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Chapter 1

Introduction

In this chapter we include an introduction of this thesis in English, French and Spanish.

1.1 Introduction

This thesis aims to develop some mathematical models in continuum fluid mechanics to
understand some aspects of the dynamics of granular heterogeneous flows. The natural
question that follows the above statement is: What is a granular flow?.

Definition 1.1 (Granular fluids). According to [78], a granular flow is a collection of solid
particles immersed in a fluid that can be water or air. We consider that particles are bigger
than 1 [pm] to avoid the inclusion of Van der Waals forces.

The importance of granular fluids lies in their existence in numerous industrial and en-
vironmental contexts. According to [65], measured in tons, the first material manipulated
on earth is water; the second is granular matter. Several examples of granular materials can
be found in the industry such as mine tailings, pharmaceutical tablets, and capsules; and in
nature such as landslides, debris avalanches, pyroclastic flows, rice, and sand.

Figure 1.1: Landslides Figure 1.2: Snow avalanches
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Figure 1.3: Pyroclastic flows Figure 1.4: Mine tailings

The understanding of the dynamics of granular flows involves different methods of the
physical sciences, from experimental and theoretical studies, as well as field observations to
numerical simulations and, a combination of all the above (for a comprehensive review of
the development and state of the art, we refer the reader to [94] [78]). In particular, in this
thesis, we contribute with a theoretical study and numerical simulations involving continuum
mechanics, the mathematical theory of constitutive equations and applied mathematics.

In the framework of continuum mechanics there are two ways to represent the granular
component in a granular fluid:

Discrete Every solid particle satisfies the kinematic equations of motion. Then, the fluid
and the solid component are part of a fluid-solid interaction system.

Continuum The granular material is modeled like a subset of R3 that contains all the
particles and moves in time (a continuum media).

The discrete approach is characterized by a well-defined set of equations where the only
question left is to determine how the fluid and the solid parts interact. The fact that the liquid
and the solid components occupy moving domains add a great difficulty in the mathematical
analysis of the associated system. On the other hand, if we want to achieve successful
numerical simulations, the number of solid particles is restricted since, the degrees of freedom
of the problem increase with the number of particles.

There exist several theories in the framework of the continuum approach. Among them,
the mixture theory of Truesdell [148] is the most remarkable one. It was developed for
studying the dynamics of mixtures of gases and describes the mechanical and thermodynamic
behavior of a mixture using a set of partial differential equations. These equations extend
the principles of continuum mechanics for a single body to a body made of two or more
different materials. The central hypothesis, called Continuum hypothesis, is that at each
instant, every point of the space is occupied simultaneously by a particle of each component.
At first sight, the continuum hypothesis seems more manageable than the discrete approach.
However, this hypothesis adds three main difficulties. The first one is to understand how the
materials interact since we no longer know where are the frontiers of the components. The
second one is the lack of a proper constitutive equations for granular materials. The third
one is that, even if we propose a constitutive equation for a granular material, we can’t think
that the constitutive properties of the components don’t change from being isolated to being
in the mixture, in other words, the constitutive properties of all the elements of the mixture
are related to each other.

The discrete and continuum approaches serve different purposes. The discrete approach
has been used to obtain information on the evolution of the internal microstructure of the
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granular flow[32) 136]. On the other hand, the mixture theory approach has been used
to understand the dynamics of a granular flow where the mass of the interstitial fluid is
comparable to that of the solid (see for example [151]), and to model the dynamics of the
flow, when there exist 2 or more significant components in the mixture (see for instance
[110]).

Regarding the difficulties of using the mixture theory approach, we can say the following:

e The first difficulty is overcome by Truesdell [148], by adding a source term in the
momentum equation of all the constituents, which is defined in the whole space. This
term represents the drag force between each constituent of the mixture. This approach
is useful since it allows that the dynamics of the whole mixture satisfies the equations
of continuum mechanics for a single component, which is one of the hypotheses of the
mixture theory (Third metaphysical principle).

e Regarding the second difficulty, we emphasize that a comprehensive view of the me-
chanical and thermodynamical properties of materials is needed it to write constitutive
equations. In particular, granular materials reveals various mechanical behaviors, sim-
ilar to elastoplastic solids, in the case of a quasi-static regime, and to dense gazes, in
the case of intense agitation. Then, the properties of granular materials are somewhere
between those of a liquid and those of a real solid. Even at rest, granular material can
sustain some shearing stress but only an amount proportional to the average stress.
This yielding property is dominant in dense regimes and, several authors have pro-
posed constitutive equations resembling a viscoplastic material. The most remarkable
ones are the Drucker-Prager law [38], that is an extension of the Mohr-Coulomb yield
criterion, and more recently the p(/)-rheology [98]. Both models are an extension of
the Bingham constitutive equation. The Bingham constitutive equation is one of the
simplest models for a viscoplastic fluid. It was proposed by Bingham [8] in 1916 and
characterized by constant yield stress. In the Drucker-Prager model and the p(7)-
rheology, the yield stress is no more constant but pressure dependent. However, these
models face the lack of good mathematical properties and accurate numerical methods.
For example, [130] proved that the Drucker-Prager constitutive equation is ill-posed in
all two-dimensional contexts and all realistic three-dimensional contexts. However, the
research of granular materials using the u(7)-rheology is promising. For example, [0]
proved that the u(I)-rheology is well posed under certain conditions on a parameter
called inertial number. In the numerical front, [96] obtained accurate results using an
augmented Lagrangian method to simulate the collapse of a granular wall.

e Proposing constitutive equations is the root of the material theory. As we said, in
the case of a mixture is not clear how we should take into consideration the effects
of the other constituents in the constitutive equations. To overcome this difficulty,
most of the authors use the entropy principle which establishes that the solutions of
the equations of continuum mechanics must satisfy the second law of thermodynamics.
Under this restriction, using a mathematical procedure called Miiller-Liu [102], the
authors find restrictions for the constitutive functions and they managed to propose
suitable constitutive equations, see for example in the case of a mixture [106] [104] and
[70, Chapter 5.8] or [103] Chapter 7| for the case of a single material. However, we
emphasize that the results of applying the Miiller-Liu method depend on the initial
hypotheses of what are the independent variables of the problem and what balance
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laws we are considering. For example, if we want to study an isothermal dynamics, the
temperature is not an independent variable. In the mixture theory, the volume fraction
of a constituent is an independent variable that represents how much of a component
is in every point of the space. Goodman and Cowin [80] introduced the approach
of adding a new balance equation for the volume fraction. The main argument of
the authors is that granular fluids exhibit microstructural effects on their macroscale,
which is accounted for, in general, by adding a new balance equation. In their work,
the authors add to the balance equations of mass, linear and angular momentum, and
energy, another balance equation called the balance of equilibrated forces, which is a
dynamical equation for the volume fraction of the solid component. Using the Miiller-
Liu method, they proposed a set of constitutive equations. According to [121] the theory
of Goodman and Cowin is moderately successful since it predicts the Mohr-Coulomb
criterion, and the solutions to the equations are similar to observed phenomena for
such media, predicting the existence, for example, of a plug flow. Several authors have
followed this approach. Some examples are [151, [115, [120], and more recently [86].
However, there exist other approaches, for example, Liu[104]. For a porous media,
without considering the balance of equilibrated force equation and using the Miiller-Liu
method, Liu obtains different constitutive equations to the ones obtained by Goodman
and Cowin.

Concerning the above, this thesis contains two main parts. The first part is about a
continuum model for granular heterogeneous flows and the second is about the discrete ap-
proach.

In the first part thesis, contained in Chapter [3| the aim is to model the dynamics of a
granular heterogeneous flow composed by a Newtonian fluid (interstitial fluid) and N — 1
solid components, for N € N\ {0,1}. To achieved this, we developed a mixture theory made
of a full set of balance equations, aiming that our equations satisfied 2 of the four principles
of the mixture theory of Truesdell, the Continuum Hypothesis and the second metaphysical
principle. We also calculate the numerical solution of the stationary Couette flow between
two infinite concentric cylinders in the case where N = 2. This chapter is divided into four
sections:

e In Section the objective is to deduce a set of partial differential equations, resem-
bling the mixture theory equations, using a mathematical approach that utilizes the
tools of the homogenization theory. In this approach, we define a set of observable
scales at which we can distinguish where are located the different components of the
mixture and where they interact. Then, we write the balance equations for this system.
Under specific technical hypothesis, we pass to the limit, and we obtain the balance
equations at a homogenized scale where the mixture satisfies the continuum hypothesis.
An essential difference between our model and the classical mixture theory approach
relies on that, in our case, the interaction terms are not considered as source terms,
and they are included as a part of the constitutive functions. Then, our model of the
constitutive functions needs to consider these interactions. We emphasize that, in our
deduction, we do not use the Goodman and Cowin [80] balance equation of equilibrated
forces. Instead we consider a saturation constraint, which entails that the sum of all
volume fraction is equal to one, or in other words, the mixture is saturated.

e In section [3.2] the objective is to use the Miiller-Liu procedure based on the entropy
principle, to obtain a set of restrictions for the constitutive functions. One of these

4



1.1. INTRODUCTION

restrictions is the residual inequality. This inequality allows us to write constitutive
equations as a sub-differential inclusion. In this context, sub-differential inclusions are
a useful tool, since allows us to characterize the yielding property of granular materials
accurately. In Section [3.2.4, we clarify the above point by reviewing some classic
examples like the Bingham fluid equation, Drucker-Prager law and the p(/)-rheology.

e In section [3.3] we propose constitutive equations for a granular heterogeneous mixture
of N components, using subdifferential inclusions. The constitutive equations models
two important behaviors. First, the viscous nature of the interstitial fluid and second,
the plastic behavior of the granular component. However, our equations still depend
on a function called the Helmholtz free energy. The Helmholtz free energy is the
difference between the internal energy and the entropy times the temperature. Then,
to close the system of equations, we propose a Helmholtz free energy function for each
constituent that is the sum of two parts: the first is the Helmholtz free energy function
of the constituent isolated from the rest of the components and the second part is an
interaction term, resembling drag energy. With this final hypothesis, we obtain the full
system of equations. To test our model, we study the stationary Couette flow between
two infinite concentric cylinders in the case where we have the interstitial fluid and
one granular component (N=2). The result is a DAE system (Differential Algebraical
Equation) that is solved using MATLAB. We included the codes in Section [B|of the
Appendix.

e In section [3.4] we discuss the results obtained with the numerical simulation and the
future prospects of this research.

The second part of this thesis is divided into two Chapters, Chapter 4] and Chapter [5]
The primary objective of this part is to study the existence of weak solutions to multiphase
models involving rigid structures and fluids. In these models, we consider that the fluid and
the rigid part occupy well-defined domains and the constitutive properties of the fluid are
well determined by a set of simple constitutive equations. Regarding the first chapter, the
main difference is that the continuum hypothesis is dismissed and the interactions between
the solid and the liquid are only considered in the boundary conditions of the problem.

At first sight, this approach seems much more realistic. However, it adds new complica-
tions: the equations of motion are satisfied in moving domains, and we need to propose a
model for how the materials interact in their mutual frontier. More precisely:

e Since the equations are satisfied in moving domains we can’t use standard techniques of
the existence of solutions of the equations of fluid mechanics (see for example [144]). To
overcome this, most of the authors construct the solutions via a penalization method
developed by Hoffmann and Starovoitov [90] and [128]. Regarding the penalization
method, there exist a least two different approaches: a “L?” penalization (see for in-
stance [25]), and a “H'” penalization (see for instance [128]). In existence proofs, the
“L?" penalization approach is useful when the problem lacks a bound in H' for the
velocity (see for instance [68]). In numerical schemes, these two penalization methods
are used to simulate the motion of rigid bodies in a fluid, but the drawback of the H*!
penalization method is that the solid can change its shape which is not adapted for
rigid motions. We refer for instance to [9] for the analysis of a numerical scheme base
on the L? penalization method and also [126], [77], |[82], [109], etc. for some other works
on the numerical study of fluid-rigid body systems.
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e Regarding the boundary conditions, for a viscous fluid-rigid solid interaction system,
it has been proved by [128] that if the solid touches the exterior boundary, then this
contact is done with null relative velocity and null relative acceleration. This result
suggests that if at the initial time two bodies are not touching, they will never be in
contact at a finite time This no-collision paradox goes against Arquimides’ principle
and has been known since the 1960s [16] 28], in the context of Stokes equations and
it has been rigorously proved in the 2-d incompressible Navier-Stokes case [87] and for
3-d incompressible Navier-Stokes equation when the rigid body is a ball[88]. Such a
property indicates that this model should be modified to recover collisions between rigid
bodies. For the case of an infinite cylinder surrounded by a perfect incompressible fluid,
It is shown in [91], that collisions occur in finite time. If the fluid is viscous, accord-
ing to [68], one possible explanation could the choice of a no-slip boundary condition
(Dirichlet). In [68], the authors considered instead the Navier-slip boundary condition.
In that case and considering a ball immersed in the fluid, in [69] they proved the ex-
istence of a solution that touches the boundary. Other types of boundary conditions
more appropriate to an industrial framework has been considered by [17]. In their work,
the authors consider a Newtonian fluid-rigid body system with the Coulomb’s bound-
ary law. This boundary condition resembles the Drucker-Prager constitutive equation
and states that if the tangential component of stress tensor does not exceed a thresh-
old, then the boundary condition remains the standard Dirichlet boundary condition,
whereas if it equals to this threshold, then the boundary condition corresponds to a
generalized Navier boundary condition. In their work, the authors prove the existence
of weak solutions up to the first collision.

Considering the above, in Chapter |4 we study the problem of the existence of weak
solutions up to the first collision of an incompressible and isothermal Bingham fluid-rigid
body system with Dirichlet boundary conditions. On the modeling side, the advantage of
studying this problem lies in the fact that the Bingham fluid model is the simplest constitutive
equation that holds the yielding property which is dominant in dense regimes of granular
fluids. Then, a Bingham fluid-rigid body system can be useful to understand and shed some
light about granular materials. On the mathematical side, although an existence theorem
up to the first collision is the first step, we contribute to the full range of models that can
be useful to understand the fluid-rigid body interactions. This chapter is divided into five
sections:

e In Section we present the equations of the fluid-structure model, and we state the
main result. The governing equations for the fluid flow are written by considering the
Cauchy momentum equation of a Bingham incompressible fluid. Newton equations
for linear and angular momentum govern the motion of the rigid body. Finally, the
precedent equations are completed by boundary conditions, where we assume continuity
of the velocity field both in the fluid-solid interface and in the external boundary (no-slip
boundary conditions). At the end of this section we state the main existence result.

e In Section [4.2] we define a weak solution to this problem, and we introduce the energy
inequality. We also introduce proper notation, and we give some important preliminary
results.

e In Section using a 1l-stage Galerkin scheme, we state the approximated problem
which is defined by three parameters: one that corresponds to the dimension in the
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Galerkin method, one that corresponds to the approximation of the plastic term related
to the Bingham fluid, and one that corresponds to the penalization term used to deal
with the solid inside the fluid. Later in this section, we prove the existence of a solution
to the approximated problem using Peano’s Theorem.

e In Section we pass to the limit the parameters related to the Galerkin discretization
and the regularization of the plastic term at the same time. The main complication is
that we can’t prove in this part that the regularization of the plastic term converges to
an identifiable limit. Then, to avoid dealing with this limit and to take advantage of
the convexity of the plastic term, following the proof of Theorem 3.2 in [42] Chapter 6|,
we use a monotonicity argument that allows us to pass to the limit all the terms in the
approximated problem. However, the result of this process is a variational inequality
for the velocity that now depends only on the parameter related to the penalization.

e In Section [4.5, we pass to the limit the parameter related to the penalization term. To
do this, we need the strong convergence of the velocity field. The standard approach to
obtaining the strong convergence is to follow [128] Section 7]. This argument is based
on the Aubin-Lions-Simon Lemma [135], where we need a bound for the acceleration of
the approximated system. In our case, we cannot obtain the bound directly from the
inequality. However, by using the first approximated problem, before passing to the
limit the Galerkin dimension and the regularization term, we obtain a bound for the
acceleration that depends on the limit of the regularization of the plastic term, which
is not a problem since this term is bounded in a suitable space. Then, using standard
techniques, we can pass to the limit the equations and prove the existence of a weak
solution. Moreover, our solution satisfies an energy inequality that allows us to prove
that is valid up to the first collision.

The last chapter of this work, Chapter [5] is dedicated to studying the existence of a weak
solution of an incompressible heat conducting Newtonian fluid-rigid body system consider-
ing a Navier’s slip boundary condition. There exist several motivations to investigate this
problem, varying from physical modeling to mathematical challenges

Concerning the physical modeling of fluids, there exist fluid’s properties that are temper-
ature dependent. For example, as we see in Figure [L.5] the dynamic viscosity of the water can
vary up to 70 % considering temperatures from 20 to 80 Celsius degrees, while the density
remains nearly constant.
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Viscosity and density v/s temperature
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Figure 1.5: Viscosity v/s temperature and Density v/s temperature. Source: Release on the
TAPWS Formulation 2008 for the Viscosity of Ordinary Water Substance. Berlin, Germany
September 2008, available at http://www.iapws.org

Another example is the thermal conductivity, which is the property that indicates the
ability of a substance to conduct heat. For instance, as we show in Figure the thermal
conductivity of copper and water vary for different values of temperature. This shows us that
even in solid materials, some properties may exhibit a temperature dependence behavior.
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Figure 1.6: Thermal conductivity of copper and water v/s temperature [147]
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Regarding the mathematical challenges, the study of a temperature dependent dynamics
needs to consider the energy balance equation. However, in the context of continuum me-
chanics, there exist two formulations for this equation. One is referred to as the balance of
total energy, which stands for the sum of the kinetic energy and the internal energy of the
continuum media. The other one is the balance of internal energy. In the context of classical
solutions, using the linear momentum balance equation, one may show that both formulations
are equivalent. However, in the context of weak solutions, choosing one formulation over the
other may lead to whole different problems. For instance, the problem of a 3d incompressible
heat conducting Newtonian fluid with temperature dependent material coefficients, like in
Figures and [1.6] considering in the weak formulation the balance of internal energy, is
still open [50]. The principal stumbling block is the presence of the dissipation term in the
energy equation. The apriori estimate for the dissipation term is only L', then, in a Galerkin
approximation scheme, is impossible to pass to the limit this term by just using this type of
regularity.

This problem does not occur when the material coefficients are constant (we refer the
reader to [101, Chapter 3.5]) or when there are better a priori estimates on the velocity gra-
dient, for example, in the case of non-Newtonian fluids defined by power laws [26] or in two
space dimensions [27, 41]. Another approach to this problem is to dismiss the dissipation
term. This approximation received the name of Boussinesq and are useful to model atmo-
spheric fronts, oceanic circulation, katabatic winds, dense gas dispersion, and fume cupboard.
In this setting, the energy equation becomes a convection-diffusion equation, and the anal-
ysis of the coupled system is more straightforward (see for instance [43]). For example, the
problem of the existence of a weak solution of an incompressible heat conducting Newtonian
fluid-rigid body interaction with the Boussinesq approximation was solved in [114]. However,
there are other methods to overcome the problem of the dissipation term.

In [19], the authors consider the balance of total energy instead of the balance of internal
energy. This approach leads them to a weak formulation of the energy equation where all
terms are properly bound, and the existence of a weak solution is proved. However, the
corresponding study is more complicated since we need to obtain estimates of the pressure
during the proof of existence. To get estimates for the pressure in [19], the authors used
the Helmholtz-Weyl decomposition and proved that the pressure is an integrable function.
However, this is only possible considering some slip boundary condition. In particular, in [19],
the authors consider a Navier’s slip boundary condition. In the case of a no-slip boundary
condition, a method to obtain the pressure was developed by Wolf [153]. This pressure is
called by the author “local” pressure and is the sum of an integrable pressure and of the time
derivative of a harmonic function which is not integrable. Other settings where the pressure
is an integrable function is in spatially periodic problems, see for instance [146].

The integrability of the pressure is not only relevant in the context of heat conducting
fluids, but it also a crucial step in turbulence models [20] and incompressible non-newtonian
fluids [18] 107, 21], [108]. Regarding the study of the pressure, In the context of fluid-structure
interaction problems we refer the reader to [49] where the case of a non-Newtonian fluid-rigid
body interaction is treated. For the boundary conditions, the authors consider a no-slip
condition in the outer boundary and at the interface of the solid and the fluid. Then, part of
this work is devoted to the study of the “local” pressure where the authors need the pressure
estimates to pass to the limit in the nonlinearity associated with the stress tensor.

Considering the above, in Chapter [5| we study the problem of the existence of weak
solutions up to the first collision of an incompressible heat conducting Newtonian fluid-
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rigid body system with temperature dependent material coefficients considering a Navier slip
boundary condition. In our model, we assume that the rigid solid is a perfect heat conductor.
This simplification hypothesis is accurate for many liquid-solid interaction problems, for
example, the one describes in Figure where the thermal capacity of the fluid is negligible
regarding the thermal capacity of the solid. To proof the existence of a weak solution we
follow the approach of [19], and we work with the total energy equation. With this framework,
we are forced to impose a slip boundary condition to obtain estimates for the fluid’s pressure.
To deal with the Navier’s slip boundary condition in the exterior domain and the fluid-solid
interface, we follow the approach of [68].

Nevertheless, to obtain a suitable estimate for the fluid pressure, we need to make a
further assumption: the densities of the fluid and the solid parts are equal. This hypothesis
seems restrictive. However, up to our knowledge, this case has not been treated yet, and
it can be applied in many natural and industrial contexts. For instance, the density of the
fishes is equal to the density of the ocean in which they are swimming. There also exists
solid materials that have nearly the same density of the water. For instance, there are many
kinds of rubber which have a density close to 1[gr - cm™]: common rubbers, polyisoprene,
ethylene-propylene-diene rubber, polybutadiene and styrene-butadiene rubber have a density
of around 0.92-0.98[gr - cm ™3] .

In the framework of granular fluids, our equations are a fully discrete model of a granular
material with heat conducting properties. This is the main difference with the first model in
Chapter (3|, which is a fully continuous representation of an isothermal granular material, and
concerning Chapter |4| which is a mix between continuous and a discrete model for an isother-
mal granular fluid. Although our model poses several restrictions, this is a first approach
that can lead to several more robust models. This chapter is divided into six sections:

e In Section we present the equations of the fluid-structure model and our main
hypotheses. The governing equations for the fluid flow are the incompressible are
the Fourier-Navier-Stokes equations with temperature dependent coefficients. Newton
equations for linear and angular momentum govern the motion of the rigid body. For
the thermic behavior, we consider the internal energy equation for the fluid and the
solid parts. Finally, the precedent equations are completed by boundary conditions,
where we assume continuity of the normal component of the velocity field both in
the fluid-solid interface and in the external boundary and a Navier’s slip condition for
the tangential part of the velocity in the fluid-solid interface and the outer boundary.
The hypothesis that the rigid body is a perfect heat conductor is translate in that
the gradient of the temperature of the solid is 0. Then, since we need to force to the
temperature to be constant on the solid, we need to use a scalar penalization method
in the energy equation. Also in this section we define the weak solution of our problem,
and we state the main existence theorem.

e In Section [5.2) we introduce proper notation, and we give some important preliminary
results.

e In Section [5.3] we state the approximated problem. In this part, for the sake of clarity,
the approximated problem is defined by only two parameters: one that corresponds to
the penalization terms in the momentum equation and the energy equation, and the
second one is a parameter that corresponds to a regularization of the convective term
of our equations. In the momentum equation we use a L? penalization, and for the
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energy equation, we use a H' penalization method. The last parameter is introduced
to be able to use the approximated velocity as a test function in our equations. Finally,
in this section, we state an existence result for the approximated problem. We mention
that in the approximated problem, the pressure is part of the momentum equation.

In Section we present the proof of the existence of a solution to the approximated
problem. This proof is based on a 2-stage Galerkin scheme where the pressure is not in-
troduced yet. One stage is related to momentum’s equation and the other to the energy
equation. As we did in Chapter |4, we prove the existence of a solution to the discrete
problem using Peano’s Theorem. Then, we pass to the limit the parameters related to
the Galerkin discretization, and we introduced the pressure using the Helmholtz-Weyl
decomposition.

In Sections.5] we pass to the limit the parameter related to the penalization term and
the regularization of the convective term at the same time. Then, as we did before in
Chapter (4], to obtain the strong convergence of the velocity field and the temperature
we follow [128] Section 7|. In this part, we face the main difficulty in dealing with
the Navier’s slip boundary condition which is the lack of H! estimates for the velocity
in the solid. However, following the approach of [68] (see also [17]), this problem
is overcome using a special kind of test functions. Finally, we pass to the limit the
momentum equation. Then, following [19], we use the approximated momentum and
energy equations to obtain the approximated total energy equation. In this equation,
the dissipation term is no longer a problem and, after passing to the limit, we conclude
the existence of a weak solution. Moreover, our solution satisfies an energy inequality
that allows us to prove that is valid up to the first collision.

11
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1.2 Introduction

Cette thése vise a développer des modéles mathématiques en mécanique des fluides afin
de comprendre certains aspects de la dynamique des fluides granulaires hétérogénes. La
question naturelle qui convient a l'affirmation ci-dessus est la suivante: Qu’est-ce qu’un
fluide granulaire?.

Definition 1.2 (Fluides granulaires). Selon [78], un fluide granulaire est un ensemble de
particules solides immergées dans un fluide cela peut étre de l’eau ou de [’air. Nous consid-
érons que les particules sont plus grandes que 1 [um] afin d’éviter linclusion des forces de
Van der Waals.

L’importance des fluides granulaires réside dans leur existence dans de nombreux con-
textes industriels et environnementaux. Selon [65], mesuré en tonnes, le premier matériau
manipulé pour les serres humaines est 1’eau; le seconde est la matiére granulaire. On peut
trouver plusieurs exemples de matériaux granulaires dans l'industrie, tels que les résidus
miniers, les comprimés pharmaceutiques et les capsules ; et dans la nature tels que les glisse-
ments de terrain, les avalanches, les fluides pyroclastiques, le riz et le sable.

Figure 1.9: Flux pyroclastiques

Figure 1.8: Avalanches de neige Figure 1.10: Résidus miniers

La compréhension de la dynamique des fluides granulaires implique différentes méthodes
des sciences physiques, allant des études expérimentales aux études théoriques, en passant
par les observations de terrain, les simulations numériques et une combinaison de toutes les
méthodes susmentionnées (pour un examen complet du développement et de 1'état de 'art,
nous renvoyouns le lecteur & [94] [78]). En particulier, dans cette thése, nous contribuons a une
étude théorique et a des simulations numériques impliquant la mécanique des milieux conti-
nus, la théorie mathématique des équations constitutives et les mathématiques appliquées.

Dans le cadre de la mécanique, il existe deux maniéres de représenter le composant gran-
ulaire dans un fluide granulaire:

12
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Discréte Une maniére discréte ot chaque particule solide satisfait les équations cinématiques
du mouvement. Ensuite, le fluide et le composant solide font partie d’un systéme
d’interaction fluide-solide.

Continu Une maniére continu ou le matériau granulaire est modélisé comme un sous-
ensemble contenant toutes les particules et se déplagant dans le temps (milieu continu).

L’approche discréte est caractérisée par un ensemble bien défini d’équations ou la seule
question qui reste est de déterminer la maniére dont le fluide et les parties solides interagissent.
Le fait que les composants liquides et solides occupent des domaines en mouvement ajoute une
grande difficulté a ’analyse mathématique du systéme associé. D’autre part, si nous voulons
réaliser des simulations numériques réussies, le nombre de particules solides est limité car, le
degré de liberté du probléme augmente avec le nombre de particules.

Il existe plusieurs théories dans le cadre de ’approche du milieu continu. Parmi eux, la
théorie du mélange de Truesdell est la plus remarquable[148]. Elle a été développée pour
étudier la dynamique des mélanges de gaz et décrit le comportement mécanique et ther-
modynamique d’un mélange a 'aide d’un ensemble d’équations aux dérivées partielles. Ces
équations étendent les principes de la mécanique du continu pour un corps unique a un corps
composé de deux matériaux différents ou plus. L’hypothése centrale, appelée hypothése de
continu, est qu’a chaque instant, chaque point de I'espace est occupé simultanément par une
particule de chaque composant. A premiére vue, 'hypothése du continu semble plus facile &
gérer que l'approche discréte. Cependant, cette hypothése ajoute trois difficultés principales.
La premiére consiste & comprendre comment les matériaux interagissent car nous ne savons
plus ot sont les frontiéres des composants. La seconde est 1’absence d’équations constitutives
appropriées pour les matériaux granulaires. La troisiéme est que, méme si nous proposons
une équation constitutive pour un matériau granulaire, nous ne pouvons pas penser que
les propriétés constitutives des composants ne changent pas du fait qu’elles sont isolées au
mélange, c’est-a-dire les propriétés de tous les éléments du mélange sont liés les uns aux
autres.

Les approches discréte et continue servent différents objectifs. L’approche discréte a été
utilisée pour obtenir des informations sur I’évolution de la microstructure interne du flux
granulaire[32] [136].. D’autre part, ’approche de la théorie des mélanges a été utilisée pour
comprendre la dynamique d’un écoulement granulaire ot la masse du fluide interstitiel est
comparable & celle du solide (voir par exemple [I51]) et pour modéliser la dynamique de
I'écoulement, lorsqu’il existe 2 composants importants ou plus dans le mélange (voir par
exemple [110]).

En ce qui concerne les difficultés d’utilisation de I’approche de la théorie du mélange, on
peut dire ce qui suit:

e Truesdell surmonte la premiére difficulté en ajoutant un terme source dans I’équation
de quantité de mouvement de tous les constituants, qui est définie dans tout ’espace.
Ce terme représente la force de trainée entre chaque constituant du mélange. Cette
approche est utile car elle permet que la dynamique de I’ensemble du mélange satisfasse
les équations de la mécanique du continu pour un seul composant, ce qui est 1'une des
hypothéses de la théorie du mélange (Troisiéme principe métaphysique).

e En ce qui concerne la deuxiéme difficulté, nous soulignons qu’une vue compléte des
propriétés mécaniques et thermodynamiques des matériaux est nécessaire pour écrire
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des équations constitutives. En particulier, les matériaux granulaires révelent divers
comportements mécaniques, similaires aux solides élastoplastiques, dans le cas d'un
régime quasi-statique, a des gaz trop denses, et lors d'une agitation intense. Ensuite,
les propriétés des matériaux granulaires se situent quelque part entre celles d’un liquide
et celles d'un solide réel. Méme au repos, les matériaux granulaires peuvent supporter
une certaine contrainte de cisaillement, mais seulement une quantité proportionnelle a la
contrainte moyenne. Cette propriété est dominante dans les régimes denses et plusieurs
auteurs ont proposé des équations constitutives ressemblant & un matériau viscoplas-
tique. Les plus remarquables sont la loi Drucker-Prager [38], qui est une extension du
critere de rendement de Mohr-Coulomb, et plus récemment le mu([l)-rhéologie [98].
Les deux modeles sont une extension de 1’équation constitutive de Bingham. L’équation
constitutive de Bingham est 'un des modéles les plus simples pour un fluide viscoplas-
tique. Il a été proposé par Bingham en 1916[8] et caractérisé par une limite d’élasticité
constante. Dans le modéle Drucker-Prager et la rhéologie p(7), la limite d’élasticité
n’est plus constante mais dépend de la pression. Cependant, ces modéles sont con-
frontés au manque de bonnes propriétés mathématiques et de méthodes numériques
précises. Par exemple, [130] a prouvé que I’équation constitutive de Mohr-Coulomb
est mal posée dans tous les contextes & deux dimensions et dans tous les contextes a
trois dimensions réalistes. Cependant, la recherche de matériaux granulaires utilisant la
rhéologie u(1) est prometteuse. Par exemple, [6] a prouvé que la rhéologie p(7) est bien
posée dans certaines conditions sur un paramétre appelé nombre inertiel. Sur le front
numérique, [96] a obtenu des résultats précis en utilisant une méthode lagrangienne
augmentée pour simuler I'effondrement d’une paroi granulaire.

Enfin, la proposition d’équations constitutives est la base de la théorie des matériaux.
Comme nous 'avons dit précédemment, dans le cas d’'un mélange, la maniére dont
nous devrions considérer les effets des autres constituants dans les équations constitu-
tives n’est pas claire. Pour surmonter cette difficulté, la plupart des auteurs utilisent le
principe de ’entropie qui établit que les solutions des équations de la mécanique du con-
tinu doivent satisfaire la deuxiéme loi de la thermodynamique. Sous cette restriction,
en utilisant une procédure mathématique appelée Miiller-Liu[102], les auteurs trouvent
des restrictions pour les fonctions constitutives et parviennent & proposer des équations
constitutives appropriées, voir par exemple dans le cas d'un mélange [106] 104] et |70,
Chapitre 5.8] ou [103, Chapitre 7| pour le cas d’un seul matériau. Cependant, nous
soulignons que les résultats de 'application de la méthode de Miiller-Liu dépendent des
hypothéses initiales de quelles sont les variables indépendantes du probléme et des lois
de balance que nous envisageons. Par exemple, si nous voulons étudier une dynamique
isotherme , la température n’est pas une variable indépendante Dans la théorie des
mélanges, la fraction volumique d’un constituant est une variable indépendante qui
représente la quantité d’'un composant en chaque point de ’espace. Goodman et Cowin
[80] ont introduit I’approche consistant a ajouter une nouvelle équation de solde pour
la fraction volumique. L’argument principal des auteurs est que les fluides granu-
laires présentent des effets microstructuraux sur leur échelle macroscopique, ce qui est
généralement pris en compte par ’ajout d’une nouvelle équation d’équilibre. Dans leurs
travaux, les auteurs ajoutent a la balance les équations de masse, de moment linéaire et
angulaire et d’énergie, une autre équation de balance appelée balance des forces équili-
brées, qui est une équation dynamique pour la fraction volumique de la composante
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solide. En utilisant la méthode de Miiller-Liu, ils ont proposé un ensemble d’équations
constitutives. Selon [121], la théorie de Goodman et Cowin est relativement fructueuse
car elle prédit le critére de Mohr-Coulomb, et les solutions aux équations sont similaires
aux phénomenes observés pour de tels milieux, prédisant I’existence, par exemple, d’un
écoulement continu. Plusieurs auteurs ont suivi cette approche. Quelques exemples
sont [151} 115 120], et plus récemment [86]. Cependant, il existe d’autres approches,
par exemple, Liu [104]. Pour un support poreux, sans prendre en compte 1’équation
d’équilibre des forces équilibrées et en utilisant la méthode de Miiller-Liu, Liu obtient
des équations constitutives différentes de celles obtenues par Goodman et Cowin.

En ce qui concerne ce qui précéde, cette thése contient deux parties principales. La
premiére partie concerne un modeéle de continu pour les flux hétérogénes granulaires et la
seconde concerne ’approche discréte.

Dans la premieére partie de la thése, contenue dans le Chapitre|3] 'objectif est de modéliser
la dynamique d’un écoulement hétérogéne granulaire composé d’un fluide newtonien (fluide
interstitiel) et de N — 1 composants solides, pour N tout nombre naturel supérieur a 1.
Pour ce faire, nous avons développé de nouvelles équations basées sur la théorie du mélange
et constituées d'un ensemble complet d’équations d’équilibres. Nous avons donc cherché a
satisfaire deux des quatre principes de la théorie du mélange de Truesdell : I'hypothése de
continu et le second principe métaphysique. Nous calculons également la solution numérique
du flux de Couette stationnaire entre deux cylindres concentriques infinis dans le cas ou
N = 2. Ce chapitre est divisé en quatre sections.

e Dans la Section [3.1] Pobjectif est de déduire un ensemble d’équations aux dérivées par-
tielles, ressemblant aux équations de la théorie des mélanges, en utilisant une approche
mathématique utilisant les outils de la théorie de 'homogénéisation. Dans cette ap-
proche, nous définissons un ensemble d’échelles observables auxquelles nous pouvons
distinguer ou se situent les différents composants du mélange et ou ils interagissent.
Ensuite, nous écrivons les équations de la balance pour ce systéme. Sous certaines
hypothéses techniques, nous passons a la limite et nous obtenons les équations de la
balance a une échelle homogénéisée ot le mélange satisfait 'hypothése du continu.
Une différence essentielle entre notre modéle et 'approche classique de la théorie des
mélanges repose sur le fait que, dans notre cas, les termes d’interaction ne sont pas
considérés comme des termes sources et qu’ils font partie des fonctions constitutives.
Ensuite, notre modéle des fonctions constitutives doit prendre en compte ces interac-
tions.

e Dans la Section [3.2] I'objectif est d’utiliser la procédure de Miiller-Liu basée sur le
principe de I'entropie, afin d’obtenir un ensemble de restrictions pour les fonctions con-
stitutives. L’une de ces restrictions est 'inégalité résiduelle. Cette inégalité nous per-
met d’écrire des équations constitutives comme une inclusion sous-différentielle. Dans
ce contexte, les inclusions sous-différentielles sont un outil utile car elles permettent de
caractériser avec précision la propriété de rendement des matériaux granulaires. Dans
la section [3.2.4, nous clarifions le point ci-dessus en passant en revue quelques exemples
classiques tels que ’équation du fluide de Bingham et la loi de Drucker-Prager et la
p(I)-rhéologie.

e Dans la Section [3.3] nous proposons des équations constitutives pour un mélange gran-
ulaire hétérogéne de N composants, utilisant des inclusions sub-différentielles. Les
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équations constitutives modélisent deux comportements critiques. Premiérement, la
nature visqueuse du liquide interstitiel et, deuxiémement, le comportement plastique
du composant granulaire. Cependant, nos équations dépendent toujours d’une fonc-
tion appelée énergie libre de Helmholtz. L’énergie libre de Helmholtz est la différence
entre 1’énergie interne et I'entropie multipliée par la température. Ensuite, pour fer-
mer le systéme d’équations, nous proposons une fonction d’énergie libre de Helmholtz
pour chaque constituant qui est la somme de deux parties : la premiére est la fonction
d’énergie libre de Helmholtz du constituant isolé du reste des composants et la seconde
partie est un terme d’interaction ressemblant & ’énergie de trainée. Avec cette derniére
hypothése, nous obtenons le systéeme complet d’équations. Pour tester notre modéle,
nous étudions I’écoulement stationnaire de Couette entre deux cylindres concentriques
infinis dans le cas ot nous avons le fluide interstitiel et un composant granulaire (N = 2).
Le résultat est un systéme DAE (équation algébrique différentielle) résolu a I'aide de
MATLAB. Nous avons inclus les codes dans la Section [B de ’annexe.

e Dans la section [3.4] nous discutons des résultats obtenus avec la simulation numérique
et des perspectives de cette recherche.

La deuxiéeme partie de cette thése est divisée en deux chapitres, les chapitres W] et
L’objectif principal de cette partie est d’étudier I'existence de solutions faibles aux mod-
éles multiphases impliquant des structures et des fluides rigides. Dans ces modéles, nous
considérons que le fluide et la partie rigide occupent des domaines distincts et un ensemble
d’équations constitutives simples détermine bien les propriétés constitutives du fluide. En ce
qui concerne le premier chapitre, la principale différence est que ’hypothése de continu est
rejetée et que les interactions entre le solide et le liquide ne sont prises en compte que dans
les conditions aux limites du probléme.

A premiére vue, cette approche semble beaucoup plus réaliste. Cependant, cela ajoute de
nouvelles complications : les équations du mouvement sont satisfaites dans les domaines en
mouvement, et nous devons proposer un modéle pour 'interaction des matériaux dans leurs
frontiéres mutuelles. Plus précisément:

e Puisque les équations sont satisfaites dans des domaines en mouvement, nous ne pou-
vons pas utiliser les techniques standard d’existence de solutions des équations de la
mécanique des fluides (voir par exemple [144]). Pour remédier a cela, la plupart des
auteurs construisent les solutions via une méthode de pénalisation développé par Hoff-
mann et Starovoitov [90] et [128]. En ce qui concerne la méthode de pénalisation,
il existe au moins deux approches différentes: une pénalisation L? (voir par exemple
[25]) et une pénalisation H' (voir pour plus de détails [128]). Dans les démonstration
d’existence, I'approche de pénalisation L? est utile lorsque le probléme manque d’une
borne dans H' pour la vitesse (voir par exemple [68]). Dans les schémas numériques,
ces deux méthodes de pénalisation sont utilisées pour simuler le mouvement de corps
rigides dans un fluide, mais I'inconvénient de la méthode de pénalisation H' est que le
solide peut changer de forme, ce qui n’est pas adapté aux mouvements rigides. Nous
nous référons par exemple a [9] pour l'analyse d’un schéma basé sur la méthode de
pénalisation L? ainsi que [126], [77], [82], [109], etc. pour d’autres travaux sur I'étude
numérique des systémes corporels semi-rigides.

e Dans les conditions aux limites, pour un systéme d’interaction fluide visqueux-solide
rigide, il a été prouvé par [128| que si le solide touche la limite extérieure, ce contact est
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alors réalisé avec une vitesse relative nulle et une accélération relative nulle. Ce résultat
suggeére que si, au début, deux corps ne se touchent pas, ils ne seront jamais en contact a
une heure finie. Ce paradoxe de non-collision va a I’encontre du principe d’Arquimides
qui est connu depuis les années 1960[16] 28], dans le contexte des équations de Stokes
et cela a été rigoureusement prouvé dans 1’équations de Navier-Stokes incompressible
a 2 dimensions [87] et dans I’équation de Navier-Stokes incompressible & 3 dimensions
lorsque le corps rigide est une balle [88]. Une telle propriété indique que ce modéle
devrait étre modifié pour récupérer les collisions entre corps rigides. Pour le cas d'un
cylindre infini entouré d’un fluide parfaitement incompressible, il est montré dans [91],
que les collisions se produisent en temps fini. Si le fluide est visqueux, selon [68], une
explication possible pourrait étre le choix d'une condition aux limites sans glissement
(Dirichlet). Dans [68], les auteurs ont plutot considéré la condition aux limites de
Navier-slip. Dans ce cas, et en considérant une boule immergée dans le fluide, ils ont
prouvé, dans [69], 'existence d’une solution qui touche la limite. [17] a envisagé d’autres
types de conditions aux limites plus appropriées a& un cadre industriel. Dans leurs
travaux, les auteurs considérent un systéme de corps newtonien rigide-fluide avec la loi
de limite de Coulomb. Cette condition aux limites ressemble & I’équation constitutive de
Drucker-Prager et stipule que si la composante tangentielle du tenseur des contraintes ne
dépasse pas un seuil, la condition aux limites reste la condition aux limites de Dirichlet
standard, alors que si elle est égale & ce seuil, la condition aux limites correspond &
une condition de limite de Navier généralisée. Dans leurs travaux, les auteurs prouvent
I’existence de solutions faibles jusqu’a la premiére collision.

Considérant ce qui précéde, au Chapitre 4 nous étudions le probléme de 'existence de
solutions faibles jusqu’a la premiére collision d’un systéme de corps rigide-fluide de Bingham
incompressible et isotherme avec des conditions aux limites de Dirichlet. Du point de vue
de la modélisation, 'avantage de 1’étude de ce probléme réside dans le fait que le modéle
fluide de Bingham est I’équation constitutive la plus simple qui détient la propriété plastiqué
qui prédomine dans les régimes denses de fluides granulaires. Ensuite, un systéme de corps
Bingham fluide-rigide peut étre utile pour comprendre et éclairer un peu les matériaux gran-
ulaires. Du point de vue mathématique, bien que la premiére étape soit un théoréme de
I'existence jusqu’a la premiere collision, nous contribuons a ’ensemble des modéles pouvant
étre utiles a la compréhension des interactions corps-fluide rigides. Ce chapitre est divisé en
cing sections:

voy aca

e Dans la Section nous présentons les équations du modéle fluide-structure et et nous

définissons le résultat principal. Les équations qui régissent 1’écoulement du fluide sont
écrites en considérant I’équation de Cauchy d’un fluide incompressible de Bingham. Les
équations de Newton, pour le moment linéaire et angulaire, régissent le mouvement du
corps rigide. Enfin, les équations précédentes sont complétées par des conditions aux
limites, dans lesquelles nous supposons la continuité du champ de vitesse a la fois dans
I'interface fluide-solide et dans la limite externe (conditions aux limites sans glissement).
A la fin de cette section, nous énoncons le résultat principal de Pexistence.

Dans la Section [4.2] nous définissons une solution faible & ce probléme et introduisons
I'inégalité énergétique. Nous introduisons également la notation appropriée et donnons
les résultats préliminaires nécessaires.
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e Dans la section [4.3] en utilisant un schéma de Galerkin a un étage, nous énongons le
probléme approché qui est défini par trois paramétres : le premier correspondant a
la dimension de la méthode de Galerkin, le second correspondant a ’approximation
du terme plastique li¢ au fluide de Bingham et le dernier correspondant au terme de
pénalisation utilisé pour traiter le solide & l'intérieur du fluide. Plus loin dans cette
section, nous prouvons l’existence d’une solution au probléme approché utilisant le
théoréme de Peano.

e Dans la Section [4.4] nous passons a la limite des paramétres liés a la discrétisation
de Galerkin et a la régularisation du terme plastique en méme temps. La principale
complication est que nous ne pouvons pas prouver dans cette partie que la régularisation
du terme plastique converge vers une limite identifiable. Ensuite, pour éviter de traiter
cette limite et tirer parti de la convexité du terme plastique, suite a la preuve du
théoréeme 3.2 dans [42) Chapitre 6|, nous utilisons un argument de monotonicité qui
nous permet de passer a la limite de tous les termes du probléme approché. Cependant,
le résultat de ce processus est une inégalité variationnelle pour la vitesse qui ne dépend
plus que du parameétre lié a la pénalisation.

e Dans la Section nous passons a la limite du parameétre lié au terme de pénali-
sation. Pour ce faire, nous avons besoin de la forte convergence du champ de vitesse.
L’approche standard pour obtenir la convergence forte est a suivre [128, Section 7]. Cet
argument est basé sur la langue d’Aubin-Lions-Simon|[135], ot nous avons besoin d’une
limite pour 'accélération du systéme approché. Dans notre cas, nous ne pouvons pas
obtenir le lien directement & partir de I'inégalité. Cependant, en utilisant le premier
probléme approché, avant de passer a la limite la dimension de Galerkin et le terme de
régularisation, nous obtenons une limite pour 'accélération qui dépend de la limite de
régularisation du terme plastique, ce qui n’est pas un probléme puisque ce terme est
délimité dans un espace approprié. Ensuite, en utilisant des techniques standard, nous
pouvons passer a la limite des équations et prouver l'existence d’une solution faible.
De plus, notre solution répond a une inégalité énergétique nous permettant de prouver
qu’elle est valable jusqu’a la premiére collision.

Le dernier chapitre de ce travail, le Chapitre [}, est consacré a 'étude de lexistence d’une
solution faible d'un systéme de corps newtonien conductrice de la chaleur incompressible par
la chaleur tenant compte de la condition limite de glissement de Navier. Il existe plusieurs
motivations pour étudier ce probléme, allant de la modélisation physique aux défis mathé-
matiques.

En ce qui concerne la modélisation physique des fluides, il existe des propriétés de fluide
dépendant de la température. Par exemple,comme on le voit a la figure [I.11} la viscosité
dynamique de I’eau peut varier jusqu’a 70% en considérant des températures comprises entre
20 et 80 degrés Celsius alors que la densité reste presque constante.
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Viscosity and density v/s temperature
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Figure 1.11: Viscosité v/s température et Densité v/s température. Source: Publication sur
la formulation IAPWS de 2008 pour la viscosité d’'une substance aqueuse ordinaire. Berlin,
Allemagne, septembre 2008, disponible sur http://www.iapws.org

Un autre exemple est la conductivité thermique, propriété qui indique la capacité d’une
substance & conduire de la chaleur. Par exemple, comme nous le montrons a la figure [1.12]
la conductivité thermique du cuivre et de ’eau varie selon les valeurs de température. Cela
nous montre que méme dans les matériaux solides, certaines propriétés peuvent présenter un
comportement dépendant de la température.
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«10% Thermal conductivity v/s temperature
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Figure 1.12: Conductivité thermique du cuivre et de ’eau en fonction de la température [147]

En ce qui concerne les défis mathématiques, ’étude d’'une dynamique dépendante de la
température doit prendre en compte ’équation du bilan énergétique. Cependant, dans le
contexte de la mécanique du continu, il existe deux formulations pour cette équation. L'une
est appelé le bilan de I'énergie totale et représente la somme de I’énergie cinétique et de
I’énergie interne du continu. L’autre est ’équilibre de I'énergie interne .

Dans le contexte des solutions classiques, en utilisant ’équation d’équilibre de moment
linéaire, on peut montrer que les deux formulations sont équivalentes.

Cependant, dans le contexte de solutions faibles, choisir une formulation plutét qu'une
autre peut entrainer des problémes totalement différents.

Par exemple, le probléme d’un fluide newtonien incompressible conducteur de chaleur
avec des coefficients de matériau dépendants de la température considérant , comme dans les
figures et considérant que la formulation faible avec I’équilibre en énergie interne
est toujours ouverte [50]. La principale pierre d’achoppement est la présence du terme de
dissipation dans I’équation d’énergie. L’estimation a priori du terme de dissipation n’est que
de L' ; il est donc impossible, dans un schéma d’approximation de Galerkin, de passer a la
limite de ce terme en utilisant simplement ce type de régularité.

Ce probléme ne se pose pas lorsque les coefficients de matériau sont constants (nous
renvoyons le lecteur & [I01] chapitre 3.5]) ou lorsqu’il existe de meilleures estimations a priori
du gradient de vitesse, par exemple dans le cas de fluides non newtoniens définis par des
lois de puissance [26] ou dans deux dimensions d’espace [27, [41]. Une autre approche de ce
probléme consiste & écarter le terme de dissipation. Cette approximation a regu le nom de
Boussinesq et est utile pour modéliser les fronts atmosphériques, la circulation océanique, les
vents catabatiques, la dispersion de gaz dense et les sorbonnes de fumée. Dans ce contexte,
I’équation d’énergie devient une équation de convection-diffusion et l'analyse du systéme
couplé est plus simple (voir par exemple [43]). Par exemple, le probléme de l'existence
d’une solution faible d’une probleme d’interaction fluide-structure avec un fluide Newtonien
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conducteur du chaleur avec I’approximation de Boussinesq a été solu dans [114]. Cependant,
il existe d’autres méthodes pour résoudre le probléme du terme de dissipation. Dans [19], les
auteurs considérent en particulier la condition de limite de glissement de Navier.

Dans [19], les auteurs considérent le solde de ’énergie totale au lieu du solde de I'énergie
interne. Cette approche conduit & une formulation faible de I’équation d’énergie ol tous les
termes sont correctement liés et ou 'existence d’une solution faible est prouvée. Cependant,
I’étude correspondante est plus compliquée car il faut obtenir des estimations de la pression
lors de la preuve de l'existence. Pour obtenir des estimations de la pression dans [19], les
auteurs utilisent la décomposition de Helmholtz-Weyl et prouvent que la pression est une
fonction intégrable. Cependant, cela n’est possible qu’en considérant certaines conditions
de limite de glissement. Dans le cas d’une condition limite sans glissement, une méthode
permettant d’obtenir la pression a été développée par Wolf [153]. Cette pression est appelée
par 'auteur “local” et est la somme d’une pression intégrable et de la dérivée temporelle de la
fonction harmonique qui n’est pas intégrable. D’autres parameétres dans lesquels la pression
est une fonction intégrable sont des problémes spatialement périodiques, voir par exemple
[146].

L’intégrabilité de la pression n’est pas seulement importante dans le contexte des fluides
thermoconducteurs, elle constitue également une étape cruciale dans les modéles de turbu-
lence [20] et dans les fluides incompressibles non newtoniens [18] 107, 21 108]. En ce qui
concerne ’étude de la pression, dans le contexte des problémes d’interaction fluide-structure,
nous renvoyons le lecteur & [49] o le cas d’une interaction corps-fluide non-newtonienne est
traité. Pour les conditions aux limites, les auteurs considérent une condition sans glissement
dans la limite extérieure et a l'interface du solide et du fluide. Ensuite, une partie de ce travail
est consacrée a 1’étude de la pression “local” ou les auteurs ont besoin que les estimations de
pression passent a la limite de la non-linéarité associée au tenseur de contraintes.

Compte tenu de ce qui précede, au Chapitre |5, nous étudions le probléme de I'existence de
solutions faibles jusqu’a la premiére collision d’un systéme de corps fluide-rigide newtonien
conducteur de la chaleur incompressible avec des coefficients de matériau dépendant de la
température tenant compte d’une condition limite de glissement de Navier. Dans notre
modele, nous supposons que le solide rigide est un conducteur thermique parfait. Cette
hypothése de simplification est exacte pour de nombreux problémes d’interaction liquide-
solide, par exemple, celle décrite a la figure [1.12] ou la capacité thermique du fluide est
négligeable par rapport a la capacité thermique du solide.. Pour prouver I'existence d'une
solution faible nous suivons I'approche de [19] et nous travaillons avec I’équation de ’énergie
totale. Avec ce cadre, nous sommes obligés d’imposer une condition limite de glissement de
Navier pour obtenir des estimations de la pression du fluide. Pour traiter de la condition
limite de glissement de Navier dans le domaine extérieur et de l'interface fluide-solide, nous
suivons l'approche de [68].

Néanmoins, pour obtenir une estimation appropriée de la pression du fluide, nous devons
faire une hypothése supplémentaire : les densités du fluide et des parties solides sont égales.
Cette hypothése semble restrictive. Cependant, a notre connaissance, ce cas n’a pas encore
été traité et il peut étre appliqué dans de nombreux contextes naturels et industriels. Par
exemple, la densité des poissons est égale a la densité de 'océan dans lequel ils nagent. Il
existe également des matériaux solides qui ont a peu pres la méme densité d’eau. Par exemple,
de nombreux types de caoutchouc ont une densité proche de 1 [g - cm?] : les caoutchoucs
ordinaires, le polyisopréne, le caoutchouc éthyléne-propyléne-diéne, le polybutadiéne et le
caoutchouc styréne-butadiéne ont une densité d’environ 0,92-0,98 [g - cm?].
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Dans le cadre des fluides granulaires, nos équations sont un modéle totalement discret d’un
matériau granulaire possédant des propriétés de conduction thermique. C’est la principale
différence avec le premier modele du Chapitre 3 [3] qui est une représentation entiérement
continue d’un matériau granulaire isotherme, et celui du Chapitre 4| qui est un mélange entre
un modéle continu et un modéle discret pour un fluide granulaire isothermique. Bien que
notre modeéle pose plusieurs restrictions, il s’agit d’une premiére approche pouvant conduire
a plusieurs modéles plus robustes.

Ce chapitre est divisé en cinq sections.

e Dans la section nous présentons les équations du modele fluide-structure et nos
principales hypothéses. Les équations qui régissent 1’écoulement des fluides sont les
incompressibles sont les équations de Fourier-Navier-Stokes avec des coefficients dépen-
dant de la température. Les équations de Newton pour le moment linéaire et angulaire
régissent le mouvement du corps rigide. Pour le comportement thermique, nous consid-
érons ’équation d’énergie interne pour le fluide et les parties solides. Enfin, les équa-
tions précédentes sont complétées par les conditions aux limites, ol nous supposons
la continuité de la composante normale du champ de vitesse, a la fois dans l'interface
fluide-solide et dans la limite externe, et une condition de glissement de Navier pour
la partie tangentielle de la vitesse dans le fluide-interface solide et la limite extérieure.
L’hypothése selon laquelle le corps rigide est un parfait conducteur de chaleur se traduit
par le fait que le gradient de la température du solide est égal & 0. Ensuite, puisque
nous devons forcer la température a rester constante sur le solide, nous devons utiliser
une pénalisation scalaire. méthode dans 'équation d’énergie. Egalement dans cette sec-
tion, nous définissons la solution faible de notre probléme et nous énongons le principal
théoréme de l'existence.

e Dans la section [5.2] nous introduisons la notation correcte et donnons les résultats
préliminaires nécessaires.

e Dans la section[5.3] nous énongons le probléme approché. Dans cette partie, par souci de
clarté, le probléme approché n’est défini que par deux paramétres : 1'un qui correspond
aux termes de pénalisation dans I’équation de quantité de mouvement et 1’équation
d’énergie, et le second qui correspond a une régularisation du terme convectif de nos
équations. Dans I’équation de quantité de mouvement, nous utilisons une pénalisation
L?, et pour 'équation d’énergie, nous utilisons une méthode de pénalisation H!. Le
dernier parameétre est introduit pour pouvoir utiliser la vitesse approximative comme
fonction de test dans nos équations. Enfin, dans cette section, nous énoncgons un ré-
sultat d’existence pour le probléme approché. Nous mentionnons que dans le probléme
approché, la pression fait partie de ’équation du moment.

e Dans la section[5.4] nous présentons la preuve de I'existence d’une solution au probléme
approché. Cette preuve est basée sur un schéma de Galerkin en 2 étapes dans lequel la
pression n’est pas encore introduite. Une étape est liée a ’équation de la quantité de
mouvement et 'autre a ’équation de I’énergie. Comme nous l'avons fait au chapitre
4, nous prouvons l'existence d’une solution au probléme discret utilisant le théoréme
de Peano. Ensuite, nous passons & la limite des parameétres liés a la discrétisation de
Galerkin et nous avons introduit la pression en utilisant la décomposition de Helmholtz-

Weyl.
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Dans la section [5.5, nous passons a la limite du parameétre relatif au terme de pénali-
sation et a la régularisation du terme de convection en méme temps. Ensuite, comme
nous l'avons déja vu au Chapitre [ pour obtenir la forte convergence du champ de
vitesse, nous suivons [128] Section 7|. Dans cette partie, nous nous heurtons a la
principale difficulté liée a la condition de limite de glissement de Navier, a savoir le
manque d’estimations H' de la vitesse dans le solide. Cependant, suivant I’approche
de [68] (voir aussi [17]), ce probléme est résolu en utilisant un type spécial de fonctions
de test. Enfin, nous passons a la limite de I'’équation du moment. Ensuite, suivant
I'approche de [19], nous utilisons les équations approximatives de quantité de mouve-
ment et d’énergie pour obtenir I’équation approximative de 1’énergie totale. Dans cette
équation, le terme de dissipation n’est plus un probléme et, une fois passée a la limite,
nous concluons a 'existence d’une solution faible. De plus, notre solution répond & une
inégalité énergétique nous permettant de prouver qu’elle est valable jusqu’a la premiére
collision.
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1.3 Introduccién

Esta tesis tiene como objetivo desarrollar algunos modelos matematicos en mecanica de flui-
dos para comprender algunos aspectos de la dindmica de fluidos granulares heterogéneos.
Entonces , la pregunta natural es: ;Qué es un fluido granular?

Definition 1.3.1 (Fluidos granulares). Segun [78], un fluido granular es una coleccion de
particulas sélidas sumergidas en un fluido que puede ser agua o aire. Consideramos que las
particulas son mds grandes que 1 um para evitar la inclusion de las fuerzas de Van der Waals.

La importancia de los fluidos granulares radica en su existencia en numerosos contextos
industriales y ambientales. Segun [65], medido en toneladas, el primer material manipulado
en la tierra es el agua; El segundo es el material granular. Se pueden encontrar varios ejemplos
de materiales granulares en la industria, tales como relaves, tabletas farmacéuticas y capsulas;
y en la naturaleza tales como deslizamientos de tierra, avalanchas, flujos piroclésticos, arroz
y arena.

Figure 1.15: Flujos piroclasticos

Figure 1.14: Avalanchas Figure 1.16: Relaves

La comprension de la dinamica de los fluidos granulares implica diferentes métodos de las
ciencias fisicas, desde estudios experimentales y teodricos, asi como observaciones de campo a
simulaciones numéricas y, una combinacion de todo lo anterior (para una revision exhaustiva
del desarrollo y el estado del arte, remitimos al lector a [94 [78]) . En particular, en esta tesis,
contribuimos con un estudio tedrico y simulaciones numéricas que involucran la mecénica de
medios continuos, la teoria matematica de las ecuaciones constitutivas y las matematicas
aplicadas.

En el marco de la mecanica de medios continuos, hay dos formas de representar la com-
ponente granular en un fluido granular:

Discreta Cada particula solida satisface las ecuaciones cineméticas del movimiento. Luego,
el fluido y la componente sélido forman parte de un sistema de interaccion fluido-sélido.
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Continua El material granular se modela como un subconjunto de R? que contiene todas
las particulas y se mueve en el tiempo (un medio continuo).

El enfoque discreto se caracteriza por un conjunto de ecuaciones bien definidas donde
la tnica pregunta que queda es determinar cémo interactian el fluido y las partes solidas.
El hecho de que las componentes liquidas y solidas ocupen dominios en movimiento agrega
una gran dificultad en el analisis matematico del sistema. Por otro lado, si queremos lograr
simulaciones numéricas, el nimero de particulas sélidas esta restringido, ya que los grados
de libertad del problema aumentan con el nimero de particulas.

Existen varias teorfas en el marco del enfoque continuo. Entre ellas, la teoria de mezclas
de Truesdell [148] es la mas notable. Fue desarrollado para estudiar la dindmica de mezclas
de gases y describe el comportamiento mecanico y termodindmico de una mezcla utilizando
un conjunto de ecuaciones diferenciales parciales. Estas ecuaciones extienden los principios
de la mecanica de medios continuos para un solo cuerpo a un cuerpo hecho de dos o mas
materiales diferentes. La hipotesis central, llamada hipoétesis del continuo, es que en cada
instante, cada punto del espacio estd ocupado simultdneamente por una particula de cada
componente. A primera vista, la hipdtesis del continuo parece mas manejable que el enfoque
discreto. Sin embargo, esta hipotesis anade tres dificultades principales. La primera es en-
tender como interactian los materiales, ya que no sabemos donde estan las fronteras de cada
una de las componentes. La segunda es la falta de ecuaciones constitutivas adecuadas para
materiales granulares. La tercera es que, incluso si proponemos una ecuaciéon constitutiva.
para un material granular, no podemos pensar que las propiedades constitutivas de las com-
ponentes no cambian de estar aislados a estar en la mezcla, en otras palabras, las propiedades
constitutivas de todos los elementos de la mezcla estan relacionadas entre si.

Los enfoques discretos y continuos sirven para diferentes propoésitos. El enfoque discreto
se ha utilizado para obtener informacion sobre la evolucion de la microestructura interna del
flujo granular [32, [136]. Por otro lado, el enfoque de la teoria de mezclas. para comprender
la dindmica de un flujo granular donde la masa del fluido intersticial es comparable a la del
solido (ver, por ejemplo, [151]), y modelar la dindmica del flujo, cuando existen 2 o maés
componentes tienen un peso significativos en la mezcla (ver por ejemplo [110]).

Con respecto a las dificultades de utilizar el enfoque de la teoria de mezclas, podemos
decir lo siguiente:

e La primera dificultad es superada por Truesdell [148], agregando un término fuente
en la ecuaciéon de momentum de todos los constituyentes, que se define en todo el
espacio. Este término representa la fuerza de roce entre cada componente de la mezcla.
Este enfoque es 1til ya que permite que la dinamica de toda la mezcla satisfaga las
ecuaciones de la mecanica de medios continuos para una sola componente, que es una
de las hipotesis de la teoria de mezclas (tercer principio metafisico).

e Con respecto a la segunda dificultad, enfatizamos que se necesita una vision integral de
las propiedades mecénicas y termodinamicas de los materiales para escribir ecuaciones
constitutivas. En particular, los materiales granulares revelan diversos comportamien-
tos mecénicos, similares a los s6lidos elastoplasticos, en el caso de un régimen casi-
estatico, y a gases densos, en el caso de agitacion intensa. Entonces, las propiedades de
los materiales granulares estdn en algtin lugar entre las de un liquido y las de un sélido
real. Incluso en reposo, el material granular puede soportar algo de esfuerzo cortante,
pero solo una cantidad proporcional al esfuerzo promedio. Esta propiedad de fluencia es
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dominante en regimenes densos y, varios autores han propuesto ecuaciones constitutivas
que se asemejan a un material viscoplastico. Los mas notables son la ley de Drucker-
Prager [38], que es una extension del criterio de rendimiento de Mohr-Coulomb, y mas
recientemente la reologia p(7)[98]. Ambos modelos son una extension de la ecuacion
constitutiva de Bingham. La ecuacion constitutiva de Bingham es uno de los modelos
més simples para un fluido viscoplastico. Fue propuesto por Bingham [§] en 1916 y se
caracteriza por una tension de fluencia constante. En el modelo de Drucker-Prager y la
reologia (1), la tension de fluencia no es constante sino que depende de la presion. Sin
embargo, estos modelos se enfrentan a la falta de buenas propiedades mateméticas y
métodos numeéricos precisos. Por ejemplo, [130] demostro que la ecuacion constitutiva
de Drucker-Prager estd mal puesta a en todos los contextos bidimensionales y todos
los contextos tridimensionales. Sin embargo, la investigacion de materiales granulares
utilizando la reologia u(I) es prometedora. Por ejemplo, [6] demostro que la reologia
p(I) esté bien puesta bajo ciertas condiciones sobre un parametro llamado nimero de
inercia. En el frente numérico, [96] obtuvo resultados precisos, utilizando un método
Lagrangiano aumentado, para simular el colapso de una pared granular.

Proponer ecuaciones constitutivas es la raiz de la teoria material. Como dijimos, en
el caso de una mezcla no esta claro como debemos tomar en consideracion los efectos
de los otros constituyentes en las ecuaciones constitutivas. Para superar esta dificul-
tad, la mayoria de los autores utilizan el principio de entropia que establece que las
soluciones de las ecuaciones de la mecanica de medios continuos deben satisfacer la
segunda ley de la termodinédmica. Bajo esta restriccion, utilizando un procedimiento
matematico llamado Miiller-Liu [102], los autores encuentran restricciones para las fun-
ciones constitutivas y lograron proponer ecuaciones constitutivas adecuadas. Para el
caso de una mezcla tenemos como ejemplo los trabajos de [106], [104] y para el caso
de un solo material |70, Capitulo 5.8] o [L03] Capitulo 7]. Sin embargo, enfatizamos
que los resultados de aplicar el método Miiller-Liu dependen de las hipotesis iniciales
de cuales son las variables independientes del problema y qué leyes de equilibrio es-
tamos considerando. Por ejemplo, si queremos estudiar una dindmica isotérmica , la
temperatura no es una variable independiente. En la teoria de mezclas, se introduce
la concentracion volumétrica de un constituyente que es una variable independiente
que representa la cantidad de un componente en cada punto del espacio. Goodman y
Cowin [80] introdujeron el enfoque de agregar una nueva ecuacion de balance para la
concentracion volumétrica. El principal argumento de estos autores es que los fluidos
granulares presentan efectos microestructurales en su macroescala, lo que se explica,
en general, al agregar una nueva ecuacién de balance. En su trabajo, los autores
agregan a las ecuaciones de balance de masa, momento lineal y angular, y energia,
otra ecuacion de balance llamada balance de fuerzas equilibradas, que es una ecuacion
dindmica para concentracion volumétrica de la componente solida. Usando el método
Miiller-Liu, propusieron un conjunto de ecuaciones constitutivas. Segun [121] la teoria
de Goodman y Cowin es moderadamente exitosa ya que predice el criterio de Mohr-
Coulomb (propiedad de fluencia), y las soluciones obtenidas describen exitosamente
algunos fenémenos observados en fluidos granulares. Varios autores han seguido este
enfoque. Algunos ejemplos son [I51] [1T5] [120], y més recientemente [86]. Sin embargo,
existen otros enfoques, por ejemplo, Liu [104]. Para un medio poroso, sin considerar el
equilibrio de la ecuaciéon de fuerza equilibrada y el uso del método Miiller-Liu y obtine
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ecuaciones constitutivas diferentes.

En cuanto a lo anterior, esta tesis contiene dos partes principales. La primera parte trata
sobre un modelo continuo para flujos heterogéneos granulares y la segunda trata sobre el
enfoque discreto.

En la primera parte de la tesis, contenida en el Capitulo [3] el objetivo es modelar la
dindmica de un flujo heterogéneo granular compuesto por un fluido Newtoniano (fluido inter-
sticial) y N — 1 componentes solidas, con N € N\ {0,1}. Para lograr esto, desarrollamos una
teoria, parecida a la teoria de mezclas de Truesdell, compuesta de un conjunto de ecuaciones
de balnce, con el objetivo de que nuestras ecuaciones cumplieran con 2 de los cuatro prin-
cipios de la teoria de mezclas de Truesdell, la Hipotesis del Continuo y el segundo principio
metafisico. También calculamos la soluciéon numérica del flujo estacionario de Couette entre
dos cilindros concéntricos infinitos en el caso de que N = 2. Este capitulo se divide en cuatro
secciones:

e En la seccion [3.1], el objetivo es deducir un conjunto de ecuaciones en derivadas par-
ciales, que se asemejan a las ecuaciones de la teoria de mezclas, utilizando un enfoque
matematico que utiliza las herramientas de la teoria de la homogeneizaciéon. En este
enfoque, definimos un conjunto de escalas observables en las que podemos distinguir
doénde se ubican las diferentes componentes de la mezcla y donde interactiian. Luego,
escribimos las ecuaciones de balance para este sistema. Bajo hipotesis técnicas, pasamos
al limite y obtenemos las ecuaciones de equilibrio en una escala homogeneizada donde la
mezcla satisface la hipdtesis del continuo. Una diferencia esencial entre nuestro modelo
y el enfoque de la teoria de mezclas clasica se basa en que, en nuestro caso, los términos
de interacciéon no se consideran términos fuente y se incluyen como parte de las fun-
ciones constitutivas. Entonces, nuestro modelo de las funciones constitutivas necesita
considerar estas interacciones. Enfatizamos que, en nuestra deduccién, no usamos la
ecuacion de equilibrio de las fuerzas equilibradas de Goodman y Cowin [80]. En su
lugar, consideramos una restriccion de saturacion, lo que implica que la suma de todas
las fracciones de volumen es igual a uno, o en otras palabras, la mezcla esté saturada.

e En la seccion[3.2] el objetivo es usar el procedimiento M iiller-Liu basado en el principio
de entropia, para obtener un conjunto de restricciones para las funciones constitutivas.
Una de estas restricciones es la desigualdad residual. FEsta desigualdad nos permite
escribir ecuaciones constitutivas como una inclusion sub-diferencial. En este contexto,
las inclusiones sub-diferenciales son una herramienta ttil, ya que nos permite caracteri-
zar con precision la propiedad de fluencia de los materiales granulares. En la Seccion
[3.2.4, claramos el punto anterior revisando algunos ejemplos clasicos como la ecuacion
de fluidos de Bingham, la ley de Drucker-Prager y la reologia de u([).

e En la seccion proponemos ecuaciones constitutivas para una mezcla heterogénea
de N — 1 componentes granulares y 1 componente de fluido instersticial, utilizando
inclusiones subdiferenciales. Las ecuaciones constitutivas modelan dos comportamien-
tos importantes. Primero, la naturaleza viscosa del fluido intersticial y, segundo, el
comportamiento plastico del componente granular. Sin embargo, nuestras ecuaciones
todavia dependen de una funcién llamada energia libre de Helmholtz. La energia libre
de Helmholtz es la diferencia entre la energia interna y la entropia multiplicada por la
temperatura. Luego, para cerrar el sistema de ecuaciones, proponemos una funcién de
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energia libre de Helmholtz para cada constituyente que es la suma de dos partes: la
primera es la funcién de energia libre de Helmholtz del constituyente aislado del resto
de los componentes y la segunda parte es un término de interaccion, que se asemeja a la
energia de roce. Con esta hipdtesis final, obtenemos el sistema completo de ecuaciones.
Para contrastar nuestro modelo, estudiamos el flujo estacionario de Couette entre dos
cilindros concéntricos infinitos en el caso donde tenemos el fluido intersticial y una
componente granular (N = 2). El resultado es un sistema DAE (ecuacion algebraica
diferencial) que se resuelve utilizando MATLAB. Incluimos los codigos en la Seccion
del Apéndice.

e En la Seccion |3.4| discutimos los resultados obtenidos con la simulacién numérica y las
perspectivas futuras de esta investigacion.

La segunda parte de esta tesis se divide en dos capitulos, Capitulo 4] y Capitulo[s] El objetivo
principal de esta parte es estudiar la existencia de soluciones débiles para modelos multifasicos
que involucran estructuras rigidas y fluidos. En estos modelos, consideramos que el fluido
y la parte rigida ocupan dominios bien definidos y las propiedades constitutivas del fluido
estdn bien determinadas por un conjunto de ecuaciones constitutivas simples. Con respecto
al primer capitulo, la principal diferencia es que la hipotesis del continuo se descarta y las
interacciones entre el solido y el liquido solo se consideran en las condiciones de contorno del
problema.

A primera vista, este enfoque parece mucho mas realista. Sin embargo, agrega nuevas
complicaciones: las ecuaciones de movimiento se satisfacen en los dominios en movimiento, y
debemos proponer un modelo de como los materiales interactian en la frontera mutua. Mas
precisamente:

e Dado que las ecuaciones se satisfacen en los dominios méviles, no podemos usar técnicas
estandar de la existencia de soluciones de las ecuaciones de la mecanica de fluidos
(ver, por ejemplo, [144]). Para superar esto, la mayoria de los autores construyen
las soluciones a través de un método de penalizacion desarrollado por Hoffmann y
Starovoitov [90] y San Martin et al.[128]. Con respecto al método de penalizacion,
existen al menos dos enfoques diferentes: una penalizacion “L?” (ver, por ejemplo,
[25]), v una penalizacion “H'” (ver por ejemplo [128]). En las pruebas de existencia, el
enfoque de penalizacion “L?” es ttil cuando el problema carece de un limite en “H'”
para la velocidad ( por ejemplo en [68]). En los esquemas numéricos, estos dos métodos
de penalizacion se utilizan para simular el movimiento de cuerpos rigidos en un fluido,
pero el inconveniente del método de penalizacion “H'” es que el solido puede cambiar
su forma y no moverse como un soélido rigidos. Algunos trabajos importante en esta
materia son, por ejemplo, [9] para el andlisis de un esquema numeérico basado en el
método de penalizacion “L*” y también a [126], [77], [82], [109], etc. para algunos otros
trabajos sobre el estudio numeérico de sistemas de cuerpos rigidos y fluidos.

e Con respecto a las condiciones de contorno, para un sistema de interaccién fluido
viscoso-solido rigido, se demostré en [128] que si el solido toca el limite exterior, este
contacto se realiza con una velocidad y una aceleracion relativa nula. Este resultado
sugiere que si en el momento inicial dos cuerpos no se tocan, nunca estaran en con-
tacto en un tiempo finito Esta paradoja de no colision va en contra del principio de
Arquimides y se conoce desde los anos 1960 |16} 28], en el contexto de las ecuaciones
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de Stokes y se ha demostrado rigurosamente en el casode las ecuaciones de Navier-
Stokes incompresible en 2d [87] y para la ecuacion de Navier-Stokes incompresible en
3-d cuando el cuerpo rigido es una bola [88]. Dicha propiedad indica que este modelo
debe modificarse para recuperar colisiones entre cuerpos rigidos. Para el caso de un
cilindro infinito rodeado por un fluido incompresible perfecto, se muestra en [91], que
las colisiones ocurren en tiempo finito. Si el fluido es viscoso, de acuerdo con [68], una
posible explicaciéon podria ser la eleccion de una condicién de borde de no deslizamiento
(Dirichlet). En [68], los autores consideraron la condiciéon de borde de Navier. En ese
caso, y considerando una bola inmersa en el fluido, en [69] se demostro la existencia de
una solucion que toca el borde. [17] ha considerado otros tipos de condiciones de borde
més apropiadas para un marco industrial. En su trabajo, los autores consideran un
sistema de interaccié fluido newtoniano- sélido rigido con condicién de borde tipo ley
de Coulomb. Esta condicién de borde se asemeja a la ecuacion constitutiva de Drucker-
Prager e indica que si la componente tangencial del tensor de tension no excede una
tension umbral, entonces la condicién de borde es una condicién tipo Dirichlet, mien-
tras que si es igual a este umbral, la condiciéon de borde corresponde a una condiciéon de
tipo Navier generalizada. En su trabajo, los autores prueban la existencia de soluciones
débiles hasta la primera colision.

Teniendo en cuenta lo anterior, en el Capitulo [4|estudiamos el problema de la existencia de
soluciones débiles hasta la primera colision de un sistema de interaccion fluido-sélido rigido
donde el fluido es del tipo Bingham incompresible e isotérmico con condiciones de borde
del tipo Dirichlet en la frontera mutua y la frontera exterior. Desde el punto de vista del
modelo, la ventaja de estudiar este problema radica en el hecho de que el modelo de un
fluido Bingham es la ecuacion constitutiva més simple que tiene la propiedad de fluencia que
es dominante en regimenes densos de fluidos granulares. Luego, un sistema de interaccion
fluido Bingham-so6lido rigido puede ser tutil para comprender y arrojar algo de luz sobre
los materiales granulares. Desde el punto de vista matemético, aunque nuestro teorema de
existencia es valido hasta la primera colisién, es un primer paso y contribuimos a la gama
completa de modelos que pueden ser ttiles para comprender las interacciones entre fluidos y
cuerpos rigidos. Este capitulo esta dividido en cinco secciones:

e En la Seccion[d.1] presentamos las ecuaciones del modelo de interaccion fluido-estructura
y establecemos el resultado principal. Las ecuaciones que modelan el movimiento del
fluido son las ecuaciones de momentum de Cauchy para un fluido Bingham incompresi-
ble. Las ecuaciones de Newton del momento lineal y angular gobiernan el movimiento
del solido rigido. Finalmente, las ecuaciones anteriores se completan con condiciones
de borde, donde asumimos la continuidad del campo de velocidades tanto en la interfaz
fluido-solido como en la frontera externa (condicion de Borde tipo Dirichlet). Al final
de esta seccion establecemos el resultado principal de este capitulo que es un teorema
de existencia.

e En la Seccion definimos una soluciéon débil para este problema e introducimos la
desigualdad de energia. También introducimos notaciéon adecuada, y damos algunos
resultados preliminares importantes.

e En la Seccion [4.3] utilizando un esquema de Galerkin, planteamos el problema aprox-
imado que se define por tres parametros: uno que corresponde a la dimension en el
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método de Galerkin, otro que corresponde a la aproximacion del término plastico aso-
ciado al fluido de Bingham, y finalmente uno que corresponde al término de penalizacion
utilizado para tratar el solido dentro del fluido. Mas adelante en esta secciéon, compro-
bamos la existencia de una solucién al problema aproximado utilizando el teorema de
Peano.

En la Seccion pasamos al limite los parametros relacionados con la discretizacion
de Galerkin y la regularizaciéon del término plastico al mismo tiempo. La principal
complicacion es que no podemos probar que la regularizacién del término plastico con-
verge a un limite identificable. Entonces, para evitar tratar con este limite y aprovechar
la convexidad del término plastico, siguiendo la prueba del Teorema 3.2 en [42] Capi-
tulo 6], usamos un argumento de monotonia que nos permite pasar al limite todos los
términos en el problema aproximado. Sin embargo, el resultado de este proceso es
una desigualdad variacional para la velocidad que ahora depende solo del parametro
relacionado con la penalizacion.

En la Seccion 4.5, pasamos al limite el parametro relacionado con el término de penal-
izacion. Para hacer esto, necesitamos la convergencia fuerte del campo de velocidad.
El enfoque estandar para obtener la convergencia fuerte es seguir [128] Seccion 7|. Este
argumento se basa en el lema de Aubin-Lions-Simon [135], donde necesitamos una cota
para la aceleracion del sistema aproximado. En nuestro caso, no podemos obtener el
limite directamente de la desigualdad. Sin embargo, al utilizar el primer problema
aproximado, antes de pasar al limite en la dimension de Galerkin y el término de
regularizacion, obtenemos un limite para la aceleraciéon que depende del limite de la
regularizacion del término plastico. Esto no es un problema ya que este término esta
debidamente acotado en un espacio adecuado. Luego, utilizando técnicas estandar,
podemos pasar al limite las ecuaciones y probar la existencia de una solucién débil.
Ademas, nuestra solucién satisface una desigualdad de energia que nos permite probar
que es valida hasta la primera colision.

El ultimo capitulo de este trabajo, Capitulo |5 se dedica a estudiar la existencia de una

solucion débil de un sistema de interaccion fluido-sélido rigido donde el fluido es un fluido
newtoniano incompresible conductor del calor y el solido es un conductor perfecto de la
temperatura. En este problema consideramos condiciones de borde del tipo Navier. Existen
diversas motivaciones para investigar este problema, desde el modelamiento fisico hasta los
desafios matematicos.

Con respecto al modelamiento fisico, muchas propiedades de los fluidos dependen de la
temperatura. Por ejemplo, como vemos en la Figura la viscosidad dinédmica del agua
puede variar hasta un 70 % considerando temperaturas de 20 a 80 grados Celsius, mientras
que la densidad permanece casi constante.

30



1.3. INTRODUCCION

Viscosity and density v/s temperature
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Figure 1.17: Viscosidad v/s temperatura y densidad v/s temperatura. Fuente: Publicacion
en la Formulacion TAPWS 2008 para la viscosidad de la sustancia de agua ordinaria. Berlin,
Alemania, septiembre de 2008, disponible en http://www.iapws.org

Otro ejemplo es la conductividad térmica, que es la propiedad que indica la capacidad
de una sustancia para conducir el calor. Por ejemplo, como mostramos en la Figura [1.18],
la conductividad térmica del cobre y el agua varian para diferentes valores de temperatura.
Esto nos muestra que incluso en materiales sélidos, algunas propiedades pueden mostrar un
comportamiento de dependencia de la temperatura.
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Figure 1.18: Conductividad térmica de cobre y agua v / s temperatura. [147]

Con respecto a los desafios matematicos, el estudio de una dindmica dependiente de la
temperatura debe considerar la ecuaciéon de balance de energia. Sin embargo, en el contexto
de la mecéanica de medios continuos, existen dos formulaciones para esta ecuacién. Una
se conoce como la ecuaciéon de balance de la energia total, que representa la suma de la
energia cinética y la energia interna de un medio continuo. La otra es el equilibrio de la
energia interna. En el contexto de las soluciones clasicas, utilizando la ecuacion momentum
lineal, se puede mostrar que ambas formulaciones son equivalentes. Sin embargo, en el
contexto de soluciones débiles, elegir una formulacién sobre la otra puede llevar a problemas
completamente diferentes. Por ejemplo, el problema de un fluido newtoniano conductor del
calor e incompresible en 3d con coeficientes materiales dependientes de la temperatura, como
en las Figuras N considerando en la formulacion débil la ecuacion de balance de
la energia interna, sigue abierto [50]. El principal obstaculo es la presencia del término de
disipacion en la ecuaciéon de energia. La estimacion a priori para el término de disipacion
es solo L', por lo tanto, en un esquema de aproximacion de Galerkin, es imposible pasar al
limite de este término utilizando este tipo de regularidad.

Este problema no se produce cuando los coeficientes materiales no dependen de la temper-
atura (remitimos al lector a [I01, Capitulo 3.5]) o cuando hay mejores estimaciones a priori
sobre el gradiente de velocidad, por ejemplo, en el caso de fluidos no-Newtoniano definidos por
una ley de potencia [26] o en dos dimensiones espaciales [27| 41]. Otro enfoque a este problema
es descartar el término de disipacion. Esta aproximacion recibi6 el nombre de Boussinesq y es
util para modelar frentes atmosféricos, circulacién oceanica, vientos catabaticos y dispersion
de gases densos. En este contexto, la ecuacion de energia se convierte en una ecuaciéon de
conveccion-difusion, y el analisis del sistema acoplado es mas directo (ver, por ejemplo, [43]).
Por ejemplo, el problema de la existencia de una solucién débil para el problem de interac-
cion fluido-estructura donde consideramos un fluido Newtoniano incompresible conductor del
calor con coeficientes materiales dependiendo continuamente de la temperatura y donde para
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la ecuacion de la energia consideramos la aproximacion de Boussinesq se resolvio en [114].

Aunque la aproximacion de Boussinesq resulta ttil, existen otros métodos para superar
el problema del término de disipacion.

En [19], los autores consideran el balance de la energia total en lugar del balance de la
energia interna. Este enfoque los lleva a una formulacion débil de la ecuacion de energia
en la que todos los términos estdn correctamente acotados, y se demuestra la existencia
de una solucién débil. Sin embargo, El estudio correspondiente es mas complicado ya que
necesitamos obtener estimaciones de la presion durante la prueba de existencia. Para obtener
estimaciones de la presion en [19], los autores utilizaron la descomposicién de Helmholtz-Weyl
y demostraron que la presién es una funcion integrable. Sin embargo, esto solo es posible
considerando alguna condicion de borde con deslizamiento. En particular, en [19], los autores
consideran una condiciéon de borde del tipo Navier. En el caso de una condicién de borde
del tipo Dirichlet, Wolf [153] desarroll6 un método para obtener la presion. Esta presion es
llamada por el autor presion“local” y es la suma de una presion integrable y de la derivada
temporal de una funcién armoénica que no es integrable. Otras configuraciones donde la
presion es una funcion integrable se encuentran en problemas espacialmente periddicos, ver,
por ejemplo, [146].

La integrabilidad de la presion no solo es relevante en el contexto de los fluidos conductores
del calor, sino que también es un paso crucial en los modelos de turbulencia [20] y los fluidos
no newtonianos incompresibles [18, 107, 21], [108]. Con respecto al estudio de la presion,
en el contexto de los problemas de interaccion fluido-estructura, remitimos al lector a [49]
donde se trata el caso de una interaccion de cuerpo solido rigido y un fluido no-Newtoniano.
Para las condiciones de borde, los autores consideran una condicién de tipo Dirichlet en la
frontera exterior y en la interfaz entre el solido y el fluido. Luego, parte de este trabajo
esta dedicado al estudio de la presion “local” donde los autores obtienen estimaciones para la
presion utilizando la no linealidad asociada tensor de esfuerzos de Cauchy.

Teniendo en cuenta lo anterior, en el Capitulo [5| estudiamos el problema de la existencia
de soluciones débiles hasta la primera colisiéon de un sistema de interaccion fluido-sélido rigido
donde el consideramos que el fluido es Newtoniano incompressible, conductor del calor con
coeficientes materiales dependientes continuamente de la temperatura con una condiciéon de
borde del tipo Navier. En nuestro modelo, asumimos que el sélido rigido es un conductor
de calor perfecto. Esta hipotesis de simplificacion es adecuada para muchos problemas de
interaccion fluido-solido, por ejemplo, la que se describe en la Figura[1.18] Donde la capacidad
térmica del fluido es insignificante con respecto a la capacidad térmica del sélido. Para probar
la existencia de una solucion débil, seguimos el enfoque de [19], y trabajamos con la ecuacion
de energia total. Con este marco, nos vemos obligados a imponer una condiciéon de borde de
tipo Navier para obtener estimaciones de la presion del fluido. Para hacer frente a la condicion
de borde de Navier en el dominio exterior y la interfaz fluido-sélido, seguimos el enfoque de
[68]. Sin embargo, para obtener una estimacion adecuada de la presion del fluido, necesitamos
hacer una suposicion adicional: las densidades del fluido y sé6lido son iguales. Esta hipotesis
parece restrictiva. Sin embargo, hasta donde sabemos, este caso aiin no se ha tratado y se
puede aplicar en muchos contextos naturales e industriales. Por ejemplo, la densidad de los
peces es igual a la densidad del océano en el que estan nadando. También existen materiales
solidos que tienen casi la misma densidad del agua. Por ejemplo, hay muchos tipos de caucho
que tienen una densidad cercana a 1[gr - cm™3]: cauchos comunes, poliisopreno, caucho de
etileno-propileno-dieno, polibutadieno y el caucho de estireno-butadieno tiene una densidad
de alrededor de 0.92 - 0.98|gr - cm™3].

33



CHAPTER 1. INTRODUCTION

En el marco de los fluidos granulares, nuestras ecuaciones son un modelo basado en el
enfoque discreto de un material granular con propiedades de conduccion del calor. Esta es la
principal diferencia con el primer modelo en el Capitulo[3] que es una representacion continua
de un material granular isotérmico, y en relaciéon con el Capitulo |4 que es una mezcla entre un
modelo continuo y un modelo discreto. Para un fluido granular isotérmico. Aunque nuestro
modelo tiene varias restricciones, este es un primer paso que puede llevar a varios modelos
mas robustos. Este capitulo esta dividido en seis secciones:

e En la Secciéon [p.1] presentamos las ecuaciones del modelo de estructura de fluidos
y nuestras principales hipotesis. Las ecuaciones que gobiernan el fluido son las de
Fourier-Navier-Stokes incompresible con coeficientes dependientes continuamente de la
temperatura. Las ecuaciones de Newton para el momento lineal y angular gobiernan
el movimiento del cuerpo rigido. Para el comportamiento térmico, consideramos la
ecuacion de energia interna para el fluido y las partes solidas. Finalmente, las ecua-
ciones anteriores se completan con condiciones de borde, donde asumimos la continuidad
del componente normal del campo de velocidades tanto en la interfaz fluido-sélido como
en el limite externo y una condiciéon de borde de Navier para la parte tangencial de la
velocidad en el fluido en la interfaz fluido-sélida y el borde exterior. La hipotesis de
que el cuerpo rigido es un conductor de calor perfecto se traduce en que el gradiente
de la temperatura del solido es 0. Entonces, dado que necesitamos forzar la temper-
atura para que sea constante en el sélido, necesitamos usar un método de penalizacion
escalar en la ecuacion de energia. También en esta seccién definimos la solucion débil
de nuestro problema y establecemos el teorema principal de la existencia.

e En la Seccion introducimos notacién adecuada y damos algunos resultados prelim-
inares importantes.

e En la seccion [5.3] introducimos el problema aproximado. En esta parte, para mayor
claridad, el problema aproximado se define por solo dos parametros: uno que corre-
sponde a los términos de penalizacion en la ecuacion de momentum y la ecuacion de
energia, y el segundo es un parametro que corresponde a una regularizacion de la Tér-
mino convectivo de nuestras ecuaciones. En la ecuaciéon de momentum utilizamos una
penalizacion L?, y para la ecuacién de energia, usamos un método de penalizacion H*.
El dltimo parametro se introduce para poder utilizar la velocidad aproximada como
una funcion de test en nuestras ecuaciones. Finalmente, en esta secciéon, indicamos un
resultado de existencia para el problema aproximado. En el problema aproximado, la
presion es parte de la ecuaciéon de momentum.

e En la Seccién presentamos la prueba de la existencia de una soluciéon al problema
aproximado. Esta prueba se basa en un esquema Galerkin de 2 etapas donde la presion
aun no se ha introducido. Una etapa esta relacionada con la ecuaciéon de momentum
y la otra con la ecuacién de energia. Como hicimos en el Capitulo 4] demostramos la
existencia de una solucion al problema discreto usando el Teorema de Peano. Luego,
pasamos al limite los parametros relacionados con la discretizacién de Galerkin, e in-
troducimos la presion utilizando la descomposicion de Helmholtz-Weyl.

e En la Seccién pasamos al limite el parametro relacionado con el término de pe-
nalizacion y la regularizacion del término convectivo al mismo tiempo. Luego, como
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INTRODUCCION

hicimos antes en el Capitulo [4] para obtener la convergencia fuerte del campo de veloci-
dades y la temperatura seguimos a [128] Secciéon 7|. En esta parte, nos enfrentamos a la
dificultad de lidiar con la condicién de borde de Navier, que se traduce en la falta de es-
timaciones H' para la velocidad en el s6lido. Sin embargo, siguiendo el enfoque de [68]
(ver también [17]), este problema se resuelve utilizando un tipo especial de funciones
de test. Finalmente, pasamos al limite la ecuacion de momento. Luego, siguiendo [19],
usamos las ecuaciones de momentum y energia interna aproximadas para obtener la
ecuacion de energia total aproximada. En esta ecuacion, el término de disipacion ya no
es un problema y, después de pasar al limite, concluimos la existencia de una solucién
débil. Ademés, nuestra solucion satisface una desigualdad de energia que nos permite
probar que es valida hasta la primera colision.
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Chapter 2

Preliminaries

In this chapter we establish some notation, we recall some essential definitions regarding
function spaces, and we enounced some remarkable theorems of functional analysis that we
use in the following chapters. We extracted most of the definitions and notations from [58]
Chapter II.

2.1 Notation

e Let a and b two vectors in R™. We define the dot product as folllows
a-b:Zaibi, (21)
i=1
or, using Einstein notation,
a-b= szl
e Let a and b two vectors in R™. We define the tensor product as folllows
(CL X b)i,j = (Iibj,
fori e {1,...,n}.

e Let a and b two vectors in R®. We define the cross product as folllows

a2b3 - agbg
axb= a3b1 — albg
CL1b2 — agbl

e We write A = A;; to mean A is an m X n matrix with (4, )" entry A, ;.

o M™*™ is the space of real m xn matrices and M"*" to the space of real m xn symmetric
matrices.

e We define the space
SO(n) ={Q e M| QQ* =1I,, and det(Q) = 1},

where (Q* is the tranpose matrix of ) and I, is the identity matrix in M"™*".
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tr(A)=trace of the matrix A.
If A and B are n X m matrices, then we define the trace product

A:B= :éi: :;f:‘/iﬁjlgﬁj'

i=1 j=1

Using Einstein notation, we write:

A:B= /1@jlgﬁj.

Given A in M™*" we define the Frobenious norm as follows
Al = VA: A

Let A € M™*™ we define the traceless part of A as follows

doa-ly (A) I, (2.2)
n

where [, is the identity matrix in M"™*".

2.2 Differential operators

e For a scalar function v : 2 C R?® — R, a vectorial function v : 2 C R?® — R, for
n € N\ {0,1} and a matrix function 3 : R3 — M?>*3 we define the operators:

‘7U = 5;; s

Our Jw  dur
8:)3]_ amg 8x3

ox1 Oz Oxs

=1
" Ou;  Ou,
d- — 7 — 7
v(u) £ z; O
and
0x 00X
div(X) = L= ek
1\,< ) ;g:; é?lb é?ﬂij <

We also define the symetric part of Vu as
1
D(u) = 3 (Vu + Vu").

In the framework of fluid mechanics, if u is the velocity field, D(u) is called the strain
rate tensor. On the other hand we define the curl operator as the skew-symmetric
matrix

curl(u) = Vu — Vu*.
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e A vector of the form o = (a, ..., a,), where each component «; is a nonegative integer,
is called a multiindex of order:

Let v : R" — R™ and a multindex o we define
Veu = (V%uy, ..., Veuy,),

where

Plalui

AL Gpan
0x] Oxon

o Let & : M™ "™ = R a function and D € M"*"™. We define the set of sub-derivatives of
® at D as the set

0P(D)={SeM”™| Z:(W-D)<®(W)—-®(D) VW eM"*"}. (2.3)
If 0®(D) # 0, we say that ® is subdifferentiable at D.

Vo‘ui =

2.3 Function spaces

e We define some classical spaces of smooth functions. Given k € N and 2 C R", we
denote C*(£2) as the space k-times differentiable functions in §2. To shorten notations,
we set

We also set .
C>(2) = [ CH(1).
k=0

Moreover, by the symbols and CF(£2) and C§°(§2) we indicate the sub- spaces of C*(£2)
and C*({2), respectively, of all those functions having compact support in (2. Further-
more, C¥(£2), 0 < k < oo, denotes the class of restrictions to 2 of functions in CF(R").
As before, we put
CY(£2) == Cy(£2), and CJ(£2) := Co(R™).

We next define C*(£2) (C(£2) for k = 0) as the space of all functions u for which V%u
is bounded and uniformly continuous in {2, for all multiindex 0 < |o| < k. We recall
that for k < oo, C*(£2) is a Banach space with respect to the norm

“-— -
e = i sup V"],

Finally, for A € (0,1] and k € N, by C**(£2) we denote the closed subspace of C*()
consisting of all functions u whose derivatives up to the k-th order are Hélder continuous
(Lipschitz continuous if A = 1) in {2, that is,

ve -V
uor = max  sup VD) = VG
0<|al<k 2 yeQ x4y |x _ y|

C* X\(£2) is a Banach space with respect to the norm
lulleracoy = lluller () + [Wlka-
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e For p € [1,00), we define the space LP({2) as the set of all real Lebesgue-measurable
functions u defined in (2, such that

1/p
ol oy = ( I dx) < .

[ull oo ) = €53 SUp lu| < oco.

and for p = oo

e For g € [1,00] and k € N, we define the Sobolev space

WHhP(£2) := {u € LP(Q) | V*u € LF(12), 0 < |a| < m},
with the respective norm

1/p

lllwrny = | Do IV ullZoiey |

0<|a|<k
or

HUHW’%‘X’(Q) = Og‘ljék HVQU“Loo(Q) :

Finally, for the case p = 2 we denote W#?2(2) = H*(£2) and we denote by W, (£2),
the completion of C§°(£2) with respect to the norm of WH"P((2)

e Let X a Banach space and |||, its norm. For p € [1, 00) we define the space L?(0,7’; X)
as the space of all mesurable functions w : [0,7] — X such that

T 1/p
- (/ HuHX> < oo,

[ull oo (o.7,x) = €88 sup_[lul|y < oo.
t€[0,T]

and for p = oo

We also introduce the space C([0,7]; X) as the space of all continuous functions
u:[0,T] — X such that

= < .
HUHC([O,T};X) tgg% [Jull x < o0

In general, L?(0,7; X) and C([0,T]; X) are called Bochner spaces.
e For any set {2 with a bounded boundary, we say that (2 is of class C** if the boundary
012 can be parametrized with C** functions (a precise definition of parametrized is

given in [58] p.37]).

39



CHAPTER 2. PRELIMINARIES

2.4 Important theorems of functional analysis

Theorem 2.4.1 (Holder’s inequality). Let 2 C R™ for n > 1. For any v € LP({2) and
ve Li(82)

[wvll iy < lull ooy 101l 2oy -
for 1/r=1/q+ 1/p.
Corollary 2.4.2 (Interpolation inequality). Let 2 C R™ forn > 1. For any
v e LP(2)N LYL2)

A 1-2

0]l ey < N0llzogy 101l Lage) »

for 1)r =X/p+ (1= X)/q. In particular, forp=2 and ¢ =6, A= (6 —7r)/r.

The proof of theorems [2.4.1 and [2.4.2 can be found in I, Chapter 2].

Theorem 2.4.3 (Sobolev embeddings). Let 2 C RY be a bounded Lipschitz domain, meaning
that the boundary can be parametrized by Lipschitz functions (a precise definition is given in

[58, p.37]). Then,

(i) Then, if kp < N and p > 1, the space W*P(Q) is continuously embedded in LI($2) for

any
Np

N —kp
Moreover, the embedding s compact if k > 0 and q < p*.

1<qg<p =

(ii) If kp = N, the space W*P(§2) is compactly embedded in L(§2) for any q € [1,00).
(iii) If kp > N, then W*P(§2) is continuously embedded in C*~WN/PI=1v () where [ ]denotes

the integer part and

L § IN/p]+1=N/p if N/p e Z
arbitrary positive number in (0,1) if N/p € Z.

Moreover, the embedding is compact if 0 < v < [N/p] +1— [N/p].

The proof of Theorem [2.4.3 can be found in [I54, Theorem 2.5.1.]. A direct consequence
of Theorem [2.4.3 is the following theorem:

Theorem 2.4.4 (Sobolev embeddings in dual spaces). Let 2 C RY be a bounded domain.
Let k> 0 and q < oo satisfy

Np

pr =1 — kp
q>1forkp=N, or q=>11ifkp> N.

Then the space L1(§2) is compactly embedded into the space W=5P(£2), 1/p+1/p = 1.

q > wherep*:N if kp < N,

Theorem 2.4.5 (Trace theorem and Green’s formula). Let 2 C RY, be a bounded Lipschitz
domain and p > 1. Then there exists a linear operator o : W'P(£2) s WI=VPP(942) with
the following properties:

[Yo(v)|(x) = v(z) for x € 052 provided v € C*({2),

40



2.4. IMPORTANT THEOREMS OF FUNCTIONAL ANALYSIS

||’VO(U>HW1—1/p,p(aQ) sc Hv”wlm (Q) for all v e WHP(Q),
ker[yo] = Wa?(2)

provided 1 < p < oo. Conwversely, there exists a continuous linear operator

0 Wlfl/Pyp(aQ) N Wl,p(Q) such that
70(6(1))) = forallv € Wl_l/p’p(ﬁﬂ)

provided 1 < p < oo. In addition, the following formula holds:

/ 00, u dx +/ u0y,v dx :/ Yo(u)yo(v)n; dx, i =1,--- | N.
19 0 00

for any u € WHP(02), v € WLP(§2), where 1 is the outer normal vector to the boundary OS2.
The proof of this theorem can be found in [113, Theorems 5.5, 5.7].

Theorem 2.4.6 (Aubin-Lions-Simon). Let X C B C Y three Banach spaces such that, the
embbeding X C B 1s compact and B CY s continuous:

(i) Let F be bounded in LP(0,T; X), where 1 < p < oo, and 2= be bounded in L'(0,T;Y).
Then F' is relatively compact in LP(0, T} B).

(ii) Let F be bounded in L**(0,T; X), and 2 be bounded in L"(0,T;Y), where r > 1. Then
F' is relatively compact in C(0,T; B).

A proof of Theorem [2.4.6 can be found in [135) Corollary 4, Section 8§].

Theorem 2.4.7 (Reynolds transport theorem). Let T > 0, Q C R? and f in C* ([0,T], H'(2))
and u € C([0,T); H'(R)). Let w(t) an open bounded sub-domain of 2 and such that Ow(t)
moves with velocity w. Then:

d P 5
dt w(t)f(t,x) dr = " atf(t r) + oz, (f(t,)us(t,x)) dx
:/ %f(t,x) + f(t,z) div(u(t,z)) dz, (2.4)
wa(t)
where ]
—f f +u-Vf,

is called the material derivative of f.

The proof of the Reynolds transport theorem can be found in [39, p.26] and is based on
the dominated convergence theorem and the existence of the partial derivative in time of the
function f.
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Mixture Theory
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Chapter 3

A mixture theory model for dense
granular materials

The mixture theory of Truesdell [148] describes the mechanical and thermodynamic behavior
of a mixture using a set of equations. These equations extend the principles of continuum
mechanics for a single body to a body made of two or more different materials. The main
hypotheses of this theory are the following:

Continuum hypothesis
At each instant, every point of the space is occupied simultaneously by a particle of
each component.

First metaphysical principle
Every physical property of the mixture must have consequences of the components of
the mixture.

Second metaphysical principle
To describe the dynamics of a component, we have to imagine that the component is
isolated from the mixture, but we have to consider the interactions with the compo-
nents.

Third metaphysical principle
The dynamics of the mixture is governed by the same equations of a continuous medium
made of only one material.

Using these principles is possible to deduce a set of equations that represents the balance of
mass, momentum, angular momentum, energy and entropy of each component of the mixture.
The previous hypotheses seems a natural way to extend the equations of continuum mechanics
to a mixture. However, the continuum hypothesis is physically impossible and only plays
the role of a mathematical tool that allows describing the dynamics of the mixture more
simply. Moreover, the continuum hypothesis adds three main difficulties. The first one is
to understand how the materials interact since we do not know where the frontiers of the
components are. The second one is the lack of a proper constitutive equations for granular
materials. The third one is that, even if we propose a constitutive equation For a granular
material, we can not think that the constitutive properties of the components do not change
from being isolated to being in the mixture, in other words, the constitutive properties of all
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the elements of the mixture are related to each other. Regarding the difficulties of using the
mixture theory approach, we can say the following:

e The first difficulty is overcome by Truesdell [148], by adding a source term in the
momentum equation of all the constituents, which is defined in the whole space. This
term represents the drag force between each component of the mixture. This approach
is useful since it allows the dynamics of the entire mixture satisfied with the Third
metaphysical principle.

e Regarding the second difficulty, we refer the reader to 78|, where the author gives an
extensive summary of the constitutive models avaliable for granular fluids. In partic-
ular, a viscoplastic behavior is dominant in dense regime of granular fluids. Therefore
several authors have proposed constitutive equations resembling a viscoplastic mate-
rial. The most remarkable ones are the Drucker-Prager [38], that is an extension of
the Mohr-Coulomb yield criterion, and more recently the p(7) - rheology [98]. Both
models are an extension of the Bingham constitutive equation. The Bingham consti-
tutive equation is one of the simplest models for a viscoplastic fluid. It was proposed
by Bingham [8] in 1916 and characterized by constant yield stress.

e Regarding the third difficulty, to propose constitutive equations that consider the pres-
ence of other components, most of the authors use the entropy principle which es-
tablishes that the solutions of the equations of continuum mechanics must satisfy the
second law of thermodynamics. Under this restriction, using a mathematical procedure
called M iiller-Liu [102], it is possible to find restrictions for the constitutive functions
and to propose suitable constitutive equations, see for example in the case of a mixture
[106], [104] and 70, Chapter 5.8] or [103, Chapter 7| for the case of a single material. The
results of applying the Miiller-Liu method depend on the initial hypotheses of what are
the independent variables of the problem and what balance are we considering. rep-
resents how much of a component is in every point of the space. To deal with the
volume fraction, Goodman and Cowin [80] introduced the balance law of equilibrated
forces, which is a dynamic equation for the volume fraction of the solid component
and adds up to the balance equations of mass, linear and angular momentum, and
energy. Using the Miiller-Liu method, they propose a set of constitutive equations
According to [121] the theory of Goodman and Cowin is moderately successful since it
predicts the Mohr-Coulomb criterion and the solutions to the equations are similar to
observed phenomena for such media, predicting the existence, for example, of a plug
flow. Several authors have followed this approach. Some examples are [151} [115] [120],
and more recently [86]. However, there exist other approaches, for example, Liu[104].
For a porous media, without considering the balance of equilibrated force equation and
using the Miiller-Liu method, Liu obtains different constitutive equations to the ones
of Goodman and Cowin.

Concerning the above, in this chapter, we developed a new set of balance equations using
homogenization tools and we applied it to model the dynamics of a granular heterogeneous
flow composed by a Newtonian fluid (interstitial fluid) and N — 1 dense granular components
that follows the Drucker-Prager constitutive equation. Also, we calculated a numerical solu-
tion for Couette flow of a two component granular fluid (N=2). The outline of this chapter
is the following:
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BALANCE LAWS FOR AN HETEROGENEOUS MIXTURE

In Section [3.1] we deduce a set of partial differential equations, resembling the mixture
theory equations, using a mathematical approach that utilizes the tools of the homog-
enization theory. In this approach, we define a set of observable scales at which we
can distinguish where are located the different components of the mixture and where
they interact. Then, we write the balance equations for this system. Under specific
technical hypothesis, we pass to the limit, and we obtain the balance equations at a
homogenized scale where the mixture satisfies the continuum hypothesis. An essential
difference between our model and the classical mixture theory approach relies on that,
in our case, the interaction terms are not considered as source terms, and they are
included as a part of the constitutive functions. Then, our model of the constitutive
functions needs to consider these interactions. We emphasize that, in our deduction,
we do not use the Goodman and Cowin [80] balance equation of equilibrated forces.
Instead we consider a saturation constraint, which entails that the sum of all volume
fraction is equal to one, or in other words, the mixture is saturated.

In section [3.2] the objective is to use the Miiller-Liu procedure based on the entropy
principle, to obtain a set of restrictions for the constitutive functions. One of these
restrictions is the residual inequality. This inequality allows us to write constitutive
equations as a sub-differential inclusion. In this context, sub-differential inclusions are
a useful tool, since allows us to characterize the yielding property of granular materials
accurately. In Section [3.2.4, we clarify the above point by reviewing some classic
examples like the Bingham fluid equation, Drucker-Prager law and the u(7)-rheology.

In section [3.3] we propose constitutive equations for a granular heterogeneous mixture
of N components, using sub-differential inclusions. The constitutive equations models
two important behaviors. First, the viscous nature of the interstitial fluid and second,
the plastic behavior of the granular component. However, our equations still depend
on a function called the Helmholtz free energy. The Helmholtz free energy is the
difference between the internal energy and the entropy times the temperature. Then,
to close the system of equations, we propose a Helmholtz free energy function for each
constituent that is the sum of two parts: the first is the Helmholtz free energy function
of the constituent isolated from the rest of the components and the second part is an
interaction term, resembling drag energy. With this final hypothesis, we obtain the full
system of equations. To test our model, we study the stationary Couette flow between
two infinite concentric cylinders in the case where we have the interstitial fluid and
one granular component (N=2). The result is a DAE system (Differential Algebraical
Equation) that is solved using MATLAB. We included the codes in Section [B|of the
Appendix.

In section we discuss the results obtained with the numerical simulation and the
future prospects of this research.

3.1 Balance Laws for an heterogeneous mixture

This section aims to deduce the balance equations for a heterogeneous mixture of N com-
ponents using a homogenization process where, at the initial scale, every component has a
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different domain, but in the homogenized scale the equations satisfy the Continuum hypoth-
esis and the second metaphysical principle.

These equations are not the same equations of mixture theory. However, using the homoge-
nization approach, we can understand how the components interact. The main difference is
that the interactions terms are in the Cauchy strain tensor and the heat flux of each compo-
nent. Let us describe the outline of this chapter. In Section 2.1.1, we define the problem in
the real scale. In Section 2.1.2, we define the homogenization process that we use to derive
the general balance laws equations for the mixture in Section 2.1.4. In Section 2.1.3 we give
some examples of how this theoretical procedure works with real materials. Having these
examples in mind, in Section 2.3 we formulate the main hypotheses need it to pass to the
limit and obtain the general balance equations for the mixture.

3.1.1 General Framework

Our deduction of the mixture theory equations is based on the definition of an observable
scale using a variable ¢ > (0. This variable indicates how the components are intertwined.
At this scale, the system is composed of N components. In this work, we consider that
every constituent is a group of particles that have the same mechanical and thermodynamic
behavior. For example, we consider that:

e The component o« = 1 is a Newtonian fluid and
e the components a = 2,..., N are other particles or solid bodies immersed in the fluid.

Each component o has a volume V*, such that:
VENVEi=0  Ya#p,
and

N
Jve=v.
a=1

where V is the volume of the mixture.

Figure 3.1: At scale ¢, V' is composed by 5 materials: 1 Newtonian fluid (V) and 4 solid
materials.
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3.1.2 Homogenization process

The homogenization process is to take the limit when € goes to 0. As a result of this technical
process, we obtain a new material. We call this new material homogenized continuum
media.
The question is: How to obtain the properties of the homogenized continuum media?
To answer this question, we make the first assumption:

Hypothesis 3.1. The properties of the homogenized continuum media are the result of the
properties of the heterogeneous media when £ goes to 0.

A key ingredient, to use Hypothesis [3.1], is the characteristic function of V.* defined as
follows:

R 1 if (t,z) € [0,T] x V2,
Xa(t7 ‘1.) = . a\c
0 if (t,2) € [0,T] x (V)
For aw € {1,..., N}, the sequence (x5 ):>o has the following properties:
e Since (x5 )eso is bounded in L>®((0,T) x V'), there exists a subsequence, still denoted
(X5, )e=0, that converges weak star to a function 6, € L>((0,7) x V). This function is

such that
0,(t,x) €[0,1] V(t,z) €[0,T] x V.

e The function 6, is the volume fraction of the constituent « in the homogenized media.

3.1.3 Example of a laminated material

In this section we will study the weak star convergence of the sequence {x¢ }.cr to 0,,in the
case of a laminated material composed by 2 different constituents, A and B.

Example 1:

For cach n € N\ {0}, the material is made by n sheets of length 1. Each of this sheets
contains two sheets, one of the material A and one of the material B in the same proportion

(Fig3-2):

Material

S

1
n

Figure 3.2: The mixture is composed by 2 different materials , A and B. At scale ¢ = %, the
material is composed by n vertical sheets and each one of this are made of material A and
B in the same proportion, with a length equals to %
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To find the weak star limit of the above sequence we consider a continuous function f.
Using Figure [3.2] we deduce that:

/1 da:—Z/ +2n (3.1)

By the mean value theorem, there exists &, € [k %n—“] such that:

ntan 1
A Fla) de = £ (&) 5

Therefore: )
1, n—

| @it e =3y s(es

0 k=0 n

We take n — oo, in equation (3.1]), and we obtain that:

1

lim Xj(x)f(x) = lim —fok

n—oo g Azp—0 2

By the definition of the Riemann integral, we have that
1 1 /1
lim [ @) (@) do =3 [ fla) da
n—oo 0 n 2 0
Since the above relation holds for all continuous functions, we conclude that

Oa(x) = % vV € [0, 1].

Example 2
We consider a mixture where the distribution of the material A is given in the following
figure:

Material

A B A B A B A B
I

1 n

Xa

ﬂ%) Lsin(2) Lsin(3) Lsin(d)

1 =

0 o

2
Figure 3.3: At ¢ = 1 the material is made by n vertical sheets where, the sheet k of the

materlal A has a leggth of ism (n) and the sheet k of the material B has a length of

v (L=sin ().
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1
As in Example 1, x3 — 604 weak star in L>°(0,1). However, 6, is different. We take a
continuous function f. Then, using Figure [3.3| we deduce that:

'L n o pElylsin(E)
/0 X (@) f(x) de =) /“ f(z) dz. (3.2)

By the mean value theorem, there exists &, € [%, % + %sin (%)] such that :

/fﬂlﬁmm fa) do = f(&)sn (%)

—1

As in Example 1, we take n — oo in equation (3.2)) and we obtain that:

1

lim i Xi(x)f(x) dx = /0 sin(x) f(x) dx

n—0o0

Since the above equation holds for every continuous function f we conclude that:

Oa(x) =sin(z) z € [0,1].

3.1.4 Hypotheses

Before we continue the deduction of the dynamics equations of the mixture we state a few
important results, hypotheses, and notation.

Hypothesis on the weak convergence

To avoid physically meaningless sequences in the homogenization procedure, it is not enough
that there exists a subsequence that converges to 6,. An example of this is that if in the
material of Example 1, we consider the sequence

( n—1

1 ifnisevenandeU[%,gjL%}
k=0
L n—1
Xi(x)=14 0 ifnisevenandz ¢ |J [£ £+ L] |
k=0
1 if nis odd and x € [0, %}
[ 0 if nis odd and = ¢ |0, 5-]|
2 1
the subsequence x3'(z) converges weakly star to 3. However, the subsequence x 7' (z)

converge weakly star to 0. To avoid this, we make the following assumption:

Hypothesis 3.2. The whole sequence x5, converges to 0, weakly star in L>(0,T; L>(V)).

Hypothesis on the regularity of 4,
In the next sections we make the following assumption:

Hypothesis 3.3. The derivatives of 0,, %if and %, for all i € {1,2,3}, exist and are
continuous. More precisely,

0, € CH([0,T] x Q)
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Material derivative

In the mixture theory framework, as each homogenized component is a continuous media,
there exists a function u, : [0, 7] x V' — R? which is the velocity of the component «. Then,
for f regular enough, we define the material derivative with respect to the component «, as
follows:

. of
ol =20+ (- V)f. (3:3)

3.1.5 Deduction of the dynamic equations
Saturation Constraint

At scale € > 0, only one constituent occupies one point of the mixture. More precisely, for
all x € V, there exists only one material a such that x € V:

N
doxa=1
a=1

Then for every integrable function f, we have the following:

/OT/Vgxif dxdt:/OT/Vf dxdt. (3.4)

By definition of weak star convergence, when € — 0 we have that

T N T N
/ /ngf d:zcdt—>/ /Zeaf ddt.
0 Voa=1 0 V=1

Then, by equation ([3.4)), we have that:

/OT/Vj;eafdxdt:/oT/vfdwdt.

Since the above equation holds for every f we deduce the saturation constrain:

D a(t,x) =1, V(t,z)€0,T]xV. (3.5)

a=1

Mass balance

We denote by w,(t) C R?® a domain with velocity u,(¢) at instant ¢. Then mass balance
principle states that the number of particles of the component « in w, remains constant all

the time, namely that
d

dt

where M, ) is the mass of the particles of the component o in wq(t).

My, =0,
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Figure 3.4: At instant ¢, the set w,(t) moves along with the particles with velocity u,(t).

By Hypothesis [3.1, we define M,,, ;) at scale € > 0 as follows:
Mooy = lim Mg, ).

Therefore, to compute the mass of the component o« we have to compute the mass at scale
e > 0 and then, we take ¢ to 0. The mass at scale ¢ is:

f}a(t) = / Yo d.’L’,
we )NV

where 7, is the real density of the material «.
Using the characteristic function of V; we can write the mass as follows:

Mia(t) = / YaXo dz.
wa (t)

Since x& — 0, weakly star in L>([0, 7] x V'), we have the following:

t t
/ Mwa(t) dt = / / Yalao dxdt Vit € (O,T).
0 0 Jwa(t)

M. @) = / Yabo dx ¥Vt € (0,T).
wa (t)

Then we deduce

Then, the mass balance equation is written as follows:

d

— Yalbo dx = 0.

We define the bulk density of the component « as:

Pa = 00/704-
Then we write the mass balance equation as follows:

d

— Po dx = 0.
dt wa(t)
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Using the Reynolds transport theorem

0 )
/wa(t) (apa + dlv(paua)) dx = 0.

As the above equation holds for every w,(t), we conclude

0 )
apa + div(paua) = 0.

We write the above equation using the material derivative of o and we conclude the local
form of the mass balance equation::

(67

P + po div(u,) = 0. (3.6)

The above equation allows us to prove the following rule of calculus:

Proposition 3.1. Let f € C([0,T]; L*(V)), pa and u, are reqular solutions to the equations
(3.6). Then we have the following:

d d*
— of dx:/ ow— f dx. 3.7
dt Wa (t) p Wa (t) p dt ( )
Proof. Since
) : o (Opa | . of
apaf + div(pataf) = f ( 5 + dlv(paua)) + Pa 5 + palie - Vf, (3.8)

and considering that p, and w, are solutions of equation ({3.6]), we write equation (3.8) as
follows:

0 0
apaf + diV(ﬂOcuaf) = Pa (a_{ + Uq - Vf) .
By (3.3) we have that:
0 puf +div(patif) = pa's- f
A, Pa 1 aUq = Pa—7,J-
o’ VP P
Using the above equation and the Reynolds transport theorem we deduce (3.7)). O
Momentum Balance equation
The momentum balance principle states that:
d
apwa(t) = Fwa(t)7 (39)

where P, ;) and I, ) are the momentum and the external forces acting on the component «
in w,a(t) respectively. By Hypothesis to compute P, ) and I, ) we look the problem
at scale € > 0. Then,
P, = lim P°
wa(t) = MLy, @)

and

Fwa(t) — hm Fja(t)'

e—0
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By definition, the momentum Pg_ () 180

Pf)a(t) = / X5 Yalla dx.
wa (t)

We take ¢ — 0 in the above equation and we get that:

Pwa(t) = / © ‘ga/}/aua dr.

To define F (1) We consider the action of 2 forces: the body forces acting on the homogenized
component «, that we define using the density f,, and the forces that are produce due to
the interaction between the particles in w,(t) and the particles outside of this domain.

walt)

f=ao0f+#a

Figure 3.5: In the border of w,(t) N V?, inside w,(t), the component « only interacts with
different components; however, in dw,(t) N 0 (wa(t) N V) the component « interacts with
other components and particles of the component «.

To define this interaction we have to consider that, at scale ¢, the component « is also
a continuous media and therefore, there exists a Cauchy stress tensor, see Theorem I1.4 |39,
p.41], that we call 3. The Cauchy stress tensor represents the interaction between the
component « in wa(t) NV, and the components outside this domain. Then Fy_, is written

as follows:
R | 55 - nds,
wa (B)NVE Iwa ()NVE)

where n is the normal vector. By the divergence theorem and using the characteristic func-

tion, we have that:
/ YE - nds = / Xo div (X)) dx.
A(wa ()NVE) wa(t)

To pass to the limit in the above equation we have to know the convergences properties of
Y% . Therefore, we make the following hypothesis:

Hypothesis 3.4. Let 3, : V — M3*3, We assume that:
e =3,

«
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Remark 3.1. The Hypothesis does not seem realistic in a homogenization procedure.
However, in most cases, homogenization is used to calculate effective coefficients where we
know the constitutive laws at a mesoscopic scale but, this type of problems has a different
nature. In our case, we seek to deduce and understand the balance equations of the mizture
theory through a simple homogenization procedure. More precisely, we need to deduce N
systems of equations and understand how these systems interact through the volume fraction
function without a micro-structure that relates the homogenized components.

Using Hypothesis [3.4] we obtain:
P = [ Oufosdiv(s)xe de
THen, taking ¢ — 0 we deduce:
Fo.w) = / o (VaSa dx + div (X,)) 0, dx.
wa(t

Then, combining the above results with equation (3.9)), we deduce:
dOé

— Palle dr = / (YaSo +div(Z,)) b, dx.
dt St wa ()

Using the Reynolds transport theorem and the fact that the above equation holds for every
wa(t), we deduce the local form of the momentum balance equation:

dOL
Payla = Pofo + 0o div (2,) . (3.10)

Energy balance equation

The first law of thermodynamics states that:

d

—E,

dt ™
where : FE is the total energy of the system, given by the density of the internal energy,
denoted by e, plus the kinetic energy; W/ is the work made by the forces applied to the
system; @) is the energy dissipation produce by the heat flux, and S is an energy source. To

compute the quantities in the above equation, we use Hypothesis [3.1}

- Wo{a(t) + Qua(t) T Swa(®), (3.11)

— 13 3
E"Ja(t) o lﬂ% Ewa(t)’
f T fe
Wy = BmWE ),

Qua(y = Im QG

and
Sa(t) = MSE, ().

For the total energy at scale ¢ we have that

|ua|§
€ — 17l a
Plaat) = /w (ONVS T ( 2 ¢ b
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Then, taking ¢ — 0 we have that:

’ua|2 67
Ewa(t) = [d » Ha’ya ( 5 +e dz.

To compute ¢, 1) We proceed as in the momentum equation. Since at level €, the component

« is a continuous media, we deduce the existence of a function ()5, (Theorem II1.4 [39] p.41])

such that:
i)a(t) = —/ QZ n da:
A(wa (B)NVYE)

As for the Cauchy stress tensor we assume the following:

Hypothesis 3.5. Let Q, : V — R3. We assume that:
QZ = Qa'

Using the divergence theorem and the characteristic function of V; we obtain:

/ Qa -nds = / X? div (Qa) dx.
A(wa ()NVE) wa(t)

Taking € — 0 in the above equation we deduce that
Qua(t) = / 0o div (Qn) dz.
wa(t)

To compute the energy produce by the mechanical forces, we have to consider the contribution
of f, and X,. Then, at scale ¢ we have that:

W, = / VoS - e d + / Balt - Uads.
wa (HNVE A(wa(t)NVe)

Using the divergence theorem and the characteristic function of V; we have that:

/ Yan - Ugds = / X div (g - ug) ds.
B(wa (H)NVE) A (1)

Then,
Wl :/ ()X? (Yafa + div (S - Ua)) ds.
Owea (t

We take ¢ — 0 in the above equation and we obtain
Owa (t)

The last term is the work made by the external supply of energy that is defined by an energy
density r, as follows:
Sen(t) = / Yala d.
wa (H)NVE
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Using

the characteristic function of V.* and taking € — 0 we obtain:

Stalt) :/ o OuYalo dx

Then equation (3.11) can be written as:

d

dt

Using

2
0aVa (‘ua’ +eo‘> dr =
wa (1) 2

/ (ea/yafoc * Ug, + ‘904 diV(Ea . ua) + 90/70(7"04 - Qa le(Qa)) dlL’
wa(t)

the Reynolds transport theorem we write the above equation as follows:

/ 0 f |u0¢’2 + P dr =
wa(t) O/ya dt 2 -

/ (OaYaSa - ta + 0o div(E, - ) + OaVaTa — 0, div(Q,)) dz.
wa(t)

Since the above equation holds for every w,(t) we have:

d |ug|? d
(90/‘)/04% ]u2| + 9(1%%6‘1 = OuVoSo  Ua + 0o div(Zs - Ua) + 00VaTa — O div(Qa)

We rewrite the above equation using the bulk density p, as follows:

Using

d ual; d
pa—‘u—|2 + 00Ya—€% = pafo - Ua + 0o div (X, - ug) — 0, div (Qn) + para- (3.12)
dt 2 dt
Ld® lug|” = u d—au
2dt Y dt ™

div(X, - Ua) = ua div(3,) + X4 1 Vug

and equation ([3.12)), we deduce

pa%ea + 0, div(Qa) — X0 : Vg — paTa = (pa%ua — 0, div(X,) — pafa) Uy,

Finally, using the momentum balance equation (3.10)) we deduce the local form of the balance
equation of internal energy:

dOZ
ParCa = 0020 : Vug — 0, div(Qa) + paTa- (3.13)
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Second law of thermodynamics

The first law of thermodynamics establishes the equivalence between the heat and the work
but do not specify how one is transformed into the other. For example, it is not forbidden
that the heat flows from a colder body to a hotter one. The role of the second law of
thermodynamics is to put limitations on how the heat flows and to reflect the direction of
the process in nature [70]. Clausius in 1850 proposed the first equation of the second law of
thermodynamics. This equation establishes heat cannot spontaneously flow from cold regions
to hot regions without external work being performed on the system. The formulation of this
principle is based on the Clausius-Planck inequality:

dQ
> =
AS//T,

where AS' is the variation of the entropy of a system between two equilibrium states, d@
is the heat transfer through the boundary of the body and 7' is the absolute temperature.
For a continuum media of the density p under the action of an energy source defined by the
density of energy r, which occupies a volume V', the Clausius-Planck equation is written as

follows:
d

Q / r
< dr<— | Z.nd " de, 14
p Vps x /avT nds + VpT x (3.14)

where s is a density of entropy and () is the heat flux. The quantity

d Q T
- d = . nds — —d
; pS 9(:—|—/8 nas /p T

is the entropy production. Then, the inequality states that the entropy production is
always positive.

To deduce a similar inequality, in the mixture theory framework, there are two possible
approaches:

(a) The first one is to consider that each component of the mixture satisfies an entropy

inequality like ((3.14])

(b) and the second one is to consider that the mixture as a whole satisfies an entropy
inequality like (3.14]).

According to Liu [105], the approach (a) is too restrictive and gives unrealistic results. On
the other hand, the approach (b), allows that the entropy production of each constituent to
be negative. However, the entropy production of the whole mixture has to be positive. In
this work, we follow the second approach.

The entropy inequality for a sub-domain w(t) is:

d 0
Lom< | = ar 3.15

where S, is the entropy of the system in w(t) and fw(t) 92 is the heat transfer divided by

T
the temperature. We consider that

w(t) = U wa(t) for all ¢ € [0, T,
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where, as in the previous sections, w,(t) is a domain with velocity u,. Since S, is an
extensive variable, we define S, as follows:

N
Sutt) = D Sy
a=1

where Sga(t) is the entropy of the a component in w,(¢). By Hypothesis we define the
entropy using the scale ¢ as follows:

83, = lim S22,

where

Sen(t) = / YaSa dx,
wa ()NVE

where s, is the entropy density of the constituent . Then,

Sen(t) = / OaVaSa dx
wa (t)

and the total entropy of the system is
N
Se(t) = Z/ PaSa d.
a=1 Y wal(t)

We define the heat transfer divided by the absolute temperature fw( 9 % as the sum of these
quantities for each component, i.e.,

N
/w<t> ? - ; (/w(t) $>

By Hypothesis (3.1)), we define the heat transfer as follows:

(/w(t) %) o - ll—{% </w(t) ?) e '

For each component « the heat transfer divided by the temperature at scale ¢ is

d o «
(/ —Q) :/ Ta dp —/ Qa | nds, (3.16)
wt) T/ qe Juawnve Ta dwa®nVe) Lo

where (), is the heat flux of the component «, T,is the absolut temperature of the component
a and r, is an external energy source. Then, using the divergence theorem and the identity

: Qoa _ div (Qa) Qa ) VTa
v (?) ST @

«

we write (3.16)) as follows,

/ Qa / le (Qa) Qa . VTa
——ds = — 5 dz.
dwa(yvg) T wave o (Tw)
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dQ B c(7e  div(Qn) Qs VT,
(/T)ag—/wa(t)xa (EJF T, (Ty,)? >dx.

We take ¢ — 0 and we obtain:
dQ / (Ta diV(Qa) Qa : VTa)
— dx.
/ Z T, (T,,)?
Therefore, by (3.15)),
N .
d / para le(Qa) Qa : VTa
— PaSa dr = / -0, ( - dx.
; dt wa (t) (XZ wa (t) Ta Ta (Ta)Q
Using the Reynolds transport theorem we get the following inequality:
N .
d” PaTa le(Qa) Qa ' VTa)
Pa—, S« — + ea ( + dz 2 0.
; /wa @ dt Ta T (To)?
Then we deduce

paroc div(@a) ro : VToz
—_— >
/ Zpa e +9"‘( . @r )Y

and, since the above inequality holds for every w(t), we obtain,

Zpa ,oam vy (div;Qa> +Q?fT2Ta> > 0. (3.17)

Then,

The above inequality is equivalent to the one propose by Liu and Coll [148§].

Remark 3.2. The nature of the problem allows us to assume that the absolute temperature
of every component is the same. More precisely,

T.=T VYae{l,...,N},

where T s the absolute temperature of the mixture. Then, we write the second law of ther-
modynamics as follows:

_ Pala div(Qa) Qo VT
Zpa Sa +9a< T T > 0.
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3.2 Constitutive equations

This chapter aims to obtain an equation for the Cauchy stress tensor in terms of a predefined
set of dependent variables. These types of equations are called constitutive equations and
are the root of the mathematical theory that studies the properties of materials. To obtain
constitutive equations, that satisfies phenomenological properties of the materials, we use two
primary tools: the entropy principle and sub-differential equations. In a broader sense,
the entropy principle states that not every constitutive equation are admissible. On the other
hand, we relate the Cauchy stress tensor to the sub-differential of a function that we called
potential. The form of the potential express the mechanical and thermodynamical properties
of the material. For example, in the framework of the mixture theory, with these tools, we
can construct constitutive equations that consider how the existence of other constituents in
the mixture affects the Cauchy stress tensor of one constituent and, how we express a yielding
condition that is the main characteristic of the dense regime of a granular material[98]. Let
us describe the outline of this part. In Section 3.1, we introduce the general framework and
hypotheses that will we use to, in section 3.2, apply the entropy principle in the mixture
theory framework. At the end of section 3.2, using the entropy principle, we derive a set
of equations and an inequality known as the Liu’s identities. In section 3.3, using these
equations we formulated a sub-differential equation for the Cauchy stress tensors of all the
constituents and, in section 3.4, we deduce some classical constitutive equations.

3.2.1 General settings

Under the theory developed in Chapter we have that: given f, and r,, densities of
body forces and energy supply, acting on the constituent « of a mixture of N components,
occupying a bounded volume V' C R? in a homogenized sense, the balance equations that
describes the dynamics of the constituent « are:

da
—pa + padiv(us) = 0, (3.18)
dt
Paitla — Pafa —Oadiv(y,) = 0 (3.19)
and o
Par€a — 0,30 : Vg + 0, div(Qy) — para = 0, (3.20)
forall € {1 ..., N}. The volume fraction functions of the constituents satisfy the saturation
constraint:

N
> 0 =1. (3.21)
B=1

In what follows we will assume that v, is a constant. The above system is formed by
5N + 1 equations and 14N + 1 unknowns, namely 0, Uqo, 2Xa, €a, Qo and T'. To solve the
set of equations —, we need to formulate more equations to close the system.
These equations are called constitutive equations and describe the material properties of the
continuum media. The formulation of constitutive equations is the root of material theory,
and the first step to developing them is to choose a set of independent variables.

In classical continuum mechanics, one may choose as the independent variables: the
density, the velocity, and the absolute temperature or the internal energy. In the case of
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a mixture, we choose the volume fraction 6,, the symmetric gradient of the velocity D(u,)
(v € {1,...,N}) and the absolute temperature 7. Then, to propose constitutive equations
we need to find expressions for the dependent functions ., (), and e,, in terms of the
independent variables 6,,, D(u,) and T'. Therefore, we need to make the following hypothesis:

Hypothesis 3.6. We denote

x = (J{0a: tta, D(ua) } | J{T. VT} .

Then, there exist functions EA]&, e, and @a such that

Za = ZalX), (3.22)
e = CalX) (3.23)

and R
Qo = Qu(X)- (3.24)

The functions ia, @a and e, are called response functions.

The choice of x is the first constitutive assumption. The elements in this set represent the
general material properties of the continuum media. For example, in the case of N = 1, we
can represent a heat-conducting and viscous fluid by choosing x = {p, T, VT, D(u)}, where
p is the fluid density. By the same procedure that it will be used further in this chapter, we
can deduce:

~

X (p,T,D (u)) = (—=p+ Atr(D(u))) I + 2u(D(u) — %tr(D(u)), (3.25)

and

Q (VT) = —rVT, (3.26)
p is the pressure function, A is the compressibility constant, p is the viscosity and k is a
heat conducting constant. The balance laws — with equation (3.25) and (|3.26
are known as the Navier-Stokes-Fourier system. The first interpretation of equation (3.25
is that the material experiments internal friction due to the relative motion and an intrinsic
internal compression. Equation tell us that the heat flows from hot to cold.

3.2.2 Entropy Principle

The choice of x is not enough to propose a well-defined set of constitutive equations since
we could choose any type of dependence between the constitutive functions and the set of
variables y, regardless if they have physical meaning or not. Then, the first restriction that
constitutive equations have to pass is the second law of thermodynamics, which is known as
the the entropy principle.

The entropy principle states that every admissible set of independent variables satisfy
the second law of thermodynamics. More precisely, a solution (6,,us,T) of the system of

equations (3.18)—(3.21) satisfies the entropy inequality:

N

N . N

d- div(Qs) VT -Q, ra

— - - = >0. .
;padtsa+;ga< T T Z’)“T/O (3:27)
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Since we introduce the entropy s,, we assume the following:

Hypothesis 3.7. There exists a response function of s, that we call S, such that
So = Sal(X)- (3.28)

In what follows of this chapter we refer to f]a, @a, e, and S, as Y, Qu, €q and s,.

To use the entropy principle, we will reduce the number of equations using the Clausius—
Duhem approach. This approach combines the energy balance equation ((3.20) and the en-
tropy inequality to obtain a new inequality called the Clausius—Duhem inequality.
To obtain the Clausius—-Duhem inequality, we proceed as follows:

First, we multiply the entropy inequality (3.27) by 7" and we obtain:

N
d’ : VT -Q
> psT 55 + (05 div(Qp) — pprs) — QﬁTﬁ > 0. (3.29)
B=1
e Adding up equations ([3.20) we deduce:
D 0sdiv(Qp) = psrs =) —Pp e+ Os2 1 Vg, (3.30)
=1 B=1
e We combine (3.29)) and (3.30), and we obtain:
N
d? d? VT -Q
ZpﬁTESB — pgaeg + 0525 . VUﬂ — QﬁTﬁ 2 0.

B=1

Finally, we combine the material derivatives of s, and e“ in the above equation and we
obtain the Clausius-Duhem inequality for the mixture:

N
;pﬂj—j (T'sg —ep) — pgSgZ—iT + 6525 : Vug — eﬂVTTQB > 0. (3.31)
We rewrite the above inequality as follows:
al d? d? VT Qs
Z —pﬁawﬁ — 35p5%T + 6525 : Vug — eﬁT >0, (3.32)

B=1

where
2/15 = 65 — TS/;

is the Helmholtz free energy function of the constituent f.
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With the Clausius-Duhem inequality, the problem of finding restrictions to the constitu-
tive functions from the balance equations and the entropy inequality is reduced to obtaining
restrictions from the saturation constraint, the mass balance equation, and the Clausius-
Duhem inequality. We note that in this approach, we do not need to consider the
momentum balance equation since we already use it to obtain the expression of
the energy equation in the deduction of the balance laws.

The following step is to write (3.18)), (3.21)) and the Clausius-Duhem inequality (3.32)) in
terms of the independent variables x. To do this we consider the following:

(a) We decompose the gradient of the velocity Vu, as the sum of two tensors:
Vu, = D(uy) + L(uy), (3.33)
where L(u,) is the skew symmetric part of the velocity gradient:
1
L(uy) = 3 (Vug — (Vug)") .

This decomposition tells us that a part of Vu, is an independent variable. We recall
that, since X, is a symmetric matrix and L(u,) is a skew-symmetric matrix, then:

St L(ua) = 0. (3.34)
(b) By (83) " )
aea - Eea + Uq - Veon (335)
%uoc = %Utx + (uoz ’ v)ua (336>
and o 5
%T = a—T + Uy - VT. (3.37)
We combine equation ((3.33) and ( and we obtain
d* 8
. = — D . L “ Ug.- .
g lla = 5l + D(ug) « ug + L(ug) - ug (3.38)

(c) We write the material derivative of 3 as:

d° s d®, Oy d oy
— —6 "D
Vo= Z (89 "t ou, Oty 1 ar T 0D (uy)p dt <“")’“h>
s ds . Oy d° OT
B BT
Tor @ oL dt ow,

n=1

Then, using (3.35)), (3.36)), (3.37) and (3.38)) we obtain:

d? N (g 0 g 0
"= nz (ae (81&9 +“ﬁ’ja_xj9") AT ((‘%U”k Ui g )

Oy (0 9 o0, ,
+8D<un)kh ((% (un)kh+uma D(un)kh)>+ a7 8tT+ Bjé? T
Qu (00T o or
8% Ot Oxy, uﬁ”axj orr )
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Using equation (3.33]) we deduce the final form of the material derivative of 1g:

d? c‘)wg 5; 0 0 Mg (0 OT 0 0T

—w (8tT o T> g (aa— - ”ﬁa—a7)
Mg 0

+Z<89 (até +u,3]a 9)

et
g

+
8u777k

(atun kgD (uy) ks + Uﬂ,jL(Un)kj)

+% (gt (Un>kh+uﬁjaa D(un)kh> ) (3.39)

To write the mass balance equation (3.18)), the saturation constraint (3.21)) and the Clausius-
Duhem inequality (3.32)) in terms of the independent variables x we proceed as follows:

e Since p, = Vabs and div(u,) = tr(D(uy)) = I : D(u,), where I is the identity matrix,

using equation (3.35)) we write the (3.18]) as

%‘88150 + Yalla - VOy + VaboI : D(uy) = 0. (3.40)

e Using equations (3.37) and (3.39) we write the (3.32)) as

s (0
- ,O,Bau—ni (aunk + ug D (up)k; + ug JL(U")M)

0 0 0
- Pﬁwm <8t (tn)kn + UgjH D(%)kh) )

Yy ) oy (0 OT 9 oT
P aor (atTM‘”a T) P9I\ 9t Oy T8I o, Dz
VT -Qp

0 0
— pgSg <atT+U538 T> —f-‘gngg . D(Uﬁ) — QﬁT 2 0 (341)

e To deal with the saturation constraint we replace (3.21]) by the following equations:

N
00

> —f —0 (3.42)

B=1
and

N

> Vb =0. (3.43)

B=1
In what follows in this chapter we refer to the saturation constraint to the equations
BA2) and (323).
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3.2. CONSTITUTIVE EQUATIONS

The following step is to identify which functions in (3.40)), (3.41)), (3.42) and (3.43) are

not functions in2x. These functions are: %=, %,%&, L(ua)ij 2D (Ua) {;’TkD(ua)ij,%T
and %T and 82(’;—;]-7 for every aw € {1,..., N}. Then if we call the vector:
06, 00, Ou 0 0 02 0 O*T \*
X:(_av_av_aw[/ ai'7_D a"J_D alijs a,9.. L o, 7—>7
ot o o Pt gD (el o Dlva)iss T i 5

we write equations (3.40)), (3.42) and (3.43)) as a system of equations:
A(x)X+B(x) =0, (3.44)

where A (x) is a matrix and B () is a vector and they only contain elements of y. Similarly,

we write inequality (3.41)) as:
c(x)" X+d(x) >0, (3.45)

where ¢ () and d () are vectors that only contain elements of .
Then, we have proved the following version of the the entropy principle:

Theorem 3.1 (Entropy Principle). Let ¥, e., Qo and s, satisfying hypotheses and

and (61, ,0n,u1, - ,un,T) be a solution of the system of equations ({3.18))—(3.21))
such that inequality (3.27)) holds. Then

X = (J{0a: tta, D(ua) } | J{T. VT}

satisfies the equation (3.44) and the inequality (3.45)).

To exploit Theorem [3.1] we need to use the following algebraical theorem:

Theorem 3.2. Let A € MP*N | B € RP such that there exists at least one solution of the
equation.
AX+ B =0.

Let S # () a subset of RY containing the solutions of (3.2)). Let « € RN and 3 € R. Then,
the following are equivalent:

1.
AIX+d>0 VXed.

2. There ezists A € RP(#£ 0) such that:
X +d—-AAX+B) =0 VXecRY (3.46)

3. There exists A € RP(#£ 0) such that:
' —AA=0 (3.47)

and

d—A-B>0. (3.48)
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The proof of the above theorem can be found in section 3 of [102]. The equation is
known as the Liu identity, the inequality as the residual inequality and A as a Lagrange
multiplier.

Theorem is about an algebraic problem. However, Theorem states that inequality
is satisfied for any solution of the system . This requirement is reduced to a
purely algebraic problem if the following assumption can be justified:

Local solvability: The system ([3.44)) is locally solvable at (z°,t°) if for any value of (x, X)
satisfying algebraically (3.44)) there is a solution of the system of differential equations (3.44)),

in a neighborhood of (x°,t°), at which the solution is consistent with the given values.

The key point to use the entropy principle and Theorem is the local solvability
assumption[103]. The proof of the local solvability assumption is made for a general case in
the Proposition 1 from [102]. This proof uses the inverse function theorem and the Cauchy-
Kowalevski theorem. In our the case, the local solvability assumption is simpler: Without
lost of generality, we consider that (z°,¢") = (0,0) and let (x, X) satisfies algebraically (3.44).
Then we construct the following functions:

0 0
Ua<t, $) = UQ(O, 0) + tauaa), O) + xka—xkua(o, 0)

2 3
(0,0) + £ —— 1, (0,0
Trdm, o0 0) + trriga s a (0, 0)

+ xR
for« € {1,..., N} and

0u(t, ) — 0,.(0,0) + 2p="-0,.(0,0) + 26,0, 0)

8xk ot
Oua(0,0) Oua(0,0) 82uq(0,0) 03uq(0,0 964,(0,0
for @ between 2 and N, where the values uaik ) Ou 6(t ) (,;;l 6(%), Btgxl(axk)’ 0,(0,0) #}C)

and %?’0) are given by the algebraical solution (x,X). We construct 6; as:

Then we have construct a solution that solves locally the mass conservation equation and
the saturation constraint and is consistent with the algebraical solution.

By Theorem , we use the Liu identities and the residual inequality to find
constitutive functions. The advantage of this formulation is that we eliminate the elements
in the vector X, but we add the Lagrange multipliers A that are also functions of elements
in y. Another difficulty is to find the matrix A. However, using the implication (1)=(2) we
can start to work with inequality and, by standard calculations, from inequality
we obtain and . In our scheme, there exist N + 4 Lagrange multipliers:

e 1 for the equation (3.42) that we call uo;
e 3 for the 3 equations (3.43)) that we call p; with ¢ € {1, 2,3}, and
e N for the N mass balance equations (3.40), that we call A®.
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Then, we write the inequality (3.46]) as follows:

ii ( Pﬁ?ﬁﬁ <8t9 +Uﬂ,j£9n)

— P8 ;Z ] (atunk + g D(uy )i + Uﬁ,jL(un)kj)

- Pﬁ% (%D(un)kh + Uﬁ,ja%jD(un)kh) ) -
pﬁaazgf (atT”BJaa T) pﬁgfﬁ (%gi +“5’jaij gj;)

) 0 VT -Q iy
— ppss (@T + Uﬁ,j%T) + 0585 : D(ug) — Op—7 % — o (Z 596)
J

B=1
3 Nog
- Z/v%' (Z oz,
i=1 B=1

) Z% a( G+ tho - Vi +0aT = D(u)) >0 (3.49)

We rewrite the above inequality to deduce:

N N
805 (%
— El ( 39 +’VBA6+M0>

a=1

005 [ g N Ougs (o~ Otg
A _ )
Zax] <a: @ g, i TP ﬁ“ﬁﬁ“’) 2 Zpaﬁum

B=1 a=1
N N N N
OYq 0 OYq
— > L(ug),. Pam—Uaj | — =D (ug), Do
N N
G, OYq
->» —D o Ua
PT [N O, Ay O
_ ataxk ;pa 8%) - 8xj8xk (; pauajagg’cl;

OT [ s
- E (az Pa 8T + pa3a>
al NN
+ Z D(ua)k’j eaza,kj - Zpﬁ aua,k ug,j; — P)/OéAaeoéékj

T < o 00 Qa
Z [_pau‘”"ja—T = PallajSa — — } >0 (3.50)

. 805 00 Oug, ) i) 9’T  _9*T
Since (3.50) holds for every -7, %i, —qu’“’ L(uﬁ)kj, 5D (ug)ps %D(uﬁ)kh, Biou) Do omn
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and aT we arrive to the Liu identities

O,
> pa% +5Ap + 1o = 0, (3.51)
a=1 B
for all g € {1,...,N},
Mo
D Papttagf + vehsug + py =0, (3.52)
06,

forall 5 € {1,...,N} and j € {1,2,3},

N

Othq
= 3.53
S (3.53)
for all g€ {1,...,N},
N
g
<Z paaium]) == 0, (354)
a=1 Uk skew symmetric
for all 5 € {1,..., N},
N
e,
pa=———— =0, 3.55
; 9D (ug)is (359
for all € {1,..., N},
Z Pl j e = 0, (3.56)
8D Uﬁ)kh

forall € {1,...,N}, k€ {1,2,3} and h € {1,2,3} ,

N

0t
> o 5or =0, (3.57)
a=1 Oxy,
for all k € {1,2,3}.
Z paua] 3% =0, (358)
8xk
for all £ and j in {1,2, 3}.
N
Ma
> g+ pusa =0 (3.59)
and the residual inequality (3.48)),
N
g
> D(ta)ks | aSak; — Zﬂﬂa L %Aapa&cj]
a=1 B=1

8T awa 9&@0&
§ To a5 — >0. (3.
835] { Palla,j 5T Palla jSa | 2 0. (3.60)

a=1
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Remark 3.3. Instead of using (3.42)) and (3.43)) as the saturation constraint, we can follow
the approach of [93, Chapter 7], by considering the equation (3.21)) and replacing one of the
volume fractions in terms of the others N — 1, for instance,

N
b =1-> 0
B=2

and then, we arrive to the same Liu identities using that

9 ) al ) )
—f (00N ) = ——f 1= Os....0N | = f— =
90, (@-.0%) 90, ( ﬁz; S ) o6,! ~ a0
for all f differentiable.
The Liu equations (3.51)—(3.59) and the residual inequality (3.60) are useful tools to

develop constitutive equations. However, we can still obtain better information from them:

e Since equation (3.51)) holds for all § between 1 and N, we use the first equation to
obtain
N
Mq
=— a—— — Y11
o ;p g0~ 1

e Replacing 1 into equation (3.51) we get that:

N
Mo O _

a=1

for all B € {2,...,N}.

e Similarly, we write equation (3.52)) as follows:

N
Mo Oy
; Patla,j (a—eﬂ ~ 90, > +pug s — yua A =0, (3.62)

for all 5 € {2,...,N}.

e We define the Helmholtz free energy function of the mixture as

N
\IJI = Zpoﬂba
a=1
Then, by (3.53), we deduce that:
0
v; =0. 3.63
8u/g,k ! ( )

for all 5 € {1,..., N} and for all k € {1,2,3}.
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By equation (3.55]), we deduce that:
0

—V; =0.
oD (uﬁ)ij
By equation (3.57), we deduce that:
0
—=V; =0.
oT
8@

(3.64)

(3.65)

By equations (3.63)),(3.64) and (3.65)) we can deduce that:

Uy =6, ..

We define the entropy of the mixture as follows:

N
Sr = Z PaSa-
a=1

Then, we can write equation (3.59)) as follows:

0
8_T\I]I+SI:0

0N T).

(3.66)

(3.67)

Using D(u,) and X, the traceless parts of D(u,) and and X, respectively, we rewrite

the residual inequality (3.60) as follows:

aﬁ; (ﬁ(ua)kj +3

N N
s 1 (
| D_rs usg =t | D ps
(5_1 8ua7k 3 1

¢Bkuﬁ,j> + Aaﬂa> 5kj>

N
B
(Z P8 G
f=1

1 — 1
2 tr (D(ua)) 5kj) <9a2a7ka‘ +lag

tr (Za> 5kj

oY
8u(jk e ’j> 6kj>

oT Oq, 00 CQa
a_xj;( Pa oz,ja_T paua,jsa T > = 0
Using that:
tr(D(ugy)) = 0,
tr fa) =0,
and
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and we deduce that:

N N N

— = oLUF 1 g
> Dl(ua) <9a2a,ka’ - (Z P e~ 3t (Z P8 G B Ok,
a=1 — «, B=1 Q,

N
1 g
Ztr ( O tr (Xs) — gtr (; pﬁaumkuﬁ’k) — apa)

8T N 8¢a HOCQOé
- E — = 5, — el >, )
+ oz, 2 [ Palla,;j 5T Palla,jSa T } 0. (3.68)

In order to exploit the residual inequality (3.68) we make use of the notion sub-differential
inclusions.

3.2.3 Constitutive equation using sub-differential inclusions

This section aims to introduce the theory of constitutive equations using the sub-differential
inclusions. Sub-differential inclusions are widely used to develop constitutive equations since
they can easily extend one-dimensional phenomenological laws to three-dimensional constitu-
tive equations (see for example [119]). In this framework, we use sub-differentials inclusions
to relate the dependent variables ¥, and @), and the sub-differential of a function ® that we
call potential. Let us introduce then, the following definition.

Definition 3.1. A function ® : (M>®)Y x RN x R® — R is called a potential if it is
positive, convex, lower semi-continuous, proper and is such that

o (0) = 0.

Within the framework of mixture theory, the central hypothesis that allows us the con-
struction of constitutive equations is the following:

Hypothesis 3. 8 Let Oy Uy Yo, €0, Qu, T and s, satisfying the system (3.18)—(3.21) and
the inequality (3.32)) where ¥, = €4 — T'so. Then, there exist functions Py, M3X3 x RN x
R >R, S,: (M§X3)N x RN x R? — M3*3, Q : (MP3)Y x RN x R3 — R3 and a potential
@ (M33)N x RN x R® — R, according to Deﬁmtz'on such that

o(D(uy), -, D(un), tr(ur), - -, tr(uy), VT)I

Qaza - ’YaeaAaIZ% + Z Pp auﬁ
p=1 “

+So(D(ur), -+, D(uy), tr(uy), - -+, tr(uy), VT), (3.69)

N N o

+Q(D(uy), -+, D(un), tr(uy), -, tr(uy), VT) (3.70)
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and
Sl (Dv v, @)

SN(Dv e 9)
P,(D.7,0) | €09(D,~,0). (3.71)

]P)N<D.7 Y, @)
Q(D,7,0)

for all (D,~,0) € (M>3)Y x RV x R3.

The above hypothesis is justified by the following proposition:

Lemma 3.1. Let & a potential, according to Deﬁm’tz’on D and D' in (M§X3)N, Z and
Z" in RN such that
(D', Z") € 09(D, Z). (3.72)

Then:
N
Y D;:Di+Z7-Z>0. (3.73)

J=1

Proof. Let D; € M2*3(i € {1,--- ,N}) and Z € R¥*3. We denote by 0®(D, Z) the set of
elements D) € M2*3(; € {1,--- ,N}) and Z’ € RV "3 such that the following inequality holds

N
®(Dy, Z1) — (D, Z) 2 Y D: (Diy— Di)+ Z' - (2 — Z),
=1

for all (Dy, Z1) € (M3*3)" x RN*1. In the above inequality we choose:

(Dlu Zl) = (0<M§><3)N7ORN+170) )

and we obtain

N
~®(D,Z)>-> Dj: (D)~ 2" Z.
=1

Then, by the fact that ® is non negative we deduce ([3.73)). O

Using the above lemma with
D = (E(ul) e ,E(UN)) ,

Z=(tr(D(w)),....tr(D(un)),VT),
N N
, - B 1 B
1 1 N oy
’ B
Za = <§0a tr (Z) — g tr (52:; pﬁ%UﬁJ) — Aa7a0a> s

72




3.2. CONSTITUTIVE EQUATIONS

for o € {1,..., N}, and

N
Ma OoQa
Z]I\Url = Z (_paua,ja_T — Palla,jSa — T ) )

a=1
we obtain the residual inequality (3.68)).
Using Hypothesis [3.8, when ® is differentiable, we have the following proposition:

Proposition 3.2. Let ® a potential, according to Definition[3.1, such that is a differentiable
function. Under Hypothesis the Cauchy stress tensor of the constituent av is

N
_ g 0 9
904204 - Aa’yaeoal?, + 62:; Ps 8ua Up + Itr (D(ua))q) + 8E(ua>q)7 (374)
and the heat flux is:
N N
0oQa Oq, 0
2 T =~ (agl Palla 5T —i—pauasa) — 8VT(D' (3.75)

Proof. Since ® is differentiable then:
00 = {Vo}.

Then

and

Then, we conclude by (3.69)) and ([3.70). O

The choice of @ is a constitutive assumption and it is related to the material properties
of the continuum media. In the next section we review some classical examples of constitutive
equations.

3.2.4 Examples of constitutive equations

In this section, we review some of the classic examples of constitutive equations using the
sub-differential inclusions. In the examples, we consider a body made of only one material
and we set the set of independent variables as

x ={p,D(u),T,VT}.
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Considering that the saturation constraint (3.21)) is not in the system of equations, using the
entropy principle, Theorem and the Liu’s identities (3.51)) and (3.59)), as we did in the

previous sections, we deduce the following residual inequality:

8_1/1)_VT~Q

= .
. Cx0, (3.70)

D(u) : ¥+ tr (D(u)) (1 tr () + pap

where v is only a function of the density p and the temperature 7. By Hypothesis [3.8] there
exists a function ¢ : M x R — R such that:

Y= <—pg—i} + P(E(u), tr(D(u)), VT)) I3+ S(E(u), tr(D(u)), VT), (3.77)
and
Q = ~Q(D(u), tr(D(u)), VT) (3.78)
where S(D.~.0)
P(D,~,0) | € 09(D,~,0). (3.79)
Q(D,~,0)

for all (D,~,0) € M2 x R x R®.

Incompressible Navier-Stokes equations

The incompressible Navier-Stokes equations are the most known constitutive equation. These
equations describe the motion of an isothermal incompressible Newtonian fluid. In this fluid,
the spherical stresses are proportional to the rates of change of the fluid’s velocity. More
precisely, the Cauchy stress tensor is

Y= —pl3 + 2pD(u), (3.80)

where p is the proportionality constant, called molecular viscosity and p = —1/3tr(X) is the
pressure. The incompressibility means that

div(u) = 0. (3.81)
The above constitutive equation is obtained using the potential
®(D,7,0) = 1o() + 1o(©) + D[,

where

{1, 22 o5

To check this we note that, since ®(y, D) < oo only if v # 0, then the constitutive equation

makes sens only if (3.81) holds. Since the inclusion (3.79) holds when tr (D(u)) = 0, the
term 1 tr (X) — %g—i’, suffers no restrictions from it and it can be any real number, say k;.

Then, we write the trace of X as:
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For v =0 and © = 0, ® is differentiable. Then, using Proposition (3.2]) we deduce

Finally, calling p = —k1 + pg—f we deduce ([3.81]).

Remark 3.4. Another way to impose the isothermal and incompressible constraints is to
consider that the density and the temperature are constant and they are not in our selection of
independent variables. In that case, the mass conservation equation implies equation (3.81]),

and there is no need to add the function (3.82)) into ®.

Compressible Navier-Stokes-Fourier equations

The compressible Navier-Stokes-Fourier equations model the motion of a heat conducting
Newtonian compressible fluid, where the spherical part of the Cauchy stress tensor is pro-
portional to the rate of change of the fluid’s velocity, the heat flux is proportional to the rate
of change of the temperature, and the fluid’s density is variable. The constitutive equation
for this type of fluid is obtained through the following potential:

A 2p K
2(D.7,0) = D + PEH 2 K jop (3.83)

Since @ is differentiable for all (D,~, ©), using Proposition we deduce

Y= (—p+ Atr(D(w)))Is + 2uD(u), (3.84)

Q = —kVT, (3.85)

where p = pg—i’, 1 is the molecular viscosity, and A is a parameter called compressibility.
A further analysis allows us to obtain additional restrictions on the material coefficients.
Combining the residual inequality (3.76)) with (3.85)) and ({3.84]) we obtain

VT

‘2 3N+ 20
T

2p | D(u)|” + T(tr(D(u)))2 + kK

> 0.

From the above inequality, since tr(D) and D are mutually independent, we deduce that
k>0,3\4+2u>0and p > 0.

Bingham fluid equations

A Bingham fluid is a viscoplastic material, which means that it behaves as a liquid for high
stresses and as a solid for low stresses. Viscoplastic materials can model various natural
and industrial fluids, for instance, mudflows, snow avalanche, volcanic lava flows, toothpaste,
mayonnaise, etc. The Bingham constitutive equation described below is the simplest models
for a viscoplastic fluid. It was proposed by Bingham [8] in 1916. For simplicity, we consider
that the fluid is incompressible and isothermal. Then tr(D(u)) = 0, D(u) = 0 and the
Cauchy stress tensor (3.77)) is

Y = —pls +S(D(u),0,0)

1)
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where p = k1 — p22, S(D, 0,0) € 9®(D, 0,0) for all D € M>*3 and
Jp s

®(D,7,0) = 10(7) + 16(©) + | D* + ¢ | D| . (3.86)

In the constitutive law given by ®, the constant g is the yield stress, and p is the molecular
viscosity. Since ® is not differentiable for D = 0, to express the Cauchy stress tensor we
cannot rely only on Proposition . A comprehensive way of writing the Bingham law is
given in the following lemma. To simplify the notation we write ®(D) instead of ®(D,~, ©).

Lemma 3.2. Let g and p two positive constants. Let ® : M3*3 — R a potential defined by
equation (3.86). Then, for D € M3*3 we have that the following are equivalent:

(i)
S(D) € 09(D), (3.87)
and
(it)
IS(D)|<g & D=0,

D
SD) =g & S(D)=2uD+g75.

(3.88)

Proof. For simplicity we state the inclussion (3.87)) in the following manner: since the function
D € M¥3 — |D|? is differentiable, we write the inclusion (3.87) as follows:

S(D) —2uD € 09, (D), (3.89)
where ®; : M2*® — R is defined by:
®,(D) = g|DI.
Then, by the definition of sub-differential, the inclusion implies that:
(S(D) —2uD) : (Dy — D) < ®1(Dy) — 1(D) (3.90)

holds for all D; € M3*3. Now, we prove the equivalences:

(i)=(ii) — We prove that if D = 0 then |S(0)| < g. By inequality (3.90)) we have that

S(0) : Dy < g|Ds|

for all D; € M2*3. Dividing by |D;| and taking supremun over D; we conclude
IS(D) < 9.
— We prove that if [S(D)| < g then D = 0. By (3.90)), for D; = 0 we have that:

—S(D) : D +2u|D|* < —g| D],
If we assume that |D| > 0, then we have that:

S(D) : D

> 9
D]

which is a contradiction with |S(D)| < g. Then D = 0.
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— We prove that if [S(D)| > g, then S(D) = 2uD +g%. Since [S(D)| > g, we have
that D # 0. Then, since @, is differentiable and

D

— The proof of S(D) = 2uD + g‘%l = [S(D)| = g, is straigthforward from
IS(D)] = (2p D]+ g) .

(i)=(1) — If|S(D)| > g, we have that for every D; € M>*3:

D:D
S(D)3(D1—D):2MD11D—2M|D|2+9|T|1—9|D|-

Then, using the Cauchy-Schwarz inequality and
2D, : D < |D]> + |Dy,
we deduce
S(D) : (D1 = D) < p| Dif* + g|Du| = p| DI = gD,

which implies that S(D) € 0®(D).
— If |S(D)| < g, we have:
S(O) . D1
— = S
| DI
for all D; € M. Then,
S(D) : D1 < p|Dily + gDl
and we conclude S(0) € 99(0).
O]

Remark 3.5. The above representation says that a Bingham fluid behaves like a viscous fluid
if IS(D(u))| > g, and as a rigid body otherwise. This propoerty is called yielding condition.
We note that if g = 0, we recover the Navier-Stokes equations.

Constitutive equations for granular materials: Mohr-Coulomb yield criterion

According to [78|, a granular flow is a collection of solid particles immersed in a fluid that
can be water or air. The modeling and understanding of granular materials represent a
significant purpose of human activities since a broad range of materials can be considered
as a granular media. According to [65], measured in tons, the first material manipulated on
earth is water; the second is granular matter. Several examples of granular materials can
be found in the industry: mine tailings; pharmaceutical tablets and capsules; and in nature:
landslides, debris avalanches, pyroclastic flows, rice, and sand.

A comprehensive view of the mechanical and thermodynamical properties of materials is
needed it to obtain constitutive equations. In particular, granular materials reveals various
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mechanical behaviors, similar to elastoplastic solids in the case of a quasi-static regime to
dense gazes in the cases of strong agitation|33]. Then, the properties of a granular material
are somewhere between those of a liquid and those of a real solid. Even at rest, granular
material can sustain some shearing stress but only an amount proportional to the average
stress. This yielding property, similar to a Bingham fluid [3.5] is dominant in dense regimes.
For this reason and simplicity, we neglect other types of mechanical properties and regimes,
and we consider only dense granular flows.

To obtain a constitutive equation that expresses the yielding property of a granular mate-
rial we can use sub-differential inclusions. However, we first consider a more comprehensive
way of deducing this constitutive equation based on the von-Misses yielding condition. The
von-Misses yielding condition states that the material is at rest if

X — ol < k%02, (3.91)
where k is a constant of the material and
1
o=z tr (%) .

Otherwise, if
% — o3 = k%02, (3.92)

the material experiences deformation. Equations and are deduced from the law
of sliding friction applied to the individual particles in a granular material

To obtain a constitutive equation from the restrictions and we need to apply
the flow rule. The flow rule is a quantitative formulation of the following idea: a granular
material experiences deformation due to the application of different stresses in different direc-
tions. Intuitively, the response of the material to such different stresses should be to contract
in the directions of higher stress and to expand in the directions of smaller stress. Explicitly,
if we suppose that suppose that the material is rigid-perfectly plastic, which means that there
is no viscosity and the fluid is incompressible, the flow rule states the existence of an scalar
q > 0 such that:

D(u) =q(X —ol). (3.93)
Recovering our notation, calling p = —o and
S =X + pI37

if the fluid is in motion, (3.91)) implies

S| = kp
and, by the flow rule (3.93)), we obtain
g = ko | D)™
Then, if the fluid is in motion,
D(u)
Y =—-pls+kp for |D(u)| # 0. (3.94)
’ [D(u)]
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If the fluid is not flowing, by (3.92)) we have that
IS|> < k*p? for |D(u)| = 0. (3.95)

When the constant
k = tan ¢,

where ¢ is the internal friction angle of the material. The material law and is
known as Mohr-Coulomb constitutive equation. Later in this chapter, in Section [3.2.4,
we review a constitutive equation where k£ is a function of D(u).

To deduce the material and using sub-differential inclusions we use the
potential

®(D,7,0) = 1o(7) + 10(©) + & |p[ [ DI, (3.96)

where

1
p:—gtr(Z),

and we consider that the fluid is isothermal and incompressible.
To obtain a material law from the potential (3.96)) we proceed as follows

e Since the inclusion (3.76) must holds when div(u) = 0, the term 3 tr (X) — %g—‘ﬁ, suffers
no restrictions from it and, it can be any real number, say ;. Then, we write the trace

of ¥ as:

1 oY
—p—gtr(E) ——pap + Kq.

As usual, we also deduce that VT and T are constants. For simplicity, we call
®(D) = ®(D,0,0). We notice that since T is constant, 1) depends only on p, we have
that

p=p(p). (3.97)
e If |D| # 0 then ®(D) is a differentiable and, by Theorem and (3.97)), we have that:
D
S(D) =k |p| —. (3.98)
D
e Otherwise, if |D| = 0, the only information that we have is
S(0) € 09(0).

Similar to the example of a Bingham fluid, we deduce the threshold condition

klpl = [S(0)]- (3.99)

Gathering (3.98)) and (3.99)), we obtain the constitutive equation (3.94) and (3.95)).

79



CHAPTER 3. A MIXTURE THEORY MODEL FOR DENSE GRANULAR MATERIALS

Constitutive equation for a granular material: ;(/) rheology

The equations of motion of a granular fluid considering the constitutive equations ((3.94))
and are ill-posed in all two-dimensional contexts and all realistic three-dimensional
contexts [130]. For this reason, many authors have proposed new constitutive equations that
have better mathematical properties. Pouliquen et al.[98] give a constitutive equation for a
dense granular material obtained through experiments in the one-dimensional case and then,
generalized to the three-dimensional case. [6] proved that this model is well posed under
certain conditions on the inertial number I, defined further in this section. We review the
constitutive equation of [98] using sub-differential inclusions. For simplicity, we assume that
the fluid is incompressible and isothermal. Then, the constitutive law in [98] is given by:

Y = —pl3 4+ S(D(u)), (3.100)
where p is the granular material pressure and S is given by

_ V2uI(p, D))p
D]

S(D) D. (3.101)

In the above constitutive equation: [ is the inertial number and (1) is the friction coefficient.
These quantities are given by:

:\/§|D]d

u(I) = ps + (p2 — fis) (%H)l,

where d is the particle diameter, p, is the particle density and [ is a constant. The inertial
number [ is interpreted as the ratio between two time scales: a macroscopic deformation

I(p, D)

and

and an inertial time scale \/%2:. This material law is called the (1)

time scale =

L
V2[D(u)l,
rheology.

To express the p(7) rheology (3.101)) in the context of a sub-differential equation, the potential
® must reflect the viscoplastic nature of the dense regime. Then, a suitable choice of ® is

the following;:

where Ay, Ay and A3 do not depends on D and, in order to guarantee the convexity of ®, we
assume that A; > 0, Ay <0 and A3 > 0.

By (3.102), we deduce that:

e Like in Section [3.2.4,
1 o

—p = §tr(2) = —pa—p+ﬁ1.

where x; is any real number. We also deduce that VT' = 0, T is constant and we denote
®(D) = d(D,0,0). Finally, since T is constant, then, 1) and p depend only on p.

e If |D| # 0 then ®(D) is a differentiable and by Theorem |[3.2| we have that:

D D
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e On the other hand, if |D| = 0, the only information that we have is that
S(0) € 09(0).

By (3.79)
) (Dl) 2 S(O) . Dl,

for all D; € M2*3. By (3.102), we write (3.2.4) as follows:
A1 |D1| + A2 In (A3 |D1| -+ ].) 2 S(O) . Dl.

Dividing the above inequality by |D;| we obtain:

In (Ag |D1‘ + 1) S(O) : D1
A+ A > ) 3.103
AT D] (3109
Since (3.103) holds for every D; in M2*3, we take sup over D; and we obtain
In(Asz |D 1 S(0): D
sup <A1 + Ay n (Ag | D] + )> > sup L (3.104)
D1€M§x3 |D1| D1€M§x3 |D1|

The supremum on the left-hand side of (3.104)) is equal to A; since Ay < 0 and Az > 0.

Then, ince
S(0), D
aup BODU_ 50
DieM3*3 ‘ 1|
we deduce the threshold condition:
Ay = [S(0)]. (3.105)

Due to the previous arguments, given a body force f acting on the granular material, the
dynamics of the granular material can be model with the following set of equations:

div(u) =0
%Hu.wu:div(zwf
B 8_w - Ay As D(u) ; "
> = (pap + >13+ (A1+ Ag,]D(u)\Jrl) Dy I 1D £0 (3.106)
Ay = S(0)] if [D(u)] =0 (3.107)

To obtain the constitutive equation (3.100]) we combine (3.106)) and ([3.107)) in the following
way:

e We recall that, the pressure function p, defined as

s,
p= —P8—2ﬁ+/‘€1-

is a function of p since ¢ is a function of p. Then, we choose A;, As and Aj as follow:

_ 2
Ay = Bpap, Ay 2P [P V2
d Ps 21
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e Replacing A;, A; and As in (3.106]) we obtain:

B D (u) B B 1 D (u)
S(D) = \/§M2p|D W) V22 “S)pm (u) f_idlo + 11D W]
Then, since
\/§ﬂ2p|D (u>| \/§(M2 Ms)p|D (U)| f_éClI(J +1 |D <U>|
o 1 D (u)
= | p2 = (p2 = p1s) Dl 1 \/§p|D @y 3108)

and recognizing the inertial number I = v/2|D (u)]|d, /% in the above expression:

1 D (u)
f2 — (2 — fis) 2p
Lo 1D (u)] <24 +1 D (u)]
Ps
1 D (u)
S P RS . I MRAAC N
<u2 (112 M)I_I()+1> P ()
we obtain

S(D) = u(f)\@p%,

which is the material law propose in [98]. By inequality (3.107) we deduce that:
> = IS(D)|

The quantity \/Li IS(D)| is the second invariant of the tensor S(D) and is often written
with the subindex I7, i.e.,

1
S(D)ir = 7 IS(D)]-
Then,
1op > S(D) 11 (3.109)

which is a threshold condition in the sense that the granular material behaves like a
viscoplastic media with a yielding stress psp that depends on the pressure.
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3.3 Dynamic equations for a dense granular heteroge-
neous flow

Based on the theory developed in Section this chapter aims to construct the dynamic
equations for a dense granular heterogeneous flow compose of N — 1 granular flows and
one Newtonian fluid. We consider that each granular material satisfy the Mohr-Coulomb
constitutive equation and defined in @ with different material parameters.
For simplicity, we consider that the fluid and the granular components are isothermal and
incompressible. The incorporation of other components adds several difficulties that do not
arise in the one component case. The first problem that appears is that in the material laws
for one component, that we review in Section [3.2.4, the Helmholtz free energy function v is
a function of the temperature and the density. We arrived to this conclusion using the Liu

identities (3.51)—(3.59). This condition simplifies the model, since the term

is not include in the Cauchy stress tensor and there is no need to give a constitutive equation
for ¢). The role of ¥ is replaced by the pressure p. In the case of a mixture, we need to
impose a constitutive equation for v, for every a € {1,--- | N}, since we can’t conclude that
the functions 1, are independent of u, using the Liu identities (3.51)—(3.59).

On the other hand, to propose a function ® and v, for « € {1,..., N}, we need to
consider the role of the interactions between the components.

The last and more technical problem is that the definition of the tr(X) is not necessarily
independent of D(u). This is a problem if we impose a yield condition depending on tr(X).
We overcome the above challenges by proposing a suitable definition of v, and the yield
condition.

Let us describe the outline of this part. In Section [3.3.1, we propose an equation for the
Cauchy stress tensor of a dense granular heterogeneous and isothermal mixture that depends
on the Helmholtz free energy. In Section [3.3.2 we propose an expression for the Helmholtz
free energy that contains the interaction terms. Then, in Section [3.3.3, we give a summary
of all the equations that model the dynamics of the mixture. From Section [3.3.4 to Section
3.3.4 we develop the equations to study the case of a Couette flow between two concentric
cylinders, and we provide a numerical solution.

3.3.1 Cauchy stress tensor for a dense granular mixture

According to Hypothesis there exist functions P, : (M3*3)" x RY x R® — R, S, :
(MB*3)Y % RV x R3 » M3*3 and a potential ® : (M?3)Y x RN x R? — R, that satisfies
Definition [3.1], such that

N
0 _
OoSa = Yalalals + Y _ ps aff ug +Po(D(uy), -+, Dluy), tr(u), - tr(uy), VT)I
p=1 “

+Sa(D(ur), -+, D(uy), tr(uy), - -+, tr(uy), VT), (3.110)
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+QD(w), -+, D(uy), tr(u), -+, tr(uy), VT) (3.111)
Sl(Da% @)

SN(l)f77C»
Py(D,v,0) | €09 (D,~,0). (3.112)

PAKIDLVaCn
Q(D,7,0)

for all (D,~,0) € (M3*3)Y x RN x R3.

The choice of the potential ® must impose that the temperature of the mixture is constant,
as we are interested only in the mechanical behavior of the mixture. We also consider that
the grannular components and the fluid are incompressible. Regarding to the mechanical
behavior of the mixture, we consider that the fluid is newtonian and must satisfy an equation
similar to (3.80]), and we consider that the granular components satisfy a Mohr Coulomb
constitutive equation similar to and .

Finally, we assume that the form of ® reflects only the mechanical behaviors of the fluid
and the granular material without considering the interactions between the components.
Then, we propose the following potential:

N N
®(D,7y,0) = b DI’ + 10(0) + Y " 1o(vs) + Y _ 0545 Dgl (3.113)
B=1 =2

for all (D,~,0) € (M>3)"Y x RY x R3, where i, is the molecular viscosity of the fluid and
Ap are the yielding stresses of the granular materials.
We recaall that the differential inclusion (3.112) means:

N N
O(D*,77,07) ~@(D,7,0) > Y Sa: (D" = D)+ > Pal(r" =7)+Q- (6"~ ©). (3.114)
a=1 a=1

for all (D*,~*,0%) € (M3*3)" x RN x R3.
From (3.113)) and (3.114), we deduce the following:
e From inequality (3.114) we deduce that % = 0, for all a{1,..., N}. and ©* = 0. Then,

div(ug) = 0, (3.115)

and D(u,) = D(ug), for all a{1,..., N}, and T is constant. To simplify the notation
we call ®(D) = ®(D,0,0).

e By (3.115)), P, can be any function, say 6,k,. To simplify the notation we rename A,
as Ay + Ko . Then, we have that:

1 1 al oY
_ B
gea tr (Xa) = Yabala + 3 tr (;Zl p3 Ju. uﬁ) (3.116)
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e Since the partial derivative of ® with respect to D; exists, by Theorem [3.2] the Cauchy
stress tensor of the newtonian fluid is:

N

0

0131 = b Ay + Z Pg a;ﬁi ugj +2pbh D (uq) . (3.117)
B=1 :

e For a € {2,..., N}, ® is differentiable with respect to the variables D,, for |D,| # 0.

Then, by Theorem
D,

Sa(D) = eaAa_v
| Da|
for D € (M>3)Y,

e To obtain a yielding condition for the granular component «, as we did in the case
of Bingham fluid [3.2.4, the Mohr-Coulomb fluid [3.2.4 and the p(I)-rheology [3.2.4, we
consider the case where the a-component of D is equals to 0, namely, D, = 0. Then

we choose in ((3.114)
D*=(Dy,...,D%, ..., Dy),

where DY € M2*3. Then:

and

We combine the above expressions with inequality (3.114) and we obtain
0, A, |DL| =S, : Dy

We divide by D} and we take the supremum over D¥ € M?3*3 and we obtain the
following threshold condition for the constituent a:

0, A, > ISl (3.118)

Equation (3.118)) together with (3.110))

N N
= 0V 1 0Yg
0, . — —t I
;:1 PB ou. ug + 3 (/;:1 Pp ., ug | I3

OoAa

WV

(3.119)

We still need to give a definition for the coeficcient A,. By (3.116), the natural choice of
A, would be

Aa = o |Pal (3.120)
where
1 (SN Oy
o = YaloalAy + =t . 3.121
Pa =7 +gtr ﬁ§:1P68uauﬁ ( )
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However, a desirable property is that

Opa

D). = 0. (3.122)

for all v € {1,..., N}, otherwise the inclusion would be confusing. In the case of a
single component this problem do not arise since, by the Liu identities, the pressure is only a
function of the density. In the case of a mixture we cannot prove that p,, defined in (3.121)),
is independent of D(u,). This is due to the inclusion of the saturation constraint that adds
a multiplier po in the equation (3.51)). To overcome this difficulty we define p, as follows:

1 N 8w
§ B . + A
Pa _g i (ﬂ——l & 8“04,1: uﬁ,]> Yablala 0oy

To prove (3.122), first, using the Liu equation (3.61)) for § = «, we write the function p,

as follows:
N

1 Mg
Pa = —52,058 Uﬁz

N

awﬁ o, i ﬁawﬁ

s (250
aDu,7 (9 Zpﬁam)‘

Since 6,, D(u,) and u, are independent variables and we assume that the function 9 is
regular enough, we can change the order of the derivatives to obtain:

Then, the derivative of p, with respect to D (un) is:

P " N
OD(up)a’ (Z us 5)

=1 U;

0 0 0 9 9 9 9

We use the rule of the derivation of a product in both terms of the sum as follows:

0 0 0
Z’W’ e BT aum<zpﬁ“5’az> ) Zpﬁ( ) (a3te™)

N, 0 - 0 (0 4
Oa 0D Vs = 55 | Pa 0D (u-)in ~fa 90,
258, 3Dy~ 90, ( ;pﬁaDme) 2 (57 (a7 )

and
N N N
0 0 o P P 9
b ;Pﬁa_el 8D(U»y)ih¢ﬁ B 8_91 <6a ﬂz:;pﬁ aD(Uy)ihdJB) —0a ﬁz:; (a_elpﬂ) (m%ﬁg) .
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Using the Liu identities (3.55)), (3.56]) and:
N
0 0 0
a 7 Y =3 a A~ N FPay
2.0 (aens) (3t s) = 3m007s

N oo 0 )
2 (30:) (a3t ?) =03y

=1

and v
0 0 0
" ﬁz (a_el”ﬁ) (8D<uw>m W> 0 ED ()
we obtain
9 =2y (3.123)
aD<U/n)ihpa 0671 8D (u’y) 1- .

To prove (3.122)) we need to make assumptions on the function ;.

3.3.2 Helmbholtz free energy

To close the system of equations ([3.145)—(3.145) we have to provide an expression for the
Helmholtz free energy 1,. Consequently, we assume the following:

Hypothesis 3.9. The Helmholtz free energy of a constituent o has the next form:
N
Yo =05 (0a) + Y Canby luy — ual*, (3.124)
=1

where Y is a function that depends on the volume fraction of the constituent a and the second
term is a contribution of the interaction between the constituent o and the other constituents
in the mixture.

In the constitutive equation , we call Cy,, the drag constant, since the second term
of the right-hand side of represents the role of a drag term in the momentum equation
of the constituent a.

To clarify the above statement, we calculate the term Zglzl PB %Uﬂ in the Cauchy stress
tensor. First, we note that for every «,

31/)6 g oY
= paau—mua,j’ + ;pﬁ

N

B
u
aua’k 57.]

Since the function 1/12‘ does not depend on the velocity we obtain:

Zpﬁaua B = Pall aua <Ze Con [ty — ta| > +Z pPpu B’]@ (Z@ Cay |ty — Uﬁ| )

pFo

Then,

N
o
> ps EN Bk gy ==Y pabn2Can (Unk — tiak) tiaj + Y pp0a2Cs0 (tak — Ugk) s
p=1 “ n Ba
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Gathering both summations in the previous equality, we have that:
N

> o

=1 8ua7k

We factorize by the term u, ; — ugy in the summation and obtain:

N
g =200 Y 05 (Cha (o — upk) tsj — Cop (Usk — Ua ) Uay)
f=1

Z PB D0 BkUij = ona Z 95 (u%k — U@k) (Cﬂauﬁ,j + Caﬁua,j)
/8:1 @ 621

The above equation implies that the drag force between the constituents vanishes if there
is no interaction between the constituents. Under Hypothesis [3.9] and the Liu identities we
prove that the drag force satisfies Newton’s Third Law. To prove this, we notice that in order
to satisfy the Liu identity:

0
au(]’k wl - 07
since: 5
a1 = 208 > On(upk = tak) (Cop + Caa)
a, n

we need to choose C,g and Cg, such that
Cﬁa + Oaﬁ =0, (3.125)

for every a and 5 in {1,..., N}. Then, the drag term in the Cauchy stress tensor is:

N o N
E B

Pp ou ku@j = 2pa Z 95Cag (Ua,k - UﬁJg) (uayj — UﬁJ) . (3126)
6:1 @ B:l

We notice that the above tensor is symmetric which is a restriction from the Liu identity
(3.54)). To complete the formula for the Helmholtz free energy, we assume the following;:

Hypothesis 3.10. For all « € {1,..., N}, we define

Ca

OaVa

Uy (0a) = (Bo — Bae)” (3.127)

where ¢, is a positive constant and 0, . 1s called the critical volume fraction for solid particles,

above which shearing of the material will cause dilatancy, below which it will cause contraction
[151).

The above formula follows the approach of [79)] (see also [151] and [44]) . Under the above
assumptions on 1, we have that:

5 o 00000 10 o
O e e, A= (3.128)
005 Caplug — uo|” if 5 # a.

Finally, using Hypothesis in (3.123]), we deduce (3.122]).
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3.3.3 Dynamics equations of a dense granular flow

Regarding the discussion of Section (3.2)) and sections [3.3.1 and [3.3.2, in this section we
present a summary of the dynamics of a dense granular low composed N — 1 granular com-
ponents, satisfying a Mohr-Coulomb constitutive equation, immenersed in an incompressible

Newtonian fluid.
The dynamics of this system is given by the functions

(61, e ,QN,Ul, Ce ,UN,Al, Ce ,AN)
and is governed by the following set of equations:
e The saturation constraint
N
D 0. =1, i (0,T) x V.
a=1

e The mass conservation equations

%_’_U(}'vga:Oy in (O’T)XV fOI'O{E{17~--7N}‘

e The momentum conservation equations

Pa (% + (uoz ) v)ua) = 0, div (Ea) + Pafa

in (0,7) xV fora € {1,...,N}.

Where the Cauchy stress tensor of the fluid is given by:

N
%)
0151 = 110AI5+ > pﬁaiufuﬁ +20,D (uy)
B=1

and the Cauchy stress tensor of the solid components are given by:

N
OoSa = Yabalals + Y pp g:fﬂuﬁ +So(D(uy)) forae{2,...,N},
p=1 “

where

where O : (M§X3)N_1 — R,

N
®(D) = jta|pal [Dal
a=2

for D = (D, ..., D). In the definition of ®
N
1 Mg
Pa=—3tr (; Pﬁ%uﬂ,j> — Yabala — MbaAr.
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The Helmholtz free energy function is given by:

N
_Ca (0, — 90176)2 + Z Conby |w, — uoé|2 for v € {1,..., N}, (3.137)

’lvboa = 'Yaea

n=1

where C,, is the drag constant satisfying the symmetry relation:
Cha = —Can, (3.138)
and 6, . is the critical volume fraction.

To close the system of equations, we use the Liu identity:

N

o 0o _
;pa (896 - 801 > —|—’}/ﬁAg — ’YlAl = 0. (3139)

90



3.3. DYNAMIC EQUATIONS FOR A DENSE GRANULAR HETEROGENEOUS FLOW

3.3.4 Couette flow between two concentric cylinders

In this section, we study the problem of a stationary granular heterogeneous flow between two
concentric cylinders using the equations developed in the previous parts (see Section @
for a summary). This problem is called Couette flow, and its solution allows us to obtain a
simple validation of our model.

Couette Flow

A Couette flow refers to the motion of a fluid between two parallel plates, one of which is
moving relative to the other. The flow is driven by internal forces acting on the fluid and the
applied pressure gradient parallel to the plates. The Couette flow is the most straightforward
and meaningful case to illustrate fluid motion because we can provide analytical solutions.
A flow between two concentric cylinders of infinite length is a Couette flow in polar coor-
dinates, in which the internal cylinder and the external cylinder are rotating with angular
velocity €2 and €2y respectively.

Figure 3.6: Scheme of two concentric infinite cylinders of radius R; and R, rotating with
angular velocities €2; and (25, respectively.

In the framework of the mixture theory, we will study the stationary flow between two
concentric cylinders of a mixture of a Newtonian fluid and a granular fluid satisfying the
equations described in Section [3.3.3 for N = 2. The internal cylinder is rotating with
angular velocity €21, and the external cylinder is fixed (3 = 0). The central hypothesis is
that the velocity of the fluid and the granular component, still denoted by w; and wus, the
volume fractions #; and 6y, and the Lagrange multipliers A; and A, only depend on the radial
variable and the velocities flow in the azimuthal direction indicated by ey. More precisely:
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Hypothesis 3.11. There exists two function uyg : [Ry, Ra] — R and usp : [Ry, Re) — R
such that:
uy = u19(r)eg and uy = ugg(r)ey.

We also have that 0 : [Ry, Ryl — R, 0 : [Ry, Ro] — R, Ay : [Ry, Re] — R and Az : [Ry, Ry] —
R .

To simplify the calculations we assume the following:

Hypothesis 3.12.
91 S (0, 1) and 92 S (O, 1)

The first step is to write the balance equations for two components. Under the Hypothesis
Hypothesis and the incompressibility of the liquid and the granular component,
the relevant equations are the momentum equations (3.131)):

div(S,) = 0, (3.140)
for all @ € {1,2}, and the saturation constraint:
0, + 0, = 1. (3.141)

By Hypothesis and the symmetry of the Cauchy stress tensor, we deduce

- 0 Za,r@
Do = (EW . ) a € {1,2}, (3.142)

where we need to deduce X, 4 from (3.132) and (3.133)).

Dynamic equations for the motion of the fluid component

In the case of a two component mixture, the drag term in (3.132) is:

N a¢
Z pﬁa—ﬁU5 = 2/)192012(U1 — Ug) X (u1 - Ug). (3143)

u
B=1 L

Then, from (3.132)), we deduce

le(El) = ’71VA1 + 2,u le(D(Ul)) + 2’71012(U1 — ’LLQ) X (u1 - UQ)V(0102)
-+ 2p101292V(U1 — u2)(u1 — 'LL2) + 2,0101292(U1 — UQ) div(u1 — Ug). (3144)

The next step is to write the momentum balance equation in the polar coordinates system
(r,6). Under Hypothesis we have the following:

v ) < 0 _ (ul,e—uw)> (3.145)
Uy — Up) = r , .
! ? % (u1,9 — u2p) 0
90,
VO, = ( 3 ) : (3.146)
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Ay
o= (%) s
(ur —uz) ® (ur — ug) = 0 0 2 (3.148)
0 (urp—u20)”/)’
(u1,0—u2,0)?
V(ug —ug) - (ug —ug) = — < 0 > : (3.149)
and

div(u; — uz) = 0. (3.150)

Then, using (3.145)-(3.150), in (3.144), we write the momentum equation of the fluid
(3.140):

dA — 2
0 — 1 20,C'1s (ulﬁ ulﬂ) : (3_151>
dr r
1d
0 = ——r’%,0, 3.152
r? drT Liré ( )
where p
(31
Y0 = pr——. 3.153
1,10 'Wdr , ( )
Equation (3.152) implies that
Ay
Y10 T2 (3.154)

where A; is constant. The constant A; represents a given torque applied to the inner cylinder.

Then, by (3.152)) and (3.154)), we deduce the following ODE for u:
d Ui Al

drr ¥

The, above equation has the following solution:

A (1
Uljg(T‘) = 2—; (; +7“B) s

where B is an integration constant. Considering the Dirichlet boundary condition in the
outer cylinder:
Ul,o(Rz) =0,

the velocity of the fluid is given by

Al 1 r
Ul,g(T) = Z ; — R_% .

Then , the angular velocity of the fluid wy, which is defined as
_ e
wy(r) = at

is given by the following expression:
(r) A (1 1
wir)=—\(=—-—=1,
! 2u \r2  R2

All = 27"62012(0)1 — CL)Q)Q.

and (3.151)) is written as:
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Dynamic equations for the granular component

In the solid component, the interaction term in the Cauchy stress tensor is

Z pﬁa—Ug = 2p291021(UQ — Ul) & ('LLQ — ul).
RS

Then, in the case when |D(uz)| # 0, the force due to the Cauchy stress tensor in the momen-
tum equation is:

D(UQ)
| D(us)]
—+ 2,0202191V(u2 - Ul)(’UQ - Ul) -+ 2,0202161 (UQ — Ul) diV(UQ — Ul). (3155)

le(Ez) = ’72VA2 + HU2D2 + 2p2021 (Ug — Ul) X (UQ - ul)V(9192)

By Hypothesis and using (3.134)), (3.145)—(3.150), (3.155) and the angular velocity
of the solid

the momentum balance equations of the solid component are:

A5(r) = 2r6;Coy (w1 — wy)?, (3.156)
1d
0= (r*2,0) (3.157)

for all » € (0,7) such that |wj| # 0, where:

2 |p2| . /
Yo,e = S . 3.158
20 = o sign(u) (3.158)

where p, satisfies (3.136]) which, using Hypothesis is written as:

2
pg(’f’) = —§p2910217”2(0<.)2 — w1)2 — ’}/262/\2 + ’}/162/\1, (3159)
Equation (3.157)) implies that
Ay
Yo g = o (3.160)

where A, is a constant interpreted as the applied torque of the inner cylinder to the granular
component. Assuming that A, is a positive constant, by equation (3.158) and since

sign(wj) = sign(A,),

we deduce /5
24,
= —F 3.161
ol = Y22 (3.161)
where py satisfies (3.136]) which, using Hypothesis is:
2
P2 = —§P291021T2W3el + 62 (1M1 — 242) . (3.162)
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The above equation holds when the granular component behaves like a fluid, i.e. for all
r € (Ry, Re) such that |w)| # 0. This is a free surface problem where the free surface is
characterize by inequality (3.119). To express (|3.119) in the context of the Couette problem,

we start by the traceless part of Zjﬁv:1 pgguﬂu[;:

1 <Z Pﬂgw > I, = 02910217” (wa — wl) <_01 (1]) .

Then,

0oXs — Zpg uﬂ"‘_tr(ZPﬁ )12

Then, in the zone where the granular material is flowing, by inequality (3.119)), we have
that:

— V26, \/ig,re + 30503 (wr — wo)*.

\/22 ro T 30RO (w1 — wo)* > #\;%2

Using the equation (3.160), The above inequality implies:

273 C5,0%r — —2—Ag 1
Y2 Loy (Wl W2) Nsp2 A (3.163)

Using equation (3.161), we deduce that inequality (3.163)) does not contribute information

to the problem. However, in the zone where the granular component is not flowing

243 2 4 4
g < 12ps + 27505, 05 (wy — wa)?, (3.164)

where ps is given by (3.162)).

Equation for the Lagrange multipliers

To close the system of equations we consider the Liu identity (3.139)). Using Hypothesis|3.11],

we write (3.139)) in terms of w; and wo:

92 . Q2 92 - 92

2 2 2 2c 1 e

AL = Y2y = (p1 + p2) Crar™ (w1 —w2)” + ¢ 0 - 0 .
2 1

(3.165)

In the case of a two component mixture we consider the values of 6, . given by [151], p.171]:

6 = 0,52 and 6y, = 6, . — 0, 52. (3.166)

Summary of the equations

We define the relative velocity
Wrel = W1 — Wa, (3.167)

A /1 1
RETACR )
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and the relative pressure

Aver = A1 — 2. (3.168)

Then, gathering the results of sections [3.3.4 and [3.3.4, the dynamics of the mixture is
given by (Wyer, 02, Ayer) solving the following system of equations:

Al = —4rCoi(716s — b )w?y, v € Qy, (3.169)

9192Arel = 6192021 (pl + p2) 7’20)36l -+ 0261 (9% — 93) — 6192 ((9% — 9%6) , e Qf, (3170)
V24, 2

1iar? = —50291021T2wfd + 02 yer, 7 € (U, (3.171)

Wreg = W1, T € €, (3.172)

where

2A2
O, = { (Ry, Ry) ‘ —\/— — 293C3 03wt + 3p291021r w2, > 0y |Arel\} . (3.173)

Qp = [Ry, Ro] \ Qs (3.174)

c1 and ¢y are a constants related to the Helmholtz free energy, A; and A, are the applied
torque to the fluid and the granular component respectively and

01 =1- 92, re (Rl, RQ) (3175)

Numerical solution

If we consider that equation (3.171)) is satisfied in [R;, Rs], then, we check that 0, = () and
we deduce that Q; = [Ry, Rs]. Considering the Dirichlet boundary conditions in the outer
cylinder

wrel(z) = 07
we deduce from and :
92(2)Arel(2> = \i?i?’ (3176)
01(2)02(2)Arer(2) = 26 (02(2)% — 0:(2)%) — c16a(2) (61(2)* — 61.0(2)%) . (3.177)

Then, the system of equations (3.169))— :3.171 ) is a differential algebraical system of equa-
tions (DAE). We solve system ([3.169)—(3.171) using the MATLAB function odel5s (see Ap-
pendix E to see the MATLAB code). To obtain relevant and comparable results we consider

the physical parameters taken in [I51]. For the dimension of the inner and external cylinder
we consider Ry = 1[m] and Ry = 2[m].
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The figures represent the solution of the system of equations 1) where
we have considered the parameters: A; + Ay = 103[kg - m~' -s72], u = 0.001[kg - m ~' -s71],
ps = 723kg -m ~!-s71, v, = 1000[kg - m ™3], y5 = 2200[kg - m~?], ¢; = 1000[kg - m~*' - s72],
c2 = 2000kg - m~'-s72] Oy = 10°kg - m™' -s72], 6.1 = 0.44 and 6.5 = 0.56.

Concentration of the fluid and the solid phases
06 T T T T T T T T T

Figure 3.7: Volume fraction os the fluid and solid phases
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.82 10° Relative velocity of the mixture

T T T

[(—=

Figure 3.8: Relative velocity of the mixture.
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<107 Lagrange multipliers of the fluid and the solid phases

1 11 12 13 14 15 16 1.7 18 19 2

Figure 3.9: Lagrange multipliers of the fluid and the solid phases.
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Figure is the plot of wy.¢(1) (the relative angular velocity of the mixture in the
inner cylinder) for different values of the applied total torque A = A; + Ay, where we have
considered the parameters [kg-m~'-s72], n = 0.001[kg-m ~'-s71], ps = 723kg-m ~!-s71],
v = 1000[kg - m™?], 72 = 2200[kg - m®], ¢; = 10kg - m™!-s7?], ¢; = 20[kg - m~! - 577
Coy1 = 10°kg - m™*-s7%], 0.1 = 0.44 and 6,5 = 0.56.

Relative angular velocity on the inner cylinder v/s applied torque on the inner cylinder.

3
<10
22 T T T T T T T T T

02 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 200 1000

A [kg: m. 5'2]

Figure 3.10: Relative angular velocity of the mixture at the inner cylinder w(R;) for different
values of the applied torque A.
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Figure is the plot of wy(r) for r € [1,2] for different values of Cy; where we have
considered the parameters: A = A; + Ay = 1000[kg - m™" - s72], p = 0.001[kg - m ~' - s71],
ps = 723kg-m ' - s v = 1000[kg - m~?3], 72 = 2200kg - m~?], ¢; = 10[kg - m~! - s7%],
co =20[kg-m™t-s7% Cy = 10°kg - m~* -s7%], 6.1 = 0.44 and 6., = 0.56.

<107 Relative angular velocity for different drag values.

25 T T T T

——C,,=1000 kg- m™"- 5]
C,,=3250 kg- m'" 577
1
-1

———C,,=5500 kg- m™"- 577
C,,=7750 kg- m". 577
———C,,=10000 kg- m""- 577

Figure 3.11: Relative angular velocity of the mixture for different values of the drag constant.
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Figure is the plot of O, (r) for r € [1, 2] for different values of ¢; and ¢y where we have
considered the parameters: A = A; + Ay = 1000[kg - m™" - s72], p = 0.001[kg - m ~' - s71],
ps = 723[kg-m ~1-s71) v, = 1000[kg - m 3], 7, = 2200(kg - m~3], , Cy; = 5000[kg - m~*-s72],
9071 = 0.44 and 90,2 = 0.56.

Volume fraction of the solid for different values of c, and C,.

058 T T T T T T T T T

¢,=10 andc,20 kg- m™"- 577
¢,=100 and c,=200 kg- m - 577

1 2
¢,=1000 and c,=2000 kg- m""- 5]
¢,=10000 and ¢,=20000 kg- m™"- 5]

0486

Figure 3.12: Volume fraction of the solid for different values of ¢; and c,.
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3.4 Discussion and conclusion

We recall that Wang and Hutter[151] propose a constitutive model for a multiphase mixture
and study the Couette-flow of a saturated solid-fluid mixture. To derive their equations they
use, besides the balance of mass, momentum and energy, the balance law for equilibrated
forces, as proposed by Goodman and Cowin|[80]. Also, their equations satisfy the four meta-
physical principles from the mixture theory and are the result of using the Miiller-Liu entropy
principle imposing that the gradient of the volume fraction is an independent variable, which
is a different assumption from ours. Other significant difference is the constitutive equation
for the solid component. They use a viscous model with a volume fraction-dependant vis-
cosity. At a first sight, from Figure and Figure 3.8 our solution is similar to the one
obtained by [151, Figure 2| (using the same physical parameters). In both cases, the volume
fraction of the solid is an increasing function of r and is bounded in [0.4, 0.6], and the relative
velocity is nearly 0. Concerning Figure [3.9] we cannot compare our results directly with the
ones of Wang and Hutter, since the Lagrange multipliers A do not appear directly in their
equations.

An interesting and intuitive result is shown in Figure The relative velocity at the
inner cylinder increases when the applied torque increase, meaning that the liquid increase
its velocity faster than the solid component. This could be understood as an early stage of
a decantation phenomenon for the solid. However, the decantation makes sense only in a
time-dependent dynamics.

Another interesting result is shown in Figure [3.11] The relative velocity decreases when
the Drag constant increases. This results, also noticed by [151], Figure 2| and [120], is intuitive
since the drag coefficient represents the attraction force between the different constituents.

Finally, in Figure we show that the volume fraction of the solid approaches to a
constant while the Helmholtz free energy constants ¢; and ¢, increase their value. Mathe-
matically, this result is evident from equation , since the term related to A, and wy.
loose importance when c¢; and ¢y are relatively high.

Concerning the above analysis, we conclude that our model satisfies features of a dense
solid-fluid mixture qualitatively. The main advantages of our model concerning the model of
Wang and Hutter are that our model is simpler since we only have one differential equation
and two algebraical equations for the three main unknowns. On the other hand, Wang
and Hutter have to deal with two differential equations for the volume fractions. This is
complicated since an assumption of what is the volume fraction at walls needs to be made.
In our case, this is not necessary, and we only need to impose that the volume fractions and
the applied torques at the inner wall, A; and A,, are consistent with the equations. Then,
our approach seems promising. However, many important features of granular fluids and our
model were left behind in this example. For instance:

e In this example, we were not able to find a solution where the granular component
develops a yielding zone. This is because we were not able to adapt the main algorithms
known for Bingham fluid’s [34] to our equations.

e By the geometric characteristics of this problem, the only relevant part of the drag
term was the quadratic one (see and ) Then, for this problem, there is
no difference between considering a quadratic drag term as a source term, rather than
to impose a drag energy in the Helmholtz free energy (Hypothesis .

103



CHAPTER 3. A MIXTURE THEORY MODEL FOR DENSE GRANULAR MATERIALS

As we can see, there are many aspects of our model that needs development to fully
conclude that our approach is useful to model a wide range of granular materials. A future

investigation of this approach should consider the points mentioned above plus the study of
the non-stationary dynamics.
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Part 11

Multiphase models involving rigid
structures
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Chapter 4
A Bingham fluid-rigid body system

In this chapter, we analyze a granular material using a multiphase fluid-structure interaction
system where the fluid is an incompressible Bingham viscoplastic liquid, introduced in Section
3.2.4, and where the structure is a rigid body. This material is modeled by the 3D Bingham
equations, and the Newton laws govern the displacement of the rigid body. The main result
is the existence of a weak solution for the corresponding system. The weak formulation is
an inequality (due to the plasticity of the fluid), and it involves a free boundary (due to
the motion of the rigid body). We approximate it by regularizing the convex terms in the
Bingham fluid and by using a penalty method to take into account the presence of the rigid
body.

As we mentioned in Section [3.2.4, viscoplastic materials behave as a liquid for high stresses
and as solid for low stresses an can model various natural and industrial fluids, for instance,
mudflows, snow avalanche, volcanic lava flows, toothpaste, mayonnaise, etc. The Bingham
constitutive equation is one of the simplest models for a viscoplastic fluid. It was proposed
by Bingham [8] in 1916. The corresponding system of partial differential equations has
been studied in many works, for instance, in Duvaut and Lions [42) Chapter VI|, where the
existence of weak solutions for the Bingham fluid (without structures) is proved.

Regarding Part [, in what follows we consider a different approach to modeling granular
matter where we study a multiphase problem involving a rigid structure and a non-Newtonian
fluid. The difference with this approach and the one used in Section is that we no longer
consider the mixture theory. More precisely, the Continuum hypothesis of the mixture theory
is dismissed, and the equations of each component are satisfied in different domains.

At first sight, this approach seems much more realistic. However, we add new complica-
tions: the equations of motion are satisfied in moving domains, and we need to consider how
the materials interact in their mutual frontier.

Nevertheless, in this type of multiphase modeling, we are allowed to use a more simple
constitutive equation. In this line, the Bingham fluid model is the simplest constitutive
equation that possesses the yielding property and, as we discuss in Section [3.2.4, the yielding
property is dominant in dense regimes of granular materials. Then, a Bingham fluid-rigid
body system can be useful to understand and shed some light about granular materials, which
is high contrast with the Drucker-Prager 1aw|3.2.4 and the p(7)-rheology @ characterized
by complex constitutive equations

106



4.1. INTRODUCTION AND MAIN RESULT

4.1 Introduction and main result

Let us describe our fluid-solid system: we consider Q@ C R? an open, bounded and connected
set containing a Bingham plastic fluid and a rigid body. We denote respectively by S(t) and
by F(t) the domains of the structure and the fluid at instant ¢. We assume that the solid
is a rigid body and its domain can be described from its initial configuration Sy: for a € R?
and @ € SO(3) (the rotation group) we set

S(a,Q) =a+QSy and F(a,Q):=Q\S(a,Q). (4.1)

Then, R R
S(t) =S(h(t),R(t)) and F(t) = F(h(t), R(t)).

We assume in what follows that the center of mass of Sy is located at the origin so that h(t)
is the position of the center of mass of the rigid body. We also suppose that Sy (and thus
S(t)) is open, bounded and connected and that Fy := Q\ Sy (and thus F(¢) as long as the
rigid body remains inside ) is connected.

The governing equations for the fluid flow is written by considering the Cauchy momen-
tum equation of an incompressible fluid. We write the governing equations for the fluid flow
by using the Cauchy momentum equation where the stress tensor is given by a sub-differential
equation which represents the viscoplastic behavior of the Bingham fluid. The balance equa-
tions for linear and angular momentum govern the motion of the rigid body. The full system
of equations modeling the motion of the fluid and the rigid body is:

Py <% + (u- V)u) —divX(u,p) =0, xze€F(t),te(0,7), (4.2)
divu=0, zeF(t),te(0,7), (4.3)
u=0, 2x€dNte(0,7T), (4.4)
u(t,z) =L(t) +w(t) x (x —h(t)), xe€dS(t),te(0,T), (4.5)
ml = —/ Y(u,p)ndz, te€(0,T), (4.6)
28
(Jw) = —/ (x — h) X S(u,p)ndz, te (0,T), (4.7)
a8
R =AW)R, te(0,T), (4.8)
W=t te(0,T), (4.9)
u(0,-) =up, € Fo, (4.10)
R(0) =13, h(0)=0, (4.11)
00) =4y, w(0)=uwy (4.12)

In the above system the unknowns are wu(t,z) (velocity field of the fluid), p(¢,z) (pressure
of the fluid), h(t) and £(t) (the position and the velocity of the center of mass of the rigid
body), R(t) and w(t) (the orientation and the angular velocity of the rigid body). We have
also denoted by 7 the outward normal to F(¢). For any w € R?, A(w) is the skew-symmetric
matrix:

0 —Ws W
Aw)=| ws 0 —w
—Wwy Wi 0
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We assume that the densities p; and p, of the fluid and the solid are positive constants.
In that case, the mass of the solid m is given by

m = ps |SO|7

where |Sp| is the volume of Sy, and the moment of inertia J is given by:

~

J(t) = J(h(t), R(t)),

where
(lz—af’I; — (x — a) ® (x — a)) da.

8(a,Q)

We have denoted by |a| = /a - a the Euclidean norm in R3.
We can check that

7(0,Q) = s /

~

J(h,Q) = QQ", (4.13)

where we have denoted by M* the transpose matrix of M and where
Jo = ps/ (|2 I3 — z ® z) da.
So

In particular, J(t) is symmetric and positive definite.

The Cauchy stress tensor is given by the constitutive equation for a Bingham fluid. Simi-
larly as we did in Section [3.2.4] to write this relation, first we decomposed the Cauchy stress
tensor as follows:

Y(u,p) = —plz + SY(D(u)),

where the function ¥¢ is given by the following sub-differential inclusion:
»4D) € 09(D) (4.14)
with @ : M®*3 — R the convex function defined by:
®(D) = pu|D[* +¢|D]. (4.15)

We have denoted by M*? the space of square matrices of order 3 and by |D| = v/ D : D the
corresponding Frobenius norm.

As in Chapter [3.2] we call ® the energy potential and for a given D € M3*3 the set of
sub-derivatives of ®(D) is defined in Chapter [2|

In the constitutive law given by ®, the constant g > 0 is the yield stress and the constant
i > 0 is the molecular viscosity.

Just like we did in Lemma , we can prove that equation (4.14)) is equivalent to:

X4(D)| <9 <= D=0,

D
%4D)|>g <= D#0 and Ed(D):2uD—|—gm.

(4.16)

Indeed, if D # 0, then ({4.14)) is equivalent to X4(D) = 2uD + gD/ | D|. If we multiply ¥¢(D)
by D, we notice that |X4(D)|y > g. If D = 0, (4.14) is equivalent to |X%(D)|, < g. The above
representation says that a Bingham fluid behaves like a viscous fluid if |S4(D(u))| > g, and
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as a rigid body otherwise. We note that if ¢ = 0, we recover the Navier-Stokes equations
coupled with the equations of the rigid body.

To write the weak formulation associated with system —, we first introduce some
notation. We recall from Chapter [2} that L? and HY are the classical Lebesgue and Sobolev
spaces. We also denote by C? the space of ¢-times continuous differential functions. We write
C{ the set of all functions in C? with compact support.

We introduce the standard spaces in the study of the equations of fluid mechanics:

L2(Q) ={ve L*(Q); div(t) =0, v-n=0 ondQ},
HA(Q) = L2 (Q) N HL ().
We define the space of rigid velocities:
R={z—=l+wxz; l,weR} (4.17)
and we introduce the following spaces due to the presence of the rigid body:
Li(Q) ={vel(Q); Dv)=0 inS},
Hi(Q)={ve H:(Q) ; D(v)=0 inS}.
We recall (see, for instance, [145, Lemma 1.1, p.18]) that
D(v)=0 inS <= JwreR:v, =vrs€R.
We extend the fluid velocity u to the whole domain €2 by
u(t,x) =L0(t) +w(t) x (x —h(t)) zeS) (4.18)

and similarly,
Uo(l‘) =lyt+wyxz z€S8. (419)

In particular, D(u) = 0 in S(¢t) and D(up) = 0 in Sp.
We also define a “global” density for the fluid-solid mixture as:

o x € F(t),
Pt ) = { Zf z € S(t).

Then, we show in the next section the following result:

Proposition 4.1.1. Assume that (u,p, {,w, h, R) is a reqular function satisfying (4.2))—(4.12)).
Then the following inequality holds:

/OT/Q”<%+<“'V)“> .(v—u)dxdt+2u/OT/QD(u) . D(v — u)dxdt

+g/0 /Q(ID(U)I—ID(u)|)dxdt> _%/Qp(o,gj) 0(0,2) — up|? dz, (4.20)

for any v € C* <[O, T} Hé(t)(Q)) Moreover, the following energy inequality holds:
1 2 ! 2 ’ 1 2
—/p(t,x) u(t, 2)| dx+2u/ /|D(u)y dmdtJrg/ /\D(u>|dxdt< —/p(O,x) o ? d.
2 Ja 0o Ja 0o Ja 2 Ja

(4.21)
forallt € (0,7T).
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Remark 4.1. Since the potential energy ® (defined in ) 1s not differentiable, the Bing-
ham constitutive equation leads us to the variational inequality . In this weak
formulation, we also notice that the space of the test functions depends on the solution, which
comes from the fact that we are working with a free boundary problem. We handle these two
difficulties combining a monotonicity method and a penalization method.

The above proposition allows us to introduce the notion of weak solution of the system

Definition 4.1.2 (Weak Solution). A weak solution of the system of equations (4.2))-(4.12))
is a triplet (u, h, R) with the following properties:

e (h,R) € Wh=(0,T;R? x SO(3)) and satisfy (4.8, [(.9), (£.11).

o u € L0, T; L2(Q)NL*0,T; H:(Q)) and u(t,x) = £(t)+w(t) x (x—h(t)) for x € S(t).
o Inequality holds for any v € C'([0, T}; Hg ().

e The energy inequality holds true a.e. in (0,T).

Remark 4.2. Following the arguments in [42, pp. 287-288], one can show that if (u, h, R)
is a reqular weak solution of the system ([4.2)-(4.12) in the above sense and if |D(u)| # 0
in F(t), then (u,h, R) satisfies -. We prove this in Sectéon after the proof of
Proposition [{.1.1.

The main result of this chapter is the following result.

Theorem 4.1.3. Assume Sy € 2, 9Q and dSy are of class C*, ug € L2(Q), with
uo(x) = by +wo X x for v € Sy. Then, there exists a weak solution of the system (4.2])-(4.12))
defined on a mazimal time interval (0,T"), and one of the following alternatives holds true:

1. T'= +o0;
2. lim dist(S(¢), 02) = 0.

t—=T

Remark 4.3. One can write a bi-dimensional version of system - and following
the proof of the above theorem, it is possible to obtain the same existence result for the
corresponding system. Let us mention that even in dimension 2 in space, the uniqueness of
weak solutions can be a delicate question. For a Bingham fluid alone (without rigid bodies), it
is done in [42, p.301]. However, for the system composed by a rigid body and a fluid governed
by the Navier-Stokes system, this issue has been solved only recently (see [15], [75] and also
[23] for a weak-strong uniqueness property).

Remark 4.4. As explained above our proof of Theorem [{.1.3 is based on a penalization
method to deal with the free boundary due to the motion of the rigid body. Such a method
18 already used in several other articles on fluid-structure interaction systems. There exist a
least two different penalization approaches: a “L*” penalization (see for instance [25, [68]),
and a “H'” penalization (see for instance [128]). We follow the first method (see (4.46)),
but it could also be possible to consider a H' penalization. In that case, we would have to
consider a variable viscosity in the approximation problems of Section [{.3, with a viscosity
that goes to infinity in the solid domain. With such an approach, one would need to consider
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arguments from [128], whereas here we have used or adapted results both from [68] and [128)].
These two penalization methods can be used in numerical schemes to simulate the motion of
rigid bodies in a fluid, but the drawback of the H' penalization method is that the solid can
change its shape which is not adapted for rigid motions. We refer for instance to [9] for the
analysis of a numerical scheme base on the L* penalization method and also [126], [77], [82],
[109], etc. for some other works on the numerical study of fluid-rigid body systems.

Remark 4.5. Let us note that the pressure of the fluid p does not appear in the weak for-
mulation due to the property of the test functions. One could also work with a mized
formulation where we keep the pressure and where the test functions do not satisfy the free
divergence condition. The corresponding study is more complicated since we need to obtain
estimates of the pressure during the proof of ewxistence. Such an approach is made for the
Bingham system without structures in [18] but the authors need to consider some slip bound-
ary conditions to obtain their results. A method to obtain the pressure for a non-Newtonian
fluid with Dirichlet boundary conditions is developed by Wolf [153]. This pressure is called by
the author “local” pressure and is the sum of a reqular pressure and of the time derivative of
an harmonic function. We refer the reader to [49] where, the case of a non-Newtonian fluid
with a power law and rigid body interaction is treated. Part of this work is devoted to the
study of the “local” pressure where the authors manage to pass to the limit in the nonlinearity
associated with the stress tensor taking advantage of the more regqular structure of the stress
tensor.

Remark 4.6. The interesting problem of obtaining some information on the set where the
Bingham fluid behaves as a solid (where D(u) = 0), and also to know how this set interacts
with the rigid body, is entirely open from the theoretical point of view, even without any rigid
body. However, tackling these questions in a numerical study is possible. Lots of works have
been done to solve numerically the Bingham fluid. We refer the reader to the book [129] and
the review paper [34)].

The mathematical study of fluid-structure interaction systems has been the subject of
an intensive research since around 2000. A large part of the articles devoted to this study
concern the case of rigid bodies moving into a viscous incompressible fluid modeled by the
Navier-Stokes system. We can quote for instance |25, [35], 48] [55] [59], 841 [85] 128, 132 140} 141],
etc. Some works deal with different fluids [74} 92| [117] (incompressible perfect fluid), [10, 12,
36, 47] (viscous compressible fluid), [51] (viscous multipolar fluid), [49, 63] (incompressible
non-Newtonian fluid). Let us also mention some results for the Navier-Stokes system but
with other types of boundary conditions: [5 22| [68]).

Up to our knowledge, the case of a Bingham fluid has not been treated yet. The first
studies on Bingham fluid were done by Oldroyd [116] and Prager [122]. The works of Mosolov
and Miasnikov in [111}[112] present a variational method and give some well-posedness results.
We can also quote [123] where the authors consider the case of a stationary Bingham fluid
around a rigid body. They consider a weak formulation and analyse the case where the
motion of the rigid body is given. In [53], the authors provide a relation between the yield
number and an eigenvalue problem.

Let us describe the outline of this chapter. In Section we introduce some additional
notation and we prove Proposition @ We also give some technical results proved in [68]
but that we state differently and that we prove for the sake of completeness. In Section [4.3]
we introduce some approximations of the variational inequality . More precisely, we use
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CHAPTER 4. A BINGHAM FLUID-RIGID BODY SYSTEM

a Galerkin method (of dimension M) where the plastic term is regularized (with a parameter
¢) and where the free-boundary is replaced by a penalization term (with a parameter k).
Section is devoted to passing to the limit in M and e. Finally, in Section we prove
the main result by passing to the limit in £.

4.2 Notation and preliminary results

Assume (a, Q) € R? x SO(3) and set
S =38(a,Q).
We denote by PZF the orthogonal projection of L*(S) onto R. By Lemma if
{+wx (v —a)=PFu,

then ¢ and w are given by:

1
(= —/ psu dx (4.22)
mJsaQ
and
w=J(a, Q)1/A ps(x —a) X u dz. (4.23)
5(a,Q)
We define the global density by

In what follows, we also need the following notation: for any set ; C R3,
()" == {z e R®: dist(z, Q) < 8} (4.25)

and
() = {z € Qy ; dist(z,00Q) > 6}.

Given (a,Q) € R?® x SO(3) we define two operators of L2 (R?) as follows: assume v €

loc

L} (R3), then
Doo(v)(y) = Qv(a+Qy), yeR’ (4.26)
and
Duo(v)(x) = Qu(Q (x —a)), zeR” (4.27)
Let us notice the relation
BugoPEo®ug="FE (4.28)

We will need the following result.
Lemma 4.1. Assume (h,, R,) — (h, R) in R® x SO(3). Then,

ﬂS(hn,Rn) — ES(h,R) m LP(Q) Vp - [1, OO) (4.29)
Similarly, if (hn, R,) — (h, R) strongly in C([0,T];R® x SO(3)), then
Ls(hn,rn) = Lsn,r) strongly in C([0,T]; LP(Q2)) Vp € [1,00). (4.30)

The proof of this lemma can be found in the appendix (Lemma [A.4]) and is based on the
approximation of 1g, by a smooth function with compact support.
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4.2.1 Weak form and energy inequality
In this section, we first prove Proposition [4.1.1:

Proof of Proposition[4.1.1. Let v € C! <[O,T]; Hé(t)(Q)). Using the results in Section ,

there exist two C! functions, £, and w,, such that v(t,z) = £,(t) + w,(t) x (x — h(t)) for
r e S(t).
We multiply equation (4.2) by (v — u) and we integrate in F(¢) and in [0, 7]

/OT /f(t) Py (% + (u- V)u) (v —u) dedt = /OT /f(t) div(o(u,p)) - (v — u) dzdt.  (4.31)

By the divergence theorem,

div(o(u,p))-(v—u) dex = — o(u,p): V(v—u) dx o(u,p)n-(v—u) ds. (4.32
[, dietotw )y de == [ oluwp): V) des | ot pnomu) s (12)

AF(t)

Using that div(v — u) = 0, the boundary conditions of v — u (see (4.4) and (4.5))) and the
fact that ¥¢(D(u)) is a symmetric matrix, we deduce from ([4.32)

/ dive(u,p) - (v—u)dx = —/ o (D(u)) : D(v—u)dx —ml - (L, — ) — (Jw) - (wy — w).
F(t) F(t)

(4.33)
Since D € M3*3 — | D|? is differentiable, 0%(D(u)) € df(D(u)) implies that

91D()| = g|D(u)| = (¢“(D(u)) — 2uD(u)) : (D(v) — D(u)).
Combining the above relation with (4.33)) yields

/ divo(u,p) - (v —u) dx + 2u/ D(u) : D(v —u) dx
F(t) F(t)

+ Q/F(t) ID(v)| — |D(w)| dz+ml - (L, — ) + (Jw) - (wy —w) > 0. (4.34)

On the other hand, using the Reynolds transport theorem (see appendix Lemma [A.5)
and Lemma [A.9 we deduce that:

/ /f(t)Pf< (u-Vu )-(U—u) drdt +ml - (0 — 0) + (Jw) - (wy — w)

/ / ( )v)-(v—u) dxdt
5 ]P0 100, = 00 = (T T, ) = o) P (439
Then, using that D(u) = D(v) = 0 in S(t), and |u(T,-) — v(T,-)|* is non negative, gathering

(4.31)), (4.34) and (4.35) we arrive to (4.20)).

To obtain the energy inequality, we replace equation (4.2)) by u and we integrate in F'(s)
and in [0,¢]. Following the above calculations, this yields

t
/ (/ (5_+(u V)u ).udH/ 2| D(u)2 + g |D(w)| dm+m€’-£+(Jw)'-w) ds < 0.
0 \Jr = \Ot F(s)

Using again the Reynolds transport theorem and standard calculation we deduce (4.21). O
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We end this section by showing that if (u, h, R) is a regular weak solution of the system

(4.2)-(4.12)), it satisfies (4.2)-(4.12)). We start with (4.20)) and using that D(u) # 0 with the

arguments in [42] pp. 287-288|, we obtain

/OT/QP<%+(U-V)U) -vdxdt—i—Q,u/oT/QD(u);D(U) drdt

T D(u) : D(v) 1 (0. ) — ()2 doe
o [ P et =5 [ o0 0, ) ), (430

for any v € C'([0,T7; Hé(t)(Q)) such that v(T,-) = v(0,-) = 0. Taking v = 0 we recover the

initial conditions and taking v such that ¢, = 0 and w, = 0 we obtain

r ou . wd
/ / pfa—i—pf(u-V)u—dlvE (D(w)) ) - v dxdt =0
o JrFw

Then, we recover the pressure p using Lemma II1.1.1 in [58] and we obtain equation (4.2)).
Finally, combining (4.2)) with (4.36]), integrating by parts and using that divv = 0, we obtain:

/OT (mg’ + /63 Y(u,p)n ds) Ay, dt + /OT ((Jw)’ + /as(x —h) x o(u,p)n ds) cwy dt = 0.

Since the above equation holds for all ¢, and w, in C*([0,T]; R?) with £,(T) = w,(T) = 0, we

recover the equations (4.6) and (4.7)).

4.3 Approximated Problems

To prove the existence of weak solutions of the system (4.2)-(4.12)), we consider some approx-
imations of (4.2)-(4.12). More precisely, we introduce 3 parameters:

e ¢ corresponds to the approximation of the plastic term,
e M corresponds to the dimension in the Galerkin method,
e k corresponds to the penalization term used to deal with the free boundary problem.

More precisely, we replace j : M3*3 — R, D+ |D| by the C! convex functions

je M>3R, D : i - |D|"**. (4.37)
The gradient of j. is given by
Vj.(D) = [DF' D (4.38)
and satisfies
IVi:(D)| = |DI" < 1+ |D (4.39)

if e <1.
Since H!() is a separable Hilbert space and C5°(2) N HL(Q) is dense in H!(2), there
exists an orthonormal basis {v, },en+ of H2(€2) such that v, € C°(Q2) for all ¢ > 1. We define

Vi = span{vy,...,vp}
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and we look for an approximated velocity in V).
This subspace does not impose that the velocity is rigid in the solid domain. That is why
we add in the weak formulation a penalization term of the form

K /S (u— PE(u)) - (v — PR(v))d.

with k& — oo.

Notation 4.3.1. To simplify the notation, in this section we write
n= (e k,M),
for instance w, means uep p -

Then, the approximated problem is defined as follows: to find
h, € CH([0,T];R?), R, €CY[0,T];S0(3)) a, € C([0,T];RM) (4.40)
satisfying the following properties:
Sult) = S(hn(t), Ru(1),  Fult) := Fha(t), Ru(1)), (4.41)

where S and F are defined in (.1));

M
Uy, 1= Z O V5, (4.42)
j=1
Uy + wn X (x — hy) = PE (uy,), (4.43)

where P;i is the projection defined in Section ,

h (t) = £,(t), h,(0) =0, (4.44)
R (t) = A (wn) Ra(2),

ou,, )
/Qpnﬁ -v;dx + /Qpn(an(Un) -V)u, - vidr + ZM/QDW”) : D(vj)dx
+9 [ Vi (D) s Dlws)dath [ (=P (wn)) (0= P& (0)de =0 (€ {1, . M})
' (4.46)

and

M
un(0,-) = Py, (up) := Z Q0,505 - (4.47)
j=1

s
The operator Qs, = Qi’f g 18 given in Definition [A.1.2] where ¢ is a positive constant.
It satisfies in particular the following relation (see (A.15])):

_fu, mQ\(S) . _
Qs, (u,) = { PRu, in s, and divQs, (u,) = 0. (4.48)
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The operator Py,, is the L? orthogonal projection of L*(Q2) onto Vj;. The global density
is defined by p,, = pn, .r, wWhere p is defined by (4.24]).
Using the above properties of Qs, (u,), we can show that (4.46) implies

/ / pn( +(Qs, (un) V)U> cupddt + / ' / (2uD () + gV j.(D(un))) : D(v)dadt
—l—/{:/ / u, — PX (uy,)) - (v — P& (v))dxdt
= [ 920,000 000, ) = T2 ua(T,) - o(T )] d (449
for any v € C*([0, T]; Vas).
In the following proposition, we prove the existence of a solution of the approximated

problems.

Proposition 4.3.2. Assume T > 0, M € N*, k,e > 0. Then, there exists a solution
(hp, Ry, avn) of the system - Moreover, we have the energy equality: for all
te 0,7,

1 t t
5 [ ottt ) o2 [ [ D@ dedetg [ V(D) Dlw) dus
2 Jq 0o Ja o Ja
t 1
+k/ / \un—zﬂgi(zm)\2 drdt = —/po Py, uo|” dx. (4.50)
0 Sn 2 Q

Proof. We write (4.41))-(4.47)) as a Cauchy problem

d hy, o, I, 0
(67 (7% (07% a0

where F' = (Fy, Fy, F3) depends on n and can be expressed by using (4.41)-(4.47), (4.22)-
({4.23) and (4.13):

CLQ, p825z/ aQUzdLE

M
Fy(a,Q.8) = p. 3 i <@J01@* JRENNEETRIE dx) 0.
=1

and
Fy(a,Q,8) = C(a,Q)"'G(a,Q, B),
where

Cla, Q)i z/Qﬁa,Qvi-vj de (i,je{l,...,M})
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and

(0, Q. 8); ——ZMZ@/DM: ;)

Sl () )

R R
- kZﬁ/ S (Vi = P, i) - (v = P&, o v)da (4.52)
for j € {1,..., M}.
By Lemma and (4.1) we have that
R? x SO(3) — LY(R?), (a,Q) — 15(0.0)

is continuous and thus Fi, F» and C' are continuous functions. For the continuity of G, we
gather the following arguments:

e Since j. is C!, then

@Q.0) = [ Vi (Z @»D(v») D(v,) dr

1s continuous.

e Using (4.22] and -, we have that
R
(a,Q) — PS( QUi € R
is continuous.

e Using the definition (A.14)) and the continuity of
(a,Q) € R®°XSO(3) = o0 € LIH'(R?)), (a,Q) € R*xSO(3) — ©, € LIH'(R?)),

we deduce
( QB H/paQ< 66/k <Zﬁlvl>~ >’I}Z’Ujdx
1S continuous.

Consequently, in , we have that I is continuous. Moreover, we note that relation (4.50))
yields a bound of the form
|(hpRnoun)| < K. (4.53)

Let us consider a bound ¢ > 0 of |F| on the closed ball B(0,2k). Since

B((hy, Ry, 0)(0), k) C B(0,2k),
the Peano theorem gives the existence of a solution for a time 7 = x/¢ > 0. This solution
satisfies (4.50) and thus (4.53)) in [0, 7]. In particular,

B((hy, Ry, an)(T), k) C B(0,2k),
we can use again Peano theorem with initial condition (hy,, R,,, a,,)(7) and on the time interval
[7,27]. This solution satisfies (4.53)) in [7,27] and we can use it to extend our solution on

[0, 7] on the time interval [0, 27]. Then, by (4.51)), we conclude that (h,,, R, a,) € C*([0, 27]).
By induction, we deduce the existence of global solutions of the system (4.40))-(4.47)).
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4.4 Passing to the limit M — oo and € — 0

This section aims to pass to the limit for the parameters M and e:
M — o0, —0.

We take 1
£=—

M

so that n = (1/M, k, M). Again to simplify the notation, we write in this section the index

(k, M) instead of (1/M,k, M). For instance wuy ps means uy /as k-

4.4.1 Weak convergences

Using and that
3 | o Bul dz < Clulzg), (4.54)
we deduce that
{ugnrtrar  is bounded in - L>(0,T; L2(Q)) N L*(0,T; HX()). (4.55)

Therefore, there exists a subsequence of {u as}rar (still denoted {ug ar}rar), and a func-
tion

u, € L=(0,T; L2(Q)) N L*(0, T; H3(Q))

such that:
up.ar — uy, weak star in L>(0,7T; L2(Q)) (4.56)

and
upar — uy, weakly in L*(0,T; HL(Q)). (4.57)

We also deduce from (|4.55)):

(Piears Rear) — (hi, Ri)  weak star in WH°(0, T; R® x SO(3)), (4.58)
and
(Piars Rear) — (hi, Rp)  strongly in C([0, T]; R? x SO(3)). (4.59)
We write R
Sk = S(hk, Rk)
and R
Jgk = (hk,Rk)
By Lemma [4.1] we have that
s, — Ls, strongly in C([0,T]; LP(2)) Vp € [1,00) (4.60)
and thus
Prk,M 7 Pk = ﬁh}mRk Strongly n C([Ov T]) LP(Q)) vp € []—7 OO) (461)
Using (4.22)) and (4.23), we deduce
P;i,Muk,M N PSRkuk weakly star in L>°(0,T,R). (4.62)
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4.4.2 Strong convergence of the velocity

As usual in the Navier-Stokes equations, we require the strong convergence of the velocity
to pass to the limit the convective term. In the case of a Bingham fluid we also have to deal
with the plastic term Vj%(D(uk,M)) which does not converge directly to Vj1 (D(uy)) since
the convergence of {D(uy ar)}rar is only weak. We start by proving the strong convergence
of {ukyM}k,M.

By (4.56]) and (4.61)) we have that

PrMUkM — PRy Weak star in L(0, T; L*(9)). (4.63)

Let us fix i > 1 and take M > i. We recall that Py; : L?(Q) — V; the orthogonal projection
onto V;. We can write (4.49) as follows:

0
EPVZ- (P mtr) + Py, Agar =0,

in (C°([0,T]; HL(Q))), where Ay, s is defined by

T
Ak M, / / pk M st M uk M) )U . Ukdel'dt — 2#/ / D(uij) : D(v)d:vdt
0 Q

-9 /O /Q Vi1 (D(uyn)) : D(v)dzdt—k /O /8 k (ukps = P§ | () - (0= P& | (v))dwdt
B (4.64)

for all v € L>(0,T; HL(Q)). The next step is to prove that {Ag s}y is bounded in
LAY3(0,T; (HL(2))"). Using (#.39), we deduce

/ij;[(D(Uk,M)) : D(v) dxdt‘ < (T |Q|)1/2 + ||uk7M||L2(07T;H;(Q))) ”U”L?(O,T;H;(Q)),

and, by using the property of the operator Q‘slgz (see Definition |A.1.2|), we have that:

1Qsea ()| 20,5112 2)) < Cllwrtl p20. 7,101 ()

with a constant C'= C'(k) > 0 and thus

Pk,M(Qs,c,M (ukM) : V)v . ukdexdt

3/2 1/2
< C ot 3550 sy i 122 0 2 ) 10l oo s g -

The other terms in (4.64) can be estimated in a standard way and by using (4.55)), this
implies that 2Py, (pgarue,n) is bounded in LY3(0,T; (H(2))'). Using (4.63), we can apply

the Aubin-Lions compactness result and we deduce that
Py (pr ) — Py, (prux) strongly L*(0,T; (Hy(2))'). (4.65)

Let us denote by P : L*(Q)) — L2(Q) the orthogonal projection (the Leray projection). For
any z € L*(Q),

IP(2) = By ()l gz < 120220 sup I =P (@)l 2@

EH;(QL”WHH;(Q):l
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Using the compactness of the embedding H!(Q) C L2(2) and that {v,} is an orthonormal
basis of H1(),
sup 1o = Py ()l 120y = 0 as i — oo.
‘PeHé(Q)v“‘PHH;(Q):l

Combining this with (4.65]) and with the fact that {px arugar} is bounded in L>(0,T; L*(2))
we deduce
P(pr ) = Ppruy) strongly in L*(0, T (Hy (€))'). (4.66)

Now we follow an argument given in [101} p.47|: using (4.66)) and (4.57)), we first have
T ) T

/ / P ug | dedt = / (P(or,prtnnr) s W) (g3 0y mr gy A

o Jo 0

T T
R / (P(oxtae), ue) sy s ey = / / o lupl? dwdt. (4.67)
0 0 Q

This yields
VPRMUEM — A/pruy, strongly in L*(0,T; L*(9)). (4.68)
From (4.61)) we have that

1 1
— strongly in C([0, T]; L3(2)).
= (0.7} 1)

The above convergence and imply
U ar — uy strongly in L*(0, T; Lg(Q)) (4.69)
From (4.55), we have that {uk s} is bounded in L*(0,7; L%()) and thus
ug.nr — uy, strongly in L?(0,T; LP(Q2))  (p < 6). (4.70)

4.4.3 A monotonicity argument

In this section, we pass to the limit in the plastic term using a monotonicity argument. This
type of technique is used to prove the existence of a weak solution of a Bingham fluid without
the solid part, see [42], pp.296-297].

Let ¢ € C'([0,T7; H3(£2)). We denote by Py, : H,(Q) — Vi the orthogonal projection
and we define

o =Py p. (4.71)
Then,
©n — @ strongly in C*([0,T]; HX(Q)). (4.72)
We set:

T
0 1
Zm :/ /Pk,ME(SOM—uk,M)‘(¢M—Uk,M)d$dt+§/P(OJJ) | (0, 2) — @ (0, 2)]? da.
0 Q Q
T
+/ / Pk Qs (Wienr) - V) (onr — i) - (0ar — wpar)dadt
0 Q

—0—9/0 /leél (D(pm)) _]ﬁ (D(ur,nr)) — V]ﬁ (D(ugar)) = D(par — ugpr) dadt. (4.73)
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By the Reynolds transport theorem and the convexity of ]%, we have that:
Zy = 0.

Then, using equation (4.46)) with the test function ¢ — ug ar, Zar can be written as follows:
Zyr —/ /pkM OM — Uk, M dIdH‘/ /pkM Qspons (k1) V) onr (s —up,nr ) ddt
o / [ Dlnar) : Dlgas = wan)dzdt + g / [ 33, (Dtor)) = i (D)o
0o Jo o Jo

T 2
R
_k’/ / ‘Uk,M_PskM(Uk,M)
0 JSkm ’

T 1
+k‘/ / (uk,M—PSRk’M(uk,M))'(SOM—PSRk,M(QOM)))dxdt—i—é/p(O,x) |ug (0, ) — goM(O,:v)|2 dx.
Sk, M Q

dxdt

Since Z); = 0 and, by (4.50)),

C
< T
L2(0,T;L2(Sk,m)) \/E

R
0< HukM - PskﬁMUk:,M‘

we deduce the following inequality:
T
0
/ / Pk, M (% + (@ (U, ar) - V)SOM) (on — ugar)ddt
0 Jo

+2/L/OT/QD(uk,M) : D((PM)dxdt+g/0T/le\l/[(D(SOM»dxdt
1

+ COVE |ow - PR, (9) > / p(0,2) [urar(0,2) — 210, 2)| d

>
L2(0,T;L2(Sk, 1)) 2

T T
+g/ /jjal(D(uhM))dxdt—FQu/ / |D(up pr)|5dwdt.  (4.74)

0 Jo 0o Jo
To conclude, we need to pass to the limit the terms in the above inequality as M — oo:

e Combining (4.61)), (4.70) and (4.72), we deduce
0
/ /PkM o (onr — up,nr) dxdt—>/ /p;€ o (p — uy) dxdt. (4.75)

e By Lemma and (4.70), we deduce that:
Qs (Ur,ar) = Qs, (uy,) strongly in L*(0,T; L°(12)). (4.76)

Combining this with (4.61]), (4.70) and (4.72) yields
T
/ / Pk (Qsy ns (Unnr) - V)onr - (Oar — upar) dadt
0o Jo

R /0 /Q Pr(Qs, () - V) - (9 — ) dudt. (4.77)
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From (4.72)) and (4.60]), we obtain

Lo, p e — Ls,p  in L?(0,T; L(Q))

and thus (with (4.22) and (4.23)))
Ls, o P& oear = Ls, P&y in L2(0,T; L*(92)).

Consequently,

HQOM - PSRIC,M@M‘ - HSO - PSRﬁOHH(o,T;H(&C)) ) (4.78)

L2(0,T;L%(Sk,m))

Similarly, since wug s — wug strongly in L2(0,7; L*(2)) and {us )} is bounded in
L*(0,T; L5(Q)), we deduce that

R R
HukvM - PSk,MukvM’ - Huk B PSkukHL2(O,T;L2(8k)) ) (479)

L2(0,T3L2(Sk,a1))
From (4.72)) and (4.57)), we have that:
T T
/ / D(uwers) : D(onr)dadt — / / D(ug) : D(p) dadt. (4.80)
o Ja o Jo
From (4.57), we also have that

T T
liminf/ /\D(uhM)\g dxdt}/ /]D(uk)@ dxdt. (4.81)
0 Q 0 Q

M—oo

From the definition (4.37)) of j 1,

i drdt =M [ [ Do) dudt
| [0t dote= 5= [ [ 1Dl o

Using (4.72)) and the dominated convergence theorem, we deduce

T T
/ /j]&[(D(goM)) dxdt —>/ / |D(p)| dxdt. (4.82)
0o Ja o Ja
Following the argument of [42] p.298|, we are going now to prove
T T
lim in / / jo (D (g ) dardt > / / |D(uy)| dadt. (4.83)
M=oo Jo Jo M 0o Ja

First, by Holder’s inequality we have that:

M

T T 1 T+ M 1

/ /|D(uk7M)|dxdt< (/ /|D(u,€,M)|1+M dmdt) (T ¥
0 Q 0 9]
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and thus

/OT/f?mD(uk’M))dwdt e M])\E[TIQIW </0T/Q Dl dmdt) o

Since D(ug pr) is bounded in L'(0,T; L'(Q)), we have

hmlnf/ /]1 (up.ar))dadt > hmlnf/ /]D g )| dxdt

and since the application v+ [ [ |D(v)| dadt is continuous and convex on L*(0, T; HL(1)),
it is lower semi-continuous for the weak topology. Using this with (4.57)) yields (4.83).

e Using (4.47) and (4.72)), we deduce that
[ polunat0.) - P o [ ol =90, do (1.84)
Q

Gathering (1.74), (&.75), (@.77), ([&.78), (£.80), ({.81), ({.82), (.83), (@-84), we deduce

the following inequality:

/ / < +(@sy (ur) - V)) (o — ux d:cdt+2u/ /Duk o) dudt

—|—g/ /|D |dxdt—|—C’\/_Hcp PZ(p ||L2(OTL2(Sk))>__/ p(0,2) [ug — (0, z)|* da

for

+g/ /|Duk]dxdt+2u/ /|Duk 2 dedt (4.85)

any o € C1([0,T]; H:(2)). Using standard techniques, see for example [144] pp. 290-291],

by (4.56)), (4.79)), (4.83]) and (4.81]) we deduce the following energy estimate for a.e. t € (0,7):

1 t t
—/pk(t,x) |uk(t,x)|2dm+2,u/ /|D(uk)|2dxdt+g/ /|D(uk)|dxdt
2 Q 0 Q 0 Q

! 1
—i—k/ ‘uk—PgukIdedtg —/po |ug|* dzz.  (4.86)
0 Js, § 2 Jo

In order to pass to the limit in k (next section), we need another relation. Let us take ¢y,

given by (4.71) with ¢ € C3((0,T); H:(Q2)) as a test function in (4.49).

/ / g '“M(aSOM (st’M(uk:M>'V)¢M>'uk,M davdt
[ JLeuto + 9% D) Dl

T
Sk, M
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Using (4.39)), (4.50) and (4.54)), we deduce that

| V32 (D)

<C,
L2(0,T;L2(2)

with a constant C' independent of the solution and of k. Therefore, for any k, there exists an
element x; € L*(0,T; L*(Q2)) such that:
Vi (D(ugr)) — xi weakly in L*(0,T; L*(2)) (4.88)
and
2
||XkHL2(0,T;L2(Q) <C (4.89)

Then taking M — oo in equation (4.87) and using (4.75), (4.77), (4.78)), (4.79), (4.80)),
(4.88)), we obtain the following equation:

- /OT/QPk <g—f + (Qs, (ug) - V)gp) - updxdt + /OT/Q(QMD(UIC) + gxx) - D(p)dadt

+ k:/o /S (ue — PE(ug)) - (¢ — PE(p))dxdt = 0. (4.90)

4.5 Passing to the limit £ — oo

The aim of this section is to finish the proof of Theorem [4.1.3. From (4.86)), we deduce that
there exist

u € L®0,T; L2(Q) N L*(0,T; H:(Q)) (h,R) € W'*(0,T;R® x SO(3))

such that:
uy, = u weak star in L®(0,T; L2(9)), (4.91)
up — u weakly in L*(0,T; H:(Q)), (4.92)
(hy, Ry) = (h, R) weak star in W">(0, T;R?* x SO(3)) (4.93)
and
(hg, Re) — (R, R) strongly in C([0, T]; R?® x SO(3)). (4.94)
We write R
S:=S8(h,R)
and R
J :=J(h,R)

By Lemma we have that
ls, — Lg strongly in C([0, T]; LF(Q2)) Vp € [1,00) (4.95)

and thus
pr — p = pn.r strongly in C([0,T]; LP(2)) Vp € [1,00). (4.96)
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Using (4.22) and - we deduce
P&y, = Pfu weakly star in L=(0,T, R). (4.97)
We write
Pru=:0+wx(x—h) in (0,7). (4.98)
By the energy estimate (4.86]) we deduce that:

C

Huk - PSRkukHB(o,T;L?(Sk)) S ﬁ

(4.99)

Then, taking k¥ — oo, we deduce that u = PRu in S. Therefore, we conclude that u(t,-) €
Hé(t)(ﬂ) a.e. in (0,7).

4.5.1 Strong Convergence of the velocity field

As in the limit in M, we require the strong convergence of the velocity to show the convergence
of the convective term. To do this we follow the main steps of Section 7 of [128] (see also
Section 5.5 of [6§]).

We define the space

H(Q) :={ve H)(Q); Dv)=0in S}

and the projection
P H(Q) — HI(Q).

Using ([4.94), we deduce that for all d > 0, there exists ko such that for all & > ko,

IR

Su(t) € (S(1): vt e [0,T). (4.100)

Moreover, using the Heine theorem, there exists N(d) > 0 such that if
7:=T/N and I[;:=[jr,(j+1)7]

then )
(S®))2 c (SGT)* C(SM)* (tel).
Then, we consider a test function ¢ € C§°((0,T), HX(2)) such that D(¢(t,-)) = 0 in

(8(j7))% and (t,-) = 0 if ¢ ¢ I;. With such a test function in ([£.90), the integral related to
the penalization term vanishes, and we obtain the following estimate:

1/4
pkuk —dwdt (|’Q8k(uk)”L2 o.r24(a)) 1wkl o ! %0 (0,T5L2(02)) HukHL2 (0,73 HL(Q))

+ HukHLQ(O,T;H},(Q)) + ”XkHLQ(O,T;H},(Q))) H(pHLg(Ij;H},(Q))' (4.101)

From (A.3)) and (A.14]), we have

1\» 6 R
Qs (ur) = wkll oy < C ((E) lurll g1z + || (s — Pous) -nHLP(aSk)) o (4.102)
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for p € [2,6]. Moreover, using a Sobolev embedding, a trace theorem and an interpolation
result, we can check that for p € [2,4],

~ /p=1/ /2—2/
| (ux — P& u) 'nHLp(ask) < Cluk — PSRk“k”i;Zs:f s, — PSRkuk”?z){lz(si)p'
Combining this with , we deduce
R - 1\ /P 3/2—2/
[ (ur — Pg;us) - ”Hm(ask) <C (E) lunllzs,) - (4.103)

In particular,
{Qs, (u)} is bounded in L*(0,T; L*(Q)).

Using the above estimate, (4.86]) and (4.89) in (4.101), we deduce that

{%P?S(jT))d(pkuk>}k is bounded in  L87(I;; (H(IS(jT))d(Q))’).
Using the Aubin-Lions lemma we deduce
Plscirya (Prttn) = Plsggrya(pu) strongly in L (Ij; (His(jra(2))) (s € (0,1]).  (4.104)
Then using the relation
PisamePlsayz = Plswys V€L,

we deduce for any s € (0, 1],

T T
1}1—{20/0 szkUk'PFS(t))Zd(uk) dxdt:/o /qu-P(SS(t))zd(u) dxdt.

Then, using Corollary |A.1.4] and (4.99), we have for s € (0,1/3)

2
dt < C(a*V/3=9) L g1/2) (4.105)
He(9)

T
/ H“’“(t’ ) = Pls,wyaun(t,)
0

and

2
dt < Cd?/3=9), (4.106)
He ()

T T
lim/ /pk]uk]2 dmdt:/ /p\u|2 dxdt
k=< Jo Ja 0o Ja

and this allows us to deduce that

T
| e = Pisgpente.

so that

up — u strongly in L*(0,T; LP(Q2)) (p < 6). (4.107)
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4.5.2 Passing to the limit in the velocity inequality
Assume v € C1([0,T}; Hé(t)(Q)) with suppv C Q,, n > 0. We set

Vi -— 6hk,Rk @) q)h,R(U)a (4108)
where ® and ® are defined in (#.26) and (4.27). Then, for k large enough we have

vp € C([0,T]; HX(Q)). (4.109)

Moreover,

Using Lemma A.2 in [68] and (4.94)), we deduce

vp — v strongly in C([0, T; H:(Q)). (4.111)
Similarly, deriving (4.108)), we obtain
0
% + (PRuk - V) v, — wyy X v — 8_: + (P¥u- V) v —w x v strongly in L>(0,T; L*(12)).
(4.112)
On the other hand, from (4.107) and (4.22), (4.23]), we have
Pguk — PFu strongly in L*(0,T; L*(2)). (4.113)
Finally, combining (4.112)) with ( and with (| m we conclude
0 ov
;k =5 strongly in L*(0,T; L*(2)). (4.114)

Taking ¢ = vy, in (4.85)), we obtain

/ / <avk (Qs, (ur) - V)v) (v — ug,) dxdt+2u/ /Duk ) dedi
T

T T
+g/ /|D(Uk)!dxdt+2u/ /|D(uk)|2dxdt. (4.115)
0 Q 0 Q

We can pass to the limit as in Section [1.4] the only term that needs more details is the
first term:

/ /Pk(avk (Qs,ux - V)vk) (vk—uk)d:cdt_pf/ /ﬂfk o - (v, — uy,)dxdt

+ pf/ / Lz, (Qs,uk - V) vy - (v — wg)dzxdt
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Combining (4.95)), (4.107), (4.111]) and (4.114)) we deduce that

T T
pf/ /lfk%'(vk_U/k) da:dt—>pf/ /Il;?-(v—u) dxdt.
o Jo t o Jo ~ Ot

Relation (4.103), (4.102) and (4.86) imply
17, (Qs, (ug) —ug) — 0 strongly in L*(0,T; LF(Q2))

for p < 4. Gathering the above limit with (4.107) and (4.95]), we deduce

17,Qs, (ur) — 1zu strongly in L*(0,T; LP(Q))

for p < 4. Combining this with (4.107) and (4.111), we obtain

Py /OT /}_k(ng(uk) - V)ug - (v — ug) dxdt — py /OT /}_(u Vv (v—u) dxdt.

Finally, from (4.95)), (4.107)), (4.111) and (4.112)),

S (2 Ry VY0 ) dedt = [ [ 16 (24 (PRu- ) 0 )-(o—u) dudt
5\ ot 5. Uk k) Ve U S\ot " V'S '
0 Q 0 Q

We thus conclude that u satisfies inequality (4.20). We can also pass to the limit in (4.86])
we deduce (4.21]). This finishes the proof of Theorem [4.1.3.
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Chapter 5

A Navier-Stokes-Fourier-rigid body
system

In this chapter, we study some mathematical aspects of a granular material with heat con-
ducting properties using a multiphase fluid-structure interaction system where the fluid is a
heat conducting incompressible Newtonian liquid, and where the structure is a perfect heat
conductor rigid body. The 3D incompressible Fourier-Navier-Stokes equations model the
fluid, and the Newton laws and balance of internal energy model the rigid body. For the
boundary conditions, we consider the Navier slip in the exterior domain and in the fluid-solid
interface. The main result is the existence of a weak solution for the corresponding system.
The weak formulation involves the balance of momentum and total internal energy and a
free boundary (due to the motion of the rigid body).

Regarding Part [[, the model described in the above paragraph is a different approach to
modeling granular matter. The difference lies in that the continuum hypothesis of the mixture
theory is dismissed, and the equations of each component are satisfied in different domains.
Concerning Chapter 4] the model presented in this chapter is considered a fully discrete
model of a granular material with heat conducting properties. Meanwhile, the model shown
in Chapter {4 is a mix between continuous and a discrete model for an isothermal granular
fluid.

At first sight, this approach seems much more realistic than the one discuss in Part [[
and Chapter 4 since now the fluid and the solid have thermal properties. However, we also
assume that the rigid solid is a perfect conductor and the densities of the fluid and the solid
are equal. These two simplification hypotheses seem restrictive. Nevertheless, they can be
applied in many natural and industrial contexts. In the case of the conductivity of the solid,
this situation applies when the thermal capacity of the fluid is negligible regarding the thermal
capacity of the solid. Regarding the densities, the densities of the fishes are similar to the
density of the ocean in which they are swimming. There also exists solid materials that have
nearly the same density of water. For instance, there are many kinds of rubber which have a
density close to 1 [gr-cm™3]: common rubbers, polyisoprene, ethylene-propylene-diene rubber,
polybutadiene and styrene-butadiene rubber have a density of around 0.92-0.98 [gr - cm ™3] .

Concerning the mathematical result, our work has two main pillars: to deal with the
temperature we followed the ideas of [19] and to deal with the fluid-rigid body problem
we followed the ideas of [68]. In [19], the authors established a framework to prove the
existence of weak solutions to the incompressible Fourier-Navier-Stokes equations with heat-
dependent coefficients. In their proof, the authors used the total energy equation in their
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weak formulation. This equation contains the pressure of the fluid. To get estimates for
the pressure in [19], the authors used the Helmholtz-Weyl decomposition and proved that
the pressure is an integrable function. However, this is only possible considering some slip
boundary condition. In particular, they consider a Navier slip boundary condition. Up to
our knowledge, a method to obtain an integrable pressure with no-slip boundary condition
does not exist, instead, the pressure can be decomposed in 2 parts, one part is integrable, and
the other is not [153]. Therefore, in our work, we consider Navier slip boundary conditions in
the outer boundary and the mutual frontier between the solid and fluid. Then, to deal with
fluid-rigid body interaction problem with Navier slip boundary condition, we follow the ideas
of [68], where they treat the case of an incompressible Newtonian fluid-rigid body system
with Navier slip boundary condition.

5.1 Introduction and main result

Let us describe our system: we consider 2 C R? an open, bounded and connected set con-
taining {0}. The set € contains a Newtonian fluid and a rigid solid. We denote respectively
by S(t) and by F(t) the domains of the solid and the fluid at instant t. We assume that the
solid is a rigid body and its evolution domain can be described from its initial configuration
Sp by the position of its center of mass h(t) and the rotation with respect to the initial
configuration, represented by the matrix R(¢). For the sake of simplicity, we suppose that
h(0) = 0. That is R
5(1) = 8(h(t). (1))

where the function & is defined by
Sa,Q) == a+ QS,, (5.1)

for any a € R? and @ € SO(3) (the rotation group). We also denote

Fla,Q) =\ S8(a,Q) and F(t) = F(h(t), R(t)). (5.2)

We assume in what follows that Sy (and thus S(t)) is open, bounded and connected and
that Fo := Q\ Sy (and thus F(¢) as long as the rigid body remains inside §2) is connected.
We denote by 6(t,z) and 6,(¢,z) the temperatures of the fluid and the solid respectively.
We assume that the rigid body is a perfect rigid conductor. More precisely, for each ¢, the
temperature of the solid is constant:

VO,(t,z) =0 z€8(t), te0,T). (5.3)

The governing equations for the fluid flow is written by considering the Cauchy momentum
equation of an incompressible fluid. That is

0
pf (% + (uy - V)uf> —divXys = pyb, in F(t), t € (0,7), (5.4)
divuy =0, in F(t), t € (0,7), (5.5)

where uy is the velocity of the fluid, 3 is the Cauchy stress tensor of the fluid, p; is the
density of the fluid which is a positive constant and, b is the body density force acting
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throughout the system. The Cauchy stress tensor X, is given by the constitutive equation
for a Newtonian fluid:
Xp = —plz +2u(0f)D(uy), (5.6)

where p : R — R is the function that indicates how the mulecular viscosity of the fluid
depends on the temperature.

The motion of the rigid body is governed by the Newton equations for linear and angular
momentum:

ml = —/ Y dr + / psb dx, in (0,7), (5.7)
28 S
(Jw) = —/ (x —h) x X240 dx + /(:E — h) X psb dx, in (0,7), (5.8)
a8 S
R = A(w)R, in (0,7), (5.9)
W=t in (0,7), (5.10)

where we denote by n the outward normal of F, p, is the solid density,which is a positive
constant ¢ is the velocity of the center of mass of the rigid body; w is the angular velocity of
the rigid body.

For any w € R3, A(w) is the skew symmetric matrix:

0 —Ws3 o)
Aw)=1 ws 0 —w
—Wwy Wi 0
The mass of the solid m is given by
m = pPs ‘SO| y

where |Sp| is the volume of Sy, and the moment of inertia J is given by:

J(t) = J(h(1), R(1)),

where

(Jz — af’Isy — (x —a) ® (z —a)) dz.

S(a,Q)

j(a,Q)Zps/

We can check that

~

J(a,Q) = QJQ", (5.11)

where Q* is the transpose matrix of () and where
J():ps/ (|l”2[3—.7§'®x) dzx.
So

In particular, J(t) is symmetric and positive definite.
Moreover, for the thermic behavior, we consider the energy equation for the fluid and the
solid parts:

00
prcr <a_tf + uy - Vﬁf) = Ef : D(Uf) - diV<Qf) + prw, in f(t), t e (O,T), (512)

megt, = / qr-n dx + / psw d, in (0,7,  (5.13)
as S
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where ¢y is the heat flux of the fluid and, ¢y and ¢, are the specific heats capacities of the
fluid and the solid respectively, which are positive constants, and w is the energy density
source acting throughout the system. The heat flux of the fluid satisfy the Fourier law given
by:

qr = —ff(@f)VGf, (514)

where k : R — R is the function that indicates how the heat conductivity of the fluid depends
on the temperature. The precedent equations are completed by boundary conditions, where
we assume continuity of the normal component of the velocity field both in the fluid-solid
interface and in the external boundary. For the tangential component of the velocity field,
we consider a Navier boundary condition. Finally, for the temperature, we assume continuity
in the fluid-solid interface, and we suppose the external boundary is adiabatic. That is:

us(t,x) - n(t,z) = (U(t) +w(t) x (x —h(t)))-n(t,xz), zedSt), te(0,T), (5.15)
vs(ug(t,x) — (U(t) + w(t) X (x — h(t))))r + (X)), =0, x€dS(t), te(0,7), (5.16)
O(t,z) =0,(t) x€0S(t), te(0,7), (5.17)

up-n =0, on (0,7) x 092,  (5.18)

vo(uyp): + (3n), =0, on (0,7) x 092, (5.19)

Vo, -n =0, on (0,7) x 092,  (5.20)

where v and vg are positive constants and, given a vector function (¢, z) — a(t,z) € R?, we
denote the tangential component of a:

a-(t,z) =n(t,x) x (a(t,z) x n(t,x))
=a(t,x) — (a(t,x) -n(t,z))n(t,z) x € dF(t), te0,T]. (5.21)

The above system is coupled with the initial conditions:

ur(0,2) = ugs and 64(0,2) =6y, € F(0), (5.22)
0,(0) = 0,0, €Sy, (5.23)
R(0) = I3, h(0) =0, £(0) = £y, w(0) =wy. in R (5.24)

In what follows of this chapter, we consider the following: the densities py and p, are equal,
that is

Py = ps = p, (5.25)

Assumption ([5.25) is clearly restrictive but it is important for the forthcoming analysis

(see Remark [5.5)).

We also assume the following hypothesis on the continuity and boundness of the functions
i and k:

Hypothesis 5.1. The molecular viscosity p : R — R and the heat conductivity k : R — R
are continuous functions such that there exist real numbers u, 1, Kk, &, such that:

0<p<pu) <uforaldeR,

and
0< k< k() <E for all ¥ € R.
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To write the weak formulation associated with system —, we first recall some
classical definitions and we introduce some notation.
For ¢ > 1 and k > 0, we denote by L? and W4 the classical Lebesgue and Sobolev spaces.
For the case ¢ = 2, we write W*2 = H* and we denote by W= the dual space of W4,
where ¢* = ¢/(q — 1). We also denote by C? the space of ¢-times continuous differential
functions and by C*!, the class of continuously differentiable functions such that the function
and its derivative are Lipschitz functions . For any open set {2 , we write CJ({2) the set of
all functions in C(£2) with compact support included in £2 and, we denote by W (£2) the
completion of C§°(£2) with respect to the norm of W*?(£2). We denote C?(£2) to the class
of function in C(R3) restricted to 2. For 2 with a bounded boundary, we say that §2 is of
class CH! if the boundary 92 can be parametrized with C*! functions (a precise definition is
given in [58] p.37]).

Now, we introduce the standard spaces in the study of the equations of fluid mechanics:

L2(Q) ={ve L*(Q); div(t) =0, v-n=0 ondQ}, (5.26)

and
HYQ) = L2 (Q)NH (). (5.27)

We define the space of rigid velocities:
R={z—l+wxz; lLweR}

and we introduce the following space of test functions due to the presence of the rigid body:

To(S(t)) == {v € C([0,T); L2(Q))%; Tu, € ([0, T); R)?, Tvy € C1([0, T); WH¥/2())?

i
such that vs -7 =v; -1 on dS(t), v-n =0 o0n dQ and v = vy in Q\ S(¢),
v =10 in S(t) a.e. in (0,7)}. (5.28)
We recall (see, for instance, [145, Lemma 1.1, p.18]) that
D(U)ZO in S <— HURERZ%S:UR‘SER.

In order to write a variational formulation of the problem, it is convenient to define a
global velocity field by

B u (ux) if x € F(t)a
u(t, ) = { K(J;) +w(t) x (z —h(t) ifz e S(t),

and similarly for the initial condition,

- UO,f(.T) ifl’EFo,
UQ(.CE) o { Eo—i—wo xx ifze S(].

In particular, D(u) = 0 in S(¢) and D(up) = 0 in Sp.
We also define: the global temperature

[ 0(t,a) ifze F),
0t z) := { ot ifz e S(t)
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the global initial temperature of the mixture

0 — 007]6 if[L‘E.F(),
0 Oos if € Sp;

and the global specific heat capacity

e ifxe F(1),
(t, z) _{ cs if x € S(t).

To define the weak solution of our system we need the following proposition:

Proposition 5.1.1. Assume that (u,0,p,l,w, h, R) is a reqular function satisfying (5.4))-
(5.24). Then, the following identity holds:

— / pu - (@ + (u- V)v) dx —/ pdiv (v) dzx +/ 2u(0)D(u) : D(v) dx
Q ot Ft) Ft)
b [ wrvdetrs [ (= ug,) X7 (01~ t1g) X B) da
09 2S(t)
/pb v dx — % pu-v dzr, (5.29)

n (0,7), for any v € Tr(S(t)), and

/Q (’2| +c€) (89150 (u-V) ) dx+[]ﬁ(9)v9,v¢d$

+/ (2u(0)D(u) — pI3)u - Ve dx + vg lul® ¢ da
F(t)

o0
+ Vs /
a8 (1)

/Q pb-u+w)p dv— dt ('2’ —l—c@)godx (5.30)

n (0,T), for any ¢ € C}([0,T]; H'(Q)) with Vi = 0 in S(t) in (0,T).

The proof of Proposition [5.1.1 will be done in Section [5.2]

Proposition [5.1.1 allows us to introduce the notion of weak solution of the system ([5.4))-
(15.24):

(uf - u\sm) XN

Definition 5.1.2 (Weak Solution). Given T' > 0, a weak solution of the system of equations
(5.4)-(5.24) in (0,T) is a tuple (u, 0, ¢, w,p, h, R) with the following properties:

e (h,R) € Wh=(0,T;R3x), ({,w) € L>®(0,T;R> x R®) and satisfy (5.9), (5.10) and
5.24).

o u € L0, T;L2(Q))3, u(t,z) = (L(t) + w(t) X (x — h(t))) for x € S(t) and
uwe L*(0,T; H' (F(t))).
(

e p € L300, T; L3 (F(1))).
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e 0 € L>0,T; L"(Q)NL"((0,T) x Q)N L0, T; Wh(Q)) for allr € [1,5/3), s € [1,5/4)
and VO(t,z) =0 for x € S(t) a.e. in (0,T).

o For allv € Tp(S(t)) such that v(T,-) =0, the following equation holds:

/ /pu <— (u-V)v ) dasdt—/ / pdiv (v) dzdt
F(t)
—i—/ / 2u(0)D(u) : D(v) dxdt
o Jre
T T
—i-I/Q/ / u-vda:dt—i—l/g/ / (W) = Ulsy) X T (vp —v5) X 10 dxdt
o Joq o Jas

T
:/ /pb-v d:cdt—l—/puo-v(o,x) dz. (5.31)
0 Jo Q

e Forallp € C[0,T]; Wh>°(Q)) such that Vo = 0 in S(t) a.e. in (0,T) and (T, x) = 0,
the following equation holds:

! [ul* O g
- / / p|— +cb (— +u - Vgo) dxdt +/ / k(0)VEO -V dxdt
o Jo 2 ot o Jo

/ / (pls — 2u(0)D(u)) u - Vo dadt

—I—VQ/ PIR gpdmdt—l—yg/ / ’ubr(t) Ulse) Xn‘ © dxdt
o Joo

:/ /p(b-u+w)<p d:cdt+/p<|u0| +c€0><pdx. (5.32)
o Ja Q 2

Remark 5.1. In the original model, equations and are the balance equations
of internal energy. However, the weak solution in the sense of Definition [5.1.2 is defined
using the total energy balance equation. The problem of finding a weak solution, without the
rigid body, considering in the weak formulation the balance of internal energy, is still open
[50/. The major difficulty lies in the presence of the dissipation term u(f)|D(u)|*. Since
the apriori estimate for the dissipation term is only L', then, in a Galerkin approzimation
scheme, is impossible to pass to the limit this term by just using this type of reqularity. This
problem does not occur when the material coefficients are constant (we refer the reader to
[101, Chapter 3.5]) or when there are better a priori estimates on the velocity gradient, for
example, in the case of non-Newtonian fluids defined by power laws [26] or in two space
dimensions [27, |41].

Now, we state the main result of this chapter:

Theorem 5.1.3. Let Q and Sy € Q be two CH bounded domains of R3. Let pu, k: R — R
two continuous functions such that Hypothesis holds. Given

be L*((0,T) x Q) and w € L*((0,T) x Q) such that w > 0, (5.33)
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and the initial conditions:
(60,6&0) € Rg X RS, U, f € LZ(Q), Ug, s € R, 607]0 € Ll(Q) and 0075 € R, (534)

such that
bop =0 and Oy s > 0, for 6 >0, (5.35)

there exists T € (0,00] and a weak solution of the system of equations (5.4)-(5.24]) in (0,7T)
in the sense of Definition |5.1.2, such that the following estimate holds

1 T
_p/ lu(t, z)|” d:v—i—/ / 20(0) | D(w)* dads < /|u0| dx—l—p/ /u b dxds, (5.36)
2" Jo o JFe)

for a.e. t € (0,T), and
O(t,x) =0, ae. (t,x) € [0,T] x Q. (5.37)

Moreover, we can choose T such that one of the following alternatives holds true
1. T = 4+o0;
2. lim dist(S(¢), 002) =

t—T
Remark 5.2. One can write a bidimensional version of system — using the balance
of internal energy, and following the proof of the above theorem, it is possible to obtain the
same existence result for the corresponding system. Let us mention that even in dimension
2 in space, the uniqueness of weak solutions can be a delicate question. For a mon-heat
conducting Newtonian fluid alone (without rigid bodies), it is done in [p. 198][144)]. However,
for the system composed by a rigid body and a fluid governed by the Navier-Stokes system, this
issue has been solved only recently (see [15], [75] and also [23] for a weak-strong uniqueness

property).

Remark 5.3. As explained above our proof of Theorem [{.1.3 is based on a penalization
method to deal with the free boundary due to the motion of the rigid body. Such a method
18 already used in several other articles on fluid-structure interaction systems. There exist a
least two different penalization approaches: a “L*” penalization (see for instance [25, [68]),
and a “H'” penalization (see for instance [128]). In our case is imposible to follow the “H'”
penalization method due to the lack of “H'” reqularity in space of the test functions define in

(5.28). Then we follow the first method (see :

The mathematical study of fluid-structure interaction systems has been the subject of
an intensive research since around 2000. A large part of the articles devoted to this study
concern the case of rigid bodies moving into a viscous incompressible fluid modeled by the
Navier-Stokes system. We can quote for instance |25, [35] 48, 55, [59] 841 [85] 128, 132 140} [141],
etc. Some works deal with different fluids [74, 92] [117] (incompressible perfect fluid), [10, 12,
36, 47] (viscous compressible fluid), [51] (viscous multipolar fluid), [49, 63] (incompressible
non-Newtonian fluid). Let us also mention some results for the Navier-Stokes system but
with other types of boundary conditions: [5] 22| [68]).

On the other hand, the mathematical study of a 3D temperature dependent dynamics is
strictly related to the study of the pressure (see Remark [5.1)). We refer the reader to [19],
where the authors prove the existence of a weak solution of a Navier-Stokes-Fourier incom-
pressible fluid considering Navier slip conditions. In their work, they obtain estimates for
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the pressure using the Helmholtz-Weyl decomposition. The Helmholtz-Weyl decomposition
is only compatible with slip boundary conditions. However, in the case of a no-slip boundary
condition, a method to obtain the pressure was developed by Wolf [I53]. This pressure is
called by the author “local” pressure and is the sum of an integrable pressure and of the time
derivative of a harmonic function which is not integrable. The question of the integrability of
the pressure is not only relevant in the context of heat conducting fluids, but it also a crucial
step in turbulence models [20] and incompressible non-newtonian fluids [I8] 107, 211 [108§].
Regarding the study of the pressure, In the context of fluid-structure interaction problems
we refer the reader to [49] where the case of a non-Newtonian fluid with a power law and
rigid body interaction is treated. For the boundary conditions, the authors consider a no-slip
condition in the outer boundary and at the interface of the solid and the fluid. Then, part of
this work is devoted to the study of the “local” pressure where the authors need the pressure
estimates to pass to the limit in the nonlinearity associated with the stress tensor. Regarding
heat conducting fluids and rigid bodies, up to our knowledge, the case of a heat conducting
incompressible Newtonian-rigid body interaction with Navier slip boundary conditions has
not been treated yet. However, we refer the reader to [114], where the global existence of
weak solutions is proved for the problem of motion of one or several rigid bodies immersed
in a non-Newtonian fluid of power-law type with heat conductivity considering the no-slip
boundary condition and the Boussinesq approximation. The Boussinesq approximation im-
plies the dismiss of the dissipation term in and is useful to model atmospheric fronts,
oceanic circulation, katabatic winds, dense gas dispersion, and fume cupboard. In this set-
ting, the energy equation becomes a convection-diffusion equation, and the analysis of the
coupled system is more straightforward (see for instance [43]).

Let us describe the outline of this chapter. In Section we introduce some additional
notation and we prove Proposition [5.1.1. In Section we introduce the approximated
problem of the weak solution [5.1.2. More precisely, the free-boundary is replaced by a
penalization term (with a parameter k), and we replace the convection term (u - V) by a
regularization. Section we prove the existence of a solution to the approximated problem
using a 2-stage Galerkin discretization and introducing the pressure using the Helmholtz-
Weyl decomposition. Finally, in Section [5.5 we prove the main result by passing to the limit
in passing to the limit in the regularization and the penalization term at the same time.

5.2 Notation and preliminary results

Given (a,Q) € R? x SO(3), we set
S =358(a,Q),
and we make the following definitions:

e We denote by PF the orthogonal projection of L?(S)? onto R. By standard calculation,
if
PFu=(+wx (z —a),

then ¢ and w are given by:

1
fz—/udm 5.38
51 /s (5.38)

w=J(a,Q)" / plx —a) X u du. (5.39)

S

and
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e For scalar functions, we denote by P2 the orthogonal projection of L?*(S) onto the space
of constant functions in S:

Pip = % /3 @ d. (5.40)
e We define two operators of L? .(R?) as follows: assume v € L? (R?), then
Caq(v)(y) =Q(a+Qy), yeR’ (5.41)
and
D, 0(v)(z) = Qu(Q*(x —a)), xR (5.42)
Let us notice the relation
Do o Pg 0 Pug = P§, 0 (5.43)
e We define the global specific heat by
Ca@ = Clz o)+ Cslg o) (5.44)
In what follows, we also need the following definitions:
e For any set 2 C R?, we define
() := {z e R?; dist(z, 2) < 6} (5.45)

and
(2)s :={z € 2; dist(z,002) > 6}.

e For ¢ € L'(2), we define the total energy

Bltp) = [ (oot + 5 lutt. ) ) do.
a.e. in t, and
Eo(p) = /Q (pcoeo + g \u0|2> @ du.
Due to the presence of the rigid body inside we will need the following result:
Lemma 5.1. Assume (hy, R,) — (h, R) in R® x SO(3). Then,

LS(hn,Rn) = Lsa,r) in LP(2)  Vp € [1,00).

Similarly, if (hn, R,) — (h, R) strongly in C([0,T];R3 x SO(3)), then

Ls(hn,rn) — Lsn,r) strongly in C([0,T]; LP(Q2)) Vp € [1,00).

The proof of this lemma is in Lemma and is based on the approximation of 1, by a

smooth function with compact support.
By the Navier boundary condition (5.19), we will need the following version of Korn’s
Lemma:

Lemma 5.2. Let Q € CY', d > 2 and q € (1,+00). There exists a positive constant C
depending only on Q and q such that for all v € WH1(Q)? with v [sq€ L*(0Q)? there holds

[vllwra@) < CUD@) Loy + 01l L200)): (5.46)

A proof of this lemma can be found in [21, Lemma 1.11].
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5.2.1 Proof of Proposition |5.1.1
Now, we proof Proposition |5.1.1

Proof of Proposition[5.1.1. Let v € Tr(S(t)) such that D(v) = 0 in S(¢). Using the results
in Section there exist C! functions ¢, and w, such that v(t,z) = £,(t) +w,(t) x (x — h(t))
for x € S(t).

We multiply equation by v and we integrate in F(t) for ¢t € [0,T]

0
/ Py <ﬂ + (uy - V)uf) ‘v dr = / div(Xy) - v dx —I—/ b-v dr. (5.47)
F ot F F
Using integration by parts we obtain
/div(Ef)-v de = —/ Xi: Vo d:B—l—/ Xn-v dx+/ Xn-vde. (5.48)
F F o0 oS

Using that div(us) = 0, the boundary conditions of v in dS (see (5.7) and (5.8))), (5.16)),
(5-19), (5.21)) and the fact that ¥y is a symmetric matrix, we deduce from (5.48))

/div(Ef)~vdm:—/ 3 :D(v) dm—mﬁ/'&—(Jw)'-wv.—l—/pb-v dx
F F S
_ VQ/ uf-vdr — 1/3/ ((up = wgy) X 1) - (V) = Visy) X 1) dz. (5.49)

o9 88

On the other hand, since
a U /
pl =u+(u-Vu) -vde=ml-l,+ (Jw) - w,,

s \Ot

and the Reynolds transport theorem, we deduce:
auf ’ /
pf + (up - Vuy | -vde+ml - L, + (Jw) - w,
f

ot
d ov
=7 va-udm—/ﬂp(a—i—(u-V)v)-udx.

Then, combining the above relation with (5.47) and ({5.49)), we obtain:

d
—/pu-vdx—/p(@nL(u'V)v)«udx—l—/zf:D(v) da:—l—ug/ u-vde
dt Jo o \0t F 00
+1/5/ (uf—uLS(z))xﬁ-(vbt(t)—vs(t))xﬁdx:/pb-vdx. (5.50)
oS 0

Then, using ((5.6)), we deduce (5.29)).
Let ¢ € C1([0,T]; H*(2)) with V¢ = 0 in S(t) a.e. in (0,T). We denote p4(t) := p(t, )
in S(t). We multiply (5.12)) by ¢ and we integrate in F(¢) and in [0, T:

0
/ prcs <E6f + uy - VGf) o dr = / 3 D(uyp)yp dx — / div(qy)y dx +/ prwe dx.
F F F F (551)
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Using integration by parts we write the heat flux term as:
/ div(gs)p dx = / ©qr - N dr — / qr - Ve dz.
F as F
Then, using equation ({5.13]) we have that:
/ div(gs)p dzdt = mes0ps + / pspw dr — / qr -V dx.
F S F
Using integration by parts in time we deduce:
. d /
div(gr)p dx = —mecsbsps — mebsg, + | ospw de — [ qf - Vi dx.

F dt s F

On the other hand, by the Reynolds transport theorem:

d
/ prcy gﬁf +uy-Voy | o dx = —/ crprlrp do — / prcr ggo +uy- Vo |0y du.
- ot dt |~ - ot

Gathering the above in (5.51]), we deduce

d d
7 cfprfgo dx + dtmcs&(ps /pfcf (aatgo—i—uf Vgo) 05 dx — me,0,¢),

:/Ef:D(uf)gp d:v+/pfwg0 d:v+/,0w<ps d:x+/q,c~Vgadx.
F F S F

Since Vi = 0 in S, we conclude:

d 0
o cp@gpdx—/{lpc(acp%—u-Vgo)Qdm—/qu-Vgpdx

:/ Zf:D(uf)cp dx—i—/pwgp drx. (5.52)
F 0

To finish the proof of ([5.30)), we use v = pu in ((5.50) and we obtain:

2
/ 3 D(u)p dedt = —vg lul? o dx — VS/ ‘(uf — Ujgy) X ﬁ’ ¢ dx
F ) as

8|U’ 2 2 &p
b :
/]E FU- V(pdx—l—/ 5 ( 5 +u V]u\) dx—i—/gp|u] 8t+u Ve | dx
+/b'ug0dx——/p|u|2gpdx. (5.53)
Q dt Jo

On the other hand, by the Reynolds transport theorem

/ 8\u| +u-Viuf | dr= d/ @ dm—/ w aﬁ+u-v dx
02 \Tar —at )" 2" o2 Var 7)o
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Then, the dissipation term ((5.53)) is

2
/Ef:D(u)go d:v:—l/Q/ Jul? o d:L‘—Vs/ ‘(Uf_ULS(t)) xﬁ‘ @ dx
F o0 as

2
0
—/Efu-Vgodx—k/pm—l( 90+ Vgo) dx
r o 2 \ 0ot

1d )
- —— . .54
/Qb up dz 5 plul” ¢ dx. (5.54)

Combining (5.54)) and ( - we deduce

[ul® / [ul® \ |
dt/( + pcl | p dx g P + pcl atgp—l— + pcl | u- Vo do

—/ qr -V dx+/ Y-V dl’—l—l/g/ lul? o da
F F o9
2
+ 1/3/ ‘(uf — Ujgy) X ﬁ‘ ¢ dr = / p(b-u+w)p de. (5.55)
a8 Q

Then, using the constitutive equations ((5.14]) and (5.6]), and the fact that Vo = V0 = 0 in
S, we deduce ((5.30). O
5.3 Approximated Problems
To prove Theorem |5.1.3, we consider some approximations of it depending on 2 parameters:

e k corresponds to a penalization term used to deal with the free boundary problem and,

e ) corresponds to regularization in the convective term.

More precisely:

e Since the spaces LP(€) and W'?(Q2) do not impose that the velocity and the tem-
perature are rigid functions in the solid domain we add in the weak formulation two
penalization terms:

b [ (= PR (0~ PR
S
in the momentum equation (j5.31)) and

k/VH-V(pdx,
S

in the energy equation ((5.32)), where k£ > 0. In Section we will take k — oo.

e We define the regularization of a function v in L?*():

B(x) = 45 % My — /Q ns(0)5s(x — y)o(y) dy. (5.56)
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where: .
7y = ﬁx(x/é), (5.57)

and s is a C°-function such tha thet supp(s¢), is included in a ball of radius 1, s(z) =
»#(—z) 2 0 and [[»[| ;1) = 1. The function 7 is the cut-off function

- 1 ifz e Qs
s() = { 0 ifzreQ\ Qs (5.58)

Then, we use u in the convective terms in the balance of linear momentum ({5.31]) and
the balance of energy (j5.32)).

Notation 5.3.1. To simplify the notation, in this section we write
n = (k,0),
for instance w,, means uys.
Then the approximated problem is defined as follows: to find:
u, € L0, T; L2(Q))* N L*(0,T; H:(Q))?, (5.59)

0, € L=(0,T; L*(Q)) N L*((0,T) x Q) N L"(0,T; WH"(Q))
for s € [1,5/3) and r € [1,5/4), (5.60)

pn € L*((0,T) x ), (5.61)
(hn, Rn) € WE°(0, T; R? x SO(3)) (5.62)
and
(Un,wn) € WH(0, T; R? x R?), (5.63)
such that:
hn(t) = £a(t),  hn(0) =0, (5.64)
R (t) = A(wn) Ru(t),  Ru(0) = Is, (5.65)
PE (uy) = by + wy X (7 — hy), (5.66)
where S, = S(hn, Ry),
8 2 . 1 *
atun € L (07T7 (H (Q)) )7
ou,, _
P 7U> - p/(Q&,(“n) ' V)U *Un dx + / 2,U/k(en)D(un) : D(“) dx
8t (Hl)*,Hl 0 (9]

— [ pudiv(v) dx + vq /Q Up, - v dT + Vs /as((un — P¥(uy)) x0) - ((v — PE(v)) x 7t) da

Q P
—i—k‘/ (up — PZ (un)) - (v — P& (v)) d:v:p/ﬂb-vd:v, (5.67)
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a.e. in (0,7) for all v € H'(Q2) such that v -7 = 0 on 99,

lim [ u(t,x) - v(z) de = / U - v dx, (5.68)
Q

t—0t+ Q

for all v € H'(Q),

0
w-Lp* wilp Q Q

-

for all p > 4, where 1/p + 1/p* = 1, for all p € W'>(Q), and ¢, = ¢, r,), Where € is
defined in (5.75)),

Uy — Pgunf + 2 (60,) |D(un)|2> pdr=p | wpdr (5.69)
Q

lim [ ¢(t,z)0(t,x)(x) de = / cobotp dz, (5.70)
t—0t Jo Q
for all ¢ € C(f2) and,
O.(t,z) =0 > 0. (5.71)
In the above system:
Mk(en) = k_2ﬂ$n + :U’(en)]l}'w (572)

and for &; € (0,dist(Sy,002)/2) and S = g(a,@) for a € R? and Q €, the operator Qs is

defined as follows: S
21

QS _QaQ )

1
where Q 5F is given in Definition |[A.1.2] It satisfies, in particular, the following relation (see

(A.15)):

. 01
Qs(u) = { ;;zu 12 g \(S) and divQs(u) = 0.

The next section aims to prove the following lemma:

Lemma 5.3. Let Q and Sy € Q be two CH' bounded domains of R®. Let § > 0, k € N
and n = (k,0). Assume that: p and k are continuous functions satisfying Hypothesis ' U
and 0y satisfy ; b and w satisfy . Then, there exists (up, Pp, On, hn, Ry,) such that
— hold. Moreover, we have that for all t € [0,T],

/|un (t,x) dx—l—/ /2uk ) |D(u,)|? dxdt—l—l/g/ |un|® dzdt
0

+V3/ / un—PS (un)) xn‘ da:dt—i—k/ ‘un—PS un‘ dxdt
S,

—p/ /b Uy dedt + = /‘U,O’Z dr, (5.73)

Ls(0,T;Whs(Q))

+k ||9f1“ - PénﬁgH

and the following estimate holds

16n]] oo 075210y + 100l 10,7y x) + 10
<O, (5.74)

L2(0,T;L2(Sn))
forr e [1,5/3), s € [1,5/4) and o € (0,1/2), where C' is an independent constant.
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5.4 Proof of Lemma 5.3

We decompose the proof of Lemma in three parts. In the firsts two parts we use a two-
stage Galerkin approximation where we introduce the parameters M and N corresponding
to the dimension in the Galerkin method for the global velocity and the global temperature
respectively. In the Galerkin approximation for the velocity we use the free divergence space
H(02)3, defined in , then the pressure will not appear in the momentum equation
until the last part of the proof, where we introduce the pressure using the Helmholtz-Weyl
decomposition and the Riesz representation theorem.

To introduce the Galerkin approximation we notice that, since H!(Q2)? is a separable

Hilbert space and (C*(2))> N HL(Q)? is dense in H!(2)3, there exists an orthonormal basis
{vg}qens of HX(Q)? such that v, € C*°(Q)? for all ¢ > 1. We define

Vi = span{vq, ..., vy}
and we look for an approximated velocity in V},;. For the energy equation, we consider a

basis {w, }een+ of H'(Q) such that w, € C*°(Q) for all ¢ > 1 and we look for an approximated
temperature in

Wy = span{wy, ..., wx}.

Considering the above, the Galerkin approximation is defined as follows: to find

han € CH[0, T;R?), Ryy € CH[0,T);), amn € CH[O, T);RM)
and B,y € C'([0,T);RY), (5.75)

satisfying the following properties:
8M7N<t> == g(hM7N<t>,RM7N(t))7 and ]:M,N(t) == j:\-(hM’N(t), RM7N(t)), (576)

where S and F are defined in (5.1) and (5.2),

M
UpN ‘= Z QNN LiUj, (5-77)

j=1

N
9M,N = ZﬁM,N,jwja (5-78)

j=1
P, (unn) =Ly + wun X (2 = harn), (5.79)
h’M,N(t) =Ulyn(t), hun(0)=0, (5.80)
Ry n(t) = A(wn) Run(t), Run(0)=1Is, (5.81)
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8uM,N
q Ot

p -v; dr + P/ (Qspn (@rN) - V) unrn - v; da
Q
+ / 2,uk(9M,N)D(uM7N) : D(Ul) dx + VQ/ UMN * V; dx
Q o0
+ 1/3/ ((uprv — ng,N(uM»N)) xn) - ((v; — PEJ,N@%')) x n) dz
ISy, N

+ k/ (upr v — PE\LN(UM,N)) (v — P‘;QM’N(@Z-)) dr = p/ b-v; der, (5.82)
Su,n Q

forallie{1,...,M},
M
up N (0, ) = Py, (o) = Z QM N 0,iVis (5.83)
i=1

where the operator Py,, is the L? orthogonal projection of (L*(2))? onto Vjy,

00
p/ cM,N$wi dx + p/ CM,NQSM,N(UM,N> . V@M,NUJZ' dz
Q Q

- / <k151\4,N
Q

2
unen — Pss,  (unen)| =+ 20(0ar ) !D(UM,N)|2> w; dx

—l—/ (k(On,n) + kls,y, ) VO - Vw; do = p/ ww; dr, (5.84)
e Q

foralli e {1,--- N},
9M,N<O,5U) = PWN (60 * %I/M) ) (585)

where: 6 is extended by 6 in R?\ €, the operator Py,, is the L? orthogonal projection of
L?(Q) onto Vi, and the global specific heat is defined by casn = Chy, v,k v Where Cis defined
in ([5.75]).

In the following proposition, we prove the existence of a solution of the Galerkin approx-

1mation.

Proposition 5.4.1. Assume & > 0, T > 0 and (M, N) € (N\ {0})>. Then, there exists a
solution (harn, Ry, o, Bun) of the system (5.75)-(5.85)). Moreover, for all t € [0,T],

t t
B/ |UM7N<2§,ZE)|2 dZL’—F/ /2/UL]€(0M7N>|D(UM’N)|2 d.l’dt—i‘VQ/ |U1\/[7N|2 dxdt
2 Q 0 JQ 0 JoQ

t
i VS/ / ‘<uM’N - ng,z\r(uM,N)) XN
0 JOSm,N

t
+k’/ / ‘uM’N_PE\LN(quN)
0 JSmu,~

2

dxdt

2 t
dxdt = B/ luasn (0, 2)) d:t:—i—p/ /b~uM,N dxdt,
2 Ja 0 Jo
(5.86)
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and

N

t
/ CM7N(t,l‘) |6M7N(t,27)|2 dx + / /(l‘i(@]\/ﬂ]\]) + leM,N) |V0M,N|2 dxdt
Q 0 JQ

t
L (e
0 Q

2
Up,N — P;zM’N(UM,N)’ + Q,Uk(QM’N) |D(UM7N)|2) QM,N dxdt

T
= B/co|9M,N(0,x)|2 da:—l—p/ /IU@M,N dxdt. (5.87)
2 Ja o Jo

Proof. We write (5.76)-(5.83) as a Cauchy problem

hor N hor N hn 0
i Ry n _F Ry n Ry n (0) = I3 (5.88)
dt | am,nN QM N ’ QM N amno |’ '
Bu,n BuN BN Br.N 0

where F' = (F}, Fy, F3, Fy) depends on n and can be expressed by using (5.76)-(5.83)), (5.38)-
(5.39) and (p.11)):

M
p
Fi(a,Q,p EZ / Lg(.qvi de,

M
Fy(a,Q.8) = p3_ i (QJo‘lQ* [ 5o e = a) x uta) dx) Q
=1

Fy(a,Q,0) = G(a,Q, B,7),

and

Fi(a,Q,B) = H(a,Q) " K(a,Q.8,7),

where

N
G(a,Q,8,7); Zﬁz/ 241 (Z%wz> D(v;) : D(vy) dx
M
—p;ﬁi/ ( 5151/k (Zﬁl%(;*vl) . )vi~vj dx—i-V;ﬁi/ani-vj dx
— kZBZ/ S(aQ P§(Q,Q)Uz‘) (vj — P§(a,Q)Uj) dx + p/ﬂb -vj dr,

forall j € {1,..., M},

H(a, )i,j = \//C\meZ'UJj d.T,
Q
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forall 4,5 € {1,..., N} and
M
K(a,Q,B,7); = —PZ%/Ca ijQ(sl o1 /k (Z By 225 *vl) -V, dz
=1
2 N
/ 3(a,Q) Zﬁl vi = Psa.0)vi)| w; dﬂ?*‘/QQMk (Z%wz)
i=1 i=1
N
- Z%/ (:‘i <Z ’ylwl> + 15@,@)) Vw; - Vw; dx — ,0/ wwj dw,
=1 9 =1 Q
for all j € {1,--- ,N}.

By Lemma and (5.1) we have that

R® x SO(3) = L'(R?), (a,Q) = lg, (5.89)

D(v;)| wj dx

is continuous and thus F}, F5 and H are continuous functions. For the continuity of G and
K, we gather the following arguments:

e Using (5.11), (5.38)) and (5.39) we have that

(a,Q) = Pg, 0vi €R,
1S continuous.

e Using the definition (A.14)) and the continuity of

(a,Q) € R*xSO(3) = &, € LIH'(R?)), (a,Q) € R®xSO(3) = @, € LIH'(R?)),

(a.Q.8 H/< Qe <Zﬁz¢5*vz>' )vj-vi dz,

M
(a,Q,B) — / CaquiQuo " <Z 51(155*,715) -Vuwy dz
=1

are continuous.

we deduce

and

e The rest of the terms are continuous by the continuity of u, x and (/5.89).

Consequently, in (5.88)), we have that F' is continuous and we can apply the Peano result and
deduce the existence of a local C! solution. Then, we derive (5.86) in a standard way and
deduce the existence of global solutions of the system (}5.75])-(5.83). ]

The aim of following sections is, to pass to the limit the parameters M and N. In the
first step, we take N — oo and then we take M — oo.

Remark 5.4. We take N — oo first since we are not able to deduce from (5.87)), convergence
properties of Oy N without considering a higher reqularity of wunr N
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5.4.1 Passing to the limit in N

Using Korn’s Lemma ((5.46)), equation ([5.86]) and

1

3 ] oo il dz < Clulzg), (5.90)

we deduce

sup © / a2 da + O lluasn 2o s )
te(0,T) Q

2

N H _pR H <C. (591
+ UNM,N SM,N(UM’N) L2(0,T;L2(Sm,N)) h ( )

Then, we conclude that
{upntmy  is bounded in - L®(0,T; L2(Q))* N L*(0, T; HX(Q)). (5.92)

where L2(Q) and H}(Q) are defined in (5.26) and ((5.27). Since we first pass to the limit
in N, we deduce that exists a subsequence of {u n}a n (still denoted {up n}arn), and a
function

up € L(0,T; L2(Q))* N L*(0, T; HA(2))?

such that:
Uy — up weak star in L°(0, T; L2(2))?, (5.93)
and
upy — up weakly in L*(0,T; H'(Q)). (5.94)
We also deduce from (5.80)), (5.81)) and (5.92)):
(harv, Rarw) 5 (har, Rayy)  weak star in Wh*°(0, T; R? x SO(3)) (5.95)
and
(hM,N7 RM,N) — (hM, RM) strongly in C([O, T];R3 X SO(B)) (596)
We write N
SM = S(hM, RM)
and

~

JSM = J(hM, RM)
By Lemma [5.1] we have that

Isy x — Ls,, strongly in C([0,7T7; LP(£2)) Vp € [1, 00) (5.97)
and thus:
CMN — o = Chyy Ry, Strongly in C([0,T7; LP(Q)) Vp € [1,00). (5.98)

Using ([5.38) and (5.39), we deduce that

PE  upn = P& uy weakly star in L*(0,T,R). (5.99)

)
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As usual in the Navier Stokes equations, we need a result of the strong convergence of the
velocity to deal with the convective term. Since

(QSN,M(UN,M) . V) UNJ\/[ *U; dr — / Q,Uk(eM,N)D(UN,M) : D(Ul) dx
Q

O/M,N,i(t) = _P/
0
— v / ung - vi T — vs / (uniy — PR, (uniw)) x ) - (v — PE, (11)) x A)d
o0 as
- k/ (unnm — P;?V,M(UNM)) (v — ngM(vi))dx + p/ b-v; de (5.100)
Sn,m Q
we deduce that: .
0
Then, since the injection H'(0,T) C C([0,T]) is compact,
upn — uy strongly in C((0,7) x Q)% and weakly in H'(0,T; H:(2))?. (5.101)

For the temperature, by equation (5.87) we deduce

! 1
B/CM7N(t,$>|9M7N(t,JZ')’2 d:v—i—Ck/ /]VHM,NIdedté —/poco\&w,]\;(o,aﬁ)|2 dx
2 Jo 0 Ja 2 Ja

t 1/2
2 2
+ o llunn oy ey + Co ( / HD(uM,N)I|L4(Q)ds) [ [0t s
0 0

2
+ Cllwllzaorxa) - (5-102)

Using Gronwall’s inequality and ((5.91]) we conclude:

1 T
sup —/ ‘(QM’NIZ da:—l—/ / ‘VQM,N‘2 dxdt < Ck,M- (5103)
te(0,T) 2 Q 0 Q

Then, we deduce the existence of 0y, € L>(0,T; L*(Q)) N L*(0,T, H'(2)) such that

Or.y — Oy weakly in L*(0,T; H'(2)) (5.104)
and
Orr.n — Oy weakly star in L°°(0,T; L*(2)). (5.105)
By (5.98) and ([5.105) we have that
CM,NHM,N A CMQM weak star in LOO(O,T, L2(Q)) (5106)

We notice that to pass to the limits the terms related to u; and x, we need the strong
convergence of the temperature. To obtain it, let us fix + > 1 and take N > i. We recall that
Py, : L*(Q) — W; is the orthogonal projection onto W; and we write (5.84) as follows:

0

PEPWi(CM,NHM,N) + Pw, Auv =0,
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in (C°((0,7); HY(Q)))*, where Ay v is defined by

T
(AM,N790> = —P/ / CM,NQM,NQSMW(UM,N) -V dzdt
0o Ja

2
@ dxdt

T T
+/ /(H(QMJV) + leM,N)VHM,N : VQO dxdt — k/ / ]lSM,N ‘uM,N - P‘gw N (unr,N)
Q Q ' '
’ T ’ T
— / / 20k (Onsn) | D(uns )| @ dadt — ,0/ / we dxdt (5.107)
0o Ja o Ja

for all ¢ € C3°([0,T]; H'(R2)). The next step is to prove that {Ay nx}a is bounded in a
suitable space.

e By the fact that PEM o (uarn) is the orthogonal projection and using Holder’s inequality
we deduce

T 2
2
/0 /QHSM,N ‘“MW = Pstus)| © @2t < Cluarllagozm oy 19 120070 -
(5.108)

e Since ¢ is small we have that

T T
/ / 241 (Ons ) [ D{wns )2 ddt < C / / D(une ) @ ddt.
0 Q 0 (9]

Then, by Holder’s inequality, we deduce

T
| [ 20000 1D P ot < €l ooy 19l - (5109
0
e By (5.1]), we deduce:
T
| [ 00) + K15, Vs - Vi dadt < ol 9000

e In the convective term, by Holder’s inequality, we have that:

T T
p [ [ enbas Qs ) Vo dodt < C [ 1630l | Qo (7)o gy Nl
0 Q 0

Using the properties of the operator nggz (see Definition , we deduce:

—— — R
HQS]VI,N (UM7N)HLOO((07T)><Q) S C <||uM7N||L°°((O,T)><Q) + HPS]W,N (uM’N)HLoo(QT;R))
(5.110)
Since upny € L=(0,T; L*(R2)), we deduce

T
/0 /QCM,NQM,NQSM,N(UM,N) Ve dedt < C HHM,NHLOO(O,T;LQ(Q)) H90HL2(0,T;H1(Q)) :
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The above implies:

< Oy
L2(0,T;(H(Q))*)

0
HPWi (aCM,NQM,N)

Let us denote by P : L?(Q2) — H'(Q) the orthogonal projection. For any 2 € L?(2),

e (Il 1 0y =1

Using the compactness of the embedding H'(2) C L*(2) and that {I¥,} is an orthonormal
basis of H'(Q),
sup HSO - PWZ(QOM‘LQ(Q) — 0 as 1 — oo.
€ HN Q111 (=1
Then, we conclude

g CM,k?
L2(0,T5(H ())*)

0
H a (CM,NHM,N>

and we deduce

%CM,NGM,N — %CMQM Weakly in L2<0, T; (HI(Q))*) (5111)

Using ((5.106]), we apply the Aubin-Lions compactness result [135, Section 8, Corollary 4] and
we deduce that
CM,NHM,N — CMQM Stl"OIlgly L2(0, T; (H1<Q))*) (5112)

Using the above convergence we have that:
T ) T
/ / e |Oun|” dedt = / (e NOMN S O N) (priye g dE
0o Ja 0

T T
—>/ (ernr, Onr) i1y i dt:/ /cM|9M|2 dadt.
0 0 Q

This yields
w/CM,NeM,N — \/CMQM StI‘ODgly in L2<(0,T) X Q) (5113)

From ((5.98)), we have
1 1

_>
v/ CM N VM
The above convergence and ((5.113)) imply

Oa1.n — Oy strongly in L?(0,T; L3 (). (5.114)

strongly in C([0, T; L*(Q)).

From (5.104]) we have that {0y x} is bounded in L?(0,7; L%(f2)) and thus
Or.n — Opr strongly in L2(0,T; LP(2))  (p < 6) (5.115)

or
Orr.n — Oy strongly in LY3((0,7) x Q). (5.116)

For the initial conditions we have that:
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e By the strong convergence of ays y in C([0,7]) we deduce that
up (0, -) = up(0,-) = Py, (up). (5.117)
e By the properties of the projection we have that
Or,n (0, -) = Oaro = Op * 5210 strongly in L*(9). (5.118)

To pass to the limit the term in Sy, n we notice that, using a change of variables, we
obtain

vs / (uriy — PR, (ug)) x ) - (05 — PE, , (v5)) x 7) da =
GSM,N

J Jrs i 1,8

M
> auw / (Ragn (VN — VMY s @) Ry n (VMY — VANY 5 R) daedt,
7=1

where
M\N = M\N _ & R )
Vj - (I)hM,N,RM,N (Uj) and V;’,s - q)hM,I\uRM,N (PSM,NUl)'

fori € {1,...,M}. Since Ps,, (v;) = Ps,,(v;) strongly in L*((0,T) x ), using Lemma A.2
of [68], and the continuity of the trace operator we deduce that

yMN _ V;'M = 6hM,RM (Uj> strongly in L2(0> T L2(880))

J

and
Vj]\fN — VM = @y, gy (Ps,,v) strongly in L*(0,T; L*(0S)).

Gathering the above convergences, we conclude

vo [ (= PR, (i) ) - (0 = P, (0)) X 7) da
oSy, N

— Ug /as ((upr — Pgw(uM)) xn) - ((v; — P;i{(vi)) X n) dz.

Then, by the continuity of y and x and the convergences ((5.97), (5.101)), (5.104), (5.111) and
(5.116]) we deduce:

0
,0/ guar v; dx +p/ (Qs,, (War) - V) ups - v; de + / 2pk(0rr) D (ups) = D(v;) dex
o Ot 0 Q
+ I/Q/ upr - v; do + 1/5/ ((unr — PE (unr)) x 0) - ((v; — P& (v;)) x n) dz
;Y] 0Sm

+ k‘/ (urr — P& (un)) - (v; — PE (v;)) da = ,0/ b-v; dr, (5.119)
Swmr Q

a.e. in (0,7) fori € {1,--- , M}, and

9,
) <§0M9M, <,0> — p/ crmOmQs,, (upr) - Vo do + /(FL(QM) + kls,,)VOy - Vo dx
ORI 0

_ /Q (msM lurr — PR, (unr)|* + 2(001) ]D(uM)]2)> o dx = ,O/ngo dz, (5.120)
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for all p € L*(0,T; H'(Q)).
To prove that
Oy =0 ae in (0,T) x Q,

we use a minimum principle technique. We take
wn = min{0,6y — 6} <0

as a test function in temperature equation. Then, we deduce

0
p <§CM0M> 90M> - /)/ cmbmQsy, (unr) - Vo dz
e

+/ (k(0r) + kls,,) VOr - Vour de < ,0/ wepyr de,
0 Q

a.e. in (0,7). By the definition of yy;:
VSOM = IL@MéQveMﬂ

then,
Q

The rest of the proof is based on the following equation

0 1
<§CM9M,%0M> —/CMQMQSM(UM)'VSDM dr = §/CM!SOM\2 dx
e e 0

Then, combining ([5.124)), (5.122) and (5.123) we deduce that

om =0,
and we conclude ([5.121)).

(5.121)

(5.122)

(5.123)

(5.124)

The proof (5.124)) follows from a regularization procedure. Formally, if we assume that
oy and 6y, are regular enough in time and using the definition of ¢,; several times, we

deduce

00 00
/ CMPM M + QSM(UM) VQM dr = / CMPM M + QSM(UM) VQM dx
Q at {0m <0} 8t

0
{001 <0) ot
1d

0
:/cMgoM( gt + Qs,, (urr) - V@M) dr = —— CM|90M|2 dx
Q

2dt

On the other hand, by the Reynolds transport theorem for a fluid-solid system

00
/CM(,OM( 82\/[ +QSM(UM) VQM) dI——/CMHMQDM dx
Q

0
:—/CMQM( gM +QSM<UM) V(,DM) dx.
Q t
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If @y is regular enough, the duality bracket (H')*, H' is

0 0P d
—cpf = 0 M e+ = 0 dz.
<ath M’SDM>(H1)*,H1 /QCM M~ + 7 CM MPM AT

Gathering the above, we conclude

t a t
/ <§CMOM, QOM> dt — / / CMHMQSM (UM) : V(pM dxdt
0 (Hl)*,Hl 0 (9}

1

_ _/CM\gpMy?dx, (5.125)
2 Ja

for ¢y and 6y, regular enough. Then using a regularizing procedure we can prove in the

same manner ([5.125)) for ¢y, and 0),. Then, gathering (5.122)), ((5.123)) and ((5.125)), we deduce

(.121).

5.4.2 Uniform estimates in M

To pass to the limit in M, we need to deduce estimates independent of M. Using equation

(5.119) and inequality ([5.46)), we deduce:

sup 2 / fure(t,2)? d + C unt oo zearny
te OT

+ k||uar — P& ( y <O (5.126)

Un HL2 0,T3L2(Sar

As we did in Section 5.4.1, we deduce the existence of a subsequence of {(unr, har, Rar) b s
(still denoted {(was, har, Rar)}ar), and functions

un € L0, 75 L ()7 N L*(0, T Hy ()%,
where L2(€) and H}(Q) are defined in (5.26) and (5.27)), and

(hn, Rn) € WH2(0, T; R? x SO(3)),

such that:
upyr — u, weak star in L>(0,T; L*(Q))3, (5.127)
upyr — u, weakly in L*(0,T; H'(Q))?, (5.128)
(har, Rar) = (b, R,)  weak star in Wh(0, T; R® x SO(3)), (5.129)
(har, Rar) — (b, R,)  strongly in C([0,T]; R? x SO(3)), (5.130)
ls,, — Lg, strongly in C([0,T7; LP(Q2)) Vp € [1,0), (5.131)
CM — Cn 1= Ch, R, strongly in C([0,T7; LP(Q2)) Vp € [1,00), (5.132)

and

P¥ uy = PEu, weakly star in L>(0,T,R), (5.133)

~

where S, := S(h,,, R,) and Js, := J(hy, Ry,).
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To obtain the strong convergence of the velocity we fix ¢ > 1 and take M > i. We recall
that Py, : L?(Q)% — V; is the orthogonal projection onto V;. We write (5.119) as

0
pEPVZ(uM> + ]P)VZAM = 0,
in (C°([0,T]; HY(Q2)))*, where Ay, is defined by

(An, o) = —p/ / Qs, (unr) - V) - s dxdt+/T/2uk(0M)D(uM) . D(v) dadt
+yg/0 /aQuM vdwdt+y5/ /%M uy — PE (un)) x 1) - ((v — P& (v)) x ) dadt

+k:/0 /SM(UM—P;L(UM))-(U—PSRA/I(U)) dxdt—p/OT/Qb~v dxdt, (5.134)

for allv € L>(0,T; H'(2))3. The next step is to prove that { Ay} s is bounded in L?(0, T'; (H*(£2))*)3.
Using (5.110) we deduce

/Q(QSM (Uar) - V)v - unr dredt| < Cllun|| oo o 7. 1200) 1V 220,751 (0)) -

The other terms in ((5.134]) can be estimated in a standard way, this implies that %PVZ. (upr)
is bounded in L2(0 T; (H'(©))*)®. As we did for the termperature in the previous section,
we can prove that 2wy, is bounded in L*(0,T; (H'(€2))*)* and

%UM - %un weakly in L*(0,T; (H'(Q2))*)*. (5.135)

Then, using (5.128)), the fact that the injection H'(Q) C L?(Q) is compact, we apply the
Aubin-Lions compactness result, and we deduce

upr — u, strongly in L2((0,T) x Q)®. (5.136)
Then, using (5.128)) and Holder’s inequality, we conclude
upyr — u, strongly in L*(0,T; LP(2))*  (p < 6) (5.137)

or
upn; — uy strongly in L'3((0,T) x Q)2 (5.138)

Using Lemma 3.2 in [19], we deduce

upn; — up strongly in L¥3((0,T) x 0Q)). (5.139)
On the other hand, by (5.38)), (5.39) and ([5.136]) we deduce
P& upy — P, strongly in L*((0,T) x Q)°. (5.140)

To obtain boundedness properties for the temperature, first we take ¢ = 1o, in (5.120))
and we conclude that
0y is bounded in L*®(0,T; L'(Q)). (5.141)
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On the other hand, taking ¢ = 03, in (5.120) for A € (—1,0), we have:

T T
/ / (k;]LSM u— PR, > + 2u(60) |D(uM)|2)) 0%, dudt + p/ /w% drdt
0 Q 0 Q
T
— / / (k(Onr) + ks, ) VO - VO, dadt
0 Q

T
:p/ <3C];t9M 9/\> da:dt—p/ /CMQMQSM(W)-VGQ dxdt. (5.142)
0 (H')*H o Ja

We note that, by a regularizing procedure, the right hand side of the above equation is:

p/ <86M9M 9’\> dxdt — / /CMGMQSM(UM) Vo, dxdt
0 at (Hl) Hl

= (T TP gy = ot )

Then, since

T T
/ / (k(Onr) + kls,,) VO - VO, dodt = A / / (K(0ar) + ks, ) 037 | VO |5 dadt,
0 Q 0 Q

A€ (—1,0), 0y = 0 > 0 and Hypothesis we deduce

/OT/Q (k(On) + kls,,) ‘V(QE\/AIH)/Q) 2

The above implies that QJ(QH)/Q € L*(0,T; L%(Q)) for all A € (—1,0). Then, we deduce that

dadt < C. (5.143)

and we conclude (5.74]). Moreover, since

T T
/ / VO | dedt = / / V0 [° 055200V gy
0 Q 0 Q
T 5/2 T (1-n)s (2—5)/2
< (/ /|veM|2eg41 dmdt) (/ 0,2 dxdt) :
0 Q

using (5.143) and m, we deduce

H9M Leorawiey < C for s € [1,5/4). (5.145)

Gathering ([5.144)) and (| we deduce the existence of a function 6,, € L"((0,7)) N
L0, T; WHs(Q)) for r € [1,5/3) and s € [1,5/4) such that:

Orr — 0, weakly in L"((0,7) x Q) for r € [1,5/3), (5.146)

and
Orr — 0, weakly in L5(0,T; W*(Q)) for s € [1,5/4). (5.147)

As we did in Section [5.4.1, we need the strong convergence of the temperature to pass to
the limit in p(0yr) and x(0yr). To do this we apply the div-curl Lemma [46, p. 343| in the
following manner:
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e We define the vectors in R*:

an = (pCM9M7 Qla Q27 Q3>7
where
Q = perOuQs,, (Uar) + (k(0am) + kls,, )V,

and
by = (63,,0,0,0) for v > 0.

e Using (5.131)), (5.146)), (5.147) and (5.110)), we deduce
v = (pealh, @1, @2, @) weakly in (0, T) x ©) for a € [1,5/4).

and

by — (67,0,0,0) weakly in L*((0,T) x Q) for b € [1,5/37),
where Q1,Q2,Q3 and @ are weak limits.

e By the a Sobolev embedding

T
| (bt = P, () P+ 210620) D (s 0 st
0 Q

<C ”UM||L2(0,T;H1(Q)) ||90HWLP((O,T)><Q) )
for p > 4. Then, using ([5.120) we deduce that

p% (eafn) + div.(Q) € L'((0,T) x Q).

Then, by the Sobolev embedding theorem we deduce that div,, ays is precompact in

(WP((0,T) x ))* for p* € (1,4/3).

dinJ apr =

e By definition of the curl

0 9 obm 06 obn 00 o0n
1 8a32 6:1?3
90m

y—1 0
curl bM = Vt be Vt be 6 _(90%\14
Oxo
_09ym
Dz

Using (5.144) and (5.145]), we deduce that curl by, is bounded in L*((0,7) x ). Then
by the Sobolev embedding theorem, curlb,,; is precompact in (Wlp(( ,T) x Q))* for

O
0
0

p* € (1,4/3).
Gathering the above, and choosing a, b and « such that % + % = 1+_w < 1, for w small, we
use the Div-Curl Lemma [46] p. 343| and we conclude that
a7, — 0,07 weakly in L'((0,T) x Q). (5.148)

To prove that 6 = 07, we use Minty’s method. Since the function z € RT — 277! is
increasing and continuous for v > 0, we have:

t
/ / exr(00, — W) (02 — h)dx >0 Vh € L'((0,T) x Q), h > 0.
0 Q
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Then using (5.132)) and (5.148)) in the above inequality we deduce
t
/ / en (@ — BV (0 — h) dadt >0 Vh € L*2((0,T) x Q), h > 0.
Q

Since 6,, > 6, we can choose h = 0, + M\ with ¢ € L'™((0,T) x Q), ¥ > 0 in the above
inequality and taking A — 0 we deduce that:

t —
/ / cn(On — 00)9 dxdt = 0.
0 Jo

Then, we conclude that 67 = 07 and we obtain
epfl T — 00 weakly in LY((0,T) x Q). (5.149)

Then,
O O yeakly in L((0,T) x Q),

and

= Ci/(lwen”mw(m '

L1+~

Therefore, we deduce

gy, — /6, strongly in L((0,T) x €).

Then, using (5.144)) we deduce
Oy — 0, strongly in L"((0,7) x Q) for r € [1,5/3). (5.150)

5.4.3 Passing to the limit in M

To pass to the limit (5.119) we have to show the convergence of the boundary term in 0Sy,.
To do this, first we make the following change of variables:

/ / ((unr — PE (upr)) x 0) - (v — P&, (v)) x n) dadt =
OSym
/ / (R (UM = UMY x ) - (R (VM = VM) x ) dadt,
8So
where

UM = 5hM,RM (uM>7 Ué\/l = 6hM,RM (PéRMuM)7 VM = 6hM,RM (U) and VsM = 6hM,RM (PEMU).

By (5.137), Lemma A.2 of [68], an interpolation inequality and the continuity of the trace
operator we deduce that

UM — U™ = ®y,, g, (u,) strongly in L*(0,T; H*(0R)),
for all s < 1/2. In particular,

UM — U" = @), g, (u,) strongly in L*((0,T) x 0Q)).
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Similarly, using ([5.140)) we deduce that
UM — U = @y, g, (PE (u,)) strongly in L*((0,T) x 9Q).

Moreover,
VM 5V =0, g, (v) strongly in L*(0,T; H/?(8S,))

and
VM 5V, = @, g, (Ps,v) strongly in L*(0, T; H?(8S,)).

Gathering the above convergences, we conclude

/o /as ((uar = P, (uar)) x n) - (v = Pgy, (v)) x 1) dadt —
/ /as — Pg, (un)) x n) - (v = Pg, (v)) x @) dzdt. (5.151)

Using (5.128)), (5.131), (5.132), (5.135)),(5.137), (5.139), (5.150)), (5.151)) and (A.17), we
apply integration by parts in (5.119)) and we obtain:

p/t <%,v> - dt—p/t/(an(u_n)-V)v-un dmdt—{—/ot/QQuk(&n)D(un) : D(v) dxdt

+VQ//mun vda:dt+1/3/ /88 o — PR (u)) x ) - (v — PE(v)) x ) dadt

+k//(un—P§un)( — PE (v d:vdt—p//b v dxdt, (5.152)
0 n

for all v € L*(0,T; H:()). Taking v = u, in the above equation we deduce (5.73), and

taking ¢ — 0% in (5.152) we deduce (/5.68]).
To pass to the limit in equation ([5.120)), we need to prove

/Ot/QkILSM |uM — P;?M(uM)‘2 + 201 (011) | D (ung) ) dacdt
R /t /Q kLs, [wn — PR(un) > + 20x(6) [D(wn)? dedt. (5.153)
0
We notice that by the strong convergences and we can prove that
”uM - P‘Z‘QM”MHL%O,T;L?(SM)) - Hun - P;iu”HLQ(D,T;Lz(Sn)) .

By the weak convergence of D(u) in L*((0,7T) x ), we have:

t
/ /2uk(9n)\D(un)\2 dxdt < hmlnf/ /Q,uk (0ar) | D(upg)|* dadt.
0 Ja
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Taking uy; as a test function in (5.119)), we deduce:

llmlnf/ /Q,uk (Onr) | D(ung)|” dadt

t
:ﬁmjnf(—e/mM(t,-ﬂz dx—i—p/ /b-uM dacalt—kg/|uM(O,-)|2 dx
M—o00 2 Q 0 (e} 2 Q

t t ¢
_yﬂ/ une|? dxdt—ys/ |(u = P& unr) % n|2 dxdt—k:/ / |ua — 1[’g~i[(2u\4)|2 dxdt |.
0 Joo 0 Jos 0 JSu

Then, since lim inf < limsup and using (5.152) with v = v we deduce

l%&ninf/ /Z,uk (Orr) | D(upg)|® dzdt < / /Q,uk ) |D(u,)|* dedt,
—00

and we conclude ((5.153|
Then, taking ¢ € Cl([O,T], Whe(Q)) such that o(T,-) = 0 we pass to the limit equa-

tion(|5.120)), and we obtain

—P/ /Cn n( + Qs, () - Vgp) d:cdt+/ / W)+ kls, )V, - Vo drdt

— / / kls, |u— Pgiun{ + 241,(0,) |D(un)|2) ¢ dadt
Q
° T
:p/ c(0,2)8pp(0, x) dm+p/ /wgp dxdt. (5.154)
Q 0 Q

Let ¢ € WHP(Q) for p > 4. Using (5.154) we deduce

T
0 _
/ <atcn9n7 90> dt < O( 1@s, (Un)HLoo((o,T)xQ) 1021l - 0.7y x) +CF, 5(Q)
0 wW-1p* Wip

+kHu" Pg; (uy HL2 0,T;L2(S +HV/"€ )D(un)

for all € [1,5/3) and for all s € [1,5/4) where 1/p + l/p* = 1. Then

L2((0,T) 92 Hw”m((o,T)XQ)—FH90”L1(Q)) HSOHWl,p(Q)

%cnen is bounded in L*(0, T; (W?(Q))*),

and we deduce (}5.69).
To prove 6 is bounded in L>(0,T; L*(2)), we integrate in [0,7] and we take as a test
function ¢ = 1 in (5.69)) and we deduce that

p/cn(T, )0, (7, x) doe = / cobo d:iH—/ /k’]lgn |, —Pg(un)‘2—l—2,uk(9n) |D(uy)|? d:vdt—l—p/ /wdx'.
Q ) o Jo o Jo

Since the right-hand side of the above equation is bounded, taking sup over 7 € (0,7) in the
above equation, we conclude

16l oo 0,721 () < €
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with C' independent of k. Combining the above inequality with 5.143,15.144: and ([5.145))
we deduce (5.74). To prove (5.70) we take ¢» € C(2) as a test function in (5.69) and we

integrate in [0, 7] and we obtain

p/an(T, )0, (7, x)(x) dz
= /900001/1@) dx+/0T/Q(k]lgn |y — P;i(un)‘Q—i-Quk(Hn) |D(un)|?)ep(2) dadt+p /OT/sz/J(x) dr.

Then, since the right hand side is bounded, we take the limit when 7 — 0" and we deduce
(5.70) .

5.4.4 Introduction of the pressure

To introduce the pressure we use the following lemma

Lemma 5.4. Let Q a C' bounded domain of R3, (h,R) € R? x SO(3), Y € L% (02)3*3,
be L2(0)3, ce L*2(00)® and d € L*+(0N) with s1, sy and s3 in [1,00). Then, there erists
a function p € L*(R2) , where s = min(sy, Sq, S3, 84), such that

/pAzd:v:/Y:VQde—I—/b-Vzdm—I—/ c-Vzdx
Q Q Q 9

+ /  (dx7) (V2= Psyp(V2)) x ) dr, (5.155)
88(h,R) ’

for all z € W?™(Q) with Vz-n=0 on 0, [,z dx=0and :+1=1.

Proof. Let z € W*"(Q) with Vz-n = 0 in 9Q, [,z de = 0. We define the functional
D : L"(2) — R such that: for all f € L"(Q) with [, f dz =0,

D(f) :/Y:v% d:c+/b-w dx—l—/ c- Vi dx
Q Q o9
+ /A (dxmn)- (VY — Pg(th)(Vw)) xn) dx, (5.156)
88 (h,R)
where 1) is the solution to the Neumann problem
At = f in Q, Vz/wﬁzOonaQand/wdx:O. (5.157)
Q

By the properties of the Neuman problem D € (L"(£2))*. Then, by the Riesz representation
theorem, there exists an element p € L*(€2), such that

D(f) = /pr dz, (5.158)

for all f € L"(2). Then, taking f = Az and combining (5.156)), (5.157) and ([5.158) we
deduce ([5.155]). O
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To construct the pressure, we consider a function v € H'(2)? such that v -7 = 0 on
09 and, by the Helmholtz-Weyl decomposition, there exists two functions, vy € H1(Q)? and
z € W*2(Q) such that

v=1vy+ Vz.

In the above decomposition the function z satisfies the Neumann problem

Az =div(v) in 2, Vz-n =0 on 00 and /zda:zO.
Q

Then using vy as a test function in (5.152)) we obtain:

p<%,v>(m)*ﬂl —p/Q(an(u_n)‘V)v-un dx+/g2un(9k)D(un) : D(v) dzx
+VQ/ unmda:—l—yg/ ((un — P& (up)) x 1) - (v — P& (v)) x 1) dx
o0 as
+ k:/ (up — PE (1)) - (v — P& (v)) dz
O : z) dx Uy,) - z Uy, dr
_p<ﬁ’vz>(m)*,m‘ [ 210600 DV2) dotp [ (@) 9) V2, 4
— Up - Vz dx — v, u, — PXu n) - ((Vz— PX(Vz)) x n) dz
o [ e Ve de—vs [ (= PEw) xn) - (9= PE(V2) ) d
k[sn(un—Pgun)-(Vz—Pg(Vz)) dx:p/ﬂb-vdx—p/Qsz dx.

Using a regularization procedure, div(u,) = 0 in Q and u, - n = 0 in 92 we can prove that

<%7 VZ> _o (5.159)
at (Hl)*,Hl

Moreover, using that
1Qs, (Wn) @ nl| 2((07yx0) < Ck
by Lemma [5.4] there exists a function p, € L2((0,7T) x ) such that

/pnAz dr = / 20(0,)D(uy) : D(Vz) dx — p/ (Qs, () - V)Vz-u, dx
0 0 0
+yg/mun -Vz dx—l—ygfas ((un — P&uy) x n) - (V2 — PE(V2)) x n) dz

+ k:/ (up, — PZuy,) - (V2 — PE(V2)) dx — ,0/ b-Vzdr. (5.160)
Sn Q

Then, using that div(v) = Az we deduce (5.67)).

Remark 5.5. We notice that if we dismiss the assumption that the densities of the fluid and

the solid are equals (see equation (5.25)) ), then, equation (5.159) does not holds. Instead, if
we called p = 1z, ps + 1s, ps, then,

Oppiiy > 0z d .
,Vz =—(p —ps)/ Up - N— dx + (p —ps)—/ Uy, - Nz dx.
< ot ——— f oF, ot f dt Jor.

Remark 5.6. We notice that the sequence {p,}, is not bounded in L*((0,T) x Q) when
k — oo. Suitable bounds will be obtained in Section[5.5.2.
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5.5 Passing to the limit £ — oo

This section aims to pass to the limit in the penalization parameter & and 6. Then, we
consider

5=1/k

and we take k£ — oo. To simplify and clarify the notation, we call u,, = u; omitting 9.
First we notice that (5.73)) does not imply that wy is bounded in L?(0,T; H'(f2)). There-
fore, by (5.73]), we deduce that there exists

u € L0, T; L2(Q)) (h, R) € W'>°(0,T;R* x SO(3)),

where L2(Q) and H}(Q) are defined in (5.26) and (5.27)), such that:

up — u weak star in L°°(0,T; L*(2)), (5.161)
(R, Ri) = (h, R) weak star in W>(0,T;R* x SO(3)), (5.162)
(hg, Rp) — (h, R) strongly in C([0, T]; R* x SO(3)), (5.163)
Lg, — Lg strongly in C([0,T]; L*(Q2)) Vp € [1,00) (5.164)
and
¢k — ¢ := ¢y g strongly in C([0,T]; LP(Q2)) Vp € [1, 00). (5.165)
We write
Psu:=0(+wx (x—nh) in (0,7).
By (5.161) and (5.163)), we conclude:
PZuy, = P&u weakly star in L*(0,T,R). (5.166)
where S = g(h, R) and Js := j(h, R). By the equation (5.73]) we deduce that:
p¥ << 5.167
Huk - SkukHLQ(O,T;LQ(Sk)) S Uk (5.167)

Then, taking k — oo, we deduce that u = PFu in S.

o~

For any (h, R) such that dist(S(h, R),02) > 26, we can construct an extension operator:
Brpp : {u€ HF(h,R)); u-n=0on 90} — HL(Q)
such that
”E]?(h:R) (U) ||H1(Q) g C5||U||H1 (]?(h,R))' (5168)

Taking &y such that:
1
0 <9y < 1 dist(Sp, 02),

and following the proof of Proposition 4.6 of [68], we deduce from (5.64)), (5.65)) and (5.73)),
that we can choose T' > 0, uniform in k£ such that

dist(Su(t), 99) = 26, (t € [0,T)).
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Then, we define
upk = Ezg, gy (Un)- (5.169)

Combining (5.168) and (5.73), we deduce the existence of a function vy € L*(0,T; H:(S2))
such that

usp — uy weakly in L*(0,T; H'(Q)). (5.170)

Finally, since
U = uk]lfk + (uk — P;i(uk))ﬂgk + PSRk(uk)]lSka

since (5.161)), (5.164), (5.166)), (5.167) and (5.170) we deduce that u = u;1x 4+ PX(u)ls.
For the temperature, since (5.74)) is independet of k, we deduce the existence of a function
0 and a subsequence of {0}y (still denoted {6 }x) such that:

0, — 0 weakly in L"((0,7) x Q) for all r € [1,5/3), (5.171)

0 — 0 weakly in L*(0,T; W"5(Q)) for all s € [1,5/4), (5.172)

and, using Poincaré inequality,

(@)

|0 — Ps (6 < - (5.173)

2
)||L2(O,T;L2(5k)) Sk

Then, taking k — oo, we deduce that 8% = P in S. Therefore, since VO* = af*~ V0, we
conclude that VO(t,-) = 0 in S(¢) a.e. in (0,7).

5.5.1 Strong Convergence of the velocity field

To pass to the limit the convective term, we need the strong convergence of the velocity. To
do this we follow the main steps of Section 7 of [128] (see also Section 5.5 of [6§]).
We define the space

Hi(Q)? :={ve H:Q)?; D(v)=0in S}

and we denote by
Pi o HE(Q)? — HE(Q)? (5.174)

the orthogonal projection.
Using (5.163]), we deduce that for all d > 0, there exists kg such that for all k£ > kg,

[C1fSW

Si(t) C (S(t))2 Vvt e [0,T]. (5.175)
Moreover, using the Heine theorem, there exists N(d) > 0 such that if
7:=T/N and I;:=[jr,(j+1)7]

then

(St)2 C(SGT)T C (SH)* (te ).
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Then, we consider a test function v € C§°((0,7T), H:(Q2))? such that D(v(¢,-)) = 0 in
(S(j7))% and v(t,-) = 0 if ¢ ¢ I;. With such a test function in (5.67), the integrals related to

the penalization term and the pressure vanishes, and we obtain the following estimate:

1/4

ov _ 3/4
PUE - e drdt| < C( Qs (uk)||L2(o,T;L4 ||Uk||Loo (0,T;L2(2)) ||uf,k||L/2(07T;H1(Q))
Q

R f—
+ Hpsk (Uk)HLoo(QT;R) HUkHLoo(o,T;L2(Q)) + H Mk(ek)D(Uk)‘ L2((0.7) <)

+ ||b||L2((07T)><Q)> ||v||L8(Ij;H1(Q)) (5176)
From and (A.14)), we have

Qs () = Tkll 20 1o (7))
1\# 5 _ _
<C (E) [l 20,0101y + W@ = Py Taie) - 1ol 2o 11005y |+ (5-177)

for p € [2,6]. Moreover, using a Sobolev embedding and an interpolation result, we can check
that for p € [2,4],

3/2—2/p H

_ 5 ~112/p=1/
| (o — Ps) - nHLP (0Sk) < O - Psw) - HHI/Q(ask H2p a6

PS uk» H_l/Q(aSk) .

Using that
[ = Pl o5,y < ok = Tl ooy + [l = Pt s,

a trace theorem and ([5.167)), we deduce

T T
o N . . o c
/ (@ — Ps,) - Al ;10 95, At < / @ — P ti| s, dt < llun —“k”LQ((o,T)xﬂ)*ﬁ-
0 0
On the other hand,
H(u_k - PSRku_k> 'ﬁHHl/Q(QSk) < ”uf,kHHl(]:k.) + “uk‘“L?(Sk) :

Then, we deduce

| (g — Ps,ux) - ﬁ“L2(0,T;LP(8Sk)) <
C 2/p—1/2 1\ i 3/2-2/p 3/2-2/p 5.178
[ur — urll 2(0,1)x0) T - [pe (0T;HL(F) T lu ’CHLQOTN(S )" (5.178)

In particular,
{Qs, (uz)} is bounded in L*(0,T; L*(2))>. (5.179)

Combining the above estimate with (5.73)) in ((5.176)), we deduce

o) : : .
{(‘%P () (u )}k is bounded in  L%7(I;; (H{g(jma(2))°)*.
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Using the Aubin-Lions lemma we deduce

Plsgimye () = Pisijrya(w) strongly in L2(15; (Higj)a(2))° (s € (0,1]).

S(jm))e
Then using the relation

0 s s
P(S(]T))dp(s(t))%l — P(S(t))gd Vt - ]]’

we deduce for any s € (0, 1],

T T
klg]élo/o /Quk * Plsqyzaur) drdt :/0 /Qu~73(55(t))2d(u) dxdt.

Then, using Corollary [A.1.4] (5.167) and (5.73), we have for s € (0,1/3)

2
dt < C(d2(1/373) + k71/2 + k571>
He#(Q)

[t = P

and

2
dt < CdQ(l/g_s),
Hs(Q)

T T
lim/ /|u;€|2 da:dt:/ /|u|2 dxdt
k= Jo Ja 0o Ja

and this allows us to deduce that

/0 ot = Prgpente. )

so that

up — u strongly in L*((0,T) x Q). (5.180)
Using ((5.164) and m we deduce
17, u, — 1ru strongly in L*(0,7T; LP(2))*  (p < 6). (5.181)
On the other hand, from and , , we have
P&uy, — P&u strongly in L*((0,T) x Q)°. (5.182)

Using (5.180) and the continuity of the trace operator we deduce that
upp — uy  strongly in L*((0,T) x 9Q)>%. (5.183)
However, for p < 8/3 we have

2—1 1+1/2)
ekl o) < Nunlouogy < Nkl 240507 il izl

for any [ > 1 — 2/p. Combining the above identity with (5.183) we deduce that
wy, — u strongly in L¥3((0, T) x 00). (5.184)
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5.5. PASSING TO THE LIMIT k£ — 00

5.5.2 Decomposition of the pressure

As we discuss in Remark we can’t prove that the pressure p; is bounded in §2 indepen-
dently of £ . Then, this section aims to decompose the pressure in 2 parts: a first part in
L>3(0, T; L°3(Fy)), like in the Navier-Stokes-Fourier model without a rigid body inside and,
a second part in L*Y3(0,T; LY3(F)).

We start by defining the partial pressure p, ), € L*3(Q) as the solution to the equation

/p2,k: Az dr = p/ (Qs, (Wg) - V)Vz - uy de, (5.185)
Q (Sk)O1\Sp

for all z € H*(Q) with [, pa dz =0 and Vz -7 = 0 in 9Q. The existence of poy, is secured
by Lemma [5.4]

Then, we define the pressure p;  as:
D1k = Pk — P2,k (5.186)
and we claim that p; ; satisfies
le’k”L5/3(0,T;L5/3(]-'k)) < C. (5187)

and, consequently, using 1x — 1z strongly in C([0,T]; LP(Q2)) for p € [1,00) there exists a
function p; € L33(0,T; L>(F)) such that

17,p1x — 1xpy weakly in L¥3((0,T) x Q). (5.188)
To prove (5.187)), let z € H?(Q2) the solution to the problem
Az =15Az in()

Vz:-n=0 ondf) and /zdx:O,
Q

where z; € H?(F},) is the solution to the problem

‘pl,k‘ﬁLQ Pk dr in Fy

_ 1
Az = ’pl,k|ﬁ 2101,k + O\ Sy
Fk

Vzi-n=0 onakaQand/ z1 dx =0,

Fr

ad, where 8 € (1,2]. We recall that by standard theory of the Neuman problem
HVZHﬁ/l,ﬂ*(Q) <0 ”pl,k”iﬁ(}‘k) )

where 1/8 +1/8* = 1. Since
/(Vz —1£Vz) -Vodr=0 forall ¢ € C*(0Q),
Q

and

/ (Vzy = Vz)-ndr =0,
0Fn
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we deduce that
Vz=1£Vz. (5.189)

Combining (5.160)), (5.160) and (5.189) we deduce that p; j satisfies:

/pl,kAz dr = / 205 (0r) D (uy,) : V22 dw — p/ Uy @ uy : V22 do
Q Q oSt

—p/ P (ur) @ ug : V32 dx+yg/ up - Vz dx
Sk G

+ s /85 (g — PRup) x 7) - (V2 — PE(V2)) x ) do — p/Q bV do. (5.190)

Then, we deduce
¢ t
0 0 Ja

¢ ¢
—p/ / Ur @upy : V2 dxdt—p/ / PSRk(u_k)®uk:V22 dxdt
0o Jasi 0 Js,

t t
+ I/Q/ / uy - Vz dedt + 1/5/ / ((uk — P&uy) x 0) - (V2 — P& (V2)) x n) dadt
0 Jogo 0 Jasy

t
—p/ /b~Vz dxdt. (5.191)
0 Jo

Then, using Holder’s and Young’s inequalities we have:

t B 1 T
21, (0,)D () : V22 dadt < - b dt
/O/Q 1 (0) D(ug) - V22 dadt < ¢y LQ((O,T)XQ)_'_S/O 126ll75 7, 2,

a0) D)

t
2 2
/0 /Qb Vz dzdt < ¢ (HbHLQ((O,T)xQ) + ||VZ||L2((0,T)xQ)>
2 2
S G <||b||L2((o,T)xQ) ta3 ||VZ||LB*((0,T)xQ)>

1 T
2
< ea s +ei+ 5 | Ioulags,
¢ T T
1
/ / U @y V22 dzdt < 05/ /|m®um|ﬁ dxdtJrg/ ||pk||’i6(fk) dxdt,
0 JO\S! 0 JQ 0
' R 2 R B B Lt B

/0 /S Ps, () @uy, : Voh dzdt < cg ||Psk (u_k>HLoo(0,T;'R) ||Uk||L2(o,T;L2(3k))+§/O ||pk||m(;k) dxdt,

k

! T
1Z9) 9 1 5
-Vzdr < — + dz.
VQ/O /aQ U= V2 0l s HukHLQ((O,T)XBQ) +er+ 8/0 Hpk’HLﬁ(]—‘k) x
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5.5. PASSING TO THE LIMIT k£ — 00

and
t
Vs/ / ((up — P‘Z«iuk) xn)-(Vz— PSRk(VZ)) x n) dxdt
0 Sk

T
2 2 1 B
< 8 (HukHL2(0,T;H1(.Fk)) + ”PSRk (uk)HB(O,T;L?(Sk))) +Co+ §/0 HpkHLﬁ(ﬁ-) dz.

Combining the above estimates with (5.191]), we deduce

T T
/0 pell o 7, dt<C+/0 /Q|m®uf,kyﬁ dxdt.

Finally choosing 8 = 5/3 we obtain

5/3 5/3
/ HpkHL/5/3(]-‘ dt C + HukaLlo/is‘(OT LlU/S(Q) Huf,]fHL/10/3(07T;L10/3(Q)) )

and since u;, is bounded in L'%/3((0,T) x Q) we deduce (5.187).
We notice that, by the same procedure that we proved ([5.187)), we can prove that

/ ||p2k||L4/3 ) dt <.
0

However, we don’t use this bound in the following sections.

5.5.3 Strong Convergence of the temperature

To pass to the limit the viscosity, the yield stress and the heat conductivity, the weak con-
vergences and are not enough and we need the strong convergence of the
temperature. To obtain the strong convergence, as we did before, we follow the main steps
of Section 7 of [128] (see also Section 5.5 of [68]) with some minor changes due to the fact
that the temperature is an scalar function and the a priori estimates are not the same.

We define the spaces

H3(Q) :={p € H:(Q) ; Vo =0in S}
and
WEP(Q) = {p € Wh(Q) ; Vo =0 in S},

and we denote by

P H(Q) — H(Q)

the orthogonal projection.

Then, we consider a function ¢ € WH?(Q), for p > 20, such that Vio(-) = 0 in (S(j7))¢
and we take 1, (t) as a test function in (5-69). Then, the integral related to the penalization
term vanishes and we deduce:

[ (B o] <

Vot

p

C (108 025010776 1@ @ 20 7500) + IO e oy

R 2
L2((0.1)xE) +k Huk - PSk<uk)HL2(O7T;L2(3k)) + ||wHL2((0,T)><Q) ) H<P||W1,p(ﬂ) :
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CHAPTER 5. A NAVIER-STOKES-FOURIER-RIGID BODY SYSTEM

Combining the above estimate with (5.73)) and (5.179) we deduce

0 : : -
{EP?S(jT))d((Ckek)}k is bounded in Ll([j;W(S(fT%;g(Q)).

Moreover, since 8 is bounded in L?(0, T; L*(Q)) for 8 € [1,4/3) we have that
Pls(ira(csbi) is bounded in LP(0, T; L*()) for § € [1,4/3).

Since the inclusion L? C H (S for s € (0,1) is compact. From Aubin-Lions Lemma (see

Corollary 4 in Section 8 of [135]) we deduce

P?S(j,r))d<ck9k) — P?S(jT))d(CQ) strongly in L (I;; (H{s(jra(2)) (s €(0,1]),

for § € [1,4/3). On the other hand, since

B* . .
S [ a||(1-s)B allB
HP(S(t))dek) He () S ”ekum(ﬂ) HekHHls(Q)u

for all @ € (0,1/2), we deduce

Pls(2a(0);) is bounded in LP7(0,T; H¥(Q2)) for B* > 4 and s € (0,2/8%). (5.192)
Then, using the relation

P?S(jT))deS(t))2d = Pfs(t))m Vit € Ij
and ([5.192) we deduce

T T
]}1_{210/0 /Qckﬁk Pl (0;) dadt :/o /QCQ Pls(py)2a(07) dadt.

for o € (0,1/2). The following step is to prove that

T T
lim/ /Ck9?+1 dxdt:/ /c@‘“rl dxdt, (5.193)
k=0 Jo Ja 0o Jo

for a € (0,1/2). From Corollary [A.2 and (5.173)), we have for s € (0,1/3)

r 1
/ ‘ dt < C (d2(1/3—8) + —) . (5.194)
0

2

0 (t,) = Pl i (8, )|

T
| et =Ptz
Then, using (5.194)) and ([5.195)) in

T T T T
/ /ckeg“ da;dt—/ /09"‘+1 ddt —/ /ckaPfS)d(G,ﬂ‘) dxdt—/ /cHP?S)d(HO‘) dxdt
o Jo o Jo 0o Ja 0o Jo

T T
+ / / k(07 — Piga(07)) dadt — / / cB(0° — Pigu(0%)) dudt,
0 Q 0 Q

k

H#(Q)

and
2

dt < Cd*/3=9), (5.195)
H3(Q)

170



5.5. PASSING TO THE LIMIT k£ — 00

we deduce . Since, ¢, — ¢ strongly in C*(0,7’; L*(Q2)) for p € [1,+00) we deduce

lim/ /00‘+1 dzdt = / /(9“Jrl dzdt
k—o0

for o € (0,1/2). Finally, by the weak convergence (5.171)) we conclude

0 — 6 strongly in L"((0,T) x ) for all r € [1,5/3). (5.196)
Using ((5.196)), we deduce that
0 — 6 almost everywhere in [0, 7] x Q. (5.197)

Then, using (5.74), (5.197) and Fatou’s Lemma we deduce
0 € L>(0,T; L'()).

5.5.4 Passing to the limit in the equations

Let us fix a € (0,2). In this section we will pass to the limit the weak formulation of the
momentum equation first and after that, the weak formulation of the energy equation
(5.69). The weak formulation of the momentum equation involves discontinuous test
functions. However, equation involves H' test functions. Therefore, following the
approach of [68](see also [17]), we work with a special sequence of test functions defined in
the following lemma:

Lemma 5.5. Let  a C*' bounded domain and, (hy, Ri)ren @ sequence such that
(R, Ri) = (h, R)  weak star in W>(0,T;R*® x SO(3)),
(hg, Ri) — (b, R)  strongly in C([0,T]; R® x SO(3)).

We define S, = g(hk,Rk) and S = g(h, R), where S is defined in (5.1). Let us fix « > 0
and assume v € Tr(S) (see (5.28)). Then, there exists a sequence

vy € WH2(0,T; L2(Q))* N L>=(0,T; H'(Q))? (5.198)
with v, - = 0 on 02 and such that:

Vg = ]l;kvf + ]lSkUs,k: (5199)
where
Vs € LP(0,T; HA(Sk))?, (5.200)
118, (00 — 08) o oy = O~/ 11P=1/0)), (5.201)
for all p € [2,6],
vp — v strongly in C([0, T); LP(£2))?, (5.202)
for allp € [1,4),
||UkHC([o,T];H1(Q)) = O<ka/2)7 (5.203)
and
8 * a . 00 2
Is, e + P& (ug) -V | v, = 1s e + PX(u) - V ) v weakly star in L>(0,T; L*(Q)).
(5.204)
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Proof. We define
e = By, (A‘Sl71/k3a/4(q)h,R(vf), cpm(vs))) , (5.205)

where A% is defined in (A.1.5), and ® and ® are defined in (5.41) and (5.42). Then, it

follows that ([5.199), (|5.200' , (5.201)) and (5.203)) hold. Using (5.201)) and ((5.178) we deduce
(5.202)). Deriving (5.205)), we deduce

ag‘;k + (Ps, g - V) Vg — Wp X Vg jp — 8(;;8 +(Psu - V) vy — w x v, weakly star L>(0, T; L*(€2)).
Then, using (5.201)) and that wy, is bounded in L*°(0,T;R3), we deduce (5.204). ]

We assume that v € T7(S) (according to definition (5.28))) such that vy € C*([0,T7]; L4(2))
for ¢ > 4 and v(T,-) = 0. By Lemma there exists a sequence of functions vy satisfying

(5.198)-(5.204). Taking ¢ = vy in (5.67) and integrating in (0,7"), we obtain

T
_p/ / (3% (Qs, (Ty) - V)Uk) -y, dmdt+/ /2Mk(9k)D(uk) . D(vy) dwdt
o Jo
T
_/ /(pl,k + pog) div(vy) dmdt+y9/ / wy, - vy, dodt
o Joq

+ ,,S/ /{)Sk ~ PR (w) ) - (v — PE(w)) x ) dedt
—I—k‘/ /Sk up — PE(wp)) - (v, — P& (vy,)) dwdt = p/ ug - (0, ) dx

+p/ /bvkdxdt (5.206)

To pass to limit all the terms of the above equation we proceed as follows:

e To pass to the limit the first term of (5.206)) we notice that

T
o Ja ot

T
0
+p / / s, <% (Ps, (@) - V) Us,k> cuy dadt.

Combining (5.164)) and (5.181]) we deduce

T 8vf T (%f
17, —= - uy dxdt 1r— - u dxdt.
p/o /Q i 8t U AT —)p/o /Q F at u axr

Relation (5.56)), (5.178)), (5.177) and (5.73) imply

17, (Qs, (x) — ug) — 0 strongly in L*(0,T; LF(Q))
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for all p < 4. Gathering the above limit with (5.181) and (5.164]), we deduce
17, Qs, (W) — 1ru strongly in L*(0,T; L(Q)) (5.207)

for all p < 4. Combining this with (5.181) and (5.199)), we obtain

T T
P/ (@, (@) - Vg - ug dadt — ,0/ /(u - V)vy - u dudt.
0 JFk 0o JF

Finally, from (5.56)), (5.164]) and (5.204]), we deduce

/ /1Sk (a”k (Ps, (@) - V) v )uk dwdt—>/ /13( + (Psu- V) )«udmdt.

e Since v, € L*(0,T; H'(Q)) we have that

div(vg) = 1, div(vy) (5.208)

and
D(vi) = 17D(vy) + L5, D(vs p)- (5.209)

Using ((5.209)) we have that

/OT/Q2Mk(9k)D(Uk) : D(vy,) dzdt = /OT /fk 21 () D (uy,) = D(vy) ddt

T
e / / 241 (0) D(ug)  D(vs ) dadt.
0 Js,
Using ((5.73), Holder’s inequality and (5.203) we deduce
T
= / / 201(04) |D(up) - D(ves)| dadt < CE2.
0 Js,
Then, choosing o < 2 and using Hypothesis ([5.1)), (5.170) and (5.196) we conclude

/OT/S;Q,LLIC(GIC)D(UIC) : D(vy,) dxdt — /OT/FQMG)D(u) : D(vy) dadt.

e To deal with the boundary term in 92 we use the weak convergence ([5.184)) and vi, = vy
in 02 and we deduce:

T T T
VQ/ / uy - v dedt = VQ/ / uy - vy dedt — I/Q/ / u- vy dedt.
o Joa 0o Joo o Joa

e To deal with the boundary term in Sk, as usual, we make the change of variables:
T
VS/ / ((ur, — P& (ug)) x 1) - ((vp — P&(vy)) x 1) dadt =
0 ISy,

T
vo [ [ (R = UB) xR) - (RulV - V) x ) dad,
980
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where
Uk :5hk,3k(’uk), (5210)
Ul =0y, g, (PLuy), (5.211)
ka :ahk,Rk (Uf)

and

V:sk :6hk7Rk (P;ivk)

By (5.181), Lemma A.2 of [68], an interpolation inequality and the continuity of the
trace operator we deduce that

UF — U = &, g(u) strongly in L*(0,T; H*(0Sy)),

for all s < 1. In particular,

U* — U = ®, g(u) strongly in L*((0,T) x 0Sp)), (5.212)
Similarly, using ([5.182)) we deduce that
UF — U, = @), p(PF(u)) strongly in L*((0,T) x 0Sp). (5.213)

Moreover, by (5.202),

Vi = Vi = &y r(vy) strongly in L*(0, T; H'2(08))

and
VS’IC -V, = Eh’R(szv) strongly in L*(0,T; H1/2(850))-

Gathering the above convergences, we conclude

ys/ /88 ~ P (ug) % 7) - (v — PR (w)) x ) dadt —
VS/O /as((u — PR(u)) x ) - (v — P&(v)) x n) dadt.

For the pressure term, using that div(v,) = Lz, div(v) we deduce

T T T
/ / (1 + p2i) div(vg) dedt = / / i div(vy) dedt + / /pg div(vg).
o Ja o JF o Ja

Since div(vs) € C([0,T]; L9(Q)) and since 1xp1x — Lrp; in L¥3((0,T) x Q) we con-

clude ’ .
/ / 1k div(vy) dedt — / /p1 div(vy) dxdt.
0o JF o Jr

To deal with the convergence of ps 1, first we apply the Helmholtz decomposition to the
test function wvy:
Vg = Vo + V2,
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where 2, € W?%2(Q) is the solution to the problem:
Az = div(vg) in Q,
Vzi-n=0 on 0.

Then, using (5.185]) we have

T T
/ /pQ,k: div(vg) = / / (Qs,, (wg) - V)V 2y, - uy, dadt. (5.214)
0 Jo 0 J(Sk)1\Sk

To pass to the limit the right hand side of , we notice that
IV llwragy = 1Vl ooy + V22 gy < Ndiv(oR)ll oy = iVl Lags) -
Then since div(vs) € C([0,T]; L4(£2)) we conclude that
V22 — V22 weakly star in L>(0,T; LY(Q)), (5.215)
where 2y is the solution to

Az =div(v) in Q,
Vz-n=0 on 0.

Using that
17, Qs, (W) — 1ru strongly in L*(0,T; L(Q)) (5.216)

for all p < 4 and ([5.215)) we deduce:

T T
/ / (Qs, (Ux) - V)V2z - uy dadt — / / (u-V)Vz-u dzdt.
0 J(8r)°1\Sk 0 J(s)1\s

We call
p = p1 + po, (5.217)

where p, is such that nd fQ p2 dr = 0 and is the solution of the equation

/pgAz dxdt = / (u-V)Vz-u dzdt, (5.218)
Q (S)1\S

for all z € H?(Q2) and Vz-n = 0. Then, as we did for (5.187), we can prove that

T
5/3
/0 ”p2HL5/3(}‘(t)) dt < C.

Then we deduce that p € L>3(0,T : L°/3(F)) and we conclude

T T
/ / (p1x + p2i) div(vy) dedt — / / pdiv(vy) dxdt.
0 JO o JF
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e To deal with the penalization term, we use ((5.167) and (|5.201)) to deduce that

/ / — P& (ug)) - (v — P& (v)) dadt < ck/Fe/?,
Sk

and we conclude

[ e P - PG a0

e By (5.202)), we deduce

T T
p/uo-vk((),a:)dx—i—p/ /b-vkdxdt%p/u()-v((),x)dm+p/ /b-vdmdt.
Q o Ja Q o Ja

We thus conclude that u satisfies (5.31]) for all v € T7(S) with vy € C*([0, T]; Wh4(Q2))? for
q > 4. However, since ps satisfies (5.218]), as we did for (5.187)), we conclude that

5/3
/0 9212, 5 < C,

and then, we deduce that u satisfies (5.31) for all v € T7(S) with v; € CX([0, T]; WH/2(Q))3.
Using standard techniques, see for example [144, pp. 290-291], by (5.161)), (5.170) deduce

that (5.36]).

To pass to limit (5.69) we face less dificulties regarding the test functions since, in the
weak formulation (5.32), the test functions are scalar scalar functions in C*([0, T]; W'>(Q))
such that Vi = 0 in §(¢t). However, we still need to find a sequence approximating the test
functions to cancel the penalization term.

Assume ¢ € CH([0,T]; Wh>(Q)) with Vo = 0 in S(¢) and supp e C Q,, 1> 0, (T, x) =
0. We set

or(t,) = o (6, h(t) + RORL) @ — hi(1)). (5.219)

A quick calculation reveals that
Veor(t, z) = Rp(t)R*(t) - Voo (£, h(t) + RO R () (2 — hi(1))) - (5.220)
By (5.219)), for k£ large enough we have

or € C([0,T]; W ().

Moreover, by (|5.220)):

V@k =0 in Sk (5.221)
Using ((5.162]), we deduce
©r — @ strongly in C([0, T]; W'P(£2)), for p € [1,00). (5.222)

Applying % to the identity
oi(t, i, + Rry) = ¢ (8, h(t) + R()y) ,
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we deduce

0 0
aik + PRuy - Vi, — 6—9” + PFu - Vi strongly in L((0,7) x ).

Finally, combining ([5.222) with ([5.166|), we conclude

650: R aa—f weakly star in L>°((0,7") x Q). (5.223)

In (5.69) is not possible to pass to the limit the term fOT Jo 1k (0k) | D(uy,)|* @y ddt.
However, using (5.67)) with v = ugyy, and identity (5.221]), we obtain

T
- / / kﬂsk\uk—P;i<uk)|2+2uk<9k>|D<uk>|2) o dudt = —L / wof? 91(0, ) dx
8

+VQ/ \uk|2<,0k dl’dt+V5/ / ‘(uk — P;iuk) X ﬁ|2gpk dxdt
0 Joo 0 Jos,

T T
_/ /(Pl,k + poi)uy - Vi, dudt — p/ / b - uppp drdt.
0o Ja 0o Ja

We combine the above equation with (5.69) and we deduce the total energy equation:

0
_p/ / (Ckek—f— ‘U;c‘ > ( Pk +st(uk) V@k) d:L‘dt—f—/ / (‘Jk Vo, - Vi dx

+VQ/ \uk\ Ok dxdt—l—ug/ / (ug — Pskuk X n| o dxdt

0 Joa 8Sk
T

+/ / 2u(0r)D(ug) : up @ Vpy dadt — / /(pug + pai)uy - Vi, dadt
0 Ja 0o Ja

= Eo(pr(0,2)) + p/o /Q(w +b-ug)py dedt.  (5.224)

To conclude, we need to pass to the limit the terms in the above equation as k — oc:

e Using (j5.181)and ((5.222)), we deduce:

Eo(¢r(0,2)) + p/o /Q(w + b u)pr dedt — Eo(p(0,2)) + p/o /Q(w +b-u)p dxdt.

e Using (5.170), (5.181)), (5.196), (5.222)) and Hypothesis [5.1] we deduce:

/ /2Mk (0x)D(ug) : up ® Vi drdt —>/ /2M cu® Vo dedt.

e Using (5.172)), (5.222) and Hypothesiswe deduce:

T T
/ / K(0k)VOy - Vr de — / / k(0)VO -V dx.
o Jao 0o Ja
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e Using (5.221)), we decompose the first term of ((5.224)) as follows

/ / (Ck9k+ |u;| ) (850: + Qs () - V@k) dxdt
= ,0/ / (Ck9k+ |u§| > kR dx dt + / /]:k <0k9k+ || ) Qs, (TF) - Vo, duvdt.

Using ((5.165)), (5.180), (5.196]) and (5.223)) we deduce

//<ck9k+‘“;‘> SOk it — //(0+—> 2 dadt.

To pass to the limit the second term we notice that, by (5.74)), (5.161)), (5.165]) (5.181)),
(5.196]) we have

2
Juy|

[u fk| —>Ct9+—uf

2
Then, using (5.216]) and ([5.222)) we deduce

T |uk|2 T |u|2
P/ / 5 Qs, (Ux) - Vo dedt — p/ / ch + - v Ve dxdt.
0 JF 0o JF

e Using ([5.184) and (5.222) we deduce that

cpbp + —2— strongly in L*(0,T; L%(Q)) for all ¢ € (4/3,3/2).

T T
VQ/ lur|? op dadt — I/Q/ lul? o dadt.
0o Joo o Joa

e To deal with the boundary term in 0S, we study the integral in 0Sy:

T T
VS/ / |(ur, — P& uy) % 6\2 o, drdt = 1/3/ / |Ri(U* — UF) x ﬁ|2 ©(t, h+Ry) dydt,
oSy, 0Sp

where U* and U* are defined in (5.210) and (5.211]).
As in (5.212)) and (5.213)), we deduce that

U* = U = &, g(u) strongly in L*((0,T) x 9Sy)),

and
UF = U, = @), g(PF(u)) strongly in L*((0,T) x 0Sy).

Then, using ((5.212) and (j5.213]) we conclude
g 2
ys/ / |Ri(U* — U&) x 0| ¢ dadt
0 08y
T T )
— l/g/ / |R(U — Ug) X ﬁ|290 dzdt = Vg/ |(u — P;zu) X ﬁ’ o dzdt.
880 0o Jas
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e We want to pass to the limit the term

T
/ /pk div(ppug) dzdt.

Since div(ug) = 0 and pr = p1x + pak

/ /pk le kuk dl’—/ /p1 kVQOk U dl‘dt—i—/ /kadlv kuk dfﬂdt

For the first term in the right hand side of the above equation, using ,,
(5.188) and ([5.222)) we deduce:

T T T
/ /kauk -V, dxdt = / / D1tk - Vi doedt — / / pru- Ve dedt. (5.225)
0 Jo o Jr o Jr

To deal with the convergence of the term related to pyj, we use the Helmholtz decom-
position of @y uy:
orur = (rur)o + Vg,
where z, € W%2(Q), such that
Az, =upVr  in §, (5.226)
Vz, -1 =0 on 0f).
Then,

T T
/ /pz,kuk -V, dedt = p/ / Qs, (ur) @ uy = V2, dadt.
0o Jo 0 Jshs
By (5.226)) we have

IV2llypre < CllueVeorll . and (2] Q) CHukSOkHLq(Q
Combining the above relations with Holder’s inequality for ¢ > 12/7 we deduce that
1zillzae) + IV 2kl o) + 1V 2kl o) < lunllz2@) IV @rllime) + llenllm@),

for m > 12. Then, using uxy — u weakly star in L>=(0,7; L*(Q2)) and (5.222), we
conclude that

V22 > V22 weakly star in L>°(0,T; LY(S2)) for ¢ > 12/7.
where z is the solution to the problem
Az =uVy in €,
Vz-n=0 on 0.

Then, using that usy — u; strongly in L%3((0,T) x Q) and (5.216)

/ / Qs, (ur) @ uy, : V22, dedt — / / u@u: V2 dedt.
Sk S9I\S
Gathering the above convergence with m, and ((5.225)) we conclude that

T T
/ /(pl,k + pog)uk - Vi, dedt — / / pu - Vo dxdt.
0 JO o JF

This finishes the proof of Theorem [5.1.3.
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Appendix A

Lemmas

A.1 Junction of solenoidal fields

Here we state some technical results obtained and proved in [68]. The statements used in
this article are slightly different and we thus recall the main steps of the proofs.

Theorem A.1.1. Assume that 61 > 0 > 0. Then, there exists a family of bounded operators
A0 gL (RP) x R — HL(RP),
such that, for all (uy,us) € HX(R?) x R we have that:

A2 (4 u) = g in So, (A.1)
A2 (g up) = uy i R\ SO, (A.2)

where SO is defined by ([£.25)), and the following inequality holds:

}|A51’52(U1, Up) — UIHLP(Sgl\SO)

1_ 1

< CY51750 <52;7E ||U1 - u2||H1(ggl\$0) + ||(u1 - UQ) ’ /ﬁHLP(BSO) )7 (Ag)

for p € [2,6].

Proof. We consider an orthogonal curvilinear coordinate system (s, s9,2) defined around
dSy such that S, = {z = 0}. For ¢, small enough we have dSJ' = {z = &;}. We consider
¢ € C3°([0,1);]0,1]) such that ©(0) = 1 and we define the function ¢;s(z) := ©(%). Notice
that:

1
sl Loy = 0% 1Ml Lo ey - (A.4)
We define A% (uy, uy) in SJ' \ Sy as follows:

A2 (uy, ug) = Vi + Vo + Vs

where
Vi = (1 — @s,)ur + @5, (ug — ((u2 — u1) - €.)ez),

Vo= {(uz —w)-e:}| _ones
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A.1. JUNCTION OF SOLENOIDAL FIELDS

and V3 solution of the system

{divvg =—div(V; +V3) in 331 \ So, (A.5)

Vs = 0. on AS U dS,.

From [58, Theorem I11.3.1, p.171|, the above system admits a solution since the compat-
ibility condition holds. We can also check that

51,6 _ 61,0 _ 4
A% (ug,ug) = ug  on 0S8y, AV (up,ug) =wu;  on ISy

Moreover we have the following properties:

Vi — | < s, Juo —wal s Vo] < [(ug —wr) - 7| ], (A.6)
div Vi = —ps, div([(u; — ug) - e.le,), (A.7)
div Vo = ((ug — ug) - ez)‘zzo (ps, dive, + e, - Vs, ). (A.8)
Combining (A.6)), (A.4) and a Sobolev embedding we deduce for any p € [1, 6]
11
Vi = UIHLp(Sgl\SO) <O " flup — ulHHl(Sgl\go) (A.9)
and
Vall sy < Gl (2 = 1) -l sy - (A.10)
Assume ¢ < 2. From ((A.7) and (A.8) we deduce that:
11
”div‘/IHLq(Sgl\so) < 051,3052q ’ Hul - U2HH1<S§1\SO) ) (All)
Hdiv‘/?”Lq(sgl\go) < 051,30 “(uQ - ul) ' ﬁ”Lq(aSo) : (A'12>

Using [568, Theorem I11.3.1, p.171] and a Sobolev embedding, we conclude that if Il? = % — %,

HVZ’» ) < 051,30 HV%

HLP(Sgl\SO le,q(sgl\so)

1_1
< Covo (88 lur = all s (si1n50) + N0 = 02) Al o,y ) (A13)

Gathering (A-11), (A-10) and (A.13) yields (A.3). 0

Definition A.1.2. Let Q and Sy @ Q be two CY' bounded domains of R®. Assume
(a,Q) € R® x SO(3) and 6, > §; > 0 and we recall

g(a, Q):=a+QS, and f(a, Q) := Q\S\(a,Q).
We define the operator if’é;? € LIHLX(Q)3) as follows:
Qo (1) = Buq (A (g (1), P Pag (0))  (u € Hy(92)), (A.14)
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where we denote by PR the orthogonal projection of L*(S ( ,Q)) onto R and, given

(a,Q)

(a,Q) € R® x SO(3), we define two operators of L2, (R?) as follows: assume v € L} _(R3)3,
then

Po0()(y) =Qv(a+Qy), yeR’
and

D, 0(v)(z) == Qu(Q*(xr —a)), =zeR’
Using (4.28)), we can check that

VRN in Q\ 8(a,Q)™,
ngg (u) = {PR( ¥ in S( , Q). (A.15)

Moreover, if (h, R) € L>(0,T;R?*x SO(3)), then we deduce from (A.14)) that Q51 % ig a linear
bounded operator in L*(0,T; H(€))? into itself.

Lemma A.1. Assume 6; > 63 > 0 and

(har, Rar) = (h, R)  weak star in WH>(0,T;R* x SO(3)),
(har, Rar) — (b, R)  strongly in C([0, T]; R?* x SO(3)).

We define Sy := §(hM,RM) and S := §(h, R). We also assume

uy — u weakly in L*(0,T; HX:(Q))?,
up — u strongly in L*(0,T; L*(Q)).

Then we have that
Qfglth( M) — le’&"(u) weakly in L*(0,T; H:(Q2))? (A.16)

and

Q51 62( M) — Q51 % (u) strongly in L*(0,T; L*(Q))*. (A.17)

Proof. The proof of and are similar, so we only proof . We set

Unm = @y, ry, (unr) and U = &y g(u).
Using Lemma A.2 of [68] we deduce that

Uy — U weakly in L*(0,T; HX(R?))?,
and thus

A2 (U, PEUN) — AV2(U, PEU) weakly in L*(0,T; Hy (R?))®.

Then, using again Lemma A.2 of [68] we conclude (|A.16]). O

The second type of junction we consider here is given by the following result. It corre-
sponds to Lemma 5.3 of [68].
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Theorem A.1.3. Assume d; > 205 > 0 and s < % Then, there exists a family of bounded

operators
A% (R x R — HE(R?)?

such that, for all (ui,us) € HX(R?)® x R we have that:

A% (g ug) = ug in S (A.18)
A0 (g ug) =y in R3\ S (A.19)

where Sgl and 832 are defined in (4.25), and, for s < %, the following inequality holds

"K61’62(U17U2) _Ul‘

He(9\50%)
l_S o~
< Cs,.s0 (523 vl g ) + w2l ) + (w1 = u2) - ”||L2(aso)> . (A20)

Proof. The proof of this theorem is similar to the proof of Theorem[A.1.1] We use the same
notation for the orthogonal curvilinear coordinate system (s1, sq, z) and for the functions .

We define A%92(u;, uy) in 8O\ 8 as follows:
/A\61’52(U17U2) =Vi+Va+V;

where
Vi= (1= ps5,(2 = 02))ur + ps,(2 — 02) (w2 — ((ug — w1) - e;)e),

V4 is solution of the equation

divVy = —divV; in ' \ S, (A.21)
Vo =0in OS2 U DS, (A.22)
and V3 = VY3 where
AY; =0in SJ' \ S, (A.23)
% =0 in 9S8, (A.24)
% = (uy —uy) - €, in OS2, (A.25)

One can check that the compatibility conditions are satisfied so that (A.21)-(A.22) and
(A.23)-(A.25]) are well-posed with the estimates

Vol < ool ey + sl (A.26)
1/3
H%HL2(531\532) < 051730||‘/2||W1,6/5(ggl\gg2) < C’5175052/ (HulHHl(}'o) + ||u2||H1(]-'0))7 (A27)

and
||VE’>||H1/2(3§1\3§2) < Gy, |[(ug — 1) 'ﬁHLQ(BSSQ) .

Using Lemma 5.10 of [54], the above estimate yields
1/2 ~
||V3||H1/2(531\ng) < Cs1.50 (52/ [uz = | g1z + (w2 — ) - n||L2(8$0)> : (A.28)
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We also remark that

(Vi +Vo+ V3) -

’/fl\ U,Q'ﬁ
Vi+Va+Va)-i=u, -7 on OS],

Using the definition of V; and (A.4) we deduce that:

1
H‘/l - u1HL2(831\832) < 051730623 Hul - u2HH1 .7:0)

HV(VI _u1>HL2(531\352 051 50 Hul _uQHHl(]-'O) )
so that
Vi — ulHHs ERAVEI < Gy, 305 ||u1 u2||H1(]-'O) : (A.29)
Then combining (A.26)), (A.27), (A.28) and the above estimate, we deduce (A.20). O

For the following result we define the space
H(Q) :={ve H(Q); Dv)=0in S}
and the othogonal projection
P H(Q) — HLQ).

Then, as a consequence of the previous lemma, we obtain the following result on the orthog-
onal projection:

Corollary A.1.4. Let u € H'(Q)? and (h, R) € R3 x SO(3) such that dist(S(h, R), Q) >
61> 0. Then for alld < % and s € (0,1/3), we have that

; 1/2 R 1/2
H“_P@(hﬂ»d“’m(m<051’80 (d3 Il + Nl [ = Py PSR
R 1-s
oy e = PR ]y - (4300

Proof. We set
V= 6;1,3 <A51’d (CI)hJ{ (u) 7P§(I)h,R (U)))

where ® and ® are defined in (£.26) and ([#.27). Then, by Theorem [A.1.3 we have v =

Pgp, pyu in S(h,R)% v =uin Q\ 8(h, R)", and

lv =

(A.31)

1, =
H0\S(h,R)d) S C (dS ||U||H1(ﬁ(h,3)) + H(u - P§(h,R)u) ”‘ L2(08(h R))) :

We deduce that

lv =l

1, =
Hs () < C<d3 ||u||H1(]?(h,R)) + H(u o Pg(h,R)u) ' n‘ L2(08(h,R))

+ o= P

o ‘ . (A32
+Hu S(h,r)Y Hs(§(h,R))) ( )

Hs(8(h,R)\S(h,R))
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Now we have the following relations

H(U—PA u)ﬁ‘ <C’<||u||1/2A o+ [fu|H2 ) HU—PA u‘ v
S(h.R) L2(08(h.R) — H'(F(h.R)) L(5) SRl LS,
S 1/3(1-s) _
Hu PS(h,R)u‘ Hs(8(h,R)N\S(h,R)) = cd HUHHl(f(h’R))
and 1—
S
Hu B Pg(th)u‘ H¥(8(h,R)) < Cllulzs Hu ~ Fsomu L2(S(hR))
Combining these relations with (A.32), we deduce the result. O

Now we introduce an interior type of junction:

Theorem A.1.5. Assume that §; > 9o > 0. Then, there exists a family of bounded operators
A% Y (RPN Sp)° x HY(S)? — HY(R?)
such that, for all (uy,us) € W (R3\ Sp)° x R we have that:

A% (g, up) = iy in (Sp)s,

K61’62 (ul, UQ) = U n RS \ SO

and

A2y uy) € HA(S)), (A.33)
where (Sp)s, is defined by (4.25)), and the following inequality holds:

HK61’62 (ul, UQ) — Up

LP(So)

1/p—1/6 ~
< G (8" Ul oy + 2l ) + 101 = 02) -7l ooy ) (A-34)
forp € [2,6].
1852 s, o)l sy < Con (I = 12) - Wllzzqasy) + 82>l s sy + luzllznsy) ) (A.35)

Proof. We consider an orthogonal curvilinear coordinate system (s, s2, z) defined around
0(8Sp)s, such that 0(Sp)s, = {z = 0}. For ¢; small enough we have 05y = {z = d;}. As
in Theorem [A.1.1] we consider ¢ € C5°([0,1);[0,1]) such that »(0) = 1 and we define the
function ps(2) := ©(3).

We define A% (uy,u5) in (Sp)s, \ So as follows:

A51’52(U17U2) =Vi+Ve+ Vs

where
Vi = (1 - Sﬁag)ul + ©s, (UQ - ((Uz - Ul) : €z)€z) )

Vo={(ug —w)-e.} 5 0

Z=01
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and V3 solution of the system

div Vs = —div(Vy + Vo) in Sp \ (So)s,
Vs =0. on 8(80)51 U 9Sp.

From [58] Theorem I11.3.1, p.171], the above system admits a solution since the compat-
ibility condition holds. Then, (A.33)) holds. We can also check that

A% (uy ug) = uy on 08y, A% (uy,uz) = uy  on A(Sp)s,.

Moreover we have the following properties:

Vi wt] < o Juo =] [Val < (2 =) -3y | (A.36)
div Vy = div(ug ) (1 — @s,) — s, div([(u1 — us) - €,]e.), (A.37)
div Vo = ((ug — ug) - ez)|Z:51 (ps, dive, + e, - Vs, ). (A.38)
Combining (A.36]), (A.4) and a Sobolev embedding we deduce for any p € [1, 6]
Vi = il poso\(sora) S €057 llue = wll g gspsopsy) (A.39)
and
IVall Lo (so\(s0)s,) S Corso (U2 = ua) - 1oll 1o oy - (A.40)
Assume ¢ < 2. From ({A.39) and (A.40) we deduce that:
11
||div‘/1HLq(SO\(SO)51) < C(51:‘5‘052(1 ’ Hul - U’2HH1(50\(S())51) ) (A41)
and
108 Vil sy < G 12 = 0) -l s, - (A12)

Using [58, Theorem I11.3.1, p.171] and a Sobolev embedding, we conclude that if ]lo = é — %,

H‘/})HLP(So\(SQ)(gl) < CY51,50 ||‘/3||W17q(50\(50)51)
11

< G (52; ® Jlur — u2HH1<SO\(SO)51) + [[(u1 — uz) 'ﬁHLq(aso) ) (A.43)

Gathering (A.41), (A.42) and (A.43) yields ({A.34]). To proof (A.35]), we notice that by (A.37))
and (A.38)) we have

1Vl soncsmng,y < Cso (lnllmcsansons,) + el )

and
~1/2 A
HV2HH1(SO\(SO)51) < Csy(1+5 / ) (g — ur) - "||L2(aso)
Combining the above estimations with (A.43) we deduce (A.35)). O
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A.2 Junction of scalar functions

In this section we adapt some lemmas of Section for scalar functions.

Theorem A.2.1. Assume §; > 202 > 0 and s < % Then, there exists a family of bounded
operators

Ao (Y (RP) x R — HY(R)
such that, for all (wy,ws) € H'(R3) x R we have that:
Kdl’éz (wl, ’LUQ) = W9y m 832 (A44
A% (wy wy) = wy  in R3\ S, (A.45

where Sgl and 832 are defined in (4.25)), and the following inequality holds:

~— —

HK51,52(w1’w2> _ w1’ < 05173052578(”101”[{1(9) + |w2|) (A46>

HE(0\552)
Proof. The proof of this theorem is similar to the proof of Theorem and Theorem[A.1.3]

We use the same notation for the orthogonal curvilinear coordinate system (si, s9, z) and for
the functions ps. We define A% (wy, w,) in Sg* \ S92 as follows:

/AXél"sz(wl, wy) = (1 — s, (2 — d2))wy + s, (2 — d2)wa,
We also remark that
Ad102 (w1, ws) = wy on 832,
A2 () ws) = w; on Q) SO
Using we deduce that:

R 1
“A61’62(w1,w2) —w < Co1,5003 ey = wQHHI(Q) ’

L2(S51\80?)
_2
< C’(5173052 ’ ||w1 - w2||H1(Q) )

HV(/A\51’52 (wy,wy) — wy)

L2(S31\53%)
and we conclude ({A.46)). O

As consequence of Theorem we obtain the following result on the orthogonal pro-
jection onto the space of rigid velocities:

Lemma A.2. Let w € H'(Q) and (h, R) € R® x SO(3) such that dist(S(h, R), Q) > 6, > 0.
We set S = S(h, R) and we define the space

H{Q) :={pe H(Q); Vp=0in S}

and the projection
P H(Q) — HI(Q).

We denote by Pé(h R) the orthogonal projection of L*(S) onto the space of constant functions.
Then, for all d < % and s € (0,1/3), we have that

-

(h,R))dw’ H5(Q)
1/2

1 1/2
< CorsodS™ [0l gy + C ol [0 = P (A.47)

o P
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Proof. We set
v(@) = (R (w(h+ Ry), P w(h+ Ry) ) lymreen -

win S(h,R)? v = w in

for all z € Q. Then, by Theorem [A.2.1, we have v = P;Az(
Q\ S(h, R), and

h7R)

1_s
v — wHHs(Q\§(h,R)d) < Cds™* [Jwl g -
We deduce that

1
— W] ey < C[ a5 o = PLon |u = PLony .
o= o (7 Wl = P o= P
(A.48)

Now we have the following relations

_ pR 1/3(1—s)

HU} PS(h,R)w’ HS(A(h,R)d\SA'(h,R)) < Cd ||wHH1(Q)
and .
_ pR : - Pi )
Hw PS(h,R)w‘ H#(8(h,R)) <C HwHHl(Q) Hw PS(h,R)w 12(8(h,R)) ’

Combining these relations with (A.48), we deduce the result. O

A.3 Basis in a Hilbert space

Lemma A.3. Assume X is a separable Hilbert space and assume that A is a dense subset
of X. Then there exists an orthonormal basis {v,},>1 of X such that v, € A.

Proof. First, we will prove that, since X is a separable space and A is dense in X, there
exists a numerable subset of A dense in X. Since X is separable, there exists {0,},51 C X a
dense subset of X. Since A is dense, for any r > 1, there exists V., € A such that

1

We take {v,} = {V, 4,7 = 1,¢ > 1}. Let v € X and € > 0, then we have that there exists
U, € X such that:

o —vll < 5

(s AN 2 .

We choose ¢ such that ¢ < §, therefore we conclude that [lv — Vy,[| <e.

Then, we can construct an orthonormal basis composed by elements of A. O

A.4 Convergence of the characteristics

Lemma A.4.
1. Let (hy, R,) — (h, R) in R3 x SO(3). Then,

]lS(hn,Rn) — ES(h,R) m LP<Q) Vp < [1, OO) (A49)
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2. Let (hy, R,) — (h, R) strongly in C([0,T], R x SO(3)). Then,
Ls(hn,rn) = Lsn,r) strongly in C([0,T]; LP(Q2)) Vp € [1,00). (A.50)

Proof. The proofs of (A.49) and (A.50) are based on a similar argument. Then, we will prove
just (A.49). By the definition of the cahracteristic function we have that

]lg(hﬁ) = ]lgo (R*(l‘ - h))

Then, we deduce
[ L5(hn0) = Lstn) || oy = Lo (Ba) (- = ha)) = Ly (R*(- = 1)) o sy - (A.51)

Let € > 0. Snce 1g, € LP(R?) for all p in [1,00), there exists a continuous function with
compact support g, such that:

Lso = gllLosy < €

Then, we have the following:

e By the theorem of change of variables we have that:

Lo ((Fn)" (- = hn)) = 9((Re)* (- = h))l sy = ILso — 9l o woy
and
lg(R*(- = ) = Lso (B (- = h) | pomsy = [ Lso = 9ll poroy -
Then:

1o (Bn) (- = hn)) = g((Bn)"(- = b)) £ (ms)
+ g, (- = hn)) = Ly (B7(- = 2))l| 1o gesy < % (A.52)

e Since ¢ is continuous and it has compact support, it is uniformly continuous. Then,

since (h,, R,) — (h, R)R?® x SO(3), we deduce that

[

lg((R)"(- = Pn)) = g(B7(- = h))ll oy < 3 (A.53)
where € does not depends on n.
Then, we combine (A.51)), (A.52) and (A.53) and obtain
1Lt r) = Lo || ooy < €
Gathering the above we conclude . O

Remark A.1. Lemma part (2) can be proved using the compactness theory of Di Perna-
Lions |37], see for example [128]. In our case we choose to do it straightforward from the
definition due to the simplicity of the argument.
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A.5 Material derivative of a fluid-solid mixture

Lemma A.5. Let p, > 0, (h, R) € Wh°(R? x SO(3)),

we HY0,T; H{(Q)) and f € H'(0,T; L*(Q)) N L*(0,T; H'(Q)). We define S = §(h, R) and
the density of the fluid-solid mixture p := (1 — 1s) + psls. Let

Qs : L*(0,T; HL(Q)) — L*(0,T; HX(R?)) an operator such that: Qs(u)(t,z) = h'(t) + w(t) x
(x — h(t)) in S. Then,

d 0
- pf dr = / (a{ + Qs(u) - Vf) dx. (A.54)
Proof. Since p =1+ (ps — 1)1s, we have
G [oraa=p [ saes g [ 1 (A.55)

By a change of variables, the first term of the right hand side of (A.55) is written as

d

9 jar= LAt h(t) + Rityy) dy.
S(t)

dt Js,

Since f € H'(0,T; L*(Q2)), we pass the time derivative inside of the integral in the above
equation and we obtain

/ f(t, x) d:z:—/s gf(t h(t) + R(t)y) + Vf - (k' +w(t) x Ry) dy.

Then, by a change of variables and the fact that Qs(u)(t,z) = h'(t) + w(t) X (x — h(t)) in S,
we deduce

d )
%/Sf do= | i+ V- Qs(u) da. (A.56)

For the second term in the right hand side of (A.55]) we obtain

d of
E/ﬂf dg;Z/QE dz. (A.57)

On the other hand, integrating by parts we have that:

d
G | @stw-vrde= [ Q5w nde— [ aivQstu)s .

Then, since div(Qs(u)) = 0 and Qs(u) = 0 in 0f, gathering the above equation with (A.57))
we deduce that:

d B
- de = | — . dz. A.
dt/gf T /QatHVf Qs(u) dv (A.58)

We combine (A.55)), (A.56) and (A.58) and we obtain (A.54)). O
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A.6 Orthogonal projection over the set of rigid velocities

Lemma A.6. Let (h,R) € R? x SO(3) and R the space of rigid velocities. We denote by
PE the orthogonal projection of L*(S) onto R, where S = S(h, R). Then,

PRu =10, +w, x (x—h), (A.59)
where )
by, = — / psu dx (A.60)
m.Js
and
Wy =J? / ps(x — h) x u dz. (A.61)
S

Proof. Since PFu is a rigid velocity, there exists ¢, and w, such that (A.59) holds. Then, we
have to prove equations (A.60) and (A.61). Since Psu is the projection then we have that

/ (Psu —u) - vdx =0 (A.62)
S

for all v € R. Then if we choose v = p,b in (A.62) with b € R? and using the fact that

/S(x—h)dx—O

/ ps(ly —u)-b=0 (A.63)
S

If we choose v = psb X (x — h) we arrive to the following equation:

we have that:

/pswu X (x—h)-bx ($—h)d$:/psb-(:v—h) X udx (A.64)
S S

Using the identity:
Aij (wu)Azk(b) = Wy * béjk — w%jbk,

we can write equation ((A.64]) as follows:
Jwy, b= / psb - (x — h) X udz. (A.65)
S

Then if we choose b equals to canonical vectors in equations (A.63) and (A.65) we arrive to
the equations (A.60)) and (A.61)). O

A.7 Convergence properties of the projection

Lemma A.7. Letv € L*([0,T]xQ)), and (h,, R,) — (h, R) strongly in C([0, T]; R x SO(3)).
For allt € [0,T], we define S, (t) :== S(hi(t), Re(t)) and S(t) := S(h(t), R(t)). Then we have
that:
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P& (v) = PE(v) in L*(0,T; L*(Q))

and

/T/ }U—Pg(z})fd:cdt%/T/‘U—Pg(v)‘z dxdt.
o Js, o Js

Proof.  (a) We recall that:

P, (v)(t, ) = loo(t) + wno(t) X (2 = ha(t)),

where

1
In,v = —/ psv dx,
m Sn

where pg is a positive constant that represents the density of the solid,

Wy = anl/ ps(z — h,(t)) x v dz,
Sn

Pg(v) = £o(t) + w(t) x (z = h(t)),

1
EU:—/psvd:B,
mJs

wy = Jg5! / ps(z — hy,(t)) x v du.
S

where
and

Then, we check that

T T
/ /|P§u—P§v\§dmdt</ 1 — 0,2 dt |9
0 Q) 0

T
+4/ wol?. [ — B2 d2 |9
0

T
+4/ /|x—h|?>O dzx |w
o Jao

By the definition of ¢,,, and ¢, we have that

r [v][ 12
n 2 L2([0,7]xQ)
/0 105 — Loy dt < E— = s, = Tsll 2oy -

Also, we write the difference of W]’ and w as follows:

Wnw —wy = (Jg = Jg") /st]lgn(x — hyp) X v dx

(A.66)

(A.67)

(A.68)

—w, |7 dt.

# 35" [ (s, = 18) (o~ ) v do 5 [ piLs(h— o) x v do

Then, since Jg' — Jg ' strongly in C([0, T]; M**®), by Lemmawe have that 1s, —
1s strongly in C([0,T]; LP(Q2)) and since h,, — h strongly in C([0,T]; R?) we deduce

(A-66).
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(b) Since 1s, — 15 strongly in C([0,T]; L'(2)) :

T T
/ |v|2 dxdt—)/ /|v|§ dxdt
0o Js, o Js

Then, (A.66) we have that:
PZ (v) = PE(v) in L*(0,T; L*()).

Then, since 1s, — 1s strongly in C([0, T]; L*(Q2)) we have that

T T
/ / |PZ (v)[* dxdt—>/ /\Pg?(v)f dxdt
0 Sn 0 S
)

and we conclude ((A.67)).

A.8 Convergence of test functions

Lemma A.8. Letn >0 and

(hg, Ri) — (h, R) weakly star in W*°(0, T; R* x SO(3))
and strongly in C([0,T]; R x SO(3)). (A.69)

For all t € [0,T], we define Sp(t) := S(hy(t), Re(t)) and S(t) := S(h(t),R(t)). Let v €
C'([0,T), Hs) () such that suppv C Q,,. We write

Vi = 6hkyRk e} (I)h,R(U),

where, giwen (a,Q) € R* x SO(3) we define two operators of L2 (R?) as follows: assume
ve L (R3), then

loc

Duo()(y) = Qv(a+Qy), yeR’

and

Do) (2) == Qu(Q*(x —a)), zecR’.
Then, for k large enough we have the following:

v € C([0, T); H,(2))

with supp vy, C €2 1;

vp — v strongly in C([0, T]; H(S)); (A.71)
c%k ov 00 2
o + (wy - V), — yn + (w - V) strongly L>=(0,T; L*(Q)), (A.72)

where wy, and w are defined by
wi(t, ) = W (t) + wi(t) x (2 — he(t))
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and
w(t,x) = h(t) +w(t) x (x — h(t)),

where A(wy) = (R},)* Ry and A(w) = (R')*R; and

Ov,  Ov e 9
5 5 strongly in L>(0,T; L*(Q2)). (A.73)
Proof. First, by (4.26)) and (4.27) we have that
oelt 1) = Re(O)R* ()0 (t, h(t) + REORL(E) (@ — he(1)). (A74)

Then, by (A.69), if k is large enough we deduce that supp vy, C Q. Then, we check that
o € C([0, T; HA(Q).
Also from equation (A.74), we deduce (A.70)), since if x € Si(t) then

h(t) + R(t) Ry (t)(x — hi(t)) € S(1).
By we deduce that:
Vu(t,z) = Ri(t)R*(t)Vu(t, h(t) + R(t)Ry.(t)(x — hi(t))) Rk (t)R*(t). (A.75)

Then, the convergence (A.71)) is straightforward from (A.74), (A.75) and the fact that the
translations are continuous in L*(2) (the same proof as Lemma [A.4)).
By the properties of ® and ® we have the following identity :

(I)hk,Rk OV = (I)h,R ov.

By derivation with respect to t and we deduce that

%cbhkﬂk o vy = wi X vk(t, hy(t) + Ri(t)y)
B2 ) (gront a0+ R0)) + (v V)en(t ha(0) + Rt )
" 9 om0 = wlt) x vt 1) + B (1) (ﬁv(t 2) + (w- Vot x))
ot " 7 ot ’ '

Then using (A.69) and (A.71), we deduce the convergence (|A.72)) .
By (A.72)), (A.71) and the fact that wy, — w strongly in L?(0,T; R), where R is the space

of rigid velocities, we deduce (A.73). O

A.9 DMaterial derivative in the solid phase

Lemma A.9. Let (h,R) € WY(0,T;R3) for T > 0. We define S(t) = S(h(t), R(t)) a.c.
intel0,T] in S(t). Let u and v two rigid velocities S such that

ult, ) = 6t) + w(t) x (x — h(t)) (A.76)

and

u(t,z) = Lo(t) + wo(t) x (x — h(t)). (A.77)

194



A.9. MATERIAL DERIVATIVE IN THE SOLID PHASE

Then,
au / /
/S(t) Ps (E + (u - V)u) (v—u)dr=ml - (b, — )+ (Jw)" - (w, — w), (A.78)

a.e in [0,T], where py is the density of the solid, which is a positive constant, m is the mass

of the solid given by
m :/ps dr,
S

and the moment of inertia J is given by:

where
(Jz — af’Is — (x —a) @ (x — a)) dz,

5(a,Q)

J(a,Q) = ps/
for all (a,Q) € R3 x M3*3,

Proof. The strategy of this proof is to develop the term of the time derivative and the
convective term and to prove that the sum of both is equal to the right-hand side of (A.78]).

Using (A.76)) and (A.77), we have

/ ps(v—u)-ﬁu de=ml" - (L, —€) —m(w x £)- (L, — 1)

+ / po(e % (2 — 1)) - (wo — w) x (z — ) dz. (A.79)
S(t)

Using that
(Wy —w) X (z = h(t) = —Alw, —w)(z = h(1)),

o (2 = h{t) = ~A(wl)(w  h(t)),

and
Alwy — w)i AW )ik =(wy — w) - Wbk — (Wy — W)W 4,

we deduce that the last term of equation is be written as
/ ps(W X (x —h)) - ((wy, —w) X (x—h))dz =Ju" - (w, — w). (A.80)
S(t)

This alllows us to conclude that:

/ ps(v —u) - %udm =ml - (b, —0) —m(w x ) (L, —0)+ Ju" - (w, — w). (A.81)
S(t)

For the convective term we have that
(u-V)u=w X u.

195



APPENDIX A. LEMMAS

Then, we deduce
/ (u-V)u-ps(v—u)dr =m(w x£)- (L, — 1)
S(t)

_|_/S(t)psw><(w><(x—h))~(wv><(x—h)) dz.

Since
and

for all y € R?, we deduce that

where
0 —W3 W9
Aw)=1 ws 0 —w
—W9 0] 0

Using properties of the cross and dot product we arrive to the following equation for J':
Jw (wy —w) =Jw - (W, X w).

Then, as we did before in (A.80]), we have that:
Jw- (wy —w) = / ps(w x (x—h)) - (w, X w) X (x — h))dz. (A.82)
S(t)

Using the following identity of the croos product:
(Wy Xw) X (x—h)=—=(r—h) Xw,) Xw—(w X (x—"h)) X w,

and orthogonality properties, we have that:
Jw - (wy —w) :/ pswy X (. —h) - (w X (wx (x—h)))dz.
S(t)

Then we arrive to the following expression for the convective term:

/ ps(u-Vu- (v —u)de =m(w x £) - (b, — )+ Jw- (w, —w). (A.83)
S(t)
We conclude by gathering (A.81]) and (A.83)). O

A.10 Rotation matrix
Lemma A.10. Let R in C*(0, T;R™ "), satisfying the differential equation
R'(t) = A(t)R(t), (A.84)

with R(0) = I, and A(t) an antisymmetric matriz. Then, R is a rotation matriz.

196



A.11. THE NORM OF THE SYMMETRIC GRADIENT

Proof. 1If we transpose equation (A.84) we get that
(R*(t)) = —R"(t)A(t).
Then, we multiply by R(¢) and we use again (A.84]) and we obtain that

d o
SRR (t) =0,

Using the initial condition we can conclude that
R(t)R*(t) = I,.
Then, R*(t) is the inverse of R(t). Since R is C'!, we use the formula
det(R)' = tr (R'R™") det(R),

and by equation (A.84]), the fact that tr(A(¢)) = 0 and R(0) = I, we can conclude that
det R(t) = 1 for all ¢ in [0, t*).

O
A.11 The norm of the symmetric gradient
Lemma A.11. Let u € (HX(Q))® with divu = 0. Then,
ull gy = 2 /Q D(u) : D(u)dz. (A.85)
Proof. Let u be a C2 (). The proof of this lemma is based on the following identity:
div (Vu) u — (divu)u = Vu* : Vu — (divu)?.
Since
Vu: Vu* =2D(u) : D(u) — Vu : Vu,
we have that:
div (Vu) u — (divu)u = 2D(u) : D(u) — Vu : Vu — (divu)?.
We integrate the above equation over {2 and using that divu = 0, we have that:
/div (Vu)u dx = 2/ D(u) : D(u) dz — / Vu: Vu dz.
Q Q Q
Since u is in C2 (), using the divergence theorem, we have that:
/ div (Vu)u dz = / (Vu)u dz = 0.
Q o0
Then by density arguments we arrive to the formula ({A.85)). O]
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Appendix B

MATLAB codes for Section 3.3

Listing B.1: MATLAB code for figures and

% This functions solves the DAE system using the function odel5s

%\Lambda_{rel}'=—4rC_{21} (\gamma_1\theta_2—\gamma_2\theta_1)\omega_{rel}"2,
&\ r\in\[1,2]\\

%\theta_l\theta_2\Lambda_{rel}=\theta_1\theta_2C_{21}\left(\rho_1+\rho_2\
right)r~2\omega_{rel}"2

%+c_2\theta_1\left(\theta_2"2—\theta_c”2\right)

%—c_1\theta_2\left(\theta_1"2—\theta_{1,c}”2\right),&\ r\in [1,2]\\

S\frac{\sqrt{2}A_2}{\mu_s r*2}=—\frac{2}{3}\rho_2\theta_1 C_{21}r"2\omega_{
rel}”2+\theta_{2}\Lambda_{rel}, &\

Sr\in \[1,2],\\

\omega_{rel}=\omega_1,&\ r\in[1,2]

o®

o®

parametrosmixture2;
clf;

Rf=2;

A=1le3;
cbthetal=0.2;
Al=cbthetalxA;
A2=A—A1;
cbthetaaux=0;

set(1, 'Userdata', [R2 A2]);

k=0;

epsl=le-5;

while(k<100)
cbvel=A1/2/muf.*(1./Rf."2—1./R2.72);
Presion=sqrt(2)*A2./mus./Rf."2;
theta02=findtheta20(Presion, cbvel,Rf);
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if(isnan(theta02))
disp('theta_{02} is not a number');
else

fprintf('thetad2 %f\n',theta0d2);
end
%pause;

lambda@=Presion/theta®2+gamma2*2/3x(1—theta02)*Cdrag*xcbvel"2xRf"2;
eps=1le—10;
M=1[10; 00];

options = odeset('Mass',M, 'RelTol"',eps, 'AbsTol',[eps eps]);
tic
[s,Y] = odel5s(@eqdiferencial, [0 Rf—R1], [lambda® theta02],options);
toc
lambda=Y(:,1);
theta2=Y(:,2);
thetal=1—theta2;
cbthetaaux=thetal(end);

if(abs(cbthetaaux—cbthetal)<epsl)

break;

else

cbthetal=cbthetaaux;

end
k=k+1;

Al=cbthetal*A;
A2=A—A1;
set(1, 'Userdata', [R2 A2]);

end

lambda=Y(:,1);

theta2=Y(:,2);

thetal=1—theta2;

r=Rf—s;

Presion=sqrt(2)*A2./mus./r.”2;

velr=sqrt(3/2*x(Presion—theta2.*lambda).*(theta2.xgamma2.*thetal*Cdrag.*r.”2)
=1);

omegal=A1/2/muf.x(1./r.~2—1./R2.72);

omega2=omegal—velr;

figure(l)
plot(r,thetal, 'r',r,theta2,'b")

grid on;
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legend('\theta_1', '\theta_2")
title('Concentration of the fluid and the solid phases')
xlabel('r")

%

figure(2)

plot(r,omegal, 'r*',r,omega2,'b")

grid on;

legend('\omega_1"', '\omega_2"')
title('Angular velocities of the fluid and the solid phases')
xlabel('r")

figure(3)

plot(r,velr,'r")

grid on;

legend('\omega_{rel}")

title('Relative velocity of the mixture')
xlabel('r")

figure(4)

Lambda2=integra(s,0,2.*xCdrag.xthetal.xvelr.”2.xr);
Lambdal=(lambda+gamma2xLambda2')/gammal;

plot(r,Lambdal, 'r',r,Lambda2, 'b")

legend('\Lambda_1"', '‘\Lambda_2")
title('Lagrange multipliers of the fluid and the solid phases')
xlabel('r")
grid on;

function dy = eqdiferencial(s,y)

parametrosmixture2;

a=get(1l, 'Userdata');

rfinal=a(l);

r=rfinal-s;

lambda=y(1);

theta2=y(2);

A2=a(2);

thetal=1—theta2;

Presion=sqrt(2)*A2./mus./r.”2;

velr=sqrt(3/2*x(Presion—theta2+lambda)* (theta2xgamma2*xthetal*Cdragxr~2)"—1);

dy=zeros(2,1);

dy(1)=4xrxCdrag*(theta2xgammal—thetalxgamma2)*xvelr™2;

dy(2)=—lambdaxtheta2xthetal+(theta2xgamma2+gammal+thetal)*Cdrag*r~2+xvelr™2x*
theta2xthetal...

+c2x*(theta2”2—thetac2”2)*xthetal—clx(thetal™2—thetacl™2)*theta2;

end

function [theta02,Fvall=findtheta20(Presion, cbvel,Rf)
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parametrosmixture2;
x=zeros(1,10);
ci=linspace(0,1,10);
tol=10e—4;
Fval=zeros(1,10);
for k=1:10
[x(k), Fval(k)] = fsolve(@(x) FindBoundaryConditions(x,Presion,thetac2,
thetacl,c2,cl,gammal,gamma2,Cdrag, cbvel,Rf),ci(k));
end
i= x<1 & x>0 & abs(Fval)<tol;
theta®2=mode(x(1i));
end

function sys=FindBoundaryConditions(x,Presion,thetac2,thetacl,c2,cl,gammal,
gamma2,Cdrag, cbvel, Rf)

sys=—(Presion+2/3xgamma2*x*(1—x)*Cdrag*Rf"2xcbvel”2)*(1—x) ...
+Rf"2xcbvel”2xCdrag+* (gammal+(gamma2—gammal) *X) *x*x(1—x) . ..
+c2% (x*2—thetac2”2)*(1—x)—cl*xx((1—x)"2—thetacl”2);

end

Listing B.2: MATLAB code for Figure[3.10

% This functions solves the DAE system using the function odel5s

%\Lambda_{rel}'=—4rC_{21} (\gamma_1\theta_2—\gamma_2\theta_1)\omega_{rel}"2,
&\ r\in\[1,2]\\

%\theta_l\theta_2\Lambda_{rel}=\theta_1\theta_2C_{21}\left(\rho_1+\rho_2\
right) r~2\omega_{rel}"2

%+c_2\theta_1l\left(\theta_2"2—\theta_c”2\right)

%—Cc_1\theta_2\left(\theta_1"2—\theta_{1,c}"2\right),&\ r\in [1,2]\\

s\frac{\sqrt{2}A_2}{\mu_s r"2}=—\frac{2}{3}\rho_2\theta_1 C_{21}r"~2\omega_{
rel}"2+\theta_{2}\Lambda_{rel}, &\

Sriin \[1,2],\\

%\omega_{rel}=\omega_1,&\ r\in[1,2]

o)

of

% Plot relative velocity(l) v/s different values of applied torque to the
inner cylinder

parametrosmixture2;

clf;

Rf=2;
A=linspace(10,1e3,100)"';
cbthetal=0.2;
cbthetaaux=0;

epsl=1le—3;
omega=zeros(length(A),3);
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for j=1:1:length(A)

Al=cbthetal*A(j);

A2=A(j)—A1;

k=1;

while(k<100)
cbvel=A1/2/muf.*(1./Rf.”2—1./R2.72);

Presion=sqrt(2)*A2./mus./Rf."2;
theta02=findtheta20(Presion, cbvel,Rf);

if(isnan(theta02))
disp('theta_{02} is not a number');
else

fprintf('thetad2 %f\n',theta0d2);
end

lambda@=Presion/theta02+gamma2*2/3*(1—theta02)*Cdragxcbvel”2xRf"2;
eps=1le—10;

M=1[10; 00];
set(1, 'Userdata', [R2 A2]);
options = odeset('Mass',M, 'RelTol',eps, 'AbsTol', [eps eps]);
tic
[s,Y] = odel5s(@eqdiferencial, [0 Rf—R1], [lambda® theta02],options);
toc
lambda=Y(:,1);
theta2=Y(:,2);
thetal=1—theta?2;
cbthetaaux=thetal(end);

if(abs(cbthetaaux—cbthetal)<epsl)

break;

else

cbthetal=cbthetaaux;

end
k=k+1;

Al=cbthetal*A(j);
A2=A(j)—A1;
set(1, 'Userdata', [R2 A2]);

end

r=Rf—s;
Presion=sqrt(2)*A2./mus./r.”2;
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velr=sqrt(3/2x(Presion—theta2.*lambda).*(theta2.+gamma2.*thetalxCdrag.*r.”2)
N=1);

omegall=Al/2/muf.*(1./r.”2—1./R2.72);

omega22=omegall—velr;

omega(j,1l)=omegall(end);

omega(j,2)=omega22(end);

omega(j,3)=velr(end);

end

figure(l)

plot(A,omega(:,1), 'r*x',A,omega(:,2), 'bx");

grid on;

legend('\omega_1(R_1)"', '\omega_2(R_1)")

title('Angular velocities v/s applied torque in the inner cylinder.')

xlabel('A")

figure(2)

plot(A,omega(:,3),'b");

grid on;

legend('\omega_{rel}(R_1)[m \cdot s~{—1}1")

title('Relative angular velocity on the inner cylinder v/s applied torque on
the inner cylinder.')

xlabel('A [kg\cdot m™{—1}\cdot s™{—2}]")

function dy = eqdiferencial(s,y)

parametrosmixture2;

a=get(1l, 'Userdata');

rfinal=a(l);

r=rfinal-s;

lambda=y(1);

theta2=y(2);

A2=a(2);

thetal=1—theta2;

Presion=sqrt(2)*A2./mus./r.”2;

velr=sqrt(3/2*x(Presion—theta2+lambda)* (theta2xgamma2*xthetal*Cdragxr~2)"—1);

dy=zeros(2,1);

dy(1)=4xr+xCdrag*(theta2xgammal—thetalxgamma2)*xvelr™2;

dy(2)=—lambdaxtheta2xthetal+(theta2+xgamma2+gammal+thetal)*Cdrag*r~2+xvelr™2x*
theta2xthetal...

+c2x(theta2”2—thetac2”2)xthetal-—cl*x(thetal”2—thetacl”2)x*xtheta?2;

end

function [theta02,Fval]l=findtheta20(Presion, cbvel,Rf)
parametrosmixture2;

x=zeros(1,10);

ci=linspace(0,1,10);

tol=10e—4;

Fval=zeros(1,10);
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for k=1:10
[x(k), Fval(k)] = fsolve(@(x) FindBoundaryConditions(x,Presion,thetac2,
thetacl,c2,cl,gammal,gamma2,Cdrag, cbvel,Rf),ci(k));
end
i= x<1 & x>0 & abs(Fval)<tol;
theta®2=mode(x(1i));
end

function sys=FindBoundaryConditions(x,Presion,thetac2,thetacl,c2,cl,gammal,
gamma2,Cdrag, cbvel,Rf)

sys=—(Presion+2/3xgamma2*x*(1—x)*Cdrag+*Rf"2xcbvel~2)*(1—x) ...
+Rf"2xcbvel”2xCdrag+* (gammal+(gamma2—gammal) *X) *x*x(1—x) . ..
+c2% (x*2—thetac2”2)*(1—x)—cl*xx((1—x)"2—thetacl”2);

end

Listing B.3: MATLAB code for Figure [3.11

% This functions solves the DAE system using the function odel5s

%\Lambda_{rel}'=—4rC_{21} (\gamma_1l\theta_2—\gamma_2\theta_1)\omega_{rel}"2,
&\ r\in\[1,2]\\

%\theta_l\theta_2\Lambda_{rel}=\theta_1\theta_2C_{21}\left(\rho_1+\rho_2\
right)r~2\omega_{rel}"2

%+c_2\theta_1\left(\theta_2"2—\theta_c”2\right)

%—Cc_1\theta_2\left(\theta_1"2—\theta_{1,c}"2\right),&\ r\in [1,2]\\

s\frac{\sqrt{2}A_2}{\mu_s r"2}=—\frac{2}{3}\rho_2\theta_1 C_{21}r"~2\omega_{
rel}"2+\theta_{2}\Lambda_{rel}, &\

%sr\in \[1,2],\\

\omega_{rel}=\omega_1,&\ r\in[1,2]

o°

o®

% Plot relative velocity v/s r for different values of C_{21}

parametrosmixture3;

clf;

Rf=2;

A=1e3;
Cdrag=linspace(1000,10000,5)"';
cbthetal=0.5;

cbthetaaux=0;

epsl=le—3;
omega=zeros (300, length(Cdrag));
theta=zeros (100, length(Cdrag));
Lambda=zeros (100, length(Cdrag));
for j=1:1:1length(Cdrag)
Al=cbthetalxA;

A2=A—A1;
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k=1;
while(k<100)
cbvel=A1/2/muf.x(1./Rf.”"2—1./R2.72);

Presion=sqrt(2)*A2./mus./Rf."2;
theta@2=findtheta20(Presion, cbvel,Rf,Cdrag(j))

if(isnan(theta02))
disp('theta_{02} is not a number');
else

fprintf('thetad2 %f\n',theta0d2);
end

lambda@=Presion/theta02+gamma2x2/3%(1—theta02)=*Cdrag(j)*cbvel~2xRf"2;
eps=1le—10;

M=1[10; 00];
set(1l, 'Userdata’',[R2 A2 Cdrag(j)1);
options = odeset('Mass',M, 'RelTol',eps, 'AbsTol', [eps eps]);
tic
[s,Y] = odel5s(@eqdiferencial, [0 Rf—R1], [lambda® theta02],options);
toc
lambda=Y(:,1);
theta2=Y(:,2);
thetal=1—theta2;
cbthetaaux=thetal(end);

if(abs(cbthetaaux—cbthetal)<epsl)

break;

else

cbthetal=cbthetaaux;

end
k=k+1;

Al=cbthetalxA;
A2=A—A1;
set(1, 'Userdata',[R2 A2 Cdrag(j)1);

end

lambda=Y(:,1);

theta2=Y(:,2);

thetal=1—theta2;

r=Rf—s;

Presion=sqrt(2)*A2./mus./r.”2;

velr=sqrt(3/2+«(Presion—theta2.*lambda) .*(theta2.*gamma2.xthetal*Cdrag(j) .x*r
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12).0-1);
omegall=Al/2/muf.x(1l./r.”2—1./R2.72);
omega22=omegall—velr;

omegalll = interpl(s,omegall,linspace(0,1,100)");
omega222 = interpl(s,omega22,linspace(0,1,100)"');
velr333 = interpl(s,velr,linspace(0,1,100)"');

theta222 = interpl(s,theta2,linspace(0,1,100)"');

lambda333= interpl(s, lambda,linspace(0,1,100)"');

omega(1l:100,j)=omegalll;

omega(1l01:200,j)=omega222;

omega(201:300,j)=velr333;

theta(1:100, j)=theta222;

Lambda(1:100, j)=1ambda333;

end

figure(1l)

r=linspace(2,1,100);

plot(r,omega(201:300,1),'r',r,omega(201:300,2),'b"',r,omega(201:300,3),'qg"',r,
omega(201:300,4), 'k',r,omega(201:300,5), 'm');

grid on;

legend('C_{21}=1000 [kg\cdot m™{—1}\cdot s*{—2}] ', 'C_{21}=3250 [kg\cdot m
~{—1}\cdot s~{—2}]','C_{21}=5500 [kg\cdot m~{—1}\cdot s~{—2}] '...
, 'C_{21}=7750 [kg\cdot m™{—1}\cdot s™{—2}]1','C_{21}=10000 [kg\cdot m

~—1¥\cdot s™{—2}1"')

title('Relative angular velocity for different drag values.')

xlabel('r")

ylabel('\omega_{rel}")

figure(2)

plot(r,theta(1:100,1),'r',r,theta(1:100,2),'b"',r,theta(1:100,3),'g',r,theta
(1:100,4), 'k',r,theta(1:100,5),'m");

grid on;

legend('C_{21}=1000 [kg\cdot m™{—1}\cdot s™{—2}] ', 'C_{21}=3250 [kg\cdot m
~{—1}\cdot s™{—2}1','C_{21}=5500 [kg\cdot m~{—1}\cdot s~{—2}] '...
, 'C_{21}=7750 [kg\cdot m™{—1}\cdot s™{—2}]1','C_{21}=10000 [kg\cdot m

~—1N\cdot s™{—2}1")

title('Volume fraction for different drag values.')

xlabel('r")

ylabel('\theta')

figure(3)

plot(r,Lambda(1:100,1),'r"',r,Lambda(1:100,2),'b"',r,Lambda(1:100,3),"'qg"',r,
Lambda(1:100,4), 'k',r,Lambda(1:100,5), 'm");

grid on;
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legend('C_{21}=1000 [kg\cdot m™{—1}\cdot s~{—2}] ', 'C_{21}=3250 [kg\cdot m
~{—1}\cdot s~{—2}]"','C_{21}=5500 [kg\cdot m~{—1}\cdot s~{—2}] '...
, 'C_{21}=7750 [kg\cdot m™{—1}\cdot s™{—2}]','C_{21}=10000 [kg\cdot m
~{—1X\cdot s™~{—2}1")
title('Volume fraction for different drag values.')
xlabel('r")
ylabel('\Lambda"')
function dy = eqdiferencial(s,y)
parametrosmixture3;
a=get(1l, 'Userdata');
rfinal=a(l);
r=rfinal-s;
lambda=y(1);
theta2=y(2);
A2=a(2);
Cdrag=a(3);
thetal=1—theta2;
Presion=sqrt(2)*A2./mus./r."2;
velr=sqrt(3/2*x(Presion—theta2+lambda)* (theta2xgamma2*xthetal*Cdragxr~2)~—1);
dy=zeros(2,1);
dy(1l)=4xr+xCdrag*(theta2xgammal—thetalxgamma2)*xvelr”"2;
dy(2)=—1lambdaxtheta2+thetal+(theta2xgamma2+gammalxthetal)*Cdrag*r~2xvelr™2:x
theta2xthetal...
+c2x (theta2™2—thetac2”2)xthetal-clx(thetal™2—thetacl”2)xtheta2;

end

function [theta02,Fval]=findtheta20(Presion,cbvel,Rf,Cdrag)
parametrosmixture3;
x=zeros(1,10);
ci=linspace(0,1,10);
tol=10e—4;
Fval=zeros(1,10);
for k=1:10
[x(k), Fval(k)] = fsolve(@(x) FindBoundaryConditions(x,Presion,thetac2,
thetacl,c2,cl,gammal,gamma2,Cdrag, cbvel,Rf),ci(k));
end
i= x<1 & x>0 & abs(Fval)<tol;
thetaO2=mode(x(i));
end

function sys=FindBoundaryConditions(x,Presion,thetac2,thetacl,c2,cl,gammal,
gamma2,Cdrag, cbvel,Rf)

sys=—(Presion+2/3*xgamma2+*x*(1l—x)*Cdrag*Rf"2xcbvel”2)*(1—x) ...
+Rf*2xcbvel”2xCdrag*(gammal+(gamma2—gammal) xX) xx*x(1—x) . ..
+c2% (x*2—thetac2”2)*(1—x)—cl*x*x((1—x)"2—thetacl”2);

end
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Listing B.4: MATLAB code for Figure [3.12

% This functions solves the DAE system using the function odel5s

%\Lambda_{rel}'=—4rC_{21} (\gamma_1\theta_2—\gamma_2\theta_1)\omega_{rel}"2,
&\ r\in\[1,2]\\

%\theta_l\theta_2\Lambda_{rel}=\theta_1\theta_2C_{21}\left(\rho_1+\rho_2\
right)r~2\omega_{rel}"2

%s+c_2\theta_1l\left(\theta_2"2—\theta_c”2\right)

%—Cc_1\theta_2\left(\theta_1"2—\theta_{1,c}”2\right),&\ r\in [1,2]\\

S\frac{\sqrt{2}A_2}{\mu_s r*2}=—\frac{2}{3}\rho_2\theta_1 C_{21}r"2\omega_{
rel}”2+\theta_{2}\Lambda_{rel}, &\

Sriin \[1,2],\\

\omega_{rel}=\omega_1,&\ r\in[1,2]

o°

o®

% Plot \theta_2 v/s r for diferent values of c_1 and c_2

parametrosmixture4;
clf;

Rf=2;

A=1e3;

Cdrag=5000;
cbthetal=0.5;

cl1l1=[10;100;1000;10000];
Cc22=[20;200;2000;20000];

epsl=le—3;
omega=zeros (300, length(Cdrag));
theta=zeros(100,length(Cdrag));
Lambda=zeros (100, length(Cdrag));
for j=1:1:1length(cll)
Al=cbthetalxA;

A2=A—A1;

cl=cl1(j);c2=c22(j);

k=1;

while(k<100)
cbvel=A1/2/muf.*(1./Rf.”"2—1./R2.72);

Presion=sqrt(2)*A2./mus./Rf."2;
theta®2=findtheta20(Presion, cbvel,Rf,Cdrag,cl,c2);

if(isnan(theta02))
disp('theta_{02} is not a number');
else

fprintf('thetad2 %f\n',theta0d2);
end
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lambda@=Presion/theta®2+gamma2*2/3x(1—theta02)*Cdrag*xcbvel”2xRf"2;
eps=le—10;

M=1[10; 00];
set(1l, 'Userdata',[R2 A2 Cdrag cl c2]);
options = odeset('Mass',M, 'RelTol"',eps, 'AbsTol"', [eps eps]);
tic
[s,Y] = odel5s(@eqdiferencial, [0 Rf—R1], [lambda® theta02],options);
toc
lambda=Y(:,1);
theta2=Y(:,2);
thetal=1—theta2;
cbthetaaux=thetal(end);

if(abs(cbthetaaux—cbthetal)<epsl)

break;

else

cbthetal=cbthetaaux;

end
k=k+1;

Al=cbthetalxA;
A2=A—A1;
set(1l, 'Userdata',[R2 A2 Cdrag cl c2]);

end

lambda=Y(:,1);

theta2=Y(:,2);

thetal=1—theta2;

r=Rf—s;

Presion=sqrt(2)*A2./mus./r.”2;

velr=sqrt(3/2*x(Presion—theta2.*lambda).*(theta2.*xgamma2.*thetal*Cdrag.*r.”2)
S=1);

omegall=A1l/2/muf.x(1./r.”2—1./R2.7°2);

omega22=omegall—velr;

omegalll = interpl(s,omegall,linspace(0,1,100)"');
omega222 = interpl(s,omega22,linspace(0,1,100)"');
velr333 = interpl(s,velr,linspace(0,1,100)"');

theta222 = interpl(s,theta2,linspace(0,1,100)"');

lambda333= interpl(s,lambda,linspace(0,1,100)"');

omega(1:100, j)=omegalll;
omega(101:200, j)=omega222;
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omega(201:300,j)=velr333;

theta(1:100,j)=theta222;

Lambda(1:100,j)=1lambda333;

end

figure(l)

r=linspace(2,1,100);

plot(r,omega(201:300,1),'r',r,omega(201:300,2),'b',r,omega(201:300,3),'m',r,

omega(201:300,4),'k");

grid on;

legend('c_{1}=10 and c_{2}=20 [kg\cdot m™{—1}\cdot s™{—2}1',....
'c_{1}=100 and c_{2}=200 [kg\cdot m™{—1}\cdot s~{—2}]',...
'c_{1}=1000 and c_{2}=2000 [kg\cdot m~{—1}\cdot s~{—-2}]',..
'c_{1}=10000 and c_{2}=20000 [kg\cdot m~{—1}\cdot s™~{—2}]')

title('Relative angular velocity for different drag values.')

xlabel('r")

ylabel('\omega_{rel}")

figure(2)
plot(r,theta(1:100,1),'r',r,theta(1:100,2),'b"',r,theta(1:100,3), 'm',r,theta
(1:100,4),'k');

grid on;

legend('c_{1}=10 and c_{2}=20 [kg\cdot m*{—1}\cdot s~{—2}]1',....
"'c_{1}=100 and c_{2}=200 [kg\cdot m~{—1}\cdot s™~{—2}]',...
'c_{1}=1000 and c_{2}=2000 [kg\cdot m~{—1}\cdot s~{-2}]',..
'c_{1}=10000 and c_{2}=20000 [kg\cdot m~{—1}\cdot s~{—2}]"')

title('Volume fraction of the solid for different values of c_1 and c_2."')

xlabel('r")

ylabel('\theta_2")

figure(3)
plot(r,Lambda(1:100,1),'r',r,Lambda(1:100,2),'b"',r,Lambda(1:100,3),'m',r,
Lambda(1:100,4), 'k');

grid on;

legend('c_{1}=10 and c_{2}=20 [kg\cdot m™{—1}\cdot s~{—2}]',....
'c_{1}=100 and c_{2}=200 [kg\cdot m~{—1}\cdot s~{—2}1',...
'c_{1}=1000 and c_{2}=2000 [kg\cdot m~{—1}\cdot s~{—2}1',..
'c_{1}=10000 and c_{2}=20000 [kg\cdot m~{—1}\cdot s™{—2}]')

title('Relative pressure of the mixture for different drag values.')

xlabel('r")

ylabel('\Lambda")

function dy = eqdiferencial(s,y)

parametrosmixture4;

a=get (1, 'Userdata');

rfinal=a(1l);

r=rfinal-s;

lambda=y (1) ;
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theta2=y(2);

A2=a(2);

Cdrag=a(3);

cl=a(4);

c2=a(5);

thetal=1—theta2;

Presion=sqrt(2)*A2./mus./r.”2;

velr=sqrt(3/2x(Presion—theta2+lambda)* (theta2xgamma2*xthetal*Cdragxr~2)"—1);

dy=zeros(2,1);

dy(1l)=4xr+Cdrag*(theta2xgammal—thetalxgamma2)*xvelr”"2;

dy(2)=—1lambdaxtheta2+«thetal+(theta2xgamma2+gammalxthetal)*Cdrag*r"2xvelr™2:x
theta2xthetal...

+c2x(theta2”2—thetac2”2)xthetal-clx(thetal”2—thetacl”2)*xtheta2;

end

function [theta02,Fval]=findtheta20(Presion,cbvel,Rf,Cdrag,cl,c2)
parametrosmixture4;
x=zeros(1,10);
ci=linspace(0,1,10);
tol=10e—4;
Fval=zeros(1,10);
for k=1:10
[x(k), Fval(k)] = fsolve(@(x) FindBoundaryConditions(x,Presion,thetac2,
thetacl,c2,cl,gammal,gamma2,Cdrag, cbvel,Rf),ci(k));
end
i= x<1 & x>0 & abs(Fval)<tol;
theta02=mode(x(1i));
end

function sys=FindBoundaryConditions(x,Presion,thetac2,thetacl,c2,cl,gammal,
gamma2,Cdrag, cbvel,Rf)

sys=—(Presion+2/3*xgamma2+*x*(1—x)*Cdrag*Rf"2xcbvel”2)*(1—x) ...
+Rf*2xcbvel”2xCdrag*(gammal+(gamma2—gammal) xX) xx*x(1—x) . ..
+c2% (x*2—thetac2”2)*(1—x)—cl*x*x((1—x)"2—thetacl”2);

end

Listing B.5: MATLAB code of the auxiliary function integra.m

function fl=integra(y,ci,f)

for j=1:1:length(y)
s=linspace(y(j),y(end),b100);
nul=interpl(y,f,s);
fl(j)=ci+trapz(s,nul);

end

end
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Listing B.6: MATLAB code of the auxiliary code parametrosmixture2.m

muf=0.001;
gammal=1000;

mus=723;
gamma2=2200;

dchica=le—4;

c2=20;
cl=10;

thetac2=0.56;
thetacl=1-thetac2;

Cdrag=1000;

Listing B.7: MATLAB code of the auxiliary code parametrosmixture3.m

muf=0.001;
gammal=1000;

mus=723;
gamma2=2200;
dchica=le—4;

c2=20;
cl=10;

thetac2=0.56;
thetacl=1-thetac?2;

R1=1;
R2=2;

Listing B.8: MATLAB code of the auxiliary code parametrosmixture4.m

muf=0.001;
gammal=1000;

mus=723;

gamma2=2200;
dchica=le—4;
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thetac2=0.56;
thetacl=1-thetac2;

R1=1;
R2=2;
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Résumé

Cette thése vise & obtenir et & développer des modéles mathématiques pour comprendre
certains aspects de la dynamique des fluides granulaires hétérogénes. Plus précisément, le résultat
attendu consiste a développer trois modeéles. Nous supposons dans un premier temps que la
dynamique du matériau granulaire est modélisée & 'aide d’une approche fondée sur la théorie
du mélange. D’autre part pour le deux modéles restant, nous considérons que le fluide granulaire
est modélisé a 'aide d’une approche multiphase associant des structures et des fluides rigides.
Plus exactement :

— Dans le premier modéle, nous avons obtenu un ensemble d’équations basées sur la théorie
du mélange en utilisant des outils d’homogénéisation et une procédure thermodynamique.
Ces équations reflétent deux propriétés essentielles des fluides granulaires : la nature
visqueuse du fluide interstitiel et un comportement de type Coulomb de la composante
granulaire. Avec nos équations, nous étudions le probléme de Couette entre deux cylindres
infinis d’un écoulement hétérogéne granulaire dense, composé d’un fluide newtonien et
d’une composante solide.

— Dans le deuxiéme modéle, nous considérons le mouvement d’un corps rigide dans un
matériau viscoplastique. Les équations 3D de Bingham modélisent ce matériau et les lois
de Newton régissent le déplacement du corps rigide. Notre résultat principal est d’établir
I’existence d’une solution faible pour le systéme correspondant. La formulation faible
du probléme est une inégalité en raison de la plasticité du fluide. Nous obtenons un
probléme & frontiére libre di au mouvement du corps rigide. Le résultat est obtenu en
utilisant un probléme approximé et en le passant & la limite. Les problémes approchés
considérent la régularisation des termes convexes dans le fluide de Bingham. Nous utilisons
une méthode de pénalisation pour prendre en compte la présence du corps rigide.

— Dans le troisiéme modéle, nous considérons le mouvement d’un corps rigide conducteur
thermique parfait dans un fluide newtonien conducteur de la chaleur. Les équations 3D de
Fourier-Navier-Stokes modélisent le fluide, tandis que les lois de Newton et I’équilibre de
I’énergie interne modélisent le déplacement du corps rigide. Notre principal objectif dans
cette partie est de prouver I'existence d’une solution faible pour le systéme correspondant.
La formulation faible est composée de 1’équilibre entre la quantité du mouvement et
I’équation de I’énergie totale, qui inclut la pression du fluide, et implique une limite libre
due au mouvement du corps rigide. Pour obtenir une pression intégrable, nous considérons
une condition au limite de glissement de Navier pour la limite extérieure et l'interface
mutuelle. Comme dans le deuxiéme probléme, la preuve est obtenue en considérant un
probléme approché et en le passant & la limite. Les problémes approchés considérent une
régularisation du terme de convection et une méthode de pénalisation pour prendre en
compte la présence du corps rigide.

Mots-clés: Solution faible, fluides de Bingham, interaction fluide-structure, théorie des mélanges,
Navier-Stokes-Fourier
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Abstract

This Ph.D. thesis aims to obtain and to develop some mathematical models to understand
some aspects of the dynamics of heterogeneous granular fluids. More precisely, the expected result
is to develop three models, one where the dynamics of the granular material is modeled using
a mixture theory approach, and the other two, where we consider the granular fluid is modeled
using a multiphase approach involving rigid structures and fluids. More precisely :

— In the first model, we obtained a set of equations based on the mixture theory using
homogenization tools and a thermodynamic procedure. These equations reflect two es-
sential properties of granular fluids : the viscous nature of the interstitial fluid and a
Coulomb-type of behavior of the granular component. With our equations, we study the
problem of a dense granular heterogeneous flow, composed by a Newtonian fluid and a
solid component in the setting of the Couette flow between two infinite cylinders.

— In the second model, we consider the motion of a rigid body in a viscoplastic material. The
3D Bingham equations model this material, and the Newton laws govern the displacement
of the rigid body. Our main result is the existence of a weak solution for the corresponding
system. The weak formulation is an inequality (due to the plasticity of the fluid), and it
involves a free boundary (due to the motion of the rigid body). The proof is achieved
using an approximated problem and passing it to the limit. The approximated problems
consider the regularization of the convex terms in the Bingham fluid and by using a
penalty method to take into account the presence of the rigid body.

— In the third model, we consider the motion of a perfect heat conductor rigid body in
a heat conducting Newtonian fluid. The 3D Fourier-Navier-Stokes equations model the
fluid, and the Newton laws and the balance of internal energy model the rigid body. Our
main result is the existence of a weak solution for the corresponding system. The weak
formulation is composed by the balance of momentum and the balance of total energy
equation which includes the pressure of the fluid, and it involves a free boundary (due to
the motion of the rigid body). To obtain an integrable pressure, we consider a Navier slip
boundary condition for the outer boundary and the mutual interface. As in the second
problem, the proof is achieved using an approximated problem and passing it to the limit.
The approximated problems consider a regularization of the convective term and a penalty
method to take into account the presence of the rigid body.

Keywords: Weak Solution, Bingham Fluids, Fluid-Structure Interaction, Mixture Theory, Navier-
Stokes-Fourier
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