'unicité et la régularité des



solutions de I’équation du raccourcissement des courbes .
La théorie de régularité maximale/optimale pour les problemes d’évolution
linéaires dans les espaces de Banach joue un réle important dans la preuve
de I'existence locale, I'unicité et la régularité des solutions des probléemes non
liéaires du type

{M+F@ﬁqﬁ%te&T% o)

u(0) = up.

Parmi les premiers travaux qui ont traité ce sujet, on cite par exemple ceux
de Da Prato & Grisvard [25], Amann [5, 6], Angenent [8, 9], Clément &
Li [23], Lunardi [40], et plus recemment les travaux de Escher, Priiss & Si-
monett [32], Priiss [46] et Amann [3, 4]. Dans ces travaux, mais aussi dans
[19, 34, 35, 52, 53] (la liste n’est pas exhaustive), les auteurs utilisent essen-
tiellement le théoreme de point fixe de Banach afin de prouver 'existence
locale et 1'unicité des solutions.

Dans [8, 9], Angenent a remarqué que la régularité maximale pour les pro-
blemes linéaires donne, en plus de I'existence locale et 'unicité des solutions,
une dépendence réguliere des solutions en temps. En fait, les solutions ont
la méme régularité que la fonction F'. Ainsi I'équation (9) est similaire & une
équation différentielle ordinaire pour laquelle ce genre de résultat est clas-
sique. Afin d’atteindre cet objectif, Angenent applique en plus du théoreme
de point fixe de Banach, le théoreme des fonctions implicites (pour plus de
detail, voir [32]).

Dans ce travail, on utilise le théoreme d’inversion locale afin de résoudre
I’équation du raccourcissement des courbes

1
m—|uﬁﬁﬁM:Oin[QﬂxR,

u(t,z) = ult,z +2r) for (t,2) €[0,T] x R, (10)
u(0,z) = up(x) for xeR.

L’application du théoreme d’inversion locale représente un argument plus
simple que celui du théoreme de point fixe de Banach et fournit a la fois
une dépendence réguliere des solutions des données (donnée initiale, second
membre). La régularité en temps des solutions est obtenue sans 'utilisation
du théoreme des fonctions implicites, mais c’est plutot une conséquence de
la dépendence réguliere des solutions des données. Lors de I’application de ce
théoreme, on est amené naturellement a résoudre un probléeme de régularité
maximale qui se traduit par le fait qu'un certain opérateur linéaire est un
isomorphisme entre deux espaces de Banach bien appropriés.

L’équation du raccourcissement des courbes est parmi les équations les plus



simples dans les équations des flots géométriques. Les propriétés analytiques
de cette équation et ses applications en physique et en théorie d’images
étaient largement étudiés dans la littérature.

On trouve dans la littérature plusieurs approches permettant la résolution
de I’équation (10). Parmi ces approches, on cite a titre d’exemples la théorie
géométrique des mesures (Brakke [20]), la théorie des équations quasilinéaires
paraboliques (se réferer a Ladyzhenskaya [38] et DeTurck [28], et aussi & Huis-
ken & Polden [36]).

Dans le chapitre 3, on s’intéresse a la résolution de I’'équation algébrique

o(u) = v, (11)

ou ¢ : X — Y est une fonction contintiement différentiable et X et Y sont
deux espaces de Banach.

La résolution du probléme (11) représente I'un des problémes fondamentaux
en mathématique. Plusieurs méthodes peuvent-étre utilisées afin de résoudre
ce probleme. On cite a titre d’exemples, les méthodes de points fixes, les
méthodes de degrés topologiques, les méthodes variationnelles,...

A fin d’atteindre cet objectif, on choisit d’utiliser la méthode de Newton sous
sa variante continue

{v%ﬂ=—¢WﬁD1@@®D,t2Q

12
v(0) = vy. (12)

Par rapport aux méthodes mentionées ci-dessus, une démonstration d’exis-
tence utilisant la méthode continue de Newton a l'avantage d’étre plus con-
structive.

Sous certaines hypotheses sur ¢, on montre que la convergence de la méthode
de Newton (12), c’est-a-dire I'existence des solutions pour le probleme (12),
implique l'existence des solutions pour I’équation (11). Ceci nous conduit a
constater qu'une démonstration qui utilise la méthode continue de Newton
a I’avantage d’étre constructive.

Le résultat suivant donne des conditions suffisantes pour qu’une fonction
¢ : X — Y soit un C'-difféomorphisme et par conséquent sous ces condi-
tions, le probléme (11) admet une solution :

Théoreme 0.0.3. Soit ¢ : X — Y une fonction continuement différentiable
vérifiant :
(i) ¢ est coércive, en le sens que,

lim {|p(u)[ly = oo,
Jull x>0



(ii) ¢'(u)~! existe pour tout u € X,
(iii) la fonction u — ¢'(u)~" est bornée sur les bornés.
Alors ¢ est un Ct-difféomorphisme de X dansY .

Comme application du Théoreme 0.0.3, on a pu trouver des solutions du
probleme périodique non-linéaire suivant :

u € WHr(0,2m; RY),
u'(t) + F(u(t)) = f(t), te(0,2m), (13)
u(0) = u(2m),

ou F : RY — RY est une fonction continiiement différentiable, p > 2 et
f € L?(0,2m; RY) sont données.

On peut ré-écrire I'équation (13) d’une fagon abstraite comme une équation
algébrique entre les espaces X = {u € WP(0,2m;RY) : u(0) = u(2m)} et
Y = LP(0,2m;RY), puis on résoud cette équation abstraite en utilisant le
Théoreme 0.0.3.

Pendant ce travail, on est amené a étudier des équations linéarisées périodiques
et non-homogenes du type :

{ u'(t) + A(t)u(t) = f(t), t e (0,2n),

14
u(0) = u(2m), (1)

ott A(t) : RY — R est un opérateur linéaire.

Lors de ’étude du probleme (13), I'existence et ['unicité de solutions pour le
probleme (14) est équivalente au fait que '’hypothese (i) dans le Théoreme
0.0.3 est satisfaite.

Le probleme (14) a été étudié par W. Arendt et P. Rabier dans [14] dans un
cas plus général lorsque A(t) : D — X est un opérateur non borné. Dans ce
travail, les auteurs donnent des conditions suffisantes pour que 'opérateur
4+ A() : W(0,2m; X) N LP(0, 2m; D) — LP(0, 2m; X) soit inversible.

Vu que le probleme (13) est non linéaire, il est tout a fait naturel d’avoir
des hypotheses supplémentaires sur F' pour assurer 'existence de solutions
pour le probleme (13) en plus des hypotheses qui garantissent I'existence de
solutions pour le probleme (14). Ces hypotheses supplémentaires assurent le
fait que la condition (ii) dans le Théoreme 0.0.3 soit satisfaite.

Afin de prouver que la condition (iii) soit satisfaite dans le cas du probleme
(13), on utilise essentiellement le fait qu'un probleme linéarisé associé au
probleme (13) admet une unique solution.

Dans [54], lauteur étudie le probleme

{ u'(t) = f(t ult)), te€(0,T),

15
u(0) = w(T), 1



ol f: RxRY — R¥ est une fonction continue qui est périodique par rapport
a la premiere variable. Il utilise une méthode de points fixes pour montrer
I’existence de solutions pour ce probleme.






Chapitre 1

Global existence and maximal
regularity of solutions of
gradient systems

Abstract : In this article, we use a Galerkin method to prove a maximal
regularity result for the following abstract gradient system

{ U (t) + Vyn E(u(t)) = f(t) forae. t e (0,T),
u(0) = up.

This abstract result is applied to nonlinear diffusion equations and to non-
degenerate quasilinear parabolic equations with nonlocal coefficients.

1.1 Introduction

In this work, we prove a global existence and maximal regularity result
of solutions of an abstract gradient system.
In order to formulate the problem, let V' be a real Banach space and

let H be a real Hilbert space such that V' is densely and compactly embed-
ded in H. Let E : V — R be a continuously differentiable function. Consider
the gradient system

{ u'(t) + VyE(u(t)) = f(t) for a.e. t € (0,7,

1.1
u(0) = uyp, (11)

where ug € V, f € L*(0,T; H) are given and V,E denotes the gradient of F
with respect to some metric g.
Under suitable conditions on V', g and E, we prove a maximal regularity
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18 CHAPITRE 1. EXISTENCE AND MAXIMAL REGULARITY

result for system (1.1), in the sense that, for every wy, € V and every
f € L*0,T;H), there exists v € WY(0,T; H) N L>(0,T;V) such that
u(t) € D(V,E) for almost every ¢t € (0,7), which is a solution of system
(1.1). In particular, the two terms on the left-hand side of the above system
have the same regularity as the right-hand side term.

Note that every function in W'2(0,7T; H) is continuous with values in H,
which implies that the initial condition in system (1.1) makes sense.

Several authors have studied abstract gradient systems in various frame-
works. In the case where the metric g is constant, that is, independent of wu,
we mention first J.-L. Lions [39, chapitre 2] who proved a maximal regularity
result in V/, that is, for right-hand sides f € LP'(0,7;V’) and initial values
in H. The theory of subgradients gives maximal regularity results in H and
includes the results obtained here if ¢ is constant and F is convex ; two refe-
rences are [18] and [50]. However, in both approaches it is not clear how to
include general metrics ; concrete examples in which it is necessary to consi-
der general metrics arise, for example in geometric evolution problems, that
is, in the evolution of curves and surfaces. Usually such problems fall within
the theory of quasilinear evolution problems and can be solved by maximal
regularity results for linear problems and fixed point theorems; see [7], [3§]
and [40] ; however, these approaches seem to fail if degenerate operators ( p-
Laplace operators) are involved. It is possible that our result is covered by
the theory of gradient systems on general metric spaces (see [15]), however if
it is, our approach by space discretization ( Faedo-Galerkin approximation) is
certainly not included, but probably important from the point of view of nu-
merical analysis. Moreover, our result covers also nonautonomous problems
in which the metric ¢ depends on time and is only measurable in time.

We apply our result to the partial differential equations

%—m(t,-,u)Apu:f in (0,7) x €,
u=20 on (0,7) x 0%, (1.2)
u(0, ) = ug in
and
ou . .
i div (a(-,u)Vu) = f in (0,7) x Q,
u= on (0,7) x 09, (1.3)
u(0,-) = up in Q,

in which the coefficient m is measurable with respect to first two variables
and continuous with respect to the third variable and the coefficient a is
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measurable with respect to the first variable and satisfies a weak continuity
assumption with respect to the second variable (see Examples 1 and 3).
Equation (1.2) has recently been considered by W. Arendt and R. Chill [12]
in the special case p = 2. Like in [12], we can in general not prove uniqueness,
neither for the abstract system (1.1), nor for the problems (1.2) and (1.3).
The problem of uniqueness is open.

1.2 The main result

Let V' be a real, separable and reflexive Banach space with norm || - ||y,
let H be a real Hilbert space with inner product (-,-)y and induced norm
|||z, and assume that V' is densely and continuously embedded into H. The
duality bracket between the dual space V' and V' is denoted by (-, )y y. Let
Inner(H) be the set of all inner products on H which are equivalent to the
fixed one on H.

Definition 1.2.1. A function g : V' — Inner(H) is a metric if it satisfies the
weak continuity condition

Up = w0V = (W, 0) gu,) — (W, ) g(u) for every v, w € H.

We denote by (-, -)4w) the inner product g(u) at a point u € V' and by
| - llg(uy the norm associated with this inner product.
Let E: V — R be a continuously differentiable function. We denote by E’
the Fréchet-derivative of E. Recall that the Fréchet-derivative of E at a point
u is an element of V''.

Definition 1.2.2. We define the gradient of E in H with respect to the
metric g by

D(VyE)={uecV:3we HVv e V,E'(u)v = (w,v) 4w}
V,E(u) = w.

Note that since V' is densely embedded into H, the element V E(u) is
uniquely determined.
Throughout the rest of this article we actually consider time dependent me-
trics, that is, given 7' > 0, we consider a function g : [0,7] x V — Inner(H)
such that g(¢,-) is a metric for every ¢ € [0, T]. We define the gradient of the
function E with respect to the metric g(¢, ) like in the last definition and we
denote it accordingly by Vg E.
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Let T > 0, f € L?(0,T;H) and ug € V. We consider the problem of
finding u such that

we W0, T, H)NL>(0,T;V), u(t) € D(VyuE) for ae. t € (0,T),
u'(t) + Vo E(u(t)) = f(t) for ae. t € (0,7T),

u(0) = uo.
(1.4)
We call the evolution equation in (1.4) an abstract gradient system.
By using the density of V in H, the separability of V' and the definition of
the gradient V) E, problem (1.4) is equivalent to the variational problem
of finding u such that

we Wh2(0,T; H) N L>(0,T;V),

<Ul(t), U>g(t,u(t)) + El(u<t)) v = <f(t)7 U>g(t,u(t))
for every v € V, and for a.e. t € (0,7T),

(1.5)

u(0) = uo.
Definition 1.2.3. A function EE : V — R is H-elliptic if there exists w € R
such that the function E, :V — R, u— E(u) + %|ul/}; is
(a) coercive : for every R > 0 there exists Cr > 0 such that for every
u €V if E,(u) <R then ||u||y < Ckg,
(b) convex : for every u, v € V, t € [0,1], E,((1 —t)u + tv) < (1 —
t) By (u) +tE,(v).
The main result of this article is the following theorem :

Theorem 1.2.4. Suppose that 'V is a reflexive, separable Banach space which
18 compactly and densely embedded into H. Suppose that E is an H-elliptic,
continuously differentiable function such that the derivative E' @'V — V'
maps bounded sets into bounded sets.

Let T > 0. Suppose further that g(t,-) is a metric for every t € [0,T], and
for every v, w € H, u € V, the function t — (v, W)y s measurable on
[0,T]. Suppose in addition that there exist two constants ¢y, ¢ > 0 such that
for every u € V', every v € H and for every t € [0, T

alolla < lvllgew < collvlla (1.6)
Suppose finally that the metric g(t,-) is continuous in the sense that

up, — u in WH2(0,T; H),

weak*

. o0 . T T
up — win L=(0,T;V), :>/ G dt—>/ (0, W)g(t.u) dt.
v, — v in L*(0,T; H), 0 0

w e L?(0,T; H) .
1.7
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Then, for every ug € V and every f € L*(0,T; H), problem (1.4) admits
a solution.

Remark 1.2.5. We remark that Theorem 1.2.4 is an L?*-mazimal requla-
rity result for the nonlinear problem (1.4) in the sense that for every f €
L*(0,T;H) and every uy € V, problem (1.4) admits a solution u (howe-
ver not necessarily unique) such that the two members v’ and Vg E(u) of
the left-hand side of the evolution equation in problem (1.4) belong also to
L*(0,T; H). Compare with the definition of the L*-mazimal regularity of li-
near problems in [10, 29, 37].

Remark 1.2.6. If g(t,-) is a metric for every t € [0,T], and if we suppose
that assumption (1.6) holds then

Uy — U 0V,
v, — v in H, = (Un, Wn) g(tun) — (Vs W)g(t), for every t € [0,T].
w, —w wnH

In fact, this assertion is a simple consequence of the following inequality

|<Umwn>g(t,un) - <U7w>g(t,u)| < [{v, w)g(t,un) — (v, w)g(t,u)|+

+ ‘<vn7 Wy, — w>g(t,un)| + ‘(Un - /U’ w>g(t,un)"

Remark 1.2.7. Let u : [0,7] — V, v : [0,T] - H and w : [0,T] — H
be three measurable functions and assume that g(t,-) is a metric for every
t € [0,T] which satisfies the measurability condition in Theorem 1.2.4. Then
t — (v(t), w(t))gwtuw) s a measurable function on [0,T]. In fact, by using the
measurability condition on g in Theorem 1.2.4, this assertion holds for step
functions in 'V and H. The general case is a consequence of the definition
of measurable functions as the pointwise limit of step functions, and Remark
1.2.6.

This result shows that the terms which appear under integral sign in the
continuity assumption (1.7) are measurable. This result can also be used later
in the proof of Theorem 1.2.4.

1.3 Proof of Theorem 1.2.4

To prove Theorem 1.2.4, we need the following two lemmas.

Lemma 1.3.1. Assume that the embedding V. — H is compact. Then the
embedding
W20, T; H)yN L>(0,T;V) — C([0,T]; H)

18 compact, too.
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Proof : We refer the reader to [51, Corollary 4, page 85| for the proof of
this lemma.

Lemma 1.3.2. Let E: V — R be a continuously differentiable and convex
function. Then E' :V — V' is a monotone operator, that is, for every u,

v €V one has
(E'(u) = E'(v),u —v)yry > 0.

Proof : For the proof of this lemma, see [39, Proposition 1.1, page 158].

Proof of Theorem 1.2.4 : To prove the theorem, we use a Galerkin ap-
proximation.
Part 1 (Formulation of the finite dimensional approximating pro-
blems) : Let (w,) be any sequence in V' such that span {w,, : n > 1} is dense
in V'; such a sequence exists since V' is a separable space. For every m € N,
we put

Vin = span{w,, 1 <n < m},

and we choose ug' € V,,, such that

uy = lim uy" in V.

m—0oQ
There indeed exists such a sequence (ug") since | J,, Vi, is dense in V' and the
sequence (V},,) is increasing.
For every m € N, we consider the variational problem of finding u,, such
that

Uy € W22([0,T); Vi),

loc

(3 (8), V) g(tum () + B (um () v = (F(E), 0)g(t,m(0)

(1.8)
for every v € V,,, and a.e. t € (0,7,

Problem (1.8) is equivalent to the problem of finding a solution w,, of the

following ordinary differential equation

tm € WieZ ([0, 7); Vi),

U () + Vo) Em(um (1)) = Pu(t,um(t)) f(t), ae.t€(0,7),  (19)

Um (0) = ug’,
where E,, is the restriction of E to Vi, gm : [0,7] x V,,, — Inner(Vy,) is
the function defined for every u € V,,, for every t € [0,T] and for every v,
w eV, by

<U7w>gm(t7u) = <’U,w>g(t,u)7
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and P,,(t,u,,) : H — H is the orthogonal projection from H onto V,, with
respect to the inner product (-,:)(u,,)- By the Riesz-Fréchet theorem and
since V,, is finite dimensional, for every m € N, every u € V,, and for every
t € [0, 7], the gradient V) En(u) exists and belongs to V,,.
In order to obtain existence of maximal solutions for problem (1.9), we check
that the function F': (0,7T) x V,,, = Vi, (t,u) = Vg0 Em(u) — P (t,u) f(t)
satisfies the Carathéodory conditions :
(a) F(-,u) is measurable for every u € V,,,
(b) F(t,-) is continuous for almost every t € (0,T"), and
(c) for every (to,ug) € (0,T)xV,,, there exist a, 7 > 0 and m € L(to, to+
«) such that || F(t,u)|| < m(t) for almost every t € (to, to+«) and every
u € V,, such that ||u — wg|y,, <r.
For every u € V,,, and for every ¢ € [0, T], we consider the operator Q,,(t,u) €
L(V,,) defined for every v, w € V,,, by

(Qu(t,w)v, W) g = (VW) g, (tu) = (U, W) g(tu)- (1.10)

For every u, v € V,,, and for every t € [0, 7] one has

(Qu(t,u)Pu(t,w) f(8),v)n = (Pt u) f(E), v) g
- <f(t)7 Pm<t’ U)U>g(t,u)
= {f(); v)gtw)- (1.11)

By Remark 1.2.7, for every u, v € V,,, the function ¢t — (f(t), V)4 is
measurable on (0,7"). Using equality (1.11), we obtain that for every u, v €
Vin, the function t — (Q,,(t, w) Py, (t, w) f(t),v) g is measurable on (0, 7). This
proves that for every u € V,,, the function ¢t — Q,, (¢, w) Py, (¢, u) f(t) is weakly
measurable and then measurable on (0,7") since V,, is a finite dimensional
space. From the definition of the operator @Q,,(t,u) and since L(V},) is a finite
dimensional space, we obtain that for every u € V,,,, the function t — @Q,,(¢, u)
is measurable on [0, T']. Using the fact that the operator @, (¢, u) is invertible
and that taking the inverse is a homeomorphism in the set of all invertible
operators, we deduce that for every u € V,,,, the function t — P, (¢, u) f(t) is
measurable on (0, 7).

In addition, for every u, v € V,, and for every ¢ € [0, 7]

(Vo Em(w),v)g = (Vg0 Em(u), Qm(t, )Qm(t u) ') g
= <ng(t>E (1), Qu(t,w) ™' 0) g, (1)
E' (u)(Qm(t,u) " v).

Since t — @Q,,(t,u) 'v is measurable on [0,7] and E’(u) is a continuous
linear operator on V,,, we deduce that for every v € V, the function t —
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V gty Em (1) is measurable on [0, T]. Hence, the Carathéodory condition (a)
is satisfied.

By (1.10), the operator Q,,(t, -) is continuous on V,,, for every ¢ € [0, T']. This
yields that Q,,(t,-)~" and hence V, ) Ep,(+) are continuous on V,, for every
t€[0,7].

Similarly, by using (1.11), we see that P,,(t,-)f(t) is continuous on V,, for
every t € [0,T]. This proves that the Carathéodory condition (b) is satisfied.
Finally, it remains to check that the Carathéodory condition (c) is satisfied.
Since V,,, is finite dimensional and any two norms on V,, are equivalent, it
suffices to estimate ||V, ) Em(w)||g and || Pp (¢, w) f(t)] n.

Let ug € Vi, ¥ > 0 and u € V,, such that ||u — wg||y,, < r. Note that by
(1.6) and the definition of Q,, we obtain ||Q,,(¢,u)|| < ¢3 with respect to the
H-norm. Since (v, w) g = (Qm(t,u) v, W) 4(t.4), one has for every v € V,

_ 1 _
1Qu(t, ) ollr < o 1Qm(t, ) 0l

1
= — sup [(v,w)g]
Cl lwll g,y <1

1
< C—%HUHH,

hence [|@Q,,(t, u)7!|| < % with respect to the H-norm. Now the bounds for
condition (c) follow easily from the formulas used in part (a).

Hence, by [21, Theorem 4.1, Chapter 1], problem (1.9) admits a maximal
solution u,, € VV;?([O, T,); Vi) in the sense that either T,, =T, or T,,, < T
and the solution u,, can not be extended to any larger interval. For every
m € N, let u,, be a maximal solution of (1.9).

Part 2 (Bounds for the solutions u,, of the approximating pro-
blems) : We take v = u/, in equation (1.8). Then we integrate over the

interval (0,¢), for t € (0,7,,), and we obtain

) o 5+ Bl (6)) = B@) = [ (). 0,5t
0 0

Since u{® — ug in V, and since E is continuous, we have lim,, ., E(ug") =
E(up) and in particular the sequence (E(ug')) is bounded. Hence, there exists
a constant ¢z > 0 which is independent of m and ¢ such that

t t
/0 ()P oo 5 + Eutm(8)) < 5+ / (), (5)) e 5

We employ assumption (1.6) in order to obtain

& / et ()13 ds + Eum(t)) < 5+ / LF(3) Ll () | .
0 0
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By using Young’s inequality, we deduce that there exists a constant ¢4 > 0
which is independent of m and ¢ such that

2 [t
S [ ) ds + Bun(t) <
0
Let w > 0 such that E,, is convex and coercive. Then the preceding inequality

can be rewritten as

O (. (112)

C2 t
51/0 i ()17 ds + lJum ()7 + B (m(t)) < s +

Moreover, there exist two constants cs, ¢ > 0 which are independent of m
and t such that the following estimate holds

@l = O + [ 5ol (s) 1 s
= (Ol +2 | (i(5) (5D

< ety [l s+ / 3 .

By combining this last inequality with inequality (1.12), we have the existence
of two constants ¢z, cg > 0 which are independent of m and ¢ such that

02 t t
a / e ()12 ds + um (D13 + Eu(tm(£)) < 5 + cs / et ()% .

Since E, is continuous, convex and coercive, E,, is bounded from below (in
fact, since V is reflexive, E, even attains a minimum). Hence, there exists a
constant ¢g > 0 which is independent of m and t such that the last estimate
implies

02 t t
T M@ s+ O < ot s [ s (L13)
0

It follows that .
lam ()1 < o+ cs / et (3)1% .
0

By Gronwall’s lemma, there exists a positive constant c¢;y such that

sup sup |Jun ()13 < cro-
meN te(0,Tpm)
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We return to inequality (1.12), we employ this last estimate, and we have
the existence of a constant c;; which is independent of m and ¢ such that

62 ¢ ’
51/0 07 ()1 s + N[ (E)][7 + B (um () < c11. (1.14)

This implies

sup sup By (um(t)) < e

meN t€(0,Trm)
Using the fact that E, is coercive, this implies that there exists a constant
c12 > 0 such that

sup  sup |Jum(t)[lv < cro.

meN te(0,Tr,)
Using again the fact that E, is bounded from below, we deduce from inequa-
lity (1.14) that

SUP [t || w12(0,13,:1) < 00.
meN

Since T,,, < T is finite, this implies that for each m € N the function u/,
is integrable on [0,7,,). Hence, u,, extends to a continuous function on the
closed interval [0,7,,], and [21, Theorem 1.1, Chapter 2| and the definition
of the maximal solution imply that this is only possible if T, = T, that is,
the solutions u,, are global.

From the preceding two inequalities we obtain

(t,,) is bounded in W2(0,T; H) N L>(0,T;V).

By assumption, £’ maps bounded sets into bounded sets, so that the boun-
dedness of (u,,) in L>°(0,7; V') implies that

(E'(um)) is bounded in L>(0,7; V).

Part 3 (Extracting a convergent subsequence) : Since V' is a reflexive
space, the space L>(0,T; V) is isometrically isomorphic to the dual space of
LY0,T;V'). Moreover L'(0,T;V') is a separable space since V' is a sepa-
rable space. Then by the Banach-Alaoglu theorem and by Lemma 1.3.1, we
can extract from (u,,) a sequence (which we denote again by (u,,)) such that

Uy —u in WH0,T; H), (

Up —u in L®(0,T;V), (

um — u in C([0,T]; H), and (1.17
(

E'(um) = x in L¥(0,T; V).



1.3. PROOF OF THEOREM 1.2.4 27

Part 4 (Showing that the limit u is a solution of problem (1.4)) :
Let w € V,,, and ¢ € L?(0,T). Then for every n > m we have from equation
(1.8)

A<%m@wmwﬁ+Azw%mmwmaéqmwmwmwﬁ-

Letting n — oo in this last equality, and using (1.15), (1.18) and the conti-
nuity assumption (1.7), we obtain

T T T
| @l dtr [ ety uhvrdt= [0 o0 w00 dt
0 0 0
(1.19)
Using the fact that {¢(-) w, w € U Vin, ¢ € L*(0,T)} spans a dense subspace

of L2(0,T;V), equality (1.19) implies for every v € L*(0,T;V)
T T T
/ (0, 0) (e dE + / (V) vy di = / O g dt. (1.20)
0 0 0

We take v = u € L?(0,T;V) in equality (1.20) and we obtain

T T T
/ (', w) e dt + / (X, u)yry dt = / (f(t), u)gtu dt. (1.21)
0 0 0

We have also from equation (1.8)

T T T
/ E'(u,) u, dt = / (f(1), Un)g(tun) dt — / (Un s Un) g(tun) A (1.22)
0 0 0

The continuity assumption (1.7) and (1.15) imply

/0 CFE)s ) oy — /0 CF(E)s ) gt . (1.23)

One has the following equality

T T T
/ (u;, un)g(t,un) dt = / (u’n, u>g(t7un) dt + / <u;, Uy — u>g(t7un) dt. (1.24)
0 0 0

Using again the continuity assumption (1.7) and (1.15), we obtain

T T
/<%mmmmﬁﬁjﬁmwwmﬁ- (1.25)
0 0
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By using the Cauchy-Schwarz inequality, assumption (1.6) and the fact that
(u)) is bounded in L*(0,T; H), there exists a constant c;3 > 0 which is

independent of n such that

T T T
1 1
| / (Wt — Wy At < / 12 ) / it — w20 )
0 0 0
2 ’ 12 1 4 2 1
& / %) b / ltm — ull3dt)?

T

1

< 013(/ [, — [ Fydt)2.
0

IN

Using (1.17), the preceding inequality implies

T
[ttt = gt = 0
0

By combining this convergence, (1.25) and (1.24), we deduce that

T T
/0 (0 ) ey I — / (0 g dt.

This convergence, (1.23), (1.22) and equality (1.21) yield

T T
/ E'(u,) u, dt — / (x,uyy v dt. (1.26)
0 0

We have the following equality

T T T
/ E! (up) up, dt = / E’(un)undt—l—w/ | ||3; dt.
0 0 0
This implies after using (1.17) and (1.26)
T T T
| B~ [Ccudero [
0 0 0
T
= / <X + wu, u)V/’V dt. (127)
0

Let v € L*(0,7;V) and A € R. By applying Lemma 1.3.2 to the function
E,, and by integrating over (0,7") we have

T T
/ <Ec,u(un>7 Up — U — /\U>V’,V dt > / <E:)<u + )\'U), Up — U — )‘U>V’,V dt.
0 0
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Letting n — oo in this last inequality, we obtain after using (1.16), (1.18)
and (1.27) that

T T
/ (X +wu, Aoy v dt < / (El(u+ M), Aoy y dt.
0 0

We divide by A > 0, let A — 0T, and we use the continuity of £’ in order to
obtain

/OT<X, Oy dt < /0T<E'<u), Sy dt.
Since v € L*>(0,T;V) is arbitrary, this implies that
E'(u) = x.
Then equality (1.20) becomes for every v € L*(0,T;V)

T T T
/ (U, 0) g0y dt + / E'(u)vdt = / (f(t),0) @) dt.
0 0 0

This implies that the function u satisfies the evolution equation of system
(14).

Finally, we check that the function w satisfies the initial condition of system
(1.4). Since the point evaluation in 0 from W'%(0,7; H) into H is bounded
and linear, it maps weakly convergent sequences into weakly convergent se-
quences, one has u,(0) — u(0) in H. Since u,(0) = uj — up in V by the
choice of (uf), we obtain that u(0) = wy.

1.4 Applications

Example 1
Let Q C RY be open and bounded and let 1 < p < oo such that p >
2N
Nia Let € € (0,1) and let
1
m:[0,T] x QxR — [e, -]
€

be a measurable function such that m(t, z,-) is continuous for every (t,z) €
[0,7] x Q.
We consider the diffusion equation

% —m(t,,u) Apu=f in (0,7) x ,
u=20 on (0,7) x 09, (1.28)

u(0,-) = ug in
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where A, is the p-Laplace operator. This equation can be rewritten as a
gradient system.
We put

V= Wy"(Q),

which is a reflexive and separable Banach space for the norm
[ullv = [[Vullzo@v-

Let £ : V — R be the function defined for every v € V' by

1
E(u) = —/ \Vul|P dx.
b Ja

We let
equipped with the usual inner product and norm.
By the Fubini-Lebesgue theorem, for every u € VVO1 P(Q2), there exists a set
N, C (0,T) of measure zero such that for every t € (0,7) \ N,, the function
) 8 measurable on . Since W, (Q) is separable and since % is conti-
nuous with respect to the third variable, we may construct a set N C (0,7
of measure zero such that for every t € (0,7)\ N and every u € W, (), the
function m is measurable on ). We may therefore consider the function
g:(0,T)xV — Inner(H) defined for every ¢t € (0,T)\ N, every u € W,7(Q)
and every v, w € H by

B dz

(v, w)g(tu) = /va m(t, z,u(z))

We note that ¢ is only defined for almost every t € (0,7); for t € N, one

might set (-, -)g(u) = () L2()-
Define the p-Laplace operator with Dirichlet boundary conditions on L?(2)
by

D(A,) = {ueWyP(Q): Jw e LAQ) Vv e W,P(Q),
/ |VulP~*Vu - Vodr = — / wvdr},
Q Q

Ayu = w.

With this definition we have for every u € D(A,), v € V and for almost
every t € (0,7)

E'(u)v = /\Vu|p2Vu-Vvda:
0

= —/Q(Apu)vda:

= <_m(t) K u) Ap% v>g(t,u)a
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that is, u € D(Vy)E) and

Vo E(u) = —m(t, -, u) Apu.
Similarly, one proves that D(VyyE) € D(4A,), and hence D(VypnE) =
D(Ay).

Corollary 1.4.1. For every f € L*(0,T; L*(Q)) and every uy € Wy*(),
problem (1.28) admits a solution u € W'2(0,T; L*(2)) N L=(0,T; Wy (Q))
such that u(t) € D(A,) for almost every t € (0,T).

Proof of Corollary 1.4.1 : It suffices to check that the assumptions
2N
N2 we obtain by the Rellich-

Kondrachov theorem [17, Théoreme IX.16, page 169] that W,"(Q) is com-
pactly embedded into L?(Q2). The function E,, is coercive and convex for
all w > 0, so that F is an H-elliptic function. We have also by Holder’s
inequality, for every R > 0, and for every u, v € V such that ||ul|y < R

of Theorem 1.2.4 are satisfied. Since p >

|E(u)v] = |/|Vu|p_2Vu~Vvdx|
Q

IN

/ |VulP~ Vol do
Q

-1
[9ll oy V0

IN

-1
= |[ulli " [vllv
RP=Hjollv.

IA

This proves that the derivative E’ : V — V'’ maps bounded sets into boun-
ded sets.

Let (u,) C V be such that u, — w in V. Then (u,) is bounded in V' and
by using the compact embedding V' < H we can extract from (u,,) a subse-
quence (which we denote again (u,,)) such that u, — w in H. This implies,
after extracting a sequence again, that u,(z) — u(x) for a.e. x € Q. Using
the Lebesgue dominated theorem, we deduce that g(t, -) is a metric for every
te[0,7].

For every u € Wy*(Q) and every v, w € L*(Q), the function mvw is
integrable on (0,77) x €2, then by the Fubini-Lebesgue theorem the function
(v, W) g(..uy is measurable on (0,7).

1

Since m takes values in [, —], we obtain for every ¢ € [0,7] and for every
£

ve H

1
Ve lvlla < lollgew < —= vlla-
NG
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Hence, assumption (1.6) is satisfied.
We let

u, — u in W(0,T; L*(2)),
Uy —u in L0, T; WEP(Q)),
v, — v in L*(0,T; L*(Q)),and
w € L*(0,T; L*(2)).

Since the embedding C([0,T]; H) — L*(0,T; H) is continuous, it follows
from Lemma 1.3.1 that the embedding

W0, T; L*(Q)) N L2(0, T; Wy () — L*(0,T; L*(Q))

is compact. Hence we can extract from (u,,) a subsequence (which we denote
again by (u,)) such that

u, — u in L*(0,T; L*()).
Then we get (after passing to a subsequence again)
un(t, ) — u(t, z) for a.e. (t,z) € (0,T) x Q.

Since m is continuous with respect to the third variable and bounded away
from 0, this implies

1 _ 1
m(t, z,u,(t,z))  m(t,x,u(t,x))

for a.e. (t,x) € (0,7) x .
By the dominated convergence theorem, we obtain

mwe mw in L (OvT;L (Q))

Hence

T T
/ <Un, w)g(mn) dt — / <U, w>g(t7u) dt.
0 0

This proves the continuity assumption (1.7) and the claim follows from Theo-
rem 1.2.4.

Example 2

Let © € RY be a bounded domain of class C'! and let €, m and p be like
in Example 1.
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We consider the diffusion equation

% —m(t,-,u) Apu=f in (0,7) x £,
VulP2Vu- 7 =0 on (0,T) x 99, (1.29)
u(0,-) = ug in €,

where 7 is the outer unit normal to the boundary 9.
We put
V= W),

which is a reflexive and separable Banach space for the norm
[ully = llullze@) + IVl @y
We put further
H = L*(Q).
Let £ : V — R be the function defined for every u € V' by

E(u) = 1/ |Vul? dz,
P Ja

and let g : (0,7) x V — Inner(H) be the function defined for every u € V,
every v, w € H and for almost every t € (0,7) by

( ) / dx
VW) gt = VW ———.
gt Q m(t,x,u)

We define further the p-Laplace operator with Neumann boundary conditions
on L*(Q) by

D(A,) = {ueW™(Q): Jwe L*(Q)Vv e WH(Q),

/|Vu|p_2Vu-Vvda::—/wvdx},
Q Q

Ayu = w.

Note that the Neumann type boundary condition |Vul|P™2Vu -7 = 0 is
satisfied in a weak sense for every u € D(A,). In fact, if u € C*(Q) N D(A,)
is such that |Vu|P=2Vu € C'(f), then an integration by parts shows that
|Vu[P~2Vu - 7 = 0 on the boundary.

With the above definition of the p-Laplace operator we obtain like in Example
1 that D(VyyE) = D(A,) and for every u € D(A,), for almost every
te (0,7)

Vo E(u) = —m(t, -, u) Apu.



34 CHAPITRE 1. EXISTENCE AND MAXIMAL REGULARITY

Corollary 1.4.2. For every f € L*(0,T;L*(Q2)) and every uy € WtP(Q),
problem (1.29) admits a solution v € WH2(0,T; L*(Q)) N L>(0,T; WP (Q))
such that u(t) € D(A,) for almost every t € (0,T).

Proof of Corollary 1.4.2 : We check only that E is an H-elliptic func-
tion, the other assumptions of Theorem 1.2.4 are verified like in Corollary
1.4.1.

First, there exists a constant C' > 0 such that for every u € V' one has

ull ey < CUIVUll oy + [Jull2))- (1.30)

In fact, if p < 2, inequality (1.30) is clearly satisfied since the embedding
L*(Q) — LP(Q) is continuous. If p > 2, we have the following embedding

WP (Q) — LP(Q) — L*(Q),

where the first embedding is compact and the second is continuous. By [50,
Lemma 1.1, p 106], for every 6 > 0, there exists Cs > 0 such that for every
u € V one has

[ullzri) < 0(Null o) + [Vl Lo@yy) + Csllull2 ).

Hence, inequality (1.30) follows by choosing § < 1 in this last inequality.
Inequality (1.30) implies that for every w > 0 the function £, is coercive.

Example 3
Let 2 C RY be open and bounded. Let ¢ € (0,1) and let
1
a:Qx L*Q) = [e, g]

be a function such that
(a) a(-,u) is measurable for every u € L?(Q),
(b) a(x,-) maps weakly convergent sequences in L?*({2) into convergent
sequences in R for almost every x € (2.
Consider the following evolution equation

% —div (a(-,u)Vu) = f in (0,T) x Q,
u=>0 on (0,7) x 01, (1.31)
u(0,-) = up in Q.

Equation (1.31) can be rewritten as a gradient system. To see this, we put

V =L*Q)
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and
H = Hil(Q).

We consider the bounded and coercive inner products { : L*(€2) — Inner(H}(©2))
defined for every u € L*(Q) and every v, w € Hg(2) by

(v, W)y, = /Q a(z, W) Vo(z) - V() dz.

By the Lax-Milgram theorem, the associated operators L, : Hj(2) — H1(Q),
L,v := (v,-);, are bounded and invertible. We denote by L' the inverses.
By integrating by parts, we obtain for every u € L*(2) and every v € H} ()

L, = —div (a(xz,u)Vv) in D'(Q).

Let g : V — Inner(H) be the function defined for every u € V', and every v,
w € H by
(v, w)g() = (v, L;1w>H—1(Q),H3(Q)'

Let E: V — R be the function defined for every u € L*(Q) by

1
E(u) = §/Q|u|2dw

Let u € D(V,E). Then there exists w € H () such that for every v €
L*(Q) one has

/uvd:v = FE'(u)v
Q

(W, v)g(t.u)

(v, L;1w>H—1(ﬂ),H3(Q)
= /(Lulw)vdx.
Q

Then we obtain u = L, 'w € Hj(Q2) and V,E(u) = w = L,u.
Similarly one proves that Hj(Q) C D(V,E) and hence, D(V,E) = Hj ().

Corollary 1.4.3. For every f € L*(0,T; H1(Q)) and every uy € L*(9),
problem (1.31) admits a solution w € W*2(0,T; H-1(Q2)) n C([0,T7; L*(2))
AL2(0, T; HA(Q)).

To prove Corollary 1.4.3, we need the following lemma. We omit the
proof which is straightforward when using Lemma 1.3.1 and the fact that
every function in W2(0,T; H=1(Q)) N L>(0,T; L*()) is weakly continuous
with values in L?(£2).
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Lemma 1.4.4. Let (u,) be a sequence such that
u, —u in W0,T; H1(Q)) and
Uy —u in L(0,T; L2(9)).
Then we have
un(t) — u(t) in L*(Q) for every t € [0, T).

Proof of Corollary 1.4.3 : In order to prove that there exists a solution
w in the space W12(0,T; H-1(Q))N L>(0,T; L*(Q)), it suffices to check that
the assumptions of Theorem 1.2.4 are satisfied. Since €2 is bounded, the em-
bedding L*(Q2) — H~'(Q) is compact. The function E is clearly continuously
differentiable, H-elliptic and the derivative £/ : V' — V' maps bounded sets
into bounded sets.
Let (u,) C L*(Q) such that u,, — u in L*(Q). By the continuity assumption
on a, we obtain

a(x,u,) — a(x,u) for almost every = € Q. (1.32)

Using the Cauchy-Schwarz inequality, we have for every v, w € H}(f2) such
that [[w]|g1(q) <1

(v, w)y, — (v,w),| < / la(z,u,) — a(z,u)|Vv - Vwdz
Q

< (/Q|a(x,un)—a(m,u)mw?dx)%.

Using the convergence (1.32) and the dominated convergence theorem, this
implies that for every v € H} ()

Ly, v — Ly in H Q). (1.33)
By the Lax-Milgram theorem, one has for every w € H~1(Q)
_ 1
115wl oy < EHwHH—l(Q)- (1.34)

This implies for every w € H~(Q)

||Lz:nlw - L;1w||H01(Q) = ||L;,L1(Lun - Lu)L;1w||H3(Q)
< NLan HI(Lu, = L) Ly w510
< 2w~ L)L 0l
— 0 (n—o0). (1.35)
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This yields that g is a metric.
Let v € H'(Q). As a consequence of (1.34), one obtains

||U||g27(u) = <277L1:11}>H*1(Q),H3(Q)

< HUHH—l(Q)HL;lUHHg(Q)
1
< Lol (1.36)

It is easy to see that for every w € Hj ()
1
L] < 2ol

Using this last estimate, one obtains for every v € L?*(2) and every v €

HY(Q), w € HA(Q)

<an>H*1(Q),H5(Q) = <Ua LglLuw>H*1(Q),Hé(Q) = <U7Luw>g(u)

1 1 1
< vllgen [ Luwllgay < Tvllge 1 wwll -1 o) [l F ) < %Ilvllgm),

if [|wl| gz < 1. We have thus proved that v/z[|v||z-1) < [[v]lg(w)-
Hence, by combining this last estimate with (1.36), we obtain

1
Ve llvlla-q) < Jollgw) < 7 vl -1

and assumption (1.6) of Theorem 1.2.4 is satisfied.
We let

U, — u in W2(0,T; H(Q)),
Up — u in L>(0,T; L*(%2)),
v, — v in L*(0,T; H *(Q)), and
w e L*0,T; H(Q)).

We want to prove assumption (1.7) of Theorem 1.2.4. More precisely, we
want to prove that

T T
/O<Un7L;n1w>H1(Q),H§(Q)dt_)/O <U,L;1w>H*1(Q),H5(Q)dt~

Since by assumption we have v,, — v in L?(0,T; H~*(f2)), it suffices to prove
that
L,'w— Ly'w in L*(0,T; Hy ().
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By Lemma 1.4.4, we have
U, (t) — u(t) in L*(Q) for every t € [0, T).
By (1.35), one has

L 'w(t) — L 'w(t) in Hy(Q) for a.e. t € (0,T).

Un,

Using the fact that L' is uniformly bounded, the dominated convergence
theorem for Bochner-integrable functions yields that assumption (1.7) in
Theorem 1.2.4 is satisfied and we deduce from Theorem 1.2.4 that there
exists u € WH2(0,T; H*(Q)) N L>(0,T; L*(€2)) which is a solution of (1.31).
From system (1.31) one has for almost every t € (0,7)

ou

Lou= f(t) — 22,

u=fit) - 2
This implies that for almost every ¢ € (0, 7))

w= L300 - 90,

Then we obtain

0
lu®ll gy < <Ol + 15 O la-10)

m | =

and hence u € L?(0,T; H} (2)).
Using the fact that W2(0,T; H-1(Q)) N L*(0,T; Hi(Q)) is a subspace of
C([0,T); L*(£2)) by [30, Theorem 3, page 287], we deduce that u € C([0, T]; L*(2)).

Remark 1.4.5. Problem (1.81) was studied by A.A. Ovono and A. Rougirel
[43] in an elliptic framework where the coefficient a is given by

a(z, u) = B / 1))

The function B : R — R is continuous bounded and verifies i%fﬁ > 0, and

B(x,r) denotes the open ball of center x and radius r.
We note that in this case, the coefficient a satisfies the weak continuity used
in FExample 3.

Remark 1.4.6. The choice of the energy E and the metric g in FExample 3
is inspired by F. Otto’s work [42] on the porous medium equation.



Chapitre 2

Maximal regularity, the local
inverse theorem, and local
well-posedness for the curve
shortening flow

(joint work with Ralph Chill and Eva Fasangovd)

2.1 Introduction

Optimal or maximal regularity results for linear evolution equations on
Banach spaces are now widely used in order to prove local existence, unique-
ness, regularity of solutions of abstract nonlinear parabolic evolution equa-
tions of the form

U+ F(u)=f on(0,7), u(0)= up; (2.1)

among the first articles, we cite for example Da Prato & Grisvard [25], Amann
[5, 6], Angenent [8, 9], Clément & Li [23], but we mention also the monograph
by Lunardi [40] and more recent works by Escher, Priss & Simonett [32],
Priiss [46] and Amann [3, 4]. In these articles, but also in [19, 34, 35, 52, 53]
(the list is not exhaustive), the authors applied the contraction mapping
principle in order to prove local existence and uniqueness of solutions. The
contraction mapping principle is of course a standard tool in nonlinear ana-
lysis, although its application sometimes requires the verification of technical
details.

In [8, 9], Angenent remarked that optimal regularity of underlying linear
evolution equations not only gives local existence and uniqueness of solutions

39
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of the nonlinear equation (2.1), but also time regularity of solutions and
continuous / smooth dependence of solutions on data. The solutions are
as regular and the dependence is as smooth as F' is, that is, equation (2.1)
behaves very much like an ordinary differential equation for which analoguous
results are classical. In order to achieve his goal, Angenent applied — besides
the contraction mapping principle — the Implicit Function Theorem in a most
elegant way (see also [32] where the so-called parameter trick was further
developped).

In this article, we show that the Local Inverse Theorem may be an effi-
cient alternative to the contraction mapping principle : by applying the Local
Inverse Theorem, the proof of local existence of solutions is even simpler and
it gives continuous / smooth dependence on data at the same time, at least in
the context of LP-maximal regularity. Let us note that an application of the
Local Inverse Theorem is perhaps natural since optimal / maximal regularity
just translates the fact that a certain linear operator is an isomorphism bet-
ween appropriate Banach spaces. In order to avoid much abstract notation,
we illustrate the approach only in the particular case of the curve shortening
flow equation

u — k(u) =0, (2.2)

but the interested reader will certainly understand how to apply the Local In-
verse Theorem in different, more abstract situations. For the curve shortening
flow we show in addition that the approach via the Local Inverse Theorem
yields — with very little additional effort — smooth solutions. Smoothness is
here obtained without the use of the Implicit Function Theorem but follows
from smooth dependence on data.

We have chosen the example of the curve shortening flow because it is one
of the simplest examples of geometric flows. Analytic properties of the flow
and its applications in physics or image analysis have been widely studied
in the literature. Moreover, local existence and uniqueness of various types
of solutions for appropriate initial data is well known; at least this ques-
tion is not an issue at all even in specialized monographs (see, for example,
[22, 31, 57]). Among the possible approaches to obtain short time existence of
solutions, we mention geometric measure theory (Brakke [20]), the theory of
quasilinear parabolic equations (here one frequently refers to Ladyzhenskaya
et al. [38] in combination with a reparametrization argument by DeTurck
[28], but this approach comprises also the above mentioned use of optimal
/ maximal regularity and the contraction mapping principle / the Implicit
Function Theorem, see Huisken & Polden [36]), the level set approach in
combination with the theory of viscosity solutions (Giga [33] and references
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therein), or variational approaches (Almgren et al. [1], Deckelnick [27], Luck-
haus & Sturzenhecker [41]).

2.2 The curve shortening flow equation — func-
tional setting

The curve shortening flow equation for parametrizations of closed curves
is the partial differential equation

ur — k(u) =0 in [0,7] x R,
u(t,x) = u(t,z+ 2mw) for (t,z) € [0,T] x R, (2.3)
u(0, ) = up(x) for z € R.

Here, each u(t,-) : R — R? is the parametrization of a closed curve I'; in R

By definition, a parametrization of a closed curve I' C R? is a 2m-periodic,
continuously differentiable function u : R — R? such that I' = {u(z) : € R}
and inf,cg |uz(x)| > 0 (the latter assumption on the derivative guarantees in
particular that u is locally injective and therefore an immersion).

In the following, we consider the Sobolev spaces

H: = {ue HF (R;RY) : u(x) = u(z + 27)},

per

and we denote analogously by O;lfer the space of all 27-periodic, k£ times

continuously differentiable functions. We assume that the initial value wug
in (2.3) is a parametrization in the Sobolev space ng. This space has the
simple advantage of being a Hilbert space. Moreover, this Sobolev space is

continuously embedded into C},, so that the set of all parametrizations in

ngr is open. Finally, given a parametrization u € ngr, we can define the

associated curvature vector field k(u) by

1, u,
k(u) ;=
@) =
|um|2 |u:v| |um|2, |uw|
_ pl Uzz
|z |?
Here,
u U

Pto=v— % (v, ——
PRARIPAL

is the orthogonal projection along the tangent space (u,) onto the normal
space along u.
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2.3 Reduction of the curve shortening flow
equation

Following an idea of DeTurck in [28], one may introduce reparametriza-
tions of a solution u of the curve shortening flow equation in such a way that
the reparametrizations satisfy a strictly parabolic equation (see, for example,
Zhu [57]). This strictly parabolic equation can be obtained by ”projecting”
the time derivative of the function w into the space which is normal along
up (the equation thus obtained therefore depends on ug). Here, we somehow
proceed in the opposite way (see also Deckelnick [27]) : instead of projecting
the curve shortening flow equation into normal direction we rather leave out
the normal projection P+ which appears in the definition of the curvature
vector x(u). That is, instead of the curve shortening flow equation (2.3) we
consider the following problem

v, — |””*"T2 —0 in [0,7] x R,

Vg
o(t,x) = v(t,x +27) for (t,2) € [0,T] x R, (2.4)
v(0,z) = up(x) for x € R;

(same initial value ug as in (2.3)!). In this problem, (v(t,-)) is again a family
of parametrizations of closed curves in R?. We show in this section that a
smooth solution v of the problem (2.4) and a smooth solution u of the curve
shortening flow equation (2.3) parametrize the same family of curves. As
a consequence, if one is only interested in the evolution of the associated
curves, it suffices to solve the reduced problem (2.4). For simplicity, we work
only with C'* solutions here and we do not try to find the weakest possible
regularity on v which ensures existence and uniqueness of sufficiently regular
reparametrizations 6 (see the following lemma).

Lemma 2.3.1. Let v € C*([0,T];C%.) be a solution of the problem (2.4).

per
Then there exists a unique function

0 C(0,T] xR), 6=06(t ),
(same existence time as for v!) satisfying

1 ( Ve (t,0)  v,(1,0) >
Ve (£, 0)] s (t, 0) [va(t, 0)]
0(0,z) =z for x € R.

0, + =0 in0,7] xR,

(2.5)

Démonstration. For every fixed x € R the equation (2.5) is an ordinary
differential equation for the function (-, z). For this ordinary differentiable
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equation, the classical results for local / global existence and uniqueness of
solutions and smooth dependence on initial data apply and yield the claim.
O

Let v and 0 be as in Lemma 2.3.1 and define
u(t,z) == v(t,0(t,z)) for (t,z) € [0,T] x R.

Note carefully that u is 27-periodic in the second variable. Moreover, by the
chain rule and since v and 6 are solutions of (2.4) and (2.5), respectively,

w(t,x) = v (t,0(t, ) + v (t,0(t,2)) 0,(t, x)
RN R )
)

= 0L NE Tt 0 2)] Teut,

(v(t,0(t, )))

= r(v(t
= r(u(t,z)).

In the last equality we have used the equality x(v(t,0(t,x))) = k(u(t, z)), that
is, the curvature vector at the point v(¢,0(t,z)) = u(t,z) does not depend
on the particular parametrization. Since we have also that

u(0,2) = v(0,0(0,2)) = v(0,x) = ug(x),

the function u defined above is indeed a solution of the curve shortening flow
equation.

2.4 Existence and regularity for the reduced
problem by the local inverse theorem

In this section we solve the reduced problem (2.4). More precisely, we
prove existence and uniqueness of solutions which belong to the mazimal
reqularity space

g7l el 2 73
MR :=H(0,T;H,.,)NL0,T; H,,).
This space is equipped with the natural norm, so that it becomes a Banach
(or : Hilbert) space. One has two continuous embeddings
MR C C([0,T]; H:

per

) € C([0,T]: Gy )-

per

The second embedding follows from the Sobolev embedding H?,  C C}

per = per?

while the first embedding follows from interpolation theory and the fact that
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H?,. is the trace space (or : interpolation space) between H), and H},

associated with the maximal regularity space M R. The subset

U:={ue MR: (1tnf) \u,(t, z)| > 0}

is, by the above embeddings, an open subset of the maximal regularity space.

For every parametrization uy € ngr there exists an element v € U such

that u(0) = up. In fact, since HPZGT is the trace space associated with MR,

there exists an element @ € MR such that 4(0) = wy. Then, by a simple
continuity and compactness argument, there exists 7" € (0,7] such that

(tvx)ei[%val]m |t (t, z)| > 0. Now, the function u(t,z) = fL(TT/t,QZ) belongs to U

and satisfies u(0) = uy.

Theorem 2.4.1 (Local existence and smooth dependence of local solutions
on data). For every parametrization ug € H2,, and every f € L*(0,T; H',)

per per
there exists a local existence time T € (0,T] and a constant r > 0 such that

for every vy € Hj, and every g € L*(0,T'; H,,,) with |lvo — uo||nz, <r and

per per

lg — fllz2zm3,,) <7 the problem

vy — |vxT2 =g in [0,7'] x R,

Ux
v(t,x) =v(t,z +2m) for (t,z) € [0,T"] x R, (2.6)
v(0, ) = vo(x) for x € R,

admits a unique solution

veH (0, T;H!, )N L*0,T"; H? ).

p per

Moreover, the mapping which maps every pair (g,vo) € B(f,r) x B(ug,r)
(the open balls in L*(0,T"; H),,) and H?,,, respectively) to the unique solution
ve HY0,T; H),,)NL*(0,T"; H},,) is analytic (in the sense of [56, Definition
8.8, p.362]).

In particular, for every parametrization vy € ngr the problem (2.4) ad-
mits a unique local solution v € HY(0,T'; H' ) N L*(0,T'; H3,).

per per

Démonstration. Consider the function

G:U— L*0,T;H,) x H?

per per

/U.Iw
v (v — W,U(O))-
It is analytic in the sense of [56]. We show that G is a local diffeomorphism.
Denote by G’ the Fréchet derivative of G. For every v € U and every w € M R,
(Ugy W), w(0)).

wmz @rx

IRCAERNCAT

G (v)w = (wy
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Saying that G’(v) is a linear isomorphism from MR onto L*(0,T; H! ) x

per

2 . . . . .
H_,,. is then clearly equivalent to saying that for every right-hand side h €

EeT

L?(0,T; H! ) and every initial value wy € HZ, the problem

per per
1U$17 ihvx — .
wt—w%—w(vz?wx):h in [0,7] x R,
w(t,x) = w(t,x + 2m) for (t,z) € [0,T] x R, (2.7)
w(0, z) = wy for x € R,

admits a unique solution w € M R. We take this fact for granted, or we refer
to Section 2.5 below, where we briefly sketch why this linear, nonautonomous
problem has L?-maximal regularity in H;er.

Now the problem (2.6) can be solved in the following way. Given a pa-
rametrization uo € H},. and a function f € L*(0,T; H,,,), there exists an
element v € U such that ©(0) = ug. Since G'(0) is linear and continuously
invertible (by the above granted assumption), and by the Local Inverse Theo-
rem [56, Theorem 4.F, p.172], there exists a neighbourhood V C U of © and
a neighbourhood W C L*(0,T; H},.) x H},, of G(v) =: (f,uo) such that G is
a diffeomorphism between V' and W. More precisely, G and its local inverse
G~! are analytic [56, Corollary 4.37, p.172].

Now, choose first > 0 so small that B(f,2r) x B(ug,r) € W, and choose

then 7" € (0,7 so small such that
If = Ffllzoanmy,,) <73

here it is crucial that we work with L?-maximal regularity, since this ensures
that such a time 7" exists. Let vy € H},, and g € L*(0,T"; H,,,) be such that

per

lvo — wollmz,, < rand [|g — fllze1rmy,,) < 7. We extend g by fon (T",T)

per

and we denote this extension by Fg. Then Eg € L?(0,T; H!,) and

per

|Eg — JFHL?(OJ’;H1 ) = llg — fHL?(mT/;Hl )

per per
<lg = flle2rm,,) + If = fllzer a2,
< 2r.

In particular, (Eg,v0) € B(f,2r) x B(ug,r) C W. Since G : V. — W is
invertible, there exists v € V' C M R such that G(v) = (Eg, v). By definition
of G and FEg, this implies that the restriction of v to [0,7"] x R is a local
solution of (2.6).
The mapping which maps every
(g,v0) € B(f,r) x Blug,r) C L*(0,T"; H ) x H>

per per
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to the local solution v € H*(0,7"; H' )N L?*(0,T"; H3, ) is the composition of

per per
the affine extension operator E (the sum of a linear operator and a constant),

the inverse G~! and a linear restriction operator, and it is thus analytic.
Since the parametrization ug € H2, and the right-hand side f € L*(0,T; H!, )

per per
were arbitrary (so that we may take f = 0), the above arguments yield in

particular the existence of a local solution v of (2.4). ]

The smooth dependence on the data implies higher space regularity if the
data are more regular, too.

Corollary 2.4.2. Let ug € H,,, f € L*(0,T; H},,) and T' € (0,T] be as in

per

Theorem 2.4.1, and let v € H'(0,T'; H),,) N L*(0,T'; H},,) be the local solu-

per

tion of (2.6) with g = f and vy = uo. Ifug € H2ZF and f € L*(0,T; H)XF) for

per

some integer k > 0, thenv € HY(0,T'; HIXF)NL2(0,T"; H3F) € C([0,T"]; HEF).

per per per

Démonstration. Note that uy € Hg;;k if and only if the mapping h +—
(- + h) is k times continuously differentiable from R into HZ,.. Similarly,
f e L*(0,T; H)fF) if and only if the mapping h — f(-,- + h) is k times
continuously differentiable from R into L*(0,T; H,,,). Since v(-,- + h) is the
(unique) solution of (2.6) with initial value wuy replaced by wuo(- + h) and
right-hand side f replaced by f(-, -+ h), the smooth dependence of solutions
on initial data (Theorem 2.4.1) implies that the mapping h — v(-,-+h) is k
times continuously differentiable from R into H'(0,7"; H,,,)NL*(0,T"; H3,.)N

C([0,T"]; H},,). This gives the desired regularity. O
With little additional effort, we now show that the unique local solution v
found in Theorem 2.4.1 is smooth for ¢ > 0. Note that the following corollary
may also be proved by applying the beautiful argument of Angenent (see [8],
[32]) ; there, the Implicit Function Theorem first gives time regularity while
the space regularity can for example be obtained by using the equation (2.4).
Here, the smooth dependence on data implies first the space regularity, and
the time regularity is obtained in the second place.
Corollary 2.4.3. Let v € H'(0,T"; H),.) N L*(0,T"; H},,) be a solution of

per
the homogeneous problem (2.4) (the existence of a local solution is guaranteed

by Theorem 2.4.1). Then

veC™((0,T;Cx

per) :

Démonstration. We start by showing space regularity. Note that if

v € Hy ((0,T); Hyf*) 0 L, ((0,T'); Hyt*) - for some k >0,

per per



2.5. THE LINEAR, NONAUTONOMOUS PROBLEM 47

then, for almost every ¢ € (0,7"), v(t) € H3t*. By Corollary 2.4.2, this
implies that v € H'([t,T"]; HZF) 0 L*([t, T"]; Hyt*) for almost every t
(0,7"), and therefore

v € Hipo((0, Tl HyiP) 0 i (0, T'); Hyer) € C((0, T') HEP).

per loc per per

Hence, an induction on & > 0 shows that v € C((0,7"]; Cys,.). This regularity
and the equality

erl:
VvV =
: vz [
imply first that v € C*((0,7"]; Cy2,), and then, by iterating this argument,
that v € C>((0,7"]; Cpe,.). O

2.5 Maximal regularity for the linear, nonau-
tonomous problem

In this section, we briefly sketch an idea why the linear problem (2.7) has
L?-maximal regularity in H},,. Let us first note that the problem (2.7) is a
special case of the linear, nonautonomous problem

wy — m(t, x)we, + b(t, x,w,) =h in [0,7T] x R,
w(t,x) =w(t,x + 2m) for (t,2) € [0,T] x R, (2.8)
w(0, ) = wp(x) for z € R,

where m : [0,T] x R — [¢,1/¢] (¢ > 0 fixed) and b : [0,T] x R x R? — R? are
two measurable functions such that
(i) m e C([0,T]; Hp,,(R)),

per
(ii) bis linear in the third variable and 27-periodic in the second variable,
ii

(i) [b(t,z,p)| < Bi(t, ) |p| for some B € L2(0,T; L%, (R)) and every

per
(t7 x? p)?

(iv) [bo(t, 2, p)| < Ba(t,z) |p| for some By € L*(0,T; Ly, (R)) and every
(t,z,p).

In order to prove L*-maximal regularity of the problem (2.8) in H),,, it

is convenient to proceed in several steps and to consider the following three

cases :

1. the case when m(t,-) = m(-) € H},, does not depend on time and b

vanishes identically (autonomous case);

2. the case when m is arbitrary (but satisfies the conditions above) and b
vanishes identically ;
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3. the general case (m and b satisfy the conditions above).

The first case is of course the simplest one. In order to prove L?-maximal
regularity in H,,,, it suffices to know that the operator —muw,, with domain

H;’e,, generates an analytic Cy-semigroup on the Hilbert space H,, and to
refer to [26]. Alternatively, one can show by variational methods that the
operator —m,, with domain H, . has L?*-maximal regularity on H,. and
then to use a similarity argument.

Once the first case is settled, the cases 2 and 3 follow by perturbation
arguments (using the Neumann series, for example). For the second case, due
to assumption (i), one may apply either [45, Theorem 2.5], [2, Theorem 7.1],
or [11, Theorem 2.7] in combination with the first case. The third, general

case follows similarly [2, Theorem 7.1].



Chapitre 3

Continuous Newton’s method
and existence and uniqueness
of solutions for periodic
boundary value problems

3.1 Introduction and the main result

In this paper, we are interested in solving the algebraic equation

o(u) = v, (3.1)

where ¢ : X — Y is a continuously differentiable function and X and Y are
two Banach spaces.

The problem of finding a solution for the algebraic equation (3.1) is one of the
fundamental problems in mathematics. Many methods can be used to solve
this problem, e.g., fixed point methods, degree theory, variational methods.
In order to solve problem (3.1), we choose to use the continuous Newton’s

method
v'(t) = —¢'(v(t)) " (6(u(t), t=0, (32)
v(0) = vp. '

Compared with the methods mentioned above, a proof using the continuous
Newton’s method (3.2) has the advantage to be more constructive.

We prove that if the continuous Newton’s method (3.2) converges, that is,
if the problem (3.2) admits a global solution which converges to some limit
as t — oo, then the algebraic equation (3.1) admits a solution (namely the
limit of Newton’s method).

49
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The main result of this paper is the following theorem which gives sufficient
conditions for ¢ to be a global C! diffeomorphism and hence for every v € Y,
there exists a unique v € X which is a solution of equation (3.1). This result
is well known in the literature (see for example [44], [49] and [54]), and in
[54], the author used also the continuous Newton’s method in order to prove
a global existence result between Banach spaces.

Theorem 3.1.1. Let X and Y be two Banach spaces and let ¢ : X — Y be a
continuously differentiable function. We suppose that the function ¢ satisfies
the following assumptions :

(i) for every uw € X, ¢'(u) is invertible,

(i1) the function ¢ is coercive, in the sense that,

lim {jp(u)ly = oo,
Jullx—o0

(iii) the function u — ¢'(u)~' maps bounded sets of X into bounded sets
of LY, X).
Then ¢ is a Ct diffeomorphism from X into Y.

We note that the coercivity assumption (ii) is equivalent to the following
statement : for every R > 0 there exists cg > 0 such that for every u € X
the implication

lo(wlly <R = |ullx <cgr

holds true. In other words, ¢ is coercive if and only if preimages of bounded
sets are bounded sets.

Global homeomorphism theorems were the subject of many papers. We refer
the reader to [44], [49], [54] and to the references therein for more details.

We apply Theorem 3.1.1 in order to solve the nonlinear periodic differen-
tial equation

u € WHr(0,2m; RY),

' (t) + F(u(t)) = f(t) for a.e. t € (0,27), (3.3)

u(0) = u(2m),
where F': RN — RY is a continuously differentiable function and p > 2.
Equation (3.3) can be abstractly rewritten as an algebraic equation between
Banach spaces, and we use Theorem 3.1.1 in order to solve this equation.

In order to solve problem (3.3), we need to solve a linearized periodic problem
of type

{ u'(t) + A(t)u(t) = f(t), te€(0,2m), (3.4)
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where A(t) : RY — RY is a linear operator. Existence and uniqueness of
solutions for problem (3.4) is equivalent to the fact that assumption (i)
in Theorem 3.1.1 is satisfied. Problem (3.4) was studied by Arendt and
Rabier [14] in a more general case where A(t) : D — X is an unboun-
ded operator on a Banach space X. Sufficient conditions for £ + A(-) :
WhP(0,2m; X) N LP(0,27; D) — LP(0,27; X) to be invertible are given in
[14]. In our framework (finite-dimensional case), we use the Floquet theory
to show that the operator A(t) is similar to an operator with constant coef-
ficient and then we use a result due to Arendt and Bu [13] to prove that the
operator % + A(+) is an isomorphism between some Banach spaces.

Since problem (3.3) is nonlinear, in addition to assumptions ensuring the
well-posedness of the linear problem (3.4) in [14], it is natural that we need
further assumptions on the function F' to guarantee the existence of solu-
tions for problem (3.3). These additional assumptions ensure the coercivity
condition (ii) in Theorem 3.1.1.

To prove that assumption (iii) is satisfied in the case of problem (3.3), we
use essentially the fact that a linearized problem associated to problem (3.3)
with bounded nonhomegenous terms admits a unique solution.

In [55], the author studied the problem

ft,u(t)), te(0,T),

——
E
==

I
=

~
:_/

where f : R x RV — R¥ is a continuous function which is periodic with
respect to the first variable. The author presented an existence result based
on the search of fixed points for some operator. We refer the reader to this
work and to the references therein for more details.

3.2 Proof of Theorem 3.1.1

In this section, we give the proof of Theorem 3.1.1. For this aim, we prove
in a first step that the continuous Newton’s methods admits global solutions,
that is solutions defined for all ¢ > 0, and this fact implies that ¢ is injective
(see the proofs of [54, Theorem 2.1 and Theorem 3.1] for more details). In a
second step, we prove that the global solutions converge to a limit as t — oo,
and this limit is a solution of the problem (3.1).

Proof of Theorem 3.1.1 : We consider the continuous Newton’s method

{ v'(t) = —¢'(u(t) " (g(v(t), =0,

3.5
v(0) = vp. (3:5)
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A function v € C*([0,T], X) is a solution of system (3.5) if and only if
d(v(t)) = e "p(vp) for every t € [0,T] and v(0) = vy. (3.6)

In fact, if v € C'([0,T], X) is a solution of system (3.5) then one has

S (0u(t) = o) o' (1)
= ().

Hence, the function ¢(v) is a solution of the differential equation

d
7 (0(u(0) = = 6(u(0)), t € [0,7),

¢(v(0)) = d(vo),

and the relation (3.6) follows.
Conversely, if a function v € C1([0, T], X) satisfies the relation (3.6) then one
has

SO ) = 5 (G0)
d
= (o)
= —e "p(vy)
= —o(t),

and v(0) = vy. Hence, the function v is a solution of (3.5).

We use the equivalence of the systems (3.5) and (3.6) in order to show that
the continuous Newton’s method (3.5) admits a solution.

Since ¢ is a local C! diffeomorphism by assumption (i) and the local inverse
theorem, there exists an open neighborhood V} of vy and an open neighbo-
rhood Wy of ¢(vg) such that ¢ : Vj — Wy is a C* diffeomorphism. Since
limy e "Pp(vy) = P(vg), there exists T > 0 such that e *¢(vy) € Wy for
every t € [0,7T]. This implies that ¢~ (e td(vy)) € Vo for every t € [0,T].
Now, define the function v on [0, 7] by

v(t) = ¢ (e p(w)), t €[0,T).

Then v € C([0,T7]; X) is a solution of (3.6) and hence of (3.5).
Let Vmaz : [0, Tmae) — V' be a maximal solution of system (3.5). Since
d(v(t)) = e '¢(vg) remains bounded, and by assumption (ii), the function
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Umag 18 bounded on [0, T}40)-
Assumption (iii) implies that there exists a positive constant M such that

sup ||¢,<Umar(t))_1|| <M.

te[QTmaw)

Then one obtains

[VinaeOllx = 18" (Vimaa ()™ (S (Vmaa ()l x
< Me™[|l¢(vo)lly-

Hence, v/, . is absolutely integrable on [0, T},..) and by Cauchy’s criterion,

Umaz admits a finite limit as ¢ tends to 7T,4,. This proves that T},,, = oo,
that is v,,q. 18 & global solution, and this implies injectivity of ¢ as mentioned
at the bigening of this paragraph.

Let u = limy_, o Upnaz(t). Then one has

Ou) = Jim Glvmar(?))

= lim e "¢ (vg)

t—o0

= 0,

and hence the limit u is the solution of the problem ¢(u) = 0.

The second step consists to prove that the equation ¢(u) = v admits a so-
lution. For this, it suffices to apply the first step with the function ¥ (u) =
é(u) —v. Hence, ¢ is surjective and we conclude that ¢ is a global C! diffeo-
morphism.

3.3 Application

We now give an example of application of Theorem 3.1.1.
Example : Let F': RY — RY be a continuously differentiable function and
let p > 2. We consider the problem of finding u such that

u e WhHr(0,2m; RY),
uw'(t) + F(u(t)) = f(t) for a.e. t € (0,2m), (3.7)
u(0) = u(2m),
where f € LP(0,2m; RY) is given. Recall, from the Sobolev embedding theo-
rem, that W1P(0, 27; RY) is a subspace of C([0, 27]; RY) so that the condition

u(0) = u(27) in problem (3.7) makes sense.
We define the Banach spaces

X = {u e W(0,2m;RY) : u(0) = u(27)}
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and
Y = LF(0,2m; RY).

We define further the Nemytskii operator

F: X —- Y

where for every v € X and every t € [0, 27]

Lemma 3.3.1. The Nemytskii operator F is well defined, continuously dif-
ferentiable on X and for every u € X, the derivative F'(u) is given by

F'(u)v = F'(u(-))v(-), v e X.

Proof : For the proof of this lemma, see [48, Theorem 3.1] where the
function F' depends further on the time parameter in the first variable.

By the preceding lemma, for every u € X, we may consider the linearized
problem

{ B () + F'(u(t))h(t) = f(t) for a.e. t € (0,27), 58)
h(0) = h(27).

We suppose that the function F' satisfies the following assumptions :
(a) For every u € X, there exists a t-independent N x N-matrix B, such
that o(—B,) NiZ = () and there exists an invertible matrix ®(¢) with
absolutely continuous 27-periodic elements such that

h(t) = @(t)y(t), ¢ €0, 2n]
reduces problem (3.8) to the autonomous problem

{ y'(t) + Buy(t) = f(t) for a.e. t € (0,27),
y(0) = y(2m).

b) Je;>0,VzeRY ¢z <|F(x),
¢) Vo € RN |F(2)]? + 2(F'(x)F(x),z) > 0,
d) 3 >0,VzeRY, ¢ F(z)| < e(x),
e) 33 >0,Vz,yeRY (F'(x)y,z) <cse(r)|yl,
where e(z) = \/|F(2)]? + 2(F'(z)F(z), ),
(f) Vr >0, 3e(r) > 0, Va,y € RN |y| <r = c(r)|z]* < (F'(y)x, ).

(3.9)

(
(
(
(
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Remark 3.3.2. We note that the existence of the matrices B, and ®(t) as in
assumption (a) can be guaranteed by the Floquet theory. We refer the reader
to [16, Theorem 1.2] and [24, Theorem 4.1] for more details.

We note also that the condition o(—B,)NiZ = 0 is not ensured by the Floquet
theory. We need this supplementary condition to ensure the invertibility of
some differential operator between the spaces X and Y .

Theorem 3.3.3. Under the assumptions (a)-(f), problem (3.7) admits a
unique solution.

To prove Theorem 3.3.3, we need the following lemma which gives a neces-
sarily and a sufficient condition for the operator % + B, to be an isomorphism
between X and Y.

Lemma 3.3.4. The operator % + By is an isomorphism from X into Y if
and only if o(—B,) NiZ = .

Proof : For the proof of this lemma, see [13, Theorem 2.3].

Remark 3.3.5. Assumption (a) and Lemma 3.5.4 imply that the operator
L+ F'(u(")) is an isomorphism from X into Y

Proof of Theorem 3.3.3 : For the proof, we apply Theorem 3.1.1. We
study the cases p = 2 and p > 2 separately.

First case : p = 2.

We consider the function ¢ : X — Y defined for every u € X by

d(u) =u’"+ F(u).

By Lemma 3.3.1, the function ¢ is well defined, continuously differentiable
on X and for every u € X, the Fréchet-derivative ¢'(u) is given by

¢'(w)v =v'+F'(u)v, veX.

Using Remark 3.3.5, we deduce that ¢'(u) is invertible from X into Y for
every u € X. This proves that ¢ satisfies assumption (i) of Theorem 3.1.1.
Now, we are proving that ¢ is coercive. Let R > 0 and v € X be such that

[o(u)lly < R.
We have the following equality

le()lIy = [lu"lI5 + HF(U)||§/+2/0 B,y
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This implies after integrating by parts, using the periodic boundary condi-
tions

lo(uw)I¥ =|WW§+HFWW§—ZAWU”WWdet
HWMAWFWM§+QAWGWMFW%wﬁ

2m
2 [P o). u)di
0
< R%.
By using assumption (e) and the Cauchy-Schwarz inequality we obtain

He<u)Hi2(O,27r) + w3 — 2¢slle(w)|| 202m ¢ (u) [y < R
This implies
le(u)l|72(0.2m) — 2¢sRlle(u)llz20.2m) + U]} < R
Hence, we obtain
le(w) || 20,2m) < R(1+ 2c¢3).

Using assumption (d), we deduce
|1F(u)ly < Rey' (14 2c3).
Assumption (b) implies
[ully < Rep'ey (1 + 2¢3).
Using the identity v’ = ¢(u) — F(u) we obtain
lu'lly <R+ Rey' (14 2c3).

Hence
|ullx < cr,

where cgp = R+ Rey ' (1 + 2¢3) + Rey ey H(1+ 2¢3).
This proves assumption (ii) of Theorem 3.1.1.
Let R > 0. Our aim is to prove that there exists a constant ¢(R) > 0 such
that for every u € X with [Jul|x < R one has [|¢/(u) | zv,x) < ¢(R).
Let v € X with ||u||x < R. First observe that since X is continuously embed-
ded into C([0,27]; RY), there exists a constant ¢ > 0 which is independent
on u such that

sup |u(t)] < cR. (3.10)

t€]0,27]
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Since F'’ is continuous from RY into £(RY), this implies that there exists a
constant ¢;(R) > 0 which is independent on u such that

sup [|F(u(t)) |l c@) < i (R).

te[0,27]

Now let k£ € Y. Then there exists a unique h € X such that ¢'(u)h = k, that

is, there exists a unique solution A of the linear differential equation
R (t)+ F'(u(t))h(t) = k(t) for a.e. t € (0,27), (3.11)
h(0) = h(27). '

We multiply equation (3.11) by h(t), then we integrate over (0,27) in order
to obtain

/0 ﬂ<F/(U(t))h(t), h(t)) dt = /0 ﬂ(k(t)7 h(t)) dt.

Now, we use assumption (f) and the estimate (3.10) and we have the existence
of a positive constant co(R) such the last inequality implies

e(R)|ME < / k1), h(t)) dt.

By using the Young’s inequality, we deduce that there exists a positive
constant c3(R) such that

1Plly < es(R)|[E]y-
This estimate and equation (3.11) yield

1@ @ Ry = Wl
< IF @Dl + Ikl
< (sup 1B (o) emes(R) + 1) [kl

t€[0,2m]

This estimate and the preceding estimate together prove that assumption
(iii) of Theorem 3.1.1 is satisfied.

By Theorem 3.1.1, ¢ is a global C* diffeomorphism and hence problem (3.7)
admits a unique solution for p = 2.

Second case : p > 2.

We are proving that this case is a consequence of the first case. Let f €
LP(0,2m;RYN). Since p > 2, f € L?(0,2m;RY) and by the first case, there
exists a unique u € H'(0,2m; RY) which is solution of

{ W' (t) + F(u(t)) = f(t) for a.e. t € (0,2m),

3.12
u(0) = u(2m). (3.12)
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Since H'(0, 2m; RY) is a subspace of C([0, 27]; RY), the function ¢t — F(u(t))
is continuous on [0, 27r] and then F'(u) € LP(0,2m; RY). Tt follows by equation
(3.12) that ' € L?(0,2m;RY). Hence, u € W'P(0,2mr;RY) is the unique
solution of problem (3.7).

Remark 3.3.6. Assumptions (b)—(e) and the method of the proof of the
coercivity of the function ¢ in Example 1 are inspired by Rabier and Stuart’s

work in [47].
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