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Abstract

Thin-walled beams with open section constitute main elements in engineering
applications fields am civil engineering, automotive and aerospace construction. They
are widely adopted for their lightness and realization saitpl Due to their particular
sectionshapes, theselemens$ are very sensitive to torsion and instabilities, present in
both statics and dynamics. In statics, overall stability as buckling, and flezts@inal
buckling are common and often importantdesign criteria. In dynamics, the torsional
and flexuraltorsional modes of vibration are often lower frequencies comparteeto
classicaplane pure bending modes. Thus, planar failures of such structures are known to
be an exception rather than a rule torsion, warping is importarand governs the
behavior(nortuniform torsion). The static behaviof thin-walled beams in neaniform
torsion is well known 90DV RY { VbuP R&dyitamic behavior remains open
investigationsand especially in #hpresence of arbitrary opsection beams.

In this thesis work, we are interested with the dynamic behavior oinhiled beams
ZLWK DUELWUDU\ RSHQ FURVV VHFWLRQV %DVHG RQ WKH
are derived from the Hamiltdhgrinciple. Original analytical solutions for different
boundary conditions are derived for higher free vibration modes in 3D context. In these
solutions, the effects of the inertial rotation terms in bending and torsion are taken into
account. These solutiomase limited to simple cases. For general cases, a 3D beam finite
element model is described and implemented. Compared to conventional 3D beams,
warping is considered as an additioDalgreeOf Freedom DOF). As a result, 3D beams

with 7 DOFare adopted ithe mesh process. The mass and stiffness matrices are obtained
by numerical integration (Gaus®ethod. In the model, free and forced vibration analyses
are possible. In forced vibration, the response is derived in the frequency field. The
Rayleigh dampingmodel is adopted. The model is validated by comparison with
benchmark solutions found in the literature and other numerical results obtained by new
simulations and recent experimental tests. Additional numerical simulations are
performed using some avdla commercial codes.

In order to validate the theoretical and numerical modabmratorytest campaigris
undertakeratthe Laboratoire d'Etude des Microstructures et de Mécanique des Matériaux
(LEM3, Met2). Tests were carried out on thiwvalled beamswith different boundary
conditions at the beam ends antermediate supports (bracesgsts with shaker and a
hammer are performedh the analysis, the response spectra and vibration modes are
searched in the range-4D0 Hz). The dynamic response cus/@f the beams are
measured using accelerometers. In the presehagbitrary sections, flexurdbrsional
vibration modes are observed. The analytical, the numerical and the experimental
solutions are compared and validated. Moreover, the numerical »getireental



dynamic response spectra are compared. A good agreement between the various solutions
is remarked.

The model is extended to 3D beams in presence of lateral supports (braces) as in bridge
structures. 3D elastic and viscous springs are addbd finite element model. The beam
behavior in presence of elastic and rigid springs becomes possible in statics and dynamic.
The effect of the springs is studied in order to improve the behavior eivtiied beams
against undesirable lateral bending &mrdion modes.

. H\Z R UtGirMvalled beam, Arbitrary crossection, Torsion, Warping, Coupled
modes, Free vibration, Forced vibration, Finite element method, Brdaymgmic 3D
Open section bearkxperimental test:lastic spring, Dashpotjbration @ntrol.



Résumé

Les poutres a parois minces a sections ouvertes sont les éléments de base des ouvrages
courants en génie civil, de Uttomobile et de l'aéronautiquElles sont abondamment
adoptés pour leur Iégereté et la simplicité de mise en seriziceaison de leurs formes
particuliéres, ces sections sont tres sensibles a la torsion et aux instabilités, qui peuvent
étre présentes en statique et dynamique. En statique, le flambage, le déversement et le
voilement sont courants et souvent détermidant le dimensionnement. En dynamique,

les modes de vibration en torsion et flextonsion sonfplus dominantpar rapport au

modes de flexiolFRXUDPPHQW XWLOLYV pVcogpoRemedtplahSARS, KqVH GT.
les défaillances planaires de telles strrggusont connues pour étre une exception plutot
gu'une régle. En torsion, le gauchissement est important (torsion non uniforme). Le
comportement statiqgue des poutres a parois minces en torsion non uififordede de
Vlasov)est maitrisé, mais le compament dynamique et vibratoire reste oret surtout

en présence des poutres a sections ouvertes arbitraires.

'DQV FH wWuDYDLO GH WKqVH RQ VILQWpUHVVH DX FRPSR
minces et a section ouvertes arbitraires. En se basarmé snodele de Vlasov, les
PTXDWLRQV GH PRXYHPHQW ' VRQW GpULYpHV j SDUWLU C
analytiques originales pour différentes conditions aux limites sont dérivées pour des

modes supérieurs en vibration libre dans le context®aDs ces solutions, les effets des

termes de rotation inertiels en flexion et torsion sont pris en compte. Ces solutions sont
limitées a des cas simples. Pour des cas généraux, un modele élément fini de poutre 3D

est décrit et implémenté. Par rapport aaxtpes 3D classiques, le gauchissement est
considéré comme degré de liberté (ddl) supplémentaire. De ce fait des poutres 3D a 7 ddl

sont adoptées dans le processus de maillage. Toutes les matrices de rigidité masse de base
sont calculées par intégrationmérique (intégration de Gauss). Dans le modéle, les

calculs en vibrations libres et forcées sont possibles. En vibration forcée, la réponse est
donnée dans le domaine fréquentiel. L'amortissement type de Rayleigh est adopté. Le
modele est validé par comp#son aux solutions de référence trouvées dans la littérature

HW j GIDXWUHV UpVXOWDWY QXPpULTXHV REWHQX SDU
expérimentaux récents. Des simulations supplémentaires par éléments finis sont
effectuées a l'aide de codesranerciaux.

$ILQ GH YDOLGHU OH PRGgOH WKpRULTXH HW QXPpULTXH
suivie au LEM3. Des essais ont été réalisés sur des pauipesois minces avec

différentes conditions aux limites »atords et intermédiaires (entretoigePes essais

avec pot vibrant et marteau de choc sont effecidgss I'analyse, les spectres de réponse

et les modes de vibration sont recherchés dans le domzi6ié Hz.Les courbes de

réponse dynamique des poutres sont medtrg§ O DLGH G Hr§s. Brirfprgsneé) RP g

des sections arbitraires, des modes de vibration couplés en torsion et flexion sont



observés.Les solutions analytiques, numériques et les mesures expérimentales sont
comparées et validées. De mémes les courbes de réponse en vibraéieméonériques

sont comparées aux courbes expérimentales. Un bon accord entre les différentes solutions
est constaté.

Le modele est étendu aux poutres 3D retenues latéralement par des entretoises comme

dans les ponts. Des ressorts élastiques et visquBugoft ajoutés dans le modele

numérique. Cela permet de modéliser le comportement statique et dynamique des poutres

avec entretoises souples ou rigidé&ffet des entretoises est étudié dans le but
GI{DPpOLRUHU OH FRPSRUWH P H@@viSdes/mBdesinildsithbes SDURLV
de type flexion latérale et torsion

0 R VWR\D pRAbutre & paros minces, Section ouverte Torsion, Gauchissement,
vibration libre, vibration forcée, éléments finis, modes couplés, entretoises,
amortissement.
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Nomenclatureand abbreviations

A: cross section area

E:<RXQJTV PRGXOXYV
f: eigenfrequency

G: shear modulus

lo: polar moment of inertia about shear center

ly, Iz strong and weak bending inertia

| z warpgng constant

lt: SaintVenant torsion constant

L: beam slenderness

N: axial stress force

My, Mz bending moments abotlte strong and weak axes
B ZDUSLQJ VWUHVYV IRUFH PJELPRPHQWY
Msv. De Saint-Venant torsion momeigtalled stVenant)

O« Oy, O distribued loads in the, y, zdirections

my: distributedtorsion moment

U: beamtotal strain energy

Up: strain energyof the classical beam

Us: drain energyof the additional elastic 3D springs

T: kinetic energy

A total damping of the beam

A classial viscous damping of the beam

A: damping ofdashpots

W: applied load work

u: axial displacement

v, W. lateral and vertical displacement components

Uw, Vv, Ww: displacement components of poMton the cross section contour
Ve, Z: Shear center cordinates in th&yzreference

D E 5D\O Hha3&Kdh stiffness damping coefficients
K K K axial and shear strain components

Z 90DVVRY Y V-oddhatsS(k€@tdridd Roordinate)
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angular velocitiegeigenvalug
Y: excitationfrequency
% twist angle
K ¥ W axial and shear stress components
G, G G, Gg: springs stiffness components
% % %, 7, dashpot damping components
% % %, %, beam dampingamponents

kmax required stiffness to provide full support

Vectors and Matrices

{f}: distributed force vector

{F}: finite element force vector

{d}: finite element displacement vector

{g}: displacement vector in continuous media
{ ¥ strain vector

{ 8: stress vector

{ M gradient vector

{ A: free vibration eigenvector

[C]: total damping matrix

2 ?beam damping matrix

2 ? dashpotsglampingmatrix

[D]: behavior matrix

[G]: gradient matrix

[N]: shape function matrix

[K]: total stiffness matrix

> 5beam stiffness matrix

> L&prings stiffness matrix

[M4], [M2], [M]: basic and global mass matrices

[) @node shape matrix
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General introduction

The construction sector uses thousands millions tons of material each year, this excessive
useof materials has an adverse impact on the environment, due to the extraction of raw
materials that cause emissions of high quantities of CO2. Legislators work to create
rigorous regulations surrounding construction, to enforce standards for limiting the
environmental impacts of construction projedts consequencgelesigners are stepping

to find new sustainable methods by reducing costs and as well as the enviednment
impactof constructiorprojects. To this aim, research for better methods, imposedo fi
new solutions in construction projects that consist intelligent uses and material savings
by weight reduction. Slender thimalled elements are a good compromi&k current
materials from steel, concrete wood and glass are concerned by this opyportunit
Optimization of section shapes in presence of bending loads leads to ctassssgith

web and two flanges

Most of the thiawalled beams have a good bending resistance with respect to the first
principal axis, but a low bending resistance with eespo the second principal axis and

also a low resistance in torsion. This is why an element bent with respect to its strong axis
exhibits an instability leading to a sudden flexttabkional behavior (lateral buckling
stability). So, the planar failured such structures are known to be an exception rather
than a ruleigure 1.

Figurel: Out of planfailures of structures composed by thvalled beams elements

The behavior of open thiwalled cross section bearisspredominated by torsion. For

such beams, the torsion behavior exhibits warping. The claSsicedVenant model is

no ORQJHU YDOLG 2WKHU PRGHOV DFFRXQWLQ3$ IRU ZDU:
model).Under static loads, torsion occurs in presence of instabilities under axial forces
(buckling instability) and bending forces (lateral buckling stability). In vibratod

dynamic loads, torsion modes are frequent.
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ORWLYDWLRQV BRQ® RHENMHNNDUHRYX ZRUN

After assessing the instability phenomena,rtaen focus of the work is onbration and
dynamic behaviom both theory, finite element approach angexmental tests on the
vibration behaviorln order to improve the structure strength against vibration etacts

to save materials by getting optimum sections, one possible solution is the increase of
stiffness by adding discrete or distributed elaspangs (elastic supports). The elastic
spring contribute in the elastic stiffness matrix of the structure. By increasing the stiffness
constant of the elastic support, the vibration behavior (frequencies and modes) vary
accordingly.

It is important to emind that in civil engineering recourse to this solution is frequent.
This is the case in braced beams and columns in buildings or lateral bracing in bridges
(Figure 2). These solutions are adopted in practice, but only empirical procedure is
known. It isknown that without these secondary elements the full strength of the building
is not guaranteed and risk of failure due to out of plane deformations is pretestt.
solution is using discrete viscous dampers (dashpots) in parallel with elastic springs t
control displacements of structure when it is subjected to dynamic forces, in this case
modes, frequencies and structure displacements are controlled.

The important points to be studied are the number, distribution, and required stiffness and
damping fator to reach the optimal design.

Main
beam

Lateral
Bracing

Vertical
column

\ supports /1

Figure2: Structures composed by thmalled elements with intermediate lateral bra

For vibration control, the engineer is asked for improved solutions for vibration behavior.
The lowereigenfrequencies can be removed by adequate elastic supports. The followings
solutions can be adopted if we are ietted by a particular mode. when w@ing
stiffness is sufficient, one can remove the first mode and goes directly to mode 2 where
the eigenfrequency is 4 times higher than the first. In presence of 3 elastic suports,
obtaindirectly to the third mde with aneigerirequency? times higher than the first.

This procedure can be followed in the case of-ttafled in presence in 3D vibration
modes when bending and torsion modes are present and s@ertyghened by adequate
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elastic supports. Moreovemnder forcd vibrations, viscous springs can be adopted in
order to reduce displacements structures near the resonance.

The workis followed by analytical and numerical simulations using a hamee code
andcommercial code Abaqus,Adina« etc. Finally,test setup is alsadopted in this
study to validate theoretical and numerical solutions

7KHVLV RUJDQL]DWLRQ

The work carried out during this thesis is presented inréertand is entitled inife

chapters:

In chapter 1, literature reviewW R X @®&HUWWH PHFKDQLFDO EHKDYLRU
EHDRNUVW WOKHXWDWVLRQDRI BMOIMARAQ V HFHDIPR/Q MV
GLVFXVVHG WK DW WKRRAQRQ H[KLELWDAOW® DADW SN IQH RHUIHHP
LV QRW DGHTXDWH W®&HVRIOY H DWRID & DRUEK SHRRYVL RWQK H
UHTXLUHPHQW IRWEGRQRUVLRQ WKHRU\ IRU WKLV W\SH RI E
ZRUNV IRDOVKH® EHDPV G\QDPLFVY DUH UHYDOHDH® US5IHUIHK H
DQG IRUFHG YLEUXWLRQVDRGHVZROGDULYWWHG LQ WKLV FKDS
W\ Safle/statedDQG XVHG LQDWURGGPRGHO 2Q WHJIRHUMKHU |
7TUDQVIRUPDWLRQ PHWKRG LV GHWDLOHG DQG XVHG ODW
IUHTXHQF\ GRPDLQ $GWXQH WRYWHZ W QYWHWDWLRQ FRQV
OLQHDU YLEUDDNORIYQY RHIWPMQUH SUHVHQWHG L@ WKLV FK
PHOQOWLRQHG EHORZ KHOS XV WR SHUIRUP D JRRG DVVHVYV
DQDO\]LQJ WKLVHEILEHZLRHIBBRLEHUILQH ZHOO WKH SUREOF
DQG WKH PHDQV WR XVH LIQD OVRE MHIFW IHYQHA \RW XUGI\V H D U F K
FOHDOOXVWUDWHG DW WKH HQG RI WKLV FKDSWHU

In chapter 2, Analytical method for vibrations of thiwalled beams is investigated.

Based on present beam model and on the Galerkin's approach, dynamic equations of
PRWLRQ DUH IRUPXODWHG 8VLQJ +DPLOWRQYTV SULQFLSC
derived. In the first stepa model for free and forced vibratiors introduced. The

kinematic of the model is detailed, then the variational formulation of motion equations

are developed. After that, in free vibration context original analytical solutions for higher

modes are derived. These solutions for arbitrary sestiand different boundary

conditions. In Forced vibration framework, solutions in frequency domain (steady state

modal) are adopted. In the model, passive damping is taken into account, (Rayleigh type

was chosen). Finally, some benchmark numerical exangpéesonsidered for model

validation, then the conclusion is drawn.

In chapter 3, A finite element method for vibrations of thialled beams based on the
model showed in chapter 2 is detailed. First, an introduction of finite element method is
presentedthen finite element formulation of thimalled structures is demonstrated.
Then, finite element discretization is illustratédter that, element matrices are derived
followed by the assembly procedure to obtain the global matrices for whole structure.
Hereafter, generic solutions of thwalled structures are detailed. In free vibrations
eigenvalues and eigenvectors are investigated. Otherwise, in forced vibration, steady state
modal analysis method was adopted to obtain dynamic response spectraquéndly
domain. In this method, damping is taken in account, by (Rayleigh type). Also, the FEM
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can be used to study base motion effect, (earthquakes), vibration excitation with random
signal (harmonic). Finally, numerical applications from literature amdnoercial codes
are used for model validation process, then the conclusion.

In chapter 4, experimental tests on free and forced vibrations are performed to validate
the developed theoretiealmerical method. Firstly, in the introduction, some references

in experimental studies are reviewed. Secondly, Experimental setup and procedures are
GHWDLOHG 7KLUGO\ VSHFLPHQYVY SURSHUWLHYV DUH JLYF
in detailsand discussed. These results are natural frequencies, mode tgp&idy
response spectrums, loss factors and damping values for each mode. After collection tests
data, it is used to validate the numerical model in free and forced vibration context.
Otherwise, some tests are performed after introducing of intermediaiedsdo the
specimens. Subsequently, {i@sented theoreticalumerical methods are validated by
comparing results of the 3D vibration of arbitrary thialled open sections beams with
benchmark, commercial codes and experimental results, theartbkesion.

In chapter 5, theeffect of intermediate braces in vibration control is studied. First, in the
introduction different type of braces are showed and summary of existing works is
delivered. Furthermore,braces types elastic, viscous are introducedhi model.
Kinematic of the model with intermediate braces is then offered. After that, motion
equations are derived in presence of braces. Analytically, some particular solutions in
case of doubly symmetric sections with lateral and torsional elastigsmre possible.

Finite element formulation for thiwalled beams with intermediate braces in free and
forced vibrations with intermediate viscoelastic braces are detailed and used to study
vibration control of thirwalled beams. Numerical applications @kams with
intermediate elastic springs in free vibration, and viscoelastic springs in forced vibration
context are well studied. Finally, a new concept is concluded in vibration control can be
used to optimize sections.

Finally, general remarks are settland conclusions are displayed and some perspectives
aresuggested for possible future resedraked on the study results.
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Chapter 1Thinrwalled beams State of art. Motivation and Interest

Chapter 1 Thin-walled beams State of art.
Motivation and Interest

1.1 Introduction

Thin-walled beams with open sectior@nstitute lsic parts of many complex structures

in civil constructions, automotive and aeronautic fields. Taey extensively used in
engineering applications when requirements of weight saving are of primary importance.
Due to their particular shapes, these stmed are highly sensitive to torsion and
instabilities,underbothstaticand dynamidoads Then buckling study in statics and free
vibration in dynanmgsarethe mostimportant phenomenhat mustbe considered in the

first stepsof thedesign procedure.

In the analysis of thiwalled beams, the classical planar behavior Heylidpis[ not
sufficient to preventhe sudden unexpected flexutatsional instabilities frequently
present in these structures. In presence of the torsion some models aretéormula
according tdsaint-Venant theory in both statics and dynamics [2,3]. In Gere and Lin [4],
RayleighRitz method has been used to study the coupled betalisignal free vibration

of uniform beams with various boundary conditions. Moreover, in theofalse-walled
structures with open cross sections, the torsion is predted by warping and flexural
torsional coupling especially in the case of arbitrary cross sections. To our knowledge,
90DVRYTV PRGHO LV RQH WKH ILUVWphERRGdADIW they KD W
behavior of thihrZDOOHG EHDPV [5Q LatéeKdéh, Timdskenko et aJb]
presented a model for vibration of thin walled beams using Bdamoulli theory and
including flexuraltorsional coupling effectFurthermore, Bishod7] extended the
Bernoull-Euler theory of beam flexure combined with tBaintVenant theory with
warping to investigatéhe free vibration obeansin torsion Then, Bishop demonstrated
that the errors which can be made in computing the natural frequehbisnas of open
sectionunder the assumption of uniform torsican be very larg® models with warping
included Some other reference works in this field can be foun@4il]. In Banerjee
[12], the dynamic behavior of beams in the context of bendirgoto coupling was
investigated. The classical EuBernoulli andSaint-Venant theories were adopted and
the dynamic stiffness matriis implemented in the studfaanerjee[13] extended the
previous model and derived an exact explicit formulation fonttaral frequencies and
mode shags of cantilever beams in presence of flextwedional couplinggwarping
ignored)

It is well known thathe analytical solutions are limited to some simple cases according
to classical boundary conditions. Nowadays, ethrecourse to numerical models is
important, since it permits to generalize the study to more general cases where the
analytical solutions become cumbersome. Many models have been developed for the
vibration analysis of thiwalled elements. The first attgts at applying the Finite
Element Method (FEM) to coupled vibrations of thwalled beams have been
investigated irf14,15]. Friberg[16] derived the stiffness and mass matrices of open thin
walled beam in presence of initial axial stress forces. Intisalwf the eigenvalue

1
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Chapter 1Thin-walled beams State of art. Motivation and Interest

problem, Wittrick-Williams algorithm was adopted in solutio®hga et al. [17]

investigated the free vibration of thimalled members with open and closed sections by

the transfer matrix method. Ldd8,19 presented an analyticapproach of linear

vibrations of composite | anchannel open sectionBestel and Leckif20] presen¢d a

method forthe determination of natural frequencies of continuous beams and simafts,

illustrated the dynamic responsaderharmonic excitationThe steady state vibration

with damping effect was studied by Ebner and Billingi®]. Using the finite element

method, Chen and Hsi§®2] analysed the coupled vibration of thin walled beams with a

generic open section induced by the boundary conditiraanda de Borbon et §23]

developed a finite element method base@dDVRYV WKHRU\ WR LQYHVWLJD
of thin walled beams with arbitrary cross sections under axial |oHus pesented

method includes shear deformations and rotary inertidumerical examples from

literature without/with axial loads were usadhe validationThe free vibration of beams

with arbitrary cross sections have been studief2h2g. Later on, Cher{26] and

Cortinezet al.[27] applied the differential quadiraemethod WR 90DVRYTV PRGHO IR
vibration of thirZDOOHG HOHPHQWY $ PRGLILHG 90DVRYfV PRC
et al. [2§], for linear dynamic analysis. The nonlinear dynamic behavior of deubly
symmetric | section in torsion has been investigéte@®ozmarynowski and Szymczak

[29] using FEM. More recently, a model for nonlinear dynamics has been formulated by
Egidioet al.[30]. The multiple scale method has been applied for the stetatly motions

and stability of beams with morgymmetric sectins.

In the literature, many extensive works investigated the free vibration oefvtiied
beams. YamafB1] solved the triply coupled vibrations of beams by a wave propagation
approachGendy and Saled82] developed a finite element method floefree vibration
behavior analysis% DVHG RQ HQHUJ\[FH&iteR the d¥ferBridl ation
equations of the flexurdbrsional thinwalled beams with arbitrary cross and studied the
triply free coupled vibrations3 U R 4] iderived the system of equations for fivefold
coupledvibrations of Timoshenkmodelfor thin-walled beams with arbitrary open cross
sections using the principal of virtual displacements. He also studied the effect of shear
deformation over the natural frequencies. In his model the effect of rotary inattia an
warping are includedA semtanalytical method is investigated for simply supported
beams.A substantialresearchwork is presented bZarrera[35, 36] on buckling and
postbuckling of multilayered structureis, non-linear analysis and stabilitgehavior
Moreover, thedevelopment of efficient and reliable FE formulatiofmrrera Unified
Formulation (CUF)ffor thin-walled beamdayered structures and smart structukésre
recently, Carrerappliedthe(CUF)the behavior of beamsder static and dynamloads

[37, 38]. By the help of this method, the classical EdBarnoulli and Timoshenko beam
theories ar@iewedas particular cases of these variable kinematic mo8letording to
higher order expansion, it permits the detection gblane crossecton deformation
obtained by shellike elements Applications of the method in civil engineeg
applications were studiedrree vibration modes of thwvalled beams in presence of
overall, local and distortional modes canibeestigated Other applicatios to frames,

3D trusses and industrial buildings are made possible by the help of CUF metl38§. In [
the method has been applied successfully inlposkling of beams and struts in presence
of large displacements and rotations. Changes in mode buelting the equilibrium
curves are demonstrated. Other applications of the method in mechanical engineering

2
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were investigated ind0]. Mohri et al. [41] investigated the vibration behavior of pre
buckled and podbuckled thinwalled beams with open secticmscording to a netinear

model which accounts for flexurabrsional caipling and warpingffectsand interaction

of buckling and vibration behavioMost of the previous works treated the vibration
problem from an analytical or a numerical point of vidive effect of rotational terms in
bending and torsion are always omittddoaci demonstrated i#2] that rotational terms
cannot be neglectedVhen they are accounted for semi analytical procedures or
simulations on commercial codes are followW28, 28, 42, 43]. Forced vibrations under
periodic or random loads are availablg¢id,44]. Eslimy and Binerjee 45] investigated

the free and forced dynamic behavior of beams in flextoralonal coupling.
Deterministic and random loads were considered aednbrmal mode method was
adopted in solution strategdashemi and Richar{46] studied the free vibration
behavior of beams according to the classical ER&mnoulli and Sain¥/enant theories.

The dynamicihite element method was usedswiution of tle free vibration problem of

thin walled beams wlit arbitrary cross sectis.Jun et al[47,48)| DGRSWHG WKH 90ODVF
model and derived the dynamic transfer matrix in free vibration analysis of beams with
singly symmetric cross sections. In the study effifiect of initial axial stress forces on the
natural frequencies was considered. Congoas to Friberg [16] solutions were
undertaken in the validatio®okdag and Kopmaf49 studied the coupled flexural
torsional free and forced vibrations of a beanhwinhgly symmetric open cross section.

In the model, the mass and stiffness properties are included in the dynamic stiffness
matrix derived from the principle of virtual work. Using Bes®VHU TV WKHRU\ 3URN|
Lukic [50] derived the differential motiorquations of thirwalled beams with closed
sections and investigated the free vibration behavior of simply supported [Baatos.

et al.[51] proposed an exact approach for the free vibration analysis of beams with mono
symmetric cross section includinbet flexuraltorsional and the presence of arbitrary
number of irspan elastic supports and additional maddese recently, the model has
been extended theiscoelastic dampers iBurlon et al. B2]. Thinrwalled composite
beams vibration behavior were ertively studied inLibrescu and Sonfp3].

Analytical theories and numerical studies on vibration behavior of thin walled beams with
open sectionare frequently studied in literatundowever the number of experimental
tests presented in previous waite still rare gspeciallyexperimentatess that studied
unsymmetrical cross secti®nFor these cross sectipriBe investigation of vibration
dominant modes is difficult due to the effect of three coupled flexaraional modes.

Experimentallysorne of theworksthattreated vibration behavior of thimalled beams

are presented in what followKlausbrucknef54] investigated the behavior dleams

with channel sectionssing analytical Timoshenko approach, FEM and the experimental
data from ElectréOptic Holography and Heterodyne Hologram Interferometry, he
proved that Timoshenko theory unrealistic for increasing flange width and higher modes.
Ambrosini[55], Demonstrated the equations of motion for s gymmetrical open thin
walled crosssection beam within state variables approach in the frequency domain
taking into accountor the shear flexibility and rotatory inertias. Moreover, Ambrosini
presented a set of experimental free vibration tests to prove the theoretical results
accuracy. Ambrosin[56], presented an experimental free vibration study of doubly
unsymmetrical open sections thin walled beams. Test results verified the exactitude of
developed theoreticalumerical model. Ribeir§57], using experimental test explored

3
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the nonlinear vibration of ahingedihinged beam excited by sinusoidal forces. First and
higher modes was analyzed to detect the modes involved in the motions, and proved the
existence of internal resonance between modes.

Recently, Piana et al. [58] based on experimental tesgated the natural frequencies

of aluminum slightly norsymmetric crucify section thiwalled beam. Doubly clamped

ends boundary condition was adopted using a universal machine with suitable end
constraints for warping displacement. The beam was exbyed nonrinstrumental
hammer impulse. To extract the natural frequencies, they used PZT detectors, and laser
sensors. The experimental results were compared with numerical results afftbasen

code taking in consideration the effects of 1symmetric cosssections and warping.
Another comparison of the experimental tests with the numerical natural frequencies and
buckling loads of aluminum nesymmetric thiawalled beams under axial forces has

been performefllingwei Zholet al.[59] analyzed coupled bending torsional vibrations
of uniform and noruniform thin walled beams numerically using transfer differential
transform method. Then, merical results were validated in free vibration context
experimentally usingthe hammer testprocedure The ratural frequencies were
investigated for cantilevers beams with uniform and-uoifiorm channels section.
Furthermore, forced vibration study wasrformednumerically by mode expansion
method. Thdrequency response curves were comparedperimentatest ones to prove
method accuracy.

In the present contribution, a model is developed for the dynamic behavior-ofatihéal

beams with arbitrargross sections. In the study, the effects of warping and rotational
terms are included. The finite element approach of the n{B&&w) is described and
implemented for free and forced vibration analyses in Matlab Toolbox. Additionally,
analytical solutios for the higher free vibration modes of thwalled beams with
arbitrary cross sections are investigated in the same context. These solutions seem to be
original and important in design. The present model is validated according to benchmark
solutions avdable in literature and to finite element simulations on a commercial code.
The accuracy of the present model is then outlined. Beams with arbitrary cross sections
and any boundary conditions from rigid to elastic supports are posshxepresent
modelis for straight beamdn presence of curved and 3D frame structures, 3D rotation
matrice must be adopted in the matrix assembly. In the stage, a particular attention should
be done to warping and bimoment transmission, since these components are rat vecto
guantities. Warping transmission in 3D frames depend on the joint geometry the cross
section shape and the presence of stifferidrere are many papers that deal with this
problem Bazan[60], Yang and McGuirg61], Morrell et al [62], Basagliaanda [63].
Moreover, the present modslextended to solve thiwalled beams with intermediate
elastic and viscoelastic supports. Original analytical solutions were developed for simply
supported beams with doubly symmetric crssstions with intermediat@teralelastic
braces.For other cases of sections and boundary conditions the analytical solutions
become cumbersonand the finite element approach is more powerful. For this reason,
the present FE beam elementiso extended to take in consideratidrihe additional

elastic and viscoelastic bracédter that, his FEM is used to study many casébeams

with intermediate elastic and viscoelastic braces in free and forced vibration context
respectively.
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Otherwise,experimental tests study about fraad forced vibration of thin walled
arbitrary cross sectionssed to provide experimental data that can be used for checking
the accuracy of théinite element method for free and forced vibration (B3DW)e
procedureof the experimental testsedetailal, specimens with different unsymmetrical
cross sections, materials and dimensions was tested. To obtain natural frequencies and
dynamic response spectrum in frequency domain, two type of tests are performed
respectively, Hammer test and shaker machirieBE&perimental data are then compared
among (B3Dw) resuttand commercial code Abaqgi&] to verify the reliability and to

prove the accuracy of values obtained by ctdevhat follows, thinwalled beams with

open section adescribedn terms of fabriation, uses antlehavior In themechanical
behaviora particularattentionis devoted to torsion. The warping phenomenon is then
definedanddescribed

1.2 Thin-walled beams elements

Thin-walled sections beams are used extensivelgivil engineeringconstructions,
mechanical, aeronautical engineering in many tygbesturesHis importance is due to
the following features: Lightweight, fabricationtechniques possibilities of
standardizatiormnd agreement with the requirementsnolustrial building. According
to manufacturing proce$65], these elementypesare divided tdhree categories:

- Rolled sections

- Formed sections

- Weldedbuilt-up sections

Rolled sections

Rolling is aprocess in whidmeta]stock is passed through one or more painoks to
reduce the thickness and to make the thickness unifergure 1.1) The concept is
similar tdthe rollingof dough Rolling is classified according to the temperature of the
metal rolled. If the temperature of the metal is aboVeeitsystallizatim|temperature,
then the process is known last rolling. If the temperature of the metal is below its
recrystallization temperature, the process is knovjeolk rolling] Roll standsholding
pairs of rolls are grouped together imtdling mills that can quickly process metal,

typically[stee] into products such psructural stegprofiles {I-beam$angle, channgH-

beamsand so ohsee Figure 2.

Cold rolling Hot rolling

Figurel.1l: Rolling beams process
https://www.steelconstruction.iriltmc https://www.cmrp.coni)
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Figurel.2: Typeof sections obtainebly hot rolling process.
(http://www.colonybuildings.coin

Cold Formed sections

The thinwalled open section nofiles are formedusing different techniques and
proceduressee Figure 1.3The metal forming can hender diferent temperatures: cold,
warm andhot.

Metal forming: Large set of manufacturing processesghich the material is deformed
plastically to take the shape of the die geometry. The tools used for such deformation are
called die, punch etc. depending on the type of prosessFigures 1-4.5.

In this manufacturing process the plastic deformafidmen the sesseexceedheyield
strength of the workpiece materisb a permanent shape changes odcigsised to
change the shape of the workpig€ategories: Bulk mat forming, Sheet metal forming

Stretchingmethod

Bendingmethod

Sheet

metalworking Deep drawing

Shearing procedures
Metal forming technics Miscelleneous Procedures

Forgingprocedures

Bulk Rolling procedures

deformation .
Extrusionprocedures

Wire and bar drawing

Figurel.3: General classification of metal forming pealtires.
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Bending Deepor cupdrawing Shearingprocedure

Forging Rolling Extrusion Wire drawing

Figurel.4: Metal forming processes details

Cold working: Generally done at roomntperature or slightly above RThe cold
forming process has many advantages compared to hot forfhjraoser tolerances can

be acleved; (2) good surface finish; (3) because of strain hardening, higher strength and
hardness is seen in part; (4) grain flow during deformation provides the opportunity for
desirable directional properties; (5) since no heating of the work is involvadcg fuel,
electricity costs are minimized, (6) Machining requirements are minimum resulting in
possibility of near net shaped forming.

On the other side, the technigque presents some disadvanta¢Eshagher forces and
power are required; (2) stralrardening of the work metal limit the amount of forming
that can be done, (3) sometimes cold forrangealingcold forming cycle should be
followed, (4) the work piece is not ductile enough to be cold worked.

Warm working: In this case, forming is pemfioed at temperatures just above room
temperature but below the recrystallization temperature. The working temperature is
taken to be 0.3 Tm where Tm is the melting point of the workpiEoewarm forming
process has the followingdvantages(1) enhanceglastic deformation properties, (2)
lower forces required, (3) intricate work geometries possible, (4) annealing stages can be
reduced.

Hot working: Involves deformation above recrystallization temperature, between 0.5Tm
to 0.75Tm.The alvantage®f the ha working process are the followingd) significant

plastic deformation can be given to the sample, (2) significant change in workpiece shape,
(3) lower forces are required, (4) materials with premature failure can be hot formed, (5)
absence of strengtheig due to work hardeningNevertheless there are some
disadvantagesf this method like(1) shorter tool life, (2) poor surface finish, (3) lower
dimensional accuracy, (4) sample surface oxidation

7
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Figurel.5: Forming profiles.

Welded built-up sections

Built up steelsectionsare comprised of other smaller memb@&uilt-up shapesan be
bolted or welded. Aieweldingor punching for bolt holes creates significant residual
stressef the member, weakening its capacity.

Manufacturingof built-up sections isnoresimplethan otler forming technicsThebuilt-
up sections are formed by thesembly othin-wall plates by weldingor bolts. This type
of sections is moreconomicathan other types of sections.

These elements are usefulnretal constructionhecause they perntid oltain sections
with any needed dimensions ainértiaof web and flangg or variable inertia and nen
prismatic sections if neede®therwise, by reducing thickness of web or flanges
permits to save weigh andbtain just the needednertia andbending stiffness. A
comparative study betweéwot rolled and welded builip sectionss shown in Figurel.6.
In this figure the importancaf welledbuilt-up sections isllustrated. Themost important
inconveniencethat the designersshould considers thatwelded builtup sectionsare
highly sensitiveo lateral bending, torsion, warping and instabilities.
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$ FP $ FP
\ FF ) FP
U kg/m U kg/m

Figurel.6: Comparison of mass and inertia between hot rolled and weldedupiskctions

1.3 Torsion and warping of thin-walled beams
1.3.10rigin of the phenomenon

As shown in Figure 1.7et usconsidera bi-symmetricl-sectionbeam, for this section
thecenter of symmetry coincides wittoth the center of gravity and tt@sional center.
When, on the one hanthe line of action of transverse loadsperpendicular to the
longitudinal axis of the beanandon the other handhe plane of loading coincides with
a plane of symmetry of the cross section (Figurea),.the beam is not subjextto axial
force nor torsion The onlyinternalforces are therefora bendingmomentand ashear
force Otherwise, wen the loading plan passéhrough the center of symmetry tbe
sectionwithout coinciding with one of thprincipal plans adeviatedsimplebending of
beam(Figure 1.7b) appearsThe noncoincidence of the loading plane with a plane of
symmetry of the section causes an ecaatitrof the transverse loads with respect to the
torsional center of the sectiddence, lhe beam is subjected ¢tthera simple monoaxial
or biaxialbending andwisting (Figure 1.7c and d).

Figurel.7: Bean internal forces as function of loading types.

An additional axial forceppearsspecially when # beamaxisis not perpendicular to
the direction of transverse forc@$erefore, the beam is subjected to mono axial bending,
bi-axial bending (¥ and 29 cases) and flexurdbrsional behavior in the last two cases
of Fig. 1.7.
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1.32 Uniform torsion (De Saint-Venant theory)

In general solid-section beams are distinguished from twalled ones and, for the latter,
closed sections are distinguished from open sections.

The theory of torsion fosolid sections was deloped by SainrVenant in 1855This

model is thegeneralization of théorsion problem obeamswith circular cross sections

In the model, the torsion moment applied to the shaft leads to a twist angle and its rate
along the axial coordinate. The Torsion moment is equilibrated by sh#s section

and no additional axial stresses occur (Figure 1.8).

Figurel.8: SaintVenant torsion for solid beams.

According to this theoryhte equatiorused to computéhe torsionangle a; as furction
of torsion moment/ s given by:

N A
L (1.1)
With:

G: Shear modulus
l:: Torsioninertiaconstant
G It Uniform torsionstiffness

The solution of equatiofl.1) gives a linear twist angle along the bea
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The tangentiabtress distributionn solid-section beams can be done using membrane
analogy These constraints vary proportionally from zero to the center of the section, up

to the maximum value at the extreme fiber in the case of circular secigpngA.8).
According to ZbirohowskKoscia [119], for a rectangular sectiorFigure 1.9), the
variation of the stressesdsnsidered based on tekear stress contouimses

Figurel.9: Torsion of beams with rectangular solid sections and distribution of shear

stresses in the section.

The maximum shear stresshas thefollowing expressionf119:

Rvbl/le—r L vigs (1.2)

Where:

b, h: cross sectiodimensions

U Geometric oefficient It dependsn the ratidvb
The value ofUvaries from U= 0.624 forh/b = 1 to U= 1 forh/b > 10.

The equatior({1.2) canalso be used faany crosssectionandespecially forthin-walled
opensections (Figre1.10)

11
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Figurel.10: Beam with arbitrary thikwalled crosssections.

The generalized form of thejeation(1.2) is writtenas follows:

Yo &S

laoe L /A?g (13)
with: L :Ai'@ﬁfg (1.4)
and

n: number of segmentsy, R length and thickness of th& segment
In case othin-walled opensectionsU= 1.

1.3.3Non-uniform torsion (Vlasov § teory)

In the classical beam theore internal stresses in beamsult from axialand sher
stressesThese stresses are carried out ftbereduction othe existingsubjectedorces
andmomentumgo the beantentroidalaxis (N, R, Fz, My, Mz, Myx). Thesecomponents
are defined as thellowings Nis the normal force perpendicular to thess sectionFy
andF;shear forces about the principle aXisZ The bending moments about Y and Z are
notedMy, M. Mxis the torsion momen€ConsequentlyN, My and M. causes the normal
stresses and shear stresses arealsigearforces andorsion manentFy, F, andMx.

Moreover, in thinwalled open sections beams the different points of the section may
have, in addition to displacementpoverned by the uniform torsion, additional
longitudinal displacementa/hat is known aghe warpingeffect of the bem cross
sectiors. Due to this, hin-walled beara cross sections arsubjected to noaniform
torsion Since the torsion of these elements predominated withwarping effect,
torsional stiffness of the element has tammponents: the first ithe classial Saint
Venant torsional stiffness, proportional to the shear modulU$e secondontribution

is due tothe warping of the cross sections.

Consequently, when thiwalled bears aresubjected tdorsion with a variable ratef
twist differenttype of $resses occurred in the sectitime uniform torsionshear stresses

12
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Msv known asSaintVenanttorsionandthe warping stregs composed by thaormal
stresses in the longitudinal directiohthe cross sectioand shear stresses in the cross
sectionglans Hencewarpingstressesan be significant in relation tther stresses like
the bendingard so theycannot beomitted

Because of the warping on the beam cross section a longitudinal load differently to
transverse load cannot be replaced by a statiegllivalent longitudinal forces system.

Moreover the nonuniform warping of the cross sections in tbeagitudinal direction
results moments in some locations of the beam sewati@t isnamed in literaturg5]
bimomentB z

To illustrate thigoroblemlet us consider eantileverbeamwith | cross sectiomarrying

an eccentric load & actingat the freeend of the beam on thextremity of the bottom
flange andparallel to the longitudinal axis. The force eccentricity about the beam
principle axis are ned e=b/2 and e=h/2 as shownn Figurel.11. According to the
classical beam theonyhis load carbe decomposeito the equivalent systemvolving
normal force andwo bending momentsly, M; at the centroicdis shown in Figure 11.
Each of these chargean be replaced by tequivalent forcesppliedin thefour flange

tip endsof the sectioras depicted in Figure 12a-c. However,the superpositio of the
loads presented in Figuresl2a,b,c leads to the loads depicted in Figudd which
doesnot mrrespond to the initial load presented in 1.6a. So there is additiondbload
thin-walled beams defined in12e aghe warpingeffect pimoment$. The warping effect

is presentednitially by Vlasovanddefined by two equal momentso having equal
magnitude andopposite sign acting on the flanges subjecting flexions in opposite
orientationand separated by a distance equal to the height of theHmssarigure 112d.

D ,QLWLDO HFF E(TXLYDOHQW

Figurel.11: Equivalent axial and bending loads due to eccentric load appl
the flange tip(according to classical beam theory).
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(a): axialload (traction) (b): y axis bending

(c): z axis bending (d): superposition of (a,b,¢

H :DUSLQJ IRUFH LPRPHR WO GWRLY(

Figurel.12: Equivalent axial forces due to eccentric lo&dapplied a
the flange tip of Figure 1.1{according to Vlasov theoyy
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From the analysis of Figure 1.12e, we taterpret that if the flanges and the web are
separated, and the free end of the beam is loaded by two momgmach flange will

bend separatelyDtherwise to restore theeliability of the beam, both flanges and web
have to be twisted. This can bietained by setting a Satvenant torsion moment sy or

a rotation % Thus, as the web is flexible in torsion, the cross section is permitted to
exhibit outof-plane displacements, and the EtBarnoulli hypothesis of plane cross
sections after deforman is no longer valid. This implies that the moment vectogs
cannot be added vectorially and their effects must be considered in the kinematical
description of a thiwalled beam.

This problem was solved Hyp] who gives a extension tathe EulerBernaulli beam
theoryby introducingthe ron-uniform torsiontheory for thin walleebeams with open
cross sectiomcluding the warping effecHowever Vliasovassumedhat the section is
rigid in-planeandno distortion in thesectionmiddle surface.

Consequetmally, for the thinwalled open sections the classical theory is not sufficient
and the warping effor{bimomen} must be calculatecas additional effort Thus
according to the general theory for this type of elemeéhts reduction of forces and
momentuns to the beam has numberseveninternal efforts (N, Fy, Fz, My, M, Mxand
B2).

1.33.1Torsion equation

In thin-walled open sections beams (likeection$ subjected to torsion moments is
remarkable that in addition to torsional angle thera isansversal displacementhat
occurand causeflexural andshear stresses in the flandéggure 1.1). The torsional
moment for these types of sections is equivaleB&iotVenanttangentiakhearstresses
and momentum result of shear stresSgsat the flanges. This givethe following
relationship

l«L /i EI L)t%g*EaD (1.5)

Where:
/ 1i: Twisting moment oSaintVenant, given by equatigi.)

/: Warping torsion moment

15



Chapter 1Thinrwalled beams State of art. Motivation and Interest

Figurel1.13: Warping of the | beam crosection.

Forsmall displacements in function of g; is denotdby thefollowing relation

RL & Dot (1.6)

The lateral displacement of tiange Randthe bending moment ; have the following

relation
/L F'+ :—ee (1.7)
Where:

+. quadratiaonoment of inertiaf the flangeaboutz axis.

The shear force§ is defined as the first derivative of;; therefore:

6 L 2= (1.8)

x @

While consideringhe equationgl.6) and (1.7), (1.8) becomes:

1 U X/ a
6 L F+<-—5 (1.9)
The warping torsion moment developadhe flangess denoted by:

/ L 6§D (1.10)
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Therefore / becomes:

/ L DL F'ﬁﬂiﬁ 1.11
6 xd

By guttering (grouping) the geometric terms together, one defines a warping constant as:

AU | Asl

Wherelz; is the weak bending inertia of the | sectidn=2l;). By replacing injeting
(1.12) in the equation (1.11), the warping torsion moment becomes:

x!

N

2 (1.13)

Finally, the differential equatiogiven the relation betwedhe torsion moment and the
torsion angle islenotedoy:

lsL /i EI L)EXTZ‘F# XX/; (1.14)

Where:

Gl is theSaintVenant torsion stiffness andt+ is the warping stiffness

Hence,/ i involvesthe appearance tie distribution of tangential stresseg]lowing
the theory of SairVenant and thevarping section/ . The solution ofthe equation
(1.14) gives a nonlinear torsion angle along the beam

After, introducing the thirwalled elements properties and behavior inctédt us move
to the vibration behavior of these elemerfigstly, let us introduce linear vibration
behavior in generahen we move tdetail the case of thiwalled beams.
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1.4 Vibration analysis

In the study of vibratiorphenomenonengineersand designersare interestedby the
behavior of structures in presence of dynamic loads where the forces are time dependent.
The displacement amplitudes increase when the load frequency excitation coincide with
theeigerfrequencie®f the structures. Thigad to resonance phenomendinus,in the

first step of the dynamianalysisprocedurahe natural frequencie@igenvaluesandthe

mode shape®igervectorg of the structures are carried duytadopting the free vibration
analysis Then,the responsepectra loss factas andmodaldampingare investigated in
presence of dynamic loadsy following the forced vibration analysisin literature,
existing workscan be classified accordingtt@o types of approaches: analytioa¢thods

and numericamodels A vibratory system is composed of a spring, mass and dathper.

all the componentsf a vibratory systerbehave linearly, the resulting vibraticss known

as linear vibration. But iny of the basic components bebanonlinearly, the vibration
becomenoniinear. In linear vibration the differentiaquations that govern the behavior

are linear, the principle of superposition holds, and the mathematical techniques of
analysis are well developeHor nonlinearsystemdlifferential equationgre nonlinear.
Fornonlinearvibration, the superposition principle is not valid, and temles of analysis

are less welknown. Vibratory systems tend to behave nonlinearly with increpsi
amplitudeof oscillation.

The linear vibration theory is applied whesraall ampikude vibrations of long, slender
beans like long bridgesre modellegdaero planavingsand helicopter blades. Nonlinear
systems can display behaviamsludes the followingswith the same excitatiomultiple

steady state solutionare gotten some stald and other unstable response Jump
phenomena, involving discontinuous and significant changes in the response of the
system as some fang parameter is slowly variedeRponse at frequenciether than

the forcing frequency.nkternal resonances, involgndifferent parts of the system
vibrating at different frequencieall with steady amplitudes.e8-sustainedscillations

in the absence of explicit external periodic forcing, and complex, irregular motions that
are extremely sensitive to initial conaditis (chaos).

1.4.1 Free vibration

Free vibratioroccurswhen a systens left tovibrate on its own after an initiakcitation.
In free vibration,thereno external forcescting on the systemAs example of free
vibrationit can be taken simple pendium in oscillationor a rotating systenseeFigure
1.14

I(m)

Translation Rotation (Torsion)
Figurel.14: Free vibration systems models.
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The vibration parameters of systems presented in Figure 1.14 can be summarized in the
following table.

Tablel.1: Vibration systems parameters

Parameter Translation system Rotating system
Movement type | Longitudinal displacement Torsionangle 7
Inertia Massem Mass noment of inertial (m)
Stiffness Elongation resistancé: Torsion resistances
Damping Viscous dampingc Viscous dampingc

The motion equations of a vibrati system can be formulated fragpe of vibration
systens parameters presented in Tabledsk combination of translation dodrotation
movementsThus, hemotion equation ofranslation vibrating system cée expressed
as function of systems parameters using one of the following methodsaltdree of
applied forces othe massn or the law of energy conservatiohthe system

Second NHZWR® TV O Conservatiorof energy
Excitation forcef (=0 for free vibration) | strain energy:7 L S €]
6

Resistant force:ku Kinetic energy:6 L_Z | G

Damping force:c G Dissipatedpower(due to damping)2,, L 2@
IF=mQ@ External loadspower 25 L (@B
(FX@®GQ I Q (1.19 X:':Q'? E2,L 2 (1.1

Thesecond newton's law: the sum of the forces applied on an object in an inertial frame
of reference, is equal to the mas®f that object multiplied by the acceleratig@f the
object: /F=mQ@ 2.19

Thelaw of conservation oénergyfor a system states that the tpgakrgyof arfisolated]

[systenfis|conservefver time

Thus, the motion equatiaf the mass syster given as follows
| QE ?QE GQ ( (F=O0 for free vibration) (1.18

Otherwise, br a rotational systesubjected to a torsional moméwthe motion equation
becomes:

e 236 Ga / (/ =0 for free vibration) (1.19

Theundampedree vibration problm consistdo solve the motion equatioi($.18 of a
structureafter vanishing the external load terms and damping terms.

| QEGQ r (1.20

This leads to the known eigenvalue problem. By isglthe eigenvalue problem, the
natural frequenceand the corresponding vibration modes are carried out.
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In presence of multi degrees of freedom system, the eigenvalue problem can be expressed
according to the matrix system, given by:

(>2:25 74=0 (1.29)

Where > 7and > “7are the sffness and mass matrices.and |; are the eigenvalues and
eigenvectors of the systerBy Solving the equations(1.21) abovefor n-degreeof-
freedom systempne gets the required vibration modes with eigenvalaegular
velocitieg and eigenvectors

There are2 types of free vibration, the fireheis the nondampedvibration andhe other
is thedamped free vibrationf. theundamped free vibratias considereavith a harmonic
movement thiseads tanatural frequencies. For the other case a pseudwoimé& damped
movement is obtained.

The eigenvalue solution methods are divided to five categories: methods based on the
development of the system equatiorgthods that consist to transform the initial problem
to diagonal or tridiagonal using successransformationsiterative methods, subspace
methods. Choosing one of these methods is based owithiger of degreef-freedom.

In case of a system with a small number of D®& can proceed directly to the
development of the characteristic equations aridesthem semanalytically. But in
general the eigenvalue problem is solusthg the FEM. In this case the solut@mnsists

to transform the problem in sequencestaticallyproblemof form (K* U=F) because of
the most of the solution methods based éngbwer algorithms are based in this principle
So, to solve the eigenvalue problem the most known solution methotiseargenvector
Iteration Methodgpower iteration algorithm, inverse iteration method, inverse iteration
with spectral shifting, Raylgh quotients) Subspace Construction Metho(ubspace
iteration method, Lanczos methotherefore, one of the solution methods mentioned
above can be adoptedef calculation of thenassmatrix [M], andthe stiffness matrix
[K]. The choice of thesefulsolutionmethods based on the matrices size (structure type,
and DOF, and neededsearched modgs
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1.4.2 Forced vibration

Forced vibration takeplace, whera system is subjected to an extetirale dependent
loads A forced vibration exampl is he oscillation thatakes placein somevehicles
enginesWhen thefrequency of the external force coincides with one oftgenvalues

of the systemthe resonancephenomenorhappens and the systenexhibits large
oscillationsaround the resonandeequency domainResonance phenomenon is the
reason of dilures ofseveralstructuressuchas bridges,buildings and airplane wings.
Different methods of solutions for forced vibrations exist in the literdtlte48], the
most known methods are the stgastate direct method and the modal analysis. The
modal analysiss more efficient to carry out the dynamic response of strucsutgected

to dynamic excitation specially when there is large number of. D@€efficiency reason

is due to themethod prigiple to carry out the response as a linear combination of a
specific number of modes, otherwise of the direct method when we have a large number
of DOF. Because that reduce the numioérequations of the system whéaking in
consideration the orthogon@fiof the vibration modes calculatbdfore

To demonstratethe forced vibration solution method, let us take conventional
vibration systentomposeaf a massn connected to a spring with stiffndsand viscous
dampingc and subjected to a lo&d Thesystemis presented in Figure 1.15

Figurel1.15: Model of forced vibration system.

The procedure of modal analysssdetailed hereinLet the harmoniarbitrary external
forcing function be represented in complex form @ L (,A ¢so that themotion
equation {.18 becomes:

| TE?TEGTL (,AY¢ (1.22)
Let us assume the followirgarticular solutiorfor the motion equatian

TR L:AC

By substitutingequation(1.23 with equation(1.22), the motion equation becomes
FI: ASAVSEE:2AVCEGAYSL (,AYS

FI: "°*EE:?2EG:L (4

7KH VROXWLRQ Rl WKW PIRWHICR Q VH TRAOOWRLRQ

. L+
" T kp?iraocU0
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By multiplying the numerator and deminabr on the right side oéquation(1.24) by
[ kGF : °1 oF E 9 and separating the real and imaginary p#ntsfollowing expression
is gotten

kp?:-ao (0]

- A =
’L(4U|'<p?.--ao'>o -F'_kp?.--ad>c"):-h (.29

Using the relation# E E $L %A
Where %L 945 E $%and — fF L- DE

7K Bhuation(1.25 can be expressed:as

Kb?:-a0>0.°C

Thus, the steadystate solutionequation(1.23), becomes

Taio @ L & Aol
Kp?. a0>0: C

It should be noted thatvhenF (t) is arandomexcitationsignaland cannot be expressed

as alinear combinatia of harmonic functionsit become necessary tonove into the
complex form of signal usingaplacetransform Otherwise if the excitation signal is
givenin timedomain, this signal can be transformed into frequency domain by means of
Fourier transforrmethod. This transformation procedure is detailed in what follows
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1.4.3 Time domain, frequency domainand Fourier Transform

For modal testingeithertime domainandfrequency domain analysis is widely adopted

in signal processingMoreover, in vibration malysis under harmonic conditions, the
frequency domain is widely adopted in the studie can cover all range of frequencies
which is impossible in time domain. Vibrational systems can be characterized by their
inherent frequency components. Bspme signals are given in time domain like
earthquakes spectrograms. So the importance to convert signals from time into frequency
domain. This process becomes easy due to the modern computational power. The most
familiar method to transform signal from time teeduency domain ishe Fourier
transformation (F). The importance of the~ourier transformatiommethodis that it
permits todecompose a complex signal into simpler pavih facilitate analysis
Otherwise, it helpsto transform thedifferential, difference equations andomplex
operations in the time domaia algebraic operations in the frequency domain

In this paragraph, thg RXULHU WUDQVIRUPDWLRQ LV SWWHWVHQWHG
given in time domain, this signal can be periodic or-penadic. This signal can be
written in the following form:

. 52T L v
TRL-1,, 1:3A @3 (2.30)
Where : : 3;is the Fourier transformation of the time sigr)
In this case: : 3; can be obtained by the following expression:
::3; L1, TRAY @ (131)

The time signak(t) is the inversd-ourier transformation : 3;. It shouldbe noteedthat
an important condition for the existence of the Fourier transform is:

i;ﬂﬂ T:P. @ Tfinite number.

Hereafter, by itroducing : f= .//2 Sthe equations above becomes:

TR L2, BAY U@ (132

And

B LI TRRB Ucg (133
Al

Since the integral is general time varying involving complex variables, it isasyt to
solve it manually, so numerical integration is rexktlere to doF. A powerful algorithm
called Discrete Fourier transforms used in solution process. A finite number of
summations at discrete points adopted to drive integration.
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If there areN sampled values as:
TLTR; RL&GPAGLIr&a& & F s

Based on the sample data points, we assume that the time domain data project into the
corresponding frequency dafde N discrete frequency pointk ( « « fn) define Fourier
transformation. Where theeiguency points should be in the range of Nyquist critical
frequency(defined as: thialf of the sampling rate of a discrete signal processing system

BL

The sampling period¢,Bshould be at least half of the period adral to sufficiently
represent signal.

5

o (1.34)

Finally, theDiscrete Fourieil ransformation (DFT) is written as follow:
IR L, T:RAP Y@l AGEST, AP Wwo.p (1.35)

It should be noted that the discete Fourier transformation (DFT) has the symmetry
property with respect to the impute frequeniy. (

DB L o Boas %Lg—ig &)L F< & &k (1.36)

So half of the transform is needed to represent all frequencyauwents, and the
frequency range is given by:

5
r O BOG_z,g (2.37)
A refined version of the DFT called Fast Fourier transform FFT which improves
computational efficiency significantly. It turns out that tA# Y% term in theabove

equation repeats over the frequency range, and the FFT makes use of this property. FFT
algorithm is implemented in Matlab softveaThe number of operations for FFT is

@?AH ks Gwhen compared tdl? for DFT.

By usingFourier Transfornthe signad ZLWK GLIITHUHQW WLPH@wd&PDLQ FKD
spectra inlUH T X H Q F \WiBhRIBIDMil& characteristicsHence, a R QWLQXaHV (WLPH
periodic sighagives aGLVFUHWH QpeQr(f Rdd exXRiGale: the FFTesult of

sinusoidal wave is shawin Figure 1.6. From this figure it can be seems that the
frequencies between the harmonics can be thought of as lzavahge of zero, or simply

not existing. Otherwise, acRQWLQXHV(WLPH QRQ(SHULRGLF VLJQDO
periodicspectrum Thediscrete QRQ (SHULRGLF SHULé@ihdes\perib@d O EHFRF
spectrumThe dscrete periodic signaé converted taliscrete periodic spectrum

7KH ODVW WUDQVIRUPDWLRQ EHWZHH@etLThelie@aRiP DLQ DQ
that discrete is associdtG ZLWK ERWK WLPH(GRPDLQ DQG IUHTXHC
computers can only take finite discrete time signals
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Figurel.16: FFT result of sinusoidal wave (Harmonic function)

As example to demonstrate the FFT in the caskesofete QRQ (SHULRA&MEHABLIQD OV
file is written to transform Elcentreecordedeathquake signal tablsom time domain
(time-acceleration) térequency domaiffrequency|Fourier Transform adicceleratiof).

The input file includes both accelerations and time interval. The time interval is
transformed into the corresponding frequersnale based on the Nyquist critical
frequency. The number of data points in the FFT should be power of 2, otherwise Matlab

built in function fft fills the discrepancy with blank data. Figure7lillustrate the time

domain impulse and the corresponding FESults.It shouldbe noted thata harmonic

function given by in time domaicanbe represented by the amplitualed the frequency

in the frequency domain

Figurel.17: Transfornation ofEl CentroEW earthquaksignalfrom time domain to
frequency domainising FFT
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1.4.4 Damping

The movement of structures subjsztforces or imposed movemeritsaction of time,
dependsn damping propertiesn other wordsgdissipation of energy ithe materials of
the structure and in the connections of the various elements of structure beaghen
R W Kand)vit the surrounding environment.

The physical phesmena involved in this dissipation of energy are numerous friction,
fluid-structure interaction in a fluid slide, shocks, viscosity and plasticity.

Themodelsusedto represent dampingn the structureare
¥ YLVFRXV GDPSLQJ GLVYVLU®IIhAveldityoxiethdve@ehR SRUWLRQD

¥ VWUXFW X dissipat&iBeResgpr@@dortional to the displacement such that the
damping force is of opposite signtteat ofthe velocity

Dampingcharacteistics:
1.4.4.1. Lossfactor

The lossfactor Kis a dimen®nless coefficient chacteristic of the damping effect
definedto bethe ratio of the energy dissipated during aleyo the maximumstrain
energyin cycle ' 5 36 smultipliedby 23S

Y5 0pvaixp
BL 5 Yoo (1.38)

The loss factorKis carried out experimentally from tbhétainedesponse spectrum using
the bandwidth method3 dB. It should be noted that this method is valid in case30f

s For an experimental response spectrampresented in Figudel8the loss factor can
be computed as follows

X

Figurel.18: Computing loss factor from response spectrum using bandwidth me
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Thus, from Figure 1.8 the loss factor coefficient is computeg using the following
equation

e

RIL L | 2

6 gia 6

(1.39

It should be noted thaeseral referencd$6-68] gavethe loss factorsanges for the most
of materials.Based on these referencttge typical loss factor for various materials
adopted in this study amummarizedn Table 1.2.These reference values have been
obtained experimentallyand itcanbe used as reference to compRtgyleighdamping
factors UdJfor each vibration mode.

Tablel.2: Typical loss factorf3for basic materials.

Material Aluminum Steel Wood/concretg Sand Plastics
Loss factor 0.0001 0.0005-0.001 0.01 0.1 1

It should be noted théte relationship between the loss facBand the viscous damping
ratio ags given by:

el - (1.40
1.4.4.2 Viscous damping model

1.4.4.2.1 Physical definition of viscous damping

Conventional damping devicethé crossing o& viscous flid through thepistonorifices
driven byavibratory movement) deliver forces proportional to the speed ohtvement
with opposite sign. During a cycle, the work of these forces is positive.

D ODVV \ E )UHH
GDPSHU V  GLDJUD

Figurel.19: Mass spring damping system
For a simple oscillatopresented in i§ure 1.19a, composd of spring with stiffnes,
massm and viscous damping, theexternalforcef acting on the mas$heforces acting

on the mass areslastic restoring forcku, damping force due to viscous damp¥(p
inertia of force | Qand the applied external for¢esee the free body diagrakigure

27



Chapter 1Thinrwalled beams State of art. Motivation and Interest

1.29.UVLQJ 1IHAMWRQMNDG ODZ RI PRWLRQ ZKoE€hEngeWIDWHV WK
momentumofamaskV HTXDO WR WKH IRUFH DFWLQJ RQ LW

Hence the dyramicmotionequation

| QEXIEGQ B (2.4
For this viscous dampinghodel, the energy dissipated during a pulsation cydes
proportional to the vibratorywelocity FAQ «<¢i P associated with displacement
Q.."9E

Edpercyclel_ \|46 F%Q’(‘.ﬁ F?@Q‘ﬁ F?, L é%@ (142)
and the potential eneydor sinusoidal displacemer, ... “i Ris :
EpmaxL 17, GQ ... ©iR@Q ... "iR; LS & GF (143

For a pulsation cycleZand sinusoidal displacemer( ... “fi B, the lossfactor is
proportional to thenovemenfrequency

BL= (1.44)

1.4.4.2.2 Harmonic oscillator with viscous damping

The classical analysis of tfree vibrationundampel modelis deduced from thequation
(1.41) as follow:

| GEGQ r (1.45)

As the oscillation is harmonithe displacement can be written as
u(x,H=u(x) €1 (1.46)

The insertion otthe second derivativebaut time ofequation(1.46) into the equation
(1.45) gives

‘GF 1 3% QL r (147

The solution okquation(1.47) gives theangularfrequency:

xg L 8 (1.48)

The critical damping from which the differentiatjuation (1.41) has no oscillating
solutionis written as follows:

Cortical =t VG 1 L te x4 L= (149

This gives anumerical interpretation of reducddmpingratio, which is often expressed
as a percentage ofitical damping
sl - L2 | -2© (150)

6  Qvoroiixba |
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By putting equatiors (148, 1.50) in equation (.27), the following relationshipis
obtained

. &
, L —
abe "?:70>8 : ¢ ;:C

$Q6:: ;L#N?ng%;

The displacement response spectand phase angléare than plotteéh terms of
angular velocity: and dampingatio aas shownn Figure 120 depictedbelow.

Displacement amplitude
Phase angle (rad)

IX| 0
1 /
-S 3, 3
&L rawF s
(a
3, 3

Figurel.20: Displacement amplitude and phase angle in terms of damgingin the
frequency domain)

1.4.5 Effect of elastic and viscous springson the dynamic
behavior of structures

The dastic springs elementseused to introducadditioral stiffness in some pointsf

the structure. Byadding stiffnessto the structure the natural frequenciesncrease
Accordingly, the dynamic behavioof the structure is improdeagainst low vibration
frequenciesThe viscous springare a powedissipaton mechanisncalled also dashpats
They are used tdissipate the energy of the structusabjected to a moving force. Thus,
the role of these element isreduce thelisplacement amplitude of the structure near to
resonance The elastic and viscous rapgs can beused in paralleas shown irFigure
121
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Figurel.21: Effect of springs and dashpots on vibration behavior.

Thus, the viscous and elastic sprinmgfuencetheresponse of the structuk.beam that
is perfectly rigid will have a zero periowhen the beam is subjecterldynamic loads
an acceleration is induced in the structdrdaeam that is perfectly flexible will have an
infinite period.By adding elastic and viscous bradies dynamic response thfe beam is
modified asshown in Figure 21 that lead tacontrol the vibration of such structurén
what follows let us introduce the effect of different types of braces.

Effect of elastic spring

(ODVWLF
VWLINQF

T~

(ITHFW RI WXHRUE

v
'LVSODFHPHQWRP WK IS RN\

Figurel.22: Effect of an elastic spring on the beam dynz
behavior.

To explain the effect of springs on the dynamic behavior of the beam. Let uastake
examplea simply supported beam with atéral spring connected to point R and acting
in x direction. See Figure 22.
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When the beam is subjectedany type of dynamic loadsa x direction every point of
the beanother tharthe points connected tsupports movén x direction At the point R
attached to thepring withstiffnessk thevalue of thedisplacemenis given byx. In this
case heeffect of the spring attached to theint R on the beam is a resistant foFce
The springesistanforce is given by

(LGT (153)

In term of energy the spring effect can be expressed as addgiaaknergyUsto the
energy produced by thaotion of the systemThis additional energy produtdoy the
spring can be defineak follows:

70L=GI° (154)

Effect of dashpot

As mentioned bef@the dashpot is used to dissipate the kinetiecggnef a mechanical
system.Otherwise, lhe dashpot is passive device that is meaih$ias no force atput
Thus, it is a device used to reducebocity of a dynamic structure by motion damping
effect By this way, a dashpot is a shock absarbkeeffecs of the dashpot on structures
aresummarized in the following pointst providesa protection of the structure against
damageand violent orunexpectedesponse caused by shock and vibratieduce the
impact of vibration on structures, improve the stability of the structures against noise
withoutincreasing the elements dimensions and using extra mat&waismproves the
structures dynaic behaviomwith low cost

In motion, the dashpajenerate a resisting force whialsesto equal the force of the
acting load subjected to the structyreeachinga zero netforce. Thisleads tozero
acceleration and constant velocity.

'DVKSR'
GDPSLC
FRHIILF

(INTHFW RI WKHIRDWVEK

v
'LVSODBIRMP IURP WKH U
Figurel.23: Effect of a dashpot on the beam dynamic behe
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To clarify the effect of dashpoton the dynamic behavior of the beam. Let us take as
example a simply supported beam with a latdeeshpotonnected to point R and acting
in x direction. See Figure 423.

When the beam is subjected to any type of dynamic loadslirection, every point of
the beam other than the points connected to supports ma&whraction. At the point R
attached to thdashpowith damping coefficient the value of the displacement is given
by x. In this case the effect of tdashpoattachedd the point R on the beam is a resistant
forceF.

The dashpotesistant force is given by:

(L 7—2 (155)

In term of energy thdashpoeffect can be expressed as additional strain enertgpy/the
energy produced by the motiaf the system. This additional energy produity the
dashpotan be defined as follows:

< 6
. L ?@-zA (1.56)

Superposition

In dynamics, te benefitsof using braces in 3D steel structures dessgior vibration
control. By using these elementhgtstructures become less sensitive to uncertainties in
vibrations or ground motion. Minor damage at the design level event means immediate
reoccupation. The performance of the braces is highly predictable, so they are meich mo
reliable than conventional structural components. Even in case of-taegezxpected
seismic events, damage will concentrate in the bracing system, where elements can be
easily substituted to restore the complete functionality of the structure. @tagmacing
systemminimize the need for strengthening measures of the hd#émsincreasing
sectiongdimensions to resistgainsthe dynamic loads.

Bracing system leads to a structures \hith performanceindhelp tooptimizesections

in the same tim when they are subjected to dynamic loadiss 15 thefeasiblesolution

for structural design of the 3D steel structuresistibleagainst vibrations

1.5 Modeling linear vibrations of thin-walled beams

From the literature review it is well known tithelinear vibrationof thin-walled beams

with arbitrary crossections exhibits witiexuraltorsionalcoupled modestherwise, it

is shown in the section 1.3 that the torsion for tyyes of sections is predominated with

the warping effect. For thireason, it is necessary in for this types of bdarime/estigate

a linear vibration model that take in consideration of these two important pbmis,

we decided to developl®eam modebased orthe Galerkin's approactg formulate the
dynamicequat RQV RI PRWLRQ 8VLQJ +DPLOWRQTV SULQFLSOH
the model is establisheBor more precisiom the model, the effects oftational inertial
kinematic terms are considerdd.the FE procedure thefficient modelwith minimum

cost of calculation and that gives high precision solutions is based on the beam element
with seven degree of freedoin the model the'7degree of freedom is related to warping
effect in the thirwalled beams sections thatimglispensable in torsion comgation for

these types of sections.
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16 Assessment of subject positioning

7KH XQGHUVWDQGLQJ RI WKH PHFKDQLFDO EHKDYLRU RI \
SODQDU I NMWIUXXBWK MY XMWROVLRQDOEWKDP OREJXVWNOLQJ VW
Mohri et al.[69] have developeda numerical methoddsed on a nehnear stability

modelto calculatebar buckling and laterdduckling of unrestrained thiwalled open
sectionsbeams The obtained laterdduckling loads or equivalent buckling momeate

compared to th soluions of the eigenvalue problem obtained with Abaqus software.

Then Mohri et a[70], settleanalytical solutionghatare derived for simply supported
beamcolumn elements with lBymmearic | sections under combined bending archi

forcesusing9 O D V R Y {fgr moRuBifdKN torsion to determinateral buckling of thin

walled bearrcolumn elementsThey found that thedit-Venant theorem is natlequate

in case of thirwalled section to solve torsion problem. MohraHt71] and[72] improved

themodelto take account darge torsiorandwarpingeffects is checked

To study complex problem Mohri el [70], used the finite element method. they
LPSOHPHQW D QHZ EHDP HOHPHQW WDNLQJ DFFRXQW RI
observed withthin walled beamsThe results obtained with this element are compared to

results calculated witlheam and shell elements of Abaqus cobtie studydynamics

problems, Mohri etal [41], developthe basicsof the free vibration behavioof pre

budled and posbuckled thinwalled leams with open sections

In our work we are interested in free and forced vibrations of thin walled beam and to
introduce damping. The finite element method was used to solve this prdbesh.and
Belytschko[73], Liu and Quek[74@ DSSOLHG +DPLOWRQYV SULQFLSOH
element equation®irect Analysis method presented by Pdtyi] will be adopted in

solutions

Also Petyt[11] developed the general structure of motion equattiem he introduced 2

types RI GDPSLQJ IRUFHV VWUXFWXUDO 5D\OHLJK« YLVF
formulated equations for steady stiteced and free vibration. He used FEM for flexural

vibration in beam and solving free vibration problem. Adding to this | refeoine
subjectstreated byPetyt [11] relatedto the presenwork like: solution methods for
eigenvalueproblem,harmonicresponsemodal analysis,response tperiodicexcitation,
transientresponsemodal analysis.

Raoet. al[44] work on fundamental concept of vibraticoutline of the history type of

vibration and harmonic, different methods to derive equation of motion in free vibration

case: newton™ ODZ Rl PRWLRQ PHWKRG GY$OHPEHUW SULQF
displacement, principle of conservation of enengg their solutions.

In relation to our studies we also benefit frimase subjectiseated byRao[44]:

-harmonically excited vibration aspect of resonance, beats, amplitude ratio, phase angle,
steady state vibration.
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-Determination of natural frequencynd mode shapes usingigervalue (natural
frequencies) andigervectors (mode shape) for multi degree of freedom different
PHWKRGV 5D\OHLJK +RO]JHUYV PDWUL[ LWHUDWLRQ PHWI

-Study the methods of deriving the equation of motion for noes systems (beam) using
boundary conditions.

-Vibration control using vibration monographs and vibration criteria to determine
acceptable levels of vibration, and some methods to vibration control changing stiffness
K, mass M, or adding damping C.

-Numeiical integration methodsf motion equations in timéomain.The most adopted
methods ar®ungeKutta, Houbdt, Wilson andNewmark see the referend@s].

It is important to note that Newmark method is widely used in the research of structural
dynamics ad nonlinear dynamics. The advantages of this method are firstvieat
solving structural dynamic equatioNewmark method is for solving secendder ODEs
directly while RungeKutta methods are for solving firstder ODEsAdding to thisthe

order of @curacy for Newmark method is secemdler. There are several variants of
RungeKutta method with different orders of accuracy, up to fowotter. So with
Newmark methoane can solve secoratder ODESs directly without having to convert
them into statespace which is a must foRungeKutta methods. This means fewer
DOFs,hence lower computational cost, when compardtiémthemethods.

1.7 Objectives of research topic

Many objectives can be dressed for this PHD work. They are listed below:

- The vibrdion behavior (free and forced vibration) of beams is limite@Dopure
bending according to the classical beagory. The effects of rotary inertia are neglected.
For design, argtical solutionsin this casere availablen [1, 76].

- In presence ofarsion, the vibration behavior is limited to shaft vibration according to
the Qint-Venant theory. Again, analytical solutions exist in literaf@res, 12]

- The bending and torsion vibration are uncoupled.

However, he behavior of unrestrained beammi8D context. This means that tsieong

and weakbendingmodes should be present with torsion modes. Again, warping is
important and can control the behavior of torsion modes. Moreover, in presence of
arbitrary cross sections, coupling is present.f@urattorsional vibration modes are
frequent. Thus, planar behavior of such structures is known to be an exception rather
than a rule. The analytical solutions are rather scant and limited tossoply design

cases

The first objective of the presewbrk is to assess the vibration behavior of talled
beams with open sections. The analysis is undertaken in 3D context with no assumption
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on the cross section geometry. When possible analytical solutersuaied out for the
flexuraltorsional vibordion modes in presence of flexutakrsional coupling, warping and

rotary inertia effects. These solutions seem to be more general, since the 2D case can be
straightforward when the additional terms are disregarded.

Analytical solutions for the flexurdabrsional free vibration of 3D beams with open
sections are limited to some representative boundary conditions. In more general cases,
numerical procedures are believethe 3D beam elements implemented in the
commercial codes are not accurate and fgiresence of torsion warping, and arbitrary
cross sections. After testing a large number of models using Abaqus and Adina, it is
proven that Abaqus code fails in presence lateral buckling and nonlinear behavior of
beams with arbitrary cross sections. Thepireg DOF is not available. Recourse to shell
elements is always followed in literature. 966, 70]. In Adina code, arbitrary cross
sections are possible but it is difficult to apply loads on top or bottom flanges. Otherwise,
in the developed FEM it isagy to access to the mass and stiffness matrices by adding
terms related to bracing elementivestigation of acurate models for the flexural
torsional behavior of thiwalled beams is then necessary.

In the present study, the finite element approadbliswed in the study. For this aim,
3D beams allowing warping are adopted in the free and forced vibration analyses. In
forced vibration, damping is considered accordinBagleigh approach.

In engineering applications, the analytical and numericalefsodeed to be checked
according to test research and experimental benchmark solutions. Extensive research is
devoted to the static behavior of thwalled beams. In free and forced vibration, scant
results were published and always limited to free vibraéinalysis. In the present work

a large part is devoted to the experimental dynamic flestarasional kehavior of thin

walled beamsThe experimental setup is described and test results are compared to the
analytical and numerical results derived in démalytical and numerical parts.

In order to improve the structure strength agdatstral and torsionibrationmodesand

to save materials by getting optimum sectjomse possible solution is the increase of
stiffness by adding discrete or distributeldstic springs (elastic supports). The elastic
spring contribute in the elastic stiffness matrix of the structure. By increasing the stiffness
constant of the elastic support, the vibration behavior (frequencies and modes) vary
accordingly Other solutiorcan be used is adding viscoelastic braces to control vibration.
One gets then the case of braced structures commonly encountered in design of real
structures.To illustrate the effect of elastic springs on the vibration behavior of thin
walled beams letsipresent the following example for a simply supported beasheru

rigid supports (Figure 24). For this beam vibration modes forl to 3are depicted in

the same figure.

Figurel.24: Free vibration modesf simply supported beam with rigid supports.
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Figurel.25: Free vibration modes for Simply supported beeith intermediate elastic
springs

For vibration control, the engineer is asked for improved solutions fortiabriaehavior.

The lower eigefrequencies can be removed by adequate elastic supports. The followings
solutions can be adopteidve are interested by a particular mode (Figue®)1In Figure

1.25a, when the stiffnedss is sufficient, one can remove the first mode and goesttir

to mode 2 where the eigeaquency is 4 times higher than the first. In presence of 3
elastic supprts,we getdirectly to he third mode witmatural frequenc$ times higher

than the first.

This procedure can be followed in the case of-thatled in presence in 3D vibration

modes when bending and torsion modes are present and can be strengthened by adequate
elastic supports. Moreover, under fatogbrations, viscous springs can be adopted in
order to reduce displacements structures near the resonance.

The work is followed by angtical and numerical simulations using a hemade code
(implemented on Matlab) and commercial code (Abaqus, Adina) to study the effect of
viscoelastic intermediate braces and to carry out the optimum solutions for different cases
of sections and boundacpnditions. Validation by test setup of beams with intermediate
braces is also achieved.

pP7KH ILQLWH HOHPHQW PRGHO LQYHVWLJDWHG IRU WKH
extended to braced beams. For this aim, elastic springs are incorporated inbien3D
elementdeveloped on Mohrif0]. 1

It is important to remind that in civil engineering recourse to this solution is frequent.

This is the case in braced beams and columns in buildings or lateral bracing in bridges
(Figure 1.3).
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Figurel1.26: Practical example of using braces in bridges and buildings.

These solutions aradopted in practice, but only empirical procedure is known. It is
known that without these secondary elements the full strength of the building is not
guaranteed and risk of failure due to out of plane deformasiomsld bedominant

Other solution is uBag discrete viscous dampers (dashpots) in parallel with elastic springs
to control displacements of structure when it is subjected to dynamic forces, in this case
modes, frequencies and structure displacements are controlled.

The important points to bewgtied are the number, distribution, and required stiffness and
damping factor to reach the optimal design.

For vibration control, the engineer is asked for improved solutionstfation behavior.

The lower egenfrequencies can be removed by adequastie@kupports. The followings
solutions can be adopted if we are interested by a particular mode. whspritige
stiffness is sufficient, one can remove the first mode and goes directly to mode 2 where
theeigenfrequency is 4 times higher than the filstpresence of 3 elastic supports, one
gets diectly to the third mode with natural frequertctimes higher than the first.

This procedure can be followed in the case of-ttafled in presence in 3D vibration
modes wherundesirable laterabending and tsion modesare presentand; canbe
strengthened by adequagtsstic supports. Moreover, under forteibrations, viscous
springs can be adopted in order to reduce displacements structures near the resonance.
The workis followed by analytical and numericsimulations using a horamade code
andcommercial code Abaqus,Adina« etc. Finally, est setup is alsadopted in this

study to validate theoretical and numerical solutions

In the present worksgsessing Thiwalled structures and beanssperformed sing the
followingsitemsof the 3D behavior of thiwalled beams

- Flexuraltorsional linear behavior.
- Flexuraltorsionalfree vibration
- Forced vibration of under 3D loadings.
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In these items, analytical solutions are investigated for beams cladsical boundary
conditions. The finite element approach is followed in presence of arbitrary loads and
boundary conditions. The free and force vibration behaviors are studied by test campaign
where some beams aessted in free and forced vibrationtiae LEM3 laboratory.

The previous models applied for unrestrained 3D beams, are extended to restrained beams
in presence of discrete or continuous springs in 3D context. For the purpose, the FEM
investigated in Mohr[70], is extended by adding flexurtrsional springs. The static

and dynamic behavior of braced beams becomes possible.

Moreover, in forced vibration, effects efasticsprings viscouslashpots are included.
The work contains the following parts

1.7.1Free vibration of beams in flexurakltorsional behavior

In the present study, the free vibration of tinalled beams is studied by analytical,
numerical and experimental approachfesalytical solutiondor free vibration problem
arecarried outaking in consideration the rotary inertia targo, the natural frequencies
for n modes are computesith high accuracyThe analytical solutionevelopedn the
cases ofsimply supported beasn cantilever beas) clampedclampedbeans, with
different sections typesdoubly symmetric like IPE sectionsingly symmetric cross
sectionsand arbitrary sections

Analytical solutions are limited to simple cases. To be more generdinitieeelement
approach of th@resent model ismplemented The vibration modese(genfrequencies
and vibration modes) ardtained by solutions classical eigenvalue problem.

Scant experimental works on the vibration behavior oftalled beams in free or forced
vibration of thirwalled beams. For this aim, an extensive campaign has been adopted by
the laboratory team in oed to assess the vibration behavior of beams with arbitrary cross
sections and boundary conditions.

All the solutions carried out in the present study are validated by comparisons to other
simulations obtained from some commercial codes and some benkhaswdmtions
available in the literature.

1.7.2. Forced vibration analysisof thin-walled beams

Carrying out the dynamic response spe(drsplacements, acceleratidias anypoint of

the beam usingthe modal analysis method. The response spectraaared out inthe
frequencydomain. Harmonic excitation force or momeat random can bapplied to

this beam in ay chosen pointBase motion excitation is also treated using the present

FEM. The maximum values of displacementt UHVRQDQFHY DaHheREVHUY H(
eigenfrequencies.
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The sane procedure used preusly is applied to solve forced vibration problem:
-Analytical methodPresenting the existing problem solution formulation.

-Numerical partthe FEM is developed solve forced vibration problerBome examples
with our code are compared to Abaguel Adinacommercial code® validateresults.

- Experimental part:

Testson beams with different boundappnditions and a nesymmetric section. To do
this, we propose to study a specimenhifi-walled beans with arbitrary crossections.

In this part the electrodynamic shakeachire is used to carry out thecceleration and
displacementesponse specti@a some chosen points. Acceleratisensorare used to
record the spectra and to control the atlum frequencies arttie loal.

1.7.3. Effect of the elastic and viscous springs on vibration
control

The elasticsprings addedo structuresncreasether natural frequencyOtherwise, lhe
displacement amplitude of the strucsmear to resonan@an baeducedy introducing
a powerdissipation mechanism (dashpots)

Therefore by introducingelastic springs theibration of the structurean becontrolled

by eliminating theundesirable vibration modeBloreover by addingdashpos in some
points of thebeams, thelisplacemenof the structurenear tothe natural frequencies

contolled.

Consequently,his procedure can be followédr thin-walled beamsin presenceof 3D
vibration modes When bending and torsion modes are preskéral and torsion
viscoelasticsprings shoulde used to improve the dynamic behaviothef structures
The optimal positions of the additional viscoelastic springstagidpropertiesshould be
studiedin order to obtain an optimal vibration controhe effect of addintateral elastic
springs to the beam is demonstrated in Figurb.1.2

The work isfollowed by analytical and numerical simulations using a homade code
(implemented on Matlabdnd commercial codeAbaqus, Alina)to study the effect of
viscoelastic intermadte braces and to carry out the optimum solutions for different cases
of sections and boundary conditioMalidation by test setupf beams with intermediate
braceds alsoachieved
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1.8 Conclusion

Chapter1 providedan overview about thiwalled bears. The principle manufacturing
processesf these elements have been detaildteimportanceof these structural elements
in different engineeringdomains has beenillustrated Moreover the featuresand the
mechanical characteristics tfin-walled beamsias beeralso detailed Next, a literature
reviewwas conductetb explore theavailableinformationabout static andynamicbehavior
of thin walled beamsAfterward, an analysis studyvasmadeto the existing studies ithe
literature.Based orthat, differentinterpretations have been endatséhe first one is that in
literature thetin-walled bears have been studied in both static and dynarsiicg analytical
andsemtanalytical methods. Buinly simple cases of sections and boundary conditians
been investigatedespeciallyin free vibration The most of works treated th@mply
supportedboundary conditions with Eymmetricor monesymmetricsections The kindic
rotarytermswerealways neglectedithe previous studiedso the warping effeometime
wasnot taken in consideratio®therwise the finite element approach Hasen adopted in
free vibration using commercial codes and sal@ecloped elementslowever in this case
it is remarkable that commercial code®always based oshell eementswhich lead to a
long calculation timeSomeother studies adoptatle beam elemenn commercial code to
investigate the thinwvalled beamsHowever,the warping effecis not taken in consideration
in the boundary conditions some commercial codeand the beam element fails in some
cases of sections or boundary conditidmch lead to singular results1-housecodesbased
on a beam elementhave beenalso adoptedin the literature neverthelesshere are
inaccessible and limitet some types aections andisedfor free vibration only

Otherwise damping typestatedn this chapteandthe Rayleigh viscous model was adopted
laterin the forced vibrationin the present studyOn the other hand, Fourier Transformation
methodhas beeidetailed ad used later on to convert signals from time to frequency domain.
The effect of elastic springand viscoussprings has beealso introduced. Then the effect
superposition of these elemsritas beendetailed.Based onthese studies the model of
vibration d thin-walled beams, objectives of research work and tdps® beerdefined
Based on the literature analysis the objectives of the present styztpposedFirst, the 3D
flexurattorsional behavioof thin-walled open sectionbeams is discussed.i$t shownthat
torsion exhibit with warping effect, so Saivienant theorem is not adequate to solve torsion
problem in case of thimalled sectionThus, the requirement of namiform torsiontheory

for this type of beams. Otherwistis necessary to delop an adequatenodel for thinwalled
beamswith open cross sections investigate the dynamic behavior of these elemen@D
beam model for flexuraiorsional coupling has been propos€den based on the developed
model the analytical solutionsill be carried outind the finite element approach will be
developedin the next chaptersAfter that, he validation of these solutions will be by
comparing to benchmark results and using experimental sAdtling to this, literature
review on vibration cotrol and modeling linear vibrations of thimalled beams are presented
in this chapter. Then, by analyzing this bibliographicdeway we decided togo further by
using the developed finite element approach to study the dynamic behavior of braced beams
These proposed braces elements can be tasiaprove the dynamic behavior of 3D thin
walled beams.

Thus, in this chaptehe problematic, the framework and the means to use in the present study
have been defined wekinally, theobjectives of researchpa have beermlearlyillustrated
at the end of this chapter.
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Chapter 2 Analytical method for the vibration
behavior of thin-walled beams

2.1 Introduction

In this chapter a beam model is developed for the dynamic behavior, especially for
vibration, of thinwalled beams witharbitrary crosssections Vibration behaviors of
flexuraktorsional and lateral prieuckled thinwalled beams with open sections are
investigated. Based goresent beanmodel and on the Galerkin's approach, dynamic
equations of motion are fimulated for linear vibration analysis 8VLQJ +DPLOWRQY'
principle, the finite element approach of the model is establi§inéte model, the effects

of rotational inertial kinematic terms are consider&dalytical formations of natural
frequencies areigen, closed form solutions of the eigenvald@sdoubly symmetric,
singlysymmetric, and arbitrargrosssections ardevelopedor some practical cases used

in design Fundamentaleigerfrequenciesare given for simply supportetéeams
cantilever beamsma double fixed beams.

2.2 Free and forced vibration analyses

2.2.1 Kinematics of the model

A straight element with thiwalled open section shown in Figure 2.1 is inspected in the

following work. The rectangular system of coordinat{@)x,y,2 is usel, with G is the

cross sectiortenter.The xaxis is parallel to the length of the beayrand z axis are

assumed as the principle axis of beam esasdion. The shear center was ndieds cc

ordinates inGyzare {i, z). A point M on the sectiortonbur have the followingo-

ordinates ¥, z, 4, where Zis the sectorial cordinate R WKH SRLQW XVHG LQ 9
model for noruniform torsion[5]. Based on the usuassumptions of the theory of thin

walled elements, the displacements componentd oanbe derived from those of the

shear centeaind centroid points. Moreover, in the presented model it considered that

- No distortion deformation of the sectiowhich denote that the crossction contour is
rigid in its plane.

- No shear deformation in the sectimean surface.

Therefore, the a&nsversaldisplacemerst vy and wy components ofpoint M are the
following:
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Figure2.1: Thin-walled open section element.

Re L RF:IVF \k o< FUF Uy :sF ... a&; (2.2)
SgL SE:UF Wy o< F:VF \k:sF ... ‘&; (2.2)

In these relationships, wand Zarerespectively the bending displacementhey and
zdirectionsand the torsion angle of the shear point.

The axial displacemeni, is derived from the hypothesis that shear deformation is null

in the mean surface. Let us introduce at a pditf the section, a curvilinear reference
Mtn, having curvilinear cerdinate s. Let us denotev, and w; the displacement

components oM in the curvilinear reference presented in Figure 2.2. By taking in

consideration the second assumption, the Green shear dé&twrnalong the contour
verifies the following condition:

. 1y, —lé —!éléy —!éplé
%ol - BB E g LT (2:3)

Otherwise, the displacememntsandw; can be deduced from equationsl(2):
RLR?KOESOBJEDOEY EN?K&F s; (2.4)
S;L FROEBJE S? KOENOEY FD?K& F s; (2.5)

In the equations abovd)denotes the angle between thaxis and the tangemt. h(s)
and r(s) are the ceordinates of the shear cent@in Mtn. Otherwise, we have:

Yirfls@U@Q.'y, @L@eiiLi, D@Oo (2.6a¢)
Thereforeuwis gotten by integration of equation (2.3)hvrespect to the variaband
using relationships equations. (2&pgas follows:

Qe L QFUR?KRESTOEY; FVST?KEROR; FAy (2.7)

In this formulation § G H Q RMldtdvate\Ahid H is the axial displacement of the
centroid in x direction.
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Figure2.2: Section contour with tangential and normal axis.

Then, the expressions of displacements of point M are given byuh#&ats (2.1)(2.2)
and (2.7). Considering small torsiamsing the approximatiorc¢s #= 1) and 6in ¥

= %) and disregarding the resulting nonlinear terths, classical relationships used in
90DVRYTV PRGHO DUH VWUDLJKWIRUZDUG

Qe L QF UR'F VSTF i 4l (2.8)
Re L RF :VF \&; & (2.9)
SgL SE:UF W4 (2.10)

Based on the kinematiegjuatiors (2.1-3) a finite element model has been derived under
static loads for the nonlinear behaviour, for buckling anddatsuckling analyses/B,

79]. In the present work attention is for the behaviour under dynamic loads. In the
framework of free vibration and linear dynamics, the relationstgpstiors. (2.8-10) are
sufficient. They are adopted in this studiurthermoe, the Green strain tensor which
integrates Iarge displacements is the following:

Yook = S0 eoE'GO"?O,,i,J k=1,2,3 (2.11)

6'90 'eo 'eol lo)

Therefore, the strain tensor components for-thatied beams are given by:

Yé é L %II E_E) .. %II.G E :SEII;G; (2.12)
v 5'6% |83/4 !é%!é% !é%!é%_
by BRe By Bre oy (2.13)
- 5 !ey, 18y, 16y, 16y, 1€y, 8y,
Yilgor B Baew Bae o (2.149)
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The insertion okquations (2.1)2.2) and (2.3) into equations (2)%o (2.14), gives

%Ll Y EY% (2.15)
Iq whic~h:
%YL JFURb.. ‘4% E™OEN; FVS6.. % EROEN; F S&6 (2.16)
Vo kRPESPE4% 4% 0 WaliST... ‘& F Riecoy;

EVsal: R? K& E S"O Eal; (2.17)
%i L F=:VF\GE—;&f (2.18)
%i L UF BF— ;3 (2.19)
45 L 1UF ;% E:VF k0 (2.20)

In the equations (25) the strains compoentsdependnonlinearly on the displacements
(u, vandw) and torsion anglef +RZHYHU XVLQJ 90DVRYYV DSSURJLP
(2.8) to (2.10)he following relationships are retained for the deformation components:

Yo L QF LA VSAfE 7 300 (2.21a)
%i L F=:VF\GE— ;& (2.21b)
%i L= :UF bF—;af (2.21c)

For this aim, the derivation of strain, the kinetieeges followed with the external loads
work are needed in derivation of the motion equations.

2.2.2 Variational formulation of motion equations

In order to derive the dynamic motion equations, Hamilton's principle is applied, based

on thevariational pmciple for dynamical systenaefined by:
r

+ ATF6F9:t-Lr
PI’_

AVl—; L AM—;

(222

Where U, T and W define respectively the strain energy, the kinetic energy and the
external load work.

In what follow and in the highlight of the finite element approach, the matrix formulation
is adoptedFor this aim, let us introduce the following trial vectors needed for the different
parts of equatiosystem(2.22):

M L QRS & =

4 =L GRS TRINSHM Y, =

Os L GRS, 3

<FL[O/i /3 o6 _

BEL[MMMI ¢ _ (2.2%€)

where {}' derptes the transpose operafbhe strain energy variatiod is given by:
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U7L+ + &:.U%Eté, UY Ete; VY, @#@T (2.29)
A o

Where (& ¥ ) are the beam stress (Pidlachhoff stress tensor) components and
(K K k) are the strain components defined in equatiarixl).

The strain energy varian can be expressed as function of the stress resultants acting on
crosssectionA of the thinrwalled element in the deformed state as the followings:

.l m L, F&;@F WF—AF & @F \GWE—-AG@1* (229

In these equationgy is the axial forceMy andM; are the bending momen®is the
bimoment andVsyis the &int-Venant torsion moment presented in Figure 2.3.

M;

Figure2.3: Section stress resultant

Based on equation (2.2and after integration over the cross section, the strain energy
can be expressed as:

U7L+ OUIE/ W&F/, 8"ES WE/ Ho@T (2.29
A

The inertial moments, and |, about principle axeg andz, the Qint-Venant torsiorand
warpingconstans It andl zare derived from the following relationships

+Li, V@# Li, L@#+ Li, ﬁﬁ@#-EL‘l0 N@ # (2.27)

Unde linear andelastic behavior assumptiorthe stress resultants expressed in the
principal axes are derivedoim relationships equation (2.2&nd lead to

OL'#:Qy/y LFE 4:S"s/L"+:R2$ L'+:300/ ) +:a0; (228
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WhereE andG DUH UHVSHFWLYHO\ WKH <RAXd@nbfe¥ thi2@@GssVKHDU P
section areaAccording to tke vector definition equation (23he strain energy variation
and the material behavior relations writtenmatrix shape form are the following:

U7L + UE<=@T
P A

<=L X (2.29

< =and { Jdefine the stress and the strain vectditseir components have been defined
in equationg20cd). [D] is thematrix behavior. It icludes the material constants and the
cross section characteristics.

The kinetic energyT of a straight thirvalled element with constant mass densiiig
given by:

. 6 <. 6 a, ©
6L, 1, éc@l}—f;/"A E@%AE@—I‘*:Ah@#@T (230

After integration over the cross section and putting: (&), one gets the following
expression foff:

.. 6 .6 .. 6
6L, | dXAE@ZAEGZANGT (2.3)

In the following,the time derivatioms adoptedy é% L : Athekinetic energyariation
( @) is given by

UL i, | k@IQE REREE SAISEE 4a808f@ E i, | @HKURBSE RiafoF (232
WKUSROE SERGA@ E 1, |1 2 :RIRS E | 2 ksBUSBOE
| 2 kaflafop@ T

Basedon trial vectors defined in equati¢®.23, kinetic energyariation U ®ecomes

UBLi, <N s2XN6@Eiy Ui6 (XN6@T (2.33

{q} and { Mare displacements and gradient vectors, definedjirationg2.23a, b).
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[M1] and M] are mass matrices defined: by

s r r r
r s r \G .

Y 5?L | fr ] S FLbj (2.34)
r W% Fb o4

lo is the polar moment of inertia about shear center:

+ E4
hL—#ElBE\B (2.35

[M] is an 8x8 matrix. It includes the rotational terms effects in the kinetic enerpg.
nonvanished termof this matrix arghefollowing:
aA

o

My(2,2)= 22 M, (3,3)= 22 M, (4,4) = (2.36-0)

In the present study, we admit that 3D loaglsgf, @,). The axial loady is applied on
centroid axisandthe bendindaqy, @) are on the cross section contour with eccentricities
(ey, &) from the shear poirftigure2.4a. These loads are similardoapplied on centroid
axisand(gy, g moved to shear centre with an additional torsional momgeshiie to load
eccentridties fromC, Figure 2.4bThen, thevariation of external load work®/ is given

by:
UQLIAKMUQEMUFEMUSEIéUééo@T (2.37)

Based on vector definitioequations (2.28 and (2.28), the matrix formulation of&/
is:

UoLi, UMB@T (239)

X (b)
Figure2.4: Applied loads components and equivalent load result:

The fnite element formulation ofd, & and &/ derived in equation&.29, (2.33) and
(2.38 is undertaken hereafter.
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2.2.3Freevibration analysis

Vibration behaviors of flexuratiorsional and lateral preuckledthin-walled beams with
open sections are imstigatedin this part lased on this model and on the Galerkin's
approach,dynamic equation®f motion are formulated for linear vibration analysis,
analytical formations of naturdtequencies fobi-symmetric, monosymmetricsections

and the assoated egenvalue problem to moreomplex sections are established n
modes Fundamental frequenciage given for simply supportdsams cantilever beams

and double clamped beamsath | sections Channel,eand arbitrary sections, see Figure
2.5.

In what folow, for each case of section and boundary condition motion equations are
solved to obtain eigenvaluéangular velocities, natural frequencies)

Figure2.5: Types of thinwalled beams sections with gravity and shear cent

2.2.3.1 Analytical solutions

Most of the analytical solutions deal with first vibration modes. In tlesegnt work,
analytical solutions for higher modes of beams with any boundary conditions and
arbitrary cross sectiorege investigated

By inserting the analytical equations of the strain ene@@ygquation(2.26) and the help

of material behaviouequation (228), thekinetic energy & equation(2.32 and work of
external loads®/ equation 2.3y LQ WKH +DPLO\RR2) fRdHd vaiaohdR Q
formulation of the governing equations in dre&ibration. Hereafter the development
procedure of the motion equations.

i@ kUWE/ (WBF/ "ES WE/ . Bo@Fi, | k@IFE RERE SAISEE
230BH@ Fi, | GEKURASE REBGOF WKUSBSE SEBRRA@ F i, 11 2 RRG E
| i}ka')‘USﬁoE | i kaflafop@ Fi, kMUEMUREMUSEI ;Ua@AT L r(2.39
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By injecting the equations (2.28) in the equation below and after terms regrtugping
following equationis gotten

r

0y Fk#QUIE +RGE" +S"GS"E" + 8l W E) 44l (8foF | k@FE RIRE
SAISEE 4 A0 REF | @EKURRSE RERSOF UKISBEE SEREAF |1 2 : REURS E
| i}ksesUsﬁoEl ﬁ ka8 BB opF kMU EMURE MUSE | s 0G@ T-L r (2.40

To solve the obtained equation (2)4Gome integration, simplifications and terms
regrouping are proceeded here aftérst, theterms deried with respect to time
equation(2.40)areintegrate by partas follows:

r

M, ABETL @G Fi' i, QQaT=i" i, @QaeT-
i1, RR@T-L Fi' 1, ‘ROR@TE U

i, SESB@T-LFi" i, :SUS@TE Y

i, k@ T-L Fi i kflgo@TE Y

i1, KURBOE REBRS@TL Fi" 1, kUR@TE Y

i" 1, KUSBEE SBb@TL Fi" 1, kU 9@TE Y (2.41af)

r.

* BC: Boundary Conditions.

Otherwise, the simplification of thieerms derived with respect to the variakla the
equation 2.40 leads to:

i, QU@L i, Qi eTE U

D Al eTLa i, Al @TE U

i RPBT@TL i, kA Ro@TE U

i, sttt @ 1, ks lsBo@T-E U

i, Al ferLi i, @ kA@TE U (2.42€)

* BC: Boundary Conditions.
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Moreover the terms of equatior2 40 derived with respect to the variabbeand time
simplified hereafte:

if R eTL i, RIR@TE U

r.

i, SEUSS; @TLi iy (UsPis; @TE Y

r.

i, kEBfo@TL " 1, kI o@TE U (2.4%c)
* BC: Boundary Conditions.

By injecting equations2(41-2.43 in (2.40 ard after terms regroupinghe following

equation is obtained:

1", me#FUQE" B (RE' +US® BE" + 4% g E) +al UaAF | FQ T RO FF

r.

ST SF 4 a8 oF | FF\@@—UREL{;@—USSGFII R7@RE|— SPis; E
| 2 ke, opF kMU EMUFEMUSE | (Udoq@TL (2.44)

After arranging(2.44) in terms of the virtual displacement components, one gets

r

ir_.i,& @#@FEIQFMwEB#LESYEIREI\buFléF\’?ﬁFMQRE
B"I'L'SgE|S7F|l-b—FI—S'PrFMQBEB+ae El 4a/F) +alF
B0t F1 A IF | ABAGT ¢ (2.45)

The axial, bending and torsion motion equations are straightfarward
UGI —e E'#QL M

. X XO

URI |x—t Ff}xe f@ E\b—pE +kR& oL M
. <& _A x0

Us=1 1= |=Txe fg FLOXQ pE' +kS®oL M

Qe+ Ba @r_ @™
U = | F-h@{;e #@_GaésE\D@ﬁFLo@ﬁGE £ % F)t&6L 1, (246d)

In these equationshe rotational terms are outlined. Let us remind when the terms are
omitted, the classical motion equations @béained5, 33]. They are the following:

Uc}lxx—‘fE'#QeLl\g

’ t L X EAE 8;

UR I @EE\()X—QAE +kR&oL M
Us+1 @'—‘?Flb—-xx' 2AE' +kS®oL M

\6— F Lb—AE %% F)£&6L |, (247ad)
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Chapter2 Analytical method for vibrations of thiwalled beams

In the case of the free viltian all the applied loads vanistxE gy= g.=mx=0) analytical
solutiors are posdile according tcknown mode shapéunctionsin agreement withhe
boundary conditiong~or this aim, the displacement fields are approximated by:

& E T4 SALBT, HCP (248)

é! é!

Whereuw, o and 7are displacememhagnituds.f(x) is thespace function depending on
theboundary conditions of the beairhese solutions are explained hereafter for bending
and torsion mode$-or free vibration, the load terms vanish.

2.2.3.2 Free vibration solution attempts for simply supported
beams

A simply supported beam bending and torsion is depicted in tig2.6, the spatial and
time functions obey to

g(t) =€ (2.49)
B:T; L eceT; (250
With: G LSn N (251)

In (2.49), : is the angular velocity. In (213, n is the vibration mode and the number
of modes under study.

Figure2.6: Simply supported beam with atfairy crosssection
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Chapter2 Analytical method for vibrations of thiwalled beams

Hereafter, displacements derivatiweish respect toc and timeare given by:
R:Ta &8N Ta & Tas; L 1RE&S,&yCP U, ... " T;

kR T4; 687 Tas &M Tas 0L FiR&8,8y;C5 BB T;
(RMTa; 8" e & " Tas; L FiR&,&y:C5 U ..t T;

(R :T&: &858 1 Ta; &% : Tas; L R &S,8,;C5EBT; (2.52d)
@tE egea; & ege@ & Xf@;AL F:R&&y;3°B: T;,C:P (253)

Then, the angularvelocities (eigervalueg can be computedfter injectingequations
(2.47-50) in the equations (39) and making some simplifications and calculations:

@—*Ue“‘?"F‘é‘x é*“e“‘? AE W22 “e“‘? ‘AE" +kRS oL r

0 x@-
| @—'*'f;u“ e é*ugeu‘? ‘AR U;“‘? 'AE" +kS 8oL 1

| @X> )l(JQeUg’P S ,)g> UQeUg AE\OmeeUg?FLoxerUg N=
‘g ka'® oF ) %abL r (2.59

By applying the derivation respectxpthe equations become the followings:

| @3°RBT;C:P F2>(, 53°R B T,C:P?E ¥ 3°4 B T,C: R AE
'+:R ;BB T,CR; LT

| @F3°S,B:T,C:R?F2 %(4;°3°S,B: T, C:R ?F UF3°4,B:T,C:RAE
'4+:S, U8B T,CR; L

| @>F3°3,B T:C:P?F2 (};63%4,B:T: C: P?E \F 3°R,B: T;C: P ?F
WF38S,BT,CRAE" +:4:0;®BT,CR;F) +:Fa,: 2B T,CP;Lr (259

After simplification, thealgebraicsystem ofmotion equationsn terms of displacement
amplitudes is obtained

F3% IR E—;Z:L‘Ja;ﬁp4 EWypE' +:R :U,;8

F3°1 @, E=::®™ F WAAE" +:™ 08 Lr

F361 @& Ei; U0 EVBR F WS,AE £8, t U8 E) v 2L (256
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Chapter2 Analytical method for vibrations of thiwalled beams

By putting {U}'={vo,wo, agand adopting the matrix formulation, the systenb? is
obtained as:

(F3%4 ?E > z)U}={0} (2.57)

The mass and the stiffness matride$ &nd [K¢] are the following:

il @Ei}:Ué;GA r | \% )
M:i ‘ | @E2:(4;5A FI G 2::
RV Fl @ EL oAy
BRI VL r r
&N 1 VL r O (258a,b
r r "2 UPE) w0

This eigenvalue problem is coupled and the coupling effegtsrdl on the shape section.
The fundamentaingular velocitiegeigenvaluescan be obtained from the singularity
condition given by:

@AR36Y ?E> 2 Lr (2.59)

Solutions are found from the vanishing conditions of the following matrix:

iF3°%1 @E2:(PAE" +:04;8 r F3%1 \4 o
@AiP r F 36l @E%:Lg;GAE'Jr:L‘g;S 3%1 :::Lr
: F351 \4 351 U F3%1 @Eé (U ;8AE" t:q,;sE)t:Lg;GB
(2.60)

Defining the uncoupled free bending and torsi@mjular velocitiesf the beam by:

33 L;? U 3P0 L —
als>: virp al5>=2: g p
) L + T E) 0
R (261ac)

53



Chapter2 Analytical method for vibrations of thiwalled beams

The system (B0) can be snplified to:
\6

iF3°E3P:J; r F3%———— )
T @ "L A K
[ - N
@AP T F3% E 36:J; 36% gL r (2.62
i @e Ui A N
T 6 6 + “I'L, "6 - 6 6. ..N
i F3%% 35, |4 BE— U °p:F3°E3%:1055

3y and 3; are pure bendingngular velocitiesibout the strong and weak axggdndz2).
3t is the pure torsiomngular velocitiesdefined in (261a-c). This system is defined in
the case of an arbitrary cross section where strong coupling is presettd sliear
coordinatesy, z). This matrix is full wheny ¢0, z <0). Analytical solutions are possible
in presence of doubly symmetric or singly symmetriass sectionsvhere the weak
coupling is present. Some out of diagonal terms vanish. Theseamastudied below.

In the case of doubly symmetric cressction,the shear center and the centroid are
coincident(y.=z:=0). Bending and torsion modes are then uncoufled.matrix (2.@)
becomes

iF36E3,5:J; r r .
- 6 6.7 ~

@AIP r F3 E3| .J, . r R:L r (263)
i r r IﬁE—#:Ué;6p:F36E36:J;;O

Theseangular velocitieselationships are derived in €1). They include the kinematic
rotational terms (the outlined partkgt usremind that when trseterms are omitted, the
classical analytical solutions astraightforward

36:; L2 .y, 8, 3?:J;Lﬁ ;8
a a
s . .

3%:7; Lﬂ:' +: U8 E) £ W5 a

With Oy L< (2.64a)

The eigenvalue of the problem are the square roots of (2.61). They denote the angular
velocity respectively (y, :z and : tin (rad/s)). Moreover, they similar values can be
REWDLQHG LQ ITUHT X HfXRartp, HE)sitg theHelansh F \

B: e LGL (2.65)

In order to remove any ambiguity present in literature, in the present study, the vibration
eigenvalues are computed in rad/s or in Hz. They are mentioned in all cases under study.
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Chapter2 Analytical method for vibrations of thiwalled beams

In what follows, the developedanalyticalsolutions for free vibration a3D thin-walled
beamswith rotational termgllustrated inequations (1) are compared talassical
solutions when the rotational terms are omiggdations (264) alsoto the classicgbure
bendingsdutionsin 2D behavior To this aim, a simply supported bearh6m length
andwith bi-symmetriclPE 300 crosssection was takermhe geometrical and material
properties of the beam are the followinds=210 GPa, €0.30, G=80.07 GPa, U
=7850kg/m, L=4.0m.The beam ipreseted in Figure 2.7

Figure2.7: Smply supported beam with doubsymmetric IPB00 crosssection

Analytical solutions are carried out ngithe present developed model aodhpared to
classical analytical solutionds demonstrated before the vibration modes areupied.

To compareand analyzalifferent resultshe seveneigerirequenciesand deformation

shapesgor eachtype ofmodes aredepicted in Table 2.TThe classicalD bending modes
are given, followed by the lateral and the torsional vibration modes, ienoesof

unrestrainegimply supportedheam where 3D vibration behavior hapgen

Table2.1: Comparisorof 3D eigerfrequencie®f thin-walled beamso 2D classical
beamtheory, in Hz

n'\ljlr?wotir Classical Beam 2D Late:r?cljgggdmg Torsional modes Zﬂh%dpi
1 28.16 7.65 14.23 P
2 11262 | 30.61 4113 s~
3 253.40 68.87 - 84.28 aoA
4 45048 | —t— 122.43 " 144.19 A
5 703.88 ‘ 191.29 220.88 DAL
6 101359 | —— 275.46 314.19 DAL,
7 1379.60 376.05 423.10 —————
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By analyzing the presented resultSable 2.1 1t seems thathe first lateral and torsional
modes lave a natural frequencies lower than the first mode obtained from classical beam
theory 2D. Thus,the 2D classical beam theory isadequaten the case of thiwalled

3D beams, this is due to the reasbatlateralbending andorsional modesire always
lower than the @ssical vertical bending modégdoreover,one remarks thate three

first natural frequenciegbtained in lateral and torsional modasaderlined in the table)
are less than 100 Hz. However, thedaswith natural frequenciekess than @0 Hz
should be taken in considerationtime design procedure of 3D thiwalled beams to
provide the structure stabilityagainst dynamic loads like earthquakes wind,
machines<etc This meanghat the classical beam theory happens if all the lateral and
the torsional vibration modes must be removadpractice design solutions are always
adopted.

In whatfollows, analyticalsolutionsare detailed for the simplgupported beams with
mono symmetric sections about the one bending axis such as Chanrieée aedtions.

For singly symmetric cross sectiongh yy as symmetry axesuch as channel section
depicted in Fig.2.6, one hag=0 the systen(2.62)becomes:

(F3°E3P:J; r r o
- V) -
- r F3°E3P:J; ¥ o
@A%P @, U A E:L r (2.66)
) + N
i r 3% |+4E—# :ué;ﬁp:F36E36:J;;o

Thus,angular velocitiesre carried out the following polynomial eqioat

kF36 E 36:J;0HF 3° E 30:J;A@, Eﬁo U, ;SA@ 3% E 3%:J;AF 38@+A| Lr
> Uy

2

(2.67)

This relationship has three solutions. These solutions can be obtained by solvingwiedollo
equations:

kF36 E3%:J;0L r (2.68a)

and

H& 3° E 35:J;A@ E- U ;SA@ 3° E 3°:J;AF 38@+A| Lr (2.680)
> o

By simplifying the previous equatipnne gésthe following equation:

188 16 F ux IF 3000 E30:0;030 E 30101300 Ly (2.69

on 5
a., . 2 PR
@G> v AR> o
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Solutionsof the agulareigervalues arederived fromequation (2.88) and (2.69as the
followings: 3% L :38:J;&38:J;435%:J;; Wherethe uncoupledpure bendingangular
velocities defined in equation (2.61b) and get to

3%:J; L 36:J; (2.708)

The two other solutions are obitad from solutions of (2.69) and lead tbeupled
flexuraltorsionalangulareigervalues given by:

tenld;>e 14;;G8e 5 4?0 14 >8:52( ;e 14 4]
385:J; L— - qre (2.700)

6:52G ;

where = L —— 2.70c
T e g AT o A ( )

2

Let us remind that when the rotational terms are omitted, the classical analytical solutions
are obtained:

38:3; L 30:3; L2 10,8,

- . - . aj - . .
e 5i4;>e 4;;G8e 5:14;70 t4;; >8% e 11450 14

384:J; L- (2.70)

6:5?@;

In this equation, the expression of and : tarederived according to (2.64a).

For singlysymmetric cross sectiomgth zz as symmetry axesych asreesection
depicted in Fig.2.6, one hag=0 the system (2.62) becomes:

iF3°E 36:7; r FSG—\éét )
i @=Y @AA N
@AP F35 E 36:J; r L
! 6 L 6p-FR6 6.1
i F3°\% r I-hE—#.Ué, p:F3°E3 950
(2.72
Thus,angular velocitiegeigenvaluegare carried out the following polynomial equation:
6
kF3% E 3%:J;0d@ 3% E 38:J;Al 4 Ei U, ;8pkF 3% E 35:J;0hF 38% 'F3%E38:J;; L
# I's E% @.eA p
(2.73
After neededsimplificationsand factoring operationthis equation becomes:
@3°E3%:J;A&F3°E36:0;0@ Eé U SA@ 38 E36:J;AF 38— Ly (2.74)

I5>%’;‘@J2/-\'p
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This relationship has three solutions. These solutions can be obtained by solving the
following equations:

@3°E3%:J;AL

&kF 36 E 36:J;0@ E2 (U SA@3° E3%:J;AF 38—l i Lr (275
I5>2@ Ap

By simplifying (2.75b) one obtains

3% esF o__é,“; 0 i F:36:3; E3%:0;:35 E36:3;35:0;i L r (2.7
15> @, Ap@>: i A

The solutions of2.75a) and (2.76) lead to:
35 L :38:3;88:3;85:3;; (2.77

Where 3 is the pure bendingngular velocitiesgigenvaluesand 3, 3 are coupled
flexuraltorsionalangular velocitiegeigenvalues They are given by:

38:J; L 3%:7; (2.78)
e 185>0 14;;G8e 314,20 14;; >8:57(; e 3iAre 14

6 .1 a 3 a 2.78b

Sex:J; L 6:5? Cx; ( )

where =, L Lk (2.79)

Os - O
@>F i AB>T Ui A

Let us remind that when the rotational terms are omitted, the classical analytical solutions
are obtained:

38:0; L 300 L2 18 (2.80a)

. . . . aj - . .
e 5> 14;;G8e 3 4;2  14;; >80 e 5140 14

6 1.1 ,
38.:0: L e (2.800)

In this equation, the expression of and : tarederived according to (2.64b).
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Moreover, arbitrary sections can be investigated from the systpration(2.60), by
solving the & degree polynomial equation carried out from the sysRartting:

X=3

GL@E%:Ué;‘SA-5L@E§:UJ;6A L @E2:U:5A (2.81)

One gets a cubic equatiohthe form:

= "E>C%E?:E@Lr (2.82
_— _ i i1
>L G@P:J; E3%:J; E 33:J;AF 3§:0;-F F 38:0;-1
2L G@3%:J;3%:3;F36:J;38:J; F 35:J3;3%:0;A
@L (36:J;35:3;35:J; (2.83)
Theangular velocitiegeigenvaluelsof the beam are obtained by solvieguation(2.82).
This leads to 3 solutions :5 L 38n :g L 3%n) :; L 3%n In this case, all the

angular velocitie$2.82) fully flexural-torsional. This problem is called the triply couple
free vibration problenmi33].

2.2.3.3 Free vibration solution attempts for other boundary
conditions

The case of cantilever bealsd clampedlamped beamis investigated below. Higher
vibration modes are deriddrom the motion equations (2 )46y applying theappropriate
boundary conditions

Figure2.8: Cantilever beam with arbitrary cressction.

In the case of a cantilever beam where the support O is fully clamped in both bending
about the sbng and the weak axes, andansion Eigure 28), then vibration modesn
cantilever beams obey to the functitexural vibration modes listed belgw8]

((Tas L 4i=><s T, Fece 4T, F U G T F L a8 T;;? (2.84)
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qgl uR>qglf yB
where: 3;L P —— (2.85)
. S&YywWSr .o v&{vr{
BKBLs UL aBKMLt YL o
BKANLuU GL-=2"=J@KNPu (L :tIFsi- (2.86)
Then torsionalvibration modes obey to
ATas L Era>»cey T;? (2.879)
where: U, L (tJF Sizy (2.8M)

In case otantilever beamangular velocitiegeigenvaluesfor bi-symmetric sections
are given by

.0
38:0; LA U . 363 | A U’;36JL w@udGE)? (2.88)
Further,angular velocities{eigenvalue)ssolutions for cantilever beams with different
types of cross sections are given in the appendix A.

In the case of alampedclampedbeam where the end suppaatefully clamped in both
bending about the rging and the weak axes, andtorsion Eigure 29), the higher
vibration modes are deridefrom the motion equations (2Y6y applying the
correspondet boundary conditions.

Figure2.9: Double clamped beam with arbitrary cresstion.

In this case tha flexural vibration modes obey to

(Tas L 4=« U T FectUTEY: ... BUT, F ... QT;;? (2.89)
where: R4L 990 uf?7qgd uf (2.90)

amqyR?amqfyll
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BKMNL s L% | Baraa 8474485
BKAL t (L2202
BKOP t L}iL:tJEs;EB (2.9
Then torsionalvibration modes obey to
ATas L Epia>»cey T;? (292
where: U, L :tJE ity (2.93

For doublyfixed beamsangular velocitiegeigenvaluescan be obtained approximately
for bi-symmetric as listed belaw

36JL/“‘3 . 36.7; L2 036JL 228U EGS). 2 (299
- .

Furthermore, solutions for doubly clamped beams with diffetypes of cross sections
are given in the appendix B.

Hence the closed form solutiorere derived in this sectidor higher flexuraltorsional
vibration modes. They are then original and important in desmgwhat follows, the
analytical solutiosare compared to some benchmark solutions found in literature, as well
as some commercial codes (Abaged,[Adina [81]), where 3D beam including warping
and shell elements are customiz@derall the free vibration is studied and thatural
frequenciegeigenvaluelf are computed in Hertz (Hmjith (= 3 3.

2.3 Validation and discussion

In the following manyvalidation examples thiwalled beams with different types of
sections and boundary conditions are considered in the free vibrationtcémiatytical
solutions are carried out for-eymmetric sections (I crosection), monesymmetric
sections (Chanel and Tee cregsxtions) and arbitrary cross sections under different
boundary conditions using the present developed model, then theyprapared to
classical analytical solutions without the rotational kinematic inertia terms. The aim of
this comparison is to study the effect of the kinematic rotational terms in the accuracy of
results when higher modes are investigated. Otherwise, différemchmark are
consideredto validate our models (analytic with and without rotation terms) with
literature and commercial codes. In the case of Abaqus code, shell elements (S8R) and
3D beam elements (B310S) are used. In Adina, an efficient 3D bearmelaoheding
torsion and warpingas been recently implemented.

2.3.1 Simply supported beam with doubly-symmetric | cross
section

A steelbeampresented in Figure 10 with IPE300crosssectionis consideredT o study
the effect of the kinemaic rotatioral termson the natural frequency computatighe
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beam is studied in free vibration context. The natural frequencgesmvestigated using
the analytical methothat take in consideration the rotational terdeveloped in the
section 2.2.3.ZThen the pesent aalytical method natural frequenciasecompared to
the result obtained by thanalytical methodwvithout kinematic rotational termsThe

geometrical and material properties of the beanthard¢ollowings:

E=210 GPa,©0.30,G=80.07 GPa,(~7850kg/m, L=4.0m.

Figure2.10: Simply supported beam with doukdymmetric IPB00 crosssection.

The analytical natural frequencies result for this beam with/without rotational terms
(detailed in the section 2.2.3.4)e listed in Table 2. Moreover, in the last column in

this table modes types are shown

Table2.2: Comparison between analytical natural frequengie$ with/without
rotational termdor simply supported | beam

(RTO: Rotational Terms Omitted, RTI: Rotational Terms Inclydrit Pure Bendig mode,

PT: Pure Torsion mode

Mode Analytic Present % Error relative| Mode type
(RTO) Analytic (RTI) to (RTI)
1 17.01 17.00 0.06 PB2,
2 26.89 26.88 0.04 PT
3 63.28 62.98 0.48 PB,y
4 68.04 67.94 0.15 PB2,
5 85.09 84.95 0.16 PT
6 153.08 152.6 0.31 PBz,
7 180.54 179.84 0.39 PT
8 253.11 248.39 1.90 PB,y
9 272.15 270.66 0.55 PB;;
10 313.89 311.74 0.69 PT
11 425.24 421.60 0.86 PB.;
12 485.25 480.08 1.08 PT
13 569.49 546.42 4.22 PB,y
14 1012.42 942.75 7.39 PB,y
15 1581.91 1420.90 11.33 PB,y

By analyzing the presented results in Tab2 R.seemsthat thenaturalfrequencies
difference between classical method without rotational tgR10) and the present
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solutions including kinematic rotational terms becomes signifistamtingfrom the 18’

vibration mode. n termof relativeerror béweenthe analytical results witfRTO) and
the (RTI) natural frequenciest reaches 11%ence the importance of theotary terms
presentdin the mass matrifor thehigher modegnvestigationis demonstrated

2.3.2 Simply supported beam with singly-symmetric C cross
section

A steelbeampresented in Figure 2llwith C crosssectionis consideredHerein The
geometrical and material properties of the beanmhard¢ollowings:

E=210 GPa, €0.30,G=80.07 GPa,(+7850kg/n, L=4.0m.

Figure2.11: Simply supported beam wilingly-symmetric channel crossection.

The analytical natural frequencies result for this beam with/without rotational terms are
listed in Table 2. Moreover, in the last column in this table modes types are shown.

Table2.3: Comparison betweeammnalytical natural frequenci€klz) with/without
rotational termgor simply supported ®eam
(RTO: Rotational Terms Omitted, RTI: Rotational Terms Inclydl Pure Bending mode
FT: FlexuralTorsional modg

Mode Analytic Present % Error relative| Mode Type
(RTO) Analytic (RTI) to (RTI)
1 15.98 16.08 0.62 PBz;
2 16.09 15.97 0.75 FT
3 51.18 51.01 0.33 FT
4 53.23 53.17 0.11 FT
5 63.93 63.84 0.14 PBz;
6 114.37 114.16 0.18 FT
7 143.85 143.42 0.30 PBz
8 199.84 199.22 0.31 FT
9 202.55 200.08 1.23 FT
10 255.73 254.42 0.51 PBzz
11 309.69 308.25 0.47 FT
12 399.57 396.46 0.78 PBzz
13 454.87 442.79 2.73 FT
14 808.13 771.23 4.78 FT
15 1262.31 1175.68 7.37 FT
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By analyzing the presented resuih Table 23, same as the previous example, one
observes the importance of thetary kinematicterms present in the mass matrix in
dynamic analyses especialfgr higher modescomputation.The error between the
analytical solutions with/without rotatiah kinematic terms rative to the analytical
(RTI) reaches% for the higher modesatural frequencies

2.3.3 Simply supported beam with monesymmetric T cross
section

A steel beam presented in Figure 21with Tee crosssectionis considered. The
geametrical and material properties of the beamtlaeefollowings:

E=210 GPa,©0.30,G=80.07 GPa,(~7850kg/m, L=4.0m.

Figure2.12: Simply supported beam with mosgmmetric Tee crossection.

The analytical natural frequencies result for this beam with/without rotational terms are
listed in Table 2. Moreover, in the last column in this table modes types are shown.
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Table2.4: Comparison between analytical natural frequengie$ with/without
rotational termdor simply supported T beam
(RTO: Rotational Terms Omitted, RTI: Rotational Terms Inclydit Pure Bending mode,
FT: FlexuraiTorsional modg

Mode Analytic Present % Error relative| Mode Type
(RTO) Analytic (RTI) to (RTI)
1 7.25 7.25 0.00 FT
2 16.21 16.21 0.00 FT
3 25.18 25.18 0.00 FT
4 34.49 34.48 0.03 FT
5 44.29 44.29 0.00 FT
6 49.52 49.71 0.38 PByy
7 49.82 49.38 0.89 FT
8 179.92 178.33 0.89 FT
9 198.10 195.81 1.17 PB,y
10 396.43 388.66 2.00 FT
11 445.72 434.40 2.61 PByy
12 699.50 675.68 3.53 FT
13 792.39 757.63 4.59 PByy
14 1089.15 1032.80 5.46 FT
15 1238.11 1156.21 7.08 PByy

As shown in Table 2, the relative error percentage between the analytical solutions
with/without rotational kinematic terms tdhe analytical (RTI) reaches %8
Consequently, ihas beemproved that, for simply supported beams, the rotary terms are
of high importance for the gher modes computation regardless of the section type.

2.3.4Cantilever beam with doubly-symmetric | cross-section

A steelbeampresented in Figure 21with IPE300 crosssectionis considered. The
geometrical and material properties of the beanthardollowings:

E=210 GPa,©0.30,G=80.07 GPa,(7850kg/m, L=4.0m.

Figure2.13: Cantilever beam with doublyymmetric IPB00crosssection.
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The analytical natural frequencies result for this beam with/without rotational terms are
listed in Table . Moreover, in the last column in this table modes types are shown.

Table2.5: Comparison between analyticadtural frequencies (Hzyith/without
rotationaltermsfor cantilever | beam
(RTO: Rotational Terms Omitted, RTI: Rotational Terms Inclydiit Pure Bending mode,
PT: Pue Torsion mode

Mode Analytic Present % Error relative| Mode Type
(RTO) Analytic (RTI) to (RTI)
1 6.06 6.06 0.00 PB;
2 13.22 13.22 0.00 PT
3 22.55 22.51 0.18 PByy
4 37.99 37.96 0.08 PBz;
5 51.13 51.08 0.10 PT
6 106.38 106.15 0.22 PB::z
7 128.18 127.84 0.27 PT
8 141.34 139.85 1.07 PByy
9 208.47 207.59 0.42 PB;z
10 242.59 241.31 0.53 PT
11 344.61 342.22 0.70 PBzz
12 395.01 384.40 2.76 PT
13 395.74 391.58 1.06 PByy
14 775.51 733.66 5.70 PByy
15 1281.97 1173.22 9.27 PByy

The effect of rotary terms on the higher modes natural frequencies for a cantilever beam
with bisymmetric crossection is studied. It is shown in Tabl® ghat the relative error
percentage between the analytical solutions with/without rotational kieterms to
the analytical (RTI) reaches 9% for the higher vibration modes. Hence, these terms are of
value to the higher modes natural frequencies in case of cantilever beams with a

bisymmetric crossection.

2.3.5Cantilever beam with singly-symmetric C crosssection

A steelbeampresented in Figure 21vith C crosssectionis considered. The geometrical
and material properties of the beam tiee followings:

E=210 GPa,©0.30,G=80.07 GPa,(+7850kg/n, L=4.0m.
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Figure2.14: Cantilever beam witkingly-symmetric channel crossection.

The analytical natural frequeies result for this beam with/without rotational terms are
listed in Table . Moreover, in the last column in this table modes types are shown.

Table2.6: Comparisoramonganalyticalnatural frequencie (Hz)with/without
rotational termgor cantilever C beam
(RTO: Rotational Terms Omitted, RTI: Rotational Terms Inclydrist Pure Bending mode,
FT: FlexuraiTorsional modg

Mode Analytic Present % Error relative| Mode Type
(RTO) Analytic (RTI) to (RTI)
1 5.69 5.69 0.00 PB::z
2 7.47 7.47 0.00 FT
3 18.75 18.72 0.16 FT
4 31.50 31.48 0.06 FT
5 35.68 35.65 0.08 PBz;
6 80.78 80.67 0.14 FT
7 99.91 99.70 0.21 PBz;
8 113.37 112.58 0.70 FT
9 154.06 153.68 0.25 FT
10 195.79 195.01 0.40 PB.,
11 251.72 250.75 0.39 FT
12 316.16 310.23 1.91 FT
13 323.65 321.59 0.64 PBzz
14 618.88 596.87 3.69 FT
15 1022.60 964.60 6.01 FT

From the depictedesults in Table B, it is remarkableghatthe relative error percentage
between the analytical solukis with/without rotational kinematic terms to the analytical
(RTI) reaches6% for the higher modesThus, for the cantilever beams with mono
symmetric crossectionsit wasproved thatherotary termsare indispensablhenthe
higher modesatural freqenciesare investigated.
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2.3.6 Cantilever beam with mono-symmetric T cross-section

A steel beam presented in Figure Slwith Tee crosssectionis considered. The

geometrical and material properties of the beanmhard¢ollowings:

E=210 GPa,©0.30,G=80.07 GPa,(+7850kg/n, L=4.0m.

Figure2.15: Cantilever beam with morgymmetric Tee crossection.

The analytical natural frequencies result for this beam with/without rotational terms are
listed in Table Z. Moreover, in the last column in this table modes types are shown.

Table2.7: Comparison between analyticadtural frequencies (Hzyith/without
rotational termgor cantilever T beam
(RTO: Rotational Terms Omitted, RTI: Rotational Terms Inclyd®gt Pure Bending
mode, FT: Flexural orsional modg

Mode Analytic Present % Error relative| Mode Type
(RTO) Analytic (RTI) to (RTI)
1 3.58 3.58 0.00 FT
2 11.71 11.71 0.00 FT
3 17.64 17.62 0.11 PByy
4 20.67 20.67 0.00 FT
5 21.45 21.43 0.09 FT
6 29.78 29.78 0.00 FT
7 39.32 39.32 0.00 FT
8 103.34 102.83 0.50 FT
9 110.57 109.85 0.66 PByy
10 277.41 273.60 1.39 FT
11 309.59 304.06 1.82 PByy
12 537.14 522.97 2.71 FT
13 606.68 585.98 3.53 PByy
14 883.50 845.93 4.44 FT
15 1002.87 948.12 5.77 PByy

By analyzingTable 27 results it can be founded thhe relative error percentage between
the analytical solutions with/without rotational kinemageems to the analytical (RTI)
reaches 6% for mode 150, it can be deduced that thetary termshave an important
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effect on thénigher modesaturalfrequencges in case of cantilever with mosgymmetric
crosssection.

2.3.7 Doubly clamped beam with doublysymmetric | cross-
section

A steelbeampresented in Figure Blwith IPE300 crosssectionis considered. The
geometrical and material properties of the beaethe followings:

E=210 GPa,©0.30,G=80.07 GPa,(+7850kg/n, L=4.0m.

The analytical natural

Figure2.16. Doubly clamped beam with doubsymmetic IPE300 crosssection.
frequencies result for this beam with/without rotational terms are listed in Table 2.

Moreover, in the last column in this table modes types are shown.

Table2.8: Comparison between analyticadtural frequencie@iz) with/without
rotational termgor doubly clamped | beam
(RTO: Rotational Terms Omitted, RTI: Rotational Terms Inclydrist Pure Bending mode,
PT: Pure Torsion mode

Mode Analytic Present % Error relative | Mode Type
(RTO) Analytic (RTI) to (RTI)
1 38.56 38.55 0.03 PB;,
2 51.77 51.74 0.06 PT
3 106.29 106.11 0.17 PBz;
4 128.07 127.79 0.22 PT
5 143.44 141.98 1.03 PByy
6 208.37 207.59 0.38 PBz;
7 242.47 241.31 0.48 PT
8 344.44 342.22 0.65 PBz;
9 395.40 384.26 2.90 PByy
10 394.81 391.58 0.82 PT
11 514.53 509.48 0.99 PB;,
12 585.19 577.95 1.25 PT
13 775.14 733.66 5.65 PByy
14 1281.35 1173.22 9.22 PByy
15 1914.11 1686.25 13.51 PByy

By comparing the natural frequencies results wittilout rotary terms inhte case of
doubly clamped beams with doublynsmetric cross sectionwesented in Table 28
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significant relative error percentage between the analytical solutions with/without

rotatonal kinematic termss found. This errorreach 13% for the higher modé&n, the
rotary terms are essential in higher vibration mode computatithis case

2.3.8 Doubly clamped beam with singlysymmetric C cross

section

A steelbeampresented in Figre 2.7 with channelcrosssectionis considered. The

geometrical and material properties of the beanthardollowings:
E=210 GPa,&0.30,G=80.07 GPa,(£7850kg/m, L=4.0m.

Figure2.17: Doubly clamped beam with singgymmetric channel crossection.

The analytical natural frequencies result for this beam with/without rotational terms are
listed in Table 2. Moreover, in the last column in this table modes types are shown.

Table2.9: Comparison between analyticadtural frequencie@iz) with/without
rotational termsloubly clamped C beam

(RTO: Rotational Terms Omitted, RTI: Rotational Terms Inclydiit Pure Bending mode,

FT: FlexuraiTorsional modg

Mode Analytic Present % Error relative | Mode Type
(RTO) Analytic (RTI) to (RTI)
1 31.92 31.90 0.06 FT
2 36.23 36.20 0.08 PBz;
3 80.75 80.64 0.14 FT
4 99.87 99.66 0.21 PBz;
5 115.10 114.29 0.71 FT
6 154.06 153.68 0.25 FT
7 195.79 195.01 0.40 PBzz
8 251.72 250.75 0.39 FT
9 316.04 310.11 1.91 FT
10 323.65 321.59 0.64 PBz:
11 373.77 371.68 0.56 FT
12 483.48 478.96 0.94 PBz;
13 618.88 596.87 3.69 FT
14 1022.60 964.60 6.01 FT
15 1527.25 1403.10 8.85 FT
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An important error percentage betwethe analytical natural frequencies vatht
rotational kinematic termelativeto the analyticatesults with rotational term®TI) is
remarked inTable 29. This errorreaches 8%or the higher vibration frequencieBhus,
in the case of doubly clampdgseams with mongsymmetric cross sectiong, was
validatedthat the rotary terms are essenttalhigher vibration modeomputation

2.3.9 Doubly clamped beam with monesymmetric T cross
section

A steel beam presented in Figure 21with Tee crosssection is considered. The
geometrical and material properties of the beanthard¢ollowings:

E=210 GPa,£0.30,G=80.07 GPa,(+7850kg/m, L=4.0m.

Figure2.18. Doubly clamped beam with mofgymmetric Tee crossection.
The analytical natural frequencies result for this beam with/without rotational terms are

listed in Table 2L0. Moreover, in the last column in this table modes types are shown.

Table2.10: Comparison between analyticaturalfrequencies (Hzyvith/without
rotational termsloubly clamped T beam
(RTO: Rotational Terms Omitted, RTI: Rotational Terms Inclydrist Pure Bending mode,
FT: FlexuraiTorsional modg

Mode Analytic Present Analytic % Error relative Mode Type
(RTO) (RTI) to (RTI)
1 11.81 11.81 0.00 FT
2 20.67 20.67 0.00 FT
3 29.78 29.78 0.00 FT
4 39.32 39.32 0.00 FT
5 49.43 49.43 0.00 FT
6 104.83 104.30 0.51 FT
7 112.27 111.53 0.66 PByy
8 277.30 273.50 1.39 FT
9 309.47 303.95 1.82 PByy
10 537.14 522.97 271 FT
11 606.68 585.98 3.53 PByy
12 883.50 845.93 4.44 FT
13 1002.87 948.12 5.77 PByy
14 1316.44 1235.32 6.57 FT
15 1498.12 1380.59 8.51 PByy
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The analysis of the results pented in Table 20 shows that the error percentage
between the analytical natural frequencies without rotational kinematic terms and the
results with rotational terms included (RTI) reach 8% when higher frequencies are
investigated.

As conclusion, from lathe sections types and boundary conditions the importance of
rotary kinematic terms in higher vibration modes investigation is proven. In what follows,
the analytical present solutions are validated by comparing to benchmark solution and a
present simationsusing the commercial codes (Abaqus, Adina).

2.3.10 Free vibration of a singly-symmetric cross section
cantilever beam

A cantileverbeam with singly symmetric channel cross section solved by G&aflis|
concerned as the first example in thedatiion procedurelrhe geometry and the material
data are given in FigureI®.

( *3D *3]

(2600 kg/m

Figure2.19: Cantilever beams with morgaymmetric channel crossection.

For the beam representedrigure 2.3, the first 6 vibration modes have been computed

are presented ihable 211. Modes types are presented in (column 2), analyticalisokut

have been computed (column 3) and compared to the numerical solutions of the present
model (column 4) and Abaqus simulations arranged in the columns 5 and 6. Benchmark
solutions B2, 82] are reminded in the last columns for comparison. All the saoisitase

close. In comparison t[82] results, the obtainegresent analyticdirequencies are so

close to reference values. The slight difference founded is due to the interpolations done
LQ *HQG\TVY PRGHO HOHPHQW 7KH V LthelprésganaligiGaH VKD SH \
methodmatch with[32, 82] references resultSecond and sixth modes are pure bending.
Other modes are flexurédrsional coupled. This approve that in free vibration for mono
symmetric sections aboytaxis, the beam exhibits flexurtorsional modesw bending
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in the strong axigyand Ztorsion about beam axéecoupled) and pure bending mode
(vcomponent alonkading to bending in the weak axi3.

Table2.11: Comparison betweehe present model and referenoasural frequencies
(Hz) of the channel cantilever beam
(FT: flexural, torsional coupled mode; B: bending mode

Mode | Type Prese_nt Abaqus| Abaqus Beam Shell HMC2
(Analytic) | (Shel) | (B310S) [82] [82] [32]

1 FT 11.28 1140 11.%6 11.38 11.42 11.42
2 B 23.18 23.15 23.17 23.15 23.15 23.15
3 FT 43.42 42.62 42.60 42.57 42.67 42.67
4 FT 57.16 57.79 57.40 57.67 58.17 58.05
5 FT 109.01 | 106.65| 109.41 106.9 107.D 107.88
6 B 145.17 | 144.45| 144.71 144.9) 144.80 145.12

2.3.11Flexural-torsional free vibration of a simply supported
beam with arbitrary cross section

In this section, asimply supported beam with arbitrary Rsymmetric cross section
treated in3 U R[83] is consideredor model validationThe geometry anchée materal
propertiesof the beanare givenin Figure 220. The position of the shear point is also
viewed.

( *3 D@0.30, * * 3 OLE7850kg/m

Figure2.20: Simply supported beam with arbitrary cross section: geometi
sedions dimensions and material properties.
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The different results are summarizedable 2.2. The natural frequency solutions given

in Table 2.Pa are obtained analytically and numericatly taking into account or

omitting the rotational terms and warping terms. The analytical solutions are computed

from three theories. The classical beam theory (CBT), omitting warping terms(WTO) are
GUHVVHG LQ WKH FROXPQ 7 Kadyted (RROJ §nd Withkrbt&y) \ ZL W KR
terms (RTI) follow in columns 3 and 4. The numerical solutions of the present model,

Adina, Abaqus and Prokic benchmark values are arranged in columns 5 to 8. Taking
$GLQDYV UHVXOWYV DV UHIHUH spritibns\Vark presebtédRiUNDbIR | W KH
2.12b. Since the cross section is arbitrary, all the vibration modes are flearsianal

and torsion governs the behavior. This is the reason why the CBT is out of order in this
example. The errors of this methoahge etween 10 and more than 90%. This fact is

known and checked since long tin#2[43]. The rotary terms present in the mass matrix

are important in dynamic analyses especially in presence of higher modes with
frequencies higher than 100 Hz. One remarkstkigagrror can reach 20%. The numerical
VROXWLRQV RI WKH SUHVHQW PRGHO DUH LQ JRRG DJUHHF
Moreover, one remarks some discrepancies in Abaqgus values in the case of higher modes

with frequencies higher than 100 Hz.

The first nine vibration modesof the beam are pictured in Figur@@.Since the cross

section is arbitrary, it is confirmed that all the vibration modes are flekunsibnal. One

can see that the displacemewntsvand 7 are present in all the modes.elboncept of

triply coupledflexuraltorsional adopted in literature is confirmeét8[83]. Nevertheless,

one can check that the displacemerdasd % are predominant in modes (1, 2, 4, 5, 7 and

8). The displacementg and Zare imprtant in the remaingpmodes.
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Table2.12. Comparison between the present modalsiralfrequencies (Hzand
references values.
(WTO: Warping terms omitted, RTO: Rotational Terms Omitted, RTI: Rotational Terms
Included)

CBT Vlasov | Present| Adina | Abaqus 3URN
(WTO) | (RTO) (RTI) | (Beam)|(B310OS) [33]

3.84 8.78 8.78 | 8.78 | 8.77 8.68
n=1| 11.93 | 13.17 | 13.15 | 13.16| 13.12 13.02
30.07 | 34.30 | 34.11 | 34.12| 33.36 | 33.83
7.84 | 34.41 | 34.22 | 34.23| 34.07 | 33.86
n=2| 47.21 | 5210 | 51.84 | 51.84| 51.23 | 51.32
116.41| 135.88 | 131.45| 131.50| 121.32| 130.35
11.81 | 76.80 | 76.42 | 76.43| 75.67 | 75.61
n=3 | 105.53 | 116.98 | 115.67 | 115.70| 112.73| 114.52
253.43 | 304.99 | 283.91|283.90( 244.30| 281.51
15.77 | 136.29 | 135.12|135.10| 132.78| not studied
n=4 | 186.19 | 207.82 | 203.74| 20380| 195.01| not studied
432.63 | 541.74 | 480.02| 480.00| 386.03| not studied
19.72 | 212.78 | 209.95| 210.00| 204.41 | not studied
n=5| 288.25| 324.60 | 314.81| 314.80| 295.10| not studied
644.80 | 846.15 | 708.16| 708.20| 536.93| not studied

Table2.13: Errors values in % (Adina Results as reference)

CBT Vlasov Present | Abaqus| 3URN
(WTO) (RTO) (RTI) [33]
56.26 0.00 0.00 0.11 1.14
n=1 9.37 0.08 0.08 0.30 1.06
11.87 0.53 0.03 2.23 0.85
77.08 0.53 0.03 0.47 1,08
n=2 8.94 0.50 0.00 1.18 1.00
11.32 3.37 0.04 7.74 0.87
84.55 0.48 0.01 0.99 1.07
n=3 9.01 1.12 0.03 2.57 1.02
7.89 7.42 0.00 13.95
88.33 0.86 0.01 1.72
n=4 8.64 2.00 0.03 4.31
6.30 12.86 0.00 19.58
90.61 1.34 0.02 2.66
n=5 8.43 3.10 0.00 6.26
8.95 19.48 0.01 24.18
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2.4 Conclusion

In thischapteythe analytical approach of a model for the coupled vibration of beams with
arbitrary thinwalled open crossection is developed. This model treats different
boundary conditions and Kes into account for bending, torsion, warping and rotary
kinematic terms. This leads to the assessment of the dynamic behavior of the beams more
accurately compared to the solutions of classical beam th&dith the help of
+DPLOWRQTTV S UllaQféx8raltdrsiadf iHotidf eduations have been derived.
Original closed form solutions are carried out for the free vibration of beams with doubly
symmetric or singly symmetrand arbitrarycross sectionsnder norclassical boundary
conditions (Carnlkever, doubly clamped). In the numerical applications sectiba,
developed analytical solutions for free vibration are used to carry out the higher modes
natural frequencies. linefirst 9 examplesthefree vibration analytical results including
rotaional kinematic terms are compared to the existing classical solutions in the literature.
The percentage of error between the two solution methods is calculated for different
sections and boundary conditions. As conclusion, the kinematic rotational tegms a
important to take in consideration specially for higher modes investigation, due to the
relative error that reach 9% between two solution methods when we deal with high
vibration modes. Moreover, the presanalyticalsolutionshave been validateslsoby
different benchmark solutions from literature and comparisons with commercial codes
present simulations resultdhe importance of developed solutions that take in
consideration of rotational terms are proved in the list of numerical application @sampl
by comparing obtained frequencies with the classical solutions without rotational terms
and specially for the higher modes. All comparisons with numerical codes and
benchmarks solutions show aagyl agreementvith the developed solutionsThe
efficiency of the analytical solutions uestigated seem to be accurdtbus,analytical
solutions for free vibratiorof thin-walled beams with arbitrary crosgctionsare
developedandvalidated using benchmark resulBut, analytical method is limited for
simple cases of boundary conditions. To this aitine development of a finite element
approach is needed to investigate more general cases-ofaléa beams in presenoé

the flexuraltorsional coupled vibrationAccordingly, a finite element method is
devebped in the next chapter based on the present beam model and compared to the
analytical present solution8lso, the importance of the warpirgfecton the dynamic
behavior ofthin-walled beams isutlinedin the chapgr 3
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Chapter 3 Finite element method for vilrations of
thin-walled beams

3.1 Introduction

The aim of this chapter is to develop a 3 dimensional model used to investigate the
dynamic behavior of thiwalled beams with open sections using the finite element
method. This model is bad on two nodded beams elements.

Based on the bibliographic review for thin walled beams with open cross sections, the
nonuniform torsion presented by Vlass®l [s adopted in the developed element. In the
finite element method, straight beam elements adopted and the interpolation by
polynomial functions.

In static domain, numerous finite elements models based on the Vlassov model have been
developed in the literaturéd%-88]. In ref. [89] the stiffness matrix was developed for
thin-walled beams witlelosed sections using cubic polynomial functions. The authors in
ref. [89, 90] were introduced an independent variablinstead of Zxto account shear
deformation, that is important in the case of shatled and clamped thiwalled beams
(Benscoter Model). The authors @7f92] developed a 3D element of type C° that takes

into account torsion and shear deformations.

In finite element procedure, in a first step, the continuum media is discretized in the mesh
process. Some elements are then defined with the connectivity nodes. In a second step,
the variables are written in terms of the displacementheoflegree of #edom of the

basic elements. For this aim, shape function matrix and its gradient are needesidhe b
element stiffness and the mass matrices are then computed by numerical intagnagion
Gauss method. The matrices and vectors of the structure ameeubby the assembling
process over the elements. In the present waskdemonstratedoefore, warping
deformation is of primary importance for thivalled open section. So, the warping is
considered as an independent displacement with regard to cl&3ibahms. Based on

this assumptiorgach node has seven Degree Of Freedom (DOF):

M~ L QiySydeoR) SHa = EL sd;[70].

These seven degree of freedom correspesgectivelyto axial aboutx axisand shear
displacements abowt z axis, torsion angle about y, z axis and thelerivation of &
aboutx correspondo the warping displacemenAccording to this assumption the known
boundary conditions clamped, hinged and free are defined as following:

Clamped boundary@yL igL&SyL a,L ra'yL SyL aTyL ra
Hinged boundaryQyL gL &Syl gL r

Free boundary: all displacemeniér
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3.2 Finite element discretization

The continuous displacement vectar} {and its gradient {§/ defined previously in
equation(2.23 are writtenas in terms of thed\j=as

ML D:aeXMmand 9 =L S eV~ (3.1a,p

Where >0 :&@7and > : & “arerespectivelythe shape functiorendthe gradient matces
[ isthelocal element coordina). We remind thain the mesh pragss, inear shape
functions are adopted for the displacemem QG SRO\QRPLDO +dhtéBdetVHTV 1XQ|
in discretization of the other componenits:(v,w, %). According to definitiorequation
(3.1),{ U vectordefined inequation(2.23 is put as:

=L > =L > ) V=L SN~ (3.2acC)

Where matrix H] is a constant matrix defined [ii0], as indicated below:

.S r

rr r r r r
1 n
ifrr r s r r rg
*Lir r r r r s r ri (3.3
'ror r r r r r sMN
Ir r r r r r s r0O

Based orequation(3.2), one gets the following matrix formulation of thgain energy
@ given byequation(2.29:

U7L £+ ONE$ER28XM=@ T

A
5

H S .
L+ -t AN=$TR2BMN=Q (39
?5

1%}
5

. H
L UM + I'—t + BER2$?7Q@ @M~
o 25
+ The' —4Sfeete Z8%o. Foof" foctZtoto—o
%]
From which, me can identify the stiffness matriX] of the structure from the assembly
process by:

5

H
>?7L + -+ BEIRP?7@Q &+ > Y
5t o ” (39
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Where > %is the elementary stiffness matrixiter part integration, the kinetic energy
variation defined irequation(2.33 is modified to in terms of the acceleration as:

U6 L FON= Ft @>0’??>/5?J0?EIT#%’P>,’6?>) AQ@ GMF- (3.9
A

ThematricesM1 andM> aredefined as:

s r r r
r s r \G .
9
Ts?L T s FLJ;J
r % Flb 4
ooy
NI 2 O A A
oo o wororororory
3 7L iroror + r r rorg
r r r r r r r rf
rr r r rr r rN
r v r r r r r rN
r r r r r r r O
(3.7ab)
Thus, heelementary masmatrix ¥ 7is defined as:
|
¥ L @ DY s?i)?ET#%?#t?%?A (3.9
By integration over the elementse has:
. H ° . H °
UeL + —ti N=S ZMF@ & U= + I‘—ti 3 @GN~ (3.9
?5 ?5

%) %]

From whichone candentify the stiffness matrixMl] of the structure from the assembly
process by:

H 5
A+ <t A @ (3.10
@ ?5
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Elementary stiffness, and mass matrix definitions

To demonstrate the elementary stiffness and mass matrix, after beam discretization let us
take an element between the two nodes2. This element is presentedFigure 3.1.

Each node of this elemehtisthe seven degree of freedoms depicted in the following
figure.

~ s s s O O N~ s s
wAMAATT TY LWAAAATT, TY

Figure3.1: The two nodded element with seven degree of freedoms per n

Displacement vector for this element is given by:
M~L “Q R R5 S5 Sk Tes Tes Q R Re Sg Stk Te The = (311

By using the interpolation matrizquationg3.1) (composed of thpolynomials shape
functiong the displacements and torsion in (3.11) can be written as:

QL 0, M= RL 0, XM= S L 0 XN= & L 0 XY= (3.12ad)
Stiffness matrix definition:

The injection ofequationg3.12) into the variation of the strain energyuation(2.29
leads to the following equation

T L g%:i/s D S0 0L ?E ! 4 S0?04?'E + 90, 70, ?'E

'+ 60 ™0 ?'MT@E 9%:1A )£ 50 720 M@ T (3.13
Furthermore, thequation(3.13 can be written in a simplified form below:

G L M, H#PE 4= Q2B + 2 Q7B + = P2 E) £> 2%, @ (B.19

> 82L £ 0,702 "

> P21 £ 05 7505 7"

=22 L+ Sp 70 2"
A

> P9 L i, 90 70 ? (3.15a€)
So, the elementgirstiffness matric is given by:

2P "y PE A2 DE +2P7E' +2P2E) 2 9} (3.16
t
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The shape functiorf§3, 93] used in the present finite element moaie C° for the two
first andC! functionstypefor the othersC? functionsand theiffirst orderderivativeexist
andare continuouOtherwise, efirst order derivativesf thesefunctiorsin weak form
can be integratedddding to this,C! functionshave an acceptable witmoothnesso
jumps ancho kinks so there are continuously differentiable

The adopted shape functioae defined by:

Os:ee L

Og:ae L

.S

.S

Fae
t
Ee
t

L:sFaeG:tEae

19 6
08:aeL—Z:sFae 'SEe

\Y

‘sEaf:t Fee

Og:e8 L

0.:a LLf:sEaeG:aF S;

It should be noted that these egoias are obtained by supposing that:

\

ael %f F swith I°is the element length,T B s s7and &b s s?

(3.1

Consequently, the elementary stiffness matric can be written as below:
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With:

55l ' #i, 00 Ts L ' #1, 0f00@ TFs-L ' 41, ONOf @ Tss4L ' +i, OFDT@T

e6L " t14 07"@TerL +iy 0708 "@T6=L " +i, O§OJ@T

54l ' 11, OfOT@ T, 7L 41, Of @ T7ssL '+, 07O @T

-756L "+ 1, OFDN@T-g5L " 415 OF"@E-5oL " +1, 0PI T

-gss5L " 11y 000 @ Tgsel "+ 0§D @ T ool "4y O4"@T

-~ L i, OF T L+ 1, 0P0§@ E) £i, 070f@T

-.57L "+ 1, 0POS@E) ti; OJO{@ T .55L '+ i, 0F0S@E) i, Of0f@T
- L' i, Off@ T . s7L " + i, 0§0§@ E) iy Of0J@ T

- sgL "+ i, 0§0°@E) i, 0f0f@ L '#i; Of@T

oL iy O M@ T osaL 4, 086N @ Tsusal  +i, OTT@T

-5555L ' 414 08 "@Tossl "ty 08 6 @ Tsesel " +iy ON@T
-5757L "'+ i, 0S%@E) £y 0§ @ Ts755L ' + iy 050°@E) i, 0f0/@T

-s5g58L '+ 1, 0°%@E) i, 0"@T (3.19

Mass matrix definition:

The kinetic energy varimn has been derived iequation (2.33.in terms of the
displacement and rotation velocities. It is reminded below.

U6L i, FI @0 @& RO FE SU SE 44 Ug E kU B/E RlA; 0F kU S/E
SIB0A@F i, :| 2RERE- = "USEI 2 378" @T (3.203
In matrix formulation, the kirtec variation becomes:

UL Fi, UM ;M@ Fi, ‘Ui NEDT (3.20H

Mass matricesNl1] and Mz] are elementary mass matrices. Using the relationships
between the vectorglf, { 1} and the DOF vector {f. Comparison of the present natural
frequencies to benchmark values

UBL FSUNM=@, @ %02 s20?ES %9 2 ;) N@ANM= (3.20c)
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For harmonic motion witrangular velocity 3 the displacement vect@and hissecond
derivativewith respect to time amgiven as follows

My P=L A Sand MFR=L F35<:P= (3.20d)

By injecting theequationg3.12) into the variation of the kinetic energy equati@B@
the following equation is gotten

UbL S<UM=F3% 1, FI @020, ?E 03 207E 05 20, 7E 4 0 20 7E
\6k9>0 %e’)E g>0é?J0 DF Lbk'?>0 ?}()é ?E g>0é?}0 %A@%:E
COM=IF38; T, 11 2 60,250,B B2 90, 220, 7E1 & 50 20 7@ W
(3.2)
With: 5 @2 L1, 90.20.2 7 &3 L i,y 0, 7%0, 7
8L, 02067 7 &Ly 0707
S 82 L, 0e20:72 7 &% L, “0s 70, ?
¥ P2L0, 0 20 24 %L1, 0 70 ?
G200, 90 P0.7E 020 % 7 G 2L, 0 20, 7E 0, 20 ?
(3.22
The force ector can be deduced by injectiaguation(3.1) in the external loadvork
equation(2.38, onegets:

UL + SM=50:2?B=@T (3.23
A

Theintegration over the elemera$ equation(3.23 gives the following relationship:

. . H °
U9L U=+ Ff + SXB=@& (3.29
25
From which onecan identify the force vectoq =of the structure from the assembly

process by:

H 5
=L+ -% 0BRQe (3.29
@ ?5
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3.3 Generic resolution of thinrwalled structures

Returning to e dynamic ration equation (2.22and using the matrix form of7 4 Usa
B defined in equatios (3.4, 3.2 and 3.2), the followingexpression is gotten

> X@&E Y 1dL « = (3.26

When damping is present, similar system can be obtained. In the s&smak damping,
the equation (3.26) becomes

> X@QP=E Y @P_E ¥ 7@P_L < :P= (3.27

Where [C] is the damping matrixI he solution of the system (3)48 admitted aperiodic
in the form:

{dn}={)}e"" (3.29
3.3.1 Finite element formulation of thin-walled structures free

vibrations

Thus, natural frequencies are carried out by means of the free vibration analysis by putting
equation (3.28 and ({ =L <=3%¢’L > ?in motions equations (3.27In such cases,
the solution of the system (3.Ri periodicin the form:

{dny={)}e" (3.28
This leads tohe classical eigenvalue problem:

'F3%y ?E> 24 =L «= (3.29

Vibration modegangular velocities3vand the eigenvectord v) are obtained by solving
the eigenvalue problem. Thgstemin equation(3.29) admitsas many solutions as the
number ofDOF. In the presence of high numbef DOF, research of all the solutions
should be cumbersome and difficult to obtdmpractice, on} the lower modes are of
interest. An efficient solver for lower modes is then highly recommended.
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3.3.2 Forced vibration of thin-walled structures in frequency
domain (Steady-state dynamic analysis)

Steadystate dynamic analysis provides the ampktwand phase of the response of a
system due to harmonic excitation at a given frequency. Usually such analysis is done as
a frequency sweep by applying the loading at a series of different frequencies and
recording the respons®therwise, the steaestae modal dynamic analysis a linear
perturbation procedure, used to calculate the stetadg dynamic linearized response of

a system to harmonic excitation. This methodatailedand usedn the developed finite
element approach to study the forcelration of thinwalled beams

3.3.2.1 Steady state modal analysis

In a modebased steadgtate dynamic analysis the response is based on modal
superposition techniques; the modes of the systent fimgks be extracted using the
eigerfrequency extraction pcedure.The number of modes extracted must be sufficient
to model the dynamic response of the system adequately.

When defining a modbased steadgtate dynamic step, you specify the frequency ranges
of interest and the number of frequencies at whichltesue required in each range
(including the bounding frequencies of the range). In addition, the type of frequency
spacing can be used linear or logarithmic or nonlinear with more points around the
naturals frequencies.

In case of forced vibration withhnamposedpulsation ¥ the steady state modal method
is applied in the solution [1 44]. According to this method, solution is gotten by
following two stepsthe first begins by the free vibration analysisorder to getnm
specific vibration modedn the seond step, motion equations (3)2#e projected on the
mode basis as:

<@L 3 x =A¥ (3.30)
' KHUH@>LV WKH IUHH YLEUDWLRQ PRGH PDWUL[ 2QH JHW)

FY 2y H2ERI?9RAET 2> 2 2<=L J2q,= (3.31)

In the present study, structurandpingis defined afkayleightype and it is given by:
@RL UY ?E U= ? (3.32)
Where [and Aarethe masstiffnessproportional coefficiers.

Defining the following modiamatrix terms:

Generalized massi v L dy=5 A = D
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Generalized stiffness@ L < yF> & y= E
Generalized force:B L 4 y=F<,= F
Generalized damping? L < y=264 = (3.33d)

The solution of the problem sought in a real and imaginary pard. <#=E E$= Z KUHH
WKH FRPSRQHQWY DUH JLYHQ E\

Uskbs? V- & &p

yL Kbz? Y- aqp >V @ (3.349)
Syt kbg? ;ZOC’;E Y @ (339)
The real and themaginaryparts of the displacement vector are given by
<eg VisL A #d v= (3.39
<aa Vi=L A% $yd = (3.37
The dsplacementagnituderesults from

S =L ¥<eg®E<ay® (3.38)

By this way, the finite element approach of the model ia &ed forced vibrations has

been described. 3D beams with 2 nodes and 7 DOF per node has been adopted in the
mesh process. The present finite element (referred here BiDwplanted in Maltab

[80]. Warping, rotational kinematic terras wellas flexuraltorsional couplingare taken

into considerationThe present model is validated below on the basis of some benchmark
solutions, commercial codes Abadiig], Adina [81] and original test results found in
literature.lt is noticeable that, thegenfrequeniesf are computed in Hz withH€ 3 S.

3.3.22 Study base motion effect (earthquakes)

Sometimes the support of the structure undergoes motion, this phenomenon is called base
motion. The commons example of base motion is when the structure is sdiject
earthquakes. Letyt)} denote the base displacement signal in time domain. The
acceleration W)} can be carried out as second derivative of the displacement signal
{y(1)}. Moreover, by applying Fourier Transformation the acceleration signéime

domain can be transformed to frequency domaifig}. The motion equation (3.37n

this case becomes as follows:

FAST 25 A 2EEM 292 ?2E 2> 2 2< =L I 2 = (3.39
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When <,=L ¥ T;7f;_ (3.40)

Therefore, the steady state solution is carried out from this equation as demonstrated in
section 3.2.1.

3.3.23 Vibration excitation with random signal

In this paragrapltthe response of a structure subjectedremadom responsgefined as a
nonceterministic continuous excitation that is expressed in a statistical intellect by a
crossspectral density (CSD) matrihe same steps used in the stesidye modal
method detailed previously in section 3.3.2.1 and to investigate response spectrum of
hamonic signal are used fdrginvestigatiorof arandomsignalresponseTheprocedure
consists to compute the eigenvalu@ngular velocities, eigenfrequenciesy free
vibration study of the waamped structure, theo calculate the corresponding power
spectral densities (PSD) of response varialdesg|erationdisplacements, etchy the

same steady state modal analysis

The response of random excitation signals is treated in frequency domain. Therefore,
random response is carried out from integratad a series of sinusoidal vibrations.
signals. Hence, the response of a random signal is obtained by the sameststieady
solution method presented before.

When the structure is excited by a random load defined as a single time record or a cross
correlation of time records. Aourier transformation (described in chapigrof this

signal is proceeded to provide the matrix of crgissctral density functions [@)] in the
frequency domain. A range of frequencies is chosen in which the structuresesplbn

be carried out. This range depend to some considered structure modes.

The theory of random response analysidatailedin the following referencesClough
and Penzien], Hurty and Rubinsteif5], and Thompsofo6].

It I important to note thahe exdtation should bergodic. Tls meas, the time average
is the same for several samples of the excitation.
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3.4 Numerical application and analysis

In this part, differenbenchmarkare consideretb validate the developduhite element

model BBDw with literature and commercial codes. Otherwise, some present examples
are studied and compared to commercial codes to prove the accuracy of the present model
in both free and forced vibration domain. In the case of Abaqus code, shell elements (S8R)
ard 3D beam elements (B310S) are used. In Adina, an efficient 3D beam element
including torsion and warpinigas been recently implementddshould be noted that in
thevalidation examples the elements deechosenn B3Dw modelswith respect to
beams sctionsand lengthsFor the considered exampldsetsize of elementgasabout

0.1 m thus a model with onlylO to ® elementgfor beams of length 1m 6m) was
sufficientto converge thealculationin order to obtairaccurate resulttherwise, for

shell elements thousands of elements was needed, that cost a long calculation time.

3.4.1 Free vibration of a singlysymmetric cross section
cantilever beam

The cantileverbeam with singly symmetric channel cross section solved by G&afly [
studied inchapter 2 is reoncerned here as the first example in the validation procedure
The geometry and the material data are given in Figure 3.2.

( *3D *3

(2600 kg/m

Figure3.2: Cantilever lrams with mongymmetric channel crossection.
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For the beam representedrigure 3.2, the first 6 vibration modes have been computed
are presented in TabB1. Modes types are presented in (column 2), analytical solutions
have been computed (column 3) and compared to the numerical solutions of the present
model (column 4) and Abaqus simulations arranged in the columns 5 and 6. Benchmark
solutions B2, 82] are reminded in the last columns for comparison. All the solutions are
close. In comparison tf32] results, the obtained B3Dw frequencies are so close to
reference values. The slight difference founded is due to the interpolations done in
*HQG\TV P Ré&étHheBi0fdP mode shapes carried out by B3Dw element match
with [32, 82] references result&econd and sixth modes are pure bending. Other modes
are flexuraltorsional coupled. This approve that in free vibration for mgyrametric
sections about axis, the beam exhibits flexurtdrsional modesy bending in the strong
axisyyand Ztorsion about beam axasecoupled) and pure bending modec¢mponent
aloneleading to bending in the weak axB3.

Table3.1: Comparisorof the presennatural frequencieto benchmarksalues
(values in HzFT: flexural, torsional coupled modB; bending modg

Mode| Type Prese_nt Present| Abaqus| Abaqus | Beam| Shell | HMC2
(Analytic) | (B3Dw) | (Shel) | (B310S)| [82] [82] [32]
1 FT 11.28 11.34 11.40 11.%6 1138 | 11.42 11.42
2 B 23.18 23.16 | 23.15 23.17 | 23.15| 23.15 | 23.15
3 FT 43.42 43.36 | 42.62 42.60 | 42.57| 42.67 | 42.67
4 FT 57.16 57.9 57.79 57.40 | 57.67| 58.17 | 58.05
5 FT 109.01 | 109.36 | 106.65| 109.41 |106.| 107.D | 107.88
6 B 145.17 145.01 | 144.45 | 144.71 |144.9| 144.@ | 145.12
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17 _
(a):Mode 1 1 (b): Mode 2
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Figure3.3: The first6 free vibration mode shapes of the channel beamn(@de1-6)

Otherwise, Figure 3.Bustratesthesix first mode shapesarried out byB3Dw element
One observethatthe second and sixth mo¢feigure 3.3bf) are pure bending uncoupled
modes.All other modes i@ flexurattorsional couplednodes(Figure 3.3a, ¢, @nde)
These results armentioned in referencg82, 70]. It is then confirmed that in free
vibration for monesymmetric sectionsthe beam exhibits flexurabrsional modesw
and % coupled) and pure bending modecomponent alonéading to bending in the
weak axisz?).
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3.4.2 Flexurattorsional free vibration of a simply supported
beam with arbitrary cross section

In this section, thesimply supported beam with arbitrary neymmetric cross section
treated in3 U R[88] is also reconsideredor B3Dw model validation The geometry
and he maeral propertief the beanare givenn Figure3.4. The position of the shear
point is also viewed.

( *3 D&0.30, * * 3 OLE7850kg/m

Figure3.4: Simply supported beam with arbitrary cross section: geometry, se:
dimensions and material properties.

The different results are sumnimad in Table3.2. The natural frequency solutions given

in Table3.2a are obtained analytically and numerically by taking into account or omitting

the rotational terms and warping terms. The analytical solutions are computed from three
theories. The clagsal beam theory (CBT), omitting warping terms(WTO) are dressed in

WKH FROXPQ 7KH 90DVRY fevms\RTHIR &ntl \ith \Wotaiiy XevkhsU R W D U \
(RTI) follow in columns 3 and 4. The numerical solutions of the present model, Adina,

Abaqus and Prokic @ FKPDUN YDOXHV DUH DUUDQJHG LQ FROXPQ
results as reference, the errors of the different solutions are presented in Table 3.2b. Since

the cross section is arbitrary, all the vibration modes are flexangibnal and torsion

governghe behavior. This is the reason why the CBT is out of order in this example. The

errors of this methodange between 10 and more than 90%. This fact is known and

checked since long timed?, 43]. The rotary terms present in the mass matrix are

important n dynamic analyses especially in presence of higher modes with frequencies

higher than 100 Hz. One remarks that the error can reach 20%. The numerical solutions

RI WKH SUHVHQW PRGHO DUH LQ JRRG DJUHHPHQW ZLW
Moreover, ongemarks some discrepancies in Abaqus values in the case of higher modes

with frequencies higher than 100 Hz.
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The first nine vibration modesof the beam are pictured in Figure .3%nce the cross
section is arbitrary, it is confirmed that all the vibratioades are flexurébrsional. One
can see that the displacemewntsvand 7 are present in all the modes. The concept of
triply coupledflexurattorsional adopted in literature is confirme&8[83]. Nevertheless,
one can check that the displacemerdasd Zare predominant in modes (1, 2, 4, 5, 7 and
8). The displacementg and Zare important in the remaining modes.

Figure3.5 : The first nine free vibration mode shapes of the beam.
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Table3.2: Comparison between the presemidelsnaturalfrequencies (Hz) and

(WTO: Warping terms omitted, RTO: Rotational Terms Omitted, RTI: Rotational

refererces values

Terms Included)

CBT Vlasov | Present| Present| Adina | Abaqus| 3URN
(WTO) | (RTO) | (RTI) | (B3Dw) |(Beam)|(B310S) [33]
3.84 8.78 8.78 | 8.78 | 8.78 | 8.77 8.68
n=1| 11.93 | 13.17 | 13.15 | 13.16 | 13.16 | 13.12 | 13.02
30.07 | 34.30 | 34.19 | 34.12 | 34.12| 33.36 | 33.83
7.84 | 34.41 | 34.28 | 34.23 | 34.23| 34.07 | 33.86
n=2| 47.21 | 52.10 | 51.81 | 51.84 | 51.84| 51.23 | 51.32
116.62 | 135.88 | 133.79| 131.45|131.50| 121.32| 130.35
1181 | 76.80 | 76.27 | 76.43 | 76.43| 75.67 | 75.61
n=3 | 105.27 | 116.98 | 115.53| 115.68| 115.70| 112.73| 114.52
261.49 | 304.99 | 283.70| 283.92|283.90| 244.30| 281.51
15.77 | 136.29 | 134.64| 135.13| 135.10| 132.78 | nat studied
n=4 | 186.19 | 207.82 | 203.30| 203.75| 203.80| 195.01 | not studied
449.75| 541.74 | 510.25| 480.03| 480.00| 386.03 | not studied
19.72 | 212.78 | 208.81| 209.96| 210.00| 204.41 | not studied
n=5| 288.25| 324.60 | 313.81| 314.84| 314.80| 295.10 | not studied
644.80 | 846.15 | 712.28| 708.17| 708.20| 536.93 | not studied

Table3.2 (continue): Errors values in % (Adm Results as reference)

CBT Vlasov Present | Present| Abaqus SURN
(WTO) (RTO) (RTI) | (B3Dw) [33
56.26 0.00 0.00 0.11 1.14
n=1 9.37 0.08 0.08 0.30 1.06
11.87 0.53 0.21 2.23 0.85
77.08 0.53 0.15 0.47 1,08
n=2 8.94 0.50 0.06 1.18 1.00
11.32 3.37 1.74 7.74 0.87
84.55 0.48 0.21 less 0.99 1.07
n=3 9.01 1.12 0.15 than 2.57 1.02
7.89 7.42 0.07 0.5% | 13.95
88.33 0.86 0.34 1.72
n=4 8.64 2.00 0.25 4.31
6.30 12.86 6.30 19.58
90.61 1.34 0.57 2.66
n=5 8.43 3.10 0.31 6.26
8.95 1948 0.58 24.18
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3.4.3 Hong Hu Chen benchmark numerical study

Chen R2] introduced a finite element method for the coupled vibration analysis ef thin

walled beams with a generic open section. The developed element has two nodes with

seven degrees of fremah per node. in the model he used the kinematics of the Euler

EHDP WKH G{$OHPEHUW SULQFLSOH DQG WKH YLUWXDO .
obtained by differentiating the element deformation nodal force vector and element

inertial nodal forcevector with respect to the element nodal parameters and their second

time derivatives, respectively.

To validate his model Chen took five numerical examples from literf®edl, 47],
then he studied the free vibration problem of these beams undeliffarent boundary
conditions presented indure 3.6.

Figure3.6: Five boundaries conditions studied by Chen. 1HL5)

For the studied beams the sections, geometry and materials propertiepiated in the
following Figures (3.73.11):
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Beam g@ometry and material properties
L=1.28 m

A= 2.669 cr
ly=0.450 crfi
I=9.396 cr
l= 0.014 crft

| =163.6 cf
Ye=-37.71 mm
Z= 0 mm
E=216.4 GPa
G=80.1 GPa
m= 2.095 kg/m

Figure3.7: Beam1 with channel cross section.

Beam gometry and material properties
L=2.00m
A=19.252 cr
ly=768.39 crfh
l=71.1143 crh
l=3.17103 crh
| = 38.6899 crh
Ye= 0 mm

Z= 53.88 mm
E= 210 GPa
G=80.77 GPa
& 7800 kg/nd

Figure3.8: Beam2 with Tee cross section
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Beam gometry and
material properties:
L=10.00 m

A= 340 cn}

l,= 58114.6 crfy

|= 175303 crf

li= 453.333 crh

| = 128016000 cfh
yc=-0.23526 m
Zz=-0.31147 m

E= 210 GPa
G=80.7 GPa

* 8.002 kN.¢m*

Figure3.9: Beam3 with arbitrary cross section

Beam gometry
and material
properties:
L=10.00 m

A= 285 cm

l,= 102858 crfh
|= 239265 crh
l=228.7® cnf

| = 92633300 ch
Ye=-0.19755m
z=0.39183 m
E=210 GPa
G=80.7 GPa

& 8.002 kN.¢m*

Figure3.10: Beam4 with arbitrary cross section
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Beam g@ometry and material
properties:
L=10.00 m
A= 240cn?

= 66582.7 crh
|= 18213.9 crf
li= 520.000 crf

| = 3942550 crh
ye=-0.054809 m
z=0.086555 m
E= 210 GPa
G=80.7 GPa

& 8.002 kN.¥m*

Hereafter, infables 3.33.7 a comparison among the given results of free vibration natural
frequencies and the developed FEM (B3Dw) in order to validate the present model with

Figure3.11: Beam5 with arbitrary cross section

different sections types and boundary condition.

Table3.3: Comparison between the present models and references vaurnegtzr

velocities : (rad/s) and vibration modes.
(W: flexural modeT: torsional modey: lateral bending mode)

Beam 1, BC1 Beam 1, BC2
Mode Present References Mode| Present References Mode
B3Dw |BC1M[47] | BC1CM[22] |YP€ | B3Dw | BC2CM[47] | BC2x[22] | tyPe
1 | 421.65| 421.73 42159 | W,T| 159.40| 159.40 | 159.38 | w,t
2 | 591.98 X 592.83 V | 211.01 X 21131 | v
3 [1653.70 1656.69| 1653.48 | W,T| 616.75| 619.21 | 616.68 | w.t
4 |1717.53 1732.59| 1717.83 | W,T| 932.63| 934.00 | 932.51 | wt
5 [2360.46 X 2363.83 | V |1318.45 X 1320.33| v
6 [3698.70 3714.81| 3698.25 | W,T |2576.24 2585.97 | 2575.91| wit
7 15283.50 X 5291.02 | V |3674.23 X 3679.45| v
8 |6445.14 X 6445.14 A |3757.42 3866.61 | 3757.01| w,t
9 |6544.69 6596.09| 6544.06 | W,T |5018.68 X 5018.13| w;,t
10 |6688.36 X 6687.65 | W,T |6445.14 X 6445.14| Axial
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Table3.3 (continue)
Beam 1, BC3 Beam 1, BC4
Mode Present References Modetype Present| Reference Modetype
B3Dw |BC3CM[47] | BC3xX27] B3Dw | BC4CM[22]
1 938.33 | 938.71 | 938.20 W, T 163.63 163.61 w,t
2 1341.60 X 1343.52 \% 924.62| 925.95 \Y;
3 | 2574.19| 2579.75 | 2573.86 W, T 932.13| 932.01 w,t
4 | 3684.93 X 3690.20 \% 255490 2554.59 w,t
5 | 3881.34| 3924.04 | 3880.90 W, T |2701.09 2700.77 w,t
6 | 5026.30| 5050.68 | 5025.75 W, T 12986.3§ 2990.64 \Y;
7 7184.00 X 7194.27 \ 5016.28 5015.73 w,t
8 | 8273.54| 8344.01 | 8272.94 W, T |6197.44 6206.27 v
9 (10388.37 X 10387.20 W, T |6445.14 6445.14 Axial
10 |11786.8¢ X 11803.9¢ \'% 8218.80 8218.19 w,t
Table3.3: (continue)
Beam 1, BC5
Mode Present Reference Mode
B3Dw BC5CM[22] type
1 163.63 163.61 w,t
2 924.62 925.95 v
3 932.13 932.01 w,t
4 2554.90 2554.59 w,t
5 2701.09 2700.77 w,t
6 2986.38 2990.64 \Y;
7 5016.28 5015.73 w,t
8 6197.44 6206.27 \Y;
9 8218.80 8218.19 w,t
10 8476.46 8475.59 w,t

Table3.4: Comparison between the present modelsrafetences values ahgular

velocities : (rad/s) and vibration modes.
(W: flexural modeT: torsional mde,V: lateral bending mode)

Beam 2, BC1 Beam 2, BC2
Mode Present| Reference Mode Present| Reference Mode
B3Dw |BC1x[22] B3Dw |BC2CM|[22]
1 190.81| 190.81 | V,T | 78.42 78.42 v,t
2 401.87| 401.87 | V,T | 173.53 173.56 v,t
3 463.22| 463.22 | V,T | 287.48 287.48 w
4 729.53| 72954 | V,T | 351.21 351.24 v,t
5 804.87| 804.87 W | 582.23 582.34 v,t
6 |1007.25 1007.27 | V,T | 809.51 809.52 v,t
7 11303.69 1303.76 | V,T | 890.98 891.15 v,t
8 |1336.59 133.60 | V,T |1182.91] 1183.18 v,t
9 |1623.63 1623.85| V,T |1488.28 1488.77 v,t
10 [1970.74 1971.33 | V,T (1777.21 1777.21 w
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Table3.4: (continue)

Beam 2, BC3

Beam 2, BC4

Mode

Present

Reference

Present

Reference

B3Dw

BC3x[27]

Mode

B3Dw

BC4CM[22]

Mode

244.82

244.89

V, T

121.82

121.84

v,t

506.17

506.32

V, T

35095

350.98

v,t

727.78

727.93

V, T

502.62

502.69

v,t

807.07

807.18

V, T

655.44

655.50

v,t

1070.07

1070.44

V, T

887.31

887.49

v,t

1384.15

1384.71

V, T

1182.02

1182.30

v,t

1720.17

1721.10

VvV, T

1256.34

1256.35

1822.36

1822.37

W

1484.04

1484.51

vt

O 0N |0 |W(IN |-

2029.91

2029.95

VvV, T

1667.78

1667.83

v, t

[EEN
o

2087.43

2089.05

VvV, T

1832.32

1833.24

v, t

Table3.4: (continue)

Beam 2, BC5

Mode

Present

Reference

B3Dw

BC5CM [27]

Mode

121.82

121.84

v,t

350.95

350.98

v,t

502.62

502.69

v,t

655.44

655.50

vt

887.31

887.49

v, t

1182.02

1182.30

v, t

1256.34

1256.35

1484.04

1484.51

v, t

O 0N |0 W(N|[F-

1667.78

1667.83

v, t

=
o

1832.32

1833.24

v,t
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Table3.5: Comparison between the present modelsrafetences values of angular
velocities : (rad/s) and vibration modes.

Beam 3, BC1 Beam 3, B2
Mode Present Reference Present Reference
B3Dw |BC1CM[22] |[BC1CM [33] | B3Dw |BC2CM[22]

1 54.54 54.41 54.41 20.56 20.56

2 81.83 81.83 81.83 30.27 30.27

3 | 21257 212.57 212.57 79.36 79.36

4 | 212.73 212.74 212.73 120.46 120.46

5 | 322.45 322.45 322.45 181.25 181.25

6 | 475.06 475.07 475.05 331.19 331.2

7 719.54 719.56 719.57 462.95 462.95

8 | 804.70| 804.90 (A) X 501.21 501.21

9 | 818.99 819.00 819.01 644.38 644.42

10 | 839.94 840.03 X 804.70| 804.9(A)

11 |1267.3§ 1267.51 X 972.61 972.67

12 |1305.14 1305.48 X 1058.84 1059.01

13 |1768.75 1768.81 1768.75 |1241.28 1241.3

14 |1867.82 1571.83

Table3.5: (continue)

Beam 3, BC3 Beam 3, BC4 Beam 3, BC5
Mode Present| Reference| Present| Reference | Present| Reference
B3Dw | BC3x[22] | B3Dw |BC4CM[227] | B3Dw |BC5CM[27]
1 120.71| 120.71 28.47 28.47 28.47 28.47
2 183.35| 183.35 | 105.74 105.74 105.74 105.74
3 330.70| 330.70 | 143.98 143.98 143.98 143.98
4 | 474.68| 474.68 | 306.10 306.10 306.10 306.10
5 502.33| 502.33 | 341.72 341.73 341.72 341.73
6 645.23| 645.27 | 425.37 425.38 425.37 425.38
7 977.49| 977.56 | 628.97 629.00 628.97 629.00
8 [1061.50 1061.68 | 804.70| 804.9(A) | 856.98 857.03
9 |1269.73 1296.75 | 856.98 857.03 [1013.03 1013.10
10 |1577.15 1577.75 |1013.03 1013.10 |1072.74 1072.85
11 |[1600.86 1601.13 |107274| 1072.85 |1430.95 1431.19
12 ]1609.43 1611.04(A) 1430.95 1431.19 |1569.97] 1570.48
13 |2189.18§ 2190.78 |1569.97 1570.48 |1609.43 1611.04(A)
14 |2364.40Q 2061.07 2061.07
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Table3.6: Comparison betweethe presentodelsand references values of angular
velocities : (rad/s) and vibration modes.
(W: flexural modeT: torsional modey: lateral bending mode)

Beam 4 BC1 Beam 4 BC2
Mode Present Reference Present| Reference
B3Dw |[BC1CM[22] |BC1CM [33] | B3Dw |BC2CM [22]
1 51.05 51.05 51.05 19.90 19.9
2 101.41 101.41 101.41 36.28 36.28
3 197.83 197.83 197.83 84.57 84.57
4 | 233.71 233.71 233.71 112.35 112.35
5 | 40291 402.91 402.91 225.30 225.3
6 | 441.49 441.50 441.48 307.97 307.98
7 780.73 780.81 X 50902 509.03
8 | 804.70| 804.9(A) X 599.02 599.06
9 | 897.67 897.70 897.74 624.97 624.98
10 | 904.15 904.15 904.15 804.70| 804.9(A)
11 |1213.73 1214.04 X 984.65 984.82
12 |1574.75 1574.92 X 1209.15 1209.22
13 |1738.21 1739.13 X 1362.3§ 1362.38
14 |1939.98 1940.05 1939.99 |1462.62 1463.16

Table3.6: (continue)

Beam 4, BC3 Beam 4, BC4 Beam 4, BC5
Mode Present| Reference| Present| Reference | Present| Reference
B3Dw | BC3x [22] | B3Dw |BC4CM [22] | B3Dw |BC5CM [22]
1 112.22| 112.22 21.28 21.28 21.28 21.28
2 229.58| 229.58 | 111.88 111.88 111.88 111.88
3 307.25| 307.25 | 158.91 158.91 158.91 158.91
4 526.86| 526.86 | 306.30 306.30 306.30 306.30
5 599.50| 599.54 | 365.52 365.52 365.52 365.52
6 628.51| 628.53 | 509.62 509.63 509.62 509.63
7 986.63| 986.80 | 599.00 599.04 599.00 59904
8 [1219.3 1219.46 | 804.70| 804.9(A) | 981.04 981.20
9 |1402.46 1402.48 | 981.04 0981.20 |[1054.68 1054.73
10 |1466.77 1467.33 |1054.68 1054.73 |1142.00 1142.01
11 |1609.43 1611.04(A) 1142.00 1142.01 |1461.38 1461.92
12 11987.84 1988.18 [1461.38 1461.92 |1609.43 161104(A)
13 [2037.48 2038.97 |1776.20 1776.45 |1776.20 1776.45
14 |12616.05 2616.21 |2028.09 2029.51 |2028.09 2029.51
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Table3.7: Comparison between the present modelsrafetences values of angular
velocities : (rad/s) and vibration modes.
(W: flexural modeT: torsional modey: lateral bending mode)

Beam 5, BC1 Beam 5, BC2
Mode Present References Present| Reference
B3Dw |BC1CM[22] | BC1CM[33]| B3Dw |BC2CM [22]
1 42.41 42.41 42.41 15.48 15.48
2 74.91 74.91 74.91 29.18 29.18
3 99.48 99.48 99.48 47.64 47.64
4 150.87 150.87 150.87 92.68 92.68
5 | 227.12 227.12 227.12 148.38 148.38
6 | 304.82 304.82 304.81 203.39 203.39
7 | 357.85 357.86 357.85 232.30 232.31
8 | 474.64 474.66 474.64 342.03 342.04
9 | 508.80 508.85 X 409.04 409.06
10 | 766.41 766.58 X 553.94 553.95
11 | 792.09 792.11 792.13 627.86 627.93
12 | 804.70| 804.90(A) X 649.09 649.16
13 | 82266 804.70
14 11078.57 920.50

Table3.7: (continue)

Beam 5, BC3 Beam 5, BC4 Beam 5, BCH
Mode Present| Referenceg Present| Reference | Present| Reference
B3Dw |BC3x [22] | B3Dw |BCACM [22] | B3Dw | BC5CM [22]
1 84.94 84.94 39.24 39.24 39.24 39.24
2 127.94| 127.94 | 74.36 74.36 74.36 74.36
3 203.43| 203.43 | 126.16 126.16 126.16 126.16
4 213.46| 213.46 | 148.00 148.00 148.00 148.00
5 331.35| 331.36 | 222.27 222.28 222.27 222.28
6 392.33| 392.35 | 290.06 290.06 290.06 290.06
7 553.66| 553.67 | 405.20 405.22 405.20 405.22
8 624.11| 624.20 | 453.38 453.38 453.38 453.38
9 632.75| 632.79 | 550.74 550.77 550.74 550.77
10 | 909.99| 910.30 | 644.05 644.14 644.05 644.14
11 |1031.69 1031.86 | 804.70| 804.9(A) | 891.64 891.86
12 |1073.88 1073.95 | 891.64 891.86 926.87 926.92
13 |1250.55 926.87 959.35
14 |1526.18 959.35 1249.77

From these numerical examples, by analyzing Table8.3.3 is remarkable that the
angular velocities (rad/s)and the vibratioomodes for thirwalled beams with different
boundary conditions and arbitrary cross sections types match well with the benchmarks
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results. Thus, the accuracy of the developed FEM (B3Dw) is demonstrated in free
vibration context.

3.4.4 Double clamped cruciform crosssection beam

More recently the free vibration of doubly clamped thimalled beamwith cruciform
cross sectiomwas studied theoretically and experimentalyPianaet al.[58]. The beam
length, the material propertiasad the cross section dimensions are shovguare3.12
Based orexperimentaketup, the eigdrequencies of the beam wezgtracted by mean
of impulses provided by a hammer and measurement of displacementsansogs.

E=70 GPa, ©0.30,G=26.92 GPa
(£2600 kg/m

Figure3.12: Double clamped beam with cruciform cross section.

Pianaet al. [58] adopted a numerical model in order to compute the beam vibration

modes. It is important to note that, the authors have compared results for simoiatio

beam withperfect cruciformsymmetrical cross section and other one wdias into

consideration ofmanufacturing imperfectionsThey founded that the effect of
imperfection in section is important in studying of the dynamic behavior. The resonance
frequencies have been computed by the present finite element Aloaglis simulation

DQG FRPSDUHG WR 3LDQDYV UHVXOWYV LQ FDVH RI LPSHUI
in Table 3.8 In addition, Abaqus simulations are also repdittedimportant tanote that

in present model onI$0 elements are used in the mesh process
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Table3.8: Numerical and experimental natural frequencies comparison (values in Hz).

Test Imperfect cruciforncrosssection
Mode| Results Numerical Present | Abaqus Mode Type
[58] Resultg58] B3Dw B310S
1 161.87 165.66 165.56 166.05 |Mode 1Torsion
2 275.47 263.75 266.97 265.38 | Mode 1y, bending
3 284.18 269.90 273.34 271.63 | Mode 1w, bending
4 325.43 331.69 331.17 332.16 |Mode 2Torsion
5 486.13 499.17 496.79 498.28 | Mode 3Torsion
6 667.84 667.49 662.34 664.31 | Mode 4Torsion
7 741.30 716.75 734.71 725.23 | Mode 2y, bending
8 767.30 733.04 752.20 742.02 | Mode 2w, bending
9 813.39 838.93 827.96 830.47 |Mode 5Torsion

One emarks that all the numerical solutions are close to test results ohgbdect
cruciform crosssection The accuracy of the present finite element is then justified. The
free vibration of beams with arbitrary cross sections and boundary conditienbd=v
tested successfully by the present finite element model (B3Dw) in the previous examples.
The ability of the element to obtain higher vibration modes with good accuracy has been
proved.In thenextsection the performance dhe model in the case bfaced structures

is studied

3.4.5 A simply supported beam under base motion load (Earth
guake, El Centro records, acc_NS)

In order to stug the forced vibratiorbehavior of beam subjected to base motion
excitation,a simply supported beam subjectedan earthquake (ElI Centro records,
acc_NS) signaik consideredThe earthquake load is considered as base motion applied
to the beam supports ydirectionand in torsion respectivel¥or this aim, ateel beam

with IPE300cross sectiopresented iffigure 2.10s taken Beam geometry and material
properties are the followings: cross section dimensidr800mm, b=150mm, t
=10.7mmt,~=7.1mm, beam total slendernéssm, the used materials elasticity, Poisson
coefficient, shear modulus and material dignare respectively L tsr)2saL ray
G=80.77GPa, éL yzrrGCl " The beam supports are subjectedwio different
types of basenotions respectivelyThe seismic record (El Centro records, acc_NS) is

adopted as excitation signial y direction V=Veq subjected tahe supportsee Figure

3.13, then used asorsional base motionf= £«o subjected to the beam boundary
conditionsas depicted in Figure 3.13.bhe beanmaterial is steelsoa small value of
dampng is taken into consideratidrased on the refemeeloss factoffor steelmaterial
mentioned inTable 1.2.So, the calculated damping valuas the [C] matric are
c=Ccw%=106 Ns/m for the node corresponding to the beam mind p(atiterwisedamping
values for all othernodesare takerc =0).
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(@

(b)

Figure 3.13: Simply supported beam with IPE300 cross secidnjected to (a) lateral
and (b) torsional base motions
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The earthquake recordbd (El Centro records, acc_NS) is subjected to the beam to carry
outthe dynamic response spectrum of a structure under base motion condition. El Centro
records are tabulated, series of acceleratmisthe corresponding times are depicted in

the table given by EI Centro. In this table each 0.02 second the acceleratgistered,

the earthquake total duration is 53 seconds. This data is transformed to frequency domain
by applyingFourier Transformation, using the FFT algorithm implemented in Matlab
The original signal in time domain and the transformed signal in éregyudomain are
plotted and presented in Figure 3diden below.
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Figure3.14: El Centro_NSsignalin time andfrequeny domains
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By applying earthquake recorded sigriall Centro_NSpresented ifrigure 3.14 as base
motion (eqin y direction) of the simply supported beam depicted in Figure 3.13. In this
example the beam is low damped. The displacement response spectrum of the beam
midpoint is carried out using B3Dw element. Otherwise, to valithetgoresent element

the same model is studied using Abaqus commercial code and results are depicted in the
same graph in Figure 3.15.

8,0E-05

IVl (m) i i i —~: v B3Dw
i i i -- -i-v Abaqus
6,0E-05 |-------------- RS EEEEEE R REEEEEE  ERREETTEEE Ammmmmeeees
4,0E-05 f-nnmmmmmmmee PR S—— - O — T
2,0E-05 b--mommmmmo oo e
0,0E+00 . '
0 5 20 25

3,0E-05 ~----nmm-mmm- qremmmemmmnes Fmmmmmmmmmmnes qmmmmmmmmneeee Fmmmmmmmmmnees
| 71 (rad) ! ! ! — Tarsion B3Dw
i i i - — -Tarsion Abaqus

2 3E-05 -ommmmmmmme- I feeeennes e oo
=0 1 -------------- r ----------- 1 -------------- r --------------
7.5E-06 -------------- RN | S --------------
0,0E+00 - ’

0 5 20 25

10 15
Frequency (Hz)

Figure3.15: Lateraldisplacement and torsional response spedttiae | beam
midpoint, subjected t&l Centro_NSearthquake sigha
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By analyzing the response spectra results shown in Figure 3.15, it is remarkable that the
resporse spectrum of the beam midpoint obtained by B3Dw match well with Abaqus
ones. Thus, the efficiency of the present method can be significantly proved compared
with Abaqus commercial code results.

3.4.6 Forced vibration analysis of thinwalled beams douby-
symmetrical section

The dynamic behavior of a doukdymmetric cross section under harmonic 3D forces is
considered in this paragraph. To this aan,IPE300 beam with two different boundary
conditions ¢antilever, simply supportedre studied in forcegibration analysis The
geometry and the martial data are available in Figure 3.16.

Material properties:
E=2.1E11,

v=0.3,

37800.

Figure3.16: Cantilever and simply supported beam with IPE300 cross section and
applied load$-y, Fz, Mx.

To studytheforced vibration behavior of tkebeans thefollowing harmonic forces and
momentsare applied at the free ewd the beam in the case of cantilever beam and at
mid-point of the simply supported beaifhe amplitude of theoncentrated forcemeFy
=1kN, F; =1kN and torsional momemmplitude is given byix =1kNm. The Rayleigh
damping coefficientare taken from literature for steel beams materials, as follBwg

=1*108 7KH EHDP UHVSRQVH VSHFWUXP GLVSODFHPHQWV DC
IUHH HQG IRU WKH FDQW L GHY.IQW ERH DW KBIQGL P 8/0 W K K SFSLRGU \
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REWDLQHG DQG SORWWHG LQ IUHTXHQF\ GR&P DV QV DWKH UD
EHWZHHQ+] $V ZHOO DV LQ WKH IUHH YLEUDWLRQ LQY!
VIPPHWULF VHFWLRQ WKH YLEUDWLRQ PRGHV DUH XQFRX¢

7KXV ITUHTXHQFLHV DUH SXUH EHQGLQJ RU WRUVLRQ 7K
EHOCPW WKH WLS HQG LQ SUHR/H®FIHB L FWKHGE HQ GLIIUIMR U F H
IRUEHY GHSLFWHG LQ )LIJXUH M) QG GHRILFVRID® @ QP RIPIKQ\P
6R LQ )LIJXUH RQO\ WK ML CBUHY Bl Q W ARE-ED CREPBHD W
JLIXUH RQO\ WKH 10 &M B 0HV IS RIS IRMIFHG DQG L
JLIXUH RQO\ WKHF LWRIWH RIGRIMY IBSROLHG 2WKHUZLVH
YDOXHV DUH SUHVHQW DW WK HLIQ MTXHMHFLHV LQ JLIXUH
DQG +] LQ )LIXUH Z K L FIKU 1D THHIQER VBOG W LY H O\
WRUVLRQ 7KLV YDOXH LV H[DFWO\ WKH VDPH WR WKH IUH

JRU WKH VLPSO\ VXSSRUWHG EHDPLGIGH K5 RIQWKHVEWDR |
DPSOIRWGEMSODFHPHQ®\\ DPIGF URWBWQRE VSHFWUD REWL
RI WKH EHQFGLQ JGIRRSLFFHWHG LQ )LIXWFHLV G HEHFEWLHG LR UREH

DQG WRUVLRMPIOVPRHPHIFWKRIFG LQBRJIJXKQ )LIXUH RQO
ODWHUDO GYLWS ®DENAPQ WRW ¥ HD S SQLH.G X UH RQO\ WKH 10
GLVSODEHY HSQMW VHQW,2KHRSIRWIFHHG DQG LQ )LIXUH RQ
DQJPHYV SUHWHQWY DSSWHKHMUZLVH SHDNV YDOXHV DUH
IUHTXHQFLHV +] LQ )H]XU®@ )LIXUH DQG +] LQ

ZKLFK DUH UHVSHFWHSHODNMELWHRQ VLRQ 7KLV YDOXH L
VDPH WR WKH |UH{THXWOQEYRWMRHOQDO\VLV

Amplitude of the lateral displacemem|t |

05 r iy T A e A :
1V (m)&; I ; ; —\/ BSDW - + -V Abaqus:
04 N i 0,003 . Zoom of 'I[he responsle in the range B85 Hz |
0.3 t--f------- : | | T -
e e EL foneneene e
P S - i . s s -
i ; 5 40 45 50 i
01 | +: o e e e
6.15 | i i | i
0 ----
0 100 120

60 80
Frequency (Hz)

Figure3.17: Lateralresponset the tipof the IPE300 cantilever beam under harmonic
forceFy in frequency range 3<120 Hz.
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Figure3.19: Torsionresponse at the tip of the IPE300 cantilever beam under harmonic
momentumMy in frequency range 2<120 Hz.
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