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Introduction  

Une connaissance (suffisamment) précise des propriétés thermodynamiques des corps 

purs et des mélanges est un préalable impérieux à la modélisation des procédés. Les 

�J�U�D�Q�G�H�X�U�V���W�K�H�U�P�R�G�\�Q�D�P�L�T�X�H�V���G�¶�L�Q�W�p�U�r�W���S�R�X�U���O�¶�p�W�X�G�H���G�H�V���S�U�R�F�p�G�p�V���V�R�Q�W���S�U�L�Q�F�L�S�D�O�H�P�H�Q�W��

�O�H�V���S�U�R�S�U�L�p�W�p�V���G�¶�p�T�X�L�O�L�E�U�H���H�Q�W�U�H���S�K�D�V�H�V�����H�V�V�H�Q�W�L�H�O�O�H�V���j���O�D���F�R�Q�F�H�S�W�L�R�Q���H�W���O�D���V�L�P�X�O�D�W�L�R�Q���G�H�V��

procédés de séparation par exemple, et les propriétés énergétiques (enthalpie, entropie, 

capacité calorifique) impliquées dans les bilans enthalpiques et exergétiques. 

�/�¶�L�Q�I�R�U�P�D�W�L�R�Q�� �U�H�O�D�W�L�Y�H�� �D�X�� �F�R�P�S�R�U�W�H�P�H�Q�W�� �G�H�V�� �S�K�D�V�H�V�� �H�W�� �D�X�[�� �S�U�R�S�U�L�p�W�p�V�� �p�Q�H�U�J�p�W�L�T�X�H�V��

�G�¶�X�Q�� �V�\�V�W�q�P�H��(corps pur ou mélange) peut être principalement générée de deux 

manières : soit on effectue des mesures, soit on utilise un modèle adapté pour les 

�S�U�p�Y�R�L�U�����/�H�V���P�H�V�X�U�H�V���H�[�S�p�U�L�P�H�Q�W�D�O�H�V���S�U�p�V�H�Q�W�H�Q�W���O�¶�D�Y�D�Q�W�D�J�H���G�H���I�R�X�U�Q�L�U���X�Q�H���H�V�W�L�P�D�W�L�R�Q��

généralement précise des �S�U�R�S�U�L�p�W�p�V�� �G�¶�L�Q�W�p�U�r�W���� �(�O�O�H�V�� �S�U�p�V�H�Q�W�H�Q�W�� �Q�p�D�Q�P�R�L�Q�V��

�O�¶�L�Q�F�R�Q�Y�p�Q�L�H�Q�W�� �G�H�� �Q�¶�r�W�U�H�� �G�L�V�S�R�Q�L�E�O�H�V�� �T�X�H�� �S�R�X�U�� �X�Q�� �Q�R�P�E�U�H�� �G�L�V�F�U�H�W�� �G�H�� �F�R�Q�G�L�W�L�R�Q�V��

�H�[�S�p�U�L�P�H�Q�W�D�O�H�V�����6�H���S�R�V�H�Q�W���D�O�R�U�V���O�H�V���S�U�R�E�O�q�P�H�V���G�H���O�¶�L�Q�W�H�U�S�R�O�D�W�L�R�Q���H�W���G�D�Q�V���X�Q�H���S�O�X�V���O�D�U�J�H��

�P�H�V�X�U�H���� �G�H�� �O�¶�H�[�W�U�D�S�R�O�D�W�L�R�Q�� �j�� �G�¶�D�X�W�U�H�V�� �F�R�Qditions opératoires. Les modèles étant 

�L�P�S�D�U�I�D�L�W�V���� �O�¶�X�W�L�O�L�V�D�W�L�R�Q�� �G�¶�X�Q�� �P�R�G�q�O�H�� �W�K�H�U�P�R�G�\�Q�D�P�L�T�X�H�� �L�Q�G�X�L�W�� �Q�p�F�H�V�V�D�L�U�H�P�H�Q�W�� �G�H�V��

écarts plus ou moins importants entre les propriétés prédites par le modèle et les 

valeurs mesurées expérimentalement.  

Les modèles contiennent fréquemment des paramètres ajustables (leurs valeurs ne 

sont pas fixées par la théorie) qui sont généralement régressés sur des données 

expérimentales. On notera par ailleurs que les modèles reposant sur des bases 

physiques sont généralement plus pr�R�S�L�F�H�V�� �j�� �O�D�� �S�U�D�W�L�T�X�H�� �G�H�� �O�¶�H�[�W�U�D�S�R�O�D�W�L�R�Q�� �T�X�H�� �O�H�V��

modèles purement corrélatifs ne reposant sur aucun fondement physique. 

�$�F�W�X�H�O�O�H�P�H�Q�W�����L�O���Q�¶�H�[�L�V�W�H���S�D�V���G�H���P�R�G�q�O�H���W�K�H�U�P�R�G�\�Q�D�P�L�T�X�H���S�H�U�P�H�W�W�D�Q�W���G�H���U�H�S�U�p�V�H�Q�W�H�U��

�D�Y�H�F�� �X�Q�H�� �S�U�p�F�L�V�L�R�Q�� �V�D�W�L�V�I�D�L�V�D�Q�W�H�� �O�D�� �Y�D�U�L�p�W�p�� �G�¶�p�T�X�L�O�L�E�U�Hs entre phases pouvant exister 

dans la nature (liquide -vapeur, liquide-liquide, liquide -liquide -vapeur, solide-liquide, 

solide-�Y�D�S�H�X�U�«������ �$�L�Q�V�L���� �O�H�� �G�p�Y�H�O�R�S�S�H�P�H�Q�W�� �G�H�� �P�R�G�q�O�H�V�� �W�K�H�U�P�R�G�\�Q�D�P�L�T�X�H�V�� �W�R�X�M�R�X�U�V��

plus performants et polyvalents est un domaine actif de recherche. 

�'�H�X�[�� �J�U�D�Q�G�H�V�� �I�D�P�L�O�O�H�V�� �G�H�� �P�R�G�q�O�H�V�� �W�K�H�U�P�R�G�\�Q�D�P�L�T�X�H�V�� �V�R�Q�W�� �G�¶�X�Q�� �X�V�D�J�H�� �F�R�X�U�D�Q�W�� ���� �O�H�V��

�P�R�G�q�O�H�V���G�H���F�R�H�I�I�L�F�L�H�Q�W���G�¶�D�F�W�L�Y�L�W�p���H�W���O�H�V���p�T�X�D�W�L�R�Q�V���G�¶�p�W�D�W���� 

�8�Q���P�R�G�q�O�H���G�H���F�R�H�I�I�L�F�L�H�Q�W���G�¶�D�F�W�L�Y�L�W�p���F�D�U�D�F�W�p�U�L�V�H���O�H�V���G�p�Y�L�D�W�L�R�Q�V���j���O�¶�L�G�p�D�O�L�W�p���G�H�V���P�p�O�D�Q�J�H�V��

�j���O�¶�p�W�D�W���O�L�T�X�L�G�H�����(�Q���O�H���F�R�P�E�L�Q�D�Q�W���j���X�Q�H���p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���S�R�X�U���O�D���S�K�D�V�H���J�D�]�����R�Q���S�H�X�W���S�U�p�Y�R�L�U��
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des équilibres entre phases. Cette approche est toutefois limitée au domaine des basses 

pressions. 

�/�H�V���p�T�X�D�W�L�R�Q�V���G�¶�p�W�D�W���V�R�Q�W���G�L�Y�L�V�p�H�V���H�Q���G�H�X�[���F�D�W�p�J�R�U�L�H�V�������H�O�O�H�V���S�H�X�Y�H�Q�W���r�W�U�H���V�R�L�W���H�[�S�Oicites 

en pression, soit explicites en volume. Seules les équations explicites en pression ont 

la capacité de prévoir des équilibres de phases, y compris ceux impliquant un composé 

�V�X�S�H�U�F�U�L�W�L�T�X�H���� �3�D�U�P�L�� �O�H�V�� �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �H�[�S�O�L�F�L�W�H�V�� �H�Q�� �S�U�H�V�V�L�R�Q���� �X�W�L�O�L�V�p�H�V dans 

�O�¶�L�Q�G�X�V�W�U�L�H�� �R�X�� �H�Q�� �U�H�F�K�H�U�F�K�H���� �V�R�Q�W�� �J�p�Q�p�U�D�O�H�P�H�Q�W�� �F�L�W�p�H�V�� �O�H�V�� �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �F�X�E�L�T�X�H�V��

(Soave-Redlich-Kwong, Peng-�5�R�E�L�Q�V�R�Q�� �«������ �O�H�V�� �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �G�H�� �W�\�S�H�� �6�$�)�7�� ���3�&-

SAFT, SOFT-�6�$�)�7�� �«���� �H�W�� �O�H�V�� �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �V�S�p�F�L�I�L�T�X�H�V�� �j�� �X�Q�� �F�R�Q�V�W�L�W�X�D�Q�W�� �R�X�� �X�Q��

mélange (BWR, GERG, Span-�:�D�J�Q�H�U���«���� 

�+�L�V�W�R�U�L�T�X�H�P�H�Q�W���� �O�H�V�� �S�U�H�P�L�q�U�H�V�� �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �F�X�E�L�T�X�H�V�� ���9�D�Q�� �G�H�U�� �:�D�D�O�V���� �5�H�G�O�L�F�K-

�.�Z�R�Q�J���«�����U�H�T�X�p�U�D�L�H�Q�W���O�D���F�R�Q�Q�D�L�V�V�D�Q�F�H���G�H�������S�D�U�D�P�q�W�U�H�V���H�[�S�p�U�L�P�H�Q�W�D�X�[�����O�D���W�H�P�S�p�U�D�W�X�U�H��

critique et la pression critique) pour décrire un corps pur. Les déviations calculées 

entre les prédictions de ces modèles et les données expérimentales de pression de 

vapeur saturante sont souvent très importantes. Pour les minimiser, un troisième 

paramètre fut introduit par Soave en accord avec la loi des états correspondants à 3 

�S�D�U�D�P�q�W�U�H�V�� ���� �O�H�� �I�D�F�W�H�X�U�� �D�F�H�Q�W�U�L�T�X�H���� �'�¶�D�X�W�U�H�V�� �D�X�W�H�X�U�V�� �S�U�p�F�R�Q�L�V�H�Q�W�� �O�¶�L�Q�F�R�U�S�R�U�D�W�L�R�Q�� �G�H��

�S�D�U�D�P�q�W�U�H�V�� �D�M�X�V�W�D�E�O�H�V�� �G�D�Q�V�� �O�H�V�� �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �F�X�E�L�T�X�H�V�� �H�Q�� �S�O�X�V�� �G�H�� �O�D�� �W�H�P�S�p�U�D�W�X�U�H��

critique et de la pression critique expérimentales (notamment à travers la fon ction 

alpha du terme attractif).  

�/�H�V���p�T�X�D�W�L�R�Q�V���G�¶�p�W�D�W���F�X�E�L�T�X�H�V���S�H�X�Y�H�Q�W���p�J�D�O�H�P�H�Q�W���r�W�U�H���X�W�L�O�L�V�p�H�V���D�I�L�Q���G�H���P�R�G�p�O�L�V�H�U���G�H�V��

mélanges. Lorsque la théorie à un fluide est admise, la forme mathématique du modèle 

pour les mélanges reste la même que celle du modèle pour les corps purs. En revanche, 

les paramètres du corps pur doivent être remplacés par ceux du mélange. Les 

expressions de ces derniers sont appelées règles de mélange. Différentes approches 

existent pour les déterminer. Elles impliquent généralement un c ertain nombre de 

paramètres ajustables. 

�3�R�X�U���r�W�U�H���D�S�S�O�L�T�X�p�H�V���D�X�[���F�R�U�S�V���S�X�U�V�����O�H�V���p�T�X�D�W�L�R�Q�V���G�¶�p�W�D�W���G�H���W�\�S�H���6�$�)�7���Q�p�F�H�V�V�L�W�H�Q�W���O�D��

�F�R�Q�Q�D�L�V�V�D�Q�F�H���G�¶�D�X���P�R�L�Q�V�������S�D�U�D�P�q�W�U�H�V�����H�W���S�D�U�I�R�L�V���E�L�H�Q���S�O�X�V�������F�H���Q�R�P�E�U�H���p�W�D�Q�W���I�R�Q�F�W�L�R�Q��

�G�X�� �Q�R�P�E�U�H�� �G�H�� �V�L�W�H�V�� �G�¶�D�V�V�R�F�L�D�W�L�R�Q�� �D�I�I�H�F�W�p�� �j�� �Fhaque corps pur. À la différence des 

�p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �F�X�E�L�T�X�H�V���� �O�H�V�� �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �G�H�� �W�\�S�H�� �6�$�)�7�� �S�R�V�V�q�G�H�Q�W�� �G�D�Q�V�� �O�H�X�U��

�H�[�S�U�H�V�V�L�R�Q���P�D�W�K�p�P�D�W�L�T�X�H���X�Q���W�H�U�P�H���G�p�F�U�L�Y�D�Q�W���O�H���S�K�p�Q�R�P�q�Q�H���G�¶�D�V�V�R�F�L�D�W�L�R�Q���S�D�U���O�L�D�L�V�R�Q��

hydrogène. La description des mélanges nécessite, comme pour les cubiques, 

�O�¶�D�G�R�S�W�L�R�Q�� �G�H�� �U�q�J�O�H�V�� �G�H�� �P�p�O�D�Q�J�H�� �H�W�� �E�L�H�Q�� �V�R�X�Y�H�Q�W���� �O�D�� �G�p�W�H�U�P�L�Q�D�W�L�R�Q�� �G�H�� �S�D�U�D�P�q�W�U�H�V��
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�E�L�Q�D�L�U�H�V���D�M�X�V�W�D�E�O�H�V�����$���O�¶�K�H�X�U�H���D�F�W�X�H�O�O�H�����O�H�V���p�T�X�D�W�L�R�Q�V���G�H���W�\�S�H���6�$�)�7���S�H�L�Q�H�Q�W���j���W�H�Q�G�U�H���Y�H�U�V��

�G�H�V�� �Y�H�U�V�L�R�Q�V�� �L�Q�G�X�V�W�U�L�D�O�L�V�p�H�V�� ���F�¶�H�V�W-à-dire contenant des paramètres de corps purs 

estimables pour toutes les molécules courantes selon une procédure universelle et 

robuste, et disposant de banque de données complètes ou de méthodes prédictives 

pour les paramètres binaires). 

�(�Q�I�L�Q���� �O�H�V�� �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �V�S�p�F�L�I�L�T�X�H�V�� �j�� �X�Q�� �F�R�Qstituant ou un mélange reposent 

�V�R�X�Y�H�Q�W�� �V�X�U�� �X�Q�� �G�p�Y�H�O�R�S�S�H�P�H�Q�W�� �G�X�� �Y�L�U�L�H�O�� �R�X�� �G�H�� �O�¶�p�Q�H�U�J�L�H�� �G�H�� �+�H�O�P�K�R�O�W�]�� �H�W�� �L�P�S�O�L�T�X�H�Q�W��

généralement plusieurs dizaines de paramètres ajustables par corps pur. Par leur 

flexibilité, ces modèles permettent une excellente représentation des données 

�H�[�S�p�U�L�P�H�Q�W�D�O�H�V���� �&�H�S�H�Q�G�D�Q�W���� �O�¶�D�M�X�V�W�H�P�H�Q�W�� �G�H�V�� �Q�R�P�E�U�H�X�[�� �S�D�U�D�P�q�W�U�H�V�� �Q�p�F�H�V�V�L�W�H�� �O�D��

�F�R�Q�Q�D�L�V�V�D�Q�F�H�� �G�¶�X�Q�� �J�U�D�Q�G�� �Q�R�P�E�U�H�� �G�H�� �G�R�Q�Q�p�H�V�� �H�[�S�p�U�L�P�H�Q�W�D�O�H�V�� �O�L�P�L�W�D�Q�W�� �D�L�Q�V�L�� �F�H�� �W�\�S�H��

�G�¶�p�T�X�D�W�L�R�Q�V���j���X�Q���S�H�W�L�W���Q�R�P�E�U�H���G�H���P�R�O�p�F�X�O�H�V���D�\�D�Q�W���X�Q���L�Q�W�p�U�r�W���L�Q�G�X�V�W�U�L�H�O���P�D�M�H�X�U�� 

Les �p�T�X�D�W�L�R�Q�V���G�¶�p�W�D�W���F�X�E�L�T�X�H�V���R�I�I�U�H�Q�W���G�R�Q�F���X�Q���E�R�Q���F�R�P�S�U�R�P�L�V���H�Q�W�U�H���X�Q�L�Y�H�U�V�D�O�L�W�p�����F�¶�H�V�W-

à-dire la possibilité de les appliquer à tout corps pur et tout mélange) et précision. Par 

exemple, les versions originales des équations cubiques de Soave-Redlich-Kwong et de 

Peng-�5�R�E�L�Q�V�R�Q�� �R�Q�W�� �O�¶�D�Y�D�Q�W�D�J�H�� �G�¶�r�W�U�H�� �D�S�S�O�L�F�D�E�O�H�V�� �j�� �W�R�X�W�� �F�R�Q�V�W�L�W�X�D�Q�W�� �S�R�X�U�� �O�H�T�X�H�O�� �R�Q��

dispose de valeurs de température critique, pression critique et facteur acentrique. Ces 

données sont souvent présentes dans des bases de données.  

�/�¶�R�E�M�H�F�W�L�I���G�H���F�H�W�W�H���W�K�q�V�H���H�V�W���G�H���G�p�I�L�Q�L�U���X�Q�H���Q�R�X�Y�H�O�O�H���p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���F�X�E�L�T�X�H���S�H�U�P�H�W�W�D�Q�W��

une amélioration significative de la représentation des équilibres entre phases et des 

propriétés énergétiques des systèmes contenant des molécules apolaires et polaires 

mais aussi des systè�P�H�V���G�D�Q�V���O�H�V�T�X�H�O�V���O�H���S�K�p�Q�R�P�q�Q�H���G�¶�D�V�V�R�F�L�D�W�L�R�Q���L�Q�W�H�U�Y�L�H�Q�W���H�W���G�R�Q�W���O�D��

�P�R�G�p�O�L�V�D�W�L�R�Q���S�D�U���X�Q�H���p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���H�V�W���F�O�D�V�V�L�T�X�H�P�H�Q�W���M�X�J�p�H���F�R�P�S�O�H�[�H�� 

�/�D���S�U�H�P�L�q�U�H���S�D�U�W�L�H���G�H���F�H���P�D�Q�X�V�F�U�L�W���H�V�W���G�p�G�L�p�H���j���O�D���U�H�F�K�H�U�F�K�H���G�¶�X�Q���P�R�G�q�O�H��

�G�H�� �W�\�S�H�� �p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� �F�X�E�L�T�X�H���� �J�D�U�D�Q�W�L�V�V�D�Q�W une bonne représentation 

des équilibres entre phases et des propriétés énergétiques des corps purs.  

�&�H�W�W�H�� �p�W�X�G�H�� �G�H�� �O�D�� �P�R�G�p�O�L�V�D�W�L�R�Q�� �G�H�V�� �F�R�U�S�V�� �S�X�U�V���� �D�� �P�L�V�� �H�Q�� �O�X�P�L�q�U�H�� �O�¶�D�E�V�R�O�X�H�� �Q�p�F�H�V�V�L�W�p��

�G�¶�L�P�S�R�V�H�U�� �G�H�� �P�X�O�W�L�S�O�H�V�� �F�R�Q�W�U�D�L�Q�W�H�V�� �P�D�W�K�p�P�D�W�L�T�X�H�V�� �j�� �O�D�� �Y�D�U�L�D�W�L�R�Q�� �G�X�� �W�H�U�Pe attractif 

avec la température afin de garantir une extrapolation fiable au domaine supercritique. 

Deux modèles thermodynamiques induisant une excellente reproduction des 

propriétés à saturation et des propriétés énergétiques sont alors proposés. 

La secon �G�H�� �S�D�U�W�L�H�� �G�H�� �F�H�� �P�D�Q�X�V�F�U�L�W���� �V�¶�L�Q�W�p�U�H�V�V�H�� �j�� �O�D�� �P�R�G�p�O�L�V�D�W�L�R�Q�� �G�H�V��

�S�U�R�S�U�L�p�W�p�V�� �G�H�V�� �P�p�O�D�Q�J�H�V���� �(�O�O�H�� �S�R�V�H�� �O�¶�H�Q�V�H�P�E�O�H�� �G�H�V�� �E�D�V�H�V�� �Q�p�F�H�V�V�D�L�U�H�V�� �D�X��
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�G�p�Y�H�O�R�S�S�H�P�H�Q�W���G�H���Q�R�X�Y�H�O�O�H�V���p�T�X�D�W�L�R�Q�V���G�¶�p�W�D�W���F�X�E�L�T�X�H�V�� Les règles de mélange 

pouvant y être intégrées y sont discutées et une base de données de systèmes 

�E�L�Q�D�L�U�H�V�����p�T�X�L�O�L�E�U�H�V���G�H���S�K�D�V�H�V�����H�Q�W�K�D�O�S�L�H�V���G�H���P�p�O�D�Q�J�H�����S�R�L�Q�W�V���F�U�L�W�L�T�X�H�V���«�� 

permettant la validation et la comparaison des modèles thermodynamiques est 

proposée. 
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Chapitre 1. �� L�;�v���Ð�t�†�-�|�b�o�m�v���7�=�Ð�|�-�|���1�†�0�b�t�†�;�v���-�r�r�t�b�t�†�Ð�;�v���-�†�Š���1�o�u�r�v��

purs ; bilan des connaissances acquises sur ce sujet depuis les 

travaux de Van der Waals 

 

�/�¶�p�W�X�G�H�� �G�H�� �O�D�� �P�R�G�p�O�L�V�D�W�L�R�Q�� �G�H�V�� �F�R�U�S�V�� �S�X�U�V�� �S�D�U�� �O�H�V�� �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �F�X�E�L�T�X�H�V�� �H�V�W�� �X�Q��

�S�U�p�U�H�T�X�L�V���j���O�¶�p�W�X�G�H���G�H�V���P�p�O�D�Q�J�Hs. �/�¶�D�S�S�U�R�F�K�H���L�F�L���S�U�R�S�R�V�p�H���H�V�W���F�K�U�R�Q�R�O�R�J�L�T�X�H���H�W débute 

�D�Y�H�F���O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���G�H���9�D�Q���G�H�U���:�D�D�O�V�� �&�H���F�K�D�S�L�W�U�H���H�V�W���X�Q���U�p�V�X�P�p���G�H���O�¶�p�W�D�W���G�H���O�¶�D�U�W���H�Q��

�P�D�W�L�q�U�H���G�¶�p�T�X�D�W�L�R�Q�V���G�¶�p�W�D�W���F�X�E�L�T�X�H�V���D�X���P�R�P�H�Q�W���R�•���P�H�V���W�U�D�Y�D�X�[���G�H���W�K�q�V�H���R�Q�W���G�p�E�X�W�p����

Les apports de ma thèse à ce sujet sont détaillés dans les chapitres suivants. 

1.1.��L�=�Ð�t�†�-�|�b�o�m �7�=�Ð�|�-�|��de Van der Waals (1873) 

�/�¶�p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� �G�H�� �9�D�Q�� �G�H�U�� �:�D�D�O�V��[1] �I�X�W�� �O�D�� �S�U�H�P�L�q�U�H�� �p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� �F�D�S�D�E�O�H�� �G�H��

reproduire avec satisfaction les courbes isothermes expérimentales dans le plan 

���S�U�H�V�V�L�R�Q�����Y�R�O�X�P�H�����G�¶�X�Q�H���T�X�D�Q�W�L�W�p���I�L�[�H de dioxyde de carbone mesurées par Andrews 

[2]  quelques années plus tôt. Il existe une température en deçà de laquelle les 

isothermes dans le plan pression-volume présentent des paliers horizontaux, 

�F�D�U�D�F�W�p�U�L�V�W�L�T�X�H�V�� �G�X�� �G�R�P�D�L�Q�H�� �G�¶�p�T�X�L�O�L�E�U�H�� �O�L�T�X�L�G�H-vapeur, et au-dessus de laquelle les 

isothermes sont strictement décroissantes. À la valeur exacte de cette température 

�F�D�U�D�F�W�p�U�L�V�W�L�T�X�H���� �O�D�� �F�R�X�U�E�H�� �L�V�R�W�K�H�U�P�H�� �S�U�p�V�H�Q�W�H�� �X�Q�� �S�R�L�Q�W�� �G�¶�L�Q�I�O�H�[�L�R�Q�� �j�� �W�D�Q�J�H�Q�W�H��

�K�R�U�L�]�R�Q�W�D�O�H���T�X�H���O�¶�p�T�X�D�W�L�R�Q���G�H���9�D�Q���G�H�U���:�D�D�O�V��parvient  à reproduire. 

�/�¶�p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� �S�U�R�S�R�V�p�H�� �S�D�U�� �9�D�Q�� �G�H�U�� �:�D�D�O�V�� �H�Q�� ���������� �p�W�D�L�W�� �G�R�Q�F�� �F�D�S�D�E�O�H�� �G�H��

�U�H�S�U�p�V�H�Q�W�H�U�� �O�H�V�� �S�K�p�Q�R�P�q�Q�H�V�� �G�¶�pquilibre liquide -�Y�D�S�H�X�U���G�H�V�� �F�R�U�S�V�� �S�X�U�V���� �F�H�� �T�X�¶�D�X�F�X�Q�H��

�D�X�W�U�H���p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���Q�H���S�H�U�P�H�W�W�D�L�W���M�X�V�T�X�¶�D�O�R�U�V�����0�L�H�X�[���H�Q�F�R�U�H�����9�D�Q���G�H�U���:�D�D�O�V���S�U�R�S�R�V�D��

�X�Q���S�D�U�D�P�p�W�U�D�J�H���S�H�U�P�H�W�W�D�Q�W���j���V�R�Q���p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���G�H���U�H�S�U�R�G�X�L�U�H���H�[�D�F�W�H�P�H�Q�W���O�D���Y�D�O�H�X�U��

expérimentale de cette température limite qui sera connue sous le nom de température 

critique, classiquement notée . 

�/�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���G�H���9�D�Q���G�H�U���:�D�D�O�V���G�H�V���F�R�U�S�V���S�X�U�V���V�¶�p�F�U�L�W :  

   (1.1) 

avec  la pression,  la température et  le volume molaire du système. Le paramètre 

 est la constante des gaz parfaits et vaut 8,3144621 J.mol �í1.K�í1. Le paramètre  est 

appelé paramètre attractif, le paramètre  covolume. 



L�;�v���Ð�t�†�-�|�b�o�m�v���7�=�Ð�|�-�|���1�†�0�b�t�†�;�v���-�r�r�t�b�t�†�Ð�;�v���-�†�Š���1�o�u�r�v���r�†�u�v�; 
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Figure 1.1. Représentation schématique du plan pression-volume d'un corps pur. Les 

courbes en pointillé sont les isothermes. Le palier horizontal  �G�H���O�¶�L�V�R�W�K�H�U�P�H���V�X�E�F�U�L�W�L�T�X�H��

est ici représenté par le segment CB [3] . 

La loi des gaz parfaits ( ), connue dès la fin du XVIIe siècle, qui ne permet pas 

de modéliser des équilibres liquide-vapeur, �H�V�W�� �R�E�W�H�Q�X�H�� �O�R�U�V�T�X�H�� �O�¶�R�Q�� �S�R�V�H�� et 

. Cette loi suppose �T�X�H���O�H�V���P�R�O�p�F�X�O�H�V���G�X���V�\�V�W�q�P�H���V�R�Q�W���S�R�Q�F�W�X�H�O�O�H�V�����F�¶�H�V�W-à-dire 

que leur volume propre �H�V�W���Q�X�O�����H�W���T�X�¶�D�X�F�X�Q�H���I�R�U�F�H���G�¶�L�Q�W�H�U�D�F�W�L�R�Q���Q�H���V�¶�H�[�H�U�F�H��entre les 

molécules du système. 

�(�Q���F�R�P�S�D�U�D�L�V�R�Q�����O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���G�H���9�D�Q���G�H�U���:�D�D�O�V���D���p�W�p���F�R�Q�V�W�U�X�L�W�H���H�Q���F�R�Q�V�L�G�p�U�D�Q�W���T�X�H 

les molécules du système ont toutes un volume propre incompressible et que par 

conséquent, le fluide possède un volume molaire minimal . Sous pression infinie ce 

volume molaire  est atteint  : les molécules sont dans un état de compacité maximale, 

leur volum e molaire ne peut plus être réduit. Ce volume molaire minimal est appelé 

covolume et noté . Pour un système composé de molécules non sujettes à des forces 

intermoléculaires , la prise en compte du volume propre des molécules peut être 

�W�U�D�G�X�L�W�H���S�D�U���O�¶�H�[�S�U�H�V�V�L�R�Q���V�X�L�Y�D�Q�W�H�����R�E�W�H�Q�X�H���S�D�U���P�R�G�L�I�L�F�D�W�L�R�Q���G�H���O�D���O�R�L���G�H�V���J�D�]���S�D�U�I�D�L�W�V :  

   (1.2) 

Ce terme est dit répulsif . À ceci, Van der Waals ajoute des interactions énergétiques 

attractives entre les molécules du système. Physiquement, ces interactions visent à 

rédui re la pression dans le système en �S�H�U�P�H�W�W�D�Q�W���j���X�Q�H���P�R�O�p�F�X�O�H���H�Q���P�R�X�Y�H�P�H�Q�W���G�¶�r�W�U�H��
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« freinée » �S�D�U�� �V�H�V�� �S�O�X�V�� �S�U�R�F�K�H�V�� �Y�R�L�V�L�Q�H�V���� �G�L�P�L�Q�X�D�Q�W���D�L�Q�V�L�� �V�D�� �Y�L�W�H�V�V�H�� �G�¶�L�P�S�D�F�W���V�X�U���O�H�V��

�S�D�U�R�L�V���G�X���V�\�V�W�q�P�H���H�W���G�R�Q�F���O�D���S�U�H�V�V�L�R�Q���H�Q���V�R�Q���V�H�L�Q�����/�H���W�H�U�P�H���D�W�W�U�D�F�W�L�I���V�¶�p�F�U�L�W���D�O�R�U�V :  

   (1.3) 

Le terme attractif et le terme répulsif ont alors été combinés par Van der Waals pour 

obtenir son éq�X�D�W�L�R�Q�� �G�¶�p�W�D�W���� �/�D�� �G�L�V�W�L�Q�F�W�L�R�Q�� �© terme répulsif  », « terme attractif  » est 

�H�Q�F�R�U�H�� �H�P�S�O�R�\�p�H�� �G�H�� �Q�R�V�� �M�R�X�U�V�� �D�I�L�Q�� �G�¶�L�G�H�Q�W�L�I�L�H�U�� �O�H�V�� �G�L�I�I�p�U�H�Q�W�V�� �P�H�P�E�U�H�V�� �G�H�V�� �p�T�X�D�W�L�R�Q�V��

�G�¶�p�W�D�W���F�X�E�L�T�X�Hs. 

�/�¶�p�T�X�D�W�L�R�Q��(1.1) est dite « cubique », car elle peut être réécrite sous �O�D�� �I�R�U�P�H�� �G�¶�X�Qe 

équation polynomiale  de degré 3 du volume molaire  : 

   (1.4) 

�$�L�Q�V�L�����O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���G�H���9�D�Q���G�H�U���:�D�D�O�V���S�H�U�P�H�W, pour une valeur de la température et 

une valeur de la pression fixées, de déterminer le volume molaire du corps pur par 

recherche des racines du polynôme (1.4). 

�/�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���G�H���9�D�Q���G�H�U���:�D�D�O�V���Q�¶�H�V�W���F�H�S�H�Q�G�D�Q�W���S�D�V���X�W�L�O�L�V�p�H���H�Q���S�U�D�W�L�T�X�H, car si elle 

décrit qualitative ment les phénomènes de transition de phases fluides, elle ne permet 

pas de reproduire quantitative ment les comportements expérimentaux. Les déviations 

entre les propriétés calculées par le modèle thermodynamique et les données 

expérimentales restent élevées. Ainsi, de nombreux modèles thermodynamiques 

dérivant du modèle de Van der Waals ont été proposés dans la littérature avec pour 

�R�E�M�H�F�W�L�I���G�¶�D�P�p�O�L�R�U�Hr la représentation des données expérimentales. 

1.2.�����=�Ð�t�†�-�|�b�o�m�� �7�=�Ð�|�-�|�� �1�†�0�b�t�†�;�� �]�Ð�m�Ð�u�-�t�b�v�Ð�;�� �-�r�r�t�b�t�†�Ð�;�� �-�†�Š�� �1�o�u�r�v�� �r�†�u�v�� �;�|�� �von 

paramétrage par application des spécifications critiques  

�7�R�X�W�H�V���O�H�V���p�T�X�D�W�L�R�Q�V���G�¶�p�W�D�W���G�p�U�L�Y�D�Q�W���G�X���P�R�G�q�O�H���G�H���9�D�Q���G�H�U���:�D�D�O�V���D�G�P�H�W�W�H�Q�W���O�D���I�R�U�Pe 

�J�p�Q�p�U�D�O�H���V�X�L�Y�D�Q�W�H�����V�L���O�¶�R�Q���H�[�F�O�Xt �O�H�V���p�T�X�D�W�L�R�Q�V���G�¶�p�W�D�W���© translatées » qui seront discutées 

par la suite) :  

   (1.5) 

�(�Q���F�R�P�S�D�U�D�L�V�R�Q���D�Y�H�F���O�¶�p�T�X�D�W�L�R�Q��(1.1), de nouveaux termes sont apparus :  



L�;�v���Ð�t�†�-�|�b�o�m�v���7�=�Ð�|�-�|���1�†�0�b�t�†�;�v���-�r�r�t�b�t�†�Ð�;�v���-�†�Š���1�o�u�r�v���r�†�u�v�; 
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�x�� La fonction , propre au corps pur, qui introduit une dépendance en 

température �G�D�Q�V�� �O�H�� �W�H�U�P�H�� �D�W�W�U�D�F�W�L�I�� �G�H�� �O�¶�p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W. , la température 

réduite du corps pur, est définie comme le rapport de la température du système 

divisée par la température critique   du composé. 

�x�� Les paramètres et , généralement indépendants du corps pur étudié. Le cas 

échéant, ces paramètres sont dits universels. 

�8�Q�H���p�F�U�L�W�X�U�H���D�O�W�H�U�Q�D�W�L�Y�H���G�H���O�¶�p�T�X�D�W�L�R�Q��(1.5) pouvant être rencontrée dans la littérature  

[4]  fait intervenir des coefficients  et  plutôt que  et  : 

   (1.6) 

Comme illustré dans le Tableau 1.1, s�L���O�¶�R�Q��choisit  certaines valeurs spécifiques de  et 

 (ou respectivement  et ) ainsi q�X�¶�X�Q�H���F�H�U�W�D�L�Q�H���H�[�S�U�H�V�V�L�R�Q���G�H���O�D���I�R�Q�F�W�L�R�Q��, on 

retrouve des �p�T�X�D�W�L�R�Q�V���G�¶�p�W�D�W��cubiques couramment utilisées. 

�'�¶�D�S�U�q�V�� �9�D�O�G�H�U�D�P�P�D [5] , p�O�X�V�L�H�X�U�V�� �F�H�Q�W�D�L�Q�H�V�� �G�¶�p�T�X�D�W�L�R�Q�V���G�¶�p�W�D�W���F�X�E�L�T�X�H�V�� �G�L�I�I�p�U�H�Q�W�H�V��

ont été développées durant le siècle qui suivit la proposition de Van der Waals. Les 

�T�X�D�W�U�H�� �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �Ueportées dans le Tableau 1.1 ne sont donc pas les seules 

équations ayant été reportées dans la littérature. Cependant, ce sont celles ayant connu 

les plus grands succès auprès de la communauté des thermodynamiciens des fluides, 

mais aussi des acteurs du monde industriel, notamment ceux du domaine pétrolier, au 

cours du 20e siècle. 
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Équation 

�G�¶�p�W�D�W 
Année       

Van der Waals 

[1] 
1873   0 0  

Redlich-Kwong 

[6]  
1949   1 0  

Soave-Redlich-

Kwong [7]  
1972   1 0  

Peng-Robinson 

[8]  
1976   2 -1  

Tableau 1.1. Quelques équations d'état couramment utilisées ou rencontrées dans la 

littérature  

1.2.1.��Paramétrage par application des spécifications critiques 

Les paramètres  et  sont traditionnellement déterminés par application des 

spécifications critiques, des spécifications qui traduisent mathématiquement la 

�S�U�p�V�H�Q�F�H�� �G�¶�X�Q�� �S�R�L�Q�W�� �G�¶�L�Q�I�O�H�[�L�R�Q��à tangente horizontale �V�X�U�� �O�¶�L�V�R�W�K�H�U�P�H�� �F�U�L�W�L�T�X�H�� �G�X��

composé étudié (comme observé sur la Figure 1.1) :  

   (1.7) 

Les inconnues de ce système �V�R�Q�W�� �O�H�� �Y�R�O�X�P�H�� �P�R�O�D�L�U�H�� �F�U�L�W�L�T�X�H�� �F�D�O�F�X�O�p�� �S�D�U�� �O�¶�p�T�X�D�W�L�R�Q��

�G�¶�p�W�D�W�� (eos �p�W�D�Q�W�� �O�¶�D�E�U�p�Y�L�D�W�L�R�Q�� �G�H�� �© Equation of State », le terme anglais pour 

« É�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W ») ainsi que les paramètres  et . La température critique 

expérimentale  et la pression critique expérimentale  du composé sont donc 

nécessaires pour résoudre �O�¶�p�T�X�D�W�L�R�Q��(1.7). Ces grandeurs ont été mesurées pour de 

nombreux corps purs et certaines sont librement accessibles (site du NIST par 

exemple : https://webbook.nist.gov/chemistry/ ). On notera que le volume molaire 
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�F�U�L�W�L�T�X�H�� �H�[�S�p�U�L�P�H�Q�W�D�O�� �Q�¶�H�V�W�� �S�D�V�� �X�W�L�O�L�V�p�� �S�R�X�U�� �H�I�I�H�F�W�X�H�U��le paramétrage par application 

des spécifications critiques.  

Les expressions de ,  et  �R�E�W�H�Q�X�H�V���S�D�U���U�p�V�R�O�X�W�L�R�Q���G�X���V�\�V�W�q�P�H���G�¶équations (1.7) 

peuvent être exprimées en fonction de la compacité critique  qui elle-

même ne dépend que de  et  :  

   (1.8) 

   (1.9) 

Les paramètres  et  étant universels (c.-à-d., les mêmes pour tous les corps purs), 

�O�¶�p�T�X�D�W�L�R�Q��(1.8) montre que la compacité critique est également prédite universelle. La 

connaissance des expressions de  et  grâce aux équations (1.8) et (1.9) rend 

�S�R�V�V�L�E�O�H���O�¶�X�W�L�O�L�V�D�W�L�R�Q���G�H���O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���F�X�E�L�T�X�H�� 

�7�R�X�M�R�X�U�V�� �S�D�U�� �U�p�V�R�O�X�W�L�R�Q�� �G�X�� �V�\�V�W�q�P�H�� �G�¶�p�T�X�D�W�L�R�Q�V (1.7), le volume molaire critique du 

corps pur �F�D�O�F�X�O�p���S�D�U���O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W��est alors estimé par la relation . Une 

�F�R�Q�V�p�T�X�H�Q�F�H���G�L�U�H�F�W�H���H�V�W���T�X�H���O�H���I�D�F�W�H�X�U���G�H���F�R�P�S�U�H�V�V�L�E�L�O�L�W�p���F�U�L�W�L�T�X�H���G�X���F�R�P�S�R�V�p���V�¶�p�F�U�L�W :  

   (1.10) 

�/�¶�p�T�X�D�W�L�R�Q��(1.10) �P�R�Q�W�U�H���T�X�H���O�¶�H�[�S�U�H�V�V�L�R�Q���G�H�� est la même quel que soit le composé 

étudié, ,  et  étant les mêmes pour tous les corps purs. �/�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���p�W�D�Q�W��

contrainte par application des spécifications critiques à reproduire exactement les 

valeurs de la température critique expérimentale et de la pression critique 

expérimentale, une déviation sur  le facteur de compressibilité critique �G�H�� �O�¶�p�T�X�D�W�L�R�Q��

�G�¶�p�W�D�W��calculé ne pourra se traduire que par un écart sur le volume molaire critique du 

�F�R�P�S�R�V�p���F�D�O�F�X�O�p���S�D�U���O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���� 



Chapitre 1 

- 13 - 

Les valeurs de  �G�H�V�� �T�X�D�W�U�H�� �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �L�V�V�X�H�V�� �G�X��Tableau 1.1 sont reportées 

dans le Tableau 1.2 :  

É�T�X�D�W�L�R�Q���G�¶�p�W�D�W  

Van der Waals 0.375 

Redlich-Kwong 
0.333 

Soave-Redlich-Kwong 

Peng-Robinson 0.3074 

Tableau 1.2. Valeurs du facteur de compressibilité critique calculé par application des 

spécifications critiques pour différentes équations d'état  

En comparaison, la distribution des facteurs de compressibilité critiques 

expérimentaux est illustrée sur la Figure 1.2 :  

 

Figure 1.2. Distribution  des facteurs de compressibilité critiques (statistiques 

réalisées pour 555 corps purs) [9]  

Une valeur moyenne de 0.263 est obtenue pour le facteur de compressibilité critique, 

soit une déviation de 42�����S�D�U���U�D�S�S�R�U�W���j���O�D���Y�D�O�H�X�U���F�D�O�F�X�O�p�H���D�Y�H�F���O�¶équation de Van der 

Waals qui sera nécessairement égale à la déviation moyenne sur le volume molaire 

critique.  En pratique, on observe que la déviation sur le volume molaire critique causée 

�S�D�U���O�¶application des spécifications critiques se propage en partie aux volumes molaires 

et en particulier à ceux de la phase liquide. �,�O���V�¶�H�Q�V�X�L�W���T�X�H���O�H�V���S�U�R�S�U�L�p�W�p�V���Y�R�O�X�P�L�T�X�H�V���G�H��

�O�D�� �S�K�D�V�H�� �O�L�T�X�L�G�H�� ���G�H�Q�V�L�W�p���� �F�R�P�S�U�H�V�V�L�E�L�O�L�W�p�� �L�V�R�W�K�H�U�P�H�� �«���� �V�R�Q�W���H�Q�W�D�F�K�p�H�V�� �G�¶�X�Q�H�� �H�U�U�H�Xr 

significative.  
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1.2.2.��L�=�Ð�t�†�-�|�b�o�m���7�=�Ð�|�-�|���7�;���!�;�7�t�b�1�_-Kwong (1949) 

�'�D�Q�V�� �O�¶�R�E�M�H�F�W�L�I�� �G�¶�D�P�p�O�L�R�U�H�U�� �O�D�� �U�H�S�U�R�G�X�F�W�L�R�Q�� �G�H�V��propriétés PVT (pression-volume 

molaire -température)  des corps purs, Redlich et Kwong [6]  proposèrent deux 

�P�R�G�L�I�L�F�D�W�L�R�Q�V���G�H���O�¶�p�T�X�D�W�L�R�Q���G�H���9�D�Q���G�H�U���:�D�D�O�V :  

-�� �'�¶�X�Q�H���S�D�U�W�����O�D���P�R�G�L�I�L�F�D�W�L�R�Q des valeurs des paramètres  et , 

-�� �'�¶�D�X�W�U�H���S�D�U�W�����O�¶�L�Q�W�U�R�G�X�F�W�L�R�Q���G�¶�X�Q�H���I�R�Q�F�W�L�R�Q�� dépendant de la température.  

Ces modifications induisent la diminution  de la valeur du facteur de compressibilité 

critique  �F�D�O�F�X�O�p�� �S�D�U�� �O�¶�p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W���� �&�H�� �I�D�L�V�Dnt, un facteur de compressibilité  

critique  de 0.333 est obtenu conduisant à une amélioration de la reproduction de 

�I�D�F�W�H�X�U���G�H���F�R�P�S�U�H�V�V�L�E�L�O�L�W�p���V�X�U���O�¶�H�Q�V�H�P�E�O�H���G�X���G�R�P�D�L�Q�H���G�H���Wempérature et de pression 

pour les composés considérés par les auteurs comme le méth�D�Q�H���� �O�¶�p�W�K�D�Q�H����le n-

butane (Figure 1.3), �O�¶�K�\�G�U�R�J�q�Q�H et le dioxyde de carbone. 

 

Figure 1.3. Reproduction des facteurs de compressibilité expérimentaux du n-butane 

par l'équation de Redlich-Kwong à 137.8°C et 237.8°C [6]  

Bien que la prédiction des pressions de vapeur saturante soit grandement améliorée 

�S�D�U�� �U�D�S�S�R�U�W�� �j�� �O�¶�p�T�X�D�W�L�R�Q�� �G�H�� �9�D�Q�� �G�H�U�� �:�D�D�O�V, elle reste insatisfaisante pour un grand 

nombre de composés. 
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1.2.3.��L�=�Ð�t�†�-�|�b�o�m���7�;���"�o�-�ˆ�;-Redlich-Kwong (1972) 

Soave [7]  a proposé une fonction  différente de celle utilisée par Redlich et Kwong 

qui a conduit à une nette amélioration de la reproduction des pressions de vapeur 

saturante des corps purs. �/�¶�D�Y�D�Q�W�D�J�H�� �G�H��la formulation proposée par Soave est que 

celle-ci est entièrement définie par la valeur du facteur acentrique  du corps pur, une 

quantité introduite par Pitzer [10,11] �H�W���U�p�Y�p�O�D�W�U�L�F�H���G�H���O�D���Q�R�Q���V�S�K�p�U�L�F�L�W�p���G�¶�X�Q�H���P�R�O�p�F�X�O�H. 

Les valeurs du facteur acentrique sont disponibles dans la littérature pour un grand 

nombre de corps purs :  

   (1.11) 

�/�¶�X�W�L�O�L�V�D�W�L�R�Q���G�H���F�H�W�W�H���I�R�Q�F�W�L�R�Q�� permet une excellente reproduction des pressions de 

vapeur saturante des composés apolaires comme illustré dans le Tableau 1.3 où une 

déviation inférieure à 5% est toujours obtenue là où des déviations �D�O�O�D�Q�W���M�X�V�T�X�¶�j 400% 

�V�R�Q�W���R�E�W�H�Q�X�H�V���D�Y�H�F���O�¶�p�T�X�D�W�L�R�Q���G�H���5�H�G�O�L�F�K-Kwong :  

Composé  Redlich -Kwong  Soave -Redlich -Kwong  

Ethylène 20.1% 2.0% 

Propylène 23.5% 0.7% 

Propane 28.8% 2.0% 

Isobutane 52.4% 2.4% 

Cyclopentane 66.0% 0.8% 

Toluène 129.0% 0.8% 

n-hexane 159.0% 1.9% 

n-octane 268.0% 2.1% 

n-decane 402.0% 1.0% 

Tableau 1.3. Déviations relatives entre valeurs calculées et expérimentales de la 

pression de vapeur saturante de 9 corps purs. Les déviations ont été calculées sur une 

gamme de températures réduites supérieures à 0.4 [7] . 

�&�H�S�H�Q�G�D�Q�W�����O�¶�p�T�X�D�W�L�R�Q���G�¶état de Redlich-Kwong modifiée par Soave (abrégée en SRK) 

ne permet toujours pas de calculer avec une précision acceptable les volumes molaires 

du liquide à saturation.  
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1.2.4.�����=�Ð�t�†�-�|�b�o�m���7�=�Ð�|�-�|���7�;�����;�m�]-Robinson (1976) 

Peng et Robinson proposent en 1976 [8]  �X�Q�H�� �p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� �F�X�E�L�T�X�H�� �S�H�U�P�H�W�W�D�Q�W��

�G�¶�D�P�p�O�L�Rrer le calcul des volumes molaires liquides���� �3�R�X�U�� �F�H�� �I�D�L�U�H���� �L�O�V�� �V�¶�L�Q�V�S�L�U�H�Q�W�� �G�H�V��

modifications  proposées par Redlich et Kwong puis Soave en redéterminant les valeurs 

des paramètres  et  �G�¶�X�Q�H�� �S�D�U�W�����D�L�Q�V�L�� �T�X�¶en développant une nouvelle expression 

polynomiale du paramètre  de la fonction  de Soave���� �G�¶�D�X�W�U�H�� �S�D�U�W. Une nette 

amélioration de la reproduction des volumes molaires liquides est atteinte, tant que la 

température réduite reste inférieure à 0.9 ( Figure 1.4) tout en garantissant également 

une excellente reproduction des pressions de vapeur saturante. 

 

Figure 1.4. Erreurs sur les volumes molaires liquides et gazeux calculés par l'équation 

d'état de Soave-Redlich-Kwong et de Peng-Robinson [8]  

1.3.�����;�v���ˆ�o�b�;�v���7�=�-�l�Ð�t�b�o�u�-�|�b�o�m���7�;�v���Ð�t�†�-�|�b�o�m�v���7�=�Ð�|�-�|���1�†�0�b�t�†�;�v���;�Š�r�t�o�u�Ð�;�v 

Depuis la proposition initiale de Van der Waals  �M�X�V�T�X�¶�D�X�[���W�U�D�Y�D�X�[���G�H���3�H�Q�J���H�W��Robinson, 

deux �J�U�D�Q�G�H�V���Y�R�L�H�V���G�¶amélioration ont été proposées :  

�x�� La modification des paramètres  et , qui permet, entre autres, �G�¶�D�P�p�O�L�R�U�H�U��

la reproduction des propriétés volumiques à saturation. 

�x�� �/�¶�D�M�R�X�W���G�¶�X�Q�H���G�p�S�H�Q�G�D�Q�F�H���H�Q���W�H�P�S�p�U�D�W�X�U�H���G�D�Q�V���O�H���W�H�U�P�H���D�W�W�U�D�F�W�L�I���G�H���O�¶�p�T�X�D�W�L�R�Q��

�G�¶�p�W�D�W�� �J�U�k�F�H�� �j�� �O�D�� �I�R�Q�F�W�L�R�Q, la plus connue étant celle proposée par Soave, 

permettant une meilleure représentation des pressions de vapeur saturante. 
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Ces deux �Y�R�L�H�V�� �G�¶�D�P�p�O�L�R�U�D�W�L�R�Q��ont été grandement poursuivies par les chercheurs à 

�W�U�D�Y�H�U�V�� �O�H�� �P�R�Q�G�H���� �G�D�Q�V�� �O�¶�R�E�M�H�F�W�L�I�� �G�¶�D�P�p�O�L�R�U�H�U�� �O�D�� �U�H�S�U�R�G�X�F�W�L�R�Q�� �G�H�V�� �G�R�Q�Q�p�H�V��

expérimentales par les modèles thermodynamiques. 

1.3.1.��Modification des paramètres r 1 et r 2 

Les équations �G�¶�p�W�D�W��proposées par Redlich et Kwong ainsi que Peng et Robinson 

considèrent des paramètres  et  universels. 

�2�Q���U�D�S�S�H�O�O�H���T�X�¶�L�O���H�V�W���p�T�X�L�Y�D�O�H�Q�W�����F�R�P�P�H���F�H�O�D���H�V�W���I�D�L�W���G�D�Q�V���F�H�W�W�H���V�H�F�W�L�R�Q, �F�D�U�����L�O���V�¶�D�J�L�W���G�H��

�O�¶�D�S�S�U�R�F�K�H���F�K�R�L�V�L�H���S�D�U���O�H�V���D�X�W�H�X�U�V���G�H�V���S�X�E�O�L�F�D�W�L�R�Q�V���F�L�W�p�H�V�����G�H���S�D�U�O�H�U���G�H�V���S�D�U�D�P�q�W�U�H�V�� 

et  ou des paramètres  et . 

Comme observé par Schmidt et Wenzel [12], les paramètres  et  des équations de 

Redlich-Kwong, Peng-Robinson et Harmens [13] ���X�Q�H�� �p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� �V�S�p�F�L�I�L�T�X�H�� �D�X��

mélange N2-O2-Ar)  respectent la contrainte mathématique suivante :  

   (1.12) 

C�H�V�� �D�X�W�H�X�U�V�� �R�E�V�H�U�Y�H�Q�W�� �D�X�V�V�L�� �T�X�H�� �O�¶�p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� �G�H�� �5�H�G�O�L�F�K-Kwong convient mieux 

�D�X�[���F�R�P�S�R�V�p�V���D�\�D�Q�W���X�Q���I�D�F�W�H�X�U���D�F�H�Q�W�U�L�T�X�H���G�H�������W�D�Q�G�L�V���T�X�H���O�¶�p�T�X�D�W�L�R�Q���G�H���3�H�Q�J-Robinson 

permet une meilleure représentation des molécules ayant un facteur acentrique de 

0.35. Schmidt et Wenzel �G�p�F�L�G�H�Q�W�� �D�O�R�U�V�� �G�¶�L�P�S�R�V�H�U�� �O�D�� �F�R�Q�W�U�D�L�Q�W�H��suivante sur le 

paramètre  : 

   (1.13) 

Ainsi  :  

   (1.14) 

�$�L�Q�V�L���� �O�¶�p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� �G�H�� �6�F�K�P�L�G�W�� �H�W�� �:�H�Q�]�H�O�� �D�G�P�H�W�� �G�H�V�� �Y�D�O�H�X�U�V�� �G�H�� et  (ou de 

manière équivalente  et ) fonctions du facteur acentrique du corps pur choisi. Ce 

faisant, les auteurs obtiennent des déviations sur les pressions de saturation très 

�S�U�R�F�K�H�V���G�H���F�H�O�O�H�V���F�D�O�F�X�O�p�H�V���D�Y�H�F���O�¶�p�T�X�D�W�L�R�Q���G�H���3�H�Q�J-Robinson (0.90% au lieu de 0.91%), 

mais une nette amélioration de la représentation des densités liquides à saturation qui 

passe de 4.74% �D�Y�H�F���O�¶�p�T�X�D�W�L�R�Q���G�H���3�H�Q�J-Robinson à 1.80% �D�Y�H�F���O�¶�p�T�X�D�W�L�R�Q���G�H���6�F�K�P�L�G�W��
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et Wenzel pour des composés apolaires ou faiblement polaires loin  de leur température 

critique . 

Forts �G�H�� �F�H�� �V�X�F�F�q�V���� �G�¶�D�X�W�U�H�V��auteurs ont proposé des �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �F�X�E�L�T�X�H�V��

considérant des valeurs de  et  variables �����O�¶�p�T�X�D�W�L�R�Q���G�H���+�D�U�P�H�Q�V���H�W���.�Q�D�S�S��[14] la 

même année que celle de Schmidt et Wenzel ainsi que celle de Patel et Teja [15] deux 

ans plus tard. Des conclusions similaires à celle de Schmidt et Wenzel sont obtenues. 

Bien que cette approche permette une nette amélioration des volumes molaires du 

liquid e à saturation et puisse permettre une légère amélioration du calcul de la pression 

de saturation�����H�O�O�H���Q�¶�H�V�W���S�D�V���O�D�U�J�H�P�H�Q�W���X�W�L�O�L�V�p�H�����(�Q���H�I�I�H�W�����O�H���I�D�L�W���T�X�H���O�H�V���S�D�U�D�P�q�W�U�H�V�� et 

 dépendent du corps pur étudié rend difficile le passage aux mélanges pour lesquels 

il faut alors déterminer des valeurs de  et  �S�U�R�S�U�H�V���j���O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���G�X���P�p�O�D�Q�J�H����

parfois en introduisant un par �D�P�q�W�U�H���V�X�S�S�O�p�P�H�Q�W�D�L�U�H���j���D�M�X�V�W�H�U�����U�H�Q�G�D�Q�W���O�¶�D�M�X�V�W�H�P�H�Q�W��

des paramètres des mélanges plus complexe. 

�8�Q�H�� �D�X�W�U�H�� �P�p�W�K�R�G�R�O�R�J�L�H�� �G�H�� �P�R�G�L�I�L�F�D�W�L�R�Q�� �G�H�V�� �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �F�R�Q�V�L�V�W�H�� �j�� �M�R�X�H�U sur la 

fonction  pour améliorer la représentation des pressions de vapeur saturante, et à 

introduire  un paramètre de translation volumique (�G�R�Q�W���O�¶�L�Q�W�p�J�U�D�W�L�R�Q���G�D�Q�V���O�¶�p�T�X�D�W�L�R�Q��

�G�¶�p�W�D�W�� �G�H�V�� �P�p�O�D�Q�J�H�V�� �H�V�W�� �S�O�X�V�� �D�L�V�p�H���� �D�I�L�Q�� �G�¶�D�P�p�O�L�R�U�H�U�� �O�D�� �U�H�S�U�p�V�H�Q�W�Dtion des densités 

liquides. 

1.3.2.�����;�v���=�o�m�1�|�b�o�m�v���Ñ 

Comme montré par S�R�D�Y�H�����O�¶�D�M�R�X�W��de sa fonction  (dépendant de la température) dans 

�O�¶�p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� �F�X�E�L�T�X�H�� �S�H�U�P�H�W�� �X�Q�H�� �Q�H�W�W�H�� �D�P�p�O�L�R�U�D�W�L�R�Q��de la représentation des 

pressions de vapeur saturante et seulement une faible amélioration des volumes 

molaires liquide s.  

Les fonctions  peuvent être classées en deux catégories : généralisées ou spécifiques. 

En effet, une fonction  dont la détermination de la valeur numérique à une 

température donnée ne nécessite que la connaissance du facteur acentrique et de la 

température critique du corps pur est dite généralisée. À �O�¶�L�Q�Y�H�U�V�H����certaines fonctions 

 dites spécifiques détaillées par la suite utilisent un certain nombre de paramètres 

spécifiques au constituant considéré qui doivent être préalablement ajustés sur des 

données expérimentales, permettant ainsi une meilleure reproduction desdites 

données expérimentales. En contrepartie, ces fonctions  ne sont donc pas utilisables 

�V�¶�L�O���Q�¶�H�[�L�V�W�H���S�D�V���G�H���G�R�Q�Q�p�H�V���H�[�S�p�U�L�P�H�Q�W�D�O�H�V�����j���O�¶�L�Q�Y�H�U�V�H���G�H�V���I�R�Q�F�W�L�R�Q�V�� généralisées. 
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1.3.3.�����u�o�1�Ð�7�†�u�;���7�=�-�f�†�v�|�;�l�;�m�|���7�;�v���=�o�m�1�|�b�o�m�v���Ñ 

Que ce soit afin �G�¶�D�M�X�V�W�H�U les paramètres propres au corps pur dans le cas d�¶�X�Q�H fonction  

 spécifique �R�X���V�H�V���S�D�U�D�P�q�W�U�H�V���X�Q�L�Y�H�U�V�H�O�V���G�D�Q�V���O�H���F�D�V���G�¶�X�Q�H���I�R�Q�F�W�L�R�Q�� généralisée, il 

est nécessaire de définir quell es sont les propriétés thermodynamiques 

dont on  cherche à améliorer la reproduction . Pour des raisons pratiques, les 

pressions de vapeur saturante sont généralement les seules propriétés sur lesquelles 

sont ajustées les fonctions �����(�Q���H�I�I�H�W�����R�Q���V�D�L�W���T�X�¶�L�O���H�V�W���S�U�L�P�R�U�G�L�D�O���S�R�X�U���X�Q�H���p�T�X�D�W�L�R�Q��

�G�¶�p�W�D�W�� �F�X�E�L�T�X�H�� �G�H�� �E�L�H�Q�� �U�H�S�U�p�V�H�Q�W�H�U�� �F�H�W�W�H�� �S�U�R�S�U�L�p�W�p�� �V�L�� �O�¶�R�Q�� �V�R�X�K�D�L�W�H�� �P�R�G�p�O�L�V�H�U�� �D�Y�H�F��

précision les équilibres liquide-vapeur des systèmes multiconstituants. De plus, il 

existe de nombreuses données de pression de vapeur saturante dans la littérature, 

�F�H�U�W�D�L�Q�H�V���D�\�D�Q�W���p�W�p���X�W�L�O�L�V�p�H�V���S�R�X�U���D�M�X�V�W�H�U���O�H�V���S�D�U�D�P�q�W�U�H�V���G�H���O�D���O�R�L���G�¶�$�Q�W�R�L�Q�H�����S�H�U�P�H�W�W�D�Q�W��

ainsi de générer une grande quantité de pseudo-points expérimentaux à partir de ceux 

préalablement mesurés. 

Comme étudié par Neau et al. [16,17], les fonctions  généralisées existant dans la 

littérature permettent une représentation satisfaisante de propriétés à saturation 

autres que la pression de vapeur saturante �D�O�R�U�V���T�X�¶�H�O�O�H�V���Q�¶�R�Q�W���S�D�V���p�W�p���D�M�X�V�W�p�H�V���G�H�V�V�X�V : 

�O�¶�H�Q�W�K�D�O�S�L�H���G�H���Y�D�S�R�U�L�V�D�W�L�R�Q���D�L�Q�V�L���T�X�H���O�D���F�D�S�D�F�L�W�p���F�D�O�R�U�L�I�L�T�X�H���G�X���O�L�T�X�L�G�H���j���V�D�Wuration. Des 

�U�p�V�X�O�W�D�W�V���V�D�W�L�V�I�D�L�V�D�Q�W�V���V�R�Q�W���D�X�V�V�L���R�E�W�H�Q�X�V���S�R�X�U���O�¶�H�Q�W�K�D�O�S�L�H���H�W���O�D���F�D�S�D�F�L�W�p���F�D�O�R�U�L�I�L�T�X�H���G�D�Q�V��

le domaine supercritique.  

Privat et al. [18]  ont cependant réalisé �O�¶�D�M�X�V�W�H�P�H�Q�W�� �G�H�V�� �S�D�U�D�P�q�W�U�H�V�� �G�H�V�� �I�R�Q�F�W�L�R�Q�V�� 

non généralisées sur les propriétés suivantes : pression de saturation, enthalpie de 

vaporisation et capacité calorifique du liquide à saturation. Des déviations très faibles 

entre le modèle et les données expérimentales sont obtenues, validant �O�¶�L�Q�W�p�U�r�W 

�G�¶�X�W�L�O�L�V�H�U�� �G�H�V�� �S�U�R�S�U�L�p�W�p�V�� �V�X�S�S�O�p�P�H�Q�W�D�L�U�H�V�� �D�X�[�� �S�U�H�V�V�L�R�Q�V�� �G�H��vapeur saturante pour 

�O�¶�D�M�X�V�W�H�P�H�Q�W���G�H�V���S�D�U�D�P�q�W�Ues de fonctions  non généralisées. Cependant, il existe des 

corps purs pour lesquels l�H�V�� �G�R�Q�Q�p�H�V�� �G�¶�H�Q�W�K�D�O�S�L�H�� �G�H�� �Y�D�S�R�U�L�V�D�W�L�R�Q�� �R�X�� �G�H�� �F�D�S�D�F�L�W�p��

calorifique du liquide à saturati on sont indisponibles. Cette observation amène la 

question : quelles propriétés doivent être a minima incluse s dans la 

�S�U�R�F�p�G�X�U�H���G�H���U�p�J�U�H�V�V�L�R�Q���G�H�V���S�D�U�D�P�q�W�U�H�V���G�H���O�D���I�R�Q�F�W�L�R�Q���.���D�I�L�Q���G�¶�R�E�W�H�Q�L�U���G�H�V��

résultats satisfaisants  ? 

�'�H�� �S�O�X�V���� �F�H�W�W�H�� �S�U�R�F�p�G�X�U�H�� �G�¶�D�M�X�V�W�H�P�H�Q�W�� �G�H�V�� �S�D�U�D�P�q�W�U�H�V�� �G�H�� �O�D�� �I�R�Q�F�W�L�R�Q�� se base 

uniquement sur des données subcritiques (les grandeurs à saturation) alors que la 

fonction  doit pouvoir  être utilisée dans le �G�R�P�D�L�Q�H�� �V�X�S�H�U�F�U�L�W�L�T�X�H���� �F�¶�H�V�W-à-dire en 

extrapolation. À cause du grand nombre de paramètres pouvant être présents dans ces 
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fonctions  non généralisées, il existe un risque important que �O�¶�H�[�W�U�D�S�R�O�D�W�L�R�Q de ces 

fonctions à haute température �Q�¶�D�L�W�� �D�X�F�X�Q�� �V�H�Q�V�� �S�K�\�V�L�T�X�H���� �1�R�W�R�Q�V�� �T�X�¶�Xne mauvaise 

représentation des propriétés supercritiques des corps purs se répercuterait 

nécessairement sur la modélisation des systèmes multiconstituants. La question 

suivante peut alors être posée : les para mètres des fonctions  spécifiques , 

ajustés sur des données �G�¶�p�T�X�L�O�L�E�U�H�� �O�L�T�X�L�G�H-vapeur , peuvent -ils  être 

utilisés en extrapolation pour estimer des propriétés supercritiques  ? 

Comme nous allons le voir par la suite, il existe un nombre limité de contraintes  

théoriques que doivent respecter les fonction s  ; aucune �G�¶�H�O�O�H�V���Q�H���S�H�U�P�H�W���G�¶�D�S�S�R�U�W�H�U��

une réponse au questionnement précédent (indiqué  en gras). 

Dans un premier temps, un état des lieux de ces contraintes est effectué puis quelques 

fonctions  de la littérature sont passées en revue. Les réponses aux questions posées 

dans cette section ainsi que les suivantes trouveront leurs réponses dans les articles 

accompagnant ce manuscrit.  

1.3.3.1.�����o�m�|�u�-�b�m�|�;�v���v�†�u���t�;�v���=�o�m�1�|�b�o�m�v���Ñ 

Par construction, on impose à toutes les fonctions  �G�¶�r�W�U�H���X�Q�L�W�D�L�U�H�V���j���O�D���W�H�P�S�p�U�D�W�X�U�H��

critique  : 

   (1.15) 

�/�H�� �Q�X�P�p�U�D�W�H�X�U�� �G�X�� �W�H�U�P�H�� �D�W�W�U�D�F�W�L�I�� �V�¶�p�F�U�L�Y�D�Q�W��, la fonction  peut 

donc être considérée comme une correction à apporter au terme attractif en dehors du 

point critique, ce dernier étant parfaitement représenté lorsque les paramètres  et 

 sont déterminés par application des spécifications critiques et ne nécessitent  donc 

pas de correction. 

Si la fonction  venait à être négative pour certaines valeurs de température, le terme 

�D�W�W�U�D�F�W�L�I�� �G�H�� �O�¶�p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� �M�R�X�H�U�D�L�W le rôle du terme répulsif , augmentant ainsi la 

pression du système�����8�Q���W�H�O���U�p�V�X�O�W�D�W���L�U�D�L�W���j���O�¶�H�Q�F�R�Q�W�U�H���G�H���O�D���W�K�p�R�U�L�H���G�H���9�D�Q���G�H�U���:�D�D�O�V��

pour qui les forces attractives diminuent la pression du système. La fonction  doit 

donc être positive. 

Si les dérivées successives de la fonction  par rapport à la température présentent des 

discontinuités, les propriétés thermodynamiques dérivées �W�H�O�O�H�V���T�X�H���O�¶�H�Q�W�K�D�O�S�L�H���H�W���O�H�V��

capacités calorifiques présenteront également des discontinuités qui ne sont pas 

observées expérimentalement. Ces propriétés dépendant respectivement des dérivées 
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premières et secondes de la fonction , la fonction , sa dérivée première et sa dérivée 

seconde doivent donc être des fonctions continues de la température [16,17]. 

Enfin, il est observé en pratique que la fonction  doit être décroissante afin 

�G�¶�D�P�p�O�L�R�U�H�U���O�D���U�H�S�U�R�G�X�F�W�L�R�Q���G�H�V���G�R�Q�Q�p�H�V���H�[�S�p�U�L�P�H�Q�W�D�O�H�V���S�D�U���O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W�� 

En conclusion, avant le début de cette thèse, les fonctions  devaient respecter 

�O�¶�H�Q�V�H�P�E�O�H���G�Hs contraintes suivantes :  

   (1.16) 

�'�¶�D�X�W�U�H�V���F�R�Q�G�L�W�L�R�Q�V���H�P�S�L�U�L�T�X�H�V���R�Q�W���p�W�p���S�U�R�S�R�V�p�H�V���S�D�U���7�Z�X [19] :  

�x�� La fonction  �G�R�L�W���W�H�Q�G�U�H���Y�H�U�V�������O�R�U�V�T�X�H���O�D���W�H�P�S�p�U�D�W�X�U�H���W�H�Q�G���Y�H�U�V���O�¶infini . 

�,�O���H�V�W���H�Q���H�I�I�H�W���F�R�P�P�X�Q���G�H���V�X�S�S�R�V�H�U���T�X�H���O�H�V���I�R�U�F�H�V���G�¶�L�Q�W�H�U�D�F�W�L�R�Q���p�Q�H�U�J�p�W�L�T�X�H�V�����F�¶�H�V�W-

à-�G�L�U�H�� �O�H�� �W�H�U�P�H�� �D�W�W�U�D�F�W�L�I�� �G�H�� �O�¶�p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� sont nulles entre les molécules du 

système à haute température et que seules les forces répulsives gouvernent la 

physique du système. �&�H�S�H�Q�G�D�Q�W�����L�O���Q�¶�H�[�L�V�W�H���S�D�V���G�H���G�p�P�R�Q�V�W�U�D�W�L�R�Q���P�D�W�K�p�P�D�W�L�T�X�H��

permettant de valider cette hypothèse. 

�x�� La fonction  �G�R�L�W�� �S�R�X�Y�R�L�U�� �S�U�p�V�H�Q�W�H�U�� �X�Q�� �P�D�[�L�P�X�P�� �D�I�L�Q�� �G�¶�r�W�U�H�� �H�Q mesure de 

représenter les fluides quantiques (des molécules ayant un comportement 

particulier à basse température) �W�H�O�V���T�X�H���O�¶�K�p�O�L�X�P���H�W���O�¶�K�\�G�U�R�J�q�Q�H.  

�&�H�V���P�R�O�p�F�X�O�H�V���V�R�Q�W���G�H�V���F�D�V���S�D�U�W�L�F�X�O�L�H�U�V���T�X�L���Q�H���V�¶�L�Q�V�q�U�H�Q�W���S�D�V���G�D�Q�V���O�D���W�K�p�R�U�L�H���G�H���9�D�Q��

der Waals généralisée dont une conséquence est la stricte décroissance de la 

fonction �����L�Q�W�H�U�G�L�V�D�Q�W���O�D���S�U�p�V�H�Q�F�H���G�¶�X�Q���P�D�[�L�P�X�P����La fonction  est donc utilisée 

�S�R�X�U�� �F�R�P�S�H�Q�V�H�U�� �X�Q�� �G�p�I�D�X�W�� �W�K�p�R�U�L�T�X�H�� �G�H�� �O�¶�p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� �F�X�E�L�T�X�H�� �T�X�D�Q�W�� �j�� �O�D��

représentation des fluides quantiques. 

�x�� La fonction  doit pouvoir représenter les pressions de vapeur saturante des 

co�P�S�R�V�p�V���G�H�S�X�L�V���O�H���S�R�L�Q�W���W�U�L�S�O�H���M�X�V�T�X�¶�D�X���S�R�L�Q�W���F�U�L�W�L�T�X�H. 

�/�¶�X�W�L�O�L�V�D�W�L�R�Q�� �G�H fonctions  ayant des paramètres ajustables plutôt que des 

fonctions  généralisées peut permettre  �G�¶�D�F�F�U�R�v�W�U�H�� �O�D�� �S�U�p�F�L�V�L�R�Q�� �G�H�V�� �p�T�X�D�W�L�R�Q�V��

�G�¶�p�W�D�W��cubiques en matière de pressions de vapeur saturante. 
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Dans �O�¶�D�U�W�L�F�O�H��[20]  présenté dans le chapitre qui suit, nous nous sommes intéressés en 

détail aux contraintes à imposer aux fonctions . �&�H�W�W�H���p�W�X�G�H���D���D�E�R�X�W�L���j���O�¶�p�W�D�E�O�L�V�V�H�P�H�Q�W��

�G�¶�X�Q�H���O�L�V�W�H���G�H���F�R�Q�W�U�D�L�Q�W�H�V���D�X�J�P�H�Q�W�p�H���S�D�U���U�D�S�S�R�U�W���j���F�H�O�O�H���S�U�p�Ventée ci-dessus. 

Il est désormais possible de lister  les fonctions  couramment utilisées, que ce soit 

dans des publications scientifiques ou dans des simulateurs de procédés, et de vérifier 

si celles-ci respectent les contraintes précédemment énoncées. 

1.3.3.2.�����;�v���=�o�m�1�|�b�o�m�v���Ñ��polynomiales 

Les fonctions  �S�R�X�Y�D�Q�W���V�H���U�p�p�F�U�L�U�H���V�R�X�V���O�D���I�R�U�P�H���G�¶�X�Q���S�Rlynôme de la racine carrée 

de la température réduite sont dites polynomiales. À �W�L�W�U�H���G�¶�H�[�H�P�S�O�H�����O�D���I�R�Q�F�W�L�R�Q�� de 

Soave se réécrit :  

   (1.17) 

avec . Une telle forme polynomiale impose à la fonction  de diverger vers 

 lorsque la température tend vers , imposant nécessairement à la fonction  

�G�¶�r�W�U�H�� �Froissante à haute température���� �F�H�� �T�X�L�� �Y�D�� �j�� �O�¶�H�Q�F�R�Q�W�U�H�� �G�H�V��contraintes sur les 

fonctions . Heureusement, cette divergence de la fonction  polynomiale ne se 

manifeste que pour des températures réduites très �p�O�H�Y�p�H�V���S�R�X�U���O�H�V�T�X�H�O�O�H�V���L�O���Q�¶�\���D���S�D�V��

ou peu de procédés industriels développés, limitant ainsi le problème en pratique. 

La première fonction  polynomiale proposée a été celle de Soave. Très utilisée en 

raison de ses excellentes performances et de son caractère généralisé, elle présente 

néanmoins quelques défauts mis en évidence dans la littérature [15,19,21]:  

�x�� Mauvaise reproduction des pressions de vapeur saturante des composés lourds 

à basse température 

�x�� Mauvaise reproduction des pressions de vapeur saturante des molécules 

polaires à toute température, sauf au voisinage du point critique 

Les fonctions  présentées ci-dessous sont des propositions visant à combler ces 

lacunes en modifiant la fonction  de Soave tout en conservant une expression 

relativement similaire à la sienne. 

La fonction généralisée  développée par Peng et Robinson en 1978 [22]  considère 

différentes expressions de  en fonction de la valeur du facteur acentrique dans la 

fonction  de Soave :  
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   (1.18) 

Alors que la fonction  de Soave avait été ajustée uniquement sur des composés ayant 

un facteur acentrique inférieur ou égal à 0.5, les coefficients polynomiaux de cette 

fonction  pour les composés dont le facteur acentrique est supérieur à 0.491 ont été 

ajustés sur les pressions de vapeur saturante de molécules ayant un facteur acentrique 

�F�R�P�S�U�L�V���H�Q�W�U�H�����������H�W�������������p�Y�L�W�D�Q�W���D�L�Q�V�L���G�¶�X�W�L�O�L�V�Hr la fonction  en extrapolation.  

Cette fonction  est utilisée dans les modèles PPR78 [23,24]  �S�R�X�U�� �O�¶�H�Q�V�H�P�E�O�H�� �G�H�V��

composés ainsi que NRTL-PR [25]  pour les hydrocarbures et les composés non 

associés. 

La fonction spécifique  de Mathias-Copeman [26]  vise à améliorer la représentation 

des composés polaires en introduisant 3 paramètres ajustables ,  et  par corps 

pur :  

   (1.19) 

�(�Q���H�I�I�H�W�����L�O���D���p�W�p���R�E�V�H�U�Y�p���T�X�¶�L�O���H�V�W���Q�p�F�H�V�V�D�L�U�H���G�¶�X�W�L�O�L�V�H�U���M�X�V�T�X�¶�j�������S�D�U�D�P�q�W�U�H�V���S�D�U���F�R�U�S�V��

�S�X�U�� �D�I�L�Q�� �G�¶�R�E�W�H�Q�L�U�� �X�Q�H�� �E�R�Q�Q�H�� �U�H�S�U�p�V�H�Q�W�D�W�L�R�Q�� �G�H�V�� �F�R�P�S�R�V�p�V�� �S�R�O�D�L�U�H�V��et associés alors 

�T�X�¶�X�Q���V�H�X�O���S�D�U�D�P�q�W�U�H���H�V�W���V�X�I�I�L�V�D�Q�W���S�R�X�U���O�H�V��autres molécules. Grâce à sa flexibilité, cette 

fonction  est utilisée dans de nombreux modèles dont PSRK [27]  et dans une version 

�P�R�G�L�I�L�p�H���G�¶�8�1�,�)�$�& [28] . Dans le cas où  et , la fonction  de Soave 

est obtenue. En pratique cette fonction  est souvent découpée en deux parties : dans 

le domaine subcritique, �O�¶�p�T�X�D�W�L�R�Q��(1.19) est utilisée tandis que dans le domaine 

�V�X�S�H�U�F�U�L�W�L�T�X�H���� �O�¶�p�T�X�D�W�L�R�Q��(1.19) avec  est utilisée, créant ainsi une 

discontinuité des propriétés dérivées au point critique  [16,17]. 

Les fonction s  de Stryjek-Vera des modèles PRSV [29]  et PRSV2 [30]  visent  à 

améliorer la reproduction des pressions de saturation à basse température en ajoutant 

une dépendance en température dans le paramètre  de la fonction de Soave. La 

fonction  du modèle PRSV2 �V�¶�p�F�U�L�W���D�O�R�U�V :  
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   (1.20) 

Les paramètres ,  et  sont des paramètres ajustables. Si  la fonction  

du modèle PSRV est obtenue. Cette fonction  �P�R�Q�W�U�H���E�L�H�Q���O�D���Q�p�F�H�V�V�L�W�p���G�¶�L�Q�W�U�R�G�X�L�U�H��

une dépendance en température plus complexe que celle initialement proposée par 

Soave pour reproduire les systèmes à basse température, �P�D�L�V�� �p�J�D�O�H�P�H�Q�W�� �O�¶�D�M�R�X�W�� �G�H��

nombreux paramètres ajustables. 

On notera enfin les propositions successives faites par Soave    ayant pour objectif 

�G�¶�R�E�W�H�Q�L�U�� �X�Q�H�� �I�R�Q�F�W�L�R�Q�� comblant les lacunes de sa fonction  de 1972. Bien que 

permettant en effet une amélioration de la représentation des propriétés 

thermodynamiques, les fonctions  proposées sont spécifiques et nécessitent donc des 

paramètres ajustables pour chaque corps pur. Aucune de ces fonctions  ne connut la 

gloire de sa fonction de 1972. 

1.3.3.3.��Les fonctions �Ð exponentielles 

Les fonctions  exponentielles ont été introduites par Heyen [34]  puis popularisées 

par Twu et al. [19,35]. Ces fonctions, apparues à la fin des années 1980, ont pour 

principal intérêt de ne p as diverger à haute température, contrairement aux fonctions 

 polynomiales. 

La fonction  proposée par Heyen a la forme suivante :  

   (1.21) 

Les paramètres  et  sont corrélables au facteur acentrique des corps purs, mais les 

corrélations données par Heyen ne sont pas applicables aux équations de Soave-

Redlich-Kwong ou de Peng-Robinson. Elles conviennent pour une autre équation non 

détaillée dans le présent manuscrit. 

Twu et al. ont alors proposé une expression à 2 [35]  puis 3 [19] paramètres ajustables 

pour plus de flexibilité  :  

   (1.22) 
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La fonction de Heyen est obtenue si . La fonction de Twu à 3 paramètres présente 

�O�¶�D�Y�D�Q�W�D�J�H���G�¶�r�W�U�H���I�O�H�[�L�E�O�H���H�W���G�H���S�H�U�P�H�W�W�U�H���X�Q�H���H�[�F�H�O�O�H�Q�W�H���U�H�S�U�p�V�H�Q�W�D�W�L�R�Q���G�H�V���S�Uessions 

de vapeur saturante sur tout le domaine de température pour des molécules apolaires 

�H�W���S�R�O�D�L�U�H�V�����&�H�S�H�Q�G�D�Q�W�����O�¶�D�M�X�V�W�H�P�H�Q�W���G�H�V�������S�D�U�D�P�q�W�U�H�V��requiert un nombre important 

de données expérimentales. Pour pallier  le manque éventuel de données, Twu et al. ont 

alors proposé une version généralisée de leur fonction  [36,37]  qui dépend 

linéairement du facteur acentrique :  

   (1.23) 

Les valeurs des paramètres sont données dans le Tableau 1.4. 

  T r �”���� T r  > 1 

  �. (0)  �. (1)  �. (0)  �. (1)  

Redlich-Kwong 

L 0.141599 0.500315 0.441411 0.032580  

M 0.919422 0.799457 6.500018 1.289098 

N 2.496441 3.291790 -0.200000  -8.000000  

Peng-Robinson 

L 0.125283 0.511614 0.401219 0.024955 

M 0.911807 0.784054 4.963070 1.248089 

N 1.948150 2.812520 -0.200000  -8.000000  

Tableau 1.4. P�D�U�D�P�q�W�U�H�V���X�Q�L�Y�H�U�V�H�O�V���G�H���O�D���I�R�Q�F�W�L�R�Q���.���G�H���7�Z�X��généralisée 

La fonction  de Twu généralisée est découpée en deux parties ���� �O�¶�X�Q�H�� �D�S�S�O�L�F�D�E�O�H�� �D�X��

�G�R�P�D�L�Q�H���V�X�E�F�U�L�W�L�T�X�H���G�H���W�H�P�S�p�U�D�W�X�U�H���H�W���O�¶�D�X�W�U�H���D�S�S�O�L�F�D�E�O�H���D�X���G�R�P�D�L�Q�H���V�X�S�H�U�F�U�L�W�L�T�X�H���G�H��

température. Pour le domaine subcritique, les paramètres ont été ajustés sur les 

données de pression de vapeur saturante �G�¶�K�\�G�U�R�F�D�U�E�X�U�H�V���� �'�D�Q�V�� �O�H�� �G�R�P�D�L�Q�H��

supercritique, certains paramètres ont été ajustés afin que les dérivées premières et 

secondes des fonctions  soient continues au point critique  �D�I�L�Q���G�¶�p�Y�L�W�H�U���T�X�H���F�H�U�W�D�L�Q�H�V��

propriétés physiques calculé�H�V���V�R�L�H�Q�W���G�L�V�F�R�Q�W�L�Q�X�H�V���W�D�Q�G�L�V���T�X�H���G�¶�D�X�W�U�H�V���R�Q�W���p�W�p���D�M�X�V�W�p�V��

�D�I�L�Q���G�H���U�H�S�U�R�G�X�L�U�H���G�H�V���G�R�Q�Q�p�H�V���G�H���V�R�O�X�E�L�O�L�W�p���G�H���O�¶�K�\�G�U�R�J�q�Q�H���G�D�Q�V���G�H�V���K�\�G�U�R�F�D�U�E�X�U�H�V�� 
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Cette fonction  permet une meilleure reproduction des pressions de vapeur saturante 

à basse température que les fonctions  de Soave et de Stryjeck-Vera. Cependant, à 

cau�V�H���G�H���O�¶�D�E�V�H�Q�F�H���G�H���S�D�U�D�P�q�W�U�H�V���D�M�X�V�W�D�E�O�H�V�����V�R�Q���X�W�L�O�L�V�D�W�L�R�Q���V�H���O�L�P�L�W�H���S�U�L�Q�F�L�S�D�O�H�P�H�Q�W��

aux systèmes apolaires.  

1.3.3.4.��Comment générer des fonctions �Ð exponentielles à partir de fonctions �Ð 

polynomiales ? 

Mahmoodi et Sedigh [38]  ont proposé une méthode permettant de convertir une 

�I�R�Q�F�W�L�R�Q�� �S�R�O�\�Q�R�P�L�D�O�H�� �H�Q�� �X�Q�H�� �I�R�Q�F�W�L�R�Q�� �H�[�S�R�Q�H�Q�W�L�H�O�O�H�� �J�U�k�F�H�� �j�� �O�¶�X�W�L�O�L�V�D�W�L�R�Q�� �G�H��

développements limités autour du point critique du corps pur. Cette méthode est peu 

utilisée ; elle a pour principal intérêt d �¶�pvit er le problème de divergence des fonctions 

 polynomiales à haute température. Comme évoqué précédemment, ce problème de 

divergence est toutefois négligeable en pratique. À �W�L�W�U�H���G�¶�H�[�H�P�S�O�H�����O�H��développement 

�O�L�P�L�W�p���j���O�¶�R�U�G�U�H��1 du logarithme de la fonction  de Soave autour du point critique est :  

   (1.24) 

La fonction  résultante est alors :  

   (1.25) 

�T�X�L�� �Q�¶�H�V�W���D�X�W�U�H���T�X�H���O�D���I�R�Q�F�W�L�R�Q�� de Heyen avec  et . Cependant, pour 

que des résultats précis soient obtenus, les paramètres du polynôme donnant les 

variations de  doivent être réajustés avant toute utilisation de la fonction  

exponentielle. 

1.3.3.5.��Conclusions sur les fonctions �Ð 

Un nombre limité de fonction s  a été présenté dans ce manuscrit ; les fonctions 

décrites précédemment sont jugées représentatives des évolutions majeures qui ont pu 

être apportées aux fonctions . La représentation des pressions de vapeur saturante à 

basse température pour des composés lourds et polaires peut être correctement 

effectuée si une fonction  avec au moins 3 paramètres ajustables est utilisée. Pour les 

molécules apolaires pour lesquelles aucune donnée expérimentale ne serait disponible 

�D�I�L�Q���G�H���U�p�D�O�L�V�H�U���O�¶�D�M�X�V�W�H�P�H�Q�W���G�H�V���S�D�U�D�P�q�W�U�H�V�����O�¶�X�W�L�O�L�V�D�W�L�R�Q���G�¶�X�Q�H���I�R�Q�F�W�L�R�Q�� généralisée, 

telle que celle de Twu, est à privilégier. 

Les fonctions  ne permettent cependant pas une amélioration des volumes molaires 

�G�H�V�� �F�R�U�S�V�� �S�X�U�V�� �D�O�R�U�V�� �T�X�¶�L�O�� �V�¶�D�J�L�W�� �O�j�� �G�H�� �O�H�X�U�� �S�U�L�Q�F�L�S�D�O�� �S�R�L�Q�W�� �I�D�L�E�O�H���� �&�R�P�P�H�� �P�R�Q�W�U�p��
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précédemment, la �O�¶�D�M�X�V�W�H�P�H�Q�W des paramètres  et  �G�H�� �O�¶�p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� �S�R�X�U��

chaque corps pur (équation de Patel-Teja par exemple) permet une nette amélioration 

de la restitution des volumes molaires, mais peut difficilement être appliquée à des 

mélanges, car il devient alors nécessaire de corréler les paramètres  et  du mélange 

à ceux des corps purs. La méthode de translation volumique vise à apporter une 

réponse alternative tout aussi efficace et plus aisément transposable aux mélanges. 

1.3.4.��La méthode de translation volumique  proposée par Péneloux 

La translation volumique est u n concept qui fut développé et popularisé par Péneloux 

et al. [39]  afin �G�¶améliorer la reproduction des volumes molaires du liquide à saturation 

�F�D�O�F�X�O�p�� �S�D�U�� �O�¶�p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� �F�X�E�L�T�X�H���� �&�R�P�P�H�� �G�p�W�D�L�O�O�p�� �G�D�Q�V��le paragraphe précédent 

traitant des  fonction s , les propriétés thermodynamiques �G�¶�p�T�X�L�O�L�E�U�H���O�L�T�X�L�G�H-vapeur 

sont correctement représentées si une fonction  assez flexible est utilisée dans le 

�P�R�G�q�O�H�����&�H���Q�¶�H�V�W���S�D�V���O�H���F�D�V���G�H�V���S�U�R�S�U�L�p�W�p�V���Y�R�O�X�P�L�T�X�H�V���S�H�X���L�P�S�D�F�W�p�H�V���S�D�U���O�H���F�K�R�L�[���G�H���O�D��

fonction ,  mais qui seron�W���J�U�D�Q�G�H�P�H�Q�W���P�R�G�L�I�L�p�H�V���S�D�U���O�¶�X�W�L�O�L�V�D�W�L�R�Q���G�H���O�D���P�p�W�K�R�G�H���G�H��

translation volumique.  

La méthode est dite de translation volumique, car elle se traduit, à une température et 

une pression fixées, par une translation �G�H�V���Y�R�O�X�P�H�V���P�R�O�D�L�U�H�V���G�¶�X�Q�H���T�X�D�Q�W�L�W�p���I�L�[�H�����'�D�Q�V 

�O�H�� �S�O�D�Q�� ���3���Y������ �H�O�O�H�� �V�H�� �P�D�W�p�U�L�D�O�L�V�H�� �S�D�U�� �X�Q�H�� �W�U�D�Q�V�O�D�W�L�R�Q�� �G�H�� �O�¶�L�V�R�W�K�H�U�P�H�� �V�H�O�R�Q �O�¶�D�[�H�� �G�H�V��

volumes molaires (Figure 1.5).  

 

Figure 1.5. I llustration de la méthode de translation volumique  [40]  
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Mathém�D�W�L�T�X�H�P�H�Q�W�����L�O���V�X�I�I�L�W���G�H���U�H�P�S�O�D�F�H�U���G�D�Q�V���O�¶�H�[�S�U�H�V�V�L�R�Q���G�H���O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���W�R�X�V��

les  par la quantité . 

   (1.26) 

�2�•�� �O�¶�H�[�S�R�V�D�Q�W�� désigne une quantité translatée �± �L�F�L���O�¶�p�T�X�D�W�L�R�Q���G�¶état. Le paramètre 

 est ici supposé constant. 

�(�Q���U�p�D�O�L�V�D�Q�W���F�H���F�K�D�Q�J�H�P�H�Q�W�����W�R�X�V���O�H�V���Y�R�O�X�P�H�V���P�R�O�D�L�U�H�V���F�D�O�F�X�O�p�V���D�Y�H�F���O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W��

�W�U�D�Q�V�O�D�W�p�H�� �V�H�U�R�Q�W�� �G�L�P�L�Q�X�p�V�� �G�¶�X�Q�H�� �T�X�D�Q�W�L�W�p�� par rapport au volume molaire  calculé 

�D�Y�H�F�� �O�¶�p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W�� �Q�R�Q translatée. Le paramètre  peut donc être ajusté afin de 

reproduire exactement la valeur du volume molaire du liquide à saturation à la 

température souhaitée �S�D�U���O�¶�X�W�L�O�L�V�D�W�H�X�U���G�H���O�¶�p�T�X�D�W�L�R�Q. 

Le paramètre de translation volumique a été corrélé par Péneloux et al. à un paramètre 

relatif au corps pur, ici au facteur de compressibilité de Rackett  [41] afin de 

reproduire la valeur du volume molaire du liquide à saturation à une température 

réduite de 0.7 :  

   (1.27) 

Le facteur  �D���p�W�p���U�H�F�D�O�F�X�O�p���S�R�X�U���F�K�D�T�X�H���F�R�U�S�V���S�X�U���S�D�U���O�H�V���D�X�W�H�X�U�V���D�I�L�Q���T�X�H���O�¶�p�T�X�D�W�L�R�Q��

�G�¶�p�W�D�W���F�X�E�L�T�X�H���S�H�U�P�H�W�W�H���G�H���U�H�S�U�R�G�X�L�U�H���j���X�Q�H���W�H�P�S�p�U�D�W�X�U�H���U�p�G�X�L�W�H���G�H�����������O�D���Y�D�O�H�X�U���G�X��

volume molaire du liquide à saturation  obtenu par application de la corrélation de 

Rackett [42]  :  

   (1.28) 

Les déviations calculées par Péneloux pour différentes familles ch imiques de corps 

purs sont reportées dans le Tableau 1.5.  
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Famille chimique  

Soave -

Redlich -

Kwong  

Peng -

Robinson  

Soave -Redlich -

Kwong translatée  

Alcanes 10.86% 4.47% 1.47% 

alcènes 10.04% 3.14% 0.90% 

Cycloalcanes 8.06% 5.80% 2.11% 

Composés 

aromatiques 
14.52% 5.28% 1.12% 

Chloroalcanes 10.16% 5.51% 2.08% 

Amines 9.70% 3.68% 1.74% 

Aldéhydes, cétones, 

esters, éthers 
13.68% 4.56% 1.52% 

Alcools 10.93% 4.25% 3.80% 

Composés 

inorganiques 
6.98% 10.79% 2.68% 

Moyenne 10.55% 5.28% 1.94% 

Tableau 1.5. Déviations relatives moyennes calculées pour trois équations d'état dont 

une translatée [39]  

�8�Q�H���G�p�Y�L�D�W�L�R�Q���G�¶�H�Q�Y�L�U�R�Q���������H�Q���P�R�\�H�Q�Q�H���H�V�W���R�E�W�H�Q�X�H���D�Y�H�F���O�D���P�p�W�K�R�G�H���G�H���W�U�D�Q�V�O�D�W�L�R�Q��

�Y�R�O�X�P�L�T�X�H���� �V�R�L�W�� ���� �I�R�L�V�� �P�R�L�Q�V�� �T�X�H�� �O�D�� �G�p�Y�L�D�W�L�R�Q�� �R�E�W�H�Q�X�H�� �D�Y�H�F�� �O�¶�p�T�X�D�W�L�R�Q��de Soave-

Redlich-Kwong et 2.5 fois m�R�L�Q�V���T�X�¶�D�Y�H�F���O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���3�H�Q�J-Robinson. Pour rappel, 

�O�D���G�p�Y�L�D�W�L�R�Q���P�R�\�H�Q�Q�H���R�E�W�H�Q�X�H���D�Y�H�F���O�¶�p�T�X�D�W�L�R�Q���G�H���6�F�K�P�L�G�W���H�W���:�H�Q�]�H�O�����F�D�O�F�X�O�p�H���V�X�U���X�Q��

nombre de composés différent, est de 1.80%. 

Comme montré par Péneloux, la méthode de translation volumique présente 

�O�¶�D�Y�D�Q�W�D�J�H���G�H��ne pas modifier la valeur de la pression de vapeur saturante calculée par 

�O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W�� Ainsi, les paramètres de la fonction  déterminés afin de reproduire 

au mieux la pression de saturation �Q�¶�R�Q�W���S�D�V���j���r�W�U�H���U�H�F�D�O�F�X�O�p�V���O�R�U�V�T�X�H���O�H���S�D�U�D�P�q�W�U�H�� 

�H�V�W���L�Q�W�U�R�G�X�L�W���G�D�Q�V���O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W�����,�O���H�V�W���D�L�Q�V�L���S�R�V�V�L�E�O�H���G�H���G�p�F�R�X�S�O�H�U���O�D���U�H�S�U�R�G�X�F�W�L�R�Q��

de la pression de vapeur saturante des corps purs de celle des volumes molaires du 

liquide  à saturation. 

Cependant, comme évoqué précédemment, lorsque les données sont disponibles, il est 

�S�U�p�I�p�U�D�E�O�H�� �G�¶�D�M�X�V�W�H�U�� �O�H�V�� �S�D�U�D�P�q�W�U�H�V�� �G�H�V�� �I�R�Q�F�W�L�R�Q�V�� sur les données de pression de 

saturation , mais aussi sur celles �G�¶�H�Q�W�K�D�O�S�L�H�� �G�H�� �Yaporisation ainsi que de capacité 

calorifique du liquide à saturation. Or , �V�¶�L�O�� �H�V�W�� �E�L�H�Q�� �F�R�Q�Q�X�� �T�X�H la pression de vapeur 
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saturante est invariante par �D�S�S�O�L�F�D�W�L�R�Q���G�¶�X�Q�H translation volumique �����O�¶�H�I�I�H�W���G�¶�X�Q�H���W�H�O�O�H��

transformation sur les autres propriétés util isables �G�D�Q�V���O�¶�D�M�X�V�W�H�P�H�Q�W���G�H�V���S�D�U�D�P�q�W�U�H�V��

des fonctions  est mal connu.  

Si �O�¶�H�Q�W�K�D�O�S�L�H�� �G�H�� �Y�D�S�R�U�L�V�D�W�L�R�Q�� �H�W�� �O�D�� �F�D�S�D�F�L�W�p�� �F�D�O�R�U�L�I�L�T�X�H�� �G�X�� �O�L�T�X�L�G�H�� �j�� �V�D�W�X�U�D�W�L�R�Q�� �V�R�Q�W��

invariantes par translation volumique �����O�H���G�p�F�R�X�S�O�D�J�H���G�H�V���S�U�R�F�p�G�X�U�H�V���G�¶�Djustement des 

paramètres de la fonction  et du paramètre  pourra  être maintenu. Sinon il sera 

�Q�p�F�H�V�V�D�L�U�H�� �G�¶�H�I�I�H�F�W�X�H�U�� �X�Q�� �D�M�X�V�W�H�P�H�Q�W�� �V�L�P�X�O�W�D�Q�p �G�H�� �F�H�V�� �S�D�U�D�P�q�W�U�H�V�� �V�X�U�� �O�¶�H�Q�V�H�P�E�O�H de 

ces propriétés. �&�H�W�W�H���T�X�H�V�W�L�R�Q���H�V�W���W�U�D�L�W�p�H���G�D�Q�V���O�¶�D�U�W�L�F�O�H��[40]  présenté par la suite. 

1.3.5.�����=�-�f�o�†�|�� �7�=�†�m�;�� �7�Ð�r�;�m�7�-�m�1�;�� �;�m�� �|�;�l�r�Ð�u�-�|�†�u�; dans le terme de translation 

volumique 

Lorsque le paramètre de translation volumique est choisi constant �F�R�P�P�H���F�¶�H�V�W���O�H���F�D�V��

�G�D�Q�V�� �O�¶�D�U�W�L�F�O�H�� �G�H�� �3�p�Q�H�O�R�X�[�� �H�W��al. [39] ���� �L�O�� �H�V�W�� �S�R�V�V�L�E�O�H�� �G�¶�D�P�p�O�L�R�U�H�U�� �J�U�D�Q�G�H�P�H�Q�W�� �O�D��

reproduction des volumes molaires du liquide à saturation tant que la température 

réduite du corps pur reste approximativement inférieure à 0.9. Au -delà il est nécessaire 

�G�¶�L�Q�W�U�R�G�X�L�U�H�� �X�Q�H�� �G�p�S�H�Q�G�D�Q�F�H�� �H�Q�� �W�H�P�S�p�U�D�W�X�U�H��du paramètre  afin de reproduire les 

données expérimentales. Citons par exemple les propositions de Watson [43] , Soreide 

[44] , Magoulas et Tassios [45] , Ungerer et Batut [46] , Ji et Lempe [47] , Tsai et Chen 

[48]  et de Miqueu et al. [49]  �S�H�U�P�H�W�W�D�Q�W�� �H�I�I�H�F�W�L�Y�H�P�H�Q�W�� �G�¶�R�E�W�H�Q�L�U�� �X�Q�H�� �H�[�F�H�O�O�H�Q�W�H��

représentation des volumes molaires liquides pour tout le domaine de température 

subcritique.  

�&�H�S�H�Q�G�D�Q�W���� �L�O�� �D�� �p�W�p�� �W�U�q�V�� �W�{�W�� �G�p�P�R�Q�W�U�p�� �T�X�H�� �O�¶�L�Q�W�U�R�G�X�F�W�L�R�Q�� �G�¶�X�Q�H�� �G�p�S�H�Q�G�D�Q�F�H�� �H�Q��

température dans le paramètre de translation volumique est nécessairement 

accompagnée d�¶�L�Q�F�R�K�p�U�H�Q�F�H�V���W�K�H�U�P�R�G�\�Q�D�P�L�T�X�H�V :  

�x�� Pfohl [50]  �P�R�Q�W�U�H���T�X�¶�X�Q�H���W�U�D�Q�V�O�D�W�L�R�Q���Y�R�O�X�P�L�T�X�H���G�p�S�H�Q�G�D�Q�W���G�H���O�D���W�H�P�S�p�U�D�W�X�U�H��

induit un �F�U�R�L�V�H�P�H�Q�W�� �G�¶�L�V�R�W�K�H�U�P�H�V dans le plan pression-volume molaire, 

phénomène non conforme à la réalité expérimentale. Le croisement 

�G�¶�L�V�R�W�K�H�U�P�H�V���L�Q�W�H�U�Y�L�H�Q�W par ailleurs à des niveaux de pressions compatibles avec 

ceux rencontrés dans des procédés industriels (Figure 1.6). 
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Figure 1.6. Croisements d'isothermes pouvant être observés lorsque le paramètre de 

translation volumique est une fonction de la température  [50]  

�x�� Salim et Trebble [51] montrent que , quelle que soit la dépendance en 

température du paramètre , des capacités calorifiques isochores négatives �± 

ce qui est théoriquement interdit �± seront calculées à haute pression et que seul 

un paramètre  �F�R�Q�V�W�D�Q�W���S�H�U�P�H�W���G�H���V�¶�D�I�I�U�D�Q�F�K�L�U���G�¶�X�Q�H���W�H�O�O�H���L�Q�F�R�K�p�U�H�Q�F�H�� 

�-�X�V�T�X�¶�j�� �S�H�X���� �O�H�� �G�R�P�D�L�Q�H�� �G�H�� �Y�D�O�L�G�L�W�p�� �G�H�V�� �P�p�Whodes de translation volumiques 

dépendant de la température était méconnu et il était risqué de les appliquer. Les 

travaux récents de Shi et al. [52,53]  proposent une méthode permettant de déterminer 

�V�L�� �X�Q�� �F�U�R�L�V�H�P�H�Q�W�� �G�¶�L�V�R�W�K�H�U�P�H�� �S�H�X�W�� �r�W�U�H�� �R�E�V�H�U�Y�p�� �G�D�Q�V�� �O�H�� �G�R�P�D�L�Q�H�� �G�¶�D�S�S�O�L�F�D�W�L�R�Q�� �G�H��

�O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W�����&�H�O�D���S�H�U�P�H�W���G�R�Q�F���G�H���G�p�I�L�Qir un domaine de confiance des équations 

�G�¶�p�W�D�W���L�Q�F�O�X�D�Q�W���X�Q���S�D�U�D�P�q�W�U�H���G�H���W�U�D�Q�V�O�D�W�L�R�Q���Y�R�O�X�P�L�T�X�H���G�p�S�H�Q�G�D�Q�W���G�H���O�D���W�H�P�S�p�U�D�W�X�U�H�� 

Néanmoins, cette approche étant fondamentalement incohérente, �H�O�O�H�� �Q�¶�D�� �S�D�V�� �p�W�p��

retenue dans le cadre de cette thèse. 

1.4.��É�t�†�-�|�b�o�m�v���7�=�Ð�|�-t cubiques récentes applicables aux corps purs 

Comme discuté précédemment, la modification des fonctions  et �O�¶�X�W�L�O�L�V�D�W�L�R�Q���G�¶�X�Q�H 

�P�p�W�K�R�G�H�� �G�H�� �W�U�D�Q�V�O�D�W�L�R�Q�� �Y�R�O�X�P�L�T�X�H�� �F�R�Q�V�W�L�W�X�H�Q�W�� �G�H�V�� �Y�R�L�H�V�� �G�¶�D�P�p�O�L�R�U�D�W�L�R�Q�� �G�H�� �O�D��

modélisation des corps purs par les �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W�� �F�X�E�L�T�X�H�V. Certains auteurs ont 

proposé des �p�T�X�D�W�L�R�Q�V�� �G�¶�p�W�D�W��de type Soave-Redlich-Kwong et Peng-Robinson 

intégrant ce type de modifications.  

�,�F�L�����O�¶�D�W�W�H�Q�W�L�R�Q���H�V�W���S�R�U�W�p�H���j���G�H�V���P�R�G�q�O�H�V���W�K�H�U�P�R�G�\�Q�D�P�L�T�X�H�V���T�X�L���R�Q�W���J�p�Q�p�U�D�O�H�P�H�Q�W���p�W�p��

développés dans le but de modéliser des mélanges, mais pour lesquels les auteurs ont 
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dû porter une attention particulière à la bonne représentation des corps purs, une étape 

préalable à la bonne représentation des mélanges. Leur application aux mélanges est 

discutée dans un autre chapitre. Une présentation chronologique est ici proposée. 

On notera que tous les modèles utilisent les valeurs de  et  �G�H���O�¶�p�T�X�D�W�L�R�Q���G�H���3�H�Q�J-

Robinson. 

1.4.1.��Le modèle VTPR (2001)    

La fonction  de Twu à 3 paramètres ajustables est utilisée. La fonction de Mathias-

Copeman était initialement utilisée , mais a finalement été supprimée à cause de la 

discontinuité de la fonction  au point critique.  Un paramètre de translation 

�Y�R�O�X�P�L�T�X�H�� �L�Q�G�p�S�H�Q�G�D�Q�W�� �G�H�� �O�D�� �W�H�P�S�p�U�D�W�X�U�H�� �H�V�W�� �X�W�L�O�L�V�p�� �G�D�Q�V�� �O�¶�p�T�X�D�W�L�R�Q�� �G�¶�p�W�D�W���� �/�H��

paramètre  est ajusté afin de reproduire le volume molaire du liquide à saturation 

expérimental à une température réduite de 0.7. 

1.4.2.��Le modèle UMR-PR (1990) [45,57]  

Pour les composés apolaires, la fonction  de Soave est utilisée, �P�D�L�V���O�¶�H�[�S�U�H�V�V�L�R�Q���G�H��

 est calculée par le polynôme de degré 4 suivant :  

   (1.29) 

Pour les composés polaires, la fonction  de Mathias-Copeman est utilisée dans le 

domaine subcritique tandis que la fonction  de Soave est utilisée dans le domaine 

supercritique. Dans les premières versions, un paramètre de translation volumique 

fonction de la températur e était utilisé mais a finalement été remplacé par un 

paramètre  constant à cause des incohérences causées par ce choix. Cette équation 

�G�¶�p�W�D�W���D���p�W�p���X�W�L�O�L�V�p�H���S�R�X�U���O�H���G�p�Y�H�O�R�S�S�H�P�H�Q�W���G�H���O�¶�p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���G�H�V���P�p�O�D�Q�J�H�V���8�0�5-PRU 

[57]  quelques années plus tard. 

1.4.3.��Le modèle PPR78 (2004) [23,24]  

La fonction  de Peng et Robinson de 1978 est utilisée. Aucun paramètre de 

�W�U�D�Q�V�O�D�W�L�R�Q���Y�R�O�X�P�L�T�X�H���Q�¶�H�V�W���X�W�L�O�L�V�p, �F�D�U���O�H�X�U���U�H�S�U�R�G�X�F�W�L�R�Q���Q�¶�H�V�W���S�D�V��considérée par les 

auteurs. 

1.4.4.��Le modèle NRTL-PR (2006) [25]  

Pour les composés non associés, la fonction  de Peng et Robinson de 1978 est utilisée. 

Pour les composés associés, une fonction  de Soave modifiée, où les paramètres  

et  doivent être ajustés pour chaque corps pur, est utilisée :  
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   (1.30) 

�$�X�F�X�Q�� �S�D�U�D�P�q�W�U�H�� �G�H�� �W�U�D�Q�V�O�D�W�L�R�Q�� �Y�R�O�X�P�L�T�X�H�� �Q�¶�H�V�W�� �X�W�L�O�L�V�p, car la reproduction des 

propriétés volumiques �Q�¶�H�V�W���S�D�V���p�W�X�G�L�p�H�� 

Parmi les modèles cités, aucun ne permet un calcul prédictif des propriétés 

thermodynamiques et volumiques des corps purs�����F�¶�H�V�W-à-dire combinant une fonction 

 généralisée ne présentant pas de défaut théori que (excluant ainsi les fonctions  

polynomiales, donc celle de Soave) et un paramètre  constant  calculé de manière 

prédictive . 

Plus de détails concernant la diversité des �p�T�X�D�W�L�R�Q�V���G�¶�p�W�D�W���F�X�E�L�T�X�H�V proposées au cours 

de ces 150 dernières années (depuis la proposition de Van der Waals) peuvent être 

trouvés dans les travaux de Valderrama [5]  et, plus récemment, de Lopez-Echeverry et 

al. [58] , eux-mêmes faisant références à de nombreuses autres études bibliographiques. 

1.5.��Conclusion 

�/�¶�D�P�p�O�L�R�U�D�W�L�R�Q�� �G�H�� �O�D�� �U�H�S�U�R�G�X�F�W�L�R�Q�� �G�H�V�� �S�U�R�S�U�L�p�W�p�V���G�¶�p�T�X�L�O�L�E�U�H�� �O�L�T�X�L�G�H-vapeur et 

�Y�R�O�X�P�L�T�X�H�V���G�H�V���F�R�U�S�V���S�X�U�V���S�D�U���X�Q�H���p�T�X�D�W�L�R�Q���G�¶�p�W�D�W���F�X�E�L�T�X�H���H�V�W���X�Q���H�Q�M�H�X���P�D�M�H�X�U���S�R�X�U��

la modélisation  des mélanges. Cette amélioration peut passer par la modification de la 

fonction ,  mais aussi par �O�¶�L�Q�W�U�R�G�X�F�W�L�R�Q �G�¶un paramètre de translation volumique  

constant. 

Parmi toutes les fonctions  disponibles dans la littérature , les fonctions de type 

exponentiel sont à préférer aux fonctions de type polynomial pour des raisons de 

comportement à haute température [21]. Cependant, le choix des propriétés à régresser 

ainsi que la méthodologie à adopter pour la détermination des paramètres des 

fonctions  restent des questions ouvertes. Ainsi, les questions suivantes restent en 

suspens : 

�x�� Est-il possible de dériver des contraintes supplémentaires sur les fonctions  

par une approche plus théorique dont il faudrait tenir compte au moment de 

�O�¶�D�M�X�V�W�H�P�H�Q�W���G�H�V���S�D�U�D�P�q�W�U�H�V��? 

�x�� Les paramètres des fonctions  non généralisées ajustés sur des données de 

�S�U�H�V�V�L�R�Q�� �G�H�� �Y�D�S�H�X�U�� �V�D�W�X�U�D�Q�W�H���� �G�¶�H�Q�W�K�D�O�S�L�H�V�� �G�H�� �Y�D�S�R�U�L�V�D�W�L�R�Q�� �H�W�� �G�H�� �F�D�S�D�F�L�W�p��

calorifique des liquides  peuvent-ils être utilisés en extrapolation pour estimer 

des propriétés supercritiques ? 
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�x�� Est-�L�O�� �S�U�X�G�H�Q�W�� �G�¶�D�M�X�V�W�Hr les paramètres des fonctions  sans données de 

pression de saturation ? 

�'�H�� �S�O�X�V���� �O�¶�D�M�R�X�W�� �G�¶�X�Q�� �S�D�U�D�P�q�W�U�H�� �G�H�� �W�U�D�Q�V�O�D�W�L�R�Q�� �Y�R�O�X�P�L�T�X�H�� �Q�p�F�H�V�V�D�L�U�H�P�H�Q�W�� �F�R�Q�V�W�D�Q�W��

pour des raisons de cohérence thermodynamiques nécessite de déterminer quelles 

�S�U�R�S�U�L�p�W�p�V���X�W�L�O�L�V�p�H�V���G�D�Q�V���O�¶�D�M�X�V�W�H�P�H�Q�W���G�H�V���S�D�U�D�P�q�W�U�H�V���G�H�V���I�R�Q�F�W�L�R�Q�V�� sont invariant es 

par rapport au paramètre .  

Une fois les réponses aux questions précédentes établies, un nouveau modèle 

thermodynam ique pour les corps purs pourra être proposé puis développé. 

Les articles faisant suite à ce chapitre visent à répondre aux questions soulevées dans 

ce chapitre :  

�x�� J.-N. Jaubert, R. Privat, Y. Le Guennec, L. Coniglio, Note on the properties 

altered by appl ication of a Péneloux�±type volume translation to an equation 

of state, Fluid Phase Equilibria. 419 (2016) 88 �±95. 

doi:10.1016/j.fluid.2016.03.012. [40]  

Il est démontré que les propriétés suivantes : pression de vapeur saturante, 

enthalpie de vaporisation et capacité calorifique liquide, utilisées pour 

�O�¶�D�M�X�V�W�H�P�H�Q�W�� �G�H�V�� �S�D�U�D�P�q�W�U�H�V�� �G�H�V�� �I�R�Q�F�W�L�R�Q�V��, sont invariant es par effet du 

paramètre de translation volumique  �V�¶�L�O��est choisi indépendant de la 

température. Plus généralement, une liste exhaustive des propriété s invariantes 

�S�D�U�� �W�U�D�Q�V�O�D�W�L�R�Q�� �Y�R�O�X�P�L�T�X�H�� �H�V�W�� �p�W�D�E�O�L�H���� �2�Q�� �G�p�P�R�Q�W�U�H�� �D�O�R�U�V�� �T�X�¶�L�O�� �H�V�W�� �S�R�V�V�L�E�O�H�� �G�H��

décorréler �O�¶�D�M�X�V�W�H�P�H�Q�W���G�H�V���S�U�R�S�U�L�p�W�p�V���W�K�H�U�P�R�G�\�Q�D�P�L�T�X�H�V��(pression de vapeur 

saturante, enthalpie de vaporisation, capacité calorifique liquide) par la fonction 

 de celui des volumes molaires par le paramètre de translation volumique.  

�x�� Y. Le Guennec, S. Lasala, R. Privat, J.-N. Jaubert, A consistency test for �.-

functions of cubic equations of state, Fluid Phase Equilibria. 427 (2016) 513�±

538. doi:10.1016/j.fluid.2016.07.026. [20]  

I l est démontré formelleme�Q�W���T�X�¶�X�Q�H���I�R�Q�F�W�L�R�Q�� doit être convexe (de dérivée 

�V�H�F�R�Q�G�H�� �S�R�V�L�W�L�Y�H���� �V�X�U�� �W�R�X�W�� �O�H�� �G�R�P�D�L�Q�H�� �G�H�� �W�H�P�S�p�U�D�W�X�U�H���� �,�O�� �H�V�W�� �P�R�Q�W�U�p�� �T�X�¶�X�Q�H��

fonction  �V�S�p�F�L�I�L�T�X�H���P�D�O���S�D�U�D�P�p�W�U�p�H�����F�¶�H�V�W-à-dire paramétr ée sur des données 

subcritiques qui ne vérifierait pas cette contr ainte, peut induire des difficultés 

majeures à représenter des comportements �G�¶�p�T�X�L�O�L�E�U�H�� �O�L�T�X�L�G�H-vapeur de 

systèmes binaires���� �3�D�U�� �D�L�O�O�H�X�U�V���� �L�O�� �H�V�W�� �R�E�V�H�U�Y�p�� �T�X�¶�L�P�S�R�V�H�U�� �T�X�H�� �O�D�� �G�p�U�L�Y�p�H��
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�W�U�R�L�V�L�q�P�H�� �G�H�� �O�D�� �I�R�Q�F�W�L�R�Q�� �.�� �V�R�L�W�� �Q�p�J�D�W�L�Y�H�� �S�H�U�P�H�W�� �X�Q�H�� �Q�H�W�W�H�� �D�P�p�O�L�R�U�D�W�L�R�Q�� �G�H la 

reproduction de s propriétés supercritiques : enthalpie et capacité calorifique, 

sans dégrader la reproduction des propriétés subcritiques, ni des 

comportements de phases des systèmes binaires. Une fonction  respectant 

�O�¶�L�Q�W�p�J�U�D�Oité des contraintes établies (dérivée seconde positive et dérivée  

troisième négative) est alors dite cohérente ou de façon équivalente, on dit 

�T�X�¶�H�O�O�H�� �S�D�V�V�H�� �O�H�� �W�H�V�W de cohérence des fonctions . La confrontation des 

fonctions  de la littérature à notre test de cohérence montre �T�X�¶�D�X�F�X�Q�H���G�¶�H�O�O�H�V 

�Q�¶�H�V�W���F�R�K�p�U�H�Q�W�H. Il est prouvé que certaines fonctions spécifiques peuvent être 

rendues cohérentes sous réserve que les paramètres ajustables soient contraints . 

L�H�V���F�R�Q�W�U�D�L�Q�W�H�V���H�[�S�O�L�F�L�W�H�V���T�X�H���G�R�L�Y�H�Q�W���U�H�V�S�H�F�W�H�U���O�H�V���S�D�U�D�P�q�W�U�H�V���G�¶�X�Q�H���G�L�]�D�L�Q�H���G�H��

fonctions  sont données en annexe �G�H���O�¶�D�U�W�L�F�O�H. 

�x�� Y. Le Guennec, R. Privat, S. Lasala, J.-N. Jaubert, On the imperative need to 

use a consistent �.-funct ion for the prediction of pure -compound supercritical 

properties with a cubic equation of state, Fluid Phase Equilibria. 445 (2017) 

45�±53. doi:10.1016/j.fluid.2017.04.015. [59]  

�&�H�W���D�U�W�L�F�O�H���F�R�P�S�D�U�H���O�H�V���F�D�S�D�F�L�W�p�V���j���S�U�p�G�L�U�H���G�H�V���S�U�R�S�U�L�p�W�p�V���V�X�S�H�U�F�U�L�W�L�T�X�H�V���G�¶�X�Q�H��

fonction  de Twu (à 3 paramètres) cohérente avec cell�H�V�� �G�¶�X�Q�H�� �I�R�Q�F�W�L�R�Q�� 

non �F�R�K�p�U�H�Q�W�H���� �/�H�V�� �S�U�R�S�U�L�p�W�p�V�� �V�X�S�H�U�F�U�L�W�L�T�X�H�V�� �F�R�Q�V�L�G�p�U�p�H�V�� �V�R�Q�W�� �O�¶�H�Q�W�K�D�O�S�L�H��

résiduelle ainsi que la capacité calorifique résiduelle à pression constante. 

�/�¶�p�W�X�G�H�� �H�V�W�� �U�p�D�O�L�V�p�H�� �V�X�U�� ���� �F�R�P�S�R�V�p�V�� �S�R�X�U�� �O�H�V�T�X�H�O�V�� �O�H�� �O�R�J�L�F�Lel REFPROP peut 

fournir des données pseudo-expérimentales précises. En comparaison avec une 

fonction  incohérente, on observe �X�Q�H���G�L�Y�L�V�L�R�Q���G�H���O�¶�H�U�U�H�X�U���S�D�U������ �O�R�U�V�T�X�¶�X�Q�H��

fonction  cohérente est utilisée, démontrant ainsi les capacités 

�G�¶�H�[�W�U�D�S�R�O�D�W�L�R�Q���G�H�V���I�R�Q�F�W�L�R�Qs  cohérentes. 

�x�� Y. Le Guennec, R. Privat, J.-N. Jaubert, Development of the translated -

consistent tc-PR and tc-RK cubic equations of state for a safe and accurate 

prediction of volumetric, energetic and saturation properties of pure 

compounds in the sub- and super-critical domains, Fluid Phase Equilibria. 429 

(2016) 301�±312. doi:10.1016/j.fluid.2016.09.003.  [60]  

Les trois  précédents articles ont pu mettre en évidence la possibilité de 

�G�p�F�R�U�U�p�O�H�U���O�¶�D�M�X�V�W�H�P�H�Q�W���G�H�V���S�U�R�S�U�L�p�W�p�V���W�K�H�U�P�R�G�\�Q�D�P�L�T�X�H�V���H�W���Y�R�O�X�P�L�T�X�H�V���D�L�Q�V�L��

que le besoin �G�¶�X�W�L�O�L�V�H�U�� �X�Q�H�� �I�R�Q�F�W�L�R�Q�� cohérente. Dans le cadre du 
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développement des modèles tc-PR et tc-RK, une fonction  de Twu à 3 

paramètres ajustés sur des données de pression de vapeur saturante, enthalpie 

de vaporisation et capacité calorifique du liquide à saturation a été utilisée. La 

cohérence de la fonction  a été imposée. De plus un paramètre de translation 

volumique, reproduisant le volume molaire du liquide à saturation expérimental 

à une température réduite de 0.8 a été intégré au modèle. Des qualités de 

modélisation élevées sont obtenues pour les plus de 900 composés considérés 

issus de la base de données de la DIPPR. Les valeurs des paramètres de la 

fonction  de Twu ainsi que celles du paramètre de translation volumique  sont 

données en annexe �G�H�� �O�¶�D�U�W�L�F�O�H��pour chacun de ces composés. Des versions 

généralisées des modèles tc-PR et tc-RK ont également été développées, 

conduisant à des déviations plus faibles sur les propriétés (pression de vapeur 

saturante, enthalpie de vaporisation, capacité calorifique liquide, densité liquide)  

que celles obtenues avec les modèles de Peng-Robinson et de Redlich-Kwong 

munis de la fonction de Soave. 

�x�� A. Pina-Martinez, Y. Le Guennec, R. Privat, J.-N. Jaubert, P.M. Mathias, 

Analysis of the Combinations of Property Data That Are Suitable for a Safe 

Estimation of Consis tent Twu �.-Function Parameters: Updated Parameter 

Values for the Translated -Consistent tc -PR and tc -RK Cubic Equations of 

State, Journal of Chemical & Engineering Data. (2018). 

doi:10.1021/acs.jced.8b00640. [61] 

 

Grâce à la réévaluation des erreurs sur les corrélations fournies par la banque 

de données de la DIPPR, une mise à jour des modèles tc-PR et tc-RK a été 

réalisée, incluant les paramètres de la fonction  de Twu ainsi que la valeur du 

paramètre de translation volumique pour respectivement 1721 et 1489 

molécules (contre respectivement 1116 et 997 molécules auparavant). Il a 

également été établi que les paramètres de la fonction  doivent être a minima 

ajustés sur des données de pression de vapeur saturante. Si des données 

�G�¶�H�Q�W�K�D�O�S�L�H�� �G�H�� �Y�D�S�R�U�L�V�D�W�L�R�Q�� �R�X�� �G�H�� �F�D�S�Dcité calorifique à saturation sont 

disponibles, il est alors recommandé �G�H���O�H�V���D�M�R�X�W�H�U���j���O�D���S�U�R�F�p�G�X�U�H���G�¶�D�M�X�V�W�H�P�H�Q�W����

Les versions généralisées des modèles tc-PR et tc-RK ont été mises à jour à la 

lumière  de nos nouveaux résultats (cf. Annexes A-1 et A-2). 
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Abstract  

Since the pioneering work of Professor André Péneloux, volume translations are often 

applied to cubic equations of state with the aim of improving the description of 

volumetric properties. Such translations are either constant or temperature -dependent. 

In any case, it is well-known th at both the translated and untranslated models return 

the same vapor pressure for a given temperature but lead to different saturated molar 

volumes. Being aware of the invariance of the calculated vapor pressure, it was decided 

to investigate which propert ies among the enthalpy, the entropy, the internal energy, 

the heat capacities, the speed of sound, the property changes on vaporization and many 

others were altered by a volume translation. All these state functions are indeed 

volume-dependent and the influence of the translation on their values needs to be 

clarified. This is particularly important to understand on which experimental data the 

volume translation should be fitted  on. 

Keywords 

volume translation, volume correction, equation of state, departure  functions, 

equilibrium conditions.  

 



Chapitre 2 

- 39 - 

2.1.��Introduction  

Equations of state (EoS), routinely used in process and product design are pressure 

explicit functions which quantify the relationship between the pressure, molar volume 

and temperature of a pure component. In the crowd of the proposed models, the most 

popular ones are certainly the SAFT-type and cubic EoS. It is however well-known that 

cubic EoS provide inaccurate liquid densities. To fix the ideas, the Soave-Redlich-

Kwong (SRK) [7]  and the Peng-Robinson (PR) [8]  EoS predict the saturated-liquid 

volumes with an average deviation of about 16 % and 8 % respectively [18] . One 

method to overcome this shortcoming is the so-called volume translation proposed by 

Péneloux et al. in 1982 [39] . This technique is widely applied in process and product 

design where an EoS is used to estimate densities and other thermodynamic properties. 

For a given component, the saturated-liquid volume calculated at a given temperature 

is usually notably different from the experimental value but the difference between the 

calculated and the experimental volume is more or less constant when varying the 

temperature out of the critical re gion. Consequently, a temperature-independent 

volume translation (all the calculated molar volumes are translated by a constant 

amount c) significantly improves the description of the saturated liquid densities in the 

low temperature range ( ). To overcome the failure of this principle near the 

critical temperature, many authors [45,54,57,62�±66]  adopted a temperature-

dependent volume correction c(T). It is however well-established that temperature-

dependent volume translations are thermodynamically inconsistent since they lead to 

the crossing of isotherms in a (pressure, volume) plane and to negative heat capacities 

[50,67,68] . 

In his pioneering paper, Péneloux explains that both the translated and untranslated 

models return the same vapor pressure for a given temperature but lead to different 

saturated molar volumes. Being aware of this result, it was decided to investigate which 

properties among the enthalpy, the entropy, the internal energy, the heat capacities, 

the speed of sound, the property changes on vaporization and many others were altered 

by a volume translation. Returned from a pressure-explicit EoS, all these state 

functions are temperature and volume dependent and the influence of the translation 

on their values needs to be clarified. This is particularly important to understand on 

which experimental data the volume translation should be fitted. Indeed:  

1) if neither the experimental VLE data (vapor pressures, property changes on 

vaporization) nor the other thermodynamic properties (enthalpy, entropy, etc.) are 
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affected by a volume translation, the problem of reproducing liquid densities with an 

EoS can be disconnected from the problem of predicting other thermodynamic 

properties. In such a case, the volume translation would have to be fitted on density 

data while the other EoS parameters (e.g. those involved in the cohesive parameter of 

cubic EoS) should be fitted on all the other experimental data. Therefore, the volume 

translation should be only applied to the molar volume returned by the EoS when a 

density value is required. Such a correction would thus be a kind of external procedure 

taking place once the EoS is solved. 

2) if the volume correction alters both the experimental VLE data and all the other 

thermodynamic properties (enthalpy, heat capacity, etc.), it is no more possible to 

uncouple the problem of reproducing liquid densities from the proble m of predicting 

other properties. In such case, the volume translation and the other EoS parameters 

should be fitted simultaneously on all the available experimental data.  

Another objective of this note is to compare the influence of both a temperature-

independent and a temperature-dependent volume translation on the properties 

computable by an EoS. 

The results presented in this paper are general and could be applied to any pressure-

explicit EoS, e.g., SAFT-type or cubic EoS. We however do not see a real need to apply 

a volume translation to a SAFT-type EoS since such equations are parameterized to 

provide satisfactory estimation of liquid densities.  

To close this introduction, we wanted to state that in a somewhat abstruse paper 

published in 1993, working specifically on cubic EoS, Leibovici [69]  was able to identify 

a series of properties not influenced by a temperature-independent volume translation, 

but however did not realize that his conclusions did not depend on the mathematical 

expression of the EoS and never discussed the case of a temperature-dependent 

volume translation. ��  
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2.2.��Effect of a Péneloux�Ktype volume translation along the volume axis  

In this section, we want to establish the list of the properties which are affected and the 

list of the properties which are unaltered by a Péneloux-type volume translation. Two 

cases are considered depending whether the volume translation is taken constant or 

temperature-dependent. 

Following Zabaloy and Brignole [70] , we decided to avoid the concept of pseudo-

volume ( ), pseudo-covolume ( ) and pseudo equation of state introduced by Péneloux. 

We indeed believe that such concepts have brought confusion explaining why some 

researchers applied the volume translation approach without using the original 

formalism.  

2.2.1.��The concept of volume translation as introduced by André Péneloux.  

By solving a Van der Waals (VdW)-�W�\�S�H�� �(�R�6�� ���6�5�.���� �3�5�� �«���� �D�W��given T and P , the 

calculated molar volume, noted , is generally notably different from the 

corresponding experimental value. As a first example, we know by experience that the 

volumes returned by the SRK EoS are generally too large and they thus need to be 

reduced by a quantity c (the volume correction) in order to get a new volume  closer 

to the experimental value than . The subscripts o and t refer to original  (i.e. 

untranslated) and to translated  equations of state, respectively. As a second example, 

depending on the studied component, molar volumes returned by the PR EoS are 

either too large or too small: they thus need to be either reduced or enlarged and the 

volume correction c is either positi ve or negative. 

By definition of the volume translation c, the original and translated molar volumes 

are linked by: 

�� �� (2.1)��

Consequently, we can assert that obtaining a consistent translated EoS from an original 

untranslated equation just consists in replacing  by ( ) within th e untranslated 

expression. 

Mathematically speaking, this translation is thus defined by the following equation:  

�� �� (2.2) 

��
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Since the original and translated states of the considered pure fluid have the same 

pressure and temperature (the two states only differ by the value of the molar volume), 

one has: 

�� �� (2.3) 

Let us take as an example, the Van der Waals EoS. The original equation writes: 

�� �� (2.4) 

(the reason for which subscript o has been added to the covolume b is discussed below). 

Consequently, the translated form is: 

�� �� (2.5) 

��

According to Equ. (2.3) and as illustrated in  Figure 2.1, the Péneloux�±type volume 

correction corresponds to a translation of the whole original P -v isotherm (of the 

amount �±c) along the volume axis. 

�� ��

Figure 2.1. Graphical illustration of the Péneloux -type volume translation concept. 
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�,�Q�� �9�D�Q�� �G�H�U�� �:�D�D�O�V�¶�V�� �W�K�H�R�U�\���� �W�K�H�� �F�R�Y�R�O�X�P�H�� has a physical meaning: it is the molar 

volume when the pressure tends to infinity. Since the volume correction translates the 

whole isotherm (see Figure 2.1), the covolume (which is a particular molar volume) 

automatically undergoes the same translation so that the translated covolume verifies: 

. The same result can equivalently be obtained from Equ. (2.5): when the 

pressure tends to infinity, the molar volume  goes to  which is, by definition, 

the covolume of the translated equation. Equ. (2.5), i.e. the translated form of the VdW 

EoS can be alternatively written: 

�� �� (2.6) 

It is noticeable that by applying a volume translation to the VdW EoS, the Clausius [71] 

equation [Equ. (2.6)] is obtained. Consequently, the volume translation  induced a 

change of EoS. Although Equ. (2.6) and Equ. (2.5) are strictly equivalent, we 

recommend to use Equ. (2.6) since it contains the true covolume. Comparison of Equs. 

(2.4) and (2.6) makes it possible to conclude that the volume translation does not alter 

the mathematical expression of the repulsive term. In both cases, it writes:  

where b is the EoS covolume. 

�,�Q���F�R�Q�F�O�X�V�L�R�Q�����3�p�Q�H�O�R�X�[�¶�V���F�R�Q�F�H�S�W���F�D�Q���E�H���V�X�P�P�D�U�L�]�H�G���D�V���I�R�O�O�R�Z�V�� 

1) Starting with a non-translated EoS: , the mathematical expression of the 

translated equation is obtained by replacing  by ( ) so that 

. 

2) In order to make appear the translated covolume (the true covolume of the 

translated equation),  must be replaced by ( ). 

We can thus assert that a translated EoS can be obtained from an original untranslated 

equation by replacing in the untranslated expression: 

�� �� (2.7)��

��
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2.2.2.��Application of the volume translation concept to Van der Waals -type equations 

of state  

In the present section, results of the previous section are applied to the special case of 

Van der Waals-type equations of state. For pure species, original (untranslated) cubic 

EoS have the following general form: 

�� �� (2.8) 

r 1 and r 2 are two universal constants of the EoS (not depending on the nature of the 

studied fluid). For illustration, the values of  these constants associated with classical 

cubic EoS are reported in Table 1. bo is the covolume (value taken by the molar volume 

when the pressure tends to infinity). The cohesive parameter, , 

accounts for molecular attraction:  is the value of  at the critical temperature  

and  is the so-�F�D�O�O�H�G���.���I�X�Q�F�W�L�R�Q���Z�K�L�F�K���L�V���W�H�P�S�H�U�D�W�X�U�H���G�H�S�H�Q�G�H�Q�W�����H�[�F�H�S�W���I�R�U���W�K�H��

Van der Waals EoS for which ). Due to its definition, this function is equal to one 

at the critical temperature: . 

EoS   

Van der Waals (VdW) 0 0 

Soave-Redlich-Kwong (SRK) �±1 0 

Peng-Robinson (PR)   

Table 2.1. Parameters for three different cubic EoS 

The values of ,  and  (the critical compressibility factor) are usually 

expressed with respect to the experimental values of the critical temperature  and 

critical pressure  by imposing the critical constraints recalled in Equ. (2.9): 
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�� �� (2.9) 

By applying these constraints to Equ. (2.8), one obtains: 

��

�� (2.10) 

��

The expression of the translated EoS is obtained by replacing in Equ. (2.8)  by ( ) 

and  by ( ). We thus get: 

�� �� (2.11) 

that is:  

�� �� (2.12) 

By applying the critical constraints to Equ. (2.12), one obtains: 

�� �� (2.13) 

It is thus noticeable that unlike ,  is not a universal constant anymore: for a 

given EoS (i.e., for given values of r1 and r2)  becomes component-dependent (this 

is a simple consequence of the critical volume translation). The volume translation 
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however does not alter ac ( ) and as previously mentioned modifies the true 

covolume ( ). 

To conclude this section, the translated and untranslated forms of the most industrially 

used cubic EoS (i.e., the SRK and PR EoS) are provided. For the sake of simplicity and 

clarity, the subscripts t (for translated) and o (for original) are removed.  

The original SRK EoS [7,72] writes:  

  with . (2.14) 

so that, the expression of the translated SRK EoS is: 

�� ���Z�L�W�K�� �� (2.15)��

For the SRK EoS, Péneloux [39]  recommends using: 

�� �� (2.16) 

where zRA is the Rackett compressibility factor  [41]. 

In a similar way, the original PR EoS [8] , widely used for mixtures [23,54,57,73,74], 

writes: 
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���Z�L�W�K��

�� (2.17)��

Consequently, the translated PR EoS is: 

���Z�L�W�K�� �� (2.18)��

For the PR EoS, Péneloux recommends using [75]  the never published following 

relation:  

�� �� (2.19) 

��

2.2.3.��Properties altered by application of a Péneloux �Ktype volume translation to an 

equation of state  

The previous section has highlighted that a volume translation  is equivalent to a change 

of EoS; this is particularly visible when comparing Equs. (2.8) and (2.12). We thus 

�Z�D�Q�W���W�R���V�W�X�G�\���W�K�H���U�H�O�D�W�L�R�Q�V���E�H�W�Z�H�H�Q���W�K�H���W�K�H�U�P�R�G�\�Q�D�P�L�F���I�X�Q�F�W�L�R�Q�V�����H�Q�W�K�D�O�S�\�����H�Q�W�U�R�S�\���«����

calculated from the original and the translated EoS. To do that, let us consider a pure 

component at temperature T1 and pressure P1 modelled by an original (untranslated) 

EoS. Its molar volume is vo(T1,P1) and the state of this fluid is identified by point A o in 

Fig. 1. At the same temperature T1 and pressure P1, let us now consider the same pure 

component modelled by the translated EoS. Its molar volume is thus vt(T1,P1) and the 

state of this fluid corresponds to point A t in Fig. 1. 

We basically know that: 
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�� �� (2.20)��

Let us address some other thermodynamic functions. 

2.2.3.1.��Chemical potential change 

By noting , the real fluid chemical potential (molar Gibbs energy) and  

the perfect gas state chemical potential at the same temperature and pressure as the 

real fluid, one has from classical thermodynamics: 

�� �� (2.21) 

Where  is the real fluid molar volume at selected T and P. 

The chemical potential estimated from the original EoS (point Ao) satisfies: 

�� �� (2.22) 

Similarly, the chemical potential estimated from the translated EoS (point At) verifies: 

�� �� (2.23) 

By replacing  by  in Equ. (2.23), one has: 

�� �� (2.24) 

We thus get:�� �� (2.25) 

As a conclusion, the translated and untranslated models predict different chemical 

potentials.  

By definition of the fugacity coefficient, one has:  

�� �� (2.26) 

�6�R��that ���� �� (2.27) 
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The fugacity is defined by: , so that: 

�� �� (2.28) 

��

2.2.3.2.��Entropy change 

Entropy  can be derived from  by: . Derivation of 

Equ. (2.25) gives: 

�� �� (2.29)��

where  is the derivative of the volume translation with respect to the 

temperature. From Equ. (2.29), it is obvious that both EoS give the same entropy if a 

temperature-independent volume translation is applied. On the other hand, different 

molar entropies are obtained by using a temperature-dependent volume translation.  

To sum up, we can state that to obtain the numerical value of the molar entropy with 

the translated EoS, i.e., , at set temperature T and pressure P, the following 

steps have to be followed: 

1) At the set T and P, solve the original EoS in order to get the original molar volume 

( ). 

2) Knowing T and , compute the molar entropy for the original EoS, i.e., . 

3) At the set temperature, compute the volume translation c and its derivative with 

respect to temperature, i.e., . 

4) Calculate  with Equ. (2.29), i.e., . 

2.2.3.3.��Enthalpy change 

�� �� (2.30) 

By combining Equs. (2.25) and (2.29), one has: 

�� �� (2.31)��

Regardless of the volume-translation type (constant or temperature -dependent), the 

two EoS generally predict different molar enthalpies. In the particular case where c is 

a linear function of T, i.e., , we get  so that, following Equ. (2.31), the two 

EoS predict identical molar enthalpies.  
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2.2.3.4.��Internal energy change 

�� �� (2.32)��

By combining Equs. (2.31) and (2.20), one has: 

�� �� (2.33) 

We can thus conclude that both EoS return the same internal energy if a temperature-

independent volume translation is applied. On the other hand, different internal 

energies are obtained if using a temperature-dependent volume translation.  

2.2.3.5.��Helmholtz energy change 

�� �� (2.34) 

By combining Equs. (2.33) and (2.29), we get: 

�� �� (2.35) 

and both EoS always give the same Helmholtz energy. 

2.2.3.6.��Constant pressure heat capacity change 

Constant pressure heat capacity  can be calculated from  by: 

. The derivation of Equ. (2.31) gives: 

�� �� (2.36)��

where  is the second derivative of the volume translation with respect to 

the temperature. The translated and untranslated EoS thus give the same cP if a 

temperature-independent volume translation is applied.  

2.2.3.7.��Isothermal compressibility ( ) and volume expansivity (�D) change 

By definition the isothermal compressibility is , so that 

. 

Starting from:   (2.37) 

The chain rule gives:  (2.38) 
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Consequently:  (2.39) 

Such a result could have been deduced from Fig. 1 which highlights that: 

. 

By definition, the volume expansivity is , so that . 

Since: , one has:  (2.40) 

Consequently:  (2.41) 

��

2.2.3.8.��Constant volume heat capacity change 

We know from classical thermodynamics that: �� �� (2.42) 

From Equs. (2.36), (2.39) and (2.41) one gets: 

�� �� (2.43) 

Similarly to , the two EoS return the same  if a temperature-independent 

volume translation is applied.  

2.2.3.9.��Speed of sound 

The speed of sound, denoted w, is defined by: 

�� �� (2.44) 

where �U is the density and  the specific entropy. 



Note on the properties altered by application of a Péneloux�K�|�‹�r�;���ˆ�o�t�†�l�;���|�u�-�m�v�t�-�|�b�o�m�; 

- 52 - 

By introducing,  where  and  are the specific heat capacities and the 

molar weight M, starting from:  

�� �� (2.45) 

one gets: 

�� �� (2.46)��

 and �J will be the same for the two EoS if a temperature-independent 

volume translation is used. Even so, the two EoS always lead to different values of the 

speed of sound. 

2.2.3.10.��Second virial coefficient  

The virial EoS [76]  writes:  

�� �� (2.47) 

The second virial coefficient B(T) thus verifies: 

�� �� (2.48) 

We have: 

�� �� (2.49) 

Since: 

�� �� (2.50) 

one has: 

�� �� (2.51) 

By the end: 
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�� �� (2.52)��

This result was expected because the second virial coefficient has the feature of a 

volume. 

2.2.3.11.��Vapor-liquid equilibrium condition  

a) Vapor pressure 

The original and the translated EoS lead exactly to the same vapor pressures. This is 

�D�Q���L�Q�W�X�L�W�L�Y�H���U�H�V�X�O�W���L�I���R�Q�H���U�H�I�H�U�V���W�R���0�D�[�Z�H�O�O�¶�V���H�T�X�D�O���D�U�H�D���U�X�O�H�����$�F�F�R�U�G�L�Q�J���W�R���W�K�L�V���U�X�O�H�����W�K�H��

 line cuts the p-v isotherm in such a way that the areas between the line and 

the curve above and below the line are equal. Fig. 1 highlights that the areas are kept 

during a translation of the whole isotherm so that the vapor pressure is not modified 

(area �D�E�J = area �D�¶�E�¶�J�¶�������,�W���L�V��alternatively possible to reach this conclusion by starting 

from the uniformity of the pure -component chemical potential in the liquid and vapor 

phases. At a given temperature, the vapor pressure ( ) calculated by the original EoS 

satisfies: 

�� �� (2.53) 

In the same way, the vapor pressure calculated by the translated EoS ( ) must satisfy: 

�� �� (2.54) 

By sending Equ. (2.25) in Equ. (2.54), one has: 

�� �� (2.55) 

Let us here recall that c is a component-specific parameter which, at the most, is 

temperature-dependent (its value is not influenced by the pure-component 

aggregation state). At equilibrium, the liquid and g as phases have the same 

temperature so that  even when the volume translation is temperature-

dependent. Equ. (2.55) thus writes:  

�� �� (2.56) 
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Solving Equ. (2.53) for  and Equ. (2.56) for  leads to: 

�� �� (2.57) 

At this step, let us recall [39]  that for mixtures a linear dependence with respect to mole 

fractions of the volume translation ( ) is the only one mixing rule which 

leaves the phase equilibrium conditions unchanged. 

b) Property change on vaporization  

A property change on vaporization (e.g. entropy of vaporization) is the difference 

between the molar property in the gas ( ) and liquid ( ) phases when a pure 

component is in vapor-liquid equil ibrium. If M designates a property, one has: 

�� �� (2.58) 

By using the same notations as previous, one obtains: 

�� (2.59) 

As an example, the use of Equ. (2.31) makes it possible to establish that the difference 

between the enthalpies of vaporization calculated by the original and the translated 

equations of state is: 

�� �� (2.60) 

The obtained value is zero because in both phases the temperature is the same and 

consequently  and . 

By having a look at Equs. (2.20), (2.29), (2.33), (2.35) and (2.36), we can assert that 

, , ,  and  are either constant, temperature-dependent or both 

pressure and temperature-dependent. Consequently, these quantities have the same 

values in the liquid and gas phases and both EoS return the same values for: , 

, ,  and . Equ. (2.43) shows that  when a 

temperature-independent volume translation is used so that in such a case, the original 

and translated EoS return the same . On the other hand, when a temperature-
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dependent volume translation is used, the quantity  is different from 

. This is because in Equ. (2.43), the values of  and  are 

different in the liquid and gas phases. In other words,  and the two 

EoS do not return a unique value for . 

Remark:  as discussed by Zabaloy and Brignole [70] , the use of the Clapeyron equation: 

�� �� (2.61) 

makes it possible to immediately conclude that the heat of vaporization is unaffected 

by the volume translation. This is because both the translated and untranslated models 

return the same saturation pressure and hence, the same derivative of the saturation 

pressure with respect to the temperature. They return different saturated molar 

volumes but the difference between the saturated vapor and liquid volumes is 

independent of c. Consequently, , 

 and  are also unaffected 

by a volume translation. 
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2.3.��Conclusion 

This note highlights that working with pure components, the application of a 

temperature-independent volume translation on a given equation of �V�W�D�W�H���« 

�«��leaves unaffected , the calculated:  �«��affects, the calculated:  

�x�� Entropy: s 

�x�� Internal energy: u 

�x�� Helmholtz energy: a 

�x�� Constant pressure heat capacity:  

�x��  

�x��  

�x�� Constant volume heat capacity:  

�x�� Vapor pressure:  

�x�� ALL the property changes on vaporization: 

, , , , , 

 and  

�x�� Volume 

�x�� Chemical potential: g 

�x�� Fugacity coefficient: 

  

�x�� Fugacity: f 

�x�� Enthalpy: h 

�x�� Speed of sound: w 

�x�� Second virial 

coefficient: B 

 

Vapor pressures, property changes on vaporization, but also many thermodynamic 

properties like the heat capacities are not altered by a temperature-independent 

volume translation. It is thus clear that the problem of reproduc ing both experimental 

phase equilibrium and experimental thermodynamic properties can be separated from 

the problem of reproducing experimental liquid densities. Working with cubic EoS, it 

is advised to determine the parameters of the alpha function on many diversified 

experimental data except densities (vapor pressure, heat of vaporization, heat 

capacities) and in a second step to determine the value of the volume translation on 

liquid densities and possibly speed of sound experimental data. 

The use of speed of sound data is however subject to discussion. If it is only desired to 

improve the modelling of liquid molar volumes, it is necessary to fit the volume -

translation value ( c) on experimental saturated liquid densities, classically available 

from small temperatures to the critical point. At this step, it could be argued that speed 
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of sound data could be used as volumetric properties at supercritical temperatures. It 

is however impossible to guarantee that a better prediction of the high temperature 

speed of sound (w) data, improves the accuracy of the calculated supercritical molar 

volumes. Indeed, w not only depends on v but is also a function of �J and  which are 

often misestimated by cubic EoS. A very interesting discussion on the ability of cubic 

EoS to predict the sound velocities in liquids can be found in a paper by Polishuk [77]. 

Such a paper demonstrates that working with cubic EoS, the covolumes are too big and 

consequently the sound velocities are poorly predicted. 

On the other hand, the application of a temperature-dependent volume translation on 

�D���J�L�Y�H�Q���H�T�X�D�W�L�R�Q���R�I���V�W�D�W�H���« 

�«���O�H�D�Y�H�V���X�Q�D�I�I�H�F�W�H�G, the calculated:  �«���D�I�I�H�F�W�V����the calculated:  

�x�� �+�H�O�P�K�R�O�W�]���H�Q�H�U�J�\�����D��

�x�� ��

�x�� �9�D�S�R�U���S�U�H�V�V�X�U�H������

�x�� �0�R�V�W���R�I���W�K�H���S�U�R�S�H�U�W�\���F�K�D�Q�J�H�V���R�Q��

�Y�D�S�R�U�L�]�D�W�L�R�Q�������� ����

���� ���� ���D�Q�G��

����

�x�� �9�R�O�X�P�H��

�x�� �&�K�H�P�L�F�D�O���S�R�W�H�Q�W�L�D�O�����J��

�x�� �)�X�J�D�F�L�W�\���F�R�H�I�I�L�F�L�H�Q�W�����M��

�x�� �)�X�J�D�F�L�W�\�����I��

�x�� �(�Q�W�U�R�S�\�����V��

�x�� �(�Q�W�K�D�O�S�\�����K��

�x�� �,�Q�W�H�U�Q�D�O���H�Q�H�U�J�\�����X��

�x�� �&�R�Q�V�W�D�Q�W���S�U�H�V�V�X�U�H���K�H�D�W���F�D�S�D�F�L�W�\��������

�x�� ��

�x�� �&�R�Q�V�W�D�Q�W���Y�R�O�X�P�H���K�H�D�W���F�D�S�D�F�L�W�\������

�x�� �6�S�H�H�G���R�I���V�R�X�Q�G�����Z��

�x�� �6�H�F�R�Q�G���Y�L�U�L�D�O���F�R�H�I�I�L�F�L�H�Q�W�����%��

�x�� ��

 

Once again, vapor pressures and property changes on vaporization (except ) 

are not altered by a temperature-dependent volume translation. On the other hand, 

most of the thermodynamic properties like the heat capacities are now affected by the 

volume correction. It is thus no more possible to uncouple the problem of reproducing 

liquid densities from the problem of predicting other properties. Working with cubic 
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EoS, it is advised to simultaneously determine the parameters of the alpha function 

and those of the volume translation, c(T), on all the available experimental data. 

The use of a temperature-dependent volume translation is however not advised since 

it is a non-consistent thermodynamic approach [50,67,68] . 
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Highlights  

1)�� A consistency test �I�R�U���.-functions is derived. 

2)���.-functions must be positive, decreasing, convex with negative third derivative. 

3)���9�/�(���G�D�W�D���V�R�O�H�O�\���V�K�D�S�H���W�K�H���.-function in the subcritical domain, not beyond.  

4)���.-functions should pass this test to safely extrapolate to the supercritical domain.  

5)�� �1�R���.-function from the literature passes the proposed consistency test. 

Abstract  

�7�K�L�V���V�W�X�G�\���K�L�J�K�O�L�J�K�W�V���W�K�D�W���.-functions used in cubic equations of state must be of class 

C² i.e. that their first  and second  derivatives must exist and must 

be continuous, positive , monotonically decreasing , convex 

 and also verify , for any value of the temperature T. Our 

�S�U�R�S�R�V�H�G�� �³�F�R�Q�V�L�V�W�H�Q�F�\�� �W�H�V�W�� �I�R�U�� �.-�I�X�Q�F�W�L�R�Q�V�´�� �J�D�W�K�H�U�V�� �D�O�O�� �W�K�H�V�H�� �F�R�Q�G�L�W�L�R�Q�V���� �7�K�H�� �Q�R�Q-

respect of one of them can entail low-accuracy prediction of binary phase diagrams 

involving at least one supercritical compound (this statement is illustrated through the 

case-studies of the CO2-argon and CO2-decane systems) as well as improper variations 

of pure-component supercritical properties (  and ) with respect to the 

temperature. Finally, an extensive study of the mos�W�O�\�� �X�V�H�G���.-functions described in 

the open literature is performed and shows that all of them fail this test. Some 

component-�G�H�S�H�Q�G�H�Q�W�� �.-functions may however pass this test but only if 

mathematical constraints are added to their parameter s. 

Keywords 

Alpha-function; Equation of state; Consistency test; Soave; Twu 
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3.1.��Introduction  

Numerous modifications to the Van der Waals cubic equation of state (CEoS) have 

been presented over the years [5] , with the aim of representing with increasingly 

accuracy the properties of complex systems. As a matter of facts, most of these 

improvements do not incorporate a substantial difference in the functional 

combination of attractive and repulsive forces, with respect to the original formulation 

introduced by Van der Waals. As a rare exception, let us mention the Cubic-Plus-

Association model (CPA) [78] , which combines the Soave-Redlich-Kwong attractive 

and repulsive terms [7]  with an association term introduced b y Wertheim [79] . Indeed, 

analogously to the Van der Waals expression of the pressure equation [1], a generic 

CEoS may be written as the sum of a repulsive and an attractive term: 

   (3.1) 

Although the analytical expressions of the repulsive and attractive terms proposed in 

litera ture do not correctly quantify the actual repulsive and attractive contributions to 

pressure, their sum results in a quantitative representation of fluid properties being 

�V�X�I�I�L�F�L�H�Q�W�O�\�� �D�F�F�X�U�D�W�H�� �W�R�� �P�D�N�H�� �W�K�H�L�U�� �F�R�P�E�L�Q�D�W�L�R�Q�� �W�K�H�� �³�F�R�U�Q�H�U�V�W�R�Q�H�� �R�I�� �W�K�H�� �J�H�Q�H�U�D�O�L�]�H�G��

V�D�Q���G�H�U���:�D�D�O�V���W�K�H�R�U�\�´��[80] . 

Since the Van der Waals proposal, even the most successful two-parameter CEoS still 

expresses their attractive and repulsive terms by introducing a parameter  which is 

�D�� �P�H�D�V�X�U�H�� �R�I�� �W�K�H�� �D�W�W�U�D�F�W�L�Y�H�� �I�R�U�F�H�V�� ���³�H�Q�H�U�J�\�� �S�D�U�D�P�H�W�H�U�´���� �E�H�W�Z�H�H�Q�� �P�R�O�H�F�X�O�H�V���� �D�Q�G�� �D��

parameter  �Z�K�L�F�K���L�V���D���P�H�D�V�X�U�H���R�I���W�K�H���V�L�]�H�����³�L�Q�W�U�L�Q�V�L�F���Y�R�O�X�P�H�´���R�U���³�F�R-�Y�R�O�X�P�H�´�����R�I���W�K�H��

molecules. It results the general formulation of a two -parameter CEoS: 

   (3.2) 

where  and  are two universal constants which depend on the selected CEoS. 

The most successful theoretically-based modification to the Van der Waals CEoS 

consisted in the recognition by Clausius in 1879 [71] of the temperature-dependency of 

the energy parameter. In 1949, Redlich and Kwong [6]  proposed the first temperature -

dependent formulation which resulted to be sufficiently accurate to gain popularity in 

the industry. Starting from this outcome, many researches have been focused on the 

improvement of the function al form of this term, which soon proved to strongly affect 

the modelling capability of a CEoS in fluid equilibrium calculations. The attractive term 

of any CEoS can be written as: 
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   (3.3) 

i.e. as the product of the value of the attractive term at the critical temperature  

multiplied by a so-called �.-function ���� �6�X�F�K�� �.-functions have a strong impact on the 

accuracy of CEoS and must be selected with caution. Not only the properties of pure 

compounds in the supercritical region are highly affected by the mathematical 

�H�[�S�U�H�V�V�L�R�Q�� �R�I�� �W�K�H�� �.-function but also the vapor -liquid equilibrium calculations of 

multicomponent systems. From our experience, when applied to mixtures, the 

accuracy of CEoS is equally affected by the choice of the mixing rules and by the 

expressio�Q���R�I���W�K�H���.-function.  

�7�K�H���I�L�U�V�W���D�L�P���R�I���W�K�L�V���S�D�S�H�U���L�V���W�K�X�V���W�R���S�U�H�V�H�Q�W���W�K�H���U�H�T�X�L�U�H�P�H�Q�W�V���W�K�D�W���D�Q���.-function should 

absolutely fulfil in order to guarantee safe predictions of the vapor -liquid equilibrium 

and of derived thermodynamic properties at all temperatu res. Emphasis will be made 

�R�Q�� �W�K�H�� �L�Q�F�D�S�D�F�L�W�\�� �R�I�� �.-functions regressed on subcritical properties to correctly 

extrapolate in the supercritical temperature domain without addition of 

supplementary constraints during the regression procedure. Such constraints ensure, 

�D�P�R�Q�J���R�W�K�H�U�V�����W�K�H���S�U�R�S�H�U���F�X�U�Y�D�W�X�U�H���R�I���W�K�H���.-function. Similarly to the consistency tests 

developed to certify the quality of experimental vapor -liquid equilibrium data, it is 

�S�U�R�S�R�V�H�G���W�R���G�H�Y�H�O�R�S���D���F�R�Q�V�L�V�W�H�Q�F�\���W�H�V�W���I�R�U���.-functions, i.e., to derive a list of consistent 

�F�R�Q�V�W�U�D�L�Q�W�V�� �D�S�S�O�L�F�D�E�O�H�� �W�R�� �D�Q�\�� �.-�I�X�Q�F�W�L�R�Q���� �6�X�F�K�� �D�� �W�H�V�W�� �D�L�P�V�� �D�W�� �L�G�H�Q�W�L�I�\�L�Q�J�� �Z�K�L�F�K�� �.-

functions are (or not) thermodynamically consistent and should (or not) be used. In 

�W�K�L�V���S�D�S�H�U�����W�K�L�V���F�R�Q�V�L�V�W�H�Q�F�\���W�H�V�W���Z�L�O�O���E�H���D�S�S�O�L�H�G���W�R���W�Z�H�O�Y�H���.-functions issued from the 

literature.  

3.2.���	�;�=�b�m�b�|�b�o�m�7���_�b�v�|�o�u�b�1�-�t���0�-�1�h�]�u�o�†�m�7���-�m�7���]�;�m�;�u�-�t���1�t�-�v�v�b�=�b�1�-�|�b�o�m���o�=���|�_�;���Ñ-functions  

3.2.1.���	�;�=�b�m�b�|�b�o�m���o�=���|�_�;���Ñ-function  

As for the original Van der Waals equation of state, the critical attractive parameter 

(  ), the covolume  and the critical molar volume  of any CEoS can be 

determined by applying the so-called critical constraints:   
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   (3.4) 

where  and  are the experimental critical temperature and pressure and 

where the critical molar volume  is calculated by solving the CEoS under the 

conditions  and . The resulting critical energy parameter  and 

covolume  are usually expressed in terms of the CEoS-dependent coefficients  

and : 

   (3.5) 

While a covolume is necessarily temperature-independent [68] , the energy parameter 

 is written as the product of its value at the critical point, , and of a 

temperature-depend�H�Q�W���.-function:  

   (3.6) 

Doing so, it follows that  is a non-dimensional factor which becomes unity at the 

critical temperature  

   (3.7) 

�7�K�H�U�H�I�R�U�H���� �.-function should be considered as a deviation factor of the energy 

parameter of a CEoS to its value at the critical temperature. 

3.2.2.��Historical background a�m�7���]�;�m�;�u�-�t���1�t�-�v�v�b�=�b�1�-�|�b�o�m���o�=���|�_�;���Ñ-functions  

One of the most influential contributions in the prediction of vapor pressures of non -

polar and slightly polar pure compounds has been the introduction in 1972 of the Soave 

�.-function [7] . Over the years, further modifications have been introduced to this 
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functional form, mainly aimed at improving the correlation of vapor pressures. Higher 

accuracy was achieved by the addition of more parameters [26,29]  but as stated by 

Poling et al. [81] �����P�R�V�W���R�I���W�K�H���.-functions presented in literature have been developed 

without evaluating their predictive capability in the supercritical domain. Indeed, the 

�6�R�D�Y�H���.-function diverges at very high temperature, leading to unrealistic calculations 

�R�I�� �W�K�H�U�P�R�G�\�Q�D�P�L�F�� �S�U�R�S�H�U�W�L�H�V���� �7�K�H�U�H�I�R�U�H���� �.-functions inspired by the Soave 

formulation, called �S�R�O�\�Q�R�P�L�D�O���.-functions  as they are polynomials of the square-root 

of the reduced temperature, should not be used at high reduced temperature. To 

overcome this limitation, some authors proposed �H�[�S�R�Q�H�Q�W�L�D�O�� �.-functions  [19,35�±

37,82] which are positive and decreasing functions on the whole temperature range. 

Aware of the benefits of using a �S�R�O�\�Q�R�P�L�D�O���.-function  in the subcritical temperature 

domain and using an �H�[�S�R�Q�H�Q�W�L�D�O���.-function  in the supercritical temperature domain, 

some authors proposed �S�L�H�F�H�Z�L�V�H���.-functions with different mathematical expressions 

�I�R�U���W�K�H���.-function depending on whether the temperature is above or below the critical 

temperature, leading to possible d�L�V�F�R�Q�W�L�Q�X�L�W�L�H�V�� �R�I�� �W�K�H�� �.-function derivatives at the 

critical temperature. Although this approach seems to be a good compromise between 

�W�K�H���F�R�P�S�O�H�[�L�W�\���R�I���W�K�H���.-function expression and the accuracy of results, it was objected 

by Coquelet et al. [83]  that con�W�L�Q�X�L�W�\�� �R�I�� �W�K�H�� �I�L�U�V�W�� �D�Q�G�� �V�H�F�R�Q�G�� �G�H�U�L�Y�D�W�L�Y�H�V�� �R�I�� �W�K�H�� �.-

function at the critical temperature must be enforced. If not, calculated residual 

enthalpies and heat capacities show discontinuities at the critical temperature. This 

abnormal behavior of the piecewise �.-functions was also highlighted by Boston et al. 

[84] , Twu et al. [36,37]  when they respectively propos�H�G�� �W�K�H�L�U�� �R�Z�Q�� �.-functions and 

deeply analyzed by Neau et al. [16,17]. 

As reported by Valderrama [5] , num�H�U�R�X�V���.-functions can be found in the literature 

and are compared in some recent papers [85,86] . Enumerating all the existing �.-

functions  is not of practical interest as only a dozen of them are used in the commercial 

process simulation software. Therefore, a general classification of the �.-functions 

based on their mathematical form (polynomial or exponential) and on the unicity of 

their formulation (T -overall formulation or piecewise) is presented in Table 3.1. 

�0�R�U�H�R�Y�H�U���� �Z�H�� �I�R�X�Q�G�� �G�H�V�L�U�D�E�O�H�� �W�R�� �G�L�V�W�L�Q�J�X�L�V�K�� �W�Z�R�� �N�L�Q�G�V�� �R�I�� �.-functions: component-

dependent �.-functions and generalized ones. Parameters of component dependent 

�.-functions have to be regressed, component by component, on experimental data 

�Z�K�L�O�H���F�R�H�I�I�L�F�L�H�Q�W�V���R�I���J�H�Q�H�U�D�O�L�]�H�G���.-functions are determined with correlations needing 

the acentric factor  �D�V���L�Q�S�X�W���S�D�U�D�P�H�W�H�U�����7�K�H�U�H�I�R�U�H�����J�H�Q�H�U�D�O�L�]�H�G���.-functions can be 
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applied to pure compounds for which no experimental vapor -liquid equilibrium data, 

except , are known. This advantage is counterbalanced by a less accurate prediction 

of the thermodynamic properties.  

In the rest o�I���W�K�H���D�U�W�L�F�O�H�����H�P�S�K�D�V�L�V���Z�L�O�O���E�H���P�D�G�H���R�Q���W�Z�R���.-functions having a T-overall 

formulation: the model proposed by Soave (1972) (from now on, called Soave) and the 

one introduced by Twu (1991) (from now on, called Twu91). Their expressions are 

reported below. 

�x�� T�K�H���6�R�D�Y�H���.-function [7]  

   (3.8) 

�7�K�L�V���.-function is polynomial, generalized and it has a T-overall formulation. Having 

�U�H�J�D�U�G�� �W�R�� �L�W�V�� �V�L�P�S�O�L�F�L�W�\�� �D�Q�G�� �W�R�� �W�K�H�� �D�F�F�X�U�D�F�\�� �R�I�� �U�H�V�X�O�W�V�� �R�E�W�D�L�Q�H�G�� �E�\�� �X�V�L�Q�J�� �L�W���� �W�K�L�V�� �.-

�I�X�Q�F�W�L�R�Q���V�K�R�X�O�G���E�H���U�H�J�D�U�G�H�G���D�V���D���U�H�I�H�U�H�Q�F�H���E�H�I�R�U�H���G�H�U�L�Y�L�Q�J���D�Q�\���Q�H�Z���.-function. These 

reasons justify, in fact, its widespread popularity.  

�x�� The �7�Z�X�������.-function [19] 

   (3.9) 

�7�K�L�V���.-function is exponential, component -specific and it has a T-overall formulation. 

Parameters L, M and N have to be optimized, component by component, over 

experimental data so that better accur�D�F�\�� �L�V���H�[�S�H�F�W�H�G���L�Q���F�R�P�S�D�U�L�V�R�Q���W�R���W�K�H���6�R�D�Y�H���.-

function.  
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Component -�G�H�S�H�Q�G�H�Q�W���.-functions  
 T-overall formulation  

(unique temperature formulation)  
Piecewise 

Polynomial  

Soave (1984) [32]  

 

 

Stryjek-Vera [29]  

 

Gibbons-Laughton [87]  

 

Mathias-Copeman [26]  

 

Exponential  

Twu (1988) [35]  

 
�± Not any �± 



Chapitre 3 

- 67 - 

Twu (1991) [19] 

 

Trebble-Bishnoi [88]  

 

Polynomial & 

Exponential  

Melhem-Saini-Goodwin [89]  

 

Boston-Mathias [84]  
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Mathias [90]  

  

�*�H�Q�H�U�D�O�L�]�H�G���.-functions  
 T-overall formulation  

(unique temperature formulation)  

Piecewise 

Polynomial  

Soave (1972) [7]  

 

�± Not any �± 

Exponential  Trebble-Bishnoi [91] Twu (1995) [36,37]  
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(see appendix C for more details) 

Table 3.1. �&�O�D�V�V�L�I�L�F�D�W�L�R�Q���R�I���.-functions commonly found in process simulation software.
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Component-�G�H�S�H�Q�G�H�Q�W�� �.-functions are usually parameterized over vapor-liquid 

equilibrium data, which are also the most reported data in the literature. Therefore, 

�P�R�V�W�� �R�I�� �W�K�H�� �.-functions will have a similar behavior in the subcritical temperature 

domain. However, the literature lacks of specific, theoretically -based guidelines to 

�G�H�U�L�Y�H�� �D�Q�� �.-function that could guarantee consistent predictions, also in the 

�V�X�S�H�U�F�U�L�W�L�F�D�O�� �W�H�P�S�H�U�D�W�X�U�H�� �G�R�P�D�L�Q���� �R�I�� �W�K�H�U�P�R�G�\�Q�D�P�L�F�� �S�U�R�S�H�U�W�L�H�V�� �U�H�O�D�W�H�G�� �W�R�� �W�K�H�� �.-

function itself and to its derivatives. With that respect, t he purpose of the next section 

�L�V���W�R���S�U�H�V�H�Q�W���U�H�T�X�L�U�H�P�H�Q�W�V���W�K�D�W���D���S�U�R�S�H�U���.-function should fulfil.  

3.3.���!�;�t�†�b�u�;�l�;�m�|�v���=�o�u���-���1�o�m�v�b�v�|�;�m�|���Ñ-function  

Firstly, to avoid non -�S�K�\�V�L�F�D�O���S�R�V�L�W�L�Y�H���Y�D�O�X�H�V���R�I���W�K�H���D�W�W�U�D�F�W�L�Y�H���W�H�U�P�����.-functions should 

be positive and thus lead to a decrease of the pressure of the system when the attraction 

between molecules increases. As stated by Deiters [92] ���� �D�� �Q�H�J�D�W�L�Y�H�� �.-�I�X�Q�F�W�L�R�Q�� �³�R�Q�O�\��

�U�H�V�X�O�W�V���I�U�R�P���F�R�P�S�H�Q�V�D�W�L�Q�J���D�Q���L�Q�V�X�I�I�L�F�L�H�Q�W���U�H�S�X�O�V�L�R�Q���W�H�U�P�´���D�Q�G���V�K�R�X�O�G���E�H���U�H�J�D�U�G�H�G���D�V��

a consequence of a maladjusted model but not as a theoretical valid behavior. 

�6�H�F�R�Q�G�O�\���� �.-functions should be constant at the infinite temperature limit. This 

constant can be positive or zero. Colina et al. [93]  give proof that the limiting value of 

�.�� �D�W�� �W�K�H�� �L�Q�I�L�Q�L�W�H�� �W�H�P�S�H�U�D�W�X�U�H�� �O�L�P�L�W�� �Z�R�X�O�G�� �E�H�� �H�T�X�D�O�� �W�R�� �]�H�U�R���� �E�\�� �D�V�V�X�P�L�Q�J�� �W�K�D�W�� ���L���� �³�D�W��

infinite temperature, the cubic EoS reduces to a hard-body EoS, with residual internal 

�H�Q�H�U�J�\�� �L�G�H�Q�W�L�F�D�O�O�\�� �]�H�U�R�� �D�W�� �D�O�O�� �G�H�Q�V�L�W�L�H�V�´�� �D�Q�G�� ���L�L���� �W�K�H�� �9�D�Q�� �G�H�U�� �:�D�D�O�V�� �U�H�S�X�O�V�L�Y�H�� �W�H�U�P��

 correctly represents hard-body repulsions. However, Abbott and Prausnitz 

[94]  and Sandler [95]  �O�H�D�Y�H�� �V�R�P�H�� �X�Q�F�H�U�W�D�L�Q�W�\�� �R�Q�� �Z�K�H�W�K�H�U�� �W�K�H�� �.-function at infinite 

temperature should assume a zero rather than a positive finite value. Since no 

unquestionable theoretical evidences have been found on this issue, we do not 

�F�R�Q�F�O�X�G�H���D�E�R�X�W���W�K�H���F�R�Q�V�W�D�Q�W���Y�D�O�X�H���R�I���W�K�H���.-function at infinite temperature.  

Thirdly, as temperature decreases, the average molecular kinetic energy is reduced, 

resulting in a system where molecules are particularly prone to interacting, upon 

collision. This explains why the CEoS energy parameter should become increasingly 

�L�P�S�R�U�W�D�Q�W�� �Z�K�H�Q�� �W�H�P�S�H�U�D�W�X�U�H�� �G�H�F�U�H�D�V�H�V���� �,�Q�� �R�W�K�H�U�� �Z�R�U�G�V���� �.�� �K�D�V�� �W�R�� �E�H�� �D�� �G�H�F�U�H�D�V�L�Q�J��

function  of temperature, its first derivative has not only to be negative but has also to 

c�D�Q�F�H�O�� �R�X�W�� �D�W�� �W�K�H�� �L�Q�I�L�Q�L�W�H�� �W�H�P�S�H�U�D�W�X�U�H�� �O�L�P�L�W�� �W�R�� �H�Q�V�X�U�H�� �D�� �I�L�Q�L�W�H�� �.-value. It should be 

�Q�R�W�L�F�H�G�� �W�K�D�W���� �L�I�� �D�Q�� �.-function is both positive and decreasing, it will automatically 

admit a finite value at the infinite temperature limit.  
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�7�K�H���O�D�V�W���S�R�L�Q�W���L�V���W�K�D�W���Q�R�W���R�Q�O�\���W�K�H���.-function but also its first and second derivatives 

with respect to the temperature have to be continuous functions of temperature in 

order to avoid discontinuities in the calculated state functions. As highlighted in 

Eq.(3.10)���� �.�� �L�Q�G�H�H�G�� �D�S�S�H�D�U�V�� �L�Q�� �W�K�H�� �P�D�W�K�H�P�D�W�L�F�D�O�� �H�[�S�U�H�V�V�L�R�Q�� �R�I�� �W�K�H�� �I�X�J�D�F�L�W�\�� �D�Q�G�� �W�K�H��

residual molar enthalp �\���� �W�K�H�� �I�L�U�V�W�� �G�H�U�L�Y�D�W�L�Y�H�� �R�I�� �.�� �D�S�S�H�D�U�V�� �L�Q�� �W�K�H�� �P�D�W�K�H�P�D�W�L�F�D�O��

�H�[�S�U�H�V�V�L�R�Q���R�I���W�K�H���U�H�V�L�G�X�D�O���P�R�O�D�U���H�Q�W�K�D�O�S�\���D�Q�G���H�Q�W�U�R�S�\���D�Q�G���W�K�H���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���R�I���.��

appears in the mathematical expression of the residual heat capacity at constant 

volume. 

 (3.10) 

 

We can summarize our observations by: 

  (3.11) 

These conditions are often cited in the literature as sufficient conditions for consistent 

predictions of thermody namic properties but: are they really sufficient? In the next 

section, we are going to answer this key question through a case study: the calculation 

of the isothermal phase diagram of the system CO2-argon at 253.1 K, with the Peng-

Robinson CEoS, associated with two �. functions that satisfy criteria in (3.11). Before 

presenting calculation results over this system, it is worth pointing out that it is a 

complex mixture to be modelled since it exhibits a type III phase behavior in the 

classification scheme of Van Konynenburg and Scott [96] . 
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3.4.��Case-study: prediction of the CO 2-argon binary phase diagram 

The CO2-argon binary system is considered as a key system for CO2-Capture and 

Storage (CCS) applications [97] . It is desired to predict the phase diagram of this 

system at 253.1 K with the Peng-Robinson CEoS and highly efficient mixing rules 

which combine the expression by Huron and Vidal [98]  with the residual part of the 

Wilson activity -coefficient model [99] . The two parameters of the Wilson model were 

regressed in order to minimize the following objective function which takes into 

account the deviations between calculated and experimental molar fractions of CO2 in 

the liquid (x) and gas (y) phases: 

   (3.12) 

where  is the experimental standard deviation associated to the ith data point of 

property �+. 

�,�Q���R�U�G�H�U���W�R���W�H�V�W���W�K�H���L�Q�I�O�X�H�Q�F�H���R�I���W�K�H���V�H�O�H�F�W�H�G���.-function on the resulting calculations,  

�W�Z�R�� �G�L�I�I�H�U�H�Q�W�� �.-�I�X�Q�F�W�L�R�Q�V���� �W�K�D�W�� �D�U�H�� �W�K�H�� �6�R�D�Y�H�� �D�Q�G�� �W�K�H�� �7�Z�X������ �.-functions, were 

successively considered for both pure carbon dioxide and argon. The m-parameter of 

�W�K�H���6�R�D�Y�H���.-function was calculated by applying Eq. (3.8), while the three parameters 

�/���� �0�� �D�Q�G�� �1�� �R�I�� �W�K�H�� �7�Z�X������ �.-function were determined by minimizing the objective 

function expressed by Eq. (3.13), which takes into account the deviations between 

calculated and pseudo-experimental vapor pressures ( ), enthalpies of vaporization 

 and saturated liquid heat capacities ( ): 

 (3.13) 

The pseudo-experimental ,  and  data were extracted from the 

correlations available in the DIPPR database: for each property, 50 equidistant data 

points were generated in the temperature validity range of the correlations. Following 

this regression procedure, optimal parameters have bee�Q�� �R�E�W�D�L�Q�H�G�� �I�R�U�� �W�K�H�� �7�Z�X������ �.-

function. Those are reported in Table 3.2. 
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 CO2 Argon  

L 0.040  0.027 

M 0.943 0.968 

N 8.538 8.213 

Table 3.2. �7�Z�X�������.-function parameters of CO2 and argon obtained by minimizing 

Eq. (3.13). 

A significant difference between the two calculated phase diagrams of the CO2-argon 

system is observable in Figure 3.1. To better analyze the cause of such a difference, it is 

worth recalling that the two phase diagrams were modeled using the same CEoS and 

the same mixing rules; they thus only differ in the c �K�R�L�F�H���R�I���W�K�H���.-function.  

 

Figure 3.1. Binary phase diagram of the CO2-Ar system at 253.1 K calculated with the 

Peng-�5�R�E�L�Q�V�R�Q���&�(�R�6���D�Q�G���W�Z�R���G�L�I�I�H�U�H�Q�W���.-functions parameterized on subcritical 

vapor-liquid equilibrium data.  

�:�K�H�Q���W�K�H���6�R�D�Y�H���.-function is used for both compounds, a nearly perfect prediction of 

the phase diagram is achieved (the continuous curve is extremely close to the 

experimental data points). On the other hand, very poor  results are obtained with the 

�7�Z�X������ �.-function. By having a look at the dashed curve in Figure 3.1, it could be 

erroneously concluded that the Peng-Robinson EoS is totally unable to correlate the 

CO2-argon system and that it over predicts the binary critical pressure and the 
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solubility of argon in CO 2. It is undeniably surprising to observe that the generalized 

�6�R�D�Y�H���.-function, which does not contain any adjustable parameter, performs better 

than the component-�G�H�S�H�Q�G�H�Q�W�� �7�Z�X������ �.-function that involves three adjustable 

parameters per component. In order to better understand the origin of the significant 

difference between the two calculated phase diagrams, it is necessary to analyze more 

�F�O�R�V�H�O�\�� �H�D�F�K�� �R�I�� �W�K�H�� �W�Z�R�� �.-functions (Soave and Twu91) which were designed to 

accurately reproduce pure component vapor-�O�L�T�X�L�G���H�T�X�L�O�L�E�U�L�X�P���G�D�W�D�����7�R���W�K�L�V���D�L�P�����.-

curves of CO2 and argon are reported in Figure 3.2 and Figure 3.3. The two figures 

highlight that, in  the temperature range where the parameters were fitted (let us say 

between 0.4Tc and Tc�������W�K�H���6�R�D�Y�H���D�Q�G���7�Z�X���������.-functions are superimposed for both 

pure components. 

 

Figure 3.2�����.-curves of CO2 parameterized on subcritical vapor-liquid equilibrium 

data. 
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Figure 3.3�����.-curves of argon parameterized on subcritical vapor-liquid equilibrium 

data. 

At the working temperature of 253.1 K, pure CO2 is subcritical (T c = 304.21 K) while 

pure argon is supercritical (T c = 150.86 K). Since for CO2 the working temperature is 

in the range where the parameters were fitted, it is not surprising  to observe (see �[ 

symbol in Figure 3.2�����W�K�D�W�����D�W���W�K�L�V���W�H�P�S�H�U�D�W�X�U�H�����W�K�H���W�Z�R���.-functions return the same 

value. On the other hand, at 253.1 K, argon is supercritical (Tr = 1.7), that is at a 

temperature completely outside the range where the parameters were fitted. At this 

�W�H�P�S�H�U�D�W�X�U�H���� �W�K�H�� �W�Z�R�� �.-�I�X�Q�F�W�L�R�Q�V�� �W�D�N�H�� �W�R�W�D�O�O�\�� �G�L�I�I�H�U�H�Q�W�� �Y�D�O�X�H�V�� ���.Soave �§ 0.8 and 

�.Twu �§ 0.2), as shown in Figure 3.3. At this step it is thus possible to conclude that the 

�P�L�V�P�D�W�F�K���L�Q���.-values for argon is the unique responsible for the poor correlation of 

the CO2-argon vapor-�O�L�T�X�L�G�� �H�T�X�L�O�L�E�U�L�X�P�� �G�D�W�D�� �Z�L�W�K�� �W�K�H�� �7�Z�X������ �.-function at 253.1 K. 

Such a difference between �.-function values in the supercritical domain, for both CO 2 

and argon, appears to be caused by the presence of two inflection points along the 

�7�Z�X������ �.-curve. As highlighted by Figure 3.2 and Figure 3.3���� �7�Z�X������ �.-functions of 

argon and CO2 go from convex to concave to convex with a steep and quick decrease in 

�W�K�H�� �F�R�Q�F�D�Y�H�� �S�D�U�W�� �R�I�� �W�K�H�� �.-�F�X�U�Y�H���� �2�Q�� �W�K�H�� �R�W�K�H�U�� �K�D�Q�G���� �W�K�H�� �6�R�D�Y�H�� �.-function is strictly 

convex on the whole temperature range with a significantly slower decrease in the 

supercritical domain. Figure 3.2 and Figure 3.3 thus give rise to two questions which 

are addressed in the next section: are the two inflection points observed on the Twu91 

�.-curve the actual responsible for the poor correlation of the bin ary vapor-liquid 
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equilibrium data and, above all, are such inflection points thermodynamically 

consistent? 

3.5.�����u�;���b�m�=�t�;�1�|�b�o�m���r�o�b�m�|�v���o�m���Ñ-curves thermodynamically consistent? 

To begin, let us recall that at an inflection point, the curvature of a function chan ges 

sign and hence its second derivative vanishes: 

   (3.14) 

Among all the thermodynamic properties that can be derived from a CEoS, the residual 

heat capacity at constant volume is directly proportional to the second derivative of the 

�.-function:  

   (3.15) 

The  coefficient is given by: 

   (3.16) 

with  the heat capacity at constant volume of the perfect gas. As a direct consequence, 

�L�I���D�Q���.-curve exhibits an inflection points at temperature , the second derivative of 

�.���Z�L�W�K���U�H�V�S�H�F�W���W�R���W�K�H���W�H�P�S�H�U�D�W�X�U�H���Y�D�Q�L�V�K�H�V�����V�H�H���(�T��(3.14)) at ,  cancels out and, 

thus,  takes the value of that of the perfect gas,  (see Eq.(16)), uniquely dependent 

on temperature. It is thus possible to write that, at : 

   (3.17) 

and whatever the molar volume is (i.e. irrespectively of the pressure),  is the same 

(that of the perfect gas). Since, at the temperature ,  results to be pressure 

independent, all the isobaric curves in a -  plane are going to intersect at such a 

temperature. For illustration purpose, the change of  with respect to , calculated 

for pure CO2 �Z�L�W�K���W�K�H�� �7�Z�X������ �.-function (see Table 3.2 for values of L, M and N), is 

shown in Figure 3.4 within the pressure range 50-150 bar. As expected, at the two 

reduced temperatures (  and ) where the �.-curve exhibits an inflection point 
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(i.e. where the second derivative vanishes) all the isobars (P /  bar = 50, 100, 150) in the 

( , ) plane intersect. Experimental evidences about this peculiar behavior have 

never been observed and therefore we are convinced of its unphysical foundation. 

Consequently, the presence of inflection points �R�Q�� �.-curves should be regarded as 

thermodynamically inconsistent and should, thus, be avoided. In other words, the 

�V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���R�I���.-functions should never cancel out. 

 

Figure 3.4. Illustration of the unphysical isobars crossing when the second derivative 

�R�I���D�Q���.-function cancels �± case of CO2. 

�7�R���D�Y�R�L�G���L�Q�F�R�Q�V�L�V�W�H�Q�W���L�Q�I�O�H�F�W�L�R�Q���S�R�L�Q�W�V���R�Q���W�K�H���.-curve we must impose the convexity of 

�W�K�H���.-function, for any temperature value:  

   (3.18) 

�7�K�D�W���E�H�L�Q�J���V�D�L�G�����S�D�U�D�P�H�W�H�U�V���R�I���W�K�H���7�Z�X�������.-function of CO2 and argon have thus been 

re-regressed in this section by imposing the constraint  on the second 

derivative (the mathematical aspects are derived in Appendix A). Corresponding values 

for the L, M and N parameters are reported in Table 3.3. 
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 CO2 Argon  

L 0.091 0.072 

M 0.890  0.919 

N 3.805 2.667 

Table 3.3. Parameters regressed for the Twu91 �.-�I�X�Q�F�W�L�R�Q���Z�K�H�Q���F�R�Q�Y�H�[�L�W�\���R�I���W�K�H���.-

curve is enforced. 

�.-curves obtained with and without the imposition of the convexity of the 

corresponding �D-function (Eq. (3.18)), are reported in Figure 3.5 and Figure 3.6. The 

�V�H�F�R�Q�G�� �G�H�U�L�Y�D�W�L�Y�H�� �R�I�� �W�K�H�� �F�R�Q�Y�H�[�� �.-function is also reported, to enable the reader to 

attest that, as imposed, it is always positive. 

 

Figure 3.5�����.-function of pure argon and its second derivative when the convexity 

constraint is enforced. 
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Figure 3.6�����.-function of pure CO2 and its second derivative when the convexity 

constraint is enforced. 

As highlighted by Figure 3.5 at the working temperature of 253.1 K, the value of the 

non-�F�R�Q�Y�H�[�� �.-function of argon (being supercritical  in this condition) is 0.19. 

Dif ferently, Twu91 L, M and N parameters optimized under the imposition of the 

�F�R�Q�Y�H�[�L�W�\�� �F�R�Q�V�W�U�D�L�Q�W���O�H�D�G���W�R�� �D�Q���.-function value of 0.81, at the same temperature of 

253.1 K. On the other hand, at 253.1 �.�� �.-value of CO2, (being subcritical  at that 

temperature),  is only slightly affected by the addition of the convexity constraint (see 

Figure 3.6); it raises from 1.10 to 1.13. 

Moreover, it should be noticed, from both Figure 3.5 and Figure 3.6, that major 

�F�K�D�Q�J�H�V���R�Q���.-curves, deriving from the imposition of constraint in Eq. (3.18), lie in the 

supercritical  domain, leaving almost unchanged the subcritical part of it. This is a 

straightforward consequence of the fact that, as mentioned above, only subcritical data 

were used in the optimization procedure. It is also possible to conclude that different 

sets of parameters leading to the same objective function value, i.e. leading to the same 

�D-function values in the subcritical domain, are obtained when Eq. (3.13) is minimized. 

Such sets of parameters however lead to totally different behaviors in the supercritical 

region. 

Furthermore, Figure 3.7 reports the comparison between experimental VLE data and 

phase diagrams calculated by means of the PR-�(�R�6���H�L�W�K�H�U���F�R�P�E�L�Q�H�G���Z�L�W�K���W�K�H���6�R�D�Y�H���.-

function (as previously shown in Figure 3.1) or with the re -parameterized Twu91 model 
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(L, M, N parameters collected in Table 3.3). Comparing Figure 3.1 and Figure 3.7, that 

only differ in the VLE calculations performed with the Twu91 model, it is possible to 

attest that the imposition of the condition  to Twu91 parameters (Figure 

3.7) results in a spectacular improvement of the accuracy of such a model. Figure 3.7 

also highlights that a similar accuracy of prediction is achieved using either the Twu91 

�.-�I�X�Q�F�W�L�R�Q���Z�L�W�K���W�K�H���F�R�Q�Y�H�[�L�W�\���F�R�Q�V�W�U�D�L�Q�W���R�U���W�K�H���6�R�D�Y�H���.-function.  

 

Figure 3.7. Binary phase diagram of the CO2-Ar system at 253.1 K when the convexity 

constraint is enforced ( ).A satisfactory prediction of the binary phase 

diagram being now achieved by the imposition of , our following priority 

concern is the investigation of the necessity of adding new constraints to properly 

predict state functions, such as enthalpies and heat capacities, also in the 

supercritical domain.  

 

3.6.��Relevance of the parameters obtained by imposing �7�y�Ñ�F�7�$�y���»���•�� �|�o���r�u�;�7�b�1�|�� �v�|�-�|�;��

functions in the supercritical domain  

Pseudo-experimental enthalpy ( ) and heat capacity ( ) were generated for pure 

CO2 and pure argon in the supercritical domain, in particul ar for reduced temperatures 

ranging from 1.2 to 5. The reference Span-Wagner equation [100]  was used in this work 

to estimate properties of CO2 at 10, 59.7, 109, 159 and 209 bar, while the Tegeler-Span-
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Wagner reference equation [101] was used for argon at 10, 42, 74, 106 and 138 bar. 

Figure 3.8 shows the comparison between properties calculated with these reference 

models and their values determined with the Peng-Robinson EoS combined with the 

Twu91 �D-function (see Table 3.3 for values of L, M, and N). As it can be seen from 

Figure 3.8c and Figure 3.8d, molar enthalpies ( ) are well represented by the newly 

�U�H�J�U�H�V�V�H�G���.-functions for both CO2 and Ar: not only the numerical values are accurately 

predicted but also the change of  with respect to the temperature is properly 

reproduced. Totally different conclusions apply for the . The Peng-Robinson EoS 

�Z�L�W�K���W�K�H���F�X�U�U�H�Q�W�O�\���H�Y�D�O�X�D�W�H�G���.-�I�X�Q�F�W�L�R�Q���S�U�H�G�L�F�W�V���D���³�Z�D�Y�H���V�K�D�S�H�´���Z�K�L�O�H���W�K�H���D�S�S�O�L�F�D�W�L�R�Q��

of reference equations results in a weak change of the  with respect to temperature 

(a minimum is only observed). Such unexpected behavior is particularly visi ble in 

Figure 3.8b, relative to CO2. By comparing Figure 3.6 and Figure 3.8b, it is noticeable 

that both  and  �F�X�U�Y�H�V�� �H�[�K�L�E�L�W�� �W�K�H�� �V�D�P�H�� �³�Z�D�Y�H�� �V�K�D�S�H�´�� �L�Q�� �D�� �V�L�P�L�O�D�U��

temperature range. It is thus expected that the  curve would exhibit a more realistic 

�W�U�H�Q�G���E�\���U�H�P�R�Y�L�Q�J���W�K�H���³�Z�D�Y�H���V�K�D�S�H�´���R�Q���W�K�H�� curve. To do that, it is enough 

to eliminate (see Figure 3.6) the increasing part of such a function. In other words, it 

is expected that the imposition of condition  would result in variations  

with temperature, calculated with the PR EoS, being similar to those obtained with the 

reference equations. 

��  
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Figure 3.8. Prediction of supercritical  of argon (a) and CO2 (b) and prediction of 

supercritical  of argon (c) and CO2 (d) when convexity constraint ( ) 

only is applied. 

 

�7�R�� �F�K�H�F�N�� �W�K�L�V�� �K�\�S�R�W�K�H�V�L�V���� �W�K�H�� �S�D�U�D�P�H�W�H�U�V�� �R�I�� �W�K�H�� �7�Z�X������ �.-function of CO2 and argon 

have been thus re-optimized under the simultaneous imposition of  and 

. Optimal values of parameters are reported in Table 3.4. 
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 CO2 Argon  

L 0.091 0.072 

M 0.890  0.919 

N 3.805 2.667 

Table 3.4. �3�D�U�D�P�H�W�H�U�V���U�H�J�U�H�V�V�H�G���I�R�U���W�K�H���7�Z�X�������.-function when both the convexity of 

�W�K�H���.-curve  �D�Q�G���W�K�H���Q�H�J�D�W�L�Y�L�W�\���R�I���W�K�H���W�K�L�U�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function 

 are enforced. 

�.-functions that result from the use of th ese parameters (Table 3.4) are represented in 

Figure 3.9 and Figure 3.10. These figures also report the second derivatives, calculated 

�Z�L�W�K���U�H�V�S�H�F�W���W�R���W�H�P�S�H�U�D�W�X�U�H�����U�H�O�D�W�L�Y�H���W�R���W�K�H�V�H���.-functions. A major change in the shape 

�R�I���W�K�H���.-curve which results from the use of this new set of constraints concerns the 

�U�D�W�H���D�W���Z�K�L�F�K���.-functions decrease to zero. It can be seen that the use of parameters 

reported in Table 3.3 (optimized over the unique constraint ) results in 

�.-functions that equal zero at a reduced temperature Tr ~ 4, while the application of 

parameters optimized under t he simultaneous imposition of  and 

 �J�H�Q�H�U�D�W�H�V���.-functions that equal zero at higher reduced temperatures, Tr 

> 8. Therefore, for such functions, the attractive term of the CEoS used for the 

calculations still plays a relevant role at high temperature.  

 

Supercritical  and  of CO2 and argon are represented in Figure 3.11. For both 

compounds, the quality of prediction of  is similar to the one previously obtained 

�Z�K�H�Q���W�K�H���W�K�L�U�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-functions could be positive. On the other hand, this 

new set of parameters not only guarantees more accurate  values but also correct 

trends of -variations with temperature, with respect to results obtained from 

reference models. 

It is legitimate now to wonder what was the prize to pay to get such a large 

improvement of the state functions in the supercritical domain. Were subcritical 

properties damaged?  To answer this question, deviations on ,  and  for 

both compounds have been calculated and reported in Table 3.5. The content of this 

table enables the comparison between results obtained with the addition of the 
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�F�R�Q�V�W�U�D�L�Q�W���R�Q���W�K�H���W�K�L�U�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function to the results obtained when only 

the convexity constraint was enforced. As highlighted by Table 3.5, this huge 

improvement on the prediction of the supercritical properties is marginally 

counterbalanced by a small accuracy decrease of  of CO2 and argon. Moreover, it is 

worth noting that  of CO2 is better predicted when the negativity constraint on the 

�W�K�L�U�G�� �G�H�U�L�Y�D�W�L�Y�H�� �R�I�� �W�K�H�� �.-function is set and that  is calculated with the same 

accuracy in both cases. 

Finally, the CO2-argon binary phase diagram is represented in Figure 3.12. Impressive 

results are obtained by the application of the full set of constraints (  and 

), even slightly better than when only the convexity constraint is enforced. 

As shown by Figure 3.12, the resulting optimal Twu91 formulation is characterized by 

�D�Q���D�F�F�X�U�D�F�\���V�L�P�L�O�D�U���W�R���W�K�D�W���R�I���W�K�H���6�R�D�Y�H���.-function.  

��  
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Figure 3.9�����.-function of CO2 and it second derivative when constraints  

and  are simultaneously applied. 

 

 

Figure 3.10�����.-function of argon and it second derivative when constraints 

 and are simultaneously applied. 
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Figure 3.11. Prediction of supercritical  of argon (a) and CO2 (b) and prediction of 

supercritical  of argon (c) and CO2 (d) when constraints  and 
 are both applied. 

 

 Constraints applied  Error Psat  Error �©vap H  Error  

Argon 

 0.27% 2.16% 3.95% 

 0.28% 2.30% 4.74% 

CO2 

 0.56% 0.92% 5.52% 

 0.29% 1.01% 6.99% 

Table 3.5. Comparison of the errors calculated on subcritical properties for CO2 and 

�D�U�J�R�Q���Z�K�H�Q���R�Q�O�\���D���F�R�Q�V�W�U�D�L�Q�W���R�Q���W�K�H���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function is applied 

and when the constraint on the third derivati ve is added to the previous one. 
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Figure 3.12. Binary phase diagram of the CO2-argon system at 253.1 K when 

constraints  and  are simultaneously applied. 

 

In conclusion, the addition of a new negativity constraint on the third derivative of the 

�.-�I�X�Q�F�W�L�R�Q�� ���L���� �O�H�D�G�V�� �W�R�� �D�� �W�K�H�U�P�R�G�\�Q�D�P�L�F�D�O�O�\�� �F�R�Q�V�L�V�W�H�Q�W�� �.-function on the whole 

temperature range, avoiding non-physical  changes with respect to temperature, (ii) 

allows for a good prediction of subcritical properties used in the regression procedure 

and (iii) correctly extrapolates to the supercritical domain. We can thus claim that a 

�S�U�R�S�H�U���.-function must satisfy all the following constrain ts: 

  (3.19) 

The set of conditions reported in Eq. (3.19) establishes what we decided to call a 

�³�F�R�Q�V�L�V�W�H�Q�F�\���W�H�V�W���I�R�U���D�Q���.-function �´�����,�Q���R�W�K�H�U���Z�R�U�G�V�����L�I���R�Q�H���R�I���W�K�H�V�H���F�R�Q�V�W�U�D�L�Q�W�V���L�V���Q�R�W��

satisfied, the EoS will possibly return �± depending on the temperature and pressure 

domain �± inaccurate or unexpected values. 
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At this step, it could be argued that our derivations rely on the unique analysis of the 

Ar + CO2 binary system which contains two molecules having the same size. In order 

to convince the reader that our conclusions are general, the size-asymmetric CO2 + n-

decane system is studied in the next section. 

3.7.��Study of a size-asymmetric binary mixture with classical mixing -rules: case of the 

CO2 + n-C10 system 

In this section, our objective is to test the influence of the selected �D-function on the 

correlation of the properties of the CO2 + n-decane size-asymmetric binary system with 

the PR EoS. As was previously made, three �D-functions will be compared: the soave �D-

function, an inconsistent Twu91 �D-function (which fails the proposed consistency test) 

and a consistent-Twu91 �D-function (which passes the proposed consistency test). To 

treat this system, classical mixing rules are preferred over complex mixing rules for 

two reasons: (i) excellent accuracy of prediction is achieved for this system by only 

regressing a  over experimental phase equilibrium data and (ii) discussion will be 

facilitated when it will come to compare different optim al  values. Their expressions 

are reported below: 

   (3.20) 

In a first step, the isothermal ( P,x,y) phase diagram was calculated at 520 K with the 3 

different �D-functions. For CO2, the parameters are those determined in the previous 

sections (see Table 3.2 and Table 3.4) and the plots of the inconsistent and consistent 

Twu91 �D-functions are shown in Figure 3.2 and Figure 3.9 respectively. For n-C10, the 

three parameters of the Twu91 �D-function are those which minimize Eq. (3.13). They 

were determined twice: (i) without any specific constraints and (ii) by simultaneously 

imposing  and  in order to get a consistent �D-function. At 

520 K, CO2 is supercritical  and as highlighted by Figure 3.2 and Figure 

3.9, at such a temperature, the inconsistent and consistent Twu91 �D-functions have 

very different values. On the other hand, n-C10 is subcritical  so that 

the two Twu91 �D-functions, the parameters of which were fitted in this temperature 
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range, have very similar values. Calculations of the phase diagrams at 520 K are 

reported in Figure 3.13. In this figure, no difference can be seen between the red full 

�F�X�U�Y�H�� ���6�R�D�Y�H�� �.-function) and the blue dashed curve (consistent Twu91 �D-function): 

they are superimposed even in the vicinity of the critical pressure. Fitted  values to 

�E�H���X�V�H�G���Z�L�W�K���W�K�H���6�R�D�Y�H���D�Q�G���W�K�H���F�R�Q�V�L�V�W�H�Q�W���7�Z�X�������.-functions are also very close with 

respective values of 0.14 and 0.11 which correspond to expected values of this 

parameter. Figure 3.13 also highlights that the green dashed curve corresponding to 

the inconsistent Twu91 �D-function does not correlate badly the experimental data 

points although it over predicts the critical pressure. However, th e major drawback 

with the use of this inconsistent �D-function is the value of the optimal  which was 

found to be equal to �±2.43, far beyond an acceptable value. This abnormal  value 

can be explained by the role this parameter plays when the inconsistent Twu91 �D-

function is used. Indeed, in this case, the  endorses the role of a corrective term 

which restores the quality of prediction of the CEoS by counterbalancing the wrongly 

�H�V�W�L�P�D�W�H�G���.-value of CO2 at 520 K. At this step, one could believe that it is not necessary 

�W�R���U�H�J�U�H�V�V���W�K�H���.-function parameters by imposing the constraints listed in Eq. (3.19) as 

long as the , or any other parameter from any mixing rule, can compensate the 

�G�H�I�H�F�W�V�� �R�I�� �W�K�H�� �.-function. This reasoning is however not admissible because, as 

previously demonstrated, heat capacities and enthalpies of CO2 at 520 K will be 

�H�[�W�U�H�P�H�O�\�� �S�R�R�U�O�\�� �S�U�H�G�L�F�W�H�G���L�I�� �W�K�H���.-function does not pass the proposed consistency 

test. Therefore, a too large  value is not only an unordinary value but also a warning 

ag�D�L�Q�V�W�� �S�R�R�U�O�\�� �U�H�J�U�H�V�V�H�G�� �.-function parameters that might lead to inaccurate 

predictions of supercritical properties of pure compounds.  

In the next few lines, in order to convince the reader of the absolute necessity of using 

�D���F�R�Q�V�L�V�W�H�Q�W���.-function in their  calculations, the mixing enthalpies (h M) of the CO2 + 

n-C10 system are predicted with the three considered �D-functions (Soave, consistent 

and inconsistent Twu91). Calculations are performed at 125 bar and at 470.11 K and 

573.11 K and the results are reported in Figure 3.14 and Figure 3.15. At 470.11 K and 

125 bar (Figure 3.14), the inconsistent Twu91 �D-function (that corresponds to 

) over predicts by a factor 100 the experimental mixing enthalpies and 

wrongly predicts a one-phase system whatever the composition is. On the other hand, 

coupling a  �R�I�� ���������� �Z�L�W�K���W�K�H���F�R�Q�V�L�V�W�H�Q�W���7�Z�X������ �.-function or a  of 0.14 with the 
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�6�R�D�Y�H���.-function leads to an accurate prediction of hM. It is believed that the consistent 

�7�Z�X������ �.-�I�X�Q�F�W�L�R�Q�� �S�H�U�I�R�U�P�V�� �E�H�W�W�H�U�� �W�K�D�Q�� �W�K�H�� �6�R�D�Y�H�� �.-function (see Figure 3.14b) 

because its parameters were not only regressed on vapor pressures but also on 

vaporization enthalpies and heat capacities (Soave solely parameterized his �D-function 

with the objective of reproducing the experimental vapor pressures). At 573.11 K and 

125 bar (Figure 3.15) a non�±existing VLE is predicted and poor results are obtained for 

the mixing enthalpies when a  of �±�����������L�V���F�R�X�S�O�H�G���Z�L�W�K���W�K�H���L�Q�F�R�Q�V�L�V�W�H�Q�W���7�Z�X�������.-

�I�X�Q�F�W�L�R�Q���Z�K�L�O�H���W�K�H���W�Z�R���R�W�K�H�U�V���.-functions allow for an excellent adequacy between the 

experimental points and the predicted curves. 

In conclusion, we can state that the constraints defined by Eq. (3.19) apply whatever 

the binary system. This section also pointed out that the classical Van der Waals mixing 

rules, involving a , do not permit to overcome the limitations of a poorly regressed 

�.-function. Indeed, when a very large  is calculated to balance the deficiencies of a 

non-�F�R�Q�V�L�V�W�H�Q�W���.-function, not so bad VLE correlation can be achieved but extremely 

poor predictions of the derived properties (here illustrated with the mixing enthalpies) 

is performed. 

 

Figure 3.13. Prediction of the CO2�±n-C10 �S�K�D�V�H�� �G�L�D�J�U�D�P�� �D�W�� �������� �.�� �Z�L�W�K�� �G�L�I�I�H�U�H�Q�W�� �.-

functions and classical mixing rules. �5�H�G�� �I�X�O�O�� �F�X�U�Y�H�� �L�V�� �F�D�O�F�X�O�D�W�H�G�� �Z�L�W�K�� �W�K�H�� �6�R�D�Y�H�� �.-

�I�X�Q�F�W�L�R�Q���Z�K�L�O�H���E�O�X�H���D�Q�G���J�U�H�H�Q���G�D�V�K�H�G���F�X�U�Y�H�V���D�U�H���F�D�O�F�X�O�D�W�H�G���Z�L�W�K���W�K�H���7�Z�X�������.-function. 

�3�D�U�D�P�H�W�H�U�V�� �R�I�� �W�K�H�� �.-functio n used to calculate the green curve do not satisfy the 

consistency test while parameters of the blue curve do. 
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Figure 3.14. Calculation of the mixing entha lpies of the CO2�±n-C10 system at 470.11 K 

and 125 bar. 

 

Figure 3.15. Calculation of the mixing enthalpies of the CO2�±n-C10 system at 573.11 K 

and 125 bar. 

Although it is claimed that the consistency test developed in this paper apply whatever 

the component, a special attention should be paid to the so-�F�D�O�O�H�G���³�T�X�D�Q�W�L�F���I�O�X�L�G�V�´���O�L�N�H��

He and H2. This is the aim of the next section. 

3.8.��The special case of quantic fluids (H2 and He) 

He and H2, the critical temperatures of which are 5.20 K and 33.15 K respectively, are 

qualified of quantic fluids  as their low temperature physical behaviors can only be 

represented if quantum effects are taken into account in the modelling procedure. 

Consequently, they must be treated apart from other classical fluids. As an example, 



A consistency test for �r-functions of cubic equations of state 

- 92 - 

Gasem et al. [102]  and Mahmoodi et al. [85]  �Q�R�W�L�F�H�G���W�K�D�W���Z�K�H�Q���.-functions of H 2 and 

He are both regressed on vapor pressures, they exhibit an increasing  and 

concave portion  followed, at least for H2, by a decreasing 

 and convex portion  in the supercritical domain.  

Working with quantic fluids and in order to determine the proper shap e (convex or 

�F�R�Q�F�D�Y�H�����R�I���.-functions in the subcritical temperature range, let us recall that  and 

�W�K�H���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function have always the same sign. We indeed can write: 

   (3.21) 

Along the vaporization curve, i.e. when the pure component is in VLE, the 2 phases 

have the same temperature i.e. the same  value and both the liquid and vapor 

phases  calculated from a CEoS have the same sign (the sign of the second 

�G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function). Extracted from the NIST databas e, the quantity  of 

He and H2 for both the liquid and vapor phases are shown in Figure 3.16 and Figure 

3.17. 

One can see that for H2 at a temperature lower than 28.5 K, experimental  of the 

liquid phase is negative while it is positive for the vapor phase. Therefore, at these low 

�W�H�P�S�H�U�D�W�X�U�H�V�����Z�K�H�U�H���I�O�X�L�G�V���D�U�H���T�X�D�Q�W�L�F�����W�K�H���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function should 

be both positive and negative. This con�W�U�D�G�L�F�W�L�R�Q���O�H�D�G�V���X�V���W�R���D�I�I�L�U�P���W�K�D�W���W�K�H���V�D�P�H���.-

function cannot represent simultaneously the liquid and vapor phases. In other words, 

these fluids do not follow the 3-parameter law of corresponding states in the low 

temperature range. It is also possible to conclude that  data in the subcritical 

�W�H�P�S�H�U�D�W�X�U�H���U�D�Q�J�H���D�U�H���Q�R�W���U�H�O�H�Y�D�Q�W���G�D�W�D���W�R���I�L�W���W�K�H���S�D�U�D�P�H�W�H�U�V���R�I���.-functions.  

Although the quantum effects cannot be described by a 2-parameter CEoS, it would be 

valuable to accurately represent the behavior of He and H2 in some specific 

temperature ranges due to their use in some chemical process plants. First, it must be 

noticed that in most applications, the operating temperature is far above the respective 

critical tempera tures of these two compounds. Therefore, focusing on the subcritical 
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temperature range is not relevant. Secondly, it is expected that at reasonably high 

�W�H�P�S�H�U�D�W�X�U�H�V���W�K�H���.-function of each of these pure compounds behaves like a classical 

fluid, i.e. it sat isfies, all the criteria defined by Eq.(3.19). 

�,�Q�� �R�U�G�H�U�� �W�R�� �Y�H�U�L�I�\�� �Z�K�H�W�K�H�U�� �R�U�� �Q�R�W�� �.-functions of He and H 2 at sufficiently high 

temperatures behave conventionally, a regression of the Twu91 parameters was 

performed on both subcritical [  and ] and supercritical [  

and ] data. The same weight was given to all the properties. Subcritical  

were excluded from the regression procedure since values for the liquid and vapor 

phases are conflicting. The supercritical experimental data were generated using the 

NIST database at pressures of 10, 100 and 1000 bar, for temperatures varying between 

�������� �D�Q�G�� �������� �.�� �Z�L�W�K�� �D�� �V�W�H�S�� �R�I�� ������ �.���� �)�R�U�� �F�R�P�S�D�U�L�V�R�Q�� �S�X�U�S�R�V�H���� �U�H�J�U�H�V�V�L�R�Q�� �R�I�� �W�K�H�� �.-

function parameters was also performed on (i) only subcritical data and (ii) only 

supercritical data. Results of these calculations are reported in Figure 3.18 and Figure 

3.19 and numerical values of the MAPE are reported in Table 3.6. 

Results shown in Figure 3.18 and Figure 3.19 are in accordance with previous literature 

�V�W�X�G�L�H�V�� �D�V�� �D�O�P�R�V�W�� �D�O�O�� �.-functions are incr easing functions of temperature in the low 

�W�H�P�S�H�U�D�W�X�U�H���U�D�Q�J�H�����7�K�H���V�L�Q�J�O�H���H�[�F�H�S�W�L�R�Q���L�V���W�K�H���.-curve of H2 with parameters regressed 

on supercritical data which is a monotonically decreasing, convex function of 

temperature. This result is highly reassuring as at temperatures above 150 K (the 

smallest temperature of the experimental supercritical data) we expect the fluid not to 

�E�H�K�D�Y�H���D�V���D���³�T�X�D�Q�W�L�F���I�O�X�L�G�´���D�Q�\�P�R�U�H�����L���H�����W�R���U�H�V�S�H�F�W���W�K�H���F�R�Q�V�W�U�D�L�Q�W�V���G�H�I�L�Q�H�G���E�\���(�T����(3.19). 

The following conclusions can be drawn from Table 3.6, Figure 3.18 and Figure 3.19: 

�x�� When the L, M and N parameters are only regressed on subcritical data, excellent 

representation of the subcritical properties is achieved although an incr �H�D�V�L�Q�J�� �.-

function is calculated on this temperature range, demonstrating the unusual 

�E�H�K�D�Y�L�R�U���R�I���I�O�X�L�G�V���L�Q���³�T�X�D�Q�W�L�F���V�W�D�W�H�´�����0�H�D�Q�Z�K�L�O�H�����V�X�S�H�U�F�U�L�W�L�F�D�O���S�U�R�S�H�U�W�L�H�V���D�U�H���S�R�R�U�O�\��

represented (see Table 3.6). As seen in Figure 3.18�����L�Q���W�K�H���F�D�V�H���R�I���+�H�����W�K�H���.-function 

goes to zero at a temperature of 40 K (red dashed curve) and, thus, is unable to 

�D�F�F�X�U�D�W�H�O�\�� �H�[�W�U�D�S�R�O�D�W�H�� �D�W�� �K�L�J�K�H�U�� �W�H�P�S�H�U�D�W�X�U�H�V�� �P�D�N�L�Q�J�� �W�K�L�V�� �.-function unsuit able 

for most of the actual processes involving this molecule. 

�x�� �:�K�H�Q���W�K�H���.-function parameters are regressed on both subcritical and supercritical 

properties, a slight accuracy decrease of prediction is observed for the subcritical 

properties while supercri tical ones are largely improved. This enhancement is 
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�F�D�X�V�H�G�� �E�\�� �W�K�H�� �V�K�D�S�H�� �R�I�� �W�K�H�� �.-function at high temperature, which is adjusted to 

represent the residual heat capacities and enthalpies. This improvement is obvious 

when attention is paid to the change of �W�K�H���+�H���.-function with respect to the case 

�Z�K�H�Q�� �R�Q�O�\�� �V�X�E�F�U�L�W�L�F�D�O�� �G�D�W�D�� �Z�H�U�H�� �U�H�J�U�H�V�V�H�G���� �1�R�Z�� �W�K�H�� �.-function is very different 

from zero at temperatures above 150 K, dividing by two the error over heat 

capacities while leaving almost unchanged the other properties. An excellent 

improvement of the supercritical properties is also achieved when considering H2. 

�x�� Finally, regression on solely supercritical properties is not desirable as errors on 

saturated pressures and vaporization enthalpies skyrocket while the benefit on the 

prediction accuracy of supercritical properties is not significant. More generally, 

one can observe that on the temperature range for which experimental data were 

�J�H�Q�H�U�D�W�H�G�� �D�Q�G�� �X�V�H�G�� �L�Q�� �W�K�H�� �U�H�J�U�H�V�V�L�R�Q�� �S�U�R�F�H�G�X�U�H���� �W�K�H�� �.-function is a strictly 

decreasing, convex function of temperature. A graphical representation of the third 

derivative would show that it is negative. This confirms that molecules which 

�E�H�K�D�Y�H���D�V���³�T�X�D�Q�W�L�F���I�O�X�L�G�V�´���L�Q���W�K�H���O�R�Z���W�H�P�S�H�U�D�W�X�U�H���U�D�Q�J�H���G�R���Q�R�W���N�H�H�S���W�K�L�V���X�Q�X�V�X�D�O��

tendency at higher temperature and that the consistency test, defined by Eq.(3.19), 

is satisfied. 

�,�Q���F�R�Q�F�O�X�V�L�R�Q�����.-functions of quantic fluids:  

���� Exhibit a bell shape (increasing and concave functions) below 40 �± 50 K. 

���� Become decreasing, convex and with a negative third derivative at temperatures 

higher than 50 K (i.e. they satisfy Eq. (3.19)). 

���� Should be regressed on both subcritical and supercritical data to achieve 

satisfying representation accuracy of the thermodynamic properties on the 

whole temperature range. 
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  MAPE (%)  

 

Type of data 

used in the 

regression 

procedure  

  
Supercritical

 

Supercritical

 

He 

Subcritical  0.001 3.68 20.79 100.00 

Supercritical  141.44 78.29 21.30 24.17 

Both 1.75 7.00 18.09 42.77 

H2 

Subcritical  0.02 3.17 54.52 58.91 

Supercritical  38.23 50.23 4.90 44.22 

Both 2.16 4.66 6.08 56.27 

Table 3.6. MAPE calculated for He and H2 with respect to the type of data used in the 

�U�H�J�U�H�V�V�L�R�Q���S�U�R�F�H�G�X�U�H���R�I���W�K�H���7�Z�X�������.-function parameters (subcritical, supercritical 

or both).  

After this debate on the particular behavior of quantic fluids, the next section aims at 

�G�L�V�F�X�V�V�L�Q�J�� �Z�K�L�F�K�� �.-function s, published in the open literature, pass the proposed 

consistency test (see Eq. (3.19)). 

 

��  
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Figure 3.16. Residual heat capacities of vapor and liquid phases of saturated H2. 

 

 

Figure 3.17. Residual heat capacities of vapor and liquid phases of saturated He. 
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Figure 3.18�����2�S�W�L�P�L�]�H�G���.-functions of He.  Small dashed curve is regressed on 

subcritical data, large dashed curve is regressed on supercritical data, full curve is 

regressed on both subcritical and supercritical data. 

 

 

Figure 3.19. �2�S�W�L�P�L�]�H�G���.-functions of H 2. Small dashed curve is regressed on 

subcritical data, large dashed curve is regressed on supercritical data, full curve is 

regressed on both subcritical and supercritical data. 
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3.9.���	�o�� �1�†�u�u�;�m�|�� �Ñ-functions available in the open literature pass the proposed 

consistency test? 

�0�D�W�K�H�P�D�W�L�F�D�O�� �F�R�Q�G�L�W�L�R�Q�V�� �R�Q�� �W�K�H�� �.-function and its successive derivatives aimed at 

ensuring consistent and accurate calculations of thermodynamic properties in both 

subcritical and supercritical domains have been identified along the previous part of 

this paper (see Eq. (3.19)). This section evaluates which of the mos�W�O�\���X�V�H�G���.-functions  

of the literature fulfil all these conditions. Mathematical derivations are detailed in 

Appendices A to L and only main results are reported in Table 3.7. 

The �W�Z�H�O�Y�H�� �V�H�O�H�F�W�H�G�� �.-functions are those which are generally available in process 

simulation software. We selected: 

1-�� Soave 1972 

2-��Soave 1984 

3-��Gibbons-Laughton 

4-��Stryjek-Vera 

5-��Mathias-Copeman 

6-��Mathias 

7-��Twu 1995 

8-��Boston-Mathias 

9-��Trebble-Bishnoi  

10-��Melhem-Saini-Goodwin 

11-��Twu 1988 

12-��Twu 1991 

As highlighted in Table 3.7, eight over twelve of these well-�N�Q�R�Z�Q���.-functions (Soave 

1972, Soave 1984, Gibbons-Laughton, Stryj ek-Vera, Boston-Mathias, Mathias -

Copeman, Mathias, Twu 1995) fail the proposed consistency test whatever the values 

�R�I�� �W�K�H�� �S�D�U�D�P�H�W�H�U�V�� �D�U�H���� �7�K�H�� �I�R�X�U�� �U�H�P�D�L�Q�L�Q�J�� �.-functions (Trebble -Bishnoi, Melhem -

Saini-Goodwin, Twu 1988, Twu 1991) pass the test but only if constraints (sometimes 

drastic) are added to the parameters. 

�:�H�� �F�D�Q�� �W�K�X�V�� �F�R�Q�F�O�X�G�H�� �W�K�D�W���� �S�U�H�V�H�Q�W�O�\���� �L�W�� �L�V�� �L�P�S�R�V�V�L�E�O�H�� �W�R�� �I�L�Q�G�� �D�Q�� �.-function which 

passes our consistency test for any values of the parameters. 

 

From a practical point of view:  
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1-�� All �.-�I�X�Q�F�W�L�R�Q�V���Z�K�L�F�K���G�H�U�L�Y�H���I�U�R�P���W�K�H���6�R�D�Y�H���.-function, the so-�F�D�O�O�H�G���³�S�R�O�\�Q�R�P�L�D�O��

�.-�I�X�Q�F�W�L�R�Q�V�´�����D�U�H���Q�R�W���P�R�Q�R�W�R�Q�L�F�D�O�O�\���G�H�F�U�H�D�V�L�Q�J���I�X�Q�F�W�L�R�Q�V���R�I���W�H�P�S�H�U�D�W�X�U�H�����W�K�H�U�H�I�R�U�H����

special caution should be taken when those are applied to light supercritical 

compounds at reduced temperatures above the temperature at which the minimum 

�R�I���W�K�H�V�H���.-functions occurs. 

2-���7�K�H�� �K�L�J�K�H�U�� �W�K�H�� �Q�X�P�E�H�U�� �R�I�� �D�G�M�X�V�W�D�E�O�H�� �S�D�U�D�P�H�W�H�U�V�� �L�Q�� �.-functions, the harder the 

optimization procedure will be since more constraints on the parameters will have 

to be added, to ensure that the function passes the consistency test. Two-parameter 

�.-functions appear as a good trade-�R�I�I���E�H�W�Z�H�H�Q���F�R�P�S�O�H�[�L�W�\���D�Q�G���I�O�H�[�L�E�L�O�L�W�\���R�I���W�K�H���.-

function formulation.  

3-���3�L�H�F�H�Z�L�V�H�� �.-functions should at least have 2 parameters in the subcritical and 

supercritical temperature domains. Application of the continuity constraint of the 

�I�L�U�V�W���D�Q�G���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H�V���R�I���D�Q���.-function permits to establish relations between 

subcritical and supercritical parameters. As a consequence, thermodynamic 

properti es, such as  and , would be kept continuous at the critical temperature.  

4-���,�W�� �V�K�R�X�O�G�� �E�H�� �Q�R�W�L�F�H�G�� �W�K�D�W���� �D�P�R�Q�J�� �W�K�H�� �W�Z�R�� �J�H�Q�H�U�D�O�L�]�H�G�� �.-functions studied in this 

paper (Soave and Twu 1995), none of them satisfies all the constraints of the 

proposed consistency test. For molecules with an acentric factor out of the range 

 or for the prediction of heat capacities just above the critical temperature, the 

�6�R�D�Y�H���.-function should be preferred.  

3.10.��Conclusion 

�x�� �7�K�H���P�D�L�Q���F�R�Q�F�O�X�V�L�R�Q���R�I���W�K�L�V���D�U�W�L�F�O�H���L�V���W�K�D�W���.-functions must:  

1.�� Be of class C², i.e., their first  and second  derivatives must 

exist and must be continuous for any temperature value, 

2.�� Be positive for any temperature value , 

3.�� Be monotonically decreasing for any temperature value , 

4.�� Be convex for any temperature value , 

5.�� Also verify  for any temperature value. 

All these requirements are absolutely necessary to get accurate and physically 

meaningful behaviors in both the subcritical and supercritical domains. Other key 

conclusions follow. 
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�x�� �7�K�H�� �U�R�O�H�� �R�I�� �W�K�H�� �.-function is at least as important as the role of mixing rules. As 

highlighted with the CO 2-argon binary system, even with the most elaborated 

�P�L�[�L�Q�J���U�X�O�H�V�����D�Q���L�Q�F�R�Q�V�L�V�W�H�Q�W���.-function will always lead to poor results if at least 

�R�Q�H�� �F�R�P�S�R�Q�H�Q�W�� �L�V�� �V�X�S�H�U�F�U�L�W�L�F�D�O���� �7�K�H�� �U�H�Y�H�U�V�H�� �L�V�� �D�O�V�R�� �W�U�X�H���� �D�� �F�R�Q�V�L�V�W�H�Q�W�� �.-function 

coupled with unsuitable mixing rules cannot lead to accurate results. 

�x�� When the parameters of component-�V�S�H�F�L�I�L�F���.-functions are fitted in order to pa ss 

our consistency test [Eq. (19)], pure component properties in the supercritical 

region are highly improved without deteriorating the accuracy of the calculated 

subcritical properties.  

�x�� The parameter-optimization procedure, aimed at determining the parame ters of a 

�J�L�Y�H�Q�� �.-function by minimizing the deviations between calculated and 

experimental vapor-liquid equilibrium data, can generate many sets of parameters 

leading to similar objective function values (meaning that the same behavior is 

observed when temperature is below the critical temperature of the pure compound) 

but inducing totally different behaviors in the supercritical domain. The constraints 

proposed in this paper make it possible to select the best set of parameters. It is 

believed that similar constraints should be developed for SAFT-type EoS [103] . It 

is indeed well-known that the fitting of the three p arameters ,  and  on 

saturation pressures and liquid densities leads to many triplets of solutions for 

which the objective function is the same. 

�x�� �1�R�Q�H�� �R�I�� �W�K�H�� �.-functions currently published in the open literature passes the 

proposed consistency test. Researches in this area thus need to be intensified. 
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�.-function  Class 
C2(*)  

    Condition(s)  

Soave 
(1972) 

[7]  
 �;  �;  �:  �;  �;   

Soave 
(1984) 
[32]  

 �;  

�D���•���� 

�;  �;   �:  �;  
�D���”���� 

�;  �:  

Gibbons-
Laughton 

[87]  
 �;  �;  �:  �;  �;   

Stryjek-
Vera [29]  

 �:  �;  �:  �;  �;   

Mathias-
Copeman 

[26]  
 �:  �;  �:  �;  �;   
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�.-function  Class 
C2(*)  

    Condition(s)  

Mathias 
[90]  

 �:  �;      

Twu 
(1995) 
[36,37]  

 

(see coefficients in Appendix C) 

�;  �;  �;  �;  �:   

Boston-
Mathias 

[84]  

 

�:  �;      

Trebble-
Bishnoi 

[88]  
 �;  �;  �;  �;  �;   

Melhem-
Saini-  �;  �;  �;  �;  �;   
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�.-function  Class 
C2(*)  

    Condition(s)  

Goodwin 
[89]  
Twu 

(1988) 
[35]  

 �;  �;  �;  �;  �;   

Twu 
(1991) 
[19] 

 �;  �;  �;  �;  �;  

 

Table 3.7. Mathematical �D�Q�D�O�\�V�L�V���R�I���W�K�H���P�R�V�W�O�\���X�V�H�G���.-functions.  

��������.���I�X�Q�F�W�L�R�Q���L�V���V�D�L�G���W�R���E�H���R�I���F�O�D�V�V���&�ð���L�I���W�K�H���I�X�Q�F�W�L�R�Q�����L�W�V���I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H���D�Q�G���L�W�V���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���D�U�H���D�O�O���F�R�Q�W�L�Q�X�R�X�V��
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3.11.��Appendices 

3.11.1.�����r�r�;�m�7�b�Š�����9���l�-�|�_�;�l�-�|�b�1�-�t���v�|�†�7�‹���o�=���|�_�;���$�‰�†�–�•���Ñ-function [19]  

Although classically expressed by introducing 3 adjustable parameters denoted L, M 

and N (see Eq. (3.22)������ �W�K�H�� �7�Z�X������ �.-function can be alternatively written under a 

simpler form involving three different adjustable parameters denoted L, �G and �J (this 

form  appears more convenient to perform a mathematical analysis of the function and 

its derivatives):  

   (3.22) 

   (3.23) 

�Z�K�H�U�H���/���D�Q�G���Ä���D�U�H���U�H�O�D�W�H�G���W�R���0���D�Q�G���1���I�R�O�O�R�Z�L�Q�J�� 

   (3.24) 

�x�� �,�V���W�K�H���.-function of class C²? Yes. 

It is recalled that a given function is said to be of class C2 if its first and second 

derivatives exist and are continuous. 

�x�� �,�V���W�K�H���.-function always positive?  Yes. 

�x�� Is the first derivative of the �. -function always negative?  

�7�K�H���I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�L�V���.-function is  

   (3.25) 

The quantity  is positive provided  is positive itself.  

Study of the sign of  (reported in  Table 3.8):  is positive so P is a monotonic 

function of . Therefore,  is positive for any value of  if the limits of P are 

both positive when  tends to 0 or to . 
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Acceptable 

solution?  

Yes, if 

 
No No 

Yes, if 

 

Table 3.8. Limit of P at the infinite temperature limit with respect to the signs of L 

�D�Q�G���Ä�� 

Summary:  is positive for any positive value of  if:  

   (3.26) 

�x�� �,�V���W�K�H���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always positive?   

Following Eq.  (3.26), it is now assumed that  and . The second derivative 

�R�I���W�K�H���7�Z�X�������.-function writes  

   (3.27) 

 and  being positive, the variable  is also positive. Polynomial  is positive 

if [104] : 

   (3.28) 

Since , the second condition of Eq. (3.28) is already true and can be left aside. 

Finally, Eq. (3.28) leads to a single inequality: 
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   (3.29) 

�x�� Is the third derivative of �W�K�H���.-function always negative?   

Inequalities (3.26) and (3.29) are now assumed to be true. The third derivative of the 

�7�Z�X�������.-function is:  

   (3.30) 

with . The quantities X, Y and Z are defined as 

  (3.31) 

Polynomial  is positive if [104] : 

   (3.32) 

Since  (see Eq. (3.26)), the condition  (where  is defined by Eq. (3.31)) is 

always verified. According to Eqs. (3.30) and (3.32), it can be concluded that  

is negative provided: 

  (3.33) 

A graphical representation of the constraints  (red area) and  (yellow area) 

is proposed in Figure 3.20. 

�&�R�O�R�U�H�G���D�U�H�D�V���D�U�H���I�R�U�E�L�G�G�H�Q���W�R���S�D�U�D�P�H�W�H�U�V���Ä���D�Q�G���/�����R�Q�O�\���W�K�H���Z�K�L�W�H���D�U�H�D���L�V���S�H�U�P�L�W�W�H�G����

�7�K�H���F�R�Q�F�D�Y�L�W�\���F�R�Q�V�W�U�D�L�Q�W���R�I���W�K�H���.-funct ion is also represented (the blue area is an area 

wherein the condition  is not satisfied). An analysis of the graphic shows 
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that if the constraint  is satisfied then the convexity constraint and the  

constraint are automatically satisfied.  

 

Figure 3.20. Representation of the set of constraints defined by Eq. (3.32). 

�x�� Conclusion:  

�7�K�H�U�H�I�R�U�H���� �W�K�H�� �7�Z�X������ �.-function is a positive decreasing convex function of 

temperature with a negative third derivative if one of the two following sets of 

constraints is verified  

   (3.34) 

Where the quantities X, Y and Z are defined by Eq. (3.31). 

3.11.2.�����r�r�;�m�7�b�Š�����9���l�-�|�_�;�l�-�|�b�1�-�t���v�|�†�7�‹���o�=���|�_�;���$�‰�†�v�v���Ñ-function [35]  

�7�K�L�V���.-function writes  

   (3.35) 
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�7�K�L�V���.-�I�X�Q�F�W�L�R�Q���L�V���D���S�D�U�W�L�F�X�O�D�U���F�D�V�H���R�I���W�K�H���7�Z�X�������.-function with N set to 2. Therefore, 

�U�H�V�X�O�W�V���G�H�U�L�Y�H�G���L�Q���$�S�S�H�Q�G�L�[���$���I�R�U���W�K�H���7�Z�X�������.-function can be used to determine the 

conditions on the L and M parameter �V���W�K�D�W���O�H�D�G���W�R���D���F�R�Q�V�L�V�W�H�Q�W���7�Z�X�������.-function.  

�)�R�U���W�K�L�V���.-�I�X�Q�F�W�L�R�Q�����W�K�H���U�H�O�D�W�L�R�Q�V���E�H�W�Z�H�H�Q���S�D�U�D�P�H�W�H�U�V���0�����1���D�Q�G���/�����Ä���D�U�H 

   (3.36) 

�x�� �,�V���W�K�H���.-function of class C²? Yes. 

�x�� �,�V���W�K�H���.-function always positive?  Yes. 

�x�� �,�V���W�K�H���I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always negative?   

By combining Eqs. (3.26) and (3.36), one obtains: 

  (3.37) 

�x�� �,�V���W�K�H���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always positive?   

It is now assumed that  and . By combining Eqs. (3.29) and (3.36), one 

obtains: 

   (3.38) 

A mathematical study of inequality (3.38) makes it possible to demonstrate that the 

only acceptable values of M are such that: 

   (3.39) 

Note that the combination of inequalities  and (3.39) results in the single 

inequality (3.39). 

�x�� �,�V���W�K�H���W�K�L�U�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always negative?  

One assumes that and . According to Eqs. (3.31), (3.33) and (3.36), 

two possible sets of conditions ensure the negativity of : 

1.�� Either : 
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�$�V���I�R�U���W�K�H���7�Z�X�������.-function, the constraint  entails the convexity of the 

�7�Z�X�������.-function and the inequality . 

   (3.40) 

2.�� Or : 

In the case of the Twu88 �D-function, this inequality writes:  

   (3.41) 

By solving numerically this inequality, one obtains:  

   (3.42) 

Combining inequalities (3.39) and (3.42) leads to: 

   (3.43) 

As previous, it can be proved that choosing the M parameter in this range 

ensures also the con�Y�H�[�L�W�\���R�I���W�K�H���7�Z�X�������.-function.  

Finally, according to Eqs. (3.40) and (3.43), one deduces that the third derivative of 

�W�K�H���7�Z�X�������.-function is negative provided:  

   (3.44) 

 

�x�� Conclusion:  

�7�R�� �V�X�P�P�D�U�L�]�H���� �W�K�H�� �7�Z�X������ �.-function is a positive decreasing convex function of 

temperature with a negative third derivative if the following set of co nstraints is 

verified (resulting from the combination of Eqs. (3.37) and (3.44)): 

   (3.45) 

3.11.3.�����r�r�;�m�7�b�Š�����9���l�-�|�_�;�l�-�|�b�1�-�t���-�m�-�t�‹�v�b�v���o�=���|�_�;���$�‰�†�–�”���Ñ-function [36,37]  

�7�K�L�V���.-function is said generalized since it does not involve adjustable parameters. The 

sole knowledge of an experimental value of the acentric factor ( ) makes it possible to 

evaluate . 
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   (3.46) 

The universal parameters ( , ,  for  and ���� �L�Q�Y�R�O�Y�H�G�� �L�Q�� �W�K�L�V�� �.-

function are reported i n Table 3.9. 

  T r �”���� T r  > 1 

  �. (0)  �. (1)  �. (0)  �. (1)  

Redlich-Kwong 

L 0.141599 0.500315 0.441411 0.032580  

M  0.919422 0.799457 6.500018 1.289098 

N 2.496441 3.291790 -0.200000  -8.000000  

Peng-Robinson 

L 0.125283 0.511614 0.401219 0.024955 

M  0.911807 0.784054 4.963070 1.248089 

N 1.948150 2.812520 -0.200000  -8.000000  

Table 3.9. Universal parameters regressed for the Twu95 �.-function.  

Different sets of parameters are used in the subcritical and supercritical domains. 

�7�K�H�V�H���S�D�U�D�P�H�W�H�U�V���Z�H�U�H���U�H�J�U�H�V�V�H�G���W�R���R�E�W�D�L�Q���D�Q���.-function of class C². 

�x�� �,�V���W�K�H���.-function of class C²? Yes, due to the addition of this constraint during 

the regression procedure of the universal parameters (see Figure 3.21) 

The presence of salient points on the second derivative curves of this �.-function  can 

however be noticed (which is the consequence of a non-continuous third derivative of 

the �.-function ). 

�x�� �,�V�� �W�K�H�� �.-function always positive?  No (see �.-function curves plotted for 

negative or high positive values of  in Figure 3.21(a)). 

�x�� �,�V�� �W�K�H�� �I�L�U�V�W�� �G�H�U�L�Y�D�W�L�Y�H�� �R�I�� �W�K�H�� �.-function always negative?  No (see Figure 

3.21(b)). 

�x�� �,�V���W�K�H���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always positive?  No (see Figure 

3.21(c)). 
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�x�� �,�V���W�K�H���W�K�L�U�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always negative? No (see Figure 

3.21(d)).  

�x�� Conclusion:  

To conclude, Figure 3.21 shows that the consistency test proposed in this article (see 

Eq.(3.19)) is passed by molecules having an acentric factor ranging between 0 and 1. 

For molecules having a higher acentric factor, the first and second derivatives of the 

�7�Z�X�������.-function fail the proposed consistency test (this is for instance the case of n-

alkanes heavier than n-C22). 

�/�H�W���X�V���Q�R�W�H���D�O�V�R���W�K�D�W���U�H�J�D�U�G�O�H�V�V���R�I���W�K�H���Ô-value, the sign of the third derivative of the 

�7�Z�X�������.-function is not constant on the whole temperature range (see Figure 3.21(d)).  

Inevitably, poor predictions of heat capacities  are obtained in the temperature domain 

where the third de�U�L�Y�D�W�L�Y�H�� �R�I�� �W�K�H�� �.-function is positive. For all molecules, this 

temperature domain is located in the vicinity of the critical temperature, i.e., it can be 

�U�H�D�F�K�H�G�� �L�Q�� �P�D�Q�\�� �S�U�D�F�W�L�F�D�O�� �F�D�V�H�V���� �3�U�H�G�L�F�W�L�R�Q�V�� �R�I�� �K�H�D�W�� �F�D�S�D�F�L�W�L�H�V�� �Z�L�W�K�� �W�K�H�� �7�Z�X������ �.-

function could thus �E�H�� �O�H�V�V�� �D�F�F�X�U�D�W�H�� �W�K�D�Q�� �W�K�R�V�H�� �F�D�O�F�X�O�D�W�H�G�� �Z�L�W�K�� �R�W�K�H�U�� �V�L�P�S�O�H�U�� �.-

functions.  
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Figure 3.21. The Twu�������.-function  (a) and its first (b), second (c) and third 

derivatives (d) (case of the RK EoS). 

 

��  
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3.11.4.�����r�r�;�m�7�b�Š���	�9���l�-�|�_�;�l�-�|�b�1�-�t���v�|�†�7�‹���o�=���|�_�;���$�u�;�0�0�t�;���-�m�7�����b�v�_�m�o�b���Ñ-function [88]  

�7�K�L�V���.-function contains only one adjustable parameter (L):  

   (3.47) 

�7�K�L�V���.-�I�X�Q�F�W�L�R�Q���F�D�Q���E�H���V�H�H�Q���D�V���D���S�D�U�W�L�F�X�O�D�U���F�D�V�H���R�I���W�K�H���7�Z�X�������.-function with N  set to 

1 and M set to 1.  

�x�� �,�V���W�K�H���.-function of class C²? Yes. 

�x�� �,�V���W�K�H���.-function always positive? Yes. 

�x�� �,�V���W�K�H���I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always negative?   

�7�K�H���I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�L�V���.-function writes  

   (3.48) 

�$�V���D���F�R�Q�V�H�T�X�H�Q�F�H�����G�.���G�7r is negative provided L is positive. 

�x�� �,�V���W�K�H���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always positive? Yes. 

�7�K�H���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�L�V���.-function indeed writes  

   (3.49) 

�x�� �,�V���W�K�H���W�K�L�U�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always negative?  

The third derivative of the Trebble -�%�L�V�K�Q�R�L���.-function is:  

  (3.50) 

It is assumed that . Doing so,  and . 

�x�� Conclusion:  

�7�R���F�R�Q�F�O�X�G�H�����W�K�H���7�U�H�E�E�O�H���D�Q�G���%�L�V�K�Q�R�L���.-function passes the proposed consistency test 

provided . 

��  
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3.11.5.��Appendix E: mathematical study of the Melhem -Saini-���o�o�7�‰�b�m���Ñ-function [89]  

�7�K�L�V���.-function involves 2 adjustable parameters (m and n):  

   (3.51) 

�x�� �,�V���W�K�H���.-function of class C²? Yes. 

�x�� �,�V���W�K�H���.-function always positive? Yes. 

�x�� �,�V���W�K�H���I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always negative?   

The first derivative of the  �.-function is:  

   (3.52) 

The quantity  is positive if:  

   (3.53) 

�x�� Is the second derivat �L�Y�H���R�I���W�K�H���.-function always positive? Yes. 

The second derivative of the Melhem-Saini-Goodwin �.-function is:  

   (3.54) 

Under assumption (3.53), all the coefficients of the polynomial Q  are positive, 

therefore, Q is always positive. 

�x�� �,�V���W�K�H���W�K�L�U�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always negative?  

�7�K�H���W�K�L�U�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�L�V���.-function is:  

   (3.55) 
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By noting that:  

   (3.56) 

it can be claimed that under assumption (3.53), all the coefficients of the polynomial R 

are positive and thus . Consequently, the third derivative of the Melhem -

Saini-�*�R�R�G�Z�L�Q���.-function is always negative. 

 

�x�� Conclusion:  

The Melhem-Saini-�*�R�R�G�Z�L�Q���.-function is consistent (i.e., positive, decreasing, convex 

with a negative third derivative) provided . 

 

��  
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3.11.6.�����r�r�;�m�7�b�Š����9���l�-�|�_�;�l�-�|�b�1�-�t���v�|�†�7�‹���o�=���|�_�;���"�o�-�ˆ�;�•�‘���Ñ-function [32]  

�7�K�H�� �6�R�D�Y�H������ �.-function involved a generalized parameter (m) correlated to the 

acentric factor ( ): 

   (3.57) 

The Soave72 function is certainly the most employed �.-function  in the oil and gas 

industries. It is in particular used in the PPR78 [23,73,74] and PR2SRK predictive 

models [72] . 

�x�� �,�V���W�K�H���.-function of class C²? Yes. 

�x�� �,�V���W�K�H���.-function always positive? Yes. 

�x�� �,�V���W�K�H���I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always negative?   

�7�K�H���I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���6�R�D�Y�H�������.-function is:  

   (3.58) 

�7�K�H���O�L�P�L�W���R�I���W�K�H���I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function when the temperature tends to  is: 

   (3.59) 

It appears that the first derivat �L�Y�H���R�I���W�K�H���6�R�D�Y�H�������.-function  is not always negative. 

Due to its polynomial expression in , the �6�R�D�Y�H�������.-function can only exhibit two 

types of behavior, depending on the -value: 

���� either the function is decreasing then increasing for increasing values of , 

���� or, the function is monotonically increasin g. 

�7�R���G�L�V�F�U�L�P�L�Q�D�W�H���E�H�W�Z�H�H�Q���W�K�H�V�H���W�Z�R���V�F�H�Q�D�U�L�R�V�����W�K�H���O�L�P�L�W���R�I���W�K�H���I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-

function when the temperature tends to 0 is now studied:  

   (3.60) 

Case 1:  
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If  is positive (what is the case for more than 99% of the compounds), one has 

 and �W�K�H�� �6�R�D�Y�H������ �.-function exhibits a minimum at a reduced 

temperature denoted . For �����.���L�V���D���G�H�F�U�H�D�V�L�Q�J���I�X�Q�F�W�L�R�Q���Z�K�L�O�H���L�W���L�V��

an increasing function for . Such a behavior is observed for the following 

values of the acentric factor: 

   (3.61) 

   (3.62) 

To understand w�K�H�W�K�H�U�� �W�K�H�� �L�U�U�H�J�X�O�D�U�� �E�H�K�D�Y�L�R�U�� �R�I�� �W�K�H�� �6�R�D�Y�H������ �.-function (i.e., 

�L�Q�F�U�H�D�V�L�Q�J���R�I���.���I�R�U��) may affect practical applications, the relation between 

 and  is now investigated.  is obtained by solving: 

   (3.63) 

Note that at , the �6�R�D�Y�H�������.-function cancels: . 

The evolution of  with respect to the acentric factor is reported i n Figure 3.22. 
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Figure 3.22.  �D�V���D���I�X�Q�F�W�L�R�Q���R�I���Ô�� 

To complete the analysis, some values of  and  are reported in Table 3.10 

for a series of real compounds of various sizes (i.e., a large range of acentric-factor 

values is covered). It is observed that in practice,  is often higher than 1500 K, 

largely above common temperatures encountered in practical applications. 
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Component  
Acentric 

�I�D�F�W�R�U���Ô 
Tc / K  

RK CEoS  PR CEoS  

    

Methane 0.012 190.564 9.045 1723.566 12.591 2399.325 

n-decane 0.492 617.700 3.330 2057.108 3.748 2314.913 

n-eicosane 0.907 768.000  2.456 1886.582 2.705 2077.277 

n-

triacontane 
1.307 844.000  2.094 1767.355 2.305 1945.584 

Water 0.345 647.096 3.992 2583.530 4.595 2973.520 

CO2 0.224 304.21 4.905 1492.258 5.839 1776.253 

Argon 0.000  150.860 9.507 1434.218 13.463 2031.065 

Ethanol  0.644 514.000 2.904 1492.795 3.228 1659.020 

Ammonia  0.253 405.650 4.641 1882.512 5.469 2218.676 

Table 3.10. Values of Tmin  for some chemical compounds using either the PR or RK 

CEoS 

Case 2:  

This case is observed for the following values of the acentric factor: 

   (3.64) 

   (3.65) 

In practice, this instance arises for molecules having negative acentric factors (e.g., 

helium, aluminum and arsenic). In such a case:  and �W�K�H���6�R�D�Y�H�������.-

function is an increasing function of temperature for any positive value of . This 

�E�H�K�D�Y�L�R�U���L�V���Q�R�W���G�H�V�L�U�D�E�O�H���D�Q�G���W�K�H�U�H�I�R�U�H�����W�K�H���6�R�D�Y�H�������.-function should be used only for 

molecules having an �D�F�H�Q�W�U�L�F���I�D�F�W�R�U���Ô���L�Q���W�K�H���U�D�Q�J�H�V���G�H�I�L�Q�H�G���E�\���(�T��(3.61) or Eq.(3.62). 

�x�� �,�V���W�K�H���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always positive?  
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It is now assumed that  (which is obtained for acentric factor values lying 

in the ranges defined by Eq.(3.61) or Eq.(3.62)). The second derivative of the Soave72 

�.-function is:  

   (3.66) 

Since , the convexity constraint is verified.  

�x�� Is the third derivat �L�Y�H���R�I���W�K�H���.-function always negative?  

�7�K�H���W�K�L�U�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���6�R�D�Y�H�������.-function is:  

  (3.67) 

As previous, assuming , the negativity of the third derivative is ensured.  

 

�x�� Conclusion:  

When the quantity  is positive (i.e., for acentric-factor values lying in the 

ranges defined by Eq.(3.61) or Eq.(3.62), which is verified in practice for more than 

�������� �R�I�� �U�H�D�O�� �F�R�P�S�R�Q�H�Q�W�V������ �W�K�H�� �6�R�D�Y�H�� �.-function is consistent up to the temperature 

defined by Eq.(3.63), which is generally higher than 1500 K (it can thus be claimed that 

the Soave 72 �.-function is consistent on  temperature ranges of practical interest).  

�6�X�F�K���D�Q���.-function can thus be considered as fully consistent in most cases explaining 

why it has achieved great success in the industry. 

��  
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3.11.7.�����r�r�;�m�7�b�Š�����9���l�-�|�_�;�l�-�|�b�1�-�t���v�|�†�7�‹���o�=���|�_�;���"�o�-�ˆ�;�v�“���Ñ-function [32]  

�7�K�L�V���.-function involves two adjustable parameters a and b: 

   (3.68) 

�x�� �,�V���W�K�H���.-function of class C²? Yes. 

�x�� �,�V���W�K�H���.-function always positive? Yes. 

�7�K�H���6�R�D�Y�H�������.-function can be written as a second order polynomial of the reduced 

temperature 

   (3.69) 

Polynomial  is positive provided [104] : 

   (3.70) 

�x�� �,�V���W�K�H���I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always negative?   

�7�K�H���I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���6�R�D�Y�H�������.-function is:  

   (3.71) 

Polynomial  is positive provided:  

   (3.72) 

Note that the last condition is automatically satisfied. It appears that constraints (3.70) 

and (3.72) are contradictory and cannot be satisfied simultaneously. 

Therefore, if a is positive: 

����  is negative, at least, on a certain temperature range 

����  is negative for any (positive) temperature value 
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On the other hand, if a is negative: 

����  is positive for any (positive) temperature value  

����  is positive, at least, on a certain temperature range 

�x�� �,�V���W�K�H���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always positive?  

�7�K�H���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���6�R�D�Y�H�������.-function is:  

  (3.73) 

It appears that  is positive provided b is positive. 

�x�� �,�V���W�K�H���W�K�L�U�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always negative?  

�7�K�H���W�K�L�U�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function writes  

  (3.74) 

It appears that  is negative provided b is positive. 

�x�� Conclusion:  

�7�K�H�� �R�Q�O�\�� �S�R�V�V�L�E�L�O�L�W�\�� �I�R�U�� �V�D�W�L�V�I�\�L�Q�J�� �E�R�W�K�� �W�K�H�� �S�R�V�L�W�L�Y�L�W�\�� �F�R�Q�G�L�W�L�R�Q�� �I�R�U�� �W�K�H�� �6�R�D�Y�H������ �.-

function and the negativity condition for its first derivative would be to set:  

   (3.75) 

�7�K�L�V���Z�R�X�O�G���O�H�D�G���W�R���P�R�G�L�I�\���W�K�H���P�D�W�K�H�P�D�W�L�F�D�O���H�[�S�U�H�V�V�L�R�Q���R�I���W�K�H���6�R�D�Y�H�������.-function. As 

�D���F�R�Q�F�O�X�V�L�R�Q�����W�K�H���6�R�D�Y�H�������.-function cannot pass the proposed consistency test. 

��  
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3.11.8.��Appendix H: mathematical analysis of the Stryjek -�(�;�u�-���Ñ-function [29]  

The Stryjek-�9�H�U�D���.-function involves one adjustable parameter ( ) and one universal 

parameter ( ): 

   (3.76) 

The Stryjek-Vera �.-�I�X�Q�F�W�L�R�Q�� �L�V�� �L�G�H�Q�W�L�F�D�O�� �W�R�� �W�K�H�� �6�R�D�Y�H�� �.-function for reduced 

temperatures above 0.7. Therefore, it suffers from all the identified defects of the Soave 

�.-function described in Appendix F. In addition, the Stryjek-Vera �.-function exhibits 

a discontinuous behavior in  which is prejudicial to all derived EoS -properties 

(enthalpy, entropy, heat capacity etc.). 

��  



A consistency test for �Ñ-functions of cubic equations of state  

- 124 - 

3.11.9.��Appendix I: mathematical study of the Mathias -���o�r�;�l�-�m���Ñ-function [26]  

�7�K�L�V���.-function uses two different expressions depending on the temperature domain 

considered (sub- or super-critical) and involves three  adjustable parameters ( , , 

) 

  (3.77) 

�x�� �,�V���W�K�H���.-function of class C²?  

The first derivatives of the Mathias-�&�R�S�H�P�D�Q���.-function are:  

  (3.78)  

It appears that:  

  (3.79) 

The Mathias-�&�R�S�H�P�D�Q���.-function is thus at least of class C1. 

The second derivatives of the Mathias-�&�R�S�H�P�D�Q���.-function are:  

  

 (3.80) 
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Therefore, one has: 

  (3.81) 

As a consequence, the Mathias-�&�R�S�H�P�D�Q�� �.-function is of class C² provided c2 is set 

equal to 0. Doing so, this �.-function would loose one of its three adjustable parameters. 

�x�� Conclusion:  

At this step, there is no need to pursue the study: it is obvious that the Mathias-

�&�R�S�H�P�D�Q�� �.-function cannot pass the consistency test since the C2-class condition 

requires to annihilate coefficient  �D�Q�G�� �F�R�Q�V�H�T�X�H�Q�W�O�\�� �W�R�� �P�R�G�L�I�\�� �W�K�H�� �.-function 

expression. 

In addition, it is remarkable that the Mathias -�&�R�S�H�P�D�Q�� �.-function is similar to the 

�6�R�D�Y�H���������.-function for  except that the universal  parameter of the Soave 

function is replaced by an adjustable parameter .  

If, as often seen in practice, the parameter  is set to , the Mathias-�&�R�S�H�P�D�Q���.-

function would loose a second adjustable parameter ( ). It would result that the 

Mathias-Copeman �.-function would only contain one adjustable parameter ( ). 

Furthermore, �V�L�P�L�O�D�U�O�\���W�R���W�K�H���6�R�D�Y�H���������.-function, the Mathias-�&�R�S�H�P�D�Q���.-function 

exhibits an unphysical behavior at infinite temperature:  

  (3.82) 

 

��  
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3.11.10.��Appendix J: mathematical study of the Boston -���-�|�_�b�-�v���Ñ-function [84]  

The Boston-�0�D�W�K�L�D�V���.-function contains one universal parameter :  

   (3.83) 

�7�K�H���U�H�O�D�W�L�R�Q�V���E�H�W�Z�H�H�Q���S�D�U�D�P�H�W�H�U�V���/�����Ä���D�Q�G�� were derived by Boston and Mathias 

assuming that 

���� The first derivatives of  and  are equal at the critical 

temperature, 

���� The second derivative of  has to be equal to zero at the critical 

temperature. 

A priori, these assumptions do not guaranty for the function to be of class C2 and more 

�J�H�Q�H�U�D�O�O�\�����W�R���S�D�V�V���W�K�H���S�U�R�S�R�V�H�G���F�R�Q�V�L�V�W�H�Q�F�\���W�H�V�W���I�R�U���.-functions.  

�x�� �,�V���W�K�H���.-function of class C²?  

The first derivatives of the Boston-�0�D�W�K�L�D�V���.-function are:  

   (3.84) 

At , one has: 

   (3.85) 

This proves that the Boston-�0�D�W�K�L�D�V���.-function is at least of class C1. 

The second derivatives of the Boston-�0�D�W�K�L�D�V���.-function are:  
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   (3.86) 

 

At , one has: 

   (3.87) 

Since , the Boston-�0�D�W�K�L�D�V�� �.-function is thus not 

of class C2. 

�x�� Conclusion:  

At this step, there is no need to pursue the study. Not being of class C2, the Boston-

Mathias �.-function does not pass the proposed consistency test. 

 

��  
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3.11.11.�����r�r�;�m�7�b�Š�����9���l�-�|�_�;�l�-�|�b�1�-�t���v�|�†�7�‹���o�=���|�_�;�����-�|�_�b�-�v���Ñ-function [90]  

�7�K�H�� �0�D�W�K�L�D�V�� �.-function contains one universal parameter ( ) and one 

(component-dependent) adjustable parameter (p). 

 

 (3.88) 

�7�K�H���H�[�S�U�H�V�V�L�R�Q�V���R�I���S�D�U�D�P�H�W�H�U�V���/���D�Q�G���Ä���Z�H�U�H���G�H�U�L�Y�H�G���E�\���0�D�W�K�L�D�V���E�\���D�V�V�X�P�L�Q�J���W�K�D�W�� 

���� The first derivatives of  and  are equal at the critical 

temperature, 

���� The second derivative of  is equal to zero at the critical temperature. 

A priori, these assumptions do not guaranty for the function to be of class C2 and more 

�J�H�Q�H�U�D�O�O�\�����W�R���S�D�V�V���W�K�H���S�U�R�S�R�V�H�G���F�R�Q�V�L�V�W�H�Q�F�\���W�H�V�W���I�R�U���.-functions.  

�x�� �,�V���W�K�H���.-function of class C²?  

�7�K�H���I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H�V���R�I���W�K�H���0�D�W�K�L�D�V���.-function are:  

  (3.89) 

At : 

   (3.90) 

�7�K�L�V���S�U�R�Y�H�V���W�K�D�W���W�K�H���0�D�W�K�L�D�V���.-function is at least of class C1. 

�7�K�H���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H�V���R�I���W�K�H���0�D�W�K�L�D�V���.-function are:  
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  (3.91) 

At , one has: 

  

 (3.92) 

Since , the Boston-�0�D�W�K�L�D�V�� �.-function is thus not 

of class C2. 

�x�� Con clusion:  

At this step, there is no need to pursue the study. Not being of class C2�����W�K�H���0�D�W�K�L�D�V���.-

function does not pass the proposed consistency test. 

 

 

��  
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3.11.12.�����r�r�;�m�7�b�Š�����9���l�-�|�_�;�l�-�|�b�1�-�t���v�|�†�7�‹���o�=���|�_�;�����b�0�0�o�m�v���-�m�7�����-�†�]�_�|�o�m���Ñ-function [87]  

�7�K�H���.-function involved two adjustable parameters denoted X and Y: 

   (3.93) 

�x�� �,�V���W�K�H���.-function of class C²? Yes. 

�x�� �,�V���W�K�H���.-function always positive?   

Eq.(3.93) can be alternatively written  : 

   (3.94) 

Which is a second-order polynomial of the square root of the reduced temperature. 

Therefore, this polynomial is positive if [104]  

   (3.95) 

As will be shown below, the parameter  is necessarily negative to ensure that the �.-

function is decreasing at low temperature. The third inequality of Eq. (3.95) can be 

squared, both sides of the equation being negative, in order to solve this inequality with 

respect to Y. The resolution of the inequality provides the following existence interval 

for parameter Y 

    (3.96) 

One can demonstrate that �����7�K�H�U�H�I�R�U�H�����S�R�V�L�W�L�Y�L�W�\���F�R�Q�G�L�W�L�R�Q���R�I���W�K�H���.-

function is, reminding that Y has to be negative: 

   (3.97) 

�x�� �,�V���W�K�H���I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always negative?  

The first derivative of the Gibbons and Laughton �.-function is:  

   (3.98) 

When  tends to 0, the limit of Eq. (3.98) is: 

   (3.99) 
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Therefore, Y has to be negative 

When  tends to , the limit of Eq. (3.98) is: 

  (3.100) 

Therefore, X has to be negative. This condition is contradictory with condition (3.95). 

The reason of this contradiction is that the Gibbons and Laughton �.-function exhibits 

a minimum when  (this behavior is similar to the one of the Soave 72 �.-

function ). As a conclusion, the Gibbons and Laughton �.-function can only be 

decreasing on a limited temperature range . As illustrated in  Figure 3.23, 

t�K�H���P�L�Q�L�P�X�P���R�I���W�K�H���.-function is found at  

   (3.101) 

 

Figure 3.23. Changes of Tr,min  with respect to the change of Y for different values of X. 

 

�1�R�W�H���W�K�D�W���W�K�H���Y�D�O�X�H���R�I���W�K�H���.-function at  is not equal to zero.  

   (3.102) 

�x�� �,�V���W�K�H���V�H�F�R�Q�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always positive?  
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The second derivative of the Gibbons and Laughton �.-function  is: 

   (3.103) 

As a consequence,  is positive provided Y is negative. 

�x�� �,�V���W�K�H���W�K�L�U�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���.-function always negative?   

�7�K�H���W�K�L�U�G���G�H�U�L�Y�D�W�L�Y�H���R�I���W�K�H���*�L�E�E�R�Q�V���D�Q�G���/�D�X�J�K�W�R�Q���.-function is:  

   (3.104) 

As a consequence,  is negative provided Y is negative. 

�x�� Conclusion:   

The Gibbons and Laughton �.-�I�X�Q�F�W�L�R�Q�� �E�H�K�D�Y�H�V�� �D�V�� �D�� �F�R�Q�V�L�V�W�H�Q�W�� �.-function, up to a 

certain reduced temperature Tr,min  defined by Eq.(3.101) if  

   (3.105) 
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Highlights  

������ �.-functions must be positive, decreasing, convex with negative third derivative. 

������ Gain of accuracy resulting from the use of a consistent �D-function is quantified.  

������ �:�R�U�N�L�Q�J���Z�L�W�K���D���F�R�Q�V�L�V�W�H�Q�W���.-function increases by a factor 9 the accuracy. 

Abstract  

Since Van der Waals, the attractive term  of any cubic equation of state is 

expressed as the product of its value at the critical temperature ( ) by the so-called 

alpha function. Our recent investigations made it however possible to conclude that to 

get accurate and physically meaningful behaviors in both the subcritical and 

supercritical domains, it was necessary to work with a consistent �D-funct ion, i.e., with 

�D�Q���.-function which is positive, decreasing, convex and with a negative third derivative. 

This paper aims at quantifying the gain of accuracy resulting from the use of a 

consistent �D-function when a cubic equation of state is used to calculate the properties 

of a pure compound in the supercritical region. As a key conclusion, embedding a 

�F�R�Q�V�L�V�W�H�Q�W���.-function in a cubic equation of state instead of an inconsistent one entails 

a division by a factor 9 of the deviations between calculated and experimental data. 

Keywords 

Alpha function; Cubic equation of state; Consistency test; Supercritical properties  

��  
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4.1.��Introduction  

Since the Van der Waals proposal, two-parameter cubic equations of state (CEoS) 

express their attractive and repulsive terms by introducing a parameter  which is a 

�P�H�D�V�X�U�H�� �R�I�� �W�K�H�� �D�W�W�U�D�F�W�L�Y�H�� �I�R�U�F�H�V�� ���³�H�Q�H�U�J�\�� �S�D�U�D�P�H�W�H�U�´���� �E�H�W�Z�H�H�Q�� �P�R�O�H�F�X�O�H�V���� �D�Q�G�� �D��

parameter  �Z�K�L�F�K���L�V���D���P�H�D�V�X�U�H���R�I���W�K�H���V�L�]�H�����³�L�Q�W�U�L�Q�V�L�F���Y�R�O�X�P�H�´���R�U���³�F�R-�Y�R�O�X�P�H�´�����R�I���W�K�H��

molecules. It results the general formulation of a two -parameter CEoS: 

�� �� (4.1)��

where  and  are two universal constants depending on the selected CEoS. To make 

the application of the critical constraints easier, it is convenient to write : 

�� �� (4.2) 

i.e. to express the attractive term as the product of its value at the critical temperature 

( ) by the so-called alpha function. Doing so, it follows that the dimensionless, 

temperature-dependent �D-function becomes unity at the critical temperature. In a 

previous paper [20] ���� �Z�H���G�H�P�R�Q�V�W�U�D�W�H�G���W�K�D�W���Q�R�W���R�Q�O�\�� �W�K�H���.-function but also its first, 

second [86]  and third derivatives should satisfy the following constraints over the 

whole temperature domain:  

�� (4.3) 

�$�Q���.-function which simultaneously satisfies all these criteria is labeled consistent and 

the set of constraints reported in Eq. (4.3) was called consistency test for an �D-function . 

In other words, a consistent �D-function is simply an �D-function that passes the so-

called consistency test. In case of test failure, i.e., if one of these constraints is not 

satisfied, the �D-function is declared inconsistent. Our previous paper [20]  and another 

one by Peyman and Sedigh [38]  made it possible to conclude that to get accurate and 
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physically-meaningful behaviors in both the subcritical and supercritical domains, it 

was absolutely necessary to work with a consistent �D-function. Such a paper [20]  also 

highlighted that none of the �D-functions classically available in process simulator 

software (Soave 1972 [7] , Soave 1984 [32] , Gibbons-Laughton [87] , Stryjek-Vera [29] , 

Boston-Mathias [84] , Mathias-Copeman [26] , Mathias [90] , Twu 1995 [36,37] , 

Trebble-Bishnoi  [88] , Melhem-Saini-Goodwin [89] , Twu 1988 [35] , Twu 1991 [19]) 

passes the consistency test for any values of their parameters. This latter conclusion 

scared many researchers or companies that commercialize process simulator software 

and we were asked to quantify the loss of accuracy resulting from the use of an 

inconsistent �D-function to calculate the properties of a pure compound in the 

supercritical region. This is thus the aim of this note. While our first article [20]  was 

mostly devoted to the influence of the �D-function on the reproduction of binary -system 

phase diagrams, the present paper focuses on the impact of the alpha-function 

consistency on the modeling of pure-component supercritical properties. The strategy 

adopted in this article is as follows: 9 pure compounds, for which an EoS developed by 

the National Institute of Standards and Technology (NIST) was both available and 

certified accurate in the supercritical domain are selected. For each of them, the Peng-

Robinson [8]  EoS combined with the Twu 91 �D-function [19] is also applied. The 3 

parameters of such an �D-function [19] are then regressed twice (respectively without 

and with the imposition of consistency constraints) in order to accurately reproduce 

subcritical data including vapor pressures , enthalpies of vaporization  

and saturated liquid heat capacities . More specifically: the first set of 

parameters is obtained without impo sing any constraint during the fitting procedure 

and the resulting �D-function is found to be inconsistent; the second set of parameters 

results from a fitting procedure that ensures to get a consistent �D-function. The two 

sets of parameters are used thereafter to estimate residual enthalpies ( ) and 

residual constant-pressure heat capacities ( ) in the supercritical domain. Results 

obtained with each set of parameters are compared each other and with the pseudo-

experimental data (the adjective pseudo-experimental  designates here the property 

values calculated by using a NIST reference EoS considered as accurate as 

experimental data).  

��
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4.2.��Reasoning for CEoS and �r-function choices  

The volume-translated  Peng-Robinson EoS combined with the three-parameter 

�7�Z�X������ �.-function [19] is considered in this study. We indeed gave proof during the 

development of the translated -consistent Peng-Robinson (tc-PR) EoS [60]  of the 

�H�I�I�L�F�L�H�Q�W���F�R�X�S�O�L�Q�J���R�I���V�X�F�K���D���&�(�R�6���Z�L�W�K���V�X�F�K���D�Q���.-function. For a pure component, the 

volume-translated  Peng-Robinson EoS is: 

   (4.4) 

 and  are the experimental critical temperature and critical pressure, 

respectively. The volume translation  is selected in order to exactly reproduce the 

experimental value of the saturated liquid molar volume  at a reduced temperature of 

0.8. The Twu91 �D-function, judged to exhibit the best compromise between complexity 

and flexibility, writes:  

�� �� (4.5)��

 is the reduced temperature and ,  and  are the three component-specific 

adjustable parameters. 

��

4.3.���!�;�]�u�;�v�v�b�o�m���r�u�o�1�;�7�†�u�;���o�=���$�‰�†���Ñ-function parameters over subcritical data  

The three parameters of the Twu91 �D-function were determined by minimizing an 

objective function whic h takes into account the deviations between calculated and 

experimental ,  and  data. The considered experimental data are in 

fact pseudo-experimental data that are generated with the help of the DIPPR database 

that supplies temperature-dependent correlations for ,  and . The 

following rules were applied for the generation of data:  
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1)�� 50 equidistant pseudo-experimental data points were generated on their 

temperature range of validity . In the case  exceeds , it 

was decided to set: . 

2)��At some occasions, the minimum of the temperature range of validity of  was 

modified in order to ensure that  (considering that most 

industrial processes operate at higher pressure values). 

3)��If, for a given property and a specific pure compound, the relative error reported by 

the DIPPR between correlated and experimental value was higher than 5 %, the 

property of the compound under consideration was no longer considered (pseudo-

experimental data were not generated). In this paper, in particular, that was the 

case for the saturated-liquid heat capacities ( ) of Kr and Xe. 

In the end, the objective function is:  

�� �� (4.6)��

��

As previously mentioned, for each of the 9 pure compounds considered in this study 

(see next section to get more information on how they were selected), the 3 parameters 

of the Twu �D-function were regressed twice. The first set of parameters was obtained 

without imposing any constraint during the fitting procedure. For such molecules the 

resulting �D-function was found to be inconsistent and the corresponding parameters 

are reported in Table 4.1 in the columns headed "�7�Z�X�� �.-function parameters" . The 

second set of parameters results from a fitting procedure that ensures to get a 

consistent �D-function i.e. an �D-function that satisfies the constraints defined in Eq. 
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(4.3). To reach this goal, Le Guennec et al. [20]  established that the 3 ( , , ) 

parameters should verify: 

�� �� (4.7)��

Such consistent parameters are also recorded in Table 4.1 and representations of both 

�F�R�Q�V�L�V�W�H�Q�W�� �D�Q�G�� �L�Q�F�R�Q�V�L�V�W�H�Q�W�� �.-functions are visible in Table 4.1 for the nine selected 

compounds. It is noticeable that in the subcritical temperature range  where 

�H�[�S�H�U�L�P�H�Q�W�D�O���G�D�W�D���Z�H�U�H���X�V�H�G���W�R���I�L�W���W�K�H���S�D�U�D�P�H�W�H�U�V�����W�K�H���F�R�Q�V�L�V�W�H�Q�W���D�Q�G���L�Q�F�R�Q�V�L�V�W�H�Q�W���.-

functions are very close (they are more or less superimposed) regardless of the 

�F�R�P�S�R�Q�H�Q�W���� �2�Q�� �W�K�H�� �R�W�K�H�U�� �K�D�Q�G���� �R�X�W�� �R�I�� �W�K�L�V�� �G�R�P�D�L�Q���� �W�K�H�� �W�Z�R�� �.-functions take totally 

different values and exhibit very different shapes. We can thus anticipate totally 

different calculated properties with each of these 2 �D-functions. At this step, it is 

legitimate to wonder what was the prize to pay to get a consistent �D-function. As 

highli ghted in Table 4.1 (see column headed "O.F."), and as expected, consistency is 

always counterbalanced by an increase of the objective function value defined by Eq. 

(4.6). Such an increase is however extremely moderate and Table 4.1 (see columns 

headed "MAPE on , , ) stresses that the consistent parameters solely 

entail a lower accuracy of , leave almost unchanged the predictions of  and 

even improve the predictions of . It should be noticed that a modification of Twu 

�.-function parameters modifies the value of the volume translation parameter  (see 

Table 4.1 column headed "Volume translation") . In the next section, residual 

enthalpies ( ) and residual constant-pressure heat capacities ( ) will be 

calculated with the two sets of parameters. We thus believe it is important to recall that 

a volume translation has no influence on the calculated  but impacts the calculated 



On the imperative need to use �-���1�o�m�v�b�v�|�;�m�|���Ñ-�=�†�m�1�|�b�o�m���=�o�u���|�_�;���r�u�;�7�b�1�|�b�o�m�; 

- 140 - 

. For more information, the reader is referred to our recent papers [19, 20] and to 

the last section of this paper. 

��

4.4.��Selection of the 9 test -components and constitution of a database containing 

supercritical  and  pseudo-experimental data 

Our goal is to demonstrate the imperative need to use a consistent �D-function for the 

prediction of pure -compound residual enthalpies and residual heat capacities in the 

supercritical domain. Since comprehensive sets of experimental enthalpy and heat-

capacity data of pure species in the supercritical domain are very rare in open literature 

and commercial databases, it has been decided to generate pseudo-experimental data 

by using very accurate equations of state. With this respect, the NIST Reference Fluid 

Thermodynamic and Transport Properties Database (REFPROP) contains multi-

parameter EoS for 69 non quantic compounds. For these 69 molecules, a regression of 

the Twu �D-function parameters was performed over subcritical properties , 

 and  (generated using the DIPPR database by following the procedure 

presented in section 3) by minimizing the objective function defined by Eq. (4.6). The 

regression procedure converged to consistent parameters for 39 components (57 %) 

meaning that the sets of ( , , ) parameters were inconsistent for 30 compounds. 

Among these 30 compounds, 12 have parameters that partially violate the consistency 

test recalled in Eq. (4.3). It is here meant that for these 12 components, the second 

derivative of the �D-function is, as expected, positive regardless of the temperature. On 

the other hand, we can find temperatures for which the third deriv ative is positive. All 

of the 18 remaining components have fully inconsistent ( , , ) parameters (we can 

find temperatures for which  and simultaneously ). 

Among them, only 9 have a reference EoS which can be applied up to a reduced 

temperature of at least 1.7 (EoS showing a lower upper bound of their temperature 

range of validity are considered as insufficient for this study which focuses on the 

prediction of supercritical properties). Our goal being to generate pseudo experimental 

data in the supercritical region, these 9 components were kept as test-components. 

These are: CH4, N2, CO, CO2, Propane, Ar, H2S, Kr and Xe. As previously explained, for 

each of these 9 pure components, a second regression procedure with addition of the 

constraints defined by Eq. (4.7) was performed in order to obtain a consistent set of 

( , , ) parameters. 
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For each pure compound, pseudo-experimental values of supercritical  and  

were generated by applying the following rules: 

1)�� In a first step, ten equidistant values of temperature were generated between 

 and the maximum temperature at which the NIST EoS can be applied. For 

N2, CO2 �D�Q�G�� �$�U�� �W�K�L�V�� �P�D�[�L�P�X�P�� �W�H�P�S�H�U�D�W�X�U�H�� �O�H�D�G�V�� �W�R�� �F�D�O�F�X�O�D�W�H�� �D�Q�� �D�O�P�R�V�W�� �Q�X�O�O�� �.-

�I�X�Q�F�W�L�R�Q�� �R�Q�� �D�� �O�D�U�J�H�� �W�H�P�S�H�U�D�W�X�U�H�� �U�D�Q�J�H���� �$�V�� �Z�H�� �L�Q�W�H�Q�G�� �W�R�� �V�K�R�Z�� �W�K�H�� �H�I�I�H�F�W�� �R�I�� �W�K�H�� �.-

function consistency on the supercritical property prediction, this behavior is not 

desirable. For these three compounds, it was therefore decided to set the high 

�W�H�P�S�H�U�D�W�X�U�H�� �O�L�P�L�W�� �W�R�� �W�K�H�� �W�H�P�S�H�U�D�W�X�U�H�� �D�W�� �Z�K�L�F�K�� �W�K�H�� �F�R�Q�V�L�V�W�H�Q�W�� �.-function value 

reaches 0.01. The ten values of temperature used to generate pseudo-experimental 

data of residual enthalpies and residual heat capacities are represented, for each 

pure component, by vertical lines in  Figure 4.1. 

2)��In a second step, at each of the ten temperatures defined in the first step, ten 

equidistant pressures were generated between  and 600 bar. The upper 

pressure bound was fixed at 600 bar because most of the chemical processes have 

a working pressure below this value and because most of reference EoS from the 

NIST can be applied up to this pressure. 

In the end, a total of 100 pseudo-experimental  and 100 pseudo-experimental  

data were generated, for each of the 9 pure compounds in the supercritical region by 

using the very accurate NIST EoS. A comparison with two versions of the volume-

translated  Peng-Robinson cubic EoS, one using a consistent �D-function and the other 

using an inconsistent �D-function, can now be conducted. 

��

4.5.��Results 

�7�K�L�V���S�D�S�H�U���D�L�P�V���D�W���V�K�R�Z�L�Q�J���W�K�H���H�I�I�H�F�W���R�I���W�K�H���.-function consistency on the quality of 

prediction of supercritical properties like  and . To reach this goal, for each of 

the 9 components previously selected, the mean absolute percentage error (MAPE) 

between calculated and pseudo-experimental data were calculated for both the residual 

enthalpies and residual heat capacities and for both the consistent and inconsistent �D-

function. As previously explained, a total of 200 supercritical experimental data points 
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(100  and 100 ) were considered for each component. Such MAPEs are 

defined as: 

��  (4.8)��

��  (4.9)��

Before going further, we believe it is important to bring to the reader's attention that 

the experimental residual enthalpy may vanish. If this happens, the denominator in Eq. 

(4.8) becomes zero and for such a data point the corresponding absolute percentage 

error becomes infinite. As a consequence, and to avoid a bias in the MAPE calculated 

by Eq. (4.8), we decided not to consider the experimental data points for which the 

absolute percentage error was higher than  where  is the standard 

deviation on the absolute percentage errors. 

��

In a first step, to highlight the huge difference on the calculated  and  values 

when a consistent or an inconsistent �D-function is selected, it was decided to plot for 

each of the 9 test-components, the absolute percentage error (APE) between calculated 

and pseudo-experimental data for both the residual enthalpies (see Figure 4.2) and 

residual heat capacities (see Figure 4.3) and for both the consistent and inconsistent 

�D-functio n. On such plots is also visible the corresponding MAPEs. For a given data 

point, such APEs are defined as: 

��  (4.10)��

��  (4.11)��

In a second step, in order to better assess the difference between the use of a consistent 

and an inconsistent �D-function we decided to define the so-called degradation factor 

of a property X , , as the ratio of the MAPE obtained with an inconsistent �D-

function by the MAPE obtained with a consistent �D-function. In other words:  
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�� �� (4.12)��

�� �� (4.13)��

If the degradation factor, , is higher than unity then the consistent �D-function 

performs better than the inconsistent function in predicting property X, and vice -versa. 

For each of the nine pure compounds, MAPE on  and MAPE on  were 

calculated for both the consistent and inconsistent �D-function so that  and 

 could be estimated. All the numerical values are recorded in Table 4.1 (see the 

last 4 columns) and we can say that they speak for themselves. The smallest value of 

 is 1.8 and it is obtained for CO2. This means that the use of a consistent �D-

function improves by about a factor 2 the average absolute relative deviation on the 

supercritical residual enthalpies. As a noticeable feature,  can reach up to 20; 

this is the case for pure propane. In other words, an average deviation of 100 % on the 

residual enthalpies is obtained for propane with an inconsistent �D-function whereas 

such a deviation is reduced to 5 % with a properly parameterized �D-function (i.e. a 

consistent �D-function). On average, for the 9 test-components, . We thus 

can claim that the use of a consistent �D-function makes it possible to improve by 

approximatively a factor 10 the accuracy on the supercritical residual enthalpy 

calculations when the volume-translated  Peng-Robinson CEoS is used. This is a really 

huge improvement. 

Similar conclusions can be conducted for the heat capacities. The smallest value of 

 is 1.2 and it is obtained for methane. On the other hand, the highest value, close 

to 25, is obtained for propane. For such a component, the average deviation on 

supercritical  moves from 150 % to 6 % when an inconsistent �D-function is 

replaced by a consistent one. On average,  is close to 8 highlightin g once again 

the imperative need to use a consistent �D-function to predict pure -component 

supercritical properties. At this stage, it could be argued that the 9 test-components 

(CH4, N2, CO, CO2, C3H8, Ar, H2S, Kr and Xe) are all small, non-polar and non-

associating. We however took into account all the compounds for which the 
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unconstrained fitting procedure lead to fully inconsistent ( , , ) parameters and 

for which a reference EoS could be applied in the supercritical domain, i.e., up to a 

reduced of at least 1.7. In order to convince the reader that our conclusions apply to 

any component, representations of both consistent and inconsistent �D-functions for n -

decane (a heavy molecule) and n-pentanol (a polar, associated molecule) are visible in 

Figure 4.4. Such a figure clearly highlights that the plotted �D-functions have exactly the 

same trends as the ones depicted in Figure 4.1. Although no pseudo-experimental data 

are available, we can thus expect similar conclusions than those drawn with the 9 test-

components. 

4.6.��A few words on the effect of the volume translation on  the calculated hres values 

In this paper, all calculations were performed with the volume-translated  Peng-

Robinson EoS. As previously recalled, the volume translation has no influence on the 

calculated  but impacts the calculated . Following Jaubert et al. [19], we indeed 

can write: 

�� �� (4.14)��

The goal of this paper is to demonstrate the imperative need to use a consistent �D-

function for the prediction of pure -compound supercritical properties but since many 

 calculations were performed in the supercritical region, we can also have a look at 

the effect of the volume translation on the calculated  values. We indeed did not 

find papers addressing this issue in the open literature. By using the consistent Twu �D-

function, it was decided to re-calculate all the  values (typically 100 values for a 

given component) by setting . The results are recorded in Table 4.2 for the nine 

test-components. The temperature and pressure ranges at which calculations were 

performed are identical to those used to fill Table 4.1 (for each of the 10 ten selected 

temperatures, ten equidistant pressures were generated between  and 600 

bar). 

In  Table 4.2, for each component, the MAPEs between calculated and experimental 

 are determined in 3 domains of temperature. In the first domain, the reduced 

temperature is between 1 and 2 ( ). The second domain corresponds to the 

case where the reduced temperature is between 2 and 3 ( ) and in the last 

domain, the reduced temperature is higher than 3. For some components, it was not 
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possible to perform calculations for reduced temperatures higher than 2 because we 

were outside the validity range of the reference EoS developed by NIST. 

Table 4.2 clearly highlights that for reduced temperatures lower than 3, the volume 

translation has a strongly positive impact on the calculated . Increasing again the 

temperature, the volume translation effect lowers and vanishes at a reduced 

temperature of about 3.5. At higher reduced temperatures, the volume translation has 

a negative influence on the calculated . It is however well-established that the 

reduced temperature of most of the compounds involved in chemical processes are 

lower than 3. We can thus assert that the volume translation has two positive effects: 

it not only strongly increases the accuracy on the calculated liquid density but it also 

improves the accuracy of the energy balances. 

��

4.7.��Conclusion 

T�K�L�V�� �D�U�W�L�F�O�H�� �O�H�D�G�V�� �W�R�� �F�R�Q�F�O�X�G�H�� �D�E�R�X�W�� �W�K�H�� �L�P�S�H�U�D�W�L�Y�H�� �Q�H�H�G�� �W�R�� �F�R�X�S�O�H�� �D�� �F�R�Q�V�L�V�W�H�Q�W�� �.-

function with a cubic EoS so as to accurately reproduce experimental properties in the 

supercritical domain. This paper focused on supercritical residual enthalpies and heat 

capacities only but insofar as the two �D-functions (consistent and inconsistent) take 

totally different values and exhibit completely different shapes in the supercritical 

region (see Figure 4.1), we believe that such conclusions can be extended to any other 

property. Starting from a database of 69 compounds it was shown that in half cases 

(43 ������ �D�Q�� �X�Q�F�R�Q�V�W�U�D�L�Q�H�G�� �U�H�J�U�H�V�V�L�R�Q�� �R�I�� �W�K�H�� �.-function parameters over subcritical 

e�[�S�H�U�L�P�H�Q�W�D�O���G�D�W�D���O�H�D�G���W�R���D�Q���L�Q�F�R�Q�V�L�V�W�H�Q�W���.-function, demonstrating the necessity of 

adding mathematical constraints during the regression procedure.  

Nine compounds for which the unconstrained regression of the parameters converged 

�W�R�� �D�� �I�X�O�O�\�� �L�Q�F�R�Q�V�L�V�W�H�Q�W�� �.-function (i.e., we can find temperatures for which, 

inconsistently,  and simultaneously ) were selected to 

�V�W�X�G�\���W�K�H���H�I�I�H�F�W���R�I���U�H�J�U�H�V�V�L�Q�J���S�D�U�D�P�H�W�H�U�V���W�K�D�W���J�X�D�U�D�Q�W�H�H���W�K�H���.-function consistency. In 

particular, deviations between experimental and calculated values of  and  for 

temperatures varying between  and at least  and pressures varying 

between  and 600 bar were calculated with both a consistent and an 

�L�Q�F�R�Q�V�L�V�W�H�Q�W�� �.-function. All calculations done, we can claim th at the deviations 

�R�E�V�H�U�Y�H�G�� �Z�L�W�K�� �D�� �&�(�R�6�� �H�P�E�H�G�G�L�Q�J�� �D�� �F�R�Q�V�L�V�W�H�Q�W�� �.-function to predict supercritical 
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properties will be around 9 times smaller than with a CEoS embedding an inconsistent 

one. 

The imperative need, substantiated throughout this research, of associating to cubic 

EoS a consistent �D-function when predicting pure -compound supercritical properties 

�D�O�V�R�� �Y�D�O�L�G�D�W�H�V�� �W�K�H�� �H�[�W�H�Q�V�L�Y�H�� �X�V�H�� �R�I�� �W�K�H�� �6�R�D�Y�H�� �.-function  [7,85] , acknowledged to be 

consistent on a very large temperature range. This explains and justifies a posteriori its 

widespread application in chemical engineering thermodynamics (e.g. in the PPR78 

model [23,24,73,74]), in petroleum applications and its ability to reproduce complex 

phase behaviors [96] . 

��
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��

Figure 4.1. �&�K�D�Q�J�H���R�I���7�Z�X���.-functions with respect to temperature for the 9 test -components selected in this paper.  �6�R�O�L�G���O�L�Q�H�����F�R�Q�V�L�V�W�H�Q�W���.-

�I�X�Q�F�W�L�R�Q���� �G�D�V�K�H�G�� �O�L�Q�H���� �L�Q�F�R�Q�V�L�V�W�H�Q�W�� �.-function. The 10 vertical lines identify the 10 temperatures at which pseudo experimental values of 

residual enthalpies and residual heat capacities were generated with NIST equations of state.��

��
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��

��

Figure 4.2. Absolute percentage error (APE) between calculated and pseudo-experimental residual enthalpy data [see Eq. (X.10)] for the 9 

test-components selected in this paper. (�� ) consisten�W���.-function, ( ) �L�Q�F�R�Q�V�L�V�W�H�Q�W���.-function. Solid line: MAPE on  calculated with a 

�F�R�Q�V�L�V�W�H�Q�W���.-function, dashed line: MAPE on �F�D�O�F�X�O�D�W�H�G���Z�L�W�K���D�Q���L�Q�F�R�Q�V�L�V�W�H�Q�W���.-function.  

��

.
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Figure 4.3. Absolute percentage error (APE) between calculated and pseudo-experimental residual heat capacity data [see Eq. (4.11)] for the 

9 test-components selected in this paper. (�| ) consistent �D-function, ( �¯ ) inconsistent �D-function. Solid line: MAPE on  calculated with a 

�F�R�Q�V�L�V�W�H�Q�W���.-function, dashed line: MAPE on  calculated wi�W�K���D�Q���L�Q�F�R�Q�V�L�V�W�H�Q�W���.-function.  

�� ��
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Figure 4.4. �&�K�D�Q�J�H���R�I���7�Z�X���.-functions with respect to temperature for a heavy molecule (n-decane) and for a polar and associated molecule 

(n-pentanol).
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 Solid line: 
�F�R�Q�V�L�V�W�H�Q�W���.-

function, 
dashed line: 
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Table 4.1. Calculated MAPE on , ,  and supercritical  and  with the volume-translated  Peng-Robinson EoS and 

either a consistent or an inconsistent Twu �D-function.  
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Table 4.2. Calculated MAPE on  with the PR EoS. Effect of the volume 

translation.  
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Highlights   

������ Translated  and consistent versions of the PR and RK cubic EoS are developed. 

������ tc-PR is certainly the safest and the most accurate cubic EoS ever published. 

������ Average deviations on vapor pressures are lower than 1 %. 

������ Average deviations on enthalpies and heat capacities are about 2 %. 

������ Average deviations on saturated liquid volumes are about 2.3 %. 

Abstract  

In this paper, translated  and consistent versions of the Peng-Robinson (tc-PR) and 

Redlich-Kwong (tc-RK) cubic equations of state (CEoS) are developed. The adjective 

consistent means that the �D-function used in such models passes the consistency test 

we recently developed and which guarantees safe extrapolation in the supercritical 

region and safe VLE calculation in multi -component systems. The adjective translated  

means that a volume translation aimed at exactly reproducing the experimental 

saturated liquid volume at a reduced temperature of 0.8 was used. The key conclusion 

of this paper is that the tc-PR EoS is certainly the safest and the most accurate 3-

parameter cubic EoS ever published. Indeed the average deviations over roughly 1000 

compounds belonging to different chemical families are: , 

 and . 

In the case of a lack of experimental data to fit the 3 parameters of the �D-function and 

to determine the value of the volume correction, the second part of this study aims at 

providing a generalized version of the tc-PR and tc-RK CEoS in which all parameters 

can be estimated from the mere knowledge of the acentric factor. 

Keywor ds 

Equation of state; Consistent �D-function; Volume -translation; Twu; Peng-Robinson; 

Redlich-Kwong 

��  
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5.1.��Introduction  

As recalled in one of our recent papers [20] , numerous modifications to the Van der 

Waals cubic equation of state (CEoS) [1] have been presented over the years with the 

aim of representing with increasingly accuracy the properties of complex systems. 

Despite these modifications, the attractive and repulsive terms of CEoS are still 

expressed by introducing a parameter a which is a measure of the attractive forces 

between molecules and a parameter b which characterizes the size of the molecules. It 

results the general formulation of a 2-parameter CEoS: 

  (5.1) 

where r1 and r2 are two universal constants which depend on the selected EoS. To make 

easy the application of the critical constraints, it is convenient to write:  

  (5.2) 

i.e. to express the attractive term as the product of its value at the critical temperature 

( ) by the so-called alpha function. The paper by Le Guennec et al. [20]  highlights 

�W�K�D�W�� �V�X�F�K�� �.-functions have a strong impact on the accuracy of CEoS and they 

consequently must be selected with caution. Not only are the properties of pure 

components in the supercritical region highly affected by the �D-function but also the 

vapor liquid equilibrium (VLE) calculation of multi -component systems. It is today 

acknowledged [20]  that when applied to mixtures, the accuracy of CEoS is equally 

affected by the choice of the mixing rules and by the expression of the �D-function. A 

key point of the paper by Le Guennec et al. [20]  is the derivation of a list of constraints 

[see Eq. (5.3)] an �D-function should absolutely fulfill to guarantee safe predictions at 

all temperatures:  

  (5.3) 
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to the consistency tests developed to certify the quality of experimental VLE data 

[105,106]. The paper by Le Guennec et al. [20]  also tested whether 12 �D-functions, 

generally available in process simulation software programs, were or not able to pass 

the proposed consistency test. They concluded that eight over twelve of these well-

�N�Q�R�Z�Q���.-functions (Soave 1972 [7] , Soave 1984 [32] , Gibbons-Laughton [87] , Stryjek-

Vera [29] , Boston-Mathias [84] , Mathias-Copeman [26] , Mathias [90] , Twu 1995 

[36,37] ) failed the proposed consistency test whatever the values of the parameters are. 

�7�K�H���I�R�X�U���U�H�P�D�L�Q�L�Q�J���.-functions (Trebble -Bishnoi [88] , Melhem-Saini-Goodwin [89] , 

Twu 1988 [35] , Twu 1991 [19]) pass the test but only if constraints (sometimes drastic) 

are added to the parameters. Among them, the 3-parameter Twu91 �D-function:  

  (5.4) 

was judged to exhibit the best compromise between complexity and flexibility. Twu 

took inspiration from the previous work of Heyen [34,82] , the �D-function of which can 

be recovered by setting M equal to 1. For this reason, the first part of this paper will be 

devoted to determine a consistent set of (L, M, N) parameters for hundreds of pure 

components and for both the Peng-Robinson (PR) [8]  and the Redlich-Kwong (RK) [6]  

equations of state which are still both commonly used in process simulation software 

programs. A consistent set means a triplet of parameters ensuring that the �D-function 

is consistent i.e. it satisfies the constraints of Eq. (5.3). Following the procedure 

proposed by Privat et al. [18] , the parameters of the �D-function will be determined by 

minimizing an objective func tion which takes into account the deviations between 

calculated and experimental vapor pressures , enthalpies of vaporization 

 and saturated liquid heat capacities . In order such consistent CEoS 

can be used with pure components for which no experimental data is available, a 

generalized and consistent form of the Twu �D-function will be developed in a second 

step. 

It is also well acknowledged that the coupling of the most flexible �D-function with any 

cubic EoS will provide inaccurate liquid densities. Such a property is however 

extremely important not only in the petroleum industry where the densities of crude 

oils have to be accurately predicted but also when transport properties calculations are 

required. Indeed, viscosity and surface tension calculations [107,108] require molar 
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