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Abstract

Under impact mechanical loadings, structural components made of brittle materials
may be exposed to dynamic failure. The appropriate modeling of the failure mecha-
nisms at different scales of observation and the prediction of the corresponding thermo-
mechanical damage evolution in such materials is essential for structural reliability predic-
tions. Experimental observations on dynamic failure in brittle materials report important
cooling and heating effects in the vicinity of the crack tip. Theoretical modeling of the
thermo-mechanical coupling during fracture have been generally undertaken without ac-
counting for microstructural aspects. The objective of the present thesis is to develop a
procedure to obtain macroscopic thermo-mechanical damage laws in which the damage
evolution is deduced from the propagation of microcracks and the associated small-scale
thermal effects in the material. We use the asymptotic homogenization method to obtain
the macroscopic thermo-mechanical and damage response of the solid. A Griffith type cri-
terion is assumed for microcracks propagating in modes I or II. Heat sources at the tips of
microcracks are considered as a consequence of the energy dissipated during propagation.
Frictional heating effects are also considered on the lips of microcracks evolving in the
shear mode. An energy approach is developed in combination with the homogenization
procedure to obtain macroscopic damage laws. The resulting thermoelastic and damage
system involves strong couplings between mechanical and thermal fields. Computation
of the effective coefficients allowed us to study the local response predicted by the new
models. The macroscopic response exhibits strain-rate sensitivity, microstructural size
effects, degradation of thermoelastic properties and specific thermal evolutions due to mi-
crocracking and frictional effects at the small scale. Distributed heat sources are present
in the macroscopic temperature equation linked to damage and frictional dissipations.
The implementation of the proposed damage models in a FEM software allowed us to
perform numerical simulations at the structural level. We reproduced numerically exper-
imental tests reported in the literature concerning the rapid failure of PMMA samples
under impact. The results obtained in the simulations are in good agreement with the
experimental observations.

Keywords: Dynamic brittle failure, thermo-mechanical coupling, micro-cracks, crack-tip
and frictional heating, asymptotic homogenization, damage laws, finite-element simula-
tions, impact tests.
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Résumé

Sous l’effet des impacts mécaniques, les structures constituées de matériaux fragiles peu-
vent être exposés à la rupture dynamique. La modélisation appropriée des mécanismes de
rupture à différentes échelles d’observation et la prédiction de l’endommagement thermo-
mécanique dans ces matériaux sont essentielles pour la conception de structures fiables.
Des observations expérimentales sur la rupture dynamique des matériaux fragiles mon-
trent des effets de refroidissement et d’échauffement importants à proximité d’une pointe
de fissure. La modélisation du couplage thermo-mécanique lors de la rupture fragile a
été entreprise, en général, sans tenir compte des aspects microstructuraux. L’objectif
de cette thèse est de développer une procédure pour obtenir des lois d’endommagement
thermo-mécaniques dans lesquelles l’évolution de l’endommagement est déduite à partir
de la propagation des microfissures et des effets thermiques associés à l’échelle petite du
matériau. Nous utilisons la méthode d’homogénéisation asymptotique pour obtenir la
réponse macroscopique thermo-mécanique et d’endommagement du solide. Pour la prop-
agation des microfissures, en mode I ou II, un critère de type Griffith est adopté. Des
sources de chaleur sont considérés aux pointes des microfissures en mouvement, en lien
avec l’énergie dissipée pendant la propagation. Nous considérons aussi des sources de
chaleur représentant la dissipation par frottement sur les lèvres des microfissures qui se
propagent en mode de cisaillement. Grâce à une analyse énergétique combinée avec la
méthode d’homogénéisation nous obtenons des lois d’endommagement macroscopiques.
Dans le système thermoélastique et d’endommagement ainsi obtenu, on identifie de forts
couplages entre les champs mécaniques et thermiques. Le calcul des coefficients effectifs
nous a permis d’étudier la réponse locale prédite par les nouveaux modèles. Cette réponse
montre des effets de vitesse de déformation, de taille de la microstructure, de dégradation
des propriétés thermo-élastiques et des évolutions thermiques spécifiques engendrées par
la microfissuration et le frottement à l’échelle petite du matériau. Dans l’équation macro-
scopique de la température, on retrouve des termes sources de chaleur distribuées en lien
avec les dissipations d’endommagement et de frottement. L’implémentation de modèles
d’endommagement dans un logiciel d’éléments finis nous a permis d’effectuer des simula-
tions numériques à l’échelle des structures. Nous avons reproduit numériquement certains
tests expérimentaux publiés dans la littérature concernant la rupture rapide d’échantillons
de PMMA sous sollicitation d’impact. Les résultats des simulations obtenus sont en bon
accord avec les observations expérimentales.

Mots-clés: Rupture fragile dynamique, couplage thermo-mécanique, microfissures, échauf-
fement par propagation et frottement, homogénéisation asymptotique, lois d’endommage-
ment, simulations éléments finis, test d’impact.
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�1, ėx22 = 1000 s
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�1, ėx12 =
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General introduction

Brittle materials (polymers, rocks, ceramics...) are widely used for many engineering ap-
plications. Due to its excellent optical properties and lightweight, a glassy polymer like
Polymethylmethacrylate (PMMA) is highly employed in aerospace industry, like aircraft
windows, helicopter cockpits, ... Depending on the different applications, these indus-
trial components can be subjected to dynamic impact loadings leading to their failure.
Prediction of the failure of solids made of brittle materials is therefore crucial for the
efficient design of structures. For this purpose, experimental methods and predictions
using numerical tools need to be used. Efficient numerical prediction of the failure of
brittle materials under dynamic loadings requires accounting of microstructural aspects
and multi-physical couplings.

The first theories of fracture mechanics were developed by considering fracture mech-
anism as an isothermal process independent of the effects of thermomechanical coupling
[68], [75]. Nevertheless, research investigations published in [25], [18], [19], [115], [116],
[62], [135], [123], [138] showed the necessity to account for thermal effects in dynamic
failure of materials. Fracture energy is dissipated to heat during dynamic crack prop-
agation while temperature variation can influence the strength of the material. Brittle
materials may contain heterogeneities such as microcracks, porosities, grains... Microc-
racks evolution is a typical damage mechanism of brittle materials [36], [111]. This process
occuring at the level of the microstructure induces changes at the macroscopic level such
as degradation of material properties and initiation of fracture.

Appropriate scales of modeling may depend on the technologies available for observa-
tions and measurements of physical phenomena. Considerable progress has been made in
the last period in the field of material sciences using methods to study physical phenom-
ena by taking into account different scales of observation. As the failure of materials is
generally a multi-scale phenomenon, it is therefore appropriate to use modeling at mul-
tiple scales. The models developed in this thesis will take into account the microscopic
scale of microcracks and the macroscopic scale of solid structures.

Over the last decades, several investigations have been made in order to model mate-
rial damage. Models based on the propagation of microcracks have been proposed. These
include, among many others, contributions like: [97], [100], [113], [73], [72], [86], [87], [16],
[101], [43], [106], [107]. One of the proposed multi-scale failure modeling techniques is
that developed in [37], [39], [47], [61], [140] in which damage evolution laws are obtained
from the microscopic description of microcrack evolution using the asymptotic homog-
enization method. This procedure has been used in the case of rapid propagation of
micro-cracks in mode I in [82], [41]. The dynamic damage model obtained by this method
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General introduction

is derived completely from the evolving microstructure without additional assumptions at
the macroscopic scale and shows dependency on the size of the microstructure.

In this thesis, we extend the previous two-scale damage model in order to account
for thermo-mechanical couplings during failure of brittle materials. First we develop a
new homogenized thermomelastic damage model from microstructures with dynamically
propagating microcracks in mode I assuming crack-tip heating. Then, we use a similar
procedure to obtain a dynamic damage model in case of mode II microcracks propaga-
tion with frictional contact. Finally, we develop the model in the framework of dynamic
thermo-elasticity, by assuming both crack-tip and crack lips sources of heat dissipated
during propagation and, respectively, frictional sliding of shear microcracks. A fully cou-
pled thermoelastic dynamic shear damage model is obtained in this way. The constructed
damage laws are implemented in a Finite Elements code and numerical simulations are
performed in order to predict the macroscopic behaviour of structures during rapid failure.

The manuscript is organized into four main chapters. In the first chapter, we give
some preliminary notions and literature review on dynamic fracture and damage models,
thermo-mechanical couplings and the asymptotic homogenization technique. It essentially
introduces basic elements necessary for the developments in other parts of the manuscript.

In the second chapter, the development of the two-scale thermomechanical dynamic
damage model for mode I propagation is given. We perform first the homogenization anal-
ysis based on asymptotic developments to obtain the effective behavior of microcracked
thermoelastic solid. After this the thermomechanical damage law is obtained by an en-
ergetic approach combined with the homogenization method, with special emphasis on
heat dissipation at propagating tips of microcracks. We then conduct a parametric study
of the local response predicted by the new damage model while highlighting the effects
of microstructural size and heat dissipation. Using this model, we reproduce numerically
the experimental results of Rittel [115] concerning the impact test of PMMA samples. We
finish the second chapter with verification of the assumptions of adiabatic heating made
for rapid failure problem, by comparison with the full heat conduction sulutions.

The third chapter presents a dynamic shear damage model with frictional contact.
The model is obtained using similar procedure as in the the second chapter without con-
siderations of the thermomechanical coupling. Among the boundary conditions, unilateral
contact with friction is assumed on crack faces. In this particular case of mode II damage
evolution, specific methods of resolution presented in the Appendix B are used for the
computation of the effective coefficients. An energetic approach giving the energy dissi-
pation due to friction is used to obtain the damage law. A study of the local macroscopic
response predicted by the model is carried out with highlights on the influence of the
strain rate, the initial damage, the size of the microstructure and the friction coefficient
on the evolution of the damage. Macroscopic simulations have been carried out with the
objective to reproduce numerically the experimental results of Ravi-Chandar et al. [109]
on shear failure under impact loadings.

The last chapter concerns the formulation of the dynamic shear damage model with
thermo-mechanical coupling. In addition to the unilateral contact conditions and the
crack-tip heating, it is assumed that friction sliding between microcracks lips generates
heat. As in the case of opening microcracks, homogenization leads to macroscopic temper-
ature equations containing volumetric heat sources representing the microscopic dissipa-

2



tions. The obtained damage model account for microstructural size effects and strain-rate
sensitivity. The analysis of the local macroscopic response with emphasis on the effects
of the friction coefficient, the microstructural size, the shear and compression loadings is
presented.
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Chapter 1

Background and literature review

Contents
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1.4 Asymptotic homogenization . . . . . . . . . . . . . . . . . . . . 20

1.5 Thermal effects in dynamic failure experiments . . . . . . . . 22

1.1 Introduction

The phenomenon of damage is a process of progressive deterioration that can lead to the
failure of a material. It is caused by the presence of surface discontinuities in the form of
cavities, microcracks... These defects are often invisible since they only exist in the mi-
crostructure. For efficient damage modeling the concepts of Damage mechanics but also
Homogenization theories are necessary. Indeed, the homogenization procedures allow us
to obtain a homogeneous equivalent material with properties depending on the physical
details of the microstructure. Thus for a microcracked material, for example, a homoge-
neous medium without cracks is obtained by homogenization which properties take into
account the presence of microcracks in the material. Damage mechanics makes possible
the modeling of the evolution of multiple pre-existing small defects at a macroscopic level.
The state of damage is represented by a damage variable which will evolve in time up to a
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threshold. The material failure is defined by this threshold value. The fracture mechanics
concepts provide useful information about the propagation of cracks which size is not very
small as compared with that of the whole structure. For the accurate modeling of fail-
ure, the concepts of fracture and damage mechanics can be incorporated in a multi-scale
scheme in which their link is assured by the homogenization procedure.

This chapter introduces the basic concepts damage and fracture mechanics, in frame-
work of dynamics and thermo-mechanical couplings, as well as the asymptotic homoge-
nization procedure. These formulations will be used in the next chapters for the construc-
tion of multi-scale models damage.

1.2 Dynamic fracture mechanics

Three modes are usually distinguished in crack propagation. The Mode I or the opening
mode (Figure 1.1.a) is achieved with tensile loading in the x2 direction, while shear loading
leading to displacements of cracks faces along the x1-axis is called the in-plane shear or
Mode II propagation (Figure 1.1.b). The Mode III is obtained by applying an out-of-plane
loading provoking displacements along the x3-axis as in Figure 1.1.c. We will not consider
the Mode III in the present document.

a) b)

c) d)

Figure 1.1: Three modes of crack propagation

Fracture mechanics problems are often investigated by assuming simple cases of two-
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dimensional problems where either a 2-D plane stress or plane strain state is considered.
We consider an isotropic elastic solid and denote by E and ⌫ the Young’s modulus and
the Poisson’s ratio, respectively.

eij =
1 + ⌫

E
�ij �

⌫

E
�kk�ij (1.1)

• In a case of plane stress state in x1 � x2, we have:

�ij =

0

@
�11 �12 0

�12 �22 0

0 0 0

1

A and eij =

0

@
e11 e12 0

e12 e22 0

0 0 e33

1

A (1.2)

Using Equation (1.1) we can easily write the components of eij as follows:

e11 =
1 + ⌫

E
�11 �

⌫

E
(�11 + �22)

e22 =
1 + ⌫

E
�22 �

⌫

E
(�11 + �22)

e33 = � ⌫

E
(�11 + �22)

e12 =
1 + ⌫

E
�12

• For a plane strain state in x1 � x2, we have:

�ij =

0

@
�11 �12 0

�12 �22 0

0 0 �33

1

A and eij =

0

@
e11 e12 0

e12 e22 0

0 0 0

1

A (1.3)

where the components of eij are:

e11 =
1 + ⌫

E
�11 �

⌫

E
(�11 + �22 + �33)

e22 =
1 + ⌫

E
�22 �

⌫

E
(�11 + �22 + �33)

e12 =
1 + ⌫

E
�12

1.2.1 Asymptotic analysis and fields singularity

Consider a two-dimensional solid containing a straight crack of length l and a polar
coordinate system (r; ✓

a
) at the crack-tip as depicted on Figure 1.1.d, ✓a = 0 corresponds

to the crack propagation direction. We suppose dynamic propagation of the crack with
the speed l̇(t) and stress free conditions on crack faces. The momentum balance equation
of the solid is written as:

@�ij

@xj
= ⇢

@
2
ui

@t2
(1.4)
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where ui denote the displacement fields. In a framework of isothermal behaviour the
stress field is �ij = �ekk�ij + 2µeij with � and µ the Lame’s coefficients: � =

E⌫
(1+⌫)(1�2⌫) ;

µ =
E

2(1+⌫) with the strain tensor : eij =
1
2

⇣
@ui
@xj

+
@uj

@xj

⌘
. For this elasto-dynamic fracture

problem, the stress and displacement fields in the vicinity of the crack-tip depends on the
propagation speed (Freund [59]).

In the polar coordinates system with the crack-tip as origin we have the relation:
re

i✓a
= x1 + ix2. We introduce the modified polar coordinates (rd; ✓

a
d), (rs; ✓as ) as:

rde
i✓ad = x1 + i↵dx2 (1.5)

rse
i✓as = x1 + i↵sx2 (1.6)

where ↵d and ↵s are velocity dependent parameters defined as:

↵d =

s

1�
⇣
l̇

cd

⌘2
; ↵s =

s

1�
⇣
l̇

cs

⌘2

with cd and cs the dilatational and shear wave velocities

cd =

s
E(1� ⌫)

⇢(1 + ⌫)(1� 2⌫)
; cs =

s
E

2⇢(1 + ⌫)

The asymptotic stress field near the tip of an opening crack are:

�11 =
KI

D
p
2⇡

 
(1 + ↵

2
s)(1 + 2↵

2
d � ↵

2
s)
cos

✓ad
2p

rd
� 4↵d↵s

cos
✓as
2p

rs

!

�22 = � KI

D
p
2⇡

 
(1 + ↵

2
s)

2 cos
✓ad
2p

rd
� 4↵d↵s

cos
✓as
2p

rs

!
(1.7)

�12 =
2KI↵d(1 + ↵

2
s)

D
p
2⇡

 
sin

✓ad
2p

rd
�

sin
✓as
2p
rs

!

The corresponding displacement field is:

u1 =
2KI

µD
p
2⇡

 
(1 + ↵

2
s)
p
rd cos

✓
a
d

2
� 2↵d↵s

p
rs cos

✓
a
s

2

!

u2 =
2KI

µD
p
2⇡

 
2↵d

p
rs sin

✓
a
s

2
� ↵d(1 + ↵

2
s)
p
rd sin

✓
a
d

2

!
(1.8)

where KI is the mode I dynamic stress intensity factor, with D depending on ↵d and ↵s:
D = 4↵d↵s � (1 + ↵s)

2.

Similarly, the asymptotic stress and displacement fields in mode II are obtained as
functions of the stress intensity factor KII as:
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�11 = � KII

D
p
2⇡

 
2↵s(1 + 2↵

2
d � ↵

2
s)
sin

✓ad
2p

rd
� (1 + ↵

2
s)
sin

✓as
2p
rs

!

�22 =
2KII↵s(1 + ↵

2
s)

D
p
2⇡

 
sin

✓ad
2p

rd
�

sin
✓as
2p
rs

!
(1.9)

�12 =
KII

D
p
2⇡

 
4↵d↵s

cos
✓ad
2p

rd
� (1 + ↵

2
s)
cos

✓as
2p

rs

!

u1 =
2KII

µD
p
2⇡

 
2↵

2
s

p
rd sin

✓
a
d

2
� ↵s(↵

2
s + 1)

p
rs sin

✓
a
s

2

!

u2 =
2KII

µD
p
2⇡

 
2↵d↵s

p
rd sin

✓
a
d

2
� (1 + ↵

2
s)
p
rs cos

✓
a
s

2

!
(1.10)

Remark the r
�1/2 singularity of the stresses and the r

1/2 dominant terms of the dis-
placements near the crack tip.

1.2.2 Dynamic stress intensity factors

Dynamic and quasi-static stress intensity factors are linked [59]. If we denote by K
s
p (p =

I, II corresponding to the fracture mode) the instantaneous quasi-static stress intensity
factor, the expression of the dynamic stress intensity factor is:

Kp = kp(l̇)K
s
p (1.11)

The dynamic effects in KI and KII are given correspondingly by the universal functions
kI and kII depending on the crack propagation speed and the material’s elastic properties
through the waves velocities. For the Mode I, the expression of kI is [59]:

kI(l̇) '
1� l̇

CRq
1� l̇

cd

(1.12)

with the Rayleigh wave speed CR ' 0.862 + 1.14⌫

1 + ⌫
cs. As represented on Figure 1.2, kI is

a decreasing function of the crak-tip speed. It is easy to notice that kI = 1 when l̇ = 0

showing that KI corresponds to K
s
I for a stationary crack. The function kI vanishes when

l̇
CR

= 1, the speed of a growing crack in mode I can not exceed the Rayleigh wave speed.
The universal function kII(l̇) corresponding to mode II is:

kII(l̇) '
1� l̇

CRq
1� l̇

cs

(1.13)

Similarly to kI , kII also decreases from 1 to 0 for values of the crack-tip speed l̇ running
from 0 to cR.
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Figure 1.2: Universal function kI(l̇)

1.2.3 Dynamic energy release rate

We consider an elastic solid ⌦ containing a crack of length l(t). Assuming that the crack
faces are free of stresses, the energy balance during the dynamic propagation can be
written as [59, 112]:

d

dt

Z

⌦

⇣
e+

1

2
⇢
@ui

@t

@ui

@t

⌘
d⌦+ Gd

l̇ �
Z

@⌦

�ijnj
@ui

@t
ds = 0 (1.14)

where Gd is the dynamic energy release rate calculated as the limit at the crack tip:

Gd
= lim

r!0

Z

�r

✓⇣
e+

1

2
⇢
@ui

@t

@ui

@t

⌘
n1 + �ijnj

@ui

@t

◆
ds (1.15)

with �r a closed circular contour surrounding and moving with the crack tip and with n

the external normal unit vector, as shown in Figure 1.3.
The internal energy e is defined as:

e =
1

2
�eiiejj + 2µeijeij (1.16)

Following [59, 112, 129], the use of the asymptotic fields in the previous expression
gives the dynamic energy release rate as a function of the stress intensity factors KI , KII :

Gd
=

1

E 0

✓
AI(l̇)K

2
I + AII(l̇)K

2
II

◆
(1.17)

with E
0
= E in plane stress and E

0
=

E
1�⌫2 in plane strain. Here AI and AII are universal

functions depending on the crack-tip and material properties:

AI(l̇) =
l̇
2
↵d

(1� ⌫)c2sD
; AII(l̇) =

l̇
2
↵s

(1� ⌫)c2sD
(1.18)
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1.2. Dynamic fracture mechanics

Figure 1.3: Solid with a moving crack

If we denote by GI , GII the quasi-static energy release rate corresponding to mode I,
II and introduce the functions gI and gII [59], [112], [129]:

gI(l̇) = k
2
I (l̇)AI(l̇) ; gII(l̇) = k

2
II(l̇).AII(l̇) (1.19)

we obtain the dynamic energy release rate:

Gd
= gI(l̇)GI + gII(l̇)GII (1.20)

In this expression, the quasi-static energy-release rates are:

GI =
(K

s
I )

2

E 0 ; GII =
(K

s
II)

2

E 0 (1.21)

The functions gI and gII are decreasing with the crack propagation speed as illustrated
on Figure 1.4. For a stationary crack or slow propagation ( l̇

CR
! 0) the universal functions

gI and gII are equal to 1 and we retrieve the quasi-static fracture energy. Remark that
gI(l̇) can be approximated by gI ' 1� l̇

CR
[59].

Fracture criterion

Following the energy approach of Griffith [68], a crack starts to propagate as soon as the
energy dissipated at the tip Gd becomes equal with a critical energy Gc, necessary for
breaking the bonds of the specific constitutive material of the solid. This criterion can be
expressed in mathematical form by the conditions:

Gd  Gc ,
˙l(t) � 0 , l̇(Gd � Gc) = 0 (1.22)

When the value of energy available for the fracture is less than Gc the crack does not
propagate and remains stationary. The length of the crack l(t) can only increase, without
healing.

Similar criteria can be defined using the stress intensity factor of the material which are
related to the stress field at the crack-tip and depend on the applied loadings. Therefore
a threshold value of the intensity factor Kc called fracture toughness is defined. Crack
propagation is not achieved for values of stress intensity factors K < Kc, but for K = Kc.
Gc and Kc are material properties that can be determined experimentally.
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Figure 1.4: Universal functions gI(l̇) and gII(l̇).

1.2.4 Thermoelastic dynamic fracture

Let us consider a thermoelastic body with a crack and denote by u and T the displacement
and temperature fields.The length of the evolving crack is l(t). The two principles of
thermodynamics allow us to write:

ė+ Ėkin = Pex + Pcr

Ṡ +

Z

@⌦

qjnj

T
ds � 0 (1.23)

where e, Ekin, Pex, Pcr, S, qj denote correspondingly the internal energy, kinetic energy,
power of external forces, received heating, entropy and heat flux.

We consider a thermally isolated system and stress free conditions are assumed on the
crack faces. The presence of the crack introduces a singularity of the thermomechanical
fields at the tip. This singularity will play an essential role in the thermomechanical
modeling of dynamic fracture process. The energy balance can be written as :

Z

⌦r

d

dt

⇣
e+

1

2
⇢
@ui

@t

@ui

@t

⌘
d⌦�

Z

@⌦r

⇣
�ij
@ui

@t
� qj

⌘
njds = 0 (1.24)

(1.25)

on the domain ⌦r which is defined such that limr!0 ⌦r = ⌦, as in Figure 1.3.
As for the purely mechanical analysis, we define around the crack tip a closed contour

�r moving with it. For integrals on such moving domains a the transport theorem [137]
can be used to permute the time derivative with the integral sign:

Z

⌦r

d

dt

⇣
e+

1

2
⇢
@ui

@t

@ui

@t

⌘
d⌦ =

d

dt

Z

⌦r

⇣
e+

1

2
⇢
@ui

@t

@ui

@t

⌘
d⌦+

Z

�r

⇣
e+

1

2
⇢
@ui

@t

@ui

@t

⌘
l̇n1ds(1.26)
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1.2. Dynamic fracture mechanics

Using an integration by parts of the second integral, we obtain the energy balance in
the form:

d

dt

Z

⌦r

⇣
e+

1

2
⇢
@ui

@t

@ui

@t

⌘
d⌦+

Z

�r

⇣
e+

1

2
⇢
@ui

@t

@ui

@t

⌘
l̇n1ds�

Z

@⌦

⇣
�ijnj

@ui

@t
� qjnj

⌘
ds+

Z

�r

⇣
�ijnj

@ui

@t
� qjnj

⌘
ds = 0 (1.27)

And for r ! 0 we get:

d

dt

Z

⌦

⇣
e+

1

2
⇢
@ui

@t

@ui

@t

⌘
d⌦+ Gd

l̇ � lim
r!0

Z

�r

qjnjds�
Z

@⌦

⇣
�ijnj

@ui

@t
� qjnj

⌘
ds = 0 (1.28)

The internal energy e is defined as:

e =
1

2

⇣
�eiiejj + 2µeijeij

⌘
+ ↵(3�+ 2µ)T0eij�ij + cT (1.29)

and the dynamic energy release rate Gd:

Gd
= lim

r!0

Z

�r

✓⇣
e+

1

2
⇢
@ui

@t

@ui

@t

⌘
n1 + �ijnj

@ui

@t

◆
ds (1.30)

Following [25, 26] we link the two terms defined at the the crack-tip by the relation

D = lim
r!0

Z

�r

qjnjds = Gd
l̇ (1.31)

This condition express the fact that the energy dissipated for fracture is converted into
heat and acts like a heat source placed at the tip of the crack (Dirac-type distribution �).

With this energetic condition, the thermo-mechanical equations are written as follows:

c
@T

@t
+ ↵(3�+ 2µ)

@

@t
(e11 + e22) +

@qj

@xj
= Gd

l̇�(F ) (1.32)

@�ij

@xj
= ⇢

@
2
ui

@t2
(1.33)

In the dynamic momentum balance equation (1.33) �ij, ⇢ are correspondingly the stress
tensor, mass density. The stress tensor �ij is defined as function of the strain tensor eij,
the material’s Lamé coefficients (�, µ) and the thermal expansion coefficient ↵:

�ij = �ekk�ij + 2µeij � ↵(3�+ 2µ)(T � T0)�ij (1.34)

with T0 the initial temperature. In the thermal equation (1.32), qj and c are correspond-
ingly the heat flux and the specific heat. The heat flux is given by the Fourier law:

qj = �k
@T

@xj
(1.35)
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Chapter 1. Background and literature review

with k the heat conduction coefficient.
Gd

l̇�(F ) is the energy dissipated to heat at the crack-tip, denoted by F, during the frac-
ture process (l̇ 6= 0). The formulated problem reveals double couplings between thermal
and mechanical fields: the classical dynamic thermoelasticity coupling in any point of the
solid, and the new thermomechanical coupling between the heat source in the temperature
equation and the dynamic energy-release rate.

The asymptotic expressions of the thermomechanical fields at the crack tip, for this
non-classical problem, have been obtaine in [25, 26] for the displacement u and the tem-
perature T :

u ' u
(1)

+ ku
(2)

T ' T
(1)

+ T
(2)

where u
(n) et T

(n) are functions of the form: r
�
(Logr)

�1 ...(Logmr)
�mf(✓, t), with �, �1,

... �m real numbers and Logmr = Log(Logm�1r) and f(✓, t) giving the angular variations
over ]�⇡, ⇡[. The time derivative can be calculated according to the singularity transport
as: ȧ = �l̇a,1 + regular terms.

With appropriate boundary conditions on the crack faces and the condition D 6= 0,
Bui et al. [25] found the first order asymptotic solution of the thermal field in the form:

T
(1)

= � Gd
l̇

2⇡
Log r (1.36)

To satisfy the condition D 6= 0, T (1) should have less dominant singularity than e
(1);

u
(1) verify the classical isothermal elastodynamic problem of Yoffé [144]:

(�+ µ)
@

@x1

⇣
e
(1)
11 + e

(1)
22

⌘
+ µ

⇣
@
2
u
(1)
1

@x
2
1

+
@
2
u
(1)
1

@x
2
2

⌘
� ⇢l̇

@
2
u
(1)
1

@x
2
1

= 0

(�+ µ)
@

@x2

⇣
e
(1)
11 + e

(1)
22

⌘
+ µ

⇣
@
2
u
(1)
2

@x
2
1

+
@
2
u
(1)
2

@x
2
2

⌘
� ⇢l̇

@
2
u
(1)
2

@x
2
1

= 0

The expression of u(1) is similar to the one obtain in isothermal dynamic fracture.
At the order 2, the term T

(2) is obtained solving the following equation:

k

⇣
@T

(2)

@x
2
1

+
@T

(2)

@x
2
2

⌘
+ ↵(3�+ 2µ)T

(1)
l̇
@

@x1

⇣
e
(1)
11 + e

(1)
22

⌘
= 0 (1.37)

The solution T
(2) is obtained with a constant T̄ (t) in the form:

T
(2)

= T̄ (t) + r
1/2

Log rf(✓, l̇) (1.38)

where f(✓, l̇) is a function depending on crack faces boundary conditions and mode of
propagation ([25], [26], [131]).

It is known that this solution of u gives a singulartiy eij ⇠ r
�1/2 to the strain at the

crack tip. As the thermal field T ⇠ Logr is less dominant than the strain in the vicinity
of the crack-tip, the singularity of the thermoelastic stress is then: �ij ⇠ r

�1/2.
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1.2. Dynamic fracture mechanics

One-dimensional example [132]

Based on the theory of Bui et al. [25] [26], Soumahoro & Maigre [131] analysed the
temperature field at the tip of a moving crack considering a one-dimensional problem
and obtained limit value for the temperature. The thermomechanical fracture problem is
solved for the double cantilever beam (DCB) depicted on Figure 1.5.

Figure 1.5: One dimensional thermoelastic fracture problem [132].

The mechanical and thermal equations are uncoupled in the absence of volume varia-
tion (eii = 0). The motion equation is written as:

@⌧

@x
= ⇢S

@
2
u

@t2
u(x, t) (1.39)

where ⌧ denotes the shear effort given by the elastic constitutive law as function of the
spatial derivative of the transverse displacement:

⌧(x, t) = µS
@u

@x
(x, t) (1.40)

where µ is the shear modulus and S is the sectional area of the beam. As initial conditions
the displacement u(x, 0) = 0 and the velocity u̇(x, 0) = 0 while the initial length of the
crack is a(0) = a0. The boundary conditions are given with the applied force F at x = 0

such that ⌧(0, t) = �F (x, t) and the transverse displacement at the crack tip u(a(t), t) = 0.
The motion equation can be obtained as the wave equation:

@u

@x2
� 1

c2

@
2
u

@t2
= 0 (1.41)

where c =

q
µ
⇢ is the wave velocity. The general solution of this wave equation has the

form: u(x, t) = f(x� ct) + g(x+ ct).
The first principle of thermodynamics for this problem is written as:

d

dt

Z L

0

1

2

⌧
2

µS
dx+

d

dt

Z L

0

1

2
⇢Su̇

2
dx+D = F (t) · u̇(x = 0, t) (1.42)

From this the energy balance it can be proved that [131, 132]: D =
1

2
ȧ
⌧
2
(a(t), t)

µS

⇣
1� a

2

c2

⌘

.
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This allows to obtain the energy-release rate in the form:

Gd
=

1

2

⌧
2
(a(t), t)

µS

⇣
1� a

2

c2

⌘
(1.43)

The positiveness of the energy-release rate imposes the limit value ȧ  c for the crack tip
speed.

The thermal equation corresponding to this problem is:

kS
@
2
T

@x2
� C

@T

@t
= Gd

�(a(t)) (1.44)

where C is the specific heat. The temperature field at the crack-tip field is ([32]):

T (x, t) =

Z t

0

1

2S
p
⇢Ck⇡(t� ⇣)

e
� ⇢C(x�a(⇣)2

4k(t�⇣) Gd
ȧ(⇣)d⇣ (1.45)

The analysis his solution [132] shows that it is not singular at crack-tip and admits,
for propagation at constant velocity and a constant value of Gd

= Gc, a limit value:

Tlim =
Gc

⇢CS
(1.46)

which is reached in a time tcar =
0.91k

⇢Cȧ2
. As expected, the limit temperature is proportional

to the amount of energy dissipated at the crack tip.

1.3 Damage mechanics

Damage is a progressive deterioration leading to the failure of a material. It reflects
the presence of defects (cracks, voids... ) in the microstructure. Figure 1.6 shows a
representative elementary volume, characteristic of the microstructure of a damaged solid.
The state of deterioration is defined by a damage variable : d =

Sd
S , with Sd the area of the

defects and S the total surface of the element. Many theories (e.g., [78], [108]) represent
the state of damage with a variable evolving with the propagation of microdefects. In this
manuscript we will adopt this representation of damage and introduce a variable d that
takes its values 0  d  1. The case d = 0 corresponds to a material without defects,
while d = 1 characterizes the complete failure of the representative element.

1.3.1 Effective stress

In order to characterize the loading effect on the resisting area of a damaged solid the
effective stress concept (e.g., [108], [92]) is introduced. The stress obtained by applying a
force F is � =

F
S with S the area on which F is applied. When defects are present, the

resisting area is S � Sd, with Sd the total surface of the defects. The effective stress is
then introduced:

�eff =
F

S � Sd
(1.47)
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1.3. Damage mechanics

Figure 1.6: Damaged solid

As Sd
S represents the damage variable, we can write the effective stress in the form:

�eff =
�

1� d
(1.48)

Since the thermo-elastic response is valid for the effective stress in the points of the
resisting area, we obtain in the uniaxial case:

� = (1� d)E(e1 � ↵�T ) (1.49)

where e1 is the uniaxial strain, ↵ the thermal expansion coefficient and �T the variation
of temperature. With E

d
= (1 � d)E and �

d
= (1 � d)E↵, we have the stress in the

form � = E
d � �

d
�T . E

d represents the effective elastic modulus and �d is the effective
thermoelastic coefficient. When the value of the damage variable d is increasing, the
material loses its strength since E

d decreases with d. In the same way, the thermoelastic
coupling property is also affected by an increasing of d. The previous relations can be
directly extended to three dimensions using the effective stress �eff

ij =
�ij

1�d .

1.3.2 Damage evolution laws

The material response is affected by the damage variable. The formulation of a damage
model requires an equation describing the way in which damage evolves: a damage evolu-
tion law. We present in the followings paragraphs two examples of damage laws proposed
in [50], [51], [76], [77].

Damage model of Dubé, Pijaudier-Cabot and La Borderie

The loading rate effects on the response of concrete material like the increase of the
strength and the decrease of the softening modulus with increasing strain rate can be
predicted by the rate dependent damage model proposed by Dubé et al [50], [51].

With d the damage variable, the Gibbs free energy for a damaged material can be
written as:

⇢� =
1

2

D
0
ijkl

1� d
�kl�ij (1.50)
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Chapter 1. Background and literature review

where D
0
ijkl is the compliance of the undamaged material defined as:

D
0
ijkl =

1 + ⌫0

2E0
(�ik�jl + �jk�il)�

⌫0

E0
�ij�kl

where E0 and ⌫0 are the Young’s modulus and the Poisson’s ratio of the undamaged
material. With ⇢� defined as the state potential; the damage energy release rate Y and
the strain eij defined as the state variables associated to damage and stress the following
relations are obtained as:

Y = ⇢
@�

@d
=

1

2

D
0
ijkl

(1� d)2
�kl�ij (1.51)

eij = ⇢
@�

@�ij
=

1

2

D
0
ijkl

(1� d)
�kl (1.52)

In order to obtain a damage evolution law a loading function f is introducing:

f(Y, Z) = Y � Y0 � Z (1.53)

where Y0 is the damage threshold and Z is a variable controlling the hardening-softening.
Similarly to the viscoplasticity model of Perzyna [104], the damage law obtained in [51]
has the form:

ḋ = �̇
@f

@Y
; �̇ =

1

m

✓
hf(Y, Z)i

Y0

◆n

(1.54)

where m > 0 and n > 0 are parameters to be identified by comparison with experimental
data.

Gatuingt [63] proposed a modified expression of the model of Dubé et al [51] in the
form:

ḋ =

✓
hFd(ē)i
md

◆nd

(1.55)

where md and nd are material parameters and Fd represents the damage threshold func-
tion. The threshold function is calculated with the equivalent elastic strain ē =

q
⌃ h"ii2

as function of positive principal strains. The expression of Fd is:

Fd(ē) = ē� ēd0 �
1

a

⇣
1

1� d

⌘1/b
(1.56)

with a and b material parameters and ēd0 the initial damage threshold.
In order to account for damage propagation under compressive and tensile loadings,

the damage variable is defined as d = ↵cdc + ↵tdt, where dc and dt are respectively
damage variables in compression and tension. The loading cases are defined through the
parameters ↵c and ↵t: ↵c = 0 in tensile loading, ↵t = 0 in compressive loading and
↵t + ↵c = 1 for combined compressive and tensile loadings. The damage variables dc and
dt are solutions of equations of the form (1.55) with distinct sets of material parameters.
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1.3. Damage mechanics

Damage model of Johnson-Cook

Several years ago, a coupled thermomechanical dynamic damage model for ductile mate-
rials was developed by Johnson & Cook [76]. In the formulation of this model widely used
to study the failure of metal structures under impact loadings, d represents the damage
accumulated in the material element during plastic straining. d is calculated as: :

ḋ =
˙̄epl

ef
(1.57)

with ˙̄epl the equivalent plastic strain rate. The failure strain ef which depends on the
equivalent plastic strain rate and is given by the expression:

ef =
�
A1 + B2 exp(B3�

⇤
)
��
1 +B4 ln ė

⇤��
1 + A5T

⇤� (1.58)

Here A1 � A5 are specific material constants. �
⇤ defines the stress triaxiality: �

⇤
=

�m
�v

where �m is the hydrostatic pressure and �v the Von Mises equivalent stress. The
dimensionless plastic strain rate ė

⇤ is expressed as the ratio between the equivalent plastic
strain rate ˙̄epl and a reference strain rate ˙̄e0 : ė⇤ = ˙̄epl

˙̄e0
. T ⇤

=
T�T0
Tf�T0

depends on the ambient
temperature T0 and on the melting temperature Tf .

The complete failure occurs when d = 1. Børvik et al. [22] supposed that a macrocrack
might appear for a critical value dc of the damage variable less than 1. The modified failure
criteria is then: d = dc  1. Moreover, damage evolution starts only when a threshold
of the accumulated plastic strain is reached. The modified damage evolution law [22] can
be written in the form:

ḋ = 0 when epl  ed

ḋ =
dc

ef � ed

˙̄epl when epl > ed (1.59)

where ed is the threshold plastic strain for damage initiation and the failure strain ef has
a similar expression as in the original Johnson-Cook model.

1.3.3 Thermodynamics of damage

The general thermo-mechanical constitutive relations including damage can be obtained
by the classical thermodynamics of irreversible processes approach, as presented for in-
stance in [92]. This description introduces the Helmholtz free energy potential ⇢ (✏ij, d)
depending on strains and damage variables.

The compatibility with the second principle of thermodynamics, written as the Clausius-
Duhem inequality, gives the state laws:

�ij = ⇢
@ 

@✏ij
; Y = �⇢@ 

@d
(1.60)
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together with the positiveness of the dissipation due to damage

Y ḋ � 0 (1.61)

where Y is the damage energy-release rate and ⇢ the mass density.
In this context, the first principle of thermodynamics can be written as the general

temperature equation:

⇢cṪ +
@qi

@xi
= Y ḋ+ T (

@�ij

@T
✏̇ij �

@Y

@T
ḋ) + r (1.62)

where T is the temperature field, q is the heat flux, c is the heat capacity and r the volume
heat source. We recognize in the right member the damage dissipation and thermoelastic
and damage coupling terms.

In the next chapters, the temperature equation will be deduced by homogenization
form microscopic balance laws and interpreted in comparison with the phenomenological
thermodynamical approach presented here.

1.4 Asymptotic homogenization

Modeling of physical phenomena in many materials is a difficult task because of hetero-
geneities, like inclusions, grain boundaries, voids, microcracks, ... Representation using
an equivalent macroscopic material is the classical solution often used to overcome the
difficulties imposed by the large number of microscopic heterogeneities. The models can
be obtained either by phenomenological assumptions combined with experimental fitting
at the macroscopic scale or by using an upscaling technique from microstructures inspired
by small-scale observations. With the last technique, the heterogeneous material is re-
placed locally by a homogeneous equivalent material which properties take into account
the details of the microstructure.

Homogenization methods are widely used in modeling the mechanical behavior of het-
erogeneous materials (e.g. [130], [117], [103]). In the case of multi-phase elastic materials,
for example, the macroscopic behavior is given by effective or homogenized moduli of
elasticity. The simplest method is to average the elastic properties of heterogeneous com-
ponents. More complex homogenization methods, based on the elastic solution for an
inclusion in an infinite matrix given by Eshelby [53], have been developed by Hill [70],
Mori & Tanaka [96] and others, as reviewed by Nemat-Nasser et Hori [99].

A different method of homogenization is that based on asymptotic developments [15],
[122], [10]. The asymptotic homogenization method allows to obtain the effective moduli
and macroscopic equations through asymptotic expansions of the mechanical fields with
respect to a microstructural size parameter. Some details about the method will be given
in what follows.

Asymptotic homogenization for solids with locally periodic micro-

cracks

The asymptotic homogenization method is used to model the behavior of materials with
locally periodic microstructure. With this technique, the separation of scales is governed

20



1.4. Asymptotic homogenization

Figure 1.7: Micro-fissured medium with locally periodic distributed microcracks

by a parameter defined as the ratio between the characteristic lengths of the microscopic
and macroscopic structures [9].

For a medium with locally periodic distributed microcracks depicted on Figure 1.7,
the scale separation the condition becomes

" =
lc

Lc
⌧ 1 (1.63)

where lc is the distance between the centers of neighbor micro-cracks or, equivalently, the
size of the period. Lc is a macroscopic characteristic size of the solid structure. These
two scales are referred to distinct systems of variables: y for the microscopic scale and
x for the macroscopic scale. The microscopic and macroscopic variables are linked with
the relation: y =

x
" . We define the damage variable as the normalized microcrack length:

d =
l
lc
, where l is the length of microcracks. The local periodicity condition allows for

large-scale variations of the microcrack length l, which is assumed almost constant locally,
around a material point.

The two-scale asymptotic expansion of a physical field �
"
(x, t) is:

�
"
(x, t) = �

(0)
(x,y, t) + "�

(1)
(x,y, t) + "

2
�

(2)
(x,y, t) + ... (1.64)

where �
(i) are y periodic. Considering the relation between x and y, the total spatial

derivative of � is given by the rule:

d�

dxi
=
@�

@xi
+

1

"

@�

@yi
(1.65)

By applying (1.64) to the displacement u" and temperature T
", we have:

u
"
(x, t) = u

(0)
(x,y, t) + "u

(1)
(x,y, t) + "

2
u
(2)
(x,y, t) + ... (1.66)

T
"
(x, t) = u

(0)
(x,y, t) + "u

(1)
(x,y, t) + "

2
u
(2)
(x,y, t) + ... (1.67)

The asymptotic expansions of the stress �" and q
" are obtained using (1.65) in combina-

tion with the (1.64):
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Figure 1.8: Compact compression specimen test [115]. Crack-tip temperature measure-
ment with thermocouple.

�"
(x, t) =

1

"
�(�1)

(x,y, t) + �(0)
(x,y, t) + "�(1)

(x,y, t) + ... (1.68)

q
"
(x, t) =

1

"
q
(�1)

(x,y, t) + q
(0)
(x,y, t) + "q

(1)
(x,y, t) + ... (1.69)

Using the expansions (1.66-1.69) in the initial thermo-mechanical system we get a series of
cell problems for different order of ". The homogenized constitutive relations are obtained
by solving these cell problems.

In this thesis the procedure described above will be used in combination with an energy
analysis to obtain two-scale thermo-mechanical damage models.

1.5 Thermal effects in dynamic failure experiments

Thermal effects during a dynamic crack propagation in brittle materials were investigated
experimentally [62], [138], [115], [116], [23], [18], [19]. Various techniques were developed
for the crack-tip heating measurement.

Fuller et al. [62] used two different methods to measure the rise in temperature at
the tip of a crack propagating in tensile mode with velocity between 250 and 650m.s

�1

in commercial PMMA sheets. The first method consists on using liquid crystal film and
thermocouple to measure the temperature at the crack-tip while the second is based on
detection of radiation emitted by the heated tip. With these two techniques, tempera-
ture rise of about 500K was obtained. Higher temperature rise of approximately 3200K

was detected by Weichert & Schönert [138] during dynamic fracture of glass using a very
sensitive radiation thermometer. In addition to the crack-tip heating, Rittel [115], [116]
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1.5. Thermal effects in dynamic failure experiments

Figure 1.9: Multi-point temperature measurement in opening mode dynamic fracture
experiment [17, 18].

detected significant drop of temperature prior to crack propagation through investiga-
tions on thermoelastic effects associated with dynamic fracture of polymers by using the
embedded thermocouple technique. Dynamic failure tests were performed on PMMA
pre-notched compact compression samples with a thermocouple placed at 1mm of the
initial notch tip recording the variation of the temperature (details in Figure 1.8). The
impact loading on the CCS sample induces a dominant opening mode of crack propaga-
tion, starting from the pre-existing notch. The recorded thermal signals show significant
temperature drop, between �30 and �60K, prior to crack initiation. Heating effects
due to crack propagation were also reported with a temperature increase in the range
30� 60K.

It is important to note that these reported results were obtained by temperature
measurements on one point. Multi-point infrared temperature detectors were used in
the dynamic fracture experiments performed by Bjerke et al. [17, 18, 19], for high-speed
cracks in PMMA propagating in opening or shear modes.

Figure 1.9 presents the configuration of the opening mode experiment of [17, 18].
Symmetrical impact loading is applied on a rectangular pre-notched PMMA panel in order
to generate a dominated mode I crack propagation. The thermal signals were recorded
on points located at 20mm at the initial notch tip. The results reported in [18] revealed
that crack-tip heating depends on the crack-tip velocity: temperature rise of 23K was
found for crack-tip speed of 300m.s

�1 while 73K was recorded for a crack propagating
at 600m.s

�1. Unlike the results obtained in [115], [116] small temperature drop of about
2�3K prior to crack propagation was observed. It was shown that for PMMA the region
of temperature increase had a lateral span of 300µm from the crack tip. This localization
region in PMMA was found to be smaller than in Polycarbonate, a more ductile polymer
in which important plastic deformations occur near the tip of the crack leading to more
substantial heating.

The case of a dynamic shear crack was studied using a pre-notched rectangular panel
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Figure 1.10: Multi-point temperature measurement in shear mode dynamic fracture ex-
periment [17, 19].

in PMMA with side grooves, as shown in Figure 1.10). The shear dominated fracture
was achieved through an asymmetrical impact loading. Thermal signals recorded in the
same region as for the opening mode show increase of 85K at the moving crack tip,
approaching the glass transition temperature. Localization of the heating in the shear
dominated fracture was found to be more pronounced, with a lateral span  140µm,
compared to the opening mode.
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Chapter 2

Two-scale dynamic damage model for
mode I microcracking with heat

disspation

Contents

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.2 Two-scale thermoelastic fracture problem . . . . . . . . . . . . 27

2.3 Asymptotic developments and homogenization analysis . . . 30

2.4 Dynamic damage evolution . . . . . . . . . . . . . . . . . . . . . 36

2.5 Local macroscopic response . . . . . . . . . . . . . . . . . . . . 40

2.5.1 Homogenized coefficients . . . . . . . . . . . . . . . . . . . . . . 40

2.5.2 Local response analysis . . . . . . . . . . . . . . . . . . . . . . . 42

2.6 Numerical Simulation of the CCS Impact Test . . . . . . . . . 48

2.7 Heat conduction versus adiabatic conditions . . . . . . . . . . 51

2.7.1 Single element test . . . . . . . . . . . . . . . . . . . . . . . . . 51

2.7.2 Numerical simulations of an impact test . . . . . . . . . . . . . 52

2.8 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

2.1 Introduction

The evolution of microcracks plays an essential role in the rapid failure of brittle ma-
terials like ceramics, rocks or polymers. This was clearly proved, for instance, by the
experimental observations of [110, 124, 111, 125, 36] on the dynamic fracture of nomi-
nally brittle polymers. The morphology of the fracture surface reveals that nucleation,
growth and coalescence of microcracks represent the dominant failure micromechanism.
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Chapter 2. Two-scale dynamic damage model for mode I microcracking with heat disspation

The formation of microbranches on the main crack faces can explain the dramatic in-
crease of dissipated energy and the saturation effects in the crack-tip velocity below the
theoretical limit speed.

Despite the important progresses of Fracture Mechanics to reproduce the dynamic
effects of failure (e.g.,[59],[112]), the theory has limited predictive capacity for complex
rupture patterns. The case of microbranching instabilities is an example among others.
The reported microscopic observations during fast failure in brittle materials suggest that
a proper model could be obtained by incorporating the microcracking mechanism. Since
it takes place at scales smaller than that of the solid structure, a multiscale appproach
with propagating microcracks may represent the appropriate modeling framework.

The thermo-mechanical couplings represent another significant aspect of the fast fail-
ure in brittle solids. Temperature measurements for opening mode cracks, like those re-
ported in [62, 138, 115, 116, 23, 18] for glass and PMMA materials, revealed a significant
temperature rise in a highly localized area surrounding the crack tip during propagation
and a temperature drop ahead the crack-tip in the fracture initiation phase. After a
cooling regime prior to crack initiation, during the rapid mode I growth the crack tip
behaves like a moving heat source. Since the plasticity effects can be neglected and the
energy needed for the new crack surface formation is much smaller that the total energy
expended in the crack tip region, other dissipative processes, like the craze formation
and breakdown in polymers (as discussed in [18],[54]), are responsible for the tip heating
effect.

In order to describe these specific thermal behaviors it is necessary to adequately
model the thermo-mechanical coupling at the front of a running crack. In particular,
one needs to establish the link between the energy dissipation at the moving tip and the
corresponding heat generation. Attempts to model such thermofracture heating effects in
the context of Fracture Mechanics have been made for instance in [25, 26, 135]. These
authors consider crack models with Dirac-type heat sources located at the tip point and
which intensity represents the excess of energy release rate with respect to that necessary
for the new crack surface formation.

More recently, [18] proposed a thermally dissipative cohesive zone model for dynamic
fracture of amorphous polymers. Their model is based on the assumption that the excess
supplied energy in the crack-tip region is converted to heat within the cohesive zone that
models the crazing process. A model involving heat generation by plastic dissipation in the
bulk and a thermal cohesive-zone has been studied in [54] under quasi-static conditions.
As concerns the dynamic failure approach of [18], comparison with experiments showed
good agreement for the low speed fracture case, i.e. crack-tip speed up to 0.2CR, where
CR is the Rayleigh wave velocity. For faster cracks, the authors comment: "For higher
speed fracture where subsurface damage becomes prominent, the line dissipation model
of a cohesive zone is inadequate, and a distributed damage model is needed". To our
knowledge, a damage model able to predict the heating effects during rapid failure in
brittle materials has not been proposed in the literature and this is the aim of the present
contribution.

The distributed damage approaches proved to be an efficient tool to model dynamic
failure in brittle materials. Phenomenological rate-dependent models have been consid-
ered by introducing viscous-type damage laws (e.g. [50],[3],[134]) or gradient damage
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2.2. Two-scale thermoelastic fracture problem

and phase-field models (e.g. [24], [133], [20], [71], [126], [90]). Extensions that incorpo-
rate the thermo-mechanical couplings are given in [95, 128, 34]. Microcrack informed
models were proposed in the dynamic failure context, among other contributions, in
[97, 113, 73, 100, 16, 82, 72].

The objective of the present work is to construct a two-scale thermomecanical damage
model in dynamics that accounts for microcracks evolution and thermofracture heating
effect. Although the rapid failure processes can be reasonably described under adiabatic
conditions at the macroscopic scale, the microscopic conduction effects may still be im-
portant. This motivates the adoption of the point heat source model [25, 26, 135] at the
small-scale level, at the moving tips of the microcracks. The propagation of microcracks
is assumed to follow a Griffith type criterion formulated with the dynamic energy release
rate.

Starting with the fully coupled dynamic thermoelastic fracture problem at the mi-
croscale, we use the homogenization method developed in [37, 82, 41], based on asymp-
totic developments, to obtain the new thermo-damage model. The upscaling procedure
leads to distributed heat sources, depending on the damage energy-release rate, in the ho-
mogenized temperature equation and a damage evolution law expressed with the thermal
and the mechanical fields.

Investigations of the local response of the new model are performed to illustrate its
capacity for predicting strain-rate and microstructural size effects and specific thermal
behaviors like the existence of cooling and heating regimes associated, respectively, to
damage initiation and propagation. Structural numerical simulations are also performed
to reproduce the temperature field measurements during rapid failure of PMMA sam-
ples in a Compact Compression Test [115, 116, 23], showing good agreement between
theoretical predictions and experimental results.

This chapter is organized as follows. In 2.2 we formulate the thermoelastic fracture
problem for a solid with a distribution of microcracks propagating dynamically. The
asymptotic homogenization analysis is performed in section 2.3 for the thermoelasticity
system and in section 2.4 for the damage evolution law. Numerical simulations of the
local effective response of the model are presented in section 2.5. The results of structural
computations for the Compact Compression Test in PMMA samples and the comparison
with the experimental data are given in section 2.6.

In the last part of the chapter we present a comparison between models with heat con-
duction and adiabatic assumptions concerning the temperature evolution during dynamic
damage growth. It will be showed that the adiabatic conditions represent a reasonable
approximation for the description of rapid failure.

2.2 Two-scale thermoelastic fracture problem

Consider a solid containing a large number of small cracks. When their lengths are much
smaller than the size of the whole structure, we distinguish between the macroscopic
properties at the scale of the solid body and the microscopic ones characterizing the local
behavior in the vicinity of one microcrack.

The distribution of microcracks in the solid is assumed to be locally periodic, as
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Chapter 2. Two-scale dynamic damage model for mode I microcracking with heat disspation

Figure 2.1: a) Micro-fissured medium with locally periodic microstructure with lc the
size of a period, l the local micro-crack length and Lc the characteristic length of the
macro-structure. b) Reference cell of size Lc with rescaled crack length d.Lc.

illustrated in Figure 2.1, all of them being straight and parallel to the x1 axis.
Let l be the microcrack length and lc the size of the periodicity cells. The local

periodicity means slow small-scale variations of l, with fixed lc, such that locally the
microstructure may be considered periodic.

If Lc is a characteristic length of the macrostructure, as illustrated in Figure 2.1, we
introduce the parameter

" =
lc

Lc
(2.1)

as a mesure of the difference between microscopic and macroscopic scales of the solid
body.

We consider plane strain deformations and we denote by B the two-dimensional solid
domain and by C the union of all the micro-cracks inside B. The coupled nonlinear
equations of dynamic thermoelasticity:

c
@T

"

@t
+ ↵(3�+ 2µ)T

"@exjj(u
"
)

@t
+
@q

"
j

@xj
= 0 (2.2)

⇢
@
2
u
"
i

@t2
�
@�

"
ij

@xj
= 0 (2.3)

hold true in the solid part of B. Here c is the specific heat, ↵ is the coefficient of thermal
expansion, � and µ are the Lamé elastic coefficients and ⇢ is the mass density.

The relation (2.2) is the nonlinear form of the temperature equation. Since thermoe-
lastic fracture problems may involve important temperature variations, in our analysis we
will follow [25, 26] by using the non-linearized thermal equation.

The temperature field T
" and the heat flux q" are related by Fourier law:

q
"
j = �k

@T
"

@xj
(2.4)

with k the heat conduction coefficient.
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2.2. Two-scale thermoelastic fracture problem

The components of the strain tensor calculated with respect to xi variables using the
displacement field u

" are denoted by exkl(u
"
) =

1
2

⇣
@u"

k
@xl

+
@u"

l
@xk

⌘
and the constitutive law

for the stress tensor �" in an isotropic solid reads:

�
"
ij = �exkk(u

"
)�ij + 2µexij(u

"
)� ↵(3�+ 2µ)(T

" � T0)�ij (2.5)

with T0 being the initial temperature.
Traction-free and thermally isolating boundary conditions are assumed on the crack

faces
�"

N = 0 ; q"
N = 0 (2.6)

where N is the unit normal vector on the crack line, as shown in Fig. 2.2. Additional
conditions on the outer boundary of B and initial conditions for the temperature, displace-
ment and velocity fields inside the solid domain should be specified for the formulation of
the thermoelastic problem.

The dynamic propagation of microcracks is described by a Griffith criterion involving
the energy-release rate [59, 112]:

Gd"
= lim

r!0

Z

�r

((U "
+K"

)n1 � �
"
ijnj

@u
"
i

@x1
)ds (2.7)

expressing the available energy for crack propagation. Here �r is a closed circular contour
of radius r encircling the crack tip and n is its outward unit normal, as represented in
Figure 2.2. U " is the internal energy:

U "
=

1

2
(�exii(u

"
)exjj(u

"
) + 2µexij(u

"
)exij(u

"
)) + (3�+ 2µ)↵T0exkk(u

"
) + cT

" (2.8)

and K" is the kinetic energy:
K"

=
1

2
⇢
@u

"

@t

@u
"

@t
(2.9)

Microcracks propagate when Gd"
= Gc, with Gc being the critical fracture energy of the

material.
The heat flow from a crack tip during propagation can be defined as the limit

D
"
= lim

r!0

Z

�r

q"
n ds (2.10)

Following the approaches of [25, 26], [135], we consider the crack tips as moving heat
sources. A part 2� of the energy dissipated during fracture is needed for the formation
of new crack surfaces while the rest is converted to heat through specific material failure
mechanisms, like the process of craze formation and breakdown in brittle amorphous
polymers. If we denote by vp =

1
2
dl
dt the velocity of a microcrack tip, then the local energy

balance during its propagation reads

D
"
= vp(Gd" � 2�) (2.11)

For some materials the surface energy term 2� is negligible when compared with the energy
release rate Gd". As [18] remark, the surface energy of some polymers is several orders of

29



Chapter 2. Two-scale dynamic damage model for mode I microcracking with heat disspation

magnitude lower than the fracture energy. For example, [14] estimates the surface energy
of PMMA as 0.1 J/m

2 while the measured values of the energy release rate are 3-4 orders
of magnitude higher, depending on the crack velocity. In the case of polystyrene, [139]
reported a surface energy of 0.04 J/m

2, which is negligible in comparison to the critical
fracture energy.

In this case, (2.11) can be replaced by the approximate relation

D
"
= vpGd" (2.12)

In what follows, the relation (2.12) will be adopted. However, the present approach may
be easily adapted to the case of non-negligible surface energy, by replacing the equation
(2.12) by (2.11).

The relations (2.10-2.12) express the link between the energy dissipation and the heat
production during failure and represent a supplementary condition to be imposed at the
moving tips of microcracks. This condition introduces a new thermo-mechanical coupling
for the solid body.

2.3 Asymptotic developments and homogenization anal-

ysis

The asymptotic homogenization method [122, 56] is employed in this section to obtain
the macroscopic thermoelasticity equations from the initial problem described previously.
For bodies without cracks, similar techniques have been used in coupled dynamic ther-
moelasticity by [52, 57, 102, 9] among other authors. In the present development we focus
on the influence of microcracks with the specific singularities of the fields, the damage
dependence of the effective thermoelastic coefficients and the upscaling of the temperature
equation with the non-classical heat source conditions.

In the previous section, the characteristic length of the microstructure lc has been
introduced as the size of the microscopic period and also the mutual distance between
neighbor microcracks. The damage variable d may be defined as the normalized microc-
rack length:

d =
l

lc
(2.13)

The local periodicity assumption for the length l allows for large-scale spatial variations
of the damage variable d.

To characterize the field variations at different scales, we distinguish between the
macroscopic variable x and the microscopic variable y, linked by the relation y =

x
" , with

" defined in (2.1). The scaling of the microscopic period by this transformation leads to
a reference cell Y , of size Lc and containing the crack CY of length d.Lc, as illustrated in
Figure 2.2.

For a field f depending on both x and y, the total spatial derivative can be calculated
by the formula df

dxi
=

@f
@xi

+
1
"
@f
@yi

.
In what follows, we adopt the separation of scales assumption

" =
lc

Lc
⌧ 1 (2.14)
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Figure 2.2: Scaling of the microscopic period of the material to the reference cell.

This means that the scale of microcracks is small in comparison with that of the solid
body. Variations in y do not have much influence on x and both variables should be
taken into account in the description of the physical fields, being treated as independent
variables.

The displacement u" and the temperature T
" fields are developed with respect the the

small parameter " in the form:

u
"
(x, t) = u

(0)
(x,y, t) + "u

(1)
(x,y, t) + "

2
u
(2)
(x,y, t) + ... (2.15)

T
"
(x, t) = T

(0)
(x,y, t) + "T

(1)
(x,y, t) + "

2
T

(2)
(x,y, t) + ... (2.16)

where u
(i)
(x,y, t) and T

(i)
(x,y, t), x 2 B, y 2 Y are Y -periodic.

Using these developments in the equations (2.4-2.5) we obtain:

�"
(x, t) =

1

"
�(�1)

(x,y, t) + �(0)
(x,y, t) + "�(1)

(x,y, t) + "
2�(2)

(x,y, t) + ... (2.17)

q"
(x, t) =

1

"
q(�1)

(x,y, t) + q(0)
(x,y, t) + "q(1)

(x,y, t) + "
2q(2)

(x,y, t) + ... (2.18)

where

�
(�1)
ij = �eykk(u

(0)
)�ij + 2µeyij(u

(0)
) (2.19)

�
(0)
ij = �(exkk(u

(0)
) + eykk(u

(1)
))�ij + 2µ(exij(u

(0)
) + eyij(u
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))
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ij = �(exkk(u
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) + eykk(u
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and

q
(�1)
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; q
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j = �k(
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(0)

@xj
+
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Chapter 2. Two-scale dynamic damage model for mode I microcracking with heat disspation

The asymptotic developments of momentum and temperature equations (2.2-2.3) lead
to problems of order "↵, with ↵ = �2,�1, 0, in the form:

@q
(�1)
j

@yj
= 0 ;

@�
(�1)
ij

@yj
= 0 (2.23)

(3�+ 2µ)↵T
(0) @eyij(u

(0))
@t +

@q
(�1)
j

@xj
+

@q
(0)
j

@yj
= 0 ;

@�
(�1)
ij

@xj
+

@�
(0)
ij

@yj
= 0 (2.24)

c
@T (0)

@t + (3�+ 2µ)↵T
(0)
(
@exij(u(0))

@t +
@eyij(u(1))

@t ) +
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j

@xj
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@q
(1)
j

@yj
= 0 ;

@�
(0)
ij

@xj
+

@�
(1)
ij

@yj
� ⇢

@2u(0)

@xj
= 0 (2.25)

Corresponding boundary conditions are obtained from (2.6) for the terms of different
orders �(m) and q(m):

�
(m)
ij Nj = 0 ; q

(m)
j Nj = 0 m = �1, 0, 1 (2.26)

At the microcrack tips, a supplementary condition is given by (2.12) relating the
energy-relase rate (2.7) and the heat dissipation term (2.10). Using the development
(2.16) and the link between length elements in the physical and reference cells ds = "dsy,
we get:

D
"
= D

(0)
+ "D

(1)
+ "

2
D

(2)
+ ... (2.27)

where
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The asymptotic development of the energy release rate can be written from (2.7) in the
form:

Gd"
=

1

"
G(�1)

+ G(0)
+ "G(1)

+ ... (2.29)

The complete expressions of the terms appearing in this relation are given in the Appendix
A. Introduction of the expansions of Gd" and D

" in the criterion (2.11) provides the link
between different orders terms of heating dissipation and energy-release rate :

D
(0)

=
1

2

dd

dt
LcG(�1)

; D
(1)

=
1

2

dd

dt
LcG(0)

; D
(2)

=
1

2

dd

dt
LcG(1) (2.30)

At the order "�2, the problem for u(0) and T
(0) results from (2.23), (2.26) and (2.30) as:

@
@yj

(�eykk(u
(0)
)�ij + 2µeyij(u

(0)
)) = 0 in Y (2.31)

(�eykk(u
(0)
)�ij + 2µeyij(u
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))Nj = 0 on CY (2.32)
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and the thermal equations
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2
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= 0 in Y (2.33)
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2
, 0) (2.35)

In the last condition, considered at both microcrack tips in the reference cell, the term
G(�1) is given by the expression (A.2). Periodicity conditions are assumed on the opposite
exterior boundaries of Y .

Choosing u
(0)

= u
(0)
(x, t) and T

(0)
= T

(0)
(x, t) independent of the y variables, we can

verify the system of equations (2.31 - 2.35). They represent the macroscopic displacement
and temperature fields.

The next order ("�1) problem, for u
(1) and T

(1), can be deduced from Eqs (2.24),
(2.26) and the second relation (2.30) as:
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On the external boundaries of Y periodicity conditions complete the formulation of these
cell problems.

For given u
(0)
(x, t) and T

(0)
(x, t), the solution u

(1) of (2.36-2.37) has the classical
r
1/2 singularity as (y1, y2) approaches the crack tips. In the expression (A.3) of G(0) the

integrant is not singular enough to get a non-vanishing limit, such that the right member
of (2.40) is equal to 0.

The particular form of the boundary condition (2.37) shows that the general solution
of (2.36-2.37), for the first-order corrector u

(1), is of the form:

u
(1)
(x,y, t) = ⇠pq(y)expq(u

(0)
)(x, t) + �(x, t)(T (0) � T0) (2.41)

Here the characteristic functions ⇠pq are obtained by solving the unit-cell problem:
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while � is the solution of the second problem:

@

@yj
(�eykk(�)�ij + 2µeyij(�)) = 0 in Y (2.44)

(�eykk(�)�ij + 2µeyij(�))Nj = (3�+ 2µ)↵�ijNj on CY (2.45)

The temperature corrector T
(1) is obtained from (2.38-2.40) and depends linearly on

the right member of (2.39), with N1 = 0, N2 = 1:
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where ✓ is solution of the following unit cell problem:
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We note that the solutions of the unit cell problems (2.42-2.43), (2.44-2.45) and (2.47-2.49)
depend on the normalized microcrack length d.

At the order "0, we get the following problems for thermal and displacement fields:
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(�(exkk(u
(1)
) + eykk(u

(2)
))�ij + 2µ(exkk(u

(1)
) + eyij(u

(2)
))

�(3�+ 2µ)↵T
(1)
�ij)Nj = 0 on CY (2.54)
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2.3. Asymptotic developments and homogenization analysis

In order to deduce the effective thermo-mechanical balance laws we apply the mean
value operator h·i = (1/|Y |)

R
Y · dy, with |Y | = Lc

2 the area of Y , to (2.50) and (2.53).
Integration by parts, use of the periodicity conditions and the crack-tip relations of the
form (2.52) lead to:

c
eff @T

(0)

@t
+ T

(0)
�
eff
ij

@exij(u
(0)
)

@t
+
@Q

(0)
i

@xi
=

G(1)

Lc

dd

dt
(2.55)

⇢
eff @

2
u
(0)
i

@t2
�
@⌃

(0)
ij

@xj
= 0 (2.56)

where the macroscopic stress ⌃
(0)
ij = h�(0)

ij i and heat flux Q
(0)
i = hq(0)i i are given by

⌃
(0)
ij = C

eff
ijklexkl(u

(0)
)� '

eff
ij (T

(0) � T0) (2.57)

Q
(0)
i = �k

eff
ij

@T
(0)

@xj
(2.58)

As concerns the expressions of the homogenized coefficients, we obtain for the effective
specific heat coefficient:

c
eff

= c+ T
(0)
S
⇤ (2.59)

with the thermal modulus S
⇤ given by

S
⇤
=

1

|Y |

Z

Y

(3�+ 2µ)↵(ey11(�) + ey22(�))dy (2.60)

The effective elastic moduli Ceff
ijkl are computed with the cell solutions as:

C
eff
ijkl =

1

|Y |

Z

Y

�
��ij�kl + µ(�ik�jl + �il�jk) + �eymm(⇠

kl
)�ij + 2µeyij(⇠

kl
)
�
dy (2.61)

and the homogenized mass density:

⇢
eff

=
1

|Y |

Z

Y

⇢dy (2.62)

For the thermal expansion coefficients we obtain the formulae

�
eff
ij =

1

|Y |

Z

Y

↵(3�+ 2µ)(�ij + eymm(⇠
ij
))dy (2.63)

'
eff
ij =

1

|Y |

Z

Y

(↵(3�+ 2µ)�ij � Cijkleykl(�))dy (2.64)

and we prove the equality �
eff
ij = '

eff
ij using the corresponding cell problems for the

characteristic functions.
The homogenized thermal conduction components are:

k
eff
11 =

1

|Y |

Z

Y

kdy ; k
eff
12 =

1

|Y |

Z

Y

k
@✓

@y1
dy ; k

eff
22 =

1

|Y |

Z

Y

k(1 +
@✓

@y2
)dy (2.65)
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Chapter 2. Two-scale dynamic damage model for mode I microcracking with heat disspation

We remark that the effective coefficients S⇤, Ceff
ijkl , '

eff
ij and k

eff
ij depend on the damage

variable d. This dependence will be illustrated numerically in Section 5 for a particular
set of initial material constants and different microcrack lengths.

As concerns the homogenized temperature equation (2.55), the development in the
next section will allow us to express the right member as a fully macroscopic dissipation
term.

2.4 Dynamic damage evolution

In order to obtain a complete thermoelastic damage problem, we have to supplement
the equations (2.55-2.58) with an evolution equation for the damage variable d(xi, t).
Based on previous contributions [37, 82, 41], we develop in this Section a microfracture-
to-damage homogenization approach in the non-classical framework of dynamic thermo-
elastic fracture with heat production. In the particular case when the heating term in the
right of (2.55) is neglected, the final product of this Section will be a new thermo-elastic
damage law in dynamics.

An energy analysis will be performed with the solutions of the cell problems formulated
in the previous section, in the case of propagating microcracks. We will assume that, in
the reference cell Y , the crack CY of length d(t).Lc extends symmetrically, the two tips
moving with the velocity 1

2
dd
dt .Lc. In order to properly account for the singularity of the

fields and the energy flow at microcrack tips during this evolution, we will first work on
the domain Yr representing the cell Y without the interiors of the cercles �Y

g
r and �Y

d
r

(see Fig. 2.2). We also denote by CYr the part of the crack line inside Yr. The fields
defined on Y with the crack CY will then be recovered by taking the limit r ! 0.

Multiplication of the equation (2.36) by u̇
(1)
i , integration on Yr, use of periodicity

conditions and Reynolds transport theorem lead to the energy balance:

d

dt

Z

Yr

1

2
Cijkleykl(u

(1)
)eyij(u

(1)
)dy

+

Z

�Y g
r [�Y d

r

✓
1

2
Cijkleykl(u

(1)
)eyij(u

(1)
)
1

2

dd

dt
Lcn1 + Cijkleykl(u

(1)
)nju̇

(1)
i

◆
dsy

=

Z

CYr

Cijkleykl(u
(1)
)Nj

h
u̇
(1)
i

i
dsy (2.66)

where we have used the compact notation Cijkl = ��ij�kl + µ(�ik�jl + �il�jk) for the initial
elastic coefficients. The brackets [f ] = f

+ � f
� denote the jump of f over the crack

faces, with the + value on the side given by the orientation of the normal vector N, as
illustrated in Fig. 2.2.

The singularity of field u̇
(1)
i allows us [59, 25] to use the local relation u̇

(1)
i ' �1

2
dd
dtLc

@u
(1)
i

@y1
in the vicinity of the crack tips. In this way, by taking the limit we retrieve the energy-
release rate term G(1), given in (A.8), for the two crack tips and the previous relation
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2.4. Dynamic damage evolution

becomes:

d

dt

Z

Y

1

2
Cijkleykl(u

(1)
)eyij(u

(1)
)dy +

dd

dt
LcG(1)

=

Z

CY

Cijkleykl(u
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)Nj

h
u̇
(1)
i

i
dsy (2.67)

A similar procedure can be applied starting with the equation (2.31) in the slightly
modified form

@

@yj

�
Cijklexkl(u

(0)
)� �T

(0)
�ij

�
= 0

with � = ↵(3�+2µ). Using the fact that u(0) and T
(0) do not depend on yi variables, we

obtain:
Z
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�
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)� �T

(0)
�ij)Nj[u̇

(1)
i ]dsy = 0 (2.68)

Combining (2.67) and (2.68) and using the boundary condition (2.37) on the crack faces
allow us to obtain

d

dt
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Cijkleykl(u
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)eyij(u
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)dy +

Z
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(1)
i ]dsy = � d

dt

Z
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�T0�ijeyij(u
(1)
)dy (2.69)

where the last equality results by integration of @
@yj

(↵(�T0�ij) = 0.
In the second term of (2.69) we can interchange the time derivative so that to obtain

the equivalent identity:

1

2

d

dt

Z

Y

(Cijkl(exkl(u
(0)
) + eykl(u

(1)
))� �(T

(0) � T0))eyij(u
(1)
)dy

+
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2

d
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Z
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(0)
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(0) � T0))eyij(u
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LcG(1)

=

Z

Y

(Cijklexkl(u̇
(0)
)� �Ṫ

(0)
�ij)eyij(u

(1)
)dy (2.70)

On the other hand, if the equation (2.36) in its equivalent form

@

@yj

�
Cijkl(exkl(u

(0)
) + eykl(u

(1)
))� �(T

(0) � T0)�ij

�
= 0

is multiplied by ui and integrated over Y , and the crack face conditions (2.37) are used,
we get:

Z

Y

�
Cijkl(exkl(u

(0)
) + eykl(u

(1)
))� �(T

(0) � T0)�ij

�
eyij(u

(1)
)dy = 0 (2.71)
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Chapter 2. Two-scale dynamic damage model for mode I microcracking with heat disspation

With this last relation the identity (2.69) reduces to
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Z
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)�kldy (T

(0) � T0) (2.72)

In order to evaluate the integrals in the right member of (2.72) we use the particular
structure (2.41) of the first order corrector u(1) together with the expressions (2.61), (2.63)
and (2.60) of the effective coefficients C

eff
ijmn, �

eff
ij and S

⇤, respectively. We obtain in this
way :
Z

Y

Cijkleykl(u
(1)
)dy = Lc

2
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(T

(0) � T0)) (2.74)

With these expressions replaced in (2.72) we finally obtain
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(
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+
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2
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)exij(u
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2
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For evolving microcracks (dddt 6= 0), the last relation establishes a link between the first-
order energy-release rate term G(1) and the macroscopic quantity:

Y = �1

2

dC
eff
ijkl

dd
exkl(u

(0)
)exij(u

(0)
) +

d�
eff
ij

dd
(T

(0) � T0)exij(u
(0)
) +

1

2

dS
⇤

dd
(T

(0) � T0)
2 (2.76)

which represents the volumetric density of damage energy release rate.
Used in combination with a microscopic crack propagation criterion, the equation

(2.75) provides the macroscopic damage law. Consider a Griffith type criterion Gd"
= Gc,

with Gc(vp) the critical fracture energy that may depend on the crack speed vp =
lc
2
dd
dt .

For rapid propagation it may be showed [59, 112] that

Gd"
= g(vp)G" ' (1� vp

CR
)G" (2.77)

where g(vp) is a universal function of the crack speed that may be approximated, for
mode I propagation, by g(vp) ' 1 � vp

CR
. Here CR is the Rayleigh wave velocity and the

quantity G" is the instantaneous quasi-static energy release rate corresponding to a given
microcrack length.

The asymptotic development (A.1-A.9) of Gd" given in the Appendix A show the link
with the quasi-static energy release rate: G"

= "G(1). As remarked in the Appendix A, the
development (A.1) is incomplete in the sense that it corresponds to the approximation
given by the consideration of only the first order correctors. A better solution for capturing
the dynamic effects is to use the expression (2.77) of Gd" together with G"

= "G(1), as
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2.4. Dynamic damage evolution

proposed in [41] for the purely elastic case. In this way, we have Gd"
= "g(vp)G(1) and we

can write (2.75) in the form:
dd

dt
(
Gc(vp)

"g(vp)Lc
� Y) = 0 (2.78)

As a linear approximation of the crack-speed dependent fracture energy (e.g. [18],
[36]), we consider Gc(vp) = Gc0(1+a.vp) with constant parameters Gc0 and a. In this case,
the use of the expression of the velocity vp =

lc
2
dd
dt leads to the following damage evolution

law:
dd

dt
=

2CR

lc

⌧
1� Gc0(1 + aCR)

lcY + aCRGc0

�
(2.79)

where h.i represents the positive part. We note that the microstructural length lc is
present in the equation (2.79).

It is important to note that, in order to incorporate realistic effects related to the
velocity dependence of the energy of fracture, in the damage law (2.79) we considered the
microscopic fracture energy Gc(vp) as a function of the microcrack speed. As observed
by [124, 125], the crack-speed dependency of the fracture energy is the results of micro-
branching effects requiring larger energy for the propagation of the multi-crack system.
In a perfect two-scale description, evolving multi-crack systems should be incorporated
at the small scale. However, this would lead to insurmontable difficulties related to the
energetic description of the arrest of the branches together with the propagation of the
main microcrack, to the speed influence on the geometry of the multi-crack system pro-
ducing damage-rate dependent effective coefficients and making difficult the obtention
of the damage evolution law or to the non-uniqueness of the cell solutions related to
micro-branching instabilities and compromising the well-definiteness of the homogenized
response. To avoid all these difficulties, we proposed a relatively simple solution to incor-
porate the velocity effects in the damage law. This allowed us to rigorously obtain the
damage evolution law by homogenization and, as we will see in the last section, to have
good agreements between the model predictions and the experimental results.

The damage energy-release rate Y is calculated with the displacement and temperature
fields such that (2.79) forms with the equations (2.55-2.58) a coupled thermoelastic and
damage system. In order to obtain the temperature equation in a completely macroscopic
form, we should replace the expression of

G(1)
=

Gc0(1 + a.vp)

"g(vp)
=

Gc0LcCR(2 + a.lc
dd
dt )

lc(2CR � lc
dd
dt )

In this way (2.55) becomes:

c
eff @T

(0)

@t
+ T

(0)
�
eff
ij

@exij(u
(0)
)

@t
+
@Q

(0)
i

@xi
=

Gc0CR(2 + a.lc
dd
dt )

lc(2CR � lc
dd
dt )

dd

dt
(2.80)

as the macroscopic temperature equation in which the right member source term repre-
sents the damage dissipation as heat.

Finally, we note that the expression of the heat production term in the equation (2.80)
is the consequence of the particular expressions considered for g(vp) and Gc(vp). The
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Chapter 2. Two-scale dynamic damage model for mode I microcracking with heat disspation

general form of the right member in the macroscopic temperature equation is Gc(
lc
2

dd
dt )

lcg(
lc
2

dd
dt )

dd
dt .

For the examples given in the next sections the particular expression (2.80) is adopted.

2.5 Local macroscopic response

The objective of this section is the study of the local macroscopic behavior predicted
by the new damage model. We first analyse the effective coefficients as functions of
the damage variable using interpolations of their numerical values computed with the
numerical solutions of the cell problems for a number of microcrack lengths. Then we
illustrate the local macroscopic response of the model for uniaxial loadings with special
emphasis on the influence of microscopic dissipation as heat, the loading rate, the size of
the microstructure and the initial damage value.

The material parameters used for the computations correspond to a PMMA polymer
: the dynamic Young modulus E = 5GPa, the Poisson ratio ⌫ = 0.37, the mass density
⇢ = 1180 kg.m

�3, the thermal expansion coefficient ↵ = 10
�4
K

�1, the heat capacity
c = 10

6
J.m

�3
.K

�1 and the thermal conductivity k = 0.2W.m
�1
.K

�1.
For the fracture energy, we adopt the approximation given in the previous section

Gc(vp) = Gc0(1 + a.vp) with Gc0 = 400 J.m
�2 and a = 0.025 s.m

�1. This choice of pa-
rameters is consistent with the values of the fracture energy at different crack tip speeds
reported in the literature (e.g., [18], [36]) for PMMA polymers.

2.5.1 Homogenized coefficients

The effective coefficients are calculated with the formulae (2.59-2.65) using the character-
istic functions ⇠pq, � and ✓ that are solutions of the cell problems (2.42-2.43), (2.44-2.45)
and (2.47-2.49), respectively.

For 11 values of the normalized microcrack length d 2 [0, 1], these characteristic func-
tions are computed numerically with the Finite Element method, using the FEM software
COMSOL Multiphysics. The corresponding numerical values of the effective coefficients
are then interpolated with polynomial functions of the damage variable. In the extreme
case of a completely broken cell (d = 1), analytical solutions of the cell problems can be
obtained and used for to calculate the effective coefficients at failure limit.

In Figure 2.3 the homogenized elastic coefficients C
eff
ijkl(d) are represented versus the

damage variable d. They are normalized with those for d = 0, corresponding to the virgin
material. Both the discrete numerical values, computed with the finite element solutions,
and the interpolation curves are shown.

While the solid matrix is assumed to be isotropic, corresponding to the effective elastic
coefficients Ceff

ijkl(0), the presence of microcracks induces an orthotropic effective response.
The effective coefficients have a nonlinear dependence on the damage variable, with a more
abrupt loss of rigidity when approaching the limit state d = 1. At failure, when the crack
completely separates the cell into two distinct parts, vanishing response is obtained for
loadings in the normal direction, given by the coefficients C

eff
2222 and C

eff
1122, and in shear

loadings by C
eff
1212. Only partial degradation is obtained in the response to loadings parallel

to the crack direction, as observed for C
eff
1111(d). Analytical solution calculations allow us
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2.5. Local macroscopic response

Figure 2.3: Homogenized coefficients Ceff
ijkl versus the damage variable d: computed values

and interpolation curves.

to obtain the expression of the coefficient Ceff
1111(1) =

E
1�⌫2 for a completely fractured cell.

This corresponds to the last point value in Figure 2.3.
The effective stress-temperature moduli �eff

ij are represented in Figure 2.4. With the
increase of the damage value, the upper and lower parts a cell are progressively separated
by a traction-free and thermally isolating crack and the thermo-mechanical coupling is
reduced. In particular, as a consequence of the microcrack orientation, the coefficient
�
eff
22 is vanishing at the complete failure limit. As expected, the thermal expansion is

less affected in the direction of the crack line. In fact, the analytical solution of the cell
problem for d = 1 gives the expression �eff

11 (1) =
E↵
1�⌫ for this non-vanishing coefficient.

As concerns the thermal modulus S
⇤, that appears in the expression of the effective

specific heat ceff = c+T
(0)
S
⇤, it is represented in the left side of the Figure 2.5 as function

of damage variable. The virgin material (d = 0) has the heat capacity c, while for a given
d 6= 0 the effective specific heat is increasing with the increase of S⇤. The presence of a
thermally isolating crack in the cell determine the necessity of more heating to increase
the temperature with a unit value. At d = 1 we determine the analytical expression
S
⇤
(1) = E↵

2 1+⌫
(1�2⌫)(1�⌫) provided by the analytical solution of the problem (2.44-2.45).

On the right side of Figure 2.5 the effective thermal conduction coefficient k
eff
22 (d)

is represented vs the damage value. The virgin material has isotropic conductivities
k
eff
11 (0) = k, keff

22 (0) = k and k
eff
12 (0) = 0, while the presence of a crack induces anisotropy
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Chapter 2. Two-scale dynamic damage model for mode I microcracking with heat disspation

Figure 2.4: Effective stress-temperature moduli �eff
11 and �eff

22 versus damage.

Figure 2.5: Effective thermal modulus S
⇤
(d) and conductivity coefficient k

eff
22 (d).

by reduction of keff
22 (d) and a constant conductivity k

eff
11 (d) = k. This is the consequence of

the thermally isolating crack-face conditions. For larger values of d the overall conductivity
in the direction normal to the crack is decreasing to k

eff
22 (1) = 0, corresponding to isolating

a crack traversing completely the cell.

2.5.2 Local response analysis

In order to analyse the homogenized response of the new damage model, we impose a
strain history ex22(u

(0)
)(t), with constant strain rate ėx22, as the only non-vanishing strain

component. Under this loading, we determine the local response of the model in effective
stress, damage and temperature by solving the equations (2.79) and (2.80). For the
description of rapid failure phenomena, we assume adiabatic conditions at the macroscopic
level by neglecting the conduction term in (2.80). In this case, we have a coupled system
of nonlinear differential equations for T

0
(t) and d(t) that is solved numerically using a

forward Euler finite-difference scheme.
Unless specified, the material parameters are those given in the beginning of this

section. The initial temperature is T0 = 20
�
C, d0 = 0.1 and the strain rate value is

42

0 0.8 .,-_ 
'b'.'" ::,. 0.7 .,, .,-_ 
'b'.°" 0.6 

• numerical points 
--interpolation 

0.5 

0.4 '-~-~~-~-~~-~~-~---3 

0.9 

0.8 

0.7 

:::o.6 
·~o.5 
:!:!. 

. f/) 0.4 

0.3 

0.2 

0.1 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
d 

• numerical points 
--interpolation 

o.-=-~-~~-~-~~-~-~~ 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

d 

0.9 

0.8 

0.7 

't"ê'.,N 0.6 
"!,,_N 
::,. 0.5 .,, 
ti:: o.4 

0.3 

0.2 

0.1 

• numerical points 
--interpolation 

0'-~-~-~~-~-~~-~-~----

0.9 

0.8 

0.7 

0.3 

0.2 

0.1 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
d 

• numerical points 
--interpolation 

o~~-~-~-~-~~-~-~-~---
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

d 



2.5. Local macroscopic response

ėx22 = 5000 s
�1. The interpolated effective coefficients are used in the computations.

2.5.2.1 Influence of the heat sources

We first analyse the influence of heating during damage evolution. The temperature
equation (2.80) is solved with and without the right member, together with the damage
evolution law (2.79).

The obtained temperatures are plotted in Figure 2.6 versus the applied strain ex22(u
(0)
).

The results are presented for three values of the microstructural length: lc = 10
�4

m;
lc = 10

�5
m and lc = 10

�6
m. The continuous lines represent the temperature T

(0) when
the crack-tip dissipation as heat is taken into account, while the dotted line corresponds
to temperature evolutions without heating sources.

In the first stage, when the crack propagation has not been activated, we note a
cooling effect, identical for the two models. This is in accordance with the experimental
observations (e.g., [116], [23]) reporting temperature decrease near the crack tip during
the initiation phase of dynamic fracture and will be discussed in the next section where
such an experiment will be reproduced numerically.

Once the propagation starts, the crack-tip heating is activated and influences the
evolution of T (0) which is increasing. When the heating term is neglected, the temperature
is still decreasing during microcrack growth. For smaller sizes of the microstructure, the
increase of the temperature is more important and more rapid. As will be observed in
the next example, in this case the microcrack propagation is more rapid leading to higher
dissipation rates at the tips and the temperature can thus increase up to a few hundreds
of degrees.

2.5.2.2 Influence of the microstructural size lc

To get more insight on the influence of the microstructural length lc on the thermo-
mechanical response of the model, we represent in Figure 2.7 the macroscopic stress ⌃(0)

22 ,
damage variable d and temperature T

(0) versus the applied strain ex22(u
(0)
), for three

lengths: lc = 5⇥ 10
�4

m; lc = 5⇥ 10
�5

m and lc = 5⇥ 10
�6

m.
Fine microstructures are more resistant to damage initiation since smaller microcracks

are more difficult to propagate. It can be observed that, once the propagation initiated,
the response of large microstructures is more ductile. This is the consequence of the
fact that, for larger periods, a larger part of the supplied energy is stored as kinetic and
elastic energy in the vicinity of the microcrack lips during propagation such that a smaller
amount of energy remains available for damage.

The process is accompanied by a temperature drop in the elastic regime followed by
a reverse tendency during damage growth. For small lc, the damage propagates rapidly
with more dissipated energy converted to heat. This leads to a more rapid temperature
rise up to quite elevated values. For large lc, the damage rate is less important and so is
the corresponding dissipation heating. Consequently, the temperature evolution is not so
rapid and its final value is smaller.

Figure 2.8 shows the final values of the temperature, at complete failure, and its
minimum values, corresponding to the end of the elastic cooling phase, for different sizes
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a) b)

c)

Figure 2.6: Temperature T
(0) versus the applied strain ex22(u

(0)
)(t), for three sizes of

the microstructure: a) lc = 10
�4

m; b) lc = 10
�5

m; c) lc = 10
�6

m. Evolutions with
(continuous line) or without (dotted line) crack tip heating.

of the microstructure. For lc of the order of a few microns, the temperature at failure may
be of hundreds of degrees while for lc of some tens of microns we reach an asymptotic value
of about ten degrees Celsius. For small values of lc the evolution of T (0) passes through
low negative values, while for higher microstructural lengths the minimum temperature
is of about 0 �

C.
Globally, the damage behavior for finer microstructures is more brittle with higher

dynamic tensile strength and this induces more substantial temperature variations during
both cooling and heating regimes.

2.5.2.3 Influence of the rate of loading

We study now the influence of the loading rate. The effective stress, damage and temper-
ature are represented in Fig. 2.9 for three strain rates: ėx22 = 100 s

�1, ėx22 = 1000 s
�1,

ėx22 = 10000 s
�1. The microscopic length parameter is chosen lc = 3⇥ 10

�4
m.

As already observed in the purely mechanical case [82], the increase of the loading
rate induces more ductility in the macroscopic response of the material. This is the
consequence of the inertial effects incorporated in the damage model. At high strain
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2.5. Local macroscopic response

Figure 2.7: Influence of size of the microstructure on the effective stress, damage and
temperature for: lc = 5⇥ 10

�4
m; lc = 5⇥ 10

�5
m; lc = 5⇥ 10

�6
m.

rates, a more important part of the supplied energy is stored as kinetic energy around
microcrack tips, causing a slowing effect in the propagation of microcracks. Consequently,

Figure 2.8: Final value of the temperature (at d = 1) and its minimal value (at the end
of the cooling phase) versus the size of the microstructure lc.
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Chapter 2. Two-scale dynamic damage model for mode I microcracking with heat disspation

Figure 2.9: Effective stress, damage and temperature for different strain rates: ėx22 =

100 s
�1, ėx22 = 1000 s

�1 and ėx22 = 10000 s
�1.

the dynamic strength is increased and the response in the evolving damage regime is more
ductile, as can be observed in the plotted stress and damage evolutions.

When the damage initiation is retarded, the cooling regime is extended as show the
temperature curves in Fig. 2.9. Since the damage rate controls the amount of energy
converted to heat, for higher loading rates the model predicts lower heat production during
the propagation phase. Finally, the temperature curves in Fig. 2.9 are the consequence
of the competition between the duration of the heating regime and the amount of energy
dissipated as heat. For high strain rates, the dissipation is less important but the heating
time is longer, while for slower strain evolutions more substantial amounts of energy are
dissipated in shorter times, due to the rapid damage growth.

It worths remarking that for smaller microstructural sizes the ductility is substantially
reduced and the heating increases considerably leading to elevated final temperatures
for a larger range of strain rates. This effect can be observed by comparison with the
temperature curves in Figures 2.6 and 2.7.
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2.5. Local macroscopic response

Figure 2.10: Macroscopic fields for initial values of damage: d0 = 0.1, d0 = 0.2 and
d0 = 0.3.

2.5.2.4 Influence of the initial damage

We finally study the role of the initial value of damage d0. The response of the model is
represented in Fig. 2.10 for d0 = 0.1, d0 = 0.2 and d0 = 0.3 and the small-scale length
lc = 3⇥ 10

�4
m.

As expected, smaller values of d0 lead to higher tensile strengths, retarded damage
initiation but followed by a more rapid evolution. The stiffness decreases with the increase
of the initial damage.

The retarded damage initiation increases the elastic cooling regime such that the
minimum temperature is lower for smaller d0. During the propagation phase, the faster
evolution of damage obtained for smaller d0 leads to increased heating such that the
temperature rise is more important. For higher values of d0, the heating phase starts
earlier and the final temperature is higher even if the damage rate and the associated
heating are smaller.
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Chapter 2. Two-scale dynamic damage model for mode I microcracking with heat disspation

Figure 2.11: Geometry of the specimen, with dimensions in mm. The impact velocity V

is applied over a region of 16.5mm.

2.6 Numerical Simulation of the CCS Impact Test

We present in this section numerical simulations of the Compact Compression Specimen
(CCS) test and we compare the results with the experimental data reported in [115, 116,
23] for thermal evolutions during failure initiation and propagation phases.

The geometry of the CCS specimen is shown in Figure 2.11. The material is the
commercial polymethylmethacrylate (PMMA). An impact loading is applied through a
Hopkinson steel bar of 16.5mm diameter such that tensile failure is initiated in the upper
part, at the tip of a pre-existing notch where a small fatigue crack has been processed.
Impact velocities in the range 8 � 65m/s have been applied. The specimen is instru-
mented with a fracture gage and an embedded thermocouple, allowing measurements of
the fracture time and the temperature in the vicinity of the tip. The fracture gage and
the thermocouple are placed at 1mm distance ahead of the fatigue crack tip.

Under impact loading, mixed mode fracture is initiated at the tip of the pre-existing
crack and traverses the specimen vertically following a slightly curved path in dominant
mode I propagation. The measurements show that, prior to failure initiation, the near-tip
temperature can drop by several tens of degrees. This cooling phase is followed by a
significant temperature rise during the fracture growth, the crack tip behaving like a heat
source. In this heating phase, the temperatures at the tip can mount up to a few tens
of degrees higher than the initial temperature of the specimen. Such thermal variations
indicate the necessity of adopting a thermo-mechanical framework for the modeling of
dynamic failure.

As shown for instance in [23] and [18], adiabatic conditions can be reasonably assumed
in the description of such dynamic fracture tests and for short time intervals around the

48

22 . 75 

V 

15 . 33 

46 

0 .,, 



2.6. Numerical Simulation of the CCS Impact Test

Figure 2.12: Local geometry near the notch tip and finite element mesh with refinement
in the failure initiation zone.

failure initiation instant. In the present simulations we assume macroscopic adiabatic
conditions by neglecting the conduction term in the left-hand side of the temperature
equation (2.80).

To simulate the compact compression experiment, we implemented the thermoelas-
tic damage model as a ABAQUS VUMAT user material subroutine using explicit time
integration. Under the adiabaticity condition, dynamic elasticity computations can be
performed in Abaqus Explicit with the complete resolution of the temperature and dam-
age equations in the user subroutine. On a time step and for given strain increments
in an integration point of the FE mesh, we first solve the damage law (2.79) using a
Euler forward scheme, with the temperature value at the beginning of the step and a non-
decreasing numerical condition for damage. Then, with the computed damage at the end
of the time step, a forward Euler scheme is also employed for the adiabatic temperature
equation (2.80). After the computation of the new values of temperature and damage,
the stress components are updated according to the constitutive relation (2.57).

A FE mesh is constructed with plane strain 3-nodes linear elements CPE3. The local
geometry near the notch tip and the finite element mesh refined in the region of expected
rupture initiation are shown in Figure 2.12. The length of the "fatigue crack" is 0.5mm

and its thickness is 0.05mm with a rounded tip (magnified in Fig. 2.13). The element size
in the region near the tip is about 0.003mm. The impact loading is modeled by an applied
velocity V = 30m/s over a boundary zone of 16.5mm, as in Fig. 2.11, corresponding to
the diameter of the Hopkinson bar.

The material parameters of the PMMA material are those given in the beginning of
Section 5 and the microstructural length value is chosen as lc = 6 ⇥ 10

�5
m. Since the

relevant macroscopic dimensions Lc of the specimen are of order of tens of milimeters, the
separation of scales assumption (2.14) is verified.

In the left side of Figure 2.13, the computed damage variable d is represented. Element
deletion is activated at the damage value d = 0.99. We note the initiation of a macrocrack
with a kink angle with respect to the vertical direction; such a failure path deviation can
be retrieved in the experimental observations [115]. Microbranching effects are observed
in the damaged zone.

The computed temperature field near the tip of the propagating macrocrack is shown
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Figure 2.13: Left: damage variable represented with element deletion at complete failure.
Right: temperature field with cooling and heating zones near the moving tip.

in the right image of Figure 2.13. Ahead of the tip a cooling zone is present, with a
minimum relative temperature of about �30

�
C, while the tip is behaving like a heat

source with a maximum relative temperature of about 40�C. In Figure 2.13, the temper-
ature is represented without average element output at nodes. The obtained temperature
distribution is the consequence of the small-scale heating accounted by the damage model.

We note that the highly localized heat source in Fig. 2.13 is in agreement with
experimental results of [62] who estimated the width of the hot zone along the crack path
to be about 1� 3µm, which also corresponds to the observed maximal craze thickness in
PMMA (e.g., [48]).

The measured values of the temperature at 1mm from the tip of the notch reported
in [115] are given in Figure 2.14 together with the corresponding computed values in four
elements situated in the same region. Similar temperature variations can be noticed:
a cooling regime with a temperature drop of about 25 � 30

�
C from the initial value

Figure 2.14: Temperature variation at 1mm from the tip of the notch: measured values
(left) from [115] and computed values (right) in 4 neighbor elements in the area of the
thermocouple location.
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2.7. Heat conduction versus adiabatic conditions

T0 = 22
�
C, followed by a heating regime in which the rise of the temperature may be of

30� 35
�
C.

These results confirm the capacity of the model to correctly predict the thermal evo-
lutions associated with the dynamic failure of brittle materials.

2.7 Heat conduction versus adiabatic conditions

In the analysis of the previous sections, we assumed adiabatic heating for the evolution of
temperature. The thermo-mechanical damage model was implemented with the solution
of the equation (2.80), in which the conduction term has been neglected, and the damage
law (2.79). In this section we analyse the prediction of the model without the adiabaticity
assumption. Our aim is to verify if the adiabatic conditions assumed at the macroscopic
level represent are reasonable for the damage model predictions.

We implemented the model in a VUMAT user material subroutine for a fully coupled
thermal-stress analysis in ABAQUS. On a time step, the damage law (2.79) is solved at
every integration point for given strain increments and temperature. The stresses are
updated using the obtained damage value. The fully coupled thermal-stress analysis of
ABAQUS allows us to obtain the value of temperature required for the next time step
[1]. As in the previous section, a Euler forward scheme is used to solve the damage law.
Numerical simulations are performed with the explicit temperature-displacement analysis
[1]. The results are compared with those obtained using the implementation in the pre-
vious section.

2.7.1 Single element test

As a simple check of the numerical implementation, we first consider a single element test
as represented in Figure 2.15. On a square of 1mm side, we apply along the x1-axis a
velocity boundary condition on the right side while the left side is fixed. The displacements
of the top and bottom boundaries along the x2-axis are suppressed with the boundary

a) b)

Figure 2.15: One-element test : a) boundary conditions and b) displacement u1 .
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Chapter 2. Two-scale dynamic damage model for mode I microcracking with heat disspation

a) b)

c)

Figure 2.16: Stress ⌃11, damage variable d and macroscopic temperature T
(0) obtained

with and without adiabatic assumption

condition u2 = 0. The plane stress 4-node bilinear displacement and temperature reduced
integration with hourglass control element CPS4RT is used for the ABAQUS fully coupled
thermal-stress analysis. The loading velocity is V = 5m.s

�1 giving the corresponding
strain rate of 5000 s�1.

For this FEM analysis we consider the microstructural size lc = 10
�6

m while initial
values of the damage variable and temperature are d0 = 0.1 and T0 = 300K, correspond-
ingly. We adopt for the fracture energy Gc = 400⇥ (1 + 0.025⇥ vp) J.m

�2.
As expected, the results obtained with the analysis exhibit spatial variation of the

displacement in the horizontal direction (Figure 2.15) while in the vertical direction no
displacement is obtained. In the case of single element, heat flux is not involved in the
FEM computation. In these conditions, numerical predictions of damage, temperature
and stress evolutions obtained with and without the assumptions of adiabatic heating are
similar as shown in Figure 2.16.

2.7.2 Numerical simulations of an impact test

In [18], an experimental setup for simultaneous detection of thermal effects and crack-tip
speed measurement during dynamic crack propagation is presented. An array of infrared
detectors was used for thermal signal measurements while a propagation gage made with
conducting silver paint lines allows the monitoring of crack evolution. A cylindrical steel
projectile with a diameter of 38mm is accelerated with velocity ranging between 8 and
40m⇥ s

�1 in order to symmetrically impact rectangular pre-notched PMMA specimens,
as represented in Figure 2.17 . Mode I crack growth is then induced in the specimen. The
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2.7. Heat conduction versus adiabatic conditions

Figure 2.17: Rectangular PMMA specimen with initial notch subjected to impact loading

variation of temperature is detected on a location at ⇠ 15 � 20 mm of the initial notch
tip.

We use our thermo-mechanical damage model to perform the numerical simulations of
this experimental test [18]. The details of the FE mesh configuration are showed on Figure
2.18. This mesh is constructed with 3-nodes plane stress elements CPS3T. The average
element size in the refined region near the initial notch tip is 1µm and the dimensions
of the model specimen in Figure 2.18 are scaled with 1/10 ratio. The impact loading is
applied by defining a constant velocity of 8m⇥ s

�1 in a symmetrical way on a boundary

Figure 2.18: FE mesh with refinement near the initial notch tip.
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a) b)

Figure 2.19: Temperature contours during the crack initiation regime: simulations with
(a) and without (b) heat conduction.

of 3.8mm and the initial value of the temperature T0 = 300K is defined.
The Figures 2.19 and 2.20 show the temperature contours during the initiation and

the propagation regimes, respectively, obtained by computations with (a) and without (b)
heat conduction. We observe that the temperature contours ranging in �3K < �T <

30K are relatively similar. The results are also consistent with the observations of other
authors (e.g. [23]) concerning the validity of the adiabatic conditions for short time scales
during rapid failure.

In Figure 2.21 we show the evolution of temperature in a point situated at a distance
of 0.6mm from the initial notch tip. The two simulations exhibit a temperature drop
which is the effect of the thermoelastic coupling term in (2.80) followed by temperature
rise due to rapid damage propagation.

We end this section by considering the FE model specimen with the real dimensions
given in Figure 2.17 and comparing the numerical results with the experimental observa-
tions for this new test. In the case of an impact velocity of 8m⇥ s

�1 and lc = 6⇥10
�5

m,
the simulations predict similar evolutions of crack-tip velocity as the experimental data

a) b)

Figure 2.20: Temperature contours during the crack propagation regime: simulations with
(a) and without (b) heat conduction.
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a) b)

Figure 2.21: Evolutions of temperature in a point situated at a distance of 0.6mm from
the initial notch tip.

Figure 2.22: Crack-tip velocity during propagation: (a) experimental results [17] vs (b)
numerical results

of [17]. As shown in Figure 2.22, the crack-tip speed reaches a value of 400m ⇥ s
�1 at

about 50µs after crack initiation. This value is in agreement with that measured in the
experiments if we take into account the data uncertainty of ± 50m⇥ s

�1.

Figure 2.23: Crack length evolution with time: (a) experimental results [17] vs (b) nu-
merical results.

55

30 

25 

20 

g15 

>-
<l 10 

o-
_, 

-5 
0 0.5 1.5 2 2.5 

lime[s] x 10·5 

1000~-------------------~ 

800 40 mfs lmpacl 
/ SP«d 

Es1im1111cd 
/ Magnitude of I JI' Uncffla1t1ty 

] 
400 

200 
8m's Impact 

S.-

20 40 60 80 100 120 

Timc aficr Crack Initiation (µs) 

35 

30 

25 
Ê 
.§, 

20 t 
.ll 

! 15 " 8mf1lmpact 

10 SP«d 

20 40 60 80 100 120 

Timc aftcr rack Initiation (µs) 

30 

25 

20 

g15 

>-
<l 10 

400 

350 
Je 
,S300 
"0 
t 250 
C. 

"' .e-200 
:;;; 
~ 150 
u 

100 

50 

5 

-5 
0 0.5 

10 

_/ 
1.5 2 2.5 3 

lime[s] x 10"5 

20 30 40 50 60 
lime (µs] 

25-----~-----------~ 

20 

E 
.S15 
.c 
ë, 
C: 
2 
-"' 10 u 
!! 
u 

20 30 40 50 60 70 

lime [µs] 



Chapter 2. Two-scale dynamic damage model for mode I microcracking with heat disspation

Figure 2.24: Temperature evolution with time : (a) experimental results [17] vs (b)
numerical results.

Figure 2.23 gives a comparison between the FE simulations and the experimental
measurements of crack length growth. The evolutions are rather similar, with some small
differences. For instance, the simulations show a length of 20mm reached at about 55�
60µs while this value is obtained a little bit later, after 70µs, in the experiments.

The thermal signal in a point at 20mm of the initial notch tip is given by Figure (2.24).
From the simulations, a rising of �T+ = 22K after a drop of �T� = �2K is obtained
for the temperature evolution. These values of temperature are similar to the measured
experimental values of about �T+ = 23K and �T� = �2K, shown on Figure(2.24).
The shift in the time axis corresponds to different initial time instants between simulations
and experiment.

2.8 Conclusions

We constructed a coupled thermo-mechanical damage model for brittle materials based
on dynamic evolutions of microcracks with dissipated fracture energy converted to heat
at propagating tips.

Starting with a distribution of microcracks propagating according to a Griffith type
criterion in dynamics and with point heat sources at the moving tips, a homogenization
method based on asymptotic developments has been employed to deduce a damage evo-
lution law coupled with the thermoelasticity system at the macroscale. The upscaling
procedure leads to distributed heat sources, related to the damage energy-release rate,
in the homogenized temperature equation and the damage law depend on the thermal
and the mechanical fields, such that the obtained macroscopic system has strong thermo-
mechanical-damage couplings.

While the failure heating effect has been addressed previously in the framework of
Fracture Mechanics, through models of crack-tip heat sources (e.g., [25], [26], [135]) or
thermally dissipative cohesive zones [18, 54], the present approach appears to be the first
one proposing a multiscale description of the heating due to distributed damage evolution
in dynamics.
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2.8. Conclusions

The local effective response of the model has been analyzed with special emphasis on
thermal evolutions. Strain-rate and size effects related to the length of the microstructure
are illustrated for strain-driven evolutions of stress, damage and temperature. Cooling
effects prior to damage initiation and heating during propagation have been illustrated
for different model parameters.

Numerical simulations have been performed to reproduce the compact compression
test for PMMA samples. Comparisons with the temperature field measurements during
rapid failure reported in [115] have shown good agreement between theoretical predictions
and experimental results.

The analysis in the last section of this chapter showed that the adiabaticity assumption
for the evolution of temperature during dynamic crack propagation is reasonable for the
simulations with the new damage model. The heat conduction model is also necessary
for the study of thermally induced fracture problems, like thermal shocks [88, 141] or
irradiation damage [128].
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Chapter 3

Dynamic damage evolution for mode II
microcracks with frictional contact

3.1 Introduction
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3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.2 Formulation of the initial fracture problem . . . . . . . . . . . 61

3.3 Homogenized elastodynamic equations . . . . . . . . . . . . . . 63

3.4 Dynamic damage law with friction effects . . . . . . . . . . . . 65

3.5 Local macroscopic behavior . . . . . . . . . . . . . . . . . . . . 67

3.5.1 Homogenized coefficients Cmnpq and Imnpq . . . . . . . . . . . . 67

3.5.2 Local response analysis . . . . . . . . . . . . . . . . . . . . . . . 69

3.6 Numerical simulations of mode II failure of PMMA samples

under impact . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

Many complex mechanical behaviors of quasi-brittle materials under compression load-
ings, including the material hardening and softening, elastic stiffness degradation, induced
anisotropy, irreversible deformations, have as microscopic origins the propagation of mi-
crocracks and the frictional sliding along their lips. A proper modeling of the overall
behavior of quasi-brittle materials should necessarily account for the two microscopic dis-
sipative mechanisms and their coupling. Such a description is particularly challenging in
the context of dynamics, when the material response is sensitive to the rate of the applied
loadings and specific interactions between the small-scale fracture and friction processes
take place.

Among the various studies in the literature, one can mention the micro-mechanical
approaches for stationary or evolving frictional micro-cracks in [79], [93], [2], [5], [74], [98],
[136], [91], [64], [69], [85], [145], [106], [147].

In the context of dynamics, several models based on micro-mechanics have been de-
veloped to study the compressive failure response of brittle solids in the case when the
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Chapter 3. Dynamic damage evolution for mode II microcracks with frictional contact

main microscopic mechanism is the tensile fracture mode. [97] studied an array of inter-
acting and dynamically growing wing cracks and estimated the rate-dependent dynamic
damage evolution. [113] developed a micro-mechanical model for ceramics based on non-
interacting, uniformly distributed sliding micro-cracks subjected to dynamic compressive
loading and predicted effects of the rate sensitivity on failure strength. [73] developed a
model that combined damage evolution theory with dynamic crack growth under uniaxial
dynamic compression. [100] developed a model based on the evolution of tensile wing
micro-cracks in the case of uniaxial compression under constant strain loading. A more
recent dynamic damage model inspired by the same wing crack mechanism and valid over
a wide range of loading rates has been proposed by [16].

Probabilistic damage models for the description of the fragmentation processes have
been proposed by [45], [60] based on the hypothesis that the increment of microcrack
density is a function of the obscuration probability due to the stress release around newly
formed microcracks. A specific microplane model for impact comminution of solids, in-
spired by the Grady’s model of fragmentation and considering the kinetic energy in high-
rate shear deformations as the driving force of comminution, has been formulated in [11].

Most of these models are essentially based on mode I fracture mechanisms. However,
there are physical situations in which cracks are constrained to propagate in mode II.
Rupture on geological faults that occurs in earthquakes is a classical example. Impact
experiments of [118, 119, 109, 17, 18] on bonded or side-grooved samples of brittle polymers
revealed that under high strain rate loadings a failure mode transition from opening to
shear fracture takes place. In contrast with the mode I crack velocities that are much
smaller than the theoretical limit, the Rayleigh wave speed cR, the shear cracks may
evolve rapidly up to cR and may pass in the supershear regime, with tip velocities v larger
than the shear wave speed cS.

Fracture Mechanics studies on dynamic mode II cracks [58, 59, 31, 28, 29, 30, 129, 112]
showed the possibility of intersonic propagation cS < v < cL, with cL the dilatational wave
speed, while the subsonic super-Rayleigh regime cR < v < cS is non-physical since as it
corresponds to negative values of the energy-release rate. In the intersonic interval, non-
vanishing positive energy fluxes at the crack tip are obtained if a finite size cohesive zone
model is adopted, indicating the necessity of a distributed approach. Using a phase-field
fracture model [127] simulated the intersonic shear fracture of brittle specimens under
impact, by triggering the crack path with a weak strip of reduced toughness, and obtained
crack velocities in agreement with the experimental values in [119].

The microstructural observations of the fracture surfaces reported in [109] and [4],
for mode II failure of PMMA samples under impact, revealed the existence of complex
morphologies which do not correspond to en echelon mode I microcracks, but rather to
a mode II process zone. It was also observed [17, 19] that frictional contact plays an
important role during the shear failure, leading to temperature rise up to the glass tran-
sition temperature and polymer melting effects. In this context, the present contribution
investigates the possibility of modeling the dynamic shear failure of brittle solids using
a damage model obtained by upscaling of microstructures with rapidly evolving mode II
frictional microcracks.

Damage models have been extensively employed in the last years (e.g. phase-field,
delay damage laws... ) for the modeling of failure in solids. A method to obtain damage
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3.2. Formulation of the initial fracture problem

evolution laws from microcracks propagation criteria, using the asymptotic homogeniza-
tion technique, has been proposed in [37] and extended to more complex microcrack
evolutions in [39, 38, 61, 94, 47]. In dynamics, a damage model has been established for
mode I microcracks in [82, 41] and for the antiplane mode in [6]. Heat dissipation effects
have been included in the mode I dynamic damage approach in [42]. [140] proposed a
quasi-static damage law for the in-plane shear-mode propagation of frictional microcracks.

The main objective of the present chapter is to develop a two-scale damage model by
asymptotic homogenization from microstructures with microcracks propagating dynami-
cally in mode II and having contact and friction conditions on their lips. The local analysis
of the macroscopic response will be performed in order to reveal the main features of the
new approach. At the structural level, the mode II brittle failure of PMMA specimens
under impact loading will be reproduced numerically in order to illustrate the prediction
capacity of the model.

This chapter is organized as follows. In section 3.2, the initial elasto-dynamic fracture
problem is formulated. The next two sections are devoted to the homogenization analysis
to construct the macroscopic elastodynamics equations for the microcracked solid and the
dynamic damage law deduced from the microscopic propagation criterion. The analysis
of the local macroscopic response of the new model is performed in Section 3.5 for the
effective coefficients, the influence of small-scale friction, the strain-rate and microstruc-
tural size effects. Results of numerical simulations for dynamic shear rupture of PMMA
samples under impact loading are presented and compared with the experimental data in
Section 3.6.

3.2 Formulation of the initial fracture problem

We consider the dynamic evolution of an elastic solid containing a locally periodic distri-
bution of microcracks, parallel to the x1 axis, as illustrated in Figure 3.1. The fixed size of
a period is lc, while the variable micro-crack length is denoted by l. The local periodicity
allows for different damage values in different macroscopic points, corresponding to the
large-scale variations of the microcrack length.

The equations of elastodynamics can be written:

@�
"
ij

@xi
= ⇢

@
2
u
"
j

@t2
(3.1)

and the constitutive relations of linear elasticity are:

�
"
ij = aijklexkl(u

"
) (3.2)

where u
" et �" are the displacement and stress fields, ⇢ the mass density and exkl is the

linearized strain tensor:
exkl(u

"
) =

1

2
(
@uk

@xl
+
@ul

@xk
) (3.3)

relative to the xi variables. The elastic coefficients aijkl for an isotropic homogeneous solid
have for expression:

aijkl = ��ij�kl + µ(�ik�jl + �il�jk) (3.4)
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Chapter 3. Dynamic damage evolution for mode II microcracks with frictional contact

Figure 3.1: a) Micro-fissured medium with locally periodic microstructure with lc the
size of a period, l the local micro-crack length and Lc the characteristic length of the
macro-structure. b) Reference cell of size Lc with rescaled crack length d.Lc.

where � and µ are the Lamé constants.
Unilateral contact conditions are assumed on the crack lips. They can be expressed

by the relations:
[�"

N] = 0, N�"
N < 0, [u

"
.N] = 0 (3.5)

where [.] represents the jump across the crack line with respect to the unit normal vector
N, oriented in the direction of the x2 axis.

In addition to the contact relations (3.5), the Coulomb friction conditions are also
considered such that, in the sliding regime, we have :

|T�"
N| = �µfN�"

N (3.6)

where T is the unit tangent vector to the crack, oriented in direction of x1 axis, and µf

is the friction coefficient.
We assume that microcracks are evolving symmetrically with respect to the center of

the elementary period and following a Griffith-type propagation criterion based on the
dynamic energy-release rate:

Gd"
= lim

r!0

Z

�r

✓
(U + T )ne� �

"
ijnj

@u
"
i

@x1

◆
ds (3.7)

where �r is a circular contour of radius r surrounding the crack tip and U and T are,
respectively, the elastic and the kinetic energy densities:

U =
1

2
amnklexkl(u

✏
)exmn(u

✏
) ; T =

1

2
⇢
@u

"

@t

@u
"

@t
(3.8)

The propagation laws for microcracks can be written in the Kuhn-Tucker form as:

Gd" � Gc  0; l̇ � 0; l̇
�
Gd" � Gc

�
= 0 (3.9)

where l is the microcrack length, Gc is the critical fracture energy of the material and l̇

represents the time derivative of l(t). The conditions (3.9) assure that the crack prop-
agation is irreversible and it is allowed only when the available energy for fracture Gd"

reaches the critical energy Gc necessary to break the material bonds.
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3.3. Homogenized elastodynamic equations

Figure 3.2: Scaling of the microscopic period of the material to the reference cell.

The objective of the next two sections is to construct a macroscopic elasto-damage
model by homogenization of the present elastodynamic fracture problem.

3.3 Homogenized elastodynamic equations

In this section, we use the homogenization method based on asymptotic developments
[10, 15, 122] to deduce the effective elastodynamic response of solids containing a large
number of microcracks with contact and friction conditions. This section will extend the
quasi-static analysis in [140] to dynamics. The results will serve as a necessary basis for
the construction of the damage model in the next section.

Two coordinate systems x and y are introduced for the homogenization method: the x
variables are used to describe variations of the mechanical fields at the macroscopic scale,
while y variables refer to the microscopic scale. They are linked by the relation y =

x
" ,

where " =
lc

Lc
characterizes the difference between microscopic and macroscopic scales,

as in Chapter 2. The above relation transforms the physical period of size lc, containing
a crack of length l, in the unit cell Y with a crack of length d.Lc, with d the damage
variable as shown on Figure 3.2.

Following the asymptotic homogenization method, we consider the two-scale develop-
ments of the displacement and stress fields:

u
"
i (x, t) = u

(0)
i (x,y, t) + "u

(1)
i (x,y, t) + "

2
u
(2)
i (x,y, t) + . . . (3.10)

�ij
"
(x, t) =

1

"
�ij

(�1)
(x,y, t) + �ij

(0)
(x,y, t) + "�ij

(1)
(x,y, t) + ... (3.11)

where u
(i)
i (x,y, t) and �(i)

ij (x,y, t) are periodic functions with respect to y in the unit cell.
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Chapter 3. Dynamic damage evolution for mode II microcracks with frictional contact

By replacing the expressions of ui and �ij in the elastodynamic equations (3.1) and
separating the terms of the same order in ", we obtain a series of equations. The first
three of them are:

@�
(�1)
ij

@yi
= 0,

@�
(�1)
ij

@xi
+
@�

(0)
ij

@yi
= 0,

@�
(0)
ij

@xi
+
@�

(1)
ij

@yi
= ⇢

@
2
u
(0)
j

@t2
(3.12)

In the same way, by replacing the two-scale developments in the constitutive relations
(3.2), we obtain at the first orders in ":

�
(�1)
ij = aijkleykl(u

(0)
) (3.13)

�
(0)
ij = aijkl(exkl(u

(0)
) + eykl(u

(1)
)) (3.14)

�
(1)
ij = aijkl(exkl(u

(1)
) + eykl(u

(2)
)) (3.15)

Concerning the boundary conditions on the faces of the cracks, in the frictional sliding
regime, we find at powers m = �1, 0, . . . of ":

h
�
(m)
ij Nj

i
= 0, Ni�ij

(m)
Nj < 0, |Ti�

(m)
ij Nj| = �µfNi�ij

(m)
Nj on CY

± (3.16)

together with the continuity of normal displacements:
⇥
u
(p)
.N
⇤
= 0, on CY (3.17)

for p=0,1...
When the expression (3.13) is used in the first equation (3.12) and in the relations

(3.16), for m=-1, we get the unit cell problem for u
(0):

@

@yi
(aijkleykl(u

(0)
)) = 0 in Y (3.18)

⇥
(aijkleykl(u

(0)
))Nj

⇤
= 0 on CY (3.19)

Ni(aijkleykl(u
(0)
))Nj < 0 on CY

± (3.20)

|Ti(aijkleykl(u
(0)
))Nj| = �µfNi(aijkleykl(u

(0)
))Nj on CY

± (3.21)

with periodic boundary conditions on the opposite edges of the cell. This allows us to
deduce the solution u

(0)
= u

(0)
(x, t) not depending on the microscopic variable y and thus

becoming the macroscopic displacement field.
The problem for u(1) is obtained by replacing the equation (3.14) in the second relation

of (3.12) and in the relations (3.16), for m=0:

@

@yi
(aijkleykl(u

(1)
)) = 0 in Y (3.22)

⇥
(aijkleykl(u

(1)
))Nj

⇤
= �

⇥
(aijklexkl(u

(0)
))Nj

⇤
on CY (3.23)

Niaijkl(eykl(u
(1)
) + exkl(u

(0)
))Nj < 0 on CY

± (3.24)
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|Tiaijkl(eykl(u
(1)
)+ exkl(u

(0)
))Nj| = �µfNiaijkl(eykl(u

(1)
)+ exkl(u

(0)
))Nj on CY

± (3.25)

By introducing the macroscopic stress as the average value over the unit cell Y :

⌃
(0)
ij ⌘

D
�
(0)
ij

E
=

1

L2
c

Z

Y

aijkl(exkl(u
(0)
) + eykl(u

(1)
))dy (3.26)

the homogenized macroscopic equation is obtained as:

@

@xj
⌃

(0)
ij = ⇢

@
2
u
(0)
i

@t2
(3.27)

As proved in the Appendix B, the stress expression (3.26) can be used to obtain the
macroscopic constitutive relation :

⌃
(0)
ij = Cijmnexmn(u

(0)
) (3.28)

where the effective coefficients Cijmn are given by the relations (B.17 - B.19). We note
that these coefficients depend on the normalized crack length d. This dependence will be
illustrated numerically in Section 3.5.

3.4 Dynamic damage law with friction effects

In this section, the asymptotic homogenization method is used in combination with an
energy analysis for microcracks propagating dynamically, in mode II, with contact and
friction conditions, in order to obtain a macroscopic damage law.

The effective coefficients (B.17-B.19) depend on the damage variable d. Under the
applied loadings, the microcracks are propagating and the variable d(x, t) will evolve in
time at every material point x. In order to describe this evolution, a macroscopic damage
law is necessary. A specific upscaling procedure, from microcracks to damage, has been
proposed in previous studies [37, 61, 140, 82] and the objective of this section is to extend
this approach to the case of dynamically propagating microcracks in contact with friction.

By replacing the asymptotic expansions of the displacement u
✏ and the stress �"

in (3.7) and taking into account the singularity of the mechanical fields, we obtain the
expression of Gd" in the form:

Gd"
= ✏ lim

r!0

Z

�Yr

(�aijkleykl(u
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)nj(

@u
(1)
i
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+
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2
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(1)
)eymn(u

(1)
) +

1

2
⇢v

2
(
@u

(1)

@y1
)
2
)n1dsy (3.29)

where the change of variable dS = ✏dsy has been made, �Yr is the image of �r in the unit

cell and the microcrack tip speed has been written v = "Lc
ḋ

2
together with the near-tip

asymptotic relation [59] @u"

@t ' �v
@u"

@x1
.

The dynamic energy-release rate can be expressed [59, 129] as:

Gd"
= g2(v)G" (3.30)
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Figure 3.3: The function g2(v) and its approximations g
↵
2 (v) for ↵ = 1 and ↵ = 0.9.

where G" is the quasi-static energy-release rate, corresponding to (3.29) without the kinetic
energy term, and g2 is a universal function, for the mode II propagation, given by the
formula:

g2(v) = �

s
1 +

v
c2

1� v
c2

v
2
(1� v

cR
)
2

(1� ⌫)c22R(v)D2
+(v)

(3.31)

Here c2 =

q
µ
⇢ , c1 =

q
E(1�⌫)

⇢(1+⌫)(1�2⌫) are respectively the shear and dilatational wave veloc-
ities, cR is the Rayleigh wave velocity. R(v) and D+(v) are functions of crack velocity v

given by the expressions [129] :

R(v) = (1 +m
2
2)

2 � 4m1m2 (3.32)

D+(v) = exp(
1

⇡

Z 1

c2/c1

�(↵)

↵� c2/v
d↵) (3.33)

with

�(↵) = arctan
4↵

2
p
1� ↵2

p
↵2 � c2/c1

(2↵2 � 1)2
(3.34)

and the constants m1,2 =

q
1� v2

c21,2
.

In order to find a dynamic damage law in a relatively simple form, we seek for an
explicit approximation of the function g2(v). Using numerical integration for D+(v), we
can compute g2(v) for v ranging from 0 to cR. Its graphical representation is given in
Figure 3.3 and compared to other simple approximation functions g2(v) ⇡ g

↵
2 (v) of the

form
g
↵
2 (v) =

r
1� (

v

cR
)↵ (3.35)

We remark that reasonably good approximations are obtained for ↵ = 0.9 and ↵ = 1.
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3.5. Local macroscopic behavior

Since the unit cell problem given in the previous section is the same as in quasi-statics,
the analysis performed in [140] is still valid. In particular, it allows to obtain a quasi-static
damage relation:

✓
G(1)

Lc
+ (

1

2

@Cmnpq

@d
+ Imnpq)exmn(u

(0)
)expq(u

(0)
)

◆
ḋ = 0 (3.36)

where the effective integral terms Imnpq are described in the Appendix B. The correspond-
ing terms in the laws (B.20) and (3.36) are related to the energy dissipated by friction
on the lips of microcracks. They are absent in the case of frictionless contact or opening
crack face conditions.

The term G" in (3.36) can be expressed as G"
= Gd"

/g2(v) from (3.30). And using the
Griffith propagation criterion Gd"

= Gc for ḋ 6= 0, we get the damage evolution law:
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=
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*
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c
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1
2
@Cmnpq

@d + Imnpq)exmn(u
(0))expq(u

(0)))2

+1/↵

(3.37)

where h.i represents the positive part. If we introduce the notation
Yf = Imnpqexmn(u

(0)
)expq(u

(0)
) for the frictional dissipation term and the damage energy-

release rate Y = �1
2
@Cmnpq

@d exmn(u
(0)
)expq(u

(0)
), then the evolution law can be written in a

compact form:
dd

dt
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2cR
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⌧
1� G2

c

l2c(Y � Yf )
2

�1/↵

(3.38)

We note that the microscopic length lc is present in the damage law and will be responsible
for microstructural size effects.

3.5 Local macroscopic behavior

The analysis of the local response predicted by the new damage model is performed
in the present section. For the numerical implementation, the material parameters of
the PMMA polymer are used: dynamic Young’s modulus E = 5.5GPa, Poisson’s ratio
⌫ = 0.35 and mass density ⇢ = 1190 kg/m

3. Based on the estimation in [27], where the
mode II fracture toughness for PMMA was determined to be about 2.5 times the mode I
toughness, we adopt for the critical fracture energy Gc = 2100J/m

2. Three values of the
friction coefficient µf = 0, µf = 0.25 and µf = 0.5 are considered in the present analysis.
The exponent for the approximation (3.35) of g2(v) is taken to be ↵ = 1.

3.5.1 Homogenized coefficients Cmnpq and Imnpq

To calculate the homogenized coefficients Cmnpq and the integrals Imnpq present in the
damage law (3.37) the particular solutions of the unit cell problem (B.3-B.6) are needed.
Finite Element computations with the commercial software [35] are performed to obtain
the corresponding numerical solutions. Some details on the unit cell problem formulation
are given in the Appendix B.
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a) b)

Figure 3.4: Effective moduli C1222(d) and C1212(d) for three values of the friction coeffi-
cient: µf = 0, µf = 0.25 and µf = 0.5.

In order to obtain the dependence on the damage variable d, the cell problems were
numerically solved for different crack lengths. With these solutions, the integral formulae
(B.17-B.19) on the unit cell Y and the two integrals in (B.22) on the edges of the crack
CY were evaluated. The computations were performed for 20 values of the crack length
d, ranging from 0 to 1. Then, the obtained numerical values of Cmnpq and Imnpq were
computed as functions of d by polynomial interpolations. The first term in the expression
(B.22) was obtained by derivation of the interpolated integral.

For d = 0, the effective coefficients are equal to the elastic coefficients of the undamaged
material Cijkl = aijkl, while for d 6= 0 the coefficients: C1111 = a1111, C1122 = C2211 =

a1122, C1112 = C1211 = 0, C2222 = a2222 are not affected by the variation of d. The
computation of the integral terms in Iijkl revealed that the only non-negligible coefficient
is I2222. In Figures 3.4 and 3.5 we represent, respectively, C1222(d), C1212(d) and I2222(d),
corresponding to a crack orientation along the y1-axis and for the three values of µf .

The effective coefficients C1222 and C1212 are shown in Figure 3.4. C1222 characterizes
the influence of the compression deformation ex22(u

(0)
) on the macroscopic shear stress

⌃
(0)
12 . In the absence of friction, there is no such influence on the shear stress response

while, in the presence of friction, the compression influence the frictional resistance giving
rise shear stresses. This effect is amplified by the value of the friction coefficient and also
by the size of the friction zone, controlled by the normalized microcrack length d. The
two influences can be remarked in Figure 3.4a, the effective coefficient C1222(d) being an
increasing function and having the highest values for µf = 0.5.

As concerns the coefficient C1212, the Figure 3.4b shows that it is a decreasing function
of d and its behavior is not affected by the value of the friction coefficient. It represents
the effect of the shear deformation of the unit cell on the macroscopic shear stress. The
presence of microcracks makes easier the deformation of the cell and reduce the level
of resulting shear stress. This explains the decrease of C1212 with respect to d. For a
completely fractured cell, no shear stresses are generated since the two parts move freely.

The coefficient I2222 is represented in the Figure 3.5 as a function of damage d. Since
these coefficients characterize the dissipation due to friction on the lips of microcracks, it
is evident that they vanish for µf = 0 and have higher values for large friction coeffcients.
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3.5. Local macroscopic behavior

Figure 3.5: I2222 vs d for three values of the friction coefficient: µf = 0, µf = 0.25 and
µf = 0.5.

Moreover, I2222(d) is an increasing function since friction on larger microcracks involve
more dissipation of energy. This dissipation mechanism will reduce the energy available
for fracture and will delay the propagation of microcracks.

3.5.2 Local response analysis

Let us now study the local stress and damage response of the new model for a given strain
history in a macroscopic point. The material parameters listed in the beginning of this
section are used as an initial basis for the subsequent parametric studies. A shear strain
history ex12(t) with constant strain rate ėx12 = �8000/s and a fixed compression strain
ex22 = �5⇥ 10

�3 are given while the other strain components are vanishing.
In Figure 3.6 are represented the damage d and the stress �⌃12 as functions of the

applied strain �ex12, for three values of the friction coefficient µf = 0, µf = 0.25, µf = 0.5.
The value of the initial damage is chosen d0 = 0.2 and the microstructural length is
lc = 0.003 m. After the initial elastic regime, damage evolves and the stress-strain curve
shows successive hardening and softening behavior up to complete failure. When the
friction coefficient of microcracks increases, the necessary shear deformation to initiate
the propagation is higher due to higher friction resistance. An important part of energy is
dissipated by friction on the microcrack lips, reducing the amount of energy available for
fracture. The initiation delay leads to the development of higher shear strength values.

Let us consider now the influence of the normal compression. Three different normal
strain values: ex22 = �10

�3, ex22 = �8 ⇥ 10
�3 and ex22 = �1.5 ⇥ 10

�2 are considered
and the corresponding responses are represented for the friction coefficient µf = 0.5, the
applied strain rate ėx12 = �8000/s, lc = 5⇥ 10

�3
m and the initial damage d0 = 0.2. The

Figure 3.7 shows the stress �⌃12 and the damage d as a function of the strain �ex12 for
different values of ex22. We observe that the increase of the compression strain produces
a delay in the evolution of damage. In this case, the friction resistance is higher making
the propagation of microcracks more difficult and leading to the development of higher
values of the shear stress.
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Chapter 3. Dynamic damage evolution for mode II microcracks with frictional contact

a) b)

Figure 3.6: Stress �⌃12 and damage d vs strain �ex12 for three values of the friction
coefficient: µf = 0, µf = 0.25 and µf = 0.5.

We analyse now the local macroscopic response for different values of the strain rate:
ėx12 = �100 /s, ėx12 = �1000 /s, ėx12 = �10000 /s. The stress curves �⌃12 vs. �ex12

and damage d vs �ex12 are given in Figure 3.8 for a coefficient of friction µf = 0.5 and
for lc = 2⇥ 10

�3
m.

While the response is brittle for the first two values, the loading with the highest strain
rate induces some ductility in the softening regime associated with a slight increase in
strength. This is a typical inertial strain-rate effect, also present in the absence of friction.
It is essentially due to the formation of a non-negligible amount of kinetic energy near the
crack lips which reduces the available energy for fracture. We note that this effect is less
pronounced than in the case of opening of microcracks [82] where the amount of kinetic
energy may be more important.

We also study the effect of the microstructural length on the local response. The
tests were performed for the applied strain rate ėx12 = �8000/s and ex22 = �1 ⇥ 10

�3

and the coefficient of friction µf = 0.5. Three sizes of microstructure were considered:
lc = 5⇥10

�3
m, lc = 5⇥10

�4
m and lc = 5⇥10

�5
m and the results are presented in Figure

3.9. We observe that the shear strength increases and damage initiation is delayed as the

a) b)

Figure 3.7: Stress �⌃12 and damage d responses for three values of the compressive strain.
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3.5. Local macroscopic behavior

a) b)

Figure 3.8: Stress �⌃12 and damage d response for three values of the strain rate: ėx12 =
�100 /s, ėx12 = �1000 /s, ėx12 = �10000 /s.

size of the microstructure decreases. This is the typical Fracture Mechanics size effect
transferred to the damage model at the macroscopic level: larger microcracks propagate
much easier than smaller ones. The finer the microstructure, the stronger the material.

Finally, we consider the case of crack-velocity dependent fracture energy Gc(v). As we
will illustrate in the next section, this dependency is necessary to recover the experimental
results. For mode I dynamic fracture, the dependency Gc(v) has been studied by different
authors, e.g. [18, 36]. To our knowledge, such results are not available for the mode II
failure. Similarly to the opening mode case [42], we consider the linear approximation
Gc(v) = Gc0(1 + a.v).

In Figure 3.10 the stress and damage curves are plotted for Gc0 = 2100J/m
2, for both

a = 0 and a = 0.01. The other parameters are ėx12 = �8000/s, ex22 = �1 ⇥ 10
�3, lc =

1⇥10
�3

m and µf = 0.5. As expected, the increase of the fracture energy with the velocity
of the cracks leads to a damage delay and the corresponding peak stress increase. The
influence of non-vanishing a will be important for the macroscopic simulations presented
in the next section.

a) b)

Figure 3.9: Stress �⌃12 and damage d vs strain �ex12 for micro-structural lengths: lc =

5⇥ 10
�3

m, lc = 5⇥ 10
�4

m and lc = 5⇥ 10
�5

m.
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Chapter 3. Dynamic damage evolution for mode II microcracks with frictional contact

a) b)

Figure 3.10: Stress �⌃12 and damage d vs strain �ex12, for constant and crack-velocity
dependent fracture energy.

3.6 Numerical simulations of mode II failure of PMMA

samples under impact

We investigate here the capacity of the damage model to reproduce quantitatively the
experimental results in [109] concerning the rapid shear failure of PMMA samples under
impact loading. The authors showed that, by increasing the impact speed, the failure
dominated by normal stress changes to a shear stress dominated failure oriented in the
loading direction. Since the fracture toughness in mode II is much larger than in mode I
[27, 109], side-grooved specimens are used in order to promote the shear failure mode.

The geometry of the specimen is given in Figure 3.11a. The dimensions are defined as
W = 100mm, 2H = 400mm and T = 6.35mm. The grooves at both sides of the sample
have the depth Dg = 1.5mm and the height Hg = 3.2mm. The length of the initial

a) b)

Figure 3.11: Geometry of the specimen and applied loadings: a) impact, b) impact and
normal compression.
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3.6. Numerical simulations of mode II failure of PMMA samples under impact

Figure 3.12: Details of the mesh used in the FE simulations.

notch is l = 19mm and its thickness is 0.3mm. As shown Figure 3.11a, asymmetric
impact loading with the velocity Vimp = 60m/s is applied over a zone of D = 50mm,
corresponding to the diameter of the projectile used for the experiments.

The applied loading generates a dominant shear stress state at the tip of the initial
notch and initiate the shear failure along the groove. The dimensions of the specimen are
such that, during the first 100µs, there is not effect of the reflected waves from the far
boundaries, the only loading being that of the projectile. The observations in [109] show
the formation of a shear crack along the groove and a kinked mode I crack inclined at
some angle with respect to the loading direction. This latter opening crack was missing
in some experiments, only the shear crack being present. Since the model developed in
the present contribution is based on mode II microcracks, our aim is to reproduce the
formation of the macroscopic shear fracture.

The numerical values of the dynamic Young’s modulus E, the Poisson’s ratio ⌫ and
the mass density ⇢ for the PMMA material are given in the Table 1. Also given are
the friction coefficient µf , the microstructural length lc, the initial damage d0 and the
exponent ↵ in the approximation (3.35) of g2(v). The critical fracture energy is assumed
to be velocity dependent Gc = Gc0 ⇥ (1 + a.v). The choice of the parameters is discussed
below.

The damage model has been implemented in the commercial Finite Element software
[1], as a VUMAT user material subroutine. Dynamic elasticity computations can be
performed in Abaqus Explicit with the resolution of the damage equation in the user
subroutine. On a time step and for given strain increments in an integration point of the
FE mesh, the damage law (3.38) is numerically integrated using a Euler forward scheme.
Only the in-plane strain components are considered in the expression of the energy terms
Y and Yf in the damage law (3.38).

In order to account for the effect of the grooves on the initiation of the shear failure, a

Table 3.1: Parameters used in the simulations of the asymmetric impact test.

E (GPa) ⌫ (�) ⇢ (kg/m
3
) µf (�) lc (m) d0 (�) ↵ (�) Gc0 (J/m

2
) a (s/m)

5.5 0.35 1190 0.5 8⇥ 10
�5 0.08 1 2100 0.0075
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Chapter 3. Dynamic damage evolution for mode II microcracks with frictional contact

Figure 3.13: Damage band propagation inside the groove.

3D FE discretization is adopted. A FE mesh is constructed using four nodes tetrahedral
linear elements C3D4. The details of the mesh are given in Figure 3.12. A refinement is
considered in the groove, along the expected path of the damage band, with the element
size of 5⇥ 10

�2
mm.

Under the impact loading, damage localization occurs starting from the tip of the notch
and the damage band propagates in the groove. The complete failure corresponds to a
critical value of the damage parameter d = 0.99 at the integration point. When this state is
reached, the respective element is deleted and unilateral contact with friction conditions
are introduced between the new formed boundaries of the macroscopic crack. In this
evolution, the damage localization is a consequence of the softening response of the model
[40] and transition to discontinuous crack is performed numerically at complete failure.
Other approaches, like the one in [146] where the localization process is described with a
traction-based friction-damage law on the newly formed macrocrack, may be adapted in
future studies to the dynamic damage model proposed in the present contribution.

A typical evolution of the damage band initiated at the notch tip and evolving in the
groove is represented in Figure 3.13. The trajectory is relatively straight, in the loading
direction. This corresponds to the experimental observations of the shear crack by [109].
The authors also give the tip positions at different instants of time; they are represented
in Figures 3.15-3.17 with red square symbols.

In Figure 3.14 the lines of constant shear stress ⌃12 are represented near the tip of the
damage band at 40µs and 60µs, respectively. When approaching the tip, the absolute

a) b)

Figure 3.14: Lines of constant shear stress ⌃12 at: a) 40µs and b) 60µs. The absolute
values of ⌃12 are increasing when approaching the tip of the damage band.
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3.6. Numerical simulations of mode II failure of PMMA samples under impact

Figure 3.15: Variation of the crack-tip position with time for constant values of Gc.

values of ⌃12 are increasing, with a maximum in the immediate vicinity of the damage
front. With respect to the angle at the tip, they are maximal approximately on the
(horizontal) damage line, ahead of the tip. This distribution is characteristic to dominant
mode II crack propagation [112].

To explore the possibility of reproducing the experimental data for the crack-tip evo-
lution, we first considered the case of constant fracture energy Gc = Gc0. In Figure 3.15
the variation of the crack tip position with time is represented for four constant values of
Gc. A tendency of approaching the experimental points is observed when one increases the
fracture energy but this is effective only on the interval up to 40µs. For large values of Gc,
the propagation is more rapid. Since the increase of the critical energy first delayed the
propagation, much more energy is stored in the sample leading to more rapid propagation
in a second stage.

In these simulations the value of the microstructural length is lc = 8 ⇥ 10
�5

m. Note
that this value is close to the one considered for the mode I failure lc = 6 ⇥ 10

�5
m in

the compact compression specimen impact test [42]. The particular influence of Gc in
Figure 3.15 is also obtained when the critical energy is kept constant but the length " is
decreased. For smaller microstructures, the propagation is also delayed initially and the
same acceleration effect in the later stage is retrieved.

The next step of our investigation is to consider velocity-dependent fracture energy
Gc = Gc0⇥ (1+a.v). For the initial value Gc0 = 2100 J/m

2 was found to be a good choice.
Relatively good approximations of the experimental data are obtained for a in the range
0.0075 � 0.0125 s/m. We note that the value Gc0 = 2100 J/m

2 is consistent with the
estimation of [27] who determined that the ratio between mode II and mode I fracture
toughness is about 2.5. This would correspond to a mode I fracture energy of 336 J/m2

which is in the range of acceptable values for the PMMA material.
The predicted crack tip position at different instants of time and for a = 0.0075 s/m

is represented in Figure 3.17. This rapid evolution is typical for a shear crack. The
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Chapter 3. Dynamic damage evolution for mode II microcracks with frictional contact

Figure 3.16: Crack-tip position vs time for different values of a and variable fracture
energy Gc = 2100⇥ (1 + a.v).

Figure 3.17: Crack-tip position vs time for Gc = 2100⇥ (1 + 0.0075.v).

crack velocity is increased in 80µs up to a value close to the Rayleigh wave speed, which
is 1222.1m/s for the considered material parameters. This corresponds to the mesures
reported in [109]. It is known that mode I cracks usually do not evolve up to the theo-
retical limit which is the Rayleigh wave velocity, but have a lower limit speed due to the
development of micro-branching instabilities [112].

In order to evaluate the influence of the friction on fracture evolution, we also simulated
the impact test in the case of frictionless contact µf = 0 on microcracks. For the sake
of comparison, we plotted in Figure 3.18 the crack-tip positions vs time for µf = 0 and
µf = 0.5, respectively. It can be remarked that the presence of friction slows down the
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3.6. Numerical simulations of mode II failure of PMMA samples under impact

Figure 3.18: Crack-tip position vs time for µf = 0 and µf = 0.5.

fracture evolution. This influence at the structural level is related to that revealed by the
local analysis and shows the necessity of including frictional effects on microcracks in the
modeling of failure of quasi-brittle materials.

We finally study the influence of the normal compression on the macroscopic crack
growth. For this, in addition to the impact loading, a normal displacement is applied on
the top boundary of the specimen while the bottom is blocked in the vertical direction
x2. No constraints are imposed in the impact direction x1 on these two boundaries. The
new loading is illustrated in Figure 3.11b. In order to have an effective compression in
the groove before impact, the applied displacement is chosen in the form:

u2(t) =
uc

t0
t for t  t0 ; u2(t) = uc for t � t0 (3.39)

with t0 = 100µs and the impact velocity Vimp = 60m/s is applied starting from t1 =

200µs.
In Figure 3.19, the crack tip advancement has been represented for different values

of the applied normal displacement uc = 0m, uc = �0.0025m, uc = �0.005m and
uc = �0.0075m, respectively. As expected, when uc is increased the fracture propagation
is delayed as a consequence of the increased frictional resistance. We retrieve at the
level of the macrostructure the influence of the normal compression discussed in the local
analysis. This influence cannot be captured using a damage model not accounting for
frictional effects.

Conclusions

A new dynamic damage model taking into account the dissipation due to friction on the
lips of microcracks has been proposed. The damage evolution law is obtained by asymp-
totic homogenization from a microscopic Griffith-type propagation criterion in mode II.
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Chapter 3. Dynamic damage evolution for mode II microcracks with frictional contact

Figure 3.19: Crack-tip position vs time for different values of the applied normal displace-
ment uc at the top of the specimen.

Unilateral contact with friction conditions have been assumed on the lips of micro-
cracks. The macroscopic damage law contains a length parameter characterizing the
mutual distance between neighbor microcracks. Microstructural size effects, strain-rate
sensitivity and friction influence are analyzed at the local and structural levels.

Numerical simulations of the impact test on PMMA samples are presented. For high
impact velocities, the shear failure mode is activated in grooved specimens. It was found
that the model predictions are in good agreement with the experimental data.

Further developments of the present model may explore the possibility to reproduce
simultaneous mode I and mode II propagation by combination with the damage model
in [82, 41], the prediction of the intersonic shear failure by replication of the experiments
in [119] or the inclusion of frictional heating effects using an approach similar to that
developed in [42] for mode I failure.
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Chapter 4

Thermo-mechanical couplings in
dynamic shear failure
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4.1 Introduction

The material response of quasi-brittle solids under compression loadings involving com-
plex features like hardening and softening, stiffness degradation, induced anisotropy, ir-
reversible deformations and thermal changes are the result of microscopic evolutions of
microcracks with frictional sliding on their lips. The dynamic behavior of these materials
is often associated with important thermal changes originated by small-scale dissipation
processes related to microcrack propagation and frictional heating. In order to prop-
erly account for such mechanisms and their coupling, a multiscale modeling framework
is well suited. The objective of the present contribution is to construct a two-scale ther-
momechanical damage model based on dynamic evolutions of mode II microcracks with
associated heat dissipation effects due to their propagation and frictional sliding.

Micromechanical approaches for stationary or evolving frictional micro-cracks have
been developed, among others, in [79], [93], [2], [5], [74], [98], [136], [91], [64], [69], [85],
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Chapter 4. Thermo-mechanical couplings in dynamic shear failure

[145], [147]. In dynamics, models based on micro-mechanics have been developed to study
the compressive failure response of brittle solids in the case when the main microscopic
mechanism is the tensile fracture mode. A study of an array of interacting and dynamically
growing wing cracks and the corresponding rate-dependent dynamic damage evolution
has been performed in [97]. In [113] the authors developed a micro-mechanical model for
ceramics based on non-interacting, uniformly distributed sliding micro-cracks subjected
to dynamic compressive loading and predicted effects of the rate sensitivity on failure
strength. A model that combines damage evolution theory with dynamic crack growth
under uniaxial dynamic compressionhas been proposed in [73]. Also, in [100] a model
based on the evolution of tensile wing micro-cracks in the case of uniaxial compression
under constant strain loading is developed. A more recent dynamic damage model inspired
by the same wing crack mechanism and valid over a wide range of loading rates has been
proposed in [16]. In [127] a phase-field fracture model has been used to simulate the
intersonic shear fracture of brittle specimens under impact [119].

Thermal effects play an important role in the description of dynamic failure. Temper-
ature measurements for opening or shear mode cracks, like those reported in [115, 116, 18,
19] for brittle polymers, revealed a significant temperature rise in a highly localized area
surrounding the crack tip during propagation. Attempts to model such heating effects in
the context of Fracture Mechanics have been made for instance in [25, 135] by considering
crack models with Dirac-type heat sources located at the tip point and which intensity
represents the excess of energy release rate with respect to that necessary for the new
crack surface formation. In [18] the authors proposed a thermally dissipative cohesive
zone model for dynamic fracture of amorphous polymers. Their model is based on the
assumption that the excess supplied energy in the crack-tip region is converted to heat
within the cohesive zone that models the crazing process. More recently, a multiscale
damage approach has obtained [42] for mode I dynamic failure with moving heat sources
at the tips of microcracks.

A second source of heating for shear rupture is the frictional sliding on the crack
lips. For brittle materials under impact loading, the frictional heating on cracks has been
considered for instance in [33]. Earthquakes motion is generally associated with the de-
velopment of important densities of microcracks and the frictional heating effects play
an important role in the description of seismic events [83, 55, 120]. In [46] a statistical
approach has been developed to predict the dynamic response of brittle reactive materials
with myriad of microcracks under impact and including the hot spot formation by fric-
tional heating. A phase field damage model that includes heat sources due to frictional
heating at the crack surfaces and heat dissipation during crack propagation has been used
in [67, 49] to illustrate the nucleation of hot spots in energetic materials.

Impact experiments reported in [118, 119, 109, 17, 18] on bonded or side-grooved
sam-ples of brittle polymers revealed that under high strain rate loadings a failure mode
transition from opening to shear fracture takes place. In contrast with the mode I crack
velocities that are much smaller than the theoretical limit, the Rayleigh wave speed cR,
the shear cracks may evolve rapidly up to cR and may pass in the supershear regime, with
tip velocities v larger than the shear wave speed cS. The microstructural observations
of the fracture surfaces [109, 4], for mode II failure of PMMA samples under impact, re-
vealed the existence of complex morphologies which do not correspond to en echelon mode
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4.2. Thermoelastic fracture problem formulation

I microcracks, but rather to a mode II process zone. It was also observed [17, 19] that
frictional contact plays an important role during the shear failure, leading to temperature
rise up to the glass transition temperature and polymer melting effects. In this context,
the present contribution investigates the possibility of modeling the dynamic shear fail-
ure of brittle solids using a thermomechanical damage model obtained by upscaling of
microstructures with rapidly evolving mode II frictional microcracks and the associated
thermal effects.

A method to obtain damage evolution laws from microcracks propagation criteria,
using the asymptotic homogenization technique, has been proposed in [37]. In dynamics,
a damage model has been established for mode I microcracks in [82, 41] and heat dissi-
pation effects have been included in the mode I dynamic damage approach in [42]. For
microcracks with contact and friction, a quasi-static damage law has been obtained in
[140] and it has been extended to dynamics in [8]. The purpose of the present work is the
construction of a two-scale thermomechanical damage model by homogenization in the
case of dynamic mode II evolutions of microcracks having contact and friction conditions
on their lips and with crack-tip and frictional heating sources.

This chapter is organized as follows. In Section 4.2, the thermoelastic dynamic fracture
problem is formulated. The next two sections are devoted to the homogenization analysis
for the macroscopic temperature and elastodynamics equations for the microcracked solid
and the dynamic damage law deduced from the microscopic propagation criterion. The
analysis of the local macroscopic response of the new model is performed in Section 4.5
for the effective coefficients, the influence of small-scale friction, the strain-rate and mi-
crostructural size, the thermal evolutions accompanying the damage processes. Results of
numerical simulations for dynamic shear rupture of PMMA samples under impact loading
and the associated thermal evolutions are presented and compared with the experimental
data in the last section.

4.2 Thermoelastic fracture problem formulation

For a solid containing a large number of cracks that are small with respect to the size
of the whole structure, we distinguish between the macroscopic properties at the scale of
the solid body and the microscopic ones characterizing the local behavior in the vicinity
of one microcrack.

The distribution of microcracks in the solid B is assumed to be locally periodic, as
illustrated in Figure 4.1, all of them being straight and parallel to the x1 axis. We denote
by l the microcrack length and by lc the size of the period. The local periodicity means
slow spatial variations of l, with fixed lc, such that locally the microstructure may be
considered periodic.

If Lc is a characteristic length of the solid body B, as in Fig. 4.1, then the small
parameter " =

lc
Lc

, is a mesure of the difference between microscopic and macroscopic
scales. The mechanical and thermal fields describing the corresponding two-scale multi-
fracture problem will be denoted with an upper index ".

The thermo-mechanical evolutions in a material point of the solid are described by
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Chapter 4. Thermo-mechanical couplings in dynamic shear failure

Figure 4.1: a) Solid body with locally periodic microstructure with lc the size of a period,
l the micro-crack length and Lc the characteristic length of the macro-structure. b)
Reference cell of size Lc with rescaled crack length d.Lc.

the nonlinear equations of dynamic thermoelasticity

c
@T

"

@t
+ bijT

"@exij(u
"
)

@t
+
@q

"
j

@xj
= 0 (4.1)

⇢
@
2
u
"
i

@t2
�
@�

"
ij

@xj
= 0 (4.2)

where c is the specific heat and ⇢ the density of the material, bij = ↵(3� + 2µ)�ij is
the tensor of isotropic thermoelastic coupling coefficients, with �, µ the Lamé constants
and ↵ the thermal expansion coefficient. The strain tensor calculated with respect to xi

variables is denoted by exij(u
"
) =

1
2

⇣
@u"

i
@xj

+
@u"

j

@xi

⌘
.

The heat flux vector q
" is given by the Fourier law:

q
"
j = �k

@T
"

@xj
(4.3)

where k is the thermal conduction coefficient of the material, while the thermoelastic
constitutive relations for stresses are

�
"
ij = aijklexkl(u

"
)� bij(T

" � T0) (4.4)

with aijkl = ��ij�kl + µ(�ik�jl + �il�jk) being the isotropic elastic moduli.
On each crack faces unilateral contact conditions are assumed:

[�"
N] = 0 ; N�"

N < 0 ; [u
"
N] = 0 (4.5)

together with the Coulomb friction law:

| T�"
N |= �µfN�"

N (4.6)

In these relations, N is the unit vector normal to the crack, as shown in Fig. 4.2, T is
a unit vector tangent to the crack line, µf is the friction coefficient and [.] indicates the
jump across the crack faces.
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4.3. Asymptotic homogenization analysis

The frictional sliding between the crack faces gives rise to heating. A superficial heat
source [142, 143] equal to the frictional power, calculated with the shear stress and the
relative sliding velocity, is considered together with the continuity of the temperature field
across the crack surface:

[q"
N] = µfN�"

N


@u

"

@t
T

�
; [T

"
] = 0 (4.7)

The sign in the right member of the first relation corresponds to negative relative velocities,
as will be the case in the examples of the last section.

A second dissipation effect is linked to crack propagation. Most of the energy dissipated
for rupture is converted into heat and the crack tips are behaving like moving heat sources
[25, 135, 42]. If we define the heat flow from the crack tip as the limit

D
"
= lim

r!0

Z

�r

q"
n ds (4.8)

where �r is a small contour shrinking to the tip as represented in Fig. 4.2, then the local
balance of energy during propagation reads

D
"
= vp.Gd" (4.9)

with vp =
1

2

dl

dt
being the crack-tip velocity. The term Gd" represents the dynamic energy

release-rate
Gd"

= lim
r!0

Z

�r

((U "
+K"

)n1 � �
"
ijnj

@u
"
i

@x1
)ds (4.10)

calculated with the internal energy:

U "
=

1

2
aijklexkl(u

"
)exij(u

"
) + bijT0exij(u

"
) + cT

" (4.11)

and the kinetic energy
K"

=
1

2
⇢
@u

"

@t

@u
"

@t
(4.12)

For the propagation of the cracks, we consider a Griffith-type criterion Gd"
= Gc, with

Gc the critical fracture energy. In this case the relation (4.9) becomes D
"
= vp.Gc.

4.3 Asymptotic homogenization analysis

The previous multi-fracture problem will be upscaled to obtain an equivalent macroscopic
formulation in this section. The asymptotic homogenization method [122, 56] will be used
to deduce the macroscopic thermoelasticity equations from the initial problem described
previously. A similar approach has been used for coupled dynamic thermoelasticity by
[52, 57, 102, 9] in the case of solids without cracks. For thermoelastic microcracked
solids in dynamics, the method has been used in [42] in the case of opening microcracks.
In this section, we focus on the influence of the contact and frictional conditions on
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Chapter 4. Thermo-mechanical couplings in dynamic shear failure

Figure 4.2: Scaling of the microscopic period B" with a crack C into the reference cell
Y with the crack CY . The unit vectors n and e indicate the normal to the crack-tip
contours �r and �Yr and, respectively, the propagation direction.

shearing microcracks and of the non-classical heat sources associated with friction and
rupture dissipations. The analysis performed here for the coupled thermoelastic system
will be completed in Section 4.4 with the construction of the thermoelastic damage law
by homogenization.

We introduce the damage variable d =
l
lc

as the microcrack length normalized by the
size of the microscopic period. The local periodicity assumption for the length l, with
constant lc, will assure large-scale spatial variations of the damage variable d.

In what follows, we assume that the scale of microcracks is small in comparison with
that of the solid body. This is expressed by the separation of scales condition

" =
lc

Lc
⌧ 1 (4.13)

Small-scale variations of the thermomechanical fields do not have much influence at the
large scale. Two different systems of space variables will be considered for the two scales
and both should be taken into account in the description of the physical fields, being
treated as independent variables.

We will distinguish between the macroscopic variable x and the microscopic variable
y, linked by the relation y =

x
" . For a field f depending on both x and y, the total

spatial derivative can be calculated by the formula df
dxi

=
@f
@xi

+
1
"
@f
@yi

. The scaling of the
microscopic period B", containing a crack C, by this transformation leads to a reference
cell Y , of size Lc and containing the crack CY of length d.Lc, as illustrated in Figure 4.2.

Asymptotic developments with respect to " for the temperature and displacement
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4.3. Asymptotic homogenization analysis

fields are considered:

u
"
(x, t) = u

(0)
(x,y, t) + "u

(1)
(x,y, t) + "

2
u
(2)
(x,y, t) + ... (4.14)

T
"
(x, t) = T

(0)
(x,y, t) + "T

(1)
(x,y, t) + "

2
T

(2)
(x,y, t) + ... (4.15)

where u
(i)
(x, y, t) and T

(i)
(x, y, t), x 2 B and y 2 Y are Y�periodic.

Using these expansions in the equations (4.3-4.4) we get for the heat flux and stress
fields:

q"
(x, t) =

1

"
q(�1)

(x,y, t) + q(0)
(x,y, t) + "q(1)

(x,y, t) + "
2q(2)

(x,y, t) + ... (4.16)

�"
(x, t) =

1

"
�(�1)

(x,y, t) + �(0)
(x,y, t) + "�(1)

(x,y, t) + "
2�(2)

(x,y, t) + ... (4.17)

with

q
(�1)
j = �k

@T
(0)

@yj
; q

(0)
j = �k

⇣
@T

(0)

@xj
+
@T

(1)

@yj

⌘
; q

(1)
j = �k

⇣
@T

(1)

@xj
+
@T

(2)

@yj

⌘
(4.18)

and

�
(�1)
ij = aijkleykl(u

(0)
) (4.19)

�
(0)
ij = aijkl

�
exkl(u

(0)
) + eykl(u

(1)
)
�
� bij(T

(0) � T0) (4.20)

�
(0)
ij = aijkl

�
exkl(u

(1)
) + eykl(u

(2)
)
�
� bijT

(1) (4.21)

When these developments are replaced in the momentum and temperature equations
(4.1-4.2) one obtains problems of order "n, with n = �2,�1, 0, in the form:

@q
(�1)
j

@yj
= 0 ;

@�
(�1)
ij

@yj
= 0 (4.22)

bijT
(0)@eyij(u

(0)
)

@t
+
@q

(�1)
j

@xj
+
@q

(0)
j

@yj
= 0 ;

@�
(�1)
ij

@xj
+
@�

(0)
ij

@yj
= 0 (4.23)

c
@T

(0)

@t
+ bijT

(0)
⇣
@exij(u

(0)
)

@t
+
@eyij(u

(1)
)

@t

⌘
+
@q

(0)
j

@xj
+
@q

(1)
j

@yj
= 0 ;

⇢
@
2
u
(0)

@t2
�
@�

(0)
ij

@xj
�
@�

(1)
ij

@yj
= 0 (4.24)

From the boundary conditions (4.5-4.6), for m = �1, 0, 1, we deduce:

h
�
(m)
ij Nj

i
= 0 ; Ni�

(m)
ij Nj < 0 ;

h
u
(m+1)
i Ni

i
= 0 (4.25)

| Ti�
(m)
ij Nj |= �µfNi�

(m)
ij Nj (4.26)
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while the thermal conditions (4.7) lead to

h
q
(�1)
j Nj

i
= µfNi�

(�1)
ij Nj

"
@u

(0)
m

@t
Tm

#
;
⇥
T

(0)
⇤
= 0 (4.27)

h
q
(0)
j Nj

i
= µf

 
Ni�

(�1)
ij Nj

"
@u

(1)
m

@t
Tm

#
+Ni�

(0)
ij Nj

"
@u

(0)
m

@t
Tm

#!
;

⇥
T

(1)
⇤
= 0 (4.28)
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j Nj
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Ni�
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+Ni�

(0)
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(1)
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+ µf

 
Ni�

(1)
ij Nj

"
@u

(0)
m

@t
Tm

#!
;
⇥
T

(2)
⇤
= 0 (4.29)

The development of the crack-tip heat flow (4.8) is calculated, using the link between
the length elements in the physical and reference cells ds = "dsy, as:

D
"
= D

(0)
+ "D

(1)
+ "

2
D

(2)
+ ... (4.30)

with

D
(0)

= lim
r!0

Z

�Yr

�k
@T

(0)

@yj
njdsy ; D

(1)
= lim

r!0

Z

�Yr

�k(
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(0)

@xj
+
@T

(1)

@yj
)njdsy ;

D
(2)
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r!0

Z

�Yr

�k(
@T

(1)

@xj
+
@T

(2)

@yj
)njdsy (4.31)

As concerns the energy release rate (4.10) it can be developed in the form:

Gd"
=

1

"
G(�1)

+ G(0)
+ "G(1)

+ ... (4.32)

where the terms of different orders are:

G(�1)
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r!0
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�Yr
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G(1)
= lim
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For the velocity field the local relation @u"
i

@t ' �d(l/2)
dt

@u"
i

@x1
= � "Lc

2
dd
dt

@u"
i

@x1
in the vicinity of

the crack tips [59, 25] has been used. Introduction of the expansions of Gd" and D
" in the

energy relation (4.9) provides the link between different orders terms of heat dissipation
and energy-release rate :

D
(0)

=
1

2

dd

dt
LcG(�1)

; D
(1)

=
1

2

dd

dt
LcG(0)

; D
(2)

=
1

2

dd

dt
LcG(1) (4.36)

From Equations (4.22), (4.25), (4.26), (4.27) and (4.36), we deduce at the order "�2

the problems for u
(0) and T

(0) as:

@

@yj

⇣
aijkleykl(u

(0)
)

⌘
= 0 in Y (4.37)
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= µfNiaijkleykl(u

(0)
)

h
@u

(0)
m

@t
Tm

i
Nj (4.41)
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r!0

Z

�Yr

�k
@T

(0)

@yj
njdsy =

1

2

dd

dt
LcG(�1) at (y1, y2) = (±dLc

2
, 0) (4.42)

The solution is obtained by choosing the macroscopic displacements and temperature
fields u

(0)
(x, t) and T

(0)
(x, t), independent of the microscopic variables yi, which verify

the systems (4.37 - 4.39) and (4.40 - 4.42).
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At the order "�1, from (4.23), (4.25), (4.26), (4.28) and (4.36) we get the problems for
u
(1) and T

(1) in the form:
@

@yj

�
aijkleykl(u
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)
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= 0 in Y (4.43)
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2
, 0) (4.50)

On the external boundaries of Y , periodicity conditions complete the formulation of the
cell problems.

Since u
(0) is not depending on y, the expressions (4.33-4.34) show that G(�1) and G(0)

are vanishing. As remarked in [42], the kinetic energy do not contribute to G(�1) unless
higher order correctors are considered for the thermomechanical fields.

Let us define a system of generators for the macroscopic strains E
pq that respect the

contact boundary conditions. An example used in the simulations is given in the Appendix
C. The macroscopic strains are obtained as linear combination of the elements of this
system as:

exij(u
(0)
) = %pq(u

(0)
)E

pq
ij (4.51)

Based on the previous boundary-value problem for the first-order corrector u(1) we deduce
its general expression in the form:

u
(1)
(x,y, t) = ⇠pq(y)%pq(u
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)(x, t) + �(y)(T (0)

(x, t)� T0) (4.52)

where ⇠pq is the solution of:
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while � is obtained by solving for the unit cell the problem:

@

@yj

�
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Taking into account the orientation of the microcrack, with N1 = 0 and N2 = 1, the
solution of (4.48 - 4.50) has the general form

T
(1)

= ✓(y)
@T

(0)

@x2
(x, t) (4.63)

where ✓ is obtained by solving the cell problem:
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2
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More details about the formulation of these unit-cell solutions and their compatibility
with the contact conditions on the crack faces are given in the Appendix C.

At the order "0, we obtain for temperature and displacement fields:
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ij Nj on CY (4.71)

h
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i
= 0 ; Ni�

(1)
ij Nj < 0 ;

h
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(1)
i Ni

i
= 0 on CY (4.72)

To obtain the macroscopic thermo-mechanical equations we apply the mean value
operator h·i = 1

|Y |

Z

Y

· dy, with |Y | = Lc
2, to (4.67) and (4.70). Integration by parts and
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use of the periodicity and boundary conditions on microcracks lead to:
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with the macroscopic stress ⌃
(0)
ij = h�(0)

ij i and heat flux Q
(0)
j = hq(0)j i:

⌃
(0)
ij = Cijpqexpq(u

(0)
)� #ij(T

(0) � T0) (4.75)

Q
(0)
i = �k
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ij

@T
(0)
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(4.76)

The particular expressions of the effective moduli S⇤, Cijpq, ⇢eff , #ij and k
eff
ij are given

in the Appendix C. They are calculated with the unit-cell solutions and depend on the
normalized crack length d.

As concerns the source terms in the right member of the equation (4.73), their macro-
scopic expressions will be obtained in the next section. It is important to note that the
first one is calculated as a limit at the microcrack tips and represents the heating due to
the damage evolution. The second term is obtained as an integral on microcracks and
expresses the frictional heating effect. When damage is not evolving only the second term
will be non-vanishing, while for propagating microcracks without friction only the first
term remains in (4.73).

4.4 Dynamic damage law

The asymptotic homogenization method is used here in combination with an energy anal-
ysis for microcracks propagating dynamically, in mode II, with frictional contact and heat-
ing conditions, in order to obtain a macroscopic damage law. A specific upscaling proce-
dure, from microcracks to damage, has been proposed in previous studies [37, 140, 82, 42]
and the objective of this section is to extend this approach to account for thermal effects
in the case of dynamically propagating mode II microcracks with contact and friction.

Starting from similar cell problems as in the previous section, in [37, 140] the following
energy balance has been established:

d

dt
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Z
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i

i
dsy (4.77)

The equivalent form of the equation (4.37):
@

@yj

⇣
aijklexkl(u

(0)
)� bij(T

(0) � T0)

⌘
= 0 (4.78)
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multiplied by u̇
(1)
i and integrated over Y leads to:
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Combination of the relations (4.77) and (4.79) gives:
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Using the Reynolds transport theorem [137] together with the singularity of the u
(1)

field, for the last integral in (4.80) we get:
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such that (4.80) becomes:
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(0)
�
eyij(u

(1)
)dy (4.82)

On the other hand, we can rewrite the equation (4.43) as:
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Multiplication by u
(1)
i and integration on Y give:
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This identity can be used in (4.82) to obtain the energy relation:
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Based on the particular form of the microscopic first-order correctors (4.52) and (4.63)
and using the frictional contact and heating boundary conditions, it is shown in the
Appendix C that we can obtain from (4.85) damage relation:
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where the effective thermomechanical energy-release rate is
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and the amount of energy dissipated by friction

Yf = Imnpqexmn(u
(0
)expq(u

(0
) + Jmnexmn(u

(0
)(T

(0) � T0)� P (T
(0) � T0)

2 (4.88)

Explicit expressions of the effective coefficients Imnpq, Jmn and P are given in the Appendix
C.

The damage relation (4.86) can be viewed as an identity between the energy dissipated
during the propagation of microcracks and the corresponding damage dissipation at the
macroscopic scale, calculated with the difference between the total energy release rate and
the dissipation due to frictional sliding.

The relation between the dynamic and the quasi-static energy release [59, 129] is

Gd"
= g2(vp)G", where G"

= "G(1) is the quasi-static energy release rate, vp =
lc

2

dd

dt
is the

crack-tip speed and g2(vp) a universal function for mode II propagation. Retaining the
approximation proposed in [8]:

g2(vp) '
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(4.89)
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If we adopt a Griffith type propagation criterion Gd"
= Gc, with Gc the fracture energy,

then (4.86) leads to the damage law:
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2

�
(4.91)

where h.i represent the positive part.
The experiments on the dynamic failure of some brittle materials reveal the necessity

to consider velocity-dependent fracture energy. In the case of a linear approximation [42]
: Gc(vp) = Gc0(1 + a.vp) we obtain from (4.86) a more complex form of the damage law:
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We remark that the microstructural length lc is present in the equations (4.91) and
(4.92) and will give rise to size effects related related to damage evolution. Also, the
energy-release rate terms depend on the macroscopic deformation and temperature as-
suring the thermoelastic and damage coupling. These effects will be illustrated by the
response analysis considered in the last section.

At this point, using the developments in the Appendix C, we can deduce from (4.73)
the macroscopic temperature equation in the form
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The first term in the right member of this equation Rd represents a heat source related
to damage evolution and is given by
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We can observe that the first expression of Rd is a typical damage dissipation formula
with the energy-release rate Y�Yf involved in the previous damage laws. The heat source
Rd corresponds to the first term in the right member of the temperature equation (4.73)
and is activated in the material points where damage evolves.

The second term accounts for the frictional heating on microcracks and reads:
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(4.96)
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a) b)

Figure 4.3: Effective elastic coefficients C1212 (a) and C1222 (b) vs damage variable d

computed for the friction coefficients µf = 0, 0.25, 0.5.

The details concerning the coefficients Z1
mnpq, Z2

mn, Z3
mn, I

2
mnpq, J

2
mn and P

2 are given
in the Appendix C. In the case of non-frictional sliding on microcracks, all of them are
vanishing.

4.5 Local macroscopic response

The analysis of the local macroscopic response predicted by the new damage model is
presented in this section. We first present the effective coefficients and their dependence
on damage and friction coefficients, then we study the local macroscopic response. The
coefficients are computed with unit-cell FE solutions for different microcrack lengths. For
the study of the macroscopic response the solution of the damage law (4.92) coupled with
the equation of temperature (4.94) in the adiabatic approximation is obtained for a given
history of compression and shear macroscopic strains. Shear stresses are obtained from
the constitutive law (4.75). Effects of the size of microstructure, shear strain rate, initial
microcrack length, compression loading and friction coefficient will be discussed.

The generic material parameters used in the simulations for the PMMA polymer are
summarized in Table 4.1. A velocity-dependent fracture energy Gc(vp) = Gc0(1 + a.vp) is
assumed for the mode II propagation.

4.5.1 Homogenized coefficients

All the effective coefficients were computed with the FE solution of the corresponding
cell problems using the FEM software COMSOL Multiphysics. Since they are functions
of damage, such computations have been done for different values of d 2 [0, 1] and the
results have been interpolated with polynomials.

E (GPa) ⌫ ⇢ (kg m�3) c (Jm�3K�1) ↵ (K�1) µf Gc0 (Jm�2) a (sm�1)
5.6 0.33 1180 10

6
10

�4 0.5 2100 0.01

Table 4.1: Generic material parameters for PMMA used in the local macroscopic analysis.
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4.5. Local macroscopic response

a) b) c)

Figure 4.4: Homogenized coefficients I1212 (a), I1222 + I2212 (b) and I2222 (c) vs damage
variable d, for µf = 0 , 0.25 , 0.5.

For the elastic coefficients Cijpq, the problem (4.53-4.57) is solved numerically on the
unit cell. Except C1222 and C1212, the others components of the tensor Cijpq are not
dependent on the damage variable. If � and µ are the Lamé coefficients, we obtain
C1111 = C2222 = �+ 2µ, C1122 = C2211 = � and C1112 = C1211 = 0.

In Figure 4.3, the coefficients C1212 and C1222 are represented as functions of the
damage variable d for three values of the friction coefficient µf = 0, 0.25, 0.5. Damage
induced degradation is observed for C1212 without dependence on the friction coefficient.
It represents the effect of the shear deformation of the unit cell on the macroscopic shear
stress and the presence of microcracks makes easier the deformation of the cell, reducing
the level of resulting shear stress. For a completely fractured cell, no shear stresses
are generated since the two parts move freely. C1222 characterizes the influence of the
compression deformation ex22 on the macroscopic shear stress. In the absence of friction,
there is no such influence while, in the case of frictional sliding, the compression influences
the frictional resistance giving rise shear stresses. This effect is amplified by the value
of the friction coefficient µf and also by the size of the friction zone, controlled by the
normalized microcrack length d. Both effects can be seen in Figure 4.3b.

The effective thermoelastic coefficients #ij and the thermal modulus S⇤ are given by the
formulae (C.5) and, respectively, (C.1). The presence of microcracks with contact between
their lips do not modify the initial values of the thermoelastic coefficients: #ij = bij. The
thermal contact conditions also preserves the initial value of the thermal modulus S⇤

= 0.
As concerns the thermal conduction coefficients, they are calculated by (C.6) using

the solution of the problem (4.64 - 4.66). We remark that ✓ = 0 is the solution of this cell
problem. The effective thermal conduction coefficients are not influenced by the presence
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Chapter 4. Thermo-mechanical couplings in dynamic shear failure

a) b)

Figure 4.5: Coefficients Z1
1212 (a), Z1

2212 (b) vs damage variable d, for µf = 0 , 0.25 , 0.5.

of microcracks with contact conditions: k
eff
11 = k

eff
22 = k and k

eff
12 = 0.

The components of the tensor Imnpq are controlling the amount of energy dissipated
by friction (4.88) involved in the expression of the energy-release rate. They are evalu-
ated numerically using the procedure described in the Appendix C. For the considered
microcrack orientation and the continuity of the normal displacement field we deduce
that the only non-vanishing components I1212, I1222 + I2212 and I2222. Figure 4.4 shows
the effective coefficients I1212, I1222 + I2212, and I2222 as functions of the damage variable
d for three values of µf . As they influence the amount of energy dissipated by friction,
these coefficients are increasing with the friction coefficient and the size of the friction
zone which is proportional to d. If µf = 0 there is no dissipation and Imnpq = 0. The
other coefficients Jmn and P involved in the expression (4.88) of Yf are also vanishing.
The thermal variations have no influence on the dissipated energy by frictional sliding.

a) b)

c)

Figure 4.6: Components I
2
1212 (a), I21222 + I

2
2212 (b), I22222 (c) of I2mnpq vs damage variable

d, for µf = 0 , 0.25 , 0.5.
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4.5. Local macroscopic response

Since only two strain components are used in the present analysis, the coefficients Z1
1212

and Z1
2212 of (4.96) are needed. They are represented in Figure 4.5 as functions of the

damage variable d. These coefficients increase with the microcrack length and with the
friction coefficient µf . Since they characterize the effect of the strains and strain-rate on
the frictional heating, larger microcracks or higher values of µf give rise to more heating
at the macroscopic scale. The other coefficients Z2

mn, Z3
mn and Z4 are equal to 0. As

for the terms in Yf , thermal variations do no influence on the energy dissipated as heat
during frictional sliding on microcracks.

As concerns I2mnpq, the components I21212, I21222 + I
2
2212 and I

2
2222 are represented in the

Figure 4.6. They are also involved in the expression (4.96) of the frictional heat sources.
All of them are increasing functions of d and µf for the same physical reasons, while J

2
mn

and P
2 are vanishing.

4.5.2 Macroscopic response

In order to analyze the macroscopic thermomechanical and damage response, a shear
strain ex12(t) = ėx12 ⇥ t with constant strain rate ėx12 and a constant compressive strain
ex22 are assumed. Their numerical values are given in Table 4.2, together with those for
the microstructural size lc, initial damage d0 and initial temperature T0. Unless specified,
these generic values and the material parameters in Table 4.1 will be used in all the studies
of the present section. The coupled system of the adiabatic temperature equation and
the damage law is solved numerically and the macroscopic stresses are obtained with the
computed damage and temperature solutions.

In Figure 4.7, we plot the stress ⌃12, the damage variable d and the temperature
variation �T as function of the strain ex12 for different values of the size of microstruc-
ture lc. As for the mode I microcracks [42], smaller microstructures are more resistant to
damage initiation since smaller microcracks are more difficult to propagate. Since larger
microscopic cells have more important stored kinetic energy near the crack lips, the corre-
sponding stress response is more ductile, with delayed damage evolution because a smaller
amount of energy remains available for damage.

For small lc, the damage propagates rapidly with more dissipated energy converted
to heat. This leads to a more important temperature rise, while for slow evolutions of
damage, corresponding to large lc, we have less dissipation heating and the temperature
increase is less important. The frictional heating effect is also present before damage
initiation, but its value is negligible. Its contribution is increasing during damage evolution
since Rf depends on the damage rate.

Figure 4.8 shows the effect of the shear strain rate on damage, shear stress and tem-
perature evolutions. A compression loading ex22 = �1⇥10

�2 is considered and the initial

ex22 ėx12 (s�1) lc (m) d0 T0 (K)
�5⇥ 10

�3 -8000 5⇥ 10
�4 0.1 295.15

Table 4.2: Normal strain, shear strain rate, internal length and initial damage and tem-
perature used in the study of the macroscopic response.
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a) b)

c)

Figure 4.7: Effective stress ⌃12, damage variable d and temperature variation �T vs.
the strain ex12, for different values of the microstructural length: lc = 5 ⇥ 10

�5
m, lc =

5⇥ 10
�4

m, lc = 5⇥ 10
�3

m.

damage is d0 = 0.2. For these computations we consider lc = 1 ⇥ 10
�3 m as the size of

the microstructure.
The strain-rate effect obtained for mode I microcracks [82, 42] is also present in this

case. The increase of the loading rate induces more ductility in the macroscopic response,
as a consequence of the inertial effects incorporated in the damage model. At high strain
rates, a more important part of the supplied energy is stored as kinetic energy around
microcrack tips, slowing the microcrack propagation. Compared to the case of opening
microcracks [82, 42], where the kinetic energy may be more important, the strain-rate
effect for closed and frictional microcracks is less pronounced.

Since the damage rate influences the amount of energy converted to heat, for higher
loading rates the model predicts lower heat production during the propagation phase.
This effects seems to be balanced by the duration of the heating process in the Figure
4.8c. When the temperature variations are not so important (less than ten degrees in the
figure) it is the second effect that dominates. For more radical temperature evolutions,
like in the Figure 4.7, it is damage rate influence that prevails.

We study now the effects of the initial damage on the macroscopic response. The
stress, temperature variation and the damage were computed for three different values of
d0 and represented in Figure 4.9. Retarded damage initiation leading to higher strength
is observed for smaller values of d0 and the strength decreases for higher values of d0,
as expected. This example is particularly interesting for the study of thermal effects.
Larger initial crack lengths increase the frictional heating effect by augmenting the fric-
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4.5. Local macroscopic response

a) b)

c)

Figure 4.8: Effective stress ⌃12, damage variable d and temperature variation �T vs.
the strain ex12, for different values of strain rate: ėx12 = �100 s

�1, ėx12 = �1000 s
�1,

ėx12 = �10000 s
�1.

a) b)

c)

Figure 4.9: Effective stress ⌃12, damage variable d and temperature variation �T vs. the
strain ex12, for initial values of damage d0 = 0.05, d0 = 0.25, d0 = 0.5.
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Chapter 4. Thermo-mechanical couplings in dynamic shear failure

a) b)

c)

Figure 4.10: Effective stress ⌃12, damage variable d and temperature variation �T vs.
the strain ex12, for different compressive strains: ex22 = �5 ⇥ 10

�3, ex22 = �2 ⇥ 10
�2,

ex22 = �3.5⇥ 10
�2.

tion zone. Smaller initial lengths lead to high damage rates and corresponding crack
propagation heating. The temperature behavior in Figure 4.9c shows that the second ef-
fect is dominant, since the temperature increase is substantially higher for smaller initial
crack lengths.

Let us analyze now the effect of the compressive strain on the damage variable d,
the macroscopic shear stress ⌃12 and the temperature variation �T . Three values were
considered for the compression loading : ex22 = �5⇥ 10

�3
, �2⇥ 10

�2
, �3.5⇥ 10

�2. The
shear strain rate used in this case is ėx12 = �10000 s

�1 while d0 = 0.3.
Figure 4.10 shows that the increase of the compressive strain retards the damage

evolution due to the increased frictional resistance on microcracks. The corresponding
frictional heating is also increased. Since the damage rates in the propagation phase are
not radically different, the relatively small temperature increase could be explained as a
frictional heating effect. Moreover, this effect is also present before damage initiation, as
can be seen in the represented temperature evolution.

Consider now the influence of friction coefficient µf . In Figure 4.11, we plot the
damage variable d, the stress ⌃12 and the temperature variation as function of the strain
ex12, for different values of µf . The compressive strain is ex22 = �3⇥10

�2 while the value
of initial damage and microstructural size are correspondingly d0 = 0.25, and lc = 10

�3

m.
For large coefficients µf , the frictional resistance is increased on microcracks and this

induces larger shear strengths and delayed damage evolutions. This effects can be seen in
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4.5. Local macroscopic response

a) b)

c)

Figure 4.11: Effective stress ⌃12, damage variable d and temperature variation �T for
different values of the friction coefficient µf .

a) b)

c)

Figure 4.12: Temperature variations for different expressions of the heat source R in
the temperature equation (4.94), with Rd and Rf respectively the damage and frictional
heating terms. Results are presented for a) d0 = 0.3, b) d0 = 0.5 and c) d0 = 0.7.
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Chapter 4. Thermo-mechanical couplings in dynamic shear failure

Figure 4.11. As in the previous case, the temperature increase is slightly more important
for large values of µf as a result of the frictional heating. Before damage initiation, a
small increase of �T is present having the same frictional origin. Since the damage rates
are close during the propagation phase, the comparison between the cases µf = 0 and
µf 6= 0 reveals the effect of frictional heating on microcracks.

Finally, we analyze the effects of damage and frictional heating sources on the variation
of the macroscopic temperature. For this, we consider in the equation of the temperature
(4.94) different combinations of the source terms Rd and Rf . The resulting temperature
variations are plotted in Figure 4.12, for a) d0 = 0.3, b) d0 = 0.5 and c) d0 = 0.7.

When the two sources are absent (R = 0), no temperature variations occur. In the
case R = Rf , we remark the relatively linear increase of the temperature due to frictional
contact on microcrack lips. The temperature rate is higher during propagation since the
frictional zone is extending. The variation is amplified for larger values of d0. In the
case R = Rd, the temperature increases abruptly due to crack-tip dissipation during the
propagation regime and up to values that are superior to those of the frictional heating
case. The superposition of the two sources (R = Rd+Rf ) confirms that damage induced
heating becomes dominant in the propagation regime. For smaller values of d0 this effect
is even more pronounced.

4.6 Numerical simulations of heating in mode II failure

under impact

We present in this section an example of application of the new model to simulate the
mode II dynamic failure of a grooved PMMA panel under impact. The temperature
evolution obtained in the FEM computations is compared to the experimental results
presented in [19].

The details of the panel geometry and loading [19] are shown on Figure 4.13. The
specimen has width W = 127 mm, height 2H = 292 mm and thickness T = 8.5mm.
Both sides of the panel have a groove of height Hg = 3.2 mm and depth 2.5 mm. A
starter notch of length l = 25 mm and width 1 mm is cut into one edge of the panel,
inside the groove. The impact velocity Vimp = 40 m s�1 is applied asymmetrically over a
zone of D = 38 mm, as shown in Fig. 4.13. Under this loading, a shear crack is initiated
at the notch tip and propagates in the groove.

The model parameters used in the simulations are reported in Table 4.3. As in the
previous section, we consider crack-speed dependency of the critical fracture energy in
the form Gc = Gc0(1 + a · vp).

In order to reproduce numerically the dynamic shear fracture of the specimen and the
corresponding temperature evolution, we implemented the thermoelastic damage model
in ABAQUS Explicit software [1]. The numerical integration of the temperature equation

E (GPa) ⌫ ⇢ (kg m�3) ↵ (K�1) c (Jm�3K�1) µf lc (m) Gc0 (Jm�2) a (sm�1)
5.5 0.36 1190 7⇥ 10

�5
1.725⇥ 10

6 0.5 3⇥ 10
�4 1900 5⇥ 10

�3

Table 4.3: Material parameters used in the FEM simulations.
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4.6. Numerical simulations of heating in mode II failure under impact

Figure 4.13: Geometry of the specimen and loading for mode II impact test.

and of the damage evolution law is implemented in a VUMAT user subroutine for dynamic
explicit analysis. On a time step and for a strain increment, an Euler forward scheme is
used to solve the damage equation (4.92) at each integration point of the FE mesh, with
the temperature at the end of the previous step. Then, a similar time integration scheme is
employed to solve the adiabatic temperature equation (4.94) using the computed damage
variable. The new values of the damage and temperature are used to update the stress
components at the end of the time step according to the constitutive relation (4.75). Only
the in-plane components of the strain are considered for the calculation of the damage
energy Y � Yf .

A 3D numerical modeling of the impact test is adopted in order to take into account the
effect of the groove in the initiation and the evolution of the shear failure. The structure
is then meshed with four nodes tetrahedral linear elements C3D4 with one integration
point. The mesh is refined in the groove where the path of crack is expected, using
elements of size 5 ⇥ 10

�2
mm. Details of the mesh are shown on Figure 4.14. Element

deletion is activated when the damage variable reaches a value of 0.99. Unilateral contact
with friction is introduced between the new formed interior faces after deletion.

The use of the damage model allows us to reproduce both fracture initiation at the
notch tip and fracture propagation in the groove. A relatively straight trajectory is

Figure 4.14: Details of the mesh used in the FE computations.
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Chapter 4. Thermo-mechanical couplings in dynamic shear failure

Figure 4.15: Damage band in the groove at 70µs.

observed for the evolution of the damage band as depicted on Figure 4.15. The thickness
of the damage band is about 3 times the element size. As in the purely mechanical case
considered in [8], where a similar impact test [109] was reproduced numerically, the front
velocity is increasing up to values close to the Rayleigh wave speed.

We focus here on the analysis of the thermal evolution during failure. In the experiment
performed by Bjerke and Lambros [19], a vertical array of infrared detectors has been
placed in the groove, at 20 mm from the initial notch. These elements provide the
temperature variations during the passage of the crack front. The computed temperature
field around the damage band is represented in Figure 4.16. The area framed by the red
rectangle is corresponding to the temperature detection points. The damage evolution in
the elements is accompanied by a change in temperature.

In Figure 4.17a, we reproduce the measured temperature by Bjerke & Lambros [19]
using the array of infrared detectors located at 20mm from the initial notch tip. The
maximal temperature variation is obtained by the thermal signal of detector element 8
after an increase of about 85K, during a time interval between 55µs and 65µs. From the
numerical simulations, we obtained a relatively similar temperature increase of 85� 90K

in the integration point of element located in the middle of the damage band and at 20mm

of the notch tip, as shown on Figure 4.17b. The temperature increase in the simulations
takes place in 10µs which is close to that in the experiments.

Also measured in [19] are the temperatures in the flanking detectors 7 and 9. The size
of these photovoltaic elements is of 8 ⇥ 10

�2 mm. In the numerical simulations, the size
of the mesh elements is approximately 5 ⇥ 10

�2
mm. Despite this small difference, for

the sake of comparison we represented in Figure 4.17b the temperatures computed in the

Figure 4.16: Temperature variation induced by damage at 20mm of the initial notch tip.
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4.7. Conclusions

a) b)

Figure 4.17: Temperature variation: measured values (a) from [19] and (b) computed
values in 3 neighbor elements located in the region of IR detectors.

corresponding lower and upper elements as can be seen in Figure 4.16. We remark that
the computed values are relatively close to those measured by the corresponding detectors,
with a mean value of about 30K and a few µs delay with respect to the temperature of
the middle element. We finally note that the deletion of the damaged elements do not
allow for the representation of further decrease of the temperature after the passage of
the damage front.

While further studies are necessary to better understand the prediction potential of
the new thermo-mechanical damage model, the first example presented in this section il-
lustrated its capacity of reproducing the temperature variations associated to the dynamic
shear failure of brittle solids.

4.7 Conclusions

We developed a coupled thermomechanical damage model for dynamic shear failure in
brittle materials. The new damage law has been obtained using an adapted asymptotic
homogenization procedure from the microscopic Griffith-type propagation criterion in
mode II. Besides the unilateral contact and friction conditions, heat sources at the tips
and over the lips of microcracks have been assumed in order to account for damage
and frictional heating effects. The upscaling procedure led to a macroscopic equation of
temperature with distributed heat sources related to damage propagation and frictional
sliding mechanisms. A strong coupling between the mechanical, thermal and damage
fields has been obtained. The analysis of the local macroscopic response predicted by
the new model revealed specific influences of the microstructural size, the strain rate, the
compression loading, the initial microcrack length and the friction coefficient. Structural
simulations have been performed to reproduce the dynamic shear failure of a grooved
PMMA panel. The obtained numerical temperature fields of these first numerical tests
were compared to the experimental results reported in [19] and relatively good agreement
has been found.
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General conclusions

In this thesis, we developed fully coupled thermo-mechanical dynamic damage models for
solids with micro-cracks subjected to tensile and shear loadings using a two-scale approach
based on asymptotic homogenization technique.

A model for opening microcracks is constructed in Chapter 2. This mode I damage
model is developed assuming heat sources at the moving micocracks tips. The macroscopic
thermomelastic constitutive equations are obtained using the homogenization procedure
and the damage law is deduced through an energy analysis at the microstructural level and
the asymptotic developments. The model involves strong couplings between the damage
evolution law and the thermoelastic equations.

One of the salient ingredients of the model is the conversion of the energy dissipated
during failure into heat at the tips of microcracks. At the macroscopic level, this corre-
sponds to the presence of volume heat sources at damage fronts. The evolution of the
damage also leads to degradation of the thermoelastic properties. The model model pre-
dictions are sensitive to the size of microstructure and the strain rate. All these features
have been revealed by the local analysis of the macroscopic macroscopic.

The thermoelastic damage model has been implemented in a commercial FEM code
to reproduce numerically the thermal effects associated with crack propagation in PMMA
specimen under impact loadings. Adiabatic and heat-conduction versions have been used
in the simulations, their comparison revealing the validity of the adiabatic approximation.
The numerical predictions for the thermal and mechanical fields were found to be in good
agreement with the reported experimental results.

In Chapter 3 we develop a damage model for mode II propagation, with frictional con-
tact between micro-cracks lips. A similar procedure based on asymptotic homogenization
and energy analysis allows for the construction of the effective thermoelastic constitutive
relations and the damage evolution law. The obtained homogenized coefficients depend
on the damage variable and the friction coefficient. The damage law accounts for en-
ergy dissipation due to friction on the lips of microcracks. The analysis of the local
response predicted by the model illustrates the delay effects related to the compressive
loadings and the coefficient of friction. We also investigated influences of initial damage,
microstructural size and strain rate on stress and damage evolutions.

The rapid shear failure of grooved PMMA plates under impact loadings is reproduced
numerically with the new damage model implemented in a FEM software. The numerical
simulations show damage front speeds approaching the Rayleigh waves velocity as mea-
sured in the experiments. The comparison between numerical and experimental crack
evolutions prove that the model is able to reproduce the dynamic shear failure in brittle
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General conclusions

materials.
In Chapter 4, we extended the frictional damage law in order to include thermoelastic

couplings. Two dissipation mechanisms, related to friction and propagation of micro-
cracks, are considered as sources of heating at the microscopic levels. The upscaling
analysis provides a general damage law accounting for these complex effects and with
multiple thermo-mechanical couplings.

The study of the local response predicted by the new dynamic damage model illus-
trated the effects of the coefficient of friction and the compression loading on the temper-
ature and stress evolutions. The heating effects are influenced by compression loadings
or the friction coefficients, even in the absence of damage propagation. The size of the
microstructure and the strain rate have important influences on the thermo-mechanical
response.

Through the approaches presented in this thesis we have provided methods of incor-
poration of the thermal effects in the multi-scale analysis of brittle failure of solid bodies.
Different microscopic mechanisms, like friction and microcrack propagation in opening
or shear modes have been considered as sources of heating during failure processes. The
analysis of the local and structural macroscopic responses illustrated the relevant effects
of the new approaches and the comparisons with experiments have proved the validity of
the model predictions.

Among the research perspectives that may complete the present work we can mention:

• The study of damage in mixed mode by coupling mode I and mode II at the micro-
scopic level.

• Consideration of randomly distributed microcracks with different orientations and
the use of stochastic homogenization approaches, like the one developed by Gambin
& Telega [65].

• The two scale thermomechanical damage models can be extended for non planar
growth of micro-cracks. The approach developed in [61] can be used for this purpose.

• We obtained our models considering 2-D fracture problems, we could also consider
3D cases and obtain thermomechanical damage models by extending the develop-
ments in [38] to dynamics and thermo-mechanical coupling.

• Consideration of a microstructure with interacting microcracks [94] in order to study
the effect of microcracks interaction and coalescence on thermoelastic damage in
brittle materials.

• In order to improve the objectivity with respect to the FE meshes and in some cases
avoid very costly structural computations, the models can be regularized by adding
gradient terms.
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Appendix A

Asymptotic expansion of the energy
release-rate

We give here details about the asymptotic expansion of the energy release rate of Chapter
2.

By retaining the first two terms in the asymptotic developments (2.15-2.16) of dis-
placements and temperature, we obtain the expression of the energy-release rate
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Appendix A. Asymptotic expansion of the energy release-rate
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For the velocity field the local relation @u"
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the crack tips [59, 25] has been used.
Since u

(0) and T
(0) are independent of the y variable, some of the terms in the above

expressions are vanishing. And if we take into account the singularity of u
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The kinetic energy only contributes to the term G(3) of the above development of the
dynamic energy release rate. The term of order " can be obtained in (A.1) by considering
higher order correctors for the thermomechanical fields.
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Appendix B

Computation of the effective
coefficients Cijkl and Imnpq

We provide here the details concerning the computation of the homogenized coefficients
Cijkl and Imnpq appearing in the formulation of the macroscopic elasto-damage problem in
Chapter 3. As explained in [140], a particular system of generators for the cell problem is
necessary to respect the frictional contact conditions on the crack lips. The construction
is specific to the present orientation of microcracks.

Following the method in [140], we choose a system of generators E
pq in the form:

E
11

=

✓
�1/� 0

0 0

◆
; E

12
=

✓
0 �1/�

�1/� �1/2�

◆
; E

22
=

✓
0 �1/�

�1/� �1/�

◆
(B.1)

such that the macroscopic strains can be written as a linear combination of these elements:

exij(u
(0)
) = %pq(u

(0)
)E

pq
ij (B.2)

where %pq(u(0)
) are linear combinations of the macroscopic strain components: %11(u(0)

) =

��ex11(u(0)
), %12(u(0)

) = %21(u
(0)
) = �(ex22(u

(0)
)�ex12(u

(0)
)) and %22(u(0)

) = �(ex12(u
(0)
)�

2ex22(u
(0)
)). In the sommation terms of the relation (B.2) we take E

21
= E

12. The ap-
plied macroscopic strains in the computations of the cell-problem solutions are adjusted
with the constant � = 800 in order to maintain the numerical contact conditions, im-
posed through a penalty method, and avoid penetrations of the crack lips due to high
compressive loadings

If the vectors ⇠pq(y, d) are particular solutions, corresponding to exij(u
(0)
) = E

pq
ij , of

the cell problem:
@

@yi
(aijkleykl(⇠

pq
)) = 0 in Y (B.3)

[aijkleykl(⇠
pq
)Nj] = � [(aijklE

pq
kl )Nj] on CY

± (B.4)

Niaijkl(eykl(⇠
pq
) + E

pq
kl )Nj < 0 on CY

± (B.5)

|Tiaijkl(eykl(⇠
pq
) + E

pq
kl )Nj| = �µfNiaijkl(eykl(⇠

pq
) + E

pq
kl )Nj on CY

± (B.6)
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Appendix B. Computation of the effective coefficients Cijkl and Imnpq

then the general solution u
(1) can be written as the linear combination:

u
(1)
(x,y, t) = ⇠pq(y, d(t))%pq(x, t) (B.7)

For the numerical solution, it is preferable to use the change of function from ⇠
pq
i to

vi, with ⇠pqi = v
pq
i �E

pq
ij yj. With this change of variable, the periodicity conditions on the

outer edges of the cell become:

(v
pq � E

pq
y)

+
= (v

pq � E
pq
y)

� (B.8)

where y is the position vector and ± defines the opposite edges of the unit cell. With this
change, the problem (B.3-B.6) becomes :

@

@yi
(aijkleykl(v

pq
)) = 0 in Y (B.9)

[aijkleykl(v
pq
)Nj] = 0 on CY

± (B.10)

Niaijkleykl(v
pq
)Nj < 0 on CY

± (B.11)

|Tiaijkleykl(v
pq
)Nj| = �µfNiaijkleykl(v

pq
)Nj on CY

± (B.12)

The condition of continuity of the normal displacements on the crack lips becomes:

[v
pq
.N] = 0 on CY

± (B.13)

The particular solutions v of this problem are determined for given values of the variable
d. Numerical solutions of (B.9 - B.13) are depicted on Figure B.1

a) b)

c)

Figure B.1: Displacements v
11 (a), v12 (b) and v

22 (c) obtained from FE unit cell com-
putations.
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Let us provide now details for the computation of the effective coefficients Cijmn in
(3.28). Replacing the relations (B.2) and (B.7) in (3.26), we get:

⌃
(0)
ij =

1

L2
c

Z

Y

aijkl(E
mn
kl + eykl(⇠

mn
)dy %mn(u

(0)
) (B.14)

which can be rewritten :
⌃

(0)
ij = C

%
ijmn%mn(u

(0)
) (B.15)

with the coefficients
C

%
ijmn =

1

L2
c

Z

Y

aijkl(E
mn
kl + eykl(⇠

mn
))dy (B.16)

Using the link between exij and %pq in (B.15) allows to rewrite the macroscopic stress in
order to obtain the homogenized constitutive relation (3.28) with the effective coefficients

Cij11 = � 1

L2
c

Z

Y

�aijkl(E
11
kl + eykl(⇠

11
))dy (B.17)

Cij12 =
1

L2
c

Z

Y

�

2
aijkl((E

22
kl + eykl(⇠

22
))� 2(E

12
kl + eykl(⇠

12
)))dy (B.18)

Cij22 =
1

L2
c

Z

Y

2�aijkl((E
12
kl + eykl(⇠

12
))� (E

22
kl + eykl(⇠

22
)))dy (B.19)

As concerns the energy relation (3.36), following the analysis in [140] one obtains it in
terms of %pq(u(0)

):

✓
G(1)

Lc
+ (

1

2

@C
%
mnpq

@d
+ I

%
mnpq)%mn(u

(0)
)%pq(u

(0)
)

◆
ḋ = 0 (B.20)

where

I
%
mnpq =

1

2L2
c

d

dd

Z

CY

aijkl(E
mn
kl + eykl(⌘

mn
))Nj[⌘

pq
i ]dsy

� 1

L2
c

Z

CY

aijkl(E
mn
kl + eykl(⌘

mn
))Nj[

d⌘
pq
i

dd
]dsy (B.21)

And adopting the previous change of variables, we can rewrite the expression (B.21) as a
function of vpqi :

I
%
mnpq =

1

2L2
c

d

dd

Z

CY

aijkleykl(v
mn

)Nj[vpq
i ]dsy �

1

L2
c

Z

CY

aijkleykl(v
mn

)Nj[
dvpq

i

dd
]dsy (B.22)

To express the coefficients Imnpq as a function of I%mnpq, we calculate the expression of
I
%
mnpq%mn(u

(0)
)%pq(u

(0)
) in the law (B.20), depending on the strains exmn(u

(0)
), to obtain

the equivalent form (3.36).
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Appendix B. Computation of the effective coefficients Cijkl and Imnpq

The numerical evaluation of the integrals shows that the following terms can be ne-
glected: I

%
1111, I

%
1112, I

%
1122, I

%
2211, I

%
1211. Using the expressions of the strains ↵11 = ��ex11,

↵12 = �(ex22 � ex12), ↵22 = �(ex12 � 2ex22) one obtains:

I
%
mnpq%mn(u

(0)
)%pq(u

(0)
) = �

2
(�2I

↵
2222 + 6I

↵
1222 + 6I

↵
2212

�8I
↵
1212)ex12(u

(0)
)ex22(u

(0)
) + 4�2(I

↵
2222 � I

↵
1222 � I

↵
2212 + I

↵
1212)(ex22(u

(0)
))

2

+�
2
(I

↵
2222 � 2I

↵
1222 � 2I

↵
2212 + 4I

↵
1212)(ex12(u

(0)
))

2 (B.23)

From this last equation (B.23), we deduce the necessary coefficients for evaluating the
term Yf = Imnpqexmn(u

(0)
)expq(u

(0)
)) in the damage law as:

I1222 + I2212 =
�
2

2
(�2I

↵
2222 + 6I

↵
1222 + 6I

↵
2212 � 8I

↵
1212)

I2222 = 4�
2
(I

↵
2222 � I

↵
1222 � I

↵
2212 + I

↵
1212)

I1212 =
�
2

4
(I

↵
2222 � 2I

↵
1222 � 2I

↵
2212 + 4I

↵
1212) (B.24)
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Appendix C

Thermoelastic effective coefficients and
damage law

Thermomechanical effective coefficients

We provide here the details concerning the computation of the homogenized coefficients
appearing in the formulation of the macroscopic elasto-damage problem in Chapter 4.

As concerns the expressions of the homogenized coefficients, we obtain a thermal
modulus S

⇤ given by coefficient:

S
⇤
=

1

L2
c

Z

Y

bijeyij(�)dy (C.1)

The effective elastic moduli C%
ijpq are computed with the cell solutions as:

C
%
ijpq =

1

L2
c

Z

Y

aijkl

�
E

pq
kl + eykl(⇠

pq
)
�
dy (C.2)

and the homogenized mass density:

⇢
eff

=
1

|Y |

Z

Y

⇢dy (C.3)

For the effective thermo-elastic coupling coefficients we obtain:

�
%
pq =

1

L2
c

Z

Y

bij(E
pq
ij + eyij(⇠

pq
))dy (C.4)

#ij =
1

L2
c

Z

Y

�
bij � aijkleykl(�)

�
dy (C.5)

The homogenized thermal conduction components are:

k
eff
11 =

1

|Y |

Z

Y

kdy ; k
eff
12 =

1

|Y |

Z

Y

k
@✓

@y1
dy ;

k
eff
22 =

1

|Y |

Z

Y

k

⇣
1 +

@✓

@y2

⌘
dy (C.6)
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Appendix C. Thermoelastic effective coefficients and damage law

As explained in [140], a particular system of generators for the cell problem is necessary
to respect the frictional contact conditions on the crack lips. The construction is specific
to the present orientation of microcracks. The macroscopic strains exij(u

(0)
) are linear

combinations of the elements of the system of macroscopic strains generators E
pq:

exij(u
(0)
) = %pq(u

(0)
)E

pq
ij (C.7)

where E
pq has the form:

E
11

=

0

BB@
�1

�
0

0 0

1

CCA ; E
12

=

0

BBB@

0 �1

�

�1

�
� 1

2�

1

CCCA
; E

22
=

0

BBB@

0 �1

�

�1

�
�1

�

1

CCCA
(C.8)

and %pq(u(0)
) are defined as:

%11(u
(0)
) = ��ex11(u(0)

); %12(u
(0)
) = �

�
ex22(u

(0)
)� ex12(u

(0)
)
�
;

%22(u
(0)
) = �

�
ex12(u

(0)
)� 2ex22(u

(0)
)
�

(C.9)

In (4.73) the coefficients �ij are obtained as linear combination of �%
ij using Equation

(C.9):

�11 = ���%
11 ; �12 =

�

2
(�

%
22 � 2�

%
12) ; �22 = 2�(�

%
12 � �

%
22) (C.10)

Using the equality bij = ↵aijkl�kl, we can write :

�
%
pq = ↵C

%
ijpq�ij (C.11)

This gives:

�
%
11 = ↵

�
C

%
1111 + C

%
2211

�
; �

%
12 = ↵

�
C

%
1112 + C

%
2212

�
;

�
%
22 = ↵

�
C

%
1122 + C

%
2222

�
(C.12)

Finally we obtain �ij as linear combination of C%
ijpq :

�11 = ��↵
�
C

%
1111 + C

%
2211

�
;

�12 =
�

2
↵
�
C

%
1122 + C

%
2222 � 2(C

%
1112 + C

%
2212)

�
;

�22 = 2�↵
�
C

%
1112 + C

%
2212 � C

%
1122 � C

%
2222

�
(C.13)

The coefficients Cijpq in Equation (4.74) are linear combination of C%
ijpq:

Cij11 = ��C%
ij11 ; Cij12 =

�

2
(C

%
ij22 � 2C

%
ij12) ;

Cij22 = 2�(C
%
ij12 � C

%
ij22) (C.14)

116



Computation of the S
⇤ and #ij required the solution � of the cell problem (4.58-

4.62). In order to simplify the numerical computation of this solution, we introduce a
new function �̄ as:

� = �̄+ ↵y (C.15)

Using this new function in combination with the relation bij = aijkl�kl, we obtain a new
cell problem:

@

@yj

�
aijkleykl(�̄)

�
= 0 in Y (C.16)

On CY : h
aijkleykl(�̄)Nj

i
= 0 (C.17)

Niaijkleykl(�̄)Nj < 0 (C.18)��Tiaijkleykl(�̄)Nj

�� = �µfNiaijkleykl(�̄)Nj (C.19)⇥
�̄iNi

⇤
= 0 (C.20)

To this new problem, we add the periodic boundary conditions (�̄ + ↵y)
+
= (�̄ + ↵y)

�

on the external faces of the cell.
The numerical solution obtained by solving the problem (C.16 - C.20) with COMSOL

MULTIPHYSICS is presented on Figure C.1 for a value of damage variable d = 0.5 and
µf = 0.5.

a) b)

Figure C.1: Components �̄1 and �̄2 of the solution �̄ computed with FEM

Figure C.1.a for �̄1 a symmetrical variation with respect to the axis y2 = 0.5 while
�̄2 exhibits symmetrical variation with respect to the axis y1 = 0.5 as depicted on Figure
C.1.b . Using ↵ = 10

�4
K

�1 for the applied periodic boundary condition we obtain values
of �̄1 and �̄2 between �↵

2
and

↵

2
for the square shape unit cell.

Construction of the damage law

In this appendix we give details about the procedure used to obtain the damage law
presented in Section 4.4. From the expression of u(1) in (4.52), we deduce the following
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Appendix C. Thermoelastic effective coefficients and damage law

relations:

Z

Y

aijkleyij(u
(1)
)dy =

Z

Y

aijkleyij(⇠
pq
)dy%pq(u

(0)
)

+

Z

Y

aijkleyij(�)dy(T
(0) � T0) (C.21)

Z

Y

bijeyij(u
(1)
)dy =

Z

Y

bijeyij(⇠
pq
)dy%pq(u

(0)
)

+

Z

Y

bijeyij(�)dy(T
(0) � T0) (C.22)

And using the expressions of the effective coefficients (C.4), (C.2), (C.5) and (C.1),we
deduce:

Z

Y

aijkleyij(⇠
pq
)dy = L

2
cC

%
klpq � aklijE

pq
ij (C.23)

Z

Y

bijeyij(⇠
pq
)dy = ↵�kl

�
L
2
cC

%
klpq � aklijE

pq
ij

�
(C.24)

Z

Y

aijkleyij(�)dy = bkl � L
2
c#kl (C.25)

Z

Y

bijeyij(�)dy = L
2
cS

⇤ (C.26)

Replacing the equations (C.23-C.26) in (C.21-C.22) gives:

Z

Y

aijkleyij(u
(1)
)dy =

�
L
2
cC

%
klpq � aklijE

pq
ij

�
%pq(u

(0)
)

+
�
bkl � L

2
c#kl

�
(T

(0) � T0) (C.27)
R
Y bijeyij(u

(1)
)dy = ↵�kl

�
L
2
cC

%
klpq � aklijE

pq
ij

�
%pq(u

(0)
)

+L
2
cS

⇤
(T

(0) � T0) (C.28)
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With the relations (C.27) and (C.28), we can calculate the first term in the right side of
(4.85) to obtain:

1

2

d

dt

Z

Y

�
aijklexkl(u

(0)
)� bij(T

(0) � T0)
�
eyij(u

(1)
)dy =

1

2
L
2
c

dC
%
klpq

dd

dd

dt
%pq(u

(0)
)%mn(u

(0)
)E

mn
kl

�1

2
L
2
c

d#kl

dd

dd

dt
(T

(0) � T0)%mn(u
(0)
)E

mn
kl

�1

2
L
2
c

dC
%
klpq

dd

dd

dt
(T

(0) � T0)↵�kl%pq(u
(0)
)

�1

2
L
2
c

dS
⇤

dd

dd

dt
(T

(0) � T0)
2

+
1

2

�
L
2
cC

%
klpq � aklijE

pq
ij

��
%pq(u̇

(0)
)%mn(u

(0)
)� %pq(u

(0)
)%mn(u̇

(0)
)
�
E

mn
kl

+
1

2

�
bkl � L

2
c#kl

��
(T

(0) � T0)%mn(u̇
(0)
) + %mn(u

(0)
)Ṫ

(0)
�
E

mn
kl

�1

2
↵�kl

�
L
2
cC

%
klpq � aklijE

pq
ij

��
(T

(0) � T0)%pq(u̇
(0)
) + %pq(u

(0)
)Ṫ

(0)
�

�L
2
cS

⇤
Ṫ

(0)
(T

(0) � T0) (C.29)

In the same way, we obtain for the second term in the right side of (4.85):
Z

Y

�
aijklexkl(u̇

(0)
)� bijṪ

(0)
�
eyij(u

(1)
)dy =

�
L
2
cC

%
klpq � aklijE

pq
ij

�
%pq(u

(0)
)%mn(u̇

(0)
)E

mn
kl

+
�
bkl � L

2
c#kl

�
(T

(0) � T0)%mn(u̇
(0)
)E

mn
kl

�↵�kl
�
L
2
cC

%
klpq � aklijE

pq
ij

�
%pq(u

(0)
)Ṫ

(0) � L
2
cS

⇤
Ṫ

(0)
(T

(0) � T0) (C.30)

Replacing (C.29-C.30) in (4.85) we obtain:

1

L2
c

Z

CY

�
(0)
ij Nj

h
u̇
(1)
i

i
dsy �

1

2L2
c

d

dt

Z

CY

�
(0)
ij Nj

h
u
(1)
i

i
dsy �

1

Lc

dd

dt
G(1)

=

dd

dt

✓
1

2

dC
%
klpq

dd
%pq(u

(0)
)%mn(u

(0)
)E

mn
kl � 1

2

d#kl

dd
(T

(0) � T0)%mn(u
(0)
)E

mn
kl

�1

2

dC
%
klpq

dd
(T

(0) � T0)↵�kl%pq(u
(0)
)� 1

2

dS
⇤

dd
(T

(0) � T0)
2

◆

+
1

2L2
c

Z

CY

aijklE
mn
kl Nj

⇥
⇠
pq
i

⇤
dsy

�
%pq(u̇

(0)
)%mn(u

(0)
)� %pq(u

(0)
)%mn(u̇

(0)
)
�

+
1

2L2
c

Z

CY

aijklE
mn
kl Nj

⇥
�i

⇤
dsy

�
%mn(u

(0)
)Ṫ

(0) � (T
(0) � T0)%mn(u̇

(0)
)
�

+
1

2L2
c

Z

CY

bijNj

⇥
⇠
pq
i

⇤
dsy

�
%pq(u

(0)
)Ṫ

(0) � (T
(0) � T0)%pq(u̇

(0)
)
�

(C.31)
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Using the expressions of u(1) and �(0)
ij we have:

1

L2
c

Z

CY

�
(0)
ij Nj

h
u
(1)
i

i
dsy =

1

L2
c

Z

CY

aijkl

�
E

mn
kl + eykl(⇠

mn
)
�
Nj [⇠

pq
i ] dsy%mn(u

(0
)%pq(u

(0
)

+
1

L2
c

Z

CY

aijkl

�
E

mn
kl + eykl(⇠

mn
)
�
Nj [�i] dsy%mn(u

(0
)(T

(0) � T0)

� 1

L2
c

Z

CY

�
bij � aijkleykl(�)

�
Nj [⇠

pq
i ] dsy%pq(u

(0
)(T

(0) � T0)

� 1

L2
c

Z

CY

�
bij � aijkleykl(�)

�
Nj [�i] dsy(T

(0) � T0)
2 (C.32)

With (C.32) we calculate the second term in the left side of (C.31) and obtain:

1

2L2
c

d

dt

Z

CY

�
(0)
ij Nj

h
u
(1)
i

i
dsy =

✓
1

2

dZ%1
mnpq

dd
%mn(u

(0
)%pq(u

(0
)

+
1

2

⇣
dZ%2

mn

dd
+

dZ%3
mn

dd

⌘
%mn(u

(0
)(T

(0) � T0) +
1

2

dZ4

dd
(T

(0) � T0)
2

◆
dd

dt

+
1

2
Z%1

mnpq

�
%mn(u̇

(0
)%pq(u

(0
) + %mn(u

(0
)%pq(u̇

(0
)
�

+
1

2

�
Z%2

mn + Z%3
mn

��
%mn(u̇

(0
)(T

(0) � T0) + %mn(u
(0
)Ṫ

(0)
�

+Z4
Ṫ

(0)
(T

(0) � T0) (C.33)
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When the time derivative of u(1):
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is used in the first integral in the left member of (C.31) one obtains:
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Using the cell problems (4.53), (4.58) one can prove that the integral
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Combination with (C.33) and (C.39) and substitution in (C.31) allow us to obtain the
damage relation:
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In the equation (4.88) the coefficients Imnpq and Jmn are linear combinations of I%mnpq

and, respectively, J%
mn. For Imnpq we get:
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while the others components I1111, I1112, I1122, I2211, I1211 are vanishing.
Similar combinations are obtained for I2mnpq of equation (4.96).
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Expressions of Jmn and J
2
mn in the definition (4.88) of Yf and, respectively, (4.96) are:
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Finally, the coefficients Z1
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mn and Z3
mn in (4.96) are linear combinations of Z%1
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Résumé étendu en français

Les études présentées dans ce document de thèse portent sur la modélisation de l’endom-
magement des matériaux fragiles sous chargements d’impacts avec la prise en compte du
couplage thermo-mécanique.

En effet, les matériaux fragiles (polymères, roches, céramiques...) sont très utilisés
pour de nombreuses applications d’ingénierie. Le polyméthacrylate de méthyle (PMMA)
est un polymère très utilisé dans l’industrie aérospatiale (exemples: fenêtres d’avion,
cockpits d’hélicoptère, ...) pour ses excellentes propriétés optiques et sa légèreté. Selon les
différentes applications, ces composants industriels peuvent être soumis à des sollicitations
d’impact mécanique entraînant leur rupture. La prédiction de l’endommagement des
matériaux fragiles est donc cruciale pour une conception efficace des structures.

Les premières théories de la mécanique de la rupture ont été développées en con-
sidérant les phénomènes de propagation des fissures comme des processus indépendants
de la température [68], [75]. Néanmoins, des travaux de recherches plus récentes [25],
[18], [19], [115], [116], [62], [135], [123], [138] montrent l’importance du couplage thermo-
mécanique dans la description de la rupture des matériaux. Une partie importante de
l’énergie dissipée pendant l’évolution dynamique d’une fissure est convertie en chaleur,
tandis que la variation de température peut influencer l’endommagement du matériau.
De plus, les études expérimentales présentées dans [110], [111], [124], [125], [36] montrent
que l’évolution des microfissures joue un rôle essentiel dans la rupture dynamique de
matériaux tels que les polymères et les céramiques. Des analyses post mortem de la mor-
phologie des surfaces de fissures ont révélé que l’initiation, la croissance et la coalescence
des microfissures représentent les mécanismes dominants dans la rupture dynamique. Les
instabilités de micro-branchement ont été proposées pour expliquer l’augmentation de
l’énergie dissipée en pointe de fissure. Malgré les progrès importants de la mécanique de
la rupture pour reproduire les effets dynamiques de la rupture ([59]), cette approche reste
limitée dans la prédiction de l’initiation ou des configurations de rupture complexes. Le
cas des instabilités dues aux branchements en est un exemple parmi d’autres. Les obser-
vations microscopiques rapportées lors d’une rupture rapide dans des matériaux fragiles
suggèrent qu’un modèle approprié pourrait être obtenu en incorporant le mécanisme de
micro-fissuration. Puisqu’il se déroule à des échelles plus petites que celle de la structure
macroscopique, une approche multi-échelle avec des microfissures en propagation peut
représenter un cadre de modélisation approprié.

De nombreuses auteurs proposent des modèles d’endommagement basés sur la propa-
gation de microfissures, on peut citer entre autres las contributions [97], [100], [113], [73],
[72], [86], [87], [16]. Dans [37], [39], [47], [61], [140] les auteurs ont ont développé une
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technique de modélisation de l’endommagement à plusieurs échelles basée sur la méth-
ode d’homogénéisation asymptotique. Cette procédure a été employée pour modéliser
l’endommagement dynamique en considérant des microfissures qui se propagent en mode
d’ouverture dans [82], [41]. Le modèle d’endommagement dynamique est obtenu par ho-
mogénéisation à partir des hypothèses à l’échelle de la microstructure en évolution et
prend en compte l’influence de la taille de microstructure sur la réponse macroscopique.

Dans cette thèse, nous étendons ce modèle multi-échelle d’endommagement afin de
prendre en compte les couplages thermo-mécaniques lors de la rupture des matériaux
fragiles. Nous développons d’abord un nouveau modèle d’endommagement dynamique en
considérant un solide avec des microfissures qui évoluent en mode I et dont la dissipa-
tion aux pointes en mouvement est représentée par des sources de chaleur. Ensuite, nous
utilisons une procédure similaire pour obtenir un modèle d’endommagement dynamique
dans le cas de propagation en mode II avec frottement sur les lèvres des microfissures.
Enfin, nous étendons ce dernier modèle au cadre thermo-mécanique, en considérant des
sources de chaleur aux pointes en propagation et sur les lèvres frottantes des microfis-
sures. On obtient ainsi un modèle d’endommagement couplé dynamique pour le mode
de cisaillement. Les lois d’endommagement construites sont implémentées dans un code
de calcul utilisant la méthode des éléments finis et des simulations numériques sont ef-
fectuées afin de prédire le comportement macroscopique des structures lors de la rupture
sous sollicitations rapides.

Le manuscrit est organisé en quatre chapitres principaux. Dans le premier chapitre,
nous donnons quelques notions préliminaires et exemples de modèles de rupture dy-
namique et d’endommagement, de couplage thermo-mécanique et de la méthode d’homo-
généisation asymptotique. Ce chapitre introduit essentiellement les éléments de base
nécessaires aux développements dans les chapitres suivants.

Dans le deuxième chapitre on présente le développement du modèle d’endommagement
couplé correspondant à la propagation en mode I des microfissures. Nous effectuons
d’abord l’analyse d’homogénéisation basée sur des développements asymptotiques pour
obtenir le comportement effectif d’un solide thermoélastique microfissuré. Ensuite, la loi
d’endommagement thermo-mécanique est obtenue par une analyse énergétique combinée
à la procédure d’homogénéisation, avec la prise en compte de la dissipation de chaleur aux
pointes en propagation. Nous effectuons ensuite une étude paramétrique de la réponse lo-
cale prédite par le nouveau modèle d’endommagement en mettant en évidence l’influence
de la vitesse de chargement, de la taille de la microstructure et de la dissipation de chaleur.
Ensuite, le nouveau modèle est utilisé pour reproduire numériquement les résultats expéri-
mentaux de Rittel [115] montrant les variations de température dans des échantillons de
PMMA lors des tests d’impact. Dana la dernière partie du chapitre, on étudie la validité
de l’hypothèse d’évolution adiabatique souvent considérée pour les phénomènes de rup-
ture rapide. Une comparaison entre les résultats obtenus avec l’hypothèse d’adiabaticité et
ceux donnés par la solution de l’équation de température complète montre des prédictions
numériques similaires.

Le troisième chapitre présente un modèle d’endommagement dynamique par cisaille-
ment avec frottement. Le modèle est obtenu en utilisant une procédure de même type
pour le changement d’échelle et sans tenir compte du couplage thermomécanique. Parmi
les conditions aux limites, le contact unilatéral avec frottement est supposé sur les lèvres
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des microfissures. Dans ce cas particulier d’évolution d’endommagement en mode II,
des méthodes de résolution spécifiques présentées dans l’annexe B sont utilisées pour
le calcul des coefficients effectifs. Une approche énergétique tenant compte des dissi-
pations d’énergie due au frottement et à la propagation est utilisée pour obtenir la loi
d’endommagement. L’analyse de la réponse macroscopique locale du modèle a permis de
mettre en évidence l’influence de la vitesse de déformation, du chargement en compres-
sion et du coefficient de frottement sur l’évolution de l’endommagement. Des simulations
macroscopiques ont été réalisées dans le but de reproduire numériquement les résultats ex-
périmentaux de Ravi-Chandar et al. [109] sur la rupture en cisaillement cous chargements
d’impact.

Le dernier chapitre étent la formulation du modèle d’endommagement dynamique en
mode de cisaillement au cas du couplage thermo-mécanique. En plus des sources de
chaleur en pointes des microfissures, on suppose également des sources linéiques dues à
la dissipation par frottement entre les lèvres. Comme dans le cas de la propagation en
mode I, l’homogénéisation conduit à une équation de température macroscopique con-
tenant des sources de chaleur distribuées induites par les dissipations microscopiques. Le
modèle d’endommagement obtenu tient compte des effets de taille de microstructure et
montre une sensibilité à la vitesse de déformation. On étudie la réponse macroscopique
locale thermo-mécanique en mettant l’accent sur les effets du coefficient de frottement,
des chargements de cisaillement et de compression. On termine le chapitre par un pre-
mier exemple de simulation numérique d’un essai d’impact en mode II et l’analyse de
l’évolution thermique associée à la rupture dynamique.

Modèle d’endommagement dynamique thermo-mécanique en mode I

L’évolution de la température dans un solide microfissuré est donnée par l’Equation
(1). Cette équation a été obtenue par homogénéisation asymptotique pour un solide
thermoélastique avec une distribution localement périodique de microfissures en propaga-
tion dynamique en mode I. Des conditions aux limites de bords libres de contraintes et
d’isolation thermique sur les lèvres, ainsi que de sources de chaleur aux pointes de micro-
fissures ont été considérées dans la modélisation. Le terme à droite dans (1) représente
une densité volumique de sources de chaleur pendant l’évolution de l’endommagement.

(c+ T
(0)
S
⇤
)
@T

(0)

@t
+ T

(0)
�
eff
ij

@exij(u
(0)
)

@t
+
@Q

(0)
i

@xi
=

Gc0CR(2 + a.lc
dd
dt )

lc(2CR � lc
dd
dt )

dd

dt
(1)

L’équation d’évolution de l’endommagement est également obtenue par homogénéisa-
tion, à partir de critères microscopiques de propagation, sous la forme
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=
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Le taux de restitution d’énergie d’endommagement Y est obtenu comme fonction des
champs macroscopiques de température T

(0), de déplacement u
(0) et d’endommagement
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Figure 1: Géometrie de l’échantillon, avec des dimensions in mm. La vitesse d’impact V

est appliquée sur une zone de 16.5mm.

d, ainsi que des dérivées des coefficients effectifs S
⇤
(d), �eff

ij (d), Ceff
ijkl(d). CR représente

la vitesse des ondes de Rayleigh, Gc0 est l’énergie critique de rupture en quasi-statique et
a est un paramètre du modèle. La taille de la microstructure est noté par lc et le flux
de chaleur macroscopique Q

(0)i est obtenu comme fonction du gradient de la température
T

(0) par une loi de Fourier homogénéisée.
Les equations (1-2) couplées avec l’équation de mouvement homogénéisée forment un

système couplé pour les inconnues macroscopiques T
(0), u(0) et d. Ce système peut être

résolu numériquement en utilisant la méthode des éléments finis en espace et différences
finies en temps. Un tel schéma a été implémenté dans le logiciel ABAQUS. Ainsi nous
avons pu reproduire numériquement le test expérimental d’impact sur l’échantillon CCS
[23], [115], [116].

La géométrie de l’échantillon en PMMA est illustrée dans la Figure 1. Les mesures
expérimentales de [23], [115] et [116] ont été effectuées avec un thermocouple placé à 1mm

d’une fissure de fatigue créé en continuité de l’entaille initiale. Un chargement d’impact,
d’une vitesse V = 30m.s

�1, appliqué par l’intermédiaire d’une barre en acier de diamètre
16.5mm permet d’initier une fissure à la pointe de l’entaille initiale qui se propage en
mode mixte avec une dominance du mode I. En supposant des conditions adiabatiques
pour l’évolution de la température, des calculs d’élasticité dynamique peuvent être effec-
tués dans Abaqus Explicit avec la résolution complète des équations de température et
d’endommagement dans la subroutine VUMAT.

L’évolution de la température à 1mm de l’entaille initiale représentée sur la Figure ??

montre un refroidissement d’environ 30
�
C, tandis que pendant la propagation la tempéra-

ture monte d’environ 30
�
C par rapport à la température initiale. Les variations obtenues

par simulations numériques avec le nouveau modèle sont relativement proches des valeurs
expérimentales.
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Figure 2: Variation de température à 1mm de la pointe de l’entaille initiale: valeurs
expérimentales (gauche) [115] et calculées (droite) dans 4 éléments voisins dans la région
du thermocouple.

Modèle d’endommagement dynamique thermo-mécanique en mode II

Dans le cas d’une propagation en mode II des microfissures, dans des hypothèses
similaires sur la microstructure, la procédure de changement d’échelle conduit à l’équation
macroscopique de la température :
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Dans l’équation de la chaleur (3), le premier terme du membre de droite Rd représente la
source de chaleur due à l’évolution de l’endommagement dont l’expression est :
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Le second terme Rf représente une source volumique de chaleur produite par frottement
sur les lèvres des microfissures. Son expression complexe en fonction des champs thermo-
mécaniques et des coefficients effectifs, ainsi que les expressions du taux de restitution
d’énergie volumique total Y et et de l’énergie dissipée par micro-frottement Yf sont don-
nées dans le dernier chapitre du manuscrit.

La loi d’évolution d’endommagement est obtenue par homogénéisation sous la forme :
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Figure 3: Echantillon avec rainure sous sollicitation d’impact non-symétrique et détecteurs
IR pour mesure de temperature [17, 19].

On remarque que la loi d’endommagement dépend de la taille de la microstructure lc

et du frottement microscopique par l’intermédiaire de terme Yf . Quand le coefficient
de frottement µf est nul on obtient Yf = 0 et la loi précédente donne l’évolution de
l’endommagement en mode II non-frottant.

Une étude macroscopique locale nous a permis d’identifier les effets du coefficient de
frottement, de la taille de microstructure, de la compression normale, de l’endommagement
initial et de la vitesse de chargement en cisaillement sur la réponse en contrainte, endom-
magement et température du modèle. En particulier, l’analyse des effets des deux sources
microscopiques d’échauffement montre que dans la phase d’évolution des microfissures
la dissipation thermique due à la propagation devient vite dominante par rapport à la
dissipation due au frottement.

Concernant les simulations au niveau de la macro-structure, le modèle d’endommage-
ment en mode II a été implémenté dans ABAQUS, à l’aide d’une subroutine VUMAT, en
vue de reproduire numériquement les résultats expérimentaux de [109] et [19]. Dans ces
essais, une plaque rectangulaire en PMMA avec des rainures sur les deux faces comme
représenté sur la Figure 3 est soumise à une sollicitation d’impact dans une zone dé-
calée par rapport à l’entaille initiale. La rupture en mode II est initiée en appliquant ce
chargement d’impact mécanique asymétrique.

Les simulations numériques montrent une bande d’endommagement initiée à la pointe
de l’entaille et qui évolue en suivant une trajectoire relativement droite dans la rainure
comme montré sur la Figure 4. Cette bande d’endommagement correspond à une fissure
en mode de cisaillement observée expérimentalement dans [19] et [109].

Pour une vitesse d’impact V = 60m/s, la position du front de propagation en fonc-
tion de temps est représentée dans la Figure 5 pour les valeurs expérimentales [109] et
numériques. Le modèle prédit une évolution de la rupture proche des valeurs mesurées
dans les essais. La vitesse de la fissure augmente en 80µs à une valeur proche de la vitesse
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Figure 4: Bande d’endommagement à l’intérieur de la rainure.

d’ondes de Rayleigh dans le PMMA. Il s’agit d’un comportement typique de fissuration
en mode II. Dans une propagation en mode I, les dissipations associées aux instabilités
de micro-branchement conduisent à une vitesse limite bien inférieure à celle de Rayleigh.

La simulation de l’essai rapporté dans [19] a permis de reproduire l’évolution de la
température pendant la rupture en mode II d’une plaque rainurée en PMMA (Figure
3). Dans [19] la variation de température à 20mm de l’entaille initiale a été obtenue
en utilisant des détecteurs infrarouge alignés verticalement. Cette évolution est montrée
dans la Figure 6a. La variation de température maximale obtenue par le détecteur 8 est
d’environ 85K, pendant un intervalle de temps compris entre 55µs et 65µs. Les résul-
tats des simulations numériques sont représentés dans la Figure 6b. On a obtenu une
augmentation de température relativement similaire de 85� 90K au point d’intégration
de l’élément situé au milieu de la bande d’endommagement et à 20mm de la pointe de
l’entaille, correspondant au capteur 8. L’augmentation de température dans les simula-
tions a lieu en 10µs, ce qui est proche de celui des expériences. Les températures dans
les éléments voisins, correspondant aux capteurs 7 et 9, sont également montrées dans la

Figure 5: Position de la pointe de fissure en fonction du temps : valeurs expérimentales
[109] et numériques.
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Résumé étendu en français

a) b)

Figure 6: Variation de la température dans la région des détecteurs IR : (a) valeurs
mesurées [19] et (b) valeurs numériques dans 3 éléments voisins correspondant aux trois
détecteurs les plus proches de la fissure.

Figure 6b. On note des variations relativement proches des valeurs expérimentales.

Par rapport aux développements présentées dans ce document, plusieurs perspectives
de recherche sont envisageables. Des extensions telles que l’étude de l’endommagement en
mode mixte par couplage du mode I et du mode II au niveau microscopique, la modélisa-
tion des distributions aléatoires de microfissures utilisant des approches d’homogénéisation
stochastique [65], des modèles d’endommagement thermomécanique en 3D [38], l’étude
de l’interaction et de la coalescence des microfissures [94] ou la régularisation des modèles
obtenus par des termes de type gradient pour une meilleure objectivité par rapport aux
maillages EF sont possibles.
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