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Première partie

Synthèse de commandes et

d'observateurs pour les systèmes

non-linéaires : Application aux

systèmes hydrauliques





Chapitre 0

Résumé de la thèse

0.1 Introduction

L'objectif de ce travail consiste à résoudre certains problèmes d'automatique et de

mathématiques appliquées issus des systèmes électrohydrauliques.

L'utilisation des systèmes à fluide sous pression est parfois le meilleur choix dans

le cas d'applications qui nécessitent une grande puissance ainsi qu'une bonne précision.

Pour cette raison, il est intéressant de développer des méthodes permettant de contrôler

ces systèmes de manière automatique, de façon à améliorer leurs performances.

La première étape vers I'automatisation est l'élaboration d'un modèle mathématique.

Cette modélisation est très importante tant pour les objectifs de simulation que pour

les objectifs de synthèse de lois de commande. Un actionneur électrohydraulique simple

se compose d'une servovalve et d'un vérin, et peut être caractérisé par les valeurs d'un

certain nombre de variables (position du piston, vitesse du piston, pressions dans les

chambres du vêrin, . ..); I'ensemble de ces variables étant appelé êtat du système. Notre

approche consiste à considérer un modèle décrivant l'évolution au cours du temps de

ces variables. Ce modèle consiste généralement en un système d'équations différentielles

ordinaires portant sur l'état, ainsi que d'une équation d'observation (équation de sortie) :

ù _ T@,u)
a _ h(r)

oùz € .2  ç  K  représente  levec teurd 'é ta t  ,u  €U çW représente  levec teurde

commande appliqué au systèmê, A € y ç RP représente le vecteur de mesure (position

du piston, force exercée par le piston. ..), I est I'expression de l'équation différentielle

modélisant la dynamique de I'actionneur, et h est I'expression de l'équation d'observation
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modélisant les mesures.

Si l'on dispose d'un modèle et de la connaissance d'un état initial c(te) a l'instant
ts, il est possible, en théorie, de prévoir l'état futur, r(t), du système à n'importe quel

instant t. L'automaticien est alors conduit à concevoir des techniques de commande pour

contrôler ces systèmes électrohydrauliques, ce thème de recherche suscite depuis toujours
un grand intérêt dans la communauté automaticienne.

En gênéral, les méthodes de synthèse de commande en boucle fermée exigent la connais-
sance de tout l'état. Cependant, pour des raisons techniques ou financières, les variables
d'état ne peuvent être toutes mesurées. Cela rend impossible I'utilisation de certain lois
de commande; notons par ailleurs que les mesures disponibles peuvent être bruitées.

Pour pallier ces difficultés, une solution consiste à développer un système auxiliaire
qui, à partir des mesures expérimentales, donnera une estimation des variables d'état,
(notée â dans la suite). Ce système auxiliaire, appelé observateur dans le language de
I'automatique, permet de fournir une estimation des variables d'état qui seront utilisées
tant pour la synthèse de lois de commande que pour la détection des pannes.

Si I'observateur fournit une connaissance exacte de l'état, alors une loi de commande
utilisant l'état de I'observateur parviendrait à stabiliser le systènre. Cependant,..les ,va-
riables d'état ne sont pas, en général, parfaitement estian@,,ce qui amèse",la qucstion

suivante : Si une loi de commando par retour d'étatr' ur(n), stabili*"{e rsystème, ur(â)
le stabilisera,t-elle encore? La réponse à cette question est positive daûs le cas des sys-
tèmes linéaires, on dit qu'il y a un principe de séparation, mais est en générale négative
pour les systèmes non-linéaires. Pour ce dernier type de systèmes, trouver des conditions

suffisantes assurant la validité de ce principe est un domaine d'étude important.

Cette thèse s'inscrit dans ce contexte : étude d'un système électrohydraulique consti-

tué d'une servovalve alimentant un vérin double tige, agissant sur une charge modélisée
par l'association d'une masse, une raideur, et un frottement. Ce travail comporte quatre
parties et est organisé comme suit :

Le deuxième chapitre est consacré à la modélisation d'un actionneur hydraulique.

On y propose un nouveau modèle permettant de reproduire de manière satisfaisante les

caractéristiques statiques d'une servovalve et ne nêcessitant que quelques paramètres que

l'on ajuste à partir des courbes habituellement fournies par les constructeurs [201.

Le troisième chapitre concerne la synthèse de commande pour les systèmes dynamiques

non-linéaires. On y présente quatre méthodes différentes existant dans la littérature à sa-

voir, la linéarisation autour d'un point de fonctionnement, linéarisation entrée-sortie, mé-

thode passive, et mode de glissement. Concernant ce dernier point, une nouvelle méthode
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y est proposée pour le choix d'une surface de commutation non-linéaire. Pour comparer

les performances de ces différentes lois de commande, elles sont appliquées à I'actionneur

électrohydraulique et des simulations numériques sont présentées.

Le quatrième chapitre, fait le point de la théorie des observateurs non-linéaires et

dans le cinquième chapitre, on propose trois différents observateurs. Le premier est une

modification de I'observateur de Gauthier et. al. [32], le deuxième repose sur I'idée de la

synchronisation de I'observateur en le conduisant avec I'entrêe et la sortie du système, et

le troisième observateur proposé est basé sur la technique "mode glissant". La synthèse

de cet observateur est motivée par la nécessité de concevoir un observateur robuste aux

mesures bruitées etfot aux erreurs de modélisation. Pour comparer les performances de

ces observateurs, des simulations numériques sont présentées.

Le sixième chapitre aborde le problème du principe de séparation, un nouveau résultat

concernant la stabilisation des systèmes non-linéaires par retour d'état estimé est établi.

Pour finir, on rapporte quelques remarques de conclusion, et on donne des perspectives

de recherches futures.

0.2 Modèle statique de l'étage à tiroir dtune servovalve

Les servovalves de commande d'écoulement sont largement répandues dans les servo-

mécanismes électrohydrauliques. Pour cette raison, l'élaboration d'un modèle mathéma-

tique pour ces servovalves est très importante tant pour les objectifs de simulation que

pour les objectifs de synthèse de lois de commande. La pluspart des modèles considèrent

la géométrie de la servovalve comme idéale. La géométrie idêale implique qu'il n'y ait pas

de jeu entre le tiroir et la chemise, et donc il n'y a aucun écoulement de fuite. Bien qu'une

telle perfection ne soit pas possible dans la pratique, la grande majorité des applications,

où des modèles de servovalve sont employés, négligent l'écoulement de fuite. Par cons&

quent, dans ce cas, l'équation de l'écoulement du fluide à travers un orifice est donnêe

par

Q:  k i tÆ

où Q est le débit à travers I'orifice, fr est une paramètre de Ia servovalve , i est le courant

de commande et AP est la chute de pression à travers I'orifice. Selon cette expression le

débit à travers la servovalve est nul quand le courant d'entrée est nul. Le modèle idéal

peut être satisfaisant pour certaines applications. Cependant, les expériences montrent

qu'en réalité Ia présence d'un jeu entre le tiroir et la chemise induit un dêbit de fuite

significatif qui ne peut être ignoré quand la commande est nulle. En effet, dans plusieurs
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applications telles que I'asservissement de position ou d'effort, où une bonne précision est

nécessaire, négliger l'écoulement de fuite peut dégrader sévèrement les performances de

commande.

Dans ce travail, on s'intéressera uniquement à la modélisation statique. C'est à dire

au modèle donnant les débits fournis par la servovalve en fonction des chutes de pressions

et de la grandeur de commande. Il existe actuellement deux types de modélisation de

servovalves : le premier est un modèle très simple ne considérant pas les fuites dans les
jeux fonctionnels et qui ne permet pas de reproduire correctement les caractéristiques

statiques des servovalves [18]. Le deuxième type de modèle est très élaboré et fait appel

à une métrologie dimensionnelle du composant. Le modèle intermédiaire que nous allons
proposer est dû à E. Richard [20], il permet de reproduire de manière satisfaisante les

caractéristiques statiques de la servovalve, et ne nécessitant que quelques paramètres à

ajuster à partir des courbes habituellement fournies par les constructeurs.

Contrairement à beaucoup d'autres modèles, on suppose ci-dessus que l'écoulement

est laminaire dans le jeu entre le tiroir et la chemise. On supposera aussi que la relation

entre le déplacement du tiroir et le courant de commande est linéaire

r :€ i

O.2.1 Restriction

Flc. 0.1 - Tiroir-chemise en position de recouvrement

La figure 0.1 schématise une restriction en position de recouvrement d'un étage à tiroir.

On considère que le fluide subit une perte de charge AP1 correspondant à un écoulement

laminaire dans un orifice à bord étroit à I'entrêe de la restriction, puis une perte de charge

AP2 due à un écoulement laminaire dans une conduite annulaire le long des portées du

tiroir. Le débit Q traversant I'orifice est alors donné par :

(0.1)Q: . ,APt où o:W, O
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pour la perte de charge localisée en entrée de I'orifice et

Q: ftr, où P:nï " t  ,  o
op,

(0.2)

pour la perte de charge dans la conduite annulaire. A partir des deux relations précédentes

et compte tenu de AP : APr + L,P2, et du fait que .L est positive L : {lil, on obtient

l'expression de débit suivante :

Q"U,Lz): ffio, où 7 - ,i:+:

O.2.2 Restriction en découvrement

(0.3)

(0.4)

Ftc. 0.2 - Tiroir-chemise en position de découvrement

La figure 0.2 représente une restriction d'un étage à tiroir en position de découvrement.

Dès que le découvrement est suffisamment grand et la chute de pression relativement

importante l'écoulement est en régime turbulent. L'expression du débit est alors donnée

par :

8$' aP) : q1\Æ

Pour assurer la continuité de I'expression du dêbit en i : 0 on doit avoir lir4Q!) : a\,p.

Afin que cette condition soit vérifiée on ajoute à I'expression précédente le terme ffilf.
Ce terme, décroissant rapidement lorsque i augmente permet d'assurer la continuité de

I'expression du débit et la transition entre le régime laminaire et le régime turbulent.

Finalement I'expression retenue pour le débit d'une restriction en découvrement est :

Q'U,LP): klil\-NP + ffiar

0.2.3 Modèle d'un étage à tiroir à centre critique

En examinant la figure ci-dessus, et compte

débits, de l'hypothèse de symétrie totale, il est

tenu des expression (0.3) et (0.4) des

aisé d'exprimer les débits Q{i, P) et
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Cotlfigutdbnpoui=0

CdûIttuNt>e Cofigwtupcvl<0

Qz(i, Pz).

Qr(i, Pt) :

Qz(i, Pz) =

[rur, 
- Pr)'/' + ffi(P" - Pt) -

[*r(a 
- P,)'r, + fr(P, - Pl) -

| -n4e, - P,)'r, + ffi(P, - Pù -

I -*ut* - Pr)'/' + fae, - Pù -

FIc. 0.3 - Configuration d'un tiroir à centre critique

Q,=Qa-Q t Qz=Q"z-Qe"

#r(Pt'- P')

fr,(h-P,)

f f i(P, - P,)

fr(P, - P,)

s i i>0

s i i<0

s i i>0

s i i<0

(0.5)

(0.6)

0.3 Synthèse de commande par retour d'état

La stabilisation des systèmes non-linéaires a été l'objet d'un intérêt particulier pour

de nombreux chercheurs au cours de ces deux dernières décennies. Actuellement, trois

méthodes sont principalement utilisées : la linéarisation entrée/sortie, la méthode passive,

et le mode glissant.

La commande de systèmes non-linéaires affine a largement fait appel aux techniques

de linéarisation entrée/sortie [38] [541. Lorsqu'on effectue un changement de coordonnées,

et lorsque le degré relatif r est inférieur à l'ordre n du système, les difficultés rencontrées

sont généralement liées à la stabilité de la dynamique résiduelle après avoir appliqué

le retour linéarisant. La méthode passive concerne davantage les systèmes non-linéaires
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non-affines en la commande, cette méthode repose sur I'hypothèse que le système non

contrôlé est stable. Cette hypothèse peut être restrictive mais lorsqu'elle est satisfaite,

une commande non-linéaire peut être conçue sans recours à la linéarisation. Le problème

avec ces deux méthodes réside dans la compensation des erreurs qui peuvent provenir soit

de la modélisation, soit des perturbations et des inexactitude qui affectent les mesures.

Cette compensation n'est pas toujours possible.

Pour résoudre ce problème, de nombreux chercheurs ont proposé la méthode "mode

glissant". Certes, cette méthode n'échappe pas à quelques difficultés, mais c'est une loi

de commande très intéressante pour sa rapidité de réponse, ses bonnes performances en

régime transitoire, et surtout pour sa robustesse par rapport aux variations des paramètres

du modèle, aux perturbations non modêlisées, et aux perturbations externes.

Dans ce chapitre, nous faison d'abord quelques rappels de stabilité des systèmes, en-

suite des lois de commande par retour d'état sont synthétisées, en utilisant les méthodes

précédemment évoquêes. Plus précisément notre but est de réaliser un suivi de trajec-

toire : nous voulons que la force exercée par le piston suivre un profil donné. Notre apport

dans ce chapitre est la construction d'une surface de commutation pour la méthode "mode

glissant".

0.S.L Construction d'une surface de glissement

Soit le système dynamique non-linéaire suivant :

n: l@) + s(r)e@,u)u (0.7)

où l'origine est un point d'équilibre, /(.) et g(.) sont des champs de vecteurs réguliers, et

g(.,.) une fonction non-linéaire.

On rappelle qu'une fonction / : IR+ ->

continue, strictement croissante et /(0) :

ô e K, 
"t ,]iTld(r) 

: +oo.

IR+ est dite de classe K (ô e K), si elle est

0; elle est dite de classe K* (d e K-) si

le système

(0.s)

On suppose qu'il existe une loi de commande stabilisante 7(z) tel que

autonome

n-1@)+g(n)(p@,t@Dt@)

est uniformément asymptotiquement stable. Cette hypothèse assure l'existence d'une fonc-

tion de Lyapunov V(r) pour le système (0.8) et de trois fonction oa (i : 1,2,3) de classe

K tel que

( i )  a1( l lz l l )  3v(r)  s or( l l r l l )
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(i i) v(c) S -o'(l l" l l)
(ii i) sunllryll <oo.

Si I'on choisit une surface de commutation

o( r ) :LnV( r ) :g

la relation

v(") : Lyv(r) + Lnv(x)e(x,ln))7@)
: L1V(r)

est vérifiée sur cette surface.

On peut donc dire que si les états sont restreints à la surface de commutation, le
système (0.7) devient asymptotiquement stable et ses trajectoires glissent vers le point

d'équilibre. Ceci signifie que le point d'équilibre doit être sur la surface de commutation.

De plus, d'après les équations précédentes on peut conclure que les incertitudes dans
les paramètres utilisés pour calculer la loi de commande'y(z) n'auront pas d'effets sur le
comportement du système lorsqu'il évolue sur la surfacede commutation.

Une condition nécessaire pour que les trajectoires'du système.,,(0.7) évoluent sur la
surface de commutation est l'attractivitéde cette"dernière,,donc il suffit"que

oo  <0

soit vérifiée sur tout le domaine de fonctionnement. Pour cela on peut choisir

o : -Ws ign(a ) ,  W>0,

ce qui mène à oà : -Wl"l < 0. Sachant que

.  ô o ,  A n
à : ;rf (r) + fio(r)e(x,u)u ,

il suffit de résoudre l'équation suivante

(0.e)

(0.10)

(0.11)-wsisn(o) : fff fO + ffo@)p(*,u(r))u(x) .
pour obtenir la loi de commande qui assure l'attractivité de la surface de commutation.

Remarque 0.1 La synthèse d'une loi de commande par mode glissant est une synthèse
en d,eur temps : Ie premi,er consiste en le choix d'une surlace de commutation qui assure Ia
stabi,lité du mode de gli,ssement et le second assure I'attractiui,té de ce mode de glissement
par Ie choio de Ia loi d,e commande.
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Des simulations numériques du système hydraulique contrôlé par les lois de commande

issues des différentes méthodes sont présentées dans le troisième chapitre. On peut voir la

robustesse du mode de glissement par rapport aux autres méthodes. Cette commande est

valable aussi bien en suivi de trajectoire qu'en asservissement. Cependant, le problème de

la stabilité de I'actionneur en suivi de trajectoire en utilisant le modèle non-affine reste

posé car nous n'avons pas trouvé une fonction de Lyapunov pour la synthèse de la loi de

commande. Néanmoins, nos recherche dans cette direction se poursuivent.

0.4 Synthèse d'observateurs non-linéaires

Depuis I'apparition des méthodes de l'espace d'état dans les techniques de synthèse

de lois de commande, la recherche a prouvé que la technique par retour d'état donne plus

de degrés de liberté au concepteur que la technique par retour de sortie. C'est évident,

puisque la sortie est en général une fonction des variables d'état et probablement du

temps. Cette technique de synthèse de loi de commande par retour d'état repose sur une

exigence : I'accès à toutes les variables d'état.

Cette condition peut parfois être réalisée grâce à des mesures directes, cependant il

existe des cas où, pour des raisons financières ou techniques, il est impossible de mesu-

rer toutes les variables d'état. Dans ce cas il est nêcessaire de réviser la technique de

commande ou de reconstruire les variables d'état manquantes.

Si on adopte cette dernière solution, le problème de la reconstruction de l'état est

fondé sur la conception d'un système dynamique auxiliaire appelé "observateur d'état" qui

donne une estimation des variables d'état en utilisant seulement les variables mesurées,

en I'occurrence la sortie et I'entrée du système.

Cet observateur d'état, ne sera pas seulement utilisé pour les objectifs de synthèse de

lois de commande [6] [11] [35] [53], mais servir aussi au diagnostic de système [1], et pour

Ia détection des pannes [33] [37] [161.

Alors que Ie problème de la synthèse des observateurs des systèmes linéaires station-

naires est complètement résolu depuis les années 60 [46] [47], c'est un problème largement

ouvert pour les systèmes non-linéaires bien qu'il ait été étudié depuis les années 70. Plu-

sieurs méthodes ont été utilisées pour cela; de la méthode de grand gain à la méthodes

de mode glissant en passant par les méthodes adaptatives.

Une première contribution systématique à la thêorie d'observateurs des systèmes non-

linéaires a été offerte par la méthode de Thau [76]. Les systèmes non-linéaires considérés

sont constitués d'une partie linéaire observable à laquelle est ajoutée une fonction non-

11
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Iinéaire Lipschitzienne. Un observateur de type Luenberger est conçu et des conditions

suffisantes pour la stabilité asymptotique de I'erreur peut être dérivée. Cette méthode a

été étendue par Tsinias [80] et par Ciccarella et. aI.ll2l.

PIus tard Krener, Isidori et Respondek [92] [30] ont considéré la méthode de linéa-

risation par un changement non-linéaire des coordonnées, ainsi un observateur de type

Luenberger peut être élaboré pour de tels systèmes. Zeifz l92l a également développé un

observateur pour les systèmes non-linéaires dans ce sens .

Une autre contribution aux observateurs non-linéaires, celle d'une classe de systèmes

affines en la commande appelée systèmes bilinéaires a êtê présenté dans le travail de

\Milliamson [90]. Ce résultat a êtê étendu ensuite par Sallet et. aL l0l.

Un observateur non-linéaire différent appelé observateur à grand gain basée sur I'an-

nulation approximative de la non-linéarité a été présenté par Tornambè [79], et a étê

ensuite amélioré par J.P. Gauthier et. al [32] [30]. Les observateurs "mode glissant" ont

été présentés par Utkin [83] pour les systèmes linéaires. Cette méthode a été étendue par

Slotine et. al [67] et Edwards et Spurgeon [15] pour le cas des systèmes non-linéaires. Les

observateurs "mode glissant" sont basés sur la théorie des systèmes à structure variables,

et sont connus pour leur robustesse par rapport aux variations des paramètres du modèle

et aux perturbations externes,

Un autre genre d'observateur peut être employé dans le casdes systèmes non-linéaires

avec des paramètres inconnus : il s'agit de l'observateur adaptatif présenté par Marino et

Tomei [51] [501. Ces auteurs considèrent les systèmes qui peuvent être transformés en un

certain forme canonique. Les observateurs adaptatifs aident à estimer simultanément les

états du système et les paramètres inconnus.

Dans ce chapitre nous exposerons notre propre contribution à la théorie des observa-

teurs non-linéaire.

O.A.L Observateur à grand gain

On considère le système dynamique non-linéaire

à:  Ar*Bu* f@,u)

a:  Cr

où A, B et C sont des matrices de dimensions appropriée

linéaire f : (fr, h,. . .,1n)' (r" est le transposé de c) est

/(0, o) - o.

u € lR-,

i  9€Rp,

(0.12a)

(0.12b)

et le champ de vecteur non-

Lipschitzien et régulier, avec
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On considère ensuite le système suivant

à : Aî + Bu* f@,,u) + CS-rCr@ - Ci)

O :  _OS-ATS_SA+CTC
(0.13a)

(0.13b)

où 0 est suffisamment grand et ( > 1

Remarque O.2 La matri,ce S(0) peut être considérée comme la soluti,on stationnai,re de

I' équ ati o n diff érenti eI I e

S,çe1 : -os.(q - Ar st(o) - s^o)A + crc ,

aaec une conditi,on initiale Ss définie posi,tiue. S(d) : [*Sr(A), 
où S{0) € S+ est Ia cône

des matrices symétriques définies positi,ues.

Théorème 0.1 Si le système défi,ni par (0.12) satisfai,t les hypothèses suiuantes

(7{L) il eriste une constante positiue y telle que

llf @,u) - 1G',u)ll < t'lln - î;ll

V(x,û) € R'lx'r et Vu € IR-

(?{2) la paire (C,A) est obseruable

(713) on peut choisir 0 > 0 et ( ) I telles que

- _ À-i.,(05 + (2Ç - L)CTC)
7t.w

o ù  0 o :
À-6(95 +Qe -DC?C)

2),"*(^9)
- ' Y t  .

À*6(dS +(2ç-L)CTC)

(0.14)

)*ir(.) ef À**(.) sont Ia plus petite et Ia plus grande ualeur propre d,e la matrice (.)

respectiuement.

Alors le système défini par (0.13) est un obseruateur pour le système (0.12) auec

tr /s\
l l"(t) - a(t)l l  s r/% exp(-ast)l lr(o) - â(0)ll ,

V ^min\^:/

Ce résultat reprêsente un prolongement du résultat présenté par Hammami [35], où la

borne de la constante de Lipschi tz êtait n < ! 
ffi 

En efiet, il est clair que pour

(> lona

t,<!ffi= 2À**(s)
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O.4.2 Observateur "mode glissant"

Soit le système non-linéaire

^[et  :Ar+f@,Q+Ba@)p, ,
r(

[u :cr  '

où z € lR' est le vecteur d'état, u € lR- est le vecteur d'entrée de commande et g € Rp

représente le vecteur de sortie p < n. A, B et C sont des matrices de dimensions appropriés,

,f ' R x IR- -+ IR' est un champ de vecteur régulier. O : IM -+ lRpxp est une fonction

bornée, et p, € lRp est un vecteur de paramètres inconnus'

Soit encore le système dynamique

( .
|à  -Aî+ f  @,u)+Çs-tc ' (a-cî )+I tu,

^ lz\g -cî,
I

[o :-os-Ars-sA+ccr.

On suppose que les hypothèses suivantes sont satisfaites

(?{l) (C,A) est une paire observable

(712) f (n,u) vérifie

llf @,a) - f Gi,u)ll < tll" - ell .

(?{3) Ie vecteur des paramètres inconnus est borné

suylk(t) l l  1^yp .

(71+) llo(x)ll S'yr Vr e IR .

(?t5) on peut choisir 0 :0 et Ç: ( telles que

- dÀ,"6(s) - À*i"(a-s+ Qe -r)crc)
?/'tÀ**(st'w

(?t6) iI existe une matrice D de dimension p x p telle que

A,D:  B

Notre résultat est résumé par le théorème suivant
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Théorème O.2 Considérons les systèmes d,ynami,quesE etf auec B et C des matrices

de rang mari,mal, si les hgpothèses (?{D - (?16) sont sati,sfaites et si, on choisit lt telle que

Â: ,S- lCTw-r

auec W une matrice défini,e positi,ue qui uérifie

À-i"(l4/) > l lDllr'z
),"o(cs-1cr)

P À*6(c,s-LCr)

Alors f est un obseruateur asymptoti,que pour E.

0.5 Sur la stabilisation des systèmes non-linéaires par

retour d'état estimé

La commande par retour d'état des systèmes dynamiques non-linéaires a êté étudiée

par de nombreux auteurs. Dans les réfêrences [43] [63] [ 8l on suppose que I'on a accès à

toutes les variables d'état; dans [84] [81], on travaille avec des estimations (fournies par

un observateur) de ces variables. La question qui se pose est la suivante : une loi de com-

mande stabilisante calculée non pas à partir des valeurs exactes des variables d'état mais

à partir d'une estimation de celles-ci continue-t-elle de stabiliser le système ? La réponse

est positive dans le cas des systèmes linéaires mais reste un sujet de recherche pour les

systèmes non linéaires. La référence [84] propose une loi de commande 7(r) stabilisant un

système non linéaire ù : f @,u) (i.e., O est un point d'équilibre asymptotiquement stable

pour â : l(r,Z(r))), cette loi 7 étant telle que, si z est une estimation de l'état x, lk)
continue de stabiliser ù : f @,u).Dans [84], 7 est supposée continûment différentiable,

dans [48] cette hypothèse a été affaiblie : 7 est seulement supposée continue. L'objet de

ce travail est d'affaiblir encore les hypothèse sur 7; nous supposons seulement que cette

fonction est bornée et continue par morceaux.

0.5.L Rappels Théoriques

15

!

On considère un système non-linéaire de la forme :

ù  :  f (x ,u) ,  r€ lp ,

a :  h ( t ) ,  g€Rk .

où / : IK x lR- + lP est un champ de vecteur C-,

suffisamment dérivable. On suppose que I'origine (0,0)

u€ lR-

e th : lP

€ lR' x IR-

(0.15a)

(0.15b)

-+ IRft est une fonction

est un point d'équilibre
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pour /, et que l'espace des entrées contient les fonctions bornées u : IR+ J R-, cette borne

M est définie comme ll"ll S U.

Définition 0.1 Le système (0.15) est dit faiblement détectable s'il eriste une foncti,on
con t i ,nue  g :  lM  x lRe  x lR-  +  lM (g (0 ,0 ,0 ) :0 / ,  une fonc t i ,onW:  IK  x lR '+  lR+

continû,ment differentiable, et troi,s fonctions (s6 i: I,2,3 rlst € K*, telles que f (x,u) :

g@,h(n),u),V(r ,z)  e IR'  x lR- et  de plus

(0.16)

(0.17)

Vz € lR- et dès que r - z € lRn est suffisamment petit.

Ainsi si le système (0.15) est faiblement détectable, alors le système dynamique 2 :

gQ,h(n),u) est un estimateur d'état du système (0.15).

Définition O.2 ft21 Le système (0.15) est di,t stable entrée-état (SEE) si et seulement s'il

admet une foncti,on SEE-LAt,punoa . C'est-à-d,ire, s'i,l eri,ste une fonction V : lR' + IR.+

continû,ment differentiable, er,d2 e rc* et a3,0 e K telles que

'ltr(ll" - zll) < W(", z) < ,bz(lln - zll) ,

0W, ,  , .0W
ftf {r,u) + ftsQ,h(r),u) 3 -thz(ll, - 

"ll) ,

o'( l lc l l )  < v(*)  < or( l lc l l )  ,

pour ï € lR et
vv(x\.f (x,u) S -or(l lr l l) ,

pour r € IR' et z € R- uérifi,ant ll"ll > tl(ll"ll).

(0.18)

(0.1e)

Remarque 0.3 ft21 n eû fucile de uoir qu'une fonct'ùonV est SEE-Lyapunoa pour (0.15)

si et seulement s'il existe aa e K6 'i: L,2,3,4 telles que Ia conditi,on (0.18) est aérifiée,

et
vv(x).f (a,u) < -or(l l" l l) + oa(llzl l) . (0.20)

Soit 7(r) une loi de commande admissible pour le système (0.15). On entend par

admissible, n'importe quelle loi de commande pour laquelle l'équation i -- /(c,7(r)) est

bien posée, et qui admet pour chaque condition initiale c(0) e IR' une unique solution

absolument continue. Soit p € K*, une loi de commande est dite bornée par p si pour

chaque r € lP, llr(")ll < p(ll"ll).

Dans la suite on examine la question suivante : si u : l@) stabilise (0.15) en 0 e lP

sous quelles conditions la loi de commande u : l@) stabilise-t-elle le système :

(r: (,,!,'i,1,',?Lr)(0.21)



0.6. Conclusion

en(0 ,0 )  € ILx IM?

Cette question a été traitée par de nombreux chercheurs, mais notre résultat constitue

une amêlioration des résultats existant.

O.5.2 Résultat principal

Nous considérons le système (0.15), le théorème ci-dessous constitue le principal ré-

sultat de cette partie

Théorème 0.3 Si le système (0.15) est faiblement détectable et stable entrée-état alors

i,I eriste une loi, de commande bornée u: 'y(r), Z(0) : 0 qui stabilise (0.15) et telle que

Ie système (0.21) est asymptoti,quement stable.

Ce résultat expose la possibilité d'utiliser les états estimés pour contrôler des systèmes

dynamiques stabilisables par des lois de commande discontinues. Notre résultat constitue

une amélioration d'autres résultats exigeant que la loi de commande soit continûment

différentiable ou au moins continue.

0.6 Conclusion

Au terme de ce travail, nous voudrions souligner nos apports sur Ie plan théorique et

envisager quelques perspectives.

L'objectif de cette thèse est l'êtude du comportement d'un actionneur électrohydrau-

lique. Elle comprend deux grandes parties, la première partie porte sur la modélisation

de ce type de système, la seconde traite la commande automatique de cet actionneur et

de sujets connexes, en I'occurrence, synthèse d'observateur et principe de séparation.

En ce qui concerne la modélisation , on a développé un nouveau modèle pour la

servovalve qui suffisamment simple pour permettre son analyse mathêmatique, et permet

de décrire le comportement réel, y compris les débits de fuite généralement négligés dans

d'autres modèles.

Il s'avère que le système êlectrohydraulique est fortement non-linéaire, par conséquent,

I'utilisation directe des méthodes existantes pour la synthèse de lois de commande n'est

pa"s évidente. Pour cette synthèse on a utilisé les avantages de la méthode passive et la

robustesse du mode glissant pour concevoir une nouvelle méthode de construction de la

surface de commutation. Cette méthode aide à la synthèse de loi de commande robuste

pour les système non-linéaires et non-affines en la commande.

T7
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En effet, les lois de commande appliquées au système électrohydraulique, exigent toutes
les informations position, vitesse et pressions dans les chambres du vêrin. Par ailleurs en
pratique, on ne peut mesurer facilement que le déplacement. Nous avons donc pallié cet
inconvénient en proposant la construction de trois observateurs non-linéaires, dont un basé
sur le mode glissant et il a montré une robustesse en présence de paramètres inconnus. Le
cinquième chapitre constitue notre apport dans ce domaine.

Finalement, nous avons étudié le problème de la stabilisation par retour d'état estimé.
Ce travail prolonge les travaux de Vidyasagar et Tsinias.

Sur le plan des perspectives, quelques résultats proposés dans cette thèse peuvent être
améliorés.

Dans le domaine de la modélisation, on peut espérer qu'un modèle dynamique au lieu

de statique de la servovalve apportera de meilleurs résultat surtout dans les applications ou
I'actionneur est soumis à de relativement hautes fréquences. Terminer l'étude théorique et
I'application de la stabilité en suivi de trajectoire avec la méthode passive serait également

un résultat intéressant. On peut aussi améliorer la robustesse de I'observateur à grand-

gain par I'estimation de paramètres inconnus. Il serait sans doute souhaitables de pouvoir

estimer le paramètre du frottement sec en ne mesurant que le déplacemeut du piston.
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Chapitre 1

Introduction

In applications where high power is needed with a requirement for precision control,

it is inevitable that a fluid power system will be used. The diversity of applications from

robotics to heavy industrial systems ha"s made electrohydraulic manipulators widely uti-

lized in many industrial fields. Electrohydraulic manipulators are systems that produce

hydraulic po\Mer outputs in response to electrical signal inputs.

1.1 Automation

A simple electrohydraulic manipulator consists of a servovalve and a piston. One main

preoccupation in industrial applications, is to automatically control such systems. These

manipulators can be characterized by values of several variables (pressure applied to the
piston, piston position, piston velocity. . .) The set of all variables describing the dynamics

of the system are denoted as state variables. The first approach to automation is to

extract a mathematical model describing the time evolution of these state variables. The

model consists, in general, of a system of ordinary differential equations, in addition to

an algebraic equation called the output or the observation equation.

ù _ l@,u)

u : h(r)

where t e N Ç IM stands for the state vector, u €.U g R- represents the electrical input

signal, a € y g Rp is the measured output (piston position, piston force. ..), I is the

expression of the differential equations describing the dynamics of the electrohydraulic
manipulator and /r, is the expression of the observation equation modeling the measured

output.
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L.2 Modeling

Modeling is in its own a large field of study that attracted the attention of many

researchers [59] [641. Extracting a mathematical model to an application system is very

crucial and the success or failure of the behaviour of a controlled system directly depends

on it. The required mathematical model precision to describe the dynamical behaviour of

a given system depends on its purpose. Indeed, fields where high precision is needed, and

where faults are less tolerated (robots that are to send to the space), require very fine

models in which all aspects are meticulously respected. However, fields where only little
precision is required (civil engineering machinery) we can simplify complicated geometri-

cal shapes and neglect phenomena that slightly contribute to the main dynamics (leakage,

heat...). In both cases designers have been faced to difficulties. While in the first ca"se the

model may be too complex and represent a hindrance towards designing a controller, in

the second case the model may be too simple to correctly describe the system behaviour.

Therefore, an intermediate model is always appreciated. A model that reflects as best the

dynamics of the system and can mathematically be handled. In modeling an electrohy-

draulic system consisting of a servovalve and a piston, the main concern is the fluid flow

through the servovalve, and the piston motion.

1.3 Systems output and output control

The role of all machines (systems), in real life, is to perform a desired task (output).

The system output is usually a response to the system input. In some applications, the

system requires human interference, thus the system is said to be controlled in open-loop

manner, that is the input signal is provided by the user and is in a way independent offthe

output. However, in other applications the system is autonomous and the input depends

on the output, that is the system behaves according to the fact that a desired output is

attained or not. This is denoted as the closed-loop control. In general, when using the

closed-loop control approach, the input signal is an algebraic combination of the state

variables.

a :  f  (n ,u )

a :  h (n )

Flc. 1.1 - Open-loop controller scheme
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Controllability of dynamical systems has been addressed by many researchers. In par-

ticular the control design for hydraulically actuated manipulators. Their highly nonlinear

and complicated features, and the need to obtain a specified performance, namely a given
piston position or a prescribed piston force, were considered to be challenging.

FIc. 1.2 - Closed-loop controller scheme

L.4 Observation of the system

The closed-loop control methods, which are in general more efficient than open-loop

approaches, require the accessibility to all different state variables. However, technical

reasons or cost usually present an obstacle towards obtaining a trustworthy measurements

of all state variables. Therefore, we generally measure only a limited number of outputs
(p < 

").In 
the electrohydraulic system we can easily and precisely measure the piston

position, simply by installing a sensor next to it. However, measuring the pressure applied

to the piston inside the cylinder chambers requires further manufacturing which can be

expensive and may alter the system behaviour.

Ftc. 1.3 - Svstem observer

A remedy to these limitations is to construct an auxiliary system which can estimate

the state variables from the knowledge of the input and the measured outputs. The state

23

i :  f  ( r ,u )

Y:  h ( t )

6 - i1t,v,u)
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estimator dubbed as state observer in control theory, enables to reconstruct the state

variables which will thereafter be used to build the input controller. Should the estimated

states be exactly equal to the real states, one can expect the controller constructed from

estimated states to yield to the desired task. Despite this is true in linear systems, it is

not a straightforward conclusion for general nonlinear systems. This problem is addressed

as the separation principle.

Flc. 1.4 - Controller using,.estfunated.statæ

1.5 Motivations

The main motivation of this work was the development of electrohydraulic servovalve

model that can describe the fluid flow without neglecting leakage occurring due to ma-

nufacturing imperfections. Next, the model will be used to control the force exerted by a

hydraulic piston on a given load. In fact, the design of reliable control systems involves

more than system modeling and design of control laws to satisfy performance objectives. A

control system should possess the capability of reacting favorably and promptly to unex-

pected changes like parameter variations and component failures that tend to degrade

overall system performance. In essence, we need to design a robust control law. This

need, inherently requires the construction of state observers, and again robust observers

are preferred.

1.6 Thesis contribution

i :  f  ( r ,u )

u : h(t)

i :  i ( t ,y ,u)

This dissertation has a four-fold focus namely
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- Development of a servovalve model.
- Constructing a robust controller using sliding method.
- Improving the performance of an existing high-gain observer and designing of two

new nonlinear observers, one of which is robust and uses the siding method.
- Proving a new result on the separation principle.

This thesis attempts to bring these ideas together in a form that will give an insight to

the reader on the function of an electrohydraulic manipulator. The challenge is to design

robust controllers and observers appropriate for real applications.

I.7 Thesis outline

Chapter 2 introduces flow fundamentals of fluids, then presents how we construct the

servovalve model. Next we show results of its experimental validation [20]. Using the

servovalve model an overall model describing the dynamics of a piston-valve combination

is derived.

In chapter 3 we review definitions and theorems concerning the stability theory. We

then state some different controller design methods existing in literature. Next some of

these methods are applied to the electrohydraulic system developed in chapter 2 [211. An

other robust method to design controllers based on sliding mode methods is presented

and applied to the electrohydraulic system [231.

Chapter 4 represents an overview to observability theory and to different nonlinear

observer design approaches.

Chapter 5 is devoted to the construction of new nonlinear observer, and their ap

plication to the electrohydraulic system. A first observer constitutes an improvement of

another existing one [24]. The second is a new simple observer that does not cover a wide

range of applications but correctly works in the case of our system [25]. The third observer

was developed based on the sliding method [221.

The separation principle is revisited in chapter 6 where we present a new result on

nonlinear system controlling via estimated states [27].

Conclusions of the thesis and future research options are explored in chapter 7.

25
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Chapitre 2

Including leakage in the servovalve

static model

2.1 Introduction

The role of the hydraulic power modulator consists in modulating, with respect to

an electrical input signal, the inlet orifices between the pressure source and the actuator

housings and the outlet orifices between the tank return pressure and the actuator hou-

sings. This modulation can be achieved in general by a sliding spool. Figure 2.1 shows

a representation of the spool valve and the modulated orifices Âr1, Rv,Rr2,.R2'. These

orifices forme a Wheatstone bridge as delineated by the next figure.

Ftc. 2.1 - Wheatstone bridge

Valves may be classified by a feature of their construction, however, they are best

classified by their function. Three broad functional types can be distinguished : pressure

control valves. directional control valves and flow control valves. Pressure control valves act
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to regulate pressure in a circuit. Directional control valves direct or prevent a flow through

a selected passage. They can be controlled by solenoids which generate the force necessary

to open or close the valve. Removal of the solenoid voltage allows the spool to return

to its original position under the action of an opposite spring. The proportional valves

have developed from the directional control valves. They were obtained by incorporating a

position transducer connected to the spool, thereby allowing accurate closed-loop position

control of the spool. In the case of high flow, a double-stage setup is used, where in the

first stage a first valve is utilized to control the spool position of the second valve which is

subjected to the hydraulic forces. Electrohydraulic flow control servovalves usually consist

of two stages. They contain a hydraulic preamplifier first stage, thus the electrical control

signal needed is considerably low (< Z}md). Tbo-stage servovalves may be classified

by the type of feedback used inside. Spool position feedback two-stage servovalves are

by far the most common. Due to its construction, the dynamical performance of the

electrohydraulic servovalves are much higher than that of the directional control valves

and the proportional valves.

Extracting a mathematical model for the electrohydraulic servovalve is very significant

as well for the simulation aims as for the objectives of synthesis of control laws. In this

chapter we will be interested only in the static.models. That is we will deal with models

expressing the flows provided by the elecûrohydraulic servotnlve'accordiry,to'ôhe pressures

in the housings of the actuator and the input control, Actually themc are two approaches

to model these components. A first very simple model not considering the leakage due to

functional clearances and not providing the correct static characteristics of the component

[52] [S9l [70] [18]. And a second very refined model making use of the physical dimensions

of the component [14. Herein, we propose an intermediate model [20] allowing a satis-

factory reproduction of the static characteristics of the components and only requiring

to adjust few parameters using some curves usually provided by the manufacturers. We

start by giving basics on spool valves and flow theory, then we establish our model of the

electrohydraulic servovalve.

2.2 A spool valve power modulator

2.2.L Description

There are different types of servovalves, however, the most widely used is the sliding

valve employing spool type construction. Figure 2.2 shows some typical spool valve confi-

gurations. Spool valves can be classified by different ways, namely, the number of ways
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Ftc. 2.2 - Typical hydraulic servovalves

flow enter and leaves the valve, the number of lands in the spool and the type of center
when the valve spool is in neutral position. Because all valves require a supply, a return
and at least one line to the load, most valves are either three-way or four-way. In this
chapter we will be interested in the four-way valves. A four-way valve has a supply, a
return and two lines to the load, see Figure 2.2. The number of lands vary according to
the application, and herein we will be restricted to the three-land valves.

Using the classification according to the type of center, we can distinguish three type
of valves.

Open center spool valve (or Underlapped spool valve) This corresponds to having
land width smaller than the port width in the sleeve, thus having open orifices when the
spool is at neutral. This produces a considerable leakage flow and a steeper slope of the
flow gain curve in the underlap region arising from opening the supply port and closing
the return port in the case of positive input current (i > 0) and vice versa in the case of
negative input current (i < 0). Figure 2.3 depicts an open center spool valve.

Ftc. 2.3 - Open center spool valve

Closed center spool valve (or Overlapped spool valve) Contrary to the previous

case, here the land width is larger than the port width, thus making it necessary to
move the spool before having any type of flow other than the internal leakage through
the clearance between the spool and the valve sleeve. This type of configuration reduces
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the leakage flow at the neutral position and introduces a dead zone (overlap region) in

the characteristic of the flow curve. A closed center spool valve configuration is shown in

Figure 2.4.

Retum SuPPIY

Ftc.2.4 - Closed center spool valve

Critical center spool valve (or Critically lapped spool valve) In this configuration

the valve lands are critically lapped, that is the lands and ports are exactly matched such

that the smallest movement of the spool allows flow through the valve. Figure 2.5 shows

a critical center spool valve.

Flc. 2.5 - Critical center spool valve

2.2.2 Static characteristics

Since electrohydraulic servovalves have a major part to play in feedback control sys-

tems, it is worth considering some of the features of such devices. Servovalves are mainly

characterized by some rated values in addition to the flow gain, the null leakage and the

pressure g.ain [771.
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FIc. 2.6 - (a) Setup of the control flow measurement. (b) Flow curve

2.2.3 Rated values

The rated current ip expressedinmA, is the input current required to produce rated

flow Q6 which is itself the maximum control flow before flow saturation effects occur

[7fl. Rated flow is normally specified as the no-load flow and is expressed in liters per

minute. Rated values are usually measured at a specific valve pressure drop which is the

sum of the differential pressures present across the control orifices. Valve pressure drop is

LPu : P, - Pt * Pz - Pr. Usually the no-load valve pressure drop used to measure the

rated values is70bar.

Flow gain

The essential role of the spool valve is to use a low electrical power input to move the

spool that governs a hydraulic flow and thus gives a high power output. Clearly, for the

sake of simplicity, the relationship between the input current, i, and the output flow rate

8, has to be as linear as possible. This aim can be reached by a critically lapped valve

with ideal geometry. However, ideal geometry implies that the orifice edges are perfectly

square with no rounding and that there is no radial clearance between the spool and the

sleeve, which is practically impossible. Nevertheless, it is always possible to construct a

valve with a relatively linear flow. The flow curve is obtained by plotting the flow through

the control ports, with a load pressure drop Pr - Pz: 0, versus the input current as the

spool performs a complete cycle between plus and minus rated current value. Therefrom,

the flow gain is the slope of the linear part of the flow curve [77]. Figure2.6-a shows a

technical diagram that represents the setup used to obtain the flow gain curve, wherea,s
Figure 2.6-b sketches the flow gain curve.
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B
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Ftc. 2.7 - Setup to measure the internal leakage flow

Leakage flow

It is the leakage characteristics that actually differentiate a practical from an ideal

critically lapped valve. The ideal valve has zero leakage flows, whereas the practical valve

has radial clearance and hence a leakage flow exists. The leakage flow curves can be

obtained by obstructing both load lines, then measuring the total flow"rate used up, which

is actually a leakage flow since load flow is zero. Figure 2.7 shows a technioal diagram

of the setup and a sketch of a typical leakage flow. The leakage flow is marcimum when

the input current is nil (null leakage), and decreases rapidly with increasing input current

(valve stroke) because the spool land overlaps the return valve orifices. This curve is a

measure of hydraulic power loss.

Block-line pressure sensitivity

The block-line pressure sensitivity curve is a measure of the change in the load pressure

drop (P, - Pt-P2), with zero control flow (control ports blocked), as the spool is stroked

around the null region [77]. The block-line pressure sensitivity curve can be obtained

by the same setup as used for the leakage flow measurement. The load pressure drop

quickly increases to near full supply pressure for a very small input current ( u.ry small

spool displacement). The pressure gain is defined to be the average slope of the pressure

sensitivity curve in the region between +40% of maximum load pressure drop. This curve

is of great importance and is generally provided by the constructors.
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B

FIc. 2.8 - Block-line pressure sensitivity curve

2.3 Flow fundamentals of incompressible fluid

Knowledge of the fundamental laws and equations which govern the flow of fluid is

indispensable to extract mathematical model for the dynamical hydraulic systems.

An accurate analytic description of general fluid flow has always been a challenging

aim to be achieved. Although some attempts were promising, see [52] and the references

therein, the complexity of the nonlinear partial differential equations describing the fluid

motion made it nearly impossible to find a general solution. Thus, in many instances

certain approximations can be made to reduce the complexity of these equations and

permit solutions accurate enough for most applications.

For instance, the equation governing the motion of a one-dimensional, steady, incom-

pressible, frictionless flow with no body forces is given by

0u LïP
o ,  -  --0 r -  

p0a
(2.1)

where z and u are the displacement and the velocity, p is the mass density and P is the
pressure. The integration of this equation leads to the so called Bernoulli's equation

u2P-=* - :cons tan t
zp

Another important equation describing the fluid flow results from the law of conser-
vation of mass. Let us assume a control volume V undergoing a mass flow rate yt4 in and
out of the volume. Let the accumulated mass inside V be rn with density p. The rate at
which ma^ss is stored is equal to the incoming mass flow rate minus the outgoing mass
flow rate. Therefore

\Mn-DM*t:#:ry (2.8)

(2.2)
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This equation is called the continuity equation.

Several other equations may be needed to fully describe the fluid motions, but will not

be included herein, see [52] [89]. This section will discuss the types of flows, flows through

conduits will be mentioned, however we will focus on flow through orifices.

2.3.L Types of fluid flow

Since a general solution of fluid flow has not been found yet, different particular situa-

tions have been distinguished to promote the use of approximation. Based on practical

use, flow in closed conduits is of particular interest, this includes several types of which we

will only cover the flow in pipes and the flow through sharp edged orifices. Besides, fluid

can also be discerned according to the type of forces afiecting it. Though the flow can be

subjected to many types of forces, it is tenable to consider forces due to fluid inertia and

forces arising from viscosity as more significant in most cases.

Flow dominated by viscosity forces is referred to as laminar or viscous flow. Lami-

nar flow is characterized by an orderly, smooth parallel line motion of the fluid. Inertia

dominated flow is generally turbulent and characterized.by'irregular,,eddyhke paths. Ne-

vertheless, in some cases inertia dominated florr behsves in anorderçddashiop,if we.neglect

the boundary layer next to the solid. This type of flow is calle&potential ar strcaræl,ine,

this is can be observed in case of flocr through an'orifiee;

2.3.2 Reynolds number

The existence of two types of flow make rise to a question : When can \rye say if a flow

is viscosity or inertia dominated ? Therefore, it is indeed necessary to define a quantity

which weights the relative significance of these two forces in a given flow situation. The

dimensionless ratio of inertia force to viscous force is called Reynolds number and defined

by

ReU
inertia force (2.4)
viscous force

where p is fluid mass density, tt is absolute viscosity, u is the average velocity of flow, and

Dn is the hydraulic diameter defined by

NDn: -
p

Oo:  a*

where A is the flow section area and ,S is the flow section perimeter.
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The Reynolds number helps to describe the transition from viscous to inertia domina-
ted flows. A simple interpretation of equation (2.4) shows that Reynolds number is small
if viscosity forces are preponderant, whereas it is large if inertia forces are preponderant.
Though inertia dominated flows can be turbulent or streamline, the term turbulent is
generally used to describe flows with large Reynolds numbers.

2.3.3 Flow through conduits

Flow in pipes may be laminar or turbulent. The hydraulic diameter of a pipe is the
inside diameter Dn : D and the average velocity is volumetric flow rate divided by pipe
area. that is

(2.5)
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^ -  -Q -  4Q- 

"D'
Therefore the Reynolds number is given by :

NDn apQ
1 y ç -  :  -

tt itp,D
(2.6)

Empirical values of Re for flow through pipes are Re < 2000 for laminar flow and Re )
4000 for turbulent flow. Tlansition between laminar to turbulent flow occurs inside that
range 2000 < Re < 4000.

Laminar flow in pipes

These pipes usually termed capillary tubes because of their small diameter which
results in laminar flow. If we consider steady laminar flow then we have a constant velocity
profile z at the entrance of the pipe. The fluid velocity at the pipe wall is zero, hence
this fluid layer exerts forces on the inner layers whose velocities increase to satisfy the law
of continuity and henceforth until the center of the pipe is reached. The velocity profile

Flc. 2.9 - Laminar flow in a pipe

becomes parabolic after a certain transition length is reached, and
throughout the pipe. The peak velocity ue for a parabolic profile is

remains parabolic

2u. Experimental
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observations showed that the transition length for a laminar flow is Lt - 0.0575DRe so

that for a laminar flow at Re :2000 ; Lt : lLl times the pipe diameter. For pipe length

greater than transition length, the pressure drop can be approximated, if we consider

losses due to sharp edged entrances, by (see [52]).

po-pz:t#(t*o.onr^ry)

hrbulent flow in pipes

(2.7)

The equations describing the turbulent flow in pipes are mainly based on experimental

observations. As flow enters the pipe the boundary layer becomes turbulent after a very

L r -

FIc. 2.10 - T\rrbulent flow in a PiPe

short distance. As this boundary layer advances inside the pipe it increases in thickness

to the center of the pipe until it reaches a certain thickness after a transition length of

about 25 to 40 pipe diameter, this is delineated in Figure 2.10. The pressure drop for fully

developed turbulent flow has been empirically obtained and is expressed as :

Pt- Pz: rLo+ (2.8)

where / is the friction factor that depends on Reynolds number and pipe roughness.

2.3.4 Flow through orifices

An orifice is a sudden restriction of short length in a flow passage and may have a

fixed or variable area. Since this type of restriction is widely used in preventing or letting

a flow pass, orifices are considered a basic means for the control of fluid power. Therefore,

knowledge of the flow characteristics of orifices is essential. Again two types of flow are

prevailing, depending whether inertia or viscous forces dominate.
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Flc. 2.11 - T\rrbulent flow through a sharp-edged orifice

hrbulent orifice flow

Figure 2.11 illustrates the turbulent flow through an orifice. Since most orifice flows
occur at high Reynolds numbers, turbulent flow (inertia dominated) is more common

across orifices. Due to its inertia, the fluid is moving in a curved path at the orifice, and
thus the smallest area of the issuing jet is not situated at the geometric restriction but it
is ahead of it in the direction of the flow. The point along the jet where the area becomes
minimum is called the uena contracta. The ratio of the stream area at the uena contracta
A2 to the orifice area As is called the contraction coefficient C..

Az: C"Ao (2.e)

(2.10)

The flow between points 1 and 2 (see Figure 2.11) is streamline, and experience has
justified the use of Bernoulli's equation (2.2), which if integrated between points 1 and 2

leads to

u3-u?: | { r , -  Pz)

where u1 ând P6 are the velocity and the pressure at point i. Besides, the continuity

equation (2.3) for steady incompressible flow yields

Q :  Af l t :  Azuz (2.  1 1)

where Q is the volume flow rate. This shows that the jet velocity u2 is higher than

the upstream velocity 21, hence the fluid undergoes an acceleration when crossing the

orifice. This acceleration is indeed the main cause of the pressure drop across the orifice.

Combining the above two equations gives

(2.12)

Due to the viscous friction the jet velocity is slightly less than found in (2.12) by an empi-
rical factor called the velocity coefficient C, and is usually around 0.98 and approximated

u':l' (f)'1"''tw
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by 1 in most applications. Using the foregoing fact and equations we get

A : Azuz
CuAz

: CaAo

(2.13)

(2.r4)

(2.15)

where Ca, called the discharge coefficient, is expressed as follows :

(2.16)

Actually, we have Ca x C" since C, N 1 and .4s is by far less than 41. For sharp-edged

annular orifices, Viersma [86] gives Ca : 0.611. Finally, analysis of the divergent part

(between A2 and A3), revealed that there is no energy conversion from kinetic to pressure

energ"y, and consequently Ps x P2.

Laminar orifice flow

Ftc.2.I2 - Laminar flow through a sharpedged orifice

Figure 2.12 shows an orifice in the laminar flow regime. The pressure drop across

the orifice is mainly due to the internal shear forces resulting from fluid viscosity. The

Reynolds number for an orifice at laminar flow is defined by

Re: P(QlAo)Dn (2.r7)
p

where (Q leù represents the jet velocity at the orifice opening. For low Reynold's numbers

the equation (2.15) is not valid. However, attempts to extend it to the laminar flow case

ended by finding the following relation

V@,- 
eS

C,C"

Ca - 6\Æ (2.18)
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forRe < 10. In (2.18) d is called the laminar flow coefficient, and is calculated as ô:0.2
for a sharp-edged round orifice. Substituting (2.17) and (2.18) into (2.15) yields
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We note here that the flow rate for a laminar flow across an orifice is directly propor-
tional to the pressure drop across it.

2.3.5 Relation between the laminar and turbulent phases

Both extreme cases are given by (2.19) (Re + 0) and (2.15) (Re -+ oo), in both
cases we cân use the flow rate expression ofthe turbulent phase unless we use the proper

expression of Ca:

,:'!+b@,- Pù

( -
,1 | 6t/Re laminar Phase
u d :  1

[4- 
:0.611 turbulent phase

Cd* :6 \@t  e  1 lRe1:C4:
ô

Re1:rry)'
\ 0  /

By using the aforementioned transient Reynolds number, \Me can distinguish the
flow by Re 1Re1 and the turbulent flow by Re ) Reç

(2.1e)

(2.2r)

laminar

(2.20)

Hence we define the transient Reynolds number Re1 as the intersection between both

asymptotes Ca(Re) in order to guarantee the continuity.

2.4 Model of one port inside a spool valve

In this section we define the flow rate expressions describing the hydraulic flow through
the valve orifices. It is useful to classify the valve as having either ideal or practical geo-
metry. Ideal geometry implies that the orifice edges are perfectly square with no rounding
and that there is no radial clearances between the spool and sleeve, which in turn implies
that there is no leakage flow. Although these geometrical perfection are not possible in
practice, the va^st majority of applications, where spool valve models are used, neglect the
leakage flow [62] I74l1701. Therefore, the flow through an underlapped port (open port)
is given by equation (2.15)

e:caAo^lT*rl
up
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whereas it is considered to be zero for an overlapped port (closed port). Although the ideal

model may be satisfactory in some applications, the evident presence of leakage in the

real case indicates that at small servovalve spool displacement, leakage flow is significant

and cannot be ignored. In several control application such as precise piston positioning or

fine force applications; where the servovalve operates within the null region, neglecting

leakage flow may severely degrade the performance of the control scheme. In the next

sections, we develop an improved spool valve model in which we include expression of the

leakage flow. This is an original contribution of this work [20]. We try herein to establish

a model that can describe as best the behaviour of a spool valve and can reproduce all

the characteristic curves shown in section 2 including its leakage flow. Meanwhile keeping

it simple to be handled mathematically for the control design purposes.

2.4.L Overlapped port

Frc. 2.13 - A spool valve at an overlapped position

Figure 2.13 depicts a spool valve port in an overlapped position. We consider that the

fluid admits a pressure drop AP1 corresponding to a laminar flow through a sharp-edged

orifice at the entrance of the overlap region. Then a pressure drop of AP2 owed to a

laminar flow through a conduit that is created by the overlap between the spool and the

sleeve. Hence the volume flow rate Q across the orifice is given by see [52] :

Q:aAPr with o:f frO

corresponding to the pressure drop at the entrance of the orifice, and

with or:ff , Oe:ffne"

(2.22)

(2.23)
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resulting from the pressure drop in the conduit. Using the foregoing relations in addition

to an overall pressure drop AP - APl + LPz we get the following volume flow rate

expression for an overlapped port :

4T

A : o,APr

A :  a (A 'P- lPz)

A: a(aP-Lql
d,2

Q$+9r1 :  aA,P- 
Q2

A: Lnr
L -r d;L

Q"(L,AP) - f i*o" withB:i: i: (2.24)

Interpretation of equation (2.24) shows that the leakage is larger for larger values of c

(clearance dimension) and gets smaller for small values of c, and this matches the real

case.

2.4.2 Underlapped port

Ftc.2.L4 - A spool valve at an underlapped position

Figure 2.14 depicts a spool valve port in an underlapped position. As soon as the under-

lap is sufficiently large and the pressure drop is relatively important the flow is considered

to be turbulent. Thus, from the previous section, the volume flow rate expression takes

the following form :

Q@'AP): A(L)Ca*rtp
where,4(.L) represents the orifice cross-sectional area. In order to guarantee the continuity

of the flow rate expression at, L : 0, the limit 
|rnQ @) : aAP should be satisfied. To



42 Chapitre 2. Including leakage in the servovalve static model

insure this identity we should add the term ;foAP to the previous expression and

impose ,4(0) : 0. The added term decreases rapidly for an increasing .D and guarantees

the continuity of the flow rate expression and the transition between the laminar and

the turbulent phases. Eventually, the expression that governs the flow rate through an

underlapped land-port is found to satisfy the following equation :

Q,(L,AP) : 
1ftte + A(L)cd* with A(0) - 0 (2.25)

2.4.3 Transition from overlapped to underlapped ports

The laminar phase characterizing condition Re 1 Rel is equivalent to :

LP < LPb*(L)

in which the transient pressure drop Ahm(L) is given by equating (2.15) and (2.19), the

flow rate expressions for the turbulent and laminar cases.

l r -  262DhAs^^
CaAotl--LP6*(L) : - anim(L)

up l .L

(2.26)

When neglecting minor losses caused by bends and sharp-edged entrânces, in addition to

assuming c K. r the hydraulic diameter is given by

n /r \  4A(L) 4x2rrr ,W
uh\L ) :  

r :  2n r *2nr :21 f f i

for underlap position and becomes

Strrc
Dn:

2nr l 2rr
: 2 C

for the overlap position. Thus the expression of the transient pressure drop satisfy both

underlap and overlap positions if .L is brought to null (, - 0) in the expression of D{L)

for the overlap position.

Lhi*(L) 
( ca* P F\' 1- 
\  ô, îVr) L,+c,

Three curves corresponding to AP;^(L) for three different values of c are depicted in

Figure 2.15. The parameters values used to obtain these curves are the commonly used

values, and they are stated in the following table.

?np
p
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Undodapping longû L (tn)

Flc. 2.15 - Laminar-turbulence transition curves

Parameter Value unit

Ca* 0.611

ô 0.1

l.t 50 10-6 m2ls
p 875 Kgl*t

Admitting possible variations in the fluid parameters as well as flow parameters in addition
to possible changes in the simplifying hypotheses related to the geometry of orifice, \rye can
only get a rough idea from the above curves. Nevertheless, they justify the assumption
of laminar flow while the port is in the overlap position and show that the flow quickly

turns into turbulent as the port starts to be underlapped.

2.5 Model of a symmetric critically-lapped spool valve

A spool valve is said to be matched and symmetrical if (referring to Figure 2.1) the
following two conditions are satisfied :

- the orifice Rs1 corr€sponding to an input value i is identical to the oritce .R1, for an
opposite input -i.

- the orifice .R2" is identical to the orifice Rr1 and the orifice Rr2 is identical to the
orifice .R1" for any input value i.
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Now, we find the relation between the input current and the spool displacement. Let's

express the spool dynamics using Newton's second law, i.e.

rn"il, : -b&, - 2lerrr l Ky"ù , (2.27)

where rn" is the valve spool mass, r, is the spool displacement relative to central (closed)

position, b, is the spool viscous damping coefficient, /c, is the spring constant, Ky" is the

coil force coefficient, and i is the coil current. We can neglect the term mri, rn equation

(2.27) by considering that the spool inertial force is much smaller than the force applied

by the internal springs of the valve. Accordingly, we may write

ù,: -+r"+Krtui , .
0s os

Thus if we consider the static case where the spool is at rest we have

â,:o *r,- rfu^o:oou.

(2.28)

Equations (2.24) and (2.25) show that the flow is proportional to the size of the

passage, namely .L which is a positive quantitg thus we have L = K6li) and,this yields

Q.U,AP) = 
ffiAf; , 1- LKa, (2.2s)

and if we consider L ) c. then

A(L) C o* \f-?p : 2tr r C a* rl'u t

A(L)ca*1f-? : znrco*1f7 x014
up up

(2.30)

A(L)Cd* -  k l i l

eventually obtaining

Q'U,AP): klihÆ+ + LP ,L + T lx l

k will be denoted as the servovalve sizing factor. We are now ready to give the mathema-

tical model of a symmetrical matched critically lapped spool valve.

Figure 2.16 shows a symmetric critically-lapped spool valve corresponding to different

input values. With regard to the flow rates expressed in (2.29) and (2.30) and the sym-

metry assumption the flow rates Q{i, P) and Q2(i, P2) can be expressed as follows :

Qt:  Qt  -  Qv and Qz:  Qrz -  Qz,
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CorrfrgMionlù I =0

CoilittùNît i<0

FIc. 2.16 - Critically lapped spool valve in different positions

Q{i, Pù : (2.31)

ez(i,pz) - {-nrrn-+ tr(P, - Pz) - ffier - P,) irz > 0 (2.r2)
l-mr1p+ fr(P,- Pz) - th@r- P,) if i < o

For the sake of simplicity we considered P1, Pz e lP, , Pr]. Itt other respects, we only need

to replace ,Æ bv lfflsign(r).

2.5.1 Internal leakage and pressure sensitivity model

The pressure sensitivity and the internal leakage flow are the most relevant characte-

rizing features for a servovalve. Whence, obtaining expressions of these characteristics is

very crucial in evaluating the mathematical model.

In fact, manufacturers carry out some necessary production tests to insure reasonable

conformance to design specifications of the servovalve. Among these tests, we state the

pressure sensitivity and internal leakage tests, results of which are provided with the

servovalve. The flow curve is another data also provided by the constructor. Therefore,

a comparison can be made between these experimental curves and the curves obtained

through the model.

ki\F4+ ffi(P, - P) - ffi(P, - P,) if i > o
ki\FE+ &(P,- Pù - &(PL- P,) i f  i  < 0

Tr_____J-l-
I  t l
t a  i LII

Cdûttutût>e
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4

Q1= -Qr= Q

n

Q t = o -

Ftc. 2.17 - Setups for characteristics tests.

By using the setup leading to obtain the flow curve, we can write see Figure 2.L7-a

P1:  P2  -  P  and  Qt :  -Qz :  Q .

Substituting these in (2.31) and (2.32) results in

P*
P, *P ,

(2.33)

The pressure sensitivity test measures the change in the load pressure drop (Pr : Pr- Pz),

with zero control flow (control ports blocked), as the spool is stroked around the null region

[77]. The internal leakage flow test uses the same setup (see Figure 2.17-b) to measure

the total supply flow ( which is actually a leakage flow since the load flow is zero) as the

spool travels a full stroke length [771.

In both tests we have zero load flow that is

Qt  :  Qz :0  , (2.34)

since the servovalve is assumed to be matched and symmetrical and in addition we know

that an outgoing flow is equal to the incoming flow, then \Me can write (see Figure 2.16)

Qt :  Q t

Qrz:  Qz,

substituting (2.34), (2.35) and (2.36) in (2.31) and (2.32) we obtain

(2.35)

(2.36)

i r  i  > o. [m,æ.+ ff i(P,- Pù - f f i(h- P,),
' 

lnrrp + ffi(Pz - P,) - Lna(P, - Pz) .
(2.37)
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ir i < o . [-nan=e+ fi@t- P,) : &,(p, - P,),
' 

l-n,irtp+ 
Lr_lie, - Pz) : Lr-u(Pz - P,) .

Now, since the total supply flow is actually the internal leakage flow, then

Qt Q) : Q'U)

but we also have

Q"Q) : Qt * Q,z ,

therefore if we consider the simplest expressions of the leakage given by the right hand

sides of (2.37) and (2.38) we have

Qdt) :  [o-, 
* Q-,2, t1u = o

lQlr*Qz, , if i  < 0

( .+=tP,-  P,+(Pr -  Pr)) ,  i f i  > o
Q r.0) - { 

t+d t-

[tr(P" 
- P, -(P' - Pr)), if i  < 0

Equivalently the internal leakage flow is given in terms of the input current as follows :

(2.38)

QtU):;!ff i(e - P, +sign(;)(P,(i) - &(i))) , (2.3e)

where the expressions of P1(i) and P2(i) are the positive solutions of (2.37) and (2.38).

We can easily check that

^r.  ,  [8,** , -" ' (n)*r /@ aQ)Ury i f i>o
P,(i,t): 

tæ | -ur*u,-"rn 
T^*,rr"-r, a')u- # if i < ; 

Q'40)

Pz(i't): 
t+ +-"'(ù+'Ffu "'oit 

--*" ;;;.; 
(2'41)

Equations (2.33), (2.39), (2.40) and (2.4L) will be used to find the model parameters as

we will see in the next section.

2.5.2 Determination of model parameters

Among the data provided by the manufacturer we cite, for our need, the rated current,

the rated flow, the internal null leakage and the pressure sensitivity curve at a given

pressure. Substituting these rated values in equation (2.33) we get

, Q N
K : -

i"{ry
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To find the parameter a we use the internal null leakage value Qil0).Should we

substitute i : 0 in (2.37) and (2.38) we get

P , *P , P,+ P,P' (o) : and Pz(0) :

thus, (2.39) becomes Qz@) - q(P,- P,), hence,

Qr.(o)a :  p " -  p r '

Finally, to determine 7 rve use the pressure gain and the current value i6 corrêsponding

to 40%(P, - P,) and we solve for 7 the equation

Pt(io,l) - Pz(io,^t) :0.4(P' - P,) . (2.42)

The solution of the above equation can be obtained graphically or using numerical tech-

niques.

2.5.3 Model evaluation

The servovalve mathematical model suggested in this work, deso'ribe&by equations

(2.31) and (2.32) has been validated using a Moog 760-723A type eervovalvc with 40.Jpm

no-load rated flow and 25 mA rated current at 70 bar valve pressure drop. The model

parameters are calculated using the foregoing analysis and servovalve data measured at

P, : 137.9 bar. The obtained parameter values are :

parameter value unit

k 1.46 x 10-5 *3r-L1-Lpo-L/2

a 4.605 x 10-13 m3s-LPa
^f 10615 A-r

These parameters where used to simulate and appraise the leakage flow and the pres-

sure sensitivity of the servovalve for different supply pressures. The obtained parameters

were inserted in equation (2.39) and we plotted the estimated leakage curve together with

the experimental resultsr in Figure 2.18. Equations (2.40) and (2.4L) were used simulta-

neously to plot an estimation of the pressure sensitivity curve. This is delineated in Figure

2.19 together with the experimental results.

When comparing the estimated curves and the experimental results, we can notice

that our model reflects the leakage flow better than any other model in literature. We

lThe author wants to thank PhD student Bora Eryilmaz (Northeastern University, Boston) for pro-

viding the experimental data.[l9]



2.5. Model of a symmetfic critically-lapped spool valve 49

:  P =69.96.1
: s :

: l- €sti]mted
:  I  v  i l t sôuruu l

-15

0.1

0.r

o.4

o.2

-10
q

ç
5
â
o-
o
E r
E
o
-9

-15

P =206.8bt
: j u

-'t0 1 5- c u 5

Servovalve input cunent (rnA)

FIc. 2.18 - Measured and estimated internal leakage flow (Q;)

-0.5 0 0.5
Servo\ralve input oJ.rent (mA)

'r00

50
c(0
lt

Jo

-1 .5

P, = 68'9'bar

-0.5 0 0.5 1 1.5 2
Senronlve Input cur€nt (mA)

FIc. 2.19 - Measured and estimated pressure sensitivity



50 Chapitre 2. Including leakage in the servovalve static model

can notice that the leakage flow is perfectly estimated within the null region, however,

slightly underestimated for high input current. In fact for high input current the flows

through the control ports are very important that the leakage flow can be neglected. The

leakage flow is more important in the null region wherein it is almost exactly estimated.

Nevertheless, we can report some degradation for low supply pressure. We can also notice

that using the value of 7 in equation (2.24) shows that the clearance size is in the order

of several p,m, which is quite reasonable. Similarly, Figure 2.19 shows that the pressure

sensitivity is also very well estimated, therefore confirming the accuracy of the servovalve

model presented in this work.

Although this model was derived for a critical center type of servovalve, \rye can always

extend it to the closed center as well as open center types of symmetrical and matched

servovalve. The mathematical model of such servovalves is given in the next sections.

However, we do not give experimental validation for these cases.

2.6 Model of a symmetric underlapped spool valve

In Figure 2.20 we show an underlapped spool valve'€orresponding to different input

values. The flow rates expressions of Q{i,P1) and Qz(i, P2) arc very much similar to those

found in (2.31) and (2.32) except from some slight difference due to the gap length .L,,,,

which is proportional to an input current that we will express as i,,,, and hence the flow

rates will be expressed as follows

o k(i+i*)\m+ffi(P,-Pl)
? ' .@-P,)

t + 1Q - iun)'- '

Q{i, P,) :

o - k(-i + i"")\Æ=E -

+  'a '  r . (P r -Pr )' 
| + l?i - i,,*) '

i f i > i un

if i < -i""

(2.43)

L+7( i * iun )
(Pt - P,)
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CottfrSltdôawlol=O

Cqfrgntbûfû t < 0

if. i >_ iun

Ftc.2.20 - Underlapped spool valve in different positions

Q2(i, P2) :
if lil < iun Q'44)

o k(-i,+i,*)\,æ+ 
ffi(P,- 

Pr)
-=---:--(Pz- P,) if i < -,iun

I + l?i - i,,,) '

2.7 Model of a symmetric overlapped spool valve

In Figure 2.2L an underlapped spool valve corresponding to different input values is

shown. The flow rates expressions of. Q{i,P1) and Qz(i, Pz) are very much similar to

those found in (2.43) and (2.44). The valve ports are initially overlapped and according

to the value of the input control, the flow can be decided to satisfy (2.24) or (2.25). It is

indeed clear that an input current of f- corresponding to the overlap distance .L- should

be applied before a significant flow can pass.
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Conlgarûtultt-0

cotûttunIt t>0

Ftc. 2.2L - Overlapped spool valve in different positions

o k(i, - i",)\,[F, -E + -+(P, - Pt)- a  '  
1+7Q, - i * )

Ï  , , (P , -P, \
L  + 7Q * , io , ) ' -  '

a (p. -^P1) -
L * lU,* -  i ) ' '  '

o - k(-i - i",)1ffi -

+r  , 0 ,  r , (P r -PL )' L+1 ( i , * i o , ) ' -

o - k(i, - i^,)væ -

i f i > i *

(P, - P,) if lil < i- (2.45)

(4 - P,)

if ? < -?'04)

(P, - P,)

i f i> i *

(2.46)

I+1Q*+i )

a

I +1Ç i - i ou )

L+1( i - i * )
+ffi(P'-Pz)

Qz(i,Pz): { '  f f i(n-Pz)-#4@,-P,) 
i f  l i l<i*

-?'oa
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2.8 Model of a spool valve controlled piston

Ftc. 2.22 - Valve-piston combination

Nomenclature
V1 : volume of forward chamber ( includes valve,

connecting hose and piston volume ), m3.

V2 : volume of return chamber ( includes valve,

connecting hose and piston volume ), rn3.

Vn : initial volume of forward chamber, rn3.

Vzo : initial volume of return chamber, rn3.

Sr , Sz : piston surface areas of each side, nz2

rp : piston position relative to the middle of the stroke, rn

Ie : full stroke length of the piston, rn

a : velocity of piston, rrz/s

Irt's : mass of the Piston, /cA

rn : mass of the load, ftg

le1 : load spring gradient, Nlm

b - viscous damping coefficient, Ns/m

Linear hydraulic actuation devices are usually referred to as pistons. These actuation de-

vices may be controlled by pumps or valves giving two basic systems : pump controlled
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and valve controlled. In this purview, we will deal with the valve controlled pistons com-

bined with a valve. Our main concern will be to determine the state equations describing

the dynamic performance of the overall system, knowledge of which is absolutely essential

in the rational design of hydraulic control systems.

The hydraulic system shown in Figure 2.22 consists of a four-way spool valve, supplying

a double effect linear cylinder with a double-rodded piston. This piston applies a force on

an object modeled by a mass, a spring and a sliding viscous friction. The establishment

of a model for this type of systems is based on the pressure evolution inside the chambers

of the cylinder, the orifice flow relations and the laws of motion for rigid bodies.

The continuity equation (2.3) can be written

ry:e#*'#
Moreover, if we assume constant temperature the mass density at a given pressure can be

expressed as
.  Po^

P :Po*E t

where ps and B are respectively the mass density and the'bulk*moduluset*aero pressuJe.

Now knowing that the mass flow rate can be exproæed in terms of the:ryolume.flow.rate

as follows :

M :  pQ

we can combine the preceding equations to yield

lQn"- tQout:
dV VdP
E-EE

The last equation is highly useful, the first term on the right side is the flow resulting

from the expansion of the control volume and the second term describes the flow resulting

from pressure changes.

2.8.L Asymmetric piston

A servovalve-piston combination is shown schematically in Figure 2.22.The servovalve

orifices are assumed matched and symmetrical so that the valve flows are described by

(2.31) and (2.32). Applying equation (2.48) to each of the piston chambers yields

,\ dVt , Vr dPL
Vt _ 

E-EE
,\ dVz , Vzd,Pz
Vz :  E*EE

\Mn- tMo," t : (2.47)

(2.48)

(2.4e)

(2.50)
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We note that the volume of the piston chambers may be written as

V1 : Vrc*Spp

Vz :  V2s-S2rp

(2.51)

(2.52)

(2.53)

Q.laa)

(2.54b)

(2.1ac)

(2.54d)

(2.55)

though the initial chamber volumes are not necessarily equal, it will be assumed that the
piston is centered such that these volumes are equal, that is

Vro :Vzo:Vo

the interest of this assumption is solely to reduce the number of parameters and simplify

the analysis of the overall system.

The final equation arises by applying Newton's second law to the forces acting on the
piston. The resulting force equation is

where zoo is the initial spring expansion.

All the previous equations may be gathered to obtain a set of ordinary nonlinear

differential equations that represent the state equations describing the dynamics of the

hydraulic systems shown in figure (2.22).

(m + ms)# : s,,P, - szPz - bu - le1(xo - xro)

ftrtQJi,P')- 's'u) ,

&tQz(i,Pz) 
* s2u) ,

h(t,o 
- szPz - bu - kt(rp -'rr)) ,

u

-ki !æ+tr(P' -Pz)-ff i ,(Pr-P,) i f  i>o
-kitlp, - pr+ ;;(e - pz) - h@r- p,) if i < 0

dPr
:

dt
dPz
dt
du
dt

dro :
dt

with

if i > 0

if i < 0

Qz(i, Pz) : (2.56)
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2.8.2 Symmetric piston

The foregoing model can be used for an asymmetric model (i.e. ̂ 91 7 Sz) as well as for

a symmetric piston (i.e. 51 - 52 : ^9). For the latter case, however, further simplifications

can be brought. Consider equation (2.53) and let trt4=- m * ms then we have

*r#: ^9(Pr - Pù - bu - k1(ro - n'po)

P"E Pt - Pz

aqQt -Qz
VL :  2

(2.57)

(2.58)

(2.5e)

(2.60)

(2.61)

then using equations (2.49), (2.50), (2.51) and (2.52) yields

n__odno -Vo  
t  Çæ ;

ou - -  dt,  2B ;er- Pz) +ff i  f i { rra Pz)

Assuming again a matched and symmetrical valve then for a given input control i(t) we

always have equal volume flow passing through (geometrically) identical ports; that is (

referring to Figure 2.L6)

Q*:  -Qx. ,  QrL = *Qw

Taking the ca"se of. i > 0 for instaneÆ we obtaip'the',Sollowing,equalities

kivT 4 + &e, 
- Pt) - 1çiyffi + ffi@, 

- P,)

ffit,-P,):#e,-Pz)
if we refer to the simplest of the two above equations and thinking that Lr*r; > 0 we get

Pt *  Pz :  P r *  P ,

^  d .VodPz
I - l t  : . \ ? t  a l -  -  -a'L 

2B dt

and (2.59) together with (2.57) leads to

Pr : 
P'* P: * Pt' 

: P2:
2

Next, we can define Vtg 2Vs, where I denotes the total volume of the cylinder to get

Qt,:tr*h#

whence

Pr *P r -P t

(2.62)
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Moreover, we can use equations (2.31) and (2.32) to express Qr, as follows

( .  /  _ \

l+1,æ,+'Æ=41 - ff iP, ir i > o
Qn:(  )  I  (2 .0r)

If(.Æ-+\FE) 
-ff ir, ir i<o

in which we will substitute the values of P1 and P2 found in (2.61) to obtain

Qr:  k i '

and therefore, the overall system model can be written

ffi,, (2.64)

dPr
dt
du
dt

dr,
dt

(tr" - bu -

4B
t /v t

I

fTù1

(ru
P, -P , - s ign (z )P1 , t t \

s r14Pn 
- t') , (2'65a)

(2.65b)

(2.65c)

2

kt(r, -*r)) ,

2.9 Summary

In this chapter we have attempted to establish a model of a steady state spool valve. In
the outset we have introduced the spool valve then described it and presented its different
characterizing features.

The flow fundamentals of liquid have been given next in order to comprehend the
motion of fluid inside the valve. As a general rule, only those equations that describe
intentionally inserted hydraulic resistances are used in a dynamic analysis. Therefore the
formulas most often used are those describing the flow through orifices.

In the introduction of section 4 we mentioned that the model usually used for a valve

neglect leakages, thus does not reflect the behaviour of a practical valve, but that of an
ideal one. In sections 4 and 5 we have developed a spool valve model that considers the
leakage and reflects better the behaviour of a real valve. Actually a more detailed model

exists in literature [17] but it is so complex that makes the control analysis a tough burden.

Our spool valve model was then used to derive a model for a valve piston combination,
a mechanical setup that is widely used in practice. This combination together with its

model will constitute the main svstem for our control and observabilitv analvsis in the
coming chapters.

P, -P , - s ign ( i )P1 ,
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Chapitre 3

Nonlinear stabilization via state

feedback

Stability theory plays an important role in systems theory. Stability is addressed from

several points of view depending on the problem in question. In this chapter rile are

concerned with stability of equilibrium points and its application to output tracking. In

general, stability of the equilibrium points is characterized in the sense of Lyapunov. In

this theory, an equilibrium point is stable if all solutions starting at nearby points stay

nearby; otherwise it is unstable. Furthermore, it is asymptotically stable if all solutions

starting at nearby points tend to the equilibrium point as time elapses. An extension of

this theory has been developed in LaSalle's invariance principle. Definitions and theorems

describing this theory will be stated in the next section.

3.1 Stability of nonlinear dynamic systems

Throughout this section we will consider the following non-autonomous system

i : ( t ) - f ( t , r ( t ) ) ,  t )0 (3.1)

where x(t) e IK and "f , IR* xlM -+ IR" is continuous. It is assumed that (3.1) has a unique

solution corresponding to each initial condition. We will further assume that the origin

constitutes the unique equilibrium point and that /(t,0) : 0, Vt ) ts. In what follows,

r(t,ts,rs) denotes the solution of (3.1) corresponding to the initial condition r(ts) - s,

evaluated at time t.

Lyapunov theory of stability investigates the behaviour of the solution n(t,ts,rs) when

xo * 0 but situated in its neighborhood. The following definitions and theorems is a brief

59
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summary of Lyapunov theory, for detailed study the reader is referred to the books of

Hahn [34] and Vidyasagar [85].

Definition 3.1 The origin of (3.1) i,s stable (i,n the sense of Lyapunou) it, for each e > 0

and each fs € IR+ there exists d: ô(e,ts) such that

l l "o l l  <  6(e, ts)+ l l r ( t , to ,no) l l  < . ,  Vt ) to

The origi,n is unstable if it i,s not stable.

(3.2)

!

Definition 3.2 The origin of (3.1) is attractiue if for eachts e R+ there is an ry(ts) > 0

such that

l l "ol l  < q(to) + r(t , ts,"o) + 0 ast -> oo (3.3)

n

If in definitions 3.1, 3.2 we can find constants ô(e) and 4 independent off ts then the origin

rs said to be uniformly stable respectively uniformly attractive.

Definition 3.3 The origi,n of (3.1) i,s (uni,formly) asymptotically stable i,t i,t is (unitormly)

stable and (uniformly) attractiae. !

Asymptotic stability guaranties that trajecû'oriæ initiated,close'to, the',origl*r. eventually

tends to it in the future. Another stronger not'ion of stability that defines the speed of

convergence is the following

Definition 3.4 The origin of system (3.1) is exponentially stable if there erist constants

r ,a ,  ô>0  such tha t

l lr(t,ts,ro)ll S o"-b(t-to) , Yt2ts Vxs € B, (3.4)

where B, is a ball of radi,us r centered at the origin. !

All the forgoing properties were defined locally in a neighborhood of the origin. However,

if these properties still pertain for all initial state, that is B" is extended to IK, we can

state the following definitions

Definition 3.5 The origin of (3.1) is globally uni,formly asymptotically stable (GUAS) il

(ù it is un'itormly stable

( i i , ) fo reachM>0arb i t ra r i l y la rgeand,e>0arb i t ra r i l ysmal l , thereex is tsa f in i te

T:T(M,e) < oo such that

(3.5)

tr
l l "o l l  <  M+l l r ( t , ts , "o) l l  < . ,  Yt>T(M,e)
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Definition 3.6 The origin ol @.1) i,s globally erponentially stable (GES) if there enist

constants a. b > 0 such that

lln(t,ts,"o)ll < o"-b(t-to) , Vt ) ts Vrs e lK (3.6)

!

The problem with the above properties in stability analysis is that they require an explicit

knowledge of the solution x(t,ts,rs) of (3.1). Unfortunately, in general finding an explicit

expression for a solution of a nonlinear differential equation represents a challenge itself.

For these reasons Lyapunov direct methods are considered to be valuable. Definitions of

the so-called functions of class K and class L are necessary prior to stating theorems of

Lyapunov's direct method.

Definition 3.7 A function d ' lR+ + lR+ is said to belong to class rc @ e rc) ff i,t is

continuous, stri,ctly increasi,ng, and d(0) :0. !

Definition 3.8 ,,4 function o : lR+ -+ lR+ i,s said to belong to class L (o e t') if it is

continuous, stri,ctly decreasing, o(0) ( oo, and o(r) -r 0 os r -) oo . !

Let us now recast the various stability definitions in terms of class K and class .C functions

Definition 3.9 The origi,n of (3.1) is stable if and only i,f for eachts e R+ there enist a

number d(to) > 0 and a function ôto e. K such that

l l r ( t , ts,ro) l l  S d,.( l l rol l ) ,  Vro e Ba$o) (3.7)

!

€ IR.+ tâereDefinition 3.lO The ori,gin of (3.1) is attractiue if and onlg if for each ts

esist a number r(tg) > 0 and a function 06 e L such that

l ln(t,ts,ro)ll < oh(t-ts) , Vt ) ts Vrs € Br&o) (3.8)

!

Again the uniform stability (attractivity) can be deduced if we can find a positive constant

d > 0 (" > 0) and a function ô e K (o e E) independent off the initial time ts such that

the inequalities (3.7) respectively (3.8) hold.

Using the preceding stability definitions and the definition of class K functions, the

following theorems can be proved (see [85]). We will denote by Lyapunov function candi-

date or shortly Lyapunov function any continuously differentiable function (CL function)
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V(t,x) satisfying for all t € lR+

Yx#0

Theorem 3.1 The origi,n of system (3.1) is (globally) stable i,f there erist a Lgapunou

function V(t,n) and functions a € K such thatYr € B,,r ) 0 N* eW ) we haue

(t) a(llrll) < v(t,r)
ftù v(t,*): wf (t,r(t)) + ff so !

Theorem 3.2 The origin of system (3.1) is (globaUy) uniformly asymptotically stable

if there erist a Lgapunou function V(t,x) and functions a4 € K (i : L,2,3) such that

YxeB, , r )0N*eW)wehaue
(i) or(l l" l l) <v(t,r) S az(llr l l)
( iù v(t,r) J -43(llr l l) !

Theorem 3.3 The origin of system (3.1) is (globaUy) erponenti,ally stable if there erists

a Lyapunou funct' ionV(t,r) and positiue constants o,a ) 0 (i: L,2,3) arulp ) 0 such

thatVx € B, ,r ) 0 N* eW ) we have
(i) o'.ll"llo S V(t,r) < arllxlla

0ù V(t,r) < -a3llcl le

Conversely we have

Theorem 3.4 Suppose that /(t, 0) : 0 and that f ls Ck (k 2 L) and Lipschitz with respect

to r uni,formly in t. Suppose turther that the ori,gin of (3.1) i,s unitormly asymptotically

stable i,n the neighborhood, of the origin (8,). [Inder these conditions there erist a Ck

Lyapunou function V (t, r) and functi,onts ot; e rc ft : 1,2,3) such that Vn € B,

(t) a{l lnl l) Sv(t,o) I or(l lcl l)
( i i)  v(t,c) I -o3(l lcl l)
ftiil snollavjt,'t ll . - !,""", ;;i,ll a, ll - --

Theorem 3.5 Suppose that f (t,0) : 0 and that f is Ck (k > L) and Lipschitz with

respect to r uniformly i,nt. Suppose further that the origi,n of (3.1) is exponentially stable

in the neighborhood of the origin (8,). tlnder these conditions there erist aCk Lyapunou

function V(t,r) and constants a; > 0 (i :1,2,3) such that the following hold'Yx e B,

I '$,0) : o

Iu(r,') > o

(i) arll"ll' S V(t,r) < arllrllt
ftil V(t,r) < -asllxll2

ftiil l lryll <,'il 'tl !
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As an extension to these theorems and especially Theorem 3.1 LaSalle has developed
further results

Theorem 3.6 Let Q be a compact (closed and bounded,) set wi,th the property that euery

soluti,on of (3.1) whi,ch starts in{l remains for aII future time inQ. LetV :Q + IR ôe o

CL func t i ,onsuch tha t ' i r@)10 i ,nQ.  Le tE  be these to f  a l l po in ts in ( lwhereVçr1  :9 .

Let M be the largest inuariant set i,n E. Then euery soluti,on starting in (l approaches M

as t -+æ.

Corallary 3.7 Consider system (3.1) with i,ts origin 0,s o,n equi,li,brium po'int. Let V be

a CL functi,on d,efi,ned, on a nei,ghborhood of the origi,n y g K such that Vçr\ < O t"

t /  ç K. Let S:{r€ U g Rl i r@):0},  and,supposethatno solut ion canstay foreuer
i,n S, other than the triuial solution. Then the origin i,s asymptoti,cally stable. It i,s globally

asymptoti,cally stable if U : lK and i,n addition V is radially unbounded.

The above corollary shows formally that if in a domain about the origin we can find

a Lyapunov function whose derivative along the trajectories of the system is negative

semidefinite, and if we can establish that no system trajectory can stay forever at points

where V1r1 :0 except at the origin, then the origin is asymptotically stable.

3.2 Stabilization via state feedback

The problem of controlling a dynamical system has been addressed from two directions,

namely the open loop and the closed loop control. Applications have shown that closed

loop control is more accurate whenever stabilization is reached.

In closed loop technique, the control law is designed using the state variables. Thus

\4/e can describe the feedback stabilization problem for a nonlinear dynamic system
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!

i  -  f  (n,u)

to be the problem of designing a feedback control law

u:  f ( r )

(3.e)

(3.10)

(3.11)

such that the origin x : 0 is an a^symptotically stable equilibrium point of the closed-loop

system
ù:  f  (x , f ( r ) )

In a typical control problem, additional constraint other than asymptotic stability might

be required. Therefrom several stabilizing techniques replying to different requirements



64 Chapitre 3. Nonlinear stabilization via state feedback

has been designed. To name a few, we state the tangential linearization of the nonlinear

dynamical system around the origin, therefore one can use the linear theory results to

design a stabilizing controller. An other approach to the synthesis of a feedback control law

is the so-called exact linearization. It consists in finding a nonlinear diffeomorphism that

transforms the nonlinear system into a linear one see [38] [9]. Away from the linearization

techniques, a third method consists in designing a stabilizing control law directly from

the nonlinear model without any kind of linearization. The method concerns nonlinear

systems, non-affine in the control, with dissipative drift see Jurdjevic and Quinn [39],
Gauthier and Bonard [29], Byrnes et. al. Outbib and Sallet [58], Wei Lin [a3l [ a] and

Outbib and Richard [57]. The common feature in all the previous approaches is that the

nonlinear system is supposed to be perfectly known. However in general, mathematical

models which describe real systems contain uncertain elements due to modelling error

and parameter variation to name a few. Sometimes these uncertainties yield to degrading

the performance of the stabilizing scheme or even to instabilities in some other times.

Therefore, a new approach to design robust stabilizing controller is required. Sliding mode

approach is one that was adapted by many researchers see for instance Utkin [83], Slotine

[68f , Ramirez166l, Spurgeon [45].

3.2.L Linearization

The most direct way to design a stabilizing controller for the nonlinear dynamical

system, is to appeal to the neat results available from linear state feedback control theory.

Consider the system
i  -  f  ( r ,u) (3.12)

where /(0,0):0 and f @,u) is continuously differentiable in a domain I xZ c IK x IRp

that contains the origin (r : 0, z : 0). The aim is to design a state feedback control

u : l(x) to stabilize the system. Linearization of (3.12) about the origin results in the

linear system
ù:An*Bu

where

e : {r@,r)11,,,,1=10,0; n : ffi{*,u)11,,,;=10,0;
Assume the pair (A, B) is controllable, or at lea.st stabilizable. Design a matrix K to

assign the eigenvalues of A+ BK to desired locations in the open left-half complex plane.

Now apply the linear state feedback control u: Kr to the nonlinear system (3.12). The

closed-loop system is
i :  f ( x ,Kx)
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Clearly the origin is an equilibrium point of the closed-loop system. The linearization of
this system about the origin n :0 is given by

Since A+ BK is Hurwitz stable, it follows from Theorem 3.7 that the origin is an asymp

totically stable equilibrium point of the closed-loop system.

Theorem 3.7 Let r : 0 be an equi,librium point for the nonli,near system * : l@),
where f , U + lR'r is continuously differentiable and U is a nei,ghborhood of the origin.

Let
â f l

4 -  * (n) l
ofr' '  

lr=o

then,

@ fhe ori,gin is asymptoti,cally stable it all eigen ualues of A haue strictly negatiae

real parts.

(ii) The origi,n i,s unstable i,f at least one of the eigenualues of A has strictly posi,tiae

real part. !

Proof : See [41, page 130].

Clearly this approach is local; that is, it can only guarantee asymptotic stability of

the origin, but it cannot, in general prescribe a region of attraction nor can it achieve

global asymptotic stability.

3.2.2 Exact linearization

There ha.s been a great deal of excitement in recent years over the development of

a rather complete theory for explicitly linearizing the input-output map of nonlinear

dynamic systems using state feedback. The idea of cancelling the nonlinearities is an

attractive one, not only does it reduce the design problem to a linear one, but it also
produces a linear closed-loop system.

In presenting this approach we will consider the case of singl+input single-output

nonlinear dynamic systems described by the following equations on lP
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lTo,Kn) +ffia,*,)*1,:o*
(A + BK)x

l , '  
:

f @) + g(x)u

h(r)

(3.13a)

(3.13b)
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In what follows Lyh(r) denotes the Lie derivative of the function â(r) with respect to the

vector field /. High order Lie derivative can be defined recursively as

r ',n@) : h(n), t jn@) : Lr(Lj- 'n@)),tc > ! .

We first give the following definition and results. (The reader is referred to [3S] for more

details)

Definition 3.L1 System (3.13) i,s said to haue relati,ae degree r at a point xs if

(i) LrLlh(*) :0 for all t in a neighborhood of ts and all k < r - L

( i i)  LsLTrh(no)+o n

Definition 3.12 The system (3.13) is sai,d to haue strong relatiue degree r in an open

set U € K f it has relati,ue degree r at euery point rs e. U. !

Lemma 3.1 xl system (3.13) has relati,ue degreer, thenthe row uectors

dh(rs), d,Lyh(ns), . . ., dLiL n@o)

are linearly dndependent.

Proposition 3.1 Suppose the systarn (9. 13) haa shonE'trelatfua degr'æ r' in"iU ; and r 1 n.

Set
21  :  Ôr@) :  h ( " )

22 :  Ôr@) :  L f i (n )

: - i - :

zr : Ô,@) : L'lr h@) .

If the relatiue degree r is strictly less than n, 'it i,s always possible to fi,nd n - r rnore

functions ô,a(n),...,Ô"@) such that the mapping

/d'(")\
! /  \  |  |z:e\r) : l  :  I

\ô"@)/

has a jacobian matrix which is nonsingular at eaêr! rs € U and therefore quaffies

as a local coordinates transtormation in U. Moreouer, it is always possible to choose

ô ,+ { r ) , . . . ,ô "@)  in  such  aw l ,y  tha t  LnS; ( r ) :0  fo r  a l l  r *1 (  i1n  and  a l ln  €U.Z

In this section we will assume that (3.13) has strong relative degree r, hence using the

local coordinate transformation defined in Proposition 3.1, the stat+space description of

n
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system (3.13) will be as follows

2 , i :  z i + r t  l < i < r - l  ( 3 .14a )

2, : t",h(o-L(z)) + t'nt'7rn(o-L(z))u (3.14b)

2 j :  q ik ) ,  r *1(  j<n (3 .14c)

a : 21 (3.14d)

Although from proposition 3.1 these functions may be chosen such that they are inde-
pendent of the control u, in general this is a very hard task since finding such functions
amounts to solve a system of n - r nonlinear partial differential equations.

A more convenient description of the system represented by (3.1a) is as follows. Set

,=('l) T:(':,)
and recall that, in particular,

Moreover , let the matrices A € C € IN*' as follows

A_

h(r) 
\

L1h.(r) 

|

triora)
€ lKtl and

(

I
€: I

I
\

K"r ,  B

010
001

; ; ;

000

C_(L

IB:
00)

and let q(€,rù be equal to

q(€,rù - ffifl
a(€,Tt )

b(€,,1)

L|LTLh(a-'Q))

r,]h(o-L(z))

Define
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Eventually, the transformed system (3.14) can be written in the following form

(3.15a)

(3.15b)

(3.15c)

Now since a(€,rù is bounded away from zero, from the definition of the relative degree

of system (3.13), then its inverse is well defined and so is the control law derived using

(3.1a) by 
1 r

":#( 
-u(*,,t)+,). (s.10)

This feedback law yields a closed-loop system that is described by equations of the form

€ : A€ +r(u(g, rt) + a(E,rùu)

n : qK,rù

A:C€

{ _ A€+Bu

ù :  qÊ,n)

u:  C€.

(3.17a)

(3.17b)

(3.17c)

This system clearly appears decomposed into a linear subsystem, of dimension r, which

is the only one responsible for.the input-output behaviour, and a possibly nonlinear sub-

system, of dimensioîn- r, whose behavi,our doos not affect the,outpuô. It is also worth

noting that the linear part is a controllablc.,and observa,ble r dimensisnal s1ætem, and

that here, u is a new control to be designed to meet control specifications. One can choose

z so that the linear part described by (3.17a) is exponentially stable. However, this does

not always guarantee the stability of the subsystem described by (3.17b), see [731.

Let us consider the dynamics described by

ù:  q(o ,q) (3.18)

which are referred to as the zero dynamics corresponding to system (3.13) ( this termino-

logy is due to Byrnes and Isidori [8] )

Definition 3.13 The system descri,bed by (3.13) i,s said to be a (hyperbolically) minimum-

phase nonlinear system i,f its correspond,ing zero dynamics are (erponentially) asymptoti-

cally stable.

The aim in most applications is output tracking. That is, it is desired that the output

y(t) be equal to a prescribed signal ya(t).We observe that y(t) - aa(t) implies that

z i ( t ) : yy -DQ)  V t  and  L1 i1 r

where af-\ e) : (*)o-'ro(r).

!
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and define e(t) : €(t) - {a(t). Our aim is to choose a suitable feedback control law to

make the resulting dynamics of e(t) at least asymptotically stable. Choose

, :yf ) - ta-r(26-yl-D)
i= l
r

: vf) - t a;(Llrn@) - al-'))
i= l

: af) + K(€ - €d)
:af )+Ke

e -  (A+BK)e

, t  :  qk+€a,rù

(3.1e)

where K : (- co - c1 - c2...- 
"r-r).Imposing 

a feedback control law u defined by

(3.16) and (3.1e)

": #( 
- u(e, ,t)+a? + Ke) . (3.20)

yields to

(3.2la)

(3.21b)

with

A+ BK:

0 1  0  . . .  0
0  0  1  . . .  0

;;; i
-C0 -C1 -C2 -Cr-t

In particular, the matrix A+ BK has a characteristic polynomial

P(s) :  s"  + c"-1s'-1 + '  . .  *  c1r+ a .

Flom this form of the closed-loop system (3.21), we can deduce the following properties.

Proposition 3.2 Suppose that system (3.13) is minimum-phase, (a : 0, and that the po-

lynomial p(s) fs Hurutitz stable (i.e. all its roots haue negatiue real parts). Then the feedback
control law defined by (3.20) IocaIIg asymptotically stabilizes the equi,librium (€, ry) - (0, 0).



Chapitre 3. Nonlinear stabilization via state feedback

Proof : See [38, page 175].

Proposition 3.3 Suppose that system (3.13) i,s hyperbolically minimum-phase, and the

polynomial p(t) is Hurwitz stable. Then there erists a positiue constant c* and an open set

fl c O(U), suchthat r/ l l€all <c*, then, for all init ial conditionsin(1, asymptotic output

traclcing i,s achi,eued, wi,th the trajectories remai,ning in the set A(U) for all times. !

Proof : See [51.

3.2.3 Sliding mode control

This section investigates sliding mode control, also called variable structure control,

see Utkin [ae], Slotine [69]. In this approach the gain in each feedback path switches

between two values according to a rule that depends on the value of the state at each

instant. The purpose of the switching control law is to drive the nonlinear system state

trajectory onto a prescribed surface in the state space and to maintain the state trajectory

on the surface for all subsequent time. This surface is called the sliding surface (sliding

manifold), since once the trajectory is on the surface, it slide along it. Therefore, the first

crucial point of the sliding mode control design is to properly choose the sliding surface

so that the system, when confined to the surface, has desireddynamies, sucb as stability

of the origin or tracking. The second critical point'is to choose the'treeessary'enntrol that

will drive the state trajectory to the sliding surface and maintain it on the surface upon

interception.

Let us consider for instance the system defined by

ù :  f@)+g(r )u

a : h(n)

(3.22a)

(3.22b)

having a strong relative degree r in an open set U e IK. It has been shown in the

previous section that there exist a local coordinate transformation such that system (3.22)

is represented a"s

(3.23a)

(3.23b)

(3.23c)

The problem of output tracking consists in determining the appropriate control law that

forces the output function y(t) to be equal to a prescribed signal Ad(t).It is easy to see

that g(t) : Aa(t) implies that

€ : A€ +t(u(e, q) + a(€,q)u)
q :  q\ ,n)

A:CÊ

z; ( t ) -a f -Df t )  V t  and L1 i1r
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Therefore, the aim to obtain

eo( t ) :a ( t ) -aa( t ) :o

is similar to the aim to have

e( t ) :€ ( r ) -€a( t )  :0 .

It is also obvious that to have exact tracking, then {(0) must be such that

(3.24)

(3.25)

Given initial condition (3.24), the problem of output tracking €(t) : €a(t) ë e(t): g it

also equivalent to remaining on the surface .9 : 0 for all t > 0; indeed, ,S : 0 represents a

linear differential equation whose unique solution is e(t) : 0, given initial condition (3.24).

Therefore, the tracking problem y(t) - ya(t) is reduced to keeping the scalar quantity ̂ 9

at zero.

Keeping the scalar S at zerocan be achieved by choosing a control law for (3.23) such

that outside of S(t) : 0 we have
,9S<0. (3.26)

This is called the sliding condition, and it is a necessary condition to keep the surface

^S : 0 an invariant one. A suitable choice to satisfy (3.26) is

S: -, sign(S) , tu ) 0 . (3.27)

S(t) verifying (3.26) is called a sliding surface, and if the system behaviour is confined

to the sliding surface, \rye say that the system is at sliding mode. Furthermore, satisfying

(3.26) guarantees that if the initial condition does not satisfy (3.24) the surface will

nonetheless be reached in a finite time.

€a(0) : €(0) .

r à  r r - 1
s:(fr+,1) c1 À>0.

1" < J{!.: o)_!. .
w

indeed integrating (3.27) gives

,,.\ ( -rt+ S(r : o) if ^9(, : o) > o and t 1t,
S(r) : {

[tut + S(t : 0) if S(, : 0) < 0 and t 1t,

whence we can deduce (3.28).

(3.28)
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To find the feedback control we use (3.25) and (3.27)

' -  / d ,  - \ r - 1s _ (;*ÀJ èr
' -  / d ,  - \ r - 1
5 :  (A+^ /  e2

-u sisn(s) : (#. ^)'-' ",
, _ l / , -  \

-ur sign(S) : b(t,rt)* a(€, q)u -€a + | [  ̂ * ., ) )ur'-**,
Ëi \ r - r l

where
(  k  \  ( r -1 ) !

\"- t / :  ?-r-kW'
Therefore, a feedback control law can be chosen as

": #( 
- u(e, ,ù + €a- tr.r sign(^9) - a,-te, - &r-2êr-r or"r) (3.29)

where
(, - n\

, - : ( , ;  _ ' ; )  ^ ' -0 ,  t î :1 , . . . , r -L .

By construction, the control law defined by (3.29) will,foteethe stateonf to be'equal.to €a
for all t ) tr.Thus, the state 4 will be governedùy theodynamics

n:q(Ëa,n) ,  v t>t , .

Therefore, if the system (3.22) is (hyperbolically) minimum-phase, the results of Propo-

sition 3.2 and 3.3 hold.

3.2.4 Feedback stabilization : A passive approach

Consider a smooth (C*) affine control system in IP

n:: f @) + s(r)u (3.30)

and assume without loss of generality that the origin n :0 is a stable equilibrium point

of the autonomous dynamics
l ; :  T@)

a sufficient condition to deduce the stability of the origin of the above autonomous system

is the existence of a smooth function V defined on a neighborhood of the origin U g R

satisfying
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(i) Y(0) : 0 and V(*) > 0 for r l0
( i i )  L1V(x )<0  YreU çR '

We introduce the distribution D1

Dr  : rpuo{g ,  od tg , .  .  . , " t i - '  g \

adyg@) denotes the Lie bracket of the vector fields / and g, and a set associated with D1

defined by

^9r :  
{ r  

e U çF*l t 'kr t 'nu(r)  :  0 Vp e D1; k :  0,1, . . .  
}

Theorem 3.8 Suppose that the smooth ffine control system (3.30) has stable drift at

the origi,n and let V be an associated smooth Lyapunou function. If on some neighborhood

U of the origin we haue 51 : {0}, then the system (3.30) is smoothly stabilizable by the

feedbacle control law u(n) : -LsV (r). Moreouer, stabili,zati,on is global prouided that V i,s

uniformly bounded and U : lK. !

Proof : See [42]

Consider now a single input nonlinear dynamic system which is not affine in the control

i :  f  (n ,u )  (3 .31)

where / is a smooth vector field and the uncontrolled dynamic system

x: f ( r ,0 )  : / s ( r )

is Lyapunov stable 'i. e. there exist a smooth Lyapunov function satisfying
(i) Y(0) : 0 and V(r) > 0 for r l0
(i i) Lrov(r) < 0 Yr eU ç R

Due to the smoothness property of / system (3.31) can be written as

ù :  f ( r ,0 ) *g ( r ,u )u

since it suffices to observe that

r@,u) - r@,ù : I, Wo, : Io' a#1,=,,, o,
Set gs(z) : 9(r,0) and define the distribution Dz ts

Dz :snan{od}r9o :  0 < k S" -  t }

and two sets ,92 and O2 by

Sz :  
{ r  

e  I I  çW :  LkoLnV( r )  -  0  ,Vp  €  Dz  i k  :  0 ,  t , r , . .  . }

Oz  -  
{a  

eU çn"  :  I ! ,V (n )  :  0 , le  :L ,2 , . . .  
}

73
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Theorem 3.9 Consider system (3.31) haui,ng a stable drift at the origi,n. If S2nQ2: {0}
then (3.31) is locally asymptotically stabilizable at the origin by a smooth state feedback.
in particular

u(x): -Lsç,,u1V(n) . (3.32)

If furthermore, V is proper, Szîr0,z: {0} Vc e lR andu(x) i,s well-defined onW then

(3.31) is slobally stabilizable by (3.32). !

Proof : See [431.

Another interesting class of nonlinear systems has been investigated by Outbib and

Richard [57], with application to stabilizing electropneumatic systems. Consider the class

of nonlinear systems defined by

*- f ( r )+e@)e@,u)u (3.33)

having the origin as an equilibrium point, and where g(,.) is a scalar function. Assume

that the following hypotheses are pertaining to system (3.33)

(?11) There is a smooth Lyapunov function V, proper and such that LyV(u) < 0 on lR'

(?t2) There exist r and /r. two Cr scalar functions such that.

(i) r(r) ) 0 on IR

( i i )  rh (x )  )0 fo r  ï+ }andâ(0 )=0

(ii i) e(c, -r(n)h(Lrrz(o))) > o

(?13) The set

Ss -  
{ r  €  lP :  t i t 'nv(r )  :o ,k :  0 ,1,  2, . . . } :  {o}

Then we have the following result :

Theorem 3.lO Consider system (3.33) uerifying (711), (7{2) and (713) then the feedback

control law defi,ned by

u(r) :  - r (n)h(Lnv("))

asymptotically stabilizes system (3.33) at the origin.

Proof : Consider the closed-loop system defined by (3.33) and (3.34) as

* - f @) - g (r) ç (n, - r (r) h (L,v (rD) r (r) h (L ov(") ) .

The derivative of V along the trajectories of (3.35) is given by

V : Lrv(x) - p(r,-r(n)hlt rvç"11).r@).Lnv(n)h(Lsv(n))

using (i) and (ii) of (?12) itfollows that V(r) ( 0. Whence (3.35) is stable at the origin.

(3.34)

!

(3.35)
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Set O3 : {r € ]R IV(u) : 0}, then from LaSalle's invariance Theorem 3.6 all solutions

tend to M C Qs the largest invariant set by the closed loop dynamics. By using condition
(iii) we can conclude that M - 

{0} (see [58]). Eventually, yielding that the origin is

asymptotically stable.

3.3 Design of force controller for an electrohydraulic

system

Hydraulic systems are potential choices for modern industries due to their stiffness and

high payload capabilities. Their application scope ranges from precision control systems

such as robotics, to heavy-duty manipulators such as forging presses and civil engineering
plants. The relatively high force-to-weight ratio of electrohydraulic systems in addition

to their fast and smooth response had made them widely solicited in many industrial

domains.

Although hydraulic systems offer many advantages, they unfortunately pose many
problems in controller design due to their model complexities. In fact, the nonlinear cha-

racteristics of a hydraulic system, especially those resulting from servovalve flow-pressure

relations in addition to the inevitable model uncertainties made the design of feedback

controllers a challenging task.

In wide range of applications where electrohydraulic manipulators are involved, the

output force is required to follow a specific given reference. This necessitates the design

of a feedback control law. This problem was treated by many researchers and it revealed

to be a difficult one. In solving this problem, different control methods have been used,

such as PID controllers [3], adaptive controllers [2] and quantitative feedback theory [55].

In this chapter, we will use the electrohydraulic manipulator model developed in chap

ter 2 to design feedback force controllers using the input-output linearization technique

[21]. We also design a feedback control law using the sliding mode method [23], where we
give a simple method on how to choose a sliding surface for a class of nonlinear systems.

We show the robustness of the sliding method with respect to parameter changes.

t o
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Parameter value unit

fluid

B
P,
P,

2.2 x 10e

300 x 105

1x105

Pa
Pa

Pa
piston

ITl,g

,s
u

50
1.5 x 10-3
1 x 10-3

ks
m2

m3

load

rn
b

let

20
590

125000

ks
kg ls
Nl*

servovalve

k

ol

"l

5.12 x 10-5

4.1816 x 10-12

8571

rn3 s-t A-r pa-r/2

*3r-rpo-I

s-1

Tae. 3.1 - Numerical values used for simulations.

3.3.1- Input-output linearization feedback control

Consider the hydraulic manipulator presented in chapter 2 with h : PL, tz : I)t

rB : rp and without loss of generality we will assume that tpl :0, then we have

(3.36a)

(3.36b)

(3.36c)

where we should have P, - P, 1z,1 1Ps - P" and -E a *, < E. Clearly this is not a

system that is affine in the control. However, if we let 'y : 0, the above system becomes

affine in the control, but it will not reflect the leakage flow correctly. In this case the

hydraulic manipulator is modeled by the following dynamic system

. 4B/, ff i11 : u \*"y + - #*-r,' - s,')

ùz : frft"r-bxz-kps)
i:g : 12

, 4B/, fu .,-\11 :  
v r \ * "y  2  

-Qnr -o " )

1
x2  :  L (Sr r -b rz -k rù

ITÙ1

h g : 1 2

(3.37a)

(3.37b)

(3.37c)
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Thus we can write (3.37) in the form

with

(  - ,  ,

*:r@)+le-t ')u
Io-(r)u

i f  u )  0

i f  z<0

g- (n ) :

Let the output to be controlled be the force measured at the contact point between the
piston and the load, namely

h(n) -- F

we want the output force to track a desired force Fa. In order to explicit the expression

of f' as a function of the states we use Newton's second law of motion for the piston

dynamics

( -ff(o,, * sr2) \
r@) : 

l#tt"' 
-::'- *'.') 

)

sPr. - r : *,ff <+ #: fiOr"- r) .
Substituting in equation (3.37b) yields

1 1
-:-(SPL - F) : _ (SP, - bu - klxr)
TlLg lTLl

LP : *t"-hsn'+ ",.f  ̂^+;fi;krco
F :  - -T-  gpr+:+-(ba*k1no)

Tn -f mg nL -f Tng

thus

a :h (n ) :  T  ,S r r * - -A-pn2*k1xs) .  (3 .3s )
ITt, I'tTl,s fTL * ITL,

We can easilv check that

Ln-h(n): 
#t#rrl'u*Y, 

o v x1 elp, - p,,p" - p,l, (8.40)

thus system (3.37) has a strong relative degree equal to 1 in the domain of operation of

the hydraulic system.

(rrY



Chapitre 3. Nonlinear stabilization via state îeedback

If we consider

(^ \

| "'l\^l
then using (3.38)

the coordinate transformation

r , \ /ot"l\ (#**"s*, * ff**o(brz +,trca)\
:o(") : ln2 

f 
: l n2 l,

\" , /  \  rs I
we have

sn1 : 
* * mo 

h(fl - U6*, - *o 
k,r,

nl rn rn

hence (3.37b) becomes

ùz _ - -  1-1S 
11-  bn2 -  lcpz)

tTl, -f lTLs

--l- (* * *o 
h(u) - U6r, - *o 

lr,*, - brz- frrre)
rn*rns\  rn  ln  rn  /

: -f (* * *o 
h(x) - 

* * mo 
br, - 

* * *, 
rr,rr\

m'f rng \ TTL rn In /

l@Al - bxz - knt) .
n1 '

Therefore, by using the coordinates transformation z: O(z), the system is described by

the following equations

f i  :  Lrh(o-t  ( r ) )  + Lnh(o- l  (z))u

.  1 ,
2z  :  

; (a -bzz - lqzs )
2 g : 2 2

Calculating the control law

If we require the output force to track a prescribed reference lorce Fa then according

to (3.16), and since we know that

Ln+h(x) > 0 and Ln-h(r)  > 0,

sign(z) - sisn(N(r))

N(r) : -Lfi(n) - co(n61 - Fo) + Fo

( N(')

u(r):lW 
ir N(u) )o

lffi ir N(r)<o

it follows that

where,

eventually, we obtain
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where

Lfi(r) : #ff?o', 
- s',) +fto't - bnz - kpz) +rykrc2

and Ln+h(u) and Lo-h(x) as described in (3.39) and (3.40).

Investigating the zero dynamics

The zero dynamics are a two-dimensional linear system, particularly

lol :l-*, -*l l,,
L*l 

-Lt olL,',
and are exponentially stable for the selected particular values. (See Table 3.1). Therefore,

the hydraulic system in question is hyperbolically minimum-phase and the result of pro-

position 3.3 holds. Indeed, if we let êt -- zr - Fa we can verify that the closed loop system

can be written as

79

e1 :  -co€L ,
1

22 :  : ( r t  +  Fa-bz2-  l c tz t )  ,
m '

fu :  22.

Ù: Arl + BFd
which is in the form

Let F4(t) be bounded, that is there exists fk,* such that

l lF 'd(r ) l l  (F, , , *  Vr>0,

we know that A is Hurwitz stable, then there exist M ) 0 and p, > 0 such that

l lexp(At) l lSt t /  exp(-pt)  V t  > 0.

The solution of (3.42) can be expressed as follows

(3.a1a)

(3.41b)

(3.a1c)

Since er : 0 is an exponentially stable equilibrium of (3.41a), then tracking is expo-

nentially achieved lf. z2 and z3 behave within the practical operating domain, namely
-'t a ,r a E.In fact when er:0, 22 and Q àrê governed by the following dynamics

(substituting €r : 0 in (3.41b) and (3.alc)).

l;:l:l-ï i'll:l- lrl " (3.42)

nU) :exp(At)a(O1 * 
Irexp 

(.4(t - r))BF4(r)dr
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taking norms

7t

l lz(t) l l
J O

7t

S M exp(-p,t)lltr(o)ll + llallr*oMexp(- tô I exp(pn)dr
J o

l-L 
'

l-L p

whence, it can be seen that for a suitable choice of .Frno and the initial condition 4(0)

(i.e. z2(0) and z3(O)), then tracking will be achieved exponentially fast and the trajectories

z2(t) and z3(f) will tend to be bounded within a ball of radius *F^*#, as t -+ oo.

Using the practical values shown in Table 3.1, we have simulated system 3.37, with

a tracking coefficient e : 50. We first wanted the output force to follow a step force

changing abruptly from zero to 10000N, Figures 3.1 and 3.2 show the behaviour of the

states and the output force of the system.

Next we show that the tracking is also achieved for a time varying force, for the purpose

we used an exponentially decaying sinusoidal force, having amplitude 10000N, frequency

5Hz and decaying constant 7s-1. Similarly to the previous case the system was initiated

at the origin. The results of the second simulations are shown in Figures 3.3 and 3.4.
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6
0

J
0-

0 0.1 0.2 0.3 0.4 0.5 0.ô

\-z:--------

0 0.1 0.2 0.3 0.4 0.5 0.0
lime (second)

Frc. 3.1 - State behaviour of the system. (tracking constant force)

.  . : \  . . . / .  . \ . : . . . " , i 1 \ - - -
: : \ / Y : :
:  : \ , /  ,  ,  :

0 0.1 0.2 0.3 0.4 0.5 0.6
time (sêcond)

0 0.1 0.2
tim€ (s€cond)

Frc. 3.2 - Force behaviour and needed control law. (tracking constant force)

È

E
E

30

20

€ 1 0

0

_10

12

1 0

I

D

4

2

0

-2

z
v

R
o

L

^ ' f \ i  : :
i \' i \ /-----,---------

0 0.1 0.2 0.3 0.4 0.5 0.6



82 Chapitre 3. Nonlinear stabilization via state feedback

E
o-

È

o 0.r o.2 0.3 0.4 0.5 0.6

E
E

! l

/\ , -r:-'.'' \ r / ' : -=-
\  : /  1

;---

\.2

o 0.1 0.2 0.3 0.4 0.5 0.6
me (second)

FIc. 3.3 - State behaviour of the system. (tracking time-varying force)

\ t:
Vi

time (second)
o 0.1 0.2 0.3 0.4 0.5 0.6

F- dGir€dtorc;l
I - outDut lorce I

:
=-*-

time (s€cond)

'o 
0.1 0.2 0.3 0.4 0.5 0.6

z:
o
c
o
E

:
A,^
/ : \ /

-.::::>\{j-F

0 0.1 0.2 0.3 0.4 0.5 0.6

. . , .  t , . . . . . . .  r : . . . , . . , . . . , , , . . . \ . , . . . . . .

Flc. 3.4 - Force behaviour and needed control law. (tracking time-varying force)
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3.3.2 Sliding mode control

In the previous section we have developed a feedback control law for the hydraulic sys-

tem using input-output linearization method. Therein, we have assumed that the system

model is perfectly known. However, in most cases parameters are known within a range

of uncertainty. For instance, the spring ,t; is used to model the environment stiffness,

as a matter of fact the value of ,b; cannot be exactly known. We can see in Figure 3.5

that the linearizing feedback control law fails to track the force in the presence of system

uncertainties, namely L,fu and Lm.

4

2

. _ _ _ - J I . . i . : . . . . . . . . : . . . . . . . . . . . . . . . . r . , . . . . . . . . . . . .: : ;

83

z
o
I
or

0.3
tirne (s€cono

0.3
lirno (sêcond)

Flc. 3.5 - State behaviour of the system with linearizing feedback control, undergoing
parameter uncertainties.

These simulation were carried with Lkt - +50000.^\r/rn in the time interval 0.3 S t <

0.45 and L,fu : -50000N/rn in the time interval 0.45 S t < 0.6 and L,m : 10kg that is

with an uncertainty of L40% and +50% on the parameters. In general applications, it is

normally preferable to obtain the desired output despite of parameter uncertainties. One

reliable way to design a robust control is the sliding mode method. Next we develop a

new simple way to design sliding surfaces for a rather general class of dynamic systems.

Then we design the feedback control law needed for the output tracking.

Constructing discontinuity surface

We consider the following nonlinear dynamical system :

t :  f@)*g( r )u ,  r€1R" ,  u€ lR. (3.43)
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Where / and g are smooth vector fields, and u is an input to the system. Suppose that

there exists a stabilizing feedback 'y(") such that the autonomous system

* : f@)+s(x) .1@), (3.44)

is uniformly asymptotically stable. According to Theorem 3.4 , there exist a C- Lyapunov

function lz(z) and functions a,i €. K (i: t,2,3) such that

( i )  o '( l l " l l )  <v(r)  S "r( l l r l l )
( i i) Y(c) S -o'(l l" l l)
(ii i) supll#ll .*

Now if we choose a nonlinear sliding surface of the form,

o(x) :  LnV(n) :0 , (3.45)

(3.46)

(3.47)

(3.4e)

then the following equality :

vç*1 : L{(x) + Lnv(r).t@) - L{(x) S -CIs(llu ll)

holds on the sliding surface o(x) : g.

Remark 3.1 We cnn say that onthe slid,ing surfacethe autonoTnous system t: f @)

is asymptoti,catly stable, and admi,ts V(x) as a Lyapunoa functi,on. Furthermore, (3.16)

i,mplies that any uncertai,nti,es in the system parameters that are used to calculate the teed-

baclc law 7@) wi,il not affect the behauiour of the system (S./rD if the states are restricted

to the sliding surface.

In order to restrict the states to the sliding surface we should choose a feedback control

that leads to the attractivity of the surface, necessary condition to which is oo < 0. One

way, is to choose
o : -Ws ign(o ) ,  W>0,

so that oo: -Wl"l ( 0. Knowing that

a:f,r{ù +ffl@).u ,
and combining with (3.47) we get

(3.48)

Applying this type of feedback control, the states will be attracted to the surface o(n) : g,

then they will slide along o(r) :0 to the equilibrium point'
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Remark 3.2 Note that the system is controlled to restrict the states behauiour to the

sli,ding surface. Once the states are confined to the slidi,ng surface, the system is not

controlled but the trajectori,es only slide to the equilibrium poi,nt. This i,nherently n'teans

that the equilibrium point should belong to the sliding surface.

Output tracking using sliding mode

We consider no\ry the system (3.43) with the following output

a:h(n) , (3.50)

We want y(t) to equal a desired output value Aa(t). To this aim we consider the coordinate

transformation z: O(r) transforming (3.43) into (3.23), we recall

which \rye can write in general as

€ : A( + B(r(g, n) + a(t,ùu)
r l  :  qg,q)

A :C€

z: f rQ)+sL(z) .u

è-A"e

ù  :  q (e+€a ,q )

'ù : s{sù ,
ùz : gz(xrnz) ,

(3 .51)

It has been shown in previous sections that a stabilizing control law exists for this type

of systems which results in a closed-loop system of the form

If we assume that (3.51) is minimum-phase and we take into account the following theorem

Theorem 3.11 f Seibert and Suarez [65]) we consider system (3.53).

(3.52a)

(3.52b)

(3.53a)

(3.53b)

[Jnder the assumption that fi anil !2 o,re Lipschitz, if q :0 is asymptoti,cally stable (AS)

for (3.53a) and,x2:0 is AS for iz:92(0,12) then(nr,xz) -  (0,0) is AS for (3.53).  t

Then it is sufficient to stabilize the subsystem defined by (3.52a), in order to stabilize

(3.52). Since (3.52a) is a linear system, it is easy to find a Lyapunov function W(z)
corresponding to it. Next we construct a sliding surface

oL: Ls"Vr,(z) .
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Hence using (3.49) we obtain an expression for the feedback control law

u(z) : 
-* h'(i - w st'gn(or) 

(3.b4)
*g"(')

u(z) will force (3.51) trajectories to slide on the surface o; until they reach equilibrium,

and since the equilibrium point of (3.52a) is its origin, then at steady state we obviously get

e : 0 ë A(t) : Aa(t).Furthermore, since by assumption that system (3.51) is minimum-

phase, then by Theorem 3.11 the overall system is asymptotically stable.

Robust force tracking using the hydraulic manipulator

We consider system

.48(,ff i \i l :  l \k" l ' - -*t- t* ,)
1

12 :  : (S" ,  -brz- lc f is )
fTù1

U: f r2

from the previous section we have seen that it can be transformed into

à1 : Lrh(a-t (")) + Lnh(o-t(z))u (3.55a)

.  T ,
àz : 

;Qt 
- bz2 - klzs) (3.55b)

2t : 22 (3.55c)

and there exists a feedback control law such that the closed-loop system is

fi : -co€r

i 2 :  l k r *Fa -bz2 - l ep3 )

2s: i

where êr: zr- Fa. A Lyapunov function for the first equation is trivially found V1(e) :

lel and leads to :

ot(') : Ln"V;(e1)

: er gr,k)

:  er  a(€,q)

but
a( t ,ù  -  t  nh(o- ' ( r ) )



Design of force controller for an electrohydraulic system

thus

o"( ' ) :  et  Lch(O-t( ' ) )

Moreover, Lnh(n) is always positive for the practical values of pressures, therefore

o" ( r ) :  0  {+  e t :0  '

Whence, we can simply take

o 7 : e 1

o7,

ov  :  h (n ) -Fa

o 7 :  F - F a : Q

as a sliding surface. Now, using (3.56) and (3.55) we obtain the following equalities

87

(3.56)

fft"ra : Lth(n), H : o, ffu"{à : Leh(r) .
Thus using (3.54) we have

(3.57)

u(r) :
-Lyh( r ) - lTs ign(F-Fù

(3.58)
Lnh(r)

Figures 3.6 and 3.7 show the state behaviour of the system and the resultant output,
when applying the control law (3.58) to track a constant force. Figures 3.8 and 3.9 show
the state behaviour ofthe system and the resultant output, when applying the control law
(3.58) to track a time-varying force. It is clear that the output obtained from applying a
sliding mode control is exactly equal to the desired output for all different uncertainties.

We recall Lkt - +50000N/rn in the time interval 0.3 < t < 0.45 and Aks - -50000N/rn

in the time interval 0.45 < t < 0.6 and Lm:10,tg that is with an uncertainty of +40%
and *50% on the parameters.
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G

À
r{/ 

"*
/'.fv i : \ i,/-\
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E
e

0 0.'l o.2 0.3
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Frc. 3.6 - State behaviour of the system.
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FIc. 3.7 - Force
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behaviour and needed control law. (tracking constant force)
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À

E
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E
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Vi-
0.3 0.4

tlme (second)

Flc. 3.8 - State behaviour of the system. (tracking time-varying force)
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3.3.3 Feedback stabilization using passive approach

Using the results developed by Wei Lin in [43], we consider the hydraulic manipulator

model described by

11 :+çr"r@- d .,-\
y r  \  v  2  L+ 'y lu l " ' -o " )

n2  :  l ( s " ,  -b rz -kns)
r r \ '

ù g : f r 2

This model can be written in the form

ù:  1( r ,u) :  f  ( r ,0 )  *  s ( r ,u )u

where

r (,, 0) - ro(,) : (rai,: ::1;),,)

,- \ (+(r@*otgî"'))
g(*,u) :  I  oJ\-r ' ,  

T.  0 )
As a Lyapunov function to the autonomous system t : fo@) we suggest

v(r): h(#,1+m,rl+nrc!)
taking the derivative of V(r) with respect to time, along the trajectories of the autonomous

system *: fo@) yields

v(*)- fff,fO
I  rV: 

nl*"or 
* mtrznz t krc3rs)

r, , -: 
*(-"r? 

- Sr2x1* Snp2 - brT - lc7r2r3 * Ie14r2)

L ,  o  -:  -  
*(""?+bnl)

Let us define two sets ̂ 92 and Oz bY

(
Sz:  {xeU çW:  LkoLnV(n)  -0 ,Vp  :ad , !os (x ,0 ) ;k :0 ,1 ,2 , . . . }
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O, :  { r  eU çK :  .L } ,V( r )  :0  , l c :  L ,2 , . . . }

L 1ov (r) : W rr(") - -f,Or,, + brzr)

Ozr :  {neU Ç lK :  r t :0 rz :0 }

And also

L2"v (r) 
: æf'^ ï u', r";l:,ff; ̂ :::' :,.u; 

- k P t)

L r8Ba2 , tSBSa 2ô^9r 2b2 " 
2blet \

p"\  u " i  
+ | .  % *,  ) " 'z*  

-x i*  -nzxt l

is equal to zero for all r e {121. Next, we verify that

w: à(ry,,*(ry_,#),,)
W : ; ((if -'#;l', + #" *'#"')
%#: à#.,

thus we have

L',ovqr) : ry#?o,, 
- srz) .94#firt,, - brz - kps)

0L21^V(x)
1----ffr2

ors

L1rov1n1 : rr14x

We can verify that

is zero for all x € {121

where

BBs2a 2bs2 64B2as- P " v f l n t - f f i r - W

(3.5e)

_6s('6a2p'z#frb'zui) -yi.(ry - H) - #(# - r,) 0

-2ffi
M_

ASbh gBa

m-M -affi



Chapitre 3. Nonlinear stabilization via state feedback

s inceMisanons ingu la rmat r ix , thenL loV( r )  -0 requ i resx :0 .There foreQz: {0} ,

hence QzASz: {0}, thus according to Theorem 3.9 we can construct a stabilizing feedback

control law having the following expression

u(x) : -Lsp,u1V(n)

u(r) : -!r,(ræ* sign(z)'v 
ffi.,)

We can check that u(0) : 0. However, when r + 0 we need to distinguish two cases

according to the sign of u(r). Before going any further we can also expect, from application

viewpoint, that u(r) should be positive if x1(i.e. P1,) is negative and vice versa. Splitting

the expression of u(r) into two cases yields :

case  1  zu )  0

u :

(I + 7u)u :

-G#*,?)
-'') -1""?

-h *fr"r?:o
the largest of the two solutions of the above equation is

u (x ) :

We can see that for 11( 0, we have u(r) ) 0 as expected.

case2zu<  0

u:

(I - 7u)u :

21

Pr -  P r+ t r
iuz - (t-"r*f + franl: o
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the smallest of the two solutions of the above equation is

u(n) :
(r-rkf,lry)-

Similarly, we can check that z(r) ( 0 for positive values of. 11.

Figure 3.10 shows the plot of u(n) versus o1 corr€sponding to both cases. The results
of the application of such feedback control law to the hydraulic manipulator is given in
Figure 3.11. It is shown that the system is stabilized to the origin.

3.4 Summary

In this chapter we have presented different stabilization methods applied to the nonli-

near dynamic systems. We have then applied these methods to the hydraulic manipulator
with the aim of output tracking. More specifically, we wanted the output force resulting
from the interaction of the hydraulic manipulator with the environment to follow a pres-

cribed reference force. Our contribution is resumed in presenting a simple way to choose
sliding surfaces that lead to robust stabilization.

The application of the input-output linearization method as well as the sliding mode
method were to a modified model of the hydraulic manipulator, which in fact does not

21

0
PL (baD
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Frc. 3.11 - State behaviour and needed control law.

reflect the correct leakage flow.

the spool namely

Recently, we have thought of including the dynamics of

. 2k' Krc
ts  :  - - ; - Is  + -U .

os os

in the model. Certainly this will increase the complexity of the model, and rise the number

of state variables from three to four. However, by substituting z in the first equation of

the model by its corresponding value as a function of r, (see chapter 2 section 4), we

obtain a four dimensional nonlinear system which is affine in the control. Stabilization of

this type of model is being studied.

On the other hand, in the application of the passive approach we have only considered

stabilization to the origin and did not simulate output tracking. This is because we could

not find an obvious Lyapunov function to the system, if the pressure state variable was

substituted by the force as a state variable. Further research is also being done in this

direction.

' ' " 2 1  " i  t  " '
, \ a l

. .1... \.. i  . .^. '--j

. . . t . . . . . . . . : . . . . . . . . , , . . . : . . . . . . . . . .

t : :. J . . . . . . . . . : . . .  . . - . . . . i . . . . . . .



Chapitre 4

Nonlinear observers design :

state-oÊthe-art

Since the emergence of state space methods in control strategies, research has shown

that state feedback gives more degrees of freedom to the designer than the output feedback

can do. This is clearly evident, since the output is merely an algebraic combination of the

state variables and possibly the independent time variable. A common feature of this

control scheme is the premise that the system state vector is available for the feedback

control purposes.

While in some cases this can be achieved by direct measurements, in general either

the additional complexity required to perform a reliable measurement or the very nature

of this system becomes a hindrance to such approach. Therefore, the fact that the states

availability assumption is not satisfied necessitate either a radical revision of the state

space method, at the loss of its favorable properties, or the reconstruction of the missing

state variables.

Adopting the latter approach, the state reconstruction problem is founded on the

design of a new auxiliary system called "state observer" or "state estimator" which gives

an estimate of the true states using only the direct measurable variables of the system,

namely the output and the input.

Once designed, an observer will not be solely used for the control objectives [0] [tt] [3Sl

[53] but besides one can use the observer states for monitoring hard-to-measure variables

of the system, system diagnostics [1] and fault detection [33] [37] [161.

Although the theory of observer design for linear systems is a well developed field

thanks to Luenberger [46] [47] see also [40] [56], its counterpart for nonlinear systems is

95
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still a very active domain, and challenging many researchers. Almost all of the existing

theory in this field is based on hypotheses that should be satisfied by the nonlinear system

in question, hence, to our knowledge, there is no general expression for observing general

nonlinear systems.

A first systematic contribution to the theory of observers of nonlinear systems was of-

fered by Thau [76]. This method is based on considering an observable linear system where

to its dynamics was added a Lipschitzian nonlinear function. Therefore, a Luenberger-like

observer is designed and sufficient conditions for asymptotic stability of the error dyna-

mics can be derived. This method was then extended by Tsinias [80] and Ciccarella et.

at. [121.

Later on Krener, Isidori and Respondek [92] [30] have considered the linearization

method using output injection and nonlinear change of coordinates, thus a Luenberger-

like observer can be constructed for such systems. Zeitz has also developed observer for

nonlinear systems in this sense [92].

A nice contribution to the observation of a class of nonlinear systems affine in the

control, the so-called bilinear systems was presented by Williamson [90]. This work was

next improved by Sallet et. al.llll.

A different approach based on high-gain approximate cancellation of the nonlinearity

has been introduced by Tornambè [79], and was thereafter improved by J.P. Gauthier

et. al. t32l [301. Another different type of observers has been introduced by Utkin [83]
for the cla^ss of linear systems. This was extended by Slotine et. aI. [67] and Edwards

and Spurgeon [15] to the case of nonlinear systems. Sliding observers are based on the

theory of variable structure systems, and were known for their robustness especially in

the presence of unknown inputs.

Another kind of observers that can be used in the case of nonlinear systems with

unknown parameters is the adaptive observer presented by Marino and Tomei [51] [50].
They consider systems that can be transformed to a certain canonical form. Adaptive

observers help to identify the unknown parameters simultaneously with the system states.

In this chapter we will give some brief study of some of the foregoing observers, a kind

of bibliographic basis before introducing our own contribution to the theory of nonlinear

observer design.



4.1. Observability and observer notions

4.L Observability and observer notions

Let X denotes an arbitrary complete time-invariant system with outputs, having a

state space I and input value space t/. An observer t fot E is an auxiliary system that

produces an estimate of the current state of I based on past observations. At any instant,

the inputs to i are the current inputs and outputs of E, and the estimates are obtained

as a function of its state which are supposed to be accessible by construction.

Definition 4.L (Sontag fttl) An obseruer forD consi,sts of a systemi haui,ng state space

Z and input ualue space U x ! together wi,th a map

Q:  Z  xU x !  +  f

sothatthefollowing propertyholds: For eachrs e. X, eachzs e Z andu eU+, (U+ isthe

set of controls u(t) : 0 if t < 0), we let n(t,r,s,u(t)) (hereafter denoted by n(t)) be the path

resulti,ng frominitial statens and, controlu(t), for allt> 0, andweletA(t):h(x(t)) the

output of E, we also let z(t, zs, (u(t),y(t))) (hereafter denoted by z(t)) be the path resulting

from ini,tial state zs and, control (u(t),y(t)) for the systemi, and finally we write

î; (t) : Q (z(t), u(t), Y (t)) '

Then i,t is required that, for euery r0, z0 anil euery u(t),

d(r(t),â(r)) -+ 0 o,s t -+ oo

(g loba lconuergenceof  es t imate)  aswe l las tha t fo reache )0 therebesomeô>0 so tha t

for euery rs, zs, u(t)

d ( rs ,Q(zs ) )  <ô  +  d (x ( t ) ,â ( t ) )<e  lo ra l l t>0 .

(close initi,al estimate results i,n small future errors)

FIc. 4.1 - General observer scheme

That is, given a dynamical system described by

n

i )  :  f@,a)

a _ h(r)

(4.1a)

(4.1b)
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where z € IM, u € R-, g € lRp and,f , IR x IR- -) lP is a smooth vector field. An

observer can be written as

@.2a)
(4.2b)

where z € lRc, â € IP, i' Ro x lR- x lRp + lRq and O : lRq x IR- x lRp -> IR are smooth

vector fields, and q ) n. In general / and Q are determined using a priori knowledge

about the system vector field /. In this case, with dim(â) - dim(r) the observer is said

to be full-order. If dim(â) < dim(z) the observer is said to be reduced-order.

Before constructing an observer, an important question rises : Under which conditions

is the construction of an observer possible ? Several definitions that we will state here are
prerequisite to answer this question.

Definition 4.2 (Vidyasagar [SS]) Consider system (4.1). Two states rs and, n1 are said,

to be distinguishable if there erists an i,nput tunction u(.) such that y(., xo,u) * A(., h,u)
where U(.,rt,u) i, - 1,2 is the output function of system (1.1) corresponding to the i,nput

function u(.) and the i,niti,al conditi,on r(0) : ,u. !

Definition 4.3 System (1.1) is said to be locally obseraable at ns € R f there eni,sts

a neighborhood X of xs such that euery r € I other than xs i,s disti,nguishable from ns.

Fi,nally, the system is said to be locally obseruable i,f it is locally obseruable at eachus € IRn.

If the neighborhood extends to all the state space then we haue global obseruability. !

Note that two states may be indistinguishable for some set of inputs, but the existence

of at least on distinguishing input is enough to guarantee local observability.

4.1.1 Observers for linear systems

) -  îk ,u,y)
û :  Q(z ,u ,y )

In the case of linear systems, the analysis is simple since the

global observability are the same. Furthermore, if a linear system

input function, so it is for any input function.

Let's consider the linear time invariant system described by

ù  :  A r *Bu ,

A :  Cx '

where .4 € lPt", B € Rnxrn and C € lRPx"'

Theorem 4.1 For the system (4.3) the Jollowing are equi,ualent,

notions of local and

is observable for an

(a.3a)

(4.3b)
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ft) fhe pair (C,A) is obseruable (i.e. (4.3) is obseruable).
(ii) The tollowing ranlc condition is satisfied

/ r't \
l " l
lc,ql

rank  I  l : n .
l : l
\ca-'1

(i, i , i) For any polynomial p(\) : )"+arÀ'-l+ . . .*an-..À*an ai € lR ; i : L,2,. . . ,tu,
there er i ,sts a constantmatr i rL € lK'p suchthatdet(ÀI -  A+tC) -eQ).  !

proof : See [40].

Fhom the theorem we can immediately notice that the observability of the system does
not depend on the input u. Indeed, a full-order observer for the linear system defined by
(a.3) has the generic form

à:Â t+ButLa .

the observer design consists in choosing the appropriate matrices Â, B and .L so that â

converges to z. To determine these matrices, let

e : f r - î ,

be the estimation error, then

e -  A r *  Bu-  A( r -  e )  -  Bu-  LCn,

:  Âe+ ( -  Â+ A-  LC)x+(B -  4" .

Should we choose

Â:A-LC.  B:8 .

then the error is independent of the state z and input u

è :  Âe

and it converges to zero if Â is Hurwitz stable. Since A, B and C are defined by the plant,

then the only design parameter is ,L. Therefor the observer can be written as

99

î :  Aû+Bu*L(a-Cî ) ,

û  :  Cû.
@.aa)
(4.4b)
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Observation Estimation

Ftc. 4.2 - Full-order observer for linear systems

4.1.2 Generalization to nonlinear systems

The concept of an observer carries over to nonlinear systems. However, for a nonlinear

system, the structure of the observer is not nearly as obvious as it is for a linear system.

In fact, the notion of observability for nonlinear systems is rather subtle. First, the distin-

guishability of any two states depends, in general, on the input function. There may exist

some input function that yields the same output function for two different initial states

although they might be distinguishable. Another important peculiarity is that in general,

observability may only be satisfied locally see [91] [36]

An observer for a plant described by the following dynamical system

u

t--

f  @,u)  ,
h(r) ,

Control input

q t :

à: f  ( î ,u)  +rr(a -  s@,ù) ,

(4.5a)

(4.5b)

can be obtained by simply imitating the procedure used in the linear case, namely to

construct a model of the original system and force it with the output error feedback. The

equation of the observer thus becomes

where rl(.) is a suitably chosen function.

Analogous to the observability matrix rank condition in the linear case, we can express

the (n - 1) time derivatives of the output as

h(r) ,  Lf i (n) ,  L21h(r) ,  .  .  . ,  L\- th(n)
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and then define an observability matrix 0(n) as

o@)ud
d,

h(r)

Lfi(r)

t7-;nç*1
Theorem  .2 (Vi,dyasagar [85]) Sufficient cond,ition for local obseruability Consi,-

der the system (4.5) and let xs € IR" be giuen. If O(rs) has rank n, then the system is

locally obseruable at rs.

Observation

|Bteqt_qo_d9l_ _ _ _ _ .;

FIc. 4.3 - Structure of nonlinear observer.

4.2 Linearization method

The class of nonlinear systems considered are of the form :

(4.6a)

(4.6b)

If the condition rank O(rs) : , is satisfied, then the system is locally observable at rs.

Moreover this condition is also sufficient for the existence of a local nonlinear diffeomorphic

coordinate transformation z:T(r), such that, in the new coordinates the autonomous

system

ù : 1@),
a : h(*)

can be written in the following form

2 -  Az*çQ) ,

a :  Cz,

do
dr

!

I

r Estimation
I

I
I
I

I
I
I
I
I

ù:  Ant f@,u) ,

a :  Cn,

I

I

I

I

I

I

I

Control inpfrt

:

u
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Clearly
further

ransformation such that

:  A2+g(y)+L(a-û) ,

=  C2,

with ,[ properly chosen, is an exponential observer for the autonomous system. For an

in-depth discussion about this so called observer linearization problem see [38][32][301.

If for some complexity reasons the coordinate transformation z : T(x) cannot be

determined, another analysis can be done if we assume that /(., .) is smooth vector field

satisfying the following Lipschitz condition

llf @,u) - f (î',")ll S tllr - î'll .

The observer will be assumed to be of the form ( Thau [76])

z

î :A î+ f@,u)+L(y-Ci , )

The estimation error dynamics are then seen to be given by

e :  (A-  LC)e+ ( f@,u)  -  f ( i ; ,Q) ,  where e :  n  -  î .

Theorem 4.3 (Thau ft60 If a gai,n matrir L can be chosen such that

(A-LqrP+P(A-LC) : -Q,

7,.1 ' ' " ( ;8] , .  (4.9)' - 
2À-r*1P; '

where Q and P are constant positiue defini,te matrices satisfyi,ng the Lyapunoa function

(4.7)

(4.8)

(4.10)

then (1,.7) yields to asymptoti,cally stable estimates for (1,6). !

Actually, a sufficient condition for (4.9) to hold is to assume the pair (C, A) is observable,

hence we can choose a gain matrix .L such that A" - A - LC is a stable matrix. Then

for a symmetric and positive definite matrix Q, there exists a symmetric and positive

definite matrix P such that (4.10) is satisfied. To check the stability of (4.8) we use the
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Lyapunov function V : er Pe. We note that for any symmetric positive definite matrix

P, the following holds for all vector z of appropriate dimension

À-i,,(p)llrll ' S ur pv < À*-,(P)llrll ' . (4.11)

By taking the time derivative of V along the trajectories of (4.8), we have

i/ : erPè+èrPe

_ er1,t !e * PA")e+2erP(t{r,u) -  t( t ,Q)

S -erqe + 2l lPl l . l l /  (* ,r)  -  lG' ,") l l . l l ' l l

/ \

\ . /

\2À-.-(f ) /

Hence rre can have an exponentially decaying bound on the Lyapunov function.

V(t) < Iz(0) exp(-2ot)

where o : ffi 
- 7r. Using (4.11) we have

l lr(t)ll ' =, 
u(l)=, . v(0)t*p(-2olt) - À"'o( P\

- À,"i"(p) - .^*rff- s ;f1"iexp(-2ot)ll'(0)ll''
equivalently

/ r  ( p \

l l '(t)l l < r/ffiexp(-at)lle(0)ll .
ll 

/rmln\r '/

Whence the error system is exponentially stable if (4.9) is satisfied. Therefore, the observer

states converge exponentially fast to the system states.

Remark 4.1 We shall note here that the matrices P and Q are determùned by the choice

of the gain matrir L in the obseruer, and that L is the only degree of freedom in thi,s

desi,gn approach. We shall also ad,d that i,t has been shown in [60] that the ratio in (/1.9)

is mari,mized when Q : I.

There is an alternative way to see the same result. Let's first state the following lemma

[41]

Lemma AJ (Bellman-Gronwall) Let o(.), Q(.) and k(.) be real ualued piecewise conti-

nr.tous functions on lR+ . Il o(.) satisfies

o(t) s ôQ) + [ ' rç1o1r1or, v t > o
J o
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then,

!

Now we can express the solution of (4.8) as follows

e(t) : exp(A"t)e(q + [^exp 
(.4"(r - r)) (f {*,ù - f @,,Q)a,

J o  \

Since A" is stable, the following holds for some M > 0 and a > 0;

ll exp(.A"t) ll S u exp(-ot) .

thus

l le(r)ll < M exp(-ot)lle(0) ll+ [' M exp(-a(, -')) llfr,,ù - f @'p)lldl .
J o

using the Lipschitz condition

l le(t)exp(ot)ll S ulle(o)ll+ [' M41lle(r)exp(ar)lld,r .
J O

Finally, using Lemma 4.1 we obtain

l l '(t)ll 3 M exp(-(o - Mtùt)lle(o)ll .

Therefore, if
Ot

fr,r,, (4.12)
then the estimation error decays to zero exponentially fast.

Remark 4.2 We should lcnow that the ratio i,n (4.9) or i,n (1.12) cannot be increased

abundantly by choosing L that produces ei,genualues with uery negati,ue real parts. Indeed,

a pealeing phenomenon occurs, then some states peale to uery large ualues, before they

rapidly decay to zero. Hence leadi,ng to a large ualue of M. Euentually, a trade-off should

be used when choosi,ng L to mari,mi,ze the bounds in (1.9) or (1.12)

From the previous remarks we conclude that the choice of the observer gain .L is crucial

to this observer design method. For that purpose Raghavan [61] developed a constructive

technique to design such a gain.

Theorem 4.4 Suppose there erits an e ) 0 such that the following Algebraic Riccati

Equati,on (ARE) has a symmetric, posi,ti,ue definite soluti,on P,

AP + PAr + P(I  - !c 'c)p +t?I*  eI  :0 .  (4.13)

o(t) < ô@ + fo' o{ùr{,) .*p ( f,' 
r{ù0,)0,, v t > 0 .
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Then, the obseruer gain L giuen by

t : |ecr (4.14)

stabilizes the error dynamics giuen i,n (,11.8) for all nonli,nearities f with Lipschitz constant

11. Conuersely if the error dynamics canbe stabili,zedby some choice of L, thenthere erists
an e ) 0 such that the ARE admits a uni,que symmetric positi,ue definite solution. !

A solution for (4.13) can be obtained by initiating a positive e then iterating till the

solution converges. However, if the algorithm can converge for some observable pairs

(C,A), it unfortunately fails for some other pairs. Moreover it does not give insights

under what conditions of (C,A) the convergence is ensured.

4.3 High-gain observers

The high-gain observer approach based on "high-gain" approximate cancellation of the

nonlinearities was presented by Tornambè [79]. It consists in finding a state diffeomor-
phism that can separate the system into two subsystems, one is linear with respect to the

states and the second contains the system nonlinearities. The observer is then designed

on the basis of the linear system, and under mild conditions, one can thereafter use a

sufficiently large observer gain to overcome the system nonlinearities. Gauthier et al.l32l

contribution to the theory of nonlinear high-gain observers is considered as one of the

best performing in the last decade. Its simple structure makes it very appreciable in the

application domain whenever the necessary hypotheses are satisfied.

In this section we briefly introduce the observer construction method presented in [32].
Consider the single-output autonomous system

T

a

:lP -+ IP

*  -  (n1*1,  Lyh(x) , . .  . ,LT- th(" ) ) t

:  f@),
: h(r) .

(4.15a)

(4.15b)

We assume that (4.15) is observable on a subset O e lR. It is easy to verify that under

observability assumption the coordinate transformation z : T(r)

r(")

is almost everywhere regular.

Now if (4.15) satisfies the following assumption
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(7{t) T(n) is a diffeomorphism from O onto ?(CI).

Then it can be written a"s

f i1

ùz
f2

fr3

i  l :  I  i  l : .F ' ( r )  ,  a : rL (4.16)

ùr_r

ùn

frn

ç@)

ù:  f@)+g(x)u ,
y :  h( r ) ,

If we also add the following hypotheses

(?12) ç can be extended from CI to lR by C* function, globally Lipschitz on IR',

then we can give the following interesting definition

Definition 4.4 When (ÎlL) and (7{2) hold we saA that (1.15) is uni,formly obseruable on
Q or (/1.16) is uniformly obseruable on IP

Next we state the first result of [32] concerning the autonomous systems.

Theorem 4.5 Consi,der the system

à:  F ( i : )+  S- jCr (y -C î , ) ,  â  e  lP

where C : 11,0, . . . , 0) and ̂ 9- is the solution of

O:_OS*_ATS*_S-A+CTC

for 0 large enough, with A the anti-shi,ft matria.

System (4.17) i,s an obseruer of (1.16) onK" wi,th

l l"(t) -e(t)l l  s Ke-Tll"o - âoll

n

(4.17)

(4.18)

!

Remark 4.3 We noti,ce that in fact the aboue obseraer is similar to the obseruer presented,

in the preui,ous sect'ion il we consider L -- S-rjçr. Howeuer this constitute an i,ntelligent

way to find an obseruer gain for this parti,cular type of nonlinear systems.

To extend the following result to the controlled system, namely to the SISO system

described on IR" by

(a.1ea)

(4.1eb)
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the following hypotheses should be added

(?13) the drift system

ù_ f@)
a : h(")

is uniformly observable in the sense of definition 4.4.

(?{4) (4.19) is observable for any input [31] i.e. on any finite time interval [0,7] for any

measurable bounded input a(t) defined on [0, ?] the initial state is uniquely determined

on the basis of the output g(t) and the input u(t).

Definition 4.5 When (4.19) satisfi,es (?13) and Q{\ we say that (4.19) is uniformly

obseraable for any input. n

Following this definition a preliminary result was proved in [32].

Theorem 4.6 (4.19) is uni,tormly obseruable for any input if and only i,f (/r.19) i,s di,ffeo-

morphic to a system of the form

ù1

XZ

ùn-t

ùn

f2

r3

frn

ç@)

9r\h)
gz(h,x2)

T n - t ( t t , .  .  . r r n - t )

gn( ru .  .  .  , f rn )

u: F(r) + G(n)u , (4.20a)

A :  r t :C r (4.20b)

tr
(?{5) let 4, stands for (r1, . ..,rt)r we require that each of the maps gi Tn (4.20a) satisfy

g; : IRa -+ IR

u -+ gr(u)

is globally Lipschitz.

Theorem 4.7 Assume that (4.20) is uni,formly obseraable for any input and assume (7{5)

is satisfied. Consider the system

à : F(û) + G(î;)u+ s;lC"(y - Ci) , (4.2r)

in which,S- is as def,ned by (4.18). Then for inputs u uniformly bounded by some uo ) 0,

the system desuibed by (1.2t) is an obseraer for (/r.20) on IP for 0 large enough. And

l l"(t) - â(r)ll < K@)e-+ll 'o - âoll
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Remark 4.4 The most i,nteresting result ol the aboue theorems is that lor any Lipschitz

nonlinearity, no matter how large the Lipschitz constant is, as far as it i,s finite, ue can

find 0 such that the obseruers, presented preuiously in this section, conuerge. It is also

worth mentùoning that this result follows from (?15) which is uery crucial to the proof of

Theorem 1.7 see [92] for further details on the proot.

The forgoing analysis essentially requires the existence of globally defined and globally

lipschitzian change of coordinates. The difficulty to find such a map is considered as a

drawback of the above approach. Hammami [35] has shown that the above observer design

can be extended to nonlinear systems on lM that can be transformed to the following form

where A, B and C are any constant matrices of appropriate dimensions and the nonlinear

vector field / : (h, fr,. . . , fàT (7 stands for the transpose) is Lipschitz and smooth,

with /(0,0) : 0. This form is quite general and less restrictive than the form required by

Gauthier et. al., and in fact it is satisfied by several nonlinear systems and applications.

We next consider the following system

h:  Ax*Bu* f@,u)  1u€ lR- ,

y  :  Cn  ig€RP,

à : Aâ) + Bu* f?,,u) * S-rCr(y - Cî')

O :  _OS_ATS_SA+CTC

@.22a)
(4.22b)

(a.23a)

(4.23b)

where d is large enough so that a positive definite solution ^9 can be obtained by solving

(4.23b).

Proposition 4.1 If the system defi,ned by (1.23) satisfi,es the following hypotheses

(?ll) there eùsts a posi'tiue constant y such that

l lT@,u)- f  @,") l l  S t l l "- î ' l l

Y(r,î;) € lKrx't andVu € lR''t

(7{2) the pai,r (C,A) i's obseraable

(?13) we can chose e > 0 such that

(4.24)

À-i"(.) and À^u,(.) denote the smallest and largest ei,genualues of the matrir (.). Then the

system defined by (4.23) is an obseruer for the system destibed by (1.22). !
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Proof : If we express equation (4.23b) in the form of a Lyapunov equation

( -dr -9r \  r  Ê  \
\  .^ 2.)s*s( 

- ir-A):-crc

then the matrix A0 : -gI - A is Hurwitz stable if

0 > -2 min{Re(À)lÀ e spec(A)} (4.25)

where spec(A) is the spectrum of A. For that condition ̂ 9(0) is positive definite.

Let's define e: n - î and consider the system of errors

è :  (A -  S-LCT C)e + f  (x,u) -  f  ( î ,u)

together with the Lyapunov function V(e): sr5"

v ç"7 : zer s Ae - zer cr ce + 2er s (t {r, u) - f @, Q)

using equation (4.23b)

'/(") : -ner se - ercrce + Zer s (t{r,u) - f @,Q)

hence Lf (?{3) is satisfied then
't(") s -€ll"ll '

with €: 0 À*i"(S) - 27rÀ-.,.(S) > 0

Therefore, the origin e :0 is globally exponentially stable.

Remark 4.5 Equation (4.2D represents an upper bound on the Lipschi,tz constant 11,
but since S ilepends on 0 thi,s bound cannot be i,ncreased abundantty but there erists 0 for
which it is marimi,zed. Therefore, i.f the nonlineari,ty is uery stiff that the (?13) cannot be

sati,sfied for any 0, the obseruer will fail to conuerge i,f the system has to operate in the

sti,fr region. In fact this was not the case for the preuious obseruer where we can couer all

fini,te Lipschitz constants. We can deduce that this is the trade off of the generalizati,on.

4.4 Sliding observers

Sliding mode technique has been the focus of a growing literature since the work

done by Utkin [82]. Sliding surfaces have been first used for the development of feed-

back controllers [13] [681. Next researchers have tried to exploit their excellent robustness
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and performance properties to design linear and nonlinear sliding observers [83] [14] [67]

[71. The fundamental difference between a sliding mode observer and other observer ap-
proaches is that in other approaches the observer reconstructs the original state vector

asymptotically, however, in sliding mode approach a suitable discontinuous output injec-

tion is used to guarantee finite time convergence by a deliberate induction of an attractive

hyperplane. Robustness, insensitivity properties and simplicity of design make sliding ob-

servers a powerful approach. Analysis and comparison of several types of observers can

be found in [78] [87] showing that the sliding mode observer is a good approach from the
point of view of robustness, ease of design and overall evaluation.

In here we will give a brief idea on nonlinear sliding observers. To begin with, Iet's

consider the following illustrating example of the Van der Pol oscillator

We propose the following sliding observer

ï2

- r r t (L -n l )x2

fr1

îz * wt sign({1 - î;)

-€r * (t - €ïX, * ur2 sign(€z - î;z)

fr1

î2 * wl sign({1 - î:ù

r r l

i:2 :

v:

@.26a)
(4.26b)

@.26c)

@.27a)
(4.27b)

(a.27c)

(4.27d)

and {2. Now we
in finite time to

(a.28a)

(4.28b)

;.
f1  :

:
1 2 :

{ r :

€z :

where the outputs of the observer (estimations of z1 and 12) will be âr

need to choose the observer gain ur1 and u2 so that âr and {2 converge

u1 and 12 resp€ctively.

From (4.26) and @.27) the reconstruction error (e : (x - â) dynamics are :

ez - wt sign(e1)

(t - €?)(r, - €z) - ur2 sign({2 - i:z)

f i :
ë 2 :

Choose the sliding surface a1 ; e1 :0, a necessary condition for the attractivity of the

sliding surface o1 is to have e1è1< 0 for this aim a suitable choice is to have

è t : - 6 t s i g n ( e 1 )  ,  ô 1  ) 0 . (4.2s)

This choice, not only does it guarantee attractivity, but also it leads to a finite reaching

time t], i.e. the states of system (4.28) will be confined to the sliding surface er :0 for
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all t > t|, where tl can be obtained by integrating (4.29)

(

e, f t \ : l  
-Ot t+e1(o)  i f  e1(o)  >  o  and t< t l

' \  /  
[ô1 t+e i (O)  i fe l (0)  (  0  and t< t l

wherefrom, \ile can deduce that the sliding surface €r : 0 will be reached in time t]

., _ lrt(o)l' r -  
6 ,

From (a.28a) and (4.29), we have

ù : -ô1 sign(e1)

€z - 'trr sign(e1) : -ô1 sign(e1)

-(r,, - e2 sign(er)) sign(e1) : -d1 sign(e1)

ut - êz sign(e1) : ô1 .

Condition ô1 ) 0, implies that u.r1 should be chosen such that

w t )  l r r l *o ,  (4 .30 )

with le2l,r,o is the maximum value of. e2for all t e [0,oo] and we will also ur. l"rlli"* to

denote the maximum value of e2 for all t e [0, t]1.

Now, if 'u.r1 is chosen to satisfy (4.30), then we will have €r:0 for all t, tl", conse-

quently â1 will converge to z1 in finite time namely t].

Moreover, since e1 is constant namely €r : 0 for all t > tl it follows that é1 : 0 for

all t ) t] which leads from (4.28a) to

0 - €z - ut sign(e1)

0 - rz - ûz - u.'1 sign(e1)

12 : ûz * wt sign(e1) .

Therefore, using (4.27d), the observer output {2 is equal to the state 12 for all t> t}.

Up to this point, it is clear that for a suitable choice of tl1 the observer (4.27) correctly

reproduces the state vector of system (4.26). However, the existence of tu1 depends on the

boundedness of e2(t).

In fact, if. e2(t) does not diverge to infinity in finite time ta6, < t|, then since {2 : a,

for all t > t|, (4.28b) becomes

èz : -wzs ign (e2 ) ,  V t> t |
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Bchavlor ot thc .lldlng ob.en û lppllcd !o r Vrn dcr pol oaclllatol

t r = 1 t

0 0 . 5 r 1 . 5 2 2 . 5 3 3 . 5 4 1 . 5 5
lime (second)

x

I
I

f=0.7!r

- - - - - - /

0 0 . 5  1 1 . 5 2 2 . 5 3 3 . 5 4 4 . 5 5

time (sgcond)

Frc .4 .4  - r ( - ) , î ( - - - ) ,  €C. - . - . )  o r (0 )  :1 , r2 (0 )  :1  ,  î r (0 ) :  -L ,û2(0 )  -  -3

wt:5 and w2 -  J

which leads to €2 = 0 in finite time t, if. wz ) 0, particularly

t ,  - t I+t?

where t, is the time when the manifold e : 0 is reached and tf denotes the time afber

which o2 1€,2:0 is reached, relative to reaching surface o1.

û : le,.@)l s lel** ,
u2 w2

it is then clear that tf is finite and as a result t" is also finite. We can clearly see that

{2 converge at the same time as 11 after t} : Is , whereas 12 convêrges later after

t ,  :  t l  + t? :1.78s.

Let's now consider the general autonomous single output nonlinear system

ù: f@),
Y:  h ( r ) .

I2

fr3

;_

ç@)

(4.31a)

(4.31b)

transformable into the system

X1

ù2

ùn-t

in

(4.32)-F (x ) ,  U : r r
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A sliding observer for this system is the following dynamical system

î2

îs

rn

,n( F\r \ \ , ,

where

€t :  r t :  A and €r+r  :  û* t  *  w;

Defining e: î,i,-î; and subtracting (4.33)

error system. Since €r : ur we have

ê2

€g

;^

ç@) - çG)

tu1 sign({1 - âr)

u2 sign(f2 - îz)

to,,-1 sign(€;-r - ûn-ù

tr,, sign({r, - î")

(4.33)

s ign (€ i  -  â6 )  f o r i  :  7 , . . . , n -  L  (4 .34 )

from (4.32) gives the dynamical reconstruction

ur1 sign(e1)

tn2 sign({2 - î;z)

tu,,-1 sign(;-, - ûn-ù

u.r' sign({,, - î")

(4.35)

:
I1

fr2

I n - l

ln

€ 1

èz

èn-t

èn

Choosing the sliding surface o1 | €1 :0, the ideal sliding mode occurs if there exist a

finite time t| such that e1 : 0 for all t 2 t|, where t| is the time when the sliding surface

01 ; €,1 :0 is reached. The reaching condition of the sliding mode is é1e1 < 0, on the

other hand

èÉ'l: 
ïi',,ÏffiI"'),u

Thus, a sufficient condition for the existence of the sliding modes is that

w1) le2l^* .

Since at sliding mode €r : 0 for all t > tI then we also have ér : 0 in fact this is

also a necessary condition for sliding modes to occur. According to the equivalent control

method, the system in sliding mode behaves as if sign(e1) is replaced by its equivalent

value sign(e1)"' which can be calculated using the first equation of (4.35) and using ér : 0.

This is yields to
. l r € 2

sr$n(e1J : 
,,
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if we substitute this equality in (a.3a) for i - 1 we obtain

î2 * wl sign({1 - ôr)

û2 * wl sign(e1)

û 2 * e 2

1 2 .

Therefore {2 is equal to n2 after t > tl. and we have

èz : êe - w2 sign(e2), V t> tl

similarly if. wz ) lrrl-r* sliding mode occur on the surface o2 i €,2 :0, then \rye can

continue until we obtain sliding mode on the surface on-r i en-r :0. Using the (n - l)tt'

equation of (4.35) and the fact that i)n-r :0 after sliding mode on on-1has occurred, we

get

rn : în * un-t sign({"-1 - ûn-t) : €n

thus the last equation in (4.35) together with {,, : rn results in

èn : -'trn sign(e")

hence sliding mode occur on the sliding surface o,, 1 en :0 simply by choosing tr.rr, ) 0.

Interpreting the foregoing results, it was shown in [83] that for real-life system sign(.)"0

is physically an average value of the chattering with high frequency variable sign(.). Thus

for the design purpose the equivalent sign(.)eq can be obtained by low pass filtering the

result of the sign function. Moreover, one can notice that the observer convergence is

obtained on the basis of a step by step algorithm, where at each step one sliding surface

is reached, that is one observer state converges to its corresponding system state in finite

time. Therefore, we have

fo r  each  s tep  i , ' i : 1 , . . . , n -7
/ \

è,i
\ . /

From the last equation \rye can obtain

r  r . ( i - 1 )1  I
, r_  _  p t \ t i  '  

) l  
,  t l  : 0  i  :1 , . .  . ,n  .u r -  

6 ;

Therefore, the sliding manifold e:0 (n : û) is reached after time

t, -f,ti
i= I

€z :

:
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whereas the estimations ( become equal to r after tf : t, - t7.

We also note that this result is founded on the assumption that the error e: r - â is
bounded, to allow the choice of the observer gain tr.r; i : L,. . .,n - l.

Generalization of this technique to the controlled systems is possible. However, in
general the observation depends on the control. Nevertheless, one can consider a class of
dynamical systems that can fit to many real systems.

Consider for instance the class of svstems described bv

ù1

ù2

ùn-t

ùn

r2

Ig

frn

ç@)

g(rù

9z(r1, n2)

h n - t ( r 1 r . . . r r n - t )

T n ( f r t , . . . r f r n )

u:  F( r )  +  G( r )u ,  (4 .36a)

(4.36b)

a sliding mode observer for thisusing the sam

svstem can be

Y :  f r t : C t .

e technique as for the autonomous case,

+

f 1

t2

.r,n_l

:
ln

€r is

fr2

îs

rn

o(  È \r \ \ , t

gr({r)

sz(A,€z)

9r r - r (€ r , . . . , € ' - r )
gn ($ , " ' , € " )

tu1 sign({1 - û')

tr.'2 sign({2 - i;z)

r.r.r,r-1 sign(€rr-r - â"-)

tu' sign({r, - î")

u* (4.37)

where as described in (4.34).

4.5 Adaptive nonlinear observers

For the sake of completeness of this bibliographic study, we will give herein a brief
idea on a kind of nonlinear adaptive observer design that was suggested by Hedrick [62],
which is merely a generalization of the work done by Marino [a9]. Adaptive observers help
to identify the parameters simultaneously with the system states, a fact that made them
widely used in many applications [62].

We consider the class of single-output nonlinear systems, that can be described by the
following dynamics

ù : Ax * f  @,u) + bÙr (r,u)0 ,

A:  Cr ,

(4.38a)

(4.38b)
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wherer  € lR ' ,  u€  IR- ,U€R,  be  IK ,  de  lR 'andQ:  IK  x lR-  -> lR ' .  Wesuppose tha t

the following hypothesis are verified

(?11) There exists a positive symmetric matrix P such that

fP :aC

for some real o.

(?t2) I and $ are Lipschitz in r with Lipschitz constants '/1 and ]2 respectivelg i.e. for

a l l z ,âe lM

W@,u)-f@,r) l l  S tz l@-î ' l l  ,

l lo(", u) - Q(û,")l l  S tl ln - i; l l  .

(?13) The vector of unknown parameters 0 is bounded in the sense llellr S lt

(?14) A gain matrix -L can be chosen such that

^ft+.y2.l,l lôll .,*S

where Q is a positive definite symmetric matrix satisfying the Lyapunov equation

(A-  LC) rP  +  P(A-  LC) :  -Q

Theorem 4.8 Consi,der the system described bA U+.35) satisfyi,ng (7ll) - (714), then the

adaptiue obseruer

à:  Aî+f@',u)+bor( î ,u)o+L(a-cû) ,  (a.39a)
: 1
o:  ! -o@,") (y-cî ) ,  p ,>o (4.39b)

p

is  s tab le ,  €o : r -  û  -+0  as t -+  oo  ana  (uo r (x ,u )o  -bo r (û ,Qâ)  +0  as t - )  oo  D

Proof zLet er: t  - â be the estimation error and ee:0 - B Ue the parameter error.

The error dynamics are given bY

è,: (A - LC)e, + l@,ù - f  @,u) +bLr(r,u)0 - Uor(t ,Qe . (4.40)

Consider the Lyapunov function candidate

V - eTPe,* p,e[e6
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with P chosen so as to satisfy (?11) and (7{4).

V : 
"T(ft- 

LC)r p + p(A - tq)e, + 2ef,P(ttr,u) - f(a',Q)

+z(uo'çr,u)o - blr (î,u1e)' e", + 2pre[è6

i/

+z(uor 1e;,u1"r)' r", t 2p,e[ès

i/ s -eTQe, * 271À,,,o( P)ele, + 2llbll121sÀ^-,(P)e[e,

+z( or 1n;,u1"r)' e", * 2p'e[ès

Choose .L such that

7r+llbll7"''ffi
so

^n+l lb l l1rq.  ) ' " r " (Q) w<0.'- 2À-JPt
Then

v : -MeT", + zef (o1t,u)f Pe, + pee)

Choose ée to annihilate the right most term in the above equation

1 -èe:l**',rrru"r'u\r'j.":,'

l-r
:  - !o@,u)(a -  cî)  .

p

Hence

V < -M"1",

and so the system is Lyapunov stable. this implies that e, €. L* and es € L*.

Now, from the last result, we have

v( t )  SY(O) -  M [ '  e ledt .
J o

Since V(t) e.L- and V(0) is finite, this implies that e, € L2. Also, from (4.40) we see

that é, € L*.Thus from Barbalat's lemma 1411, e, converges to zero'

Next, we investigate the convergence of e6

Io* 
u, dt - Me,(t) 

-e,(o) : -e,(o)
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which is finite. Also, from (4.40) and using the Lipschitz continuity of f , è, is uni-
formly continuous. Therefore, by Barbalat's lemma è, -) æ, and with (4.40) this implies

(aO"1r, u)0 - bLr (û,Qâ) -+ 0. This ends the proof.

Lemma 4.2 (Barbalat's Lemma [11, page 156]) Let / : IR + lR ôe a uniformly continuous

functi,on on 10,æ). Suppose that

f(r)dr

exists and is finite. Then

/ ( r )+0 as  t+oo

4.6 Summary

In summary, let us see the advantages and the disadvantages of the stated observers.

The Linearization technique is very interesting due to its simplicity, whenever a linea-
rizing diffeomorphism is easy to determine. However finding a non linear transformation
that linearizes the system is not always evident, and this constitutes the main drawback
of this method.

The observer suggested by Thau guarantees that the observer error is globally asymp
totically convergent to zero. Yet, as we have explained in Remark 4.2 the necessary condi-
tion (4.9) cannot always be satisfied, for instance with systems having high Lipschitz
constant.

This fact was remedied by the approach of the high-gain observers. Nevertheless,
the observer suggested by Gauthier et. al. has a slightly restrictive structure, and many
applications systems cannot satisfy the necessary hypotheses. We have also seen that an
attempt to generalize that approach by Hammami leaded to fulling in the same problem
as Thau's observer though the problem of determining the observer gain is solved. An
interesting study will be a design of a high-gain observer for general nonlinear systems
having as large as possible Lipshitz constant. This will be a part of our work presented in
the next section.

The observer that shows high practical interest is the sliding observer, due to its
robustness and finite time convergence. In the next chapter \rye will present a contribution
to the theory of nonlinear sliding observer design, with application to electrohydraulic
manipulators.

n^ ['
t+æ Jg

!



Chapitre 5

Nonlinear observer design : New

approach

In this chapter we try to contribute to the theory of nonlinear observers. Our work

is motivated by the need to estimate different states of the electrohydraulic manipulator

model presented in chapter 2, a system that proved to defy some observers existing in

literature. We start by modifying an observer available in [35]. The modification brought

to this observer improves the speed of convergence of the observer, in addition it enlarges

its domain of application as it can cover systems with stiffer nonlinearities. Next, we

introduce a new simple type of observers, though it does not have a systematic design

method, whenever the system in question helps in finding such observer, exponential or at

least asymptotic convergence is reached. In the case of our application exponential stability

was attained. Finally, we present a sliding observer for a class of nonlinear systems with

unknown inputs. We show that in presence of bounded matched uncertainties, sliding

observer still correctly estimates the systems states. This observer was applied to the

electrohydraulic system, and showed advantages compared to the other observers.

5.1 High-gain nonlinear observer

5.L.L Observer synthesis

We consider the nonlinear system described by the following equations on IP.

7 t :

Ar*Bul l@,u)

Cx

1u€ lR- ,

i  g€Rp,

(5.1a)

(5.1b)

119
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where A, B and C are constant matrices of appropriate dimensions and the nonlinear
vector f ield / : (h,12,...,fn)r (? stands for the transpose) is Lipschitz and smooth,

wi th / (0,0) :  0.

The high-gain observer presented by Hammami in [35], namely

0-

Ai) + Bu * f G',u) + S-LCT (y - Cî')
_OS _ ATS _ SA+CTC

Aî + Bu * f @,u) + eS-LCr @ - Cî,)
_OS _  ATS -  SA+CTC

(5.2a)

(5.2b)

gives a bound on the Lipschitz constant which limits the domain of application of the
observer. In this work, we try to bring a slight modification to increase the bound on the

Lipschitz constant [24].

Then Let's consider the following system

(5.3a)

(5.3b)

where 0 is large enough, ( > 1

Remark 5.1 The matrir S(0) can be seen as the stati,onary solution of the differential

equation
s^o) - -É.s{o) - Ar st@) - sr(o)A+ crc ,

with i,nitial cond,iti,on Ss being posi,ti,ue def,nite. S(d) : 
r[*Sr(r), 

where Sr(0) e S+ the

cone of symmetric positiue defini,te matrices.

Theorem 5J If the system defined by (5.1) satisfies the following hypotheses

(?lL) there erists a posi,tiue constant y such that

l l f@,u)- fG',") l l  S t l ln-î ' l l

V(r,î) € lRnxn andVu € lR*

(?12) the pair (C,A) i's obseruable

(?{3) we can chose 0 > 0 and Ç } L such that

T1
À*6(9,5 +Qe -DCTC)

2)-*(S)

)-i"(.) and À^n(.) denote the smallest and largest ei,genualues of the matrir (.).

Then the system d,efi,ned, by (5.3) is an obseruer for the system d,escribed, by (5.1) with

0:

(5.4)

m(s) , .\ll*(t) - e(t)ll s 
Vffiexp(-ost)ll'(o) 

- t(0)ll ,
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where oq:
)* io(0S +Qe -DCTC)

2À*",.(,S)
- 'Y t  '

proof:

If we express equation (5.3b) in the form of a Lyapunov equation

00(-A' - irlt + s(-;r - A) : -crc

then the matrix A0 : -tI - ,4 is Hurwitz stable if

0 > -2 min{Re(À)lÀ e spec(A)} (5.5)

where spec(A) is the spectrum of A. For that condition and using [85, page 201] S(A) is
positive definite.

Let's define e: r - î and consider the system of errors

e :  (A -  (S-rçrC)e + f  @,u) -  f  @,u)

together with the Lyapunov function V(e) : st 5.

vç"1 : 2er sAe - zçercrce + zer s(l@,u) - t@,ù)

using equation (5.3b)

v(") :

s

hence if (713) is satisfied then we can have an exponentially decaying bound on the
Lyapuriov function.

V(t) < V(0) exp(-2ost)

where oo : à'dmgg - 7r. Using the following inequality

À*i,,(S)l lr l l '  < erse < À**(S)l lel l2 ,

we have

l l ' ( t) l l '

equivalently

V(0)exp(-2ast)
À-i"(s)

-ler se - ee - t)ercrce + 2er s(t{",u) - f (t,e)
-er10S + (2C - t)CrC)e* 271À*,,.(s)llrll'
- (^*," (0s + ee - gcr'c) - 27rÀ-o(s))ll"ll,

(^^i"(os + ee -p_ 
r,) 2v@)- \z r * ' .1s ; - t t )zv

= ffi 
exp(-2ast)llr(0) ll',

Â-rs)
lle(t)ll s r/ffi exp(-oet)ll"(o)ll .

Y "mrn\"'r

Therefore, the observer states converge exponentially fast to the system states.

< v(t)
- 

À*i"(S)

!
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Remark 5.2 In [35] the bound, on the Lipschitz constant was J1. i *# 
. It is

clear that the bound, is larger here for ( > 1. Unfortunately, this bound cannàt be'increa-

sed, abund,antly but there exists 0 lor which it i,s maxi,mized, with the maximum reached

asymptotically as ( goes to infi'nity.

Remark 5.3 We can see from the proof of Theorem 5.1 that for the speci,al cases where the

nonlinear function f @,u) is decreasing wi,th respect to the state x then there is 72 e [0, Zt]

such that

f  @,u) -  f  @),u)  < -n@ - û)  ,

and so the obseruer conaerges for any ualue of "n-

5.L.2 Application to the electrohydraulic manipulator

We recall the model of the electrohydraulic manipulator presented in the second chap-

ter is given by the following system of differential equations

P" : *t @W 
-, 

*r-,et' 
- su),

ù : 
*,(tr" 

- bu - klrp -"ro)) ,

ù p : a

(5.6a)

(5.6b)

(5.6c)

where Cu is the internal leakage coefficient of the piston. Without loss of generality we

will consider r,o:0. The parameter values are stated in Table 5.1.

If we use SI units, i.e. pressure in pascal (Pa), displacement in mete, (m), and velocity

in meter per second (*/t), then we can note that the state variables have different ranges

of operation that may lead to numerical instability. Therefore we will scale our variables

as follows

u :P t /Ps  ;  r z :u /û  i  r s : re f l  ;  u : [mf  s .

thus the above system can be expressed as follows

:  Ar* f (n ,u) ,

:  Cn.

r

a

l+P"Vt
_ b

mt
!
I

_rl
il'l

where

A_
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Parameter value unit

fluid

B
P,
P,

2.2 x l}e

300 x 105

1x105

Pa

Pa

Pa

piston

ITLg

s
Vt

50

1.5 x 10-3
1 x 10-3

ks
m2

m3

load

rn

b

kt

20
590

125000

ks
kg ls
Nl*

servovalve

k

a
^l

5.12 x 10-5

4.1816 x 10-12

8571

mBs-rA-Lpa-U2

rrù3 s-r Pa-L

s-1

Tne. 5.1 - Numerical values used for simulations'

f  ( r ,u ) :

Clearly, the nonlinearity

0
0

(*t-"
- 

fr1u1P'nr

^ l l \ t f f i/v (rrl : *uU 
2

(5.7)

is not globally Lipschitz. The results of the previous analysis are not directly applicable

to this system. However, the input control u(t) can be properly chosen so that the square

root term is Lipschitz within the operating range. Indeed, the square root term is Lipschitz

if sr is kept outside of a ball of radius r ) 0 around P" - P,.

Under the foregoing constraints and if we use a sensor to measure the displacement

that ishaving y: i1s and y :Cr means C: [0 0 1]. Wecan easily check that the

pair (C,,4) is observable. A sinusoidal exponentially decaying signal is used a^s an input

control. The amplitude of the input is 10 rnA, its frequency is 40 Hz and the damping

coefficient is 10 s-1. The maximum pressure difference attained with this input is about

230 bar. Hence, for these conditions the Lipschitz constant is 0.0087.
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Remark 5.4 The square root function in equati,on (5.6a) is usually substituted by a rather
Lipschitz functi,on to ease the numerical integration i,n hydraulic simulating softwares.
Take for instance AMESirn uses 0, tanh(.) a steep but Li,pschitz function around the origin.

p(r ) : { tanh(5oo)  
r  <  o 'ee

lt/lalsion(r) u ) o.9e

In Figure 5.1 we have plotted the upper bounds on J1 across d > 10, in fact according
to equation (5.5) îmin:8.4515. We see that for a proper choice of 0 (0 - 400 with ( - a;
we can have maximum upper bound for the Lipschitz constant 7r. We can also observe
the efiect of the parameter ( which raised the bound from 0.0128 to 0.0168. We can also
check the convergence of the observer states in a very short time in Figure 5.2.

Flc. 5.1 - The upper bound on the Lipschitz constant with different design parameters.

5.2 Drive-response observer

The drive-response observer approach is strongly dependent on the system model.
Nevertheless, it was verified that it can be applied to several real applications, we cite for
instance our application to electrohydraulic systems I24lI25l.

c
o

E
t
o

6

Thc bound on thê Llprchltz constent for dltf€|rnt vâlue3 of (,
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6
o
)ù

Hlgh-galn obrerver 3ta!e behavloul

0.015

o
È

Ê

0.015

_ 5 1
0 o.oo5 0.01 0.015 0.@ 0.025 0.03 0.035 0.04 0.045 0.0s

time (sectnd)

Ftc. 5.2 - The observer states behaviour.

We consider systems on lM of the form

: f r r ( r r ,u)  *  fp(x2,u) ,
:  1z (n1 , rz ,u ) ,
:  1 2 .

:  f r ( î r ,u)  + fp(nz,u) ,
: fz(ù,îz,u) * rl(îyîr)(r, - îz) ,

i 1

ùz

v

(5.8a)

(5.8b)

(5.8c)

(5.ea)

(5.eb)

where 11 € IRu, fr2 € IM,, u € Rp, ftt, fn and f2 are smooth vector fields. A dynamic

observer of (5.8), based on the drive-response concept and the error feedback is a control

svstem

:
r1

I2

that uses the input u and the output U: rz to perform the state determination of (5.8).

It can be seen that equation (5.9a), is driven by xz to realize the state â1, and equation

(5.9b) contains the error feedback term and performs the state ûz.Let et-- frt - â1 and

ê2: fr2 - û2 so the error system is

4:  i {n1,ûuu)  : fn(nt ,u)  -  f1( î1 ,u)

è2:  i2(x1,û1,12, îz ,u)  : fz(xurz,u)  -  fz(ù, îz ,u)  -  e(ù, î r ) (x ,  -  î ;z )

As a matter of fact, there is not much that can be done with the above equations when /1

and i2 are general functions. However, if we can express the error system in the following
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è1  :  g r (e ) ,

è2 :  gz(euez)  ,

(5.10a)

(5.10b)

then under mild conditions and by proper choice of the driving signal x2, the stability
of the error system can be attained. Within the following theorems there are interesting
results on the stability of system (5.10).

Theorem 5.2 [65J we consider system (5.10). Under the assumption that g o,nd, !2 are
Lipschitz, if e1 : 0 i,s asymptoti,cally stable (AS) for (5.10a) and e2: 0 is AS lor è2 :

gz(0,e2) then (e1,"r) :  (0,0) is AS for (5.10).  t r

Furthermore, if we consider system (5.10), we notice that due to the smoothness pro-
perty it is always possible to decompose !2(eye2) in the form

Tz(et "r) 
: gz(0, ez) * G(e1, ez).et

where a choice of the function G can be taken as

G ("r, "r) 
: 

Ir' #n"1, 
e2)d,r.

Theorem 5.3 Suppose that gt, gz are globally Lipschi,tz functions, €r : 0 is globally

erponenti,ally stable (GES) for (5.10a), c2:0 is GES foré2:92(0,e2) andG satisfies

l lG("r ,ez) l l  <r ( l l " ' l l )  ,  Ve1,  e2

wherel i,s a nond,ecreasing, strictly positi,ue, scalar function, and, bound,ed, for aII bounded,

e1. Then (er,ez): (0, 0) is GES for system (5.10). !

Proof :

Using the fact that, e1 : gr(er) and ë,2: gz(0,e2) are GES, there exist some Lyapunov

functions V, Vz such that :

v(rr)  > 0,  v e1f 0 ,  vr(O) :0,  
' " , l ly*_v(eù: 

*oo

V2(e2) > 0, Y e2 I  0, %(0) :  0, 
f ," , l f i3+." 

Vz(ez) :  *oo

and some posi t ive constants  a;  ,  ' i  :  1 , . . . ,4 ;  h  ,  i  :  L , . .  . ,4  such that  for  a l l  eL,  VL

satisfies

alletll' S U("') < a2llell2

l lVY'(e l ) l l  < asl ler l l

YV1(e).e1 ("') < - adlerll2
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and for all e2, Vz satisfies

brll"rll' <Vz(ez) < bzllezll2

l lv%(er)l l < ô'l lrrl l
YVz(ez).gz(0, rr) < -bnll"rll'

These properties are result of the converse of Lyapunov theorems for the GES systems

èL:  gL(eL)  and ë2:  9z(0,e2)  (see [85] ) .

Consider now

W("r , " r )  :  Vr(er)  *  qV2(e2) ,  T )  0

as a Lyapunov function candidate for system (5.10), then the derivative of. W along the

trajectories of the system is given by :

W ("r, 
"r) 

: h("r) + rtW(ez)

: YV1(e1).s1("r) + qYV2(e2).(nrto,"r) * G("r,"r)."r)

since we have e1 : s,,(er) GES, then l lel( t) l l  S lzl ler(0)l l r-^ '  I  Ml lel(0) l l ,  M > O,which
yields

Ùk,.,"r)  I  -aaM2lle1(0)l l '+ qbsMllel  (0) l l . r(Mlle1(0)l l ) . l ler l l  -  qbnl l"r l l ' .  (5.11)

Therefore, should we choose 4 such that

o<qa = = ,no l ,bu ' , , , ,-  
b3r2(Mller(0)l l ) '

the above quadratic term is definite negative on lM' x lR'2. It follows that (e1, e2) : (0,0)

is GES for system (5.10). n

5.2.1 Application to the electrohydraulic manipulator

For the drive-response observer \rye shall again measure the displacement of the piston

ro, and use it to drive the observer. We recall

PL -  4B/ '  @- d  - \= 
i(*,V'T 

-, 
. r4-;T Pr - su ),

ù : I@r"-bu-kpr),fTLt \

ù p : a
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and using (5.9) we will postulate the following observer

:  48 1, . l -e,-ro*çr10" a Â - \Pn : % (*"VT- 1*ETPL- sû),
:  1 / - ^  \
a : 

*\Sft 
- bû - krp) ,

:
î p  :  û+n ( ro -ûù .

Let's consider the function defined in (5.7), thus the error system is written as

èp,. : #@o")-N(p,)-ffifPz-r,,) ,
èo : L(t"r" - be,) ,

T T \ -

èap : eu - Ketp .

The first two equations are independent of e"". In addition to its being decreasing function,
following the argument of the preceding section, N(P") is Lipschitz within the operating
range. Then,

.  48(  o l
ePL :  

v,  \ -nePL 
-  

L + r lu lêPt 
-  re,  

) ,
1

è r :  _ ( S " p r - b e r ) ,
fTLl

where "yz e 10,7r]. Now we consider the Lyapunov function

v (ep,, e,) : i(hu," * *n?,)

V (ep", eo) : -lz€zp" - 
ffie2r" 

- bef;

thus the above subsystem is exponentially stable. Now, if we let rc ) 0, deducing the ex-
ponential stability of the overall error system is a straight forward application of Theorem

5.3 after considering Remark 5.4.

Remark 5.5 The conuergence of ero to its origin is erponenti,ally fast, so ero -+ 0 as

t -+ oo. Howeuer if we choose

ào : t , *ns i ,gn ( ro -ûo) ,

then
ëro: €a -  K sign(er) '

so that if we choose n ) l"rl^n then ero wi,lt fad,e to zero in fini,te t'ime t, - 1""!0)l . *"

can uerify that n erists since eo(t) is exponentiatly stable. 
K
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Drln.ffponx obûaffi 3bia ùahavlilt

. \ :  :  :  :  :
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Flc. 5.3 - The drive-response observer states behaviour.

In Figure 5.3 we show the convergence of the drive-response observer states. Though the

drive-response observer is strongly dependent on the system structure, its synthesis is very

simple and does not require hard design computations. Indeed, this observer is free from

the hypotheses (?12) and (?13) of proposition 5.1, and only requires a choice of positive

feedback gain, namely rc ) 0, to obtain an exponential convergence rate.

5.3 Sliding observer for systems with unknown inputs

In general nonlinear observer design, the plant model is reproduced with an addition

of a feedforward term which is usually a function of the error between the system output

and the observer output. However in many practical domains an unknown set of para-

meters might interfere into the system plant such as noise, hard-to-measure nonlinear

parameters... Whenever such unknowns are present the usual design procedures no lon-

ger lead in general to the convergence ofthe obtained observers. In this section we present

sufficient conditions to design a sliding observer for a class of nonlinear systems. We show

that under suitable choice of the observation gain the observer states will asymptotically

converge to the original states even in the presence of bounded modelling errors . We first

start by stating the observer, then we give methods to design the feedforward injection

map that makes the observer insensitive to parameter uncertainties, and next we develop

sufficient conditions for the existence of the sliding mode.
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5.3.1 Sliding observer design

Part A : Observer statement

Consider the class of nonlinear uncertain systems, transformable into dynamical sys-

tems affine with respect to uncertain parameters, described as follows :

where r € lR" is the state vector, u e lR- is the input control and y € IRP is the system

output p < n. A and C are two constant matrices of appropriate dimensions, / : lR' x

lR- -+ IP is a smooth vector field. B € lRnxp is the uncertainty injection map O : lR' ->

lRpxp is a bounded function, and p, € lRp is the unknown parameter vector. Here rr denotes

the transpose of the vector r and llrll its Euclidean norm.

Remark 5.6 We wi,ll o,ssurne without loss of generality that the obseruability matrir

C and the uncertai,nty inject'ion map B to be of full column rank, ranle(C) : p and

rank(B) - pt. In fact, if C i,s not full rank then there is redundancy i,n the obseruati,on

and C should be modified until it is full rank. With si,milar reasoning B can be modifi,ed

to be full rank.

We assume that system (5.L2) satisfies the following hypotheses

(îlI) (C,/) is an observable pair.

(7{2) f (x,z) is uniformly Lipschitz with respect to r, i.e.

l lf @,a) - f G;,u)ll < tl ln - î;l l .

(?/3) The uncertain parameters are bounded

supllp(t)l l  3 t, .

(?t+) llo(n)ll S z" Vc € IR .

A sliding observer for system (5.12) is the following

i t :  Ar* f@,u)+BQ(r )p ,

A:  Cr .

:  Aû+ f  @,,")+es-Lcr@-cî ' )  *Âu,
:  Cî ,
_  _OS_ATS_SA+CCT.

where u € IRp is a discontinuous feedforward compensation signal and A

feedforward injection map such that CÂ is a nonsingular matrix, thus

(5.12a)

(5.12b)

(5.13a)

(5.13b)

(5.13c)

€ IWXP is the

by purview of

:r

v
0
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remark 5.6 ranlely: p. And C > I and d ) 0 are two real numbers with 0 large enough
such that ,S is a positive definite matrix.

Define e: r - â and ês:A - f, then the state reconstruction error is

è  -  ( l -eS- 'CrC)e+ f  (x ,ù  -  f  @, ,Q+ BA@)p-  l tu  ,  (5 .1aa)

ey :  Ce .  (5 .14b)

we wish to determine (, d, Â and u such that (5.14) is at least asymptotically stable in
the sense of Lyapunov.

Part B : Design of ( and d

To choose ( and d we consider the system

i :  A{+f({ ,u) ,
O :  C€ ,

and its observer

€: a€ + /(€, Q + Çs-Lc'(y - ce) ,
where ,S is as described in (5.13c), which can also be expressed in the form of a Lyapunov

equation

( - e'- 9r)s+s ( -!r-a) : crc .
\  

- -  
2 - / - ' - \  2 -  

- - /

It has been shown in Section 5.1 that this observer converges exponentially fast if

"Yl <
.l*i, (as + e( - Dcrc)

(5.15)
2)-*(S)

wi th (>1and

0 > -2 min{Re(À)lÀ e spec(A)} (5.16)

where spec(A) is the spectrum of ,4. We also note that there exist d for which this bound

on 1l is maximized when ( goes to infinity. Hereafter, rrye assume that the following is

true.

(?lS) Given the system (5.12) we can choose 0 : F and ( - ( such that

^,, . 4 À,,,,n(^g) .'l*,"(as+ 
(ze- r)ctc)

t/ - tÀ-*(s) - 2À-ds)

(( is large enough such that any value of ( > ( does not bring significant change on the
bound (5.15))
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Part C : Design of A and T.r

The aim of the observer is to bring e :0, that is to have stable origin in the dynamics

represented by equation (5.14). For this aim, and since we only measut9, y : Cr, we would

choose es : 0 as an attractive and sliding surface. The ideal sliding mode for the system

(5.14) is obtained if eu - 0 and éy : 0, but

èu:0

eCè:0

ëc(A - es-tctc)e + c(t{r,ù - f @;,")) * cBa(r)pr, - cttu :0

thus according to the equivalent control method we have a feedforward input

,uee QL)-tcAe + (cl)- 'c(T(r,ù - f  @,")) * QL)-tcBa@)p. (5.17)

Substituting (5.17) in (5.14a), then when sliding mode occur, the state reconstruction

error system has the following form

e: (r  -^(c^)-tc). te+ (/-^(cl)- lc)(r@,u)- f  (û; ,u))

+(/ - L(cq-Lc)aa@)p .

Now II - I - L(CL)-IC is a projection onto the kernel space of C in the direction of

the range space of Â. Consequently, if we choose Â such that the columns of B lie in the

range space of Â, that is there exist a nonsingular matrix D € lRptp such that

l vD:B (5.18)

then the term (/- A(C^)-rC)nO@)trr will be annihilated and the state reconstruction

error system becomes independent of the uncertain vector p, particularly

e: (r - A(cA)-LC).te+ (/ - L(CD-LC)(r@,u) - f (î: ,u)) .

Remark 5.7 Note that the eristence of lr depends on the obseruati,on matrix C. Indeed,

!\D : B + CLD - CB, then if CB is si,ngular then D is also singular, since Clt is

necessarily a nonsingular matrir. If we refer to (5.18) this i,n turn contradicts the fact

that lv and B are matrices of full column rank.

In the sequel we assume that the following hypothesis is satisfied

(?16) There exists a p xp matrix D such that

I tD :  B
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The existence of the sliding mode requires u to be a discontinuous function. Let for

instance

u -Wsign(Ce)

where W is a positive definite matrix, Ir7' € lRp'p.

Our aim is to find conditions under which the state reconstruction error dynamics are

stable, i.e.

,\1e(t) 
: s '

Set
l t :s -Lcrw- ' ,  (b .19)

thus for this choice of À, we can check that CÂ is nonsingular, indeed we have

Clt : CS-tCrw-L

but we know that W-r is positive definite, then to show that CÀ is nonsingular we only

need to show that CS-|CT is nonsingular. To this aim we will proceed by contradiction.

Supposé thero isz € RP, z l0 such that C,9-1Crz:0 then

CS-|CT z : o

,Tgg-tgr, - o

,rg5-r/2]-t/zçr, : 0 ( since ,S-1 is positive definite )

(s;/zcr z)' (s-,rrcr,) : o
gt/zçr, : 0

CT z : 0 ( since S-r/z is positive definite )

z - 0 ( since Cr is full column rank )

The fact lhal z is necessarily zero, contradicts our assumption of. z I 0, and shows

that CS-lCT is nonsingular. Furthermore, since S-1 is positive definite and CS-IC" is

symmetric it follows that C,9-1Cr is also positive definite. Eventually,

Clt : CS-LCrW-L

is a nonsingular matrix.

We should now investigate the conditions under which

Â: ,S- ICTW- '
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can satisfy (716).

Since A,D : B with D nonsingular, then

Image(L) : Image(B)

A(Ro) : B(Ro)

S-LCrW-t(Ro) : B(Ro)

,S-lCr1Rr1 : B(Ro) ( since W-r is nonsingular )

Cr(nr1 : SB(RP)

Image(Cr) : Image(SB)

Let us consider, without loss of generality, that

C : ( Io  0 )

that is we directly observe the states and not an algebraic combination of them.

Remark S,.A ntls assumption i,s not restrictiue, si,nce by li,near coord'i,nate change î : Tx

we can obtain
e :CT,  wi the :Uo 0)

Â:T-rAT ,  B:T-rB ,  f -@,u) :T-1f  ( r ,u)

Now 
/ -  \

c' : It ' l
\0 /

': (;il 
'r::) and ": (i:)

STrBt *52282 :Q.

Equation (5.20) involve conditions on the matrix ^9 which is a solution of

(5.20)

where Srr € lRPtP, Szz e p(n-r)x(n-ù, B, € lRptp, Bz e lR("-e)xp, with 81 nonsingular.

'": (;n "') (i:): (!i""',:l::"":)
to satisfy the equality Image(CT) : I*age(SB) we need to have ,SrrBr * SnBz nonsin-

gular and

OS:_ATS_SA_CCT. (5.21)
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If we set

i;:)
then

thus (5.21) yields to

ls , -  :  - (Af1^9rr+^9rAr)  - (6rr '+n) +(srzArr) ' ) -4 $.zza)
|Sn : -(ATrSr, + SnA22) - (ATtsrr+ ̂9114u) (5.22b)

Lszz : -(ATrsrr+ s22A22) - (tsTrerz) + g,Tr'+rr)r) g.22c)

Therefore, to satisfy hypothesis (?16) with the choice of Â as in (5.19), and C : (Io 0),
all matrices A, B and ̂ S should satisfy equations (5.20) and (5.22).

Example : If we let for instance, ,B1 nonsingular and Bz : 0, then according to (5.20) we

get ^912 : 0, and to obtain a unique positive definite solution ,Srr from (5.22a) we need to have

(f,r, + err) Hurwitz stable

Similarly, to obtain unique positive definite solution 522 from (5.22c) we need to have

(lrr*, * 1ur) Hurwitz stable

And from (5.22b) we need to have

ATr,Srr*,911412 : Q .

Therefore, should Â : ,S-ICTW-L lead to asymptotic stability, then it is considered
as a suitable choice, since according to the previous analysis it satisfies two necessary
conditions, namely CÂ nonsingular, and columns of B in the range space of A.

Let's then investigate the stability of the error dynamics. To this aim we consider the
Lyapunov function candidate V(e) - eTSe, and we distinguish two cases :

o: (x)',

sA: (sr: s'r\ (/" a,r) : (srrr'r, * spA21 sr:Ar, + snA22\

\sg srr/ \A^ err) \sËa,, *s22A21 S,!rAr,+s2zA22)
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1:1f  Cel0

2er sAe - zçercrce + 2er s(f (*,") - f @',")) + zer sBD(r)pr - 2er sltu
-ler se - Qe - t)ercrce + 2er s(r@,u) - rQ""))

+2er SLDo(r)p - zer Sltu
-ler se - Qe - 7)ercrce + 2er s(f @,u) - f G',"))

+2er Cr W -r oo (r) pr - 2er Cr sign(C e)
/  /  ^  \  \  . ^- (^-," (as + Qe - t)crc) - 2-ytÀ^,*(sl) tl'tt'

+z(llw-t Dlltot, - t) l lcell
Hence if (7{5) is satisfied and besides we choose I'7 such that

À*i"(I4l) > llDlltrt, ,

Case

v=

Therefore.

(5.23)

we obtain

'v- tt)zv-('-ffi) zpetl

= *E 
exp(-2a1t) ll"(o) ll'

where o, : àd#P -"yr > 0, that is we have an exponentially decaying bound

on the Lyapunov function.
v (t) S Iz(0) exp(- 2afi)

Using the following inequality

À-i"(S)l lr l l '  S erse < )-*(S)l l" l l '  ,

we have

l l ' ( t) l l 's
equivalently

V(0)exp(-2afi)
)*i"(S)

v(r,) , .
À,"i"(s) -

Â ac'\
ll"(t)ll = 

1/ #tri exp(-a1t)ll'(o)ll

l im e( t )  :6
t-+oo

Case2: i f .Ce-0  +  , - ' uee

V : -\er se + zer s (|çn,u) - f @,,")) + 2er crw-r oo(r)p - 2er crw-Lu"o

S -dÀ-i"(S) llrll ' + 21 r^",ù<(S)ll"ll '
/ \

S - (ar-',1s; - 2^yîÀ^o(s)) llrll'
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We recall from (?15) that

then

and similar to the previous case this leads to

/ r- -.r.qt
l l"(t)ll < 

Vffiexp(-a2t)ll'(o)ll 
.

Therefore, from (?15) it results that

,ljg'(t; 
: 3

Now that we have proved the stability of the error system, it follows that 
,lig"r(t) 

: O

that is a convergent sliding mode exists. We shall next investigate the conditions for

the existence of the sliding mode. The necessary condition for sliding mode to occur is

"Tèn 
< 0 but we have

"Tèu 
: ercrcè
: ercrc(fr- i.s-tcrc)e* f (n,ù - f (î,,Q+ Ba@lp -^r)

: er cr (t @ - (s-rçr q)" + ercr c (t {*,u) - f (t,Q)

+er cr c s-t çr14,r-t pa@) p - er cr c s-t gr14,r-r147sign(ce)

+llCellÀ-* (C S-tC\llw-'Dlltrt* - llc"ll^^i^(C S-LCr)

+À** (cs-tc") 
;l# 

^{o.y t, -À-;n (C^9-1"1)

where o*o(.) is the largest singular value of the matrix in question. A sufficient condition

for the sliding mode to occur is that the term on the right of the previous equation must

be negative, that is

,,r.;*8,

v
S -2azV
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but this inequality requires that the numerator be positive that is

À-i,(17) >1Dlltrtr*#

with this condition we have

wi,th W a positiue defini'te matrix sati'sfying

À-i,(17) >1Dl4rtr*#

Thenf is an erponenti'al obseruer forE.

(5.24)

l l ^ l l  /  
- ' r r r r r r \ - -  -  

, ' - L t L t t r \ '  ,  
- u r 6 \ -  -  -  

f I  t t t - t l L  _ ^

tct; < 
À-i'(CS-rCr)À,'i'(I4l) - À-*(CS-'C')llDlllo"Yr' - -

À^in(W1 o^* 
- ' '

therefore if the state error trajectory lies within the vicinity of the sliding surface inside a

ball of radius r, then the system behaves in sliding mode and slides along the hyperplane

€y :0 until it reaches the origin.

Remark 5.9 We haue seen that the stability of the ercor system requires

),"i"(U/) > llDlltrt,

and the enistence of slidi'ng mode requires

),,,i"(Yf ) > llDlltrt rH#+

Hence i,f W i,s chosen to satisfy the second inequality the first i,s simultaneously satisfied.

Eventually we summaries our main result in the following theorem

Theorem 5.4 Giuen a nonli'near dynamical system of the form

- [e t  :Ax+f@,Q+Ba@)pt ,
E(

[u 
:cn '

with B and C full ranlc matrices, and consider the followi,ng auxi,li,ary system

ATS _  SA+CCT

i,f aII the hypotheses (?{1) - (716) are satisfied and

lY: S-rCrW-L

!
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5.3.2 Application to the electrohydraulic manipulator

In here we will consider the electrohydraulic manipulator model with some slight

difrerences. Namely, we will consider that there is an internal piston leakage between the

two chambers (C4 - 3.3-12 is the internal leakage coefficient) , and we will also assume

that the mass is subjected to abrupt instantaneous dry friction of unknown amplitude a"
(max(a")  :2100 N).

ff ir"-cuPt-sr) , (5.2ba)

ù - 
*r(trt 

- bu - k&p -a"sign(u)) ,

ù e :  a '

(5.25b)

(5.25c)

By scaling it as in the previous section, the above system can be expressed as follows

ù:  As*f@,u)+Ba@)p,

A :  Cx-

where

l-# -*r* o l
A: l  s ] r  -b  -& f l

Li i'il'j
(*(*t@-ffi*' '))

r@,r): l  '  
o 

' l

\o)
fol
t t

B: l -+ l  ,  O( " ) : s ign ( rz )  t  F :ac .

L fr'J
Again we will consider suitable inputs u(t) that yield to local Lipschitz nonlinear function.

In this application we will use a sensor to measure piston velocity that is having U : frz

and y : Cr means C : l0 1 01. We can easily check that the pair (C,,4) is observable.

The same sinusoidal exponentially decaying signal is used a^s an input control. The values

0 - 320 and ( - 4 satisfy (?t5).

Wecheck  tha tCB f  0 ,andweset^ :  [0  1  0 ] tsoCA - l+  0andwehave JL :  B

that is lDl: ,1. W. also have lo : 1 and 7, - 2100, hence according to Theorem 5.4, W

should be larger than 30, set W - 50. Using all the foregoing data a system and observer

P,- P,- si,gn(u)P1
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were designed and simulated using MATLAB@5.3 and we have obtained the results shown

in the figures shown here.

A second unknown parameter that can be considered is the spring stiffness, in fact

the spring here represents the stiffness of the environment, which is quite hard to model

or at least cannot be exactly modeled by a linear spring. Therefore we will consider that

the exact value of the stiffness is frr * Akl where Llct - 49000N1m, thus equation (5.25b)

will be replaced by the following one

t : L(tr, - ba - k&p - akrcr) .

Consequently, O(r) : zs &nd 0 : Lkt. Set matrices C and Â as before, so lDl : fr. In

this case 1o : 0.3 which corresponds to half cylinder length, as r is measured relative

to the middle of the stroke of the piston, and 7s: 49000. According to Theorem 5.4 W

should be larger than 210, we have set W :250 and we simulated the above system and

observer.

o
E

o-

E
E

0.06 0.08 0.1 0.12 0.r4
lime (secono

Frc. 5.4 - The high-gain observer states behaviour under no unknown inputs.

In Figure 5.4we show the results of the high-gain observer shown in Part B of section

5.3.1 for the unperturbed system. Figure 5.5 delineates the behaviour of the same observer

if a sudden dry friction of magnitude 1500 N acts on the load during 10 rns starting

from 0.05s to 0.06s. We clearly see the degradation in the estimation of the observer.

This observer also fails to track the states, if the system had uncertainties in the spring

stiffness. Actually, the exact value of the spring stiffness changes as time elapses in the

followingmanner kt*Llctif t < 0.03s, then k; - Lh if 0.03s <t < 0.06s, f inally fr; i f

t > 0.06s see Figure 5.6.

0.180.18
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Finally, in Figures 5.7 and 5.8 the estimations of the sliding observer are shown in the

presence of the same dry friction action, and spring stiffness variations. One can obviously

notice the robustness of the sliding observer. Flom the first simulations (dry friction

unknown) we can see that while the sliding observer was not significantly perturbed

in estimating the pressure and retrieved the correct value of the displacement 20 ms

after the perturbation has stopped, the high-gain observer \ryas significantly perturbed in

estimating the pressure and the displacement could only converge 120 ms after the end

of the perturbation. Similarly in the second simulations (spring stiffness variation), the

high-gain observer was severely perturbed whereas the sliding mode observer smoothly

converged to the actual states of the system. In the next figures observers behaviours are

represented by dashed lines and the solid lines show the behaviours of the system.

L4l
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: . : l=' ' ' ' ' ' : : ' : L :
slÊtsrn stab
stmted sù

I
:  :  \ 1 ,  :
: ; l v / :  :

. . . .  ! . . , . . . , . . ! . . . . -

-g
È

0.@ 0.1 0.'t2
tirne (s€co.ro

0.t80.16

Êg

o.@ 0.1 o.12
lime (second)

0.1ô0.14 0.18

Flc. 5.5 - The high-gain observer states responseto dry friction perturbation.

0.@ 0.r o.12
lirne (secono

E

i - _ l" '  i : 7 ' '
-{:

t .
t :

'  1  " : "  "  "
t :

I

0.@ 0.1 0.12 0.14
tirne (s€cond)

FIc. 5.6 - The high-gain observer states response to stiffness variations.
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cg
È

E

E -2. . / .

/

0.08 0.1 0.12
ùme (secono

0.16 0.180.14

Frc. 5.7 - The sliding observer states robustness to dry friction perturbation.

o

E
E

0.@ 0.1 0.12
time (8æono

Frc. 5.8 - The sliding observer states robustness to stiffness variations.
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Chapitre 6

Stabilization of nonlinear systems by

state detection

State feedback control of nonlinear dynamical systems has been considered by many

researchers, see chapter 3. Most of the works stated therein premise the complete accessi-

bility to the state variables. In general, this assumption is not satisfied and only a few of

the states are measurable. One way to obtain the nonmeasurable states is to construct an

auxiliary system the role of which is to estimate the missing states knowing only the input

to the system in question as well as the available states provided by direct measurements.

The feedback control law is thereafter constructed using the estimated states. Should the

estimated states be exactly equal to the real states, then one can expect that the feedback

control law derived from the estimated states to stabilize the dynamic system in question.

However, in general, the initial conditions of the observer (state estimator) are not

equal to those of the system, thus the estimated state are not exactly equal but expo-

nentially tend to the real states. Therefore, the stability of the system, controlled via

estimated states is not a straightforward conclusion, but rather needs further analysis.

The question that rises here is, under what conditions can \Me separately design a

feedback stabilizing controller and an observer and we obtain a stabilizing estimated-states

based feedback control law ? This has been called lhe separation principle problem. While

in the linear case the results were well developed, its counterpart in the nonlinear case

is still intriguing many researchers, since there is dependency between the stabilizability

and observability of nonlinear systems.

The separation principle for nonlinear systems has been studied by Vidyasagar in

[84] where he has shown that if the stabilizing control law is continuously differentiable,

then the same control law derived from the observer states can also stabilize the system.

145
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This work was then generalized by Tsinias in [81] where he dropped the differentiability
assumption, and only considered stabilization by continuous feedback controllers. Some
more results on the separation principle for some particular classes of nonlinear systems
have been obtained by Khalil [ ] and Praly [751.

In some cases however, it is easier or may be necessary to design a discontinuous
controller in order to stabilize a given system using feedback control. This fact motivated
our need to find conditions under which discontinuous controllers constructed bv observer
states can also stabilize the system in question 1261 1271.

6.1 Feedback stabilization via observer states

We consider nonlinear svstems of the form

7 r :

r@,u) ,
h(r) .

(6.1a)

(6.1b)

(6.2)

(6.3)

!

where r  € lRn isthe state vector,ue U çW isthe input,  andy e lRe is theoutput
of the system. The mappings / : lR' x lR- -+ IK and â : IM + lR& are continuous, the

origin (0,0) € lR' x IR- is assumed to be an equilibrium point of (6.1), and the input
space consists of functions z : IR+ -) lR'??.

We recall from chapter 2 that a function d,lR+ -+ lR+ is of class K (ô e K), if it is
continuous, strictly increasing and /(0) - 0; it is of class K- (ô e K*) if ô e K, and

also /(r) -) oo as r -+ oo.

Definition 6.1 We say that (6.1) is wealcly detectable, if there eùsts a continuous rnap-
ping g : lR' x lRÈ x lR- -+ lR with 9(0,0,0) : 0, a continuously differenti,able functi,on
I4r : lK x IR + lR+ and real functi,ons $6 e K*(r[6 e K) i:1,2,3, such that

f  @,u) :  9 ( t ,h ( r ) ,u ) ,

for all (*,u) € IR' x W and further

,!r(ll, - zll) < W(r, z) < tbz(llr - ,ll) ,

AW,,  ,  AW
fi- r @,u) + * sQ,h(n),u) < -'kîl" - rll)

for all u €U ç R- and sufficiently small e : x - z € lK
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According to Definition 6.1, if (6.1) is weakly detectable, then the system 2 : g(r,h(x),u)

is an observer for (6.1), namely 0 e IP is asymptotically stable with respect to the error

system
è :  f  ( x ,u )  -  g ( r  -  e ,h ( r ) ,u ) ,

uniformly on r and u.

We now start by stating the results given by Vidyasagar in [8a1. We consider the

nonlinear system described by (6.1) and the following hypotheses.

G{l) f is continuously differentiable and /(0,0) : 0, furthermore, there exist positive

constants c1 and c2 such that for all r and u

l lV,/(", r) l l  S ct , l lV"/(", u)l l  S cz .

(?12) h is continuous and â(0) : 6.

Theorem 6.L Suppose system (6.1) and the assumptions (?ll) and, (712) pertaini,ng to

it. If we can fi,nd a teedback control u: l@) such that

(i,) 1 is conti,nuously differentiable, Z(0) : 0 and

l lv,z(")l l  s d(l l" l l)
where ô e K.

(ii) n - 0 fs a uni,fonnly asymptotically stable equilibri'um point of

ù:  T(x,z(u))  .
If furthermore, (6.1) is weakly detectable, then n:0 and z:0 is a uni,formly asympto-

ti,cally stable equili,brium point of the system

ù: f@,te)),
2 -  s(z,h(r) , tQD .

!

Proof : See Vidyasagar [84].

Tsinias ha^s relaxed condition (i) in Vidyasagar's theorem, and only considered 7(c)
to be continuous.

Theorem 6.2 If system (6.1) is wealcly detectable and i:: f (a,l@D is (locally) asurnp-

totically stable at 0 e W then the output feedbacle u:',tk) asymptotically stabilizes

ù: f@,te)),
2 -  eQ,h(x) , tQD .

at (0,0) € ]K x IM. !
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Proof : See Tsinias [St].

Since we need sometimes to design discontinuous feedback controllers to stabilize non-
linear dynamic systems we will give conditions under which \rye can further relax the
continuity condition, and only assume the controller to be piecewise continuous. For this
aim we need first to give the input-to-state stability definition introduced by Sontag [72],
and other definitions needed in the sequel.

Definition 6.2 Sontag [72] We say that (6.1) is input-to-state stable (ISS) if and only
i,f it admits an lSS-Lya,punou function. Namely, there erists a conti,nuously differentiable

function V : lR -> lR+ , dL,a2 € Kæ and as,q e rc such that

" ' ( l l " l l )  Sv(x) < oz( l l r l l )  ,

for  any r  €W and

vV(r) . f  (x ,u)  < -os( l l r l l )  ,

for any z € lR' and any u € IR- uerifyins ll"ll > ,l(ll"ll).

(6.4)

(6.5)

n

Remark 6.1 [72] A functionV is an lSS-Lyapunou function for (6.1) i,f and only if there

erists ori € Kæ 'i: L,2,3,4 such that (6.1 holds, and

vV(n). f  (n,u)  1-oe( l lu l l )  + aa( l lu l l )

Definition 6.3 [88, page 19] A function f : X + lR zs upper semi-continuous at rs if

,lgrinf 
f(r) : f("0) .

!

We say that f is upper semi,-conti,nuous if it is upper semi-continuous at, xs for every

us € X. We then verify that the set {r e Xlf(e) < r} is open for every r € lR

Let 7@) be an admissible feedback control law for system (6.1). We will mean by

admissible, âtry control law for which the differential equation â : f (x,l@)) is well
posed, that is for each initial state e(0) € lM there is an absolutely continuous solution.

Let p € K*, a feedback law will be said to be bounded by pif for each r € lM, llf(")ll S
p(ll"ll).( and the equality holds only if r : 0 )

The main result of our work will be stated in the following theorem

Theorem 6.3 If system (6.1) i,s wealcly detectable and is ISS then there eù,sts a bounded

feedback control law u: "y(r), f(0) : 0 which stabilizes (6.1) and such that the augmented

system

(6.6)

:  f@,t@)),
:  g(z ,h( r ) , lQD .

(6.7a)

(6.7b)
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is asymptotically stable. tr

Proof : system (6.1) is ISS, then let V be an lSS-Lyapunov function and ai (i :1,2,3)

and 4 be as in Definition 6.2, without loss of generality we assume that 4 € Kæ. Let

p(s) - n-'(r); then p € rc* as well, and we have

vv@).f  @,u) < -as( l l r l l )  ,

for any r € IRn and any z € lR- such that ll"ll S p(llrll), which implies that :

vv(r) . f  (x, t@D < -oe(l l r l l )  ,

for any r € IK for any feedback law 7 bounded by p.Choose u : l@) for which

ù : l(r,l@D is well posed and 7 is bounded by p, observe that f(0) : 0. Now there

exists a neighborhood X c IM of zero, such that Vo € X, llr(")ll S p(ll"ll). Next,

since (6.1) is weakly detectable, it follows by definition that V e ) 0 I ô(e) such that

l lro - toll < ô(e) =+ l lr(t,ns,u) - z(t,zo,u)l l <. V t > 0. Therefore there exist an open

neighborhood X c IRT of zero, contained in X such that ll7(z)ll S p(llrll)Vz e Î. No*

from Remark 1 we have (6.1) is ISS then

vv(x). f  (r ,u) S -" ' ( l l " l l )  + oa(l lu l l )
vv (r).f (r,tkD

For each fi eX we define

a(r) : sup{l - oe(l lr l l)  * a4 o p(l l4Dl;z e X} . (6.8)

The function a(r) is continuous and nonnegative on X.

Now we define 7@) : llf(r)ll and we suppose that f(r) is piecewise continuous and

moreover it is upper semi-continuous.

Let X : X x Î and consider a subset A : {(r,z) e X : r : z}.For any rs € X :. {0}
we have 7@o) < p(llugll) and there exists r € lR such that 7@o) < r < p(llrsll). In

addition, due to upper semi-continuousness of 7, there also exist two subsets,

l,lro an open neighborhood of rs such that Vz çUro 7Q) <, .

V,o an open neighborhood of rs such that Vr ç V,o p(llsll) > 
" 

.

next we define

[J-  U v,ox l , l ,o ,
(cs,os)eÂ-.{o}
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clearly IU is an open subset of X that contains A.

We finally define

b(r) :  inf{ /3( l l r  -  , l l ) ; (n,z)  e x. .  [J}  .  (6.9)

S inceûseKandr -z -0on ly i f (n ,z )€A, i t fo l l ows tha tô ( r ) i ss t r i c t l ypos i t i veon
X.. {0}. Therefore there exists a strictly increasing function o : lR+ -+ lR+, such that

o(llnll)a(r) < ô(") .

Now, we define

vçry :  [ "o 'ooa;L( ( )d( .
J O

It is obvious that 7 is positive definite ana 7(O) :0. Next, we show that

Q(x,  z)  :  V(")  *W(r,  z)

is a Lyapunov function candidate of (0,0) € IR' x lR with respect to (6.7). Observe that
Q(x,z) is positive definite, indeed Q(r,z) > 0 V (r,r) t 0 and Q(n,z):0 if and only if
(r, z) : (0,0). It remains to show that the time derivative of Q(r, z) along the trajectories

of (6.7) is negative.

o (r, z) : v v @) r @, 7Q)).o o a;t (v (fl1 + ff r @, t Q)) + ff sQ, h(r), {z)) (6.13)
Svv@)f @,7@)).o o a;L(V(x)) - rh'fl, - zll)

case  L  z ( r , z )  €X : .  lUand  r+0

using (6.8), (6.9) and (6.10)

o(x, z) ! a(r)o(l@ ll) - ô(r) < 0

case2  z (n ,z )  € lUandn+0

since in the set lU we have f(z) : llt|)ll < p(ll"ll) then using (6.5) we get

o(r,z) 3vv(x)f (n,7Q\o(ll"l l) - , l 'r$* - zll)
< -os( l l r l l )"( l l " l l )

<0

since a3 and o are strictly positive for r I.0.

caseS. t :0andz+0

o(n, z) < -rhr}ltll) < 0

Thus Q(r,z) <0 V (r,z) +0 near zero. Finally, using (6.14), (6.15) and

can conclude that (D is a Lyapunov function of (0,0) e IR x IR with respect to

consequently the origin (0,0) € lR x lR is asymptotically stable.

(6.15)

(6.10)

(6 .11)

(6.12)

(6.14)

(6.16)

(6.16) we
(6.7) and
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6.2 Example : A robot arm

In this section we consider a system describing the dynamics of a robot arm that can

be in general stabilized by a continuous feedback control law. However, in the case of

tracking a trajectories having piecewise continuous derivatives, the control law needed is

piecewise continuous.

Qz

Ftc. 6.1 - Ttvo-link planar robot arm

In the model of the robot arm we will discard the vertical translation degree of freedom

due to its being completely decoupled from the other coordinates. We will also neglect

the movement of the hand and consider it together with the load as a single unit with

ûrâss ?n3 and inertia Jr. the remaining degrees of freedom are the angular rotations of the

inner and outer links of the arm. The dynamic equations of the robot arm are ( see [28] )

u1 : (h + 2il2cosaz)rh * (ffr + H2cosqz)tiz - Hz(2qtqz + qïsinq2 (6.17a)

,u,2 : (ffs + fI2 cos qz)(h + Hs(iz * H2qlsinq2 (6.17b)

with

Ht : Jr * Jz* ,Is * m2t2, + *r(t? + Iï +ry

H2 : I f l2(ms-ry)

Hs :  JztJs+f i (ms.T)

where rmi, Ii and 4 ; i : 1,2 are respectively the ità link mass, length and moment of

inertia with respect to its center of mass. ft and u6 àre the joint position and the torque

applied to the itâ link. We will assume that the outputs of the system are !1- Ç1 and

Uz: Qz i.e. the measured joint positions.
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mr :30k9  mz:  LSkg  mt :6 leg

h : 0.4kgm2 Jz : 0.l075legm2 Jt : 0.07kgm2

h :  0.4m lz:0.25m

If we define
q lq r ,  xz lqz ,  nz lh ,  n t lqz ,

and
* ! (*, n2 ns na)r

then

Ur:  hr(*)  2 , ,  and yz:  hz(r)  I  rz

from (6.17) we obtain

u1 : (H, + 2H2cosrz)hz + (Hs * Hzcosnz)ù+ - H2(2rsra + nf;) sinn2 (6.1Sa)

u2 : (Hz+ H2cosnz)ùs* Hsit+ H2rlsinr2 (6.18b)

Consider 
f ,,

D(n\ L- l-, 
+ 2il2cosr2 H3 * H,cos rcl

L H, + H2cosn2 U, j

^ | -nrlzrsrq I rf;) sinx2]
P(') 4 | 

--"''--"-: '. -n' 
I- \-/' 

L nr*lsinr2 l
one can check that the inertia matrix D(z) is positive definite, hence invertible. Equation

(6.13) can be written in matrix form

f"'l r ' 'r

l::): 
o@l:'^]+ P@)

thus solving for â3 and àa we get

r. ''t |I

I  i '  |  :  -D-,@)P(r) + o- '@) l" ' |  (6.1e)
Lra) LurJ

Whence, the dynamical system describing the planar motion of the robot arm is described
as follows

i : l@) + g(x)u (6.20a)

a : h(r) (6.20b)

with

r('):l-, ,ir,",,,] ' g(r): 
f: D-,(*) | ' 

h('): ;;;1
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Hlcos2 x2
t_

HtHz - H3

gr(r)).

D- t (n ) :

Iet e(z) : (at(z)

| 
,t -Hs - Hzcosxr]

L-fI3 
- H2cosr.2 Ht*2Hzcosrzl

Feedback controller design

By analogy to the input-output linearization method presented in section 2 of chapter

2, a similar theory was developed by Isidori [38, page 219] for the multi-input multi-output

systems.

A multi-variable nonlinear system of the form (6.20) has a vector relative degree (rr,rr)

at a point cs if

(i) LsrLlh (a) - 0

for j : L,2, i : l ,2and,t t h - 1 and for all r in the neighborhood of rs.

( i i )  the2x2mat r i x

is nonsingular af fi : fro.

Using the foregoing definition, \rye can easily check that the dynamic system describing

the robot arm (6.20), has vector relative degree (rr,rr): (2,2) and that R(n): D-t(").

The linearizing feedback controller needed for output tracking can be obtained analogously

to the single input single output case, and it is given by

where K e lfft4 is a gain matrix to be chosen to ensure asymptotic output tracking. Set

rr(r):li";,tirl,:'l'"r":,!i,:,1'1'',,

u(r):E-,(.)(-l:i::[]].ll::l.ll'i_l'ill

": h' 
r;' :,, -:,]

thus u(r) can be written

u(r) - D(,)(D-L(n)p(r). lî',.l -l:"t" 
- 

î"1 k'z(ns- î'll ) (6.21)
\ Jrol Lk r(r, 

- tza) kzz(n+ - ttna)l t

We can obtain K by substituting (6.21) in (6.20), and imposing the resulting closed loop
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system to be asymptotically stable.

*: l@) + s(r)u(n)

:f :'^ l.f: :l "l-r-(,)P@)l L ,-'t'l J
o o, (o, @) P (r) . b::l - li::i:: _,r::l:i::i::_ ;:: I ] )
:l-",';,",",] *

this vields to

l"l
_ l  14  |: 

lrro 
- len(xr - ù1,) - lcn(u- 

"r) |
Lùno - lczr(rz - àza) - kzz(na - ùna)J

Let us define

0

f* 
o

D -, (x) P (r' . |;::] - li::i::-_î::l i::i:: _.;^:l]

e t 1  n t -  r u ,  € z L 1 2 -  r z d ,  e t 9 r t -  f r g d ,  e + 1 r t - r + d

|t:f 1,,_i,, -i,,;,,] |;| (6.22)

or  

è :  A .e

len, kn, le21 and k22 should be chosen such that A" has all of its eigenvalues with negative

real parts. Actually, the characteristic polynomial is

lo o 1 ol
p(À) : det()/ - A"): der 

l_i,, ; _orr, ; I
L0 -kzr  0  -kzzJ

p(À) : Àa + (kn + kt )À3 * (lepk22 * kn + krr)À2 * (tepk21 * tenkzz)À * lq1le21
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Desired traieclory and ib derivatives

5 ô
tme (s€co.rd)

E

: >

_1 L
0

oo I
I

o .2 t

, I

Flc. 6.2 - The desired trajectory.

if we let kn : kn : kzt : lçzz : 4

À4 +8À3 +24^2 +32À+ 16

() + z)4

Therefore leading to À : -2, and consequently to an exponential output tracking. Figure

6.3 shows the numerical simulation resulting from the above analysis.

The desired trajectory to be tracked is given by

U t d :

1 0sr<0.35

0 0 .35 s t<4.65
-1  4 .65<r<5.35

0 5 .35< '<9.65

1 9 .65Sr<10

ûta(0) : y1a(0) :0

aza(t) : a,,o(t) V t e [0, 10[

Note that the desired outputs 01a and y2a that appear in the synthesis of the feedback

control law are two piecewise continuous signals, thus yielding a piecewise continuous

control. The control signals u1(t) and u2(t) are plotted in Figure 6.4

p()) 

:

I
\

/\

:--------------i i r---i------: : : ; l : l : : :
: : : : l : l : :
:  :  ;  : . . . . . L _ _ i J . . . . . . : . . . . . . . . . . : . . . . . . . . . . : . . . . . . . . . 1 . . . . .



156 Chapitrc 6. Stabilization of nonlinear systems by state detection

: , a . i' ' ' .  /  \ ,

' ,  ' i  \ '

. . . . . . . / : . . . . . . . . : . . . . . . .  : . . . . . . . . : \ . . . .
t -' 

| - systemb€haviour | :' ' |  -  -  dês i redbeha\ r iourJ : '

1 . 5

1

0.5

0.4

o.2

o 2 4 e 8 1 0
time (secorid)

I

_0.4+
o 2 4 6 8 1 0

time (second)

-1

0 2 4 6 8 t 0
time (second)

4.2

-0.4
0 2 4 6 8 1 0

tim€ (second)

FIc. 6.3 - Output tracking using state feedback.

0 1 2 3 4 5 6 7 8 9 1 0
time (second)

- 2 " " " " " '
0 1 2 5 4 5 6 7 8 9 1 0

time (second)

Ftc. 6.4 - The needed control constructed using state feedback.

' t  :  :  :  :  :
. . 1 . . . . . . i . . . . .  r . . . . . . . 1 . . . . :  .  : .  :  ,  :' t  ' i  l  " i  ' :  :  ;  ;  ' : "  1
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Observer design

The nonlinear system describing the dynamics of the robot arm is the following

l::l | ", I l' 'l
f.:l:l ,n l*lo ol" (0.28)
L;:l L-'-'(r)r(r)l L '-'t'r J

^@):l::l
this system can be written in the form

ï :  A r t f@,u)

U:Cr

with

r1 (0 )  :9 ,  r2 (0 ) :9 ,  z3 (0 ) - -0 .16 ,  r r (0 )  :0 .16

âr (0 )  :0  ,  â2 (0 )  :9  ,  â3 (0 )  :9  ,  â4 (o )  :0

We have seen in previous figures how output tracking was achieved and how the observer

correctly estimates the real states. In the next figures 6.6 and 6.7 we will show the output

tracking and the feedback control resulting from a control via estimated states.

,:ll :iil ,":f: :::l ,t(.,,):f : I
l : :ool lolool Lr_,tù(u_p("))lLooool

we can easily check that (C,,4) is an observable pair, and by using the results of section

1 from chapter 4

û: Aî + f @,u) + (s-Lc'(a - cù (6.24)

where S is the solution of the equation

O:  _OS _  AT S -  SA+ CTC

is an observer for the system (6.23), with 0 : 7 and ( : 10. Figure 6.5 show the behaviour

of the observer and that of the real svstem. The initial conditions used for the simulations

are
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x

1

x
0.5

0.4

o.2

1

0.5

0.4

o.2

: : : :
:  i / \ :  :' ' ' ' ' . r "  : u .  \ :  . .  . . .
: ) ' \ :
, / ,  t \  i

" ( , : \

o 2 4 6 E 1 0 - ' - 0 2 4 6 8 r 0

0

-0.5

time (second)

timE (second)

tm€ (second)

x

. . . . . . . : . . . . .  . . i .  1 .  ;  . :
I  l l ,  ,
: i l :  :' ' ' ' ' ' ' :  :  l  :  "  :  '

. l : i
. . . . . . : . . . . . . . . : . . . . 1 . .  : . . . . . . . . : . . . . . .

'\---r : :
:  : l  :  :

:  . l ,  :
. . . . . .  j . . . . . . . . : . . . . 1 . . . : . . . . . . . . : . . . . .

x

-0.4

4.2

-o.4
o 2 4 ô 8 1 0 0 2 4 6 0 r 0

time(sffid)

FIc. 6.5 - The observer behaviour, n(-), â(- - -).

0

]a'\ :i
: . : l :  :

: : l :  :

:  i l :  :

x ' I

o 2 4 6 8 1 0 0 2 4 6 8 r 0
time (secmd) time (second)

r-T-l.

: \ :  :
-0.2

-0.4
o 2 4 6 8 1 0 0 2 4 6 E 1 0

time (secmd) time (second)

Ftc. 6.6 - tacking via observer states feedback.

. t . . .

. : -
:
': \
:

I \
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0 1 2 3 4 5 4 7 E 9 1 0
lime (sêcond)

0 1 2 5 4 5 6 7 8 9 1 0
timê (sêcond)

Flc. 6.7 - Feedback control constructed using observer states.

lr+J
0 1 2 3 4 5 6 7 8 9 1 0

time (s€cond)

: : : : l : l : : :

0 r 2 s 4 5 4 7 8 9 r 0
time (sæond)

Frc. 6.8 - Comparing u(r) and u(â)

3

2

1

0

j



160 Chapitre 6. Stabilization of nonlinear systems by state detection



Chapitre 7

Conclusions and future work

In this dissertation the problem of investigating hydraulically driven manipulators

has been addressed from two viewpoints. The first point consists in modeling the system

to be studied, and the second one was to design observers and controllers that help to

automatically control such systems.

7.L Conclusions

In the development of a mathematical model for the electrohydraulic system we concei-

ved the idea of obtaining a model that can reflect the real behaviour of the system mean\ry-

hile being appropriate for easy mathematical analysis. the approach stem from the fact of

taking into consideration the servovalve leakages which rryere more often than not neglec-

ted in theoretical analysis. To check the validity of the model, simulations were subjected

to comparison with experimental results. The graphs of section 2.5.3 confirmed the appli-

cability and performance of our model.

Having obtained a proper model for the system that constitute the root of our research,

rve were than ready to tackle the controller and observer design issues.

Flom the very first inspection of the system model, it appeared that electrohydraulic

systems introduce aspects such as higher order dynamics, with increased nonlinearities.

These aspects complicate the control design. Therefore direct application of known non-

linear control methods is not straightforward.

Designing a nonlinear controller, from the nonlinear methods existing in literature, to

a simplified version of our model helped in fixing the drawbacks of these methods. Thus

from the theories of sliding mode and that of the passive approach we have developed a

161
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ne\rr way to design a sliding surface. Such an approach contributes to designing robust
controllers for non-affine nonlinear systems.

As it has been always the case, the controller design topic often recalls the observer
design topic, since it has been shown that the feedback control expression involves all
the state variables. The answer to the question of observer design has been addressed in
chapter 5, from where we deduce the following conclusions.

The electrohydraulic system including a symmetric piston is observable if we only
measure the displacement of the piston.

We have improved the performance of a high-gain observer and developed another
simple one based on drive-response approach. however, as these observers consider the
exact knowledge of parameters, their field of application is restricted and it is expected

that their performance will be degraded in the presence of parameters change. This was

illustrated in section 5.4.2. Consequently, we have designed a robust observer based on

sliding method. The sliding observer is founded on the assumption that the uncertainties

in the model are bounded and are matched with the observations.

We finally, studied the problem of stabilization using estimated states. Our main
concern raised from the fact that some stabilizing controllers, and especially those construc-
ted using sliding mode method, may be discontinuous functions of time. Hence we aimed

to prove that under mild conditions the stabilizing controller built using estimated states

will also stabilize the system is question. the application chosen for this theoretical result

was the robot arm since the simulations were clearer.

7.2 Future \Morks and open issues

Although we have brought ansrvers to the problems which have been raised in the

introduction, improvements are still possible. Actually from this research the following

aspects seem to be worthwhile to be investigated in more details.

The use of a dynamic model of the servovalve, rather than a static model, as explained

in the summary of chapter 3, may lead to better controller results and further enlarge the

applicability of the model, for instance in the case of relatively high frequency applica-

tions (i.e. applications where the servovalve spool has to switch position following a high

frequency input signal).

Related to robustness, one can think of parameter estimation such as developing an

adaptive observer. This work is presently being done to estimate Coulomb friction para-
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meter only by measuring the displacement of the rod.

The design of a sliding observer showed a number of open issues. Although the as-

sumption of bounded uncertainties is not restrictive, the matching condition is not always

verified in practice, hence searching in this direction can be of great value. Robustness

with respect to measurement inaccuracy is also worth analyzing.

163
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Résumê

Les systèmes électrohydrauliques se caractérisent par des modèles non-linéaires compli-
qués, ce qui a fait de leur stabilisation en boucle-fermée (par retour d'état) un objectif

difficile. La stabilisation par retour d'état exige, en général, la connaissance de tout l'état,
ce qui n'est pas toujours possible. Par conséquence, la conception d'un estimateur d'état

est également de grand intérêt.

Cette thèse traite la synthèse de commandes et d'observateurs pour les systèmes non-

linéaires avec une application aux systèmes hydrauliques. Pour commencer, un nouveau

modèle de système hydraulique, permettant de reproduire correctement les débits de fuite

dans la servovalve, est développé. Ensuite, plusieurs méthodes de stabilisation par retour

d'état ont été appliquées. Nous proposons une nouvelle méthode de construction d'une

commande par mode de glissement qui est connue pour sa robustesse. Puis, le problème

de concevoir un observateur non-linéaire est considéré. La contribution de cette thèse

consiste en trois observateurs différents, un premier observateur à grand gain, le second est

basé sur la méthode "drive-response" et le troisième observateur est basé sur la méthode

de glissement. Le dernier est d'intérêt particulier puisqu'il est robuste au variation de
paramètres. Par la suite nous avons étudié le problème de la stabilisation par retour

d'état estimé.

Mots-clés: Dispositif électrohydraulique, Systèmes non-linéaires, Commandes non-linéaires,

Observateurs non-linéaires, Principe de séparation.



Abstract

Electrohydraulic systems are characterized by their complex nonlinear model. This

feature has made their stabilization using feedback control a worthwhile endeavor. Siate

feedback stabilization usually requires the direct accessability to difierent system states,

which is not always possible. Hence, the design of a state estimator is also of great interest.

Both controller and observer design are considered in this thesis. First, we start by giving

a mathematical model which reflects as best the behaviour of the electrohydraulic system.

In our model leakage flow are included meanwhile keeping the model simple enough to be

mathematically handled. Next, several methods of designing stabilization feedback control

were applied to the electrohydraulic system. In this thesis we present a new simple way

to choose the sliding manifold to design a sliding mode controller which is known for its

robustness. Then, the problem of designing an observer is considered. The contribution

of this thesis consists in designing three different nonlinear observers, a first one based

on high-gain method, the second based on drive-response method and the third based on

the sliding mode theory. The last observer showed particular interest since it is robust

to parameter changes. Eventually, we studied the problem of feedback stabilization using

estimated states.

Keywords: Electrohydraulic manipulator, Nonlinear systems, Nonlinear control, Nonlin-

ear observer, Separation principle.




