N

N

The Behavior of Bubble and Particle, Pulsatile and
Peristaltic Flow

Stanislav Mingalev

» To cite this version:

Stanislav Mingalev. The Behavior of Bubble and Particle, Pulsatile and Peristaltic Flow. Earth
Sciences. Université de Lorraine, 2013. English. NNT: 2013LORRO0361 . tel-01754647

HAL Id: tel-01754647
https://hal.univ-lorraine.fr/tel-01754647
Submitted on 30 Mar 2018

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.univ-lorraine.fr/tel-01754647
https://hal.archives-ouvertes.fr

UNIVERSITE
DE LORRAINE

AVERTISSEMENT

Ce document est le fruit d'un long travail approuvé par le jury de
soutenance et mis a disposition de l'ensemble de Ila
communauté universitaire élargie.

Il est soumis a la propriété intellectuelle de l'auteur. Ceci
implique une obligation de citation et de référencement lors de
I'utilisation de ce document.

D'autre part, toute contrefacon, plagiat, reproduction illicite
encourt une poursuite pénale.

Contact : ddoc-theses-contact@univ-lorraine.fr

LIENS

Code de la Propriété Intellectuelle. articles L 122. 4

Code de la Propriété Intellectuelle. articles L 335.2- L 335.10
http://www.cfcopies.com/V2/leg/leg_droi.php
http://www.culture.gouv.fr/culture/infos-pratiques/droits/protection.htm




UNIVERSITE
DE LORRAINE

EcoLE

Perm
State
University

(&

1916

= - = J
3L S=
DocTorALE A J

Le Comportement de la bulle et des particules,

I’écoulement pulsatile et le flux péristaltique

THESE EN COTUTELLE

Présentée pour I’obtention des titres de

Kandidat nauk de 1’Université d'Etat de Perm

Docteur de I’Université de Lorraine

Spécialité: Géosciences

Par

Stanislav MINGALEYV

Soutenue publiquement le 13 Décembre 2013 a Perm (Russie) devant le jury constitué de:

Rapporteurs: Vladimir SARANIN
Aleksej TCAPLIN
Examinateurs: Vladimir MALANIN
Bernard ROUX
Oleg SKULSKY
Yuri BRATUHIN
Directeur de these: Lev FILIPPOV
Co-directeur de these: ~ Tatyana LYUBIMOVA

Prof., Institut Pédagogique d'Etat de Glazov
(Russie)
Chef du Département de Physique Générale,

Université Polytechnique de Perm (Russie)

Président de 'Université d'Etat de Perm (Russie)
Directeur de Recherche, Laboratoire de Mécanique,
Modélisation & Procédés Propres (France)
Chercheur senior, Institute of continuous media.
Russian Academy of Science. Ural Branch (Russie)
Prof., Université d'Etat de Perm (Russie)

Prof., Université de Lorraine (France)
Chef du Département de Physique Théorique,
Université d'Etat de Perm (Russie)



Résumé

Dans cette thése on cherche a étudier le flux péristaltique des liquides dans un canal a
onde de pression déterminée aux confins. Dans la plupart des recherches de systémes de
transportation péristaltiques la variation des coordonnées de la paroi est prédéfinie pour les
raisons de commodité. Cependant les parois d’organes creux (comme cesophage intestin gréle,
coOlon urétre, vaisseaux lymphatiques) dont le fonctionnement consiste a transmettre des produits
par la voie péristaltique, sont dotées de barorécepteurs — capteurs qui pergoivent la pression dans
la couche limite de fluides et servent a réguler le calibre des vaisseaux. Pour créer le modéle du
comportement des systémes biologiques pareils il nous semble plus adéquat de prédéfinir I’onde
de pression aux confins des vaisseaux. Cette approche réalisée dans notre thése permet de
découvrir et décrire des effets nouveaux, inexplorés auparavant.

Dans cette thése nous étudions aussi I’influence des pulsations transversales des parois du
canal sur la transmission du produit dues aux chutes de pression. Cet objectif est apparu lors de
la détermination de la viscosité du liquide utilisant la méthode des canaux compressibles
(squeezing flow viscometry). Des problémes similaires sont assez répandus dans 1’étude d’une
variété des systémes biologiques, en particulier, des mouvements de lubrification des
articulations ou des micro-vaisseaux des muscles.

Nous avons aussi étudi¢ I’influence du son sur I’interaction d’une particule solide
tombante et d’'une bulle de gaz montante dans le liquide. La pertinence de ce travail est lie a
I’importance de recherche des solutions possibles pour augmenter 1’efficacité de flottation,
méthode d’enrichissement basée sur 1’accrochage des particules minérales par des bulles de gaz.

Mots-clés: ecoulement de Poiseuille; €coulement pulsatile; péristaltisme; interaction des
particules et de la bulle



Abstract

The thesis studies the peristaltic flow of fluid in a channel with the specified pressure
wave at the boundary. The law of wall’s coordinate variation isn’t determined a priori. It is found
from the initially definite law of pressure-variation on the wall. This way is based on the fact that
some hollow organs change diameter under the signals of baroreceptors (sensors that detects the
pressure). We studied the effects of various parameters on flow rate and structure of flow.
Besides we studied the influence of vibration on the peristaltic flow under long wave
approximation.

The paper also considers the influence of the wall transverse pulsation on the fluid
transport under the pressure drop. This problem arises in defining the liquid viscosity by
squeezing flow viscometry. The same problems occur in analyzing different biological systems,
including the lubricant movement in joints or in the microvessels of working muscles.

The influence of sound on the interaction of a solid particle and a gas bubble in fluid is
studied as well.

Keywords: Poiseuille flow; pulsating walls; squeezing flow; peristaltic flow; interaction of
particle and bubble
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1. Syntheése en Francais

Le premier chapitre est consacré a 1’étude du flux péristaltique a deux dimensions dans
un canal a onde de pression déterminée aux confins. L’intérét porté a ce probléme est lié a
I’étude de gestion de transportation des liquides pas des signaux des barorécepteurs. Ils analysent
la pression et effectuent la régulation locale du courant de liquides biologiques. La facon la plus
facile de modéliser ce type de régulation par force appliquée a la paroi, peut étre une équation de

type

F. = —K'(p

ou h - distance entre les parois du canal, ¢ - temps, y et x - coordonnées longitudinales et

—acos(ct/ A— y//1)).

x=%(h+<&)

transversales, p - pression. Pour simplifier le probléme on suppose que la régulation soit
absolue et que le coefficient x tend vers I’infini. Dans ce cas on peut négliger les forces outre la
force F_.Le résultat est une condition limitrophe de la pression dynamique:
x=x(h+&): p=acos(ct/ A—y/l A),
qui est utilisée dans la these.
Ce méme probléme été étudié par D. Takagi' pour les petits nombres d’onde et vitesses de
propagation des ondes. Les résultats, présentés dans le premier chapitre étendent ceux de la

recherche de D. Takagi pour les vitesses arbitraires de propagation des ondes et pour les nombres
d’onde arbitraires.

On résout le systéme des équations de Navier-Stokes:

2 2
s M M ) L0, m0u (1)
ot ox oy oy) Clox oy
2 2
5° CABMIVCLAMINCA I ) 6_\2/+528_\2/ =0, a_v+@=0; (2)
ot ox 0oy) ox Clox oy ox Oy
Conditions aux limites:
¢
x=2(1+&): Vzia—, u=0, p=Acos(r—y). 3)
t

Le probléme (1)-(3) en forme adimentionnelle. Les unités de mesure choisies sont : pour la
coordonnée transversale par rapport a I’axe du canal x - la moitié de la distance entre les parois
de canal h, pour la coordonnée longitudinale y — le nombre d’onde inversé A, pour la vitesse

longitudinaleu — la vitesse de propagation d’onde de pression sur la paroi c, pour le temps ¢ —
Alc, pour la pression p — pc’(ou p - la densité du liquide), pour la vitesse transversale v —

ch/ A, pour I’écart par rapport a la position moyenne du canalé — h.

Le probléme est caractérisé par trois parametres adimensionnels: la vitesse de propagation
d’onde C=hc/v (ou v - la viscosité kinématique), le nombre d’onde 6 =h/ A et I’amplitude

' Takagi D. Nonlinear peristaltic waves: a bitter pill to swallow // GFD Proceedings Volume
of WHOIL. — 2009. — P. 2-25.
6



adimensionnelle des vibrations de pression sur la paroi A=a/(pc’) (ou a - Iamplitude

dimensionnelle des vibrations de pression). La solution du probléme (1)-(3) était cherchée sous la
forme d’une série selon le petit parametre A . Au préalable, la transformation des coordonnées a
été effectuce:
x> x(1+&), y—>y, t—>t. 4)
Dans le premier rang la solution du probléme pour la pression est

p, =ch(dx)cosz/chd, @)

pour la vitesse longitudinale:

u, =cos7ch(Sx)/chd +sh yxsinwx[C cost — C,sint ]+ ©

+ch y,xcos a)l)c[C2 cos7 +C,sin z'],
pour la vitesse transversale:

v, = ch( z,x)sin(@,x)((@,C, — x,C,)cost — (@,C, + y,C)sint) /| (x> + ) +

sh 7, xcosw,x ' shox
)(12 —((1,C, +o,C,)cost—(y,C, —w,C))sinz) -
Zl +a)1 C

sin,

avec la notation suivante 7=7—y et

7 =S +C +8)12. @, =58> +C* -8) /2.

C, =—sh y,sinw, / (cos’ , +sh” y,), C, =—ch y,cos®, / (cos” @, +sh” y,).

La vitesse longitudinale moyenne dans le temps est déterminée par 1’équation
1 [ ﬁz
1

3 a

2
K >0

-1 0 1

Figure 1. Dépendance de la vitesse longitudinale moyenne de la coordonnée transversale
x'=x(1+¢&)



; cs ”T(_x%%ﬁ&%g_aazu]
0

U, =c +C,x+— > >
2r oy ox C oy" ox Co ox

(7)

2
L 26805 0y %H%VIL_JO,M,

C 0oy oxdy ' ox ox

ou les constantes ¢, et ¢, dans (7) sont déterminées via les conditions aux limites:
x==1:1u,=0.
Le débit du liquide est calculé selon la formule

2

Q,= j} (T, + i { u,&dt)dx.

La figure 1 présente le profil de la vitesse longitudinale moyenne dans le temps u, pour le

nombre d’onde &=0.01. A petite vitesse de propagation d’onde C, le profil de la vitesse
longitudinale avec la courbe en cloche avec le maximum dans le centre du canal (figure 1:
courbe 4: C=1 et courbe 3: C=100). Avec augmentation de vitesse de propagation d’onde
dans les parties centrales de courbes apparessent des segments applatis et des couches flimites
pres des parois (figure 1: courbe 2: C =2000, courbe 1: C =20000).

La figure 2 illustre la dépendance du débit du liquide a partir des paramétres du probléme.
Comme on peut le voir, la dépendance de débit a I’égard de nombre d’onde n’est pas monotone;
il existe le débit maximal qu’on peut atteindre en modifiant les parameétres du probléme. 1l est a
peu pres 2.5, ce qui pour I’eau dans le canal d’un cm. de large correspond a la vitesse de 1’ordre
de 10~ m/sec. Le débit de liquide est augmenté par I’augmentation de la vitesse de propagation
d’onde et, avec des nombres importants de C il descend a I’asymptote horizontale ce qui

25 Qz 3 a 25 Qz b
/
2
1
C 4 0
0 ' o b=—— '
0 2000 0 3

Figure.2. Dépendance de débit du liquide a) de la vitesse de propagation d’onde C pour
0=0.01 (1), 6=0.1 2), 6=1 (3), 6 =10 (4), b) du nombre d’onde & pour C =20000 (1),
C=2000 (2), C=100 (3), C=1(4)



s’explique par la formation des couches limites.

Le deuxiéme paragraphe du premier chapitre est consacré a 1’étude de I’influence des
vibrations longitudinales a la transportations des produits par la voie péristaltique dans le canal
bidimensionnel dans le cadre de 1’approximation des ondes longues (petit o ). Pour le cas ou les
vibrations ne sont pas présentes, pour le débit de liquide on utilise la formule:

2,2 G2 22 o4
Q:AC5 L ACS (éAz_ﬂch_Q +0(5°). ®)
3 9 12 63 5

Dans le cas limite & — 0 cette formule correspond a la formule précédente obtenue par D.

Takagi pour ce cas limite (les différentes significations du coefficient sont dues a la différence de
la géométrie des problémes). Il faut souligner que D. Takagi avait étudié ce probléme
uniquement pour ce cas limite.

L’existence des vibrations longitudinales peut étre simulée par la force d’inertie, comme
quoi sans le probleme (1)-(3) de flux péristaltique dans le canal a onde de pression déterminée
aux confins la seule chose qui change c’est 1’équation (1) qui prend la forme suivante:

2 2
5(@+V@+u@+@j—l(a—g+52a—gj=M5coswt. 9)
C\ ox oy
Dans 1’équation (9) deux nouveaux parameétres apparaissent: I’amplitude adimensionnelle des
vibrations M et la fréquence adimensionnelle des vibrations w, ils sont liés a la fréquence
dimensionnelle w et a I’lamplitude m en corrélations suivantes

M=2m/c*, w=wil/c. (10)

La solution du probléeme (2), (9), (3) dans I’approximation d’ondes longues fait

I’augmentation de débit de liquide grace aux vibrations de type:
44 42272
AQ=— 5C9¢ 2A M
18 w -1
Comme on peut voir dans 1’équation (11), dans le cas des fréquences de vibrations plus hautes
que la fréquence de 1’onde de pression aux confins de paroi, les vibrations affectent

+0(5°). (11)

négativement le transport péristaltique — le débit du liquide diminue. Dans le cas inverse — les
vibrations entrainent I’augmentation du débit.

En cas de correspondance des fréquences de vibrations avec celles de ’onde de pression
aux confins, la formule pour le débit de liquide (11) n’est plus efficace. Pour observer ce cas il
faut étudier le comportement du systeéme aux alentours de cette valeur, pour laquelle la fréquence

serait w=1+75> (5° - valeur faible). Dans ce cas la méthode de petit paramétre ne permet pas
de trouver la solution et il faut utiliser la méthode d’échelles multiples, dans le cadre de laquelle

a coté du temps rapide 7, on introduit aussi le temps lent ¢, =6t et t, =35°t. Aux alentours
w=1 dans la décomposition de¢ il faut introduire le sommant & d’ordre zéro de &. Son

équation est:

[ATM(GEO+1)Sinz—§A%(A+Mcosz)}(§o+1)4C2:Z_fj (12)

ou z=t+yt,. L’équation différentielle peut (12) étre réduite a une algébrique
(M cosz+A)AC? (& +1) +6&,y+C =0, (13)

9



ou C - la constante non-déterminée. Dans le cas de grands y la solution de I’équation (13) a la

forme suivante:

2 4 42 1
§O=_ACMCOSZ+5MCA (Mcos%z+2Acosz)+0 1, (14)
6 % T2y %
Le débit de liquide dans ce cas sera
2 2 2 42 2
AQ =6°C*A® XM +5C A ﬁ” +0 %,53 ) (15)
36y 18y 4
Si on prend w=1+ 5" dans la (11) et en la décomposant selon &, nous aurons
404 42 2 482 42 2
AQ:_iCéAM _ 5C6°AM LO(SY). (16)

18 (1+y5°)Y -1 36y
La comparaison de (11) et (15) nous prouve que loin du point w=1 une solution passe en une
autre. Dans le cas des relations faibles M/A<<1,

2 3
£ =L MHS—FJFO'S{KJ cosZz+0(Mj : (17)
5+6I' A (5+6F) A A

ou I'=y/(A>C?). On peut déduire de (17) que dans 1’ordre zéro de paramétre faible il y a une

onde lente qui apparait ¢, .

On a découvert que lorsque la valeur w tend vers 1, une onde lente dont la fréquence est
¢égale a la différence des fréquences des deux effets se produit. Quand les valeurs des fréquences
coincident, cette onde dégénere en un modele stationnaire.

Aux alentours de w=1 au lieu de la formule (11) il faut utiliser:

0 1 5 1+2I M?

(18)

) 5[ 2916 +2025T +325+4152” | p7* o s (Mjﬁ
4(6T +5)° A ’ ’

ol I'=(w-1)/(SAC)*. Alors, vers le w=1 I’influence des pulsations a la transportation des

produits se transforme en effet de deuxieme degres, c’est a dire de méme deges que 1’effet
transport des ondes péristaltiques. Comme conséquence, les pulsations puissent amener a
I’augmentation du débit aussi bien qu’a la diminution du débit en fonction de changement de la
valeur de T".

La formule (18) se diverge quand la différence des fréquences des effets correspond a la
fréquence propre aux vibrations des parois du canal (en méme temps I'=-5/6). Dans ce cas

& = ysin(y—5A°C’t, /1 6)M | (5A)+O(M / A) . (19)
0 2

De (19) on peut déduire que quand I'=-5/6, I’approche utilisée n’est plus efficace parce
que les parois du canal se percute.

Des liquides transportés par voie péristaltiques contiennent souvent des particules
différentes. Dans certains cas, du a une collision de ces particules contre une paroi en phase de
vibration quand la vitesse de paroi augmente, apres la collision la paroi regagne la particule et
une collision itérative se produit. En cas de plusieurs collisions itératives la particule termine par
se retrouver sur la paroi et continue son mouvement avec elle.Pour définir une situation pareille
on utilise le terme «I’adhésion» de particule.

10



Deuxiéme chapitre est consacré aux recherches de 1’influence des pulsations
transversalles sur transfert de matiére sous action de chute de pression et force de gravité dans le
canal dimétrique orthogonal vertical. Ce probléme était étudié déja par Weinberg S.L.%, Longuet-
Higgins M.S.?, Shugan I1* et les autres. Ils ont découvrit, que les pulsations permettent
d’augmenter le débit du liquide , surgeant a cause de la chute de pression aux bouts du canal.
Cette théorie, édifiée dans ces travaux, décrit le
comportement du systéme justement dans les cas des A8
faibles fréquences des pulsations. Zwik K.J.> et les
autres, ont ¢étudi¢ expérimentalement un probléme

analogue. Ils ont étudi¢ le mouvement du liquide entre

deux lames rondes, influencée par la force, consistant en
composante oscillée (fréquence 73, 100, 200, 230, 246 _ _
Hz) et composante constante et ils n’ont pu pas x/l( b y=+(h+asnol)
découvrir I’augmentation de débit de liquide, surgeant a Fig. 3.

cause de la vibration des lames. C’est a dire, que 1’effet

d’augmentation du débit de liquide a cause des pulsations, découvert par Weinberg S.L.,
Longuet-Higgins M.S., Shugan I., doit disparaitre aux hautes fréquences des pulsations. Dans le
deuxiéme chapitre de la thése, on a étudi¢ théoriquement I’influence des pulsations transversales

des parois sur le transfert de la maticére sous action de chute de pression et force de gravité dans

le canal dimétrique orthogonal vertical.

On résout le systeme des équations de Navier-Stokes (Fig. 3):

ou _oU oU op o’U o°U
—+tU—+Vv—|=——+ + + pgcosy, 20
p{az ox ﬁy] o ”(axz ayzj pECOSP 0
~ 2 2
P ECEARTRT LEARPRVICL (R a_\zz+a_~\2/ - pgsing , o2y
Ot Ox oy oy ox~ 0Oy

2 Weinberg S.L. Eckstein E.C., Shapiro A.H. Peristaltic pumping in circular tubes: A
numerical study of fluid transport and its efficiency // J. Fluid Mech. — 1982. — Vol. 12, 2. —
P. 439-465.

3 Longuet-Higgins M.S. Peristaltic pumping in water waves // J. Fluid Mech. — 1983. — Vol.
137. — P. 393-407.

* Shugan I Fluid mass transfer in a channel with vibrating elastic walls // Physics of
Vibrations. — 1999. — Vol. 7, N.2. — P. 107-117.

> Zwick K.J. Ayyaswamy P.S. Cohen .M. Oscillatory enhancement of the squeezing flow of
yield stress fluids: A novel experimental result // J. Fluid Mech. — 1997. — Vol. 339. — P. 77-
87.
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Oou Ov

—+—=0. (22)
ox 0Oy
Conditions aux limites:
y=*x(h+asinwt): u=0, v==xacoswt, (23)
ﬁ x=l - [?|x=—l = ZA (24)

ou y — la coordonnée transversale par rapport a I’axe du canal x — la coordonnée longitudinale,

t —le temps, p —lapression, U — la vitesse longitudinale, v — la vitesse transversale.

La transformation des coordonnées a été effectuée:
p—>p—pygsinp+xAll, (25)

j}—))}(l—i—%sint) (26)

En fonction des unités de mesure pour I’axe transversal du canal de la coordonné x et de la
coordonné longitudinale y on a choisi la moiti¢ de la distance entre parois A, pour le temps ¢ -
fréquence inverse des pulsations 1/ @ , pour la pression p — ne@ (ou 7 - viscosité dynamique)

pour les vitessees transversale v et longitudinale u - hw.

On résout le systéme des équations

(+ Asingy?| D yydd  YoyAcost U
ot Oox 14+ Asint Oy

(27)
2 2
_ L -2 2 0k asinn? + 28 |+ (4 asinR,
2W ox Ox oy
— 2 2
8_V+U6_V+V yA?ost@: 12 8\2/+ 1. 25\2/_5_P ’ (28)
ot ox 1+Asint dy 2W~\ox~ (1+Asint)” 0y~ Oy
v, 1 N (29)
ox 1+ Asint Oy
y=%1: U=0, v==xAcost. (30)
px:szx=fL' (31)

Ce probléme est caractéris€ par quatricme parametres adimensionnels: nombre de
Womersley W, nombre de Richardson Ri, longueur du canal L, amplitude de pulsation

Wi ﬂ’ Ri:gcosqo—zA/(lp)’A:g’in.
2n w°h h h

La solution du probléme a été obtenu sous une forme

adimensionnelle A:

B X ov(y,D)
U=u(y.0) 1+ Asint Oy ' G2
v=v(y.1), p=@(y.0)+xXy(1). (33)

Le probléme (27)-(31) résolvait a I’aide de décomposition selon amplitude des vibrations
des parois A . A I’ordre zéro la solution est:
12



2
-1
u0=—FrQy2 , Vo =0

Au premier ordre, la solution est

p, = p,(x,y)sint + p, (x,y)cost, (34)
v, =V, (y)sint + v, (y)cost, (35)
u, =u, (y)sint+u, (y)cost. (36)
ou
Py = =W,
P = _(yz _xz)wzf2 >
ou
fi=WS [2W(cosh 2W +c0s2W) —sin2W —sinh ZW]. 37
fL=WS [sinh 2W —sin 2W] , (38)
§ = ((2W> +1)cosh2W +(2W? ~1)cos 2W — 2W(sinh 2W +sin2W)) " ; (39)
v,, = f;5in WycoshWy + f, cosWysinhWy + f,y, (40)
v,. = f,sinWycoshWy — f, cos WysinhWy + f,y, 41)
ou
= 2S[WcochoshW—(cosW+WsinVV)sinhW], 42)
fi= —ZS[(WcosW—sinW)coshW+WsinthinW]; 43)
u, = Ri([(f6 + (3" = D)ycos Wy +(f, + f,(y” —D)sin Wy |sinh Wy + f,, +
+[(Fo(3” =D+ fi)cos Wy +(f,, + fiy(y” = 1) ysin Wy [cosh Wy + £,(y’ —1)),
u, = Ri([(f11 + fio(y2 =1D)sinWy — (f,, + fi5(y° —1))ycosWy]sinhWy - fi+
+[fo+ £O=D)ysinWy = (£,(y* =1+ £y)cos Wy Jcosh Wy — £, W (3 +1)),
ou

fszwz(f]—2)’ fe:_§(§f3+wzf4jwz’ f7:w4f4/3’ f():_?’w3(f4+fS)/4’

o :3(f3_f4)w3/4’flz :—2W2(f3W2—9f4/8)/3, fis =f3W4/3, Jia :z(fl_l)wz_fz’
_ —f,,sinh 2W+f, sin2W = 2(2 f,W* + f,)coshW cosW —2 f,, sin Wsinh W

Js cos2W +cosh2W
— £, sinh2W — f,,sin2W +2(2f,W* + f,)sin Wsinh W —2 f,, cos W cosh W
f — 6 12 2 1 14 .
! cos2W +cosh2W

La soultion trouvée permet d’obtenir les caractéristiques moyennes du courant avec la précision
jusqu’a deuxiéme degré de petitesse. Aux ces conditions le débit du liquide peut étre présenter
comme Suit:

0=0,+0A+0,A’+0(A%), (44)

ou



0, = %WzRi , (45)
0, =0, (46)

Qz = j.(uzls

-1

T jdy. (47)

Sur la fig. 4 est représentée la dépendance, qui apparaisse a cause de pulsation d’addition
Q, envers le débit du liquide et de parameétres du probléme. Quand W — 0 cette addition est
positive et égale a:

0, ~2W°Ri, (48)

cela coincide avec la formule de Liakhov G.V. et Chougan LV.® pour ce cas extréme

En cas des grandes valeurs du nombre de Womersley I’addition du débit du liquide,
surgeant a cause des pulsations, est négative et approximativement égal a:

RiW’
3

Caractere de I’addition O, se change quand W =7.5 , et pour I’eau dans le canal en épaisseur 1

sz_

(49)

sm coincide a la fréquence des pulsation 1 Hz. En conséquent, dans la plupart des cas, les
pulsations doivent mener a la diminution de débit de liquide, et pas a ’augmentation, comme
cela a été obtenu dans les recherches de Chougan 1.V., qui avait étudié seulement les cas des
fréquences basses des pulsations.

Dans la deuxiéme partie du deuxiéme chapitre, on a étudié I’influence des pulsations
transversales des parois sur le transfert du liquide sous influence de la force de gravité dans le
canal dimétrique orthogonal vertical, en comptant le liquide compressible.

Le comportement du liquide peut étre décrit par un systeme d’équitations, qui sous la
forme adimensionnelle est

2 2
p| gy ) Li0u O by 1 O)ov o) g (50)
o0 0Oy Ox Qo oy> oy Q 6y ox Oy
2 2
P @+u@+va—v = lap a—V+6— +— LG a—V+@ , (51)
ot Oy Ox Q Ox Qloy? x| Q, ox| ox 0Oy
op Oup Ovp 2
L +—L+==0, p=c’(p-1 52
o oy Tax Pl 2

et les conditions aux limites:

x=x(1+Asint): v==xAcost, u=0. (53)

® Liakhov G.V., Chougan L.V. The energy efficiency of the acceleration mechanism of mass
transfer fluid in the channel // JETP Letters. — 2002. — V. 28, Ne7. — pp. 57-61.
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Fig. 4. Dépendance, surgeant a cause des pulsations d’addition a débit du liquide vis a vis du
nombre de Womersley

L’incorporation des unités de mesure est faite comme dans le chapitre précédent, la densité
est mesurée en densités équipondérantées p, .

Les parametres adimensionnels du probléme sont les fréquences des pulsations Q et Q,,

nombre de Froude Fr, amplitude des pulsations A et la vitesse du son ¢, qui sont définis par les

rappOI‘tSZ
2 2
Q:a)hpl;Q2:3wh pi;Fr: gz;A:g;czCS &, (54‘)

ou C, - vitesse du son au dimension, ¢ - viscosité de volume.

Une solution analytique du probleme (50)-(53) a été trouvé a 1’approximation des

amplitudes basses des pulsations des parois. En ordre zéro selon le petit parametre, la solution est
2
-1
u, =2 > QFr, p, =0, p,=1, v, =0.

En premier ordre la solution c’est la vitesse longitudinale:
u, =Cre™ sin(t +Q'x) + C, e " sin(t — Q'x) + C'e™ cos(t + Q'x) +
+C. e cos(t—Q'x)+U e ™ sin(t — yk) +U_e * cos(t — xk) +

+ Ox

+U € sin(t + xk) + U e’ cos(t + xk) + y[ U e sin(t — xk) +
+U e cos(t — yk) + U e* sin(t + xk) + U .e*” cos(t + xk)]
— y’QFrsint,
la vitesse transversale s’écrit
v, =V e sin(t — xk) +V,_e > cos(t — xk)

+V e sin(t + xk) +V, e’ cos(t + xk),

et la densité est définie comme suit



o, =R e sin(t — xk)+ R_e ** cos(t — xk)

+ Ox

+ R e” sin(t + xk) + R} e’* cos(t + xk),

ou on a fait des dénomination

pe |99 2 H(Q,+Q) + Q. 5o |9 2 H(Q,+Q) —Q,c
2 ' +(Q, +QY 2 'l +(Q, + QY
Q

Q= =
2

et C;., UI,, U5 ., V., R’ sontdes constantes, dépendantes des paramétres du probléme. On

s,c? s,c? ys,yc ? s,c?

a trouvé la solution, qui permet d’obtenir les caractéristiques moyennes de courant (débit du

0 —_
QZ = ~ b
\~
X o, 10*T'1
1 | ] | _150 1 |
-1 0 1 0 12

Fig. 5. a) I’addition moyenne par rapport a la vitesse longitudinal pour la fréquence des
pulsations des parois 500 Hz(1) , 1000 Hz(2), 1500 Hz (3) ; dépendance de I’addition

adimensionnele par rapport a la consomation du liquide de la fréquence p=10"kg/m’,

h=2 sm, n=10"Pas, C.=1500 m/s, g=9.8 m/s’, ¢ =281

liquide, vitesse moyenne et densité) avec la précision jusqu’aux membres du deuxieme degré de
petitesse selon amplitude des pulsations des parois.

Sur la figure 5b on peut voir, que les pulsations des parois menent toujours a la
diminution du débit du liquide. La méthode utilisée ne permet pas étudier le courant a proximité
des points spéciales : 0 Hz, 37500 Hz, 75000 Hz etc. En ce cas, la solution trouvée est la suivante

selon le petit paramétre tendant a 1’infini (les constantes C= ., U* , U* , V*
p p

s,c? s,c? ys,yc ? s,c?

R:, accedent au

infini).
L’addition moyenne selon le temps par rapport a la vitesse longitudinale u, a la forme de
la cloche avec la plus grande déclinaison de la vitesse de zéro au centre du canal (figure 5a).

L’influence de la compressibilit¢ manifeste dans 1’apparition de 1’hétérogénéité¢ de la

densité, idépendante du temps dans le canal (fig. 6).

16



4r g 10

X
_4 1 | 1 |
-1 0 1

Fig. 6. Dépendance de la densité p, moyenne selon le temps, de la coordonnée pour
les fréquences des pulsations des parois 500 Hz (1), 1000 Hz (2), 1500 Hz (3)

Dans le troisiéme chapitre on a examiné ’interaction des bulles ascendentes et de la
particule tombante dans 1’eau dans champ acoustique. L’influence de la particule sur le
mouvement du liquide on peut considerer négligeable . Auparavant ce probléme était étudi¢ par
Lubimov D.V. , Lubomova T.P. et Klimenko L. S.” Ils ont examiné le cas des fortes pressions
sonores dans le cadre d’approximation, ou I’influence des oscillations propres des bulles peut
compter comme peu importante. Pour telles pressions sonores la méthode de Lubimov D.V.,
Lubomova T.P. et Klimenko L.S. découvre que I’influence du son sur le mouvement d’une bulle
et une particule est trés petite. Dans la recherche, présente dans cette thése on a fait la méthode
en cadre de laquelle on compte les pulsations propres a la bulle. Cela permet de découvrir
I’augumentation du rayon de collision des particules et des bulles pour les frequences du son
définies, méme dans les cas des faibles presssions acoustiques.

La vitesse des bulles peut décrite par une équitation
pLdU dU ~-dR C,

> Ho-—m — =2 pR|U]U - pig =0, (55)

ou

7 Klimenko L.S. Generation of flow and particle behavior near the bubble in an oscillating
liquid / / Thesis for the degree Degree of Candidate of Physical and Mathematical Sciences.
Perm, 2011.

¥ Takemura F., Magnaudet J. The history force on a rapidly shrinking bubble rising at finite
Reynolds number// Phys. Fluids - 2004 - V.16 - 3247
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Fy 6y =6 | || 2] -2 Lz R Y,
" ) R(t') G(r)| 16\ £, (Re(r))

—00

iRe—(T)Stdt’zai L
X[W[fH(Re(r))j [V-[—R(t')ZJ ] . R(7)(U(r)—1,))dr,

fy(Re)=0.75+0.105Re, Re(?)=2R(U —u,)/v, a=2, G(r)=1.

U - vitesse de bulles, R - rayon de bulles, p, - densité du liquide, v - coefficient de viscosité
cinématique, C, - coefficient de viscosité. On compte les bulles sphériques au rayon qui se
change conformément a 1’équitation de Rayleigh—Plesset
r4R 3(“} @[&jy _Py_p@)

dr® 2\ dt P, \UR o P ’

ou p,, - pression du gaz a I’instant initial, R,- rayon de la bulle a I’instant initial.

Le sommant p(t)=Asinwt dans la partie droite de 1’équation décrit I’effet que le son

produit sur la bulle de gaz. Comme dans le recherche de Lubimov D. V., Lubimova T.P. et
Klimenko L.S. on considére que la longueur de 1’onde sonore est plus importante que les
dimentions du probléme. Les vitesses des mouvements des particules de 1’environnement dans

les champs sonores faibles sont de 1’ordre 107 —10"° m/sec., ce qui est beaucoup moins
importante que la vitesse de la bulle de gaz et de particule, c’est pourquoi on peut nier
I’influence du son sur le courant de liquide. Le son ne provoque que le changement de forme de
bulle de gaz.

Le courant de liquide provoqué par I’existence de la bulle de gaz est considéré comme
potentiel, ce qui permet d’utiliser la formule suivante pour calculer la vitesse du liquide

3 2—
i, = R—[—U+ 5 (U -7)7 }LR—R
2r r’ r

ou 7 - le rayon du centre de la bulle jusqu’au point ou on effectue le calcul de vitesse du liquide.

Dans les applications liées a la flottation la particule est approximativement 100 fois plus
petite que la bulle de gaz et ’influence de la particule sur le courant de liquide produite par la
présence de la bulle peut étre considérée comme négligeablement petite. Cela permet appliquer a
ce probléme I’équation de Boussinesq pour la déscription du mouvement de particule:

dU  dU . = 1 4
mp[ dt”+;] 37zdp77(uL—Up)+g7rd;(pp—p)g—gdf,Vp+

d(U u,) dr
_d —(L U)——d 2 [ j PR Tt

ou d, - le diametre de particule, u, - la vitesse du liquide dans le centre de particule, si la
particule n’existait pas, U , - lavitesse de la particule, m, - la masse de la particule.

On a découvert que sous I’influence du son la section de collision de la particule avec la
bulle de gaz augmente. Quand la fréquence du son est égale a celle de pulsations de la bulle, la
section de collision peut atteindre son maximum (figure 7). L’influence de toute autre fréquence

18



sur le rayon de collision est négligeable. La fréquence propre de la bulle dépende des dimentions

2 | | I | |- l ! | I | |
04 0.6 0.8 1 1.4 04 0.8 1.2

Fig. 7. Trajectoire du mouvement d’une particule en condition d’absence d’influence sonore
(figure de droite), au champ acoustique (figure de gauche), fréquence 28160 rad/ s (égal a la
fréquence des pulsations propres du bouillon). Les distances sont mesurées aux dimensions
initiales du bouillon R, =700 mkm.

de la bulle, ce qui signifie que sous influence du son la probabilité de collision des particules et
une bulle de certain rayon augmente. Le rayon de collision sous influence du son dont la
fréquence est égale a la fréquence des pulsations de la bulle augmente plus pour les particules
plus lourdes que pour les particules plus légeres.

L’augmentation de la pression acoustique augmente le pic de résonance. Sous pressions
acoustiques pres de 1000 Pa le rayon de collision est 5 fois plus élévé grace a 1’influence du son
a fréquence égale a celle de la bulle. L’approche de Lubimov D. V., Lubimova T.P. et Klimenko
L.S. a donné la méme augmentation du rayon de collision grace a I’influence du son, mais pour
les pressions acoustiques beaucoup plus importantes.

CONCLUSION

On a ¢étudié I’écoulement péristaltique du liquide dans le canal avec une onde donnée de
pression sur les limites en cas des rapidités de la progression de I’onde et de nombre d’onde. On
a obtenu les dépendances du débit du liquide des parametres du probléme. On a découvert,
I’existence de la valeur maximale du débit du liquide, et cela on peut obtenir ne changeant pas
les parametres du probléme.

On a ¢étudié I’'influence des vibrations longitudinales sur I’écoulement péristaltique avec
une onde donnée a limite. On a constaté, que la plus haute influence de vibration est en cas de la
coincidence de la fréquence de I’onde de la pression et de la fréquence des vibrations. On a
obtenu les conditions, quand les vibrations augmentent le débit du liquide et quand ils le
diminuent.

On a étudié I’'influence des pulsations transversales sur le transfert de matieére sous
influence de la chute de pression et de la force de gravité pour les liquides incompressibles en
cas des fréquences finales des pulsations. On a trouvé qu’en cas des fréquences finales des
pulsations, a la différence des recherches précédantes , qui ont étudié les cas finales des faibles
fréquences, les pulsations menent a diminution de consommation.
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On a ¢étudié l’influence de la compressibilité sur le mouvement du liquide dans le canal
vertical sous I’influence de la force de gravité étant donné les parois des pulsations transversales.
On a trouvé, que la compressibilité mene a ’apparition de la densité hétérogene, indépendante
du temps dans le canal.

On a étudié I’influence du son sur interaction de la particule et du bouillon, émergent dans
le liquide. On a trouvé, que le rayon de collision d’une bulle et d’une particule atteint son
maximum sous la fréquence du son, égale a la fréquence propre des pulsations de la bulle.
Influengant par le son, on peut augmenter la probabilité¢ de capture des particules par les bulles,
qui ont le rayon précis, dépendant de la fréquence de 1’influence sonore.
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2. PERISTALTIC FLOW

2.1. Review

The transport of fluid in vessels with traveling waves spreading over the surface of these
vessels is called peristaltic. This kind of transport is fundamental for many biological systems,
such as digestive and urinary tracts, that makes its analysis important to understand the reasons
of the related deceases. The first studies conducted in 60s, 70s of the xxth century were devoted
to peristaltic transport of viscous Newtonian fluid in a channel and in a round pipe. A.H.Shapiro,
M.Y. Jaffrine and S.L. Weinberg [1] looked at the solution of a linearized problem about
peristaltic transport in the extreme case of infinitely long wave length. Later, linear solution was
modified by M.Y. Jaffrine [2] to take small non-linear effects into account. He found the solution
in the form of a series of small Reynolds number in a long wave approximation. The results of
his research match the experiments conducted by S.L. Weinberg, E.C. Eckstein and A.H.Shapiro

[3].

W.H. Lyne [4] studied a time-averaged pulsating flow and found a cellular flow
structure. He assumed the vibration amplitude of walls to be small in comparison with the
thickness of the boundary layer near the walls. A.Kaneko and H.Honji [5] continued his research
and added the members of higher order, that helped them to study the cellular flow structure in
details; the results of this research matched the experimental data. G.K. Russel [6] studied the
flow structure and its ability to transport solid particles.

The works described above are devoted to the mechanical systems; at the same time the
studies aimed at the development of organ models with fundamental peristaltic transport were
conducted. P.S. Lykoudis and R. Roos [7] and Y.C. Fung [8] analyzed the work of ureter, pipe
connecting kidney with urinary bladder. They had a particular interest in the pressure occurred at
the closed end of this pipe. Together they solved the Navier-Stokes equation and the equation for
the pipe membrane and concluded that a pressure gradient occurred due to the peristaltic waves
is very small, and thus peristaltic waves are incapable to free ureter in case of its blockage. Their
work also pointed out that peristaltic transport of a substance in a ureter occurred due to solitons,
solitary waves, rather than sinusoidal waves, which are examined in many studies. A detailed
analysis of a flow for solitary waves was carried out by J. Jimenez-Lozano [9]. His solution was
presented in form of expansion of an amplitude of wall vibrations. Kh. S. Mekheimer [10]
looked at the influence of the external magnetic field on peristaltic transport, where he used
magnetic hydrodynamic approximation. This research was aimed at the development of physical
basis for a method to cure urinary stone decease by magnetic fields. Later, Kh. S. Mekheimer in
[11] accounted for the influence on the peristaltic transport of magnetic field occurred due to the
fluid motion. Ureter blockage in dogs was studied by H.L. Kim et al. [12]. They observed
vermicular motion of ureter, urine flow, hydronephrosis development (kidney decease caused by
malfunctioning of urine flow), ureter expansion and movement of artificial stone, which was
introduced into ureter between the second and forth lumbar vertebrae.

Besides peristaltic transport, the waves spreading over the vessel surface result in reflux
(reverse motion) and the particle trapped by the flow. The first effect is that on average some
Lagrange particles move backward the average flow rate, which is the reason of bacteria and
toxic substances penetration into the kidney from the urinary bladder. This effect occurs after the
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critical value of pressure drop is reached at the channel's ends [13, 14]. The trapping effect is
when some Lagrange particles move at the wave velocity. The increase of flow rate results in the
expansion of trapping area [15]. The changes in fluid flow direction on the whole with the
preservation of the unchanged direction of the traveling wave is predicted for Ostwald—de
Waele, Maxwell fluid and some other non-Newtonian fluids [16]. In case of a living organism
this may result in retching.

The parameters affecting the peristaltic transport are the amplitude of the walls
vibrations, wave number, pipe length and Reynolds number. The increase of the walls vibration
amplitude results in the increase of flow rate [17, 18] and pump efficiency coefficient[17].
Friction force acting on the wall decreases [17, 18] and a longitudinal component of pressure
gradient increases[19] with the increase of vibration amplitude. If the wave number increases,
the flow rate increases first [20, 21, 22, 23], reaches the maximum peak, then starts to decrease
[20, 21, 22] and then again to increase [20]. With the Reynolds number increase the flow rate
decreases in case of large wave numbers [24], and in the case of small wave numbers it increases
[24, 25]. Shun-Fa Khshchang and Yu-Shiuan Shiu [26] showed experimentally that the change
of channel length does not result in the change of flow rate.

The influence of the geometry is revealed in the fact that under similar conditions flow
rate appears to be less in a flat channel, than in a cylindrical tube [27]. The problem of peristaltic
flows in divergence and convergence channels was looked at in [28]. Besides geometry the
friction force and flow rate are influenced by the fluid properties: for example, in micropolar
fluid the friction force acting on the channel wall is always lower than in the Newtonian fluid,
and the flow rate is higher [29].

In biological systems and technical appliances with peristaltic mechanism of substance
transfer there is often a pressure drop at the ends of the channel. This drop results in the fact that
if a pressure gradient is directed opposite the direction of traveling waves, then in the porous
media the flow rate is decreasing with the increase of the Darcy number [19]. The dependence of
flow rate in case of varying pressure drop is of resonant nature, the flow rate is maximum when
the pressure drop frequency at the channel's ends is equal to the frequency of the traveling waves
[30].

The recent studies of peristaltic transport may be divided into six areas: peristaltic
transport of the non-Newtonian fluids, peristaltic transport of multilayer fluid systems, influence
of magnetic and gravitational fields, different inclusions in peristaltic flow, influence of wall
properties on peristaltic transport.

2.1.1. Endoscope in peristaltic flow

Medicine often uses endoscope, which is an optical tool on a flexible tube to examine
esophagus, urinary tract and gaster. It is clear that its presence results in significant changes of
peristaltic flows in these organs. Typically endoscope is simulated by an endless tube. The
increase of endoscope radius leads to the pressure drop decrease [70]. The article [71] states for
fluid Jeffrey model that a growth rather than fall of pressure drop may be observed, in case
endoscope has higher temperature that the temperature of the tube's walls. Also [71] argues that
heat transfer coefficient from the surface of endoscope to the surface of tube decreases with the
endoscope radius increase. The increase of temperature difference of endoscope and tube leads
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to the growth of pressure drop [72]. Dependence of pressure drop on the difference of inclusions
concentration in an endoscope and wall and the dependence of pressure drop on the temperature
difference are qualitatively the same [72]. The paper [73] studied the influence of Sore parameter
changes on the flow, and the findings were that its increase resulted in particles concentration
growth in the space between endoscope and the walls. Friction force acting on the endoscope
becomes stronger with the walls vibration amplitude increase and endoscope radius decrease [70,
72], while this force always remains less than the force acting on the tub walls [72, 74].

2.1.2. Peristaltic flow of non-Newtonian fluids

In biological systems lymph, urine, chyme and some other fluids are peristaltically
transported. The publications [75, 76] prove that urine of a healthy person is a Newtonian fluid
with 1.2-1.4 cP viscosity coefficient. With pathological states its properties may vary
significantly resulting in significant viscosity increase. Chymus is typically considered to be a
viscoelastic body, and it is approximated by the Oldroyd fluid [77, 78]. In an Oldroyd-B
viscoelastic fluid, which is defined by an equation

T+, (%+(Vﬁ)-r—r-(Vﬁ)Tj: ,ul(Al +/15(%—(Vﬁ)-141 - A -(Vﬁ)TD,
¢ t
A =(Vi)+(Vu)"
(where 7 is the viscous stress tensor, 4, ; are material parameters), increase A, and decrease Ay

in Oldroyd-B fluid result in the increase in flow rate [80, 77].

The work [16] applied power Ostwald—de Waele model to describe chyme motion in
intestine (depending on the value of parameters this model can behave as pseudoplastic,
Newtonian or dilatant fluid). Ostwald—de Waele model in pseudoplastic limit is shown to be the
most effective in peristaltic transport of fluid. Besides, it has been found that in pseudoplastic
fluid the pressure wave length occurring due to peristaltic waves is twice shorter than the one in
Newtonian and dilatant fluids.

The behavior of blood can be simulated by Hershel-Burkley [81, 82] and Kasson [83, 84]
models. The publication [85] illustrates that the first model rather than the second one
corresponds to the experiment's results.

Still, in most cases Kasson model is used to describe blood. Kasson model is defined by
an equation:

NG

If Kasson fluid is transported with peristaltic mechanism, the flow rate is lower than that for
Newtonian fluid [84]. Connection between the pressure drop and flow rate for Kasson fluid is
non-linear in contrast to Newtonian fluid [86].

Power model as well as a two-layer model with boundary fluid being Newtonian fluid
and central part fluid being Kasson fluid are often used to describe blood behavior in small
capillaries (with 0.02 cm and less in diameter) [87, 88, 89]. This approach is based on the fact
that red blood cells in small vessels concentrate in the middle, while boundary layer has blood
plasma only, which may be considered Newtonian fluid.
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The work [90] states that flow velocity in reflux area increases with power parameter in
Herschel-Bulkley law. Studies with Williamson fluid as a blood model show that Williamson
number increase results in flow rate decrease [91].

Besides, Walter's B model of viscoelastic fluid is used to simulate blood flow. The
increase of Walter's B liquid parameter characterizing its difference from Newtonian fluid (if it
equals zero, then one obtains Newtonian fluid) leads to the decrease of pressure drop [70, 55].
For Jeffrey fluid with the equation —

0 R
[1+%5}=ﬂ(7+%7),

the increase of A,[63,73] and A, [36] parameters results in the decrease of flow rate and

efficiency of peristaltic pump [92]. For combined flow arisen from both pressure drop and
traveling waves, if the pressure gradient is directed opposite the traveling wave propagation,
there exists critical value of pressure drop, when the flow rate starts growing with A, and A,

[92]. In Maxwell fluid an average velocity value decreases with the increase of relaxation time
[93, 94], and with very large values of this parameter an average flow may become directed
opposite the traveling wave propagation [93, 95]. The same change in fluid flow direction may
be observed in Jeffrey fluid [95]. For power-law fluids the increase of power law index results in
flow rate increase in most cases [59, 43, 37]. The work [46] looks at peristaltic transport of
Burgers’ fluid with an equation —

0 0’ ) .
(1+ﬂla+ﬂ2§jrﬁ =u(y + A7),

where 7 is the tensor of viscous stress, 4, ,, are material parameters. With either decrease A, or

increase of A, and A, parameters pressure drop decreases, while friction force acting on the tube

wall increases. The work [54] looks at Eyring-Powell model, to which the following equation is
applied —

A T I
T = uy +—sinh (—7)
B

1 ¢

where 7 is the viscous stress tensor, £, and ¢, are material parameters. Pressure drop increases

with ¢, and f, . Friction force acting on the walls decreases with f,.

The authors of the work [96] found that the increase of Weissenberg number for
viscoelastic Sisko fluid leads to the increase of pressure drop [96]. For Johnson—Segalman fluid
the work [98] states that flow rate increases with Weissenberg number. H. D. Ceniceros and J. E.
Fisher found that large Weissenberg numbers have the threshold value for vibration amplitude;
when this threshold value is reached, the increase of Weissenberg number results in flow rate
decrease rather than its increase [99].
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2.1.3. Peristaltic transport in porous and multilayered media

Porous media being simulated with Darcy law are also considered within the analysis of
peristaltic transport, besides the motion of different non-Newtonian fluids. Darcy number
decrease leads to the flow rate increase [90, 17, 57, 100, 70, 58, 71, 18], while the efficiency of
peristaltic pump decreases [17], friction force acting on fluid from wall increases [100, 18],
longitudinal component of pressure gradient increases [19]. Darcy number increase reduces
reflux and removes the particle trapping effect [90, 44].

One more group of studies concentrates on peristaltic transport in multilayered media. R.
Hemadri Reddy, et al. [101] studied the flow of fluid encased in a porous tube and came to the
conclusion that the increase in thickness of porous layer resulted in the decrease of flow rate.
With small values of flow rate the friction force acting on the walls grows with the thickness of
porous layer, while with large values it drops [101]. The paper [41] looks at the case, when
Newtonian fluid was near the walls, while the center of the channel was filled with micropolar
fluid. When the layer of Newtonian fluid becomes thinner, this results in the increase of flow rate
and friction force acting on the tube surface. The paper [102] considering a three-layer
Newtonian fluid states that the increase of viscosity in the center and the decrease of viscosity of
boundary fluid increase the flow rate. The decrease of viscosity of the fluid running between
them also increases flow rate, but the effect is weak. The same effect is observed for the two-
fluid model [27]. In a two-layer fluid with Kasson fluid in the center and Newtonian fluid near
the walls the flow rate is always lower than in the case, when the boundary Newtonian fluid is
removed [86]. In this two-layer fluid pressure drop and friction force acting on the walls
decrease with viscosity of boundary layer [86].

2.1.4. Magnetic and gravitational field influence on peristaltic transport

Many biological fluids are conductive, and some papers analyze the peristaltic flow of
fluid in ideal MHD approximation. Conductive fluids showed the increase of longitudinal
component of pressure gradient [19], [59], pressure drop [92] and flow rate with the increase of
Hartmann number [80, 100, 103, 58, 60, 104, 23]. Friction force acting on the fluid from the
walls decreases, while Hartmann number increases until the threshold value [100, 10]. When the
Hartmann number reaches the threshold value, the friction force starts to increase with Hartmann
number [100]. The increase of external longitudinal magnetic field results in the increase of flow
rate [105, 63], and the increase of a transverse magnetic field leads to the decrease [67]. With
external magnetic field we may reduce the trapping area to zero [63].

If a tube with traveling waves on the surface is revolving around its axis, then this results
in the increase of flow rate with the growth of rotation frequency [106]. Magnetic field directed
along the tube axis intensifies this effect [106, 105].

In a gravitational field the increase of slope tube angle [68, 100, 63, 103, 11] and
intensity of gravitational field [100, 98] results in the increase of flow rate, generated due to
peristaltic waves. It reaches its maximum, if the direction of peristaltic wave propagation and the
direction of gravity force match. The increase of slope angle leads to the expansion of trapping
area [57].
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2.1.5. Influence of temperature on peristaltic transport

If the channel's walls have different temperatures, increase of temperature difference
expands the trapping area [47], reduces pressure drop [45] and flow rate [58]. When the
temperature difference tends to zero, the temperature dependence on longitudinal coordinate
tends to be linear, while in opposite case the profile of temperature turns towards the propagation
of peristaltic wave, and for large temperature difference temperature at the channel's center
appears to be higher than that of the walls [45, 73]. Gravitational field directed from the cold to
hot wall creates the situation, when with Grashof number increase the trapping area of particles
by peristaltic flow and position of the maximum of longitudinal velocity move to the warmer
wall [45]. The increase of particles concentration shifts the maximum position of longitudinal
velocity to cold wall [45]. With gravitational field directed towards traveling wave propagation
and with pressure gradient directed backwards Grashof number increase grows the flow rate [58,
59, 71]. The increase in walls vibration amplitude and phase shift (if the original phase shift is
the one, when the walls vibrate in counter-phase) results in the increase of the heat transfer from
one wall to another [58].

2.1.6. Influence of compressibility on peristaltic transport

In case of compressible fluid, the equation of state should be included in system of
Navier-Stokes equation. If we use the equation of state, such as

la_p:kv
p Op

where k 1s isothermal compressibility of liquid, then in case of Newtonian fluid [20, 107, 25] or
Maxwell fluid [20] filled with a homogenous porous medium and typical Newtonian fluid,
Maxwell fluid [95], [107] or Jeffrey fluid [95] flow rate increases with k , until the parameter k
reaches threshold value, when flow rate starts to decrease. For very large relaxation times of
Maxwell fluid the flow rate always increases with k [20], [22]. Fluid slip at the boundary results
in the situation, when even with large relaxation times the dependence of flow rate on & is bell-
shaped [22]. In Newtonian fluid in case of large values of parameter k the flow rate decreases
with the increase of Reynolds number, but in case of small or zero value of isothermal
compressibility &, the flow rate increases with Reynolds number [95]. In Maxwell fluid at large
values of parameter k fluid moves backward the direction of traveling wave propagation [22,
107, 108].

2.1.7. Influence of wall properties on peristaltic transport

In biological systems the wall motion is determined by the work of smooth muscle,
meaning that true-to-life description need complicated models, which accounts for properties of
muscles. In [31] the model for the coupled problem of wall deformation and fluid flow, based on
thin-shell and lubrication theories, and driven by a propagating wave of smooth muscle
activation, is proposed for peristaltic pumping in the ureter. D. Takagi [32] used a significantly
simpler approach based on the equation for pressure
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n

E+acos(t—y),

p r=R+¢& = K

where r is the vessel radius at a particular point , and R is the parameter characterizing an
average wall position, ¢ - wall displacement.

The case n=0 corresponds to a linear elasticity of tube, and the case n =4 corresponds
to a thin shell of bending stiffness K =/#’E /12(1—@”), where h is the shell thickness, E - the
Young modulus and @ the Poisson ratio. Additive acos(¢#—y) corresponds to eternal force

acting on the vessel surface. The tube is divided into two parts: an occluded region and a peak
region. Transverse size of peak increases, while longitudinal size decreases with amplitude o
growth.

Later D. Tagaki, et al. [33] studied the behavior of inclusions in peristaltic transport.
They have proved that infinite rigid rod located at the center of tube cannot be dislocated by
some value of the pointlike external force. Finite-sized particles have been found to have
threshold value of pointlike force, at the value above this one the particles velocity equals the
wave velocity (this is a well-known trapping effect). The threshold value of force increases with
the displacement of particle from the channel centerline. S.K. Pandey and M.K. Chaube [34]
studied the flow in a channel with the dynamic boundary conditions proposed in [35] and
specified in the form of

o 0 ol o 2
— :{m—+d—+B——T§+K1}§+acosj(y—ct),

p o o U o

where m is the wall mass per unit area, d is the wall damping coefficient, K, is the spring

stiffness, T 1is the longitudinal tension per unit width, B is the flexural rigidity of the wall. They
also set the law of wall motion as

_ 27
==cos—(x—ct).
P ( )

For the Newtonian fluid this number of boundary conditions is excessive, but S.K.
Pandey and M.K. Chaube [34] analyzed the non-Newtonian fluid, with differential equation of
forth order:

oum . __. 'V - ~
X W@ V)i =2+ Wit Vi,
ot P
The diagrams in [34] make us conclude that the increase of wave number results in the
increase of average velocity of fluid, then in its decrease. The growth of K and T, viscosity v
decrease lead to increase of average velocity of fluid. The growth of d and v, results in the

velocity decrease, and at large values of these parameters the fluid on average moves to the
direction opposite the spread of traveling wave. In [36] in their research of peristaltic transport of
the Jeffrey fluid T. Hayat, et al. used the same boundary conditions as S.K. Pandey and M.K.
Chaube in [34]. In this case one boundary condition is excessive (for the Jeffrey fluid the second
Newton law is a differential equation of second order), however, by using analytical methods
they found the solution satisfying all boundary conditions. The results of T.Hayat, et al. [36]
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stating that the increase of K, T and m leads to the increase of average velocity of fluid,
support the results of S.K. Pandey and M.K. Chaube [34]. Later in their research of power-law
fluid flow T.Hayat and M. Javed [37] didn’t use the slip boundary condition. As a result, they
have found out that the increase of all wall characterizing parameters m, d, K and T leads to
the growth of flow rate (according to [34] the increase of a parameter d , characterizing the loss
of the energy due to wall deformation, results in the decrease of flow rate). Wirth zero
coefficients B and K in a boundary condition from the article S.K. Pandey and M.K. Chaube
[34], A.V. Ramana-Kumari and G. Radhakrishnamacharya in [38] used it to study peristaltic
transport of the Newtonian fluid. They could not set three conditions at the boundary, that is why
they didn’t use the zero equality condition for normal component of the fluid velocity. This
choice of the boundary conditions was not somehow explained. They have found that just like in
[34] the increase of the d, T and m parameters led to the increase of flow rate. Later G.
Radhakrishnamacharya and G. C. Sankad in [39], D. Srinivasacharya and C. Srinivasulu in [40]
and K.M. Prasad in [41] carried out a research within the framework of the approach (used by T.
Hayat and M. Javed in [37]) without no-slip boundary condition. Their results supported the
conclusions made by T. Hayat and M. Javed in [37]. G. Radhakrishnamacharya, et al. also found
that the increase of the 7'[39, 41], d and m [40] parameters resulted in the increase of trapping
area size. Besides, they found that at the increase of parameter 7' the value of wall vibration
amplitude with reflux disappearing decreased [40]. P. Muthu, et al. [42] analyzed the micropolar
fluid and set the same boundary conditions as in case of T. Hayat in [37]. They found out that m
decrease resulted in the flow rate decrease. They also found that at large values of parameter d
the trapping region appeared near the wall.

No-slip boundary condition is an assumption that could, in theory, be violated. The slip
length is the main parameter which describes the breakdown of the no-slip condition. With the
slip length increase the flow rate and efficiency of peristaltic transport decrease [17, 44], delivery
pressure falls [45, 46], and the area of the reverse fluid flow (reflux) expands [47]. Besides, the
increase of slip length results in the decrease of trapping area [47]. The influence of the slip on
the flow in magnetohydrodynamic approximation was looked at for the symmetrical channel in
[48, 49] and for asymmetrical one in [50, 51]. E.F. Elshehawey, et al. in [52] used boundary
condition of Saffman in their study of slip effect on peristaltic flows:

u___ o
oy \Da

(where R is the average channel radius, ¢, is the slip parameter, Da is the Darcy number, u is

R u,if y=i{R+Esin27ﬂ(x—ct)},

the longitudinal fluid velocity, = is the amplitude of wall vibration). They found that the
increase of slip parameter ¢, led to the decrease of flow rate, while Darcy number increased.

The shape of the wave running over the walls surface influences significantly the
peristaltic flows. In [53, 54] the effects of sinusoidal waves and waves with square, triangle and
trapezoid ridges were compared. It was shown that the trapping area was the smallest one for the
waves with triangle ridges. The same result was reached at in [55, 56]. For the waves with square
ridges the flow rate appeared to be the least, and the friction force acting on the walls was the
strongest [54]. In [55] it was found that the situation changed for the opposite one in Sisko fluid:
waves with triangle ridges caused the largest friction force and the least pressure rise, and the

waves with square ridges caused the least friction force and the highest pressure rise. If the walls
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change their coordinate by harmonic law, the largest value of flow rate could be observed at
antiphase vibrations, and the smallest value could be seen at in-phase vibrations [57, 58, 59, 60,
37,61, 62, 63]. Also in [61] it was revealed that the changes of phase shift could suppress reflux
and reduce the trapping area.

In this chapter of the thesis, the law of wall’s coordinate variation isn’t determined a
priori. It is found from the initially definite law of pressure-variation on the wall. This way is
based on the fact that some hollow organs change diameter under the signals of baroreceptors
(sensors that detects the pressure). We studied the effects of various parameters on flow rate and
structure of flow. Besides we studied the influence of vibration on the peristaltic flow under long
wave approximation.
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2.2. Pressure-driven peristaltic flow

2.2.1. Problem Statement

Boundary conditions. Force acting on the element of channel's wall surface from the fluid is
defined by a formula

P=pn aV’+ﬁn n. — AN n_— aV‘+8V n 2.1
"p""axkax."p"”axax*"ayax,.y’ '

4

where x and y are transverse and longitudinal coordinates, p is the pressure, 77 is the dynamic
viscosity, v, is the fluid velocity, n, is normal to surface. If the channel's wall position is set by

an equation

x=h+£&(y,1), (2.2)

then normal to it is defined by an expression

= 1 B &' )3
[\/Hf’z’ \/l+§'2} 3

By substituting (2.3) in (2.1), we get

p 2 an g 77 [avx av)’}
P = — + , 2.4)
J1+§IZ J1+§IZ ax \jl+§!2 ax
po_ Er [avy . avxj 1 28 v, 2.5)
o J1ee? Ox J1+&7 \/1+§’2 y

The force acts on the surface along OX axis

—. 2.6)

t
P :—K(p—acosc

equal to acos . By substituting (2.6) in (2.4), we get

The force (2.6) tends to change the walls position, so that the pressure at the boundary becomes
-k(p—«o cos <= y ! {

ct—y
+ & [ a ﬂ 2.7)
Jl+§’2 7 ox )| '

The walls can't move along the axis OY, that is why the second equation (2.5) does not give any
new boundary condition. Present study looks at the case x — oo, here with pressure deviation
from the specified pressure a very strong force is generated, so all the other forces may be
neglected. In extreme case x — oo the equation (2.7) becomes as follows:

P = Ccos ct;y. (2.8)
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D. Tahaki [32] instead (2.8) specified condition at the tube walls (he analyzed a three-
dimensional tube rather than a two-dimensional channel)

n

0 . 2
r:h+§:Ka—Zn§+asm7(y—ct), (2.9)

p

where r is the vessel radius dependent on coordinate y, i is average position of walls and & is

deviation from its average position. Condition set by D. Tagaki differs from (2.8) with a

summand K

&, which was introduced to simulate the influence of wall properties. D. Tagaki

n

examined the extreme case of small wave numbers and wave propagation velocities. Present
chapter aims to find more general solution for random wave numbers and wave propagation
velocities .

Besides dynamic boundary condition (2.8) used in this research, the walls are defined by
kinematic condition as well:

x=tht¢: V:i%, u=0, p:acos%(ct—y). (2.10)
t

where u and v are transverse and longitudinal velocities, x is the transverse coordinate, h is
the average position of walls, and ¢ is deviation from this average position.

System of equations. Navier-Stokes equation underlies the fluid behavior simulation for
incompressible fluid:

2 2
CANPVCLSRTCLAN o B! (A A Y 2.11)
ot ox 0y pox ox~ 0y
2 2
LRSS S 6_121+6_121 =0, (2.12)
ot ox dy poy ox~ Oy
N, o (2.13)
ox Oy

Dimensional parameter of a problem is half of the distance between the walls /4, half of
channel length L', length A and propagation velocity ¢ of pressure wave at the walls, fluid
density p, pressure vibration amplitude on the wall a, kinematic viscosity v .

To get dimensionless parameters let us introduce the measurement units. Axis transverse
coordinate x is measured in &, longitudinal coordinate y —in A, time ¢t —in A/c, pressure p

—in pc’, longitudinal velocity u — in c, transverse velocity v —in ch/A, deviation from
average position of wall & —in &. As a result, equations (2.11)-(2.13) and boundary conditions

(2.10) become as follows:

2 2
o ECARPRVCAREL R ) 6_\2/+526_\2/ =0, (2.14)
ot ox o0y) ox C\ox oy
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2 2
5(@+v@+u@+ap]—l(a—“+5za—“j=0, (2.15)

ot ox oy oy) ClaxX 8y’
6—V—i-a—u=0, (2.16)
ox Oy
o0&
x=*1+&: VZiE, u=0, p=Acos(r—y). (2.17)

Problem is characterized by four dimensionless parameters: dimensionless velocity of
wave propagation C=hc/v, wave numberd=h/A, channel length L=L'/A and

dimensionless amplitude of pressure vibration on the wall A=a/(pc’).

2.2.2. Solution in small-amplitude approximation

Let us consider the case of small amplitude of pressure variation on the walls. We are going to find the
solution in the power series of small parameter A :

v=Av,+A’v, +..., u=Au, + A’u, +..., (2.18)
p=Ap, +A’p, +..., E=AE + A’E, +.... (2.19)

System of equations. Assigning to new variables

X'=x/(1+¢)
y=y , (2.20)
t'=t

we get boundary conditions (2.17) in the form

x'=i1:v=ia§, u=0, p=Acos('-y'), (2.21)

!

and equations (2.14)—(2.16) in the form

ou a’+d6°q o'u
—=——" +(x
ot' cs ox”

2 2 (2.22)
9q 0w o 605w o Op
C oxoy oy Redy” lox oy’
ov a’+d8°q 0°v ov
DTG evamug)
ot Co ox ox (2.23)
V04 v v S adp |
C ox'oy’  9y' Redy? S8 ox"
N g N, (2.24)

a—+qg—+
ox' “ox' oy

where
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First-order solution. First-order problem (2.21) - (2.24) takes the form

52%4_%:2(62‘71 + 52 azvlj

ot ox C\ ox? oy’
2 2
6C My, o) Oy uzl +528 uzl,
ot 0Oy ox oy
Ny Oy
ox Oy
x==1: Vlzi%, u, =0, p,:cos(t—y).

With the variables

7 Z\/g\/\/y +C*+6, o, :\/gx/\/52+cz -4,

sinh y, sinw, cosh y, cosw,

C =

G =

T2 S 12 T2 S 12 0
cos” @, +sinh” g, cos” @, +sinh”

we write the solution of equation system(2.26)-(2.29) in the form

_ cosh yxsinw,x

v, = : ——[(&,C, — x,C,)cos(t - y)~(@,C, + x,C))sin(z - y)]
X Tt
sinhox . sinh y,xcos @, x
— sin(z-vy)+ C,+wC,))cos(t-vy)+
5C h§ ( y) le ]2 [(Zl 1 1 2) ( y)

—(1,C, —o,C))sin(t - y)]
for the transverse velocity,

u = coshox cos(t - y) +sinh y,xsinx[C, cos(t - y)— C,sin( - y)|+
cosh¢o

+cosh y,xcos a)lx[C2 cos(t-y)+C,;sin(z- y)]

for longitudinal velocity,

p, =cosh(dx)cos(t—y)/cho

for pressure,
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(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)



_cosh y,sinw,

& =—F (@ - x,C)sin(t - y) H@,C, + x,C)cos(t - )]
X o
sinhd sinh y, cos o, )
+ cos(t-y)+————— C +wC,)sin(t-y)+ 2.33
ScoshdS (t-y) %2 +a)12 [(7(1  +@,C,)sin(z- y) ( )

+(x,C, —o,C))cos(t - y)]

for deviation from average position.
Expanding (2.33) into power series of wave number, we get

&= —%sin(t — V) +0(5?). (2.34)

D. Tagaki [32] received in first order by A for & expression which has the following form:

16cos(y—1t)— Ksin(y—t)
16 +K* '

£ =-27CS (2.35)

At K =0 expressions (2.35) and (2.34) differ in numerical coefficient, this being connected with
difference in problem geometry: D. Tagaki studied a tube rather than a channel. They also differ in a
phase, that is connected with different phase in boundary conditions on pressure (2.9) and (2.17). For

phases to match one should make transformation t—)t—% in (2.35). The dependences on the

parameters in (2.35) and in (2.34) are qualitatively the same.

Averaged profile of flow. The equations in the second order are cumbersome and as result we haven’t
found the solution for the order higher than the first order in an explicit form. However, with the first-
order solution we may calculate an average value of longitudinal velocity u, in the second order. In

this case we should time-average Navier-Stokes equation for longitudinal velocity component u, in

the second order of A :

05 dp, o 0 Ea 1 Juy

o 9y ox oy oy C oyt ox  CS ox’

2 2 2
+£8 u1+2x5%8 u Ly ou, 00 u . %(le:,l)zo-

(2.36)

Cs o C oyaxdy 'ox Caoy | ox

First-order solution depends on (7 — y), rather than on ¢ time and y coordinate separately. Let
us consider that the second-order solution will also depend on (#—y) only. With this we may
transform the equation (2.36) into

ou, 0¢ dp, 0p, ou, x60°Eou 1 0, N

XAt S ————
ot oy ox Ot o0 C oy" ox CoO ox

(2.37)
2 2 2
+£a uzl +ZX§% 0 Y +V1%_éa 1122 +x%(vl 8 ):O
Co Ox C 0Oy 0Ox0y ox C ot ox !
2
Time averaged summands ou, , op, , o, u1% are zero. If that was not the case, then

oo ot o ot
velocity, its square or pressure would grow up infinitely. As a result, equation for time-averaged
velocity component u, takes the form
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Fig. 2.1. Dependency of time-averaged longitudinal velocity on transverse coordinate for
0=0.01 (a), 6=0.1 (b), 0=1 (c,e), =10 (d, f) and for C=20000 (1), C=5000 (2),
C=1000 (3), C=100 (4), C=10 (5), C=1 (6), C=0.3 (7), C=0.2 (8), C=0.1 (9)
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Lazuz — _X%%+ﬁ&%+£_6zul +

CS ox° oy ox C 0y’ ox C&S ox°

, (2.38)
L2008

. +x—
C Oy oOxoy ox ox

)

where dash denotes time-averaging. By time averaging (2.38), then integrating the expression twice by
X, we get

2z

J (_x%%ﬁa%i au, |, 26 0%y,

U, =¢ +CX+—

2 dy ox C oy ox C6 ox’

0 (2.39)
2
+@%_@ Lol 4V %—Fx%

| v,| _, |dtdxdx
C Oy Oxdy Ox ox !

Constants ¢, and c, are identified from the conditions at the boundary:
x=%1: u,=0. (2.40)

Fig. 2.1 shows the profile of time-averaged longitudinal velocity u, in the second order (in the
first order time-averaged longitudinal velocity equals zero). Velocity 1, increases with 6 decrease and

increase of wave velocity C. At small velocities of wave propagation C the profile of longitudinal
velocity is bell shaped with maximum at the channel center (Fig.2.1a: curves 3 and 4). With the
increase of wave propagation velocity plateau occurs in the central part and boundary layers near the
walls (Fig.2.1a: curves 1 and 2, and Fig.2.1e-f). Boundary layer thickens with C and ¢ increase,
while the area with nearly constant average velocity expands in the central part.

Flow rate. Fluid transport is characterized by its flow rate: volume of fluid flowing through
transverse section of a channel in a unit time. Expression for time-averaged flow rate in original

2500 a 2.5 0 b

C 4 0
O 1 | O — ] )
0 2000 0 3
Fig. 2.2. Flow rate dependency on a: wave velocity C for 6 =0.01 (1), 6=0.1 (2), 6=1 (3),
0 =10 (4), and b: wave number o for C=20000 (1), C=2000 (2), C=100 (3), C=1 (4)
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untransformed (unshaded (2.20)) coordinate system takes the form

1 27 1+&

Q=— [ udxd. (2.41)

27, e

After transformation to shaded coordinates the expression for flow rate takes the form
27 1

1 ! !
0=—- ! jl u(l+ &)dx'dt. (2.42)

By substituting power series (2.18) in (2.42), we obtain a formula for flow rate in the second order by
A:
2z 1

1 ’ ’
0= ! jl (u, +u,&)dx'dr’, (2.43)

Fig. 2.2 represents the dependency of flow rate on problem parameters. Rate dependency on wave
number is non-monotonous; there is maximum value of flow rate, which may be reached by changing
the problem parameters. It approximately equals 2.5, which corresponds to velocity of order 10~ m/s
for water in a centimeter channel. Flow rate grows with wave propagation velocity and at large values
of C it reaches horizontal asymptote, which is explained by the formation of boundary layers.

075 F

' C, 10°

0.5

0 0.5 1 1.5 2

Fig. 2.3. Dependency of phases shift on pressure wave at the boundary and wall surface
traveling wave on wave velocity (solid line: 6 =0.001, dotted: 6 =0.01, dashed: 6 =0.1, dot-
and-dash: 6 =1)

Shift of phases. One of the important peculiarities of the system under analysis is the shift of the wave
traveling on the wall surface (which is characterized by value of &, deviation from average wall

position) relatively to pressure wave at the boundary. Fig.2.3 shows that with wave velocity decrease
C shift of phases tends to EX while with the increase it tends to 7. The increase of wave number

makes shift of phases reach asymptote A@ =7 quicker.
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2.2.3. Solution in long wave approximation

The usage of boundary condition (2.17) on pressure is connected with the baroreceptors in
esophagus walls, intestine, ureter. These sensors perceive pressure in boundary layer of fluid. A.D.
Nozdrachev [131] states that reflex arc of nervous system of this type including sensor part with basis
being a baroreceptor is enclosed within the walls and that is one observes no direct subordination to
central nervous system.

Let us estimate the value of parameter ¢ . Large intestine is up to 1.5 meters in length and 3
centimeters in radius, the frequency of peristaltic waves in large intestine is 0.2-0.6 ¢ .
Circumferential muscles constrict and form occlusion of 1-3 centimeters, while the content of the
intestine moves to the neighboring area of 15-20 cm in width. Thus, we may state that for the large

intestine
O=h/A1~0.1+0.2. (2.44)

The length of ureter is about 30 centimeters with 3 to 10 mm in diameter. The wave velocity is
2-3 cm/min, frequency is from 0.02 to 0.1 ¢™', wave length is from 2 to 15 cm. Urine viscosity is
v=0.007 cm?/c [46]. Thus, we may state that for the ureter

0=0.001+0.1. (2.45)

The obtained values make us conclude that wave number 6 in most cases may be considered
to be small, that is why it is quite natural to seek solution in form of power series of ¢ . Note that the
solution in small amplitude approximation is more general then solution in long-wave approximation
(for small o).

In long-wave approximation the expressions for velocities, pressure and changes of wall
coordinates are looked for in a power series of small parameter o :

U=u5+1,0°+u0° +.o, VEV,S+V,8 + V.0 +.. (2.46)

E= §I5+§252 +r§353 +..,p= p15+p252 +p353 +... (2.47)

The solution is in the fact that the series (2.46) and (2.47) are substituted in equations system
(2.14)-(2.17). Then multipliers at similar powers ¢ are grouped and the coefficients at successive
powers O are set to zero. Before the series (2.46) and (2.47) are substituted into the boundary
conditions (2.17), these boundary conditions are decomposed into a series being centered at x =+1:

aP 5
=+1: p*t +...=Acos(t—vy),
2 2 2
L é_a_g+ L e B
ox 2 ox 81‘ ox 2 ox

The program to find the solution to the equation system in a long-wave approximation is given
in Appendix 1. Longitudinal velocity found with this program is defined by an expression



u= ésin(t— (=1 +

n AZ O [cos(t = »)(* = D(x* =5) +8Asin’(— y) |+ 08",

transverse velocity - by
_ACo

\% x(x* —=3)cos(t — y)—

AC?S? .
3 [ (x* =5)* =80Acos(t - y) |xsin(t — y) + O(5"),
law of wall coordinates change - by

681,2 =¢= _AC5

+ A§05 [5A—2cos(t— y)(SAcos(t—y) —2)]+O(53),

sin(t —y) +

pressure - by
2
Af (x* =1)cos(t— y) +0(57).

Flow rate in a long-wave approximation is expressed as follows

p=Acos(t—y)+

Q=i'[judxdt= —

2,2 o4
+A o (éAz—ﬂjCZ—2 +0(5°).
9 12 63 5

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

Fig. 2.4 shows that at small & and C the approximation of small amplitudes, which was
looked at in the previous paragraph, and the approximation of long waves used in this paragraph give

close results.

0.8  Q/A? a 3Srom

0
150 0

0 |
0

0.1

Fig. 2.4. Flow rate dependency on a: wave velocity C for ¢ =0.01, b: wave number ¢ for
C =100 (solid line: approximation of small amplitudes, dashed line: approximation of long

waves )
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D. Tagaki[32], who solved problem close to the one considered in this work, found an

expression for flow rate
4
=—— —AC’5°+0(A’,5°,CY), 2.53
0 TN ( ) (2.53)

At D=0 expressions (2.53) and (2.52) differ in numerical coefficient, that is connected with different
problem geometry: D. Tagaki studied a tube rather than a channel. The dependences on the parameters
in (2.53) and in (2.52) are qualitatively the same.

Using series (2.50) we can find the maximum deviation of wall points from their time-averaged
position in the form

ACS N A’C?S?

3 5 +0(57) (2.54)

—_
— —
—_—

Formula (2.54) show, that for small A, C and 6 maximum deviation from average wall
position = increases linearly with these parameters. D. Tagaki received the same result in [32].
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2.3. Influence of longitudinal vibrations on peristalsis

2.3.1. Problem statement

This section of the paper considers the influence of longitudinal channel vibrations on fluid
transport. We study the flow of Newtonian fluid with viscosity v and density p in a channel of 2L’

in length and 2h as an average distance between the walls. To simulate vibrations we introduce inertia
force as harmonic function with amplitude g and frequency @ .

After transformation to dimensionless variables, which are introduced in paragraph 2.1.1., the
system of equation becomes as follows

2 2
52[@+V8V v +8p 5{8—V+528—V]:0,

otu |t 2 2
ot ox 0oy) ox C\ox oy
2 2
S8y B ) 1O 0 scoswr, (2.55)
ot ox oy oy) Cl\ox oy
@_Fa_u:()’
ox Oy
o0& .
=x1+¢&: v:ig, u=0, p=Asin(t—y). (2.56)

Besides the wave velocity C =hc /v, wave number 6 =h/ A and dimensionless amplitude of pressure

oscillations at the wall A=a/(pc’), which characterize peristaltic flow, this equation system has

dimensionless vibration amplitude M= Ag /¢*> and vibration frequency w=@1/c.

2.3.2. General solution

We assume that dimensionless wave number 6 is small, and find the solution in a series with this
parameter:

U=u5+1u,0°+u0° +., V=V, S+ V8 + V.0 +... (2.57)

E=ES+ES+ES +.., p=DpO+D, 0 +DO +... (2.58)

Series (2.57) and (2.58) are substituted in equation system (2.55). Then multipliers at similar
powers ¢ are grouped and the coefficients at successive powers 6 are set to zero. Before the series
(2.57) and (2.58) are substituted into the boundary conditions (2.56), these boundary conditions are
decomposed into a series being centered at x =+1:

81) 5
=+]: pt +...=Acos(t—vy),
2 2
yred 8O +...=i%,uiga‘l Fau, o
ox 2 ox’ ot ox 2 ox’
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The longitudinal velocity found in such a way equals

2 22

I-x 5C(Acos(t— y)+Mcoswt)+ ¢ j (8A2 cos’(t—y)+

u=

+8AM cos(t — y)coswt +(x* —6x +5)(Asin(t — y) + Mwsinwt)) + 0(5”),

pressure equals
p=Asin(t—y)+ %Aé‘z(x2 —Dsin(t — y)+0(5?), (2.59)

transverse velocity equals

2 262
V:x(x—3)5CAsin(t—y)— xCoA
120

+40M sin(t — y)coswt) + O(5°).

(cos(t— y)(80Asin(f — y) — (x* —=5)%)

Vibration-caused additive to flow rate becomes

44 A28 g2
pp-_ 3 Ci8AM

+0(57). 2.60
8 w1 (07) (2.60)

As we can see from (2.60), if the vibration frequencies are higher than the pressure wave at the
wall (w>1), vibrations affect the peristaltic transport negatively — flow rate in a channel reduces.
Otherwise (w < 1), vibrations lead to the flow rate increase.

2.3.3. Solution at w close to 1

The case w=1 requires special consideration. Let us consider the system behavior in the
neighborhood of this value, let us assume that w=1+ 5>, where y5° is small value. In this case a
typical method of small parameter does not help to find solution, and one should use a method of
multiple scales, when together with quick time ¢, slow times ¢, =5t and t, ="t are also introduced.

Equation system (2.55) is rewritten in the form

2 2
P AR LA LAV A I ) 8_\2/+528_\2/ =0,
ot ot o, ox 0Oy) ox C\ox oy
2 2
L L L I 8_1;1+528_1; = M cos(t +yt,), (2.61)
ot ot ot, ox Oy oy oC\ox oy
6_V+a_u:0’
ox Oy
and boundary conditions take the following form
x=%1+¢&: V=i%+5a—§+526—§, u=0, p=Asin(t—y). (2.62)

o o, ot

We are going to find the solution of equation system (2.61) in the series of small parameter o :
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V=V, S+ V00 +.; U=U,0+U,0° +...;p=Asin(t— y) +p,0° +...; (2.63)
E=E(3t,) T (E 5, )+ ED 1)) +(E(E 1 V) +E(3,1,))07 + ... (2.64)

First-order solution. In the first order the problem takes the following form

Ou, _ — _C(Acos(t— y)+ M cos(t+y1,)), 21+ _g (2.65)
ox* 8x oy
=41+ & Vlzi%, u, =0, p,=0. (2.66)
The longitudinal velocity found equals
u, = %(Acos(t — y)+ M cos(t + yt,))((1+ &) — x?), (2.67)

transverse velocity is

Cx(6 Ax’sin(t — y)— —Asm(t —Y)A+E&)?

(2.68)

—(Acos(t—y)+ M cos(t+ yt,))1+ &, %J’
y

deviation from average wall position is

&= Ggo(y’tz)"'C(1+§o)(%(l+§o)2ACOS(f_ y)

-1+ 50) 0% (A sin(f — y)+ M sin(t + yt, ))]

Second-order solution. The problem in the second order has the following form

2 2
Oy _10v,  Cu,_oou  qu, v, (2.69)
ox C ox ox ot dy Ox

L 98 , 94 , 94 ou
=+l 2+ 2L+ 20,2 —=0, p,=0.
X & §1 o o o, u, +¢ o P,

(2.70)
While solving the equation system (2.69) secular terms, which cause the solution divergence on large
times, appear. The requirements to make these terms zero are aimed to obtain the equation for time-
independent deviation from average wall position &;:

{Aéw (& +1)sin(y + y1, )——A Ocy (A+Mcos(y +7/t2))}(§0 + 1)4 C’= %
? (2.71)
With a variable z = y+ y#, we transform an equation (2.71) to be as follows
AéVI (&, +1) C’sinz— [2 (& +1) CZ(A+Mcosz)+7/} io 0
(2.72)
This differential equation may be transformed to algebraic
(M cosz+A)AC? (& +1) +6&y +C =0 (2.73)

or

43



1
Stl=- 66+ C " (2.74)
AC*(M cosz+A)

where C is an constant. To consider the case with large » decompose &, and C into a series of '
| 1

fo:‘foll"' 0”_2"' 0~ 3° C:C0+éll+62 2" (2.75)
/4 v /4 I v
By substituting (2.75) in (2.73), and decomposing the obtained expression in series at powers %, we
get
£l = _%, ) = %MC4A2(M cos2z+2Ac0s2). (2.76)

B pe3yiabpTaTte ajd pacxolJa XHUIAKOCTH € TOYHOCTBIO OO0 BTOPOIro Iopsgaka II0 O6paTHOI>'I K 7

MEPEMEHHOI MOTy4YaeTcs BhIPaKEHUE

. . I .
The flow rate in the power series of — is

Y
1 T, 1 T, 1 Ty 1+&
oty |l ] f i .
1 5C2M2 5C2A2M2 1 ( . )
=GCA S - + +0| =, |.
3 36y 1877 "

If we put w=1+»5" into equation (2.60) (formula for flow rate, which works away from

w=1) and decompose in series of ¢, then in the second order the additive flow rate appearing from
vibrations will take the following form

482 42 2
AQ = _M+0(53), (2.78)
36y
that coincide with (2.77).

Let us consider the solution of equations (2.73) for small relations M/A<<1. To do this let us

decompose &, and constant C into a series

2 3 2
M M M = (M)~ M ~
50 B Xéo{ +(Xj OII +(Xj OIII’ C - (X]C] +(Xj C2 +“'

(2.79)
By substituting (2.79) in (2.73), we get after simplifications
y 1
cosz M A2C? +§ MY MY
& =———+15—3[—j cosZz+0(—J (2.80)
A2c2 5 6 A2C2

Expression (2.80) shows that when the vibration frequency and the pressure wave frequency
are getting closer, then a slowly traveling wave with frequency equals the difference of frequencies of
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two effects appears. In a particular case of frequencies equality the traveling wave become stationary
relief.

Found in this approximation expression for flow rate takes the following form

T 24252 22 &2 2
“im L[ LU it ar, -S4 SACS 12 M.
- 3 2 (5+6I) A

20 10 0015

(2.81)

5[ 29161 +2025T +325+ 41521 s °

K 200050 g of 3
4(6r' +5)

Y

where I' = Pk Expression (2.81) shows that at I'>—0.5 vibration influence reduces flow rate,

while in contrast cases it increases the flow rate.

When I' = —%, we can't get the algebraic equation (2.73) from differential equation (2.71). Let
us find the solution of differential equation (2.71) for I' = —%. By substituting in (2.71) series (2.79),

in the first order of (%j we get

{sin(y +yt,)=5 0% } AC 0% (2.82)

o | 6 o

Considering that y = —%AzC ?, we get

5 5 AC* 0
sin(y —=A*C%t,)-5 =— 2.83
{ (y 6 )~ ay§0:| 6 atzfo (2.83)
The solution for the equation (2.83) is
&l = ?sin( y— %A2C2t2). (2.84)

For a long channel (this is the case we are looking at) the law of wall motion (2.84) results in their
collision and channel obstruction. The results illustrate that for some values of parameters the original
assumption about the possibility to provide the specified pressure at the boundary by moving the walls
is invalid.

Finally, the longitudinal vibrations influence the flow in a channel in such a way, that for
vibration frequencies higher that pressure wave frequency at the wall the vibrations negatively affect
the peristaltic transport - the flow rate decreases. Otherwise, vibrations lead to the flow rate increase.
When the vibration frequency and the pressure wave frequency at the wall are close, then a slowly
traveling wave with frequency being equal to the difference of frequencies of effects appears. In a
particular case of frequencies equality the traveling wave become stationary relief.
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3. FLOW IN PULSATING CHANNELS

A two-dimensional liquid flow in the field of the gravitational force in a channel with pulsating
walls at the presence of pressure drop is studied in this chapter. This problem was previously analyzed
as a particular case of peristaltic flow by S.L.Weinberg [109] and M.S.Longuet-Higgins [110], who
illustrated that the pulsations resulted in increase of the flow rate, which occurred due to the pressure
drop. Later, N.I. Arinchin [113] used this effect to explain the significant increase of blood flow in the
working muscles. Building the research by G.V. Anrep, et al [150], he proposed that the muscles with
high frequency vibrations squeeze and relax dependent vessels and as the result, the increase of flow
rate is observed. G.A.Lyukhov and L[.V.Shugan [111, 112] suggested that the effect found by
S.L.Weinberg [109] and M.S.Longuet-Higgins [110] could be used to improve the pumps performance
and they have calculated the energy consumption required to increase the flow rate by means of
pulsations. Kwi-joo Lee, etc. [151] arrived at a differential equation for the flow rate on the bases of
the assumptions, some of which (for example, an assumption about local Poiseuille profile of
longitudinal velocity) being not evident. Kwi-joo Lee, et al. [151] came to the conclusion that the flow
rate increases with the increase in the amplitude of the walls pulsation and decreases with the decrease
of the Womersley number (product of the distance between the walls by square root from frequency
ratio to kinematic liquid viscosity). Their theory states that for the small walls pulsation amplitudes the
pulsations result in the flow rate increase and the high walls pulsation amplitudes could lead to both
the flow rate increase and its decrease depending on the Womersley number value.

We study the solution to the problem about the flow in a channel with pulsating walls applying
the solution class of Navier-Stokes equations with a linear dependence from coordinate being
longitudinal with respect to the channel axis. Earlier, T.W.Secomb [139] considered this type of
solution for this problem focusing on the analysis of the case with the absent of pressure differences at
the channel ends. The research of T.W.Secomb illustrates the existence of nonzero time-averaged
velocity field of flow; this flow, however, does not contribute into the time-averaged flow rate. Later
P.Hall and D.T.Papageorgiou [140] considered the stability of this solution. Their numerical
calculations showed that the increase of the Womersley number for high amplitudes of walls
pulsations led to the chaos according to the Feigenbaum scenario via the cascade of period doubling.

The problem about the channel walls pulsation influence on the solute concentration distribution
and the problem about the squeezing flow are close to the ones considered in this article. S. Tsangaris
[152] was among the first studies on the first problem. Later S.L..Waters [153] looked at this problem
and found out that the solute flow increased as the diffusion coefficient was decreasing, the
Womersley number was increasing and the walls permeability coefficient was increasing. Going
deeper into the problem S.L.Waters [153] presented a mathematical model of oxygen supply to the
heart after laser myocardial revascularization.

The problem of the squeezing flow is characterized by the approaching walls squeezing liquid
from the channel. For some laws of walls movements there are analytical solutions to this problem
[154-155]. K.J.Zwick, et al [114] experimentally studied this issue. They analyzed the flow of
Newtonian and viscoplastic liquids between two round plates, which were under the acting force
comprising oscillating and constant components. In case of viscoplastic liquid they found that the
plates vibration resulted in significant increase of flow rate, while no such effect was found in case of
Newtonian liquid.

The purpose of the present chapter is to examine the influence of channel walls pulsations on the
fluid transport for the large Womersley numbers. This problem is solved under the approximation of
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small-amplitude wall pulsation. The first section deals with
the review on the literature. The second one describes
general problem statement. The third section of the paper
states and solves the problem in zero and first order by wall
pulsation amplitude. The fourth section states the problem
and its time-averaged solution in the second order by the
amplitude. In the fifth and sixth sections we use the found
solutions to analyze the influence of channel walls
pulsations on the flow rate and time-averaged velocity field
of flow. At the end of this chapter we study the influence

of compressibility on the flow in pulsating channel. Fig.3.1. Geometry of the problem
3.1. Problem Statement

Let us consider a two-dimensional flow of viscous incompressible fluid flow in a channel, which
walls harmonically pulsate with the frequency @ and the amplitude a at the presence of the gravity
and pressure difference 2A at the ends of the channel with the length 2/ (Fig.3.1).

The fluid flow is described by a system of Navier-Stokes equations for the viscous
incompressible Newtonian fluid and by a continuity equation:

ou _ou oau op o’U  o°U
—+U—4v—|=—+ + + pgcosy, 3.1
p[@t o ay} ox 77[ax2 ayzj pEEOSP G-b
~ 2 2
D @+U@+Va_\: :_8—l3+77 6_\2/+8_~\2/ — pgsing , (3.2)
ot ox 0y oy ox~ 0y
aL Xy, (3.3)
ox 0Oy

where x and y are longitudinal and transverse with the relation to the axis of channel coordinates, t
is time; U and v are longitudinal and transverse components of velocity, p is pressure; g is the
acceleration of gravity, p - is fluid density, 77 is dynamic viscosity, ¢ - angle between the channel

axis and the direction of gravity force.
The position of the upper and lower channel wall in a given time moment is determined by the
equation

y=*t(h+asinwt). (3.4)
The position of the channel ends are specified by the equations
x=—lux=I 3.5)

The walls points move only along the OY axis. No-slip boundary conditions are identified on
the lower and the upper walls:
5)zi(h+asina)t)“: u=0, v==xacosat, 3.6)
Pressure-drop boundary condition is specified at the channel ends:

pl_,—p_, =2A, (3.7)

Choose the following units of measurement: length - %, time - 1/ @, pressure - nw, velocity -

ho . The problem in a dimensionless form is characterized by four parameters: the Womersley number
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W, the Richardson number Ri, dimensionless amplitude of pulsations A and dimensionless channel
length L:

cosp—90, /(L
Weh |[P2 Ri= 5559 L ( p),A:ﬁ,L:L
2n @ h h h
After the pressure transformation
p—>p—pygsinp+xAll (3.8)

the nondimensionalization and the transformation of transverse coordinate
y — y(1+ Asint), (3.9
the system of Navier-Stokes equations (20)-(21) and continuity equations (22) has the following form

(+ asing?| Dy Yo ydcost U |
ot ox 14+ Asint Oy

1 [( & &U o*U G0
= || - L+ 2 |1+ Asint)* + Z— |+ (1+ Asin1)°Ri,
2W ox Ox oy
2 2

a_V+U6_V v yzﬁ\(':oszfa_v= 12 6\27+ 1. 28\21_8_17 , 3.11)

ot ox 1+ Asint oy 2W (ox~ (1+Asint)” 0y Oy
Y + ;@ = (3.12)

Ox 1+ Asint Oy
and the boundary conditions are the following ones:

y==x1: U=0, v==*Acost. (3.13)
Pl =D_,- (3.14)
The purpose of the coordinate transformation (26) is to set the boundary conditions at the fixed

boundary.
Pressure transformation (25) leads to the exclusion of summand with A from the boundary
condition (24). At the same time the Richardson number Ri contains a member A/(Lp) besides the

gravity acceleration g . This transformation results in the exclusion of summand pgsina from the

equation for transverse velocity (28).
3.2. Solution in first and zero orders

The solution of the problem was obtained in a form suggested by T.W.Secomb [139]:

B B X ov(y,t)
U=u(r.n 1+ Asint Oy ’ 19
v=v(y,t), p:¢(y,t)+x27/(t). (3.16)

Equation of continuity is always valid for the solution (32)-(33). After the introduction u(y,?)

according to the formula (32) the boundary condition for the longitudinal velocity U in (30) is the
following one:
y=xl: —=0, u=0. (3.17)
y
Dimensional amplitude of walls pulsation is considered to be small in comparison with the
distance between the walls, which enables one to find the solution by the method of small parameter in
the form of a series in powers of dimensionless amplitude A :
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u(y,t) =u,(y)+Au,(y,0) + AU, (y,0) +..., V(y,0) = Av,(y,1)+ A>v,(y,1) +..., (3.18)

p=Ap,(x,y,1)+A’p,(x,y,t) +... (3.19)
After substitution (3.18), (3.19) and (32) in the equation (27) and boundary condition (3.17) we
get the problem in zero order of A as

T _ e, (3.20)
ay
y=%1:u,=0. (3.21)
The problem solution is the following one:
u, =-W’Ri(y* -1). (3.22)

Expression (3.22) describes the profile of flat Poiseuille flow in the channel with fixed walls.
The problem in the first order has the following form

2
W OV Riw?| (7 1) D 42y (yeost—v, ) | =
ot Oyot oy
L (2 e 5 , (3.23)
= > u21—x \Zl—ﬂ + 2Risint,
2W-\ Oy oy ox
2
v _ Lz 8_\;1 _ (3.24)
ot 2W-~\ oy oy
y==l:u,=0, v, ==*cost. (3.25)
The solution for the problem of the first order is the pressure in the form
p, = p,,(x,y)sint + p, (x,y)cost, (3.26)
transverse velocity in the form
v, =v, (y)sint +v, (y)cost, (3.27)
and longitudinal velocity in the form
u, =u, (y)sint+u, (y)cost. (3.28)

To simplify the expression for the coefficients at sinuses and cosines in (34)-(36) we will introduce a
variable

§ =((2W? +1)cosh2W +(2W* ~1)cos 2W — 2W(sinh 2W +sin2W)) . (3.29)
Then the coefficients in the expression (34) for the pressure are written in the following way
P =" =W,
P == =X HWf,,

where
fi=WS [2W(cosh 2W +c0s2W) —sin2W —sinh ZW]. (3.30)
f, =WS[sinh2W —sin2W], (3.31)

coefficients in the expression (35) for the transverse velocity:

v,, = f;5in WycoshWy + f, cosWysinhWy + f,y, (3.32)
v,. = f,sinWycosh Wy — f, cosWysinh Wy + £y, (3.33)

where
f, =2S[Wcos WcoshW —(cos W + Wsin W)sinh W], (3.34)
f =—28[(WcosW —sin W)cosh W + Wsinh Wsin W], (3.35)
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and the coefficients in the expression (36) for the longitudinal velocity:
u, = Ri([(f6 + £,(37 = 1) ycos Wy +(fy + £,(y* = 1))sin Wy [sinh Wy + f,, +
+[(Fo(3” =D+ fi)cos Wy +(fi, + fis(y> = 1)) ysin Wy Jcosh Wy + £,(3* = 1),
u, = Ri([(fll + (37 = D)sin Wy = (f,, + fi5(3” = 1))ycos Wy |sinh Wy — £, +

+[(fo+ £ =D)ysinWy = (£,(y* =)+ fy)cos Wy Jeosh Wy = £W(y* +1)),
where
2
3
Ffio=3fi=fOW 14, f,=2W (£, W>=9F,/8)/3, f,=F£W'I3, f.=2(f,—DW* = f,,
_ —f,,sinh 2W+f, sin2W —2(2 f,W* + f,)cosh W cosW —2 f,, sin W sinh W

fszwz(fl_z)’ fe:_ (§f3+wzf4jwz’ f7:w4f4/3’ f9:_3w3(f4+f3)/4,

Js cos2W +cosh2W
foo —f,sinh2W — £, sin2W +2(2 f,W? + f,)sin Wsinh W — 2 f,, cos W cosh W
! cos2W +cosh2W '

This solution shows that the assumption about the quadratic dependency of a longitudinal
velocity from transverse coordinate, made by Kwi-joo Li, et al. [151], is not valid.

In order to investigate the influence of the walls pulsations on the liquid transport one should
know the time-averaged second-order solution, besides the first-order solution.

3.3. Time-averaged second-order solution

Let us look at the A second-order problem. After the substitution (3.18), (3.19), (32) and (3.22)
in (27) we get the following equation:

E(v.0x+E,(y.1)=0. (3.36)
Here
3 2
E = ! . 0 Vf — 2%+el sin2t+e2czoszzf+e3s,intcost—a Y2, (3.37)
2W* oy"  2xW~ oOx Oty
2
LS A PRI S VR
o\ oy 2W° Oy (3.38)
+(e,sint + e, cost)sint +ecos’ t,
where

2
61 = 1 [z apls _ aBVIS j + aVlc + (avlsJ -V ‘ azvls

2W2 x ox oy’ Oy Oy Yooyt
2
€2 — (y Vlc) a Vzlc + avls aVlc ,
y Oy Oy
3 2 2
e 1 : 20p,, O Vslc N ov,, Ov,, Fy— lc)a Vzls . 0 VZIC’
TO2Wolx ox oy oy O oy S Oy
e, =V, ou, _ (u,, +u,) v, —2u,, —(1+2W?yv, )R,
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ou ov,,

e.=(v,. — < —u,, ,
s = —y) By Ie By
e =(v,—y) Ouy, _ (u, +u,) azr +2u,, +2W Ri(y—v,)y—u,, vy, +V,, Ouy, .
y y y y

The boundary conditions for the second-order problem are presented in the following way

y=t1:u,=0, Y20, v,=o0. (3.39)
0y
In equation (3.36), E,(y,t) and E,(y,t) must independently equal to zero.
Transverse velocity. The equation

E (y,t)=0 (3.40)

with the boundary conditions (3.39) defines a second-order problem for the transverse velocity.

We average the equation (3.40) over time to calculate the time-averaged transverse velocity V,
and as a result get
ov, 10dp,

oy’ :_;E_Wz(el"'ez)’ (3.41)

where p, is time-averaged pressure. The boundary conditions for the second-order transverse velocity

are the following ones:

y==I1:

N2 g, v,=0. (3.42)
Y

The solution for the problem (3.41)-(3.42) is presented in the following way:
V, = f5,(sin2Wy —sinh2Wy) + (flsycos Wy + fis sinWy)coshWy +

) ) (3.43)
+( f,;ysinWy + f,;cosWy)sinh Wy + f, y + fo, ",
-
T2 =x(WA(P+ ) +6fy).

where

Fom (2 £ Fu =2t £ fo = (L o= D o= 1),

fo= 2= £+ fis = (0 o= F)= (4 £r=DF).

(—W(f16 + f15)cosW +

S =t [W(COSh 2W —cos2W) + sin2W —sinh ZWJ .

coshW sinh W

+((f15—f17)W+f16)sinW) —(((f”+flS)W—f18)COSW+W(f16—flS)SinW) N

sinh2W —sin2W

for = foo (3 + W(cos2W —cosh 2W)) + ((W(f16 + fig) —2f5)cosW —(3f, +

coshW sinh W

(fls—fw)W)sinW) +(((f,7 +f,5)W—3f18)cosW+((f16—flS)W—2fl7)sinW) 5

Longitudinal velocity. Second-order longitudinal velocity is defined by the equation
E,(y,t)=0 (3.44)

with the boundary condition (3.39). By introducing a function
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F(y):2W2(W2Ri[%(y2 —1)—2V2y]+ % Z‘%],
v

and averaging (3.44) in time we get the equation for the time-averaged longitudinal velocity U, :

=F(y). 3.45
o () (3.45)
The boundary condition for the longitudinal second-order velocity is the following one
y=+1:7,=0. (3.46)

The problem (3.45)-(3.46) is solved in the following way:
Y2
U, = [ [ F(z)dzdz,. (3.47)
10

Due to its cumbersomeness the expression for u, is not given here in its explicit form.

3.4. Flow rate

Provided we know the zero-order and the first-order solution and time-averaged second-order
solution, we can calculate the flow rate. Instantaneous flow rate is defined by the equation

1+Asint
0= j Udy. (3.48)
—1-Asint

After transformation of transverse coordinate (26), expression (3.48) takes the following form

1
0= j U(1+ Asint)dy , (3.49)

-1

By substituting (32) instead of U, we get
1
X ov

=|l|lu———— |(1+ Asint)dy. 3.50
¢ Il( 1+ Asint ayj( o (-0

By opening the brackets in (3.50) and integrating, we find that

Q= [u-(+Asintydy —x(v| -V, (3.51)

-1

y=-1

By substituting the transverse velocity at the channel walls from the boundary conditions (30) in (3.51)
, we get

1
Q:J.u-(1+Asint)dy—2Axcost, (3.52)
-1
By substituting the series (3.18) in (3.52), we present (3.52) in the following form
0=0,+QA+Q,A>+0(A), (3.53)
where
1
0, = [ugdy, (3.54)
-1
1
0, = j (u,sin(t) +u, )dy — 2xcost, (3.55)

-1
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1

Q, = [ (u,sin(t)+u, )dy. (3.56)

-1

With time averaging (3.53), we get the flow rate as

0=0,+0A+0,A’ +0(A%), (3.57)
0, = [dy, (3.58)
_ 1 27
0= ! Q.dt, (3.59)
_ 1 1 27 ) B
0, = jl [Z ! u, sin(f)dt + uzldy . (3.60)

The expressions for the instantaneous and time-averaged zero-order flow rate are the same:
1

0, =Iu0dy:gW2Ri. (3.61)
-1
Expansion term Q, corresponds to the contribution of Poiseuille flow in a channel with fixed walls.
By substituting u,, from (3.22) and u, from (36) in (3.55), we get the following expression for
the first-order instantaneous flow rate
4 1 1
0, = [§W2R1+J' ulsdstin(t) + I u, dycost—2xcost. (3.62)
-1 -1

Time-averaged Q, equals zero:
Q,=0. (3.63)

In the first order the channel walls pulsations do not contribute into time-averaged flow rate.

4 - OJRIW?) 1 o OJRIWY3) )
a
W
O 1 |
| w 500
O 1 | | 1
5 10
i, S,
4 - 8=

Fig.3.2. Dependence of time-averaged second-order flow rate Qz (divided by RiW* (a) and
RiW* /3 (b)) on the Womersley number

By substituting the expression (36) for u, in (3.60), we get a formula for time-averaged

second-order flow rate:
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0, = J.(%+ﬁ2jdy. (3.64)

-1
Fig.3.2 shows dependence Q, on the Womersley number calculated by the equation (47). As
we can see from Fig. 3.2a, at W — 0 time-averaged second-order flow rate is positive and equals to
Q, ~2W’Ri, (3.65)
which corresponds with the formula, obtained earlier by G.A.Lyakhov and I.V.Shugan [112] for this
limiting case. G.A.Lyakhov and 1.V.Shugan [112] predicted the increase flow rate (Q, >0) due to the

walls pulsations, and this increase can be observed up to the Womersley number W, =7.5. At
W>W, the sign Q, changes into the opposite one. Let us note here that for the small-amplitude
pulsation the theory of Kwi-joo Lee, et al. [151] states Q2 to be always positive.

For the blood flow (viscosity 7=(1.2—5) mPa c, density p =10’ kg/m3) in muscles dependent
capillary (4 =5 mkm), the Womersley number W, ~7.5 corresponds to the frequency of about 10°

Hz. Thus, the effect of periodic capillary squeezing and relaxing by the working muscles on the blood
flow rate is positive even at high frequency, as it was earlier suggested by N.I.Arichin [113] on the
basis of his experiments.

In technical applications (for example, when one uses the channel walls pulsations to increase
the pump performance efficiency) the characteristic dimension of a channel is about a centimeter. In
this case the Womersley number W, ~ 7.5 will correspond to the frequency of about 1 Hz, i.e. in order
to have positive effect from the walls pulsations, the frequency of these pulsations should be low.

Fig. 3.2a illustrates the dependency of the flow rate on the Womersley number with its
maximum Q, _ ~3.7RiW’ at W =4.4. This maximum is connected with the presence of a nonzero
time-averaged longitudinal velocity in the second order Vv, (equation (3.43)). If v, equaled zero, then
the dependency of flow rate on the Womersley number would be monotonous with the intersection
point with O, =0 at W ~1.

The increase of flow rate for small value of Womersley number due to the pulsations is

4 2

» —+3.7A

7= QO +g Q2max ~ 3 2 ~ 1+28A2 . (366)
0 _

3
For the pulsations with the amplitude A=0.1 in case of small value of Womersley number the

increase of flow rate is about 1%. In order to make the pulsations effect on the flow rate more
significant (of about 10-20%), one should increase the amplitude up to A=0.2. Experiments [113,
150] show that in the working muscles the blood flow increases many times, but the present theory
cannot explain such a situation. In this case the summand in the second order of small parameter in
(3.66) will exceed the summand in zero order.

Fig. 2b shows that for large values of the Womersley number W an increase of flow rate
occurred due to pulsations is negative and approximately equals

RiW*
Q,=—k 3 (3.67)

where k 1is the coefficient equal to approximately one. Equation (3.67) enables one to evaluate the

decrease in flow rate due to pulsations:
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~ 1—§W2A2. (3.68)

— Q() +A2Q2max ~ 5_ T
0, 4

For W =10 and A=0.1 the equation (3.68) presupposes the flow rate to be decreased by 25% due to
the walls pulsations.

3.5. Time-averaged velocity

Let us consider time-averaged velocity of flow. To do this in the found solution we must
perform backward transformation from the time dependent coordinate y =y /(1+ Asint) to a physical

coordinate y . As a result, series of longitudinal velocity (3.18) is the following one

- y y 2 y
w(y,t)=u,| ——,t |[+Au,| ——— ¢t [+ Au,| ———— .t |+... 3.69
(-1) 0(1+Asint j l(1+Asint j 2(1+Asint j ( )

By decomposing (3.69) into power series around A =0 up to the second order we get

u(y.n= uo(y)+[u (M-¥ g(y)smtjAJr

g (3.70)
+(u2()~)) _ o) ——~sint+ y( uosy) + Y 82u3£)~1)j8in2 tjAz.
oy 0y PANG)Y
By substituting (3.22), (35) and (36) in (3.70) we get
u(y,r)=u,+ ((ub +25°W?Ri)sint +u,, Cost)A +
O s L
By time averaging (3.71) we get
() =uy(3)+q,(PA%, (3.72)
where
q2(§)=ﬁ2(§)—%(a§; +3)7W2Rij. (3.73)

Complete longitudinal velocity is defined by the equation (32), which can be presented in the
following way after the transfer from y coordinate to y coordinate:
(s
. (f’t).
oy

Series for the transverse velocity v(y,?) after the transfer from y coordinate to y coordinate

U=u(5.0)— (3.74)

is presented in the following way:

v(y,t):AVI(L,J}A%{L_J}... (3.75)

1+ Asint 1+ Asint
By decomposing (3.75) into a series in powers of A up to the second order we get

v(§,1) = Vl()”),t)A+(V2()7,t) - i%sint}A2 . (3.76)

By substituting (35) in (3.76) and time averaging, we get
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V(y,t)z(vz(y)—gég—;]ﬁ o (3.77)

After the time average and substitution (3.72) and (3.77), the expression (3.74) is changed into the
following one:

U=u,(5)+A’[q,(F) +0,(P)x],. (3.78)
where
- O(_ .. yov,
(V) === V,())—=—" | (3.79)
O, y ay(v y 2 ﬁ‘y]

The formula (3.78) helps to calculate complete time-averaged longitudinal velocity. The first summand
in square brackets in this expression is second-order time-averaged longitudinal velocity in the channel
center (at x=0): it is proportional to the Richardson number; it becomes zero without pressure
differences and gravity force.

The second summand in square brackets o,(y)x does not depend on the Richardson number Ri,
its appearance is determined by the channel walls pulsation. Pressure difference and gravitational force
do not affect the summand. It does not contribute into the time-averaged flow rate. In a special case
Ri=0, complete time-averaged longitudinal velocity up to second order is defined by this summand.

Calculated by the formula (3.73) the dependence of time-averaged second-order longitudinal
velocity at x =0 on transverse coordinate, q,(¥y), is shown at Fig. 3.3. At small Womersley numbers,

3 — qz/(RIWZ) 1 0 qz/(RiW4)
0
-0.2
7
_2 | | 1 y‘ 1 | | y|
-1 0 1 -1 0 1

Fig.3.3. Dependence of time-averaged second-order longitudinal velocity (divided by RiW?

(a) and RiW" (b)) on transverse coordinate at x =0 for W=5 (1), 6 (2), 7 (3), 7.5 (4), 10
(5), 50 (6), 100 (7)

q, 1s positive for practically all y and has one point of extremum in the central part of the channel,

where it reaches maximum value (Fig.3.3a, curve 1). At large values of the Womersley number

(Fig.3a, curves 2-4) there are two extremum points near the walls and one minimum point in the center

of the channel (y =0). Further increase of the Womersley number results in the situation, when q,

becomes negative for all values of coordinate y with the only point of extremum in the central part of

the channel ( y =0). Fig.3b illustrates, that as the Womersley number is increased, g,(y) tends to the
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asymptote RiW* f(¥), where f(¥) is ¥ dependent, but not the Womersley and Richardson numbers

dependent function.
Fig. 3.4 and 3.5 show the dependence of time-averaged full longitudinal velocity on transverse

coordinate, with the velocity being divided by the longitudinal coordinate (U/x= 0,(¥)) and time-

| o 40/(0.05W?) 1
tNev syl VNNN=2T
INe—v vl ANNN=/T
YNzl ANNSN= /]
X AN s/l ANNS—=~}
A Ne—ervr /! b AVNSNS— -~}
NS r sl I ANNS~S— )
Nt v/l NSNS =)
0—‘—0—-———— - = — — — -
O P i i N N T i e T
J o=~ NVt rr=N)
J o=~ AVt 17272 =N)
J /=~ AVt 2 72-72=N)
J /=~ Ayttt rz772=-N)
J/=~\\ttt1rz77-N\)
l oo 3
o . -1 0 7 1

Fig. 3.4. Dependence of time-averaged Fig. 3.5. Time-averaged velocity field for Ri=0
longitudinal velocity divided by x coordinate and W=5
on transverse coordinate ¥ for Ri=0 and

W=3(1),5(2), 10 (3), 50 (4)

averaged velocity field for Ri=0 (with no pressure difference and gravity). This time-averaged
velocity field is multidirectional with zero flow rate. Earlier this flow was studied by T.U. Secomb
[139], who examined this case only (Ri=0).

3.6. Conclusion

It has been found that at the Womersley numbers less than W, = 7.5 the walls pulsations result

in the increase of the flow rate, as it was obtained earlier by G.A.Lyakhov and I.V.Shugan. The paper
predicted that for the Womersley numbers W > W, the pulsations result in the decrease of flow rate.

The higher value of the Womersley number is, the more significant the predicted decrease of flow rate
appears to be.

The Womersley number at the point of sign changes Qz is about one, thus leading us to
conclude that in the sphere of positive values Q2 viscosity determined effects dominate over the
inertia effects, occurred due to the liquid flow cause by the walls pulsations. At negative Q, inertial

effects are the dominating ones.
Time-averged velocity field, occurred due to the pulsating walls, pressure difference and
gravity, may be divided into two components. The first one is solely connected with the pulsation of
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walls: pressure difference and gravity force do not affect it. It does not contribute into the time-
averaged flow rate.

The second component of the time-averaged velocity field arises from the joint influence of
pulsations, pressure difference and gravity. The distribution of this component along the transverse
coordinate has the point of extremum in the center of the channel with the small Womersley numbers
having the maximum and the large Womersley numbers having the minimum.

Evaluations made on the basis of the obtained equations for the blood flow in the capillaries
showes that periodic squeeze and relax of capillaries by the working muscles results in blood flow
increase, as Y.I.Arichin assumed on the basis of his experiments. Further research development in this
direction may be connected with considering such facttors, as liquid compressibility and complex
rheological blood properties, pulse waves, peculiarities of capillary walls and muscle fiber structure.

3.7. Influence of compressibility
3.7.1. Problem statement

The first part of this chapter looks at the influence of channel pulsations on fluid transfer
assuming that it is incompressible. Such an assumption is valid for pulsations with small frequencies
only. Here we take into account fluid compressibility. In this case in addition to those dimensional

parameters which have been introduced earlier the second viscosity §~ and sound velocity C appear.

Problem research is based on the Navier-Stokes equations for compressible fluid:

ou ou ou  op {am a%ﬂ [ n}@{@v &1
p—+pu—+pV—=——+n| —+— [+| E+ —+— |+ g,
¢ X y x | L 0Oy

P P oy @ oy’ ox 3] ox
2 2 7]
pa—v+pu@+pvﬁ=—@+n 6_\2/+6_\2/ J{gngQ}g a—V+@ , (3.80)
ot ox oy oy |ax 9y 3]dy|loy ox
op up p
o Ox Oy
and equation of fluid condition:
p=C(p-p,), (3.81)
where p; is equilibrium value of density. The boundary conditions are
y=H(h+asinwt): v=tawcoswt, u=0. (3.82)

Let us assume that there is no pressure drop at the channel's ends, and fluid moves by the
gravity force directed along the channel.

Let us introduce the measurement units as follows. Channel axis transverse coordinate x is
measured in A, longitudinal coordinate y — in A, time ¢ — in 1/ @, pressure p — in nw, density —in p,,
longitudinal velocity and transverse velocity v —in h@. Problem is characterized by six dimensionless

parameters: dimensionless pulsation frequency €2, second dimensionless pulsation frequency(,
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Froude number Fr, dimensionless sound velocity c¢

, dimensionless pulsation amplitude A and
dimensionless channel length L:
2 2 _ 2 '
Q= Ohp, Q) = ol p ;Fr= g2 ;oc:é;c2 _&n ;L:£. (3.83)
é; i haw h nw h
3

In dimensionless form the equations are as follows

ou Ou Ou o’'u 0’u op 1 0|dv du
p|l—+u—+v— —t == |t—=| =+ |tpF,
ot ox Oy Q oy’ ox° ox

(3.84)
Q, ox oy Ox
2 2
p| Dpnlyy | Lo, Liov, oV 1 0)ov, du) (3.85)
ot ox Oy Q 0y Ql ox? ay Q ay oy Ox
a_p+%+6v_p:0’
o Ox Oy
p=c’(p-1), (3.86)
and boundary conditions take the following form -
y==x(1+Asint): v=xtAcost, u=0. (3.87)
x=xL:p=0.
After transformation to new coordinates -
- y ~ -
:—’t:t’x:x’ 3.88
Y 1+ Asint ( )
equations system (3.84)-(3.86) is as follows
ou yAcost Ou  Ou v ou
Pl = T = tU ot ——— == |
of 1+ Asinf 0y 0X 1+ Asint 0y
2
_1 1 8u+6u 8p+1 0 I ov au+pFr
Q| (1+ Asinf)* 6y ox¥° ok | Q, oF 1+Asmt6y oxX
ov  JAcost Ov OV vV 0V 1 op
=T . s tul == T = =T
ot 1+ Asint 0y oxX 1+ Asint 0y Q1+ Asint) 0y (3.89)
1ov, v v 1t 8 1 v @ '
Q| ox*  (1+Asinf)* 65> | Q, 1+ Asinf 65| 1+ Asinf 65 0% |
Op  yAcost 8_p+6‘up+ 1 va_o
of  1+Asinf 6y ox 1+Asinf &
p=c’(p-1), (3.90)
and the boundary conditions -(3.87) are the following ones
y==x1: v=xAcost, u=0, 3.91)
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Further we will omit tilde above y, x and ¢.

Let us assume that u, p and v do not depend on longitudinal coordinate. In this case the

equations system (3.89) is as follows

ou v—yAcostou) 1 1 o’u
pl —+—————|= + pFr,
ot 1+ Asint 0Oy

T Q1+ Asint)’ 9y’

_ 2

o @Jrv yAcfost@ _ 1 | @Jr l+i 1' 28\21’ (3.92)
ot 1+ Asint Oy Q(1+Asint) oy (Q Q, J(1+Asint)” Oy

Jp  yAcost 8_p+ 1 ovp _
ot 1+ Asint 0y 1+ Asint Oy

b

By substituting (3.90) in (3.92), we finally get

T Q1+ Asint)’ &y’

. 2 2
p @+V yA?ost@ _ c . 8_p+ l_’_i 1. 28\2/’ (3.94)
ot 1+ Asint Oy Q(+Asint) oy (Q Q, J(1+Asint)” Oy

2
@+V yAc‘:ost@ 1 1 au+pFr, (3.93)
ot 1+ Asint Oy

P _yAcostop, 1 _p_, (3.95)
ot 14 Asint 0y 1+ Asint Oy

The next paragraph finds the solution for the obtained equation system (3.93)-(3.95) with a
method of small parameter.

3.7.2. Approximation of small amplitudes

Let us consider a case of small amplitude of wall vibrations ( A <<1). We are going to find the
solution in the series of A:

Vv=AV, + A’v, +... u=u,+Au, + A’u, +...; p=p, + Ap, + A’p, +...;
p=p,+Ap, +Ap, +...
Zero order. In zero order the equation system under study is as follows
1 o’u,
Q oy’

+ p,Fr=0,

2
g % N —aﬁy Yo, (3.96)
9Py, NP _
ot oy

b

The solution of this equation system:

2

u0=—y2_IQFr, Po=0, p,=1, v,=0.

Thus, in zero order, as it should be, we have a solution describing the Poiseuille flow.
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First order. In the first order the problem takes the following form

2

au, + y’QFrcost — yQFrv, = 10, + p,Fr+2Frsint,
ot Qo

2

2 2
Mi__cop 1, 1o, (3.97)
ot Qoy (Q Q,)oy
%, N,
ot Oy
y==l: v, =*cost, u, =0. (3.98)
The solution of this problem is longitudinal velocity in form
u, =Cre™ sin(t +Q'y) + C. e sin(t — Q'y) + C'e™ cos(t + Q'y) +
+C e cos(t—Qy)+U e sin(t — yk) + U e cos(t — yk) +
+U e sin(t + yk) + U e cos(t + yk) + y[ U, e sin(t - yk) + (3.99)
) + 5 . + Oy
+U e cos(t — yk) + U e” sin(t + yk) + U [ e®” cos(f + yk)]
— y’QFrsint,
transverse velocity in the form
v, =V, e ¥ sin(t— yk)+V_ e cos(t — yk) (3.100)
+V7e® sin(t + yk) +V, e” cos(t + yk),
and density in the form
p, =R e sin(t — yk) +Rfce*‘5y cos(t — yk) (3.101)
+R ™ sin(t + yk) + R’ e cos(t + yk), '
where the variables are introduced:
Qe +(Q, +Q) +Q.¢”
(o [0 o€ HEL Y+ (3.102)
2 c'Q;+(Q, +Q)
Qo +(Q,+Q)* —Q,¢°
5 [0 o€ F (0 18) e (3.103)
2 c'Q; +(Q,+Q)
Q
Q'= B (3.104)

Formulas to calculate the constants C* , U- , U ,V*

e Usen Ul s Vi, Ric are given in Appendix 3.

The equations (3.99), (3.100) and (3.101) show that the vibrations of channel's walls result in
the appearance of two types of waves. The waves of the first type (first four terms in (3.99)) are
transverse:

u, =C'e sin(t +Q'y)+C e sin(t — Q'y)

+Ce™ cos(t +Q'y)+Coe ™ cos(t —Q'y),
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v,,=0, p,=0.
They cause the vibrations of fluid particles along the channel and run in transverse direction.
Damp coefficient and the wave number of these waves equal parameter ', which is the Womersley
number by nature. To find the depth of wave penetration into the fluid let us look at the specific
example: a 2 cm thick channel with water falling under the gravity force, and the channel's walls
vibrate with 24 kHz frequency. In this case

O poh®  10°-24000-2-7-4-107"

- ~6-10°,
n 10
Q' ~ 2500,
an dimensional damp coefficient and the wave number are
Q'/h=5000/(2-10°)~10° m™".
1
0
o, Hz
- 1 | 1 |
0.8 1.6

Fig. 3.8. Dependency of amplitudes of transverse wave C;, on dimensional frequency of
channel pulsation for 1 - C*, 2 - C* for Q=375, Q, =120, ¢=1.5-10", Fr=5.5 (p=10’
kg/M*, h=2 cm, n=107 Pas, C=1500 m/s, g=9.8 m/s’, £=2.81p)

Here the penetration depth is 10~ m or 10~ cm. Thus, the depth of penetration of this wave appears to
be about 1,000 times less than the channels size. If we decrease the frequency in 10" times, then the
penetration depth will be about 1 millimeter and 10 times less the channel's thickness. Thus, the low
frequency transverse waves influence the flow in a channel the most.

Fig. 3.8 shows that the amplitude of the transverse waves Cic decays very quickly with the

frequency increase. For the high frequency vibrations of walls with 25000 Hz vibration frequency the
amplitude of the wave Cic ~107" and transverse waves should be small to negligible, however, due
to the fact that this small amplitude is multiplied by exponent with input variable included

Q' = /24000, the resulting value appears to be small, but not so small, as one could have thought.
Fig. 3.9 illustrates the dependency on y coordinate of longitudinal velocity appeared due to the

transverse waves. Near the walls its value will be 107 —10" (Fig. 3.9a). The transverse waves’
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influence the flow only in small boundary area, their influence in other areas may be neglected (Fig.

3.9b).
Besides pure transverse waves, the vibrations of the walls cause another type

of waves, which

is characterized by the fact that the particles of the medium move both perpendicular and
longitudinally relative to the channel axis. The relation between wave vector and wave frequency is

described by the equation (3.102), which is as follows in dimensional form

Uy, 107 Auy Juy, 4

3

. ) |

y

-0.996 -1 0.9

999

Fig.3.9. a — dependency of additive to longitudinal velocity caused by transverse waves, b —

the same dependency divided by the longitudinal velocity in zero order for =375,

0, =120, ¢=1200, Fr=5.5 in the moment of time /=0 (1), z=% ) :=% 3), (=1

T
“4), I_T &)

\/(czp,jz 2(4 éjz C’p,
— |t | +7 | +—F
o % U - 3.7 2 U
G
7 3 7

(3.105)

At small values of frequency @ linear term contributes the most in dispersion relation:

1 1 (4n+3&)
JE— a) _—— -
C 24 C°p°
Otherwise, at large frequencies the expression (3.105) tends to asymptote

2
Spo 3 pC — ,,6—'0 +0(0).
2(4n+3&) 4 (4n+38) w
Damp coefficient of the wave is described by the relation (3.103), which
dimensional form

k'= @ +0(@°).

!
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(3.107)

is as follows in



cp Y (4 EY

e N 3 71 n
2 2 2 ~\2 :
7 (CP] mz(w)
n 3 7

This coefficient is always positive, except for a trivial case when frequency equals zero. At small
values of frequency the damp coefficient grows with it in accordance with the quadratic law
5= (Bn+38) L, 5(4n+38)’
6C°p 432C" p°
Evaluation of the convergence area for series (3.109) may be based on the d'Alembert's ratio test with
the ratio of (n+1) term to n M term:
o, 100p°C*

6| @®(4n+3&)

Thus, for the series convergence it is necessary to have

O =w

(3.108)

@ +0(0°). (3.109)

=6.9, 8.75, 9.4, 9.8,... for n=1,2,.. (3.110)

(3.111)

For water the limiting frequency (3.109) is going to be 10" Hz.
Otherwise at large frequencies the expression (3.108) tends to asymptote

2
5= 3po  3pC” _ f6_p+0(w73/2). (3.112)
204n+3E)  4(4n+3E) @

Let us see how large the frequencies should be to apply the formula (3.112) for water. The ratio

of (n+1) term to n™ term in a series (3.112) is as follows

57
107 0 =3, 46, 52,54, 56, 5.7 for n=1,2,.. (3.113)

n

Thus, the pulsation frequency should be more than 10" Hz for the series (3.112) to converge in case of
water.

To understand how deep the waves penetrate into the fluid, let us look at the some example, as
for the transverse waves: a 2 cm thick channel with water falling under the gravity force, and the
channel's walls vibrate with 25 kHz frequency. In this case the dimensionless damp coefficient is

5~2.65-10°, (3.114)
and the dimensional one is
5" ~1.32813195026-10" m ™. (3.115)
Formula (3.109) gives the following value
5" ~1.32813195027-10* m™". (3.116)

that is in this case one may use the formula (3.109) with no loss of accuracy. Here obtained penetration

depth is 10* m, that is the waves do not decay inside a channel filled with water.

With 25 kHz frequency, as it is shown in Fig. 3.10a, the value of longitudinal velocity part
corresponding the waves of the second type is about 0.1 A . Taking into account the fact that first-order
velocity for Q=375 and Fr=35.5 is about 700, we see that the waves contribute into the main flow
quite little. Fig. 3.10 shows that waves overlapping inside the channel causes the standing wave with a
nod appear at the center of the channel.
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With 25 kHz frequency the specific value of amplitude of density vibrations is 2A or talking
about the dimensional form - 2p, %. Typically the correlation % is a value, which is less than 0.001,

so the density change will be less than 1%, that allow the use of equation (3.81), where density and
pressure are linearly connected.
Second-order density. To identify the influence of walls' vibrations on the substance transport one

should know the second-order solution. The second-order continuity equation is as follows
%Jr%sint—ycost%JrMJrM:O, (3.117)
ot ot Oy Oy Oy

equation for longitudinal velocity:

1 o’u,
Q oy’

2sint 0’u,

= —4Frp, sint — 6Frp, sin’ t — 5
Oy

Mgy Mg
o Py

ou, . ou,
—3p0ngOStSlnt+p0§+pl

+p0Vl%+p0V2%+plvl%+3povl%8int (3.118)
y y y y

sin’t 0%y, 3
Q oy

ou, ou,
— Py ——COSt— p,y—COSt — Frp,,
y Ay

equation for transverse velocity:

2 2
2,00%sint+povlm+C—%+(L l]@ Y2
t

oy Q Oy Q, Q)oy’ (3.119)
ov, ov, ov, ¢’ dp, .
+p]E+p05—poygcost+agsmt:0.

Transverse velocity v, should be periodic time function. Averaging (3.117)in time with taking
into account periodic behavior of v, and limit in density growth we get

G op, v
[| Lrsin— ycost L+ 181 g =, (3.120)
o L or oy oy

By substitution we may see that this equality is correct. Averaging (3.119) in time with the
requirements of periodic behavior we get

- 27 a 2

. _ O o) —avl(ycost—v )=2p M sint—p, —* _<opn sint |dt, (3.121)
2 0 1 0 1

oy 2mc oy ot o Q oy

Here for p,, time-independent term in the expression for density we get
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Fig. 3.10. Dependency of coordinate a — part of longitudinal velocity corresponding to the
second type waves, b — complete density, ¢ — complete transverse velocity, d — complete

longitudinal velocity at the time moments /=0 (1), /= % 2), t= 3% 3), 1= 5771' @), t= 3—”

2
(5), l=% 6), t=rx (7) mua Q=375, Q, =120, ¢=1200, Fr=5.5.

D, = c+([yQ(52 +k*)cosk(y +1) = k(c’ (5 +k*)—~ Q)sink(y +1) [cosh5(y 1)
+[=YQS® +k*)cosk(y —1)+k(c*(8” +Kk7) — Q)sink(y —1) Jcosh 5(y +1)
—0(* (57 +k*)+Q)sinh5(y +1)cosk(y —1)+5(c*(5° + k) (3.122)
+Q)sinh5(y =D cosk(y—1)+5(c* (8> +k*) +Q)sinh 5 (y — 1) cosk(y +1)
+Q(5% +k*)(cosh25y — cos 2yk)) / (2c* (5 + k*)(cos 2k —cosh 29)),
where C 1is constant, which is identified from an assumption about the zero equality of y coordinate-

averaged density p,.
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4~ By, 107° a 4 P b

Fig. 3.11. Dependency of time-averaged density p, on coordinate for the walls pulsation
frequency 500 Hz (1), 1000 Hz (2), 1500 (3) Hz, 2-10" Hz(4), 2.5-10" Hz (5), 3-10" Hz (6),
4-10" Hz (7), 5-10" Hz (8), 6-10* Hz (9), 9-10* Hz (10), 10° Hz (11) at p=10" kg/m’,
h=2 cm, 7=107 Pas, C=1500 m/s, g=9.8 m/s’, £=281p

Fig.3.11 shows that with the increase of the frequency p, may both increase and decrease, but

it reaches the largest values with large frequencies. The number of antinodes grows with frequency.

2
For 4-10* Hz frequencies the vibration amplitude of dimensional frequency is about 70(%) Jos

assuming that %z 10°, p, =1000 kg/m?, then the vibration amplitude of density is 7-10° kg/m~,

with vibration amplitude of pressure being about 16 Pa, that is the pressure is changed just a little.
Velocity profile and flow rate. With v, periodicity, having averaged the equation (3.118) we get
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-150
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Fig. 3.12. a, b — time-averaged profile of velocity part which appears due to pulsations for
walls pulsation frequency 500 Hz (1), 1000 Hz (2), 1500 Hz (3), 2-10" Hz (4), 2.5-10" Hz
(5), 3-10* Hz (6); c — dependency of dimensionless flow rate on frequency at p =10 kg/m’,

h=2 cm, n=107 Pas, C=1500 m/s, g=9.8 m/s’, £=2.81p

27

2— 2
l@ u, — 3Frp 1 07y, —Frﬁz+LJ{PO%—4FTP1Sim
9 2

oy’ O_Eﬁyz ot
0
2sint ', ow o Ow. oo 0w du,
Q o e g TG AN,

(3.123)

du, . ou, du, }

+3p,V,—=sint — p,y —cost—p,y —-cost |dt.
y Ay y

The equation (3.123) allows one to find time-averaged profile of velocity part which appears due to
pulsations. Integration constants in (3.123) are defined from the boundary conditions
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y==%1:1u,=0. (3.124)
Fig. 3.12 a, b shows that u, has the maximum at the center of the channel and the minimum at

its boundaries. Fig. 3.12c shows that the influence of pulsations on fluid transport is negative.

Pulsation-driven part of flow rate is defined by the formula:
27 1

0,-—+ [ [ usine+u,)dyar, (3.125)
2y

has a negative sign, while the flow rate in main order has a positive sign. And here the higher the
pulsation frequency is, the more significant the decrease of flow rate is. Fig. 3.12¢ also shows that
there are some frequencies with channel pulsations leading to significant decrease of flow rate. For

these points the obtained solution does not work, since the coefficients Vi , Rj_ in first-order

1s,c *
solution by amplitude of walls pulsation (3.100) and (3.101), which are given in the Appendix No 3,
tend to infinity. It happens when the condition cos2k =cosh2¢6 is met.
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4. BEHAVIOR OF BUBBLE AND PARTICLE IN ACOUSTIC FIELD

The present chapter analyzes the interaction of a rise bubble and a fall particle in water in weak
acoustic field. Earlier this problem was investigated by D. A. Lyubimov, T. P. Lyubimova and L. S.
Klimenko [130]. They considered the case of large amplitude of acoustic pressures within
approximation, where the influence of bubble's natural oscillation is supposed to be insignificant. The
present chapter looks at small amplitudes of acoustic pressures. For these acoustic pressures the
approach developed by D. V. Lyubimov, T. P. Lyubimov an L. S. Klimenko concluded that the
influence of sound on the bubble and particle motion was negligibly small. The present study puts
forwards an approach, where bubble's natural oscillations are taken into account. This reveals the
increase of particle and bubble collision radius for sound frequencies equaling the natural frequencies
of bubble, even in the case of small acoustic pressures.

4.1. Problem Statement

The influence of sound on collision is analyzed in long-wave approximation, and all
characteristics of a wave are thought to depend on time only.
The motion of pulsating bubble with constant velocity in ideal fluid is described by a system of

equations
p?+p(\7-V)§:—Vp 4.1
t

V-v=0 4.2)

with the boundary conditions
r=R: v-i= R 00, (4.3)

ot

r—>00: V—)\i,p—)px+pa, 4.4)

where Vv is the fluid velocity, U (¢) 1s the bubble velocity, p is the pressures, R is the bubble radius,

p, 1s the sound pressure, p, is the atmospheric pressure, n is the normal vector to bubble surface,

r= \j(x - X, Y +(y— v, Y +(z— Z, ), (x,,y,,2,) are the coordinates of bubble mass center.
Transforming into the frame of reference connected with the center of bubble mass
V>V +U(1),
dx — d¥' + U (t)dt,
X—X'+Xx,,

let us transform the problem (4.1)-(4.4) into

P@er VO, p(V-V)IV==Vp (4.5)
ot ot
V-v=0 (4.6)
r=R: iz, @.7)
ot
r—ow: V>V -U. (4.8)

Value \75 for acoustic pressure ple3 Pa is about 0,001 m/s, while U~0.1 m/s, that is why the

contribution of ‘7s may be neglected.
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Table 1. The term evaluation in the equation for pressure at the bubble's surface

Rg E[@_R} EU@COSH Egcost‘? 2U3 cos’ 0 gU2
ot A 2 o ot 8 8
~10 m*/s* | ~10m?/s* | ~0,1 m*/s* | ~0,1 m*/s* | ~0,01 m*/s* | ~0,01 m?/s*

Assuming that U(¢) is directed along OZ axis and neglecting \7S , we get the problem solution

(4.5)-(4.8) as follows

3R’xz,,  R*ORx
V=-oaTU+——— 4.9
2P r* ot r 9
3Rzy,. R°ORYy
V =——= ——= 4.10
Yo2r r* ot r (+10)
1R 3. R, RzOR
V=-U-—-—7U+-U—7+—7— 4.11
: r 2 7 root (+11)
pip 4 pROR R_4(8_R2+2PR(6_RZ§ RU _oR
PPt bt P P ) T e ) T2 Y
R OR 0. 3pU’R’Z 1pU’R° pU’R’ 3 pU’R’:’
_p_GZU_+pZI§ ZU-=£ 8 L2 6 -£ 3 +2£ 5 -
r o 2r ot 8 r 8 r 2 r 2 r
Pressure at the bubble surface in a spherical system of coordinates is
2 2
P (p5+p“): 8§+§(6_Rj +§U8—Rcos€+
yo, ot~ 2\ ot 2 ot (4.12)
+58—U0059+2U200529—§U2,
2 ot 8 8

where @ is a zenith angle. In the problem under analysis a bubble has a size of about 1 mm, sound
frequency is about 4.000-7.000 Hz, the velocity of its rise is about 10 cm/s. This helps to evaluate the
values in (4.12), which is given in Table 1. Here we can conclude that terms with bubble velocity U 1is
at least 100 times less than that term with no velocity. This allows to neglect the terms with U . As
result the pressure at the bubble boundary is as follows

&R  3(éRY
=p.+p,+p|R—+—=| — | | 4.13
p=p,+p, /{ P 2(&” (4.13)
On the other side the pressure inside a bubble is defined by an expression
20
p:pv-l—pg—?, (414)

where p, is the pressure of saturated steams (for water at ¢t =20° p, =2350 Pa), p, is the partial

pressure of gas, o is the coefficient of surface tension (for water at t =20°, o =7.35-10" N/m). Let
us assume that bubble pulsations are adiabatic, then

PR =p R, 4.15)
or
3y
P=pa (%] , (4.16)
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By substituting (4.14) and (4.16) in (4.13), we get the Rayleigh—Plesset equation for an ideal fluid:

3y 2 2
R, j 20 o°R 3 (aRj
+ —| ——=p,+p,+p| R +=—1 | 4.17
Py p*”o( R R _DTPTPI N 5 T 17)
Characteristic values for contribution of different terms in (4.17):
20 P (R
20 0.1 m¥s, —“(—j ~100 m*s%, £2 100 m%s%, 2x ~1 m¥s’. (4.18)
PR p \R p p

From (4.18) it follows that the summand characterizing the contribution of the surface forces may be
neglected. As a result we get the equation
3y 2 2
R, O°R 3(6Rj
+ — | =p,=p,+p|R—+=| — | | 4.19
pv ng(R pa px p atz 2 8[ ( )
The problem of particle fall and bubble rise also includes the gravity and viscous friction
forces, which are not taken into account in the problem (4.5)-(4.8). Let us show that within our
approximation the influence of gravity and viscosity on the bubble vibrations should be neglected.
With no gravitational forces the equation (4.17) for the viscous fluid [143] is as follows
2 2 3y
&m@_fﬁ(@_l?j _@(&) L20 A pomp 4.20)
yo, ot~ 2\ ot p R PR pR Yo,
where 7 is the dynamic viscosity. The equation (4.20) differs from the equation (4.17) by the

summand 4—2]? , which characterizes the influence of viscous friction force on the bubble pulsation.
Yo,

The specific value of this term for the waters is ~ 0.001 m?/s*>. Here we may conclude that we should

neglect the contribution of the viscous forces into the bubble pulsation.

Gravitational forces result in additional pressures pgRcos@. As a result (4.19) should have a
summand with the specific value of gR ~0.01 m?*/s”. This term may be neglected.

Consequently, within the used approximation the equation (4.19) should not change with
viscous and gravitational forces.

With the gas density in a bubble 1000 times less than the fluid density we use the equation
[144] to simulate translational motion of a bubble:

—%ﬂp§R3U+FH(t)+Fd+FA=O, 4.21)

where the Archimedes force F, is calculated by the formula:
F, = %ﬂR3p§ , (4.22)
the force of viscous friction by the formula [144]:
F, =2 prk?[00
The coefficient C,, is calculated by the formula:

205 _ pall_
c, = 52.66Re 412.53 Re " —-2324 ’ (4.23)
c

where Re(#)=2RU /v, v are the kinematic viscosity of water. The equation (4.23) approximates

experimentally obtained in [145] dependence of viscosity coefficient C, on the Reynolds number for

a bubble rise in distilled water [146] (comparison with the experimental curve is shown in Fig. 4.1).
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0 100 200 300
Fig. 4.1. Dependence of viscosity coefficient on the Reynolds number developed by the formula

(4.23) and by the experimental data from [146, p.171].

The historical force is calculated by the formula [147, 148]:

t

F,(t)=-6rn ﬂVj dr l/(M)+ L |z _Re@ 3><
f ) R(t')’ G(1)| 16\ f,(Re(r))

0 (4.24)

ca V1
x(v | R(t,)zJ ] ——R@U)r,

T

where f,,(Re)=0.75+0.105Re, Re(1)=2RU /v, a=2, G(r)=1.

Dependence of bubble location on time calculated with the formula for the historic force (4.24)
was compared with the experiment results in [148] and the numerical simulation results were found to
correspond to the experiment results very well.

In the applications connected with the flotation the particle size of about 30 times less than the
bubble and the influence of the particle on the fluid flow arisen due to the bubble presence may be
considered to be small to negligible. This allows to use the Basset-Boussinesq-Oseen equation [149] to
describe the particle motion:

" [dUp +d_UJ= 3d (3, —Up)+é7rd;(pp -p)@ —%d;vp+

dt dt
(4.25)

7 5 d,.. - 3., (dU,-1,) dr
+—d p—@, -U )——d «/72' .
12 ppdt( L p) 2 P UP£ dZ' \/(l’—f)

where d, is the particle diameter, u, is the velocity of fluid at a point in the particle center, if there is

no particle, U , 1s the particle velocity, m, is the particle mass. Fluid may be considered to be ideal in

P

all area except the area behind the bubble [130], since u, velocity may be calculated by the formulas

(4.9)-(4.11). In the equation (4.25) we use the Stokes force as viscous forces, because the Reynolds
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Fig. 4.2. The change in bubble radius ( Fig. 4.3. Dependence of the particle (radius

R,=500 mkm) with time under the is 20 mkm and density is 2000 kg/m?)

influence of sound with frequency 40500 collision radius with the bubble of 500 mkm

rad/s and acoustic pressure 1000 Pa radius on the sound frequency @ for the
acoustic pressure in 1000 Pa (1), 1500 Pa
(2), 2000 Pa (3).

numbers for the particles are about 0.01. The value m, CZ—U 1s inertial force, which occurred due to the
t

fact that the frame of reference is connected with the bubble.

Thus, in simulating the particle fall and bubble rise in acoustic field the bubble motion is
described by the equation (4.21), particle motion - by the equation (4.25), where the fluid velocity is
determined by the expressions (4.9)-(4.11).

4.2. Influence of sound on the collision radius

In most cases the weak intensity sound does not influence the trajectory of particle and bubble
motion. However, for the resonance when the sound frequency equals the natural frequency of the
bubble the sound influence may become noticeable.

To evaluate the value of the resonance frequency let us present the bubble radius as a sum of
constant and variable components:

R=R,+R(1). (4.26)
By substituting (4.26) in the equation of the bubble pulsations (4.19) and neglecting the term quadratic
in R (1) we get

2R 3 _ —
a 1 + pg()z]/ R1 — pv pa ps . (4‘.27)

o' pR; PR,

where acoustic pressure p, changes as Acoswr. From (4.27) we may get the expression for the

resonance frequency of a bubble in the form [143]
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Fig. 4.4. Trajectories of the particle motion (20 mkm radius, 2000 kg/m” density (a,c) , 200
kg/m2 density (b,d)) near the bubble in acoustic field with the frequency @ =40000 rad/s and
acoustic pressure 1000 Pa (a,b) and with no sound (c,d).

3
o, = / Do (4.28)
PR,

For the bubble with the radius of R, =500 mkm the resonance frequency (4.28) equals approximately

40500 rad/s.
Amplitude of bubble pulsation found from (4.27) equals AR, /(3yp,,) . For the acoustic wave

with the amplitude of acoustic pressure A=1000 Pa the amplitude of the constrained pulsations of
bubble is 0.002R,. For the impact of the sound with resonance frequency (4.28) the amplitude of the

constrained pulsation increases in about hundred times up to 0.17R, (Fig.4.2). As a result the field of

fluid velocities caused by the bubble motion significantly changes resulting in the change in particle
trajectory (Fig.4.4). Consequently, for the particles with the density more that water density the
particle collision radius significantly increases (Fig.4.3).
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Fig. 4.4 shows that the particles with the density more than the water density (4.4a, 4.4c) are
attracted by the particle due to the sound influence, while the particles with the density less than water
density (4.4b, 4.4d) repulse from the bubble.

Fig. 4.5 shows that in most cases with sound the radius of heavy particle collision is more than
the radius of light particle collision. The change in particle density influences the most on the particle

Rcol/ RO 3
2 2
1
1
P,/P
0
2 4 6

Fig. 4.5. Dependence of particle collision radius with a bubble with radius of 500 mkm on particle
density in acoustic field with @ =40000 rad/s frequency and 1500 Pa acoustic pressure. Radius of
particle is 100 mkm (3), 70 mkm (2), 40 mkm (1)

collision radius at the densities less than the doubled water density. For the heavy particles with
p>3000 kg/m”* density collision radius may decrease with the density increase.

Thus, when the sound frequency equals natural bubble pulsation frequency, the collision radius
has a resonance peak. For all other values of the frequencies the influence of the sound on the collision
radius, in case of the weak acoustic fields, are small to be negligible. The natural frequencies depend
on the bubble size, which means that with sound influence the possibility for the bubbles with a
particular radius to trap particles increases.

The increase of acoustic pressure results in the increase of collision radius. With the acoustic
pressures of about 1000 Pa the collision radius increases 5 times due to the sound influence with the
frequency equaled the natural frequency of bubble. The approach of D.V.Lyubimov, T.P.Lyubimov,
L.S. Klimenko gives the same collision radius increase due to the sound influence only for 100-1000
times higher acoustic pressures.
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CONCLUSION

Peristaltic fluid flow in a channel with specified pressure wave at the boundary for random
velocities of wave and wave numbers have been studied. The dependencies of flow rate on problem
parameters have been specified. It was found that there is maximum value of flow rate, which may be
reached by changing the problem parameters.

The influence of transverse vibrations on peristaltic flow with specified pressure wave at the
boundary has been examined. The most influence of vibrations has been found, when the pressure
wave frequency equals the vibration frequency.

The influence of the transverse wall pulsations on fluid transfer under the pressure drop and
gravity for incompressible fluid in case of finite pulsation frequencies has been studied. It has been
found that with the finite pulsation frequencies in comparison with the extreme cases of small
frequencies studied earlier by other scientists the pulsations decrease the flow rate.

The influence of compressibility on the fluid flow in a vertical channel under gravity with
transverse wall pulsations has been studied. It has been found that the compressibility causes time-
independent non-homogeneity of density in a channel.

The influence of low intensity sound on the particle and floating bubble interaction has been
examined. It has been found that the bubble and particle collision radius reaches its maximum at the
sound frequency equal natural frequency of bubble.
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Appendix Ne 1 to paragraph 2.2.3. Program to find solution

This program was written for Maple 16. The solution for the longitudinal velocity is written in uq, for
the transverse one - in vq, for pressure - in pq, for the deviation from average wall position — in xiq.

The number of terms in series
N:=7:

eql:=c/lambda*diff(vx(t,x,y),t)+vx(t,x,y)/h*diff(vx(t,x,y),x)+vy(t,x,y)/lambda
*diff(vx(t,x,y),y)+1/h/rtho*diff(p(t,x,y),x)-nu*  (1/h**2  * diff(vx(t,x,y), x$2) +1 /lambda**2
*diff(vx(t,x,y),y$2));

eq2:= c/lambda*diff(vy(t,x,y),t)+vx(t,x,y)/h*diff(vy(t,x,y),x) +vy(t,x,y)/lambda*  diff(vy(t,x,y)
,y)+1/lambda/rho*diff(p(t,x,y),y)-nu*(1/h**2*diff(vy(t,x,y),x$2)+ 1/lambda**2*diff(vy(t,x,y),y$2));

eq3:=diff(vx(t,x,y),x)/h+diff(vy(t,x,y),y)/lambda;

eq4:=expand(h/c**2*expand(subs(vx(t,x,y)=v(t,x,y)*c*h/lambda,vy(t,x,y) = u(t,x,y) *c,p(t,x,y)=nu
*rho *c/h**2*lambda*p1(t,x,y),eql)));

eqS:=expand(h/c**2*expand(subs(vx(t,x,y)=v(t,x,y)*c*h/lambda,vy(t,x,y) =u(t,x,y) *c,p(t,x,y)=nu*
rho*c/h**2*lambda*p1(t,x,y),eq2)));

eq6:=expand(h/c**2*expand(subs(vx(t,x,y)=v(t,x,y)*c*h/lambda,vy(t,x,y)
=u(t,x,y)*c,p(t,x,y)=nu*rho*c/h**2*lambda*p1(t,x,y),eq3)));

eq7:=expand(expand(subs(nu=h*c/Re,h=delta*lambda,eq4))*delta);
eq8:=expand(subs(nu=h*c/Re,h=delta*lambda,eq5));
eq9:=expand(c/delta*expand(subs(nu=h*c/Re,h=delta*lambda,eq6)));
uq:=0:vq:=0:xiq:=0:pq:=0:

for i from 1 to N do

uq:=uq+ul[i](t,x,y)*delta**i:

vq:=vq+v1[i](t,x,y)*delta**i:

xiq:=xig+xil[i](t,y)*delta**i:

pq:=pq+pl1[i](t,x,y)*delta**i

end do:

g(t-y):=A*Re*cos(t-y):
el:=expand(subs(u(t,x,y)=uq,v(t,x,y)=vq,xi(t,y)=xiq,p1(t,x,y)=pq,eq7)):
e2:=expand(subs(u(t,x,y)=uq,v(t,x,y)=vq,xi(t,y)=xiq,p1(t,x,y)=pq,eq8)):
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e3:=expand(subs(u(t,x,y)=uq,v(t,x,y)=vq,xi(t,y)=xiq,p1(t,x,y)=pq,eq9)):
el:=convert(series(el,delta=0,N),polynom):
e2:=convert(series(e2,delta=0,N),polynom):
e3:=convert(series(e3,delta=0,N),polynom):

Uplus:=uq:uqq:=uq:

for i from 1 to N do

uqq:=diff(uqq,x):

Uplus:=Uplus+uqq*a**i/i!:

end do:
Uplus:=convert(series(subs(a=xiq,Uplus),delta=0,N),polynom):
Uminus:=uq:uqq:=ugq:

for i from 1 to N do

uqq:=diff(uqq,x):

Uminus:=Uminus+uqq*a**i/i!:

end do:
Uminus:=convert(series(subs(a=-xiq,Uminus),delta=0,N),polynom):
Vplus:=vq:uqq:=vq:

forifrom 1 to N do

uqq:=diff(uqq,x):

Vplus:=Vplus+uqq*a**i/i!:

end do:

Vplus:=convert(series(subs(a=xiq, Vplus),delta=0,N),polynom):
Vminus:=vq:uqq:=vq:

forifrom 1 to N do

uqq:=diff(uqq,x):

Vminus:=Vminus4+uqq*a**i/il:

end do:

Vminus:=convert(series(subs(a=-xiq, Vminus),delta=0,N),polynom):
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pplus:=pq:uqq:=pq:

for i from 1 to N do

uqq:=diff(uqq,x):

pplus:=pplus+uqqg*a**i/il:

end do:
pplus:=convert(series(subs(a=xiq,pplus),delta=0,N),polynom)-delta*g(t-y):
pminus:=pq:uqq:=pq:

for i from 1 to N do

uqq:=diff(uqq,x):

pminus:=pminus+uqq*a**i/i!:

end do:
pminus:=convert(series(subs(a=-xiq,pminus),delta=0,N),polynom)-delta*g(t-y):
forifrom 1 to (N-1) do

pql 1:=solve(int(coeff(el,delta**1),x)=0,p1[i](t,x,y))+C;
Cl:=solve(subs({p1[i](t,x,y)=subs(x=1,pql1),x=1},coeff(pplus,delta**1)),C);
pql2:=subs(C=Cl,pqll);

pl[il(t,x,y):=simplify(pq12);
uql1:=solve(int(int(coeff(e2,delta**1),x),x)+x*C+D1,ul[i](t,Xx,y));

C2:=solve({subs({ul[i](t,x,y)=subs(x=1,uq11),x=1},coeff(Uplus,delta**i)),subs({ul[i](t,x,y)=subs(x=
-1,uql1),x=-1},coeff(Uminus,delta**1))},{C,D1});

uql2:=subs(C2,uqll);
ul[i](t,x,y):=simplify(uq12);
vql I:=solve(int(coeff(e3,delta**1),x)+C,v1[i](t,x,y));

C3:=solve(subs({v1[i](t,x,y)=subs(x=1,vql1),x=1},coeff(Vplus,delta**i))+subs({ v1[i](t,x,y)=subs(x=-
1,vql1),x=-1},coeff(Vminus,delta**1)),C);

vql2:=subs(C=C3,vqll);
v1[i](t,x,y):=simplify(vql2);

xil[1](t,y):=simplify(int(subs({ v1[i](t,x,y)=subs(x=1,vq12),x=1},coeff(Vplus,delta**1)),t))-
int(simplify(int(subs({v1[i](t,x,y)=subs(x=1,vq12),x=1},coeff(Vplus,delta**1)),t)),t=0..2*Pi)/2/P1i;
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end do:
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Appendix Ne 2 to paragraph 3.7. Coefficients in solution

Paragraph 4.5 gives the solution to the Navier-Stokes equation system for compressible
fluid in approximation of small amplitude of wall vibrations. First-order longitudinal velocity is
determined by the formula

u, =C e sin(t +Q'y)+C, e sin(t —Q'y) + C'e™ cos(t + Q'y) +
+C e cos(t—Qy)+U e sin(t — yk) + U e cos(t — yk) +
+U e sin(t + yk) +U ™ cos(t + yk) + y[ U, e sin(t - yk) +
+U "% cos(t— yk) + U e® sin(t + yk) + U e” cos(z + yk)]

— y’QFrsint.

transverse velocity by

v, =V, e " sin(t — yk)+V, e * cos(t — yk)
+V7e® sin(t + yk) +V, e” cos(t + yk),

and density by
0, =R e sin(t — yk)+ R cos(t — yk)+ R e sin(t + yk) + Re” cos(t + yk).

Here the variables were introduced:
R =R = osinkcosho —kcosksinho ’
¢ ¢ cosh28 —cos2k
R =R —— ksink cosho + o cosk sinh & ,
* ’ cosh26 —cos2k
Vo=V = cosksinho Vo= —Vi—e sink cosho ’
cosh26 —cos2k cosh26 —cos2k

V(8 —k)+2V (Q7 - k)
(07 + k%) —80kQ? +4Q0* 7
Vi (k* = 8%) + 2V, (" — 5k)
(07 +k*) —80kQ” +4Q*
Ul =U;=(-26°U; +2(U k- Q°FrR))S* +(-2U | k* —4Q°U;, +4kQ°FR)S6
—4Q"FR +4Q"°U | k+2kU ) +2k>Q°FrR?) [ (87 +k*)* —8kQY? +4Q)"™),

U, =-U., =—4Q"Fr

ye

Ut =-U, =4Q"Fr

U =U; =(-26°U}, - 2(U  k+Q"FR)&* +(-2U | k> +4Q"°U | - 4kQ°FR})S
+4Q"FR, +4Q"°U " k- 2k°U;, +2k°Q"FR))) / (6° +k*)* —86kQY? +4Q0"),
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Q-6
e

7 n X
2¢*Y cos4Q) — ¥ —1

X |:{(—U\+ - U;S)COS(3Q’ + k) + ([];rC —+ UJ)SIH(?)Q' + k)}62(9’+6)

C'=C, =

+{U, U )cos(3Q —k) = (-U, + U, )sin(3Q' — k) } ***>’

U, +U)cos(Q' = k) + (U, +U;)sin(Q' — k) |

— &MU, +U;)cosBQ —k)+e** (U, +U,,)sin(3Q — k)

+(U; =U)cos(Q —k)+e* Y (U} —U.)cos(3Q +k)

+(US -UNsin(Q —k)—e** (U -U},)sin(3Q' +k)

+2FrQ” (¥ +¢*¥*?) cos 3Q - 2FrQ%e** cos QO

U, +U )+ (U ~U ) fcos( +k)

+{(U; + U;C)emy (U, - U;_C)}sin(Q’ +k)—2FrQ"”e’ cos Q']
eQ’—§

26 cosdQY — ¢ —1

X [{(U; + U:)COS(?,Q’ +k)+ (U:S + U:)sin(3Q’ + k)}eZ(QU“S)

C =C =

+{(U, ~U,)cos(3Q k)~ (U, ~U,)sin(3Q' — k)| &*****
+{(~U; = U)cos(Q' k) + (U, + U )sin(Q' — k)"

+e* M (U, +U, )cos(3Q —k)+ e (U, +U; )sin(3Q — k)

+ (U, —U)cos(Q' = k) +e** (U] = U3, )cos(3Q' + k)

+(U, U )sin(Q' —k)+ " (U, —U})sin(3Q + k)

— 2FrQ"%e*** sin 3QY' + 2FrQY%e* "’ sin3Q)' — 2FrQ%e*** sin Q'
+ {—(U;c +U ) = (U, - U;C)}COS(Q’ +k)+

HU, +U D = (U, =U,))sin(Q +k) + 2FrQ%’ sin QY |
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