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Abstract  

 

Thin-walled beams with open section constitute main elements in engineering 
applications fields as in civil engineering, automotive and aerospace construction. They 
are widely adopted for their lightness and realization simplicity. Due to their particular 
section shapes, these elements are very sensitive to torsion and instabilities, present in 
both statics and dynamics. In statics, overall stability as buckling, and flexural-torsional 
buckling are common and often important in design criteria. In dynamics, the torsional 
and flexural-torsional modes of vibration are often lower frequencies compared to the 
classical plane pure bending modes. Thus, planar failures of such structures are known to 
be an exception rather than a rule. In torsion, warping is important and governs the 
behavior (non-uniform torsion). The static behavior of thin-walled beams in non-uniform 
torsion is well known ���9�O�D�V�R�Y�¶�V�� �P�R�G�H�O��, but the dynamic behavior remains open for 
investigations and especially in the presence of arbitrary open-section beams. 

 

In this thesis work, we are interested with the dynamic behavior of thin-walled beams 
�Z�L�W�K���D�U�E�L�W�U�D�U�\���R�S�H�Q���F�U�R�V�V���V�H�F�W�L�R�Q�V�����%�D�V�H�G���R�Q���W�K�H���9�O�D�V�R�Y�¶�V���P�R�G�H�O�����W�K�H�����'���P�R�W�L�R�Q���H�T�X�D�W�L�R�Q�V��
are derived from the Hamilton�¶�V principle. Original analytical solutions for different 
boundary conditions are derived for higher free vibration modes in 3D context. In these 
solutions, the effects of the inertial rotation terms in bending and torsion are taken into 
account. These solutions are limited to simple cases. For general cases, a 3D beam finite 
element model is described and implemented. Compared to conventional 3D beams, 
warping is considered as an additional Degree Of Freedom (DOF). As a result, 3D beams 
with 7 DOF are adopted in the mesh process. The mass and stiffness matrices are obtained 
by numerical integration (Gauss method). In the model, free and forced vibration analyses 
are possible. In forced vibration, the response is derived in the frequency field. The 
Rayleigh damping model is adopted. The model is validated by comparison with 
benchmark solutions found in the literature and other numerical results obtained by new 
simulations and recent experimental tests. Additional numerical simulations are 
performed using some available commercial codes. 

 

In order to validate the theoretical and numerical models, laboratory test campaign is 
undertaken at the Laboratoire d'Etude des Microstructures et de Mécanique des Matériaux 
(LEM3, Metz). Tests were carried out on thin-walled beams with different boundary 
conditions at the beam ends and intermediate supports (braces). Tests with shaker and a 
hammer are performed. In the analysis, the response spectra and vibration modes are 
searched in the range (1-400 Hz). The dynamic response curves of the beams are 
measured using accelerometers. In the presence of arbitrary sections, flexural-torsional 
vibration modes are observed. The analytical, the numerical and the experimental 
solutions are compared and validated. Moreover, the numerical and experimental 
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dynamic response spectra are compared. A good agreement between the various solutions 
is remarked. 

 

The model is extended to 3D beams in presence of lateral supports (braces) as in bridge 
structures. 3D elastic and viscous springs are added in the finite element model. The beam 
behavior in presence of elastic and rigid springs becomes possible in statics and dynamic. 
The effect of the springs is studied in order to improve the behavior of thin-walled beams 
against undesirable lateral bending and torsion modes. 

 

 

�.�H�\�Z�R�U�G�V�� Thin-walled beam, Arbitrary cross-section, Torsion, Warping, Coupled 
modes, Free vibration, Forced vibration, Finite element method, Bracing, Dynamic, 3D 
Open section beam, Experimental test, Elastic spring, Dashpot, vibration control. 
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Résumé 
 

Les poutres à parois minces à sections ouvertes sont les éléments de base des ouvrages 
courants en génie civil, de l'automobile et de l'aéronautique. Elles sont abondamment 
adoptées pour leur légèreté et la simplicité de mise en service. En raison de leurs formes 
particulières, ces sections sont très sensibles à la torsion et aux instabilités, qui peuvent 
être présentes en statique et dynamique. En statique, le flambage, le déversement et le 
voilement sont courants et souvent déterminant dans le dimensionnement. En dynamique, 
les modes de vibration en torsion et flexion-torsion sont plus dominants par rapport au 
modes de flexion �F�R�X�U�D�P�P�H�Q�W���X�W�L�O�L�V�p�V���G�D�Q�V���O�¶�K�\�S�R�W�K�q�V�H���G�¶�X�Q comportement plan. Ainsi, 
les défaillances planaires de telles structures sont connues pour être une exception plutôt 
qu'une règle. En torsion, le gauchissement est important (torsion non uniforme).  Le 
comportement statique des poutres à parois minces en torsion non uniforme (modèle de 
Vlasov) est maîtrisé, mais le comportement dynamique et vibratoire reste ouvert et surtout 
en présence des poutres à sections ouvertes arbitraires. 

 

�'�D�Q�V���F�H���W�U�D�Y�D�L�O���G�H���W�K�q�V�H�����R�Q���V�¶�L�Q�W�p�U�H�V�V�H���D�X���F�R�P�S�R�U�W�H�P�H�Q�W���G�\�Q�D�P�L�T�X�H���G�H���S�R�X�W�U�H�V���j���S�D�U�R�L�V��
minces et à section ouvertes arbitraires. En se basant sur le modèle de Vlasov, les 
�p�T�X�D�W�L�R�Q�V���G�H���P�R�X�Y�H�P�H�Q�W�����'���V�R�Q�W���G�p�U�L�Y�p�H�V���j���S�D�U�W�L�U���G�X���S�U�L�Q�F�L�S�H���G�¶�+�D�P�L�O�W�R�Q�����'�H�V���V�R�O�X�W�L�R�Q�V��
analytiques originales pour différentes conditions aux limites sont dérivées pour des 
modes supérieurs en vibration libre dans le contexte 3D. Dans ces solutions, les effets des 
termes de rotation inertiels en flexion et torsion sont pris en compte. Ces solutions sont 
limitées à des cas simples. Pour des cas généraux, un modèle élément fini de poutre 3D 
est décrit et implémenté. Par rapport aux poutres 3D classiques, le gauchissement est 
considéré comme degré de liberté (ddl) supplémentaire. De ce fait des poutres 3D à 7 ddl 
sont adoptées dans le processus de maillage. Toutes les matrices de rigidité masse de base 
sont calculées par intégration numérique (intégration de Gauss). Dans le modèle, les 
calculs en vibrations libres et forcées sont possibles. En vibration forcée, la réponse est 
donnée dans le domaine fréquentiel. L'amortissement type de Rayleigh est adopté. Le 
modèle est validé par comparaison aux solutions de référence trouvées dans la littérature 
�H�W�� �j�� �G�¶�D�X�W�U�H�V�� �U�p�V�X�O�W�D�W�V�� �Q�X�P�p�U�L�T�X�H�V�� �R�E�W�H�Q�X�� �S�D�U�� �G�H�V�� �Q�R�X�Y�H�O�O�H�V�� �V�L�P�X�O�D�W�L�R�Q�V�� �H�W�� �G�H�V�� �W�H�V�W�V��
expérimentaux récents. Des simulations supplémentaires par éléments finis sont 
effectuées à l'aide de codes commerciaux.  

 

�$�I�L�Q�� �G�H�� �Y�D�O�L�G�H�U�� �O�H�� �P�R�G�q�O�H�� �W�K�p�R�U�L�T�X�H�� �H�W�� �Q�X�P�p�U�L�T�X�H�� �X�W�L�O�L�V�p���� �X�Q�H�� �F�D�P�S�D�J�Q�H�� �G�¶�H�V�V�D�L�V�� �D�� �p�W�p��
suivie au LEM3. Des essais ont été réalisés sur des poutres à parois minces avec 
différentes conditions aux limites aux bords et intermédiaires (entretoises). Des essais 
avec pot vibrant et marteau de choc sont effectués. Dans l'analyse, les spectres de réponse 
et les modes de vibration sont recherchés dans le domaine 1-400 Hz. Les courbes de 
réponse dynamique des poutres sont mesurée�V���j���O�¶�D�L�G�H���G�H�V���D�F�F�p�O�p�U�R�P�qtres. En présence 
des sections arbitraires, des modes de vibration couplés en torsion et flexion sont 
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observés. Les solutions analytiques, numériques et les mesures expérimentales sont 
comparées et validées. De mêmes les courbes de réponse en vibration forcée numériques 
sont comparées aux courbes expérimentales. Un bon accord entre les différentes solutions 
est constaté. 

 

Le modèle est étendu aux poutres 3D retenues latéralement par des entretoises comme 
dans les ponts. Des ressorts élastiques et visqueux 3D sont ajoutés dans le modèle 
numérique. Cela permet de modéliser le comportement statique et dynamique des poutres 
avec entretoises souples ou rigides. L'effet des entretoises est étudié dans le but 
�G�¶�D�P�p�O�L�R�U�H�U���O�H���F�R�P�S�R�U�W�H�P�H�Q�W���G�H�V���S�R�X�W�U�H�V���j���S�D�U�R�L�V���P�L�Q�F�H�V��vis-à-vis des modes indésirables 
de type flexion latérale et torsion. 

 

�0�R�W�V���F�O�p�V�� �� Poutre à parois minces, Section ouverte, Torsion, Gauchissement, 
vibration libre, vibration forcée, éléments finis, modes couplés, entretoises, 
amortissement. 
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General introduction 
 
The construction sector uses thousands millions tons of material each year, this excessive 
use of materials has an adverse impact on the environment, due to the extraction of raw 
materials that cause emissions of high quantities of CO2. Legislators work to create 
rigorous regulations surrounding construction, to enforce standards for limiting the 
environmental impacts of construction projects. In consequence, designers are stepping 
to find new sustainable methods by reducing costs and as well as the environmental 
impact of construction projects. To this aim, research for better methods, impose to find 
new solutions in construction projects that consist intelligent uses and material savings 
by weight reduction. Slender thin-walled elements are a good compromise. All current 
materials from steel, concrete wood and glass are concerned by this opportunity. 
Optimization of section shapes in presence of bending loads leads to cross sections with 
web and two flanges. 

Most of the thin-walled beams have a good bending resistance with respect to the first 
principal axis, but a low bending resistance with respect to the second principal axis and 
also a low resistance in torsion. This is why an element bent with respect to its strong axis 
exhibits an instability leading to a sudden flexural-torsional behavior (lateral buckling 
stability). So, the planar failures of such structures are known to be an exception rather 
than a rule (Figure 1).  

 
The behavior of open thin-walled cross section beams is predominated by torsion. For 
such beams, the torsion behavior exhibits warping. The classical Saint-Venant model is 
no �O�R�Q�J�H�U�� �Y�D�O�L�G���� �2�W�K�H�U�� �P�R�G�H�O�V�� �D�F�F�R�X�Q�W�L�Q�J�� �I�R�U�� �Z�D�U�S�L�Q�J�� �D�U�H�� �P�R�U�H�� �H�I�I�L�F�L�H�Q�W�� ���9�O�D�V�R�Y�¶s 
model). Under static loads, torsion occurs in presence of instabilities under axial forces 
(buckling instability) and bending forces (lateral buckling stability). In vibration and 
dynamic loads, torsion modes are frequent.  
 
 
 
 
 
 

Figure 1: Out of plan failures of structures composed by thin-walled beams elements. 
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�0�R�W�L�Y�D�W�L�R�Q�V���D�Q�G���R�E�M�H�F�W�L�Y�H�V���R�I���W�K�H���U�H�V�H�D�U�F�K���Z�R�U�N 
 

After assessing the instability phenomena, the main focus of the work is on vibration and 
dynamic behavior in both theory, finite element approach and experimental tests on the 
vibration behavior. In order to improve the structure strength against vibration effects and 
to save materials by getting optimum sections, one possible solution is the increase of 
stiffness by adding discrete or distributed elastic springs (elastic supports). The elastic 
spring contribute in the elastic stiffness matrix of the structure. By increasing the stiffness 
constant of the elastic support, the vibration behavior (frequencies and modes) vary 
accordingly. 
 
It is important to remind that in civil engineering recourse to this solution is frequent. 
This is the case in braced beams and columns in buildings or lateral bracing in bridges 
(Figure 2). These solutions are adopted in practice, but only empirical procedure is 
known. It is known that without these secondary elements the full strength of the building 
is not guaranteed and risk of failure due to out of plane deformations is present. Other 
solution is using discrete viscous dampers (dashpots) in parallel with elastic springs to 
control displacements of structure when it is subjected to dynamic forces, in this case 
modes, frequencies and structure displacements are controlled. 
The important points to be studied are the number, distribution, and required stiffness and 
damping factor to reach the optimal design.  
 

 
For vibration control, the engineer is asked for improved solutions for vibration behavior. 
The lower eigenfrequencies can be removed by adequate elastic supports. The followings 
solutions can be adopted if we are interested by a particular mode. when the spring 
stiffness is sufficient, one can remove the first mode and goes directly to mode 2 where 
the eigenfrequency is 4 times higher than the first. In presence of 3 elastic supports, we 
obtain directly to the third mode with an eigenfrequency 9 times higher than the first. 
This procedure can be followed in the case of thin-walled in presence in 3D vibration 
modes when bending and torsion modes are present and can be strengthened by adequate 

Main 
beam 

Lateral 
Bracing 

Vertical 
column 
supports 

Figure 2: Structures composed by thin-walled elements with intermediate lateral braces. 
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elastic supports. Moreover, under forced vibrations, viscous springs can be adopted in 
order to reduce displacements structures near the resonance. 
The work is followed by analytical and numerical simulations using a home-made code 
and commercial codes: Abaqus, Adina�«�� etc. Finally, test setup is also adopted in this 
study to validate theoretical and numerical solutions. 
 

�7�K�H�V�L�V���R�U�J�D�Q�L�]�D�W�L�R�Q 
 

The work carried out during this thesis is presented in this report and is entitled in five 
chapters: 
In chapter 1, literature review �W�R�� �X�Q�G�H�U�V�W�D�Q�G�� �W�K�H�� �P�H�F�K�D�Q�L�F�D�O�� �E�H�K�D�Y�L�R�U�� �R�I�� �W�K�L�Q�� �Z�D�O�O�H�G��
�E�H�D�P�V�����)�L�U�V�W���� �W�K�H�� ���'���I�O�H�[�X�U�D�O���W�R�U�V�L�R�Q�D�O�� �E�H�K�D�Y�L�R�U���R�I�� �W�K�L�Q���Z�D�O�O�H�G���R�S�H�Q�� �V�H�F�W�L�R�Q�V���E�H�D�P�V�� �L�V��
�G�L�V�F�X�V�V�H�G�����,�W���L�V���V�K�R�Z�Q���W�K�D�W���W�R�U�V�L�R�Q���H�[�K�L�E�L�W���Z�L�W�K���Z�D�U�S�L�Q�J���H�I�I�H�F�W�����V�R���6�D�L�Q�W���9�H�Q�D�Q�W���W�K�H�R�U�H�P��
�L�V�� �Q�R�W�� �D�G�H�T�X�D�W�H�� �W�R�� �V�R�O�Y�H�� �W�R�U�V�L�R�Q�� �S�U�R�E�O�H�P�� �L�Q�� �F�D�V�H�� �R�I�� �W�K�L�Q���Z�D�O�O�H�G�� �V�H�F�W�L�R�Q���� �7�K�X�V���� �W�K�H��
�U�H�T�X�L�U�H�P�H�Q�W���R�I���Q�R�Q���X�Q�L�I�R�U�P���W�R�U�V�L�R�Q���W�K�H�R�U�\���I�R�U���W�K�L�V���W�\�S�H���R�I���E�H�D�P�V�����2�W�K�H�U�Z�L�V�H�����W�K�H���I�R�U�P�H�U��
�Z�R�U�N�V���I�R�U���W�K�L�Q���Z�D�O�O�H�G���E�H�D�P�V���G�\�Q�D�P�L�F�V���D�U�H���U�H�Y�L�H�Z�H�G�����5�H�I�H�U�H�Q�F�H�V���W�K�D�W���W�U�H�D�W���W�K�H���O�L�Q�H�D�U���I�U�H�H��
�D�Q�G�� �I�R�U�F�H�G�� �Y�L�E�U�D�W�L�R�Q�V�� �D�U�H�� �Z�H�O�O�� �V�W�X�G�L�H�G�� �D�Q�G�� �V�X�P�P�D�U�L�]�H�G�� �L�Q�� �W�K�L�V�� �F�K�D�S�W�H�U�����$�O�V�R���� �G�D�P�S�L�Q�J��
�W�\�S�H�V��are stated���D�Q�G�� �X�V�H�G�� �L�Q�� �I�R�U�F�H�G�� �Y�L�E�U�D�W�L�R�Q�� �P�R�G�H�O���� �2�Q�� �W�K�H�� �R�W�K�H�U�� �K�D�Q�G�����)�R�X�U�L�H�U��
�7�U�D�Q�V�I�R�U�P�D�W�L�R�Q�� �P�H�W�K�R�G�� �L�V�� �G�H�W�D�L�O�H�G�� �D�Q�G�� �X�V�H�G�� �O�D�W�H�U�� �R�Q�� �W�R�� �F�R�Q�Y�H�U�W�� �V�L�J�Q�D�O�V�� �I�U�R�P�� �W�L�P�H�� �W�R��
�I�U�H�T�X�H�Q�F�\�� �G�R�P�D�L�Q�����$�G�G�L�Q�J�� �W�R�� �W�K�L�V���� �O�L�W�H�U�D�W�X�U�H�� �U�H�Y�L�H�Z�� �R�Q�� �Y�L�E�U�D�W�L�R�Q�� �F�R�Q�W�U�R�O�� �D�Q�G�� �P�R�G�H�O�L�Q�J��
�O�L�Q�H�D�U���Y�L�E�U�D�W�L�R�Q�V���R�I���W�K�L�Q���Z�D�O�O�H�G���E�H�D�P�V���D�U�H���S�U�H�V�H�Q�W�H�G���L�Q���W�K�L�V���F�K�D�S�W�H�U�����$�O�O���W�K�H���V�W�X�G�L�H�G���S�R�L�Q�W�V��
�P�H�Q�W�L�R�Q�H�G���E�H�O�R�Z�����K�H�O�S���X�V���W�R���S�H�U�I�R�U�P���D���J�R�R�G���D�V�V�H�V�V�P�H�Q�W���R�I���V�X�E�M�H�F�W���S�R�V�L�W�L�R�Q�L�Q�J�����7�K�H�Q�����E�\��
�D�Q�D�O�\�]�L�Q�J���W�K�L�V���E�L�E�O�L�R�J�U�D�S�K�L�F���U�H�Y�L�H�Z�����Z�H���F�D�Q���G�H�I�L�Q�H���Z�H�O�O���W�K�H���S�U�R�E�O�H�P�D�W�L�F�����W�K�H���I�U�D�P�H�Z�R�U�N��
�D�Q�G�� �W�K�H�� �P�H�D�Q�V�� �W�R�� �X�V�H�� �L�Q�� �W�K�H�� �S�U�H�V�H�Q�W�� �V�W�X�G�\�����)�L�Q�D�O�O�\���� �W�K�H���R�E�M�H�F�W�L�Y�H�V�� �R�I�� �U�H�V�H�D�U�F�K�� �W�R�S�L�F�� �D�U�H��
�F�O�H�D�U�O�\���L�O�O�X�V�W�U�D�W�H�G���D�W���W�K�H���H�Q�G���R�I���W�K�L�V���F�K�D�S�W�H�U�� 
In chapter 2, Analytical method for vibrations of thin-walled beams is investigated. 
Based on present beam model and on the Galerkin's approach, dynamic equations of 
�P�R�W�L�R�Q�� �D�U�H�� �I�R�U�P�X�O�D�W�H�G���� �8�V�L�Q�J�� �+�D�P�L�O�W�R�Q�¶�V�� �S�U�L�Q�F�L�S�O�H���� �G�\�Q�D�P�L�F�� �H�T�X�D�W�L�R�Q�V�� �R�I�� �P�R�W�L�R�Q�V�� �D�U�H��
derived. In the first step, a model for free and forced vibrations is introduced. The 
kinematic of the model is detailed, then the variational formulation of motion equations 
are developed. After that, in free vibration context original analytical solutions for higher 
modes are derived. These solutions for arbitrary sections and different boundary 
conditions. In Forced vibration framework, solutions in frequency domain (steady state 
modal) are adopted. In the model, passive damping is taken into account, (Rayleigh type 
was chosen). Finally, some benchmark numerical examples are considered for model 
validation, then the conclusion is drawn.  
 
In chapter 3, A finite element method for vibrations of thin-walled beams based on the 
model showed in chapter 2 is detailed. First, an introduction of finite element method is 
presented, then finite element formulation of thin-walled structures is demonstrated. 
Then, finite element discretization is illustrated. After that, element matrices are derived 
followed by the assembly procedure to obtain the global matrices for whole structure.  
Hereafter, generic solutions of thin-walled structures are detailed. In free vibrations 
eigenvalues and eigenvectors are investigated. Otherwise, in forced vibration, steady state 
modal analysis method was adopted to obtain dynamic response spectrum in frequency 
domain. In this method, damping is taken in account, by (Rayleigh type). Also, the FEM 
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can be used to study base motion effect, (earthquakes), vibration excitation with random 
signal (harmonic). Finally, numerical applications from literature and commercial codes 
are used for model validation process, then the conclusion.  

In chapter 4, experimental tests on free and forced vibrations are performed to validate 
the developed theoretical-numerical method. Firstly, in the introduction, some references 
in experimental studies are reviewed. Secondly, Experimental setup and procedures are 
�G�H�W�D�L�O�H�G�����7�K�L�U�G�O�\�����V�S�H�F�L�P�H�Q�¶�V���S�U�R�S�H�U�W�L�H�V���D�U�H���J�L�Y�H�Q�����7�K�H�U�H�D�I�W�H�U�����W�H�V�W�V���U�H�V�X�O�W�V���D�U�H���S�U�H�V�H�Q�W�H�G 
in details and discussed. These results are natural frequencies, mode type, dynamic 
response spectrums, loss factors and damping values for each mode. After collection tests 
data, it is used to validate the numerical model in free and forced vibration context. 
Otherwise, some tests are performed after introducing of intermediate bracings to the 
specimens. Subsequently, the presented theoretical-numerical methods are validated by 
comparing results of the 3D vibration of arbitrary thin-walled open sections beams with 
benchmark, commercial codes and experimental results, then the conclusion. 
In chapter 5, the effect of intermediate braces in vibration control is studied. First, in the 
introduction different type of braces are showed and summary of existing works is 
delivered. Furthermore, braces types elastic, viscous are introduced in the model. 
Kinematic of the model with intermediate braces is then offered. After that, motion 
equations are derived in presence of braces. Analytically, some particular solutions in 
case of doubly symmetric sections with lateral and torsional elastic springs are possible. 
Finite element formulation for thin-walled beams with intermediate braces in free and 
forced vibrations with intermediate viscoelastic braces are detailed and used to study 
vibration control of thin-walled beams. Numerical applications of beams with 
intermediate elastic springs in free vibration, and viscoelastic springs in forced vibration 
context are well studied. Finally, a new concept is concluded in vibration control can be 
used to optimize sections. 
Finally, general remarks are settled and conclusions are displayed and some perspectives 
are suggested for possible future research based on the study results. 
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Chapter 1 Thin-walled beams, State of art. 
Motivation and Interest   
 

1.1  Introduction  
Thin-walled beams with open sections constitute basic parts of many complex structures 
in civil constructions, automotive and aeronautic fields. They are extensively used in 
engineering applications when requirements of weight saving are of primary importance. 
Due to their particular shapes, these structures are highly sensitive to torsion and 
instabilities, under both static and dynamic loads. Then, buckling study in statics and free 
vibration in dynamics are the most important phenomena that must be considered in the 
first steps of the design procedure. 

In the analysis of thin-walled beams, the classical planar behavior Heyliger [1] is not 
sufficient to prevent the sudden unexpected flexural-torsional instabilities frequently 
present in these structures. In presence of the torsion some models are formulated 
according to Saint-Venant theory in both statics and dynamics [2,3]. In Gere and Lin [4], 
Rayleigh-Ritz method has been used to study the coupled bending-torsional free vibration 
of uniform beams with various boundary conditions. Moreover, in the case of thin-walled 
structures with open cross sections, the torsion is predominated by warping and flexural-
torsional coupling especially in the case of arbitrary cross sections. To our knowledge, 
�9�O�D�V�R�Y�¶�V�� �P�R�G�H�O�� �L�V�� �R�Q�H�� �W�K�H�� �I�L�U�V�W�� �P�R�G�H�O�V�� �W�K�D�W�� �L�Q�F�O�X�G�H�� �W�K�H�� �Z�D�U�S�L�Q�J phenomena in the 
behavior of thin-�Z�D�O�O�H�G�� �E�H�D�P�V���� �L�Q�� �W�K�H�� ���������¶�V��[5]. Later on, Timoshenko et al. [6] 
presented a model for vibration of thin walled beams using Euler-Bernoulli theory and 
including flexural-torsional coupling effect. Furthermore, Bishop [7] extended the 
Bernoulli-Euler theory of beam flexure combined with the Saint-Venant theory with 
warping to investigate the free vibration of beams in torsion. Then, Bishop demonstrated 
that the errors which can be made in computing the natural frequencies of beams of open 
section under the assumption of uniform torsion can be very large to models with warping 
included. Some other reference works in this field can be found in [8-11]. In Banerjee 
[12], the dynamic behavior of beams in the context of bending torsion coupling was 
investigated. The classical Euler-Bernoulli and Saint-Venant theories were adopted and 
the dynamic stiffness matrix is implemented in the study. Banerjee [13] extended the 
previous model and derived an exact explicit formulation for the natural frequencies and 
mode shapes of cantilever beams in presence of flexural-torsional couplings (warping 
ignored). 
 
It is well known that the analytical solutions are limited to some simple cases according 
to classical boundary conditions. Nowadays, the recourse to numerical models is 
important, since it permits to generalize the study to more general cases where the 
analytical solutions become cumbersome. Many models have been developed for the 
vibration analysis of thin-walled elements. The first attempts at applying the Finite 
Element Method (FEM) to coupled vibrations of thin-walled beams have been 
investigated in [14,15]. Friberg [16] derived the stiffness and mass matrices of open thin-
walled beam in presence of initial axial stress forces. In solution of the eigenvalue 
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problem, Wittrick-Williams algorithm was adopted in solution. Ohga et al. [17] 
investigated the free vibration of thin-walled members with open and closed sections by 
the transfer matrix method. Lee [18,19] presented an analytical approach of linear 
vibrations of composite I and channel open sections. Pestel and Leckie [20] presented a 
method for the determination of natural frequencies of continuous beams and shafts, and 
illustrated the dynamic response under harmonic excitation. The steady state vibration 
with damping effect was studied by Ebner and Billington [21]. Using the finite element 
method, Chen and Hsiao [22] analysed the coupled vibration of thin walled beams with a 
generic open section induced by the boundary conditions. Fernanda de Borbon et al. [23] 
developed a finite element method based on V�O�D�V�R�Y�¶�V���W�K�H�R�U�\���W�R���L�Q�Y�H�V�W�L�J�D�W�H���I�U�H�H���Y�L�E�U�D�W�L�R�Q��
of thin walled beams with arbitrary cross sections under axial loads. The presented 
method includes shear deformations and rotary inertia. Numerical examples from 
literature without/with axial loads were used in the validation. The free vibration of beams 
with arbitrary cross sections have been studied in [24,25]. Later on, Chen [26] and 
Cortinez et al. [27] applied the differential quadrature method �W�R���9�O�D�V�R�Y�¶�V���P�R�G�H�O���I�R�U���W�K�H��
vibration of thin-�Z�D�O�O�H�G���H�O�H�P�H�Q�W�V�������$���P�R�G�L�I�L�H�G���9�O�D�V�R�Y�¶�V���P�R�G�H�O���Z�D�V���X�V�H�G���E�\���$�P�E�U�R�V�L�Q�L��
et al. [28], for linear dynamic analysis. The nonlinear dynamic behavior of doubly-
symmetric I section in torsion has been investigated by Rozmarynowski and Szymczak 
[29] using FEM. More recently, a model for nonlinear dynamics has been formulated by 
Egidio et al. [30]. The multiple scale method has been applied for the steady-state motions 
and stability of beams with mono-symmetric sections.   

In the literature, many extensive works investigated the free vibration of thin-walled 
beams. Yaman [31] solved the triply coupled vibrations of beams by a wave propagation 
approach. Gendy and Saleeb [32] developed a finite element method for the free vibration 
behavior analysis. �%�D�V�H�G���R�Q���H�Q�H�U�J�\���P�H�W�K�R�G�����3�U�R�N�L�ü��[33] derived the differential motion 
equations of the flexural-torsional thin-walled beams with arbitrary cross and studied the 
triply free coupled vibrations. �3�U�R�N�L�ü��[34] derived the system of equations for fivefold 
coupled vibrations of Timoshenko model for thin-walled beams with arbitrary open cross 
sections using the principal of virtual displacements. He also studied the effect of shear 
deformation over the natural frequencies. In his model the effect of rotary inertia and 
warping are included. A semi-analytical method is investigated for simply supported 
beams. A substantial research work is presented by Carrera [35, 36] on buckling and 
postbuckling of multilayered structures, in non-linear analysis and stability behavior. 
Moreover, the development of efficient and reliable FE formulations �µCarrera Unified 
Formulation (CUF)�¶ for thin-walled beams, layered structures and smart structures. More 
recently, Carrera applied the (CUF) the behavior of beams under static and dynamic loads 
[37, 38]. By the help of this method, the classical Euler�±Bernoulli and Timoshenko beam 
theories are viewed as particular cases of these variable kinematic models. According to 
higher order expansion, it permits the detection of in-plane cross-section deformation 
obtained by shell-like elements. Applications of the method in civil engineering 
applications were studied. Free vibration modes of thin-walled beams in presence of 
overall, local and distortional modes can be investigated. Other applications to frames, 
3D trusses and industrial buildings are made possible by the help of CUF method. In [39], 
the method has been applied successfully in post-buckling of beams and struts in presence 
of large displacements and rotations. Changes in mode buckling along the equilibrium 
curves are demonstrated. Other applications of the method in mechanical engineering 
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were investigated in [40]. Mohri et al. [41] investigated the vibration behavior of pre-
buckled and post-buckled thin-walled beams with open sections according to a non-linear 
model which accounts for flexural-torsional coupling and warping effects and interaction 
of buckling and vibration behavior. Most of the previous works treated the vibration 
problem from an analytical or a numerical point of view. The effect of rotational terms in 
bending and torsion are always omitted. Arpaci demonstrated in [42] that rotational terms 
cannot be neglected. When they are accounted for semi analytical procedures or 
simulations on commercial codes are followed [25, 28, 42, 43]. Forced vibrations under 
periodic or random loads are available in [11, 44]. Eslimy and Banerjee [45] investigated 
the free and forced dynamic behavior of beams in flexural-torsional coupling. 
Deterministic and random loads were considered and the normal mode method was 
adopted in solution strategy. Hashemi and Richard [46] studied the free vibration 
behavior of beams according to the classical Euler-Bernoulli and Saint-Venant theories. 
The dynamic finite element method was used in solution of the free vibration problem of 
thin walled beams with arbitrary cross sections. Jun et al. [47, 48] �D�G�R�S�W�H�G���W�K�H���9�O�D�V�R�Y�¶�V��
model and derived the dynamic transfer matrix in free vibration analysis of beams with 
singly symmetric cross sections. In the study, the effect of initial axial stress forces on the 
natural frequencies was considered. Comparisons to Friberg [16] solutions were 
undertaken in the validation. Gokdag and Kopmaz [49] studied the coupled flexural-
torsional free and forced vibrations of a beam with singly symmetric open cross section. 
In the model, the mass and stiffness properties are included in the dynamic stiffness 
matrix derived from the principle of virtual work. Using Bensc�R�W�H�U�¶�V���W�K�H�R�U�\�����3�U�R�N�L�F���D�Q�G��
Lukic [50] derived the differential motion equations of thin-walled beams with closed 
sections and investigated the free vibration behavior of simply supported beams. Burlon 
et al. [51] proposed an exact approach for the free vibration analysis of beams with mono-
symmetric cross section including the flexural-torsional and the presence of arbitrary 
number of in-span elastic supports and additional masses. More recently, the model has 
been extended the viscoelastic dampers in Burlon et al. [52]. Thin-walled composite 
beams vibration behavior were extensively studied in Librescu and Song [53]. 
 
Analytical theories and numerical studies on vibration behavior of thin walled beams with 
open sections are frequently studied in literature. However, the number of experimental 
tests presented in previous work are still rare, especially experimental tests that studied 
unsymmetrical cross sections. For these cross sections, the investigation of vibration 
dominant modes is difficult due to the effect of three coupled flexural-torsional modes.  

Experimentally some of the works that treated vibration behavior of thin-walled beams 
are presented in what follows. Klausbruckner [54] investigated the behavior of beams 
with channel sections using analytical Timoshenko approach, FEM and the experimental 
data from Electro-Optic Holography and Heterodyne Hologram Interferometry, he 
proved that Timoshenko theory unrealistic for increasing flange width and higher modes. 
Ambrosini [55], Demonstrated the equations of motion for non-symmetrical open thin-
walled cross-section beams within state variables approach in the frequency domain 
taking into account for the shear flexibility and rotatory inertias. Moreover, Ambrosini 
presented a set of experimental free vibration tests to prove the theoretical results 
accuracy. Ambrosini [56], presented an experimental free vibration study of doubly 
unsymmetrical open sections thin walled beams. Test results verified the exactitude of 
developed theoretical-numerical model. Ribeiro [57], using experimental test explored 
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the non-linear vibration of a hinged�±hinged beam excited by sinusoidal forces. First and 
higher modes was analyzed to detect the modes involved in the motions, and proved the 
existence of internal resonance between modes. 
Recently, Piana et al. [58] based on experimental test, extracted the natural frequencies 
of aluminum slightly non-symmetric crucify section thin-walled beam. Doubly clamped 
ends boundary condition was adopted using a universal machine with suitable end 
constraints for warping displacement. The beam was excited by a non-instrumental 
hammer impulse. To extract the natural frequencies, they used PZT detectors, and laser 
sensors. The experimental results were compared with numerical results and an in-house 
code taking in consideration the effects of non-symmetric cross-sections and warping. 
Another comparison of the experimental tests with the numerical natural frequencies and 
buckling loads of aluminum non-symmetric thin-walled beams under axial forces has 
been performed. Jingwei Zhou et al. [59] analyzed coupled bending torsional vibrations 
of uniform and non-uniform thin walled beams numerically using transfer differential 
transform method. Then, numerical results were validated in free vibration context 
experimentally using the hammer test procedure. The natural frequencies were 
investigated for cantilevers beams with uniform and non-uniform channels section. 
Furthermore, forced vibration study was performed numerically by mode expansion 
method. The frequency response curves were compared to experimental test ones to prove 
method accuracy.  
 

In the present contribution, a model is developed for the dynamic behavior of thin-walled 
beams with arbitrary cross sections. In the study, the effects of warping and rotational 
terms are included. The finite element approach of the model (B3Dw) is described and 
implemented for free and forced vibration analyses in Matlab Toolbox. Additionally, 
analytical solutions for the higher free vibration modes of thin-walled beams with 
arbitrary cross sections are investigated in the same context. These solutions seem to be 
original and important in design. The present model is validated according to benchmark 
solutions available in literature and to finite element simulations on a commercial code. 
The accuracy of the present model is then outlined. Beams with arbitrary cross sections 
and any boundary conditions from rigid to elastic supports are possible. The present 
model is for straight beams. In presence of curved and 3D frame structures, 3D rotation 
matrice must be adopted in the matrix assembly. In the stage, a particular attention should 
be done to warping and bimoment transmission, since these components are not vectorial 
quantities. Warping transmission in 3D frames depend on the joint geometry the cross 
section shape and the presence of stiffeners. There are many papers that deal with this 
problem Bazant [60], Yang and McGuire [61], Morrell et al [62], Basaglia and al [63]. 
Moreover, the present model is extended to solve thin-walled beams with intermediate 
elastic and viscoelastic supports. Original analytical solutions were developed for simply 
supported beams with doubly symmetric cross-sections with intermediate lateral elastic 
braces. For other cases of sections and boundary conditions the analytical solutions 
become cumbersome and the finite element approach is more powerful. For this reason, 
the present FE beam element is also extended to take in consideration of the additional 
elastic and viscoelastic braces. After that, this FEM is used to study many cases of beams 
with intermediate elastic and viscoelastic braces in free and forced vibration context 
respectively. 
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Otherwise, experimental tests study about free and forced vibration of thin walled 
arbitrary cross sections used to provide experimental data that can be used for checking 
the accuracy of the finite element method for free and forced vibration (B3Dw). The 
procedure of the experimental tests are detailed, specimens with different unsymmetrical 
cross sections, materials and dimensions was tested. To obtain natural frequencies and 
dynamic response spectrum in frequency domain, two type of tests are performed 
respectively, Hammer test and shaker machine test. Experimental data are then compared 
among (B3Dw) results and commercial code Abaqus [64] to verify the reliability and to 
prove the accuracy of values obtained by code. In what follows, thin-walled beams with 
open section as described in terms of fabrication, uses and behavior. In the mechanical 
behavior a particular attention is devoted to torsion. The warping phenomenon is then 
defined and described. 
 

1.2  Thin-walled beams elements 
 

Thin-walled sections beams are used extensively in civil engineering constructions, 
mechanical, aeronautical engineering in many types structures. His importance is due to 
the following features: Lightweight, fabrication techniques, possibilities of 
standardization and agreement with the requirements of industrial buildings. According 
to manufacturing process [65], these elements types are divided to three categories: 
- Rolled sections 
- Formed sections 
- Welded built-up sections 
 

Rolled sections  

Rolling is a process in which metal stock is passed through one or more pairs of rolls to 
reduce the thickness and to make the thickness uniform (Figure 1.1). The concept is 
similar to the rolling of dough. Rolling is classified according to the temperature of the 
metal rolled. If the temperature of the metal is above its recrystallization temperature, 
then the process is known as hot rolling. If the temperature of the metal is below its 
recrystallization temperature, the process is known as cold rolling. Roll stands holding 
pairs of rolls are grouped together into rolling mills that can quickly process metal, 
typically steel, into products such as structural steel profiles (I-beams, angle, channel, H-
beams and so on) see Figure 1.2.  
 

 

 

 

 

 

(https://www.steelconstruction.info and https://www.cmrp.com) 
Figure 1.1: Rolling beams processes. 

Cold rolling                 Hot rolling 
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Figure 1.2: Type of sections obtained by hot rolling process. 

(http://www.colonybuildings.com) 
 

Cold Formed sections  
The thin-walled open section profiles are formed using different techniques and 
procedures, see Figure 1.3. The metal forming can be under different temperatures: cold, 
warm and hot.  
Metal forming: Large set of manufacturing processes in which the material is deformed 
plastically to take the shape of the die geometry. The tools used for such deformation are 
called die, punch etc. depending on the type of process, see Figures 1.4-1.5. 
In this manufacturing process the plastic deformation (when the stresses exceed the yield 
strength of the workpiece material so a permanent shape changes occurs) is used to 
change the shape of the workpiece. Categories: Bulk metal forming, Sheet metal forming. 

 

Figure 1.3: General classification of metal forming procedures. 

Metal forming technics

Sheet 
metalworking

Stretching method

Bending method

Deep drawing

Shearing procedures

Miscelleneous Procedures

Bulk 
deformation

Forging procedures

Rolling procedures

Extrusion procedures

Wire and bar drawing



Chapter 1 Thin-walled beams State of art. Motivation and Interest 
 

 

7 

 

 

 

 

 

 

Cold working: Generally done at room temperature or slightly above RT. The cold 
forming process has many advantages compared to hot forming: (1) closer tolerances can 
be achieved; (2) good surface finish; (3) because of strain hardening, higher strength and 
hardness is seen in part; (4) grain flow during deformation provides the opportunity for 
desirable directional properties; (5) since no heating of the work is involved, furnace, fuel, 
electricity costs are minimized, (6) Machining requirements are minimum resulting in 
possibility of near net shaped forming.  

On the other side, the technique presents some disadvantages as: (1) higher forces and 
power are required; (2) strain hardening of the work metal limit the amount of forming 
that can be done, (3) sometimes cold forming-annealing-cold forming cycle should be 
followed, (4) the work piece is not ductile enough to be cold worked.  

Warm working: In this case, forming is performed at temperatures just above room 
temperature but below the recrystallization temperature. The working temperature is 
taken to be 0.3 Tm where Tm is the melting point of the workpiece. The warm forming 
process has the following advantages: (1) enhanced plastic deformation properties, (2) 
lower forces required, (3) intricate work geometries possible, (4) annealing stages can be 
reduced. 

Hot working: Involves deformation above recrystallization temperature, between 0.5Tm 
to 0.75Tm. The advantages of the hot working process are the followings: (1) significant 
plastic deformation can be given to the sample, (2) significant change in workpiece shape, 
(3) lower forces are required, (4) materials with premature failure can be hot formed, (5) 
absence of strengthening due to work hardening. Nevertheless, there are some 
disadvantages of this method like: (1) shorter tool life, (2) poor surface finish, (3) lower 
dimensional accuracy, (4) sample surface oxidation. 

Figure 1.4: Metal forming processes details. 

Rolling Extrusion Wire drawing 

Bending Deep or cup drawing Shearing procedure 

Forging 

Punch 

V 

i 

Force, V 

Diepad 

Work 

Die pad 

Die pad 

Force 

_,-Consolidation rolls 

Work 
Force 
--+ 

'---Consolidation rolls 

Force 

Work 

F;l ce 

Die pad 



Chapter 1 Thin-walled beams State of art. Motivation and Interest 
 

 

8 

 

Welded built-up sections  

Built up steel sections are comprised of other smaller members. Built-up shapes can be 
bolted or welded. The welding or punching for bolt holes creates significant residual 
stresses in the member, weakening its capacity.  

Manufacturing of built-up sections is more simple than other forming technics. The built-
up sections are formed by the assembly of thin-wall plates by welding or bolts. This type 
of sections is more economical than other types of sections. 

These elements are useful in metal construction, because they permit to obtain sections 
with any needed dimensions and inertia of web and flanges, or variable inertia and non-
prismatic sections if needed. Otherwise, by reducing thickness of web or flanges this 
permits to save weigh and obtain just the needed inertia and bending stiffness. A 
comparative study between hot rolled and welded built-up sections is shown in Figure1.6. 
In this figure the importance of welled built-up sections is illustrated. The most important 
inconvenience, that the designers should consider is that welded built-up sections are 
highly sensitive to lateral bending, torsion, warping and instabilities.  

 

Figure 1.5: Forming profiles. 
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1.3  Torsion and warping of thin-walled beams 

1.3.1 Origin of the phenomenon 

As shown in Figure 1.7, let us consider a bi-symmetric I-section beam, for this section 
the center of symmetry coincides with both the center of gravity and the torsional center. 
When, on the one hand, the line of action of transverse loads is perpendicular to the 
longitudinal axis of the beam, and on the other hand, the plane of loading coincides with 
a plane of symmetry of the cross section (Figure 1.7-a), the beam is not subjected to axial 
force nor torsion. The only internal forces are therefore a bending moment and a shear 
force. Otherwise, when the loading plan passes through the center of symmetry of the 
section without coinciding with one of the principal plans, a deviated simple bending of 
beam (Figure 1.7-b) appears. The non-coincidence of the loading plane with a plane of 
symmetry of the section causes an eccentricity of the transverse loads with respect to the 
torsional center of the section. Hence, the beam is subjected to either a simple monoaxial 
or biaxial bending and twisting (Figure 1.7-c and d).  

 

 

 

 

 

 

 

An additional axial force appears especially when the beam axis is not perpendicular to 
the direction of transverse forces. Therefore, the beam is subjected to mono axial bending, 
bi-axial bending (1st and 2nd cases) and flexural-torsional behavior in the last two cases 
of Fig. 1.7.  
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Figure 1.6: Comparison of mass and inertia between hot rolled and welded built-up sections. 

Figure 1.7: Beam internal forces as function of loading types. 
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1.3.2 Uniform torsion (De Saint-Venant theory) 

In general, solid-section beams are distinguished from thin-walled ones and, for the latter, 
closed sections are distinguished from open sections.  

The theory of torsion for solid sections was developed by Saint-Venant in 1855. This 
model is the generalization of the torsion problem of beams with circular cross sections. 
In the model, the torsion moment applied to the shaft leads to a twist angle and its rate 
along the axial coordinate. The Torsion moment is equilibrated by shear in the section 
and no additional axial stresses occur (Figure 1.8).   

 

Figure 1.8: Saint-Venant torsion for solid beams. 
 

According to this theory, the equation used to compute the torsion angle �à�ë as function 
of torsion moment �/ �ëis given by: 

�à�ë�ñ L��
�Æ�ã

�K�M�ß
��               (1.1) 

With:  

 G: Shear modulus. 

 It: Torsion inertia constant. 

 G It: Uniform torsion stiffness. 

The solution of equation (1.1) gives a linear twist angle along the beam. 

 

 

Mx 
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The tangential stress distribution in solid-section beams can be done using membrane 
analogy. These constraints vary proportionally from zero to the center of the section, up 
to the maximum value at the extreme fiber in the case of circular section (Figure 1.8). 
According to Zbirohowski-Koscia [119], for a rectangular section (Figure 1.9), the 
variation of the stresses is considered based on the shear stress contours lines. 

 

Figure 1.9: Torsion of beams with rectangular solid sections and distribution of shear 
stresses in the section. 

 

The maximum shear stresses, has the following expression [119]:  

�R�k�_�v L���/ �ë��
�Õ

�‘ ��
�Ó�Í �/

�/

L���� �v��
�7

�‘ �Û�Õ�.��            (1.2) 

Where:  

 b, h: cross section dimensions 

 �Ù: Geometric coefficient. It depends on the ratio h/b 

The value of �Ù varies from �Ù = 0.624 for h/b = 1 to �Ù = 1 for h/b > 10.  

The equation (1.2) can also be used for any cross-section and especially for thin-walled 
open sections (Figure 1.10).  

Mx 

Contours of torsion 
shear stress function 
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The generalized form of the equation (1.2) is written as follows: 

�ì�à�Ô�ëL��
�Æ�ã�ç

�Â�ß
��               (1.3) 

With:  ���r L ���=�Ã �Õ�Ö�ç�Ö
�/

�7
�á
�i �@�5 ��             (1.4) 

and  

 n: number of segments, �>�Þ, �P�Þ: length and thickness of the kth segment.  

In case of thin-walled open sections �Ù = 1. 

1.3.3 Non-uniform torsion ( Vlasov�¶�V theory) 

In the classical beam theory, the internal stresses in beams result from axial and shear 
stresses. These stresses are carried out from the reduction of the existing subjected forces 
and momentums to the beam centroidal axis: (N, Fy, Fz, My, Mz, Mx). These components 
are defined as the followings N is the normal force perpendicular to the cross section. Fy 
and Fz shear forces about the principle axis Y, Z. The bending moments about Y and Z are 
noted My, Mz. Mx is the torsion moment. Consequently, N, My and Mz causes the normal 
stresses and shear stresses are due to shear forces and torsion moment Fy, Fz and Mx. 

Moreover, in thin-walled open sections beams the different points of the section may 
have, in addition to displacements governed by the uniform torsion, additional 
longitudinal displacements what is known as the warping effect of the beam cross-
sections. Due to this, thin-walled beams cross sections are subjected to non-uniform 
torsion. Since the torsion of these elements are predominated with warping effect, 
torsional stiffness of the element has two components: the first is the classical Saint-
Venant torsional stiffness, proportional to the shear modulus �). The second contribution 
is due to the warping of the cross sections.  

Consequently, when thin-walled beams are subjected to torsion with a variable rate of 
twist different type of stresses occurred in the section: the uniform torsion shear stresses 

Figure 1.10: Beam with arbitrary thin-walled cross-sections. 
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Msv known as Saint-Venant torsion and the warping stresses composed by the normal 
stresses in the longitudinal direction of the cross section and shear stresses in the cross 
sections plans. Hence warping stresses can be significant in relation to other stresses like 
the bending, and so they cannot be omitted. 

Because of the warping on the beam cross section a longitudinal load differently to 
transverse load cannot be replaced by a statically equivalent longitudinal forces system. 

Moreover, the non-uniform warping of the cross sections in the longitudinal direction 
results moments in some locations of the beam section what is named in literature [5] 
bimoment B�Z.  

To illustrate this problem let us consider a cantilever beam with I cross section carrying 
an eccentric load 4F acting at the free end of the beam on the extremity of the bottom 
flange and parallel to the longitudinal axis. The force eccentricity about the beam 
principle axis are noted ey=b/2 and ez=h/2 as shown in Figure 1.11. According to the 
classical beam theory, this load can be decomposed into the equivalent system involving 
normal force and two bending moments My, Mz at the centroid as shown in Figure 1.11. 
Each of these charges can be replaced by the equivalent forces applied in the four flange 
tip ends of the section as depicted in Figure 1.12a-c. However, the superposition of the 
loads presented in Figures 1.12a,b,c leads to the loads depicted in Figure 1.12d which 
does not correspond to the initial load presented in 1.6a. So there is additional load for 
thin-walled beams defined in 1.12e as the warping effect (bimoments). The warping effect 
is presented initially by Vlasov and defined by two equal moments �/ 0 having equal 
magnitude and opposite sign acting on the flanges subjecting flexions in opposite 
orientation and separated by a distance equal to the height of the beam h see Figure 1.12d.  

 

 

 

 

 

 

  

���D�������,�Q�L�W�L�D�O���H�F�F�H�Q�W�U�L�F���O�R�D�G 
���E�������(�T�X�L�Y�D�O�H�Q�W���V�W�D�W�L�F���O�R�D�G�V���W�R��
���D�� 

Figure 1.11: Equivalent axial and bending loads due to  eccentric load applied at 
the flange tip. (according to classical beam theory). 
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Figure 1.12: Equivalent axial forces due to eccentric load 4F applied at 
the flange tip of Figure 1.11. ( according to Vlasov theory). 

���H�������:�D�U�S�L�Q�J���I�R�U�F�H�������%�L�P�R�P�H�Q�W�����G�H�I�L�Q�H�G���D�F�F�R�U�G�L�Q�J���W�R���9�O�D�V�R�Y���W�K�H�R�U�\ 

(c): z axis bending  

(a): axial load (traction) (b): y axis bending  

(d): superposition of (a,b,c) 
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From the analysis of Figure 1.12e, we can interpret that if the flanges and the web are 
separated, and the free end of the beam is loaded by two moments �/ 0, each flange will 
bend separately. Otherwise, to restore the reliability of the beam, both flanges and web 
have to be twisted. This can be obtained by setting a Saint-Venant torsion moment �/ sv or 
a rotation �Tx. Thus, as the web is flexible in torsion, the cross section is permitted to 
exhibit out-of-plane displacements, and the Euler-Bernoulli hypothesis of plane cross 
sections after deformation is no longer valid. This implies that the moment vectors �/ 0 
cannot be added vectorially and their effects must be considered in the kinematical 
description of a thin-walled beam. 

This problem was solved by [5] who gives as extension to the Euler-Bernoulli beam 
theory by introducing the non-uniform torsion theory for thin walled-beams with open 
cross section including the warping effect. However, Vlasov assumed that the section is 
rigid in-plane and no distortion in the section middle surface. 

Consequentially, for the thin-walled open sections the classical theory is not sufficient 
and the warping effort (bimoment) must be calculated as additional effort. Thus, 
according to the general theory for this type of elements, the reduction of forces and 
momentums to the beam has number of seven internal efforts: (N, Fy, Fz, My, Mz, Mx and 
B�Z��). 

1.3.3.1 Torsion equation 

 

In thin-walled open sections beams (like I sections) subjected to torsion moments, it is 
remarkable that in addition to torsional angle there is a transversal displacement v that 
occur and causes flexural and shear stresses in the flanges (Figure 1.13). The torsional 
moment for these types of sections is equivalent to Saint-Venant tangential shear stresses 
and momentum result of shear stresses Ty at the flanges. This gives the following 
relationship: 

�/ �ë L���/ �Ì�Ï E���/ � L �) �+�ç��
�×���ã
�×�ë

E���6�ì �D��           (1.5) 

Where: 

�/ �Ì�Ï : Twisting moment of Saint-Venant, given by equation (1.1) 

�/ � : Warping torsion moment   
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For small displacements, v in function of �à�ë is denoted by the following relation: 

�RL���à�ë �D �t�¤ ��               (1.6) 

The lateral displacement of the flange �R and the bending moment �/ �í have the following 

relation: 

�/ �í L��F�'�+�í ��
�×�. �é

�×�ë�.
              (1.7) 

Where:  

 �+�í: quadratic moment of inertia of the flange about z axis. 

The shear force �6�ì  is defined as the first derivative of �/ �í; therefore: 

�6�ì L��
�×�Æ�å

�×�ë
��               (1.8) 

While considering the equations (1.6) and (1.7), (1.8) becomes: 

�6�ì L��F�'�+�í ��
�Û

�6
��
�×�/ �� �ã
�×�ë�/

��              (1.9) 

The warping torsion moment developed in the flanges is denoted by: 

�/ � L���6�ì �D��                (1.10) 

Figure 1.13: Warping of the I beam cross-section. 
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Therefore, �/ �  becomes: 

�/ � L���6�ì �DL��F�'�+�í
�Û�.

�6
��
�×�/ �� �ã
�×�ë�/

��            (1.11) 

By guttering (grouping) the geometric terms together, one defines a warping constant as:  

�+� L��
�Â�å���Û�.

�6
L

�Â�å�å���Û�.

�8
           (1.12) 

Where Izz is the weak bending inertia of the I section (Izz=2Iz). By replacing injecting 
(1.12) in the equation (1.11), the warping torsion moment becomes: 

�/ � L��F�'�+� ��
�×�/ �� �ã
�×�ë�/

��              (1.13) 

Finally, the differential equation given the relation between the torsion moment and the 
torsion angle is denoted by: 

�/ �ë L���/ �Ì�Ï E���/ � L �) �+�ç��
�×���ã
�×�ë

F���'�+� ��
�×�/ �� �ã
�×�ë�/

��          (1.14) 

Where: 

 GIt is the Saint-Venant torsion stiffness and �'�+�  is the warping stiffness. 

Hence, �/ �Ì�Ï  involves the appearance of the distribution of tangential stresses, following 
the theory of Saint-Venant and the warping section �/ � . The solution of the equation 
(1.14) gives a nonlinear torsion angle along the beam. 

After, introducing the thin-walled elements properties and behavior in statics let us move 
to the vibration behavior of these elements. Firstly, let us introduce linear vibration 
behavior in general then we move to detail the case of thin-walled beams. 
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1.4  Vibration  analysis 
  

In the study of vibration phenomenon, engineers, and designers are interested by the 
behavior of structures in presence of dynamic loads where the forces are time dependent. 
The displacement amplitudes increase when the load frequency excitation coincide with 
the eigenfrequencies of the structures. This lead to resonance phenomenon.  Thus, in the 
first step of the dynamic analysis procedure the natural frequencies (eigenvalues) and the 
mode shapes (eigenvectors) of the structures are carried out by adopting the free vibration 
analysis. Then, the response spectra, loss factors and modal damping are investigated in 
presence of dynamic loads by following the forced vibration analysis. In literature, 
existing works can be classified according to two types of approaches: analytical methods 
and numerical models. A vibratory system is composed of a spring, mass and damper. If 
all the components of a vibratory system behave linearly, the resulting vibration is known 
as linear vibration. But if any of the basic components behave nonlinearly, the vibration 
become nonlinear. In linear vibration the differential equations that govern the behavior 
are linear, the principle of superposition holds, and the mathematical techniques of 
analysis are well developed. For nonlinear systems differential equations are nonlinear. 
For nonlinear vibration, the superposition principle is not valid, and techniques of analysis 
are less well known. Vibratory systems tend to behave nonlinearly with increasing 
amplitude of oscillation.  

The linear vibration theory is applied when a small amplitude vibrations of long, slender 
beams like long bridges are modelled, aero plane wings and helicopter blades. Nonlinear 
systems can display behaviors includes the followings: with the same excitation multiple 
steady state solutions are gotten, some stable and other unstable response. Jump 
phenomena, involving discontinuous and significant changes in the response of the 
system as some forcing parameter is slowly varied. Response at frequencies other than 
the forcing frequency. Internal resonances, involving different parts of the system 
vibrating at different frequencies, all with steady amplitudes. Self-sustained oscillations 
in the absence of explicit external periodic forcing, and complex, irregular motions that 
are extremely sensitive to initial conditions (chaos).  

1.4.1 Free vibration  

Free vibration occurs when a system is left to vibrate on its own after an initial excitation. 
In free vibration, there no external forces acting on the system. As example of free 
vibration it can be taken a simple pendulum in oscillation or a rotating system, see Figure 
1.14.  

 
Rotation (Torsion) Translation 

Figure 1.14: Free vibration systems models. 
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The vibration parameters of systems presented in Figure 1.14 can be summarized in the 
following table.  

Table 1.1: Vibration systems parameters.   
Parameter Translation system Rotating system 

Movement type Longitudinal displacement: u Torsion angle: �T 
Inertia Masse: m Mass moment of inertia: I(m) 

Stiffness Elongation resistance: k Torsion resistance: k 
Damping Viscous damping: c Viscous damping: c 

 

The motion equations of a vibration system can be formulated from type of vibration 
systems parameters presented in Table 1.1 as a combination of translation and/or rotation 
movements. Thus, the motion equation of translation vibrating system can be expressed 
as function of systems parameters using one of the following methods: the balance of 
applied forces on the mass m or the law of energy conservation of the system. 

Second N�H�Z�W�R�Q�¶�V���Oaw Conservation of energy 
Excitation force: F (=0 for free vibration) Strain energy: �7 L

�5

�6
�G�Q�6 

Resistant force: -ku Kinetic energy:���6L
�5

�6
�I �Q�6�6 

Damping force: -c�Q�6 Dissipated power (due to damping):���2�½L �?�Q�6�6 

(�¦  F = m�Q�7) External loads power: �2�Ð L �(�Q�6 
�( F �?�Q�6F�G�QL �I �Q�7                             (1.15) �×�:�Î �>�Í �;

�×�ç
E�2�½ L �2�Ð                                (1.16) 

 

The second newton's law: the sum of the forces applied on an object in an inertial frame 
of reference, is equal to the mass m of that object multiplied by the acceleration �Q�7 of the 
object: �¦  F = m�Q�7.             (1.17) 

The law of conservation of energy for a system states that the total energy of an isolated 
system is conserved over time. 
Thus, the motion equation of the mass system is given as follows: 
�I �Q�7E�?�Q�6E�G�QL �( (F=0 for free vibration)       (1.18) 

Otherwise, for a rotational system subjected to a torsional moment M the motion equation 
becomes: 

�+�à�7E�?�à�6E�G�àL �/    (�/  =0 for free vibration)       (1.19) 

The undamped free vibration problem consists to solve the motion equations (1.18) of a 
structure after vanishing the external load terms and damping terms.  

�I �Q�7E�G�QL �r            (1.20) 

This leads to the known eigenvalue problem. By solving the eigenvalue problem, the 
natural frequencies and the corresponding vibration modes are carried out.  
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In presence of multi degrees of freedom system, the eigenvalue problem can be expressed 
according to the matrix system, given by: 

 (�>�- �? -�: i
2�>�/ �?)�Ii=0           (1.21) 

Where �>�- �? and �>�- �? are the stiffness and mass matrices. �:  and �Ii are the eigenvalues and 
eigenvectors of the system. By Solving the equations (1.21) above for n-degree-of-
freedom system, one gets the required vibration modes with eigenvalues (angular 
velocities) and eigenvectors. 

There are 2 types of free vibration, the first one is the non-damped vibration and the other 
is the damped free vibration. If  the undamped free vibration is considered with a harmonic 
movement this leads to natural frequencies. For the other case a pseudo harmonic damped 
movement is obtained.  

The eigenvalue solution methods are divided to five categories: methods based on the 
development of the system equation, methods that consist to transform the initial problem 
to diagonal or tridiagonal using successive transformations, iterative methods, subspace 
methods. Choosing one of these methods is based on the number of degree-of-freedom. 
In case of a system with a small number of DOF we can proceed directly to the 
development of the characteristic equations and solve them semi-analytically. But in 
general the eigenvalue problem is solved using the FEM. In this case the solution consists 
to transform the problem in sequence of statically problem of form (K*U=F) because of 
the most of the solution methods based in the power algorithms are based in this principle. 
So, to solve the eigenvalue problem the most known solution methods are: the eigenvector 
Iteration Methods (power iteration algorithm, inverse iteration method, inverse iteration 
with spectral shifting, Rayleigh quotients), Subspace Construction Methods (Subspace 
iteration method, Lanczos method. Therefore, one of the solution methods mentioned 
above can be adopted after calculation of the mass matrix [M], and the stiffness matrix 
[K]. The choice of the useful solution method is based on the matrices size (structure type, 
and DOF, and needed researched modes).  
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1.4.2 Forced vibration 

Forced vibration takes place, when a system is subjected to an external time dependent 
loads. A forced vibration example is the oscillation that takes place in some vehicles 
engines. When the frequency of the external force coincides with one of the eigenvalues 
of the system, the resonance phenomenon happens, and the system exhibits large 
oscillations around the resonance frequency domain. Resonance phenomenon is the 
reason of failures of several structures such as bridges, buildings and airplane wings. 
Different methods of solutions for forced vibrations exist in the literature [11, 48], the 
most known methods are the steady state direct method and the modal analysis. The 
modal analysis is more efficient to carry out the dynamic response of structures subjected 
to dynamic excitation specially when there is large number of DOF. The efficiency reason 
is due to the method principle to carry out the response as a linear combination of a 
specific number of modes, otherwise of the direct method when we have a large number 
of DOF. Because that reduce the number of equations of the system when taking in 
consideration the orthogonality of the vibration modes calculated before. 

To demonstrate the forced vibration solution method, let us take the conventional 
vibration system composed of a mass m connected to a spring with stiffness k and viscous 
damping c and subjected to a load F. The system is presented in Figure 1.15     

 

 

 
 

 

The procedure of modal analysis is detailed herein. Let the harmonic arbitrary external 
forcing function be represented in complex form as �(�:�P�; L �(�4�A�Ü�: �ç so that the motion 
equation (1.18) becomes: 
 
�I �T�7E�?�T�6E�G�TL �(�4�A�Ü�: �ç         (1.22) 

Let us assume the following particular solution for the motion equation: 

 �T�ã�:�P�; L �: �A�Ü�: �ç    ����������������     ���������������� 

By substituting equation (1.23) with equation (1.22), the motion equation becomes: 

F�I�: �ñ�6�A�Ü�: �çE�E�:�?�: �A�Ü�: �çE�G�:�A�Ü�: �ç L �(�4�A�Ü�: �ç 

F�I�: �: �6 E�E�:�?�: E�G�:L �(�4 

�7�K�H���V�R�O�X�W�L�R�Q���R�I���W�K�H���P�R�W�L�R�Q���H�T�X�D�W�L�R�Q���L�V���J�L�Y�H�Q���D�V���I�R�O�O�R�Z�V���� 

�: �:�: ���; L
�¿�,

k�Þ�?�: �. �à o�>�Ü�Ö�:
��        ���������������� 

Figure 1.15: Model of forced vibration system. 
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By multiplying the numerator and denominator on the right side of equation (1.24) by 
[k�GF�: �6�I oF �E�?�: ] and separating the real and imaginary parts, the following expression 
is gotten:  

�: �:�: ���; L �(�4d
k�Þ�?�: �. �à o

k�Þ�?�: �. �à o
�.
�>�Ö�. � �.

F �E
�Ö�:

k�Þ�?�: �. �à o
�.
�>�Ö�. �: �.

h��     ����(1.25) 

Using the relation �#E�E�$L �% �A�Ü�Î        ���������������� 

Where���%L �¾�#�6 E�$�6 and  �–�ƒ�•�Î L
�º

�»
����     ���������������������������D�����E�� 

�7�K�H��equation (1.25) can be expressed as: 

�: �:�: ���á�P�; L
�¿�,

�Bk�Þ�?�: �. �à o
�.
�>�Ö�. �: �. �C

�-���. �A�?�Ü�Î ������       ���������������� 

 

Thus, the steady-state solution, equation (1.23), becomes: 

�T�ã�:�: ���á�P�; L
�¿�,

�Bk�Þ�?�: �. �à o
�.
�>�Ö�. �: �. �C

�-���. �A
�Ü�:�: �ç�?�Î �;      ���������������� 

It should be noted that, when F (t) is a random excitation signal and cannot be expressed 
as a linear combination of harmonic functions, it become necessary to move into the 
complex form of signal using Laplace transform. Otherwise, if the excitation signal is 
given in time domain, this signal can be transformed into frequency domain by means of 
Fourier transform method. This transformation procedure is detailed in what follows.  
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1.4.3 Time domain, frequency domain and Fourier Transform  

For modal testing, either time domain and frequency domain analysis is widely adopted 
in signal processing. Moreover, in vibration analysis under harmonic conditions, the 
frequency domain is widely adopted in the study. We can cover all range of frequencies 
which is impossible in time domain. Vibrational systems can be characterized by their 
inherent frequency components. But, some signals are given in time domain like 
earthquakes spectrograms. So the importance to convert signals from time into frequency 
domain. This process becomes easy due to the modern computational power. The most 
familiar method to transform signal from time to frequency domain is the Fourier 
transformation (FT). The importance of the Fourier transformation method is that it 
permits to decompose a complex signal into simpler parts witch facilitate analysis. 
Otherwise, it helps to transform the differential, difference equations and complex 
operations in the time domain to algebraic operations in the frequency domain. 

In this paragraph, the �)�R�X�U�L�H�U�� �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q�� �L�V�� �S�U�H�V�H�Q�W�H�G���� �/�H�W�¶�V�� �F�R�Q�V�L�G�H�U�� �D�� �V�L�J�Q�D�O��x(t) 
given in time domain, this signal can be periodic or non-periodic. This signal can be 
written in the following form: 

�T�:�P�; L
�5

�6��
�ì �: �:�3�;�A�Ü�• �ç�>�¶

�?�¶
�@�3            (1.30) 

Where �: �:�3�; is the Fourier transformation of the time signal x(t) 

In this case �: �:�3�; can be obtained by the following expression: 

�: �:�3�; L �ì �T�:�P�;�A�?�Ü�• �ç�>�¶

�?�¶
�@�–             (1.31) 

 The time signal x(t) is the inverse Fourier transformation���: �:�3�;. It should be noteed that 
an important condition for the existence of the Fourier transform is: 

�ì ���T�:�P�;���@�TL
�>�¶

�?�¶
finite number. 

Hereafter, by introducing :  f=�: /2�S����the equations above becomes: 

�T�:�P�; L
�5

�6��
�ì �: �:�B�;�A�Ü�6�  �Ù�ç�>�¶

�?�¶
�@�3            (1.32) 

And 

�: �:�B�; L �ì �T�:�P�;�A�?�Ü�6�  �Ù�ç�>�¶

�?�¶
�@�–            (1.33) 

 

Since the integral is general time varying involving complex variables, it is not easy to 
solve it manually, so numerical integration is needed here to do FT. A powerful algorithm 
called Discrete Fourier transform is used in solution process. A finite number of 
summations at discrete points adopted to drive integration. 
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If there are N sampled values as:  

�T�Þ L �T�:�P�Þ�;; �P�Þ L �G�¿�P���â�����GL �r�á�s�á�t�á�å �ä�ä�0 F�s 

Based on the sample data points, we assume that the time domain data project into the 
corresponding frequency data. The  N discrete frequency points (f1���«�«��fN) define Fourier 
transformation. Where the frequency points should be in the range of Nyquist critical 
frequency (defined as: the half of the sampling rate of a discrete signal processing system) 

�B�ÖL
�5

�6�¿�ç
               (1.34) 

The sampling period �¿�P��should be at least half of the period of signal to sufficiently 
represent signal. 

Finally, the Discrete Fourier Transformation (DFT) is written as follow: 

�: �:�B�á�; L �ì �T�:�P�;�A�Ü�6�  �Ù�Ù�ç�>�¶

�?�¶
�@�–���1���Ã �T�Þ

�Ç�?�5
�Þ�@�4 �A�Ü�6�  �Ù�Ù�ç�Ö�¿�P         (1.35) 

It should be noted that the discrete Fourier transformation (DFT) has the symmetry 
property with respect to the impute frequency (fn): 

�: �:�B�á�; L �: �:�B�Ç�?�á�;; �B�á L
�á

�Ç�¿�ç
�����á�J L F

�Ç

�6
�á�å �ä�ä�á

�Ç

�6
          (1.36) 

So half of the transform is needed to represent all frequency components, and the 
frequency range is given by: 

�r O�BO
�5

�6�¿�ç
               (1.37) 

A refined version of the DFT called Fast Fourier transform FFT which improves 
computational efficiency significantly. It turns out that the �A�Ü�6�  �Ù�Ù�ç�Ö term in the above 
equation repeats over the frequency range, and the FFT makes use of this property.  FFT 
algorithm is implemented in Matlab software. The number of operations for FFT is 

�@
�Ç

�6
�A�H�K�C�6�0 when compared to N2 for DFT.  

By using Fourier Transform the signals �Z�L�W�K���G�L�I�I�H�U�H�Q�W���W�L�P�H�(�G�R�P�D�L�Q���F�K�D�U�D�F�W�H�U�L�V�W�L�F�V��gives 
spectra in �I�U�H�T�X�H�Q�F�\�(�G�R�P�D�L�Q with dissimilar characteristics. Hence, a c�R�Q�W�L�Q�X�H�V�(�W�L�P�H��a 
periodic signal gives a �G�L�V�F�U�H�W�H���Q�R�Q�(�S�H�U�L�R�G�L�F spectrum. For example, the FFT result of 
sinusoidal wave is shown in Figure 1.16. From this figure it can be seems that the 
frequencies between the harmonics can be thought of as having a value of zero, or simply 
not existing. Otherwise, a c�R�Q�W�L�Q�X�H�V�(�W�L�P�H�� �Q�R�Q�(�S�H�U�L�R�G�L�F�� �V�L�J�Q�D�O�� �J�L�Y�H�V�� �F�R�Q�W�L�Q�X�H�V�� �Q�R�Q�(
periodic spectrum. The discrete �Q�R�Q�(�S�H�U�L�R�G�L�F���S�H�U�L�R�G�L�F���V�L�J�Q�D�O���E�H�F�R�P�H�V continues periodic 
spectrum. The discrete periodic signal is converted to discrete periodic spectrum. 

�7�K�H���O�D�V�W���W�U�D�Q�V�I�R�U�P�D�W�L�R�Q���E�H�W�Z�H�H�Q���W�L�P�H�(�G�R�P�D�L�Q���D�Q�G���I�U�H�T�X�H�Q�F�\���L�V���P�R�V�W useful. The reason 
that discrete is associat�H�G�� �Z�L�W�K�� �E�R�W�K�� �W�L�P�H�(�G�R�P�D�L�Q�� �D�Q�G�� �I�U�H�T�X�H�Q�F�\�� �G�R�P�D�L�Q�� �L�V�� �E�H�F�D�X�V�H��
computers can only take finite discrete time signals. 
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As example to demonstrate the FFT in the case of discrete �Q�R�Q�(�S�H�U�L�R�G�L�F���V�L�J�Q�D�O�V, A Matlab 
file is written to transform Elcentro recorded earthquake signal table from time domain 
(time-acceleration) to frequency domain (frequency-|Fourier Transform of acceleration|). 
The input file includes both accelerations and time interval. The time interval is 
transformed into the corresponding frequency scale based on the Nyquist critical 
frequency. The number of data points in the FFT should be power of 2, otherwise Matlab 
built in function fft fills the discrepancy with blank data. Figure 1.17 illustrate the time 
domain impulse and the corresponding FFT results. It should be noted that a harmonic 
function given by in time domain can be represented by the amplitude and the frequency 
in the frequency domain. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.16: FFT result of sinusoidal wave (Harmonic function). 

Figure 1.17: Transformation of El Centro EW earthquake signal from time domain to 
frequency domain using FFT. 
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1.4.4 Damping   

The movement of structures subject to forces or imposed movements function of time, 
depends in damping properties, in other words, dissipation of energy in the materials of 
the structure and in the connections of the various elements of structure between each 
�R�W�K�H�U�¶�V and with the surrounding environment. 

The physical phenomena involved in this dissipation of energy are numerous friction, 
fluid-structure interaction in a fluid slide, shocks, viscosity and plasticity. 

The models used to represent damping on the structures are: 

�‡���Y�L�V�F�R�X�V���G�D�P�S�L�Q�J�����G�L�V�V�L�S�D�W�H�G���H�Q�H�U�J�\���S�U�R�S�R�U�W�L�R�Q�Dl to the velocity of the movement, 

�‡�� �V�W�U�X�F�W�X�U�D�O�� �G�D�P�S�L�Q�J dissipated energy proportional to the displacement such that the 
damping force is of opposite sign to that of the velocity. 

Damping characteristics: 

1.4.4.1.  L oss factor  

The loss factor �K is a dimensionless coefficient characteristic of the damping effect 
defined to be the ratio of the energy dissipated during a cycle to the maximum strain 
energy in cycle �' ���ã���à�Ô�ë multiplied by 2�S: 

�ßL
�¾�Ï ���Û�Ð�Ý���Î�ä�Î�×�Ð

�6�� �¾���Û���Ø�Ì�ã
             (1.38) 

The loss factor �K is carried out experimentally from the obtained response spectrum using 
the bandwidth method  -3 dB. It should be noted that this method is valid in case of  �ß�'
�s. For an experimental response spectrum as presented in Figure 1.18 the loss factor can 
be computed as follows. 

 
 

|X| 

�:  

Figure 1.18: Computing loss factor from response spectrum using bandwidth method.  
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Thus, from Figure 1.18 the loss factor coefficient is computed by using the following 
equation: 

�ßL
�¿�• �/�Ï�³

�6�• ���Ø�Ì�ã
L

�• �. �?�• �-

�6�• ���,
            (1.39) 

It should be noted that several references [66-68] gave the loss factors ranges for the most 
of materials. Based on these references the typical loss factor for various materials 
adopted in this study are summarized in Table 1.2. These reference values have been 
obtained experimentally, and it can be used as reference to compute Rayleigh damping 
factors �Ù�á�Ú for each vibration mode. 

Table 1.2: Typical loss factor �ß for basic materials. 

Material Aluminum Steel Wood/concrete Sand Plastics 
Loss factor 0.0001 0.0005-0.001 0.01 0.1 1 

 

It should be noted that the relationship between the loss factor �ß and the viscous damping 
ratio �æ is given by: 

�æL
��

�6
           (1.40) 

1.4.4.2 Viscous damping model 

1.4.4.2.1 Physical definition of viscous damping 

Conventional damping devices (the crossing of a viscous fluid through the piston orifices 
driven by a vibratory movement) deliver forces proportional to the speed of the movement 
with opposite sign. During a cycle, the work of these forces is positive. 

  

 
For a simple oscillator presented in Figure 1.19a, composed of spring with stiffness k, 
mass m and viscous damping C, the external force f acting on the mass. The forces acting 
on the mass are: elastic restoring force ku, damping force due to viscous damper �%�Q�6, 
inertia of force ���I �Q�7 and the applied external force f see the free body diagram Figure 

���D�������0�D�V�V���V�S�U�L�Q�J��
�G�D�P�S�H�U���V�\�V�W�H�P 

���E�������)�U�H�H���E�R�G�\��
�G�L�D�J�U�D�P 

Figure 1.19: Mass spring damping system. 

ku CÜ mü 

f f 
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1.19b. U�V�L�Q�J�� �1�H�Z�W�R�Q�¶�V �V�H�F�R�Q�G�� �O�D�Z�� �R�I�� �P�R�W�L�R�Q���� �Z�K�L�F�K�� �V�W�D�W�H�V�� �W�K�D�W�� �µ�W�K�H�� �U�D�W�H��of change of 
momentum of a mass �L�V���H�T�X�D�O���W�R���W�K�H���I�R�U�F�H���D�F�W�L�Q�J���R�Q���L�W�¶.  
 
Hence, the dynamic motion equation: 
�I �Q�7E�%�Q�6E�G�QL �B             (1.41) 
For this viscous damping model, the energy dissipated during a pulsation cycle �Z is 
proportional to the vibratory velocity F�ñ�Q�4�•�‹�•�:�ñ�P�; associated with displacement 
�Q�4�…�‘�•�:�ñ�P�;: 

Ed per cycle L �ì F�%�ñ�Q�4�•�‹�•�:�ñ�P�;�@
�6��

�4
�:�Q�4�…�‘�•�:�ñ�P�;�; L �è�%�ñ�Q�4

�6      (1.42)  

and the potential energy for sinusoidal displacement �Q�4�…�‘�•�:�ñ�P�; is : 

Ep max L �ì �G�Q�4�…�‘�•�:�ñ�P�;
�4

�� ���6
�@�:�Q�4�…�‘�•�:�ñ�P�;�; L

�5

�6
�è�G�Q�4

�6         (1.43) 

For a pulsation cycle �Z��and sinusoidal displacement �Q�4�…�‘�•�:�ñ�P�;, the loss factor is 
proportional to the movement frequency: 

�ßL
�¼� 

�Þ
             (1.44) 

 

1.4.4.2.2 Harmonic oscillator with viscous damping 

The classical analysis of the free vibration undamped model is deduced from the equation 
(1.41) as follow: 

�I �Q�7E�G�QL �r             (1.45) 
As the oscillation is harmonic, the displacement u can be written as: 

 u(x,t)=u(x) ei�: t            (1.46) 

The insertion of the second derivative about time of equation (1.46) into the equation 
(1.45) gives: 

 �:�GF�I �3�6�;�QL �r             (1.47) 

The solution of equation (1.47) gives the angular frequency: 

 �×�4 L § �Þ

�à
              (1.48) 

The critical damping from which the differential equation (1.41) has no oscillating 
solution is written as follows: 

 ccritical =�t�¾�G�I L �t�• �×�4 L
�6�Þ

�• �,
          (1.49) 

This gives a numerical interpretation of reduced damping ratio, which is often expressed 
as a percentage of critical damping: 

�æL
��

�6
L

�Ö

�Ö�Î�Ý�Ô�ß�Ô�Î�Ì�×
L

�Ö

�6�à �� �,
          (1.50) 
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By putting equations (1.48, 1.50) in equation (1.27), the following relationship is 
obtained: 

�: �:�: ���; L
�¿�,

�à �Bk�• �,
�. �?�: �. o

�.
�>�8�:���: ���• �, �;�. �C

�-���.       ������������ 

�$�Q�G���Î �:�: ���; L �#�N�?�P�C�:
�6�� �• �, �: ��

�• �,
�. �?�: �.�;       ������������ 

The displacement response spectra���:  and phase angle �Î ��are than plotted in terms of 
angular velocity �:  and damping ratio �æ as shown in Figure 1.20 depicted below.   

 

Figure 1.20: Displacement amplitude and phase angle in terms of damping ratio (in the 
frequency domain). 

 

1.4.5 Effect of elastic and viscous springs on the dynamic 
behavior of structures 

The elastic springs elements are used to introduce additional stiffness in some points of 
the structure. By adding stiffness to the structure, the natural frequencies increase. 
Accordingly, the dynamic behavior of the structure is improved against low vibration 
frequencies. The viscous springs are a power-dissipation mechanism called also dashpots. 
They are used to dissipate the energy of the structures subjected to a moving force. Thus, 
the role of these element is to reduce the displacement amplitude of the structure near to 
resonance.  The elastic and viscous springs can be used in parallel as shown in Figure 
1.21.  
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Figure 1.21: Effect of springs and dashpots on vibration behavior. 
 

Thus, the viscous and elastic springs influence the response of the structure. A beam that 
is perfectly rigid will have a zero period. When the beam is subjected to dynamic loads 
an acceleration is induced in the structure. A beam that is perfectly flexible will have an 
infinite period. By adding elastic and viscous braces the dynamic response of the beam is 
modified as shown in Figure 1.21 that lead to control the vibration of such structure. In 
what follows let us introduce the effect of different types of braces. 

Effect of elastic spring 

 

To explain the effect of springs on the dynamic behavior of the beam. Let us take as 
example a simply supported beam with a lateral spring connected to point R and acting 
in x direction. See Figure 1.22. 

�%�H�D�P 

�(�I�I�H�F�W���R�I���W�K�H���V�S�U�L�Q�J�����)�����I�R�U�F�H�� 

�'�L�V�S�O�D�F�H�P�H�Q�W�����[�����P�����I�U�R�P���W�K�H���U�H�V�W���S�R�V�L�W�L�R�Q 

�5 

�(�O�D�V�W�L�F���V�S�U�L�Q�J��
���V�W�L�I�I�Q�H�V�V���N�� 

Figure 1.22: Effect of an elastic spring on the beam dynamic 
behavior. 
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When the beam is subjected to any type of dynamic loads in x direction, every point of 
the beam other than the points connected to supports move in x direction. At the point R 
attached to the spring with stiffness k the value of the displacement is given by x. In this 
case the effect of the spring attached to the point R on the beam is a resistant force F. 
The spring resistant force is given by: 
 
�( L �G�T             (1.53) 
 
In term of energy the spring effect can be expressed as additional strain energy Us to the 
energy produced by the motion of the system. This additional energy produced by the 
spring can be defined as follows: 
 
�7�OL

�5

�6
�G�T�6              (1.54) 

 
Effect of dashpot 

As mentioned before the dashpot is used to dissipate the kinetic energy of a mechanical 
system. Otherwise, the dashpot is a passive device that is means it has no force output. 
Thus, it is a device used to reduce the velocity of a dynamic structure by motion damping 
effect. By this way, a dashpot is a shock absorber. The effects of the dashpot on structures 
are summarized in the following points:  it provides a protection of the structure against 
damage and violent or unexpected response caused by shock and vibration, reduce the 
impact of vibration on structures, improve the stability of the structures against noise 
without increasing the elements dimensions and using extra materials. So it improves the 
structures dynamic behavior with low cost. 
In motion, the dashpot generate a resisting force which rises to equal the force of the 
acting load subjected to the structure, reaching a zero net force. This leads to zero 
acceleration and constant velocity.  

 

�'�D�V�K�S�R�W���Z�L�W�K��
�G�D�P�S�L�Q�J��
�F�R�H�I�I�L�F�L�H�Q�W�����F 

�(�I�I�H�F�W���R�I���W�K�H���G�D�V�K�S�R�W�����)�����I�R�U�F�H�� 

�5 �%�H�D�P 

�'�L�V�S�O�D�F�H�P�H�Q�W�����[�����P�����I�U�R�P���W�K�H���U�H�V�W���S�R�V�L�W�L�R�Q 

Figure 1.23: Effect of a dashpot on the beam dynamic behavior. 
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To clarify the effect of dashpot on the dynamic behavior of the beam. Let us take as 
example a simply supported beam with a lateral dashpot connected to point R and acting 
in x direction. See Figure 1.23. 
When the beam is subjected to any type of dynamic loads in x direction, every point of 
the beam other than the points connected to supports move in x direction. At the point R 
attached to the dashpot with damping coefficient c the value of the displacement is given 
by x. In this case the effect of the dashpot attached to the point R on the beam is a resistant 
force F. 
The dashpot resistant force is given by: 

�( L �?
�×�ë

�×�ç
               (1.55) 

 
In term of energy the dashpot effect can be expressed as additional strain energy ���× to the 
energy produced by the motion of the system. This additional energy produced by the 
dashpot can be defined as follows: 

���× L �?�@
�×�ë

�×�ç
�A

�6
                         (1.56) 

 
Superposition 

In dynamics, the benefits of using braces in 3D steel structures design is for vibration 
control. By using these elements, the structures become less sensitive to uncertainties in 
vibrations or ground motion. Minor damage at the design level event means immediate 
reoccupation. The performance of the braces is highly predictable, so they are much more 
reliable than conventional structural components. Even in case of larger-than-expected 
seismic events, damage will concentrate in the bracing system, where elements can be 
easily substituted to restore the complete functionality of the structure. Otherwise, bracing 
system minimize the need for strengthening measures of the beams, like increasing 
sections dimensions to resist against the dynamic loads. 
Bracing system leads to a structures with high performance and help to optimize sections 
in the same time when they are subjected to dynamic loads. This is the feasible solution 
for structural design of the 3D steel structures resistible against vibrations. 
 

1.5  Modeling linear vibrations of thin -walled beams 
 

From the literature review it is well known that the linear vibration of thin-walled beams 
with arbitrary cross-sections exhibits with flexural-torsional coupled modes. otherwise, it 
is shown in the section 1.3 that the torsion for this types of sections is predominated with 
the warping effect. For this reason, it is necessary in for this types of beams to investigate 
a linear vibration model that take in consideration of these two important points. Thus, 
we decided to develop a beam model based on the Galerkin's approach, to formulate the 
dynamic equat�L�R�Q�V���R�I���P�R�W�L�R�Q�����8�V�L�Q�J���+�D�P�L�O�W�R�Q�¶�V���S�U�L�Q�F�L�S�O�H�����W�K�H���I�L�Q�L�W�H���H�O�H�P�H�Q�W���D�S�S�U�R�D�F�K���R�I��
the model is established. For more precision in the model, the effects of rotational inertial 
kinematic terms are considered. In the FE procedure the efficient model with minimum 
cost of calculation and that gives high precision solutions is based on the beam element 
with seven degree of freedom. In the model the 7th degree of freedom is related to warping 
effect in the thin-walled beams sections that is indispensable in torsion computation for 
these types of sections.  
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1.6  Assessment of subject positioning 

  
�7�K�H���X�Q�G�H�U�V�W�D�Q�G�L�Q�J���R�I���W�K�H���P�H�F�K�D�Q�L�F�D�O���E�H�K�D�Y�L�R�U���R�I���W�K�L�Q���Z�D�O�O�H�G���E�H�D�P���L�V���H�V�V�H�Q�W�L�D�O���W�R���D�Y�R�L�G��
�S�O�D�Q�D�U���I�D�L�O�X�U�H�V���R�I���V�W�U�X�F�W�X�U�H�V���G�X�H���W�R���I�O�H�[�X�U�D�O���W�R�U�V�L�R�Q�D�O���E�H�K�D�Y�L�R�U�����O�D�W�H�U�D�O���E�X�F�N�O�L�Q�J���V�W�D�E�L�O�L�W�\������
Mohri et al. [69] have developed a numerical method based on a non-linear stability 
model to calculate bar buckling and lateral buckling of unrestrained thin-walled open 
sections beams. The obtained lateral buckling loads or equivalent buckling moments are 
compared to the solutions of the eigenvalue problem obtained with Abaqus software. 
Then Mohri et al [70], settle analytical solutions that are derived for simply supported 
beam-column elements with bi-symmetric I sections under combined bending and axial 
forces using �9�O�D�V�R�Y�¶�V���P�R�G�H�O��for non-uniform torsion to determine lateral buckling of thin-
walled beam-column elements. They found that the Saint-Venant theorem is not adequate 
in case of thin-walled section to solve torsion problem. Mohri et al [71] and [72] improved 
the model to take account of large torsion and warping effects is checked. 

To study complex problem Mohri et al [70], used the finite element method. they 
�L�P�S�O�H�P�H�Q�W�� �D�� �Q�H�Z�� �E�H�D�P�� �H�O�H�P�H�Q�W�� �W�D�N�L�Q�J�� �D�F�F�R�X�Q�W�� �R�I�� �Y�D�O�V�R�Y�¶�V�� �W�K�H�R�U�H�P�� �D�Q�G�� �O�D�U�J�H�� �W�R�U�V�L�R�Q��
observed with thin walled beams. The results obtained with this element are compared to 
results calculated with beam and shell elements of Abaqus code. To study dynamics 
problems, Mohri et al [41], develop the basics of the free vibration behavior of pre-
buckled and post-buckled thin-walled beams with open sections. 

In our work we are interested in free and forced vibrations of thin walled beam and to 
introduce damping. The finite element method was used to solve this problem. Jacob and 
Belytschko [73], Liu and Quek [74�@���D�S�S�O�L�H�G�� �+�D�P�L�O�W�R�Q�¶�V�� �S�U�L�Q�F�L�S�O�H�� �W�R�� �G�H�Y�H�O�R�S�� �W�K�H�� �I�L�Q�L�W�H��
element equations. Direct Analysis method presented by Petyt [11] will be adopted in 
solutions.  

Also Petyt [11] developed the general structure of motion equation, then he introduced 2 
types �R�I�� �G�D�P�S�L�Q�J�� �I�R�U�F�H�V���� �V�W�U�X�F�W�X�U�D�O���� �5�D�\�O�H�L�J�K�«�� ���Y�L�V�F�R�X�V�� �G�D�P�S�L�Q�J������ �+�H�� �K�D�V�� �D�O�V�R��
formulated equations for steady state forced and free vibration. He used FEM for flexural 
vibration in beam and solving free vibration problem. Adding to this I refer to some 
subjects treated by Petyt [11] related to the present work like: solution methods for 
eigenvalue problem, harmonic response, modal analysis, response to periodic excitation, 
transient response, modal analysis. 

Rao et. al [44] work on fundamental concept of vibration, outline of the history type of 
vibration and harmonic, different methods to derive equation of motion in free vibration 
case: newton 2nd �O�D�Z�� �R�I�� �P�R�W�L�R�Q���� �P�H�W�K�R�G�� �G�¶�$�O�H�P�E�H�U�W�� �S�U�L�Q�F�L�S�O�H���� �S�U�L�Q�F�L�S�O�H�� �R�I�� �Y�L�U�W�X�D�O��
displacement, principle of conservation of energy and their solutions.  

In relation to our studies we also benefit from these subjects treated by Rao [44]: 

-harmonically excited vibration aspect of resonance, beats, amplitude ratio, phase angle, 
steady state vibration. 



Chapter 1 Thin-walled beams State of art. Motivation and Interest 
 

 

34 

-Determination of natural frequency and mode shapes using eigenvalue (natural 
frequencies) and eigenvectors (mode shape) for multi degree of freedom different 
�P�H�W�K�R�G�V�����5�D�\�O�H�L�J�K�����+�R�O�]�H�U�¶�V�����P�D�W�U�L�[���L�W�H�U�D�W�L�R�Q���P�H�W�K�R�G�����-�D�F�R�E�L�¶�V���P�H�W�K�R�G�� 

-Study the methods of deriving the equation of motion for continues systems (beam) using 
boundary conditions. 

-Vibration control using vibration monographs and vibration criteria to determine 
acceptable levels of vibration, and some methods to vibration control changing stiffness 
K, mass M, or adding damping C. 

-Numerical integration methods of motion equations in time domain. The most adopted 
methods are Runge-Kutta, Houbolt, Wilson and Newmark, see the reference [75]. 

It is important to note that Newmark method is widely used in the research of structural 
dynamics and nonlinear dynamics. The advantages of this method are first that when 
solving structural dynamic equations Newmark method is for solving second-order ODEs 
directly while Runge-Kutta methods are for solving first-order ODEs. Adding to this, the 
order of accuracy for Newmark method is second-order. There are several variants of 
Runge-Kutta method with different orders of accuracy, up to fourth-order. So with 
Newmark method one can solve second-order ODEs directly without having to convert 
them into state-space which is a must for Runge-Kutta methods. This means fewer 
DOFs, hence lower computational cost, when compared to the other methods. 

 
1.7  Objectives of research topic 
 

Many objectives can be dressed for this PHD work. They are listed below: 

- The vibration behavior (free and forced vibration) of beams is limited to 2D pure 
bending according to the classical beam theory. The effects of rotary inertia are neglected. 
For design, analytical solutions in this case are available in [1, 76]. 

- In presence of torsion, the vibration behavior is limited to shaft vibration according to 
the Saint-Venant theory. Again, analytical solutions exist in literature [2, 3, 12] 

- The bending and torsion vibration are uncoupled.  

However, the behavior of unrestrained beams is in 3D context. This means that the strong 
and weak bending modes should be present with torsion modes. Again, warping is 
important and can control the behavior of torsion modes. Moreover, in presence of 
arbitrary cross sections, coupling is present. 3D flexural-torsional vibration modes are 
frequent.  Thus, planar behavior of such structures is known to be an exception rather 
than a rule. The analytical solutions are rather scant and limited to some simply design 
cases.  

The first objective of the present work is to assess the vibration behavior of thin-walled 
beams with open sections. The analysis is undertaken in 3D context with no assumption 
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on the cross section geometry. When possible analytical solutions are carried out for the 
flexural-torsional vibration modes in presence of flexural-torsional coupling, warping and 
rotary inertia effects.  These solutions seem to be more general, since the 2D case can be 
straightforward when the additional terms are disregarded.  

Analytical solutions for the flexural-torsional free vibration of 3D beams with open 
sections are limited to some representative boundary conditions. In more general cases, 
numerical procedures are believed. The 3D beam elements implemented in the 
commercial codes are not accurate and fail in presence of torsion warping, and arbitrary 
cross sections. After testing a large number of models using Abaqus and Adina, it is 
proven that Abaqus code fails in presence lateral buckling and nonlinear behavior of 
beams with arbitrary cross sections. The warping DOF is not available. Recourse to shell 
elements is always followed in literature. See [69, 70]. In Adina code, arbitrary cross 
sections are possible but it is difficult to apply loads on top or bottom flanges. Otherwise, 
in the developed FEM it is easy to access to the mass and stiffness matrices by adding 
terms related to bracing elements.  Investigation of accurate models for the flexural-
torsional behavior of thin-walled beams is then necessary. 

In the present study, the finite element approach is followed in the study.  For this aim, 
3D beams allowing warping are adopted in the free and forced vibration analyses. In 
forced vibration, damping is considered according to Rayleigh approach. 

In engineering applications, the analytical and numerical models need to be checked 
according to test research and experimental benchmark solutions. Extensive research is 
devoted to the static behavior of thin-walled beams. In free and forced vibration, scant 
results were published and always limited to free vibration analysis. In the present work 
a large part is devoted to the experimental dynamic flexural-torsional behavior of thin-
walled beams. The experimental setup is described and test results are compared to the 
analytical and numerical results derived in the analytical and numerical parts.  

In order to improve the structure strength against lateral and torsion vibration modes and 
to save materials by getting optimum sections, one possible solution is the increase of 
stiffness by adding discrete or distributed elastic springs (elastic supports). The elastic 
spring contribute in the elastic stiffness matrix of the structure. By increasing the stiffness 
constant of the elastic support, the vibration behavior (frequencies and modes) vary 
accordingly. Other solution can be used is adding viscoelastic braces to control vibration. 
One gets then the case of braced structures commonly encountered in design of real 
structures. To illustrate the effect of elastic springs on the vibration behavior of thin-
walled beams let us present the following example for a simply supported beam under 
rigid supports (Figure 1.24). For this beam vibration modes for n=1 to 3 are depicted in 
the same figure. 

 

Figure 1.24: Free vibration modes of simply supported beam with rigid supports. 
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For vibration control, the engineer is asked for improved solutions for vibration behavior. 
The lower eigenfrequencies can be removed by adequate elastic supports. The followings 
solutions can be adopted if we are interested by a particular mode (Figure 1.25). In Figure 
1.25a, when the stiffness Ks is sufficient, one can remove the first mode and goes directly 
to mode 2 where the eigenfrequency is 4 times higher than the first. In presence of 3 
elastic supports, we get directly to the third mode with natural frequency 9 times higher 
than the first.                                                                         

This procedure can be followed in the case of thin-walled in presence in 3D vibration 
modes when bending and torsion modes are present and can be strengthened by adequate 
elastic supports. Moreover, under forced vibrations, viscous springs can be adopted in 
order to reduce displacements structures near the resonance. 

The work is followed by analytical and numerical simulations using a home-made code 
(implemented on Matlab) and commercial code (Abaqus, Adina) to study the effect of 
viscoelastic intermediate braces and to carry out the optimum solutions for different cases 
of sections and boundary conditions. Validation by test setup of beams with intermediate 
braces is also achieved. 

�µ�7�K�H�� �I�L�Q�L�W�H�� �H�O�H�P�H�Q�W�� �P�R�G�H�O�� �L�Q�Y�H�V�W�L�J�D�W�H�G�� �I�R�U�� �W�K�H�� �E�H�K�D�Y�L�R�U�� �R�I�� �X�Q�U�H�V�W�U�D�L�Q�H�G�� ���'�� �E�H�D�P�V�� �L�V��
extended to braced beams. For this aim, elastic springs are incorporated in the 3D beam 
element developed on Mohri [70].�¶ 
It is important to remind that in civil engineering recourse to this solution is frequent. 
This is the case in braced beams and columns in buildings or lateral bracing in bridges 
(Figure 1.26). 

Figure 1.25: Free vibration modes for Simply supported beam with intermediate elastic 
springs. 
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These solutions are adopted in practice, but only empirical procedure is known. It is 
known that without these secondary elements the full strength of the building is not 
guaranteed and risk of failure due to out of plane deformations should be dominant. 
Other solution is using discrete viscous dampers (dashpots) in parallel with elastic springs 
to control displacements of structure when it is subjected to dynamic forces, in this case 
modes, frequencies and structure displacements are controlled. 
The important points to be studied are the number, distribution, and required stiffness and 
damping factor to reach the optimal design. 
For vibration control, the engineer is asked for improved solutions for vibration behavior. 
The lower eigenfrequencies can be removed by adequate elastic supports. The followings 
solutions can be adopted if we are interested by a particular mode. when the spring 
stiffness is sufficient, one can remove the first mode and goes directly to mode 2 where 
the eigenfrequency is 4 times higher than the first. In presence of 3 elastic supports, one 
gets directly to the third mode with natural frequency 9 times higher than the first. 
This procedure can be followed in the case of thin-walled in presence in 3D vibration 
modes when undesirable lateral bending and torsion modes are present and; can be 
strengthened by adequate elastic supports. Moreover, under forced vibrations, viscous 
springs can be adopted in order to reduce displacements structures near the resonance. 
The work is followed by analytical and numerical simulations using a home-made code 
and commercial codes: Abaqus, Adina�«�� etc. Finally, test setup is also adopted in this 
study to validate theoretical and numerical solutions. 
In the present work assessing Thin-walled structures and beams is performed using the 
followings items of the 3D behavior of thin-walled beams:  

- Flexural-torsional linear behavior.   
- Flexural-torsional free vibration.  
- Forced vibration of under 3D loadings. 

�%�5 

�%�5 

�%�5 

�%�5 

�%�5 �����%�U�D�F�H�V 

Figure 1.26: Practical example of using braces in bridges and buildings. 
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In these items, analytical solutions are investigated for beams under classical boundary 
conditions. The finite element approach is followed in presence of arbitrary loads and 
boundary conditions. The free and force vibration behaviors are studied by test campaign 
where some beams are tested in free and forced vibration at the LEM3 laboratory.  

The previous models applied for unrestrained 3D beams, are extended to restrained beams 
in presence of discrete or continuous springs in 3D context. For the purpose, the FEM 
investigated in Mohri [70], is extended by adding flexural-torsional springs. The static 
and dynamic behavior of braced beams becomes possible. 

Moreover, in forced vibration, effects of elastic springs viscous dashpots are included. 
The work contains the following parts. 

1.7.1 Free vibration of beams in flexural-torsional behavior  

In the present study, the free vibration of thin-walled beams is studied by analytical, 
numerical and experimental approaches. Analytical solutions for free vibration problem 
are carried out taking in consideration the rotary inertia terms. So, the natural frequencies 
for n modes are computed with high accuracy. The analytical solution developed in the 
cases of simply supported beams, cantilever beams, clamped-clamped beams, with 
different sections types: doubly symmetric like IPE section, singly symmetric cross 
sections and arbitrary sections. 

Analytical solutions are limited to simple cases. To be more general, the finite element 
approach of the present model is implemented. The vibration modes (eigenfrequencies 
and vibration modes) are obtained by solutions classical eigenvalue problem.  

Scant experimental works on the vibration behavior of thin-walled beams in free or forced 
vibration of thin-walled beams. For this aim, an extensive campaign has been adopted by 
the laboratory team in order to assess the vibration behavior of beams with arbitrary cross 
sections and boundary conditions.   

All the solutions carried out in the present study are validated by comparisons to other 
simulations obtained from some commercial codes and some benchmark solutions 
available in the literature. 

 

1.7.2.  Forced vibration analysis of thin -walled beams  

Carrying out the dynamic response spectra (displacements, accelerations for any point of 
the beam) using the modal analysis method. The response spectra are carried out in the 
frequency domain.  Harmonic excitation force or moment or random can be applied to 
this beam in any chosen point. Base motion excitation is also treated using the present 
FEM. The maximum values of displacement �µ�U�H�V�R�Q�D�Q�F�H�¶�� �D�U�H�� �R�E�V�H�U�Y�H�G�� �Q�Har the 
eigenfrequencies.  
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The same procedure used previously is applied to solve forced vibration problem: 

-Analytical method: Presenting the existing problem solution formulation. 

-Numerical part: the FEM is developed to solve forced vibration problem. Some examples 
with our code are compared to Abaqus and Adina commercial codes to validate results.   

- Experimental part: 

Tests on beams with different boundary conditions and a non-symmetric section. To do 
this, we propose to study a specimen of thin-walled beams with arbitrary cross-sections. 
In this part the electrodynamic shaker machine is used to carry out the acceleration and 
displacement response spectra of some chosen points. Acceleration sensor are used to 
record the spectra and to control the vibration frequencies and the load. 

1.7.3. Effect of the elastic and viscous springs on vibration  
control  

The elastic springs added to structures increase their natural frequency. Otherwise, the 
displacement amplitude of the structures near to resonance can be reduced by introducing 
a power-dissipation mechanism (dashpots).  

Therefore, by introducing elastic springs the vibration of the structure can be controlled 
by eliminating the undesirable vibration modes. Moreover, by adding dashpots in some 
points of the beams, the displacement of the structure near to the natural frequencies is 
controlled. 

Consequently, this procedure can be followed for thin-walled beams in presence of 3D 
vibration modes. When bending and torsion modes are present, lateral and torsion 
viscoelastic springs should be used to improve the dynamic behavior of the structures. 
The optimal positions of the additional viscoelastic springs and their properties should be 
studied in order to obtain an optimal vibration control. The effect of adding lateral elastic 
springs to the beam is demonstrated in Figure 1.25. 

The work is followed by analytical and numerical simulations using a home-made code 
(implemented on Matlab) and commercial code (Abaqus, Adina) to study the effect of 
viscoelastic intermediate braces and to carry out the optimum solutions for different cases 
of sections and boundary conditions. Validation by test setup of beams with intermediate 
braces is also achieved. 

  



Chapter 1 Thin-walled beams State of art. Motivation and Interest 
 

 

40 

1.8  Conclusion 
Chapter 1 provided an overview about thin-walled beams. The principle manufacturing 
processes of these elements have been detailed. The importance of these structural elements 
in different engineering domains has been illustrated. Moreover, the features and the 
mechanical characteristics of thin-walled beams has been also detailed. Next, a literature 
review was conducted to explore the available information about static and dynamic behavior 
of thin walled beams. Afterward, an analysis study was made to the existing studies in the 
literature. Based on that, different interpretations have been endorsed. The first one is that in 
literature the tin-walled beams have been studied in both static and dynamic using analytical 
and semi-analytical methods. But only simple cases of sections and boundary conditions have 
been investigated, especially in free vibration. The most of works treated the simply 
supported boundary conditions with bi-symmetric or mono-symmetric sections. The kinetic 
rotary terms were always neglected in the previous studies also the warping effect sometime 
was not taken in consideration. Otherwise, the finite element approach has been adopted in 
free vibration using commercial codes and some developed elements. However, in this case 
it is remarkable that commercial codes are always based on shell elements, which lead to a 
long calculation time. Some other studies adopted the beam element in commercial code to 
investigate the thin-walled beams. However, the warping effect is not taken in consideration 
in the boundary conditions in some commercial codes and the beam element fails in some 
cases of sections or boundary condition which lead to singular results. In-house codes based 
on a beam elements have been also adopted in the literature, nevertheless there are 
inaccessible and limited to some types of sections and used for free vibration only.  

Otherwise, damping types stated in this chapter and the Rayleigh viscous model was adopted 
later in the forced vibration in the present study. On the other hand, Fourier Transformation 
method has been detailed and used later on to convert signals from time to frequency domain. 
The effect of elastic springs and viscous springs has been also introduced. Then the effect 
superposition of these elements has been detailed. Based on these studies the model of 
vibration of thin-walled beams, objectives of research work and topics have been defined. 
Based on the literature analysis the objectives of the present study are proposed. First, the 3D 
flexural-torsional behavior of thin-walled open sections beams is discussed. It is shown that 
torsion exhibit with warping effect, so Saint-Venant theorem is not adequate to solve torsion 
problem in case of thin-walled section. Thus, the requirement of non-uniform torsion theory 
for this type of beams. Otherwise, it is necessary to develop an adequate model for thin-walled 
beams with open cross sections to investigate the dynamic behavior of these elements. A 3D 
beam model for flexural-torsional coupling has been proposed. Then, based on the developed 
model the analytical solutions wil l be carried out and the finite element approach will be 
developed in the next chapters. After that, the validation of these solutions will be by 
comparing to benchmark results and using experimental study. Adding to this, literature 
review on vibration control and modeling linear vibrations of thin-walled beams are presented 
in this chapter. Then, by analyzing this bibliographic review, we decided to go further by 
using the developed finite element approach to study the dynamic behavior of braced beams. 
These proposed braces elements can be used to improve the dynamic behavior of 3D thin-
walled beams.  

Thus, in this chapter the problematic, the framework and the means to use in the present study 
have been defined well. Finally, the objectives of research topic have been clearly illustrated 
at the end of this chapter. 
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Chapter 2 Analytical method for the vibration 
behavior of thin-walled beams 
 

2.1  Introduction   
 

In this chapter, a beam model is developed for the dynamic behavior, especially for 
vibration, of thin-walled beams with arbitrary cross sections. Vibration behaviors of 
flexural-torsional and lateral pre-buckled thin-walled beams with open sections are 
investigated. Based on present beam model and on the Galerkin's approach, dynamic 
equations of motion are formulated for linear vibration analysis���� �8�V�L�Q�J�� �+�D�P�L�O�W�R�Q�¶�V��
principle, the finite element approach of the model is established. In the model, the effects 
of rotational inertial kinematic terms are considered. Analytical formations of natural 
frequencies are given, closed form solutions of the eigenvalues for doubly symmetric, 
singly symmetric, and arbitrary cross sections are developed for some practical cases used 
in design. Fundamental eigenfrequencies are given for simply supported beams, 
cantilever beams and double fixed beams.  
 

2.2  Free and forced vibration analyses 
 

2.2.1 Kinematics of the model 

A straight element with thin-walled open section shown in Figure 2.1 is inspected in the 
following work. The rectangular system of coordination (G,x,y,z) is used, with G is the 
cross section center. The x-axis is parallel to the length of the beam, y and z axis are 
assumed as the principle axis of beam cross-section. The shear center was noted C, its co-
ordinates in Gyz are (yc, zc). A point M on the section contour have the following co-
ordinates (y, z, �Z), where �Z��is the sectorial co-ordinate �R�I�� �W�K�H�� �S�R�L�Q�W�� �X�V�H�G�� �L�Q�� �9�O�D�V�R�Y�¶�V��
model for non-uniform torsion [5]. Based on the usual assumptions of the theory of thin-
walled elements, the displacements components of M can be derived from those of the 
shear center and centroid points. Moreover, in the presented model it considered that: 

- No distortion deformation of the section, which denote that the cross section contour is 
rigid in its plane.  

- No shear deformation in the section mean surface.  

Therefore, the transversal displacements vM and wM components of point M are the 
following: 
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Figure 2.1: Thin-walled open section element. 
 

�R�ÆL �RF�:�VF �V�Ö�;�•�‹�•�à�ë F �:�UF�U�Ö�;�:�sF �…�‘�•�à�ë�; (2.1) 

�S�ÆL �SE�:�UF�U�Ö�;�•�‹�•�à�ë F�:�VF�V�Ö�;�:�sF �…�‘�•�à�ë�; (2.2) 

In these relationships, v, w and �Tx are respectively the bending displacement in the y and 
z directions and the torsion angle of the shear point.  

The axial displacement uM is derived from the hypothesis that shear deformation is null 
in the mean surface. Let us introduce at a point M of the section, a curvilinear reference 
Mtn, having curvilinear co-ordinate s. Let us denote vt and wt the displacement 
components of M in the curvilinear reference presented in Figure 2.2. By taking in 
consideration the second assumption, the Green shear deformation along the contour 
verifies the following condition:  
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Otherwise, the displacements vt and wt can be deduced from equations (2.1,2): 

�R�ç L �R�?�K�O�ÙE�S�O�E�J�ÙE�D�O�E�J�à�ë E�N�:�?�K�O�à�ë F �s�; (2.4) 

�S�ç L F�R�O�E�J�ÙE�S�?�K�O�ÙE�N�O�E�J�à�ë F �D�:�?�K�O�à�ë F �s�; (2.5) 

In the equations above, �D��denotes the angle between the y axis and the tangent Mt. h(s) 
and r(s) are the co-ordinates of the shear center C in Mtn. Otherwise, we have:  
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              (2.6a-e) 

Therefore, uM is gotten by integration of equation (2.3) with respect to the variable s and 
using relationships equations. (2.6a-e) as follows:  

�Q�ÆL �QF�U�:�R�ñ�?�K�O�à�ë E�S�ñ�O�E�J�à�ë�; F �V�:�S�ñ�?�K�O�à�ë E�R�ñ�O�E�J�à�ë�; F �ñ�à�ë�ñ (2.7) 

In this formulation �������¶�� �G�H�Q�R�W�H�V�� �W�K�H��x-derivate and u is the axial displacement of the 
centroid, in x direction. 
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Figure 2.2: Section contour with tangential and normal axis. 
 

 Then, the expressions of displacements of point M are given by the equations (2.1), (2.2) 
and (2.7). Considering small torsion, using the approximation (cos �Tx = 1) and (sin �Tx 
=���Tx) and disregarding the resulting nonlinear terms, the classical relationships used in 
�9�O�D�V�R�Y�¶�V���P�R�G�H�O���D�U�H���V�W�U�D�L�J�K�W�I�R�U�Z�D�U�G�� 

�Q�ÆL �QF�U�R�ñF �V�S�ñF �ñ�à�ë�ñ (2.8) 

�R�ÆL �RF�:�VF �V�Ö�;�à�ë (2.9) 

�S�ÆL �SE�:�UF�U�Ö�;�à�ë (2.10) 

  
Based on the kinematics equations (2.1-3) a finite element model has been derived under 
static loads for the nonlinear behaviour, for buckling and lateral buckling analyses [78, 
79]. In the present work attention is for the behaviour under dynamic loads. In the 
framework of free vibration and linear dynamics, the relationships equations. (2.8-10) are 
sufficient. They are adopted in this study. Furthermore, the Green strain tensor which 
integrates large displacements is the following: 

 �Ý�Ü�ÝL
�5

�6
�:

�! �è�Ô

�! �ë�Õ
E

�! �è�Õ

�! �ë�Ô
E

�! �è�Ö

�! �ë�Ô

�! �è�Ö

�! �ë�Õ
�;, i, j, k =1,2,3           (2.11) 

 
Therefore, the strain tensor components for thin-walled beams are given by: 
�Ý�ë�ëL �Q�Æ�"E

�5

�6
�:�:�R�Æ�"�;�6 E�:�S�Æ�"�;�6�;         (2.12) 

�Ý�ë�ì L
�5

�6
�:

�! �è�¾

�!�ì
E

�! �é�¾
�!�ë

E
�! �é�¾
�!�ë

�! �é�¾
�!�ì

E
�! �ê�¾

�!�ë

�! �ê�¾

�!�ì
�;        (2.13) 

�Ý�ë�í L
�5

�6
�:

�! �è�¾

�!�í
E

�! �ê�¾

�!�ë
E

�! �é�¾
�!�ë

�! �é�¾
�!�í

E
�! �ê�¾

�! �ë

�! �ê�¾

�!�í
�;        (2.14) 

 
 
 
  

n 

t 

a Y 
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The insertion of equations (2.1), (2.2) and (2.3) into equations (2.12) to (2.14), gives: 
 

�Ý�ë�ëL �Ý�5 E�Ý�6                       (2.15) 
 

In which:  
�Ý�5 L �Q�ñF �U�:�R�6�…�‘�•�à�ë E�™�6�O�E�J���à�ë�; F �V�:�S�6�…�‘�•�à�ë E�R�6�O�E�J���à�ë�; F �S�à�ë�6    (2.16) 
�Ý�6=��

�5

�6
k�R�ñ�6 E�S�ñ�6 E�4�6���à�ë�"�6��o�� �U�Ö�à�ë�ñ�:�S�ñ�…�‘�•�à�ë F �R�ñ�•�‹�•�à�ë�; 

      E�V�Ö�à�ë�ñ�:�R�ñ�?�K�O���à�ë E�S�"�O�E�J���à�ë�;                    (2.17) 

�Ý�ë�ì L F
�5

�6
�:�VF�V�ÖE

�!� 

�!�ì
�;�à�ë�ñ                       (2.18) 

�Ý�ë�í L
�5

�6
�:�UF�U�ÖF

�!� 

�!�í
�;�à�ë�ñ          (2.19) 

�4�6 L �:�UF�U�Ö�;�6 E�:�VF�V�Ö�;�6                     (2.20) 
 
In the equations (2.15) the strains components depend nonlinearly on the displacements 
(u, v and w) and torsion angle �Tx���� �+�R�Z�H�Y�H�U���� �X�V�L�Q�J�� �9�O�D�V�R�Y�¶�V�� �D�S�S�U�R�[�L�P�D�W�L�R�Q�V�� �H�T�X�D�W�L�R�Q�V��
(2.8) to (2.10) the following relationships are retained for the deformation components: 
 

�Ý�ë�ëL �Q�ñF �U�å�ñ�ñF�V�S�ñ�ñF �ñ�à�ë�ñ�ñ                  (2.21a) 

�Ý�ë�ì L F
�5

�6
�:�VF�V�ÖE

�!� 

�!�ì
�;�à�ë�ñ                               (2.21b) 

�Ý�ë�í L
�5

�6
�:�UF�U�ÖF

�!� 

�!�í
�;�à�ë�ñ                   (2.21c) 

 

For this aim, the derivation of strain, the kinetic energies followed with the external loads 
work are needed in derivation of the motion equations. 
 
2.2.2 Variational formulation of motion equations 

In order to derive the dynamic motion equations, Hamilton's principle is applied, based 
on the variational principle for dynamical systems defined by:   

 �P
± �A�:�7 F�6F�9 �;�†�–L �r

�r�.

�r�-

�A�M�:�–�5�; L �A�M�:�–�6�;

���� (2.22) 

Where U, T and W define respectively the strain energy, the kinetic energy and the 
external load work.  

In what follow and in the highlight of the finite element approach, the matrix formulation 
is adopted. For this aim, let us introduce the following trial vectors needed for the different 
parts of equation system (2.22): 

�<�M�=�ç L �<�Q���R���S���à�ë���=  

(2.23a-e) 

�<�î �=�ç L �<�Q�ñ���R�ñ���S�ñ���à�ë
�ñ���R�ñ�ñ���S�ñ�ñ���à�ë�ñ�ñ���à�ë�=  

�<�Û�=�ç L �<�Q�ñ���R�ñ�ñ���S�ñ�ñ���à�ë���à�ë�ñ�ñ�= 

�<�-�=�ç L [�0���/ �í���/ �ì ���/ �æ�é���$� _ 

�<�B�=�ç L [�M�ë���M�ì ���M�í���I �ë��_ 

where { } t denotes the transpose operator. The strain energy variation �GU is given by: 
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�Ü�7L ± ± �:�ê�ë�ë���Ü�Ý�ë�ë E�t�ê�ë�ì���Ü�Ý�ë�ì E�t�ê�ë�í���Ü�Ý�ë�í�;
�º�Å

�@�#�@�T (2.24) 

 

Where (�Vxx�����Vxy�������Vxz) are the beam stress (Piola-Kirchhoff stress tensor) components and 
(�Hxx�����Hxy�����Hxz) are the strain components defined in equations (2.21).  

The strain energy variation can be expressed as function of the stress resultants acting on 
cross-section A of the thin-walled element in the deformed state as the followings: 

;  ; ; 

; �/ �æ�é L �ì �F�ê�ë�í�@�UF�U�ÖF
�!� 

�!�í
�AF�ê�ë�ì �@�VF�V�ÖE

�!� 

�!�ì
�A�G

�º
�@�# (2.25) 

In these equations, N is the axial force, My and Mz are the bending moments, B�Z is the 
bimoment and Msv is the Saint-Venant torsion moment presented in Figure 2.3.  

 

 

 

 

 

 

Based on equation (2.25) and after integration over the cross section, the strain energy 
can be expressed as: 

�Ü�7L ± k�0�Ü�Q�ñE�/ �í�Ü�å�ñ�ñF �/ �ì �Ü�S�ñ�ñE�$� �Ü�à�ë�ñ�ñE�/ �æ�é�Ü�à�ë�ño
�Å

�@�T (2.26) 

The inertial moments Iy and Iz about principle axes y and z, the Saint-Venant torsion and 
warping constants It and I �Z are derived from the following relationships: 

�+�ì L �ì �V�6�@�#
�º

; �+�í L �ì �U�6�@�#
�º

; �+� L �ì �ñ�6�@�#�â
�º

 �+�ç L �ì �N�6�@�#
�º

     (2.27) 

Under linear and elastic behavior assumption, the stress resultants expressed in the 
principal axes are derived from relationships equation (2.25) and lead to: 

�0 L �'�#�:�Q�"�;;�/ �ì L F�' �+�ì �:�S�"�"�;;���/ �í L �' �+�í�:�R�"�"�;; ���$� L �' �+� �:�à�ë�ñ�ñ�;;���/ �æ�éL �) �+�ç�:�à�ë�ñ�; (2.28) 

 

N 

Ms

v  
G C 

Mz 

My B�Z 

Figure 2.3: Section stress resultants. 
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Where E and G �D�U�H�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �W�K�H�� �<�R�X�Q�J�¶�V�� �D�Q�G�� �V�K�H�D�U�� �P�R�G�X�O�X�V����A denotes the cross 
section area. According to the vector definition equation (23), the strain energy variation 
and the material behavior relations written in matrix shape form are the following: 

 

�<�-�=����and {�J} define the stress and the strain vectors. Their components have been defined 
in equations (20c,d). [D] is the matrix behavior. It includes the material constants and the 
cross section characteristics. 

The kinetic energy T of a straight thin-walled element with constant mass density �U is 
given by: 

�6L
�5

�6
�ì �ì �éd�@

�! �è�¾

�!�ç
�A

�6
E�@

�! �é�¾
�!�ç

�A
�6

E�@
�! �ê�¾

�!�ç
�A

�6
h�@�#�@�T

�º�Å
   (2.30) 

After integration over the cross section and putting (m=�UA), one gets the following 
expression for T: 

�6L �ì �I d�@
�! �è�¾

�!�ç
�A

�6
E�@

�! �é�¾
�!�ç

�A
�6

E�@
�! �ê�¾

�!�ç
�A

�6
h�@�T

�Å
   (2.31) 

In the following, the time derivation is adopted by �@
�!�Ñ

�!�ç
L �:�6�A, the kinetic energy variation 

(�GT) is given by: 
 

�Ü�6L �ì �I k�Q�6�Ü�Q�6E�R�6�Ü�R�6E�S�6�Ü�S�6E�+�4�à�ë�6�Ü�à�ë�6o�@�T
�Å

E�ì �I �@�V�Ök�Ü�R�6�à�ë�6E�R�6�Ü�à�ë�6oF
�Å

�����������������������U�Ök�Ü�S�6�à�ë�6E�S�6�Ü�à�ë�6o�A�@�TE�ì l�I
�Â�å
�º

�:�R�6�"�Ü�R�6�"�; E�I
�Â�ä
�º

k�S�6�"�Ü�S�ñ�6oE
�Å

�����������������������I
�Â�
�º

k�à�ë�6�"�Ü�à�ë�6�"op�@�T  

(2.32) 

 

Based on trial vectors defined in equation (2.23), kinetic energy variation �Ü�6 becomes: 

�Ü�6L �ì �<�Ü�M�6�=�ç�>�/ �5�?�<�M�6�=�@�TE�ì �<�Ü�î�6�=�ç�>�/ �6�?�<�î�6�=�@�T
�Å�Å

  (2.33) 

 

{ q} and {�M} are displacements and gradient vectors, defined in equations (2.23a, b). 

 

 

�P�Ü�7L ± �<�Ü�Û�=�ç�<�-�=�@�T
�Å

�<�-�=L �>�&�?�<�Û�=������������������������������

 

 

(2.29) 
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 [M1] and [M2] are mass matrices defined by: 

�>�/ �5�?L �I f

�s �r �r �r
�r �s �r �V�Ö
�r �r �s F�U�Ö
�r �V�Ö F�U�Ö �+�4

j     (2.34) 

 

I0 is the polar moment of inertia about shear center: 

�+�4 L
�+�ì E�+�í

�#
E�U�Ö�6 E�V�Ö�6 (2.35) 

[M2] is an 8x8 matrix. It includes the rotational terms effects in the kinetic energy. The 
non-vanished terms of this matrix are the following: 

M2(2,2) = 
�à �Â�V

�º
, M2 (3,3) =��

�à �Â�U

�º
, M2 (4,4) = 

�à �Â�
�º

�������� �� �� �� ������������������������(2.36a-c) 

In the present study, we admit that 3D loads (qx qy, qz). The axial load qx is applied on 
centroid axis and the bending (qy, qz) are on the cross section contour with eccentricities 
(ey, ez) from the shear point Figure 2.4a. These loads are similar to qx applied on centroid 
axis and (qy, qz) moved to shear centre with an additional torsional moment mx due to load 
eccentricities from C, Figure 2.4b. Then, the variation of external load work���GW is given 
by:  

�Ü�9L �ì k�M�ë�Ü�QE�M�ì �Ü�RE�M�í�Ü�SE�I �ë�Ü�à�ëo�@�T
�Å

  

 

(2.37) 

 

Based on vector definition equations (2.23a) and (2.23e), the matrix formulation of �GW 
is: 

�Ü�9L �ì �<�Ü�M�=�ç
�Å

�<�B�=�@�T  (2.38) 

 
 
 
 
 
 
 
 

 

The finite element formulation of �GU, �GT and �GW derived in equations (2.29), (2.33) and 
(2.38) is undertaken hereafter. 
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Figure 2.4: Applied loads components and equivalent load resultants. 
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2.2.3 Free vibration analysis 

Vibration behaviors of flexural-torsional and lateral pre-buckled thin-walled beams with 
open sections are investigated in this part based on this model and on the Galerkin's 
approach, dynamic equations of motion are formulated for linear vibration analysis, 
analytical formations of natural frequencies for bi-symmetric, mono-symmetric sections 
and the associated eigenvalue problem to more complex sections are established for n 
modes. Fundamental frequencies are given for simply supported beams, cantilever beams 
and double clamped beams, with I sections Channel, Te and arbitrary sections, see Figure 
2.5. 
In what follow, for each case of section and boundary condition motion equations are 
solved to obtain eigenvalues (angular velocities, natural frequencies).  
 

 

2.2.3.1 Analytical solutions  

Most of the analytical solutions deal with first vibration modes. In the present work, 
analytical solutions for higher modes of beams with any boundary conditions and 
arbitrary cross sections are investigated.  

By inserting the analytical equations of the strain energy �GU equation (2.26) and the help 
of material behaviour equation (2.28), the kinetic energy���GT equation (2.32) and work of 
external loads���GW equation (2.37) �L�Q���W�K�H���+�D�P�L�O�W�R�Q�¶�V���H�T�X�D�W�L�R�Q (2.22), leads to variational 
formulation of the governing equations in free vibration. Hereafter the development 
procedure of the motion equations.  
 

�ì �@�ì k�0�Ü�Q�ñE�/ �í�Ü�å�ñ�ñF�/ �ì �Ü�S�ñ�ñE�$� �Ü�à�ë�ñ�ñE�/ �æ�é�Ü�à�ë�ño�Å �@�TF�ì �I k�Q�6�Ü�Q�6E�R�6�Ü�R�6E�S�6�Ü�S�6E�Å
�r�.

�r�-

�+�4�à�ë�6�Ü�à�ë�6o�@�TF�ì �I �@�V�Ök�Ü�R�6�à�ë�6E�R�6�Ü�à�ë�6oF���U�Ök�Ü�S�6�à�ë�6E�S�6�Ü�à�ë�6o�A�@�TF�ì l�I
�Â�å
�º

�:�R�6�"�Ü�R�6�"�; E�Å�Å

�I
�Â�ä
�º

k�S�6�"�Ü�S�ñ�6oE���I
�Â�
�º

k�à�ë�6�"�Ü�à�ë�6�"op�@�TF�ì k�M�ë�Ü�QE�M�ì �Ü�RE�M�í�Ü�SE�I �ë�Ü�ào�@�T�Å �A�†�–L �r (2.39) 
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 G 

Figure 2.5: Types of thin-walled beams sections with gravity and shear centers. 
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By injecting the equations (2.28) in the equation below and after terms regrouping the 
following equation is gotten: 

�ì �ì �Fk�'�#�Q�"�Ü�Q�ñE�' �+�í�R�"�"�Ü�å�ñ�ñE�' �+�ì �S�"�"�Ü�S�ñ�ñE�' �+� �à�ë�ñ�ñ�Ü�à�ë�ñ�ñE�) �+�ç�à�ë�ñ�Ü�à�ë�ñoF�I k�Q�6�Ü�Q�6E�R�6�Ü�R�6E�Å
�r�.

�r�-

�S�6�Ü�S�6E�+�4�à�ë�6�Ü�à�ë�6oF�I �@�V�Ök�Ü�R�6�à�ë�6E�R�6�Ü�à�ë�6oF�U�Ök�Ü�S�6�à�ë�6E�S�6�Ü�à�ë�6o�AFl�I
�Â�å
�º

�:�R�6�"�Ü�R�6�"�; E

�I
�Â�ä
�º

k�S�6�"�Ü�S�ñ�6oE�I
�Â�
�º

k�à�ë�6�"�Ü�à�ë�6�"opFk�M�ë�Ü�QE�M�ì �Ü�RE�M�í�Ü�SE�I �ë�Ü�à�ëo�G�@�T�†�–L �r     (2.40) 

To solve the obtained equation (2.40), some integration, simplifications and terms 
regrouping are proceeded here after. First, the terms derived with respect to time in 
equation (2.40) are integrate by parts as follows: 

�ì �ì �:�Q�6�Ü�Q�6�;�Å �@�T�†�–L �>�Q�6�Ü�Q�?�r�-
�r�. F �ì �ì �:�Q�7�Ü�Q�;�Å �@�T�†�–

�r�.
�r�-

�r�.
�r�-

=�ì �ì �:�Q�7�Ü�Q�;�Å �@�T�†�–
�r�.

�r�-
 

�ì �ì �:�R�6�Ü�R�6�;�Å �@�T�†�–L F�ì �ì �:�R�7�Ü�R�;�Å �@�T�†�–E���� �Û�r�.
�r�-

�r�.
�r�-

  

�ì �ì �:�S�6�Ü�S�6�;�Å �@�T�†�–L F�ì �ì �:�S�7�Ü�S�;�Å �@�T�†�–E���� �Û�r�.
�r�-

�r�.
�r�-

  

�ì �ì k�à�ë�6�Ü�à�ë�6o�Å �@�T�†�–L F�ì �ì k�à�ë�7�Ü�à�ëo�Å �@�T�†�–
�r�.

�r�-

�r�.
�r�-

E���� �Û    

�ì �ì k�Ü�R�6�à�ë�6E�R�6�Ü�à�ë�6o�Å �@�T�†�–L F�ì �ì k�à�ë�7�Ü�Ro�Å �@�T�†�–E���� �Û�r�.
�r�-

�r�.
�r�-

  

�ì �ì k�Ü�S�6�à�ë�6E�S�6�Ü�à�ë�6o�Å �@�T�†�–L F�ì �ì k�à�ë�7�Ü�So�Å �@�T�†�–E���� �Û�r�.
�r�-

�r�.
�r�-

                (2.41a-f) 

* BC: Boundary Conditions. 

 

Otherwise, the simplification of the terms derived with respect to the variable x in the 
equation (2.40) leads to: 

�ì �ì �:�Q�"�Ü�Q�ñ�;
�Å �@�T�†�–L �ì �ì �:�Q�"�"�Ü�Q�;�Å �@�T�†�–

�r�.
�r�-

�r�.
�r�-

E���� �Û  

�ì �ì �:�à�ë�ñ�Ü�à�ë�ñ�;�Å �@�T�†�–L �ì �ì �:�à�ë�ñ�ñ�Ü�à�ë�;�Å �@�T�†�–E���� �Û�r�.
�r�-

�r�.
�r�-

  

�ì �ì �:�R�"�"�í�Ü�å�ñ�ñ�;
�Å �@�T�†�–L �ì �ì k�Ü�å�:�8�;�Ü�Ro�Å �@�T�†�–

�r�.
�r�-

�r�.
�r�-

E���� �Û  

�ì �ì �:�S�"�"�í�Ü�S�ñ�ñ�;
�Å �@�T�†�–L �ì �ì k�Ü�S�:�8�;�Ü�So�Å �@�T�†�–

�r�.
�r�-

�r�.
�r�-

 E���� �Û 

�ì �ì �:�à�ë�ñ�ñ�Ü�à�ë�ñ�ñ�;
�Å �@�T�†�–L �ì �ì �@�à�ë

�:�8�;�Ü�à�ë�A�Å �@�T�†�–E���� �Û�r�.
�r�-

�r�.
�r�-

               (2.42a-e) 

* BC: Boundary Conditions. 
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Moreover, the terms of equation (2.40) derived with respect to the variables x and time 
simplified hereafter: 

�ì �ì �:�R�6�"�í�Ü�R�6�ñ�;�Å �@�T�†�–L �ì �ì �:�R�7�ñ�ñ�Ü�R�;�Å �@�T�†�–
�r�.

�r�-

�r�.
�r�-

 E���� �Û 

�ì �ì �:�S�6�"�í�Ü�S�6�ñ�;�Å �@�T�†�–L �ì �ì �:�Ü�S�7�ñ�ñ�Ü�S�;
�Å �@�T�†�–

�r�.
�r�-

�r�.
�r�-

 E���� �Û 

�ì �ì k�à�ë�ñ�6�Ü�à�6�ë�ño�Å �@�T�†�–L �ì �ì k�à�7�ë�ñ�ñ�Ü�à�ëo�Å �@�T�†�–
�r�.

�r�-

�r�.
�r�-

E���� �Û              (2.43a-c) 

* BC: Boundary Conditions. 

By injecting equations (2.41-2.43) in (2.40) and after terms regrouping, the following 
equation is obtained: 
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After arranging (2.44) in terms of the virtual displacement components, one gets: 
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The axial, bending and torsion motion equations are straightforward:   
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In these equations, the rotational terms are outlined. Let us remind when the terms are 
omitted, the classical motion equations are obtained [5, 33]. They are the following: 
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In the case of the free vibration all the applied loads vanish (qx = qy= qz =mx=0) analytical 
solutions are possible according to known mode shape functions in agreement with the 
boundary conditions. For this aim, the displacement fields are approximated by: 
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�AL �B�:�T�; H�C�:�P�;  (2.48) 

 

Where u0, v0 and �T0 are displacement magnitudes. f(x) is the space function depending on 
the boundary conditions of the beam. These solutions are explained hereafter for bending 
and torsion modes. For free vibration, the load terms vanish.  

2.2.3.2 Free vibration solution attempts for simply supported 
beams 

A simply supported beam in bending and torsion is depicted in Figure 2.6, the spatial and 
time functions obey to:  

g(t) =ei�: t            (2.49) 

�B�:�T�; L �•�‹�•�:�Ù�á�T�;           (2.50) 

With: �Ù�á L
�á��

�Å
, n� �������«N          (2.51) 

In (2.49), �:  is the angular velocity. In (2.51), n is the vibration mode and N the number 
of modes under study. 

 

 

 

Figure 2.6: Simply supported beam with arbitrary cross-section. 
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Hereafter, displacements derivatives with respect to x and time are given by: 
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Then, the angular velocities (eigenvalues) can be computed after injecting equations 
(2.47-50) in the equations (2.39) and making some simplifications and calculations:  
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By applying the derivation respect to x, the equations become the followings:  
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After simplification, the algebraic system of motion equations in terms of displacement 
amplitudes is obtained: 
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By putting {U} t={v0,w0,���à�4}and adopting the matrix formulation, the system (2.56) is 
obtained as:  

 (F�3�6�>�/ �?E�>�-�Ø�?){ U}={0}                      (2.57) 

 

The mass and the stiffness matrices [M] and [Ke] are the following: 
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This eigenvalue problem is coupled and the coupling effects depend on the shape section. 
The fundamental angular velocities (eigenvalues) can be obtained from the singularity 
condition given by: 
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Solutions are found from the vanishing conditions of the following matrix: 
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(2.60) 

Defining the uncoupled free bending and torsional angular velocities of the beam by: 
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(2.61 a-c) 
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The system (2.60) can be simplified to:  
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�3y and���3z are pure bending angular velocities about the strong and weak axes (yy and zz). 
�3�T������is the pure torsion angular velocities, defined in (2.61a-c). This system is defined in 
the case of an arbitrary cross section where strong coupling is present due to shear 
coordinates (yc, zc). This matrix is full when (yc�•0, zc�•0). Analytical solutions are possible 
in presence of doubly symmetric or singly symmetric cross sections where the weak 
coupling is present. Some out of diagonal terms vanish. These cases are studied below.  

In the case of doubly symmetric cross-section, the shear center and the centroid are 
coincident (yc=zc=0). Bending and torsion modes are then uncoupled. The matrix (2.62) 
becomes 
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These angular velocities relationships are derived in (2.61). They include the kinematic 
rotational terms (the outlined parts). Let us remind that when these terms are omitted, the 
classical analytical solutions are straightforward:   
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(2.64a-d) 

 

The eigenvalue of the problem are the square roots of (2.61). They denote the angular 
velocity respectively (�: y, �: z and �: �T��in��(rad/s)). Moreover, they similar values can be 
�R�E�W�D�L�Q�H�G���L�Q���I�U�H�T�X�H�Q�F�\���µ�H�L�J�H�Q�I�U�H�T�X�H�Q�F�\���µ��f (Hertz, Hz) using the relationship.  

�B�:���œ�; L
�•

�6��
                      (2.65) 

In order to remove any ambiguity present in literature, in the present study, the vibration 
eigenvalues are computed in rad/s or in Hz. They are mentioned in all cases under study.   
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In what follows, the developed analytical solutions for free vibration of 3D thin-walled 
beams with rotational terms illustrated in equations (2.61) are compared to classical 
solutions when the rotational terms are omitted equations (2.64) also to the classical pure 
bending solutions in 2D behavior.  To this aim, a simply supported beam of 6m length 
and with bi-symmetric IPE 300 cross-section was taken. The geometrical and material 
properties of the beam are the followings: E=210 GPa, �Q=0.30, G=80.07 GPa, �U 
=7850kg/m3, L=4.0m. The beam is presented in Figure 2.7.  

  

Analytical solutions are carried out using the present developed model and compared to 
classical analytical solutions. As demonstrated before the vibration modes are uncoupled. 
To compare and analyze different results the seven eigenfrequencies and deformation 
shapes for each type of modes are depicted in Table 2.1. The classical 2D bending modes 
are given, followed by the lateral and the torsional vibration modes, in presence of 
unrestrained simply supported beam where 3D vibration behavior happens. 

 
Table 2.1: Comparison of 3D eigenfrequencies of thin-walled beams to 2D classical 

beam theory, in Hz. 
Mode 

number Classical Beam 2D  
Lateral bending 

modes 
Torsional modes Mode 

shape 
1 28.16  7.65  14.23   
2 112.62 30.61 41.13  
3 253.40 68.87 84.28  
4 450.48 122.43 144.19  
5 703.88 191.29 220.88  
6 1013.59 275.46 314.19  
7 1379.60 376.05 423.10  

 

Figure 2.7: Simply supported beam with doubly-symmetric IPE300 cross-section. 
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By analyzing the presented results in Table 2.1, It seems that the first lateral and torsional 
modes have a natural frequencies lower than the first mode obtained from classical beam 
theory 2D.  Thus, the 2D classical beam theory is inadequate in the case of thin-walled 
3D beams, this is due to the reason that lateral bending and torsional modes are always 
lower than the classical vertical bending modes. Moreover, one remarks that the three 
first natural frequencies obtained in lateral and torsional modes (underlined in the table) 
are less than 100 Hz. However, the modes with natural frequencies less than 100 Hz 
should be taken in consideration in the design procedure of 3D thin-walled beams to 
provide the structure stability against dynamic loads, like earthquakes, wind, 
machines�« etc.  This means that the classical beam theory happens if all the lateral and 
the torsional vibration modes must be removed. In practice design solutions are always 
adopted.  

In what follows, analytical solutions are detailed for the simply supported beams with 
mono symmetric sections about the one bending axis such as Channels and Tee sections. 

For singly symmetric cross sections with yy as symmetry axes, such as channel section 
depicted in Fig.2.6, one has: zc=0 the system (2.62) becomes: 
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Thus, angular velocities are carried out the following polynomial equation: 
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 (2.67) 

This relationship has three solutions. These solutions can be obtained by solving the following 
equations: 
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By simplifying the previous equation, one gets the following equation: 
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Solutions of  the angular eigenvalues are derived from equation (2.68a) and (2.69) as the 
followings: �3�6 L �:�3�5

�6�:�J�;�á�3�6
�6�:�J�;�á�3�7

�6�:�J�;�;. Where the uncoupled pure bending angular 
velocities defined in equation (2.61b) and get to: 

 �3�5
�6�:�J�; L �3�í

�6�:�J�;                     (2.70a) 

The two other solutions are obtained from solutions of (2.69) and lead the coupled 
flexural-torsional angular eigenvalues given by: 
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where  �=�ÖL
�ì �Î�.
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Let us remind that when the rotational terms are omitted, the classical analytical solutions 
are obtained:   
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In this equation, the expression of �: y and���: �T��are derived according to (2.64a, c). 

For singly symmetric cross sections with zz as symmetry axes, such as Tee section 
depicted in Fig.2.6, one has: yc=0 the system (2.62) becomes: 
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(2.72) 

Thus, angular velocities (eigenvalues) are carried out the following polynomial equation: 
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(2.73) 

After needed simplifications and factoring operations, this equation becomes: 
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This relationship has three solutions. These solutions can be obtained by solving the 
following equations: 
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By simplifying (2.75b), one obtains: 
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The solutions of (2.75a) and (2.76) lead to: 

 �3�6 L �:�3�5
�6�:�J�;�á�3�6
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Where ���31 is the pure bending angular velocities (eigenvalues) and �32, �33 are coupled 
flexural-torsional angular velocities (eigenvalues). They are given by: 
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Let us remind that when the rotational terms are omitted, the classical analytical solutions 
are obtained:   
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In this equation, the expression of �: z and���: �T��are derived according to (2.64b, c). 

 

 

 



Chapter 2 Analytical method for vibrations of thin-walled beams 
 

 

59 
 

Moreover, arbitrary sections can be investigated from the system equation (2.60), by 
solving the 3rd degree polynomial equation carried out from the system. Putting: 
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One gets a cubic equation of the form: 
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The angular velocities (eigenvalues) of the beam are obtained by solving equation (2.82). 
This leads to 3 solutions  ���: �5 L �3�5

�6��n�������: �6 L �3�6
�6(n)�����: �7 L �3�7

�6����n������In this case, all the 
angular velocities (2.82) fully flexural-torsional. This problem is called the triply coupled 
free vibration problem [33].  

2.2.3.3 Free vibration solution attempts for other boundary 
conditions 

The case of cantilever beams and clamped-clamped beams is investigated below. Higher 
vibration modes are derived from the motion equations (2.46) by applying the appropriate 
boundary conditions. 

Figure 2.8: Cantilever beam with arbitrary cross-section. 
 

In the case of a cantilever beam where the support O is fully clamped in both bending 
about the strong and the weak axes, and in torsion (Figure 2.8), the n vibration modes in 
cantilever beams obey to the function flexural vibration modes listed below [48]  
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where : �ß�áL
�q�g�l�:�	 �Ù�ß�;�>�q�g�l�f�:�	 �Ù�ß�;

�a�m�q�:�	 �Ù�ß�;�>�a�m�q�f�:�	 �Ù�ß�;
         (2.85) 

�B�K�N���J L �s�������Ú�5 L
�s�ä�z�y�w�s�r

�H
�â���B�K�N���J L �t�������Ú�5 L

�v�ä�x�{�v�r�{
�H

 

�B�K�N���J L �u�������Ú�5 L
�;�ä�<�9�8�;�7

�ß
���=�J�@���B�K�N���J P �u�������Ú�á L �:�t�JF �s�;

��

�6�ß
     (2.86) 

The n torsional vibration modes obey to: 
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In case of cantilever beam, angular velocities (eigenvalues) for bi-symmetric sections 
are given by: 
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Further, angular velocities (eigenvalues) solutions for cantilever beams with different 
types of cross sections are given in the appendix A.  

In the case of a clamped-clamped beam where the end supports are fully clamped in both 
bending about the strong and the weak axes, and in torsion (Figure 2.9), the higher 
vibration modes are derived from the motion equations (2.46) by applying the 
correspondent boundary conditions.  

 
Figure 2.9: Double clamped beam with arbitrary cross-section. 

 

 

In this case the n flexural vibration modes obey to: 

�(�:�T�á�–�; L �	�4�:�–�;�>�•�‹�•�Š�:�Ú�á �T�; F �•�‹�•�:�Ú�á�T�; E�Ù�á�:�…�‘�•�D�:�Ú�á�T�; F �…�‘�•�:�Ú�á�T�;�;�?                (2.89) 
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The n torsional vibration modes obey to: 
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For doubly-fixed beams, angular velocities (eigenvalues) can be obtained approximately 
for bi-symmetric as listed below: 
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Furthermore, solutions for doubly clamped beams with different types of cross sections 
are given in the appendix B.  

Hence, the closed form solutions are derived in this section for higher flexural-torsional 
vibration modes. They are then original and important in design. In what follows, the 
analytical solutions are compared to some benchmark solutions found in literature, as well 
as some commercial codes (Abaqus [64], Adina [81]), where 3D beam including warping 
and shell elements are customized. Overall, the free vibration is studied and the natural 
frequencies (eigenvalues) f are computed in Hertz (Hz) with (f=���3�������S).   

2.3  Validation and discussion   
In the following, many validation examples thin-walled beams with different types of 
sections and boundary conditions are considered in the free vibration context. Analytical 
solutions are carried out for bi-symmetric sections (I cross-section), mono-symmetric 
sections (Chanel and Tee cross-sections) and arbitrary cross sections under different 
boundary conditions using the present developed model, then they are compared to 
classical analytical solutions without the rotational kinematic inertia terms. The aim of 
this comparison is to study the effect of the kinematic rotational terms in the accuracy of 
results when higher modes are investigated. Otherwise, different benchmarks are 
considered to validate our models (analytic with and without rotation terms) with 
literature and commercial codes. In the case of Abaqus code, shell elements (S8R) and 
3D beam elements (B31OS) are used. In Adina, an efficient 3D beam element including 
torsion and warping has been recently implemented.  

2.3.1 Simply supported beam with doubly-symmetric I  cross-
section  

A steel beam presented in Figure 2.10 with IPE300 cross-section is considered. To study 
the effect of the kinematic rotational terms on the natural frequency computation, the 
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beam is studied in free vibration context. The natural frequencies are investigated using 
the analytical method that take in consideration the rotational terms developed in the 
section 2.2.3.2. Then, the present analytical method natural frequencies are compared to 
the result obtained by the analytical method without kinematic rotational terms. The 
geometrical and material properties of the beam are the followings:  

E=210 GPa, �Q=0.30, G=80.07 GPa, �U =7850kg/m3, L=4.0m. 

 

 

The analytical natural frequencies result for this beam with/without rotational terms 
(detailed in the section 2.2.3.1) are listed in Table 2.2. Moreover, in the last column in 
this table modes types are shown. 
 

Table 2.2: Comparison between analytical natural frequencies (Hz) with/without 
rotational terms for simply supported I beam.   

(RTO: Rotational Terms Omitted, RTI: Rotational Terms Included, PB: Pure Bending mode, 
PT: Pure Torsion mode) 

Mode Analytic 
(RTO) 

Present 
Analytic (RTI) 

% Error relative 
to (RTI) 

Mode type 

1 17.01 17.00 0.06 PB,zz 
2 26.89 26.88 0.04 PT... 
3 63.28 62.98 0.48 PB,yy 
4 68.04 67.94 0.15 PB,zz 
5 85.09 84.95 0.16 PT... 
6 153.08 152.61 0.31 PB,zz 
7 180.54 179.84 0.39 PT... 
8 253.11 248.39 1.90 PB,yy 
9 272.15 270.66 0.55 PB,zz 
10 313.89 311.74 0.69 PT... 
11 425.24 421.60 0.86 PB,zz 
12 485.25 480.08 1.08 PT... 
13 569.49 546.42 4.22 PB,yy 
14 1012.42 942.75 7.39 PB,yy 
15 1581.91 1420.90 11.33 PB,yy 

 

By analyzing the presented results in Table 2.2, it seems that the natural frequencies 
difference between classical method without rotational terms (RTO) and the present 

Figure 2.10: Simply supported beam with doubly-symmetric IPE300 cross-section. 
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solutions including kinematic rotational terms becomes significant starting from the 13th 
vibration mode. In term of relative error between the analytical results with (RTO) and 
the (RTI) natural frequencies, it reaches 11%. Hence, the importance of the rotary terms 
presented in the mass matrix for the higher modes investigation is demonstrated. 
  
2.3.2 Simply supported beam with singly-symmetric C cross-
section  

A steel beam presented in Figure 2.11 with C cross-section is considered Herein. The 
geometrical and material properties of the beam are the followings:  

E=210 GPa, �Q=0.30, G=80.07 GPa, �U =7850kg/m3, L=4.0m. 

 

The analytical natural frequencies result for this beam with/without rotational terms are 
listed in Table 2.3. Moreover, in the last column in this table modes types are shown. 
 

Table 2.3: Comparison between analytical natural frequencies (Hz) with/without 
rotational terms for simply supported C beam.   

(RTO: Rotational Terms Omitted, RTI: Rotational Terms Included, PB: Pure Bending mode, 
FT: Flexural-Torsional mode) 

Mode Analytic 
(RTO) 

Present 
Analytic (RTI) 

% Error relative 
to (RTI) 

Mode Type 

1 15.98 16.08 0.62 PB,zz 
2 16.09 15.97 0.75 FT�«  
3 51.18 51.01 0.33 FT�«  
4 53.23 53.17 0.11 FT�«  
5 63.93 63.84 0.14 PB,zz 
6 114.37 114.16 0.18 FT�«  
7 143.85 143.42 0.30 PB,zz 
8 199.84 199.22 0.31 FT�«  
9 202.55 200.08 1.23 FT�«  
10 255.73 254.42 0.51 PB,zz 
11 309.69 308.25 0.47 FT�«  
12 399.57 396.46 0.78 PB,zz 
13 454.87 442.79 2.73 FT�«  
14 808.13 771.23 4.78 FT�«  
15 1262.31 1175.68 7.37 FT�«  

Figure 2.11: Simply supported beam with singly-symmetric channel cross-section. 
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By analyzing the presented results in Table 2.3, same as the previous example, one 
observes the importance of the rotary kinematic terms present in the mass matrix in 
dynamic analyses especially for higher modes computation. The error between the 
analytical solutions with/without rotational kinematic terms relative to the analytical 
(RTI) reaches 7% for the higher modes natural frequencies.  
 
2.3.3 Simply supported beam with mono-symmetric T cross-
section   

A steel beam presented in Figure 2.12 with Tee cross-section is considered. The 
geometrical and material properties of the beam are the followings:  

E=210 GPa, �Q=0.30, G=80.07 GPa, �U =7850kg/m3, L=4.0m. 

 
The analytical natural frequencies result for this beam with/without rotational terms are 
listed in Table 2.4. Moreover, in the last column in this table modes types are shown. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2.12: Simply supported beam with mono-symmetric Tee cross-section. 
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Table 2.4: Comparison between analytical natural frequencies (Hz) with/without 
rotational terms for simply supported T beam. 

(RTO: Rotational Terms Omitted, RTI: Rotational Terms Included, PB: Pure Bending mode, 
FT: Flexural-Torsional mode) 

Mode Analytic 
(RTO) 

Present 
Analytic (RTI) 

% Error relative 
to (RTI) 

Mode Type 

1 7.25 7.25 0.00 FT�«  
2 16.21 16.21 0.00 FT�«  
3 25.18 25.18 0.00 FT�«  
4 34.49 34.48 0.03 FT�«  
5 44.29 44.29 0.00 FT�«  
6 49.52 49.71 0.38 PB,yy 
7 49.82 49.38 0.89 FT�«  
8 179.92 178.33 0.89 FT�«  
9 198.10 195.81 1.17 PB,yy 
10 396.43 388.66 2.00 FT�«  
11 445.72 434.40 2.61 PB,yy 
12 699.50 675.68 3.53 FT�«  
13 792.39 757.63 4.59 PB,yy 
14 1089.15 1032.80 5.46 FT�«  
15 1238.11 1156.21 7.08 PB,yy 

 
As shown in Table 2.4, the relative error percentage between the analytical solutions 
with/without rotational kinematic terms to the analytical (RTI) reaches 8%. 
Consequently, it has been proved that, for simply supported beams, the rotary terms are 
of high importance for the higher modes computation regardless of the section type. 
 

2.3.4 Cantilever beam with doubly-symmetric I cross-section 

A steel beam presented in Figure 2.13 with IPE300 cross-section is considered. The 
geometrical and material properties of the beam are the followings:  

E=210 GPa, �Q=0.30, G=80.07 GPa, �U =7850kg/m3, L=4.0m.  

 

 
Figure 2.13: Cantilever beam with doubly-symmetric IPE300 cross-section. 
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The analytical natural frequencies result for this beam with/without rotational terms are 
listed in Table 2.5. Moreover, in the last column in this table modes types are shown. 
 

Table 2.5: Comparison between analytical natural frequencies (Hz) with/without 
rotational terms for cantilever I beam.   

(RTO: Rotational Terms Omitted, RTI: Rotational Terms Included, PB: Pure Bending mode, 
PT: Pure Torsion mode) 

Mode Analytic 
(RTO) 

Present 
Analytic (RTI) 

% Error relative 
to (RTI) 

Mode Type 

1 6.06 6.06 0.00 PB,zz 
2 13.22 13.22 0.00 PT... 
3 22.55 22.51 0.18 PB,yy 
4 37.99 37.96 0.08 PB,zz 
5 51.13 51.08 0.10 PT... 
6 106.38 106.15 0.22 PB,zz 
7 128.18 127.84 0.27 PT... 
8 141.34 139.85 1.07 PB,yy 
9 208.47 207.59 0.42 PB,zz 
10 242.59 241.31 0.53 PT... 
11 344.61 342.22 0.70 PB,zz 
12 395.01 384.40 2.76 PT... 
13 395.74 391.58 1.06 PB,yy 
14 775.51 733.66 5.70 PB,yy 
15 1281.97 1173.22 9.27 PB,yy 

 

The effect of rotary terms on the higher modes natural frequencies for a cantilever beam 
with bisymmetric cross-section is studied. It is shown in Table 2.5 that the relative error 
percentage between the analytical solutions with/without rotational kinematic terms to 
the analytical (RTI) reaches 9% for the higher vibration modes. Hence, these terms are of 
value to the higher modes natural frequencies in case of cantilever beams with a 
bisymmetric cross-section. 
 

2.3.5 Cantilever beam with singly-symmetric C cross-section 

A steel beam presented in Figure 2.14 with C cross-section is considered. The geometrical 
and material properties of the beam are the followings:  

E=210 GPa, �Q=0.30, G=80.07 GPa, �U =7850kg/m3, L=4.0m. 
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The analytical natural frequencies result for this beam with/without rotational terms are 
listed in Table 2.6. Moreover, in the last column in this table modes types are shown.  
 
 

Table 2.6: Comparison among analytical natural frequencies (Hz) with/without 
rotational terms for cantilever C beam. 

(RTO: Rotational Terms Omitted, RTI: Rotational Terms Included, PB: Pure Bending mode, 
FT: Flexural-Torsional mode) 

Mode Analytic 
(RTO) 

Present 
Analytic (RTI) 

% Error relative 
to (RTI) 

Mode Type 

1 5.69 5.69 0.00 PB,zz 
2 7.47 7.47 0.00 FT�«  
3 18.75 18.72 0.16 FT�«  
4 31.50 31.48 0.06 FT�«  
5 35.68 35.65 0.08 PB,zz 
6 80.78 80.67 0.14 FT�«  
7 99.91 99.70 0.21 PB,zz 
8 113.37 112.58 0.70 FT�«  
9 154.06 153.68 0.25 FT�«  
10 195.79 195.01 0.40 PB,zz 
11 251.72 250.75 0.39 FT�«  
12 316.16 310.23 1.91 FT�«  
13 323.65 321.59 0.64 PB,zz 
14 618.88 596.87 3.69 FT�«  
15 1022.60 964.60 6.01 FT�«  

 

From the depicted results in Table 2.6, it is remarkable that the relative error percentage 
between the analytical solutions with/without rotational kinematic terms to the analytical 
(RTI) reaches 6% for the higher modes. Thus, for the cantilever beams with mono-
symmetric cross-sections, it was proved that the rotary terms are indispensable when the 
higher modes natural frequencies are investigated. 

 

Figure 2.14: Cantilever beam with singly-symmetric channel cross-section. 
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2.3.6 Cantilever beam with mono-symmetric T cross-section 

A steel beam presented in Figure 2.15 with Tee cross-section is considered. The 
geometrical and material properties of the beam are the followings:  

E=210 GPa, �Q=0.30, G=80.07 GPa, �U =7850kg/m3, L=4.0m. 

 

The analytical natural frequencies result for this beam with/without rotational terms are 
listed in Table 2.7. Moreover, in the last column in this table modes types are shown.  
 

Table 2.7: Comparison between analytical natural frequencies (Hz) with/without 
rotational terms for cantilever T beam.   

(RTO: Rotational Terms Omitted, RTI: Rotational Terms Included, PB: Pure Bending 
mode, FT: Flexural-Torsional mode) 

Mode Analytic 
(RTO) 

Present 
Analytic (RTI) 

% Error relative 
to (RTI) 

Mode Type 

1 3.58 3.58 0.00 FT�«  
2 11.71 11.71 0.00 FT�«  
3 17.64 17.62 0.11 PB,yy 
4 20.67 20.67 0.00 FT�«  
5 21.45 21.43 0.09 FT�«  
6 29.78 29.78 0.00 FT�«  
7 39.32 39.32 0.00 FT�«  
8 103.34 102.83 0.50 FT�«  
9 110.57 109.85 0.66 PB,yy 
10 277.41 273.60 1.39 FT�«  
11 309.59 304.06 1.82 PB,yy 
12 537.14 522.97 2.71 FT�«  
13 606.68 585.98 3.53 PB,yy 
14 883.50 845.93 4.44 FT�«  
15 1002.87 948.12 5.77 PB,yy 

 

By analyzing Table 2.7 results it can be founded that the relative error percentage between 
the analytical solutions with/without rotational kinematic terms to the analytical (RTI) 
reaches 6% for mode 15. So, it can be deduced that the rotary terms have an important 

Figure 2.15: Cantilever beam with mono-symmetric Tee cross-section. 
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effect on the higher modes natural frequencies in case of cantilever with mono-symmetric 
cross-section. 

2.3.7 Doubly clamped beam with doubly-symmetric I cross-
section 

A steel beam presented in Figure 2.16 with IPE300 cross-section is considered. The 
geometrical and material properties of the beam are the followings:  

E=210 GPa, �Q=0.30, G=80.07 GPa, �U =7850kg/m3, L=4.0m. 

 
 
 
 
 
 
 

The analytical natural 

frequencies result for this beam with/without rotational terms are listed in Table 2.8. 
Moreover, in the last column in this table modes types are shown.  

 

Table 2.8: Comparison between analytical natural frequencies (Hz) with/without 
rotational terms for doubly clamped I beam.   

(RTO: Rotational Terms Omitted, RTI: Rotational Terms Included, PB: Pure Bending mode, 
PT: Pure Torsion mode) 

Mode Analytic 
(RTO) 

Present 
Analytic (RTI) 

% Error relative 
to (RTI) 

Mode Type 

1 38.56 38.55 0.03 PB,zz 

2 51.77 51.74 0.06 PT...  
3 106.29 106.11 0.17 PB,zz 
4 128.07 127.79 0.22 PT... 
5 143.44 141.98 1.03 PB,yy 
6 208.37 207.59 0.38 PB,zz 
7 242.47 241.31 0.48 PT... 
8 344.44 342.22 0.65 PB,zz 
9 395.40 384.26 2.90 PB,yy 
10 394.81 391.58 0.82 PT... 
11 514.53 509.48 0.99 PB,zz 
12 585.19 577.95 1.25 PT... 
13 775.14 733.66 5.65 PB,yy 
14 1281.35 1173.22 9.22 PB,yy 
15 1914.11 1686.25 13.51 PB,yy 

 

By comparing the natural frequencies results with/without rotary terms in the case of 
doubly clamped beams with doubly symmetric cross sections presented in Table 2.8 a 

Figure 2.16: Doubly clamped beam with doubly-symmetric IPE300 cross-section. 
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significant relative error percentage between the analytical solutions with/without 
rotational kinematic terms is found. This error reach 13% for the higher modes. So, the 
rotary terms are essential in higher vibration mode computation in this case.  

2.3.8 Doubly clamped beam with singly-symmetric C cross-
section 

A steel beam presented in Figure 2.17 with channel cross-section is considered. The 
geometrical and material properties of the beam are the followings:  
E=210 GPa, �Q=0.30, G=80.07 GPa, �U =7850kg/m3, L=4.0m. 

 

The analytical natural frequencies result for this beam with/without rotational terms are 
listed in Table 2.9. Moreover, in the last column in this table modes types are shown.  

Table 2.9: Comparison between analytical natural frequencies (Hz) with/without 
rotational terms doubly clamped C beam. 

(RTO: Rotational Terms Omitted, RTI: Rotational Terms Included, PB: Pure Bending mode, 
FT: Flexural-Torsional mode) 

Mode Analytic 
(RTO) 

Present 
Analytic (RTI) 

% Error relative 
to (RTI) 

Mode Type 

1 31.92 31.90 0.06 FT�«  
2 36.23 36.20 0.08 PB,zz 
3 80.75 80.64 0.14 FT�«  
4 99.87 99.66 0.21 PB,zz 
5 115.10 114.29 0.71 FT�«  
6 154.06 153.68 0.25 FT�«  
7 195.79 195.01 0.40 PB,zz 
8 251.72 250.75 0.39 FT�«  
9 316.04 310.11 1.91 FT�«  
10 323.65 321.59 0.64 PB,zz 
11 373.77 371.68 0.56 FT�«  
12 483.48 478.96 0.94 PB,zz 
13 618.88 596.87 3.69 FT�«  
14 1022.60 964.60 6.01 FT�«  
15 1527.25 1403.10 8.85 FT�«  

 

Figure 2.17: Doubly clamped beam with singly-symmetric channel cross-section. 
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An important error percentage between the analytical natural frequencies without 
rotational kinematic terms relative to the analytical results with rotational terms (RTI) is 
remarked in Table 2.9.  This error reaches 8% for the higher vibration frequencies. Thus, 
in the case of doubly clamped beams with mono-symmetric cross sections, it was 
validated that the rotary terms are essential for higher vibration mode computation. 

2.3.9 Doubly clamped beam with mono-symmetric T cross-
section 

A steel beam presented in Figure 2.18 with Tee cross-section is considered. The 
geometrical and material properties of the beam are the followings:  
 

E=210 GPa, �Q=0.30, G=80.07 GPa, �U =7850kg/m3, L=4.0m. 

 

 

 

 

 

The analytical natural frequencies result for this beam with/without rotational terms are 
listed in Table 2.10. Moreover, in the last column in this table modes types are shown. 
 

Table 2.10: Comparison between analytical natural frequencies (Hz) with/without 
rotational terms doubly clamped T beam. 

(RTO: Rotational Terms Omitted, RTI: Rotational Terms Included, PB: Pure Bending mode, 
FT: Flexural-Torsional mode) 

Mode Analytic 
(RTO) 

Present Analytic 
(RTI) 

% Error relative 
to (RTI) 

Mode Type 

1 11.81 11.81 0.00 FT�«  
2 20.67 20.67 0.00 FT�«  
3 29.78 29.78 0.00 FT�«  
4 39.32 39.32 0.00 FT�«  
5 49.43 49.43 0.00 FT�«  
6 104.83 104.30 0.51 FT�«  
7 112.27 111.53 0.66 PB,yy 
8 277.30 273.50 1.39 FT�«  
9 309.47 303.95 1.82 PB,yy 
10 537.14 522.97 2.71 FT�«  
11 606.68 585.98 3.53 PB,yy 
12 883.50 845.93 4.44 FT�«  
13 1002.87 948.12 5.77 PB,yy 
14 1316.44 1235.32 6.57 FT�«  
15 1498.12 1380.59 8.51 PB,yy 

Figure 2.18: Doubly clamped beam with mono-symmetric Tee cross-section. 
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The analysis of the results presented in Table 2.10 shows that the error percentage 
between the analytical natural frequencies without rotational kinematic terms and the 
results with rotational terms included (RTI) reach 8% when higher frequencies are 
investigated. 

As conclusion, from all the sections types and boundary conditions the importance of 
rotary kinematic terms in higher vibration modes investigation is proven. In what follows, 
the analytical present solutions are validated by comparing to benchmark solution and a 
present simulations using the commercial codes (Abaqus, Adina). 

2.3.10 Free vibration of a singly-symmetric cross section 
cantilever beam  

A cantilever beam with singly symmetric channel cross section solved by Gendy [32] is 
concerned as the first example in the validation procedure. The geometry and the material 
data are given in Figure 2.19.  

  

For the beam represented in Figure 2.19, the first 6 vibration modes have been computed 
are presented in Table 2.11. Modes types are presented in (column 2), analytical solutions 
have been computed (column 3) and compared to the numerical solutions of the present 
model (column 4) and Abaqus simulations arranged in the columns 5 and 6. Benchmark 
solutions [32, 82] are reminded in the last columns for comparison. All the solutions are 
close. In comparison to [32] results, the obtained present analytical frequencies are so 
close to reference values. The slight difference founded is due to the interpolations done 
�L�Q���*�H�Q�G�\�¶�V���P�R�G�H�O���H�O�H�P�H�Q�W�����7�K�H���V�L�[���I�L�U�V�W���P�R�G�H���V�K�D�S�H�V���F�D�U�U�L�H�G���R�X�W���E�\��the present analytical 
method match with [32, 82] references results. Second and sixth modes are pure bending. 
Other modes are flexural-torsional coupled. This approve that in free vibration for mono-
symmetric sections about y axis, the beam exhibits flexural-torsional modes (w bending 

�(� �������������*�3�D�����*� �������������*�3�D�� 

���U =2600 kg/m
��
 

Figure 2.19: Cantilever beams with mono-symmetric channel cross-section. 
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in the strong axis yy and �Tx torsion about beam axis are coupled) and pure bending mode 
(v component alone leading to bending in the weak axis zz). 

Table 2.11: Comparison between the present model and references natural frequencies 
(Hz) of the channel cantilever beam  

(FT: flexural, torsional coupled mode; B: bending mode). 

Mode Type Present 
(Analytic)  

Abaqus 
(Shell) 

Abaqus 
(B31OS) 

Beam  
[82] 

Shell  
[82] 

HMC2  
[32] 

1 FT 11.28 11.40 11.26 11.38 11.42 11.42 
2 B 23.18 23.15 23.17 23.15 23.15 23.15 
3 FT 43.42 42.62 42.60 42.57 42.67 42.67 
4 FT 57.16 57.79 57.40 57.67 58.17 58.05 
5 FT 109.01 106.65 109.41 106.50 107.20 107.88 
6 B 145.17 144.45 144.71 144.50 144.60 145.12 

 

2.3.11 Flexural -torsional free vibration of a simply supported 
beam with arbitrary cross section  

In this section, a simply supported beam with arbitrary non-symmetric cross section 
treated in �3�U�R�N�L�ü [33] is considered for model validation. The geometry and the material 
properties of the beam are given in Figure 2.20. The position of the shear point is also 
viewed.  

 

�� 

�� �(� ���������*�3�D�����Q=0.30, �*� �������������*�3�D�����U =7850kg/m
��
 

Figure 2.20: Simply supported beam with arbitrary cross section: geometry, 
sections dimensions and material properties. 
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The different results are summarized in Table 2.12. The natural frequency solutions given 
in Table 2.12a are obtained analytically and numerically by taking into account or 
omitting the rotational terms and warping terms. The analytical solutions are computed 
from three theories. The classical beam theory (CBT), omitting warping terms(WTO) are 
�G�U�H�V�V�H�G���L�Q���W�K�H���F�R�O�X�P�Q���������7�K�H���9�O�D�V�R�Y�¶�V���W�K�H�R�U�\���Z�L�W�K�R�X�W���U�R�Wary terms (RTO) and with rotary 
terms (RTI) follow in columns 3 and 4. The numerical solutions of the present model, 
Adina, Abaqus and Prokic benchmark values are arranged in columns 5 to 8. Taking 
�$�G�L�Q�D�¶�V���U�H�V�X�O�W�V���D�V���U�H�I�H�U�H�Q�F�H�����W�K�H���H�U�U�R�U�V���R�I���W�K�H���G�L�I�I�H�U�H�Q�W��solutions are presented in Table 
2.12b. Since the cross section is arbitrary, all the vibration modes are flexural-torsional 
and torsion governs the behavior. This is the reason why the CBT is out of order in this 
example. The errors of this method range between 10 and more than 90%. This fact is 
known and checked since long time [42, 43]. The rotary terms present in the mass matrix 
are important in dynamic analyses especially in presence of higher modes with 
frequencies higher than 100 Hz. One remarks that the error can reach 20%.  The numerical 
�V�R�O�X�W�L�R�Q�V���R�I���W�K�H���S�U�H�V�H�Q�W���P�R�G�H�O���D�U�H���L�Q���J�R�R�G���D�J�U�H�H�P�H�Q�W���Z�L�W�K���$�G�L�Q�D�¶�V���D�Q�G���3�U�R�N�L�F�¶�V���V�R�O�X�W�L�R�Q�V����
Moreover, one remarks some discrepancies in Abaqus values in the case of higher modes 
with frequencies higher than 100 Hz. 
The first nine vibration modes of the beam are pictured in Figure 2.20. Since the cross 
section is arbitrary, it is confirmed that all the vibration modes are flexural-torsional. One 
can see that the displacements v, w and �Tx are present in all the modes. The concept of 
triply coupled flexural-torsional adopted in literature is confirmed [33, 83]. Nevertheless, 
one can check that the displacements v and �Tx are predominant in modes (1, 2, 4, 5, 7 and 
8). The displacements w and �Tx are important in the remaining modes.  
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Table 2.12: Comparison between the present models natural frequencies (Hz) and 
references values. 

(WTO: Warping terms omitted, RTO: Rotational Terms Omitted, RTI: Rotational Terms 
Included) 

 
CBT 

(WTO) 
Vlasov 
(RTO) 

Present 
(RTI) 

Adina 
(Beam) 

Abaqus 
(B31OS) 

�3�U�R�N�L�ü 
[33] 

n=1 

3.84 8.78 8.78 8.78 8.77 8.68 
11.93 13.17 13.15 13.16 13.12 13.02 
30.07 34.30 34.11 34.12 33.36 33.83 

n=2 

7.84 34.41 34.22 34.23 34.07 33.86 
47.21 52.10 51.84 51.84 51.23 51.32 
116.41 135.88 131.45 131.50 121.32 130.35 

n=3 

11.81 76.80 76.42 76.43 75.67 75.61 
105.53 116.98 115.67 115.70 112.73 114.52 
253.43 304.99 283.91 283.90 244.30 281.51 

n=4 

15.77 136.29 135.12 135.10 132.78 not studied 

186.19 207.82 203.74 203.80 195.01 not studied 

432.63 541.74 480.02 480.00 386.03 not studied 

n=5 

19.72 212.78 209.95 210.00 204.41 not studied 

288.25 324.60 314.81 314.80 295.10 not studied 

644.80 846.15 708.16 708.20 536.93 not studied 

 
Table 2.13: Errors values in % (Adina Results as reference) 

 
CBT 

(WTO) 
Vlasov 
(RTO) 

Present 
(RTI) 

Abaqus �3�U�R�N�L�ü 
[33] 

n=1 

56.26 0.00 0.00 0.11 1.14 
9.37 0.08 0.08 0.30 1.06 
11.87 0.53 0.03 2.23 0.85 

n=2 

77.08 0.53 0.03 0.47 1,08 
8.94 0.50 0.00 1.18 1.00 
11.32 3.37 0.04 7.74 0.87 

n=3 

84.55 0.48 0.01 0.99 1.07 
9.01 1.12 0.03 2.57 1.02 
7.89 7.42 0.00 13.95  

n=4 

88.33 0.86 0.01 1.72  
8.64 2.00 0.03 4.31  
6.30 12.86 0.00 19.58  

n=5 

90.61 1.34 0.02 2.66  
8.43 3.10 0.00 6.26  
8.95 19.48 0.01 24.18  
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2.4  Conclusion  
 

In this chapter, the analytical approach of a model for the coupled vibration of beams with 
arbitrary thin-walled open cross-section is developed. This model treats different 
boundary conditions and takes into account for bending, torsion, warping and rotary 
kinematic terms. This leads to the assessment of the dynamic behavior of the beams more 
accurately compared to the solutions of classical beam theory. With the help of 
�+�D�P�L�O�W�R�Q�¶�V���S�U�L�Q�F�L�S�O�H�����W�K�H���D�[�L�Dl and flexural-torsional motion equations have been derived. 
Original closed form solutions are carried out for the free vibration of beams with doubly 
symmetric or singly symmetric and arbitrary cross sections under non-classical boundary 
conditions (Cantilever, doubly clamped). In the numerical applications section, the 
developed analytical solutions for free vibration are used to carry out the higher modes 
natural frequencies. In the first 9 examples, the free vibration analytical results including 
rotational kinematic terms are compared to the existing classical solutions in the literature. 
The percentage of error between the two solution methods is calculated for different 
sections and boundary conditions. As conclusion, the kinematic rotational terms are 
important to take in consideration specially for higher modes investigation, due to the 
relative error that reach 9% between two solution methods when we deal with high 
vibration modes. Moreover, the present analytical solutions have been validated also by 
different benchmark solutions from literature and comparisons with commercial codes 
present simulations results. The importance of developed solutions that take in 
consideration of rotational terms are proved in the list of numerical application examples 
by comparing obtained frequencies with the classical solutions without rotational terms 
and specially for the higher modes. All comparisons with numerical codes and 
benchmarks solutions show a good agreement with the developed solutions. The 
efficiency of the analytical solutions investigated seem to be accurate. Thus, analytical 
solutions for free vibration of thin-walled beams with arbitrary cross-sections are 
developed and validated using benchmark results. But, analytical method is limited for 
simple cases of boundary conditions. To this aim, the development of a finite element 
approach is needed to investigate more general cases of thin-walled beams in presence of 
the flexural-torsional coupled vibration. Accordingly, a finite element method is 
developed in the next chapter based on the present beam model and compared to the 
analytical present solutions. Also, the importance of the warping effect on the dynamic 
behavior of thin-walled beams is outlined in the chapter 3. 
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Chapter 3 Finite element method for vibrations of 
thin-walled beams     
            

3.1  Introduction  
 

The aim of this chapter is to develop a 3 dimensional model used to investigate the 
dynamic behavior of thin-walled beams with open sections using the finite element 
method. This model is based on two nodded beams elements. 

Based on the bibliographic review for thin walled beams with open cross sections, the 
non-uniform torsion presented by Vlassov [5] is adopted in the developed element. In the 
finite element method, straight beam elements are adopted and the interpolation by 
polynomial functions. 

In static domain, numerous finite elements models based on the Vlassov model have been 
developed in the literature [85-88]. In ref. [89] the stiffness matrix was developed for 
thin-walled beams with closed sections using cubic polynomial functions. The authors in 
ref. [89, 90] were introduced an independent variable �\  instead of �Tx,x to account shear 
deformation, that is important in the case of short-walled and clamped thin-walled beams 
(Benscoter Model). The authors of [87-92] developed a 3D element of type C° that takes 
into account torsion and shear deformations.  

In finite element procedure, in a first step, the continuum media is discretized in the mesh 
process. Some elements are then defined with the connectivity nodes. In a second step, 
the variables are written in terms of the displacements of the degree of freedom of the 
basic elements. For this aim, shape function matrix and its gradient are needed. The basic 
element stiffness and the mass matrices are then computed by numerical integration using 
Gauss method. The matrices and vectors of the structure are obtained by the assembling 
process over the elements. In the present work, as demonstrated before, warping 
deformation is of primary importance for thin-walled open section. So, the warping is 
considered as an independent displacement with regard to classical 3D beams. Based on 
this assumption, each node i has seven Degree Of Freedom (DOF): 

 �<�M�Ø�=�ç L �<�Q�Ü���í�Ü���S�Ü���à�ë�Ü���R�Ü
�ñ���S�Ü

�ñ���à�ë�Ü�"�=�������EL �s�á�t�; [70].  

These seven degree of freedom correspond respectively to axial about x axis and shear 
displacements about y, z axis, torsion angle about x, y, z axis and the derivation of �à�ë 
about x correspond to the warping displacement.  According to this assumption the known 
boundary conditions clamped, hinged and free are defined as following:  

Clamped boundary:���Q�ÜL �í�ÜL�á�S�ÜL �à�ë�ÜL �r�á�í�"�ÜL �S�"�ÜL �à�T�"�ÜL �r�á 

Hinged boundary:���Q�ÜL �í�ÜL�á�S�ÜL �à�ë�ÜL �r 

Free boundary: all displacements M�r 
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3.2  Finite element discretization  
 

The continuous displacement vector {q} and its gradient {�M} defined previously in 
equation (2.23) are written as in terms of the �<�M�Ø�=��as: 

 

�<�M�=L �>�0�:�æ�;�?�<�M�Ø�= and  �<�î �=L �>�) �:�æ�;�?�<�M�Ø�= (3.1a,b) 
 

Where �>�0�:�æ�;�? and �>�)�:�æ�;�? are respectively the shape functions and the gradient matrices 
���[����is��the��local element coordinate). We remind that in the mesh process, linear shape 
functions are adopted for the displacement u �D�Q�G���S�R�O�\�Q�R�P�L�D�O���+�H�U�P�L�W�H�¶�V���I�X�Q�F�W�L�R�Qs are used 
in discretization of the other components (i.e: v, w, �Tx). According to definition equation 
(3.1), { ���Û} vector defined in equation (2.23) is put as:   

�<�Û�=L �>�* �?�<�î �=L�����>�* �?�>�)�?�<�M�Ø�=��L �>�$�?�<�M�Ø�=  (3.2a-c) 
 

Where matrix [H] is a constant matrix defined in [70], as indicated below:  

�* L

�Ï
�Î
�Î
�Î
�Í
�s �r �r �r �r �r �r �r
�r �r �r �r �s �r �r �r
�r �r �r �r �r �s �r �r
�r �r �r �r �r �r �r �s
�r �r �r �r �r �r �s �r�Ò

�Ñ
�Ñ
�Ñ
�Ð

  (3.3) 

 

Based on equation (3.2), one gets the following matrix formulation of the strain energy 
�GU given by equation (2.29): 

�������Ü�7L ±�<�Ü�M�Ø�=�ç

�Å

�>�$�?�ç�>�&�?�>�$�?�<�M�Ø�=���@�T

L �+
�H
�t

�Ø

± �<�Ü�M�Ø�=�ç�>�$�?�ç�>�&�?�>�$�?�<�M�Ø�=���@�æ
�5

�?�5
����������������������

L �<�Ü�M�Ø�=�ç�+ �F
�H
�t

± �>�$�?�ç�>�&�?�>�$�?���@�æ
�5

�?�5
�G

�Ø

�<�M�Ø�= 

          (3.4) 

�+ �†�‡�•�‘�–�‡���–�Š�‡���ƒ�•�•�‡�•�„�Ž�‹�•�‰���’�”�‘�…�‡�•�•���‘�˜�‡�”���„�ƒ�•�‹�…���‡�Ž�‡�•�‡�•�–�•�ä
�Ø

 

From which, one can identify the stiffness matrix [K] of the structure from the assembly 
process by:  

�>�- �?L �+
�H
�t

�Ø

± �>�$�?�ç�>�&�?�>�$�?���@�æL �+ �>�- �?�Ø
�Ø

�5

�?�5
 

 

(3.5) 
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Where �>�- �?�Ø is the elementary stiffness matrix. After part integration, the kinetic energy 
variation defined in equation (2.33) is modified to in terms of the acceleration as:  

�Ü�6L F�<�Ü�M�Ø�=�ç�F± �@�I �>�0�?�ç�>�/ �5�?�>�0�?E
�I
�#

�>�)�?�ç�>�/ �6�?�>�)�?�A�@�T
�Å

�G�<�M�Ø�7�=   (3.6) 

 

The matrices M1 and M2 are defined as: 

 

�>�/ �5�?L f

�s �r �r �r
�r �s �r �V�Ö
�r �r �s F�U�Ö
�r �V�Ö F�U�Ö �+�4

j 

�>�/ �6�?L

�Ï
�Î
�Î
�Î
�Î
�Î
�Î
�Í
�r �r �r �r �r �r �r �r
�r �+�V �r �r �r �r �r �r
�r �r �+�U �r �r �r �r �r
�r �r �r �+� �r �r �r �r
�r �r �r �r �r �r �r �r
�r �r �r �r �r �r �r �r
�r �r �r �r �r �r �r �r
�r �r �r �r �r �r �r �r�Ò

�Ñ
�Ñ
�Ñ
�Ñ
�Ñ
�Ñ
�Ð

 

(3.7a-b) 

Thus, the elementary mass matrix �>�/ �?�Ø is defined as: 

�>�/ �?�ØL �@�I �>�0�?�ç�>�/ �s�?�>�0�?E
�I
�#

�>�)�?�ç�>�/ �t�?�>�)�?�A (3.8) 

 

By integration over the elements, one has: 

�Ü�6L �+
�H
�t

�Ø

± �<�M�Ø�=�ç�>�/ �?�Ø�<�M�Ø�7�=���@�æ
�5

�?�5
L �<�Ü�M�Ø�=�ç�+ �F

�H
�t

± �>�/ �?�Ø���@�æ
�5

�?�5
�G

�Ø

�<�M�Ø�7�=  (3.9) 

 

From which one can identify the stiffness matrix [M] of the structure from the assembly 
process by:  

�>�/ �?L �+
�H
�t

�Ø

± �>�/ �?�Ø���@�æ
�5

�?�5
 (3.10) 
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Elementary stiffness, and mass matrix definitions 

To demonstrate the elementary stiffness and mass matrix, after beam discretization let us 
take an element between the two nodes i=1,2. This element is presented in Figure 3.1. 
Each node of this element has the seven degree of freedoms depicted in the following 
figure.  

 

Displacement vector for this element is given by: 

�<�M�Ø�=L �<�Q�5���R�5���R�ï�5���S�5���S�ï�5���T�ë�5���T�ï�ë�5���Q�6���R�6���R�ï�6���S�6���S�ï�6���T�ë�6���T�ï�ë�6���=
�ç      (3.11) 

By using the interpolation matrix equations (3.1) (composed of the polynomials shape 
functions) the displacements and torsion in (3.11) can be written as: 

�QL �>�0�è�?�<�M�Ø�=���������RL �>�0�é�?�<�M�Ø�=���������S L �>�0�ê�?�<�M�Ø�=���������à�ë L �>�0�� �?�<�M�Ø�=          (3.12a-d) 

Stiffness matrix definition: 

The injection of equations (3.12) into the variation of the strain energy equation (2.29) 
leads to the following equation: 

���G�7 L �<�M�Ø�=
�ç �ì �:�'�# �>�0�è�?�"

�ç �>�0�è�?�"E�' �+�í �>�0�é�?�"
�ç �"�>�0�é�?�"�"E�' �+�ì �>�0�ê�?�"�ç �"�>�0�ê�?�"�"E

�Å

�' �+� �>�0�� �?�"
�ç �"�>�0�� �?�"�"�;�<�M�Ø�=�@�TE �<�M�Ø�=

�ç �ì �) �+�ç �>�0�� �?�"
�ç �>�0�� �?�"�Å

�<�M�Ø�=�@�T     (3.13) 

Furthermore, the equation (3.13) can be written in a simplified form below: 

�G�7 L �<�M�Ø�=
�ç �ì �:�'�#�>�-�è

�Ø�?E�' �+�í�>�-�é
�Ø�?E�' �+�ì �>�-�ê

�Ø�?E�' �+� �Å
�>�-��

�Ø�?�5 E�)�+�ç�>�-��
�Ø�?�6�;�<�M�Ø�=�@�T (3.14)  

With:   �>�-�è
�Ø�?L �ì �>�0�è�?�"

�ç �>�0�è�?�"�Å
 

�>�-�é
�Ø�?L ± �>�0�é�?�"

�ç �"�>�0�é�?�"�"
�Å

 

�>�-�ê
�Ø�?L ± �>�0�ê�?�"�ç �"�>�0�ê�?�"�"

�Å
 

�>�-��
�Ø�?�5 L ± �>�0�� �?�"

�ç �"�>�0�� �?�"�"
�Å

 

���������������������������>�-��
�Ø�?�6 L �ì �>�0�� �?�"

�ç �>�0�� �?�"�Å
               (3.15a-e) 

So, the elementary stiffness matric is given by: 

�>�- �Ø�?L �'�#�>�-�è
�Ø�?E�' �+�í�>�-�é

�Ø�?E�' �+�ì �>�-�ê
�Ø�?E�' �+� �>�-��

�Ø�?�5 E�)�+�ç�>�-��
�Ø�?�6    (3.16) 

�����µ�������À�������À�¶�������Á�������Á�¶�������Tx1,���T�¶�[���������� ������ ���������������������µ�������À�������À�¶�������Á�������Á�¶�������Tx2,���T�¶�[���� 

������������������������������������������������������������ ������������������������������������������������������������ 

Figure 3.1: The two nodded element with seven degree of freedoms per node. 

• • 
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The shape functions [73, 93] used in the present finite element model are C0 for the two 
fi rst and C1 functions type for the others. C1 functions and their first order derivative exist 
and are continuous. Otherwise, the first order derivatives of these functions in weak form 
can be integrated. Adding to this, C1 functions have an acceptable with smoothness no 
jumps and no kinks, so there are continuously differentiable. 

 The adopted shape functions are defined by: 

�0�5�:�æ�; L
�:�sF �æ�;

�t
 

�0�6�:�æ�; L
�:�sE�æ�;

�t
 

�0�7�:�æ�; L
�:�sF�æ�;�6�:�t E�æ�;

�v
 

�0�8�:�æ�; L
�H�Ø

�z
�:�sF �æ�;�6�:�sE�æ�; 

�0�9�:�æ�; L
�:�sE�æ�;�6�:�t F �æ�;

�v
 

�0�: �:�æ�; L
�ß�Ð

�<
�:�sE�æ�;�6�:�æF�s�;                           (3.17a-f) 

It should be noted that these equations are obtained by supposing that: 

�æL
�6�ë

�ß�Ð
F �s with le is the element length, ���T�Ð�>F�s���s�? and  ���æ�Ð�>F�s���s�?. 

Consequently, the elementary stiffness matric can be written as below: 
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(3.18) 
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With: 
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Mass matrix definition:  

The kinetic energy variation has been derived in equation (2.33).in terms of the 
displacement and rotation velocities. It is reminded below.  
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                                     (3.20a) 

In matrix formulation, the kinetic variation becomes: 

�Ü�6L F�ì �<�Ü�M�=�ç �>�/ �5�?�<�M�7�=�@�TF�ì �<�Ü�î�=�ç �>�/ �6�?�<�î�7�=�@�T
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������    (3.20b) 

Mass matrices [M1] and [M2] are elementary mass matrices. Using the relationships 
between the vectors {q}, { �î } and the DOF vector {�M�Ø}. Comparison of the present natural 
frequencies to benchmark values 
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For harmonic motion with angular velocity �3  the displacement vector and his second  
derivative with respect to time are given as follows:  

�<�M�Ø�:�P�;�=L �<�M�Ø�=�A�Ü�• �ç  and   �<�M�Ø�7�:�P�;�=L F�3�6�<�M�Ø�:�P�;�= (3.20d) 
 

By injecting the equations (3.12) into the variation of the kinetic energy equation (2.33) 
the following equation is gotten: 
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  (3.21) 
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�Ø�?�5 L �ì �>�0�ê�?�ç �>�0�ê�?

�Å
 , �>�/ �ê

�Ø�?�6 L �ì �>�0�ê�?�"�ç �>�0�ê�?�"
�Å

 

�>�/ ��
�Ø�?�5 L �ì �>�0�� �?

�ç �>�0�� �?�Å
 , �>�/ ��

�Ø�?�6 L �ì �>�0�� �?�"
�ç �>�0�� �?�"�Å

 

�>�/ ���é
�Ø �?L �ì �>�0�� �?

�ç �>�0�é�?E �>�0�é�?
�ç �>�0�� �?�Å

 , �>�/ ���ê
�Ø �?L �ì �>�0�� �?

�ç �>�0�ê�?E �>�0�ê�?�ç �>�0�� �?�Å
 

            (3.22) 

The force vector can be deduced by injecting equation (3.1) in the external load work 
equation (2.38), one gets: 

�Ü�9L ± �<�Ü�M�Ø�=
�ç �>�0�:�æ�;�?�ç

�Å
�<�B�=�@�T (3.23) 

 
The integration over the elements of equation (3.23) gives the following relationship: 

�Ü�9L �<�Ü�M�Ø�=
�ç �+ �F

�H
�t

± �>�0�?�ç �<�B�=���@�æ
�5

�?�5
�G

�Ø

 (3.24) 

From which one can identify the force vector �<�(�= of the structure from the assembly 
process by:  

�<�(�=L �+
�H
�t

�Ø

± �>�0�?�ç �<�B�=�Ø���@�æ
�5

�?�5
 (3.25) 
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3.3  Generic resolution of thin-walled structures 
 

Returning to the dynamic motion equation (2.22) and using the matrix form of �Ü�7�á�Ü�6�á
�Ü�9  defined in  equations (3.4, 3.21 and 3.24), the following expression is gotten: 

�>�- �?�<�@�=E�>�/ �?[�@�7_L �<�(�=�� (3.26) 
 

When damping is present, similar system can be obtained. In the case of viscous damping, 
the equation (3.26) becomes: 

�>�- �?�<�@�:�P�;�=��E�>�%�?[�@�6�:�P�;_E�>�/ �?[�@�7�:�P�;_L �<�(�:�P�;�= (3.27) 
 
Where [C] is the damping matrix. The solution of the system (3.27) is admitted as periodic 
in the form:  
 
{ d(t)} = { �) } ei�: t             (3.28)   

 

3.3.1 Finite element formulation of thin-walled structures free 
vibrations  

 
Thus, natural frequencies are carried out by means of the free vibration analysis by putting 
equation  (3.28) and (�<�(�=L �<�r�=�á�>�%�?L �>�r�?) in motions equations (3.27). In such cases, 
the solution of the system (3.27) is periodic in the form:  
 
{ d(t)} = { �) } ei�: t             (3.28)   

 
This leads to the classical eigenvalue problem: 
 
�:F�3�6�>�/ �?E�>�- �?�;�<�Î �=L �<�r�=  (3.29) 

 

Vibration modes (angular velocities �3�Ý and the eigenvectors [�Î �Ý_) are obtained by solving 
the eigenvalue problem. The system in equation (3.29) admits as many solutions as the 
number of DOF. In the presence of high number of DOF, research of all the solutions 
should be cumbersome and difficult to obtain. In practice, only the lower modes are of 
interest. An efficient solver for lower modes is then highly recommended. 
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3.3.2 Forced vibration of thin -walled structures in frequency 
domain (Steady-state dynamic analysis)  

Steady-state dynamic analysis provides the amplitude and phase of the response of a 
system due to harmonic excitation at a given frequency. Usually such analysis is done as 
a frequency sweep by applying the loading at a series of different frequencies and 
recording the response. Otherwise, the steady-state modal dynamic analysis is a linear 
perturbation procedure, used to calculate the steady-state dynamic linearized response of 
a system to harmonic excitation. This method is detailed and used in the developed finite 
element approach to study the forced vibration of thin-walled beams. 

3.3.2.1 Steady state modal analysis  

In a mode-based steady-state dynamic analysis the response is based on modal 
superposition techniques; the modes of the system must first be extracted using the 
eigenfrequency extraction procedure. The number of modes extracted must be sufficient 
to model the dynamic response of the system adequately. 

When defining a mode-based steady-state dynamic step, you specify the frequency ranges 
of interest and the number of frequencies at which results are required in each range 
(including the bounding frequencies of the range). In addition, the type of frequency 
spacing can be used linear or logarithmic or nonlinear with more points around the 
naturals frequencies. 

In case of forced vibration with an imposed pulsation �Y, the steady state modal method 
is applied in the solution [11, 44]. According to this method, solution is gotten by 
following two steps: the first begins by the free vibration analysis in order to get nm 
specific vibration modes. In the second step, motion equations (3.27) are projected on the 
mode basis as: 

  �<�@�=L �>�Î �?�<�: �=�A�Ü�Y�ç            (3.30) 

�:�K�H�U�H���>�Î �@���L�V���W�K�H���I�U�H�H���Y�L�E�U�D�W�L�R�Q���P�R�G�H���P�D�W�U�L�[�������2�Q�H���J�H�W�V���W�K�H���I�R�O�O�R�Z�L�Q�J���V�\�V�W�H�P�� 
 
�:F�Y�6�>�Î �?�Í �>�/ �?�>�Î �?E�E�Y�>�Î �?�Í �>�%�?�>�Î �?E�>�Î �?�Í �>�- �?�>�Î �?�;�<�: �=L �>�Î �?�Í �<�(�4�=��       (3.31) 

 

In the present study, structure damping is defined as Rayleigh type and it is given by: 
 
�>�%�?L �Ù�>�/ �?E�Ú�>�- �?��         ����(3.32) 
 
Where �D and �E are the mass stiffness proportional coefficients.  
 
Defining the following modal matrix terms: 

Generalized mass: ���I �ÝL �<�Î �Ý�=�ç�>�/ �?�<�Î �Ý�= ��      �����������D��  
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�<�: �=L ¥�<�: �Ë�Ø�=�6 E�<�: �Â�à�=�6                      (3.38) 

Generalized stiffness: �G�ÝL �<�Î �Ý�=�ç�>�- �?�<�Î �Ý�= ����      �����������E��  

Generalized force:  �B�ÝL �<�Î �Ý�=�ç�<�(�4�= ��       �����������F�� 

Generalized damping: �?�ÝL �<�Î �Ý�=�ç�>�%�?�<�Î �Ý�= ��     ������������������������(3.33d) 

The solution of the problem sought in a real and imaginary parts �<�: �=L �<�#�=E�E�<�$�=�����Z�K�H�U�H��
�W�K�H���F�R�P�S�R�Q�H�Q�W�V���D�U�H���J�L�Y�H�Q���E�\�� 

�#�Ý�:�Y�; L
�Ù�Õk�Þ�Õ�?�Y �. �à �Õo

k�Þ�Õ�?�Y �. �à �Õo
�.
�>�Y �. �Ö�Õ

�.
����������������������������������������������������������������������������������������������    ����(3.34) 

�$�Ý�:�Y�; L
�?�Ù�Õ�Y�Ö�Õ

k�Þ�Õ�?�Y �. �à �Õo
�.
�>�Y�. �Ö�Õ

�.
        ����(3.35) 

The real and the imaginary parts of the displacement vector are given by            
            
�<�: �Ë�Ø�:�Y�;�=L �Ã �#�Ý�<�Î �Ý�=

�á�Ø
�Ý�@�4             (3.36) 

                               
�<�: �Â�à�:�Y�;�=L �Ã �$�Ý�<�Î �Ý�=

�á�Ø
�Ý�@�4             (3.37) 

 
The displacement magnitude results from:  
  
 
 
By this way, the finite element approach of the model in free and forced vibrations has 
been described. 3D beams with 2 nodes and 7 DOF per node has been adopted in the 
mesh process. The present finite element (referred here B3Dw) is implanted in Maltab 
[80]. Warping, rotational kinematic terms as well as flexural-torsional couplings are taken 
into consideration. The present model is validated below on the basis of some benchmark 
solutions, commercial codes Abaqus [64], Adina [81] and original test results found in 
literature. It is noticeable that, the eigenfrequencies f are computed in Hz with (f=���3�������S).   
 

3.3.2.2 Study base motion effect (earthquakes) 

Sometimes the support of the structure undergoes motion, this phenomenon is called base 
motion. The commons example of base motion is when the structure is subjected to 
earthquakes. Let {y(t)} denote the base displacement signal in time domain. The 
acceleration { �U�7(t)} can be carried out as second derivative of the displacement signal 
{ y(t)}. Moreover, by applying Fourier Transformation the acceleration signal in time 
domain can be transformed to frequency domain {�;�7(�Z)}. The motion equation (3.27) in 
this case becomes as follows: 

�:F�ñ�6�>�Î �?�Í �>�/ �?�>�Î �?E�E�ñ�>�Î �?�Í �>�%�?�>�Î �?E�>�Î �?�Í �>�- �?�>�Î �?�;�<�: �=L �>�Î �?�Í �<�(�4�=��  ����(3.39) 
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When �<�(�4�=L �>�/ �?[�;�7�:�ñ�;_          (3.40) 

Therefore, the steady state solution is carried out from this equation as demonstrated in 
section 3.3.2.1. 

 

3.3.2.3 Vibration excitation with random signal  

In this paragraph, the response of a structure subjected to a random response defined as a 
nondeterministic continuous excitation that is expressed in a statistical intellect by a 
cross-spectral density (CSD) matrix. The same steps used in the steady-state modal 
method detailed previously in section 3.3.2.1 and to investigate response spectrum of 
harmonic signal are used for the investigation of a random signal response. The procedure 
consists to compute the eigenvalues (angular velocities, eigenfrequencies) by free 
vibration study of the un-damped structure, then to calculate the corresponding power 
spectral densities (PSD) of response variables (acceleration, displacements, etc.) by the 
same steady state modal analysis. 

The response of random excitation signals is treated in frequency domain. Therefore, 
random response is carried out from integration of a series of sinusoidal vibrations. 
signals. Hence, the response of a random signal is obtained by the same steady-state 
solution method presented before.  

When the structure is excited by a random load defined as a single time record or a cross-
correlation of time records. A Fourier transformation (described in chapter 1) of this 
signal is proceeded to provide the matrix of cross-spectral density functions [R ( f )] in the 
frequency domain. A range of frequencies is chosen in which the structure response will 
be carried out. This range depend to some considered structure modes. 

The theory of random response analysis is detailed in the following references, Clough 
and Penzien [94], Hurty and Rubinstein [95], and Thompson [96]. 

It I important to note that the excitation should be ergodic. This means, the time average 
is the same for several samples of the excitation. 
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3.4  Numerical application and analysis 
 

In this part, different benchmarks are considered to validate the developed finite element 
model B3Dw with literature and commercial codes. Otherwise, some present examples 
are studied and compared to commercial codes to prove the accuracy of the present model 
in both free and forced vibration domain. In the case of Abaqus code, shell elements (S8R) 
and 3D beam elements (B31OS) are used. In Adina, an efficient 3D beam element 
including torsion and warping has been recently implemented. It should be noted that in 
the validation examples the elements size have chosen in B3Dw models with respect to 
beams sections and lengths. For the considered examples, the size of elements was about 
0.1 m, thus, a model with only 10 to 60 elements (for beams of length 1m - 6m) was 
sufficient to converge the calculation in order to obtain accurate results. Otherwise, for 
shell elements thousands of elements was needed, that cost a long calculation time. 

 

3.4.1 Free vibration of a singly-symmetric cross section 
cantilever beam  

The cantilever beam with singly symmetric channel cross section solved by Gendy [32] 
studied in chapter 2 is re-concerned here as the first example in the validation procedure. 
The geometry and the material data are given in Figure 3.2.  

  

  

�(� �������������*�3�D�����*� �������������*�3�D�� 

���U =2600 kg/m
��
 

Figure 3.2: Cantilever beams with mono-symmetric channel cross-section. 

z 

-,.-,,--,-,-,~-,-,7-,,-:,7--,, __r t =0.635 
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�V �.�.�,�_�~�~�~�~�~�~�~�~�~�~ �_�_�[� 1 
L.L-.L__,'--.L_L.._.L---<'--.L_L.._.,_.~_L.._~ - , 

Bearn Cross-Section (dimensions in mm) 



Chapter 3 Finite element method for vibrations of thin-walled beams 
 

 

89 
 

For the beam represented in Figure 3.2, the first 6 vibration modes have been computed 
are presented in Table 3.1. Modes types are presented in (column 2), analytical solutions 
have been computed (column 3) and compared to the numerical solutions of the present 
model (column 4) and Abaqus simulations arranged in the columns 5 and 6. Benchmark 
solutions [32, 82] are reminded in the last columns for comparison. All the solutions are 
close. In comparison to [32] results, the obtained B3Dw frequencies are so close to 
reference values. The slight difference founded is due to the interpolations done in 
�*�H�Q�G�\�¶�V���P�R�G�H�O���H�O�H�Pent. The six first mode shapes carried out by B3Dw element match 
with [32, 82] references results. Second and sixth modes are pure bending. Other modes 
are flexural-torsional coupled. This approve that in free vibration for mono-symmetric 
sections about y axis, the beam exhibits flexural-torsional modes (w bending in the strong 
axis yy and �Tx torsion about beam axis are coupled) and pure bending mode (v component 
alone leading to bending in the weak axis zz). 

 

Table 3.1: Comparison of the present natural frequencies to benchmark values 
(values in Hz, FT: flexural, torsional coupled mode; B: bending mode). 

Mode Type Present 
(Analytic)  

Present  
(B3Dw) 

Abaqus 
(Shell) 

Abaqus 
(B31OS) 

Beam  
[82] 

Shell  
[82] 

HMC2  
[32] 

1 FT 11.28 11.34 11.40 11.26 11.38 11.42 11.42 
2 B 23.18 23.16 23.15 23.17 23.15 23.15 23.15 
3 FT 43.42 43.36 42.62 42.60 42.57 42.67 42.67 
4 FT 57.16 57.50 57.79 57.40 57.67 58.17 58.05 
5 FT 109.01 109.36 106.65 109.41 106.50 107.20 107.88 
6 B 145.17 145.01 144.45 144.71 144.50 144.60 145.12 
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Otherwise, Figure 3.3 illustrates the six first mode shapes carried out by B3Dw element. 
One observes that the second and sixth mode (Figure 3.3b, f) are pure bending uncoupled 
modes. All other modes are flexural-torsional coupled modes (Figure 3.3a, c, d and e) 
These results are mentioned in references [32, 70]. It is then confirmed that in free 
vibration for mono-symmetric sections, the beam exhibits flexural-torsional modes (w 
and �Tx coupled) and pure bending mode (v component alone leading to bending in the 
weak axis zz). 
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Figure 3.3: The first 6 free vibration mode shapes of the channel beam (a-f: mode 1-6) 
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3.4.2 Flexural-torsional free vibration of a simply supported 
beam with arbitrary cross section  

In this section, the simply supported beam with arbitrary non-symmetric cross section 
treated in �3�U�R�N�L�ü [33] is also re-considered for B3Dw model validation. The geometry 
and the material properties of the beam are given in Figure 3.4. The position of the shear 
point is also viewed.  

 

The different results are summarized in Table 3.2. The natural frequency solutions given 
in Table 3.2a are obtained analytically and numerically by taking into account or omitting 
the rotational terms and warping terms. The analytical solutions are computed from three 
theories. The classical beam theory (CBT), omitting warping terms(WTO) are dressed in 
�W�K�H�� �F�R�O�X�P�Q�� ������ �7�K�H�� �9�O�D�V�R�Y�¶�V�� �W�K�H�R�U�\�� �Z�L�W�K�R�X�W�� �U�R�W�D�U�\��terms (RTO) and with rotary terms 
(RTI) follow in columns 3 and 4. The numerical solutions of the present model, Adina, 
Abaqus and Prokic be�Q�F�K�P�D�U�N�� �Y�D�O�X�H�V�� �D�U�H�� �D�U�U�D�Q�J�H�G�� �L�Q�� �F�R�O�X�P�Q�V�� ���� �W�R�� ������ �7�D�N�L�Q�J�� �$�G�L�Q�D�¶�V��
results as reference, the errors of the different solutions are presented in Table 3.2b. Since 
the cross section is arbitrary, all the vibration modes are flexural-torsional and torsion 
governs the behavior. This is the reason why the CBT is out of order in this example. The 
errors of this method range between 10 and more than 90%. This fact is known and 
checked since long time [42, 43]. The rotary terms present in the mass matrix are 
important in dynamic analyses especially in presence of higher modes with frequencies 
higher than 100 Hz. One remarks that the error can reach 20%.  The numerical solutions 
�R�I�� �W�K�H�� �S�U�H�V�H�Q�W�� �P�R�G�H�O�� �D�U�H�� �L�Q�� �J�R�R�G�� �D�J�U�H�H�P�H�Q�W�� �Z�L�W�K�� �$�G�L�Q�D�¶�V�� �D�Q�G�� �3�U�R�N�L�F�¶�V�� �V�R�O�X�W�L�R�Q�V����
Moreover, one remarks some discrepancies in Abaqus values in the case of higher modes 
with frequencies higher than 100 Hz. 

�� 

�� �(� ���������*�3�D�����Q=0.30, �*� �������������*�3�D�����U =7850kg/m
��
 

Figure 3.4 : Simply supported beam with arbitrary cross section: geometry, sections 
dimensions and material properties. 
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The first nine vibration modes of the beam are pictured in Figure 3.5. Since the cross 
section is arbitrary, it is confirmed that all the vibration modes are flexural-torsional. One 
can see that the displacements v, w and �Tx are present in all the modes. The concept of 
triply coupled flexural-torsional adopted in literature is confirmed [33, 83]. Nevertheless, 
one can check that the displacements v and �Tx are predominant in modes (1, 2, 4, 5, 7 and 
8). The displacements w and �Tx are important in the remaining modes.  
 

Figure 3.5 : The first nine free vibration mode shapes of the beam. 
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Table 3.2: Comparison between the present models natural frequencies (Hz) and 
references values. 

(WTO: Warping terms omitted, RTO: Rotational Terms Omitted, RTI: Rotational 
Terms Included) 

 
CBT 

(WTO) 
Vlasov 
(RTO) 

Present 
(RTI) 

Present 
(B3Dw) 

Adina 
(Beam) 

Abaqus 
(B31OS) 

�3�U�R�N�L�ü 
[33] 

n=1 

3.84 8.78 8.78 8.78 8.78 8.77 8.68 
11.93 13.17 13.15 13.16 13.16 13.12 13.02 
30.07 34.30 34.19 34.12 34.12 33.36 33.83 

n=2 

7.84 34.41 34.28 34.23 34.23 34.07 33.86 
47.21 52.10 51.81 51.84 51.84 51.23 51.32 
116.62 135.88 133.79 131.45 131.50 121.32 130.35 

n=3 

11.81 76.80 76.27 76.43 76.43 75.67 75.61 
105.27 116.98 115.53 115.68 115.70 112.73 114.52 
261.49 304.99 283.70 283.92 283.90 244.30 281.51 

n=4 

15.77 136.29 134.64 135.13 135.10 132.78 not studied 

186.19 207.82 203.30 203.75 203.80 195.01 not studied 

449.75 541.74 510.25 480.03 480.00 386.03 not studied 

n=5 

19.72 212.78 208.81 209.96 210.00 204.41 not studied 

288.25 324.60 313.81 314.84 314.80 295.10 not studied 

644.80 846.15 712.28 708.17 708.20 536.93 not studied 

 
 

Table 3.2 (continue) : Errors values in % (Adina Results as reference) 

 
CBT 

(WTO) 
Vlasov 
(RTO) 

Present 
(RTI) 

Present 
(B3Dw) 

Abaqus �3�U�R�N�L�ü 
[33] 

n=1 

56.26 0.00 0.00 

less 
than 
0.5% 

0.11 1.14 
9.37 0.08 0.08 0.30 1.06 
11.87 0.53 0.21 2.23 0.85 

n=2 

77.08 0.53 0.15 0.47 1,08 
8.94 0.50 0.06 1.18 1.00 
11.32 3.37 1.74 7.74 0.87 

n=3 

84.55 0.48 0.21 0.99 1.07 
9.01 1.12 0.15 2.57 1.02 
7.89 7.42 0.07 13.95  

n=4 

88.33 0.86 0.34 1.72  
8.64 2.00 0.25 4.31  
6.30 12.86 6.30 19.58  

n=5 

90.61 1.34 0.57 2.66  
8.43 3.10 0.31 6.26  
8.95 19.48 0.58 24.18  
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3.4.3 Hong Hu Chen benchmark numerical study 

Chen [22] introduced a finite element method for the coupled vibration analysis of thin-
walled beams with a generic open section. The developed element has two nodes with 
seven degrees of freedom per node. in the model he used the kinematics of the Euler 
�E�H�D�P�����W�K�H���G�¶�$�O�H�P�E�H�U�W���S�U�L�Q�F�L�S�O�H�����D�Q�G���W�K�H���Y�L�U�W�X�D�O���Z�R�U�N���S�U�L�Q�F�L�S�O�H�����6�W�L�I�I�Q�H�V�V���P�D�V�V���P�D�W�U�L�[���D�U�H��
obtained by differentiating the element deformation nodal force vector and element 
inertial nodal force vector with respect to the element nodal parameters and their second 
time derivatives, respectively. 

To validate his model Chen took five numerical examples from literature [33, 41, 47], 
then he studied the free vibration problem of these beams under five different boundary 
conditions presented in Figure 3.6. 

 

 

  
 

 Figure 3.6: Five boundaries conditions studied by Chen. (BC1-BC5) 

 

For the studied beams the sections, geometry and materials properties are depicted in the 
following Figures (3.7-3.11): 
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Beam geometry and material properties: 
L= 1.28 m 
A= 2.669 cm2 
Iy= 0.450 cm4 
Iz= 9.396 cm4 
It= 0.014 cm4 
I �Z= 163.6 cm6 
yc= -37.71 mm 
zc= 0 mm 
E= 216.4 GPa 
G= 80.1 GPa 
m= 2.095 kg/m 
 

Figure 3.7: Beam 1 with channel cross section. 

 

 

Beam geometry and material properties: 
L= 2.00 m 
A= 19.252 cm2 
Iy= 768.39 cm4 
Iz= 71.1143 cm4 
It= 3.17103 cm4 
I �Z= 38.6899 cm6 
yc= 0 mm 
zc= 53.88 mm 
E= 210 GPa 
G= 80.77 GPa 
�U= 7800 kg/m3 
 

Figure 3.8: Beam 2 with Tee cross section. 
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Beam geometry and 
material properties: 
L= 10.00 m 
A= 340 cm2 
Iy= 58114.6 cm4 
Iz= 175303 cm4 
It= 453.333 cm4 
I �Z= 128016000 cm6 
yc= -0.23526 m 
zc= -0.31147 m 
E= 210 GPa 
G= 80.7 GPa 
�U= 8.002 kN.s2/m4 
 

Figure 3.9: Beam 3 with arbitrary cross section. 
 

 

Beam geometry 
and material 
properties: 
L= 10.00 m 
A= 285 cm2 
Iy= 102858 cm4 
Iz= 239265 cm4 
It= 228.750 cm4 
I �Z= 92633300 cm6 
yc= -0.19755 m 
zc= 0.39183 m 
E= 210 GPa 
G= 80.7 GPa 
�U= 8.002 kN.s2/m4 
 

Figure 3.10: Beam 4 with arbitrary cross section. 
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Beam geometry and material 
properties: 
L= 10.00 m 
A= 240 cm2 
Iy= 66582.7 cm4 
Iz= 18213.9 cm4 
It= 520.000 cm4 
I �Z= 3942550 cm6 
yc= -0.054809 m 
zc= 0.086555 m 
E= 210 GPa 
G= 80.7 GPa 
�U= 8.002 kN.s2/m4 
 

Figure 3.11: Beam 5 with arbitrary cross section. 

 

Hereafter, in Tables 3.3-3.7 a comparison among the given results of free vibration natural 
frequencies and the developed FEM (B3Dw) in order to validate the present model with 
different sections types and boundary condition.  

 

Table 3.3: Comparison between the present models and references values of angular 
velocities �: ��(rad/s) and vibration modes. 

(W: flexural mode, T: torsional mode, V: lateral bending mode) 
 Beam 1, BC1 Beam 1, BC2 

Mode  Present References Mode  
type 

Present References Mode  
type B3Dw BC1M[47] BC1CM[22]  B3Dw BC2CM[47] BC2x[22] 

1 421.65 421.73 421.59 W,T 159.40 159.40 159.38 w,t 
2 591.98 x 592.83 V 211.01 x 211.31 v 
3 1653.70 1656.69 1653.48 W,T 616.75 619.21 616.68 w,t 
4 1717.53 1732.59 1717.33 W,T 932.63 934.00 932.51 w,t 
5 2360.46 x 2363.83 V 1318.45 x 1320.33 v 
6 3698.70 3714.81 3698.25 W,T 2576.24 2585.97 2575.91 w,t 
7 5283.50 x 5291.02 V 3674.23 x 3679.45 v 
8 6445.14 x 6445.14 A 3757.42 3866.61 3757.01 w,t 
9 6544.69 6596.09 6544.06 W,T 5018.68 x 5018.13 w,t 
10 6688.36 x 6687.65 W,T 6445.14 x  6445.14 Axial 
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Table 3.3 (continue) 
 Beam 1, BC3 Beam 1, BC4 

Mode  Present References 
Mode type Present Reference 

Mode type 
B3Dw BC3CM[47] BC3x[22] B3Dw BC4CM[22]   

1 938.33 938.71 938.20 W,T 163.63 163.61 w,t 
2 1341.60 x 1343.52 V 924.62 925.95 v 
3 2574.19 2579.75 2573.86 W,T 932.13 932.01 w,t 
4 3684.93 x 3690.20 V 2554.90 2554.59 w,t 
5 3881.34 3924.04 3880.90 W,T 2701.09 2700.77 w,t 
6 5026.30 5050.68 5025.75 W,T 2986.38 2990.64 v 
7 7184.00 x 7194.27 V 5016.28 5015.73 w,t 
8 8273.54 8344.01 8272.94 W,T 6197.44 6206.27 v 
9 10388.32 x 10387.20 W,T 6445.14 6445.14 Axial 
10 11786.89 x 11803.90 V 8218.80 8218.19 w,t 

 

Table 3.3: (continue) 
 Beam 1, BC5 

Mode  Present Reference Mode 
type B3Dw BC5CM [22] 

1 163.63 163.61 w,t 
2 924.62 925.95 v 
3 932.13 932.01 w,t 
4 2554.90 2554.59 w,t 
5 2701.09 2700.77 w,t 
6 2986.38 2990.64 v 
7 5016.28 5015.73 w,t 
8 6197.44 6206.27 v 
9 8218.80 8218.19 w,t 
10 8476.46 8475.59 w,t 

 

Table 3.4: Comparison between the present models and references values of angular 
velocities �: ��(rad/s) and vibration modes. 

(W: flexural mode, T: torsional mode, V: lateral bending mode) 

 Beam 2, BC1 Beam 2, BC2 

Mode  Present Reference 
Mode Present Reference 

Mode 
B3Dw BC1x [22] B3Dw BC2CM [22]  

1 190.81 190.81 V,T 78.42 78.42 v,t 
2 401.87 401.87 V,T 173.53 173.56 v,t 
3 463.22 463.22 V,T 287.48 287.48 w 
4 729.53 729.54 V,T 351.21 351.24 v,t 
5 804.87 804.87 W 582.23 582.34 v,t 
6 1007.25 1007.27 V,T 809.51 809.52 v,t 
7 1303.69 1303.76 V,T 890.98 891.15 v,t 
8 1336.59 133.60 V,T 1182.91 1183.18 v,t 
9 1623.63 1623.85 V,T 1488.28 1488.77 v,t 
10 1970.74 1971.33 V,T 1777.21 1777.21 w 
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       Table 3.4: (continue) 
 Beam 2, BC3 Beam 2, BC4 

Mode  Present Reference 
Mode Present Reference 

Mode 
B3Dw BC3x [22] B3Dw BC4CM [22]  

1 244.82 244.89 V,T 121.82 121.84 v,t 
2 506.17 506.32 V,T 350.95 350.98 v,t 
3 727.78 727.93 V,T 502.62 502.69 v,t 
4 807.07 807.18 V,T 655.44 655.50 v,t 
5 1070.07 1070.44 V,T 887.31 887.49 v,t 
6 1384.15 1384.71 V,T 1182.02 1182.30 v,t 
7 1720.17 1721.10 V,T 1256.34 1256.35 w 
8 1822.36 1822.37 W 1484.04 1484.51 v,t 
9 2029.91 2029.95 V,T 1667.78 1667.83 v,t 
10 2087.43 2089.05 V,T 1832.32 1833.24 v,t 

 
Table 3.4: (continue) 

 Beam 2, BC5 

Mode  Present Reference 
Mode 

B3Dw BC5CM [22] 
1 121.82 121.84 v,t 
2 350.95 350.98 v,t 
3 502.62 502.69 v,t 
4 655.44 655.50 v,t 
5 887.31 887.49 v,t 
6 1182.02 1182.30 v,t 
7 1256.34 1256.35 w 
8 1484.04 1484.51 v,t 
9 1667.78 1667.83 v,t 
10 1832.32 1833.24 v,t 
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Table 3.5: Comparison between the present models and references values of of angular 
velocities �:  (rad/s) and vibration modes.  

 Beam 3, BC1 Beam 3, BC2 

Mode  Present References Present Reference 
B3Dw BC1CM [22] BC1CM [33] B3Dw BC2CM [22] 

1 54.54 54.41 54.41 20.56 20.56 
2 81.83 81.83 81.83 30.27 30.27 
3 212.57 212.57 212.57 79.36 79.36 
4 212.73 212.74 212.73 120.46 120.46 
5 322.45 322.45 322.45 181.25 181.25 
6 475.06 475.07 475.05 331.19 331.2 
7 719.54 719.56 719.57 462.95 462.95 
8 804.70 804.90 (A) x 501.21 501.21 
9 818.99 819.00 819.01 644.38 644.42 
10 839.94 840.03 x 804.70 804.9(A) 
11 1267.38 1267.51 x 972.61 972.67 
12 1305.14 1305.48 x 1058.84 1059.01 
13 1768.75 1768.81 1768.75 1241.28 1241.3 
14 1867.82     1571.83   

 

     Table 3.5: (continue) 
 Beam 3, BC3 Beam 3, BC4 Beam 3, BC5 

Mode  Present Reference Present Reference Present Reference 
B3Dw BC3x [22] B3Dw BC4CM [22] B3Dw BC5CM [22] 

1 120.71 120.71 28.47 28.47 28.47 28.47 
2 183.35 183.35 105.74 105.74 105.74 105.74 
3 330.70 330.70 143.98 143.98 143.98 143.98 
4 474.68 474.68 306.10 306.10 306.10 306.10 
5 502.33 502.33 341.72 341.73 341.72 341.73 
6 645.23 645.27 425.37 425.38 425.37 425.38 
7 977.49 977.56 628.97 629.00 628.97 629.00 
8 1061.50 1061.68 804.70 804.9(A) 856.98 857.03 
9 1269.73 1296.75 856.98 857.03 1013.03 1013.10 
10 1577.15 1577.75 1013.03 1013.10 1072.74 1072.85 
11 1600.86 1601.13 1072.74 1072.85 1430.95 1431.19 
12 1609.43 1611.04(A) 1430.95 1431.19 1569.97 1570.48 
13 2189.18 2190.78 1569.97 1570.48 1609.43 1611.04(A) 
14 2364.40   2061.07   2061.07   
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Table 3.6: Comparison between the present models and references values of angular 
velocities �:  (rad/s) and vibration modes.  

(W: flexural mode, T: torsional mode, V: lateral bending mode) 
 Beam 4, BC1 Beam 4, BC2 

Mode  Present References Present Reference 
B3Dw BC1CM [22] BC1CM [33] B3Dw BC2CM [22] 

1 51.05 51.05 51.05 19.90 19.9 
2 101.41 101.41 101.41 36.28 36.28 
3 197.83 197.83 197.83 84.57 84.57 
4 233.71 233.71 233.71 112.35 112.35 
5 402.91 402.91 402.91 225.30 225.3 
6 441.49 441.50 441.48 307.97 307.98 
7 780.73 780.81 x 509.02 509.03 
8 804.70 804.9(A) x 599.02 599.06 
9 897.67 897.70 897.74 624.97 624.98 
10 904.15 904.15 904.15 804.70 804.9(A) 
11 1213.73 1214.04 x 984.65 984.82 
12 1574.75 1574.92 x 1209.15 1209.22 
13 1738.21 1739.13 x 1362.36 1362.38 
14 1939.98 1940.05 1939.99 1462.62 1463.16 

 

 

        Table 3.6: (continue) 
 Beam 4, BC3 Beam 4, BC4 Beam 4, BC5 

Mode  Present Reference Present Reference Present Reference 
B3Dw BC3x [22] B3Dw BC4CM [22] B3Dw BC5CM [22] 

1 112.22 112.22 21.28 21.28 21.28 21.28 
2 229.58 229.58 111.88 111.88 111.88 111.88 
3 307.25 307.25 158.91 158.91 158.91 158.91 
4 526.86 526.86 306.30 306.30 306.30 306.30 
5 599.50 599.54 365.52 365.52 365.52 365.52 
6 628.51 628.53 509.62 509.63 509.62 509.63 
7 986.63 986.80 599.00 599.04 599.00 599.04 
8 1219.38 1219.46 804.70 804.9(A) 981.04 981.20 
9 1402.46 1402.48 981.04 981.20 1054.68 1054.73 
10 1466.77 1467.33 1054.68 1054.73 1142.00 1142.01 
11 1609.43 1611.04(A) 1142.00 1142.01 1461.38 1461.92 
12 1987.84 1988.18 1461.38 1461.92 1609.43 1611.04(A) 
13 2037.48 2038.97 1776.20 1776.45 1776.20 1776.45 
14 2616.05 2616.21 2028.09 2029.51 2028.09 2029.51 
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Table 3.7: Comparison between the present models and references values of of angular 
velocities �:  (rad/s) and vibration modes.  

(W: flexural mode, T: torsional mode, V: lateral bending mode) 
 Beam 5, BC1 Beam 5, BC2 

Mode  Present References Present Reference 
B3Dw BC1CM [22] BC1CM [33] B3Dw BC2CM [22] 

1 42.41 42.41 42.41 15.48 15.48 
2 74.91 74.91 74.91 29.18 29.18 
3 99.48 99.48 99.48 47.64 47.64 
4 150.87 150.87 150.87 92.68 92.68 
5 227.12 227.12 227.12 148.38 148.38 
6 304.82 304.82 304.81 203.39 203.39 
7 357.85 357.86 357.85 232.30 232.31 
8 474.64 474.66 474.64 342.03 342.04 
9 508.80 508.85 x 409.04 409.06 
10 766.41 766.58 x 553.94 553.95 
11 792.09 792.11 792.13 627.86 627.93 
12 804.70 804.90(A) x 649.09 649.16 
13 822.66     804.70   
14 1078.57     920.50   

 

Table 3.7: (continue) 

 Beam 5, BC3 Beam 5, BC4 Beam 5, BC5 

Mode  Present Reference Present Reference Present Reference 
B3Dw BC3x [22] B3Dw BC4CM [22] B3Dw BC5CM [22] 

1 84.94 84.94 39.24 39.24 39.24 39.24 
2 127.94 127.94 74.36 74.36 74.36 74.36 
3 203.43 203.43 126.16 126.16 126.16 126.16 
4 213.46 213.46 148.00 148.00 148.00 148.00 
5 331.35 331.36 222.27 222.28 222.27 222.28 
6 392.33 392.35 290.06 290.06 290.06 290.06 
7 553.66 553.67 405.20 405.22 405.20 405.22 
8 624.11 624.20 453.38 453.38 453.38 453.38 
9 632.75 632.79 550.74 550.77 550.74 550.77 
10 909.99 910.30 644.05 644.14 644.05 644.14 
11 1031.69 1031.86 804.70 804.9(A) 891.64 891.86 
12 1073.88 1073.95 891.64 891.86 926.87 926.92 
13 1250.55   926.87   959.35   
14 1526.18   959.35   1249.77   

 

From these numerical examples, by analyzing Tables 3.3-3.7 it is remarkable that the 
angular velocities �: ��(rad/s) and the vibration modes for thin-walled beams with different 
boundary conditions and arbitrary cross sections types match well with the benchmarks 
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results. Thus, the accuracy of the developed FEM (B3Dw) is demonstrated in free 
vibration context. 

3.4.4 Double clamped cruciform cross-section beam  

More recently, the free vibration of doubly clamped thin-walled beam with cruciform 
cross section was studied theoretically and experimentally by Piana et al. [58]. The beam 
length, the material properties and the cross section dimensions are shown in Figure 3.12. 
Based on experimental setup, the eigenfrequencies of the beam were extracted by mean 
of impulses provided by a hammer and measurement of displacements using sensors.  

 

Figure 3.12: Double clamped beam with cruciform cross section. 
 

Piana et al. [58] adopted a numerical model in order to compute the beam vibration 
modes. It is important to note that, the authors have compared results for simulation of 
beam with perfect cruciform symmetrical cross section and other one who takes into 
consideration of manufacturing imperfections. They founded that the effect of 
imperfection in section is important in studying of the dynamic behavior. The resonance 
frequencies have been computed by the present finite element model, Abaqus simulation 
�D�Q�G���F�R�P�S�D�U�H�G���W�R���3�L�D�Q�D�¶�V���U�H�V�X�O�W�V���L�Q���F�D�V�H���R�I���L�P�S�H�U�I�H�F�W���V�H�F�W�L�R�Q�����7�K�H�V�H���U�H�V�X�O�W�V���D�U�H���S�U�H�V�H�Q�W�H�G��
in Table 3.8 In addition, Abaqus simulations are also reported. It is important to note that 
in present model only 30 elements are used in the mesh process.  
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Table 3.8: Numerical and experimental natural frequencies comparison (values in Hz). 

Mode 
Test 

Results 
[58] 

Imperfect cruciform cross-section 
Mode Type Numerical 

Results [58] 
Present 
B3Dw 

Abaqus 
B31OS 

1 161.87 165.66 165.56 166.05 Mode 1:Torsion 
2 275.47 263.75 266.97 265.38 Mode 1:v, bending  
3 284.18 269.90 273.34 271.63 Mode 1:w, bending 
4 325.43 331.69 331.17 332.16 Mode 2:Torsion 
5 486.13 499.17 496.79 498.28 Mode 3:Torsion 
6 667.84 667.49 662.34 664.31 Mode 4:Torsion 
7 741.30 716.75 734.71 725.23 Mode 2:v, bending 
8 767.30 733.04 752.20 742.02 Mode 2:w, bending 
9 813.39 838.93 827.96 830.47 Mode 5:Torsion 

 

One remarks that all the numerical solutions are close to test results of the imperfect 
cruciform cross-section.  The accuracy of the present finite element is then justified. The 
free vibration of beams with arbitrary cross sections and boundary conditions have been 
tested successfully by the present finite element model (B3Dw) in the previous examples. 
The ability of the element to obtain higher vibration modes with good accuracy has been 
proved. In the next section, the performance of the model in the case of braced structures 
is studied.  

3.4.5 A simply supported beam under base motion load (Earth-
quake, El Centro records, acc_NS) 
 

In order to study the forced vibration behavior of beams subjected to base motion 
excitation, a simply supported beam subjected to an earthquake (El Centro records, 
acc_NS) signal is considered. The earthquake load is considered as base motion applied 
to the beam supports in y direction and in torsion respectively. For this aim, a steel beam 
with IPE300 cross section presented in Figure 2.10 is taken. Beam geometry and material 
properties are the followings: cross section dimensions, h=300mm, b=150mm, tf 

=10.7mm, tw=7.1mm, beam total slenderness L=6m, the used materials elasticity, Poisson 
coefficient, shear modulus and material density are respectively �' L �t�s�r���)�2�=, �åL �r�ä�u, 
G= 80.77 GPa,  �éL �y�z�r�r���G�C���I �7. The beam supports are subjected to two different 
types of base motions respectively. The seismic record (El Centro records, acc_NS) is 
adopted as excitation signal in y direction v=vEQ subjected to the supports see Figure 

3.13a, then used as torsional base motion �Tx=���Tx EQ subjected to the beam boundary 
conditions as depicted in Figure 3.13.b. The beam material is steel, so a small value of 
damping is taken into consideration based on the reference loss factor for steel material 
mentioned in Table 1.2. So, the calculated damping values in the [C] matric are 
cv=c�Tx=106 N.s/m for the node corresponding to the beam mind point. (otherwise damping 
values for all other nodes are taken c =0). 
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Figure 3.13: Simply supported beam with IPE300 cross section subjected to (a) lateral 

and (b) torsional base motions 
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The earthquake recorded by (El Centro records, acc_NS) is subjected to the beam to carry 
out the dynamic response spectrum of a structure under base motion condition. El Centro 
records are tabulated, series of accelerations and the corresponding times are depicted in 
the table given by El Centro. In this table each 0.02 second the acceleration is registered, 
the earthquake total duration is 53 seconds. This data is transformed to frequency domain 
by applying Fourier Transformation, using the FFT algorithm implemented in Matlab. 
The original signal in time domain and the transformed signal in frequency domain are 
plotted and presented in Figure 3.14 given below.  

 

 

 
 

Figure 3.14: El Centro_NS signal in time and frequency domains. 
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By applying earthquake recorded signal (El Centro_NS) presented in Figure 3.14 as base 
motion (vEQ in y direction) of the simply supported beam depicted in Figure 3.13. In this 
example the beam is low damped. The displacement response spectrum of the beam 
midpoint is carried out using B3Dw element. Otherwise, to validate the present element 
the same model is studied using Abaqus commercial code and results are depicted in the 
same graph in Figure 3.15.  

 

 

Figure 3.15: Lateral displacement and torsional response spectra of the I beam 
midpoint, subjected to El Centro_NS earthquake signal. 
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By analyzing the response spectra results shown in Figure 3.15, it is remarkable that the 
response spectrum of the beam midpoint obtained by B3Dw match well with Abaqus 
ones. Thus, the efficiency of the present method can be significantly proved compared 
with Abaqus commercial code results.   

3.4.6 Forced vibration analysis of thin-walled beams doubly-
symmetrical section 

The dynamic behavior of a doubly-symmetric cross section under harmonic 3D forces is 
considered in this paragraph. To this aim, an IPE300 beam with two different boundary 
conditions (cantilever, simply supported) are studied in forced vibration analysis. The 
geometry and the martial data are available in Figure 3.16.  

 

Figure 3.16: Cantilever and simply supported beam with IPE300 cross section and 
applied loads Fy, Fz, Mx.  

 

To study the forced vibration behavior of these beams the following harmonic forces and 
moments are applied at the free end of the beam in the case of cantilever beam and at 
mid-point of the simply supported beam. The amplitude of the concentrated forces are Fy 
=1kN, Fz =1kN and torsional moment amplitude is given by Mx =1kNm. The Rayleigh 
damping coefficients are taken from literature for steel beams materials, as follows �D=���E 
=1*10-3�����7�K�H���E�H�D�P���U�H�V�S�R�Q�V�H���V�S�H�F�W�U�X�P���G�L�V�S�O�D�F�H�P�H�Q�W�V���D�Q�G���W�R�U�V�L�R�Q���D�Q�J�O�H���P�D�J�Q�L�W�X�G�H�V���D�W���W�K�H��
�I�U�H�H���H�Q�G���I�R�U���W�K�H���F�D�Q�W�L�O�H�Y�H�U���E�H�D�P���D�Q�G���D�W���W�K�H���P�L�G���S�R�L�Q�W���R�I���W�K�H���V�L�P�S�O�\���V�X�S�S�R�U�W�H�G���E�H�D�P���D�U�H��

Material properties:  
E=2.1E11, 
v=0.3,  
�U=7800. 
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Figure 3.17: Lateral response at the tip of the IPE300 cantilever beam under harmonic 
force Fy in frequency range 2<f<120 Hz. 
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Figure 3.18: Vertical response at the tip of the IPE300 cantilever beam under harmonic 
force Fz in frequency range 2<f<120 Hz.  

 

Figure 3.19: Torsion response at the tip of the IPE300 cantilever beam under harmonic 
momentum Mx in frequency range 2<f<120 Hz. 
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