N
N

N

HAL

open science

Modeles mécaniques de réseaux de fibres 2D et de
textiles

Giuliana Indelicato

» To cite this version:

Giuliana Indelicato. Modeles mécaniques de réseaux de fibres 2D et de textiles. Sciences de
Iingénieur [physics]. INPL - Institut National Polytechnique de Lorraine, 2008. Frangais. NNT:

2008INPLOOIN . tel-02044152

HAL Id: tel-02044152
https://hal.univ-lorraine.fr/tel-02044152
Submitted on 21 Feb 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.univ-lorraine.fr/tel-02044152
https://hal.archives-ouvertes.fr

UNIVERSITE
DE LORRAINE

AVERTISSEMENT

Ce document est le fruit d'un long travail approuvé par le jury de
soutenance et mis a disposition de I'ensemble de Ila
communauté universitaire élargie.

Il est soumis a la propriété intellectuelle de l'auteur. Ceci
implique une obligation de citation et de réeférencement lors de
I'utilisation de ce document.

D'autre part, toute contrefacon, plagiat, reproduction illicite
encourt une poursuite penale.

Contact : ddoc-theses-contact@univ-lorraine.fr

LIENS

Code de la Propriété Intellectuelle. articles L 122. 4

Code de la Propriété Intellectuelle. articles L 335.2- L 335.10
http://www.cfcopies.com/V2/leg/leg droi.php
http://www.culture.gouv.fr/culture/infos-pratiques/droits/protection.htm



http://www.cfcopies.com/V2/leg/leg_droi.php
http://www.culture.gouv.fr/culture/infos-pratiques/droits/protection.htm

UNIVERSITA DEGLI STUDI DI TORINO
Dipartimento di Matematica — Dottorato di Ricerca in Matematica — XIX ciclo
Coordinatore del Dottorato Prof. F. Arzarello — a.a.2003/2007 — settore: MAT 07

INSTITUT NATIONAL POLYTECHNIQUE DE LORRAINE
Ecole Doctorale: EMMA — Laboratoire: LEMTA — Spécialité: Mécanique et Energétique

Mechanical models for 2D fiber networks and textiles

Modeles mécaniques de réseaux de fibres 2D et de textiles

Giuliana Indelicato

Jury
Prof. Franco Pastrone, Directeur de these
Prof. Jean-Francois Ganghoffer, Codirecteur de these
Prof. Philippe Boisse, Rapporteur
Prof. Mario Pitteri, Rapporteur

TORINO — 25 FEBRUARY 2008




ii



Introduction

Motivation and main results

The mechanics of textile materials has been extensively studied in the past 50 years, but
it still provides a wealth of interesting problems both for modelization and mathematical
analysis. The availability of nonstandard materials, such as smart materials, the increased
computational capabilities, also related to computer graphics, have recently spurred a renewed
interest in basic theoretical research in this area. Moreover, the explosive increase of research
on biological tissues and materials has provided a new field to which the mechanics of fiber-

reinforced materials, initially developed for textiles, can be successfully applied.

In this work we discuss three basic problems related to the mechanical behavior of textile

materials.

First, we extend the model of Wang and Pipkin for textiles, described as networks of
inextensible fibers with resistance to shear and bending, to a model in which resistance to
twist of the individual fibers is taken into account, by including torsion terms in the elastic

stored energy.

Second, we study how the geometry of the weave pattern affects the symmetry properties
of the elastic and bending energy of a woven fabric. For networks made by two families of
fibers, four basic types of weave patterns are possible, in dependence of the angle between
the fibers and their material properties. The symmetry properties of the pattern determine
the material symmetry group of the network, under which the stored energy is invariant. In
this context, we derive representations for the elastic and bending energy of a woven fabric
that are invariant under the symmetry group of the network, and discuss the relation of the

resulting group invariants with the curvature of the fibers.

iii



iv Introduction

Third, we develop a model for textiles viewed as surfaces with microstructure, using a
modification of the classical Cosserat model for shells, in which the microstructure accounts
for the undulations of the threads at the microscopic scale. Describing the threads as Euler’s
elasticas, we derive an explicit expression for the microscopic elastic energy that allows to

derive a simple model for the macroscopic mechanical behavior of textiles.

Textiles

In textile fabrics different scales can be identified: the macroscopic scale, corresponding to
the textile proper; an intermediate scale, at which the undulation of the yarn (or thread) can
be distinguished; and the microscopic scale, that corresponds to the yarn and its constituents:
the fibers. We remark that, in most of this work, the term fiber is used as a synonym of yarn

or thread, while in the technical literature the fiber is a microscopic constituent of a thread.

The techniques used to manufacture a textile can produce different structures, such as
knitted materials or woven textiles. A knitted textile is made of a single yarn that forms a
loop into a previous loop formed by the yarn itself. A woven textile is formed by the interlace

of two families of yarns: the weft and the warp.

Basic mathematical models for textiles

The first mathematical model for a woven material was proposed by Peirce [49] at the
beginning of the twentieth century. This model essentially describes the geometrical structure
of a plain weave, namely a tissue in which warp and weft interlace alternately. The yarns
forming the textile were described as flexible, circular cylinders, interlaced together in regular

patterns to form the fabric.

Another model that focuses on the geometrical description of the structure of the textile,
describing some of its mechanical features, is due to Kawabata [32]. In order to simplify the
description of the geometrical structure of the weave, he neglects the undulation of the yarns.
This model takes into account both the biaxial and uniaxial tensile properties, such as the
shear properties of a plain weave. The compressibility of the yarn under the action of lateral
compressive forces is discussed, and it is shown that the compressive properties of yarn have

a great influence on the tensile properties of the fabric.
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In order to model tissues from a mechanical point of view, several attempts have been
made to investigate the mechanical properties of woven fabrics and to describe the relationship
between the force exerted on a textile material and its deformation. One of the first attempts
was due to Olofsson in 1964 [44], who proposed a mechanical model that extends the model

of Peirce, incorporating the bending stiffness of the yarns.

Another important model was devised by Grosberg and Kedia [19], who studied the load-
extension modulus of a cloth, showing that it depends not only on the bending modulus of
the yarn and its geometry in the cloth, but also on the history of deformation of the fabric.
They found that fabrics which still retain their stressed condition, which arose when the cloth
was made, have a much higher modulus. Many other models have been proposed after them,

and the literature in this field is still growing.

For the sake of completeness, we mention a third family of models, still different from the
above, the so-called energetic models, of which we only discuss the one due to De Jong and
Postle [14], see also Aimene et al. [2]. According to these authors, the uniaxial extension
curve of the crimped thread is related to three distinct deformation mechanisms:

I- the loss of textile weave crimp or yarn undulation (at the macrolevel);
I1- the loss of the undulations of the threads inside the fabric (at the mesoscopic level);
III- the extension of the yarn,

and they were able to develop a formula for the energy that accounts for this behavior.

We finally mention the so-called microstructural models: these constitute a macroscopic
approach to textiles that treats the tissue as a deformable surface as a whole, and accounts
for the influence of the fine structure through additional, microstructural fields. The resulting
models are able to capture those characteristics of the fine structure of a textile that determine
its response, for instance the stress-strain curve. For example, the model proposed by Magno,
Ganghoffer and others [39], [38], is principally related with the second of the extension
mechanisms discussed by De Jong and Postle, and allows to determine the axial deformation

and the axial stress.

The existing models for inextensible networks

We briefly review below some popular theories that describe the mechanical behavior of

cloth and cable networks as networks of inextensible fibers.
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In 1955, Rivlin [59] proposed a theory of networks formed by inextensible cords. He
considered the mechanics of a plane net made by two families of parallel inextensible cords,

and obtained general solutions of traction boundary value problems.

Later, between 1980 and 1986, in a series of papers, Pipkin, [54] [52] [51] [50], further

developed the theory of inextensible networks.

In 1986, Wang and Pipkin, [66] [67], formulated a theory of inextensible nets with bending
stiffness. The resulting continuum theory is a special case of finite-deformation plate theory,

in which each fiber has a bending couple proportional to its curvature.

In 2001, a theory of bending and twisting effects in three-dimensional deformations of
an inextensible network was presented by Luo and Steigmann [37]. They derived the Euler-

Lagrange equations and boundary conditions by a minimum-energy principle.

Many other models have been presented in the literature, among which we only mention

Boisse et al. [9].

Some open problems

The mechanics of textile materials is an active and fast growing research field, and some
of the open problems in this area are related to the predictive capabilities of the existing
models, a problem that can actually be addressed nowadays due to the increased efficiency of
numerical methods, specifically finite element methods, for surfaces. Hence, a large body of
research is devoted to numerical simulations, which pose interesting problems due to the fact

that the limited resistance to bending of textiles allows large deformations and wrinkling.

In parallel, many basic theoretical issues in the mechanics of textile surfaces are still open.
For instance, the availability of new materials, such as shape-memory alloys, electro-active
polymers, as well as biological tissues, requires a careful rethinking of the basic models for
surfaces made by networks of fibers, to account for the non standard behavior of the fibers

themselves.

On the other hand, also in view of developing numerically tractable models, simple macro-
scopic models are needed, which however retain the basic information on the fine-scale struc-
ture. This class of models, which we refer to as microstructural models, has a long history,

but their application to textiles formed by deformable fibers is quite recent, and the difficulty
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here is related to the description of the large deformations, and wrinkling, characteristic of

textiles.

Main results

The basic original results of this work are related to some of the open problems discussed

above.

First, we focus on an extension of the model of a textile as a network of inextensible fibers
proposed by Pipkin and Wang. These authors assume that the resistance to bending of each
fiber of the network, which is intended to model the thread of a woven fabric, determines the
global response of the fabric. We extend this approach to cover materials formed by fibers
that resist not only to bending, i.e., changes of the curvature, but also to variations of the
torsion. Such materials therefore have a higher rigidity than those with bending stiffness
only, and their interest lies in the possibility of designing cylindrical structures, such as hoses
or artificial blood vessels, made of helical fibers whose stress- free state is helical. Precisely,
in this context, we extend the approach of Wang and Pipkin and derive the basic PDEs of a
model of a surface formed by fibers with resistance to twisting, and discuss the constitutive

theory of such models.

Second, we discuss the issue of material symmetry for surfaces made by networks of fibers.
The problem here is to characterize the restrictions on the stored energy function due to the
geometry of the network, namely the angle between the fibers and their interchangeability,
which is in turn related to the difference in their material properties. When the weave pattern
is simple (alternating intersections between the fibers) four basic structures for the network
are possible: the square structure (orthogonal equivalent fibers), the rectangular structure
(orthogonal unequivalent fibers), the rhombic structure (non-orthogonal equivalent fibers),
the parallelogram structure (non-orthogonal unequivalent fibers). Each of these structures is
characterized by its peculiar symmetry group. We extend to our case a technique, based on
the so-called Rhychlewski’s theorem, that allows to explicitly compute the basic invariants
of the action of the symmetry groups and, by consequence, the general form of an invariant
stored energy density. Since Rhychlewski’s theorem only allows to compute the invariants
of the rectangular and parallelogram structures, we prove a generalization of this result that

allows to deal with other, more general symmetries of fibered networks. Finally, we apply this
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result to compute all invariants that depend up to the third derivatives of the deformation,
and obtain the general form of an invariant energy depending on the shear between the fibers,

and their curvature and torsion.

Third, we develop a macroscopic model of a textile fabric that accounts for some of the
fine-scale features of the crimp of the fibers. Namely, in the context of the classical theory of
materials with microstructure, we assume that a textile can be characterized as a network of
inextensible fibers, just as in Wang and Pipkin, but with additional director fields, parallel to
the fibers, whose modulus is proportional to the curvature of the threads at the microscopic
scale. Using a variational principle we derive the partial differential equations of the model,

and discuss a simple example.

Future research

Current and future research problems related to the thesis regard essentially topics 1 and
3 above. Specifically, it will be interesting to characterize explicitly cylindrical structures
formed by fibers with resistance to twisting, in order to study necking and global bending

effects on the cylinder itself.

Also, it will be important to characterize specific constitutive laws for the microstructural
model, in order to study the regularizing effect of the microstructure itself on the wrinkling
of fibers.

Finally, a very important outcome of this work would be a set of numerical simulations

of the above models, showing consistency with experiments.

Contents

The thesis is composed of seven chapters and two appendices. The first four chapters
deal with standard results and have a bibliographical character, while Chapters 5,6,7 present

three different aspects of our model. Below is a short description of the contents.

In Chapter 1 we recall some standard results on differential geometry of surfaces in three
dimensional space. In particular we focus on the definition and properties of the Weingarten

map and its relation with the Mean and Gaussian curvature.
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In Chapter 2 we introduce the notation and the basic assumption of our model; we focus
on a surface made by two families of inextensible fibers and describe the kinematics of the
resulting textile material. The results of Chapter 1 are applied in order to evaluate the

Weingarten matrix for a fibered surface as well as the Gaussian and the Mean curvature.

In Chapter 3 we briefly describe two basic models for woven fabrics proposed in the
literature. The models are somewhat paradigmatic of two opposite approaches to the study of
mechanics of textiles: the first of the two, due to Peirce [49], in fact, is the very first attempt
at a mathematical description of the behavior of a plain weave, through the elementary
description of the mechanical behavior of the single thread forming the textile. The second
model we describe here, proposed by Magno, Ganghoffer and others [39], [38], on the contrary,
is a macroscopic approach that treats the tissue as a deformable surface as a whole, and
accounts for the influence of the fine structure through additional, microstructural fields.
The resulting model is able to capture those characteristics of the fine structure of a textile,

that determine its response, for instance the stress strain curve.

In Chapter 4 we present a short review of the existing theory of inextensible networks.
We focus on the work of Wang and Pipkin [66] and Luo and Steigmann [37]. Both models
describe the mechanical behavior of a sheet composed by two families of inextensible fibers.
In the first one the resistance to shear and the bending stiffness are taken into account, while

in the second one the resistance to twist is added.

In Chapter 5 we present our model for two families of inextensible fibers forming a surface,
published in [29]. The bending stiffness and the resistance to torsion of the fibers are taken
into account, in order to describe the static behavior of textile fabric. We first consider
a strain energy density in additive form, such that the contributions due to shear, torsion
and bending effects are taken into account separately, and then generalize the result to an

arbitrary dependence on curvature and torsion.

In the first part of Chapter 6 we present a short review of the usual approach to the
constitutive theory of fiber-reinforced materials (Holzapfel [26]). First we recall some ideas
on transversely isotropic materials, then we focus on materials made of two families of fibers,
discussing the expression that the free energy assumes as a function of suitable set of invariants
under the action of the material symmetry group of the net (Spencer [64], Smith and Rivlin
[63], Green and Adkins [17], Zhang and Rychlewski [70]). In the second part of this chapter
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we generalize the approach based on invariants to determine the expression of the free energy

of a textile made of two families of intersecting yarns.

The aim of Chapter 7 is to determine the equations that describe the effect of shear,
bending and microundulations of the fibers on the deformation of the sheet. The field equa-
tions are obtained via a variational principle for a strain energy density in additive form, such
that the contributions due to shear, bending and microundulations are separately taken into
account. In order to model the macroscopic effects of the microundulations, we associate to

each family of fibers a vectorial microstructure.

Finally, the first appendix discusses the equivalence between the constitutive relations
resulting from a variational approach based on curvature and torsion, and an approach based

on the derivatives of the deformation.

The second appendix is a glossary of technical terms related to textile fabrics.
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CHAPTER 1

Differential geometry of surfaces

Contents
1.1. Differentiable surfaces in R? 1
1.2. Tangent vectors 3
1.3. The first fundamental form 4
1.4. Surface area 5
1.5. The Weingarten map 6
1.6. Normal curvature of a curve on a surface 8
1.7. The Weingarten matrix 10

In this chapter we recall some basic ideas on the differential geometry of surfaces. We
refer to the book of Thorpe [65].

Although many of the results below are also valid in R”, we focus on surfaces in R3
because we want to apply these ideas to the study of sets of fibers in the three-dimensional

space.

1.1. Differentiable surfaces in R3

DEFINITION 1.1.1. A subset S of R? is a surface if, for every point & of S, there is an
open set V in R? and an open set W in R? containing = such that S N W is homeomorphic
to V.

The homeomorphisms r from V to S N W are called local parametrizations of S.

An atlas on S is a collection of open sets {V;| i € I} (with I set of indices), together
with homeomorphisms r; : V; — R? such that r;(V;) cover S, and satisfy the following

1



2 Surfaces

compatibility condition: for any pair (V;,r;), (V},r;) the transition functions
r; 0 r;l cr;(VinVy) — ri(Vin V)

and
rjory L iri(Vin Vi) — ri(Vin V)

are homeomorphisms between open subsets of euclidean space.

Given a map r from V to R, and cartesian coordinates (X', X?) in V C R2?, and

(', 22, 23) in R3, we write
r(X1 X% = (r1(XT, X?), (X, X7, (X, X))
we use in the sequel the following notation for the derivatives

P
8XTi =r;,  i=1,2.

DEFINITION 1.1.2. A local parametrization = : V' — R? is called regular if it is smooth

and the vectors r 1 and 7 o are linearly independent for all (X!, X?) in V.

Equivalently:

DEFINITION 1.1.3. A local parametrization r : V — R3 is called regular if r is smooth
and the vector product r; x r 5 is non zero at every point of (V') C R3.

We also have the following equivalent characterization:

3

DEFINITION 1.1.4. A local parametrization r : V — R3 is called regular if r!, r2 73 are

differentiable and the Jacobian matrix

[ orl  ort
0X1l 0X2
2 2
JrH(XY, X2, (XY, X2), 8 (x L, x2)) = | 9 O
oX!l 0Xx2
ors  or’
L 0X1 0X2 |

has maximal rank at every point (X!, X?) of V.
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1.2. Tangent vectors

Consider a smooth curve ¢y in R?, with equation (X*(t), X2(¢)) and its image
c(t) = r(X'(t), X*(1)),
which is a curve on S C R3.

DEFINITION 1.2.1. A vector v € R3? is said to be tangent to the surface S at a point

xg if there exists a curve ¢ on S, passing through xq, such that v is tangent to ¢ in xq i.e.
dc

% .
The set of tangent vectors at xg is called the tangent space 7T,,S to the surface S at

v =

(.

PROPOSITION 1.2.2. The set of the tangent vectors to a surface S at a point xg = (X 1o, X%0)
is a 2-dimensional linear space; the vectors r1(X'o, X%0) and r2(X1o, X?9) are a basis of

this space.

DEFINITION 1.2.3. Given a point &g on the surface S, the unit vector

X1y, X2 X1y, X2
N(XIO,XQO) — lryl( 107 20) X r72( 10’ 20)
|7 1(X 1o, X20) X 7 2(X o, X?)||

(1.2.1)

is the unit normal of the surface at xg.

N is not independent of the choice of local parametrization r. In fact, if 7 : V — R3 is

another local parametrization in the atlas of S containing x, it is possible to show that
’;"V,l X 7772 = det(J) r1XTr2

where J is the jacobian matrix of the transition map from r to 7. It follows that the unit
normal corresponding to 7 is parallel to IN, but the orientation may vary according to the

sign of the determinant of .J.

DEFINITION 1.2.4. An orientable surface is a surface with an atlas having the prop-

erty that, for any transition function ® between any two surface patches in the atlas, then
det(J(®)) > 0.

Finally, we recall the classical divergence theorem for vector fields tangent to a surface.
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ProprosiTION 1.2.5. Let f be a smooth tangential vector field on the surface S, i.e.,
FX1 X% e Ty (x1,x2)S for (X1, X?) € V C R? or, equivalently, f = fir,1 +for,a. Then for
any P C V with smooth boundary,

2 1\ afl 6]02 1 2
/aP(fldX — fodX 1Y) = /7> (axl + aX2> dx'dx?. (1.2.2)

1.3. The first fundamental form

For a curve ¢(t) = r(X'(t), X%(t)) on S, the arc-length is given by

t
s= [ [lé(z)]|dz

to

(where the overwritten dot denotes the derivative with respect to ¢). Letting
E=EXYX?) =r1-71
F=FXYX*=r1-7y (1.3.1)
G=GXX?) = ro-T2

where E, F, GG are functions that depend only on the surface and not on the curve ¢ on the

surface, we find
NelP = (rq X 475 X2) - (r) X 475 X2) = B (X1)? 4+ 2F X1 X2 4+ G (X2)?

so that the arc-length becomes

be . N
s = / [E (X1)? +2F X1X2 + G (X2)2]? at.
to

This equation sometimes is written as

ds? = F (dX1')? 4+ 2F dX'dX* + G (dX?)% (1.3.2)
The expression on the right hand side of the equation above is called the first fundamental
form of the surface.

Notice that if
v=u171(X"0, X%) +v2 72(X'0, X?)
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and

w = w1 1"71(X10,X20) -+ woy T,Q(Xlo, X20)
are two tangent vectors to the surface S at a point xg = r(X'g, X?y), we have
v-w = FEvw + F (vywy + vowy) + G vawe

so that the scalar product is defined on the tangent space 15, S by the first fundamental form.

In other words, I, F', G are the coefficients of the metric tensor g; ; = r; - r; on the
tangent space TS, as expressed by (1.3.1).
1.4. Surface area
Given a surface with local parametrization
rt =X X?) r? =r3(X1 X?) = r3(X1 X?)

for (X', X?) in a region V of R?, we would like to evaluate the area of the part of surface
delimited by the coordinate curves X! = X{, X! = X}, X% = X2, X% = X2, (Figure 1.1)

FIGURE 1.1. The area on a surface

First notice that the area do of the infinitesimal parallelogram bounded by the infinites-

imal vectors r 1 dX!, 7o dX? is
do=||ry dX' x rodX?||=||ry x ral|dX'dX?,

which motivates the following definition:
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DEFINITION 1.4.1. The area A of the portion of S delimited by the above parameter

Xl X2
A= / / |1 x 7ol dXTdX2
X1y X2

17

curves is

Using the identity ||(v x w)||? = (v - v)(w - w) — (v - w)? we obtain

|71 x 72| = (EG — F?)3

so that the area can be expressed as a function of F, F', G
Xt x4 )
A:/ / (EG — F?)2dX'dX>.
X1y Jx2

1.5. The Weingarten map

Let v be a tangent vector on S at xg. Recalling definition (1.2.1), there exists a curve
c(t) = (X1(t),X2(t)) on the surface S that passes through xy at tg, and such that v is

tangent to the curve at xy. The derivative

d dx! dx?
ﬁN(Xl(t), X2())j=ty = N1 (X0, X2O)W(t0) + N (X", XQO)W(U)) (1.5.1)

is a vector that describes the rate of change of the normal vector along the curve ¢ in

a neighborhood of x.

If
V=V + V2T 2 (1.5.2)
then
dx* dX?
ar = g )=

and (1.5.1) becomes

d

aN(Xl(t)sz(t))u:to = v N 1 (X0, X%) + 02N o(X1g, X?0) = VuIV; (1.5.3)

hence, the vector (1.5.1) depends only on v and not on the particular choice of the curve c.
The vector V,IN is the derivative of the vector field IN in the direction of the vector v.

We have:
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DEFINITION 1.5.1. The Weingarten map of the surface S at x( (cf. Figure 1.2)

d
Wao @ 0 E TipyS — Wy (v) = —%N(Xl(t),XQ(t))“:tO = —V,N € Ty,S.

In fact, notice that for a point x¢ of the surface S and a vector v € T, S, the derivative
VNN is tangent to &

Vo(l) = Vo(N - N) = (VoN) - N + N - (Vo N) = 2(VoN) - N =0

and, by consequence, V,IN LN, so that V,N € T,S.

curve c

F1GURE 1.2. The Weingarten map on a surface

REMARK 1.5.2. The Weingarten map is a linear map Wy, : T, S — T,S. Moreover
THEOREM 1.5.3. The Weingarten map is symmetric, i.e.,
Wao (V) - w = v - Wy, (w)
for allv,w € T, S.

REMARK 1.5.4. If we change atlas on the surface S, the Weingarten map for the new
parametrization is the same, unless the sign changes. Moreover, the map changes sign only

if the normal vector changes sign.
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1.6. Normal curvature of a curve on a surface

Let g be a point of § and ¢ a curve on § passing through x(. If the curve has equation
c(s) = r(X1(s), X2(s)), where s is the arc length, we define the curvature K(sq) and the unit
normal vector n to the curve ¢ at xy through the relation

d*r
FE)

DEFINITION 1.6.1. The normal curvature k,, of the curve ¢ is the projection (with sign)
2

r
of — in the direction of the normal to the surface IN, viz.

(s0) = K(so)n. (1.6.1)

ds?
d2r
We have:
#r_ a(dr
ds  ds \ds

B dx! 2+ PX L dXTdX? dx? 2+ d>X?
- T s "\ Tds? 20 Tds 2\ Uds "2\ Tgs2

since 71 and r o are orthogonal to N, the normal curvature becomes

2
dXtdX?
> +2(T‘712 N)KK + (’f’722 N) (

ax?!
ds

d*r
kn:dS‘N:(TJl’N)(

and if we let

(& :e(Xl,Xz) :’I’,H-N
f =fx,X? =r1s-N (1.6.2)
g =g(X'X?*) =ry N,

then for the curve ¢ above the following proposition holds:

PROPOSITION 1.6.2. The normal curvature is given by
y dx? 2+2de1 x> (dxX? 2
= € _— -
" ds ds ds g ds

where (edX'dX! + 2f dX'dX? + gdX?dX?) is called the second fundamental form of
the surface S.

Notice that if the curve is a function of a parameter ¢ instead of the arc length s, we have

ds\ 2 dx1\? dX'dx? dx2\?
<dt) _E< dt> LT +G< d,t>
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and the normal curvature becomes

dx 1\ 2 X! dx? dx2\2
e +2f +g

dt dt dt dt
C /dxh\? dX1 dx?2 dx2\%’
() v o ()

Notice that the normal curvature of a curve depends only on the tangent vector at xg: in
fact %(to) and %(to) are the component of the tangent vector to the curve in the basis
T 1, 2. Consequently, we define the normal curvature of the surface in the direction of a
non zero tangent vector v € T, S

e(v1)? + 2fvivs + g(v2)?

n(v) = E(v1)? + 2Fv1v9 + G(v9)?’

THEOREM 1.6.3. The normal curvature is related to the Weingarten map through

o (v) = Wao(v) - v

Vv
so that the eigenvalues k*, k? of the linear application Wy, are a minimum and a mazimum
for the normal curvature respectively. Moreover, k' = ky(v1), k% = ky(v2), where vy, vy are
the eigenvectors of Wa,. k', k* are called principal curvatures of the surface, while vy,

vy are called principal directions.

DEFINITION 1.6.4. Let k', k? be the principal curvatures relative to a local parametriza-

tion. Then, the Gaussian curvature is:
K(xg) = k'k? = det(Wo,)
and the mean curvature is
H(zy) = i(k + k%) = §tf(Wwo)'

REMARK 1.6.5. Notice that the Gaussian curvature does not change under reparametriza-
tion, while the mean curvature might change its sign. It follows that the Gaussian curvature

is well defined for any smooth surface S.
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1.7. The Weingarten matrix

Consider the Weingarten map Wy, : TS — Tx,S at xp: we want to evaluate the

associated matrix in the basis (r 1,7 2). Letting

w = d d
(T',l) 1171 + @127 2 (1.7.1)
W(rz) = dauri+doars
we want to find the matrix
d d
p=| e (1.7.2)
da1  dao
From the definition (1.5.1) and from equations (1.5.2),(1.5.3), we have
W(’PJ) = —N,l (173)

so that
W(ri) - r1i=-Nji-r)=e.
Analogously, it is possible to show that W(r 1) -ro = f, W(r2) - 72 = g. Using equations
(1.7.1), we have
e = dnFE+dppF
f = duF +di2G = do E + doo F (1.7.4)
g = daF +dpnG

or equivalently

dip d E F
c ol de (1.7.5)
g da1  da2 F G
and the Weingarten matrix is
dip d 1 G —F
e Sl [ — / (1.7.6)
do1 dao EG-F| f ¢ -F B
Hence, from equations (1.7.6), we find that the Gaussian and mean curvatures become
eg — f*
K =detD = ——— 1.7.
det BG_F? (1.7.7)
1 leG —-2fF +gF&
H=-trD == 1.7.8
2" ST BG - P (1.78)
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Kinematics of 2-dimensional networks of inextensible fibers
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The aim of this chapter is to introduce the notations adopted in the following chapters

and describe the kinematics of the fibered networks that we study later.

We focus on a surface made by two sets of inextensible fibers and define the deformation

matrix for the considered set of inextensible fibers.

We refer to Chapter 1 for the definitions and standard results in differential geometry.
We evaluate the Weingarten matrix for a fibered surface, as well as the Gaussian and Mean

curvatures.

2.1. Configurations

We consider a surface S in three-dimensional Euclidean space. We assume, from now on,

the existence of a global parametrization of S, i.e. a map
r:Yy CR* - R3

such that r(Xy) = S.

11
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The domain ¥y in R? may be identified as a planar reference configuration of a surface,
while § may be identified to the actual configuration of the surface. We recall some notation
from the previous chapter. Let (X', X?) be a cartesian coordinate system in R? with basis
defined by unit vectors A;, Ay and A', A? the dual basis, such that A’ - A = (5; The

parametric representation of the surface in these coordinates is

r=r(X"X?%.
Then 5 5
T T
Ty = %1 ro= a2 (2.1.1)

are tangent vectors to the surface (where the comma stands for the derivative), denoted by

ai=r; , i=12 (2.1.2)
The deformation gradient
F=Vxr (2.1.3)
in coordinate representation is
F=r,0A' +r,0A42 < FA;=r,, i=1,2. (2.1.4)

The above definition involves a specific coordinate system but is independent of it. In fact,
consider a coordinate change X* = X%(X7), and notice that, letting T(X?) = r(X?) for the

representation of r in the new coordinates, then

T J ~ J ~3 X .
oxit  0XJ gxi X X
where summation on repeated indices is understood. Hence,
g OOOR (o0 o
X' §Xi 0X*F \ §Xi 0X'

Define the right Cauchy—Green tensor for a surface deformation by

® A"

C=F'F, (2.1.5)
where a superposed T denotes transpose: C' is a symmetric tensor field on g with coordinate
representation

C=CA'@A' +C1s(A'® A2+ A’ @ AY) + Cyp A? ® A2, (2.1.6)

and Cz‘j = Ai . CAj.
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By (1.2.1), the unit normal of the surface S is
N= 1 xT2 (2.1.7)
LERSuP]

and the second fundamental form of S reads

ra1- NdX'dX + 2719 NdX'dX? + 7o - NdX?dX?. (2.1.8)

2.2. Basic assumptions

We consider a sheet composed of two families of inextensible fibers. Initially, the fibers lie
in a region X of the X!, X? plane, and each family of fibers is parallel to one of the coordinate
axis (this restriction will be removed later). The fibers are assumed to be continuously
distributed, so that every line X'=constant or X?=constant in Xy may be regarded as a
fiber.

Let A; be the tangent vector to the curve corresponding to the fiber X? =const in the

reference configuration and let A, be the tangent vector to the fiber X! =const.

Recall that a; and as, defined in (2.1.2), are the tangent vectors to the curves corre-
sponding to a fiber X?=constant and X '=constant, respectively, after the sheet is deformed.

We refer to the deformed fibers as the a;-lines and the ao-lines respectively.

A basic assumption is that the fibers are inextensible, so that the vectors a; and as
have unit length [50].

The local distortion of the sheet is measured by the angle of shear ~, defined by (cf.
Figure 2.1)
siny = aq - as (2.2.1)

so that the right Cauchy-Green tensor C = F'' F, defined in (2.1.5), becomes

C_ ai-ar ai-az \ _ 1 sin vy . (2.2.2)
as-aj; as-as siny 1
The normal vector to the deformed sheet, defined by (2.1.7), reads

N — al X a2 _ al 'X as _ a1 X az‘ (2‘2.3)
lai X as] | sin d | cos |

where 6 = 7/2 — ~y is the angle formed by a; and as.
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aj

FI1GURE 2.1. Angle of shear

Moreover, since the fibers are inextensible, X' and X? are the arc lengths of the a; and
ay lines, and denoting by n; and b; (i=1,2) the normal and binormal unit vectors to the fibers

of each family, the Frenet formulas yield

oa

ot = fam

0

78;11 = —Kia; +1b; (2.24)
ob

pxT = M

with Iy the curvature, 7 the torsion of the a;-line. Analogous relations hold for the ao-line.

2.3. The Weingarten matrix for inextensible networks

The aim of this section is to compute the matrix associated to the Weingarten map to

characterize the curvature of the surface in a neighborhood of a point xq of the fabric.

We consider the Weingarten map Wy, : T, S — TS at xp, with associated matrix

dip d
p— | M de (23.1)
do1  dao
in the basis (a1, as). We then have from (1.7.3)
Wao(a1) = dnai+digas =—N ;4 (23.9)
Wao(az) = do1ar +dpas = —N .
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We start by evaluating IV 1

0 (a1 xaz\ [%(al X as)] |sin5\—(alxa2)%|sin5\
oxXt N | sin §]2

1 d . 0 :
= a2 {(8;11 X a2> | sin d] + <a1 X 8?(21> | sin 4

L a6
—(a1 X ag) sign(sind) cos 58)(1} :

| sin J|

From (2.2.4); and (2.3.2); we obtain

1 . das .
N, = Tsn o2 {ICl (n1 X ag) |sind| + <a1 X 8X1> | sin d|
. : 00
—(a1 x ag) sign(sind) cosd X ( = —(d11a1 + di2a2). (2.3.3)
Multiplying the previous equation by a; gives
1
m {K1(b1 - a2)} = —(d11 + d12 cos ). (2.3.4)

Multiplying (2.3.3) by a2, we obtain

1 8a2 N
m { (a1 X m) . ag} = —(d11 cosd + dlz). (2.3.5)

Analogously, evaluating IN o using (2.3.2) and Frenet formulas we obtain

1 da .
s [2 {(8X12 X a2> -ay| Slné\} = —(da1 + daa cos ) (2.3.6)
and
1 .
W {Kg(al . (*bQ))| sin 5|} = *(dgl cos o + d22). (237)

Finally, from equations (2.3.4), (2.3.5), (2.3.6), (2.3.7) we obtain the components of the

Weingarten matrix
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or equivalently,

\

d11

doy

dao

d12

do1

doo

Kinematics

(a1 X 8X1> ay cosd — Kq(by - ag)}

(al X 8X1) cay + Ki(by - ag) cosé}
8a1
ICQ b2 cosd — (6X2 ><a2>~a1}

Ka(ay - by) + (gXQ X ag) -ai COS(S}

?
=
=
w
/—/H /—’H /—/H —

]sm(S\

1 8a2 ’Cl
e (V351 <0 o)

1
| sin §?

[N Oas cosd ]

axX1 K1+ az) | sin 4|

|n(s\2{ Ralar-bo)ra s + N - 55

1 Ky da
| sin d |2 {|sin5|(al.b2) (N 8X2> COS(S} ‘

1 cos o daq }

Relations (2.3.8) are equivalent to the relation (1.7.6), which corresponds to the Weingarten

equations

din = @ [eG — fF]
diy = ———— [—eF — fE]
EG - F? (2.3.8)
do1 = W [fG = gF]
da2 = G2 [—fF + gE]
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where the quantities E, F, G, e, f, g defined by (1.3.1) and (1.6.2) are easily computable

E = 1 since aj is a unit vector
F = coséd
G = 1 since as is a unit vector
aal (239)
- 1N
‘ aX1
or or
- ——— _N=—"__.N
/ 0X19X2 0X20X!
. 80,2
(9 = ax2

2.4. Gaussian and Mean curvature

Recalling definition (1.7.8) and relations (2.3.8) we obtain the mean curvature

H = W {ICQ((Il . b2) - Kl(GQ . bl) — |:(a1 X a2) . (8}(1 + 8)(2>:| COS(;} )

, Oas O%r O%r da
Since = = =

X! 9X'oX? 9X?20X! 09X?%’

1

da

Also, from definition (2.3.8) the Gaussian curvature reads

K= —|Sml(5’4 {lClng(ag b1)(ar - bs) + Kg;i X al) -aQr} . (2.4.2)

Notice that, for instance, the fact that Ky, Ky are zero, (straight fibers) does not imply that
also the Mean and Gaussian curvatures are zero. Indeed, for a ruled surface made by straight
inextensible fibers, the fiber curvatures and the Gaussian curvature vanish, but the mean

curvature does not.
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2.5. Euler angles

For later use in Chapter 6, we want to correlate the Frenet triads {a;, 1, b1}, {a2, no, ba}

associated to the two families of fibers by three angles. Recalling (2.2.3) we define

0<d<m = angle between a; and as with axis IN
0<® <27 = angle between IN and ny with axis as (2.5.1)
0 < V¥ <21 = angle between IN and m; with axis a;

n2

az

by ai

by

FIGURE 2.2. Euler angles

Then, the following matrix R relates the two triads

cos o sin¥ sind —cosV sind
R = sin® sind cosP cosWV —sin® sinV¥ cosd cos® sin¥ +sin® cos¥ cosd
cosd sind —sin® cos W — cos ® sin ¥ cos —sin®sin ¥ + cos ® cos ¥ cos §

(2.5.2)
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We can rewrite the mean curvature (2.4.1) in terms of the Euler angles

Kicos® + KocosW 71 cosd n K1 cos ®(cos §)? cosd Ov

H=- - 2.5.3
2| sin 62 | sin 4| | sin §]2 |sind] 0X1’ ( )
while the Gaussian curvature (2.4.2) can be written as
~ K1Ksocos @ cos ¥ 1

K

2
X (sin 5)2} (2.5.4)

0P
—_— 3 2 J— 1
’Si 5‘2 ’Sl 5‘4 |:71(SIH5) Kl cos P cosdsind —

that corresponds to

IC1 Ko cos © cos ¥

K —
| sin §]2

(11)? + (K1)

5 (cos @ cos §)? 0d \? 21Ky cos @ cos §
| sin d|? ox!t

od +2ICl cos®cosd 0P
0X1 | sin 0Xx!

| sin d|

—27‘1
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Some models of textiles in the literature
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In this chapter we briefly describe two basic models for woven fabrics proposed in the
literature. The models are somewhat paradigmatic of two opposite approaches to the study of
mechanics of textiles: the first of the two, due to Peirce [49], in fact, is the very first attempt
at a mathematical description of the behavior of a plain weave, through the elementary
description of the mechanical behavior of the single thread forming the textile. The second
model we describe here, proposed by Magno, Ganghoffer and others [39], [38], on the contrary,
is a macroscopic approach to textiles that treats the tissue as a deformable surface as a whole,
and accounts for the influence of the fine structure through additional, microstructural fields.
The resulting model is able to capture those characteristics of the fine structure of a textile,

that determine its response, for instance the stress strain curve.

More generally, since the beginning of the twentieth century, different models describing
the structure of tissues have been proposed, that can be grouped into three different families:
geometrical models, such as those proposed by Peirce [49], mechanical (or force) models, such
as Olofsson’s [44] or Grosberg’s [19] models, and, more recently, microstructural models, such
as those of Magno and Ganghoffer, and, finally, energy models. As mentioned above, in the
next sections we focus on Peirce’s and Magno’s work, since they are somehow typical of the

different approach to textile mechanics.

21
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3.1. A geometrical model: Peirce’s model

In 1937, Peirce [49] was the first to study the geometry of cloth structures. In particular,
he focused on the features of cloth behavior related with the geometry of the textile: for
example, when a fabric is stretched in the warp direction, the weft dimension decreases and

the weft crimp increases.

yarn of the weft

yart of the warp

FIGURE 3.1. Threads (yarns) of a plane weave.

The yarns forming the textile were described as flexible, circular cylinders, knitted to-

gether in regular patterns to form the fabric.

Peirce considered a weave in which the threads alternately interlace, namely a plain
weave. In Figures 3.2 and 3.3, a section of the undistorted weave is represented. The section
is in the plane of the axis of a warp yarn, which is normal to the plane of the fabric (the
central plane equidistant from the two tangent planes that enclose the paths of the warp or
weft yarns). The circles represent the sections of the weft’s threads, the circular lines around

the weft sections and the straight lines connecting them represent the warp’s thread.

The geometrical parameters relevant to the description are:

dy, do: the diameter of the warp’s, (resp. the weft’s) thread;
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p1, p2: the pick spacing, namely the spacing between the threads’ axis of the warp, (resp.
weft);

01, 6: the maximum angle between the thread axis of the warp (resp. the weft) and the
plane of the fabric;

l1, l3: the length of the portion of the thread axis between the planes containing the axes of
consecutive crossing threads;

h1, ho: the maximum displacements of the thread axis, normal to the plane of the cloth;

c1, co: the crimp, namely the ratio of the difference between the length /1 and the spacing

po, to the spacing po.

section of the weft thread warp thread

b2

FIGURE 3.2. Peirce’s model: section of a plane weave in the plane of the axis

of the warp yarn

Introducing the new length parameter D = d;+ds, the twelve parameters above reduce to

eleven. Moreover, these 11 parameters are not independent, but are related by the following
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section of the warp thread weft thread

b1

FIGURE 3.3. Peirce’s model: section of a plane weave in the plane of the axis

of the weft yarn

geometric identities:

a=_-1 (3.1.1)
I
=1 (3.1.2)
p2 = (I1 — DOy) cos by + Dsin by (3.1.3)
p1 = (la — DO3) cos O + D sin Oy (3.1.4)
hi = (I1 — D6y)sin0; + D(1 — cos 6y) (3.1.5)
ho = (la — D) sin 6y + D(1 — cos 62) (3.1.6)
hi+hy =D (3.1.7)

where the equations (3.1.1), (3.1.2) are the definition of crimp; the pick spacing in (3.1.3),
(3.1.4) is obtained by projecting on the cloth plane both the straight and the curve portion of
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axis of the thread; the total vertical displacement in (3.1.5), (3.1.6) is obtained by projecting
both the straight and the curved portion of the thread’s axis parallel to the cloth plane.

Equation (3.1.7) couples the weft’s and the warp’s paths: in fact, the sum of the displace-

ments from the plane of the cloth corresponds to the sum of the diameters d; + ds.

Since there are only seven equations relating the eleven parameters: D, p1, pa, 01, 02, 11,
lo, h1, ho, c1, co, it follows that the geometry of the weave is completely determined by four

independent quantities.

Usually, the values of 0; 62 are unknowns. By eliminating {1 from equations (3.1.4)

and (3.1.5), Peirce found a second degree algebraic equation in ¢; = tan %1 that admits the

MD . . 1.
Eliminating [ from equations (3.1.1) and (3.1.3), he obtained

following solution

t =

po — D sin 6

p2(l+c1) = DOy + (3.1.9)

cos 01

By substituting t; = tan %1 in (3.1.9), Peirce found an equation that can not be explicitly
solved for t1; however, by substituting (3.1.8) into this equation, a relation in which #; and
1 are formally eliminated can be found. Unluckily, this equation can not be solved for hq
explicitly, so that it is not possible to obtain an expression that substituted in (3.1.7) would

give the searched analytical relation between D, p1, p2, c1, co.

Since it is not possible to write explicitly the equations that relate D, p1, pa,c1, co, Peirce
solved the problem using a graphical method. Womersley supported Pierce’s results by a

numerical method.

In order to use the graphical method, it is necessary to express the relation between p, ¢
and h in functional form, and to do this some approximations are performed. For example, it
is found that h; = gpgﬁl (see [49] for more details). Peirce also studied special structures:
particular cases in which the relations take a simple form that allows direct computation.
The analysis of these special structures shows that three independent relations between the
weave variables are necessary and sufficient to determine the conformation. In most cases,
the relations will not be simply expressible by explicit formulae, so that the graphical or the

approximate expressions must be used.
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Peirce also studied the crimped form of an elastic thread: the threads were modelled as
circular cylinders with bending moment proportional to the curvature of the axis.

Let T be the tension vector and S the shear force vector in the warp at a point P of the

axis of the thread, with 7" and S the norm of the two vectors (Figure 3.4), and write
t=T+S

for the stress vector in the fiber.

FIGURE 3.4. Forces acting on the warp thread

We have
S = Ssinfi — Scos Ok T = —Tcosbi — TsinbOk (3.1.10)

and
S+ T = (Ssinf —Tcosf)i+ (—Scos —Tsinf)k =Ui+ Vk (3.1.11)
with U = Ut the horizontal force and V' = V'k the vertical force acting on the thread.

Consider further the balance of couples for a single thread

?{ r><t+7{ c=0 (3.1.12)
oB oB

with ¢ the stress, ¢ the couple acting on the thread, and B a portion of the thread.
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FIGURE 3.5. Peirce’s model: the crimped form of an elastic thread

With reference to figure 3.4, this relation can be written as

OPXt|P+C‘P—OOXt|O—C =0. (3.1.13)

lo

Since the curvature at the mid point O vanishes, ¢|, = 0 (see below), and the equation above

reduces to

OPXt|P+C|P:0

which corresponds to

¢, =—(vi+yk)x (Ui+Vk)=—(-Vz+Uy)j.

. dy . : dip
Letting ¢, = —m%g, with m be the bending moment and Is the curvature of the thread,
we find

—(=Vz+Uy)j = —m—-j.
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Consequently, for any point P on the warp axis between O and the contact point with the

weft (figure 3.5), one obtains the relation:

dy
— =-Vx+Uy. 3.1.14
m r+ Uy ( )
Substituting ds = Cgsx 7 into (3.1.14) and differentiating with respect to z, this relation reduces
to
2y (dy\? 1% U tan 1
— |t - = 0. 3.1.15
ds? <d8) an¢+mcosd) m cos ( )

In case the external tension on the cloth is zero, the horizontal component U vanishes
and T'= Stan#. The force on the section through P reduces to V. The arc-length of OP is
given by

m Y dyp

Using this equation, Peirce was able to derive an analytical expression that describes the

form of the curve [49].

The work of Peirce represents a first step to study geometrical models for tissues. He
tried to describe the geometry of the threads but also introduced equations that correlate the

forces acting on the thread with its deformation.

3.2. The mesoscopic model of Magno and Ganghoffer

In [39] and [38], Magno and Ganghoffer introduce a model for woven fabric that relates

the uniaxial extension of a plain weave fabric to the effect of the undulation of the yarn.

This model yields constitutive laws in parametric form (cf. 3.2.7, 3.2.15) that lead to the
J-shaped traction curve of the fabric. Hence, the model is able to capture the geometrical

nonlinearities due to the crimp changes.

In a textile fabric, three main scales can be identified: the macroscopic scale, at which the
textile can be described as a regular surface, the mesoscopic scale, an intermediate scale at
which the undulation of the yarn can be distinguished (yarn waves correspond to this scale),

and the microscopic scale that corresponds to the yarn and its constituent, namely the fibers.
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thread chain

FIGURE 3.6. Magno’s model: the woven fabric at the mesoscopic scale, cor-

responding to the characteristic length of the undulations of the yarn

In real tests, large rotations due to the variation of the undulations within the yarns
are observed: hence, the model is formulated in the framework of large rotations and large

strains.

A simplifying assumption is that, before deformation, the fabric is planar and, moreover,
there is neither any interaction between weft and warp, nor compression of the yarns during

the extension of the fabric.

We use here the same notation of [39] and [38]. Let Qo C R? and © C R? be the reference
and the actual configuration respectively: a configuration of the micropolar fabric is defined
by a pair (¢, w) such that ¢ : Qg — € is the deformation of the surface, while w : g — SO(3)
is the microrotation field. This field defines the orientation of the triad of directors (D;), and
describes the local rotation of the yarns at a scale equivalent to that of the undulation of a

single yarn.
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A basic assumption is that, for a micropolar material, the deformation gradient F' can
be decomposed as the product of a left micropolar strain tensor v,, and the microrotation w,
ie.,
F=v,w.
Analogously, Magno assumes that the microrotational gradient has a multiplicative decom-
position of the form
Vaw = Kw (3.2.1)

with x the left microcurvature tensor.

Since v, and k are objective, the authors assume that the free energy density has the

form
Y= 1/1(%7 ’%)'
This implies that the following constitutive laws hold (see Magno [39], [38])
O 0y
T_O0Y T T_9Y T
T = B Uy, i e U (3.2.2)

where the Kirchhoff stress 7 = Jo and the Kirchhoff couple stress 1 depend on the deforma-

tion and microcurvature measures.!

The micropolar energy density is assumed to be additive
¥ =17 (v,) + P (k) (32.3)
with 1* (k) the rotational part and ¥7(v,,) the translational part.

In the 1-dimensional case, 1" can be taken to be a quadratic form in the microcurvature

Ho
Y (k) = 5 12 (k- k) (3.2.4)
where [. is a characteristic length parameter linked to the couples at the mesoscopic scale.
By (3.2.2)2 and (3.2.4), the relation between couple stress and the microcurvature becomes
pl =02k (3.2.5)

Now, according to De Jong and Postle [14], the uniaxial extension curve of the crimped

thread is related to three distinct deformation mechanisms:

Here T denotes the transpose.
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I- the loss of textile weave crimp or yarn undulation (at the macrolevel);
I1- the loss of the undulations of the threads inside the fabric (at the mesoscopic level);

III- the extension of the yarn.

Magno’s model is principally related with the second of these extension mechanisms, and

allows to determine the axial deformation ., and the axial stress.

At the mesoscopic scale (Figure 3.6), the axial deformation has the form

/ —_—
Y

ly cos wy

/
l;, cosw,, — I, coswy,

Exz(wy) = , (3.2.6)
and by taking the limit as the size of the basic cells tends to zero, a constitutive law of a
continuous material equivalent to the initially discrete material is obtained; the length of
the cells is supposed to remain constant [, = I/, and the deformation, parametrized by the

microrotation w, in the (z,y)-plane, becomes

COS Wy

eza(wy) =1n (3.2.7)

0’
COS wy

with w(y) the initial value of the microrotation.

For microrotations in the (z, z)-plane, the vector associated to the microrotation is

0
Wy=| wy (3.2.8)
0
and the microrotation tensor is
coswy 0 —sinw,
Wy = 0 0 0 . (3.2.9)

sinw, 0 coswy
Hence, the gradient of the microrotation has the form

0 0 0
Vwy = wy1 wy2 wys |, (3.2.10)
0 0 0
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and inserting (3.2.9), (3.2.10) into (3.2.1), we obtain

0 0 0
K= | wyicoswy +wyzsinw, 0 —wyisinwy +wy3zcoswy | . (3.2.11)
0 0 0
. L . Owy .
Also, since only rotations in the (z,z) plane are considered, wy3 = 5 = 0. Finally,
z

if an approximate expression for the axial gradient of microrotation is chosen, then w,; =
Owy Wy

Jr  Rsinw,
Inserting this expression into (3.2.5), in the case of vanishing extension of the base cells
(v, = 1), the following expression is obtained (cf. Figure 3.6)

_ Ho lf Wy

"= Rsinw, COS Wy. (3.2.12)

Recalling that the axial stress 7., induced by the moment s, is

Tow = Z—% (3.2.13)
with
h = 1, sinw,y. (3.2.14)
The final expression for the axial stress 7, induced by the moment i, reads
2 o 12 COS Wy
= . 3.2.15
T { R, Yy sin? Wy ( )

To summarize, in the work discussed above a constitutive law of a continuous material,
equivalent to the initially discrete material, is established, and the constitutive law of the
fabric is obtained from a micromechanical analysis performed on an elementary cell (the unit

cell), corresponding to the wavelength of the undulation of the threads.



CHAPTER 4

Basic models for inextensible networks
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In this chapter we present a short review of the existing theory of inextensible networks.

Such theory describes some features of the mechanical behavior of cloth and cable networks.

In 1955, Rivlin [59] proposed a theory of networks formed by inextensible cords. He
considered the mechanics of a plane net made by two families of parallel inextensible cords,

and obtained general solutions of traction boundary value problems.

Between 1980 and 1986, in a series of papers, Pipkin, [54] [52] [51] [50], further developed

the theory of inextensible networks.

In 1986, Wang and Pipkin, [66] [67], formulated a theory of inextensible nets with bending
stiffness. The resulting continuum theory is a special case of finite-deformation plate theory,

in which each fiber has a bending couple proportional to its curvature.

In 2001, a theory of bending and twisting effects in three-dimensional deformations of
an inextensible network was presented by Luo and Steigmann [37]. They derived the Euler-

Lagrange equations and boundary conditions by a minimum-energy principle.

33
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In the following we will focus on Wang and Pipkin’s [66] and Luo and Steigmann’s [37]

works.

4.1. The model of Wang and Pipkin

4.1.1. Kinematics

We consider a sheet composed of two families of inextensible fibers. Initially, the fibers lie in
a plane region and each family of fibers is parallel to one of the coordinate axis. The fibers

are assumed to be continuously distributed.

Let 7(X!, X?) be the position in the current configuration of a point of the fibers with

reference coordinates (X1, X?).

Also, the same kinematical hypotheses of Section 2.2 hold.

4.1.2. Equilibrium equations

Let tds be the force exerted across a directed arc dr = a;dX "' + a2dX?, whose initial length
is ds, and write

tds = t1dX? — tyd X! (4.1.1)

with ¢; the force per unit length exerted across the line X! = X! by the material located
on the side X' > X& on that on the side X' < Xé, and to the force per unit length exerted
across the line X? = Xg by the material on the side X? > Xg on the material on the side
X2 < X¢.

Assume that an externally imposed force f per unit reference area acts on the sheet.
Then, at equilibrium, for any part P of the sheet, the sum of the external forces and the

forces exerted through the boundary of the sheet is zero, hence the following equation holds
f{ (t1dX? — todX1) + // fdx'dx? =o, VP C . (4.1.2)
oP P

Equation (4.1.2) holds for any part of the sheet, so that, if ¢; and ¢y are smooth, using the

divergence theorem, the local form of the balance of forces

t171 + t2’2 + f =0 (4.1.3)
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follows.

Assume that the material is endowed with bending stiffness. Let ¢; and ¢ be the couples
per unit length, defined with the same sign convention adopted for ¢;, to, so that the couple

c per unit reference length across a directed arc is given by
cds = c1dX? — cpdX". (4.1.4)

Balance of couples asserts that the torque exerted on any part of the sheet added to the

bending couples, vanishes for any part P of g

]{ r X (b1dX? — todX ') + // rx fdX'dXx? +f (c1dX? — cdX') =0, VPCYX
aP P P

(4.1.5)
which yields the local equation
(rxti+c)1+(rxta+ec)a+rxf=0. (4.1.6)
If (4.1.3) is satisfied, (4.1.6) becomes
rixti+roxta+ci+c2=0. (4.1.7)

4.1.3. Constitutive equations

The small bending stiffness of the fabric can usually be neglected, but it has to be accounted
for in deformations that involve wrinkling. In this section, simple constitutive equations
for the couple stress vectors that account for bending couples in the deformed sheet are

postulated, following Wang and Pipkin.

These authors assume that each fiber in the fabric supports a bending couple proportional

to the curvature K of the fiber, i.e.,
c1 =T'a; % ayl = F]Clbl Cy = FCLQ X a2 = F’Csz (4.1.8)
where the positive constant I' is the stiffness coefficient.

Usually, in theories with no couple stress, the balance of couples yields a restriction on the
form of the constitutive equation for the stress, equivalent to the requirement of symmetry
of the stress tensor. Here, equation (4.1.7) may be treated in a similar fashion: #; and ¢,

are required to be such that (4.1.7) is satisfied identically, so that the rotational equilibrium
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equation (4.1.6) is automatically satisfied whenever the translational equilibrium equation
(4.1.3) is satisfied.

Also the following constitutive relations for the stress vectors hold

t1 =Tia; + Sag — FCLLH
(4.1.9)
ty = T2a2 + S(Il — Fa,2’22

with 77 and T5 the fiber tensions (reactions to the constraint of inextensibility of the fiber)
and S the shear stress. When the stiffness coefficient I' is zero, these equations reduce to the
equations of the theory of networks with no bending stiffness of Pipkin [50], and the stress

is symmetric by the equality of the shear stress S in the two equations.

However, in the present case, the stress is not symmetric and in general not tangent to
the sheet. The terms involving I'" have non vanishing components in the IN direction, which

are analogous to the shearing stresses on the cross section of a plate.

4.2. The model of Luo and Steigmann

4.2.1. Constitutive assumptions

Luo and Steigmann in [37] developed a model for an inextensible network which takes into
account both bending and twisting effects in three dimensional deformations. The network is
composed by two families of elastic inextensible fibers satisfying the Bernoulli-Euler hypothe-
ses, i.e., the cross sections of each fiber remain plane, undergoes no strain, and are normal to
the fiber in every configuration. It is also assumed that fibers are fastened together at their
points of intersection to prevent slip of the fibers of one family relative to the other. The

same kinematical hypotheses of subsection 2.2 are assumed to hold.

The basic idea is to assume that to each family of fibers in the actual configuration is as-
sociated an orthonormal basis {agl)}i:m,g and {al@)}i:l,g,g, that describes the configuration

and the twist of each family of fibers.
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(1)

The unit vector a;’ corresponds to the tangent vector to the first family of fibers, and

(2)

a;”’ is the tangent vector to the second family of fibers, so that

1)

a;’” = ay

1 1
a0 =5, 4.2.1
n W, (1) (4.2.1)
a; -aj X a, = €k
i i k=1,2,3

with ¢;; the Kronecker delta and e;j;, the permutation symbol. Analogously, an orthonormal

basis {az@)} is associated to family ag, with:

a(z) = a
1 — @2
2 2
o’ a0 =5, 422
2 @ (2 _ (4.2.2)
a;” -a; Xag = e
i g, k=1,2,3.
Also, let
1 8aV 1 9a?
1 y k(1) 2 L Y% (2)
T gtk Xt Y T gluk g xe Y (4.2.3)

We show that the twist and the curvatures of the a; and as lines can be expressed in terms
of /ﬁ;} and n?.
(1)

In order to express the triad a; ' in terms of the Frenet’s triad {ai,n1,b;} Luo and

Steigmann introduce the angle '(X*!, X2) through the relations
(1)

a;’” = ay
agl) = cosf'ny +sinf'b; (4.2.4)
agl) = —sinf'n; + cosh'by,

and the angle 2 associated to the second family of fibers by means of expressions analogous

to (4.2.4) involving the az(?).

After some substitutions, the following equations are found for the first family of fibers

k=714 7801
= oX!
Ky = Klsin 6! (4.2.5)

/@% = K!cos f!
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and for the second family of fibers

06?
2 _ 2
K =T+ X2
K3 = K? sin 62 (4.2.6)

K3 = K2 cos 62.
where IC!, IC? are the curvatures of the fibers.

Introducing the twist angles 8!, 32 for each family of fibers, through

00" 002
gl =714 o =72+ e (4.2.7)
equations (4.2.5)1, (4.2.6)1 can be written as
gl =kl B2 = K3 (4.2.8)

Hence, the independent variables of this model are the vector r, and the angles of twist of

the sections ! and 2.

4.2.2. The Euler—Lagrange equations

Luo and Steigmann consider a strain energy density per unit reference area of the form
W =W (sinv, £, K2, 8L, 52).

is assumed to be

The energy functional E(r, agl), az@)

E(r,a",a!?) = / W(sinv, K1, K2, 8, 82)dX 1dX? — / f-rdX'dx?
20 EO

- or w1,

- t-r+m-_—+n;’-ay,’+n

fgzo < ay 1 2 2

O a(gl) + n?) . a(22) + néQ) . ag2)> ds

(4.2.9)
where the last integral is a line integral along the boundary of the region occupied by the
or

ov

the outward normal v to %. f and t represent dead loads per unit reference area and unit

fabric, denotes the partial derivative of » with respect to arc length in the direction of

reference length respectively. Finally, ngl)(s), ngl)(s), n§2)(s), néQ)(s) are dead loads per unit

length of 0¥ and are related to the boundary condition for the twisting couples.
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A lengthy calculation shows that the Euler Lagrange equations of the above functional

are
o (oW oW
_ gl _ _
=Tlay+ 5o a2 — oo grm ) + gk
oW o oW oW
2 Y =z 2
Tt 5an ™ axe \ax2™) T gt
i AL W (4.2.10)
axt \ gt
o o |
o og)-
ty to _
axt Toxz TT0

In order to compare this model with the one of Wang and Pipkin, relations (4.1.9), (4.1.3),
where the inextensible network has only resistance to shear and bending stiffness, and twist

is neglected, consider a special form of the strain energy function

8a1 8(11 8(12 602
W =Wy(a; -az) + F <6X1 axT T axe 8X2) (4.2.11)
or equivalently
. 1 1\2 1\2
W = Wo(sing) + 5T [ () + (K)’] (4.2.12)

with I' the stiffness coefficient of equations (4.1.8). Using (4.2.12) in (4.2.10), we obtain

dW,
t, = Tlal + : 0 a; — 1—\C'/l,ll
g
ty = T2ay + ———ay — Tagon (4.2.13)
ot ot dsin~y
1 2
-1 0
axt Tax: I =

that are equivalent to equations (4.1.9).
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Inextensible networks with bending and torsional effects
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In this chapter we discuss the model for two families of inextensible fibers forming a
surface published in [29]. The bending stiffness and the resistance to torsional changes of
the fibers are taken into account, in order to describe the static behavior of textile fabric.
We assume that each fiber supports a torsional couple proportional to the torsion of the
fiber. We obtain a set of equations accounting for the effect of the torsion of the fibers
on the deformation of the sheet. We first consider a strain energy density in an additive
form, such that the contributions due to shear, torsion and bending effects are taken into
account separately, and then generalize the result to an arbitrary dependence of the energy

on curvature and torsion.

5.1. Basic assumptions

We consider a surface S made of two families of inextensible fibers. Fibers are continuously
distributed. The reference configuration of the surface occupies a plane region 3. Let X!, X?

41
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be cartesian coordinates in Yy: we assume in this section that, in the reference configuration,
the two families of inextensible fibers lie parallel to the X!, X2 axes. Let A; be the tangent
vector to the curve corresponding to the fiber X2 =const. in the reference configuration, and
A, the tangent vector to the fiber X' =const.

The tangent vectors a; and ag to the deformed fibers are defined trough relations (2.1.2).
Since the fibers are assumed to be inextensible, these vectors are unitary; a Frenet’s triad
of vectors, satisfying equations (2.2.4), is associated to each family of fibers, respectively

{a1,m1,b1} to the first family of fibers and {ag, n2, ba} to the second family of fibers.

The same notation as in the previous chapter is adopted for the angle of shear v and for
the normal vector N = w.
|(11 X a2|

We assume that the fibers forming the network satisfy the Bernoulli-Euler hypotheses:
namely, the fiber cross sections remain plane and orthogonal to the central line of the fiber.
We also assume that at the intersection points of the two families the fibers are fastened

together, so that one family of fibers does not slip relative to the other.

5.2. Torsional effects

In this section we develop a model that describes the effects of the torsion of the fiber
on the deformation of the fabric. We assume that to each family of fibers a torsional couple
is associated. In particular, we are interested in describing the effects related to the torsion
of the central lines of the fibers, but neglecting the rotation of the sections of the fibers: by
consequence, we choose couples proportional to the torsions 71, 79 of each family of fibers.

Recall that the torsion of a curve measures how much it deviates from being plane.

Let ¢ be the torsional couple per unit reference length across a directed arc
cds = ¢1dX? — cpd X! (5.2.1)

where the same sign convention used for (4.1.1) is adopted.

The balance of forces (4.1.2), (4.1.3) and the balance of couples, viz. relations (4.1.5) and
(4.1.6), still hold. The balance of forces reads

jf (t1dX? — tadX1) + // faxtdx? =o, VP C .
oP P
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Hence in local form
ti1+ta2+ f=0. (5.2.2)

The couple balance is
f rx(tldXQ—tngl)—l—// rxdeldXz—i-]{ (c1dX?—cdX) =0 VYPC Xy (5.2.3)
P P oP
which becomes in local form
(’l“ Xt1+01)71+(’r Xt2+02)’2+’r x f=0. (524)
When (5.2.2) is satisfied, (5.2.4) reduces to
r1 Xt +roXxXty+ec1+ceo=0. (5.2.5)

We first assume that the vector associated to the couple of the first set of fibers, is related

to the binormal by the constitutive relation
Ccl = A1b1 X b171 (526)

with A; a constant coefficient measuring the resistance to torsional changes of the first family
of fibers. We show below that such a constitutive relation follows from the assumption that

the energy is quadratic in the torsion.

Using (2.2.4)3, we have

Cc1 = A17'1a1.

Similarly, letting
Cy = A2b2 X b272 (527)

for the second family of fibers and by Frenet’s formulae, we obtain
Cy = AQT 2a9.

From definition (5.2.1), since a; = r; (with ¢ = 1, 2), and using Frenet’s formulas (2.2.4), the

couple balance (5.2.4) becomes
a; X t1 + A Ky (bl X CL1) + A17’171a1 + ag X tyg + Aoy (bQ X a2) + AQTQ’QGQ =0 (5.2.8)
and, rearranging terms

a] X [tl — A17'1/C1b1] + A171,1a1 = —a2 X [tz — A27’2’C2b2] — A27'272a2. (5.2.9)
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5.3. Special solutions: helical fibers

If we restrict to helical fibers, the torsions remain constant along the fibers, and the

derivatives 711 and 799 vanish. Equation (5.2.9) then becomes
a) X [tl — AlTllClbl] = —as X [tQ — AQTQICQbQ] . (531)

Notice that the left and right members of this equation are orthogonal to a; and as respec-

tively: let gal X ay be their common value. Then

a) X [tl — AlTllClbl] = [tg — AQTQICQbQ] X ag = 5(11 X as (532)
so that
aq X [tl — A1T1]C1b1 — 502] = 07 (5.3.3)
and
[tg — AQTQ]CQbQ — gal} X ay = 0. (534)

Now, (5.3.3) implies that the vector in the square brackets is parallel to a;. Let T a1 be its
value. Analogously, the vector |:t2 — Ao Koby — gal} is parallel to a9, and we write T. 509

for its value. We conclude that the following equations hold

t, = ﬁal + §a2 + A1 KC1by

ty = Thag + Say + AomoKab

2 242 a; 272202 (535)
T171 =0

7'272 =0.

Comparing these equations with those obtained by Wang and Pipkin (4.1.9), it can be easily
seen that T 1 and fQ correspond to the fiber tensions 77, 75, namely the reactions to the
constraint of fiber inextensibility. Also, S corresponds to the shearing stress S, but new

terms A171/K1b1, AamoKobsy related to the changes of torsion appear.

5.4. Strain energy

We now discuss the general model that accounts for bending and torsion of the fibers. In

this case, it is meaningful to consider a strain energy function W of the form

WZW(Sin”y,Kl,K:Q,Tl,TQ). (5.4.1)
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Recalling that
siny = ay - ay, (Ki)? =ai;-ai; , (1:)* = by - b, (5.4.2)
it is clear that W in (5.4.1) is a special case of

W =Wi(ai, az, ai,1, az2, b1, bao). (5.4.3)

The dissipation inequality, a statement equivalent to the second law of thermodynamics,
imposes restrictions on the structure of the constitutive relations. To see this, consider
(in this section only) time-dependent deformations r = r(X? t), and notice that the Frenet
basis at each point of a fiber undergoes a rigid motion under such a deformation (being an
orthonormal basis by definition). Hence, denoting the time derivative by a superposed dot,
there exist vectors w;, ¢ = 1,2 such that a; = w; x a;, n; = w; x n; and bz = w; X b;. The
dissipation inequality states that the rate of change of energy cannot be larger than the work
done by internal forces, for each process and each portion P of the surface (we have assumed
that the external forces and couples vanish)

j/ W da < / (t1 - PdX? —ty - PdX) +/ (c1-widX?—cy wrdX').  (5.4.4)
tJp oP oP
Applying the divergence theorem and (5.2.2), and differentiating under the integral sign, and

taking into account that the subsurface P is arbitrary, we find
W — tl . dl — t2 . dg —Cl,1 W] —Cl W11 —C22 W2 —C2-W22 < 0. (545)

To account for a dependence of the stored energy on both the curvature and torsion, assume
that (5.4.3) holds. Then

Wt W e WV e IV W I
day ! Oas 2 8a171 L1 80,272 2.2 (%1,1 L1 Obs 9 2.2

)

W =
Recalling that a; = w; X a;, so that a;; = w;; X a; + w; X a;;, we obtain from (5.4.5)

axa—w—a Xt +a xal—i—b xal—c - W
1 9a, 1 1 1,1 Dar s 1,1 b1, 1,1 1

oW ow ow
+lag X — —ag Xty +ags X 74—1)2’2)( o7 €22 | w2
das T Odasa 0bs o

+ axa—w—i—b xa—W—c wil+ axal—kb xa—W—c woo <0
1 Dar s 1 b1, 1 1,1 2 Dass 2 b2 2 22 = 0.
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Requiring that the above inequality holds for every time-dependent deformation, yields the

constitutive relations

cL=a xal+b xal cr=a xal+bxaw
1 =ai Dai, 1 8b171’ 2 = a3 Dazs 2 ab2’27

(5.4.6)

and the restrictions

ow <8W) <8W>
al X — —a] Xty —ay X —b1>< =0
1 1

Oa; 0b1 1

)

and

agxgvv—agxtg—agx<8w> —b2><<8W> =0
2 2

a

Rewriting the first equality above as

ow ow ow
o (f%l - <3a1,1),1 - tl) —h <ab1,1>,17 47

and taking the scalar products of (5.4.7) with b; and a; respectively, we obtain the consti-

tutive restrictions

ow ow ow
" <3a1 - <3a1,1>,1 - tl) —hom (31’1,1),1 -0 (545

Moreover, notice that (5.4.7) does not yield any information on the component of

ow ow
( — ( > - t1> parallel to a1, which is therefore indeterminate, so that we may
1

8a1 8a171
ow ow
== — — — _T
a; <8a1 <8a171>71 t1> 1,

write
with 77 an indeterminate multiplier, an analogous relation involving a multiplier 75 holding
for the second family of fibers. It follows that (5.4.7) reduces to the relation

Ly (W (oW N\ (oW
! aal 80,171 1 ! - 81)1,1 71'

Collecting the above results, we obtain finally the constitutive relations

oW oW ow
b Toa W i Na b 5.4.9
1 151 daq <8a171>71 ( ! <8b1,1>,1> ' ( )
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ow ow ow
_ _ = . 4.
to =Tzas + Oas <8a2,2),2 - (a2 <3b2,2>,2> . (54.10)

The relations (5.4.6), (5.4.8), and (5.4.9), (5.4.10), are the constitutive relations of a

theory which includes both curvature and torsion.

and

It is not difficult to show that the above relations reduce to (5.3.5) for an energy function

of the form

1
W = Wy(sinvy) + §(A1712 + A27'22).

5.5. A cylindrical shell made of helical fibers

Consider a cylindrical shell made of two families of inextensible helical fibers. Let L and
R be the vertical step and the radius of the helices of the two families. A given configuration
of the cylinder can be parametrized as

Xl-Xx2

T = Rcos ————
/R2+L2 /4x2

X'-Xx2

y = Rsin TR

L X14Xx2

2= 5=
27 /R2+L2 /4>

for

X' — X2 € (—n/R? + L2/4n2, w\/R2 + L2 /4x2),
X'+ X% € (0,2nH\/R2 + L2/4n2/L),

with H the height of the cylinder. The curves X' = const. and X? = const. define two
families of transversal helices with radius R and step L, and X', X? are the arc parameters

for each family.
The Frenet basis of the two families are

1

. X1-x2 X1-x2 L
a| = —F———— —Rsmi RCOS* oy
V= Re L2 /4ne ( /R2+ 12 /4n2’ /R24L2 /4r2’ 2T
X1-x2 . X1-x2
ny = — COS —F/—/——————=, — Slll —F———= O
! < R+ L2)4n2’ R+ L2 )4n?’

. 1_x2 1_y2
by = 1 L Xl-x CL g XX )

—F— | 5 Sl —YFY—Y— R
\ /R24+12/4n2 \ 27 /R2412/4n2’ 27 /R24+ L2 /4n2’
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and
1 . X1-x2 X1-x2 L
ay=—F——— | Rsin———=— —Rcos ———— =
27 /Rt L2/4n? < /R2412 /4n?’ /R24 12 /4n?’ 27f>

X1-x? : X1-x?

no = — COS —F—————=, — Sll —F——————v= 0
2 ( /R2+12/4n2’ \/R2+12/4n2’
1 2 1 2
bo=— — 1 [ Lgp X=X L.y XX _p
{ 2 /R2+L2/47r2 2w /R2+L2/4ﬂ.2’ 2m /R2+L2/47r2’

The curvature and torsion of each family is

R L/27
Ki= 55775 T =5 575
R? + L2 /472 R? + L2 /472
and
R L/27
o= oy D=,
R? + L2 /472 R? + L2 /472
and
. 5 L2/47T2 —R?
. — S1n = —_ T a == -
aj - as = siny = cos /i § B2
Notice that
n=ng=mn, Ki=K=K n=-n=r
Notice also that the identity
L
=K— 5.5.1
T 2rR ( )

holds.

5.5.1. Energy, stress and couples

Consider now a quadratic energy accounting for shear, bending and torsional effects

A B C
W= E(Sin’r— sin”)? + 5 [(K1— K9)? + (K2 — K9)%] + ) (=) + (2 — 73)%].

The corresponding tension for the first family of fibers is (a similar formula holding for the

ty =Tia; + oW as — ow +|a Gl b
t= At 88111’}/ 2 80,1,1 1 ! 8b1,1 1 b
which yield

t, =Tiai + A(Sin’y — sin’yo)ag — B(’Cl — K?)(—Klal -+ lel) + C(Tl — T?)Klbl,
to = Thas + A(sin*y — sinfyo)al — B(ICQ — IC(Q))(—ICQGQ + szg) + C(TQ — 7—20)’C2b2.

second family)
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For a cylindrical surfaces made of helices, the above formulas reduce to

t; = Tia; + A(siny — siny)as — B(K — K°)(=Kay + 7b1) + C(1 — 79) Kby,
ty = Thas + A(siny — siny)a; — B(K — K°)(—Kaz — 7b3) — C(17 — 7°)Kbs.

Also, the couples are given by the relations

cr=a xal—i—b an
P dary T Ok

=a1 X [B(K:l — IC(l))nl] — b1 X [C(Tl — T?)nﬂ
= B(K - ICO)b1 +C(1— To)al,

and

¢y = B(K — K%by — C(1 — 7" as.

5.5.2. Force balance

We may now compute the divergence terms in the equilibrium equation £1 1 4+ t22 = 0:
ti1+tao =T11a1 + Tooas + [(Tl + To)K — 2A(siny — sin’yO)IC
+ 2B(K — K°)(K? + 72) — 20(7 — ")K7] n,
from which we obtain
Ti, =T =0,

and

%(Tl +Ty) = A(siny — siny?) — B(K — KO)(K? + 7%) /K + C (7 — 7°)1. (5.5.2)
Consider now a pure traction problem with boundary conditions

tiv! +to® = Pk, (5.5.3)

with P the externally applied traction, k = (0,0,1) the unit vector parallel to the axis

2

of the cylinder and v! = v? = v the unit normal to the boundary of the cylinder, i.e.,

two circles of radius R, with equations X! + X? = 0 (lower boundary) and X! + X? =
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2nH+\/R? + L?/47% /L (upper boundary). Since

L/m 2R
a; +as = k, a) — ay = ——— ey,
VRZ + L2/4n? VRZ + L2/4n?
2R L
by — by = k, bl+b2=—¢€9,
VRZ + L%/4n? VRZ + L2/4n?
with ep = [ — sin —X=X2 X X" 0] and
€0 = > \/R2+L2/47r27cos VR2+L2/4n2’ a

1 1
Tiay + Thas = §(T1 +Ty)(a1 + az) + §(T1 —T3)(a1 — ay),
the boundary conditions yield the equations

0 :%(T1 _ 1), (5.5.4)

\/#7;/47#(;(73 + T3) + A(siny — sin~%)) + B(K — KY)K)

2R

+
VR? + L?/4n?

Using (5.5.2) in (5.5.4), we finally obtain

Plv =

(-B(K — K7+ C(r — 19)K). (5.5.5)

L (2 A(siny —sins®) — BUC— K°) = 4 C(r — 7))
VR + L2 in? T K
2R

_|_
VR?+ L? /472

Plv =

(-B(K — K7+ C(r — 79)K). (5.5.6)

5.5.3. Couple balance

The couple balance is ¢11 + 22 + a1 X t1 + a2 X t3 = 0. For a surface made of helical fibers,

we have

e+ a2 == B(K = K"+ C(7 = 7")Kn
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and
a1 X t1 +ay X ty =a; x Thay + as x Teas + A(siny — sin’yo)(al X ay +az x ap)
+B(K - K%rn - C(r — 9)Kn
- B(K-KYm+C(r—7Kkn=0

Therefore, the couple balance is identically satisfied and does not yield any information. The

boundary conditions for the couple balance for a pure traction problem are
vt + e +r x tivt + 1 x tor? = r x Pk + Mey, (5.5.7)
where M is an externally imposed boundary moment, and imply that, by (5.5.3),
61V1 + 021/2 — Mey =0,

at the boundary of the cylinder. For helical fibers, we obtain

= ! —% — K0 T—TO
M/v = \/m( — (K~ K°) + 2CR( )). (5.5.8)

Equations (5.5.6) and (5.5.8) are the basic relations that allow to compute the deformation
of a cylindrical sheet made of inextensible fibers, given the traction and the moment at the

boundary.

S
=

F1GURE 5.1. A cylindrical shell made of helices.
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In this chapter we address the issue of material symmetry for surfaces made by networks
of fibers, in order to characterize the restrictions on the elastic energy function due to the

geometry of the network and the material properties of the fibers.

When the weave pattern is plain (alternating intersections between the fibers, cf. McBride

and Chen [40]), four basic structures for the network are possible: the square structure

53
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(orthogonal equivalent fibers), the rectangular structure (orthogonal inequivalent fibers), the
rhombic structure (non-orthogonal equivalent fibers), and the parallelogram structure (non-
orthogonal inequivalent fibers). Each of these structures is characterized by a symmetry
group. We extend to this case a technique, based on the so-called Rychlewski’s theorem (cf.
for instance, Boehler [7] [8]), that allows to explicitly compute the basic polynomial invariants
of the action of the symmetry groups and, by consequence, the general form of an invariant
stored energy density (cf. Spencer [64], Holzapfel [26]). Rychlewski’s theorem is extensively
used to compute the invariants depending on the Cauchy-Green tensor for fiber-reinforced
materials (cf. for instance Hartmann [24], Aksel and Itskov [3], Schroder and Neff [60] the
applications of Aimene [1] for textiles and of Gasser, Ogden and Holzapfel [16] to arterial

walls).

The classical form of Rychlewski’s theorem, however, does not distinguish between sym-
metry operations that interchange the fibers, and cannot discriminate, for instance, between
the square and the rectangular structure. The result has been extended to cover these cases
also (cf. Zhang and Rychlewski [70]), but we prove here an alternative generalization that
allows to compute the polynomial invariants that depend up to the third derivatives of the
deformation, and discuss the general form of an invariant energy depending on the shear

between the fibers, and their curvature and torsion.

To compute the invariants, we have used the computer package ’Singular’, available online

at http://www.singular.uni-kl.de (cf. Greuel, Pfister and Schoenemann [18]).

6.1. Material symmetry and objectivity

Consider a deformation r : Q — R3 with Q C R2 for a deformable surface or Q C R? for

a 3 three-dimensional body, with deformation gradient F'.

A rigid body motion in R? is a transformation
x— Qx+b  QcSO(3), beR3
Clearly,
r(X)—Qr(X)+b

for X € ), so that F — QF is the associated transformation of the deformation gradient.
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For a hyperelastic material with elastic energy density W = W (F') the objectivity condi-
tion is the requirement that the energy is invariant under superimposed rigid body motions,
ie.,

W(QF)=W(F), QeS0(3), (6.1.1)

which in turn implies that W can be written in terms of the right Cauchy-Green tensor
C = F'F, so that W = W(C) (with abuse of notation we denote by the same symbol W
the energy as a function of F and of C). Hence, objectivity is related to invariance under

transformations acting in the actual configuration.

Consider now a transformation of the reference configuration of the form
X — RX +d, R € GL(n),deR", X €Q,

with n = 2 or n = 3, with GL(n) the group of invertible linear transformations of R™.
Such a transformation is a material symmetry operation if the energy does not change in
the new reference configuration. For homogeneous materials, such that the elastic energy is
independent of X, the induced transformation of the deformation gradient is F' ~— FR',

and the set G of R € GL(n) that leave the energy invariant, i.e.,
W(F)=W(FR") < W(C)=W(RCR") (6.1.2)

defines the material symmetry group. For instance, the material is isotropic if W(C) is in-
variant under O(3), i.e., W(C) = W(RCR") for every R € O(3). Hence, material symmetry

is related to invariance under transformations acting in the reference configuration.

6.2. Transversely isotropic materials

Consider a 3-D fiber-reinforced composite made of an isotropic matrix and a family of
reinforcing fibers. The fibers are continuously distributed and have the same direction in the
reference configuration Q C R3 of the material. Denoting by = : Q — R? a deformation, we
write A for a unit vector parallel to the fiber direction in the reference configuration, and F'

for the deformation gradient.

Assume that the material is hyperelastic and isotropic with elastic energy density W =

W (C). The presence of a family of reinforcing fibers in an isotropic matrix gives the material
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transversely isotropic properties, characterized by the invariance of W under rotations that

preserve the fibers direction.

Let G be the group of orthogonal transformations which leave the axis parallel to A
invariant, i.e.,

G={RecO(3)/RA = +A}, (6.2.1)

whose elements are the rotations with axis parallel to A and the reflections in the planes

parallel or orthogonal to A.

If we assume the matrix material to be hyperelastic, then it is customary to assume that,

in the presence of fibers, the transverse isotropy condition holds (Holzapfel [26]):
W(C)=W(RCR'"), VREeG. (6.2.2)

Transverse isotropy can also be characterized alternatively in terms of the so-called structural

tensor

M =A® A.

In fact, the group of orthogonal tranformations that leave the structural tensor invariant is

clearly G itself, i.e.,
G = {Re 0 (3):RMRT=M}.

Assume now that the elastic energy W can be written as a function of C' and the structural

tensor
W =W(C,A® A). (6.2.3)

According to Rychlewski’s theorem (see section 6.3 below, cf. Zhang and Rychlewski [70])
the transverse isotropy condition (6.2.2) is satisfied if and only if the strain energy (6.2.3) is

an isotropic function of C' and all the structural tensor M, i.e.,
wQCQ,QMQ")=W(C,M) vQ < 0(3). (6.2.4)

This results allow to use the isotropic invariant theory to derive representations for the
anisotropic energy density function. Recall that an integrity basis for a group action is a set
of polynomials invariant under the group action, such that any other invariant polynomial
is expressible as a polynomial in the elements of the integrity basis (Betten [6], Smith [62],
Smith and Rivlin [63], Liu [34] and Xiao [69]).
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Given a group T of orthogonal transformations such that, for each Q € T,

Q: Sym(3) x RK;(3) — Sym(3) x RK;(3)
(C, AvA) — (QCQ", Q(A®A)Q")

where Sym(3) is the space of symmetric linear transformations of R3, and RKj (3) is the space
of rank-one linear transformations of R3, then an integrity basis of the action of 7' on C and
A ® A is given by the polynomials, in the ring R[Y] with Y = {Sym(3) x RK;(3)},

L(C) =txC,

L(C) :% (2C)? — 1 (C)?]

I5(C) = det C, (6.2.5)
1(C, A) = A-CA,

I(C,A) = A-C?A

Notice that I4 corresponds to the square of the stretch in the fiber direction, and if the fiber
is inextensible this invariant is identically constant and equal to one. (For more details see
Spencer [64], Smith and Rivlin [63], Green and Adkins [17], Gurtin [22]).

6.3. Rychlewski’s theorem and its extension

We now formulate and prove two results, the first of which known as Rychlewski’s theo-
rem, that allow to compute the anisotropic invariants of a fiber-reinforced material in terms
of suitable isotropic invariants of an extended energy function. We henceforth generalize the

classical result to cover more general classes of anisotropy.

6.3.1. The classical formulation

We work in arbitrary dimension n in this section. For Ay, ..., Ay € R" fixed vectors parallel

to the fibers, define the structure tensors by

M, =A; ® Ay,
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and consider the group G which maps each structure tensor into itself (the restricted sym-

metry group of the structure)
G={ReO(n)/RA;==£A;,i=1,...,N}
- {ReO(n)/RMiRT — M, ¢:1,...,N}.
Also, denote by M the orbit of (My, ..., My) under O(n), viz.
M={(amQ’,..QMQT) |
={(QA1®QA1,...,QAN @ QAN)}qeom) -

Let C € Sym(n) be a symmetric tensor, and consider an elastic energy density of the form
W = W(C). We say that W is invariant under G if W(C) = W(RCR") for all R € G and
C € Sym(n).

THEOREM 6.3.1. [Rychlewski’s theorem] (i) If W is invariant under G, then the
extended energy function W, defined on Sym(n) x M by

W(C,P;) :=W(QCQ"), (6.3.1)

with P; € M and Q € O(n) is such that QP;Q" = M; for every i =1,...,N, is an isotropic

function of its arguments.

(ii) Given an isotropic function W on Sym(n) x M, the function W on Sym(n) defined by

W(C) := W(C, M), (6.3.2)

18 invariant under G.

Proof. (i). First notice that, since W is invariant under G, the definition (6.3.1) makes sense.
Since the orthogonal transformation Q such that QP,Q" = M;, for every i = 1,..., N, is not
unique, we must verify that the definition (6.3.1) is independent of Q. Let Q' be another
such transformation: then since QP;Q’T = M, it follows that Q' Q' M;QQ'"T = M; for
every i = 1,..., N, so that Q' Q" = R €G. Hence,

W(C,P;) =W (QCQT)=W(RQCQ'R") = W(QCQ") = W(C,P,),
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by the invariance under G, and this proves the assertion. Now, for every U €0(n), noting
that QU ' (UPiUT) UQ'" = M; and using (6.3.1), we have

W(UCUT, UP,UT) = W(QU™ (UCUT) UQT) = W(QCQ") = W(C, Py,
which proves that W is an isotropic function of its arguments.
(ii). By hypothesis W is isotropic, hence
W(UCU'T,UP,U") = W(C,P,),
for every U € O(n). Choosing U = R € G, by (6.3.2) we have
W(RCR") = WRCR',M;) = W(C,R"M,;R) = W(C,M,) = W(C),

i.e., W is invariant under (G, and this completes the proof.

The above result shows that an energy function invariant under G' can be expressed as a

function of the isotropic invariants of (C, M;).

6.3.2. Extension of the classical result

The restricted symmetry group G of a structure is in general too small to describe its symme-
try properties, since it does not allow for symmetry operations that interchange the structure

tensors. The full symmetry group of a given structure is defined as
H= {R €O0(n) | RA, = (1WA, i=1,...,N,
for some o € Sy, (i) € {0,1}}
_ {R €O(n) /RMRT =M,;), i=1,..., N, for some o € SN} . (6.3.3)
By definition, the maps
R— (\1),...,A(N)) €{0,1}Y, R o€ Sy,

are group homomorphisms of H into RY (as an additive group) and Sy, the symmetric group
on N elements, i.e., the group of all permutations of the indices i = 1,..., N. We denote by
H' the image of H in Sy.

The following result generalizes the theorem of the previous section.



60 Invariants

THEOREM 6.3.2. (i) If W is invariant under H, then the extended energy function W,
defined on Sym(n) x M by

W(C,P;) :=W(QCQ'), (6.3.4)

with P; € M and Q € O(n) is such that QP;Q" = M; for every i =1,...,N, is an isotropic

function of its arguments, and is invariant under H', i.e.,

o~ o~

W(C,P,z;)) = W(C,Py), for every o € H'. (6.3.5)

(i) Given an isotropic function W on Sym(n) x M, invariant under H' (in the sense of
(6.3.5)), the function W on Sym(n) defined by

—~

W(C) := W(C,M,), (6.3.6)

1s invariant under H.

Proof. (i). We need to prove only (6.3.5). Notice first that if QP;Q" = M;, then also
QPU(Z')QT = M, ;). Moreover, since o € H', there exists R € H such that RM;RT = M (i
so that RTQPU(i)QTR = M,. Hence, using (6.3.4),

W(C,P,;)) = WR'QCQ'R) = W(QCQ") = W(C, Py),
which proves the thesis.
(ii). As before, by hypothesis W is isotropic, hence
W(UucuT, UP,UT) = W(C,P;),
for every U € O(n). Choosing U =R € H, by (6.3.2) we have
W(RCR") =W (RCR'",M;) = W(C,R"M,R)

:W<Ca Mo‘(z)) = W(C7Ml) = W(C)7
i.e., W is invariant under H, and this completes the proof.
The above result shows that an energy function invariant under the full symmetry group

H can be expressed as a function of the isotropic invariants of (C,Mj;) that is, in addition,

invariant under permutations in H’.
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Also, it is straightforward to extend Theorem 6.3.2 to functions depending on higher-
order tensors, after properly defining the action of the symmetry group H on these spaces
(cf. Section 6.5).

Finally, notice that an immediate Corollary of Theorem 6.3.2 is that the extended energy

function /W is such that

W(C,M;)=W(C,R"M;R), RecH. (6.3.7)

6.4. Surfaces made of two families of fibers

In what follows we consider a surface S formed by two families of fibers, as in the previous
chapters. The fibers are continuously distributed and those of each family have the same
direction in the reference configuration. We recall that A; and As are the unit vectors
associated to the fiber directions in the reference configuration, while A' and A? are their

dual, with associated coordinate system (X¢), a = 1,2 in R? (cf. Section 2.1).

6.4.1. The four basic patterns: square, rectangular, rhombic and parallelogram

We now introduce the four basic structures that characterize the symmetry properties of a

network of fibers.

6.4.1.1. The square structure. Consider first the case in which the two families of fibers
are mutually orthogonal in the reference configuration and have the same material properties
(Figure 6.1a).

We refer to this structure as the square structure. The full symmetry group H,, describing
the anisotropy of this material is generated by the orthogonal transformations of R? whose

matrix representation in the orthonormal basis (A1, A9) is

0 -1 -1 0
Rﬂ'/2 = ) Rl = ;
1 0 0 1
the set of permutations associated to the full symmetry group of the square structure is

H{, = S5, and the corresponding homomorphism is

R7r/2 = (12)7 R, — (1>(2>7
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with (1)(2) the identity permutation and (12) the transposition of 1 in 2. Also, the homo-

morphism H — Ry X Ry associated to the group generators is

R — (A1) =0,A(2) = 1), Ry — (A1) =1,A(2) =0).

6.4.1.2. The rectangular structure. In case the two families of fibers are mutually orthog-
onal and have different material properties and A; and Ao are not interchangeable, we refer
to the resulting structure as the rectangular structure, (Figure 6.1b). The full symmetry

group describing the anisotropy of this material is generated by

-1 0 1 0
R1 = s R2 = )
0 1 0 —1

where the matrix representation is taken in the orthonormal basis (A1, As). In this case, the
fibers are not interchangeable, so that H), = {(1)(2)} reduces to the identity permutation.

The homomorphism H — Ry X Ry associated to the group generators is

Ri— (\1)=1,A2)=0), Ry A1)=0A72)=1).

6.4.1.3. The rhombic structure. In case the two families of fibers, with the same material
properties, are not orthogonal, we refer to the resulting structure as to the rhombic structure

(Figure 6.1c). The symmetry group describing the anisotropy of this material is generated

by
cosd  sind —cosd —sind
R3 = ; R4 =
sind —cosd —sind  cosd
with ¢ the angle between the fibers, and the matrix representation is taken in the orthonormal

basis (A1, 7), with j orthogonal to A;. Notice that R3 and Ry are the reflections about the

lines bisecting the angle between A; and Asg, and the axis orthogonal to it.

In this case the fibers are interchangeable, from definition (6.3.3), it follows that the set
of permutations associated to the full symmetry group of the rhombic structure is H/, = S,

and the corresponding homomorphism is
R3 — (12), Ry — (12).
The homomorphism H — Ry x Rs associated to inversion of the fibers is

Ry (A1) =0,A(2) =0), Ry A1) =1,A2) =1).
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6.4.1.4. The parallelogram structure. Finally, if the two families of fibers are not orthog-
onal and have different material properties, we have the parallelogram structure of Figure

6.1d.

The symmetry group describing the anisotropy of this material is

me=fr=(40) = (7 2)

and HI’,T reduces to the identity, while the homomorphism H — Ry x Ry is just

T (A1) =1,A@2) = 1).

Ao
|
1 A
|
|
|
a b
\ A2 A2
\ ,’ /7
\
\ 5/
\
e [ N . _
_ T A 4 Ay
~ s \ v
s s
7 \ /
/ \ v
c d

FI1GURE 6.1. The four basic structures of a weave pattern. a: square, b:

rectangular, ¢: rhombic, d: parallelogram
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6.4.2. Application to a fibered surface without bending and twisting stiffness

We apply the above results to find a representation for a surface strain energy function of
the form W = W(C) that is invariant under the action of the material symmetry group

associated to the fibers. We neglect bending and twisting effects in this section.

Let H be the full symmetry group of the structure. Then, according to the generalized
Rychlewski’s theorem 6.3.2 the condition

W(C)=W(RCR") VRc H

is satisfied if and only if the strain energy can be written as an isotropic function W of C
and A1 X Al, AQ X Ag,

W(QCQ",QA12A1Q",QA:2A4:,Q") = W(C, A1® A1, Ax®As)  VQ € 0(2), (6.4.1)

which is additionally invariant under the permutations of the structure tensors corresponding
to H, i.e,

W(C, A1 ® A1, Ay ® As) = W(C, Ay1) © Apry, Ap(a) @ Agz) Yo e H'.  (6.4.2)
By analogy with Section 6.2, to form the integrity basis of the tensors C, A1 ® A1, Ay ® Ag

and to fulfill the requirement (6.4.1), eight invariants are needed. In fact, we know that, in

general, all polynomial isotropic functions of three 2 x 2 symmetric tensors
f = f(Sh 527 ‘53)
can be written as a function of the basic invariants

tr(S;), tr(S?), tr(S;8;), tr(S7S;),
tr(S;8%), tr(S753), tr(S515283).
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Specifying to our case and neglecting trivial invariants (such as Aj - Ag), we find that the

elastic energy W must be a function of

J1(C) = trC

Jo(C) = detC

J3(C, Ay) = A -CA

Ji(C,Ay) = A -C?’A (6.4.3)
J5(C, Ag) = Ay -CAy

Js(C, Ag) = A, -C%A,

J:(C,A1,A2) = (A;-A9)A;-CAs.
Now, by (2.1.6), the invariants become

Ji = 011|A1|2 + 2012A1 CA% 4 022|A2|2,
Jo = P(C11,Ch2,C)

Js =Cp
Jy = C}|AY? +2C1,C12AY - A% + CF,| A%, (6.4.4)
Js = Ca

Jo = C%|AY? +2012C9 A" - A% + C2,| A%,
J; = (Al A?)Cyo,
with P(Cq1,C12,C22) a second degree-polynomial in its arguments. Hence, two cases are

possible:
(i) Aj- Ay =0 & A'. A% = 0, i.e., the fibers are orthogonal (square and rectangular
structures). Then (6.4.4) reduce to

J1 = C11 + O,
Jo = 01109 — C%,,

J3 =Cn
Jy = C%l + C’1227
Js = Ca

J6 = 0122 + 0222,
so that the independent invariants are just

Ci1, Cy, C. (6.4.5)
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(ii) Ay - A # 0, i.e., the fibers are not orthogonal (rhombic and parallelogram structures).

In this case, (6.4.4) reduce to the list of independent invariants
Ci, Cxn, Ch, (6.4.6)

which are just the components of C in the basis A, As.

Notice that, if the fibers are supposed inextensible, C'1; = Cao = 1 identically. Taking into

account permutations, we may henceforth conclude that

(-) for networks with square symmetry, formed by two orthogonal families of equivalent
fibers, the permutation group H, ;q is S, so that the energy is a symmetric function of C1;

and Cas, but depends from the square of Cyo, i.e.,

W =W (Cyy + Cag, C11Co2, 0122). (6.4.7)

(-) for networks with rectangular symmetry, formed by two orthogonal families of non

equivalent fibers, the permutation group H/, is the identity, so that the energy has the form
W = W (Cyy, Cag, C%). (6.4.8)

Notice that, in both cases above, the restriction imposed by invariance forces the energy to
depend from the square (C12)2, which is just sin? v, with v the angle of shear (see def.2.2.1).
Physically, this means that a shear of angle v has the same effect than the shear of angle —v

on the shear density.

(-) for networks with rhombic symmetry, formed by two non-orthogonal families of equiva-
lent fibers, the permutation group H/, is again S, so that the energy is a symmetric function

of C11 and Cag, i.e.,
W =W (Ci1 + Ca, C11C2, C12). (6.4.9)

(-) for networks with parallelogram symmetry, formed by two non-orthogonal families of
non equivalent fibers, the permutation group HI’W is the identity, so that the energy has the

form

W = W(Cll,CQQ,Clz), (6.4.10)
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i.e., is just an arbitrary function of the components of C. In both cases above, the situation
is radically different from the square and rectangular structure: since the energy depends
arbitrarily from C1o, now a shear of angle v does not have the same effect than the shear of

angle —v.

We remark that the above results are an essential consequence of the extended version
6.3.2 of the classical Rychlewski theorem (section 6.3.1). Indeed, the restricted symmetry
group of the square and rectangular structures is the same, and the same holds for the
rhombic and parallelogram structures. Hence, these structures cannot be distinguished from

each other by the classical Rychlewski theorem.

6.5. Invariant functions of higher gradients

In this section we generalize the previous results to discuss invariance of energy functions
depending on higher gradients, in order to take into account curvature and torsion. An
argument similar to that following (2.1.4) shows that the following definitions of the higher

deformation gradients
VF =r,,5 0A* ® A”, VVF =r,,5, 2A% ® AP ® A7,

are independent of coordinates.

Recalling Section 6.1, we know that the material symmetry group acts in the reference
configuration, which corresponds to a right action on the deformation gradient, while the
group of changes of observer acts in the actual configuration, i.e., to the left of the deformation

gradient. We now extend the above actions to higher gradients of the deformation.

The group of linear transformations of R? acts to the right on the deformation gradients

as follows

F— FL" =r,,QLA"
VF - 1,05 9LAY @ LAP, (6.5.1)
VVF - r,,5, 9LA® @ LA® @ LAY,
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for L € GL(R?), while the group GL(R?) acts to the left as follows

F — MF = Mr,, ® A®
VF s Mr,,5 @ A® @ AP, (6.5.2)
VVF i+ Mr,,3, A% ® A” @ A7,

Notice now that the full symmetry group H acts to the right on the deformation gradients
as in (6.5.1), while SO(3) acts to the left as in (6.5.2).

The right action of the material symmetry group on the deformation gradient induces an
action on the partial derivatives as follows:
FR' = (r,®A*)R' =r,,®RA”*
— (_1))\(04)1.70{ ®Aa(a) — (_1)>\(a*1(ﬁ))rmil(ﬁ) ®A/3
— (—1)“(@1',7(5) ®A5,

for R € H, with 8 = o(a), 7= 0~ and u(8) = AM(c~1(B)). The above argument yields the
transformation rules for the higher partial derivatives

Qq = (_1)>\(a)aa(a)a

Qq,B (_1)(>\(a)+>\(6))a’a(a),a(ﬁ)7 (653)
(_1)(/\(a)+>\(5)+>\(v))a

Ao,y

o(a),o(B)o(v)
A trivial application of the theorems in the previous sections leads to the following result.

PROPOSITION 6.5.1. Let (A,) be a pair of non parallel vectors in R?, with a = 1,2, with
full symmetry group H, and let

W = W(F,VF, VVF) (6.5.4)

be an objective function,i.e., invariant under SO(3) with action (6.5.2), and invariant under
H with action (6.5.1). Then W can be written in the form

W = W(aa ’ aﬁ’ Aq - a’,@f}” aayﬁ ’ a’}/:(s’ Qq - a6’757 aa/B ’ a776T7 a’aﬂ’Y ’ a57T/‘L) (6‘5'5)

where aq, = FA, =7,, and W is invariant under the action of H on its arguments defined
by (6.5.3).
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Proof. By objectivity, W may be written as a function of the tensors

C=C, =F'F, C,=F'VF, C3=VF'VF,
Cs=F'VVF, C;=VF'VVF, Cg=VVF'VVF,

where for instance
VFTVVF = (1,05 T)ys, JA° 2 A2 AT A°® A7,

Now, a straightforward modification of Theorem 6.3.2 implies that a function of (C;)i=1,. 6

invariant under H may be written as an isotropic function (i.e., invariant under the action of

0(2)) of the form

—

W =W(Ci,A), ic{l,....6),

such that

o~ o~

W(C;,Ay) = W(C;,RA,), ReHiel=1{1,2,..6}.

But the components of C; in the basis (A, ) are isotropic by construction. In fact, for instance

for C, we have
A.-CAs=(QA.)- (QCQT)(QAs),  Qe0(2).

Since the components of a tensor in a given basis completely characterize the tensor itself,
it follows that every isotropic invariant of (C;, A,) may be expressed as a function of the
components of the C; in the basis (A, ) and conversely. To compute these components, notice

that, for instance for C = Cy, we have
C=(rorp)A“@A° & A, -CAsg=r1,,Tp,

which proves the existence of W. Finally, the invariance of W under the action A,— RA,,
for R € H, yields the invariance of W under the action (again restricting for instance to

C=0C)

I T,3=Aq  CAg—(RA,) - CRAg = (—1)M(—1)YPDA (- CA,
= (_1)>\(a)(_1))\(ﬁ)r)o‘(a) Tyo ()

and the thesis follows.
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6.6. Surfaces with two families of fibers with bending and twisting stiffness

We consider as before a surface made of two families of continuously distributed inexten-
sible fibers. We assume that the fibers are inextensible, so that X! and X? (the coordinates
associated to the fiber directions) are arc parameters for the curves of each family, and a; and
a, are unit vectors. In the same spirit as the previous chapters, we describe the resistance to
bending through a dependence of the energy on the curvature of the fibers, and resistance to
twisting through a dependence on the torsion, which involve in turn a dependence on higher
derivatives of the deformation. We use here Theorem 6.5.1, a consequence of Rychlewski’s
theorem, to discuss the restrictions due to material symmetry. Specifically, Theorem 6.5.1
implies that an objective energy function must depend on the scalar products of the partial
derivatives of the deformation, which is additionally invariant under the material symmetry
group. It is well known that any polynomial energy function invariant under the material
symmetry group can be written as a polynomial in a finite number of basic polynomial invari-
ants. Standard algebraic techniques allow to compute these polynomials, and we derive below
the basic anisotropic polynomial invariants for the four basic structures of a plain weave. To
compute the invariants, we have used the shareware computer package ’Singular’ (cf. Greuel,
Pfister and Schoenemann [18]).

6.6.1. Surfaces with two families of fibers with bending stiffness

Assuming first that the elastic energy is a function of the form W (r o, ), Proposition 6.5.1

implies that

W =W (an 63,00 G380y 3, )- (6.6.1)

This form of the energy is appropriate to describe a dependence on the curvature and shear

of the fibers, which involve derivatives of the deformation up to second order.

6.6.1.1. The rectangular structure. The rectangular structure has symmetry group H,:

(cf. Section 6.4.1.2): under the hypothesis of inextensibility of the fibers, its action on the
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arguments of (6.6.1) is listed in Table 1 in the Appendix. It follows that the invariants are

2

Ly = (a;- = sin~y

Ly = (ai-azp) = K3 (a1 ny)’

Ly = (ai1-a2) = K2 (nq 0,2)2

Ly = aij1-a; = K3

Ly = az2-a2p = K3

L¢ = ai1-a2p = KiK2(n;-n2)

Ly a2 - a2

Ly = (a11-ais)’ = K?(ni-a19)’ (6.6.2)
Ly = (a22-az;)? = K3 (ny-a21)’

Lo = (az2-a21) (a1, a12) = KiK2(n2-aiz2)(n-ai2)

Ly = (a1-a2)(azz-a2;1) = sinvy (Kong - a2;)

Ly = (a1-a2)(aig-az2;1) siny (K1my - ag,1)

Liz = (a1-azp) (a2 ai1) (a2 az1) = KiK3(a1 ng)(az-ny)(ny-as;)

Liy = (a1-as2)(az-a11)(a11-a21) = KiKs(ar n2)(as ni)(ni-aiz)

Lis = (ai-a2)(ar-az2)(az-ai;) = KiKa(sinvy)(a; - n2)(az - nq).

6.6.1.2. The square structure. The material symmetry group of the square structure (cf.

Section 6.4.1.1), H,, differs from H,; by four elements, namely the rotations R, pand R_; o,

and the reflections about the lines parallel to A; £ As. The action of the generators of Hy,

on the arguments of (6.6.1) is listed in Table 2 in the Appendix. Under the hypothesis of

inextensibility of the fibers, the corresponding invariants are :

K,
Ky
K3
Ky
Ks
K
K7
Ky

(a1 - az)’

(a1 - a2 2) (01,1 : az)]2
(ar - az 2) + (a1, - ay)?
(@11-a11)(az2 - azp)

ay1-a11+a22- 022

(6.6.3)

apy-azp

(a1,1 : 01,2) (02,2 : a2,1)
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K3
Ky
Kis
Kie
K7
Kis
K9

ai -

a -

Q Q@ 9 9
e e e =

[y

a

—_

aj

(
(
(
(
(
=
(
(
(
(
(

a .
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aii-ai2)’ + (ags-agy)’

) (a1 - az2)(az-aiq)

a9
az) (a1 a2+ azz-aip)

ajl - ay 1)(01 1-ai 2)2 + (a2,2 : G2,2)(a2,2 : (11,2)2

az)[(GQ 2 a3 2)((11,1 : 111,2) + (a1,1 : al,l)(a2,2 : a1,2)]

©a22 (a2 - a1 1)(a1,1 ‘a1 + a9 - a1,2)
caz2)*(a11-a11) + (az-a11)?*(azs - aso)

)
)?
ag2)?(a1g - a12)? + (a2 - a11)*(azs - ai9)?
)
(
)

Q

22)(az-ai1)[(azz2-a22)(ai1-ai2)+ (a1 -ai1)(az2 - a )]
]

cas)[(az-a11)*(a1y - a12) + (a1 - az2)*(azs - a1 )

- a2 (a2 aj 1) (al,l : a1,2) + (a2 : 01,1)((11 : C02,2)3(602,2 : C11,2)-

When expressed in terms of the curvature of the fibers, the above invariants become

K,
Ky
K3
Ky
K
K¢
K7
Ksg
Ky
Ko

Kie
K7

Kig

sin?

K3K3 (a1

‘ny) (g - as))?

’C% (a1 . 7’L2)2 + ]C% (’I’Ll . a2)2

KIK3

K2 + K3

lay o|?

KiK2 (g
KiK2 (g

)

cai2)(ng-azq)

(Kimy - a12)® 4 (Kong - agq)?

K1Ks(siny) (a1 - n2)(as - n1)

siny (Kiny - a1 2 + Kang - ay2)
Ki(ni-a12)? +K3(n2 - a12)?
sin'y[lCllC%(n1 “a12) + ’C2K%(n2 -ay2)]

KiKa(ar - n2)(az - n1)(King - ar2 + Kong - aq2)

K2K3[(a1 - no
K3K3[(a1 - ny)?

2+ (a2 m)’]

(ny - 01,2)2 + (a2 - nl)g('n2 : 01,2)2

)
)

KiKa(ay - n2)(as - n1)[K1K3(ng - a12) + KK (ng - a12)]
siny[Kf(az - n1)?(n1 - a12) + K3(ar - n2)*(n2 - aip)]
K%Kz(al . ’ng)(az . n1)3(n1 . 0,172) + ,C%,Cl(ag . nl)(al . ’I’L2)3(7’L2 . 0/1,2).

(6.6.4)
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6.6.1.3. The rhombic structure. The rhombic structure has symmetry group H,; (cf. Sec-

tion 6.4.1.3): under the hypothesis of inextensibility of the fibers, its action on the arguments
of (6.6.1) is listed in Table 3 in the Appendix. It follows that the invariants are

Ny
Ny
N3
Ny
N5
Ne
N7
Ng
Ny
Nio
N1y
Ni2

aj-as
= (a11-a12)+ (az2-a1p)

= (a11-a12)(az2-aip)

= (ar1-a11)+ (az2-az2)

= (a11-a11) (a2 asp)

- |a1’2’2 (6.6.5)
= a'l 1@z 2

(a1-az2)(a;-as)
(a1-azs)” + (a1 - az)?
= (a11-a11) (a1 ai2)
(
(

2)% ( )
( )

+ (azz2-azp)(azz - az;q)
2
+ (az-a11)” (az22-az;)
+

(02 : (11,1)2 (a2,2 : a2,2) .

ajl a2
ail-al

)

When expressed in terms of the curvature of the fibers, the above invariants become

N
Noy
N3
Ny
Ny

N2

sin vy

(King - a12) + (Kang - ag,1)
(Kimy - a12) (Kona - a1 2)
K? 4+ K3

K33

a1 2]?

K1a (ny - n2)

ICoKq (a1 - m2) (M - a2)
(K2)* (a1 - m2)* + (K1)* (n1 - a2)?

K3 (a1 - n1) +K3(a12 - no)

K1K2 (a1 - 12)” (n1 - a12) + KaK3 (@2 - m1)* (n2 - az1)
KiK3[(n1 - a11) + (a2 - m2)).

(6.6.6)
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6.6.1.4. The parallelogram structure. The material symmetry group of the parallelogram
structure Hp, (cf. Section 6.4.1.4) only contains the identity and the inversion, with basic

polynomial invariants

Q1 = ai-a = sinvy
2 2 2
Q2 = (a1-a22)” = K5(ai-no)
2 2 2
Qs = (a11-a2)” = Ki(ni-az)
Qi = ay1-a1; = Ki
Qs = azp-azp = Kj (6.6.7)
Qs = ar1-azz = KoKing-ny
Q7 = aip-ap
Qs = aji1-a1p = Kini-ap
Qo = azz-az1 = Kano-ag;

Notice that the above invariant depend on the shear angle -, the curvature of the fibers,
the angle between the Frenet triads of intersecting fibers, and the derivative a;2 = a2 . If
we neglect, as is reasonable for fabrics, any dependence of the elastic energy on the last two

sets of variables, it follows that, in this case, the basic polynomial invariants are
(-) for the square symmetry,

siny, K3IK3, K?I+K3 (6.6.8)

(-) for the rectangular symmetry,

sin?y, K2, K3 (6.6.9)

(-) for the rhombic symmetry,

siny, K3K3, K3+K3. (6.6.10)

(-) for the parallelogram symmetry,

siny, K2, K2 (6.6.11)
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Hence, for rhombic and parallelogram symmetries a shear of angle v does not have the same
effect than the shear of angle —v, contrary from what happens for the square and rectangular

structures.

6.6.2. Surfaces composed of fibers with bending and twisting stiffness

Assume finally that the elastic energy is a function of 7 o, 7 3, and the third order derivatives

T 50 Proposition 6.5.1 implies that 7 can be written as

Wiaa - ap, a0 - @y Gop - 5, Q- A, Qo Ay Qauud * W) - (6.6.12)

This form of the energy is appropriate to describe a dependence on the curvature, torsion

and shear of the fibers, which involve derivatives of the deformation up to third order.

Under the assumption of inextensibility of the fibers, and using the symmetry of the
indices, the list of arguments of the strain energy function reduces to 48 elements, and
the resulting list of invariants under the action of the material symmetry groups is quite

complicated.

For the sake of simplicity, we choose a strain energy depending on invariants that are
in turn functions of the curvatures K, and the torsions 7, of the fibers only, with o = 1, 2.
Indeed, the curvatures and torsions can be expressed in terms of the derivatives of the position

vector r as follows:

PROPOSITION 6.6.1. The following relations hold (no summation on repeated indices):
(’Ca)2 = Qq,a° Qo0 (6.6.13)

(aa,aa : a'oz,a)2

(Kaa)? = 20t —oo (6.6.14)

aoc,a : aoz,oe

2
(7a)? R T (- SRR L)) — Qoo Qo (6.6.15)

Qo0 * Ao, (aa,a : aa,a)2

Proof. From Frenet formula (2.2.4); we have
Qoo Qoo = (Ka)? (6.6.16)
By differentiating (2.2.4); and using (2.2.4)2 we obtain

Qo000 = ,Ca,ana + }Cana,a - ,Ca,anoz - (K:oc)Qaa + ,Coz'rozbou
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from which it follows that

Qo a0 oo = (K:a,a)z + (Ica)4 + (ICaTa)Q

6.6.17
Qo o Qoo = Ka,alca ( )
From (6.6.17) and (6.6.16) we obtain
(’C )2 _ aa,aa : aa,a 2 _ (aa,aa : aa,a)2 (6 6 18)
a,o K. oo G . .6.

Moreover, using (6.6.18) and (6.6.17);:

(Ta)2 :aa,aa : aa,aa - (’Ca,a)z - (’Ca)4

(Ka)?
_a'oc,oca : aoz,oaoz (aa,aa ' aa,a)2
= — 5 — Qa,a " Aa,a;
Qoo * Ao, (aa,a : aa,a)

which yields the thesis.

The following result characterizes those anisotropic invariants of the four basic structures

that are functions of the fibers curvature and torsion only.

PROPOSITION 6.6.2. The expressions
KiKs,  Ki+K5,  mm, i+, (6.6.19)

are invariant under the action of Hyq and Hy,. Moreover, the squared curvature and torsion
of each fiber
IC%, IC%, 7'12, 7'22, (6.6.20)

are invariant under the action of H,, and H,,

Proof. We only prove the first assertion regarding the symmetric polynomials in the torsion.

The action of Hg, on the derivatives in the expressions for (r1)? and (72)?, i.e.,

2
Qo,a0 * Aa,a0y  Ao,a - Qoo (aa,aa : aa,oz) )

is listed in Table 4.

A straightforward verification shows that 72 + 77 and 7275 are invariant under the action of

Hy. The proof of the remaining assertions follows the same lines and is omitted.
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‘We conclude that

(-) for inextensible networks with the square symmetry, formed by two orthogonal families
of equivalent fibers, an energy function depending only on C and the fiber curvature and

torsion must have the form

W = W (sin?~, K3K3, K2 + K3, 7873, 18 + 73). (6.6.21)

(-) for inextensible networks with the rectangular symmetry, formed by two orthogonal

families of non equivalent fibers, the energy has the form

W = W(sin®~, K2, K2, 72, 73). (6.6.22)

(-) for inextensible networks with the rhombic symmetry, formed by two non-orthogonal

families of equivalent fibers, the energy has the form

W =W (siny, KIK3, K2 + K3, 1272, 7 + 73). (6.6.23)

(-) for inextensible networks with the parallelogram symmetry, formed by two non-

orthogonal families of non equivalent fibers, the energy has the form

W = W(sin~y, K3, K3, 72, 73). (6.6.24)
6.7. Tables of the group actions

The tables below list the action (6.5.3) of the generators of the symmetry groups of the
rectangular, square and rhombic structure. The action of the generators of the group Hy, on

the components of (71)? and (72)? is also listed below.

Table 1: Action of the generators of H,;

Argument R, Ry
al - a —ai - ay —al - as
ai - a2 —aj - az? a - a2
ail-ag ail-ag —ai1-as

Continued on next page
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Argument R, Ry
ail-a;l ail-al ail-ajl
azsg - a2 azso - a2 azs - a2
ail- a2 ail- a2 ail-az2
aigz- a2 aigs- a2 ais- a2
ayji1-ay2 | —a11-ai2 | —ail-ai2
a2 - a1 —Qa22-0a21 | —A22-0a3

Table 2: Action of the generators of Hy,

Argument R, /o R,

a - a —ai - an —al - as
ai-azp? —az-aj —ai - a2z
al - az az2 - aj ail - az

ajl-ail az2 - a2 ajl-ajl
as2 - a2 ajl-al az2 - a2
ajl- a2 az2 - ajl ajl- a2
a2 - a2 azl-az a2 - a2
ayjl-ai2 —Qa22-0a21 | —a11-a12
a2 - a1 —ap]-alr2 | —az2-0az

Table 3: Action of the generators of H,

Argument Rs R,
aj - ag ai - ag a - ag
ai-az as-ajl | —Qaz-ajij
aii-ag azs-a; | —Aazz-a
aiil-ayl | G2-Qa23 | 22" a2
a2 - a2 ajl-ail | apl-ai;l
ajl - a2 az2-ail | apl - a2

Continued on next page
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Argument Rs Ry

a2 a2 azi-az1 | ay2 - a2

ajl1-a12 |Q@22-Q21 | G2 G2

az2-Q21 |(ai1-a12| ail- a2

Table 4: Action of the generators of the group H,, on the

components of (71)? and (73)?

Component R, R, )2
ail-ail ayl-ail azs - a2
azo - a3 a2 - a2 ajl-ajl
ail-ajll —ail-aill | —a22 - a222
aso - az29 ass - az29 ail-aiil
aiil- a1 aiil-aiil | a222 - a2

az 22+ a2 22 az922 - A292 | a1 - aiil

6.8. Plane deformations

Consider now an energy function of the form (6.6.1): we have seen that some anisotropic
invariants, for instance Ly, ..., L14, depend not only on the curvatures, but also on the mixed
derivatives a1 2. We next show that, at least for plane deformations, the curvature and the
shear angle are sufficient to characterize the deformation. A plane deformation is such that

there exists a constant vector k such that »(X*', X?) - k = const. for every (X!, X?) € .

THEOREM 6.8.1. Given two sets of inextensible fibers undergoing plane deformations,
then

a2 = 0.

Proof. Choose unit vectors ¢, in the plane of deformation and let

T(X17X2) = f(XlaX2)i+g(X1’X2) j;
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then
ar=fi11+g913 ar=f2t+g27. (6.8.1)
As a consequence of the inextensibility of the fibers,
(f1)*+ (9.0)* =1, (f2)* + (g2)* =1,

so that there exist ¢ = p(X!, X?) and 9 = (X, X?) such that

f1=sing f2=siny g1 = COS g2 = cos . (6.8.2)
Imposing the Schwartz condition on second order derivatives, we obtain

fi2=f= 912 = 921,

or equivalently

pocosp —1prcosy = (6.8.3)
posing —siny = 0.
Viewing this as a linear system in the unknowns ¢ 2 and v 1, the determinant is
Ccosp Cosv .
det | ) = sin(¢ — ). (6.8.4)
sinp siny

We have to distinguish two cases: either ¢ = ¢ or ¢ # 1. If o = 1), then from (6.8.1) and from
(6.8.2), it follows that a; and ay are parallel (not acceptable solution/configuration). Then,

necessarily, ¢ # 1. As a consequence, the system (6.8.3) admits only the trivial solution:

4,072:0 1/17120

then:
p=p(X") and ¢ =y(X?)
consequently:
{ FIXY X2) = [sinp(XY) dX® + [sing(X2) dX2 6.8.5)
g( X1, X?) = [cosp(X1) dX! + [cosyp(X?) dX?
which implies that:
{ F(X1,X?) = A(X') + B(X?) (6.8.6)
g(X', X?) = C(X') + D(X?)
so that finally
{ ar = s.inap(Xl) z:+ cos p(X1) g 65.7)
a; = siny(X1) i+ cosy(X?)j
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and a1 2 = as;1 = 0, which concludes the proof.

Examples of plane deformations consistent with the constraint of inextensibility are:

1) »(XY X?) = (—cos X?) i + (X' +sin X?) j , corresponding to p(X!) = 0 and
¥(X?) = X2. Then a; = j and as = sin X%i + cos X25; in the actual configuration
the first family of fibers is parallel to the X2 axis.(fig.6.2)

2) (X', X?%) = (X?sinf) ¢ + (X' + X%cos ) j, corresponding to (X') = 7 and
Y(X?) = 8 = const.

X2 X2

D05 | 53
} D'(0,1) C'(5,1)
‘ 7/ - - 7/ - -
| / /
| Xl / / Xl
| | |

A(0,0) B(%,0) A'(-1,0) | B'(3-1,0)

FIGURE 6.2. Plane deformations of inextensible networks: example 1.

6.9. Invariants as functions of the Euler angles

The lists of invariants (6.6.5) and (6.6.7) can also be written in terms of the Euler angles
(2.5.2). We only give the expression corresponding to the invariants (6.6.5) of the rectangular
structure, since those for the square structure (6.6.7) follow immediately. The list (6.6.5)

becomes



82

Lg

Lo

Lo

L3

Invariants

(Kimi - a12)?

(Kamg - ag1)?

KiK2 (n2 - a12) (ng - ai2)

siny (Komg - asg;1)

siny (Kini - ag;1)

ICﬂC%(al . ng)(az . nl) (nz . a271)

KiKz(ai -ma)(as - ni)(ni - ay )

K1K2(siny) (a1 - n2)(az - n1)

(K2)? (sin ¥ sin §)?
(K1)? (sin ®sin §)*

K1K2(cos @ cos U — sin @ sin ¥ cos §)

sm d cos (5]

2

[ 8)((52 sind — ICy sm\Ilsmé}

. . dcos Wsind]?
+ [7’2 sin Wsind — 8)(2}

|:’C2 cosd + 1o cos ¥sind + (9(811111181115]

{(Kl) cosd + K1 cos @ sin b <8X1 — )

5 . 2
+ Klﬁ sin ® cos §
[(ICQ) cos § + Kg cos Usin § <(9X2 )

a5 2
+K2W sin ¥ cos d
1Ko [ICl cosd + cos P sin <8X1 — )
[ICQC_OS5+COSIIISin(5 <(9X2 +TQ> X2 sm\I/cosd]
siny |(K2)? cosd + Ko cos ¥ sin & (aaqj? + 7'2)

95 . |
+K2@ sin ¥ cos (5_
sinvy [(K1)%cosd + Ky cos @ sin & oe T

v _ 1 1 ax1 1

a6 . 1
—HClW sin @ cos 5_
K1K2 sin W sin @ (sin §)?

. ov a5 .

[ICQ cos 0 + cos W sin § <8X2 + 7'2) + WSIH\IJCOS(S:|
K2KCo sin ¥ sin @ (sin 6)*

o o6 .
[IClcOS(S—i—COSCI)smé <8X1 —71> + Wsm@cosé}

KC1KCa sin y sin W sin ®(sin §)2.
(6.9.1)



CHAPTER 7

A microstructural model for textiles
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7.2.1. Field equations 87

In a textile fabric different scales can be identified: a macroscale, corresponding to the
textile proper, and a microscale related to the weaving of the weft and the warp. In order
to distinguish the undulations related to the weave from the macroscopic curvature of the

surface, we will refer to the former as microundulations.

In chapter 3, we have already discussed a microstructural model by Magno and Ganghoffer
([39], [38]), that introduce a model for woven fabrics correlating the effect of the undulation

of the yarn to the uniaxial extension of a plane weaved fabric.

The aim of this chapter is to determine the equations that describe the effect of shearing,
bending and microundulations of the fibers on the deformation of the sheet. The field equa-
tions are obtained via a variational principle for a strain energy density in additive form, such
that the contributions due to shear, bending and microundulations are separately taken into
account. In order to model the macroscopic effects of the microundulations, we associate to

each family of fibers a vectorial microstructure (in the sense of Capriz [10], Pastrone [48]).

83



84 Microstructures
7.1. Microstructures: the model

In the last twenty years the interest on microstructured materials has increased steadily.
Materials like ceramics, composites, alloys, and so on, have increasingly wide applications, and
it is important to study carefully their structure, in order to model those physical phenomena

that are related to their various characteristic macro- and microscopic scales.

Models for materials with microstructure have a long history: already in 1964, Mindlin
[42] formulated a first model for solids with crystalline microstructure, which was later ex-
panded and developed by various authors, among others Gurtin and Podio Guidugli [23],
Capriz [10], who extended the classical axioms of continuum mechanics to cover materials

with microstructure.

In this section we adapt to our case the model of a solid with vectorial microstructure as
introduced by Pastrone [45], [48].

7.1.1. The field equations

Let the deformation of a body be described by the vector-valued function

r=r(X"1) (7.1.1)
with X" material coordinates and ¢ the time. We write
or or
_ P 7.1.2
> T (7.1.2)

We are interested in microstructures that can be described by a collection of vector fields dy
on the body (H = 1,..., N), which may be introduced, for instance, by a procedure called
magnification (see [48] for more details). The kinetic energy density of the microstructured
body is defined as a quadratic form in the velocities 7, dy:
1 ) ) .
T = 3 (piv i+ 29" g + "y - ) (7.1.3)
where p is the usual mass density, and p, pf/ & are coefficients including density and inertia

terms, which must satisfy the conditions
T>0 and T=0s7=d=0,

which guarantee that 7" is a positive definite quadratic form.
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Without loss of generality, we can reduce the kinetic energy to a diagonal form

1 L
T=3 (7‘“-7’*+IHKdH'dK) (7.1.4)

IHK

where represents the inertia tensor of the microstructure.

In a Lagrangian formulation, p and IX are defined in the reference configuration, and

are functions of X" only.

We assume that the body admits a generalized strain energy density function:
W = W(ru, du,dm,j, X"). (7.1.5)

This energy is assumed to be related to the total mechanical power expended by the relation

AW _ oW oW W
dt _8r,h h ody H odp;

Pr = dp;. (7.1.6)

where 7 5, d, dp j are the strain velocities and gTM;, %—V;, a?i‘;{[/- are the generalized stresses.
s 3

Neglecting boundary conditions, the total energy can be written in the form
E:/(T—W—Wb)dV (7.1.7)
B

where
Wy = Wy(r,dp, X")

is related to conservative body forces, with power

oW, . oW,
P = P+ —— - dy.
™= "gr " 9a,

The field equation are derived as Euler Lagrange equation of the action functional and are

<8W> oW,  doT

ari) . " or T~ dion
(7.1.8)

oW\ oW oW, d T
adHﬁ' i odg ody o dt adH

From a physical point of view, the forces acting at the microstructural level are different from
those acting at the macrolevel, and it makes sense to assume W}, to be the sum WbM + Wy
of a macrobody force

WM =wM(r, X) (7.1.9)
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and a microbody force
Wyt =Wyt (dg, X). (7.1.10)

In this case equations (7.1.8) become

<8W> owM  doar

87’71' or N %E
(7.1.11)

oW\ oW oWy d aT
8dH,i i odg odg N dtadH

Introducing a set of forces, coupling moments, generalized forces and moments as follows

ol — ow
N 87‘,1'
Hi _ ow
odp i
5o W (7.1.12)
or
ow
H _ [
T T T ady
i — _OWg”
ody
the field equations can be written in Eulerian form:
, d oT
.+ B=——
() i+ B =557
(7.1.13)
. d oT
(), 4t ppt = LT
* dt 8dH

7.2. Microstructures in textile fabrics

Consider a set of inextensible fibers with bending stiffness forming a surface: we want to
model the static behavior of textile fabrics taking into account the effects of the microundu-

lations.
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As to the macroscopic description of the deformation of the surface, the same notations

and assumptions of section 2.2 hold.

To describe the microundulations due to the weaving of the warp and the weft at the mi-
croscopic scale, we exploit the notion of vectorial microstructure (in the sense of the previous

section).

Letting 11 = k1/2, with ky the microcurvature of the first set of fibers, the local stretch

in the direction of a1 can be written as (Figure 7.1)

sin Yy

U1

51:1

Ficure 7.1. Forces acting on the warp thread
Hence, we are led to introduce the director fields
d1 = &1aq, dQ = £2Q2, (7.2.1)

associated to the first and second set of fibers respectively.

7.2.1. Field equations

In the general model of section 7.1.1, the strain energy density was assumed to be a function
of the list

h
T h, de dH,j7X )

but since we are interested here in the bending of the surface, the strain energy function must

somehow depend on the (macroscopic) curvature of the fibers (i.e., the second derivatives of
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the position vector). Hence, we assume that the strain energy density has the form
W = W(r;ra;7 157 02 di; das dy i dog; X5 X2). (7.2.2)

We restrict to a strain energy density in additive form, such that there is no coupling between
shearing, bending and microondulations. We assume that W is the sum of three components.
The first component, W), is due to the shear stress; since this stress component responds to
changes in the angle between the two families of fibers, we assume that Wy is a function of
aq - as. The second component of the strain energy is associated to bending, and is assumed
to be a quadratic form in the macroscopic curvatures of the fibers; the third component of
the strain energy is associated to the microondulations and the local macrostretch. Precisely,

we assume that (7.2.2) can be written in the explicit form

W = W(siny; Ki; Kose1;62;€1,1562,2) =
: 1 2 2 1 2 2
= Woy(sinv) + §F[(IC1) + (K2)7] + 5(141(51) + Az(g2)7) (7.2.3)

—i—%Bl[(ELl)Q + (51’61)2] + %Bg[(€272)2 + (52/(:2)2].

Also, we assume that the kinetic energy is

1
T = pi- i, (7.2.4)

with p the body mass density. The total energy is given by

E = / (T —W)dA
S
with S the surface formed by the inextensible fibers.

For natural boundary conditions, the field equations can be derived via a variational
principle as Euler-Lagrange equations of the functional

e [" U (T— W — M(a1-ar — 1) — Aa(as - as — 1))dA| dt (7.2.5)
S

to

with \; the Lagrange multipliers associated to the constrain of inextensibility of the two sets
of fibers:

a-a; = ag - as = 1. (7.2.6)
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We cannot use directly the form (7.1.11) of the Euler-Lagrange equations, since a; = r; and

the variations of the director fields d; are not independent of the variation of . Indeed,

od; = (0g;)a; + 62‘(57'1‘72‘).

Hence, the microstructural equations in this case must be obtained by taking independent

variations of the energy functional with respect to r and &1, €a:

_ (oW + ow — (i .),_iai

8'r,ih ih (9’)"71‘ i MR dE O
ow ow

<a€171>71 - 9o 0, (7.2.7)

owN oW _
L 68272 2 862 -

Using the expression (7.2.3) for the strain energy functions, the field equations become:

a2 dsiny 0X!

AW AW, da, o
+ (dSiH’y)72 ai + dSlH”yﬁ + (Alal),l + ()\20,2)’2 = pr,

dW, dWy Oa
— [(F =+ B1€%)/C1n1]’11 — [(F + BQE%)KQTLQ] 22 + < 0 ) 0 2
,1

dsin~y

Bie1a1 — (A1 + B1K2)e; = 0,

Baeg 2o — (Ag + BaK3)ea = 0.

(7.2.8)
Notice that, even though for our special choice of the strain energy function microundulation

and shear are uncoupled, the resulting equations are indeed coupled.

To understand the role of the additional equations related to the microstructure, consider

the simple case of straight fibers, i.e., K1 = 0 and K2 = 0, so that equations (7.2.8)2 and

(7.2.8)3 reduce to

Bier11 — Aie1 =0
Bagg 99 — Azea = 0.

(7.2.9)
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The second order differential equation associated to (7.2.9); has solution

/A [A
€1 (Xl) = (C}e Biin + Coe Bfin with C,Cy € R, (7.2.10)
when A; and B; have the same sign, and
1 A 1 A
81(X1) = 03 COS | = —71X1 +C4 sin | = —71X1 with 03,04 € R, (7211)
2 Bl 2 Bl

when A; and Bp have opposite sign. Now, it is reasonable to assume that A; and B;
are both positive, in order that the energy functional be lower bounded. In this case, the
microundulations are given by (7.2.10), and this would indicate the presence of boundary-

layer phenomena.

We now show that the first set (7.2.8); of Euler-Lagrange equations, in the static case,
with f = 0 and By = 0, By = 0, is equivalent to equations (4.2.13) of Wang and Pipkin [66]
and Luo and Steigmann [37] (for the case without twist), i.e.,

;

0
—ay — a1 11

d W
Fi="Ta; +
d sinvy

Fo = Ty + % g, _Taya (7.2.12)
d sinvy ’

OF, O0F,
LaxT T ox?
In fact, substituting (7.2.12); , (7.2.12)2 in (7.2.12)3 we obtain

d(Tray) <de> a dWy Oaz F<(9(11,11>+
1

+f=o0.

oX1 dsin~y dsiny X2 oX1
(7.2.13)
8(T2a2) dWo dWO 8(11 8(1222
_ F ? — 0
ox? " \dsinny ), " dsinny ox2 ox2 ) tI=0

where T7 = A\ and T, = Ay are reactions to the constraint of fiber inextensibility. The above
equation (7.2.13) is just (7.2.8); in the static case, with f = 0 and B; =0, B2 = 0.

We conclude by noting that the microstructural equations (7.2.8)2 and (7.2.8)3, which
complement the classical equations of the standard models of Wang-Pipkin and Luo-Steigmann,
should be crucial to describe the effect of the microstructure on the macroscopic stretch and

curvature of a textile.



APPENDIX A

The variational formulation

A.1. The Euler-Lagrange equations

For the sake of simplicity, we restrict our analysis to a single yarn in this appendix. We
derive two equivalent formulations of the Euler Lagrange equations, both for a strain energy

function of the form

W = W("’?"",ayr,ozaar,aaa) (A.l.l)

where either &« = 1 or @ = 2 (no sum on repeated indices; the index a refers to the yarn,
a =1 for the first family and av = 2 for the second), and when the energy is a function of the

curvature and torsion of the yarn, viz.

W =WI(K,r). (A.1.2)

We denote by a, n, and b the tangent vector, the normal vector, and the binormal vector
respectively for the yarn. We would like to show the equivalence of the Euler-Lagrange
equations of (A.1.1) and (A.1.2).

We restrict to inextensible yarns (||7 o|| = 1), and restrict to energy functions of the form

W= W(T,aaar,aaa)- (A13)

91



92 The variational formulation
We first compute the variational derivative of (A.1.3):

oW 151%%
ow = o7 on 0T o + 787',%@ 0T naa

ow ow ow ow
= <3T,aa ~5r7a> X — <8r7m> ) S OT o F (3T,aaa -5r,aa> . - <8r aaa)ﬂ 0T o
ow ow ow ow
B <8T,aa ' 5r,a> a - <<6T,aa>,a ‘ 5T) * <8T,aa>,aa o * (ar,aaa ‘ 67‘7&&) o
ow ow
B <<a’f‘,ao¢a > o ' 5T,a> * <8’T’7aaa > aa ' 57’70‘

)

which yields

oW =

oW\ [ oW B S S 1
00/ o \O 000/ qaa "\ ) a0/ 4 "
ow ow ow
+ <8T,aaa ‘ 5r’aa) @ - < (8”“,0{&& ) ,Q . 6r70[> + <<8T7aaa ) NeZe% ‘ 6T> ’(A.1.4)

)

In case the strain energy is a function of curvature and torsion, as in (A.1.2), the variational
derivative is
— oW oW
W = — 0K + — o7 Al5

ok N ar 7 (A-15)
In order to compare this expression with (A.1.4), we have to express 6K and 07 in terms of
or. We will focus on a—W 6K, and then on a—W oT.

oK or
Taking the variation of Frenet formula (2.2.4); (i.e., a o, = Kn ), we obtain

Kn + Kom = da o (A.1.6)
that, taking the scalar product with n and recalling that ||n|| = 1, reduces to:

K =n-da,. (A.1.7)
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Using (A.1.7), one further has:

ow . OW oW oW
%&C—%n‘éaﬂ = (n-5a> —(n) -da

By (2.2.4); (i.e., n o = —Ka + 7b) and since a - da = 0,

oW oW oW oW

-da.

)

Recalling that the tangent vector a is the derivative of the position vector r» with respect to

arc length,
oW oW oW oW
— 0K = | —=—=mn-§ - ———71b| ¢
ok ° (a/c" “) *{[( azc) T ’”}
oW oW
In a similar way, starting from Frenet formula (2.2.4)9, recalling that ||b|| = 1 and that
b-a =0, we obtain
0T=b-0n,+b-Kda, (A.1.9)
so that
6—W57' = ow (b-énq,+b-Kda)
or or '
= 8—I/Vb on — a—W b 5n—a—Wba 5n+8—WICb da
or or or T
from (2.2.4)3 (b, = —Tn ), we obtain %—Wb’a -on = —%—WTTL -6m = 0, which implies that
T T

3157-: 87Wb.5n - 87W b.én—i—a—WICb-csa.
or or or

) )
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1
Taking the inner product of (A.1.6) with b we obtain the identity b-dn = © b -da , which,
when inserted in the above equation gives:
oW 1 (oW oW oW
—0r = ——|— b -da,+—Kb-§ — b0
ar 7 /c<af> Get e a+<87 ”)

1 (oW 1 (oW
+6—WICb-5a+ W o sn
or or
1 (oW oW 1 (oW oW
1 (oW oW
- % (87) b .5a) + (87 b-5n> _ (A.1.10)
1 (oW oW
(/c (&) ”) T kP

)

,Q

. . .
<_aic> "aich]'d’"} +<aT”'5”>
1 (oW oW 1 (oW
(/c (&) ”) +aT’C”]"5’“} (;c(aT> ”'5“) (A-1-11)

,Q

1

where the second and the third line correspond to the boundary conditions, and the first line

corresponds to the Euler-Lagrange equations of the energy function (A.1.3)

or\ (1o L) (o7 o),
ok )] "l or ok " or

=0 (A.1.12)

)
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A.2. Derivatives

In order to prove that the two relations (A.1.4) and (A.1.11) are equivalent, we need to

0 0 oK
evaluate —— , T , and ———. From Frenet formula (2.2.4);, it follows that the
Or oo OT aaa OT aa or aaa

following relation hold:

so that .
1
I K T.aa (A.2.1)
or, equivalently,
oK 1
e EICn =n (A.2.2)
and oK
=0. A2,
8T [6%0%0% 0 ( 3)

Now, differentiating Frenet formula (2.2.4); 7 ., = Kn and using (2.2.4)2, we obtain
T aca = K,an + ’Cn,a = ’C7an + K (—Ka + Tb) = IC,OCTL - K?a + Ktb

from which it follows that

T aao " T aca = IC?@ + ’C4 + ICQTQ

(A.2.4)
T oaao " Tao = K:,aK:
From (A.2.4); and recalling that 7 o0 - 7 a0 = IC2, it follows that
r T 2 (r T oaa)’
’CQ — ( ffe7ee’ ,aoz) — fle7ee’ fe7e? ) A‘2'5
o« K 'r,aoz : r,aa ( )

Further, by (A.2.5) and (A.2.4);, we obtain

2 4 2
2 Taaa Taaa — ICa -K _ Taaa " Taaa (r,aaa : "“,aa) A
T = = 5 — Taa T aa (A.2.6)

K2 T aa " T aa (T,aa . 7’70404)

and consequentely, after some calculation, we find the relation

or 1 s o (Ko’ Ko

which corresponds to

a— —=b. (A.2.8)
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In a similar manner, starting from (A.2.6), we find the expression

or 1 K
s = 7 | T T} (429

or 1 1
8r7aaa = —; a + E b (A210)

which is equivalent to

A.3. Comparison

For simplicity, we use the following notation for the addenda in (A.1.4) and (A.1.11):

Table 1: Notation for equation (A.1.4)

Terms Notation
(8(1‘; ) . or a
— (8?:;!) o or b
<£‘T,/Za . (5r,a> ) c

Continued on next page



A.3. COMPARISON

Terms Notation

ow
B <(a’l"7aao¢ > e . 67"&) f

)

ow
( (a'r,aaa> o ‘ 67') I

)

Table 2: Notation for equation (A.1.11)

Terms Notation

oW oW

— aﬂlcb - or Al
or
oW

Continued on next page
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Continues from previous page

Terms Notation
{W,a,.gr} D,
or
1 (oW
— | = = F
K ( m) b -da
oW

Each term in (A.1.4) may be expressed through the derivatives of IC and 7 with respect
t0 T aq and 7 qaq. We first focus on a, ¢, d (the terms containing the derivatives of W with
respect to T q), and we prove that they correspond to the terms A, C, D, in (A.1.11) i.e.

the terms related to curvature.

e term c:

ow
(87",0404 ‘ 5r706> o B

Using (A.2.2), the previous expression becomes

oW oW oW or
<ar,aa "”‘“)a‘ K ""”*a] *[(&ar,aa)‘”“va] ‘ (A3.1)

)
)

oW 0K +6f/17 o\ s
0K Or e OT Orga | O °

)

The first term on the right side of the above equation corresponds to C' in equation (A.1.11).

Denoting by ¢; the second, we thus have

c=C+ .
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and, using the equation n , = —Ka + 7b, we obtain
oW ar
-0r — -0 —_— 0.
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Oaa) ae  |\OK) "TOKT
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The first term on the right-hand side of the above equation corresponds to A in equation

)

(A.1.11) so that, writing a; and ay for the second and third term respectively, it follows that

a= A+ a1+ as.

Moreover, expanding the term ao, we can recognize the term A; among its components. In

fact, using (A.2.8):
N oW
O aa/ 4

oW or e — [V _or
o1 0T o N or or

. T aa

and from (2.2.4);, we have

@ or 5 —
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The variational formulation

Letting
a — @ or - or + @ _ln K:’O‘ _ K:’O‘ b o7
o or 8T,aa 0 K TK IC2 @
_ — _
+ oW 2k ny -or+ a—Wﬁa Sor — a—VVle -or
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we henceforth obtain
as = Ay + a3
eterm d:
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Denoting by d; and ds the first and second term in the right hand side of the above equation,

we may write

d=d; + ds.

Expanding ds we can recognize the term D; among its components. Performing calculations

similar to those done for ag, we have:

(oW oor N (W) o o1
or 67"’0@ N ar 8r,aa
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so that, letting

we have
do = Dy + ds.
We will now prove that
a1 +dy =D
Indeed,
— %—‘;‘C/Ka or— <aaII/IC/n> . (57“] =— %—IZICCL - or —i—%l&z-dr,a— (?Zn) : (57“]

Now, since ||a|| =1, then a - 6r o, = 0, and

o\ ol [ (o
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_aW .
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Y

We now discuss the terms related to torsion. Notice that terms b, e, f, g are functions of
OW_ which, by (A.2.3), reduces to:

8"',040404

oW 9w IK +6W or  OW or
or aaa 0K or aaa 0T 0T noa o7 or aaa

and we denote the terms corresponding to torsion in (A.1.4) as follows

(A.3.3)
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Table 3:
oW  or
' ‘(aTa) o
oW _or
‘ I O oo
oW  or
= (afarvm> oo
o o ),
4 01 0T naa
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which, by (A.2.10), becomes
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Letting by and bs for the second and third term in the above expression, we have

b:B—f-bl-f-bg

e term e: using (A.2.10), this term becomes
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and writing e; for the second term on the right hand side of the above equation, we find

€:E+61.
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e term f:
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and using (A.2.10) this expression is equals to
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it follows that 7

f=F+f1.
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and using (A.2.10):
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so that writing g; and go for the second and third term in the above expression, we have

g=G+g1+go.

Now, collecting the relations in the boxes

a=Atata, b=Btbtb, c=Cte, d=dtd e=Eta .

f:F+f1, g=G+gl+gz, d2:D1—|—d3, a1+d1:D, a2:A1—|—a3
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we have
at+b+ct+dt+et+f+rg=A+A1+B+C+Di+E+F+G+D
t+a3t+bi+bet+at+dste+fit+g +o

and we only have to prove that ag + b1 + b2 + ¢1 + d3 + e1 + f; + ¢; + g vanishes.

We start by showing that ¢; + e; + f; = 0, and then prove that as + by + b2 + ds + g; + ¢»

is zero.

The relation a - r o = 0 implies that

oW (1 ] W1
= oW () a -or,| + [W/ aq -57“7&] =
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and using (A.2.10), the Frenet formulas and the identity a - 6r , = 0, we find
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so that the sum of ¢, e;, and f;, is zero.
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In order to prove that ag + b1 + b2 + d3 + g; + g5 is equal to zero, we first focus on the

terms by + b2 + g; + ¢9, and then we evaluate ag + ds:
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and since:
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Now, considering the term ag + d3, we can write
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Recalling (A.3.3) and using (A.2.8):
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Finally, the last step is to show that the sum of (A.3.6) and (A.3.7) is zero. We first show

that the sum of the terms containing ( 3
-

)

) 07 o is zero, then we discuss the remaining
(e
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T/,

and using Frenet formulas and the identity (g) = (l) o Kn+ %n, we finally find that

the above expression is equal to

8—W {ICb+ <,C> Ka — <IC> Tb} -0r o =0,
or T T ’

and the thesis is proved.



APPENDIX B

The structure of fabrics

We present here a short glossary containing the relevant terms related to textile fabrics.

Fiber: a long and narrow hair-like component of plant or animal tissue and, by extension,

the smallest linear component (natural or artificial), used to create a yarn.

Yarn: the general term of any assemblage of fibers that has been put together in a continuous

strand suitable for weaving or knitting.

Thread: a type of yarn used for hand-sewing or machine-sewing.

The techniques used to create textiles can produce different structures, such as knitted mate-

rials or woven textiles.

\

S g S =
- N Sy S S

A

F1GURE B.1. Knitted fabric

109



110 The structure of fabrics

Knitting technique: a technique using a single element or yarn in which a loop is drawn

through a previous loop at the edge of a fabric.

Weaving technique: a technique used to interlace weft and warp yarns.

Warp: On a loom, the warp is the set of elements stretched in place before the weft is
introduced during the weaving process. In a finished fabric with two or more sets of elements,

the warp is the longitudinal set of fibers.

Weft: On a loom, the weft is inserted over and under the warp during the weaving process.

In a finished fabric with two or more sets of elements, the warp is the transverse set.

The way the warp and weft threads are crossed with each other in the weaving process is called

weave. Most common types of weave are: the plain weave and the twill weave.

FIGURE B.2. Plain weave

Plain weave: The simplest possible interlacing of warp and weft elements in which each weft
element passes alternately over and under successive warp elements (over-one, under-one),

and each reverses the procedure of the one before it.



111

rd”""‘"""'"j-ll

i
T

'“‘-_-q
Mll‘

el

» I!w
e
\_/

)

- rommr

e
|
Az

L'}

e

Ficure B.3. Twill weave
Twill weave: It is made by interlacing warp and weft elements in which each weft element
This way of

passes over one warp element and then under two or more warp elements.

interlacing threads creates a pattern of diagonal parallel ribs.
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