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ABSTRACT

Production Management is concerned with a class of decisions to be made in a

manufacturing firm in order to gear it towards its objective. Since this decision making problent

is very large, it must be approached hierarchically. Hierarchical production management systems

are characterized by several decision levels operating in a coordinated fashion. Designing such

systems means defining the models to be used at each level (entities, objective, horizon), and a

coordination procedure. The models studied in this work are devised for the higher levels of a

hierarchy; the production system is represented as a network of subsystems with limited capacity

and the objective sought is to minimize the flow time of product families. It is proved that under

certain assumptions concerning the inventory holding costs, a very simple algorithm exists to

solve this deterministic optimization problem. It is then shown that it is possible to relax this

assumption by using dynamic programming but the amount of computations required increases

dramatically.

key words: hiçrsrchical control, flow control, finite capacity, inventory, deterministic optimizing.

RESUME

La gestion de production s'intéresse à une classe de décisions à prendre dans une entreprise

de production de façon à lui faire atteindre son objectif. Comme le problème à résoudre est tÈs

vaste, il faut I'aborder au moyen d'une approche hiérarchisée. Les sytèmes de gestion

hiérarchiques se caractérisent par plusieurs niveaux de décision coordonnés. Concevoir de tels

systèmes suppose de définir les modèles à utiliser à chaque niveau (çntités, objectif, horizon), et

une procédure de coordination. Les modèles étudiés dans ce mémoire sont destinés au niveau

haut d'un système hiérarchique; I'outil de production est représenté comme un réseau de

sous-sysrèmes à capacités finies et I'objectif à aneindre est la production à flux tendus de familles

de produits. On démontre que pour certaines structures de coûts de stockage' il existe un

algorithme très simple pour résoudre ce problème d'optimisation déterministe. On montre

également qu'il est possible de relaxer cette contrainte et d'utiliser la programmation dynamique,

mais le volume de calcul requis s'en trouve considérablement augmenté.

mots-clés: gestion hiérarchisée, controle de flux, capacité finie, stocks, optimisation détçrministe,
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Introduction

P r o d u q t i o n  M a n a g e m e n t  i s  o n e  o f  t h e  f i e l d s  i n  w h i c h  t h e r e  i s  a

s ign i f i can t  gap beLween theory  and prac t ice .  Th is  gap has  even seemed

to  w iden as  researchers  s t r i ved  to  make the i r  mode ls  more  ' c red ib le '

-a t  the  expense o f  an  inc reas inE complex i ty - ,  whereas  indus t ry  favoreo

so lu t ions  based on  s impre  concepts ,  somet imes more  ph i rosoph ica l  than

concre t -e .

fn  fac t ,  what  seems to  be  the  ob jec t ive  o f  p roduc t ion  manêEement ,

i .e .  to  improve the  'per fo rmance '  - in  the  broadest  sense o f  the  te r rn -

o f  a  p roduc t ion  sys tem,  can be  ach ieved th rough a  var ie ty  o f  ac t ions :

-â  improv ing  the  produc t  des ign ,  the  produc t ion  process  or  the

too l ing  per fo rmance;

- )  improv ing  the  work  o rgan iza t ion  or  the  work fo rce 's  a t t i tude ;

+  improv ing  the  in fo rmat ion  sys tem;

- )  improv ing  the  p lann ing  o f  ac t i v i t ies  re la ted  to  p roduc t ion .

T h e s e  a r e '  a t  l e a s t ,  t h e ' l e v e r s ' t h a t  a  m a n u f a c t u r i n g  e n g i n e e r  i s

t y p i c a l l y  a w a t r e  o f ,  w h e n  h e  t h i n k s  o f  w a y s . t o ' d o  h i s  j o b , .

P r o d u c t i o n  m a n a g e m e n t  i s  m o s t l y  c o n c e r n e d  w i t h  t h e  l a s t  t y p e  o f

a c t i o n s  a n d ,  i n  p a r t i c u l a r ,  w i t h  t h e  d e v e l o p m e n t  o f  m o d e l s  t o  t h a t

e f f e c t ;  m o d e l l i n g  h a s  p r o v e d  t o  b e  d i f f i c u l t  i n  t w o  r e s p e c t s :

O n  t h e  o n e  h a n d ,  t h e  o n - g o i n g  c o n t r o v e r s y  a b o u t  t h e

adpquateness  o f  the  op t im iz ing  mode ls  deveJoped to  da te  suggest .s

tha t  des ign ing  gooc l  mode ls  fo r  p roduc t ion  p lann ing  or  schedu l ing

i s  n o t  a n  e a s y  t a s k .  T h e  i n t e r a c t i o n s  b e t w e e n  d i f f e r e n t  e r a y s  t o

improve the  per fo rmance o f  a  p roduc t ion  sys tem,  as  we l l  as  the

e x i s t e n c e  o f  m a n y  c r i t e r i a  t o  e v a l u a t e  t h e s e  a c t i o n s  p a r t i a l l y

account  fo r  th is  d i f f i cu l ty .

On the  o ther  hand,  most  o f  the  mode ls  des igned to  da te  (and

in  par t i cu la r  those baseà on  combina tor ia l  op t im iza t ion)  requ i rq

a  very  }a rge ,  usua l ly  excess ive ,  amount  o f  computa t ions .



lntroduct,ion

The gap between theory and pract ice in  product ion management  can

thus  be  pa r t i a l l y  accoun ted  fo r  by  the  fac t  t ha t  i t  wou ld  seem

po in t l ess  t . o  s t rugg le  to  ach ieve  a  g i ven  ga in  i n  pe r fo rmance  by  q

be t t e r  p roduc t i on  p l ann ing  i f  a  be t t e r  des ign  o r  a  be t t e r  wo rk

organizat ion y ie lded the same gain at  a  lower  cost .  This  expla ins t ,he

widespread use of  'manuaf '  schedul ing a imed at  feasabi l i ty ,  as opposed

to computer-based opt imiz ing schedul ing

Another  factor  that  accounts for  th is  s i tuat ion is  the lack of  data

conce rn ing  the  even ts  tha t  t ake  p lace  i n  a  manu fac tu r i ng  sys tem:  ê

subs tan t i a l  ga in  i s  s t i l l -  t o  be  rea l i zed  i n  many  compan ies  th rough  the

imp lemen ta t i on  o f  an  i n fo rma t ion  sys tem and  a l so ,  wh ich  i s  mor ,$

d i f f i cu l t ,  t h rough  t he  de f i n i t i on  o f  a  se t  o f  da ta  anA l ys+9

p rocedu res .  I n  f ac t ,  i t  i s  essen t i a l  t o  have  bo th  a  r e l i ab l ç

in format ion concern ing the s tate of  the product ion system at  any point

i n  t ime ,  and  a  h i s to r i ca l  i n fo rma t ion  f rom wh ich  d i f f e ren t  aspec ts  o f

i t s  e f f i c i ency  can  be  assessed  
i .

A Iso ,  t he  ex i s tence  o f  i n te rac t i ons  be tween  the  d i f f e ren t  poss ib lè

, l eve rs ,  ava i t ab le  f o r  pe r f o rmance  imp rovemen t  has  mo t i va tqd  t hq

sea rch  f o r  a  ce r t a i n  syne rgy  and  f o r  cons i s tency  i n  t he  dec i s i on ;

p rocess  ( see  PARNABY tPN l  and  [ IE ] ) .  Hence  t he  success  o f  such  ' g l oba l '

concepts as the Just  In  T ime /  Zero Defaul t  implemented in  the JapaneSè

indus t r y  ( see  SHOENBERGER tSOl  )  ,  âs  we l l  as  the  g row ing  i n te res t  i n

Compu te r  I n teg ra ted  Manu fac tu r i ng :  a I t  t he  dec i s i ons  re l a ted  t ' q

manufactur ing made consis tent ly  through the use of  a  computer" '
, : .

Un fo r tuna te l y ,  J IT  i s  more  a  ph i l osophy  than  a  techn ique ,  more  thé

s ta temen t  o f  a  goa l  t han  a  me thod  to  ach ieve  i t .  The re fo re ,  a l t houSh

the  p rev ious  improvemen ts  o f  managemen t  sys tems  c la imed  to  b 'q

i m p l e m e n t a t i o n s  o f  i t  e x e m p l i f y  s o m e  m e t h o d s  t o  a c h i e v e  J I T ,  i t  i :

of ten necessary to  f ind new methods for  each new appl icat ion



Introduction

Sim i la r l y ,  C IM i s  mos t l y  a  resea rch  ob jec t i ve ;  i n  f ac t ,  i f  none  o f

the  dec i s ion  mak ing  p rob lems  re la ted  to  manu fac tu r i ng  ( i . e .  des ign ,

p rocess  p lann ing  o r  schedu l i ng )  has  ye t  been  so l ved  on  a  compu te r

ind i v idua l l y  (a t  l eas t  i n  a  sa t i s f i c i ng  manner  and  fo r  a  w ide  va r ie t y

o f  cases ) ,  so l v i ng  a l l  o f  t hem j o i n t l y  i s  no t  cu r ren t l y  poss ib l e ,

except  maybe for  very par t icu lar  manufactur ing systems.

A t  t he  same t ime ,  t he  compe t i t i on  i n  many  i ndus t r i a l  f i e l ds  has

increased -due especia l ly  to  the in ternat ional" izat ion of  the markets- - .

t o  t he  po in t  where  i t  i s  no t  poss ib le  any  more ,  f o r  a  f i rm ,  t o  re i y

exc lus i ve l y  on  one  t ype  o f  ac t i on  (e .9 .  improv ing  the  p rocess )  t o  keep .

i t s  compe t i t i ve  edge :

Tak ing  a l l  poss ib l e  ac t i ons  has  become  a  mus t ,  and  t he re  i s  a

st rong demand,  in  these industr ies,  for  methods to  improve product ion

p lann ing ,  espec ia l l y  when  th i s  f unc t i on  was  no t  cons ide red  essen t i a l

i n  t he  pas t ,  and  the  on l y  schedu l i ng  too l s  cu r ren t l y  used  a re  Gan t t

cha r t s . . .  The  ques t i ons  a re  t hen :  wh i ch  modeLs  w i J , l -  sa t i s f y  t h i s

demand? ,  and  i t s  coun te rpa r t z .why  shouJ -d  such  mode l - s  be  found  now i f

they were not  jn  Êhe past  ?

The  ans r^ re r  t o  t h i s  I a t te r  ques t i on  i s  t ha t  t he  f i e ld  has  ma tu red

and  the  too l s  t o  use  a re  be t te r  t han  they  were :  on  the  one  hand ,  t he

recent  developments in  computer  technology and in format ion processing

a I l ow  to  cons ide r  so l v i ng  p rob lems  o f  i nc reas ing  comp lex i t y  i n  a
' reasonable '  amount  of  t i rne;  on the other  hand,  more and more emphasi -s

has been p laced,  in  recent  research,  oD the pract ica l i ty  o f  so lut ions,

and good subopt imal  so lut ions have been sought  where the opt imizat idh

methods $rere not applicable.

As  fo r  t he  i n i t i a l  ques t i on ,  t he  ma in  th rus t  o f  t he  teams  w i th

wh ich  the  au tho r  has  co l l abo ra ted  i s  t ha t  h ie ra rch i ca l  mode ls  fo r

production management could satisfy the needs of industry.



Such  mode ls  a re

several subProblems

+  f o r m u l a t i o n s

a lgor i thms to

T h e  o b j e c t  o f  t h i s  t h e s i s

r e s u l t i n g  f r o m  t h e  P r e v i o u s

f l o w  c o n t r o f  m o d e l s .  T h e

d e s c r i b e d  h e r e u n d e r .

rntroduct ion

c h a r a c t e r i z e d b y a c o o r d i n a t e d r e s o l ' u . t i o n o f

a n d  t h e y  r e q u i r e  t h e  s p e c i f i c a t i o n  o f :

f o r  e a c h  o f  t h e  s u b p r o b l e m s  i d e n t i f i e d '  a n d

s o l v e  t h e m  c o n s i s t e n t l Y .

i s  t o  s t u d y  t h e  t y p e  o f  a g g r e g a t e  m o d e l s

d e c o m p o s i t i o n  m e t h o d ,  w h i c h  a r e  c a l l e d

o r g a n i z a t i o n  o f  t h e  w o r k  p r e s e n t e d  i 9

-+ a method to decompose the or ig ina l  dec is ion problem,

A nerâr  approach to  h ie rarch ica l  p roduc t ion  management  i s  cur ren t l l t

i n v e s t i g a t e d  b y  P R O T H  a n d  c o - w o r k e r s  I H E ] ,  t M P l ;  t h e  d e c o m p o s i t i o n

m e t h o d  i s  a  p r o d u c t -  a n d  m a c h i n e  a g g r e g a t i o n  a l g o r i t h m  d e v i s e d  t o

g e n e r a t e  a  f l o w s h o p - t i k e  a g g r e g a t e  m o d e l  o f  t h e  s y s t e m '  t h a t  i s '  a

m o d e l  i n  w h i c h  p r o d u c t  f a m i l i e s  f l o w  b e t w e e n  s u b s y s t e m s '  s o  t h a t  n q

t v r o  f l o w s  a r e  i n  o p p o s i t e  d i r e c t i o n s .  c o o r d i n a t i o n  i s  a c h i e v e d  t h r o u g h

t h e  t o p - d o w n  t r a n s m i s s i o n  o f  c o n s t r a i n t s ,  t h e  d e c i s i o n s  m a d e  a t  t h e '

u p p e r  l e v e l s  d e f i n i n g  c o n s t r a i n t s  f o r  l o w e r  l e v e l - s  d e c i s i o n s  '

I nchap te r : - r seve ra la rgumen tsconcu r r i ng to j us t i f y t heuseo fa

h ie ra r ch i ca lapp roach fo rmanagemen ta rep resen ted ,and the

con t r i bu t i on  o f  t h i s  t hes i s  i s  ou t l i ned  i n  t he  pe rspec t i ve  o f  t he

f ramework  p roposed  by  PROTH and  co -worke rs .  chap te r  2  i s  a  su rvey  o f

bo th  the  resea rch  conduc ted  i n  Con t ro l  Theory  on  h ie ra rch i ca l  sys tems

and  o f  t he  d i f f e ren t  h i e ra r ch i ca l  mode l s  s tud ied  i n  p roduc t i on

managemen t .  The  f l ow  con t ro l  mode l  t ha t  i s  t he  ob jec t  t h i s  s tudy  i s

i n t r oduced  i n  chap te r  3 '  and  t he  assump t i ons  imbedded  i n  i t b

f o rmu la t i on  a re  j us t i f i ed ;  ana l y t i ca l  r esu l t s  a re  t hen  de r i ved  i "

Chap te r  4 ,  and  two  app l i ca t i ons  o f  t hese  resu l t s  a re  p resen ted  i h

Chap te r  5 .



chapter 1:

PRODUCTION MANAGEMENT IN PERSPECTIVE.

qR V/HY IT IS HIERARCHICAI-,



Production Management in Perspective

I n o u r e c o n o m i c s y s t e m ' s u r v i v i n g ' f o r a f i r m ' i s s y n o n y m o u s w i t h

m a k i n g  a  p r o f i t .  - A l t h o u g h ,  f o r  a  s h o r t  p e r i o d  o f  t i m e ,  o r  j u s t  w h e n

star t ing  i t s  ac t i v i t y ,  a  company is  in  fac t  a l lowed to  Iose  a  l im i ted

amount  o f  money- .  Fur thermore ,  the  h igher  the  pro f i t ,  the  be t te r  the

c o m p e t i t i v e p o s i t i o n o f t h e f i r m , a s l o n g a s p r e s e n t p r o f i t s a r e n o t

r e a l i z e d  a t  t h e  e x p e n s e  o f  f u t u r e  o n e s '  T h e r e f o r e '  t h e  o b j e c t i v e  o f  a

manufac tur ing  f i rm -s ta ted  in  mathemat ica l  te rms- '  i s  to  max imize  thqr

e x p e c t e d v a l u e o f i t s d i s c o u n t e d p r o f i t o v e r a c e r t a i n p e r i o d o f t i m e .

c a l l e d  s t r a t e g i c  h o r i z o n :

e x p e c t e d v a l u e , b e c a u s e p r o f i t u s u a l l y d e p e n d s o n S o m e f a c t o r s

s u c h â s r f o r e x a m p l e , t h e e v o l u t i o n o f t h e m a r k e t , w h i c h a r e n e v e r

known wi th  cer ta in ty  when dec is ions  are  to  be  made '  : '

-  d i s c o u n t e d ,  b e c a u s e '  d e p e n d i n g  o n  t h e  t y p e  o f  f i r m  ( a n d  i n

p a r t i c u l a r o n w h a t c o u l d b e c a l l e d i t s r e s p o n s e t i m e ) , t h e r e l a t i v e

i m p o r t a n c e o f p r e s e n t a n d f u t u r e r e s u l t s w i l l b e d i f f e r e n t '

- h o r i z o n , b e c a u s e t h e p e r f o r m a n c e c a n b e d a n g e r o u s l y l o w e r e d b y

t h e a b s e n c e o f a n t i c i p a t i o n , b u t a l s o b e c a u s e , b e y o n d a c e r t a i n

p o i n t , t h e u n c e r t a i n t y o f t h e f o r e c a s t s i s s u c h t h a t t a k i n g t h e m

i n t o a c c o u n t n o l o n g e r i m p r o v e s t h e p e r f o r m a n c e o f t h e f i r m .

rn  o rder  to  ach ieve  th is  ob jec t ive ,  the  var ious  ac tors  o f  the  f i ' rm

a r e c o n s t a n t l y t a k i n g a c t i o n s . T h e q u e s t i o n i s t h e n : h o w s h o u } d t h e y

d e c i d e w h a t a c t i o n t o t a k e n e x t ' g i v e n t h a t t h e r e i s a n o b j e c t i v e t h a t

t h e f i r m a S a w h o l e m u s t m e e t ? o t , i n o t h e r w o r d s , h o w t o d e s i g n a

e f f i c i e n t d e c i s i o n - m a k i n g o r g a n i z a t i o n , e f f i c i e n t m e a n i n g e n a b r i n g : : :

f i r m t o a c h i e v e i t s o b j e c t i v e . ( S o m e w o r k h a s b e e n d e v o t e d - . o

n u m e r i c a l m e t h o d s t o a s s e s s t h e a b i l i t y o f a s y s t e m t o m e e t i t s g o a l s :

s e e f o r e x a m p l e V { A S H I N G T o N a n d L E V I S I ! { t ] f o r t h e d e c i s i o n o f w h e t h e r

o r  n o t  t o  i m P l e m e n t  a n  F ' M ' S ' )  '
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II DECISION-MAKING ORGANIZATION

T h e r e  i s  .  u s u a l l y  a  l a r g e  n u m b e r  o f  d e c i s i o n s  t o  b e  m a d e

c o n c u r r e n t l y  a t  e a c h  p o i n t  i n  t i m e  t o  r u n  a  f i r m .  A L s o '  i f  t h e

s t r a t e g i c  h o r i z o n  i s  t o  b e  l o n g  e n o u g h  t o  a l l o w  f o r  r e a c t i o n  t o  t h e

e v o l u t i o n  o f  t h e  e n v i r o n m e n t ,  t h e n  i t  i s  g e n e r a l l y  o f  s e v e r a L  o r d e r s

o f  m a g n i t u d e  l o n g e r  t h a n  t h e  d u r a t i o n  o f  e l e m e n t a r y  a c t i o n s .  T h i s

m e a n s  t h a t  t h e  p r o b l e m  o f  f i n d i n g  t h e  o p t i m a l  p l a n  o f  a c t i o n  i n  i t s

m o s t  d e t a i l e d  f o r m  a n d  u p d a t i n g  i t  e a c h  t i m e  t h e  r e a f i z a t i o n s  d i f f e r

f r o m  t h e  p l a n  c a n n o t  b e  d e a l t  w i t h  b y  c u r r e n t l y  a v a i l a b l e  c o m p u t e r s .

Moreover ,  even i f  there  hrere  computers  to  so lve  prob lems o f  t .h is  s ize ,

u s i n g  t h e m  t o  t h a t  e f f e c t  w o u l d  r e s u l t  i n  a  w a s t e ,  b e c a u s e  b y  t h e  t i m e

a c t i o n s  w o u l d  a c t u a l l y  b e  t a k e n ,  t h e y  w o u l d  h a v e  b e e n  r e - p l a n n e d

t h o u s a n d s  o f  t i m e s .

T h e  a p p r o a c h  g e n e r a l l y  a d o p t e d  i n  h u m a n  o r g a n i z a t i o n s  c o n s i s t s ,  Q n

t h e  o n e  h a n d ,  o f  I u m p i n g  e l e m e n t a r y  a c t i o n s  ( o r  ' s t e p s ' )  i n t o  m o r e

g l o b a l  o n e s  f o r  t h e  p u r p o s e  o f  d e c i s i o n - m a k i n g  a n d ,  o n  t h e  o t h e r  h a n d ,

o f  i d e n t i f y i n g  c l a s s e s  o f  w e a k l y  c o u p l e d  a c t i o n s  t h a t  c a n  b e  d e c i d e d

i n d e p e n d e n t l y .  F o r  e x a m p l e ,  b u i l d i n g  a  n e w  p l a n t  c a n  b e  c o n s i d e r e d  a s

a  s i n g l e  a c t i o n ,  a n d  t h e r e  w i I I  b e  o n l y  o n e  d e c i s i o n  c o n c e r n i n g  i t  a s

s u ç h ,  a l t h o u g h  i t s  i m p l e m e n t a t i o n  c l e a r l y  i n v o l v e s  a  w e a l t h  o f  m o r e

d e t a i l e d  s t e p s .  O n  t h e  o t h e r  h a n d ,  m a n y  d e c i s i o n s  m a d e  b y  t h e  S a l e s

d e p a r t m e n t ,  f o r  e x a m p l e ,  a r e  i n d e p e n d e n t ,  t o  a  l a r g e  e x t e n t ,  f r o m  t h e

d e c i s i o n s  m a d e  i n  D e s i g n .  T h e  p r o c e s s e s  r e s u l t i n g  i n  t h e s e

s i m p t i f i c a t i o n s  a r e  r e f e r r e d  t o  a s  a g g r e g a t j o n  a n d  s p e c i a T i z a t i o n .

III AGGREGATION

T h e  a g g r e g a t i o n  o f  a c t i o n s  i s  p e r f o r m e d  a t o n g  t w o  d i m e n s i o n s :  t i m e

and gç12pg, which means that an aggregate decision can be a sequence of

s t e p s ,  o r  a  g r o u p  o f  s i m u l t a n e o u s  s t e p s ,  o r  a n y  c o m b i n a t i o n .  T h e r e  i s

t h u s  a  c o m p l e t e  s p e c t r u m  o f  a c t i o n s  w i t h  d i f f e r e n t  s c o p e s  a n d / o r

d i f fe ren t  dura t ions .

6
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Fol lowing f rom ANTHONY's c lass i f icat ion,  th is  spectr .um is  commonly
b roken  down  in to  th ree  c lasses :  s t ra teg i c ,  t ac t i ca l ,  and  ope ra t i ona l
ac t i ons .  Launch ing  a  ne r^ r  p roduc t ,  s topp ing  a  l i ne  fo r  p reven ta t i ve
maj-ntenance or  cast . ing an ingot  are act ions that  betong respect ive ly
t o  each  o f  t hese  c l asses .

These examples  i l l us t ra te  how the  spec i f i ca t ion  o f  an  ac t ion  is  a l l

t h e  m o r e  a b s t r a c t  a s  t h e  a c t i o n  i s ' a g g r e g a t e r .  T h i s  f a c t  h a s  t w o
i m p l i c a t i o n s :  o n  t h e  o n e  h a n d ,  d e c i s i o n s  c o n c e r n i n g  a g g r e g a t e  a c t i o n s
w i I l  m a t e r i a l i z e  o n l y  i f  t h e y  a c t u a l l y  t r i g g e r  a  s e t  o f  e l e m e n t a r y

a c t i o n s ,  a n d ,  o n  t h e  o t h e r  h a n d ,  t h e  e x a c t  s e t  a n d  s e q u e n c e  o f  t h e s e
e lementary  ac t ions  is  no t  known a  pr io r i ,  wh ich  means tha t  there  is  a
need fo r  more  dec is ions  a f te r  an  aggregate  ac t ion  is  dec ided.

A l s o ,  a n  a c t i o n  a c t u a l - I y  m a t e r i a l - i z e s  o n l y  a t  t h e  I a s t  l e v e I  o f

d e c i s i o n - m a k i n g ,  w h e n  a I I  i t s  p h y s i c a l  c o n t e n t s  h a s  b e e n  c a r r i e d  o u t .

T h e r e f o r e ,  a n  a g g r e g a t e  a c t i o n  t a k e s  o n  d i f f e r e n t  ' m e a n i n g s ' ,

d e p e n d i n g  t h e  l e v e I  o f  a b s t r a c t i o n  a t  w h i c h  i t  i s  c o n s i d e r e d :  f o r

e x a m p l e ,  f o r  a  s h o p - f l o o r  m a n a g e r ,  s t o p p i n g  a  l i n e  f o r  p r e v e n t a t i v e

m a i n t e n a n c e  d o e s  n o t  m e a n  t h e  a c t i o n  o f  p u s h i n g  a  r e d  b u t t o n ,  b u t

r a t h e r :  s c h e d u r i n g  t h i s  l o s s  o f  p r o d u c t i o n ,  m a k i n g  s u r e  t h a t  t h e

m a i n t e n a n c e  p e r s o n n e l  w i l l  b e  t h e r e ,  t h a t  t h e  l i n e  p e r s o n n e l  w i l l  b e

k e p t  b u s y ,  e t c .

IV DECTSION PROCESS

This  example  cas ts  a  new l igh t  on  the  ro le  o f  a  dec is ion-maker  (DM) .

À s  s t a t e d  p r e v i o u s l y ,  i t  i s  t o ' c h o o s e  a m o n g  a  s e t  o f  a c t i o n s  o r

s e q u e n c e s  o f  a c t i o n s  t h e  o n e  t h a t  w i l l  b e s t  r e a l i z e  a n  o b j e c t i v e ,  a n d

then imp lement  i t '  ;  th is  s ta tement  i s  now made more  spec i f i c .

F i rs t ,  a  DM i s  ass igned  an

ach ieve  i t .  I t  mus t  t hen  be

ob jec t i ve  has  been  ach ieved ,

m issed .

objective and commensurate æSgllrce.Ê to

poss ib le  to  assess  whe the r  o r  no t  t he

and i f  i t  has not ,  by how much i t  $ras
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_  ^ - - 1  ^ l - . ^  + l a a r r |  f  I ' r a  2 r r 1  ' l  a ) n s  I  I l c l L  l l t -

.  second ly ,  a  DM must  have some knowledge about  the  ac t ions  tha t  he

c a n  t a k e  t o  a c h i e v e  h i s  o b j e c t i v e ,  m o r e  p r e c i s e l y ,  h e  m u s t  h a v e  a

m o d e l  t h a t  w i I I  a l l o w  h i m  t o  p r e d i c t  t h e  i m p a c t  o f  d i f f e r e n t  a c t i o n s

o n  h i s  o b j e c t i v e .  T h i s  m o d e r  m u s t  i n  p a r t i c u r a r  s p e c i f y  t h e  h o r i z o n  o f

t h e  p r o b l e m ,  t h a t  i s ,  t h e  p e r i o d  f o r  w h i c h  t h e  i m p a c t  o f  t h e  a c t i o n s

on the  ob jec t ive  must  be  cons idered '

T h i r d l y , a D M n e e d s S o m e f e e d b a c k c o n c e r n i n g b o t h t h e r e s o u r c e s

t h a t  h e  h a s  b e e n  a s s i g n e d ,  a n d  t h e  a c t i o n s  t a k e n  b y  a t l  o t h e r  D M s  '

T h i s  i n f o r m a t i o n  i s  e s s e n t i a l  t o  t h e  D M  b e c a u s e  t h e  s e t  o f  a c t i o n s  h e

c a n  p o s s i b l y  t a k e  a n d  t h e i r  i m p a c t  o n  t h e  o b j e c t i v e  b o t h  d e p e n d  o n  i t '

a s  w i I I  b e c o m e  c l e a r  w h e n  t h e  p r e v i o u s  e x a m p l e  o f  t h e  p r e v e n t a t i v e

m a i n t e n a n c e  i s  c o n s i d e r e d '

l {ha t  th is  examPle  i

a c t i o n  g e n e r a l l y  m e a n s ,

I l u s t r a t e s  i s  t h a t  i m p l e m e n t i n g  a n  a g g r e g a t e

f o r  t h e  D M :

+  i d e n t i f y i n g  t h o s e  e l e m e n t a r y  a c t i o n s  t h a t  h e  w i l t  p e r f o r m

h i m s e l f ( e . g . c a l l t h e s u b c o n t r a c t o r i n c h a r g e o f t h e m a i n t e n a n c e ) ,

+  d e f i n i n g  m o r e  c o n c r e t e  o b j e c t i v e s  o r  s u b g o a l s  t o  p a s s  t o  o t h e r

d e c i s i o n  m a k e r s  f o r  t h e m  t o  i m p l e m e n t  t h e  c o r r e s p o n d i n g  a c t i o n s  a n d

a l l o t i n g  t h e m  s o m e  r e s o u r c e s  t o  t h a t  e f f e c t ;  ( u s u a l l y ,  t h e  m o r e

, a g g r e g a t e ,  t h e  a c t i o n ,  t h e  m o r e  i m p o r t a n t  t h i s  c o m p o n e n t  o f  i t ) ,

+ c o o r d i n a t i n g t h e a c t i o n o f t h e s e o t h e r D M s , t h a t i s ,

c o n s t r a i n i n g  t h e i r  c h o i c e s  o f  a c t i o n s  i n  o r d e r  t h a t  e a c h  o f  t h e m  i s

i n a p o s i t i o n t o a c h i e v e h i s o b j e c t i v e , e v e n i f i t d e p e n d s o n t h e

o t h e r  D M s '  a c t i o n s  '

A I s o , l f t h e a c t i o n b e i n g i m p l e m e n t e d i s p a r t o f m o r e a g g r e g a t e

p l a n o f a c t i o n , t h e n t h e D M m u s t g e n e r a t e f e e d b a c k c o n c e r n i n g t h e

r e a l i z a t i o n  o f  h i s  o b j e c t i v e ,  a n d  o f t e n  e v a l u a t e  - b a s e d  o n  h i s  m o d e l -

h i s  r e s o u r c e  n e e d s  b e f o r e  h e  d e c i d e s  o n  h i s  a c t i o n '  A t  t h a t  p o i n t '  t h e

m o d e l  h e  h a s  w i l l  a l l o w  h i m  t o  d o  s o '  T h e s e  i n t e r a c t i o n s  a r e

i l l u s t r a t e d  i n  f  i g u r e  l -  '



Production Management in Perspective

N o t e  t h a t  t h e  m o d e l  t h a t  a  D . M .  h a s  o f  t h e  i m p a c t  o f  h i s  d e c i s i o n s

i s  , v e r y  d e p e n d e n t  o n  t h e  t y p e  o f  a c t i o n s  t h a t '  h e  d e c i d e s  '  Ï n

p a r t i c u l a r ,  t h e  m o r e  a g g r e g a t e  a n d  a b s t r a c t  t h e  a c t i o n s ,  t h e  m o r e

aggregate  and abs t rac t  the  mode l  a lso '

I
feedback

resources s t8 te

fig. I

V SPECIALIZATION

The  o the r  p rocess  used  to  reduce  the  s i ze  o f  t . he  dec i s ion  p rob lem, '

speciat izat ion,  is  based on the assumpt ion that  the seL of  act ions to

take  i n  a  f i rm  can  be  pa r t i t i oned  so  tha t  ac t i ons  be long ing  to  t v ro

di f ferent  c lasses can be decided re la t ive ly  independent ly  '

Th is  par t i t ion ing can be based on d i f ferent  factors  as the type of

p roduc t ,  t he  t ype  o f  p rocess ,  t he  l oca t i on  o f  t he  f ac i l i t i e s ,  t he

market  covered,  e tc .  For  example,  a  large corporat ion has usuaf ly  one

d iv i s ion  pe r  p roduc t  l i ne :  j e t  eng ines ,  power  genera to rs ,  p las t i cs " '

bu t  i t  cou ld  a l so  have  a  d i v i s i on ' heavy  i ndus t r y ' ,  a  d i v i s i on ' h i gh

tech . r ,  and  a  d i v i s i on  ' consumer  goods"

object iue

resources

decis ion-makeconstra ints
- feedback

objec t iue

resources
elementarg

act ion

:  constra ints
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T h e  d e c i s i o n  d o m a i n ,  t h a t  i s ,  t h e  t y p e  o f  k n o w l e d g e  r e q u i r e d  t o

m a k e  t h e  d e c i s i o n s ,  i s  a l s o  u s e d  a s  a  p a r t i t i o n i n g  c r i t e r i o n  '  R o u g h l y

speak ing ,  four  types  o f  knowledge and in fo rmat ion  can be  ident i f ied  in

a  f i rm:  f inanc ia l ,  techn ica l ,  manager ia l  and marke t - re la ted  (knowledge

a n d  i n f o r m a t i o n  d i f f e r  o n l y  i n  t h e i r  l i f e  t i m e )  '

+  The f inanc ia l  in fo rmat ion  can be  found summar ized in  any  annua l

f i n a n c i a l  r e p o r t .  I t  i s  m a i n l y  u s e d  i n  s t r a t e g i c  d e c i s i o n s  b e c a u s e

d i rec t ly  re la ted  to  the  g lobaI  ob jec t ive  '  The cor respond ing  knowledge

is  fo r  example  the  knowledge o f  the  s tock  marke t  '

+  T h e  m a r k e t  i n f o r m a t i o n  c o m p r i z e s  q u a l i t a t i v e  a n d  q u a n t i t a t i v e '

a n s w e r s  t o  s u c h  q u e s t i o n s  a s  " w h a t  i s  t h e  p o s i t i o n  o f  t h e  f i r m  w i t h

r e s p e c t  t o  i t s  c o m p e t i t o r s ? , , ,  o r  , , a t  w h i c h  s t a g e  o f  t h e i r  I i f  e - c y c l e  .

a r e  t h e  p r o d u c t s  o f  t h e  p o r t f o l i o ? ' ' ,  b u t  i t  a l s o  i n c l u d e s  I e s s '

e l a b o r a t e  i n f o r m a t i o n s ,  s u c h  a s  t h e  c o n t e n t s  o f  a  c u s t o m e r s  d a t a - b a s e '

- â  T h e  t e c h n i c a l  k n o w l e d g e  i s  t h e  d o m a i n  o f  r e s e a r c h e r s '  e n g i n e e r s

a n d  t e c h n i c i a n s ;  s o m e  o f  i t  i s  p r o p r i e t a r y  a n d  p r o t e c t e d  b y  p a t t e n t s

b u t  m o s t  o f  i t  i s  i n  t h e  k n o w - h o w  o f  e x p e r i e n c e d  p e r s o n n e l  '  T e c h n i c a l

i n f o r m a t i o n  c a n  c o n s i s t  o f  d r a w i n g s ,  f i n i t e  e l e m e n t s  a n a l y s e s '  e t c '

- )  T h e  m a n a g e r i a l  k n o w l e d g e  i s  w h a t  i s  r e q u i r e d  f o r  ( b u t  a l s o

r e s u l t s  f r o m )  t h e  u n d e r s t a n d i n g  o f  t h e  b e h a v i o r  o f  t h e  p r o d u c t i o n

s y s t e m .  I t  i n c l u d e s  a  r e p r e s e n t a t i o n  o f  t h e  p r o d u c t i o n  p r o c e s s e s '  o f

t h e m a c h i n e s , c h a r a c t e r i s t i c s a n d o f w o r k f o r c e s k i l l s .

A  s i n g l e  d e c i s i o n - m a k e r  i s  u n a b l e  t o  p r o c e s s  a I I  t h i s  i n f o r m a t i o n

o r  t o  m a s E e r  t h i s  k n o w l e d g e ,  u n l e s s  t h e  f i r m  u n d e r  c o n s i d e r a t i o n  i s

p a r t i c u l a r l y  s m a l I  o r  i f  s e v e r a l  o f  t h e  c o m p o n e n t s  o f  t h e  d e c i s i o n

k n o w l e d g e a r e a t r o p h i e d . F o r i n s t a n c e , L f t h e f i r m i s a c o n s u l t ' i n g

c o m p a n y  w o r k i n g  e x c l u s i v e l y  o n  d e f e n s e  c o n t r a c t s ,  m o s t  o f  t h e

k n o w l e d g e  i t  n e e d s  i s  t e c h n i c a l .  I n  g e n e r a l ,  h o w e v e r '  t h e  d e c i s i o n

p r o c e s s  i s  c a r r i e d  o u t  b y  s e p a r a t e  e n t i t i e s ,  s p e c i l a l i z e d  i n  o n l y  o n e

o f  t h e  c r a s s e s  o f  k n o w l e d g e ,  l i k e  t h e  M a r k e t i n g  a n d  s a l e s  ( M s )  '

Deve lopment  and Des ign  (DD)  or  Manufac tur ing  (M)  d iv is ions '

10



Production l'lanagenent in Perspective

The idea beh ind  th is  par t i t ion  is  tha t  dec is ions  requ l r ing  spec i f i c

knowledge shou ld  be  made by  the  competent  dec is ion  makers .  In  fac t '  as

f i g u r e  2  i l l u s t r a t e s  i t ,  t h e  p a r t i t i o n  b a s e d  o n  t h e  n a t u r e  o f  t h e

knowledge or  in fo rmat ion  needed fo r  dec is ion  is  a I I  the  be t te r  as  the

dec is ions  are  e lementary .  The more  aggregate  a  dec is ion ,  and the  more

I ike ly  i t  i s  to  requ i re  e lements  o f  knowledge or  in fo rmaÈion drawn

' f r o m  
d i f f e r e n t  d o m a i n s .  S t r a t e g i c  d e c i s i o n s ,  i n  p a r t i c u l a r ,  c a n n o t  b e

a s s o c i a t e d  w i t h  a n y  o n e  t y p e  o f  k n o w l e d g e  e x c l u s i v e l y '  o n  t h e  o t h e r

h a n d ,  t h e  f i n a n c i a l  k n o w l e d g e  i s  u s e d  p r e d o m i n a n t l y  a t  t h e  s t r a t e g i c

I e v e l .

T o  s i m p l i f y  t h e  e x p o s i t i o n ,  i t  i s  a s s u m e d  t h a t  a I I  t h e  o p e r a t i o n a l

o r  t a c t i c a l -  d e c i s i o n s  a r e  m a d e  b y  t h r e e  ' o p e r a t i o n a l '  d i v i s i o n s :

M a r k e t i n g  a n d  S a I e s  ( M S ) ,  D e v e l o p m e n t  a n d  D e s i g n  ( D D )  a n d

M a n u f a c t u r i n g  ( M ) ,  a n d  t h e y  a r e  b a s e d  m o s t l y  o n  k n o w l e d g e  o f  o n e  k i n d '

T h e  s t r a t e g i c  d e c i s i o n s ,  o n  t h e  o t h e r  h a n d ,  a r e  m a d e  b y  t h e ' s t r a t e g y

and F inance '  (SQl  d iv is ion ,  based on  knowledge o f  the  four  k inds  '

tgpes of  knour ledge requi redfor  dec is ions o f  d i f fe rent  leue ls

fit*Z

st rEteg ic

tac t ica l

erat ionol
anager ia l
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Given  the  pa r t i t i on  o f  t he  dec i s ion -mak ing  o rgan iza t i on  adop ted '

i t s  s t ruc tu re  i s  en t i re l y  de te rm ined .  rn  fac t ,  t he  S t ra tegy /F inance

d iv i s ion  t rans la tes  the  ove ra l l  ob jec t . i ve  i n to  l oca l  ob jec t i ves  fo r

t he  t h ree ' ope ra t i ona l ' d i v i s i ons ,  and  sha re  t he  resou rces  o f  t he  f i rm

among them. the operat ional  d iv is ions in  turn make local  dec is ' ions to

ach ieve  f he i r  ob jec t i ve  and  cons tan t l y  f eed  back  i n fo rma t i on

concern ing the i r  level  o f  per formance

per formance
feedback

Coord inat ion :
loca l  ob jec t iues

esources

l oca l
dec is ions

f ig .3

A s  r e p r e s e n t e d  o n  f i g u r e  4 ,  t h e  a c t i o n s  t h a t  e a c h  o f  t h e  t h r e e

opera t iona l  d iv is ions  can take  depend on  the  dec is ions  made by  the  two

o t h e r s .  T h e r e f o r e ,  s i n c e  e a c h  o f  t h e m  i s  s t r i v i n g  t o  a c h i e v e  i t s  o v ' n

o b j e c t i v e  a n d  t h e i r  o b j e c t i v e s  a r e  d i f f e r e n t ,  t h e i r  d e c i s i o n s  w o u l d  b e

antagon is t i c  i f  i t  v le re  no t  fo r  the  coord ina t ' ion  func t ion  o f  t 'he  s9

d i v i s i o n .

I n  t h a t  c o n t e x t  o f  c o m p e t i t i o n  f o r  r e s o u r c e s '  t h e  c o o r d i n a t i o n

prob lem cons is ts  o f  f ind ing  the  resource  a l loca t ion  tha t  w i I I  y ie ld  an

e q u i l i b r i u m  b e t w e e n  t h e  o p e r a t i o n a l  d i v i s j - o n s ,  a n d  t h e  c o n c e p t  o f

shadow pr ices  can be  used to  f ind  tha t  equ i l ib r ium'

Global objective

ta te  feedbac

t2
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B u t  t h i s  i s  n o t  t h e  o n l y  a s p e c È  o f  c o o r d i n a t . i o n :  w h e n  t h e  a b i l i t y

o f  one d iv is ion  to  ach ieve  i t , s  ob jec t ive  depends on  the  ou tpu t  o f  a

d i f f e r e n t  o n e ,  c o o r d i n a t i o n  f o r  f e a s i b i l i t y  i s  r e q u i r e d .  T h i s  m e ê n s

tha t  the  ou tpu ts  o f  each d iv is ion  must  be  su f f i c ien t ly  cons t ra ined fo r

t h e  o t h e r  d i v i s i o n s ' p r o b l e m  t o  b e  s o l v a b l e .  F o r  e x a m p l e ,  t h e  s e t  o f

p o s s i b l e  d e s i g n s  f o r  a  p a r t  w i l l  b e  r e s t r i c t e d  t o  t h o s e  t h a t  a l l o w  f o r

p r o d u c t i o n  i n  s m a l l  b a t c h e s  i f  t h e  o b j e c t i v e  o f  t h e  m a n u f a c t u r i n g

d iv is ion  is  to  reduce the  vo lume o f  work- in -process . . .

T h e  m a j o r  i n t e r a c t i o n s  b e t w e e n  t h e  d i v i s i o n s  o f

represented  on  the  fo l low ing  f  l -ow- 'char t :

f i r m  a r e

ec hn ica
knouledge

market
knour led

manager ia l
knou ledge

@
@
@

morket 's  des idera ta

f i rm's  technica l  erPer t ise

sa les  and forecasts

@ oroouct ion capabi l i tu

@ n" t formance o f  the too ls

@ o.otess p lan

f ig .4
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l r l h a t e v e r  i t s  o b  j e c t i v e ,  t h e  m a n u f a c t u r i n g  d i v i s i o n ' S  a b i l i t y  t ' o

ach ieve  i t  w i I I  depend,  to  some ex ten t r  o l  t ! ' ro  ouputs  o f  the  o ther

o p e r a t i o n a l  d i v i s i o n s :  t h e  p r o c e s s  p l a n s  o f  t h e  p r o d u c t s '  w h i c h

spec i fy  the  needs o f  mach ine- t ime per  par t  to  p roduce,  and the  sa les

plan, f rom which product ion requirements are drawn '  The problegr of the

Manufac tur ing  d iv is ion  can thus  then be  s ta ted :

Gl,ven the necessary information about the product ion system' f ind

the act ions to take so as to best achieve the object ive assigned with

the resources aTTocated for that purpose and jn such a way that the

cons t ra in ts  inposed by  the  sa les  and Technofogy  d iv is jons  (e 'g '  the

product ion voTumes and technicaT specif icat ions) be sat isf ied'

Al though  th i s  i s  s t i I I  a  ve ry  genera l  s ta temen t '  t he  p rev ious

i l l u s t r a t i onssugges t t ha t , f o ranysys temo f rea l i s t i c s i ze , t he

d imens iona l i t y  o f  t h i s  p lann ing  p rob lem i s  s t i I l  p roh ib i t i ve l y  l a rge '

The  concepcs  o f  spec ia l i za t i on  and  agg rega t i on  i n t roduced  p rev ious l y

shou td  thus  be  used  aga in  i t e ra t i ve l y  un t i l  t he  p lann ing  p rob lem i s

t rans la ted  i n to  a  se t  o f  t r ac tab le  sub -p rob lems-  A t  t he  ou tse t '  t he

s t ruc tu re  o f  t he  p lann ing  sys tem w i l l  be  a  recu rs ion  o f  t he  pa t te rn

rep resen ted  on  f i gu re  5 ,  i . e .  a  mu l t i - I eve1 ,  h ie ra rch i ca l -  s t ruc tu re '

t t t t t t - t t t t t t t t

l eue l  k+  |
t t t t t t t t - t t t t t t t t

leue l  k

oooooo

scope: subsYstem (k+l)t

- horizonmodel: _ffiË;object ive
re30urcet'
coord inat iwe
constraints

pe r fo rmanc
feedback

scope: :v9Y::TI),,
model: .liff:l

scope: subsYstem kt
- horizon

model: _ entities

fie. 5
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In  p rac t ice ,  the  des ign  o f  th is  s t ruc tu re  can be  conducted  th rough

a bo t tom-up procedure ,  the  input  da ta  be ing  the  process  p lans  o f  the

d i f fe ren t  p roduc ts ,  the  per fo rmance o f  the  mach ines  and the  s t ra teg ic

demand fo recas ts .  Such a  procedure  is  descr ibed in  HILL ION,  MEIER and

P R O T H  [ H E ] ,  a n d  i t s  m a j o r  s t e p s  a r e :

r  l d e n t i f y  g f r o u p s  o f  m a c h i n e s  c o n s t i t u t i n g  s u b s y s t e m s  a n d  s u c h

tha t  fo r  any  t rdo  subsys tems,  a l l  p roduc ts  v is i t ing  bo th  o f  them wi I I

v is i t  them in  the  same order ,

+  F i n d  t h e  r o u t i n g s  t h a t  b e s t

mach ines  w i th in  each subsys tem,

b a l a n c e s  t h e  w o r k l o a d  o f  t h e

+ Aggregate  the  produc ts  in to  p roduc t  fami l ies  so  tha t  p roduc ts

be long ing  to  the  same fami ly  have comparab le  p rocess ing  t imes on  a l l

the  subsys tems,

f t e r a t e  t h e s e  s t e p s  u n t i l  e i t h e r  t h e r e  i s  o n l y  o n e  p r o d u c t  f a m i l y

I e f t ,  o r  t h e  l a s t  s u b s y s t e m  o b t a i n e d  i s  t h e  e n t i r e  s y s t e m ,

- -à  Determine th ;  hor izons  assoc ia ted  w i th  each leve l -  by  assuming i t

f i r s t  i n f i n i t e  a n d  t h e n  r e d u c i n g  i t  t o  b r i n g  t h e  s y s t e m  w i t h i n  t h e

b o u n d s  o f  t r a c t a b i l i t y ,

-+  In  a  top-down approach ( tha t  i s ,  s t .a r t ing  f rom the  ob jec t ive  o f

t h e  e n t i r e  d i v i s i o n ) ,  d e t e r m i n e  t h e  o b j e c t i v e s  o f  a I I  t h e  s u b p r o b l e m s i

t h e s e  w i l l  b e  c h o s e n  s u c h  t h a t  t h e  o b j e c t i v e  a s s i g n e d  t o  a  g i v e n  l e v e l

i s  ac tua l l y  l i ke ly  to  be  ach ieved w i th in  the  t ime f ramework  de f ined by

t h e  h o r i z o n  o f  t h a t  I e v e l .

N o t e s :  L -  T h i s  d e s i g n  p r o c e d u r e  i s  o n l y  o n e  o f  t h e  p r o c e d u r e s

dev ised fo r  tha t  purpose (o ther  f rameworks  are  descr ibed in  Chapter  2 )

a n d  t h e  m o d e l  s t u d i e d  i n  t h i s  w o r k  i s  c o n s i s t e n t  w i t h  t h i s  a p p r o a c h .

However ,  mode ls  o f  th is  type ,  i , : .e .  f low-cont ro l  mode ls ,  wou ld  a lso  be

r e l e v a n t  i n  d i f f e r e n t  f r a m e w o r k s  f o r  p r o d u c t i o n  m a n a g e m e n t ;  t h e i r

charac ter is t i cproper t ies  a re  descr ibed in  the  fo l low ing  sec t ion .

15
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2-  The cons t ra in t  on  the  f lows be tween sub-sys tems is  meant  to

f o r c e  t h e  a g g r e g a t e  m o d e l s  t o  b e  o f  t h e ' f l o w - s h o p ' t y p e ,  f o r  w h i c h

t h e r e  a r e  m o r e  a l g o r i t h m s  t o  s o l v e  o p t i m a l  c o n t r o l  p r o b l e m s ;  t h i s

assumpt ion  is  no t  par t i cu la r ly  res t r i c t i ve  in  most  heavy  indus t r ies  '

3 -  The procedure  to  de termine the  produc t  fami l ies  i s  bas ica l l y

a  c lus te r ing  techn ique:  the  produc ts  be ing  represented  by  the  tup le  o f

t h e i r  p r o c e s s i n g  t i m e s  o n  t h e  d i f f e r e n t  s u b s y s t e m s ,  t h e  i d e a  i s  t o

f i n d  c l a s s e s  o f  t h e s e  t u p l e s  s o  a s  t o  m i n i m i z e  t h e  t o t a l  i n t r a - c l a s S e s ,

i n e r t  i a .

4 -  The p lann ing  hor izon  o f  an  op t ima l  con t ro l  p rob lem (P)  i s  the i

smal les t  h  such tha t  Y  z>h,  the  res t r i c t ion  to  [0 ,h ]  o f  the  so lu t ion  to : l

(p )  on  [0 ,2 ]  i s  equa l  to  the  so lu t ion  to  (P)  on  [0 ,h ] .  For  cer ta in  types  o f

p r o b l e m s ,  l i k e  t h e  c o n c a v e  c o s t s  p r o b l e m s  ( s e e  P R O T H  t P R l l  '  t h e r è

e x i s t  a n a l y t i c a l  r e s u l t s  t h a t  c h a r a t e r i z e  t h e  p l a n n i n g  h o r i z o n '  M o r e

g e n e r a l t r y ,  t h e  c o n c e r n  e x p r e s s e d  i n  t h e  c o n s t r a i n t  p r e v i o u s l y  s t a t e d

f o r  t h e  s e a r c h  o f  h o r i z o n s  i s  t o  h a v e  t h e m  s h o r t e n e d  b y  m e a n s  p f

a n a l y t i c a l r e s u l t s a n d n o t m e r e l y j u s t e n o u g } r f o r t h e r e s u l t i n g

p r o b l e m s t o b e t r a c t a b l e f o r a g i v e n c o m p u t a t i o n a l p o v Ù e r .

T h e p r e v i o u s S e c t i o n s o f t h i s c h a p t e r h a v e b e e n d e v o t e d t o a n

a n a l y s i s  o f  t h e  d e c i s i o n s  t o  b e  m a d e  i n  a  m a n u f a c t u r i n g  f i r m '  I t  h a s

b e e n a r g u e d t h a t c o n t r o l l i n g a s y s t e m o f s u c h n a t u r e a n d s i z e ' t h a t

i s , g e a r i n g i t t o w a r d s t h e a c h i e v e m e n t o f i t s o b j e c t i v e ( m a x i m i z i n g

t h e  e x p e c t e d  p r o f i t )  r e q u i r e s  t h a t  t h e  c o n t r o l  p r o c e s s '  a l s o  c a l l e d

d e c i s i o n m a k i n g p r o c e s s b e s t r u c t u r e d . A s t r u c t u r e b a s e d o n t h F

c o n c e p L s o f a g g r e g a t i o n a n d s p e c i a l i z a t i o n l ^ I a S c o n s t r u c t e d , a n d

p r o d u c t i o n m a n a g e m e n t l ô ' a s d e f i n e d a S a p a r t o f t h i s d e c i s i o n - m a k i n g

s t r u c t u r e .
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A S  s u c h ,  p r o d u c t i o n  m a n a g e m e n t  \ Â t a s  i t s e l f  d e s c r i b e d  a s  a

h ie rarch ica l l y  s t ruc tu red  dec is ion-mak ing  process .  One o f  the  prob lems

to  so lve  in  th is  p rocess  cons is ts  o f  dec id ing ,  over  a  cer ta in  hor izon ,

the  produc t ion  ra tes  o f  the  mach ines  in  the  sys ten '  Th is  p rob lem is

ca l led  f low-cont ro t  p rob lem and i t  can  appear  a t  d i f fe ren t  leve ls  o f  a

h ie rarch ica l  p roduc t ion  management  Sys tem.  Depend ing  on  the  leve l '  the

' m a c h i n e s '  c o n s i d e r e d  a r e  p h y s i c a l  m a c h i n e s r  o t  w o r k  c e n t e r s ,  o t  e v e n

e n t i r e  p l a n t s ,  w h e r e a s  t h e  ' p r o d u c t s '  w h o s e  f l o w  r a t e s  m u s t  b e

determined are  e i ther  phys ica l  Par ts '  o r  par t  fami l ies  '  More  genera l l y '

t h e  c h a r a c t e r i s t i c s  o f  t h e  p h y s i c a t  s y s t e m  t o  b e  r e t a i n e d  i n  t h e  m o d e l

w i I I  d e p e n d  o n  t h e  d e c i s i o n  l e v e I  c o n c e r n e d '

T h e  f l o w - c o n t r o l  m o d e l  s t u d i e d  i n  t h i s  w o r k  i s  c o n s i s t e n t  w i t h  t h e

t h e  h i e r a r c h i c a l  d e s i g n  p r o c e d u r e  o u t l i n e d  i n  t h e  p r e v i o u s  s e c t i o n '  t r t

i s  a l s o  p a r t i c u l a r l y  w e I I  s u i t e d  f o r  t h e  c o r p o r a t e  l e v e }  o f  a  l a , r g e

m a n u f a c t u r i n g  f i r m :  t h e  e n t i t i e s  c o n s i d e r e d  a r e  p r o d u c t i o n  s u b s y t e m s

a n d  p a r t  f a m i l i e s ,  a n d  t h e  o b j e c t i v e  i s  t o  m i n i m i z e  t h e  a c c u m u f a t i o n

o f  t h e s e  , p r o d u c t s '  b e t w e e n  p r o d u c t i o n  s u b s y s t e m s ,  g i v e n  t h a t  t h e r e  i s

an  ex terna l  demand to  sa t is fy  and tha t  the  produc t ion  subsy tems have a

f i n i t e  c a p a c i t y .  ,  .

G i v e n  t h e  P r o b l e m  a d d r e s s e d  - i

i s  a d d r e s s e d  a s  o n e  ] e v e I  o f  a

p r e s e n t e d  i s  o r g a n i z e d  a s  f o l l o w s  '

e .  f l o w  c o n t r o f -  a n d  g i v e n  t h a t  i t

h i e r a r c h i c a l  f r a m e w o r k ,  t h e  w o r k

c h a p t e r  2  i s  a  s u r v e y  o f  t h e  w o r k  o n  h i e r a r c h i e s  i n  p r o d u c t i o n

m a n a g e m e n t  a n d  c o n t r o l .  T h e  I i t e r a t u r e  o n  h i e r a r c h i c a l  c o n t r o l  i s

s u r v e y e d  i n  t h e  f i r s t  p a r t ;  m o d e l  a g g r e g a t i o n  t e c h n i g u e s '  b o t h ' i o r

s t a t i c  a n d  d y n a m i c  s y s t e m s ,  a r e  p r e s e n t e d  f i r s t ,  a n d  t h e  r e m a i n i n g

w o r k  i s  c l a s s i f i e d  c o n s i s t e n t l y  w i t h  t h e  n o t i o n s  i n t r o d u c e d  i r i

M E S A R O V I C  e t  a I .  t M C l  o f  m u l t i l e v e l  a n d  m u l t i l a y e r  h i e r a r c h i e s  '

t7
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M u l t i l a y e r  h i e r a r c h i e s  a r e  i n t r o d u c e d  i n  c o r r e l a t i o n  w i t h  t h e  n o t i o n

o f  t i m e - s c a l e  d e c o m p o s i t i o n ,  w h e r e a s  m u l t i l e v e l  h i e r a r c h i e s  a r e  s h o w n

to  be  based on  the  concept  o f  coord ina t ion .

The I i te ra tu re  on  h ie rarch ica l  p roduc t ion  management  i s  surveyed in

the  second par t  o f  the  chapter ;  the  f i rs t  two sec t ions  are  devoted  to

w o r k  t h a t  h a s  d i r e c t l y  i n f l u e n c e d  t h e  r e s e a r c h  o n  h i e r a r c h i c a l

p r o d u c t i o n  m a n a g e m e n t :  m o n o l i t h i c  m o d e l s  f o r  d e c i s i o n s  b e l o n g i n g  t o

d i f f e r e n t  l e v e l s ,  e c o n o m i c s  m o d e f s  o f  t h e  ' r e s o u r c e  a l l o c a t i o n '  t y p e '

and decompos i t ion  t .echn iques  fo r  mathemat ica l  p rogramming.  Then,  the

s e m i n a l  w o r k  o f  H A X  a n d  c o - w o r k e r s  i s  d e s c r i b e d ,  t o g e t h e r  w i t h

d i f fe ren t  improvements  and app l ica t ions .  F ina l l y ,  the  nove l  approaches

t o  h i e r a r c h i c a l  c o n t r o l  m o t i v a t e d  b y  t h e  i n t e r e s t  i n  F I e x i b I e

M a n u f a c t u r i n g  - a n d  i n  p a r t i c u l a r  t h e  a p p r o a c h  o f  G E R S H W I N  . t q

co-workers -  a re  surveyed.

C h a p t e r  3  j u s t i f i e s  a l t  t h e  a s s u m p t i o n s  i m b e d d e d  i n  t h e  f r o m u t a t i o n

o f  t h e  f l o w - c o n t r o l  m o d e L  s t u d i e d :  i n  p a r t i c u l a r ,  t h e  c h o i c e  o f  a

c o n t i n u o u s  r e p r e s e n t a t i o n  o f  t i m e  a n d  t h e  a b s e n c e  o f  r a n d o m n e s s  a r e

a d d r e s s e d ,  a s  w e l l  a s  t h e  d e f i n i t i o n  o f  t h e  o b j e c t i v e  a n d  t h e

f o r m u l a t i o n  o f  t h e  c a p a c i t y  c o n s t r a i n t ,  s h o w n  t o  b e  a n  a p p r o x i m a t i o n .

( I n  f a c t ,  t h e s e  c h a r a c t e r i s t i c s  o f  t h e  m o d e f  a r e  c a u s e  t h a t  i t  i q

b e t t e r  s u i t e d  f o r  a  h i g h  l e v e l  o f  a  h i e r a r c h i c a t  c o n t r o l  s y s t e m ) .  T h e

m a t h e m a t i c a l  p r o b l e m  c o r r e s p o n d i n g  t o  t h i s  m o d e l  i s  t h e n  f o r m u l a t e d

f o r  a  g e n e r a l i z e d  f l o w - s h o p .  I t  c o n s i s t s  o f  m i n i m i z i n g  t h e  i n t e g r a l  o f

t h e  i n v e n t o r y  h o l d i n g  c o s t  i n c u r r e d  a t  a I l -  p r o d u c t i o n  s u b s y s t e m s '

s u b j e c t  t o  a  c o n s t r a i n t  o n  t . h e  m i n i m a l  o u t p u t  o f  t h e  s y s t e m ,  a n d  ?

cons t ra in t  on  the  max imal  f low th rough each subsys tem.

' S o m e  
a n a l y t i c a l  r e s u l , t s  c o n c e r n i n g  t h e  s o l u t i o n  t o  t h i s  p r o b l e m  a r e

d e r i v e d  i n  C h a p t e r  4 ;  f i r s t ,  t h e  s o l u t i o n  f o r  a  s i n g l e  s t a g è

p r o d u c t i o n  s y s t e m  a n d  a  s i n g l e  p r o d u c t  i s  c h a r a c t e r i z e d .  I t  i s  s h o w n

t h a t  t h e  o p t i m a l  c o n t r o l  i s  o f  t h e ' s w i t c h i n g ' t y p e  a n d  t h a t  t h e

p r o d u c t i o n  a t  a n y  t i m e  i s  e q u a l  e i t h e r  t o  t h e  d e m a n d  o r  t o  t h e

capac i ty  a t  th is  t ime
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M o r e  p r e c i s e l y ,  i t  i s  p r o v e d  t h a t  t h e  p r o d u c t i o n  r a t e  i s  e q u a l  t o

t h e  c a p a c i t y  i f  a n d  o n l y  i f  t h e  i n v e n t o r y  i s  s t r i c t l y  i n c r e a s i n g  o r

decreas ing ;  in  o ther  words ,  the  op t ima l  con t ro l  cons is ts  o f  p roduCing

as  La te  as  poss ib le ,  and to  overproduce on ly  to  hedge aga ins t  a  fu tu re

peak in  demand.

I t  i s  t h e n  s h o w n  t h a t  t h e  f i r s t  r e s u l t  a l s o  h o l d s  f o r  a  m u l t i - s t a g e

mono-produc t  sys temi  in  fac t ,  i f  the  inventory  ho ld ing  cos ts  inc rease

w i t h  t h e  s t a g e ,  t h e  o p t i m a l  c o n t r o l  c a n  e v e n  b e  o b t a i n e d  b y  s o l v i n g

f i r s t  t h e  s i n g l e - s t a g e  p r o b l e m  f o r  È h e  m o s t  d o w n s t r e a m  s u b s y s t e m  a n d

t h e n ,  i t e r a t i v e l y ,  f o r  a I I  t h e  p r e v i o u s  s u b s y s t e m s .  I n  o t h e r  w o r d s ,

u n d e r  t h i s  c o s t  s t r u c t u r e ,  t h e  g l o b a l  o p t i m u m  i s  a c h i e v e d  i f  e a c h

s t a g e  o p t i m i z e s  i t s  I o c a l  c r i t e r i o n  w h i l e  s a t i s f y i n g  i t s  c o n s t r a i n t s ,  '

a n d  i n  p a r t i c u l a r  t h e  d e m a n d  i t  f a c e s .  H o w e v e r ,  i t  i s  s h o w n  o n  a

counter -example  tha t  th is  resu l t  does  no t  ho ld  i f  the  cos t  assumpt ion

i s  n o t  s a t i s f i e d ,  a n d  t h a t  n o ' s i m p l e ' a l g o r i t h m  c o u l d  p o s s i b l y  b e

f o u n d  i n  t h a t  c a s e .

T h e  s i n g l e - s t a g e  m u l t i - p r o d u c t  s y s t e m  i s  s t u d i e d  n e x t ,  a n d  i t  i s

p r o v e d  t h a t  t h e  o p t i m a l  c o n t r o l  i s  o b t a i n e d  b y  s o l v i n g  f i r s t  a

s i n g l e - s t a g e ,  m o n o - p r o d u c t  p r o b l e m  f o r  t h e  m o s t  ' e x p e n s i v e '  p r o d u c t

- i . e .  t h e  o n e  w i t h  h i g h e s t  i n v e n t o r y  h o l d i n g  c o s t -  a n d  d e p l e t i n g  t h e

c a p a c i t y  I e f t  f o r  t h e  o t h e r  p r o d u c t i o n s  a c c o r d i n g l y ,  a n d  t h e n

i t e r a t i n g  t h i s  p r o c e d u r e  f o r  a l l  t h e  p r o d u c t s .  T h i s  r e s u l t  m e a n s  i n

p a r t i c u l a r  t h a t  t h e  p r o d u c t i o n  r a t e  a t  a n y  t i m e  i s  e i t h e r  e q u a l  t o  t h e

demand,  o r  to  the  capac i ty ,  o r  to  zero ,  and tha t  i f  there  is  a  p roduc t

kept  in  inventory ,  then no  cheaper  p roduc t  i s  be ing  produced,  and the

s y s t e m  i s  w o r k i n g  a t  c a P a c i t Y .

I n  o r d e r  t h a t  t h e s e  r e s u l t s  b e  e x t e n d e d  t o  t h e  m o s t  g e n e r a l  c a s e

( m u l t i - s t a g e ,  m u l t i - p r o d u c t ) ,  a  r e s t r i c t i v e  a s s u m p t i o n  o n  t h e  c o s t  i s

requ i red :  i t  i s  necessary  tha t  the  rank ing  o f  the  produc ts  by  cos t  be

the  same a t  a I I  s tages  and the  cos t  inc rements  fo r  any  two produc ts

between s tages  be  in  the  same order  as  the i r  cos ts  '

l9



Ptoduction Management' in Petspective

However '  whether  o r  no t  th is  assumpt ion  ho lds ,  the  op t ima l  Çont ro l

must  sa t is fy  some necessary  cond i t ' i ons  wh ich  I im i t  the  ' cand ida tes '  to

a  f in i te  number .  The ques t ion  o f  whether  th is  a l lows to  use  dynamic

p r o g r a m m i n g t o s o l v e t h e p r o b l e m i s t h u s i n v e s t i g a t e d i n t h e f i r s t

p a r t o f C h a p t e r 5 : t h e t w o - s t a g e c o n l e r - e x a m p l e o f C h a p t e r 4 i s s o l v e d

b y t h i s t e c h n i q u e , b u t i t a p p e a r s t h a t t h e a m o u n t o f c o m p u t a t i o n s

r e q u i r e d e x p l o d e s a S t h e s i z e o f t h e p r o b l e m i n c r e a s e s a n d t h a t i t

b e c o m e s  e x c e s s i v e ,  e v e n  f o r  p r o b e m s  o f  r e a l i s t i c  s i z e '

on  the  o ther  hand,  the  argor i thm o f  chapter  4  -p roved to  y ie rd  the

opt ima l  con t ro l  under  cer ta in  cos t  cond i t ions-  i s  ex t remely  s imp le  and

c a n e v e n b e p r o g r a m n e d o n a s p r e a d s h e e t . A n e x a m p l e i s a l s o d e v e l o p e d

i n t h e s e c o n d p a r t o f c h a p t e r 5 , a n d p o s s i b l e e x t e n s i o n s o f t h i s w o r k

are  Proposed in  the  conc lus ion  '
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Hierarchies in Production Management and ControT: a Survey

INTRODUCTTON
't

The  p resen t  chap te r  i s  an  a t tempt  to  su rvey  the  work  tha t

in t roduces the concept  of  h ierarchy in  product ion management  and to

rev iew a representat ive set  o f  techniques developed in  contro l  theory

that  are re la ted to  th is  same concept .

Obviously ,  the s tatement  of  th is  ob ject ive is  somewhat  fuzzy,  s ince

the  word  "h ie ra rchy "  can  assume a  w ide  va r ie t y  o f  mean ings :  t he

management  sc ience I i terature a lone prov ides severa l  types ef  work

re lated to  h ierarch ies,  ranging f rom the h ierarch ica l  dec is ion proçess

descr ibed in  SAATY tsa l  to  the h ierarch ica l  product ion p lanning of  HAX

and  MEAL tHMl  o r  t he  decen t ra l i za t i on  by  p r i c i ng  o f  BAUMOI ,  and

FABIÀN tBF  I  .  S im i l a r l y ,  i n  MESAROVIC e t  a I  .  t l , tC  1  -wh ich  se ts  the

theoret ica l  foundat ions of  h ierarch ies in  the context  o f  Large Scale

Sys tems-  th ree  d i f f e ren t  de f i n i t i ons  a re  p roposed  fo r  h ie ra rch i ca l

systems,  whereas the DANTZIG and ITIOLFE decomposi t ion meLhod,  which is

essen t i a t  t o  t he  work  on  decen t ra l i za t i on  by  p r i c i ng ,  i s  exc luded  f rom

the h ierarch ica l  techniques.

That  i s  to  say  th is  chapter  cer ta in ly  does  no t  survey  a l l  the  work

i t  s h o u l d  b u t  a l s o  r e v i e w s  p a p e r s  t h a t  m i g h t  n o t  b e  c o n s i d e r e d  a s

c o n t r i b u t i o n s  t o  t h e  t a r g e t  f i e l d .

T h e  w o r k  s u r v e y e d  f a l l - s  i n  t h r e e  c l a s s e s  t h a t  c a n  b e  r o u g h l y

charac ter ized  by  an  emphas is  on  one o f  the  fo l low ing  concepts :

o f  a  p h y s i c a l  s y s t e m  a n d  c o o r d i 4 a t i  o n  o f  t h e1 -  decompos i t i on

subsystems contro l

enough information

u n i t s :  t h e  i s s u e  i s  t o  p r o v i d e  t h e s e  u n i t s  w i t h

fo r  them to  ach ieve  a  g loba l  op t imum.

2 -  t aye r i ng  o f  t he  dec i s i ons  o r  con t ro l  app l y i ng  t o  a  g i ven

physica l  system and consis tency issues.

3 -  agg rega t i on  and  d i sagg rega t i on  o f  a  ma thema t i ca l  mode l :

reduct ion of  the d imensional i ty  wi th  least  loss of  in format ion.
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T h e  f i r s t  c o n c e p t  i s  m a i n l y  d e v e l o p e d  i n  t h e  c o n t r o l  t h e o r y

J- i te ra tu re ,  the  second in  the  management  sc ience l i te ra tu re  and i t

seems tha t  the  th i rd  one has  been devoted  an  equa l ly  I im i ted  e f fo r t  in

b o t h  f i e l d s .

The f i rs t  par t  o f  th is  chapter  rev iews the  por t ion  o f  the  cont ro l

t h e o r y  l i t e r a t u r e  t h a t  c a n  b e  r e l a t e d  t o  t h e  n o L i o n  o f  h i e r a r c h y ;  t o

r e t a i n  t h e  c l a s s i f i c a t i o n  o f  h i e r a r c h i e s  s u g g e s t e d  i n  M E S A R O V I C  e t

a I .  I M C l  r  t h e  c o n c e p t s  o f  m u l t i l a y e r  a n d  m u t t i l e v e l  c o n t r o l  s y s t e m s

a r e  s u r v e y e d  i n  S e c t i o n s  l - .  r r  a n d  l - .  r r r .  S e c t i o n  1 . I  s u r v e y s  r - - h e  w o r k

concern ing  aggregat ion  o f  con t ro l  mode l -s .

f n  t h e  s e c o n d  p a r t ,  a l t h o u g h  t h e  s a m e  c l a s s i f i c a t i o n  c o u l d  h a v e

been adopted ,  the  work  surveyed is  d iv ided in  f i ve  sec t ions :  the  f i rs t

p resents  some management  sys tems in  wh ich  a  h ie rarch ica l  decompos i t ion

o f  the  manager ia l  dec is ion  process  is  acknowledged bu t  does  no t  resu l t

i n  a  d e c o m p o s l t i o n  o f  t h e  a s s o c i a t e d  c o n t r o l  m o d e f s .  S e c t i o n  2 . t t

i n t r o d u c e s  t h e  w o r k  r e l a t e d  t o  t h e  m u l t i l e v e l  c o n c e p t ,  n a m e l y  t h e

d e c e n t r a l i z a t i o n  o f  r e s o u r c e  a l l o c a t i o n  t h r o u g h  p r i c i n g .

T h e  l a s t  t h r e e  s e c t i o n s  d e s c r i b e  d i f f e r e n t  m u l t i l a y e r  m a n a g e m e n t

s y s t e m s .  I n  S e c t i o n  2 . I I : I t  t h e  m o s t  s u b s t a n t i a l  w o r k  a i m e d  a t

d e s i g n i n g  h i e r a r c h i c a l  s y s t e m s  i s  s u r v e y e d :  t h e  m o d e l s  p r e s e n t e d

f e a t u r e  a  m u l t i - h o r i z o n  s t r u c t u r e  a n d  a  t o p - d o w n  c o n s t r a i n e d  d e c i s i o n

p r o c e s s .  I n  t h i s  s e c t i o n  a r e  a l s o  r e v - i e w e d  s e v e r a l  p a p e r s  a d d r e s s i n g

d i f f e r e n t  i s s u e s  t h a t  a r i s e  i n  h i e r a r c h i c a l  c o n t r o l ,  n a m e l y  t e m p o r a l

a g g r e g a t i o n  a n d  d i s a g g r e g a t i o n ,  c o n s i s t e n c y  o f  d e c i s i o n s  a t  d i f f e r e n t

Ieve ]s ,  eva lua t ion  o f  the  sys tems and mul t i -s tage produc t ion  sys tems '

The  wo rk  i n  Sec t i on  2 . t v  f ocuses  on  t he  d i f f i cu l t  p rob lem o f

i n teg ra t i ng  de ta i l ed  schedu l i ng  i n  a  h i e ra r ch i ca l  s ys tem:  t he

coo rd inaE ion  scheme  desç r i bed  i s  i t e ra t i ve '  F i na I I y '  sec t i on  2 ' v

p resen ts  the  resu l t s  ob ta ined  by  app ly ing  a  con t ro l  app roach  to

Flexible Manufacturing Systems management '

22



HierarchieS in Ptoduction Management and Cont,rof: a Survey

At I  the  h to rk  p resented  hereunder  cou ld  per fec t ty  be  cons idered as  a

co l lec t ion  o f  mathemat ica l  decompos i t ion  techn iques  app l ied  to  cont ro l

p rob lems.  MESAROVIC e t  a I .  tMCl  g iYe i t  a  spec i f i c  iden t i t y :  a  theory

o f  h i e r a r c h i c a l ,  m u l t i l e v e l  s y s t e m s  ( a s  a  s u b s e t  o f  I a r g e  s c a l e

s y S t e m s  t h e o r y )  '  b y  d e v e l o p i n g  a  m a t h e m a t i c a l  f o r m a l i s r r  f o r  t h e

q u a l i t a t i v e  c o n c e p t s  o f  h i e r a r c h y  a n d  b y  s h o w i n g  t h a t  t h e s e

decompos i t lon  techn iques  f i t  in  the  prov ided f ramework .

Three types  o f  h ie rarch ies  are  ident i f ied  wh ich  shou ld  account  fo r

a l l  e x i s t i n g  h i e r a r c h i e s :

.  d e s C r i p t i v e  h i e r a r c h i e S :  t h e  l o w e r  t h e  " s t r a t u m " ,  t h e  m o r e

focussed and de ta i led ;

.  d e c i s i o n a l  o r  m u l t i l a y e r  h i e r a r c h i e s :  t h e  h i g h e r  t h e  " l a y e r " '

the  more  complex  and g loba l  the  dec is ion  func t ion ;

.  o r g a n i z a t i o n a l  o r  m u l t i l e v e l  h i e r a r c h i e s  :  i n f i m a l  (  i  '  e  '

I o w e r - l e v e I )  u n i t s  c o n t r o l  s u b s y s t e m s  a n d  a r e  c o o r d i n a t e d  b y  a

s u p r e m a l  u n i t .

c o m m o n  c h a r a c t e r i s t i c s  o f  t h e  l a s t  t v r o  t y p e s  o f  h i e r p r c h i e s  a r e

t h a t  a  h i g h e r  l e v e l  u n i t  i s  c o n c e r n e d  w i t h  t h e  s l o w e r  a s p e c t s  a n d  w i t h

a  l a r g e r  p o r t i o n  ( o r  b r o a d e r  a s p e c t s )  o f  t h e  s y s t e m  b e h a v i o r  a n d  t h a t

t h e  d e c i s i o n  p e r J - o d  a t  a  h i g h e r  l e v e l -  i s  I o n g e r  t h a n  t h a t  o f  l o w e r

I e v e l  u n i t s .

However ,  the  l i te ra tu res  cor respond ing  to  mu l t i layer  and mul t i leve l

sys tems do no t  in te rsec t  and represent  very  d i f fe ren t  amounts  o f  work '

T h e r e f o r e ,  t h e y  a r e  r e v i e w e d  s e p a r a t e l y  i n  s e c t i o n s  1 ' I I  a n d  L ' I I I

respec t ive ly ,  whereas  sec t ion  1 . r  in t roduces  the  concept  o f  aggregat ion

which  is  under ly ing  in  var ious  h ie rarch ica l  approaches '  par t i cu la r ly

in management.
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p r i o r  t o  e n t e r i n g  t h e  d e t a i l e d  d e s c r i p t i o n  o f  t h e s e  c o n c e p t s '  I

b r ing  to  the  a t ten t ion  o f  the  in te res ted  reader  tha t  most  o f  the  work

r e v i e w e d  i n  t h i s  p a r t  i s  s u m m a r i z e d  i n  S e c t i o n s  I I  a n d  V  o f  t ' h e

e x c e l l e n t  s u r v e y  o f  d e c e n t r a l i z e d  c o n t r o l  m e t h o d s  b y  S A N D E L L  e t

a I .  t s v l  .  M o r e o v e r ,  [ s l s l  ( e s p e c i a l l y  c h a P t e r s  L , 4 , 5  a n d  8 )  g a t h e r s  a

representa t ive  se lec t ion  o f  the  work  concern ing  mul t i leve l  sys tems and

aggregat ion ,  whereas  SINGH tSI l  p resents  an  ex tens ive  syn thes is  o f  the

work  in  dynamic  mul t i leve l  sys tems and F INDEISEN e t  a I '  tFB2 l  rev iews

both  mul t i leve l  and mul t i layer  sys tems '

T h e  v o l u m e  o f  t h e  r e l e v a n t  w o r k  d e s e r v e s  t h e s e  t h r e e  b o o k s  a n d

exp la ins  why present  par t  can  a t  most  cLa im to  rev iew a  representa t ive

se lec t ion  o f  papers  in  a  p roduc t ion  management  perspec t ive .

I m p l i c i t  i n  t h e  n o t i o n  o f  m u l L i l a y e r  h i e r a r c h y  ( a n d  e x p l i c i t  i n  t h e

d e f i n i t i o n  o f  d e s c r i p t i v e  h i e r a r c h y )  i s  t h e  i d e a  t h a t  d i f f e r e n t  l e v e l s

r e q u i r e  d i f f e r e n t  m o d e l s  o f  t h e  s y s t e m  c o n s i d e r e d  a n d ,  i n  p a r t i c u l a r '

t h a t  l o w e r  l e v e l  m o d e l - s  n e e d  t o  b e  m o r e  d e t a i l e d  a n d  c l 0 s e r  t o  t h e

phys ica l  sys tem whereas  h igher  leve l  mode ls  a re  more  aggregate  '

Note  tha t  the  mul t i leve l  concepÈ avo ids  th is  idea tha t  appears  to

b e  m o r e  i n t u i t i v e l y  a p p e a l i n g  t h a n  e a s y  t o  t r a n s l a t e  q u a n t i t a t i v e l y '

I n  f a c t ,  i n  t h e  m u l t i t e v e l  s y s t e m s  p a r l a n c e ,  t h e  s u p r e m a l  u n i L ' s  t a s k

i s  t o  c o o r d i n a t e  t h e  i n f i m a l  u n i t s  a n d  t h e r e f o r e  d o e s  n o t  n e c e s s a r i l y

requ i re  an  aggregate  mode l  o f  the  phys ica l  sys tem, '  moreover ,  sec t ion

1  .  r r  w i l I  p r o v i d e  e n o u g h  e v i d e n c e  t h a t  t h e r e  i s  n o  s y s t e m a t i c

procedure  to  des ign  mode ls  tha t  wou ld  sa t is fy  the  requ i rement  s ta ted

hereabove.

AOKI  tAoL l  tAo2 l  th ls l  p roposes  a  concre te  bu t  res t r i c ted  fo rmula t ion

for  the  concept  o f  aggregat ion  in  cont ro l  and exp lo res  the  prob lems

a r i s i n g  w h e n  o n e  t r i e s  t o  r e d u c e  t h e  d i m e n s i o n a l i t y  o f  a  r n o d e l  ( i ' e '

i f  one  t r ies  to  de termine a  cont ro l  based on  a  reduced-s ize  mode l )  '
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Static svstems

rn  the  s ta t i c  case  tAo2 l  a  mode l  can  be  v iewed  as  a  mapp ing  f

be tween  the  se ts  X  and  Y  o f  exogenous  â r rd  endogenous  va r lab les .

AgErega t ion  cons i s t s  o f  mapp ing  these  two  se ts  on  reduced  d imens ion

sets X* and Y* by means of  aggregat ion procedures g:  X -  X*  and h:  Y - ,  Y ' ,

and to  def ine the aggregate model  f "  as a mapping between X* and Y '

Agg rega t i on  i s  pe r f ec t  when  ho f= f ' og .

f t

I { h e n  p e r f e c t  a g g r e g a t i o n  c a n n o t  b e  a c h i e v e d ,  t w o  t y p e s  o f

a p p r o x i m a t e  a g g r e g a t i o n s  a r e  s o u g h t , '  t h e s e  a p p r o x i m a t i o n s  c o n s i s t

e i t h e r  o f  r e s t r i c t i n g  t h e  " p e r f e c t i o n "  c o n s t r a i n t  t o  a  s u b s e t  o f  X  o r

a p p r o x i m a t i n g  t h e  e q u a l i t y  h o f =  f - o g .  F o r  i n s t a n c e ,  i f  X  i s  a  v e c t o r

s p a c e  a n d  i t s  e l e m e n t s  c a n  b e  m o d e l l e d  a s  r a n d o m  v e c t o r s  o f  k n o w n

f i r s t  a n d  s e c o n d  m o m e n t s ,  t h e n  f "  w i l l  b e  d e t e r m i n e d  s o  a s  t o  m i n i m i z e

t h e  e x p e c t a t i o n  o f l n o f - f * o g l .  T h i s  s a m e  t y p e  o f  t e c h n i q u e  i s

app l ied  by  AXSÂTER in  the  contex t  o f  manufac tur ing  (see tAXl  )  .

Dvnamic svstems

For  I i nea r  dynam ic  sys tems ,  t he  ob jec t i ve  o f  agg rega t i on  i s  t o

reduce  t he  d imens ion  o f  t he  s ta te  vec to r .  I f  t he  rea l  sys tem i s

desc r i bed  by  equa t i on  i  =Ax+Bu  (whe re  x  s tands  f o r  dx /d t l  and  t he

agg rega te  mode l  i s  a l so  sough t  as  a  l i nea r  d i f f e ren t i a l  equa t i on

i ' =  Fx*  +  Gu  ,  t hen  a  l i nea r  agg rega t i on  p rocedure  x '=  Cx  y ie tds  th i s

t ype  o f  mode l  p rov ided  tha t  F  and  G  sa t i s f y  FC=CA and  G=CB.  In  tha t

case ,  i t  i s  shown  tha t  F  i nhe r i t s  some o f  t he  e igenva lues  o f  A .

(However ,  in  the genera l  case,  the s tabi l i ty  o f  the system cannot  be

deduced f rom that  o f  the aggregate nodel ) .

x

"l
x t

f Y

l"
Y *
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Th is  resu l t  means  tha t

ret .a ined by the aggregat

chosen among the dominant

should c loselY aPProximate

x* ( t )  i s  a  combina t ion  o f  the  modes o f  x ( t )

i o n  p r o c e d u r e .  T h u s ,  t h e s e  m o d e s  m u s t  b e

ones i f  the  dynamics  o f  the  aggregate  mode l

t h o s e  o f  t h e  o r i g i n a l  o n e .

T h e  p a r t i c u l a r  c a s e  o f  a  q u a d r a t i c  o b j e c t i v e  a n d  a  f e e d b a c k

c o n t r o l  l a w  u  =  K  x *  b a s e d  o n  t h e  a g g r e g a t e  s t a t e  v e c t o r  i s  t h e n

inves t iga ted  by  AOKI .  The aggregate  ob jec t ive  func t ion  is  der ived  f rom

t h a t  o f  t h e  r e a l  s y s t e m  a n d  t h e  m a t r i x  K  t h a t  w o u l d  y i e l d  a n  o p t i m a l

feedback  cont ro l  fo r  the  aggregate  mode l  i s  de termined '  Bounds on  the

( s u b o p t i m a l )  v a l u e  o f  t h e  r e a l  s y s t e m  o b j e c t i v e  w h e n  t h e  c o n t r o l

u  =  K  x *  i s  a p p l i e d  a r e  f o u n d .  T h e  a g g r e g a t i o n  m a t r i x  C  c a n  t h e n  b e

d e t e r m i n e d  s o  a s  t o  m i n i m i z e  t h e  d i f f e r e n c e  b e t w e e n  u p p e r  a n d  l o w e r

b o u n d s .

I n  g e n e r a l ,  t h e  c o n d i t i o n  f o r  p e r f e c t  a g g r e g a t i o n  i s  n o t  s a t i s f i e r j

b u È  t 1 ^ r o  p a r t  i c u l a r  c a s e s  a r e  d e s c r i b e d  i n  w h i c h  p e r f  e c t  o r  a l m o s * "

p e r f e c t  a g g r e g a t i o n  c a n  b e  a c h i e v e d .  I n  t h e  f i r s t  c a s e  ( r e s t r i c t e d

d y n a m i c s ) ,  i t  i s  a s s u m e d  t h a t  t h e r e  e x i s t  t w o  m a t r i x e s  D  a n d  E  o f

a p p r o p r i a t e  d i m e n s i o n  a n d  r a n k  s u c h  t h a t  A = D E C .  T h e n  F = C D E  w i l l

a u t o m a t i c a l l y  s a t i s f y  F C = C A .  R e c i p r o c a l l y ,  d i s a g g r e g a t i o n  i s  a l w a y s

f e a s i b l - e  i n  t h a t  c a s e ,  t h a t  i s ,  t h e  v a l u e  o f  t h e  o r i g i n a l  s t a t e  v e c t o r

can a lways  be  der ived  f rom tha t  o f  the  aggregate  s ta te  vec tor  and f rom

t h e  p a s t  v a l u e s  a s s u m e d  b y  t h e  c o n t r o l .  T h e  s e c o n d  c a s e  c a n  b e

i l l u s t r a t e d  b y  m e a n s  o f  a  g e o m e t r i c  i n t e r p r e t a t i o n  o f  t h e  a g g r e g a t i o n

p r o c e d u r e  a S  a  p r o j e c t i o n  o v e r  a  ( p o s s i b l y  t i m e - v a r y i n g )  s u b s p a c e  S  o f

t h e  s t a t e  s p a c e .  P e r f e c t  a g g r e g a t i o n  m e a n s  t h a t  t h e  p a t h . g e n e r a t e c i " b y

the  rea l  sys tem l ies  in  the  subspace S '

I

r f  a  f e e d b a c k ' c o n t r o l  o f  t h e  t y p e  u = L x  i s  a p p l i e d ,  t w o  c o n d i t i o n s

can be  der ived  fo r  A ,B and L  to  y ie ld  a  good aggregat ion ,  namely  tha t

i f  t h e  i n i t i a l  s t a t e  v e c t o r  x g  i s  i n  S ,  t h e  t r a j e c t o r y  m u s t  r e m a i n  i n

S  a n d  t h a t  i f  x g  i s  n o t  i n  S ,  t h e  d i s t a n c e  b e t w e e n  x ( D  a n d  x * ( t )  h a s

t o  t e n d  t o  z e y . o .  U n f o r t u n a t e l y ,  i n  t h i s  c a s e ,  d i s a g g r e g a t i o n  w i l l

never  be  ach ieved exac t ly  bu t  modu lo  a  subspace ( the  subspace a iong

w h i c h  t h e  p r o j e c t i o n  i s  p e r f o r m e d ) .
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F i n a l l y ,  i f  t h e  l i n e a r  r e l a t i o n  b e t w e e n  a g g r e g a t e  a n d  r e a l  s t a t e

v e c t o r  c a n n o L  b e  m a i n t a i n e d ' b e c a u s e  t h e  c o n d i t i o n  f o r  p e r f e C t '

a g g r e g a t i o n  i s  n o t  s a t i s f i e d ,  a l t e r n a t i v e  a g g r e g a t e  m o d e l s  c a n  b e

inves t iga ted ,  wh ich  represent  the  rea l  sys tem wi th  enough accuracy  fo r

an  aggregate  mode l -based cont ro l  to  y ie ld  a  good behav io r  o f  the  rea l

s y s t e m .  F o r  i n s t a n c e ,  a  m o d e l  d e s c r i b e d  b y  x * = F x * + G u + D y ,  w h e r e  y

is  t ,he  observed ou tpu t  o f  the  rea l  sys tem is  p roposed in  AOKI  tAo l l  '

T h i s  a l t e r n a t i v e  a p p r o a c h  h i g h l i g h t s  t h e  f a c t  t h a t  i n  t h i s  w o r k '

the  s t ruc tu re  o f  the  aggregate  mode l  i s  assumed g iven '  As  po in ted  ou t

i n  S A N D E L L  e t  a I .  [ S V ] ,  t h e  t h e o r y  t h a t  w o u f d  m a k e  i t  p o s s i b l e  t o

determine the  s t ruc tu re  o f  the  aggregate  modef  f rom the  descr ip t ion  o f

t h e  r e a l  s y s t e m  ( d e t a i l e d  m o d e I ,  o b j e c t i v e  f u n c t i o n )  i s  I a c k i n g '

T h e  d e f i n i t i o n  o f  m u l t i l a y e r  s y s t e m s  s h o w s  t h a t  t h e  c o n c e p t  o f

a g g r e g a t i o n  i s  e s s e n t i a l  t o  t h i s  t y p e  o f  h i e r a r c h i c a l  c o n t r o l :  i f  t h e

c o n t r o l  f u n c t . i o n  i s  l a y e r e d  a n d  " h i g h e r "  I a y e r s  h a v e  t o  m a k e  m o r e

c o m p l e x  a n d  g l o b a l  d e c i s i o n s ,  i t  i s  v e r y  l i k e l y  t h a t  t h e  m o d e J s  t o  b e

u s e d  b y  t h e s e  l a y e r s  a r e  n o t  a s  d e t a i l - e d  a s  t h o s e  u s e d  t o  m a k e  l o c a l

d e c i s i o n s .  T h e  a g g r e g a t i o n  t e c h n i q u e s  p r o p o s e d  b y  A O K I  a r e  m o s t l y

i n t e n d e d  t o  r e t a i n  t h e  d o m i n a n t  m o d e s  o f  t h e  d e t a i l e d  m o d e l  i n  t h e

a g g r e g a c e  o n e  a n d ,  i n  t h a t  r e s p e c t ,  t h e y  a r e  p e r f e c t l - y  w e l l  s u i t e d  t o

the  needs o f  mu l t ' i l aYer  sYstems '

I n  p r o d u c t i o n  s y s t e m s  m o d e l s ,  t h e  d y n a m i c s  a r e  u s u a l l y  r e p r e s e n t e d

b y  I i n e a r  e q u a t i o n s  I i k e  t h o s e  c o n s i d e r e d  b y  A o K I ;  u n f o r t u n a t e l y '  t h e

v a r i a b l e s  a r e  b o u n d  t o  l i e  i n  a  c o n s t r a i n t  s e t  a n d  t h e  a g g r e g a t i o n  a n d

d i s a g g r e g a t i o n  o f  t h e s e  s e t s  i s  s t i l f  a n  u n r e s o l v e d  i s s u e  ( s e c t i o n

2 . t t t  g i v e s  e v i d e n c e  o f  t h i s  s a t e m e n t )  '

A n o t h e r  r e m a r k  c o n c e r n i n g  A o K I ' s  w o r k  i s  t h a t  i t  f o c u s e s  o n  t h e

a g g r e g a t i o n  p r o c e d u r e  i t s e l f  a n d  n o t  a t  a l l -  o n  t h e  " d i r e c t i o n "  a l o n g

w h i c h  a g g r e g a t . i o n  i s  p e r f  o r m e d :  i n  t A O l -  I  a n d  t A O 2  L  t h e  a g g r e g a t e

var iab le  se ts  a re  a rb i t ra ry .  The f rac t ion  o f  the  mur t i layer  I i te ra tu re

r e v i e w e d  i n  n e x t  s e c t i o n  p r e s e n t  o n e  o f  t h e  p o s s i b l e  d i r e c t i o n  f o r

aggregat ion ,  namely  the  t ime behav io r  o f  the  var iab les  '
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Time-sca le  decompos i t ion  genera l l y  re fe rs  to  a  techn ique deve loped

f o r  t h e  a n a l y s i s  o f  d y n a m i c  s y s t e m s  i n  w h i c h  d i f f e r e n t  c o m p o n e n t s  o f

the  s ta te  vec tor  have very  d i f fe ren t  dynamics ,  tha t  i s ,  when the  modes

of  the  sys tem can be  par t i t ioned in  such a  'day  tha t ,  fo t  any  t r^ 'o  modes

b e t o n g i n g  t o  d i f f e r e n t  c l a s s e s '  o n e  i s  f a s t  c o m p a r e d  t o  t h e  o t h e r  ( s e e

CHOuI and KOKOTOVIC tCKl or SANDELL et aI  '  tSVl )  '

r n  t h e  c a s e  o f  a  s i n g u r a r  p e r t u r b a t i o n  ( i . e .  " a  p e r t u r b a t i o n  t o  t h e

I e f t - h a n d s i d e o f a d i f f e r e n t i a ] e q u a t i o n ' ' t S V ] ) t h e m o d e l c a n b e

s i m p l i f i e d  i n s o f a r  t h a t ,  w h e n  t h e  s y s t e m  i s  c o n s i d e r e d  i n  a  g i v e n

f r e q u e n c y b a n d , t h e s t a t e v a r i a b l e s c o r r e s p o n d i n g t o l o w e r f r e q u e n c i e s

( i . e . s l o w e r m o d e s ) c a n b e c o n S i d e r e d c o n S t a n t ' w h e r e a s t h o s €

c o r r e s p o n d i n g  t o  h i g h e r  f r e q u e n c i e s  c a n  b e  d i s c a r d e d '  O n e  o f  t h e  m a j o t

r e p r o a c r r e s  t o  t h e s e  w o r k s  i s  t h a t  t h e  s t r u c t u r e  o f  t h e  s y s t e m  ( w h i c Ï

m o d e s  a r e  " f a s t " ,  w h i c h  o n e s  a r e  s l o w )  h a s  t o  b e  g i v e n '

C o D E R C H  e t  a I .  t c v Ù l  c o n s i d e r  t h e  c l a s s  o f  ] i n e a r  s y s t e m s  d e f i n e d  b j

; :' 1::? J'î " ".1"" "'.,' ": " Ï"":î iÎ: "ï :::l i: i: "' 
" J"n'o, J:' : J"" :i: :ï

.  v )

e x h i b i t s  a  m u l t i p l e  t i m e - s c a l e  b e h a v i o r ,  w h i c h  m e a n s  t h a t  e x p ( A ( e ) t / e ^ l

can  be  approx imated by  d i f fe ren t  mat r ices  depend ing  on  the  exponent  K l

T h i s , , d e s c r i p t i v e "  d e c o m p o s i t i o n  " a u t o m a t i c a l l y "  y i e l d s  a  s e t  o

r e d u c e d o r d e r m o d e l s , e a c h r e p r e s e n t ' i n g t h e b e h a v i o r o f t h e s y s È e i

a c c u r a t e l y  a t  a  g i v e n  t i m e - s c a l e .  I f  A ( e )  i s  t h e  t r a n s i t i o n  m a t r i x  o f '

M a r k o v  p r o c e s s ,  t h e  a g g r e g a t e  m o d e l s  c a n  b e  i n t e r p r e t e d  a s  b e i n

o b t a i n e d b y c o l l a p s i n g s t a t e s b e t w e e n w h i c h t h e t r a n s i t i o n s a r

f r e q u e n t c o m p a r e d t o t ' h e t r a n s i t i o n s b e t w e e n s t a t e s l u m p e d i n L w

di f fe ren t  aggregates  '

A l t h o u g h t ' h e q u a l i t a t i v e n o t i o n s r e l a t e d t o t h i s t e c h n i q u e a p p e ê

i n t h e w o r k r e v i e w e d i n t h i s S e c t i o n , t h e t e r m t i m e - s p a ]

d e c o m p o s i t i o n w i l l a S s u m e a m u c h l o o s e r i n t e r p r e t a t i o n i n t }

fo l low ing  descr ip t ion  o f  mu l t i layer  h ie rarch ies  '
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M E S A R O V J C  e t  a I .  t M C l  f i r s t  i n t r o d u c e  t h e  c o n c e p t  o f  m u l t i l a y e r

dec is iona l  h ie rarch ies  and exempl i f y  i t  by  the  ear ly  work  o f  ECKMANN

a n d  L E F K O $ I I T Z  t E L l .  T h e s e  a u t h o r s  s u g g e s t  a  d e c o m p o s i t i o n  o f  t h e

c o n t r o l  t a s k  i n  s e v e r a l  s u b - t a s k s  o f  d i f f e r e n t  " n a t u r e s "  i n  o r d e r  t o

accomodate  the  concept  o f  adapt ive  cont ro l .  More  prec ise ly ,  they  s ta te

tha t  the  task  o f  updat ing  the  parameters  o f  an  op t im iz ing  mode l  fo r

a u t o m a t i c  c o n t r o l  c a n  i t s e l f  b e  a u t o m a t e d  a n d  i n t r o d u c e d  i n  t h e

c o n t r o l l e r  a s  a n  a d d i t i o n a l  l a y e r .  f n  t h i s  s e t t i n g ,  t h e  h i g h e r  l a y e r s

d o  n o t  a f f e c t  t h e  s y s t e m  u n d e r  c o n t r o l  b u t  o n l y  t h e  l o w e r  c o n t r o l

I a y e r s .  T h i s  s t r u c t u r e  i s  c a t l e d  " f u n c t i o n a l  m u l t i l a y e r  h i e r a r c h y "  i n

F I N D E I S E N  e t  a I .  [ F B 2 ]  .

T h e  o t h e r  m u l t i l a y e r  c o n c e p t  ( t e r m e d  " m u l t i - h o r i z o n "  i n  F I N D E I S E N

e t  a I .  [ F B 2 ] )  i s  a l s o  i n t r o d u c e d  i n  M E S A R O V I C e T  a I .  [ M C ]  a n d  r e l a t e d  È o

t h e  h i e r a r c h i c a l  m a n a g e m e n t  s y s t e m s  i n  w h i c h  t h e  c o n t r o l l e r  i s

d e c o m p o s e d  " i n t o  a l g o r i t h m s  o p e r a t i n g  a t  d i f f e r e n t  t i m e  i n t e r v a l s "

l F B 2 l  ,  [ F V ]  .

A l l  t h e  l a y e r s  o f  t h e  c o n t r o f f e r  d i r e c t l y  a f f e c t  t h e  p r o c e s s  b u t

t h e  h i g h e r  o n e s  c o n t r o l  o n l y  i t s  s l o w e r  a s p e c t s  :  t h e y  i n t e r v e n e  l e s s

f r e q u e n t l y ,  w i t h  a  l o n g e r  o p t i m i z a t i o n  h o r i z o n  a n d  b a s e d  o n  m o d e l s

t h a t  r e t a i n  o n l y  t h e  v a r i a b l e s  o f  i n t e r e s t  ( i . e .  a g g r e g a t e  m o d e l s ) .

T h e  i n t e r f e r e n c e  w i t h  t h e  t e r m i n o l o g y  o f  t i m e  s c a l e  d e c o m p o s i t i o n

i s  e v i d e n t .  H o w e v e r ,  t h e  t y p e  o f  t e c h n i q u e s  u s e d  i n  s i n g u l a r

p e r t u r b a t i o n  a n a l y s i s  d o  n o t  a p p l y ,  f o r  t h e r e  i s  n o t  n e c e s s a r i l y  a

p a r t i t i o n  o f  t h e  s t a t e  v e c t o r .  A c t u a I I y ,  t h e  v a r i a b l e s  m a n i p u l a t e d  b y

t h e  h i g h e r  l a y e r s  m a y  b e  a g g r e g a t e s  o f  t h e  I o w e r  l a y e r  v a r i a b l e s '

w h i c h  i n  t u r n  r a i s e s  t h e  i s s u e  o f  c o n s i s t e n c y  b e t w e e n  t h e  d e c i s i o n s

m a d e  a t  d i f f e r e n t  l e v e l - s .  T h i s  a s p e c t  i s  e x a m i n e d  i n  t h e  m a n a g e m e n t

I i t e r a t u r e  ( s e e  S e c t i o n  2 . t t : r l  .

A l t h o u g h  t h e  m u l t i l a y e r  c o n c e p t  c h a r a c t e r i z e s  o n e  o f  t h e  t v r o

f u n d a m e n t a l  c l a s s e s  o f  h i e r a r c h i c a l  s y s t e m s  ( t h e  o t h e r  b e i n g

c h a r a c t e r i z e d  b y  t h e  m u l t i l e v e l  c o n c e p t ) ,  S A N D E L L  e t a I .  t S V l  p o i n t  o u t

tha t  the  l i te ra tu re  in  th is  f ie ld  i s  ra ther  scanty  and qua l i ta t i ve .
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FUNCTONAL MULTILAYER HIERARCHIES

CONTROL
LAY E RS

I n  I E L ] ,  E C K M A N  a n d  L E F K O W I T Z  f i r s t  i n s i s t  o n  t h e  a d v a n t a g e s  o f

m o d e l - b a s e d  c o n t r o l ,  t h e n  d e f i n e  t h e  c o n c e p t  o f  a d a p t i v e  c o n t r o l  a n d

p r o p o s e  a  c o n c e p t u a l  d e c o m p o s i t i o n  o f  t h e  c o n t r o l l e r  i n  f o u r  l a y e r s :

t h e  l o w e s t  l a y e r  i s  a  s e t  o f  o r d i n a r y  s e r v o - I o o p s  d e v i s e d  t o  k e e p  t h e

s y s t e m  a t  a n  o p e r a t  i n g  p o i n t  s e t  b y  t h e  s e c o n d  l a y e r  .  T h e s e

s e r v o - 1 o o p s  a r e  d e s i g n e d  t o  c o p e  w i t h  t h e  d i s t u r b a n c e s ,  t h e r e b y

a l l o w i n g  f o r  d e t e r m i n i s t . i c  m o d e l l i n g  o f  h i g h e r  l a y e r s .  T h e  s e c o n d

I a y e r  ( o p t i m i z a t i o n )  s o l v e s  a n  o p t i m a l  c o n t r o l  p r o b l e m  a n d  s e t s  t h e

o p e r a t i n g  p o i n t  f o r  t h e  s e r v o - I o o p s .

T h e  n e x t  h i g h e r  I a y e r  ( m o d e l  a d a p t a t i o n )  i s  i n  c h a r g e  o f  t . h r e

p e r i o d i c  a d j u s t m e n t  o f  t h e  o p t i m i z i n g  m o d e l  p a r a m e t e r s ;  i t  b a s i c a l l y

" f o r c e s  a  b e s t  f i t  o f  t h i s  m o d e l  t o  t h e  p a s t  s y s t e m  b e h a v i o r  i n  t h e

v i c i n i t y  o f  t h e  o p e r a t i n g  p o i n t "  I E L ] .  T h e  h i g h e s t  l a y e r  ( s y s t e m

e v a l u a t i o n )  i n c l u d e s  h u m a n  i n t e r v e n t i o n  t o  m o d i f y  t h e  c r i t e r i a  o r

s t r u c t u r e  o f  t h e  m o d e l s  b u i t t  i n  t h e  o p t i m i z l n g  a n d  m o d e J -  a d a p t a t i o r r

l a y e r s .

T h e  a d v a n t a g e s  o f  t h i s  a p p r o a c h  a c c o r d i n g  t o  t h e  a u t h o r s  a r e  t h e

c o n s i s t e n c y  o f  t h e  o b j e c t i v e s  o f  t h e  d i f f e r e n t  } a y e r s  w i t h  t h e  o v e r a l f

p e r f o r m a n c e  c r i t e r i o n ,  t h e  f l e x i b i l i t . y  i n  t h e  c h o i c e  o f  t h e

o p t i m i z a t i o n  m e t h o d  f o r  e a c h  I a y e r ,  a n d  t h e  f a c t  t h a t  e a c h  I a y e r

opera tes  in  a  g iven t ime domain  and thus  can opera te  independentJ 'y  o f

t h e  n e x t  h i g h e r  o n e .

A I I -  t h e s e  i d e a s  a r e  c o n s i d e r a b l y  r e f i n e d  i n  L E F K O W I T Z  I L E ]  .  T h e

s u g g e s t e d  c o n t r o l l e r  d e s i g n  p r o c e d u r e  i s  b u i l t  o n  t h e  a s s u m p t i o n  t h a t

t h e  c o n t r o l  t a s k  i s  d i v i d e d  i n  f o u r  f u n c t i o n s  ( r e g u l a t i o n ,  o p t i m i z i n g

c o n t r o l ,  a d a p t i v e  c o n t r o l -  a n d  s e l f  o r g a n i z i n g  c o n t r o l )  o p e r a t i n g  a t

d e c r e a s i n o  f r e o u e n c i e s  a n d  w i t h  d i f f e r e n t  i n f o r m a t i o n  s e t s .
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The no t ion  o f  mu l t i leve l  decompos i t ion  is  then in t roduced in  tha t
framework. The author points out that i f  the process under control  can
be sp l i t  in  subprocessesr  each o f  these can be  cont ro l led  separa te ly

b y  a  m u l t i l a y e r  c o n t r o l l e r  a s s u m i n g  t h a t  t h e  i n t e r a c t i o n s  b e t h r e e n

s u b p r o c e s s e s  r e m a i n  c o n s t a n t .  A  h i g h e r  I e v e l  s u p e r v i s o r  w o u l d  t h e n

c o o r d i n a t e  t h e  c o n t r o l l e r s  t o  c o p e  w i t h  d e v i a t i o n s  i n  t h e

i n t e r a c t i o n s r  â s s u m e d  m u c h  s l o w e r  t h a n  t h e  v a r i a t i o n s  o f  o t h e r

var iab les .  Th is  idea o f  combin ing  mul t i layer  and mul t i leve l  concepts

r^ Ias  a l ready  present  in  MESAROVIC e t  a I .  tMCl  and is  a lso  remin iscent  o f

the  s ingu la r  per tu rba t ion  theory .

T h e s e  n o t i o n s  a r e  t h e n  m a t h e m a t i c a t l y  f o r m u l a t e d  i n  t h e  c a s e  o f  a

c o n t i n u o u s  p r o c e s s  a n d  a n  i n s i g h t f u l  r e s u l t  i s  p o i n t e d  o u t ,  n a m e l y

t h a t  t h e  f i r s t  a n d  t h i r d  l a y e r s  s i m p l i f y  t h e  s e c o n d  l a y e r  m o d e l  b y

d e a l i n g  w i t h  c e r t a i n  c l a s s e s  o f  d i s t u r b a n c e s ,  w h i c h  i n t r o d u c e s  t h e

i d e a  o f  a  t r a d e o f f  i n  t h e  a m o u n t  o f  c o m p u t a t i o n  r e q u i r e d  f r o m  t h e

d i f f e r e n t  l a y e r s .  F o r  i n s t a n c e ,  i f  t h e  o p t i m i z i n g  I a y e r  j - s  s u f f i c i e n t l y

a c c u r a t e  i n  i t s  r e p r e s e n t a t i o n  o f  t h e  s y s t e m ,  i t  w i l l  o b v i a t e  t h e

adapt ive  layer  bu t  requ i re  more  computa t ions .

F i n a 1 I y ,  s o m e  " o r d e r i n g "  f e a t u r e s  a r e  p r o v i d e d  a s  d e s i g n  g u i d e l i n e s

a n d ,  b e s i d e s  t h e  o b v i o u s  o r d e r i n g  i n  t h e  s a m p l i n g  p e r i o d s  o f  t h e

d i f f e r e n t  l a y e r s ,  i t  i s  s u g g e s t e d  t h a t .  t h e s e  p e r i o d s  s h o u l d  b e

d e t e r m i n e d  i n  o r d e r  t o  b a l a n c e  t h e  l o s s  i n  p e r f o r m a n c e  t h a t  t h e y

or ig ina te  and the  computa t ion  cos t .

A  d i f fe ren t  app l i ca t ion  o f  the  mul t i layer  concept  can be  found in

t h e  c o n t r o l  o f  s y s t e m s  m o d e l l e d  a s  l a r g e  M a r k o v  c h a i n s .  I n  [ F V ] ,

F O R E S T I E R  a n d  V A R A Y I A  c h a r a c t e r i z e  a  t w o - l a y e r  s t r u c t u r e  b y  t h r e e

e s s e n t i a l  f e a t u r e s ,  n a m e l y  t h a t  t h e  u p p e r  l a y e r  m u s t  h a v e  a  l o n g e r

sampl ing  per iod '  must  use  less  in fo rmat ion  and so lve  a  "h igher  leve l "

p r o b l e m .  T h e y  p o i n t  o u t  t h a t ,  u n d e r  t h e s e  a s s u m p t i o n s ,  t h e  s y s t e m

per fo rmance shou ld  inc rease i f  the  superv isor 's  in te rvent ions  are  more

f requent  o r  based on  a  la rger  in fo rmat ion  se t .
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I n  t h e  p r o b l e m  i n v e s t i g a t e d ,  a  p r o c e s s  d e S c r i b e d  b y  a  s e r i e s  ( s , )

t a k i n g  v a l u e s  i n  a  f i n i t e  s t a t e  s e t  S  i s  c o n s i d e r e d .  F o r  e a c h  s t a t e

r e a c h e d ,  t h e r e  i s  a  n o n e m p t y  s e t  o f  f e a s i b l e  c o n t r o l s  t h a t  t h e

r e g u l a t o r  c a n  a p p l y  a n d  a  c o s t  i s  a s s o c i a t e d  t o  e a c h  p a i r  ( s t a t e '

c o n t r o l )  .  A  s t r a t e g y  i s  d e f i n e d  a s  a  f u n c t i o n  a s s i g n i n g  a  c o n t r o l  t o

each s ta te  and,  fo r  any  g iven s t ra tegy ,  the  process  (sJ  i s  Markov ian  '

Thus  to  each s t ra tegy  cor responds a  cos t  de f ined as  the  expec ted  va lue

of  the  s ta te -cont ro l  cos ts  cumula ted  a long a  random path .

T h e  m u l t i l a y e r  c o n c e p t  i s  i n t r o d u c e d  i n  t h a t  a  b o u n d a r y  s e t  B

inc luded in  the  s ta te  space s  i s  de f ined so  tha t  whenever  a  boundary

s t a t e  i s  r e a c h e d ,  a  n e w  s t r a t e g y  c a n  b e  d e f i n e d '  T h e r e b y  t h e

c o n t r o l l e r  i s  d i v i d e d  i n t o  a  r e g u l a t o r  a n d  a  s u p e r v i s o r ,  w h e r e  t h e

r e g u l a t o r  a p p l i e s  t h e  s t r a t e g y  i m p o s e d  b y  t h e  s u p e r v i s o r  a n d  t h e

superv isor  cont ro ls  a  p rocess  (b r )  s lower  than (s , )  s ince  the  jumps occur

o n l y  w h e n  S r  i s  a  b o u n d a r y  s t a t e .  I n  t h e s e  c o n d i t i o n s ,  ( b , )  i s  a

M a r k o v i a n  p r o c e s s ,  w h i l e  ( s J  i s  n o t  a n y  m o r e .  N a m e l y ,  t h e  t r a n s i t i o n

p r o b a b i l i t i e s  d e p e n d  o n  t h e  c o n t r o L  a p p l i e d  a n d ,  w h e r e a s  i n  t h e  c a s e

o f  a  s i n g l e  s t r a t e g y  t h e  c o n t r o l  r ^ t a s  e n t i r e l y  d e t e r m i n e d  b y  t h e  s t a t e

S t ,  i n  t h e  t w o - I a y e r  c a s e  i t  a l s o  d e p e n d s  o n  t h e  c u r r e n t  s t r a t e g y  '

T h e  s u p e r v i s o r ' s  p r o b l e m  c o n s i s t s  o f  c h o o s i n g  a  r e g u l a t o r  s t r a t e g y

t o  a s s i g n  t o  e a c h  p o s s i b l e  s t a t e  o f  t h e  p r o c e s s  i t  o b s e r v e s :  t h u s  a

m e t a - s t r a t e g y  c a n  b e  d e f i n e d  a s  a  f u n c t i o n  a s s i g n i n g  a  s t r a t e q y  t o

e a c h  b o u n d a r y  s t a t e  a n d  t h e  c o s t  c r i t e r i o n  h a s  t o  b e  " l i f t e d "  t o  t h e

s u p e r v i s o r , s  l e v e I .  I t  i s  p r o v e d  t h a t  t h e  e x p e c t a t i o n  o f  t h e  c o s t

r e l a t i v e  t o  a  m e t a - s t r a t e g y  e x i s t s  a n d  n e c e s s a r y  a n d  s u f f i c i e n t

c o n d i t i o n s  f o r  t h e  o p t i m a l i t y  o f  a  m e t a - s t r a t e g y  a r e  g i v e n .

B e s i d e s  i t s  s p e c i f i c i t y  d u e  t o  t h e  p a r t i c u l a r  n a t u r e  o f  t h e  m o d e l

c o n s i d e r e d ,  t h i s  a p p l i c a t i o n  o f  t h e  m u l t i l a y e r  c o n c e p t  i s  i n t e r e s t i n g

i n  L h a t  i t  f e a t u r e s  s o m e  c h a r a c t e r i s t i c s  o f  t h e  t w o  t y p e s  o f

m u l t i l a y e r  s t r u c t u r e s .  T h e  c h o i c e  o f  a  r e g u l a t o r  b y  t h e  s u p e r v i s o r

when the  sys tem reaches a  cer ta in  type  o f  s ta te  can be  in te rpre ted  as

an example  o f  adapt ive  cont ro l ,  o f  the  Markov ian  process  observed by

the  superv isor  can be  v iewed as  an  aggregate  mode l  o f  the  Sys tem and
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the  in te rac t ions  be tween regu la to r  and superv isor  compared to  the  ones

tha t  a r ise  in  management .

r t  c a n  b e  n o t e d  t h a t  t h e  o r d e r i n g  i n  i n t e r v e n t i o n  f r e q u e n c i e s  i s

r e t a i n e d  ( t h e  p r o c e s s  o b s e r v e d  b y  t h e  s u p e r v i s o r  i s  s l o w e r  t h a n  t h e

r e g u l a t o r ' s ) ,  e v e n  t h o u g h  t h e  i n t e r v e n t i o n s  a r e  i m p o s e d  b y  f e e d b a c k

o f  t h e  s t o c h a s t i c  p r o c e s s  s t a t e .  F O R E S T I E R  a n d  V A R A Y I A  n o t e  t h a t  a l l

t h e  c o m p u t a t j - o n a l  b u r d e n  i s  o n  t h e  s u p e r v i s o r .  S i n c e  t h i s  i s  a n

u n d e s i r a b l e  f e a t u r e ,  t h e  w o r k  r e v i e w e d  h e r e u n d e r  i s  d i r e c t l y  a i m e d  a t

ba lanc ing  the  computa t ions  requ i red  f rom the  d i f fe ren t  layers .

MULTI-HORIZON HIER A RCHIES

CONTRO L
LAY ERS

T h e  c o n c l u d i n g  i d e a  p r o p o s e d  i n  L E F K O W I T Z  [ L E ]  o f  f i n d i n g  a  t r a d e -

o f f  b e t w e e n  l o s s  i n  p e r f o r m a n c e  a n d  c o m p u t a t i o n  c o s t  t o  d e t e r m i n e  t h e

sampl ing  ra te  i s  fu r ther  deve loped in  DONOGHUE and LEFKOWITZ IDL] ,  and

s u b s t a n t i a t e d  b y  t h e  r e s u l t s  i n  s e n s i t i v i t y  a n a l y s i s :  t h e  o b j e c t i v e  i s

t o  d e s i g n  a  m u l - t i l a y e r  a n d  m u l t i v a r i a b l e  c o n t r o l - l - e r  f o r  a  s t a t i c

s y s t e m  f a c i n g  d i s t u r b a n c e s ,  u n d e r  t h e  a s s u m p t i o n  t h a t  e a c h  h i g h e r

l a y e r  w i l l  u p d a t e  a  l a r g e r  n u m b e r  o f  v a r i a b l e s  a t  a  l - o w e r  f r e q u e n c y .

The prob lem is  then to  de termine the  number  o f  layers ,  the  sampl ing

r a t e s  a n d  v a r i a b L e  p a r t i t i o n i n g  s o  a s  t o  m i n i m i z e  t h e  w e i g h t e d  s u m  o f

the  expec ted  loss  in  per fo rmance due to  the  e f fec t  o f  d is tu rbances  and

of  per iod ica l  ac t ion  on  t .he  one hand and,  on  the  o ther  hand,  the  cos ts

o f  computa t ion  and imp lementa t ion  'o f  the  resu l ts .  Each o f  the  layers

w i l l  t h e n  a f f e c t  d i r e c t l y  t h e  c o n t r o l  v a r i a b l e s  b u t  t h e  h i g h e r  l a y e r

mode l -s  w i l - l  be  o i  i r igher  d imens ion  than the  lower  ones .

PHYSICAL SYSTEM
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T h e  a p p r o a c h  a d o p t e d  c o n s i s t s  o f  a s s i g n i n g  t o  t h e  I o w e r  l a y e r s

t h o s e  v a r i a b l e s  t o  w h i c h  p e r f g r m a n c e  i s  m o r e  s e n s i t i v e .  T h e r e f o r e  t h e

par t i t ion ing  reduces  to  de termin ing  the  number  o f  var iab les  to  ass ign

t o  e a c h  l a y e r ,  t h e  v a r i a b l e s  b e i n g  r a n k e d  b y  d e c r e a s i n g  s e n s i t i v i t y .

S i m i I a r I y ,  t h e  s a m p l i n g  p e r i o d s  a r e  c h o s e n  s o  t h a t  h i g h e r  I a y e r

p e r i o d s  a r e  m u l t i p l e s  o f  I o w e r  l a y e r  o n e s .  A  h e u r i s t i c  s e a r c h

procedure  is  descr ibed and a  numer ica l  example  presented-

I t  then appears  tha t  th is  approach ach ieves  a  decompos i t ion  o f  the

c o n t r o l  a n d  s t i I I  r e t a i n s  a n  i n t e r e s t i n g  c h a r a c t e r i s t i c ,  n a m e l y  t h a t

t h e  s a m p l i n g  r a t e  d e p e n d s  o n  t h e  d i s t u r b a n c e  f r e q u e n c i e s  '  T h e

s e n s i t i v i t y  a n a l y s i s  i s  d e v i s e d  t o  p a r t i t . i o n  t h e  c o n t r o l l e d  v a r i a b l e s

f o r  t h a t  p u r p o s e ,  F u r t h e r m o r e ,  t h e  a c t i o n s  o f  t h e  d i f f e r e n t  I a y e r s  a r e

c o n s i s t e n t  s i n c e  t h e y  a r e  a I I  a i m e d  a t  k e e p i n g  t h e  s y s t e m  a t  t h e

o p e r a t i n g  p o i n t  ( t h e  s y s t e m  i s  a s s u m e d  s t a t i c )  .

H o w e v e r ,  t h i s  a p p r o a c h  i s  i m p l i c i t l y  b a s e d  o n  t h e  a s s u m p t i o n  t h a t

t h e r e  i s  n o  " n a t u r a l "  f r e q u e n c y  f o r  a n y  t y p e  o f  d e c i s i o n  ( n a t u r a l  i n

t h e  s e n s e  o f  " r e s u l t i n g  f r o m  i t s  n a t u r e  o r  c h a r a c t e r i s t i c s " )  I n

m a n a g e m e n t ,  t h e  s y s t e m s  m o d e l ,  l e d  a r e  s e l d o m  s t a t i c  a n d  s o m e  o f  t h e

d e c i s i o n s  m u s t  b e  m a d e  a t  a t  g i v e n  f r e q u e n c i e s ,  b ê  i t  f o r

o r g a n i z a t i o n a l  r e a s o n s  ( a n n u a l  c o n t r a c t s )  o r  p h y s i c a l  r e a S o n s :

r e s p o n s e - t i m e  o f  t h e  s y s t e m .

F I N D E I S E N  e t  a I .  t F B 2  I  d e s c r i b e  a  m u l t i - I a y e r  c o n t r o l  s t r u c t u r e  t h a t

i s  v e r y  s i m i l a r  t o  t h o s e  p r e s e n t e d  i n  S e c t i o n  2 . t t t  a n d  h a v e  b e c o m e

t y p i c a l  f o r  h i e r a r ç h i c a I  m a n a g e m e n t :  t h e  m o d e l s  ( c o n t r o l f e d  v a r i a b l e s '

s t a t e  v a r i a b l e s  a n d  d i s t u r b a n c e s )  m a n i p u l a t e d  b y  t h e  d i f f e r e n t  l a y e r s

a r e  m o r e  a g g r e g a t e d  f o r  h i g h e r  l a y e r s  a n d  t h e  o p t i m i z a t i o n  h o r i z o n s

are  longer ,  whereas  the  ob jec t ive  func t ions  are  qua l i ta t i ve ly  the  same

f o r  a l l  t h e  l a y e r s .  T h e  d e c i s i o n s  a r e  m a d e  a c c o r d i n g  t o  s t a t i s t i c a l

m o d e l s  o f  t . h e  d i s t u r b a n c e s  b u t  g e n e r a l l y ,  t h e  e f f e c t s  o f  t h e s e

d i s t u r b a n c e s  a r e  c o n t r o t l e d  b y  r e p e t i t i v e  o p e n  I o o p  o p t i m i z a t i o n '  t h e

va lues  o f  observed var iab les  be ing  updated  fo r  each computa t ion  '
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M o r e o v e r ,  a I I  t h e  v a r i a b l e s  b e i n g  i n t e r - r e l a t e d  b y  c o n s t r a i n t s ,  t h e

va lues  assumed by  those cont ro l led  by  the  h igher  layers  in f luence the

v a l u e s  t h a t  c a n  b e  t a k e n  b y  l o w e r  l a y e r  v a r i a b l e s .  F i n a I I y ,  t h e

m i n i m a l  o p t i m i z a t i o n  h o r i z o n  o f  e a c h  l a y e r  c a n  b e  d e t e r m i n e d  a s  t h e

set t l ing  t ime o f  the  sys tem descr ibed by  the  mode l  adopted .

Th is  approach is  i l - Ius t ra ted  by  the  cont ro l  mode l  o f  a  $ Ia te r  supp ly

sys tem wi th  re ten t ion  reservo i rs .  The top  layer  de termines  the  op t ima l

L e v e l s  o f  t h e  m a i n  r e s e r v o i r s  ( o r  g r o u p s  o f  s m a l l  o n e s )  o v e r  a  l o n g

h o r i z o n .  T h e  l o w e s t  l a y e r  d e t e r m i n e s  a l l  t h e  f l o w s  o v e r  a  s h o r t

h o r i z o n  i n  o r d e r  t o  o p t i m i z e  a n  o b j e c t i v e  f u n c t i o n  w h i l s t  r e a c h i n g  a

f i n a l  s t a t e  c o n s i s t e n t  w i t h  t h a t  d e t e r m i n e d  b y  n e x t  h i g h e r  l a y e r  a n d

s t i l I  m e e t  t h e  " e x t e r n a l "  r e q u i r e m e n t s .

T h i s  e x a m p l e  i l l u s t r a t e s  t h e  d i f f e r e n c e  b e t w e e n  o r d i n a r y

m u l t i - v a r i a b l e  s y s t e m s  a n d  m u l t i - v a r i a b l e  s y s t e m s  w i t h  s i g n i f i c a n t l y

d i f f e r e n t  r e s p o n s e  t i m e s  t o  c h a n g e s  i n  t h e  c o n t r o L  v a r i a b l e s .  F o r  t h i s

I a t t e r  c l a s s  o f  s y s t e m s  ( a n d  t h e  w a t e r  s u p p l y  s y s t e m  b e l o n g s  t o  i t

s i n c e  c h a n g i n g  t h e  l e v e l  o f  o n e  o f  t h e  m a i n  r e s e r v o i r s  w i l l  t a k e  m u c h

m o r e  t i m e  t h a n  r e g u l a t i n g  t h e  f l o w s ) ,  t h e  m u l - t i - h o r i z o n  s t r u c È u r e  i s

p a r t i c u l a r l y  w e I l  s u i t e d  f  o r  t r ^ r o  m a i n  r e a s o n s  :  f  i r s t ,  t h e  " s l o v r "

v a r i a b l e s  m u s t  b e  m o d i f i e d  I e s s  f r e q u e n t l y  i f  t h e  e f f e c t  o f  a  d e c i s i o n

is  to  be  observed be fore  the  nex t  one is  made and second,  the  dec is ion

o f  a l t e r i n g  t h e s e  v a r i a b l e s  m u s t  b e  m a d e  o v e r  a  I o n g e r  h o r i z o n .

T h e  w o r k  r e v i e w e d  i n  S e c t i o n  2 . t t t  i n  p a r t i c u l a r  s u g g e s t s  t h a t

m a n u f a c t u r i n g  s y s y t e m s  a r e  p a r t i c u l a r l y  a m e n a b l e  t o  a  m u l t i h o r i z o n

cont ro l  s t ruc tu re .  A long th is  ve in ,  the  approach suggested  by  DONOGHUE

and LEFKOI / ' I ITZ tLE l  wou ld  be  par t i cu la r ly  appea l ing  i f  the  sens i t i v i t y

a n a l y s i s  t h a t  t h e y  r e f e r  t o  c o u l d  y i e l d  " a u t o m a t i c a l l y "  a  r a n k i n g  o f

t h e  v a r i a b l e s  t h a t  w o u l d  r e f l e c t  t h e s e  c h a r a c t e r i s t i c s .  P a r a d o x i c a l l y '

i n  m a n u f a c t u r i n g  s y s t e m s ,  t h e  d e c i s i o n s  m a d e  t h e  I e a s t  f r e q u e n t l y

( e . g .  b u i l d i n g  a  n e w  p l a n t )  a r e  s u p p o s e d l y  t h e  o n e s  w i t h  t h e  h i g h e s t

i n f l u e n c e  o n  t h e  p e r f o r m a n c e  o f  t h e  w h o l e  s y s t e m ,  w h e r e a s  i n  L h e

approach of DONOGHUE and LEFKOWITZ the var iables to which performance

is  most  sensat . i ve  a re  chose to  update  ;nos t  f reque: : t I y .
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T h i s  c o n t r a d i c t i o n  s u g g e s t s  t h a t  t h e  p e r f o r m a n c e  s e n s i t i v i t y  c a n n o t  1

b e  t h e  o n l y  f a c t o r  c o n s i d e r e d  t o  d e t e r m i n e  t h e  f r e q u e n c y  o f  a

d e c i s i o n ,  a n d  t h a t  s u c h  f a c t o r s  a s  t h e  r e s p o n s e  t i m e  o f  t h e  s y s t e m

s h o u l d  b e  t a k e n  i n t o  a c c o u n t  i n  t h e  d e s i g n  o f  t h e  c o n t r o l  u n i t .

U n f o r t u n a t e l y ,  a c c o r d i n g  t o  F I N D E I S E N  e t  a I . I F B 2 ] ,  t h e  q u a n t i t a t i v e

t e c h n i q u e s  t o  d e s i g n  m u l t i - h o r i z o n  s y s t e m s  h a v e  n o t  b e e n  d e v e l o p e d

y e t .  T h e r e f o r e ,  a l l  t h e  m u l t i l a y e r  m a n a g e m e n t  s y s t e m s  d e s c r i b e d  i n

p a r t  2 ,  a l t h o u g h  d e s i g n e d  t o  r e a p  f u l l  a d v a n t a g e  o f  t h e s e  f e a t u r e s '

h a v e  b e e n  d e v e l o p e d  e m p i r i c a l l y .  T h i s ,  h o w e v e r ,  i s  n o t  t h e i r  m a j o r

d e f e c t .  p r o b l e m s  o f  c o n s i s t e n c y  b e t w e e n  d e c i s i o n s  m a d e  a t  d i f f e r e n t

l a y e r s  a r i s e  a n d  t h e  o p t i m i z a t i o n  p r o b l e m s  t o  s o l v e  a t  e a c h  l a y e r  a r e

d i f f e r e n t  i n  n a t u r e .  T h i s  r e s u l t s  i n  a n  u n b a l a n c e d  c o m p u t a t i o n a l l

e f f o r t ,  e v e n  w h e n  t h e  h o r i z o n s  a r e  c h o s e n  t o  c o u n t e r b a l a n c e  t h e

d i f f e r e n c e  i n  c o m p u t a t i o n a l  d i f f i c u l t y .

T h e  a f t e r n a t i v e  h i e r a r c h i c a l  d e c o m p o s i t i o n  o f  a  c o n t r o l  p r o b l e m ,

n a m e l y  m u l t i t e v e l  d e c o m p o s i t i o n ,  a v o i d s  t h e  f i r s t  o f  t h e s e  p r o b l e m s

a n d  c o u l d  b e  a  s o l u t i o n  t o  t h e  s e c o n d  o n e .

l . l n

u n l i k e  t h e  m u l - t i l a y e r  s y s t e m s  l i t e r a t u r e ,  t h e  l i t e r a t u r

in t roduc ing  mul t i leve l  sys tems is  vas t ;  most  o f  MESAROVIC e t  a I .  IMC

a l r e a d y  a d d r e s s e s  t h e  c e n t r a ]  i s s u e  i n  m u l t i l e v e l  s y s t e m s ,  n a m e l

c o o r d i n a t i o n .
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For  a  two- Ieve1 organ iza t iona l  h ie rarchy ,  mathemat ica l -  mean ings  are

g i v e n  t o  t h e  n o t i o n s  o f  c o o r d i n a b i l i t y  ( i . e .  e x i s t e n c e  o f  a . s u p r e m a l

coord ina t ion  cont ro l  fo r  wh ich  the  in f ima l  un i ts  can so lve  the i r  loca l

c o n t r o l  p r o b l e m )  a n d  c o n s i s t e n c y .  T h e  C o n s i s t e n c y  p o s t u l a t e  s t a t e s

t h a t  w h e n e v e r  t h e  s u p r e m a l  a n d  i n f i m a l  u n i t s  c a n  s o l v e  t h e i r

r e s p e c t i v e  p r o b l e m s ,  t h e n  a n  o v e r a l l  s o l u t i o n  e x i s t s .

F u r t h e r m o r e ,  t w o  c o o r d i n a t i o n  p r i n c i p l e s  a r e  d e r i v e d .  T h e

I n t e r a c t i o n  P r e d i c t i o n  P r i n c i p l e  s t a t e s  t h a t  i f  t h e  s u p r e m a l  u n i t

p r e d i c t s  t h e  v a l u e s  o f  t h e  i n t e r a c t i o n s  b e t w e e n  t h e  s u b p r o c e s s e s

c o n t r o l l e d  b y  t h e  i n f i m a l  u n i t s  i n  o r d e r  t o  c o o r d i n a t e  t h e i r  a c t i o n ,

t h e n  t h e  o v e r a l l  s o l u t i o n  i s  r e a c h e d  w h e n  t h e  v a l " u e  o f  t h e s e

i n t e r a c t i o n s  r e s u l t i n g  f r o m  t h e  c o n t r o l s  s u g g e s t e d  b y  t h e  i n f i m a l

u n i t s  i s  e q u a l  t o  t h e  p r e d i c t e d  v a l u e .  T h e  I n t e r a c t i o n  B a l a n c e

P r i n c i p l e  s t a t e s  t h a t  i f  t h e  i n t e r a c t i o n  v a r i a b l e s  a r e  l e t  f r e e ,  t n e l

t h e  o v e r a l l  s o l u t i o n  i s  r e a c h e d  w h e n  t h e  v a l - u e s  t h e y  a r e  g i v e n

i n d e p e n d e n t l y  b y  t h e  i n f i m a l  u n i t s  a r e  c o n s i s t e n t .

A s  w i l l  a p p e a r  a l o n g  t h i s  s e c t i o n ,  t h e s e  p r i n c i p l e s  p r o v i d e  t h e

q u a l i t a t i v e  i n t e r p r e t a t i o n  f o r  t r ^ r o  w i d e  c f a s s e s  o f  h i e r a r c h i c a l

d e c o m p o s i t i o n  t e c h n i q u e s ,  g e n e r a l l y  r e f e r r e d  t o  a s  m o d e l  d e c o m p o s i t i o n

( o r  f e a s i b l e )  t e c h n i q u e s  a n d  g o a l  c o o r d i n a t i o n  ( o r  d u a l - f e a s i b l e )

t e c h n i q u e s .  ( I n  t h i s  t e r m i n o l o g y ,  " c o o r d i n a t i o n "  a n d  " d e c o m p o s i t i o n "

a r e  u s e d  i n t e r c h a n g e a b l y  s i n c e  t h e y  r e p r e s e n t  t h e  t w o  d u a l  p h a s e s  o f  a

s a m e  m e t h o d  a n d  " u n f e a s i b t e r r r e f e r s  t o  t h e  f a c t  t h a t  w h i l e  a n

i t e r a t i v e  p r o c e d u r e  i s  u s e d  t o  s o l v e  t h e  p r o b l e m ,  o n l y  t h e  f i n a l

s o l u t i o n  s a t i s f i e s  t h e  c o n s t r a i n t s )  .

The f i rs t  a lgor i thms fo r  mu l t i leve l  sys tems were  found in  open loop

d y n a m i c  c o n t r o l  a n d  f u r t h e r  e x t e n d e d  t o  c l o s e d  l o o p ,  s t a t i c  a n d

d y n a m i c  c o n t r o l .  S M I T H  a n d  S A G E  t S S l  g i v e  a n  e x c e l l e n t  t u t o r i a l

i n t r o d u c t i o n  t o  t h e  m u l t i l e v e t  c o n c e p t s  a n d  t e c h n i q u e s :  t h e y  c o n s i d e r

a  sys tem descr ibed by  the  equat ions :

i < :  f  [ x ( t ) , u ( t ) , È ] x  ( t o )  :  x oand

37



Hieratchies in Production Management and Controf :  a  Survey

o f  m i n i m i z i n g t h e  c o s ta n d  t h e  o p t i m a l

funct ion' :

c o n t r o l  p r o b l e m  c o n s i s t s

J :  0 [ x ( t . ) , t , ]  + Q ' [ x ( t ) , u ( t ) , t ] d t

I t  i s  a s s u m e d  f i r s t  t h a t  t h i s  s y s t e m  c a n  b e  d e c o m p o s e d  i n t o  N

subsys tems descr ibed by  equat ions :

x i  :  f  i  [ x ' u y , æ r r t l and

J;

x ,  ( t o )  =  * j o

w h e r e  t h e  v a r i a b l e s  ? t ,  r e p r e s e n t  t h e  i n t e r a c t i o n s  b e t w e e n  s u b s y t e m s '

a n d  m o r e o v e r ,  t h a t  t h e  o v e r a l l  p e r f o r m a n c e  c r i t e r i o n  i s  s e p a r a b l e '

t h a t  i s ,  J o c a l  c r i t e r i a  c a n  b e  f o u n d  f o r  e a c h  s u b s y s t e m  . s o  t h a t  t h e i r

s u m  i s  e q u a l  t o  t h e  o v e r a l l  c r i t e r i o n :

t "

0  :  
È r0 ,  

[ x r ( t r ) , t r J  and  Q :
N

t 0 i  I x y u , , t J

v ù h e n  t h e  o p t i m u m  i s  r e a c h e d ,  t h e  v a l u e s  a s s u m e d  b y  t h e  i n t e r a c L i o n

v a r i a b l e s  æ ,  m u s t  b e  c o n s i s t e n t ,  w h i c h  i s  e x p r e s s e d  b y  t h e  c o n s L r a i n t

t r i :  9 i  ( x , u )  T h e  P o n t r y a g i n  m a x i m u m  p r i n c i p l e  i s  a p p l i e d  t o  d e t e r m i n e

n e c e s s a r y  c o n d i t i o n s  f o r  o p t i m a l i t y , '  t h e  H a m i l t o n i a n  f o r  t h e  o v e r a l l

s y s t e m  c a n  b e  d e f i n e d  i n  t e r m s  o f  t h e  s u b s y s t e m  v a r i a b l e s  a s :

H  I x , u , l r , R , n , t ]  : Ë l  0 1  [ * 1 , u ' t l  +  F i ' ( t ) f i I x ' u 1 , æ r , t l  *  B i ' ( t )  t T t i ( t ) - 9 1 ( x ' u ) ]

w i th  the  add i t iona l  assumpt ion  tha t  the  func t ions  9 i  a re  separab le '

t h i s  H a m i l t o n i a n  b e c o m e s  s e p a r a b l e  t o o :

i f  9 i  ( x ,  u )  =

where H i :

E a c h  t e r m  H ,  i s  i t s e l f

c a n  b e  f o r m u l a t e d  a s :

E g , .  ( x . , u . , )
j * i

Q i  +  l t i ' f i  +  B i r t t i

the  Hami l ton ian

then H H i

S  j ' 9 t  j  ( x t '  u 1 )

o f  a n  " i n f i m a l "  P r o b l e m  t h a t

N
s
Ll

- t
j É i
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M i n J r : 0 i *
u i J::0 : .  *  B r ' t r i -  LB i ' g1 i ( x1 ,u , )  I  d t-  j r i

s . È .  x i  =  f i  [ x ' u r , : r ' t J a n d  x ,  ( t o )  =  * r o

A t  t h a t  p o i n t ,  a  t h e o r e m  d u e  t o  M A C K O  j u s t i f i e s  t h e  d e c o m p o s i t i o n .

I f  t h e r e  e x i s t  s o l u t i o n s  b o t h  t o  t h e  g l o b a I  a n d  t o  È h e  i n f i m a l

p r o b l e m s ,  t h e n  t h o s e  t h a t  s a t i s f y  t h e  n e c e s s a r y  c o n d i t i o n s  f . o r

o p t i m a l i t y  r e l a t i v e  t o  t h e  s u b p r o b l e m s  a l s o  s a t i s f y  t h e  n e c e s s a r y

cond i t ions  fo r  the  overa l l  p rob lem.

T h e  o r i g i n a l  p r o b l e m  ( o f  f i n d i n g  c o n t r o l s  w h i c h  s a t i s f y  n e c e s s a r y

cond i t ions  fo r  op t ima l i t y )  has  thus  been decomposed in  a  se t  o f  lower

d i m e n s i o n  p r o b l e m s  t h a t  w i l I  y i e l d  t h e  o v e r a l l  s o l u t i o n  p r o v i d e d  t h a t

t h e i r  r e s o l u t i o n  c a n  b e  c o o r d i n a t e d .  S e v e r a l  c o o r d i n a t i o n  t e c h n i q u e s

a r e  d e s c r i b e d ,  i n c l u d i n g  t h o s e  c o r r e s p o n d i n g  t o  t h e  t w o  p r i n c i p l e s

suggested  in  MESAROVIC e t  a I .  tMCl  .

l , *  T h e  D r g d i c t i o n  p r i n c i p l e :  t h e  s u p r e m a l  u n i t  p r e d i c t s  t h e

v a l u e s  o f  t h e  i n t e r a c t i o n s  t t ( r )  a n d  s u p p l i e s  t h e  i n f i m a l s  w i t h  b o t h

B  ( t )  a n d  t t ( r )  :  l l  ( $ )  .  T h e  i n f  i m a l s  t h e n  s a t i s f  y  t h e i r  l o c a f  p r o b l e m s

a n d  d e t e r m i n e  t . h e  o p t i m a l  x r *  { t )  a n d  u r *  { t )  T h e  g l o b a f  s o f u t i o n  i s

r e a c h e d  w h e n  l l ( B )  g { x * r u * )  ,  w h i c h  m e a n s  t h a t  t h e  i n t e r a c t i o n s

r e s u l t i n g  f r o m  t h e  o p t i m a l  c o n t r o l s  d e t e r m i n e d  b y  t h e  i n f i m a l s  a r e

equa l  to  the i r  p red ic ted  va lue

T h i s  c o o : i d i n a t i o n  t e c h n i q u e  i s  t e r m e d  f e a s i b l e  b e c a u s e  i n  a n

i t e r a t i v e  p r o c e d u r e  t o  d e t e r m i n e  t h e  o p t i m a l  s o l u t i o n ,  t h e

i n t e r c o n n e c t i o n  c o n s t r a i n t s  w o u l d  b e  s a t i s f i e d  a t  e a c h  s t e p '  s i n c e  t h e

v a l u e s  o f  t h e  i n t e r a c t i o n  v a r i a b l e s  a r e  d e t e r m i n e d  b y  t h e  s u p r e m a l

u n i t .  U n f o r t u n a t e l y ,  a s  p o i n t e d  o u t  i n  P E A R S O N  I W S J ,  t h i s  p o s i t i v e

f e a t u r e h a s i t s d i s a d v a n t a g e w h e n c o n s t r a i n t s ( R i [ x , , u 1 , n , , t J >

cons idered,  namely  tha t  the  in f ima l -  feas ib le  se ts  may be  empty  fo r

g iven va lues  o f  the  in te rac t ion  var iab les .
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This  d i f f i cu l tY  wou ld  no t

the  number  o f  in te rac t ion

cont ro l  var iab les ,  bu t  th is

goa l  coord ina t ion  techn ique

a r i s e  i f  t h e  c o n s t r a i n t s  h t e r e  l i n e a r  a n d

var iab les  r . re re  Iess  than the  number  o f

i s  g e n e r a l l y  n o t  t h e  c a s e .  T h e r e f o r e ,  t h e

has  more  aPPl ica t ions .

! *  T h e  b a l a n c e  P r i n c i P l e :  t h e  c o o r d i n a t i o n  v a r i a b l e s  a r e  o n l y

t h e  B  ( r ) ;  t h e  s u p r e m a l  u n i t  s u p p l i e s  t h e  i n f i m a l s  w i t h  t h e  v a l u e s  o f

t h e s e  v a r i a b l e s  a n d  t h e  i n f i m a l s  i n  t u r n  s o l v e  t h e i r  r e s p e c t i v e

p r o b l e m s  a n d  d e t e r m i n e  u * ,  x *  a n d  E ( f J ,  u " )  i . e .  t h e  v a f u e s  o f  t h e

i n t e r a c t i o n  v a r i a b l e s  t h a t  w o u l d  m a x i m i s e  t h e i r  o b j e c t i v e  ( t h e

v a r i a b l e s  t l ( t )  a r e  t r e a t e d  b y  t h e  i n f i m a l s  a s  a d d i t i o n a l  c o n t r o l

v a r i a b l e s )  .  s i n c e  t h e  i n t e r a c t i o n  v a r i a b l e s  a r e  a c t u a l t y  d e t e r m i n e d  b y

t h e  c o n t r o l  a n d  s t a t e  v a r i a b l e s ,  c o n s i s t e n c y  i s  a c h i e v e d  w h e n

1 ! ( B , u * )  =  g ( x * r u * )

F o r  e a c h  v a l u e  B  o f  t h e  c o o r d i n a t i o n  v a r i a b l e s  t h e  p r o b l e m  t o  b e

s o l v e d  b y  t h e  i n f i m a l s  c o n s i s t s  o f  d e t e r m i n i n g  t h e  v a l u e s  o f  u i l x ,  a n d

I t i  w h i c h  m i n i m i z e  J ,  ( u i ,  x i '  æ r ,  B )  ;  h e n c e  t o  e a c h  v a l u e  o f  B  w i l l

c o r r e s p o n d  a  v a l u e  J ( B )  o f  t h e  o v e r a l l -  o b j e c t i v e '

I t  i s  p r o v e d  t h a t  i f  B *  i s  t h e  v a l u e  o f  t h e  c o o r d i n a t i o n  v e c t o r

t h a t  s o l v e s  t h e  o v e r a l l  p r o b l e m  a n d ,  f o r  a  g i v e n  v a l u e  B ,  e a c h  s u b p r o b l e m

h a s a u n i q u e s o f u t i o n u , ( B ) , x , ( f J ) , 7 t i ( B ) t h e n J ( B ) <

e u a l i t a t i v e l y ,  t h i s  r e s u l t  m e a n s  t h a t  s i n c e  t h e  o v e r a l l  s o J u t i o n  i s  m o r e

c o n s t r a i n e d  t h a n  t h e  s o l u t i o n  t o  t h e  s e t  o f  u n r e l a t e d  s u b p r o b l e m s '  t h e

overa l l  m in ima l -  cos t  i s  no t  Iess  than th le  sum o f  the  in f ima l  min ima l  cos ts  '

T h i s  r e s u l t  i s  s t a t e d  i n  a  m o r e  g e n e r a l  f o r m  i n  L A S D O N  t L A l  a n d

P E A R S O N  [ W S ] ,  a n d  r e l a t e d  t o  t h e  t h e o r y  o f  d u a l i t y ' I f  f  a n d  g  a r e

l i n e a r ,  t h e  n e c e s s a r y  c o n d i t i o n s  f o r  o p t i m a l i t y  a r e  a l s o  s u f f i c i e n t  '

I n  t h a t  c a s e ,  t h e  f o l l o w i n g  r e l a t i o n  h o l d s :

1 4 ( x , m , r )  3  J a ( * * , F * r f i * )  :  J ( x * , m * r l t * )  <  J ( x ' m ' æ )

where  .Td  s tands  fo r  the  cos t  re la ted  to  the  so lu t ion  o f  the  dua l

prob lem.  Moreover ,  under  adequate  assumpt ions ,  Jd($)  i s  concave over

c o n v e x  s u b s e t s  o f  t h e  f e a s i b l e  s e t .  T h e r e f o r e ,  t h e  m i n i m i z a t i o n
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prob lem is  t rans formed in  a
sadd le  po in t .  Three  methods
va l -ues  o f  the  coord ina t  ion
a n d  v a r i a b l e  m e t r i c  m e t h o d s .

max-min  prob lem,  tha t  i s ,  the  search  fo r  a
are  descr ibed to  i te ra t i ve ly  de termine the
v a r i a b l e s :  g r a d i e n t ,  c o ! j u g a t e  g r a d i e n t ,

T h i s  s c e n a r i o  i s  c o m m o n  t o  a  n u m b e r  o f  a l g o r i t h m s  r e v i e w e d  i n
srNGH'  DREW and coALES tso ; .  TAKAHARA's  a lgor i thm is  an  appr ica t ion  o f
t h e  m e t h o d  i n t r o d u c e d  a b o v e  t o  t h e .  l i n e a r - q u a d r a t i c  c a s e  ( t h e  s t r o n g
d u a l i t y  t h e o r e m  d o e s  n o t  h o l d  i n  t h e  g e n e r a r  c a s e ) .

T h e  d u a l  o p t i m i z a t i o n  m e t h o d  o f  L A S D o N  c o n s i s t s  o f  r e f o r m u t a t i n g
t h e  o r i g i n a r  p r o b r e m  b y  m e a n s  o f  L a g r a n g e a n  r e l a x a t i o n .  s i n c e  t h e
Lagrangean is  separab le ,  the  dua l  p robrem is  sp l i t  and  coord ina t ion  is
a c h i e v e d  b y  m e a n s  o f  t h e  m u r t i p l i e r s .  T A M U R A  a d a p t s  t h i s  a r g o r i t h m  t o
t h e  d i s c r e t e  t i m e  c a s e  a n d  s i m p l i f i e s  i t s  r e s o l u t i o n  b y  a d d i n g  a  t h i r d
l e v e l  i n  w h i c h  e a c h  s u b u n i t  c o r r e s p o n d s  L o  a  t i m e  p e r i o d .  T h i s
e n h a n c e m e n t  y i e l d s  a n a l y t i c a l l y  s o l v a b l - e  l - o w e r  l e v e r  p r o b l e m s  a n d
r e p r a c e s  a  d y n a m i c  p r o b r e m  b y  a  s t a t i c  o n e ,  a s  p o i n t e d  o u t  i n
SCHoEFFI 'ER t rùs l  '  rhe  same approach is  adopted  to  decompose a  t ime-deray
s y s t e m  a n d  a n  a p p r i c a t i o n  i n  t r a f f i c  c o n t r o r .  i s  p r e s e n t e d  i n  t s o l .

g *  
i e n  T h e  o b j e c t i v e  f u n c t . i o n  i s

m o d i f i e d  t o  i n c r u d e  a  q u a d r a t i c  t e r m  p e n a l i z i n g  t h e  d i f f e r e n c e  b e t w e e n
a c t u a l -  i n t e r a c t i o n s  a n d  i n t e r a c t i o n s  t h a t  a r e  o p t , i m a r -  f o r  t . h e
s u b s y s t e m s  '  T h i s  m e t h o d  h a s  t h e  d e f e c t  t h a t  i t  s ] o w s  d o w n  t h e
converqence o f  the  grad ien t  search  argor i thm used by  the  supremal  un i t .

S e v e r a l  a p p l i c a t i o n s  o f  t h e s e  p r i n c i p r e s  a r e  d e s c r i b e d  i n  t h e
l - i t e r a t u r e  a n d  e x t e n d  t h e s e  r e s u l t s  a l o n g  d i f f e r e n t  d i r e c t i o n s .  s i n c e
the  use o f  cond i t ions  der ived  f rom the  max imum pr inc ip re  w i r l  ac tua l ry
y i e r d  t h e  o p t i m a l  c o n t r o l -  o n l y  i n  r e s t r i c t e d  c a s e s  ( b a s i c a l r y  i n  t h e
l i n e a r  c a s e ) ,  s r N G H  t s r l  s u r v e y s  t h e  m e t h o d s  r e q u i r e d  i n  t h e  n o n l i n e a r
case:  bes ides  the  techn j -ques  tha t  avo id  the  emergence o f  a  dua l i t y  gap
- l i k e  t h a t  o f  s q u a r i n g  t h e  i n t e r c o n n e c t i o n  c o n s t r a i n t -  a  m e t h o d
c o n s i s t i n g  o f  f o r c i n g  t h e  c o n t r o l l e d  s y s t e m  t o  , , f o r 1 o w , ,  a
h i e r a r c h i c a r r y  c o n t r o r l e d  r i n e a r  s y s t e m  i s  p r e s e n t e d .
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S i m i l a r I y ,  t h e  i n t r o d u c t i o n  o f  f e e d b a c k  t o  t h e  c o o r d i n a t o r  i s

i n v e s t i g a t e d  b y  F I N D E I S E N  e t  a l .  t F B l l  i n  t h e  s t a t i c  c a s e  i ' e '  f o r  a

f a s t  s y s t e m  f a c i n g  s l o w  d i s t u r b a n c e s .  B o t h  d i r e c t  i n s t r u m e n t s  a n d

p r i C e  i n s t r u m e n t s  a r e  s h o w e d  t o  b e  u s a b l e .  I n  t h e  " d i r e c t "  c a s e '  t h e

c o o r d i n a t i o n  v a r i a b l e s  a r e  t h e  s u b s y s t e m s  o u t p u t s ,  w h i c h  d i r e c t l y

d e t e r m i n e  t h e  i n t e r a c t i o n s .  T h e  m e t h o d  i s  t h e n  a  p a r t i c u l a r  c a s e  o f

in te rac t ion  pred ic t ion  and the  s tudy  is  a imed a t  adapt ing  th is  method

to  a  case in  wh ich  the  se t  o f  poss ib le  coord ina t ions  is  no t  known '

ï rùhen pr ice  ins t ruments  and feedback  to  the  coord ina tor  a re  used,  an

e n h a n c e m e n t  o f  t h e  i n t e r a c t i o n  b a l a n c e  m e t h o d  i s  r e q u i r e d '  N o t  o n l y

m u s t  b a l a n c e  b e  a c h i e v e d  b e w e e n  t h e  m o d e l - b a s e d  i n t e r a c t i o n  v a l u e s

d e t e r m i n e d  i n d e p e n d e n t l y  b y  t h e  s u b s y s t e m s ,  b u t  t h e s e  v a l u e s  h a v e  t o

b e  c o n s i s t e n t  w i t h  t h e  i n t e r a c t i o n s  a c t u a l l y  o b s e r v e d '  F i n a l l y '  s i n c e

use o f  feedback  requ i res  tha t  the  in te rmed ia te  cont ro ls  be  imp lemented

a n d  t h e  m e t h o d s  p r e s e n t e d  p r e v i o u s l y  a r e  i n f e a s i b l e ,  t h e  c o n c e p t  o f

s a f e  c o n t r o l -  i s  i n t r o d u c e d .  T h e  s o l u t i o n  p r o p o s e d  t o  p r e v e n t  t h e

c o n t r o l  f r o m  v i o l a t i n g  t h e  c o n s t r a i n t s  i s  a  p r o j e c t i o n  o n  t h e  s e t  q f

s a f e  c o n t r o l s .

s I N G H  t S I l  f o r m u l a t e s  t h e  c o n t r o l  p r o b l e m  a s  t h a t  o f  o p t i m a l l y

b r i n g i n g  b a c k  a  s y s t e m  t o  i t s  s t e a d y - s t a t e  a f t e r  a  d i s t u r b a n c e  h a s

r e m o v e d  i t  f r o m  t h a t  s t a t e ,  " o p t i m a l l y "  m e a n i n g  " S o  a s  t o  m i n i m i z e  a

g i v e n  f u n c t i o n  o f  t h e  s t a t e  a n d  c o n t r o l  t r a j e c l o r i e s "  '  T h e  O p e n - I o o p

c o n t r o r l e r s  d e r i v e d  b y  a  h i e r a r c h i c a l  d e c o m p o s i t i o n  r e q u i r e  a  t i m e -

c o n s u m i n g  c a l c u l a t i o n  t h a t  m a k e s  t h e m  i m p r a c t i c a l -  f o r  t h e  o n - I i n e

c o n t r o l o f a n y l a r g e - s c a l e S y S t e m , e x c e p t t h o s e w i t h V e r y s l o w

d y n a m i c s .  N a m e l y ,  t h a t  c o m p u t a t i o n  m u s t  b e  p e r f o r m e d  e a c h  t i m e  a

d i s t u r b a n c e  i s  o b s e r v e d ,  a n d  t h e  i n i t i a l  c o n d i t i o n s  m a y  h a v e  c h a n g e d

by the  t ime the  cont ro l  i s  de termined '

T h e r e f o r e ,  a  c l o s e d - I o o p  s o l u t i o n  i s  h i g h l y  d e s i r a b l e '  e s p e c i a l l y

i f  the  parameters  o f  the  feedback  law do no t  depend on  the  in i t ia l

c o n d i t i o n s ,  t h a t  i s  o n  - t h e  d i s t u r b a n c e '  f o r  i n  t h a t  c a s e '  a

measurement  o f  the  s ta te  de termines  the  op t imar  cont ro r .  Th is  type  o f
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f e e d b a c k  l a w  c a n  o n l y  b e  c o m p u t e d  f o r  I i n e a r  g u a d r a t i c  s y s t e m s  a n d

S I N G H  t S I l  m o d i f i e s  t h e  i n t e r a c t i o n  p r e d i c t i o n  a p p r o a c h  u s e d  i n

T A K A H A R A T s  a l g o r i t h m  b y  i n t r o d u c i n g  t h e  o p e n  l o o p  c o m p e n s a t i o n

( O . L . C . )  v e c t o r  a n d  s h o w i n g  f i r s t  t h a t  t h e  c o n t r o l -  v e c t o r  c a n  b e

r ^ r r i t t e n  a s  a  f u n c t i o n  o f  t h e  s t a t e  v e c t o r  a n d  t h e  O . L . C .  v e c t o r ,  a n d

t h e n  t h a t  t h e  O . L . C .  v e c t o r  a n d  t h e  s t a t e  v e c t o r  a r e  r e l a t e d  b y  a  t i m e

i n v a r i a n t  t r a n s f o r m a t i o n .

A  c o m p u t a t i o n a l  m e t h o d  i s  a l s o  p r o p o s e d  i n  S I N G H  a n d  T I T L I  t S T l  t o

d e t e r m i n e  a  f e e d b a c k  l a w  t o  b e  a p p l i e d  b y  t h e  i n f i m a l  u n i t s  w h e n  t h e

o b j e c t i v e  i s  n o n L i n e a r .  T h e  i n f i m a l  o p e n  l o o p  c o n t r o l  p r o b l e m

r e s u l t i n g  f r o m  P E A R S O N ' s  g o a l  c o o r d i n a t i o n  m e t h o d  i s  r e f o r m u l a È e d  a s  a

t w o  p o i n t  b o u n d a r y  v a l u e  p r o b l e m  i n  t e r m s  o f  t h e  c o n t r o l  a n d

c o o r d i n a t i o n  v e c t o r s .  T h i s  p r o b l e m  c a n  b e  s o f v e d  b y  q u a s i l i n e a r i z a t i o n

a n d  y i e l d s  a  r e l a t i o n  b e t w e e n  t h e  c o o r d i n a t i o n  a n d  t h e  s t a t e  v e c t . o r s .

A f t e r  s u b s t i t u t i o n  o f  t h e  c o o r d i n a t i o n  v e c t o r  i n  t h e  e x p r e s s i o n  o f  t h e

c o n t r o l ,  t h i s  b e c o m e s  a  f u n c t i o n  o f  t h e  s t a t e  a n d  t i m e , '  a  f e e d b a c k  l a w

h a s  t h u s  b e e n  d e r i v e d ,  b u t  w h i c h  i s  u n f o r t u n a t e L y  i n i t i a l - s t a t e

d e p e n d e n t .

S o m e  s u b - o p t i m a l  m u l t i - I e v e l -  c o n t r o l -  m e t h o d s  a r e  i n v e s t i g a t e d ,  i n

p a r t i c u l a r  i n  S I N G H  t S I l  f o r  t h e  c a s e  o f  s e r i a l l y  i n t e r c o n n e c t e d

s u b s y s t e m s .  T h e s e  s u b s y s t e m s  a r e  c h a r a c t e r i z e d  b y  t h e  f a c t  t h a t  t h e

d y n a m i c s  o f  a  s y s t e m  d e p e n d  o n  t h e  s t a t e  i t  h a s  r e a c h e d  a n d  t h e

c o n t r o l  i t  i s  s u b j e c t e d  t o ,  b u t  a l - s o  o n  t h e  s t a t e  r e a c h e d  b y  n e x t

" u p s t r e a m "  s y s t e m  a  g i v e n  t i m e  i n  a d v a n c e .

A  c l a s s i c a l  h i e r a r c h i c a l  m e t h o d  a p p l i e d  t o  a  s y s t e m  c o n s i s t . i n g  o f  a

s e r i e s  o f  s u c h  i n t e r c o n n e c t e d  s u b s y s t e m s  w o u l d  i m p l y  a n  e n o r m o u s

c o m p u t a t i o n a l  b u r d e n .  A n  i n t u i t i v e l y  a p p e a l i n g  s u b - o p t i m a l  m e t h o d

c o n s i s t s  o f  s o l v i n g  f i r s t  t h e  c o n t r o l  p r o b l e m  c o r r e s p o n d i n g  t o  t h e

most  ups t ream subsys tem,  and then so lve  the  prob lems cor respond ing  to

n e x t  d o w n s t r e a m  s u b s y s t e m s  s e q u e n t i a l l y ,  t h e  n e a r  o p t i m a l  s t a t e

t r a j e c t o r i e s  b e i n g  f e d  f o r w a r d .  A n  i m p l e m e n t a t i o n  i s  d e s c r i b e d ,  i n

r i v e r  p o l l u t i o n  c o n t r o l .
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S o m e  s t o c h a s t i c  c o n t r o l  c o n s i d e r a t i o n s  a l s o  a r e  i n t r o d u c e d  t h r o u g h

t h e  e s t i m a t i o n  a s p e c t .  A n y  e s t i m a t o r  o r  f i l t e r  c a n  b e  c a s c a d e d  w i t h  a

d e t e r m i n i s t i c  c o n t r o l l e r  t o  c o n s t i t u t e  a  c o n t r o l  s t r u c t u r e  c a p a b l e  o f

opera t ing  in  a  s tochas t ic  env i ronment .

D E L E B E C Q U E  a n d  Q U A D R A T  t D Q l  c o n s i d e r  a  c o n t r o l l e d  M a r k o v  p r o c e s s

wi th  genera tor  B(u)+eA(u)  and mot iva te  th is  s tudy  w i th  the  example  o f  a

p o w e r  p l a n t  o p e r a t i o n .  T h e  c o n t r o l  p r o b l e m  c o n s i s t s  o f  f i n d i n g  a

s t r a t e g y  ( m a p p i n g  t h e  s t a t e  s p a c e  o n  t h e  c o n t r o l  d o m a i n )  t h a t

m i n i m i z e s  t h e  e x p e c t e d  d i s c o u n t e d  c o s t  a s s o c i a t e d  w i t . h  t h e  e v o l u t i o n

o f  t h e  s t a t e .  I f  t h e  m a t r i x  B  h a s  N  e r g o d i c  s e t s ,  â h  a c c u r a t e

a p p r o x i m a t i o n  o f  t h e  o p t i m a l  c o n t r o l  i s  f o u n d  b y  s o l v i n g  a n  a g g r e g a t e

N - s t a t e  p r o b l e m .  I n  t h i s  a g g r e g a t e  p r o b l e m ,  t h e  c o s t s  a s s o c i a t e d  w i t h

e a c h  s t a t e  a r e  d e t e r m i n e d  b y  s o l v i n g  t h e  o p t i m a l  s t o c h a s t i c  c o n t r o l

p rob lems cor respond ing  to  the  re la ted  ergod ic  se ts .  The main  advantage

o f  t h e  a p p r o a c h  i s  a  r e d u c t i o n  o f  t h e  d i m e n s i o n a l i t y  o f  t h e  p r o b l e m

a n d  a  d e c o m p o s i t i o n  o f  t h e  s o l u t i o n .

EVALUATION

T o  r e p l a c e  t h i s  w o r k  i n  t h e  m a n a g e m e n t .  p e r s p e c t i v e ,  t h r e e  r e m a r k s

c a n  p r o b a b l y  a c c o u n t  f o r  t h e  i n t e r e s t  o f  h i e r a r c h i c a l -  c o n t r o f .

F i r s t ,  â s  r e g a r d s  t h e  m a t h e m a t i c a l  a s p e c t ,  t h e  s a m p l e  o f  l i t e r a t u r e

rev iewed shows tha t  many a lgor i thms are  var ian ts  o f  a  reduced number

o f  b a s i c  o n e s  a n d  i t  i s  n o t  r e a l l y  s u r p r i s i n g  t o .  s e e  C O H E N  t C O l  o r

L O O Z E  l L Z l  c l - a i m  a  u n i f i e d  a p p r o a c h  f o r  d e c o m p o s i t i o n - c o o r d i n a t , i o n

t e c h n i q u e s .

Fur thermore ,  the  eva lua t ion  o f  mu l t i leve l  techn iques  in  SANDELL e t

a l .  tSV l  amounts  to  say ing  tha t  the  computa t iona l  requ i rements  a re  no t

r e d u c e d ,  e x c e p t  f o r  t h e  s p e c i a l  c a s e s  i n  w h i c h  t h e  p r o b l e m s  t o  b e

s o l v e d  a r e  n o t  o n l y  o f  r e d u c e d  d i m e n s i o n  b u t  o f  a  s i m p l e r  t y p e .

M o r e o v e r ,  t h e  o n l y  o b v i o u s  r e d u c t i o n  i n  i n f o r m a t i o n  r e q u i r e m e n t s

c o n c e r n s  t h e  k n o w l e d g e  o f  t h e  m o d e I ,  e s p e c i a l l y  i n  h u m a n

o r g a n i z a t i o n s .
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F i n a l I y ,  w h e t h e r  o r  n o t  t h i s  c a n  b e  c o n s i d e r e d  a  c r i t e r i o n  t o
e v a l u a t e  t h e  a p p r i c a b i r i t y  o f  a  w o r k ,  t h e r e  s e e m  t o  b e  v e r y  f e w

, i m p l e m e n t a t i o n s  o f  m u l t i l e v e l  t e c h n i q u e s  r e p o r t e d  i n  t h e  I i t e r a t u r e ,
and the models actual i -y implèmenred. ,{e.-g..  SrNG-H .e-!  _ ef ,  tqD_l]  

"3l i : r  l_:
adapted  to  management  p rob lems.  The on ly  except ion  known to  the  au thor
i s  L A S D O N  F ' ù S l ,  t h a t  i s ,  t h e  a p p l l c a t i o n  o f  d e c o m p o s i t i o n  t o  a  v e r y
s p e c i f i c  p r o b l e m ,  n a m e l y  d e t e r m i n e  t h e  n u m b e r  o f  m a c h i n e s  t o  s e t  u p
f o r  e a c h  o f  N  p r o d u c t s  d u r i n g  e a c h  o f  T  t i m e  p e r i o d s ,  i n  o r d e r  t o
s a t i s f y  d e m a n d  w h i l e  m i n i m i z i n g  i n v e n t o r y - h o l d i n g  a n d  s e t u p  c o s t s .

H e n c e  t h e  c o n c l u s i o n  i s  t h a t  t h e  t e c h n i q u e s  r e v i e w e d  i n  t h i s  f i r s t
p a r t  o n  h i e r a r c h i c a l -  c o n t r o l  c a n n o t  b e  d i r e c t l y  a p p l i e d  t o  p r o d u c t i o n

s y s t e m s .  H o w e v e r ,  a l l  t h e  c o n c e p t s  c h a r a c t e r i z i n g  a  h i e r a r c h i c a l
m a n a g e m e n t  s y s t e m  a p p e a r  i n  t h e  c o n t r o l -  I i t e r a t u r e  a n d  s u c h  r e f e r e n c e s
a s  [ D Q ] ,  [ D L ] ,  o r  t M C l  w i I I  p r o v i d e  a  s y s t e m s  d e s i g n e r  w i t h  v a l u a b l e

i n s i g h t s .

45



Hierarchies jn  Product ion Management and Contro l :  a  Survey

' , T h e  p u r p o s e  o f  m a n u f a c t u r i n g  s y s t e m  c o n t r o l  i s  n o t  d i f f e r e n t  i n

e s s e n c e  f r o m  m a n y  o t h e r  c o n l r o l  p r o b l e m s :  i t  i s  t o  e n s u r e  t h a t  a

c o m p l e x  s y s t e m  b e h a v e  i n  a  d e s i r a b l e  h r a y . "  ( G E R S H V ù I N  e t  a I .  [ G H ]  )  .  I t

seems however  tha t  management  and cont ro l  have no t  reached the  same

d e g r e e  o f  m a t u r i t Y .

F o r  i n s t a n c e ,  â I r e a d y  i n  1 9 6 0 ,  L E F K O W I T Z  t L E l  d e s c r i b e s  t ' h e

c o n s i d e r a b l e  a d v a n t a g e s  o f  m o d e l - b a s e d  o p t i m i z i n g  c o n t r o l  o v e r  t h e

d i r e c t  c o n t r o l  m e t h o d  ( i . e .  t h e  m e t h o d  t h a t  c o n s i s t s  o f  m a n i p u l a t i n g

t . h e  i n p u t  o f  a  p h y s i c a ]  s y s t e m  i n  a  d i r e c t i o n  o b s e r v e d  t o  i m p r o v e  i t s

p e r f o r m a n c e )  I n  t h e  c o n t e x t  o f  m a n u f a c t u r i n g  S y s t e m s ,  h o w e v e r ,  t h e

I a c k  o f  a d e o u a t e  m o d e l s  s t i l l  r e q u i r e s  t h e  " d i r e c t  m e t h o d "  t o  b e  u s e d

i n  I 9 B 1

I n  t h e  w a f e r  f a b r i c a t i o n  i n d u s t r y ,  w h e r e  r a n d o m  y i e l d s ,  f a i l u r e s

a n d  r e e n t r a n c e  c o m p l i c a t e  t h e  p r o c e s s ,  d r a i n i n g  a l l  t h e  b u f f e r s  o f  a

w h o f e  f a c i l i t y  b e f o r e  r e s u m i n g  t h e  l o a d i n g  a t  a  c o n t r o l l - e d  r a t e  v r a s

t h e  o n l y  p o l i c y  t h a t  s o m e  p r o d u c t i o n  m a n a g e r s  f o u n d  t o  r e a c h  a  s t a t e

i n  w h i c h  a  r e a s o n a b f e  t h r o u g h p u t  w o u l d  b e  a c h i e v e d '  ( I t  h a s  b e e n  f o u n d

e m p i r i c a l l y  - s e e  t C H l  -  t h a t  i n  t h i s  p a r t i c u l a r  i n d u s t r y ,  t h e  r a t i o  o f

a v e r a g e  t h r o u g h p u t  t . i m e  t o  a v e r a g e  p r o c e s s i n g  t i m e  i n c r e a s e s  a t  a n

i n c r e a s i n g  r a t e  a n d  t e n d s  t o  i n f i n i t y  w h e n  t h e  o u t p u t  a p p r o a c h e s  a

c r i t . i c a l  v a l u e  w h i c h  d e t e r m i n e s  t h e  e f f e c t i v e  c a p a c i t y  o f  t h e  p l a n t )  '

T h i s  e x a m p l e  s h o w s  t h a t  t h e  b e h a v i o r  o f  t h e  s y s t e m  i s  s i m p l y  n o t

u n d e r s t o o d  a n d  " e n s u r i n g  t h a t  i t  b e h a v e s  i n  a  d e s i r a b l - e  \ n t a y "  m a y  n o t

b e  a n  e a s y  t a s k .

P r o d u c t i o n  s y s t e m s  h a v e  t h e  a d d i t i o n a l  p a r t i c u l a r i t y  t h a t  t h e

d e c i s i o n s  t o  b e  m a d e  i n  o r d e r  t o  i n f f u e n c e  t h e i r  b e h a v i o r  ( o r '  i n

o t h e r  w o r d s ,  t h e  c o n t r o l  v a r i a b l e s )  a r e  n o t  a I I  o f  t h e  s a m e  k i n d '  F o r

i n s t a n c e ,  t h e  d e c i s i o n  t o  m a c n i n ' e  p a r t  7 L  b e f o r e  p a r t  5 3  o n  l a t h e  
' l  

I

and  the  Cec is ion  to  inc rease by  l -Ot  the  produc t ion  o f  the  p lan t  over
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t h e  n e x t  t w o  y e a r s  a r e  e s s e n t i a l l y  d i f f e r e n t ,  a t  l e a s t  i n  t h e  s e n s e
t h a t  t h e y  h a v e  d i f f e r e n t  s c o p e s ,  d i f f e r e n t  r e s p o n s e  t i m e s ,  r e q u i r e
d i f fe ren t  types  o f  in fo rmat ions  and represent  a  d i f fe ren t  r i sk  fo r  the
f i r m .  A n d  Y e t ,  b o t h  s h o u l d  b e  a i m e d  a t  e n s u r i n g  t h a t  t h e  s y s t e m
b e h a v e s  i n  a  d e t e r m i n e d  w a y ,  c o n s i d e r e d  d e s i r a b l e .  I n  t h a t  s e n s e ,  t h e y
are  somewhat  redundant ,  wh ich  adds  to  the  d i f f i cu l ty  o f  the  prob lem,

because they  have to  be  made cons is ten t ly .

B e c a u s e  b r e a k i n g  d o w n  a  p r o b r e m  i n t o  m o r e  e a s y  t o  h a n d r e

subprob lems is  one o f  the  fundamenta l  p rocesses  o f  human reason ing ,

t h e  m a n a g e m e n t  o f  a  p r o d u c t i o n  s y s t e m  i s  d i v i d e d  i n  a  n u m b e r  o f

d i f f e r e n t  f u n c t i o n s .

2.0 . r

H A X  I H A 2 ]  r e v i e w s  s e v e r a l  f r a m e w o r k s  t o  c l a s s i f y  t h e  l o g i s t i c

d e c i s i o n s ,  w i t h  a  p a r t i c u l a r  i n t e r e s t  i n  t h e  h i e r a r c h i c a l  È a x o n o m y

d e s c r i b e d  b y  A N T H O N Y .  I n  [ A N ] ,  t h i s  a u t h o r  p r o p o s e s  a  c l a s s i f i c a t i o n

o f  d e c i s i o n s  a s  s t r a t e g i c ,  t a c t i c a L ,  a n d  o p e r a t i o n a l ,  b a s e d  o n  t h e i r

h o r i z o n  a n d  s c o p e ,  â s  w e I I  a s  l e v e l  o f  i n f o r m a t i o n  d e t a i l ,  d e g r e e  o f

uncer ta in ty  and leve l  o f  management  invo lvement ,  accord ing  to  the  most

c o m m o n  p r a c t i c e s  i n  e n t e r p r i s e s .

S t r a t e g i c  d e c i s i o n s  a r e  d e f i n e d  a s  t h e  d e c i s i o n s  r e l a t e d  t o  l o n g

t e r m  m a r k e t i n g  a n d  f i n a n c i a l  p o l i c i e s  a s  w e l l  a s  w i t h  f a c i l i t i e s

d e s i g n .  T a c t i c a l  d e c i s i o n s  c o n s i s t  o f  d e c i d i n g  t h e  w o r k - f o r c e  a n d

o v e r t i m e  l e v e l - s r  â s  w e l I  a s  p r o d u c t i o n  r a t e s  o f  a g g r e g a t e  p r o d u c t s .

T y p i c a l l y ,  t h e  p r o b l e m  t o  s o l v e  i n  o r d e r  t o  m a k e  t h e s e  d e c i s i o n s  i s

c a I l e d  A g g r e g a t e  C a p a c i t y  P l a n n i n g .  Z O L L E R  I z O )  d e f i n e s  t h i s  p r o b l e m

a s  t h a t  o f  " a d a p t i n g  p r o d u c t i o n  p r o c e s s e s  t o  f l u c t u a t i n g  d e m a n d " .

O p e r a t i o n a l -  d e c i s i o n s  ( o r  d e t a i l e d  s c h e d u l i n g )  c o n c e r n  t y p i c a l l y  t h e

ass ignment  o f  workers  to  mach ines  where  they  w i l l  per fo rm g iven jobs

so that a number of requirements be met.
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A n o t h e r t y p e o f p r o b l e m a r i s i n g i n p r o d u c t i o n c o n t r o l a s w e l ] - a s

o r d e r i n g  ( o r  i n v e n t o r y  c o n t r o l )  i s  t h e  l o t  s i z i n g  a n d  s c h e d u l i n g

p r o b l e m . I t i s t h a t o f d e t e r m i n i n g t h e b e s t c o m p r o m i s e b e t $ , e e n s e t u p

c o s t s  a n d  i n v e n t o r y  h o l d i n g  c o s t s .  T h i s  p r o b r e m  c a n  b e  s e e n  a s

i n t e r m e d i a t e  b e t w e e n  a g g r e g a t e  c a p a c i t y  p r a n n i n g  a n d  d e t a i r e d

s c h e d u l i n g  s i n c e  i t  r e q u i r e s  t h a t  p r o d u c t s  b e  c o n s i d e r e d  a t  a  l o w

I e v e l o f a g g r e g a t i o n b u t d o e s n o t m o d e l t h e S e q u e n c e o f o p e r a t i o n s

t h e s e  p r o d u c t s  h a v e  t o  u n d e r g o .  r n  o t h e r  t e r m s ,  t h e  p r o d u c t i o n  s y s t e m

i s  m o d e l l e d  a s  a  g l o b a l  s e t  o f  " r e s o u r c e s "  '

2.0 .2

T h e s e p r o b l e m s e n c o u n t e r e d i n p r o d u c t i o n m a n a g e m e n t c a n n o t b e

s o l v e d i n d e p e n d e n t l y . T h e n e e d f o r a n i n t e g r a t i o n o f t h e t o o l s

d e v e l o p e d  t o  s o l v e  e a c h  o f  t h e m  $ I a s  t h u s  f e l t  v e r y  e a r l y  '  H O L S T E I N

t H o ] a r g u e S t h a t i n e f f i c i e n c i e s t h a t a p p e a r a t t h e s h o r t t e r m c o n t r o l

I e v e l  c a n  b e  d u e  t o  b a d  l o n g e r  t e r m  d e c i s i o n s  a n d  h e  d e s c r i b e s  t h e

i n f o r m a t i o n  f l o w s  r e q u i r e d  b y  a n  i n t e g r a t e d  s y s t e m  t h a t  w o u r d  r i n k

I o n g È e r m c a p a c i t y p l a n n i n g , h ê s t e r s c h e d u l i n g a n d s h o r t t e r m

s c h e d u l i n g , a n d i n w h i c h t h e n e c e s s a r y f l e x i b i l i t y w o u l d b e k e p t b y

u s e  o f  f e e d b a c k .

N o t e :  i n  t h e  t e r m i n o f o g y  i n t r o d u c e d

s t r a t e g i c  d e c i s i o n s  I  a g g t e g a t e  p l a n n

m a s t e r  s c h e d u l i n g  i s  h o w e v e r  a  s L a n d a r d

i n  t h e  r e m a i n d e r  o f  t h i s  w o r k  '

a b o v e ,  t h e  e q u i v a l e n t  w o u l d  b e

i n g  a n d  d e t a i l e d  s c h e d u l i n g ;

t e r m  a n d  i t  w i I I  b e  u s e d  a g a i n

T w e n t y  y e a r s  I a t e r ,  t h e  i n f o r m a t i o n  s y s t e m s  t o  s u p p o r t  a n

i n t e g r a t e d a p p r o a c h t o m a n a g e m e n t e x i s t , b u t t h e m o d e l s t o e n s u r e a

c o h e r e n t m u l t i - l e v e l c o n t r o l s t i l l r e q u i r e S o m e r e s e a r c h . M o s t o f t h e

work  rev iewed hereunder  p ropose mode ls  to  dea l  w i th  the  in te rac t ions

b e t w e e n  d e c i s i o n s  c o n c e r n i n g  t w o  ( a t  r e a s t  )  o f  t h e  r e v e r s

c o r r e s p o n d i n g  t o  a g g r e g a t e  p l a n n i n g  ( A P ) ,  l o t  s i z i n g  a n d  s c h e d u l i n g

( L S S ) a n d d e t a i l e d s c h e d u l i n g ( D S ) b u t v e r y f e w o f t h e s e m o d e l s h a v e

actua l lY  been imPlemented '
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2.0.r The Computational Aspect

O n e  o f  t h e  g u i d e l i n e s  s u g g e s t e d  i n  t L E l  f o r  t h e  d e s i g n  o f

m u l t i l a y e r  s y s t e m s  i s  t h a t  t h e  l o w e r  I e v e l  p r o b l e m s ,  t h a t  h a v e  t o  b e

s o L v e d  m o r e  f r e q u e n t l y ,  s h o u l d  r e q u i r e  l e s s  c o m p u t a t i o n s  t h a n  t h e

h i g h e r  l e v e l  o n e s .  U n f o r t u n a t e l y ,  t h e  c o m p u t a t i o n a l  d i f f i c u l t y  o f  t h e

m o d e l s  t y p i c a l l y  a s s o c i a t e d  w i t h  t h e  t h r e e  p r o b l e m s  A P ,  L S S  a n d  D S

i n c r e a s e s  a s  t h e  d e g r e e  o f  i n f o r m a t i o n  d e t a i l  i n c r e a s e s .

A g g r e g a t e  p l a n n i n g  c a n  g e n e r a l l y  b e  f o r m u l a t e d  a s  a  r e a s o n a b l y

s o l v a b l e  l i n e a r  o r  n o n - l - i n e a r  p r o g r a m ;  I o t - s i z i n g  i n v o l v e s

d i s c o n t i n u o u s  v a r i a t i o n s  a n d  r e q u i r e s  m o r e  s o p h i s t i c a t e d  a l g o r i t h m s ;

a n d  i f  t h e  p h y s i c a l  s y s t e m  c o n s i d e r e d  h a s  n o  s t r u c t u r e  t h a t  c a n  b e

e x p l o i t e d ,  d e t a i l e d  s c h e d u l i n g  m o d e l s  r e s u l - t  i n  a  c o m b i n a t . o r i a l

s e a r c h ,  i . e .  a n  N P - h a r d  p r o b l e m .

S i n c e  t h e  d i f f i c u l t y  i n h e r e n t  t o  t h e  o p t i m i z i n g  m e t h o d s  t h a t  c o u L d

s o l - v e  t h e s e  m o d e l s  s t e m s  f r o m  d i m e n s i o n a l i t y ,  o n e  c a n  i n t e r p r e t  t h e

i n c r e a s e  i n  " s u b - o p t i m a l i t y "  o f  t h e  s o l u t i o n s  f o u n d  f o r  t h e s e  t h r e e

p r o b l e m s  a s  r e s u l t i n g  f r o m  t h e  f a i l u r e  t o  r e d u c e  t h e i r  s c o p e .  V e r y  f e w

r e s u l t s  h a v e  b e e n  f o u n d  c o n c e r n i n g  d e c o m p o s i t i o n  o f  a  p r o d u c t i o n

s y s t e m  f o r  m a n a g e r i a l  p u r p o s e s  a n d  t h e  a t t e m p t s  t o  c o n s i d e r

m u l t i - s t a g e  s y s t e m s  h a v e  r e s u l t e d  i n  a  c o n s i d e r a b l - e  i n c r e a s e  o f  t h e

c o m p l e x i t y  o f  t h e  m o d e l s  a n d  i n  t h e  l o s s  o f  t h e  i n t e r e s t i n g  p r o p e r t i e s

f e a t u r e d  b y  s i n g l e - s t a g e  s y s t e m s  ( s o m e  t h o u g h t s  a b o u t  t h i s  i s s u e  c a n

be found fo r  example  in  CANDEA tCAl  )  .

T h e  " s o l u t i o n "  f o u n d  f o r  t h i s  p r o b l e m  h a s  o f t e n  b e e n  a

d e c o m p o s i t i o n  o f  t h e  m a t h e m a t i c a l  p r o b l e m  s t a t e d  i n  t h e  m o d e l  ( e . 9 .

t , h e  e f f i c i e n t  l o t - s i z i n g  a l g o r i t h m  o f  L A S D O N  a n d  T E R J U N G  t L T l  )  .

U n f o r t u n a t e l y ,  S e c t i o n  2 . t  g i v e s  e x t e n s i v e  e v i d e n c e  o f  t h e  g a p  t h e r e

c a n  b e  b e t w e e n  m a t h e m a t i c a l  d e c o m p o s i t i o n  a n d  m a n a g e r i a l

d e c e n t r a l i z a t i o n .
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2. t

T h e  f i r s t  w o r k  e n t e r i n g  t h i s  c a t e g o r y  i s  p r o b a b l y  G E L D E R S  a n d

K L E I N D ô R F E R  t G K l , l ,  I G K 2 ]  .  T h e  a u t h o r s  c o n s i d e r  t h e  p r o b l e m  o f  f i n d i n g

t h e  o p t i m a l  t r a d e - o f f  b e t w e e n  a g g r e g a t e  p l a n n i n g  a n d  d e t a i l e d

s c h e d u l i n g  c o s t s .  I n  t h e i r  s e t t i n g ,  t h e  a g g r e g a t e  d e c i s i o n  v a r i a b l e  i s

t h e  l e v e l  o f  o v e r t i m e ,  w h e r e a s  t h e  d e t a i l e d  l e v e l  d e c i s i o n s  c o n s i s t  o f

f i n d i n g  a  s c h e d u l e  t h a t  m i n i m i z e s  t h e  c o s t s  r e l a t e d  t o  t a r d i n e s s  a n d

f l o w - t i m e .

s i n c e  t h e  d e t a i l - e d  p r o b l e m  i s  c o n s t r a i n e d  b y  t h e  a g g r e g a t e

d e c i s i o n ,  t h e  m o d e l  p r o p o s e d  i n c l u d e s  t h e  c r i t e r i a  o f  b o t h  l e v e I s  a n d

y i e l d s  a  g l o b a l t y  o p t i m a l  s o l u t i o n  o b t a i n e d  b y  b r a n c h  a n d  b o u n d '

H o w e v e r ,  a  s i g n i f i c a n t  r e s u l t  o f  t h e  c o m p u t a t i o n a l  e x p e r i e n c e  i s  t h a t

t h e  l e v e l  o f  o v e r t i m e  d e t e r m i n e d  b y  a  F i b o n a c c i  s e a r c h  o n  t h e  I o w e r

b o u n d i n g  f u n c t i o n  i s  v e r y  c f o s e  t o  t h e  o p t i m a l  s o l u t i o n '  T h i s  r e s u l t

t h e r e f o r e  m e a n s  t h a t  i t  i s  n e a r  o p t i m a t  t o  m a k e  t h e  a g g r e g a t e  a n d

d e t a i . l - e d  d e c i s i o n s  s e q u e n t i a l l y .

A l t h o u g h  t h e  a u r h o r s  d i d  n o t  e m p h a s i z e  t h i s  p o i n t  t h i s  i s  t y p i c a l l y

t h e k i n d  o f  i d e a  t h a t  t r i g g l e r e d  a l l  t h e  w o r k  r e v i e w e d  i n  s e c t i o n  2 ' I I I '

H o w e v e r ,  g i v e n  t h e  s p e c i f i c i t y  o f  t h e  m o d e l  a n d  t h e  a s s u m p t i o n s  m a d e '

t h e  r e s u l t  c o u l d  b y  n o  m e a n s  b e  c o n s i d e r e d  a n  a n a l y t i c a l  p r o o f  o f  t h e

n e a r - o p t i m a l i t y  o f  t h e  t o p - d o w n  c o n s t r a i n e d  m o d e l s  o f  s e c t i o n  2 ' r I I '

A s  p o i n t . e d  o u t  p r e v i o u s l y ,  I o t  s i z i n g  a n d  s c h e d u l i n g  c a n  b e

c o n s i d e r e d  a s  a  p r o b l e m  r e l a t e d  t o  a n  i n t e r m e d i a t e  l e v e l  b e t w e e n

a g g r e g a t e  p l a n n i n g  a n d  d e t a i l e d  s c h e d u l i n g .  N o t e  t h a t  i t  c a n  a l s o  n o t

b e  c o n s i d e r e d  a  d i s t i n c t  l e v e 1 .  r n  p a r t i c u l a r ,  H A X  r e v i e w s  t h e  w o r k

d e s c r i b e d  h e r e u n d e r  i n  h i s  s u r v e y  o f  a g g r e g a t e  c a p a c i t y  p l a n n i n g

t H A 3 I  :  H o r ^ r e v e r ,  t h e  b a s i c  a s s u m p t i o n  i n  H A X  a n d  M E A L  t H M l  a n d

s u b s e q u e n t  w o r k  i s  t h a t  l o t  s i z i n g  a n d  a g g r e g a t e  c a p a c i t y  p l a n n i n g

have to  be  per fo rmed a t  two d i f fe ren t  leve ls " '
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S e v e r a l  m o n o l i t h i c  m o d e l s  h a v e  b e e n  d e v i s e d  t o  s o l v e  a g g r e g a t e

p l a n n i n g  a n d  l o t  s i z i n g  a n d  s c h e d u l i n g  p r o b l e m s  j o i n t l y ,  a n d  a

p a r t i c u l a r l y  i n t e r e s t i n g  s e r i e s  o f  t e c h n i c a l  i m p r o v e m e n t s  t o  a n

i n i t i a l l y  r i c h  m o d e l  c a n  b e  f o u n d  i n  t h e  w o r k s  p e r f o r m e d  b y  M A N N E

lMAl ,  DZTELTNSKT and GOMORy [DG] ,  KLETNDÔRFER and NEWSON IKN] ,  LASDON

a n d  T E R J U N G  I L T I  a n d  N E W S O N  t N E L l  '  [ N E 2 ] .

A I I  these works  are  based on  MANNETs resu l t  on  "dominant "  schedufes

( i n d e p e n d e n t l y  f o u n d  b y  I ^ I A G N E R  a n d  h f H I T f N  t W W l  ) ,  w h i c h  m a k e s  i t

p o s s i b l e  t o  r e f o r m u l a t e ,  w i t h  a  g o o d  d e g r e e  o f  a p p r o x i m a t i o n ,  a n

i n t r i n s i c a l l y  n o n l i n e a r  p r o b l e m  ( s e t u p  t i m e s  a n d  c o s t s  d i s r u p t  t h e

t i n e a r i t y  o f  t h e  o b j e c t i v e  f u n c t i o n  a n d  o f  t h e  c o n s L r a i n t s )  a s  a

l i n e a r  p r o g r a m .  S i n c e  t h i s  r e f o r m u l a t i o n  i n v o L v e s  i n c r e a s i n g

d . r a m a t i c a l l y  t h e  n u m b e r  o f  v a r i a b l e s  ( t h e s e  n o w  r e p r e s e n t  a l l  t h e

a l - t e r n a t i v e  s e q u e n c e s  )  ,  a l - I  t h e  w o r k s  r e v i e w e d  a d d r e s s  o n e  o f  t h e

d i f f i c u l t i e s  t h a t  h i e r a r c h i c a l  s y s t e m s  c l a i m  t o  t a c k l e ,  n a m e l y

d i m e n s i o n a l i t y ;  t h e  a p p r o a c h e s ,  h o w e v e r ,  d i f f e r  c o n s i d e r a b l y :  M A N N E

a d . d r e s s e s  t h e  p r o b l e m  f r o m  a  m a n a g e r i a l  p o i n t  o f  v i e w  a n d  p r o p o s e s  a

p r o d u c t  a g g r e g a t i o n  c o n s i s t e n t  w i t h  t h e  t y p e  o f  p h y s i c a l  s y s t e m  h e

c o n s i d e r s  ( a s s e m b l y )  a n d  w i t h  h i s  m o d e l ;  D Z I E L I N S K I  a n d  G O M O R Y  a d d r e s s

i t  f r o m  a  m a t h e m a t i c a l  p o i n t  o f  v i e w  a n d  u s e  t h e  t y p e  o f  c o l u m n

genera t ion  techn ique suggested  by  DANTZIG and VÀIOLFE.

T h i s  t e c h n i q u e  i s  d e s c r i b e d  i n  d e t a i l  i n  D I R I C K X  a n d  J E N N E R G R E N  I D J ]

t o g e t h e r  w i t h  a p p l i c a t i o n s  a n d  o t h e r  d e c o m p o s i t i o n  m e t h o d s .  T h e

a u t h o r s '  i n t e r e s t  i s  i n  w h a t  t h e y  t e r m  " m u l - L i l e v e I  s y s t e m s  a n a l y s i s "

a n d  d e f i n e  a s  a n  a p p r o a c h  t o  s o f . v e  a  p r o b l e m  b y  d e c o m p o s i n q  i t  i n t o

s u b p r o b l e m s  a n d  c o o r d i n a t i n g  t h e  s o l u t i o n  o f  t h e s e  s u b p r o b l e m s  b y  a n

i n t e r a c t i v e  e x c h a n g e  o f  i n f o r m a t i o n .  T h e  r e f a t i o n  w i t h  M E S A R O V f C ' s

w o r k  o n  m u l t i l e v e l  s y s t e m s  i s  c l e a r ;  h o w e v e r ,  t h e r e  i s  a  b a s i c

d i s t i n c t i o n  b e t w e e n  t h i s  t y p e  o f  w o r k  a n d  t h a t  r e v i e w e d  i n  t h e  n e x l

s e c t i o n ,  n a m e l y  t h a t  i n  [ D J ] ,  t h e  d e c o m p o s i t i o n  i s  o n l y  v i e w e d  a s  a

w a y  t o  m a k e  t h e  s o l u t i o n  e a s i e r ,  a n d  t h e  p r o b l e m  i s  s t i l l -  s o l - v e d  b y

one s ing le  Dec is ion-Maker .  E lsewhere ,  the  decompos i t ion  is  a  means to

def ine  the  respec t ive  prob lems o f  severa l  DMs in  a  h ie rarchy  '
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Pl -us ,  by  us ing  a  co lumn genera t ion  techn ique,  DZIELINSKI  and GOMORY

conf ron t  the  prob lem o f  in feas ib le  methods .  To  tack le  th is  d i f { . cu l ty ,

LASDON and TERJUNG tLT l  address  the  prob lem d i rec t l y  and propose an

e f f i c i e n t  a l g o r i t h m .  I n  t h e  i m p l e m e n t a . t i o n  t h e y  d e s c r i b e ,  t h e s e

a u t h o r s  c o n s i d e r  a  p r o d u c t i o n  s y s t e m  i n  w h i c h  c o n t r o l l i n g  t h e ,  f i n a l

s tage accounts  fo r  most  o f  the  management  task .  Hovrever ,  they  fee l  the

need to  mod i fy  the  ob jec t ive  and the  cons t ra in ts  in  o rder  to  take  in to

a c c o u n t  t h e  e f f e c t  o f  t h e  f i n a l  s t a E e  d e c i s i o n s  o n  t h e  u p s t r e a m

s t a q e s .

T h i s  e s s e n t i a l l y  p r a g m a t i c  a p p r o a c h  c l e a r l y  i l l - u s t r a t e s  a  c o m m o n

f e a t u r e  o f  a 1 l  t h e  w o r k  r e v i e w e d  i n  t h i s  s e c t i o n ,  n a m e l y  t h a t

aggregate  dec is ion  var iab les  are  p tugged in to  the  lo t  s iz ing  mode l  as

a  s t r a i g h t f o r w a r d  e n h a n c e m e n t .  T h i s  m a k e s  s e n s e  f r o m  t h e  c o m p u t a t i o n a l

p o i n t  o f  v j - e w ,  s i n c e  I i n e a r  t e r m s  i n  t h e  o b j e c t i v e  d o  n o t  i n c r e a s e

d r a m a t i c a l l y  t h e  c o m p l e x i t y  o f  t h e  p r o b l e m .

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  L A S D O N  t V , I S l  p r o p o s e s  a  m u l _ t i l - e v e l

decompos i t ion  o f  the  probJ-em fo rmul -a ted  in  DZIELINSKI  and GOMORy tDGl  .

T h i s  d e c o m p o s i t i o n  i s  b a s e d  o n  t h e  s a m e  r e s u l t s  a s  i n  t h e  c o n t i n u o u s

c a s e :  L a g r a n g e a n  r e l a x a t i o n  a n d  d u a l i t y .  H o w e v e r ,  t h e  a u t h o r ' s

c o n c l - u s i o n  i s  t h a t  " t h e r e  i s  n o  t h e o r e t i c a l -  g u a r a n t e e  t h a t  d i s c r e t e

p r o b l e m s  o f  t h e  t y p e  c o n s i d e r e d  c a n  b e  s o l - v e d  u s i n g  d u a l i t y " .

E x c e p t  f o r  G E L D E R S  a n d  K L E I N D ô R F E R  I G K I l  t G K 2 l ,  n o n e  o f  t h e s e  w o r k s

c l a i m s  a n y  c o n t r i b u t i o n  t o  c o o r d i n a t i o n  b e t w e e n  d e c i s i o n  l e v e l - s .

N e v e r t h e l - e s s ,  t h e  m o d e l - s  a d o p t e d  a r e  i n t r i n s i c a l l y  s i m i l a r  i n  a I l

t h e s e  w o r k s  a n d  a  p r o d u c t  a g g r e g a t i o n  a s  p r o p o s e d  i n  M A N N E  t M A l
p r e f i g u r e s  H A X  a n d  M E A L ' s .  M o r e o v e r ,  t h e  i s s u e  o f  d e c o m p o s i t i o n

t e c h n i q u e  v e r s u s  m a n a g e m e n t  h i e r a r c h i e s  n e e d e d  t o  b e  p o i n t e d  o u t .  I t

i s  f u r t h e r  a d d r e s s e d  i n  n e x t  s e c t i o n .
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2. t r

T h e  w o r k  r e v i e w e d  i n  t h i s  s e c t i o n  r d a s  i n i t i a t e d  i n  t h e  f i e l d  o f

economics  as  an  a t tempt  to  f ind  a  coord . ina t ion  method by  pr ic ing  in  a

mul t i -sec tor  economy in  wh ich  each sec tor  s t r i ves  Lo  max imize  i t s  own

p r o f i t  b y  u s i n g  c o m m u n a l  s c a r c e  i n p u t s  a n d  s u b j e c t  t o  a  s e t  o f

c o n s t r a i n t s  r e l a t i n g  t h e  o u t p u t  l e v e l s  t o  t h e  i n p u t  l e v e I s ,  w h e r e a s

t h e  f i n a l  g o a l  s h o u l d  b e  t o  m a x i m i z e  t h e  p r o f i t  o f  t h e  e c o n o m y  a s  a

w h o I e .

T h e  i n i t i a l  i d e a ,  b a s e d  o n  a n  o b s e r v a t i o n  o f  t h e  s u p p l y  a n d  d e m a n d

law,  was tha t  a  "cent ra l  un i t "  cou ld  de termine ou t .pu t  p r ices  in  o rder

t h a t  t h e  s e c t o r s '  d r i v e  t o  i n d i v i d u a l  p r o f i t  r e s u l t  i n  a n  o v e r a f l

o p t i m u m .  T n  t h a t  c o n t e x t ,  D A N T Z I G  a n d  W O L F E  d e c o m p o s i t i o n  s e e m e d  t o

p r o v i d e  a  s u i t a b l e  n u m e r i c a l  t o o l  i n  t h e  c a s e  o f  I i n e a r  c o s t s  a n d

c o n s t r a i n t s .  U n f o r t u n a t e l y ,  ( a s  p o i n t e d  o u t  i n  M E S A R O V I C  e t  a I .  t M C l  )

d e c e n t r a l i z a t i o n  c a n n o t  b e  a c h i e v e d  b y  p r i c e s  a l o n e .  E x c e p t  u n d e r  v e r y

r e s t r j - c t i v e  a s s u m p t i o n s ,  t h e  c e n t r a l  u n i t  h a s  t o  t r a n s m i t  s o m e  o t h e r

k i n d  o f  i n f o r m a t i o n  t o  t h e  s e c t o r s  o f  t h e  e c o n o m y  ( o r  t h e  d i v i s i o n s  o f

a  m u l t i  d i v i s i o n a l  f i r m )  t o  m a k e  t h e m  d e t e r m i n e  t h e i r  o p t i m a l  r e s o u r c e

u t i l i z a t i o n  t h a t  w o u l d  a l s o  o p t i m i z e  t h e  o v e r a L f  o b j e c t i v e .

I n  t B F l  B A U M O L  a n d  F A B I A N  d e s c r i b e  t h e  s e t t i n g  o f  t h e  p r o b l e m  b o t h

i n  t h e  q u a l i t a t i v e  t e r m s  u s e d  h e r e  a n d  i n  t e r m s  o f  t h e  s t r u c t u r e  o f

t h e  l - i n e a r  p r o g r a m  u s e d  t o  m o d e l  i t .  T h e y  e x p l a i n  t h e n  i n  d e t a i l  t h e

e c o n o m i c  i n l e r p r e t a t i o n  o f  t . h e  d e c o m p o s i t i o n  m e t h o d .  T h e  d i v i s i o n a l

o p t i m i z a t i o n  p r o b l e m s  a r e  s o l v e d  i t e r a t i v e l y  w i t h  a n  " e x e c u t i v e "

program wh ich  de termines  the  bes t  convex  combina t ion  o f  a l -1  the  p lans

s u b m i t t e d  b y  t h e  d i v i s i o n s ,  t h a t  i s ,  t h e  o n e  t h a t  w i I I  m a x i m i z e  t h e

c o r p o r a t i o n ' s  b e n e f i t  s u b j e c t  t o  t h e  c o r p o r a t e  c o n s t r a i n t s .

T h i s  p r o g r a m  s u b s e q u e n t l y  m o d i f i e s  t h e  o u t p u t  p r i c e s  f o r  t h e

d i v i s i o n s  t o  r e - d e t e r m i n e  t h e i r  o p t i m a l  p l a n s .  T h e s e  p r i c e s  s u b t r a c t
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f r o m  t h e  a c t u a l  c o r p o r a t i o n ' s  p r o f i t  t h e  v a l u e  t o  r e s t  o f  t h e  f i r m  o f

t h e  s c a r c e  i n p u t  t h e  d i v i s i o n s  u s e d ,  ( i . e .  t h e  s c a l a r  p r o d u c t  o f  t h e

dua l  p r ice  vec tors  assoc ia ted  w i th  the  corpora te  cons t ra in ts  by  these

c o n s t r a i n t  c o e f f i c i e n t s )  .  T h e  a u t h o r s  a c k n o w l e d g e  a t  t h e  e n d  o f  t h i s

d e s c r i p t i o n  t h a t  w h e n  t h e  i t e r a t i v e  p r o c e s s  h a s  y i e l d e d  t h e

e q u i l i b r i u m  p r i c e s ,  t h e  c e n t r a l  u n i t  s t i t l  h a s  t o  t r a n s m i t  t h e  c o n v e x

c o e f f i c i e n t s  o f  t h e  l a s t  p l a n s  s u b m i t t e d  b y  t h e  d i v i s i o n s  i n  t h e i r

o p t i m a l  s o l u t i o n .  T h a t  i s ,  i t  h a s  t o  i m p o s e  t h e  d i v i s i o n a l  p 1 a n s .

The same conc lus ion  is  reached by  RUEFLI  who never the less  proposes

a n  i n t e r e s t i n g  m o d e l -  i n  I R U ] :  t h i s  m o d e l -  c a n  b e  d e s c r i b e d  a s  a

t h r e e - I e v e I  t r e e  i n  w h i c h  t h e  r o o t  r e p r e s e n t s  a  c e n t r a l  u n i t  t h a t

s p l i t s  a  r e s o u r c e  ( o r  a s s i g n s  g o a l  l e v e I s ,  i n  a n  a l t e r n a t i v e

i n t e r p r e t a t i o n  o f  t h e  m o d e l )  t o  t h e  f i r s t - f e v e l  n o d e s  s y m b o l i z i n g

m a n a g e m e n t  u n i t s  t h a t  i n  t u r n  s p l i t  t h e i r  s h a r e  o f  r e s o u r c e  a m o n g  a

n u m b e r  o f  o p e r a t i n g  u n i t s  ( s e c o n d - I e v e I  n o d e s )  .

T h e  c o n t r i b u t i o n  o f  t h i s  w o r k

t h r o u g h  p r i c i n g  l i e s  i n  t h e  f a c t

m a n a g e m e n t  u n i t s  ( i . e .  i n t e r m e d i a t e

The ob jec t ive  o f  these management

I e v e 1 s  o f  t h e i r  s u b o r d i n a t e s  i n

b e t w e e n  t h e  a m o u n t s  o f  r e s o u r c e s

a l l o c a t e d  b y  t h e  u p p e r  l e v e l .

T h e  d u a l  p r i c e s  a s s o c i a t e d

the potent ial-  improvement that

a l l o w .  H e n c e  t h e  o b j e c t i v e  o f

t h e  s u m  o f  t h e  a m o u n t s  o f

t o  t h e  f i e l d  o f  d e c e n t r a l i z a t i o n

t h a t  p r i c e s  a r e  g e n e r a t e d  b y  t h e

u n i t s )  a n d  n o t  b y  t h e  c e n t a ]  u n i t .

u n i t s  i s  t o  d e t e r m i n e  t h e  a c t i v i t y

o r d e r  t o  m i n i m i z e  t h e  d e v i a t i o n

r e q u i r e d  b y  t h e  l o w e r  f e v e l  a n d

w i t h  t h e  r e s o u r c e  c o n s t r a i n t s  m e a s u r e

a  r e f a x a t i o n  o f  t h e s e  c o n s t r a i n t . s  w o u l d

the  cent ra l  un i t  cons is ts  o f  max imtz ing

r e s o u r c e  a l - I o c a t . e d  t o  t h e  d i f f e r e n t

T h e  t e c h n i q u e  o f  i n t r o d u c i n g  i n  t h e  o b j e c t i v e  f u n c t i o n  w h a t  c o u l d

o t h e r w i s e  b e  c o n s i d e r e d  a  c o n s t r a i n t  ( n a m e ] y  t h a t  t h e  t o t a L  r e s o u r c e

used by  the  management  un i ts  be  equa l  to  the  amount  a l loca ted  by  the

c e n t r a l  u n i t s )  i s  r e f e r r e d  t o  a s  g r o a l  o r o g r a m m i n q .
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m a n a g e m e n E .  u n i t s  w e i g h t e d  b y  t h e i r  s h a d o w  p r i c e s  a n d  s u b j e c t  t o  a

v o l u m e  c o n s t r a i n t  o n  t h e  t o t a l  r e s o u r c e .  C o n v e r s e l y ,  t h e  o p e r a t i n g

u n i t s '  o b j e c t i v e  i s  t o  " s h i f t "  t h e i r  r e s o u r c e  r e q u i r e m e n t  v e c t o r  t o

i ts  cheaper  components ,  sub jec t  to  techno log ica l  requ i rements .

T h e  a l g o r i t h m  o u t l i n e d  i s  a  p r i c e - a d j u s t i n g  m e c h a n i s m  b a s e d  o n  a n

i t e r a t i v e  s o l u t i o n  o f  t h e  t h r e e  m o d e l s ,  t . h e  m a n a g e m e n t  u n i t s  f i x i n g

t h e  s h a d o w  p r i c e s  a s  a  r e s u l t  o f  t h e i r  c o m p u t a t i o n s  a n d  t h e  c e n t r a l

a n d  o p e r a t i n g  u n i t s  d e t e r m i n i n g  r e s p e c t i v e l y  t h e  s h a r e  o f  r e s o u r c e s

a n d  t h e i r  n e e d s .  T h i s  p r o c e s s  w i l l -  c o n v e r g e  i n  a  f i n i t e  n u m b e r  o f

s t e p s  ( p o s s i b l y  i n  a  v e r y  i n e f f i c i e n t  w a y )  b u t  t h e  s e t  o f  p r i c e s

r e a c h e d  w i l l  n o t  b e  s u f f i c i e n t  f o r  t h e  m a n a g e m e n t  u n i t s  t o  d e t e r m i n e

t h e i r  o p t i m a l  s h a r e  o f  r e s o u r c e s .

S i n c e  t h i s  s h o r t c o m i n g  r e s t r i c t s  t h e  u t i t i t y  o f  t h i s  t y p e  o f  m o d e l

f o r  d e c e n t r a l i z a t i o n ,  s o m e  w o r k  h a s  b e e n  a i m e d  a t  d e t e r m i n i n g  w h a t

i n f o r m a t i o n  s h o u l d  b e  d e l e g a t e d  a l o n g  w i t h  t h e  p r i c e s  i n  o r d e r  t o

a c h i e v e  c o h e r e n t  d e c e n t r a l i z a t i o n  a n d  s t i l l -  l e a v e  e n o u g h  a u t o n o m y  t o

t h e  l o w e r - I e v e I  u n i t s .  C H A R N E S ,  C L O W E R  a n d  K O R T A N E K  t C C l  p r o p o s e  t o

d e l e g a t e  w h a t  a r e  c a l l e d  p r e e m p t i v e  g o a l s ,  n a m e l y  e i t h e r  a d d i t i o n a l ,

c o n s t r a i n t s  i n  t h e  d i v i s i o n a l  p r o b l e m s  t h a t  r e l - a t e  t h e  d i v i s i o n

a c t i v i t y  l e v e 1  t o  a n  o b j e c t i v e  d e t e r m i n e d  b y  t h e  c e n t r a f  u n i t ,  o t  a n

a d d i t i o n a l  t e r m  i n  t h e  m i n i m a n d  o f  t h e  d i v i s i o n a l  p r o b l e m ,  t h a t  s e r v e s

the  same purpose,  in  a  goa l  p rogra lnming approach.

T h e  c o n d i t i o n s  t h a t  t h e s e  g o a l s  h a v e  t o  s a t i s f y  i n  o r d e r  t h a t  t h e

s o l u t i o n s  t o  t h e  m o d i f i e d  d i v i s i o n a l  p r o b l e m s ,  t a k e n  t o g e t h e r ,  f o r m  a n

o p t i m a l  s o l u t i o n  t o  t h e  o v e r a l - l  p r o b t e m  a r e  d e r i v e d .  M o r e o v e r ,  i t  i s

p roved tha t  the  method is  robus t  in  the  sense tha t  smal l -  e r ro rs  in  the

g o a l s  w i l l -  y i e l d  a  p r o f i t  t h a t  i s  o n l y  s l i g h t l y  s u b - o p t i m a l .

K y D L A N D  t K Y l  d e t e r m i n e s  a  c l a s s  o f  s i t u a t i o n s  i n  w h i c h  t h e

d i v i s i o n s  w i l l -  a c h i e v e  t h e  g l o b a l  o p t i m u m  w h i l e  s t r i v i n g  t o  s a t i s f y

the i r  ind iv idua l  p rob lems i f  the  cent ra l  un i t  p rov ides  them wi th  the
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e q u i l i b r i u m  p r i c e s  a n d  w i t h  t h e  o r d e r  i n  w h i c h  t h e y  a r e  t o  s o l v e  t h e i r

p r o b l e m  ( a n d  t h u s  d e p l e t e  t h e  a m o u n t  o f  r e s o u r c e  a v a i l a b l e  t o  t h e

f o l l o w i n g  d i v i s i o n s )  .  M o r e o v e r ,  f o r  s i t u a t i o n s  w h e r e  t h i s  h i e r a r c h i c a l

o r d e r i n g  h a s  t o  b e  s u p p l e m e n t e d  b y  p r e e m p t i v e  g o a I s ,  t h e  a u t h o r

p r o v i d e s  a  r u l e  t o  d e t e r m i n e  t h e  m i n i m a l -  n u m b e r  o f  g o a l s  r e q u i r e d  t o

a c h i e v e  c o h e r e n t  d e c e n t r a l i z a t i o n .

T h i s  p a p e r  s e e m s  t o  i n d i c a t e  t h e  c f i m a x  o f  t h e  r e s e a r c h  e f f o r t

i n t e n d e d  t o  a c h i e v e  d e c e n t r a l i z a t i o n  i n  r e s o u r c e  a l l o c a t i o n  s y s t e m s

through use o f  the  DANTZIG WOLFE decompos i t ion .

KORNAI  and L IPTAK tKL l  adopt  a  d i f fe ren t  approach to  so lve  the  k ind

o f  r e s o u r c e - a l l - o c a t i o n  p r o b l e m  t h a t  a r i s e s  i n  t h e  H u n g a r i a n  n a t i o n a l

p l a n n i n g .  f t  c o n s i s t s  o f  d e t e r m i n i n g  t h e  d i f f e r e n t  s e c t o r s '  a c t i v i t i e s

w h i l e  t a k i n g  t h e i r  i n t e r a c t i o n s  i n t o  a c c o u n t .  T h e  m o d e l  i n i t i a l l y

a d o p t e d  m a x i m i z e s  a  l i n e a r  f u n c t i o n  o f  t h e  s e c t o r s '  a c t i v i t y  I e v e I s

s u b j e c t  t o  I i n e a r  c o n s t r a i n t s  o n  t h e s e  s a m e  v a r i a b l - e s .  T h e  c o n s L r a i n t s

a r i s e  f r o m  t h e  f a c t  t h a t  t h e  s e c t o r s  s h a r e  a  n u m b e r  o f  c o m m o n

r e s o u r c e s ,  i n c l - u d i n g  t h e  p r o d u c t s  t h e y  s u p p l y '

S i n c e  s o l v i n g  t h e  l - i n e a r  p r o g r a m  t h a t  r e p r e s e n t s  t h i s  " O v e r a I I

C e n t r a l  I n f o r m a t i o n "  p r o b l e m  i s  c o m p u t a t i o n - i n t e n s i v e ,  t h e  a u t h o r s

r e f o r m u l a t e  i t  b y  c o n s i d e r i n g  t h e  s u b p r o b l e m s  e a c h  s e c t o r  w o u l d  h a v e

t o  s o f v e  i f  i t s  r e s o u r c e  s h a r e  w e r e  f i x e d .  T h e  c o n d i t i o n s  f o r  t h e  t w o

f o r m u f a t i o n s  t o  b e  e q u i v a l e n t  a r e  i n v e s t i g a t e d  b u t  s i n c e  t h e  p r o b l e m

o f  d e t e r m i n i n g  t h e  o p t i m a l -  r e s o u r c e  s h a r e  ( a l - s o  c a l l - e d  a  c e n t r a l

p r o g r a i n )  i s  d i f  f  i c u l - t ,  i t  i s  s h o w e d  t o  b e  e q u i v a l e n t  t o  a  s t r a t e g t c

g a m e  f o r  w h i c h  a  s o l u t i o n  c a n  b e  f o u n d .

I n t h i s g a m e , t h e p l a y e r s a r e t h e c e n t r a l u n i t , w h i c h s u b m i t s

c e n t r a l -  p r o g r a m s  a n d  t h e  S e c t o r s  t e a m ,  w h i c h  r e t u r n  t h e  s e t  o f  s h a d o w

p r i c e s  t h a t  m i n i m i z e  t h e  " c o s t "  o f  t h e  p l a n .  T h e  o b j e c t i v e  o f  t h e

c e n t r a l  u n i t  c o n s i s t s  o f  m a x i m i z i n g  t h i s  c o s t  a n d  t h u s  a n  i t e r a t i v e

p r o c e d u r e  o f  " f i c t i t i o u s  p f a y "  i s  d e v i s e d  t o  d e t e r m i n e  t h e  o p t i m a l

p l a n .
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T h e  c e n t r a l  u n i t  p r o p o s e s  a  g u e s s e d  i n i t i a l  r e s o u r c e  s h a r e  ( i n  t h :

c a s e  o f  t h e  H u n g a r i a n  e c o n o m y ,  t h i s  i n i t i a l  p r o g r a m  i s  g e n e r a t e d  b y

t r a d i t i o n a l  m e t h o d s )  a n d ,  s u b s e q u e n t l y ,  e a c h  " p l a y e r "  p r o p o s e s  a

s o l u t i o n  ( p r o g r a m  o r  p r i c e s )  t h a t  i s  a  c o n v e x  c o m b i n a t i o n  o f  h i s

prev ious  proposa l  and Of  the  op t ima l -  response to  the  Ias t  adversary 's

p r o p o s a l .  ( T h e  w e i g h t  o n  t h e  f i r s t  t e r m  i n c r e a s e s  w i t h  t h e  i t e r a t i o n

i n d e x . )  T h e  e s s e n t i a l  p r o p e r t y  i n  t h i s  s c h e m e  i s  t h a t  t h e  c o m p o n e n t s

o f  t h e  s h a d o w - p r i c e  v e c t o r  c a n  b e  d e t e r m i n e d  i n d e p e n d e n t l y  b y  t h e

s e c t o r s .

A t  each s tep ,  a  lower  and an  upper  bound o f  the  op t ima l  cos t  can  be

d e t e r m i n e d  a n d  t h u s  t h e  p r o c e s s  c a n  b e  s t o p p e d  a t  a n  a r b i t r a r y  d e g r e e

of  sub-opt ima l i t y .  v , Ihen tha t  po in t  i s  reached,  the  sec tors  a re  ab le  to

d e t e r m i n e  t h e i r  a c t i v i t y  I e v e I s  b y  s o l v i n g  t h e  d u a l  o f  t h e  I a s t

p r o b l e m t h e y h a v e s o l v e d t o c o m p u t e t h e i r c o m p o n e n t s o f t h e

s h a d o w - p r i c e  v e c t o r .  A n  a p p l i c a t i o n  o f  t h i s  m o d e l  t o  t h e  H u n g a r i a n

e c o n o m y  i s  p r e s e n t e d  s u b s e q u e n t l y '

A s  c a n  b e  s e e n  f r o m  t h e  d e s c r i p t i o n  o f  t h e  i t e r a t i v e  e x c h a n g e  o f

i n f o r m a t i o n  y i e l d i n g  a n  e q u i l i b r i u m  b e t w e e n  c e n t r a i  u n i t  a n d  i n f i m a l

r r n . i  f  q  -  t h i  s  o l a n n i n g  s y s t e m  m a t c h e s  t h e  d e f  i n i t i o n  o f  a  t w o - f  e v e l
u r r l e s  t  I

h i e r a r c h i c a l  s y s t e m  p r o p o s e d  i n  M E S A R O V I C  e t  a I  t M C l '  H o w e v e r '  t h e

m e t h o d s  d e s c r i b e d  i n  c u r r e n t  s e c t i o n  h a v e  h a d  a  l i m i t e d  i r n p a c t  o n .

m a n a g e m e n t  t e c h n i q u e s ,  e s s e n t i a l l y  b e c a u s e  t h e  e f f i c i e n c y  o f  D A N T Z I G

a n d  w o L F E ' s  d e c o m p o s i t i o n  i s  c o u n t e r b a l a n c e d  b y  t h e  f a c t  t h a t  i t  d o e s

n o t  a I I o w  f o r  a  r e a l  d e c e n t r a l i z a t i o n .  T h e  m a i n s t r e a m  i n  t h e

h ie rarch ica l  managfement  l - i te ra tu re  i s  ac tua l l y  based on  the  concept  o f

m u l t i l a y e r  h i e r a r c h i e s  a n d  p r e s e n t e d  i n  t h e  f o l l o w i n g  s e c t i o n  '
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2.TTT,HIERARCHICAL PRODUCTION PLANNING

A I t  t h e  w o r k  r e v i e w e d  i n  t h i s  s e c t i o n  i s  r e l a t e d , t o  t h e  c l a s s  o f

m u l t j - I a y e r  h i e r a r c h i c a l  s y s t e m s  a n d  m o r e  p r e c i s e l y  t o  t h e  t y p e

i n t r o d u c e d  a s  " m u l t i - h o r i z o n "  i n  p a r t  o n e .  T h i s  t y p e  o f  s y s t e m  i s

c h a r a c t e r i z e d  b y  t h e  f a c t  t h a t  t h e  c o n t r o l l e r  i s  s p l i t  i n  s e v e r a l

l a y e r s r  s o  t h a t  t h e  h i g h e r  o n e s  a r e  c o n c e r n e d  b y  t h e  s l o w e r  a s p e c t s  o f

t h e  s y s t e m  a n d  h a v e  a  l o n g e r  o p t i m i z a t i o n  h o r i z o n .  H o w e v e r ,  f o r

s t y l i s t i c  r e a s o n s ,  t h e  t e r m  " l - e v e l "  w i l l  o f t e n  b e  p r e f e r r e d  t o  t h e

t e r m  " l a y e r "  i n  t h e  r e m a i n d e r .

I t  s e e m s  t h a t  o n l y  t w o  p a p e r s  i n c l u d e  a  s u r v e y  o f  t h e  w o r k  d o n e  i n

h ie rarch ica l  p roduc t ion  p lann ing ,  namely  GELDERS and VAN WASSENHOVE tGWl

a n d  D E M P S T E R ,  F I S H E R  e t  a l - .  [ D F ] .  B o t h  g r o u p s  o f  a u t h o r s  c o n s i d e r  t h e

w o r k  i n i t i a t e d  b y  H A X  a n d  M E A L  [ H M ]  a n d  d e v e l o p e d  a t  M . I . T .  i n  t h e

s e v e n t i e s  a s  t h e  m o s t  s u b s t a n t i a l  c o n t r i b u t i o n  i n  t h e  a r e a  o f

h i e a r c h i c a l  m a n a g e m e n t .  T h e r e f o r e ,  t h e  c h r o n o l - o g i c a l  e v o l - u t i o n  o f  t h i s

w o r k  i s  d e s c r i b e d  i n  t h e  f i r s t  p a r t  o f  t h i s  s e c t i o n .

2.ttt.t HAX and MEAL's and Derived Models

A l t h o u g h  d e s i g n e d  f o r  a  p a r t i c u l - a r  i m p l e m e n t a t i o n ,  t h e  m o d e l

d e s c r i b e d  i n  H A X  a n d  M E A L  t H M l  - a l o n g  w i t h  t h e  a n a l y s i s  t . h a t  w a r r a n t s

i t -  w a s  c o n s i d e r e d  s u f f i c i e n t l y  g e n e r a l  f o r  i t s  s t r u c L u r e  t o  b e

r e t a i n e d  i n  t h e  w o r k  d e r i v e d  s u b s e q u e n t l y .  S e v e r a l  c h a r a c t e r i s t i c s

m a k e  t h i s  s t r u c t u r e  r e p r e s e n t a t i v e  o f  a  h i e r a r c h i c a l  m a n a g e m e n t :

-  f i r s t ,  f o u r  d e c i s i o n  l e v e l s  a r e  c o n s i d e r e d ,  e a c h  o f  t h e m  r e l a t e d

t o  a  d i f f e r e n t  h o r i z o n  a n d  a r t i c u l - a t e d  i n  s u c h  a  w a y  t h a t  t h e

I o n g e r  r a n g e  d e c i s i o n s  p r o v i d e  t h e  c o n s t r a i n t s  f o r  s h o r t e r  r a n g e

dec i  s  ion-mak inq  .

m o r e o v e r ,  s i n c e  t h e  s y s t e m  i s  d e s i g n e d  f o r  a  m u l t i p l e  p l a n t  f i r m ,

the  h ighes t  leve l  o f  the  management  mode l  de termines  what  p roduc ts

s h o u l d  b e  s u p p l i e d  b y  t h e  d i f f e r e n t  p l a n t s  a n d  t h u s  d e c o m p o s e s  t h e

p r o b l e m  i n t o  d e c o u p l e d  s u b - p r o b l e m s .  T h e  s c o p e  o f  t h e  t h r e e  l o w e r

d e c i s i o n  I e v e l s  i s  t h e n  n a r r o v r e r  ( a  s i n g l e  p l a n t )  t h a n  t h a t  o f  t h e

h i q h e s t .
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A s  w a s  a r g u e d  p r e v i o u s l y ,  t h i s  i s  a  h i g h l y  d e s i r a b l e  c h a r a c t e r i s t i c

f o r  a  m a n a g e m e n t  s y s t e m .  I t  c o u l d  b e  o b j e c t . e d ,  h o w e v e r ,  t h a t  t h e

h ighes t  leve l  appears  to  be  d i f fe ren t  f rom the  lower  ones  inso far  tha t

t h e  d e c i s i o n s  a r e  t o  b e  m a d e  o n l y  o n c e ,  a n d  n o t  r e p e a t e d l y  ( w h i c h

b r e a k s  t h e  r e c u r r e n c e  o f  t h e  m o d e l )  a n d  a r e  a l s o  m o r e  c a s e - d e p e n d e n t .

I n  t h a t  s e n S e ,  t h e y  a r e  c l o s e r  t o  d e s i g n - t y p e  d e c i s i o n s  t h a n  t o

c o n t r o l .  T h i s  o b s e r v a t i o n  a l s o  h o l d s  f o r  H A X  [ H A 1 ] ,  w h i c h  p r e s e n t s  a n

imp lementa t ion  o f  a  "h ie rarch ica l "  sys tem in  an  a luminum company.

I n  t h e  s y s t e m  d e s c r i b e d ,  a  m a t h e m a t i c a l  p r o g r a m  i s  u s e d  i n  a

' , s t a t i c "  r , r a y  a t  t h e  s t r a t e g i c  l e v e I  t o  h e l p  m a k e  s u c h  d e c i s i o n s  a s

w h e t . h e r  o r  n o t  t o  b u i l d  a  n e v r  p l a n t  o r  h o w  m u c h  t o  p r o d u c e  i n  t h e

e x i s t i n g  p l a n t s ,  a n d  t h e  r e s u l t s  o b t a i n e d  t h e n  c o n s t r a i n  t h e  t a c t i c a l

I e v e l -  m o d e l  d e s i g n e d  t o  a s s i g n  t h e  o r d e r s  t o  t h e  d i f f e r e n t  c a s t i n g

m a c h i n e s .

T h e  r e m a i n d e r  o f  t h i s  s e c t i o n  w i l - l  t h e r e f o r e  f o c u s  o n  t h e  t h r e e

l o w e r  l e v e 1 s  o f  H A X  a n d  M E A L ' s  m o d e l :

b a s e d  o n  a n  a n a l y s i s  o f  t h e  p r o d u c t i o n  p r o c e s s ,  t h r e e  f e v e l s  o f

a g g r e g a t i o n  a r e  c o n s i d e r e d  f o r  t h e  p r o d u c t s :

.  p roduc t  fami l ies  g roup i t .ems shar inq  the  same major  Setup .

.  p r o d u c t  t y p e s  g r o u p  f a m i l i e s  t h a t  h a v e  s i m i l a r  s e a s o n a l

pa t . te rns  and inventory  cos t  per  hour  o f  p roduc t ion ;

e a c h  p r o d u c t i o n - p l a n n i n g  l e v e l  i s  a s s i g n e d  a  m o d e l  c o n s i s t e n t

w i th  the  hor izon  decompos i t ion  and the  produc t  aggregat ion  scheme:

.  A t  t h e  h i g h e r  l e v e l  - a g g r e g a t e  p r o d u c t i o n  p l a n n i n g -  a  l i n e a r

m o d e l  i s  p r o p o s e d ,  t o  d e t e r m i n e  t h e  p r o d u c t i o n  l e v e l  o f  t h e

d i f f e r e n t  p r o d u c t  t y p e s  o v e r  a  1 5 - m o n t h  h o r i z o n  '  T h e  o n l y

c o s E s  c o n s i d e r e d  a r e  i n c u r r e d  f o r  p r o d u c t i o n  a n d  i n v e n t o r y

h o l d i n g .  S e t u p  c o s t s  c a n n o t  b e  t a k e n  i n t o  a c c o u n t  w i t h i n  t h e

m o d e l  b e c a u s e  t h e y  w o u l d  b e  i n c u r r e d  e a c h  t i m e  t h e r e  i s  a

p r o d u c t i o n  o f  a  f a m i l y  i n  t h e  p e r i o d  c o n s i d e r e d ;  s i n c e  t y p , e s

g r o u p  s e v e r a l  f a m i l i e s ,  t h e r e  i s  n o  i n f o r m a t i o n  a t  t h e

aggregate  p lann ing  leve I  concern ing  the  number  o f  se tups  incur red '
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In  the  top-down cons t ra ined approach,  the  assumpt ion  is  tha t

h i g h e r - l e v e l  d e c i s i o n s  h a v e  a  b i g g e r  i m p a c t  o n  t h e  o b j e c t i v e s .

In  the  imp lementa t ion  cons idered,  the  ana lys is  showed tha t  the

m a j o r  i s s u e  w a s  t o  d e a l  e c o n o m i c a l l y  w i t h  s e a s o n a l  d e m a n d s .

T h u s  t h e  h i g h e r  I e v e l  m o d e l  i s  i n t e n d e d  t o  d e t e r m i n e  t h e

opt ima l  t rade-o f f  be tween inventory  ho ld ing  and over t ime work

( i . e .  p r o d u c t i o n  c o s t ) ,  w h e r e a s  s e t u p  c o s t s '  o f  s e c o n d a r y

impor tance,  a re  no t  cons idered.  Exper imenta l  resu l ts  show tha t

t h e  I e v e l  o f  p e r f o r m a n c e  o f  t h e  s y s t e m  d e c r e a s e s  w h e n  s e t u p

c o s t s  i n c r e a s e .

T h e  a g g r e g a t e  p l a n  i s  u p d a t e d  e v e r y  m o n t h  o v e r  a  r o l l i n g

h o r i z o n  ( i n  a  " r e p e t i t i v e  o p e n - I o o p  o p t i m i z a t i o n "  p r o c e s s ,

âccord ing  to  the  te rmino logy  in t roduced in  F INDEISEN tFBz) )  in

o r d e r  f o r  t h e  e v o l u t i o n  i n  f o r e c a s t s  t o  b e  t a k e n  i n t o  a c c o u n t .

Setup  cos ts  a re  f i r s t  cons ide red  i n  the  second  leve l  dec i s ions

th rough  a  heu r i s t i c  f am i l y  d i sagg rega t i on  ove r  t he  f i r s t

pe r i od  o f  t he  agg rega te  p roduc t i on  p l an ,  based  on  economic

o rde r  quan t i t y ,  sa fe t y  s tock  and  owers tock  compu ta t . i on

techn iques .  The  capac i t y  a I l - oca ted  t o  t he  p roduc t  t ype  i s

sp l i t  between the fami l ies for  which the inventory level  fa l ls

under  the  sa fe ty  th resho l -d  du r ing  the  pe r iod  cons ide red .  Fo r

each  o f  t hese  f am i l i es ,  t he  p roduc t i on  vo lume  i s  chosen  as

c lose  as  poss ib le  to  the  EOQ,  p rov ided  tha t  i t  does  no t  l ead

to an overstock at  the end of  the per iod.

The  t h i r d  dec i s i on  l eve I  cons i s t s  o f  a  heu r i t t i - .  i t em

d isaggrega t i on  based  on  equa l i z i ng  o f  run -ou t  t imes  (EROT) .  As

the  Se tup  cos ts  a re  i ncu r red  whenever  any  o f  t he  i t ems  in  a

fam i l y  has  to  be  p roduced ,  i t  seems  des i rab le  tha t  a I I  t he

i tems in  a fami ly  run out  a t  the same t ime.  KARMARKAR tKAl

g i ves  a  p roo f  o f  t he  op t ima l i t y  o f  t h i s  decompos i t i on

technique.  As in  the fami ly  d isaggregat ion model ,  the capaci ty

a l l oca ted  t o  a  p roduc t  f am i l y  has  t o  be  sp l i t  among  t he

di f ferent  i tems.
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I t  a p p e a r s  t h e n  t h a t  c o n s i s t e n c y  b e t w e e n  d e c i s i o n s  m a d e  a t  t h e

d i f f e r e n t  l e v e l s  i s  e n s u r e d  b y  t h e  c o n s L r a i n t s  t h a t  a  g i v e n  l e v e l ' s

d e c i s i o n s  i m p o s e  o n  t h e  n e x t  I o w e r  I e v e l .  S t i I I  t h e s e  c o n s t r a i n t s

s o m e t i m e s  y i e l d  a n  e m p t y  f e a s i b l e  s e t  a t  a  l o w e r  l e v e l .  f n  o t h e r

t e r m s ,  d i s a g g r e g a t i o n  o f  a n  a g g r e g a t e  s c h e d u l e  i s  n o t  a l w a y s  f e a s i b l e .

T h i s  w a s  t h e  f i r s t  i s s u e  a d d r e s s e d  i n  f u r t h e r  r e s e a r c h .

G A B B A Y  t G A l  c o n s i d e r s  a n  a g g r e g a t e  p l a n  f o r  w h i c h  a  f e a s i b l e

d e t a i l e d  p l a n  ( i . e .  a  p l a n  m e e t i n g  d e t a i l e d  d e m a n d s  w i t h o u t

b a c k o r d e r i n g )  e x i s t s .  H e  s h o w s  t h a t  u n d e r  c e r t a i n  c o n d i t i o n s ,

d i s a g g r e g a t i o n  p e r f o r m e d  o v e r  t h e  f i r s t  p e r i o d  o n l y  w i l l -  l e a d  t o  a

s ta te  fo r  wh ich  there  w i l l  be  no  feas ib le  d isaggregat ion  in  s r rbsequent

p e r i o d s .  A  q u a l i t a t i v e  i n t e r p r e t a t i o n  o f  t h i s  p h e n o m e n o n  i s  t h a t

w h e r e a s  i n  t h e  s i n g t e  p r o d u c t  p r o b l e m ,  c a p a c i t y  a n d  i n v e n t o r y  a r e

e q u i v a l e n t  f o r  m e e t i n g  d e m a n d s ,  t h i s  r e s u l t  d o e s  n o t  h o l d  i f  t h e

" p r o d u c t "  i s  a n  a g g r e g a t e ,  s i n c e  t h e  i n v e n t o r y  o f  o n e  i t e m  c a n n o t  b e

u s e d  t o  m e e t  t h e  d e m a n d s  o f  a  d i f f e r e n t  o n e .

T h e r e f o r e ,  t h e  a g g r e g a t e  p l a n  m u s t  b e  d r a w n  f r o m  " n e t "  d e m a n d S ,

i .  e .  t h e  a g g r e g a t i o n  o f  d e t a i l e d  d e m a n d s  n e t  o f  t h e  i n i t i a l

i n v e n t o r i e s .  W h e n  d i s a g g r e g a t i o n  i s  p e r f o r m e d  o v e r  o n e  p e r i o d  a t  a

t i m e  o n 1 y ,  i t  m u s t  b e  i n  s u c h  a  v r a y  t h a t  t h i s  p r o p e r t y  c a n  b e  r e t a i n e d

f o r  t h e  r e m a i n i n g  h o r i  z o n .  G A B B A Y  d e r i v e s  s o m e  n e c e s s a r y  a n d

s u f f i c i e n t  c o n d i t i o n s  f o r  c o n s i s t e n t  d i s a g g r e g a t i o n .  U n f o r t u n a t e l y ,

t h e  d e t a i l e d  d e m a n d s  m u s t  b e  k n o w n  f o r  a I I  t h e  p l a n n i n g  h o r i z o n  i f

t h e s e  c o n d i t i o n s  a r e  t o  b e  s a t i s f i e d ,  w h e r e a s  t h e  m a i n  a d v a n t a g e

c l a i m e d  f o r  t h e  h i e r a r c h i c a l  a p p r o a c h  i s  t h a t  i t  r e d u c e s  t h e  d e t a i l e d

d a t a  r e q u i r e m e n t s .  H e  t h u s  r e f i n e s  t h e  r e s u l t  b y  p r o v i n g  t h a t  t h e  t i m e

i n t e r v a l s  f o r  w h i c h  t h e  c u m u l a t i v e  p r o d u c t i o n  c a p a c i t y  i s  s u f f i c i e n t

to  sa t is fy  the  cumula t ive  demand can be  t rea ted  separa te ly  and so  the

d e t a i l e d  d e m a n d s  a r e  r e q u i r e d  " o n I y "  o v e r  t h e  c o n s i s t e n c y  h o r i z o n '

t h a t  i s  u n t i l  t h e  f i r s t  p e r i o d  i n  w h i c h  t h e  a g g r e g a t e  i n v e n t o r y  i s

z e r o .
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T h e s e  r e s u l t s  a r e  t h e n  e x t e n d e d :  f i r s t ,  t h e  s i n g l e - e c h e I o n ,

s i n g l e - p r o d u c t ,  c a p a c i t a t e d  p r o b l e m  i s  s h o w e d  t o  b e  s o l v a b L e  b y  a

s i p l e  b a c k w a r d  d y n a m i c  p r o g r a m  e v e n  u n d e r  a  q u i t e  g e n e r a l  c o s t

s t r u c t u r e .  T h i s  m o d e l  c a n  t h e n  b e  u s e d  a s  t h e  a g g r e g a t e  l e v e l  i n  a

m u l t i p r o d u c t  p r o b l e m .  I f  t h e  d e t a i l e d  d e m a n d  i s  k n o w n  o v e r  t h e

c o n s i s t e n c y  h o r i z o n s ,  t h e  d i s a g g r e g a t i o n  s c h e m e  s t u d i e d  p r e v i o u s l y

w i l l  s t i I I  y i e l d  t h e  o p t i m a l  p l a n .  I n  t h e  c a s e  o f  m u l t i e c h e l o n

s y s t e m s ,  t h e  s a m e  r e s u l t s  c a n  b e  r e t a i n e d  a t  t h e  e x p e n s e  o f  a  v e r y

r e s t r i c t i v e  c o s t - s t r u c t u r e  .

G O L O V I N  t G O l  a L s o  a c k n o w l e d g e s  t h e  i s s u e  o f  d i s a g g r e g a t i o n

c o n s i s t e n c y  a n d  p r o p o s e s  t o  s o l v e  b o t h  a g g r e g a t e  a n d  d e t a i l e d

p r o d u c t i o n  p l a n n i n g  p r o b l e m s  b y  m e a n s  o f  a  s i n g l e  m i x e d  i n t e g e r

p r o g r a m  f e a t u r i n g  t w o  l e v e l s  o f  p r o d u c t  a g g r e g a t i o n ,  t w o  t i m e  s c a l e s

a n d  s e t u p  c o s t s  c o n s i d e r e d  f o r  t h e  " s h o r t - t e r m "  p r o d u c t i o n .  H e n c e

d i s a g g r e g a t i o n  i s  " a u t o m a t i c a l l y "  a c h i e v e d  a n d  s e t u p  c o s t s  a r e  s t i l l

t a k e n  i n t o  a c c o u n t .  T h e  c o m p u t a t i o n a l -  g a i n  i s  r e a p e d  f r o m  t h e  u s e  o f  a

s h o r t e r  h o r i z o n  f o r  d e t a i l e d  p r o d u c t i o n .

T h i s  m o d e l  i s  c o m p l - i c a t e d  b y  t h e  n e e d  t o  p e n a l i z e  t h e  d i f f e r e n c e

b e t w e e n  e x p e c t e d  " a g g r e g a t e "  p r o d u c t i o n  a n d  t h e  c o r r e s p o n d i n g  d e t a i l e d

produc t . ion  and i t  seems tha t  th is  approach was ne i ther  imp lemented nor

f u r t h e r  d e v e l o p e d .  G O L O V I N  t h e n  e x p l o r e s  t h e  p r o b l e m s  a r i s i n g  w h e n  t h e

p e r i o d s  c o n s i d e r e d  a t  t h e  h i g h e r  l e v e l  c o r r e s p o n d  t o  s e v e r a l

l o w e r - l e v e l  p e r i o d s .  r n  t h a t  c a s e ,  t h e  d e t a i l e d  p l a n  o b t a i n e d  b y

d i s a g g r e g a t i o n  o f  t h e  a g g r e g a t e  p l a n  i s  o n l y  f e a s i b l - e  o n  a v e r a g e .

BITRAN and HAX tBX2 l  p ropose a  computa t ionaL improvement  to  HAX and

M E A L ' s  m o d e l  i n  t h a t  t h e y  r e f o r m u l a t e  t h e  f a m i l y  a n d  i t e m

d i s a g g r e g a t i o n  p r o b l e m s  a s  k n a p s a c k  p r o b l e m s ,  f o r  w h i c h  t h e y

p r e v i o u s l y  p r o v i d e d  a n  e f f i c i e n t  s o l u t i o n  a l g o r i t h m  I B X 1 ] .  I t  i s  s h o w n

t h a t  w h e n e v e r  s e t u p  c o s t s  a r e  l o w ,  t h e  r e s u l t s  o b t a i n e d  b y  u s i n g  t h e

r e s u l t i n g  s y s t e m  a r e  v e r y  c l o s e  t o  o p t i m a l  a n d  q u i t e  u n s e n s i t i v e  t o

f o r e c a s t  e r r o r s .
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! ù I N T E R S  t l { I  I  i n v e s t i g a t e d  t h r e e  m e t h o d s  f  o r  c o u p l i n g  "  i n v e n t o r y

c o n t r o l "  ( r e o r d e r  p o i n t  /  r e o r d e r  q u a n t i t y  d e c i s i o n s )  a n d  " p r o d u c t i o n

s m o o t h i n g "  ( a g g r e g a t e  p l a n n i n g )  :  c o n s t r a i n  t h e  d e t a i l e d  i n v e n t o r i e s ,

c o n s t r a i n  t h e  p r o d u c t i o n  l e v e l s  r  o r  a d j u s t  t h e  r e o r d e r  p o i n t s  w h i l e

k e e p i n g  t h e  r e o r d e r  q u a n t i t i e s  a t  t h e i r  i n f i n i t e - h o r  L z o n ,

u n c o n s t r a i n e d  v a l u e s .  T h i s  I a s t  m e t h o d ,  a l t h o u g h  h i g h l y  h e u r i s t i c ,  h r a s

s h o w n  e x p e r i m e n t a l l y  t o  g i v e  g o o d  r e s u l t s  a n d  r e q u i r e  I i t t I e

c o m p u t a t i o n .

H A A S ,  H A X  a n d  W E L S C H  t H H l  c o m p a r e  t h e  r e s u l t s  o f  f o u r  h e u r i s t i c

d i s a g g r e g a t i o n  m e t h o d s :  H A X  a n d  M E A L ' s ,  W I N T E R T s ,  B I T R A N  a n d  H A X ' s

k n a p s a c k  m e t h o d  a n d  t h e  e q u a l l z i n g  o f  r u n - o u t  t i m e s  ( E R O T )  m e t h o d .

R e s u l - t s  o f  t h e  W i l c o x o n  t e s t  s h o w  t h a t  H A X  a n d  I . 4 E A L ' s  h e u r i s t i c

p e r f o r m s  v e r y  w e l l  u n d e r  a  w i d e  r a n g e  o f  a s s u m p t i o n s  a n d  o u t p e r f o r m s

t h e  o t h e r  m e t h o d s .

T h i s  r e s u l t  m o t i v a t e d  t h e  s e a r c h  f o r  s o m e  i m p r o v e m e n t s  t o  t h e

knapsack-based Fys tem.  B ITRAN,  HAÀS and HAX [BS1]  p rove  tha t  the  ERQT

m e t h o d  i s  a n  o p t i m a l  d i s a g g r e g a t i o n  s c h e m e  t o  m i n i m i z e  t h e  c o s t  o f

i n i t i a l  i n v e n t o r y .  I n s i g h t  g a i n e d  f r o m  t h i s  r e s u l t  a s  w e l l  a s  f r o m

prev ious  work  enabLed improvement  o f  the  knapsack-based sys tem.

F  i  r e r -  -  â r  r - h e  f a m i l y  d i s a g g r e g a t i o n  l e v e l - ,  i n s t e a d  o f  m i n i m i z i n g
\  L L  9  9  '

the  number  o f  se tups  expec ted  fo r  the  who le  aggregate  p lann ing  hor izon

( a c c o r d i n g  t o  d e m a n d  f o r e c a s t s )  o n e  d o e s  i t  o v e r  a  s h o r t e r  h o r i z o n .

T h i s  a l l o w s  t h e  s y s t e m  t o  b e  r e s p o n s i v e  t o  s e a s o n a l  v a r i a t i o n s  i n

d e m a n d s .  T h e  s e c o n d  i m p r o v e m e n t  i s  a  " o n e  s t e p  I o o k  a h e a d "  p r o c e d u r e

t o  e n s u r e  t h a t  d i s a g g r e g a t i o n  w i l l -  b e  f e a s i b l e  o v e r  t v r o  p e r i o d s

i n s t e a d  o f  o n e .  T h e  I a s t  o n e  c o n s i s t s  o f  m o d u l a t i n g  t h e  f a m i l i e s '

p r o d u c t i o n  v o l u m e s  i n  o r d e r  t o  k e e p  t h e m  c l o s e  t o  t h e  E c o n o m i c  O r d e r

Q u a n t i t i e s ,  e s p e c i a l l y  i n  c a s e  o f  h i g h  s e t u p  c o s t s .

The enhanced sys tem was then shown to  ou tper fo rm a l l  p rev ious  ones

o r {  a  s e t  o f  s i m u l a t i o n  r u n s  a n d  t o  y i e l d  c l o s e - t o - o p t i m a l  r e s u l t s

(w i th in  3 t  o f  op t imum)  even when se tup  cos ts  ldere  re la t i ve ly  h igh .
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E R S H L E R ,  F O N T A N  a n d  M E R C E  t E F l  f i r s t  s y n t h e s i z e  a I I  t h e  p r e v i Q u s

r e s u l t s  c o n c e r n i n g  t h e  i s s u e s  o f  f e a s i b i l i t y  o f  a n  a g g r e g a t e  p l a n  a n d

cons is tency  o f  the  ro l l ing-hor izon  d isaggregat ion '  and der ive  t tno  se ts

o f  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  c o n s i s t e n c y  ( t h e s e  r e s u l t s

are  based on  the  mass  ba lance equat ions  and do  no t  depend on  the  cos t

s t r u c t u r e ) .

Thence,  they  cons ider  the  sys tem proposed in  B ITRAN'  HAÀS and HAX

t B S l l .  I n  t h e  " o n e  s t e p  L o o k - a h e a d "  p r o c e d u r e  o f  t B S 1 l ,  t h e  f a m i l i e s

to  be  schedu led  dur ing  the  coming per iod  are  de termined in  o rder  tha t

a  d i s a g g r e g a t i o n  b e  a l s o  p o s s i b l e  a t  l e a s t  f o r  t h e  s u b s e q u e n t  p e r i o d '

E R S H L E R  e t  a I .  p r o p o s e  E o  e x t e n d  t h i s  p r o c e d u r e  t o  " I o o k  a h e a d "  a t  a l l

the  per iods  fo r  wh ich  de ta i led  demands are  known.

,  M o r e o v e r ,  i n  t B S l - 1 ,  a f t e r  t h e  f a m i l i e s  L o  b e  s c h e d u l e d  a r e

d e t e r m i n e d ,  a  k n a p s a c k  p r o b l e m  i s  s o l v e d  t o  d e t e r m i n e  t h e  q u a n t i t i e s

t o  s c h e d u l e .  E R S H L E R  e t  a I .  p o i n t  o u t  t h a t  i n t r o d u c i n g  t h e  n e c e s s a r y

a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  c o n s i s t e n c y  a s  a d d i t i o n a l  c o n s t r a i n t s

w o u l d  b r e a k  t h e  " k n a p S a c k "  s t r u c t u r e .  T h e y  t h e r e f o r e  p r o p o s e  t o

i n t r o d u c e  o n l y  t h e  ( n e c e s s a r y )  c o n d i t i o n s  t h a t  r e t a i n  t h e  s t r u c t u r e  o f

t h e  p r o b l e m  - i n  o r d e r  t o  k e e p  i t  e f f i c i e n t l y  s o l v a b l e -  a n d  t h e y  s h o w

' - h a t  t h e  r e - e n h a n c e d  s y s t e m  p e r f  o r m s  b e t t e r .

T h i s  v l a s  t h e  m o s t  e l a b o r a t e  s y s t e m  d e r i v e d  d i r e c t l y  f r o m  H A X  a n d

V E A L ' s .  I t  k e e p s  t h e  b a s i c  f e a t u r e s  o f  t h e  o r i g i n a l  s y s t e m ,  n a m e l y  t h e

o p e n - l o o p ,  t o p - d o w n  c o n s t r a i n e d  a p p r o a c h .

2.ttl.z Extensions of the Model

I n t r o d u c t i o n  o f  F e e d b a c k

I n  G R A V E S  [ G R ] ,  a  d i f f e r e n t  a p p r o a c h  t o  t h e  p r o b l e m  i s  a d o p t e d '

t h a t  i n t r o d u c e s  f e e d b a c k  b e t w e e n  t h e  d e c i s i o n  l a y e r s .  B a s e d  o n  t h e

produc t -aggregat ion  scheme proposed by  HAX and MEAL the  prob lem to

s o l v e  i s  f o r m u l a t e d  a s  a  m o n o f i t h i c  m i x e d  i n t e g e r  p r o g r a m  ( s i m i l a r  i n

i t s  p r i n c i p l e  t o  G O L O V f N ' s  t G O l ) ,  w h i c h  i s  t h e n  d e c o m p o s e d  b y  m e a n s  o f

a  t e c h n i q u e  t h a t  i s  w i d e l y  u s e d  i n  h i e r a r c Ë i c a I  c o n t r o l '  n a m e l y

L a g r a n g e a n  r e l a x a t i o n .
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T h i s  d e c o m p o s i t i o n  y i e l d s  a  I i n e a r  p r o E r a m  o n  o n e  h a n d ,  t h a t .

happens to  be  an  aggregate .p lann ing  mode l ,  and a  se t  o f  uncapac i ta ted

l o t - s i z i n g  p r o b l e m s  f o r  e a c h  p r o d u c t - t y p e  o n  t h e  o t h e r  h a n d .

I n t e r a c t i o n  b e t w e e n  t h e s e  m o d e l s  r e s u l t s  f r o m  t h e  p r e s e n c e  o f  t h e

L a g r a n g e  m u l t i p l i e r s  i n  t h e  " i n v e n t o r y  h o l d i n g  c o s t s ' t .  T h e  p r o b l e m

t h e n  c o n s i s t s  o f  d e t e r m i n i n g  t h e  v a l u e s  o f  t h e  m u l t i p l i e r s  t h a t  y i e l d

c o n s i s t e n c y  i n  t h e  f a m i l i e s '  i n v e n t o r y  I e v e l s  c o m p u t e d  i n  t h e

Io t -s  i zLng mode ls  and in  the  aggregate  p lann ing  mode l .  Th is  resu l t .  i s

ach ieved th rough i te ra t i ve ly  so lv ing  the  two mode ls  and updat . ing  the

m u l t i p l i e r s .

Mu l t i s tage Sys tems

O t h e r  e n h a n c e m e n t s  o f  H A X  a n d  M E A L ' s  m o d e l  w e r e  d e v i s e d  t o  a d a p t

h i e r a r c h i c a l  p l a n n i n g  t o  m u l t i s t a g e  s y s t e m s .  C A N D E A  t C A l  r e v i e w s  t h e

t h e o r e t i c a l  r e s u l t s  e x i s t i n g  i n  p r o d u c t i o n  p l a n n i n g  o f  m u l t i s t a g e

s y s t e m s  a n d  i d e n t i f i e s  a  n e e d  f o r  f u r t h e r  r e s e a r c h .  T h e r e u p o n ,  s e v e r a l

i s s u e s  r a i s e d  b y  t h e  a p p f i c a t i o n  o f  H A X  a n d  M E A L ' s  a p p r o a c h  t o

m u l b i - s t a g e  f a b r i c a t i o n  a n d  a s s e m b l y  s y s t e m s  a r e  a d d r e s s e d  ( e . 9 .  t h e

need fo r  a  ner^ r  concept  o f  p roduc t  aggregat ion  tak ing  in to  account  the

c o m p o s i t i o n  o f  a s s e m b l e d  p r o d u c t s )  .

T h e  a u t h o r  p r o p o s e s  a n  a l g o r i t h m  t o  r e d u c e  t h e  c o m p u t a t i o n a L  s i z e

o f  t h e  a g g r e g a t e  p l a n n i n g  p r o b l e m  a s  w e l l  a s  t w o  h e u r i s t i c  m e t h o d s  t o

d e t e r m i n e  t h e  e c o n o m i c  l - o t - s i z e s  a t  t h e  d i f f e r e n t  s t a g e s  o f  t h e

s y s t e m .  H i s  c o n c l u s i o n  i s  t h a t  e x t e n d i n g  H A X  a n d  M E A L ' s  a p p r o a c h  t o

m u l t i s t a g e  s y s t e m s  a p p e a r s  t o  b e  m u c h  m o r e  d i f f i c u l t  t h a n  e x p e c t e d .

N e v e r t h e l e s s ,  B I T R A N ,  H A À S  a n d  H A X  t B S 2 l  p r o p o s e  a n  e x t e n s i o n  o f

t h e i r  p r e v i o u s  w o r k  t o  a  t w o - s t a g e  f a b r i c a t i o n / a s s e m b l y  s y s t e m  a n d

s u c c e s s f u l l y  c o m p a r e  t h e  r e s u l t s  o f  t h e i r  h i e r a r c h i c a l  p l a n n i n g  s y s t e m

to  resu l ts  ob ta ined by  use  o f  an  l t lRP-based sys tem,  on  a  tes t -bed bu i l t

f rom data  supp l ied  by  a  penc i l  manufac turer .
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S e v e r a l  d i f f i c u l t i e s  p o i n t e d  o u t  b y  C A N D E A  a r e  t a c k l e d  i n  t h e

h i e r a r c h i c a l  s y s t e m  t h r o u g h  v e r y  p r a g m a t i c  a p p r o x i m a t i o n s .  F o r

exampJ-e ,  the  produc t  fami l ies  take  a  ve iy  res t r i c t i ve  de f in i t ion  ( they

group produc ts  tha t  share  bo th  a  common se tup  and b i I I  o f  mater ia ls )

a n d  t h e  a g g r e g a t e  m a s s  b a l a n c e  e q u a t i o n  i s  a p p r o x i m a t e d :  t h e

compos i t ion  o f  p roduc t  types  in  par t  t . ypes  is  no t  cons tan t  bu t  has  to

b e  d e r i v e d  f r o m  t h e  v o l u m e  r a t i o s  o f  t h e  d i f f e r e n t  p r o d u c t s  i n  t h e

t y p e ,  b a s e d  o n  t h e i r  d e m a n d  f o r e c a s t s . . .

E v a l u a t i o n  o f  H A X  a n d  M E A L ' s  b a s e d  m o d e l - s

A  c r i t i c a l  a n a l y s i s

and the  shor tcomings  o f

o f  b o t h  t h e

the  approach

advantages  c la imed by

c a n  a c c o u n t  f o r  t h i s

t he  au tho rs

ou tcome.

Advan tages  c la imed  in  IHA2 ]  a re :

.  r educ t i on  o f  t he  compu ta t i ona l  s i ze ,  compared  t o  a

mono l i t h i c  op t im iza t i on  w i th  de ta i l ed  da ta  ove r  t he  en t , i r e

ho r i zon .

.  enabl ing of  manager ia l  in teract ion,

.  r educ t i on  o f  da ta  requ i remen ts  s i nce  de ta i l ed  da ta  a re

needed  on l y  fo r  t he  sho r t  t e rm dec i s ions  (name ly  fo r  t he

f i r s t  pe r iod  o f  t he  agg rega te  p lann ing ) .

Pos i t i ve  fea tu res  o f  t he  sys tems  desc r ibed  a re :

.  capac i t y  cons t ra i n t s  a re  exp l i c i t l y  cons ide red  (whe reas

they are not  in  MRP systems,  for  example) ,

.  t he  s t ruc tu re  o f  t he  mode ls  used  a t  d i f f e ren t  l eve l s  i s

consis tent  wi th  the product  aggregat ion scheme,

.  s i nce  the  emphas is  has  been  seL ,  i n  manu fac tu r i ng ,  on  the

reduct . ion of  change-over  t imes and costs ,  models  based on

the assumpt ion that  setup costs  are reJ-at ive ly  low now f i t

a  reasonably  wide range of  product ion systems.
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Major  shor tcomings of  the approach are:

. the product aggregation proposed in HÀX and MEAL tHMl f i ts

a  g i ven  t ype  o f  p roduc t i on  sys tems  and  the  mode lq

sugges ted  fo r  each  managemen t  l eve I  a re  based  on  a

pa r t i cu la r  cos t  s t ruc tu re .  Tha t  means  tha t ,  a l t hough  the

resu l t i ng '  sys tem can  be  re ta ined  fo r  a  fa i r l y  w ide  range

o f  app l i ca t i ons r  o the r  agg rega t i on  schemes  and

h ie ra rch i ca l  mode ls  fea tu r i ng  a  s im i l a r  cons i s tency  cou ld

have been invest igated where the in i t . ia l  ones fe l l  shof t .

Fo r  t he  imp lemen ta t i on  i n  t he  a lum inum indus t r y ,  t he

product  aggregat ion was empir ica l .

.  t he  de ta i l ed  da ta  requ i remen ts  a re  reduced  on l y  i f

backorder ing is  a l lowed.

.  no  randomness  i s  t aken  i n to  accoun t  and  fo recas t  e r ro rs

have to  be absorbed by means of  safety  s tocks.

.  even  though  in  [ME] ,  MEAL s t . i l l  emphas izes  the  need  fo r

de lega t i ng  the  dec i s ions ,  no  " spa t i a l "  decompos i t i on  o f  a

sys tem i s  p roposed .

I t  i s  i n te res t . i ng  to  no t i ce  tha t  t he  h ie ra rch i ca l  mode ls  p roposed

tend  to  l ack  genera l i t y .  Às  a  consequence ,  t he  imp lemen ta t i ons  have

been  des igned  t o  be  cons i s ten t  on l y  w i t h  t he  qua l i t a t i ve  i deas  on

wh ich  the  theo ry  i s  based .  However ,  t hey  make  use  o f  mode ls  tha t  a re

to ta l l y  d i f f e ren t  f rom the  ones  worked  ou t  i n  t heo re t i ca l  se t t i ngs ,

because  t hey  need  t o  r ep resen t  t he  spec i f i c  i s sues  ra i sed  by  Èhe

structure of  the systems they are designed for .

2 . t l l . l  Imp lemen ta t i ons

A good i l lust rat ion of  th is  s tatement  is  g iven in  MACKULAK, MOODIE

and VI fLLIAMS t t ,n4]  in  which the implementat ion descr ibed is  in tended

fo r  t he  S tee l  i ndus t r y .  A f te r  two  managemen t  sys tems  $ re re  s imu la ted

and prov ided d isappoint ing resul ts  (one based on a product ion- to-order

concept  and real  t ime contro l ,  the other  producing to  inventory wi th  a

f i xed  p roduc t -m ix ) ,  a  h ie ra rch i ca l  mode l  i s  p roposed  tha t  comb ines

thei r  advantages.
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T h e  h i g h e s t  l e v e l  i s  f o r e c a s t i n g  a n d  r e q u i r e s  a  s p e c i f i c  p r o d u c t

a g g r e g a t i o n .  T h e  a u t h o r s  p o i n t  o u t  t h e  d i f f e r e n c e  w i t h  a s s e m b l y

indus t r ies  in  wh ich  the  number  o f  f ina l  p roduc ts  i s  much lower  than

the  number  o f  components  and thus  fo recas t ing  can be  per fo rmed on the

f i n a l  p r o d u c t s .  f n  t h e  s t e e l  i n d u s t r y ,  t h e  n u m b e r  o f  e n d - p r o d u c t s  i s

v e r y  l a r g e  a n d  f o r e c a s t s  a r e  a c c u r a t e  o n l y  f o r  g r o u p s  . o f  t h e s e

p r o d u c t s .

T h e  n e x t  l o w e r  l e v e I  i s  m a s t e r  s c h e d u l i n g  w h i c h  c o n s i s t s  o f

d e t e r m i n i n g  t h e  p r o d u c t i o n  l e v e l  f o r  t h e  d i f f e r e n t  p r o d u c t  f a m i l i e s

( s t e e I  g r a d e s )  d e f i n e d  f o r  f o r e c a s t i n g  p u r p o s e s .  A  g o a l  p r o g r a m m i n g

t e c h n i q u e  i s  u s e d .

The mode l  p roposed combines  an  in f tex ib le  capac i ty  cons t ra in t  and

t h r e e  g o a l  c o n s t r a i n t s .  O n e  a i m s  a t  s e t t i n g  t h e  p r o d u c t i o n  a s  c l o s e  a s

p o s s i b l e  t o  t h e  a c t u a l  r e q u i r e m e n t s  ( f o r e c a s t  a n d  b a c k o r d e r s  n e t  o f

i n v e n t o r y )  .  T h e  s e c o n d  t e n d s  t o  m i n i m i z e  t h e  v o l u m e  o f  u n a s s i g n e d

p r o d u c t .  T h e  l a s t  o n e  s m o o t h e s  t h e  v a r i a t i o n s  o f  t h e  w e e k l y  p r o d u c t i o n

l e v e I s .  T h e  l o w e s t  l e v e l -  i s  a  h e u r i s t i c  s c h e d u l i n g - t o - s l a b s  m o d e l  t h a t

a s s i g n s  t h e  h e a t s  p l a n n e d  i n  t h e  m a s t e r  s c h e d u f e  t o  s l - a b  o r d e r s .

I n  t h i s  i m p l e m e n t a t i o n ,  t h e  p r o d u c t  a g g r e g a t i o n  i s  d e t e r m i n e d  b y

t h e  f o r e c a s t i n g  c o n s t r a i n t s  w h i c h  a r e  c h a r a c t e r i s t i c  o f  t h e  s t e e l

i n d u s t r y .  T h e  p l a n n i n g  m o d e l  i s  c h o s e n  t o  c o m b i n e  h a r d  a n d  s o f t

c o n s t r a i n t s ,  w h i c h  i s  a n o t h e r  v e r y  d e s i r a b l e  f e a t u r e  i n  t h i s  c o n t e x t .

M . R . P .  ( M a t e r i a l  R e q u i r e m e n t s  P l a n n i n g  o r  M a n u f a c t u r i n g  R e s o u r c e s

P l a n n i n g )  s y s t e m s  h a v e  u n d o u b t e d l y  g a i n e d  s o m e  r e c o g n i t i o n  f r o m

p r a c t i t i o n n e r s  i n  p a r t i c u l a r  i n d u s t r i e s .  H o w e v e r r  ê s  e x p l a i n e d  i n

MAXï IùELL e t  a I .  tMUl  ,  such sys tems jus t  " look  a t  the  e f  f  ec t  o f  a  master

schedu le  on  the  de ta i led  p lan  ra ther  than deve lop ing  a  p lan  tha t  l ies

wi th in  the  bounds o f  capac i ty " .  Th is  means tha t  an  MRP sys tem must  be

supplemented with an aggregate product ion planning sofware to generate

t h e  m a s t e r  s c h e d u l e ,  a n d  a l s o  t h a t  M R P  s y s t e m s  d o  n o t  i n t e g r a t e

c a p a c i t y  c o n s t r a i n t s .
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B A K E R  a n d  C O L L I N S  I B C I  p o i n t  o u t  t h a t  a  p r e r e q u i s i t e  f o r  a n y

m a n a g e m e n t  s y s t e m  i s  a n  i n f o r m a t i o n  s y s t e m '  t h a t  i s ,  a  d a t a - b a s e '

There fore ,  more  benef i t  i s  reaped f rom us ing  a  sound da tabase and a

p o o r  a l g o r i t h m  ( a s  i n  M R P )  t h a n  f r o m  r u n n i n g  s o u n d  a l g o r i t h m s  o n

er roneous da ta .  However ,  combin ing  the  advantages  o f  bo th  approaches

w o u l d  b e  b e t t e r .

ANDERSSON,  AXSÂTER and JONSSON tAAl  cons ider  an  imp lementa t ion  in

an assembly  indus t ry .  They  choose to  adapt  an  MRP sys tem in  o rder  tha t

i t  s a t i s f i e s  s o m e  c a p a c i t y  c o n s t r a i n t s .  A  t a i l o r - m a d e  a g g r e g a t e

p lann ing  mode l  i s  descr ibed,  wh ich  takes  in to  account  the  mul t i -s tage

s t r u c t u r e  o f  t h e  p r o d u c t i o n  c o n s i d e r e d .  T w o  d i s a g g r e g a t i o n  p r o c e d u r e s

a r e  p r o p o s e d  t o  f i t  t h e  s c h e d u l e  p r o v i d e d  b y  t ' h e  M R P  s y s t e m  t o  t h e

a g g r e g a t e  p l a n .  O n e  c o n s i s t s  o f  m o d i f y i n g  t h e  o r d e r  r e l e a s e  t i m e s  a n d

È h e  o t h e r  c o n s i s t s  o f  m o d i f y i n g  t h e  o r d e r  q u a n t i t i e s '  B o t h  p r o c e d u r e s

a r e  t e s t e d  b y  s i m u l a t i o n  a n d  a p p e a r  t o  r e d u c e  t h e  c o s t  o f  o v e r t i m e

l a b o r ,  w h i c h  i s  t h e  e v a l u a t i o n  c r i t e r i o n .  N a m e l y ,  i n  a  c l a s s i c a l  M R P

s y s t e m ,  w h e n e v e r  t h e  p r o d u c t i o n  t i m e  r e q u i r e d  b y  t h e  m a s t e r  s c h e d u l e

e x c e e d s  t h e  r e g u l a r  w o r k  t i m e ,  i t  i s  r e s o r t e d  t o  o v e r t i m e '

M A X V Ù E L L  e t  a I .  t M U l  r e v i e w  t h e  e x i s t i n g  p r o d u c t i o n  c o n t r o l  s y s t e m s

and the i r  respec t ive  weaknesses  and r i s t  f i ve  necessary  improvements ,

n a m e l y  t h e  c o n S i d e r a t i o n  o f  m u l t i p l e - s t a g e  s y s t e m s ,  l o a d - d e p e n d e n t

l e a d - t i m e s ,  c a p a c i t y  l i m i t a t i o n s '  u n c e r t a i n t y  o f  d e m a n d  a n d  s u p p l y '

and se tup  t ime and cos t .  The f ramework  they  propose is  a  h ie rarch ica l

s e t  o f  t h r e e  m o d e r s :  m a s t e r  p r o d u c t i o n  p l a n n i n g ,  p l a n n i n g  f o r

u n c e r t a i n t y ,  a n d  r e s o u r c e  a l l o c a t i o n .  T h e y  i l l u s t r a t e  t h e  u s e  o f  t h i s

mode l  fo r  a  s tamping  p lan t  in  the  us  au tomot ive  indus t ry '

LASSERRE, I IARTIN and ROUBELLAT tLMl address the product ion planning

o f  a  p h o t o m u l t i p l i e r  p l a n t ,  i n  w h i c h  t h e  m a c h i n e s  a r e  n o L  s p e c i a l i z e d '

T h e  s o l u t i o n  t h e y  a d o p t  i s  a  h i e r a r c h i c a l  c o n t r o l :  t h e  m e d i u m  t e r m

plann ing  leve l  de termines  the  number  o f  opera t ioçs  o f  each type to

per fo rm week ly  over  a  g iven hor izon  and fo r  each produc t  tyPe;  the

shor t  te rm schedu l ing  leve l  a l loca tes  to  the  in -process  inventory  the

opera t ions  p lanned fo r  the  f i rs t  week o f  the  med ium te rm hor izon  '
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Th i s  pa r t i cu l a r  f o rmu la t i on  o f  t he  p l ann ing -schedu l i ng  p rob lem

ar i ses  because  the  s tandard  mass  ba lance  equa t ions  a l l ow  a  g i ven
p roduc t  t o  undergo  seve ra l  ope ra t i ons  (poss ib l y  t he  who le  p rocess )

du r i ng  a  s tng re  pe r i od ,  wh i ch  i s  phys i ca r r y  imposs ib l e  f o r  t he
p roduc ts  cons ide red .  The re fo re ,  âD  add i t i ona l  se t  o f  cons t ra in t s  i s
i n t roduced  to  I im i t  t he  number  o f  ope ra t i ons  pe r  pe r iod  a t  eaçh
produc t i on  phase .  À  heu r i s t i c  reso lu t i on  i s  p roposed  fo r  t he  resu l t i ng

schedul ing problem.

T h e  p l a n n i n g  c o n s t r a i n t s  b e i n g  l i n e a r ,  t h e  o b j e c t i v e  i s  s o u g h t  a s  a

c o n v e x  ( p i e c e w i s e  l i n e a r )  f u n c t i o n .  T h e  p r o c e d u r e  u s e d  t o  s o f v e  t h e

resu l t ing  program is  based on  DANTZIG-VùOLFE decompos i t ion  and on  the

e f f i c i e n t  a l g o r i t h m  p r o p o s e d  b y  L A S S E R R E  f o r  I i n e a r  p r o g r a m s  w i t h  a

s p e c i a l  s t r u c t u r e .  S e v e r a l  d e c o m p o s i t i o n  s c h e m e s  a r e  i n v e s t i g a t e d .

C l o s e r  t o  t h e  t h e o r y  d e s c r i b e d  i n  p r e v i o u s  s e c t i o n s ,  P E N D R O C K  t P E l

a p p l i e s  H A X r s  d e s i g n  t e c h n i q u e  - d e s c r i b e d  i n  t H A 2 l  -  t o  t h e  c a s e  o f  a

p r o d u c t i o n  a n d  d i s t r i b u t i o n  f i r m ,  a n d  O L S O N  I O L ]  p r o p o s e s  a  h i e r a r c h i c a l

t h r e e  l e v e l  s y s t e m  f o r  a  s p e c i f i c  t w o - s t a g e / t w o - p r o d u c t  e n t e r p r i s e ,

b a s e d  o n  s i m p l e  m a t h e m a t i c a l  m o d e l s  a n d  " h a n d  t u n i n g "  o f  t , h e i r

r e s u l t s .

G E L D E R S  a n d  V A N  I { A S S E N H O V E  t G l , I l  d e s c r i b e  q u a l i t a t i v e l y  t h e

h i e r a r c h i c a l  a p p r o a c h  a n d  a c k n o w l e d g e  t h e  t h e o r e t i c a l  w o r k  p e r f o r m e d

t o  a d d r e s s  t h e  i s s u e s  o f  c o n s i s t e n c y ,  i n f e a s i b i l i t y  a n d  s u b o p t i m a l i t y .

H o w e v e r ,  i n  t h e  i m p l e m e n t a t i o n s  r e p o r t e d ,  t h e  m a t h e m a t i c a l  m o d e l s  a r ç

v e r y  s p e c i f i c  h e u r i s t i c s  d e s i g n e d  p r i m a r i l y  t o  p r o v i d e  s o m e  n u m e r i c a l

b a s i s  f o r  t h e  d e c i s i o n  p r o c e s s .  A  " c r o s s f u n c t i o n a l  m a n a g e r i a l -

comrn i t tee"  i s  ac tua l l y  in  charge o f  coord ina t ing  the  h igher  and lower

d e c i s i o n s  i n  o r d e r  t o  e n s u r e  c o n s i s t e n c y  a n d  a v o i d  i n f e a s i b i t i t i e s  b y

i n s e r t i n g  s l a c k  t i m e  o r  s a f e t y  s t o c k s  i n  a  " t h o r o u g h l y  c o n t r o l l e d "

$ r a y .  T h e  i s s u e  o f  s u b o p t i m a l i t y  i s  n o t  c o n s i d e r e d  t o  b e  o f  p r i m a r y

impor tance in  these imp lementa t ions .
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2.tl l .+ Software Systems

HAX andGOLOVIN tHGl  descr ibe  the  imp lementa t ion  o f  the  h ie rarch ica l

p lann ing  concepts  in  a  "Computer  based Opera t ions  Management  Sys tem"

( C O M S )  .  T h i s  s y s t e m  a c c o m o d a t e s  t h e  t h r e e  l e v e l s  o f  p r o d u c t .

aEgregat ion  in t roduced in  HAX and MEAL tHMl .  However ,  the  user  i s  no t

I i m i t e d  t o  t h e  a l g o r i t h m s  d e s c r i b e d  i n  [ H M ] ,  t B X 2 l  a n d  t B S l l ;  h e  i s

g iven the  cho ice  o f  the  procedure  (op t im iz ing  or  heur is t i c )  to  use  fo r

e a c h  o f  t h e  d e c i s i o n  l e v e I s :  a g g r e g a t e  p l a n n i n g ,  t y P e  t o  f a m i l y

d i s a g g r e g a t i o n ,  a n d  f a m i l y  t o  i t e m  d i s a g g r e g a t i o n .  T h e  m a n a g e m e n t

s y s t e m  b u i l t  b y  C O M S  i s  t h u s  c u s t o m i z e d  t o  m e e t  t h e  u s e r ' s  n e e d s ,

prov ided tha t  he  can de termine what  a lgor i thms are  bes t  su i ted  to  h is

case.  I t  seems tha t  COMS has  main ly  been used fo r  research  Purposes .

A n o t h e r  h i e r a r c h i c a l -  s c h e d u l i n g  s y s t e m ,  P A T R I A R C H ,  i s  c u r r e n t l y

d e v e l o p e d  a t  C a r n e g i e  M e l l o n  U n i v e r s i t y .  M O R T O N  a n d  S M U N T  I M S I  a n d

LAV' IRENCE and MORTON tLOl  descr ibe  i t  as  a  dec is ion  suppor t  sys te rn

r e q u i r i n g  a  v a r i a b l e  d e g r e e  o f  h u m a n  i n t e r v e n t i o n  a n d  e x p e r t i s e ,

d e p e n d i n g  o n  t h e  t y p e  o f  d e c i s i o n  c o n s i d e r e d :  s t r a t e g i c  d e c i s i o n s  a r e

m o s t l y  m a n u a l ,  s c h e d u l i n g  i s  e n t i r e l y  a u t o m a t e d .  T h e  s y s t e m  c o m b i n e s

a c c u r a t e  s u b o p t i m i z a t i o n  a l g o r i t . h m s  w i t h  s i m u l a t i o n  c a p a b i l i t i e s  a n d

r u l e s  o f  t h u m b .  T w o  i s s u e s  c o n s i d e r e d  o f  s i g n i f i c a n t  i m p o r t a n c e  ( e . 9 .

i n  [ M U ] ,  t B C l  )  a r e  a d d r e s s e d :  t h e  u s e  o f  " s h a d o w  c o s t s "  f o r  e v a l u a t i o n

o f  a l t e r n a t i v e  s o l u t i o n S  a n d  i n t e g r a t i o n  o f  " S o f t "  c o n s t r a i n t s ,  a n d

the  var iab i l i t y  o f  lead- t imes due to  the  load o f  the  sys tem.

2.ttt.s Suboptimality of the Hierarchical Approach

T h i s  i s s u e  h a s  b e e n  a d d r e s s e d  i n  D E M P S T E R ,  F I S H E R  e t  a I .  t D F l  .  A

f ramework  is  p roposed to  compare  the  per fo rmance o f  a  h ie rarch ica l

cont ro l  a lgor i thm wi th  tha t  o f  a  s tochas t ic  mode l .  Namely ,  one o f  the

main  reasons  to  imp lement  a  h ie rarch ica l  con t ro l  i s  tha t  i t  a l lows one

t o  m a k e  l o n g - t e r m  d e c i s i o n s  b a s e d  o n  a g g r e g a t e  f o r e c a s t s  w h e n  t h e

deta i led  da ta  a re  no t  known beyond a  shor t  hor izon .  Therè fore  the

performance of a hierarchical  system cannot be equitably compared to

the performance of a determinist ic model in which aII  the future dat 'a

are known with certainty.
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T h e  a u t h o r s  t h e n  i l l u s t r a t e  t h e i r  e v a l u a t i o n  m e t h o d  o n  a  s i m p l i f i e d

vers ion  o f  the  des ign-and-schedu l ing  sys tem proposed in  ARMSTRONG and

i I A X  t A H l  .  T h e  j o b  s h o p  i s  r e d u c e d  t o  a  s e t  o f  p a r a l l e l  i d e n t i c a l

m a c h i n e s  a n d  t h e  h i g h e r  l e v e l  d e c i s i o n  c o n s i s t s  o f  d e t e r m i n i n g  t h e

opt ima l  number  o f  mach ines ,  m.  The lower  leve l  i s  concerned w i th  the

prob lem o f  schedu l ing  n  jobs  on  these t r  mach ines  in  o rder  to  min imize

t h e  c o m p l e t i o n  t i m e .  T h e r e  i s  a  c o s t  a s s o c i a t e d  w i t h  t h e  p u r c h a s e  o f  a

m a c h i n e  a n d  a  c o s t  p r o p p o r t i o n a l  t o  t . h e  c o m p l e t i o n  t i m e .  I t  i s  a l s o

a s s u m e d  t h a t  t h e  j o b  p r o c e s s i n g  t i m e s  b e c o m e  k n o w n  o n l y  a f t e r  t h e

number  o f  mach ines  has  been chosen.  The da ta  on  wh ich  the  h igher  leve l

d e c i s i o n  i s  b a s e d  i s  a  f o r e c a s t  o f  t h e  s u m  o f  t h e  n  p r o c e s s i n g  t i m e s .

The per fo rmance o f  th is  h ie rarch ica l  dec is ion  scheme is  compared to

t h a t  o f  a  s t o c h a s t i c  m o d e l -  i n  w h i c h  t . h e  t w o  c o s t s  i n v o l v e d  a r e

r n c l u d e d  i n  a  s i n g l e  m o d e L  a n d  t h e  v e c t o r  o f  p r o c e s s i n g  t i m e s  i s

s u p p o s e d  t o  b e  r a n d o m  w i t h  k n o w n  m e a n  v a l - u e .  I t  i s  p r o v e d  t h a t  w h e n

c h e  n u m b e r  o f  j o b s  t e n d s  È o  i n f i n i t y ,  t h e  p e r f o r n a n c e  o f  t h e  t w o

s y s t e m s  b e c o m e  e q u a l .

T h i s  i n t e r e s t i n g  e v a l u a t i o n  a p p r o a c h  i s  c l - a i m e d  b y  t h e  a u t h o r s  t o

a p p l y  t o  a n y  o f  t h e  f o u r  t y p e s  o f  h i e r a r c h i c a l  s y s t e m s  t h e y  r e v i e w ,

c h a t  i s  " a g g r e g a t e / d e t a i l e d  s c h e d u l j - n g " ,  "  j o b  s h o p  d e s i g n  a n d
c a h a r l r r  I  ' i  n a r r  I t d i s t r i b u t i o n  s y s t e m  d e s i g n  a n d  s c h e d u l i n g " ,  a n d  " v e h i c l ef

r o u t i n g  a n d  s c h e d u l - i n g " .

H o w e v e r ,  t h e  a n a l y t i c a l  r e s u l t s  p r e s e n t e d  i n  t h e  a p p l i c a t i o n  d e p e n d

s t r o n g l y  c n  t . h e  c r i t e r i a  a n d  m o d e l - s  c h o s e n .  A s  t h e  a u t h o r s  p o i n t  o u t ,

h j - e r a r c h i c a l  s y s t e n s  a r e  p r e f e r r e d  t o  m o n o l i t h i c  s y s t e m s  ( e s p e c i a l l y

s c o c h a s ' - i c )  f o r  c o m p u t a t i o n a l  r e a s o n s .  T h i s  m e a n s  t h a t  o n e  c a n n o t

e x p e c t  t o  e v a l - u a t e  a  h i e r a r c h i c a l  s y s t e m  b y  c o m p a r i n g  i t s  s o l u t i o n  t o

t h a t  o f  a  m u l - t i s t a g e  s t o c h a s t i c  p r o g r a m m i n g  m o d e l  o f  t h e  p r o b l e m .

I n s t e a d ,  I o w e r  b o u n d i n g  t e c h n i q u e s  s h o u l d  b e  u s e d .  T h e r e f o r e ,  t h e

n u m e r i c a l  r e s u l t s  w i l l  n e c e s s a r i l y  d e p e n d  o n  t h e  n a t u r e  o f  t h e  m o d e l s

a n d  n o  g e n e r a l  s t a t e m e n t  c a n  b e  m a d e  c o n c e r n i n g  t h e  q u a l i t y  o f

h i e r a r c h i c a l  s y s t e m s .  B e s i d e s ,  i t  s e e m s  t h a t  t h i s  e v a l u a t i o n  m e t h o d

h a s  n o t  b e e n  a p p l i e d  t o  o t h e r  m o d e l s .
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Hierarchies in Production Management and Control: a Survey

2.ut.o

A n o t h e r  i s s u e  p o i n t e d  o u t  a s  e s s e n t i a l  b y  G E L D E R S  a n d  V A N

f ' f A S S E N H O V E  i s  t h a t  o f  i n f  e a s i b i l i t . y  o t  r  i n  o t h e r  w o r d s ,  o f

d isaggregat ion .  KRAJE! {SKI  and RITZMAN tKRl  i s  supposed to  be  a  survey

o f  t h e  r e s e a r c h  w o r k  o n  t h e  i s s u e :  a c c o r d i n g  t o  i t s  a b s t r a c t ,  t h i s

p a p e r  i s  a i m e d  a t  d r a w i n g  a t t e n t i o n  " t o  t h e  l a c k  o f  a n  i n t e r f a c i n g

m e c h a n i s m  [ w h i c h ]  d i m i n i s h e s  t h e  u t i l i t y  o f  s o l u t i o n  p r o c e d u r e s  f o r

aggregate  p lann ing ,  inventory  cont ro l  and scheduL ing" .

A c t u a l l y ,  t h e  d e f i n i t i o n s  s u b s e q u e n t l y  a d o p t e d  f o r the  concept  o f

w i d e  r a n g e  o f

t h e  u n i f y i n g

a l I  r espec t s '  a

T h e  a g g r e g a t i o n  o r  d i s a g g r e g a t i o n  s c h e m e s  c o n s i d e r e d  h e r e  a r e  o f

t h r e e  s o r t s :  o v e r  t r m e ,  p r o d u c t s ,  a n d  m a c h i n e s .  W h i I e  a n  i m p o r t a n t

p a r t  o f  t h e  w o r k  p e r f o r m e d  b y  H A X  e t  a I .  w a s  a i m e d  a t  s o l v i n g  t h e

p r o b l - e m s  r a i s e d  b y  t i m e  a n d  p r o d u c t  d i s a g g r e g a t i o n ,  a p p a r e n t l y  n o  r v o r k

h a s  a d d r e s s e d  t h e  i s s u e  o f  t r i p l e  a g g r e g a t i o n  a n d  d i s a g g r e g a t i o n .

T h e  f i r s t  w o r k  i n  d i s a g g r e g a t i o n  c o n c e r n s  o n l y  a  p r o d u c t

d i s a g g r e g a t i o n .  Z O L L E R  t Z O l  c o n s i d e r s  a  t w o  l e v e I  e c o r i o m i c  m o d e l  i n

w h i c h  t h e  a g g r e g a t e  p r o d u c t i o n  i s  d e t e r m i n e d  b y  m i n i m i z L n g  a  c o s t

f u n c t i o n .  T h e  p r o d u c t - m i x  a n d  s a l e s  p r i c e  a r e  d e t e r m i n e d  a t  t h e  l o w e r

Ieve l  in  o rder  to  max imize  the  pro f i t ,  assuming tha t  the  demand vo lume

d e p e n d s  o n  t h e  s a l e s  p r i c e  a n d  t h a t  t h e  f u n c t i o n  b i n d i n g  t h e  t w o

v a r i a b f e s  i s  k n o w n .  T h e  a u t h o r  p r o v i d e s  a n  a l g o r i t h m  t o  s o l v e  t h i s

lower  leve l  p rob lem and,  l - i ke  GELDERS and KLEINDôRFER tGKLl ,  [GK2J .  He

c h o o s e s  a n  i t e r a t i v e  p r o c e s s  i n  o r d e r  t o  r e a c h  t h e  o p t i m a l  s o l u t i o n ,

a l t h o u g h  h e  a c k n o w l e d g e s  t h e  a l t e r n a t i v e  s o l u t i o n  o f  a  s e q u e n t i a l

top-down dec is ion  Process .
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In  the  f ie ld  o f  p ro jec t -o r ien ted  produc t ion  (sh ipyard) ,  HACKMAN and

T,EACHMÀN cons ider  the  case when severa l  concur ren t  p ro jec ts  compete

for  scarce  resources .  These resources  must  be  a l loca ted  to  the  pro jec t

m a n a g e r s  w h o  i n  t u r n  s c h e d u l e  t h e  o p e r a t i o n s  r e q u i r e d  t o  c o m p l e t e

t h e i r  p r o j e c t  w i t h i n  t h e s e  c a p a c i t y  c o n s t r a i n t s .

In  o rder  to  reduce the  d imens ion  o f  the  prob lem,  the  opera t ions  in

a  pro jec t  tha t  requ i re  the  same resource-mix  a re  aggregated .  The issue

i n v e s t i g a t e d  i s  t h a t  o f  r e f o r m u l a t i n g  t h e  o p e r a t i o n s  p r e c e d e n c e

c o n s t r a i n t s  a t  t h e  a g g r e g a t e  l e v e I ;  a  c o n t i n u o u s  t i m e  r e p r e s e n t a t i o n

i s  a d o p t e d  f o r  t h e  p r o d u c t i o n  f u n c t i o n s ,  t h a t  i n d i c a t e  t h e  c u m u l a t i v e

r e s o u r c e  c o n s u m p t i o n  o f  a g g r e g a t e  o p e r a t i o n s .  G i v e n  t h e  e a r l y  a n d  l a t e

s t a r t - t i m e s  f o r  e a c h  d e t a i l e d  o p e r a t i o n ,  t h e  p r o d u c t i o n  f u n c t i o n  m u s t

b e  i n s i d e  a  " w i n d o w "  d e f  i n e d  b y  t h l o  e x t r e m e  s c e n a r i  :  a l - 1  o p e r a t  i o n s

s t a r t i n g  a t  t h e i r  e a r l y  s t a r t - t i m e  v e r s u s  a L l  o p e r a t i o n s  s t a r t i n g  a t

t h e i r  l a t e  s t a r t - t i m e .  F o r  t w o  c o n s e c u t i v e  a g g r e g a t e  o p e r a t i o n s ,  t h e

p r e c e d e n c e  c o n s t r a i n t  i s  a p p r o x i m a t e d  b y  a  c o n d i t i o n  o n  t h e  p r o d u c t i o n

f u n c t i o n s  w i t h  r e s p e c t  t o  t h e i r  t i m e  w i n d o w s .

B e s i d e s  t h e s e  v e r y  s p e c i f i c  d i s a g g r e g a t i o n  m o d e l - s  a n d  t h e  w o r k

s u m m a r i z e d  i n  E R S H L E R ,  F O N T A N  a n d  M E R C E  I E F ] ,  o n e  c a n  f i n d  t h e  i s s u e

o f  d o u b l e  a g g r e g a t i o n / d i s a g g r e g a t i o n  o v e r  p a r t s  a n d  m a c h i n e s  a d d r e s s e d

i n  A X S A T E R  t A X l .  S o l v i n g  a n  a g g r e g a t e  o p t i m i z i n g  p r o b l e m ,  i n  t e r m s  o f

p r o d u c t - f a m i l i e s  a n d  m a c h i n e s  s u b s y t e m s  y i e l d s  a n  " a g g r e g a t e "  c o n t r o l

t h a t  i t  m a y  n o t  b e  p o s s i b l e  t o  d i s a g g r e g a t e .

T h e  a u t h o r  d e r i v e s  a  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  o n  t h e

a g g r e g a t i o n  m a t r i x e s  ( w h c s e  ( i ,  j  ) ' h  e l e m e n t  i s  I  i f  p r o d u c t  ( r e s p .

m a c h i n e )  j  i s  i n  p r o d u c t -  ( r e s p  m a c h i n e - )  g r o u p  i ,  a n d  0  o t h e r w i s e )  f o r

t h e  a g g r e g a t i o n  t o  b e  p e r f e c t ,  i . e .  i n  o r d e r  t h a t  i t  b e  p o s s i b l e  t o

d i s a g g r e g a t e  a n y  a g g r e g a t e  p l a n .  M o r e o v e r ,  s i n c e  p e r f e c t  a g g r e g a t i o n

i s  n o t  a l w a y s  a t t a i n a b l e ,  A X S Â T E R  p r o v i d e s  a  m e t h o d  t o  b u i l d  t h e

aggregate  modeI ,  assuming tha t  the  produc ts  and mach ines  fami l ies  a re

g i v e n ,  a n d  t h a t  t h e  c o n t r o l  c a n  b e  m o d e l l e d  a s  a  r a n d o m  v e c t o r  o f

k n o w n  f i r s t  a n d  s e c o n d  o r d e r  s t a t i s t i c s .
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V ù h a t e v e r  t h e  d i f f i c u l t i e s  e n c o u n t e r e d  i n  h i e r a r c h i c a l  p r o d u c t i o n

p l a n n i n g  m o d e l s  r e v i e w e d  s o  f a r  - a n d  t h e  g a p  b e t w e e n  t h e o r y  a n d

p r a c t i c e  s h o b r s  t h e r e  a r e  d i f f i c u l t i e s - ,  t h e y  s t i I l  a r e  n o t  c o m p a r a b l e

w i t h  t h o s e  t h a t  a r i s e  w h e n  t h e  l o w e r  d e c i s i o n  l e v e l  i s  t h a t  o f

de ta i led  schedu l inq .  The nex t  sec t ion  rev iews the  few mode ls  deve loped

to  coord ina te  de ta i led  schedu l ing  and aggregate  p lann ing .
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2.w INTERACTON BETWEEN MODELS FOR AGGREGATE-
AND DETAILED- SCHEDULING

G R E E N  t G U l  i s  p r o b a b l y  o n e  o f  t h e  f i r s t  p a p e r s  t h a t  a d d r e s s

d i r e c t l y  t h e  i s s u e  o f  c o o r d i n a t i o n  o f  t w o  s e p a r a t e  m o d e l s ,  o f  w h i c h

o n e  i s  r e l a t e d  t o  d e t a i l e d  s c h e d u l i n g .  T h e  a u t h o r ' s  a p p r o a c h  i s  b a s e d

on a  doub le  observa t ion  :

-  on  the  one hand,  p lann ing  o f  the  work fo rce  and produc t ion  leve ls

th rough use o f  HOLT,  MODIGLfANI ,  MUTH and SIMONTs l inear  dec is ion  ru le
( H M M S )  i s  s t r a i g h t f o r w a r d  b u t  r e q u i r e s  t h a t  a s s u m p t i o n s  b e  m a d e

c o n c e r n i n g  t h e  p a r a m e t e r s  o f  t h e  r u l e .  A n d  t h i s  l - e a d s  t o  a  s u b s t a n t i a l

sub-opt ima l i t y ;

o n  t h e  o t h e r  h a n d ,  a  d e t a i l e d  s i m u l a t i o n  o f  t h e  s y s t e m  f o r  a

g iven cont ro l  w i I I  y ie ld  accura te  va l -ues  fo r  the  HMMS cos t  func t ion

a n d  c o u l d  b e  u s e d  t o  f i n d  a  g o o d ,  i f  n o t  o p t i m a l ,  s o l u t i o n .  H o w e v e r ,

t h i s  w o u l d  i m p l y  a n  e x c e s s i v e l y  h e a v y  c o m p u t a t i o n a l  b u r d e n  i n  t h e

absence o f  a  gu id ing  procedure  to  improve the  so lu t ion .

The procedures  exp lo red  are  d i f fe ren t  i te ra t i ve  "coup l ings"  o f  the

t w o  m o d e l s ,  i n  w h i c h  s o m e  i n i t i a l  g u e s s e s  a b o u t  p a r a m e t e r s  ( s u c h  a s

t h e  p r o d u c t i v i t y  f a c t o r )  a r e  m a d e  t o  a p p l y  H M M S  r u l e  a n d  t h e n  a

s imu l -a t ion  is  run  w i th  the  work fo rce  and produc t ion  leve Is  de termined,

wh ich  y ie lds  the  ac tua l  va lue  o f  the  "coup l ing"  parameter .  The process

i s  i t e r a t e d  u n t i l  c o n s i s t e n c v  i s  r e a c h e d .

I t  i s  i n t e r e s t i n g  t o  p o i n t  o u t  t h a t  G R E E N  d o e s  n o t  c o n s i d e r  t h i s

h i e r a r c h i c a l - t y p e  d e c i s i o n  p r o c e s s  a s  a  m a n a g e r i a l  n e c e s s i t y  b u t  o n l y

as  a  so lu t ion  to  the  computa t iona l  p rob lem.  fn  h is  op in ion ,  one wou ld

idea l l y  be  ab le  ( in  a  no t  too  d is tan t  fu tu re . . . )  to  run  the  s imu la t ion

ins tan taneous ly  and a t  a  very  low cos t ,  wh ich  wou ld  make i t  poss ib le

to  de termine the  op t ima l  con t ro l  by  t r ia l  and er ro r .  In  the  t igh t  o f

c u r r e n t  s i m u l a t i o n  u s e r s '  o p i n i o n ,  i t  s e e m s  t h a t  t h i s  f u t u r e  i s

s l igh t ly  more  d is tan t  than GREEN thought  i t  was .
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On the  cont ra ry ,  SHV{ IMER ISWI  c lear ly  aknowledges the  theore t ica l

f o u n d a t i o n  f o r  h i e r a r c h i c a L  d e c i s i o n - m a k i r g ,  a s  w e r r  a s  t h e

in t rac tab i t i t y  o f  a  mono l i th ic  job-shop schedu l ing  mode l  fo rmula ted  as

a  m i x e d  i n t e g e r  p r o g r a m .  H e  t h e r e f o r e  p r o p o s e s  t o  s p r i t  t h e

p l a n n i n g - s c h e d u l i n g  p r o b r e m  i n  a g g r e g a t e  c a p a c i t y  p t a n n i n g  a n d

d e t a i l e d  s c h e d u l i n g .  T h e  f i r s t  p r o b l e m  i s  f o r m u l a t e d  a s  a  m i x e d

in teger  p rogram tha t  can  read i l y  be  approx imated by  a  I inear  p rogram

but  the  second one becomes in t rac tab le  whenever  so lved by  means o f  the

o p t i m i z a t i o n  m o d e l  i n i t i a l l y  s u g g e s t e d

H e n c e  t h e  m e t h o d  i n v e s t . i g a t e d  c o n s i s t s  o f  i t e r a t i v e l y  s o l v i n g  t h e

a g g r e g a t e  p l a n n i n g  p r o b l e m  a n d  r u n n i n g  a  s i m u l a t i o n  o f  t h e  s y s t e m

w h e r e  s c h e d u l i n g  i s  p e r f o r m e d  b y  m e a n s  o f  s t a n d a r d  p r i o r i t y  r u l e s .  A

n u m b e r  o f  p r o c e d u r e s  f o r  p a s s i n g  t h e  i n f o r m a t i o n  b e t w e e n  t h e  t w o

m o d e L s  a r e  p r o p o s e d .  H e n c e  t h e  a g g r e g a t e  d e c i s i o n s  c a n  b e  m a d e

c o n s i s t e n t l y  w i t h  t h e  l o w e r  l e v e l  c o n s t r a i n t s .  T h a t  i s ,  o n e  i s  a s s u r e d

t h a t  t h e  f e a s i b l e  d e c i s i o n - s e t  t h e y  y i e l d  f o r  t h e  l o w e r  l e v e l  c o n t a i n s

a  c o n t r o l  ( n a m e l - y  t h e  d e c i s i o n  r u l e  p r e v i o u s l y  s i m u l a t e d )  c o m p a t i b l e

w i t h  t h e  c o n s t r a i n t s  t h a t  w i l l  a p p e a r  a t  t h e  l - o w e r  l e v e l  o n l y .

ARMSTRONG and HAX [AH]  use  the  same type o f  approach in  a  mode l

d e v i s e d  t o  p l a n  t h e  w o r k f o r c e  l - e v e I s  - b y  s k i l I s -  a s  w e l l  a s  t h e

r e p l a c e m e n t  o f  c o n v e n t i o n a l -  m a c h i n e  t o o l s  b y  n u m e r i c a l l y  c o n t r o l L e d

m a c h i n e s  i n  a  n a v a f  t e n d e r  j o b  s h o p .  T h e  m i x e d  i n t e g e r  p r o g r a m

m o d e l - l - i n g  t h e  h i g h e r  l e v e l  d e c i s i o n s  a n d  a  s i m u t a t i o n  o f  t h e  d e t a i l e d

s c h e d u l i n g  a r e  r u n  i t e r a t i v e l y  u n t i l  a  s a t i s f a c t o r y  m a c h i n e  o c c u p a t i o n

i s  a c h i e v e d .  T h i s  i t e r a t i o n  e n s u r e s  t h a t  t h e s e  d e s i g n  d e c i s i o n s  w i l I

y i e l d  a n  e f f i c i e n t  p r o d u c t i o n  s y s t e m .  T h e  c o u p l i n g  b e t w e e n  m o d e l s  i s

a s s u m e d  t o  b e  p r i n c i p a l l y  b a s e d  o n  " m a n a g e r i a l  i n t e r a c t i o n " .

M o r e  r e c e n t l y ,  I M B E R T  I I M ]  p r o p o s e d  t o  r e p l a c e  t h e  u s e  o f

d ispatch ing  ru les  suggested  by  SHWIMER for  the  lower  leve l  mode l  by  an

ana ly t i ca l  approach to  schedu l - ing-  ( "cons t ra in t  ana l -ys is " )  .  The mach ine

I o a d s  a r e  d e t e r m i n e d  b y  r u n n i n g  t h e  s i m u l a t i o n  a c c o r d i n g  t o  t h i s

schedu l ing  method.  They  are  then fed  back  to  the  l inear  p rogram tha t
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d e t e r m i n e s  t h e  a g g r e g a t e  p r o d u c t i o n  p l a n .  T h e  t w o  m o d e l s  a r e  r u n

i te ra t i ve ly  un t i l  enough manpo! {e r  i s  a l loca ted  fo r  the  schedu le  bo th

to  be  feas ib le  and to  requ i re  the  same amount  o f  manpobrer  as

a l l o c a t e d .  T h e  a p p l i c a b i l i t y  o f  t h e  r e s u l t i n g  m a n a g e m e n t  s y s E e m  i s

then tes ted  on  da ta  representa t ive  o f  a  smal l  job-shop.

S i n c e  t h i s  s e e m s  t o  b e  t h e  I a s t  w o r k  o n  t h e  s u b j e c t ,  i t  a p p e a r s

t h a t  t h e  c o n c l u s i o n s  d r a w n  a t  t h e  e n d  o f  S e c t i o n  2 . t t t  h o l d  f o r  t h e

sys tems inc lud ing  de ta i led  schedu l ing  in  i t s  t rad i t iona l  combina tor ia l

f o r m u l a t i o n .  A l s o ,  a  u n i f y i n g  f r a m e w o r k  t h a t  w o u l d  b e  o f  p r a c t i c a l

l -n te res t  fo r  the  deve lopment  o f  management  sys tems in  c lud ing  de ta i led

schedu l ing  in  a  w ide  range o f  se t t ings  is  s t . i l l  l ack ing .  However ,  th is

i s  n o t  f a t a t :  w h e n  t h e  c o n t r o l  p o l i c i e s  a r e  s o u g h t  i n  a  d i f f e r e n t ,

m o r e  r e s t r i c t e d  s e t ,  d e t a i l e d  s c h e d u l i n g  c a n  b e  h a n d l e d  i n  a

h ie rarch ica t  sys tem.  Such a  spec ia l -  case is  descr ibed in  the  fo l low ing

s e c t i o n .
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2.v

The  adven t  o f  so - ca l l ed  F Iex ib Ie  Manu fac tu r i ng  Sys tems  has
generated a f resh approach to  the p lanning and contro l  theory based on
the fact  that  these new systems requi re a h igher  degree of  automat ion
o f  t he  dec i s i on  p rocess .  r n  o the r  wo rds ,  i t  may  be  poss ib re ,  i n
t r a d i t i o n a l  m a n u f a c t u r i n g  s y s t e m s ,  t o  r e l y  o n  h u m a n s '  a b i l i t y  t o  m a k e

d e c j . s i o n s  w h e n  u n e x p e c t e d  e v e n t s  o c c u r .  H o w e v e r ,  t h i s  i s  n o t

a c c e p t a b l e  i n  F M S s ,  e s p e c i a l l y  i f  t h e y  a r e  s u p p o s e d  t o  r u n  u n m a n n e d

for  one sh i f t  a  day .

C o n s e q u e n t l y '  t w o  a t t i t u d e s  a r e  a d o p t e d  b y  m a n u f a c t u r e r s  a n d

cont ro l -  theor is ts .  On the  one hand,  the  f lex ib le  sys tems imp lemented

t e n d  t o  p e r f o r m  a  r e s t r i c t e d  s e t  o f  o p e r a t i o n s ,  w h i c h  c o n s i d e r a b l y

s i m p l i f i e s  t h e  m a n a g e m e n t  b u t  r e s u l t s  i n  a  p o o r  u s e  o f  f l e x i b i l i t y
( s e e  t J A l  )  .  O n  t h e  o t h e r  h a n d ,  n e h r  m a n a g e m e n t  s t r u c t u r e s  a r e  b e i n g

p r o g r e s s i v e l y  d e v e l o p e d  i n  o r d e r  t o  m a t c h  t h e s e  n e w  r e q u i r e m e n L s .

O ' G R A D Y  a n d  M E N O N  t O M l  d e f i n e  t h e  s c h e d u l i n g  a n d  c o n t r o l  f u n c t i o n

a s  o n e  o f  t r a n s l a t i n g  b r o a d  g o a l s  f o r  a  w h o l e  f i r m  i n t o  s p e c i f i c

i n s t r u c t i o n s  t o  w o r k e r s  o r  a u t o m a t e d  r e s o u r c e s ,  a n d  e x p l a i n  w h y  t h i s

f u n c t i o n  i s  m o r e  c r i t i c a l  i n  a u t o m a t e d  m a n u f a c t u r i n g  s y s t e m s .  T h e y

a l s o  d e s c r i b e  t h r e e  v e r y  s i m i l a r  h i e r a r c h i c a l  s c h e d u l i n g  f r a m e w o r k s :

t h e  A M R F ' s  ( A u t o m a t e d  M a n u f a c t u r i n g  R e s e a r c h  F a c i l i t y  o f  t h e  N a t i o n a l

B u r e a u  o f  S t a n d a r d s ) ,  t h e  C A M - I ' s  ( C o m p u t e r  A i d e d  M a n u f a c t u r i n g

f  n t e r n a t i o n a l  f  n c .  )  a n d  t h e i r  o r " r n  o n e .  T h e y  p o i n t  o u t  t h a t  n o n e  o f

them has  been en t i re ly  imp lemented ye t

V I L L A  e t  a I .  t V O l  a l s o  p r o p o s e  a  h i e r a r c h i c a l  f r a m e w o r k  t o  m o d e l

and cont ro l  FMSs.  They  f i rs t  de f ine  an  FMS as  a  s t ruc tu re  composed o f

a  p h y s i c a l  s y s t e m ,  a n  i n f o r m a t i o n  s y s t e m  a n d  a  d e c i s i o n - a n d - c o n t r o L

sys tem.  The tasks  per fo rmed by  the  l -a t te r  can  be  d iv ided in to  per iod ic

p lann ing  and event -d r iven  cont ro l ,  wh ich  can invo lve  re -p lann ing  in

r e s p o n s e  t o  r a r e  l a r g e - s c a l e  e v e n t s  o r  j u s t  s o m e  n o i s e - c o n t r o l  i n

response to  f requent  smal l -sca le  events .
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S i n c e  t h e  c o m p l e x i t y  o f  t h e s e  t a s k s  m a k e s  a  g l o b a l  a p p r o a c h

in ip rac t ica l ,  a  decompos i t ion  procedure  has  to  be  found-  The au thors

Ieave as ide  the  op t ion  o f  us ing  a  mathemat ica l  t .echn ique to  ach ieve

th is  decompos i t ion  and choose to  inves t iga te  a  decompos i t ion  based on

p h y s i c a l  i n s i g h t .  I n  f a c t ,  t h e y  a s s u m e  t h a t  a  " n a t u r a 1 "  t r e e - l i k e

s t r u c t u r e  o f  t h e  p h y s i c a l  s y s t e m  e x i s t s ,  i n  w h i c h  e a c h  s u b s y s t e m

- s t a r t i n g  w i t h  t h e  F M S  i t s e l f -  c a n  b e  v i e w e d  a s  a  s e t  o f  l o w e r - I e v e l

s u b s y s t e m s .  T h e y  a n a l y z e  t h e  m a n a g t e m e n t  s y s t e m  o n e  c o u l d  b u i l d  b y

a s s i g n i n g  a  d e c i s i o n - m a k e r  t o  e a c h  n o d e  o f  t h e  t r e e .

P r i o r  t o  p r o p o s i n g  a n y  q u a n t i t a t i v e  m o d e I ,  t h e y  i n f e r  S o m e

n e c e s s a r y  c o n d i t i o n s  f o r  t h e  c o n t r o l  s t r u c t u r e  t o  o p e r a t e ,  n a m e l y

( l ) t h a t  e a c h  d e c i s i o n - m a k e r  m u s t  b e  a s s i g n e d  a n  o b j e c t i v e  f u n c t i o n  a n d

a  h o r i z o n  c o n s i s t e n t l y  w i t h  t h e  g l o b a l  s y s t e m ' s  o b j e c t i v e s '  ( 2 ) t h a t

i n f o r m a t i o n  a b o u t  t h e  s t a t e  v a r i a b f e s  m u s t  b e  a v a i ] a b l e  a t  e a c h  l e v e l

a n d  ( 3 )  t h a t  t h e  c o n j u n c t i o n  o f  c o n s t r a i n t s  d u e  t o  h i g h e r - I e v e I

d e c i s i o n s  a n d  c o n s t r a i n t s  a r i s i n g  l o c a l l y  m u s t  n e v e r  y i e l d  a n  e m p t y

f e a s i b l e  d e c i s i o n - s e t  f o r  a n y  d e c i s i o n - m a k e r .  C o n s e q u e n t l y ,  t h e

d e c i s i o n  a n d  i n f o r m a t i o n  s y s t e m s  w i l l  c o n s i s t  r e s p e c t i v e l y  o f  a

top-down cons t ra in t  f low and a  bo t tom-up in fo rmat ion  f l -ow.

T h e n ,  V I L L A  e t  a I .  i d e n t i f y  t h e  p r o b l e m  t o  b e  s o l v e d  b y  e a c h

d e c i s i o n  m a k e r  ( D M )  a n d  a s s e r t  t h a t  i t  i 9  e s s e n t i a l l - y  t h e  s a m e  f o r  a I I

o f  t h e m .  T h i s  i s  f o r t u n a t e l y  c o n s i s t e n t  w i t h  t h e  f a c t  t h a t  t h e

d e c i s i o n  s t r u c t u r e  f i t s  t h e  p h y s i c a l  s t r u c t u r e  a n d  t h u s  c a n  d i s p l a y  a n

a r b i t r a r y  n u m b e r  o f  l e v e l s .  E a c h  D M  d e t e r m i n e s  t h e  s i z e  a n d  s e q u e n c e

o f  t h e  b a t c h e s  t o  I o a d  i n  t h e  s u b s y s t e m  u n d e r  c o n t r o l ,  i n  o r d e r  t o

meet  the  requ i rements  se t  by  the  demand ra te '  and ass igns  each e lement

o f  th is  subsys tem both  a  f tow ra te  ta rge t  and a  serv ice  ra te  ta rge t  '

T h i s  d e f i n i t i o n  o f  t h e  p r o b l e m  i n  t u r n  p r o v i d e s  i n s i g h t  a b o u t  t h e

cont ro l  sys tem.  S ince  i t  happens tha t  the  h igher  the  leve l ,  the  la rger

t h e  d e c i s i o n  s c o p e  a n d  t h e  l o n g e r  t h e  s e t t l i n g  t i m e  o f  t h e  s u b s y s t e m

u n d e r  c o n t r o l ,  i t  f o l l o w s  t h a t  t h e  h o r i z o n  m u s t  a l s o  b e  l o n g e r  f o r

h igher  leve ls  i f  the  sys tem is  supposed to  opera te  in  s teady-Sta te '
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Moreover ,  the  DMs '  ob jec t ives  w i I I  inc lude ,op t im iz ing  some economic

c r i t e r i o n  l - i k e  t h e  n u m b e r  o f  " t o o l i n g "  c h a r i g e s ,  b u t  w i I I  p r i n c i p a l t y

c o n s i s t  o f  m i n i m i z i n g  t h e  s e t t l i n g  t i m e .  I t  i s  f i n a l l y  p o i n t e d  o u t

t h a t  e a c h  l o w e r  l e v e l  D M  w i l I  g a i n  t h e  e x t r a  d e g r e e  o f  f r e e d o m

requ i red  fo r  th is  op t im iza t ion  by  adopt ing  a  h igher  cont ro l  f reguency .

Th is  f ramework  thus  f i t s  the  mode ls  descr ibed in  F INDEISEN e t  a I .  tFBz l  .

Accord ing  to  the  te rmino logy  used in  management  sc ience,  the  t t ' ro

prob lems to  be  so lved in  the  h ie rarch ica l  f ramework  proposed be long

r e s p e c t i v e l y  t o  t h e  c l a s s e s  o f  l o t - s i z i n g - a n d - s c h e d u l i n g  p r o b l e m s  a n d

rout ing  prob lems.  The schedu l ing  prob lem is  fu r ther  addressed in  V ILLA

and ROSSETTO [VR] ,  whereas  the  rou t ing  prob lem is  addressed in  V ILLA '

CANUTO and ROSSETTO tVCl .  The FMS cons idered in  bo th  re fe rences  can be

m o d e l l e d  a s  a  s e t  o f  c e l l s  p h y s i c a l l y  c o n n e c t e d  b y  a  m a t e r i a l - h a n d l i n g

s y s t e m  ( M H S )  a n d  d e c o u p l e d  - f r o m  a  m a n a g e r i a l  p o i n t  o f  v i e w -  b y

b u f f e r s .  E a c h  o f  t h e  c e l I s  i s  a  s e t  o f  w o r k s t a t i o n s  a n d  b u f f e r s

connected  by  an  in te rna l -  MHS.

B o t h  t h e  s c h e d u l i n g  a n d  t h e  r o u t i n g  a r e  s p l i t  i n t o  a  d e t e r m i n i s t i c

o p e n - I o o p  " p l a n n i n g "  f u n c t i o n ,  a n d  a  " c o n t r o f "  f u n c t i o n  t r i g g e r e d  b y

u n e x p e c t e d  e v e n t s  a n d  a i m e d  a t  m i n i m i  z ) - n g  t h e i r  e f f e c t .  T h e

f o r m u l a t i o n  o f  s c h e d u l i n g  p r o b l e m  i s  t h e  s a m e  a t  t h e  F M S  a n d  F M C

I e v e l s :  g i v e n  a  p r o d u c t i o n  o b j e c t i v e  a n d  t h e  s t a t e  o f  t h e  s y s t e m

( c a p a c i t y  o f  t h e  c e I l s  - r e s p .  w o r k s t a t i o n s -  a n d  i n t e r c e l l  - r e s p .

i n t r a c e l l -  b u f f e r  l e v e l s ) . ,  d e t e r m i n e  n e x t  l e v e I ' s  p r o d u c t i o n  t a r g e ç

o v e r  a  s h o r t e r  p e r i o d ,  s o  a s  t o  m a x i m i z e  t h e  t h r o u g h p u t  a n d  m i n i m i z e

t h e  W I p  ( w o r k  i n  p r o c e s s )  .  A t  t h e  w o r k s t a t i o n  l e v e l ,  t h e  o b j e c t i v e  i s

t o  s e q u e n c e  t h e  j o b s  i n  o r d e r  t o  m i n i m i z e  t h e  q u e u e s  c l e a r i n g  t i m e .

T h e  i n - t h e - c e I I  r o u t i n g  p r o b l e m  i s  f o r m u l a t e d  i n  I V C ]  '  a n d  i t s

s o l u t i o n  o u t l i n e d .

T h e  c o n c l u s i o n  c o u l d  b e  t h a t  i t  i s  t h e o r e t i c a l l y  p o s s i b l e  t o

c o n c e i v e  a  h i e r a r c h i c a l  c o n t r o l  s t r u c t u r e  f o r  a n  F M S  b a s e d  o n  t h e

t o o l s  d e v e l o p e d  i n  L a r g e  S c a l - e  S y s t e m s  t h e o r y .  H o w e v e r ,  t h e  t o o l s

cur ren t l -y  used in  management  a re  subs tan t ia l l y  d i f fe ren t  and genera l l y

address  on ly  subprob lems ar is ing  in  p roduc t ion  cont ro l .
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T h e  q u e s t i o n  t h a t  a r i s e s  i s  t h e n  h o w  t o  " i n t e g r a t e "  e x i s t i n g  t o o l s

in  o rder  to  bu i ld  a  g loba l  con t ro l  sys tem.  V ILLA,  MOSCA and MURARI  tVMl

suggest  to  use  a  f ramework  ca l - Ied  " in tegra ted  cont ro l  s t ruc tu re"  based

o n  t h e  s a m e  s p a t i a l  d e c o m p o s i t i o n  o f  t h e  p h y s i c a l  s y s t e m  a n d

f r e q u e n c y - b a n d  p a r t i t i o n  o f  t h e  e v e n t s  a s  i n  t V C l  b u t  i n  w h i c h  t h e

d e c i s i o n - m a k i n g  u n i t s  w o u l d  u s e  A r t i f i c i a l  I n t e l l i g e n c e  t o o l s  t o  s o l v e

t h e i r  p r o b l e m s .

T h i s  i d e a  h a s  b e e n  q u i t e  s u c c e s s f u l  i n  t h e  p a s t  y e a r s  a n d  t h e r e

h a v e  b e e n  s e v e r a l  a t t e m p t s  t o  u s e  g e n e r i c  A . I .  t o o f s  t o  s o l v e

s c h e d u l i n g  p r o b l e m s .  F o r  e x a m p l e ,  S H A V {  t S H l  p r o p o s e s  a  t w o - I e v e I

s c h e d u l i n g  s y s t e m  f o r  a n  F M S  c o n s i s t i n g  o f  a  n e t w o r k  o f  c e l l s

c o n n e c t e d  b y  a  l - o c a l -  a r e a  n e t w o r k :  t h e  t a s k s  t o  p e r f  o r m  i n  o r d e r  t o

c o m p l e t e  t h e  j o b s  r e l e a s e d  i n t o  t h e  s y s t e m  a r e  a s s i g n e d  t h r o u g h  a

b i d d i n g  p r o c e d u r e  t o  t h e  c e l l  t h a t  c a n  c o m p l e t e  t h e m  i n  t h e  s h o r t e s t

t i m e ,  j u s t  b e f o r e  t h e i r  p r e d e c e s s o r  i s  c o m p l e t e d .  T h e  o p e r a t i o n s

r e q u i r e d  t o  c o m p l e t e  t h e  t a s k s  a s s i g n e d  t o  a  c e l l  a r e  t h e n  s e q u e n c e d

b y  a  g e n e r a l - p u r p o s e  n o n - l - i n e a r  p l a n n e r :  X C E L L .

I t  s e e m s  h o w e v e r  t h a t  t h e r e  i s  I i t t I e  h o p e  f o r  g e n e r a l - p u r p o s e

t o o l s  s u c h  a s  p l a n n e r s  t o  b e  a p p l i c a b . l - e  t o  p r o b l e m s  t h a t  r a i s e  t h e

i s s u e  o f  d i m e n s i o n a l i t y  e v e n  w h e n  t h e y  a r e  a d d r e s s d  t h r o u g h  a d - h o c

p r o c e d u r e s .  T h e  i n a b i l i t y  o f  t h e  r e n o w n e d  s y s t e m  I S I S  t o  d e a l  w i t h  t h e

p l a n t  i t  w a s  d e s i g n e d  f o r  c o r r o b o r a t e s  t h i s  o p i n i o n  ( s e e  P A P A S  t P A l  )  .

I n  V I L L A  e t  a I .  [ V M ]  ,  t h e  c o n t r o l  u n i t s  a r e  m o d e l l - e d  a s  a  k n o w l e d g e

b a s e  a n d  a n  i n f e r e n c e  e n g i n e ,  a n d  e a c h  " I a y e r "  o f  c o n t r o l  u n i t s  i s

r e l a t e d  t o  a  f r e q u e n c y  b a n d .  H e n c e  t h e  h o r i z o n  r a t i o s  o f  d i f f e r e n t

c o n t r o L  l a y e r s  m u s t  b e  c o n s i s t e n t  w i t h  t h e  e v e n t  f r e q u e n c y  r a t i o s .  T h e

i m p o r t a n c e  o f  a n  e v e n t  i s  d e f i n e d  a s  t h e  i n d e x  o f  t h e  h i g h e r  c o n t r o l

l a y e r  a t  w h i c h  i t s  e f f e c t s  a r e  l i k e l y  t o  i n f l u e n c e  t h e  c o n t r o l .  T h u s

t h e  o p t i m a l  c o n t r o l  s t r a t e g y  f o r  e a c h  d e c i s i o n  m o d u l e  c o n s i s t s  o f

so lv ing  an  open- Ioop- feedback  prob lem to  update  i t s  po l i cy  each t ime

an event  occurs  w i th  an  impor tance grea ter  than i t s  leve l  index .  Th is

u p d a t i n g  p r o c e s s  i n c l u d e s  e n s u r i n g  c o n s i s t e n c y  b e t w e e n  t h e  p o l i c i e s

determined by  the  lower  leve l  dec is ion  modu les .
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Sotv ing  the  p lann ing  prob lem each t ime an  event  o f  g iven  impor tance

occurs  requ i res  an  excess ive  computa t iona ' I  capac i ty .  The au thors  thus

make the  assumpt ion  tha t  each modu le 's  knowledge base conta ins  a  mode l

o f  a l l  e v e n t s  t i k e l y  t o  a f f e c t  t h e  m o d u l e r  â s  w e l l  a s  t h e  p o s s i b l e

dynamics  consequent  to  these event .s .  Hence the  computa t iona l  p rob lem

i s  r e p l a c e d  b y  o n e  o f  r e t r i e v i n g  i n f o r m a t i o n  b y  a  f o r m  o f  p a t t e r n -

match ing .  (Th is  idea was a l ready  deve loped in  BECHLER e t  a I .  tBOl  )  .

T h e  i n f e r e n c e  e n g i n e  p e r f o r m s  t h r e e  t a s k s :  ( l )  s e l e c t  t h e  b e s t

p o l i c y  a c c o r d i n g  t o  t h e  s t a t e  o f  t h e  s y s t e m  a n d  t . h e  t y p e  o f  e v e n t ;

( 2 )  c o o r d i n a t e  t h e  I o w e r  l e v e l  a c t i o n s  b a s e d  o n  t h e  c o o r d i n a t i o n  r u l e s

re t r ieved f rom the  knowledge-base w i th  the  cont ro l  po l i cy , '  and  (3 )  feed

t h i s  k n o w l e d g e - b a s e  w i t h  a  d e s c r i p t i o n  o f  t h e  c o n s e q u e n c e s  o f  t h e

c o n t r o l s  a p p l i e d ,  i n  t e r m s  o f  t h e  r e s u l t i n g  d y n a m i c s  o f  t h e  s y s t e m .

T h l s  f r a m e w o r k  c o m b i n e s  m a n y  i n t e r e s t i n q  i d e a s  a b o u t  h i e r a r c h i c a l

c o : : ' ; = o i  b u t  i t  i s  y e t  t o  b e  a p p l i e d  t o  d e s i g n  a  c o n t r o l  s y s t e r n .  T h e

: i e r a r c h i c a l  m o d e l  o f  a  w o r k - c e n t e r  c o n t r o l l e r  i n i t i a l l y  p r o p o s e d  b y

KI i : i l 1 IA  tK I l  and improved ln  subsequent  work  has  de f  in i te ly  come rnuch

c - o s e :  È o  t h e  i m p l e m e n t a t i o n  p h a s e ,  a l t h o u g h  b u i l t  a r o u n d  a  r a t h e r

cc : . l J -ex  s tochas t ic  feedback  cont ro l  mode l .

i n  I K I ] ,  t h e  m a n u f a c t u r i n g  s y s t e m  i s  f l e x i b l e  t o  t h e  e x t e n t  t h a t  i t

c a n  b e  s e t  u p  t o  p r o c e s s  d i f f e r e n t  t y p e s  o f  p a r t s  w i t h  a  c h a n g e o v e r

- , j - i n e  n e g l i g i b l e  i n  c o m p a r i s o n  w i t h  t h e  p r o c e s s i n g  t i m e s .  M o r e o v e r ,  t h e

n a c h i n e s  a r e  f a i l u r e - p r o n e ,  a n d  t h e  m e a n  t i m e  b e t w e e n  c h a n g e s  i n

r n a c h i n e  s t a t e  i s  a s s u m e d  t o  b e  m u c h  l o n g e r  t h a n  t h e  p r o c e s s i n g  t i m e s

( w h i c h  j u s t i f i e s  a  c o n t i n u o u s  m o d e l  o f  t h e  p a r t  f l o w s )  .  T h e  p a r t s

requ i rements  a re  s ta ted  as  produc t ion  ra tes  to  be  met  over  a  hor izon

t h a t  i s  a n  o r d e r  o f  m a g n i t u d e  I o n g e r  t h a n  t h e  m e a n  t i m e  b e t w e e n

c h a n g e s  i n  m a c h i n e  s t a t e .  F i n a I l y ,  t h e  f a i l u r e / r e p a i r  p r o c e s s  i s

supposed to  be  memory less  and the  mach ine  s ta te  i s  thus  mode l led  as  a

Markov  cha in .

83



Hietatchies in Production Management and ControJ.: a Survey

U n d e r  t h e s e  a s s u m p t i o n s ,  a  t h r e e - I e v e I  c o n t r o l l e r  i s  d e v i s e d ,
c o m b i n i n g  i n p u t  p a r t s  f l o w  c o n t r o r ,  r o u t i n g  ( i . e .  s p r i t t i n g  o f  t h e
par ts  f lows a long the  d i f fe ren t  poss ib le  rou tes)  and sequenc ing  o f  the
i n d i v i d u a l  p a r t s .  T h e  m a i n  a s s u m p t i o n  i n  t h i s  a p p r o a c h  i s  t h a t
whenever  the  par ts  load ing  ra te  i s  w i th in  the  capac i ty  o f  the  sys tem,
t h e r e  i s  a  s o l u t i o n  t o  t h e  r o u t i n g  a n d  s e q u e n c i n g  p r o b l e m s .  S i n c e  t h e
process ing  t ime fo r  each opera t ion  per fo rmed on a  g iven par t  t ype  and
a g iven mach ine  is  f i xed ,  the  capac i ty  se t  in  s teady  s ta te  i s  a  convex
( a n d  m a c h i n e - s t a t e  d e p e n d e n t )  p o l y h e d r o n  i n  t h e  r o u t e s  f l o w _ r a t e
s p a c e .  U n d e r  a d d i t i o n a l -  a s s u m p t i o n s ,  a  p o l y h e d r a l  c a p a c i t y - s e t  c a n
a l s o  b e  d e f i n e d  i n  t h e  p a r t s  f l o w - r a t e  s p a c e .

C o n s e q u e n t l y ,  K I M E M T A ' s  w o r k  f o c u s e s  o n  t h e  f l o w - c o n t r o l  p r o b l e m .
T h e  c o n t r o l l e r  i s  p e n a l i z e d  f o r  d e v i a t i o n s  o f  a c t u a l  p r o d u c t i o n  f r o m
t h e  t a r g e t  r a t e s .  M o r e  p r e c i s e l y ,  a  t i m e - v a r i a n t  v e c t o r  c a I I e d  t h e
b u f f e r  s t a t e  ( s u r p l u s  s t a t e  i n  m o r e  r e c e n t  w o r k )  m e a s u r e s  t h e
c u m u l a t i v e  d i f f e r e n c e  b e t w e e n  l o a d i n g  r a t e  a n d  d e m a n d  f o r  t h e
d i f f e r e n t  p a r t s .  T h e  c o n t r o f  p o l i c i e s  a r e  s o u g h t  a m o n g  f e e d b a c k  1 a w s
( i  .  e  .  a s  f u n c t i o n s  o f  t h e  s u r p J - u s  s t a t e ,  m a c h i n e  s t a t e ,  a n d  t i m e )

w h i c h ,  f o r  e a c h  m a c h i n e  s t a t e ,  d i v i d e  L h e  s u r p l u s  s t a t e  s p a c e  i n  a
f i n i t e  n u m b e r  o f  r e g i o n s  w i t h i n  w h i c h  t h e  c o n t r o l -  r e m a i n s  c o n s t a n t  a t
a n  e x t r e m u m  p o i n t  o f  t h e  c a p a c i t y  s e t .

T h i s  m e a n s  t h a t  t h e  o p t i m a t  c o n t r o l  p o t i c y  c o n s i s t s  o f  l o a d i n g
p a r t s  a t  o n e  o f  t h e  m a x i m a l  f e a s i b l e  r a t e s  i n  o r d e r  t o  O r i . i e  t h e
s u r p l u s  s t a t e  t o w a r d s  a  p o i n t  c a l l e d  t h e  " h e d g i n g  p o i n t ' ,  a t  w h i c h  t h e
i n v e n t o r y  a c c u m u l a t e d  a I l o w s  o n e  t o  h e d g e  a g a i n s t  f u t u r e  f a i l u r e s  a t
m i n i m a l  c o s t .

Th is  hedg ing  po in t  as  we l f  as  the  op t ima l  pa ths  to  reach i t  depend
o n  t h e  r e l a t i v e  c o s t s  a n d  " v u l n e r a b i l i t i e s ' ,  o f  t h e  d i f f e r e n t  p a r t s ,

t h e  v u l n e r a b i l i t y  o f  a  p a r t  m e a s u r i n g  t h e  a b i l i t y  o f  t h e  s y s t e m  t o
r e c o v e r  f r o m  a  d e f i c i t  o f  t h i s  t y p e  o f  p a r t  s u b s e q u e n t  t o  a  f a i l u r e .
when the  hedg ing  po in t  has  been reached,  the  op t ima l  con t ro l  cons is ts
o f  k e e p i n g  t h e  s u r p l u s  s t a t e  i n v a r i a n t  a n d  t h u s  t o  l o a d  p a r t s  a t  t h e
d e m a n d  r a t e  u n t i l  a  f a i r u r e  m a k e s  i t  i m p o s s i b l e  t o  d o  s o .

84



Hierarchies in PrOduction Management and Contro).: a Survey

For  a  g iven s ta te  reached a t  t ime t '  the  cos t - to -go  is  de f ined as

t h e  e x p e c t a t i o n  o f  t h e  c o s t  o v e r  t h e  r e s t  o f  t h e  h o r i z o n '  I f  t h e

opt ima l  cos t - to -go  func t ion  has  been de termined,  t ,he  op t ima l  con t ro l

c a n  b e  d e r i v e d  b y  s o l v i n g  a  I i n e a r  p r o g r a m .  U n f o r t u n a t e l y ,  o b t a i n i n g

t h e  e x a c t  c o s t - t o - g o  r e q u i r e s  s o l v i n g  a  s y s t e m  o f  c o u p l e d  p a r t i a l

d i f fe ren t ia l  equat ions ,  wh ich  is  imposs ib le  fo r  a  p rob lem o f  rea l i s t i c

s i z e .  o n e  o f  t h e  s u b - o p t i m a l  c o n t r o l  s c h e m e s  p r o p o s e d  c o n s i s t s  o f

approx imat ing  the  cos t - to -go  func t ion ,  based on  the  resu l t  tha t  i f  the

c a p a c i t y - s e t  i s  a  h y p e r c u b e ,  t h e  d i f f e r e n t i a l  e q u a t i o n s  a r e  d e c o u p l e d

( i . e .  b e c o m e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s )  a n d  c a n  b e  s o l v e d

s e p a r a t e l y  f o r  e a c h  p a r t - t y p e .  S i n c e  t h e s e  c o m p u t a t i o n s  a r e  s t i l l

s u b s t a n t i a l ,  t h e y  a r e  p e r f o r m e d  o f f - 1 i n e ,  t h e  " e s t i m a t e - b a s e d "

c o s t - t o - g o  f u n c t i o n s  b e i n g  s t o r e d  i n  d e c i s i o n  t a b l e s  a c c e s s e d  b y  t h e

on- l ine  Iayer  o f  the  cont ro l le r ,  wh ich  is  in  charge o f  so lv ing  the  LP '

K IMEMIA and GERSHWIN tKGl  ,  wh ich  summar izes  the  most  innovat ive

r e s u l t s  o f  I K I ] ,  a f s o  p r e s e n t s  t h e  o f f - I i n e  g e n e r a t i o n  o f  d e c i s i o n

t a b l e s  a s  a  f o u r t h  c o n t r o l  l a y e r .  T h i s  i n t e r p r e t a t i o n  i s  c o n s i s t e n t

w i t h  t h e  c o n c e p t  o f  a d a p t i v e  c o n t r o l  i n t r o d u c e d  i n  L E F K O W I T Z  l L E l ,

s i n c e  t h e  d e c i s i o n  t a b l e s  h a v e  t o  b e  u p - d a t e d  i f  t h e  v a l u e s  o f  t h e

mach ines  fa i lu res  parameters  come to  change '

B o t h  i n  t K I  I  a n d  t K G l  t h e  t w o  l o w e r  c o n t r o l -  l e v e I s  a r e  n o t

d e s c r i b e d  i n  g r e a t  d e t a i l .  I n  t h e  r o u t i n g  a l g o r i t h m ,  t h e  F M S  i s

m o d e l l e d  a s  a  n e t w o r k  o f  q u e u e s  a n d  t h e  o b j e c t i v e  i s  t o  m i n i m i z e

c o n g e s t i o n  a n d  d e l a y s ,  w h e r e a s  t h e  s e q u e n c i n g  a l g o r i t h m  o n l y  a t t e m p t s

t o  m a i n t a i n  t h e  f l o w  r a t e s  s e t  b y  t h e  r o u t i n g '  N o t e  t h a t  t h e  r o u t i n g

Iéve I  i s  omi t ted  in  subsequent  work  because the  add i t iona l  assumpt ion

tha t  make i t  poss ib le  to  s ta te  the  capac i ty  cons t ra in t  in  te rms o f  the

par ts  f low- ra tes ,  namely  tha t  a  g iven opera t ion  can be  per fo rmed on a

g iven par t  on ly  by  ident ica l l y  per fo rming  mach ines ,  bas ica l l y  obv ia tes

t h e  r o u t i n g .  T h e  m o d i f i c a t i o n s  t o  t h e  f l o w  c o n t r o l  a l g o r i t h m  t h a t

a l l o w  t h e  c o n s i d e r a t i o n  o f  a l t e r n a t i v e  r o u t i n g  h a v e  b e e n  p r e s e n t e d

on ly  recent ly  in  MAIMON and GERSHWIN tMGl '
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In  GERSHI , { IN '  AKELLA and CHOONG [GC] ,  th ree  ma jo r  improvements  o f
t . h e  h i e r a r c h i c a l  c o n t r o l l e r  a r e  p r e s e n t e d ,  o n e  f o r  e a c h  o f  t h e  l e v e l s
cons idered:  genera t ion  o f  the  dec is ion  parameters ,  computa t ion  o f  the
l o a d i n g  r a t e s  a n d  s e q u e n c i n g  o f  i n d i v i d u a r  p a r t s .  F i r s t ,  t h e
c o s t - t o - g o  f u n c t i o n  b e i n g  a p p r o x i m a t e d  b y  a  q u a d r a t i c  f u n c t i o n ,  t h e
hedg ing  po in t  i s  es t imated  by  use  o f  an  in tu i t i ve  mode l  o f  the  op t ima l

behav j -o r  o f  the  sys tem,  wh ich  cons iderab ly  s imp l i f ies  i t s  computa t ion .

Add i t iona l l y ,  whereas  in  K IMEMIA IK I I  and KIMEMIA and cERSHrrù IN tKGl
t h e  l o a d i n g  r a t e s  v t e r e  d e t e r m i n e d  a t  a  c o n s t a n t  f r e q u e n c y ,  t h e

improved a lgor i thm a ims a t  keep ing  the  surp lus  s ta te  t ra jec to ry  on  the

o p t i m a l  p a t h  t o  t h e  h e d g i n g  p o i n t .  I t  t h u s  s u p p r e s s e s  t h e  c h a t t e r i n g

o b s e r v e d  i n  t h e  p r e v i o u s  s e t t i n g  w h e n  t h e  b u f f e r - s t a t e  c r o s s e d  a n

at t rac t i ve  boundary ,  mak ing  the  cont ro l  " jump"  be tween two ver t i ces  o f

t h e  c a p a c i t y  a t  e a c h  r e - c o m p u t a t i o n  o f  t h e  c o n t r o l .  T h e  t h i r d

i m p r o v e m e n t  c o n s i s t s  o f  s e q u e n c i n g  t h e  p a r t s  s o  a s  t o  a c h i e v e  t h e

c o n d i t i o n a l  f u t u r e  t r a j e c t o r y ,  i . e .  t h e  o p t i m a l  t r a j e c t o r y  t h a t  t h e

s u r p l u s  s t a t e  w i l l  f o l l - o w  i f  n o  c h a n g e  o c c u r s  i n  t h e  m a c h i n e  s t a t e ;

a g a i n ,  t h e  c o m p u t a t i o n  o f  t h i s  t r a j e c t o r y  i s  g r e a t l y  s i m p l i f i e d  b y  t h e

q u a d r a t i c  a s s u m p t i o n .

T h e  m o d i f i e d  c o n t r o l l e r  i s  t e s t e d  i n  a  s i m u l a t i o n  o f  a  p r i n t e d

c i r c u j - t  c a r d  a s s e m b l y  f a c i l i t y ,  a n d  t h e  r e s u l t i n g  p e r f o r m a n c e  o f  t h e

l ine  is  success fu l l y  compared in  AKELLA,  GERSHWIN and CHOONG tACl  to

i h e  p e r f o r m a n c e  a c h i e v e d  b y  u s i n g  o t h e r  p o l i c i e s .  G E R S H W f N  t G n f l
p laces  th is  who le  work  in  the  contex t  o f  a  ne i^ /  approach to  management

b a s e d  o n  " a  d i s c i p l i n e  t h a t ,  ê t  e a c h  l - e v e l  o f  a  h i e r a r c h y ,  k e e p s

m a t e r i a l -  f l o w  w i t h i n  c a p a c i t y ,  e v e n  i n  t h e  p r e s e n c e  o f  u n c e r t a i n t y ,  b y

t h e  u s e  o f  f e e d b a c k .  "

T h e  i d e a  u n d e r l y i n g  t h i s  w o r k  i s  t h a t  s u c h  c o n c e p t s  a s  c a p a c i t y

a p p e a r  a t  a I l  l e v e l - s  o f  a  c o n t r o l  h i e r a r c h y  t h o u g h  w i t h  d i f f e r e n t

m e a n i n g r s  b e c a u s e  d i f  f  e r e n t  t . i m e - s c a l e s  a r e  c o n s i d e r e d .  T h i s  l r a s

p i n p o i n t e d  i n  t h e  i m p l e m e n t a t i o n  o f  t h e  h i e r a r c h i c a l  c o n t r o l l e r  a n d

s u g g e s t s  a  t i m e - s c a l e  d e c o m p o s i t i o n  a n d  a  r e c u r s i o n  i n  t h e  m o d e l s  t o

use a t  d i f fe ren t  leve ls .  An i l lus t ra t ion  is  p roposed in  GERSHhI IN tGE2l

w i th  the  add i t ion  o f  a  cont ro l  leve l -  to  de termine the  se tup  f requency .
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G E R S H V ù I N  t G E 3 l  s y n t h e s i z e s  a n d  e x t e n d s  t h e s e  i d e a s  i n  a  n o v e l

h i e r a r c h i c a l  f r a m e w o r k  f o r  p r o d u c t i o n  s c h e d u l i n g .  P r o d u c t i o n  i s

r e p r e s e n t e d  a s  t h e  o c c u r r e n c e  o f  d i f f e r e n t  e v e n t s  ( s o m e  c o n t r o I l a b I e ,

o t h e r s  r a n d o m )  a f f e c t i n g  t h e  r e s o u r c e s  o f  t h e  s y s t e m  a n d  i n d i c a t i n g

t h e  b e g i n n i n g  o r  t h e  e n d  o f  a c t i v i t i e s .  T h e  s t a t e  o f  r e s o u r c e  i  i s

represented  by  the  t ime-vary ing  vec tor  [a i1 ( t ) l ;  where  a ; . ; ( t )=  1  i f  resource

i  i s  u s e d  b y  a c t i v i t y  j  a t  t i m e  t ,  a n d  0  o t h e r w i s e .  E v e r y  a c t . i v i t y  j  h a s

a  c h a r a c t e r i s t i c  d u r a t i o n  l i i  a n d  f r e q u e n c l  u ; 1  o n  e a c h  r e s o u r c e  i .

Two assumpt ions are made:

-à  f  l -ow conserva t ion :  the r r e g u e n c v of  an  ac t iv i t y  i s  ' ,he  sar : te

f o r  a l l  t h e  r e s o u r c e s  i t  a f f e c t s

H e n c e  t h e  f o r m u l a t i o n  o f  a  c a p a c i t y  c o n s t r a i n t  f o r  e a c h  r e s o u r c e

w h e n  t h e  s y s t e m  i s  i n  s t e a d y - s t a t e :  V i r e s o u r c e ,  I u i t i j  <  I
J

f r e q u e n c v  s e p a r a t i o n : t h e  s e t  o f  a I I  a c t i v i t . i e s  c a n  b e

u j

p a r t i t i o n e d  i n t o  s u b s e t s  J r , . . , J k , . .

d i f f e r e n t "  f r e q u e n c i e s .

o f  a c t i v i t i e s  w i t h  " v e r i '

M o r e  p r e c i s e l y r  e a c h  s u b s e t  J k  i s  a s s i g n e d  a  c h a r a c t e r i s t i c

f r e q u e n c y  f k  s u c h  t h a t  a c t i v i t y  j  i s  i n  J ç  i f f  f k - t  < < u i < < f p * 1 ;  k  i s

t . h e n  c a l l e d  t h e  l e v e l -  o f  a c t i v i t y  j ,  a n d  a  l e v e l  i s  t e r m e d  " h i g h "

i f  i t  c o r r e s p o n d s  t o  l o w  f r e q u e n c y  a c t i v i t i e s .

A  q u a n t i t y  i s  s a i d  t o  b e  o b s e r v e d  a t  l e v e l  k ,  a n d  n o t e d  w i t h  a

s u p e r s c r i p t  k ,  i f  t h e  o b s e r v e r  c a n n o t  d i s t i n g u i s h  t h e  o c c u r r e n c e  o f

e v e n t s  w i t h  f r e q u e n c y  h i g h e r  t h a n  f k .  T h e r e f o r e  a n  a c t i v i t y  h a s  t h r e e

d i f f e r e n t  a s p e c t s :  i t  a p p e a r s  a s  a  p a i r  o f  d i s c r e t e  e v e n t s  ( s t a r t ,

e n d )  a t  i t s  o w n  l e v e l ,  i s  a  c o n s t a n t  f o r  a  l - o w e r  l e v e l  o b s e r v e r ,  a n d

e v o l v e s  a t  a  c o n t i n u o u s  r a t e  f o r  a  h i g h e r  l e v e l  o b s e r v e r .  A  s i m p l e

r e l a t i o n  t i e s  t h e  f r e q u e n c i e s  o f  a n  a c t i v i t y  o b s e r v e d  a t  t w o

c o n s e c u t i v e  l e v e l s :
E 1 - t ( u . ; k )  =  u . k - l  ( T )

where  Er_ t  i s  the  cond i t iona l  expec ta t ion ,  assuming tha t  the  s ta te  o f

the  sys tem remains  cons tan t  fo r  an  observer  a t  a  leve l  m <  k - I .
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For  a  con t ro l l ab le  ac t i v i t y ,  (T )  g i ves  a  gu ide l i ne  to  t rans la te

objectives from the top level down the hierarchy to i ts own level. For

a  non -con t ro l l ab le  ac t i v i t y ,  (T )  i nd i ca tes  how t .o  agg rega te  the

in fo rma t ion  co l l ec ted  a t  t he  ac t i v i t y  l eve l ,  f o r  h ighe r  l eve l s .  A t

each level  k ,  the capaci ty  constra in t  can be rewr i t ten:

V i ,  t  u , k Î , ,
L ( i ) > k  I  ' r  l - Q ) ( k  !

T r t o  s t r a t e g i e s  a r e  p r o p o s e d  t o  t r a n s l a t e  t h e  o b j e c U i v e s  d o w n  t h e

h i e r a r c h y :

+  t h e  h e d g i n g  p o i n t  s t r a t e g y  i s  u s e d  t o  t r a n s l a t e  r a t e s  a n d  i s  a

g e n e r a l i z a t i o n  o f  t h e  p o l i c y  d e s c r i b e d  i n  K I M E T ' I I A  t K I  I  a n d

s u b s e g u e n t  w o r k .  T h e  i d e a  i s  t o  d e f i n e  a  s u r p l u s  f o r  e a c h

a c t i v i t y  a n d  t o  k e e p  i t  a t  a  g i v e n  v a l u e  ( t h e  h e d g i n g  p o i n t ) ,

t h a t  b a l a n c e s  t h e  e x p e c t e d  c o s t s  i n c u r r e d  f o r  f a l i n g  b e h i n d

t h e  t a r g e t  a c t i v i t y  r a t e  o r  f o r  b e i n g  a h e a d  o f  i t .

- +  t h e  s t a i r c a s e  s t r a t . e g y  ( b a s i c a l 1 y ,  t h e  l o a d i n g  p o l i c y  o f  t À C l

a n d  t G C l  )  i s  u s e d  t o  d e t e r m i n e  w h e n  t o  s t a r t  a n  a c t i v i t y ,

g i v e n  a n  o b j e c t i v e  e x p r e s s e d  i n  t , e r m s  o f  r a t e .  T h e  i d e a  i s  t o

k e e p  t h e  c u m u L a t e d  n u m b e r  o f  s t a r t s  c l o s e  t o  t h e  p r o d u c i  o f

t h e  t a r g e t  f r e q u e n c y  b y  t h e  e l a p s e d  t i m e .

T h i s  f r a m e w o r k  i s  a n a l y z e d  i n  G E R S H I { I N  t G E 4 l  i n  t h e  s i m p l e  c a s e  o f

a  t w o - p a r t ,  t w o - m a c h j - n e  s y s t e m ,  o n e  m a c h i n e  b e i n g  t o t a l l y  f l e x i b l e  ( n o

s e t u p  t i m e  t o  s w i t c h  b e t w e e n  p a r t s )  b u t  f a l l i b l e ,  a n d  t h e  o t h e r  o n e

b e i n g  t o t a l l y  r e l i a b l e  b u t  r e q u i r i n g  a  s e t u p  t o  s w i t c h  p r o d u c t i o n .

T h r e e  u n r e s o l v e d  i s s u e s  a r i s e  f r o m  t h i s  a p p t i c a t i o n :  ( l )  t h e r e  i s  n o

h i n t  a b o u t  h o w  t o  d e t e r m i n e  t h e  o b j e c t i v e s  a t  t h e  h i g h e s t  l e v e I ,  f r o m

w h i c h  t h e  l o w e r - l e v e t  o b j e c t i v e s  w i l l  b e  d r a w n ;  ( 2 )  t h e  s t r u c t u r e  o f

t h e  h i e r a r c h y  ( w h a t  m u s t  b e  d e c i d e d  a t  w h i c h  f e v e l - )  c a n  d e p e n d  o n  t h e

h i g h e s t  1 e v e 1  c o m p u t a t i o n s  i f  t h e s e  i n c l u d e  d e t e r m i n i n g  a c t i v i t y

f r e q u e n c i e s ,  a n d  ( 3 )  t h e r e  c a n  b e  i n t e r r e l a t i o n s  b e t w e e n  s t r a t e g i e s

t h a t  a r e  n o t  c a p t u r e d  b y  t h e  f r a m e w o r k :  f o r  e x a m p l e  p r o d u c t i o n  a n d

setup  ra tes  are  no t  comple te ly  independent

H o w e v e r ,  t h e  n u m e r i c a l -  r e s u l t s  r e p o r t e d  d e m o n s t r a t e  t h e  g o o d

p e r f o r m a n c e  o f  t h e  h i e r a r c h i c a l  c o n t r o l l e r  a n d  s h o w  t h a t  t h e  d e s i g n

f r a m e w o r k  o f  t G E 3 l  c a n  b e  s u c c e s s f u l l y  a p p l i e d .
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CONCLUSION

The ob jec t ive  o f  th is  chapter  was to  survey ,  in  the  perspec t ive  o f

a n  a p p l i c a t i o n  t o  m a n u f a c t u r i n g  s y s t e m s ,  t h e  w o r k  f o c u s i n g  o n  È h e

c o n c e p t  o f  h i e r a r c h y ,  b o t h  i n  t h e  f i e l d  o f  c o n t r o l  a n d  t h e  f i e l d  o f

management  sc ience.

Two ma in  s t ruc tu res  o f  con t ro l  /  managemen t  sys tems  have  been

inves t i ga ted .  Mu l t i l a ye r  s t r uc tu res  a re  cha rac te r i zed  by  a

pa r t i t i on i ng  o f  t he  dec i s i on / con t ro l  va r i ab les  a f f ec t i ng  a  s i ng le

sys tem whereas  i n  mu l t i l eve l  s t ruc tu res  the  sys tem under  con t ro l  i s

d iv ided in to subsystems and the contro l ler  consis ts  of  severa l  in f imal

uni ts  coord inated by a supremal  un i t .

I n  t h e  c o n t r o l  l i t e r a t u r e ,  m u l - t i l a y e r  m o d e l s  h a v e  a  m i n u t e  s h a r e ,

c l o s e l y  r e l a t e d  e i t h e r  t o  t i m e - s c a l e  d e c o m p o s i t i o n  o r  t o  a d a p t i v e

cont ro l .  They  fea ture  an  approach tha t  i s  very  s imi la r  to  tha t  adopted

i n  t h e  m o s t  c o m m o n  h i e r a r c h i c a l  p r o d u c t i o n  p l a n n i n g  m o d e l s .  H o w e v e r ,

s o m e  o f  t h e  i d e a s  d e v e l o p e d  i n  t h i s  w o r k  h a v e  n o t  b e e n  a d a p t e d  t o

m a n u f a c t u r i n g  s y s t e m s  y e t  ( s e e  t D L l  ) ,  w h i c h  m e a n s  t h e y  c a n  s t i I l

suggest  new mode ls  fo r  p roduc t ion  management .

T h e  a g g r e g a t i o n  t e c h n i q u e s  d i r e c t l y  a d d r e s s  o n e  o f  t h e  i s s u e s  t h a t

a r i s e  b o t h  i n  c o n t r o l  a n d  m a n a g e m e n t  s c i e n c e ,  n a m e l y  w h a t  B e I I m a n

t e r m s  " t h e  c u r s e  o f  d i m e n s i o n a l i t y " .  T h e s e  t e c h n i g u e s  a r e  e s s e n t i a l l y

m a t h e m a t i c a l  t o o l s  u s e d  t o  r e d u c e  t h e  d i m e n s i o n  o f  a  c o n t r o l  m o d e l

w i t h  a  m i n i m a l  I o s s  o f  p e r f o r m a n c e  a n d  t h e i r  a p p l i c a t i o n s  t o

m a n u f a c t u r i n g  p r o b l e m s  a r e  v e r y  s c a r c e .  T h i s  c a n  b e  a t t r i b u t e d  t o  t h e

Iack  o f  la rge  sca le  mode ls  o f  p roduc t ion  sys tems t .ha t  wou ld  account

f o r  a I I  t h e  r e l e v a n t  p h e n o m e n a  a n d  k e e p  a  s t r u c t u r e  a m e n a b l e  t o

a g g r e g a t i o n  t e c h n i q u e s .  T h e  a g g r e g a t e  m o d e l s  b a s e d  o n  t h e  p h y s i c a l

ins igh t  o f  the i r  des igner  seem to  be  more  sa t is fac to ry  and obv ia te  the

use o f  aggregat ion  techn iques .
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M u I t i l e v e I  m o d e l s  r e s u l t  f r o m  a  m a t h e m a t i c a l  d e c o m p o s i t i o n  o f
t l zp i ca l  con t ro l  moders  i n  t he  case  when  the  phys i ca r  sys tem h?s  a
spec ia l  s t r uc tu re .  un fo r t una te l y ,  ve r y  f ew  rea r  sys tems  have  t h i s
s t ruc tu re .  P Ius ,  p rob lems  in  manu fac tu r i ng  a re  genera t l y  no t  pe r fec t l y
s t r uc tu red ,  and  when  t hey  a re ,  i t  can  be  more  e f f i c i en t  t o  use  a
heur i s t i c  decompos i t i on  ra the r  t han  mur t i l eve l  t echn iques  ( see  t sD l  )  .

I t  t h u s  s e e m s  t h a t  t h e  w o r k  o n  a g g r e g a t i o n  a n d  m u l t i l e v e l  s y s t e m s
i s  m o s t l y  l i k e l y  t o  p r o v i d e  m a t h e m a t i c a l  t o o l s  i f  s o m e  o f  t h e  m o d e l s
a p p e a r  t o  b e  r e l e v a n t  i n  t h e  c o n t e x t  o f  m a n u f a c t u r i n g .  t K G l  i s  a n
e x a m p l e  o f  a  s u c c e s s f u l  t r a n s f e r  o f  m o d e l  b e t w e e n  c o n t r o l  a n d
management  sc ience.

f d e n t i f y i n g  t h e  w o r k  r e l e v a n t  t o  t h e  c o n c e p t  o f  h i e r a r c h y  i n  t h e
m a n a g e m e n t  l i t e r a t u r e  w a s  n o t  a s  s t r a i g h t f o r w a r d  a s  i n  c o n t . r o l .  T h i s
i s  b e c a u s e  t h e  e x i s t e n c e  o f  a  h i e r a r c h y  i n  m a n a g e r i a l  d e c i s i o n  m a k i n g :

i s  w i d e l y  u n d e r s t o o d .  S o - c a I l e d  s t r a t e g i c  d e c i s i o n s  r e q u i r e  m o r e  t i m e

t h a n  t a c t i c a l  d e c i s i o n s  t o  b e c o m e  e f f e c t i v e ,  t h e y  m o d i f y  t h e  s y s t e m

m o r e  d e e p l y  a n d ,  t h e r e f o r e ,  t h e y  w i l l  c o n s t r a i n  t h e  d e c i s i o n s  t o  m a k e

a t  t h e  l o w e r  I e v e 1 .  T h e  s a m e  t y p e  o f  r e l - a t i o n s h i p  h o l d s  b e t w e e r r

t a c t i c a l  a n d  o p e r a t i o n a l  d e c i s i o n s  a n d  t h i s  h i e r a r c h i c a l -  s t r u c t u r e

d i r e c L l y  f o l l o w s  f r o m  t h e  d e f i n i t i o n  o f  t h e  d i f f e r e n t  c l a s s e s  o f

d e c i s i o n s .  H e n c e ,  â D y  w o r k  a d d r e s s i n g  a  m a n a g e r i a l  p r o b l e m  w i l l  f i t  i n

t h i s  h i e r a r c h i c a l  f r a m e w o r k .  H o w e v e r ,  a  n u m b e r  o f  q u e s t i o n s  r e m a i n ,

a n d  t h e  a n s l ô I e r s  d e t e r m i n e  t h e  e x t e n t  t o  w h i c h  a n y  p a p e r  s h o u l d  b e

c o n s i d e r e d  " h i e r a r c h i c a l "  .

T h e  f i r s t  q u e s t  i o n  a r i s e s  i m m e d i a t e l y  w h e n  t h e  "  s t  r a t e g i c ,

t a c t i c a l - ,  o p e r a t i o n a l "  c l a s s i f i c a t i o n  i s  a p p l i e d  t o  a  c o m p a n y  w h e r e

t h e r e  a r e  i n t e r m e d i a t e  d e c i s i o n  l e v e l s .  T h e  q u e s t i o n  i s  h o w  t o  d e r i v e

a  p a r t i t i o n i n g  o f  t h e  d e c i s i o n s  f r o m  t h e  q u a l i t a t i v e  t a x o n o m y

d e s c r i b e d  a b o v e ?  T w o  a n s v r e r s  a r e  e x a m i n e d  i n  t h i s  c h a p t e r :  o n e  i s  a

" s t a t i c "  a n s w e r  ( [ H A 1 ] ,  I H M ] ) ,  n a m e l y  t h a t ,  i n  g e n e r a l ,  t h e  t a c t i c a ]

a n d  o p e r a t i o n a l -  d e c i s i o n  l e v e l s  c a n  b e  d i v i d e d  i n  f o u r  s t a n d a r d

p r o b l e m s :  a g g r e g a t e  p r a n n i n g ,  r o t  s i z i n g  a n d  s e q u e n c i n g ,  d e t a i l e d

s c h e d u l i n g '  a n d  s o m e  s o r t  o f  s h o p - f l o o r  r e a l  t i m e  c o n t r o l .  T h e  o t h e r
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o r i g i n a t e d  i n  t h e  c o n t r o l  l i t e r a t u r e  ( t V O l , I V M ] , I G E 3 ] , t G E 4 l )  a n d

c o n s i s t s  o f  a  d e c o m p o s i t i o n  o f  t h e  d e c i s i o n s  b a s e d  o n  t h e i r  f r e q u e n c y .

T h e  s e c o n d  q u e s t i o n  i s  t o  w h a t  e x t e n t  d e c i s i o n s  r e l a t e d  t o

d i f f e r e n t  l e v e l s  c a n ' o r  m u s t  b e  m a d . e  i n d e p e n d e n t l y .  M o r e  p r e c i s e l y ,

a r e  t h e r e  s p e c i f i c  c r i t e r i a  t o  o p t i m i z e  a t  e a c h  l e v e l ,  a n d  h o w  i s  i t

p o s s i b l e  t o  e n s u r e  t h a t  d e c i s i o n s  m a d e  i n d e p e n d e n t l y  a r e  c o n s i s t e n t ?

V e r y  d i f f e r e n t  a n s w e r s  a r e  g i v e n  t o  t h i s  q u e s t i o n  i n  t h e  w o r k

surveyed.

A  f  i r s t  a n s h r e r  c o n s i s t s  o f  o b v i a t i n g  t h e  q u e s t i o n  (  t D G l  '  I G K . ] .  J  ,

t G O l  )  :  w h e n  t h e  o b j e c t i v e  c h o s e n  i s  d i r e c t l y  a f f e c t e d  b y  t h e  d e c i s i o n s

r e l a t i v e  t o  t w o  l - e v e l s ,  a  m o n o l i t h i c  m o d e l  i s  p r o p o s e d  a n d  t h e

d e c i s i o n s  a r e  m a d e  j o i n t l y .  T h e  n e x t  g u e s t i o n ,  o f  c o u r s e ,  i s  t h e n

w h e t h e r  t h e  r e s u l t i n g  s y s t e m  i s  h i e r a r c h i c a L .

V , I h e n ,  o o  t h e  c o n t r a r y ,  t h e  o b j e c t i v e  c a n  b e  s p t i t  a n d  d i f f e r e n t

c r i t e r i a  a r e  a s s o c i a t e d  w i t h  s e v e r a f  d e c i s i o n  l e v e l s ,  t w o  c o o r d i n a t i o n

s c h e m e s  a r e  p r o p o s e d .  I f  t h e r e  i s  n o  g u a r a n t e e  t h a t  t h e  C e c i s i o n s  m a d e

a t  t h e  h i g h e r  } e v e I  w i I I  r e s u f t  i n  a  f e a s i b l e  d e c i s i o n  s e t  f o r  t h e

l o w e r  l e v e I ,  â D  i t e r a t i v e  p r o c e d u r e  i s  a d o p t e d  a n d  t h e  i s s u e  o f

d i m e n s i o n a l i t y  a p p e a r s .  I n  t h e  m o r e  f e r t i l e  c a s e  w h e r e  t h e  c o n s t r a i n t s

o f  t h e  l o w e r  I e v e I  c a n  b e  t a k e n  i n t o  a c c o u n t  ( e v e n  t h o u g h  n o t

p e r f e c t l y )  f o r  t h e  h i g h e r  l e v e l  d e c i s i o n  m a k i n g ,  a  t o p - d o w n

c o n s t r a i n e d  s c h e m e  i s  p r o p o s e d  (  t B X 2 l ,  [ E F ] ,  [ H M ]  )  .  H o w e v e r ,  t h e r e  i s  a

n e e d  f o r  f u r c h e r  w o r k  t o  i d e n t i f y  m o d e f s  i n  w h i c h  l o w e r  l e v e l

c o n s t r a r n t s  c a n  b e  t r a n s m i t t e d  t o  h i g h e r  d e c i s i o n  l e v e I s

T h e  t h i r d  q u e s t i o n  i s  p a r t i a l l y  r e l a t e d  t o  t h e  s e c o n d ,  s i n c e  i t

c o n c e r n s  s i t u a t i o n s  i n  w h i c h ,  d u e  t o  u n f o r e c a s t e d  e v e n t s '  t h e  f e a s i b l e

d o m a i n  a t  a  g i v e n  l e v e l  b e c o m e s  e m p t y .  I n  t h a t  c a s e ,  t h e  h i g h e r  l e v e l

d e c i s i o n s  h a v e  t o  b e  a l t e r e d .  V e r y  I i t t l e  w o r k  h a s  d e a l t  w i t h  t h i s

feedback  prob lem;  the  most  genera l  assumpt ion  is  tha t  the  cont ro ls  a re

r e c o m p u t e d  a c c o r d i n g  t o  t h e  n e l ^ r  c o n d i t i o n s .  I n  I K G ] ,  h o w e v e r ,  a

f e e d b a c k  c o n t r o l  l a w  i s  p r o p o s e d  i n  a  c a s e  w h e r e  t h e  s t a t e  o f  t h e

sys tem can be  descr ibed by  two types  o f  var iab les  '
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'  The last  quest ion is  that  o f  spat ia l  aË.ornposi t ion:  the decis ions
to be made in  a manufactur ing system are arso h ierarch icar  in  that
they have d i f ferent  scopes depending on the i r  rovel .  very r i t t le  work
has  add ressed  the  i ssue  o f  coo rd ina t i ng  the  dec i s ions  to  make  fo r
d i f f e ren t  subsys tems  o f  a  s ing le  g loba l  sys tem.

The  con t r i bu t i on  o f  t h i s  t hes i s  i s
wi th in  the f ramework def ined by HILLfON,

a n  a n s b r e r  t o  t h i s  q u e s t i o n

M E I E R  a n d  p R O T H  t H E l .
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the FLow-Control Layer

Ch.apter  I  in t roduced the reader  to  one par t . icu lar  approach to  the
des ign  o f  a  h ie ra rch i ca l  p roduc t i on  p lann ing  sys tem.  One  o f  t he
charac te r i s t i cs  o f  t h i s  app roach  i s  t ha t  t he  mach ine  agg rega t i on
process forces the aggregate models  to  sat is fy  the condi t ion Lo be a
genera l i zed  f l ow-shop .  O the r  cha rac te r i s t i cs  o f  t he  agg rega te  mode ls
anaryzed  i n  th i s  work  a re  desc r ibed  and  j us t i f i ed  he reunder .

I CONTINUOUS* FLOWS

T y p i c a l . I y ,  a l t h o u g h  n o t  n e c e s s a r i l y ,  t h e  m o d e l s  o b t a i n e d  b y  t h i s

t e c h n i q u e  c o u L d  r e p r e s e n t  t h e  ' c o r p o r a t e '  i m a g e  o f  a  r a r g e

manufac tur ing  f i rm and the  subsys tems wou l -d  then be  p lan ts  o r  shops ,

the  produc t  fami l ies  be ing  comple te  p roduc t  l ines .  A t  tha t  leve l ,  the
r a m o u n t s '  o f  p r o d u c t - e n t i t i e s  a r e  u s u a l l y  r e p r e s e n t e d  b y  c o n t i n u o u s

v a r i a b l e s ,  b e c a u s e  i t  i s  n o t  r e a l l y  r e l e v a n t  t o  m e a s u r e  t h e m  a s

n u m b e r s  o f  i t e m s .  F o r  e x a m p l e ,  i n  t h e  d e t e r g e n t  i n d u s t r y ,  i t  i s

cer ta in ly  more  re levant  to  cons ider  the  vo l -ume,  o r  the  we igh t  (vo lumes

a r e  u s u a l l y  c o n v e n i e n t  f o r  I i q u i d s ,  w e i g h t s  a r e  f o r  s o l i d s )  o f

de tergent  X  produced dur ing  the  week,  ra ther  than the  number  o f  boxes ,

e s p e c i a l l y  i f  t h e r e  a r e  d i f f e r e n t  b o x  s i z e s .

B u t  t h e r e  i s  m o r e  t o  t h i s  e x a m p l e  t h a n  m e e t s  t h e  e y e :  f i r s t  o f  a I I ,

i t  s u g g e s t s  t h a t  t h e  c h a r a c t e r i s t i c  b y  w h i c h  o n e  m e a s u r e s  ' a m o u n t s ' o f

a  p r o d u c t  s h o u l d  b e  a d a p t e d  t o  t h e  u s e  t h a t  i s  m a d e  o f  t h i s

i n f o r m a t i o n .  T h i s  m e a n s  t h a t  t h e  w e e k l y  p r o d u c t i o n  o f  d e t e r g e n t  d o e s

n o t  h a v e  t o  b e  m e a s u r e d  i n  t o n s :  i t  c a n  b e  m e a s u r e d  i n  K F

( k i l o - f r a n c s ) ,  o r  m a n - h o u r s  i f  o n e  o f  t h e s e  m e a s u . r e s  i s  m o r e  u s e f u l ,

a n d  i t  s h o r + I d  i f  t h e r e  i s  n o  s t r a i g h t f o r w a r d  c o n v e r s i o n  b e t w e e n  t h e

m e a s u r e s .

*  
I n  t h i s  sec t i on ,  ' con t i nuous '  i s  opposed  t o  ' d i sc re te ' r  and  has

noth ing to  do $r i th  the not ion of  cont inu i ty  of  a  funct ion:  a  var iab l .e

is  sa id to  vary cont inuously  i f  i t  takes i ts  va lues in  an in terva l  o f

r ea l s .
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Note :  the  reason why convers ion  may no t  be  s t ra ighE. fo rward  is  tha t
a  p r o d u c t - e n t i t y  a t  t h e  c o r p o r a t e  l e v e l  t y p i c a l l y  r e p r e s e n t s  t h e
a g g r e g a t i o n  o f  s e v e r a l  i t e m s .  T h e r e f o r e ,  i f  s u c h  a  p r o d u c t - e n t i t y
g r o u p s  t w o  i t e m s  w i t h  d i f f e r e n t  r a t i o s  o f  v a l u e  t o  v o l u m e ,  t h e n
knowing the  aggregate  produc t ion  vo lume o f  the  week does  r ro t  te I I  one
the  va lue  o f  what  v tas  p roducedr  u r r l -ess  an  add i t iona l  in fo rmat ion  is
p r o v i d e d ,  s u c h  a s  t h e  v o l u m e  r a t i o  o f  t h e  t ! , r o  i t e m s  i r r  t h e  t o t a l
p r o d u c t i o n .  f n  t h i s  c a s e '  t h e  ' a m o u n t s ' o f  p r o d u c t i o n  o f  t h e  t w o  i t e m s
s h o u l d  b e  r e p r e s e n t e d  b y  t h e i r  v a l u e  t o  b e g i n  w i t h ,  a n d  n o t  b y  t h e i r
vo lume.

H o w e v e r ,  i f  t h e  r e s u l t i n g  e r r o r  i s  n o t  s i g n i f i c a n t ,  o n e  c a n  a l s o
d e f i n e  a ' v a l u e ' f o r  t h e  a g g r e g a t e  p r o d u c t  a s  t h e  w e i g h t e d  a v e r a g e  o f
t h e  v a l u e s  o f  t h e  i t e m s  t h a t  c o m p o s e  i t .  A  I i n e a r  c o n v e r s i o n  t h e n
ex is ts  be tween vo lumes and varues  o f  the  aggregate  produc t .

r n  m o s t  c a s e s ,  t h o u g h ,  t h e  i s s u e  i s  c o m p r i c a t e d  b y  t h e  n e e d  t o
c o n s i d e r  s e v e r a l  c h a r a c t e r i s t i c s  o f  t h e  p r o d u c t  s i m u l t a n e o u s l y :  a
d e m a n d  i s  u s u a l l y  e x p r e s s e d  i n  w e i g h t ,  v o l u m e  o r  n u m b e r  o f  i t e m s ,
w h e r e a s  a  c a p a c i t y  i s  b e s t  e x p r e s s e d  i n  m a n - h o u r s  o r  m a c h i n e - h o u r s .
T h e  r u l e  i s  t h e n  t o  a g g r e g a t e  o n l y  p r o d u c t s  h a v i n g  s i r n i l a r  r a t i o s  o f
t h e  d i f f e r e n t  c h a r a c t e r i s t i c s  t o  c o n s i d e r  c o n c u r r e n t l y  i n  t h e  d e c i s i o n
p r o c e s s '  a n d  d i f f e r e n t  g r o u p i n g s  a r e  u s e d  f o r  d i f f e r e n t  t y p e s  o f
d e c i s i o n s  .

T h e  p o i n t  h e r e  i s  t h a t ,  s i n c e  a  p r o d u c t i o n  o r  a  d e m a n d  m a y  n o t  b e
m e a s u r e d  b y  t h e  n u m b e r  o f  i t e m s  b u t  b y  t h e  v a l u e  o f  a  r e l a t e d
c h a r a c t e r i s t i c ,  t h e  d i s c r e t e  n a t u r e  o f  t h e s e  a m o u n t s  b e c o m e s  v e r y
d i f f i c u l t  t o  r e t a i n  i n  t h e  m o d e 1 .  A s s u m e  f o r  e x a m p l e  t h a t  t h e
c h a r a c t e r i s t i c  c h o s e n  t o  m e a s u r e  a n  a g g r e g a t e  p r o d u c t i o n  i s  t h e
w e i g h t .  T h i s  c h a r a c t e r i s t i c  v a r i e s  b y  s t e p s  e q u a l  t o  t h e  u n i t  w e i g h t

o f  any  i tem in  the  aggregate .  For  i t  to  be  measured by  in teger  va lues ,

a  un i t  must  be  found such tha t  the  we igh t  o f  any  i tem is  an  in teger
n u m b e r  o f  t h i s  u n i t .

94



The FLow-ControL LayeE

I f  t h e r e  a r e  f i f t y  i t e m s  i n  t h e  a g g r e g a t e  a n d  a I I  h a v e  d i f f e r e n t

w e i g h t s ,  t h i s  u n i t  i s  l i k e l y  t o  b e  v e r y  s m a l l  ( s m a l l - e r  t h a n  t h e  l e a s t

d i f f e r e n c e  b e t w e e n  t ! ù o  i t e m s  u n i t  w e i g h t )  w i t h  n o  p h y s i c a l  m e a n i n g

w h a t s o e v e r .  I t  i s  t h e n  m o r e  c o n v e n i e n t  t o  a s s u m e  a  c o n t i n u o u s

var ia t ion  and measure  the  we igh ts  in  a  un i t  such tha t  the  amounts  to

b e  m e a s u r e d  r a n g e  i n  t h e  m o s t  ' n a t u r a l '  i n t e r v a L  f o r  h u m a n

m a n i p u l a t i o n ,  t h a t  i s ,  p r o b a b l y  b e t w e e n  o n e  a n d  o n e  t h o u s a n d .  F o r  a

foundry  o f  a luminum,  th is  un i t  i s  the  ton . . .

The conc lus ion  is  tha t  i t  i s  conven ien t ,  in  mode ls  cor respond ing  to

t h e  a g g r e g a t e  l e v e f s  o f  a  h i e r a r c h i c a l  p l a n n i n g  s y s t e m  a n d  i n

p a r t i c u l a r  i n  t h e  f l o w - c o n t r o l  m o d e l s  s t u d i e d  h e r e ,  t o . a s s u m e  t h a t  t h e

v a r i a b l e s  a r e  r e a l - v a l u e d ,  t h a t  i s ,  c o n t i n u o u s .

II CONTINUOUS TIME

I n  t . h e  i n t r o d u c t . i o n  o f  Z a n g w i l l  L Z A I  ,  t h e  a u t h o r  d e s c r i b e s  t h r e

t r a n s i t i o n  b e t w e e n  t h e  w o r k  o r i g i n a t e d  b y  W I L S O N ' s  e c o n o m i c  l o t - s i z e

f o r m u l a ,  i n  w h i c h  d e m a n d  i s  a  c o n t i n u o u s  f u n c t i o n  o f  t i m e  a n d  t h e

o p t i m a l  p l a n  i s  d e r i v e d  b y  u s i n g  c a l c u l u s ,  a n d  t h e  w o r k  o r i g i n a t e d  b y

WAGNER and VùHITIN [WI / { ] ,  in  wh ich  t ime is  d iv ided in to  d isc re te  per iods

a n d  m a t h e m a t i c a l  p r o g r a m m i n g  i s  u s e d  t o  f i n d  t h e  o p t i m a l  p l a n .  E v e r

s i n c e  t h i s  t r a n s i t i o n ,  b o t h  d i s c r e t e - t i m e  a n d  c o n t i n u o u s - t i m e  m o d e l s

h a v e  b e e n  u s e d  s u c c e s s f u l l y ,  w i t h o u t  a n y  o n e  a p p r o a c h  p r o v i n g  t o  b e

s i g n i f i c a n t l y  s u p e r i o r .

I n  f a c t ,  i t  s e e m s  t h a t  c o n t r o l  t h e o r i s t s  h a v e  f a v o r e d  c o n t i n u o q s -

t i m e  m o d e l s ,  a n d  d i s c r e t e - t i m e  f o r m u l a t i o n s  h a v e  b e e n  m o r e  s u c c e s s f u l

a m o n g  o p e r a t i o n s  r e s e a r c h e r s .  T h e  t h e o r y  o f  o p t i m a l  c o n t r o l  a c t u a l l y

p r o v i d e s  e x t r e m e l y  p o w e r f u l  a n d  e l e g a n t  t e c h n i q u e s  t o  s o l v e

c o n t i n u o u s - t i m e  p r o b l e m s  o f  c e r t a i n  t y p e s ;  u n f o r t u n a t e l y ,  v e r y  f e w

produc t ion  pJ-ann ing  prob lems have been rea l i s t i ca l l y  cas t  in  a  fo rmat

fo r  wh ich  the  resu l ts  o f  con t ro l  theory  were  he lp fu l .
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'  Recent ly ,  HACKMÀN and LEACHMAN [HL] ,  and GERSHWIN and co- ! . ro rkers

(  t G C l  )  h a v e  m a d e  t h e  p o i n t  t h a t  u s i n g  c o n t i n u o u s - t i m e  m o d e l s  t o

r e p r e s e n t  e s s e n t i a l l y  d i s c r e t e  p h e n o m e n a  c o u l d  b e  v e r y  i n s i g h t f u l .

Th is  a rgument  i s  the  major  jus t i f i ca t ion  fo r  the  use ,  in  th is  work ,  o f

cont inuous  t ime mode ls .

I n d e e d ,  t h e  a n a l y t i c a l  r e s u l t s  p r e s e n t e d  i n  c h a p t e r  I V  a r e ,  f o r  a

good par t ,  the  cont inuous- t ime ana logous o f  some resu l ts  to  be  found

in  GABBAY tca l  w i th  d i f fe ren t  cos t  s t ruc tu res .  Moreover ,  the  prob lems

s p e c i f i c a l l y  c o n s i d e r e d  c o u l d  b e  s o l v e d  b y  I i n e a r  p r o g r a m m i n g  i f

f o r m u l a t e d  i n  d i s c r e t e - t i m e .  T h e  i n t e r e s t  o f  t h e  c o n L i n u o u s - t i m e

formula t ion ,  however ,  I ies  in  the  fac t  tha t  the  resu l ts  der ived  have a

s imp le  phys ica l  in te rpre ta t ion ,  tha t  shou ld  make them ex tendab le  to

c a s e s  f o r  w h i c h  t h e r e  i s  n o  s i m p l e  a l g o r i t h m ,  I i k e  t h e  c a s e  o f

s t o c h a s t i c  d e m a n d s .

A n  i s s u e  r a i s e d  b y  t h e  u s e  o f  c o n t i n u o u s - t i m e ,  c o n t i n u o u s - f L o w

m o d e l - s  f o r  p r o d u c t i o n  p l a n n i n g  i s  t h a t ,  a t  s o m e  p o i n t ,  i t  i s  n e c e s s a r y

t o  t r a n s l a t e  t h e  r e s u l t s  o b t a i n e d  b y  u s i n g  t h e s e  m o d e l s  i n t o  a

d i s c r e t e  r e a l i t y ,  a n d  t h e r e  i s  - a  p r i o r i -  n o  g u a r a n t e e  o f  f e a s i b i l i t y .

f n  f a c c ,  H I L L I O N  a n d  P R O T H  t H P l  h a v e  r e c e n t l y  s h o w e d  t . h a t  i n  a

job-shop,  p rov ided tha t  a  cond i t ion  on  the  in i t ia l  work  in  p rocess  and

f r e e  r e s o u r c e s  b e  s a t i s f i e d ,  i t  i s  a l w a y s  p o s s i b l e  t o  f i n d  a  c y c l i c

s c h e d u L e  s u c h  t h a t  t h e  b o t t l e n e c k  m a c h i n e s  a r e  f u I I y  u t i l i z e d  i n

s t e a d y - s t a t e .  I n  t e r m s  o f  t h e  i s s u e  r a i s e d ,  t h i s  r e s u l t  m e a n s  t h a t  a

p r o d u c t i o n  r a t e  d e c i d e d  o n  a  c o n t i n u o u s - t i m e  m o d e l  c a n  a l w a y s  b e

a c h i e v e d  w h e n  t h e  s y s t e m  r e a c h e s  s t e a d y - s t a t e ,  a s  l o n g  a s  t h i s  r a t e  i s

w i t h i n  t h e  c a p a c i t y  o f  t h e  s y s t e m .

T h e  m o d e l s  o f  c h a p t e r  I V  a r e  t h u s  c o n t i n u o u s - t i m e  m o d e l s ,  e v e n

though,  to  s imp l i f y  the  programming,  they  are  imp lemented in  d isc re te

t ime in  chapter  V .
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The mode ls  s tud ied  in  th is  work  a re  de termin is t i c ,  wh ich  means tha t
a l l  t h e  d a t a  o r  p a r a m e t e r s  t h e y  m a n i p u l a t e  a r e  a s s u m e d ,  k n g w n  w i t h
c e r t a i n t y .  H o w e v e r ,  t h e  i n d u s t r i a l  w o r l d  i s  s e l d o m  d e t e r m i n i s t i c
i t s e r f :  s u c h  d i s r u p t i v e  e v e n t s  a s  m a c h i n e  f a i l u r e s ,  f l u c t u a t i o n s  o f
the  demand vo lume,  and qua l i t y  p rob lems resu l t ing  in  var ia t ions  o f  the
y i e l d  d o  o c c u r '  i n  a n  u n p r e d i c t a b l e  m a n n e r .  T h a t  d o e s  n o g  m e a n ,
though,  tha t  de termin is t i c  mode ls  a re  inapp l icabre .

*  m o d e l l i n g  u n e e r t a i n t y

U n c e r t a i n t i e s  e x i s t i n g  i n  p r o d u c t i o n  c a n  b e  m o d e l l e d  i n  t w o
d i f f e r e n t  $ r a y s :  e i t h e r  b y  t h e  e v e n t s  t h a t  a c t u a r r y  c a u s e  t h e m ,  o r  b y
the i r  e f fec t  on  cer ta in  parameters  o r  da ta  o f  the  mode l .  For  example ,
o n e  c a n  a c t u a l l y  m o d e l  t h e  d i s c r e t e  e v e n t s  r e p r e s e n t i n g  t h e  f a i l u r e s
and repa i rs  o f  a  mach ine ,  o r  one can mode l -  i t s  capac i ty  as  a  random
v a r i a b l e .  r n  t h e  f i r s t  c a s e ,  o n e  c o n s i d e r s  c a u s e s ,  a n d  i n  t h e  s e c o n d ,
t h e i r  e f f e c t .  A I s o ,  t h e  s e c o n d  r e p r e s e n t a t i o n  i m p l i e s  a  l - o s s  o f
r e s o l u t i o n  w i t h  r e s p e c t  t o  t h e  f i r s t .  o n e ,  i n  t h e  s e n s e  t h a t  a
s t a t i s t i c  o n l y  g i v e s  y o u  a  g l o b a l  i n f o r m a t i o n .

In  fac t ,  knowing tha t  a  mach ine  is  up  60% of  i t s  t ime does  no t  te l l
y o u  w h e t h e r  i t  i s  u p  o r  d o w n  a t  t h i s  v e r y  m o m e n t .  I f ,  a d d i t i o n a l l y ,
the  MTBF and MTTR**  a re  on  the  order  o f  days ,  the  prev ious  in fo rmat ion
i s  t o t a l l y  u s e l e s s  i n  t h e  d e c i s i o n  t o  s t a r t  a n  o p e r a t i o n  t h a t  l a s t E
m i n u t e s :  w h a t  i s  r e a l l y  n e e d e d  t o  m a k e  t h a t  d e c i s i o n  i s  t h e  d e t a i l e d
in fo rmat ion  concern ing  the  cur ren t  s ta te  o f  the  mach ine ,  i .e .  whether
i t '  i s  up  or  down.  Th is  type  o f  cons idera t ion  has  been genera l i zed  in
G E R S H W T N  t c E 3 l  t c E 4 l .

* *  
Mean T ime Betbreen Fa i lu res ,  Mean T ime To Repa i r .
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I  importance of  feec{hack 
!

Vùhen  the  behav io r  o f  a  sys tem i s  no t  de te rm in i s t i c ,  i t s  con t ro l l e r

m u s t  b e  d e s i g n e d  s o  a s  t o  l i m i t  t h e  n e g a t i v e  e f f e c t  o f  d i s r u p t i o n s .

C l o s e d  l o o p  c o n t r o l l e r s  a r e  p a r t i c u l a r l y  w e l l  s u i t e d  f o r  t h a t  p u r p o s e .

In  f ac t ,  f eedback  has  been  a  ve ry  impor tan t  f ac to r  i n  t he  success  o f

c o n t r o l  s y s t e m s ,  b e c a u s e  i t  m a k e s  i t  p o s s i b l e  t o  e n f o r c e  a  c e r t a i n

behav io r  on  a  sys tem even i f  i t  i s  on ly  par t ia l l y  con t ro l lab le  ( i .e .  i f

i t s  o u t p u t  d e p e n d s  b o t h  o n  t h e  c o n t r o l l e d  v a r i a b l e s  a n d  o n

d i s t u r b a n c e s )  ,  o r  i f  i t s  ' t r a n s f e r  f u n c t i o n '  i s  o n l y  r o u g h l y

approx imated by  the  mode l  ( i .e .  the  e f fec t  o f  inpu t  var ia t ions  on  the

behav io r  o f  the  sys tem is  no t  mode l led  accura te ly )  .

p r o d u c t i o n  s y s t e m s  a r e  u s u a l l y  o n l y  p a r t i a l l y  c o n t r o l l a b l e  a n d  t h e

m o d e l s  u s e d  t o  r e p r e s e n t  t h e m  a r e  n o t  ' e x a c t '  i n  t h e  s e n s e  t h a t  t h e y

a r e  m e a n t  t o  r e t a i n  o n l y  t h e  d o m i n a n t  c h a r a c t e r i s t i c s  o f  t h e  s y s t e m r s

b e h a v i o r .  T h e r e f o r e  f e e d b a c k  i s  e s s e n t i a l  t o  a n  e f f i c i e n t  c o n t r o l  o f

s u c h  s y s t e m s .

A  r e p r o a c h  c o m m o m l y  m a d e  t o  d e t e r m i n i s t i c  m o d e l s  i s  t h a t  t h e i r

o u t p u t  i s  m a d e  o b s o l e t e  b y  t h e  f i r s t  u n e x p e c t e d  e v e n t  '  I n  f a c t '  t h i s

d e f e c t  i s  n o t  c h a r a c t e r i s t i c  o f  d e t e r m i n i s t i c  m o d e l s  b u t  o f  o p e n - I o o p

cont ro l le rs ,  and tha t  reproach wou ld  ho ld  in  the  very  same manner  fo r

s t o c h a s t i c  m o d e f s  i f  t h e y  c o u l d  b e  u s e d  i n  a n  o p e n - I o o p  f a s h i o n  '

*  impor tance o f  an t ic ipa t ion

H o r ^ r e v e r ,  t h e  c o n t r o l l e r  o f  a  m a n u f  a C t u r i n g  s y s t e m  c a n n o t  b e

d e s i g n e d  o n l y  t o  r e a c t  t o  d i s r u p t i o n s :  i t  m u s t  a l s o  a n t i c i p a t e  t h e

f u t u r e  e v o l u t i o n  o f  t h e  e n v i r o n m e n t  i f  t h e  s y s t e m  i s  s u p p o s e d  t o

a c h i e v e  a  h i g h  p e r f o r m a n c e .  W h e r e a s  t h e  d a t a  c o r r e s p o n d i n g  t o  t h i s

f u t u r e  e v o l u t i o n  a r e  u s u a l l y  - m o r e  o r  l e s s -  s u b j e c t  t o  s o m e

u n c e r t a i n t y ,  a n t i c i p a t i o n  i s  p o s s i b l e  o n l y  i f  s o m e  i n f o r m a t i o n  e x i S t S

c o n c e r n i n g  t h e i r  v a r i a t i o n s .  T h e r e f o r e ,  t h e s e  d a t a  a r e  t y p i c a l l y

m o d e l l e d  a S  r a n d o m  v a r i a b l e s  a n d  t h e i r  S t a t i s t i c s  a r e  a s s u m e d  k n o w n

( f o r e c a s t i n g  i s  t h e  a r t  o f  e v a l u a t i n g  t h e s e  s t a t i s t i c s ,  b a s e d  b o t h  o n
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e x t r a p o l - a t i o n  o f  o b s e r v e d  o c c u r r e n c e s  a n d  o n  i n f o r m a t i o n  c o n c e r n i n g

t h e  f u t u r e )  .  S o m e  o f  t h e s e  v a r i a b l e s ,  t h o u g h ,  m a y  h a v e  a  v e r y  l o w

v a r i a n c e  a n d  w i I I  b e  a s s u m e d  k n o w n  w i t h  c e r t a i n t y :  a m o n g  t h e m ,  f o r

e x a m p l e ,  t e c h n i c a l  p a r a m e t e r s  o f  t h e  p r o c e s s ,  s u c h  a s  t h e  t i m e

r e q u i r e d  t o  c a s t  a  g i v e n  t y p e  o f  i n g o t  o n  a  p a r t i c u r a r  c a s t i n g  p i t ,  i n

a n  a l u m i n u m  f o u n d r y .  T h i s  p a r a m e t e r  i s  d e t e r m i n i s t i c  f o r  o h y s i c a l

r e a s o n s ,  b u t  o t h e r s  t h a t  a r e  e s s e n t i a t l y  r a n d o m  c a n  b e  m o d e l l e d  a s

determin is t i c  because o f  the  use  tha t  i s  made o f  them. . .

*  averag ing-out  o f  random var iab les

c o n s i d e r ,  f o r  e x a m p r e ,  a  m a c h i n e  f o r  w h i c h  t h e  d a t a  g a t h e r e d

i n d i c a t e  t h a t  t h e  t i m e  b e t w e e n  f a i l u r e s  a n d  t h e  t i m e  t o  r e p a i r  c a n

both  be  mode l led  as  occur rences  o f  random var iab les  w i th  means U =  28

m n  a n d  
- d  =  4 m n ,  a n d  s t a n d a r d  d e v i a t i o n s  o u  = 4 m n  a n d  O d  =  I  m n .  T h e n ,

a f t e r  n  f a i l u r e s  a n d  r e p a i r s  ( n  b e i n g  l a r g e ) ,  t h e  c u m u l a t i v e  a m o u n t s

o f  t i m e  t h a t  t h e  m a c h i n e  h a s  s p e n t  e i t h e r  u p  o r  d o w n  a r e  n o r m a l l y

d i s t r i b u t e d ,  w i t h  m e a n s  Ù 1 n ;  =  n , q  a n d  D 1 n 1  =  n , 6  r e s p e c t i v e l y ,  a n d

s t a n d a r d  d e v i a t i o n s  o u ( n ) = t r n .  o u  a n d  o D ( n ) - { n .  o o .  B e c a u s e  o f  t h e

a v e r a g i n g  e f f e c t ,  t h e  r a t i o  o f  s t a n d a r d  d e v i a t i o n  t o  m e a n  i s  d i v i d e d

by  a  fac to r  tJn  fo r  the  cumul -a ted  var iabLes .  f f  the  prob lem cons idered

i s  t o  d e t e r m i n e  t h e  w e e k l y  p r o d u c t i o n  o f  t h i s  m a c h i n e  o v e r  t h e  n e x t

two months '  the  average number  o f  fa i lu res  and repa i rs  per  un i t  t ime

i s  1 2 0 x 6 0  / 3 2 = 2 2 5 ,  a n d  t h e  r a t i o s  o f  s t a n d a r d  d e v i a t i o n  E o  m e a n  a r e :

4 / 2 8 . 1 5 = 0 . 9 5 V o  f o r  t h e  t i m e  u p ,  a n d  l / 4 . 1 5  = 1 . 6 7 7 o  f o r  t h e  t i m e  d o w n .

I n  t h a t  c o n t e x t ,  t h e  e r r o r  m a d e  b y  a s s u m i n g  a  d e t e r m i n i s t i c  w e e k l y

c a p a c i t y  i s  i n s i g n i f i c a n t ,  t h a t  i s ,  t h e  a v e r a g e  w e e k l y  c a p a c i t y  i s  a n

accura te  representa t ion  o f  the  t ime the  mach ine  is  opera t ive ,  and does

r e f l e c t  t h e  o c c u r r e n c e  o f  f a i l u r e s .  M o r e  g e n e r a l l y ,  t h i s  r e s u l t  m e a n s

t h a t  s o m e  u n c e r t a i n t i e s  c a n  b e  t a k e n  i n t o  a c c o u n t  o n  a v e r a d e  i n  a

determin is t ic  model ;  ( i t  a lso has impl icat ions when the models  adopted

are h ierachica l r  âs wi l l  be expla ined in  more deta i l  fur ther  in  t .h is

sect ion) .  Another  way to  apply  det .ermin is t ic  modeLs in  an envi ronment

subject  to  uncer ta in ty  is  to  use the concept  of  ro l l ing hor izon.
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*  r o l l i n g r  h o r i z o n  i

Mak ing  cer ta in  types  o f  dec is ions  (e .g .  p roduc t ion  p lann ing)  usua l ly
requ i res  one to  take  some fo recas ts  in to  account ,  and these fo recas ts
are  o f ten  more  inaccura te  as  they  cor respond to  a  more  remote  fu tu re .
r n  t h a t  c a s e ,  t h e  r a t i o  o f  t h e  q u a r i t y  o f  t h e  d e c i s i o n  t o  t h e
c o m p l e x i t y  o f  t h e  p r o b l e m  c u l m i n a t e s  f o r  a  c e r t a i n  - f i n i t e -  I e n g t h  o f
t 'he  fo recas t ing  w indow,  car led  the  dec is ion  hor izon .

T y p i c a l l y  t h e  d e c i s i o n  p r o b r e m  i n v o r v e s  d e t e r m i n i n g  t h e  o p t i m a l
c o n t r o l  f o r  a  p e r i o d  [ t , t + h ] ,  w h e r e  h  i s  t h e  d e c i s i o n  h o r i z o n
( e s s e n t i a l l y  b e c a u s e  a n t i c i p a t i o n  m e a n s  e n s u r i n g  t h a t  t h e  p r o b l e m
r e m a i n s  f e a s i b l e  a f t e r  a n y  d e c i s i o n ,  a n d ,  i n  p a r t i c u r a r ,  t h a c
s h o r t - t e r m  g a i n s  w i l r  n o t  c a u s e  h i g h e r  L o s s e s  o n  t h e  l o n g  r u n )  .
However ,  the  on ly  dec is ion  tha t  rea l l y  needs  to  be  imp lemented is  tha t
c o r r e s p o n d i n g  t o  t i m e  t .  M o r e o v e r ,  b y  t h e  t i m e  i t  i s  i m p l e m e n t e d ,  n e w
f o r e c a s t s  h a v e  b e c o m e  a v a i l a b l - e ,  a n d  t h e  e f f e c t  o n  t h e  s v s t e m  o f
p r e v i o u s  d e c i s i o n s  c a n  b e  o b s e r v e d .

I t  i s  t h e n  a d v a n t a g e o u s  t o  s o l v e  t h e  p r o b l e m  r e p e a t e d l y  a n d  t o
i m p l e m e n t  o n l y  t h e  i m m e d i a t e  d e c i s i o n s ,  i n  o r d e r  t h a t  t h e  d e c i s i o n
i m p l e m e n t e d  a t  a n y  t i m e  t  t a k e  i n t o  a c c o u n t  b o t h  t h e  s t a t e  r e a c h e d  b y
t 'he  sys tem under  cont ro l  and the  l -a tes t  fo recas ts  fo r  t .he  t ime-window

[ t ,  t + h ] .  T h i s  p r o c e d u r e  d e f i n e s  t h e  c o n c e p t  o f  r o r l i n g  h o r i z o n  ( o r
r o r l i n g  s c h e d u l e  i f  t h e  p r o b l e m  i s  o n e  o f  s c h e d u l i n g ) ,  a n d  i t s
e f f e c t . i v e n e s s  i s  e x p e r i m e n t a r r y  d e m o n s t r a t e d  i n  B A K E R  I B A ] :  f o r  a
g i v e n  p r o b l e m  ( D y n a m i c  L o t  s i z i n g ) ,  i t  i s  s h o w n  t h a t  t h e  g a i n  i n
q u a l i t y  o b t a i n e d  i f  t h e  f o r e c a s t s  a r e  p e r f e c t l y  r e l i a b l e  o v e r  a
s ign i f i can t ly  longer  hor izon  than the  one used in  the  ro l t - inq  schedu le
does no t  exceed 107o.

T o  s u m m a r i z e  t h e  p r e v i o u s  a n a r y s i s ,  i t  m a y  s e e m ,  a t  f i r s t  s i g h t ,
t h a t  d e t e r m i n i s t i c  m o d e l - s  c a n n o t  a d e q u a t e l y  r e p r e s e n t  m a n u f a c t u r i n g
sys tems,  because the  da ta  they  wou ld  man ipu la te  may no t  be  known wi th
cer ta in ty ,  o r  may be  sub jec t  to  random changes.

100



The FLow-Control Layer

But whatever the model chosen for such
i t  remains an accurate representat ion i f
i t s  env i ronmen t )  i s  used  to  upda te  i t .
ant ic ipat ion of  fu ture changes reaches a
not  have in  a determin is t ic  context .

a  non  de te rm in i s t i c  sys tem,
feedback f rom the system (or

Fu r the rmore ,  t he  necessa ry

degree  o f  d i f f i cu l t y  i t  does

D e t e r m i n i s t i c  m o d e l s  c a n  n o n e t h e l - e s s  b e  u s e d  f o r  t h e  c o n t r o l  o f
t h i s  t y p e  o f  s y s t e m ,  a t  l e a s t  i n  t w o  i n s t a n c e s :

*  w h e n  u n c e r t a i n t y  i s  d u e  t o  t h e  o c c u r r e n c e  o f  d i s r u p t i o n s  o f
s i g n i f i c a n t r y  h i g h e r  f r e g u e n c y  t h a n  t h a t  o f  t h e  d e c i s i o n s  t o
m a k e ,  t h e i r  e f f e c t  c a n  u s u a l r y  b e  a v e r a g e d  a n d ,  r e p r e s e n t e d  w i t h
s u f f i c i e n t  a c c u r a c y  b y  a  c o n s t a n t ;

*  when uncer ta in ty  concerns  the  fu tu re ,  a  per iod ic  rev iewing  o f
t h e  d e c i s i o n s ,  i n  t h e  r i g h t  o f  t h e  m o s t  r e c e n t  - a n d  a c c u r a t e -
fo recas ts  reduces  the  number  o f  scenar i  tha t  wou ld  be  eva lua ted
b y  a  p r o b a b i r i s t i c  m o d e t  a n d  t h u s  t h e  c h a n c e s  o f  m a k i n g  , w r o n g '

d e c i s i o n s  b y  i g n o r i n g  t h e  u n c e r t a i n t y .

H i e r a r c h i c a l  m o d e l s  a l s o  h a v e  a  c h a r a c t e r i s t . i c  t h a t  m a k e s  t h e m
p a r t i c u l a r l y  w e I I  s u i t e d  t o  b e  a p p l i e d  t . o  n o n  d e t e r m i n i s t i c  s v s t e m s :

O n e  o f  t h e  a d v a n t a g e s  o f  h i e r a r c h i c a l  s y s t e m s  i s  t h a t  e a c h  l e v e l
n e e d s  t o  c o n s i d e r  o n l l z  t h e  r a n d o m n e s s  t h a t  i t  c a n  ' a b s o r b '  F o r

e x a m p l e ,  t h e  d e s t r u c t i o n  b y  f i r e  o f  a  p l a n t  i s  n o t  t h e  t y p e  o f  r a n d o m

e v e n t  c o n s i d e r e d  a t  t h e  d e t a i l e d  s c h e d u l i n g  l e v e l .  O n  t h e  o t h e r  h a n d ,
t h e  f a i l u r e s  o f  m a c h i n e s  t h a t  c a n  b e  r e p a i r e d  i n  a  m a t t e r  o f  h o u r s
w i r l  b e  c o n s i d e r e d  i f ,  b y  c h a n g i n g  t h e  d e t a i l e d  s c h e d u r e ,  i t  i s
p o s s i b l e  t o  a c h i e v e  t h e  p r o d u c t i o n  o b j e c t i v e s  i n  s p i t e  o f  t h e  f a i l u r e .

I f  i t  i s  n o t  p o s s i b l e ,  t h e n  t h e  n e x t  h i g h e r  l e v e l  w i I I  h a v e  t o  c o p e
wi th  th is  fa i lu re . . .

{
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, t r , : : ,  . In  the  a luminum indus t ry  ,  fo r  ins tance, ,  there  is  no  rea l  hedg ing

a g a i n s t  t h e  t y p e  o f  t e c h n i c a l  p r o b l e m  ( b e  i t  l o s s  o f  y i e l d  o r  m a j o r

fa i lu re )  tha t  wou ld  requ i re  a  s ign i f i can t  re -p lann ing  a t  the  corpora te

I e v e l .  T h e  s y s t e m  i s  d e s i g n e d  s o  t h a t  a  r e a c t i o n  t o  s u c h  e v e n t s

r e m a i n s  p o s s i b l e  ( e . g .  t h e  o p t i o n  i s  a l w a y s  l e f t  o p e n  t o  p r o d u c e

h i g h - v o l u m e  i t e m s  i n  m o r e  t h a n  o n e  p l a n t ) ,  a n d  s e v e r a l  g e n e r i c  p l a n s

are  prepared,  one o f  them be ing  f ina l l y  chosen i f  needed.  However ,  no

a c t i o n s  a r e  s y s t e m a t i c a l l y  t a k e n  t o  l i m i t  t h e  i m p a c t  o f  s u c h  e v e n t s .

O n e  o f  t h e  r e a s o n s  f o r  t h i s  a t t i t u d e  i s  t h a t  h e d g i n g  a g a i n s t  a

r a n d o m  e v e n t  i s  p o s s i b l e  o n l y  i f  s o m e  i n f o r m a t i o n  e x i s t s  a b o u t  t h e

I i k e l i n e s s  o f  t h i s  e v e n t .  G e n e r a l I y ,  t h e r e  i s  n o  s u c h  i n f o r m a t i o n

c o n c e r n i n g  f a i l u r e s  o r  y i e l d - I o s s e s  o f  ' c o r p o r a t e '  a m p l i t u d e ,  s i m p l y

because,  even i f  they  occur  once or  tw ice  a  year '  they  do  no t  occur  in

t h e  s a m e  c i r c u m s t a n c e s ,  a n d  d e r i v i n g  s t a t i s t i c s  w o u l d  n o t  b e

s o u n d . G i v e n  t h i s  b u f f e r i n g  e f f e c t  b e t w e e n  l e v e l s ,  t h e  n u m b e r  o f

d i s t u r b a n c e s  t h a t  m i g h t  n e e d  t o  b e  m o d e . l - l e d  a t  a  g i v e n  f e v e l  i s

g r e a t l y  r e d u c e d .

S i m i I a r I y ,  t h e  a m o u n t  a n d  c o s t  o f  r a w  m a t e r i a l  c a n  b e  h i g h l y

v a r i a b f e ,  b u t  l a r g e  v a r i a t i o n s  o f  t h e  a v a i l a b l e  s u p p l y  o f  r a w  m a t e r i a l

a r e  u s u a l l y  t h e  r e s u . I t  o f  a n  e v e n t  t h a t  i s  h e d g e d  a g a i n s t  a t  t h e

s t r a t e g i c  f e v e l  ( m a j o r  f a i l u r e  o r  b a n k r u p c y  o f  a  s u p p l i e r ,  w a r . . . ) ,  a n d

c o s t  m o d e l s  w i l l  g i v e  r e l i a b l e  f o r e c a s t s  o f  t h e  v a r i a t i o n s  t h a t  d o  n o t

r e s u l t  f r o m  s u c h  e v e n t s .  O n  t h e  d e m a n d  s i d e ,  t h e  r a n d o m n e s s  c o m e s  f r o m

t h e  e x i s t e n c e  o f  c o m p e t i t o r s  w h i c h  c a n  a t t r a c t  p a r t  o f  t h e  m a r k e t  b y

a n  a g g r e s s i v e  p r i c e  p o l i c y .  I n  m a n y  c a S e s ,  h o w e v e r ,  c o r p o r a t i o n s  s i g n

c o n t r a c t s  w i t h  t h e i r  m a j o r  c l - i e n t s  a n d  t h e  f l u c t u a t i o n s  d o  n o t  a f f e c t

b u t  a  f r i n g e  o f  t h e i r  d e m a n d  - e x c e p t  w h e n  c o n t r a c t s  a r e  r e v i s e d .

A  f i r s t  c o n l u s i o n  i s  t h a t  d e t e r m i n i s t i c  m o d e l s  a r e  w e l l -  s u i t e d  f o r

t h e  c o r p o r a t e - I e v e l  p l a n n i n g ,  e s p e c i a l l y  s i n c e  s t o c h a s t i c  m o d e l s ,

w h i c h  a r e  u s u a l l y  m u c h  m o r e  c o m p l e x ,  I o o s e  s o m e  o f  t h e i r  e f f i c i e n c y

d u e  t o  t h e  l o w  f r e q u e n c y  o f  t h e  t y p e  o f  r a n d o m  e v e n t s  t o  b e

c o n s i d e r e d .
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I t  a l so  seems ,  ê t  l eas t  f o r  t he  a lum inum indus t r y ,  t ha t  i f  t he re

r" ras one type of  uncer ta in ty  to  take in to account ,  i t  would be that

af fect ing the vo lume of  f ina l  demand.

TV BACKLOG VERSUS NO-BACKLOG

Back logg ing  occurs  when a  demand cannot  be  sa t is f ied  in  t ime (more

p r e c i s e l y ,  w h e n  t h e  c u m u l a t i v e  d e m a n d  e x c e e d s  t h e  c u m u l a t e d

p r o d u c t i o n ) .  A l t h o u g h  t h e  q u e s t i o n  o f  w h e t h e r  o r  n o t  t o  a l l o w  f o r

b a c k l o g  i n  a  p l a n n i n g  m o d e l  s e e m s  t o  b e  e s s e n t i a l l y  a  t e c h n i c a l  p o i n t ,

i t  r a i s e s  a n  i s s u e  t h a t  h a s  g r o w n  i n t o  a  m a j o r  c o n c e r n  i n  i n d u s t r y .

T h e  i s s u e  r a i s e d  i s  t h a t  o f  d u e - d a t e s ,  t h a t  i s ,  m o r e  g e n e r a l l y

' s o f t  c o n s t r a i n t s '  v e r s u s  ' h a r d  c o n s t r a i n t s ' .  S o f t  c o n s t r a i n t s  a r e

u s u a l l y  m o d e l l e d  a s  g o a l s  t o  r e a c h ,  a  p e n a l t y  b e i n g  i n c u r r e d  i f  t h e y

a r e  n o t  s a t i s f i e d .  T h e r e  i s  a l w a y s  a  s o l u t i o n  t o  a  p r o b l e m  w i t h  s o f t

c o n s t r a i n t s  o n l y ,  a n d  t h e  q u e s t i o n  i s  o f  k n o w i n g  h o w  g o o d  i t  i s .  H a r d

c o n s t r a i n t s ,  o n  t h e  o t h e r  h a n d ,  f r â y  r e s u l t  i n  t h e  p r o b l e m  b e i n g

i n f e a s i b l e .

T h e r e  a r e  r e f a t i v e l y  f e w  s i t u a t i o n s  i n  w h i c h  a  s o l u t i o n  w o u l d  n o L

b e  f o u n d  i f  c o s t  d i d  n o t  m a t t e r ,  a n d  t h e  c o n c e p t  o f  s o f t  c o n s t r a i n t s

i s  a p p e a l i n g  b e c a u s e  w h e n  a  p r o b l e m  a r i s e s  i n  a  p r a c t i c a l  s i t u a t i o n ,  a

b a d  s o l u t i o n  i s  s t i l l  b e t t e r  t h a n  n o n e .  T h e  p r o b l e m  i s  i n  d e f i n i n g  a

p e n a l t y  c o s t  f o r  n o t  r e a c h i n g  t h e  o b j e c t i v e  r e p r e s e n t e d  b y  a  s o f t

c o n s t r a i n t ,  a n d  i n  t h a t  r e s p e c t ,  t h e  p e n a l t y  t o  p a y  f o r  n o t  m e e t . i n g

d u e  d a t e s  j - s  p a r t i c u l a r l y  h a r d  t o  e v a f u a t e .

C o n s i d e r  t h e  c a s e  o f  a n  a l u m i n u m  p l a n t  s h i p p i n g  I a r g e  a m o u n t s  o f

m e t a l  o n  b a r g e s ,  a n d  f o r  w h i c h  t h e  d u e - d a t e s  a r e  e x p r e s s e d  i n  w e e k s .

Not  f in ish ing  load ing  a  barge on  the  Fr iday  even ing  o f  the  contac tua l

sh ipment  week w i l l  be  accounted  fo r  as  a  b ig  d rop  in  the  t ime l iness

index  because the  de lay  is  rounded up  to  a  week and we igh ted  by  the

la rge  amount  o f  meta l  sh ipped ' la te  |  .
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, , , ,  T h e  m a n a g e r  w i I I  t h e n  r e s o r t  t o  o v e r t i m e  o n  F r i d a y  n i g h t  t o  f  i n i s h

the  load ing ,  a l though knowing per fec t l y  tha t  do ing  i t  on  regu la r  hours

on Monday morn ing  wou ld  have made no d i f fe rence (except  fo r  sav ing  h im

the cos t  o f  over t ime) ,  s ince  the  barge does  no t  t raveL on  weekends and

t h e  m e t a l  w o u l d ,  i n  b o t h  c a s e s ,  b ê  u n l o a d e d  a t  t h e  c u s t o m e r r s  o n

t u e s d a y  m o r n i n g  a f t e r  a  t w e n t y  h o u r  ' c r u i s e ' '

N O t e :  f r o m  a  p r a c t i c a l  p o i n t  o f  v i e w  t h i s  e x a m p l e  e s s e t r t i a l l y  m e a n S

t h a t  t h e  i n d e x  c h o s e n  i s  n o t  w e i i  s u i t e d  f o r  i t s  p u r p o s e ;  b u t  d e f i n i n g

good ind ica tors  o f  per fo rmance is  one o f  the  fundamenta l  p rob lems in

m a n u f a c t u r i n g :  G o L D R A T T ' s  f a b i e  t G D l  i s  a  v e r y  i n s i g h t f u l  a r r a l y s i s  o f

t h i s  s h o r t c o m i n g  o f  t r a d i t i o n a l  a c c o u n t i n g  p r o c e d u r e s  '

V Ù h e r e n o - b a c k l o g m o d e l s r e a i l y p r o v e t o b e s u p e r i o r i s i n

m u r . l t i - s t a g e  s y s t e m s ,  f o r  t i r e  i n t e r m e d i a t e  i n v e n i o r i e s '  A l I o w i n g

b a c k l o g  i n  s u c h  s y s t e m s  m e a n s  a l l o w i n g  t h e  s c h e d u l i n g  o f  o p e r a t i o n s  o n

p a r t s  t h a t  w i l l  n o t  b e  a v a i l a b l e  '

A n a r g u m e n t u s u a l } y g i v e n t o c e f e n d s u c h m o d e l s i s t h a t s a f e t y

s t o c k s  s h o u l d  b e  k e p t  t o  p h y s i c a l t y  a I I o w  f o r  t h e  o t h e r w i s e  i m p o s s i b l e

o p e r a t i o n s  c n  b a c k l o g g e d  p r o d u c t s .  T h e  f l a w  o f  t h i s  a r g u m e n t  i s  t h a t

s a f e t y  s t o c k s  a r e  u s u a ' i  i y  d e t e r m i n e d  t o  h . e d g e  a g a i n s t  e v e n t s  w h o s e

o c c u r r e n c e  w i I I  t h e n  n o t  b e  c o n s i d e r e d  i n  t h e  o p e r a t i o n  o f  t h e  s y s t e m '

i l e n c e ,  â s s u m i n g  i h a t .  a  s a f e t y  s t o c k  w i l ]  b e  u s e d  t o  a b s o r b  a  b a c k l o g

c a n  m e a n  t  w c  t h i n i T s  :  e i 1 - h e r  t h e  c h a n c e s  o f  r u n n i n g  o u t  o f  s t c c k

b e c a u s e  o f  a n  e v e n t  t h a L  i s  n o t  t a k e n  i n t o  a c c o u n t  i n  t ' h e  m o d e l

i n c r e a s e ,  w h i c h  m a y  n o t  b e  a c c e p t a b l e '  o r  t h e ' s a f e t y  s t o c k ' w a s  i n

f a c t  i n t e n d e d  t o  a b s o r b  t h e  b a c k l o g ,  a n d  t h e n  t h e  c o s t  i n c u : : r e d  t o

h o l d  t h i s  i n v e n t o r y  s h o u l d  b e  a c c o u n t e d  f o r  '  I t  i s  u s u a i i y  c o n s i d e r e d

a  , g o o d ,  m a n a g e r i a l  p r a c t i c e  t o  n e v e r  l e t  t h e  i n v e n t o r y  f a I I  u r i d e r  L h e

s a f e t Y  l e v e 1  o n  P u r o o s e  '

S ince  t he

sys tems ,  t he

tha t  a l l  t he

w o r k  p r e s e n t e d  h e r e  i s  m a i n l y  a i m e d  a t  n u l t i - s t ' a g e

m o d e l s  s t u d i e d  a r e  o f  t h e  n o - b a c k l o g  t y p e '  w h i c h  m e a n s

i n v e n t o r y  l e v e l s  a r e  b o u n d  t o  b e  p o s i t i v e '

104



t
I
I
I

?he FLow-ControL Layer

G i v e n  t h e  o p t i o n s  t a k e n  o f  c o n t i n u o u s  f l o w s  a n d  c o n t i n u o u s  t i m e ,
the  unknowns o f  the  probrem wi l l  be  t ime-dependent  ra tes .  For  example ,
fo r  a  sys tem produc ing  on ly  one type o f  p roduc t ,  the  unknown is  the
produc t  ion  over  t  ime,  t .ha t  i s ,  a  func t  ion  u  such tha t  u  ( r )  represents
t h e  p r o d p c t i o n  r a t e  o f  t h e  s y s t e m  a t  t i m e  t t  i . e .  t h e  v o l u m e  b e i n g
p r o d u c e d  a t  t i m e  t  p e r  u n i t  t i m e .

T h e  c a p a c i t y  o f  s u c h  a  s y s t e m  i s  t h e n  t h e  m a x i m a l  v a l u e  t h a t  t h e
p r o d u c t i o n  r a t e  c a n  a s s u m e ,  a n d  t h i s  v a r u e  c a n  v a r y  w i t h  t i m e :  n a r n e l y
the  per fo rmance o f  a  mach ine  can de ter io ra te  w i th  t ime r  oE the  mach ine
can be  down a t  some po in t  and i t s  capac i ty  i s  zero  o t  r  i f  the  sys tem
c o n s i s t s  o f  s e v e r a r  i d e n t i c a r  m a c h i n e s ,  i t s  c a p a c i t y  c a n  v a r y  b y
s t e p s ,  d e p e n d i n g  o n  t h e  s e t  o f  m a c h i n e s  t h a t  a r e  u p  a t  a  g i v e n  p o i n t .

T h e  f o r m u l - a t i o n  o f  a  c a p a c i t y  c o n s t r a i n t  b e c o m e s  i n t e r e s t i n g  w h e n
t h e r e  i s  m o r e  t - h a n  o n e  p r o d u c t .  r n  t h e  s i m p l e s t  c a s e ,  o n e  c a n  a s s u m e
t h a t  t h e  c a p a c i t y  C ( t )  i s  t h e  m a x i m u m  v a l u e  t h a t  t h e  p r o d u c t i o n  r a t e  o f
a  r e f e r e n c e  p r o d u c t  c a n  a s s u m e .  T h e n  ,  f o r  e a c h  o f  t h e  o t h e r  p r o d u c t s ,
o n e  d e t e r m i n e s  t h e  r a t i o  a ,  o f  t h e  u p p e r  b o u n d  o n  i t s  p r o d u c t i o n  r a t e
w h e n  p r o d u c e d  a l - o n e  t o  t h a t  o f  a  r e f e r e n c e  p r o d u c t  i o s u c h  t h a t  a , u =  t .
T h e  c a p a c i t y  c o n s t r a i n t  b e c o m e s :

P
Vte [ ,  . I . â i . u i ( r )  <  C ( t )

i  = l

A  d u a l  f o r m u l a t i o n  o f  t h i s  c o n s t r a i n t ,

l e s s  f a m i l i a r  t o  p r a c t i t i o n e r s ,  i s  t h e
c o - w o r k e r s :

Vte  I , r i . u i ( t )  <  a19 ( 2 )

produc t  i  and  0( r )  represents

and l -  o therw ise .

( l )

m o r e  c o n c i s e  a n d  e l e g a n t  b u t

one adopted  by  GERSHWIN anc i

p
:
i  = l

where  Î i  represents  the  process ing  t ime o f
the  s ta te  o f  the  mach ine :  0  i f  i t  i s  d .own,
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This inequal i ty  then means that ,  when i t  is  uP,  the machine canngt

be ut i l ized more than 1008 of  the t ime,  and when i t  is  down i t  cannot

be ut i l ized at  a l l .  The equiva lence between the two formulat ions casts

a  neh t  l i gh t  on  the  coe f f i c i en ts  î i = t r i ' c ( t )  / a ( ) '  wh ich  a re  d i rec t l y

proppor t ional  to  the processing t imes.

In  genera l ,  the  capac i ty  o f  a  p roduc t ion  sys tem is  de termined by

severa l  inequa l i t ies  s imi la r  t .o  ( f )  o r  (2 ) ,  one fo r  each mach ine  in  the

sys tem,  and the  se t  o f  feas ib le  p roduc t ion  ra tes  a t  a  g iven  po in t  in

t ime is  a  po lyhedron.  Usua l ly ,  though,  there  w i l l  be  on ly  one o f  these

c o n s L r a i n t s  b i n d i n g  a t  e a c h  p o i n t  i n  t i m e :  t h e  o n e  c o r r e s p o n d i n g  t o

t h e  ' b o t t l e n e c k '  m a c h i n e  ( o r  l i m i t i n g  r e s o u r c e ,  i f  o t h e r  r e s o u r c e s

t h a n  m a c h i n e s  a r e  c o n s i d e r e d  i n  t h e  c a p a c i t y  c o n s t r a i n t ) .  F o r  a  g i v e n

sys tem mode l led  as  a  se t  o f  resources ,  the  bo t t leneck  depends on  the

produc t -mix ,  bu t  wh ichever  resource  i t  i s ,  i t s  capac i ty  de termines  the

m a x i m a l  t h r o u g h p u t  o f  t h e  e n t i r e  s y s t e m .  I n  t h e  m o d e l s  a d o p t e d  i n

C h a p t e r  I V  t h e  a s s u m p t i o n  i s  t h a t  e a c h  s y s t e m  c a n  b e  a p p r o x i m a t e l y

m o d e l l e d  a s  o n e  s i n g l e  l i m i t i n g  r e s o u r c e '  r e g a r d l e s s  o f  t h e

p r o d u c t - m i x .

VII OBJECTIVE

The ob jec t ive  cons idered a t  the  f low cont ro l  leve l  i s  to  coord ina te

s e v e r a l  s u b s y s t e m s  i n  o r d e r  t h a t  p r o d u c t s  f l - o w  a s  f a s t  a s  p o s s i b l e

b e t w e e n  s u b s y s t e m s ,  o r r  i n  d i f f e r e n t  t e r m s r  s o  a s  t o  m i n i m i z e  t h e

w o r k  i n  p r o c e s s .  I n  c l a s s i c a l  m o d e l s  o f  t y p e '  a  p r o d u c t i o n  c o s t  i s

usua l ly  added to  the  inventory  ho ld ingr  cos t  (GABBAY IGA]  '  BENSOUSSAN,

cRouHy and pRoTH tBRl  ) ,  and somet imes a  se tup  cos t  i s  a lso  cons idered

(DzIELINSKI  and GOMORY tDGl  )  .

I n  f a c t ,  L f  t h e  s e t u p s  s e e m  t o  b e  a n  i m p o r t a n t  i s s u e  t o  t a k e  i n t o

a c c o u n t ,  v a r i a b l e  p r o d u c t i o n  c o s t s  c a n  b e  i n t e r p r e t e d  o n l y  i f  t h e

u p p e r  b o u n d  o n  t h e  p r o d u c t i o n  r a t e  ( i . e .  t h e  c a p a c i t y )  c a n  b e  r a i s e d

at  some expense (e .s .  by  over t ime)  .  On the  o ther  hand,  i f  the  capac i ty
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i s  f i x e d  a n d  t h e  p r o d u c t i o n  c o s t  i s  d i r e c t l y  p r o p o r t i o n a l  t o  t h e
vo lume o f  p roduc t ion ,  then the  to ta l  var iab le  p roduc t ion  cos t  depends
on ly  on  Èhe demand.  There fore ,  p roduc t ion  cos ts  a re  no t  cons idered in
t h e  m o d e l s  o f  C h a p t e r  I V .  M o r e o v e r ,  t o  s i m p l i f y  t h e  s o l u t i o n  o f  t h e
prob lem,  the  inventory  ho ld ing  cos ts  o f  any  produc t  i  i s  assumed to  be
proppor t iona l  to  the  vo lume o f  inventory  y i ( r ) .

The ob jec t ive  chosen can t .hus  be

Min
u

VI DELAYS

Even a t  the  corpora te  leve l ,  i t  may no t  be  adequate  to  cons ider

t h a t  t h e  t i m e  s p e n t  b y  p r o d u c t s  i n  p r o c e s s  i s  n e g l i g i b r e :  i n  f a c t ,

cer ta in  opera t ions  can be  long,  even a t  tha t  t ime-sca le .  When the  f low

t i m e s  a r e  r e t a i n e d  b y  t h e  m o d e l ,  t h e  i n v e n t o r i e s  a r e  d e f i n e d  b y  t h e
f o l l o w i n g  r e l - a t i o n s :

V ie  {1 , . . , p } ,  V te  I ,  y i ( t )  =  y ; ( 0 )  +

T
I

fo rmula ted :

I
ki I y, (r) dr. J

I

where  0 ,  represents  the  dura t ion  be tween

i s  m a d e  t o  p r o d u c e  p r o d u c t  i  a n d  t

a v a i l a b l e ,  t h a t  i s ,  w h e n  i t  e n t e r s  t h e  f

( t
t .

|  (  u i ( s - 0 1 ) - d t ( s ) ) d s  > 0
J O

the ins tan t  when the

h e  i n s t a n t  w h e n  i t

i n a l  p a r t s  i n v e n t o r y .

d e c i s i o n

b e c o m e s

Note : th is  mode l l - ing  o f  the  " Iead- t ime"  by  a  s ing te  cons tan t  w i l l  be

more  or  less  accura te ,  depend ing  on  the  produc t ion  sys tem cons idered.

r f  i t  i s  a  s i n g l e  a n d  v e r y  r e l i a b l e  m a c h i n e  a n d  i f  t h e  p r o d u c t i o n

p r o c e s s  i s  e n t i r e l y  f i x e d ,  t h e n  t h e  m o d e l  w i t l  b e  p e r f e c t .  I f  i t  i s  a

whore  produc t ion  p lan t ,  i t  i s  very  unr ikery  tha t  the  t ime spent  by  a

p r o d u c t  i n  t h e  s y s t e m  w i I I  b e  c o n s t a n t ;  f a i l u r e s  w i I I  o c c u r ,  t h e

id le - t ime be tween opera t ions  w i l l  depend on  the  schedu l ing  po l i cy ,  and

both  these components  o f  the  lead- t ime w i l l  be  in f luenced by  the  Ioad

of  the  sys tem.  ( I t  seems tha t  a  s t rong in te res t  has  deve loped recent ly

fo r  mode ls  o f  var iab le  lead t imes to  represent  the  queu ing  e f fec t  tha t

appears  when the  load o f  a  sys tem reaches a  cer ta in  l im i t ) .
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But  th is  type  o f  res t r i c t ion  app l ies  equa l ly  to  a l l  mode ls :  a  mode l

r e t a i n s  o n l y  s o m e  o f  t h e  f e a t u r e s  o f  _  t h e  p h y s i c a l  s y s t e m  u n d e r

cons idera t ion  and i t s  adequacy  depends on  the  re la t i ve  impor tance o f

the  ignored fea tures .  There  are  sys tems fo r  wh ich  in t roduc ing  de lays

determined as  the  average lead- t imes makes i t  poss ib le  to  address  the

most  impor tan t  i ssues .

B e s i d e s  t h i s  q u e s t i o n  o f  a d e q u a c y ,  t h e

r a i s e s  t h e  q u e s t i o n  o f  t h e  d e f i n i t i o n  o f  t h e

t i m e  t ,  t h e  e v o l u t i o n  o f  t h e  i n v e n t o r y  o f

de termined on  the  t ime in te rva l  I  t ,  t+0 ,  ]  i f  the

p e r i o d ,  b e c a u s e  t h e  d e c i s i o n s  c o n c e r n i n g  t h e

t h a t  w i l l  b e  c o m p l e t e d  d u r i n g  t h i s  i n t e r v a l

p a s t .

i n t r oduc t i on  o f  de lays

p rob lem to  be  so l ved :  a t

p roduc t  i  i s  en t i r e lY

demand is  known on th is

a m o u n t s  o f  P r o d u c t i o n

have been made in  the

T h e r e f o r e ,  â t  l e a s t  t w o  d i f f e r e n t  o b j e c t i v e s  c o u l d  b e  s t a t e d :

e i t h e r  d e t e r m i n e  t h e  a m o u n t s  o f  d i f f e r e n t  p r o d u c t s  t o  " I a u n c h "  o v e r  a

p r o d u c t i o n  p l a n n i n g  h o r i z o n ,  i n  o r d e r  t o  m i n i m i z e  t h e  r e s u l t i n g

i n v e n t o r y  h o l d i n g  c o s t ,  a s s u m i n g  t h a t  t h e  d e m a n d s  a r e  k n o w n  f o r  t h e

c o m p l e t i o n  t i m e s  o f  t h e  d e c i d e d  p r o d u c t i o n s ,  o r  a s s u m e  t h a t  d e m a n d s

a r e  k n o w n  f o r  a  c e r t a i n  p e r i o d  ( t h e  s a m e  f o r  a I I  p r o d u c t s )  a n d

determine the  produc t ion  tha t  w i l l  m in imize  the  inventory  ho ld ing  cos t

o v e r  t h i s demand forecast hor izoo.

In  the  f i rs t  case,  demands o f  p roduc ts  hav ing  a  long lead- t ime need

t o  b e  k n o w n  e a r l i e r  t h a n  d e m a n d s  o f  p r o d u c t s  h a v i n g  a  s h o r t e r

I e a d - t i m e ,  a n d  t h e  p l a n n i n g  i n t e r v a l  i s  t h e  s a m e  f o r  a l l  p r o d u c t s ,  i n

t e r m s  o f  t h e  s t a r t i n g  t i m e .  I n  t h e  s e c o n d  c a s e ,  t h e  p l a n n i n g  i n t e r v a l

w i l l  be  the  same fo r  a l l  p roduc ts  in  te rms o f  comple t ion  t ime '

The cho ice  be tween these two poss ib le  ob jec t ives  w i I I  depend on  the

t y p e  o f  c a p a c i t y  c o n s t r a i n t :  t h e  m o s L  p r a c t i c a l  w a y  t o  i n t r o d u c e  a

c a p a c i t y  c o n s t r a i n t  w o u l d  b e  t o  c o n s i d e r  t h e  l o a d i n g  r a t e s  o f  t h e

d i f f e r e n t  p r o d u c t s  a t  e a c h  p o i n t  i n  t i m e .  T h e  r e s u l t i n g  c o n s t r a i n t s

wou ld  be  o f  the  type  in t roduced in  ear l ie r  th is  chapter :
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P
V t  e  I ,  La , .u , ( t )  <  C(0

i= l

I n  t h a t  c a s e ,  t h e  f i r s t  t y p e  o f  o b j e c t i v e  i s  t h e  m o s t  a p p r o p r i a t e .
B u t  t h i s  i s  n o t  a t  a t l  t h e  o n l y  p o s s i b l e  c a p a c i t y  c o n s t r a i n t :  i f  a l t
the  produc ts  have to  undergo a  f ina l  opera t ion  (e .g .  pack ing)  fo r  wh ich
t h e r e  i s  a  s i n g l e  f a c i l i t y  t h a t  a c t u a l l y  d e t e r m i n e s  t h e  c a p a c i t y ,  i t
i s  t h e  c o m p l e t i o n  r a t e s  t h a t  n e e d  b e  c o n s i d e r e d  i n  t h e  c a p a c i t y
c o n s t r a i n t . ,  w h i c h  w i l l  b e  s t a t e d  a s :

( l )

where

be ing

I '

o f

Vte t ' ,  Ëu , .u , ( t -0 , )<C( t )  (3 )
i = l '  r -  r '  -

j - s  t h e  i n t e r v a l  o n  w h i c h  d e m a n d s  a r e  k n o w n ,  t h e  o b j e c t i v e

the  second type.

h lha tever  the  ob jec t ive  chosen,  the  fo rmula t ion  o f  the  prob lem to  be
s o l v e d  w i l l  b e  o f  t h e  f o l l o w i n g  t y p e :

Min I k, | ,,,,*r,, o,
U  

I  J I

s . t .  V i ,V te  I ,  y i ( t+O, )  =  y ; {e , ; .  I  f  u , (s ) -d , (s+01) )os  >0
J l

Vte I ,  I  u , ( t )  <  C( r )
i '

,  where  the  inventor ies  y1(0 i )  a re  known when the  dec is ions  are  made,

a n d  f o r  a r l  i ,  d i  r e p r e s e n t s  t h e  d e m a n d  o f  p r o d u c t  i  d u r i n g  t h e
p l a n n i n g  i n t e r v a l .

S i n c e  t h e  d e m a n d s  a r e  a s s u m e d  k n o w n  o n  t h e  i n t e r v a l  l ,  i t  j u s t

takes  a  var iab le  t rans format ion  (y ' i ( t )  =  y i ( t+Oi )  and d ' , ( t )  =  d i ( t+0 ; ) )  to  show

that  th is  fo rmula t ion  is  equ iva len t  to  tha t  o f  a  no-de lay  prob lem in

t e r m s  o f  y ' , 9  a n d  d ' .

T h e  p r o b l e m s  i n v e s t i g a t e d  i n  t h i s  w o r k  a r e  t h u s ,  w i t h o u t  l o s s  o f
g e n e r a l i t y ,  o f  t h e  n o - d e l a y  t y p e .
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c o n s i d e r  a  m a n u f a c t u r i n g  s y s t e m  c o n s i s t i n g  o f  a  n e t w o r k  o f  n

p r o d u c t i o n  s u b s y s t e m s  f e e d i n g  i n t e r m e d i a t e  b u f f e r s  w i t h  p  d i f f e r e n t

types  o f  p roduc ts :  i t  i s  assumed tha t  each produc t  type  has  to  undergo

a  s p e c i f i c  S e q u e n c e  o f  o p e r a t i o n s  p e r f o r m e d  i n  t h e  d i f f e r e n t

s u b s y s t e m s .  T h i s  m e a n s  i n  p a r t i c u l a r  t h a t ,  i f  a  p r o d u c t  c a n  b e  s o l d  a t

t v r o  d i f f e r e n t  s t a g e s  o f  i t s  p r o d u c t i o n  p r o c e s s ,  t h e n  i t  w i l l  b e  s p l i t

i n t o  t w o  d i f f e r e n t  P r o d u c t s .

E a c h  p r o d u c t  i s  t h u s  a s s i g n e d  a  s e q u e n c e  o f  s u b s y s t e m s  i t  h a s  t o

g o  t h r o u g h  i n  o r d e r  t h a t  i t s  p r o d u c t i o n  p r o c e s s  b e  c o m p l e t e d '  T h i s

s e q u e n c e  w i l l  b e  c a l l e d  i t s  r o u t e .  T h e  p r o d u c t i o n  s y s t e m  c o n s i d e r e i

h e r e  i s  o f  t h e  f l o w - s h o p  t y p e ,  w h i c h  m e a n s  t h a t  t h e  s u b s y s t e m s  c a n  b e

i n d e x e d  i n  o r d e r  t h a t  e a c h  o f  t h e  p r o d u c t s  r o u t e  i s  a  s u b s e q u e n c e  o f

t h e  e n t i r e  s u b s y s t r e m s  s e q u e n c e .  I n  o t h e r  t e r m s ,  t h i s  r e s t r i c t i o n  m e a n s

t h a t  i f  a  p r o d u c t  h a s  t o  u n d e r g o  a n  o p e r a t i o n  i n  s u b s y s t e m  i  a n d  t h e

f o l l o w i n g  o p e r a t i o n  i n  s u b s y s t e m  j ,  t h e n  s u b s y s t e m  j  i s  a f t e r  s u b s y s t e n

i  in  the  rou tes  o f  a l l  the  Produc ts  '

I t  i s  f i r sÈ assumed tha t  the  t ime spent  by  the  produc t -s  in  p rocess

i s  n e g l i g i b l e  a n d ,  i n  o r d e r  t o  f a c i l i t a t e  t h e  f o r m u l a t i o n '  t h a t  t h e

demands are  the  load ing  ra tes  in to  a  v i r tuar  (n+ l ) t t t  subsys tem'

T h i s  w â Y ,  a I l  t h e

p r o d u c t  i ,  i t s  r o u t e  i s :

r o u t e s  e n d  w i t h  s u b s y s t e m  n + 1  a n d  f o r  e a c h

(mt ) f= t , . . .N i  where  mN.  =  n+ l  '

-  u| ' ( . )  I  Os.

i, vi tr,e

The inventory  leve ls  a re  then de f ined by  the  equat ions :

V ie  {1 , . . , p } ,  Vke  { l , . . ,N ; l } ,

{ j  =  mt  and j '=  m1*1}  =â Yi t t l  =  Yi

wfrere u i  is  the loading rate of  product  i  in to

stock of  i  a t  subsystem j ,  and u in+l  is  the demand of

( t
(o) + l tu i  G)

J g

subsystem

product  i .
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The FLow-Control LayeE

For  each  subsys tem j e  { 1 , . . , n } ,  de f i ne  t he  se t  ÂOo f  p roduc t s  t ha t
have to  undergo an operat ion in  subsystem j :

Â ( i )  =  { i  e  {1 . .p }  /  l ke  {1 . .N i -1 }  and j  =  mr  }

The prob lem to

n p
Min
( l lb  j= l  i= l

s . t .  V i e  { 1 , . . , p }

V j .  {1 , . . ,n }

T h i s  p r o b l e m  c a n  b e  f o r m u l a t e d  s l - i g h t l y  d i f f e r e n t l y  b y  c o n s i d e r i n g
rha t  the  produc ts  f l -ow th rough a t l -  the  subsys tems w i th  the  res t r i c t ion
Lhat  they  cannot  accumul -a te  bu t  in  the  inventor ies  be long in  g  to  the  j_ r

r o u t e '  a n d  a f f e c t  t h e  c a p a c i t y  o n t y  f o r  t h e  s u b s y s t e m s  i n  t h i s  r o u t e .
F o r  e a c h  p r o d u c t  i ,  d e f i n e  f ( i )  a s  t h e  s e t  o f  t h e  i n d i c e s  o f  t h e
s u b s y s t e m s  i n  i t s  r o u t e ;  t h e  f o r m u l - a t i o n  o f  t h e  p r o b l e m  t h e n  b e c o m e s :

s o l v e  i s  t h e n :

rh
I Yito ot

J O

, V k e  { I , . . , N i - l } ,  V t e  I ,  y i m k ( r )  > 0 .
P

,v  re I , , I , . i .  u i t r l  <c j t r l

Min
tut)

s . t .  V ie  {1 , . . ,p } ,V j .  {1 , . . ,n }  ,  V re  I , y i ( t )  =y i1O;+ tu|Al - uf+t (s) I ds 2 0.

n p

t t  k i
j  = l  i  =1

V ie  {1 , . . , p }

V j .  { 1 , . . , n }

yi(r)  dtIJ
( i ) ,

i ro

. . , n )  \  f
p

I..i .u
I  = l

that

V j  e  {1 ,

V te  I ,

ï

Vte I ,  y i ( t )  =0

< Cj (r).

( 4 )

, w i t h  t h e  a s s u m p t i o n Vj .  {1 , . . ,n } ,  i e  Â61  +a l=9 .

This formulat ion shows that  the f low-shop problem could be so lved
exac t - I y  as  a  mu l t i - s tage  p rob lem i f  i t  we re  poss ib le  to  avo id  the
constra in ts  (4)  by in t roducing corresponding in f in i te  ho ld ing costs .  In
fac t ,  t h i s  resu l t  f o l l ows  f rom those  i n  Chap te r  IV ,  and  the  case  o f
t . he  f l ow-shop  sys tem rep resen ted  on  fLg .1  ( f ou r  subsys tems ,  f i ve
products)  wi l l  be so lved in  Chapter  V.

l l l
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tutalyt' ical Resur'ts; the singte-st age mono-prod.uct problem

PRODUCTION UNIT BUFFER
Supplg

uft)
Demand
d(r)

T h e  s y s t e m  r e p r e s e n t e d  o n  f i g . 1  c o n s i s t s  o f  a  p r o d u c t i o n  u n i t
f e e d i n g  a  b u f f e r  w i t h  a  s i n g l e  t y p e  o f  p r o d u c t .  T h i s  s y s t e m  m u s t
sa t is fy  a  var iab le  demand,  known over  the  p lann ing  in te rva l  l= [g ,h ]  and
m o d e l - l e d  a s  a  p o s i t i v e  a n d  p i e c e - w i s e  c o n t i n u o u s *  f u n c t i o n  o f  t i m e .

r t  i s  a s s u m e d  t h a t  t h e  t i m e  s p e n t  b y  t h e  p r o d u c t  i n  p r o c e s s  ( a r s o
r e f e r r e d  t o  a s  i t s  f l o w - t i m e  o r  l e a d - t i m e )  i s  n e g l i g i b l e  a n d  t h a t  t h e
c a p a c i t y  o f  t h e  s y s t e m  i s  r i m i t e d .  F u r t h e r m o r e ,  b a c k l o g g i n g  i s  n o t
a l l o w e d  a n d  i n v e n t Q r y  i s  u s e d  t o  h e d g e  a g a i n s t  p e a k s  i n  d e m a n d .  T h e
quest ion  is  then,  g iven  tha t  the  demand d( r )  i s  known on the  p lann ing
in te rva l  l ,  how to  de termine the  supp ly  u ( t )  on  th is  same in te rva l ,  in
o r d e r  t h a t  t h e  d e m a n d  b e  s a t i s f i e d  a n d  t h e  t o t a l  i n v e n t o r y  h o l d i n g
c o s t  m i n i m i z e d .

"  À funct ion f  mapping I  in to lR+ wir l -  be said p iece-wise cont inuous i f  i t
has  a  f i n i t e  number  o f  d i scon t i nu i t i es ,  a l l  o f  t he  f i r s t  k i nd ,  and  i f  i c
s a t i s f i e s  r h e  c o n d i r i o n :  V t e  I ,  f  ( t ) e  { f ( t - ) , f ( t * )  }  ,  w h e r e  f  c - )  a n a  f ( t + )  a r e
respect ive ly  the r -ef t -hand and.  r ight-hand r imi ts  of  f  a t  t .  which ex is t  s ince
discont inui t ies are assumed s imple.  This condi t ion means t r rat  f  is  cont inuous
o n  s o m e  i n t e r v a l  ( t - p , t ] ,  o r  [ t , t + p )  o r  o n  ( t _ ] , , t + p ) ,

Capac i tg  C( t )
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Analyt icaf  Resul ts . ' the sing-l e-stage mono-Ptoduct probJem

This quest ion can be s tated in  mathemat ica l  terms as:

SSI (cd,yo) y (r) dt

V te  [0 ,h ] ,

y( t )  = Yo+ tu (s ) -d (s ) l  ds  >  0 (cr)

u(t) < C(t)

,  where the in i t ia l  inventory y0 ts  g iven and posi t ive,  and Q is

t .he set  o f  a f l  pggi l igg and p iece-wise cont inuous funct ions on I :  for

the modeL to remain meaningfu l ,  the product ion rate u must  be posi t ive,

and i t  is  not  rest r ic t ive to  assume i t  p iece-wise cont inuous '

no te :  l . /  f o r  t he  sake  o f  ma themat i ca ]  r i go r ,  Q  shou ld  be  de f i ned  as  t he  se t

o f  a I I  c l a s s e s  o f  p o s i E i v e  a n d  p i e c e - w i s e  c o n t i n u o u s  f u n c t i o n s  o n  I  f o r  t h e

e q u i v a l e n c e , , i s  e q u a l  t o ,  a l m o s È  e v e r y w h e r e  o n  I ' .  T h i s  s i m p l y  m e a n s  t h a t '  o

shou ld  no t  con ta in  two  func t i ons  t ha t  a re  equa l  a lmos t  eve rywhere  ( i n  sho r t ,

' a .e . , , )  .  I ndeed ,  s i nce  the  ob jec t i ve  f unc t i on  i s  exp ressed  i n  t e rms  o f  Ehe

integra l  of  the contro l ,  two contro ls  equal  a.e.  on I  y ie ld t "he same value of  the

ob jec t i ve .  The re fo re ,  t he  op t ima l  con t ro l  canno t  be  cha rac te r i zed  more  p rec i se l y

than  "a .e .  on  I " .  Ho ! , t eve r ,  i t  was  ChOsen  to  avo id  t h i s  So f  i s t i ca t i on  and  to  rePeê t

t .he expresSionS r t= a.e.  on I "  and "modulo the equivalence = a 'e '  on I "  whenever

needed, however clumsy it may sound.

2 /  a  p ropos i t i on  P  i s  sa id  t o  be  sa t i s f i ed  "a lmos t  eve rywhere "  on  a

measu rab le  se t  E  i f  t he  subse t  o f  E  on  wh ich  P  i s  no t  sa t i s f i ed  has  a  ze to

measure;  i t  is  considered here that  a real  set  has a zero measure i f f  i t  dOeS not

conta in any non-emPty inÈerval .

II SIMPLIFICATION:

The purpose of thjs section js to prove that problem ssl can be

equivalently formulated with a zero init iaJ- inventoty-

rh
Min I
u e O J 0

s .  t .

T
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AnaJyt,ica-l ResuJt.s.. tàe singJe-st 
"ge 

^ono-product probJem

def in i t ions :

e: f,l' lR* +I

(1,yù +r-sup { te [0,h], f  lUro,
Js

Q* lR* +Q

(f, yo) -+g iff t = 0 (f, yo) and 
{

/ito, 
= 

/'sr,ra, , whereas -ro+ft,,1., = 
fi(s)ds.

rhat: vter, f'ro,or=f f'ro,i, l.

l:'" 
= 
î: I I"',,u*].;JJ". J:+..,0: = o

J"tt* 
= 

J"rrrl* 
bv derinition or s, ""oJtru)ds ; s

re f , i  is  posir ive;  henc",  
/ lo,*  

= 
[  J : r"  ] :

syo)

Y:
Vte  [0 , rJ  g ( r )=0

V t e Jt, hl g0) =f(0
i n te rp re ta t i on :

r f  f  is  a  demand funct ' ion and y9 an in i t ia l  inventory,  then
g = Y(f, yo) is the related ,,net demand,,, that is, the demand that
cannot  be sat is f ied f rom the in i t ia l  inventory.

notat ion:  V X e R ,  X+ stands for  Max (X,  0) .

l emma l . l I . r :

l e t  fe

t ,hen

proof:

le r  t=0 ( f , yo ) .

By  de f in i t ion ,

hle thus prove

+  i f  t < r ,

+  i f  t > t ,

because

Ç) and g = Y(f, yo);

Vte r, 
l r(s)ds = 

t 
r,. I:rod, ]
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(C'r)

Consider  now the problem:

rh
SS2 (C,d') Min I y'(0 dt

u e O  J g

s . t .  V te  [ 0 ,h ] ,
f t

y ' (0= l  fuA l -d Is ) lds  >0
Jo

u(r) S C(r) ,

+  I t  f o l l ows  f rom Iemma l . t l . t  t ha t  t he  cons t ra in t s  (C r )  and  (C ' r )

a re  egu iva fen t :

(cr)  (+ vte[o,h] ,  f 'urr lo,Jo  Jo

and,  because ue  Ç)  i s  pos i t i ve ,  t ,h is  i s  equ iva len t  to :

f t  |  ( t  l *  f ,
luc)as =l-y(o)+laAl* l= ld ls)osrs L Jo J Jo

(by  lemma 1 . I I . l  )

AnalyticaJ. Resul,ts. ' tàe singJe-stage mono-product probLem

where d '= Y(d,  yo).

theorem l . l I . t :

The problems (SS,)  and (SSr) stated hereabove are equivElent.

-  Or ,  in  o ther  words ,  u  so lves  (SS1)  i f f  u  so fves  (SS2)  -

proof :

( h  r ,
+  Bo th  ob jec t i ves  a re  equ iva len t  t o :  M in  I  l ' u ( s ) r l sd t

u e ( l  J u 
Jo

(Ac tua l l y ,  t he  o the r  t e rms  o f  t he  ob jec t i ves  a re  cons tan t )  .
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Ntalytical ResulÊs: tàe singJe-staEe mono-product problen

l l ence  the  s impr i f ied  fo rmura t ion  o f  the  probrem to  so lve :

f h  r .
SS (Cd) Min | | 

' 
u (s) ds dr

u e  f )  J  o  
t o

s . t .V te [O,h ]  ,
r l

y ( r )=  |  t u t r l - d ( t ) l ds  >0
Jo

u( t )  S C( t ) .

Given the prev ious theorem, i t  w i l l  be s ta ight forward to  exte4d to
problem SS, (Cd,y/ tne resutts obtained for problem SS (C,d).

theorem l . l r r . l :

I, f 
u(s)dsdt = 

Iit-t)u(t)rrr
proof:

T h e  p r o o f  i s  b a s e d  o n  a n  i n t e g r a t i o n  b y  p a r t s :

Ler  U( t )  =  f  
tu l rya ,  

and V( t )= t
J g

fh  ( t  fh  fh
then I  l 'u(s)dsdt = |  Uf, lo,  = |  Utt l  V ' ( t )dt  s ince V'1q= 1

Jo to  Jo  Jo

= 
[ u (r) v(r) ]: l, "'(t) 

v(t) dt

= huor-Jn,.uït)dr = tJj",r*- 
In,.u(ùdr

i n te rp re ta t i on :

Th is  resu l t  i s  mean t  t o  show how m in im iz ing  the  i nven to ry

hold ing cost  is  actual ly  achieved by producing as la te as poss ib le .

rt7



AlraLytical Resu-lts : the singJe-stage mono-ptoduct problem

coro l la ry  1 . I I I . t :

The ob jec t i ve  o f  p rob lem SS (C,d)  can be  rewr i t ten :

III OPTIMAL FLOW.PLAN:

proof :

l e t  t e  I ;

V t e [t,h]

Bes ide s  ,

t.u (r) dr.

z  i s  a  l o w e r  b o u n d  o n  t h e  a d m i s s i b l e  i n v e n t o r y  f u n c t i o n s

e  y ( r )  2 .0 .

Therefore,  y( t )  >  SuP
1€ [r,h]

J,Max
u e O

def in i t ions :

+  A func t ion  u  sa t is fy ing  the  cons t ra in ts  o f  p rob lem SS (C 'd )  i s

ca l l ed  an  admiss ib le  f l ow  P Ian .

+  Two  func t i ons  z=O(C,O)  and  v=3 (C ,O)  can  be  de f i ned  as  fo l l ows :

fr
Vte[0 ,h ]  t  z ( t '1= Sup I  taa l -C(s) los  (L)

r €  [ Lh l  J t

I  M in (d ( t ) ,C ( t ) )  i f  z ( t ) - 0
'  v ( t )=  {

t  Ct t l  o therwise

' I ne  pu rpose  o f  p resen t  sec t i on  j s  t c  p rove  tha t  v  - i s  t he  ap t i r ' e :

f l cv - .o lan  and  z  the  re fa ted  i nven to ry  func t i on .

lemma 1. t t t . t :

le t  u  be an admiss ib le  f low-p lan and y the re la tec i  i : :ve: :c : . , ' ;

t hen  V te l ,  Y ( t )>z ( t ) .

i n te rp re ta t i o r , r :

Ji,o,-dG)tds 
becaus

" Jiu(s)-d(,)rd, 
sf

J,ta(s)-c(s) lds 
= z(t)

,  y( r )  = y( t ) -  f t " (s) -d(s) los 2-
J t

Vsc  [ t , h ] ,  u ( s )  <  C (s )  and  t hu c  ($ -d  ($  l  ds
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Ntalyticat nesults.' tàe single-st age mono-product probrem

lenrma l . I I I .z :

The funct ions v  and z sat is fy  the for rowing proposi t ions:

o.  Vre [0 ,h ]  ,  z ( r )  à  0 .

l .  z  i s  con t i nuous  sn  [= [O ,hJ .

2 .  t he re  ex i s t s  a  f i n i t e  sequence  o f  i n te rva l s  ( [F r ,T r . r l ) k= t . . . .N

suçh tha t :

+  To=h

+ Vke  [1 , . . ,N ] ,  TçSFrS Tr - r

+  V te  [0 ,h ] ,  z ( r )=0  <+  3ke  {1 , . . ,N}suchrha t  re  [Ê r , ,T r - r ] .

3 .v  i s  p iece-w ise  con t inuous  on  I ,  tha t  i s ,  ve f ! .

q .  V te  [0 ,h ] ,  z ( t )=  lT t td (s ) -C(s ) lds ,
J t

where Fr = Inf { t e lr,hl such rhirr z(t) = g }

i  n terpretat i  on :
The important resurt  of  th is lemma is that  v e f ! ;  the other
propos i t ions  are  s tepp ing  s tones  fo r  fu r ther  resu l ts .

proof:

Def ine rhe funcrion e: r -r [ '  f O O, - C (s) ] ds
JO

Then ,  V te  [ 0 ,h ] ,  z ( r )  =  Sup  I q ( t ) - g ( r ) ]  =  g (1 r ) - gG)
t  e [ t ,h]

, where t, = Argsup g(r)
t e [r.hl

'  P ropos i t i on  0  resu r t s  d i rec t r y  f rom the  de f i n i t i on  o f  z  ( su f f i ce
i t  to  consider  that  for  I  =  t  r  the in tegrar  is  zero)  .
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Ntalytical Results.' tàe single-stage mono-product problem

.  P rooos i t i on  1 :  I e t  t e  I  and  e>0 .

.  d  and  C  be ing  p iece -w ise  con t i nuous  on  l ,  I  i s  con t i nuous  on  l ,

un i fo rm ly  because  I  i s  compac t .  Thus  3c r>Osuch  tha t :

Vs , s ' €  I ,  l s - s ' l <a  +  l g ( s ) - cp (s ' )  |  <  e l }  ( l )

The  ob jec t i ve  i s  t o  P rove  t ha t :  V t ' e  I , l t - t ' l <a l 2  =  l z0 l ' z ( t ' ) l <  E .

l e t  t ' €  I  t  -  u , l 2  , t+  a [2 [ :

Tbro cases need be considered:

l -  r .  *  t r r s  t hen  l z ( t ) - z ( t1 l  =  l q t t t - 9 ( r r l  <  E l2 .

2 - \ *1 ' t .  assume  tha t  t ( t ' ;

Then r,e [t , t ' [  and rp(t) S g(rr) < g(tJ: both these propert ies result from

t.he def in i t ion of  t r  and Î t .

Mo reove r ,  s i nce  1 ,e [ t , t ' [ ,  l t , - t ' l c c l  and  l <p ( t , ) - 9 ( t ) l <e l2z  see  ( l ) .

rherefore I zl(r)- zl lr ' ;  I  = | rpto - ${r)+ g(rr)- g(1r) |  < I qtr ' t-9(r) l+ 19(q')-9(lr) I

< lçttl - g(r) l+ lg(r') - t6t,) I < E.

Since t  and t '  have symmetr ica l  ro les in  the prev ious devçfopment ,

the same resul t  would be reached under  the assumpt ion Èhat  t< t ' .

Hence ,  V te  I ,  Ve>0 ,  3a>0  and  V t ' e  I ,  l t - t ' l  <  s / 2  =  l z ( t ) - z ( t ) l <  e  '

which exact ly  means lhat  z  is  cont inuous on I .

.  propoFl- t ion 2:  z  be ing cont inuous,  the rec iproc4l  image of  0  by z '

i .e .  the set  o f  a t l  po ints  t  in  [0 ,h]  such that  z( t )=0 is  a  c loSed subset

o f  [ 0 ,h ] ,  i . e .  a  un ion  o f  c ]osed  i n te rva ]s  .  Th i s  un ion  i s  aFsuned

f in i te ;  the ex is t ,ence and proper t ies of  the sequence ( [Fr ,Tr- r l )k=t . . . .N

asser ted in  lemma l . l l t .z  fo l low.
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ÀnaryÈlcar Resu-lts; Êàe singJe-stage uano-product pEobfem

o  F rogos i t i on  3  resu l t s  f rom the  fac t  t ha t  bo t .h  d  and  c  a re
pesi t ive and p iece-wise cont l_nuous.

I n  f ac t ,  i f  J  = { t e l  I  z ( r )  =  Q f  ,  t hen  by  de f i n i r i on  v=C  on  I I J  and
v=  M in (d ,c )  on  J ;  hence  v  i s  pos i t i ve .  r t  can  ac tua r l y  be  p roved  th4 t
v '=d a lmost  everywhere on J ,  which proves i ts  p iece-wLse cont inu i ty ,
g iven that  both I  and J are f in i te  un ions of  in tervars:

Let  te  J  and assume t ,hat  d( t )  >  C(0 and that  d-C is  cont inuous at  t .
t hen  3e>0  such  rha r :  Vs€  I  t - e , t +e [  ,  d ( s )  >  C (s )  and :

f,*e
z ( t )  2  |  tdG) -C(s )Jds  >  0 ,  wh ich  conr rad ic rs  z ( r )  =  0 .

J T

Hence d-c is  not  cont inuous at  the points  t  o f  J  where d( l )  >  C(r ) ,
that  Ls,  the points  t  o f  J  where v( t )  *  d(ù.  s ince d-C is  p iece-u lse
cont inuous on J ,  v=d a lmost  everywhere on J .

.  P ropos i t i on  4 ;

Le t  t e  I  and  F t= In f  {  t e  l t , h ]  such tha t  z ( r )=0  } .

By def in i t ion of  g  ,  z  and pr ,  i t  fo l lows that :

Sup g1q = gGr)+z(pr)  = gOJ and Vse l t ,p , l  ,  Sup g(r )  > g(s)
re [p,,hl re l i ,hl

This  last  inequal i ty  impl ies that :

V se Jt,  FJ, Sup- g(r) = Sup g(r) = gGJ
re [s.hl re [p,,hJ

and' {pbeing continuous, sup g(r) = g(ft) ,  which means that:
r e  [ t h l

4( t )=  Sup tg t r t -9( t ) l  =  gOJ-e( t )  =  [ ' tOOr-C(s) ]dsr €  [ t h l  J t

r2l



Analyticaf Results: the single:staÇ€ mono-product Probl.ea

i

z ( t )= " | , tU(s ) -v (s ) Ids

lemma 1 . I I I . l :

corol lary 1.t t t .r :

Vte  [0 ,h ] ,

oroof:

Le t  ke  {1 , . . ,N}  and no te  w(s) :  d (s ) -v (s ) ;

+  V te  [p* , ï r - r ] ,  z ( t )=Q,  and v=d a .e  on  [p1 ,n-11 ;

thus  V te  [p . , ï1 -11 ,  | ' t ' t t n (s )ds  =0=  z ( r ) .
J t

+  V te ly . ,p * [  ,  z (ù>0andv( t )=C( t ) ;

S ince  Fr=  In f  (  te  l t ,h l  /  z ( r )=0  ) ,  p ropos i t ion  4  o f  lemma l . l t .?

appries and impries that z(t) = 
I\ 

r(s)- c(s) I ds = 
.|:-w(s)ds.

Hence V t e ly*, P*[ , z(r) = 
f*'lw 

O, *.

B y  c o n t i n u i t y ,  t h i s  r e s u l t  h o l d s  a l s o  f o r  t = T k ,  w h i c h  m e a n s :

fÏt-r fT*-t
Vke {1, . . ,N} ,  Vre [T*Tr-r ]  ,  z( t )= 

Jr^- ï  
t r lor  and 

Jnt(s)ds 

= z(Tk) = 0

f ' o
A sr ra ight forward recurs ion would y ie ld  that  

J j - (s)ds 
= 0.

S ince  ï0  =  h ,  i t  r esu l t s  t ha t :  V t€  I  ,  z ( t )=  [ " *Oro '
J T

v t e [o,h] , 
"[l" 

(s) ds = 
fu'" r,t 

* * 
fo o, *

oroof:

rh rh
z(t'1 = | td(s)-v(s)le = 

| td(s)-C(s)lds
J t  J t

= f"o,u, = .[loo," 
- 
J'ooro, * f.u,*
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l emma l . I I I . l :

i f  V te  [0 ,h1

tben

pEggfj

I f  (A)

s ince

Hence'

nf i
,  Ic(s)os

JO JO

z (0 )=0  and  V te  [ 0 ,h ] ,  
" t t l =  [ '

JO

(r

i s  sat is f  ied,  then z(0)  = 
,  ! " ,P0 '  Jof  

aAl 'C(s)  I  ds

z  i s  pos i t i ve r  z (0 )=  0 .

rh
z ( t )  =  |  t d (s ) - v (s ) l ds

J t

because z(0)= g

=J:
=f

i n te rp re ta t i on :  t hese  p te l im ina ry  l emmas  show tha t ,  i  f  (A )  j  s

sat j  s f ied,  then v is  an admjss jb le  fJow-p|an:  namely,  j t  has been

proved  tha t  v  e  f )  and ,  by  de f i n i t i on ,  v  sa t j s f j es  Ëhe  capac i t y

constra in t ;  moreover ,  i t  h 'as just  proved that  z  is  the inventory

funct ion teLated to  v  and,  prev ious ly '  that  z  is  pos i t ive '

co ro l l a ry  l . I I I . l :

The reex i s tadm iss ib l e f l owp lans i f f (A ) i s sa t i s f i ed .

= - :za, .  
f  

Id(s)-v(s) ]ds

rh
I  d ( s ) - v ( s ) l ds  +  |  I d ( s ) - v ( s ) l ds

JT

Id ( s ) - v ( s ) ] ds

(A )

l v (s ) -d (s ) lds
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proof:
The " i f '  par t  o f  the s tatement  has

sa t i s f i ed ,  t hen  v  i s  an  admiss ib le

there ex is ts  an admiss ib le  f low-p lan

theo rem l . I I I . t :

I f  SS (C,d) has a

and  i t  i s  un ique

In  o the r  wo rds :

I f  u  i s  a n  o p t i m a l  f l o w - P l a n

t b e n  u = v  a f m o s t  e v e r y w h e r e  o n

jus t  been proved:  i f  (A)  is

f l ow-p lan .  Rec ip roca l l y r .  i f

u ,  i t  f o l l ows  tha t :

Êrr
Vte l ,  l u ( s )ds

Jo Jo

Moreover ,  Vse [0 , t ]  ,  u(s)  S C(s)  and thus

Hence  (A )  i s  sa t i s f i ed .

>0.

f tn
I crslos

J O  J O

so lu t i on ,  t ben  v  =  3  (Cd)  i s  t h i s  so lu t i on ,

modulo the equivalence " = â.c. on I "

(  i . e  a  so lu t i on  to  SS  (C ,d )  )  ,

I .

Droof:

r f3
and

Thus

Conclusion:
Since i t  rdas Proved in  theorem

equiva lent  to  SS (C,Y (d,Yo))  r  the

solved by v = 3 (C,Y (d,yo)).

u (s) É v (s) then

y  >  z  a .e .on  J .

not  be opt imal

y  * z  a .e .on  J

1. I t . r  that  problem SSt  (C,d 'Yo)  is

i n i t i a l  p rob rem SS,  (C ,d ,Yo )  i s

J  =  l t o , t l [ ,  t o t t l  and  VseJ  '

i t  fo l lows f rom lemma l . t l t . t  that

rh rh
I  yt , lOt
Jo Jo

The re fo re  u=v  a .e .on  I .
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F lg .  2 .

f low-plan is

i  I l us t ra tes

derived from

bet te r  than any  comment  how the  op t ima l
the  demand and capac i ty  func t ions :

0ot imal  F loru-o lon

rie.2.

The ra t iona le  fo r  th is  so lu t ion  is  to  p roduce in  advance when the
fu tu re  demand is  expec ted  to  exceed the  capac i ty ,  and to  do  so  ,as

I a t e  a s  p o s s i b l e " .  C o n s e g u e n t l y ,  t h e  p r o d u c t i o n  i s  e i t h e r  e q u a l  t o  t h e
dem4nd or  to  the  capac i ty .  In  fac t ,  the  produc t ion  w i I I  be  equa l  to
the  capac i ty  dur ing  the  peak  per iods  (when demand exceeds capac i ty )
a n d  d u r i n g  a n  i m m e d i a t e l y  p r e c e d i n g  s l a c k  p e r i o d  ( d u r i n g  w h i c h
i n v e n ç o r y  i s  b u i r t  u p ) .  T h e  r e s t  o f  t h e  t i m e ,  t h e  p r o d u c t i o n  i s  e q u a r
to  the  dernand and the  inventory  kept  a t  zero .  These resu l ts  a re
s u m r n a r i z e d  i n  t h e  f o l _ l _ o w i n g  e q u a t i o n :  J . ( u - C ) = 0  a . e .  o n  I .

n o t e :  t h e  p r o c e d u r e  y i e r d i n g  v  =  3  ( c , d )  w i l r  b e  r e f e r r e d  t o  a s

"backward  smooth ing"  in  the  remainder  o f  th is  work .  fnso far  tha t  the
opçimal product ion plan is der ived f tom the demand, a system based on
this procedure would belong to the class of "trIûL_sJlSLteSS.,,.

I  nuentoru  Funct ion
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T h e p u r p o s e o f t h i s s e c t i o n i s t o p r e s e n t s o m e r e s u l t s : n ' : n : : :

n a t r e a l l y i n s i g h t f u l l b y t h e m s e l v e s b u t w i l l b e u s e f u l i n t ' h e

remainder  o f  the  chapter .  The f i rs t  subsec t ion  concerns  the  backward

s m o o t h i n g  p r o c e d u r e .  T h e  s e c o n d  o n e  i n t r o d u c e s  t h e  " o p p o s i t e "

p r o c e d u r e ,  w h i c h  c o n s i s t s  o f  p u s h i n g  ( i n s t e a d  o f  p u l l i n g )  m a t e r i ê I

th rough a  caPac i ta ted  sys tem'

Let  C,d  e  Q and cons ider

MxF, (C,d) Mæc
u e  O

s .  t .

no ta t ion :
For anY funct ion f  in

lemma l . v . t :

p!:oof:

the

rh

J t

Vs

The proo f  i s  essent ia l l y  the  same as  fo r  lemma

so lu t ion  to  MxF, (C,d)  and te  [ t 'h ] ;

r h  f ' . .  . \ \ r -  L ^ Â - . r ^ Â  
r h

I  (d(s) -u(s) )ds 2 |  toAl -u(s) )ds because |  (d(s) -

J t  J ' ' - ' - '  
' " - -  J t

1 +

J t

problems MxF, (C,d)

u (s) ds

e  [ t , h ] ,
h
uG)dr

s

u(s )  <  C(s)

(1 ,  f ,  i s  tne  res t r i c t ion  o f

s ta ted  hereunden:

(cr)

(cz)

"f to

l . t t t . t :  re t  u  be

u(s))ds20by (C t

Joo ' o'

i f  v=3 (C ,d )  ,  t hen  V te  I ,  v ,  so l ves  MxFr (C 'd ) '

l t ,hl  l
I

I
I
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rh rh
Therefore I u (s)ds

J t  J t
s ince  v r  sa t i s f  i es  the  cons t ra in t s  o f  p rob rem MxF ,  ( c ,d ) ,  i t  i s

one of  the so lut iong,  a t though genera l ly  not  the only  one.

Hence 
Jn,ou,-u(s))ds

def in i t ion:

Two part iar orders <<h and <<0 can be def ined on Ç! as foLl .ows:

Yf , f2eC2,  f r r rn fz  i f f  V te I ,  f ï ,OrO,
J l  J T

Analytical, Results: the single-stage mono-product problem

if d ..h d', then = (C, d)

interpretation: E preserves the order <<h.

fr,,ofz irr 
Ji,o,o':Jnro,o, 

and tz,,^r,

which means:  Vte I ,  f ' r ,UrO,Jo  Jo

Both of  these b inary re la t ions sat is fy  the condi t ions to  be orders
on f , )  :  re f lex lv i ty  and t rans i t iv i ty  fo1Jow f rom that  o f  S on lR,  and
ant isymmetry  resul ts  f rom the proposi t ion:

V x e {0,h} , (f  1<<* f2 and f2 .." f1) + 1r= fz a.e. on I,

and  the  fac t  t ha t  by  de f i n i t i on ,  O  i s  t he  se t  o f  a l t  pos i t i ve  and
p iece -w ise  con t i nuous  func t i ons  on  l ,  modu lo  the  equ iva lence  "equa l
a lmos t  eve rywhere  on  I "  ( see  sec t i on  l . I ) .

theorem l .v . r :

Let  C,  d ,  d 'e  f l  and such that  both SS (C,d)  and SS (C,d ' )  are
solvable;

tn
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Let u = 3 (c,  d)  ,  u '= 3 (C, d ' )  and te [0 'h] ;

u, is admissibre for  MxFr(cd' )  because vre I ,  
Jnooro,  

= 
Jno' ,uo' '

Therefore,  S ince u ' ,  is  a  so lut ion of  MxFl  (c ,d ' ) ,  u  ,  and u ' ,  sat is f  y :

rh rh rh. rh
| 
'u', 

t.l at
J r  J t  J t  J t

As  th i s  i nequa l i t y  ho lds  fo r  a l l  t e  [ 0 ,h ] ,  i t  r esu l t s  t ha t '  u<<h l t ' .

rh rh
- )  V C,/e A such that SS(C,d) is solvable,  I  f t lOs = 

|  
3tC'd)(s)ds

Jo  Jo

resu l t s  f rom the  fac t  t ha t  i f  z= (D  (c ' d )  i s  t he  i nven to ry  func t i on

associated wi th  the contror  3(c 'o)  (see def  in i t ions in  sect ion r r r )  '

+-hen,  by def in i t ion z(h)=0,  and resul ts  a lso f rom lemma I ' I I I '3 '  which

rh rh-
sraresz z(h)= l ra la t  -  |  5 (c ,o) (s )ds '

Jo  Js

coro l lary  l .v .1 :

Let  C,  d ,  d 'e  O and such

i f  d '  <<o d ,  then

a n d

tha t  SS (C,d)  i s  so lvab le ;

SS (C,d ' )  i s  so lvab le '

3 (c, d')

proof:
I t  f t .

+ d'  <<o d impries that  Vte I ,  I  d ' t t )dt
Jo  Jq

Also ,  s ince  SS(c ,d)  i s  so lvab le ,  i t  fo l lows f rom the  ' ' necessary  par t ' '

( t  ( t  ^
o f  coror ra ry  l . t I l .+  tha t  V  t  e  I ,  I  d1s lds

Jo Jo

Ç o r o l l a r y  l . I I I . 4  s t a t e s  t h a t  t h i s  c o n d i t i o n  i s  a l s o  s u f f i c i e n t  a n d

t h u s , b y c o m b i n i n g t h e t w o p r e v i o u s i n e q u a l i t i e s , i t r e s u l t s t h a t

SS (Cd ' )  i s  so lvab le .
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-â d'<<o d =r [T'oro, = fnooros and rhus, [n=(c,dxs)ds = fn3,..ororor.Js Js  Js  J6
AIso,  d '  . .0  d + d <<h d '  and,  a f ter  theorem l .v . t ,  3(C,<t )  . . i r  f , (C.d) .

Combin ing these two resul ts  ends the proof  o f  the.coro l lary .

theorem l .v .z :

Le t  C ,  d ,  ôe  Q ;  assuming  these  func t i ons  a re  such  tha t  t he

notat ions make sense,  3  sat is f ies the fo l lowing proper t , ies:

'  
P l  = (C+ô ,  d+ô )  =  3 (C ,d )+ô  a .e .  on  I ,

P2  3 ( c+ô ,  5 ( c ,d ) )  =  3 ( c ,d )  a .e .  on  I ,

P3  3  (C -ô ,  3  (C ,d ) )  =  3  (C -ô ,d )  a .e .  on  I .

i n t e rp (e ta t i on :  t hese  p rope r t i es  become  handy  i n  t he  s tudy  o f

mu l t i - s tage  sys tems .

Pz :  l e t  uo=3(C+ô ,u )  and  yo  the  re la ted  i nven to ry .
fr

Then Vte I ,  yo( t )=  Sup I  tu fs ) - (C+ô)(s) lds= 0  because u  sat is f ies
1e [qh]  J  r

the constra in ts  of  SS(C,d)  and thus Vse I ,  u(s)  < C(s)  < (C+ô)Al .

Therefore,  uo=u a.e.  on I .

proof:

Pr :  t e t  u  =  3  (C ,  d )  ,  u '=  3  (C+ô ,  d+ô )  and  y ,  y '  t he  re la ted  i nven to r i es .
ft

rhen vteI ,  y ' ( r )=r tu l rn,  
J , t (0+\) ts l - (c+\) (s) lds 

= y(r )  ,

thar  is ,  v te I ,  f ' ,u ' (s)  - (d+ô)(s) lds = f i ro ,  -d(s) lds ,
J O  J O

and Vte  I ,  f iu ' (s )  - (u+ô) (s ) lds  =  0 ,  wh ich  proves  P1.
J O
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Pc:  le t  u1 = 3 (C-ô,u)  ,  t tz= 3 (C-ô 'd)  and Yt '  yz  the re la ted invent 'or ies '

fennaJ:vte l ,  y( t )<tz$r .ç"  
^  f r .

Namery ,  ô>0  :+  SuP  l - t u t t l - (C -ô ) ( s ) l ds
te  t q t r l J t  Î e  [ Lh ] J t

Hence  the  resu l t ,  and  a  d i rec t  consequence :  y2 ( t )=0  = r  y ( r )=O '

fenna_4V te I ,  yz(t)  3 
/nU,*Yr(ù. fh.

u  =3(c ,  d)  +  v t€  I ,  
J -  

u(s)ds  s  
.J ro ,u*  

,  tha t  is '  u<< i 'd '

Thus ,  bY  theo rem l ' v ' t ,  u t  =  5  ( c -ô 'u )  <<h  3  ( c -ô 'd1  =  t l "  t ha t  i s :

lh . rh
Vte  I ,  I  u1 (s ) *  <  l . u2 { t )o t  ,  

wh ich  i s  equ iva ren t  t o :

J t  J I

rh rh. rh
Vte  I ,  I  ta t r t -u2 (s ) lds  <  

l ^dA lo t  
-  

l . u t tO*  
'  and  a rso  to :

J t  J t  J t

rh fh rh
Vte I ,  l  

" tAt t l -u2(s) lds s  I  tOAl-u(s) l  ds + l . tu ts) -u1(s) l  
t ls

J t  
-  

J t  J t  Q .E .D .

Jcn43j: V t e I, yr (t) < Yz (t).

The proo f  i s  bY cont

f"o
Vte l t ,h l ,  l tuG)- (

J T

i .e.  vte[ t ,h] ,  f "oru
J T

o r  V te [ t , h ] ,  Y (10 ) -

In that case' Y(10) :

I t  then results that

t radict ion:  Yr( t )  > Yz(t)  + 3tse [ t ,h]  such that:

f t
(C- ô) (s) I ds

J t
f" (' ("o

u(s) -d(s) lds  >  l -o t ' lo t  
-  |  t " -ô) ts1ds +  l .  

(c -ô) tods
J r o  J t  J t

(.
-  y(t)

J,co 
k

(,
=_ _Syp -.  I  tu(s)-(c-ô)(s) lds = !2(td

t € [ro,h]J1o

rt.  y(to) > y2(to), which contradl-cts lemma 1'

Q.E.D.
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co rq l l a ry :  V te  I ,  y r ( t )=0  -  y r ( , )  =  y ( r ) .

Namely,  by lemma 2,  |1( r )=0 =+ yz(r )  <  y( r )  and,  by lemma I ,  y( t )  <  y2(r ) .

proof, et:

r og  j  =1 ,2  and  t e  I ,  I e t  F i t = In f  {  r e  l t , h l  such tha t  y ; ( t ) =0  ) ;

From coro l lary  l . t t t .S i t  fo l lows that :

v t e [',hJ , I:" r 
(s) ds = 

Jl't"- 
ô) (s) os + 

Jn,.,u, 
*

and 
J:', 

(s) ds = 
f" n-ô) (s) os + 

ll,roo, 
o,

s ince  h  2  y  and y2(pr2)=o,  y (p i )=0  and [n  u , r ro ,  =  f  d (s ) r rs .
J Frz J F,z

rhqrerore, 
Jnr"r(s)- 

ur(s)t ds = 
J;; 

t (c-ô)ar- u(s)l ds

I u(s) - d(s) I ds.

Push  sys tems  a re  mu l t i - s tage  sys tems  in  wh ich  the  f l ows  a re
d i c ta ted  by  the  l oad ing  ra tes  i n to  the  sys tem,  as  opposed  to  pu l l
syst ,ems'  in  which the f lows are dr iven by the demand of  gnd-product .

The resul t ,s  presented in  the fo l lowing sub-sect j -on are appl icable to
such systems.

I;:.lF,2=-  |  [d<s l - (C-ô) (s) ]ds  +
J pr,

= -Yz( f r )  +  Y(Pt t )  -Y(Ê,2)

=  -Yz(Ê l )  +  Y(Ê iù  because

= 0  because !1 (F l )  =  g  =

y (ot2) s yz G,2) = o

Yz(Êt,) = Y(fllr)
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-B- "Push systems"

Consider  the problem:

MxS (Cl, Ct, yd Ma:r
u e O

s . t .

Ir
Vte  [0

u (s) ds dt

,h l  ,

Cl 1s1ds + y,,

T h i s  p r o b l e m  c o r r e s p o n d s  t o  t h a t  o f  m a x i m i z i n g  t h e  i n v e n t ' o r y

h o l d i n g  c o s t  - b y  p r o d u c i n g  a s  e a r l y  a s  p o s s i b t e  o n  t h e  d o w n s t r e a m

m a c h i n e -  i n  a  s y s t e m  ] i k e  t h e  o n e  r e p r e s e n t e d  o n  f i g .  I ,  i n  w h i c h

i n v e n t o r y  h o l d i n g  c o s t s  a r e  i n c u r r e d  o n l y  f o r  t h e  e n d - p r o d u c t .

( I a t h i I e  s u c h  a n  o b j e c t i v e  m a y  s e e m  s a c r i l e g i o u s  i n  t h i s  p i e c e  o f

w o r k ,  t h e  u s e f u l n e s s  o f  t h e  f o l l o w i n g  r e s u l t s  w i l f  b e c o m e  c l e a r  i n  t h e

for thcoming chapter )  .

e k2> o

J'uu,o, = J;
u (r) < C2 (r)

u ( r )

fig. I

FoI  Iowing

rewr i t t en :

f rom theorem l . I l l . t  the

Min
u e O

of  MxS (Cl ,  C2,  yo)  can be

rh
J.

o b j e c t  i v e

r .u ( r )d r
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Ntalytical, Results.. tàe singJ,e-stage mono-product, problqm

Also '  MxS (C l ,  C2 ,  yo )  can  be  equ iva len t l y  rewr i t t en  r i . t h  a  ze ro
in iÈ ia l  i nven to ry  i f  g t  i s  rep raced  byn  fo r  exampre ,  c ' l = l ' ( c l . c2 ,yd
def ined by:

1  V  te  [0 , t J ,  C ' l  ( r )=C2(0
{
I v t. ]r, hJ, C'l (t) = Cl (t)

where I  = 0 (c2-cr,yo) = sup {te tO,hl /  l ' [  c2(r]-cl tsl lcs ]
Jo

The so lu t ions  to  MxS(Cl ,C2,ys)  ana MxS(Cl ,C2)  w i r r  Èhen be  egua l .

definitionsj

fr
V te ,  [0 ,h ] ,  ( ( t )=  Sup I  tC t (s ) -C2(s) lds

1€ [ l "h]  J  t

f  M in (C l ( t l ,C2 ( t ) )  i r  ( ( t ) =O  ( i . e .  C l ( 0  a .e .onÇ ' l ( o ) )
GI (t) = .1

I  C2Ol  otherwise

The fo l lowing resuf ts  are g iven wi t .hout  proof  because they are in
a l l  r espec ts  s im i l a r  t o  t hose  s ta ted  i n  sec t i on  l . l t l .

o .  V te  [ 0 ,h ]  ,  ( ( ù  >  0 .

t .  (  is  cont inuous or l  1  = [0 ,h1.

2 .  O  i s  p i ece -w i se  con t i nuous  on  I ,  t ha t  i s ,  6e  O* .

3.  V re  [o ,hJ ,  ( ( t )=  [ t  rCr ( r ) -C2(s) ]os ,
J a t

where cr,=Sup {  te [0, t [  suchthat (( t )=O ]

4 .  v te  [o ,hJ ,  ( ( t )=  [ ' ,C r (s ) -Gr (s ) ]ds
JO

5 . i f u i sadm iss ib Ie fo rMxS(C l ,C2 ) , t henV te [0 ,h ] , | I o , *<
J O  J O

6 ,Gt  so l ves  MxS (C l ,  C2 )  and  i t  i s  t he  on l y  so lu t i on ,  modu lo  the

eguivalence r!= â.c. on I".

* 
wit--h the same assumption as in the proof of prop. 2 of lemma l.UI.2.
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trrtalylica-l ResuJts; the single-stage mQno'produçt ptoblem

nQt4tign: = TI,(CI,C2)

de f i n i t i on :  V f  e  Q ,  . f t  i s  t he  res t r i c t i on of  f  to  l0 , t l .

V te [0 ,h] ,  consider

MxFt(cl, C2)

cl{o dt

. , 1  ' : :  ' ]

ct

the probtem def, lned

I t
Max I  u(s)ds
u e Q  J ç

s . t .  V  se  [0 , t ]  ,

J'u u, o, =

u 1s1'< C2'1s;

J;
: . . 1 .  , ;

T h e  f o l l o w i n g  r e s u l t  i s

7. i , f , ,  o = nçt . .c.2),  , t r ren

g i v e n  w i t h o u t  P r o o f :

V t e  [ 0 , h ] ,  d l t  s o l v e s  M x F t ( C l , C 2 ) '
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Analytical Resufts : the rnufti-stage mono-product problen

I FORM,ULATION:

The  sys tem cons ide red  - i n  f ac t ,  a  p roduc t i on  l i ne -  cons i s t s  o f  n

s i ng le - s tage  subsys tems  i n  se r i es ;  each  p roduc t i on  un i t  t r ans fe r s

ma te r i a l  f r om a  bu f f e r  t o  t he  nex t  downs t ream one  ( t he  f i r s t

product ion uni t  is  external ly  suppl ied in  raw mater ia l  and the supply

i s  assumed  i l t im i t ed )  .  The  bu f f e r s  a re  accumu la t i on  po in t s

cha rac te r i zed  by  an  i nven to ry  ho ld ing  cos t ,  whereas  the  p roduc t i on

un i t s  a re  f l ow - t im i t i ng  dev i ces ,  cha rac te r i zed  by  a  t i r ne -va ry i ng

capac i t y .  The  ob jec t i ve  i s ,  as  i n  t he  s ing le -s tage  case ,  t o  de t ,e rm ine

the  f l ow-p lan  (he re  a  sequence  o f  f unc t i ons  (u l ) t= r . . , n  )  t ha t  m in im izes

the to ta l  inventory hold ing cost .

CI

ut ( r  )

The problem

MSo  (  ( c l ) , 4 ,  { yo l ) ,  ( k l )  )

fis .1.

to  so lve  can be  fo rmula ted :

Min
(ut ) e Ç)n

s.t. un+l

VI

n f h
> kt I  yr(t)  dt
l = l  J O

=d

e (1 , . . ,n )  ,  V

Y l ( t )  =

ot6y  <  C l ( r )

t e [0,h] ,

r,.J;l u l ( s ) - u l+ l ( s ) l  ds  >  0

t * t ( r )
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AnalyticaJ, Results: tàe mu-lt j-sËa$e mono-prodvct propten

Or,  equiva lent lY:

note:  th is  last  formulat ion is  d i rect ly  der ived f rom the def in i t ion

of  the inventory funct ions y l ( t )  and both formulat ions impl ic i t ly  re ly

on  the  assumpt ion  tha t  t he  measuremen t  un i t  a t  any  S tage  I  i s  t he

quant i ty  requi red to  produce one uni t  o f  end product  '

theorem 2. l l . lz

Le t  (u t ) r= r . . .n  b "  a  so ru t ion  to  MSI  ( (c l ) ,6 , (Yo l ) , (K l ) ) '

i f  3 j e  ( 1 , . . , n )  a n d  r j >  0  t h e n  u j  =  3 ( C j , Y ( u j * r ' Y j ) )  a ' e '  o n  I '

wh ich  means tha t  u j  w i I I  be  der ived  f rom u j * l  th rough the  "backward

smooth ing"  p rocedure  descr ibed in  the  s ing le -s tage case '

i n te rpre ta t ion :

ï f  the inventory hoTding costs  increase a long the product ' ion l ine '

the optinal fTow plan can be determined by i tetating the single-stag

,,backward snoothing" procedure from the last production stage up'

n  f h r ,
Msr ((cr),6,{yor),(r(r))  

, , f ;3n" ,?,* 'J.  . | ;  
ur( ' )osdt

s.t. ut+l = d

V  l e  [ 1 , . . , n ]  ,  V  t e  [ 0 , h ]  ,
ft ft

Y o ' *  |  u l ( s ) d s-  
J O  J O

ut( r1  s  Clo)

w i t h :  K l = k l  a n d V l e { 2 , . . , n } ,  t ç l = 1 1  - 1 l - l
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tural.yticeJ ResuJts; tàe muJti-sÈage mono-product, problem

proof:

Le t  v=3 (c j ,Y (u i * t , v j ) )  ana  cons ide r  t he  f t ow-p lan  (u ' t )  de f i ned  by :

V le  { 1 , . . n } ,  l * i ,  u ' l =u l  and  uJ=v .

s ince  u j  i s  admiss ib le  fo r  t he  s ing le -s tage  p rob rem Ss r  (C j ,u j * t , yoJ ) ,

temma l . t t t . r  appr ies and f t  u j (s)ds
Jo Jo Jo

(u l )ue ingadmiss ib le forMSl ( (c l ) ,d , ty ] l ) , f .u , . , . , ,o ,>
o Ju Ju

f i f t f r
I u5-t 1sy ds
Jo Jo Jo
Now,  the  same a rgumen t  as  i n  t he  p roo f  o f  t heo rem l . l l l . l  can  be

used  to  p rove  tha t  e i t he r  u j=v  a .e .  on  I  o r  t he  cos t  resu l t i nq  f rom

(u ' l )  wi I I  be less than that  resul - t ing f rom (u l ) :

I f  3J= l t s , t 1 [  7  t sÉ t1  and  VseJ ,  u j l s ;Év (s ) t hen  y *z  i l . e .  onJ
ftt,

and I  u j l s lds
Jo  Jo

_ !  f h  ( t  n  ( h ( t
E*t l  l 'u t ls losdt
l = l  J g  r 0  l = l  J T J O

theorem 2.t t .2i

i f  3 j e  { 1 , . . , n }  and  r j <  0  t ben  u j  =  T I ( l ' ( o j - l ,C j , yo j ) )  a .e .  on  I .

in terpretat ion:

The opt ina l  controL for  a  mul t i -s tage sysËem impJies "dra in ing, ,  a
buffer at the hlghest possi.bJe rate whenever the next one down the
Line has a fower cosÈ.  t ln for tunate ly ,  tà js  resuJt  ls  not  as d i rect ly
t isabLe as t lâ  p: :e ' t ioDs one,  s jnce j t  on ly  aJ. lows to determine the
optimal cont.toJ- downwards, wàereas tàe data input to the problen js

rhe f inaL demand.
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Artalytical Resultsi tàe nufËj-stage mono'Product problem

PrceÊ,

Ler  v  =  1T ( l -  (u  j - l ,C j , r j  ) ,  c i ) ;

.+u j i sadrn iss ib le fo r theprob lemMxS(u j - I , ç j , v j )ana ,s incevso lves
fh r , "  fh  f r

MxS (see secr ion 1.v.2 ) ,  i t  fo l lows that I  I -  " ' (s)dsdt 
s I  I  v(s)dsdt '

Jo  Jo  Jo  Js

+ Moreover,  Vte [Q,hJ,  both vr  and uj t  are admissible for  the problem

I t  f t .
MxFt l l '1ulr ,s l ,yC),Cj)  and V te [0,nr,  

. |  

'  
v  G) ds

poss ib le  so lu t ion  to  MxFt  (  sec t ion  l . v '2  )  '  There fore '  v  w i I I  sa t i s fy

the equat ion of  conservat ion of  f low in MS1 as uj  does'

The rest  of  the argument is the same as in the proof of  t 'he

previous theorem: a modif ied control  (u ' l )  would be admissible for  MSr

and wou ld  y ie ld  a  s t r i c ly  lower  va lue  o f  the  ob jec t ive  i f  r j  <  0and

u j *v .  Hence  the  resu l t .

T h e d i r e c t c o n s e q u e n c e o f t h e l i m i t a t i o n p o i n t e d o u t i n t h e

in te rpre ta t ion  o f  th is  theorem is  tha t  there  is  no  ana ly t i ca l  so lu t ion

f o r  . s y s t e m s  
i n  w h i c h  i n v e n t o r y  h o l d i n g  c o s t s  c a n  d e c r e a s e  a l o n g  t h e

I i n e .  T h i s  i s  i I l u s È r a t ' e d  i n  t h e  n e x t  s e c t i o n '

25 1ct.z, d, kl '2)

Min
ul,u2 e

r (ur, u2) = kr 
J, I; 

ul 151ds dt -  ( k r

u21s; ds

and u2 (t)

u2 lsy Os dr-"J:J;
o

s . V te  [ 0 ,h ]

f 'o,
Jo

ul (r)

(s) ds Jlo, "
< c2(0< cr(0
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Analytica] Resu-lÈs.' tàe mur,ti-sÈage mono-p'oduct problem

One d i f ference wi th  the s ing le s tage problem (or  the t l ro-s tage
problem wi th increasing costs)  is  that ,  s ince k l>k2,  the coef f ic ient
of  the second term of  the object ive is  negat ive.  That  means t .hat  the
object ive is  not  s imply  to  load the upst ream system so as to  keep the
least  amounL of  inventory,  but  ra ther  to 'combine th is  ob ject ive hr i t ,h
tbat  o f  maximiz ing the f low of  mater ia l  in to the downstream buf fer .

Ano the r  d i f f e rence  w i t h  t he  s i ng le - s tage  p rob lem i s  i n  ! h "
exp ress ion  o f  t he  capac i t y  cons t ra in t  f o r  t he  who le  sys tem.  Two
par t icu lar  cases are ins ight fu l l  in  that  respect :

theorem 2.u. t i

Let (ul ,u2) be a solut ion to problem 25 (C1,2,  d,k l ,2) ;

l . i f  g l  >  E(c2 ,4 )  then  u l  =  u2  =  g (c2 ,dy  a .e .  on  I .

z .Lc  ç2  >  3 (c l ,d )  then  u l  =  u2  =  I ( c l ,d )  a .e .  on  I .

proof:

lemma l: f t
Le r  v2=3 (c2 ,d )  and  V te  [ 0 ,h ] ,  z z1 t1  =  |  ( u r ( s )_d (s ) )ds ,

Jo
( t

yz ( t )  =  |  { u2 t r l - d ( s ) )ds .

tben V t e [0,h] ,  yz (t) 2 z2 (t).  
Jo

interpretation: the end-product optimal inventory is higher for the
two-s tage  sys tem than  i t  wourd  be  fo r  i t s  l _ower  ( s ing le -s tage )
por t ion wi th  unconstra ined suppty.

The rat ionaLe for  th is  resul t  is  that  i f  there ex is ted a conÈrol
(u l ,  u2)  admiss ibre for  2s (c1.2,  d ,  k l '2)  and such that  the inequar i ty
y22  z2  were  no t  sa t i s f i ed ,  u2  wou ld  a  fo r t i o r i  be  admiss ib le  fo r
SS (C2,  d)  and lemma l . I t t . t  would be contradic ted;  ( th is  lemma states
that 22 is a lower bound on the inventory functions admissible for
the s ing le-s tage problem) .
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fh  r t
Thiç Iemma impl ies that  t tz-k t )  I  l '  vz ls lOsdt  is  a  lower  bound on

J  o  Jo

the object ive of  25 1çr ,2,  d ,  k l '2) ,  and that  i t  is  achieved by a contro l

( u l , u2 )  i f  and  on l y  i f  u l  =u2=  v2  a .e .  on  I .  I f  c l  2  v2  -and  i n  pa r t i cu l a r

i f  C l  >-  C2-  th is  contro l  is  c lear ly  admiss ib le  and thus i t '  is  the only

solut ion to  25 1gt '2 ,  d ,  k t '2 . ) '

J;
J;

Analyt icaf  Resuf ts  :  the muJ' t i -sËage mono-Ptoduct  prohlem

lemma2:
Le t  v r=3(c l ,d )  and  V te  [0 ,h ] ,  z l19  = ( vr (s) - d(s) ) tls,

1u t { s ) -u215 ; )ds .yl  ( t )  =

t h e n  V t e  [ 0 , h ] ,  Y l ( t ) + Y 2 ( t )  >  z t ( t ) '

i n te rpre ta t ion :  the  work  in  p rocess  in  a  two-s tage sys tem fac ing  a

g i v e n d e m a n d i s h i g h e r t h a n t h e i n v e n t o r y t h e r e w o u l d b e i n i t s

u p p e r p o r t i o n f a c i n g t h e S a m e d e m a n d ( a g a i n , t h e e f f e c t o f a n

a d d i t ' i o n a l c a p a c i t y c o n s t r a i n t : I e m m a s l a n d 2 L l l u s t r a t e h o w

inventor ies  a re  re la ted  to  capac i t ies )  '

As for  the second
fn  ( t

k2  I  I ' v l l s l c sd t  i s  a
J o  Js

can  be  ach ieved  i f

admiss ib le  so lut ion

The  exp lana t i on  o f  t h i s  resu l t  i s  t he

in  essence '  u l  i s  admiss ib le  fo r  SS  (C l '  d )

and Iemma 1. lU. t  aPPI ies '

a n d  o n I Y

when C2 >  v l

s a m e  a s  t h a t  o f  l e m m a  1 :

i f  i t  i s  f o r  2 5  ( C l ' 2 , d , k l ' 2 )

half  of  the theorem, Iemma 2 means t 'hat i f  k l  > k2'

lower  bound on  the  ob jec t ive  o f  25  (Ct 'z 'd 'k l '2 )  tha t

i f  u l = u 2 = v l  a . e .  o n  l ,  w h i c h  i s  a n

-and in  Par t i cu la r  i f  C2 >  C l -  '
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Analytical, Resul,ts.. tàe muLti-stage mono-product probJ.enl

Cons ider ing  these resu l ts ,  one r r ray  to  de termine the  load ing  ra te  u l

cou ld  be  to  assume tha t  i t  i s  the  capacJ- ty  o f  the  ups t ream subsys tem

that  l im i ts  the  who le  sys temi  in  o ther  words ,  u l  cou ld  be  takén equa l

t o  3  ( c l , d )  a n d  u 2  e q u a r  t o  f I 1 u l , c 2 1 .  u n f o r t u n a t e r y ,  t h e r e  i s  n o
guarantee  tha t  u2  w i l l  ac tua l l y  meet  the  demand d .

Another  way to  approach the  probJ-em is  to  use  the  same toad ing

po l icy  as  fo r  a  s ing t -e  s tage sys tem wi th  a  capac i ty  funet ion  equa l  to

t h e  i n f e r i o r  e n v e l o p e  C  o f  g t  a n d  C 2 .  B u t  t h i s  i s  c r e a r l y  a  v e r y

c o a r s e  a p p r o x i m a t i o n ,  s i n c e  i t  c o n s i s t s  o f  n o t  m a k i n g  u s e  o f  t h e

in te rmed ia te  bu f fe r  to  inc rease the  th roughput  o f  the  sys t@m.

These two so lu t ions  are  compared in  the  fo l low ing  example :

(c1d)

fig. 3

This  example  revea. l -s  tha t ,  whereas  in  the  case o f  inc reas ing  cos ts ,

the  re la t i ve  impor tance o f  the  cos t  coe f f i c ien ts  had no  in f luence on

t h e  o p t i m a l  p o l i c y ,  t h i s  p r o p e r t y  d o e s  n o t  h o l d  w h e n  c o s t s  a r e

d e c r e a s i n g .

( f . ,  o;

u2= I I (  u

t4l



AnaTytical. Resu-lts.. the mu-lt i-stage mono-product ptoblem

IÀ  fac t ,  i n  t he  examp le ,  t he  op t ima l  con t ro l  i s  u l  =  u2  =  3  (C ,d )  i f

k l  >  1 .75  k2 ,  whereas  i f  k l  <  1 .75  k2 ,  t he  op t ima l  con t ro l  i s  u l  =  3  (C l ,d )

and  u2=n (u l ,C2 )=d ;  i n  t h i s  ou t se t ,  t he  c r i t i ca l  va l ue  1 .75  o f  t he

ra t i o  t=k l / k2  i s  d i c ta ted  by  the  cha rac te r i s t i cs  o f  t he  demand  and

capac i t y  f unc t i ons .  I t  i s  t hen  easy  to  imag ine  tha t ,  by  cumu la t i ng

ove r  the  ho r i zon  o f  a  p rob lem a  se r ies  o f  scenar i  l i ke  tha t  s tud ied  i n

th i s  examp le ,  one  wou ld  end  up  w i th  seve raL  c r i t i ca l  va lues  o f  t he

ra t i o  r  and  d i f f e ren t  op t ima l  con t ro l s  i n  t he  d i f f e ren t  ranges  o f  r .

T h e  c o n c l u s i o n  i s  t h a t  t h e r e  i s  n o  a n a l y t i c a l  s o l u t i o n  t o

m u l - t i - s t a g e  p r o b l e m s  i n  w h i c h  c o s t s  d o  n o t  i n c r e a s e  w i t h  t h e  s t a g e ,

e x c e p t  i n  s p e c i a l  c a s e s .  A  n u m e r i c a l  m e t h o d  - d y n a m i c  p r o g r q r n m i n g -

p r o v i d i n g  g o o d  s o l u t i o n s  a t  t h e  e x p e n s e  o f  h e a v y  c o m p u t a t i o n s  i s

d e s c r i b e d  i n  C h a P t e r  5 .

A s s u m i n g  t h a t  i n v e n t o r y  h o l d i n g  c o s t s  i n c r e a s e  a s  t h e  p r o d u c t

v i s i t s  s u c c e s s i v e  m a c h i n e s  o r  p r o d u c t i o n  s y s t e m s  c a n  b e  j u s t i f i e d  b y

i t s  i n c r e a s i n g  a d d e d  v a l u e .  T h i s  i s  s a t i s f y i n g  i f  t h e  i n v e n t o r y

h o l d i n g  c o s t  i s  p r e d o m i n a n t l y  d u e  t h e  t o  t h e  c a p i t a l  v a l u e  o f  t h e

produc ts .  In  some CaSeS,  however ,  th is  asSumpt ion  Cannot  be  made '

As  exp la ined in  the  fo rmula t ion  o f  the  prob lem,  the  un i t  ln  Which

t h e  f l o w s  a r e  m e a s u r e d  a t  e a c h  s t a g e  a r e  n o t  t h e  
" u à e  

p h y s i c a l  u n i t s .

I n  f a c t ,  d i f f e r e n t  u n i t s  a r e  d e f i n e d  a t  e a c h  s t a g e  l ,  s o  t h A t

p r o d u c i n g  o n e  " l  u n i t "  o f  p r o d u c t  a t  s t a g e  I  r e q u i r e s  r e q u i r e s  e x a c t l y

o n e  " l - 1  u n i t "  o f  p r o d u c t  a t  s t a g e  l - 1 .

F o r  e x a m p l e ,  i n  a  s i n g l e - s t a g e  c h e m i c a l  p r o c e s s ,  i f  1  I i t r e  o f

e n d - p r o d u c t  r e q u i r e s  3 . 6  l i t r e s  o f  r a h l  m a t e r i a l ,  t h e  d e m a n d  w i l l  b e

n i e a s u r e e i  i n  J - i t ; e : ,  b u È -  t h e  s u p p l y  w i l l  b e  m e a s u r e d  i n  a  u n i t

e q u i v a l e n t  t o  3 . 6  l i t r e s  ( c a l l  i t  a  g a ] I o n )  ,  i n  o r d e r  t o  s i m p l i f y  t h e

formula t ion  o f  the  mass-ba lance equat ion .
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rn  such  cases ,  i t  i s  c rea r  t ha t  i f  t he  i nven to ry  ho rd ing  ces t  i s
main ly  due to  the cost  o f  the s tor ing equipment  or  s torage space,  the
inventory hold ing cost  coef f ic ient  may be h igher  for  the raw mater ia l
t han  fo r  t he  end  p roduc t .  Th i s  i s  a l so  t rue  i n  a l l  i ndus t r i es  where
the  raw  mate r ia l  i s  pe r i shab le  - i . e .  requ i res  spec ia l  equ ipmen t -  and
the  end -p roduc t  i s  no t :  canne r i es  o r  c reamer i es  be long  t o  t h i s
ca tego ry .

The  assumpt ion  i n  t h j s  work  j s  t ha t  t he  c l . ass  o f  nuL t i - s tage
production systems in which the inventory hoTding costs increase with
the stage is suff iciently Targe to justi fy the research conducted.
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Analytical Resufts: the single-stage multi-product ptoblem

I FORMULATION:

The prob lem cons idered is  the  same as  in  Par t  L ,  except  tha t  there

are  p  d i f fe ren t  types  o f  goods  to  p roduce in  o rder  tha t  the  expec ted

demands o f  each o f  them be sa t is f ied .  These goods are  produced in  a

s i n g l e S y s t e m o f l i r n i t e d c a p a c i t y , w h i c h i s e x p r e s s e d i n t e r m s o f

the i r  f l -ow ra tes  th rough the  fo l low ing  inequa l i t y :

Vte  I , ui(r) < c(r) ( 1 )
p

Ia ,
I  = l

The ob jec t ive  sought  a t  the  leve f  fo r  wh ich

is  to  min imize  the  to ta l  inventory  ho ld ing  cos t

i n v e n t o r y  h o l d i n g  c o s t  i s  a s s u m e d  l i n e a r  a n d '

inventory  I 'eve l  o f  p roduc t  i  a t  t ime t  and k t  i s

c o s t  p e r  t i m e  u n i t ,  t h e  p r o b l e m  t o  s o l v e  c a n  b e

sMl (c, ç[, k, a, yo):

t h i s  m o d e l  i s  i n t e n d e d

:  f o r  e a c h  P r o d u c t ,  t h e

i f  y i ( t )  s t a n d s  f o r  t h e

i t s  i n v e n t o r Y  h o l d i n g

s t a t e d :

Y 1(t) dt

t u1 (s ) -d t ( s )1ds  >  0  (Cr )

v a r i â b l e s  a s  U  r e p r e s e n t  v e c t o r s

f u n c t i o n s .

Min
u€ CIP

s.r .  v

p

E, k iJ:
V ie

I ,

( 1,.. ,p) ,  Yi (t) = Yio t

. u , ( t )  <C( t )

w h e r e t h e i n i t i a l i n v e n t o r i e s y , o a r e g i v e n

t €

J;
P

. I .  a i
I  = l

(Cz)

o f  r e a l s  o
no ta t i on :  undersco red

vectors of
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Analytical Resul.ts.. tàe singte-stage multi-product problem

I t  f o l l o w s  d i r e c t l y  f r o m  t h e o r e m  l . t t . t  t h a t  p r o b l e m  S M ,  c a n  b e

r e f o r m u L a t e d  w i t h  z e r o  i n i t i a l  i n v e n t o r j . e s  i f  t h e  d e m a n d  f u n c t i o n s  d i

a r e  r e p l a c e d  b y  t h e  n e t - d e m a n d  f u n c t i o n s  Y ( d i , y i o ) .  T h e  p u r p o s e  o f  t h i s

s e c t i o n  i s  t o  f u r t h e r  s i m p l i f y  t h e  f o r m u l a t i o n  i n  o r d e r  t h a t  t h e

c a p a c i t y  c o n s t r a i n t  b e c o m e :

P
Vte  I ,  L  u r ( r )  <  C( r )

i = l

h e r e u n d e r :

sM2 (c, d".E):

Prh
.I, Ki I y', (r) o,
r = r  J o

t e I ,  V i e  { 1 , . . , p } ,  } ' ; ( t ) =

p

ià 
u'i (r) < C (r)

Cons ider  the  prob lem s ta ted

Min
! l ' e  O P

S . t .  V J;

theorem 3. I I . r :

g solves SMI (C, d, k,  g,  yo) i rr  4.  u

w h e r e  d '  i s  d e f i n e d  b y

a . u  =  ( a i . d i ) i = t , . . , p  a n d

Ju't (s) - d't {s)l ds > 0 (C ' r )

(C 'z )

sorves SM2 (C,  d ' ,k  /a) ,

V  i  e  {1 , . . , p }  ,  d ' i  =  a , .Y  {d , ,  y i o )  ,
k / ?  =  ( k i / a i ) i = r , . . , p .

i n te rpre ta t ion :  The capac i ty  cons t ra in t  becomes s imp ler  i f  the  un i ts

in  te rms o f  wh ich  the  f low- races  are  measured.  a re  mod i f ied  so  tha t  a

un i t  o f  any  produc t  requ i res  the  same amount  o f  "capac i ty " ;  the  on ly

add i t iona l  requ i rement  i s  tha t  the  cos t  coe f f i c ien ts  be  cons idered in

t h e s e  n e w  u n i t s .
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proof:

SM2 (C, d',  k /ê) can be stat

p  f h f t
Min t -k i /a i l  I  u

! r eOP i= l  JoJo

s . t .V te I ,  V ie  { 1 , - . ,

P

.I. u'i (t) s
I  = t

S i n c e ,  b Y  t h e o r e m  l . I I . t ,

becomes c rear  tha t  {  SU,  (C,  d

SM (C,  d ,  k  ) :  M in
u .  C)P

S . t .  V

e d  a s :

'i (s) ds dt

( t
p) ,  

Jou' i  
(s) ds

c (r)

I t
(C'r) c+ | u'

Jo
' , k /a )  and  u '

f 
'* ,0,,

J O

( t
+  

|  
d ; ( s )

J 6

c, d, k, !!,]  <+ SM1

J;J;

2  a i . Yio ) (s) ds (C ' r )

(C 'z )

I
dr  l ,

J
v0) .

i (s) ds

= a.ui r

de f in i t i on :  a  vec to r  o f  f unc t i ons  u  =  (u  1 ' " '  up )  €  Qr  i s  ca r red

p roduc t i onp lan , f l ow -p lan (o rs imp }yp lan )and te rmedadmiss ib l e

i t  sa t i s f i es  t he  cons t ra i n t s  o f  p rob lem sM(C ,d , k )  s t a ted  he reunde r :

p  f h  ( t

i = l  J O  J g

t e I ,  V i e  { 1 , . . ,P } ,

P

,àu t19  
<c ( t )

f n  c u r r e n t  s e c t i o n ,  i t  i s  a s s u m e d  t h a t

and some o f  i t s  p roper t ies  a re  p resented '

i €

u i ( s )ds d;  (s )  ds  (Cr )

(Cz)
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Anaryt ica l  Resur. ts . .  Ëhe s ingJe-stage mul t i -produet  problem

theorem 3.n t . r :

I f  f  t e  I  and  3 i e  { 1 , . . , p }  such  rha t  y i ( r )  >0 ,

t hen  3q>0  and  V je  {1 , . . , p } ,  k j . k ,  =+Vse  [ t _ ï l , r +n ]  , u3 (s )=0 .

in tetprEtat ion:  when a product  is  kept  In  inventory,  there is  no
p roduc t i on  o f  t he  ones  tha t  have  a  rower  i nven to ry  ho rd ing  cos t :
these la t ter  products  are suppl ied f rom inventory.

def in i t ion:

V ie  { 1 , . . , p } ,V r€  I ,  ô1 ( r )  =  u1 ( t )  -  d1 ( t )  =  i i ( t ) .

proof:

S ince  ô i  i s  p i ece -w i se  con t i nuous ,  y ;  i s  con t i nuous ;  t he re fo re ,
y i ( ù>0  en ta i l s  t ha r  3 r1  >0  and  Vse  [ t - q , r+T l ]  ,  y i ( s )>0 .

- )  Assume  tha t  3 j e  { r , . . , p } ,  k j . k ,  and  3se  l t - n , r+ r l I such  rha t  u ; ( s )>0 ;

Then ,  u3  be ing  p i ece -w i se  con t i nuous ,  t he re  ex i s t s  an  i n te r vaL

L=fz ,z+p l  c  [ r - r l , r+T l ]  such rhar  =  f ' *uur , r r *  >  0 .
J z

s i n c e  y i @ ) > 0 ,  t h e r e  h a s  b e e n  o v e r p r o d u c t i o n  o f  p r o d u c t  i  b e f o r e
t i m e  z  a n d  i t  i s  p o s s i b r e  t o  b e l a t e  t h i s  o v e r p r o d . u c t i o n  a n d  i n s t e a c i
p r o d u c e  p r o d u c t  j  i n  a d v a n c e :  s e e  f i g .  2 .

+  D e f i n e  f  =  [  s  e  [ 0 ,  z l  /  = s e  ] 0 , s ]  a n d  V r e  [ s - c r , s ] ,  ô i ( r ) r 0 ] . T i s  n o r

e m p t y  b e c a u s e  y i ( o ) = 0  a n d  y i ( z ) > 0 .  O n e  c a n  t h u s  d e f i n e :

x=Sup(T) ,  e=  Sup  {  o  .  [0 ,x ] - /  y re  [ x -c r , x ] ,  ô i ( r )>0 ]  ana  K  - [ x_e ,x ] .

e can be reduced in order thar , f- ô; (t) dt
J x - e -  s e  [ z , z + p ]

e and p can be adjusred so rhar:  Â = l . -  ô i ( t )dt  = 
f t*uurt , lor .  > 0.

J * - "  Jz
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fie. 2-

Def ine  then  the  P Ian  U '  bY :

.  V  ke  [ 1 , . . ,P ]  \  ( i '  j ]  ,  u ' k  =  uk '

.Vse  I \ (KUL)  ,  Vke  { i , j }  ,  u ' 1 ( s )=u t ( s ) '

.Vse  I x -e , x ] ,  u ' i ( s )=u i ( s )  -  ô1 (s )  and  u ' i ( s )=u i ( s )+  ô i ( s ) '

.Vse  l z , ' z+1 t |  ,  u ' i ( s )=u ; ( s )+u i ( s )  and  u ' i ( s )=0 '

f , J

pl

) d r

)d r

+  T h i s  n e w  P l a n  g '  i s  a d m i s s i b l e :

+  s ince  V s  e  [x -  e ,  z+Pf  ,u ' i  (s )  +  u '3  (s )  =  u1(s )  +  u i  (s )  and the  o t 'her

p r o d u c t s  f r o w s  a r e  n o t  m o d i f i e d ,  t h e  c a p a c i t y  c o n s t r a i n t

s a t i s f i e d .

+ T h e i n v e n t o r i e s o f p r o d u c t s i a n d j a r e m o d i f i e d o n [ x - e , z +

o n l y r w h e r e a s t h e o t h e r i n v e n t o r i e s a r e n o t m o d i f i e d a t a l l

fs  f  s

.  vs€ [x -E,x ] ,  y , ; (s ) -y i (s )  =-  l "u , ( r )dr  and y ' jG) -Y i (s )  =  
I  

ô l ( t
Jx -€  Jx -e

.  Vse I x , z ] ,  ] ' 1 ( s ) - ] i ( s )= -À  and  y ' jG ) -Y iG )=Â

f  ,+r ,  ( ' *u .
.  Vs e lz ,z+p l  ,  Y ' i (s ) -Y i (s )  =-  |  u r t t la t  and y ' iG) -Y1(s)  =  

l ^u i ( t
Js  Js

ul
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Analytical Resul.ts : the singJe-stage multi-Product problem

+  These  i nven to r i es  a re  s t i l l  pos i t i ve :  t h i s  i s  obv ious  f o r

p roduc t  j  s i nce  Vse  I ,V j ( s )  à  y : ( r ) .

Fo r  p roduc t  i ,  Vse  [ x -e , x ] ,  y ' ; ( s )  =  Y i ( x -e )  >  0 ;

moreoverr  x  = Sup (T)  means that  V s  e [x ,  z ] ,  Y1(s)  2  Yi@).  Therefore

Min  {  Y ; ( s ) / se  [ x , z+p ]  ]  =  M in  { y iG)  l se  l z , z+P l l  and  i t  f o l l ows  f rom

Çhe  exp ress ions  o f  y ' i  -  y i  t ha t  V  se  [ x , z+p ] ,  ] ' i ( s )  >  y . ( s )  - ^  >  0

because  Â  S  M in  {  V i t r ) l se  [2 ,  z+ t l l l .

Hence ,  Vse  I  x -e ,  z+F ] ,  y ' i $ )  >  0 .

r e s u l t i n g  f r o m  p l a n  g '  a n d  t h e

( z + 1 t  ç 2 . + 1 t
l l u

) ,  J l

n e g a t  1 v e

een found

- )  The d i f ference between the cost  K '

cos t  K  resu l t i ng  f rom U  i s :

K'- f (  = I  kr  l ' *ury!(st-  Yr(s) lds
l = i , j  J x - e

f f *  f t
=  (k j - k i )  |  |  |  ô , t s )oso t

L  J * -€ ' x -€

S i n c e  k j  <  k i ,  t h i s  d i f f e r e n c e  i s

cont rad ic t ion  tha t  p roves  theorem

+  Â . ( z - x )  +

s t r i c t  I y

3. I lLr  has b

I
i (s )dsdt  t

I

a n d  t h e

assumDt ron :

I n  t h e  f o r m u l a t i o n  o f  p r o b l e m  S M ( C , d , k ) ,  t h e  p r o d u c t s

d i f f e r  o n l y  b y  t h e i r  i n v e n t o r y  h o l d i n g  c o s t s ;  h e n c e  p r o d u c t s  w i t h

the  same cos ts  can be  aggregated  ( i .e .  the  re la ted  var iab les  can be

added w i thout  loss  o f  in fo rmat ion)  and i t  i s  assumed hereunder  tha t

a I I  p r o d u c t s  h a v e  d i f f e r e n t  c o s t s .  M o r e o v e r ,  t o  f a c i l - i t a t e  t h e

f o r m u l a t i o n  o f  t h e  f o l t o w i n g  r e s u l t s ,  t h e  p r o d u c t s  a r e  r a n k e d  b y

d e c r e a s i n g  i n v e n t o r y  h o l d i n g  c o s t s t  k r  )  \ ,  . . .  t  
\ .

def in i t ion:  
i

V te  I ,  ^0 ( r )=C( t )  and  V ie  {1 , . . ,p }  ,  Â , ( t )=C( t ) -  ) .u ' ( t )  .'  
,=t .,
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Analyt ica l ,  Resuf  ts . '

coro l lary  3 . I I I . t :

the s ingle-stage mul t i 'product  problem

I f  f t e  I  a n d

then 3 q >0

which neans

co ro l l a ry  3 . I I I .Z :

I f  3  J= ] t o , t r [  c I , t s * t 1  and

then  :  P r  V teJ ,  u i ( t )

T f ,  add i t i ona l l y ,  u i ( t )É0

then  z  Pz  V teJ ,  V je

such that yi (t) > 0 ,

T l , t +q l  , ^ i ( s )=0 ,

orr  in  other  terms,  u ;  (s)  = Â;-1 (s)

3 i e  { 1 , . . , p }

and  Vse  [ t
i

Iu i ( s )=C(s )
j = l  '

i n te rp re ta t iOn :  whenever  a  p roduc t  i s  kep t  i n  i nvenLory ,  t he  sys tem

is work ing aÇ capaci tY.

p l o o f :  f r o m  t h e o r e m  3 . l l l r ,  i t  f o l l o w s  t h a t  3 q  > 0  a n d  V j e  ( i + | , . . , P ) ,

V s e [ t - q , t + 1 ] ,  u i ( s ) = 0 .  H e n c e ,  Â i ( s ) + 0  m e a n s  t h a t  t h e  s y s t e m  i s  n o t

o p e r a t e d  a t  c a p a c i t y .  I f  t h i s  v r e r e  t r u e ,  t h e  p a s s e d  o v e r p r o d u c t i o n  o f

p roduc t  i  (made necessary  by  the  pos i t i ve  inventory  a t  t ime t )  cou ld  be

d e l a y e d  a n d  t h e  i n v e n t o r y  h o l d i n g  c o s t  r e d u c e d :  t h e  p r o o f  w o u l d  b e

i d e n t i c a l  t o  t h a t  o f  t h e o r e m  3 . l t t . t .  T h u s ,  V s €  [ t - T l , t + T l ] ,  A ; ( s ) = 0 .

Note that  the proof  of  th is  resul t  could have been lumped wi th that  of  theorem

3 . t t t . t ,  w i t houc  any  s ign i f i can t  d i f f i cu l t y  o r  advan tage .

3 ie  {1 , . . , p }  such  t ha t  u i ( t ) *d i ( t )  a . e .  on  J ,

=  Â1 -1  ( r )  and  t hus  V  j  e  { i + l , . . ,P } ,  u ; ( t )  =0 .

a.e. on J,

{ 1 , . . , i - l } ,  u j ( t )  =d j ( t )

i n te rp re ta t i op :  i f  an  i t em i s  p roduced  a t  a  ra te  tha t  i s  d i f f e ren t

f rom i ts  demand ratê,  then cheaper  i tems are not  produced at  a l l ,  more

expensive i tems are produced in  order  to  sat is fy  the i r  demand exact ly ,

and the system is  work ing at  maximum raLe.

That  means in  par t icu l -ar  that ,  a lmost  everywhere on l ,  u  assumes

one of  -a t  most-  p+l  va lues,  ca l led eLementary product ion rzectors and

defined hereunder.
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NtaJytical Resul,ts.. Èàe singJe_stage multi-product problem

proof:

Pri based on the fact that : u 1(r) * d; (t) a.e.
P l  resu l t s  d i rec t l y  f rom theo rem 3 . I I I . l .

on  J  =+  Y i (O  >  o  a .e .  on  J ,

a n d  3 t e  J  s u c h

r e l a t i o n  h o l d s

te  K ' ,  y r ( ) *0 .

i  ( t )  =  0 ,  w h i c h

!4 .  assume p2 does not  ho ld, .  then l je  {1 , . . ,p}  ,  k i  >  k ;
t ha t  u j ( r )Éd j (0 r  u i ( t )  be ing  p i ece_w ise  con t i nuous ,  t h i s
on  an  i n te rva l  K  c  J  and ,  consequen t l y ,  j  K ' c  K  and  VApp l i ca t i on  o f  t heo rem 3 . tu . r  y i e lds  tha t  V  t  e  K , ,  u
con t rad i c t s  t he  add i t i onaL  cond i t i on  u i ( t ) *0  a .e .  on  J .

definitions:

+ V t€  I  ,  n ( r )=Max  {  i e  { I , . . ,p+ l } /  Ï0 . ,U ,  <  c ( r )  }  , "  rhe  number  o f
j = l

elementary product ion vectors at  t ime t .
+  These vectors y l (1) , . . ,y r r ( r t ( r )  can be def ined as fo l_ lows :

v i e  [ 1 , . . , n1 t ; ] ,  {  
v j '  { 1 , " , i - 1 } ,  v j  ( t ) =d i ( ù

(  V je  { i , . . , p } ,  v i ( t ) =Â ;_1 ( t )
+  Le t  ù ( I )  ue  de f i ned  by :  pe  r9 ( I )  i f f  rNe  | l r r  and  a  sequence  o f

sub- in terva ls  (  I i  ) :  =  1, . . ,p  such that  p  = (  11, . . ,  IN ) ,  and.  a t -so:

and 
1 'v je(1" "N) '  

fc I  '  À . r , : I  and Ùr , - , .
j = l  

J = l  
-

2 .  V je  ( 1 , . . ,N1  ,  JnSe  { I , . . , p+ l }  such  rha t  V te  I ; ,  , r ( t ) =n . .

û  ( I )  i s  t he  se t  o f  pa r t i t i ons  o f  I  such  tha t  t he  number  o fe remen ta ry  p roduc t  i on  vec to r s  i s  cons tan t  on  each
sub- in terva l .

+  I -= { f eQp  /  j l p r= ( I 1 , . . ,  I u }e r } ( I )  such  rha t :
vke  {1 , . . ,N ) ,  3 i e  { r , . . ,ær }  and  v te  I 1 ,  - f  ( t ) =y , i c t l  }i s  t he  se t  o f  a1 r  comb ina t i ons  o f  t he  e remenra ry  p rans .

Summarv :  i f ,  g  is  opt imal ,  then 3!  ye f  such that  ! ,=v a.e.  on I .
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Analytica], Resufts.. tàe single.st,age multi-product probTem

The main  resu l t  o f  th is  par t  i s  in t roduced and proved in  the  coming

s e c t i o n .  I t  m e a n s  t h a t  t h e  o p t i m a l  p l a n  c a n  b e  f o u n d  b y  s o l v i n g

mono-produc t  p rob lems in  sequence.  In  th is  p rocess '  the  f i rs t  p roduc t

w h o s e f l o w i s d e t e r m i n e d i s t h e o n e w i t h t h e h i g h e s t i n v e n t o r y c o s t

and a l l  the  capac i ty  o f  the  sys tem is  ava i lab le  fo r  i t  '  Then the  f low

o f  t h e  s e c o n d  h i g h e r - c o s t  p r o d u c t  i s  d e t e r m i n e d ,  g i v e n  t h a t  i t  i s

I im l ted  by  the  remain ing  capac i ty ,  and the  proces  goes  on  '

lemma 3. tV. t :
i f  y  r ep resen ts

product ion PIan g,

t h e  i n v e n t o r y  r e s u l t i n g  f r o m  a n  o p t i m a l

t h e n  Y ( h ) = 0 :  t h e  f i n a l  i n v e n t o r y  i s  z e r o '

Droof:

T h i S r e s u l t i s q u i t e o b v i o u s a n d a f o r m a l p r o o f w o u l d b e

s i m i l a r  t o  t h e  p r o o f s  p r e s e n t e d  i n  t h e  p r e v i o u s  s e c t i o n :  s i n c e  t ' h e

i n i t i a l  i n v e n t o r i e s  a r e  z e r o ,  i f  t h e  f i n a l  i n v e n t o r y  o f  a  p r o d u c t  i  i s

no t  zerq ,  then there  must  have been overproduc t ion  o f  i  dur ing  the

p l a n n i n g  i n t e r v a l  a n d  t h e  p r o d u c t i o n  p l a n  c a n  b e  m o d i f i e d  t o  a v o i d

t h i s u s e l e s s o v e r p r o d u c t i o n a n d y i e l d a l o w e r i n v e n t o r y h o l d i n g c o s t .

theorem 3. tv . t :

Let  y  be  an  op t

known, t l ren Yt is

ima l  inventory  vec tor  and i

un ique lY  de termined bY the

Vte  I  ,  y i ( t )  = d, (s) - At-t (s) I  ds (1),

e  { 1 , . . , p  )  ;  i f  A i - l  i s

f . o l l ow ing  re la t i on :

J,",
and =  3  ( À i _ l  , d i )  a . e .

. ,  where B, =

on I  ,  w i th

In f  I  te  ] t ,h l  I

the  no ta t ions

Y i ( t )  =0  )

o f  pa r t  l .
u i
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Analyt ica l  Resu- l ts . . the s ingJe-stage muJti-product problem

Droof:

B ,  ex is ts  fo r  a I I

def ini t ion that :  .y i  ( t )

considered:

l -  B t  = t :

2 -  B ,  r+ t :

u; (s) =

The  second

propos i t i on

I  because YO) = 0 and i t  fo l tows f rom i ts

I  d i  (s)  -  u ;  (s)  I  ds .  Two cases need then be

then  y i ( r )  =  0  by  de f i n i t i on  o f  B ,  and  ( l )  i s  sa r i s f i ed .

then y i ( t )  >  0 and i t  fo l lows f rom coro l lary  3. t t t . t  thar

Â;  -1  1s)  a .e.  on I  t  ,  81 L which proves ( l )  complete ly  .

s t a t e m e n t  o f  t h e  t h e o r e m  f o l l o w s  d i r e c t l v  f r o m

4 o f  Jemma l . t t t . z .

in
fB,

J t

i n te rDre ta t ion :

T h i s  t h e o r e m  m e a n s  t h a t  u i  a n d  y 1  c a n  b e  d e t e r m i n e d  b y  s o l v i n g

t h e  m o n o - p r o d u c t  p r o b l e m  S S  (  ^ i - r  ,  d  i  )  w i t h  Â  i - r  a s  c a p a c i t y

f u n c t i o n ,  t h a t  i s ,  w i t h  t h e  r e m a i n i n g  c a p a c i t v  a f t e r  t h e

p r o d u c t i o n s  o f  i t e m s  1  t o  i - l  i . e .  i t e m s  w i t h  h i g h e r  i n v e n t o r y

ho ld ing  cos t -  have been p lanned.

coro l lary  3 . tv . r :

S ince  AO=C i s  known ,  ' t he '  op t ima t  p l an  u  w i t l

so l v ing  the  monoproduc t  p rob lems  SS (  ̂ i _ r  ,  d i  )
w i l l  t he re fo re  be  de f i ned  by :  V ie  { 1 , . . , p } ,  u i  =

be

f o r

determined by

i= l  t o  p . I t

À 1 - 1  ,  d i )  .

note :

Only  the  rank ing  o f  the  produc ts  inventory  ho ld ing  cos ts  and no t

t h e i r  v a l u e s  w i l l  a f f e c t  t h e  o p t i m a l  f l o w  p 1 a n .

no ta t i on :

This  opt imal  f low-p lan wi l l  thus be noted e i ther  u = 3t  (C,d)

u  =  3 t  (C ,  d ,  k )  ,  depend ing  on  whe the r  o r  no t  t he  p roduc ts

assumed ranked by decr ieas ing inventory hold ing cost .

o r

a re
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Analytical Resul,ts: tàe single-sÈage multi-product probJen

The cond i t ion  fo r  the  ex is tence o f  an  op t ima l  f low-p lan  ls  the  same

as fo r  a  monoproducÈ sys tem o f  equ iva len t  capac i ty  fac ing  a  demand

equa l  to  the  sum o f  the  d i f fe ren t  p roduc ts  demands.

theorem 3.v . t :

,  d i  )  i = t , . . , j - t  have

(A )

f unc t i ons  u i  =  3  tÂ , - t

P rr
ds

t = ,  J 0

I t
Âi -1 (s) ds

heLe t  j €  { 1 , . . , p }  and  assume  t

been  de f i ned ;  
f t

i f  V te I  ,  I
Jo

t hen  V te  I  ,

C (s)

JJ
s o l v e d  a n d  C  a n d  d

c o s t  v e c t o r  k ,  t h e

in terp,retat!on :

r f  t h e  p r o b l e m s  S S  (  ^ i - , , d i  )  i = r , . . j - r  h a v e  b e e n

s a t i s f y  c o n d i t i o n  ( A ) ,  t h e n ,  w h a t e v e r  t h e

p r o b l e m  S S  (  ̂ j - r , d j  )  i s  s o f  v a b f  e .

prqof:

' v^ lhatneedstobeprovedis:VteI ,J ,o, .uo,+,PlJ, " ,o,o '<

Le r  t e  I  and  B t= In f  {  t e  I  t , h l  I  V  i e  { 1 , ' . , j - 1 }  Y i ( t )  =0  } .

then V ie  {1 , . . , j -1 }  ,  f tu , t r lo ,  =  [ to , ,Uo,
( l )

J o  J o  
1 - l

a n d  V s e [ t , R , 1  ,  s i n c e  ] i e { 1 , . . , j - 1 }  s u c h  t h a t  Y ; ( s ) > 0 ,  L r u t ( s )  =  C ( s )  ( 2 )

( t h i s  f o l l o w s  f  r o m  c o r o l l a r y  3 ' t t t ' t  '  I

Hence , l tc(r)d, = [.ubo,o, - [ .u' |- Ëu,tsl I  os because or (2)'
Jo  Jo  Jo  L  r= r  I

i = l J O  '  t = r J t
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AnalyticaJ, Resu-lts : the singJe-staqe muJti-product problem

a

b e c a u s e  t h e  f u n c t i o n s
d ,  a r e  p o s i t i v e .

fB , .  L r  f t

Jo 
o ' (s)ds + 

,E,Jru, (s)cts

-  f t  Lr r r

( t ) ,  th is  Ias t  te rm is  egua l  to :

(aEa in ,  because  d i t0 ) ,  f ' " , r ,O ,
Jo

u , ( s )ds  (A )r, 
J'c rrr 

o,

fo l low ing  f rom

which impl ies,

corol lary 3.V. t :

Problern SM (C, d,  k)  is  sotvable i f f  V t  e

proof:

+  (A )  i s  c lea r l y  necessa ry ,  s ince  i t  f o l - l ows  d i rec t l y  f rom the
cons t ra in t s  (C1)  and  (C2)  o f  p rob lem SM(C,d ,k ) :

(C , )  +  v te  I ,  Ë ,  [ ' u ; ( s )dst = r J  0  t = I J  O

.  (c2) =) vte r, 
I  [  

Ë,u,0,]0, = 
I;c(s)ds

Hence (C l )  and (C2)  :+  (A) .

+  ( A )  i s  a l s o  s u f  f  i c i e n t :  n a m e l y ,  i t  r , r a s  p r o v e d  i n  p a r t  I  t h a t
p r o b l e m  S S ( C , d )  h a s  a  s o l u t i o n  i f  a n d  o n l y  i f :

f t  f t
Vte I ,  lC (s )ds

Jo  Jo
Moreove r ,  t heo rem 3 . t v . t  s t a tes  t ha t  i f  t he  p rob rems  ss  ( ^ i - r , d i  )  can
be  so l ved  i n  seguence  f o r  i =  I  t o  p r  t hen  sM(c ,d , k )  i s  so rved .

s i nce  a0=c ,  (A )  imp l i es  r ha r  v t e  I ,  [ - t o r ( s )ds  
>  

f t o , , uds  and  hence
Jo  Jo

tha t  SS(^0 ,d1 )  i s  so l vab le ;  t he re fo re ,  a  s imp le  i nduc t i on  on  t , heo rem
3.V . t  p roves  tha t  p rob len l s  SS(^ i_ l , d ; ) ;=1 , . . , 0  a re  so l vab Ie .
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nota t iQn:

Ie t  je  [1 , . . ,p ] ,  and de f ine  I , . ;  and .D as  fo l lows:
j p

Vyef lP ,  V te I ,  D(g ( t )=  
! ru , t , l  

and  l l t r l t t l = l v1 ( t )

moreover ,  V i , j e  {1 , . . ,p )  ,  i< i ,  > j  w i l l  deno te  I j - I t * t  =  E i - I , j - l

(w i th  the  assumpt ion  Lha t  l p+ r  =  E0  =  0 ) .

theorem 3 .v I . l :

i f  u  =  3 t  ( c ,d )  ,  then  v  je  (1 , . . ,p1 ,  Do)  =  3  (C ,DG))  a 'e '  on  I '

i  n te rpre ta t ion :

: r f .  o n e  c o n s i d e r s  t h e  m o n o - p r o d u c t  p r o b l e m  r e s u l t i n g  o f  + u h e

a g E r e g a t i o n  o f  s e v e r a l  p r o d u c t s  ( o f  s u c c e s s i v e  r a n k  i f  r a n k e d  b y

d e c r e a s i n g  i n v e n t o r y  h o l d i n g  c o s t ) ,  t h e  o p t i m a l  f l o w - p l a n  i s  t h e

a g g r e g a t i o n  o f  t h e  c o r r e s p o n d i n g  f l o w s  d e t e r m i n e d  b y  s o l v i n g ' t h e

mul t i -p roduc t  Prob lem.

Eopf :  by  induc t ion .

+ > lG)  -  u l  =  3(Âo,dr )  =  3(C,dr )  =  3  (C, I l (o ) .

+  l - e t  j e  { 1 , . . , p }  and  assume  DG)  =  3  IC ,DG) )  a .e .  on  I ;

u i+ t  =  3  t a . ;  , d3+ l )  =  3  (C -D1g ,d i+ l )  by  de f i n i t i on  o f  a i '

Thus,  us ing proposi t ion l -  o f  theorem 1 'V 'z :

u i+1  r  D tu l  -  d i+ r  =  3  tC 'd i+ r 'D tu l l

3 I  c-d i+r ,3 (c ,  D col  I

3 tC-d i+ l 'D rO)  bY Pronos i t iPn

Therefore,  us ing proposi t ion L again:

D* tO )  =  5  (C ,D ( { )+d ; ç1  )  +  E  (C ,D+ lG) )

Analytical Resufts.. the single-stage multi-Producç problem

3 .
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Anal.yÈ,icar, ResuJ,ts : the singJe-st age multi-product probtem

no te :  t h i s  resu r t ,  t oge the r  w i th  cg ro r l a ry  l . I I I . 4  (nçcessa ry  and
suf f ic ient  condi t ion on the d i f ference between capaci ty  and demand
func t i ons  fo r  t he  s ing re  s tage ,  monoproduc t  p rob rem to  have  a
sorut ion)  would prov ide a s ta ight forward proof  for  coro l rary  3.v . r .

corol lary 3.vI . r :

te t  g  = 3*  (  C,  d)  and g[ 'e  ( lP such that  :

3 i , j e  ( 1 , . . , p ) ,  j < i  and
Vke {1 , . . ,p } \ [ j , . . , i f  ,  d ' r=dr

:j fOf = Ij (d)

ulk = uk

t
t ,i f  u '

I f  th ro  demand vec tors  a re  such tha t  there  is  a  g roup o f  p roduc tp
w h o s e  c u m u r a t e d  d e m a n d  i s  t h e  s a m e  i n  b o t h  v e c t o r s r  ê D d  i f  t h e
i n d i v i d u a l  d e m a n d s  o f  m o r e  e x p e n s i v e  p r o d u c t s  a r e  e q u a l ,  t h e n  t h e
o p t i m a l  f l o w - p l a n  h a s  t h e  s a m e  c h a r a c t e r i s t i c s .

proof:

+  Vkc  {1 , , . , j - t } ,  Ek td ' t  =  I k

Lk fg,l = Ik O) , which yields

+  by  de f i n i t i on ,  I i ( d t

d i f ference,  f j  Ot  = EiO)

ke

G')

G D  a n d ,  f o l - t o w i n g  f r o m  t h e o r e m  3 . V t . t ,

that u 'k = uk (because Lt tul  = u I  )  .

I i (O ,  and  thus  I , iG l  =  I iG ) ;  hence ,  by

D-t tl) = Iio) - D-r ûD = Ij (D,

- x (  C,  d ' )  ,  t r ren 
{

(  1, . . ,p) \ { j , . . , i

= Ij (u)

V

r;

+ v k e { i+ 1, . . ,  p} ,  Ik (d) -  Lk ro and Lk 0r)  = Ik G);  rherefore,  s lnce

Li cr) = Ii G) r u'k = uk.

rn te rDre ta t lon :
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AnaTyticaf ResuJts.' the muLtj-stage nutrti 'produQt problem

Tl ie  Fystem model led here

mul t i . -product  sub-systems of

The problem to so lve can be

MMr  ( ( c l  ) ,  d ,  ( k l  ) ,  (A t ) ,  ( y l ' ) ) t

c o n s i s t s  o f  a  s e g u e n c e  o f  s i n g l e - s t a g e ,

t h e  t y p e  c o n s i d e r e d  i n  t h e  p r e v i g u s  P a r t .

s t a t e d ,  w i t h  s e l f - e x p l a n a t o r y  n o t a E i o n s :

(o t )

t e  I ,  Y l i ( t ) = Y l i " +

u l , 1 g  <  C l ( 0

I u l ' ( s )  -  u , l + l  ($ ]  ds  >  0

t h e  i n i t i a l  i n v e n t o r i e s  y l ; '  a t e  g i v e n .

) )  c a n  b e  r e w r i t t e n :

Min
1ol;  e ePxn

S . t .  V

n p f h
I t kri I yri (r) ot
l ; l  i = l  J  O

V

V

ia  {1 , . . ,p } ,u in+ l  =

ie  {1 , . . ,p }  ,V le  { l

l e  ( I , . . , t r )  ,V te  I ,
J;

di

, . . rn )  ,V
P

. E .  a l i .
t = l

whe re

( ( C l  ) ,  d ,  ( k l  ) ,  ( a l ) ,  ( y l '

o f h ( t
t rcr; I I uri G) ds dt
i = l  J s  J6

and  V je  {2 , . . , n }  |

n o [ e :  t h e  o b j e c t i v e  o f

Min
Gl).  ç)o'n

w h e r e  V i e  { 1 , . . , P }  ,  K l i

MMr

n

t
I  = l

_  k l i

(o2 )

Ëi -  k j i  -  k / - t  .

t heo rem 4 . I I . l

Le r  (g l )  ue  a  so lu t i on  to  MM1 ( (C l ) ,d , ( k l ) , (ê r ) ,

i f  t he re  ex i s t s  an  i n te r va l  Lc l ,  L *4 ,

such that V t e L, ui t t l  e 10, u1:+l (t) ),
P

then  l -  i u i .u i ( t )  =  C j1 t l  a .e .  on  L '
k=l

and 2- V ke (1, . . ,p) ,  I  u i  ( t )ç (0,uy'* l  ( t )  ]  a.e.  on

( y l ' ) )  and  j e  ( 1 , . . , n ) ;

and  a  p roduc t  i e  { 1 , . . ,P )
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tuta7yt,icaJ. Resu-lts: Èhe puJfi-stage nuJti-product problem

i n te rpre ta t ion

I f  at  a given stage, the products have al l  d i f ferent rat ios of  cost
inc rement  to  capac i ty  coef f i c ien t  then i f  there  is  a  p roduc t  whose
f l o w - r a t e  i s  n e i t h e r  e q u a l  t o  z e r o  n o r  t o  i t s  d e m a n d  a t  t h a t  s t a E e ,
then there  is  pn ly  one,  and the  s tage is  work ing  a t  capac i ty .

notat ions d i rect ly  der ived f rom t .hose of  par i t  3 :

Vje {1 , . . ,n } ,V ie  (1 , . . ,p } ,Vte  I ,  ô i t r l  =  u i ( r )  -

Âittl = Cj ttl -

-â  Assume there  ex is t .s  an  in te rva l  K

l -  S i nce  V te  L  - and  t hus  V te  K - ,  u i ( r )É  {0 ,u /+ l ( r )
p iece -w ise  con t i nu i t y  o f  t hese  func t i ons  tha t :

3JcK ,  I +6 ,  such  t ha t  V te  J ,  u , i  ( t )  >  u / * l

o r  I l J cK ,  J+6 ,  such  t ha r  V teJ ,  0 .  u |  ( ù .

dit , t  = s|al .
i

. I . " i .u i t t l .
l(= I

oroo f

Both proposi t ions can be proved by contradic t ion:  they are assumed
fa l se  and  the  op t ima l i t y  o f  (U l )  i s  con t rad i c ted  by  the  ex i s tence  o f  a
p lan  (g ' l )  r esu t t i ng  i n  a  ]ower  v4 rue  o f  t he  ob jec t i ve  func t i on .

P r t r o o s i t i r r n  1 .

ui  ( t )  =  Cj ( r )  is  equiva lenr to ÂJo (t) = 0.

cL  such  t ha t  ^ j e ( r )>0  on  K*6 .Ç

P

È,' i

l ,  i t  f o l L o w s  f r o m  t h e

c)>0,

u/* l  G) .

lr > 0, such that V t e [2, z+l l ] ,  u, l(r) > 0 andIn  bo th

0<

cases ,  J Iz ,z+1t lcJ ,
(z+lt

I  u i (s )ds  <  y t i@) .
J y

I n  f ac t ,  l n  t he  f i r s t  case ,  i nven to r y  i s  bu i l t  up  du r i ng  t he
interva l  J  an{ ,  in  the second case,  i t  is  depleted;  therefore,  in  both
cases  i t  mus t  be  pos i t i ve  a t  some po in t  i n  J .  I t  Çan  be  assumed
wi thout  loss of  generat i ty  that  J= lz ,z+tL l .
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Analyt ica l  ResufÊs; the mulÊi -stage nulti 'product probJem

f2+e

.J, uio,o'= r/ai  I :Âjo(s)ù 
.  y l t , i .

) d s d t

ui(') o. ot + ri / ai
(z+p

.J, ̂'o (s) ds dt

2 -  t hen  3ee  l 0 ,P [  such  tha t  0  <

3 -  f t  i s  t h u s  p o s s i b l e  t o  d e f i n e  a  n e $ ,  c o n t r o l  ( g ' l )  s u c h  t h a t :

'  V l * j ,  g ' l  =  g l '

.  Vk€ [1, . . ,P] \ [ i ] ,  u ' i  =  u i  .

.  VteI \ [z ,z+1t1,  u ' i { t )= u i ( r ) .

. V t e fz, z+ei, u'i (t) = 0.

Vte  I z+e , z+1 t | ,  u ' i  ( t ) =  u | ( , ) *  NoQ\ l a t i '

4  -  Th i s  con r ro l  i s  admiss ib le  fo r  p rob lem MM1 ( ( c r  ) , 4 ,  ( k l  ) ,  ( a l ) ,  ( y l '  ) )  '  l '

f ac t ,  oD  f z+e ,z+1 t1 ,  u ' i ( r )  i s  de f i ned  so  tha t  exac t l y  a l l  t he  capac i t y  i s

u t i l i zed ;  on  the  resÈ  o f  l ,  t . he  f l ows  g ' l  a re  l ess  o t r  equa l  t han  the

f l o w s  g l .

A I s o ,  ( U ' l )  s a t i s f i e s  t h e  c o n s t r a i n t  o f  p o s i t i v e  i n v e n t o r i e s '  b e c a u s e

t h e  i n v q n t o r y  y l Q >  o f  p r o d u c t  i  i s  s u f f i c i e n t  t o  a f l o w  f o r  t h e

r e d u c t i o n  o f  p r o d u c t i o n  o v e r  l z , z + e ) ,  a n d  b e c a u s e  t h e  i n v e n c o r y

t r a j e c t o r i e s  a r e  n o t  m o d i f i e d  o u t s i d e  o f  J  ( t h i s  r e s u l t s  f r o m  t h e  f a c r -

that y'i{r+r.) = yi 1z+rr))

5 -  T h e  d i f f e r e n c e  i n  t h e  c o s t s  r e s u l t i n g  f r o m  ( u ' l )  a n d  ( u l )  i s :

o n  J ,  t h i s

o p t i m a l i t y  o f

Q.E.D.

K-K '=

G i v e n  È h a t

d i f f e r e n c e  i s

the plan (ul) .-

Ki (ui(s)  -  u ' i (s)  )  ds dt

Ki(ui (s) - u"i (s) ) ds dt

bo th  u i  and  Â jo

s t r i c t l y  Pos i t i ve '

a r e  s t r i c t l Y  P o s i t i v e

wh ich  cont rad ic ts  the

r,* ï
= ï'I:
= '|(i I:- Ï

r::
ff
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2- since V t e J, ui frl e (0, uf*l (r) l,

V t e fz, z+lll, ui ft) > 0 and

muJt, i-product problem

l r  >  0,  such thar  :

yi tzt.

Analytica-l, Resu-lts.. Çàe nuJ-ti_sg6gs

P r o D o s i t i o q  2 .

-àAssume 3ke  { r , . . , p }  such  rha r  (  4a le  {0 ,u * j+ r6 ;1  a .e .  on  L  }  i s  f a . ' se .  ( -

l '  Th i s  means  the re  ex i s t s  an  i n te rva r  K  c  L ,  K*6 ,  such  tha t  v f  e  K ,
u i  t t l  e  (0 ,  u* j+t  6 ,  ; .  The same concrus ions as for  u i  can be drawn,  and in
pa r t i cu l a r :  3JcK ,  I +6 ,  such  t ha t  V te  J ,  u i  tO  >0  and  y i  A l  >0 .

3 [2, z+1tl cJ,
f z+It

J. ul 1s1as <

one can reduce 1t
f z+]t

J, "'u(s)os 
< y'1 (z)

3.

4 -

And ,  s i nce  ze  J ,  y i@)>O and i n  o r d e r  t h a t :

a l s o .

5-  s ince  V  te  I ,  a j  u ' i  +a i  u ' i  =  a i  u i  +a i  u i ,  (u ' l )  sa r i s f ies  rhe  capac i ry
cons t ra in t .

Simitarrv, since v t e {i,k} , Il*u r'.t(s) ds = 
li.- ",,j {r) 

dr, ir f orrows rhar

vte { i ,k } ,  v te  I \  [z ,z+1t ' ] ,  y ' j ( t )  =  y . j * l ( t ) .  As the inventory of  product  i  ar
t ime  z  i s  su f f i c i en t  t o  make  f o r  t he  subsequen t  r educ t i on  i n
product ion,  (U ' l )  sat is f ies the inventory constra in t .

rhen f ee lO,p[ such rhar 0 < f '* i iuro, = f '*uuitul.uiatos < yjrzy.Jz Jz*e

r t  i s  t h u s  p o s s i b r e  t o  d e f i n e  a  n e v r  c o n t r o r  ( g ' r )  s u c h  t h a E :

.  V l * j ,  U ' l  =  g l  .

.  V t e  [ 1 , . . , p ] \ { i , k } ,  u ù ,  =  g j , .

.  V t e  { i , k } ,  V t e  I \ [ z , z + 1 t 1 ,  u ù , ( t ) =  u { ( t ) .

.  V te fz ,z+s '1 ,  u ' i  ( r )=0;  u î ( t )=u i ( r )+a i la i  u i fO.

.  V te fz+E,z+Vf ,  u ' i  ( t )=0 ,  u ' | ( t )=u i t r l *  u i lu i  u i  t , l .
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Analyt iÇal  Resuf ts : the rnu- l t j -s tage

i r i  t he  cos ts  resu l t rng

mult i -product Problem

f  r o m  ( g t )  a n d  ( g t )  i s :6 -  t he

K-

I:,J,.- t *i ui t'r

^'f.u,J, .-"1 o'o' o' 
]

uir,r - ïi,.t

l^iJi.'Ë

d i f f e rence

K'+ f,* I:
= I':'Ï,

f*i*i= 
L;i;t

t  r i(ui(.) - u' i(s) ) + *i tui(s) - u' i(s) ) I  ds dt

rl . ui(r) I as at

uitr) or dt +

- 
ï;,,f 

. uito I os ttt

=  AK i

ows f rcrn the s l , -nmet . ry  of  che express ion in  terms of  i  anc i  k

i t .  been  chosen  to  dec rease  the  f l ow  o f  k  ove r  l z , z+e f  i ns tead

ing  tha t  o f  i ,  t \ e  d i f f e rence  i n  cos fs  wou ld  have  been :

[ *i *i I [^, fz+e çt , . , F*t' fz+IL , I
|  - , - - i  r  I  q r  I  l -u i ( r )ord t  *u i  I  l .  u ' i ( ' )o .d t  I  =  aK r .
L. ia l  JL'J,  Jz ) , .*rr t  J

I t  f o l l

L h a t ,  h z i l

o f  d e c r e a s

K-K '=

T h e  c o n t r o l  ( U l )

S i n c e  t h e  s e c o n d

^ K i < 0  a r r d  A K k < 0

w h i c h  m e a n s :

b o t h  ( Â K i )  a n d  1 l K 1 )  a r e  n e g a t ' i v e  '

e x p r e s s i o n s  i s  s t ' r i c t l y  p c s i t i v e '

h e  f i r s t  f a c t o r  i s  a l s o  n e g a t i v e '

So, that  is,  5 i= I i
ai ai

r i  r i
al  a i

b e i n g  o P t i m a l '

f  a c t r : r  i n  b o t h

i -mpI  ies  t ,ha t  t

ri ri
< 0 and -:- -.

ai at'

COnc luS iOn:  fo r  a  g iven s tage i ,  i f  the  demand g j+ t  de f ined by  Eh

f L o w s  a t  t h e  n e x t  s t a g e  i s  k n p w n  a n d  i f  t h e  p r o d u c t s  h a v e  a l -

d i f fe ren t  ra t ios  r i ta l ,  the  cont ro l  U l  can  take  on ly  a  f in i te  i ' umber  o

v a l u e s  a t  a n Y  g i v e n  t i m e .

n - t

The number of  va lues i t  can take is  a t  most  (p+2) '2 '  because ther

. ^P
are at  most  z '  contro ls  in- rwhich the f low of  every product  i  takes i t

va lues  i n  (0 ,u f * l l ,  and  p .2 '  o the r  con t ro rs

I
"]I
e l"1
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Analytical ResuJ,ts : the mul,t j-stage muLti-product problem

I n  f ac t , '  once  t he  on l y ' pa r t i cu l a r ' p reduc t .  whose  f l ow  i s  no t  i n

[O,u/* l  ]  is  chosen,  the va lue of  i ts  f low is  ent i re ly  deterrn ined by the
va lues  o f  t he  o the r  f l ows ,  s ince  they  mus t  add  up  to  the  capac iqy . .
t he re  a re  P  cand ida tes  f o r  t he  pos i t i on  o f ' pa r t i cu l a r ' p roduc t ,  and
at  mqst  2P- t  * ra l . res for  the rest  o f  the contro l ,  hence p.Z l ' '  contro ls .

F o r  a  s i n g l e - s t a g e  s y s t e m ,  i t  h a s  b e e n  p r o v e d  t h a t  t h e  ' p a r t  j . c u l a r '

p r o d u p t  a t  a  g i v e n  t i m e  i s  a l s o  t h e  m o s t ' e x p e n s i v e ' p r o d u c t  w h o s e

i n v e n t o r y  i s  s t r i c t l y  p o s i t i v e ,  ' e x p e n s i v e '  m e a n i n g  ' w i t h  h i g h  r a t i o

K i / a i  o f  c o s l  i n c r e m e n t  t o  c a p a c i t y  c o e f f i c i e n t r  .  I t  h a s  a l s o  b e e n

proved tha t  t ,he  fJ -ows o f  cheaper  p roduc ts  a re  zero  and the  f lows o f

more  expens ive  produc t ,s  a re  equa l  to  the i r  demand.  G iven th is  resu l t ,

the  number  o f  poss ib le  cont rg ls  a t  any  g iven t i rne  is  reduced to  p+f .

A I I  t h e  r e s u l t , s  l e a d i n g  t o  t h i s  t i g h t e r  c h a r a c t e r i z a t i o n  o f  t h e

o p t i m a l  c o n t r o l  l t e r e  d e r i v e d  b y  c o n s i d e r i n g  t h e  i r n p a c t  o n  t h e

o b j e c t i v e  o f  a  l o c a l  m o d i f i c a t i o n  o f  t h e  c o n L r o l .  f r i  a  s i n g i e - s t a g e

s y s t e m ,  t h e  s u p p l y  t o  t h e  s y s t e m  b e i n g  u n c o n s t r a i n e d ,  t h e  o n l y  c o n c e r n

w h e n  m o d i f y i n g  t h e  f l o w  o f  a  p r o d u c t  - w i t h i n  t h e  l i m i t s  d e f i n e d  b y  t h e

c a p a c i t y -  t r a s  t o  e n s u r e  t h a t  d e m a n d  w o u l d  s t i l l  b e  m e t .  I n  t h e  c a s e  o f

a  mul t i -s tage sys tem,  the  supp ly  i s  bounded by  the  f  lows o f  ups t rean ' l

s t a g e s .  O n e  m u s t  t h e r e f o r e  e n s u r e  t h a t  e i t h e r  t h e  m o d i f i c a t i o n  o f  4

f l o w  c a n  b e  ' a b s o r b e d '  b y  t h e  n e x t  u p s t r e a m  s t a g e r  o E  t h a t  t h e  i m p a c t

o n  t h e  o b j e c t i v e  d u e  t o  t . h e  p r o p a g a t i o n  o f  t h e  m o d i f i c a t i o n  d o e s  n o t

cqunt .e rba lance the  e f fec t ,  o f  the  loca l  mod i f i ca t ion .

T h e  s t r o n g  r e s u l t s  o f  t h e  s i n g l e - s t a g e  c a s e  v r e r e  o b t a i n e d  b y

advanc ing  the  produc t ion  o f  an  i tem o f  low inventory  ho ld ing  cos t  in

o r d e r  t o  b e l a t e  t h a t  o f  a  m o r e  ' e x p e n s i v e '  p r o d u c t  .  S u c h  a

m o d i f i c a t i o n  c a n n o t  b e  a c h i e v e d  l o c a l l y  i n  a  m u l t i - s t a g e  s y s t e m .

T h e r e f o r e ,  t h e s e  s t r o n g  r e s u L t s  w i l l  b e  d e r i v e d  o n l y  f o r  a  p a r t i c u l a r

c l a s s  o f  s y s t e m s ,  f o r  w h i c h  i t  i s  p o s s i b l e  t o  m e a s u r e  t h e  e f f e c t  o f

p ropagat ing  a  mod i f i ca t iqn .
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AnaLytica-l Resuf ts. ' the multj-stage multi-Ptoduct ProbJ.em

There is  no s t ra ight forward method to s impl i fy  the formulat ion of

MM,  ( (C l  ) ,  d ,  ( k l  ) ,  ( a l  ) ,  ( y l ' ) )  so  as  t o  avo id  i n i t i a l  i n ven to r i es  and

capac i t y  coe f f i c i en ts ,  as  the re  was  i n  the  s ing le -s tage  case .

In  fac t ,  i t  i s  no t  poss ib le  i n  genera l *  t o  f i nd  un i t s  t o  measure

the  d i f f e ren t  f l ows  so  as  to  s imp l i f y  t he  capac i t y  cons t ' r a in t s ,  And

the re  i s  no  equ i va len t  t o  t he ' ne t ' demand :  t he  i n i t i a l  i n ven to r i ep

ex i s t i ng  i n  a I t  bu t  t he  I as t  s t age  canno t  be  made  ava i l ab l ç

ins tan taneous ly  fo r  end -p roduc t  demand  because  o f  t he  i n te rned ia te

sub-systems l - imi t  the f low,  and determin ing the most  cost -ef fect ive

h ray  to  'Ç rans fe r '  t hem i s  o f  t he  same o rde r  o f  d i f f i cu l t y  as  so l v ing

the problem MM, wi th  zero inventor ies.

The  scope  o f  t h i s  sec t i gn  i s  t he re fo re  I im i t ' ed  t o  p rob lem

MM ( (C t  ) ,  d ,  ( k l  ) ) ,  t ha r  i s ,  t he  s imp l i f  i ed  ve rs i on  o f  MMr  w i t h  zeYo

in i t i a l  i n ven to r i es  and  no  capac i t y  coe f f i c i en t s  '  The  sys tem

cons ide red  w i I I  a l so  be  pa r t i cu l a r i zed  by  t he  cos t  assump t i ons

requi red to  der ive the same type of  resul ts  as in  par t  3 .

*nOte :  
t he  capac i t y  cons t ra in t  can  be  s imp l i f i ed  i n  two  pa r t i cu la r

cases:  when the coef f ic ients  â11 âre independent  of  l ,  which means that

the rat ios of  the processing t imes of  d i f ferent  products  are the same

at  aI I  Stages,  and when the coef f ic ients  â l ;  ârê independent  of  i ,  which

means that  the processing t imes at  a  g iven stage are the same for  a l l

t he  p roduc ts .

I n  t h e  f i r s t  c a s e ,  t h e  f l o w  o f  e v e r y  p r o d u c t  i  w i I I  b e  m e a s u r e d  i n

a u n i t e q u a } t o â ] i = â i È i m e s t h e b a s e u n i t i i n t h e s e c o n d c a s e , t h e

c a p a c i t y  f u n c t i o n s  C l  w l t l  b e  d i v i d e d  b y  a l = 4 1 ,  t h a t  i s ,  t h e  c a p a c i t y

o f  s tage I  w i l t  be  measured in  a  un i t  equa l  to  a l  base un i ts .
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Analyt. icaJ. Results.. tàe rnu-lt i-sta9€ multi-product, problem

çost assumptions:

l - -  the  inventory  hoJ-d ing  cos t  o f

s t a g e  a t  w h i c h  i t  i s  c o n s i d e r e d :

t h e  h i g h e r  t h e  c o s t :

V ie  {1 , . . , p }  ,  k t i . k t , " " ( kn i

2 -  t , he  p roduc ts  can  s t i l l  be  ranked  by  i nc reas ing  i nvenÈory

ho ld i nE  cos t ,  r ega rd less  o f  t he  s tage  a t  wh i ch  t hey  a re

cons ide red :

V le  {1 , . . , n }  ,  k t l t k t r t " t k ' o

3-  the  inc rement  in  cos t  f rom s tage to  s tage is  h igher  f ,o r  nore

e x p e n s i v e  p r o d u c t s :

V l e  ( 1 , . . , n )  ,  * l r t * l z t " t * t o

A  p a r t i c u l a r  c o s t  s t r u c t u r e  s a t i s f y i n g  t h e s e  c o n d i t i o n s  ( a n d

p r e v i o u s l y  i n t r o d u c e d  i n  G A B B A Y  t G A l  )  w o u l d  b e  o n e  i n  w h i c h  e a c h

s t a g e  I  a n d  e a c h  p r o d u c t  i  c a n  b e  a s s o c i a t e d  r e s p e c t i v e l y  c o s i

c o e f f i c i e n t s  p r  a n d  c r ,  s u c h  t h a t :

c t l > " ) d p ,  P l < " < p n  a n d  V l e  ( 1 , . . , n ) , V i e  { 1 , . . , p )  ,  k l i  =  g , . Ê ' .  ( C S )

n o t e :  F r o m  a  p r a c t i c a l  p o i n t  o f  v i e w ,  t h e  s e c o n d  a n d  t h i r d  c o s t

a s s u m p t i o n s  c a n  a p p e a r  t o o  r e s t r i c t i v e :  i f  t h e  c o s t  c o e f f i c i e n t s  a r e

i n v e n t o r y  h o l d i n g  c o s t s  " s t r i c t o  s e n s u "  a n d  a r e  a s s u m e d  p r o p o r t i o n a l

to  the  va lue  o f  the  produc t  a t  a  g iven  s tage,  then the  va lue  added a t

a  g i v e n  s t a g e  c o u l d  p e r f e c t l y  a l t e r  t h e  r a n k i n g  o f  t h e  c o s t s  a n d  t h e

second assumpt ion  wou ld  no t  ho ld .

O n  t h e  o t h e r  h a n d ,  i f  t h e  c o s t  c o e f f i c i e n t s  j u s t  r e p r e s e n t  s o m e

pr io r i t ies  fo r  ho ld ing  inventory ,  then the  cos t  s t ruc tu re  descr ibed Dy

(CS)  i s  per fec t l y  adequate  s ince  i t  combines  these pr io r i t ies  w i th  the

f i r s t ,  c o s t  a s s u m p t i o n ,  w h i c h  i s  r e a l i s t i c  i n  a  w i d e  c l a s s  o f  p r o b l e m s .

a  p r o d u c t  i n c r e a s e s  w i t h  t h e

t t re  fu r ther  down in  the  l ine ,
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Analyt icaf  Resuf ts . ' tàe mul.t i 'stage mult ' i-product ptoblem

V je  {1 , . . , n } \ { l } ,  s I  =  g j .

V  ke  {1 , . . ,  p } \ ( i } ,  u ' l k=u l k .

Vse  I \KvL ,  u ' l i ( s )  =  u l i ( s ) .

V se K,  u ' l i (s)  = u l i (s)  -  ô l i (s) .

V s e L, u'li (s) = u li 1s1+ Â!oG).

inventory kePt  at  a  s tage of  the

at  capaci tY.

theo rem 4 . I I I . 1 :

Let (!!) be an oPtimal

I f  3 i e  [ 1 , . . ,P ]  and

then  31>0  such

f low-pIan;

3 te  I  such  t ha t  y i l ( t )  >0 ,

that v s e [t - Tl, t+ Tl] , Âlo {s) = 0.

interpretation: if there is some

This proof iS,  in essence, very s imi lar  to t 'hat  of  theorern 3 ' l l t ' l :

yJ  be ing  con t inuous ,  y i l ( t )  >0  +  3n>0  and  Vse  [ t -T l , t+ î ] ,  y i l ( s )  >0 '

(H)  assume Aze f t - Î l , t+n [ '  3p>0  such  tha t  L= lz ,z+p ]  c  [ t -n ' t+q ]  and  tha t

( z + l L

l - ' 'Â ro t r )d r  >  0 .  s ince  y i t (d>0  and  y i t  ( 0 )=0  the  fo l l ow ing  de f i n iL ions  a re
J Z

va l id :  x=Sup { re  [0 ,z l l l c re ]0 , r1  andVse [ r -o , r ]  ,ô l i ( t t>0 ]  #A '

e=  Sup  {  o . l0 ,x ]  /  Vse  [x -c t , x l  ,  ô l i ( s )>0 ]  ana  t (= [x -e ' x ] '

€  can be  reduced in  o rder  tha t '  
f :  .ô r i ( t )d t  

< . . tY l lp t  Yr i (s )  and then '

fi-e (,*r,
e and p can be adjusted so that . t  

J__,  
ô l i ( t )d t  =) ,  a tot t )d t  :  Q > 0 '

system'  then th is  s tage is  work inE

Èroof:

A new p lan  (U ' l )  can  therea f te r  be  cons t ruc ted ,  tha t  w i l l  y ie ld  a  lovqer

v a l u e  o f  t h e  o b j e c t i v e  f u n c t i o n :
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This p lan sat is f ies the constra in ts  of  thê prqblem, and the d i f ference

in inventory hold ing cost  wi th  respect  to  1gl )  is :

K-K,= Ë Ë r i  f t  f ' ,u1-u, i ;1,y0.dtj = l k= i  JO  Jg

l- f* f t -. fz+P P+1t I= * t t l  |  181(s)dsdt+q(z-x)+  |  I  a ro{s)csdt  I  t0 .
L  J ; - r J x - e  J z  J 1  I

T h i s  w o u l d  c o n t r a d i c t  t h e  o p t i m a l i t y  o f  ( u l ) ;  t h e r e f o r e  t h e  i n i t i a l

a s s u m p t i o n  i s  f a l s e  a n d  V s e  [ t - ï l , t + I ] ,  Â l o t s ) = 0 .

Analytica,l. Resul.ts : the rnuJ.tj-stage multi-product problem

theorem 4.t t t .2:

Let (Uft) p" an optimal f low-plan such Ehat:

f  l e  { 1 , . . , n }  and  V je  ( 1 , . . , 1 - l } ,  u j  =  3 *  (C j , u j * l ) .  (HR l )

I f  f  i e  { 1 , . . , p }  and  f  t e  I  such  t ha r  y i l ( r )  >0 ,

t hen  3q>0  such  t ha t  Vse [ t -T l , t + î ] ,  Vke  { i + I , . . , p f ,  u l k ( s )=0 .

i n te rp re ta t i on :  under  the  hypo thes i s  (HR l ) ,  i f  t he re  i s  a  pos i t  i ve

inven to ry  o f  p roduc t  i  a t  s tage  l ,  t hen  cheaper  p roduc ts  a re  supp l i ed

f rom inventory to  the downstream stages and not  produced.

Droof:

y i l  be ing  con t inuous ,  y i t t l>0  =+  3q>0  and  Vse  [ t -T l , t+T l ]  ,  y i l ( r )>0 .  I

- )  The remainder of  the proof is by contradict ion:  +- '

(H )  assume 3ze l t -T l , t+T l [ ,  3p>0  such  tha t  L - - f z , z+1 t ]  c  [ t - q , t+ r l l  and :

( r* t ,  f r * t ,  p

I  I t* ,(d)t t ldt )  0, rhar is,  I  Eu\tt ldt > 0.
Jz  Jz  k= i+ l

S ince  y i ( r )>0  and y i  (o )=0  the  fo l low ing  de f in i t ions  are  va l id :

r67



t

Analytica-l Resufts : the multi-stage multi-product problem

x=Sup I  re  [0 ,  z ]  t l oe  J0 , r l  and  Vse  [ r -G ' r ] '  ô l i (

e=  Sup  t  o . l0 ,x l  /  Vs€  [x -c t , x ] ,  ô l i ( s )>0 ]  and

fx
be reduced in order that r 

J * _. 
ôli (t) dt = 

,. ,H*u
f  x  ( r * t t  -

p  can be  ad jus ted  so  tha t :  |  
ô I1 ( t )d t  =  

|  
I i * t

J x - e  J z

*6

e,x l .

an

s )>0 ]

K=[x -

, 
Yli (s)

GD ftl 0t

d then

>0.  ( t

e can

e and

A new

lower

p l a n 1 u , j 1 ) c a n t h e r e a f t e r b e c o n s t r u c t e d , t h a t w i l l y i e l d

v a l u e  o f  t h e  o b j e c t i v e  f u n c t i o n :

L e t  E i = € i
f * - E  ,  

( z + 1 t

fo r  k  =  i+ l , . . ,p  3  e1e [0 ,  e1-11  such tha t  |  ô l ;  t t )Ot  =  
|  

u lç ( t )  d t

J ^ - t * l  J z

(The ex is tence o f  the  ek  fo l lows f rom (2) )

U' l  can then be def  ined as fo l lows:

.  V  k  e  { 1 , . . ,  i - 1 } ,  u ' k l  =  uk l  '

.Vke  [ i , . . , p ] ,  Vse I \ (KuL ) ,  u ' k l ( s )  =  uk l ( s ) '

.V  se  K ,  u , l 1 (s )=u l i ( s )  -  ô11 (s )  ;  V  se  L ,  u ' l i ( s )=u l i ( s )+ I i * t f u t ) t t l '

.  V  ke  { i +1 , . . ,  p } ,  V  se  [ x -€ t - t , x -€11 ,  u ' 11 (s )=u l t ( s )  +  ô l i ( s )

V  s  e  K \  [ x  -  €k - I ,  x  -  Ê1J ,  u ' 11 (s )  =u l t ( s )

Vse  L ,  u ' l ç ( s )=0

fig. 1
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AnaLytical. Resufts.. tàe muJt i -s tage muJti-product problem

*  the  f low-p lans  re la t i ve t o  t h e  o t h e r  s t a g e s  a r e  d e f i n e d  b y :

(  Cj,  u ' j+t ; .vj

v j

€  [ , . . ,  l - l ] ,  g5  =

e  { l +1 , . . ,  n } ,  g I  =

- x

u j .

I t  h ras  s ta ted  in  coro l la ry  3 .V . t  tha t  the  ex is tence o f  a  so lu t , ion  Lo
a mul t ip roduc t  p rob lem depends on ly  on  the  to ta l  demand w i th  respec t
t o  t h e  c a p a c i t y .  B y  c o n s t r u c t i o n ,  I R l u ' t y :  I p ( u l ) ,  a n d  t h u s ,  g i n c e  i t
u r a s  a s s u m e d .  t h a t  3 t l c t - t , u t ;  e x i s t s ,  s o  d o e s  3 t l c t - t ,  u ' t ; .  M o r e o v e r ,  i t
r e s u r t s  f  r o m  c o r o L l a r y  3 . v t . t  t h a t  t h e  p r o p e r t y  E p  ( d ' )  =  I p  ( d  )  i s
p r e s e r v e d  b y  t h e  f u n c t i o n  3 t .  I t  c o u l d  t h e n  b e  p r o v e d  m o r e  f o r m a l l y
b y  i n d u c t i o n  t h a t  t h e  d e f i n i t i o n  o f  t h e  p r a n s  u ' J ,  j e  { 1 , . . ,  l - l }  i s  v a l i d .

I n  o r d e r  t o  s h o w  t h a t  t h i s  n e r d  p l a n  s a t i s f i e s  t h e  c o n s t r a i n t s  o f
p r o b l e m  M M ,  o n e  o n l y  n e e d s  t o  p r o v e  t h a t  U ' l  s a L i s f i e s  t h e  c a p a c i t y
c o n s t r a i n t  o f  s t a g e  I  ( b u t  t h i s  i s  e a s y  t o  v e r i f y  b y  c o n s i d e r i - n g  t n e
d e f i n i t i o n  o f  u ' l )  a n d  t h a t  n o  s t o c k o u t  w i l l  r e s u l t  a t  s t a q e  t  f r c m
rep lac ing  u l  by  u ' l  ,  g iven  tha t  u ' l+ l  =  u l+ l  .

Q u a l i t a t i v e l y ,  t h e  a r g u m e n t  i s  t h a t  i t e m s  i + l  t o  p  a r e  p r o d u c e d  i n
a d v a n c e '  w h i c h  g i v e s  t h e m  a  h i g h e r  i n v e n t o r y  f u n c t i o n ,  w h e r e a s  f o r
i tem i ,  equat ions  ( l )  and (2 )  ensure  tha t  pos tpon ing  the  produc t ion  w i l l
n o t  r e s u l t  i n  a  s t o c k o u t .

The fo l - low ing  propos i t ions  resu l - t  f rom the  de f in i t ion  o f  g l  and the
p r o p e r t i e s  o f  =  a n d  3 * ,  t h e y  a r e  u s e d  t o  p r o v e  t h a t  ( U J )  y i e l d s  a
Iower  va lue  o f  the  to ta l  cos t  than (g j ) .

Vke {1 , . . , i - l } ,
I i  (uJ) = l t  1uj ;
u'p ..0 u y'

Vke  { i+ l , . . . ,p } ,

u'çj - u *j

Vje  {1 , . . . ,1 - l } ,

u I ..0 u'jJ

[ .on€ ( r , . . , i - r ] ,  u '1 t  = g* l

|  .  t t (u ' r )  = r i  (gr)

| 
. u'tt ..0 u it

[ .  V k  e { i+1, . . ,  p} ,  ur l  . .0  u 'k l

T h e  f i r s t

a n d  t h e  l a s t

two  p ropos i t i ons  fo l l ow  d i rec t l y

two fo l low f rom coro l lary  l .V. t .
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Analytical Resul,Ês : the mul.t j-stage multi-product, ptoblem

The d i f fe rence be tween the  cos ts  resu l t ing  f rom the  two f low-p lans  is :

I  p  f h f t
K-K'= .E. . - I . * j *  I  I  (u r r -ur r . ) (s )osdt  =  X +  Y

j = l  k = i  J o  , o

where x = I t i  ,Ë,* ,*  f t  f t (u j*-ur*)(s)dsdrj = l  k= i  Jo  ro

and Y = ,j, *,* f 
t 

[t (urr - u'rr ) (s) cs dt
k= i  ^Joro  - -

V j  e  {  1 , . . ,  l - l  ) ,  us ing  t t re  equa t i on  I , ,  ( u ' j ;  =  I i  ( u j ) ,  wh ich  i s  equ iva len t  t o

u j . - u ' j .  =  I i * ,  { u ' j )  -  I , * ,  { u j ) ,  t he  exp ress ion  o f  X  becomes :

* = ,li | 
,.l -i., J; Ij,"' i-uir(s)dsdt *1.,*i J. [(u'i-ui)(s)'lrsdt ]

S i n c e ,  b y  c o n s t r u c t i o n ,  V j e  { 1 , . . , 1 - l } ,  V k e  [ i + 1 , " , p ] ,  u i  
" 0  

u ' i  a n d  i t

$ I a s  a s s u m e d  t h a t  * j ,  t  * j ,  * ,

r e s u l t ,  b u t  t h e  m a j o r  d i f f i c u l t y  i n  t h i s  t h e o r e m  v r a s  t o  b o u n d  t h r e

e f f e c t  o f  a  l o c a l  m o d i f i c a t i o n  o f  t h e  c o n t r o l -  o n  t h e  i n v e n t o r y  c o s t  o f

u p s t r e a m  s t a g e s ,  a n d  t h a t  i s  e x a c t l y  w h a t  t h e  p r e v l - o u s  i n e q u a l i t y

a c h i e v e s . . . )

As  regards  Y,  u ' l  has  been de f ined in  o rder  tha t  Y  >  0 ,  in  the  very

s a m e  m a n n e r  a s  i n  t h e  s i n g l e - s t a g e  c a s e :

( t

d e f i n i t i o n :  V k e  ( i , . . , p ) , V t e I ,  l e t  9 1 ( r )  =  
I  ( u t * - u ' l * ) { s ) d s
)o

The equat ions  s ta ted  hereunder

( r
.  V te  K ,  g i ( r )  =  |  ô l , t r )a t

J  x -e

.  Vke  { i +1 , . . , p } ,  V te  I x - t k - t , x - t p l ,

f o l l o w :

er (t) = 
J:-,oô," 

r,l a,
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t1

ôl; {t) dt
€t-t

f ,.*tt
- 

|  ul1(s) r ls
J '  

]

u I 1 .  T h u s  t h e

I
Ir (s) tls I

J

Analytical. Resul,ts: tàe mu.lt j-stage mutti-product pçoblem

P- rri z, - 
*?r*, 

Ktr z*

where i - .he z i , ie { i , . . . ,p)  represent the qxpressions in brackets.

By construction, ,, = 
ntr*?* 

> 0 and it hras assumed that rj i  >..t r jp.

T h e r e f o r e ,  Y  >  0 ,  a n d  t h u s  K ) K ' ,  w h i c h  c o n t r a d i c t s  t h e  o p t i m a t i t y

o f  t h e  p l a n  a n d  e n d s  t h e  p r o o f .  I n  f a c t ,  t h e  i n i t i a t  h y p o t h e s i s  ( H )

must  be  fa1se,  wh ich  means:

f r* t ,  P
Y z ,  $>0  such  thar  L= fz ,z+ l l l  c  [ t - î , t+ î ] ,  I  t  u111 . )d r  <  0 .

J z k=i+l

coro l la ry  4 . I I I . t :

Under the cost assumptions stated at  the beginning of  th is sect ion,

i f  3 le  {1 , . . ,n }  and  V je  {1 , . . ,1 - l } ,  u j=3x  (C j ,U i * l ) ,  then  g j  =  E t  (C j ,U j+ l ) .

. vte [x,z], gi(r) = Â = 
J_rt,(s)ds 

= 
I'*ur*rG')(s)os

.  v t  efx,z l ,  vke { i+1, . . ,p} ,  rp1(r)  = -  Âk= - l : . -urp(s)ds = 
J_-

.  v teL,  g i ( t )= 
J ' .T* ,Gt) (s)os 

and vke ( i+1, . . ,p) ,  gr ( r )=

On the  res t  o f  l ,  t he  f unc t i ons  g r ,  ke  { i , . . , p } ,  a re  n
exp ress ion  o f  Y  i s :

Y = Kri 
| [, I-: ',(s)dsdt 

+ Â(z-x) . 
f.u J:.h',(s)dsdt ]

- ,i,*',.'- [ l.-;,[-:i1""" 
+ Â1(z-x+ e1) + l'*u l'*u'

J ,  J 1

t7l



i

l

proof:

The Procedure

and 4.I I I .2 would be

Atratyt ica l .  Resuf ts  :  the muf t j -s tage muJt i 'product  problem

t o  d e r i v e  t h i s  r e s u l t  f r o m  t h a t  o f  t h e o r e m s  4 . l l l . l

the  same as  in  Par t  3  -

corol lary 4.t t t .zz

under  the cost  assumpt ions s tated prev ious ly  in  th is  sect ion '  the

solut ion to  MM((cr) ,d , (k l ) )  can be determined backwards f rom the Qemand

of  the f ina l  product  by the s ing le-s tage procedure symbol iZed by thq

-x
funct ion ;

In  mathemat ica l  terms,  wi th  t ,he notat ion un+l  = d:

i f  ( s r )  so l . ves  MM( (C t ) ,d , ( k l ) )  t hen  V le  { I , " , t r } '  ! l  =  3 ' (C j ' g l * l )  a ' e '  on  l l

progf:

Given the resul t  o f  coro l lary  4. I t . t ,  the only

be proved in  order  tg  der ive coro l lary  4 ' t l t 'Z

U , l  =  3 t (C l ,U2) .  Th i s  po in t  becomes  obv ious  once

is  g ivenr  the problem of  determin ing g l  is  a  s

the type considered in  Par t  3  '

in terpretat ion:

I f  each  o f  t he  subsys tems  i s  con t ro l l ed  i nd i v idua l l y  a long  th (

op t ima l  po l i cy  de f i ned  i n  Pa r t  3  fo r  s ing le -s tage  sys tems '  t hen  * " ru

resu I t i ngcon t ro I i s@,p rov ided tha t t he inven to r '

ho ld ing coats sat is fy  the condi t ions s tated at  the beginnng of  th i r

sec t i on .

p o i n t  t h a t  r e m a l n s

b y  i n d u c t i o n  i s  t h

one no t ices  tha t  i f

i n g l e - s t a g e  P r o b l e m

r11
I* l

u1
;

, l
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chapter 5:

APPLICATIONS



ÀlrpJications

r t  h tas c la imed in  the prev ious chapt .er  that  no anqly t ica l  so lut ion
to  t he  two -s tage  p rob lem w i t h  dee reas ing  cos t s  cou ld  be  f ounÇ .
BENSOUSSAN and PROTH IBPI  consider  a s imi lar  -s ing le s tage-  problem
s' i th  a nore complex cost  s t ructure:  the instantaneous cost  is  the sum
of  a concave funct ion of  the inventgry and a concave funct ion of  the
f l ow- ra te ,  bo th  func t i ons  be ing  a l so  t lme-dependen t .  The  au tho rs  use
the same approach as WAGNER and vùHrTrN tv{wl  in  the i r  famous dynamic
lot -s iz ing a lgor i [hm: they character ize the opt , imal  contro l  to  reduce
t ,he  d imens ion  o f  t he  sea rch  space  i n  a  d i sc re t i zed  ve rs ion  o f  t he
probren that  they so lve thereaf ter  by dynamic programmi4g.

This  approach ls  appr ied here to  the tsro-stage probrem.

CI

u l ( t )

c k2

yr ( t ) u2( t )

fig. I

I PROPERTIES OF THE PPTIMAL CONTROL

theorem 5.I .r :

Le t  (u l , u2 )  be  a  so tu t l on  to  25  (C l ' 2 ,d , k1 ,2 )  and  ( y l , y2 )  rhe
inventor ies;

f  .  i f  y l ( r )>O ,  t hen  u l=C l  and  u2=C2

2 .  i f  y l  =0  and  y2>0  on  J  c  I ,  I * 6 ,

3.  i f  y r=y2=0  on  f  c I ,  ! * .O ,  then  u l=u2=d a .e .  on  J .

on a neighborhood

t h e n  u l = u 2 = C  a . e .

r esu l t  i ng

o f  t .

on  J .
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AppJications

prgof :

l .  The  i nequa t i t y  Y l ( t ) >0  ho lds

a conÈinuous funct ion,  and means

on a neighborhood J
ft

rhat Sup | [ ut tsl - Cz
r€  [ r , h ] J r

o f  f I ,  u2=C2  on  J .

o f  t  b e c a u s e  y l  i s

(s) I  Os > O, because

u2  =  f l ( u l , câ .  Thus ,  bY  de f i n i t i on

A l s o ,  t h e  f i r s t .  h a l f  o f  t h e  p r q p o s i t i o n  c a n  b e  p r o v e d  j u s !  a s  i n

i - h e  s i n g l e - s t a g e  c a s e  ( t h e o r e m  3 . t t l . t ) :  y l ( t ) > 0  i m p l i e s  t h a t  u l  h a s  b e e n

p o S i t i v e  a t  s o m e  e a r l i e r  p o i n t  i n  t i m e  s  ( b e c a u s e  y  1  ( t )  =  0 )  a n d  t f  1 t l

were  no t  equa l  to  c l  in  the  ne ighborhood o f  I ,  i t  wou ld  be  poss ib le  to

cu t  down the  inventory  ho ld ing  cos t  by  de lay ing  the  f low u l .

2 .  T h e  a r g u m e n t  i s  t h e  s a m e  t o  s h o w  t h a t  i f  Y l = 0  a n d  y 2 > 0  o n  l ,

: h e n  u l = u 2 = e :  Y l = 0  i m p l i e s  t h a t  u l = u 2  a n d  t h e  c a p a c i t y  c ' n s t r a i n t

t h e n  b e c o m e s  u l  =  u 2  S  ( ]  .  I f  t h i s  i n e q u a l i t y  v ' e r e  s t r i c t ,  i t  w o u i d  b e

p o s s i b l e  t o  p o s t p o n e  t h e  p r e v i o u s  o v e r p r o d u c t i o n  t h a t  r e s U l t e d  i n

y  2  >  0  a n d  t h u s  r e d u c e  t h e  i n v e n t o r y  c o s t .  A g a i n ,  t h i s  w o u l d

c o n t r a d i c t  t h e  o p t i m a t i t y  o f  ( u l , u 2 ) '

3 .  T h , t - -  j a s t  p r o p o s i t i o n  d o e s  n o t  r e a l I y  n e e d  a  p r o o f  a n c  i ' s  c n l y

s t a t e c i  f c r  t h e  s a k e  o f  c o m p l e t e n e s s  '

n o t ç :  P r o p o s i t i o n s  l -  a n d  2  c a n  b e  i n t e r p r e t e d  a s  f o i l - o w s :  i f  t h e r e

i s  s o m e  f n v e n t o r y  k e p t  i n  t h e  s y s t e m ,  ( t h a t  i s ,  i f  y r + y 2 > 0 ' )  t h e

s y s t e m  i s  o p e r a t e d  " a t  c a p a c i t y " .  T h e  o n l y  r e a s o n  f o r  t v r o  d i f f e r e n t

o u t c o m e s  i s  t h a t  i f  y i = 0 ,  t h e  t $ ' o - s t a g e  s y s t e m  b e h a v e s  a s  a  s i n g l e

s t a g e  s y s E e n  w h o s e  c a p a c i t y  i s  t h a t  o f  t h e  l e s s  p e r f o r m a n t  s t a g e "  o o

t h e  c o n t r a r y ,  i f  y l ) 0 ,  t h e  w o r k - i n - p r o c e s s  i n  t h e  i n t e r m e d i a t e  b u f f e r

d e c o u p l e s  t h e  t $ r o  s t a g e s  a n d  a l l o w s  t h e m  t o  b e  o p e r a t e d  u p  t o  t h e i r

r e s p e c t i v e  c a p a c i t i e s .  N o t h i n g  r e a l I y  s u r p r i s i n g  i n  t h e s e  r e s u l t s " '
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Applications

, y2 )  t he  resu l t i nE

can be proved that :

J"0,,,c, 
- 
J*u't$ 

ds )
2(s)- d(s) l or, 

Jtat-) 
ds )

I . 2 :

be  a  so ru t  i on  to  25  1g t ' 2 ,  d , k t . 2 ) ,  ( y  I

and  v l=3 (c l , d ) ,  v2=3 (c2 ,d ) ;  t hen  i t

Y2 ( t )  =  0 .

0
Jo

f t  ,  f t
l  { v2 t ' ) - d ( s ) )ds
Jo Jo

yI ( r )+y2(o

proof:

l .  Because y l (o )  =  y2(0)  =  0  and y l ( t r )  >  0 ,  y2( t )  >  0 ,  one can s ta te :

i l t r , t2e  I  such  thar  f i " tOrds  =  y r ( r , )+y2(h )  and  h r * r4s  =  yz { r , ) ;
J{ Jû

r r ,  is  rhen easy ro  show rhar  yr ( r r )  =  f l i r tords and y2( t2)  =  fnouror .
J t t  JP

Th is  imp l  i es  i n  pa r t  i cu la r  t ha t  t r  <  t2 .

De f i ne  t he  con t ro l  u ' so  t ha t  f o r  k=1 ,2 ,  u ' k=uk  on  [ 0 , t kJ  and  u ' k=O
on  [ t k ,  h ] ;  u '  i s  admiss ib re  fo r  25  (C l ,2 ,d , k l ' 2 ;  i r  u  i s :

,  f o r  f t =1 ,2 ,  y *=ykà$  on  [ 0 , t k ]

.  v te  [ t r , t2 l ,  y ' r ( r )  =  y r { r t )  -  f tu r r r lds  >  y l1 , ,y  -  f "ur (s )ds  =  0
J t t  J t t

.V te  [ t2 ,h ] ,  y ' l ( r )  =  0  and y 'Z ( t )  =  yze \  [ to (s )ds  à  yz1 .z )  -  fno(s )ds  =  0
) t2  JP

The d i f fe rence be tween the  cos ts  resu l t ing  f rom the  t rdo  cont ro ls ,

K - K, = kr forrr-t) u2(t) dt + kr f 
nr, 

u, dt + k2 [ir- 0 d(r) dr
Jrr  JP Jf

c lea r l y  con t rad i c t s  t he  op t ima l i t y  o f  u  i f  y l (h )+y21 t r y  >  0 .

theorem 5.

Le t  ( u l ,  u2 )

inventor ies

1 .  y l ( h )  =

2 .V t ç I ,

3.  V te I ,

4 ,  V te  I ,
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2.  Fol lowing f , rom the constra in ts  af  25(Cl '2 ,6,k1 '2) ,  y l  >  0 and u l  É Cl ;

a I so , i t $ ' ass ta ted in Iemma2 . t t . t . l t ha tV te I , [ t uza lo ,> Jo r1çr1*y'-ourG))dç.
since yl(t) = f i tclo, - f lrclor, i t  folrows that yr(t) < |Js  Je  t h  f hJo
Add i t i ona l l y ,  y l ( h )=y2 (h )=0  imp l i es  t ha t  l u l l s l ds  =  l dG)ds  and  t hug :
f t  t h  ( t  J s  Js

f  ̂ tu t (s) -u2(s))dr  
S I  

d6)ds -  
l^ur( r )d t ,  

which proves proposic ion 2.  
. ' :J 0  J 0  r O

Applicat,ions

Simi lar ly ,  y  2  ( t )

in  proposi t ion

fo l lows in  par t

fact  that  y2( t )  =

4 .  P ropos i t i on  4  mere l y  res ta tes  l emma 2 . l t . t - 2 .

D y n a m i c  p r o g r a m m i n g  i s  a n  o p t i r n i z a t i o n  t e c h n i q u e  d e v e l o p e d  b

B E L L M A N  a n d  b a s e d  o n  t h e  P r i n c i p t e  o f  O p t i m a l i t y .  R o u g h l y  s p e a k i n g

t h i s  p r i n c i p t e  s t a t e s  t h a t  a n y  p o r t i o n  o f  a n  o p t i m a l  p a t h  i s  o p E i m a

( f o r  a  m o r e  i n * d e p t h  e x p l a n a t i o n ,  s e e  B E R T S E K A S  I B E ] ,  F L E M I N G  a n

R I S H E L  t F R l  o r  K A M I E N  a n d  S H W A R T Z  t K S l  )  .  T h e  a p p l i c a t i o n  o f  t h i

techn ique to  the  th to -s tage prob lem is  descr ibed here .

nota t ions :

-+ u = (ul ,  u2;  is  the control  vector.

-+  x= (11 , x2 )  ,  whe re  V le  { 1 ,2 } , ul ls; ds is the state vector.

' l i l - r r

onq

the

= Q .

(1  r t
= I  u21s;ds -  ld1s1ds, and hence, the f  i rst  inequa

J g  J o

3 a lso f  o l lows f  rom lemma 2. l t . t - t ;  the second

from the constra in t ,  u2
th  t h  t h

y2 (h )  -  l  u t ( r )ds+  l d (s )ds
J 1  J 1  r t

f t
x t1 t l=  |

JO

I inked b

3.

:  X r U .y the equation

t76
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Applications

Thus

defini t ions:

-  V te  [O ,hJ ,  Â t= {  u€  Q2 lVse  [ t , h ] ,  V l e  { 1 ,2 } ,  u l ( s )  S  C l ( s )  }

-+  Fo r  g i ven  i n i t i a l  cond i t . i ons  ( z , t ) ,  a  con t ro l  u  i s  sa id  feas ib le

i f  i t  r esu l t s  i n  pos i t i ve  i nven to r i es ,  t ha t  i s ,  i f

- fs fs fs
Vse  [ t , h ] ,  t r  *  

) , u l { r ) d r

+  J ( ( z , t ) ; u )  =  fæ i f  t he  con t ro l  u  i s  no t  f eas ib le  fo r  t he  i n i t i a l

condi t ions (2,  t ) .

- r  J * ( z , t )  =  M in  J ( ( z , t ) ; u ) ,  t ha t  i s ,  J *  i s  t he  op t imaL  va lue  func t i on .
u

(FLEMING and RISHEL tFRl)

Let  (z , t )  be feas ib le  in i t ia l  condi t ions,  (  i .e .  such that  there ex is t

t '  >  t  and  a  feas ib le  con t ro l  de f  i ned  on  [ t , t ' ]  )  ,  such  tha t  J *  i s

d i f ferent iab le at  (aÙ.  I f  there ex is ts  an opt imal  contro l  U*,  then the
par t ia l  d i f ferent ia l  equat ion :

Min
ue  A1

is  sat is f ied,  and the min imum is  achieved
I im i t  o f  u *  a t  t ) .

i nven to r i es  cou ld  have  been  chosen  âs  s ta te
then ,  w r i t i ng  t h i s  l as t  equa t i on  wou ld  have

an augmented state vector .

he "va lue funct ion"  or  "cost - . to-ç to, ,  funct ion which

cost  incurred over  the t ime in t ,erva l  [ t ,h l  i f  the
is  Z and the contro l  u  is  appl ied:

f h  f s
=  l r ' x1s1ds  ,  whe re  Vse [ t , h l , x ( s )=2 . ç  l u t r iO

J t  J t

z  (n  
and t  represents the inner  product .

= I  rd  tz r+  |  (h -s)u t (s )ds  l
l = l  J t

Note  tha t  t he

va r iab les  bu t

nequi red to  use

-  J ( ( z , r ) ; u )  i s  t

represenÈs the

state at  t ime t

J ( ( z , r ) ; u )

J ( (z , r ) ;u )

{#.H.u}=o
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Hence u* solves bofh

Applications

a d i f ferent ia l  equat ion:

and a I inear  oPt , imizat ion Problem:

Min
ue  A ,

This last  resul t  is  centra l  in  the work of  KIMEMIA and GERSH!ÙIN

tKGl  on the opt imal  contro l  o f  a  F lex ib le  Manufactur i -ng System subject

to  mach ine  fa i l u res . . I n  o rde r  t o  so l ve  the  s tochas t i c  con t ro l  p rob lem

resul t ing f rom the formulat ion of  the i r  model ,  the authgrs suggest

that  the cost - to-go funct ion J  be evaluated of f - I ine and the Ioading

rates then determined on- l ine by so lv ing the s tochast ic  equiva lent  o f

the prev ious L inear  Program.

In subsequent  work,  GERSHVi l IN '  AKELLA and CHOONG IGCI point  out

that  the exact  shape of  the J  funct ion has l i t t le  or  no in f luence on

the opt imal  contro l  and they choose to approx imate i t  by a quadrat ic

funct ion,  which considerably  s impl i f ies the computat ion of  the sub-

op t ima l  con t r s l .

In  the current  problem, the demand var ies over  t 'he hor izon and

eva lua t i ng  the  J  func t i on  i s  o f  t he  same o rde r  o f  d i f f i cu l t ' y  as

so l v ing  the  en t i re  p rob lem.  The re fo re ,  t he  op t ima t  con t ro ]  i s  no t

der ived f rom the va lue funct ion J  but  generated in  the very same way

as the shor test  Path in  a graPh'

Let  ô t=h/ I {  be a g iven t ime-step,

d i rect ly  formulated as fo l lows:

the Pr inc iPle of  OPt imal i tY can be

(BDP)  V te I ,  Vzà0 ,  J * (z , t )=  M in
u e Â(z,t)

H.#." =Q

I J,'.'t'- t" o'

AJ:
èz
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brhere ( l )

Applications

J t  i s  t he  op t ima l  va lue  func t i on ,  i . e .
f rom the opt imal  contro l ,

Vse  [ t , t +ô t ] ,  x ( s )  =  , .  [ ï ( r ) d r ,
J t

Â (z , t )  i s  t he  se t  o f  f  eas ib te  con t roLs

( 2 '

(3 )

t he  one  resu lÈ ing

fo r  t he  i n i t i a l
cond i t i ons  ( z , t )  ,  t ha t  i s :

. t f s
Â (z , r )  =  [  ue  \ lV  se  [ t , t +ô t J ,  z l  +  

J ru t f r l a ,  
2  z2+

/'u ur o, lJ:
rn  o rde r  t o  de r i ve  an  a rgo r i t hm f rom th i s  equa t i on ,  i t  i s

necessa ry  to  r im i t  t he  compu ta t i on  o f  J t  l z , r y  t o  a  f i n i t e  number  o f
pai rs  (z , t )  and,  for  each of  them, reduce Â(a l )  to  a f in i te  set , .

! - time discrçtization:

J* (z , r )  i s  de te rm ined  on l y  fo r  t= iô ; ,  i e  {1 , . . ,N }

u21r; dr à

l, x C) € I(t) = [ ml (t), Ml (r)] x I m2(r), M2(ù1,Theorem 5. t .2  impl ies that  V t  e
where the bounding funct ions are:

f t
m21g = | vzlsy ds and

Jo

mrc) = Max {m2(r), 
f t",o, 

* } and Mr(o = Min {
(t ftr
I  Cr(s)ds,  l ,

Jo  Jo

eas ie r  i n  t e

the i-nventori

h
d(

)

) r t

ie

rms o f

s .

Given a s tate-s tep ôx = (  ôx l ,  ôx2 ) ,  J t  1z, t ;  is  determined at  any t ime

only  for  z€ r ' ( r )=  {  xe r (0  lx=( j .ô*r ,kôx2) ,  j ,ke $ l  l ,  assuming rhar  ôx is
chosen so that the extreme points of X,(t) are in X,(t).

M2(r) = Min I ftro, 
0,, 

fT,u 
u,l 

'

, )dsl !

Note that  the in terpretat ion of  these bounds is
the cumurat, ive productions, than it  is in terms of
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Applications

Let Ur, U2 and U3 represent the vectors (dd), (Cl,C2) and (C'C), and

let u* denote the optimal control; i t ,  was shown in Sect, ion f that O"T.

a lmos t  eve ry  t  i n  I ,  u * ( t )  e  I  U l ( t ) ,U2 ( t ) ,U3 t t l  ] .  I n  o rde r  t o  use  th i s .

result in the discrete case, an assumpt' ion is required:

Assumpt ion :

V ie  (1 , . . ,N1,  i f  3 te  1 ( i - l )ô t , iô t [  and 3  ke  l l ,2 ,3 l  such tha t  u* ( r )=  Uk

tbcn V s e t (i-l) ôt, i ôt [, u*1s1 = Uk (s) .

(AS) means t,haÈ the optimal control ur' is sought such that

swi tches  f rom Uj ( t )  to  Uk( t )  on ly  a t  t imes iô t ,  ie  {1 , . . ,N} '  under

assumption, the number of  e lement,s in À(z, t )  is  reduced to at

three. rn fact,, if d(t) >ç(t), Ul (t) € À(z,t) , and if Cl C) = C2(t), U219 =

and  a lso ,  U l ( t )=U2( t )=U3(0  t f  C l ( t )=C2(1)=dC) .

In  order  that  the assumpt ion (As)  does not  prec lude f ind ing

op t ima l  con t ro l ,  t he  t ime-S tep  ô t  mus t  be  chosen  ve ry  Sma l I

respect  Lo the var ia t ions of  the funct ions d,  6 t  and C2.  tn  fact ,

is  not  smal l  enough,  the cont inuous- t ime opt imal  Contro l  can "sw

be tween  U l ,  U2  and  U l  du r ing  an  i n te rva l  t ( i - l ) ô t , i ô t [ ,  and  the  va lue  o f

u*  t ,hat  should be found by a d iscrete- t ime a lgor i thm is  a weighte<

comb ina t i on  o f  U l ,  g2  and  [ J3  (as  opposed  to  s impry  one  o f  t hes€

vec to rs )  .

The trade-off in the algorithm is thus bet$teen chosing a very smali '

t ime-step or forget,t ing the "bang-bang" characterist ' ics of the optirna

contro l .  Both a l t ,ernat ives resul t  in  an increased d imensionat i ty  q

the problem and longer  computat ions.  In  order  to  choose between t f l l

t$ro approaches a criterion is required: the ratio of the complexity o

the a lgor i thm to the qual i ty  o f  the so lut ion i t  y ie lds seems to be I

reasonable one.

(t), 
I(Arf

l
u* (rl

t h i s

mosb

u 3 (r),1

the

"içl|iu El
i tch'{
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\

F.S;plieal.. ions

4- algorithm:

1 -  B a c k w a r d  e g u a t i o n s :  d e t e r m i n a t i o n  o f  J * ( x 0 , 0 ) .

-  E (h):= [(0,0)) ;
-  J*  ( (o ,o) ,h) :=o;

- For i := N -1 downto 0 do

-For al l  z G >'( i .ôr)  do

-  J  *  (2 ,  i .ô t )  :=  *æ l
-  v *  ( 2 , i . ô t )  : =  0  ;

-  For  a l l  u  e  Â(2 , i .ô t )  do

- x :=  z  +  u .ô t ;
-  i f  x  €  I ' (  ( i+r ) .ô t  )  then

; ;= (k'z) + J * (x, ( i+l).ôt) { interpolateci i f  neeclecl l

e lse J  := +oo;

- i f  J<J * ( . , i . ô t )  t hen

J * ( r , i . ô t )  : =  J  ;
v * (2 , i . ô t ) : =  u

- if J . ( xs,O) = +æ then no solution
e lse :

2 -  F o r w a r d  e o u a t i o n s :  d e t e r m i n a t i o n  o f  u * .

-  x *  (0 )  :=  xs ;

-  For i :=1 to  N-1  do
I

|  
-u*1i .0ty ,= u*(  x*11i-ry.ôr; , i .ôt)  ;

\ -**( i .ôt)  := x*(( i - t ) .ôt)  + u*( i .ôt) .ôt
Iinterpolated if needed]

The complex i ty  o f  t ,he* .a lgor i thm is  :
N

i n  t h e  o r d e r  o f
i=0 ze E(r)

a n d  i n  t h e  o r d e r  o f  N  f o r  t h e  s e c o n d  o n e  ( t h i s  t e r m  i s  t h u s

neg l ig ib le  compared to  the  prev ious  one)  .
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Applications

Assuming that  the quat i ty  o f  the so lut ion is  measured by i ts  " t ime

reso lu t i on "  t ha t  i s ,  by  the  number  N  o f  t ime-s teps  i n  t he  ho r i zon ,

and d isregard ing the fact  that  the chances of  success of  the a lgor i thn

a lso  depend  on  th i s  pa ramete r '  t he  ra t i o  comp lex i t y /qua l i t y  o f  t he

algor i thm does not  depend on N.  In  fact ,  i f  the average number of

s ta tes  i n  > ' ( i . ô t )  i s  nx rx  t l x2 r  and  the  ave rage  number  o f  con t ro l s  i n

Â12, i .ô ty  is  nUlxnu2r  then the rat io  complex i ty /qual i ty  is :

Ct /  QY = rxlx nx2x nulx nu2

I t  i s  thus  a lways  benef ic ia l  to  reduce the  s ize  o f  A(z ' i ' ô t ) '  One v 'ay

t . o  a c h i e v e  t h i s  o b j e c t i v e  i s  t o  g o  f u r t h e r  i n  t h e  u s e  o f  t h e

p r o p e r t i e s  o f  t h e  o p t i m a l  c o n t r o l .  I n  f a c t ,  t h e  s t a t e  v a r i a b l e s  a n d

t h e  i n v e n t o r i e s  a r e  l i n k e d  b y  t , h e  e q u a t i o n s :  V t e  I ,  Y t ( t )  = x l ( t ) - x 2 1 t ;  a n d

yT( t )  =x2( t ) -D( t ) ,  where  D( r )  represents  the  cumula t ive  demand a t  t ime t .

Hence,  theorem 5 . I .2  cou ld  be  rewr i t ten ,  under  the  assumpt ion  (AS) :

(  1 )  *  r f  z r  >  * ,  Â ( z , t )  =

( 21 *  i f  z r=O and  z?>D( t ) ,

[(cr(r), c2aD]

A otherwise

l f  z 1

and

{(gt,t, e(r))} ir z2 +

g otherwise

f t + ô t

.l, 
cG) dr >

C2 G) dr

I

D(r+ôt)
l<r,rl = 

{

(3 )  *  l f  z r=  z |=D( t ) ,  A ( r ' t )=  
{

[(att), d(r))] ir d(r) < e(t)

O o the rw ise

no te :  t o  be  en t i r e l y  r i go rous '  one  shou ld  requ i re  t ha t  t he

p rev ious  i nequa l i t i e s  ho td  on  t he  en t i r e  i n t e r va l  I t , t +ô t l ;  f o r

instance,  for  the admiss ib i r i ty  o f  (g( r ) ,ç( r ) ) ,  the inequar i ty  shourd be:

Vse [ t , t+ô t ] ,  *+ Iio'*
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Applications

In  fac t ,  the  cond i t j .ons  s ta ted  prev ious ly  mere ly  requ i re  tha t  the

i n v e n t o r y  l - e v e r s  b e  p o s i t i v e  a t  t h e  i n s t a n t s  i ô t ,  i e  [ 1 , . . , N ]  .  r n  t ' h e

imp lementa t ion ,  the  va lues  o f  the  func t ions  are  known on ly  a t  these

i n s t a n t s  a n d  t h u s ,  e v e n  t h e  p r e v i o u s  i n e q u a l i t i e s  m u s t  b e

approx imated.  For  example ,  the  f i rs t  cond i t ion  w i l l  be  checked in  the  :

f o r m :  z r  +  C l ( t ) ô t  2  z 2 +  C 2 ( t ) ô t ,  r e s u l t i n g  i n  a  r o u n d i n g  e r r o r  t h a t  w i I I

be aII  the more important as the t ime step is large '

H o w e v e r , t h i s i s n o t t ' h e m a i n i s s u e r a i s e d b y t h e s e r e s u l t s :

i n d e e d ,  i f  t h e  p r o p o s i t i o n s  ( 1 ) ,  l 2 l  a n d  ( 3 )  h ' e r e  t r u e '  t h e  o p t i m a l

c o n t r o l w o u l d b e e n t i r e l y d e t e r m i n e d b y t h e i n i t i a l s t a t e . I n

p a r t i c u l a r  ,  L f  t h e  i n i t i a l  s t a t e  i s  z e r o '  a n  a l g o r i t h m  b a s e d  o n  t h e

p r e v i o u s  e q u a t i o n s  w i l l  e i t h e r  f i n d  t h a t  t h e  o p t i m a l  c o n t r o l  i s  U l ;

t h a t  i s ,  u l =  u 2 = d ,  o r  i t  w i I I  f a i l  t o  f i n d  a  s o l u t i o n  i f  U l  i s  n p t .

a d m i s s i b l e .

T h i s  o u t c o m e  c l e a r l y  s h o w s  t h a t  t h e o r e m  5 ' t ' Z  c a n n o t  b e  t r a n s l a t e d

s t r a i g h t f o r w a r d l y  t o  b e  u s e d  i n  t h e  d i s c r e t e - t i m e  c a s e  '  I n  p a r t i c u l a r '

a  d i s t i n c t i o n  m u s t  b e  m a d e  b e t w e e n  t h e  i n e q u a l i t i e s  l i k e  x 2 ( t ) > D ( t )  a n d

t h e  e q u a t i o n s  l i k e  x l  1 t ; = x 2 ( t ) ' N a m e r y '  t h e  f o r m e r  o n e s  m u s t  h o r d  o n  a

n e i g h b o r h o o d o f t b e c a u s e o f t h e c o n t i n u i t y o f t h e f u n c t i o n s

c o n s i d e r e d ,  a n d  t h e y  w o u l d  h o l d  o n  a  w h o l e  i n t e r v a l  [ ( i - 1 ) ô t ' i ô t I  i f  ô t

,û rere  smal l  enough,  bu t  the  f  a t te r  ones  may ho ld  on ly  loca l l y  '  '

There fore  the

(21  to  reduce the

i m p l e m e n t e d  a l g o r i t h m  u s e s  o n l y  p r o p o s i t i o n s  ( 1 )  a n o

s i z e  o f  t h e  s e t s  Â ( z , t ) '

5- numerical results:

The a lgor i thm descr ibed in  the  prev ious  sec t ion  was imp lemented in

Turbo pasca lm on an  App le  Mac in tosh f l  and run  on  the  example  f i rs

presented  in  chapter  IV ,  wh ich  mot iva ted  th is  s tudy '  The so lu t ipn  was

found in  Jess  than ten  seconds inc lud ing  input /ouput  opera t ions  to  a

f loppy-d isc  d r ive .  '
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Applications

The  resu l t s  ob ta i ned  a re  desc r i bed  he reunde r :  t hey  show  i n

pa r t i cu la r  how,  fo r  a  cos t  ra t i o  \ l k . .  I ower  than  1 .75 ,  t he  op t ima l

con t ro l  cons i s t s  o f  s to r i ng  i n  t he  ups t ream bu f fe r  on l y :

horizon : 4.0
numhr of time steps: 8
upstr. stock step : 0.50
dnstr. stock step : 0.50
upstream cost: 1.74
downstream cost: 1.00

ume :
demands:
cpct up
cpct dn

2.0
1.0
2.0
3.0

2.0
3.0

1.0
0.0

1.0 1.0 2.o 2.0
1.0 1.0 1.0 1.0

0.0 0.0 0.0 0.5
0.0 0.0 0.0 0.0

opt ul
opt u2

opt xl
opt x2

0.0 0.5 1.0 1.5
1.0 1.0 1.0

3.0 3.0 2.0 2.0
3.0 3.0 1.0 1.0

2.s 3.0 3.5
3.0 3.0 1.0
2.0 2.O 2.0
3.0 1.0 1.0

4.O
1.0

2.0 1.0 1.0
3.0 1.0 1.0

0.5 0.0 0.0 0.0
0.0 0.0 0.0 0.0

---> oPtimal cost = 1.74 <--

tables containing the values of  J 
*(  

1x, ,xr) ,  i 'ôt)

t ime: 3.5 ; bounds: 0.50,0.50;
-1.00 -1.00
0.00 -1.00

time: 3.0; bounds: 1.00, 1.00;
-1.00 -1.00 -1.00
-1.00 -1.00 -1.00
0.00 -1.00 -1.00

time: 2.5 ; bounds: 2.50 ,2.00;
-1.00 -1.00 -1.00
-1.00 -1.00 -1.00
-1.00 -1.00 -1.00
0.25 -1.00 -1.00
-1.00 0.44 -1.00

time: 2.0; bounds: 3.00,2.00;
-1.00 -1.00 -1.00
-1.00 -1.00 -1.00
0.75 -1.00 -1.00
-1.00 0.94 -1.00
-1.00 -1.00 13r

d :  1 .0 ;  C l :  2 .0 ;  C2:  1 .0

d: 3.0;  Cl :  2.0;  C2: 3.O
-1.00 -1.00 -1.00
-1.00 -1.00 -1.00
-1.00 -1.00 -1.00
-1.00 -1.00 -1.00
-1.00 -1.00 -1.00

d: 3.0;  Cl :  2.0;  C2: 3.O
-1.00 -1.00 -1.00 -1.00
-1.00 -1.00 -1.00 -1.00
-r.00 -1.00 -1.00 -1.00
-1.00 -1.00 -1.00 -1.00
-1.00 -1.00 -1.00 -1.00

184



time: 1.5 ; bounds: 2.50,2.00;
-1.00 -1.00 -1.00
-1.00 -1.00 _1.00
tzs -1.00 -1.00
-1.00 -1.00 -1.00
-1.00 1.74 -1.00

time: 1.0 ; bounds: 2.00 , 2.O0:'
-1.00 -1.00 _1.00
-1.00 -1.00 -1.00
1.75 -1.00 -1.00

-1.00 -1.00 -1.00
t.74 -1.00 -1.00

time: 0.5 ; bounds: 1.00, 1.00;
-1.00 -1.00 -1.00
-1.00 -1.00 -1.00
1.74 -1.00 -1.00

time: 0.0; bounds: 0.00,0.00;
1.74

Atrtplications

d:  1 .0 ;  Cl :  2 .0 ;
-r.00 -1.00 -1.00
-1.00 -1.00 -1.00
-1.00 -1.00 -1.00
-1.00 -1.00 , -1.00
-1.00 -1.00 -1.00

d:  1 .0 ;  Cl :  2 .0 ;
-1.00 -1.00
-1.00 -1.00
-1.00 -1.00
-1.00 -1.00
-1.00 -1.00

d:  1 .0 ;  C l :  3 .0 ;

C2: 1.0

C2: 1.0

C2: 3.0

d:  1 .0 ;  C l :  3 .0 ;  C2:  3 ,0

These tab les  show how the  cos t - to -go  func t ion  is  de termined fo r  the
va lues  o f  the  the  s ta te -vec tor  tha t  cor respond to  g r id -po in ts ,  so  tha t ,
o n l y  p o t e n t i a l  p o r t i o n s  o f  a n  o p t i m a l  p a t h  a r e  k e p t .  T h e  n e x t  l i s t i n g
i l lus t ra tes  the  e f fec t  o f  a  s l igh t  change in  the  cos t  ra t io  and hqw a
path  tha t  was  dominated  hereabove becomes op t ima l  fo r  k ,  l k2>1.752 over
tha t  va lue  o f  the  ra t io ,  i t  becomes cheaper  to  s to re  downst ream.

horizon : 4.0
number of time steps: 8
upstr. stock step : 0.50
dnstr. stock step : 0.50
upstream cost: 1.76
downstream cost: 1.00

time 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

--> optimal cost = 1.75 <--

opt ul
opt u2

opt xl
opt x2

1.0 3.0 1.0 1.0 2.o 2.0 1.0 1.0
1.0 3.0 1.0 1.0 2.0 2.0 1.0 1.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 r.0 r.0 1.0 0.5 0.0 0.0 0.0
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Applications

tab les conta in ing the va lueg of  J*(1xr ,x2) , i .ô t ) :

t ime: 3.5 ; bounds: 0.50,0.50; d: 1.0; Cl: 2.0; C2: 1.0
-r.00 -1.00
0.00 -1.00

t ime :3 .0 ;  bounds :  1 .00 ,1 .00 ;  d :1 .0 ;  C l :2 .0 ;  C2 :1 .0
-1.00 -r.00 -1.00
-r.00 -1.00 -1.00
0.00 -r.00 -1.00

t ime: 2.5;  bounds: 2.50,2.00; d:  3.0;  Cl :  2.0;  C2:3.O
-1.00 -1.00 -1.00 -1.00 -1.00 -1.00
-1.00 -r.00 -1.00 -1.00 -1.00 -1.00
-1.00 -1.00 -1.00 -1.00 -1.00 -1.00
0.25 -r.00 -1.00 -1.00 -1.00 -1.00
-1.00 0.44 -1.00 -1.00 -1.00 -1.00

t ime: 2.0;  bounds: 3.00,2.00; d:  3.0;  Cl :  2.0;  C2:3.0
-1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00
-1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00
0.75 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00
-1.00 0.94 -1.00 -1.00 -1.00 -1.00 -1.00
-1.00 -1.00 1.32 -1.00 -1.00 -1.00 -1.00

t ime: 1.5;  bounds: 2.5O,2.00; d:  1.0;  Cl :  2.0;  C2: 1.0
-1.00 -1.00 -1.00 -1.00 -1.00 -1.00
-1.00 -1.00 -1.00 -1.00 -1.00 -1.00
1.25 -1.00 -1.00 -1.00 -1.00 -1.00

-r.00 -1.00 -1.00 -1.00 -1.00 -1.00
-1.00 1.76 -1.00 -1.00 -1.00 -1.00

t ime: 1.0;  bounds: 2.00,2.00; d:  1.0;  Cl :  2.0;  C2: 1.0
-1.00 -1.00 -1.00 -1.00 -1.00
-1.00 -1.00 -1.00 -1.00 -1.00
I.75 -1.00 -1.00 -1.00 -1.00

-1.00 -1.00 -1.00 -1.00 -1.00
1.76 -1.00 -1.00 -1.00 -1.00

time: 0.5 ; bounds: 1.00 , 1.00; d: 1.0 ; Cl: 3.0; C2: 3.0
-1.00 -1.00 -1.00
-1.00 -r.00 -1.00
1.75 -1.00 -r.00

time: 0.0 ; bounds: 0.00,0.00 ; d: 1.0 ; Cl: 3.0; C2: 3.0
t.7s
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ÀppJicaËjons

Although this application proves the dynamic programming approachto  be  rea r i s t i c  i n  t he  sense  tha t  i t  has  genera ted  a  succes f t i lnumer icar  method,  i t  arso shows that  the issue of  the convergence ofthe a lgor i thm wi th  respect  to  the rength of  the t ime step must  bera ised '  and '  which is  krorse '  that  extensions to  rarger  scarq systeù.sw i l l  necessa r i l y  be  a t  t he  expense  o f  an  exponen f , , i a l l y  E row ingcompu ta t i ona l  bu rden '  r n  f ac t ,  t he . sys tem p i c tu red  a t  t he  end  o fchapter  r r r  ( f ive product  types,  four  subsystems) bras in ia l ly  in tenf leQfor a Dynamic programming-based apprication, in the most generar caEqo f  cos t  s t ruc tu re .  However ,  when  the  p rob lem i s  cons ide red  morec losely ,  i ts  d imensional i ty  becomes appearant .

r n  f ac t ,  t he  s ta te  space  co r respond ing  t o  t h i s  sys tem i s  o fd imens ion  l l  because  the  i nven to ry  vec to r  has  on ry  l l  s i gn i f i ean tcomponents.  the other  ones being bound to be zero.  Hencefor th,  i f  th .ebounds on the opt imal  s tate t ra jectory are found and the region theyder im i t  i - s  d i sc re t i zed ,  t he  s i ze  o f  t he  s ta te  space  w i r r  be  o f  t hesame order  of  magni tude as the average number of  d iscret izat ion s tep.qal0ng the d i f ferent  components to  tàe eJ.erze nth!  Moreover ,  i f  
" " - " " " î . , 'assumptions are made and onry the weaker resurts of chapter ,u 

""n 
oi.used to  character ize the opt imal  contror ,  then the number of  controrcand ida tes  fo r  each  s ta te  and  t ime  s tep  w i l r  a l so  be  , *n " , ; ; " ; ; i ,

order  of  (p+Z) .2p- t ,  which,  for  p=5 products ,  means l l1  
"o 'Jrof " ;  

; ; ;would a lso mean 6L44 for  p  = 10. . .  " * :  -

The  bo t tom l i ne  o f  t h i s  sec t i on  i s  t ha t  t he  numer i ca r  me thod  i usÈ ,developed wourd requi re an excessive amount  of  computat ions for  mosiproblems of  rear is t ic  s ize " ' -o ' , ,
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Atr>plications

The purpose of  th is  shor t  sect ion is  to  contrast  the d i f f icu l ty  o f
obta in ing resul ts  by the dynamic programming approach,  even for  a
smal l  sca le problem, wi th  the ext reme s impl ic i ty  o f  implement ing the
resul ts  found in  Chapter  IV.  In  fact ,  the f low contro l  problem for  the
system reprented on f igure L,  in  which f ive d i f ferent  par t  types v is i t
f ou r  d i f f e ren t  workcen te rs  i s  ve ry  eas i l y  so l ved  us ing  a  sp readshee l
on a microcomputer .

The  f i r s t  s tep  o f  t he  reso lu t i on  i s  t o  d i sc re t i ze  the  f i na f  demand
funct ions;  then,  the f low-p lans are determined for  a I l  the subsystems
seguen t ia l - l y  by  so l v ing  " s ing le -s tage"  p rob lems .  The  on l y  cons t ra in t
on the sequence in  which these p lans are determined is  that ,  in  order
to determine the opt imal  product ion of  a  subsystem, the demand i t
f aces  ( i . e .  t he  p roduc t i on  o f  a l l  downs t ream subsys tems)  mus t  be
known.  Then the argor i thm to appry at  each stage is  the for rowing:

algorithm (H) :

Âo =c.
For, i = 1,..,p do :

I 
vt,nr= O

I 
For t = h,..,1 do :

t l
I I 

ui,t := min { Âi_r,, , 4,t + yi,t }

I I Yi,r-t r= Yi,t + 4,t - ui,t

\ \ . Ai,, r= Âi-1,3 - ui, j

,  where C is  the capaci ty  of  the

vec to r  o f  t he  demands  i t  f aces ,

decreasing inventory hold ing costs .

subsystem considered and Ci  is  the

the  p roduc t s  be ing  ranked  by

No te  tha t  when  the re  does  no t  ex i s t  any  admiss ib le  p lan ,  t he
algor i thm (H)  y ie lds non-zero in i t ia l  inventor ies,  the amount  of  which
represents the ext ra capaci ty  requi red for  the problem to have a
solut ion.  Numer ica l  resul ts  are presented in  the remainder  of  the
sect ion for  i l lus t rat ion purposes.
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demands
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production
inventory
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product cost
demands
capacity
production
inventory
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End Producl Demands

Numerical Results

0r2345678910

9
| 1.2 r.4 1.6 1.8 2 2.2 2.1 1.8 1.5
6.5 6.2 5.9 1.6 0 0 3 3.5 4 4.5
I r.2 5.2 1.6 0 0 2.2 2.'r 1.8 1-5

0 0  0  3 .83.82 0  0  0  0  0

7
2 1.9 1.8 r .7  1 .6 1.5 1.4 1.3 r -2  1 .1
5.5 5 0.7 0 0 0 0.8 r-4 2.2 3
5.4 5 0.7 0 0 0 0.8 1.3 r-2 1.1

0 3.4 6.5 5.4 3.7 2.r 0.6 0 0 0 0

2222222222
8.s 8.2 7.9 7.6 0 0 5 5.5 6 6.5
2226002222
0004200000

1.5 1.5 1.5 1.5 1.5 1.5 0 0 0 0
99951r4466
1 .5  1 .5  1 .52 .5  I  I  0  0  0  0
0  0  0  I  0 .50  0  0  0  0

inventory cost: 60

inventory cost: 86.4

inventory cost: 151.9

period: I 2 3 4 5 6 7 8 I l0

prod. I 2 2 2 2 2 2 2 2 2 2

orod. 2 1 .5 1 .5 1 .5 1 .5 1 .5 1 .5 0 0 0 0
prod. 3 I t .2 1.4 1 .6 1 .8 2.0 2.2 2.1 1.8 1 .5

orod.4 2 1.9 1 .8 1 .7 1 .6 1 .5 t .4 r .3 1.2 1.1

prod. 5 0 .8 0.8 0.8 t .2 0 0 1.3 t .4 r .3 t .5
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product èost
demands
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production
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product cost
demands
rmg capacity
production
inventory

SUBSYSTEM A

product cost
demands
capacity
production
rnventory

product cost
demands
rmg capacity
production
inventory
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8
I r.2 5.2 1.6 0 0 2.2 2.r 1.8 1.5
7.57.57.52.5  0  0  4  4  6  6
| 1.2 5.2 1.6 0 0 2.2 2.r 1.8 1.5

0 0 0 0 0 0 0 0 0 0 0 inventorycost:

6
5.4 5 0.7 0 0 0 0.8 1.3 r.2 l.l
6.5 6.3 2.3 0.9 0 0 1.8 r.9 4.2 4.5
5.4 5 0.7 0 0 0 0.8 1.3 r.2 1.1

00000000000

3
0.8 0.8 0.8 r.2 0 0 1.3 r.4 1.3 1.5
l.l r.3 1.6 0.9 0 0 I 0.6 3 3.4
0.9 1.3 1.6 0.9 0 0 I 0.6 1.3 1.5

0 0.1 0.6 t .4 l . l  l . l  l . l  0.8 0 0 0

inventory cost: 0

inventory cost: 18.6

5
5.4 5 0.7 0 0 0 0.8 1.3 r.2 1.1
7734400101
5.4  s  0 .70  2 .4  0  0  I  0  I

0  0  0  0  0  2 .42 .4  1 .6  1 .30 .1  0

2
0.9 1.3 r.6 0.9 0 0 I 0.6 1.3 1.5
1 .62  2 .34  1 .60  0  0  0  0
0.9 1.3 1.6 3.7 1.6 0 0 0 0 0

0 0 0 0 2.8 4.4 4.4 3.4 2.8 1.5 0

2226002222
4466300333
2226200222

00000220000

5
1.5  1 .5  1 .52.5  I  I  0  0  0  0
2240100111
2240100000

0 0.5 I 3.5 I I -0 0 0 0 0

inventory cost: 39

inventory cost: 38.6

inventory cost:

inventory cost:
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CONCLUSIONS



ConcJ-usions and Future gilork

There  are  many ways  to  improve the  per fo rmance o f  a  f i rm,  and
i m p r o v i n g  i t s  o p e r a t i o n  b y  a  b e t t e r  p l a n n i n g  i s  o n l y  o n e  o f  t h e n 1 ,
a l t h o u g h  n o t  n e c e s s a r i l y  t h e  e a s i e s t  .  I n  f  a c t ,  f  i n d i n g  \ r i r a y s  t o  a
b e t t e r  p l a n n i n g  r e q u i r e s  a  g o o d  u n d e r s t a n d i n g  o f  t h e  i n t e r a c t i o n s

between d i f fe ren t  dec is ions  and app ly ing  them supposes  a  commi tment  o f
a l l  t h e  p e r s o n n e l .

U p  t o  n o w '  t h e  u n d e r s t a n d i n g  g a i n e d  f r o m  r e s e a r c h  h a s  m o r e  o f t e n

t .han no t  remained unapp l ied  because t .he  mode ls  used to  conduct  th is

r e s e a r c h  h a d  t o  b e  f o c u s s e d  o n  a  l i m i t e d  n u m b e r  o f  i s s u e s ,  a n d

l e g i t i m a t e l y  s o :  c o n s i d e r i n g  t h e  m o s t  g e n e r a l  m o d e l  i s  r a r e l y

i n s i g h t f u l ,  b e c a u s e  t h e  p r o b r e m s  t o  s o r v e  a r e  t h e n  t o t a l r y

i n t r a c t a b l e .  T h e  c o n s e g u e n c e  o f  t h i s  n e c e s s a r y  o v e r s i m p l i f i c a t i o n  o f

t h e  m o d e l s  u s e d  i s  t h a t  t h e  r e s u l t s  o b t a i n e d  c o u l d  n o t  b e  d i r e c t l y

t r a n s l - a t e d  i n t o  a p p l i c a t i o n s ,  e x c e p t  i n  t h e  i n d u s t r i e s  i n  w h i c h  t h e

i s s u e s  c o n s i d e r e d  w o u l d  a c c o u n t  f o r  m o s t  o f  t h e  s y s t e m ' s  b e h a v i o r .

H e n c e  t h e  f r u s t r a t i o n  o f  r e s e a r e h e r s

fade awêy when they  t r ied  to  app ly  i t  to

by  phenomena tha t  they  d id  no t  take  in to

o f  p r a c t i t i o n e r s  o b s e r v i n g  h o w  t h e  g a

research  wou ld  no t  mater ia l_ ize .

w h o  s a w  t h e i r  u n d e r s t a n d i n g

a  r e a l  s i t u a t i o n  c o m p l i c a t e d

a c c o u n t ,  a n d  t h e  f r u s t r a t i o n

i n s  t h e y  c o u l d  e x p e c t  f r o m

T h e  o u t c o m e  o f  t h i s  f r u s t r a t i o n  w a s  a  r e l a t i v e  ' i s o l - a t i o n i s m '  o n

both  par ts :  the  p lan ts  in  western  count r ies  were  opera ted  by  managers

who wou ld  acqu i re  a  loca l  unders tand ing  o f  the i r  behav io r ,  and wou ld

u s e  t h e i r  t c o m m o n  s e n s e ' a n d  s o m e  s l a c k  t o  e n s u r e  a  s m o o t h  o p e r a t i o n ;

r e s e a r c h e r s ,  o n  t h e  o t h e r  h a n d ,  c o i n e d  a  n u m b e r  o f  m a t h e m a t i c a l -

p r o b l e m s  d e e m e d  r e l e v a n t  t o  t h e  f i e l d  o f  p r o d u c t i o n  p l a n n i n g  ( ' I o t

s i z i n g ' ,  ' d i s c r e t e  s c h e d u r i n g ' r . . . ) ,  a n d  w o r k e d  h a r d  t o  s o r v e  t h e m .

Meanwhi le ,  the  Japanese exper imented w i th  the  concept  o f  'push ing '  a

produc t ion  sys tem to  i t s  l im i ts  in  o rder  to  de termine i t s  weak po in ts

and improve them.  D i f fe ren t  aspec ts  o f  th is  concept  ( ,Jus t  In  T ime,

Tota l  Quat i t y . . . )  l te re  success fu l l y  imp lemented in  severa l  compan ies .
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The competit ion has since grown f iercer in many tradit ional f ields

and  t he  dec l i ne  o f  some  ma jo r  U .S .  manu fac tu re r s  due  t o  t hg

compe t i t i on  o f  be t te r  ope ra ted  Japanese  o r  Ko rean  f i rms  has

il lustrated painful ly how a better production management can make the

di f ference between prof i ts  and losses.  The a luminum industry  might

beeome one more i l lust rat ion of  th is  s tatement :  i t  had iÈs besq yeêrg

in the pêst decades, uhen the electrolyt ic process râras new and casting

an ingot  was technologica l ly  chal lenging.  Now, technology a lone cannot

guarantee the prof i tab i l i ty  o f  a  company.

The product ion cost  o f  an a luminum ingot  depends pr imar i ly  on the

cos t  o f  e lec t r j - c i t y .  The re fo re ,  t he  ma jo r  a lum inum p roduce rs  have

insta l led "s tate of  the ar t "  smel ters  in  remote regions of  the r*or ld

wi th  l -ow eLectr ic i ty  cost ,  thereby compl icat ing the i r  log is t ics .  A lso,

smal l  companies have entered the low-end of  t .he market ,  capi ta l lz ing

e i the r  on  gove rnmen ta l  he lp  - i n  ce r ta in  coun t r i es - ,  o r  on  the  fpc t

that ,  in  the product ion of  a luminum, most  of  the economies of  scale

are real ized at  the p lant  level .

The consequence is that laroe integrated companies need to i$proyp
the  ope ra t i ons  o f  t he i r  ups t ream ac t i v i t i es  (e lec t ro l ys i s ,  cas t i ng l

ro l l - ing)  in  order  to  keep them compet i t ive in  sp i te  of  increasingly

cumbersome logist ics, and in order to ensure the best possible service

to the downstream act iv i t ies,  which wi l l  rea l ize most  of  the i r  prof i t ,

Th i s  obse rva t i on  has  mo t i va ted  to  a  l a rge  ex ten t  t he  Ûrp rk

p resen ted  i n  th i s  t hes i s .  I n  f ac t ,  t he  p rob lem s ta ted  has  been
addressed at  two levels  I  on one hand,  the system to be considered

typ ica l ly  consis ts  of  severa l  p lants  producing hundreds of  produet ,s

and fa l ls  in  the c lass of  Large Scale Systems;  therefore the contro l

o f  such  a  sys tem mus t  be  h ie ra rch i ca l .  On  the  o the r  hand ,  t , he

objective pursued is to achieve economies of scale beyond the plqnt

Ievel-, and a necessary condit ion for this objective to be achievable

is that the operations of the dlfferent plants be coordinated
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The organizat ion of  th is  thes is  fo l lowed f ron that  analys is :  the
f i r s t  chap te r  was  a imed  a t  subs tanc ia t i ng  the  asse r t i on  tha t  t , he
management  of  a  mul t ip le-p lant  f i rm must  be h ierarch ica l .  The second
chap te r  i s  a  su rvey  o f  p rev ious  a t , t emp ts  to  des ign  h ie ra rch i ca l
control frameworks, which showed that in most of the work considered,
the product ion system is  model led as a s ing le fac i l i ty  instead of  a
set of subsyst.ems whose activity must be coordinated.

Since th is  was the major  issue to  be addressed in  the context  for
wh ich  th i s  resea rch  l das  dev i sed  ( i . e .  t he  ups t ream s tages  o f  an
integrated a luminum company) ,  Chapter  three in t roduces a model  that
addresses i t  and was meant  as one layer  of  a  h ierarch ica l  contro l ler .
The  phys i ca l  sys tem i s  rep resen ted  as  a  ne twork  o f  subsys tems  o f
r im i ted  capac i t y  t h rough  wh ich  p roduc t  f am i r i es  ' , f l ow"  to  mee t
ex te rna l  demand  requ i remen ts .  These  p roduc ts  undergo  the  mu l t i p le
phases of  the i r  process in  the d i f ferent  subsystems and can be s tored
be tween  subsys tems ,  t he  ob jec t i ve  be ing  t o  m in im i ze  t he i r  t o t a l
f low-t ime through the system.

I t  $ tas shown in  Chapter  four  that  the so lut ion to  th is  problem
cou ld  be  cha rac te r i zed  su f f i c i en t t y  - i n  t he  mos t  genera l  case -  t o  be
de te rm ined  by  means  o f  a  numer i ca l  me thod ,  dvnamic  p rog ramming .
Fur thermore,  i f  the inventory hold ing costs  of  the products  increase
w i th  the i r  added  va lue ,  t h i s  so lu t i on  can  be  de te rm ined  ana ly t i ca l l y .
More prec ise ly ,  i t  $ tas shown that  th is  opt imal  f low-contro l  problem
would be g lobal ly  so lved i f  each subsystem determined local ly  the f low
ra tes  tha t  m in im ize  i t s  i nven to ry  ho ld ing  cos t  sub jec t  bo th  to  i çs
capaci ty  constra in t  and to  the demand requi rements imposed by the
downstream subsystems.  (These local  problems $rere shown to have an
analy t ica l  so lut ion.  )

F ina l ly ,  Chapter  f ive i l lus t rates on two numer ica l  examples the
dj - f ference in  complex i ty  between the genera l  numer ica l  so lut ion and
the analyt ical solution under the restr ict ive cost, assumptions.
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A f i rs t  and st ra ight forward extension of  these resur ts  would be to
consider  the case when the object ive to  min imize is  a  combinat ion of
l - inear  product ion and inventory hord ing costs .  r t  is  easy enough to
p rove  tha t  t he  p roduc t i on  p lan  tha t  m in im izes  the  to ta r  i nvenÈory
hold ing cost  a lso min imizes the to tar  vo lume of  product ionr  ênd thus,
the product ion cost  i f  th is  one is  l inear .  Howeverr  th is  resuLt  would
not  ho ld i f  the product ion cost  r . ras assumed concave (e.g.  to  accoun'
fo r  se tup  cos ts ) ,  and  the  resu l t s  t o  be  found  i n  tBp l  and  tBR l  f o r
concave-cost  probrems are s l ight ly  d i f ferent  f rom those presented here.

Another  s t ra ight forward extension would be to  consider  the case of
concave  i nven to ry  i r o la ing  cos ts  and  no  p roduc t i on  cos t :  t he  resu l t s
would then probably  be the same as in  chapter  4.  However ,  the in terest
o f  t he  ex tens ion  i s  ques t i onab re ,  because  i n  mosÈ  t r ad i t i ona r
manufactur ing envi ronments,  the use of  concave inventory-hold ing costs
i s  no t  j us t i f i ed  and ,  i f  i t  r de re ,  i t  i s  s t i r l  ve ry  un r i ke l y  t ha t  t he
parameters of  the cost  funct ion would be known for  any appr icat ion.

r t  rdas pointed out  in  chap.  3 that  the express ion of  the capaci ty .
constra in t  adopted for  a  system producing severa l  par t - types is  not  as
genera r  as  i t  cou ld  be .  rn  fac t ,  i t  cons i s t s  o f  a  s ing re  i nequa l i t y . .
bounding the instantaneous product ion rates of  these par t - types:

Vte I ,  Ë , " , .u ,0 ,  <C( r )

(The coef f i c ien ts  a ;  we igh t  the  , ,capac i ty
di f ferent part- types. )

Th i s  i nequa l i t y  de f i nes  as  " f eas ib l e , ,  - f o r  t he  capac i t y_
constra in t -  a  reg ion of  RP r imi ted by a hyperp lane that  in tersects
a l l  t he  axes .  S ince  the  p roduc t i on  ra tes  a re  a l so  bound  to  be
posi t ive,  the feas ibre region f  considered in  the work presented in :
Chapter 4 was a part icular type of polyhedron:

(c)

regu i remen ts "  o f  t he "
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fn  tKI l  and subsequent  $rork,  the capaci ty
machine system producing severa l  par t_types is
svstem of  inequal i t ies,  one for  each machine:

cons t ra in t  f o r  a  mu l t i
expressed by means of  a

Vke {1 , . . ,m} ,V te  I ,  Ë ; ,n .u ,n

where  t i t  i s  the  process ing  t ime o f  p roduc t  i
i s  e i t h e r  t h e  a v e r a g e  t i m e  , , u p , ,  o f  m a c h i n e  k
determinist ic model-  or a random variable equal_
up and to 0 when i t  is down.

(s)

on mach ine  k  and 01( r )
p e r  u n i t  t i m e  - i n  a

to  I  when mach ine  k  i s

Each  o f  t hese  i nequar i t i es  de f i nes  a  feas ib re  ha r f - space  bound  by
a hyperp lane that  may in tersect  I  to  p axes.  As a resul t ,  the feas ib le
region can be any convex polyhed.ron included in lR*p,

The  phys i ca l  j us t i f i ca t j - on  o f  t h i s  exp ress ion  o f  t he  capac i t y
constra in t  requi res the assumpt ion of  f low conservat ion.  Some t ime
should therefore be devoted to f inding an aggregation procedure that
would actual ly  generate subsystems for  which th is  assumpt ion is  va l id .
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Regard ress  o f  t he  ou t come  o f  t h i s  r esea rch ,  i t  i s  $ ro r t h
invest igat ing the extension of  the resur ts  of  chapter  3 to  the case
where the capaci ty  constra in t  is  assumed s imi lar  to  (S) .  The opt ina l
product i -on p lan is  r ikery to  be of  the bang-bang type as i t  is  in
chapter  3 '  but  the impor tant  resur t  o f  theorem 3.r r r . r  (which arrowed
to determine the opt imal  contro l  anal_yt ica l ly )  wi l t  not  ho ld.

rn fact '  th is  theorem, together  wi th  the resul ts  that  for lowed,
means - in  geometr icar  terms-  that  the opt imal  product ion pran for  a
s ingre-stage mul t i -product  system is  e i ther  equar  to  the demand or .  to
a pro ject ion of  the demand vector  on the hyper  sur face def ined by the
capac i t y  cons t ra in t .  And  i t s  p roo f  r4 ras  based  on  the  fac t  t ha t r  âs
regards the capaci ty  constra in t ,  products  are in terchangeable in  a
g iven rat io ,  regard less of  the posi t ion of  the product ion vector  wi t ,h
respec t  t o  t he  capac i t y  se t .  Th i s  p rope r t y  i s  no  ronger  t rue  i n
generar  wi th  the type of  capaci ty  constra in t  def ined bv (s) .

A  more  des i rab le  ex tens ion  o f  t he  work  p resen ted  i n  th i s  t hes i s
wourd  be  ach ieved  by  i n t roduc ing  randomness  i n  the  f row-con t ro r
mode ls '  r t  was  a rgued  in  chap te r  3  tha t ,  i n  some.à " . " ,  de te rm in i s t i c
moders  l i { e re  j us t i f i ed  even  i n  a  s tochas t i c  env i - ronmen t .  The re  a re
c lear ly  cases,  however ,  in  which s tochast ic  models  for  f l -ow-controJ
wi l l  prove super ior .

Randomness  i n  p roduc t i on  can  be  i den t i f i ed  w i th , ,d . i s rup t i ons , , ,
t ha t  i s ,  changes  i n  the  i npu ts  requ i red  fo r  dec i s ion -mak ing ,  t ha t
ac tua l l y  cause  a  mod i f i ca t i on  o f  p rev ious  dec i s ions  o r  p rompt  ne$ ,
decis ions.  cast  in  that  format ,  i t  is  undestandabre that  rand,omness
appear  a t  a l r  l eve rs  o f  a  h ie ra rch i ca l  managemen t ,  . bu t  t ha t  t he
instances wl l t  be d i f ferent  depending on the level - .  on the shop- f loor ,
f o r  exampre ,  d i s rup t i ons  can  be  caused  by  mach ine  fa i ru res ,  y ie rd
losses,  changes in  the product ion regui rements,  engineer ing changes,
human operators '  er rors . . .  At  the s t rategic  leveLr  o l r  the other  hand,
the disruptions are more l ikely to be related to "events,, on the stock
exchange or the f inancial markets...
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The randomness typ ica l l y  mode l led  in  the  manufac tur ing  I i te ra tu re

c o n c e r n s  t h e  v o l u m e s  o f  d e m a n d ,  t h e  i n s t a n t a n e o u s  c a p a c i t y  o f  t h e

s y s t e m  ( a s  r e s u l t s  f r o m  f a i l u r e s  a n d  r e p a i r s ) ,  a n d ,  t o  a  l e s s e r

ex ten t ,  the  y ie ld  o f  a  p rocess  or  the  lead- t ime o f  a  p roduc t  th rough

t h e  s y s t e m .  T h i s  l a s t  e x a m p l e  i l l u s t r a t e s  a  c h a r a c t e r i s t i c  o f  t h e

mode l l - ing  o f  randomness:  the  var iab i t i t y  o f  the  lead- t ime o f  a  p roduc t

c a n  b e  d u e  t o  a n y  ( o r  s e v e r a l )  o f  t h e  d i s t u r b a n c e s  I i s t e d  h e r e a b o v e .

H o w e v e r ,  t h e  e f f e c t s  o f  t h e s e  d i s t u r b a n c e s  c a n  b e  a g g r e g a L e d  i n  a

model of the lead-t ime as a random variable '

In  the  indus t ry  o f  p r imary  a luminum,  the  main  source  o f  randomness

s e e m s  t o  b e  t h e  v a r i a b i l i t y  o f  t h e  d e m a n d  m i x :  t h e  t o t a l  v o l u m e  o f

demand is  usua l ly  f i xed ,  the  company se l l ing  most  o f  i t s  p roduc t ion  to

hard-core  c l ien ts  on  a  cont rac tua l  bas is ,  and se l l ing  the  remainder  on

the  spot  marke t  to  keep some f lex ib i l i t y .  However ,  because the  c l ien ts

cannot  spec i fy  long  in  advance the  de ta i led  produc t  types  they  w i l l

need,  the  produc t -mix  o f  the  demand is  known w i th  l i t t le  an t ic ipa t ' ion

and can cons tan t ly  be  a l te red  by  the  recept ion  o f  a  new order .

The in t roduc t ion  o f  randomness in  the  mode l  o f  the  demand wou ld

imp ly  g iv ing  up  the  cons t ra in t  o f  pos i t i ve  inventor ies ,  a t  leas t  in

a l t  cases  in  wh ich  the  demand ra te  can exceed the  capac i ty  '  Back log

mode ls  have no t  been s tud ied  in  the  body  o f  th is  thes is '  fo r  reapons

deve loped in  chapter  3 .  However ,  i t  seems tha t  some o f  the  resu l ts  o f

chapter  4  cou ld  be  ex tended to  de termin is t i c ,  mode ls  a l low ing  back log

but  pena l iz ing  dev ia t ions  f rom a  zero  inventory .  Cons ider  fo r  example

t h e  c a s e  o f  a  s i n g l e - s t a g e ,  s i n g l e - p r o d u c t  s y s t e m '  I f  n o  b a c k l o g  i s

a l l o w e d ,  t h e  o p t i m a l  p r o d u c t ' i o n  p l a n  i s  o b t a i n e d  b y  t h e  " b a c k w a r d

smoothing'r  procedure of Sect ion 4 '  r  '

' . \

I f  b a c k l o g  l v a s  a l l o w e d  b u t  p e n a l i z e d  a s  i n v e n t o r y  i s  ( e ' g '  b y  a

q u a d r a t i c  f u n c t i o n ) ,  t h e  o p t i m a l  p r o d u c t i o n  p l a n  w o u l d  p r o b a b l y  b e

obtained by smoothing the demand peaks both backwards and iorwards'  bY

resor t ing  bo th  to  s to rage be fore  and back logg ing  a f te r  the  Peak '
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No Back log
production

c

inventory

t h i s  resea rch  d i rec t i on  was  no t  pu rsued ,  f o r  reaSons

Chap te r  3 .

To  the  bes t  o f  t he  au tho r ' s  know ledge ,  t he re  has  been  no  work

devoted speci f ica l ly  to  the s tudy of  the randomness of  a  demand mix.

However ,  CHOONG has recent ly  proposed a jump process model  that  could

be  app rop r ia te  to  rep resen t  t h i s  pa r t i cu la r  t ype  o f  randomness  i n

demand.  For  a s ing le s tage,  mul t i  product  system bound to sat is fy  th is

type of  demand,  the opt imal  contro l  $ras shown to have the same

charac te r i s t i cs  as  the  op t ima l  con t ro l  i n  t he  case  i nves t i ga ted  by

KIMEMIA (constant  demand,  and capaci ty  model led as a jump process)  '

An  i n te res t i ng  ques t i on  to  be  answered  conce rn ing  th i s  op t ima l

con t ro l  ( i n  f ac t ,  a  re f i ned  ve rs ion  o f  a  bang-bang  con t ro l ) ,  i s

whether  or  noÈ i t  is  a  s tochast ic  jump process and,  i f  i t  is ,  what  i ts

cha rac te r i s t i cs  a re ,  g i ven  those  o f  t he  demand .  I f  i t  ! { e re  a  j ump

process as the f inat  demand is ,  one can easi ly  imagine a mul t i  s tage

syst,em in which each stage would be control led individually to satisfy

the s tochast ic  demand imposed by the next  downstream stage.  I t  would

then be par t icu lar ly  in terest ing a lso to  determine whether  the ent i re

contro l  is  g lobal ly  opt j -mal  for  the mul t i  s tage system under  cost

condit ions analogous to those introduced in chapter 4...

Back log
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APPENDIX:

SYNTHESE EN FRANçAIS



Syntàèse

L 'ob jec t i f  d ' une  en t rep r i se  es t  de  réa l i se r  un  p ro f i t  t ou t  en

s rassu ran t  qu re l l e  pou r ra  con t i nue r  à  Ie  fa i re  i  t ou te  I ' ac t i v i t é  d 'un

tel système et, toutes les décisions qui Ia gouvernent devraient donc

être déterminées de façon à maximiser I 'espérance du profi t  à réaliser

su r  l r ho r i zon  s t ra tég ique .  I t  es t  c la i r ,  cependân t ,  que  tou tes  Ies

tâches qui  seront  e f fectuées durant  la  v ie  d 'une entrepr ise ne sont

pas p lan l f iées Ie  jour  de sa créat ion.  En ef fe t ,  Ia  ta i l le  du pro$Ième

qu' i l  faudra i t  résoudre est  beaucoup t rop impor tante,  ê t ,  s i  e I Ie  ne

I ré ta i t  pâs r  l es  i n fo rma t ions  nécessa i res  à  Ia  p r i se  de  déc i s ions

dé ta i l l ées  n 'é tan t  connues  avec  une  f i ab i l i t é  su f f i san te  qu 'à  t rès

cour t  terme,  i I  est  impossib le  de prendre ces décis ions à l 'avance.

L 'approche adoptée par  tout  ê t re humain face à un te l  type de

p rob lème es t  essen t i e l l emen t  h ié ra rch ique  i  en  e f fe t  e l l e  cons i s te

avant  tout  à  aggréger  les tâches en act ions p lus g lobales -autant ,  de

fo is  que Ia  complex i té  du problème Ie requier t - ,  pu is  à prendre des

déc i s ions  conce rnan t  ces  ac t i ons  e t  en f i n  seu lemen t  à  déc ide r  e t

accompl i r ,  en ternps vou1u,  les tâches correspondant  à ces act ions.

Cet te approche présente un t r ip le  avantage :  d 'une par t ,  les problèmes

à t ra i ter  sont  de ta iL le  p lus modeste que le  problème in i t ia l ,  d 'autçe

par t ,  le  type d ' in format ion requis  pour  Les résoudre est  p lus f iab le,

et  enf in ,  cet te  approche permet  de décomposer  Ia  résolut ion du

problèmer cê qui est part icul ièrement important dans Ia mesure où la

spécia l isat ion augrmente l - 'e f  f  icac i té .

On peut  a ins i ,  par  exemple,  c lasser  les déc is ions à prendre dans

une entrepr ise en fonct ion de leur  hor izon (crest  Ia  désormais cé lèbre

c lass i f i ca t i on  en  déc i s i ons  opé ra t i onne l l es ,  t ac t i ques  e t

s t rat ,ég iques) ,  mais  on peut  auss i  les c lasser  en fonct ion du t ,ype Çe
connaissance et  d ' in format ion qure l les requièrent  :  connaissance du

marché, connaissances techniques concernant Ie produit et Ie procédé

de fabricatl-on, et connaissance du système de production. La gestion

de productlon concerne les décisions correspondant à cette dernière

catégorie.



SynÊàèse

Dans Ia prat ique,  Ia  gest ion de product ion est  donc h iérarch isée
a.u même t i t re  que tout  processus décis ionnel  humain concernant  un
p rob lème  de  t a i l t e  impo r tan te  e t  ayan t  une  composan te  non
dé te rm in i s te .  Ce  ne  se ra i t  pas  fà  une  j us t i f i ca t i on  pou r  1 'adop t l on
d 'une  app roche  h ié ra rch i sée  pou r  l a  ges t i on  i n fo rma t i sée  s i  I es
ord inateurs avaient  une puissance de ca lcu l  in f in ie  et  s i  I 'on pouvai t
modél iser  tous les a léas auxquel  est  soumis un système de product ion.
Comme i t  n ' en  es t  r i en ,  I ' app roche  h ié ra rch i sée  se  t rouve  j us t i f i ée .
C 'es t  pou rquo i  l a  p remiè re  pa r t i e  de  ce t te  thèse  es t  consac rée  à  un
état  de I 'ar t  en Ia  mat ière.  De cet te  étude i l  ressor t  gue la  p lupar t
des travaux de recherche en gesti-on de production ont, porté sur des
sous -p rob lèmes  c la i remen t  i den t i f i és  pa r  l a  p ra t i que  à  d i f f é ren ts
n iveaux (d imensionnement  d 'out i l ,  ordonnancement . . . ) .  En fa i t ,  i l  semblç
que t ro is  "écoles"  seulement  se so ient  d is t inguées par  leurs t ravaux
au  su je t  des  h ié ra rch ies  :

L 'école MESAROVTC a in t rodui t  un vocabula i re  pour  la  théor ie  de
la  commande  h ié ra r ch i sée  e t  s res t  i n t é ressée  aux  a l go r i t hmes  à
s t ruc tu re  h ié ra rch ique ,  c '  es t -à -d i re  pe rme t tan t  l a  réso lu t i on  d 'un
problème par résolution coordonnée de plusieurs sous-problèmes.

L 'école HAX a été la  première à proposer  un système de gest ion
hiérarch isée.  Ce système avai t  pour  objet  de déterminer  les vo lumes de
product ion hebdomadaires d 'une us ine ayant  à sat is fa i re  une demande à
var ia t ions sa isonnières ;  I 'approche adoptée pour  résoudre ce problème
é ta i t  h ié ra rch ique  dans  l a  mesure  où  e1 le  cons i s ta i t  à  résoudre
successivement  t ro is  problèmes à hor izons décro issants,  Ia  so lut ion de
chacun des deux premiers déf in issant  les contra in tes du su ivant .  De
p lus ,  I es  en t i t és  man ipu lées  à  chaque  n i veau  é ta ien t  f onc t i on  de
1 'hor izon :  a ins i ,  les prév is ions de vente concernant  des aggrégats de
p rodu i t  é tan t  p lus  f i ab les  que  ce l l es  conce rnan t  l es  p rodu i t
déta i l lés '  c 'est  en produi ts  aggrégés qu 'on ra isonnai t  pour  prendre eç
compte les var ia t ions sa isonnières.  Egalement ,  les cr i tères éta ient
choisis en tenant compte du t lpe d'entité manipulé et du fait guer par
construction, les décisions prj-ses à chaque niveau contrai-gnaient, tes
décisions des niveaux plus bas et de ce fait avaient plus d' impact sur
la quali té de Ia solution.

I I



Synthèse

Le  p r i nc ipa t  dé fau t  de  ce t te  app roche  es t  Sa  t rop  g rande

spéc i f i t é .

Récemment ,  GERSHV{IN a proposé une méthode de concept ion de

systèmes de gest ion h iérarch isée :  I 'h lpothèse de base est  qu 'on doi t

pouvoi r  c lass i f ier  par  f réquence les évènements se produisant  dans un

a te l i e r ,  qu ' i l s  so ien t  ou  non  con t rô Iab les ;  a ins i ,  chaque  n i veau  de

la  h ié ra rch ie  fonc t i onne  à  une  f réquence ,  c res t -à -d i re  déc ide  des

lancements d 'act iv i tés ayant  une f réquence donnée.  La coord inat ion

entre les n iveaux de la  h iérarch ie est  assurée par  un mécanisme de

t ransmiss ion  d 'ob jec t i f s  exp r in tés  conme des  "déb i t s  d 'ac t i v i t és " .  Pa r

exemple,  les lancements étant  moins f réquents que l -es product ions de

p ièces ,  l e  n i veau  " l ancemen t "  déc ide  à  que ls  i ns tan ts  l es  mach ines

seront  conf igurées pour  la  product ion des d i f férents  types de p ièces

et  impose des débi ts  de ces p ièces au n iveau "product ion"  pour  chaque

in te rva l l e  de  temps  qu i  t u i  es t  a l l oué  su r  l es  mach ines .  En  e f fe t ,

I ' ob jec t i f  de  p roduc t i on  reçu  pa r  I e  n i veau  " l ancemen t "  co r respond  à

un cer ta in  débi t  des d i f férentes p ièces,  mais  comme les machines ne

sont  occupées à produi re chaque type de p ièce qu 'une f ract ion de leur

temps,  i l  faut  gu 'e l les produisent  pendant  ces in terva l les à un débi t

p lus  é levé .

Cette approche est apparemment la première à présent,er un certain

ca rac tè re  de  généra t i t é  ;  e I I e  es t  enco re  t rès  i ncomp lè te  dans  Ia

mesure où e l le  ne considère que I 'aspect  tempore l  de la  h iérarch ie '  e t ,

e I l e  r epose  su r  une  hypo thèse  t r ès  res t r i c t i ve ,  à  savo i r  l a

"conservat ion des débi ts" .  GERSH!{ IN fa i t  I 'hypothèse que le  débi t '

d ,une act iv i té  est  Ie  même sur  toutes les resources requises par  cet t ,e

act iv i té .  En d 'aut res termes,  cet te  hypothèse s ign i f ie  que le  système

bascule sans t rans i t ion entre d i f férents  rég imes permanents où par

exemple toutes les opérations de Ia gamme de chague pièce produite

sont effectuées au même débit

Cet te h lpothèse est  v is ib tement  t rès rest r ic t ive s i  l ron a des

ganmes longues et, de façon plus généraler sâ vatldlté diminue avec le

nombre df entités (produl-ts, machines) rnanipulées.

I I I



SynÊàèse

une réponse poss ibre à cet te  déf ic ience sera i t  ra  décomposi t ion
"spa t i a le "  de  l a  ges t i on ;  ce t te  so lu t i on  cons i s te ra i t  s imp lemen t  à
décomposer le système en sous-systèmes et à assurer la coordination de
la gest ion de ces sous-systèmes.

L rob je t  de  l a  seconde  pa r t i e  de  ce t t e  t hèse  es t  r , é tude  d ,une
cer ta ine c lasse de modèIes pouvant  correspondre au n iveau , ,haut , ,  drun
sys tème de  ges t i on  h ié ra rch i sée .  En  e f fe t ,  I e  sys tème de  p roduc t i on
est  représenté comme un réseau de sous-systèmes écourant  des fami l res
de  p rodu i t s  ( ce  t ype  de  s t ruc tu re  peu t  ê t re  ob tenu  pa r  ce r ta ines
méthodes  de  décompos i t i on  c ro i sée ) ,  e t  i l ob jec t i f  es t  de  l e  f a i re
fonct ionner  à f rux tendus pour  sat is fa i re  une demande exÈerne,  sachant
que  l es  sous -sys tèmes  on t  des  capac i t és  f i n i es .  on  f a i t  donc
I ' hypo thèse  qu 'un  "sens  de  f l ux "  peu t  ê t re  dé f i n i  dans  ce  sys tème,
c res t -à -d i re  qu ' i r  es t  du  t ype  " f row-shop" .  Le  p rob lème rev ien t  a ro rs
à min imiser  le  coût  de s tockage cumuré sur  I 'hor izon de prani f icat ion,
sous des contra in tes de capaci té  et  de posi t iv i té  des s tocks.  on fa i t
r rhypothèse que res coûts de s tockage sont  r inéai res.

Le modèle chois i  est  en temps cont inu avec demandes et  capaci tés
va r i ab les  ma i s  dé te rm in i s t es .  on  ca rac té r i se  t ou t  d ,abo rd  I e  f l ux
optimal pour un système à un niveau et produisant un seur produit :  à
I 'opt imum, le  débi t  de product ion est  égal  à  l -a  demande sur  cer ta ins
i n te r va l l es  de  1 ' ho r i zon ,  e t  éga l  à  l a  capac i t é  su r  Le  res te  de
i l ho r i zon .  De  p lus ,  f e  f rux  op t ima l  es t  ob tenu  en  p rodu isan t  auss i
tard que poss ib l_e.

on  cons idè re  ensu i te  un  sys tème composé  de  sous -sys tèmes  en
sér ie ,  tou jours avec un seul  produi t  ;  on démontre que s i  les coûts de
stockage augmentent  avec Ie  s tade drachèvement  du produi t ,  a lors  Ie
f lux optimal est obtenu en résolvant des problèmes du type précédent,
en commençant par Ie sous-système le plus en aval et en , 'remontant la
demande" .  on  mon t re  auss i  gu ten  revanche ,  s i  l ' on  ne  fa i t  pas  ce t te
hypothèse sur  les cot ts ,  i l  n 'y  a  pas de méthode de résolut ion s implç ,
c 'est -à-d i re  qui  pu isse êt re caractér isée indépendamment  des données,
comme el Ie  l rest  sous cet te  h lpothèse.

IV



Syntàèse

On considère ensui te  un système unique produisant  p lus ieurs types
de p ièces et  on démontre que Ie  f lux opt imat  s 'obt ient  en résolvant
p lus ieurs problème "mono-produi t "  :  on détermine d 'abord Ie  f lux du
p rodu i t  l e  p lus  che r  au  s tockager  o r r  d im inue  d 'au tan t  I a  capac i té
d isponib le pour  Ies aut res produi ts  et  on i tère cet te  procédure.  Les
déb i t s  de  p roduc t i on  à  chaque  ins tan t  son t  donc  égaux  so iÈ  à  Ia
demande  à  ce t  i ns tan t ,  so i t  au  so rde  de  capac i té  ta i ssé  pa r  l a
p roduc t i on  de  p rodu i t s  p rus  che rs  au  s tockage ,  so i t  à  zê ro  s i  l a
capac i té  a  é té  épu isée .

Pou r  pouvo i r  é tend re  ces  résu l t a t s  r e l a t i vemen t  pu i ssan t s  au
sys tème  Ie  p l us  géné ra I ,  c '  es t - à -d i r e  composé  de  p l us i eu rs  sous
sys tèmes  en  sé r ie  e t  p rodu isan t  p lus ieu rs  p rodu i t s ,  i l  es t  nécessa i re
de  fa i re  des  hypo thèses  de  coû t  assez  res t r i c t i ves .  I l  f au t  en  e f fe t
que les coûts de s tockage des produi ts  so ient  dans Ie  même ordre à
tous  l es  sous -sys tèmes ,  gu ' i I s  augmen ten t  avec  l -a  va leu r  a jou tée  du
produi t ,  € t  sur tout  que les incréments de coût  ent re n iveaux so ient
dans Ie  même ordre que les coûts eux-mêmes.  L 'exemple le  p lus s imple
d 'une st ructure de coût  ayant  ces propr ié tés est  ce lu i  où chaque coût
est  le  produi t  de deux facteurs,  I 'un propre au produi t  considéré,  e t
1 'aut re propre au sous-système où on le  considère.

Sans  ces  hypo thèses ,  on  peu t  quand  même ca rac té r i se r  l es  f l ux
opt imaux suf f isamment  pour  env isager  de résoudre Ie  problème par  Ia
programmation dynamique. Cependant, une évaluation de Ia complexité de
r ra rgo r i t hme  mon t re  que  r  I  on  se  heu r te  à  des  p rob rèmes  de
d imens iona l i t é  même  pou r  des  sys tèmes  de  t a i l l e  r édu i t e .  Une
application de chacune des deux méthodes (programmation dynamique et
a ' l  r r o r i  f  hme  f l séouen t i e l ' , )  i l l us t f e  ce  p ropos .
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ABSTRACT

Production Management is concerned with a class of decisions to be made in a
manufacturing firm in order to gear it towards its objective. Since this decision making prclblenr
is very large, it must be approached hierarchically. Hierarchical production managemenr sysrems
are characterized by several decision levels operating in a coordinated fashion. Designing such
systems means defining the models to be used af each level (entities, objective, horizon), ancl a
coordination procedure. The models studied in this work are devised for the higher levels of a
hierarchy; the production system is represented as a network of subsystems with limited capacity
and the objective sought is to minimize the flow time of product families. It is proved that untler
certain assumptions concerning the inventory holding costs, a very simple algorithm exists ro
solve this deterministic optimization problem. It is then shown that it is possible to relax this
assumption by using dynamic programming but the amount of computations required increases
dramatically.

kev words: hierarchical control, flow control, finite capacity, inventory, deterministic optimizing.

RESUME

La gestion de production s'intéresse à une classe de décisions à prendre dans une entreprise
de production de façon à lui faire atteindre son objectif. Comme le problème à résoudre est très
vaste, il faut I'aborder au moyen d'une approche hiérarchisée. Les sytèmes de gestion
hiérarchiques se caractérisent par plusieurs niveaux de décision coordonnés. Concevoir de tels
systèmes suppose de définir les modèles à utiliser à chaque nivaeau (entités, objecrif, horizon), er
une procédure de coordination. Les modèles étudiés dans ce mémoire sont destinés au niveau
haut d'un système hiérarchique; I'outil de production est représenté comme un réseau de
sous-systèmes à capacités hnies et I'objectif à atteindre est la prduction à flux tendus de familles
de produits. On démontre que pour certaines structures de coûts de stockage, il exisre un
algorithme très simple pour résoudre ce problème d'optimisation déterministe. on monrre
également qu'il est possible de relaxer cette contrainte et d'utiliser la programmation dynamique,
mais le volume de calcul requis s'en Eouve considérablement augmenté.

mots-clés: gestion hiérarchisée, contole de flux, capacité finie, stocks, optimisation déterministe.
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