
HAL Id: tel-02863666
https://hal.univ-lorraine.fr/tel-02863666v1

Submitted on 10 Jun 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Backward stochastic differential equations driven by
Gaussian Volterra processes

H Knani

To cite this version:
H Knani. Backward stochastic differential equations driven by Gaussian Volterra processes. Mathe-
matics [math]. Université de Lorraine; Université du Centre (Sousse, Tunisie), 2020. English. �NNT :
2020LORR0014�. �tel-02863666�

https://hal.univ-lorraine.fr/tel-02863666v1
https://hal.archives-ouvertes.fr


 
 
 
 
 
 
 

 
 
 
 

AVERTISSEMENT 
 
 

Ce document est le fruit d'un long travail approuvé par le jury de 
soutenance et mis à disposition de l'ensemble de la 
communauté universitaire élargie. 
 
Il est soumis à la propriété intellectuelle de l'auteur. Ceci 
implique une obligation de citation et de référencement lors de 
l’utilisation de ce document. 
 
D'autre part, toute contrefaçon, plagiat, reproduction  illicite 
encourt une poursuite pénale. 
 
Contact : ddoc-theses-contact@univ-lorraine.fr 
 
 
 
 
 

LIENS 
 
 
Code de la Propriété Intellectuelle. articles L 122. 4 
Code de la Propriété Intellectuelle. articles L 335.2- L 335.10 
http://www.cfcopies.com/V2/leg/leg_droi.php 
http://www.culture.gouv.fr/culture/infos-pratiques/droits/protection.htm 



Thèse

pour obtenir le grade de

DOCTEUR EN MATHÉMATIQUES ET APPLICATIONS DES
UNIVERSITÉS DE LORRAINE ET DE SOUSSE

par

Habiba KNANI

Backward stochastic differential equations
driven by Gaussian Volterra processes

soutenue le 7 mai 2020 devant le jury composé de

Directeur
de thèse

Pr. em. Marco DOZZI Université de Lorraine - France

Directeur
de thèse

Pr. Khalifa EL MABROUK Université de Sousse - Tunisie

Rapporteur Pr. Rafik AGUECH Université de Monastir - Tunisie

Examinatrice Pr. Marianne CLAUSEL Université de Lorraine - France

Examinateur Pr. Moez KHENISSI Université de Sousse - Tunisie

Examinateur Pr. Ivan NOURDIN Université du Luxembourg - Luxembourg

Institut Élie Cartan de Lorraine, Université de Lorraine, B.P. 70239, 54506
Vandœuvre-lès-Nancy Cedex



Contents

1 General introduction 1
1.1 Structure de la thèse . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Équations différentielles stochastiques rétrogrades dirigées par un processus de

Volterra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Présentation des résultats obtenus . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3.1 Compléments sur le calcul de Malliavin pour un processus de Volterra . . 4
1.3.2 Formule d’Itô . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3.3 Résolution de l’EDSR linéaire . . . . . . . . . . . . . . . . . . . . . . . 7
1.3.4 EDSR non-linéaire au cas uni-dimensionnel . . . . . . . . . . . . . . . . 8
1.3.5 Existence et unicité de la solution de l’EDSR non lineaire . . . . . . . . 11

1.4 Prépublications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.6 Perspectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 Gaussian Volterra processes 16
2.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3 Complements on Malliavin calculus for Volterra processes 22

4 Itô formula 29
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.2 A multi-dimensional Itô formula . . . . . . . . . . . . . . . . . . . . . . . . . . 29

5 Solvability of linear Backward Stochastic Differential Equation (BSDE) 40
5.1 Connection between partial differential equations and BSDEs . . . . . . . . . . . 40
5.2 Explicit solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
5.3 Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

6 Non linear BSDE in the one-dimensional case 55
6.1 Connection between partial differential equations and BSDEs revisited . . . . . . 55
6.2 Transfer formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
6.3 Assumptions and solution spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 67
6.4 Probabilistic methods for non linear BSDEs . . . . . . . . . . . . . . . . . . . . 70

6.4.1 Quasi-conditional expectation . . . . . . . . . . . . . . . . . . . . . . . 70
6.4.2 Clark-Ocone Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

6.5 Itô formula for stochastic integrals . . . . . . . . . . . . . . . . . . . . . . . . . 81

1



7 Existence and uniqueness of solutions for a class of non linear BSDEs 97
7.1 Existence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
7.2 Uniqueness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
7.3 Comparison Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

2





Acknowledgment

First and foremost, I thank god for giving me strength, knowledge, ability and opportunity to
undertake this research work and to continue and complete it satisfactorily. Without His bless-
ings, this achievement would not have been possible.

I would like to thank all members of the jury. I thank Professor Rafik AGUECH and Profes-
sor Marie-Claire QUENEZ for having accepted to be my thesis reviewers and for their insightful
comments and encouragement. I also thank Professor Marianne CLAUSEL, Professor Moez
KHENISSI and Professor Ivan NOURDIN for having accepted to be my thesis examiners.

I would like to express my deepest thanks and gratitude to my supervisor Marco DOZZI for
his continuous support, patience, motivation, and immense knowledge. His precious guidance
and fruitful ideas helped me all the time of my research and writing of my scientific papers as
well as this manuscript. His valuable advice, enthusiasm and constant support during this thesis
allowed me to acquire new understandings and to extend my experiences. I am deeply grateful
for the time we spent discussing many technical details of our work together.

I am also grateful to my supervisor Khalifa EL MABROUK for his encouragement. I am
thankful for this opportunity and for this experience.

I also want to give special thanks to the computer scientists of IECL, especially Bernard
SCHORP and Didier GEMMERLE, for their kind help and assistance. I am indebted to many
others persons for comments, discussions, criticism and encouraging enthusiasm: Elodie CUNAT,
Laurence QUIROT, Nathalie BENITO, Paola SCHNEIDER, Sabrina FERRY-TRITZ, Souad BOUTA-
GUERMOUCHET, Xavier ANTOINE, Pierre VALLOIS, Antoine LEJAY, Jean Rodolphe ROCHE,
Olivier GARET.

I am also very grateful for financial support by the University of Sousse and from the program
Hubert Curien ”Utique” of the ’French Ministry of Foreign Affairs’ and the ’Tunisian Ministry
of Education and Research’.

Last but not least, I would like to say some words in French.



II

Merci aux professeurs qui m’ont appris à faire des mathématiques et m’ont donnée envie de
poursuivre sur cette voie, la liste n’étant pas exhaustive : M. Mohamed SELMI, M. Khalifa EL
MABROUK, M. Moez KHENISSI, M. Ivan NOURDIN, M. Rafik AGUECH, M. Hamza CHAG-
GARA, M. Abdessatar BARHOUMI, Mme Sana HADJ AMOR.

Sur un plan plus personnel, je dédie cette thèse à la mémoire de mes grand-pères Baba Heggi
et Sidi et mes grands-mères qui se sont éteints sans que je puisse lui dire au revoir. Je ne vous
oublierai jamais, que le bon DIEU vous accueille dans son paradis.

Je dédie cette thèse à mes chers parents, Hedia et Jalel, symbole de la bonté par excellence et
source de tendresse. Merci pour vos sacrifices, vos prières et votre amour inconditionnel. Votre
bénédiction m’a permis de devenir ce que je suis aujourd’hui.
Maman, Papa, je vous dois tout. A 20 ans ou à 30 ans, vous êtes toujours là pour me soutenir. Que
Dieu vous préserve, car vous êtes mon trésor le plus inestimable. Je me bats pour vous et pour
des jours meilleurs, car vous avez tant sacrifié et vous m’avez tant soutenu. Je suis fière d’avoir
accomplis tout cela, grâce à vous et pour vous. Merci maman, merci papa.
J’espère avoir réussi à vous rendre fiers de moi. Je remercie également mon frère Anis.

Je dédie cette thèse aussi à Olivier FRANÇOIS pour ses encouragements et son soutien.
Merci d’être toujours là, dans les meilleurs comme dans les pires moments. J’ai toujours pu
compter sur toi et tes conseils avisés. Durant le premier semestre, j’ai passé une vraie expérience
d’enseignement avec toi que je ne l’oublierai jamais. Tu es un modèle de réussite personnelle et
professionnelle, et j’espère te ressembler un jour. Merci pour tout, car ta présence est si impor-
tante à mes yeux.

Finalement, je réserve mes derniers remerciements à toute ma famille et à tous ceux qui
m’aiment, je vous aime tellement.

Habiba Knani



"De la même façon que personne n’est capable d’expliquer pourquoi les étoiles sont belles,
c’est difficile d’exprimer la beauté des mathématiques."

Yoko Ogawa



Chapter 1

General introduction

Introduction, French version

Cette thèse porte sur les équations différentielles stochastiques rétrogrades (EDSR) dirigées
par un processus de Volterra.

L’objectif principal de cette thèse est l’étude de l’existence, de l’unicité et de la régularité de
la solution des EDSR dirigées par un processus de Volterra et la résolution explicite dans le cas
linéaire.

1.1 Structure de la thèse

Le titre de cette thèse porte sur les équations différentielles stochastiques rétrogrades. Ce type
d’équations est utilisé en mathématiques financières et en contrôle stochastique (voir par exemple
les travaux de S. Peng (1993) [29] et N. El Karoui, S. Peng et M.-C. Quenez (1997) [1]). C’est un
thème qui s’est beaucoup développé ces dernières années et qui trouve des applications dans de
nombreux domaines comme la biologie ou pour l’étude d’équations aux dérivées partielles. La
théorie liée à ces équations a été développée par E. Pardoux et S. Peng dès 1990 [28]. La prin-
cipale question sur la théorie des EDSR est l’existence et l’unicité des solutions. Ces équations
sont apparues en finance à partir de la formule de Black et Scholes par exemple dans le cas des
EDSR linéaires.

Cette thèse est organisée de la façon suivante:

1- Dans la section 1.2, nous présentons les équations différentielles stochastiques rétrogrades
dirigées par un processus de Volterra gaussien. Ensuite, nous résumons nos principaux résultats
développés dans cette thèse.

2- Dans le deuxième chapitre, nous définissons la classe des processus de Volterra étudiés dans
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cette thèse. Cette classe de processus contient des mouvements browniens multi-fractionnaires et
des processus d’Ornstein-Uhlenbeck multi-fractionnaires. Contrairement au mouvement brown-
ien fractionnaire où le paramètre de Hurst H est constant, il devient pour le mouvement brownien
multi-fractionnaire une fonction h supposée ici différentiable et à valeurs dans (1/2, 1).

3- Dans le troisième chapitre, nous définissons l’opérateur de dérivation ou dérivée de Malli-
avin. Nous utiliserons régulièrement ces outils. Le calcul de Malliavin est un calcul différentiel
sur l’espace de Wiener introduit par P. Malliavin en 1978 dans [2]. Nous citons en particulier les
livres de D. Nualart [26] et de I. Nourdin et G. Peccati [3].

4- Dans le quatrième chapitre, nous traitons la formule d’Itô multi-dimensionnelle pour un
processus de Volterra.

5- Dans le cinquième chapitre, nous développons la solution explicite des EDSR linéaires
dirigées par une classe de processus de Volterra introduite au chapitre 2 et notés par X . L’objectif
est d’obtenir la solution de l’EDSR linéaire avec l’EDP linéaire associée, dont la solution clas-
sique est explicitement donnée. Ceci généralise un résultat dans [7] obtenu pour le mouvement
brownien fractionnaire. Nous définissons l’intégrale stochastique par rapport à X comme une
intégrale de divergence et généralisons une formule d’Itô dans [5] au cas multi-dimensionnel. La
formule d’Itô est ensuite appliquée à la solution de l’EDP associée afin d’obtenir une solution de
l’EDSR. Une attention particulière est accordée au fait que la variance des processus de Volterra
n’est pas nécessairement une fonction croissante du temps, mais en général uniquement a varia-
tion bornée. La solution explicite de l’EDP associée contient cette variance, et elle est donnée par
une formule de type Feynman-Kac. L’application de cette formule aux EDSR est donc limitée
aux intervalles de temps où cette variance est croissante.

6- Dans le sixième chapitre, nous établissons le lien entre les EDP et les EDSR dans le cas non
linéaire. Dans un second temps, nous présentons les outils nécessaires pour prouver l’existence
et l’unicité de la solution. En fait, ces outils sont: les développements en chaos, l’espérance
quasi-conditionnelle, la formule de Clark-Ocone, et pour finir, nous introduisons une formule très
pratique qui est la formule d’Itô dans le cas stochastique.

7- Dans le septième chapitre, nous appliquons les résultats que nous avons vu dans le chapitre
précédent pour prouver l’existence et l’unicité de la solution des EDSR non linéaires.
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1.2 Équations différentielles stochastiques rétrogrades dirigées
par un processus de Volterra

Une équation différentielle stochastique rétrograde (EDSR) avec un générateur f : [0, T ]×R×
Rn → R, à valeur terminale ξT et dirigée par un processus stochastique X = (X1, ..., Xn) est
donnée par l’équation

Yt = ξT +

∫ T

t

f(s, Ys, Zs)ds+

∫ T

t

ZsdXs, 0 6 t0 6 t 6 T. (1.1)

Une solution est une paire de processus de carrés intégrables Y et Z = (Z1, ..., Zn) qui sont
adaptés à la filtration engendrée par X. Ces équations apparaissent particulièrement dans le con-
texte de la tarification des actifs et de la théorie de la couverture en finance et dans le contexte des
problèmes de contrôle stochastique [33], [1], [24]. Les EDSR peuvent être considérées comme
une alternative aux équations aux dérivées partielles connues d’avantage, car leurs solutions sont
liées aux solutions classiques ou aux solutions de viscosité des EDP associées. En conséquence,
les EDSR peuvent être utilisées pour la solution numérique des EDP non linéaires.

Suite au premier résultat d’existence et d’unicité démontré par E. Pardoux et S. Peng
[28], les EDSR non-linéaires ont été étudiées de façon approfondie. Pour une synthèse de ces
travaux de recherche, nous pouvons nous reporter aux manuels récents [11], [13], [27], [30], [33],
[36]. Plus récemment, des EDSR dirigées par des mouvements browniens fractionnaires ont été
étudiées (voir, par exemple, [7], [19], [18], [20], [25], [32], [34], [35]). Comme les mouve-
ments browniens fractionnaires (avec l’indice de Hurst H ∈ (0,1/2) ∪ (1/2,1)) ne sont ni des
martingales ni des processus de Markov, de nouvelles méthodes ont été développées pour mon-
trer l’existence et l’unicité de la solution de (1.1) dans certains espaces fonctionnels. L’intégrale
stochastique

∫ T
t
ZsdXs a souvent été définie comme une intégrale de divergence dans le cadre du

calcul de Malliavin et la notion d’espérance quasi-conditionnelle a été introduite, étant donné que
la notion classique d’espérance conditionnelle ne semble pas convenir à la preuve de l’existence
et de l’unicité des solutions aux EDSR dont le processus n’est pas une martingale ([26], Lemme
1.2.5). Très peu d’articles traitent des EDSR pour des processus gaussiens plus généraux ([8],
[9], [14]). Dans [8] l’intégrale stochastique

∫ T
t
ZsdXs a été définie dans le sens Wick-Itô, et

l’existence et l’unicité de la solution (1.1) a été prouvée pour une classe de processus gaussiens
incluant le mouvement brownien fractionnaire. La preuve est basée sur un théorème de transfert
qui vise à réduire la question de l’existence et de l’unicité de la solution à l’EDSR dirigée par le
mouvement brownien. Dans [9], les auteurs ont montré qu’on peut supposer la condition termi-
nale de carré intégrable si X est une martingale.

La principale motivation est l’étude de l’existence, de l’unicité et de la régularité de la solu-
tion des equations différentielles stochastiques rétrogrades dirigées par un processus de Volterra.
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Dans cette thèse, nous avons généralisé le résultat de C. Bender [7] où l’auteur a donné la
forme explicite de la solution de l’EDSR linéaire dirigée par un mouvement brownien fraction-
naire dans le cas uni-dimensionnel. Dans notre travail, nous avons généralisé ce résultat au cas
multi-dimensionnel et aux processus de Volterra. Puis, nous avons généralisé le résultat de L.
Maticiuc et T. Nie [25] sur l’existence et l’unicité de la solution de l’EDSR non linéaire uni-
dimensionnelle aux processus de Volterra.

Pour mettre en lumière les points importants, nous présentons dans cette introduction des
énoncés simplifiés de nos résultats. Des énoncés plus complets sont exposés dans les différents
chapitres présentés ci-après.

1.3 Présentation des résultats obtenus

Nous résumons les résultats obtenus et les notions que nous avons utilisé dans cette thèse.

1.3.1 Compléments sur le calcul de Malliavin pour un processus de Volterra

Soit W = (W 1, ...,W n) un mouvement brownien standard dans Rn, défini sur l’espace de prob-
abilité (Ω,F , P ) et soit F = {Ft ⊂ F , t ∈ [0, T ]} la filtration engendrée par W . On considère le
processus de Volterra X = (X1,..., Xn) donné par

Xj
t =

∫ t

0

Kj(t, s)dW j
s , j = 1,..., n, (1.2)

où Kj : [0,T ]2 → R est de carré intégrable et nous supposons Kj est du type de Volterra c’est-à-
dire Kj(t, s) = 0, pour tout t, s ∈ [0, T ] tel que s > t.

Kj satisfait aux conditions suivantes:
(H1) Kj(t, s) est continue pour tous 0 < s 6 t < T et continuement dérivable par rapport à

t, pour tous 0 < s < t < T ,
(H2) Ils existent des constantes 0 < αj, βj <

1
2

et cj > 0 tel que∣∣∣∂Kj

∂t
(t, s)

∣∣∣ 6 c(t− s)αj−1
( t
s

)βj
, pour tous 0 < s < t < T.

Le noyau K donné par (1.2) définit un opérateur linéaire dans L2([0,T ]) donné par (Kσ)t =∫ t
0
K(t, s)σsds, σ ∈ L2([0,T ]). Soit E l’ensemble des fonctions étagées sur [0,T ], et soit K∗T :

E → L2([0,T ]) défini par

(K∗Tσ)u :=

∫ T

u

σs
∂K

∂s
(s, u)ds. (1.3)

L’opérateur K∗T est l’adjoint de K ([5], Lemma 1).
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Soit H la fermeture des fonctions indicatrices 1[0,t], t ∈ [0,T ] par rapport au semi-produit
scalaire

< 1[0,t], 1[0,s] >H:=< K∗T1[0,t], K
∗
T1[0,s] >L2([0,T ]) .

L’opérateur K∗T est une isométrie entre H et un sous-espace de L2([0,T ]), et ‖ · ‖H est une
semi-norme surH. Soient

φ(r, s) :=

∫ inf(r,s)

0

∂K

∂r
(r, t)

∂K

∂s
(s, t)dt, r 6= s,

φ̃(r, s) :=

∫ inf(r,s)

0

∣∣∣∂K
∂r

(r, t)
∣∣∣∣∣∣∂K
∂s

(s, t)
∣∣∣dt, r 6= s.

Soit | H | la fermeture des fonctions indicatrices par rapport à la semi-norme

‖ ϕ ‖2
|H| =

∫ T

0

(∫ T

t

| ϕr |
∣∣∣∂K
∂r

(r, t)
∣∣∣dr)2

dt = 2

∫ T

0

dr

∫ r

0

dsφ̃(r, s) | ϕr || ϕs | .

Soit S l’ensemble des variables aléatoires de la forme F = f(X(ϕ1),...., X(ϕn)), où n > 1,
f ∈ C∞b (Rn) (f et ses dérivées sont bornées) et ϕ1,...,ϕn ∈ H. La dérivée au sens de Malliavin
de F est donnée par

DXF :=
n∑
j=1

∂f

∂xj
(X(ϕ1),...., X(ϕn))ϕj,

DX : Lp(Ω) −→ Lp(Ω;H) pour tout p > 1. Nous notons DX
1,p la fermeture de S par rapport à

la norme
‖F‖p1,p = E|F |p + E‖DXF‖pH. (1.4)

Nous appelons Dom(δX) l’ensemble des u ∈ L2(Ω,H) pour lesquels il existe une constante
c > 0 tel que ∣∣∣E[ < DXF, u >H

]∣∣∣ 6 c
√

E[F 2], pour tous F ∈ DX
1,2.

Soit SH la classe de variables aléatoires tel que u =
∑n

j=1 Fjhj (Fj ∈ S, hj ∈ H).

DX
1,p(| H |) est la complétion de S |H| sous la semi-norme

‖ u ‖p1,p,|H|:= E ‖ u ‖p|H| +E ‖ DXu ‖p|H|⊗|H| ,

où
‖ DXu ‖2

|H|⊗|H|=

∫
[0,T ]4

| DX
s ut || DX

t′ us′ | φ̃(s, s′)φ̃(t, t′)dsdtds′dt′. (1.5)

L’espace DX
1,2(| H |) est inclus dans le domaine de δX , et on a pour tout u ∈ DX

1,2(| H |),

E
(
δX(u)2

)
6 E ‖ u ‖2

|H| +E ‖ DXu ‖2
|H|⊗|H| .

Pour F ∈ S, soit

DX
s F :=

∫ T

0

φ(s, t)DX
t Fdt, s ∈ [0,T ]. (1.6)
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1.3.2 Formule d’Itô

Nous généralisons la formule d’Itô de [5] au cas multi-dimensionnel. Afin de présenter la for-
mule d’Itô, on a besoin des définitions suivantes:

Pour j = 1,..., n, soit σj une fonction bornée sur [0, T ] et bj ∈ C1((0, T ),R) ∩ C([0, T ],R).

Le processus N := (N1,..., Nn) est défini par

N j
t = bjt +

∫ t

0

σjsδX
j
s , t ∈ [0, T ], j = 1,..., n. (1.7)

Soit F ∈ C1,2([0, T ]× Rn) et supposons que

max
{∣∣∣F (t, x)

∣∣∣,∣∣∣∂F
∂t

(t, x)
∣∣∣,∣∣∣ ∂F
∂xj

(t, x)
∣∣∣,∣∣∣∂2F

∂x2
j

(t, x)
∣∣∣, j = 1,..., n

}
6 ceλ|x|

2

(1.8)

pour tout t ∈ [0, T ] et x ∈ Rn, où c, λ sont des constantes positives telles que λ < 1
4
min
i

( sup
t∈[0,T ]

V ar(N i
t ))
−1.

Cela implique

E
∣∣∣F (t, Nt)

∣∣∣2 6 c2Eexp(2λ|Nt|2)

=
c2

(2π)n/2

n∏
j=1

1

(V ar(N j
t ))1/2

∫
exp

(
2λx2

j −
1

2

(xj − bjt)2

V ar(N j
t )

)
dxj <∞,

et la même propriété est valable pour ∂/∂tF (t,x), ∂/∂xjF (t, x) et ∂2/∂x2
jF (t, x), j = 1,..., n.

Maintenant, nous énonçons la formule d’Itô:

Théorème 4.2.1 Soit N donné par (1.7). Supposons que, pour j = 1,..., n, le noyau Kj de
Xj satisfait (H1) et (H2), que bj ∈ C1((0, T ),R) ∩ C([0, T ],R), et que σ = {σjt , t ∈ [0, T ]} est
bornée. Si F ∈ C1,2([0, T ] × Rn) satisfait (1.8), alors ∂/∂xjF (·, N·) ∈ DXj

1,2(| Hj|), j = 1,..., n

et, pour tout t ∈ [0, T ],

F (t, Nt) = F (0, 0) +

∫ t

0

∂F

∂s
(s,Ns)ds+

n∑
j=1

∫ t

0

∂F

∂xj
(s,Ns)

( d
ds
bjsds+ σjsδX

j
s

)
+

1

2

n∑
j=1

∫ t

0

∂2F

∂x2
j

(s,Ns)
d

ds
V ar(N j

s )ds. (1.9)

Dans [5], les auteurs ont étudié la formule d’Itô dans le cas uni-dimensionnel. Notre motivation
dans cette partie est de donner une généralisation de la formule d’Itô au cas multi-dimensionnel
pour une fonction F qui satisfait (1.8).
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1.3.3 Résolution de l’EDSR linéaire

Nous montrons l’existence de la solution de l’EDSR linéaire en la ramenant à l’EDP associée,
puis nous présentons la forme explicite de la solution de l’EDSR linéaire dirigée par le processus
de Volterra donné par (1.2). Ce résultat généralise au cas multi-dimensionnel et aux processus de
Volterra le résultat de C. Bender [7].

Pour t0 > 0 notons par L2(F,Rn) l’ensemble des processus Z F-adaptés et à valeurs dans Rn

tel que E(
∫ T
t0
| Zt |2 dt) < ∞. Nous considérons l’EDSR linéaire pour les processus Y = (Yt,

t ∈ [t0, T ]) ∈ L2(F,R) et Z = ((Z1
t ,..., Z

n
t ), t ∈ [t0, T ]) ∈ L2(F,Rn) donnée par

Yt = g(NT )−
∫ T

t

[f̃(s) + A1(s)Ys − A2(s)Zs]ds+

∫ T

t

ZsδXs, t ∈ [t0,T ], (1.10)

où les fonctions g, f̃ , A1 etA2 := (A1
2,..., A

n
2 ) sont supposées connues et l’intégrale

∫ T
t
ZsδXs est

définie comme une intégrale de divergence. (1.10) est associé à l’EDP linéaire du second ordre
suivante avec condition terminale

∂u

∂t
(t, x) = −1

2

n∑
j=1

d

dt
V ar(N j

t )
∂2u

∂x2
j

(t, x) +
n∑
j=1

[σjtA
j
2(t)− d

dt
bjt ]

∂u

∂xj
(t, x) +A1(t)u(t, x) + f̃(t),

(1.11)
u(T, x) = g(x), (t, x) ∈ [t0, T )× Rn.

En appliquant la formule d’Itô (Théorème 4.2.1), nous montrons que

Yt := u(t, Nt) and Zj
t := −σjt

∂u

∂xj
(t, Nt), j = 1,..., n (1.12)

est une solution de (1.10).

Avant d’énoncer le résultat qui nous donne la forme explicite de la solution de l’EDP, nous
faisons les hypothèses suivantes:

(H3) Il existe des constantes c, C > 0 tels que c < σj < C, j = 1,..., n, and A1,f̃ , A2 sont
bornées.

(H4) g est continue, et il existe des constantes positives c′ et λ′ < min
j=1,...,n

(16 sup
t∈[0,T ]

V ar(N j
t ))−1

tel que | g(x) |6 c′eλ
′|x|2 pour tout x ∈ Rn.

(H5) d/dtV ar(N j
t ) > 0 pour tout t ∈ [t0, T ] et

∫ T
t0

(V ar(N j
T ) − V ar(N j

t ))−1/2dt < ∞, j =

1,..., n.

L’hypothèse (H5) est discutée à la fin du Chapitre 5.
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Maintenant, nous énonçons le théorème qui donne la forme explicite de la solution de l’EDP:

Théorème 5.2.1 Nous supposons (H1)-(H5), et soit v(t, z) = (2πt)−1/2 exp(−z2/2t). Alors
la solution de (1.10) (Y, (Z1,..., Zn)) est donnée par (1.12) , avec

u(t, x) = −
∫ T

t

exp
(∫ t

s

A1(r)dr
)
f̃(s)ds+ exp

(
−
∫ T

t

A1(s)ds
)

×
∫
Rn
g(y)

n∏
j=1

v
(
V ar(N j

T )− V ar(N j
t ), xj −

∫ T

t

(σjsA
j
2(s)− d

ds
bjs)ds− yj

)
dy.

(1.13)

Ce théorème se démontre en appliquant le Lemme 5.2.2 qui assure que l’hypothèse (1.8) du
Théorème 4.2.1 est satisfaite pour F remplacé par u. La preuve du Théoreme 5.2.1 s’appuie sur
un raisonnement similaire à celui de C. Bender [7], pour montrer la solution explicite de l’EDP
(1.11) associée à l’EDSR (1.10).
L’unicité de la soluion de l’EDSR (1.10) suit de l’unicité de la solution de l’EDP (1.11) associée.

Lemme 5.2.2 Soit u donné par (1.13). Alors, ils existent des constantes positives M et λ <
min
j=1,...n

(4 sup
t∈[0,T ]

V ar(N j
t ))−1 tel que

1) | u(t, x) |6Meλ|x|
2
, (t, x) ∈ [t0, T ]× Rn,

2)
∣∣∣ ∂u∂xj (t, x)

∣∣∣ 6M(V ar(N j
T )− V ar(N j

t ))−1/2eλ|x|
2
, (t, x) ∈ [t0, T )× Rn,

3)
∣∣∣∂2u∂x2j

(t, x)
∣∣∣ 6M(V ar(N j

T )− V ar(N j
t ))−1eλ|x|

2
, (t, x) ∈ [t0, T )× Rn.

La solution u de l’EDP satisfait donc la condition de croissance exponentielle. Elle satisfait la
même hypothèse (H4) que la condition terminale de l’EDSR. Nous pouvons démontrer le lemme
en appliquant la condition sur g.

1.3.4 EDSR non-linéaire au cas uni-dimensionnel

D’abord nous revisitons le lien entre les EDSR et l’EDP associée dans le cas où f n’est pas
nécessairement linéaire. Dans un second temps, nous présentons les outils probabilistes pour
prouver l’existence et l’unicité de la solution de l’EDSR non linéaire.
Nous considérons le processus de Volterra défini sur l’espace de probabilité (Ω,F ,P), et donné
par Xt =

∫ t
0
K(t, s)dWs, t ∈ [0, T ]. Soit F = {Ft ⊂ F , t ∈ [0, T ]} la filtration engendrée par X

sous P. Le processus N est donné par

Nt =

∫ t

0

σsδXs, t ∈ [0, T ]. (1.14)
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(1.14) est un cas particulier de (1.7) (pour n = 1 et b = 0).
Nous supposons que la fonction σ est bornée sur [0, T ] et que d

dt
V ar(Nt) est strictement positive.

Nous considérons l’EDSR non linéaire pour les processus Y = (Yt, t ∈ [t0, T ]) et Z = (Zt,

t ∈ [t0, T ]) donnée par

Yt = g(NT ) +

∫ T

t

f(s,Ns, Ys, Zs)ds+

∫ T

t

ZsδXs, t ∈ [t0, T ]. (1.15)

(1.15) est associé à l’EDP du second ordre avec la condition terminale:∂u
∂t

(t, x) = −1
2
d
dt
V ar(Nt)

∂2u
∂x2

(t, x)− f(t, x, u(t, x),−σt ∂u∂x(t, x)),

u(T, x) = g(x), (t, x) ∈ [t0, T ]× R.
(1.16)

Supposons que (1.16) admet une solution classique u qui satisfait (1.8). En appliquant la
formule d’Itô (Théorème 4.2.1) pour u(t, Nt), nous obtenons

du(t, Nt) =
[∂u
∂t

(t, Nt)dt+
1

2

d

dt
V ar(Nt)

∂2u

∂x2
(t, Nt)

]
dt+ σt

∂u

∂x
(t, Nt)δXt.

Puis, nous remplaçons ∂u
∂t

(t, Nt) par l’expression de l’EDP (1.16). En posant Yt = u(t, Nt) et
Zt = −σt ∂u∂x(t, Nt), nous obtenons que (Y, Z) est une solution de l’EDSR

du(t, Nt) = −f(t,Nt, u(t,Nt),− σt
∂u

∂x
(t, Nt))dt+ σt

∂u

∂x
(t, Nt)δXt.

Ceci démontre l’existence de la solution de l’EDSR (1.15) en l’associant à l’EDP (1.16).

La notion de l’espérance quasi-conditionnelle est introduite dans la Section 6.3.2. Ce type
d’espérance s’exprime en fonction de la décomposition en chaos. La notion de l’espérance con-
ditionnelle classique ne nous permet pas de prouver l’existence et l’unicité de la solution de
l’EDSR (1.15) si X n’est pas une martingale. Maintenant, le lemme suivant donne une formule
très pratique en utilisant la notion de l’espérance quasi-conditionnelle et sera appliqué dans la
démonstration de l’existence de la solution de l’EDSR (1.15).

Lemme 6.4.7 Soit s, t ∈ [0, T ] tel que 0 6 t < s 6 T. Soit k une fonction réelle continue
à croissance polynomiale et nous supposons que V ar(N.) est croissante. Alors F := k(Ns) ∈
L2(Ω,F ,P) et

Ê[F |Ft] = PV ar(Ns)−V ar(Nt)k(Nt), 0 6 t < s 6 T. (1.17)

où Ptk(x) =

∫
R
pt(x− y)k(y)dy avec pt(x) = 1√

2πt
e−x

2/2t, t > 0.

La preuve de ce lemme se base sur la propriété de semi-groupe de P. Ce lemme joue un rôle
important dans la preuve de la Proposition 7.1.1.
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Nous donnons une formule de type de Clark-Ocone qui nous permet de construire la solution
(Yt, Zt) de l’EDSR (1.18).

Proposition 6.4.13 Soit F ∈ DX
1,2 et nous supposons que Ê

[
F | Ft

]
∈ DX

1,2, pour tout

t ∈ [0, T ]. Alors F = E[F ] +

∫ t

0

Ê
[
DX
s F | Fs

]
δXs.

Cette proposition généralise aux processus de Volterra la formule de Clark-Ocone pour le
brownien.

Soit Ck,lpol([0, T ]×Rm) l’espace des fonctions h ∈ Ck,l sur [0, T ]×Rm tel que h et ses dérivées
sont à croissance polynomiale.
Nous introduisons l’espace suivant:

VT = {Y. = w(.,N.);w ∈ C1,3
pol([0, T ]× R) avec

∂w

∂t
∈ C0,1

pol([0, T ]× R)}.

Nous donnons la formule d’Itô la plus importante dans notre contexte.

Théorème 6.5.1 Soit u ∈ VT et f ∈ C0,1
pol([0, T ]× R). Nous notons fs = f(s,Ns), s ∈ [0, T ].

Soit

Ct = C0 +

∫ t

0

fsds+

∫ t

0

usδXs, t ∈ [0, T ].

Alors
i) uC1[0,s] ∈ Dom(δX),

ii) Cs ∈ DX
1,2, s ∈ [0, T ],

iii) (DX
s Cs)s∈[0,T ] ∈ L2([0, T ]× Ω),

et

C2
t = C2

0 + 2

∫ t

0

Csfsds+ 2

∫ t

0

CsusδXs + 2

∫ t

0

usDX
s Csds, a.s. t ∈ [0, T ].

Cette formule d’Itô s’applique au carré de processus qui sont la somme d’une intégrale de
divergence et d’une intégrale de Lebesgue. Ce résultat est très utile dans la preuve de l’existence
et l’unicité de la solution de l’EDSR (1.15). La partie difficile de la démonstration est la formule
suivante pour le carré de l’intégrale Mt =

∫ t
0
usδXs.

M2
t = 2

∫ t

0

MsusδXs + 2

∫ t

0

usDX
s Msds, t ∈ [0, T ].

Sa démonstration est basée essentiellement sur les propriétés du calcul de Malliavin.
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Les hypothèses qui suivent servent à démontrer l’existence et l’unicité de la solution de (1.15)
sans faire référence à l’EDP associée. Nous formulons maintenant les hypothèses sur σ, f, g dans
(1.15)

(H6) σ : R −→ R est une fonction continue déterministe telle que σt 6= 0, pour tout t ∈ [0, T ].

Soit

σ̂t =

∫ t

0

φ(t, r)σrdr, t ∈ [0, T ].

De plus, nous supposons qu’il existe ε : [0, T ] −→ R+ continue tel quemε(s) 6 σ̂s
σs
6Mε(s), s ∈

[0, T ] pour certaines constantes m,M > 0 et tel que 1
ε

est intégrable sur [t, T ], t > 0.

(H7) La fonction f : [0, T ] × R3 −→ R appartient à l’espace C0,1
pol([0, T ] × R3). Nous

supposons en plus qu’il existe une constante L tel que, pour tout t ∈ [0, T ], x, y1, y2, z1, z2 ∈ R,

| f(t, x, y1, z1)− f(t, x, y2, z2) |6 L(| y1 − y2 | + | z1 − z2 |),

et

E
[ ∫ T

0

| f(t, Nt, 0, 0) |2 dt
]
<∞.

(H8) ξ = g(NT ), où g ∈ C1
pol(R).

L’hypothèse (H6) est discutée dans la Remarque 6.3.1.

Soit ṼT,ε la complétion de VT sous la norme suivante

‖ Y ‖2
ε=

∫ T

0

ε(t)E | Yt |2 dt.

Pour ε = 1 on a la norme de L2([0, T ]× Ω).

1.3.5 Existence et unicité de la solution de l’EDSR non lineaire

Nous supposons que la variance de Nt soit croissante. Les résultats qui suivent généralisent à
des processus de Volterra les résultats de L. Maticiuc et T. Nie [25].

Existence

Nous commençons par considérer l’équation suivante:

Yt = ξ +

∫ T

t

f(s,Ns, χ(s,Ns), ψ(s,Ns))ds+

∫ T

t

ZsδXs, 0 6 t0 6 t 6 T. (1.18)
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où χ, ψ ∈ VT .

Nous démontrons l’existence et l’unicité de la solution de (1.18) par la proposition suivante:

Proposition 7.1.1 Sous les hypothèses (H1), (H2), (H6), (H7), (H8), (1.18) a une unique
solution (Y, Z) ∈ VT × VT . De plus, si K∗T est injective, la solution a la forme suivante

(Yt, Zt) = (u(t, Nt),−σt
∂

∂x
u(t, x), où u ∈ VT .

Cette proposition se démontre comme suit:
Dans un premier temps, nous avons construit la solution de l’EDSR (Y, Z) à l’aide de la formule
de Clark-Ocone, puis nous avons prouvé que (Y, Z) ∈ VT × VT .
Dans un deuxième temps, sous l’hypothèse de l’injectivité de K∗T la partie Z de la solution est
donnée par Zt = −σt ∂∂xu(t, Nt) où Yt = u(t, Nt).

Avant d’énoncer le résultat principal, nous donnons une estimation qui sera utile dans la suite.
Elle permettra de construire une suite de Cauchy et de démontrer l’existence de la solution de
(1.15).

Proposition 7.1.2 Supposons que K∗T est injective et que les hypothèses (H1), (H2), (H6),
(H7), (H8) sont satisfaites. Pour tous (U, V ) ∈ VT × VT , soit (Y, Z) ∈ VT × VT , l’unique
solution de l’EDSR

Yt =

∫ T

t

f(s,Ns, Us, Vs)ds+

∫ T

t

ZsδXs, 0 6 t 6 T.

Alors, pour tout β > 0, il existe C(β) ∈ R+ (dépendant de L, T et ε de (H6)) tel que

sup
t∈[0,T ]

e2βtE | Yt |2 +

∫ T

0

e2βsE | Ys |2 ds+

∫ T

0

e2βsε(s)EZ2
sds

6 C(β)
(∫ T

0

e2βsE | Us |2 ds+

∫ T

0

e2βsε(s)E | Vs |2 ds+

∫ T

0

e2βsE | f(s,Ns, 0, 0) |2 ds
)
.

(1.19)

De plus, la constante C(β) pourra être choisie de telle sorte que lim
β→∞

C(β) = 0.

Cette estimation se démontre en appliquant le Théorème 6.5.1 à Ee2βt | Yt |2 et en utilisant la
condition de Lipschitz sur f et (H6).
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Maintenant, nous énonçons le théorème qui assure l’existence de la solution de l’EDSR (1.15).

Théorème 7.1.3 Supposons que K∗T est injective. Sous les hypothèses (H1), (H2), (H6), (H7),
(H8), l’EDSR

Yt = ξ +

∫ T

t

f(s,Ns, Ys, Zs)ds+

∫ T

t

ZsδXs, 0 < t0 6 t 6 T. (1.20)

a une solution (Y, Z) ∈ ṼT,1 × ṼT,ε.

La preuve du théorème est basée sur l’estimation (1.19) en appliquant le principe du point
fixe.

Unicité

Avant d’énoncer le résultat principal de l’unicité, nous introduisons les espaces suivants:

M = {K/Kt = KT +

∫ T

t

vsds+

∫ T

t

usδXs, t ∈ [0, T ] avec u ∈ VT , vs = v(s,Ns), où v ∈

C0,1
pol([0, T ]× R}.

Soit Sf l’ensemble des (Y, Z) ∈ ṼT,1 × ṼT,ε tel que, pour tout t ∈ (0, T ],

(i) E | Yt |2 +2

∫ T

t

σ̂s
σs

E | Zs |2 ds = E | ξ |2 +2

∫ T

t

E
[
Ysf(s,Ns, Ys, Zs)

]
ds.

(ii) E[YtKt]−E
∫ T

t

[
− σ̂s
σs
us+DX

s Ks

]
Zsds = E[ξ.KT ]+E

∫ T

t

[
Ksf(s,Ns, Ys, Zs)+Y (s)vs

]
ds,K ∈M.

Si Y est une solution de (1.15) et que nous appliquons la formule d’Itô (Théorème 6.5.1) à Y 2,
nous obtenons (i). De plus, si K est la solution de l’équation du même type que (1.15), une
application de la formule d’Itô (Théorème 6.5.1) à K nous donne (ii). Sf semble donc un choix
naturel pour l’espace des solutions de (1.15).

Théoreme 7.2.2 Supposons que K∗T est injective. Sous les hypothèses (H1), (H2), (H6), (H7),
(H8), l’EDSR (1.20) admet une unique solution (Y, Z) ∈ Sf .

La preuve du théorème s’appuie sur la formule d’Itô (Théorème 6.5.1). Pour démontrer
l’unicité nous supposons qu’il existe deux solutions (Y, Z) et (Ỹ , Z̃) ∈ Sf , et nous appliquons la
formule d’Itô (Théorème 6.5.1) à Y − Ỹ . Ensuite, nous appliquons l’inégalité de Gronwall pour
conclure.
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1.4 Prépublications

Le contenu de cette thèse a fait l’objet des prépublications suivantes:

H. KNANI, M. DOZZI ([22]) Linear Backward Stochastic Differential Equations with Gaus-
sian Volterra processes. Soumis pour publication.

H. KNANI ([21]) Partial differential equations associated to non-linear backward stochastic
differential equations with Gaussian Volterra processes. Soumis pour publication.

Un autre papier sur l’EDSR non linéaire est en cours de préparation:

H. KNANI (2020) Non-linear backward stochastic differential equations with Gaussian Volterra
processes. (En préparation)

1.5 Conclusions

Dans le cas linéaire, l’existence d’une solution classique de l’EDP (1.11) associée à l’EDSR
(1.10) est démontrée en donnant la formule explicite de la solution sous les hypothèses (H1)-
(H5). La formule d’Itô donne le lien entre les solutions de l’EDSR et de l’EDP associée, sous la
condition de croissance exponentielle de la solution de l’EDP. Cette condition est satisfaite grâce
à l’hypothèse que la condition terminale satisfait la même hypothèse de croissance.

La question de l’existence et de l’unicité de la solution est plus complexe dans le cas non-
linéaire. Nous étudions deux approches: (i) avec l’EDP associée, (ii) par des méthodes proba-
bilistes sans faire référence à l’EDP associée. Dans les deux cas on ne peut pas (pour le moment)
se passer de l’injectivité de K∗T (Lemme 6.1.6).

(i) On suppose qu’il existe une solution classique u de l’EDP (1.16) associée, et on en déduit
une solution de l’EDSR (1.15). Sous l’hypothèse de l’injectivité de K∗T la partie Z de la solution
est donnée par Zt = −σt ∂∂xu(t, Nt), où Yt = u(t, Nt). La question de l’unicité n’est pas traitée en
détail, elle peut être traitée pour l’EDP associée. L’hypothèse de l’injectivité a été discutée dans
la Remarque 6.1.7. Le théorème de comparaison donné en Section 7.3 s’inscrit dans ce contexte.

(ii) La preuve se fait en 2 étapes: en un premier temps dans VT pour l’équation préliminaire
(7.1). Cette solution a la même structure que la solution obtenue par l’EDP associée et nécessite
l’injectivité de K∗T seulement pour la preuve que Zt = −σt ∂∂xu(t, Nt), u ∈ VT .
La seconde étape est l’existence et l’unicité de la solution (Y, Z) ∈ VT,1×VT,ε de l’EDSR (1.15)
sous l’hypothèse d’injectivité de K∗T , et l’unicité est démontrée dans la classe de processus don-
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née par Sf (Section 7.2). On connaît donc l’intégrabilité, mais pas la régularité de Y et Z. Cela
fait penser à une solution non classique (éventuellement de viscosité) de l’EDP associée.

Pour les deux parties (i) et (ii) on suppose que le générateur fait partie de C0,1
pol([0, T ]×R3) et

qu’il est Lipschitz en les 2 dernières variables (uniformément dans les deux premières). Nous ne
pensons donc pas qu’une des deux méthodes (i) et (ii) est plus performante que l’autre.
Jusqu’à présent les EDSR ont été étudiées principalement pour le brownien et le brownien frac-
tionnaire. L’objectif principal de ce travail est d’étendre cette étude à une classe de processus
gaussiens de Volterra.

1.6 Perspectives

Concernant les perspectives apparaissant de ce travail, nous pouvons envisager les questions suiv-
antes:
1) Remplacer Nt =

∫ t
0
σsδXs +

∫ t
0
bsds par une l’EDS suivante:

Nt = N0 +

∫ t

0

σ(Ns)δXs +

∫ t

0

b(Ns)ds,

avec σ, b linéaires. Résoudre l’EDS explicitement et résoudre l’EDSR appelée forward-backward
en anglais.
Les EDS non linéaires n’ont pas encore été traitées pour les processus de Volterra.

2) Étude de l’application des EDSR dirigées par des processus de Volterra dans le contrôle
stochastique (optimisation stochastique). Étude des applications plus récentes en biologie et en
actuariat, traitées jusqu’à présent pour les EDSR dirigées par un brownien seulement.

3) Étude des EDSR "mixtes", c’est-à-dire les EDSR dirigées par un brownien et un processus
fractionnaire simultanément. Ces deux processus modélisent des aléas différents dans l’évolution
du système décrit par l’EDSR.

4) La solution numérique des EDSR dans le cas non linéaire, en un premier temps avec la
solution classique de l’EDP associée.

5) Affaiblir les conditions sur le générateur dans (ii). L’existence d’une solution classique de
l’EDP associée n’est alors plus garantie. Remplacer par exemple la condition de Lipschitz par
une condition de monotonie. Ceci a été fait pour les EDSR dirigées par un brownien seulement.



Chapter 2

Gaussian Volterra processes

In this Chapter, we introduce a class of Gaussian Volterra processes and give some examples,
including multifractional Brownian motion and multifractional Ornstein-Uhlenbeck processes.

2.1 Definition

Let X = {Xt, 0 6 t 6 T} be a zero mean continuous Gaussian process given by

Xt =

∫ T

0

K(t, s)dWs (2.1)

where W = {Wt, 0 6 t 6 T} is a standard Brownian motion and K : [0, T ]2 → R is a square
integrable kernel, i.e.

∫
[0,T ]2

K(t, s)2dtds < +∞. We assume that K is of Volterra type, i.e,
K(t, s) = 0 whenever t < s. Usually, the representation (2.1) is called a Volterra representation
of X . Gaussian Volterra processes and their stochastic analysis have been studied e.g. in [5], [12]
and [31]. In [5] K is called regular if it satisfies

(H) For all s ∈ (0, T ],
∫ T

0
| K | ((s, T ], s)2ds <∞, where | K | ((s, T ], s) denotes the total

variation of K(., s) on (s, T ].
We assume the following condition on K which is more restrictive than (H) ([5], [12]):
(H1) K(t, s) is continuous for all 0 < s 6 t < T and continuously differentiable in the

variable t in 0 < s < t < T ,
(H2) For some 0 < α, β < 1

2
, there is a finite constant c > 0 such that∣∣∣∂K

∂t
(t, s)

∣∣∣ 6 c(t− s)α−1
( t
s

)β
, for all 0 < s < t < T.

The covariance function of X is given by

R(t, s) := EXtXs =

∫ inf(t,s)

0

K(t, u)K(s, u)du. (2.2)
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2.2 Examples

We discuss some examples of Gaussian Volterra processes that satisfy (H1) and (H2).

Example 1. The multi-fractional brownian motion (mbm) (Bh(t)
t , 0 6 t 6 T ) with Hurst

function h : [0, T ]→ [a, b] ⊂ (1
2
, 1). Its kernel is given by [10]

K(t, s) = s1/2−h(t)

∫ t

s

(y − s)h(t)−3/2yh(t)−1/2dy for all s < t, (2.3)

where h is assumed to be continously differentiable with bounded derivative.
Otherwise K(t, s) = 0.

Furthermore

∂K

∂t
(t, s) = h′(t)s

1
2
−h(t)

∫ t

s

(y − s)h(t)− 3
2yh(t)− 1

2 ln((
y

s
− 1)y)dy + s

1
2
−h(t)(t− s)h(t)− 3

2 th(t)− 1
2 .

A straightforward calculation shows that (H2) is satisfied with α = a − 1
2
, β = b + ε − 1

2
with ε

small enough and c depends on a, b, T and ε. Let us verify (H2). Indeed,

Notice that (y
s
− 1)y = 1 iff y∗ = s

2

(
1 +

√
1 + 4

s

)
.

Case 1. (y
s
− 1)y > 1. For ε > 0 and small enough we get∣∣∣∣∂K∂t (t, s)

∣∣∣∣ 6∣∣∣h′(t)∣∣∣s 1
2
−h(t)

∫ t

y∗
(y − s)h(t)− 3

2yh(t)− 1
2 ln((

y

s
− 1)y)dy + s

1
2
−h(t)(t− s)h(t)− 3

2 th(t)− 1
2

6
∣∣∣h′(t)∣∣∣s 1

2
−h(t)

∫ t

y∗
(y − s)h(t)− 3

2yh(t)− 1
2 ln((

y

s
− 1)y)dy + s

1
2
−h(t)(t− s)h(t)− 3

2 th(t)− 1
2

6 Cε

∣∣∣h′(t)∣∣∣s 1
2
−h(t)

∫ t

y∗
(y − s)h(t)− 3

2yh(t)− 1
2 (y − s)ε

(y
s

)ε
dy + s

1
2
−h(t)(t− s)h(t)− 3

2 th(t)− 1
2

6 Cε

∣∣∣h′(t)∣∣∣ ∫ t

y∗
(y − s)h(t)− 3

2
+ε
(y
s

)ε+h(t)− 1
2
dy +

( t
s

)h(t)− 1
2
(t− s)h(t)− 3

2

6 Cε

∣∣∣h′(t)∣∣∣( t
s

)ε+h(t)− 1
2 (t− s)h(t)− 3

2
+ε

h(t)− 1
2

+ ε
(t− s) +

( t
s

)h(t)− 1
2
(t− s)h(t)− 3

2

• If t− s < 1, we get∣∣∣∣∂K∂t (t, s)

∣∣∣∣ 6 Cε

∣∣∣h′(t)∣∣∣( t
s

)ε+h(t)− 1
2 (t− s)h(t)− 3

2

a− 1
2

+ ε
+
( t
s

)h(t)− 1
2
(t− s)h(t)− 3

2

6 Cε

∣∣∣h′(t)∣∣∣( t
s

)ε+h(t)− 1
2 (t− s)h(t)− 3

2

a− 1
2

+ ε
+
( t
s

)h(t)− 1
2

+ε

(t− s)h(t)− 3
2

6 cε,T

( t
s

)ε+h(t)− 1
2
(t− s)h(t)− 3

2

6 cε,T

( t
s

)b+ε− 1
2
(t− s)a−

3
2 .
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Consequently, for some 0 < α, β < 1
2

such that α = a − 1
2
, β = b + ε − 1

2
and ε > 0, there is a

finite constant cε,T > 0 such that∣∣∣∂K
∂t

(t, s)
∣∣∣ 6 cε,T (t− s)α−1

( t
s

)β
, t ∈ (s, T ].

• If t− s > 1, we obtain∣∣∣∣∂K∂t (t, s)

∣∣∣∣ 6 Cε

∣∣∣h′(t)∣∣∣( t
s

)ε+h(t)− 1
2 (t− s)h(t)− 3

2

a− 1
2

(t− s)ε+1 +
( t
s

)h(t)− 1
2
(t− s)h(t)− 3

2

6 Cε

∣∣∣h′(t)∣∣∣( t
s

)ε+h(t)− 1
2 (t− s)h(t)− 3

2

a− 1
2

T ε+1 +
( t
s

)h(t)− 1
2

+ε

(t− s)h(t)− 3
2

6 c′ε,T

( t
s

)h(t)− 1
2

+ε

(t− s)h(t)− 3
2

6 c′ε,T

( t
s

)b− 1
2

+ε

(t− s)b−
3
2 .

Consequently, for some 0 < α, β < 1
2

such that α = b − 1
2
, β = b + ε − 1

2
and ε > 0, there is a

finite constant c′ε,T > 0 such that∣∣∣∂K
∂t

(t, s)
∣∣∣ 6 c′ε,T (t− s)α−1

( t
s

)β
, t ∈ (s, T ].

Case 2. 0 < (y
s
− 1)y < 1. For ε > 0 and small enough we get∣∣∣∣∂K∂t (t, s)

∣∣∣∣ 6 ∣∣∣h′(t)∣∣∣s 1
2
−h(t)

∫ y∗

s

(y − s)h(t)− 3
2yh(t)− 1

2

∣∣∣ln((
y

s
− 1)y)

∣∣∣dy + s
1
2
−h(t)(t− s)h(t)− 3

2 th(t)− 1
2

6
∣∣∣h′(t)∣∣∣s 1

2
−h(t)

∫ y∗

s

(y − s)h(t)− 3
2yh(t)− 1

2Cε

[
(
y − s
s

)y
]−ε

dy + s
1
2
−h(t)(t− s)h(t)− 3

2 th(t)− 1
2

6 Cε

∣∣∣h′(t)∣∣∣ ∫ y∗

s

(y − s)h(t)− 3
2
−ε
(y
s

)h(t)− 1
2
−ε
dy + (t− s)h(t)− 3

2

( t
s

)h(t)− 1
2

6 Cε

∣∣∣h′(t)∣∣∣(y∗
s

)h(t)− 1
2
−ε
∫ y∗

s

(y − s)h(t)− 3
2
−εdy + (t− s)h(t)− 3

2

( t
s

)h(t)− 1
2

6 Cε

∣∣∣h′(t)∣∣∣( t
s

)h(t)− 1
2
−ε (y∗ − s)h(t)− 1

2
−ε

h(t)− 1
2
− ε

+ (t− s)h(t)− 3
2

( t
s

)h(t)− 1
2

6 Cε

∣∣∣h′(t)∣∣∣( t
s

)h(t)− 1
2
−ε (t− s)h(t)− 1

2
−ε

h(t)− 1
2
− ε

+ (t− s)h(t)− 3
2

( t
s

)h(t)− 1
2

6 Cε

∣∣∣h′(t)∣∣∣( t
s

)h(t)− 1
2
−ε (t− s)h(t)− 3

2
−ε(t− s)

a− 1
2
− ε

+ (t− s)h(t)− 3
2

( t
s

)h(t)− 1
2
.
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• If t− s < 1, we get∣∣∣∣∂K∂t (t, s)

∣∣∣∣ 6 Cε

∣∣∣h′(t)∣∣∣( t
s

)h(t)− 1
2 (t− s)h(t)− 3

2 (t− s)1−ε

a− 1
2
− ε

+ (t− s)h(t)− 3
2

( t
s

)h(t)− 1
2

6 Cε

∣∣∣h′(t)∣∣∣( t
s

)h(t)− 1
2

+ε (t− s)h(t)− 3
2

a− 1
2
− ε

+ (t− s)h(t)− 3
2

( t
s

)h(t)− 1
2

6 Cε,T

( t
s

)ε+h(t)− 1
2
(t− s)h(t)− 3

2

6 Cε,T

( t
s

)b+ε− 1
2
(t− s)a−

3
2 .

Consequently, for some 0 < α, β < 1
2

such that α = a − 1
2
, β = b + ε − 1

2
and ε > 0, there is a

finite constant Cε,T > 0 such that∣∣∣∂K
∂t

(t, s)
∣∣∣ 6 Cε,T (t− s)α−1

( t
s

)β
, t ∈ (s, T ].

• If t− s > 1, we get∣∣∣∣∂K∂t (t, s)

∣∣∣∣ 6 Cε

∣∣∣h′(t)∣∣∣( t
s

)h(t)− 1
2 (t− s)h(t)− 3

2 (t− s)
a− 1

2
− ε

+ (t− s)h(t)− 3
2

( t
s

)h(t)− 1
2

6 C ′ε,T

( t
s

)h(t)− 1
2

+ε

(t− s)h(t)− 3
2

6 C ′ε,T

( t
s

)b− 1
2

+ε

(t− s)b−
3
2 .

Consequently, for some 0 < α, β < 1
2

such that α = b − 1
2
, β = b + ε − 1

2
and ε > 0, there is a

finite constant C ′ε,T > 0 such that∣∣∣∂K
∂t

(t, s)
∣∣∣ 6 C ′ε,T (t− s)α−1

( t
s

)β
, t ∈ (s, T ].

The mbm defined by (2.3) generalizes fractional brownian motion (fbm) with Hurst index
H > 1/2. Mbm is a more flexible model than fbm since the Hölder continuity of its trajectories
varies with h. The trajectories of mbmB

h(·)
· are in fact locally Hölder continous of order h(t) at t.

Example 2. The multi-fractional Ornstein-Uhlenbeck process U = {Ut, 0 6 t 6 T} given

by Ut =

∫ t

0

e−θ(t−s)dBh(s)
s , where θ > 0 is a parameter and Bh is the mbm of Example 1. The

kernel of U is given by

K(t, r) =

∫ t

r

e−θ(t−s)
∂K

∂s
(s,r)ds = K(t, r)− θ

∫ t

r

e−θ(t−s)K(s,r)ds for all r < t,
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otherwise K(t, r) = 0.

In fact we have∫ t

0

K(t, r)dWr =

∫ t

0

K(t,r)dWr − θ
∫ t

0

(∫ t

r

e−θ(t−s)K(s, r)ds

)
dWr

= B
h(t)
t − θ

∫ t

0

e−θ(t−s)Bh(s)
s ds.

An integration by parts gives the representation of U. We notice that in the framework of the
divergence integral (Chapter 3) the integral with respect to mbm can be reduced to an integral
with respect to brownian motion. (H2) is satisfied with the same values of α and β as in Example
1.
In fact, we have

∂

∂t
K(t, r) =

∂

∂t
K(t, r) +

∫ t

r

θe−θ(t−s)
∂

∂s
K(s, r)ds.

Therefore ∣∣∣∂K
∂t

(t,r)
∣∣∣ 6 ∣∣∣∂K

∂t
(t, r)

∣∣∣+ θ

∫ t

r

∣∣∣∂K
∂s

(s, r)
∣∣∣ds.

But ∣∣∣∂K
∂t

(t, r)
∣∣∣ 6 c(t− r)α−1

( t
r

)α
and ∫ t

r

∣∣∣∂K
∂s

(s, r)
∣∣∣ds 6 cr−α

∫ t

r

(s− r)α−1sαds

= c
( t
r

)α
(t− r)α.

Therefore, ∣∣∣∂K
∂s

(s, r)
∣∣∣ 6 c(t− r)α−1

( t
r

)α(
1 + c(t− r)

)
and therefore K satisfies (H2).

Example 3. The Liouville multi-fractional Brownian motion (LmBm) (B
L,h(t)
t , t ∈ [0,T ])

with Hurst function h as in Example 1. Its kernel is given by K̃(t, r) = (t− r)h(t)− 1
2 1(0,t](r). We

have

∂K̃
∂t

(t, r) =
∂

∂t

[(
h(t)− 1

2

)
ln(t− r)

]
(t− r)h(t)− 1

2 1(0,t](r)

=
[
h′(t)ln(t− r) +

(
h(t)− 1

2

) 1

t− r

]
(t− r)h(t)− 1

2 1(0,t](r).



Chapter 2. Gaussian Volterra processes 21

If t− r > 1, we obtain∣∣∣∂K̃
∂t

(t, r)
∣∣∣ 6 ∣∣∣h′(t)ln(t− r) +

(
h(t)− 1

2

) 1

t− r

∣∣∣(t− r)h(t)− 1
2 1(0,t](r)

6
(∣∣∣h′(t)∣∣∣(t− r)ε + (b− 1

2
)

1

t− r

)
(t− r)h(t)− 1

2 1(0,t](r)

=
(∣∣∣h′(t)∣∣∣(t− r)ε+1 + (b− 1

2
)
)

(t− r)h(t)− 3
2 1(0,t](r)

6
(∣∣∣h′(t)∣∣∣(t− r)h(t)+ε+ 1

2 + (b− 1

2
)
)

(t− r)h(t)− 3
2

6 CT (t− r)h(t)− 3
2

( t
r

)h(t)− 1
2

6 CT (t− r)b−
3
2

( t
r

)b− 1
2
.

Consequently, for some 0 < α, β < 1
2

such that α = β = b − 1
2

and ε > 0, there is a finite
constant CT > 0 such that∣∣∣∂K

∂t
(t, s)

∣∣∣ 6 CT (t− s)α−1
( t
s

)β
, t ∈ (s, T ].

If t− r < 1, we have∣∣∣∂K̃
∂t

(t, r)
∣∣∣ 6 ∣∣∣h′(t)ln(t− r) +

(
h(t)− 1

2

) 1

t− r

∣∣∣(t− r)h(t)− 1
2 1(0,t](r)

6
(∣∣∣h′(t)∣∣∣(t− r)−ε + (b− 1

2
)

1

t− r

)
(t− r)h(t)− 1

2 1(0,t](r)

=
(∣∣∣h′(t)∣∣∣(t− r)−ε+1 + (b− 1

2
)
)

(t− r)h(t)− 3
2 1(0,t](r)

6 cT (t− r)h(t)− 3
2

( t
r

)h(t)− 1
2

6 cT (t− r)a−
3
2

( t
r

)b− 1
2
.

Consequently, for some 0 < α, β < 1
2

such that α = a− 1
2
, β = b− 1

2
and ε > 0, there is a finite

constant cT > 0 such that∣∣∣∂K
∂t

(t, s)
∣∣∣ 6 cT (t− s)α−1

( t
s

)β
, t ∈ (s, T ].

For a proof of (H2) under a different assumption on h′ we refer to [12].



Chapter 3

Complements on Malliavin calculus for
Volterra processes

In this Chapter, we give some complements on the Malliavin calculus for Gaussian Volterra pro-
cesses. The definitions of the Malliavin derivative and the divergence integral are classical, but
we introduce several functional spaces that will be used in the following chapters, in particular
for the proof of Itô’s formula. The space H (Definition 3.0.2) introduced in this Chapter may be
understood as a representation of the classical space known as reproducing kernel Hilbert space.

The kernelK in (2.1) defines a linear operator in L2([0,T ]) given by (Kσ)t =
∫ t

0
K(t, s)σsds,

σ ∈ L2([0,T ]). Let E be the set of step functions of [0,T ], and let K∗T : E → L2([0,T ]) be defined
by

(K∗Tσ)u :=

∫ T

u

σs
∂K

∂s
(s, u)ds. (3.1)

The operator K∗T is the adjoint of K ([5], Lemma 1).

Remarks 3.0.1. a) For s > t, we have (K∗Tσ1[0,t])s = 0, and we will denote (K∗Tσ1[0,t])s by
(K∗t σ)s where K∗t is the adjoint of the operator K in the interval [0,t].

b) IfK(u, u) = 0 for all u ∈ [0,T ], (K∗T1[0,r])u = K(r, u) for u < r. Indeed, if u 6 r, we have

(K∗T1[0,r])u =

∫ T

u

1[0,r](s)
∂K

∂s
(s, u)ds =

∫ r

u

∂K

∂s
(s, u)ds.



Chapter 3. Complements on Malliavin calculus for Volterra processes 23

Therefore

R(t,s) = E
[
XtXs

]
=

∫ inf(t,s)

0

(K∗T1[0,t])u(K
∗
T1[0,s])udu

=< K∗T1[0,t],K
∗
T1[0,s] >L2([0,T ]) .

For σ, σ̃ ∈ E this may be extended to

X(σ) :=

∫ T

0

(K∗Tσ)sdWs and E
[
X(σ)X(σ̃)

]
=< K∗Tσ,K

∗
T σ̃ >L2([0,T ]) .

Definition 3.0.2. LetH be the closure of the linear span of the indicator functions 1[0,t], t ∈ [0,T ]

with respect to the semi-inner product

< 1[0,t], 1[0,s] >H:=< K∗T1[0,t], K
∗
T1[0,s] >L2([0,T ]) .

The operator K∗T is an isometry betweenH and a closed subspace of L2([0,T ]), and ‖ · ‖H is
a semi-norm onH. Furthermore, for ϕ, ψ ∈ H,

< K∗Tϕ,K
∗
Tψ >L2([0,T ]) =

∫ T

0

(K∗Tϕ)t(K
∗
Tψ)tdt

=

∫ T

0

∫ T

t

ϕr
∂K

∂r
(r, t)dr

∫ T

t

ψs
∂K

∂s
(s, t)dsdt

=

∫ T

0

∫ T

0

(∫ inf(r,s)

0

∂K

∂r
(r, t)

∂K

∂s
(s, t)dt

)
ϕrψsdsdr.

For further use let

φ(r, s) :=

∫ inf(r,s)

0

∂K

∂r
(r, t)

∂K

∂s
(s, t)dt, r 6= s, (3.2)

φ̃(r, s) :=

∫ inf(r,s)

0

∣∣∣∂K
∂r

(r, t)
∣∣∣∣∣∣∂K
∂s

(s, t)
∣∣∣dt, r 6= s. (3.3)

Note that φ(r, s) = ∂2/∂s∂rR(r, s) (r 6= s) (φ may be infinite on the diagonal r = s). Let | H |
be the closure of the linear span of indicator functions with respect to the semi-norm given by

‖ ϕ ‖2
|H| =

∫ T

0

(∫ T

t

| ϕr |
∣∣∣∂K
∂r

(r, t)
∣∣∣dr)2

dt = 2

∫ T

0

dr

∫ r

0

dsφ̃(r, s) | ϕr || ϕs | . (3.4)

We briefly recall some basic elements of the stochastic calculus of variations with respect to X.
We refer to [3] and [26] for a more complete presentation. Let S be the set of random variables
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of the form F = f(X(ϕ1),...., X(ϕn)), where n > 1, f ∈ C∞b (Rn) (f and its derivatives are
bounded) and ϕ1,...,ϕn ∈ H. The derivative of F

DXF :=
n∑
j=1

∂f

∂xj
(X(ϕ1),...., X(ϕn))ϕj,

is anH-valued random variable, and DX is a closable operator from Lp(Ω) to Lp(Ω;H) for all
p > 1. We denote by DX

1,p the closure of S with respect to the norm

‖F‖p1,p = E|F |p + E‖DXF‖pH. (3.5)

We denote by Dom(δX) the subset of L2(Ω,H) composed of those elements u for which there
exists a positive constant c such that∣∣∣E[ < DXF, u >H

]∣∣∣ 6 c
√

E[F 2], for all F ∈ DX
1,2. (3.6)

For u ∈ L2(Ω;H) inDom(δX), δX(u) is the element in L2(Ω) defined by the duality relationship

E
[
FδX(u)

]
= E

[
< DX

· F, u· >H

]
, F ∈ DX

1,2. (3.7)

We also use the notation
∫ T

0
utδXt for δX(u). A class of processes that belong to the domain

of δX is given as follows: let SH be the class of H-valued random variables u =
∑n

j=1 Fjhj

(Fj ∈ S, hj ∈ H).

In the same way DX
1,p(| H |) is defined as the completion of S |H| under the semi-norm

‖ u ‖p1,p,|H|:= E ‖ u ‖p|H| +E ‖ DXu ‖p|H|⊗|H| ,

where
‖ DXu ‖2

|H|⊗|H|=

∫
[0,T ]4

| DX
s ut || DX

t′ us′ | φ̃(s, s′)φ̃(t, t′)dsdtds′dt′. (3.8)

The space DX
1,2(| H |) is included in the domain of δX , and we have, for u ∈ DX

1,2(| H |),

E
(
δX(u)2

)
6 E ‖ u ‖2

|H| +E ‖ DXu ‖2
|H|⊗|H| .

For F ∈ S, let

DX
s F :=

∫ T

0

φ(s, t)DX
t Fdt, s ∈ [0,T ]. (3.9)

Then (3.9) implies∫
[0,T ]2

DX
s utDX

t vsdsdt =

∫
[0,T ]4

DX
s utD

X
t′ vs′φ(s, s′)φ(t, t′)dsdtds′dt′. (3.10)
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Proposition 3.0.3. Let f , g ∈ DX
1,2(| H |). Then the integrals δX(f) and δX(g) exist in L2(Ω) and

E
[
δX(f)δX(g)

]
= E < f, g >H +

∫ T

0

ds

∫ T

0

dtE
[
DX
t fsDX

s gt

]
. (3.11)

Remark. With the choice f = g, Proposition 3.0.3 implies DX
1,2(| H |) ⊂ dom(δX). In fact,

for f ∈ DX
1,2(| H |), by Proposition 3.0.3, we get

E
(
δX(f)2

)
= E ‖ f ‖2

H +

∫ T

0

ds

∫ T

0

dtE[DX
t fsDX

s ft]

6 E ‖ f ‖2
|H| +E

∫ T

0

ds

∫ T

0

dt

∫ T

0

dt′
∫ T

0

ds′φ(t, t′)Dt′fsφ(s, s′)Ds′ft

6 E ‖ f ‖2
|H| +E

∫ T

0

ds

∫ T

0

dt

∫ T

0

dt′
∫ T

0

ds′φ̃(t, t′) | Dt′fs | φ̃(s, s′) | Ds′ft |

6 E ‖ f ‖2
|H| +E

∫ T

0

ds

∫ T

0

dt

∫ T

0

dt′
∫ T

0

ds′φ̃(t′, t)φ̃(s, s′) | Dt′fs || Ds′ft |

= E ‖ f ‖2
|H| +E ‖ DXf ‖2

|H|⊗|H| .

We denote by LX1,2(| H |) the space | H |- valued random variables such that

‖ u ‖2
LX1,2(|H|):= E ‖ u ‖2

|H| +E
∫ T

0

∫ T

0

| DX
s ut |2 dsdt <∞.

Remark. LX1,2(| H |) ⊂ dom(δX). In fact,

E
(
δX(f)2

)
= E ‖ f ‖2

H +

∫ T

0

ds

∫ T

0

dtE[DX
t fsDX

s ft]

6 E ‖ f ‖2
|H| +

1

2

∫ T

0

ds

∫ T

0

dtE | DX
t fs |2 +

1

2

∫ T

0

ds

∫ T

0

dtE | DX
s ft |2

= E ‖ f ‖2
|H| +E

∫ T

0

ds

∫ T

0

dtE | DX
t fs |2 .

For the proof of Proposition 3.0.3 we need the following lemma.

Lemma 3.0.4. Let G ∈ DX
1,2 and f ∈ dom(δX). Then

E
[
δX(f)G

]
=

∫ T

0

E
[
ftDX

t G
]
dt.

Proof of the Lemma.

E
[
δX(f)G

]
= E

[
< DX

· G, f· >H

]
= E

[
< (K∗TD

XG)·, (K
∗f)· >L2([0,T ])

]
= E

[ ∫ T

0

dt

∫ T

t

du1fu1
∂K

∂u1

(u1, t)

∫ T

t

du2D
X
u2
G
∂K

∂u2

(u2, t)
]

= E
[ ∫ T

0

du1fu1

∫ T

0

du2D
X
u2
Gφ(u1, u2)

]
= E

[ ∫ T

0

fu1DX
u1
Gdu1

]
. �
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Proof of Proposition 3.0.3. Let first f, g ∈ S |H|. If f =
∑n

j=1 Fjhj, Fj ∈ S, hj ∈| H |,
lemma 2.2 in [26] shows that

δX(f) =
n∑
j=1

(
FjX(hj)− 〈DXFj, hj〉H

)
∈ S.

A straightforward calculation shows DX
. δ

X(f) ∈ S |H| and δX(DX
. f) ∈ S |H|. Moreover, by

means of the notion of directional derivatives ([26], p.27), one shows〈
f·, D

X
· (δX(g))

〉
H =

〈
f·, δ

X(DX
· g) + g·

〉
H .

Therefore

E
[
δX(f)δX(g)

]
= E

〈
f·, D

X
· (δX(g))

〉
H = E < f, g >H +E

〈
f·, δ

X(DX
· g)

〉
H ,

Moreover

E
〈
f·, δ

X(DX
· g)

〉
H = E

[∫ T

0

(K∗Tf)u
(
K∗T δ

X(DX
· g)

)
u
du

]
= E

[∫ T

0

du

∫ T

u

dsfs
∂K

∂s
(s, u)

∫ T

u

drδX(DX
r g)

∂K

∂r
(r, u)

]
= E

[∫ T

0

ds

∫ T

0

drfsδ
X(DX

r g)

(∫ r∧s

0

∂K

∂s
(s, u)

∂K

∂r
(r, u)du

)]
= E

[∫ T

0

ds

∫ T

0

drfsδ
X(DX

r g)φ(s, r)

]
=

∫ T

0

ds

∫ T

0

drE[fsδ
X(DX

r g)]φ(s, r)

=

∫ T

0

ds

∫ T

0

drE
[
< DX

r g., D
X
. fs >H

]
φ(s, r)

=

∫ T

0

ds

∫ T

0

drE
[
< K∗TD

X
r g., K

∗
TD

X
. fs >L2([0,T ])

]
φ(s, r)

=

∫ T

0

dsE
[
< K∗T

∫ T

0

DX
r g.φ(s, r)dr,K∗TD

X
. fs >L2([0,T ])

]
=

∫ T

0

dsE <

∫ T

0

DX
r g.φ(s, r)dr,DX

. fs >H=

∫ T

0

dsE
[
fsδ

X

(∫ T

0

DX
r g.φ(s, r)dr

)]
=

∫ T

0

dsE
[
fsδ

X
(
DX
s g.
)]

=

∫ T

0

ds

∫ T

0

dtE
[
DX
s gtDX

t fs
]
,

where we have used the preceding lemma in the last equality. This proves (3.11) for f, g ∈
S |H|.

Let now f ∈ DX
1,2(| H |). There exists a sequence (fn)n∈N ⊂ S |H| such that, as n → ∞,

fn → f in L2(Ω,H) and DXfn → DXf in L2(Ω,H⊗H). Therefore δX(fn) converges in
L2(Ω). By proposition 1.3.6 in [26] the limit is δX(f). �
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Appendix

The aim of this annex is to show that the space H in Definition 3.0.2 is in fact a representation
of the more classical reproducing kernel Hilbert space (RKHS) (see e.g. [4]) generated by the
Gaussian Volterra process X. Let us recall that the RKHS is the closure with respect to the norm
‖ · ‖H defined below of the class Ẽ of functions given by

Ẽ = {f : [0,T ]→ R, f(·) =
n∑
i=1

aiR(si, ·), ai ∈ R, si ∈ [0,T ], n > 1}.

Consider the inner product 〈·, ·〉H on Ẽ given by

〈f, g〉H =

〈
n∑
i=1

aiR(si, ·),
m∑
j=1

bjR(tj, ·)

〉
H

:=
n∑
i=1

m∑
j=1

aibjR(si,tj).

The fact that R is non-negative definite implies that 〈f,f〉H > 0 for all f ∈ Ẽ . Furthermore,

f(t) =
n∑
i=1

aiR(si, t) =

〈
n∑
i=1

aiR(si, t), R(t, ·)

〉
H

= 〈f,R(t,·)〉H ,

and
| f(t) |2=| 〈f,R(t, ·)〉H |26 〈f, f〉H〈R(t, ·), R(t, ·)〉H ,

where the inequality is the Cauchy-Schwartz inequality for semi-inner products. Thus, if
〈f, f〉H = 0, then f = 0 for all t ∈ [0,T ]. Consequently 〈f, g〉H defines an (proper) inner product
and a norm on Ẽ . The closure of Ẽ under this norm is called the RKHS of X or R and denoted
by H. In fact, for (fn)n=1 ⊂ Ẽ ,

| fn(t)− fm(t) |2=| 〈fn − fm,R(t,·)〉H |26‖ fn − fm ‖2
H‖ R(t,·) ‖2

H=‖ fn − fm ‖2
H R(t,t).

Therefore, if (fn)n=1 is a Cauchy sequence with respect to ‖ · ‖H , it is also pointwise Cauchy.

Lemma 3.0.5. With f,g as above,

〈f, g〉H =

〈
n∑
i=1

ai1[0,si],

m∑
j=1

bj1[0,tj ]

〉
H

.

ThereforeH may be understood as a representation of H.

Proof.

f(t) =
n∑
i=1

aiR(si, t) =
n∑
i=1

aiE[XsiXt] =
n∑
i=1

ai

∫ si∧t

0

(K∗T1[0,si])u(K
∗
T1[0,t])udu

=
n∑
i=1

∫ si∧t

0

∫ T

u

∂

∂v
K(v,u)ai1[0,si](v)dv(K∗T1[0,t])udu
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=

∫ T

0

n∑
i=1

ai1[0,si](v)

∫ v∧t

0

∂

∂v
K(v, u)(K∗T1[0,t])ududv

=

∫ T

0

n∑
i=1

ai1[0,si](v)

∫ v∧t

0

∂

∂v
K(v, u)

∫ T

u

∂

∂w
K(w, u)1[0,t](w)dwdudv

=

∫ T

0

n∑
i=1

ai1[0,si](v)

∫ T

0

1[0,t](w)

∫ w∧v

0

∂

∂v
K(v, u)

∂

∂w
K(w, u)dudwdv

=

∫ T

0

n∑
i=1

ai1[0,si](v)

∫ T

0

1[0,t](w)φ(w, v)dwdv

=

〈
K∗T (

n∑
i=1

ai1[0,si]), K
∗
T1[0,t])

〉
L2([0,T ])

=

〈
n∑
i=1

ai1[0,si],1[0,t])

〉
H

.

Therefore

〈f, g〉H =
n∑
i=1

m∑
j=1

aibjR(si, tj) =
m∑
j=1

bjf(tj)

=
m∑
j=1

bj

〈
n∑
i=1

ai1[0,si], 1[0,tj ])

〉
H

=

〈
n∑
i=1

ai1[0,si],
m∑
j=1

bj1[0,tj ])

〉
H

. �

Consider now h ∈ H with ‖ h ‖H= 0, and let (hn)n=1 ⊂ E such that ‖ hn ‖H→ 0 as
n→ +∞. Let (fn)n=1 ⊂ Ẽ be the sequence associated to (hn)n=1. Then

0 = lim
n→∞

‖ fn ‖H= lim
n→∞

n∑
i=1

n∑
j=1

ani a
n
jR(sni ,s

n
j ) = lim

n→∞
E(

n∑
i=1

aniXsni
)2 = lim

n→∞
EX(fn)2 = EX(f)2.

Therefore X(f) = 0 P − a.s.



Chapter 4

Itô formula

In this Chapter, we prove an Itô formula for multidimensional gaussian Volterra processes. It will
be used in Chapter 5 to solve explicitely the partial differential equation associated to a linear
BSDE and to derive the solution of the BSDE. Another Itô formulated that will be needed for non
linear BSDEs appears in Chapter 6.

4.1 Introduction

Let W = (W 1,...,W n) a standard brownian motion in Rn, defined on the probability space
(Ω,F , P ), and let F = {Ft ⊂ F , t ∈ [0,T ]} be the filtration generated by W and augmented by
the P -null sets. We consider the Rn-valued Volterra processes X = (X1,..., Xn) given by

Xj
t =

∫ t

0

Kj(t, s)dW j
s , j = 1,..., n, (4.1)

where Kj : [0,T ]2 → R satisfies the conditions (H1) and (H2). Let σj, j = 1,...,n be bounded
functions on [0,T ], and let bj ∈ C1((0,T ),R) ∩ C([0,T ],R), j = 1,..., n. The process N :=

(N1,..., Nn) is defined by

N j
t = bjt +

∫ t

0

σjsδX
j
s , t ∈ [0,T ], j = 1,..., n. (4.2)

We are now in a position to prove the Itô Formula that will be used in the next Chapter.

4.2 A multi-dimensional Itô formula

Let F ∈ C1,2([0,T ]× Rn) and suppose that

max
(∣∣∣F (t, x)

∣∣∣, ∣∣∣∂F
∂t

(t, x)
∣∣∣, ∣∣∣ ∂F
∂xj

(t, x)
∣∣∣, ∣∣∣∂2F

∂x2
j

(t, x)
∣∣∣, j = 1,..., n

)
6 ceλ|x|

2

(4.3)
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for all t ∈ [0,T ] and x ∈ Rn,where c, λ are positive constants such that λ < 1
4
min
j

( sup
t∈[0,T ]

V ar(N j
t ))−1.

This implies

E
∣∣∣F (t, Nt)

∣∣∣2 6 c2Eexp(2λ|Nt|2)

=
c2

(2π)n/2

n∏
j=1

1

(V ar(N j
t ))1/2

∫
exp

(
2λx2

j −
1

2

(xj − bjt)2

V ar(N j
t )

)
dxj <∞,

and the same property holds for ∂/∂tF (t, x), ∂/∂xjF (t, x) and ∂2/∂x2
jF (t, x), j = 1,..., n.

Theorem 4.2.1. Let N be given by (4.2), and suppose that, for j = 1,...,n, the kernels Kj of Xj

satisfy (H1) and (H2), bj ∈ C1((0,T ),R) ∩ C([0,T ],R), and σ = {σjt , t ∈ [0,T ], j = 1,..., n} is
bounded. If F ∈ C1,2([0,T ] × Rn) satisfies (4.3), ∂/∂xjF (·, N·) ∈ DXj

1,2(| Hj|), j = 1,..., n and,
for all t ∈ [0,T ],

F (t, Nt) = F (0, 0) +

∫ t

0

∂F

∂s
(s,Ns)ds+

n∑
j=1

∫ t

0

∂F

∂xj
(s,Ns)

( d
ds
bjsds+ σjsδX

j
s

)
+

1

2

n∑
j=1

∫ t

0

∂2F

∂x2
j

(s,Ns)
d

ds
V ar(N j

s )ds. (4.4)

Remarks. a) A more general model for N than in Section 4.1 is

Ñ i
t = bit +

n∑
j=1

∫ t

0

σ̃i,js δX
j
s , i = 1,...,n, (4.5)

where σ̃ = (σ̃i,jt , i,j = 1,..., n) is a matrix of bounded functions σ̃i,j defined on [0, T ]. Let
Ñ = (Ñ1,..., Ñn). The components of Ñ are dependent since Ñ i depends not only on a single
random perturbation X i, but on the others Xj (j 6= i) as well. The model of Section 4.1 may be
recovered by choosing the matrix σ̃ diagonal with functions σj := σ̃j,j in the diagonal. An Itô
formula can be shown for F (t,Ñt) too, but, instead of the variances of N, the covariances of Ñ
appear now in the second order term. It reads

F (t, Ñt) = F (0, 0) +

∫ t

0

∂F

∂s
(s, Ñs)ds+

n∑
i=1

∫ t

0

∂F

∂xi
(s, Ñs)

( d
ds
bisds+

n∑
j=1

σ̃i,js δX
j
s

)
+

1

2

n∑
i=1

n∑
j=1

∫ t

0

∂2F

∂xi∂xj
(s, Ñs)

d

ds
Cov(Ñ i

s, Ñ
j
s )ds. (4.6)

Two problems arise with this model. The first is to find a positive constant λ in the growth

condition (4.3) that implies E
∣∣∣F (t, Ñt)

∣∣∣2 < ∞. It seems therefore that (4.6) can be shown for

F ∈ C1,2
b ([0, T ] × Rn) only, i.e. if F and its derivatives are bounded, a hypothesis that is in

general too restrictive for an application to the solution u of the PDE (5.2). The second problem
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is that, in order to get the solution of the BSDE (5.1) with Ñ , the derivatives of the variances of
N in the second order term of (5.2) should be replaced by the derivatives of the covariances of Ñ ,
and it would be necessary to assume that the matrix ( d

dt
Cov(Ñ i

t , Ñ
j
t ), i, j = 1,..., n) is positive

definite, a hypothesis which seems to be restrictive (see also the remark below). For this reason
we prefer to consider BSDEs with N given by (4.2). We notice that

V ar(N j
t ) = E

(∫ t

0

(
K∗,jt σj

)
s
δW j

s

)2

=

∫ t

0

(
K∗,jt σj

)2

s
ds, and

d

dt
V ar(N j

t ) = 2σjtD
j
tN

j
t ,

b) In the model where σ̃ is diagonal, X i and Xj are defined with independent brownian
motions W i and W j if i 6= j. This differs from the model where all the Volterra processes X

j
are

defined with the same brownian motion W as follows:

X
j

t =

∫ t

0

Kj(t, s)δW s, N
j

t = bjt +

∫ t

0

σjsδX
j

s, t ∈ [0,T ], j = 1,..., n.

In this case the processes N
j

are correlated, and the matrix ( d
dt
Cov(N

i

t, N
j

t), i, j = 1,..., n) is
not diagonal. For n = 2 a direct verification shows that this matrix is negative (semi-)definite.

Proof of Theorem 4.2.1
1. Let us first show that ∂/∂xjF (·, N·) ∈ δX

j for all j = 1,..., n. For this we show that
∂/∂xjF (·, N·) ∈ DXj

1,2(| Hj |), where Hj is the space defined in Chapter 3 with X replaced
by Xj . The terms φj and φ̃j refer now to the kernel Kj of Xj. The constants in the inequalities
below may vary from line to line. By (3.4)

E
∥∥∥ ∂F
∂xj

(., N.)
∥∥∥2

Hj
= E

∫ T

0

(∫ T

s

∣∣∣ ∂F
∂xj

(t, Nt)
∣∣∣∣∣∣∂Kj

∂t
(t, s)

∣∣∣dt)2

ds

6 cjE
∫ T

0

(∫ T

s

exp(λ | Nt |2)(t− s)αj−1
( t
s

)βj
dt
)2

ds

Applying Hölder’s inequality to 1 < pj <
1

1−αj < 2 and qj its conjugate, we get(∫ T

s

exp(λ | Nt |2)(t−s)αj−1
( t
s

)βj
dt
)2

6
(∫ T

s

exp(qjλ | Nt |2)dt
) 2
qj

(∫ T

s

(t−s)pj(αj−1)
( t
s

)pjβj
dt
) 2
pj .

Then

E
(∫ T

0

exp(qjλ | Nt |2)dt
) 2
qj 6 E

(∫ T

0

exp(qjλ sup
t∈[0,T ]

| Nt |2)dt
) 2
qj

6 T 2/qj

n∏
i=1

E exp(2λ sup
t∈[0,T ]

(N i
t )

2)dt <∞ (see [15]),

for λ < 1
4
min
i

( sup
t∈[0,T ]

V ar(N i
t ))
−1.

Moreover, we will to prove
∫ T

0

( ∫ T
s

(t− s)pj(αj−1)
(
t
s

)pjβj
dt
) 2
pj ds <∞. In fact,∫ T

s

(t− s)pj(αj−1)
( t
s

)pβj
dt = s−pjβj

∫ T

s

(t− s)pj(αj−1)tpjβjdt
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6 s−pjβj
∫ T

s

(t− s)pj(αj−1)T pjβjdt

= s−pjβT pjβj
(T − s)pj(αj−1)+1

pj(αj − 1) + 1
.

Therefore∫ T

0

(∫ T

s

(t− s)pj(αj−1)
( t
s

)pjβj
dt
) 2
pj ds =

T 2βj(
pj(αj − 1) + 1

) 2
pj

∫ T

0

(
s−pjβj(T − s)pj(αj−1)+1

) 2
pj ds

=
T 2βj(

pj(αj − 1) + 1
) 2
pj

∫ T

0

s−2βjT
2(αj−1)+ 2

pj

(
1− s

T

)2(αj−1)+ 2
pj ds

=
T 2βjT

2(αj−1)+ 2
pj(

pj(αj − 1) + 1
) 2
pj

∫ 1

0

u−2βjT−2βj(1− u)
2(αj−1)+ 2

pj Tdu

=
T

2(αj−1)+ 2
pj

+1(
pj(αj − 1) + 1

) 2
pj

B(1− 2βj, 2(αj − 1) +
2

pj
+ 1).

It remains to show that E
∥∥∥DXj ∂F

∂xj
(., N.)

∥∥∥
|Hj |⊗|Hj |

<∞. By (3.8)

E
∥∥∥DXj ∂F

∂xj
(., N.)

∥∥∥2

|Hj |⊗|Hj |

= E
∫

[0,T ]4

∣∣∣DXj

s

∂F

∂xj
(t, Nt)

∣∣∣∣∣∣DXj

t′
∂F

∂xj
(s′, Ns′)

∣∣∣φ̃j(s, s′)φ̃j(t, t′)dsdtds′dt′
= E

∫
[0,T ]4

∣∣∣∂2F

∂x2
j

(t, Nt)σ
j
s

∣∣∣∣∣∣∂2F

∂x2
j

(s′, Ns′)σ
j
t′

∣∣∣φ̃j(s, s′)φ̃j(t, t′)dsdtds′dt′
6 c

∫ T

0

dt

∫ T

0

ds′

[
E
(
∂2F

∂x2
j

(t, Nt)

)2

+ E
(
∂2F

∂x2
j

(s′, Ns′)

)2
]∫ T

0

dt′φ̃j(t, t′)

∫ T

0

dsφ̃j(s′, s).

By (4.3),

E
(
∂2F

∂x2
j

(t, Nt)

)2

6 cE exp(2λ | Nt |2) 6 c′
n∏
i=1

(1− 4λV ar(N i
t ))
−1/2,

and by the choice of λ the right side stays bounded in t ∈ [0,T ]. The finiteness of the remaining
integrals follows from (H1), (H2) applied to Kj.

2. We proceed to the proof of the Itô formula. Let

N j,ε
t = bjt+

∫ t

0

(∫ t

s

σjr
∂Kj

∂r
(r+ε, s)dr

)
δW j

s = bjt+

∫ t

0

(∫ r

0

σjr
∂Kj

∂r
(r+ε, s)δW j

s

)
dr, ∀t 6 T−ε.
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Then, F (t, N1,ε
t ,...,Nn,ε

t ) has locally bounded variation, and we can write

dF (t, N1,ε
t ,..., Nn,ε

t ) = ∂F
∂t

(t, N1,ε
t ,..., Nn,ε

t )dt+
n∑
j=1

∂F

∂xj
(t, N1,ε

t ,..., Nn,ε
t )dN j,ε

t .

Moreover, dN j,ε
t = σjt

∫ t
0
∂Kj

∂t
(t+ ε, s)δW j

s dt+ d
dt
bjtdt. Therefore

dF (t, N1,ε
t ,..., Nn,ε

t ) =
(∂F
∂t

(t, N ε
t ) +

∂F

∂xj
(t, N ε

t )
d

dt
bjt

)
dt+

n∑
j=1

∂F

∂xj
(t, N ε

t )σjt

∫ t

0

∂Kj

∂t
(t+ ε, s)δW j

s dt,

with the notation N ε = (N1,ε,..., Nn,ε). Furthermore,

∂F

∂xj
(t, N ε

t )σjt

∫ t

0

∂Kj

∂t
(t+ ε, s)δW j

s = σjt

[ ∫ t

0

∂F

∂xj
(t, N ε

t )
∂Kj

∂t
(t+ ε, s)δW j

s

+

∫ t

0

DW j

s

( ∂F
∂xj

(t, N ε
t )
)∂Kj

∂t
(t+ ε, s)ds

]
.

We have

DW j

s

( ∂F
∂xj

(t, N ε
t )
)

=
∂2F

∂x2
j

(t, N ε
t )DW j

s N j,ε
t =

∂2F

∂x2
j

(t, N ε
t )DW j

s

(∫ t

0

[ ∫ t

u

σjr
∂Kj

∂r
(r + ε, u)dr

]
δW j

u

)
=
∂2F

∂x2
j

(t, N ε
t )

∫ t

s

σjr
∂Kj

∂r
(r + ε, s)dr︸ ︷︷ ︸

:=

(
K∗,ε,jt σj

)
s

=
∂2F

∂x2
j

(t, N ε
t )
(
K∗,ε,jt σj

)
s
.

Then,

F (t, N ε
t ) = F (0, 0) +

∫ t

0

∂F

∂s
(s,N ε

s )ds+
n∑
j=1

∫ t

0

(∫ t

s

σjr
∂F

∂xi
(r,N ε

r )
∂Kj

∂r
(r + ε, s)dr

)
δW j

s

+
1

2

n∑
j=1

∫ t

0

∂2F

∂x2
i

(r,N ε
r )
∂

∂r

(∫ r

0

(
K∗,ε,jr (σj)

)2

s
ds
)
dr +

n∑
j=1

∫ t

0

∂F

∂xj
(s,N ε

s )
d

ds
bjsds.

And we can write
F (t, N ε

t ) = F (0, 0) + S1,ε + S2,ε + S3,ε + S4,ε.

where

S1,ε =

∫ t

0

∂F

∂s
(s,N ε

s )ds

S2,ε =
n∑
j=1

∫ t

0

(∫ t

s

σjr
∂F

∂xj
(r,N ε

r )
∂Kj

∂r
(r + ε, s)dr

)
δW j

s =
n∑
j=1

Aj2,ε

S3,ε =
1

2

n∑
j=1

∫ t

0

∂2F

∂x2
j

(r,N ε
r )
∂

∂r

(∫ r

0

(
K∗,ε,jr (σj)

)2

s
ds
)
dr =

n∑
j=1

Aj3,ε
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S4,ε =
n∑
j=1

∫ t

0

∂F

∂xj
(s,N ε

s )
d

ds
bjsds =

n∑
j=1

Aj4,ε.

Now, the proof breaks down into 4 steps.

Step 1. We will prove

lim
ε→0

E
∣∣∣S1,ε −

∫ t

0

∂F

∂s
(s,Ns)ds

∣∣∣2 = 0. (4.7)

We have

E
∣∣∣ ∫ t

0

∂F

∂s
(s,N ε

s )ds−
∫ t

0

∂F

∂s
(s,Ns)ds

∣∣∣2 6 T

∫ t

0

E
∣∣∣∂F
∂s

(s,N ε
s )− ∂F

∂s
(s,Ns)

∣∣∣2ds.
Moreover, ∂F

∂s
(s, .) is continuous, lim

ε→0

∂F
∂s

(s,N ε
s ) = ∂F

∂s
(s,Ns) and we have∣∣∣∂F∂s (s,N ε

s )
∣∣∣2 6 exp(2λ | N ε

s |2).

Furthermore, E
∣∣∣∂F∂s (s,N ε

s )
∣∣∣2 6 c′

∏n
i=1(1−4λV ar(N i,ε

s ))−
1
2 6 c′

∏n
i=1(1−4λ sup

s∈[0,T ]

V ar(N i,ε
s ))−

1
2 .

Moreover,

V ar(N i,ε
s ) = E

[ ∫ s

0

(∫ s

t

σir
∂Ki

∂r
(r + ε, t)dr

)
dWt

]2

=

∫ s

0

(∫ s

t

σir
∂Ki

∂r
(r + ε, t)dr

)2

dt

6
∫ s

0

(∫ s

t

| σir |
∣∣∣∂Ki

∂r
(r + ε, t)

∣∣∣dr)2

dt

6M1

∫ s

0

(∫ s

t

∣∣∣∂Ki

∂r
(r + ε, t)

∣∣∣dr)2

dt. (4.8)

We prove now that the right side of (4.8) is uniformly bounded. In fact, we have∫ s

t

∣∣∣∂Ki

∂r
(r + ε, t)

∣∣∣dr 6 ci

∫ s

t

(r + ε− t)αi−1
(r + ε

t

)βi
dr

6 cit
−βi
∫ s

t

(r − t)αi−1(r + ε)βidr

6 cit
−βi (s+ ε)βi(s− t)αi

αi
.

Then (∫ s

t

∣∣∣∂Ki

∂r
(r + ε, t)

∣∣∣dr)2

6 c′it
−2βi(s+ ε)2βi(s− t)2αi .

Therefore ∫ s

0

(∫ s

t

∣∣∣∂Ki

∂r
(r + ε, t)

∣∣∣dr)2

dt 6 c′i(T + ε)2βi

∫ s

0

t−2βis2αi
(

1− t

s

)2αi
dt
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6 c”
i

∫ 1

0

u−2βis−2βis2αi(1− u)2αisdu

6 c”
i s

2αi−2βi+1B(−2βi + 1, 2αi + 1) 6 K,

since 2αi − 2βi + 1 > 0.

By applying the dominated convergence theorem,
∫ t

0
E
∣∣∣∂F∂s (s,N ε

s ) − ∂F
∂s

(s,Ns)
∣∣∣2ds −→

ε→0
0. (4.7)

follows.
Step 2. Let

(αj2,ε)
2 = E

∫ t

0

∣∣∣K∗,ε,jt

( ∂F
∂xj

(s,N ε
s )σjs

)
−K∗,jt

( ∂F
∂xj

(s,Ns)σ
j
s

)∣∣∣2ds.
Let us show lim

ε→0
αj2,ε = 0.

In fact,

(αj2,ε)
2 6 E

∫ t

0

∣∣∣K∗,ε,jt

[ ∂F
∂xj

(s,N ε
s )σjs −

∂F

∂xj
(s,Ns)σ

j
s

]∣∣∣2ds
+ E

∫ t

0

∣∣∣K∗,ε,jt

( ∂F
∂xj

(s,Ns)σ
j
s

)
−K∗,jt

( ∂F
∂xj

(s,Ns)σ
j
s

)∣∣∣2ds.
(4.9)

For the first term we get

E
∫ t

0

∣∣∣K∗,ε,jt

( ∂F
∂xj

(s,N ε
s )σjs

)
−K∗,ε,jt

( ∂F
∂xj

(s,Ns)σ
j
s

)∣∣∣2ds
6 cjE

∫ t

0

∣∣∣ ∫ t

s

[ ∂F
∂xj

(r,N ε
r )− ∂F

∂xj
(r,Nr)

]
σjr(r − s)αj−1

(r
s

)βj
dr
∣∣∣2ds

= cj

∫ t

0

E
(∫ t

s

[ ∂F
∂xj

(r,N ε
r )− ∂F

∂xj
(r,Nr)

]
σjr(r − s)αj−1

(r
s

)βj
dr
)2

ds

6 cj

∫ t

0

∫ t

s

E
∣∣∣[ ∂F
∂xj

(r,N ε
r )− ∂F

∂xj
(r,Nr)

]
σjr

∣∣∣2(r − s)αj−1
(r
s

)βj
drds

6M2
j cj

∫ t

0

∫ t

s

E
∣∣∣ ∂F
∂xj

(r,N ε
r )− ∂F

∂xj
(r,Nr)

∣∣∣2(r − s)αj−1
(r
s

)βj
drds

6M2
j cj

∫ t

0

rβjE
∣∣∣ ∂F
∂xj

(r,N ε
r )− ∂F

∂xj
(r,Nr)

∣∣∣2(∫ r

0

(r − s)αj−1s−βjds
)
dr

= M2
j cj

∫ t

0

rβjE
∣∣∣ ∂F
∂xj

(r,N ε
r )− ∂F

∂xj
(r,Nr)

∣∣∣2(∫ r

0

rαj−1
(

1− s

r

)αj−1

s−βjds
)
dr

= M2
j cj

∫ t

0

rβjE
∣∣∣ ∂F
∂xj

(r,N ε
r )− ∂F

∂xj
(r,Nr)

∣∣∣2(∫ 1

0

rαj−1(1− u)αj−1u−βjr−βjrdu
)
dr

= M2
j cjB(αj, 1− βj)

∫ t

0

rαjE
∣∣∣ ∂F
∂xj

(r,N ε
r )− ∂F

∂xj
(r,Nr)

∣∣∣2dr
6M2

j cjB(αj, 1− βj)Tαj
∫ t

0

E
∣∣∣ ∂F
∂xj

(r,N ε
r )− ∂F

∂xj
(r,Nr)

∣∣∣2dr.
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Since, ∂F
∂xj

(r, .) is continuous, lim
ε→0

∂F
∂xj

(r,N ε
r ) = ∂F

∂xj
(r,Nr) and

∣∣∣ ∂F∂xj (r,N ε
r )
∣∣∣2 6 exp(2λ | N ε

r |2).

Furthermore, E
∣∣∣ ∂F∂xj (r,N ε

r )
∣∣∣2 6 c′

∏n
j=1(1−4λV ar(N j,ε

r ))−
1
2 and using (4.8). Thus, E

∣∣∣ ∂F∂xj (r,N ε
r )
∣∣∣2 6

K1.

By applying the dominated convergence theorem,
∫ t

0
E
∣∣∣ ∂F∂xj (r,N ε

r )− ∂F
∂xj

(r,Nr)
∣∣∣2dr −→

ε→0
0. Thus,

lim
ε→0

E
∫ t

0

∣∣∣K∗,ε,jt

[( ∂F
∂xj

(s,N ε
s )− ∂F

∂xj
(s,Ns)

)
σjs

]∣∣∣2ds = 0.

We show now that the second term in (4.9) converges to zero where ε→ 0.

Indeed, we have

K∗,ε,jt

( ∂F
∂xj

(s,Ns)σ
j
s

)
−K∗,jt

( ∂F
∂xj

(s,Ns)σ
j
s

)
=

∫ t

s

σjr
∂F

∂xj
(r,Nr)

[∂Kj

∂r
(r + ε, s)− ∂Kj

∂r
(r, s)

]
dr

Then, we have

E
∫ t

0

∣∣∣K∗,ε,jt

( ∂F
∂xj

(s,Ns)σ
j
s

)
−K∗,jt

( ∂F
∂xj

(s,Ns)σ
j
s

)∣∣∣2ds
6 E

∫ t

0

∣∣∣ ∫ t

s

σjr
∂F

∂xj
(r,Nr)

[∂Kj

∂r
(r + ε, s)− ∂Kj

∂r
(r, s)

]
dr
∣∣∣2ds

6
∫ t

0

E
(∫ t

s

∣∣∣σjr ∂F∂xj (r,Nr)
∣∣∣∣∣∣∂Kj

∂r
(r + ε, s)− ∂Kj

∂r
(r, s)

∣∣∣dr)2

ds

6Mj

∫ t

0

∫ t

s

E
∣∣∣ ∂F
∂xj

(r,Nr)
∣∣∣2∣∣∣∂Kj

∂r
(r + ε, s)− ∂Kj

∂r
(r, s)

∣∣∣drds
6M ′

j

∫ t

0

∫ t

s

∣∣∣∂Kj

∂r
(r + ε, s)− ∂Kj

∂r
(r, s)

∣∣∣drds.
Furthermore, lim

ε→0

∂Kj

∂r
(r + ε, s) = ∂Kj

∂r
(r, s) and we have

∣∣∣∂Kj

∂r
(r + ε,s)− ∂Kj

∂r
(r, s)

∣∣∣ 6 cj

[
(r + ε− s)αj−1

(r + ε

s

)βj
+ (r − s)αj−1

(r
s

)βj]
6 cj

[
(r − s)αj−1

(r + 1

s

)βj
+ (r − s)αj−1

(r
s

)βj]
.

Moreover,
∫ t

0

(∫ t

s

(r − s)αj−1
(r
s

)βj
dr
)
ds < +∞. Applying the dominated convergence theo-

rem we get

lim
ε→0

E
∫ t

0

∣∣∣K∗,ε,jt

( ∂F
∂xj

(s,N ε
s )σjs

)
−K∗,jt

( ∂F
∂xj

(s,Ns)σ
j
s

)∣∣∣2ds = 0.

The proof of step 2 is complete.
Step 3.

Let αj3,ε = E
∣∣∣Aj3,ε − 1

2

∫ t

0

∂2F

∂x2
j

(r,Nr)
∂

∂r

(∫ r

0

(
K∗,jr (σj)

)2

s
ds
)
dr
∣∣∣.
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Let us prove lim
ε→0

αj3,ε = 0. In fact, we have

αj3,ε = E
∣∣∣1
2

∫ t

0

∂2F

∂x2
j

(r,N ε
r )
∂

∂r

(∫ r

0

(
K∗,ε,jr (σj)

)2

s
ds
)
dr − 1

2

∫ t

0

∂2F

∂x2
j

(r,Nr)
∂

∂r

(∫ r

0

(
K∗,jr (σj)

)2

s
ds
)
dr
∣∣∣

6
1

2
E
∣∣∣ ∫ t

0

∂2F

∂x2
j

(r,Nr)
( ∂
∂r

∫ r

0

[(
K∗,ε,jr (σj)

)2

s
−
(
K∗,jr (σj)

)2

s

]
ds
)
dr
∣∣∣︸ ︷︷ ︸

:=αj31,ε

+
1

2
E
∣∣∣ ∫ t

0

[∂2F

∂x2
j

(r,N ε
r )− ∂2F

∂x2
j

(r,Nr)
] ∂
∂r

(∫ r

0

(
K∗,ε,jr (σj)

)2

s
ds
)
dr
∣∣∣︸ ︷︷ ︸

:=αj32,ε

.

By applying Cauchy-Schwarz inequality, we get

2αj32,ε 6 c′
(
E
∫ t

0

[∂2F

∂x2
j

(r,N ε
r )− ∂2F

∂x2
j

(r,Nr)
]2

dr
) 1

2
(∫ T

0

∣∣∣ ∂
∂r

∫ r

0

(
K∗,ε,jr (σj)

)2

s
ds
∣∣∣2dr) 1

2
.

Furthermore,

∂

∂r

∫ r

0

(
K∗,ε,jr (σj)

)2

s
ds =

∂

∂r

∫ r

0

(∫ r

s

σjθ
∂Kj

∂θ
(θ + ε, s)dθ

)2

ds =

∫ r

0

∂

∂r

(∫ r

s

σjθ
∂Kj

∂θ
(θ + ε, s)dθ

)2

ds

=

∫ r

0

2
∂

∂r

(∫ r

s

σjθ
∂Kj

∂θ
(θ + ε, s)dθ

)∫ r

s

σjθ
∂Kj

∂θ
(θ + ε, s)dθds

6 2

∫ r

0

∣∣∣σjr ∂Kj

∂r
(r + ε, s)

∣∣∣(∫ r

s

∣∣∣σjθ ∂Kj

∂θ
(θ + ε, s)

∣∣∣dθ)ds
6 2c2

j

∫ r

0

|σjr|(r + ε− s)αj−1
(r + ε

s

)βj(∫ r

s

|σjθ|(θ + ε− s)αj−1
(θ + ε

s

)βj
dθ
)
ds

6 2c2
jM

2
j

∫ r

0

(r + ε− s)αj−1
(r + ε

s

)βj(∫ r

s

(θ + ε− s)αj−1
(r + ε

s

)βj
dθ
)
ds.

So, ∣∣∣ ∂
∂r

∫ r

0

(
K∗,ε,jr (σj)

)2

s
ds
∣∣∣2 6 4c4

jM
4
j

α2
j

(∫ r

0

(r + ε− s)αj−1
(r + ε

s

)2βj
(r + ε− s)αjds

)2

6
4c4
jM

4
j

α2
j

(∫ r

0

(r + ε− s)2αj−1
(r + ε

s

)2βj
ds
)2

=
4c4
jM

4
j

α2
j

(∫ r

0

(r + ε)2αj−1
(

1− s

r + ε

)2αj−1(r + ε

s

)2βj
ds
)2

=
4c4
jM

4
j

α2
j

(
(r + ε)2αj−1

∫ r/r+ε

0

(1− v)2αj−1v−2βj(r + ε)dr
)2

6
4c4
jM

4
j

α2
j

(r + ε)4αj
(∫ r/r+ε

0

(1− v)2αj−1v−2βjdv
)2

6
4c4
jM

4
j

α2
j

(r + ε)4αjB(
r

r + ε
; 2αj,− 2βj + 1)2
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6
4c4
jM

4
j

α2
j

(r + 1)4αjB(2αj,− 2βj + 1)2

Then, ∫ T

0

∣∣∣ ∂
∂r

∫ r

0

(
K∗,ε,jr (σj)

)2

s
ds
∣∣∣2dr 6 4c4

jM
4
j

α2
j

B(2αj,−2βj + 1)2

∫ T

0

(r + 1)4αjdr

6
4c4
jM

4
j

α2
j

B(2αj,−2βj + 1)2 (T + 1)4αj+1

4αj + 1
<∞.

Now we prove

lim
ε→0

E
∫ t

0

(∂2F

∂x2
j

(r,N ε
r )− ∂2F

∂x2
j

(r,Nr)
)2

dr = 0. (4.10)

Indeed, ∂
2F
∂x2j

(r, .) is continuous and lim
ε→0

∂2F
∂x2j

(r,N ε
r ) = ∂2F

∂x2j
(r,Nr).

Moreover, E
∣∣∣∂2F∂x2j (r,N ε

r )
∣∣∣2 6 c′

∏n
j=1(1−4λV ar(N j,ε

r ))−
1
2 6 c′

∏n
j=1(1−4λ sup

r∈[0,T ]

V ar(N j,ε
r ))−

1
2

and using (4.8). Thus, E
∣∣∣∂2F∂x2j (r,N ε

r )
∣∣∣2 6 K1.

Applying the dominated convergence theorem, we get (4.10). Thus, lim
ε→0

αj32,ε = 0 since the sec-
ond member is bounded.
Now we prove that lim

ε→0
αj31,ε = 0. By applying the Cauchy-Schwarz inequality

2αj31,ε 6

(
E
∫ t

0

(∂2F

∂x2
j

(r,Nr)
)2

dr

) 1
2
(∫ T

0

∣∣∣ ∂
∂r

∫ r

0

[
(K∗,ε,jr (σj))2

s − (K∗,jr (σj))2
s

]
ds
∣∣∣2dr) 1

2

6 kT
1
2

(∫ T

0

∣∣∣ ∂
∂r

∫ r

0

[
(K∗,ε,jr (σj))2

s − (K∗,jr (σj))2
s

]
ds
∣∣∣2dr) 1

2

.

It remains to be verified that lim
ε→0

∫ T

0

∣∣∣ ∂
∂r

∫ r

0

[
(K∗,ε,jr (σj))2

s − (K∗,jr (σj))2
s

]
ds
∣∣∣2dr = 0.

On the one hand,

∂

∂r

∫ r

0

[(
K∗,ε,jr (σj)

)2

s
−
(
K∗,jr (σj)

)2

s

]
ds = 2

∫ r

0

σjr
∂Kj

∂r
(r + ε, s)

(∫ r

s

σjθ
∂Kj

∂θ
(θ + ε, s)dθ

)
ds

− 2

∫ r

0

σjr
∂Kj

∂r
(r, s)

(∫ r

s

σjθ
∂Kj

∂θ
(θ, s)dθ

)
ds.

Therefore∣∣∣ ∂
∂r

∫ r

0

[(
K∗,ε,jr (σj)

)2

s
−
(
K∗,jr (σj)

)2

s

]
ds
∣∣∣2 6 4

∣∣∣ ∫ r

0

σjr
∂Kj

∂r
(r, s)

(∫ r

s

σjθ
∂Kj

∂θ
(θ, s)dθ

)
ds
∣∣∣2

+ 4
∣∣∣ ∫ r

0

σjr
∂Kj

∂r
(r + ε, s)

(∫ r

s

σjθ
∂Kj

∂θ
(θ + ε, s)dθ

)
ds
∣∣∣2.

(4.11)



Chapter 4. Itô formula 39

Moreover∣∣∣ ∫ r

0

σjr
∂Kj

∂r
(r, s)

(∫ r

s

σjθ
∂Kj

∂θ
(θ, s)dθ

)
ds
∣∣∣ 6Mj

∫ r

0

(r − s)αj−1
(r
s

)βj(∫ r

s

(θ − s)αj−1
(θ
s

)βj
dθ
)
ds

6MjT
βj

∫ r

0

(r − s)αj−1s−2βj
(∫ r

s

(θ − s)αj−1θβjdθ
)
ds

6Mj
T βj

αj

∫ r

0

(r − s)αj−1s−2βjrβj(r − s)αjds

6 C ′j

∫ r

0

rβj(r − s)2αj−1s−2βjds

6 C ′j

∫ r

0

rβjr2αj−1
(

1− s

r

)2αj−1

s−2βjds

= C ′j

∫ 1

0

rβjr2αj−1(1− u)2αj−1u−2βjr−2βjrdu

6 C ′jr
2αj−βjB(2αj, 1− 2βj)

6 C
′′

j r
2αj−βj .

Therefore ∣∣∣ ∫ r

0

σjr
∂Kj

∂r
(r, s)

(∫ r

s

σjθ
∂Kj

∂θ
(θ, s)dθ

)
ds
∣∣∣2 6 C

′′′

j r
4αj−2βj .

A similar caluclation for the second term of (4.11). Thus,∫ T

0

∣∣∣ ∂
∂r

∫ r

0

[
(K∗,ε,jr (σj))2

s − (K∗,jr (σj))2
s

]
ds
∣∣∣2dr 6 C

′′′

j

∫ T

0

r4αj−2βjdr <∞.

Thus, lim
ε→0

αj31,ε = 0. Consequently, lim
ε→0

αj3,ε = 0.

Step 4.

We pose αj4,ε =
(
E
∣∣∣ ∫ t0 ∂F

∂xj
(s,N ε

s ) d
ds
bjsds−

∫ t
0
∂F
∂xj

(s,Ns)
d
ds
bjsds

∣∣∣2) 1
2
.

We have (αj4,ε)
2 6 mj

∫ t
0
E
∣∣∣ ∂F∂xj (s,N ε

s )− ∂F
∂xj

(s,Ns)
∣∣∣2ds.

Using again the dominated convergence theorem, we obtain lim
ε→0

αj4,ε = 0.

Finally, steps 3 and 4 imply that the square integrable random variable G0 given by

G0 = −1

2

n∑
j=1

∫ t

0

∂2F

∂x2
j

(r,Nr)
∂

∂r

(∫ r

0

(
K∗,js (σj)

)2

r
ds
)
dr −

n∑
j=1

∫ t

0

∂F

∂xj
(s,Ns)

d

ds
bjsds,

It satisfies

lim
ε→0

E
[
H.

n∑
j=1

∫ t

0

K∗,ε,jt

( ∂F
∂xj

(., N.)σ
j
.

)
s
δW j

s

]
= E

[
H.G0

]
, for any smooth random variable H.

By step 2, we get

G0 =
n∑
j=1

∫ t

0

K∗,jt

( ∂F
∂xj

(., N.)σ
j
.

)
s
δW j

s . �



Chapter 5

Solvability of linear Backward Stochastic
Differential Equation (BSDE)

In this Chapter, we present new results related to the explicit form of the solution of linear BSDE’s
driven by Volterra processes in terms of the associated PDEs. These results generalize those given
by Bender [7].

5.1 Connection between partial differential equations and BS-
DEs

Let t0 > 0 be fixed, and denote by L2(F,Rn) the set of F-adapted Rn-valued processes Z such that
E(
∫ T
t0
| Zt |2 dt) < ∞. We consider the linear BDSE for the processes Y = (Yt, t ∈ [t0, T ]) ∈

L2(F,R) and Z = ((Z1
t ,..., Z

n
t ), t ∈ [t0, T ]) ∈ L2(F,Rn) given by

Yt = g(NT )−
∫ T

t

[f(s) + A1(s)Ys − A2(s)Zs]ds+

∫ T

t

ZsδXs, t ∈ [t0, T ], (5.1)

where the real-valued functions g, f, A1 and the Rn−valued function A2 are supposed to be
known and the integral

∫ T
t
ZsδXs is defined as a divergence integral as in Chapter 3. (5.1) is

shown to be associated to the following second order linear PDE with terminal condition

∂u

∂t
(t, x) = −1

2

n∑
j=1

d

dt
V ar(N j

t )
∂2u

∂x2
j

(t, x) +
n∑
j=1

[σjtA
j
2(t)− d

dt
bjt ]

∂u

∂xj
(t, x) +A1(t)u(t, x) + f(t),

(5.2)
u(T, x) = g(x), (t, x) ∈ [t0, T )× Rn.
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By means of the Itô formula in Chapter 4 we show that

Yt := u(t, Nt) and Zj
t := −σjt

∂u

∂xj
(t, Nt), j = 1,..., n (5.3)

is a solution of (5.1). (5.2) is solved explicitely in this Chapter.
We will show later in this Chapter that u in fact satisfies the growth condition (4.3) under a
suitable growth condition on the final condition in (5.1).

The Itô formula (4.4), applied to u reads

u(t, Nt) = u(T,NT )−
∫ T

t

∂u

∂s
(s,Ns)ds−

n∑
j=1

∫ T

t

∂u

∂xj
(s,Ns)

( d
ds
bjsds+ σjsδX

j
s

)
− 1

2

n∑
j=1

∫ T

t

∂2u

∂x2
j

(s,Ns)
d

ds
V ar(N j

s )ds. (5.4)

An application of (5.2) to the second term on the right hand side of (5.4) yields

u(t, Nt) = u(T,NT )−
∫ T

t

(
f(s) + A1(s)u(s,Ns) +

n∑
j=1

Aj2(s)σjs
∂u

∂xj
(s,Ns)

)
ds

−
n∑
j=1

∫ T

t

σjs
∂u

∂xj
(s,Ns)δX

j
s . (5.5)

Evidently, (Y, (Z1,..., Zn)) given by (5.3) solve (5.1) and are adapted to F.

5.2 Explicit solution

In order to solve (5.2) explicitely, we have to assume, in addition to (H1) and (H2) for the kernels
Kj, some regularity and integrability conditions. (H5) will be discussed later.

(H3) There exist constants c, C > 0 such that c < σj < C, j = 1,..., n, and A1, f ,
A2 := (A1

2,..., A
n
2 ) are bounded.

(H4) g is continous, and there exist positive constants c′ and λ′ < min
j=1,...,n

(16 sup
t∈[0,T ]

V ar(N j
t ))−1

such that | g(x) |6 c′eλ
′|x|2 for all x ∈ Rn.

(H5) d/dtV ar(N j
t ) > 0 for all t ∈ [t0,T ] and

∫ T
t0

(V ar(N j
T ) − V ar(N j

t ))−1/2dt < ∞,
j = 1,..., n.
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Theorem 5.2.1. Assume that (H1)-(H5) hold, and let v(t, z) = (2πt)−1/2 exp(−z2/2t). Then
(Y,(Z1,..., Zn)) given by (5.3) solves (5.1), where the classical solution of (5.2) is given by

u(t, x) = −
∫ T

t

exp
(∫ t

s

A1(r)dr
)
f(s)ds+ exp

(
−
∫ T

t

A1(s)ds
)

×
∫
Rn
g(y)

n∏
j=1

v
(
V ar(N j

T )− V ar(N j
t ), xj −

∫ T

t

(σjsA
j
2(s)− d

ds
bjs)ds− yj

)
dy. (5.6)

We show now that u verifies the growth condition (4.3).

Lemma 5.2.2. Let u be given by (5.6). Then there are positive constantsM and λ < min
j=1,...n

(4 sup
t∈[0,T ]

V ar(N j
t ))−1

such that

1) | u(t, x) |6Meλ|x|
2
, (t, x) ∈ [t0,T ]× Rn,

2)
∣∣∣ ∂u∂xj (t, x)

∣∣∣ 6M(V ar(N j
T )− V ar(N j

t ))−1/2eλ|x|
2
, (t, x) ∈ [t0,T )× Rn,

3)
∣∣∣∂2u∂x2j

(t, x)
∣∣∣ 6M(V ar(N j

T )− V ar(N j
t ))−1eλ|x|

2
, (t,x) ∈ [t0, T )× Rn.

Proof. 1) We write ris for σisA
i
2(s)− d

ds
bis and Di

t for V ar(N i
T )− V ar(N i

t ) in (5.6). Then,
we have, for some constant C > 0,

∣∣∣u(t,x)
∣∣∣

=
∣∣∣− ∫ T

t

e

∫ t

s

A1(u)du
f(s)ds+ e

−

∫ T

t

A1(s)ds ∫
Rn
g(y)

n∏
i=1

v(Di
t, xi −

∫ T

t

risds− yi)dy
∣∣∣

6 C

∫
Rn
exp
(
λ′
∥∥∥x− ∫ T

t

rsds− z
∥∥∥2) n∏

i=1

exp
(
− z2i

2Dit

)
√

2πDi
t

dz

Let us first prove that

exp
(
λ′
∥∥∥x− ∫ T

t

rsds− z
∥∥∥2) n∏

i=1

exp
(
− z2i

2Dit

)
√

2πDi
t

6 exp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2) n∏

i=1

exp
[
− z2i

Dit

(
1
2
− 2λ′V arN i

T

)]
√

2πDi
t

(5.7)
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Let’s check

exp
(
λ′
∥∥∥x− ∫ T

t

rsds− z
∥∥∥2)
6 exp

(
2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2) n∏

i=1

exp
(

2λ′
V arN i

T

Di
t

z2
i

)
In fact, we have

exp
(
λ′
∥∥∥x− ∫ T

t

rsds− z
∥∥∥2)
6 exp

(
2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)

exp
(

2λ′‖z‖2
)

6 exp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)

exp
(

2λ′
n∑
i=1

V arN i
T

Di
t

z2
i

)
= exp

(
2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2) n∏

i=1

exp
(

2λ′
V arN i

T

Di
t

z2
i

)
(5.7) follows now easily.
Consequently, using (5.7) we obtain∣∣∣u(t,x)

∣∣∣ 6 Cexp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)∫

Rn

n∏
i=1

exp
( 1

2
− 2λ′V arN i

T

Di
t

z2
i

) 1√
2πDi

t

dz

= Cexp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2) n∏

i=1

1√
2πDi

t

∫
R
exp
(1− 4λ′V arN i

T

2Di
t

z2
i

)
dzi

= Cexp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2) n∏

i=1

1√
2πDi

t

√
2πDi

t

1− 4λ′V arN i
T

= Cexp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2) n∏

i=1

1√
1− 4λ′V arN i

T

6 C
1[√

1− 4λ′max
i
V arN i

T

]n exp(2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)

= C1exp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)

= C1exp
(

4λ′ ‖ x ‖2
)
exp
(

4λ′
∥∥∥∫ T

t

rsds
∥∥∥2)

= Mexp
(
λ ‖ x ‖2

)
.

Then, 1) follows by choosing M = C1exp
(

4λ′
∥∥∥ ∫ Tt rsds

∥∥∥2)
and λ = 4λ′.

2) We prove that
∣∣∣ ∂∂xiu(t, x)

∣∣∣ 6M 1√
Dit
eλ‖x‖

2
. In fact,

∂

∂xi
u(t, x)

= e
−

∫ T

t

A1(s)ds ∫
Rn
g(y)

∂

∂ξi
v(Di

t, ξi)
∣∣∣
ξi=xi−

∫ T
t risds−yi

n∏
j 6=i

v(Dj
t , xj −

∫ T

t

rjsds− yj)dy
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= e
−

∫ T

t

A1(s)ds ∫
Rn
g(y)

1√
2πDi

t

(
−
xi −

∫ T

t

risds− yi

Di
t

)
exp
(
−

(xi −
∫ T

t

risds− yi)2

2Di
t

)

×
n∏
j 6=i

1√
2πDj

t

exp
(
−

(xj −
∫ T

t

rjsds− yj)2

2Dj
t

)
dy.

Thus

∣∣∣ ∂
∂xi

u(t, x)
∣∣∣ 6 C

∫
Rn
eλ
′‖y‖2 1√

2πDi
t

∣∣∣− xi −
∫ T

t

risds− yi

Di
t

∣∣∣exp(− (xi −
∫ T

t

risds− yi)2

2Di
t

)

×
n∏
j 6=i

1√
2πDj

t

exp
(
−

(xj −
∫ T

t

rjsds− yj)2

2Dj
t

)
dy.

Then, by the change of variables zi = xi −
∫ T

t

risds− yi, we get

∣∣∣ ∂
∂xi

u(t, x)
∣∣∣ 6 C

∫
Rn

1√
2πDi

t

∣∣∣ zi
Di
t

∣∣∣exp(− z2
i

2Di
t

)
e
λ′

∥∥∥x− ∫ T

t

rsds− z
∥∥∥2

n∏
j 6=i

1√
2πDj

t

exp
(
−

z2
j

2Dj
t

)
dz.

Prove that

exp
(
λ′
∥∥∥x− ∫ T

t

rsds− z
∥∥∥2)∏

j 6=i

exp
(
− z2j

2Djt

)
√

2πDj
t

6 exp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)

exp(2λ′z2
i )

×
∏
j 6=i

exp
[
− z2j

Djt

(
1
2
− 2λ′V arN j

T

)]
√

2πDj
t

In fact, similarly to (5.7), we have

exp
(
λ′
∥∥∥x− ∫ T

t

rsds− z
∥∥∥2)
6 exp

(
2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)

exp
(

2λ′‖z‖2
)

= exp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)

exp(2λ′z2
i )
∏
j 6=i

exp(2λ′z2
j )

6 exp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)

exp(2λ′z2
i )
∏
j 6=i

exp
(

2λ′
V arN j

T

Dj
t

z2
j

)
.

Consequently,∣∣∣ ∂
∂xi

u(t, x)
∣∣∣
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6 C

∫
Rn

1√
2πDi

t

∣∣∣ zi
Di
t

∣∣∣exp(− z2
i

2Di
t

)
exp(2λ′z2

i )exp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)

×
∏
j 6=i

exp
[
− z2j

Djt

(
1
2
− 2λ′V arN j

T

)]
√

2πDj
t

dz

= Cexp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)∫

Rn

1√
2πDi

t

1√
Di
t

∣∣∣zi∣∣∣√
Di
t

exp(2λ′z2
i )

× exp
(
− z2

i

2Di
t

)∏
j 6=i

exp
[
− z2j

Djt

(
1
2
− 2λ′V arN j

T

)]
√

2πDj
t

dz.

Moreover, for any ε > 0, there is a constant Kε such that

∣∣∣zi∣∣∣
√
Dit
6 Kεexp

(
ε
Dit
z2
i

)
.

∣∣∣ ∂
∂xi

u(t, x)
∣∣∣

6 CKεexp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)∫

Rn

1√
2πDi

t

1√
Di
t

exp
( ε

Di
t

z2
i

)

× exp(2λ′z2
i )exp

(
− z2

i

2Di
t

)∏
j 6=i

exp
[
− z2j

Djt

(
1
2
− 2λ′V arN j

T

)]
√

2πDj
t

dz

6 CKεexp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)∫

Rn

1√
2πDi

t

1√
Di
t

exp
((ε− 1

2
+ 2λ′V arN i

T )

Di
t

z2
i

)

×
∏
j 6=i

exp
[
− z2j

Djt

(
1
2
− 2λ′V arN j

T

)]
√

2πDj
t

dz

6 CKεexp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)∫

Rn−1

[ ∫
R

1√
2πDi

t

exp
(−(1

2
− ε− 2λ′V arN i

T )

Di
t

z2
i

)
dzi

]

×
∏
j 6=i

exp
[
− z2j

Djt

(
1
2
− 2λ′Sj(T )

)]
√

2πDj
t

dz′, z′ = (z1,..., zi−1, zi+1, ..., zn)

6 CKεexp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)∫

Rn−1

[ 1√
2πDi

t

√
2πDi

t

1− 2ε− 4λ′V arN i
T

]

×
∏
j 6=i

exp
[
− z2j

Djt

(
1
2
− 2λ′V arN j

t

)]
√

2πDj
t

dz′

= CKε
1√

1− 2ε− 4λ′V arN i
T

1√
Di
t

exp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)∏

j 6=i

∫
R

exp
[
− z2j

Djt

(
1
2
− 2λ′V arN j

t

)]
√

2πDj
t

dzj
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= CKε
1√

1− 2ε− 4λ′V arN i
T

1√
Di
t

exp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)∏

j 6=i

1√
2πDj

t

√
2πDj

t

1− 4λ′V arN j
T

6 CKε
1√

1− 2ε− 4λ′V arN i
T

1√
Di
t

exp(4λ′ ‖ x ‖2
)
exp
(

4λ′
∥∥∥∫ T

t

rsds
∥∥∥2) 1[√

1− 4λ′max
j
V arN j

T

]n−1

6
M√
Di
t

exp
(
λ ‖ x ‖2

)
with a suitable constant M and λ = 4λ′.

3) Now, we prove that
∣∣∣ ∂2∂x2i u(t, x)

∣∣∣ 6M 1(
Dit

) 3
2
eλ‖x‖

2
.

Indeed, we have

∂2

∂x2
i

u(t, x)

= e
−

∫ T

t

A1(s)ds ∫
Rn
g(y)

1√
2πDi

t

(xi − ∫ T

t

risds− yi

Di
t

)2

exp
(
−

(xi −
∫ T

t

risds− yi)2

2Di
t

)

×
n∏
j 6=i

1√
2πDj

t

exp
(
−

(xj −
∫ T

t

rjsds− yj)2

2Dj
t

)
dy

+ e
−

∫ T

t

A1(s)ds ∫
Rn
g(y)

1√
2πDi

t

(−1)
1

Di
t

exp
(
−

(xi −
∫ T

t

risds− yi)2

2Di
t

)

×
n∏
j 6=i

1√
2πDj

t

exp
(
−

(xj −
∫ T

t

rjsds− yj)2

2Dj
t

)
dy.

Therefore∣∣∣ ∂2

∂x2
i

u(t, x)
∣∣∣

6 Ce
−

∫ T

t

A1(s)ds ∫
Rn
eλ
′‖y‖2 1√

2πDi
t

((xi −
∫ T

t

risds− yi)

Di
t

)2

exp
(
−

(xi −
∫ T

t

risds− yi)2

2Di
t

)

×
n∏
j 6=i

1√
2πDj

t

exp
(
−

(xj −
∫ T

t

rjsds− yj)2

2Dj
t

)
dy

+ e
−

∫ T

t

A1(s)ds ∫
Rn
eλ
′‖y‖2 1√

2πDi
t

1

Di
t

exp
(
−

(xi −
∫ T

t

risds− yi)2

2Di
t

)
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×
n∏
j 6=i

1√
2πDj

t

exp
(
−

(xj −
∫ T

t

rjsds− yj)2

2Dj
t

)
dy.

We pose again zi = xi −
∫ T

t

risds− yi and obtain

∣∣∣ ∂2

∂x2
i

u(t, x)
∣∣∣ 6 C

∫
Rn
e
λ′

∥∥∥x− ∫ T

t

rsds− z
∥∥∥2

2π

[2πDi
t]

3
2

z2
i

Di
t

exp
(
− z2

i

2Di
t

) n∏
j 6=i

1√
2πDj

t

exp
(
−

z2
j

2Dj
t

)
dz

+ C

∫
Rn
e
λ′

∥∥∥x− ∫ T

t

rsds− z
∥∥∥2

1

[2πDi
t]

3
2

exp
(
− z2

i

2Di
t

) n∏
j 6=i

1√
2πDj

t

exp
(
−

z2
j

2Dj
t

)
dz.

Similarly as before we see that

exp
(
λ′
∥∥∥x− ∫ T

t

rsds− z
∥∥∥2)∏

j 6=i

exp
(
− z2i

2Djt

)
√

2πDj
t

6 exp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)

exp(2λz2
i )

×
∏
j 6=i

exp
[
− z2j

Djt

(
1
2
− 2λ′V arN j

T

)]
√

2πDj
t

.

Consequently,∣∣∣ ∂2

∂x2
i

u(t, x)
∣∣∣

6 C

∫
Rn

2π

[2πDi
t]

3
2

z2
i

Di
t

exp
(
− z2

i

2Di
t

)
exp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)

exp(2λ′z2
i )
∏
j 6=i

exp
[
− z2j

Djt

(
1
2
− 2λ′V arN j

T

)]
√

2πDj
t

dz

+ C

∫
Rn

1

[2πDi
t]

3
2

exp
(
− z2

i

2Di
t

)
exp
(

2λ′
∥∥∥x− ∫ T

t

rsds
∥∥∥2)

exp(2λ′z2
i )
∏
j 6=i

exp
[
− z2j

Djt

(
1
2
− 2λ′V arN j

T

)]
√

2πDj
t

dz

6 C
2πexp

(
2λ′
∥∥∥x− ∫ Tt rsds

∥∥∥2)
[2πDi

t]
3
2Di

t

∫
Rn−1

[ ∫
R
z2
i exp

(
− 1− 4λ′V arN i

T

2Di
t

z2
i

)
dzi

]

×
∏
j 6=i

exp
[
− z2j

Djt

(
1
2
− 2λ′V arN j

T

)]
√

2πDj
t

dz′

+ C
exp
(

2λ′
∥∥∥x− ∫ Tt rsds

∥∥∥2)
[2πDi

t]
3
2

∫
Rn−1

[ ∫
R
exp
(
− 1− 4λ′V arN i

T

2Di
t

z2
i

)
dzi

]
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×
∏
j 6=i

exp
[
− z2j

Djt

(
1
2
− 2λ′V arN j

T

)]
√

2πDj
t

dz′, z′ = (z1,..., zi−1, zi+1, ..., zn)

6 C
2πexp

(
2λ′
∥∥∥x− ∫ Tt rsds

∥∥∥2)
[2πDi

t]
3
2Di

t

∫
Rn−1

[ ∫
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i

Di
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2
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i

) √
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t√
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]
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1
2
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√
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(
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2

∫
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− 1
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i
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T
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×
∏
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1
2
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T
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√

2πDj
t

dz′

6 C
(2π)

3
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t

[2πDi
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3
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2

∏
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1√
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Dj
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T
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dzj

+ C
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(

2λ′
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[2πDi
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3
2

√
2π
√
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1− 4λ′V arN i
T

∏
j 6=i

1√
2πDj

t

∫
R
exp
[
−
z2
j

Dj
t

(1

2
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T
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dzj

= C
(2π)

3
2 exp

(
2λ′
∥∥∥x− ∫ Tt rsds
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t

[2πDi
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3
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3
2

∏
j 6=i
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2πDj
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√
2πDj

t
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T

+ C
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(

2λ′
∥∥∥x− ∫ Tt rsds
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[2πDi
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3
2

√
2π
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j 6=i
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2πDj

t

√
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6 C
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(

2λ′
∥∥∥x− ∫ Tt rsds
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t

(Di
t)

3
2 (1− 4λ′(V arN i

T )
3
2

∏
j 6=i

1√
1− 4λ′max
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V arN j
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+ C
exp
(

2λ′
∥∥∥x− ∫ Tt rsds

∥∥∥2)
[2πDi
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3
2

√
2π
√
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t√
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∏
j 6=i
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1− 4λ′max

j
V arN j
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6M
1

Di
t

exp(λ ‖ x ‖2) with a suitable constant M and λ = 4λ′. �

Remark. Since u solves the PDE (5.2) we obtain, by the assumed regularity of the coeffi-
cients and the preceding lemma, that | ∂u

∂t
(t, x) | satisfies the same type of inequality as in Lemma

5.2.2.
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We are now in a position to prove the main result of this chapter:

Proof of Theorem 5.2.1 An explicit calculation of ∂/∂tu(t, x) shows that u is in fact the
(classical) solution of (5.2). Indeed, we have

∂

∂t
u(t, x) = ft −

∫ T

t

e
∫ t
s A1(u)dufsdsA1(t)

+ e−
∫ T
t A1(s)dsA1(t)

∫
Rn
g(y)

n∏
i=1

v
(
V ar(N i

T )− V ar(N i
t ), xi −

∫ T

t

risds− yi
)
dy

+ e−
∫ T
t A1(s)ds

∫
Rn
g(y)

n∑
i=1

∂

∂τ
v
(
τ, xi −

∫ T

t

risds− yi
) ∂
∂t

(
− V ar(N i

t )
)

×
∏
j 6=i

v
(
V ar(N j

T )− V ar(N j
t ), xj −

∫ T

t

rjsds− yj
)
dy

+ e−
∫ T
t A1(s)ds

∫
Rn
g(y)

n∑
i=1

∂

∂ξi
v
(
V ar(N i

T )− V ar(N i
t ), ξi

)
rit

×
∏
j 6=i

v
(
V ar(N j

T )− V ar(N j
t ), xj −

∫ T

t

rjsds− yj
)
dy

Moreover, we have

∂

∂xi
u(t, x) = e−

∫ T
t A1(s)ds

∫
Rn
g(y)

∂

∂ξi
v
(
V ar(N i

T )− V ar(N i
t ), ξi

)∣∣∣
ξi=xi−

∫ T
t risds−yi

×
∏
j 6=i

v
(
V ar(N j

T )− V ar(N j
t ), xj −

∫ T

t

rjsds− yj
)
dy

Furthermore, we get

∂2

∂x2
i

u(t, x) = e−
∫ T
t A1(s)ds

∫
Rn
g(y)

∂2

∂ξ2
i

v
(
V ar(N i

T )− V ar(N i
t ), ξi

)∣∣∣
ξi=xi−

∫ T
t risds−yi

×
∏
j 6=i

v
(
V ar(N j

T )− V ar(N j
t ), xj −

∫ T

t

rjsds− yj
)
dy

Thus,

∂

∂t
u(t, x) = ft + A1(t)u(t, x)− 1

2

n∑
i=1

∂

∂t
V ar(N i

t )
∂2

∂x2
i

u(t, x) +
n∑
i=1

rit
∂

∂xi
u(t, x).

By the preceding lemma u satisfies (5.5) with T replaced by T − ε. Since E exp(2λ | Nt |2)

is bounded on [0,T ] for λ < min
j=1,...n

(4 sup
t∈[0,T ]

V ar(N j
t ))−1, we obtain

E
∫ T

t

| f(s)+A1(s)u(s,Ns)+
n∑
j=1

Aj2(s)σjs
∂u

∂xj
(s,Ns) | ds 6 C

n∑
j=1

∫ T

t

(V ar(N j
T )−V ar(N j

t ))−1/2dt <∞
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for all t < T by (H5). By continuity of u andN, the terms in the first line of (5.5) with T replaced
by T − ε converge to the terms in (5.5) as ε → 0. The divergence integrals converge also in the
sense

E
[∫ T−ε

t

σjs
∂u

∂xj
(s,Ns)δX

j
sF

]
→
ε→0

E
[∫ T

t

σjs
∂u

∂xj
(s,Ns)δX

j
sF

]
for all j = 1,...,n and F ∈ S. �

Remark. We discuss now the hypothesis (H5). The positivity of d
dt
V ar(N j

t ) means that
V ar(N j

t ) is (strictly) increasing on [t0,T ]. We note that

d

dt
V ar(N j

t ) =
d

dt

∫ t

0

(K∗,jt σj)2
sds = 2

∫ t

0

σjtσ
j
u

∫ u

0

∂Kj

∂t
(t,s)

∂Kj

∂u
(u,s)dsdu = 2σjt

∫ t

0

σjuφ
j(t,u)du.

Since σj > 0 by (H3), a sufficient condition for d
dt
V ar(N j

t ) > 0 for all t ∈ [t0,T ] is φj > 0 on
[0,T ]2 \ [0,t0]2. This is the case if ∂Kj

∂u
(u,s) > 0 for all (u,s) ∈ [0,T ]2, u > s. For mbm (Example

1) such cases can easily be found for Hurst functions h that are increasing or decreasing on [0,T ],
but other examples of mbm show that V ar(N j

t ) increasing on [t0,T ] is possible for suitable values
of t0 even if h is only of bounded variation.
For h(t) = 1

5
sin(t) + 3

4
(of bounded variation) V ar(Nt) is increasing on certain intervals and

decreasing on others. For h(t) = 1
4
(1 − e−t) + 3

5
(increasing) V ar(Nt) is increasing, and for

h(t) = 1
4
e−t + 3

5
(decreasing) V ar(Nt) is increasing.
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FIG. 5.1 : Graph R(t) := V ar(Nt) for h(t) = 1
5sin(t) +

3
4 , h(t) = 1

4(1− e
−t) + 3

5 , h(t) = 1
4e
−t + 3

5

We note that for fractional brownian motion BH with Hurst index H > 1/2, φH(t,u) =
∂2

∂t∂u
EBH

t B
H
u = CH | t− u |2H−2> 0, where CH > 0 is a constant depending on H.

We notice that the function φ in the case of the mbm, it is not necessarily positive.
For h(t) = 1

5
sin(t) + 3

4
, φ is positive or negative.

If h(t) = 1
4
e−t + 3

5
, φ is positive.
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FIG. 5.3 : Graph φ for h(t) = 1
4e
−t + 3
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Nota I thank Pr. Jean Rodolphe ROCHE who helped me in this numerical methods.

Let us comment now on the hypothesis of integrability of (Dj
t )
−1/2 := (V ar(N j

T )−V ar(N j
t ))−1/2

near T. We have

Dj
t = E

[( ∫ T

0

δW j
s

∫ T

s

σjr
∂Kj

∂r
(r, s)dr

)2

−
(∫ t

0

δW j
s

∫ t

s

σjr
∂Kj

∂r
(r, s)dr

)2]
= E

(∫ T

0

δW j
s

∫ T

s

σjr
∂Kj

∂r
(r, s)dr +

∫ t

0

δW j
s

∫ t

s

σjr
∂Kj

∂r
(r, s)dr

)
×
(∫ T

0

δW j
s

∫ T

s

σjr
∂Kj

∂r
(r, s)dr −

∫ t

0

δW j
s

∫ t

s

σjr
∂Kj

∂r
(r, s)dr

)]
.

We pose

a1 =

∫ T

0

δW j
s

∫ T

s

σjr
∂Kj

∂r
(r, s)dr,

and

b1,t =

∫ t

0

δW j
s

∫ t

s

σjr
∂Kj

∂r
(r, s)dr.

Then

a1 =

∫ t

0

δW j
s

∫ t

s

σjr
∂Kj

∂r
(r, s)dr +

∫ t

0

δW j
s

∫ T

t

σjr
∂Kj

∂r
(r, s)dr +

∫ T

t

δW j
s

∫ T

s

σjr
∂Kj

∂r
(r, s)dr

:= b1,t + b2,t + b3,t,

with a1 − b1,t = b2,t + b3,t we get

Dj
t = E

[
(2b1,t + b2,t + b3,t)(b2,t + b3,t)

]
= E

[
2b1,tb2,t + 2b1,tb3,t + b2

2,t + 2b2,tb3,t + b2
3,t

]
= E

[
2b1,tb2,t + b2

2,t + b2
3,t

]
.
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Furthermore

E
[
2b1,tb2,t

]
=

∫ t

0

ds
[ ∫ t

s

σjr
∂Kj

∂r
(r, s)dr

∫ T

t

σjr′
∂Kj

∂r′
(r′, s)dr′

]
=

∫ T

0

dr

∫ T

0

dr′σjrσ
j
r′1[0,t]×[t,T ](r, r

′)

∫ inf(r,r′)

0

∂Kj

∂r
(r, s)

∂Kj

∂r′
(r′, s)ds

=

∫ t

0

dr

∫ T

t

dr′σjrσ
j
r′φ(r, r′).

Moreover

E[b2
2,t] =

∫ t

0

ds

(∫ T

t

drσjr
∂Kj

∂r
(r, s)

)2

,

and

E[b2
3,t] =

∫ T

t

ds

(∫ T

s

drσjr
∂Kj

∂r
(r, s)

)2

.

Consequently

Dj
t =

∫ t

0

dr

∫ T

t

dr′σjrσ
j
r′φ

j(r, r′) +

∫ t

0

ds

(∫ T

t

drσjr
∂Kj

∂r
(r, s)

)2

+

∫ T

t

ds

(∫ T

s

drσjr
∂Kj

∂r
(r, s)

)2

=: A1
t + A2

t + A3
t .

Under the hypothesis (H3) for σj and if φj > 0, a sufficient condition for
∫ T
t0

(Dj
t )
−1/2dt <∞

is

A3
t =

∫ T

t

(K∗,jT σj)2
sds > c(T − t)a

for some constant c > 0 and a ∈ (0,2) as t ↗ T. For fractional brownian motion BH

with H > 1/2 this condition is satisfied with a = H + 1/2. For the Volterra processes in
Examples 1-3 this condition is satisfied with a = 2h(T ) if h is such that ∂K

∂u
(u, s) > 0, for

(u,s) ∈ (t0,T )2, u > s.

5.3 Application

A possible application of the result of this Chapter is to formulate and to solve, in the context of
Volterra processes, the well known problem of self-financing trading strategies against a positive
contingence claim ξ at a time T . Volterra processes are in fact more flexible than brownian motion
to modelize the different kinds of uncertainties that occur on financial markets.
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The model

We begin with the typical setup for continuous-time asset pricing: the basic securities consist of
n + 1 assets. One of them is a locally riskless (the money market instrument or bond) with price
per unit P 0 governed by the equation

dP 0
t = P 0

t rtdt,

wher rt is the short rate. In addition to the bond, n risky securities (the stocks) are continuously
traded. The price process P j for one share of jth is modeled by the linear stochastic differential
equation

dP j
t = P j

t (bjtdt+ σjt δX
j
t ),

where bjt is the appreciation rate and σjt is the volatility. Then θjt := (bjt − rt)/σ
j
t is called the risk

premium for the risky asset j.
The problem is to find the part πjt of the wealth Vt to invest at time t in the asset j, j = 1,...,n.

Of course this decision can only be based on the current information Ft, i.e. the processes πjt and
π0
t := Vt −

∑n
j=1 π

j
t must be Ft-adapted. In the model of Harrison and Pliska ([16]) Vt satisfies

the equation dVt = rtVtdt +
∑n

j=1(bjt − rt)π
j
tdt +

∑n
j=1 π

j
tσ

j
t δX

j
t with final condition VT = ξ.

If ξ is of the form g(NT ), (Vt,π1
t ,...,π

n
t ), t ∈ [t0,T ], is the solution of (5.1) with A1(s) = rs, and

Aj2(s) = θjsσ
j
s, j = 1,...,n.



Chapter 6

Non linear BSDE in the one-dimensional
case

In this Chapter, we establish the relation between BSDE (6.1) and PDE (6.2). We present the tools
that interest us to prove the existence and the uniqueness of solutions of non linear BSDE without
making reference to the associated PDE (6.2). For the construction of the solution we need the
notion of quasi-conditional expectation, a Clark-Ocone type formula and another Itô formula for
Volterra processes.

For the rest of the work, (Xt, t ∈ [0, T ]) is a Volterra process that satisfies (H1) and (H2)

and S be the set of random variables of the form F = f(X(ϕ1),...., X(ϕn)), where n > 1,
f : Rn → R is a C∞ -function such that f and its partial derivatives have at most polynomial
growth, and ϕ1,...,ϕn ∈ H.

6.1 Connection between partial differential equations and BS-
DEs revisited

We consider X defined on the probability space (Ω,F , P ) and given by (2.1). Let F = {Ft ⊂ F ,
t ∈ [0, T ]} the filtration generated by X and augmented by the P -null sets. Let N be given by
(1.14), where σ is a bounded function on [0,T ] and suppose that d

dt
V ar(Nt) > 0 for all t ∈ (0, T ).

Let t0 > 0 be fixed, and denote by L2(F,R) the set of F-adapted R-valued processes Z such
that E(

∫ T
t0
| Zt |2 dt) < ∞. We consider the non linear BDSE for the processes Y = (Yt,

t ∈ [t0, T ]) ∈ L2(F,R) and Z = (Zt, t ∈ [t0, T ]) ∈ L2(F,R) given by

Yt = g(NT ) +

∫ T

t

f(s,Ns, Ys, Zs)ds+

∫ T

t

ZsδXs, t ∈ [t0, T ], (6.1)
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We show that (6.1) is associated to the following second order PDE with terminal condition∂u
∂t

(t, x) = −1
2
d
dt
V ar(Nt)

∂2u
∂x2

(t, x)− f(t, x, u(t, x),− σt ∂u∂x(t, x)),

u(T, x) = g(x), (t, x) ∈ [t0, T ]× R
(6.2)

The main result is as follows.

Theorem 6.1.1. If (6.2) has a classical solution u(t, x) that satisfies (4.3) with F replaced by u,
then (Yt, Zt) := (u(t, Nt),−σt ∂u∂x(t, Nt)), t ∈ (t0, T ), satisfies (6.1).

Proof. Applying the Itô formula (Theorem 4.4) for u(t, Nt), we get

du(t, Nt) =
(∂u
∂t

(t, Nt) +
1

2

d

dt
V ar(Nt)

∂2u

∂x2
(t, Nt)

)
dt+ σt

∂u

∂x
(t, Nt)δXt.

We set Yt = u(t, Nt) and Zt = −σt ∂u∂x(t, Nt). Then the pair (Y, Z) is a solution of BSDE

du(t, Nt) = −f(t, Nt, u(t,Nt),− σt
∂u

∂x
(t, Nt))dt+ σt

∂u

∂x
(t,Nt)δXt.

From (4.3) we conclude E
∫ T
t0
Z2
sds <∞ and E

∫ T
t0
Y 2
s ds <∞.

This proves the theorem. �

Remark 6.1.2. Theorem 6.1.1 suggests interesting interactions between the BSDE (6.1) and the
PDE (6.2). Existence and uniqueness theorems for (6.2), not only for classical solutions, could be
applied to show existence and uniqueness of solutions of (6.1) and vice versa. Let us summarize
such results given in [6], [23] and [27] for BSDE driven by brownian motion and in [18] for
BSDE driven by fractional brownian motion.

If the PDE associated to the BSDE has a classical solution, a solution of the BSDE is usually
deduced by a theorem analogous to Theorem 6.1.1. The uniqueness of the solution of the BSDE
within the class of solutions expressed in terms of classical solutions of the associated PDE
follows then from the uniqueness of (classical) solutions of the PDE.

Viscosity solutions u of the PDE: the existence of u is usually derived from the solution of
the BSDE and uniqueness of u is proved in [27] under Lipschitz conditions on the generator f
within the class of solutions u with polynomial growth at infinity. We refer to [23] for existence
and uniqueness results under different assumptions on f.

Sobolev (or weak) solutions of the PDE: the existence and uniqueness of such solutions to
semilinear PDEs has been shown independently of BSDEs in [6] and [23] for differential oper-
ators whose coefficients depend on the space variable only. The solution of the BSDE is then
deduced by a theorem analogous to Theorem 6.1.1. Since in our PDEs the coefficients depend on
the time variable, these results are not directly applicable to our case.
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Mild (or evolution) solutions of the PDE: the mild form of (6.2) is given by

u(t, x) =

∫
G(T, t, x− y)g(y)dy −

∫ T

t

∫
G(s, t, x− y)f(s, y, u(s, y),− σs

∂

∂x
u(s, y))dyds,

(6.3)
where

G(s, t, x) = (2π)−1/2(V ar(Ns)− V ar(Nt))
−1/2 exp

(
− x2

2(V ar(Ns)− V ar(Nt))

)
.

In fact, Theorem 5.2.1 applied to n = 1, b = A1 = A2 = f = 0 gives
u(t, x) =

∫
G(T, t, x − y)g(y)dy in the linear case and (6.3) follows by classical arguments

for the mild form of a nonlinear PDE. In the case where X is fractional brownian motion with
Hurst index H > 1/2 it is shown in [18], under regularity conditions similar to (H6)-(H8) (see
below, evaluated for fractional brownian motion) that the solution of (6.3) is unique and twice
differentiable in x. The authors apply this result to show uniqueness of the solution of the BSDE
in their case.

A second result on the relation between (6.1) and (6.2) will be given in Proposition 6.1.8. The
proof of this proposition needs some auxiliary results.
Let

p|t|(x) =
1√

2π | t |
e−x

2/2|t|, t ∈ R∗. (6.4)

Let k be a continuous function, such that the following is well defined:

P|t|k(x) =

∫
R
p|t|(x− y)k(y)dy. (6.5)

Remark 6.1.3. a)
∂

∂t
P|t|k(x) =

1

2
sig(t)

∂2

∂x2
P|t|k(x). (6.6)

In fact,
If t > 0, we have ∂

∂t
pt(x) = 1

2
∂2

∂x2
pt(x), then ∂

∂t
Ptk(x) = 1

2
∂2

∂x2
Ptk(x).

If t < 0, we have

∂

∂t
P−tk(x) = ∂

∂t

∫
R
p−t(x− y)k(y)dy

=

∫
R

∂

∂t
p−t(x− y)k(y)dy.

Moreover, we have

d

dt

( 1√
2π(−t)

ex
2/2t
)

=
d

dt

(
(2π(−t))−

1
2 ex

2/2t
)

=
d

dt

(
(2π(−t))−

1
2

)
ex

2/2t + (2π(−t))−
1
2
d

dt
ex

2/2t
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=
( π

(−2πt)
3
2

− x2

2t2
√
−2πt

)
ex

2/2t.

Therefore
d

dt
p−t(x) =

ex
2/2t√

2π(−t)

[
− 1

2t
− x2

2t2

]
.

Moreover
d

dx

( 1√
2π(−t)

ex
2/2t
)

=
1√

2π(−t)
x

t
ex

2/2t,

d2

dx2

( 1√
2π(−t)

x

t
ex

2/2t
)

=
ex

2/t2√
2π(−t)

[1

t
+
x2

t2

]
.

Therefore
∂

∂t
p−t(x) = −1

2

∂2

∂x2
p−t(x).

Consequenly
∂

∂t
P−tk(x) = −1

2

∂2

∂x2
P−tk(x).

The following theorem will be needed in the proof of Lemma 6.1.6 below.

Theorem 6.1.4. Let V ar(Nt) be increasing. Assume that h is a continuous function, and suppose
that there exist positive constants c and λ′ < (8V ar(NT ))−1 such that | h(x) |6 ceλ

′x2 for all
x ∈ R. Then

h(Ns) = PV ar(Ns)h(0) +

∫ s

0

∂

∂x

[
PV ar(Ns)−V ar(Nt)h

]
(Nt)σtδXt, 0 6 s < T.

Proof. We want to apply the Itô formula (Theorem 4.4) toF (t,Nt) =
[
PV ar(Ns)−V ar(Nt)h

]
(Nt),

t < s.

We begin by verifying the hypotheses of the Itô formula:

• | F (t, x) | =| PV arNs−V arNth(x) |=
∫
R
pV arNT−V arNt(x− y) | h(y) | dy

=

∫
R

1√
2π(V arNs − V arNt)

e
− (x−y)2

2(V arNs−V arNt) | h(y) | dy

6 c

∫
R

1√
2π(V arNs − V arNt)

e
− (x−y)2

2(V arNs−V arNt) eλ
′y2dy

=
c√

2π(V arNs − V arNt)

∫
R
e
− z2

2(V arNs−V arNt) eλ
′(x+z)2dz
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=
ce2λ′x2√

2π(V arNs − V arNt)

∫
R
e
− z2

2(V arNs−V arNt) e2λ′z2dz

6
ce2λ′x2√

2π(V arNs − V arNt)

∫
R
e
− z2

2(V arNs−V arNt) e
2λ′ V arNs

(V arNs−V arNt)
z2
dz

=
ce2λ′x2√

2π(V arNs − V arNt)

∫
R
e
− z2

(V arNs−V arNt)
( 1
2
−2λ′V arNs)dz

=
ce2λ′x2√

2π(V arNs − V arNt)

√
2π(V arNs − V arNt)

1− 4λ′V arNs

=
ce2λ′x2

√
1− 4λ′V arNs

6Meλx
2

,

where the last inequality follows by choosing M = c√
1−4λV arNT

and λ = 2λ′.

•
∣∣∣ ∂
∂x
F (t, x)

∣∣∣ 6 ∣∣∣ ∂
∂x
P(V arNs−V arNt)h(x)

∣∣∣
6
∫
R

2π

(2π(V arNs − V arNt))
3
2

| x− y | e−
(x−y)2

2(V arNs−V arNt) | h(y) | dy

6
2πc

(2π(V arNT − V arNt))
3
2

∫
R
| x− y | e−

(x−y)2
2(V arNs−V arNt) eλ

′y2dy

=
2πc

[2π(V arNs − V arNt)]
3
2

∫
R
| z′ | e−

(z′)2
2(V arNs−V arNt) eλ

′(x−z′)2dz′

6
2πc

[2π(V arNs − V arNt)]
3
2

∫
R
| z′ | e−

(z′)2
2(V arNs−V arNt) e2λ′x2e2λ′(z′)2dz′

6
ce2λ′x2

2π(V arNs − V arNt)

∫
R

| z′ |√
V arNs − V arNt

e
− (z′)2

2(V arNs−V arNt) e
2λ′V arNs

(V arNs−V arNt)
(z′)2

dz′, (t < s).

Moreover, for any ε > 0, there is a constant Kε such that |z′|√
V arNs−V arNt

6 Kεe
ε

V arNs−V arNt
(z′)2

.

Then, we get∣∣∣ ∂
∂x
F (t, x)

∣∣∣ 6 cKε
e2λ′x2

2π(V arNs − V arNt)

∫
R
e

ε
V arNs−V arNt

(z′)2
e
− (z′)2

2(V arNs−V arNt) e
2λ′V arNs

V arNs−V arNt
(z′)2

dz′

= cKε
e2λ′x2

2π(V arNs − V arNt)

∫
R
e
− (z′)2
V arNs−V arNt

( 1
2
−ε−2λ′V arNs)dz′

= cKε
e2λ′x2

2π(V arNs − V arNt)

∫
R
e
− (z′)2

2(V arNs−V arNt)
(1−2ε−4λ′V arNs)dz′

= cKε
e2λ′x2√

2π(V arNs − V arNt)

1√
1− 2ε− 4λ′V arNs

6Meλx
2

, (for fixed t, t < s)

with a suitable constant M and 2λ′ = λ.

•
∣∣∣ ∂2

∂x2
F (t, x)

∣∣∣
=
∣∣∣ ∂
∂x

∫
R

2π

[2π(V arNs − V arNt)]
3
2

| x− y | e−
(x−y)2

2(V arNs−V arNt)h(y)dy
∣∣∣
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6
∫
R

2π

[2π(V arNs − V arNt)]
3
2

e
− (x−y)2

2|V arNT−V arNt| | h(y) | dy

+

∫
R

2π | x− y |2

[2π(V arNs − V arNt)]
5
2

e
− (x−y)2

2(V arNs−V arNt) | h(y) | dy

6 2Meλx
2

+ 2πc

∫
R

(z′)2

[2π(V arNs − V arNt)]
5
2

e
− (z′)2

2(V arNs−V arNt)| eλ
′(x−z′)2dz′

6 2Meλx
2

+ 2πc

∫
R

(z′)2

[2π(V arNs − V arNt)]
5
2

e
− (z′)2

2(V arNs−V arNt) e2λ′x2e2λ′(z′)2dz′

6 2Meλx
2

+ 2πce2λ′x2
∫
R

(z′)2

[2π(V arNs − V arNt)]
5
2

e
− (z′)2

2(V arNs−V arNt) e
2λ′V arNs

V arNs−V arNt
(z′)2

dz′

6 2Meλx
2

+ 2πc
e2λ′x2

[2π(V arNs − V arNt)]
5
2

∫
R
(z′)2e

− (z′)2
V arNs−V arNt

( 1−4λ′V arNs
2

)
dz′

6 2Meλx
2

+ 2πc
e2λ′x2

[2π(V arNs − V arNt)]
5
2

∫
R
u2V arNs − V arNt

1− 4λ′V arNs

e−
1
2
u2

√
V arNs − V arNt

1− 4λ′V arNs

du

= 2Meλx
2

+ 2πc
e2λ′x2

[2π(V arNs − V arNt)]
5
2

(V arNs − V arNt)
3
2

(1− 4λ′V arNs)
3
2

∫
R
u2e−

1
2
u2du

= 2Meλx
2

+ 2
ce2λ′x2

(2π)
3
2 (V arNs − V arNt)(1− 4λ′V arNs)

3
2

6M ′eλx
2

, (for fixed t, t < s)

with a suitable constant M ′ and 2λ′ = λ.

Moreover, for fixed t, t < s we have ∂
∂t
PV arNs−V arNth(x) = 1

2
∂2

∂x2
PV arNs−V arNt|h(x), and we

conclude | ∂
∂t
F (t, x) |6M”eλx

2 with a suitable constant M”.

Applying the Itô formula (Theorem 4.4) to F (t,Nt) =
[
PV ar(Ns)−V ar(Nt)h

]
(Nt) on [0, s− ε], we

obtain

F (s− ε,Ns−ε) = F (0, 0) +

∫ s−ε

0

∂

∂x

[
PV ar(Ns)−V ar(Nt)h

]
(Nt)σtδXt +

∫ s−ε

0

∂

∂t

[
PV ar(Ns)−V ar(Nt)h

]
(Nt)dt

+
1

2

∫ s−ε

0

∂2

∂x2

[
PV ar(Ns)−V ar(Nt)h

]
(Nt)

d

dt
V ar(Nt)dt.

Furthermore, we have

∂

∂t
PV ar(Ns)−V ar(Nt)h(x) =

∂

∂τ
Pτh(x) |τ=V arNs−V arNt

∂τ

∂t
|τ=V arNs−V arNt

=
1

2

∂2

∂x2
Pτh(x) |τ=V arNs−V arNt (− d

dt
V ar(Nt))

= −1

2

d

dt
V ar(Nt)

∂2

∂x2
PV arNs−V arNth(x). (6.7)

Using (6.7), we get

PV arNs−V arNs−εh(Ns−ε)− PV ar(Ns)h(0) =

∫ s−ε

0

∂

∂x

[
PV ar(Ns)−V ar(Nt)h

]
(Nt)σtδXt.
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We tend ε to 0 and we obtain

h(Ns) = PV ar(Ns)h(0) +

∫ s

0

∂

∂x

[
PV ar(Ns)−V ar(Nt)h

]
(Nt)σtδXt. (6.8)

�

Remarks 6.1.5. a) If V arNt is decreasing, we have for all 0 6 t < s < T

∂

∂t
P|V ar(Ns)−V ar(Nt)|h(x) =

∂

∂τ
Pτh(x) |τ=|V ar(Ns)−V ar(Nt)|

∂τ

∂t
|τ=V arNt−V arNs

= −1

2

∂2

∂x2
Pτh(x) |τ=V arNt−V arNs

d

dt
V ar(Nt)

= −1

2

d

dt
V ar(Nt)

∂2

∂x2
PV arNt−V arNsh(x)

= −1

2

d

dt
V ar(Nt)

∂2

∂x2
P|V ar(Ns)−V ar(Nt)|h(x).

b) If V arNt is decreasing, we must add the following hypothesis in the previous theorem V ar(Ns)
|V ar(Ns)−V ar(Nt)| >

1, for all 0 6 t < s < T.

Lemma 6.1.6. Suppose that K∗T is injective. Let b(s, x) and a(s, x), s ∈ (t0, T ), x ∈ R be
continuous functions, b continuously differentiable with respect to x and of a polynomial growth.
Let a be in the domain of δX . Let N given by (1.14). If∫ t

t0

b(s,Ns)ds+

∫ t

t0

a(s,Ns)δXs = 0, for all t ∈ (t0, T ), (6.9)

then
b(s, x) = a(s, x) = 0 for all s ∈ (t0, T ), x ∈ R. (6.10)

Proof. Using (6.4), (6.5) and applying Theorem 6.1.4, we want to show

b(s,Ns) = E[b(s,Ns)] +

∫ s

0

(∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dy

)
σuδXu. (6.11)

In fact, on the one hand, for all u ∈ (0, s), we have∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dy =

∂

∂x

∫
R
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dy

=
∂

∂x
PV ar(Ns)−V ar(Nu)b(s,Nu).

Moreover, we have

E
[
b(s,Ns)

]
=

∫
R
b(s, x)

e−
x2

2V ar(Ns)√
2πV ar(Ns)

dx, since Ns ∼ N (0, V ar(Ns)).
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Therefore,

E
[
b(s,Ns)

]
=

∫
R
b(s, x)pV ar(Ns)(x)dx =

∫
R
b(s, x)pV ar(Ns)(−x)dx = PV ar(Ns)b(s,0).

On the other hand, we apply Theorem 6.1.4 to h(x) = b(s, x) (for fixed s), we obtain

b(s,Ns) = PV ar(Ns)b(s, 0) +

∫ s

0

∂

∂x

[
PV ar(Ns)−V ar(Nu)b(s, .)

]
(Nu)σuδXu.

Therefore,

b(s,Ns) = PV ar(Ns)b(s, 0) +

∫ s

0

(∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dy

)
σuδXu

= E[b(s,Ns)] +

∫ s

0

(∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dy

)
σuδXu. (6.12)

Now, we show that∫ t

t0

[ ∫ s

0

(∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dy

)
σuδXu

]
ds

=

∫ t

t0

σu

∫ t

u

∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dydsδXu. (6.13)

In fact, let F ∈ L2(Ω,H)

E
[ ∫ t

t0

[ ∫ s

0

(∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dy

)
σuδXu

]
dsF

]
=

∫ t

t0

E
[ ∫ s

0

(∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dy

)
σuδXuF

]
ds

=

∫ t

t0

E
[
<

∫
R

∂

∂x
pV ar(Ns)−V ar(N.)(N. − y)b(s, y)dyσ., D

X
. F >H

]
ds

= E
[
<

∫ t

.

(∫
R

∂

∂x
pV ar(Ns)−V ar(N.)(N. − y)b(s, y)dy

)
dsσ., D

X
. F >H

]
= E

[ ∫ t

t0

σu

(∫ t

u

∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dyds

)
δXuF

]
.

From (6.12) and (6.13) we get∫ t

t0

b(s,Ns)ds =

∫ t

t0

E[b(s,Ns)]ds+

∫ t

t0

[ ∫ s

0

(∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dy

)
σuδXu

]
ds.

=

∫ t

t0

E[b(s,Ns)]ds+

∫ t

t0

σu

∫ t

u

∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dydsδXu.

Then from (6.9) we get

0 =

∫ t

t0

b(s,Ns)ds+

∫ t

t0

a(s,Ns)δXs
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=

∫ t

t0

E[b(s,Ns)]ds+

∫ t

t0

a(s,Ns)δXs +

∫ t

t0

σu

[ ∫ t

u

(∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dy

)
ds
]
δXu

=

∫ t

t0

[
a(u,Nu) + σu

∫ t

u

∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dyds

]
δXu +

∫ t

t0

E[b(s,Ns)]ds.

Thus ∫ t

t0

E[b(s,Ns]ds = 0, (6.14)

And ∫ t

t0

[
a(u,Nu) + σu

∫ t

u

∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dyds

]
δXu = 0. (6.15)

Let

Z(u,Nu) =: a(u,Nu) + σu

∫ t

u

∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(Nu − y)b(s, y)dyds

(6.15) implies that V ar(
∫ t
t0
Z(u,Nu)δXu) = 0. Therefore K∗t Z(., N.)u = 0 u−a.e. in [t0, t].

By injectivity of K∗t , we get

Z(u,Nu) = 0, for all u ∈ [t0, t].

Therefore

a(u, z) + σu

∫ t

u

∫
R

∂

∂x
pV ar(Ns)−V ar(Nu)(z − y)b(s, y)dyds = 0,

for all z ∈ R ([19]). Now by differentiating with respect to t, we get∫
R

∂

∂x
pV ar(Nt)−V ar(Nu)(z − y)b(t, y)dy = 0.

for all t > u and z ∈ R.
An integration by parts formula yields∫

R
pV ar(Nt)−V ar(Nu)(z − y)

∂

∂y
b(t, y)dy = 0.

Let u→ t then, we see that ∂
∂y
b(t, y) = 0 for all t ∈ (t0, T − ε) and y ∈ R. This means that there

is a b1(t) such that b(t, y) = b1(t). Now from (6.14) we have∫ t

t0

b1(s)ds = 0, t0 6 t 6 T − ε.

This implies that b1(t) = 0 for all t ∈ (t0, T ) and accordingly b(t, y) = 0 for all t ∈ (t0, T ) and
y ∈ R. Thus, a(t, y) = 0. �
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Remarks 6.1.7. In the proof of Lemma 6.1.6 we have

V ar

∫ t

t0

Z(u,Nu)δXu = V ar

∫ t

t0

K∗t Z(·, N·)uδWu = 0

which implies that K∗t Z(·,N·)u =
∫ t
u

∂
∂v
K(v, u)Z(v,Nv)dv = 0 (u, ω) − a.e. on [t0, t] × Ω, for

all t ∈ (t0, T ].

We would like to conclude that Z(v,Nv) = 0 (v, ω)− a.e. on [t0, t]× Ω.

a) An evident hypothesis is the injectivity of K∗t Z(·, N·)u as a function of u ∈ [t0, t].

Let us look for a sufficient condition for injectivity:

0 =

∫ t

t0

K∗t Z(·,N·)udu =

∫ t

t0

∫ t

u

∂

∂s
K(s,u)Z(s,Ns, ω)dsdu =

∫ t

t0

Z(s,Ns, ω)

∫ s

t0

∂

∂s
K(s, u)duds.

Suppose that K∗t Z(·, N·)u = 0 u− a.e. on [t0, t] for all t ∈ (t0, T ] and Z > 0 on (a,b) ⊂ [t0, T ].

Then

0 =

∫ b

t0

K∗bZ(·, N·)udu−
∫ a

t0

K∗aZ(·, N·)udu

=

∫ b

t0

Z(s,Ns, ω)

∫ s

t0

∂

∂s
K(s, u)duds−

∫ a

t0

Z(s,Ns, ω)

∫ s

t0

∂

∂s
K(s, u)duds

=

∫ b

a

Z(s,Ns, ω)

∫ s

t0

∂

∂s
K(s, u)duds

Let K̃t0(s) =
∫ s
t0

∂
∂s
K(s, u)du. If we suppose that K̃t0(s) 6= 0 on [t0, T ] (and therefore does not

change sign on [t0, T ]), we obtain a contradiction. Therefore, a sufficient condition for K∗T to be
injective is K̃t0(s) 6= 0 on [t0, T ]. This last hypothesis is satisfied in particular if ∂

∂s
K(s, u) > 0

(or < 0) for u ∈ (t0, s) for all s ∈ (t0, T ). By Remark 6.3.1 the positivity of ∂
∂s
K(s, u) implies

that V arNt is increasing in t ∈ [t0, T ].

One could also try to find a sufficient condition for the injectivity from the equality

0 =

∫ t

t0

(K∗t Z)2
udu =

∫ t

t0

∫ t

t0

ZrZsφt0(r, s)dsdr, where φt0(r, s) =

∫ r∧s

t0

∂

∂s
K(s, v)

∂

∂r
K(r, v)dv.

However, it seems that the hypothesis of the positivity of φt0 does not imply Z = 0.

b) For all h ∈ L2([t0, t])∫ t

t0

K∗t Z(·, N·, ω)uh(u)du =

∫ t

t0

∫ t

u

∂

∂s
K(s, u)Z(s,Ns, ω)dsh(u)du

=

∫ t

t0

Z(s,Ns, ω)

∫ s

t0

∂

∂s
K(s, u)h(u)duds.
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Suppose that the right side of the equality above is zero for all h ∈ L2([t0, t]). Under which con-
dition on K does this imply Z(s,Ns, ω) = 0 s− a.e on [t0, t] ?

c) We could also try to argue with the chaos composition of
∫ t
t0
Z(u,Nu)δXu which is unique.

Is Z unique? If so, Z = 0. The question is to find an analogy to theorem 12.1 in [17].

We are now ready to formulate our second result on the relation between BSDE and PDE.

Proposition 6.1.8. Suppose that K∗T is injective. Let (6.1) have a solution of the form (Yt =

u(t, Nt), Zt = v(t, Nt)), where u is as in Theorem 6.1.1 and v ∈ C1,2([0, T ] × R) satisfies (4.3).
Suppose that f ∈ C0,1([0, T ]× R3) and is of polynomial growth. Then v(t, x) = −σt ∂∂xu(t, x).

Proof. We apply the Itô formula (Theorem 4.2.1) to u and get

du(t, Nt) =
[ ∂
∂t
u(t, Nt) +

1

2

d

dt
V ar(Nt)

∂2

∂x2
u(t, Nt)

]
dt+ σt

∂

∂x
u(t, Nt)δXt.

Moreover, we can write

u(t, Nt)− g(NT ) = −
∫ T

t

[ ∂
∂s
u(s,Ns) +

1

2

d

ds
V ar(Ns)

∂2

∂x2
u(s,Ns)

]
ds−

∫ T

t

σs
∂

∂x
u(s,Ns)δXs.

Using (6.1), we get∫ T

t

f(s,Ns, u(s,Ns), v(s,Ns))ds+

∫ T

t

v(s,Ns)δXs

= −
∫ T

t

[ ∂
∂s
u(s,Ns) +

1

2

d

ds
V ar(Ns)

∂2

∂x2
u(s,Ns)

]
ds−

∫ T

t

σs
∂

∂x
u(s,Ns)δXs.

For t = t0, we obtain∫ T

t0

f(s,Ns, u(s,Ns), v(s,Ns))ds+

∫ T

t0

v(s,Ns)δXs

= −
∫ T

t0

[ ∂
∂s
u(s,Ns) +

1

2

d

ds
V ar(Ns)

∂2

∂x2
u(s,Ns)

]
ds−

∫ T

t0

σs
∂

∂x
u(s,Ns)δXs.

Subtracting the two equations we get for all t0 6 t 6 T − ε∫ t

t0

f(s,Ns, u(s,Ns), v(s,Ns))ds+

∫ t

t0

v(s,Ns)δXs

= −
∫ t

t0

[ ∂
∂s
u(s,Ns) +

1

2

d

ds
V ar(Ns)

∂2

∂x2
u(s,Ns)

]
ds−

∫ t

t0

σs
∂

∂x
u(s,Ns)δXs.

Using (6.2), we obtain∫ t

t0

[
f(s,Ns, u(s,Ns), v(s,Ns))− f(s,Ns, u(s,Ns),−σs

∂

∂x
u(s,Ns))

]
ds

+

∫ t

t0

[
v(s,Ns) + σs

∂

∂x
u(s,Ns)

]
δXs = 0.
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Since u, v satisfy (4.3) and f ∈ C0,1([0, T ] × R3) and is of polynomial growth, we apply now
Lemma 6.1.6 and obtain

v(t, x) = −σt
∂

∂x
u(t, x), ∀t ∈ (t0, T ), x ∈ R. �

Remark 6.1.9. If the PDE (6.2) has a unique classical solution (see in particular the last part
of Remark 6.1.2), then under the hypotheses of Proposition 6.1.8 the BSDE (6.1) has a unique
solution.

In fact, let us suppose that (6.1) has two solutions (Y 1
t , Z

1
t ) and (Y 2

t , Z
2
t ) : Y 1

t = u1(t, Nt),
Z1
t = −σt ∂∂xu

1(t, Nt) and Y 2
t = u2(t, Nt), Z2

t = −σt ∂∂xu
2(t, Nt). By uniqueness of solutions of

(6.2), u1(t, .) = u2(t, .) and therefore, for t ∈ [t0, T ] Y 1
t = Y 2

t , Z1
t = Z2

t .

6.2 Transfer formula

Theorem 6.2.1. (Transfer formula) Let X be given by (2.1). Let DW be the Malliavin derivative
with respect to the Brownian motion. Then, K∗TD

X
. = DW

. on DX
1,2.

Proof. We have F = f(X(ϕ1), ..., X(ϕn)) = f(W (K∗Tϕ1), ...,W (K∗Tϕn)), n > 1 and
F ∈ S.
Recall that X(ϕi) =

∫ T

0

ϕi(s)δXs =

∫ T

0

(K∗Tϕi)sδWs = W (K∗Tϕi), i = 1,..., n, ϕ1,..., ϕn ∈ H.

Furthermore DX
t F :=

n∑
i=1

∂f
∂xi

(X(ϕ1), ..., X(ϕn))ϕi(t) ∈ H, and

(K∗TD
X
. F )t =

∫ T

t

DX
u F

∂K

∂u
(u, t)du

=
n∑
i=1

∂f

∂xi
(X(ϕ1), ..., X(ϕn))

∫ T

t

ϕi(u)
∂K

∂u
(u, t)du

=
n∑
i=1

∂f

∂xi
(X(ϕ1), ..., X(ϕn))(K∗Tϕi)t = DW

t F, t ∈ [0, T ].

We extend the equality (K∗TD
X
. F )t = DW

t F to the closure of the linear combinations of S by
means of the norm

‖F‖2
1,2 = E|F |2 + E‖DXF‖2

H.

a) F1, F2 ∈ S, a1, a2 ∈ R : (K∗TD
X
. (a1F1 + a2F2))t = DW

t (a1F1 + a2F2) because K∗, DX and
DW are linear operators.
b) Let (Fn)n∈N ⊂ span(S) such that (Fn)n∈N converges in norm ‖.‖1,2 to F. Then, F ∈ DX

1,2.

Thus, ‖DXF −DXFn‖H → 0, with n 7−→ ∞. Thus, ‖K∗TDXF −K∗TDXFn‖L2(Ω,L2(0,T )) → 0,

with n 7−→ ∞ by isometry.
Since K∗TD

XFn = DWFn, (DWFn)n∈N is a convergent sequence in L2(Ω, L2(0, T )). By propo-
sition 1.2.1 ([26]) the limit in L2(Ω, L2(0, T )) is DWF. Therefore, K∗TD

X
. = DW

. . �
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6.3 Assumptions and solution spaces

In this section we formulate the assumptions we need for the proofs, carried out in Chapter 7, of
the existence and uniqueness of the solution of (6.1) without using the associated PDE. We define
the spaces where these solutions live.

We formulate now the assumptions on σ, f, g in (6.1):

(H6) σ : R −→ R is a deterministic continuous function such that σt 6= 0, for all t ∈ [0, T ]

and σ is bounded. Let

σ̂t =

∫ t

0

φ(t, r)σrdr, t ∈ [0, T ].

Moreover, we assume that there exists ε : [0, T ] −→ R+ is continuous function such that
mε(s) 6 σ̂s

σs
6 Mε(s), s ∈ [0, T ] for some constants m,M > 0 and such that 1

ε
is integrable

on [t, T ] for all t > 0.

(H7) The function f : [0, T ] × R3 −→ R belongs to the space C0,1
pol([0, T ] × R3), where

Ck,lpol([0, T ] × Rm) is the space of all Ck,l-functions over [0, T ] × Rm which, together with their
derivatives, are of polynomial growth. Moreover we assume that there exists a constant L > 0

such that, for all t ∈ [0, T ], x, y1, y2, z1, z2 ∈ R,

| f(t, x, y1, z1)− f(t, x, y2, z2) |6 L(| y1 − y2 | + | z1 − z2 |).

And

E
[ ∫ T

0

| f(t, Nt, 0, 0) |2 dt
]
<∞.

(H8) ξ = g(NT ), where g ∈ C1
pol(R).

Remarks 6.3.1. We discuss now the hypothesis (H6).
a) • We have d

dt
V arNt = 2σtσ̂t. Indeed,

d

dt
V arNt =

d

dt

∫ t

0

(K∗t σ)2
sds

=
d

dt

∫ t

0

(∫ t

s

∂

∂u
K(u, s)σudu

)2

ds

= 2

∫ t

0

(∫ t

s

∂

∂u
K(u, s)σudu

) ∂
∂t
K(t, s)σtds

= 2

∫ t

0

duσtσu

∫ inf(t,u)

0

∂

∂t
K(t, s)

∂

∂u
K(u, s)ds

= 2σt

∫ t

0

σuφ(t, u)du := 2σtσ̂t.
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• σ̂t
σt

=
d
dt
V arNt

2σ2
t

> 0 if d
dt
V arNt > 0.

• If σ = 1, we have
∫ t

0
φ(t, r)dr = 1

2
d
dt
V arXt.

b) If φ(t, u) > 0, 0 6 u < t 6 T we can choose ε(t) =
∫ t

0
φ(t, u)du = 1

2
d
dt
V arXt > 0 in (H6).

Indeed, if there exists c, C > 0 such that c < σ < C, we have c
C
ε(t) 6 σ̂t

σt
6 C

c
ε(t).

c) If we suppose that d
dt
V arXt is continuous on [s, T ], and we have d

dt
V arXt > δ > 0, then 1

ε
is

integrable on [s, T ] for all s > 0.

We introduce the following space:

Definition 6.3.2. Let VT denote the set of processes (Yt, t ∈ [0, T ]) of the form

VT = {Y. = w(.,N.);w ∈ C1,3
pol([0, T ]× R) with

∂w

∂t
∈ C0,1

pol([0, T ]× R)}.

Remark 6.3.3. It may be surprising that a third order derivative with respect to x of w and a
derivative with respect to x of ∂

∂t
w is required in Definition 6.3.2. They are in fact needed for

an application of Lemma 6.1.6 in part e) of the proof of Proposition 7.1.1. The definition of VT
corresponds to the definition in [25].

Let ṼT,ε be the completion of VT under the following norm

‖ Z ‖2
ε=

∫ T

0

ε(t)E | Zt |2 dt.

And let

‖ Y ‖2
2=

∫ T

0

E | Yt |2 dt.

We make the link between the 3 spaces: VT ,DX
1,2(| H |), Dom(δX).

Lemma 6.3.4. We have VT ⊂ DX
1,2(| H |) ⊂ Dom(δX).

Proof. Let u ∈ VT and we prove u ∈ DX
1,2(| H |).

a) We first prove that E ‖ u ‖2
H<∞.

We have

‖ u ‖2
H =

∫ T

0

(∫ T

t

u(r,Nr)
∂

∂r
K(r, t)dr

)2

dt

6
∫ T

0

(∫ T

t

| u(r,Nr) |
∣∣∣ ∂
∂r
K(r, t)

∣∣∣dr)2

dt.

Applying Hölder’s inequality to p < 1
1−α < 2 (α is a constant in (H2)) and q its conjugate

(1
p

+ 1
q

= 1), we get

(∫ T

t

| u(r,Nr) |
∣∣∣ ∂
∂r
K(r, t)

∣∣∣dr)2
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6 C
(∫ T

t

| u(r,Nr) |q dr
) 2
q
(∫ T

t

(r − t)p(α−1)
(r
t

)pβ
dr
) 2
p

= Ct−2βT 2β
(∫ T

0

| u(r,Nr) |q dr
) 2
q
(∫ T

t

(r − t)p(α−1)dr
) 2
p

= Ct−2βT 2β
(∫ T

0

| u(r,Nr) |q dr
) 2
q
[(T − t)p(α−1)+1

p(α− 1) + 1

] 2
p
, (p(α− 1) + 1 > 0)

= Ct−2βT 2β
(∫ T

0

| u(r,Nr) |q dr
) 2
q (T − t)2(α−1)+ 2

p

(p(α− 1) + 1)
2
p

= C ′t−2βT 2β(T − t)2(α−1)+ 2
p

(∫ T

0

| u(r,Nr) |q dr
) 2
q
. (6.16)

We want to prove that E
( ∫ T

0
| u(r,Nr) |q dr

) 2
q
<∞. Indeed, we have 2

q
< 1, then Jensen’s

inequality can be applied of a concave function to get

E
(∫ T

0

| u(r,Nr) |q dr
) 2
q
6
(
E
∫ T

0

| u(r,Nr) |q dr
) 2
q
.

It must be demonstrated that
∫ T

0
E | u(r,Nr) |q dr <∞.

Since u ∈ VT , we have, for some C > 0, k > 1,

| u(r,Nr) |6 C
(

1+ | Nr | +...+ | Nr |k
)
, r ∈ [0, T ].

Then we have

| u(r,Nr) |q=
(
C

k∑
i=0

| Nr |i
)q
6 C ′

( k∑
i=0

| Nr |i ∨1
)2m′

= C ′
2km′∑
i=0

| Nr |i ∨1

where [q] < 2m′.

Using (H6) we have | σ |6M ′, then one can check that for all r ∈ [0, T ]

E(N2
r ) =

∫ T

0

K∗T (σ1[0,r])
2
sds =

∫ T

0

[ ∫ T

s

σu1[0,r](u)
∂

∂u
K(u, s)du

∫ T

s

σv1[0,r](v)
∂

∂v
K(v, s)dv

]
ds

6M ′
∫ T

0

du

∫ T

0

dvφ̃(u, v) 6 2M ′
∫ T

0

du

∫ u

0

dvφ̃(u, v) <∞.

For all r ∈ [0, T ] and p > 1, we have E | Nr |2p6 Cp ‖ σ ‖2p
H<∞. Thus, we get∫ T

0

E | u(r,Nr) |q dr <∞. (6.17)

Using (6.16) and (6.17), we get

E ‖ u ‖2
H 6 E

∫ T

0

(∫ T

t

| u(r,Nr) |
∣∣∣ ∂
∂r
K(r, t)

∣∣∣dr)2

dt
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6 C”E
(∫ T

0

| u(r,Nr) |q dr
) 2
q

∫ T

0

(T − t)2(α−1)+ 2
p t−2βdt

6 C”E
(∫ T

0

| u(r,Nr) |q dr
) 2
q

∫ 1

0

(sT )−2β(1− s)2(α−1)+ 2
pT 2(α−1)+ 2

pTds

6 C”E
(∫ T

0

| u(r,Nr) |q dr
) 2
q
T−2β+2α+ 2

p
−1

∫ 1

0

s−2β(1− s)2(α−1)+ 2
pds

= C”E
(∫ T

0

| u(r,Nr) |q dr
) 2
q
T−2β+2α+ 2

p
−1B(1− 2β, 2(α− 1) +

2

p
+ 1) <∞.

b) Now, we will prove that E ‖ DXu ‖2
|H|⊗H|<∞. Indeed, applying (3.8), we obtain

E ‖ DXu ‖2
|H|⊗H|= E

∫
[0,T ]4

| DX
s u(t, Nt) || DX

t′ u(s′, Ns′) | φ̃(t, t′)φ̃(s, s′)dsdtds′dt′

= E
∫

[0,T ]4

∣∣∣ ∂
∂x
u(t, Nt)

∣∣∣ | σs | ∣∣∣ ∂
∂x
u(s′, Ns′)

∣∣∣ | σt′ | φ̃(t, t′)φ̃(s, s′)dsdtds′dt′

6 C

∫
[0,T ]4

E
[∣∣∣ ∂
∂x
u(t, Nt)

∣∣∣∣∣∣ ∂
∂x
u(s′, Ns′)

∣∣∣]φ̃(t, t′)φ̃(s, s′)dsdtds′dt′

6
C

2

∫
[0,T ]4

(
E
[∣∣∣ ∂
∂x
u(t, Nt)

∣∣∣2]+ E
[∣∣∣ ∂
∂x
u(s′, Ns′)

∣∣∣2])φ̃(t, t′)φ̃(s, s′)dsdtds′dt′

6
C

2

∫
[0,T ]4

[
E
(

1+ | Nt | +...+ | Nt |k
)

+ E
(

1+ | Ns′ | +...+ | Ns′ |k
′
)]
φ̃(t, t′)φ̃(s, s′)dsdtds′dt′.

We can use the same calculations as in part a). Consequently, E ‖ DXu ‖2
|H|⊗H|<∞.

Thus, u ∈ DX
1,2(| H |).

Finally, we have DX
1,2(| H |) ⊂ Dom(δX). �

6.4 Probabilistic methods for non linear BSDEs

We start by the presentation of some tools we need for the proofs.

6.4.1 Quasi-conditional expectation

For any n > 1, we introduce the set H⊗n of all real symmetric Borel functions fn of n variables
such that

‖ fn ‖2
H⊗n :=

∫
[0,T ]n×[0,T ]n

n∏
i=1

φ(si, ri)fn(s1,..., sn)fn(r1,..., rn)ds1...dsndr1...drn <∞. (6.18)

Then, one can define the iterated integral

IXn (fn) = n!

∫
06t1<...<tn

fn(t1,..., tn)dXt1 ...dXtn
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in the sense of Itô Skorohod. For n = 0, f = f0 a constant, we set IX0 (f0) = f0 and ‖ f0 ‖2
H⊗0=

f 2
0 .

Recall from corollary 2.7.8 ([3]) that any F ∈ L2(Ω,F ,P) can be expanded as

F = E[F ] +
∞∑
n=1

IXn (fn).

for some unique collection of kernels fn ∈ H⊗n, n > 1.

The following isometry property of integrals holds (proposition 2.7.5, [3]):
Fix integers 1 6 q 6 p, as well as f ∈ H⊗p and g ∈ H⊗q. We have

E[IXp (f)IXq (g)] =

{
p! < f, g >H⊗p if p = q

0 otherwise.

In particular, E[IXp (f)2] = p! ‖ f ‖2
H⊗p .

Remark 6.4.1. For n = 2, (6.18) does not coincide with ‖ . ‖|H|⊗|H| in Chapter 3.

The notion of quasi-conditional expectation has been introduced, since the classical notion of
conditional expectation seems not to be convenient for a proof of the existence and uniqueness of
solutions to BSDEs whose driving process is not a martingale.

Let {Ft}t>0 be the filtration generated by X. The following remark is introduced by lemma
1.2.5 in [26].

Remark 6.4.2. Let F = IXn (fn) where fn = 1B1×...×Bn and B1, ..., Bn are mutually disjoint
Borel sets with finite Lebesgue measure.
Then

E[F | Ft] = E[X(B1)...X(Bn) | Ft] = E
[ n∏
i=1

(X(Bi ∩ [0, t]) +X(Bi ∩ [0, t]c)) | Ft
]

= IXn (1(B1∩[0,t])×...×(Bn∩[0,t])) + E
( n∏
i=1

X(Bi ∩ [0, t]c) | Ft
)

= IXn (fn1⊗n[0,t]) + E
( n∏
i=1

X(Bi ∩ [0, t]c) | Ft
)
.

We have E
(∏n

i=1 X(Bi ∩ [0, t]c) | Ft
)
6= 0 if X has not independent increments. In general, it

is difficult to treat this term, so the notion of quasi-conditional expectation has been defined as
follows (definition 12, [25]).

Definition 6.4.3. For F ∈ L2(Ω,F ,P) let fn ∈ H⊗n, n > 0 such that F =
∑∞

n=0 I
X
n (fn). The

quasi-conditional expectation is defined as

Ê
[
F | Ft

]
=
∞∑
n=0

IXn (fn1⊗n[0,t]), (6.19)
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if the series on the right side converges in L2(Ω,F ,P). Here

1⊗n[0,t](t1,..., tn) = 1[0,t](t1)...1[0,t](tn).

Remark 6.4.4. Ê
[
Ê[F | Ft] | Fs

]
= Ê[F | Fs], for 0 6 s 6 t 6 T.

Remark 6.4.5. (Semi-group property) Let g be a continuous function and let V ar(N.) increasing
or decreasing. Let us show that P|V ar(NT )−V ar(Nt)| = P|V ar(NT )−V ar(Ns)|P|V ar(Ns)−V ar(Nt)|g(x), (t,s, x) ∈
[t0, T ]2 × R and t < s < T. Here P is the heat kernel (6.5) evaluated in the scale of V ar(N.).

• If V ar(N.) is increasing then V ar(Nt) 6 V ar(Ns) 6 V ar(NT ). Therefore

P|V ar(NT )−V ar(Nt)|g(x) = PV ar(NT )−V ar(Nt)g(x).

= PV ar(NT )−V ar(Ns)PV ar(Ns)−V ar(Nt)g(x).

= P|V ar(NT )−V ar(Ns)|P|V ar(Ns)−V ar(Nt)|g(x).

• If V ar(N.) is decreasing, −V ar(N.) is increasing, we get

P|V ar(NT )−V ar(Nt)|g(x) = PV ar(Nt)−V ar(NT )g(x) = P−V ar(NT )−(−V ar(Nt))g(x)

= P−V ar(NT )+V ar(Ns)P−V ar(Ns)+V ar(Nt)g(x).

= P|V ar(Ns)−V ar(NT )|P|V ar(Nt)−V ar(Ns)|g(x).

= P|V ar(NT )−V ar(Ns)|P|V ar(Ns)−V ar(Nt)|g(x).

The following lemma is motivated by lemma 3.3 in [19].

Lemma 6.4.6. Let g ∈ Dom(δX) and t ∈ [0, T ], then Ê
[ ∫ T

t

guδXu|Ft
]

= 0, P-a.s.

Proof. Let gu =
∞∑
n=0

IXn (fn(u)) be the chaos expansion of gu, where fn(u) is a function of

n variables: fn(s1,..., sn, u). By proposition 1.3.7 in [26], we get∫ T

t

guδXu =
∞∑
n=0

∫ T

t

IXn (fn(u))δXu =
∞∑
n=0

IXn+1(f̃n+1).

where f̃n+1 is the symmetrization of a function of n+ 1 variables, given by

f̃n+1(s1,..., sn+1, s) =
1

n+ 2

[
fn+1(s1, ..., sn+1, s) +

n+1∑
i=1

fn+1(s1,..., si−1,s, si+1, ..., sn+1, si)
]
.

Now, applying the definition of quasi-conditional expectation we obtain

Ê
[ ∫ T

t

guδXu|Ft
]

= Ê
[ ∞∑
n=1

IXn+1(f̃n+1)|Ft
]
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=
∞∑
n=0

IXn+1(f̃n+11⊗n+1
[0,t] )

=
∞∑
n=0

∫ T

t

IXn (fn(., u)1⊗n[0,t])δXu

=
∞∑
n=0

∫ T

0

IXn (fn(., u)1⊗n[0,t]1[t,T ](u))δXu = 0. �

Lemma 6.4.7. Let F = k(Ns), where k : R −→ R is a continuous function of polynomial growth
and we suppose that V ar(N.) is increasing. Then F ∈ L2(Ω,F ,P) and

Ê[F |Ft] = PV ar(Ns)−V ar(Nt)k(Nt), 0 6 t < s 6 T. (6.20)

where P is the heat kernel (6.5) evaluated in the scale of V ar(N.).

Proof. a) We prove F ∈ L2(Ω,F ,P):
In fact, we have

E | Ns |p 6 Cp

(
‖ σ ‖2

H

) p
2
<∞.

Since k is a measurable real valued function of polynomial growth we have, for some C > 0,
p > 1,

E | k(Ns) |26 CE
(

1+ | Ns | +...+ | Ns |p
)
.

b) We apply now Itô’s formula (Theorem 4.2.1) toG(t, x) = PV ar(Ns)−V ar(Nt)k(x) to show (6.20).
In fact, G(t, x) ∈ C1,2([0,T ] × R) and satisfies (4.3) (we can do a similar calculation as in proof
of Theorem 6.1.4). Moreover, ∂/∂xG(·,N·) ∈ DX

1,2(| H|) (a similar calculation as in proof of
Theorem 4.2.1).
We obtain

G(t,Nt) = G(0, 0) +

∫ t

0

∂

∂x

[
PV ar(Ns)−V ar(Nv)k

]
(Nv)σvδXv. (6.21)

Using Theorem 6.1.4, we get

k(Ns) = PV arNsk(0) +

∫ s

0

∂

∂x

[
PV ar(Ns)−V ar(Nv)k

]
(Nv)σvδXv. (6.22)

Then, substracting the two equations (6.22) and (6.21) we get

k(Ns) = PV ar(Ns)−V ar(Nt)k(Nt) +

∫ s

t

∂

∂x

[
PV ar(Ns)−V ar(Nv)

]
k(Nv)σvδXv. (6.23)

and hence,

Ek(Ns) = EPV ar(Ns)−V ar(Nt)k(Nt). (6.24)
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For t = 0, we have

k(Ns) = PV ar(Ns)k(0) +

∫ s

0

∂

∂x
PV ar(Ns)−V ar(Nv)k(Nv)σvδXv. (6.25)

Applying quasi-conditional expectation, we get

Ê
[
F |Ft

]
= PV ar(Ns)k(0) +

∫ t

0

∂

∂x
PV ar(Ns)−V ar(Nv)k(Nv)σvδXv

+ Ê
[ ∫ s

t

∂

∂x
PV ar(Ns)−V ar(Nv)k(Nv)σvδXv|Ft

]
.

Moreover, we have ∂/∂xG(·,N·) ∈ DX
1,2(| H|) ⊂ Dom(δX), then we apply Lemma 6.4.6 and

obtain

Ê
[
F |Ft

]
= PV ar(Ns)k(0) +

∫ t

0

∂

∂x
PV ar(Ns)−V ar(Nv)k(Nv)σvδXv.

We take s = t in (6.25), we obtain

k(Nt) = PV ar(Nt)k(0) +

∫ t

0

∂

∂x
PV ar(Nt)−V ar(Nv)k(Nv)σvδXv. (6.26)

From the semi-group property, we have

PV ar(Ns)−V ar(Nv)k(x) = PV ar(Ns)−V ar(Nt)PV ar(Nt)−V ar(Nv)k(x).

Let us show

∂

∂x
PV ar(Ns)−V ar(Nv)k(x) = PV ar(Ns)−V ar(Nt)

∂

∂x
PV ar(Nt)−V ar(Nv)k(x), v < t < s

Indeed, we have

∂

∂x
PV ar(Ns)−V ar(Nv)k(x) =

∂

∂x
PV ar(Ns)−V ar(Nt)(PV ar(Nt)−V ar(Nv))k(x)

=
∂

∂x
(PV ar(Nt)−V ar(Nv)k ∗ pV ar(Ns)−V ar(Nt))(x) (∗ is convolution product)

=
∂

∂x
(pV ar(Ns)−V ar(Nt) ∗ PV ar(Nt)−V ar(Nv)k)(x)

= pV ar(Ns)−V ar(Nt) ∗
∂

∂x
PV ar(Nt)−V ar(Nv)k(x)

= PV ar(Ns)−V ar(Nt)

( ∂
∂x
PV ar(Nt)−V ar(Nv)k(x)

)
. (6.27)

Now, we show that∫
R
pV ar(Ns)−V ar(Nt)(x− y)

(∫ t

0

∂

∂y
PV ar(Nt)−V ar(Nv)k(Nv)σvδXv

)
dy
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=

∫ t

0

(∫
R
pV ar(Ns)−V ar(Nt)(x− y)

∂

∂y
PV ar(Nt)−V ar(Nv)k(Nv)σvdy

)
δXv. (6.28)

Indeed, let F ∈ L2(Ω,H)

E
[( ∫

R
pV ar(Ns)−V ar(Nt)(x− y)

(∫ t

0

∂

∂y
PV ar(Nt)−V ar(Nv)k(Nv)σvδXv

)
dy
)
F
]

=

∫
R
dypV ar(Ns)−V ar(Nt)(x− y)E

[( ∫ t

0

∂

∂y
PV ar(Nt)−V ar(Nv)σvδXv

)
F
]

=

∫
R
dypV ar(Ns)−V ar(Nt)(x− y)E

[
<

∂

∂y
PV ar(Nt)−V ar(N.)k(N.)σ., D

X
. F >H

]
= E

[
<

∫
R
pV ar(Ns)−V ar(Nt)(x− y)

∂

∂y
PV ar(Nt)−V ar(N.)k(N.)σ.dy,D

X
. F >H

]
= E

[ ∫ t

0

(∫
R
pV ar(Ns)−V ar(Nt)(x− y)

∂

∂y
PV ar(Nt)−V ar(Nv)k(Nv)σvdy

)
δXv.F

]
.

By (6.27) we have∫ t

0

∂

∂x
PV ar(Nt)−V ar(Nv)k(Nv)σvδXv (6.29)

=

∫ t

0

PV ar(Ns)−V ar(Nt)
∂

∂x
PV ar(Nt)−V ar(Nv)k(Nv)σvδXv (Using (6.27))

=

∫ t

0

(∫
R
pV ar(Ns)−V ar(Nt)(x− y)

∂

∂y
PV ar(Nt)−V ar(Nv)k(Nv)σvdy

)
δXv

=

∫
R
pV ar(Ns)−V ar(Nt)(x− y)

(∫ t

0

∂

∂y
PV ar(Nt)−V ar(Nv)k(Nv)σvδXv

)
dy (Using (6.28))

= PV ar(Ns)−V ar(Nt)

∫ t

0

∂

∂x
PV ar(Nt)−V ar(Nv)k(Nv)σvδXv. (6.30)

Using (6.30) and (6.26), we get

Ê
[
k(Ns)|Ft

]
= PV ar(Ns)−V ar(Nt)PV ar(Nt)k(0) + PV ar(Ns)−V ar(Nt)

∫ t

0

∂

∂x
PV ar(Nt)−V ar(Nv)k(Nv)σvδXv

= PV ar(Ns)−V ar(Nt)k(Nt). �

Remark 6.4.8. If V arNt is decreasing, we must add the following hypothesis in the previous
lemma: V ar(Ns)

|V ar(Ns)−V ar(Nt)| > 1, for all 0 6 t < s < T. So that we can apply the Itô formula.

Lemma 6.4.9. Let V arN. be increasing on [0, T ]. Assume that h ∈ C0,1
pol([0, T ] × R) and put

hs = h(s,Ns), s ∈ [0, T ]. Then,

Ê
[ ∫ T

t

hsds | Ft
]

=

∫ T

t

Ê
[
hs | Ft

]
ds.
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Proof. Since h ∈ C0,1
pol([0, T ]× R), then we have hs ∈ L2(Ω,F ,P), for all s ∈ [0, T ].

By corollary 2.7.8 ([3]), there exist hn,s ∈ H⊗n, n > 0 such that hs =
∑∞

n=0 I
X
n (hn,s), with

IX0 (h0,s) = E(hs).

Moreover,
∑∞

n=0 I
X
n (hn,s) converges in L2(Ω,F ,P).

a) For G =
∫ T
t
hsds ∈ L2(Ω,F ,P) (hs ∈ L2(Ω,F ,P)), there exist Gn ∈ H⊗n, n > 0 such that

G =
∑∞

n=0 I
X
n (Gn) with IX0 (G0) = E(G). Let us show that we can choose Gn =

∫ T
t
hn,sds,

n > 0.

E
∫ T

t

∣∣∣ N∑
n=0

IXn (hn,s)
∣∣∣2ds =

∫ T

t

E
∣∣∣ N∑
n=0

IXn (hn,s)
∣∣∣2ds

=

∫ T

t

E
∣∣∣ N∑
n=0

IXn (hn,s)
N∑
m=0

IXm (hm,s)
∣∣∣ds

6
∫ T

t

N∑
n,m=0

E | IXn (hn,s)I
X
m (hm,s) | ds

=

∫ T

t

N∑
n=0

E | IXn (hn,s) |2 ds

= E
∫ T

t

N∑
n=0

| IXn (hn,s) |2 ds

6 E
∫ T

t

∞∑
n=0

| IXn (hn,s) |2 ds

= E
∫ T

t

∣∣∣ ∞∑
n=0

IXn (hn,s)
∣∣∣2ds = E

∫ T

t

| hs |2 ds.

Then, IXn (hn,s) ∈ L2(Ω× [t, T ]).

b) For arbitrary F ∈ L2(Ω,F ,P) with the chaos expansion F =
∑∞

n=0 I
X
n (ln), we have

E[FIXn (Gn)] = E
[ ∞∑
m=0

IXm (lm)IXn (Gn)
]

= E
[
IXn (ln)

∞∑
m=0

IXm (Gm)
]

= E[IXn (ln)G]

= E
[
IXn (ln)

∫ T

t

hsds
]
.

Moreover, we have

E
[
IXn (ln)

∫ T

t

hsds
]

= E
[ ∫ T

t

hsI
X
n (ln)ds

]
=

∫ T

t

E[hsI
X
n (ln)]ds. (6.31)

Using (6.31), we obtain

E[FIXn (Gn)] = E
[ ∫ T

t

hsI
X
n (ln)ds

]
=

∫ T

t

E[hsI
X
n (ln)]ds
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=

∫ T

t

E
[ ∞∑
m=0

IXm (hm,s)I
X
n (ln)

]
ds

=

∫ T

t

E[IXn (hn,s)I
X
n (ln)]ds

=

∫ T

t

E
[ ∞∑
m=0

IXm (lm)IXn (hn,s)
]
ds

=

∫ T

t

E[FIXn (hn,s)]ds

= E
[
F

∫ T

t

IXn (hn,s)ds
]
.

We deduce

IXn (Gn) =

∫ T

t

IXn (hn,s)ds, n > 0. (6.32)

c) Now, we want to prove

IXn

(∫ T

t

hn,sds
)

=

∫ T

t

IXn (hn,s)ds. (6.33)

Let f ∈ L2(Ω,H⊗n). By definition 2.5.2 of [3],

E
[
IXn

(∫ T

t

hn,sds
)
f
]

= E
[
<

∫ T

t

hn,sds,D
X
. f >H⊗n

]
= E

∫ T

t

< hn,s, D
X
. f >H⊗n ds

=

∫ T

t

E < hn,s, D
X
. f >H⊗n ds

=

∫ T

t

E[IXn (hn,s)f ]ds

= E
[ ∫ T

t

IXn (hn,s)dsf
]
.

By (6.32) we get

IXn (Gn) = IXn

(∫ T

t

hn,sds
)
.

Consequently, Gn =
∫ T
t
hn,sds, n > 0, and 1⊗n[0,t]Gn = 1⊗n[0,t]

∫ T
t
hn,sds, n > 0.

d) We show that

Ê
[ ∫ T

t

hsds | Ft
]

=

∫ T

t

Ê
[
hs | Ft

]
ds.

d1)

lim
N→+∞

N∑
n=0

IXn

(∫ T

t

hn,sds
)

= lim
N→+∞

N∑
n=0

IXn (Gn) =
∞∑
n=0

IXn (Gn) = G =

∫ T

t

hsds.
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Since
∫ T
t
hsds ∈ L2(Ω,F ,P), we conclude

∑∞
n=0 I

X
n

( ∫ T
t
hn,sds

)
∈ L2(Ω,F ,P).

d2)

Ê
[ ∫ T

t

hsds | Ft
]

= Ê
[ ∞∑
n=0

IXn (Gn) | Ft
]

=
∞∑
n=0

IXn (1⊗n[0,t]Gn)

=
∞∑
n=0

IXn (1⊗n[0,t]

∫ T

t

hn,sds), (Gn =

∫ T

t

hn,sds)

=
∞∑
n=0

∫ T

t

IXn (hn,s1
⊗n
[0,t])ds (6.34)

by (6.33). By Lemma 6.4.7, Ê[hs | Ft] exists and Ê[hs | Ft] =
∑∞

n=0 I
X
n (hn,s1

⊗n
[0,t])).

d3) Now, we prove that the last term in (6.34) is equal to
∫ T
t
Ê[hs | Ft]ds. We have

∣∣∣ N∑
n=0

IXn (hn,s1
⊗n
[0,t])

∣∣∣ 6 ∣∣∣ ∞∑
n=0

IXn (hn,s1
⊗n
[0,t])

∣∣∣ =| Ê[hs | Ft] | .

Applying the dominate convergence theorem, we get

∞∑
n=0

∫ T

t

IXn (hn,s1
⊗n
[0,t])ds = lim

N→∞

N∑
n=0

∫ T

t

IXn (hn,s1
⊗n
[0,t])ds

= lim
N→∞

∫ T

t

N∑
n=0

IXn (hn,s1
⊗n
[0,t])ds

=

∫ T

t

lim
N→∞

N∑
n=0

IXn (hn,s1
⊗n
[0,t])ds

=

∫ T

t

∞∑
n=0

IXn (hn,s1
⊗n
[0,t])ds =

∫ T

t

Ê[hs | Ft]ds. �

6.4.2 Clark-Ocone Formula

In this part, we prove the Clark-Ocone formula. It will be used for the construction of Yt and Zt
in the proof of the existence of a solution of BSDE (6.1).

Proposition 6.4.10. ([3], p. 40) Let F ∈ L2(Ω) be such that F = E[F ] +
∞∑
n=1

IXn (fn) with

fn ∈ H⊗n. Then F ∈ DX
1,2 if and only if

∞∑
n=1

nn! ‖ fn ‖2
H⊗n<∞ and in this case

DXF =
∞∑
n=1

nIXn−1(fn). (6.35)
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Proposition 6.4.11. Suppose that F ∈ DX
1,2 be a square integrable random variable and suppose

that Ê
[
F | Ft

]
∈ DX

1,2. Then we have

DX
s Ê
[
F | Ft

]
= Ê

[
DX
s F | Ft

]
1[0,t](s). (6.36)

Proof. Using Proposition 6.4.10 and by definition of quasi-conditional expectation we
obtain

Ê
[
DX
s F | Ft

]
1[0,t](s) = Ê

[ ∞∑
n=1

nIXn−1

(
fn(., s)

)
| Ft
]
1[0,t](s)

=
∞∑
n=1

nIXn−1

(
fn(., s)1⊗n−1

[0,t]

)
1[0,t](s)

= DX
s

( ∞∑
n=0

IXn (fn1⊗n[0,t])
)

= DX
s Ê
[
F | Ft

]
. �

Lemma 6.4.12. Let, for t > 0, ut ∈ DX
1,2 and let the chaos expansion of ut be given by

ut =
∞∑
n=0

IXn (fn(., t)), (6.37)

where for each n > 1 fn(., t) ∈ H⊗n. Then, u belongs to Dom(δX) if and only if the series
∞∑
n=0

IXn+1(f̃n) converges in L2(Ω) and δX(u) =
∞∑
n=0

IXn+1(f̃n), where f̃n is the symmetrization of

fn in all its variables given by

f̃n(t1, ..., tn, t) =
1

n+ 1

[
fn(t1,..., tn, t) +

n∑
i=1

fn(t1,..., ti−1, t,ti+1,..., tn,ti)
]
.

Proof. Let g ∈ H⊗n (n > 1) and G := IXn (g). Then

E
[
< DXG, u >H

]
= E

[ ∫ T

0

∫ T

0

(DX
t G)urφ(t, r)dtdr

]
= E

[ ∫
[0,T ]2

nIXn−1(g(., t))
∞∑
m=0

IXm (fm(., r))φ(t, r)dtdr
]

=
∞∑
m=0

∫
[0,T ]2

nE
[
IXn−1(g(., t))IXm (fm(., r))

]
φ(t, r)dtdr

=

∫
[0,T ]2

n(n− 1)! < fn−1(., r), g(., t) >H⊗n−1 φ(t, r)dtdr

= n! < fn−1, g >H⊗n

= n! < f̃n−1, g >H⊗n
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= E[IXn (f̃n−1)IXn (g)] = E[IXn (f̃n−1)G]. (6.38)

After this preliminary computation, first assume that u ∈ Dom(δX). Then the above yields

E
[
δX(u)G

]
= E

[
< DXG, u >H

]
= E[IXn (f̃n−1)G], for G = IXn (g).

Suppose that δX(u) = E(δX(u)) +
∑∞

m=1 I
X
m (gm).

Then,

E[δX(u)G] = E
[ ∞∑
m=1

IXm (gm)G
]

= E[IXn (gn)G].

Moreover, we have E[δX(u)G] = E[IXn (f̃n−1)G] for all n > 1. Thus, IXn (gn) = IXn (f̃n−1)

for all n > 1. Consequently, δX(u) =
∑∞

n=1 I
X
n (f̃n−1) =

∑∞
n=0 I

X
n+1(f̃n). By orthogonality,

E[δX(u)2] =
∑∞

n=0(n+ 1)! ‖ f̃n ‖2
H⊗n+1<∞ ([3]).

Conversely, suppose V :=
∞∑
n=0

IXn+1(f̃n) exists in L2(Ω) and we prove that u ∈ Dom(δX).

The preceding computation yields

E
∫

[0,T ]2
urD

X
t Gφ(t, r)dtdr = E[V G]

for all G = IXn (g), hence, by linearity,

E
∫

[0,T ]2
urD

X
t

( N∑
n=0

IXn (g)
)
φ(t, r)dtdr = E

[
V

N∑
n=0

IXn (g)
]
for all N > 0

So, ∣∣∣E∫
[0,T ]2

urD
X
t FNφ(t, r)dtdr

∣∣∣ 6 ∥∥∥V ∥∥∥2

2

∥∥∥FN∥∥∥2

2
, (6.39)

for any random variable FN =
N∑
n=0

IXn (g) where the series converges in L2(Ω). By density,

(6.39) holds for any random variable F :=
∞∑
n=0

IXn (g) in DX
1,2. Using (3.6), we conclude that

u ∈ Dom(δX) and δX(u) = V. �

Now, we prove a formula of the type of Clark-Ocone:

Proposition 6.4.13. (Clark-Ocone Formula) Let F ∈ DX
1,2 and suppose that Ê

[
F | Ft

]
∈ DX

1,2,

for all t ∈ [0, T ]. Then F = E[F ] +

∫ t

0

Ê
[
DX
s F | Fs

]
δXs, P-a.s.
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Proof. Let F =
∞∑
n=0

IXn (fn). Using (6.35) and (6.19) we deduce

DX
s Ê
[
F | Fs

]
= DX

s

∞∑
n=0

IXn (fn1⊗n[0,s])

=
∞∑
n=1

nIXn−1

(
fn(., s)1⊗n−1

[0,s]

)
=
∞∑
n=1

nIXn−1

(
fn(s1, ..., sn−1, s)1

⊗n−1
[0,s] (s1, ..., sn−1)

)
.

Applying (6.36), we get Ê
[
DX
s F | Fs

]
=
∞∑
n=1

nIXn−1

(
fn(s1, ..., sn−1, s)1

⊗n−1
[0,t] (s1, ..., sn−1)

)
.

Set φs = Ê
[
DX
s F | Fs

]
. Then φs =

∞∑
n=1

IXn−1

(
f̃n(s1, ..., sn−1, s)1

⊗n−1
[0,t] (s1, ..., sn−1)

)
.

Now, applying Lemma 6.4.12, we obtain

δX(φ) =
∞∑
n=1

IXn

(
f̃n(s1, ..., sn−1, s)1

⊗n−1
[0,t] (s1, ..., sn−1)

)
=
∞∑
n=1

IXn (fn) converges in L2(Ω).

Consequently, φ ∈ Dom(δX) and we have δX(φ) = F − E[F ]. This proves the Proposition. �

6.5 Itô formula for stochastic integrals

Theorem 6.5.1. Let u ∈ VT and f ∈ C0,1
pol([0, T ]× R). We write fs for f(s,Ns), s ∈ [0, T ]. Then

for the Itô type process

Ct = C0 +

∫ t

0

fsds+

∫ t

0

usδXs, t ∈ [0, T ],

we have
i) uC1[0,t] ∈ Dom(δX),

ii) Cs ∈ DX
1,2, s ∈ [0, T ],

iii) (DX
s Cs)s∈[0,T ] ∈ L2([0, T ]× Ω),

and

C2
t = C2

0 + 2

∫ t

0

Csfsds+ 2

∫ t

0

CsusδXs + 2

∫ t

0

usDX
s Csds, P-a.s. t ∈ [0, T ].

For the proof we need the following lemma
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Lemma 6.5.2. Let u ∈ VT andMt =
∫ t

0
usδXs, t ∈ [0, T ]. Then uM ∈ dom(δX), (DX

s Ms)s∈[0,T ] ∈
L2([0, T ]× Ω), and

M2
t = 2

∫ t

0

MsusδXs + 2

∫ t

0

usDX
s Msds, P-a.s. t ∈ [0, T ].

Proof. a) We prove that

E[FδX(u)] = E
∫ T

0

utDX
t Fdt, for all F ∈ S. (6.40)

In fact,

E[FδX(u)] = E
∫ T

0

∫ T

0

DX
s Futφ(t, s)dtds (Using (3.7))

= E
∫ T

0

ut

(∫ T

0

DX
s Fφ(t, s)ds

)
dt

= E
∫ T

0

utDX
t Fdt.

b) Now, we calculate the expectation of M2
t F :

E[M2
t F ] = E

[
Mt(MtF )

]
= E

[ ∫ T

0

us1[0,t](s)δXs(MtF )
]

= E
[ ∫ T

0

us1[0,t](s)DX
s (MtF )ds

]
(Using (6.40))

= E
[ ∫ T

0

us1[0,t](s)[(DX
s Mt)F +MtDX

s F ]ds
]

(By linearity of DX)

= E
[ ∫ T

0

us1[0,t](s)(DX
s Mt)dsF

]
+ E

[( ∫ T

0

us1[0,t](s)DX
s Fds

)
Mt

]
.

(6.41)

For the first term in (6.41), we get

E
[ ∫ t

0

DX
s Mt(usF )ds

]
= E

[ ∫ t

0

∫ t

0

DX
θ Mt(usF )φ(s, θ)dsdθ

]
= E

[ ∫ t

0

∫ t

0

(
uθ +

∫ t

θ

DX
θ urδXr

)
(usF )φ(s, θ)dsdθ

]
= E

[ ∫ t

0

∫ t

0

uθφ(s, θ)(usF )dsdθ
]

+ E
[ ∫ t

0

∫ t

0

(∫ t

0

DX
θ urδXr

)
(usF )φ(s, θ)dsdθ

]
= E

[ ∫ t

0

∫ t

0

uθφ(s, θ)(usF )dsdθ
]

+ E
[ ∫ t

0

∫ t

0

(∫ t

0

DX
θ urφ(s, θ)dθ

)
δXr(usF )ds,
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in the above equality, we use a similar calculation as for (6.13).Therefore,

E
[ ∫ t

0

DX
s Mt(usF )ds

]
= E

[ ∫ t

0

∫ t

0

uθφ(s, θ)dθ(usF )ds
]

+ E
[ ∫ t

0

(∫ t

0

DX
s urδXr

)
(usF )ds

]
= E

[( ∫ t

0

us

(∫ t

0

φ(s, θ)uθdθ
)
ds
)
F
]

+ E
[( ∫ t

0

us

(∫ t

0

DX
s urδXr

)
ds
)
F
]

= E
[( ∫ t

0

us

(∫ t

0

φ(s, θ)uθdθ
)
ds
)
F
]

+

∫ t

0

E
[ ∫ t

0

DX
s uθDX

θ (usF )dθ
]
ds (Using (6.40).

(6.42)

For the second term in (6.41), we get

E
[( ∫ T

0

us1[0,t](s)DX
s Fds

)
Mt

]
= E

[( ∫ t

0

usDX
s Fds

)(∫ t

0

uθδXθ

)]
= E

[ ∫ θ

0

uθDX
θ

(∫ t

0

usDX
s Fds

)
dθ
]

(Using (6.40))

= E
[ ∫ t

0

uθ

∫ t

0

φ(θ, r)DX
r

(∫ t

0

usDX
s Fds

)
drdθ

]
= E

[ ∫ t

0

uθ

[ ∫ t

0

φ(θ, r)
(∫ t

0

DX
r (usDX

s F )ds
)
dr
]
dθ
]

= E
[ ∫ t

0

uθ

[ ∫ t

0

∫ t

0

φ(θ, r)DX
r (usDX

s F )drds
]
dθ
]

= E
[ ∫ t

0

uθ

∫ t

0

Dθ(usDX
s F )dsdθ

]
(6.43)

Plugging (6.42) and (6.43) into (6.41), we get

E[M2
t F ] = E

[( ∫ t

0

usDX
s Mtds

)
F
]

+ E
[( ∫ t

0

usDX
s Fds

)
Mt

]
= E

[( ∫ t

0

∫ t

0

usuθφ(s, θ)dsdθ
)
F
]

+ E
∫ t

0

∫ t

0

DX
s uθDX

θ (usF )dθds

+ E
[ ∫ t

0

∫ t

0

DX
θ (usDX

s F )uθdθds
]
.

The above equality is symmetric in (s, θ). Indeed, we can write

E[M2
t F ]− E

[( ∫ t

0

ds

∫ t

0

dθusuθφ(s, θ)
)
F
]

= E
∫ t

0

ds

∫ t

0

dθ
[
DX
s uθDX

θ (usF ) + DX
θ (usDX

s F )uθ

]
.

On the one hand, we have∫ t

0

ds

∫ s

0

dθusuθφ(s, θ) +

∫ t

0

ds

∫ t

s

dθusuθφ(s, θ) =

∫ t

0

ds

∫ s

0

dθusuθφ(s, θ) +

∫ t

0

dθ

∫ θ

0

dsusuθφ(s, θ)

= 2

∫ t

0

us

(∫ s

0

dθuθφ(s, θ)
)
ds.
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On the other hand, we pose I(s, θ) =

∫ t

0

ds

∫ t

0

dθ
[
DX
s uθDX

θ (usF ) + DX
θ (usDX

s F )uθ

]
.

Then, we have

I(s, θ) =

∫ t

0

ds

∫ t

0

dθ

∫ T

0

φ(s, v)DX
v uθdv

∫ T

0

φ(θ, w)DX
w (usF )dw

+

∫ t

0

ds

∫ t

0

dθ

∫ T

0

φ(θ, w)DX
w (usDX

s F )uθdw

=

∫ t

0

ds

∫ t

0

dθ

∫ T

0

φ(s, v)DX
v uθdv

∫ T

0

φ(θ, w)[(DX
w us)F + usD

X
w F ]dw

+

∫ t

0

ds

∫ t

0

dθ

∫ T

0

φ(θ, w)[(DX
w us)DX

s F + usD
X
w (DX

s F )]uθdw

=

∫ t

0

ds

∫ t

0

dθ

∫ T

0

φ(s, v)DX
v uθdv

∫ T

0

φ(θ, w)(DX
w us)Fdw

+

∫ t

0

ds

∫ t

0

dθ

∫ T

0

φ(s, v)DX
v uθdv

∫ T

0

φ(θ, w)usD
X
w Fdw

+

∫ t

0

ds

∫ t

0

dθ

∫ T

0

φ(θ, w)
[
(DX

w us)

∫ T

0

φ(s, v)DX
v Fdv + us

∫ T

0

φ(s, v)DX
wD

X
v Fdv

]
uθdw

=

∫ t

0

ds

∫ t

0

dθ

∫ T

0

φ(s, v)DX
v uθdv

∫ T

0

φ(θ, w)(DX
w us)Fdw

+

∫ t

0

ds

∫ t

0

dθ

∫ T

0

φ(s, v)DX
v uθdv

∫ T

0

φ(θ, w)usD
X
w Fdw

+

∫ t

0

ds

∫ t

0

dθ

∫ T

0

φ(θ, w)(DX
w us)dw

∫ T

0

φ(s, v)uθD
X
v Fdv

+

∫ t

0

ds

∫ t

0

dθ

∫ T

0

φ(θ, w)us

(∫ T

0

φ(s, v)uθD
X
wD

X
v Fdv

)
dw.

So we can see that each term on the right side of the equality above is symmetric also in (s,θ).

Then, we obtain

E[M2
t F ] = 2E

[ ∫ t

0

∫ s

0

φ(s, θ)usuθdsdθF
]

+ 2E
∫ t

0

∫ s

0

DX
s uθDX

θ (usF )dθds

+ 2E
[ ∫ t

0

∫ s

0

DX
θ (usDX

s F )uθdθds
]

:= 2I1 + 2I2 + 2I3.

We calculate I3, we obtain

I3 = E
[ ∫ t

0

∫ s

0

DX
θ (usDX

s F )uθdθds
]

=

∫ t

0

E
[ ∫ T

0

uθ1[0,s](θ)DX
θ (usDX

s F )dθ
]
ds

=

∫ t

0

E
[ ∫ T

0

uθ1[0,s](θ)δXθusDX
s F
]
ds =

∫ t

0

E[MsusDX
s F ]ds

= E
[ ∫ t

0

MsusDX
s Fds

]
.
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For I2, we get

I2 = E
[ ∫ t

0

∫ s

0

DX
s uθDX

θ (usF )dθds
]

=

∫ t

0

E
[ ∫ s

0

DX
s uθDX

θ (usF )dθ
]
ds

=

∫ t

0

E
[
usF

∫ s

0

DX
s uθδXθ

]
ds = E

∫ t

0

(∫ s

0

DX
s uθδXθ

)
usFds.

Furthermore, we have

I1 + I2 = E
[ ∫ t

0

∫ s

0

φ(s,θ)usuθdsdθF
]

+ E
[ ∫ t

0

(∫ s

0

DX
s uθδXθ

)
usFds

]
= E

[ ∫ t

0

us

(∫ s

0

φ(s,θ)uθdθ
)
dsF

]
+ E

[ ∫ t

0

(∫ s

0

DX
s uθδXθ

)
usdsF

]
= E

[ ∫ t

0

us

(∫ s

0

φ(s, θ)uθdθ +

∫ s

0

DX
s uθδXθ

)
dsF

]
= E

[
F

∫ t

0

usDX
s Msds

]
. (6.44)

Therefore, we have

E[M2
t F ] = 2E[I1 + I2 + I3] = 2E

[( ∫ t

0

usMsDX
s Fds+ F

∫ t

0

usDX
s Msds

)]
.

Thus, for all F ∈ S, we have

E
[(
M2

t − 2

∫ t

0

usDX
s Msds

)
F
]

= 2E
[ ∫ s

0

usMsDX
s Fds

]
= 2E

[
F

∫ t

0

usMsδXs

]
. (6.45)

c) We show M2 ∈ L2(Ω).

By theorem 2.5.5 ([3]), we have

E | δX(u) |4 6 c4 ‖ u ‖4
DX1,4(H)

= c4

[
E ‖ u ‖4

H +E ‖ DXu ‖4
H⊗H

]
. (6.46)

c1) On the one hand, since u ∈ VT , we have

‖ u ‖4
H =

[ ∫ T

0

(∫ T

t

u(r,Nr)
∂

∂r
K(r, t)dr

)2

dt
]2

6
[ ∫ T

0

(∫ T

t

| u(r,Nr) |
∣∣∣ ∂
∂r
K(r, t)

∣∣∣dr)2

dt
]2

Applying Hölder’s inequality again to p < 1
1−α < 2, and q its conjugate (1

p
+ 1

q
= 1), we get as

in (6.16)(∫ T

t

| u(r,Nr) |
∣∣∣ ∂
∂r
K(r, t)

∣∣∣dr)2

6 ct−2βT 2β(T − t)2(α−1)+ 2
p

(∫ T

0

| u(r,Nr) |q dr
) 2
q
.

Consequently,

‖ u ‖4
H 6 C ′

(∫ T

0

t−2β(T − t)2(α−1)+ 2
pdt
)2(∫ T

0

| u(r,Nr) |q dr
) 4
q

6 C ′T−4β+4α+ 4
p
−2B(1− 2β, 2α +

2

p
+ 1)2

(∫ T

0

| u(r,Nr) |q dr
) 4
q
.
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Thus,

E ‖ u ‖4
H 6 C”E

[ ∫ T

0

| u(r,Nr) |q dr
] 4
q
, where C” depends on α, β, T, p.

Now, we want to prove

E
[ ∫ T

0

| u(r,Nr) |q dr
] 4
q
<∞. (6.47)

In fact,
• If 1 < 4

q
< 2, we have

E
[ ∫ T

0

| u(r,Nr) |q dr
] 4
q
6 T

4
qE
(∫ T

0

| u(r,Nr) |4 dr
)
<∞ (Using (6.17)).

• If 4
q
< 1, then Jensen’s inequality can be applied of a concave function to get

E
[ ∫ T

0

| u(r,Nr) |q dr
] 4
q
6
(
E
∫ T

0

| u(r,Nr) |q dr
) 4
q
<∞ (Using (6.17)).

c2) We prove that

E ‖ DXu ‖4
H⊗2 = E

(∫
[0,T ]4

φ(s1, r1)φ(s2, r2)DX
s1
us2D

X
r1
ur2ds1ds2dr1dr2

)2

<∞.

In fact, we have(∫
[0,T ]4

φ(s1, r1)φ(s2, r2)DX
s1
us2D

X
r1
ur2ds1ds2dr1dr2

)2

=
(∫

[0,T ]4
φ(s1, r1)φ(s2, r2)DX

s1
u(s2, Ns2)D

X
r1
u(r2, Nr2)ds1ds2dr1dr2

)2

=
(∫

[0,T ]4
φ(s1, r1)φ(s2, r2)σs1

∂u

∂x
(s2, Ns2)σr1

∂u

∂x
(r2, Nr2)ds1ds2dr1dr2

)2

6M ′
(∫

[0,T ]4
| φ(s1, r1) || φ(s2, r2) | (1+ | Ns2 | +...+ | Ns2 |k)(1+ | Nr2 | +...+ | Nr2 |k

′
)ds1ds2dr1dr2

)2

= M ′
(∫

[0,T ]2
| φ(s1, r1) | ds1dr1

)2

×
(∫

[0,T ]2
| φ(s2, r2) |

(
1+ | Ns2 | +...+ | Ns2 |k

)(
1+ | Nr2 | +...+ | Nr2 |k

′
)
ds2dr2

)2

= M ′
[ ∫ T

0

(∫ T

0

| φ(s1, r1) | dr1

)
ds1

]2

×
[ ∫ T

0

(
1+ | Nr2 | +...+ | Nr2 |k

′
)(∫ T

0

| φ(s2, r2) |
(

1+ | Ns2 | +...+ | Ns2 |k
)
ds2

)
dr2

]2

.

c21) Now, we prove that[ ∫ T

0

(∫ T

0

| φ(s1, r1) | dr1

)
ds1

]2

= 2

∫ T

0

∫ s1

0

| φ(s1, r1) | dr1ds1 <∞.
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In fact, ∫ s1

0

| φ(s1, r1) | dr1 6
∫ s1

0

∫ inf(s1,r1)

0

∣∣∣∂K
∂s1

(s1, v)
∣∣∣∣∣∣∂K
∂r1

(r1, v)
∣∣∣dvdr1

6
∫ s1

0

∫ r1

0

(s1 − v)α−1
(s1

v

)β
(r1 − v)α−1

(r1

v

)β
dvdr1

= sβ1

∫ s1

0

rβ1

(∫ r1

0

(s1 − v)α−1(r1 − v)α−1v−2βdv
)
dr1.

Now, we will study this integral
∫ r1

0
(s1 − v)α−1(r1 − v)α−1v−2βdv :

We have ∫ r1

0

(s1 − v)α−1(r1 − v)α−1v−2βdv 6 (s1 − r1)α−1

∫ r1

0

(r1 − v)α−1v−2βdv

= (s1 − r1)α−1rα−2β
1 B(1− 2β, α).

Therefore, ∫ s1

0

rβ1 (s1 − r1)α−1rα−2β
1 dr1 =

∫ s1

0

rα−β1 (s1 − r1)α−1dr1

=

∫ 1

0

uα−βsα−β1 sα−1
1 (1− u)α−1s1du

= s2α−β
1 B(α− β + 1, α).

Consequently, ∫ s1

0

| φ(s1, r1) | dr1 6 s2α
1 B(α− β + 1, α). (6.48)

Thus, [ ∫ T

0

(∫ T

0

| φ(s1, r1) | dr1

)
ds1

]2

6 2B(α− β + 1, α)

∫ T

0

s2α
1 ds1 <∞.

c22) Now, we prove that

E
[ ∫ T

0

(
1+ | Nr2 | +...+ | Nr2 |k

′
)(∫ T

0

| φ(s2, r2) |
(

1+ | Ns2 | +...+ | Ns2 |k
)
ds2

)
dr2

]2

<∞.

Indeed,

E
[ ∫ T

0

(
1+ | Nr2 | +...+ | Nr2 |k

′
)(∫ T

0

| φ(s2, r2) |
(

1+ | Ns2 | +...+ | Ns2 |k
)
ds2

)
dr2

]2

6
∫ T

0

E
(

1+ | Nr2 | +...+ | Nr2 |k
′
)2

dr2

∫ T

0

E
(∫ T

0

| φ(s2, r2) |
(

1+ | Ns2 | +...+ | Ns2 |k
)
ds2

)2

dr2.

Applying Hölder’s inequality to p < 1
1−α < 2, and q its conjugate (1

p
+ 1

q
= 1),

E
(∫ T

0

| φ(s2, r2) |
(

1+ | Ns2 | +...+ | Ns2 |k
)
ds2

)2
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6 E
[( ∫ T

0

| φ(s2, r2) |p ds2

) 2
p
(∫ T

0

(
1+ | Ns2 | +...+ | Ns2 |k

)q
ds2

) 2
q
]

=
(∫ T

0

| φ(s2, r2) |p ds2

) 2
pE
[( ∫ T

0

(
1+ | Ns2 | +...+ | Ns2 |k

)q
ds2

) 2
q
]
.

i) We prove that

E
[( ∫ T

0

(
1+ | Ns2 | +...+ | Ns2 |k

)q
ds2

) 2
q
]
<∞.

In fact, we have 2
q
< 1, then Jensen’s inequality can be applied for a concave function to get

E
[( ∫ T

0

(
1+ | Ns2 | +...+ | Ns2 |k

)q
ds2

) 2
q
]
6
[
E
∫ T

0

(
1+ | Ns2 | +...+ | Ns2 |k

)q
ds2

] 2
q

<∞, (using (6.17)).

ii) We prove that (∫ T

0

| φ(s2, r2) |p ds2

) 2
p
<∞.

In fact, ∫ T

0

| φ(s2, r2) |p ds2 6
∫ T

0

(∫ inf(s2,r2)

0

∣∣∣∂K
∂s2

(s2, u)
∣∣∣∣∣∣∂K
∂r2

(r2, u)
∣∣∣du)pds2

6
∫ T

0

(∫ inf(s2,r2)

0

(s2 − u)α−1
(s2

u

)β
(r2 − u)α−1

(r2

u

)β
du
)p
ds2

=

∫ T

0

(∫ inf(s2,r2)

0

(s2 − u)α−1sβ2r2β(r2 − u)α−1u−2βdu
)p
ds2

= rpβ2

∫ T

0

spβ2

(∫ inf(s2,r2)

0

(s2 − u)α−1(r2 − u)α−1u−2βdu
)p
ds2

= rpβ2

∫ r2

0

spβ2

(∫ s2

0

(s2 − u)α−1(r2 − u)α−1u−2βdu
)p
ds2

+ rpβ2

∫ T

r2

spβ2

(∫ r2

0

(s2 − u)α−1(r2 − u)α−1u−2βdu
)p
ds2

Now, we will to study this integral rpβ2

∫ r2
0
spβ2

( ∫ s2
0

(s2 − u)α−1(r2 − u)α−1u−2βdu
)p
ds2 :

we begin to study this integral
∫ s2

0
(s2 − u)α−1(r2 − u)α−1u−2βdu.

We have ∫ s2

0

(s2 − u)α−1(r2 − u)α−1u−2βdu 6 (r2 − s2)α−1

∫ s2

0

(s2 − u)α−1u−2βdu

= (r2 − s2)α−1sα−2β
2 B(1− 2β, α).

Therefore,

rpβ2

∫ r2

0

spβ2

(∫ s2

0

(s2 − u)α−1(r2 − u)α−1u−2βdu
)p
ds2
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6 rpβ2 Bp(1− 2β, α)

∫ r2

0

spβ2 (r2 − s2)p(α−1)s
p(α−2β)
2 ds2

= rpβ2 Bp(1− 2β, α)

∫ r2

0

s
p(α−β)
2 (r2 − s2)p(α−1)ds2

= rpβ2 Bp(1− 2β, α)

∫ 1

0

vp(α−β)r
p(α−β)
2 r

p(α−1)
2 (1− v)p(α−1)r2dv

= Bp(1− 2β, α)r
p(2α−1)+1
2

∫ 1

0

vp(α−β)(1− v)p(α−1)dv

= Bp(1− 2β, α)r
p(2α−1)+1
2 B(p(α− β) + 1, p(α− 1) + 1). (6.49)

Now, we will to study this integral rpβ2

∫ T
r2
spβ2

( ∫ r2
0

(s2 − u)α−1(r2 − u)α−1u−2βdu
)p
ds2 :

we begin to study this integral
∫ r2

0
(s2 − u)α−1(r2 − u)α−1u−2βdu.

We have∫ r2

0

(s2 − u)α−1(r2 − u)α−1u−2βdu 6 (s2 − r2)α−1

∫ r2

0

(r2 − u)α−1u−2βdu

= (s2 − r2)α−1

∫ 1

0

rα−1
2 (1− v)α−1v−2βr−2β

2 r2dv

= (s2 − r2)α−1rα−2β
2 B(1− 2β, α).

Therefore,

rpβ2

∫ T

r2

spβ2

(∫ r2

0

(s2 − u)α−1(r2 − u)α−1u−2βdu
)p
ds2

6 rpβ2 Bp(1− 2β, α)

∫ T

r2

spβ2 (s2 − r2)p(α−1)r
p(α−2β)
2 ds2

= Bp(1− 2β, α)r
p(α−β)
2

∫ T

r2

spβ2 (s2 − r2)p(α−1)ds2

= Bp(1− 2β, α)r
p(α−β)
2 T pβ

∫ T

r2

(s2 − r2)p(α−1)ds2

= Bp(1− 2β, α)r
p(α−β)
2 T pβ

(T − r2)p(α−1)+1

p(α− 1) + 1
, (p(α− 1) > −1)

6 Bp(1− 2β, α)r
p(α−β)
2 T pβ

T p(α−1)+1

p(α− 1) + 1

= Bp(1− 2β, α)r
p(α−β)
2

T p(α+β−1)+1

p(α− 1) + 1
. (6.50)

Using (6.49) and (6.50), we obtain∫ T

0

| φ(s2, r2) |p ds2 6 Bp(1− 2β, α)B(p(α− β) + 1, p(α− 1) + 1)r
p(2α−1)+1
2

+ Bp(1− 2β, α)
T p(α+β−1)+1

p(α− 1) + 1
r
p(α−β)
2 .
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Therefore(∫ T

0

| φ(s2, r2) |p ds2

) 2
p
6 Cp

[
B2(1− 2β, α)B

2
p (p(α− β) + 1, p(α− 1) + 1)r

2(2α−1)+ 2
p

2

+ B2(1− 2β, α)
T 2(α+β−1)+ 2

p

[p(α− 1) + 1]
2
p

r
2(α−β)
2

]
,
(2

p
> 1
)
.

Moreover,
∫ T

0
r

2(2α−1)+ 2
p

2 dr2 < ∞, ( 2(2α − 1) + 2
p
> 2

p
− 2 > −1) and

∫ T
0
r

2(α−β)
2 dr2 < ∞,

(2(α− β) > −1).

A similar calculation as (6.17), we obtain
∫ T

0
E
(

1+ | Nr2 | +...+ | Nr2 |k
′
)2

dr2 <∞.
d) We show now that

∫ t
0
usDX

s Msds ∈ L2(Ω). For this we show that both terms in (6.44) are in
L4(Ω× [0, T ]).

Now, we prove
∫ s

0
urφ(s, r)dr ∈ L4(Ω× [0, T ]). In fact,

E
[ ∫ s

0

urφ(s, r)dr
]4

= E
[ ∫ s

0

ur

(∫ inf(s,r)

0

∂

∂s
K(s, u)

∂

∂r
K(r, u)du

)
dr
]4

6 E
[ ∫ s

0

| ur |
(∫ inf(s,r)

0

(s− u)α−1
( s
u

)β
(r − u)α−1

( r
u

)β
du
)
dr
]4

= E
[ ∫ s

0

| ur | sβrβ
(∫ r

0

(s− u)α−1(r − u)α−1u−2βdu
)
dr
]4

6 E
[ ∫ s

0

| ur | sβrβ(s− r)α−1rα−2βB(1− 2β, α)dr
]4

= s4βB(1− 2β, α)4E
[ ∫ s

0

| ur | rα−β(s− r)α−1dr
]4

6 s4βB(1− 2β, α)4E
[ ∫ s

0

| u(r,Nr) |q dr
] 4
q
(∫ s

0

rp(α−β)(s− r)(α−1)pdr
) 4
p
.

Furthermore, we have∫ s

0

rp(α−β)(s− r)(α−1)pdr =

∫ 1

0

θp(α−β)sp(α−β)s(α−1)p(1− θ)(α−1)psdθ

= sp(α−β)+(α−1)p+1

∫ 1

0

θp(α−β)(1− θ)(α−1)pdθ

= sp(2α−β−1)+1B((α− β)p+ 1, (α− 1)p+ 1) <∞.

Using (6.47) and s4βs[p(2α−β−1)+1] 4
p is integrable on [0, T ] (because 8α − 4 + 4

p
> 4α > 0), we

get
∫ s

0
urφ(s, r)dr ∈ L4(Ω× [0, T ]).

e) Now, we want to prove that
∫ T

0
DX
s ur1|0,s](r)δXr ∈ L4(Ω× [0, T ]).

From (6.46), we have

E
[ ∫ T

0

DX
s ur1[0,s](r)δXr

]4

6 c4

[
E ‖ DX

s u1[0,s] ‖4
H +E ‖ DX(DX

s u1[0,s]) ‖4
H⊗2

]
. (6.51)
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e1) For the first term in (6.51), we get

‖ DX
s u1[0,s] ‖4

H =
[ ∫ T

0

(∫ T

t

DX
s u(r,Nr)1[0,s](r)

∂

∂r
K(r, t)dr

)2

dt
]2

6
[ ∫ T

0

(∫ s

t

| DX
s u(r,Nr) |

∣∣∣ ∂
∂r
K(r, t)

∣∣∣dr)2

dt
]2

.

Moreover, as in (6.16) we get(∫ s

t

| DX
s u(r,Nr) |

∣∣∣ ∂
∂r
K(r, t)

∣∣∣dr)2

6 ct−2β(T − t)2(α−1)+ 2
pT 2β

(∫ s

0

| DX
s u(r,Nr) |q dr

) 2
q
.

Then,

‖ DX
s u1[0,s] ‖4

H 6 c′T 4β
(∫ T

0

t−2β(T − t)2(α−1)+ 2
pdt
)2(∫ s

0

| DX
s u(r,Nr) |q dr

) 4
q

= c′
(
T−2β+2α+ 2

p
−1B(1− 2β, 2(α− 1) +

2

p
+ 1)

)2

)
(∫ s

0

| DX
s u(r,Nr) |q dr

) 4
q

= c′T 4α+ 4
p
−2B(1− 2β, 2(α− 1) +

2

p
+ 1)2

(∫ s

0

| DX
s u(r,Nr) |q dr

) 4
q
.

Now, we want to prove E
( ∫ s

0
| DX

s u(r,Nr) |q dr
) 4
q
<∞. In fact,

E
(∫ s

0

| DX
s u(r,Nr) |q dr

) 4
q
6 cE

[ ∫ s

0

(∫ r

0

| φ(s, v) |
∣∣∣ ∂
∂x
u(r,Nr)

∣∣∣dv)qdr] 4
q

= cE
[ ∫ s

0

∣∣∣ ∂
∂x
u(r,Nr)

∣∣∣q(∫ r

0

| φ(s, v) | dv
)q
dr
] 4
q
.

Moreover, we have∫ r

0

| φ(s, v) | dv 6
∫ r

0

(∫ inf(s,v)

0

∣∣∣ ∂
∂s
K(s, u)

∣∣∣∣∣∣ ∂
∂v
K(v, u)

∣∣∣du)dv
6 c′

∫ r

0

(∫ inf(s,v)

0

(s− u)α−1
( s
u

)β
(v − u)α−1

(v
u

)β
du
)
dv

= c′sβ
∫ r

0

vβ
(∫ inf(s,v)

0

(s− u)α−1(v − u)α−1u−2βdu
)
dv.

Now, we will to study this integral
∫ inf(s,v)

0
(s− u)α−1(v − u)α−1u−2βdu.

We have s > r, ( s > v for all v ∈ (0, r))∫ inf(s,v)

0

(s− u)α−1(v − u)α−1u−2βdu 6 (s− v)α−1

∫ v

0

(v − u)α−1u−2βdu

6 (s− v)α−1vα−2βB(1− 2β, α).

Consequently,∫ r

0

vα−β(s− v)α−1dv 6
∫ s

0

vα−β(s− v)α−1dv =

∫ 1

0

θα−βsα−βsα−1(1− θ)α−1sdθ
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= s2α−βB(α− β + 1, α)

Then, we have (∫ r

0

φ(s, v)dv
)q
6 c2s

2qα.

Therefore

E
[ ∫ s

0

| DX
s u(r,Nr) |q dr

] 4
q
6 c2E

[ ∫ s

0

∣∣∣ ∂
∂x
u(r,Nr)

∣∣∣qs2qαdr
] 4
q

= c2s
8αE
[ ∫ s

0

∣∣∣ ∂
∂x
u(r,Nr)

∣∣∣qdr] 4
q
.

A similar calculation as for (6.47) allows us to conclude

E
[ ∫ s

0

∣∣∣ ∂
∂x
u(r,Nr)

∣∣∣qdr] 4
q
<∞.

e2) For the second term in (6.51), we get

E ‖ DX(DX
s u1[0,s]) ‖4

H⊗2

= E
(∫

[0,T ]4
φ(s1, r1)φ(s2, r2)DX

s1
(DX

s us21[0,s](s2))DX
r1

(DX
s ur21[0,s](r2))ds1ds2dr1dr2

)2

.

Moreover, we have

DX
s1

(DX
s us21[0,s](s2)) = DX

s1

(∫ T

0

φ(s, v)DX
v u(s2, Ns2)1[0,s](s2)dv

)
= DX

s1

(∫ s2

0

φ(s, v)DX
v u(s2, Ns2)dv

)
1[0,s](s2)

=

∫ s2

0

φ(s, v)DX
s1
DX
v u(s2, Ns2)dv1[0,s](s2)

=

∫ s2

0

φ(s, v)σs1σv
∂2u

∂x2
(s2, Ns2)dv1[0,s](s2).

A similar calculation, we get

DX
r1

(DX
s ur21[0,s](r2)) =

∫ r2

0

φ(s, v′)σr1σv′
∂2u

∂x2
(r2, Nr2)dv

′1[0,s](r2).

Therefore,

E ‖ DX(DX
s u1[0,s]) ‖4

H⊗2

6M ′E
[ ∫

[0,T ]4
| φ(s1, r1) || φ(s2, r2) | 1[0,s](s2)1[0,s](r2)

(∫ s2

0

| φ(s, v) |
∣∣∣∂2u

∂x2
(s2, Ns2)

∣∣∣dv)
×
(∫ r2

0

| φ(s, v′) |
∣∣∣∂2u

∂x2
(r2, Nr2)

∣∣∣dv′)ds1ds2dr1dr2

]2
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6M ′
[( ∫

[0,T ]2
| φ(s1, r1) | ds1dr1

)2

E
(∫

[0,s]2
| φ(s2, r2) |

(∫ s

0

| φ(s, v) |
∣∣∣∂2u

∂x2
(s2, Ns2)

∣∣∣dv)
×
(∫ s

0

| φ(s, v′) |
∣∣∣∂2u

∂x2
(r2, Nr2)

∣∣∣dv′)ds2dr2

)2]
6M ′

[( ∫
[0,T ]2

| φ(s1, r1) | ds1dr1

)2

E
(∫

[0,T ]2
| φ(s2, r2) |

(∫ s

0

| φ(s, v) |
∣∣∣∂2u

∂x2
(s2, Ns2)

∣∣∣dv)
×
(∫ s

0

| φ(s, v′) |
∣∣∣∂2u

∂x2
(r2, Nr2)

∣∣∣dv′)ds2dr2

)2]
.

On the one hand, we have
∫

[0,T ]2
| φ(s1, r1) | ds1dr1 <∞ (the finiteness of this integrals follows

from (H1), (H2)).
On the other hand, we prove that

E
(∫

[0,T ]2
| φ(s2, r2) |

(∫ s

0

| φ(s, v) | ∂
2u

∂x2
(s2, Ns2)dv

)(∫ s

0

φ(s, v′)
∂2u

∂x2
(r2, Nr2)dv

′
)
ds2dr2

)2]
<∞.

Indeed, we have

E
(∫

[0,T ]2
| φ(s2, r2) |

(∫ s

0

| φ(s, v) |
∣∣∣∂2u

∂x2
(s2, Ns2)

∣∣∣dv)(∫ s

0

| φ(s, v′) |
∣∣∣∂2u

∂x2
(r2, Nr2)

∣∣∣dv′)ds2dr2

)2]
= E

(∫
[0,T ]2

| φ(s2, r2) |
∣∣∣∂2u

∂x2
(s2, Ns2)

∣∣∣∣∣∣∂2u

∂x2
(r2, Nr2)

∣∣∣( ∫ s

0

| φ(s, v) | dv
)(∫ s

0

| φ(s, v′) | dv′
)
ds2dr2

)2

6 s8αB4(α− β + 1, α)E
(∫

[0,T ]2
| φ(s2, r2) |

∣∣∣∂2u

∂x2
(s2, Ns2)

∣∣∣∣∣∣∂2u

∂x2
(r2, Nr2)

∣∣∣ds2dr2

)2

, (Using (6.48)).

Now, we prove that

E
(∫

[0,T ]2
| φ(s2, r2) |

∣∣∣∂2u

∂x2
(s2, Ns2)

∣∣∣∣∣∣∂2u

∂x2
(r2, Nr2)

∣∣∣ds2dr2

)2

<∞.

In fact, we have

E
(∫

[0,T ]2
| φ(s2, r2) |

∣∣∣∂2u

∂x2
(s2, Ns2)

∣∣∣∣∣∣∂2u

∂x2
(r2, Nr2)

∣∣∣ds2dr2

)2

6 CE
(∫

[0,T ]2
| φ(s2, r2) |

(
1+ | Ns2 | +...+ | Ns2 |k

)(
1+ | Nr2 | +...+ | Nr2 |k

)
ds2dr2

)2

.

Applying Hölder’s inequality to p < 1
1−α < 2, and q its conjugate (1

p
+ 1

q
= 1), we get

E
(∫

[0,T ]2
| φ(s2, r2) |

∣∣∣∂2u

∂x2
(s2, Ns2)

∣∣∣∣∣∣∂2u

∂x2
(r2, Nr2)

∣∣∣ds2dr2

)2

6 C
(∫

[0,T ]2
| φ(s2, r2) |p ds2dr2

) 2
p

× E
(∫

[0,T ]2

(
1+ | Ns2 | +...+ | Ns2 |k

)q(
1+ | Nr2 | +...+ | Nr2 |k

)q
ds2dr2

) 2
q
.
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Using (6.49), we get
∫

[0,T ]2
| φ(s2, r2) |p ds2dr2 6 C

∫ T
0
r
p(2α−1)+1
2 dr2 + C ′

∫ T
0
r
p(α−β)
2 dr2 <∞,

p(2α− 1) + 1 > −1 and p(α− β) > −1.

Moreover, we have 2
q
< 1 ( because 1

q
< 1 + (α − 1) < 1

2
) , then Jensen’s inequality can be

applied for a concave function to get

E
(∫

[0,T ]2

(
1+ | Ns2 | +...+ | Ns2 |k

)q(
1+ | Nr2 | +...+ | Nr2 |k

)q
ds2dr2

) 2
q

6
(∫

[0,T ]2
E
[(

1+ | Ns2 | +...+ | Ns2 |k
)q(

1+ | Nr2 | +...+ | Nr2 |k
)q]

ds2dr2

) 2
q

6
(1

2

) 2
q
(∫

[0,T ]2
E
(

1+ | Ns2 | +...+ | Ns2 |k
)2q

+ E
(

1+ | Nr2 | +...+ | Nr2 |k
)2q

ds2dr2

) 2
q

6 c
[( ∫ T

0

E
(

1+ | Ns2 | +...+ | Ns2 |k
)2q

ds2

)
+
(∫ T

0

E
(

1+ | Nr2 | +...+ | Nr2 |k
)2q

dr2

)] 2
q
<∞.

Since
∫ T

0
s8αds <∞. Therefore

∫ s
0
DX
s urδXr ∈ L4(Ω× [0, T ]).

f) We have now shown that
∫ t

0
usDX

s Msds, M
2
t ∈ L2(Ω,F ,P). From (6.45), we obtain∫ T

0

usMs1[0,t](s)δXs ∈ L2(Ω,F ,P;H).

From (3.6) and (6.45), we have uM ∈ Dom(δX) and we get

M2
t = 2

∫ t

0

MsusδXs + 2

∫ t

0

usDX
s Msds, t ∈ [0, T ]. �

Proof of Theorem 6.5.1:
Let Mt :=

∫ t

0

usδXs and Bt := C0 +

∫ t

0

fsds, t ∈ [0, T ].

From the previous Lemma 6.5.2, we have uM1[0,t] ∈ Dom(δX), for all t ∈ [0, T ], and

M2
t = 2

∫ t

0

usMsδXs + 2

∫ t

0

usDX
s Msds, t ∈ [0, T ].

Furthermore, we have

B2
t = C2

0 + 2

∫ t

0

fsBsds, t ∈ (0, T ].

Moreover, uB1[0,t] ∈ Dom(δX), for all t ∈ [0, T ], and

MtBt =

∫ t

0

usBsδXs +

∫ t

0

fsMsds+

∫ t

0

usDX
s Bsds, t ∈ [0, T ].

In fact, on the one hand, since BtF ∈ DX
1,2 and F ∈ S, for all s ∈ [0, t] we have

DX
s (BtF ) = DX

s (BsF ) + DX
s ((Bt −Bs)F )
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= DX
s (BsF ) +

∫ T

0

φ(s, v)DX
v ((Bt −Bs)F )dv

= DX
s (BsF ) +

∫ T

0

φ(s, v)DX
v

(∫ t

s

frdrF
)
dv

= DX
s (BsF ) +

∫ T

0

φ(s, v)
[ ∫ t

s

DX
v frdrF +

∫ t

s

frdrD
X
v F
]
dv

= DX
s (BsF ) +

∫ T

0

φ(s, v)
[ ∫ t

s

dr[DX
v frF + frD

X
v F ]dv

= DX
s (BsF ) +

∫ T

0

φ(s, v)

∫ t

s

drDX
v (frF )dv

= DX
s (BsF ) +

∫ t

s

dr

∫ T

0

dvφ(s, v)DX
v (frF )

= DX
s (BsF ) +

∫ t

s

drDX
s (frF ). (6.52)

On the other hand, using (6.40) and (6.52), we get

E
[
MtBtF

]
= E

[( ∫ T

0

us1[0,t](s)δXs

)
BtF

]
= E

[ ∫ t

0

usDX
s (BtF )ds

]
= E

[ ∫ t

0

us

(
DX
s (BsF ) +

∫ t

s

DX
s (frF )dr

)
ds
]

(Using (6.52))

= E
[ ∫ s

0

usDX
s (BsF )ds+

∫ t

0

us

(∫ t

s

DX
s (frF )dr

)
ds
]

= E
[ ∫ t

0

us[(DX
s Bs)F + DX

s FBs]ds
]

+ E
[ ∫ t

0

∫ t

s

usDX
s (frF )drds

]
= E

[( ∫ t

0

usDX
s Bsds

)
F
]

+ E
[ ∫ t

0

usDX
s FBsds

]
+

∫ t

0

E
[ ∫ r

0

usDX
s (frF )ds

]
dr

= E
[( ∫ t

0

usDX
s Bsds

)
F
]

+ E
[ ∫ t

0

usDX
s FBsds

]
+ E

[ ∫ t

0

MrfrFdr
]
.

Therefore,

E
[ ∫ T

0

us1[0,t](s)BsDX
s Fds

]
= E[MtBtF ]− E

[ ∫ T

0

us1[0,t](s)DX
s BsdsF

]
− E

[ ∫ T

0

Mrfr1[0,t](r)drF
]
.

Consequently,

E
[ ∫ T

0

us1[0,t](s)BsδXsF
]

= E
[(
MtBt −

∫ T

0

us1[0,t](s)DX
s Bsds−

∫ T

0

Mrfr1[0,t](r)dr
)
F
]
, F ∈ S.

(6.53)

Since uM1[0,t] ∈ Dom(δX), and as in the proof of Lemma 6.5.2, we can see that MtBt −∫ T
0
us1[0,t](s)DX

s Bsds−
∫ T

0
Mrfr1[0,t](r) ∈ L2(Ω,F ,P), then uB1[0,t] ∈ Dom(δX).
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MtBt =

∫ T

0

us1[0,t](s)BsδXs +

∫ T

0

us1[0,t](s)DX
s Bsds+

∫ T

0

Mrfr1[0,t](r)dr.

We pose Ct = Mt +Bt and using the linearity of Dom(δX), then uC1[0,t] ∈ Dom(δX) and from
C2
t = M2

t +B2
t + 2MtBt, we get from Lemma 6.5.2

C2
t = 2

∫ t

0

usMsδXs + 2

∫ t

0

usDX
s Msds+ C2

0 + 2

∫ t

0

fsBsds+ 2

∫ t

0

usBsδXs + 2

∫ t

0

fsMsds

+ 2

∫ t

0

usDX
s Bsds

= C2
0 + 2

∫ t

0

usCsδXs + 2

∫ t

0

usDX
s Csds+ 2

∫ t

0

fsCsds. �



Chapter 7

Existence and uniqueness of solutions for a
class of non linear BSDEs

In this Chapter, we present new results related to the existence and uniqueness of the solution of
the BSDE (6.1). These results generalize those given by Maticiuc and Nie [25].
We suppose that V ar(Nt) is increasing on [t0, T ].

7.1 Existence

We begin by considering the following equation:

Yt = ξ +

∫ T

t

f(s,Ns, χ(s,Ns), ψ(s,Ns))ds+

∫ T

t

ZsδXs, 0 6 t0 6 t 6 T , (7.1)

where χ, ψ ∈ VT .

First, we show the existence and uniqueness of the solution of (7.1).

Proposition 7.1.1. Under the assumptions (H1), (H2), (H6), (H7), (H8), (7.1) has a unique solu-
tion (Y, Z) ∈ VT×VT . IfK∗T is injective this solution is given by (Yt, Zt) = (u(t, Nt),−σt ∂∂xu(t, Nt)),

where u ∈ VT .

Proof. We have

g(NT ) +

∫ T

0

f(s,Ns,χ(s,Ns),ψ(s,Ns))ds ∈ L2(Ω,F , P ).

Let

Mt = Ê
[
g(NT ) +

∫ T

0

f(s,Ns,χ(s,Ns),ψ(s,Ns))ds | Ft
]

= Ê
[
g(NT ) | Ft

]
+ Ê

[ ∫ T

0

f(s,Ns,χ(s,Ns),ψ(s,Ns))ds | Ft
]
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= PV ar(NT )−V ar(Nt)g(Nt) +

∫ T

t

PV ar(Nu)−V ar(Nt)f(u,Nt,χ(u,Nt),ψ(u,Nt))du

+

∫ t

0

f(u,Nu,χ(u,Nu),ψ(u,Nu))du (7.2)

by Lemma 6.4.9 and Lemma 6.4.7. Using proposition 2.3.7 ([3]), we obtain for s < t

DX
s Mt = σsPV ar(NT )−V ar(Nt)g

′(Nt) + σs

∫ T

t

PV ar(Nu)−V ar(Nt)f̃(u,Nt)du

+ σs

∫ t

s

f̃(u,Nu)du. (7.3)

where

f̃(u, x) =
∂

∂x
f(u, x,χ(u, x),ψ(u, x)) +

∂

∂y
f(u,x,χ(u, x),ψ(u, x))χx(u, x)

+
∂

∂z
f(u,x,χ(u, x),ψ(u, x))ψx(u, x). (7.4)

Moreover, we have

Ê
[
DX
s Mt | Fs

]
= σsÊ

[
PV ar(NT )−V ar(Nt)g

′(Nt) | Fs
]

+ σs

∫ T

t

Ê
[
PV ar(Nu)−V ar(Nt)f̃(u,Nt) | Fs

]
du

+ σs

∫ t

s

Ê
[
f̃(u,Nu) | Fs

]
du (By Lemma 6.4.9)

= σsPV ar(NT )−V ar(Nt)Ê
[
g′(Nt) | Fs

]
+ σs

∫ T

t

PV ar(Nu)−V ar(Nt)Ê
[
f̃(u,Nt) | Fs

]
du

+ σs

∫ t

s

PV ar(Nu)−V ar(Ns)f̃(u,Ns)du

= σsPV ar(NT )−V ar(Nt)PV ar(Nt)−V ar(Ns)g
′(Ns) + σs

∫ t

s

PV ar(Nu)−V ar(Ns)f̃(u,Ns)du

+ σs

∫ T

t

PV ar(Nu)−V ar(Nt)PV ar(Nt)−V ar(Ns)f̃(u,Ns) (By Lemma 6.4.7)

= σsPV ar(NT )−V ar(Ns)g
′(Ns) + σs

∫ T

t

PV ar(Nu)−V ar(Ns)f̃(u,Ns)du

+ σs

∫ t

s

PV ar(Nu)−V ar(Ns)f̃(u,Ns)du (Using semi-group property)

= σsPV ar(NT )−V ar(Ns)g
′(Ns) + σs

∫ T

s

PV ar(Nu)−V ar(Ns)f̃(u,Ns)du. (7.5)

a) We prove that Mt ∈ DX
1,2, for all t ∈ [0, T ]. Indeed, we have

E |Mt |2 6 3E
∣∣∣Ê[g(NT )|Ft

]∣∣∣2 + 3E
∣∣∣Ê[ ∫ t

0

f(s,Ns, χ(s,Ns), ψ(s,Ns))ds | Ft
]∣∣∣2

+ 3E
∣∣∣Ê[ ∫ T

t

f(s,Ns,χ(s,Ns),ψ(s,Ns))ds | Ft
]∣∣∣2.
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Using (6.20) and inequality of Cauchy-Schwartz, we obtain

Ê[g(NT )|Ft]
= PV ar(NT )−V ar(Nt)g(Nt)

=

∫
R
pV ar(NT )−V ar(Nt)(Nt − y)g(y)dy

=

∫
R
pV ar(NT )−V ar(Nt)(Nt − y)

1
2 g(y)pV ar(NT )−V ar(Nt)(Nt − y)

1
2dy

6
(∫

R
pV ar(NT )−V ar(Nt)(Nt − y)g(y)2dy

) 1
2
(∫

R
pV ar(NT )−V ar(Nt)(Nt − y)dy

) 1
2

=
(∫

R
pV ar(NT )−V ar(Nt)(Nt − y)g(y)2dy

) 1
2

=
(
E
[
| g(NT ) |2 |Ft

]) 1
2
. (7.6)

Thus

E
∣∣∣Ê[g(NT ) | Ft

]∣∣∣2 6 E | g(NT ) |2 . (7.7)

Furthermore,

E
∣∣∣Ê[ ∫ T

t

f(s,Ns, χ(s,Ns),ψ(s,Ns))ds | Ft
]∣∣∣2

= E
∣∣∣ ∫ T

t

Ê
[
f(s,Ns, χ(s,Ns),ψ(s,Ns)) | Ft

]
ds
∣∣∣2 (By Lemma 6.4.9)

6 T

∫ T

t

E
∣∣∣Ê[f(s,Ns,χ(s,Ns), ψ(s,Ns)) | Ft

]∣∣∣2ds
6 T

∫ T

t

E
∣∣∣f(s,Ns, χ(s,Ns), ψ(s,Ns))

∣∣∣2ds, (Using (7.7)).

Moreover,

E
∣∣∣Ê[ ∫ t

0

f(s,Ns,χ(s,Ns),ψ(s,Ns))ds | Ft
]∣∣∣2

= E
∣∣∣ ∫ t

0

Ê
[
f(s,Ns, χ(s,Ns), ψ(s,Ns)) | Ft

]
ds
∣∣∣2 (By Lemma 6.4.9)

6 TE
∫ T

0

| f(s,Ns, χ(s,Ns), ψ(s,Ns)) |2 ds.

Consequently, E |Mt |2<∞.
b) We prove now that E ‖ DX

s Mt ‖2
|H|<∞, s 6 t.

E ‖ DX
s Mt ‖2

|H| = E
∫ t

0

∫ t

0

φ̃(r, u) | DX
r Mt || DX

u Mt | dudr

=

∫ t

0

∫ t

0

φ̃(r, u)E
[
| DX

r Mt || DX
u Mt |

]
dudr

6
1

2

∫ t

0

∫ t

0

φ̃(r, u)E
[
(DX

r Mt)
2 + (DX

u Mt)
2
]
dudr
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=
1

2

∫ t

0

∫ t

0

φ̃(r, u)E
[
(DX

r Mt)
2
]
dudr +

1

2

∫ t

0

∫ t

0

φ̃(r, u)E
[
(DX

u Mt)
2
]
dudr

Using (7.3) for s = r, we get

E | DX
r Mt |2 6 3σ2

rE | PV ar(NT )−V ar(Nt)g
′(Nt) |2 +3σ2

rE
(∫ t

r

f̃(u,Nu)du
)2

+ 3σ2
rE
(∫ T

t

PV ar(Nu)−V ar(Nt)f̃(u,Nt)du
)2

.

Here, we have
E | PV ar(NT )−V ar(Nt)g

′(Nt) |26 E | g′(NT ) |2 .

And

E
(∫ t

r

f̃(u,Nu)du
)2

6 c

∫ T

0

E(f̃(u,Nu))
2du.

Moreover,

E
(∫ T

t

PV ar(Nu)−V ar(Nt)f̃(u,Nt)du
)2

6 TE
∫ T

t

(
PV ar(Nu)−V ar(Nt)f̃(u,Nt)

)2

du

= T

∫ T

t

E
(
E
[
f̃(u,Nu) | Ft

])2

du

6 T

∫ T

t

Ef̃ 2(u,Nu)du.

Consequently,

E | DX
r Mt |2 6 3

[
σ2
rE | g′(NT ) |2

]
+ 3
[
σ2
r

∫ T

0

E(f̃(u,Nu))
2du
]

+ 3T
[
σ2
r

∫ T

0

E(f̃(u,Nu))
2du
]
<∞.

Using (H2), we conclude
∫ t

0

∫ t
0
φ̃(r, u)drdu <∞. Then, E ‖ DX

s Mt ‖2
|H|<∞.

c) Therefore Mt ∈ DX
1,2 for all t ∈ [0, T ] and Ê

[
Mt | Fs

]
= Ms (using Remark 6.4.4), then

Ê
[
Mt | Fs

]
∈ DX

1,2. Applying Clark- Ocone formula (Proposition 6.4.13), we get

Mt = EMt +

∫ t

0

Ê
[
DX
s Mt | Fs

]
δXs. (7.8)

Now, we show that E
[
Mt

]
= E

[
MT

]
and Ê

[
DX
s Mt | Fs

]
= Ê

[
DX
s MT | Fs

]
, P.a.s, s ∈ [0, t].

From (6.20), we obtain Ê[g(NT )|Ft] = PV ar(NT )−V ar(Nt)g(Nt).

Then E
[
Ê[g(NT )|Ft]

]
= E

[
PV ar(NT )−V ar(Nt)g(Nt)

]
and using (6.24), we obtain E

[
Ê[g(NT )|Ft]

]
=

E
[
g(NT )

]
. Moreover, we have

E
[
Ê
(∫ T

t

f(s,Ns, χ(s,Ns),ψ(s,Ns))ds | Ft
)]
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= E
(∫ T

t

Ê
[
f(s,Ns, χ(s,Ns), ψ(s,Ns)) | Ft

]
ds
)

(By Lemma 6.4.9)

= E
∫ T

t

PV ar(Ns)−V ar(Nt)f(t, Nt, χ(t, Nt), ψ(t, Nt))ds (By Lemma 6.4.7)

=

∫ T

t

Ef(s,Ns, χ(s,Ns), ψ(s,Ns))ds (Using (6.24)).

Therefore, (7.2) becomes for t = T

MT = g(NT ) +

∫ T

0

f(s,Ns, χ(s,Ns), ψ(s,Ns))ds,

and

E
[
Mt

]
= E

(
Ê
[
g(NT ) | Ft

])
+ E

∫ t

0

f(s,Ns, χ(s,Ns), ψ(s,Ns))ds

+ E
(
Ê
[ ∫ T

t

f(s,Ns, χ(s,Ns), ψ(s,Ns))ds | Ft
])

= E
[
g(NT )

]
+ E

∫ T

0

f(s,Ns, χ(s,Ns),ψ(s,Ns))ds = E
[
MT

]
.

Now, we want to prove that

Ê
[
DX
s Mt | Fs

]
= Ê

[
DX
s MT | Fs

]
, P.a.s, s ∈ [0, t].

Since (7.5) does not depend on t, it is a direct consequence of (7.5), we get Ê
[
DX
s Mt | Fs

]
=

Ê
[
DX
s MT | Fs

]
, P.a.s, s ∈ [0, t]. From (7.8), we deduce that

Mt = EMT +

∫ t

0

Ê
[
DX
s MT | Fs

]
δXs.

Let us now introduce the pocess Zs = −Ê
[
DX
s MT | Fs

]
, s ∈ [0, T ].

d) We show that Z ∈ VT to get the integral
∫ t

0
ZsδXs is well defined. We conclude by Lemma

6.3.4. Indeed, by (7.5) we have−Zs = σsPV ar(NT )−V ar(Ns)g
′(Ns)+σs

∫ T

s

PV ar(Nu)−V ar(Ns)f̃(u,Ns)du.

Furthermore, we have

PV ar(NT )−V ar(Nt)g
′(x) =

∫
R
pV ar(NT )−V ar(Nt)(x− y)g′(y)dy

=

∫
R
pV ar(NT )−V ar(Nt)(x− y)

1
2 g′(y)pV ar(NT )−V ar(Nt)(x− y)

1
2dy

6
(∫

R
pV ar(NT )−V ar(Nt)(x− y)g′(y)2dy

) 1
2
(∫

R
pV ar(NT )−V ar(Nt)(x− y)dy

) 1
2

=
(∫

R
pV ar(NT )−V ar(Nt)(x− y)g′(y)2dy

) 1
2
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=
(∫

R
pV ar(NT )−V ar(Nt)(z)g′(x− z)2dz

) 1
2
. (7.9)

Since g is of polynomial growth, PV ar(NT )−V ar(Ns)g
′ is of polynomial growth. Furthermore, by

hypothesis χ, ψ ∈ VT , from (H7) and (7.4), PV ar(Nu)−V ar(Ns)f̃(u,Ns) ∈ VT . Thus, Z ∈ VT .
Now, we define

Yt = Mt −
∫ t

0

f(s,Ns, χ(s,Ns), ψ(s,Ns))ds, s ∈ [0, T ].

Let us show that Y ∈ VT . We have

YT − Yt = −
∫ T

0

ZrδXr +

∫ t

0

ZrδXr −
∫ T

t

f(s,Ns, χ(s,Ns), ψ(s,Ns))ds

= −
∫ T

t

ZrδXr −
∫ T

t

f(s,Ns, χ(s,Ns), ψ(s,Ns))ds.

Moreover,

YT = MT −
∫ T

0

f(s,Ns, χ(s,Ns), ψ(s,Ns))ds = g(NT ) = ξ.

So, we get

Yt = YT +

∫ T

t

ZrδXr +

∫ T

t

f(s,Ns,χ(s,Ns),ψ(s,Ns))ds

= ξ +

∫ T

t

ZrδXr +

∫ T

t

f(s,Ns,χ(s,Ns),ψ(s,Ns))ds. (7.10)

From Lemma 6.4.9 and applying the quasi-conditional expectation, we get

Yt = Ê
[
Yt | Ft

]
= Ê

[
g(NT ) +

∫ T

t

f(s,Ns, χ(s,Ns), ψ(s,Ns))ds | Ft
]

= Ê
[
g(NT ) | Ft

]
+ Ê

[ ∫ T

t

f(s,Ns, χ(s,Ns), ψ(s,Ns))ds | Ft
]

= PV ar(NT )−V ar(Nt)g(Nt) +

∫ T

t

PV ar(Ns)−V ar(Nt)f(s,Nt, χ(s,Nt), ψ(s,Nt))ds (Lemma 6.4.7, Lemma 6.4.9)

= PV ar(NT )−V ar(Nt)g(Nt) +

∫ T

t

PV ar(Ns)−V ar(Nt)f1(s,Nt)ds. (7.11)

where f1(s,Nt) := f(s,Nt, χ(s,Nt), ψ(s,Nt)).

Using (7.9), we do a similar calculation by replacing g′ by g, we obtain

PV ar(NT )−V ar(Nt)g(x) 6
(∫

R
pV ar(NT )−V ar(Nt)(z)g(x− z)2dz

) 1
2
. (7.12)

Since g is of polynomial growth, PV ar(NT )−V ar(Nt)g(Nt) ∈ VT . Using (7.12) with g remplaced by
f1 we get PV ar(Ns)−V ar(Nt)f1(s,Nt) ∈ VT . Thus, Y ∈ VT .
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Consequently, from (7.10) we have constructed a solution (Y, Z) ∈ VT × VT for BSDE (7.1).
e) In this part of the proof we assume that K∗T is injective. Let u, v ∈ VT such that Yt =

u(t, Nt), Zt = v(t, Nt), t ∈ [0, T ]. We show now v(t, x) = −σt ∂u∂t (t, x).
Indeed, by appling Itô Formula (Theorem 4.2.1), we have

u(t, Nt) = g(NT )−
∫ T

t

[ ∂
∂t
u(s,Ns) +

1

2
σ̃s

∂2

∂x2
u(s,Ns)

]
ds−

∫ T

t

σs
∂

∂x
u(s,Ns)δXs,

where σ̃t = d
dt
V ar(Nt).

From (7.1), we can conclude∫ T

t

f(s,Ns,χ(s,Ns),ψ(s,Ns))ds+

∫ T

t

v(s,Ns)δXs

= −
∫ T

t

σs
∂

∂x
u(s,Ns)δXs −

∫ T

t

[ ∂
∂t
u(s,Ns) +

1

2
σ̃s

∂2

∂x2
u(s,Ns)

]
ds. (7.13)

By Lemma 6.1.6, we obtain

v(t, x) = −σt
∂

∂x
u(t, x), for all t ∈ [0, T ], x ∈ R.

f) Now, we prove the uniqueness. We suppose that there is another solution Y 1, Z1 ∈ VT . Then,
we apply Itô formula (Theorem 6.5.1), and get

(Yt − Y 1
t )2 = 2

∫ T

t

(Ys − Y 1
s )(Zs − Z1

s )δXs − 2

∫ T

t

σ̂s
σs

(Zs − Z1
s )(Zs − Z1

s )ds

= 2

∫ T

t

(Ys − Y 1
s )(Zs − Z1

s )δXs − 2

∫ T

t

σ̂s
σs

(Zs − Z1
s )2ds.

Taking the expectation, we get

E(Yt − Y 1
t )2 + 2

∫ T

t

σ̂s
σs

E(Zs − Z1
s )2ds = 2E

∫ T

t

(Ys − Y 1
s )(Zs − Z1

s )δXs.

Then,

E | Yt − Y 1
t |2 +2m

∫ T

t

ε(s)E(Zs − Z1
s )2ds 6 2E

∫ T

t

(Ys − Y 1
s )(Zs − Z1

s )δXs, (Using (H6)).

Furthermore, we have (Y − Y 1)(Z − Z1) ∈ VT , then

E
∫ T

t

(Ys − Y 1
s )(Zs − Z1

s )δXs = 0. (7.14)

Using (7.14), we obtain

E | Yt − Y 1
t |2 +2m

∫ T

t

ε(s)E(Zs − Z1
s )2ds = 0.

Consequenly, E | Yt − Y 1
t |2= 0 and

∫ T
t
ε(s)E(Zs − Z1

s )2ds = 0.

We conclude Y = Y 1 P.a.s, t ∈ [0, T ] and Z = Z1, P.a.s, s ∈ [t, T ]. �

Now, we establish an a priori estimate for BSDEs which will be useful later in the section.
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Proposition 7.1.2. Assume that K∗T is injective and let the assumptions (H1), (H2), (H6), (H7),
(H8) be satisfied. For (U, V ) ∈ VT × VT , let (Y, Z) ∈ VT × VT be the unique solution of the
BSDE

Yt =

∫ T

t

f(s,Ns, Us, Vs)ds+

∫ T

t

ZsδXs, 0 6 t0 6 t 6 T.

Then, for all β > 0, there exists C(β) ∈ R+ (depending also on L, T and ε in (H6)) such that

sup
t∈[0,T ]

e2βtE | Yt |2 +

∫ T

0

e2βsE | Ys |2 ds+

∫ T

0

e2βsε(s)EZ2
sds

6 C(β)
(∫ T

0

e2βsE | Us |2 ds+

∫ T

0

e2βsε(s)E | Vs |2 ds+

∫ T

0

e2βsE | f(s,Ns, 0, 0) |2 ds
)
.

Moreover, C(β) can be chosen such that lim
β→∞

C(β) = 0.

Proof. Applying Itô formula (Theorem 6.5.1) to Yt = Y0−
∫ t

0
f(s,Ns, Us, Vs)ds−

∫ t
0
ZsδXs,

we get

Y 2
t = 2

∫ T

t

Ysf(s,Ns, Us, Vs)ds+ 2

∫ T

t

YsZsδXs + 2

∫ T

t

ZsDX
s Ysds. (7.15)

Moreover, using Proposition 7.1.1, we have Ys = u(s,Ns), and

DX
r Ys = DX

r u(s,Ns) =
∂

∂x
u(s,Ns)σr1[0,s](r) = −σr

σs
Zs1[0,s](r).

Then,

DX
s Ys =

∫ s

0

DX
r Ysφ(r, s)dr =

∫ s

0

−σr
σs
Zsφ(r, s)dr = − σ̂s

σs
Zs.

Therefore

EY 2
t = 2

∫ T

t

E[Ysf(s,Ns, Us, Vs)]ds− 2

∫ T

t

σ̂s
σs

EZ2
sds. (7.16)

By (H6), we get

EY 2
t + 2m

∫ T

t

ε(s)E | Zs |2 ds 6 EY 2
t + 2

∫ T

t

σ̂s
σs

E | Zs |2 ds

6 2

∫ T

t

E
[
| Ys || f(s,Ns, Us, Vs) |

]
ds.

By Lipschiz continuity of f , we have

yf(t, Nt, u(t), v(t)) = yf(t, Nt, u(t), v(t))− yf(t, Nt, 0, 0) + yf(t, Nt, 0, 0).

Moreover,

| yf(t, Nt, u(t), v(t)) | 6 | y | L(| u(t) | + | v(t) |)+ | y || f(t, Nt, 0, 0) | .
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Taking the expectation we get

E[Yt]
2 + 2m

∫ T

t

ε(s)E | Zs |2 ds 6 2

∫ T

t

E[| Ys | (L | Us | +L | Vs | + | f(s,Ns, 0, 0) |)]ds

6 2

∫ T

t

(
E[Ys]

2
) 1

2
(
E(L | Us | +L | Vs | + | f(s,Ns, 0, 0) |)2

) 1
2
ds.

Let x(t) = [E(Ys)
2]

1
2 , t ∈ [0, T ]. Then

x(t)2 6 2
√

3

∫ T

t

x(s)
[
E
(
L2 | Us |2 +L2 | Vs |2 + | f(s,Ns, 0, 0) |2

)] 1
2
ds, t ∈ [0, T ]. (7.17)

To estimate x(t), we will apply Corollary 6.64 [27] and (7.17), we obtain

x(t) 6
√

3

∫ T

t

[
E
(
L2 | Us |2 +L2 | Vs |2 + | f(s,Ns, 0, 0) |2

)] 1
2
ds, t ∈ [0, T ].

Hence for any β > 0,

(E | Ys |2)
1
2 6

√
3

∫ T

t

[
E
(
L2 | Us |2 +L2 | Vs |2 + | f(s,Ns, 0, 0) |2

)] 1
2
ds

6
√

3

∫ T

t

[
L
(
E | Us |2

) 1
2

+ L
(
E | Vs |2

) 1
2

+
(
E | f(s,Ns, 0, 0) |2

) 1
2
]
ds

6
√

3L

∫ T

t

(
E | Us |2

) 1
2

+
(
E | Vs |2

) 1
2
ds+

√
3

∫ T

t

(
E | f(s,Ns, 0, 0) |2

) 1
2
ds

6
√

3L

∫ T

t

e−βs
[
Ee2βs | Us |2

] 1
2
ds+

√
3

∫ T

t

e−βs
[
e2βsE | f(s,Ns, 0, 0) |2

] 1
2
ds

+
√

3L

∫ T

t

1√
ε(s)

e−βs
[
ε(s)e2βsE | Vs |2

] 1
2
ds.

Then,

(E | Ys |2)
1
2 6
√

3L
(∫ T

t

e−2βsds
) 1

2
(∫ T

t

e2βsE | Us |2 ds
) 1

2

+
√

3L
(∫ T

t

e−2βs

ε(s)
ds
) 1

2
(∫ T

t

e2βsε(s)E | Vs |2)ds
) 1

2

+
√

3
(∫ T

t

e−2βsds
) 1

2
(∫ T

t

e2βsE | f(s,Ns, 0, 0) |2)ds
) 1

2
.

We use the following notations:

At :=
(∫ T

t

e2βsE | Us |2 ds
) 1

2
,

Bt :=
(∫ T

t

e2βsε(s)E | Vs |2)ds
) 1

2
,
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and

Ct :=
(∫ T

t

e2βsE | f(s,Ns, 0, 0) |2 ds
) 1

2
.

Since
∫ T

t

e−2βsds =
1

2β

(
e−2βt − e−2βT

)
, then

e2βtE | Yt |2 6
9L2

2β
A2
t + 9L2B2

t

∫ T

t

e2β(t−s)

ε(s)
ds+

9

2β
C2
t

6
[9L2

2β
+

9

2β
+ 9L2

∫ T

t

e2β(t−s)

ε(s)
ds
]
(A2

t +B2
t + C2

t ).

Moreover, we have
∫ T
t

e2β(t−s)

ε(s)
ds −−−−−−−−→

β→+∞
0 if

∫ T
t

ds
ε(s)

< +∞ (H6).

Thus, there exists C(β) with lim
β→∞

C(β) = 0, such that

e2βtE | Yt |2 6 C(β)
(
A2
t +B2

t + C2
t

)
, t ∈ [0, T ]. (7.18)

Now, we apply the Itô formula to e2βtE | Yt |2 . On the one hand, using (7.15), we get

| Yt |2= 2

∫ T

t

Ysf(s,Ns, Us, Vs)ds+ 2

∫ T

t

YsZsδXs − 2

∫ T

t

σ̂s
σs
| Zs |2 ds.

Then,

dE | Yt |2= −2E[Ytf(t, Nt, Ut, Vt)]dt+ 2
σ̂t
σt
E | Zt |2 dt. (7.19)

On the other hand, using (7.19), we obtain

d(e2βtE | Yt |2) = 2βe2βtE | Yt |2 dt− 2e2βtE[Ytf(t, Nt, Ut, Vt)]dt+ 2e2βt σ̂t
σt
E | Zt |2 dt.

Consequently,

e2βtE | Yt |2 +

∫ T

t

2βe2βsE | Ys |2 ds+ 2

∫ T

t

e2βs σ̂s
σs

E | Zs |2 ds = 2

∫ T

t

e2βsE[Ysf(s,Ns, Us, Vs)]ds

6 2

∫ T

t

e2βsE[| Ys || f(s,Ns, Us, Vs) |]ds.

Thus,

e2βtE | Yt |2 +2β

∫ T

t

e2βsE | Ys |2 ds+ 2m

∫ T

t

e2βsε(s)E | Zs |2 ds

6 2

∫ T

t

e2βsE
[
| Ys || f(s,Ns, Us, Vs) |

]
ds

6 2

∫ T

t

e2βsE
[
| Ys |

(
L | Us | +L | Vs |)+ | f(s,Ns, 0, 0) |

)]
ds (By lipschitz property of f)
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6 2L

∫ T

t

[
E
(
e2βs | Ys |2

)] 1
2
[
E
(
e2βs | Us |2

)] 1
2
ds

+ 2L

∫ T

t

[
E
(e2βs

ε(s)
| Ys |2

)] 1
2
[
E
(
e2βsε(s) | Vs |2

)] 1
2
ds

+ 2

∫ T

t

[
E(e2βs | Ys |2)

] 1
2
[
E(e2βs | f(s,Ns, 0, 0) |2)

] 1
2
ds

6 2L

∫ T

t

[
C(β)

(
A2
s +B2

s + C2
s

)] 1
2
[
E
(
e2βs | Us |2

)] 1
2
ds

+ 2L

∫ T

t

[C(β)

ε(s)

(
A2
s +B2

s + C2
s

)] 1
2×
[
E
(
e2βsε(s) | Vs |2

)] 1
2
ds

+ 2

∫ T

t

[
C(β)

(
A2
s +B2

s + C2
s

)] 1
2
[
E
(
e2βs | f(s,Ns, 0, 0) |2

)] 1
2
ds (Using (7.18))

6 2L
√
C(β)(A2

t +B2
t + C2

t )
1
2

∫ T

t

[
E
(
e2βs | Us |2

)] 1
2
ds

+ 2L
√
C(β)(A2

t +B2
t + C2

t )
1
2

∫ T

t

1√
ε(s)

[
E
(
e2βsε(s) | Vs |2

)] 1
2
ds

+ 2
√
C(β)(A2

t +B2
t + C2

t )
1
2

∫ T

t

[
E
(
e2βs | f(s,Ns, 0, 0) |2

)] 1
2
ds

6 2L
√
C(β)(At +Bt + Ct)

√
T − tAt + 2L

√
C(β)(At +Bt + Ct)

(∫ T

t

1

ε(s)
ds
) 1

2
Bt

+ 2
√
C(β)(At +Bt + Ct)

√
T − tCt

6 C2

√
C(β)(A2

t +B2
t + C2

t ). (7.20)

Furthermore, using (7.18), we obtain sup
t∈[0,T ]

e2βtE | Yt |26 C(β)(A2
0 +B2

0 + C2
0).

Moreover, by (7.20) for t = 0, we get

2β

∫ T

0

e2βsE | Ys |2 ds+ 2m

∫ T

0

e2βsε(s)EZ2
sds

6 C2

√
C(β)(A2

0 +B2
0 + C2

0).

Thus,

sup
t∈[0,T ]

e2βtE | Yt |2 +

∫ T

0

e2βsE | Ys |2 ds+

∫ T

0

e2βsε(s)EZ2
sds

6 sup
t∈[0,T ]

e2βtE | Yt |2 +2β

∫ T

0

e2βsE | Ys |2 ds+ 2m

∫ T

0

e2βsε(s)EZ2
sds

6 C(β)(A2
0 +B2

0 + C2
0) + C2

√
C(β)(A2

0 +B2
0 + C2

0)

6 C ′(β)(A2
0 +B2

0 + C2
0).

The proof is completed. �
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Theorem 7.1.3. Assume thatK∗T is injective and let the assumptions (H1), (H2), (H6), (H7), (H8)
be satisfied. Then the BSDE

Yt = ξ +

∫ T

t

f(s,Ns, Ys, Zs)ds+

∫ T

t

ZsδXs, 0 < t0 6 t 6 T.

has a solution (Y, Z) ∈ ṼT,1 × ṼT,ε.

Proof. The existence of the solution is obtained by the Banach fixed point theorem.
Let us consider the mapping Γ : VT × VT → VT × VT given by (U, V ) 7−→ Γ(U, V ) = (Y, Z),

where (Y, Z) is a solution of the following generalized BSDE:

Yt = ξ +

∫ T

t

f(s,Ns, Us, Vs)ds+

∫ T

t

ZsδXs.

Let us show that Γ is a contraction for the norm ‖ (u, v) ‖2,ε:=‖ u ‖2 + ‖ v ‖ε , for (u, v) ∈
ṼT,1 × ṼT,ε.
For (U, V ), (U ′, V ′) ∈ VT × VT and (Y, Z) = Γ(U, V ), (Y ′, Z ′) = Γ(U ′, V ′), we set 4Y =

Y − Y ′,4Z = Z − Z ′,4U = U − U ′ and4V = V − V ′. A similar calculation as the steps of
the proofs of the previous Proposition 7.1.2, shows that there exists C(β) which may depend on
L, T and ε such that lim

β→∞
C(β) = 0, and

sup
t∈[0,T ]

e2βtE | 4Yt |2 +

∫ T

t

e2βsE | 4Ys |2 ds+

∫ T

t

e2βsε(s)E | 4Zs |2 ds

6 C(β)
(∫ T

t

e2βsE | 4Us |2 ds+

∫ T

t

e2βsε(s)E | 4Vs |2 ds
)
.

(7.21)

Taking β large enough such that C(β) 6 1
2
, Γ becomes a strict contraction in VT × VT , for the

norm ‖ (., .) ‖2,ε .

Now, we define {(Y k, Zk)}k∈N recursively by putting Y 0
t = χ(t, Nt), Z

0
t = ψ(t, Nt) for χ, ψ ∈

VT through the BSDE

Y k+1
t = ξ +

∫ T

t

f(s,Ns, Y
k
s , Z

k
s )ds+

∫ T

t

Zk+1
s δXs, t ∈ [0, T ], k > 0.

From Proposition 7.1.1, we know that for all k > 0, Y k
t = uk(t, Nt), Z

k
t = vk(t, Nt), for suitable

uk, vk ∈ VT such that Zk
t = −σt ∂∂xuk(t, Nt)), t ∈ [t0, T ].

Since Γ is a contraction, {(Y k, Zk)}k∈N is a Cauchy sequence in ṼT,1 × ṼT,ε, then there exists
(Y, Z) ∈ ṼT,1 × ṼT,ε such that (Y k, Zk) converges to (Y, Z) in ṼT,1 × ṼT,ε. We prove that (Y, Z)

satisfies

Yt = ξ +

∫ T

t

f(s,Ns, Ys, Zs)ds+

∫ T

t

ZsδXs, t ∈ (0, T ].

On the one hand, we have
lim
k→∞

E | Y k
t − Yt |2= 0, t ∈ [0, T ].
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On the other hand, for arbitrary t0 > 0 and for all t ∈ [t0, T ],

lim
k→∞

{∫ T

t

E | Y k
s − Ys |2 ds+

∫ T

t

ε(s)E | Zk
s − Zs |2 ds

}
= 0.

We show now, lim
k→∞

(
−Y k+1

t + ξ +

∫ T

t

f(s,Ns, Y
k
s , Z

k
s )ds

)
= −Yt + ξ +

∫ T

t

f(s,Ns, Ys, Zs)ds

in L2(Ω,F ,P). In fact,

E
∣∣∣Y k
t − Yt +

∫ T

t

[
f(s,Ns, Y

k
s , Z

k
s )− f(s,Ns, Ys, Zs)

]
ds
∣∣∣2

6 2E | Y k
t − Yt |2 +2E

∣∣∣ ∫ T

t

[
f(s,Ns, Y

k
s , Z

k
s )− f(s,Ns, Ys, Zs)

]
ds
∣∣∣2

6 2E | Y k
t − Yt |2 +2L2T

∫ T

t

E | Y k
s − Ys |2 ds+ 2E

(∫ T

t

1

ε(s)
ds
)(∫ T

t

ε(s) | Zk
s )− Zs |2 ds

)
6 2E | Y k

t − Yt |2 +2L2T

∫ T

t

E | Y k
s − Ys |2 ds+ 2L2c

∫ T

t

ε(s)E | Zk
s )− Zs |2 ds −→

k→+∞
0

Next, we prove that Zk
s 1[t,T ] → Zs1[t,T ] in L2(Ω,F , P,H). Indeed,

E ‖ Zk1[t,T ] − Z1[t,T ] ‖2
L2(Ω,H)

= E ‖ K∗T (Zk1[t,T ] − Z1[t,T ]) ‖2
L2([0,T ])

= E
∫ T

0

(∫ T

s

(Zk − Z)u1[t,T ](u)
∂

∂u
K(u, s)du

)2

ds

= E
∫ T

0

ds
(∫ T

s

(Zk − Z)u1[t,T ](u)
∂

∂u
K(u, s)du

)(∫ T

s

(Zk − Z)v1[t,T ](v)
∂

∂v
K(v, s)dv

)
= E

∫ T

0

(Zk − Z)u1[t,T ](u)du

∫ T

0

(Zk − Z)v1[t,T ](v)dv

∫ inf(u,v)

0

∂

∂u
K(u, s)

∂

∂v
K(v, s)ds

= E
∫ T

t

du

∫ T

t

dv(Zk − Z)u(Z
k − Z)vφ(u, v)

6 E
∫ T

t

duE[(Zk − Z)2
u]
(∫ u

0

φ(u, v)dv
)

+ E
∫ T

t

dvE[(Zk − Z)2
v]
(∫ v

0

φ(u, v)du
)

= 2

∫ T

t

duE[(Zk − Z)2
u]

∫ u

0

φ(u, v)dv

= 2

∫ T

t

duE[(Zk − Z)2
u]

∫ u

0

∫ inf(u,v)

0

∂

∂u
K(u, s)

∂

∂v
K(v, s)dsdv

6 2

∫ T

t

duE[(Zk − Z)2
u]

∫ u

0

∫ inf(u,v)

0

∣∣∣ ∂
∂u
K(u, s)

∣∣∣∣∣∣ ∂
∂v
K(v, s)

∣∣∣dsdv
6 c

∫ T

t

duE[(Zk − Z)2
u]

∫ u

0

∫ inf(u,v)

0

(u− s)α−1
(u
s

)β
(v − s)α−1

(v
s

)β
dsdv

6 c

∫ T

t

duE[(Zk − Z)2
u]u

β

∫ u

0

vβ
(∫ inf(u,v)

0

(u− s)α−1(v − s)α−1s−2βds
)
dv.
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Moreover, we have∫ inf(u,v)

0

(u− s)α−1(v − s)α−1s−2βds 6 (u− v)α−1

∫ v

0

(v − s)α−1s−2βds

= (u− v)α−1

∫ v

0

vα−1(1− s

v
)α−1s−2βds

= (u− v)α−1v−2βvα−1

∫ 1

0

(1− θ)α−1θ−2βvdθ

= vα−2β(u− v)α−1B(α, 1− 2β).

Then, we obtain∫ T

t

duE[(Zk − Z)2
u]u

β

∫ u

0

vβ
(∫ inf(u,v)

0

(u− s)α−1(v − s)α−1s−2βds
)
dv

6 cB(α, 1− 2β)

∫ T

t

duE[(Zk − Z)2
u]u

β

∫ u

0

vα−β(u− v)α−1dv

6 cB(α, 1− 2β)

∫ T

t

duE[(Zk − Z)2
u]u

β

∫ 1

0

(θu)α−βuα−1(1− θ)α−1udθ

6 cB(α, 1− 2β)

∫ T

t

duE[(Zk − Z)2
u]u

βu2α−β
∫ 1

0

θα−β(1− θ)α−1dθ

6 cB(α, 1− 2β)

∫ T

t

duE[(Zk − Z)2
u]u

2αB(α− β + 1, α) −→
k→+∞

0.

Consequently, Zk
s −→
k→+∞

Zs in L2(Ω,F , P ;H).

Moreover, for all F ∈ S, we have

E
(
< DX

. F,Z.1[t,T ] >H

)
= lim

k→∞
E
(
< DX

. F,Z
k+1
. 1[t,T ] >H

)
= lim

k→∞
E
(
F.

∫ T

t

Zk+1
s δXs

)
(By Proposition 7.1.1, we have Zk+1 ∈ Dom(δX))

= E
[
F
(
Yt − ξ −

∫ T

t

f(s,Ns, Ys, Zs)ds
)]
.

By proposition 1.3.6 in [26] we get Z1[t,T ] ∈ Dom(δX) and Yt − ξ −
∫ T

t

f(s,Ns, Ys, Zs)ds =

δX(Z1[t,T ]).

Consequently, we have

Yt = ξ +

∫ T

t

ZsδXs +

∫ T

t

f(s,Ns, Ys, Zs)ds. for all t ∈ [t0, T ] with t0 > 0.

The proof is completed. �
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7.2 Uniqueness

In this section, we will follow the method of Maticiuc and Nie [25] but several authors have con-
cluded the uniqueness by a fixed point theorem argument.

We introduce the following spaces:

M =
{
K/Kt = KT +

∫ T

t

vsds+

∫ T

t

usδXs, t ∈ [0, T ] with u ∈ VT , vs = v(s,Ns), where v ∈

C0,1
pol([0, T ]× R

}
.

Let Sf , the set of (Y, Z) ∈ ṼT,1 × ṼT,ε such that, for t ∈ (0, T ],

(i) E | Yt |2 +2

∫ T

t

σ̂s
σs

E | Zs |2 ds = E | ξ |2 +2

∫ T

t

E
[
Y (s)f(s,Ns, Ys, Zs)

]
ds.

(ii) E[YtKt]−E
∫ T

t

[
− σ̂s
σs
us+DX

s Ks

]
Zsds = E[ξ.KT ]+E

∫ T

t

[
Ksf(s,Ns, Ys, Zs)+Ysvs

]
ds,K ∈M.

Remark 7.2.1. To prove i) and ii), assume that K∗T is injective. If Y is a solution of (6.1), Itô’s
formula (Theorem 6.5.1) applied to Y 2 is in fact (i). Also, if K is a solution of an equation of the
same type as (6.1), an application of Itô’s formula (Theorem 6.5.1) to K gives (ii). In this sense
Sf is a natural choice for a space of solutions.

Theorem 7.2.2. Assume thatK∗T is injective and let the assumptions (H1), (H2), (H6), (H7), (H8)
be satisfied. Then the BSDE

Yt = ξ +

∫ T

t

f(s,Ns, Ys, Zs)ds+

∫ T

t

ZsδXs, 0 < t0 6 t 6 T.

has a unique solution (Y, Z) ∈ Sf .

Proof. We show first that the solution (Y, Z) we constructed in the proof of Theorem 7.1.3
belongs to Sf .
Indeed, the sequence {(Y k, Zk)}k∈N introduced in the proof of Theorem 7.1.3 is in VT × VT and
converges to (Y, Z) in ṼT,1 × ṼT,ε. Applying the Itô formula (Theorem 6.5.1) to (Y k+1)2, using
DX
s Ys = − σ̂s

σs
Zs and taking the expectation, we have

E | Y k+1
t |2 +2

∫ T

t

σ̂s
σs

E | Zk+1
s |2 ds = E | ξ |2 +2

∫ T

t

E
[
Y k+1
s f(s,Ns, Y

k
s , Z

k
s )
]
ds. (7.22)

Moreover, we know

lim
k→∞

E | Y k
t − Yt |2= 0, t ∈ [0, T ],
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and

lim
k→∞

(∫ T

t

E | Y k
s − Ys |2 ds+

∫ T

t

ε(s)E | Zk
s − Zs |2 ds

)
= 0, t ∈ [0, T ].

Letting k →∞ in (7.22), for t0 > 0 we get

E | Yt |2 +2E
∫ T

t

σ̂s
σs
| Zs |2 ds = E | ξ |2 +2

∫ T

t

E
[
Ysf(s,Ns, Ys, Zs)

]
ds, t ∈ [t0, T ].

(7.23)
On the other hand, for any K ∈M, we have

Y k+1
t Kt =

1

4

[
(Y k+1

t +Kt)
2 − (Kt − Y k+1

t )2
]
,

and from Itô formula (Theorem 6.5.1), we get (after a long but straightforward computation)

E[Y k+1
t Kt]− E

∫ T

t

[
− σ̂s
σs
us + DX

s K(s)
]
Zk+1
s ds = E[ξ.KT ] + E

∫ T

t

[
Ksf(s,Ns, Y

k
s , Z

k
s ) + Y k+1

s vs

]
ds.

Letting k →∞, for t0 > 0 we obtain

E[YtKt]− E
∫ T

t

[
− σ̂s
σs
us + DX

s Ks

]
Zsds = E[ξ.KT ] + E

∫ T

t

[
Ksf(s,Ns, Ys, Zs) + Ysvs

]
ds, t ∈ [t0, T ].

Consequently, (Y, Z) ∈ Sf .
Now, we show the uniqueness of the solution (Y, Z) in the class Sf . We suppose that (Ỹ , Z̃) ∈ Sf
is another solution of BSDE (6.1). Then, for t0 > 0

E | Ỹt |2 +2

∫ T

t

σ̂s
σs

E | Z̃s |2 ds = E | ξ |2 +2

∫ T

t

E
[
Ỹsf(s,Ns, Ỹs, Z̃s)

]
ds, t ∈ [t0, T ].

(7.24)
Furthermore, for t0 > 0

E[ỸtY
k+1
t ]− E

∫ T

t

[
− σ̂s
σs
Z̃s + DX

s Ỹs

]
Zk+1
s ds = E[| ξ |2]

+ E
∫ T

t

[
Ỹsf(s,Ns, Y

k
s , Z

k
s ) + Y k+1

s f(s,Ns, Ỹs, Z̃s)
]
ds, for t ∈ [t0, T ].

Thus, for t0 > 0

E[ỸtY
k+1
t ] + 2E

∫ T

t

σ̂s
σs
Z̃sZ

k+1
s ds

= E[| ξ |2] + E
∫ T

t

[
Ỹsf(s,Ns, Y

k
s , Z

k
s ) + Y k+1

s f(s,Ns, Ỹs, Z̃s)
]
ds, for t ∈ [t0, T ],

and letting k →∞, we have

E[ỸtYt] + 2E
∫ T

t

σ̂s
σs
Z̃sZsds
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= E[| ξ |2] + E
∫ T

t

[
Ỹsf(s,Ns, Ys, Zs) + Ysf(s,Ns, Ỹs, Z̃s)

]
ds, for t ∈ [t0, T ] and t0 > 0.

(7.25)

From (7.23), (7.24) and (7.25), we obtain for t ∈ [t0, T ] and t0 > 0

E | Yt − Ỹt |2 +2E
∫ T

t

σ̂s
σs
| Zs − Z̃s |2 ds

= 2E
∫ T

t

[
Ysf(s,Ns, Ys, Zs)− Ysf(s,Ns, Ỹs, Z̃s) + Ỹsf(s,Ns, Ỹs, Z̃s)− Ỹsf(s,Ns, Ys, Zs)

]
ds

= 2E
∫ T

t

[(
Ys − Ỹs

)
f(s,Ns, Ys, Zs)−

(
Ys − Ỹs

)
f(s,Ns, Ỹs, Z̃s)

]
ds

= 2E
∫ T

t

[
Ys − Ỹs

][
f(s,Ns, Ys, Zs)− f(s,Ns, Ỹs, Z̃s)

]
ds

6 2LE
∫ T

t

| Ys − Ỹs |
[
| Ys − Ỹs | + | Zs − Z̃s |

]
ds

6 2LE
∫ T

t

| Ys − Ỹs |2 + | Ys − Ỹs || Zs − Z̃s | ds

= 2LE
∫ T

t

| Ys − Ỹs |2 ds+ 2LE
∫ T

t

| Ys − Ỹs || Zs − Z̃s | ds

6 2LE
∫ T

t

| Ys − Ỹs |2 ds+ E
∫ T

t

mε(s) | Zs − Z̃s |2 ds+
L2

m
E
∫ T

t

1

ε(s)
| Ys − Ỹs |2 ds.

Consequently,

E | Yt − Ỹt |2 +mE
∫ T

t

ε(s) | Zs − Z̃s |2 ds 6
∫ T

t

(
2L+

L2

mε(s)

)
E | Ys − Ỹs |2 ds. (7.26)

Thus,

E | Yt − Ỹt |2 6
∫ T

t

(
2L+

L2

mε(s)

)
E | Ys − Ỹs |2 ds.

Applying Gronwall’s inequality, we get

E | Yt − Ỹt |2= 0, for t ∈ [t0, T ] and t0 > 0. (7.27)

From (7.26) and (7.27), we obtain m
∫ T

t

ε(s)E | Zs − Z̃s |2 ds = 0, for t ∈ [t0, T ] and t0 > 0.

Then, E | Zs − Z̃s |2= 0, s ∈ [t, T ] with t > 0.

Thus, we obtain Yt = Ỹt P.a.s, t ∈ [t0, T ] with t0 > 0 and Zs = Z̃s, P.a.s, s ∈ [t, T ] with t > 0.

The proof is completed. �

7.3 Comparison Theorem

Theorem 7.3.1. For i = 1, 2 we consider the BSDE’s

Y i
t = gi(N i

T ) +

∫ T

t

f i(s,N i
s, Y

i
s , Z

i
s)ds+

∫ T

t

Zi
sδX

i
s, 0 < t0 6 t 6 T, (7.28)
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where N i
t =

∫ t
0
σisδX

i
s and c0 < σi < C0 for some constants c0, C0 > 0. Suppose that

both BSDE’s satisfy the hypotheses of Theorem 6.1.1 and Proposition 6.1.8. If f 1(·, ·, y, z) >

f 2(·, ·, y, z) for all y, z, and g1 > g2, then Y 1
t > Y 2

t P − a.s. for all t ∈ [t0, T ].

Proof. Let ui(t, x) be the solution to (6.2) with f replaced by f i, g replaced by gi. Then the
solution to the above equation (7.28) is given by Y i

t = ui(t, Nt). It suffices to prove u1(t, x) >

u2(t, x).

Denote ρt =
√

d
dt
V ar(Nt), and ζt =

∫ t
0
ρsδWs, where W is standard Brownian motion.

Applying Itô’s formula with respect to W, we have

dui(t, ζt) = ρt
∂ui

∂x
(t, ζt)dWt +

∂ui

∂t
(t, ζt)dt+

1

2

∂2ui

∂x2
(t, ζt)

d

dt
V ar(Nt)dt

= −f i(t, ζt, ui(t, ζt),−σt
∂ui

∂x
(t, ζt))dt+ ρt

∂ui

∂x
(t, ζt)dWt.

Thus, (Ỹ i
t , Z̃

i
t) = (ui(t, ζt), ρt

∂ui

∂x
(t, ζt)) is a solution to the following BSDEdỸ i

t = −f i(t, ζt, Ỹ i
t ,−σtρ−1

t Z̃i
t)dt+ Z̃i

tdWt, 0 < t0 6 t 6 T

Ỹ i
T = gi(ζT )

By the classical comparison theorem ([36]), Ỹ 1
t > Ỹ 2

t almost surely. Thus, u1(t, ζt) > u2(t, ζt).

Since ζt is a gaussian random variable with positive variance, from lemma 3.7 ([19]), we conclude
u1(t, x) > u2(t, x). �
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Abstract: This thesis treats of backward stochastic differential equations (BSDE) driven by
a class of Gaussian Volterra processes that includes multifractional Brownian motion and mul-
tifractional Ornstein-Uhlenbeck processes. In the first part we study multidimensional BSDE
with generators that are linear functions of the solution. By means of an Itô formula for Volterra
processes, a linear second order partial differential equation (PDE) with terminal condition is as-
sociated to the BSDE. Under an integrability condition on a functional of the second moment of
the Volterra process in a neighbourhood of the terminal time, we solve the associated PDE ex-
plicitely and deduce the solution of the linear BSDE. We discuss an application in the context of
self-financing trading stategies. The second part of the thesis treats of non-linear BSDE driven by
the same class of Gaussian Volterra processes. The main results are the existence and uniqueness
of the solution in a space of regular functionals of the Volterra process, and a comparison theorem
for the solutions of BSDE. We give two proofs for the existence and uniqueness of the solution,
one is based on the associated PDE and a second one without making reference to this PDE, but
with probabilistic and functional theoretic methods. Especially this second proof is technically
quite complex, and, due to the absence of martingale properties in the context of Volterra pro-
cesses, requires to work with different norms on the underlying Hilbert space that is defined by
the kernel of the Volterra process. For the construction of the solution we need the notion of
quasi-conditional expectation, a Clark-Ocone type formula and another Itô formula for Volterra
processes. Contrary to the more classical cases of BSDE driven by Brownian or fractional Brow-
nian motion, an assumption on the behaviour of the kernel of the driving Volterra process is in
general necessary for the wellposedness of the BSDE. For multifractional Brownian motion this
assumption is closely related to the behaviour of the Hurst function.

Key words. Backward stochastic differential equation, Gaussian Volterra process, partial dif-
ferential equation with terminal condition, Feynman-Kac formula, divergence integral, Malliavin
calculus, chaos expansion, quasi-conditional expectation, Clark-Ocone formula.



Résumé: Cette thèse porte sur les équations différentielles stochastiques rétrogrades (EDSR)
dirigées par une classe de processus de Volterra qui contient le mouvement brownien multifrac-
tionnaire et le processus Ornstein-Uhlenbeck multifractionnaire. Dans la première partie, nous
étudions la solution des EDSRs multidimensionnelles avec des générateurs linéaires. Par la for-
mule d’Itô pour les processus de Volterra nous réduisons l’EDSR à une équation aux dérivées par-
tielles (EDP) de second ordre linéaire avec la condition terminale. Sous une condition d’intégrabilité
dans un voisinage du temps terminal de la variance du processus de Volterra, nous résolvons
l’EDP associée explicitement et en déduisons la solution des EDSR linéaire. Puis, nous discu-
tons une application dans le contexte des stratégies autofinancées. La seconde partie de la thèse
traite des EDSRs non linéaires dirigées par la même classe de processus de Volterra. Les résultats
principaux sont l’existence et l’unicité de la solution de l’EDSR dans un espace de fonctionnelles
régulières du processus de Volterra et un théorème de comparaison qui porte sur les générateurs et
les conditions terminales. Nous donnons deux preuves de l’existence et de l’unicité de la solution
de l’EDSR, l’une basée sur l’EDP associée et l’autre sans référence à l’EDP, mais avec des méth-
odes probabilistes. Cette seconde preuve est techniquement difficile et, en raison de l’absence de
propriétés de martingale dans le contexte des processus de Volterra, la preuve nécessite différentes
normes sur l’espace de Hilbert sous-jacent défini par le noyau du processus de Volterra. Pour la
construction de la solution, nous avons besoin de la notion de l’espérance quasi-conditionnelle,
d’une formule de type Clark-Ocone et d’une autre formule d’Itô pour les processus de Volterra.
Contrairement au cas classique des EDSR dirigées par le mouvement brownien ou brownien frac-
tionnaire, une hypothèse sur le comportement du noyau est nécessaire pour l’existence et l’unicité
de la solution de l’EDSR. Pour le mouvement brownien multifractionnaire, cette hypothèse est
liée à la fonction de Hurst.

Mots clés. Équations différentielles stochastiques rétrogrades, processus de Volterra Gaussien,
équation aux dérivées partielles avec condition terminale, formule de Feynman-Kac, intégrale de
divergence, calcul de Malliavin, expression de chaos, espérance quasi-conditionnelle, formule de
Clark-Ocone.


	General introduction
	Structure de la thèse
	Équations différentielles stochastiques rétrogrades dirigées par un processus de Volterra 
	Présentation des résultats obtenus
	Compléments sur le calcul de Malliavin pour un processus de Volterra
	Formule d’Itô
	Résolution de l'EDSR linéaire 
	EDSR non-linéaire au cas uni-dimensionnel
	Existence et unicité de la solution de l'EDSR non lineaire

	Prépublications
	Conclusions
	Perspectives

	Gaussian Volterra processes
	Definition
	Examples

	Complements on Malliavin calculus for Volterra processes
	Itô formula
	Introduction
	A multi-dimensional Itô formula

	Solvability of linear Backward Stochastic Differential Equation (BSDE)
	Connection between partial differential equations and BSDEs
	Explicit solution
	Application

	Non linear BSDE in the one-dimensional case
	Connection between partial differential equations and BSDEs revisited
	Transfer formula
	Assumptions and solution spaces
	 Probabilistic methods for non linear BSDEs
	Quasi-conditional expectation
	Clark-Ocone Formula

	Itô formula for stochastic integrals

	Existence and uniqueness of solutions for a class of non linear BSDEs
	Existence
	Uniqueness
	Comparison Theorem


