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Notons que, lorsque les coecients de l'opérateur ne dépendent pas du temps, une fonction de Green n'est rien d'autre qu'un noyau de la chaleur.

Nous avons également travaillé sur une application des estimations des noyaux de la chaleur à un problème de potentiels isospectraux.

Signalons que les estimations gaussiennes ont des applications dans la théorie spectrale sur les espaces L p et peuvent permettre d'obtenir des inégalités de type Harnack et un principe de maximum fort. Elles permettent également d'obtenir des estimations L p -L q et l'analycité des semi-groupes associés à des noyaux de la chaleur. Les références [24], [42], [START_REF] Stroock | Partial dierential equations for probabilists[END_REF] traitent de ces sujets.

1.2 Estimations gaussiennes : état de l'art

Estimations gaussiennes de la solution fondamentale

Dans ce qui suit, nous utilisons la convention de sommation d'Einstein pour les indices répétés.

Nous considérons l'opérateur diérentiel du second ordre

L = a ij (x, t)∂ 2 ij + b k (x, t)∂ k + c(x, t) -∂ t ,
où les coecients a ij , b i , c sont dénis sur P = R n × (t 0 , t 1 ) avec t 0 < t De nombreux autres auteurs ont travaillé sur ce sujet. Nous pouvons citer Kalashnikav et Oleinik [START_REF] Il'in | Second order linear equations of parabolic type type[END_REF] qui ont prouvé que E ≥ C(tτ ) -n/2 sur le paraboloïde |x -ξ| 2 ≤ C(tτ ).

Nous pouvons également citer Besala [5] et Friedman [28] qui ont obtenu des bornes inférieures pour E lorsque tτ est borné loin de zéro.

Notons enn que Eidel'man et Porper [26] ont obtenu une minoration et une majoration gaussiennes pour E lorque les coecients de L satisfont la condition de Dini uniforme par rapport à x. 

   Lu = 0 sur Q τ , u(• , τ ) = ψ sur Ω, ∂ ν u = 0 sur Σ τ . (1.1) 
Ici, L est un opérateur diérentiel du second ordre

L = a ij (x, t)∂ 2 ij + b k (x, t)∂ k + c(x, t) -∂ t ,
où les coecients a ij , bi, c sont dénis sur Q = Ω × (t 0 , t 1 ), et la matrice a ij (x, t) est symétrique pour tout (x, t) ∈ Q.

Nous supposerons également que la condition d'ellipticité suivante est vériée :

a ij (x)ξ i ξ j ≥ λ|ξ| 2 , ∀(x, t) ∈ Q, ξ ∈ R n .
D'après Friedman [28], sous certaines conditions de régularité des coecents de L et du domaine Ω, pour tout ψ ∈ C ∞ 0 (Ω), le PN (1.1) a une unique solution u ∈ C 1,0 (Q τ ) ∩ C 2,1 (Q τ ) donnée par u(x, t) = t τ ∂Ω E(x, t; ξ, σ)ϕ(ξ, σ)dξdσ + Ω E(x, t; ξ, τ )ψ(ξ)dξ.

(1.2)

Ici ϕ(x, t) = F τ (x, t) -2 ≥1 t τ ∂Ω
M (x, t; ξ, σ)F τ (ξ, σ)dξdσ,

(1.3) avec F τ (x, t) = -2 Ω ∂ ν E(x, t; ξ, τ )ψ(ξ)dξ, M 1 = -2∂ ν E, M +1 (x, t; ξ, τ ) = t τ ∂Ω
M 1 (x, t; η, σ)M (η, σ; ξ, τ )dηdσ.

Estimations gaussiennes : état de l'art

Pour (x, t) ∈ Σ τ et ξ ∈ Ω, posons N (x, t; ξ, τ ) = -2∂ ν E(x, t; ξ, τ ) -2 ≥1 t τ ∂Ω M (x, t; η, σ)∂ ν E(η, σ; ξ, τ )dηdσ.

Nous avons ϕ(x, t) = Ω N (x, t; ξ, τ )ψ(ξ)dξ.

(1.4)

Nous posons

G(x, t, ξ, τ ) = t τ ∂Ω E(x, t; η, σ)N (η, σ; ξ, τ )dηdσ + E(x, t; ξ, τ ).

(1.5) D'après le théorème de Fubini, nous avons u(x, t) = Ω G(x, t; ξ, τ )ψ(ξ)dξ.

(1.6)

La fonction G est appelée fonction de Green-Neumann associée à l'équation Lu = 0 sur Q.

1.2.3

Majoration de la fonction de Green-Neumann sur un ouvert de R n Dans [22], Daners a considéré le PN suivant :

   Lu = 0
sur Ω × (0, ∞), u(• , 0) = ψ sur Ω, B(t)u = 0 sur ∂Ω × (0, ∞).

(1.7) Ici, l'opérateur parabolique L est de la forme L = A(t)u -∂ t u, avec A un opérateur sous forme divergentielle ayant des coecients L ∞ :

A(t)u = ∂ i (a ij (x, t)∂ j u + a i (x, t)u) + b i (x, t)∂ i u + c 0 (x, t)u et B(t)u = (a ij (x, t)∂ j u + a i (x, t)u)∂ i .
Daners a montré que si le domaine satisfait une condition de cône intérieur, alors |G(x, t, ξ, τ )| ≤ C(tτ ) -n/2 e ω(t-τ ) e -|x-ξ| 2 /(c(t-τ )) , pour tous x, ξ ∈ Ω et t > τ .

Pour démontrer cela, Daners obtient d'abord des estimations de type L p pour le système d'évolution U associé à l'opérateur A en utilisant l'ellipticité de (a ij ).

Ensuite, il obtient une estimation du type L 2 -L ∞ en utilisant les inégalités de Nash suivantes qui nécessitent la condition de cône intérieur du domaine

||u|| 2 2 ≤ K Ω ε||u|| 2 W 1 2 (Ω) + ε -N/2 K 0 ||u|| 2 1 et Chapitre 1. Introduction ||u|| 2+4/N 2 ≤ K 1+2/N Ω K 1 ||u|| 2 W 2 1 (Ω) ||u|| 4/N 1
pour tout ε > 0 et pour tout u ∈ W 1 2 (Ω) ∩ L 1 (Ω). Ensuite, par dualité, il obtient une estimation de type L 1 -L 2 pour le système d'évolution rétrograde Tout ceci permet d'obtenir une majoration de type L 1 -L ∞ pour le système d'évolution U . Enn, en conjuguant le système d'évolution, il obtient une majoration gaussienne pour la fonction de Green-Neumann de l'opérateur parabolique associé au système.

Notons également que Choi et Kim [13] ont obtenu une majoration gaussienne pour un système d'opérateurs sous forme divergentielle sous la condition que le PN possède une estimation de type De Giorgio-Nash-Moser au bord.

Notons enn que dans [8], Burdzy, Chen et Sylvester ont établi une majoration gaussienne pour la fonction de Neumann Green sur un domaine dépendant du temps.

Dans le cas où les coecients de L sont indépendants du temps, la fonction de Green-Neumann n'est rien d'autre qu'un noyau de la chaleur.

Il existe une riche littérature sur les majorations gaussiennes pour les noyaux de la chaleur. Citons par exemple le livre classique de Ouhabaz [42]. Dans ce livre, on trouve un résultat de majoration gaussienne pour le noyau de la chaleur associé à la forme sesquilinéaire

a(u, v) = Ω [ n k,j=1 a kj ∂ k u ∂ j v + n k=1 (b k v∂ k u + c k u ∂ k v) + a 0 uv]dx
ayant pour domaine D(a) = H 1 (Ω), où Ω est un ouvert de R n et où les coecients de a sont L ∞ (Ω, C).

Comme dans l'article de Daners [22], la technique consiste à obtenir, en utilisant l'inégalité de Sobolev, des estimations en norme L p . Puis, grâce au théorème de Riesz-Thorin, l'auteur en déduit une estimation en norme L 2 -L ∞ du semi-groupe e -tA , où A est l'opérateur associé à la forme sesquilinéaire a. Ensuite, par dualité, il obtient une estimation en norme L 1 -L 2 du semi-groupe e -tA , ce qui nous permet d'obtenir une estimation en norme L 1 -L ∞ du semi-groupe e -tA . Ceci permet d'obtenir une majoration du noyau de la chaleur p associé à a : |p(t, x, ξ)| ≤ C ε t -n/2 e -s(A)t [1 + c t] n/2 , pour tous t > 0 et ε > 0 et où s(A) = inf{ (a(u, u)), u ∈ H 1 (Ω) et ||u|| 2 = 1}.

Enn, en conjuguant le semi-groupe e -tA (technique de perturbation de E.B. Davies), l'auteur obtient une majoration gaussienne du noyau de la chaleur

|p(t, x, ξ)| ≤ C ε t -n/2 e c t exp[- |x -ξ| 2 c t ],
pour tous ε > 0, t > 0 et pour presque tout (x, ξ) ∈ Ω × Ω.

Nous pouvons également citer le livre de Davies [24] dans lequel il y a également des résultats de majoration gaussienne de noyaux de la chaleur.

Remark 1.2.1. Le problème est diérent dans le cas d'une condition de Dirichlet au bord. En eet, la fonction de Green-Dirichlet s'annule au bord. Par conséquent, en utilisant le principe du maximum parabolique, on peut montrer que la fonction de Green-Dirichlet est positive et majorée point par 1.2. Estimations gaussiennes : état de l'art point par la solution fondamentale associée au même opérateur parabolique sur l'espace tout entier.

Ceci implique que la fonction de Dirichlet Green admet une majoration gaussienne.

Minoration de la fonction de Green-Neumann

A notre connaissance, une minoration gaussienne pour la fonction de Neumann Green dans le cas d'un opérateur parabolique général n'a jamais été démontrée précédemment.

Même dans le cas d'un opérateur parabolique dont les coecients ne dépendent pas du temps, nous ne pouvons citer que trois références.

Dans [18], Choulli, Ouhabaz et Yamamoto ont obtenu une minoration gaussienne pour le noyau de la chaleur de type Neumann, lorsque L est l'opérateur de Laplace.

Pour obtenir ce résultat, ils démontrent tout d'abord une minoration sur la diagonale : p(t, x, x) ≥ Ct -n/2 pour tous t > 0 et x ∈ Ω

Cette estimation est obtenue en utilisant la majoration gaussienne de p loin de la diagonale, ainsi que la propriété de semi-groupe de e t∆ N .

Ensuite, ils obtiennent une minoration du type p(t, x, ξ) ≥ ct -n/2 pour 0 < t < T et |x -ξ| ≤ δ √ t. Pour démontrer cela, le point clé est la continuité de type Hölder de x → K(x, ξ, t) qui repose sur le fait que µ -∆ N et un isomorphisme de H s (Ω) sur H s-2 (Ω), pour µ grand et s > n/2 + 1.

Enn, de manière classique (cf [20], [24], [42]), ils passent de la minoration précédente à la minoration gaussienne en utilisant la propriété de semi-groupe et la positivité du noyau. Les auteurs obtiennent ainsi le résultat suivant : p(t, x, ξ) ≥ Ct -n/2 e -C |x-ξ| 2 t , pour tous x, ξ ∈ Ω, 0 < t ≤ T.

En examinant la preuve, il est intéressant de remarquer que le résultat de minoration gaussienne présent dans [18] peut être étendu aux opérateurs sous forme divergentielle avec des coecients C ∞ . Nous pouvons également citer Chavel [10], qui a obtenu un résultat de minoration gaussienne pour un opérateur parabolique avec coecients indépendants du temps, dans le cas où le domaine est convexe.

Citons enn Li et Yau [36, theorem 4.2 page 184] qui ont également obtenu une minoration gaussienne pour le noyau de la chaleur, dans le cas d'une variété Riemannienne compacte à bord convexe et ayant une courbure de Ricci non négative. Remark 1.2.2. Le problème est diérent dans le cas où la condition au bord est une condition de Dirichlet. En eet, la fonction de Green-Dirichlet s'annule au bord.

Aronson [2,Theorem 8 page 670] a établi une minoration gaussienne intérieure pour une fonction de Dirichlet Green.

Plus tard, Cho [11], Cho, Kim et Park [12] ont étendu ce résultat à une minoration gaussienne à poids globale impliquant la distance au bord.

Lorsque la distance euclidienne est changée en une distance géodesique, une minoration gaussienne pour la fonction de Green-Dirichlet a été démontrée par Van den Berg [START_REF] Van Den | Gaussian bounds for the Dirichlet heat kernel[END_REF] [START_REF] Van Den | A Gaussian lower bound for the Dirichlet heat kernel[END_REF].

Chapitre 1. Introduction 1.2.5

Estimations gaussiennes du noyau de la chaleur d'une variété sans bord Soit M une variété complète sans bord de dimension n, de courbure de Ricci non négative, munie de la distance géodésique d.

Dans [24], E.B. Davies a obtenu des estimations gaussiennes pour le noyau de la chaleur de semigroupe e -tH , où H est l'opérateur de Laplace-Beltrami sur M.

Davies a tout d'abord montré que e -tH peut être étendu à un semi-groupe positif et contractant sur

L p (M) pour tout 1 ≤ p ≤ ∞, et que sur L 2 (M), ce semi-groupe possède un noyau K strictement positif et C ∞ .
En utilisant l'inégalité de Harnack obtenue par Li et Yau dans [START_REF] Li | On the parabolic kernel of the Schrödinger operator[END_REF], Davies obtient qu'il existe une constante c > 0 telle que :

0 < K(t, x, x) ≤ c|B(x, t 1/2 )| -1 , pour tout t > 0 et tout x ∈ M.
Par une méthode de perturbation, Davies en déduit le théorème de majoration gaussienne pour le noyau de la chaleur ci-dessous.

Theorem 1.2.1. Si M est une variété complète ayant une courbure de Ricci non-négative, alors, pour tout δ > 0, il existe une constante c δ > 0 telle que

0 < K(t, x, y) ≤ c δ |B(x, t 1/2 )| -1 2 |B(y, t 1/2 )| -1 2 exp -d(x, y) 2 4(1 + δ)t ,
pour tout t > 0 et pour tous x, y ∈ M.

Grâce à cette majoration gaussienne, Davies obtient la minoration suivante pour le noyau K :

K(t, x, y) ≥ (4πt) -n/2 exp - d(x, y) 2 4t ,
pour tous x, y ∈ M et pour tout t > 0.

Grâce à ce résultat et après avoir montré l'existence d'une constante a ≥ 1 telle que :

d(x,y)≤at 1 2 K(t, x, y)dy ≥ 1 2 ,
Davies obtient le théorème de minoration gaussienne ci-dessous.

Theorem 1.2.2. Soit M une variété Riemanienne complète de dimension n avec une courbure de Ricci non négative. Pour tout 0 < δ < 1, il existe une constante b δ telle que le noyau de la chaleur de M vérie

K(t, x, y) ≥ b δ |B(x, t 1 
2 )| -1 exp - d(x, y) 2 4(1 -δ)t ,
pour tout t > 0 et tous x, y ∈ M. 

0 ≤ K(t, x, y) ≤ c δ |B(x, t 1/2 )| -1 2 |B(y, t 1/2 )| -1 2 exp -d(x, y) 2 4(1 + δ)t .
Il obtient d'autre part que, pour tout 1 ≤ t < ∞, pour tous x, y ∈ M et pour tout δ > 0, il existe une constante c δ telle que

0 ≤ K(t, x, y) ≤ c δ |B(x, 1)| -1 2 |B(y, 1)| -1 2 exp -d(x, y) 2 4(1 + δ)t exp ((δ -E)t) ,
avec E ≥ 0 la borne inférieure du spectre de l'opérateur -∆. Nous assumons en outre que M vérie la propriété de doublement de volume (notée (V D) dans la suite), c'est-à-dire qu'il existe une constante C > 0 telle que :

V (x, 2r) ≤ CV (x, r), ∀x ∈ M, r > 0.

Sous cette condition, le noyau de la chaleur de l'opérateur de Laplace-Beltrami p vérie la majoration sur la diagonale (notée (DU E)) suivante :

p(t, x, x) ≤ C V (x, √ t) , ∀t > 0, x ∈ M.
Cette estimation est vériée en particulier pour les variétés ayant une courbure de Ricci non négative (cf [START_REF] Li | On the parabolic kernel of the Schrödinger operator[END_REF]). 

p(t, x, y) ≤ C V (x, √ t) exp - d 2 (x, y) Ct , ∀t > 0, x, y ∈ M
Dans [30], Grigor'yan a démontré que sous l'hypothèse de doublement de volume (V D) pour M , la majoration sur la diagonale (DU E) est équivalente à l'inégalité relative de Faber-Krahn (notée (F K) dans la suite) suivante : il existe c > 0 tel que, pour toute boule B(x, r) de M et tout ouvert Ω ⊂ B(x, r) :

λ 1 (Ω) ≥ c r 2 V (x, r) µ(Ω) α ,
où c et α sont des constantes positives et λ 1 (Ω) la plus petite valeur propre de l'opérateur non négatif de Laplace-Beltrami.

Notons que la preuve que (F K) implique (DU E) est dicile et nécessite l'utilisation de l'inégalité de la moyenne ("mean value inequality") pour les solutions de l'équation de la chaleur ainsi que l'utilisation du principe du maximum intégré ("integrated maximum principle").

Par ailleurs, la majoration sur la diagonale (DU E) est équivalente à l'inégalité de Sobolev localisée (notée (LS q )) pour un q > 2 : il existe une constante C > 0 telle que, pour toute boule B = B(x, r)

dans M et pour tout f ∈ C ∞ 0 (B) : B |f | q dµ 2 q ≤ Cr 2 V α (x, r) B (|∇f | 2 + r -2 |f | 2 )dµ.
Notons que dans [START_REF] Saloff-Coste | A note on Poincaré, Sobolev and Harnack inequalities[END_REF] et [START_REF] Saloff-Coste | Unifomly elliptic operators on Riemannian manifolds[END_REF], Salo-Coste a démontré que (LS q ) implique (DU E). Et Salo-Coste et Hebisch ont démontré dans [32] que (DU E) implique (LS q ). Par ailleurs, notons E(f

) := ||∇f || 2 2 et considérons l'inégalité de Nash (N ) : ||f || 2 2 ≤ C(||f V -1/2 r || 2 1 + r 2 E(f )), ∀r > 0, f ∈ C ∞ 0 (M ).
Dans [6], Boutayeb, Coulhon et Sikora ont montré que la majoration sur la diagonale (DU E) est équivalente à l'inégalité de Nash (N ).

Par ailleurs, considérons l'inégalité de Nash localisée (LN α ) pour α > 0 : il existe une constante C > 0 telle que

B |f | 2 dµ 1+α ≤ Cr 2 V α (x, r) B |f |dµ 2α B (|∇f | 2 + r -2 |f | 2 )dµ, Gilles Carron a montré que (N ) est équivalente à (LN α ) pour un α > 0. Enn, considérons pour q > 2 l'inégalité de Gagliardo-Nirenberg (GN q ) : ||f V 1 2 -1 q r || 2 q ≤ C(||f || 2 2 + r 2 E(f )), ∀r > 0, f ∈ C ∞ 0 (M )
Dans [6], Boutayeb, Couhlon et Sikora ont également montré que l'inégalité de Sobolev localisée et l'inégalité de Gagliardo-Nirenberg sont toutes deux équivalentes à la majoration sur la diagonale

(DU E) pour tout réel q ∈]2, +∞] tel que q-2 q κ < 2. Ici κ désigne un réel tel que V (x, r) ≤ C r s κ V (x, s) pour tous r ≥ s > 0, pour tout x ∈ M et pour une constante C. Notons que l'existence de κ découle de la propriété de doublement de volume (V D). En résumé, quand M vérie (V D), la majoration gaussienne (U E) est équivalente aux inégalités de Nash (N ), Nash localisée (LN α ) pour un α > 0, de Sobolev localisée (LS q ) et de Gagliardo-Nirenberg (GN q ) pour tout réel q ∈]2, +∞] tel que q-2 q κ < 2.

Estimations gaussiennes : état de l'art

Considèrons maintenant (M, µ) un espace mesuré, avec µ σ-nie. On considère L un opérateur auto-adjoint non négatif agissant sur L 2 (M, µ) ayant un domaine dense noté D.

Dénissons la forme quadratique E associée à L par :

E(f ) :=< Lf, f >= ||L 1/2 f || 2 2 ∀f ∈ D,
où < ., . > est le produit scalaire sur L 2 (M, µ).

Notons F le domaine de dénition de E, qui est usuellement plus grand que D.

Notons que par théorie spectrale, l'opérateur -L génère un semi-groupe analytique contractant (e -tL ) t>0 sur L 2 (M, µ).

Soit v(x, r) une fonction de x ∈ M et r > 0, 

v(x, r) ≤ C r s κv v(x, s), ∀r ≥ s > 0, µ-p.p. x ∈ M.
Faisons une hypothèse supplémentaire sur v, notée (D v ) :

v(y, r) ≤ Cv(x, r), ∀x, y ∈ M, r > 0, d(x, y) ≤ r.

Dénissons également v r de la façon suivante :

v r (x) := v(x, r), r > 0, x ∈ M.

Dénissons l'inégalité de type v-Nash, notée (N v ), suivante :

||f || 2 2 ≤ C(||f v -1/2 r || 2 1 + r 2 E(f )), ∀r > 0, f ∈ F. Pour 2 < q ≤ +∞, dénissons également l'inégalité de type v-Gagliardo-Nirenberg, notée (GN v q ), suivante : ||f v 1 2 -1 q r || 2 q ≤ C(||f || 2 2 + r 2 E(f )), ∀r > 0, f ∈ F.
Munissons (M, µ) d'une métrique d. Nous dirons que l'opérateur L vérie sur (M, µ, d) l'estimation de Davies-Ganey (DG) si :

| < e -tL f 1 , f 2 > | ≤ exp - r 2 4t ||f 1 || 2 ||f 2 || 2 , pour tout t > 0, pour tous ouverts U 1 et U 2 inclus dans M , pour tous f 1 et f 2 appartenant à L 2 (U i , µ), où r = d(U 1 , U 2 ).

Chapitre 1. Introduction

Notons que l'estimation de Davies-Ganey est en particulier vériée pour l'essentiel des opérateurs diérentiels auto-adjoints, elliptiques ou sous-elliptiques du second ordre (incluant en particulier l'opérateur de Laplace-Beltrami) sur un variété Riemanienne complète, les opérateurs de Schrödinger à potentiel réel et les champs électromagnétiques (cf [21]).

Enn, nous dirons que (M, µ, L, v) vérie (DU E v ) si (e -tL ) t>0 admet un noyau de la chaleur p mesurable et si

|p(t, x, y)| ≤ C v(x, √ t), v(y, √ t)
, 

pour
v : M × R + → R + vérie (D v ) et (D v )
, si L est un opérateur non négatif auto-adjoint sur L 2 (M, µ), si L satisfait l'estimation de Davies-Ganey (DG) et si (e -tL ) t>0 préserve la positivité et est uniformément borné sur L 1 (M, µ), alors la majoration gaussienne (U E v ) est équivalente à la majoration de type v-Nash (N v ) et à la majoration de type v-Gagliardo-Nirenberg (GN v q ) pour tout réel q ∈]2, +∞] tel que q-2 q κ v < 2, où κ v est dénit comme dans D κv v .

1.3

Estimations gaussiennes : nos résultats 

L = a ij (x, t)∂ 2 ij + b k (x, t)∂ k + c(x, t) -∂ t , où les coecients a ij , b i et c sont dénis sur P = R n × (t 0 , t 1 ) avec t 0 < t 1 .
Nous avons fait les hypothèses suivantes sur les coecients de L :

(i) a ij ∈ W 1,∞ (P ), b k , c ∈ C([t 0 , t 1 ], C 1 (R n )), (ii) a ij W 1,∞ (P ) + b k L ∞ (P ) + c L ∞ (P ) ≤ A, où A > 0 est une constante.
Nous avons supposé que la matrice a ij (x, t) est symétrique pour tout (x, t) ∈ P .

Nous avons également supposé que la condition d'ellipticité suivante est vériée :

a ij (x)ξ i ξ j ≥ λ|ξ| 2 , (x, t) ∈ P, ξ ∈ R n .

Estimations gaussiennes : nos résultats

Pour obtenir des estimations de la solution fondamentale E associée à L, nous avons utilisé la construction explicite de la solution fondamentale par la méthode des paramétrices. Cette méthode a été initiée par Levi [START_REF] Levi | Sulle equazioni lineari totalmente alle derivate parziali[END_REF].

Soient a = (a ij ) la matrice inverse de (a ij ), |a| le déterminant de a et

Z(x, t; ξ, τ ) = [4π(t -τ )] -n/2 |a(ξ, τ )|e - a(ξ,τ )(x-ξ)•(x-ξ) 4(t-τ )
, (x, t; ξ, τ ) ∈ P 2 ∩ {t > τ }.

Cette fonction est appelée la paramétrice. Elle vérie

L 0 Z(• , • , ξ, τ ) = 0 sur R n × {τ < t ≤ t 1 } pour tout (ξ, τ ) ∈ R n × [t 0 , t 1 [, (1.1) 
où

L 0 = a ij (ξ, τ )∂ 2 ij -∂ t .
Par cette méthode, on obtient une expression de la solution fondamentale de Lu = 0 sur P de la forme E(x, t; ξ, τ ) = Z(x, t; ξ, τ ) +

t τ R n Z(x, t; η, σ)Φ(η, σ; ξ, τ )dηdσ, (1.2) 
où la fonction Φ est donnée par la série

Φ = ∞ =1 Φ , où Φ 1 (x, t; ξ, τ ) = LZ(x, t; ξ, τ ) et Φ +1 (x, t; ξ, τ ) = t τ R n Φ 1 (x, t; η, σ)Φ (η, σ; ξ, τ )dηdσ, ≥ 1.
Nous avons montré que

t τ R n Z(x, t; η, σ)Φ(η, σ; ξ, τ )dηdσ ≤ CN (t -τ ) -(n-1)/2 e -λ * |x-ξ| 2 t-τ + CN 2 (t-τ ) , (1.3) 
avec N = max(max k b k L ∞ (P ) , c L ∞ (P ) , 1) et C une constante qui ne dépend pas de N .

Il y a deux conséquences de l'inégalité précédente. La première est que

|E(x, t; ξ, τ )| ≤ C(t -τ ) -n/2 e -λ * |x-ξ| 2 t-τ + CN 2 (t-τ ) .
(1.4)

La deuxième conséquence est qu'il existe une constante δ > 0 telle que E(x, t; ξ, τ ) ≥ C(tτ ) -n/2 , (x, t; ξ, τ ) ∈ P 2 , t > τ, C|x -ξ| 2 < tτ ≤ δ.

(1.5)

En utilisant la positivité de E et le fait que E satisfait la propriété de reproduction

E(x, t; ξ, τ ) = R n E(x, t; η, σ)E(η, σ; ξ, τ )dη, x, ξ ∈ R n , t 0 ≤ τ < σ < t ≤ t 1 .
( 

G C (x -ξ, t -τ ) ≤ E(x, t; ξ, τ ) ≤ G C (x -ξ, t -τ ), (x, t; ξ, τ ) ∈ P 2 ∩ {t > τ }.
(1.7)

A l'aide de la propriété de reproduction et en utilisant la majoration

|E(x, t; ξ, τ )| ≤ C(t -τ ) -n/2 e -λ * |x-ξ| 2 t-τ + CN 2 (t-τ ) , (1.8) 
nous pouvons également montrer que

e -κN 2 (t-τ ) G C (x -ξ, t -τ ) ≤ E(x, t; ξ, τ ) ≤ e κN 2 (t-τ ) G C (x -ξ, t -τ ), (1.9 
)

avec κ > 0 constant, où (x, t; ξ, τ ) ∈ (R n × R) 2 .
En utilisant la même méthode que celle utilisée par Fabes et Stroock [27], nous avons pu en déduire l'inégalité de Moser-Harnack ci-dessous.

Theorem 1.3.1. Soient η, µ, ∈ (0, 1). Il existe une constante M > 0, telle que pour tout (x, s) ∈

R n × R, tout R > 0 et toute fonction non négative u ∈ C 2,1 (B(x, R) × [s -R 2 , s]) vériant Lu = 0 on a u(y, t) ≤ M u(x, s) pour tout (y, t) ∈ B(x, R) × [s -ηR 2 , s -µR 2 ].

Minoration gaussienne pour la fonction de Green-Neumann

Dans notre article [14], nous démontrons un résultat de minoration gaussienne pour la fonction de Green-Neumann associée à l'opérateur parabolique

L = a ij (x, t)∂ 2 ij + b k (x, t)∂ k + c(x, t) -∂ t placé sur Q = Ω × (t 0 , t 1
), où t 0 < t 1 et où Ω est domaine borné de R n avec un bord C 1,1 -régulier. Nous faisons les hypothèses suivantes sur les coecients de L :

(i) la matrice (a ij (x, t)) est symétrique pour tout (x, t) ∈ Q,

(ii) a ij ∈ W 1,∞ (Q), b k , c ∈ C([t 0 , t 1 ], C 1 (Ω)), (iii) a ij (x)ξ i ξ j ≥ λ|ξ| 2 , (x, t) ∈ Q, ξ ∈ R n , (iv) a ij W 1,∞ (Q) + b k L ∞ (Q) + c L ∞ (Q) ≤ A, où λ > 0 et A > 0 sont deux constantes.
Nous étendons les coecients sur l'espace R n tout entier en des coecients ayant la même régularité. Nous supposons de plus que Ω satisfait la condition de chaîne. C'est-à-dire qu'il existe une constante c > 0 tel que pour tout couple de points x, y ∈ Ω et pour tout entier positif m, il existe une suite (x i ) 0≤i≤m de points de Ω telle que

x 0 = x, x m = y et |x i+1 -x i | ≤ c m |x -y|, i = 0, . . . , m -1.
Cette suite (x i ) 0≤i≤m est vue comme une chaîne reliant x et y.

Notons que tout convexe de R n vérie la condition de chaîne, mais qu'un domaine C 

)| ≤ C(t -τ ) -µ |x -ξ| -n+2µ , (x, t) ∈ Σ τ , ξ ∈ Ω, x = ξ.
(1.11)

Cette majoration est le point clé de la démonstration de la minoration gaussienne de G.

En combinant cette majoration de N avec les estimations suivantes de la solution fondamentale E :

|E(x, t; ξ, τ )| ≤ C(t -τ ) -β |x -ξ| -n+2β , pour tout β > 0, et E(x, t; ξ, τ ) ≥ C(t -τ ) -n/2 , (x, t; ξ, τ ) ∈ P 2 , t > τ, C|x -ξ| 2 < t -τ,
nous obtenons la minoration suivante pour la fonction de Green-Neumann

G(x, t; ξ, τ ) ≥ C(t -τ ) -n/2 , (x, t; ξ, τ ) ∈ Q 2 , 0 < t -τ ≤ δ, |x -ξ| < C(t -τ ) 1/2 .
( 

G C (x -ξ, t -τ ) ≤ G(x, t; ξ, τ ), (x, t; ξ, τ ) ∈ Q 2 ∩ {t > τ }. (1.14) 
Notons que pour cela, nous avons eu besoin de deux propriétés du domaine : le fait qu'il possède la condition de chaîne et la propriété suivante (qui est vériée car le domaine est C 1,1 -régulier) :

Il existe deux constantes positives d et r 0 telles que, pour tout z ∈ Ω et 0 < ρ ≤ r 0 ,

dρ n ≤ |B(z, ρ) ∩ Ω|.
(1.15)

Soulignons que Choi et Kim [13] ont montré que cette condition est nécessaire pour les domaines ayant une estimation au bord de type De Giorgi-Nash-Moser.

Notons que ce résultat de minoration gaussienne pour la fonction de Green-Neumann peut être étendu à une fonction de Green-Robin, lorsque la condition au bord est de type Robin :

∂ ν u + q(x, t)u = 0 in Σ τ , où q ∈ C(Σ τ ).
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Il est intéressant de noter que l'on peut déduire du théorème de minoration gaussienne de la fonction de Green-Neumann un principe du maximum fort. En eet, soient 

ψ ∈ C(Ω), f ∈ C(Q τ ), g ∈ C(Σ τ ) et considérons le PN    Lu = f in Q τ , u(• , τ ) = ψ in Ω, ∂ ν u = g on Σ τ . ( 1 
L = ∂ j (a ij (x)∂ i • ) + b k (x)∂ k + c(x) -∂ t , (1.17) 
qui vérie les hypothèses suivantes :

(i ) la matrice (a ij (x)) est symétrique pour tout x ∈ Ω, (ii ) a ij ∈ W 1,∞ (Ω), ∂ k a ik , b k , c ∈ C 1 (Ω), (iii ) a ij (x)ξ i ξ j ≥ λ|ξ| 2 , (x, t) ∈ Ω, ξ ∈ R n , (iv ) a ij W 1,∞ (Ω) + ∂ k a ik + b k L ∞ (Ω) + c L ∞ (Ω) ≤ A, où λ > 0 et A > 0 sont deux constantes.
Soit a la forme bilinéaire non bornée dénie par D(a

) = H 1 (Ω) et a(u, v) = Ω a ij ∂ i u∂ j vdx + Ω b k ∂ k uvdx + Ω cuvdx, u, v ∈ D(a).
Nous associons à a l'opérateur non borné A donné par

D(A) = {u ∈ L 2 (Ω); ∃v ∈ L 2 (Ω) : a(u, ϕ) = (v, ϕ) 2 , ϕ ∈ H 1 (Ω)}, Au := v.
Alors, -A est le générateur d'un semi-groupe holomorphe e -tA . 

Soit Q = Ω × (0, T ), Σ = ∂Ω × (0, T ), ψ ∈ C ∞ 0 (Ω) et u ∈ C 1,0 (Q) ∩ C 2,1 (Q) ([28, Theorem2, page 144]) l'unique solution du PN    Lu = 0 in Q, u(• , 0) = ψ in Ω, ∂ ν u = 0 on Σ.
G C (x -ξ, t) ≤ K(x, ξ, t), (x, ξ) ∈ Ω 2 , 0 < t ≤ T. (1.19)
Nous avons aussi adapté, dans [15], la méthode de perturbation présentée dans [14] au cas du noyau de la chaleur de l'opérateur de Laplace-Beltrami pour une condition au bord de Neumann sur un

domaine Ω de M, où M = (M, g) est une variété Riemannienne compacte connexe sans bord de dimension n.

Nous supposons que Σ, le bord de Ω, est une sous-variété de M de dimension n -1.

Nous noterons dV la mesure Riemanienne sur M et dA la mesure de densité sur Σ.

Nous posons v(x, r) = V (B(x, r) ∩ Ω), où B(x, r) est la boule géodésique de centre x ∈ Ω et de rayon r > 0. Nous faisons également les hypothèses suivantes : (V LB) (minoration du volume) Il existe deux constantes C et r 0 telles que v(x, r) ≥ Cr n , x ∈ Ω, 0 < r ≤ r 0 .

(DP ) (propriété de doublement) Il existe deux constantes 

r 1 > 0 et C > 0 telles que v(x, s) ≤ C s r n v(x, r), pour tous 0 < r ≤ s ≤ r 1 et x ∈ Ω. (CC) (condition de chaîne) Il existe une constante C > 0 telle que pour tout x, y ∈ Ω et k ∈ N, il existe une suite de points (x i ) 0≤i≤k telle que x 0 = x, x k = y et d(x i , x i+1 ) ≤ C d(x, y) k , 0 ≤ i ≤ k -1.
E(x, y, t) ≤ p(x, y, t) ≤ c V (B(x, √ t) e -κ d 2 (x,y) 4t
, pour des constantes c > 0 et κ > 0.

Soit ∆ = ∆ g l'opérateur de Laplace-Beltrami associé à la métrique g et soit ν le champ normal extérieur de Σ. En suivant le même procédé que dans [14], nous pouvons construire la fonction de Green q associée au problème de Neumann suivant

(∂ t -∆)u = 0 in Ω × (0, +∞), ∂u ∂ν = 0, on Σ × (0, +∞), (1.20) 
comme perturbation du noyau de la chaleur p par un potentiel de simple couche.

Nous obtenons q(x, y, t) = p(x, y, t) 

+ t 0 Σ p(x,
r j+1 (x, y, t) = -2 t 0 Σ
r 1 (x, z, ts)r j (z, y, s)dA(z)ds, j ≥ 1, (x, t) ∈ Σ × (0, +∞), y ∈ Ω.

Or, d'après [9], pour tout µ > 0, il existe une constante C 0 telle que

∂p ∂ν x (x, y, t) ≤ C 0 t -µ d -n+2µ (x, y), (1.21) pour tout x ∈ Σ, y ∈ Ω et t ∈ (0, T ]. Soit 1/2 < µ < n/2. Nous tirons du résultat précédent |r(x, y, t)| ≤ Ct -µ d -n+2µ (x, y), pour tous x ∈ Σ, y ∈ Ω, x = y, t ∈ (0, T ].
Nous en déduisons

|q 0 (x, y, t)| ≤ Ct -n/2+α x, y ∈ Ω, t > 0, (1.22) 
où

q 0 (x, y, t) = t 0 Σ p(x, z, s)r(z, y, t -s)dA(z)ds, x, y ∈ Ω, t > 0 et 0 < α < 1/2.
Or, d'après [9], il existe

> 0 et η > 0 tels que p(x, y, t) ≥ E (x, y, t), 0 < t ≤ η, x, y ∈ M, d(x, y) ≤ . (1.23) D'où p(x, y, t) ≥ Ct -n/2 , 0 < t ≤ inf(η, 2 ), x, y ∈ M, d(x, y) ≤ √ t. (1.24) Ceci permet d'obtenir qu'il existe δ > 0 tel que q(x, y, t) ≥ Ct -n/2 , if 0 < t ≤ δ, x, y ∈ Ω, d(x, y) ≤ √ t.
(1.25)

En utilisant la propriété (V LB) et en appliquant la même méthode que dans [42, Theorem 7.29, page 248], nous obtenons le théorème suivant :

Theorem 1.3.3. Soit T > 0 xé. Supposons que Ω satisfait (V LB), (DP ) et (CC). Alors q(x, y, t) ≥ c v(x, √ t) e -d 2 (x,y) ct , x, y ∈ Ω, 0 < t ≤ T.
(1.26)
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Majoration gaussienne du noyau de la chaleur d'un domaine d'une variété

Dans [17], nous avons cherché à obtenir une majoration gaussienne pour le noyau de la chaleur associé à l'opérateur de Laplace-Beltrami avec condition de Neumann au bord.

Nous avons considéré (M, g) une variété complète de dimension n sans bord et Ω un domaine de M ayant un bord Γ Lipschitzien.

Nous supposons que M vérie la propriété de doublement du volume (notée (V D)

) : il existe une constante C > 0 telle que V (x, 2r) ≤ CV (x, r), x ∈ M, r > 0.
En outre, nous supposons que le noyau de la chaleur p(t, x, y) de l'opérateur de Laplace-Beltrami sur M vérie la majoration gaussienne

p(t, x, y) ≤ C V (x, √ t)V (y, √ t) 1/2 e -c d 2 (x,y) t , t > 0, x, y ∈ M, (1.27) 
où C et c sont des constantes positives.

Notons que si la variété à une courbure de Ricci non négative, alors les deux précédentes propriétés sont vériées. En eet la propriété de doublement de volume est une conséquence du théorème de Gromov-Bishop. Et la majoration gaussienne a été démontrée dans [START_REF] Li | On the parabolic kernel of the Schrödinger operator[END_REF].

Nous dénissons V Ω par V Ω (x, r) = µ (B(x, r) ∩ Ω) , r > 0, x ∈ Ω.
Nous supposons que Ω vérie la variante suivante de la propriété de doublement de volume (V D) : il existe deux constantes K > 0 et δ > 0 telles que

V Ω (x, s) ≤ K s r δ V Ω (x, r), 0 < r ≤ s, x ∈ Ω.
(1.28)

Notons que tous les domaines bornés Lipschitz de R n vérient cette propriété.

Notons enn que si M a une courbure sectionnalle majorée et vérie la condition de croissance du volume suivante

V (x, r) ≤ c 1 r n , 0 < r ≤ r 1 ,
pour des constantes c 1 et r 1 , et si de plus Ω a un diamètre ni et vérie une condition de cône intérieur , alors Ω vérie la condition (V D) souhaitée.

Soit h le noyau gaussien de l'opérateur de Laplace-Beltrami sur Ω avec condition de Neumann au bord. Nous avons obtenu dans [17] la majoration gaussienne suivante :

Theorem 1.3.4. Si les conditions citées ci-dessus sur M et Ω sont vériées, et si diam(Ω) < ∞, alors h(t, x, y) ≤ C V Ω (x, √ t)V Ω (y, √ t) 1/2 e -d 2 (x,y) 8t , t > 0, x, y ∈ Ω. 20 1.

Potentiels isospectraux

Ce théorème a plusieurs conséquences, sous les mêmes hypothèses sur M et Ω.

La première est que le semi-groupe e -tA s'étend à un semi-groupe holomorphe de C + dans L p (Ω, µ) pour tout p ∈ [1, ∞), avec A l'opérateur dénit par Au = -∆u et ayant pour domaine

D(A) = {u ∈ H ∆ (Ω); ∂ ν u = 0}.
La deuxième est que le spectre de A, vu comme un opérateur agissant sur L p (Ω), p ∈ [1, ∞), est indépendant de p.

Pour démontrer le théorème de majoration gaussienne, nous utilisons tout d'abord le fait que Ω a la

propriété d'1-extension (cf [39, Theorem C]) et que l'inégalité suivante de type Gagliardo-Nirenberg est vériée (cf [6, Theorem 1.2.1]) : il existe une constante C > 0 telle que f V 1 2 -1 q (•, r) q ≤ C f 2 + r |∇f | 2 2 , r > 0, f ∈ C ∞ 0 (M).
(1.29)

Ceci nous permet d'obtenir, pour toute fonction f ∈ H 1 (Ω), l'inégalité suivante :

f V Ω (•, r) 1 2 -1 q q,Ω ≤ C ( f 2,Ω + r |∇f | 2,Ω ) , r > 0, f ∈ H 1 (Ω).
(1.30)

Ensuite, en utilisant [6, Theorem 1.3], nous obtenons que h possède une majoration de la forme

h(t, x, y) ≤ C V Ω (x, √ t)V Ω (y, √ t) 1/2 , t > 0, x, y ∈ Ω. (1.31) 
Enn, en utilisant le fait que e -tA satisfait la propriété de Davies-Ganey, nous obtenons le résultat de majoration gaussienne de h souhaité grâce à [21, Corollary 5.4, page 524]. Rappelons que la propriété de Davies-Ganey est la suivante : pour tous t > 0,

U 1 , U 2 ouverts inclus dans Ω, f ∈ L 2 (U 1 , dµ) et g ∈ L 2 (U 2 , dµ), (e -tA f, g) 2,Ω ≤ e -r 2 4t f 2,Ω g 2,Ω . Ici r = dist(U 1 , U 2 ) = inf x∈U 1 , y∈U 2 d(x, y).

Potentiels isospectraux

Dans cette thèse, nous avons également travaillé sur un problème de potentiels isospectraux [16].

Soit a = (a ij ) 1≤i,j≤n , une matrice symétrique avec coecients C ∞ (R n ). Nous avons supposé que a est uniformément elliptique, c'est-à-dire qu'il existe une constante µ ≥ 1 telle que l'estimation

µ -1 ≤ a(x) ≤ µ est vériée pour tout x ∈ R n . Soit Ω ⊂ R n un domaine C ∞ de frontière bord ∂Ω et considérons l'opérateur auto-adjoint A, de domaine D(A) = H 2 (Ω) ∩ H 1 0 (Ω), déni par 21 Chapitre 1. Introduction A = -div(a(x)∇ • ) = - n i,j=1 ∂ j (a ij (x)∂ i • ). Nous avons perturbé A par un potentiel V ∈ C ∞ 0 (R n ) et avons noté A V = A + V . Notons que d'après [43, Theorem X.12, page 162], D(A V ) = D(A). Nous avons déni Z V Ω (t) = tr e -tA V -e -tA , t > 0.
Nous avons obtenu l'existence de coecients réels c k (V ), k ≥ 1, dépendant seulement de V , tels que le développement asymptotique

Z V Ω (t) = t -n/2 tc 1 (V ) + t 2 c 2 (V ) + . . . + t p c p (V ) + O t p+1 , t ↓ 0 est vérié pour a constant.
Nous avons également montré que les deux formules précédentes restent vraies quand

Ω est remplacé par R n et, par conséquent, H 1 0 (Ω) par H 1 (R n ). Z V R n sera alors noté Z V . Notons que, comme Ω est borné, l'injection H 1 0 (Ω) → L 2 (Ω) est compacte. Par conséquent, A V a un spectre discret.
Nous avons noté {λ V j , j ∈ N * } la suite des valeurs propres de A V , répétées en fonction de leur multiplicité. Nous avons, de même, noté {λ j , j ∈ N * } la suite des valeurs propres de A, répétées en fonction de leur multiplicité.

Nous dénissons l'ensemble isospectral associé au potentiel V ∈ C ∞ 0 (Ω) de la façon suivante :

Is(V ) = {W ∈ C ∞ 0 (Ω); λ V k = λ W k , k ∈ N * }.
Nous avons obtenu le résultat principal suivant :

Theorem 1.4.1. Soit a la matrice identité de

R n 2 . Alors, pour tout V ∈ C ∞ 0 (Ω) et tout ensemble borné B ⊂ L ∞ (Ω), l'ensemble Is(V ) ∩ B est borné dans H 2 (Ω).
Comme l'inclusion de H 2 (Ω) dans H s (Ω) est une inclusion compacte pour tout s < 2, nous avons déduit du théorème précédent le corollaire suivant : Corollary 1.4.1. Sous les conditions du théorème précédent, l'ensemble Is(V ) ∩ B est compact dans

H s (Ω) pour tout s ∈ (-∞, 2).

Résultats antérieurs

Le célèbre problème de M. Kac ([34]) :"Peut-on entendre la forme d'un tambour ?", est directement lié au développement asymptotique de la trace du semi-groupe (e t∆g ) sur une variété Riemanienne compacte (M, g) :

tr e t∆g = t -n/2 e 0 + te 1 + t 2 e 2 + . . . + t k e k + O t k+1 .
Ici ∆ g est l'opérateur de Laplace-Beltrami operator associé à la métrique g et les coecients e k , k ≥ 0 sont des invariants Riemaniens qui dépendent du tenseur de courbure et de ses dérivées covariantes.

Potentiels isospectraux

Notons que le point clé de la preuve du développement asymptotique de tr e t∆g est la construction d'une parametrice pour l'équation de la chaleur ∂ t -∆ g , construction inititiée par S. Minakshisudaram and Å. Pleijel in [START_REF] Minakshisudaram | Some properties of the eigenfunctions of the Laplace-operator on riemannian manifolds[END_REF].

Nous pouvons citer les références [4], [10], [29], [START_REF] Kac | Can one hear the shape of a drum ?[END_REF], [START_REF] Mckean | Curvature and the eigenvalues of the laplacian[END_REF] qui traitent du développement asymptotique de tr e t∆g .

Le développement asymptotique de Z V dans le cas du Laplacien sur l'espace tout entier a été obtenu par Y. Colin de Verdière dans [19] en adaptant la méthode permetant d'obtenir le développement asymptotique de tr e t∆g .

Une preuve alternative pour le développement asymptotique de Z V , obtenue dans [3] par R. Bañuelos and A. Sá Barreto, consiste à utiliser la transformée de Fourier.

Notre approche est diérente. En eet, pour obtenir le développement asymptotique de Z V Ω , on relie le noyau de la chaleur de e -tA V à celui de e -tA en utilisant la formule de Duhamel. Les coecients c k , k ≥ 1 obtenus sont exprimés comme des intégrales sur Ω de fonctions polynomiales en V et ses dérivées. Notons que la situation est similaire dans [3, Theorem 2.1, page 2154], où les mêmes coecients sont exprimés sous la forme de produits tensoriels V ⊗ . . . ⊗ V , où V est la transformée de Fourier du potentiel V .

Signalons que la preuve du résultat principal de notre article sur la compacité des potentiels isospectraux se déduit du calcul des quatre premiers termes du développement asymptotique de Z V Ω .

Cela vient de l'identité

k≥1 e -λ V k t = tr e -tA V = tr e -tA + Z V Ω (t),
qui relie les ensembles isospectraux de A V avec la trace de la chaleur de A.

Notons que des résultats de compacité de potentiels isospectraux associés à l'opérateur ∆ g + V ont déjà été obtenus par Brüning (cf [7, Theorem 3, page 696]) dans le cas d'une variété Riemanienne compacte de dimension inférieure ou égale à 3. Ces résultats ont ensuite été améliorés par Donnelly dans [25].

Préliminaires

Soit K le noyau de la chaleur associé au semi-groupe e -tA agissant sur L 2 (Ω) et soit K V le noyau de la chaleur associé au semi-groupe e -tA V agissant sur L 2 (Ω).

En utilisant la formule de Duhamel, nous avons obtenu une formule reliant K et K V :

K V (t, x, y) = K(t, x, y) - t 0 Ω K(t -s, x, z)V (z)K V (s, z, y)dzds, t > 0, x, y ∈ Ω.
En résolvant cette équation intégrale par approximations successives, nous obtenons

K V (t, x, y) = j≥0 K V j (t, x, y), t > 0, x, y ∈ Ω, avec K V 0 (t, x, y) = K(t, x, y) Chapitre 1. Introduction K V j (t, x, y) = (-1) j Ω n t 0 t 1 0 . . . t j-1 0 j i=1 K(t i-1 -t i , z i-1 , z i )V (z i ) K(t j , z j , y)dz j dt j , où t 0 = t, z 0 = x, et du j = du 1 . . . du j pour u = z, t.
Dénissons :

A V j (t) = Ω K V j (t, x, x)dx, j ∈ N.
Nous avons ainsi

Ω K V (t, x, x)dx = j≥0 A V j (t)
Or, comme e -tA V est un opérateur intégral de noyau régulier (cf [24]),

tr e -tA V = Ω K V (t, x, x)dx = k≥1 e -tλ V k , t > 0. Donc Z V Ω (t) = j≥1 A V j (t), t > 0.
Par ailleurs, considérons la solution fondamentale Γ de l'équation parabolique

∂ t -div(a(x)∇ • ) = ∂ t - n i,j=1 ∂ j (a ij (x)∂ i , • ) = 0 in R n . En étendant V ∈ C ∞ 0 (Ω) sur R n en posant V (x) = 0 pour tout x ∈ R n \ Ω, nous posons Γ V 0 (t, x, y) = Γ(t, x, y) et Γ V j+1 (t, x, y) = - t 0 R n Γ(t -s, x, z)V (z)Γ V j (s, z, y)dsdz, j ∈ N, pour tous t > 0 et x, y ∈ R n .
Cela nous permet de dénir

B V j (t) = Ω Γ V j (t, x, x)dx, t > 0, j ∈ N.
Notons par ailleurs qu'en utilisant le principe du maximum, nous avons les inégalités suivantes :

0 ≤ K(t, x, y) ≤ Γ(t, x, y), t > 0, x, y ∈ Ω et, pour tout δ > 0 0 ≤ Γ(t, x, y) -K(t, x, y) ≤ (ct) -n/2 e -cδ 2 /t , 0 < t ≤ 2cδ 2 n , x ∈ Ω, y ∈ Ω δ , 1.4. Potentiels isospectraux où Ω δ = {x ∈ Ω; dist(x, ∂Ω) > δ}.
En utilisant ces inégalités, nous obtenons la proposition suivante qui relie le comportement asymp-

totique de A V j (t) à celui de B V j (t) quand t ↓ 0 : Proposition 1.4.1. Soit j ∈ N * . Pour tout k ∈ N on a A V j (t) = B V j (t) + O(t k ) quand t ↓ 0.
Dans ce cas où a est à coecients constants, Γ(t, x, y) est connu de façon explicite et coïncide avec le noyau gaussien suivant

G(t, x -y) = (4πt) -n/2 det a -1 -1/2 e -a -1 (x-y)•(x-y)/(4t) , t > 0, x, y ∈ R n ,
où a -1 est la matrice inverse de a.

Lemma 1.4.1. Supposons que a est à coecients constants et posons j ∈ N * . Alors

Γ V j (t, x, x) = (-1) j t j-n/2 (R n ) j 1 0 s 1 0 . . . s j-1 0 j i=1 G(s i-1 -s i , w i-1 -w i )V (x + √ tw i )
×G(s j , w j )ds j dw j , pour tous t > 0 et x ∈ R n . Ici, on a posé s 0 = 1, w 0 = 0 et du j = du 1 . . . du j pour u = s, w.

Développements asymptotiques

Nous nous plaçons toujours dans le cas où a est à coecients constants. Grâce à l'expression de Γ V j (t, x, x) obtenue dans le lemme précédent, et en utilisant la formule de Taylor, nous tirons 

t n/2 j≥1 B V j (t) = p =1 t P 2 (V ) + O(t p+1 ), où P (V ) = 1≤j≤ /2 (-1) j |α j |= -2j c α j P α j (V ), avec P α j (V ) = Ω j k=1 ∂ α j k V (x)dx, j ∈ N * et c α j = 1 α j ! (R n ) j 1 0 s 1 0 . . . s j-1 0 W α j j j i=1 G(s i-1 -s i , w i-1 -w i ) G(s j , w j )ds j dw j , où s 0 = 1, w 0 = 0, et du j = du 1 . . . du j pour u = s, w et W α j j est un certain polynôme de w 1 . . . w j . En utilisant le fait que, A V j (t) = B V j (t) + O(t k ) quand t ↓ 0, pour tout k ∈ N (j
p =1 t P 2 (V ) + O(t p+1 ). Comme Z V Ω (t) = k≥1 e -tλ V k -k≥1 e -tλ k , ce résultat a pour corollaire immédiat : Corollary 1.4.2. Soit V 0 ∈ C ∞ 0 (Ω). Tout V ∈ Is(V 0 ) vérie P (V ) = P (V 0 ), ≥ 2.
Par ailleurs, considérons

Z V (t) = tr(e -tH V -e -tH ), t > 0 au lieu de Z V Ω (t), où H est l'opérateur auto-adjoint engendré sur L 2 (R n ) par la forme quadratique fermée h[u] = R n a(x)∇u(x) • ∇u(x)dx, u ∈ D(h) = H 1 (R n ).
Nous avons alors

Z V (t) = j≥1 H V j (t), t > 0, où H V j (t) = R n Γ V j (t, x, x)dx, j ∈ N.
En utilisant l'expression obtenue :

t n/2 j≥1 B V j (t) = p =1 t P 2 (V ) + O(t p+1 ),
et en remarquant que, comme le support de V est inclut dans Ω, on a P α j (V ) = R n j k=1 ∂ α j k V (x)dx pour tout j ∈ N * , nous en déduisons que :

t n/2 j≥1 H V j (t) = p =1 t P 2 (V ) + O(t p+1 ).
Nous obtenons ainsi le résultat suivant :

Proposition 1.4.3. Pour tout p ∈ N * , le développement asymptotique de Z V (t) quand t ↓ 0 a pour expression p =1 t P 2 (V ) + O(t p+1 ).
Notons que ce développement asymptotique de Z V reste vrai si V ∈ S (R n ).

Potentiels isospectraux 1.4.4 Compacité des potentiels isospectraux

Ici a = I.

Des calculs longs mais explicites donnent

P 2k+1 = 0, ∀k ∈ N, P 2 (V ) = -(4π) -n/2 Ω V dx, P 4 (V ) = (4π) -n/2 2 Ω V (x) 2 dx, P 6 (V ) = - (4π) -n/2 6 1 2 Ω |∇V (x)| 2 dx + Ω V (x) 2 dx . Nous avons également |γ|=2 Ω |∂ γ V (x)| 2 dx + Ω V (x) 4 dx ≤ C n |P 8 (V )| + V ∞ Ω |∇V (x)| 2 dx.
pour une constante C n > 0 qui ne dépend que de n.

En utilisant l'expression explicite de P 6 (V ) et l'estimation précédente sur P 8 (V ), et en utilisant le fait que, pour tout V ∈ Is(V 0 ), on a P l (V ) = P l (V 0 ), ∀l ≥ 2, nous obtenons que l'ensemble Is(V 0 ) ∩ B est borné dans H 2 (Ω). Let Ω be a bounded domain of R n with C 1,1 -smooth boundary. Let t 0 < t 1 , we set Q = Ω × (t 0 , t 1 ) and we consider the second order differential operator

L = a ij (x, t)∂ 2 ij + b k (x, t)∂ k + c(x, t) -∂ t .
Here and henceforth we use the usual Einstein summation convention for repeated indices.

We make the following assumptions on the coefficients of L:

(i) the matrix (a ij (x, t)) is symmetric for any (x, t) ∈ Q, (ii) a ij ∈ W 1,∞ (Q), b k , c ∈ C([t 0 , t 1 ], C 1 (Ω)), (iii) a ij (x)ξ i ξ j ≥ λ|ξ| 2 , (x, t) ∈ Q, ξ ∈ R n , (iv) a ij W 1,∞ (Q) + b k L ∞ (Q) + c L ∞ (Q) ≤ A,
where λ > 0 and A > 0 are two given constants. These assumptions are surely not the best possible if one wants to construct a fundamental solution or a Green function. But they are sufficient to carry out our analysis. Since we will use the fundamental solution in the whole space, we begin by extending the coefficients of L in a neighborhood Ω of Ω to coefficients having the same regularity. We observe that this is possible in view of the regularity of Ω. For sake of simplicity, we keep the same symbols for the extended coefficients.

We may also assume that the ellipticity condition holds for the extended coefficients with the same constant λ. Pick ψ ∈ C ∞ 0 ( Ω) satisfying 0 ≤ ψ ≤ 1 and ψ = 1 in a neighborhood of Ω. We set

a ij = a ij ψ + λδ ij (1 -ψ), b k = b k ψ, c = cψ and L = a ij (x, t)∂ 2 ij + b k (x, t)∂ k + c(x, t) -∂ t .
Clearly, the coefficients of L satisfy the same assumptions as those of L. So in the sequel we will use the same symbol L for L or its extension L.

We recall that the function

G (x, t) = (4πt) -n/2 e -|x| 2 4t , x ∈ R n , t > 0, is usually called the Gaussian Kernel. We set G c (x, t) = c -1 G ( √ cx, t), c > 0.
It is important to observe that the map c → G c is non increasing.

We are interested in establishing a Gaussian lower bound for the Neumann Green function associated to the operator L. More specifically, denoting by G the Neumann Green function for L, we want to prove an estimate of the form

G C (x -ξ, t -τ ) ≤ G(x, t; ξ, τ ), (x, t; ξ, τ ) ∈ Q 2 , t > τ,
where the constant C depends only on Ω, λ, T = t 1t 0 and A.

We succeed in proving that the above Gaussian lower bound holds true provided that Ω satisfies the chain condition. That is, there exists a constant c > 0 such that for any two points x, y ∈ Ω and for any positive integer m there exists a sequence (x i ) 0≤i≤m of points in Ω such that x 0 = x, x m = y and

|x i+1 -x i | ≤ c m |x -y|, i = 0, . . . , m -1.
The sequence (x i ) 0≤i≤m is referred to as a chain connecting x and y.

We see that any convex subset of R n satisfies the chain condition with c = 1. In two dimensional case, the spherical shell C = B(0, 2) \ B(0, 1) has the chain property with c = √ 2. This follows from the fact that any two points of C can be connected by a broken line consisting of two segments parallel to axes of coordinates.

We point out that a C 1,1 -smooth domain does not possess necessarily the chain condition.

To our knowledge a Gaussian lower bound has never been established before for the Neumann Green function of a general parabolic operator. Moreover, even in the case of parabolic operators with timeindependent coefficients, we can quote only three references: [5] when the domain is convex, [10] for smooth domains and [22] for a compact Riemannian manifold with boundary whose Ricci curvature is bounded from above and its boundary is convex.

A Gaussian upper bound for a general parabolic operator in divergence form was proved by Daners [11]. In [8], Choi and Kim obtained a Gaussian upper bound for a system of operators in divergence form under the assumption that the corresponding Neumann boundary value problem possesses a De Giorgi-Nash-Moser type estimate at the boundary. In [4], the authors established a gaussian upper bound for a Neumann Green function corresponding to a time-dependent domain.

The problem is quite different for a Dirichlet Green function since the latter vanishes on the boundary. One can prove in an obvious manner, with the help of the parabolic maximum principle, that a Dirichlet Green function is non negative and dominated pointwise by a fundamental solution and so it has a Gaussian upper bound. Aronson [2, Theorem 8, page 670] established an interior Gaussian lower bound for a Dirichlet Green function. It is worthwhile to mention that [2, Theorem 8, page 670] can be used to extend the results of [15, Section 3] to a general parabolic operator. In other words, one can obtain a proof of a continuity theorem by Nash [25] and Moser-Harnack inequality [24] for a general divergence form parabolic operator, since they rely on two-sided Gaussian bounds for the fundamental solution. Later, Cho [6], Cho, Kim and Park [7] extended this result to a global weighted Gaussian lower bound involving the distance to the boundary. A Gaussian lower bound for a Dirichlet Green function when the Euclidian distance is changed by a geodesic distance was proved by van den Berg [31,32].

For parabolic operators with time-independent coefficients, a fundamental solution or a Green function is reduced to a heat kernel. We mention that there is a tremendous literature dealing with Gaussian bounds for heat kernels. We quote the classical books by Davies [12], Grigor'yan [17], Ouhabaz [27] Saloff-Coste [29] and Stroock [30], but of course there are many other references on the subject.

As we said in the summary, the main ingredient in our analysis relies on the classical construction of the fundamental solution by means of the so-called parametrix method. We revisit this construction in the next section and we derive from it Gaussian two-sided bounds for the fundamental solution. In Section 3, we prove a Gaussian lower bound for the Neumann Green function. To do so, we construct the Neumann Green function as a perturbation of the fundamental solution by a single-layer potential. The Gaussian lower bound is then derived from the smoothing effect of the single-layer potential.

The parametrix method revisited

We are concerned in this section with Gaussian two-sided bounds for the fundamental solution of Lu = 0. For a systematic study of fundamental solutions, we refer to the classical monographs by A. Friedman [16] and O. A. Ladyzhenskaja, V. A. Solonnikov and N. N. Ural'tzeva [20].

In the sequel P = R n × (t 0 , t 1 ).

We recall that a fundamental solution of Lu = 0 in P is a function

E(x, t; ξ, τ ) which is C 2,1 in P 2 ∩{t > τ }, which satisfies LE(• , •; ξ, τ ) = 0 in R n × {τ < t ≤ t 1 }, for any (ξ, τ ) ∈ R n × [t 0 , t 1 [ and, for any f ∈ C 0 (R n ), lim t τ R n E(x, t; ξ, τ )f (ξ)dξ = f (x), x ∈ R n .
In this definition, we can also take a larger class of functions f . Namely, a class of continuous functions satisfying a certain growth condition at infinity (see for instance [16, formulas (6.1) and (6.2), page 22]).

The construction of a fundamental solution by means of the so-called parametrix method was initiated by E. E. Levi [21]. Let a = (a ij ) be the inverse matrix of (a ij ), |a| the determinant of a and

Z(x, t; ξ, τ ) = [4π(t -τ )] -n/2 |a(ξ, τ )|e -a(ξ,τ )(x-ξ)•(x-ξ) 4(t-τ ) , (x, t; ξ, τ ) ∈ P 2 ∩ {t > τ }.
This function is called the parametrix. It satisfies

(2.1) L 0 Z(• , • , ξ, τ ) = 0 in R n × {τ < t ≤ t 1 } for any (ξ, τ ) ∈ R n × [t 0 , t 1 [, where L 0 = a ij (ξ, τ )∂ 2 ij -∂ t .
When (ξ, τ ) are fixed, L 0 is considered as a constant coefficients operator with respect to (x, t).

In the parametrix method we seek E, a fundamental solution of Lu = 0 in P , of the form

(2.2) E(x, t; ξ, τ ) = Z(x, t; ξ, τ ) + t τ R n Z(x, t; η, σ)Φ(η, σ; ξ, τ )dηdσ,
where Φ is to be determined in order to satisfy

LE(• , • ; ξ, τ ) = 0 for any (ξ, τ ) ∈ R n × [t 0 , t 1 [.
Following [16,Formulas (4.4) and (4.5), page 14], Φ is given by the series

Φ = ∞ =1 Φ ,
where Φ 1 (x, t; ξ, τ ) = LZ(x, t; ξ, τ ) and

Φ +1 (x, t; ξ, τ ) = t τ R n Φ 1 (x, t; η, σ)Φ (η, σ; ξ, τ )dηdσ, ≥ 1.
Here, for simplicity, we write LZ(x, t; ξ, τ ) instead of [LZ(• , • ; ξ, τ )](x, t).

Let d i , 1 ≤ i ≤ n, given by

d i = d i (x, t; ξ, τ ) = - a ij (ξ, τ )(x j -ξ j ) 2(t -τ ) , (x, t; ξ, τ ) ∈ P 2 ∩ {t > τ }.
Then

∂ i Z = d i Z, ∂ 2 ij Z = - a ij (ξ, τ ) 2(t -τ ) + d j d i Z.
Therefore, taking into account (2.1), we get

LZ = LZ -L 0 Z = (a ij (x, t) -a ij (ξ, τ )) - a ij (ξ, τ ) 2(t -τ ) + d j d i + b k d k + c Z.
We write LZ = ΨZ, where

Ψ = (a ij (x, t) -a ij (ξ, τ )) - a ij (ξ, τ ) 2(t -τ ) + d j d i + b k d k + c. Let M = max i,j a ij W 1,∞ (Q) , N = max(max k b k L ∞ (Q) , c L ∞ (Q) , 1).
Since

|d i | ≤ |x -ξ| 2λ(t -τ ) , |a ij (x, t) -a ij (ξ, τ )| ≤ M (|x -ξ| + t -τ ),
we have

(2.3) |Ψ(x, t; ξ, τ )| ≤ N 1 √ t -τ P |x -ξ| √ t -τ .
Here P is a polynomial function of degree less than three whose coefficients depend only on M .

Unless otherwise stated, all the constants we use now do not depend on N .

In light of (2.3) we obtain

|LZ| ≤ CN (t -τ ) -(n+1)/2 P (ρ)e -(λ/4)ρ 2 = CN (t -τ ) -(n+1)/2 P (η)e -(λ/8)ρ 2 e -(λ/8)ρ 2 , with ρ = |x -ξ| √ t -τ .
But the function ρ ∈ (0, +∞) -→ P (ρ)e -(λ/8)ρ 2 is bounded. Consequently,

(2.4) |Φ 1 (x, t; ξ, τ )| = |LZ(x, t; ξ, τ )| ≤ N C(t -τ ) -(n+1)/2 e -λ * |x-ξ| 2 t-τ
, where λ * = λ/8.

The following lemma will be useful in the sequel. Its proof is given in [16, page 15].

Lemma 2.1. Let c > 0 and -∞ < γ, β < n/2 + 1. Then t τ R n (t -σ) -γ e -c|x-η| 2 t-σ (σ -τ ) -β e -c|η-ξ| 2 σ-τ dηdσ = 4π c n/2 B(n/2 -γ + 1, n/2 -β + 1)(t -τ ) n/2+1-γ-β e -c|x-ξ| 2 t-τ
, where B is the usual beta function.

We want to show

(2.5) |Φ (x, t; ξ, τ )| ≤ (N C) C -1 (t -τ ) -(n+2-)/2 -1 j=1 B(1/2, j/2)e -λ * |x-ξ| 2 t-τ , ≥ 2.
Here C is the same constant as in (2.4) and C = 4π 

λ * n/2 . As Φ 2 (x, t; ξ, τ ) = t τ R n Φ 1 (x, t; η, σ)Φ 1 (η, σ; ξ, τ )
B(1/2, j/2) = Γ(1/2)Γ(j/2) Γ((j + 1)/2) . Therefore (2.6) -1 j=1 B(1/2, j/2) = Γ(1/2) Γ( /2) = √ π Γ( /2) .
Hence, ( We have Γ(( τ ) . Plugging this estimate into (2.7), we obtain

+ 1)/2) = Γ(m + 1/2) ≥ Γ(m) = (m -1)! if = 2m and Γ(( + 1)/2) = Γ(m + 1) = m! if = 2m + 1. Then S = 1 Γ(3/2) [CN (t -τ ) 1/2 ] 2 + m≥2 1 Γ(m + 1/2) CN (t -τ ) 1/2 2m + m≥0 1 Γ(m + 1) CN (t -τ ) 1/2 2m+1 ≤ 1 Γ(3/2) [CN (t -τ ) 1/2 ] 2 + m≥2 1 (m -1)! CN (t -τ ) 1/2 2m + m≥0 1 m! CN (t -τ ) 1/2 2m+1 . Whence 1 + S ≤ Ce CN 2 (t-
(2.8) |Φ(x, t; ξ, τ )| ≤ CN (t -τ ) -(n+1)/2 e -λ * |x-ξ| 2 t-τ + CN 2 (t-τ ) .
With the help of Lemma 2.1, estimate (2.8) yields (2.9)

t τ R n Z(x, t; η, σ)Φ(η, σ; ξ, τ )dηdσ ≤ CN (t -τ ) -(n-1)/2 e -λ * |x-ξ| 2 t-τ + CN 2 (t-τ ) .
Noting that this inequality can be rewritten as

t τ R n Z(x, t; η, σ)Φ(η, σ; ξ, τ )dηdσ ≤ C N (t -τ ) 1/2 e -CN 2 (t-τ ) (t -τ ) -n/2 e -λ * |x-ξ| 2 t-τ +2 CN 2 (t-τ )
and, using that ρ → ρe -Cρ 2 is a bounded function on [0, +∞), we obtain (2.10)

t τ R n Z(x, t; η, σ)Φ(η, σ; ξ, τ )dηdσ ≤ C(t -τ ) -n/2 e -λ * |x-ξ| 2 t-τ +2 CN 2 (t-τ ) .
An immediate consequence of (2.10) is

(2.11) |E(x, t; ξ, τ )| ≤ C(t -τ ) -n/2 e -λ * |x-ξ| 2 t-τ + CN 2 (t-τ ) .
In the rest of this section, we forsake the explicit dependence on N . So the constants below may depend on Ω, λ, A, and T .

From (2.9) we deduce in a straightforward manner that there exists δ > 0 such that (2.12)

E(x, t; ξ, τ ) ≥ C(t -τ ) -n/2 , (x, t; ξ, τ ) ∈ P 2 , t > τ, C|x -ξ| 2 < t -τ ≤ δ.
By [16,Theorem 11, page 44], E is positive. Moreover, E satisfies the following identity, usually called the reproducing property,

(2.13) E(x, t; ξ, τ ) = R n E(x, t; η, σ)E(η, σ; ξ, τ )dη, x, ξ ∈ R n , t 0 ≤ τ < σ < t ≤ t 1 .
We can then paraphrase the proof of [15, Theorem 2.7, page 334] to get a Gaussian lower bound for E when 0 < tτ ≤ δ. To pass from tτ ≤ δ to tτ ≤ T , we use again an argument based on the reproducing property. We detail the same argument in the proof of Theorem 3.1.

We sum up our analysis in the following theorem.

Theorem 2.1. The fundamental solution E satisfies the Gaussian two-sided bounds:

(2.14) G C (x -ξ, t -τ ) ≤ E(x, t; ξ, τ ) ≤ G C (x -ξ, t -τ ), (x, t; ξ, τ ) ∈ P 2 ∩ {t > τ }.
Remark 2.1. Let us assume that conditions (i)-(iv) above hold in all of the whole space R n × R instead of Q only. Taking into account the exponential term in N 2 in (2.11), we prove, once again with the help of the reproducing property, the following global estimate in time:

(2.15)

e -κN 2 (t-τ ) G C (x -ξ, t -τ ) ≤ E(x, t; ξ, τ ) ≤ e κN 2 (t-τ ) G C (x -ξ, t -τ ),
for some constant κ > 0, where (x, t; ξ, τ )

∈ (R n × R) 2 .
We point out that (2.15) does not give the two-sided Gaussian bounds by Fabes and Stroock [15] for the divergence form operator ∂ i (a ij (x, t)∂ j • ) -∂ t with (C ∞ -) smooth coefficients. This is not surprising since the arguments we used for proving (2.15) are not well adapted to divergence form operator. We note however that the approach developed in [15] for establishing Gaussian two-sided bounds is more involved.

Gaussian two-sided bounds were obtained by S. D. Eidel'man and F. O. Porper [13] when the coefficients of L satisfy the uniform Dini condition with respect to x. The main tool in [13] is a parabolic Harnack inequality. We refer also to [1], [14], [19] and [26], where the reader can find various results on bounds for the fundamental solution.

We mentioned in the Introduction that the Moser-Harnack inequality in [15] can be extended to a general divergence form parabolic operator. Let us show briefly how this Moser-Harnack inequality still holds for a general parabolic operator. First, we recall that a Dirichlet Green function was constructed in [20, formula (16.7), page 408] as a perturbation of the fundamental solution by a double-layer potential. Therefore, in light of [20, formula (16.10), page 409] and [20, estimate (16.14), page 411], we can assert that [15, Lemma 5.1] remains true for our L. Next, paraphrasing the proofs of [15, Lemma 5.2 and Theorem 5.4] (more detailed proofs are given in [30]), we can state the following Moser-Harnack inequality.

Theorem 2.2. Let η, µ, ∈ (0, 1). Then there is M > 0, depending on n, λ, A, η, µ and such that for all

(x, s) ∈ R n × R, all R > 0 and all non negative u ∈ C 2,1 (B(x, R) × [s -R 2 , s]) satisfying Lu = 0 one has u(y, t) ≤ M u(x, s) for all (y, t) ∈ B(x, R) × [s -ηR 2 , s -µR 2 ].

Gaussian lower bound for the Neumann Green function

We recall that the derivative of U = U (x, t) at (x, t) ∈ ∂Ω × [t 0 , t 1 ] in the conormal direction is given by

∂ ν U (x, t) = a ij (x, t)n j (x)∂ i U (x, t),
where n(x) = (n 1 (x), . . . , n n (x)) is the unit outward normal vector at x.

For τ ∈ [t 0 , t 1 [, we set Q τ = Ω × (τ, t 1 ), Σ τ = ∂Ω × (τ, t 1 ) and we consider the Neumann initial-boundary value problem (abbreviated to IBVP in the sequel) for the operator L:

(3.1)    Lu = 0 in Q τ , u(• , τ ) = ψ in Ω, ∂ ν u = 0 on Σ τ .
From [16, Theorem 2, page 144] and its proof, for any ψ ∈ C ∞ 0 (Ω), the IBVP (3.1) has a unique solution

u ∈ C 1,0 (Q τ ) ∩ C 2,1 (Q τ ) given by (3.2) u(x, t) = t τ ∂Ω E(x, t; ξ, σ)ϕ(ξ, σ)dξdσ + Ω E(x, t; ξ, τ )ψ(ξ)dξ.
Here

(3.3) ϕ(x, t) = F τ (x, t) -2 ≥1 t τ ∂Ω M (x, t; ξ, σ)F τ (ξ, σ)dξdσ, with F τ (x, t) = -2 Ω ∂ ν E(x, t; ξ, τ )ψ(ξ)dξ, M 1 = -2∂ ν E, M +1 (x, t; ξ, τ ) = t τ ∂Ω M 1 (x, t; η, σ)M (η, σ; ξ, τ )dηdσ.
For (x, t) ∈ Σ τ and ξ ∈ Ω, let

N (x, t; ξ, τ ) = -2∂ ν E(x, t; ξ, τ ) -2 ≥1 t τ ∂Ω M (x, t; η, σ)∂ ν E(η, σ; ξ, τ )dηdσ.
Assume for the moment (see the proof below) that

(3.4) ϕ(x, t) = Ω N (x, t; ξ, τ )ψ(ξ)dξ.
We set

(3.5) G(x, t, ξ, τ ) = t τ ∂Ω E(x, t; η, σ)N (η, σ; ξ, τ )dηdσ + E(x, t; ξ, τ ).
It follows from Fubini's theorem that

(3.6) u(x, t) = Ω G(x, t; ξ, τ )ψ(ξ)dξ.
The function G is called the Neumann Green function associated to the equation Lu = 0 in Q.

We have, for any 0 ≤ ψ ∈ C ∞ 0 (Ω), u ≥ 0, according to the maximum principle (see for instance [23, Theorem 2.9, page 15] and remarks following it). Whence, G ≥ 0.

From the uniqueness of the solution of the IBVP (3.1), we have also

Ω G(x, t; ξ, τ )ψ(ξ)dξ = Ω G(x, t; η, σ)dη Ω G(η, σ; ξ, τ )ψ(ξ)dξ for any ψ ∈ C ∞ 0 (Ω), τ < σ < t.
Therefore,

(3.7) G(x, t; ξ, τ ) = Ω G(x, t; η, σ)G(η, σ; ξ, τ )dη, τ < σ < t.
That is, G has the reproducing property. We note that when c = 0, G satisfies in addition

Ω G(x, t; ξ, τ )dξ = 1.
The key point in the proof of our Gaussian lower bound for G is the following lemma.

Lemma 3.1. For 1/2 < µ < n 2 , we have

(3.8) |N (x, t; ξ, τ )| ≤ C(t -τ ) -µ |x -ξ| -n+2µ , (x, t) ∈ Σ τ , ξ ∈ Ω, x = ξ.
The lemma below appears in [16, page 137] as Lemma 1. It is needed for proving Lemma 3.1.

Lemma 3.2. Let 0 < a, b < n -1 with a + b = n -1. Then (3.9) ∂Ω |x -η| -a |η -ξ| -b dη ≤ C|x -ξ| n-1-(a+b) if a + b > n -1 C if a + b < n -1.
Proof of Lemma 3.1. Since Ω is of class C 1,1 , we obtain by paraphrasing the proof of [16, formula (2.12), page 137]:

|∂ ν E(x, t; ξ, τ )| ≤ C(t -τ ) -µ |x -ξ| -n+2µ ,
for any µ > 0, and then

(3.10) |M 1 (x, t; ξ, τ )| ≤ C(t -τ ) -µ |x -ξ| -n+2µ .
We assume first that 1/2 < µ < 1. Since

|M 2 (x, t; ξ, τ )| ≤ t τ ∂Ω |M 1 (x, t; η, σ)||M 1 (η, σ; ξ, τ )|dηdσ,
Hence, (3.10) leads

(3.11) |M 2 (x, t; ξ, τ )| ≤ C 2 t τ (t -σ) -µ (σ -τ ) -µ dσ ∂Ω |x -η| -n+2µ |ξ -η| -n+2µ dη.
By Lemma 3.2, (3.12)

∂Ω |x -η| -n+2µ |ξ -η| -n+2µ dη ≤ C|x -ξ| -n+4µ-1 if n ≥ 3 or n = 2 and 1 2 < µ < 3 4 , C
if n = 2 and 3 4 < µ < 1. On the other hand

(3.13) t τ (t -σ) -µ (σ -τ ) -µ dσ = (t -τ ) -µ+(1-µ) 1 0 s -µ (1 -s) 1-µ ds = (t -τ ) -µ+(1-µ) B(1 -µ, 1 -µ).
We plug (3.12) and (3.13) into (3.11), and we obtain

|M 2 (x, t; ξ, τ )| ≤ C 2 C(t -τ ) -µ+(1-µ) B(1 -µ, 1 -µ)|x -ξ| -n+2µ+(2µ-1) , if n ≥ 3 or n = 2 and 1 2 < µ < 3 4 and |M 2 (x, t; ξ, τ )| ≤ C 2 C(t -τ ) -µ+(1-µ) B(1 -µ, 1 -µ), if n = 2 and 3 4 < µ < 1.
Let (n) be the smallest integer so that n + 1 < 2 and fix n+1 2 (n) < µ < 1. Then an induction argument yields

|M (x, t; ξ, τ )| ≤ C C -1 (t -τ ) -µ+( -1)(1-µ) Γ(1 -µ) Γ( (1 -µ)) , ≥ (n). By Stirling's formula Γ( (1 -µ)) ∼ (e -1 ( (1 -µ) -1)) (1-µ)-1 2π( (1 -µ) -1)) as → +∞,
implying that the series

S = ≥ (n) C C -1 T -µ+( -1)(1-µ) Γ(1 -µ) Γ( (1 -µ))
converges.

Clearly,

|N (x, t; ξ, τ )| ≤ (n)-1 =1 |M (x, t; ξ, τ )| + S.
Therefore, it is enough to prove that

N (x, t; ξ, τ ) = (n)-1 =1 |M (x, t; ξ, τ )|
satisfies (3.8). To this end, we observe that

|M 2 (x, t; ξ, τ )| ≤ (τ +t)/2 τ ∂Ω |M 1 (x, t; η, σ)||M 1 (η, σ; ξ, τ )|dηdσ + t (τ +t)/2 ∂Ω |M 1 (x, t; η, σ)||M 1 (η, σ; ξ, τ )|dηdσ.
Assume that 1/2 < µ < n/2 and pick 1/2 < α < min(1, (n/2µ) + 1/2). From Lemma 3.2, we have

(τ +t)/2 τ ∂Ω |M 1 (x, t; η, σ)||M 1 (η, σ; ξ, τ )|dηdσ ≤ C 2 (τ +t)/2 τ (σ -τ ) -α (t -σ) -µ dσ ∂Ω |x -η| -n+2µ |ξ -η| -n+2α dη ≤ C 2 t -τ 2 -µ (τ +t)/2 τ (σ -τ ) -α dσ|x -ξ| -n+2µ+2α-1 ≤ C 2 t -τ 2 -µ-α+1 |x -ξ| -n+2µ+2α-1 ≤ C (t -τ ) -µ |x -ξ| -n+2µ .
Similarly,

t (τ +t)/2 ∂Ω |M 1 (x, t; η, σ)||M 1 (η, σ; ξ, τ )|dηdσ ≤ C(t -τ ) -µ |x -ξ| -n+2µ .
Thus, M 2 satisfies (3.8). We repeat the previous argument to deduce that also N obeys (3.8).

Proof of (3.4). Let

N k (x, t; ξ, τ ) = -2∂ ν E(x, t; ξ, τ ) -2 k ≥1 t τ ∂Ω M (x, t; η, σ)∂ ν E(η, σ; ξ, τ )dηdσ, ϕ k (x, t) = -2F τ (x, t) -2 k ≥1 t τ ∂Ω M (x, t; ξ, σ)F τ (ξ, σ)dξdσ.
In light of Lemma 3.2 and with the help of Lebesgue's dominated convergence theorem, we can assert that

Ω N k (x, t; ξ, τ )ψ(ξ)dξ -→ Ω N (x, t; ξ, τ )ψ(ξ)dξ as k -→ +∞.
According to Funini's theorem

ϕ k (x, t) = Ω N k (x, t; ξ, τ )ψ(ξ)dξ.
But ϕ k (x, t) → ϕ(x, t) when k tends to infinity. Then the uniqueness of the limit yields ϕ(x, t) = Ω N (x, t; ξ, τ )ψ(ξ)dξ.

We are now ready to prove Theorem 3.1. Under the assumption that Ω obeys the chain condition, the Neumann Green function G satisfies the Gaussian lower bound:

(3.14) G C (x -ξ, t -τ ) ≤ G(x, t; ξ, τ ), (x, t; ξ, τ ) ∈ Q 2 ∩ {t > τ }. Proof. Let G 0 (x, t; ξ, τ ) = t τ ∂Ω E(x, t; η, σ)N (η, σ; ξ, τ )dηdσ.
From the Gaussian upper bound for E we obtain in a straightforward way that, for any β > 0,

|E(x, t; ξ, τ )| ≤ C(t -τ ) -β |x -ξ| -n+2β .
On the other hand, by Lemma 3.1,

|N (η, σ; ξ, τ )| ≤ C(t -τ ) -µ |x -ξ| -n+2µ .
where 1 2 < µ < n 2 . We fix 0 < < 1 2 and 0 < α < 1 2 . In the preceding inequalities, we take µ = n 2and β = 1 +α. In light of the fact that -n + 2µ + 2β -1 = 1 -2α > 0, we get from Lemma 3.2

|G 0 (x, t; ξ, τ )| ≤ C(t -τ ) -n/2+α .
But, we know from (2.12) that E(x, t; ξ, τ ) ≥ C(tτ ) -n/2 , (x, t; ξ, τ ) ∈ P 2 , t > τ, C|x -ξ| 2 < tτ.

Hence,

G(x, t; ξ, τ ) ≥ E(x, t; ξ, τ ) -|G 0 (x, t; ξ, τ )| ≥ C(t -τ ) -n/2 (1 -C(t -τ ) α ), t > τ, C|x -ξ| 2 < t -τ.
Consequently, we find δ > 0 so that

G(x, t; ξ, τ ) ≥ C(t -τ ) -n/2 , (x, t; ξ, τ ) ∈ Q 2 , 0 < t -τ ≤ δ, C|x -ξ| 2 < t -τ.
Or equivalently

(3.15) G(x, t; ξ, τ ) ≥ C(t -τ ) -n/2 , (x, t; ξ, τ ) ∈ Q 2 , 0 < t -τ ≤ δ, |x -ξ| < C(t -τ ) 1/2 .
As Ω has the chain condition, there exists a constant c > 0, independent on x and ξ, such that for any positive integer k there exists a sequence (x i ) 0≤i≤k of points in Ω so that x 0 = x, x k = ξ and

(3.16) |x i+1 -x i | ≤ c k |x -ξ|, 0 ≤ i ≤ k -1. When 2c|x -ξ| ≤ C(t -τ ) 1/2 (implying |x -ξ| ≤ C(t -τ ) 1/2
), (3.14) follows immediately from (3.15). Therefore we may assume that 2c|x -ξ| > C(tτ ) 1/2 . We choose m ≥ 2 to be the smallest integer satisfying

2c |x -y| m 1/2 ≤ C(t -τ ) 1/2 .
Let (x i ) 0≤i≤m be the sequence given by (3.16) when k = m and

r = 1 4 C t -τ m 1/2
.

In light of the reproducing property and the positivity of G, we obtain

G(x, t; ξ, τ ) = Ω . . . Ω G x, t; ξ 1 , (m -1)t + τ m . . . G ξ m-1 , t + (m -1)τ m ; ξ, τ dξ 1 . . . dξ m-1 ≥ B(x1,r)∩Ω . . . B(xm-1,r)∩Ω G x, t; ξ 1 , (m -1)t + τ m . . . . . . G ξ m-1 , t + (m -1)τ m ; ξ, τ dξ 1 . . . dξ m-1 . (3.17)
Using that Ω is C 1,1 -smooth, we obtain from the result in Appendix A: there exist two positive constants d and r 0 such that, for any z ∈ Ω and 0 < ρ ≤ r 0 , (3.18) dρ n ≤ |B(z, ρ) ∩ Ω|.

We mention that Choi and Kim [8] observed that this condition is necessary for domains having a De Giorgi-Nash-Moser type estimate at the boundary.

In the sequel, replacing C by a smaller constant, we may assume that r ≤ r 0 .

Let ξ 0 = x, ξ i ∈ B(x i , r) and ξ m = ξ. Then we have

|ξ i+1 -ξ i | ≤ |x i+1 -x i | + 2r ≤ c |x -ξ| m + 2r ≤ c |x -ξ| m 1/2 + 2r ≤ 4r, 0 ≤ i ≤ m -1. Whence, |ξ i+1 -ξ i | ≤ C t -τ m 1/2 , 0 ≤ i ≤ m -1.
It follows from (3.15) and (3.18) that G(x, t; ξ, τ ) ≥ B(x1,r)∩Ω . . .

B(xm-1,r)∩Ω C m t -τ m -nm/2 dξ 1 . . . dξ m-1 ≥ (dr n ) m-1 C m t -τ m -nm/2 ≥ d m-1 C 2 16 t -τ m n(m-1)/2 C m t -τ m -nm/2 ≥ CC m (t -τ ) -n/2 . Hence (3.19) G(x, t; ξ, τ ) ≥ Ce -Cm (t -τ ) -n/2 .
From the definition of m, we have

(3.20) m -1 ≤ 2c C 2 |x -y| 2 t -τ .
Finally, a combination of (3.19) and (3.20) leads to (3.14) when tτ ≤ δ.

We complete the proof by showing that we can remove the assumption tτ ≤ δ in (3.15). Let then 0 < tτ ≤ T , such that tτ > δ, and let m ≥ 2 be the smallest integer such that δ -1 (tτ ) ≤ m. We set

(3.21) r = r 0 T -1/2 m -1/2 (t -τ ) 1/2
and we denote by p the smallest integer satisfying 2cD rm ≤ p, with D = diam(Ω).

If we choose k = pm in (3.16), we obtain

|x i+1 -x i | ≤ c|x -ξ| pm ≤ cD pm ≤ r/2.
Let us denote by (3.17 * ) the inequality (3.17) in which we take r/2 in place of r, with r given as in (3.21), and m changed by pm.

Taking into account that

p < 1 + 2cDr -1 0 T 1/2 δ -1/2 = p * , we get, for ξ i ∈ B(x i , r), 1 ≤ i ≤ m -1. (3.22) pm|ξ i+1 -ξ i | 2 t -τ ≤ pmr 2 t -τ < p * r 2 0 T -1 .
As (pm) -1 (tτ ) ≤ δ, (3.14) holds true. Therefore, in light of (3.22), we obtain from (3.17 * )

G(x, t; ξ, τ ) ≥ d 2 -1 r 0 T -1/2 m -1/2 (t -τ ) 1/2 n pm-1 C pm (pm) -1 (t -τ ) -pnm/2 ≥ d 2 -1 r 0 T -1/2 n pm-1 C pm m n/2 p pnm/2 (t -τ ) -n/2 ≥ d 2 -1 r 0 T -1/2 n pm-1 (t -τ ) -n/2 ≥ C C pm (t -τ ) -n/2 ≥ Ce -pm| ln C| (t -τ ) -n/2 ≥ Ce -p * m * | ln C| (t -τ ) -n/2 , with m * = δ -1 T + 1.
This estimate completes the proof.

Theorem 3.1 can be easily extended to a Robin Green function. Indeed, if we replace the Neumann boundary condition by the following Robin boundary condition:

∂ ν u + q(x, t)u = 0 in Σ τ ,
where q ∈ C(Σ τ ), then N has to be changed by

N q (x, t; ξ, τ ) = -2[∂ ν E(x, t; ξ, τ ) + q(x, t)E(x, t; ξ, τ )] -2 ≥1 t τ ∂Ω M (x, t; η, σ)[∂ ν E(η, σ; ξ, τ ) + q(η, σ)E(η, σ; ξ, τ )]dηdσ.
Here

M 1 (x, t; ξ, τ ) = -2[∂ ν E(x, t; ξ, τ ) + q(x, t)E(x, t; ξ, τ )] M +1 (x, t; ξ, τ ) = t τ ∂Ω M 1 (x, t; η, σ)M (η, σ; ξ, τ )dηdσ, ≥ 1.
Apart the positivity of the Green function, which can be obtained by an adaptation of [9, Proposition 3.2], one can see without any difficulty, that the rest of our analysis holds true when N is replaced by N q . We already mentioned that, for parabolic operators with time-independent coefficients, a Neumann Green function is nothing else but a Neumann heat kernel. Let us then consider a parabolic operator of the form

(3.23) L = ∂ j (a ij (x)∂ i • ) + b k (x)∂ k + c(x) -∂ t ,
so that the following assumptions are satisfied:

(i ) the matrix (a ij (x)) is symmetric for any x ∈ Ω, (ii ) a ij ∈ W 1,∞ (Ω), ∂ k a ik , b k , c ∈ C 1 (Ω), (iii ) a ij (x)ξ i ξ j ≥ λ|ξ| 2 , (x, t) ∈ Ω, ξ ∈ R n , (iv ) a ij W 1,∞ (Ω) + ∂ k a ik + b k L ∞ (Ω) + c L ∞ (Ω) ≤ A,
where λ > 0 and A > 0 are two given constants.

Here again, the assumptions on the coefficients of L are not necessarily the best possible.

Let a be the unbounded bilinear form defined by D(a) = H 1 (Ω) and

a(u, v) = Ω a ij ∂ i u∂ j vdx + Ω b k ∂ k uvdx + Ω cuvdx, u, v ∈ D(a).
We associate to a the unbounded operator A given by

D(A) = {u ∈ L 2 (Ω); ∃v ∈ L 2 (Ω) : a(u, ϕ) = (v, ϕ) 2 , ϕ ∈ H 1 (Ω)}, Au := v.
Here (•, •) 2 denotes the usual scalar product of L 2 (Ω).

We have

Ω b k ∂ k uu ≤ 2 λ Ω |∇u| 2 + 8 sup k b k L ∞ (Ω) λ Ω u 2 , u ∈ H 1 (Ω).
This and (iii ) entail that a+κ is accretive for a sufficiently large κ > 0. Since a is clearly densely defined and continuous on H 1 (Ω), we derive from [27, Theorem 1.52, page 29] that -A is the generator of an holomorphic semigroup e -tA . 

Let Q = Ω × (0, T ), Σ = ∂Ω × (0, T ), ψ ∈ C ∞ 0 (Ω) and u ∈ C 1,0 (Q) ∩ C 2,1 (Q) ([
   Lu = 0 in Q, u(• , 0) = ψ in Ω, ∂ ν u = 0 on Σ.
By [3, Theorem 10.9, page 341], u ∈ L 2 (0, T ;

H 1 (Ω) ∩ C([0, T ]; L 2 (Ω)), u ∈ L 2 (0, T ; [H 1 (Ω)]
) and it is the unique solution of

(3.25) u (t), v + a(u(t), v) = 0 a.e. t ∈ [0, T ], v ∈ H 1 (Ω), u(0) = ϕ
where •, • is the duality pairing between H 1 (Ω) and its dual space [H 1 (Ω)] .

We set u(t) = e -tA ψ, t ≥ 0. By using u (t) = Au(t), t ∈ [0, T ], we obtain in a straightforward manner

u (t), v + a( u(t), v) = 0, t ∈ [0, T ], v ∈ H 1 (Ω),
Using that u(0) = u(0), we get from the uniqueness of the solution of problem (3.25) that u = u. Hence,

e -tA ψ(x) = Ω G(x, t; ξ, 0)ψ(ξ)dξ, 0 < t ≤ T.
We rewrite this equality as follows:

e -tA ψ(x) = Ω K(x, ξ, t)ψ(ξ)dξ, 0 < t ≤ T.
The function K(x, ξ, t) = G(x, t; ξ, 0) is usually called the heat kernel of the semigroup e -tA . We have as an immediate consequence of Theorem 3.1:

Corollary 3.1.
When Ω possesses the chain condition, the Neumann heat kernel K satisfies the Gaussian lower bound:

(3.26) G C (x -ξ, t) ≤ K(x, ξ, t), (x, ξ) ∈ Ω 2 , 0 < t ≤ T.
A Gaussian lower bound for the Neumann heat kernel was proved in [10] when L is the Laplace operator. The key point is the Hölder continuity of x -→ K(x, ξ, t) which relies on the fact that µ-A is an isomorphism from H s (Ω) into H s-2 (Ω), for large µ and s > n/2 + 1. We note that a quick examination of the proof in [10] shows that this result can be extended to a divergence form operator with C ∞ -smooth coefficients.

We end this section by showing that we can obtain a strong maximum from Theorem 3.

1. Let ψ ∈ C(Ω), f ∈ C(Q τ ), g ∈ C(Σ τ ) and consider the IBVP (3.27)    Lu = f in Q τ , u(• , τ ) = ψ in Ω, ∂ ν u = g on Σ τ .
Corollary 3.2. We assume that ψ ≥ 0, f ≥ 0, g ≥ 0 and at least one of the functions ψ, f and g is non identically equal to zero.

If u ∈ C 0,1 (Q τ ) ∩ C 2,1 (Q τ ) is the solution of the IBVP (3.27), then u > 0 in Ω×]τ, t 1 ].
Proof. Follows from Theorem 3.1 since (see for instance [16, formula (3.5), page 144])

u(x, t) = Ω G(x, t; ξ, τ )ψ(ξ)dξ + t τ Ω G(x, t; ξ, s)f (ξ, s)dξds + t τ ∂Ω
G(x, t; ξ, s)g(ξ, s)dS ξ ds.

Appendix A

In this appendix we prove (3.18). Henceforth, Ω is a bounded domain of R n with boundary Γ.

Following [18, Definition 2.4.1, page 50], we introduce the notation

C (y, ξ, ) = {z ∈ R n ; (z -y) • ξ ≥ (cos )|z -y|, 0 < |y -z| < },
where y ∈ R n , ξ ∈ S n-1 and 0 < . That is, C(y, ξ, ) is the cone, of dimension , with vertex y, aperture and directed by ξ.

We say that Ω has the -cone property if (A.1) for any x ∈ Γ, there exists ξ x ∈ S n-1 so that, for all y ∈ Ω ∩ B(x, ), C (y, ξ x , ) ⊂ Ω.

Assume that Ω has the -cone property, for some 0 < . By using the compactness of Γ, we find a finite number of points of Γ, x 1 , . . . x p , so that Γ = k [Γ ∩ B(x k , /2)] and (A.1) is satisfied for each x i , i = 1, . . . , p. Let K = Ω \ k B(x k , /2). Then, 0 < = dist(K, Γ)(< ) and therefore, for each x ∈ K, we have B(x, ) ⊂ Ω. We deduce from this observation that, for each x ∈ Ω and 0 < r < , Ω ∩ B(x, r) contains a cone of dimension r and aperture . It is then straightforward to get the following inequality:

|Ω ∩ B(x, r)| ≥ cr n , 0 < r < ,
for some constant c = c(n, ).

We complete the proof of (3.18) by using the following theorem.

Theorem A.1. Ω has the -cone property, for some 0 < , if and only if its boundary Γ is Lipschitz.

We refer to [18, Theorem 2.4.7, page 53] for a detailed proof of this theorem. The study of heat kernels is an important problem in the theory of parabolic PDE's. The properties of heat kernels give an efficient tool to answer to some central questions both in analysis and probability theory. One of the main questions is to know whether a heat kernel admits Gaussian bounds. An upper Gaussian bound is for instance an useful tool for getting L p -L q estimates, the analyticity of the corresponding semigroups in L p for any finite p ≥ 1 or bounded functional calculus, whereas one can get a strong maximum principle or a Harnack inequality from a lower Gaussian bound. We refer to the textbooks [5], [11] and [12] and references therein for more details on the subject.

In the preceding work [3], starting from the classical parametrix method, we constructed the Neumann heat kernel of a general parabolic operator as a perturbation of the fundamental solution of the same operator by a singlelayer potential. From this construction, the two-sided Gaussian bounds for the fundamental solution and taking into account the smoothing effect in time of the single-layer potential, we succeeded in proving a lower Gaussian bound for the Neumann Green function. We adapt in the present note this method to establish a lower Gaussian bound for the Neumann heat kernel of Laplace-Beltrami operator.

In this text M = (M, g) is a n-dimensional compact connected Riemannian manifold without boundary and Ω is a domain in M so that its boundary Σ is an (n -1)-dimensional Riemannian submanifold of M when it is equipped with the metric induced by g.

The Riemannian measure on M is denoted by dV while the density measure on Σ is denoted by dA. The geodesic ball of center x ∈ M and radius r > 0 is denoted by B(x, r).

Neumann heat kernel

Let d be the Riemannian distance function and

E (x, y, t) = (4πt) -n/2 e -d 2 (x,y) 4t .
In general E is not a heat kernel on M. However the parametrix method by S. Minakshisundaram and Å.Pleijel shows that any compact Riemannian manifold has an almost euclidien heat kernel (e.g. [1,2]). In particular, the heat kernel p of M, satisfies p(x, y, t) ∼ E (x, y, t), locally uniformly in (x, y) as t ↓ 0. We have a similar statement with the first order derivatives of p and E . This estimate is not true in general for distant x and y. Indeed the counter example in [10,Example 3.1,page 23] shows that if M = S 2 , the 2-dimensional sphere equipped with the round metric, x is the north pole and y is the south pole, then p(x, y, t) ∼ ct -3/2 e -d 2 (x,y) 4t , for some constant c > 0.

From [5, Theorem 5.5.11 and Theorem 5.6.1, page 173], any complete Riemannian manifold with non negative Ricci curvature satisfies the following two-sided Gaussian bounds.

E (x, y, t) ≤ p(x, y, t) ≤ c V (B(x, √ t)) e -κ d 2 (x,y) 4t , x, y ∈ M, t > 0.
Here c > 0 and κ > 0 are some constants.

Let ∆ = ∆ g be the Laplace-Beltrami operator associated to the metric g and denote by ν the outward normal vector field to Σ. Following the idea in [3], we construct the Green function of the Neumann problem

(∂ t -∆)u = 0 in Ω × (0, +∞), ∂u ∂ν = 0, on Σ × (0, +∞), (2.1)
as a perturbation of the heat kernel p by a single-layer potential. As a first step, we seek the solution, in

C 2,1 (Ω × (0, +∞)) ∩ C 0,1 (Ω × [0, +∞)), of the following IBVP    (∂ t -∆)u = 0 in Ω × (0, +∞), ∂u ∂ν = 0, on Σ × (0, +∞), u(•, 0) = ψ ∈ C ∞ 0 (Ω) (2.2) of the form u(x, t) = t 0 Σ
p(x, y, s)ϕ(y, ts)dA(y)ds + Ω p(x,y, t)ψ(y)dV (y), (x, t) ∈ Ω × (0, +∞).

We obtain from the jump relation in [2, Theorem 2, page 161] that ϕ must be the solution of the following integral equation

ϕ(x, t) = -2 t 0 Σ ∂p ∂ν x (x, y, s)ϕ(y, t -s)dA(y)ds -2 Ω ∂p ∂ν x (x, y, t)ψ(y)dV (y), (x, t) ∈ Σ × (0, +∞).
This integral equation is solved by successive approximations. We get

ϕ(x, t) = ϕ 0 (x, t) + t 0 Σ r(x, y, s)ϕ 0 (y, t -s)dA(y)ds, (x, t) ∈ Σ × (0, +∞).
Here

ϕ 0 (x, t) = -2
Ω ∂p ∂ν x (x, y, t)ψ(y)dV (y), (x, t) ∈ Σ × (0, +∞), r(x, y, t) = j≥1 r j (x, y, t), (x, t) ∈ Σ × (0, +∞), y ∈ Ω, with

r 1 (x, y, t) = -2 ∂p ∂ν x (x, y, t), (x, t) ∈ Σ × (0, +∞), y ∈ Ω, r j+1 (x, y, t) = -2 t 0 Σ r 1 (x, z, t -s)r j (z, y, s)dA(z)ds, j ≥ 1, (x, t) ∈ Σ × (0, +∞), y ∈ Ω.
In other words

r(x, y, t) = -2 ∂p ∂ν x (x, y, t) -2 j≥1 t 0 Σ r j (x,z, s) ∂p ∂ν x (z, y, t -s)dA(z)ds (x, t) ∈ Σ × (0, +∞), y ∈ Ω.
The following two inequalities will be useful in the sequel. They are taken from [2].

For any µ > 0, there is a constant C 0 such that

∂p ∂ν x (x, y, t) ≤ C 0 t -µ d -n+2µ (x, y), (2.3) 
for any x ∈ Σ, y ∈ Ω and t ∈ (0, T ]. There exists a constant C 1 such that, for any α, β ∈ (0, n -1),

Σ d -α (x, z)d -β (z, y)dA(z) ≤ C 1 d n-1-(α+β) (x, y) if α + β > n -1, 1 if α + β < n -1.
(2.4) for all x, y ∈ Ω, x = y.

With the help of inequality (2.3), we prove similarly to [3, (3.6)] ϕ(x, t) = Ω r(x, y, t)ψ(y)dV (y).

Then u(x, t) = Ω q(x, y, t)ψ(y)dV (y), where q(x, y, t) = p(x, y, t)

+ t 0 Σ
p(x, z, s)r(z, y, ts)dA(z)ds.

We call this function the Neumann heat kernel for the problem (2.1). We leave to the reader to verify that q satisfies the following reproducing property q(x, y, t) = Ω q(x, z, ts)q(z, y, s)dV (z), x, y ∈ Ω, 0 < s < t, and Ω q(x, y, t)dV (y) = 1, x ∈ Ω, t > 0.

Gaussian lower bound

We set v(x, r) = V (B(x, r) ∩ Ω), x ∈ Ω, and we consider the following three assumptions. (V LB) (volume lower bound) There exist two constants C and r 0 so that v(x, r) ≥ Cr n , x ∈ Ω, 0 < r ≤ r 0 .

(DP ) (doubling property) There exist two constants r 1 > 0 and

C > 0 so that v(x, s) ≤ C s r n v(x, r),
for all 0 < r ≤ s ≤ r 1 and x ∈ Ω. (CC) (chain condition) There exists a constant C > 0 such that for any x, y ∈ Ω and k ∈ N, we find a sequence of points (x i ) 0≤i≤k so that x 0 = x, x k = y and

d(x i , x i+1 ) ≤ C d(x, y) k , 0 ≤ i ≤ k -1.
In the flat case, (V LC) and (DP ) are true for any Lipschitz domain and (CC) holds for instance for a convex domain.

Let S 1 be the unit sphere of R 2 equipped with the round metric, that is the metric induced by the Euclidean metric on R 2 . Then any segment of length strictly less than π possesses the the three conditions (V LB), (DP ) and (CC). Let S 2 be the unit sphere of R 3 equipped with the round metric. Then it is not hard to show that the sub-domain of S 2 given by z > δ > 0 satisfies also the three conditions (V LB), (DP ) and (CC).

Conditions (DP ) and (CC) are usual (see for instance [11, Theorem 7.29, page 248]), while condition (V LB) guarantees that the near diagonal lower bound (3.10) above holds.

We aim to sketch the proof of the following theorem Theorem 3.1. Fix T > 0 and assume that Ω satisfies (V LB), (DP ) and (CC). Then

q(x, y, t) ≥ c v(x, √ t) e -d 2 (x,y) ct , x, y ∈ Ω, 0 < t ≤ T. (3.5)
Sketch of the proof. Let 1/2 < µ < n/2. In light of (2.3) and (2.4), reasoning as in the proof of [3, Lemma 3.1], we obtain

|r(x, y, t)| ≤ Ct -µ d -n+2µ (x, y), for any x ∈ Σ, y ∈ Ω, x = y, t ∈ (0, T ]. Let q 0 (x, y, t) = t 0 Σ
p(x, z, s)r(z, y, ts)dA(z)ds, x, y ∈ Ω, t > 0, and 0 < α < 1/2. We proceed as in the beginning of the proof of [3, Theorem 3.1] to get |q 0 (x, y, t)| ≤ Ct -n/2+α x, y ∈ Ω, t > 0.

(3.6) Let := inj(M)/4, where inj(M) is the injectivity radius of M. It follows from [2, formula (45), page 154] that there exists η > 0 so that p(x, y, t) ≥ E (x, y, t), 0 < t ≤ η, x, y ∈ M, d(x, y) ≤ .

(3.7) Hence,

p(x, y, t) ≥ Ct -n/2 , 0 < t ≤ inf(η, 2 ), x, y ∈ M, d(x, y) ≤ √ t. (3.8)
Now a combination of (3.6) and (3.8) leads

q(x, y, t) ≥ p(x, y, t) -|q 0 (x, y, y)| ≥ Ct -n/2 (1 -ct α ), 0 < t ≤ inf(η, 2 ), x, y ∈ Ω, d(x, y) ≤ √ t.
In consequence, there is δ > 0 such that

q(x, y, t) ≥ Ct -n/2 , if 0 < t ≤ δ, x, y ∈ Ω, d(x, y) ≤ √ t. (3.9)
In light of the volume lower bound (V LB), this estimate entails

q(x, y, t) ≥ C v(x, √ t) , if 0 < t ≤ δ, x, y ∈ Ω d(x, y) ≤ √ t, (3.10) 
for some constant δ.

We can now mimic the proof of [11,Theorem 7.29,page 248]. We get from (3.10) the following Gaussian lower bound

q(x, y, t) ≥ c v(x, √ t) e -d 2 (x,y) ct , x, y ∈ Ω, 0 < t ≤ δ.
We finally use the argument as in [3,Theorem 3.1] to pass from 0 < t ≤ δ to 0 < t ≤ T .

It is worthwhile mentioning that one can establish a lower Gaussian bound by considering N = Ω itself as a compact Riemannian manifold with boundary. The structure of Riemannian manifold is the one inherited from M. Obviously, (3.9) entails

q(x, y, t) ≥ Ct -n/2 , 0 < t ≤ δ, x, y ∈ N , d N (x, y) ≤ √ t. (3.11)
Assume that the Ricci curvature of N is such that Ric ≥ (n -1)κg for some κ ∈ R. Then N satisfies the a doubling property (DP ) when V is substituted by V N , the volume measure over N . This fact is an immediate consequence of [7, formula in the bottom of page 7]. Let v N (x, r) = V N (B(x, r)), where B(x, r) is the geodesic ball in N of center x ∈ N and radius r. In that case we can proceed as in the proof of Theorem 3.1 to derive the following estimate. 

q(x, y, t) ≥ c v N (x, √ t) e -d 2 N (x,y) ct , x, y ∈ Ω, 0 < t ≤ T.
h(x, y, t) ≤ C v(x, √ t)v(y, √ t) e -d 2 (x,y) 8t , x, y ∈ Ω, t > 0,
where C > 0 is some constant. This estimate was recently established by the authors and E. M. Ouhabaz [4].

Comments on geometric assumptions

Chain condition: A subset C of M is called strongly convex if for any x, y ∈ C, there exists a unique minimal geodesic γ : [0, 1] → M joining x to y, so that γ([0, 1]) ⊂ C. According to a theorem due to Whitehead (see for instance [6, pages 161 and 162]), there exists a positive continuous function : M → (0, ∞], the convexity radius, such that any open ball B(x, r) ⊂ B(x, (x)) is strongly convex. It is straightforward to check that if Ω is strongly convex then it has the chain condition.

Volume lower bound: Let T x M be the tangent space at x ∈ M, S x ⊂ T x M the unit tangent sphere and SM the unit tangent bundle. Let Φ t be the geodesic flow with phase space SM. That is, for any t ≥ 0, Φ t : SM → SM : (x, ξ) ∈ SM → Φ t (x, ξ) = (γ x,ξ (t), γx,ξ (t)) .

Here γ x,ξ : [0, ∞) → M is the unit speed geodesic starting at x with tangent unit vector ξ and γx,ξ (t) is the unit tangent vector to γ x,ξ at γ x,ξ (t) in the forward t direction.

If (x, ξ) ∈ SM, we denote by r(x, ξ) the distance from x to the cutlocus in the direction of ξ:

r(x, ξ) = inf{t > 0; d(x, Φ t (x, ξ)) < t}.
We fix δ ∈ (0, 1] and r > 0. Following [13], a (δ, r)-cone at x ∈ M is the set of the form

C (x, ω x , r) = {y = γ x,ξ (s); ξ ∈ ω x , 0 ≤ s < r},
where ω x is a subset of S x so that r < r(x, ξ) for all ξ ∈ ω x and |ω x | ≥ δ (here |ω x | is the volume of ω x with respect to the normalized measure on the sphere S x ).

A domain D which contains an (δ, r)-cone at x for any x ∈ D is said to satisfy the interior (δ, r)-cone condition.

We observe that if C is a closed strongly convex subset of M, then Ω = M \ C has the (1/2, r)-cone condition, for some r (this fact follows from the same argument to that in [13, Example 8.1, page 370]).

Let

s κ (r) =        sin( √ κr √ κ n-1 if κ > 0, r n-1 if κ = 0, sinh( √ -κr √ -κ n-1 if κ < 0.
We make the assumption that the sectional curvature of M is is bounded above by a constant κ, κ ∈ R, and Ω satisfies the interior (δ, r)-cone condition. Let J(x, ξ, t) be the density of the volume element in geodesic coordinates around x:

dV (y) = J(x, ξ, t)d S x dt, y = γ x,ξ (t), t < r(x, ξ).
By an extension of Günther's comparison theorem (see for instance [8]), J satisfies the following uniform lower bound

J(x, ξ, t) ≥ s κ (t).
Consequently, shrinking r 0 if necessary, we have

v(x, r) ≥ V (C (x, ω x , r)) ≥ c 0 r n , x ∈ Ω, 0 < r ≤ r 0 , (4.12) 
which means that v satisfy the volume lower bound (V LB).

Additionally, if M satisfies the following volume growth condition

V (x, r) ≤ c 1 r n , 0 < r ≤ r 0 , (4.13) 
for some constants c 1 and r 1 then v has the doubling property (DP ).

As a consequence of Theorem 3.1, we have Corollary 4.1. Assume that the sectional curvature of M is bounded from above, the volume growth condition (4.13) is fulfilled and Ω is strongly convex and satisfies the interior (δ, r)-cone condition. Then Abstract. Given a domain Ω of a complete Riemannian manifold M and define A to be the Laplacian with Neumann boundary condition on Ω. We prove that, under appropriate conditions, the corresponding heat kernel satisfies the Gaussian upper bound

q(x, y, t) ≥ cE (x, y, ct), x, y ∈ Ω, 0 < t ≤ T. ( 4 
h(t, x, y) ≤ C V Ω (x, √ t)V Ω (y, √ t) 1/2 1 + d 2 (x, y) 4t δ e -d 2 (x,y) 4t , t > 0, x, y ∈ Ω. 
Here d is the geodesic distance on M, V Ω (x, r) is the Riemannian volume of B(x, r) ∩ Ω, where B(x, r) is the geodesic ball of center x and radius r, and δ is a constant related to the doubling property of Ω.

As a consequence we obtain analyticity of the semigroup e -tA on L p (Ω) for all p ∈ [1, ∞) as well as a spectral multiplier result.

Introduction and main results

This short note is devoted to the Gaussian upper bound for the heat kernel of the Neumann Laplacian. Let us start with the Euclidean setting in which Ω is a bounded Lipschitz domain of R n . Let ∆ N be the Neumann Laplacian. It is well known that the corresponding heat kernel h(t, x, y) satisfies

(1) 0 ≤ h(t, x, y) ≤ Ct -n/2 e t e -c |x-y| 2 t , t > 0, x, y ∈ Ω.
One can replace the extra term e t by (1 + t) n/2 but the decay h(t, x, y) ≤ Ct -n/2 cannot hold for large t since e t∆N 1 = 1. We refer to the monographs [5] or [17] for more details. In applications, for example when applying the Gaussian bound to obtain spectral multiplier results one can apply (1) to -∆ N + I (or I for any > 0) and not to -∆ N . It is annoying to add the identity operator especially it is not clear how the functional calculus for -∆ N can be related to that of -∆ N + I. The same problem occurs for analyticity of the semigroup e t∆N on L p (Ω) for p ∈ [1, ∞). One obtains from (1) analyticity of the semigroup but not a bounded analytic semigroup. This boundedness (on sectors of the right half plane) is important in order to obtain appropriate estimates for the resolvent or for the time derivatives of the solution to the corresponding evolution equation on L p . In this note we will show in an elementary way how one can resolve this question. The idea is that (1) can be improved into a Gaussian upper bound of the type where V Ω (x, r) denotes the volume of Ω ∩ B(x, r) and B(x, r) is the open ball of center x and radius r. There is no extra factor in (2) and one can use this estimate in various applications of Gaussian bounds instead of (1).

(2) h(t, x, y) ≤ C V Ω (x, √ t)V Ω (y, √ t) 1/2 e -c |x-y| 2 t , t > 0, x, y ∈ Ω, 1991 
We shall state most of the results for Lipschitz domains of general Riemannian manifolds.

Let (M, g) be a complete Riemannian manifold of dimension n without boundary. Let Ω be a subdomain of M with Lipschitz boundary Γ. That is, Γ can be described in an appropriate local coordinates by means of graphs of Lipschitz functions. Specifically, for any p ∈ Γ, there exist a local chart (U, ψ), ψ : U → R n with ψ(p) = 0, a Lipschitz function λ : R n-1 → R with λ(0) = 0 and > 0 such that

ψ(U ∩ Ω) = {(x , λ(x ) + t); 0 < t < , x ∈ R n-1 , |x | < }, ψ(U ∩ Γ) = {(x , λ(x )); x ∈ R n-1 , |x | < }.
We use in this text Einstein summation convention for repeated indices. We recall that, in local coordinates

x = (x 1 , . . . , x n ), g(x) = g ij dx i ⊗ dx j . If f ∈ C ∞ (M)
, the gradient of f is the vector field given by

∇f = g ij ∂f ∂x i ∂ ∂x j
and the Laplace-Beltrami operator is the operator acting as follows

∆f = |g| -1/2 ∂ ∂x i |g| 1/2 g ij ∂f ∂x j ,
where (g ij ) is the inverse of the metric g and |g| is the determinant of g.

Let µ be the Riemannian measure induced by the metric g. That is

dµ = |g| 1/2 dx 1 . . . dx n .
We set L 2 (Ω) = L 2 (Ω, dµ). Let H 1 (Ω) be the closure of C ∞ 0 (Ω) with respect to the norm

f H 1 (Ω) = Ω f (x) 2 dµ(x) + Ω |∇f (x)| 2 dµ(x) 1/2
.

Here |∇f | 2 = ∇f, ∇f , where ∇f, ∇g = g ij ∂f ∂x i ∂g ∂x j .
We consider on L 2 (Ω) × L 2 (Ω) the unbounded bilinear form

a(f, g) = Ω ∇f, ∇g dµ(x) with domain D(a) = H 1 (Ω).
Since Γ is Lipschitz, the unit conormal ν ∈ T * M is defined a.e. with respect to the surface measure dσ.

Let ∂ ν f = ∇f, ν = g ij ν i ∂f ∂xj and H ∆ (Ω) = {f ∈ L 2 (Ω); ∆f ∈ L 2 (Ω)}.
We recall the Green's formula

Ω ∇f, ∇g dµ = - Ω ∆f gdµ + Γ ∂ ν f gdσ, f ∈ C ∞ 0 (Ω), g ∈ H 1 (Ω).
In light of this formula, we define ∂ ν f , f ∈ H ∆ (Ω), as an element of H -1/2 (Γ), the dual space of H 1/2 (Γ), by the following formula

(∂ ν f, g) 1/2 := Ω ∆f gdµ + Ω ∇f, ∇g dµ, g ∈ H 1 (Ω).
Here (•, •) 1/2 is the duality pairing between H 1/2 (Γ) and H -1/2 (Γ).

We define the operator Au = -∆u with domain

D(A) = {u ∈ H ∆ (Ω); ∂ ν u = 0}.
Then it is straightforward to see that A is the operator associated to the form a.

Let d be the geodesic distance and B(x, r) be the geodesic ball with respect to d of center x ∈ M and radius r > 0, and set V (x, r) = µ(B(x, r)).

We assume in what follows that M satisfies the volume doubling (abbreviated to V D in the sequel) property: there exists C > 0 so that

V (x, 2r) ≤ CV (x, r), x ∈ M, r > 0.
We shall assume that the heat kernel p(t, x, y) of the Laplacian on M satisfies the Gaussian upper bound

(3) p(t, x, y) ≤ C V (x, √ t)V (y, √ t) 1/2 e -c d 2 (x,y) t , t > 0, x, y ∈ M
in which C and c are positive constants.

A typical example of a manifold which satisfies both properties is a manifold with non negative Ricci curvature. The volume doubling property is then an immediate consequence of Gromov-Bishop theorem. The Gaussian upper bound can be found in [14].

We define

V Ω by V Ω (x, r) = µ (B(x, r) ∩ Ω) , r > 0, x ∈ Ω.
The main assumption on Ω is the following variant of the V D property: there exist two constants K > 0 and δ > 0 so that (4)

V Ω (x, s) ≤ K s r δ V Ω (x, r), 0 < r ≤ s, x ∈ Ω.
Note that this doubling property holds for all bounded Lipschitz domains of R n (with δ = n). We shall discuss this in Section 3.

Most of the results we will refer to are valid for metric measure space with Borel measure. In our case this metric measure space is nothing else but (Ω, d, µ). Here, we keep the notations d and µ for the distance and measure induced on Ω by d on M and µ on M. Now we state our main results which we formulate in following theorem and the subsequent corollaries.

Theorem 1.1. (1) -A generates a symmetric Markov semigroup e -tA with kernel h ∈ C ∞ ((0, ∞) × Ω × Ω).
(2) Suppose that M satisfies V D and (3) and Ω satisfies the V D property (4) and diam (Ω) < ∞. Then h has the following Gaussian upper bound

h(t, x, y) ≤ C V Ω (x, √ t)V Ω (y, √ t) 1/2 1 + d 2 (x, y) 4t δ e -d 2 (x,y) 4t , t > 0, x, y ∈ Ω. Since ρ ∈ [0, ∞) → (1 + ρ) δ e -ρ/2 is bounded function, an immediate consequence of Theorem 1.1 is
Corollary 1. Suppose that M satisfies V D and (3) and Ω satisfies the V D property (4) and diam (Ω) < ∞. Then

h(t, x, y) ≤ C V Ω (x, √ t)V Ω (y, √ t) 1/2 e -d 2 (x,y) 8t , t > 0, x, y ∈ Ω.
We note that for unbounded domains, Gaussian upper bounds for the Neumann heat kernel are proved in [9]. Theorem 1.1 (2) or its corollary has several consequences. Corollary 2. Suppose that M satisfies V D and (3) and Ω satisfies the V D property (4) and diam (Ω) < ∞. Then (1) the semigroup e -tA extends to a bounded holomorphic semigroup on C + on L p (Ω, µ) for all p ∈ [1, ∞), (2) the spectrum of A, viewed as an operator acting on L p (Ω), p ∈ [1, ∞), is independent of p.

Assertion ( 1) is a consequence of Corollary 1 combined with [17, Corollary 7.5, page 202]. It was originally proved in [16]. Assertion (2) follows from a result in [6] which asserts that a Gaussian upper bound implies p-independence of the spectrum. See also [17,Theorem 7.10,page 206] for the general form needed here.

Let (E λ ) be the spectral resolution of the non negative self-adjoint operator A. We recall that for any bounded Borel function f : [0, ∞) → C, the operator f (A) is defined by

f (A) = ∞ 0 f (λ)dE λ .
An operator T on the measure space (Ω, µ) is said of weak type (1, 1) if 

T L 1 (Ω)→L 1 w (Ω) := sup{λµ({x ∈ Ω; |T ϕ(x)| > λ}); λ > 0, ϕ L 1 (Ω) = 1} < ∞. In light of [7, Theorem 1.
(Ω) < ∞. Let s > δ/2, where δ is as in (4), ϕ ∈ C ∞ 0 ((0, ∞)) non identically equal to zero and f : [0, ∞) → C a Borel function satisfying sup t>0 ϕ(•)f (t•) W s,∞ < ∞.
Then f (A) is of weak type (1, 1) and bounded on L p (Ω) for any p ∈ (1, ∞). Additionally,

f (A) L 1 (Ω)→L 1 w (Ω) ≤ C s sup t>0 ϕ(•)f (t•) W s,∞ + |f (0)| .
A particular case of this corollary concerns the imaginary powers of A. Precisely, A ir , r ∈ R, extends to a bounded operator on L p (Ω), p ∈ (1, ∞), and, for any > 0, there is a constant C > 0 so that (5)

A ir B(L p (Ω)) ≤ C (1 + |r|) δ|1/2-1/p|+ . Indeed, an application of the previous corollary with f (λ) = λ ir shows that

A ir L 1 (Ω)→L 1 w (Ω) ≤ C (1 + |r|) δ/2+ .
On the other hand, the standard functional calculus for self-adjoint operators gives (5) follows by interpolation. We refer to [17, Corollary 7.24, page 239] for more details. Proof. (a) We recall that if u ∈ H 1 (Ω), then u + , u -∈ H 1 (Ω) and ∇|u| = ∇u + + ∇u -. Hence

A ir B(L 2 (Ω)) ≤ 1. Therefore,
a(|u|, |u|) = a(u, u), u ∈ H 1 (Ω).
In light of [5,Theorem 1.3.2,page 12], we deduce that e -tA is positivity preserving.

(b) If 0 ≤ u ∈ H 1 (Ω), then one can check in a straightforward manner that u ∧ 1 = min(u, 1) ∈ H 1 (Ω) and

∇(u ∧ 1) = ∇u in [u > 1], 0 in [u ≤ 1].
Therefore e -tA is a contraction semigroup on L p (Ω) for all 1 ≤ p ≤ ∞ by [5,Theorem 1.3.3,page 14].

This proposition says that e -tA is a symmetric Markov semigroup.

We have for any integer k,

A k e -tA = +∞ 0 λ k e -tλ dE λ .

Therefore, e -tA f ∈ D(A), for all f ∈ L 2 (Ω) and t > 0.

On the other hand, we get from the usual interior elliptic regularity

k∈N D(A k ) ⊂ C ∞ (Ω).
Hence, x → e -tA f (x) belongs to C ∞ (Ω) for any fixed t > 0. But, t → e -tA f is analytic on (0, ∞) with values in the Hilbert space D(A k ). Consequently, (t,

x) → e -tA f (x) is in C ∞ ((0, ∞) × Ω).
From now on, the scalar product of L 2 (Ω) will be denoted by (•, •) 2,Ω and the norm of

L p (Ω), 1 ≤ p ≤ ∞, by • p,Ω . The norm of L p (M) is simply denoted by • p , 1 ≤ p ≤ ∞.
We fix t > 0. Using that λ → λ k e -tλ attains its maximum value at λ = k/t, we obtain from ( 6) for f ∈ L 2 (Ω)

A k e -tA f 2 2,Ω = ∞ 0 [λ k e -λt ] 2 d E λ f 2 2,Ω (7) 
≤ sup λ>0 [λ k e -λt ] 2 ∞ 0 d E λ f 2 2,Ω ≤ k t 2k e -2k f 2 2,Ω .
Again by the interior elliptic regularity, D(A k ) is continuously embedded in C(Ω) when k is sufficiently large. This and (7) entails: for any ω Ω, there exists C = C(Ω, ω, k) so that (8) sup

ω |e -tA f | ≤ C t k 2 f 2,Ω .
In particular, for any fixed x ∈ Ω and t > 0, the (linear) mapping f → e -tA f (x) is continuous. We can then apply the Riesz representation theorem to deduce that there exists (t, x) ∈ L 2 (Ω) so that

e -tA f (x) = ( (t, x), f ) 2,Ω , x ∈ Ω, t > 0. Therefore, (t, x) → (t, x) ∈ L 2 (Ω) is weakly C ∞ on (0, ∞) × Ω and hence norm C ∞ by [4, Section 1.5]. Let h(t, x, y) = ( (t/2, x), (t/2, y)). Then h ∈ C ∞ ((0, ∞) × Ω × Ω) and e -tA f, g 2,Ω = e -t 2 A f, e -t 2 A g 2,Ω = Ω Ω h(t, x, y)f (x)g(y)dµ(x)dµ(y), f, g ∈ C ∞ 0 (Ω).
By the density of C ∞ 0 (Ω) in L 2 (Ω), we derive from the last identity that

e -tA f (x) = Ω h(t, x, y)f (x)dµ(x), t > 0, x ∈ Ω, f ∈ L 2 (Ω).
(2) We start with the following proposition.

Proposition 2. e -tA satisfies the Davies-Caffney (abbreviated to DG in the sequel) property. That is, for any t > 0, U 1 , U 2 open subsets of Ω, f ∈ L 2 (U 1 , dµ) and g ∈ L 2 (U 2 , dµ), (e -tA f, g) 2,Ω ≤ e -r 2 4t f 2,Ω g 2,Ω .

Here

r = dist(U 1 , U 2 ) = inf x∈U1, y∈U2
d(x, y).

Proof. We omit the proof which is similar to that of [3, Theorem 3.3, page 515].

We now observe that Ω has the 1-extension property (see for instance [15,Theorem C]). In other words, there exists E ∈ B(H

1 (Ω), H 1 (M)) satisfying (Eu) |Ω = u, u ∈ H 1 (Ω).
On the other hand, since M has the volume doubling property and the Gaussian bound (3), it follows from [1, Theorem 1.2.1] that the following Gagliado-Nirenberg type inequality holds: for 2 < q ≤ +∞, there exists a constant C > 0 so that

(9) f V 1 2 -1 q (•, r) q ≤ C f 2 + r |∇f | 2 2 , r > 0, f ∈ C ∞ 0 (M).
In light of (9) and using that V Ω (•, r) ≤ V (•, r) in Ω, we obtain for r > 0, f ∈ H 1 (Ω) and fixed 2 < q ≤ ∞,

f V 1 2 -1 q Ω (•, r) q,Ω ≤ f V 1 2 -1 q (•, r) q,Ω ≤ (Ef )V 1/2-1/q q ≤ C ( Ef 2 + r |∇(Ef )| 2 ) ≤ C E ((1 + r) f 2,Ω + r |∇f | 2,Ω ) .
Here E is the norm of E in B(H 1 (Ω), H 1 (M)). Hence (10) f V Ω (•, r)

1 2 -1 q q,Ω ≤ C ( f 2,Ω + r |∇f | 2,Ω ) , r > 0, f ∈ H 1 (Ω),
where we used the fact that V Ω (•, r) = V Ω (•, r 0 ) = µ(Ω), for all r ≥ r 0 = diam (Ω).

We then apply [1, Theorem 1.2.1] to derive that h possesses a diagonal upper bound. In other words, there exists a constant C > 0 so that (11) h(t, x, y) ≤ C

V

Ω (x, √ t)V Ω (x, √ t) 1/2 , t > 0, x, y ∈ Ω.
Since e -tA has the DG property by Proposition 2 we get, from [3, Corollary 5.4, page 524],

h(t, x, y) ≤ eC V Ω (x, √ t)V Ω (y, √ t) 1/2 1 + d 2 (x, y) 4t δ e -d 2 (x,y) 4t , t > 0, x, y ∈ Ω.
The proof is then complete.

Domains with volume doubling property

Flat case. It is known that any bounded Lipschitz domain of R n satisfies the volume doubling property. We discuss this again here. We consider R n equipped with its euclidean metric g = (δ ij ). Let

C (y, ξ, ) = {z ∈ R n ; (z -y) • ξ ≥ (cos )|z -y|, 0 < |y -z| < },
where y ∈ R n , ξ ∈ S n-1 and 0 < . That is, C(y, ξ, ) is the cone, of dimension , with vertex y, aperture and directed by ξ.

We say that Ω has the -cone property if for any x ∈ Γ, there exists ξ x ∈ S n-1 so that, for all y ∈ Ω ∩ B(x, ), C (y, ξ x , ) ⊂ Ω.

Let Ω be a bounded Lipschitz domain of R n . Then, by [12,Theorem 2.4.7,page 53], Ω has the -cone property, for some > 0. This implies that there exist c 0 > 0 and ρ > 0 so that (12) V Ω (x, r) = |B(x, r) ∩ Ω| ≥ c 0 r n , x ∈ Ω, 0 < r ≤ ρ.

An immediate consequence is that Ω (equipped with its euclidean metric) satisfies the volume doubling property. Indeed, let r 0 = diam (Ω) and 0 < r ≤ s. Then ( 12) entails (13) V

Ω (x, s) ≤ c 1 s n = c 1 s r n r n ≤ c 1 c 0 s r n V Ω (x, r), 0 < r ≤ ρ,
where c 1 = |B(0, 1)|. Also, when ρ < r 0 , (14)

V Ω (x, s) ≤ c 1 c 0 s ρ n V Ω (x, ρ) ≤ c 1 c 0 r 0 ρ n s r n V Ω (x, r), ρ < r ≤ r 0 .
Finally, it is obvious that

(15) V Ω (x, s) = |Ω| = V Ω (x, r 0 ) ≤ s r n V Ω (x, r), r > r 0 .
Estimates ( 13), ( 14) and (15) show the volume doubling property.

Manifold with sectional curvature bounded from above. Let T x M be the tangent space at x ∈ M, S x ⊂ T x M the unit tangent sphere and SM the unit tangent bundle. Let Φ t be the geodesic flow with phase space SM. That is, for any t ≥ 0,

Φ t : SM → SM : (x, ξ) ∈ SM → Φ t (x, ξ) = (γ x,ξ (t), γx,ξ (t)) .
Here γ x,ξ : [0, ∞) → M is the unit speed geodesic starting at x with tangent unit vector ξ and γx,ξ (t) is the unit tangent vector to γ x,ξ at γ x,ξ (t) in the forward t direction. If (x, ξ) ∈ SM, we denote by r(x, ξ) the distance from x to the cutlocus in the direction of ξ: r(x, ξ) = inf{t > 0; d(x, Φ t (x, ξ)) < t}.

We fix δ ∈ (0, 1] and r > 0. Following [18], a (δ, r)-cone at x ∈ M is the set of the form

C (x, ω x , r) = {y = γ x,ξ (s); ξ ∈ ω x , 0 ≤ s < r},
where ω x is a subset of S x so that r < r(x, ξ) for all ξ ∈ ω x and |ω x | ≥ δ (here |ω x | is the volume of ω x with respect to the normalized measure on the sphere S x ). A domain D which contains a (δ, r)-cone at x for any x ∈ D is said to satisfy the interior (δ, r)-cone condition.

Let

s κ (r) =        sin( √ κr √ κ n-1 if κ > 0, r n-1 if κ = 0, sinh( √ -κr √ -κ n-1 if κ < 0.
We assume that the sectional curvature of M is bounded above by a constant κ, κ ∈ R, and Ω satisfies the interior (δ, r)-cone condition. Let J(x, ξ, t) be the density of the volume element in geodesic coordinates around x. That is dV (y) = J(x, ξ, t)d Sx dt, y = γ x,ξ (t), t < r(x, ξ). By an extension of Günther's comparison theorem (see for instance [13]), J satisfies the following uniform lower bound J(x, ξ, t) ≥ s κ (t). Consequently, for some r 0 > 0, (16) V Ω (x, r) ≥ V (C (x, ω x , r)) ≥ c 0 r n , x ∈ Ω, 0 < r ≤ r 0 ,

We proceed similarly to the flat case to prove the following lemma.

Lemma 3.1. Assume that M has sectional curvature bounded from above and satisfies following volume growth condition V (x, r) ≤ c 1 r n , 0 < r ≤ r 1 , for some constants c 1 and r 1 . If Ω is of finite diameter and satisfies the (δ, r)-cone condition, then V Ω is doubling. In the present paper we investigate the compactness issue for isospectral potentials sets of the Dirichlet Laplacian by means of heat kernels asymptotics.

1.1. Second order strongly elliptic operator. Let a = (a ij ) 1≤i,j≤n n ≥ 1, be a symmetric matrix, with coefficients in C ∞ (R n ). We assume that a is uniformly elliptic, in the sense that there is a constant µ ≥ such that the estimate

(1.1) µ -1 ≤ a(x) ≤ µ,
holds for all x ∈ R n in the sense of quadratic forms on R n .

We consider a bounded domain Ω ⊂ R n , with C ∞ boundary ∂Ω and introduce the self-adjoint operator A generated in L 2 (Ω) by the closed quadratic form

(1.2) a[u] = Ω a(x)∇u(x) • ∇u(x)dx, u ∈ D(a) = H 1 0 (Ω),
where H 1 0 (Ω) is the closure of C ∞ 0 (Ω) in the topology of the standard first-order Sobolev space H 1 (Ω). Here ∇ stands for the gradient operator on R n . By straightforward computations we find out that A acts on its domain D(A) = H 2 (Ω) ∩ H 1 0 (Ω), as Z V Ω (t) = tr e -tAVe -tA , t > 0. Much of the technical work developed in this paper is devoted to proving the existence of real coefficients c k (V ), k ≥ 1, depending only on V , such that following symptotic expansion

(1.3) A = -div(a(x)∇ • ) = - n i,j=1 ∂ j (a ij (x)∂ i • ). Let V ∈ C ∞ 0 (R n ) be
(1.5) Z V Ω (t) = t -n/2 tc 1 (V ) + t 2 c 2 (V ) + . . . + t p c p (V ) + O t p+1
, t ↓ 0, holds for a constant. Moreover we shall see that (1.4)-(1.5) remain valid upon replacing Ω by R n in the definition of A (and subsequently

H 1 0 (Ω) by H 1 (R n ) in (1.2)). Since Ω is bounded then the injection H 1 0 (Ω) → L 2 (Ω) is compact.
Thus the resolvent of A V is a compact operator and A V has a pure point spectrum. Let {λ V j , j ∈ N * } be the non-decreasing sequence of the eigenvalues of A V , repeated according to their multiplicities. We define the isospectral set associated with the potential V ∈ C ∞ 0 (Ω) by

Is(V ) = {W ∈ C ∞ 0 (Ω); λ V k = λ W k , k ∈ N * }.
The computation carried out in section 5.2 of the coefficients c j (V ) appearing in (1.5), for j = 1, 2, 3, 4, leads to the following result.

Theorem 1.1. Let a be the identity of R n 2 . Then for all V ∈ C ∞ 0 (Ω) and any bounded subset B ⊂ L ∞ (Ω), the set Is(V ) ∩ B is bounded in H 2 (Ω).

Since H 2 (Ω) is compactly embedded in H s (Ω), for any s < 2, Theorem 1.1 entails the: Corollary 1.1. Under the conditions of Theorem 1.1, the set Is(V ) ∩ B is compact in H s (Ω) for each s ∈ (-∞, 2).

It is worth mentioning that the method developed to calculate the first coefficients of the expansion formula (1.5) when a is the identity of R n 2 may be generalized to the case of a constant matrix a at the expense of heavier computations. Nevertheless, for the sake of computational simplicity, this specific part of the analysis was restricted to the case of the Laplace operator. 1.3. What is known so far. It turns out that the famous problem addressed by M. Kac in [Ka], as whether one can hear the shape of drum, is closely related to the following asymptotic expansion formula for the trace of e t∆g on a compact Riemannian manifold (M, g):

(1.6) tr e t∆g = t -n/2 e 0 + te 1 + t 2 e 2 + . . .

+ t k e k + O t k+1 .
Here ∆ g is the Laplace-Beltrami operator associated with the metric g and the coefficients e k , k ≥ 0, are Riemannian invariants depending on the curvature tensor and its covariant derivatives. There is a wide mathematical literature about (1.6), with many authors focusing more specifically on the explicit calculation of e k , k ≥ 0. This is due to the fact that these coefficients actually provide useful information on g and consequently on the geometry of the manifold M . The key point in the proof of (1.6) is the construction of a parametrix for the heat equation ∂ t -∆ g , which was initiated by S. Minakshisudaram and Å. Pleijel in [MP].

A survey on isospectral manifolds can be found in [GPS]. This problem is still at the center of the attention of geometers. As a matter of fact Dryden, Gordon, Greenwald and Webb recently calculated the asymptotic expansion of the heat kernel for orbifolds in [DGGW]. In the same spirit, the heat trace asymptotics for general connections has been expressed by Beneventano, Gilkey, Kirsten and Santangelo in [BGKS].

Since the present work is not directly related to the analysis of the asymptotic expansion formula (1.6), we shall not go into that matter further and we refer to [BGM, Ch, Gi2, Ka, MS] for more details.

The asymptotic expansion formula (1.5), for the Laplacian in the whole space, was proved by Y. Colin de Verdière in [Co] by adapting (1.6). An alternative proof, based on the Fourier transform, was given in [BB] by R. Bañuelos and A. Sá Barreto. The approach developed in this text is rather different in the sense that (1.5) is obtained by linking the heat kernel of e -tAV to the one of e -tA through Duhamel's formula. The asymptotic expansion formulae (1.5) and (1.6) are nevertheless quite similar, but, here, the coefficients c k , k ≥ 1, are given as integrals over Ω of polynomial functions in V and its derivatives. This situation is reminiscent of [BB, Theorem 2.1, page 2154] where the same coefficients are expressed in terms of the tensor products V ⊗ . . . ⊗ V , where V is the Fourier transform of the potential V . Let us finally mention that Colin de Verdière obtained a semi-classical trace formula for heat kernels of magnetic Schrödinger operators in [START_REF] Verdière | Semiclassical trace formulas and heat expansions[END_REF] As will appear in section 5, the proof of the compactness Theorem 1.1 boils down to the calculation of the four main terms in the asymptotic expansion formula (1.5). This follows from the basic identity k≥1 e -λ V k t = tr e -tAV = tr e -tA + Z V Ω (t), linking the isospectral sets of A V to the heat trace of A. Compactness results for isospectral potentials associated with the operator ∆ g + V were already obtained by Brüning in [Br, Theorem 3, page 696] for a compact Riemannian manifold with dimension no greater than 3, and further improved by Donnelly in [Don]. Their approach is based on trace asymptotics borrowed to [Gi1, Theorem 4.3, page 230]. Our strategy is rather similar but the heat kernels asymptotics needed in this text are explicitly computed in the first part of the article.

1.4. Outline. Section 2 gathers several definitions and auxiliary results on heat kernels and trace asymptotics needed in the remaining part of the article. The asymptotic formula (1.5) is established in Section 3. Finally section 5 contains the proof of Theorem 1.1.

Preliminaries

In this section we introduce some notations used throughout this text and derive auxiliary results needed in the remaining part of this paper.

2.1. Heat kernels and trace asymptotics. With reference to the definitions and notations introduced in section 1 we first recall from [Ou, Chapter 4, page 102] that the operator -A V , where V ∈ C ∞ 0 (Ω), generates an analytic semi-group e -tAV on L 2 (Ω). We denote K V the heat kernel associated with e -tAV , in such a way that the identity

(2.1) e -tAV f (x) = Ω K V (t, x, y)f (y)dy, t > 0, x ∈ Ω,
holds for every f ∈ L 2 (Ω). Let M V be the multiplication operator induced by V . Then we have e -tAV = e -tAt 0 e -(t-s)A M V e -sAV ds, t > 0, from Duhamel's formula. From this and (2.1) then follows that

(2.2) K V (t, x, y) = K(t, x, y) - t 0 Ω K(t -s, x, z)V (z)K V (s, z, y)dzds, t > 0, x, y ∈ Ω,
where K denotes the heat kernel of e -tA . Upon solving the integral equation (2.2) with the unknown function K V by the successive approximation method, we obtain that

(2.3) K V (t, x, y) = j≥0 K V j (t, x, y), t > 0, x, y ∈ Ω, with (2.4) K V 0 (t, x, y) = K(t, x, y) and K V j+1 (t, x, y) = - t 0 Ω K(t -s, x, z)V (z)K V j (s, z, y)dsdz for all j ∈ N.
Thus, for each t > 0 and x, y ∈ Ω, we get by induction on j ∈ N * that

K V j (t, x, y) = (-1) j Ω n t 0 t1 0 . . . tj-1 0 j i=1 K(t i-1 -t i , z i-1 , z i )V (z i ) K(t j , z j , y)dz j dt j ,
where t 0 = t, z 0 = x, and du j = du 1 . . . du j for u = z, t. From this, the following reproducing property (2.5) Ω K(ts, x, z)K(s, z, y)dz = K(t, x, y), t > 0, s ∈ (0, t), x, y ∈ Ω, and the estimate K ≥ 0, arising from [Fr], then follows that

(2.6) |K V j (t, x, y)| ≤ V j ∞ t j j! K(t, x, y), t > 0, x, y ∈ Ω, j ∈ N.
Therefore, for any fixed x, y ∈ Ω, the series in the right hand side of (2.3) converges uniformly in t > 0.

Having said that we consider the fundamental solution Γ to the equation

∂ t -div(a(x)∇ • ) = ∂ t - n i,j=1 ∂ j (a ij (x)∂ i , • ) = 0 in R n .
Then there is a constant c > 0, depending only on n and µ, such that we have (2.7) Γ(t, x, y) ≤ (ct) -n/2 e -c|x-y| 2 /t , t > 0, x, y ∈ R n , according to [FS]. Further, arguing as in the proof of Lemma 2.1 below, it follows from the maximum principle that (2.8) 0 ≤ K(t, x, y) ≤ Γ(t, x, y), t > 0, x, y ∈ Ω.

Thus, by (2.6)-(2.7), for all fixed t > 0, the series in the right hand side of (2.3) converges uniformly with respect to x and y in Ω, and we have (2.9) 

Ω K V (t, x, x)dx = j≥0 A V j (t) where A V j (t) = Ω K V j (t, x, x)dx, j ∈ N. As λ V k scales like k 2/n by [Kav, Lemma 3.1, page 229] then we have ∞ k=1 e -tλ V k < ∞, hence e -tAV is trace class since σ(e -tAV ) \ {0} = {e -tλ V k , k ≥ 1}
K V (t, x, x)dx = k≥1 e -tλ V k , t > 0.
Notice that the right identity in (2.10) is a direct consequence of Mercer's theorem (see e.g. [Ho]), entailing

K V (t, x, y) = k≥1 e -tλ V k φ V k (x) × φ V k (y), t > 0, x, y ∈ Ω,
Thus, by performing the change of variables (z 1 , . . . z j ) = √ t(w 1 , . . . w j ) + (x, . . . , x) in the above integral, we find out that Γ

V j (t, x, y) = (-1) j t j-n/2 (R n ) j 1 0 s1 0 . . . sj-1 0 j i=1 Γ s i-1 -s i , x √ t + w i-1 , x √ t + w i V x + √ tw i ×Γ s j , x √ t + w j , y √ t ds j dw j .
Finally, we obtain the desired result upon taking y = x in the above identity and recalling that Γ verifies

Γ t, x √ t + z, x √ t + w = Γ(t, z, w) = G(t, z -w),
for all t > 0 and x, z, w in R n .

Asymptotic expansion formulae

In this section we establish the asymptotic expansion formula (1.5). The strategy of the proof is, first, to establish (1.5) where (3.1) Z V (t) = tr(e -tHVe -tH ), t > 0, is substituted for Z V Ω (t), and, second, to relate the asymptotics of Z V Ω (t) as t ↓ 0 to the one of Z V (t). Here H is the self-adjoint operator generated in L 2 (R n ) by the closed quadratic form

h[u] = R n a(x)∇u(x) • ∇u(x)dx, u ∈ D(h) = H 1 (R n ),
and H V = H + V as a sum in the sense of quadratic forms. It is easy to check that H acts on its domain D(H) = H 2 (R n ), the second-order Sobolev space on R n , as the right hand side of (1.3). Moreover we have

D(H V ) = D(H) since V ∈ L ∞ (R n ).
In other words H (resp., H V ) may be seen as the extension of the operator A (resp., A V ) acting in L 2 (R n ), and, due to (2.12) and (3.1), we have

(3.2) Z V (t) = j≥1 H V j (t), t > 0, where H V j (t) = R n Γ V j (t, x, x)dx, j ∈ N.
In light of this and Lemma 2.2, we apply Taylor's formula to V ∈ C ∞ 0 (Ω), getting for all j ≥ 1 and p ≥ 1,

j k=1 V (x + tw k ) = p-1 =0 t   |α1|+...|αj |= 1 α 1 ! . . . α j ! j k=1 ∂ α k V (x)w α k k   + t p R p j (t, x, w 1 . . . , w j ), where (3.4) R p j (t, x, w 1 . . . , w j ) = |α1|+...|αj |=p p α 1 ! . . . α j ! 1 0 (1 -s) p-1 j k=1 ∂ α k V (x + stw k )w α k k ds. (3.3) 
For the sake of notational simplicity we note

(3.5) α j = (α j 1 , . . . , α j j ) ∈ (N n ) j , α j ! = j k=1 α j k ! and W α j j = j k=1 w α j k k ,
so that (3.3)-(3.4) may be reformulated as

(3.6) j k=1 V (x + tw k ) = p-1 =0 t   |α j |= W α j j α j ! j k=1 ∂ α j k V (x)   + t p R p j (t, x, w 1 . . . , w j ), with (3.7) R p j (t, x, w 1 . . . , w j ) = |α j |=p pW α j j α j ! 1 0 (1 -s) p-1 j k=1 ∂ α k V (x + stw k )ds, j, p ∈ N * .
Next, with reference to (3.5) we define for further use

(3.8) c α j = 1 α j ! (R n ) j 1 0 s1 0 . . . sj-1 0 W α j j j i=1 G(s i-1 -s i , w i-1 -w i ) G(s j , w j )ds j dw j ,
where, as usual, s 0 = 1, w 0 = 0, and du j stands for du 1 . . . du j with u = s, w. Putting (3.9)

P α j (V ) = Ω j k=1 ∂ α j k V (x)dx, j ∈ N * ,
we may now state the main result of this section.

Proposition 3.1. For any p ∈ N * , the asymptotics of Z V (t) and Z V Ω (t) as t ↓ 0 have the expression

p =1 t P 2 (V ) + O(t p+1 ),
where

(3.10) P (V ) = 1≤j≤ /2 (-1) j |α j |= -2j c α j P α j (V ),
the coefficients c α j and P α j (V ) being defined by (3.8)-(3.9).

Proof. In view of (2.13), Lemma 2.2 and (3.9) we have

t n B V j (t 2 ) = (-1) j p-1 =0 t +2j |α j |= c α j P α j (V ) + O(t p+2j ), t > 0, j ∈ N * ,
and hence

t n B V j (t 2 ) = (-1) j p-1 =2j t |α j |= -2j c α j P α j (V ) + O(t p ), t > 0, j ∈ N * .
Summing up the above identity over all integers j between 1 and (p -1)/2, we find that

t n 1≤j≤(p-1)/2 B V j (t 2 ) = 1≤j≤(p-1)/2 (-1) j p-1 =2j t |α j |= -2j c α j P α j (V ) + O(t p )
and hence

t n 1≤j≤(p-1)/2 B V j (t 2 ) = p-1 =2 t 1≤j≤ /2 (-1) j |α j |= -2j c α j P α j (V ) + O(t p ).
As a consequence we have

t n 1≤j≤(p-1)/2 B V j (t 2 ) = p-1 =2 t P (V ) + O(t p ), hence (3.11) t n j≥1 B V j (t 2 ) = p-1 =2 t P (V ) + O(t p ).
Now, upon performing the change of variables (w 1 , . . . , w j ) -→ (-w 1 , . . . , -w j ) in the right hand side of (3.8) we get that c α j = (-1) |α j | c α j . Therefore c α j = 0 for |α j | odd. As a consequence we have

P 2 +1 (V ) = 1≤j≤ (-1) j |α j |=2( -j)+1 c α j P αj (V ) = 0.
Thus, applying (3.11) where 2(p + 1) is substituted for p, we find out that )) together we obtain the result for Z V Ω (resp. Z V ). Proposition 3.1 immediately entails the:

t n j≥1 B V j (t 2 ) = 2p+1 =2 t P (V ) + O(t 2(p+1) ) = p =1 t 2 P 2 (V ) + O(t
Corollary 3.1. Let V 0 ∈ C ∞ 0 (Ω).
Then, under the conditions of Proposition 3.1, each V ∈ Is(V 0 ) verifies P (V ) = P (V 0 ), ≥ 2.

Remark 3.1. It is clear that the asymptotic formula stated in Proposition 3.1 for Z V remains valid if V is taken in the Schwartz class S (R n ).

Two parameter integrals

In this section we collect useful properties of two parameter integrals appearing in the proof of Theorem 1.1, presented in section 5. As a preamble we consider the integral where f ∈ C ∞ (R n × R n ) and G is defined by (2.15). For all σ ∈ σ n , the set of permutations of {1, . . . , n}, and all z = (z 1 , . . . , z n ) ∈ R n , we write σz = (z σ(1) , . . . , z σ(n) ). Similarly, for every w 1 , w 2 ∈ R n , we note σ(w 1 , w 2 ) = (σw 1 , σw 2 ) and f • σ(w 1 , w 2 ) = f (σ(w 1 , w 2 )). The following result gathers several properties of I n that are required in the remaining part of this section. and if any of the f k is an odd function of (w k 1 , w k 2 ), then we have I n (f ) = 0. Proof. i) Upon performing successively the two changes of variables τ 1 = 1s 1 and τ 2 = 1s 2 in the right hand side of (4.1), we get that

I n (f ) = R n R n 1 0 1 τ1 f (w 1 , w 2 )G(τ 1 , w 1 )G(τ 2 -τ 1 , w 1 -w 2 )G(1 -τ 2 , w 2 )dw 1 dw 2 dτ 2 dτ 1 = R n R n 1 0 τ2 0 f (w 1 , w 2 )G(τ 1 , w 1 )G(τ 2 -τ 1 , w 1 -w 2 )G(1 -τ 2 , w 2 )dw 1 dw 2 dτ 1 dτ 2 ,
so the result follows by relabelling (w 1 , w 2 ) as (w 2 , w 1 ). ii) In light of (2.15) we have G(t, w) = G(t, σ -1 w) for all t > 0, w ∈ R n and σ ∈ σ n , hence I n (f ) is equal to R n R n 1 0 s1 0 f (w 1 , w 2 )G(1s 1 , σ -1 w 1 )G(s 1s 2 , σ -1 w 1σ -1 w 2 )G(s 2 , σ -1 w 2 )dw 1 dw 2 ds 1 ds 2 , according to (4.1). The result follows readily from this upon performing the change of variable ( w 1 , w 2 ) = σ -1 (w 1 , w 2 ). iii) This point is a direct consequence of the obvious identity I n (f ) = n k=1 I 1 (f k ), arising from (2.15) and (4.1).

We turn now to evaluating integrals of the form (4.2)

I α,β = I α,β (s 1 , s 2 ) = R R
x α y β g(1s 1 , x)g(s 1s 2 , xy)g(s 2 , y)dxdy, α, β ∈ N, s 1 , s 2 ∈ R,

where g denotes the one-dimensional Gaussian kernel defined by (2.15) in the particular case where n = 1. This can be achieved upon using the following result. x α-1 y β ∂ x g(1s 1 , x)g(s 1s 2 , xy)g(s 2 , y)dxdy

= 2(α -1)(1 -s 1 ) R R
x α-2 y β g(1s 1 , x)g(s 1s 2 , xy)g(s 2 , y)dxdy Plugging (4.7)-(4.8) in (4.5) we end up getting part ii). Further we obtain part iii) by following the same lines as in the derivation of part ii), and part iv) is a direct consequence of parts ii) and iii). c) Arguing as in the derivation of part i) in a), we establish for any α ≥ 2 that I α,0 (s 1 , s 2 ) = 2(α -1)s 1 (1s 1 )I α-2,0 (s 1 , s 2 ).

- 2(1 -s 1 ) 2(s 1 -s 2 ) R R x α-
This and the obvious identity I 0,0 (s 1 , s 2 ) = (4π) -1/2 yields part v) upon proceeding by induction on α. Finally, part vi) follows from part v) upon noticing from (4.2) that I 0,α (s 1 , s 2 ) = I α,0 (1s 2 , 1s 1 ).

Further, for all α = (α k ) 1≤k≤n and β = (β k ) 1≤k≤n in N n , we put We start by establishing two identities which are useful for the proof of Theorem 1.1. according to (3.9). This, together with the identity P 8 (V ) = c α 4 =0 P α 4 =0 (V ) - Finalement, comme application de estimations gaussiennes, nous donnons un résultat de compacité des potentiels isospectraux en relation avec une formule asymptotique pour les noyaux de la chaleur.

Mots-clés: opérateur parabolique, solution fondamentale, fonction de Neumann Green, noyau de la chaleur.

Abstract

We revisit the parametrix method in order to obtain a gaussian two-sided bounds for the fundamental solution of a general parabolic operator which is not in a divergence form. Then we use the fact that the Neumann Green function of a general parabolic operator on a regular bounded domain can be constructed as a perturbation of the fundamental solution by a simple-layer potential in order to establish a Gaussian lower bound for this Neumann Green function. The key point of the proof lies in the time-regularising eect of the single-layer potential. We also prove that this method can be adapted to get a lower Gaussian bound for the Neumann heat kernel of the Laplace-Beltrami operator on an open subset of a compact Riemannian manifold.

In a second part, we prove a new Gaussian upper bound for the Neumann heat kernel of the Laplace-Beltrami operator on a Lipschitz domain of a complete Riemannian manifold. The principal interest of this new upper bound is that we do not have the usual exponentiel terme in time in this upper bound. In a last part, as an application of the Gaussian estimates, we give a compactness result of isospectral potentials which is in relation to an asymptotic formule for the heat kernels.

Keywords: parabolic operator, fundamental solution, Neumann Green function, heat kernel.

Introduction 1 . 1

 11 Thèmes de rechercheDans cette thèse, nous nous sommes intéressés aux estimations gaussiennes pour la solution fondamentale et la fonction de Green-Neumann associées à un opérateur parabolique du second ordre.

  ) = e -tA ψ(x) = Ω G(x, t; ξ, 0)ψ(ξ)dξ, 0 < t ≤ T.

CN

  |Φ(x, t; ξ, τ )| ≤ ≥1 |Φ (x, t; ξ, τ )| ≤ N C(1 + S)(tτ ) -(n+1)/2 e -λ * |x-ξ| 2 (tτ ) 1/2 /Γ(( + 1)/2).

  16, Theorem2, page 144]) be the unique solution of the IBVP(3.24) 

Chapitre 3 A

 3 remark on the Gaussian lower bound for the Neumann heat kernel of the Laplace-Beltrami operator Accepted in Semigroup Forum A remark on the Gaussian lower bound for 1. Introduction
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  3, page 450 and Remark 1, page 451], another consequence of Corollary 1 is Corollary 3. Suppose that M satisfies V D and (3) and Ω satisfies the V D property (4) and diam

2 .

 2 Proof of the main theorem Proof of Theorem 1.1. (1) We first recall that -A generates on L 2 (Ω) an analytic semigroup e -tA . Note that e -tA = +∞ 0 e -tλ dE λ , t ≥ 0. Proposition 1. (a) e -tA is positivity preserving. (b) e -tA is a contraction on L p (Ω) = L p (Ω, dµ) for all 1 ≤ p ≤ ∞ and t ≥ 0.

Chapitre 5 Heat

 5 trace asymtotics and boundedness in the second order Sobolev space of isospectral potentials for the Dirichlet Laplacian Published in Asymptotic Analysis 92 (2015) 259-278 Contents 1. Introduction 1.1. Second order strongly elliptic operator 1.2. Main results 1.3. What is known so far 1.4. Outline 2. Preliminaries 2.1. Heat kernels and trace asymptotics 2.2. Estimation of Green functions 2.3. The case of a constant metric 3. Asymptotic expansion formulae 4. Two parameter integrals 5. Proof of Theorem 1.1 5.1. Two useful identities 5.2. Completion of the proof References 1. Introduction

  real-valued. We define the perturbed operator A V = A + V as a sum in the sense of quadratic forms. Then we have D(A V ) = D(A) by [RS2, Theorem X.12, page 162].1.2. Main results. Put(1.4) 

f

  (w 1 , w 2 )G(1s 1 , w 1 )G(s 1s 2 , w 1w 2 )G(s 2 , w 2 )dw 1 dw 2 ds 1 ds 2 ,

Lemma 4 . 1 .

 41 Let f ∈ C ∞ (R n × R n ).Then it holds true that: i) I n (f ) = I n (Sf ), where S denotes the "mirror symmetry" operator acting asSf (w 1 , w 2 ) = f (w 2 , w 1 ); ii) I n (f ) = I n (f • σ) for all σ ∈ σ n ; iii) If there are f k ∈ C ∞ (R × R), k = 1, . . . , n, such that f (w 1 , w 2 ) = n k=1 f k (w k 1 , w k 2 ), w i = (w 1 i , . . . , w n i ), i = 1, 2,

Lemma 4 . 2 . 2 = 2 ( 1 -

 42221 Let α, β ∈ N. If α + β is odd we have I α,β = 0 and if α + β is even, it holds true for alls 1 , s 2 ∈ R that i) I 1,1 (s 1 , s 2 ) = 2(4π) -1/2 (1s 1 )s 2 ; ii) I α,β (s 1 , s 2 ) = 2(1s 1 )s 2 [2(α -1)(β -1)(s 1s 2 )I α-2,β-2 (s 1 , s 2 ) + (α + β -1)I α-1,β-1 (s 1 , s 2 )]; iii) I α,β (s 1 , s 2 ) = 2(1s 1 ) [(α -1)s 1 I α-2,β (s 1 , s 2 ) + βs 2 I α-1,β-1 (s 1 , s 2 )]; iv) I α,β (s 1 , s 2 ) = 2(1s 1 ) [(α + β -1)s 1 I α-2,β (s 1 , s 2 ) -2β(β -1)s 2 (s 1s 2 )I α-2,β-2 (s 1 , s 2 )]; v) I 2α,0 (s 1 , s 2 ) = (4π) -1/2 (2α)!/(α!)s α 1 (1s 1 ) α ; vi) I 0,2α (s 1 , s 2 ) = (4π) -1/2 (2α)!/(α!)s α 2 (1s 2 ) α .Proof. a) In light of the basic identity(4.3) zg(t, z) = -2t∂ z g(t, z), t > 0, z ∈ R, we have R R xyg(1s 1 , x)g(s 1s 2 , xy)g(s 2 , y)dxdy = -2(1s 1 ) R R y∂ x g(1s 1 , x)g(s 1s 2 , xy)g(s 2 , y)dxdy = 2(1s 1 ) R R yg(1s 1 , x)∂ x g(s 1s 2 , xy)g(s 2 , y)dxdy,by integrating by parts. Thus, applying (4.3) once more, we obtain thatR R xyg(1s 1 , x)g(s 1s 2 , xy)g(s 2 , y)dxdy = -2(1s 1 ) R R yg(1s 1 , x)∂ y g(s 1s 2 , xy)g(s 2 , y)dxdy = 2(1s 1 ) R R yg(1s 1 , x)g(s 1s 2 , xy)∂ y g(s 2 , y)dxdy + 2(1s 1 )(4π) -1/s 1 ) R yg(1s 2 , y)∂ y g(s 2 , y)dy + 2(1s 1 )(4π) -1/2 , (4.4)with the help of the reproducing property. On the other hand, an integration by parts givesR yg(1s 2 , y)∂ y g(s 2 , y)dy = -R g(1s 2 , y)g(s 2 , y)dy -R y∂ y g(1s 2 , y)g(s 2 , y)dy = -(4π) -1/2 -s 2 1s 2 R yg(1s 2 , y)∂ y g(s 2 , y)dy,and we get that R yg(1s 2 , y)∂ y g(s 2 , y)dy = -(4π) -1/2 (1s 2 ). Thus Part i) follows from this and (4.4). b) Applying (4.3) with z = x and t = 1s 1 we find thatI α,β (s 1 , s 2 ) = -2(1s 1 ) R R

Lemma 4 . 3 . 5 .

 435 nx α y β G(1s 1 , x)G(s 1s 2 , xy)G(s 2 , y)dxdy ds 1 ds 2 , and establish the: For each α = (α k ) 1≤k≤n and β = (β k ) 1≤k≤n in N n we have:i) I (α, β) = k ,β k (s 1 , s 2 )ds 1 ds 2 . ii) J (α, β) = J (β, α). iii) J (α, β) = 0 if any of the sums α k + β k for 1 ≤ k ≤ n, is odd.Proof. Part i) follows readily from the identity G(s, z) = n k=1 g(s, z k ) arising from (2.15) for all s ∈ R * and all z = (z k ) 1≤k≤n ∈ R n , and from the very definitions (4.2) and (4.9). Next, part ii) is a direct consequence of the first assertion of Lemma 4.1, while part iii) follows from the third point of Lemma 4.1. Proof of Theorem 1.1

|α 3 |=2c α 3 P

 33 α 3 (V ) + |α 2 |=4 c α 2 P α 2 (V ) -|α 1 |=6 c α 1 P α 1 (V ),arising from (3.10), and (5.2), (5.16), (5.18), then yield(5.21) |γ|=2 Ω |∂ γ V (x)| 2 dx + Ω V (x) 4 dx ≤ C n |P 8 (V )| + V ∞ Ω |∇V (x)| 2 dx. ,for some constant C n > 0 depending only on n. In light of (5.20)-(5.21) the set Is(V 0 ) ∩ B is thus bounded in H 2 (Ω) from Corollary 3.1.

  1 , et la matrice a ij (x, t) est symétrique pour tout (x, t) ∈ P . Nous supposerons également que la condition d'ellipticité suivante est vériée : Chapitre 1. Introduction pour tous x et ξ vériant |x -ξ| ≤ √ tτ . Ensuite, ils en déduisent de façon classique la minoration gaussienne en utilisant la positivité et la propriété de reproduction de E. Notons que leur démonstration des estimations gaussiennes de E n'utilise ni la continuité locale de type Hölder de E, ni l'inégalité de Moser-Harnack. Par contre, Fabes et Stroock montrent que l'on peut déduire ces deux résultats des estimations gaussiennes de E.

  1.2. Estimations gaussiennes : état de l'artEn utilisant une méthode similaire, E.B. Davies obtient également dans[23] deux résultats de majoration gaussienne pour le noyau de la chaleur d'une variété Riemanienne dont la courbure de Ricci est seulement minorée par un réel strictement négatif.Dans[23], E.B. Davies suppose que la variété Riemannienne de dimension n, notée M, a une courbure de Ricci telle que Ric(x) ≥ -(n -1)β 2 . Il obtient d'une part que, pour tout 0 < t < 1, pour tous x, y ∈ M et pour tout δ > 0, il existe une constante c δ telle que

  mesurable en x, nie et positive presque partout, et non décroissante en r pour presque tout x xé.

Supposons que v est doublant (noté (D v ), au sens qu'il existe une constante C > 0 telle que v(x, 2r) ≤ Cv(x, r), ∀r > 0, µ-p.p. x ∈ M.

Notons que (D v ) implique l'existence de constantes C et κ v telles que l'inégalité (D κv v ) suivante est vériée :

  tout t > 0 et pour presque tous x, y ∈ M . Notons que, d'après[21], si L vérie l'estimation de Davies-Ganey (DG) et si les conditions (D v ) et (D v ) sont vériées, alors (DU E v ) est équivalente à la condition (U E v ) qui demande l'existence d'un noyau de la chaleur p mesurable pour (e -tL ) t>0 vériant

	|p(t, x, y)| ≤	C v(x, √	t)	exp -	d 2 (x, y) Ct	,

pour tout t > 0 et pour presque tous x, y ∈ M . Dans [6], Boutayeb, Coulhon et Sikora ont obtenu que si (M, d, µ) est un espace mesuré métrique doublant, si

  Supposons que ψ ≥ 0, f ≥ 0, g ≥ 0 et qu'au moins une des fonctions ψ, f et g n'est pas identiquement nulle. Si u ∈ C 0,1 (Q τ ) ∩ C 2,1 (Q τ ) est la solution au PN, alors u > 0 in Ω×]τ, t 1 ].

	.16)
	Nous avons le principe du maximum fort suivant :
	Corollary 1.3.1. Dans notre article [14], nous avons également considéré le cas autonome, c'est-à-dire le cas où les
	coecients de L ne dépendent pas du temps. Pour un opérateur parabolique ayant des coecients
	indépendants du temps, une fonction de Green-Neumann n'est rien d'autre qu'un noyau de la
	chaleur. Dans notre article, nous avons considéré un opérateur parabolique de la forme

  dηdσ, estimate (2.4) and Lemma 2.1 with γ = β = n/2 + 1 show that (2.5) holds true with = 2. The general case follows by an induction argument in . Indeed, using Φ +1 (x, t; ξ, τ ) =

	t		
	τ	R n	Φ 1 (x, t; η, σ)Φ (η, σ; ξ, τ )dηdσ,

(2.4),

(2.5) 

for and Lemma 2.1 with γ = n/2 + 1 and β = (n + 2 -)/2, we obtain easily that (2.5) holds true with + 1 in place of .

If Γ is the usual gamma function, we recall that

  This estimate should be compared to the one obtained by Li and Yau in [9, Theorem 4.2, page 184]. Specifically, they established a lower Gaussian bound for the heat kernel of a compact Riemannian manifold with convex boundary and having non negative Ricci curvature.When M is any complete Riemannian manifold with finite diameter and having volume doubling property, and Ω is Lipschitz domain in M with volume doubling property, the Neumann heat kernel of Ω, denoted here by h, satisfies the following upper Gaussian bound.
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  from the spectral theorem (see e.g. [EnNa1, Corollary 3.2, page 289] or [EnNa2, Corollary 2.10, page 183]). On the other hand, e -tAV being an integral operator with smooth kernel (see e.g.[Da]), we have

	(2.10)	tr e -tAV =
		Ω

  (V ) + O(t p+1 ).Next, bearing in mind that V is supported in Ω, we see thatP α j (V ) = R n (V ) + O(t p+1 ).upon substituting (3.2) for (2.13) in the above reasoning. Finally, putting (2.11), (3.12) and Proposition 2.1 (resp. (3.2) and(3.13

	which, in turn, yields					
					p	
	(3.12) This entails	t n/2	j≥1	B V j (t) =	=1	t P 2 j k=1 ∂ α j k V (x)dx for all j ∈ N * .
					p	
	(3.13)	t n/2	j≥1	H V j (t) =	=1	t P 2
						2(p+1) ),

  1 y β (xy)g(1s 1 , x)g(s 1s 2 , xy)g(s 2 , y)dxdy, by integrating by parts wrt x, so we get(4.5) (1s 2 )I α,β (s 1 , s 2 ) = 2(α -1)(1s 1 )(s 1s 2 )I α-2,β (s 1 , s 2 ) + (1s 1 )I α-1,β+1 (s 1 , s 2 ).Doing the same with z = y and t = s 2 we obtain that (4.6)s 1 I α,β (s 1 , s 2 ) = 2(β -1)(s 1s 2 )s 2 I α,β-2 (s 1 , s 2 ) + s 2 I α+1,β-1 (s 1 , s 2 ).Thus, upon successively substituting (α -1, β + 1) and (α -2, β) for (α, β) in (4.6), we find that (4.7)s 1 I α-1,β+1 (s 1 , s 2 ) = 2βs 2 (s 1s 2 )I α-1,β-1 (s 1 , s 2 ) + s 2 I α,β (s 1 , s 2 ) and (4.8) s 1 I α-2,β (s 1 , s 2 ) = 2(β -1)(s 1s 2 )I α-2,β-2 (s 1 , s 2 ) + s 2 I α-1,β-1 (s 1 , s 2 ).

  §Institut Élie Cartan de Lorraine, UMR CNRS 7502, Université de Lorraine, B.P. 70239, 54506 Vandoeuvre-lès-Nancy Cedex, France E-mail address: mourad.choulli@univ-lorraine.fr ¶Institut Élie Cartan de Lorraine, UMR CNRS 7502, Université de Lorraine, B.P. 70239, 54506 Vandoeuvrelès-Nancy Cedex, France E-mail address: laurent.kayser@univ-lorraine.fr †Aix-Marseille Université, CNRS, CPT UMR 7332, 13288 Marseille, France & Université de Toulon, CNRS, CPT UMR 7332, 83957 La Garde, France E-mail address: yavar.kian@univ-amu.fr ‡Aix-Marseille Université, CNRS, CPT UMR 7332, 13288 Marseille, France & Université de Toulon, CNRS, CPT UMR 7332, 83957 La Garde, France E-mail address: eric.soccorsi@univ-amu.fr Résumé Nous revisitons la méthode classique des paramétrices pour en déduire une minoration et une majoration gaussiennes, pour la solution fondamentale d'un opérateur parabolique général sous forme non divergentielle. Nous utilisons ensuite le fait que la fonction de Neumann Green, d'un opérateur parabolique général sur un ouvert borné régulier, peut être construite comme somme de la solution fondamentale et d'une intégrale de type simple couche parabolique pour établir une minoration gaussienne pour cette fonction de Neumann Green. Le point clef de la preuve réside dans l'eet régularisant, en temps, de l'intégrale de type simple couche. Nous démontrons aussi que cette approche peut être adaptée pour démontrer une minoration gaussienne pour la fonction de Green-Neumann correspondante à l'opérateur de Laplace-Beltrami sur un ouvert régulier d'une variété riemannienne compacte sans bord. Nous démontrons ensuite une nouvelle majoration gaussienne pour la fonction de Neumann Green correspondante à l'opérateur de Laplace-Beltrami sur un ouvert Lipschitz d'une variété riemannienne complète. L'intérêt de cette nouvelle majoration est qu'elle ne contient pas le terme habituel d'une exponentielle en temps.
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where {φ V k , k ∈ N * } is an orthonormal basis of eigenfunctions φ V k of A V , associated with the eigenvalue λ V k . Finally, putting (1.4) and (2.9)-(2.10) together, we find out that (2.11)

2.2. Estimation of Green functions. We start with the following useful comparison result:

Lemma 2.1. For δ > 0 put Ω δ = {x ∈ Ω; dist(x, ∂Ω) > δ}. Then we have 0 ≤ Γ(t, x, y) -K(t, x, y) ≤ (ct) -n/2 e -cδ 2 /t , 0

where c is the constant appearing in the right hand side of (2.7).

Proof. Fix y ∈ Ω δ . Then u y (t, x) = Γ(t, x, y) -K(t, x, y) being the solution to the following initial boundary value problem

x ∈ ∂Ω, we get from the parabolic maximum principle (see e.g. [Fr]) that u y (t, x) ≤ max z∈∂Ω 0<s≤t Γ(s, z, y). Therefore we have

). Now the desired result follows readily from this and (2.8) upon noticing that s → (cs) -n/2 e -cδ 2 /s is non-decreasing on (0, 2cδ 2 /n).

Remark 2.1. a) The functions K(t, •, •) and Γ(t, •, •) being symmetric for all t > 0, the statement of Lemma 2.1 remains valid for x ∈ Ω δ and y ∈ Ω as well. b) A result similar to Lemma 2.1 can be found in [Mi] for the Dirichlet Laplacian, which corresponds to the operator A in the particular case where a is the identity matrix. This claim, which was actually first proved by H. Weyl in [We], is a cornerstone in the derivation of the classical Weyl's asymptotic formula for the eigenvalues counting function (see e.g. [Dod]). c) We refer to [Co] for an alternative proof of Lemma 2.1 that is based on the classical Feynman-Kac formula (see e.g. [SV]) instead of the maximum principle.

Let us extend V ∈ C ∞ 0 (Ω) to R n by setting V (x) = 0 for all x ∈ R n \ Ω, and, with reference to (2.3)-(2.4), put (2.12) Γ V 0 (t, x, y) = Γ(t, x, y) and Γ V j+1 (t, x, y) = -

for all t > 0 and x, y ∈ R n . Armed with Lemma 2.1 we may now relate the asymptotic behavior of A V j (t) as t ↓ 0 to the one of (2.13)

where Ω δ is the same as in Lemma 2.1, and pick t ∈ (0, 2cδ 2 /n). Then, for all x, y ∈ Ω, we have

by (2.4) and (2.12). This, together with Lemma 2.1 and part a) in Remark 2.1, yields

for all t > 0 and a.e. x, y ∈ Ω. Here we used the estimate 0 ≤ K ≤ Γ and the fact that the function s → (cs) -n/2 e -cδ 2 /s is non-decreasing on (-∞, 2cδ 2 /n]. Further, due to (2.7), there is a positive constant C, independent of t, such that

so we obtain (2.14). Similarly, using (2.6) and arguing as above, we get

by induction on j ∈ N * . Now the result follows from this, (2.9) and (2.13).

2.3. The case of a constant metric. We now express the function (t,

x, x), j ∈ N * , defined by (2.12), in terms of the heat kernel Γ and the perturbation V , in the particular case where a is constant. Since a is regular (i.e. invertible) by (1.1) then Γ(t, x, y) is explicitly known and coincides with the following Gaussian kernel

where a -1 is the inverse matrix of a. The result is as follows.

Lemma 2.2. Assume that a is constant and fix j ∈ N * . Then we have

×G(s j , w j )ds j dw j , for all t > 0 and x ∈ R n , where G is defined by (2.15). Here we have set s 0 = 1, w 0 = 0 and du j = du 1 . . . du j for u = s, w.

Proof. The main benefit of dealing with a constant matrix a is the following property:

From this and the following identity arising from (2.12) for all t > 0 and x, y ∈ R n ,

5.1. Two useful identities. They are collected in the following:

Proposition 5.1. Let V ∈ C ∞ 0 (Ω) be real-valued and assume that a = I. Then, with reference to the definitions (3.9)-(3.10), we have

2 ), by (3.8) and (4.9), we know from the two last points in Lemma 4.3 that (5.4)

2 ) k is odd for any k ∈ {1, . . . , n}, and

In what follows we note (0, . . . , β k , . . . , 0), 1 ≤ k ≤ n, β ∈ R, the vector (β j ) 1≤j≤n ∈ R n such that β j = 0 for all 1 ≤ j = k ≤ n and β k = β. In view of (5. In light of (5.4)-(5.5) we deduce from (5.6)-(5.7) that

Taking into account that Ω ∆V V dx = -Ω |∇V | 2 dx, we obtain (5.1) from the above line.

We now compute |α 2 |=4 c α 2 P α 2 (V ). As a preamble we first invoke Lemma 4.2 and get simultaneously

and

(5.9)

from part iii), and

(5.10) G(s ks k+1 , w kw k+1 )dw j ds j = (4π) -n/2 j! ,

where s j+1 = w j+1 = 0. In light of (3.10), (5.16) then yields that (5.17) P 2 (V ) = -c α 1 =0 P α 1 =0 (V ) = -(4π) -n/2 Ω V dx.

Next, bearing in mind that the potential V is compactly supported in Ω, we notice from (3.9) that (5.18)

As a consequence we have (5. 19)

Further, as P 6 = -c α 3 =0 P α 3 =0 (V )+ |α 2 |=2 c α 2 P α 2 (V )-|α 1 |=4 c α 1 P α 1 (V ), it follows from (5.1) and (5.16) that (5.20)

Finally, since Ω ∂ 2 km V (x)V (x) 2 dx = -2 Ω ∂ k V (x)∂ m V (x)V (x)dx for all natural numbers 1 ≤ k, m ≤ n, by integrating by parts, we see that there is a constant C n depending only on n such that we have