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Production Management is concerned with a class of decisions to be made in a manufacturing firm in order to gear it towards its objective. Since this decision making problent is very large, it must be approached hierarchically. Hierarchical production management systems are characterized by several decision levels operating in a coordinated fashion. Designing such systems means defining the models to be used at each level (entities, objective, horizon), and a coordination procedure. The models studied in this work are devised for the higher levels of a hierarchy; the production system is represented as a network of subsystems with limited capacity and the objective sought is to minimize the flow time of product families. It is proved that under certain assumptions concerning the inventory holding costs, a very simple algorithm exists to solve this deterministic optimization problem. It is then shown that it is possible to relax this assumption by using dynamic programming but the amount of computations required increases dramatically.

Management is one of the fields in which there is a significant gap beLween theory and practice. This gap has even seemed to widen as researchers strived to make their models more 'credible' -at the expense of an increasinE complexity-, whereas industry favoreo solutions based on simpre concepts, sometimes more phirosophical than concret-e.

fn fact, what seems to be the objective of production manêEement,

i.e. to improve the 'performance' -in the broadest sense of the terrnof a production system, can be achieved through a variety of actions:

-â improving the product design, the production process or the tooling performance;

-) improving the work organization or the workforce's attitude;

+ improving the information system;

-) improving the planning of activities related to production.

These are' at least, the'levers'that a manufacturing engineer is typically awatre of, when he thinks of ways.to'do his job,.

Production management is mostly concerned with the last type of actions and, in particular, with the development of models to that effect; modelling has proved to be difficult in two respects:

On the one hand, the on-going controversy about the adpquateness of the optimizing models deveJoped to date suggest.s that designing goocl models for production planning or scheduling is not an easy task.

The interactions between different erays to improve the performance of a production system, as well as the existence of many criteria to evaluate these actions partially account for this difficulty.

On the other hand, most of the models designed to date (and in particular those baseà on combinatorial optimization) requirq a very }arge, usually excessive, amount of computations.

lntroduct,ion

The gap between theory and practice in production management can thus be partially accounted for by the fact that it would seem pointless t.o struggle to achieve a given gain in performance by q better production planning if a better design or a better work organization yielded the same gain at a lower cost. This explains t,he widespread use of 'manuaf' scheduling aimed at feasability, as oppose to computer-based optimizing scheduling

Another factor that accounts for this situation is the lack of data concerning the events that take place in a manufacturing system: ê substantial gain is still-to be realized in many companies through the implementation of an information system and also, which is mor At the same time, the competition in many industrial fields has increased -due especially to the international"ization of the markets--.

to the point where it is not possible any more, for a firm, to reiy exclusively on one type of action (e.9. improving the process) to keep.

its competitive edge:

Taking all possible actions has become a must, and there is a strong demand, in these industries, for methods to improve production planning, especially when this function was not considered essential in the past, and the only scheduling tools currently used are Gantt charts... The questions are then: which modeLs wiJ,lsatisfy this demand?, and its counterpartz.why shouJ-d such model-s be found now if they were not jn Êhe past ?

The ansr^rer to this Iatter question is that the field has matured and the tools to use are better than they were: on the one hand, the recent developments in computer technology and information processing aIlow to consider solving problems of increasing complexity in a 'reasonable' amount of tirne; on the other hand, more and more emphasi-s has been placed, in recent research, oD the practicality of solutions, and good suboptimal solutions have been sought where the optimizatidh methods $rere not applicable.

As for the initial question, the main thrust of the teams with which the author has collaborated is that hierarchical models for production management could satisfy the needs of industry. . desCriptive hierarchieS: the lower the "stratum", the more focussed and detailed;

. decisional or multilayer hierarchies: the higher the "layer"' the more complex and global the decision function;

. 

Dvnamic svstems

For Iinear dynamic systems, the objective of aggregation is to reduce the dimension of the state vector. If the real system is described by equation i =Ax+Bu (where x stands for dx/dtl and the aggregate model is also sought as a linear differential equation i'= Fx* + Gu , then a linear aggregation procedure x'= Cx yietds this type of model provided that F and G satisfy FC=CA and G=CB. In that case, it is shown that F inherits some of the eigenvalues of A.

(However, in the general case, the stability of the system cannot be deduced from that of the aggregate nodel).

x "l ; :' 1::? J'î " ".1"" "'.,' ": " Ï"":î iÎ: "ï :::l i: i: "' " J"n'o, J:' : J"" :i: :ï . reduction of the computational size, compared to a monolithic optimization with detailed data over the ent,ire horizon.

. enabling of managerial interaction,

. reduction of data requirements since detailed data are needed only for the short term decisions (namely for the first period of the aggregate planning).

Positive features of the systems described are:

. capacity constraints are explicitly considered (whereas they are not in MRP systems, for example),

. the structure of the models used at different levels is consistent with the product aggregation scheme, . since the emphasis has been seL, in manufacturing, on the reduct.ion of change-over times and costs, models based on the assumption that setup costs are reJ-atively low now fit a reasonably wide range of production systems.

Hierarchies jn Produetion llanagement and Control: a Survey

Major shortcomings of the approach are:

. the product aggregation proposed in HÀX and MEAL tHMl fits 

2.v

The advent of so-called FIexibIe Manufacturing Systems has generated a fresh approach to the planning and control theory based on the fact that these new systems require a higher degree of automation of the decision process.

rn other words, it may be possibre, in 

i=l' rr' j-s the interval on which demands are known, the objective the second type.

hlhatever the objective chosen, the formulation of the problem to be solved will be of the following type: i, vi tr,e

Min I k, | ,, ,,*r,, o, U I JI s 
The inventory levels are then defined by the equations:

Vie {1,..,p}, Vke {l,..,N;l}, {j = mt and j'= m1*1} =â Yittl = Yi wfrere ui is the loading rate of product i into stock of i at subsystem j, and uin+l is the demand of The FLow-Control

LayeE

For each subsystem je {1,..,n}, define the set ÂOof products that have to undergo an operation in subsystem j: 

Â(i) = {i e {1..
IJ (i), iro ..,n) \ f p I..i .u I =l that V j e {1, Vte I, ï VteI, yi(t) =0 < Cj (r). (4) 
,with the assumption Vj. {1,..,n}, ie Â61 +al=9.

This formulation shows that the flow-shop problem could be solved exact-Iy as a multi-stage problem if it were possible to avoid the constraints (4) by introducing corresponding infinite holding costs. In fact, this result follows from those in Chapter IV, and the case of t.he flow-shop system represented on fLg.1 (four subsystems, five products) will be solved in Chapter V. Therefore, the optimal control cannot be characterized more precisely than "a.e. on I". Ho!,tever, it was ChOsen to avoid this Sof istication and to rePeêt t.he expresSionS rt= a.e. on I" and "modulo the equivalence = a'e' on I" whenever needed, however clumsy it may sound.

2/ a proposition P is said to be satisfied "almost everywhere" on a measurable set E if the subset of E on which P is not satisfied has a zeto measure; it is considered here that a real set has a zero measure iff it dOeS not contain any non-emPty inÈerval.

II SIMPLIFICATION:

The purpose of thjs section js to prove that problem ssl can be Y:

Vte [0,rJ g(r)=0

V t e Jt, hl g0) =f(0 interpretation: rf f is a demand funct'ion and y9 an initial inventory, then g = Y(f, yo) is the related ,,net demand,,, that is, the demand that cannot be satisfied from the initial inventory.

notation:

V X e R , X+ stands for Max (X, 0). Given the previous theorem, it will be staightforward to exte4d to problem SS, (Cd,y/ tne resutts obtained for problem SS (C,d). theorem l.lrr.l:

I, f u(s)dsdt = Iit-t)u(t)rrr proof:
The proof is based on an integration by parts:

Ler U(t) = f tulrya, and V(t)=t 3.v is piece-wise continuous on I, that is, vef!.

q. Vte [0,h], z(t)= lTttd(s)-C(s)lds, Jt where Fr = Inf { t e lr,hl such rhirr z(t) = g } i n terpretati on :

The important resurt of this lemma is that v e f!; the other propositions are stepping stones for further results.

proof:

Def ine rhe funcrion e: r -r [' f O O, -C (s) ] ds JO Then, Vte [0,h], z(r) = Sup Iq(t)-g(r)] = g(1r)-gG) t e [t,h]
, where t, = Argsup g(r)

t e [r.hl ' Proposition 0 resurts directry from the definition of z (suffice it to consider that for I = t r the integrar is zero) . 0otimal Floru-olon rie.2.

The rationale for this solution is to produce in advance when the future demand is expected to exceed the capacity, and to do so ,as Iate as possible".

Conseguently, the production is either equal to the dem4nd or to the capacity.

In fact, the production wiII be equal to the capacity during the peak periods (when demand exceeds capacity) 

I (d(s)-u(s))ds 2 | toAl-u(s))ds because | (d(s)- Jt J''-'-' '"-- Jt 1+ Jt problems MxF, (C,d) u (s) ds e [t,h], h uG)dr s u(s) < C(s)
(1, f, is tne restriction of stated hereunden:

( Namely, by lemma 2, |1(r)=0 =+ yz(r) < y(r) and, by lemma I, y(t) < y2(r).

proof, et: rog j =1,2 and te I, Iet Fit=Inf { re lt,hl suchthat y;(t)=0 );

From corollary l.ttt.S it follows that:

v t e [',hJ , I:" r (s) ds = Jl't"-ô) (s) os + Jn,.,u, * and J:', (s) ds = f" n-ô) (s) os + ll,roo, o, since h 2 y and y2(pr2)=o, y(pi)=0 and [n u,rro, = f d(s)rrs. J Frz J F,z rhqrerore, Jnr"r(s)-ur(s)t ds = J;; t (c-ô)aru(s)l ds I u(s)d(s) I ds.

Push systems are multi-stage systems in which the flows are dictated by the loading rates into the system, as opposed to pull syst,ems' in which the flows are driven by the demand of gnd-product.

The result,s presented in the following sub-sectj-on are applicable to such systems. I;:. tben V t e [0,h] , yz (t) 2 z2 (t). Jo interpretation: the end-product optimal inventory is higher for the two-stage system than it wourd be for its l_ower (single-stage) portion with unconstrained suppty.

The rationaLe for this result is that if there existed a conÈrol (ul, u2) admissibre for 2s (c1.2, d, kl'2) and such that the inequarity y22 z2 were not satisfied, u2 would a fortiori be admissible for SS (C2, d) t42

Analytical.

ResuJts : the mul.tj-sËage mono-product probfem rn such cases, it is crear that if the inventory hording cest is mainly due to the cost of the storing equipment or storage space, the inventory holding cost coefficient may be higher for the raw material than for the end product. This is also true in all industries where the raw material is perishable -i.e.

requires special equipmentand the end-product is not: canneries or creameries belong to this category.

The proof:

Since ôi is piece-wise continuous, y; is continuous; therefore, yi(ù>0 entails thar 3r1 >0 and Vse [t-q,r+Tl] , yi(s)>0.

-) Assume that 3je {r,..,p}, kj.k, and 3se lt-n,r+rlIsuch rhat u;(s)>0;

Then, u3 being piece-wise continuous, there exists an intervaL

L=fz,z+pl c [r-rl,r+Tl] such rhar = f'*uur,rr* > 0.

Jz since yi@)>0, there has been overproduction of product i before time z and it is possibre to belate this overprod.uction and insteaci produce product j in advance: see fig. -àAssume 3ke {r,..,p} such rhar ( 4ale {0,u*j+r6;1 a.e. on L } is fa.'se. (l' This means there exists an intervar K c L, K*6, such that vf e K, ui ttl e (0, u*j+t 6, ;. The same concrusions as for ui can be drawn, and in particular: 3JcK, I+6, such that Vte J, ui tO >0 and yi Al >0.

3 [2, z+1tl cJ, f z+It J. ul 1s1as < one can reduce 1t

f z+]t J, "'u(s)os < y'1 (z)

3.

4-

And, since ze J, yi@)>O and in order that: also.

5since V te I, aj u'i +ai u'i = ai ui +ai ui, (u'l) sarisfies rhe capaciry constraint.

Simitarrv, since v t e {i,k} , Il*u r'.t(s) ds = li.-",,j {r) dr, ir f orrows rhar vte {i,k}, vte I\ [z,z+1t'], y'j(t) = y.j*l(t). As the inventory of product i ar time z is sufficient to make for the subsequent reduction in production, (U'l) satisfies the inventory constraint.

rhen f ee lO,p[ such rhar 0 < f'*iiuro, = f'*uuitul.uiatos < yjrzy.

Jz

Jz*e rt is thus possibre to define a nevr contror (g'r) such thaE:

. Vl*j, U'l = gl .

. Vte [1,..,p]\{i,k}, uù, = gj,.

. Vte {i,k}, Vte I\[z,z+1t1, uù,(t)= u{(t).

. Vtefz,z+s'1, u'i (r)=0; uî(t)=ui(r)+ailai uifO.

. Vtefz+E,z+Vf, u'i (t)=0 , u'|(t)=uitrl* uilui ui t,l. V ke {1,.., p}\(i}, u'lk=ulk.

Vse I\KvL, u'li(s) = uli(s).

V se K, u'li(s) = uli(s)ôli(s).

V s e L, u'li (s) = u li 1s1+ Â!oG U'l can then be def ined as follows:

. V k e {1,. -r.00 -1.00 0.00 -1.00 time:3.0; bounds: 1.00,1.00; d:1.0; Cl:2.0; C2:1.0 -1.00 -r.00 -1.00 -r.00 -1.00 -1.00 0.00 -r.00 -1.00 time: 2.5; bounds: 2.50,2.00; d: 3.0; Cl: 2.0; C2:3.O -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -r.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 0.25 -r.00 -1.00 -1.00 -1.00 -1.00 -1.00 0.44 -1.00 -1.00 -1.00 -1.00 time: 2.0; bounds: 3.00,2.00; d: 3.0; Cl: 2.0; C2:3.0 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 0.75 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 0.94 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 1.32 -1.00 -1.00 -1.00 -1.00 time: 1.5; bounds: 2.5O,2.00; d: 1.0; Cl: 2.0; C2: 1.0 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 1.25 -1.00 -1.00 -1.00 -1.00 -1.00 -r.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 1.76 -1.00 -1.00 -1.00 -1.00 time: 1.0; bounds: 2.00,2.00; d: 1.0; Cl: 2.0; C2: 1.0 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 I.75 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 1.76 -1.00 -1.00 -1.00 -1.00 time: 0.5 ; bounds: 1.00 , 1.00; d: 1.0 ; Cl: 3.0; C2: 3.0 -1.00 -1.00 -1.00 -1.00 -r.00 -1.00 1.75 -1.00 -r.00 The purpose of this short section is to contrast the difficulty of obtaining results by the dynamic programming approach, even for a small scale problem, with the extreme simplicity of implementing the results found in Chapter IV. In fact, the flow control problem for the system reprented on figure L, in which five different part types visit four different workcenters is very easily solved using a spreadsheel on a microcomputer.

\ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \
The first step of the resolution is to discretize the finaf demand functions;

then, the flow-plans are determined for aIl the subsystems seguential-ly by solving "single-stage" problems. The only constraint on the sequence in which these plans are determined is that, in order to determine the optimal production of a subsystem, the demand it faces (i.e.

the production of all downstream subsystems) must be known. Then the argorithm to appry at each stage is the forrowing: algorithm (H) : Âo =c.

For, i = 1,. Numerical Results 0r2345678910 9 | 1.2 r.4 1.6 1.8 2 2.2 2.1 1.8 1.5 6.5 6.2 5.9 1.6 0 0 3 3.5 4 4.5 I r.2 5.2 1.6 0 0 2.2 2.'r 1.8 1-5 0 0 0 3.83.82 0 0 0 0 0 7 2 1.9 1.8 r.7 1.6 1.5 1.4 1.3 r-2 1.1 5.5 5 0.7 0 0 0 0.8 r-4 2.2 3 5.4 5 0.7 0 0 0 0.8 1.3 r-2 1.1 0 3.4 6.5 5.4 3.7 2.r 0.6 0 0 0 0 2222222222 8.s 8.2 7.9 7.6 0 0 5 5.5 6 6.5 2226002222 0004200000 1.5 1.5 1.5 1.5 1.5 1.5 0 0 0 0 99951r4466 1.5 1.5 1.52. .8 2.0 2.2 2.1 1.8 1.5 orod.4 2 1.9 1.8 1.7 1.6 1.5 t.4 r.3 1.2 5.2 1.6 0 0 2.2 2.r 1.8 1.5 0 0 0 0 0 0 0 0 0 0 0 inventorycost: 6 5.4 5 0.7 0 0 0 0.8 1.3 r.2 l.l 6.5 6.3 2.3 0.9 0 0 1.8 r.9 4.2 4.5 5.4 5 0.7 0 0 0 0.8 1.3 r.2 1.1 00000000000 3 0.8 0.8 0.8 r.2 0 0 1.3 r.4 1.3 1.5 l.l r.3 1.6 0.9 0 0 I 0.6 3 3.4 0.9 1.3 1.6 0.9 0 0 I 0.6 1.3 1.5 0 0.1 0.6 t.4 l.l l.l l.l 0.8 0 0 0 the extension of the resurts of chapter 3 to the case where the capacity constraint is assumed similar to (S). The optinal producti-on plan is rikery to be of the bang-bang type as it is in chapter 3' but the important resurt of theorem 3.rrr.r (which arrowed to determine the optimal control anal_ytically) wilt not hold. rn fact' this theorem, together with the results that forlowed, means -in geometricar termsthat the optimal production pran for a singre-stage multi-product system is either equar to the demand or. to a projection of the demand vector on the hyper surface defined by the capacity constraint.

And its proof r4ras based on the fact thatr âs regards the capacity constraint, products are interchangeable in a given ratio, regardless of the position of the production vector wit,h respect to the capacity set. This property is no ronger true in generar with the type of capacity constraint defined bv (s).

A more desirable extension of the work presented in this thesis wourd be achieved by introducing randomness in the frow-contror models' rt was argued in chapter 3 that, in some.à".", deterministic moders li{ere justified even in a stochastic envi-ronment. There are clearly cases, however, in which stochastic models for fl-ow-controJ will prove superior. De plus, fe frux optimal est obtenu en produisant aussi tard que possibl_e.

Randomness

on considère ensuite un système composé de sous-systèmes en série, toujours avec un seul produit ; on démontre que si les coûts de stockage augmentent avec Ie stade drachèvement du produit, alors Ie flux optimal est obtenu en résolvant des problèmes du type précédent, en commençant par Ie sous-système le plus en aval et en ,'remontant la demande". on montre aussi guten revanche, si l'on ne fait pas cette hypothèse sur les cotts, il n'y a pas de méthode de résolution simplç, c'est-à-dire qui puisse être caractérisée indépendamment des données, comme elIe lrest sous cette hlpothèse. 
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  yo) -+g iff t = 0 (f, yo) and { /ito, = /'sr,ra, , whereas -ro+ft,,1., = fi(s)ds.rhat: vter, f'ro,or=f f'ro,i, l.

+

  It follows from Iemma l.tl.t that the constraints (Cr) and (C'r) are eguivafent: (cr) (+ vte[o,h], f'urrlo, Jo Jo and, because ue Ç) is positive, t,his is equivalent to: ,ts.' tàe singJe-stage mono-product probLem where d'= Y(d, yo). theorem l.lI.t:The problems (SS,) and (SSr) stated hereabove are equivElent.-Or, in other words, u solves (

  'u(s)dsdt = | Uf,lo, = | Uttl V'(t)dt since Vu satisfying the constraints of problem SS (C'd) is called an admissible flow PIan. + Two functions z=O(C,O) and v=3(C,O) can be defined as follows: fr Vte[0,h] t z(t'1= Sup I taal-C(s)los (L) r€ [Lhl Jt I Min(d(t),C(t)) if z(t)-0 ' v(t)= { t Cttl otherwise 'Ine purpose of present section js tc prove that v -is the aptir'e: flcv-.olan and z the refated inventory function. lemma 1.ttt.t: let u be an admissible flow-plan and y the relateci i::ve::c:.h], z(r)=0 <+ 3ke {1,..,N}suchrhat re [Êr,,Tr-r].

  yr(t)=0 -yr(,) = y(r).

  ) = | {u2trl-d(s))ds.

+

  s e [0, zl / =se ]0,s] and Vre [s-cr,s], ôi(r)r0].Tis nor empty because yi(o)=0 and yi(z)>0. One can thus define: x=Sup(T), e= Sup { o . [0,x]-/ yre [x-cr,x], ôi(r)>0] ana K -[x_e,x]. e can be reduced in order thar , f-ô; (t) dt Jx-e-se [z,z+p] e and p can be adjusred so rhar:  = l.-ôi(t)dt = ft*uurt,lor. [1,..,P] \ (i' j] , u'k = uk' .Vse I\(KUL) , Vke {i,j} , u'1(s)=ut(s)' .Vse Ix-e,x], u'i(s)=ui(s) -ô1(s) and u'i(s)=ui(s)+ ôi(s)' .Vse lz,'z+1t| , u'i(s)=u;(s)+ui(s) and u'i(s)=0' This new Plan g' is admissible: + since V s e [x-e, z+Pf ,u'i (s) + u'3 (s) = u1(s) + ui (selz,z+pl , Y'i(s)-Yi(s) =-| urttlat and y'iG)-Y1(s) = l^ui(Vse I,Vj(s) à y:(r). For product i, Vse [x-e,x], y';(s) = Yi(x-e) > 0; moreoverr x = Sup (T) means that V s e [x, z], Y1(s) 2 Yi@). Therefore Min { Y;(s)/se [x,z+p] ] = Min {yiG) lse lz,z+Pll and it follows from Çhe expressions of y'iyi that V se [x,z+p], ]'i(s) > y.(s) -^ > 0 because  S Min { Vitr)lse [2, z+tlll. Hence, Vse I x-e, z+F], y'i$) f( = I kr l'*ury!(st-Yr(s

  = uk (because Lt tul = u I ) . Ii(O, and thus I,iGl = IiG); hence, by D-t tl) = Iio) -D-r ûD = Ij (D, -x ( C, d') , trren { ( 1,..,p)\{j,..e {i+ 1,.., p}, Ik (d) -Lk ro and Lk 0r) = Ik G); rherefore, slnce Li cr) = Ii G) r u'k = uk.

  p} / lke {1..Ni-1} andj = mr }

	The problem to	solve is then:
		Min (llb	np j=l i=l		rh I Yito ot JO
		s.t. Vie {1,..,p} ,Vke	{I,..,Ni-l}, Vte I, yimk(r) >0.
			V j. {1,..,n}
	This problem can be formulated	sl-ightly	differently	by considering
	rhat the products	fl-ow through atl-the subsystems with the restriction
	Lhat they cannot accumul-ate but in the inventories	belongin g to the j_r
	route'	and affect	the capacity	onty for the subsystems in this	route.
	For each product	i,	define	f(i) as the set of the indices	of the
	subsystems in its route;	the formul-ation of the problem then becomes:
	Min tut)	np tt j =l i =1	ki	yi(r) dt
	s.t. Vie {1,..,p},Vj. {1,..,n} , Vre I,yi(t) =yi1O;+	tu|Al -uf+t (s) I ds 2 0.
			Vie {1,..,p}	
			Vj. {1,..,n}	

P

,v re I,,I,.i. uitrl <cjtrl

  ] is chosen, the value of its flow is entirely deterrnined by the values of the other flows, since they must add up to the capaciqy..

	ResuJ,ts : the mul,tj-stage Analyt. icaJ. Results.. tàe rnu-lti-sta9€	muLti-product multi-product,	problem problem
			multi-Ptoduct	ProbJ.em
	In fact,' once the only'particular'preduct. çost assumptions:	whose flow is not in
	AnalytiÇal f*i*i ing that of i, t\e difference in cosfs would have been: Resufts: the rnu-ltj-stage iri the costs resultrng multi-product Problem f rom (gt) and (gt) is: I:,J,.-t *i ui t'r ^'f.u,J, .-"1 ] l^iJi.'Ë [ *i *i I [^, fz+e çt , . , F*t' fz+IL , I | -,--i r I qr I l-ui(r)ordt *ui I l. u'i(')o.dt I = aK r. L.ial JL'J, Jz ),.*rrt J The control 6-the K-= Lhat, hzil of decreas K-K'= (Ul) Since the second ^Ki<0 arrd AKk<0 which means: expressions is st'rictly pcsitive' he first factor is also negative' So, that is, 5i= Ii ai ai ri ri al ai being oPtimal' f actr:r in both i-mpI ies t,hat t ri ri ai at' The strong results of the single-stage case vrere obtained by a given stage could perfectly alter the ranking of the costs and the means that the processing times at a given stage are the same for all < 0 and -:--. stages. One must therefore ensure that either the modification flow can be 'absorbed' on the objective due to t.he propagation of the modification cqunt.erbalance at aII Stages, and when the coefficients to the value of the product at a given stage, then the value added at âl; ârê independent of i, which the effect, of the local modification. the ratios of the processing times of different inventory holding costs "stricto sensu" and are assumed proportional products are the same does not cases: when the coefficients assumptions can appear too restrictive: if the cost coefficients are â11 âre independent of l, which means that by the next upstream stager oE that the impact *nOte: the capacity constraint can be simplified note: From a practical point of view, the second and third cost in two particular of 4 both (ÂKi) and 1lK1) are negat'ive ' optimal control ltere derived by considering the irnpact objective of a local modification of the conLrol. system, the supply to the system being unconstrained, the only concern when modifying the flow of a product -within the limits capacity-tras to ensure that demand would still a multi-stage system, the supply is bounded by the f lows of upstrean'l required to derive the same type of results as in part 3. ctl>")dp, Pl<"<pn and Vle (1,..,n),Vie {1,..,p) , kli = g,.Ê'. (CS) be met. In the case of considered wiII also be particularized by the cost assumptions coefficients pr and cr, such that: defined by the initial inventories and no capacity coefficients ' The system stage I and each product i can be associated respectively cosi MM ((Ct ), d, (kl )), thar is, the simplif ied version of MMr with zeYo previously introduced in GABBAY tGAl ) would be one in which each fri a singie-stage The scope of this sectign is therefore Iimit'ed to problem A particular cost structure satisfying these conditions (and on the it. been chosen to decrease the flow of k over lz,z+ef instead It foll AII the result,s leading to this tighter characterization of the the problem MM, with zero inventories. Vle (1,..,n) , *lrt*lzt"t*to ows frcrn the sl,-nmet.ry of che expression in terms of i anci k the number of possible contrgls at any given tirne is reduced to p+f. hray to 'Çransfer' them is of the same order of difficulty as solving expensive products: L;i;t uitr) or dt + = AKi proved that t,he fJ-ows of cheaper products are zero and the flows of more expensive product,s are equal to their demand. Given this result, instantaneously for end-product demand because of the internediate sub-systems l-imit the flow, and determining the most cost-effective 3-the increment in cost from stage to stage is higher f,or nore o'o' o' uir,r -ïi,.t difference K'+ f,* I: rl . ui(r) I as at -ï;,,f . uito I os ttt produpt at a given time is also the most'expensive'product whose inventory is strictly positive, 'expensive' meaning 'with high ratio Ki/ai of cosl increment to capacity coefficientr . It has also been the different flows so as to simplify the capacity const'raints, And there is no equivalent to the'net'demand: the initial inventoriep existing in aIt but the Iast stage cannot be made availablç holdinE cost, regardless of the stage at which they are considered: Vle {1,..,n} , ktltktrt"tk'o = I':'Ï, For a single-stage system, it has been proved that the 'part j.cular' In fact, it is not possible in general* to find units to measure 2-t,he products can still be ranked by increasing invenÈory t ri(ui(.) -u'i(s) ) + *i tui(s) -u'i(s) ) I ds dt and hence p.Zl'' controls. capacity coefficients, as there was in the single-stage case. Vie {1,..,p} , kti.kt,""(kni MM, ((Cl ), d, (kl ), (al ), (yl')) so as to avoid initial inventories and the higher the cost: at mqst 2P-t *ral.res for the rest of the control, There is no straightforward method to simplify the formulation of l--the inventory hoJ-ding cost of stage at which it is considered: a product increases with the ttre further down in the line, [O,u/*l there are P candidates for the position of'particular'product, Resufts.' tàe mul.ti'stage mult'i-product ptoblem
	advancing order to the products. the production belate that second assumption would not hold. of an item of low inventory of a more 'expensive'	holding product . Such a cost in
	COncluSiOn: for a given modification cannot be achieved stage i, if the demand gj+t defined locally in a multi-stage system. In the first case, the flow of every product i wiII be measured in On the other hand, if the cost coefficients just represent some by Eh fLows at the next stage is knpwn and if the products have al-different ratios rital, the control Ul can take only a finite values at anY given time. propagating a modificatiqn. of stage I wilt be measured in a unit first, cost assumption, which is realistic in a wide class of problems. equal to al base units. i'umber o Therefore, these strong resuLts will be derived only for a particular class of systems, for which it is possible to measure the effect of priorities for holding inventory, then the cost structure described Dy aunitequa}toâ]i=âiÈimesthebaseunitiinthesecondcase,the capacity functions Cl wltl be divided by al=41, that is, the capacity (CS) is perfectly adequate since it combines these priorities with the Vje {1,..,n}\{l}, sI = gj.	I
	n-t The number of values it can take is at most (p+2)'2' because ther .^P are at most z' controls in-rwhich the flow of every product i takes it values in (0,uf*ll, and p.2' other contrors r&	"] el "
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  puissance de calcul infinie et si I'on pouvait modéliser tous les aléas auxquel est soumis un système de production. Comme it n'en est rien, I'approche hiérarchisée se trouve justifiée. C'est pourquoi la première partie de cette thèse est consacrée à un état de I'art en Ia matière. De cette étude il ressort gue la plupart Lrobjet de la seconde partie de cette thèse est r,étude d,une certaine classe de modèIes pouvant correspondre au niveau ,,haut,, drun système de gestion hiérarchisée.En effet, Ie système de production est représenté comme un réseau de sous-systèmes écourant des familres qu'un "sens de flux" peut être défini dans ce système, crest-à-dire qu'ir est du type "frow-shop". Le problème revient arors à minimiser le coût de stockage cumuré sur I'horizon de pranification, sous des contraintes de capacité et de positivité des stocks. on fait rrhypothèse que res coûts de stockage sont rinéaires.

		Concfusions and Syntàèse Future Work I Synthèse		
	Le principat	défaut	Conclusions de cette	and Future Work approche est SynÊàèse SynÊàèse	Sa trop	grande
	in production changes in the inputs required for decision-making, can be identified with,,d.isruptions,,, that cause a modification of previous decisions or prompt ne$, cast in that format, it is undestandabre that rand,omness appear at alr that is, actually decisions. levers of a hierarchical management, .but that the instances wllt be different depending on the level-. on the shop-floor, for exampre, disruptions can be caused by machine fairures, yierd losses, changes in the production reguirements, engineering changes, human operators' errors... At the strategic leveLr olr the other hand, the disruptions are more likely to be related to "events,, on the stock exchange or the financial markets... la qualité III de Ia solution. 20r The randomness typically modelled in the manufacturing Iiterature concerns the volumes of demand, the instantaneous capacity of the system (as results from failures and repairs), and, to a lesser extent, the yield of a process or the lead-time of a product through the system. This last example illustrates a characteristic of the modell-ing of randomness: the variabitity of the lead-time of a product can be due to any (or several) of the disturbances Iisted hereabove. However, the effects of these disturbances can be aggregaLed in a model of the lead-time as a random variable ' In the industry of primary aluminum, the main source of randomness seems to be the variability of the demand mix: the total volume of demand is usually fixed, the company selling most of its production to hard-core clients on a contractual basis, and selling the remainder on the spot market to keep some flexibility. However, because the clients cannot specify long in advance the detailed product types they will need, the product-mix of the demand is known with little anticipat'ion and can constantly be altered by the reception of a new order. The introduction of randomness in the model of the demand would imply giving up the constraint of positive inventories, at least in alt cases in which the demand rate can exceed the capacity ' Backlog models have not been studied in the body of this thesis' for reapons developed in chapter 3. However, it seems that some of the results of chapter 4 could be extended to deterministic, models allowing backlog but penalizing deviations from a zero inventory. Consider for example the case of a single-stage, single-product system' If no backlog is allowed, the optimal product'ion plan is obtained by the "backward smoothing'r procedure of Section 4 ' r ' '.\ If backlog lvas allowed but penalized as inventory is (e'g' by a quadratic function), the optimal production plan would probably be obtained by smoothing the demand peaks both backwards and iorwards' bY resorting both to storage before and backlogging after avaient plus d'impact sur décisions des niveaux plus bas et de ce fait the Peak' Howevert explicited in No Backlog production c inventory this research direction was not pursued, for reaSons Chapter 3. To the best of the author's knowledge, there has been no work devoted specifically to the study of the randomness of a demand mix. However, CHOONG has recently proposed a jump process model that could be appropriate to represent this particular type of randomness in Backlog APPENDIX: SYNTHESE EN FRANçAIS L'objectif d'une entreprise est de réaliser un profit tout en srassurant qurelle pourra continuer à Ie faire i toute I'activité d'un tel système et, toutes les décisions qui Ia gouvernent devraient donc être déterminées de façon à maximiser I'espérance du profit à réaliser sur lrhorizon stratégique. It est clair, cependânt, que toutes Ies tâches qui seront effectuées durant la vie d'une entreprise ne sont pas planlfiées Ie jour de sa création. En effet, Ia taille du pro$Ième qu'il faudrait résoudre est beaucoup trop importante, êt, si eIIe ne Irétait pâsr les informations nécessaires à Ia prise de décisions détaillées n'étant connues avec une fiabilité suffisante qu'à très court terme, iI est impossible de prendre ces décisions à l'avance. L'approche adoptée par tout être humain face à un tel type de problème est essentiellement hiérarchique i en effet elle consiste avant tout à aggréger les tâches en actions plus globales -autant, de fois que Ia complexité du problème Ie requiert-, puis à prendre des décisions concernant ces actions et enfin seulement à décider et accomplir, en ternps vou1u, les tâches correspondant à ces actions. Cette approche présente un triple avantage : d'une part, les problèmes Dans Ia pratique, spécifité. une réponse possibre à cette déficience serait ra décomposition Ia gestion de production est donc hiérarchisée a.u même titre que tout processus décisionnel humain concernant un problème de tailte importante et ayant une composante non déterministe. Ce ne serait pas fà une justification Récemment, GERSHV{IN a proposé une méthode de conception "spatiale" de la gestion; cette solution consisterait simplement à de systèmes de gestion hiérarchisée : I'hlpothèse de base est qu'on doit décomposer le système en sous-systèmes et à assurer la coordination de la gestion de ces sous-systèmes. pour 1'adoptlon d'une approche hiérarchisée pour la gestion informatisée pouvoir classifier par fréquence les évènements se produisant dans un si Ies atelier, qu'ils soient ou non contrôIables; ainsi, chaque niveau de la hiérarchie fonctionne à une fréquence, crest-à-dire décide des lancements d'activités ayant une fréquence donnée. La coordination entre les niveaux de la hiérarchie est assurée par un mécanisme de ordinateurs avaient une des travaux de recherche en gesti-on de production ont, porté sur des sous-problèmes clairement identifiés par la pratique à différents niveaux (dimensionnement d'outil, ordonnancement...). En fait, il semblç que trois "écoles" seulement se soient distinguées par leurs travaux au sujet des hiérarchies : L'école MESAROVTC a introduit un vocabulaire pour la théorie de la commande hiérarchisée et srest intéressée aux algorithmes à structure hiérarchique, c' est-à-dire permettant la résolution d'un problème par résolution coordonnée de plusieurs sous-problèmes. transmission d'objectifs exprintés conme des "débits d'activités". Par de produits (ce type de structure peut être obtenu par certaines exemple, les lancements étant moins fréquents que l-es productions de pièces, le niveau "lancement" décide à quels instants méthodes de décomposition croisée), et ilobjectif est de le faire les machines seront configurées pour la production des différents types de pièces fonctionner à frux tendus pour satisfaire une demande exÈerne, sachant que les sous-systèmes ont des capacités finies. on fait donc et impose des débits de ces pièces au niveau "production" pour chaque intervalle de temps qui tui est alloué sur les machines. En effet, I'objectif de production reçu par Ie niveau "lancement" correspond à un certain débit des différentes pièces, mais comme les machines ne sont occupées à produire chaque type de pièce qu'une fraction de leur temps, il faut gu'elles produisent pendant ces intervalles à un débit plus élevé. I'hypothèse Le modèle choisi est en temps continu avec demandes et capacités demand. For a single stage, multi product system bound to satisfy this type of demand, the optimal control $ras shown to have the same characteristics as the optimal control in the case investigated by KIMEMIA (constant demand, and capacity modelled as a jump process) ' An interesting question to be answered concerning this optimal control (in fact, a refined version of a bang-bang control), is whether or noÈ it is a stochastic jump process and, if it is, what its characteristics are, given those of the demand. If it !{ere a jump process as the finat demand is, one can easily imagine a multi stage syst,em in which each stage would be controlled individually to satisfy the stochastic demand imposed by the next downstream stage. It would then be particularly interesting control is globally conditions catégorie. construction, les décisions prj-ses à chaque niveau contrai-gnaient, tes nombre df entités (produl-ts, machines) rnanipulées. analogous to those introduced in chapter 4... de productlon concerne les décisions correspondant à cette dernière choisis en tenant compte du tlpe d'entité manipulé et du fait guer par ganmes longues et, de façon plus généraler sâ vatldlté diminue avec le optj-mal for the multi stage system under cost de fabricatl-on, et connaissance du système de production. La gestion saisonnières. Egalement, les critères étaient Cette hlpothèse est visibtement très restrictive si lron a des compte les variations also to determine whether the entire à traiter sont de taiLle plus modeste que le problème initial, d'autçe part, le type d'information requis pour Les résoudre est plus fiable, et enfin, cette approche permet de décomposer Ia résolution du problèmer cê qui est particulièrement important dans Ia mesure où la spécialisation augrmente l-'ef f icacité. On peut ainsi, par exemple, classer les décisions à prendre dans une entreprise en fonction de leur horizon (crest Ia désormais célèbre classification en décisions opérationnelles, tactiques et strat,égiques), mais on peut aussi les classer en fonction du t,ype Çe connaissance et d'information qurelles requièrent : connaissance du marché, connaissances techniques concernant Ie produit et Ie procédé L'école HAX a été la première à proposer un système de gestion hiérarchisée. Ce système avait pour objet de déterminer les volumes de production hebdomadaires d'une usine ayant à satisfaire une demande à variations saisonnières ; I'approche adoptée pour résoudre ce problème était hiérarchique à résoudre successivement trois problèmes à horizons décroissants, chacun des deux premiers définissant du suivant. De plus, Ies entités fonction de 1'horizon : ainsi, produit étant plus fiables que celles concernant détaillés' c'est en produits aggrégés qu'on raisonnait pour prendre eç sont effectuées au même débit les produit exemple toutes les opérations de Ia gamme de chague pièce produite les prévisions de vente concernant des aggrégats de bascule sans transition entre différents régimes permanents où par manipulées à chaque niveau étaient activité. En d'autres termes, cette hypothèse signifie que le système les contraintes d,une activité est Ie même sur toutes les resources requises par cett,e Ia solution de "conservation des débits". GERSH!{IN fait I'hypothèse que le débit' dans la mesure où e1le consistait variables mais déterministes. on caractérise tout d,abord Ie flux Cette approche est apparemment la première à présent,er un certain caractère de génératité optimal pour un système à un niveau et produisant un seur produit : à ; eIIe est encore très incomplète dans Ia mesure où elle ne considère que I'aspect temporel de la hiérarchie' I'optimum, le débit de production est égal à l-a demande sur certains et, eIle repose sur une hypothèse très restrictive, à savoir intervalles de 1'horizon, et égal à la capacité sur Le reste de la ilhorizon.
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  et produisant plusieurs produits, il est nécessaire de faire des hypothèses de coût assez restrictives.Il faut en effet que les coûts de stockage des produits soient dans Ie même ordre à tous les sous-systèmes, gu'iIs augmentent avec l-a valeur ajoutée du produit, €t surtout que les incréments de coût entre niveaux soient dans Ie même ordre que les coûts eux-mêmes. L'exemple le plus simple d'une structure de coût ayant ces propriétés est celui où chaque coût est le produit de deux facteurs, I'un propre au produit considéré, et 1'autre propre au sous-système où on le considère.

						Syntàèse
	On considère ensuite un système unique produisant plusieurs types
	de pièces et on démontre que Ie flux optimat s'obtient	en résolvant
	plusieurs	problème "mono-produit"	: on détermine d'abord Ie flux du
	produit	le plus cher au stockager orr diminue d'autant	Ia capacité
	disponible	pour Ies autres produits et on itère cette procédure. Les
	débits de production	à chaque instant	sont donc égaux soiÈ à Ia
	demande à cet instant,		soit	au sorde de capacité	taissé	par la
	production	de produits	prus chers au stockage, soit à zêro si la
	capacité a été épuisée.	
	Pour pouvoir étendre ces résultats	relativement	puissants au
	système Ie plus généraI,	c' est-à-dire	composé de plusieurs	sous
	systèmes en série Sans ces hypothèses, on peut quand même caractériser	les flux
	optimaux suffisamment pour envisager de résoudre Ie problème par Ia
	programmation dynamique. Cependant, une évaluation	de Ia complexité de
	rrargorithme		montre	que r I on se heurte	à des probrèmes de
	dimensionalité	même pour des systèmes de taille	réduite.	Une
	application		de chacune des deux méthodes (programmation dynamique et
	a'l rrori f hme flséouentiel',)	illustfe	ce propos.
						lmprimé en France
			l'lnstitut National dc Rechcrche Sïtnfor-"aiqrrc et en Automatique
						IV

VEAL's. It keeps the basic features of the original system, namely the open-loop, top-down constrained approach.

?he FLow-ControL Layer Given the options taken of continuous flows and continuous time, the unknowns of the probrem will be time-dependent rates.

For example, for a system producing only one type of product, the unknown is the product ion over t ime, t.hat is, a funct ion u such that u (r) represents the prodpction rate of the system at time tt i.e. the volume being produced at time t per unit time.

The capacity of such a system is then the maximal value that the production rate can assume, and this varue can vary with time: narnely the performance of a machine can deteriorate with time r oE the machine can be down at some point and its capacity is zero ot r if the system consists of severar identicar machines, its capacity can vary by steps, depending on the set of machines that are up at a given point.

The formul-ation of a capacity constraint becomes interesting when there is more t-han one product. rn the simplest case, one can assume that the capacity C(t) is the maximum value that the production rate of a reference product can assume. Then , for each of the other products, one determines the ratio a, of the upper bound on its production rate when produced al-one to that of a reference product iosuch that a,u= t. Vte I, ri.ui(t) < a19

(2) product i and 0(r) represents and lotherwise.

(l) more concise and elegant but one adopted by GERSHWIN anci p : i =l where Îi represents the processing time of the state of the machine: 0 if it is d.own, Ntalytical Results.' tàe single-stage mono-product problem . Prooosition 1:

Iet te I and e>0.

. d and C being piece-wise continuous on l, I is continuous on l, uniformly because I is compact. Thus 3cr>Osuch that:

Vs,s'€ I, ls-s'l<a + lg(s)-cp(s') | < el} (l)

The objective is to Prove that: Vt'e I,lt-t'l<al2 = lz0l'z(t')l< E. let t'€ I tu,l2 ,t+ a[2[: Tbro cases need be considered: l-r. * trrs then lz(t)-z(t1l = lqttt-9(rrl < El2.

2-\*1't. assume that t(t';

Then r,e [t,t'[ and rp(t) S g(rr) < g(tJ: both these properties result from t.he definition of tr and Ît.

Moreover, since 1,e[t,t'[, lt,-t'lccl and l<p(t,)-9(t)l<el2z see (l). rherefore I zl(r)-zllr'; I = | rpto -${r)+ g(rr)-g(1r) | < I qtr't-9(r) l+ 19(q')-9(lr) I < lçttlg(r) l+ lg(r') -t6t,) I < E.

Since t and t' have symmetrical roles in the previous devçfopment, the same result would be reached under the assumption Èhat t<t'.

Hence, Vte I, Ve>0, 3a>0 and Vt'e I, lt-t'l < s/2 = lz(t)-z(t)l< e ' which exactly means lhat z is continuous on I.

. propoFl-tion 2: z being continuous, the reciproc4l image of 0 by z'

i.e. the set of atl points t in [0,h] such that z(t)=0 is a cloSed subset of [0,h], i.e. a union of c]osed interva]s . This union is aFsuned finite; the exist,ence and properties of the sequence ([Fr,Tr-rl)k=t....N asserted in lemma l.llt.z follow. r20

ÀnaryÈlcar Resu-lts; Êàe singJe-stage uano-product pEobfem o Frogosition 3 results from the fact that bot.h d and c are pesitive and piece-wise contl_nuous.

In fact, if J ={tel I z(r) = Qf , then by definirion v=C on IIJ and v= Min(d,c) on J; hence v is positive.

rt can actuarly be proved th4t v'=d almost everywhere on J, which proves its piece-wLse continuity, given that both I and J are finite unions of intervars:

Let te J and assume t,hat d(t) > C(0 and that d-C is continuous at t. then 3e>0 such rhar: Vs€ I t-e,t+e[ , d(s) > C(s) and:

f,*e z(t) 2 | tdG)-C(s)Jds > 0, which conrradicrs z(r) = 0.

JT Hence d-c is not continuous at the points t of J where d(l) > C(r), that Ls, the points t of J where v(t) * d(ù. since d-C is piece-ulse continuous on J, v=d almost everywhere on J.

. Proposition 4;

Let te I and Ft=Inf { te lt,h] suchthat z(r)=0 }.

By definition of g , z and pr, it follows that: Sup g1q = gGr)+z(pr) = gOJ and Vse lt,p,l , Sup g(r) > g(s) re [p,,hl re li,hl This last inequality implies that:

V se Jt, FJ, Sup-g(r) = Sup g(r) = gGJ Both of these binary relations satisfy the conditions to be orders on f,) : reflexlvity and transitivity fo1Jow from that of S on lR, and antisymmetry results from the proposition: Combining these two results ends the proof of the.corollary. 

interpretation:

The optinal controL for a multi-stage sysËem impJies "draining,, a buffer at the hlghest possi.bJe rate whenever the next one down the Line has a fower cosÈ. tlnfortunately, tàjs resuJt ls not as directly tisabLe as tlâ p::e'tioDs one, sjnce jt only aJ.lows to determine the optimal cont.toJdownwards, wàereas tàe data input to the problen js rhe finaL demand. Therefore, Y > 0, and thus K)K', which contradicts the optimatity of the plan and ends the proof.

In fact, the initiat hypothesis (H) must be fa1se, which means: fr*t, P Y z, $>0 such thar L=fz,z+lll c [t-î,t+î], I t u111.)dr < 0.

J z k=i+l corollary 4.III.t:

Under the cost assumptions stated at the beginning of this section, if 3le {1,..,n} and Vje {1,..,1-l}, uj=3x (Cj,Ui*l), then gj = Et (Cj,Uj+l).

. vte [x,z], gi(r) = Â = J_rt,(s)ds = I'*ur*rG')(s)os

. vt efx,zl, vke {i+1,..,p}, rp1(r) = -Âk= -l:.-urp(s)ds = J_-. vteL, gi(t)= J'.T*,Gt)(s)os and vke (i+1,..,p), gr(r)=

On the rest of l, the functions gr, ke {i,..,p}, are n expression of Y is: Jtt JP This impl ies in part icular that tr < t2.

Define the control u'so that for k=1,2, u'k=uk on [0,tkJ and u'k=O on [tk, h]; u' is admissibre for 25 (Cl,2,d,kl'2; ir u is:

, for ft=1,2, y*=ykà$ on [0,tk] . vte [tr,t2l, y'r(r) 

The difference between the costs resulting from the trdo controls, notations:

-+ u = (ul, u2; is the control vector.

-+ x= (11,x2) , where Vle {1,2}, ul ls; ds is the state vector.

'lil-rr onq the =Q.

(1 rt = I u21s;ds -ld1s1ds, and hence, the f irst inequa Given a state-step ôx = ( ôxl, ôx2 ), Jt 1z,t; is determined at any time only for z€ r'(r)= { xe r(0 lx=(j.ô*r,kôx2), j,ke $l l, assuming rhar ôx is chosen so that the extreme points of X,(t) are in X,(t).

M2(r) = Min I ftro, 0,, fT,u u,l '

,)dsl! time: 3.5 ; bounds: 0.50,0.50; -1.00 -1.00 0.00 -1.00 time: 3.0; bounds: 1.00, 1.00; -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 0.00 -1.00 -1.00 time: 2.5 ; bounds: 2.50 ,2.00; -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 0.25 -1.00 -1.00 -1.00 0.44 -1.00 time: 2.0; bounds: 3.00,2.00; -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 0.75 -1.00 -1.00 -1.00 0.94 -1.00 -1.00 -1.00 13r d: 1.0; Cl: 2.0; C2: 1.0 d: 3.0; Cl: 2.0; C2: 3.O -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 d: 3.0; Cl: 2.0; C2: 3.O -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -r.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 time: 1.5 ; bounds: 2.50,2.00; -1.00 -1.00 -1.00 -1.00 -1.00 _1.00 tzs -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 1.74 -1.00 time: 1.0 ; bounds: 2.00 , 2.O0:' -1.00 -1.00 _1.00 -1.00 -1.00 -1.00 1.75 -1.00 -1.00 -1.00 -1.00 -1.00 t.74 -1.00 -1.00 time: 0.5 ; bounds: 1.00, 1.00; -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 1.74 -1.00 -1.00 time: 0.0; bounds: 0.00,0.00; 1.74 Atrtplications d: 1.0; Cl: 2.0; -r.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 , -1.00 -1.00 -1.00 -1.00 d: 1.0; Cl: 2.0; -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1. proves the dynamic programming approach to be rearistic in the sense that it has generated a succesftil numericar method, it arso shows that the issue of the convergence of the algorithm with respect to the rength of the time step must be raised' and' which is krorse' that extensions to rarger scarq systeù.s will necessarily be at the expense of an exponenf,,ially Erowing computational burden' rn fact, the.system pictured at the end of chapter rrr (five product types, four subsystems) bras inially intenfleQ for a Dynamic programming-based apprication, in the most generar caEq of cost structure.

However, when the problem is considered more closely, its dimensionality becomes appearant.

rn fact, the state space corresponding to this system is of dimension ll because the inventory vector has onry ll signifieant components. the other ones being bound to be zero. Henceforth, if th.e bounds on the optimal state trajectory are found and the region they derimit i-s discretized, the size of the state space wirr be of the same order of magnitude as the average number of discretization step.q al0ng the different components to tàe eJ.erze nth! Moreover, if ""-"""î.,' assumptions are made and onry the weaker resurts of chapter ,u ""n oi. used to characterize the optimal contror, then the number of contror candidates for each state and time step wilr also be ,*n",;;";;i, order of (p+Z).2p-t, which, for p=5 products, means ll1 "o'Jrof"; ;;; would also mean 6L44 for p = 10... "*: -

The bottom line of this section is that the numericar method iusÈ, developed wourd require an excessive amount of computations for mosi problems of rearistic size "'-o',,

ConcJ.usions and Future lrlork

The organization of this thesis followed fron that analysis: the first chapter was aimed at substanciating the assertion that t,he management of a multiple-plant firm must be hierarchical.

The second chapter is a survey of previous at,tempts to design hierarchical control frameworks, which showed that in most of the work considered, the production system is modelled as a single facility instead of a set of subsyst.ems whose activity must be coordinated.

Since this was the major issue to be addressed in the context for which this research ldas devised (i.e. the upstream stages of an integrated aluminum company), Chapter three introduces a model that addresses it and was meant as one layer of a hierarchical controller. The physical system is represented as a network of subsystems of rimited capacity through which product famiries ',flow" to meet external demand requirements. These products undergo the multiple phases of their process in the different subsystems and can be stored between subsystems, the objective being to minimize their total flow-time through the system.

It $tas shown in Chapter four that the solution to this problem could be characterized sufficientty -in the most general caseto be determined by means of a numerical method, dvnamic programming.

Furthermore, if the inventory holding costs of the products increase with their added value, this solution can be determined analytically.

More precisely, it $tas shown that this optimal flow-control problem would be globally solved if each subsystem determined locally the flow rates that minimize its inventory holding cost subject both to içs Cgnc-lusions and Futute woEk

Conjecturcs and Future Work

A first and straightforward extension of these resurts would be to consider the case when the objective to minimize is a combination of l-inear production and inventory hording costs. rt is easy enough to prove that the production plan that minimizes the totar invenÈory holding cost also minimizes the totar volume of productionr ênd thus, the production cost if this one is linear.

Howeverr this resuLt would not hold if the production cost r.ras assumed concave (e.g. to accoun' for setup costs), and the results to be found in tBpl and tBRl for concave-cost probrems are slightly different from those presented here.

Another straightforward extension would be to consider the case of concave inventory irolaing costs and no production cost: the results would then probably be the same as in chapter 4. However, the interest of the extension is questionabre, because in mosÈ traditionar manufacturing environments, the use of concave inventory-holding costs is not justified and, if it rdere, it is stirl very unrikely that the parameters of the cost function would be known for any apprication. rt rdas pointed out in chap. 3 that the expression of the capacity. constraint adopted for a system producing several part-types is not as generar as it could be. rn fact, it consists of a singre inequality.. bounding the instantaneous production rates of these part-types: VteI, Ë,",.u,0, <C( 

ABSTRACT

Production Management is concerned with a class of decisions to be made in a manufacturing firm in order to gear it towards its objective. Since this decision making prclblenr is very large, it must be approached hierarchically. Hierarchical production managemenr sysrems are characterized by several decision levels operating in a coordinated fashion. Designing such systems means defining the models to be used af each level (entities, objective, horizon), ancl a coordination procedure. The models studied in this work are devised for the higher levels of a hierarchy; the production system is represented as a network of subsystems with limited capacity and the objective sought is to minimize the flow time of product families. It is proved that untler certain assumptions concerning the inventory holding costs, a very simple algorithm exists ro solve this deterministic optimization problem. It is then shown that it is possible to relax this assumption by using dynamic programming but the amount of computations required increases dramatically.