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Chapter 1

General introduction

Introduction, French version

Cette these porte sur les équations différentielles stochastiques rétrogrades (EDSR) dirigées
par un processus de Volterra.

L’objectif principal de cette these est 1I’étude de 1’existence, de ’unicité et de la régularité de

la solution des EDSR dirigées par un processus de Volterra et la résolution explicite dans le cas

linéaire.

1.1 Structure de la these

Le titre de cette these porte sur les équations différentielles stochastiques rétrogrades. Ce type
d’équations est utilisé en mathématiques financieres et en contrdle stochastique (voir par exemple
les travaux de S. Peng (1993) [29] et N. El Karoui, S. Peng et M.-C. Quenez (1997) [1]). C’est un
theme qui s’est beaucoup développé ces dernieres années et qui trouve des applications dans de
nombreux domaines comme la biologie ou pour I’étude d’équations aux dérivées partielles. La
théorie liée a ces équations a été développée par E. Pardoux et S. Peng des 1990 [28]. La prin-
cipale question sur la théorie des EDSR est I’existence et ’unicité des solutions. Ces équations
sont apparues en finance a partir de la formule de Black et Scholes par exemple dans le cas des
EDSR linéaires.

Cette these est organisée de la facon suivante:
1- Dans la section 1.2, nous présentons les équations différentielles stochastiques rétrogrades
dirigées par un processus de Volterra gaussien. Ensuite, nous résumons nos principaux résultats

développés dans cette these.

2- Dans le deuxieme chapitre, nous définissons la classe des processus de Volterra étudiés dans
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cette these. Cette classe de processus contient des mouvements browniens multi-fractionnaires et
des processus d’Ornstein-Uhlenbeck multi-fractionnaires. Contrairement au mouvement brown-
ien fractionnaire ol le parametre de Hurst H est constant, il devient pour le mouvement brownien
multi-fractionnaire une fonction i supposée ici différentiable et a valeurs dans (1/2,1).

3- Dans le troisieme chapitre, nous définissons 1’opérateur de dérivation ou dérivée de Malli-
avin. Nous utiliserons régulierement ces outils. Le calcul de Malliavin est un calcul différentiel
sur I’espace de Wiener introduit par P. Malliavin en 1978 dans [2]. Nous citons en particulier les
livres de D. Nualart [26] et de I. Nourdin et G. Peccati [3].

4- Dans le quatrieme chapitre, nous traitons la formule d’It6 multi-dimensionnelle pour un
processus de Volterra.

5- Dans le cinquieme chapitre, nous développons la solution explicite des EDSR linéaires
dirigées par une classe de processus de Volterra introduite au chapitre 2 et notés par X . L’objectif
est d’obtenir la solution de ’EDSR linéaire avec I’EDP linéaire associée, dont la solution clas-
sique est explicitement donnée. Ceci généralise un résultat dans [7] obtenu pour le mouvement
brownien fractionnaire. Nous définissons I'intégrale stochastique par rapport a X comme une
intégrale de divergence et généralisons une formule d’It6 dans [5] au cas multi-dimensionnel. La
formule d’Itd est ensuite appliquée a la solution de I’EDP associée afin d’obtenir une solution de
I’EDSR. Une attention particuliere est accordée au fait que la variance des processus de Volterra
n’est pas nécessairement une fonction croissante du temps, mais en général uniquement a varia-
tion bornée. La solution explicite de I’EDP associée contient cette variance, et elle est donnée par
une formule de type Feynman-Kac. L’application de cette formule aux EDSR est donc limitée
aux intervalles de temps ou cette variance est croissante.

6- Dans le sixieme chapitre, nous établissons le lien entre les EDP et les EDSR dans le cas non
linéaire. Dans un second temps, nous présentons les outils nécessaires pour prouver 1’existence
et 'unicité de la solution. En fait, ces outils sont: les développements en chaos, 1’espérance
quasi-conditionnelle, la formule de Clark-Ocone, et pour finir, nous introduisons une formule tres
pratique qui est la formule d’1t6 dans le cas stochastique.

7- Dans le septieme chapitre, nous appliquons les résultats que nous avons vu dans le chapitre
précédent pour prouver I’existence et 1’unicité de la solution des EDSR non linéaires.
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1.2 Equations différentielles stochastiques rétrogrades dirigées

par un processus de Volterra

Une équation différentielle stochastique rétrograde (EDSR) avec un générateur f : [0, 7] x R x
R" — R, a valeur terminale &7 et dirigée par un processus stochastique X = (X1, ..., X™) est
donnée par 1’équation

T T
m:£T+/ f(s,YS,Zs)dH/ ZdX,, 0<ty <t <T. (1.1)
t t

Une solution est une paire de processus de carrés intégrables Y et Z = (Z1, ..., Z™) qui sont
adaptés a la filtration engendrée par X. Ces équations apparaissent particulierement dans le con-
texte de la tarification des actifs et de la théorie de la couverture en finance et dans le contexte des
problemes de contrdle stochastique [33], [1], [24]. Les EDSR peuvent étre considérées comme
une alternative aux équations aux dérivées partielles connues d’avantage, car leurs solutions sont
liées aux solutions classiques ou aux solutions de viscosité des EDP associées. En conséquence,
les EDSR peuvent €tre utilisées pour la solution numérique des EDP non linéaires.

Suite au premier résultat d’existence et d’unicité démontré par E. Pardoux et S. Peng
[28], les EDSR non-linéaires ont été étudiées de fagon approfondie. Pour une synthese de ces
travaux de recherche, nous pouvons nous reporter aux manuels récents [11], [13], [27], [30], [33],
[36]. Plus récemment, des EDSR dirigées par des mouvements browniens fractionnaires ont été
étudiées (voir, par exemple, [7], [19], [18], [20], [25], [32], [34], [35]). Comme les mouve-
ments browniens fractionnaires (avec I’indice de Hurst H € (0,1/2) U (1/2,1)) ne sont ni des
martingales ni des processus de Markov, de nouvelles méthodes ont été développées pour mon-
trer ’existence et 1’unicité de la solution de (1.1) dans certains espaces fonctionnels. L’intégrale
stochastique ftT Zd X, asouvent été définie comme une intégrale de divergence dans le cadre du
calcul de Malliavin et la notion d’espérance quasi-conditionnelle a été introduite, étant donné que
la notion classique d’espérance conditionnelle ne semble pas convenir a la preuve de 1’existence
et de I'unicité des solutions aux EDSR dont le processus n’est pas une martingale ([26], Lemme
1.2.5). Tres peu d’articles traitent des EDSR pour des processus gaussiens plus généraux ([8],
[9], [14]). Dans [8] I'intégrale stochastique ftT Z,dX, a été définie dans le sens Wick-Itd, et
I’existence et I'unicité de la solution (1.1) a été prouvée pour une classe de processus gaussiens
incluant le mouvement brownien fractionnaire. La preuve est basée sur un théoreme de transfert
qui vise a réduire la question de 1’existence et de I’unicité de la solution a I’EDSR dirigée par le
mouvement brownien. Dans [9], les auteurs ont montré qu’on peut supposer la condition termi-

nale de carré intégrable si X est une martingale.

La principale motivation est 1’étude de I’existence, de 1’unicité et de la régularité de la solu-
tion des equations différentielles stochastiques rétrogrades dirigées par un processus de Volterra.
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Dans cette these, nous avons généralisé le résultat de C. Bender [7] ou 1’auteur a donné la
forme explicite de la solution de ’EDSR linéaire dirigée par un mouvement brownien fraction-
naire dans le cas uni-dimensionnel. Dans notre travail, nous avons généralisé ce résultat au cas
multi-dimensionnel et aux processus de Volterra. Puis, nous avons généralisé le résultat de L.
Maticiuc et T. Nie [25] sur I’existence et 1’unicité de la solution de ’EDSR non linéaire uni-

dimensionnelle aux processus de Volterra.

Pour mettre en lumiere les points importants, nous présentons dans cette introduction des
énoncés simplifiés de nos résultats. Des énoncés plus complets sont exposés dans les différents

chapitres présentés ci-apres.

1.3 Présentation des résultats obtenus

Nous résumons les résultats obtenus et les notions que nous avons utilisé dans cette these.

1.3.1 Compléments sur le calcul de Malliavin pour un processus de Volterra

Soit W = (W1, ..., W") un mouvement brownien standard dans R™, défini sur I’espace de prob-
abilité (Q, F, P) etsoit F = {F; C F,t € [0, T]} la filtration engendrée par I¥. On considere le
processus de Volterra X = (X',..., X™) donné par

t
X/ :/ Ki(t,s)dW/?, j =1,....n, (1.2)
0

ot K7 : [0, T)? — R est de carré intégrable et nous supposons K est du type de Volterra c¢’est-a-
dire K7 (t,s) = 0, pour tout ¢, s € [0, 7] tel que s > t.
K7 satisfait aux conditions suivantes:
(H1) KI(t,s) est continue pour tous 0 < s < ¢ < T et continuement dérivable par rapport a
t,pourtous 0 < s <t <7,
(H2) Ils existent des constantes 0 < o, 8; < % et c; > 0 tel que
0K’

t\Bi
W(t’ s)‘ <ot — s)af’1<—> " pourtous 0 < s <t <T.
S

Le noyau K donné par (1.2) définit un opérateur linéaire dans L?([0,7]) donné par (Ko); =
fot K(t,s)osds, o € L*([0,7]). Soit £ ’ensemble des fonctions étagées sur [0,T], et soit K7 :
& — L*([0,T]) défini par

L [T oK
(K70)u .—/u Usg(s,u)ds. (1.3)

L opérateur K} est ’adjoint de K ([5], Lemma 1).
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Soit #H la fermeture des fonctions indicatrices 194, t € [0,7] par rapport au semi-produit
scalaire
< Lo, Lo, >1:=< K7l Krlpo.s >r2(0,1)) -

L opérateur K est une isométrie entre H et un sous-espace de L*([0,7]), et || - || est une
semi-norme sur 4. Soient

inf(r,s)
o) [ S o st £,
0

or S
" inf(r,s)
ores) = [
0

0K
Soit | H | 1a fermeture des fonctions indicatrices par rapport a la semi-norme

ar
T T OK 2 T T

lolta= [ ([ Voot [Geonfar) ae=2 [“ar [ asdoes 1otlen
0 t 0 0

Soit S I’ensemble des variables aléatoires de la forme F' = f(X(p1),...., X(¢n)), oun > 1,

(r, t)Haa—};(s,t)‘dt, rs.

f € CP(R™) (f et ses dérivées sont bornées) et ,...,0, € H. La dérivée au sens de Malliavin
de F' est donnée par

D¥F =" a—f(X(sol),.---, X(pn))ess

DX : LP(€2) — LP(Q;H) pour tout p > 1. Nous notons D\, la fermeture de S par rapport a
la norme
IFIE, = E[F +E[D*FIf3. (1.4)

Nous appelons Dom(6%) I'ensemble des u € L?(Q2, H) pour lesquels il existe une constante
c > 0tel que
‘E[ < DXF,u>y ] ‘ < c/E[F?], pour tous F' € Dy,.

Soit §* la classe de variables aléatoires tel que u = Y7, Fjh; (F; € S, h; € H).

D (| H |) est la complétion de S'"I sous la semi-norme
| u H?,p,|’)—[|:: E | u ”le +E || D¥u qu{@m\ 5

ou
| DXt |Pyop= / | DXuy || D¥uy | as, )L, ¢')dsdids'dr (1.5)
[0, 7]

L’espace D% (| H |) est inclus dans le domaine de 6, et on a pour tout u € DY,(] H ),
E(6%(w)?) <E llullby +E | D¥u [fyopy -

Pour F' € S, soit
T
DXF = / o(s,t)D¥ Fdt, s € [0,T]. (1.6)
0
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1.3.2 Formule d’Ito

Nous généralisons la formule d’It6 de [5] au cas multi-dimensionnel. Afin de présenter la for-
mule d’It0, on a besoin des définitions suivantes:

Pour j = 1,...,n, soit ¢/ une fonction bornée sur [0, 7] et & € C*((0,7),R) NC([0,T],R).
Le processus N := (N ..., N") est défini par

t
N/ =] +/ oi§XI t€[0,T],5 =1,..n. (1.7)
0

Soit F' € C12([0, T] x R™) et supposons que

or 0’F
maX{‘F(t,x) (t,x ‘ ‘ ,x)l, (t x)|,j = 1,...,n} < e’ (1.8)
81‘]
pourtoutt € [0, T] etz € R", ol ¢, A sont des constantes positives telles que A < imin( sup Var(N;))™
v tel0,T)
Cela implique
2
E‘F(t,Nt) < EReap(2\|N,|?)

2 n 1 1 L bj 2
= o /2H : /exp 2)@?——u dr; < oo,
(2m)"/2 1 (Var(N])V/? 2 Var(N})
et la méme propriété est valable pour 0/9tF (t,x), 0/0x;F(t,x) et 0*/0xF(t,x), j = 1,...,n.
Maintenant, nous énoncons la formule d’It6:

Théoréme 4.2.1 Soit N donné par (1.7). Supposons que, pour j = 1,...,n, le noyau K’ de
X7 satisfait (HI) et (H2), que b € C*((0,T),R) N C([0,T],R), et que 0 = {cl,t € [0,T]} est
bornée. Si F' € CY*([0,T] x R") satisfait (1.8), alors 0/dx;F(-,N.) € Di5(| H’|), j = 1,....n
et, pour tout t € [0,T],

d
F(t,N;) = F(0,0) / (s, Ng)ds + / bjds+a]<5XJ
2 Bs Z 895] )
1 LOPF d .
— - — J
+2; | a7 o M)V ar (Vs (19)

Dans [5], les auteurs ont étudié la formule d’I1td dans le cas uni-dimensionnel. Notre motivation
dans cette partie est de donner une généralisation de la formule d’It6 au cas multi-dimensionnel
pour une fonction F' qui satisfait (1.8).
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1.3.3 Résolution de PEDSR linéaire

Nous montrons I’existence de la solution de I’EDSR linéaire en la ramenant a I’EDP associée,
puis nous présentons la forme explicite de la solution de I’EDSR linéaire dirigée par le processus
de Volterra donné par (1.2). Ce résultat généralise au cas multi-dimensionnel et aux processus de
Volterra le résultat de C. Bender [7].

Pour #5 > 0 notons par L?(F, R") ’ensemble des processus Z F-adaptés et a valeurs dans R"
tel que [E( fto | Z; |* dt) < oo. Nous considérons 'EDSR linéaire pour les processus Y = (Y},
t € [to, T]) € L*(F,R) et Z = ((Z},..., Z"), t € [to,T)]) € L*(F,R") donnée par

T T
Y, = g(Nr) — / [f(s) + Av(s)Ys — Ay(s)Z]ds +/ Z6X,, t € [toT), (1.10)

ou les fonctions g, f A et Ay = (Al,..., A%) sont supposées connues et I’intégrale ftT 70X, est
définie comme une intégrale de divergence. (1.10) est associé a ’EDP linéaire du second ordre
suivante avec condition terminale

a __‘ZdtVar ()2 oz 2 5t +Z ]gx](t )+ Ai(t)ult, )+ f(t),

(1.11)
w(T,z) = g(x), (t,x) € [to, T) x R".

En appliquant la formule d’It6 (Théoreme 4.2.1), nous montrons que

Y, :=u(t,N;) and Z/ = ( N),j=1,..,n (1.12)

est une solution de (1.10).

Avant d’énoncer le résultat qui nous donne la forme explicite de la solution de I’EDP, nous
faisons les hypotheses suivantes:

(H3) 1l existe des constantes ¢,C' > O telsque ¢ < 0/ < C,j = 1,....n, and Al,f, Ao sont
bornées.

(H4) g est continue, et il existe des constantes positives ¢’ et \' < .nllin (16 sup Var(N/))~!
J=4ee n te[0,T)

tel que | g(x) |< ¢e'* pour tout 2 € R™.

(HS) d/dtVar(N{) > 0 pour tout ¢ € [to, T] et [, (Var(Ng) — Var(Nj))~2dt < oo, j =

1,....n.

L’hypothese (HS) est discutée a la fin du Chapitre 5.
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Maintenant, nous énoncons le théoréeme qui donne la forme explicite de la solution de I’EDP:

Théoréme 5.2.1 Nous supposons (HI)-(HS), et soit v(t,z) = (27t)~ /2 exp(—22/2t). Alors
la solution de (1.10) (Y, (Z',..., Z™)) est donnée par (1.12) , avec

u(t,z) = —/tTeXp(/StAl(r)dr>f(s)ds+exp(—/tTAl(s)ds>

n

<[ o) TLo(vertvg) = Var(vd).o, [ o2as) ~ s — ;)

(1.13)

Ce théoreme se démontre en appliquant le Lemme 5.2.2 qui assure que ’hypothese (1.8) du
Théoreme 4.2.1 est satisfaite pour F' remplacé par u. La preuve du Théoreme 5.2.1 s’appuie sur
un raisonnement similaire a celui de C. Bender [7], pour montrer la solution explicite de I’EDP
(1.11) associée a ’EDSR (1.10).

L’ unicité de la soluion de ’EDSR (1.10) suit de 1’unicité de la solution de ’EDP (1.11) associée.

Lemme 5.2.2 Soit u donné par (1.13). Alors, ils existent des constantes positives M et A <

min (4 sup Var(N/))~! tel que
J=1.n" tefo,1)

D) | u(t,x) |< MeM*(t,z) € [ty, T] x R,

2)

ou(p x)’ < M(Var(NL) — Var(N))) 22 (¢, 2) € [to, T) x R™,

3) |24 ()| < M(Var(Vf) = Var(N))e¥F, (t,2) € [to, T) x R".

La solution u de I’"EDP satisfait donc la condition de croissance exponentielle. Elle satisfait la
méme hypothese (H4) que la condition terminale de I’EDSR. Nous pouvons démontrer le lemme

en appliquant la condition sur g.

1.3.4 EDSR non-linéaire au cas uni-dimensionnel

D’abord nous revisitons le lien entre les EDSR et I'EDP associée dans le cas ou f n’est pas
nécessairement linéaire. Dans un second temps, nous présentons les outils probabilistes pour
prouver I’existence et I’unicité de la solution de ’EDSR non linéaire.

Nous considérons le processus de Volterra défini sur I’espace de probabilité (2, F,P), et donné
par X; = [ K(t,s)dW,, t € [0,T]. Soit F = {F, C F,t € [0, T]} la filtration engendrée par X
sous P. Le processus NV est donné par

t
Nt:/ 00X, t €[0,7). (1.14)
0
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(1.14) est un cas particulier de (1.7) (pour n = 1 et b = 0).

Nous supposons que la fonction o est bornée sur [0, '] et que 4V ar(N,) est strictement positive.
Nous considérons ’EDSR non linéaire pour les processus Y = (Y}, t € [ty,T]) et Z = (Zy,
t € [to,T]) donnée par

T T
Y, = g(Nr) + f(s, Ns, Yy, Zs)ds ~|—/ Z6Xs, t € [to, T). (1.15)
t t

(1.15) est associé a ’EDP du second ordre avec la condition terminale:

Bu(t w) = —34Var(N)L4(t,x) — f(t, z, ult, x), —o, 22(t, ),
w(T,x) =g(x), (t,z) € [to, T] x R.

(1.16)

Supposons que (1.16) admet une solution classique u qui satisfait (1.8). En appliquant la
formule d’1t6 (Théoréme 4.2.1) pour u(t, V;), nous obtenons

ou 0%
S Ny)dt + = 5

Puis, nous remplagons S¢(t, N;) par expression de I'EDP (1.16). En posant Y; = u(t, N;) et
Zy = —0,2%(t, Ny), nous obtenons que (Y, Z) est une solution de '"EDSR

ou
ox

Ld —Var(Ny)=—

ou
(t Nt) dt+0ta ( Nt)(SXt

%(?ﬁ, Nt>>dt + Ot ——

du(t, Ny) = —f(t,N;, u(t,Ny), —
U(, t) f(7 t7u(7 t)a Utal'

(t, Ny )0 X;.

Ceci démontre I’existence de la solution de I’EDSR (1.15) en I’associant a I’EDP (1.16).

La notion de I’espérance quasi-conditionnelle est introduite dans la Section 6.3.2. Ce type
d’espérance s’exprime en fonction de la décomposition en chaos. La notion de I’espérance con-
ditionnelle classique ne nous permet pas de prouver I’existence et ’unicité de la solution de
I’EDSR (1.15) si X n’est pas une martingale. Maintenant, le lemme suivant donne une formule
tres pratique en utilisant la notion de I’espérance quasi-conditionnelle et sera appliqué dans la
démonstration de I’existence de la solution de ’EDSR (1.15).

Lemme 6.4.7 Soit s,t € [0,T] tel que 0 < t < s < T. Soit k une fonction réelle continue

a croissance polynomiale et nous supposons que Var(N) est croissante. Alors F' = k(N;) €
L*(Q, F,P) et

E[F|F] = Prarve -varigk(Ne), 0<t<s<T. (1.17)

ou Pk(x) = /pt(x — y)k(y)dy avec py(x) = \/%Trte_ﬁ/%, t>0.
R

La preuve de ce lemme se base sur la propriété de semi-groupe de P. Ce lemme joue un rdle
important dans la preuve de la Proposition 7.1.1.
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Nous donnons une formule de type de Clark-Ocone qui nous permet de construire la solution
(Y:, Z;) de TEDSR (1.18).

Proposition 6.4.13 Soit F' € ]DD{{Q et nous supposons que I/[*E[F | .7-}] € ]D)f2, pour tout

t
t €10,7T]. Alors F = E[F] +/ E[DfF y Fs} 60X,
0
Cette proposition généralise aux processus de Volterra la formule de Clark-Ocone pour le
brownien.

Soit C;f(’fl([(), T] x R™) I’espace des fonctions h € C* sur [0, T] x R™ tel que h et ses dérivées
sont a croissance polynomiale.

Nous introduisons I’espace suivant:

Vr ={Y. =w(.,N);w € Cp([0,T] x R) avec %—lt” €Coy([0,T] x R)}.

Nous donnons la formule d’1t6 la plus importante dans notre contexte.

Théoréme 6.5.1 Soitu € Vret f € Cg’;([O,T] x R). Nous notons fs = f(s, Ns), s € [0,T].
Soit

t t

Cy = Cy +/ fsds +/ us0 X, t €[0,7].
0 0

Alors

i) uClyp s € Dom(6),

i) C, € ID)ffz,s € (0,77,

lll) (chs)sg[oj] € LQ([O, T] X Q),

et

t t t
C}=C3+ 2/ Cyfsds + 2/ Cougs0 X, + 2/ u DX Cyds, a.s. t € [0,T].
0 0 0

Cette formule d’Itd s’applique au carré de processus qui sont la somme d’une intégrale de
divergence et d’une intégrale de Lebesgue. Ce résultat est tres utile dans la preuve de I’existence
et I’unicité de la solution de ’EDSR (1.15). La partie difficile de la démonstration est la formule
suivante pour le carré de I’'intégrale M, = fot w0 X .

t t
M? = 2/ M dX, + 2/ u DX Mds,t € [0, 7).
0 0

Sa démonstration est basée essentiellement sur les propriétés du calcul de Malliavin.
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Les hypotheses qui suivent servent a démontrer I’existence et I’unicité de la solution de (1.15)
sans faire référence a I’EDP associée. Nous formulons maintenant les hypotheses sur o, f, g dans
(1.15)

(H6) 0 : R — R est une fonction continue déterministe telle que o, # 0, pour tout ¢ € [0, T].
Soit

t
0y :/ o(t,r)o.dr,t € [0,T].
0

De plus, nous supposons qu’il existe € : [0, 7] — R continue tel que me(s) < Z—s < Me(s), s €
[0, T] pour certaines constantes m, M > 0 et tel que * est intégrable sur [¢, 7], ¢ > 0.

(H7) La fonction f : [0,7] x R® — R appartient a ’espace C-;; ([0, 7] x R?). Nous

pol
supposons en plus qu’il existe une constante L tel que, pour tout t € [0, T, x, y1, Y2, 21, 22 € R,

| ftm,y,21) — f(6 o,y 22) ISL(Jyr — 92 |+ 21— 22 1)),

et
T
E[/ | £(t, N;,0,0) |2 dt| < oc.
0

(H8) & = g(Nr), ot g € Cpy(R).
L’hypothese (H6) est discutée dans la Remarque 6.3.1.
Soit f/T,e la complétion de Vp sous la norme suivante
T
1Y = [ B i e
0

Pour € = 1 on a la norme de L?([0,T] x Q).

1.3.5 Ecxistence et unicité de la solution de ’EDSR non lineaire

Nous supposons que la variance de NV, soit croissante. Les résultats qui suivent généralisent a
des processus de Volterra les résultats de L. Maticiuc et T. Nie [25].

Existence

Nous commencons par considérer I’équation suivante:

T T
Y, =¢ +/ F(s, Ny, x(s, Ny), ¥(s, Ny))ds +/ 70X, 0<to <t <T. (1.18)
t t
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ouy, v € Vr.
Nous démontrons I’existence et I’unicité de la solution de (1.18) par la proposition suivante:

Proposition 7.1.1 Sous les hypothéses (HI), (H2), (H6), (H7), (HS), (1.18) a une unique

solution (Y, Z) € Vp x Vr. De plus, si K7 est injective, la solution a la forme suivante

(n, Zt) = (U(t, Nt>, —Ut%U(t, I’), onu € VT.

Cette proposition se démontre comme suit:
Dans un premier temps, nous avons construit la solution de '"EDSR (Y, Z) a I’aide de la formule
de Clark-Ocone, puis nous avons prouvé que (Y, Z) € Vp X Vr.
Dans un deuxieme temps, sous I’hypothese de I'injectivité de K. la partie Z de la solution est
donnée par Z; = —ata%u(t, Ny)ou Y, = u(t, Ny).

Avant d’énoncer le résultat principal, nous donnons une estimation qui sera utile dans la suite.
Elle permettra de construire une suite de Cauchy et de démontrer I’existence de la solution de
(1.15).

Proposition 7.1.2 Supposons que K7 est injective et que les hypotheses (HI), (H2), (H6),
(H7), (HS8) sont satisfaites. Pour tous (U,V) € Vp x Vr, soit (Y,Z) € Vp x Vrp, lunique
solution de I’EDSR

T T
Yi =/ f(S,Ns,Us,‘/s)ds+/ 750X, 0<t<T.
t t
Alors, pour tout 3 > 0, il existe C() € R (dépendant de L, T et ¢ de (H6)) tel que

T T
sup *'E |, |2 +/ PR | Y, |*ds +/ e?ie(s)EZ2ds
0 0

te[0,7

T T T
< C(ﬂ)(/o PR | U, |* ds +/0 ?e(s)E |V, |* ds +/0 e*E | f(s, Ns,0,0) | ds).
(1.19)

De plus, la constante C([3) pourra étre choisie de telle sorte que ma C(p)=0.
—00

Cette estimation se démontre en appliquant le Théoreéme 6.5.1 2 Ee?%* | Y; |2 et en utilisant la
condition de Lipschitz sur f et (H6).
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Maintenant, nous énoncons le théoréme qui assure I’existence de la solution de ’EDSR (1.15).

Théoreme 7.1.3 Supposons que K7 est injective. Sous les hypothéses (HI), (H2), (H6), (H7),
(H8), ’EDSR

T T
Y, =¢ +/ F(s,N,, Y, Z,)ds +/ 20X, 0 <to <t<T. (1.20)
t t
a une solution (Y, 7) € f)TJ X l}Tﬁ.

La preuve du théoreme est basée sur I’estimation (1.19) en appliquant le principe du point
fixe.

Unicité

Avant d’énoncer le résultat principal de 1’unicité, nous introduisons les espaces suivants:

T T
M={K/K, = KT—i—/ vsds—i—/ us0Xs,t € [0,T] avec u € Vr,vs = v(s, Ng),0ou v €
t t
C2([0,T] x R}.

pol

Soit Sy I’ensemble des (Y, Z) € f/TJ X fJT’E tel que, pour tout ¢ € (0,77,

T ~

T
(i)E|Yt|2—|—2/ ?I[:HZS |2ds:IE|§|2—l—2/ IE[YSf(s,NS,YS,ZS)}ds.
s t

t

T A T
(i1) E[Y; K;]—E / [—EuerDst} Zods = E[€. K] +E / [KS f(s,Ns,YS,ZS)JrY(s)US} ds, K € M.
t t

Os

Si Y est une solution de (1.15) et que nous appliquons la formule d’Itd (Théoréme 6.5.1) a2 Y2,
nous obtenons (i). De plus, si K est la solution de I’équation du méme type que (1.15), une
application de la formule d’It6 (Théoréme 6.5.1) a K nous donne (ii). Sy semble donc un choix

naturel pour I’espace des solutions de (1.15).

Théoreme 7.2.2 Supposons que K7 est injective. Sous les hypothéses (H1), (H2), (H6), (H7),
(H8), ’EDSR (1.20) admet une unique solution (Y,Z) € S;.

La preuve du théoreme s’appuie sur la formule d’Itd (Théoreme 6.5.1). Pour démontrer
"unicité nous supposons qu’il existe deux solutions (Y, Z) et ()7, Z ) € Sy, et nous appliquons la
formule d’It6 (Théoréme 6.5.1) 2 Y — Y. Ensuite, nous appliquons 'inégalité de Gronwall pour

conclure.
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1.4 Prépublications

Le contenu de cette these a fait I’objet des prépublications suivantes:

H. KNANI, M. DOZZI ([22]) Linear Backward Stochastic Differential Equations with Gaus-
sian Volterra processes. Soumis pour publication.

H. KNANI ([21]) Partial differential equations associated to non-linear backward stochastic
differential equations with Gaussian Volterra processes. Soumis pour publication.

Un autre papier sur I’EDSR non linéaire est en cours de préparation:

H. KNANI (2020) Non-linear backward stochastic differential equations with Gaussian Volterra

processes. (En préparation)

1.5 Conclusions

Dans le cas linéaire, 1’existence d’une solution classique de ’'EDP (1.11) associée a ’EDSR
(1.10) est démontrée en donnant la formule explicite de la solution sous les hypotheses (H1)-
(H5). La formule d’Itd donne le lien entre les solutions de ’EDSR et de I’EDP associée, sous la
condition de croissance exponentielle de la solution de I’EDP. Cette condition est satisfaite grace
a I’hypothese que la condition terminale satisfait la méme hypothese de croissance.

La question de I’existence et de I'unicité de la solution est plus complexe dans le cas non-
linéaire. Nous étudions deux approches: (i) avec I’EDP associée, (i1) par des méthodes proba-
bilistes sans faire référence a I’EDP associée. Dans les deux cas on ne peut pas (pour le moment)

se passer de I'injectivité de K} (Lemme 6.1.6).

(1) On suppose qu’il existe une solution classique u de I’EDP (1.16) associée, et on en déduit
une solution de ’EDSR (1.15). Sous I’hypothese de I'injectivité de K. la partie Z de la solution
est donnée par Z; = —ata%u(t, Ny), ouY; = u(t, Ny). La question de 1’unicité n’est pas traitée en
détail, elle peut étre traitée pour I’EDP associée. L’hypothese de 'injectivité a été discutée dans
la Remarque 6.1.7. Le théoreme de comparaison donné en Section 7.3 s’inscrit dans ce contexte.

(i1) La preuve se fait en 2 étapes: en un premier temps dans Vp pour I’équation préliminaire
(7.1). Cette solution a la méme structure que la solution obtenue par I’EDP associée et nécessite
I’injectivité de K7 seulement pour la preuve que Z; = —o; (%u(t, Ni), u € Vr.

La seconde étape est I’existence et 1’unicité de la solution (Y, Z) € Vr; x Vr de ’EDSR (1.15)
sous I’hypothese d’injectivité de K7, et I’'unicité est démontrée dans la classe de processus don-
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née par Sy (Section 7.2). On connait donc I’intégrabilité, mais pas la régularité de Y et Z. Cela
fait penser a une solution non classique (éventuellement de viscosité) de I’EDP associée.

Pour les deux parties (i) et (ii) on suppose que le générateur fait partie de C’Z?;}([O, T] x R3) et
qu’il est Lipschitz en les 2 dernieres variables (uniformément dans les deux premieres). Nous ne
pensons donc pas qu’une des deux méthodes (i) et (i1) est plus performante que 1’autre.

Jusqu’a présent les EDSR ont été étudiées principalement pour le brownien et le brownien frac-
tionnaire. L’objectif principal de ce travail est d’étendre cette étude a une classe de processus
gaussiens de Volterra.

1.6 Perspectives

Concernant les perspectives apparaissant de ce travail, nous pouvons envisager les questions suiv-
antes:
1) Remplacer N, = fot 00X, + fot bsds par une I’EDS suivante:

t t
N; = Ny + / o(Ng)o X, + / b(N;)ds,
0 0

avec o, b linéaires. Résoudre I’EDS explicitement et résoudre ’EDSR appelée forward-backward
en anglais.
Les EDS non linéaires n’ont pas encore été traitées pour les processus de Volterra.

2) Etude de 1’application des EDSR dirigées par des processus de Volterra dans le contrdle
stochastique (optimisation stochastique). Etude des applications plus récentes en biologie et en
actuariat, traitées jusqu’a présent pour les EDSR dirigées par un brownien seulement.

3) Etude des EDSR "mixtes", ¢’est-a-dire les EDSR dirigées par un brownien et un processus
fractionnaire simultanément. Ces deux processus modélisent des aléas différents dans 1’évolution
du systeme décrit par ’EDSR.

4) La solution numérique des EDSR dans le cas non linéaire, en un premier temps avec la
solution classique de I’EDP associée.

5) Affaiblir les conditions sur le générateur dans (ii). L’existence d’une solution classique de
I’EDP associée n’est alors plus garantie. Remplacer par exemple la condition de Lipschitz par
une condition de monotonie. Ceci a été fait pour les EDSR dirigées par un brownien seulement.
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Gaussian Volterra processes

In this Chapter, we introduce a class of Gaussian Volterra processes and give some examples,
including multifractional Brownian motion and multifractional Ornstein-Uhlenbeck processes.

2.1 Definition

Let X = {X;,0 <t < T} be a zero mean continuous Gaussian process given by
T
Xy = / K(t,s)dWs 2.1
0

where W = {W,;,0 < t < T} is a standard Brownian motion and K : [0,7]*> — R is a square
integrable kernel, i.e. f[o,T}‘Z K(t,s)%dtds < +o0o. We assume that K is of Volterra type, i.e,
K(t,s) = 0 whenever ¢ < s. Usually, the representation (2.1) is called a Volterra representation
of X. Gaussian Volterra processes and their stochastic analysis have been studied e.g. in [5], [12]
and [31]. In [5] K is called regular if it satisfies

(H) Forall s € (0,77, fOT | K| ((s,T)],s)*ds < oo, where | K | ((s,T1], s) denotes the total
variation of K (., s) on (s, 7.

We assume the following condition on K which is more restrictive than (H) ([5], [12]):

(HI) K(t,s) is continuous for all 0 < s < ¢ < T and continuously differentiable in the
variable tin0 < s <t < T,

(H2) For some 0 < a, 5 < %, there is a finite constant ¢ > 0 such that

oK t\ B
e (t,s)‘ <t — s)a_1<—> Jforall0 < s <t <T.
S

The covariance function of X is given by

inf(t,s)
R(t,s) = EX,X, / K(t, u)K (s, u)du. 22)
0
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2.2 Examples

We discuss some examples of Gaussian Volterra processes that satisfy (H1) and (H2).

Example 1. The multi-fractional brownian motion (mbm) (Bf (t), 0 < ¢t < T) with Hurst
function i : [0, 7] — [a,b] C (5, 1). Its kernel is given by [10]

t
K(t,s) = st/27h® / (y — s)MO=3/2h 012y forall s < t, (2.3)

where h is assumed to be continously differentiable with bounded derivative.
Otherwise K (t,s) = 0.
Furthermore

0K
ot

(S

t
(t,5) = I (t)s2 "0 / (y — 8)" 02O 310 (( — 1)y)dy + 52 7"O(t — 5)MO- 3203,
s S

A straightforward calculation shows that (H2) is satisfied with &« = a — %, B=b+¢e— % with €
small enough and ¢ depends on a, b, T" and €. Let us verify (H2). Indeed,

Notice that (£ — 1)y = 1iffy* = 5(1+/1+ 1),

Case 1. (£ — 1)y > 1. For € > 0 and small enough we get

S

<

H(t)

t ) )
\%—f(t, ) 52710 / (y — )" O3y O3 (L~ 1)y)dy + 53O (1 — 5 O30
v S

t
Ghh(t) / (y — 8)" 03O 1 (Y 1))y + s3MO( — 5)hO=34h0=3
S
Yy
13 €
< O ()]s / (y = )" O3y 03y — ) (L) dy + 53O - 50 R0
S
)

! e+h(t)—1 h(t)—1
<aliw] [ - ot (D) (5" - ot
S

S

y*
£\ Hh(O-1 (t — 5)hB—3+e ANLORE 3
<afrww|(3) Tt () -
Oll¢ h(t)—%-‘r(f( s)+ (3 (t—s)

oIft—s <1, weget

OK E\HhO-3 (8 — $)PO=3  p\ -3 3
P | <] (1) OOy e
‘875(8) (®) s a—3+e * s (t=s)
e+h(t) =1 ( — g\h(B)—3 h(t)—%+e
< C. h/(t)‘(f) = (t 52 : <E) W7 gy
s a—35+e€ s

¢ _1
t) +h(t) 2(1& B s)h(t)_%

< CE,T <_
S

t bte—2 .
< Cer <—> (t—s)e
S
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Consequently, for some 0 < o, 8 < 3 such that « = a — %, B=b+¢e— % and € > 0, there is a

finite constant ¢, 7 > 0 such that

0K
W(t’ s)

o If{ — s> 1, we obtain

t\ B
< cer(t— 5)* 1 <—> , te(s,T).
s

e+h(t)—3 (f — 5)h(B)~ 5 h(t)—1

e ()

_ Ll
T€+1 . (E)h(t) 5+ (t B S)h(t)—
S

(t — s)h0-2

~X

oK
‘W(t’ s)| <

t
no(7)

t\eth®—3 (t — s)"
v o) ()

> l\’)l»—t
v

_3
2

[N

o, 1
2
h(t)—1+
el
T \s

£\ b—1+e
<C;T(_) ’ (t—S)b_%.
" \s

Consequently, for some 0 < «, f < % such that o = b — %, B=b+¢e— % and € > 0, there is a
finite constant ¢ 7 > 0 such that

o ts)| < datt sy (L

S>B, te(s,T].

Case 2. 0 < (£ — 1)y < 1. For € > 0 and small enough we get

y*
‘%—[;(t, s)| < |W(t) 85"‘“)/ (y — 8)"O=3P O3 (L — 1)y)’dy + 52O — )05 k0
s s
< |w g3—h(t) /y (v — S)h(t)_%yh(t)—%ce [(y — S)y}_ dy + . “hO(f S)h(t)—%th(t)—%
s s
y* t h(t)—3—e¢ s 7E\ M3
<cliw] [ -0t (D" gy ot (B
s s s
*\ h(t)—1—¢ Y £\ R()—3
< C|H (1) (y_) 2 / (y — )"0 Edy+(t—s)h(t)_%<‘) 2
s s s
N\ h(t)—3—e (y* — S)h(t)*%*ﬁ 5 /E\h(®)—3
<olw (-) t— h“)—a(—)
S G ] (3 h -t =) p
ANLORER(’ )h(t) 3¢ 5 7t h(®)—3
< C (¢ (—) 4 (t— h(ﬂ—i(—)
Clle h(t) — ; — t=9 s
£\ h(t)— t — g)PB—5—€(t — t\ h(t)—%
g Cg h/(t> <_> ( S) - ( S) _|_ (t _ S)h(t)_% <_> 2‘
5 a—35—¢€ s

(I
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olft—s <1, weget

’aa—[:(t,s) < C. h'(t)‘<§>h(t)5(t— s):i;(_te—s)l—e t (1= 5)h0-2 @hm;
< C|h( )‘ (§>h(t>5+e (ta__sih(_t)f - s)h(“—% <§>h(t);
<Cy <g>e+h(t)§(t _ s)h(t)_%
<ca(H) e

Consequently, for some 0 < «, f < % such that « = a — %, b=b+¢€— % and € > 0, there is a
finite constant C. 7 > 0 such that

aa_[t((t’ s)’ < Cer(t— 5)a_1<§>ﬁ7 te(s,T].

oIft—s>1, weget

< Ce

‘%_[:(L ’ h’(t)’ <E)h(t)—§ (t — s)"O-3(¢ — s) (= 5O

1
S a 3 €

_1l4.
< (2)" s
’ S

[NJY
/
» | =+
N—

>
=
|

N |=

Consequently, for some 0 < «, f < % such that o = b — %, B=b+¢€— % and € > 0, there is a
finite constant C{ ;- > 0 such that

0K t

St < Clrlt =927 (5

)6, te(s,T].

The mbm defined by (2.3) generalizes fractional brownian motion (fbm) with Hurst index
H > 1/2. Mbm is a more flexible model than fbm since the Holder continuity of its trajectories
varies with h. The trajectories of mbm B") are in fact locally Holder continous of order h(t) at t.

Example 2. The multi-fractional Ornstein-Uhlenbeck process U = {U;,0 < t < T} given
t

by U; = e’e(t’s)ng(s), where § > 0 is a parameter and B" is the mbm of Example 1. The
0
kernel of U is given by

t K t
K(t,r) = / ee(ts)aa—s(s,r)ds = K(t,r) — 0/ e "I K(s,r)ds forallr <t
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otherwise KC(t,7) = 0.
In fact we have

t t t t
/ K(t,r)dWw, = / K(t,r)dWw, — «9/ (/ e_e(t_s)K(Sﬂ“)dS) aw,
0 0 r

t
_ _9/ 0= Bh) g,
0

An integration by parts gives the representation of U. We notice that in the framework of the
divergence integral (Chapter 3) the integral with respect to mbm can be reduced to an integral
with respect to brownian motion. (H2) is satisfied with the same values of o and 5 as in Example
1.

In fact, we have

0 0 b 0
I _ —0(t—s)
atht’m atK(t,T) +/T fe aSK(s,r)ds.
Therefore 8IC ' oK
‘\‘at )’—i‘e/r g(S,T)‘dS.
But DK ;
T (t,r)| <clt—r) <r>
and
¢
aK (s,r ’ds ro‘/ (s —7r)* 1s%ds
t\@ o
=c(;) -
Therefore, oK
t «
9 (s,r)| <c(t—r) (7") (1 + et T))

and therefore /C satisfies (H2).

Example 3. The Liouville multi-fractional Brownian motion (LmBm) (Bt € [0,T))
with Hurst function h as in Example 1. Its kernel is given by K(t,7) = (t — r)h( )=3 1(07,5}( r). We
have

ot (t =5 [(h(t) - %)l”(t — 7“)} (t— )" 0214 (r)

= [Weeinte =)+ () = 5) =] (6 = O F104(r).
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Ift —r > 1, we obtain

T 0| < [t =)+ (h0) = 5) ] = O 1000)
< (Jr@e =+ 0 - 3 ) = PO 1040)

< (||t = r)rOrets 4 (b — —))(t =3
t\hO-3

< _ o h-3 (L 2

< Cr(t—r) 2 (r)

Consequently, for some 0 < a,3 < % suchthata = 8 = b — % and € > 0, there is a finite

2
constant C'r > 0 such that

0K

o (1,9)] < Crlt - s)al(é)ﬁ, te (s,T].
Ift —r < 1, we have
o] < i+ (0~ ) -
< ([l =n= o= ) e )
= (=4 6= D)= 0)

h(t)—1
Lep(t —r)M0—3 (E) ©-3
T

A
(5) -
Consequently, for some 0 < «,f < 3 suchthata =a— %, 3=b—
constant ¢r > 0 such that

[N

Leop(t—r)"

1 and € > 0, there is a finite

%—[;(t, )| < er(t - 5)* (f

S)ﬂ, te (s,T].

For a proof of (H2) under a different assumption on h’ we refer to [12].



Chapter 3

Complements on Malliavin calculus for
Volterra processes

In this Chapter, we give some complements on the Malliavin calculus for Gaussian Volterra pro-
cesses. The definitions of the Malliavin derivative and the divergence integral are classical, but
we introduce several functional spaces that will be used in the following chapters, in particular
for the proof of Itd’s formula. The space H (Definition 3.0.2) introduced in this Chapter may be
understood as a representation of the classical space known as reproducing kernel Hilbert space.

The kernel & in (2.1) defines a linear operator in L2([0,T]) given by (K o), = [ K(t, s)a.ds,
o € L*([0,T]). Let & be the set of step functions of [0,7], and let K : £ — L?([0,T]) be defined
by

. [T 0K
(K70)u .—/u asg(s,u)ds. (3.1)

The operator K7 is the adjoint of K ([5], Lemma 1).

Remarks 3.0.1. a) For s > t, we have (K30l y)s = 0, and we will denote (K701j94)s by
(K[ o)s where K is the adjoint of the operator K in the interval [0,t].

b)If K(u,u) = 0 forallu € [0,T], (K71j,))u = K(r,u) foru < r. Indeed, ifu < r, we have

T 0K "OK
([(;l[o,r])u:/J 1[O,T](S)E(s,u)ds:/u E(s,u)ds.
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Therefore

inf(t,s)
Rits) = E[XX.] - /0 (K Lio)u (KL o0 uclu

=< K7l K710, >r2(0.17) -

For 0,0 € £ this may be extended to

T
X(0) = / (K:o),dW, and E[X(U)X('&)} —< K30, K55 > 1201, -
0

Definition 3.0.2. Let H be the closure of the linear span of the indicator functions 1y 4, t € [0,T]

with respect to the semi-inner product

< Lo Lpo,s) >n:=< K1y, K716 >r2(0,1)) -

The operator K7 is an isometry between H and a closed subspace of L([0,T]), and || - ||3 is
a semi-norm on H. Furthermore, for p, ¢ € H,

T
< K3, K1 >p20,m) = / (K70)(K7p)dt
0

- /T /T%a—K(T,t)dr/Tiﬂsaa—f(s,t)dsdt
/ / / o al:““ t>a@K<s {)dt) prdsdr.

For further use let

inf(r,s aK aK
o(r,s) :== /0 E(r, t)g(s, t)dt, r # s, (3.2)
. inf(r,s)
o(r, s) ::/ aaKrtH—st‘dt r# s. (3.3)
0

Note that ¢(r, s) = 0%/0sOrR(r, s) (r # s) (¢ may be infinite on the diagonal r = s). Let | H |
be the closure of the linear span of indicator functions with respect to the semi-norm given by

T T
lota= [ ([ 1ot 500 )dt—z/ ir [dsitro) ool G

We briefly recall some basic elements of the stochastic calculus of variations with respect to X.

We refer to [3] and [26] for a more complete presentation. Let S be the set of random variables



Chapter 3. Complements on Malliavin calculus for Volterra processes 24

of the form F' = f(X(¢1),...., X(¢n)), where n > 1, f € C;°(R™) (f and its derivatives are
bounded) and ¢1,...,¢0,, € H. The derivative of F’

D¥F =" g—i(X(sol),'.--, X(n))pi;

J=1

is an H-valued random variable, and D~ is a closable operator from L?(2) to L?(§2; H) for all
p = 1. We denote by D{fp the closure of & with respect to the norm

|F|[}, = E|F|” +E|DXF],. (3.5)

We denote by Dom(5%) the subset of L?(€2, H) composed of those elements u for which there
exists a positive constant ¢ such that

‘E[ < DXFu >y, ] ‘ < c/E[F? for all F € DY,. (3.6)

Foru € L*(Q;H) in Dom/(6%), 5% (u) is the element in L?(2) defined by the duality relationship

E[F(Sx(u)} - ]E[ < DXFu >y ]  F eD,. 3.7)

We also use the notation fOT u;0 X for 6% (u). A class of processes that belong to the domain
of 6% is given as follows: let S* be the class of H-valued random variables u = Z?Zl Fjh;
(F; €S, hj € H).

In the same way D{* (| H |) is defined as the completion of S/ under the semi-norm

| u ||11),p,|y|3: Ellw HI\)Hl +E | D*u HfH@IH\ ’

where
| DXt |Pyop= / | DXuy || DXuy | as, )L, ¢')dsdtds'dr. (3.8)
(0,774

The space Dy, (| # |) is included in the domain of 6%, and we have, for u € D% (| H |),
E(6%(w)?) <E llullby +E | D¥u [fyopy -

For ' € S, let
T
DXF ::/ o(s,t) DX Fdt,s € [0,T). (3.9)
0

Then (3.9) implies

/ DX u,DX v dsdt = DXuy Dy vgd(s, s)o(t,t)dsdtds'dt’. (3.10)
0,772

[0,7]*



Chapter 3. Complements on Malliavin calculus for Volterra processes 25

Proposition 3.0.3. Let f, g € D{'5(| # |). Then the integrals 6 (f) and 6~ (g) exist in L*(Q) and
T T
E|5X (/)5 (9)| =E < [, > +/ ds/ dtE D DY g1). (3.11)
0 0

Remark. With the choice f = g, Proposition 3.0.3 implies D¥,(| H |) C dom(5*). In fact,
for f € DY,(] H |), by Proposition 3.0.3, we get

B(5(P) =B 1S I+ [ ds [ ampmis)

<E| f Iy +E/ ds/ dt/ dt// ds'¢(t,t')Dy foé(s, ) Dy f,

E[\f]\m|+E/ ds/ dt/ dt/ NI Dot | (s, | Dot |
EHfH|H|+E/ ds/ dt/ dt/ 483 )3(5,5) | Dufs || Do |

=E | f I}y +E I DX f [Byem -

We denote by ¥, (| H |) the space | # |- valued random variables such that

| u Hiﬁum):: E| u H|2H\ _'_E/o /0 ] ]D)fut | dsdt < oo.

Remark. LY, (| H |) € dom(6™). In fact,

(5X( )) E| f 2+ /ds/ AEDY £,.DX f,]

1 T T
<EHfHZH|+§/O ds/o th|1D>§<fs\2+§/O ds/o dtE | DX f, |2

T T
—E| £l +E [ ds [ @ |DEL P
0 0
For the proof of Proposition 3.0.3 we need the following lemma.

Lemma 3.0.4. Let G € Dy, and f € dom(5%). Then

T
E [5X(f)0} - /0 E[ft]DfG] dt
Proof of the Lemma.

E[6¥())G| =B < DXG. [ >u | = E[ < (K3D¥G), (K" f). > 2o |

K / dt/ dulfula ul,t)/ dUQDXGgK(UQ,t)}
U2

=K / dulful / dUQD G¢ Uy, UQ = / ful]DX Gdu1 [ |
-J0 0
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Proof of Proposition 3.0.3. Let first f,g € S™.If f = " | Fyh;, F; € S, by €] H |,
lemma 2.2 in [26] shows that

() =>_ (F;X(h;) = (D¥Fj, hj)y) € .

j=1

A straightforward calculation shows DX6X(f) € S and §* (DX f) € S"I. Moreover, by
means of the notion of directional derivatives ([26], p.27), one shows

(£ DX 5 (9))y, = (155 (DX0) + 0),

Therefore

E[65())5%(9)] = E(£, DX (6% (9), =E < f,9 > +E(£,65(D¥g)),,

Moreover

B4 05 DY) =B | [ (631 (K395 (07), ]
_E -/Tdu/Tdsfsa—K(s,u) /TdnsX(Dgfg)%—[:(r,u)]
_E / ds/ dr f,6% (DX )(/sz(s u)aaK( )du)}

/ ds/ dr f.0* (DX g) sr} / dS/ drE[f.0% (D} g)]o(s,7)

T

ﬂ T

ds

d?“E < DXg DXfS > }qﬁ(s,r}

*ﬂ

S8

T
s / drE <KTDXg K;DX fy >1a [oTn}czﬁ(s r)
0

T T T
dsE DX g ¢(s,r)dr, D™ fg >y= dE[séX( D¥g ,d)}
5 </ 00(s1)dr DYoo= [ ask | 1% ( [ DFgotsriar
T

E
T

/ ds]E[ < KT/ DX g ¢(s,r)dr, KD f, > r2([0,1]) ]
0

/

dsE [fs6* (D g.) / dS/ dtE [D7 gD} f]

0

where we have used the preceding lemma in the last equality. This proves (3.11) for f,g €
S,

Let now f € D,(] H |). There exists a sequence (f,)nen C S™ such that, as n — oo,
fo — fin L2(QQH) and DX f, — DX f in L*(Q,H ® H). Therefore §*(f,) converges in
L?(£2). By proposition 1.3.6 in [26] the limitis 5 (f). W
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Appendix

The aim of this annex is to show that the space H in Definition 3.0.2 is in fact a representation
of the more classical reproducing kernel Hilbert space (RKHS) (see e.g. [4]) generated by the
Gaussian Volterra process X. Let us recall that the RKHS is the closure with respect to the norm

|| - || defined below of the class & of functions given by

E={f:[0T] >R, f(-) Zaz (5,), a; €R, 5; € [0,T],m > 1},

Consider the inner product (-, -} on & given by

<f7g>H = <Z aiR(si,-),ijR(tj,-)> = Zazb]R Sl,
j=1 g =l

j=1

The fact that R is non-negative definite implies that (f,f)y > 0 for all f € £. Furthermore,

f(t) = ZaiR(Sivt) = <ZaiR(Si’t)>R(t> >> = <f> R(t>)>H

i=1 i=1
and
| F@) P=I(F R D) i P<AF Pu(R(E ), Rt ),
where the inequality is the Cauchy-Schwartz inequality for semi-inner products. Thus, if

(f,f)mw =0, then f = 0 forall t € [0,7]. Consequently (f, g) i defines an (proper) inner product
and a norm on & . The closure of £ under this norm is called the RKHS of X or R and denoted

by H. In fact, for (f,,)n>1 C g,

Therefore, if (f,,),>1 is a Cauchy sequence with respect to || - || i , it is also pointwise Cauchy.

Lemma 3.0.5. With f.g as above,

(f,9)m = <Z ailjo.), Y bjl[o,tj}>
i=1 j=1

H
Therefore H may be understood as a representation of H.
Proof.
n n si A\t
ft) = a;R(s;,t) = Z a; E[X,, X, = Z a; (K110, u( K1 0.)udu
=1

siAt
_ / / 5 K (Wu)ailj,s (v)dv(Erlpg)udu



Chapter 3. Complements on Malliavin calculus for Volterra processes 28

T n VAL )
= / Z@il[O,Si](U)/ 8_K(U w) (K7 10,4)ududv
0 =1
T n VAL o T o
- /0 ;ail[oﬁi](v)/o 8_K(U u)/u %K(w,u)l[o,t](w)dwdudv
T n T wAv o o
- /0 ;ail[&sﬂ(v)/{) 1[07@(10)/0 %K(v u)awK(w,u)dudwdv
T n T
- / Zail[ovsi](v)/ Lo (w)o(w, v)dwdv
0o “ 0
— <K* Zall[os K 10t})>
12(0,1))

- <Z ail[O,si}a1[07t})> :
H

=1

Therefore
(fogyn = DD aibjR(sit;) =Y bif(t;)
i=1 j=1 j=1
= > b <Z ail[o,sml[o,tj])> = <Zai1[0,smzbﬂ[@,m)> -
Jj=1 1=1 H i=1 j=1 o

Consider now h € H with || h |[x= 0, and let (h,),>1 C & such that || h, |x— 0 as
n — +00. Let (f,)nz1 C € be the sequence associated to (hy,),=;. Then

0= lim || f, [lz= lim ZZa”a”R si,st) = lim B(Y " afXg)? = lim EX(f,)* = EX(f)*.

n—00 n—00
=1 j=1 =1

Therefore X (f) =0 P — a.s.



Chapter 4

Ito formula

In this Chapter, we prove an Itd formula for multidimensional gaussian Volterra processes. It will
be used in Chapter 5 to solve explicitely the partial differential equation associated to a linear
BSDE and to derive the solution of the BSDE. Another It6 formulated that will be needed for non
linear BSDEs appears in Chapter 6.

4.1 Introduction

Let W = (W',...,WW") a standard brownian motion in R", defined on the probability space
(Q,F,P),and let F = {F, C F,t € [0,T]} be the filtration generated by W and augmented by
the P-null sets. We consider the R"-valued Volterra processes X = (X',..., X") given by

t
X/ _/ Ki(t,s)dW? j=1,.,n, 4.1)
0

where K7 : [0,T]> — R satisfies the conditions (HI) and (H2). Let 07, j = 1,...,n be bounded
functions on [0,7], and let ¥ € C*((0,7),R) N C([0,T],R), 5 = 1,...,n. The process N :=
(N1,..., N") is defined by
t
NI =] +/ GI6XI 1 € [0,T],5 =1,...n. 4.2)
0

We are now in a position to prove the 1t6 Formula that will be used in the next Chapter.

4.2 A multi-dimensional 1to formula

Let F' € C2([0,T] x R™) and suppose that

oF oF

a6 |50

0*F

max (‘F(t,x)‘, : W(t,x)

= Lisn) < et 43)
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forallt € [0,7] andz € R", where ¢, A are positive constants such that A < $min( sup Var(N}))™!
J telo,T]
This implies

2
E|F(tN)| < CEep(2ANP)

_ T 1 N b)) '
N (27T)n/2 H L (Var(NY)) /2 /e:vp <2)\xj 2 Var(NY) i < oo,

and the same property holds for /0t F(t, x), 0/0x;F(t, z) and 9* /03 F(t,x), j = 1,...,n.

Theorem 4.2.1. Let N be given by (4.2), and suppose that, for j = 1,...,n, the kernels K7 of X’
satisfy (HI) and (H2), ¥ € C*((0,T),R) N C([0,T],R), and o = {5}, t € [0,T], j = 1,...,n} is
bounded. If F € C**([0,T] x R") satisfies (4.3), 3/0xz;F(-,N.) € ]D{(;ﬂ Hi|), j = 1,..,n and,
forallt € [0,T],

—_ J J
F(t,N,) = F(0,0) + / —=(s, N, ds+§ /8% bﬂds+a§X>
1 tgRR d |
_ J
+3 ;1 r Sor (s, Vo) —-Var(NJ)ds. (4.4)

Remarks. a) A more general model for N than in Section 4.1 is

_b2+2/ FHIsXT i =1, (4.5)

where & = (377, i,j = 1,...,n) is a matrix of bounded functions &/ defined on [0,7]. Let
N = (N L N ™). The components of N are dependent since N depends not only on a single
random perturbation X*, but on the others X7 (j # 4) as well. The model of Section 4.1 may be
recovered by choosing the matrix & diagonal with functions ¢/ := 77 in the diagonal. An Itd
formula can be shown for F' (t,ﬁt) too, but, instead of the variances of NV, the covariances of N
appear now in the second order term. It reads

~~ [0 ~ rd N
F(t,N,) = F(0,0) + /as ds+i2/ aZ(S,N)<d blds+Za”5XJ>

d -
— ? J
+Z ZZ ag; axj ) ~Cou(N}, NY)ds. (4.6)

Zl]

Two problems arise with this model. The first is to find a positive constant A\ in the growth
condition (4.3) that implies E‘F(t, Al
F € ¢*([0,T] x R") only, i.e. if F and its derivatives are bounded, a hypothesis that is in
general too restrictive for an application to the solution u of the PDE (5.2). The second problem

< oo. It seems therefore that (4.6) can be shown for
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is that, in order to get the solution of the BSDE (5.1) with N , the derivatives of the variances of
N in the second order term of (5.2) should be replaced by the derivatives of the covariances of N,
and it would be necessary to assume that the matrix (%COU(NZ, th), i,j = 1,...,n) is positive
definite, a hypothesis which seems to be restrictive (see also the remark below). For this reason
we prefer to consider BSDEs with NV given by (4.2). We notice that

. t . . .
Var(N}) =E (/ (K:’307)85W§>
0

b) In the model where & is diagonal, X* and X’ are defined with independent brownian

2

t SN2 d A o
- / (KZ"JUJ) ds, and — Var(Nf) = 20/ D] N/,
O S

motions W* and W/ if i # j. This differs from the model where all the Volterra processes X are
defined with the same brownian motion W as follows:

. t . . t
Yiz/ K7 (t,s)6W 4, Nisz/ oI5X te[0,T],5=1,...n.
0 0

In this case the processes N’ are correlated, and the matrix (%C’ov(w;, N}),i,j=1,..,n)is
not diagonal. For n = 2 a direct verification shows that this matrix is negative (semi-)definite.

Proof of Theorem 4.2.1
1. Let us first show that 9/dz;F(-,N.) € 6% for all j = 1,...,n. For this we show that
0/0x;F(-,N.) € Dgﬂ H7 |), where H7 is the space defined in Chapter 3 with X replaced
by X7. The terms ¢’ and ggﬂ refer now to the kernel K7 of X7. The constants in the inequalities
below may vary from line to line. By (3.4)

(] e
< ch/OT (/sTeXp(/\ N, \2)(15—3)%‘—1(;) jdt>2ds

Applying Holder’s inequality to 1 < p; < ——— < 2 and g; its conjugate, we get

(/ Cexp(A| N, |2><t—s>%-1(§)ﬁjdt)2 < ( / Cexploh | N )t / (=t (L)

Then

T 2 T 2
]E(/ exp(g;A | Vi lz)dt> YL E(/ exp(g;A sup | Vg | )dt) K
0 0

t€[0,T

(9[(]

N)‘

EH(% (t,s ‘dt) ds
J

< T2/45 H]Eexp 2)\ sup (NZ) )dt < 00 (See [15])7

im1 t€[0,T]

for A < $min( sup Var(N;))™!

v tefo,T)

PiBi N\ =
Moreover, we will to prove fOT ( fST(t — S)Pj(aj—l) <§> ’ ]dt> " ds < oco. In fact,

T t\ PBj T
/ (t—s)pf(af”(—) dt = 5P / (t — s)PatoVpsbidy

s s
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T
< S—Paﬂj/ (t — s)Piles=DPibit

— g PiBTPiB; (T — s)piles=+1

pj<Oéj—1)+1 ’

Therefore

T T 5 2 28; T 2
/ (/ (t — s)Pstes—l) <£>p]ﬁ]dt> Y ds = L 3 / (s_p”ﬂj (T — S)pj(“j_l)“) " ds
0 s s p; JO

(pj(aj - 1)+ 1) 7

2
TzﬂjTQ(%—l)‘f'; 1 N
— — / wET (1 — )T g
(pj(%' D+1)7 0
2oy~ 1)+ 2 +1
T i 2
(pj(Oéj — 1) + 1) ’ J
It remains to show that]EHDX] 2E(LN. H < o00.By(3.8)
J [HI|®H |
; OF 2
o L
Oz, M9 |®|H |
; OF oF ~ ~
—E / DX (1 Ny ’D G NG (s, 8) 0 (¢, 1) dsdtds'di’
[0,7]4 &Ua Lj
62 2F s .
= E/ —(t, Ny)o! (s, Ny )ol, |7 (s, s")pi (¢, ¢ )dsdtds'dt’
[0,T]4 8(E ¢ 823? t

/dt/ds

By (4.3),

( 7 (1, Nt))2+E(a;2(s N, ))2] /OTdt'g?j(u')/onsq?j(s’,s).

2 2 n
B <aa 7t Nt)) < cBexp(2X | N, ) < ¢ J](1 - 4\Var(N)) 77,
=1

and by the choice of A the right side stays bounded in ¢ € [0,7"]. The finiteness of the remaining
integrals follows from (H1), (H2) applied to K.
2. We proceed to the proof of the [td6 formula. Let

. . t t aK ) ) t r aK 4
jie _ J J—p J j < T—
N bi+/0 (/ ol (r+e,s)dr)5Ws bt+/0 (/ o5 (r+e,s)5ws)dr, Vi < T—e
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Then, F(t, N}°,...,N;**) has locally bounded Variation and we can write

dF(t, N2 NP©) = 28 (¢ N1 N dt+z s eees N AN,

Moreover, AN/ = o/ Ot 85? (t+e,s)0Widt + 4 4 bJ dt. Therefore

oF
ot

d

oF t K A
dF(t,Ntl’a,...,N["a)—< (8, N§) + o (¢, Ns)db’>dt+za t, N)o A%(tqte,s)éwgdt,

OF
Ox;

with the notation N¢ = (N1€ ..., N™€). Furthermore,

8F 3 J J _ ] aF € aK‘] j
axj(t7Nt)0-t 8t ( ’ )5Ws _U |: a (t N) at (t+678)6Ws
8F K
wi €
+/0DS (8%( N9)) 1+, )]
We have
oF O*F O*F ; t t oK .
Wi € € wi jE_ € w7 J J
D’ (8%(15N)> i 2( N#)DW N ax?(t,Nt)Ds (/0 [/u ol (r+g,u)dr]5wu)
O*F o7 OKj
_(%j( N)/s . (r+5,s)d7:
::<K:7€7‘70-j)5
92F

=2 2(25 N (K o)

Then,

. YoF . ~ [t/ [t O0F  _ OKI
F(t,Nt)—F(O,O)—I—/%(S,Ns)der;/O (/ 0} (N7 o+ e )dr ) oW

0
1 t PR ) d
_ € *,€,] .7 _
+2; 0 ag(rN)ar</0 (K (0 ds dr+2/ 81:] N9)—-blds.

And we can write

F(t,N;) = F(0,0) + S1. + Sac + Sz + Sac.

where
toF
.= | =(s,N°)d
S, s (s, Ng)ds
"t ¢ JOF 0K
.= N¢ Wi=>) A},
Sa. ;:1:/0 (/ 7o ) (r+55dr>5 E:

0

Ss. = %; 22 S, Ns)aar (/r (K:,s,j(gj)>sds)dr = ;Aé,g
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Now, the proof breaks down into 4 steps.

Step 1. We will prove

F 2
ImE|S; . — 0 — (s, N, )ds‘ = 0. 4.7)
e—0 o Os
We have
oF 2 b |OF OF 2
E Ne)ds — N <T | BIS (s, N9) — S (s, N ds.
‘/ (s, N:)ds /0 P — (s, Ny)ds /0 ‘83 (s, NY) P (s,Ns)| ds

Moreover, 2 a (s, .) is continuous, hm %F (s, N¢) = 2E(s, N,) and we have

9E (s, Ns) < exp(2X | NE ?).
2 . 1 . 1
Furthermore,E‘%—f(s, NEY| < T, (1=4XAVar(N29)) 72 < T, (1—4X sup Var(NE9)) .
s€[0,T7
Moreover,
iey _ ([ 0K 2
Var(N, )—E[/O (/t L (r+e,t)dr>th]
S 0K
/o (/t L (r—i-et)dr) dt
S, i |0K" 2
< 3
\/0 (/t |OT|’8T( 0)|dr) d
*r [°|OK! 2
< . .
\M1/0 (/t o (r+e,t)‘dr> dt (4.8)

We prove now that the right side of (4.8) is uniformly bounded. In fact, we have

*|OK" s (T e\
< o o1
. (7"—|—e,t))dr\cz/t(7"+e t) ( ; ) dr

<t / (r — t)a"_l(r + e)ﬂidr
¢

(s+e€)fi(s—t)~ ‘

t

<t h
Q;
Then
S1OK? 2
</ (T + €, t) dT) < c;t*%i(S + €>261(8 _ t)2a¢'
t @T’
Therefore
s 8 8KZ 2 s £ 205
[ B [rnim(i=
0 t 0 S
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since 2a;; — 253; +1 > 0.

By applying the dominated convergence theorem, fot E‘ aa—f(s, Ng) — aa—f(s, Ny)

N

écs

7

PTIHIB(=26; 4 1,205 + 1) <

1
cl-/ u~2igT2Pi g2 (1 — )2 s,
0

K,

2
ds — 0. (4.7)
e—0

follows.
Step 2. Let
(@ =E | t K:”(SZ (s, N)ol) - K:=j(§—£<s,Ns>az) “ds.
Let us show lig%agﬁ = 0.
In fact,
/ *” ,Nj)ag—g—fj(s,]\fs)ag] “ds
/ K ( s,Ns)az)—K:’(g—?s,Ns)ai) “ds.
4.9)
For the first term we get
E/Ot Kt*,a,]@f*: (s, N9)o ) K:7€73<§£ (s, N)a]) “ds
<eu[|] [g‘f (7)== (5) |
:c~/tE(/ [gF( Ne) - gf(rN)} iy s)o‘f_1<£>ﬁjdr>2ds
cj/ / 8F (r, ) — ng ()]t (- )“1_1(£>ﬁjdrds
M%j/ / E(axj NE) - gf;( N Q(T—s)afl(f)ﬁjdrds
gMQCJ/O O E axj( r, N) — SZ(T,NT)2</O Bjds)d
— M- cj/o PR gfj( Na)—g—z(r N,) 2(/0 ros1 1—— als—ﬁfds>dr
:szcj/otrﬁjE gi( Ng)—g—f](r N,) 2(/0 u = Pirdu) dr
— M2¢;B(o, 1 @)/0 rajE‘g—i(r,Nf) axJ(TN) “dr
< Me;B(ay,1 — B;)T° /OtE‘g—imN:) gj;(r]\f) dr.
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2
Since, gF( .) is continuous, hm L (r NF) = M; (r, N,) and ‘%(r, NE)

< exp(2\ | Ny ).

2
Furthennore,E‘gTi r, NE)| < <
K.

By applying the dominated convergence theorem, f 0

t
limE /
e—0 0

We show now that the second term in (4.9) converges to zero where ¢ — 0.

. 2
<T] j:1(1—4)\Va7"(N7Z’€))_% and using (4.8). Thus, IE‘ 9L (1 N¥?)

2
dr — 0. Thus,
e—0

e (r, N7) = g (r, ;)

Kf”[(a—F aN) =2 N )) ] “ds = 0.

8xj< s ox;

Indeed, we have

K:,E,J(Si(s Ny)o ) K/’ (gﬂi(s Ng)o ) /t TSF(T N)[aafij(r—l—s,s)_8;:7(7‘,8)]0#

Then, we have

s i (1o 1S )

gE/Ot /t 8F( N)[aKj(r+€,s) 8Kj( )}d’r

7o or
! (9F OKI
<
\/E</ 7"8 —— (. Ny) 87’<+€’8) rs‘dr) ds
210K K
< M; / / E‘ o —(r+e,s) — e (r,s)‘drds
j j
0K (r+e,s)— oK ( ,S)|drds.
Furthermore, hr% o “(r4e,5) = 8;? (r,s) and we have
I e = L2 9)] < o[+ 2= 92 (EE9) Y 4 o= a1 (5) ]
5 (r+es g (1h8)| S |(rte—s . r—s .
. _ )1 T Ly _ae-1(r &
éc][(r s) ( s ) +(r=s) (s) }

t t B;
Moreover, / < / (r—s)%! <E> dr) ds < +oo. Applying the dominated convergence theo-
s

S

t
lim E /
e—=0 0

The proof of step 2 is complete.
Step 3.

0
rem we get

2

OF OF ds — 0.

KHJ(@xJ(S N:)o > K~ (8xj(SN) )

J o
Letaz, =

E Aé’e -1 Ot %(r, NJ%(/OT <K:7j(gj)>jds>dr‘.
j
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Let us prove lir% o = 0. In fact, we have
e— ’

o =E|} 2—F< Nf)%( [ (i) asyar =5 [ oo ([ (0000 )

3ol [ 2 [ [0 - () Jr

J/

ol [ (550 - Sl ([ (o))
o,

By applying Cauchy-Schwarz inequality, we get

20‘%2,6 < C/<]E/Ot [%(ﬁ Ny) — 22—;;(7“, NT)rdr)é </OT ‘% /OT (K:’E’j(oj)ids‘zdr)%.
Furthermore,
%/OT <K:’e’j(0j)>jds = %/OT(/T%%E (€+5,s)d0>2ds = /T%UTUG@;E (0 +e, s)d0> ds
— /Or 2% </r U@@@Ié (6 +€,s)d«9>/r %8;2 (0 + €, s)dbds

<2/ S
0

aﬁa;ij(r—l—s,s)‘(/r o)
<20 /r|a£|(r+€—s)“j_1<rj€>ﬂj (/r|0§|(9—|—5—s)“j_1<6+€>5jd9>ds
0 s

(9 +¢,59) ‘dQ) ds

90
S

<26 M7 /OT(T +e—s)! <$>6j (/T(G +e—s)! (%)K%de)ds.

s

So,

O [T/ e, N2, 12 AciMY
‘E/o <Kr”J(O']>>SdS‘ < j23

/OT(T +e— s)aj_l( - €>2ﬁj(r +e— s)ajds)2

% s
4AME o +en28 \2
< 45 / (7‘—1—6—5)2“1’1(—7” > ]ds)
% 0 s

r+¢€ S

(
(

D[ eepmi(1- )™ (5 )
(

r/r+e 2
(r+g)?~! / (1 — ) =2 (r 4 8)dr>
0

4cA M4 r/r+e 2
< —L L (r+e)t (/ (1- v)zai*lv’zﬁjdv)
0
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404]\/[4 4 5
< L3 (r + 1)*9B(2ay, 26, + 1)
J
Then,
Ty o ([T N2 g2 4ci M} T ror
/ —/ (i:29(0%)) ds| dr < “232 B(20, 28, + )/(r+1) 0 dy
o lor J, s a; 0
Act M (T + 1)+
< —L B0y, —28; + 1) ———— < .
o? (205, =26, + 1) =g <
Now we prove
_ tOPF . O0°F 2
g%E/O (a—x?(r, Ne) — 8—x§(r, NT)) dr = 0. (4.10)

Indeed, g I; (r,.) is continuous and hm %

(r,Ng) = 6—?(7”, N,.).
/Hﬂ(l 4>\VG7"(NJE)) 7 < < I (1—4\ sup Var(N )2

2
Moreover, E‘a £ (r, N?)
rel0,T]

and using (4.8). Thus, E‘a L (r, NE) < K.

Applying the dominated convergence theorem, we get (4.10). Thus, lin% aéZ . = 0 since the sec-
e— ’

ond member is bounded.
Now we prove that lin(l) agl . = 0. By applying the Cauchy-Schwarz inequality
e— ’
0

s < (5 [ (G )'ar) ([|2 [ ozt - uconasfar)
ngé(/o ‘E/Or[(K*”(aj)) (K:9(0%))2) s dr)l.

T
a T
It remains to be verified that lim ‘— / [ (K1 (07))2 — (K (07)) ] ds’ dr = 0.

e—0 0

On the one hand,

%/07’ [(K:’e’j(gj)i — (K::j(gj)>3ds = /07" Jﬂaa]ij (r—i—e,s)(/raeagg (0 +e, s)d@)d

" 0K " 8[(
—2 J .
/0 o (r,s) (/ o) 50 (0, s)d@)ds

Therefore
[ (e, = (o) Jao <] [ %02 o[ bS5 v
+ 4’ /T o’ oK

0

4.11)

) )</T%88I;' (0 + ¢, s)d9>d3 .
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Moreover

" 0KV " OK7
j
‘/0 oy I (r,5) / oy 7 (0, s)d@)ds

" Bir [T 0\ b
< M. _ae-1(r BTt Y (it
\M]/O (r—s) (s> (/S (0 —s) <s> d@)ds
< M;T? / (r — s)% s 2 (/ O s)af’19ﬁjd9> ds
0 s
< M, (r— )Y s PirPi(r — s)%ds
@j Jo
< [

T ' S\ 205—1 )
< C’;/ T63r207_1<1 - —) T sPigs
0

r

1
— C’J’/ rPip2ea =1 (1 — )20~y 2P 2By,
0
120 — B . _ .
Clr™ % B (20,1 — 235)

C 2=,
J

VANV/A

Therefore

‘/ 8[(] /’" 09880 0, 5)d6>d5‘ < C'J/-Hr‘lo‘j*%j_

A similar caluclation for the second term of (4.11). Thus,
I
0

o | oo = o] asf ar

Thus, lim o, = 0. Consequentl , lim ol =0.
R As1e q y R e

T
< Cg/‘”/ r4ei =20 dr < .
0

Step 4.
. 2y 1
Weposeaia:< ‘ [y or Lpids — OtgF(s N) bjds‘)z.
We have (o, )? < m; fo NE) — —(s Ny) ds.

Using again the domlnated convergence theorem, we obtain lin% ay,.=0.
e—> ’

Finally, steps 3 and 4 imply that the square integrable random variable G° given by

1 LOPF 0 . ;
G0:_§Z 52 (rN)aT</ (K J(UJ ds dr—Z/ 8% bgds,

=170

It satisfies

e—0

limE [H. zi: /Ot Ked <§_:Z(’ N,)a?) 5W§} [H GO} for any smooth random variable H.

By step 2, we get



Chapter 5

Solvability of linear Backward Stochastic
Differential Equation (BSDE)

In this Chapter, we present new results related to the explicit form of the solution of linear BSDE’s
driven by Volterra processes in terms of the associated PDEs. These results generalize those given
by Bender [7].

5.1 Connection between partial differential equations and BS-
DEs

Let oy > 0 be fixed, and denote by IL?(F,R") the set of F-adapted R"-valued processes Z such that
E(ftf | Z; |? dt) < oo. We consider the linear BDSE for the processes Y = (Y;, t € [ty, T]) €
L2(F,R) and Z = ((Z},..., Z1"), t € [to, T]) € L*(FF,R") given by

T T
Y;f = g(NT) - /t [f(5> + A1<S)Y; - A2(S>Zs]d3 +/t Z35Xsy te [t07T]7 (51)

where the real-valued functions g, f, A; and the R"—valued function A, are supposed to be
known and the integral ftT 70X, is defined as a divergence integral as in Chapter 3. (5.1) is
shown to be associated to the following second order linear PDE with terminal condition
n 9 n
10 = =5 D GV artN )+ LIt ) — I (0.0) A0, 510,
" "~ (5.2)
w(T,z) = g(x), (t,x) € [to, T) x R".
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By means of the It6 formula in Chapter 4 we show that

; Ou

Y, :=u(t,N,) and Z} := —o] — o,

(6, Ne), j=1,.m (5.3)
is a solution of (5.1). (5.2) is solved explicitely in this Chapter.

We will show later in this Chapter that u in fact satisfies the growth condition (4.3) under a
suitable growth condition on the final condition in (5.1).

The 1td formula (4.4), applied to u reads

T
u(t, N,) = u(T, Ny) — Z / d —-blds + 0J5X7>
t
1 0% d :
_ 52 o 2(5 N)dSVar(Ng)ds. (5.4)
j=1 "t

An application of (5.2) to the second term on the right hand side of (5.4) yields

w(t,N,) = u(T, Np) — /T<f()+A1 u(s, N) +ZAJ sN))d

—Z / (s, Ny)0X7. (5.5)

Evidently, (Y, (Z!,..., Z™)) given by (5.3) solve (5.1) and are adapted to FF.

5.2 Explicit solution

In order to solve (5.2) explicitely, we have to assume, in addition to (H1) and (H2) for the kernels
K, some regularity and integrability conditions. (H5) will be discussed later.

(H3) There exist constants ¢,C > 0 such that ¢ < ¢/ < C,j = 1,...,n, and Ay, f,
Ay = (A},..., AY) are bounded.

(H4) g is continous, and there exist positive constants ¢’ and \' < nglin (16 sup Var(N7))~!
J=dsees n te[0,T)

such that | g(z) |< eV’ forall z € R™.

(H5)  d/dtVar(Nj) > Oforallt € [to,T] and [, (Var(N}) — Var(N{))~V2dt < oo,
7=1..n
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Theorem 5.2.1. Assume that (HI)-(H5) hold, and let v(t,z) = (27t)"'/? exp(—22/2t). Then
(Y,(Z%,..., Z™)) given by (5.3) solves (5.1), where the classical solution of (5.2) is given by

ult, ) = —/tTexp(/tAl(r)dr)f(s)ds+eXp(—/tTAl(s)ds)

S
n

X /n g(y) Hv(Var(N%) — Var(N}),z; — /tT(agAg(s) - %bﬁ;)ds - yj>dy. (5.6)

j=1
We show now that v verifies the growth condition (4.3).

Lemma 5.2.2. Let u be given by (5.6). Then there are positive constants M and A < 'H%in (4 sup Var(Nj))™!
I=5 M e[0T
such that

D | u(t,z) |< M (t,2) € [t,T] x R™,

2) |22 1,2)| < M(Var(Nf) = Var(N)) 24 F, (t,2) € [1o.T) x R,
3) %(tw)\ < M(Var(Ny) = Var(N]))'eXe?, (t.2) € [to, T) x R™,

Proof. 1) We write 7 for o A}(s) — 4b! and D] for Var(N}) — Var(Nj) in (5.6). Then,
we have, for some constant C' > 0,

‘u(t x)‘

T
/A1 / Aq(s)ds n 4 T
_ ‘ _/ d3—|—e t / g(y)Hv(Dé,x,—/ r;ds—yi)dy
R i=1 ¢
T
x—/ reds — z
t

Let us first prove that

o),
1 \/2nD;

<C e:cp()\’

RTL

(5.7
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Let’s check

T

T 2
T — / reds — z ) < exp(QXH:L‘ - / reds
t t

In fact, we have

T
a:—/ reds — z
t

exp (X

2 T VarN;
) Hexp(ZXL.TZ?)
1 Di

T 2
rods )exp(Q/\'Hz||2>

2 n N
rsds )exp<2/\/ Z VL,TZ?)

2
ea:p(X > < exp(QX T —

T

J
J

< ea:p(ZX T —

T 2 n N’L
= exp (2)\’ T — / rods ) H exp <2X%z§)
t . t

(5.7) follows now easily.
Consequently, using (5.7) we obtain

T 2 1 _2\VarN: 1
‘u(t,x)‘ < Cexp<2)\’ T — / rsds / He:vp( 2 i Tzf) dz
t Rn

) )V
/ g 2
2\ a:—/t reds )
)
)

Cexp( 1 —4XNVarNk -2>d i
T 2

Cexp(ZX x—/ reds
t

C’exp(

, emp( - 2
H \/ 27TD;5L R 2Dt
T 2
2N x—/ reds
t

1
<C —exp (2)\’

[\/1 — 4N max VarN}]

o [ ras])

= Clea:p<4/\’ | x| )exp<4)\'

ﬁ 1 21 D}
1 /2rDi | 1 - 4NV ar Nk
1

H /1 —4NVarNL

T
x—/ reds
t

)

= Clexp<2)\’

/tTTSdsH2> = Memp()\ |2 | >

2
S rods|| ) and A = 4.

2) We prove that ‘%u(t, a:)) < M\/_lD_iekallz' In fact,

¢ t

Then, 1) follows by choosing M = Ciexp <4>\’

axiu(t, x)

T
~- [ Ai(s)ds P ) i , T
—e /t 1 /n g(y)a—gv(Di,&) . [, _/t ryds —y;)dy

T .
i=x;— [, rids—y;
R g 7 ft s Yi J?él
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T .
(x; — / rids — yi)2
t
2Di

T T
—/ Al(S)dS 1 Li — / r;ds —Y;
=e Ji g(y) - ( - : i )
Rn \ 21D} D;
T

] (zj — / rids — y;)°
t

'ea:p< — -
j#i A/ 2w D] 2D;

Thus

exp( —

X

)dy.

T .
(x; — / rids — yi)2
¢
o)

T
s [ rids =
t

D;

1
\/2m D}

‘aiiu(t’x)‘ < C/n Nyl €$p< _

X

.exp< — : )dy.
j#i /27 D] 2D;

T
Then, by the change of variables z; = x; — / rids — vy;, we get
t

S
T
x—/ reds — z
t

2

9, 1 2 2\ N - 1 22
‘ u(t,x)‘ <C A —Zexp(——’l.)e e:pp(——j)dz
Oz; re /27D Dy 2Dy i 27er 2D]
Prove that
T 2 e:vp( — %) T 5
exp (/\/ x — / rsds — z ) ——F———> <eap <2X x — / rsds )exp(ZXz?)
t j#i  \/2nD] ¢
22 :
exp[ - (% - QA’VarN%ﬂ
X H ‘ '
i \/ 27D
In fact, similarly to (5.7), we have
T 2 T 2
e:vp()\’ x—/ rsds—z‘ > < exp(QX m—/ rods )exp(?)\'||z||2>
t t
— / _ g 2 /.2 /1.2
= exp( 2\ ||x reds|| Jexp(2X'z;) H exp(2)\'2;)
! J#i
g 2 VarN}
< exp(QX T — / rods )exp(QXzf) H exp (2)\'TTZ?>.
t Ji t

Consequently,

u(t, x)’

o
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o [ ras])

2

( Z
2D:

) exp(2N 27 )exp <2X

Rn \/27TDZ Dl
exp[ — %(% 2XVarNJ>]

11 .
i \/ 27 D]

dz

2/ 1 1 |
" 27TD; Di \/Di

e A ave)]
>E Nz

Moreover, for any € > 0, there is a constant K. such that

exp(2\'27)

N
—_

2

K&Tp(Dz z)

E

‘8@ t:z:)‘

< CKeexp(QX

1 1 € o

o [ ras) [ = —meor(57)

exp[ —?G— Var]\”ﬂ
jF#i \/27TDJ

_1 N i
/ rsds /]Rn \/%\/% <(6 2 +i)§ VGTNT)ZE)
exp[ Zj( —2XVarNJ>]

]
&'

dz

X exp(QA’z?)e:Up( 2D’>

< CK exp 2)\'

X Di dz
i \/21 D}
1 —(2 —e—2\VarN}
< CK exp 2)\’ / / [/ .e:t:p( (3¢ A T>zi2>dzi]
g1 LR V21 D} Di
exp[ ( — 2N ST ﬂ
X dZ/, 2 = (21,...,Zi,172i+1, --~72n)

i \/ 27TD]

< CK, exp 2)\’

/ [ 1 21 D} }
rr-1 L/27 D1\ 1 —2e — ANV arNz,
(1 _ J
XHe:vp[—§<2 2\ Var N )]
i \/ 27D}

1 1 (2/\,
ex
\/1—26—4)\"/@7"]\” \/DZ b

dz'

=CK

exp[ 2t < 2)\’VarN]>] |
H / \/ 27 D! =

:v—/ rsds
t
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1 1 21D}
= CK. , exp(QX x — / TstH \/ T -
/1= 26— ANVarNg /D : /2 pi | 1= 4xVarny
1 1 1
< CK. exp(4N || = || >e$p<4)\'

“V/1—2¢ — 4XVarNj, /Di

/ TstH ) ——
¢ [\/1 — 4N max VarNz,
j

<

M
erp ()\ | x| ) with a suitable constant M and A = 4\’

VD

3) Now, we prove that ’ u(t, x)‘ < M;%eA”””HQ,
' (=)
Indeed, we have
82

0x?

' T T T
—/ Aq(s)ds 1 T —/ rids — y; 9 (i —/ rids — ;)
—c J /Rng@’m< ) (- — 55—
(x; — /T rids — y;)?
t2D§'

u(t, x)

cap( ~ )y

+/ s | st — (ULW((%[ Tids_yi)?)

2Di

Therefore
82

5

)

T T T )
s o e [ s w)
< Ce Jt /e,y : U exp| — t :

o ,/—QWD;< D ) P ( 2D; )

T .
ﬁ 1 (z; — / rids — y;)*
'exp< = E )dy
j#i \/ 27 D] 2Dy
T r )
T A (@i [ rids =

el A Y
n 2n Dy D;

u(t, x)‘

X
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n

T .
(zj — / rids — y;)°
t

1
—'ea:p< — :
j#i \/ 27D 2Dy

T
We pose again z; = x; — / r.ds — y; and obtain
t

T
92 a:—/ r.ds — z
‘ u(t,x)‘ <C | e t

2T 22 22 1 z
—_—Ziexp(— zi) exp(——.>dz
Oz} R7 [27TD§]% D; 2Dy H for D 2D/

T
M| z— / reds — z e H 23
+C/ e t —ﬂexp<— ’Z.) e:rp(——)dz

X

)dy.

2
)\/

2

Similarly as before we see that

22
T 9 exp ﬁ) T 2
ea:p()\/ x — / rsds — z ) —F——— < exp<2/\’ x — / rsds )exp(2/\zi2)
t j#i  A\/2nD] ¢
emp[ - % (% — 2XVarN%)}
X H : ' .
jti \/ 2w D!
Consequently,
92
g ut-o)

7

emp[ - ;—?j <% - 2)\’VarN%>]

)exp(2/\/zi2) H
J#

2 2?2 22 T 2
< C’/ — —?emp(— L .)ea:p(2/\’ x—/ reds
n [27TD§]% Dy 2Dy t
2
)exp(ZXzf) H

1 z . o
cof (- Yoo [ v i
e [27Di]2 2D; t i oD}
. 2
27re:vp(2)\'H:E -/, T’SdSH ) 1 —4NVarN;
C — / [/zfexp<_ - Tzi2>d z:|
(27 D}z D; re-1 LR 2Dy
22 1
exp| — 2 (1 —20Varn )|

j#i \/ 27TD§

2
cop(Ne v ) [ femn(- 50 ]

(27 Di]3 2D;

X

dz'

+C
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exp[ — i(— — 2XVarNJ)]

X H Di ‘ dZ/, 2 = (21,..., Zie 1y Ridly «ony Zn)
i \/27 D]
C27rexp(2)\’ T — ft rstH / / Di , ( 1 2) /Di ] }
—5Uy =AU,
27 D} Rn—1 4)\’VCLTNZ P 2t 1 — 4NVarN:
T
exp[ — %(— — 2)\’VarN‘7>]

X H dz

i \/ 27D}

oo~ ) o
[zﬂDg]tg /Rn—l [/Rexp< - 51}22) /1 —4NVarNL dv,;}

_ A (1 oy J)]
XHe:cp[ D{<2 2N VarNy "

j#i \/27TD{
2
(21)sex (zx z— ftTrsds‘ ) DZ
[27Di]3 (1 — AXVarNi)2

+C

<C = ——2)\VarN]>]dzj

exp
\ / 27TD] /

T 2
+Cexp<2)\’ x—ﬁ rstH ) V2m+\/Di 1 _Z_JZ 1_2)\’1/ Ni.)|d
13 7 i j crp DI \2 “ E
27 Dj]> V1 —4NVarNg 5, \/QW DI i

(271')%61’]9(2/\/ J?—ftT rsds 2)@
C

13 i3 . j
27 D}]2 (1 — 4XNVarNZL)z j2i /27D 1 —4NVar N

T 2 .
+Cexp<2)\’ x—ft reds ) \/ﬁ\/ﬁ% 1 9D
27 Di)2 V/1—4NVarNL i \/2ng 1 —4\NVarNj
' T 2 i
ea:p<2)\ x—ft TSdSH ) D; 1

(2 1 3 y
(Dj)2(1 —4X(VarNg): ki \/1 — 4N max VarNy.)
J

- 2
.\ Oexp(ZX z— [, TstH ) 27/ Di 1
i3 i .
27 D} V1= 4XVarNy i \/1 — 4N max VarNz.)
j

1
< Mﬁexp(k | @ ||?) with a suitable constant M and A = 4)\'. W

Remark. Since u solves the PDE (5 2) we obtain, by the assumed regularity of the coeffi-

cients and the preceding lemma, that (t x) | satisfies the same type of inequality as in Lemma
5.2.2.
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We are now in a position to prove the main result of this chapter:

Proof of Theorem 5.2.1 An explicit calculation of 0/0tu(t, ) shows that u is in fact the
(classical) solution of (5.2). Indeed, we have

T
%u(t,x) = fi —/ els Al(“)d“fsdsAl(t)
t

L I Ar(s)ds 4 (1) /n 9(y) H (Var(N ) — Var(N}),x /tT rids — yz-)dy

i=1

-[r 1(s)ds - 9 g 7 9 7
e Je Al /}Rng(y);EU(T,SEi_/t Tst_yz)a(—VCLT(Nt))
X Hv(VaT(N%) — Var(N}), z; — /T rids — yj>dy

¢

J#i
et [ ) S Lo(Var(vg) - Var().6 )
Rn — 0

T
X HU(V(LT(N%) —Var(Ny),z; — / rids — yj>dy
¢

j#i

Moreover, we have

0 ~ [T Ay (s)ds 0 i i
() = e / () agiv<var(NT) - Var(N}),&) o Tty
X HU(V(LT(N%) —Var(N}),z; — / rlds — yj>dy

i#i !
Furthermore, we get

0? T 0? ,
u(t,z) = e A / o) g0 (Var(Ve) = Var(7). &)

i

gi=x;i— [ rids—y;

T
X Hv(Var(N%) — Var(N}),z; — / rids — yj>d3/
it '

0 Za? 0
St a) = fo+ Ar(t) Z@t N(92 tm—i—Zrta u(t, ).

By the preceding lemma u satisfies (5.5) with T replaced by T' — ¢. Since E exp(2\ | N; |?)

is bounded on [0,7] for A < .rr%in (4 sup Var(N/))~', we obtain
J=Lhen yefo,1]

E/T\f( )+A1(s)u(s,Ns) —|—ZAJ sN)|ds CZ/ (Var(Nj)—Var(Nj))~2dt < oo
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forall t < T by (H5). By continuity of « and [V, the terms in the first line of (5.5) with 7" replaced
by T' — ¢ converge to the terms in (5.5) as € — 0. The divergence integrals converge also in the

T—¢ T
E/ Sau(sN)(SXgF —>]E/ Sa“(sN)Mg'F
t a e—0 t a

forallj=1,..nand F' € S. l

sense

Remark. We discuss now the hypothesis (H5). The positivity of = Var(N ]) means that
Var(N) is (strictly) increasing on [t,T]. We note that

d d K, 0K 6o
%Var(NJ) dt/( K7 o9) d3—2/ ataj/ 0 (u s)dsdu—Qat/o ol ¢ (t,u)du

Since ¢/ > 0 by (H3), a sufficient condition for %Var(th) > 0 forall t € [ty,T]is ¢’ > 0 on
0,772\ [0,to)?. This is the case if 2 (u,s) > 0 for all (u,s) € [0,T]* u > s. For mbm (Example
1) such cases can easily be found for Hurst functions & that are increasing or decreasing on [0,7],

but other examples of mbm show that V ar(N7) increasing on [to, ] is possible for suitable values
of ¢y even if h is only of bounded variation.

For h(t) = tsin(t) + 2 (of bounded variation) Var(N,) is increasing on certain intervals and
decreasing on others For h(t) = (1 —e™") 4 2 (increasing) Var(JV,) is increasing, and for

h(t) = te™" + 2 (decreasing) Var(Ny) is 1ncreas1ng
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SU=(1/5)Sin()+0.75  h(t=(1.4)"(1-exp(-)+06  ht)=(1.4)"exp(-4+0.6

160 | 35|
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0 30+
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25t
_ 100t .
E 150 § 520—
80+
15f
100 H 601
10f
40t
50+
20} — 5t
0 : 0 ‘ 0
0 10 20 0 10 20 0 10 20

FIG. 5.1 : Graph R(t) := Var(Ny) for h(t) = tsin(t) + 2, h(t) = 1(1 —e ") + 2, h(t) = et +

urllw

We note that for fractional brownian motion B with Hurst index H > 1/2, ¢ (t,u) =

L EBIBI = Cy | t —u [*"~2> 0, where Cyy > 0 is a constant depending on H.

We notice that the function ¢ in the case of the mbm, it is not necessarily positive.

For h(t) = £sin(t) + 2, ¢ is positive or negative.

If h(t) = te~ " + 2, ¢ is positive.
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phi(t, s)
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FIG. 5.2 : Graph ¢ for h(t) = Lsin(t) +

FIG. 5.3 : Graph ¢ for h(t) = te7t 4+ 2

=~

Nota I thank Pr. Jean Rodolphe ROCHE who helped me in this numerical methods.

Let us comment now on the hypothesis of integrability of (D7) /2 := (Var(N})—Var(N{))~1/2

/Tawg/Taﬂ /5WJ/ yar) |
/ (ww/ /(ww/
X</o (5Ws]/s aj Tsdr—/cSWJ/

We pose
T ] T K
alz/ 5Wg/ ol s)dr,
0 s
and . .
. 0K
b1 :/ 5Wsj/ ol (r,s)dr.
0 s a
Then

T ] T ) K]
(r,s)dr +/ 5Wsj/ af,a (r,s)dr
; s or

t ¢
ay :/ 5W§/ ol oK
0 s 0

= b1+ bay + b3y,

rsdr+/5WJ/ 09

with a; — bl,t = b27t + b37t we get

Dg =E |:<2b17t + b27t + b3,t)(b2,t + b3,t>:|

— |2y boy + 21 by + 0, + 2aibs + V| = B |21y + 8, + B,
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Furthermore

¢ t OKI T K
E[2b1,tb2,t} :/0 ds[/s Uﬁ%r (r, s)dr/t a’, a@r’ (r',s)dr’]
T T o inf(rr') 9K oK
:/0 dr/o dr'olol 1o gxiem (7, r')/o W(r, s) o (r',s)ds

T
dr/ dr'alal,¢(r,1").
t

I
S~

Moreover
t T 0K 2
E[bgt]:/ ds </ dro’ (r,s)) ,
0 ¢ 0
and
T T ; 2
0K’
E[¥? ] = d dro? )
= [ as( [ o)
Consequently

Y ‘ T 9K T T 9K ?
D] = / dr/ dr'alol, @ (r,r') +/ ds (/ draﬁa (r, s)) +/ ds (/ draia (r,s))
0 t 0 t or t s or

= Al + A2 + A3

Under the hypothesis (H3) for o7 and if ¢/ > 0, a sufficient condition for f;op (D))~12dt < oo
is

T
AP = / (K3 o?)2ds > (T —t)*
t

for some constant ¢ > 0 and a € (0,2) as t / T. For fractional brownian motion B
with H > 1/2 this condition is satisfied with @ = H + 1/2. For the Volterra processes in
Examples 1-3 this condition is satisfied with a = 2h(T) if h is such that 2% (u,s) > 0, for
(u,s) € (to,T)% u > s.

5.3 Application

A possible application of the result of this Chapter is to formulate and to solve, in the context of
Volterra processes, the well known problem of self-financing trading strategies against a positive
contingence claim & at a time 7'. Volterra processes are in fact more flexible than brownian motion
to modelize the different kinds of uncertainties that occur on financial markets.
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The model

We begin with the typical setup for continuous-time asset pricing: the basic securities consist of
n + 1 assets. One of them is a locally riskless (the money market instrument or bond) with price
per unit P° governed by the equation

dP) = Plrdt,

wher 7; is the short rate. In addition to the bond, n risky securities (the stocks) are continuously
traded. The price process P’ for one share of jth is modeled by the linear stochastic differential
equation

dP} = P/ (bldt + 016 X7}),
where b{ is the appreciation rate and af is the volatility. Then 95 = (bz —r)/ of is called the risk
premium for the risky asset j.
The problem is to find the part ﬂ{ of the wealth V; to invest at time ¢ in the asset 7, 7 = 1,....n.
Of course this decision can only be based on the current information J, i.e. the processes 7rg and
7r? =V, - Z;;l 7rg must be F;-adapted. In the model of Harrison and Pliska ([16]) V; satisfies
the equation dV; = r,Vidt + 37, (b — ro)midt + 377 7076 X} with final condition V7 = &.
If ¢ is of the form g(N7), (Vi,w},...,.m), t € [to,T], is the solution of (5.1) with A;(s) = r,, and
Al(s)=0lol, j=1,.n.



Chapter 6

Non linear BSDE in the one-dimensional
case

In this Chapter, we establish the relation between BSDE (6.1) and PDE (6.2). We present the tools
that interest us to prove the existence and the uniqueness of solutions of non linear BSDE without
making reference to the associated PDE (6.2). For the construction of the solution we need the
notion of quasi-conditional expectation, a Clark-Ocone type formula and another Itd formula for
Volterra processes.

For the rest of the work, (X;,¢ € [0,77]) is a Volterra process that satisfies (H1) and (H2)
and S be the set of random variables of the form F' = f(X(¢1),...., X(¢,)), where n. > 1,
f : R" — Ris a C* -function such that f and its partial derivatives have at most polynomial
growth, and ¢q,....0, € H.

6.1 Connection between partial differential equations and BS-
DEs revisited

We consider X defined on the probability space (€2, F, P) and given by (2.1). LetF = {F, C F,
t € [0,T]} the filtration generated by X and augmented by the P-null sets. Let NV be given by
(1.14), where o is a bounded function on [0,7'] and suppose that £V ar(N,) > 0 forall ¢t € (0,T).

Let to > 0 be fixed, and denote by L?(IF, R) the set of F-adapted R-valued processes Z such
that E( ftf | Z; |* dt) < oo. We consider the non linear BDSE for the processes Y = (Y},
t € [to,T]) € L*(F,R) and Z = (Z;, t € [to,T]) € L*(F,R) given by

T T
Y = g(Nr) +/ f(s, Ns, Yy, Zg)ds —|—/ 70X, t € [to, T, 6.1)
t t
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We show that (6.1) is associated to the following second order PDE with terminal condition
(6.2)

The main result is as follows.

Theorem 6.1.1. If (6.2) has a classical solution u(t, x) that satisfies (4.3) with F replaced by u,
then (Yy, Zy) := (u(t, Ny), =00 34 (t, Ny)), t € (to, T), satisfies (6.1).

Proof. Applying the 1t6 formula (Theorem 4.4) for u(t, NV;), we get

ou 1d 0*u ou
du(t, No) = (G (N0 + 5=V ar(N) 5 (6 No) )t + o= (1, N)OX.

We set Y; = u(t, Ny) and Z; = —Ot%(t, N;). Then the pair (Y, Z) is a solution of BSDE
ou Ju
dU(t, Nt) = —f(t, Nt, U(t,Nt), — Ut%(t, Nt))dt + Ut%(t,Nf)(SXt.

From (4.3) we conclude E ftf Z%ds < oo and E ftf Y2ds < .
This proves the theorem. Il

Remark 6.1.2. Theorem 6.1.1 suggests interesting interactions between the BSDE (6.1) and the
PDE (6.2). Existence and uniqueness theorems for (6.2), not only for classical solutions, could be
applied to show existence and uniqueness of solutions of (6.1) and vice versa. Let us summarize
such results given in [6], [23] and [27] for BSDE driven by brownian motion and in [18] for
BSDE driven by fractional brownian motion.

If the PDE associated to the BSDE has a classical solution, a solution of the BSDE is usually
deduced by a theorem analogous to Theorem 6.1.1. The uniqueness of the solution of the BSDE
within the class of solutions expressed in terms of classical solutions of the associated PDE
follows then from the uniqueness of (classical) solutions of the PDE.

Viscosity solutions u of the PDE: the existence of u is usually derived from the solution of
the BSDE and uniqueness of u is proved in [27] under Lipschitz conditions on the generator f
within the class of solutions u with polynomial growth at infinity. We refer to [23] for existence
and uniqueness results under different assumptions on f.

Sobolev (or weak) solutions of the PDE: the existence and uniqueness of such solutions to
semilinear PDEs has been shown independently of BSDEs in [6] and [23] for differential oper-
ators whose coefficients depend on the space variable only. The solution of the BSDE is then
deduced by a theorem analogous to Theorem 6.1.1. Since in our PDEs the coefficients depend on

the time variable, these results are not directly applicable to our case.
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Mild (or evolution) solutions of the PDE: the mild form of (6.2) is given by

T
0
utia) = [ 6T e =gy~ [ [ Gt =) (s us.). = o5 us, )iy
(6.3)

where

22
In fact, Theorem 5.2.1 appliedton = 1,b = A; = Ay = f = 0 gives

u(t,z) = [G(T,t,x — y)g(y)dy in the linear case and (6.3) follows by classical arguments

for the mild form of a nonlinear PDE. In the case where X is fractional brownian motion with

Hurst index H > 1/2 it is shown in [18], under regularity conditions similar to (H6)-(HS) (see

below, evaluated for fractional brownian motion) that the solution of (6.3) is unique and twice

differentiable in x. The authors apply this result to show uniqueness of the solution of the BSDE

in their case.

A second result on the relation between (6.1) and (6.2) will be given in Proposition 6.1.8. The
proof of this proposition needs some auxiliary results.

Let
1

p(x) = \/27:“\

Let k be a continuous function, such that the following is well defined:

e ¢ e R¥ (6.4)

Pyk(z) = /R Pz —y)k(y)dy. (6.5)
Remark 6.1.3. a)

0 k —1 1g(t & k 6.6

preil (z) = 58@9( )@ k(). (6.6)

In fact,
Ift > 0, we have 2p,(z) = %88—;2]915(35), then 9 Pik(z) = %%Ptk(:c).
Ift <0, we have

0 0

5 Pk(@) =4 / p-i(x = y)k(y)dy

0
R
0
= Ep_t(x —y)k(y)dy.
R

Moreover, we have

((27r(—t))7%)6x2/2t + (27T(_t>)f%£ex2/2t

SR
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2

— ( T _ x ) 6;1:2/215
(—2mt)2 22/ —2rt ‘

Therefore
d €x2/2t 1 CC'2
i e
Moreover
i( 1 a:2/2t) _ 1 L o2/t
dz \\ /27 (—t) 2r(—t) t 7
KL ) [ L
dx? 2r(—t) t V2r(—t) Lt
Therefore
0 1 0
ar ") = 3 gt 2)
Consequenly
0 1 02
—P_ =————P_ :
ot k() 2 0x? ()

The following theorem will be needed in the proof of Lemma 6.1.6 below.

Theorem 6.1.4. Let Var(N,) be increasing. Assume that h is a continuous function, and suppose
that there exist positive constants ¢ and N < (8Var(Np))™" such that | h(z) |< ce’ for all
x € R. Then

* 0
h(NS> - PVaT(NS)h(O) + /0 % [PVaT(NS)—Var(Nt)h:| (Nt)O't(SXt, 0 § s < T

Proof. We want to apply the 1td formula (Theorem 4.4) to F'(t,N;) = [PVM( No)—Var( Nt)h] (Ny),
t <s.
We begin by verifying the hypotheses of the Itd formula:

o | F(t,2) | =| Prars,-varnih(z) |= / Pvarin—varn: (@ — ) | h(y) | dy
R
B / 1
r /27(VarNs; — VarN,)
<c / .
r \/27(VarNs; — VarN,)

— c / e_me’v(“zydz
\/27T<VCLTNS —VarNy) Jr

(=)
e 2(VarNs—VarNy) | h(y) | dy

L @w? Ao
e 2(VarNs—VarNy) o Yy dy
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2\ 22
= « / Q—Wivawe%’%dz
\/27T<VCLTNS —VarN,)
2\ 2
< \/2 (V CeN V N) / 6_ 2(VarNSZiVarNt) 62)\/(Var1‘\/f:T1\\;SarNt) Zdz
m(VarNg, — VarNy) Jr
62’\/762 22 ,
= /6 m(7—2)\ VarNg)dZ
V21 (VarNg — VarNy)
_ 2o 2r(VarNs —VarNy) e2N'7”
V2r(VarN, — VarN,) 1 — 4XVarN; T— ANVarN,

A2
< Me™,

where the last inequality follows by choosing M =

9
ox

0
F ta }g )_P arNs—Var h ’
(t,z) or (VarNs—VarNy) ()
27

<

/ (27(VarN, — VarN,))2
2me

(27 (VarNy — VarN,))?
B 2me

[27(VarN, — VarN,)]2
2me

<
27(VarNs; — VarNy)|z
62)\’12

<

J
7

m and \ = 2)\/

2

)
—lz—y]e S(VarNe VarNy) | h(y) | dy

_ (z—y)? 2
/ | T —y | e 2(VarNs—VarNt)e)‘ly dy

22
e 2(VarNS V(LrNt)e

| 2| w2 g

2
| Z |e 2(VarN$ VarNt)e 2\ QAI(Z) dzl

| o | 2/)? 2\ VarNg

<
2n(VarNs — VarNy)

Moreover, for any ¢ > 0, there is a constant /K, such that

Then, we get
/.2
62)\ x

2n(VarNs; — VarNy) /R

/.2
62>\ T /
R

27 (VarNg — VarNy;)
J

‘%F(t,x)) < cK.

=cK,
1.2
€2>\ T

2n(VarNg — VarNy)

=)
62)\:1:

=cK,

e_ 2(VarNs—VarNg) o (VarNs—VarNy)

r VVarN, — VarN,

12| ")?

VVarNs—VarN; >

K€€ VarNg iVa.rNt (Z

(=)?

€ (21)2 _ QX/VarNS (21)2 ’
eVarNs—VarNg e 2(VarNs—VarNy) eVarNs—VarNg dZ
2
— (€D) 1___oy/
e VarNs—VarN;\2 ¢ 22 VaTNS)dz’

/N2

() ~2e-4X'VarNy) 5 1

e 2(VarNs—VarNy) (1—2¢

1

< MeM* | (for fixed t, t < s)

with a suitable constant M and 2\ = \.

()

B ‘_/ 2m
Oz Jr [27(VarN, — VarN,)]

3
2

cK,
V21 (VarNg — VarNy) V1 —2e — 4NVarN,

L @w)?
| T —y ’ e 2(VarstVarNt)h(y)dy

(Z/)Zdz’, (t < s).
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(z—y)

2 N )
< / T S€ 2[VarNp—VarNg]| | h(y) | dy
R [2m(VarNs — VarNy)|z

2

9 a2 N C )
+/ T | xr—y | —¢ 2(VarNs=VarNy | h(y) | dy
r 27(VarN, — VarN,)|?

")? )2 ’ ’
< oM i 27“:/ (z) _ Q—ij(wwek (=2")% 1/
R 27(VarNs; — VarNy)|2
(2')? ()2

e~ 2(VarNs;—VarNy) 62>\'902 62>\/(Zl)2 dZ/

<2MeM + 27rc/ 5
R 27(VarNs; — VarNy)|z

(Z/)2 7 (z,)2 2) VarNg ( /)2
e 2(VarNs;—VarNg) g VarNs—Varig V2 /)~ (] o/

< 2MeM 4 2N / -
R 27(VarNs; — VarNy)|z

2X'a? (=2 —4)VarNg
QMWHM[Q (VarN, — VarN,)]? / ()2 Varme v () g
m(VarNs; — VarNy)|2 Jr

2N / ,VarNs — VarN, _éuz\/VarNs — VarN;
u e
27(VarN, — VarN)]s Jr 1 —4XVarN, 1 —4XNVarN,
e2N'@? (VarNg — VarNt)% / 2~ 1
5 : u’e u
27(VarN, — VarN)]s (1 —4XVarN,): Jr

1.2
062)\ T

(2m)2 (VarN, = VarN,)(1 — 4XVarN,)3

< IM e’ + 27 du

— MM 4+ 27e

—2MeM 12 < MM, (for fixed t, t < s)

with a suitable constant M/’ and 2)\" = .

Moreover, for fixed t, ¢ < s we have %PVQ,,NS_V@TNth(a:) = %%PVGTNS,VMM}L(.I), and we
conclude | 2 F(t,z) < M e*” with a suitable constant M.

Applying the 1t6 formula (Theorem 4.4) to F'(¢,N;) = [PVM( No)—Var( Nt)h] (Ny) on [0, s — €], we
obtain

S—¢€ a

s=€ 9
F(S — €, Ns—e) = F(07 0) + / I [PVar(NS)7Var(Nt)h:| (Nt)o-t(SXt + /

— | Pvar(Noy—var(nyh | (Ny)dt
0 6.T 0 at|: v (NS) v (N) ( t)

1/Ha—z[P h} (N LV ar(N)dt
9 o 2 Var(Ns)—Var(Ny) tdt t .

Furthermore, we have

o 0 or
EPVar(NS)—Var(Nt)h(x> = EP‘rh(x) |T=VarNs*VarNt E ’T:VaTNS*VCLTNt
1 62 d
= §—ax2p7-h($) ’T:VarNs*VarNt (—%VGT(Nt))
1d 9”
= —5%V&T’(Nt)@PVarstVarNth(x)‘ (67)

Using (6.7), we get

s=¢ 9
PVarNS—VarNS,Eh(Ns—e) - PVar(NS)h(O) - / 3_x [PVar(NS)—VaT(Nt)h] (Nt)o-t(SXt'
0
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We tend ¢ to 0 and we obtain

50
BN, = Pyaunh(0) + /0 - [Prartoy -vartioh] (V)00 X, 6.8)

Remarks 6.1.5. a) If Var N, is decreasing, we have forall 0 <t < s <T

a a 87
E-P‘VaT(NS)*VGT(Nt)‘h(l‘) = EPTh(l‘) |7-:|Va7“(Ns)fVar(Nt)| E |T:Va7”Nt—VarNs
1 02 d
= —E@P’rh(x) |T:Va7“Nt—Va7"Ns EV@T(Nt)
1d 0
= —5%V(IT’(NO@PVarNt—VaTstwx)
1d 0
= — 5 3 Var(Ny) 5 Pvar(v-var( h(2):

b) If Var Ny is decreasing, we must add the following hypothesis in the previous theorem Var (X,?; EJ‘\;S;I)T( Al =

1, forall0 <t<s<T.

Lemma 6.1.6. Suppose that K} is injective. Let b(s,x) and a(s,x), s € (to,T), v € R be
continuous functions, b continuously differentiable with respect to x and of a polynomial growth.
Let a be in the domain of 6~ . Let N given by (1.14). If

t t
/ b(s, Ns)ds +/ a(s,Ng)oXs =0, forallt € (to,T), (6.9)

to to

then
b(s,z) =a(s,z) =0 foralls € (t,,T), x € R. (6.10)

Proof. Using (6.4), (6.5) and applying Theorem 6.1.4, we want to show

# 0
b(S, Ns) = E[b(sa Ns)] + / (/ a_pVar(Ns)fVar(Nu)(Nu - y)b<37 y)dy> JuéXu (611)
0 R 0T

In fact, on the one hand, for all u € (0, s), we have

0 0
/ pVar(Ns)fVar(Nu)(Nu - y)b(S, y)dy = pVar(Ns)fVar(Nu)(Nu - y)b(37 y)dy
R a.’L' ax R

0
= —Pb ar —Var b aNu .
or Var(Ns)—Var(Ny) (S )
Moreover, we have

22

B0, N)] = [ 6o a) i, since N, N (O, Var(V,)
s,Ng)| = 8, &) ——————dx, since N~ ,Var(Ny)).
R 2V ar(Ny)



Chapter 6. Non linear BSDE in the one-dimensional case 62

Therefore,

E[b(s,Nsﬂ - /R b(s, 2)pyar(n) () dz = /R b(s, 2)PVar(ve) (—2)dx = Pyar(nsyb(s,0).

On the other hand, we apply Theorem 6.1.4 to h(z) = b(s, =) (for fixed s), we obtain

50
b(S, Ns) = PVar(Ns)b<Sy 0) + /(; % [PVar(NS)—Var(Nu)b(S; )] (Nu)o-uéXu

Therefore,
b(sts) - PVar )+/ /a Pvar(Ng)— Var(Nu)(N y)b(syy)dy>0u5Xu

= +/ / pVar Var(Nu)<N y)b(svy)dy)o'uéXu (612)
0

Now, we show that

0
/ |:/ /a_pVar(Ns)—Var(Nu)<Nu—y)b(g,y)dy)o-uéXu]ds
/ Tu / / ot Var(Ne)- Var(Ny) (Nu — y)b(s, y)dydsd X, (6.13)

In fact, let F € L*(Q, H)

0

/ [ /O /R 5PV er(vo-var(Nu) (N —y)b(s,y)dy)au(SXu] dsF]
0

:/ E / /a_pVar(Ns)—Var(Nu)(Nu—y)b(57y)dy)0u6XuF]dS

/ E /8 Pvar(Ng)—Var(N. )(N _y>b(87y)dyaaDXF >H}d8

= [ / </R<9xpV“T(NS) Var(N)(N._y)b(say)dy)dsa-aD.XF >H}

= E[/t: Uu(/ut/R%pVar(Ns)—Var(Nu)(Nu - y)b(57y)dyd8>5XuF]

From (6.12) and (6.13) we get

t t t s a
/ b(sa Ns)ds - / E[b(sv Ns)]ds + / [/ < / a_pVar(Ns)fVar(Nu) (Nu - y)b(S, y)dy> Uu(;Xu] ds.
to t t 0 R OF

0 0

t t t
0
= / E[b(87 NS)]dS + / Uu/ / %pVar(Ns)—Var(Nu) (Nu - y)b(& y)dyd85Xu

to to u JR

Then from (6.9) we get

t t
0:/ b(s,NS)ds—l—/ a(s, Ng)d X

to to
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t t t t a
:/ E[b(S,NS)]dS +/ a(saNs>5Xs ‘I’/ O-u|:/ (/ a_pVar(Ns)—Var(Nu)(Nu - y)b(S,y)dy)dS] 6Xu
u R OF

to to t

t t a t
= / [(I(U, Nu) + Uu/ / %pVar(Ns)fVar(Nu)(Nu - y)b(s> y)dyds] 5Xu + / E[b(sa Ns)]ds
u JR

to to
Thus
t
/ E[b(s, N,Jds = 0, (6.14)
to

And
t t a
/ [a(u,Nu)+au/ /%pvw(Ns)_Var(Nu)(Nu—y)b(s,y)dyds] 0X, = 0. (6.15
to u JR
Let
t 0
Z(U, Nu) = af(u7Nu)+0u/u /Rgp\/ar(Ns)Var(Nu)(Nu_y)b(Svy)dde

(6.15) implies that Var(ftz Z(u, N,)0X,) = 0. Therefore K;Z(.,N.),, = 0 u—a.e. in [to, t].
By injectivity of K, we get

Z(u, N,) = 0,forall u € [to,t].

Therefore

t
0
a(u,z) + Uu/ / a_pVar(Ns)*Var(Nu)(z —y)b(s,y)dyds = 0,
u R O

for all z € R ([19]). Now by differentiating with respect to ¢, we get

0
/ S lvarv)-varv,) (2 = y)b(t, y)dy = 0.
R OT

forallt > vwand z € R.
An integration by parts formula yields

0
/pVar(Nt)—Var(Nu)(Z — y)a—b(t, y)dy = 0.
R Yy

Let u — t then, we see that %b(t, y) =0forallt € (o, — ¢) and y € R. This means that there
is a by (t) such that b(¢,y) = by(t). Now from (6.14) we have

¢
/ bi(s)ds =0, to <t <T —e.
to

This implies that b, (t) = 0 for all t € (to, ") and accordingly b(t,y) = 0 for all ¢ € (¢, T") and
y € R. Thus, a(t,y) = 0. W
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Remarks 6.1.7. In the proof of Lemma 6.1.6 we have
¢ t
Var/ Z(u, Ny)oX, = Var/ K;Z(-,N.), oW, =0
to to
which implies that K;Z(-,N.),, = fut 2K (v,u)Z(v, Ny)dv = 0 (u,w) — a.e. on [to,t] x Q, for
all t € (ty, T).
We would like to conclude that Z (v, N,) = 0 (v,w) — a.e. on [to, t] x Q.

a) An evident hypothesis is the injectivity of K} Z (-, N.),, as a function of u € [to, t].

Let us look for a sufficient condition for injectivity:

t t ot t s
0 :/ K;Z(-,N.),du :/ / 2K(s,u)Z(s,Ns,cu)dsdu :/ Z(S,Ns,w)/ ﬁK(s,u)duds.
to to Ju 88 to to 83

Suppose that K;Z(-,N.), =0 u — a.e. on [ty,t] forallt € (to,T] and Z > 0 on (a,b) C [to, T).

Then
0 = /Kb .)udu—/ K;Z

= / Z(s, Ng,w) / —K(s u)duds—/ Z(s, Ng,w) ;SK(S u)duds

to to
b
= / Z(s, Ns,w)/ — K (s,u)duds
“ O
Let Kto fts dasK s, u)du. If we suppose that [?to(s) # 0 on [ty, T] (and therefore does not

change sign on [ty, T|), we obtain a contradiction. Therefore, a sufficient condition for K. to be
injective is [?to(s) # 0 on [ty, T|. This last hypothesis is satisfied in particular if %K (s,u) >0
(or < 0) for u € (to,s) forall s € (ty,T). By Remark 6.3.1 the positivity of %K(s, w) implies
that Var Ny is increasing in t € [ty,T].

One could also try to find a sufficient condition for the injectivity from the equality

t t ot

0= / (K;Z)2du = / / 2 Z sy (1, 8)dsdr, where ¢y, (1, 5) = —K(s,v)=—K(r,v)dv.
to to Jto to aS 87"

However, it seems that the hypothesis of the positivity of ¢, does not imply Z = 0.

b) Forall h € L*([to,1])

/K* S NLw)y du—// —K(s,u)Z(s, Ng,w)dsh(u)du

:/ (s, Ns,w) / 55 K(s,u)h(u)duds.
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Suppose that the right side of the equality above is zero for all h € L*([ty,t]). Under which con-
dition on K does this imply Z (s, Ns,w) =0 s — a.e on [t,t] ?

c) We could also try to argue with the chaos composition offttJ Z(u, N,,)0 X, which is unique.
Is Z unique? If so, Z = 0. The question is to find an analogy to theorem 12.1 in [17].

We are now ready to formulate our second result on the relation between BSDE and PDE.

Proposition 6.1.8. Suppose that K}. is injective. Let (6.1) have a solution of the form (Y; =
u(t, Ny), Zy = v(t, N;)), where w is as in Theorem 6.1.1 and v € CY*([0,T] x R) satisﬁes (4.3).
Suppose that f € C*'([0,T] x R?) and is of polynomial growth. Then v(t, z) = —o, 2u(t, z).

Proof. We apply the Itd6 formula (Theorem 4.2.1) to u and get

0 1d 02

at ( Nt) 2d VaT(Nt)axg (t7Nt)6Xt

u(t, Nt)] dt + atﬁu

du(t,N;) = [ ~

Moreover, we can write

Tro 1d 0? 9
u(t, Ny) — g(Ny) = — /t [ (s, No) 5 S Var(N) us, N ds - /t 7o-u(s, Ny)OX,.

Using (6.1), we get

T T
/ f(S,Ns,u(S,NS),U(S,Ns))dS—|—/ v(s, Ns)o X,
t t
Tro 1d 0? 9
= —/t [au(s,]\f) §d—Var( )(3 5 u(s, N, )}ds —/t US%U(S,NS)5XS.

For t = ¢4, we obtain

/fst,u(sN) (5, V) ds+/T
52

Tro 1d r 9
— —/ [%U(S, Ns) 5%‘/@7“(]\]3)@ ( )i| dS - / O-Sa_xu<87 NS)5XS
to to

Subtracting the two equations we get forall tp <t < T — ¢

/t f(s, Ng,u(s, Ng),v(s, Ng))ds + /tv(s, N,)o X,

to

"ro 1d 92 -
= —/to [%U(S,N) §d—Va7“( s)%U(S,NS)}dS—/ US%U(SaNs)(SXs-

to
Using (6.2), we obtain
u(s, Ng))|ds

/t (5. Novus, o), ofs, N) f(s,Ns,u(s,NS),—asa%

K 0
+ / [U(S, Ng) + USa—xU(S, NS)] 0Xs=0.

to
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Since u, v satisfy (4.3) and f € C%([0,T] x R3) and is of polynomial growth, we apply now
Lemma 6.1.6 and obtain

v(t,x) = —ataﬁu(t,w), Vt € (o, T),z ¢ R. B
T

Remark 6.1.9. If the PDE (6.2) has a unique classical solution (see in particular the last part
of Remark 6.1.2), then under the hypotheses of Proposition 6.1.8 the BSDE (6.1) has a unique
solution.

In fact, let us suppose that (6.1) has two solutions (Y;!, Z}) and (Y2, Z2) : Y} = ul(t, Ny),
Z} = —oy 2ul(t, Ny) and Y2 = u?(t, V), Z2 = —0y2u?(t, N;). By uniqueness of solutions of
(6.2), u!(t,.) = u*(t,.) and therefore, for t € [t,,T] Y, = Y2, Z} = Z2.

6.2 Transfer formula

Theorem 6.2.1. (Transfer formula) Let X be given by (2.1). Let D" be the Malliavin derivative
with respect to the Brownian motion. Then, K3 DX = DV on }D)f?

Proof. We have F' = f(X(¢1),.... X(¢n)) = fF(W(K7p1), ... W(K7@y)), n 2> 1 and
Fes.

T T
Recall that X (p;) = / ©0i($)0Xs = / (KF3pi)sOWs = W(KF5pi), i = 1,0,m, 01,00, pn € H.
0 0

Furthermore DX F := " %(X(gpl), ey X(n))i(t) € H, and
i=1

r 0K
(K:DXF), = / DfFa—(u, t)du
t u

=5 LX) [ i) ()

= 0 5L (X (1) X)) (Ko = D Pt € 0,71,
=1
We extend the equality (K3 DX F); = D}'F to the closure of the linear combinations of S by
means of the norm

IF|17, = E|[F|* + E[|ID* FIf3,.
a) F1,Fy € S,a1,a0 € R: (KxDX(ayFy + aaFy)); = D}V (a1 Fy + ayFy) because K*, DX and
DW are linear operators.
b) Let (F),)nen C span(S) such that (F),),en converges in norm ||.||;2 to F. Then, F' € ]D){fQ.
Thus, | DX F — DXF,|j3 — 0, with n — oo. Thus, [|K3DXF — KiDXF,|| 12012001y — 0,
with n — oo by isometry.
Since K3 DXF,, = DVF,, (DY F,),en is a convergent sequence in L?(Q2, L(0,T')). By propo-
sition 1.2.1 ([26]) the limit in L?(€2, L?(0,T))) is DY F. Therefore, K5 DX = DV. B
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6.3 Assumptions and solution spaces

In this section we formulate the assumptions we need for the proofs, carried out in Chapter 7, of
the existence and uniqueness of the solution of (6.1) without using the associated PDE. We define
the spaces where these solutions live.

We formulate now the assumptions on o, f, g in (6.1):

(H6) 0 : R — R is a deterministic continuous function such that o; # 0, for all ¢ € [0, 7T
and o is bounded. Let

t
o :/ o(t,r)odr,t € [0,T].
0

Moreover, we assume that there exists € : [0,7] — R, is continuous function such that
me(s) < 2 < Me(s),s € [0,T] for some constants m, M > 0 and such that * is integrable
on [t,T] forall t > 0.

(H7) The function f : [0,7] x R® — R belongs to the space C1 ([0, 7] x R?), where

pol
Cii([0,T] x R™) is the space of all C*!-functions over [0,7] x R™ which, together with their

derivatives, are of polynomial growth. Moreover we assume that there exists a constant L > 0
such that, for all t € [0, T, z,y1, Yo, 21, 22 € R,

’ f(t>x7y17zl) _f(t7x7y2722) |< L(’ Y1 — Y2 | + ’ 21— 22 D

And .
E[/ | F(t, N;,0,0) |2 dt| < oc.
0

(H8) ¢ = g(Nr), where g € CL ,(R).

pol

Remarks 6.3.1. We discuss now the hypothesis (H6).
a) e We have %V(M“Nt = 20.0;. Indeed,

d d [*
—VarN, = — K*o)2
: arNy t/o (K;o)ids

d t t a 2
=), </S %K(u,s)audu) ds
t t a a
—2/0 (/s %K(u, s)audu) aK(t,s)atds
t inf(tu) ) B
:2/0 duatau/o aK(t,s)%K(u, s)ds

t
= 2at/ oud(t, u)du = 20,0;.
0
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7 4 arivt .
o &= dBR S 0if £VarN, > 0.
o Ifo =1, we have fo o(t,r)dr = 14VarX,.
b)If (t,u) > 0,0 < u < t < T we can choose €(t fo du = %diV rX; > 0in (H6).

Indeed, if there exists c,C' > 0 such that c < 0 < C' we have < (t) <2 < Ee(t).
c) If we suppose that 4 SVar X, is continuous on [s, T, and we have —VarXt >0 >0, then =S
integrable on [s, T for all s > 0.

We introduce the following space:

Definition 6.3.2. Let V- denote the set of processes (Y, t € [0,T)) of the form

Vr ={Y. = w(,N);w € C,([0,T] x R) wzth%— € Cry([0,7] x R)}.

Remark 6.3.3. It may be surprising that a third order derivative with respect to x of w and a
derivative with respect to x of %w is required in Definition 6.3.2. They are in fact needed for
an application of Lemma 6.1.6 in part e) of the proof of Proposition 7.1.1. The definition of Vr
corresponds to the definition in [25].

Let fJT,g be the completion of V1 under the following norm

T
1212~ [ v |z ar
0
And let
T
IV 5= [ ElYiPa
0
We make the link between the 3 spaces: Vi, DY, (] H |), Dom(6%).
Lemma 6.3.4. We have Vi C D (] H |) € Dom(5%).

Proof. Let u € Vr and we prove u € Dy (| # |).
a) We first prove that E || u [|3,< oo.

We have
T T 8 2
2 _ R
| w3 = /0 (/t u(r, NT)aTK(r, t)dr) dt

< [ ([ 1wt 2

1
11—«

dr)gdt.

Applying Hoélder’s inequality to p < < 2 (a is a constant in (H2)) and ¢ its conjugate

(}D + % =1), we get

(/tT ulr No) || - )| ar)’
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<o [ 1oy ran)i(

= Ot 7 /
0

(
= Ot 1% ( /0
(

T

T — ¢ pla—1)+1 %
(Ma3”+1},@@—u+1>m

' | u(r, N,) )
' | u(r, N,) | dr)3
' | u(r, N,) )

27—t 2(a—1)+2
= Ct2°TP / |7 dr ) -
0 (Pl —1) +1)»
T 2
= C"t2PT(T — t)2<a—1>+%( / | u(r, N,) |? dr) ‘. (6.16)
0

2
We want to prove that E(fOT | u(r, N,) | dr) " < 0o. Indeed, we have 2 < 1, then Jensen’s

inequality can be applied of a concave function to get

2

E(/OT u(r, ) |7 dr ) < (E/0T|u(r,NT) e dr>3.

It must be demonstrated that fOT]E | u(r, N,.) |7 dr < oc.
Since v € Vr, we have, for some C > 0,k > 1,

| u(r, N,) < c(1+ | N, | 4ok | N, |* ),r e [0,7].

Then we have

2km’

[ ulr, N,) |= (oi [N I) < c’(i N Fv) T =Y N v
=0 =0 =0

where [q] < 2m/.
Using (H6) we have | o |< M’, then one can check that for all r € [0, T']

T T T ) T 9
E(N2) :/ K (ol,)2ds = / [/ ol (1) K (1, s)du/ 0L (0) o K (v, )] ds
0 ’ 0 s ' ou s ' ov
T T T w
< M’/ du/ dvg(u,v) < 2M’/ du/ dvg(u,v) < 0.
0 0 0 0
Forallr € [0,T]and p > 1, we have E | N, |*’< C,, || o ||7/< co. Thus, we get
T
/ E | u(r,N,) |9 dr < oo. (6.17)
0

Using (6.16) and (6.17), we get

E|lul < IE/OT (/tT u(r, N) | ’%K(r,t)‘dr)th
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T 2 T
0 0
. T 1 . i
g C E(/ | U( ) |q d?“) / (ST)_QB(]_ _ 5)2(a71)+;T2(a71)+;Td8
0 0
, T ) 1 .
< c E(/ | U(T‘, Nr) |q dr ) T2ﬁ+2a+pl/ 3_26(1 _ 8)2(a*1)+;d8
0 0

T
» 5 _ 2 2
e ]E(/ | u(r, N,) |7 dr) 220457181 — 28 2(a— 1) + = + 1) < o0
0 p
b) Now, we will prove that E || D« H|2H‘ o3| < 00- Indeed, applying (3.8), we obtain

B D¥ulfgorg= [ | DXutt o) | DFuls, No) | 9061600, o s

= E/ 2u
[07T]4 8LU

<C / E ‘ ult, Ny)
[0, T]4 [ 8x t

[0,T)4

[ (1+ | Ny | +..+ | Ny |’f) +E(1+ | Ny | +..4 | Ny |¥ )]é(t,t’)q@(s,s’)dsdtds’dt’.

| o | ‘gu(s’, N | ow | ¢, 1)d(s, s")dsdtds'dt’
xXr

(t, Ny)

u(s’, Ny)

’63 } o(t, t)d(s, s )dsdtds'dt’

]-I—EH—US Ny)

] >§5(t, (s, s')dsdtds'dt’

0,74

We can use the same calculations as in part a). Consequently, E || DX u ||‘2H‘ om| < OO
Thus, v € Dy (| H ).
Finally, we have D (| H |) € Dom(6*). R

6.4 Probabilistic methods for non linear BSDEs

We start by the presentation of some tools we need for the proofs.

6.4.1 Quasi-conditional expectation

For any n > 1, we introduce the set H®" of all real symmetric Borel functions f,, of n variables
such that

n

| fn H?Hm::/ Hqﬁ(si,ri)fn(sl,...,sn)fn(ﬁ,...,rn)dsl...dsndﬁ...drn < 0o. (6.18)
[0,T]7 % [0,T]

" i=1

Then, one can define the iterated integral

LX(fa) zn!/ Fo(ty,etn)dXy,...dX,,
0<t1< <tn
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in the sense of Itd Skorohod. For n = 0, f = fj a constant, we set 15 (fo) = fo and || fo [|3,00=
/3
Recall from corollary 2.7.8 ([3]) that any F' € L*(Q), F,P) can be expanded as

F=E[F]+ Y IX(f).

for some unique collection of kernels f,, € H®™", n > 1.
The following isometry property of integrals holds (proposition 2.7.5, [3]):
Fix integers 1 < ¢ < p, as well as f € H® and g € H®1. We have

p!<f,g> ®p ifp:q
E[LX ()X (g)] —{ 0 T otherwise

In particular, E[I;((f)Q] =pl || f |50 -

Remark 6.4.1. Forn = 2, (6.18) does not coincide with || . ||z in Chapter 3.

The notion of quasi-conditional expectation has been introduced, since the classical notion of
conditional expectation seems not to be convenient for a proof of the existence and uniqueness of

solutions to BSDEs whose driving process is not a martingale.

Let {F;}+>0 be the filtration generated by X. The following remark is introduced by lemma
1.2.51n [26].

Remark 6.4.2. Let ' = [X(f,) where f, = 1p,«.xp, and By, ..., B, are mutually disjoint
Borel sets with finite Lebesgue measure.
Then

E[F | F] = EIX(B:)..X(B,) | Fi] = E| J[(X(B;n[0,4)) + X(B: 1 [0,4)) |

i=1

= Iy (LBino)x..x(Barl0))) T E(HX(Bi N[0, | ft)
=1

= LX) + E( [T X B0 0.4 | 7).
i=1

We have E( [T, X(B;n[0,t]°) | .7-}) # 0 if X has not independent increments. In general, it
is difficult to treat this term, so the notion of quasi-conditional expectation has been defined as
follows (definition 12, [25]).

Definition 6.4.3. For F' € L*(Q, F,P) let f,, € H®", n > 0 such that F = Y2  IX(f,). The

n=0"n

quasi-conditional expectation is defined as

E[F | 7] =D 0¥ g, (6.19)
n=0
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if the series on the right side converges in L*(Q, F,P). Here

Remark 6.4.4. E E[F | Fi | ]-'S] = IE[F | FJ], for0<s<t<T.

Remark 6.4.5. (Semi-group property) Let g be a continuous function and let Var(N ) increasing

ordecreasing. Let us show that Py or(Np)—var(Ny)| = Pvar(Np)—var(v)| Plvar(N)—var(ng 9(2), (.5, 2) €
[to, T)> x Randt < s < T. Here P is the heat kernel (6.5) evaluated in the scale of Var(N).

o If Var(N ) is increasing then Var(N;) < Var(Ns) < Var(Nr). Therefore

-P\Var(NT)fVar(NtNg(x) = PVar(NT)f\/ar(Nt)g(l‘)'
= PVar(NT)—Var(NS)PVar(Ns)—Var(Nt)g(x>-

= P|Va7“(NT)7Var(N5)| -P\Var(NS)7Var(Nt)\g(l‘) .

o If Viar(N.) is decreasing, —Var(NN.) is increasing, we get
PIVaT(NT)—VaT(Nt)\g(x) = Prarv)-var(np9(T) = P—Var(NT)—(—VaT(Nt))g(x)
= PfVar(NT)+Var(NS)PfVar(NS)JrVar(Nt)g(l’)-

— P\Var(Ns)—Var(NT)|F)|Var(Nf,)—Var(Ns)|g($) .
)

= P\Var(NT)fVar(NsﬂP|VaT(NS)7Var(Nt)|g(x .

The following lemma is motivated by lemma 3.3 in [19].

T
Lemma 6.4.6. Let g € Dom/(6~) and t € [0, T}, then E[/ guéXu|]-}} =0, P-a.s.
t

Proof. Let g, = >_ IX(f.(u)) be the chaos expansion of g,, where f,,(u) is a function of
=0

n variables: f,(s1,..., sn,_u) By proposition 1.3.7 in [26], we get

/t G0, = Z / X (fu(w))oX, Z X ().

where f,.1 is the symmetrization of a function of n + 1 variables, given by

n+1
[fn+1(517 vy Snt1,8) + Z Jn1 (81505 81,8, Sig1, o) Snt1,s Sz)]

i=1

1

f"+1(817"'a Sn+178) - n——i—Q

Now, applying the definition of quasi-conditional expectation we obtain

E| / gu6X,|7 B [Z X ()|
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o

Z fn+11®n+1)
Z / LU IE)5X,

_Z/ Ly (fol w1y my (w))0 X, = 0. B

Lemma 6.4.7. Let F' = k(N;), where k : R — R is a continuous function of polynomial growth
and we suppose that Var(N.) is increasing. Then F € L*(Q, F,P) and

E[F|F] = Prarv)-varvpk(N), 0<t<s<T. (6.20)
where P is the heat kernel (6.5) evaluated in the scale of Var(N.).

Proof. a) We prove F' € L*(Q, F,P):
In fact, we have

2

EINP<C(llal) <oo

Since k is a measurable real valued function of polynomial growth we have, for some C' > 0,
p=1,

E | k(N,) [>< CE(1+ | N, | 4ot | N, |7 )
b) We apply now It6’s formula (Theorem 4.2.1) to G (t, ) = Pyar(N,)-var(n,) k() to show (6.20).
In fact, G(t,z) € C**([0,T] x R) and satisfies (4.3) (we can do a similar calculation as in proof
of Theorem 6.1.4). Moreover, 9/9xG(-,N.) € D{,y(| H|) (a similar calculation as in proof of
Theorem 4.2.1).
We obtain

t
0
G(t,Nt) = G(O, 0) + / _8:): [PVar(NS)fVar(Nu)k} (NU)O'U(SXU. (6.21)
0

Using Theorem 6.1.4, we get
* 0
E(N,) = Prarw k(0) + | o | Prarvavar(vk| (V)78 X, (6.22)
0

Then, substracting the two equations (6.22) and (6.21) we get

e,

k(Ns) = PVar(NS)fVar(Nt)k(Nt) + % [PVar(Ns)fVar(Nv)] k(Nv)O-v(SXU- (623)
t

and hence,

Ek(Ns) = EPyar(Ny)—var(n) k(N (6.24)
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For t = 0, we have
50
k<Ns) - PVar(Ns)k(O) +/ %PVar(NS)—VaT(NU)k(Nv)O-U(SXv- (625)
0

Applying quasi-conditional expectation, we get

t
~ 0
E[F\ft} = PVar(Ns)’f(O)Jr/ _axPVar(Ns)fVar(Nv)k(Nv)Uu(SXv
0

~ 50
+ E|:\/; %PVGT(NS)_V{ZT(N”)k<Nv)0-’l)6XU|th| .

Moreover, we have 0/0xG(-,N.) € D7,(| H|) € Dom(6¥), then we apply Lemma 6.4.6 and
obtain

t
~ 0
E |:F|‘E:| = PVCLT(Ns)k(O) + / aZEPVa’r‘(Ns)—Var(Nu)k(Nv)Uv5XU-
0

We take s = t in (6.25), we obtain

t
0
k‘(Nt) = PVar(Nt)k<0)+/ a_xPVar(Nt)—Var(Nv)k(Nv)Uv(SXv- (6.26)
0

From the semi-group property, we have
PVar(NS)—Var(Nv)k(x) = PVaT(NS)—VCLT(Nz)PVCLT(Nz)—Var(NU)k(x)-

Let us show

0 0
%PVar(NS)—Var(Nv)k(x) - PVar(NS)—Var(Nt)O_IPVar(Nt)—Var(Nu)k(x)a v<t<s

Indeed, we have

0

%PVar(Ns)fVar(Nv)k(x) - Var (Ns)— VULT(Nt)(PVGT(Nt) VGT(NU)>k($)

(pVar (Ns)—Var(Ng) * PVar(Nt)fVar(Nv)k> (33)

0

= PVar(Ns)—Var(Ne) (9 PVar(Nt) Var(Nv)k(l')
0
- PV(IT'(NS)—V(ZT(Nf) <8SL’ PVar(Nt)—Va'r(Nv)k(x)> .

Now, we show that

)
/pVaT(NS)—Var(Nt)<x - Z/) (/ a_PVar(Nt)—Var(Nv)k(N'u)O-v(SXv)dy
R 0o 9y

0
O
0
= a—(P Var(No)—Var(N,) K * DVar(N,)—Var(n,)) (2) (* is convolution product)
0
Ox

(6.27)
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¢ 0
= / </pVar(N5)—Var(Nt)(I - y)a_yPVar(Nt)—Var(Nv)k(Nv)O-vdy> 5Xv (628)
0 R

Indeed, let F € L*(Q, H)
)
]E’|:</pVar(NS)—Var(Nt)(m - y)(/ a_yPVa’l‘(Nt)—VaT‘(Nv)k<N’U)O-U5X7J>dy) Fi|
R 0

)
= / dypVar(Ns)—Var(Nt)(x - y)E[</ a_PVar(Nt)—Var(Nv)0v§Xv>F:|
R o 9Y

0
= / dypVar(Ns)fVar(Nt)(x - y)E[ < a_yPVar(Nt)fVar(N,)kuV.)U.a D,XF >y }
R
0
= E[ < /pVar(Ns)Var(Nt)(l” - y)a_yPVar(Nt)fVar(N‘)k<N.)0.dy; D_XF > }
R

’ 0
= E[/ </pVar(N5)—Var(Nt)(I - y)a_PVar(Nt)—Var(Nv)k(Nv)o-vdy> 5X’UF:| .
0 R Y
By (6.27) we have

t
0
/ a_PVar(Nt)—Var(Nv)k(Nv)UvéXv (629)
0 i

t
0 .
= /0 PVar(Ns)f‘/ar(Nt)%PVar(Nt)fVar(Nv)k(NU)O-U(SXv (USlng (627))

t 0
:/ (/pVar(NS)—Var(Nt)(x - y)8_PVar(Nt)—Var(Nv)k(Nv)Uvdy> 6Xv
0 R Y
Lo .
= /pVaT(NS)—VaT(Nt)(x - y) (/ a_yPVar(Nz)—Var(Nv)k(Nv)UvdXv> dy (USlng (628))
R 0
Lo
= PVar(NS)f\/ar(Nt) / %PVar(Nt)fVar(Nv)k(Nv)O-v(SXU- (630)
0
Using (6.30) and (6.26), we get
~ t 0
E[k(Ns)|ft:| = PVaT(NS)—VaT‘(Nt)PV(IT‘(Nt)k(O) + PV(IT(NS)—V(IT(Nt) / 8_xPVar(Nt)—Var(Nv)k(Nv)O-v(sXv
0
- PVa’r(NS)—Var(Nt)k(Nt)‘ |

Remark 6.4.8. If VarN, is decreasing, we must add the following hypothesis in the previous
lemma: ‘Var(]‘\/,j;fj‘\;iT(Nt)‘ > 1, forall0 <t < s <T.So that we can apply the Ito formula.

Lemma 6.4.9. Let VarN. be increasing on [0,T]. Assume that h € C;?i( [0,7] x R) and put
hs = h(s, Ns), s € [0,T]. Then,

E[/tThsdsm] :/tTE[hs|ft]ds.
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Proof. Since h € CISO}([O T] x R), then we have h, € L*(Q, F,P), forall s € [0, T].
By corollary 2.7.8 ([3]), there exist h,, € H®",n > 0 such that hy = > 2 I (hys), with
Ig (ho,s) = E(hs)‘

Moreover, Zn o IX (hy, s) converges in L?(2, F, P).

a) For G = ft hyds € L*(Q, F,P) (hy € L*(Q, F,P)), there exist G, € H®",n > 0 such that
G =37 IX(G,) with I (Go) = E(G). Let us show that we can choose G, = ftT h, sds,

n = 0.

E/f(i%fmn,s)

9 T N 2
ds = / E‘ Z]f(hns) ds
t n=0
T N N
= / E‘ Z Iy);(hn,s) Z Inf(hm,s) ds
t n=0 m=0
T N
< / S B LN (hao) I (o) | ds
t n,m=0
T N
t n=0
T N
- E/ > 1L () P ds
t n=0
T oo
B3 1 ) [ ds
t n=0
T 2 T
:E/ ) ds:]E/ ‘h5‘2d8.
' t
Then, IX (h, ) € L*(Q x [t,T]).

b) For arbitrary F' € L?(€2, F,P) with the chaos expansion F' = > > ' IX(l,), we have

E[FIX(G [Z X, } ~E [ij (1) i X (Gm)]

n,s

Moreover, we have

E[Ig‘(zn) /tT hsds] — E[/tT hsf,f(zn)ds] - /tTE[hsIff(ln)]ds. 6.31)

Using (6.31), we obtain

E[FIX(G,)] = E[ /t ' hoIX (ln)ds] - /t TE[hsff (1,)]ds
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- / e { i L () 1 (1) | ds

_ /tTE[If(hn,s)If(ln)]ds

:/TE[i[,if(lm)If(

E[FI;

X )]ds
E [F / X(h,, S)ds]

We deduce

T
IX(G,) = / X (hps)ds,n > 0.
¢

J,%f(/ hnsds /T

Let f € L*(Q, H®"). By definition 2.5.2 of [3],

E[Iff(/t hnsds [</Thn8dsD f>H®n]
<

¢) Now, we want to prove

T

Il
&=

hy, ,S) DXf >HEn ds
t
T

E < hpsy DX f >p0n ds

/t E[LX (hy.) flds

]E[/tT Jff(hn,s)dsf]
1X(G,) = I¥ ( / ' hmsds).

Consequently, G ft hn,sds,n > 0, and 1" G, = 1®’;]j; hy sds,n > 0.

d) We show that , .
IE[/ hsds|ft] :/ E[hs\ft]ds
t t

By (6.32) we get

dl)

N T N )
i SSE( [ mds) = Jim 321X(G) = 316 -

hn,s)] ds

(6.32)

(6.33)
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Since ftT hsds € L*(Q, F,P), we conclude > "> X < ftT hwds) € L*(Q, F,P).
d2)

8 [ haas | 7] <R[ 136 1 7]

S T
= /t IX (ha 157 )ds (6.34)

by (6.33). By Lemma 6.4.7, E[h, | JF;] exists and E[h, | F;] = 3200 X (hy, 51%21))

d3) Now, we prove that the last term in (6.34) is equal to ft h | Fi]ds. We have

=| E[hy | F] | -

N
X n X n
> L (haatiy) ‘ZI (hns1igy)
n=0
Applying the dominate convergence theorem, we get
X n . X n
Z/ LY (ha 515y ds ZJ}gan/t LY (ha 513y ds
=0

= lim ZIX (hn.s157)d

n,s [Ot]
X ®n
/tNIEE;ZI (B Loy ) s
T/\
/ZIXh 15m) ds-/ Elh, | Fi]ds.
t

6.4.2 Clark-Ocone Formula

In this part, we prove the Clark-Ocone formula. It will be used for the construction of Y; and Z,
in the proof of the existence of a solution of BSDE (6.1).

Proposition 6.4.10. ([3], p. 40) Let F' € L*(Q) be such that F = E[F] + 3 IX(f,) with
n=1

fn € HE". Then F € Dy, if and only if 3~ nn! || f, [|3en < 00 and in this case
n=1

DXF = Zn (o) (6.35)
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Proposition 6.4.11. Suppose that F' € fo2 be a square integrable random variable and suppose
that E [F | ]-"t} € DY,. Then we have

DXIE[F\]-}} - [DXF\}}] o(5). (6.36)

Proof. Using Proposition 6.4.10 and by definition of quasi-conditional expectation we
obtain

E|DXF | F|1p(s) = E[in[§_1<fn(.7s)> | i 10a(s)

= S (Al Y )
DX (S Bz
n=0

Lemma 6.4.12. Let, fort > 0, u; € ]D){fQ and let the chaos expansion of u; be given by

= L (fal 1)), (6.37)

where for each n > 1 f,(.,t) € H®". Then, u belongs to Dom(5) if and only if the series

S X (fa) converges in L*(Q) and 6% (u) = 3. X, (f.), where f, is the symmetrization of
n=0 n=0
fn in all its variables given by

fTL(tl?"'atn’t) |:fn tla n7 +an tl? Z 17tt1+17 t 7t’L> .

Proof. Let g € H®" (n > 1) and G := IX(g). Then
T T
E| < DXG,u >H} :E[/ / (D;)(G)urqﬁ(t,r)dtdr]
0 Jo

B[ [, 000 D ot ]

- Z/mp RE | L (9, )X (fn(51))| 0L, )dtdr
= ATP n(n — 1)' < fn—l(-,r),g( t) >9/@n—1 ¢(t T)dtdr

= Tl' < f’rL*l’g >H®n
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= E[LY (£a-1) 1Y (9)] = E[LY (fu-0)G). (6.38)
After this preliminary computation, first assume that v € Dom(d%). Then the above yields

E[(sx(u)c;] - E[ < DXGu >y ] — E[[X(f,_1)G], for G = IX(g).

Suppose that 6% (u) = E(60* (v)) + > > IX(gm).
Then,

E[§* (0)G] =E| Y IX(gm)G]| = EILY (9)G)

Moreover, we have E[6X (u)G] = E[IX(f,_ 1) G] for all n > 1. Thus, IX(g,) = IX(fa_1)
for all n > 1. Consequently, 6% (u) = 3200, IX(fu1) = 3200, X (f,). By orthogonality,
E[0X ()] = XaZo(n+ Dl fu [3ionss < 00 (3D

Conversely, suppose V := Z X (fn) exists in L*(Q) and we prove that u € Dom(5%).

n=0
The preceding computation yields

E / u, D;* Go(t, r)dtdr = E[V G|
[0,7]2

for all G = IX(g), hence, by linearity,

/[OT]QWDX<ZIX ))olt,r)dtdr = B [VZ] g)|forall N >0

So,

2

’E / w, DX Fyo(t, r)dtdr , (6.39)
[0 T]2 2

<|

for any random variable Fy = Y IX(g) where the series converges in L%*(€2). By density,

(6.39) holds for any random variable F' := Y IX(g) in ]DfQ. Using (3.6), we conclude that
n=0
u € Dom(6%) and 6% (u) =V. B
Now, we prove a formula of the type of Clark-Ocone:
Proposition 6.4.13. (Clark-Ocone Formula) Let F' € ]D)f2 and suppose that E [F | ft} € ]D{%,

t
forallt € [0,T]. Then F = E[F] +/ E[DfF ] .7:5} X, P-a.s.
0
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Proof. Let F = > I:X(f,). Using (6.35) and (6.19) we deduce

n=0
[0,5]
_in[X (f( $) Loy 1)
n=1

= Zn[ ( (S1yevy Sn—1, )1%’;] 1(31,...,sn_1)>.

DXE [F | J-"s} DXZ[X (Fa12)

Applying (6.36), we getE[D;XF | ]—"5} = nff_l(fn(sl,...,sn_l, 5)18n 1(51,...,sn_1)>.
n=1
Set 6, = B[ DXF | F,|. Then ¢, - z ] CACTESI I G G ) §

Now, applying Lemma 6.4.12, we obtam

ZIX(fn S1y .00y Sn—1, )1[021 (81,.. 787171))
= Z IX(f,) converges in L*(12).
n=1

Consequently, ¢ € Dom(6*) and we have 6% (¢) = F' — E[F]. This proves the Proposition. l

6.5 1It6 formula for stochastic integrals

Theorem 6.5.1. Let u € Vy and f € CY1([0,T] x R). We write f, for f(s, Ny), s € [0, T]. Then

pol

for the It6 type process

t t
Co=Co+ [ fids +/ us0 X, t € (0,7,
0 0

we have

i) uClypy € Dom(5),

i) Cs € DYy, s € [0, 7],

iii) (DX Cs)sepor € L2([0,T] x Q),

and

t t t
C?= (3 + 2/ Csfeds + 2/ Ciugo Xy + 2/ ustCsds, P-a.s. t € [0,T].
0 0 0

For the proof we need the following lemma
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Lemma 6.5.2. Let u € Vr and M; = fg us0 X, t € [0,T]. ThenuM € dom(6%), (DX My)sepo,r] €
L*([0,T] x Q), and

¢ ¢
M2 =2 [ Mu,X,+ 2/ usDX M,ds, P-a.s. t € [0,T].
0 0

Proof. a) We prove that
T
E[F§*(u)] =E / w DX Fdt, forall F € S. (6.40)
0
In fact,
E[F§* (u) / / DX Fuy¢(t, s)dtds (Using (3.7))

E/O " /0 D§F¢(t,s)ds)dt

T
=E / w, D} Fdt.
0

b) Now, we calculate the expectation of MEF :
T
E[M2F] :E[Mt(MtF)} ~E / UL, (s)0X, (MtF)}
LJo
T
=E / usLio g (s)Dg (MtF)ds] (Using (6.40))
LJo

- T
=E / us1o(s)[(DX M) F + MDY F]ds} (By linearity of D)
-J0

T

T

=FE / u51[07t}(s)(D§Mt)dsF] —i—E[(/ usl[o,t](s)Ddes> Mt]
- Jo 0

(6.41)

For the first term in (6.41), we get
t
]E[ / DfMt(usF)ds}
0
- t t
—E / / Dth(usFm(s,e)dsde]
-JO0 0
- t t t
_E / / g + / Dgfur(sxr (usF)qﬁ(s,e)dsde}
_E //uggbs 9) uFdsde +E // /DG uT5X>(uSF)¢(s,0)dsd6’]
0 0
—E //u9¢s 0) (u  F dsde +IE // /Dg wr(s, e)de)(sx (uy F)ds,
0 0
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in the above equality, we use a similar calculation as for (6.13).Therefore,
t
E [ / DX Mt(usF)ds}
0

_E //ugqssedeus ds]+E[/0 (/ ]D)Xurdf(>( )ds}
=E[( /u /¢seued9)ds)F]+E[(/o (/ DXu,0X, )ds) F|

:IE / s / o(s, 9u9d€ ds F n / ]E / DX gD (u,F )de]ds (Using (6.40).
0
(6.42)

For the second term in (6.41), we get

=[( Lo (oD Fas) 1) B [ wmras) ([ o)
—E[ / ' UGDg(( / t uQDdes)dQ} (Using (6.40))

-J0 0
:E:/Otug /Ot¢(e,r)Df(/Otusmdes)drde]
:E:/Otw[/otw,r)(/otDf(usmfF)ds>dr]d9]
:E-/tue /t /t¢(9,T)D5‘(USD§F)drds]d9]
—E / g / Dj(u,D dsde} (6.43)

Plugging (6.42) and (6.43) into (6.41), we get

t

E[M2F)] :E[( /O t uS]D‘SXMtds>F} +E[( /0 usmdes)Mt]

t t t t
:E[( / / usu9¢(s,9)dsd0>F] VE / / DXugDY (u,F)dods
0 0 0 0
t t
+E[ / / Dgf(usmfF)uededs]
0 0

The above equality is symmetric in (s, #). Indeed, we can write

_EK/t ds /t dGusuegé(s,@))F] :E/t ds/t d@[@fwﬂ)gf(uszf)+D§(USD§F)W].
0 0 0 0

On the one hand, we have

/ ds/ dOusugp(s,d) + / ds/ dOusugp(s, 0) / / dOusugp(s,0) + / d@/ dsusugp(s,0)
:2/0 (/ dOugd (s, 0))
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t t
On the other hand, we pose (s, ) = / ds / do [}D)fu@]D)g((usF) + D (uDX F)ug|.
0 0

Then, we have

t t T T
I(s,0) :/0 ds/o dé’/o qﬁ(s,v)Dfu@dv/O (0, w) DX (ugF)dw
¢ t T
+ /0 ds /0 do /0 o(0, w) DX (uDX Fugdw

¢ ¢ T T
— X X X
—/0 ds/o d@/o o(s,v)D; u@dv/o o0, w)[(Dyyus) F' + us Dy Fldw

t t T
+ / ds / d / (0, 0)[(DXu,)DX F + u, DX (DX F)]ugduw
0 0 0

= /t ds/t d@/T ¢(s,v)D§u9du/Tqb(e,w)(pfus)mw
+/d3/ d@/ o(s,v)D; uedv/ o(0, w)u, DX Fdw

ds/o d9/0T¢(9 w)[ (DXuy) / é(5,0) DX Fdv + u, /OT¢(5,U)D5§D§FdU ugdw
t t T
ds /0 do /0 o(s,v) DX ugdv /0 (0, w) (DX ug)Fdw
t T X T X
/ode/o o(s,v)D; ugdv/o o0, w)usD;, Fdw
+/Otd8 /Ot Q/OTQS(G,w)(fous)dw/OTqb(s?"U)Ungdev

t do /OT o0, w)usg < /OT o(s, v)ueDifode> dw.

=8

So we can see that each term on the right side of the equality above is symmetric also in (s,0).

Then, we obtain
t s t s
E[M?F)] = QE[/ / gb(s,@)usuedsd@F} —I—QE/ / DX ugDy (usF)dOds
o Jo o Jo

t s
+ 2E[ / / D (u, DX F)ugdeds}
0 0
= 2]1 + 2]2 + 2[3

We calculate /3, we obtain

t s T
_E[/ / ]Dg((uS]D)fF)u@des :/ E|:/ U@los] ]D)Q (US}D)XF)CZQ ds
0 JO 0 0
t T
:/ ]E[/ uglio 5 (0)6 Xous ]DXF / E[Mu,DX F|ds
0 0

t
:]E[ / Msusmdes]
0
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For I, we get
t s t s
I :E[ / / DX uyDX (usF)des] — / E[ / DX uyDX (usF)dH] ds
0 0 0 0
t

_ /O E[usF /0 S Dfuaaxg] ds = E /0 t ( /0 ) Dfugé)(g)usts.

Furthermore, we have

L+1,=E| / t / S (;S(S,Q)USu@dsdQF] +E[ / t ( / S Dfu(,éxg)usms]
-JO0 0 0 0
—E_/t u5</s¢(s,0)u@d9)dsF} +]E[/t (/ Dfuadxg)usdsﬁ’]
-J0 0 0 0

- t s s t
_E / us( / &(s,0)ugdd + / DXuydXy )dsF| =E|F / uDX Myds|. (6.44)
-J0 0 0 0

Therefore, we have
E[M2F] = 2E[I, + I, + I] = QE[( /t wus MDY Fds + F/t usmesds)]
0 0
Thus, for all F' € S, we have
]E[(Mf 9 / t us]Dstds> F] — 2E[ / s usMs]D)des} — R [F / t usMsé.Xs] (6.45)
0 0 0

¢) We show M? € L?(9Q).
By theorem 2.5.5 ([3]), we have

)
= ca[E || w 4 +E | D¥u g | (6:46)

E |6 (u) |' < en llullds, oo

¢1) On the one hand, since u € Vr, we have

a4, = [/OT (/tTu(r, NT)%K(r,t)drYdtr < [/OT (/tT Lu(r, N,) | ‘%K(r,t)

Applying Holder’s inequality again to p < ﬁ < 2, and q its conjugate (
in (6.16)

dr) th} i

%—i—% = 1), we get as

2

(/tT | u(r, Ny) | )%K(r, t)’dr>2 < et T (T — eV (/OT [ulr, Ny [*dr) .

Consequently,

T 2
(RS C(/O t’Qﬁ(T—t)Q(a_IH%dt) (/0
4

2 r 2
< C’T_4B+4a+%_28(1 — 208, 2a + 5 + 1)2(/ | u(r, N,) | dr) :
0

T 4
[ulr, N, [ dr)’
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Thus,
4

T
E|uly< C’]E[/ | u(r, N,.) | dr} , where C" depends on a, 3, T, p.
0

Now, we want to prove

4

T 4
E[/O | u(r, N,) |9 dr} " < . (6.47)

In fact,
oIf1 < 3 < 2, we have

4

T 4 T
]E[/ | u(r, N,) |9 dr} "< TiE(/ | u(r, N,) |* dr) < oo (Using (6.17)).
0 0
o If % < 1, then Jensen’s inequality can be applied of a concave function to get

4 4

T 4 T 4
]E[/ [ ur, ;) |7 dr]* < (IE/ [ u(r,N;) |7 dr)" < o0 (Using (6.17))
0 0

¢2) We prove that

2
E | DXu Hil(gm = ]E< o(s1,7m1)P(82,72) iuSQDifuwdsldsgdrldrg) < 0.

0,774

In fact, we have
2
( &(s1,71) (82, rg)DﬁuSQ Difum dSldSQdTldT2>
(0,774
2
= ( / (b(Sl? T1)¢<527 TQ)D?;U(S% st)Difu(T% Nr2>d51d82drldr2>
(0,774

ou o
= </[;]7T]4 QS(SI) T1)¢<827 7‘2)0-81%(82, NSQ)O-’I’l %

2
(T’Q, NTQ)dsldSerldm)
, 2
< ([ 101 1 6(s2,r) | (| Ny |t | Noy ()1 | Ny | ook | Ny )i
(0,774
, 2
=M (/ | ¢(s1,71) | dsldm)
[0,7]?

, 2
(0t | (1] Ny [t | Ny ) (L] Vo |t | Ny [ )
[0,T]?

:M,[/OT</OT [ (sn.ra) | dry)dsi]

X [/OT <1+ | Ny, |+ | Ny, |F ) </0T | ¢(9,72) | <1+ | Ny, | +..4 | Ny, |* >d32>d7’2]2_

c21) Now, we prove that

[/OT</OT ’ ¢(81,7’1) ‘ d?“1>d81}2:2/0T/051 ‘ (25(51,7”1) | drids, < 0o.
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In fact,

(9K
—(s1,v H rl,v)‘dvdrl

s1 inf(s1,r1)
/ | (s1,71) | dri < / /
0 o Jo
B
/ / s1 —v)” %) (ry —v)*! <:}—1> dvdry
o Jo
= 5] / rf(/ (51 —v)* (r — v)a’IU’Qﬁdv> dry.
0 0

Now, we will study this integral [ (s1 —v)**(r; —v)* v dv :

We have
/Tl(sl — ) (ry — )Py < (sy — 1) /7“1 (ry —v)* ' dv
0 0
= (s1 —r)* " ¥B(1 - 28, a).
Therefore,
/81 (s — )P dry = /81 P sy — ) Ny
0 0
1

:/0 u BB (1 ) dy

= PBla—pB+1,0).
Consequently,

|16t Ldn < $oB(a =+ 1.0) (6.48)
0

Thus,

[/OT (/OT | ¢(s1,71) | dﬁ)dSlr <2B(a—-B+1,0) /OT s7%ds; < oo.

c22) Now, we prove that

T

E[/OT (11 Ny | 4ot | NV, |’f)(/0 [ 6(s2.72) | (L4 | Ny | ot | N ¥ ) sy < o0,

Indeed,

T , T 2
E[/ (1+ | N, | 4ok | N, |F )(/ | G(59,75) | (1+ | Ny, | 4t | N, |k)d32)dr2]
0 0
T N2 T T 9
g/ E<1+ | Ny, |+t | N, |F ) dr2/ E(/ | $(s2,72) | <1+ | N,, |+t | N, \k)dSQ) drs.
0 0 0

Applying Hélder’s inequality to p < {2 < 2, and ¢ its conjugate (;; + = 1),

]E(/OT | b(sa.7) | (1+ | No, | +..4 | Ny, |¥ >d52)2
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2

< E[(/OT | ¢(0,72) |P d82>”</0T <1+ | Ny, | .4+ | Ny, |¥ )qu2)1

2 2

= ([ otsnry P ass) ([ (1 10t | N ) 2) ]

i) We prove that
T q 2
E[(/ <1+ | Ny, | +..4 | N, |k> d32>1 < 0.
0

In fact, we have % < 1, then Jensen’s inequality can be applied for a concave function to get
T

E[(/ <1+ | Ny, | 4ot | N, yk) d52) ] < [E/ (1+ | Ny, | 4ot | N, \k) dSQ]
0 0

< 00, (using (6.17)).

i1) We prove that

2

(/OT | ¢(s2,72) 7 dsz)E < 0.

In fact,
T T inf(s2,r2) p
P i< | ( [ o) a
/0 | p(s2,72) [P ds2 /0 /0 832 (82,1 . (ro,u)|du) dso
T inf(s2,r2) 8 8 p
[ (2 e (2)
T inf(s2,r2) p
:/ < ($9 —u)*™ 527"25(7“2 —u)*” _QBdu> dss
0
T inf(s2, 7“2) p
= ’55/ sg’B / (59 —u)* Hry — u)a_lu_%du> dss
0
P
/ / sy —u)* Hry — u)a_lu_wdu> dss
0
P
—i—r‘gﬁ/ sgﬂ(/ (59 —u)* (ry —u)aflu*wdu) dss
r9 0
P
Now, we will to study this integral 15" [ 55’ ( Jo2 (s2 = u)*H(ry — u)aflu*wdu> dsy
we begin to study this integral [*(so —u)*~'(ry — u)a Yu=28du.
We have
/ (55— w)* Yy — w)* 'uPdu < (ry — 32)0‘1/ (59— u)* 'u=Pdu
0 0
= (ry — 82)a_183_25l3(1 — 28, ).
Therefore,

o S9 P
ré"@/ 33’3(/ (59 —u)* *(ry —u)aflu’wdu) dss
0 0
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T2
< ré’BBP(l — 20, a)/ SSB(TQ — 52)1’(“‘1)3’;(“‘25@32
0
T2
= 2P Br(1 — 28, a)/ sg(afﬁ)(rg — s9)Ple Vs,
0
1
= TgﬁBp(l — 20, a)/ vp(a_ﬁ)rg(a_ﬁ)rg(a_l)(l — 0Pl Dy dy
0

1
= BP(1 - 283, a)rg(Qa_lHl/ P OB (1 — )Py
0

= B”(1—28,a)r2®* V' B(p(a — B) + 1, pla — 1) + 1). (6.49)

r p
Now, we will to study this integral 72° frf SB[ (82— w) o (g — u)aflu*wdu) dsy
we begin to study this integral [*(s2 —u)* ! (ro — u)* 'u=* du.

We have
T2 r2
/ (59 —u)*  (ry — u)* 'udu < (sg — 7’2)"_1/ (ry — u)* u~*du
0 0

1
= (89 — r2)a_1/ ry N1 — v)o‘_lv_wr;wrgdv
0
= (89 — 7‘2)0‘_17“5‘_2[36(1 — 26, a).

Therefore,

T o P
7’55/ S§B</ (59 —u)* (ry —u)o‘_lu_wdu) dss

ro 0

T
< 7“’2’68”(1 — 28, a)/ 335(32 — r2)p(“—1)r§‘“*w)d52

T2

T
= BP(1 — 28, oz)rg(a_ﬁ) / 536(52 — rg)p(a_l)d32

T2
T
= B;D(l — 25, O{)Tg(aiﬁ)Tp’B / (82 — TQ)p(a_l)dSQ

r2

(T — 7»2)17(04_1)"‘1

— B”(1 — 28, a)rlws . (pa—1) > 1)

pla—1)+1
p(a—1)+1
< Br(1 - 28, a)e P L
pla—1)+1
Trlat+B-1)+1
— B(1—2B,a)b P 6.50

Using (6.49) and (6.50), we obtain

T
/ | 3(s2,72) P dsy < BP(1—28,0)B(p(a — B) + 1, pla — 1) + 1)~ D
0
Tp(a+ﬁ—1)+1 p(a—ﬁ).

+ Bp(]. — 2/8, O{)m’rz
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Therefore

2 2(20—1)+2

([ 16660 P ) < Gy [B0 ~ 26,0083 00 - 9) + 1.0l — 1)+ 107

Tz(a+ﬁ—1)+§ ) 9

+ B*(1 - 28, ) T 1]12)7’2(0‘_6)}, <§ > 1).

2(2a—1)+ T 2(a

T
Moreover, [, 7, Adry < 00,

2(a—p) > —1). ,
A similar calculation as (6.17), we obtain fOTIE<1+ | Ny, | 4+t | Ny |F ) dry < 0.

d) We show now that fot u DX M,ds € L*(2). For this we show that both terms in (6.44) are in
L4(Q x [0, T)).
Now, we prove [ u,¢(s,r)dr € L*(Q x [0,T7). In fact,

E[/Osurqb(s,r)drr:]E:/Osur</0mfsr) %K(s u)iK(r,u)du)drr

. E/Os | (/Oinf(s,r)(s B u)o‘_l <§>6(T B U)a_l <£>ﬁdu>dr}4
- IE S | u, | sﬁrﬁ(/or(s —u)* H(r — u)"‘_lu_walu>alr}4
<E| | u, | 8%7% (s — r)* " 1ro" P B(1 — 28, a)dr]4

- Jo

s 4
= s%B(1 - 28, a)4E / |, | 797 (s — r)a_ldr]

< 3458(1 - 26, / | u(r, N,.) | dr} (/ rp(o‘_ﬁ)(s — r)(o‘_l)pdr> "
0

Furthermore, we have

dr2<oo (220 =1)+2>2-2>—Dand [;r

s 1
/ rp(a—ﬁ)(s _ r)(o‘_l)pdr — / g’p(a—ﬁ)sp(a—ﬁ)s(a—l)p(l _ 9)(04—1)de9
0 0
1
— Sp(a5)+(a1)p+1/ gp(afﬁ)(l _ g)(a*I)PdQ
0
= "B (0 — B)p+1, (@ — 1)p+1) < o0

Using (6.47) and 18 glPRo—B=DHIIL 4 integrable on [0, 7] (because 8cv — 4 + % > 4a > 0), we
get [ u, (s, r)dr € L*(Q2 x [0,T7).

e) Now, we want to prove that fOT DXu, 104 (r)6 X, € L*(Q x [0,T7).

From (6.46), we have

T
E| / DY o (r)X, ] < ei[E || D¥uto [l +E | DX(DFutg) e | 65D
0



Chapter 6. Non linear BSDE in the one-dimensional case 91

e1) For the first term in (6.51), we get
T T a 9
| DX utp i = | / ( / DY ulr, N (r) K (r,0)dr) ]
0

< [/OT (/t | DXu(r, N,) | ’EK(r,t) dr)th]Q.

Moreover, as in (6.16) we get

(] 1p¥utrv | |mt

Then,
T

| DX ulg ||§{<c':r4ﬁ(/ 2 - e ) /|]DX )
0 0

<T 2042045 -13(1 — 28,2( — 1) + ]27 + 1)) )</ DX u(r, N,) |f dr)é

2

2 s 2
dr) <t™(T - t)z(a‘l”%T?ﬁ( / | DX u(r, N,) | dr) "
0

4

2 s 4
= T 2B(1 - 28,2(a — 1) + = + 1)2(/ | DX u(r, N,) | dr)
p 0

Now, we want to prove E< fos | DXu(r, N,) | dr) < oo. In fact,

/|]DX |qdr>3<cE/ /|¢sv |‘8 >qd7’]3
:cE[ /\qﬁsvldv dr].

0

Moreover, we have
3K(s, u)‘ 2K(v, w) ‘du) dv

r r inf(sv)
[rssoras ([T Gl
T () o ()

r inf(sv)
= c'sﬂ/ VP </ (s —u)* v — u)o‘_lu_mdu> dv.
0 0

Now, we will to study this integral fmf(s (s —u)* (v —u)* 2P du.
We have s > r, (s > v forall v € (0,7))

inf(sv) v
/ (s —w)* Yo —u)*'uPdu < (s —v)* ! / (v —u)* " du
0 0
< (s —v) M PB(1 - 28, a).

N

Consequently,

r s 1
/ UOZ*/D)(S - U)aild’l} g / Uafﬁ(s . 'U)aild’l) — / eafﬁsafﬂsafl(l - e)ailsde
0 0 0



Chapter 6. Non linear BSDE in the one-dimensional case

= 52 PB(a—f+1,0)

Then, we have
T q 2
(/ qzﬁ(s,v)dv) < 871
0
Therefore

4
2u(r, N,) qs2q°‘dr] !

]E[/OS]Dfu(r,NT) E dr]3 gcﬂz[/os —

= CQSSO‘E[/S 32
0

qdr} ‘.

u(r, N;)

X
A similar calculation as for (6.47) allows us to conclude

([ Io

g 14
dr}q<oo.

u(r, N;)

X

e,) For the second term in (6.51), we get

E || DX(D§U1[078]) H;L-L@Q

2
=E( [ ls1.10)0(52,72) D (DX 10,9 (2)) DX (D, Lo (r2) dsrdsadrdrs )
[0,T]
Moreover, we have
T
DX (DY us, 10,0 (52)) = DX / 6(5, 0)D Y uls2, Noy) L (52)d0
([ oDl o) o
/ g25 S, U DXDX (527N82)d7j1[075](52)

0%u
= (ﬁ(S,'U)O'sIO'Um(SQ,st)dvl[07s](52).
0 X

A similar calculation, we get

0%*u

@(7"2, NTQ)d’U,l[Q’s] (7”2).

DXty 10 (1)) = / &5, )0,
0
Therefore,
E || DX (DX ulpy) ||

< MI]E[/[()T]4 | d(s1,71) |[ @(s2,72) | 1[0,31(52)1[0,31(7"2)</0 | o(s,v) | ‘ (52, Ns,)

< (106,01 550200

)

2
/> dSldSerldTQ]
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< M’[(/{Oﬂ | p(s1,71) | d81dr1>2E</[03]2 (82,72) / | ¢(s,v) | ‘ (s2, N,
/ | &(s,v") (TQ,NTQ) ’)dszdm) }

<ar ([ oty tasan) E( [ ot ([ 1660 [T )

X (/OS | &(s,v") | : dv’)d&dm)?.

0°u
@ (TQ, NTQ)

On the one hand, we have f[o 172 | &(s1,71) | ds1dry < oo (the finiteness of this integrals follows

from (H1), (H2)).

On the other hand, we prove that

av)

22(52,N52)dv> (/08 ¢(5>U/)%(W’Nm)dvl>d$2d7’2>2} < 00.

E(/W [o(snra) | ([ 1000) | 55

Indeed, we have

E</[0,T] (52,72) / | ¢(s,v) )dSQdT2>2]

827

/|¢SU|‘ (r2, N,

(92
:E</[07T]2 | ¢(827T2 | ‘axQ SQaN ) 8 2 T27 7”2 / | ¢ S,V | dU / | ¢ S, /U | dv>d32d7"2>
8a 124 0%u 2 _
SsB(a—f+ LCV)]E(/[O’T]2 | ¢(s2,72) | ‘8:):2 s Nsy) o 2(T2,Nr2) ) . (Using (6.48)).
Now, we prove that
d%u 0%u 2
E / ¢ 52, T 52, r >N < Q.
<[O,T]2‘(2 2)’82(2 )82<2 ) )
In fact, we have
0%u 2
E N, N,
</[0,T]2 | ¢(s2,72) | ‘31’2 ,) o 2(7"2, ,) )

< CE(/MP | G(s9,72) | (1+ | N, [+t | N, |* ) (1+ | Ny, |+t | N, |F )dSQdm)Q.

Applying Hélder’s inequality to p < 1= < 2, and g its conjugate (; + ; = 1), we get

£ [, 007 [atoa 0 )

< C(/ | ¢(82,T2> ’p dSQdTQ) !
(0,772

82
ox2

(r27N )

2

q q q
x]E(/ <1+]N52]+...+]N32 \’f) <1+1Nr21+...+er2 yk) dSQdm) .
0.1



Chapter 6. Non linear BSDE in the one-dimensional case 94

Using (6.49), we get f[07T12 | ¢(s9,73) [P dsadry < CfOT rg(%‘_l)ﬂdrg +C' fOT ré’(o‘_ﬂ)dm < 00,
p(2a—1)+1> —land p(a — ) > —1.

Moreover, we have % < 1 ( because % <l+(a—-1)< %) , then Jensen’s inequality can be
applied for a concave function to get

M

q q q
E(/ (1+ | N,, |+t | N, |’f) (1+ | Ny, [+t | N, |’f) dSerz)
0.7
2

q q q
< (/ E[(H | Ny, |+t | N, \k> (1+ | Ny, |+t | N, yk) ]dSerg)
0.1

1 % 2q 29 %
(0,772

T 2q T 2q %
< c[(/ E<1+ | Ny, | +...4 | Ny, |’“) d52> + (/ IE(1+ | Npy |+ | Ny, |F ) dT2>:| < 00.
0 0

Since fOT s%ds < oo. Therefore [ DXu,0X, € L*(Q x [0,T]).
f) We have now shown that fot u DX Myds, M? € L*(Q, F,P). From (6.45), we obtain

T
/ WM,y (s)5X, € LX(Q, F. P H).
0

From (3.6) and (6.45), we have uM € Dom(5%) and we get
t t
M? = 2/ M X, +2/ u,DX M,ds,t € [0,T]. B
0 0
Proof of Theorem 6.5.1:

t t
Let M, := / us0X, and B, := C +/ fsds,t €10, 7).
0 0
From the previous Lemma 6.5.2, we have uM 1, € Dom(6*), for all ¢ € [0, 77, and

t t
M? = 2/ us MO X, + 2/ uDX Myds,t € [0,T].
0 0

Furthermore, we have

t
B} =C; + 2/ f<Bsds,t € (0,T).
0

Moreover, uBljyy € Dom(6~), forall t € [0,77], and
t t t
M,B, = / us B0 X, + / foM,ds + / uDX B,ds, t € [0, T).
0 0 0

In fact, on the one hand, since B,F" € Dy, and F' € S, for all s € [0, ] we have

DY (B/F) = Dy (B,F) + Dy (B, — By)F)
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=D (B,F) + / ¢(s,0) DX ((B; — Bs)F)dv

X(B,F) /gbsv 5( /frderv

t t
—D¥(B,F)+ | ¢(s.0)| | DXf.drF + frerfF]dv
[t
~DXBF)+ [ o0 [ @Dl + DY Pl
= DX (B,F) + / gbsv/erX(fF)

X(B,F) /dr/ dvo(s,v) DX (f,.F)

— DX(B.F) + / 4D (f,F). (6.52)

S

On the other hand, using (6.40) and (6.52), we get
_ T
E|MB.F| = E|( / 10 (5)0X, ) BiF |
- 0
_ t
—E / uDX (BtF)ds}
: Ot t
—E / " (Df (B,F) + / DX ( fTF)dr) ds} (Using (6.52))
-J0

S

:E_/ uDX (B, F)ds+/t (/:]Df(fTF)dr>ds}

_E /u (DX B, F+ID>XFB]ds +E //USDX £ F )drds}
0

_E (/0 uDXB, ds ]+E[/O uS]DfFBSds} +/OtE[/O uSDj‘(fTF)ds}dr
I

_E / D¥B, ds ]+E[/ uDXFB, ds +IE / MfTFdr]
0 0
Therefore,
T T
E[/ usl[o,t](s)Bs]Ddes] — E[M,B,F| —E[/ Ul (s)DX B, dsF / M, £l (r )drF]
0 0
Consequently,

T T
us1jo4(5)DY Byds — / M, frljog (r)dr)F} Fes.
0

(6.53)

E[/OT Usl[O,t](S>B55XsFi| - EKMtBt _/0

Since uM1yy € Dom(6%), and as in the proof of Lemma 6.5.2, we can see that M, B, —
[ sl (s)DX Byds — [ M, f,1104(r) € L*(Q, F,P), then uB1y,y € Dom(5%).
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T T T
M,B; = / u81[07t}(s)B35X5 + / u51[07t}(8)D§Bsd8 + / Mrfrl[o,t] (T)d?“.
0 0 0

We pose C; = M, + B, and using the linearity of Dom(6~), then uC1y 4 € Dom(6~) and from
C? = M? + B? + 2M,B;, we get from Lemma 6.5.2

t t t t t
C? = 2/ ws M0 X, + 2/ uS]D)stds +C3 + 2/ fsBsds + 2/ us B0 X, + 2/ fsMyds
0 0 0 0 0

t
+ 2/ uS]Dstds
0

t t t
= Cg + 2/ uCs0 X5 + 2/ Us]D)i(Cst + 2/ fsCsds. B
0 0 0



Chapter 7

Existence and uniqueness of solutions for a
class of non linear BSDEs

In this Chapter, we present new results related to the existence and uniqueness of the solution of
the BSDE (6.1). These results generalize those given by Maticiuc and Nie [25].
We suppose that Var(N;) is increasing on [tg, 7.

7.1 Existence
We begin by considering the following equation:
T T
Y, =¢ +/ f(s, Ng, x(s, Ns), (s, Ng))ds +/ 760X, 0<tg <t < T, (7.1)
t t
where y, ¥ € Vr.

First, we show the existence and uniqueness of the solution of (7.1).

Proposition 7.1.1. Under the assumptions (H1), (H2), (H6), (H7), (H8), (7.1) has a unique solu-
tion (Y, Z) € VrxVr. If K} is injective this solution is given by (Y, Z;) = (u(t, Ny), —at%u(t, Ny)),

where u € Vrp.

Proof. We have

g(Nr) +/O f(5,Ng,x(s, Ny)ab(s, Ny))ds € L*(Q, F, P).

Let
R T
M = BloVe)+ [ FsNox(s, N) (s Nds | 7]

= Blotvn) 1 5] 4B [ 56N(o, No(s, N | 7]
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T
= PVar(NT)7Var(Nt)g(Nt) + / PVar(Nu)fVar(Nt)f(u7Nt7X(u7 Nt),@ZJ(U, Nt))du
t

/ £, Ny, No) b (1, No))du (1.2)
0

by Lemma 6.4.9 and Lemma 6.4.7. Using proposition 2.3.7 ([3]), we obtain for s < ¢

T
Di(Mt - O-SPVar(NT)—Var(Nt)g,(Nt) + 05/ PVar( )—Var(Ny) f( )
t

+ o, / t f(u, N,)du. (7.3)
where
D )
f(’LL, $> - %f(ua an(“’a x)aw(uv x)) + a—yf(%l",X(U» x)a¢(uv x))Xz(ua .CE)
b s 2) ), ). (7.4

Moreover, we have

T
B[DXM, | ) = 0B Prartny-vario ' (V) | 7] + 00 [ B[ Prasiry-variw . N | ] du
t

t
+ o, / ]E[f(u,Nu) ]]—"s]du (By Lemma 6.4.9)

T
- O-SPVar(NT)fVar(Nt)]E |:g,(Nt) | Fs] + 05/ PVar(Nu) Var(N¢ ]E[f(ua Nt) | Fs:| du
t

t
+ Us/ PVar(Nu)—Var(Ns)f(ua Ns)du

t
= USPVar(NT)—Var(Nt)PVar(Nt)—VaT(NS)g/(Ns) + Us/ PVar(Nu)—Va'r(NS)f(u7 N,)du

T
* US/ Pyvar(u)-var(N) Pvar(vy)-var(n,) [ (u, Ns) - (By Lemma 6.4.7)
t

T
= O—sPVar(NT)7Vm"(NS)gI(Ns) + Us/ PVar(Nu) Var(Ns) f( )
t
t
+ 05 / PVar(Nu) Var(Ns) f(ua Ns)du (USlng Semi_group propertY)

T
- O-SPV(ZT(NT)—VGXI’(NS).Q,(NS) + Os/ PVar(Nu) Var(Ns) f( )

a) We prove that M; € D ', forall ¢ € [0, 7. Indeed, we have

E|M]* < 3E‘E[g(NT)\]:t} 2+3E‘E[/Otf(S,NS,X<S,NS),¢(S,N3))d8 | }}] ’

e a7 1 Norts Kot N 7
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Using (6.20) and inequality of Cauchy-Schwartz, we obtain
Elg(Nr)| 7
= PV (NT)—Var(Nt)g(Nt)

= /pVar(NT)VaT(Nt)(Nt - y)g(y)dy

=

1
= /pVar(NT)—VaT(Nt)(Nt - y) g(y)pVar(NT)—Va'r(Nt)(Nt - y)2dy
R

1
2

1
pVaT(NT)_VaT‘(Nt)<Nt - y)g(y)2dy> ’ (/pVaT’(NT)_VaT(Nt)(Nt - y)dy>
R

= | Pvarvr)-varvy (Ne — y)g(:t/)zaly>5 = (E[ | 9(Nr) |? IED§- (7.6)
Thus
~ 2
E[R[g(Nr) | B]| <E|g(Nr) 2. (1.7)
Furthermore,
~r (T 2
BE[ [ 105 Nax(s, N0 (s N)ds |
t
T
—F / I@[f(s,NS,X(s,Ns),¢(s,Ns))|E]d52 (By Lemma 6.4.9)
T R 2
<7 [ B[B[#(s, Nos, M) 005, M) | 7] ds
t
T
<7 [ B[ Noo (s, N 05, M) | ds. - (Using (7).
t
Moreover,

BfE[ [ 5(s. Nots, N5, Vs | 7

2
_E’/ (5, No, x(s, Ny), (s, N,)) |ft} ds|  (By Lemma 6.4.9)

< TIE/O | £, N, x(s, No), (s, N.)) [2 ds.

Consequently, E | M; |?<

b) We prove now that E | DfMt 1%y < 00,8 < t.
t t
B || DXM; [y =E | [ () | DXM, | DM, | dudr
0 JO
t t
= [ [ ét.wE[| DX 3t || DX | ]
0 0

5 [ [ S [0 M+ oYM duar
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- % /0 t /0 e u)E[(DfMt)Q}dudr—l—% /0 t /0 t qE(r,u)E[(DfMt)Q]dudr

Using (7.3) for s = r, we get

t 2
E| DM, |* < 307E | Prar(vg)-var(vo g (Ne) +303E< / f(u, Nu)dU>

T 2
+ BUEE(/ PVar(Nu )—Var(Ny) f( Nt)du> :
t

Here, we have
E | PVar(NT)—Var(Nt)g/(Nt> ’2< E | g,<NT> ’2 .

And , .
- 2 -
]E(/ f(u, Nu)du> < c/ E(f(u, N,))*du.
r 0
Moreover,
T ~ T ~
E(/ PVar(Nu)—Var(Nt)f(ua Nt)du) <TE (P\/ar Nu)—Var(N¢) f(u Nt)>
t t
_T / E(E |]—"tD
T
<T / Ef%(u
Consequently,

E| DXM, [ <3|02E| ¢ (Ny) | | +3[o? / TE(fw,Nu))?du]
+3T[03/0 E(f(u, ))Qdu] < 0.

Using (H2), we conclude [ [ ¢(r,u)drdu < oco. Then, E || DX M, 1%, < 00
¢) Therefore M, € ID){fQ for all t € [0,7] and E[Mt | ]-"S} = M, (using Remark 6.4.4), then

E [Mt | .7:5] € }D){f? Applying Clark- Ocone formula (Proposition 6.4.13), we get
t A~
M, = EM, + / ]E[DfMt | ]-"s] 5X.. (7.8)
0

Now, we show that E [Mt} — E[MT] and E[DXMt | ]-"} [DXMT | ]—"5] Pa.s, s €0,
From (6.20), we obtain IAE[g(NT)\.E] = PVaT(NT)_VW(Nt)g(Nt).
Then E [E[g(NT) |]-"t]} _E [PVM(NT),W(M) g(Nt)} and using (6.24), we obtain E [E[g(NT) |ft]} -

E [g(NT)} . Moreover, we have

E(/tTf(s,NS,X(S,NS)W(S;Ns))dS | ]:t)]
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- ]E(/tT E [f(s, N, x(s, No), (s, Ny)) | ]-"t} ds) (By Lemma 6.4.9)
=E /tT Pyar(Ny—var(ny f(t, Ni, x(t, Ne),p(t, N¢))ds  (By Lemma 6.4.7)
_ / B (s Mo (s, VL), (s, N.))ds  (Using (624)).
t
Therefore, (7.2) becomes fort =T

T
MT:g<NT)+A f(S,NS,X(S,Ns),w(S,NS))dS,

and
E[Mt} _ E(IE[Q(NT) |ED +E/Otf(s,Ns,x(s,NS),w(s,Ns))ds
b B(E] [ o Noxts N, vis, M) | )

T
= E[Q(NT)} +E/ f(S,NS,X(S,NS),@Z)(S,NS))dS = E[MT]
0
Now, we want to prove that

E[DfMt | ]-“s] - IAE[D;XMT | ]-‘S} ,Pa.s, s € 0,1].

Since (7.5) does not depend on ¢, it is a direct consequence of (7.5), we get B [Df M, | ]—"5} =
E [D;,XMT | ]:s] , P.a.s, s € [0,t]. From (7.8), we deduce that

M, :EMT+/t]E[DfMT | ]-“S](SX
0

Let us now introduce the pocess Z; = —E [Df Mr | ]—"3], s €[0,T].
d) We show that Z € Vp to get the integral fot Z0X, is well defined. We conclude by Lemma

T
6.3.4. Indeed, by (7.5) we have — 7, = crsPVar(NT)_VM(NS)g’(NS)—1—05/ Pyar(No)—var(n) f (1, Ns)du

Furthermore, we have

Py ar(Np)—var(n) g (2) = /pVar(NT) var(Ny) (@ — )9 (y)dy

N|=

1
/p\/ar Nr) Var(Nt)(x - ?J) g,(y)pVar(NT)—Var(Nt)<x - y)zdy
R

1 1

Pvar(Nr)-Var Nt)(z - y)g,(y)gdy> i (/pVaT(NT)VaT(Nt)(‘T - y)dy> ’
R

N|=

PVar(Nr)—Var(Ny) (T y)gl(y)2dy>

%\%\
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1
2

= ( / PVar(Nr)—Var(Ny) (2)g (T — z)de> : (7.9)
R

Since g is of polynomial growth, Pyq,(ny)—var(v,) ¢’ is of polynomial growth. Furthermore, by

hypothesis x, v € Vr, from (H7) and (7.4), Pyor(n,)-var(n,) f(u, Ns) € Vp. Thus, Z € Vy.
Now, we define

e [  Fls, Nowx(s, M) (s, N.))ds, s € [0,7].
0

Let us show that Y € V. We have
T t T
YT _Yt - _/ ZT5XT+/ ZT‘(SXT _/ f(saNs’X(& Ns)aw(SaNs))dS
0 0 t

T T
_ _/ ZréXr—/ (5, Ny x (s, N.), (s, NJ))ds.

Moreover,

T
YT—MT_/O f(S7NS7X(SJNS>7¢<S7NS))d8:g(NT> :f

So, we get
T T
y, — YT+/ ZTéXT+/ F(5,Nox (s, N) (s, N.))ds
t t

T T
_ §+/ ZréXT+/ F(5,Nox(5, N2)b(s, N.))ds. (7.10)
t t

From Lemma 6.4.9 and applying the quasi-conditional expectation, we get
T
Vi =B[¥i| ] =E[g(Vr) + [ s, Noox(s, Vo), v, No))ds | 7]
. t
—E[gvr) | 7] + B[ [ s, Neox(s N, (s, N.))ds | 7]
' T
= Pvar(Nr)-var(n)9(Nt) +/t Pvar(Ny-var(n) f (5, N, x (8, Ne), (s, Ny))ds  (Lemma 6.4.7, Lemma 6.4.9

T
= PVar(NT)—Var(Nt)g(Nt) + / PVCLT(NS)—VGT(Nt)fl(87 Nt)ds' (711)
t

where fl(sa Nt) = f(87 Nta X(S7 Nt)’ ¢(S7 Nt))
Using (7.9), we do a similar calculation by replacing ¢’ by g, we obtain

1
PVar(NT)—Var(Nt)g(x) < (/pVar(NT)—Var(Nt)(Z)g(m - 2)2d2> 2- (712)
R

Since g is of polynomial growth, Py o (ny)—var(ny)g(Ne) € Vp. Using (7.12) with g remplaced by
fi we get Pyar(n)—var(vy) f1(8,N¢) € Vr. Thus, Y € Vp.
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Consequently, from (7.10) we have constructed a solution (Y, Z) € Vr x Vr for BSDE (7.1).

e) In this part of the proof we assume that K7 is injective. Let u,v € Vr such that ¥V, =
u(t,Ny), Zy = v(t, Ny), t € [0, T]. We show now v(t,z) = —0; 24(¢, 2).

Indeed, by appling Itd Formula (Theorem 4.2.1), we have

2

(t,N) = (N)-/T[—( N+ 25 u(s. )| d _/T 9 (s, N)5X
Ult, 1Vt = g T \ us 20-88 2 u\s, Vg S \ Usazu S, Vg S

where 6, = LVar(N,).
From (7.1), we can conclude
T T
| Nt Nt Noyds + [ o(s N6,
t t

™9 Tro 1. 02
= — — NH)OX, — — N, N, . 7.1
/t gsawU(S’ 3)6 S /t [atu(sﬂ ) + 20—88 2 (87 8):| ds ( 3)

By Lemma 6.1.6, we obtain

0
v(t,x) = —ata—u(t,x),for all t€0,7], x €R.
x

f) Now, we prove the uniqueness. We suppose that there is another solution Y'!, Z! € V. Then,

we apply Itd formula (Theorem 6.5.1), and get

T T &
V- vi =2 [ -y - Zhax. -2 [ Tz - 2z - 2ds
O
tT tT &
2 [((v-vhiz - zhex. -2 | Dz 2

t t Os

Taking the expectation, we get
T 5 T
B, - Y +2 [ B2, - ZhPds =28 [ (V- Y))(Z, - 25X,
t Os t
Then,
T
E|Y,-Y!|? +2m/ R(Z, — Z})2ds < QE/ (Y, =Y (Z, — ZH6X,, (Using (H6)).
t
Furthermore, we have (Y — Y1)(Z — Z') € Vr, then
T
E [ (Y- Y))(Z - 215X, o (7.14)
t
Using (7.14), we obtain
E|Y, - Yly2+2m/ E(Z, — Z})*ds = 0.

Consequenly, E | Y; — V! |?>= 0 and ft E(Z, — Z!)2ds = 0.

We conclude Y = Y Pas, t € [0,7] and Z =Z'Pas,se[t,7]. A

Now, we establish an a priori estimate for BSDEs which will be useful later in the section.
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Proposition 7.1.2. Assume that K. is injective and let the assumptions (H1), (H2), (H6), (H7),
(HS8) be satisfied. For (U, V) € Vp x Vrp, let (Y,Z) € Vp X Vr be the unique solution of the
BSDE

T T
Y;:/ f(S7NS7Usa‘/S)dS+/ 255X570<t0<t<T
t t

Then, for all 5 > 0, there exists C () € R, (depending also on L, T and ¢ in (H6)) such that

T T
sup e?'E | Y, |2 +/ PR | Y, > ds +/ e*Pe(s)EZ2ds
t€[0,T] 0 0

cow( [ ermivpass
0 0

Moreover, C([3) can be chosen such that lim C(f5) = 0.

B—r00

T

T
eP5e(s)E | V, |2 ds+/ R | £(s,N,,0,0) |2ds>.
0

Proof. Applying It6 formula (Theorem 6.5.1)to Y, = Yo—fot f(s, Ny, U, Vs)ds—fg 760X,
we get

T T T
Y;2=2/ }Qf(s,Ns,Us,X/;)ds+2/ YSZS<5X5+2/ Z,DXY,ds. (7.15)
t t t

Moreover, using Proposition 7.1.1, we have Y; = u(s, N;), and

9 g
DTXY; = Di(U(S, NS) = a_xu<57Ns)O'rl[0,s](7n) = _3_231[073](7”).
Then,
DXY, = / DXYb(r, )dr = / T g bl s)dr = -2 7.,
0 0 Us Us
Therefore
T T &
EY? = 2/ E[Y,f(s, Ny, Uy, V)lds —2 | —EZ%ds. (7.16)
t t O

By (H6), we get

T T
]EY;2+2m/ e(s)E | Z, PdngYerz/ LR | Z, |2 ds
t Os

t

T
<2 [ E[1Y11 5 N UL Vi) | Jas.
t
By Lipschiz continuity of f, we have

yf(taNtvu(t)>U(t)) = yf<t7Ntau(t)’U(t)) - yf<t7Nta070) + yf(t? Nt,0,0)-

Moreover,

|y f (N ut), o) | < Ty | L{lw®) [+ [o@) D+ [y (] f(t N 0,0) ]



Chapter 7. Existence and uniqueness of solutions for a class of non linear BSDEs 105

Taking the expectation we get

T
E[Y;]? +2m/ (S)E | Z. |2 ds < 2/ E[| Y, | (L|Us | 4L |V, |+ | f(s,N,,0,0) )]ds

2/ (E (LlU|+L|V|+|f(st,00)|))1ds.
Let z(t) = [E(Y,)2)2, ¢ € [0,7]. Then
2\/_/ L2 | U, 2+L2 |V, 2+ | £(s,N,,0,0) |2 )Fds,te 0,7]. (7.17)

To estimate x(¢), we will apply Corollary 6.64 [27] and (7.17), we obtain

T 1
o0) < V3 [ [B(L 102422 |V P4 | SN0, 0 )| dst € 0.7)
t

Hence for any 5 > 0,

1
2

' [E<L2 U, 2 4+L2 |V, 2+ | £(s,N,,0,0) |2 )} ds

v [

E]Y, )2 <
L(E v ) +L(EIV )+ (B £ 800.0) ) s
\/_L/T <E|US |2>é+<]E|V5 |2>§ds+\/§/T <E|f(s,NS,0,0) |2>§ds
< \/§L/ —ﬁS[EeQﬁS|U| ds+\/_/ 258E|f(s N.,0,0) |2 ]lds
VL [ e[ v

\/_

Then,

T 1 T 1
(E|Ys \2)% < \/§L</ 6_2’Bsd8> ’ (/ PR | U, |2 ds)2
t t
Te=28s N5, (T 3
3L d Pse(s)E | Vi |*)d
+f(/t 0 s)(/tee(s)\ )ds)
T 1 T 1
+\/§</ 6_2Bsd8) (/ e*E | f(s, Ns,0,0) |2)ds) .
t t
We use the following notations:
T 1
Ay = / e E | U, |? ds 2,
oo ([ v )

T 1
B, = (/ P e()E |V, P)ds ).
t
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and X

r 3
Cy = (/ e*E | f(s,Ns,0,0) |? ds) .
¢

T
1

Since / e 2P8ds = — (e‘zﬁt - 6_2BT>, then
¢ 20

912 T ¢26(t- > 9
R Y )P < —A2+9L232/ st55 02
' 23 p (s )
(t—

9L* 9 Te?
< |=—+—=+409IL"
57t / (s)

Moreover, we have fT Qiéts) 2 ds ; 0 if fT edj < +oo (H6).
—+00

Thus, there exists C'(3) with ma C(5) = 0, such that
—00

s)

ds} (A2 4 B2 4+ C2).

SR |Y, [P < C(B)(AF+ BE+CE)t e [0,T)

Now, we apply the Itd formula to €2*E | Y; |? . On the one hand, using (7.15), we get

T T T ~
|Yt|2:2/ }Qf(s,Ns,Us,%)ds+2/ Y5Z35X5—2/ I | Z, |2 ds.
t t t Os

Then,
dE | Y, |’= —2E[Y,f(t, N, U, Vi)Jdt + 22E | Z, |? dt.
Ot

On the other hand, using (7.19), we obtain

(7.18)

(7.19)

d(PE | Y, [2) = 28 E | Y, 2 dt — 2822 E[Y; £ (t, Ny, Uy, Vi)dt + 22 LB | 7, 2 dt.
Ot

Consequently,

T T T
e2ﬁtE\Yt|2+/ 26 E | Y, |2 ds+2/ 287 S]E]Z 2 5—2/ P RIY, f(s, Ny, Us, V,)]ds
t t Os

T
2/ PR Y, || f(s, Ny, Us, V) |]ds.

Thus,
T T

IR | Y, P +2ﬁ/ PR | Y, |2 ds + 2m/ Pe(s)E | Z, |* ds
t t

T
<2 [ B[V, 5N UV | s
t

T
< 2/ emSJE[\ Y | (L | Us | +L | Vi |)+ | f(5,Ns,0,0) | )]ds (By lipschitz property of f)
t
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<o [E(”SWI )] (e 1o )]s
+2L/ 55 1)) (e 1 )
+2/t [E(e | Y, | )] [E(e2 | f(s,N,,0,0) [2)] "ds
<o [ [o@(az+me )] [5(e v, )] s
+2L/tT[(’;((g) (42+ B2 +C§)Fx [E(c¥e(s) | Vs [ )Fds
+2/tT[C(B)<A§+B§+CZ>]
<2LM<A?+BE+OQ%/ 258|U|)}
+20/C(B) (A2 + B2 + C2) %/ E(*e(s) | Vs |2>Fds

1=

D=

[ < 285 | £(s,N,,0,0) |? )];ds (Using (7.18))

N|=

+2m(Af+Bf+Cf)§/t [E(6255|f(s,N8,0,0) |2)} ds

T 1
< 2L/ C(B)(As + B + CONT — A + 2L\/C(B) (A + B, + C)) (/ e(is)ds) ’B,
+2y/C(B) (A, + B, + COVT —1C,
< Co/C(B) (A7 + B + C?). (7.20)

Furthermore, using (7.18), we obtain sup e**'E | Y; |2< C(B)(42 + B2 + C2).
t€[0,T]
Moreover, by (7.20) for t = 0, we get

26/ PR | Y, 2 ds+2m/ e*Poe(s)EZ2ds
< Co/C(B) (A2 + BE + C}).
Thus,
T T
sup 'R | Y, |2 +/ PR | Y, | ds —i—/ e*Pe(s)EZ2ds
0 0

t€[0,T

T T
< sup "B | Y; | —|—26/ PR Y, P ds + 2m/ e*Pe(s)EZ2ds
t€[0,T 0 0

< C(B)(AF+ Bi + CF) + Con/C(B)(Af + B + CF)
< C'(B) (A} + B + C7).

The proof is completed. B



Chapter 7. Existence and uniqueness of solutions for a class of non linear BSDEs 108

Theorem 7.1.3. Assume that K. is injective and let the assumptions (HI1), (H2), (H6), (H7), (H8)
be satisfied. Then the BSDE

T T
Yt=s+/ f<s7Ns,Ys,Zs>ds+/ 26X, 0 < to <t<T.
t t

has a solution (Y, Z) € f)T,l X f)T’E.

Proof. The existence of the solution is obtained by the Banach fixed point theorem.
Let us consider the mapping I' : Vp x Vp — Vp x Vr given by (U, V) — I'(U, V) = (Y, Z),
where (Y, Z) is a solution of the following generalized BSDE:

T T
Vi = 64 [ reNUVds+ [ 20X,
t t

Let us show that I" is a contraction for the norm || (u,v) [J2c:=[| w [l2 + || v || , for (u,v) €
]}T,l X f)T,e-

For (U, V), (U, V') € Vr x Vrand (Y, Z) = T(U,V), (Y',Z') = T(U', V'), we set AY =
Y-Y' ANZ=7-7' AU=U—-U"and AV =V — V', A similar calculation as the steps of
the proofs of the previous Proposition 7.1.2, shows that there exists C'(3) which may depend on
L, T and € such that ,3113010 C(B) =0, and

T T
sup e2P'E | AY; |? +/ R | AY, 2 ds+/ e*Pe(s)E | AZ, |* ds
t t

t€[0,T]

T T (7.21)
< C(B) ( / R | AU, | ds + / eP5e(s)E | AV, |2 ds).
t t
Taking [ large enough such that C'(5) < %, [' becomes a strict contraction in V; X Vr, for the
norm || (-,.) [l .
Now, we define {(Y*, Z*)},cy recursively by putting Y, = x(t, Ny), Z° = 9(t, Ny) for x, 9 €
Vr through the BSDE

T T
Y = §+/ f(s,NS,Ys’“,Zf)der/ ZF16X,, t€0,T),k > 0.
t

t
From Proposition 7.1.1, we know that for all & > 0, Y;* = uy(t, Ny), ZF = vi(t, N;), for suitable
ug, vy € Vr such that ZF = —o, Zui(t, Ny)), t € [to, T).
Since I is a contraction, {(Y*, Z*)},cy is a Cauchy sequence in Vy; X V., then there exists
(Y, Z) € V1 x Vp. such that (Y*, Z*) converges to (Y, Z) in Vp; x Vp.. We prove that (Y, Z)
satisfies

T T
i = £+/ f(s,Ns,Ys,Zs)ds+/ Z46X,, te(0,T).
t t

On the one hand, we have
lim E | YF -V, ’=0,t €[0,T].
—00
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On the other hand, for arbitrary ¢, > 0 and for all ¢ € [to, T,

T T
hm{/ Ey}gk—}g\st+/ e(s)E | ZF — Z, ]2ds}:0.
t t

k—oo

T T
We show now, klim (—Ythrl +&+ / f(s, Ny, YF Zf)ds)z —Y, +¢ +/ f(s,Ns, Y5, Zg)ds
in L*(Q, F,P). In fact,

T 2
+ [ [feNaE 2 - 5N Y, 20
t

T 2
< 2IE | Y;k - }/;f |2 +2E‘/ [f(S,NS,E/Sk,Zj) - f(SaNS7Y97ZS):|dS‘
t

T T 1 T
<21E|3g’f—yt|2+2L2T/ Eyysk—m?dsmla(/ ﬁds)</ e(s)|Zj)—ZS|2ds>
¢ t els t

T T
<2]E]Ytk—Yt]2+2L2T/ E]}/Sk—}/;|2ds+2L2(:/ eSE|Z8)~Z,?ds — 0
t

t k—4o00
Next, we prove that ZF1, 71 — Z, 17y in L*(Q2, F, P,H). Indeed,

E || Z¥1pm — Z1pm “%Z(Q,H)
=E || K5:(Z"1ym — Z14m) ||%2([0,T])

= IE/OT </ST(Z’c — Z)ul[tﬂ(u)%[((u,S)du>2d8
E [ s / (2 = 2t K ) / (2 = 2, Ln(0) K (v, 5)0)

T T inf(u,v) ) B
IE/ AR ANT T](u)du/ (2% - 2),1y T](U)dv/ —K(u, s)—K (v, s)ds
0 ’ 0 ’ 0 ou 0

— E/T du ' dv(ZF — 2),(ZF — Z),0(u,v)

< E/tT duE[(Z" — Z)i]( Ou qs(u,v)dv) + E/tT dWE[(ZF — Z)i]( 0 gb(u,v)du)

— 2/tT duR[(Z* — Z)?] /u o(u,v)dv

inf(u,v) ) )
uE[(Z" — u/ / —Kus) K (v, s)dsdv

v
T inf(u,0)
<2/ duE|( // H
t
gc/tTdu]E / /mfuv (u—s) 1(%) (v —s5)*" 1(5) dsdv

uE[(Z% — Z)2]u® /o vP < /Omf(u v (u—8)* v — 3)0"13725d5> dv.

I
[\)
N
S
QU

—Kus 50 vs‘dsdv

N
o
e\
S
QU
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Moreover, we have

Ua_l(l . f)a—lS—QBdS
v

1

= (u— v)alv%val/ (1—60)*"10"vdg
0

= v P (u—0)*'B(a,1 - 28).

Then, we obtain

T u inf(u,v)
duE[(ZF — 7)1 B )l )12\ g
[ aimiiz—zpe [Co([ w0 - e i)
< ! k_ 7)2 ,3/“ _5( ) ~1g4
X B , L= — o _ a
cB(a, 1 2ﬁ)/t duE[(Z )i lu i v u—v v
T 1
< cBla1—28) [ Bl = 270 [ ot - 0 s
t 0
T 1
<CB(0471—25)/ duE[(Z’“—Z)ZWu?“‘B/ 6P (1 — 6)°"'db
t 0

T
< cB(a,1 — 25)/ duB[(Z* — Z)2Ju**B(a — B+ 1,0) R 0.

—+00
Consequently, Z* T Z,in L2(Q, F, P;H).
—+00

Moreover, for all F' € S, we have

B(< DXF.Zlun>n ) = Jin B(< DYR.Z5 M > )

k—o00

T
= lim E(F/ Zf+15X8> (By Proposition 7.1.1, we have Z"*™ € Dom/(5))
t

k—o0
T
- E|F(vi—¢ —/ f(s, Ny, Yi, Z5)ds) |
t
T
By proposition 1.3.6 in [26] we get Z1j. 7y € Dom(0*) and Y; — € — / f(s, N, Yy, Zs)ds =
t

(5X (Zl[t,T] ) .
Consequently, we have

T T
Y, =¢ +/ 70X, +/ f(s, N, Y5, Zs)ds.  forallt € [tog, T] with tg > 0.
t t

The proof is completed. B



Chapter 7. Existence and uniqueness of solutions for a class of non linear BSDEs 111

7.2 Uniqueness

In this section, we will follow the method of Maticiuc and Nie [25] but several authors have con-
cluded the uniqueness by a fixed point theorem argument.

We introduce the following spaces:
T T
M = {K/Kt = KT+/ USdS—l-/ us0Xs,t € [0, T) with u € Vp,vs = v(s, Ny), where v €
t t

L0, T] x R}.

pol

Let Sy, the setof (Y, Z) € ]}:[;1 X fJT,E such that, for t € (0,77,

T A

T
(i) E|Y; | +2/ LR |2, Pds=E | ¢ +2/ E[Y(5)f(s, N, Vi, Z)|ds.
t Os t
T a_ T
(i) IE[Yth]—IE/ [——sus—{—}Dst} Zds = E[f.KT]HE/ [st(s,NS,YS,ZSHngs] ds, K € M.
t t

Os

Remark 7.2.1. 7o prove i) and ii), assume that K7. is injective. If Y is a solution of (6.1), It6’s
formula (Theorem 6.5.1) applied to Y? is in fact (i). Also, if K is a solution of an equation of the
same type as (6.1), an application of Ito’s formula (Theorem 6.5.1) to K gives (ii). In this sense

Sy is a natural choice for a space of solutions.

Theorem 7.2.2. Assume that K7 is injective and let the assumptions (H1), (H2), (H6), (H7), (H8)
be satisfied. Then the BSDE

T T
Yt=§+/ f<S7N87Ysyzs)d8+/ 20X, 0 <to<t<T.
t t

has a unique solution (Y, Z) € Sy.

Proof. We show first that the solution (Y, Z) we constructed in the proof of Theorem 7.1.3
belongs to Sy.
Indeed, the sequence {(Y*, Z*)} ren introduced in the proof of Theorem 7.1.3 is in V7 x Vr and
converges to (Y, Z) in Vp; x Vp.. Applying the It6 formula (Theorem 6.5.1) to (Y*+1)2, using
DXY, = —2 7, and taking the expectation, we have

Os
T ~

T
BV Pz [ ZE| 2 Pds=E|¢ P42 [ B[V N YEZY]ds 022
O ¢

t

Moreover, we know

lim B | V¥ - Y, = 0,t € [0,T],
k—o0
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and . .
lim (/ E|1gk—}fs|2ds+/ e(s)E | ZF - Z, \2d5>:O,t€[O,T].
t t

k—o00
Letting £ — oo in (7.22), for t; > 0 we get

T -

T
E|Y, 2 +2E/ % |z, Pds=E| ¢ |? +2/ E|Yf(s, Ny, Y, Z5)|ds, 1€ [t0,T).
t UOs t
(7.23)
On the other hand, for any K € M, we have

1
Y;k—i—th _ Z |:(Y;k:+l + Kt)2 _ (Kt _ Y;k-i—l)2:|’

and from It6 formula (Theorem 6.5.1), we get (after a long but straightforward computation)

T ~ T
E[Y/EK,] —IE/ [—&uerDfK(s)} Z§+1ds:E[g.KT]+E/ [st(s,zvs,y;k,zf)+Yj+1vs]ds.
t t

Os

Letting k — oo, for ¢ty > 0 we obtain
T a_ T
E[Y,K;] - E/ [——Sus + Dst] Zds = EJ€.Kr] + IE/ [st(s, N,.Y,, Z,) + sts} ds, t€ [to,T].
t Os t

Consequently, (Y, Z) € Sy.
Now, we show the uniqueness of the solution (Y, Z) in the class Sy. We suppose that (37, Z ) €Sy
is another solution of BSDE (6.1). Then, for t; > 0

TA ~

T
E|7, 2 +2/ OsR| 7, Pds =K | +2/ E[Vif(s. N Voo Z0)]ds, 1€ [0, 7).
O
' t (7.24)
Furthermore, for tg > 0

T ~
BV -E [ [-22,+ DXV 2 ds — B ¢
t

s

T
+E/ [ffsf(s,NS,Ysk,Zf)+YS’“+1f(s,NS,}7S,ZS) ds, fort € [to,T].
t

Thus, for tg > 0

T ~
E[Y,Y ) +2E | 22,25 ds
Os

t

T
B¢ PIE [ [Vof(s N YE Z8) 4 VI (5 N Yo Z0) s, fort € [t0, ],
t

and letting £ — oo, we have

- T s
EY;Y:] + 2E 2 7.7Zds

t Os
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T
_E[| ¢ |2]+E/ [y;f(s,Ns,Y;,Zs)+Y5f(s,Ns,Y;,Zs) ds, fort € [to,T] and to > 0.
t

(7.25)
From (7.23), (7.24) and (7.25), we obtain for t € [t,, 7] and ty > 0

T ~
E|}Q—YQ|2+2E/ %8\ Z,— Z, |2 ds
Os

t

T
= 2E / Vof (5, Nos Vs, Z2) = Yo (5, No Vo Z0) + Yo f (5, Ny, Vi, Z5) = Vaf (5, Ny, Vs, Z) | ds
L

= 2F /T (Ve = V) F (s, N Ve Z0) = (Yo = Vo) £, Noy Vi Z0) | ds

T_
=28 [ [Yo~ V2] [£(5, V0 Vi Z0) = s, N T Z2) s
o

T
<2B [ V- R [|Y- Vil 1 2~ 2 Jas
tT ~ ~ )
2B [ V-V P V-T2~ 2 ds
tT 5 T 5 5
:2L]E/ \YS—YS|2ds+2LIE/ Y, =Y, || 2o — Z. | ds
t t

T ~ T - 1.2 T q ~
<2LE/ |Y3—YS|2ds+]E/ me(s)|Zs—ZS|2ds—|——]E/ — | Y, — Y, |*ds.
t t m t

€(s)
Consequently,
B T 5 T 2 B
E|Y,—Y|? —|—mE/ e(s) | Zs — Z, |2ds</ (2L+ )]E]YS—YS ds. (7.26)
t ¢ me(s)
Thus,
B|Yi-TiP< [ (24 S)EIV.- T Pas
t me(s)
Applying Gronwall’s inequality, we get
E|Y;,-Y, =0, fort¢& [ty,T]andt, > 0. (7.27)

T
From (7.26) and (7.27), we obtain m/ €(S)E | Zy — Z, |* ds = 0, for t € [ty,T] and to > 0.
t

Then, E | Z, — Z, |>= 0, s € [t,T] with t > 0.
Thus, we obtain Y; = Y, Pa.s, t € [to, T'] with ty > 0 and Z; = Z., Pas, s € [t,T] with t > 0.
The proof is completed. W

7.3 Comparison Theorem

Theorem 7.3.1. For i1 = 1,2 we consider the BSDE’s

T T
Y = g'(NE) +/ fi(s, NLY!, Zh)ds +/ ZUXL 0<ty<t<T, (7.28)
t t
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where N} = fot 0ldX! and ¢y < ot < Cy for some constants cy, Cy > 0. Suppose that
both BSDE’s satisfy the hypotheses of Theorem 6.1.1 and Proposition 6.1.8. If f*(-,-,y,2) >
12, y,2) forally, z, and g* > g, then Y,! > Y2 P — a.s. forallt € [ty, T).

Proof. Let u'(t, z) be the solution to (6.2) with f replaced by f*, g replaced by ¢°. Then the
solution to the above equation (7.28) is given by Y, = u'(¢, N;). It suffices to prove u!(t,z) >

u?(t, x).
Denote p; = 4/ %Var(]\/t) and (; = fo psOWy, where W is standard Brownian motion.
Applying 1t6’s formula with respect to IV, we have

8 ‘ 8 : 132
ou’

. . 8
= —f'(t, G, u' (£, Cr), — T 5 —— (&, C))dt + pr—— o (t, Gt )dWr.

du’i (ta gt)

Thus, (Y7, Z{) = (u'(t,¢), pe22(t, ¢;)) is a solution to the following BSDE
AY) = —fi(t, ¢, Y, —owp 1 Z0)dt + ZidW,, 0<to<t<T
Y/Ti = ¢'(¢r)

By the classical comparison theorem ([36]), Y;' > Y;? almost surely. Thus, u! (¢, () > u2(t, ().
Since (; is a gaussian random variable with positive variance, from lemma 3.7 ([19]), we conclude
ul(t,x) > u?(t,x). B
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Abstract: This thesis treats of backward stochastic differential equations (BSDE) driven by
a class of Gaussian Volterra processes that includes multifractional Brownian motion and mul-
tifractional Ornstein-Uhlenbeck processes. In the first part we study multidimensional BSDE
with generators that are linear functions of the solution. By means of an It6 formula for Volterra
processes, a linear second order partial differential equation (PDE) with terminal condition is as-
sociated to the BSDE. Under an integrability condition on a functional of the second moment of
the Volterra process in a neighbourhood of the terminal time, we solve the associated PDE ex-
plicitely and deduce the solution of the linear BSDE. We discuss an application in the context of
self-financing trading stategies. The second part of the thesis treats of non-linear BSDE driven by
the same class of Gaussian Volterra processes. The main results are the existence and uniqueness
of the solution in a space of regular functionals of the Volterra process, and a comparison theorem
for the solutions of BSDE. We give two proofs for the existence and uniqueness of the solution,
one is based on the associated PDE and a second one without making reference to this PDE, but
with probabilistic and functional theoretic methods. Especially this second proof is technically
quite complex, and, due to the absence of martingale properties in the context of Volterra pro-
cesses, requires to work with different norms on the underlying Hilbert space that is defined by
the kernel of the Volterra process. For the construction of the solution we need the notion of
quasi-conditional expectation, a Clark-Ocone type formula and another It6 formula for Volterra
processes. Contrary to the more classical cases of BSDE driven by Brownian or fractional Brow-
nian motion, an assumption on the behaviour of the kernel of the driving Volterra process is in
general necessary for the wellposedness of the BSDE. For multifractional Brownian motion this
assumption is closely related to the behaviour of the Hurst function.

Key words. Backward stochastic differential equation, Gaussian Volterra process, partial dif-
ferential equation with terminal condition, Feynman-Kac formula, divergence integral, Malliavin
calculus, chaos expansion, quasi-conditional expectation, Clark-Ocone formula.



Résumé: Cette these porte sur les équations différentielles stochastiques rétrogrades (EDSR)
dirigées par une classe de processus de Volterra qui contient le mouvement brownien multifrac-
tionnaire et le processus Ornstein-Uhlenbeck multifractionnaire. Dans la premiere partie, nous
étudions la solution des EDSRs multidimensionnelles avec des générateurs linéaires. Par la for-
mule d’It6 pour les processus de Volterra nous réduisons I’EDSR a une équation aux dérivées par-
tielles (EDP) de second ordre linéaire avec la condition terminale. Sous une condition d’intégrabilité
dans un voisinage du temps terminal de la variance du processus de Volterra, nous résolvons
I’EDP associée explicitement et en déduisons la solution des EDSR linéaire. Puis, nous discu-
tons une application dans le contexte des stratégies autofinancées. La seconde partie de la these
traite des EDSRs non linéaires dirigées par la méme classe de processus de Volterra. Les résultats
principaux sont I’existence et 1’unicité de la solution de ’EDSR dans un espace de fonctionnelles
régulieres du processus de Volterra et un théoreme de comparaison qui porte sur les générateurs et
les conditions terminales. Nous donnons deux preuves de I’existence et de 1’unicité de la solution
de ’EDSR, I'une basée sur I’EDP associée et I’autre sans référence a I’EDP, mais avec des méth-
odes probabilistes. Cette seconde preuve est techniquement difficile et, en raison de 1’absence de
propriétés de martingale dans le contexte des processus de Volterra, la preuve nécessite différentes
normes sur I’espace de Hilbert sous-jacent défini par le noyau du processus de Volterra. Pour la
construction de la solution, nous avons besoin de la notion de I’espérance quasi-conditionnelle,
d’une formule de type Clark-Ocone et d’une autre formule d’Itd6 pour les processus de Volterra.
Contrairement au cas classique des EDSR dirigées par le mouvement brownien ou brownien frac-
tionnaire, une hypothese sur le comportement du noyau est nécessaire pour 1’existence et I’unicité
de la solution de ’EDSR. Pour le mouvement brownien multifractionnaire, cette hypothese est
liée a la fonction de Hurst.

Mots clés. Equations différentielles stochastiques rétrogrades, processus de Volterra Gaussien,
équation aux dérivées partielles avec condition terminale, formule de Feynman-Kac, intégrale de
divergence, calcul de Malliavin, expression de chaos, espérance quasi-conditionnelle, formule de
Clark-Ocone.
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