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Résumé 

DКns cette tСчse on cСercСe р цtudТer le fluб pцrТstКltТque des lТquТdes dКns un cКnКl р 
onde de pressТon dцtermТnцe Кuб confТns. DКns lК plupКrt des recСercСes de sвstчmes de 
trКnsportКtТon pцrТstКltТques lК vКrТКtТon des coordonnцes de lК pКroТ est prцdцfТnТe pour les 
rКТsons de commodТtц. CependКnt les pКroТs d’orРКnes creuб (comme œsopСКРe ТntestТn Рrêle, 
côlon urчtre, vКТsseКuб lвmpСКtТques) dont le fonctТonnement consТste р trКnsmettre des produТts 
pКr lК voТe pцrТstКltТque, sont dotцes de ЛКrorцcepteurs – cКpteurs quТ perхoТvent lК pressТon dКns 
lК coucСe lТmТte de fluТdes et servent р rцРuler le cКlТЛre des vКТsseКuб. Pour crцer le modчle du 
comportement des sвstчmes ЛТoloРТques pКreТls Тl nous semЛle plus КdцquКt de prцdцfТnТr l’onde 
de pressТon Кuб confТns des vКТsseКuб. Cette КpprocСe rцКlТsцe dКns notre tСчse permet de 
dцcouvrТr et dцcrТre des effets nouveКuб, Тneбplorцs КupКrКvКnt. 

DКns cette tСчse nous цtudТons КussТ l’Тnfluence des pulsКtТons trКnsversКles des pКroТs du 
canal sur la transmission du produit dues aux chutes de pression. Cet objectif est apparu lors de 

lК dцtermТnКtТon de lК vТscosТtц du lТquТde utТlТsКnt lК mцtСode des cКnКuб compressТЛles 

(squeeгТnР floа vТscometrв). Des proЛlчmes sТmТlКТres sont Кsseг rцpКndus dКns l’цtude d’une 
vКrТцtц des sвstчmes ЛТoloРТques, en pКrtТculТer, des mouvements de luЛrТfТcКtТon des 
articulations ou des micro-vaisseaux des muscles. 

Nous Кvons КussТ цtudТц l’Тnfluence du son sur l’ТnterКctТon d’une pКrtТcule solТde 
tomЛКnte et d’une Лulle de РКг montКnte dКns le lТquТde. LК pertТnence de ce trКvКТl est lТцe р 
l’ТmportКnce de recСercСe des solutТons possТЛles pour КuРmenter l’effТcКcТtц de flottКtТon, 
mцtСode d’enrТcСТssement ЛКsцe sur l’КccrocСКРe des pКrtТcules mТnцrКles pКr des Лulles de РКг. 

 

Mots-clцs: ecoulement de PoТseuТlle; цcoulement pulsКtТle; pцrТstКltТsme; ТnterКctТon des 
particules et de la bulle 
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Abstract 

The thesis studies the peristaltic flow of fluid in a channel with the specified pressure 

wave at the boundary. TСe lКа of аКll’s coordТnКte vКrТКtТon Тsn’t determТned К prТorТ. It Тs found 
from the initially definite law of pressure-variation on the wall. This way is based on the fact that 

some hollow organs change diameter under the signals of baroreceptors (sensors that detects the 

pressure). We studied the effects of various parameters on flow rate and structure of flow. 

Besides we studied the influence of vibration on the peristaltic flow under long wave 

approximation.  

The paper also considers the influence of the wall transverse pulsation on the fluid 

transport under the pressure drop. This problem arises in defining the liquid viscosity by 

squeezing flow viscometry. The same problems occur in analyzing different biological systems, 

including the lubricant movement in joints or in the microvessels of working muscles.  

The influence of sound on the interaction of a solid particle and a gas bubble in fluid is 

studied as well.  

 

Keywords: Poiseuille flow; pulsating walls; squeezing flow; peristaltic flow; interaction of 

particle and bubble 
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1. Synthèse en Français 

Equation Section (Next) 

Le premier chapitre est consКcrц р l’цtude du fluб pцrТstКltТque р deuб dТmensТons dКns 
un cКnКl р onde de pressТon dцtermТnцe Кuб confТns. L’Тntцrêt portц р ce proЛlчme est lТц р 
l’цtude de РestТon de trКnsportКtТon des lТquТdes pКs des sТРnКuб des ЛКrorцcepteurs. Ils КnКlвsent 
lК pressТon et effectuent lК rцРulКtТon locКle du courКnt de lТquТdes ЛТoloРТques. LК fКхon lК plus 
fКcТle de modцlТser ce tвpe de rцРulКtТon pКr force КpplТquцe р lК pКroТ, peut être une цquКtТon de 
type 

  ( )
cos( / / ) .x x h

F p ct y


   
 

      

où h  - dТstКnce entre les pКroТs du cКnКl, t  - temps, y  et x  - coordonnцes lonРТtudТnКles et 
trКnsversКles, p  - pressТon. Pour sТmplТfТer le proЛlчme on suppose que lК rцРulКtТon soТt 
КЛsolue et que le coeffТcТent   tend vers l’ТnfТnТ. DКns ce cКs on peut nцРlТРer les forces outre lК 
force 

xF . Le rцsultКt est une condТtТon lТmТtropСe de lК pressТon dвnКmТque: 
 ( ) : cos( / / ),x h p ct y          

quТ est utТlТsцe dКns lК tСчse. 

Ce même proЛlчme цtц цtudТц pКr D. TКkКРТ1 pour les petТts nomЛres d’onde et vТtesses de 
propКРКtТon des ondes. Les rцsultКts, prцsentцs dКns le premТer cСКpТtre цtendent ceuб de lК 
recСercСe de D. TКkКРТ pour les vТtesses КrЛТtrКТres de propКРКtТon des ondes et pour les nomЛres 
d’onde КrЛТtrКТres. 

On rцsout le sвstчme des цquКtТons de NКvТer-Stokes: 

 
2 2

2

2 2

u u u p 1 u u
v u 0,

t x y y C x y
 

      
              

  (1) 

 
2 2

2 2

2 2

v v v p v v v u
v u 0,   0;

t x y x C x y x y

 
        

                  
 (2) 

Conditions aux limites: 

  (1 ) : v , u 0, p cos .x A t y
t

 
       


  (3) 

Le proЛlчme ;1Ϳ-;3Ϳ en forme КdТmentТonnelle. Les unТtцs de mesure cСoisies sont : pour la 

coordonnцe trКnsversКle pКr rКpport р l’Кбe du cКnКl x  - lК moТtТц de lК dТstКnce entre les pКroТs 
de canal h , pour lК coordonnцe lonРТtudТnКle y  – le nombre d’onde Тnversц , pour la vitesse 

longitudinale u  – lК vТtesse de propКРКtТon d’onde de pressТon sur lК pКroТ c , pour le temps t  – 

/ c , pour la pression p  – 2
c ( où   - lК densТtц du lТquТde), pour lК vТtesse trКnsversКle v  –

/ch  , pour l’цcКrt pКr rКpport р lК posТtТon moyenne du canal  – h . 

Le proЛlчme est cКrКctцrТsц pКr troТs pКrКmчtres КdТmensТonnels: lК vТtesse de propКРКtТon 
d’onde /C hc   (où   - lК vТscosТtц kТnцmКtТque), le nomЛre d’onde /h   et l’КmplТtude 

                                                           

1 Takagi D. Nonlinear peristaltic waves: a bitter pill to swallow // GFD Proceedings Volume 
of WHOI. — 2009. — P. 2-25. 
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adimensionnelle des vibrations de pression sur la paroi 2/ ( )A a c  (où a  - l’КmplТtude 
dТmensТonnelle des vТЛrКtТons de pressТon). LК solutТon du proЛlчme ;1Ϳ-;3Ϳ цtКТt cСercСцe sous lК 
forme d’une sцrТe selon le petТt pКrКmчtre A . Au prцКlКЛle, lК trКnsformКtТon des coordonnцes К 
цtц effectuцe: 

 (1 ),  ,  .x x y y t t      (4) 

Dans le premТer rКnР lК solutТon du proЛlчme pour lК pressТon est 

 1 ch( )cos / ch ,p x     (5) 

pour la vitesse longitudinale: 

 
 

 
1 1 1 1 2

1 1 2 1

u cos ch( ) / ch sh sin cos sin

              ch cos cos sin ,

x x x C C

x x C C

      

   

   

 
 (6) 

pour la vitesse transversale: 

 

2 2

1 1 1 1 1 1 2 1 2 1 1 1 1

1 1
1 1 1 2 1 2 1 12 2

1 1

v ch( )sin( )(( )cos ( )sin ) / ( )

sh cos sh
       + (( )cos ( )sin ) sin ,

ch

x x C C C C

x x x
C C C C

         
        
   

     

   


  

avec la notation suivante t y    et 

 2 2 2 2

1 1( ) / 2,  ( ) / 2,C C               

 2 2 2 2

1 1 1 1 1 2 1 1 1 1sh sin / (cos sh ),  ch cos / (cos sh ).C C               

LК vТtesse lonРТtudТnКle moвenne dКns le temps est dцtermТnцe pКr l’цquКtТon 

 

 

FТРure 1. DцpendКnce de lК vТtesse lonРТtudТnКle moвenne de lК coordonnцe trКnsversКle 
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2 2 2

1 1 1 1 1 1
2 1 2 2 2

0

2

1 1 1 1
1 1 1

u 2 u
u

2

2 u u u
                             v v .

x

C p x
c c x x

y x C y x C x

x
x dtdxdx

C y x y x x

    
 

 


     
          

   
        

 
  (7) 

où les constКntes 1c  et 2c  dans (7) sont dцtermТnцes vТК les condТtТons Кuб lТmТtes: 

21: u 0.x      

Le dцЛТt du lТquТde est cКlculц selon lК formule 

 
1 2

2 2 1 1

1 0

1
(u u ) .

2
Q dt dx






     

LК fТРure 1 prцsente le profТl de lК vТtesse lonРТtudТnКle moвenne dКns le temps 2u  pour le 
nomЛre d’onde 0.01  . A petТte vТtesse de propКРКtТon d’onde C , le profТl de lК vТtesse 
lonРТtudТnКle Кvec lК courЛe en clocСe Кvec le mКбТmum dКns le centre du cКnКl (fТРure 1: 
courЛe 4: 1C   et courЛe 3: 100C  ). Avec КuРmentКtТon de vТtesse de propКРКtТon d’onde 
dКns les pКrtТes centrКles de courЛes КppКressent des seРments КpplКtТs et des coucСes flТmТtes 
prчs des pКroТs (fТРure 1: courЛe 2: 2000C  , courЛe 1: 20000C  ). 

LК fТРure 2 Тllustre lК dцpendКnce du dцЛТt du lТquТde р pКrtТr des pКrКmчtres du proЛlчme. 
Comme on peut le voТr, lК dцpendКnce de dцЛТt р l’цРКrd de nomЛre d’onde n’est pКs monotone; 
Тl eбТste le dцЛТt mКбТmКl qu’on peut КtteТndre en modТfТКnt les pКrКmчtres du proЛlчme. Il est р 
peu prчs 2.5, ce quТ pour l’eКu dКns le cКnКl d’un cm. de lКrРe correspond р lК vТtesse de l’ordre 
de 310  m/sec. Le dцЛТt de lТquТde est КuРmentц pКr l’КuРmentКtТon de lК vТtesse de propКРКtТon 
d’onde et, Кvec des nomЛres ТmportКnts de C  Тl descend р l’Кsвmptote СorТгontКle ce quТ 

 

Figure.2. DцpendКnce de dцЛТt du lТquТde К) de lК vТtesse de propКРКtТon d’onde  pour 

 (1),  (2),  (3),  (4), b) du nomЛre d’onde  pour  (1), 

 (2),  (3),  (4) 
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s’eбplТque pКr lК formКtТon des coucСes lТmТtes.  

Le deuxième paragraphe du premier chapitre est consКcrц р l’цtude de l’Тnfluence des 
vТЛrКtТons lonРТtudТnКles р lК trКnsportКtТons des produТts pКr lК voТe pцrТstКltТque dКns le cКnКl 
ЛТdТmensТonnel dКns le cКdre de l’КpproбТmКtТon des ondes lonРues (petТt  ). Pour le cКs où les 
vТЛrКtТons ne sont pКs prцsentes, pour le dцЛТt de lТquТde on utТlТse lК formule: 

 
2 2 2 2 2 4

2 2 625 31 22
( ).

3 9 12 63 5

A C A C
Q A C O

           
  (8) 

DКns le cКs lТmТte 0   cette formule correspond р lК formule prцcцdente oЛtenue pКr D. 
TКkКРТ pour ce cКs lТmТte (les dТffцrentes sТРnТfТcКtТons du coeffТcТent sont dues р lК dТffцrence de 
lК РцomцtrТe des proЛlчmes). Il fКut soulТРner que D. TКkКРТ КvКТt цtudТц ce proЛlчme 
unТquement pour ce cКs lТmТte.  

L’eбТstence des vТЛrКtТons lonРТtudТnКles peut être sТmulцe pКr lК force d’ТnertТe, comme 
quoТ sКns le proЛlчme (1)-(3) de fluб pцrТstКltТque dКns le cКnКl р onde de pressТon dцtermТnцe 
Кuб confТns lК seule cСose quТ cСКnРe c’est l’цquКtТon (1) quТ prend lК forme suТvКnte: 

 
2 2

2

2 2

u u u p 1 u u
v u cos .M wt

t x y y C x y
  

      
              

 (9) 

DКns l’цquКtТon (9) deuб nouveКuб pКrКmчtres КppКrКТssent: l’amplitude adimensionnelle des 

vibrations   et lК frцquence КdТmensТonnelle des vТЛrКtТons w , Тls sont lТцs р lК frцquence 
dimensionnelle w  et р l’КmplТtude m  en corrцlКtТons suТvКntes 

 2/ , w / .M m c w c     (10) 

La solution du problчme (2), (9), (3) dans l’КpproбТmКtТon d’ondes longues fait 

l’augmentation de dцbit de liquide grace aux vibrations de type: 

 
4 4 2 2

5

2

5
( ).

18 1

C A M
Q

w

    


  (11) 

Comme on peut voТr dКns l’цquКtТon (11), dКns le cКs des frцquences de vТЛrКtТons plus СКutes 
que lК frцquence de l’onde de pressТon Кuб confТns de pКroТ, les vТЛrКtТons Кffectent 

nцРКtТvement le trКnsport pцrТstКltТque – le dцЛТt du lТquТde dТmТnue. DКns le cКs Тnverse – les 

vТЛrКtТons entrКьnent l’КuРmentКtТon du dцЛТt.  
En cКs de correspondКnce des frцquences de vТЛrКtТons Кvec celles de l’onde de pressТon 

aux confins, la formule pour le dцЛТt de lТquТde (11) n’est plus effТcКce. Pour oЛserver ce cКs Тl 
fКut цtudТer le comportement du sвstчme Кuб Кlentours de cette vКleur, pour lКquelle lК frцquence 
serait 21w    ( 2  - vКleur fКТЛle). DКns ce cКs lК mцtСode de petТt pКrКmчtre ne permet pКs 
de trouver lК solutТon et Тl fКut utТlТser lК mцtСode d’цcСelles multТples, dКns le cКdre de lКquelle 

р côtц du temps rКpТde t , on introduit aussi le temps lent 1t t  et 2

2t t . Aux alentours 

1w   dКns lК dцcomposТtТon de  il faut introduire le sommant 0  d’ordre гцro de  . Son 

цquКtТon est:  

      4 20 0
0 0

2

5
1 sin cos 1

6 6

AM
z A A M z C

y t

  
  

       
  (12) 

où 2z t t  . L’цquКtТon dТffцrentТelle peut (12) être rцduТte р une КlРцЛrТque 

    52

0 0cos 1 6 0,M z A AC C         (13) 
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où C  - la constante non-dцtermТnцe. DКns le cКs de РrКnds   lК solutТon de l’цquКtТon (13) К lК 
forme suivante: 

 
2 4 2

0 2 3

cos 5 ( cos2 2 cos ) 1
.

6 72

AC M z MC A M z A z
O

  


    
 

  (14) 

Le dцЛТt de lТquТde dКns ce cКs serК 

 
2 2 2 2 2

2 2 2 3

2 3

5 5 1
, .

36 18

C M C A M
Q C A 

  
  

      
  

  (15) 

Si on prend 21w    dans la (11) et en lК dцcomposКnt selon  , nous aurons 

 
4 4 2 2 4 2 2 2

3

2 2

5 5
( ).

18 (1 ) 1 36

C A M C A M
Q

  
 

     
 

  (16) 

La comparaison de (11) et (15) nous prouve que loin du point 1w   une solution passe en une 

autre. Dans le cas des relations faibles M/A<<1, 

 
 

2 3

0 3

cos 0.5
15 cos2 ,

5 6 5 6

z M M M
z O

A A A
               

 (17) 

où 2 2/ ( )A C  . On peut dцduТre de (17) que dКns l’ordre гцro de pКrКmчtre fКТЛle Тl в К une 
onde lente qui apparait 0 .  

On К dцcouvert que lorsque lК vКleur w  tend vers 1, une onde lente dont lК frцquence est 
цРКle р lК dТffцrence des frцquences des deuб effets se produТt. QuКnd les vКleurs des frцquences 
coïncТdent, cette onde dцРцnчre en un modчle stКtТonnКТre.  

Aux alentours de 1w   au lieu de la formule (11) il faut utiliser: 

 

 

2

2 2 2 2 2

3 2 64
3

6 4

1 5 1 2

3 2 (5 6 )

5 2916 2025 325 4152
         , ,

4 6 5

Q M

A C A

M M

A A





 
 

 

                  

  (18) 

où 2( 1) / ( )w AC   . Alors, vers le 1w   l’Тnfluence des pulsКtТons р lК trКnsportКtТon des 
produТts se trКnsforme en effet de deuбТчme deРrчs, c’est р dТre de même deРчs que l’effet 
trКnsport des ondes pцrТstКltТques. Comme consцquence, les pulsКtТons puТssent Кmener р 
l’КuРmentКtТon du dцЛТt КussТ ЛТen qu’р lК dТmТnutТon du dцЛТt en fonctТon de cСКnРement de lК 
valeur de  . 

La formule (18) se dТverРe quКnd lК dТffцrence des frцquences des effets correspond р lК 
frцquence propre Кuб vТЛrКtТons des pКroТs du cКnКl (en même temps 5 / 6   ). Dans ce cas 

  22 2

0 2sin( 5 / 6) / (5 ) / .y y A C t M A O M A      (19) 

De (19) on peut dцduТre que quКnd 5 / 6   , l’КpprocСe utТlТsцe n’est plus effТcКce pКrce 
que les parois du canal se percute.  

Des lТquТdes trКnsportцs pКr voТe pцrТstКltТques contТennent souvent des pКrtТcules 
dТffцrentes. DКns certКТns cКs, du р une collТsТon de ces pКrtТcules contre une paroi en phase de 

vТЛrКtТon quКnd lК vТtesse de pКroТ КuРmente, Кprчs lК collТsТon lК pКroТ reРКРne lК pКrtТcule et 
une collТsТon ТtцrКtТve se produТt. En cКs de plusТeurs collТsТons ТtцrКtТves lК pКrtТcule termТne pКr 
se retrouver sur la paroi et contТnue son mouvement Кvec elle.Pour dцfТnТr une sТtuКtТon pКreТlle 
on utТlТse le terme «l’КdСцsТon» de pКrtТcule. 
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Deuxième chapitre est consКcrц Кuб recСercСes de l’Тnfluence des pulsКtТons 

trКnsversКlles sur trКnsfert de mКtТчre sous КctТon de cСute de pressТon et force de РrКvТtц dКns le 

cКnКl dТmцtrТque ortСoРonКl vertТcКl. Ce proЛlчme цtКТt цtudТц dцjр pКr WeТnЛerР S.L.2, Longuet-

Higgins M.S.3, Shugan I.4 et les Кutres. Ils ont dцcouvrТt, que les pulsКtТons permettent 

d’КuРmenter le dцЛТt du lТquТde , surРeКnt р cКuse de lК cСute de pressТon Кuб Лouts du cКnКl. 

Cette tСцorТe, цdТfТцe dКns ces trКvКuб, dцcrТt le 

comportement du sвstчme justement dКns les cКs des 

fКТЛles frцquences des pulsКtТons. ZаТk K.J.5 et les 

Кutres, ont цtudТц eбpцrТmentКlement un proЛlчme 

КnКloРue. Ils ont цtudТц le mouvement du lТquТde entre 

deuб lКmes rondes, Тnfluencцe pКr lК force, consТstКnt en 

composКnte oscТllцe (frцquence 73, 100, 200, 230, 246 

Hг) et composКnte constКnte et Тls n’ont pu pКs 

dцcouvrТr l’КuРmentКtТon de dцЛТt de lТquТde, surРeКnt р 

cКuse de lК vТЛrКtТon des lКmes. C’est р dТre, que l’effet 

d’КuРmentКtТon du dцЛТt de lТquТde р cКuse des pulsКtТons, dцcouvert pКr WeТnЛerР S.L., 

Longuet-HТРРТns M.S., SСuРКn I., doТt dТspКrКьtre Кuб СКutes frцquences des pulsations. Dans le 

deuбТчme cСКpТtre de lК tСчse, on К цtudТц tСцorТquement l’Тnfluence des pulsКtТons trКnsversКles 

des pКroТs sur le trКnsfert de lК mКtТчre sous КctТon de cСute de pressТon et force de РrКvТtц dКns 

le cКnКl dТmцtrТque ortСoРonКl vertТcКl.  

On rцsout le sвstчme des цquКtТons de NКvТer-Stokes (Fig. 3): 

 
2 2

2 2

U U U U U
U v gcos ,

p

t x y x x y
   

      
               

.

  (20) 

 
2 2

2 2

v v v v v
U v sin

p
g

t x y y x y
   

      
               

.

, (21) 

                                                           
2 Weinberg S.L. Eckstein E.C., Shapiro A.H. Peristaltic pumping in circular tubes: A 

numerical study of fluid transport and its efficiency // J. Fluid Mech. — 1982. — Vol. 12, 2. — 
P. 439-465. 

3 Longuet-Higgins M.S. Peristaltic pumping in water waves // J. Fluid Mech. — 1983. — Vol. 
137. — P. 393-407. 

4 Shugan I. Fluid mass transfer in a channel with vibrating elastic walls // Physics of 
Vibrations. — 1999. — Vol. 7, N.2. — P. 107-117. 

5 Zwick K.J. Ayyaswamy P.S. Cohen I.M. Oscillatory enhancement of the squeezing flow of 
yield stress fluids: A novel experimental result // J. Fluid Mech. — 1997. — Vol. 339. — P. 77-
87. 

 

 

 

 

 

 

Fig. 3. 
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u v

0
x y

 
 

 
. (22) 

Conditions aux limites: 

 ( sin )y h a t   : u 0 , v cosa t  ,  (23) 

 2 .
x l x l

p p
 
     (24) 

où y  – lК coordonnцe trКnsversКle pКr rКpport р l’Кбe du canal x  – lК coordonnцe lonРТtudinale, 

t  – le temps, p  – la pression, U  – la vitesse longitudinale, v  – la vitesse transversale. 

LК trКnsformКtТon des coordonnцes К цtц effectuцe: 
 sin /p p yg x l     , (25) 

 1 sin
A

y y t
h

  
 

. (26) 

En fonctТon des unТtцs de mesure pour l’Кбe trКnsversКl du cКnКl de lК coordonnц x  et de la 

coordonnц lonРТtudТnКle y  on К cСoТsТ lК moТtТц de lК dТstКnce entre pКroТs h, pour le temps t - 

frцquence Тnverse des pulsКtТons 1/  , pour la pression p –   (où   - vТscosТtц dвnКmТque) 
pour les vitessees transversale v et longitudinale u - h . 

On rцsout le sвstчme des цquКtТons 

 

2

2 2
2 2

2 2 2

U U v cos U
(1 sin ) U

1 sin

1 U U
      (1 sin ) (1 sin ) Ri,

2W

yA t
A t

t x A t y

p
A t A t

x x y

    
        

    
            

 (27) 

 
2 2

2 2 2 2

v v v cos v 1 v 1 v
U

1 sin 2W (1 sin )

yA t p

t x A t y x A t y y

      
             

, (28) 

 
U 1 v

0
1 sinx A t y

 
 

  
,  (29) 

 1y   : U 0 , v cosA t  . (30) 

 
x L x L

p p
 
 . (31) 

Ce proЛlчme est cКrКctцrТsц pКr quКtrТчme pКrКmчtres adimensionnels: nombre de 

Womersley W , nombre de Richardson Ri , longueur du canal L , amplitude de pulsation 

adimensionnelle A: 

 
2

cos / ( )
W ,  Ri ,  ,

2

g l a l
h A L

h h h

  
 

 
    .  

LК solutТon du proЛlчme К цtц oЛtenu sous une forme 

 
v( , )

U u( , )
1 sin

x y t
y t

A t y


 

 
, (32) 

 v v( , )y t , 2( , ) ( ).p y t x t    (33) 

Le proЛlчme (27)-(31) rцsolvКТt р l’КТde de dцcomposТtТon selon КmplТtude des vТЛrКtТons 
des parois A . A l’ordre гцro lК solutТon est: 
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2

0 0

1
u Fr ,  v 0

2

y 
      

Au premier ordre, la solution est  

 1 1 1( , )sin ( , )cos ,s cp p x y t p x y t    (34) 

 1 1 1v v (y)sin v (y)cos ,s ct t   (35) 

 1 1 1u u (y)sin u (y)coss ct t  . (36) 

où 

 2 2 2

1 1( )Wsp y x f  , 

 2 2 2

1 2( )Wсp y x f   , 

où 

  1 W 2W(cosh2W cos2W) sin2W sinh2W .f S      (37) 

  2 W sinh2W sin2Wf S  , (38) 

   12 2(2W 1)cosh2W (2W 1)cos2W 2W(sinh2W sin2W)S


      ; (39) 

 1 3 4 2v sinW coshW cosW sinhWs f y y f y y f y   ,  (40) 

 1 4 3 1v sinW coshW cosW sinhWс f y y f y y f y   ,  (41) 

où 

  3 2 WcosWcoshW (cosW WsinW)sinhW ,f S     (42) 

  4 2 (WcosW sinW)coshW WsinhWsinW ;f S     (43) 

 




2 2

1 6 7 8 9 14

2 2 2

10 11 12 13 5

u Ri ( ( 1)) cosW ( ( 1))sinW sinhW

  ( ( 1) )cosW ( ( 1)) sinW coshW ( 1) ,

s f f y y y f f y y y f

f y f y f f y y y y f y

         

         
 

 




2 2

1 11 10 12 13 1

2 2 2 2

6 7 9 8 2

u Ri ( ( 1))sinW ( ( 1)) cosW sinhW

  ( ( 1)) sinW ( ( 1) )cosW coshW W ( 1) ,

с f f y y f f y y y y f

f f y y y f y f y y f y

         

         
 

où 

2

5 1W ( 2)f f  , 2 2

6 3 4

2 9
W W

3 8
f f f

   
 

, 4

7 4W / 3f f , 3

9 4 33W ( ) / 4f f f   , 

3

10 3 43( )W / 4f f f  , 2 2

12 3 42W ( W 9 / 8) / 3f f f   , 4

13 3W /3f f , 2

14 1 22( 1)Wf f f   ,  

2

12 6 2 1 14
8

sinh2W+ sin2W 2(2 W )coshWcos 2 sinWsinhW
,

cos2W cosh2W

f f f f W f
f

   



 

2

6 12 2 1 14
11

sinh2W sin2W 2(2 W )sinWsinhW 2 cosWcoshW

cos2W cosh2W

f f f f f
f

    



. 

LК soultТon trouvцe permet d’oЛtenТr les cКrКctцrТstТques moвennes du courКnt Кvec lК prцcТsТon 
jusqu’р deuбТчme deРrц de petТtesse. Auб ces condТtТons le dцЛТt du lТquТde peut être prцsenter 
comme suit: 
 2 3

0 1 2 ( )Q Q Q A Q A O A    , (44) 

où 
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 2

0

4
W Ri

3
Q  , (45) 

 1 0,Q   (46) 

 
1

1
2 2

1

u
u

2
sQ dy



  
  . (47) 

Sur la fig. 4 est reprцsentцe lК dцpendКnce, quТ КppКrКТsse р cКuse de pulsКtТon d’КddТtТon 

2Q  envers le dцЛТt du lТquТde et de pКrКmчtres du proЛlчme. QuКnd 0W   cette КddТtТon est 
posТtТve et цРКle р: 
 2

2 2W RiQ  , (48) 

celК coïncТde Кvec lК formule de LТКkСov G.V. et CСouРКn I.V.6 pour ce cКs eбtrême  

En cas des grandes valeurs du nombre de Womersley l’КddТtТon du dцЛТt du lТquТde, 
surРeКnt р cКuse des pulsКtТons, est nцРКtТve et КpproбТmКtТvement цРКl р: 

 
3

2

RiW

3
Q   . (49) 

CКrКctчre de l’КddТtТon 2Q  se change quand 7.5W   , et pour l’eКu dКns le cКnКl en цpКТsseur 1 
sm coїncТde р lК frцquence des pulsКtТon 1 Hг. En consцquent, dКns lК plupКrt des cКs, les 
pulsКtТons doТvent mener р lК dТmТnutТon de dцЛТt de lТquТde, et pКs р l’КuРmentКtТon, comme 
celК К цtц oЛtenu dКns les recСercСes de CСouРКn I.V., quТ КvКТt цtudТц seulement les cКs des 
frцquences ЛКsses des pulsКtТons. 

DКns lК deuxième partie du deuxième chapitre, on К цtudТц l’Тnfluence des pulsКtТons 
trКnsversКles des pКroТs sur le trКnsfert du lТquТde sous Тnfluence de lК force de РrКvТtц dКns le 

cКnКl dТmцtrТque ortСoРonКl vertТcКl, en comptКnt le lТquТde compressТЛle.  
Le comportement du lТquТde peut être dцcrТt pКr un sвstчme d’цquТtКtТons, quТ sous lК 

forme adimensionnelle est 

 
2 2

2 2

2

u u u 1 u u p 1 v u
u v Fr,

t y x x y y y x y
 

           
                         

  (50) 

 
2 2

2 2

2

v v v 1 p 1 v v 1 v u
u v ,

t y x x y x x x y


           
                          

  (51) 

 
u v

0,
t y x

    
  

  
 2p ( 1)c    (52) 

et les conditions aux limites: 

 (1 sin )x A t   : v cosA t  , u 0 . (53) 

                                                           
6 LТКkСov G.V., CСouРКn I.V. TСe enerРв effТcТencв of tСe КccelerКtТon mecСКnТsm of mКss 

trКnsfer fluТd Тn tСe cСКnnel // JETP Letters. — 2002. — V. 28, №7. — pp. 57-61. 
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L’ТncorporКtТon des unТtцs de mesure est fКТte comme dКns le cСКpТtre prцcцdent, lК densТtц 
est mesurцe en densТtцs цquТpondцrКntцes 

i . 

Les pКrКmчtres КdТmensТonnels du proЛlчme sont les frцquences des pulsКtТons   et 2 , 

nombre de Froude Fr, amplitude des pulsations A et la vitesse du son c, quТ sont dцfТnТs pКr les 
rapports: 

 
2 2

2 2

3
;  ;  Fr ;  ;  ,

3
i i i

s

h h g
A c C

h h

     
    


      


  (54) 

où sC  - vitesse du son au dimension,   - vТscosТtц de volume.  

Une solutТon КnКlвtТque du proЛlчme (50)-(53) К цtц trouvц р l’КpproбТmКtТon des 
КmplТtudes ЛКsses des pulsКtТons des pКroТs. En ordre гцro selon le petТt pКrКmчtre, lК solutТon est 

 
2

0 0 0 0

1
u Fr,  p 0,  1,  v 0.

2

y 
        

En premТer ordre lК solutТon c’est lК vТtesse lonРТtudТnale: 

1u sin( ) sin( ) cos( )
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sin( ) cos( )

     Frsin ,

x y

ys ycU e t xk U e t xk

y t

      
 

 

lК vТtesse trКnsversКle s’цcrТt 

 
1 1 1

1 1

v sin( ) cos( )

           sin( ) cos( ),

x x

s c

x x

s c

V e t xk V e t xk

V e t xk V e t xk

 

 

   

 

   

   
  

et lК densТtц est dцfТnТe comme suТt 

  

Fig. 4. DцpendКnce, surРeКnt р cКuse des pulsКtТons d’КddТtТon р dцЛТt du lТquТde vТs р vТs du 
nombre de Womersley 
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où on К fКТt des dцnomТnКtТon 
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    

et ,s cC
 , ,s cU

 , ,ys ycU
 , ,s cV

 , ,s cR
  sont des constКntes, dцpendКntes des pКrКmчtres du proЛlчme. On 

К trouvц lК solutТon, quТ permet d’oЛtenТr les cКrКctчrТstТques moвennes de courКnt (dцЛТt du 

lТquТde, vТtesse moвenne et densТtц) Кvec lК prцcТsТon jusqu’Кuб memЛres du deuбТчme deРrц de 
petitesse selon amplitude des pulsations des parois. 

Sur la figure 5b on peut voir, que les pulsatТons des pКroТs mчnent toujours р lК 
dТmТnutТon du dцЛТt du lТquТde. LК mцtСode utТlТsцe ne permet pКs цtudТer le courКnt р proбТmТtц 
des poТnts spцcТКles : 0 Hг, 37500 Hг, 75000 Hг etc. En ce cКs, lК solutТon trouvцe est lК suТvКnte 
selon le petТt pКrКmчtre tendКnt р l’ТnfТnТ (les constКntes ,s cC

 , ,s cU
 , ,ys ycU

 , ,s cV
 , ,s cR

  Кccчdent Кu 

infini). 

L’КddТtТon moвenne selon le temps pКr rКpport р lК vТtesse longitudinale 2u  a la forme de 

lК clocСe Кvec lК plus РrКnde dцclТnКТson de lК vТtesse de гцro Кu centre du cКnКl (fТРure 5К). 

L’Тnfluence de lК compressТЛТlТtц mКnТfeste dКns l’КppКrТtТon de l’СцtцroРцnцТtц de lК 

densТtц, ТdцpendКnte du temps dans le canal (fig. 6). 

  

Fig. 5. a) l’КddТtТon moвenne pКr rКpport р lК vitesse lonРТtudТnКl pour lК frцquence des 
pulsКtТons des pКroТs 500 Hг(1) , 1000 Hг(2), 1500 Hг (3) ; dцpendКnce de l’КddТtТon 
КdТmensТonnele pКr rКpport р lК consomКtТon du lТquТde de lК frцquence kg/ , 

 sm, Pa s,  m/s, ,  
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Dans le troisième chapitre on К eбКmТnц l’ТnterКctТon des Лulles Кscendentes et de lК 
pКrtТcule tomЛКnte dКns l’eКu dКns cСКmp КcoustТque. L’Тnfluence de lК pКrtТcule sur le 
mouvement du lТquТde on peut consТderer nцРlТРeКЛle . AupКrКvКnt ce proЛlчme цtКТt цtudТц pКr 
Lubimov D.V. , Lubomova T.P. et Klimenko L. S.7 Ils ont eбКmТnц le cКs des fortes pressТons 
sonores dКns le cКdre d’КpproбТmКtТon, où l’Тnfluence des oscТllКtТons propres des Лulles peut 
compter comme peu importКnte. Pour telles pressТons sonores lК mцtСode de LuЛТmov D.V., 
LuЛomovК T.P. et KlТmenko L.S. dцcouvre que l’Тnfluence du son sur le mouvement d’une Лulle 
et une pКrtТcule est trчs petТte. DКns lК recСercСe, prцsente dКns cette tСчse on К fКТt lК mцthode 

en cКdre de lКquelle on compte les pulsКtТons propres р lК Лulle. CelК permet de dцcouvrТr 
l’КuРumentКtТon du rКвon de collТsТon des particules et des bulles pour les frequences du son 

dцfТnТes, même dКns les cКs des fКТЛles presssТons КcoustТques. 

La vТtesse des Лulles peut dцcrТte pКr une цquТtКtТon 

 23
( ) 0,

2 2 2
L D

H L L

dU dR C
F t U R U U g

dt R dt

          (55) 

où8 

                                                           
7 Klimenko L.S. Generation of flow and particle behavior near the bubble in an oscillating 

liquid / / Thesis for the degree Degree of Candidate of Physical and Mathematical Sciences. 

Perm, 2011. 

8 Takemura F., Magnaudet J. The history force on a rapidly shrinking bubble rising at finite 

Reynolds number// Phys. Fluids - 2004 - V.16 - 3247 

 

Fig. 6. DцpendКnce de lК densТtц , moвenne selon le temps, de lК coordonnцe pour 
les frцquences des pulsКtТons des pКroТs 500 Hг (1), 1000 Hг (2), 1500 Hг (3) 
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U  - vitesse de bulles, R  - rayon de bulles, 
L  - densТtц du lТquТde,   - coeffТcТent de vТscosТtц 

cТnцmКtТque, 
DC  - coeffТcТent de vТscosТtц. On compte les Лulles spСцrТques Кu rКвon quТ se 

cСКnРe conformцment р l’цquТtКtТon de Rayleigh–Plesset 
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où 0gp  - pressТon du РКг р l’ТnstКnt ТnТtТКl, - rКвon de lК Лulle р l’ТnstКnt ТnТtТКl.  

Le sommant ( ) sinp t A t  dКns lК pКrtТe droТte de l’цquКtТon dцcrТt l’effet que le son 
produit sur la bulle de gaz. Comme dans le recherche de Lubimov D. V., Lubimova T.P. et 

KlТmenko L.S. on consТdчre que lК lonРueur de l’onde sonore est plus ТmportКnte que les 
dТmentТons du proЛlчme. Les vТtesses des mouvements des pКrtТcules de l’envТronnement dКns 
les cСКmps sonores fКТЛles sont de l’ordre 4 610 10   m/sec., ce qui est beaucoup moins 

ТmportКnte que lК vТtesse de lК Лulle de РКг et de pКrtТcule, c’est pourquoТ on peut nТer 
l’Тnfluence du son sur le courКnt de lТquТde. Le son ne provoque que le cСКnРement de forme de 
bulle de gaz. 

Le courant de lТquТde provoquц pКr l’eбТstence de lК Лulle de РКг est consТdцrц comme 
potentТel, ce quТ permet d’utТlТser lК formule suТvКnte pour cКlculer lК vТtesse du lТquТde 

  
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3 2 3
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où r  - le rayon du centre de la bulle jusqu’Кu poТnt où on effectue le cКlcul de vТtesse du lТquТde.  

DКns les КpplТcКtТons lТцes р lК flottКtТon lК pКrtТcule est КpproбТmКtТvement 100 foТs plus 
petТte que lК Лulle de РКг et l’Тnfluence de lК pКrtТcule sur le courКnt de lТquТde produТte pКr la 

prцsence de lК Лulle peut être consТdцrцe comme nцРlТРeКЛlement petТte. CelК permet КpplТquer р 
ce proЛlчme l’цquКtТon de BoussТnesq pour lК dцscrТptТon du mouvement de pКrtТcule: 
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où pd  - le dТКmчtre de particule, uL  - la vitesse du liquide dans le centre de particule, si la 

pКrtТcule n’eбТstКТt pКs, pU  - la vitesse de la particule, pm  - la masse de la particule. 

On К dцcouvert que sous l’Тnfluence du son lК sectТon de collТsТon de lК pКrtТcule Кvec lК 
Лulle de РКг КuРmente. QuКnd lК frцquence du son est цРКle р celle de pulsКtТons de lК Лulle, lК 
sectТon de collТsТon peut КtteТndre son mКбТmum (fТРure 7). L’Тnfluence de toute Кutre frцquence 

0R
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sur le rКвon de collТsТon est nцРlТРeКЛle. LК frцquence propre de lК Лulle dцpende des dТmentТons 

de lК Лulle, ce quТ sТРnТfТe que sous Тnfluence du son lК proЛКЛТlТtц de collТsТon des pКrtТcules et 
une bulle de certain rayon augmente. Le rayon de collision sous influence du son dont la 

frцquence est цРКle р lК frцquence des pulsКtТons de lК Лulle КuРmente plus pour les pКrtТcules 
plus lourdes que pour les pКrtТcules plus lцРчres.  

 L’КuРmentКtТon de lК pressТon КcoustТque КuРmente le pТc de rцsonance. Sous pressions 

КcoustТques prчs de 1000 PК le rКвon de collТsТon est 5 foТs plus цlчvц РrКce р l’Тnfluence du son 
р frцquence цРКle р celle de lК Лulle. L’КpprocСe de LuЛТmov D. V., LuЛТmovК T.P. et KlТmenko 
L.S. К donnц lК même КuРmentКtТon du rКвon de collТsТon РrКce р l’Тnfluence du son, mКТs pour 
les pressions acoustiques beaucoup plus importantes. 

CONCLUSION 

On К цtudТц l’цcoulement pцrТstКltТque du lТquТde dКns le cКnКl Кvec une onde donnцe de 
pressТon sur les lТmТtes en cКs des rКpТdТtцs de lК proРressТon de l’onde et de nomЛre d’onde. On 
К oЛtenu les dцpendКnces du dцЛТt du lТquТde des pКrКmчtres du proЛlчme. On К dцcouvert, 
l’eбТstence de lК vКleur mКбТmКle du dцЛТt du lТquТde, et celК on peut oЛtenТr ne cСКnРeКnt pКs 
les pКrКmчtres du proЛlчme. 

On К цtudТц l’Тnfluence des vТЛrКtТons lonРТtudТnКles sur l’цcoulement pцrТstКltТque Кvec 
une onde donnцe р lТmТte. On К constКtц, que lК plus СКute Тnfluence de vТЛrКtТon est en cКs de lК 
coïncТdence de lК frцquence de l’onde de lК pressТon et de lК frцquence des vТЛrКtТons. On К 
oЛtenu les condТtТons, quКnd les vТЛrКtТons КuРmentent le dцЛТt du lТquТde et quКnd Тls le 
diminuent. 

On К цtudТц l’Тnfluence des pulsКtТons trКnsversКles sur le trКnsfert de mКtТчre sous 
influence de la chute de pression et de lК force de РrКvТtц pour les lТquТdes ТncompressТЛles en 
cКs des frцquences fТnКles des pulsКtТons. On К trouvц qu’en cКs des frцquences fТnКles des 
pulsКtТons, р lК dТffцrence des recСercСes prцcцdКntes , quТ ont цtudТц les cКs fТnКles des fКТЛles 
frцquences, les pulsКtТons mчnent р dТmТnutТon de consommКtТon. 

  

Fig. 7. TrКjectoТre du mouvement d’une pКrtТcule en condТtТon d’КЛsence d’Тnfluence sonore 
(figure de droite), Кu cСКmp КcoustТque (fТРure de РКucСe), frцquence 28160 rКd/ s (цРКl р lК 
frцquence des pulsКtТons propres du ЛouТllon). Les dТstКnces sont mesurцes Кuб dТmensТons 
initiales du bouillon 700 mkm.  
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On К цtudТц l’Тnfluence de lК compressТЛТlТtц sur le mouvement du lТquТde dКns le cКnКl 
vertТcКl sous l’Тnfluence de lК force de РrКvТtц цtКnt donnц les pКroТs des pulsКtТons trКnsversКles. 
On a trouvц, que lК compressТЛТlТtц mчne р l’КppКrТtТon de lК densТtц СцtцroРчne, ТndцpendКnte 
du temps dans le canal. 

On К цtudТц l’Тnfluence du son sur ТnterКctТon de lК pКrtТcule et du ЛouТllon, цmerРent dКns 
le lТquТde. On К trouvц, que le rКвon de collТsТon d’une Лulle et d’une pКrtТcule КtteТnt son 
mКбТmum sous lК frцquence du son, цРКle р lК frцquence propre des pulsКtТons de lК Лulle. 
InfluenхКnt pКr le son, on peut КuРmenter lК proЛКЛТlТtц de cКpture des pКrtТcules pКr les Лulles, 
quТ ont le rКвon prцcТs, dцpendКnt de lК frцquence de l’Тnfluence sonore.  
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2. PERISTALTIC FLOW 

2.1. Review 

The transport of fluid in vessels with traveling waves spreading over the surface of these 

vessels is called peristaltic. This kind of transport is fundamental for many biological systems, 

such as digestive and urinary tracts, that makes its analysis important to understand the reasons 

of the related deceases. The first studies conducted in 60s, 70s of the XXth century were devoted 

to peristaltic transport of viscous Newtonian fluid in a channel and in a round pipe. A.H.Shapiro, 

M.Y. Jaffrine and S.L. Weinberg [1] looked at the solution of a linearized problem about 

peristaltic transport in the extreme case of infinitely long wave length. Later, linear solution was 

modified by M.Y. Jaffrine [2] to take small non-linear effects into account. He found the solution 

in the form of a series of small Reynolds number in a long wave approximation. The results of 

his research match the experiments conducted by S.L. Weinberg, E.C. Eckstein and A.H.Shapiro 

[3].  

W.H. Lyne [4] studied a time-averaged pulsating flow and found a cellular flow 

structure. He assumed the vibration amplitude of walls to be small in comparison with the 

thickness of the boundary layer near the walls. A.Kaneko and H.Honji [5] continued his research 

and added the members of higher order, that helped them to study the cellular flow structure in 

details; the results of this research matched the experimental data. G.K. Russel [6] studied the 

flow structure and its ability to transport solid particles. 

The works described above are devoted to the mechanical systems; at the same time the 

studies aimed at the development of organ models with fundamental peristaltic transport were 

conducted. P.S. Lykoudis and R. Roos [7] and Y.C. Fung [8] analyzed the work of ureter, pipe 

connecting kidney with urinary bladder. They had a particular interest in the pressure occurred at 

the closed end of this pipe. Together they solved the Navier-Stokes equation and the equation for 

the pipe membrane and concluded that a pressure gradient occurred due to the peristaltic waves 

is very small, and thus peristaltic waves are incapable to free ureter in case of its blockage. Their 

work also pointed out that peristaltic transport of a substance in a ureter occurred due to solitons, 

solitary waves, rather than sinusoidal waves, which are examined in many studies. A detailed 

analysis of a flow for solitary waves was carried out by J. Jimenez-Lozano [9]. His solution was 

presented in form of expansion of an amplitude of wall vibrations. Kh. S. Mekheimer [10] 

looked at the influence of the external magnetic field on peristaltic transport, where he used 

magnetic hydrodynamic approximation. This research was aimed at the development of physical 

basis for a method to cure urinary stone decease by magnetic fields. Later, Kh. S. Mekheimer in 

[11] accounted for the influence on the peristaltic transport of magnetic field occurred due to the 

fluid motion. Ureter blockage in dogs was studied by H.L. Kim et al. [12]. They observed 

vermicular motion of ureter, urine flow, hydronephrosis development (kidney decease caused by 

malfunctioning of urine flow), ureter expansion and movement of artificial stone, which was 

introduced into ureter between the second and forth lumbar vertebrae.  

Besides peristaltic transport, the waves spreading over the vessel surface result in reflux 

(reverse motion) and the particle trapped by the flow. The first effect is that on average some 

Lagrange particles move backward the average flow rate, which is the reason of bacteria and 

toxic substances penetration into the kidney from the urinary bladder. This effect occurs after the 
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critical value of pressure drop is reached at the channel's ends [13, 14]. The trapping effect is 

when some Lagrange particles move at the wave velocity. The increase of flow rate results in the 

expansion of trapping area [15]. The changes in fluid flow direction on the whole with the 

preservation of the unchanged direction of the traveling wave is predicted for Ostwald–de 

Waele, Maxwell fluid and some other non-Newtonian fluids [16]. In case of a living organism 

this may result in retching.  

The parameters affecting the peristaltic transport are the amplitude of the walls 

vibrations, wave number, pipe length and Reynolds number. The increase of the walls vibration 

amplitude results in the increase of flow rate [17, 18] and pump efficiency coefficient[17]. 

Friction force acting on the wall decreases [17, 18] and a longitudinal component of pressure 

gradient increases[19] with the increase of vibration amplitude. If the wave number increases, 

the flow rate increases first [20, 21, 22, 23], reaches the maximum peak, then starts to decrease 

[20, 21, 22] and then again to increase [20]. With the Reynolds number increase the flow rate 

decreases in case of large wave numbers [24], and in the case of small wave numbers it increases 

[24, 25]. Shun-Fa Khshchang and Yu-Shiuan Shiu [26] showed experimentally that the change 

of channel length does not result in the change of flow rate.  

The influence of the geometry is revealed in the fact that under similar conditions flow 

rate appears to be less in a flat channel, than in a cylindrical tube [27]. The problem of peristaltic 

flows in divergence and convergence channels was looked at in [28]. Besides geometry the 

friction force and flow rate are influenced by the fluid properties: for example, in micropolar 

fluid the friction force acting on the channel wall is always lower than in the Newtonian fluid, 

and the flow rate is higher [29]. 

In biological systems and technical appliances with peristaltic mechanism of substance 

transfer there is often a pressure drop at the ends of the channel. This drop results in the fact that 

if a pressure gradient is directed opposite the direction of traveling waves, then in the porous 

media the flow rate is decreasing with the increase of the Darcy number [19]. The dependence of 

flow rate in case of varying pressure drop is of resonant nature, the flow rate is maximum when 

the pressure drop frequency at the channel's ends is equal to the frequency of the traveling waves 

[30].  

The recent studies of peristaltic transport may be divided into six areas: peristaltic 

transport of the non-Newtonian fluids, peristaltic transport of multilayer fluid systems, influence 

of magnetic and gravitational fields, different inclusions in peristaltic flow, influence of wall 

properties on peristaltic transport. 

2.1.1. Endoscope in peristaltic flow 

Medicine often uses endoscope, which is an optical tool on a flexible tube to examine 

esophagus, urinary tract and gaster. It is clear that its presence results in significant changes of 

peristaltic flows in these organs. Typically endoscope is simulated by an endless tube. The 

increase of endoscope radius leads to the pressure drop decrease [70]. The article [71] states for 

fluid Jeffrey model that a growth rather than fall of pressure drop may be observed, in case 

endoscope has higher temperature that the temperature of the tube's walls. Also [71] argues that 

heat transfer coefficient from the surface of endoscope to the surface of tube decreases with the 

endoscope radius increase. The increase of temperature difference of endoscope and tube leads 
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to the growth of pressure drop [72]. Dependence of pressure drop on the difference of inclusions 

concentration in an endoscope and wall and the dependence of pressure drop on the temperature 

difference are qualitatively the same [72]. The paper [73] studied the influence of Sore parameter 

changes on the flow, and the findings were that its increase resulted in particles concentration 

growth in the space between endoscope and the walls. Friction force acting on the endoscope 

becomes stronger with the walls vibration amplitude increase and endoscope radius decrease [70, 

72], while this force always remains less than the force acting on the tub walls [72, 74].  

2.1.2. Peristaltic flow of non-Newtonian fluids 

In biological systems lymph, urine, chyme and some other fluids are peristaltically 

transported. The publications [75, 76] prove that urine of a healthy person is a Newtonian fluid 

with 1.2-1.4 cP viscosity coefficient. With pathological states its properties may vary 

significantly resulting in significant viscosity increase. Chymus is typically considered to be a 

viscoelastic body, and it is approximated by the Oldroyd fluid [77, 78]. In an Oldroyd-B 

viscoelastic fluid, which is defined by an equation  

 1
4 1 1 5 1 1( u) ( u) ( u) ( u) ,T TA

A A A
t t

                              
 

 1 ( u)+( u)T
A      

(where   is the viscous stress tensor, 4,5  are material parameters), increase 4  and decrease 5  

in Oldroyd-B fluid result in the increase in flow rate [80, 77].  

The work [16] applied power Ostwald–de Waele model to describe chyme motion in 

intestine (depending on the value of parameters this model can behave as pseudoplastic, 

Newtonian or dilatant fluid). Ostwald–de Waele model in pseudoplastic limit is shown to be the 

most effective in peristaltic transport of fluid. Besides, it has been found that in pseudoplastic 

fluid the pressure wave length occurring due to peristaltic waves is twice shorter than the one in 

Newtonian and dilatant fluids. 

The behavior of blood can be simulated by Hershel-Burkley [81, 82] and Kasson [83, 84] 

models. The publication [85] illustrates that the first model rather than the second one 

corresponds to the experiment's results.  

Still, in most cases Kasson model is used to describe blood. Kasson model is defined by 

an equation: 

 Y    . 

If Kasson fluid is transported with peristaltic mechanism, the flow rate is lower than that for 

Newtonian fluid [84]. Connection between the pressure drop and flow rate for Kasson fluid is 

non-linear in contrast to Newtonian fluid [86]. 

Power model as well as a two-layer model with boundary fluid being Newtonian fluid 

and central part fluid being Kasson fluid are often used to describe blood behavior in small 

capillaries (with 0.02 cm and less in diameter) [87, 88, 89]. This approach is based on the fact 

that red blood cells in small vessels concentrate in the middle, while boundary layer has blood 

plasma only, which may be considered Newtonian fluid.  
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The work [90] states that flow velocity in reflux area increases with power parameter in 

Herschel-Bulkley law. Studies with Williamson fluid as a blood model show that Williamson 

number increase results in flow rate decrease [91].  

Besides, Walter's B model of viscoelastic fluid is used to simulate blood flow. The 

increase of Walter's B liquid parameter characterizing its difference from Newtonian fluid (if it 

equals zero, then one obtains Newtonian fluid) leads to the decrease of pressure drop [70, 55]. 

For Jeffrey fluid with the equation – 

 1 31 ( )
t

          
, 

the increase of 2 [63,73] and 1  [36] parameters results in the decrease of flow rate and 

efficiency of peristaltic pump [92]. For combined flow arisen from both pressure drop and 

traveling waves, if the pressure gradient is directed opposite the traveling wave propagation, 

there exists critical value of pressure drop, when the flow rate starts growing with 2  and 1  

[92]. In Maxwell fluid an average velocity value decreases with the increase of relaxation time 

[93, 94], and with very large values of this parameter an average flow may become directed 

opposite the traveling wave propagation [93, 95]. The same change in fluid flow direction may 

be observed in Jeffrey fluid [95]. For power-law fluids the increase of power law index results in 

flow rate increase in most cases [59, 43, 37]. The work [46] looks at peristaltic transport of 

BurРers’ fluТd аТtС Кn equКtТon – 

 
2

1 2 32
1 ( )ji

t t
      

  
      

, 

where   is the tensor of viscous stress, 1,2,3  are material parameters. With either decrease 2  or 

increase of 1  and 3 parameters pressure drop decreases, while friction force acting on the tube 

wall increases. The work [54] looks at Eyring-Powell model, to which the following equation is 

applied – 

 1

1 1

1 1
sinh

c
  


 

  
 

, 

where   is the viscous stress tensor, 1  and 1c  are material parameters. Pressure drop increases 

with 1c  and 1 . Friction force acting on the walls decreases with 1 . 

The authors of the work [96] found that the increase of Weissenberg number for 

viscoelastic Sisko fluid leads to the increase of pressure drop [96]. For Johnson–Segalman fluid 

the work [98] states that flow rate increases with Weissenberg number. H. D. Ceniceros and J. E. 

Fisher found that large Weissenberg numbers have the threshold value for vibration amplitude; 

when this threshold value is reached, the increase of Weissenberg number results in flow rate 

decrease rather than its increase [99].  
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2.1.3. Peristaltic transport in porous and multilayered media 

Porous media being simulated with Darcy law are also considered within the analysis of 

peristaltic transport, besides the motion of different non-Newtonian fluids. Darcy number 

decrease leads to the flow rate increase [90, 17, 57, 100, 70, 58, 71, 18], while the efficiency of 

peristaltic pump decreases [17], friction force acting on fluid from wall increases [100, 18], 

longitudinal component of pressure gradient increases [19]. Darcy number increase reduces 

reflux and removes the particle trapping effect [90, 44].  

One more group of studies concentrates on peristaltic transport in multilayered media. R. 

Hemadri Reddy, et al. [101] studied the flow of fluid encased in a porous tube and came to the 

conclusion that the increase in thickness of porous layer resulted in the decrease of flow rate. 

With small values of flow rate the friction force acting on the walls grows with the thickness of 

porous layer, while with large values it drops [101]. The paper [41] looks at the case, when 

Newtonian fluid was near the walls, while the center of the channel was filled with micropolar 

fluid. When the layer of Newtonian fluid becomes thinner, this results in the increase of flow rate 

and friction force acting on the tube surface. The paper [102] considering a three-layer 

Newtonian fluid states that the increase of viscosity in the center and the decrease of viscosity of 

boundary fluid increase the flow rate. The decrease of viscosity of the fluid running between 

them also increases flow rate, but the effect is weak. The same effect is observed for the two-

fluid model [27]. In a two-layer fluid with Kasson fluid in the center and Newtonian fluid near 

the walls the flow rate is always lower than in the case, when the boundary Newtonian fluid is 

removed [86]. In this two-layer fluid pressure drop and friction force acting on the walls 

decrease with viscosity of boundary layer [86]. 

2.1.4. Magnetic and gravitational field influence on peristaltic transport 

Many biological fluids are conductive, and some papers analyze the peristaltic flow of 

fluid in ideal MHD approximation. Conductive fluids showed the increase of longitudinal 

component of pressure gradient [19], [59], pressure drop [92] and flow rate with the increase of 

Hartmann number [80, 100, 103, 58, 60, 104, 23]. Friction force acting on the fluid from the 

walls decreases, while Hartmann number increases until the threshold value [100, 10]. When the 

Hartmann number reaches the threshold value, the friction force starts to increase with Hartmann 

number [100]. The increase of external longitudinal magnetic field results in the increase of flow 

rate [105, 63], Кnd tСe ТncreКse of ɚ trКnsverse mКРnetТc fТeld leКds to tСe decreКse [67]. With 

external magnetic field we may reduce the trapping area to zero [63]. 

If a tube with traveling waves on the surface is revolving around its axis, then this results 

in the increase of flow rate with the growth of rotation frequency [106]. Magnetic field directed 

along the tube axis intensifies this effect [106, 105]. 

In a gravitational field the increase of slope tube angle [68, 100, 63, 103, 11] and 

intensity of gravitational field [100, 98] results in the increase of flow rate, generated due to 

peristaltic waves. It reaches its maximum, if the direction of peristaltic wave propagation and the 

direction of gravity force match. The increase of slope angle leads to the expansion of trapping 

area [57].  
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2.1.5. Influence of temperature on peristaltic transport 

If the channel's walls have different temperatures, increase of temperature difference 

expands the trapping area [47], reduces pressure drop [45] and flow rate [58]. When the 

temperature difference tends to zero, the temperature dependence on longitudinal coordinate 

tends to be linear, while in opposite case the profile of temperature turns towards the propagation 

of peristaltic wave, and for large temperature difference temperature at the channel's center 

appears to be higher than that of the walls [45, 73]. Gravitational field directed from the cold to 

hot wall creates the situation, when with Grashof number increase the trapping area of particles 

by peristaltic flow and position of the maximum of longitudinal velocity move to the warmer 

wall [45]. The increase of particles concentration shifts the maximum position of longitudinal 

velocity to cold wall [45]. With gravitational field directed towards traveling wave propagation 

and with pressure gradient directed backwards Grashof number increase grows the flow rate [58, 

59, 71]. The increase in walls vibration amplitude and phase shift (if the original phase shift is 

the one, when the walls vibrate in counter-phase) results in the increase of the heat transfer from 

one wall to another [58]. 

2.1.6. Influence of compressibility on peristaltic transport 

In case of compressible fluid, the equation of state should be included in system of 

Navier-Stokes equation. If we use the equation of state, such as  

 
1

k
p








, 

where k  is isothermal compressibility of liquid, then in case of Newtonian fluid [20, 107, 25] or 

Maxwell fluid [20] filled with a homogenous porous medium and typical Newtonian fluid, 

Maxwell fluid [95], [107] or Jeffrey fluid [95] flow rate increases with k , until the parameter k  

reaches threshold value, when flow rate starts to decrease. For very large relaxation times of 

Maxwell fluid the flow rate always increases with k  [20], [22]. Fluid slip at the boundary results 

in the situation, when even with large relaxation times the dependence of flow rate on k  is bell-

shaped [22]. In Newtonian fluid in case of large values of parameter k  the flow rate decreases 

with the increase of Reynolds number, but in case of small or zero value of isothermal 

compressibility k , the flow rate increases with Reynolds number [95]. In Maxwell fluid at large 

values of parameter k  fluid moves backward the direction of traveling wave propagation [22, 

107, 108].  

2.1.7. Influence of wall properties on peristaltic transport 

In biological systems the wall motion is determined by the work of smooth muscle, 

meaning that true-to-life description need complicated models, which accounts for properties of 

muscles. In [31] the model for the coupled problem of wall deformation and fluid flow, based on 

thin-shell and lubrication theories, and driven by a propagating wave of smooth muscle 

activation, is proposed for peristaltic pumping in the ureter. D. Takagi [32] used a significantly 

simpler approach based on the equation for pressure 
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 cos( )
n

nr R
p K t y

z
 

 


  


, 

where r  is the vessel radius at a particular point , and R  is the parameter characterizing an 

average wall position,   - wall displacement.  

The case 0n   corresponds to a linear elasticity of tube, and the case 4n   corresponds 

to a thin shell of bending stiffness 3 2/12(1 )K h E   , where h  is the shell thickness, E  - the 

Young modulus and   the Poisson ratio. Additive cos( )t y   corresponds to eternal force 

acting on the vessel surface. The tube is divided into two parts: an occluded region and a peak 

region. Transverse size of peak increases, while longitudinal size decreases with amplitude   

growth. 

Later D. Tagaki, et al. [33] studied the behavior of inclusions in peristaltic transport. 

They have proved that infinite rigid rod located at the center of tube cannot be dislocated by 

some value of the pointlike external force. Finite-sized particles have been found to have 

threshold value of pointlike force, at the value above this one the particles velocity equals the 

wave velocity (this is a well-known trapping effect). The threshold value of force increases with 

the displacement of particle from the channel centerline. S.K. Pandey and M.K. Chaube [34] 

studied the flow in a channel with the dynamic boundary conditions proposed in [35] and 

specified in the form of  

 
2 4 2

12 4 2

2
cos ( )

x h
p m d B T K y ct

t t x x

 
 

    
           

,  

where m  is the wall mass per unit area, d  is the wall damping coefficient, 1K  is the spring 

stiffness, T  is the longitudinal tension per unit width, B  is the flexural rigidity of the wall. They 

also set the law of wall motion as 

 
2

cos ( )x ct



   . 

For the Newtonian fluid this number of boundary conditions is excessive, but S.K. 

Pandey and M.K. Chaube [34] analyzed the non-Newtonian fluid, with differential equation of 

forth order: 

 2 4

1

u p
(u )u + +u u

t
 


 

     


.  

The diagrams in [34] make us conclude that the increase of wave number results in the 

increase of average velocity of fluid, then in its decrease. The growth of K  and T , viscosity   

decrease lead to increase of average velocity of fluid. The growth of d  and 1  results in the 

velocity decrease, and at large values of these parameters the fluid on average moves to the 

direction opposite the spread of traveling wave. In [36] in their research of peristaltic transport of 

tСe Jeffreв fluТd Ɍ. HКвКt, et Кl. used tСe sКme ЛoundКrв condТtТons Кs S.K. PКndeв Кnd M.K. 
Chaube in [34]. In this case one boundary condition is excessive (for the Jeffrey fluid the second 

Newton law is a differential equation of second order), however, by using analytical methods 

they found the solution satisfying all boundary conditions. The results of T.Hayat, et al. [36] 
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stating that the increase of K , T  and m  leads to the increase of average velocity of fluid, 

support the results of S.K. Pandey and M.K. Chaube [34]. Later in their research of power-law 

fluid flow T.Hayat and M. Javed [37] dТdn’t use tСe slТp boundary condition. As a result, they 

have found out that the increase of all wall characterizing parameters m , d , K  and T  leads to 

the growth of flow rate (according to [34] the increase of a parameter d , characterizing the loss 

of the energy due to wall deformation, results in the decrease of flow rate). Wirth zero 

coefficients B  and K  in a boundary condition from the article S.K. Pandey and M.K. Chaube 

[34], A.V. Ramana-Kumari and G. Radhakrishnamacharya in [38] used it to study peristaltic 

transport of the Newtonian fluid. They could not set three conditions at the boundary, that is why 

tСeв dТdn’t use tСe гero equКlТtв condТtТon for normal component of the fluid velocity. This 

choice of the boundary conditions was not somehow explained. They have found that just like in 

[34] the increase of the d , T  and m  parameters led to the increase of flow rate. Later G. 

Radhakrishnamacharya and G. C. Sankad in [39], D. Srinivasacharya and C. Srinivasulu in [40] 

and K.M. Prasad in [41] carried out a research within the framework of the approach (used by T. 

Hayat and M. Javed in [37]) without no-slip boundary condition. Their results supported the 

conclusions made by T. Hayat and M. Javed in [37]. G. Radhakrishnamacharya, et al. also found 

that the increase of the T [39, 41], d  and m  [40] parameters resulted in the increase of trapping 

area size. Besides, they found that at the increase of parameter T  the value of wall vibration 

amplitude with reflux disappearing decreased [40]. P. Muthu, et al. [42] analyzed the micropolar 

fluid and set the same boundary conditions as in case of T. Hayat in [37]. They found out that m  

decrease resulted in the flow rate decrease. They also found that at large values of parameter d  

the trapping region appeared near the wall.  

No-slip boundary condition is an assumption that could, in theory, be violated. The slip 

length is the main parameter which describes the breakdown of the no-slip condition. With the 

slip length increase the flow rate and efficiency of peristaltic transport decrease [17, 44], delivery 

pressure falls [45, 46], and the area of the reverse fluid flow (reflux) expands [47]. Besides, the 

increase of slip length results in the decrease of trapping area [47]. The influence of the slip on 

the flow in magnetohydrodynamic approximation was looked at for the symmetrical channel in 

[48, 49] and for asymmetrical one in [50, 51]. E.F. Elshehawey, et al. in [52] used boundary 

condition of Saffman in their study of slip effect on peristaltic flows: 

 1

Da

u
R u

y


 


, if 

2
sin ( )y R x ct




      
,  

(where R  is the average channel radius, 1  is the slip parameter, Da  is the Darcy number, u  is 

the longitudinal fluid velocity,   is the amplitude of wall vibration). They found that the 

increase of slip parameter 1  led to the decrease of flow rate, while Darcy number increased.  

The shape of the wave running over the walls surface influences significantly the 

peristaltic flows. In [53, 54] the effects of sinusoidal waves and waves with square, triangle and 

trapezoid ridges were compared. It was shown that the trapping area was the smallest one for the 

waves with triangle ridges. The same result was reached at in [55, 56]. For the waves with square 

ridges the flow rate appeared to be the least, and the friction force acting on the walls was the 

strongest [54]. In [55] it was found that the situation changed for the opposite one in Sisko fluid: 

waves with triangle ridges caused the largest friction force and the least pressure rise, and the 

waves with square ridges caused the least friction force and the highest pressure rise. If the walls 
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change their coordinate by harmonic law, the largest value of flow rate could be observed at 

antiphase vibrations, and the smallest value could be seen at in-phase vibrations [57, 58, 59, 60, 

37, 61, 62, 63]. Also in [61] it was revealed that the changes of phase shift could suppress reflux 

and reduce the trapping area.  

In this chapter of the thesis, the lКа of аКll’s coordТnКte vКrТКtТon Тsn’t determТned К 
priori. It is found from the initially definite law of pressure-variation on the wall. This way is 

based on the fact that some hollow organs change diameter under the signals of baroreceptors 

(sensors that detects the pressure). We studied the effects of various parameters on flow rate and 

structure of flow. Besides we studied the influence of vibration on the peristaltic flow under long 

wave approximation.  
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2.2. Pressure-driven peristaltic flow 
Equation Section (Next) 

2.2.1. Problem Statement  

Boundary conditions. Force acting on the element of channel's wall surface from the fluid is 

defined by a formula 

 
vv v v v v yi k i x i

i i k i x y

k i i i

P pn n pn n n
x x x x y x

  
        

                    
, (2.1) 

where x  and y  are transverse and longitudinal coordinates, p  is the pressure,   is the dynamic 

viscosity, vi
 is the fluid velocity, 

kn  is normal to surface. If the channel's wall position is set by 

an equation 

 ( , )x h y t  , (2.2) 

then normal to it is defined by an expression 

 
2 2

1
,

1 1
n


 

 
  
    

. (2.3) 

By substituting (2.3) in (2.1), we get 

 
2 2 2

v2 v v

1 1 1

yx x
x

p
P

x y x

 
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  
            

, (2.4) 

 
2 2 2

v vv 1 2

1 1 1

y yx
y

p
P

x y y

  
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   
            

. (2.5) 

The force acts on the surface along OX axis  

 ( cos )x

ct y
P p 




   . (2.6) 

The force (2.6) tends to change the walls position, so that the pressure at the boundary becomes 

equal to cos
ct y



. By substituting (2.6) in (2.4), we get 

 
2

v1 v v
( cos ) 2

1

yx xct y
p p

x y x
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 

              
. (2.7) 

The walls can't move along the axis OY , that is why the second equation (2.5) does not give any 

new boundary condition. Present study looks at the case   , here with pressure deviation 

from the specified pressure a very strong force is generated, so all the other forces may be 

neglected. In extreme case    the equation (2.7) becomes as follows: 

 cos
ct y

p 



 . (2.8) 
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D. Tahaki [32] instead (2.8) specified condition at the tube walls (he analyzed a three-

dimensional tube rather than a two-dimensional channel)  

 
2

sin ( )
n

nr h
p K y ct

z

 
 


  


, (2.9) 

where r  is the vessel radius dependent on coordinate y , h  is average position of walls and   is 

deviation from its average position. Condition set by D. Tagaki differs from (2.8) with a 

summand 
n

n
K

z



, which was introduced to simulate the influence of wall properties. D. Tagaki 

examined the extreme case of smКll аКve numЛers Кnd аКve propКРКtТon velocТtТes. Present 

chapter aims to find more general solution for rКndom аКve numЛers Кnd аКve propКРКtТon 
velocТtТes .  

Besides dynamic boundary condition (2.8) used in this research, the walls are defined by 

kinematic condition as well:  

 
1

: v , u 0, cos ( ).x h p a ct y
t





       


 (2.10) 

where u  and v  are transverse and longitudinal velocities, x  is the transverse coordinate, h  is 

the average position of walls, and   is deviation from this average position.  

System of equations. Navier-Stokes equation underlies the fluid behavior simulation for 

incompressible fluid:  

 
2 2

2 2

v v v 1 p v v
v u 0

t x y x x y



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           
, (2.11) 

 
2 2

2 2

u u u 1 p u u
v u 0

t x y y x y



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           
, (2.12) 

 
v u

0
x y

 
 

 
. (2.13) 

Dimensional parameter of a problem is half of the distance between the walls h , half of 

channel length L , length   and propagation velocity c  of pressure wave at the walls, fluid 

density  , pressure vibration amplitude on the wall a , kinematic viscosity  .  

To get dimensionless parameters let us introduce the measurement units. Axis transverse 

coordinate x  is measured in h , longitudinal coordinate y  – in  , time t  – in / c , pressure p  

– in 2
c , longitudinal velocity u  – in c , transverse velocity v  – in /ch  , deviation from 

average position of wall   – in h . As a result, equations (2.11)-(2.13) and boundary conditions 

(2.10) become as follows: 

 
2 2

2 2

2 2

v v v p v v
v u 0,

t x y x C x y

 
      

              
  (2.14) 
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2 2

2

2 2

u u u p 1 u u
v u 0,

t x y y C x y
 

      
              

  (2.15) 

 
v u

0,
x y

 
 

 
  (2.16) 

  1 : v , u 0, p cos .x A t y
t

 
       


  (2.17) 

Problem is characterized by four dimensionless parameters: dimensionless velocity of 

wave propagation /C hc  , wave number /h  , channel length /L L   and 

dimensionless amplitude of pressure vibration on the wall 2/ ( )A a c . 

2.2.2. Solution in small-amplitude approximation 

Let us consider the case of small amplitude of pressure variation on the walls. We are going to find the 

solution in the power series of small parameter A : 

 2 2

1 2 1 2v v v ...,  u u u ...,A A A A       (2.18) 

 2 2

1 2 1 2p p p ...,  ....A A A A         (2.19) 

System of equations. Assigning to new variables 

 

/ (1 )x x

y y

t t

  
  
  

, (2.20) 

we get boundary conditions (2.17) in the form 

  1: v , u 0, p cosx A t y
t

        


, (2.21) 

and equations (2.14)–(2.16) in the form 

 

 
2 2 2 2

2

2 2

2

u u u
v u

u u u p p
           2 ,

Re

a q
a q

t C x x

q
u q

C x y y y x y

 

 

   
   
    

    
    

          

 (2.22) 

 

 
2 2 2 2

2

2 2

2 2

v v v
v u

v v v p
            2 u ,

Re

a q
a q

t C x x

q a

C x y y y x

 

 



   
   
    

   
   

        

 (2.23) 

 
v u u

0.a q
x x y

  
  
    

 (2.24) 

where 
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2

*

22

2

1

1
2 , ,

1

2

v , .
Re x

q a a x a
y

a
y y

ax q a x
y

 


 
 



            
  

            
 

 

 (2.25)

 

First-order solution. First-order problem (2.21) - (2.24) takes the form 

 
2 2

2 21 1 1 1

2 2

v p v v
,

t x C x y

 
   

       
  (2.26) 

 
2 2

21 1 1 1

2 2

u p u u
,C

t y x y
 

    
       

  (2.27) 

 1 1v u
0,

x y

 
 

 
  (2.28) 

  1
1 1 11: v , u 0, p cos .x t y

t


      


  (2.29) 

With the variables 

 2 2 2 2

1 1,  ,
2 2

C C
              

 1 1 1 1
1 22 2 2 2

1 1 1 1

sinh sin cosh cos
,  ,

cos sinh cos sinh
C C

   
   

   
 

  

we write the solution of equation system(2.26)-(2.29) in the form 

 

 





1 1
1 1 1 1 2 1 2 1 12 2

1 1

1 1
1 1 1 22 2

1 1

1 2 1 1

cosh sin
v ( )cos( - ) ( )sin( - )

sinh sinh cos
         sin( - ) ( )cos( - )

cosh

                ( )sin( - )

x x
C C t y C C t y

x x x
t y C C t y

C C t y

     
 

    
   

 

   


   


 

 (2.30) 

for the transverse velocity, 

 
 

 
1 1 1 1 2

1 1 2 1

cosh
u cos( - ) sinh sin cos( - ) sin( - )

cosh

              cosh cos cos( - ) sin( - )

x
t y x x C t y C t y

x x C t y C t y

  


 

   

 
 (2.31) 

for longitudinal velocity, 

 1 cosh( )cos( ) / chp x t y    (2.32) 

for pressure, 
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 





1 1
1 1 1 1 2 1 2 1 12 2

1 1

1 1
1 1 1 22 2

1 1

1 2 1 1

cosh sin
( )sin( - ) ( )cos( - )

sinh sinh cos
         cos( - ) ( )sin( - )

cosh

                ( )cos( - ) .

C C t y C C t y

t y C C t y

C C t y

     
 

    
   

 

   


   


 

 (2.33) 

for deviation from average position. 

Expanding (2.33) into power series of wave number, we get 

 2

1 sin( ) ( ).
3

C
t y O

       (2.34) 

D. Tagaki [32] received in first order by A  for   expression which has the following form:  

 1 2 2

16cos( ) sin( )
2

16

y t K y t
C

K
     
 


. (2.35) 

At 0K   expressions (2.35) and (2.34) differ in numerical coefficient, this being connected with 

difference in problem geometry: D. Tagaki studied a tube rather than a channel. They also differ in a 

phase, that is connected with different phase in boundary conditions on pressure (2.9) and (2.17). For 

phases to match one should make transformation 
2

t t


   in (2.35). The dependences on the 

parameters in (2.35) and in (2.34) are qualitatively the same.  

Averaged profile of flow. The equations in the second order are cumbersome and as result we haven’t 
found the solution for the order higher than the first order in an explicit form. However, with the first-

order solution we may calculate an average value of longitudinal velocity 2u  in the second order. In 

this case we should time-average Navier-Stokes equation for longitudinal velocity component 2u  in 

the second order of A : 

 

 

2 2

2 1 1 2 1 1 1 2
1 2 2

2 2 2

1 1 1 1 1 2 1
1 12 2 1

u u u 1 u
u

2 u 2 u u u u
       v v 0.

x

p p x
x

t y x y y C y x C x

x
x

C x C y x y x C y x

  


   
 

       
     

       

     
     

      

 (2.36) 

First-order solution depends on ( )t y , rather than on t  time and y  coordinate separately. Let 

us consider that the second-order solution will also depend on ( )t y  only. With this we may 

transform the equation (2.36) into 

 

 

2 2

2 1 1 2 1 1 1 2
1 2 2

2 2 2

1 1 1 1 1 2 1
1 12 2 1

u u u 1 u
u

2 u 2 u u u u
       v v 0.

x

p p x
x

t y x t t C y x C x

x
x

C x C y x y x C t x

  


   
 

       
     

       

     
     

      

 (2.37) 

Time averaged summands 2u

t




, 2p

t




, 
2

2

2

u

t




, 1
1

u
u

t




 are zero. If that was not the case, then 

velocity, its square or pressure would grow up infinitely. As a result, equation for time-averaged 

velocity component 2u  takes the form 

file:///C:/Users/Stanislav/Desktop/Диссер/Takagi%20D.%20GFD%20Proceedings%20Volume%20of%20WHOI%20/%20Nonlinear%20peristaltic%20waves:%20a%20bitter%20pill%20to%20swallow.%20—%202009.%20—%20P.%202-25%23r32
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Fig. 2.1. Dependency of time-averaged longitudinal velocity on transverse coordinate for 

0.01   (a), 0.1   (b), 1   (c, e), 10   (d, f) and for 20000C   (1), 5000C   (2), 

1000C   (3), 100C   (4), 10C   (5), 1C   (6), 0.3C   (7), 0.2C   (8), 0.1C   (9) 
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 

2 2 2

2 1 1 1 1 1 1

2 2 2

2

1 1 1 1
1 1 1

1 u u 2 u

2 u u u
                        v v ,

x

p x
x

C x y x C y x C x

x
x

C y x y x x

   
 

 


     
    

     

   
  

    

 (2.38) 

where dash denotes time-averaging. By time averaging (2.38), then integrating the expression twice by 

x , we get 

 

2
2 2

1 1 1 1 1 1
2 1 2 2 2

0

2

1 1 1 1
1 1 1

u 2 u
u

2

2 u u u
                        v v

x

C p x
c c x x

y x C y x C x

x
x dtdxdx

C y x y x x



    
 

 


     
          

   
        

  (2.39) 

Constants 1c  and 2c  are identified from the conditions at the boundary: 

 21:  u 0x    . (2.40) 

FТР. 2.1 shows tСe profТle of tТme-КverКРed lonРТtudТnКl velocТtв 2u  Тn tСe second order (Тn tСe 

fТrst order tТme-КverКРed lonРТtudТnКl velocТtв equКls гero). VelocТtв 2u  increases with   decrease and 

increase of wave velocity C . At smКll velocТtТes of аКve propКРКtТon C  tСe profТle of lonРТtudТnКl 
velocТtв Тs Лell sСКped аТtС mКбТmum Кt tСe cСКnnel center (Fig.2.1a: curves 3 Кnd 4). WТtС tСe 
ТncreКse of аКve propКРКtТon velocТtв plКteКu occurs Тn tСe centrКl pКrt Кnd ЛoundКrв lКвers neКr tСe 
аКlls (FТР.2.1ɚ: curves 1 Кnd 2, and Fig.2.1e-f). Boundary layer thickens with C  and   increase, 

while the area with nearly constant average velocity expands in the central part.  

Flow rate. Fluid transport is characterized by its flow rate: volume of fluid flowing through 

transverse section of a channel in a unit time. Expression for time-averaged flow rate in original 

  
Fig. 2.2. Flow rate dependency on a: wave velocity C  for 0.01   (1), 0.1   (2), 1   (3), 

10   (4), and b : wave number   for 20000C   (1), 2000C   (2), 100C   (3), 1C   (4) 



 

37 
 

untransformed (unshaded (2.20)) coordinate system takes the form 

 

12

0 1

1
u .

2
Q dxdt







 

     (2.41) 

After transformation to shaded coordinates the expression for flow rate takes the form 

 
2 1

0 1

1
u(1 ) .

2
Q dx dt




 

      (2.42) 

By substituting power series (2.18) in (2.42), we obtain a formula for flow rate in the second order by 

A : 

 
2 1

2 2 1 1

0 1

1
(u u ) .

2
Q dx dt




 

      (2.43) 

Fig. 2.2 represents the dependency of flow rate on problem parameters. Rate dependency on аКve 
numЛer Тs non-monotonous; tСere Тs mКбТmum vКlue of floа rКte, аСТcС mКв Лe reКcСed Лв cСКnРТnР 
tСe proЛlem pКrКmeters. It КpproбТmКtelв equКls 2.5, аСТcС corresponds to velocТtв of order 310  m/s 
for аКter Тn К centТmeter cСКnnel. Floа rКte Рroаs аТtС аКve propКРКtТon velocТtв Кnd Кt lКrРe vКlues 
of C  Тt reКcСes СorТгontКl Кsвmptote, аСТcС Тs eбplКТned Лв tСe formКtТon of ЛoundКrв lКвers.  
 

Shift of phases. One of the important peculiarities of the system under analysis is the shift of the wave 

traveling on the wall surface (which is characterized by value of  , deviation from average wall 

position) relatively to pressure wave at the boundary. Fig.2.3 shows that with wave velocity decrease 

C  shift of phases tends to 
2


, while with the increase it tends to  . The increase of wave number 

makes shift of phases reach asymptote     quicker.  

 

Fig. 2.3. Dependency of phases shift on pressure wave at the boundary and wall surface 

traveling wave on wave velocity (solid line: , dotted: , dashed: , dot-

and-dash: ) 



 

2.2.3. Solution in long wave approximation 

The usage of boundary condition (2.17) on pressure is connected with the baroreceptors in 

esophagus walls, intestine, ureter. These sensors perceive pressure in boundary layer of fluid. A.D. 

Nozdrachev [131] states that reflex arc of nervous system of this type including sensor part with basis 

being a baroreceptor is enclosed within the walls and that is one observes no direct subordination to 

central nervous system. 

Let us estimate the value of parameter  . Large intestine is up to 1.5 meters in length and 3 

centimeters in radius, the frequency of peristaltic waves in large intestine is 0.2-0.6 1c . 

Circumferential muscles constrict and form occlusion of 1-3 centimeters, while the content of the 

intestine moves to the neighboring area of 15-20 cm in width. Thus, we may state that for the large 

intestine  

 / ~ 0.1 0.2h   . (2.44) 

The length of ureter is about 30 centimeters with 3 to 10 mm in diameter. The wave velocity is 

2-3 cm/min, frequency is from 0.02 to 0.1 1c , wave length is from 2 to 15 cm. Urine viscosity is 

0.007   cm 2 /c [46]. Thus, we may state that for the ureter 

 0.001 0.1   . (2.45) 

The obtained values make us conclude that wave number   in most cases may be considered 

to be small, that is why it is quite natural to seek solution in form of power series of  . Note that the 

solution in small amplitude approximation is more general then solution in long-wave approximation 

(for small  ). 

In long-wave approximation the expressions for velocities, pressure and changes of wall 

coordinates are looked for in a power series of small parameter  : 

 2 3

1 2 3u u u u ...      , 2 3

1 2 3v v v v ...       (2.46) 

 2 3

1 2 3 ...          , 2 3

1 2 3p p p p ...       (2.47) 

The solution is in the fact that the series (2.46) and (2.47) are substituted in equations system 

(2.14)-(2.17). Then multipliers at similar powers   are grouped and the coefficients at successive 

powers   are set to zero. Before the series (2.46) and (2.47) are substituted into the boundary 

conditions (2.17), these boundary conditions are decomposed into a series being centered at 1x   : 

 

 
2 2

2

2 2 2 2

2 2

p p
1:  p ... cos ,

2

v v u u
v ... ,  u ... 0.

2 2

x A t y
x x

x x t x x



   

 
      

 
    

        
    

 

The program to find the solution to the equation system in a long-wave approximation is given 

in Appendix 1. Longitudinal velocity found with this program is defined by an expression 
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2

2 2
2 2 2 3

u sin( )( 1)
2

  cos( )( 1)( 5) 8 sin ( ) ( ),
24

AC
t y x

AC
t y x x A t y O



 

   

        

  (2.48) 

transverse velocity - by 

 

2

2 2
2 2 3

v ( 3)cos( )
6

  ( 5) 80 cos( ) sin( ) ( ),
120

AC
x x t y

AC
x A t y x t y



 

   

       

  (2.49) 

law of wall coordinates change - by 

 

 

1,2

2 2
3

sin( )
3

   5 2cos( )(5 cos( ) 2) ( ),
30

AC
t y

AC
A t y A t y O

 

 

    

     
 (2.50) 

pressure - by 

 
2

2 3p cos( ) ( 1)cos( ) ( )
2

A
A t y x t y O

       .  (2.51) 

Flow rate in a long-wave approximation is expressed as follows 

 

12 2 2 2

0 1

2 2 4
2 2 6

1
u

2 3

25 31 22
         ( ).

9 12 63 5

A C
Q dxdt

A C
A C O








 



 

  

        

 
 (2.52) 

Fig. 2.4 shows that at small   and C  the approximation of small amplitudes, which was 

looked at in the previous paragraph, and the approximation of long waves used in this paragraph give 

close results.  

 

  

Fig. 2.4. Flow rate dependency on a: wave velocity  for , b: wave number  for 

 (solid line: approximation of small amplitudes, dashed line: approximation of long 

waves ) 
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D. Tagaki[32], who solved problem close to the one considered in this work, found an 

expression for flow rate  

 2 2 2 3 3 3

2 2

4
( , , )

16
Q A C O A C

K
  


, (2.53) 

At 0D   expressions (2.53) and (2.52) differ in numerical coefficient, that is connected with different 

problem geometry: D. Tagaki studied a tube rather than a channel. The dependences on the parameters 

in (2.53) and in (2.52) are qualitatively the same. 

Using series (2.50) we can find the maximum deviation of wall points from their time-averaged 

position in the form  

 
2 2 2

3( )
3 6

AC A C
O

       (2.54) 

Formula (2.54) show, that for small A , C  and   maximum deviation from average wall 

position   increases linearly with these parameters. D. Tagaki received the same result in [32]. 
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2.3. Influence of longitudinal vibrations on peristalsis 

2.3.1. Problem statement 

This section of the paper considers the influence of longitudinal channel vibrations on fluid 

transport. We study the flow of Newtonian fluid with viscosity   and density   in a channel of 2L  
in length and 2h as an average distance between the walls. To simulate vibrations we introduce inertia 

force as harmonic function with amplitude g  and frequency  .  

After transformation to dimensionless variables, which are introduced in paragraph 2.1.1., the 

system of equation becomes as follows 

 
2 2

2 2

2 2

v v v p v v
v u 0

t x y x C x y

 
      

              
, 

 
2 2

2

2 2

u u u p 1 u u
v u cosM wt

t x y y C x y
  

      
              

,  (2.55) 

 
v u

0,
x y

 
 

 
  

 1 : v , u 0, p sin( )x A t y
t

 
       


. (2.56) 

Besides the wave velocity /C hc  , wave number /h   and dimensionless amplitude of pressure 

oscillations at the wall 2/ ( )A a c , which characterize peristaltic flow, this equation system has 

dimensionless vibration amplitude 2/g c
 
and vibration frequency /w c . 

2.3.2. General solution  

We assume that dimensionless wave number   is small, and find the solution in a series with this 

parameter:  

 2 3

1 2 3u u u u ...      , 2 3

1 2 3v v v v ...       (2.57) 

 2 3

1 2 3 ...          , 2 3

1 2 3p p p p ...       (2.58) 

Series (2.57) and (2.58) are substituted in equation system (2.55). Then multipliers at similar 

powers   are grouped and the coefficients at successive powers   are set to zero. Before the series 

(2.57) and (2.58) are substituted into the boundary conditions (2.56), these boundary conditions are 

decomposed into a series being centered at 1x   : 

  
2 2

2

p p
1:  p ... cos ,

2
x A t y

x x

  
      

 
  

 
2 2 2 2

2 2

v v u u
v ... ,  u ... 0.

2 2x x t x x

       
        

    
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The longitudinal velocity found in such a way equals 
 

 

  


2 2 2
2 2

4 2 3

1
u cos( ) cos 8 cos ( )

2 24

    8 cos( )cos ( 6 5)( sin( ) sin ) ( ),

x C
C A t y M wt A t y

AM t y wt x x A t y Mw wt O






     

       
  

pressure equals 

 2 2 31
sin( ) ( 1)sin( ) ( ),

2
p A t y A x t y O        (2.59) 

transverse velocity equals 

 

2 2 2
2 2

3

( 3)
v sin( ) (cos( )(80 sin( ) ( 5) )

6 120

       40 sin( )cos ) ( ).

x x xC A
CA t y t y A t y x

M t y wt O






      

  
 

Vibration-caused additive to flow rate becomes 

 
4 4 2 2

5

2

5
( )

18 1

C A M
Q

w

    


. (2.60) 

As we can see from (2.60), if the vibration frequencies are higher than the pressure wave at the 

wall ( 1w  ), vibrations affect the peristaltic transport negatively – flow rate in a channel reduces. 

Otherwise ( 1w  ), vibrations lead to the flow rate increase.  

2.3.3. Solution at w close to 1 

The case 1w   requires special consideration. Let us consider the system behavior in the 

neighborhood of this value, let us assume that 21w   , where 2  is small value. In this case a 

typical method of small parameter does not help to find solution, and one should use a method of 

multiple scales, when together with quick time t , slow times 1t t  and 2

2t t  are also introduced. 

Equation system (2.55) is rewritten in the form  

 
2 2

2 2 2

2 2

1 2

v v v v v p v v
v u 0

t t t x y x C x y

   
        

                 
, 

 
2 2

2 2

22 2

1 2

u u u u u p 1 u u
v u cos( )M t t

t t t x y y C x y
   


       

                
, (2.61) 

 
v u

0,
x y

 
 

 
 

and boundary conditions take the following form 

 2

1 2

1 : v , u 0, p sin( )x A t y
t t t

      
         

  
. (2.62) 

We are going to find the solution of equation system (2.61) in the series of small parameter  : 



 

43 
 

 2 2 2

1 2 1 2 2v v v ...;   u u u ...;p sin( ) p ...;  A t y               (2.63) 

 2

0 1,2 1 1,2 1 1,2 2 1,2 2 1,2( , ) ( ( , , ) ( , )) ( ( , , ) ( , )) ...y t t t y y t t t y y t              (2.64) 

First-order solution. In the first order the problem takes the following form 

 
2

1
22

u
( cos( ) cos( )),C A t y M t t

x


    


 

1 1v u
0,

x y

 
 

 
 (2.65) 

 1
0 1 1 11 : v , u 0, p 0x

t

 
      


. (2.66) 

The longitudinal velocity found equals  

 2 2

1 2 0u ( cos( ) cos( ))((1 ) )
2

C
A t y M t t x       , (2.67) 

transverse velocity is 

 

2 2

1 0

0
2 0

1 1
v sin( ) sin( )(1 )

6 2

                  ( cos( ) cos( ))(1 ) ,

Cx Ax t y A t y

A t y M t t
y



 

    



      

  (2.68) 

deviation from average wall position is  

 

2

1 0 2 0 0

0
0 2

1
( , ) (1 ) (1 ) cos( )

3

                      (1 ) ( sin( ) sin( )) .

y t C A t y

A t y M t t
y

   

 

    



      

 

Second-order solution. The problem in the second order has the following form 

 
2 2

2 1 2 1 2 2

2 2

1 v u u u v
,    ,    0;

p
C

x C x x t y x

     
   

     
  (2.69) 

 1 2 1 0 1
0 2 1 2 1 2

1 2

v u
1 : v ,  u 0,  p 0.x

x t t t x

        
          

    

 (2.70)

 

While solving the equation system (2.69) secular terms, which cause the solution divergence on large 

times, appear. The requirements to make these terms zero are aimed to obtain the equation for time-

independent deviation from average wall position 0 : 

     4 20 0
0 2 2 0

2

5
1 sin( ) cos( ) 1

6 6

AM
y t A A M y t C

y t

    
  

         
 (2.71)

 

With a variable 2z y t   we transform an equation (2.71) to be as follows 

 

     5 42 2 0
0 0

5
1 sin 1 cos 0

6 6

AM
C z A C A M z

z

            
 (2.72)

 

This differential equation may be transformed to algebraic 

 

   52

0 0cos 1 6 0M z A AC C        (2.73) 

or 
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1

5
0

0 2

6
1 ,

( cos )

C

AC M z A


 

     
 (2.74) 

where C  is an constant. To consider the case with large   decompose 0  and C  into a series of 1  : 

 

0 0 0 0 0 1 22 3 2

1 1 1 1 1
,    .I II III

C C C C   
    

       (2.75) 

By substituting (2.75) in (2.73), and decomposing the obtained expression in series at powers 
1


, we 

get  

 

2
I II 4 2

0 0

cos 5
,   ( cos2 2 cos ).

6 72

AC M z
MC A M z A z      (2.76) 

В ɪɟɡɭɥɶɬɚɬɟ ɞɥɹ ɪɚɫɯɨɞɚ ɠɢɞɤɨɫɬɢ ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ ɩɨ ɨɛɪɚɬɧɨɣ ɤ   
ɩɟɪɟɦɟɧɧɨɣ ɩɨɥɭɱɚɟɬɫɹ ɜɵɪɚɠɟɧɢɟ 

The flow rate in the power series of 
1


 is 

 

02 1 1

1 2

2 1 00 0 0 1

2 2 2 2 2
2 2 2 3

2 3

1 1 1
lim

1 5 5 1
        , .

3 36 18

i

TT T

T
Q udxdtdt dt

T T T

C M C A M
C A





 
  




 

 

  
     

  

   
 (2.77) 

If we put 21w    into equation (2.60) (formula for flow rate, which works away from 

1w  ) and decompose in series of  , then in the second order the additive flow rate appearing from 

vibrations will take the following form  

 
4 2 2 2

35
( )

36

C A M
Q

 


    ,  (2.78) 

that coincide with (2.77).  

Let us consider the solution of equations (2.73) for small relations M/A<<1. To do this let us 

decompose 0  and constant C  into a series 

 

2 3 2

0 0 0 0 1 2,    ...I II IIIM M M M M
C C C

A A A A A
                     

      
 (2.79)

 

By substituting (2.79) in (2.73), we get after simplifications 

 

2 3
2 2

0 3

2 2 2 2

1
cos 215 cos2

5 6 5 6

z M M MA C z O
A A A

A C A C


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         
    

 

 (2.80) 

Expression (2.80) shows that when the vibration frequency and the pressure wave frequency 

are getting closer, then a slowly traveling wave with frequency equals the difference of frequencies of 
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two effects appears. In a particular case of frequencies equality the traveling wave become stationary 

relief.  

Found in this approximation expression for flow rate takes the following form 

 
 

02 1 1 2 2 2 2 2 2 2

1 2 2 2

2 1 00 0 0 1

3 2 64
2 2 2 3

6 4

1 1 1 5 1 2
lim

3 2 (5 6 )
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         , ,
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i
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T

C A A C M
Q udxdtdt dt

T T T A

M M
A C

A A





 

 




 

 
  

 

                  

   
 (2.81) 

where 
2 2

A C


  . Expression (2.81) shows that at 0.5    vibration influence reduces flow rate, 

while in contrast cases it increases the flow rate.  

When 
5

6
   , we can't get the algebraic equation (2.73) from differential equation (2.71). Let 

us find the solution of differential equation (2.71) for 
5

6
   . By substituting in (2.71) series (2.79), 

in the first order of 
M

A


 
 

 we get 

 

2 2

0 0
2

2

sin( ) 5
6

I I
A C

y t
y t

 
  

     
 (2.82) 

Considering that 2 25

6
A C   , we get 

 

2 2
2 2

2 0 0

2

5
sin( ) 5

6 6

I IA C
y A C t

y t
 

  
     

 (2.83) 

The solution for the equation (2.83) is 

 

2 2

0 2

5
sin( ).

5 6

I y
y A C t    (2.84) 

For a long channel (this is the case we are looking at) the law of wall motion (2.84) results in their 

collision and channel obstruction. The results illustrate that for some values of parameters the original 

assumption about the possibility to provide the specified pressure at the boundary by moving the walls 

is invalid.  

Finally, the longitudinal vibrations influence the flow in a channel in such a way, that for 

vibration frequencies higher that pressure wave frequency at the wall the vibrations negatively affect 

the peristaltic transport - the flow rate decreases. Otherwise, vibrations lead to the flow rate increase. 

When the vibration frequency and the pressure wave frequency at the wall are close, then a slowly 

traveling wave with frequency being equal to the difference of frequencies of effects appears. In a 

particular case of frequencies equality the traveling wave become stationary relief. 
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3. FLOW IN PULSATING CHANNELS 

Equation Section (Next) 

A two-dimensional liquid flow in the field of the gravitational force in a channel with pulsating 

walls at the presence of pressure drop is studied in this chapter. This problem was previously analyzed 

as a particular case of peristaltic flow by S.L.Weinberg [109] Кnd M.S.LonРuet-HТРРТns [110], аСo 
ТllustrКted tСКt the pulsations resulted in increase of the flow rate, which occurred due to the pressure 

drop. Later, N.I.Arinchin [113] used this effect to explain the significant increase of blood flow in the 

working muscles. Building the research by G.V. Anrep, et Кl [150], Сe proposed that the muscles with 

high frequency vibrations squeeze and relax dependent vessels and as the result, the increase of flow 

rate is observed. G.A.Lyukhov and I.V.SСuРКn [111, 112] suРРested tСКt tСe effect found Лв 
S.L.Weinberg [109] Кnd M.S.LonРuet-HТРРТns [110] could Лe used to Тmprove tСe pumps performКnce 
Кnd tСeв СКve cКlculКted tСe enerРв consumptТon requТred to ТncreКse tСe floа rКte Лв meКns of 
pulsКtТons. Kwi-joo Lee, etc. [151] arrived at a differential equation for the flow rate on the bases of 

the assumptions, some of which (for example, an assumption about local Poiseuille profile of 

longitudinal velocity) being not evident. Kwi-joo Lee, et al. [151] came to the conclusion that the flow 

rate increases with the increase in the amplitude of the walls pulsation and decreases with the decrease 

of the Womersley number (product of the distance between the walls by square root from frequency 

ratio to kinematic liquid viscosity). Their theory states that for the small walls pulsation amplitudes the 

pulsations result in the flow rate increase and the high walls pulsation amplitudes could lead to both 

the flow rate increase and its decrease depending on the Womersley number value.  

We study the solution to the problem about the flow in a channel with pulsating walls applying 

the solution class of Navier-Stokes equations with a linear dependence from coordinate being 

longitudinal with respect to the channel axis. Earlier, T.W.Secomb [139] considered this type of 

solution for this problem focusing on the analysis of the case with the absent of pressure differences at 

the channel ends. The research of T.W.Secomb illustrates the existence of nonzero time-averaged 

velocity field of flow; this flow, however, does not contribute into the time-averaged flow rate. Later 

P.Hall and D.T.Papageorgiou [140] considered the stability of this solution. Their numerical 

calculations showed that the increase of the Womersley number for high amplitudes of walls 

pulsations led to the chaos according to the Feigenbaum scenario via the cascade of period doubling.  

The problem about the channel walls pulsation influence on the solute concentration distribution 

and the problem about the squeezing flow are close to the ones considered in this article. S. Tsangaris 

[152] was among the first studies on the first problem. Later S.L.Waters [153] looked at this problem 

and found out that the solute flow increased as the diffusion coefficient was decreasing, the 

Womersley number was increasing and the walls permeability coefficient was increasing. Going 

deeper into the problem S.L.Waters [153] presented a mathematical model of oxygen supply to the 

heart after laser myocardial revascularization. 

The problem of the squeezing flow is characterized by the approaching walls squeezing liquid 

from the channel. For some laws of walls movements there are analytical solutions to this problem 

[154-155]. K.J.ZаТck, et Кl [114] eбperТmentКllв studТed tСТs Тssue. TСeв КnКlвгed tСe floа of 
NeаtonТКn Кnd vТscoplКstТc lТquТds Лetаeen tаo round plКtes, аСТcС аere under tСe КctТnР force 
comprТsТnР oscТllКtТnР Кnd constКnt components. In cКse of vТscoplКstТc lТquТd tСeв found tСКt tСe 
plКtes vТЛrКtТon resulted Тn sТРnТfТcКnt ТncreКse of floа rКte, аСТle no sucС effect аКs found Тn cКse of 
NeаtonТКn lТquТd.  

The purpose of the present chapter is to examine the influence of channel walls pulsations on the 

fluid transport for the large Womersley numbers. This problem is solved under the КpproбТmКtТon of 

file:///C:/Users/mingalev-sv/AppData/Local/Microsoft/Windows/Temporary%20Internet%20Files/Content.Outlook/M6VV7VJU/dy%23r109
file:///C:/Users/mingalev-sv/AppData/Local/Microsoft/Windows/Temporary%20Internet%20Files/Content.Outlook/M6VV7VJU/-407%23r110
file:///C:/Users/mingalev-sv/AppData/Local/Microsoft/Windows/Temporary%20Internet%20Files/Content.Outlook/M6VV7VJU/%23r111
file:///C:/Users/Stanislav/Downloads/DisEn%20(5).docx%23r112
file:///C:/Users/mingalev-sv/AppData/Local/Microsoft/Windows/Temporary%20Internet%20Files/Content.Outlook/M6VV7VJU/dy%23r109
file:///C:/Users/mingalev-sv/AppData/Local/Microsoft/Windows/Temporary%20Internet%20Files/Content.Outlook/M6VV7VJU/-407%23r110
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smКll-КmplТtude аКll pulsКtТon. TСe fТrst sectТon deКls аТtС 
tСe revТeа on tСe lТterКture. TСe second one descrТЛes 
РenerКl proЛlem stКtement. TСe tСТrd sectТon of tСe pКper 
stКtes Кnd solves tСe proЛlem Тn гero Кnd fТrst order Лв аКll 
pulsКtТon КmplТtude. TСe fourtС sectТon stКtes tСe proЛlem 
Кnd Тts tТme-КverКРed solutТon Тn tСe second order Лв tСe 
КmplТtude. In tСe fТftС Кnd sТбtС sectТons аe use tСe found 
solutТons to КnКlвгe tСe Тnfluence of cСКnnel аКlls 
pulsКtТons on tСe floа rКte Кnd tТme-КverКРed velocity field 

of flow. At tСe end of tСТs cСКpter аe studв tСe Тnfluence 
of compressТЛТlТtв on tСe floа Тn pulsКtТnР cСКnnel.  

3.1. Problem Statement 

Let us consider a two-dimensional flow of viscous incompressible fluid flow in a channel, which 

walls harmonically pulsate with the frequency   and the amplitude a  at the presence of the gravity 

and pressure difference 2  at the ends of the channel with the length 2l  (Fig.3.1). 

The fluid flow is described by a system of Navier-Stokes equations for the viscous 

incompressible Newtonian fluid and by a continuity equation:  

 
2 2

2 2

U U U U U
U v gcos ,

p

t x y x x y
   

      
               

.

  (3.1) 

 
2 2

2 2

v v v v v
U v sin

p
g

t x y y x y
   

      
               

.

, (3.2) 

 
u v

0
x y

 
 

 
, (3.3) 

where x  and y  are longitudinal and transverse with the relation to the axis of channel coordinates, t  

is time; U  and v  are longitudinal and transverse components of velocity, p  is pressure; g  is the 

acceleration of gravity,   - is fluid density,   is dynamic viscosity,   - angle between the channel 

axis and the direction of gravity force.  

The position of the upper and lower channel wall in a given time moment is determined by the 

equation 

 ( sin ).y h a t    (3.4) 

The position of the channel ends are specified by the equations  

 x l   ɢ .x l  (3.5) 

The walls points move only along the OY axis. No-slip boundary conditions are identified on 

the lower and the upper walls: 

 ( sin )y h a t   ..: u 0 , v cosa t  ,  (3.6) 

Pressure-drop boundary condition is specified at the channel ends: 

 2
x l x l

p p
 
   ,  (3.7) 

Choose the following units of measurement: length - h , time - 1/ , pressure -  , velocity - 

h . The problem in a dimensionless form is characterized by four parameters: the Womersley number 

 

 

 

 

 

 

Fig.3.1. Geometry of the problem 

-l 

l 
x 

 

 

 

 



 

48 
 

W , the Richardson number Ri, dimensionless amplitude of pulsations A and dimensionless channel 

length L : 

 
2

cos / ( )
W ,  Ri ,  ,

2

pg L a l
h A L

h h h

  
 


    .  

After the pressure transformation 

 sin /p p yg x l      (3.8) 

the nondimensionalization and the transformation of transverse coordinate 
 (1 sin )y y A t  , (3.9) 

the system of Navier-Stokes equations (20)-(21) and continuity equations (22) has the following form 

 

2

2 2
2 2

2 2 2

U U v cos U
(1 sin ) U

1 sin

1 U U
      (1 sin ) (1 sin ) Ri,

2W

yA t
A t

t x A t y

p
A t A t

x x y

    
        

    
            

 (3.10) 

 
2 2

2 2 2 2

v v v cos v 1 v 1 v
U

1 sin 2W (1 sin )

yA t p

t x A t y x A t y y

      
             

, (3.11) 

 
U 1 v

0
1 sinx A t y

 
 

  
,  (3.12) 

and the boundary conditions are the following ones: 

 1y   : U 0 , v cosA t  . (3.13) 

 
x L x L

p p
 
 . (3.14) 

The purpose of the coordinate transformation (26) is to set the boundary conditions at the fixed 

boundary.  

Pressure transformation (25) leads to the exclusion of summand with   from the boundary 

condition (24). At the same time the Richardson number Ri  contains a member / ( )L  besides the 

gravity acceleration g . This transformation results in the exclusion of summand sing   from the 

equation for transverse velocity (28).  

3.2. Solution in first and zero orders 

The solution of the problem was obtained in a form suggested by T.W.Secomb [139]: 

 
v( , )

U u( , )
1 sin

x y t
y t

A t y


 

 
, (3.15) 

 v v( , )y t , 2( , ) ( ).p y t x t    (3.16) 

Equation of continuity is always valid for the solution (32)-(33). After the introduction u( , )y t  

according to the formula (32) the boundary condition for the longitudinal velocity U  in (30) is the 

following one: 

 1y   : 
v

0
y





, u 0 . (3.17) 

Dimensional amplitude of walls pulsation is considered to be small in comparison with the 

distance between the walls, which enables one to find the solution by the method of small parameter Тn 
tСe form of К serТes Тn poаers of dТmensТonless amplitude A : 
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 2

0 1 2u( , ) u ( ) u ( , ) u ( , ) ...y t y A y t A y t    , 2

1 2v( , ) v ( , ) v ( , ) ...y t A y t A y t   , (3.18) 

 2

1 2( , , ) ( , , ) ...p Ap x y t A p x y t    (3.19) 

After substitution (3.18), (3.19) and (32) in the equation (27) and boundary condition (3.17) we 

get the problem in zero order of A  as 

 
2

20

2

u
2 RiW

y


 


,  (3.20) 

 1y   : 0u 0 . (3.21) 

The problem solution is the following one: 

 2 2

0u W Ri( 1).y    (3.22) 

Expression (3.22) describes the profile of flat Poiseuille flow in the channel with fixed walls. 

The problem in the first order has the following form 

 

 
2

2 21 1 1
1

2 3

1 1 1

2 2 3

u v v
+RiW ( 1) 2 cos v

1 u v
                   2Risin ,

2W

x y y y t
t y t y

p
x t

y y x

   
         

   
       

,  (3.23) 

 
2

1 1 1

2 2

v 1 v

2W

p

t y y

  
     

 (3.24) 

 1y   : 1u 0 , 1v cost  . (3.25) 

The solution for the problem of the first order is the pressure in the form 

 1 1 1( , )sin ( , )cos ,s cp p x y t p x y t    (3.26) 

transverse velocity in the form 

 1 1 1v v (y)sin v (y)cos ,s ct t   (3.27) 

and longitudinal velocity in the form 

 1 1 1u u (y)sin u (y)coss ct t  . (3.28) 

To simplify the expression for the coefficients at sinuses and cosines in (34)-(36) we will introduce a 

variable 

   12 2(2W 1)cosh2W (2W 1)cos2W 2W(sinh2W sin2W)S


      . (3.29) 

Then the coefficients in the expression (34) for the pressure are written in the following way  

 2 2 2

1 1( )Wsp y x f  , 

 2 2 2

1 2( )Wсp y x f   , 

where 

  1 W 2W(cosh2W cos2W) sin2W sinh2W .f S      (3.30) 

  2 W sinh2W sin2Wf S  , (3.31) 

coefficients in the expression (35) for the transverse velocity: 

 1 3 4 2v sinW coshW cosW sinhWs f y y f y y f y   ,  (3.32) 

 1 4 3 1v sinW coshW cosW sinhWс f y y f y y f y   ,  (3.33) 

where 

  3 2 WcosWcoshW (cosW WsinW)sinhW ,f S     (3.34) 

  4 2 (WcosW sinW)coshW WsinhWsinW ,f S     (3.35) 
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and the coefficients in the expression (36) for the longitudinal velocity: 




2 2

1 6 7 8 9 14

2 2 2

10 11 12 13 5

u Ri ( ( 1)) cosW ( ( 1))sinW sinhW

  ( ( 1) )cosW ( ( 1)) sinW coshW ( 1) ,

s f f y y y f f y y y f

f y f y f f y y y y f y

         

         
 

 




2 2

1 11 10 12 13 1

2 2 2 2

6 7 9 8 2

u Ri ( ( 1))sinW ( ( 1)) cosW sinhW

  ( ( 1)) sinW ( ( 1) )cosW coshW W ( 1) ,

с f f y y f f y y y y f

f f y y y f y f y y f y

         

         
 

where 

2

5 1W ( 2)f f  , 2 2

6 3 4

2 9
W W

3 8
f f f

   
 

, 4

7 4W / 3f f , 3

9 4 33W ( ) / 4f f f   , 

3

10 3 43( )W / 4f f f  , 2 2

12 3 42W ( W 9 / 8) / 3f f f   , 4

13 3W /3f f , 2

14 1 22( 1)Wf f f   ,  

2

12 6 2 1 14
8

sinh2W+ sin2W 2(2 W )coshWcos 2 sinWsinhW
,

cos2W cosh2W

f f f f W f
f

   



 

2

6 12 2 1 14
11

sinh2W sin2W 2(2 W )sinWsinhW 2 cosWcoshW

cos2W cosh2W

f f f f f
f

    



. 

This solution shows that the assumption about the quadratic dependency of a longitudinal 

velocity from transverse coordinate, made by Kwi-joo Li, et al. [151], is not valid.  

In order to investigate the influence of the walls pulsations on the liquid transport one should 

know the time-averaged second-order solution, besides the first-order solution.  

3.3. Time-averaged second-order solution  

Let us look at the A  second-order problem. After the substitution (3.18), (3.19), (32) and (3.22) 

in (27) we get the following equation: 

 1 2( , ) ( , ) 0E y t x E y t  . (3.36) 

Here  

 
3 2

2 22 2 2
1 1 2 32 3 2

1 v 1 v
sin cos sin cos ,

2W 2 W

p
E e t e t e t t

y x x t y

  
     

   
 (3.37) 

 

2
2 22 2 2

2 2 2 2

2

4 6 5

u v 1 u
( 1) 2v W Ri

2W

                                          ( sin cos )sin cos ,

E y y
t y y

e t e t t e t

  
        

  

 (3.38) 

where 

 

23 2

1 1 1 1 1
1 12 3 2

1 2 v v v v
v ,

2W
s s с s s

s

p
e

x x y y y y

     
           

  

 

22

1 1 1
2 1 2

v v v
( v ) ,с с с

сe y
y y y

  
      

  

 
3 2 2

1 1 1 1 1 1
3 1 12 3 2 2

1 2 v v v v v
2 ( v ) v ,

2W
c c s c s c

c s

p
e y

x x y y y y y

      
            

  

 21 1
4 1 1 0 1 1

u v
v (u u ) 2u (1 2W v )Ri,s s

s s c se y
y y

 
     

 
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 1 1
5 1 1

u v
( ) u ,c c

c ce v y
y y

 
  

 
  

 21 1 1 1
6 1 1 0 1 1 1 1

u v v u
(v ) (u u ) 2u 2W Ri( v ) u v .s c s c

c s s c c se y y y
y y y y

   
        

   
  

The boundary conditions for the second-order problem are presented in the following way 

 1y   : 2u 0 , 2v
0

y





, 2v 0 . (3.39) 

In equКtТon (3.36), 1( , )E y t  Кnd 2( , )E y t  must Тndependentlв equКl to гero.  
Transverse velocity. TСe equКtТon 

 1( , ) 0E y t   (3.40) 

аТtС tСe ЛoundКrв condТtТons (3.39) defТnes К second-order proЛlem for tСe trКnsverse velocТtв.  
We КverКРe tСe equКtТon (3.40) over tТme to cКlculКte tСe tТme-КverКРed trКnsverse velocТtв 2v  

Кnd Кs К result Рet 

 
3

22 2
1 23

v 1
W ( ),

p
e e

y x x

 
   

 
 (3.41) 

аСere 2p  Тs tТme-КverКРed pressure. TСe ЛoundКrв condТtТons for tСe second-order trКnsverse velocТtв 
Кre tСe folloаТnР ones: 

 1y   : 2v
0

y





, 2v 0 . (3.42) 

TСe solutТon for tСe proЛlem (3.41)-(3.42) Тs presented Тn tСe folloаТnР аКв: 

 
 

 
2 20 15 16

3

17 18 21 22

v (sin2W sinh2W ) cosW sinW coshW

                                sinW cosW sinhW ,

f y y f y y f y y

f y y f y y f y f y

    

   
  (3.43) 

  2 2 22
1 2 22W ( ) 6 ,

p
x f f f

x


   


  

аСere 

  2 2

20 4 3

W

8
f f f  , 18 1 4 2 3

5
( )

2
f f f f f  ,  17 4 1 2 2 1 3

W
( 1) (1 )

2
f f f f f f f      , 

 16 1 3 2 4

5
( )

2
f f f f f  ,  15 4 2 1 1 2 3

W
(1 ) ( 1)

2
f f f f f f f      , 

 



  

22 20 16 18

15 17 16 17 15 18 16 18

sin 2W sinh 2W
W(cosh 2W cos2W) W( )cosW

2

cosh W sinh W
(( )W )sin W (( )W )cosW W( )sin W ,

2 2

f f f f

f f f f f f f f

        
 

       
 

 



  

21 20 16 18 15 16

15 17 17 15 18 16 18 17

sinh 2W sin 2W
3 W(cos2W cosh 2W) (W( ) 2 )cosW (3

2

cosh W sinh W
( )W)sin W (( )W 3 )cosW (( )W 2 )sin W .

2 2

f f f f f f

f f f f f f f f

         
 

      
 

Longitudinal velocity. Second-order lonРТtudТnКl velocТtв Тs defТned Лв tСe equКtТon  
 2( , ) 0E y t   (3.44) 

with the boundary condition (3.39). By introducing a function 
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 2 2 22 4 5
2

v
( ) 2W W Ri ( 1) 2v

2

e e
F y y y

y

   
        

, 

and averaging (3.44) in time we get the equation for the time-averaged longitudinal velocity 2u : 

 
2

2

2

u
( ).F y

y





 (3.45) 

TСe ЛoundКrв condТtТon for tСe lonРТtudТnКl second-order velocТtв Тs tСe folloаТnР one 

 21: u 0.y     (3.46) 

The problem (3.45)-(3.46) is solved in the following way: 

 
2

2 1 1 2

1 0

u ( ) .

zy

F z dz dz    (3.47) 

Due to its cumbersomeness the expression for 2u  is not given here in its explicit form. 

3.4. Flow rate 

ProvТded аe knoа tСe гero-order Кnd tСe fТrst-order solutТon Кnd tТme-КverКРed second-order 
solutТon, аe cКn cКlculКte tСe floа rКte. Instantaneous floа rКte Тs defТned Лв tСe equКtТon 

 
1 sin

1 sin

U
A t

A t

Q dy



 

  . (3.48) 

After transformation of transverse coordinate (26), expression (3.48) takes the following form 

 
1

1

U(1 sin )Q A t dy


  , (3.49) 

By substituting (32) instead of U , we get 

 
1

1

v
u (1 sin )

1 sin

x
Q A t dy

A t y

 
     
 . (3.50) 

By opening the brackets in (3.50) and integrating, we find that 

 
1

1 1

1

u (1 sin ) (v v )
y y

Q A t dy x
 



     , (3.51) 

By substituting the transverse velocity at the channel walls from the boundary conditions (30) in (3.51)

, we get 

 
1

1

u (1 sin ) 2 cosQ A t dy Ax t


    , (3.52) 

By substituting the series (3.18) in (3.52), we present (3.52) in the following form 

 2 3

0 1 2 ( )Q Q Q A Q A O A    , (3.53) 

where 

 
1

0 0

1

uQ dy


  , (3.54) 

  
1

1 0 1

1

u sin( ) u 2 cos ,Q t dy x t


    (3.55) 
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  
1

2 1 2

1

u sin( ) uQ t dy


  . (3.56) 

With time averaging (3.53), we get the flow rate as  

 2 3

0 1 2 ( )Q Q Q A Q A O A    , (3.57) 

 
1

0 0

1

uQ dy


  , (3.58) 

 
2

1 1

0

1
,

2
Q Q dt




   (3.59) 

 
1 2

2 1 2

1 0

1
u sin( ) u

2
Q t dt dy






  

 
  . (3.60) 

The expressions for the instantaneous and time-averaged zero-order flow rate are the same: 

 
1

2

0 0

1

4
u W Ri

3
Q dy



  . (3.61) 

Expansion term 0Q  corresponds to the contribution of Poiseuille flow in a channel with fixed walls.  

By substituting 0u  from (3.22) and 1u  from (36) in (3.55), we get the following expression for 

the first-order instantaneous flow rate 

 
1 1

2

1 1s 1ɫ
1 1

4
W Ri+ u sin( ) u cos 2 cos .

3
Q dy t dy t x t

 


  
 

   (3.62) 

Time-averaged 1Q  equals zero: 

 1 0.Q   (3.63) 

In the first order the channel walls pulsations do not contribute into time-averaged flow rate. 

By substituting the expression (36) for 1u  in (3.60), we get a formula for time-averaged 

second-order flow rate:  

  

Fig.3.2. Dependence of time-averaged second-order flow rate  (divided by  (a) and 

(b)) on the Womersley number 
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1

1
2 2

1

u
u

2
sQ dy



  
  . (3.64) 

Fig.3.2 shows dependence 2Q  on the Womersley number calculated by the equation (47). As 

we can see from Fig. 3.2a, at W 0  time-averaged second-order flow rate is positive and equals to 

 2

2 2W RiQ  , (3.65) 

which corresponds with the formula, obtained earlier by G.A.Lyakhov and I.V.Shugan [112] for this 

limiting case. G.A.Lyakhov and I.V.Shugan [112] predicted the increase flow rate ( 2 0Q  ) due to the 

walls pulsations, and this increase can be observed up to the Womersley number 0W 7.5 . At 

0W W  the sign 2Q  changes into the opposite one. Let us note here that for the small-amplitude 

pulsation the theory of Kwi-joo Lee, et al. [151] states 2Q  to be always positive.  

For the blood flow (viscosity (1.2 5)    mPa ɫ, density 310   kg/m3) in muscles dependent 

capillary ( h 5 mkm), the Womersley number 0W 7.5  corresponds to the frequency of about 610  

Hz. Thus, the effect of periodic capillary squeezing and relaxing by the working muscles on the blood 

flow rate is positive even at high frequency, as it was earlier suggested by N.I.Arichin [113] on the 

basis of his experiments. 

In technical applications (for example, when one uses the channel walls pulsations to increase 

the pump performance efficiency) the characteristic dimension of a channel is about a centimeter. In 

this case the Womersley number 0W 7.5  will correspond to the frequency of about 1 Hz, i.e. in order 

to have positive effect from the walls pulsations, the frequency of these pulsations should be low.  

Fig. 3.2a illustrates the dependency of the flow rate on the Womersley number with its 

maximum 2

2max 3.7RiWQ   at 4.4W  . This maximum is connected with the presence of a nonzero 

time-averaged longitudinal velocity in the second order 2v  (equation (3.43)). If 2v  equaled zero, then 

the dependency of flow rate on the Womersley number would be monotonous with the intersection 

point with 2 0Q   at 1W  .  

The increase of flow rate for small value of Womersley number due to the pulsations is 

 

2
2

20 2max

0

4
+3.7

3 1 2.8
4

3

A
Q A Q

A
Q

 
    . (3.66) 

For the pulsations with the amplitude 0.1A  in case of small value of Womersley number the 

increase of flow rate is about 1%. In order to make the pulsations effect on the flow rate more 

significant (of about 10-20%), one should increase the amplitude up to 0.2A . Experiments [113, 

150] show that in the working muscles the blood flow increases many times, but the present theory 

cannot explain such a situation. In this case the summand in the second order of small parameter in 

(3.66) will exceed the summand in zero order. 

Fig. 2b shows that for large values of the Womersley number W  an increase of flow rate 

occurred due to pulsations is negative and approximately equals  

 
4

2

RiW

3
Q k  , (3.67) 

where k  is the coefficient equal to approximately one. Equation (3.67) enables one to evaluate the 

decrease in flow rate due to pulsations: 
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2
2

2
2 20 2max

0

4 W

3 3 1
4 4

3

k A
Q A Q k

W A
Q




    . (3.68) 

For 10W   and 0.1A  the equation (3.68) presupposes the flow rate to be decreased by 25% due to 

the walls pulsations.  

3.5. Time-averaged velocity 

Let us consider time-averaged velocity of flow. To do this in the found solution we must 

perform backward transformation from the time dependent coordinate / (1 sin )y y A t   to a physical 

coordinate y . As a result, series of longitudinal velocity (3.18) is the following one 

 2

0 1 2u( , ) u , u , u , ...
1 sin 1 sin 1 sin

y y y
y t t A t A t

A t A t A t

                  
  (3.69) 

By decomposing (3.69) into power series around 0A  up to the second order we get 

 

0
0 1

2
2 21 0 0

2 2

u ( )
u( , ) u ( ) u ( ) sin

u ( ) u ( ) u ( )
       + u ( ) sin sin .

2

y
y t y y y t A

y

y y y y
y y t y t A

y y y

 
     

   
        

 (3.70) 

By substituting (3.22), (35) and (36) in (3.70) we get 

 

 2 2

0 1 1

2 2 21 1
2

u( , ) u (u 2 W )sin u cos

u u
       u 3 W Ri sin cos sin

s c

s c

y t y Ri t t A

y y t y t t A
y y

    

   
         

  (3.71) 

By time averaging (3.71) we get 

 
2

0 2u( ) u ( ) q ( )y y y A  , (3.72) 

where 

 
21

2 2

u
q ( ) u ( ) 3 W Ri

2
sy

y y y
y

 
     

. (3.73) 

Complete longitudinal velocity is defined by the equation (32), which can be presented in the 

following way after the transfer from y  coordinate to y  coordinate: 

 
v( , )

U u( , )
y t

y t x
y


 


. (3.74) 

Series for the transverse velocity v( , )y t  after the transfer from y  coordinate to y  coordinate 

is presented in the following way: 

 2

1 2v( , ) v , v , ...
1 sin 1 sin

y y
y t A t A t

A t A t

          
  (3.75) 

By decomposing (3.75) into a serТes Тn poаers of A  up to the second order we get 

 21
1 2

v ( , )
v( , ) v ( , ) + v ( , ) sin ...

y t
y t y t A y t y t A

y

 
    

. (3.76) 

By substituting (35) in (3.76) and time averaging, we get  
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 21s
2

v
v( , ) v ( ) ...

2

y
y t y A

y

 
    

 (3.77) 

After the time average and substitution (3.72) and (3.77), the expression (3.74) is changed into the 

following one: 

  2

0 2 2U u ( ) q ( ) ( ) ,y A y y x   . (3.78) 

where 

 1s
2 2

v
( ) v ( ) .

2

y
y y

y y


 
     

 (3.79) 

The formula (3.78) helps to calculate complete time-averaged longitudinal velocity. The first summand 

in square brackets in this expression is second-order time-averaged longitudinal velocity in the channel 

center (at 0x  ): it is proportional to the Richardson number; it becomes zero without pressure 

differences and gravity force.  

The second summand in square brackets 2( )y x  does not depend on the Richardson number Ri , 

its appearance is determined by the channel walls pulsation. Pressure difference and gravitational force 

do not affect the summand. It does not contribute into the time-averaged flow rate. In a special case 

Ri=0 , complete time-averaged longitudinal velocity up to second order is defined by this summand.  

Calculated by the formula (3.73) the dependence of time-averaged second-order longitudinal 

velocity at 0x   on transverse coordinate, 2q ( )y , is shown at Fig. 3.3. At small Womersley numbers, 

2q  is positive for practically all y  and has one point of extremum in the central part of the channel, 

where it reaches maximum value (Fig.3.3a, curve 1). At large values of the Womersley number 

(Fig.3a, curves 2-4) there are two extremum points near the walls and one minimum point in the center 

of the channel ( 0y  ). Further increase of the Womersley number results in the situation, when 2q  

becomes negative for all values of coordinate y  with the only point of extremum in the central part of 

the channel ( 0y  ). Fig.3b illustrates, that as the Womersley number is increased, 2( )q y  tends to the 

  

Fig.3.3. Dependence of time-averaged second-order longitudinal velocity (divided by  

(a) and  (b)) on transverse coordinate at  for W=5 (1), 6 (2), 7 (3), 7.5 (4), 10 

(5), 50 (6), 100 (7) 
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asymptote 4RiW ( )f y , where ( )f y  is y  dependent, but not the Womersley and Richardson numbers 

dependent function. 

Fig. 3.4 and 3.5 show the dependence of time-averaged full longitudinal velocity on transverse 

coordinate, with the velocity being divided by the longitudinal coordinate ( 2U / ( )x y ) and time-

averaged velocity field for Ri 0  (with no pressure difference and gravity). This time-averaged 

velocity field is multidirectional with zero flow rate. Earlier this flow was studied by T.U. Secomb 

[139], who examined this case only ( Ri 0 ). 

 

3.6. Conclusion 

It has been found that at the Womersley numbers less than 0W 7.5 tСe аКlls pulsКtТons result 
Тn tСe ТncreКse of tСe floа rКte, Кs Тt аКs oЛtКТned eКrlТer Лв G.A.LвКkСov Кnd I.V.SСuРКn. The paper 

predicted that for the Womersley numbers 0W W  the pulsations result in the decrease of flow rate. 

The higher value of the Womersley number is, the more significant the predicted decrease of flow rate 

appears to be. 

The Womersley number at the point of sign changes 2Q  is about one, thus leading us to 

conclude that in the sphere of positive values 2Q  viscosity determined effects dominate over the 

inertia effects, occurred due to the liquid flow cause by the walls pulsations. At negative 2Q  inertial 

effects are the dominating ones.  

Time-averged velocity field, occurred due to the pulsating walls, pressure difference and 

gravity, may be divided into two components. The first one is solely connected with the pulsation of 

 

 

Fig. 3.4. Dependence of time-averaged 

longitudinal velocity divided by  coordinate 

on transverse coordinate  for  and 

W=3 (1), 5 (2), 10 (3), 50 (4) 

Fig. 3.5. Time-averaged velocity field for  

and W=5 

 



 

58 
 

walls: pressure difference and gravity force do not affect it. It does not contribute into the time-

averaged flow rate.  

The second component of the time-averaged velocity field arises from the joint influence of 

pulsations, pressure difference and gravity. The distribution of this component along the transverse 

coordinate has the point of extremum in the center of the channel with the small Womersley numbers 

having the maximum and the large Womersley numbers having the minimum. 

Evaluations made on the basis of the obtained equations for the blood flow in the capillaries 

showes that periodic squeeze and relax of capillaries by the working muscles results in blood flow 

increase, as Y.I.Arichin assumed on the basis of his experiments. Further research development in this 

direction may be connected with considering such facttors, as liquid compressibility and complex 

rheological blood properties, pulse waves, peculiarities of capillary walls and muscle fiber structure.  

3.7. Influence of compressibility 

3.7.1. Problem statement 

The first part of this chapter looks at the influence of channel pulsations on fluid transfer 

assuming that it is incompressible. Such an assumption is valid for pulsations with small frequencies 

only. Here we take into account fluid compressibility. In this case in addition to those dimensional 

parameters which have been introduced earlier the second viscosity   and sound velocity C  appear.  

Problem research is based on the Navier-Stokes equations for compressible fluid:  

 
2 2

2 2

u u u p u u v u
u v ,

3
g

t x y x y x x y x

     
                                     

 

 
2 2

2 2

v v v p v v v u
u v ,

3t x y y x y y y x

    
                                    

 (3.80) 

 
u v

0,
t x y

    
  

  
  

and equation of fluid condition:  

 2p ( )iC    , (3.81) 

where 
i  is equilibrium value of density. The boundary conditions are 

 ( sin )y h t    : v cos t   , u 0 . (3.82) 

Let us assume that there is no pressure drop at the channel's ends, and fluid moves by the 

gravity force directed along the channel.  

Let us introduce the measurement units as follows. Channel axis transverse coordinate x is 

measured in h, longitudinal coordinate y – in h, time t – in 1/ , pressure p – in  , density – in i , 

longitudinal velocity and transverse velocity v – in h . Problem is characterized by six dimensionless 

parameters: dimensionless pulsation frequency  , second dimensionless pulsation frequency 2 , 
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Froude number Fr, dimensionless sound velocity c , dimensionless pulsation amplitude A and 

dimensionless channel length L: 

 
2 2 2

2

2 2
; ;Fr ; ; ; .

3

i i ih h g A C L
c L

h h h

      


       


 (3.83) 

In dimensionless form the equations are as follows 

 
2 2

2 2

2

u u u 1 u u p 1 v u
u v Fr,

t x y y x x x y x
 

           
                         

  (3.84) 

 
2 2

2 2

2

v v v 1 p 1 v v 1 v u
u v ,

t x y y x y y y x


           
                          

 (3.85) 

 
u v

0,
t x y

    
  

  
  

 2p ( 1)c   , (3.86) 

and boundary conditions take the following form -  

 (1 sin )y A t   : v cosA t  , u 0 . (3.87) 

 : 0x L p   .  

After transformation to new coordinates -  

 , ,
1 sin

y
y t t x x

A t
  


, (3.88) 

equations system (3.84)-(3.86) is as follows 

 
2 2

2 2 2

2

u cos u u v u
u

1 sin 1 sin

1 1 u u p 1 1 v u
Fr,

(1 sin ) 1 sin

yA t

t A t y x A t y

A t y x x x A t y x





    
          

        
                   

 

 

 
2 2

2 2 2

2

v cos v v v v 1 p
u

1 sin 1 sin (1 sin )

1 v 1 v 1 1 1 v u
,

(1 sin ) 1 sin 1 sin

yA t

t A t y x A t y A t y

x A t y A t y A t y x


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               
       

                 

 (3.89) 

 
cos u 1 v

0,
1 sin 1 sin

yA t

t A t y x A t y

      
   

     
 

 2p ( 1)c   , (3.90) 

and the boundary conditions -(3.87) are the following ones : 

 1y   : v cosA t  , u 0,  (3.91) 
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Further we will omit tilde above y , x  and t .  

Let us assume that u , p  and v  do not depend on longitudinal coordinate. In this case the 

equations system (3.89) is as follows 

 

2

2 2

u v cos u 1 1 u
Fr,

1 sin (1 sin )

yA t

t A t y A t y
 

    
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2

2 2

2

v v cos v 1 p 1 1 1 v
,

1 sin (1 sin ) (1 sin )

yA t

t A t y A t y A t y

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                  

 (3.92) 

 
cos 1 v

0,
1 sin 1 sin

yA t

t A t y A t y

    
  

    
 

By substituting (3.90) in (3.92), we finally get 

 
2

2 2

u v cos u 1 1 u
Fr,

1 sin (1 sin )

yA t

t A t y A t y
 

    
         

  (3.93) 
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 (3.94) 
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0.
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yA t

t A t y A t y

    
  
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  (3.95) 

The next paragraph finds the solution for the obtained equation system (3.93)-(3.95) with a 

method of small parameter.  

3.7.2. Approximation of small amplitudes 

Let us consider a case of small amplitude of wall vibrations ( 1A ). We are going to find the 

solution in the series of A: 

 2

1 2v= v v ...A A   2

0 1 2u=u u u ...A A   ; 2

0 1 2p=p p p ...A A   ; 

 2

0 1 2 ...A A         

Zero order. In zero order the equation system under study is as follows 

 

2

0
02

1 u
Fr=0,

y



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2
2 0 0

2

v
0,c

y y

 
  

 
 (3.96) 

 0 0 0v
0,

t y

  
 

 
 

The solution of this equation system: 

 

2

0 0 0 0

1
u Fr,  p 0,  1,  v 0.

2

y 
     

  
Thus, in zero order, as it should be, we have a solution describing the Poiseuille flow.  
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First order. In the first order the problem takes the following form 
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 (3.97) 

 1 1v
0,

t y

 
 

 
 

 1y   : 1v cost  , 1u 0.  (3.98) 

The solution of this problem is longitudinal velocity in form  
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 (3.99) 

transverse velocity in the form 

 
1 1 1

1 1

v sin( ) cos( )

           sin( ) cos( ),

y y

s c

y y
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V e t yk V e t yk
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 (3.100) 

and density in the form 

 
1 1 1

1 1

sin( ) cos( )

             sin( ) cos( ),

y y

s c

y y

s c

R e t yk R e t yk

R e t yk R e t yk
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    

 
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 (3.101) 

where the variables are introduced: 

 
2 4 2 2

2 2 22

4 2 2

2 2

( )

2 ( )

c c
k

c

    
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;  (3.102) 
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c c

c


    


   
; (3.103) 

 
2

    (3.104) 

Formulas to calculate the constants ,s cC
 , ,s cU

 , ,ys ycU
 , ,s cV

 , ,s cR
  are given in Appendix 3.  

The equations (3.99), (3.100) and (3.101) show that the vibrations of channel's walls result in 

the appearance of two types of waves. The waves of the first type (first four terms in (3.99)) are 

transverse: 
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y y
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 1v 0tr  , 1 0tr  .  

They cause the vibrations of fluid particles along the channel and run in transverse direction. 

Damp coefficient and the wave number of these waves equal parameter  , which is the Womersley 

number by nature. To find the depth of wave penetration into the fluid let us look at the specific 

example: a 2 cm thick channel with water falling under the gravity force, and the channel's walls 

vibrate with 24 kHz frequency. In this case  

 
2 3 4

6

2

10 24000 2 4 10
~ ~ 6 10

10

h 






    
   ,  

 ~ 2500 ,  

an dimensional damp coefficient and the wave number are  

 2 5/ 5000 / (2 10 ) ~10h
    1m . 

Here the penetration depth is 510  m or 310  cm. Thus, the depth of penetration of this wave appears to 

be about 1,000 times less than the channels size. If we decrease the frequency in 104 times, then the 

penetration depth will be about 1 millimeter and 10 times less the channel's thickness. Thus, the low 

frequency transverse waves influence the flow in a channel the most.  

Fig. 3.8 shows that the amplitude of the transverse waves ,s cC
  decays very quickly with the 

frequency increase. For the high frequency vibrations of walls with 25000 Hz vibration frequency the 

amplitude of the wave 753

, ~ 10s cC
   and transverse waves should be small to negligible, however, due 

to the fact that this small amplitude is multiplied by exponent with input variable included

24000  , the resulting value appears to be small, but not so small, as one could have thought.  

Fig. 3.9 illustrates the dependency on y  coordinate of longitudinal velocity appeared due to the 

transverse waves. Near the walls its value will be 7 810 10   (Fig. 3.9a). The transverse waves’ 

 

Fig. 3.8. Dependency of amplitudes of transverse wave  on dimensional frequency of 

channel pulsation for 1 - , 2 -  for , , ,  (  

kg/ ,  cm,  Pa s,  m/s,  , ) 
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influence the flow only in small boundary area, their influence in other areas may be neglected (Fig. 

3.9b). 

Besides pure transverse waves, the vibrations of the walls cause another type of waves, which 

is characterized by the fact that the particles of the medium move both perpendicular and 

longitudinally relative to the channel axis. The relation between wave vector and wave frequency is 

described by the equation (3.102), which is as follows in dimensional form  

 

 

2 22 2
2

2 22
2

4

3

2 4

3

i i

i

i

C C

k
C

  
  

  
 

 
   

   
 
  

  

. (3.105) 

At small values of frequency   linear term contributes the most in dispersion relation: 

 3 5

5 2

1 1 (4 3 )
( )

24
k O

C C

   

    . (3.106) 

Otherwise, at large frequencies the expression (3.105) tends to asymptote 

 
2

3/2

3/2

3 3 6
( )

2(4 3 ) 4 (4 3 )

C
k O

   
    

   
 

.  (3.107) 

Damp coefficient of the wave is described by the relation (3.103), which is as follows in 

dimensional form 

  

Fig.3.9. a – dependency of additive to longitudinal velocity caused by transverse waves, b – 

the same dependency divided by the longitudinal velocity in zero order for , 

, ,  in the moment of time  (1),  (2),  (3),  

(4),  (5)  
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. (3.108) 

This coefficient is always positive, except for a trivial case when frequency equals zero. At small 

values of frequency the damp coefficient grows with it in accordance with the quadratic law 

 
3

2 4 6

3 7 3

(4 3 ) 5(4 3 )
( )

6 432C C

      
 

     . (3.109) 

Evaluation of the convergence area for series (3.109) may be based on the d'Alembert's ratio test with 

the ratio of ( 1)n   term to n
th term: 

 
2 4

1

2 2

100
6.9,  8.75,  9.4,  9.8,...

(4 3 )

n

n

C 
   
 
 

 for 1,2,..n   (3.110) 

Thus, for the series convergence it is necessary to have  

 
2
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4 3

C
 




. (3.111) 

For water the limiting frequency (3.109) is going to be 1010  Hz.  

Otherwise at large frequencies the expression (3.108) tends to asymptote 

 
2

3/2

3/2

3 3 6
( )

2(4 3 ) 4(4 3 )

C   
    
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 

. (3.112) 

Let us see how large the frequencies should be to apply the formula (3.112) for water. The ratio 

of ( 1)n   term to n
th term in a series (3.112) is as follows 

 10 110 3,  4.6,  5.2,  5.4,  5.6,  5.7n

n





  


 for 1,2,..n   (3.113) 

Thus, the pulsation frequency should be more than 1010  Hz for the series (3.112) to converge in case of 

water.  

To understand how deep the waves penetrate into the fluid, let us look at the some example, as 

for the transverse waves: a 2 cm thick channel with water falling under the gravity force, and the 

channel's walls vibrate with 25 kHz frequency. In this case the dimensionless damp coefficient is  

 6~ 2.65 10  , (3.114) 

and the dimensional one is 

 4~1.32813195026 10    m 1 . (3.115) 

Formula (3.109) gives the following value 

 4~1.32813195027 10    m 1 . (3.116) 

that is in this case one may use the formula (3.109) with no loss of accuracy. Here obtained penetration 

depth is 410  m, that is the waves do not decay inside a channel filled with water.  

With 25 kHz frequency, as it is shown in Fig. 3.10a, the value of longitudinal velocity part 

corresponding the waves of the second type is about 0.1 A . Taking into account the fact that first-order 

velocity for 375  and Fr 5.5  is about 700, we see that the waves contribute into the main flow 

quite little. Fig. 3.10 shows that waves overlapping inside the channel causes the standing wave with a 

nod appear at the center of the channel.  
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With 25 kHz frequency the specific value of amplitude of density vibrations is 2A  or talking 

about the dimensional form - 2 i
h

 . Typically the correlation 
h


 is a value, which is less than 0.001, 

so the density change will be less than 1%, that allow the use of equation (3.81), where density and 

pressure are linearly connected.  

Second-order density. To identify the influence of walls' vibrations on the substance transport one 

should know the second-order solution. The second-order continuity equation is as follows  

 2 1 1 1 1 2 0v v
sin cos 0,t y t

t t y y y

        
    

    
 (3.117) 

equation for longitudinal velocity: 
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 (3.118) 

equation for transverse velocity: 
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 (3.119) 

Transverse velocity 2v  should be periodic time function. Averaging (3.117)in time with taking 

into account periodic behavior of 2v  and limit in density growth we get  
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By substitution we may see that this equality is correct. Averaging (3.119) in time with the 

requirements of periodic behavior we get  
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c
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Here for 2 , time-independent term in the expression for density we get  
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 (3.122) 

where C  is constant, which is identified from an assumption about the zero equality of y  coordinate-

averaged density 2 .  

  

 
 

Fig. 3.10. Dependency of coordinate a – part of longitudinal velocity corresponding to the 

second type waves, b – complete density, ɫ – complete transverse velocity, d – complete 

longitudinal velocity at the time moments  (1),  (2),  (3),  (4),  

(5),  (6),  (7) ɞɥɹ , , , .  
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Fig.3.11 shows that with the increase of the frequency 2  may both increase and decrease, but 

it reaches the largest values with large frequencies. The number of antinodes grows with frequency. 

For 44 10  Hz frequencies the vibration amplitude of dimensional frequency is about 

2

70 i
h

 
 
 

; 

assuming that 510
h

  , 1000i   kg/m 2 , then the vibration amplitude of density is 67 10  kg/m 2 , 

with vibration amplitude of pressure being about 16  Pa, that is the pressure is changed just a little.  

Velocity profile and flow rate. With 2v  periodicity, having averaged the equation (3.118) we get  

 

  

  

Fig. 3.11. Dependency of time-averaged density  on coordinate for the walls pulsation 

frequency 500 Hz (1), 1000 Hz (2), 1500 (3) Hz,  Hz(4),  Hz (5),  Hz (6), 

 Hz (7),  Hz (8),  Hz (9),  Hz (10),  Hz (11) at  kg/ , 

 cm,  Pa s,  m/s,  ,  
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 (3.123)

 

The equation (3.123) allows one to find time-averaged profile of velocity part which appears due to 

pulsations. Integration constants in (3.123) are defined from the boundary conditions 

  

 

Fig. 3.12. a, b – time-averaged profile of velocity part which appears due to pulsations for 

walls pulsation frequency 500 Hz (1), 1000 Hz (2), 1500 Hz (3),  Hz (4),  Hz 

(5),  Hz (6); c – dependency of dimensionless flow rate on frequency at  kg/ , 

 cm,  Pa s,  m/s,  ,  
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 21: u 0y    . (3.124) 

Fig. 3.12 a, b shows that 2u  has the maximum at the center of the channel and the minimum at 

its boundaries. Fig. 3.12c shows that the influence of pulsations on fluid transport is negative. 

Pulsation-driven part of flow rate is defined by the formula:  

 
2 1

2 1 2

0 1

1
(u sin u ))

2
Q t dydt



 

   , (3.125) 

has a negative sign, while the flow rate in main order has a positive sign. And here the higher the 

pulsation frequency is, the more significant the decrease of flow rate is. Fig. 3.12c also shows that 

there are some frequencies with channel pulsations leading to significant decrease of flow rate. For 

these points the obtained solution does not work, since the coefficients 1 ,s cV
 , 1 ,s cR

  in first-order 

solution by amplitude of walls pulsation (3.100) and (3.101), which are given in the Appendix No 3, 

tend to infinity. It happens when the condition cos2 cosh2k   is met.   
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4. BEHAVIOR OF BUBBLE AND PARTICLE IN ACOUSTIC FIELD 

Equation Section (Next) 

The present chapter analyzes the interaction of a rise bubble and a fall particle in water in weak 

acoustic field. Earlier this problem was investigated by D. A. Lyubimov, T. P. Lyubimova and L. S. 

Klimenko [130]. They considered the case of large amplitude of acoustic pressures within 

approximation, where the influence of bubble's natural oscillation is supposed to be insignificant. The 

present chapter looks at small amplitudes of acoustic pressures. For these acoustic pressures the 

approach developed by D. V. Lyubimov, T. P. Lyubimov an L. S. Klimenko concluded that the 

influence of sound on the bubble and particle motion was negligibly small. The present study puts 

forwards an approach, where bubble's natural oscillations are taken into account. This reveals the 

increase of particle and bubble collision radius for sound frequencies equaling the natural frequencies 

of bubble, even in the case of small acoustic pressures.  

4.1. Problem Statement 

The influence of sound on collision is analyzed in long-wave approximation, and all 

characteristics of a wave are thought to depend on time only.  

The motion of pulsating bubble with constant velocity in ideal fluid is described by a system of 

equations 

 
v

(v )v p
t

 
   


  (4.1) 

 v 0    (4.2) 

with the boundary conditions  

 r R : v ( ) ,
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n U t n
t


   


 (4.3) 

 r : v sV , 
s ap p p  , (4.4) 

where v  is the fluid velocity, ( )U t  is the bubble velocity, p  is the pressures, R  is the bubble radius, 

sp  is the sound pressure, ap  is the atmospheric pressure, n  is the normal vector to bubble surface, 

2 2 2( ) ( ) ( )b b br x x y y z z      , ( , , )b b bx y z  are the coordinates of bubble mass center.  

Transforming into the frame of reference connected with the center of bubble mass 

 v v ( ),U t   

 ( ) ,dx dx U t dt    

 ,bx x x    

let us transform the problem (4.1)-(4.4) into 
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p
t t

        
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  (4.5) 

 v 0    (4.6) 

 r R : v ,
R

n
t

 


 (4.7) 

 r : v sV U  . (4.8) 

Value sV  for acoustic pressure 310p   Pa is about 0,001 m/s, while ~ 0.1U  m/s, that is why the 

contribution of sV  may be neglected. 
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Assuming that ( )U t  is directed along OZ axis and neglecting 
sV , we get the problem solution 

(4.5)-(4.8) as follows 
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Pressure at the bubble surface in a spherical system of coordinates is  
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where   is a zenith angle. In the problem under analysis a bubble has a size of about 1 mm, sound 

frequency is about 4.000-7.000 Hz, the velocity of its rise is about 10 cm/s. This helps to evaluate the 

values in (4.12), which is given in Table 1. Here we can conclude that terms with bubble velocity U  is 

at least 100 times less than that term with no velocity. This allows to neglect the terms with U . As 

result the pressure at the bubble boundary is as follows 
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2

3

2
s a

R R
p p p R

t t

            

. (4.13) 

On the other side the pressure inside a bubble is defined by an expression 

 v

2
gp p p

R


   , (4.14) 

where vp  is the pressure of saturated steams (for water at o20t   v 2350p   Pa), gp  is the partial 

pressure of gas,   is the coefficient of surface tension (for water at o20t  , 27.35 10    N/m). Let 

us assume that bubble pulsations are adiabatic, then 

 3 3

0 0g gp R p R
  , (4.15) 

or 

 

3

0
0g

R
p p

R


  

 
, (4.16) 

Table 1. The term evaluation in the equation for pressure at the bubble's surface 
 

      

~10 m2/s2 ~10 m2/s2 ~0,1 m2/s2 ~0,1 m2/s2 ~0,01 m2/s2 ~0,01 m2/s2 

 



 

72 
 

By substituting (4.14) and (4.16) in (4.13), we get the Rayleigh–Plesset equation for an ideal fluid: 

 

3 22

0
v 0 2

2 3

2
g s a

R R R
p p p p R

R R t t

  
                  

. (4.17) 

Characteristic values for contribution of different terms in (4.17): 
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0 0 ~ 100
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


 
 

 m2/s2, ~ 100ap


 m2/s2, v ~ 1

p


 m2/s2. (4.18) 

From (4.18) it follows that the summand characterizing the contribution of the surface forces may be 

neglected. As a result we get the equation 
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v 0 2
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2
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R R R
p p p p R

R t t




                 

. (4.19) 

The problem of particle fall and bubble rise also includes the gravity and viscous friction 

forces, which are not taken into account in the problem (4.5)-(4.8). Let us show that within our 

approximation the influence of gravity and viscosity on the bubble vibrations should be neglected. 

With no gravitational forces the equation (4.17) for the viscous fluid [143] is as follows 

 

2 32
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ga s
pp R R R p p

R R
t t R R R
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               
. (4.20) 

where   is the dynamic viscosity. The equation (4.20) differs from the equation (4.17) by the 

summand 
4

R
R




, which characterizes the influence of viscous friction force on the bubble pulsation. 

The specific value of this term for the waters is ~ 0.001 m2/s2. Here we may conclude that we should 

neglect the contribution of the viscous forces into the bubble pulsation.  

Gravitational forces result in additional pressures cosgR  . As a result (4.19) should have a 

summand with the specific value of ~ 0.01gR  m2/s2. This term may be neglected.  

Consequently, within the used approximation the equation (4.19) should not change with 

viscous and gravitational forces.  

With the gas density in a bubble 1000 times less than the fluid density we use the equation 

[144] to simulate translational motion of a bubble: 

 32
( ) 0

3
H d AR U F t F F

t
 

    


, (4.21) 

where the Archimedes force AF  is calculated by the formula: 

 34

3
AF R g  , (4.22) 

the force of viscous friction by the formula [144]: 

 2

2
D

d

C
F R U U   

The coefficient DC  is calculated by the formula: 

 
2.05 1.152.66Re 46.53 Re 2324

Re
DC

  
 , (4.23) 

where Re( ) 2 /t RU  ,   are the kinematic viscosity of water. The equation (4.23) approximates 

experimentally obtained in [145] dependence of viscosity coefficient DC  on the Reynolds number for 

a bubble rise in distilled water [146] (comparison with the experimental curve is shown in Fig. 4.1). 
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The historical force is calculated by the formula [147, 148]: 
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  (4.24) 

where (Re) 0.75 0.105Re,Hf    Re( ) 2 /t RU  , 2  , ( ) 1G   .  

Dependence of bubble location on time calculated with the formula for the historic force (4.24) 

was compared with the experiment results in [148] and the numerical simulation results were found to 

correspond to the experiment results very well.  

In the applications connected with the flotation the particle size of about 30 times less than the 

bubble and the influence of the particle on the fluid flow arisen due to the bubble presence may be 

considered to be small to negligible. This allows to use the Basset-Boussinesq-Oseen equation [149] to 

describe the particle motion: 
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 (4.25) 

where pd  is the particle diameter, uL  is the velocity of fluid at a point in the particle center, if there is 

no particle, pU  is the particle velocity, pm  is the particle mass. Fluid may be considered to be ideal in 

all area except the area behind the bubble [130], since uL  velocity may be calculated by the formulas 

(4.9)-(4.11). In the equation (4.25) we use the Stokes force as viscous forces, because the Reynolds 

 

Fig. 4.1. Dependence of viscosity coefficient on the Reynolds number developed by the formula 

(4.23) and by the experimental data from [146, p.171]. 
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numbers for the particles are about 0.01. The value p

dU
m

dt
 is inertial force, which occurred due to the 

fact that the frame of reference is connected with the bubble.  

Thus, in simulating the particle fall and bubble rise in acoustic field the bubble motion is 

described by the equation (4.21), particle motion - by the equation (4.25), where the fluid velocity is 

determined by the expressions (4.9)-(4.11).  

4.2. Influence of sound on the collision radius  

In most cases the weak intensity sound does not influence the trajectory of particle and bubble 

motion. However, for the resonance when the sound frequency equals the natural frequency of the 

bubble the sound influence may become noticeable.  

To evaluate the value of the resonance frequency let us present the bubble radius as a sum of 

constant and variable components: 

 0 1( )R R R t  . (4.26) 

By substituting (4.26) in the equation of the bubble pulsations (4.19) and neglecting the term quadratic 

in 1( )R t  we get  
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01 v
12 2

0 0

3 g a s
pR p p p

R
t R R


 

  
 


. (4.27) 

where acoustic pressure sp  changes as cosA t . From (4.27) we may get the expression for the 

resonance frequency of a bubble in the form [143] 

  

Fig. 4.2. The change in bubble radius (

 mkm) with time under the 

influence of sound with frequency 40500 

rad/s and acoustic pressure 1000 Pa 

Fig. 4.3. Dependence of the particle (radius 

is 20 mkm and density is 2000 kg/m ) 

collision radius with the bubble of 500 mkm 

radius on the sound frequency  for the 

acoustic pressure in 1000 Pa (1), 1500 Pa 

(2), 2000 Pa (3). 
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
 . (4.28) 

For the bubble with the radius of 0 500R   mkm the resonance frequency (4.28) equals approximately 

40500 rad/s.  

Amplitude of bubble pulsation found from (4.27) equals 0 0/ (3 )gAR p . For the acoustic wave 

with the amplitude of acoustic pressure 1000A  Pa the amplitude of the constrained pulsations of 

bubble is 00.002R . For the impact of the sound with resonance frequency (4.28) the amplitude of the 

constrained pulsation increases in about hundred times up to 00.17R  (Fig.4.2). As a result the field of 

fluid velocities caused by the bubble motion significantly changes resulting in the change in particle 

trajectory (Fig.4.4). Consequently, for the particles with the density more that water density the 

particle collision radius significantly increases (Fig.4.3).  

 

 

Fig. 4.4. Trajectories of the particle motion (20 mkm radius, 2000 kg/m2 density (a,c) , 200 

kg/m2 density (b,d)) near the bubble in acoustic field with the frequency  rad/s and 

acoustic pressure 1000 Pa (a,b) and with no sound (c,d). 



 

76 
 

Fig. 4.4 shows that the particles with the density more than the water density (4.4a, 4.4c) are 

attracted by the particle due to the sound influence, while the particles with the density less than water 

density (4.4b, 4.4d) repulse from the bubble.  

Fig. 4.5 shows that in most cases with sound the radius of heavy particle collision is more than 

the radius of light particle collision. The change in particle density influences the most on the particle 

collision radius at the densities less than the doubled water density. For the heavy particles with 

3000   kg/m2 density collision radius may decrease with the density increase.  

Thus, when the sound frequency equals natural bubble pulsation frequency, the collision radius 

has a resonance peak. For all other values of the frequencies the influence of the sound on the collision 

radius, in case of the weak acoustic fields, are small to be negligible. The natural frequencies depend 

on the bubble size, which means that with sound influence the possibility for the bubbles with a 

particular radius to trap particles increases.  

The increase of acoustic pressure results in the increase of collision radius. With the acoustic 

pressures of about 1000 Pa the collision radius increases 5 times due to the sound influence with the 

frequency equaled the natural frequency of bubble. The approach of D.V.Lyubimov, T.P.Lyubimov, 

L.S. Klimenko gives the same collision radius increase due to the sound influence only for 100-1000 

times higher acoustic pressures.  

  

Fig. 4.5. Dependence of particle collision radius with a bubble with radius of 500 mkm on particle 

density in acoustic field with  rad/s frequency and 1500 Pa acoustic pressure. Radius of 

particle is 100 mkm (3), 70 mkm (2), 40 mkm (1) 



 

CONCLUSION 

 

Peristaltic fluid flow in a channel with specified pressure wave at the boundary for random 

velocities of wave and wave numbers have been studied. The dependencies of flow rate on problem 

parameters have been specified. It was found that there is mКбТmum vКlue of floа rКte, аСТcС mКв Лe 
reКcСed Лв cСКnРТnР tСe proЛlem pКrКmeters. 

TСe Тnfluence of trКnsverse vТЛrКtТons on perТstКltТc floа аТtС specТfТed pressure аКve Кt tСe 
ЛoundКrв СКs Лeen eбКmТned. TСe most Тnfluence of vТЛrКtТons СКs Лeen found, аСen tСe pressure 
аКve frequencв equКls tСe vТЛrКtТon frequencв.  

The influence of the transverse wall pulsations on fluid transfer under the pressure drop and 

gravity for ТncompressТЛle fluТd Тn cКse of fТnТte pulsКtТon frequencТes СКs Лeen studТed. It СКs Лeen 
found tСКt аТtС tСe fТnТte pulsКtТon frequencТes Тn compКrТson аТtС tСe eбtreme cКses of smКll 
frequencТes studТed eКrlТer Лв otСer scТentТsts tСe pulsКtТons decreКse tСe floа rКte. 

The influence of compressibility on the fluid flow in a vertical channel under gravity with 

transverse wall pulsations СКs Лeen studТed. It СКs Лeen found tСКt tСe compressТЛТlТtв cКuses time-

independent non-homogeneity of density in a channel.  
The influence of low intensity sound on the particle and floating bubble interaction has been 

examined. It has been found that the bubble and particle collision radius reaches its maximum at the 

sound frequency equal natural frequency of bubble.  
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Appendix № 1 to paragraph 2.2.3. Program to find solution 

 

This program was written for Maple 16. The solution for the longitudinal velocity is written in uq, for 

the transverse one - in vq, for pressure - in pq, for the deviation from average wall position – in xiq. 

The number of terms in series 

 N:=7: 

 eq1:=c/lambda*diff(vx(t,x,y),t)+vx(t,x,y)/h*diff(vx(t,x,y),x)+vy(t,x,y)/lambda 

*diff(vx(t,x,y),y)+1/h/rho*diff(p(t,x,y),x)-nu* (1/h**2 * diff(vx(t,x,y), x$2) +1 /lambda**2 

*diff(vx(t,x,y),y$2)); 

 eq2:= c/lambda*diff(vy(t,x,y),t)+vx(t,x,y)/h*diff(vy(t,x,y),x) +vy(t,x,y)/lambda* diff(vy(t,x,y) 

,y)+1/lambda/rho*diff(p(t,x,y),y)-nu*(1/h**2*diff(vy(t,x,y),x$2)+ 1/lambda**2*diff(vy(t,x,y),y$2)); 

 eq3:=diff(vx(t,x,y),x)/h+diff(vy(t,x,y),y)/lambda; 

 eq4:=expand(h/c**2*expand(subs(vx(t,x,y)=v(t,x,y)*c*h/lambda,vy(t,x,y) = u(t,x,y) *c,p(t,x,y)=nu 

*rho *c/h**2*lambda*p1(t,x,y),eq1))); 

 eq5:=expand(h/c**2*expand(subs(vx(t,x,y)=v(t,x,y)*c*h/lambda,vy(t,x,y) =u(t,x,y) *c,p(t,x,y)=nu* 

rho*c/h**2*lambda*p1(t,x,y),eq2))); 

 eq6:=expand(h/c**2*expand(subs(vx(t,x,y)=v(t,x,y)*c*h/lambda,vy(t,x,y) 

=u(t,x,y)*c,p(t,x,y)=nu*rho*c/h**2*lambda*p1(t,x,y),eq3))); 

 eq7:=expand(expand(subs(nu=h*c/Re,h=delta*lambda,eq4))*delta); 

 eq8:=expand(subs(nu=h*c/Re,h=delta*lambda,eq5)); 

 eq9:=expand(c/delta*expand(subs(nu=h*c/Re,h=delta*lambda,eq6))); 

uq:=0:vq:=0:xiq:=0:pq:=0: 

 for i from 1 to N do 

uq:=uq+u1[i](t,x,y)*delta**i: 

vq:=vq+v1[i](t,x,y)*delta**i: 

xiq:=xiq+xi1[i](t,y)*delta**i: 

pq:=pq+p1[i](t,x,y)*delta**i 

 end do: 

 g(t-y):=A*Re*cos(t-y): 

e1:=expand(subs(u(t,x,y)=uq,v(t,x,y)=vq,xi(t,y)=xiq,p1(t,x,y)=pq,eq7)): 

 e2:=expand(subs(u(t,x,y)=uq,v(t,x,y)=vq,xi(t,y)=xiq,p1(t,x,y)=pq,eq8)): 
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 e3:=expand(subs(u(t,x,y)=uq,v(t,x,y)=vq,xi(t,y)=xiq,p1(t,x,y)=pq,eq9)): 

 e1:=convert(series(e1,delta=0,N),polynom): 

 e2:=convert(series(e2,delta=0,N),polynom): 

 e3:=convert(series(e3,delta=0,N),polynom): 

 Uplus:=uq:uqq:=uq: 

 for i from 1 to N do 

uqq:=diff(uqq,x): 

Uplus:=Uplus+uqq*a**i/i!: 

 end do: 

 Uplus:=convert(series(subs(a=xiq,Uplus),delta=0,N),polynom): 

 Uminus:=uq:uqq:=uq: 

 for i from 1 to N do 

uqq:=diff(uqq,x): 

Uminus:=Uminus+uqq*a**i/i!: 

 end do: 

 Uminus:=convert(series(subs(a=-xiq,Uminus),delta=0,N),polynom): 

 Vplus:=vq:uqq:=vq: 

 for i from 1 to N do 

uqq:=diff(uqq,x): 

Vplus:=Vplus+uqq*a**i/i!: 

 end do: 

 Vplus:=convert(series(subs(a=xiq,Vplus),delta=0,N),polynom): 

 Vminus:=vq:uqq:=vq: 

 for i from 1 to N do 

uqq:=diff(uqq,x): 

Vminus:=Vminus+uqq*a**i/i!: 

 end do: 

 Vminus:=convert(series(subs(a=-xiq,Vminus),delta=0,N),polynom): 
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 pplus:=pq:uqq:=pq: 

 for i from 1 to N do 

uqq:=diff(uqq,x): 

pplus:=pplus+uqq*a**i/i!: 

 end do: 

pplus:=convert(series(subs(a=xiq,pplus),delta=0,N),polynom)-delta*g(t-y): 

 pminus:=pq:uqq:=pq: 

 for i from 1 to N do 

uqq:=diff(uqq,x): 

pminus:=pminus+uqq*a**i/i!: 

end do: 

 pminus:=convert(series(subs(a=-xiq,pminus),delta=0,N),polynom)-delta*g(t-y): 

 for i from 1 to (N-1) do 

pq11:=solve(int(coeff(e1,delta**i),x)=0,p1[i](t,x,y))+C; 

C1:=solve(subs({p1[i](t,x,y)=subs(x=1,pq11),x=1},coeff(pplus,delta**i)),C); 

pq12:=subs(C=C1,pq11); 

p1[i](t,x,y):=simplify(pq12); 

uq11:=solve(int(int(coeff(e2,delta**i),x),x)+x*C+D1,u1[i](t,x,y));  

C2:=solve({subs({u1[i](t,x,y)=subs(x=1,uq11),x=1},coeff(Uplus,delta**i)),subs({u1[i](t,x,y)=subs(x=

-1,uq11),x=-1},coeff(Uminus,delta**i))},{C,D1}); 

uq12:=subs(C2,uq11); 

u1[i](t,x,y):=simplify(uq12); 

vq11:=solve(int(coeff(e3,delta**i),x)+C,v1[i](t,x,y));   

C3:=solve(subs({v1[i](t,x,y)=subs(x=1,vq11),x=1},coeff(Vplus,delta**i))+subs({v1[i](t,x,y)=subs(x=-

1,vq11),x=-1},coeff(Vminus,delta**i)),C); 

vq12:=subs(C=C3,vq11); 

v1[i](t,x,y):=simplify(vq12); 

xi1[i](t,y):=simplify(int(subs({v1[i](t,x,y)=subs(x=1,vq12),x=1},coeff(Vplus,delta**i)),t))-

int(simplify(int(subs({v1[i](t,x,y)=subs(x=1,vq12),x=1},coeff(Vplus,delta**i)),t)),t=0..2*Pi)/2/Pi; 
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end do: 

 



 

92 
 

Appendix № 2 to paragraph 3.7. Coefficients in solution  

 

Paragraph 4.5 gives the solution to the Navier-Stokes equation system for compressible 

fluid in approximation of small amplitude of wall vibrations. First-order longitudinal velocity is 

determined by the formula 
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