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General introduction

Heterogeneous materials, such as composites and cellular materials, are widely used in ad-
vanced engineering fields, such as aerospace, medical instrument. Composites have high strength,
rich functions and good durability in complicated working conditions. For example, carbon fiber
reinforced composites present high strength/weight ratio and high modulus, and have been used
in wind turbine blades and cars ; cellular materials present high strength-to-weight ratio and high
energy absorption performance. For instance, honeycomb, folded cellular materials and foam are
usually used as the core of sandwich structures for dissipating the kinetic energy, damping or
reducing the weight of the structure.

Shape Memory Alloys (SMAs) are smart materials which can recover from large inelastic
strains by unloading or heating, with an obvious hysteresis effect. Benefiting from this capa-
bility, SMAs are used in wide range of applications, such as aircraft, spacecraft, robotics and
biomedical. Composites consisting of SMAs and other components may extend the range of the
SMAs’ applications for more complex situation as well as leads to structure lightening. Besides,
developing SMA into architected cellular materials can increases the ratios stiffness/weight and
damping/weight and amplify the aforementioned reversible deformation. In recent years, smart
applications made by SMA heterogeneous materials have been found in engineering fields, such
as SMA wire reinforced concrete which can heal cracks by itself, and soft actuator with SMA
and silicon rubber, which can achieve crawling and grasping. Thanks to the highly developed
additive manufacturing techniques, such as 3D and 4D printing, users can design a composite
or architected material with a certain behavior by tuning its microscopic parameters. Better
understanding and controlling these properties will contribute on the development of innovative
applications. In that way it is important to develop an adapted and efficient numerical design tool
for aforementioned SMA heterogeneous materials considering their multiscale thermomechanical
behaviors, based on finite element method and accurate thermomechanical constitutive model
for SMAs.

It is usually difficult to model and simulate SMA composites or architected materials due
to the following obstacles : (1) the macroscopic response interacts with its microscopic mate-
rial properties and behaviors in real time. Multiscale homogenization methods which couple the
macroscopic and microscopic scales are required to ensure accurate solutions ; (2) the thermome-
chanical mechanisms of SMAs are particularly complex and strongly non-linear. An appropriate
SMA constitutive model must be adopted to accurately simulate its complex thermomechanical
behavior ; (3) in the case of diverse microscopic material properties and complex geometrical
shapes, an generic and user-friendly modeling tool must be developed to meet the needs of
different designs ; (4) since above heterogeneous materials are usually designed in thin-walled
shapes, buckling phenomena which often lead to the failure of structures should also be conside-
red. Its modes are multiple and wavelengths can be small, thus advanced non-linear solvers must
be used to accurately and efficiently simulate such strong geometrical non-linear phenomena ;
(5) based on the classical concurrent multiscale computing framework, tremendous microscopic
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General introduction

calculations must be performed in each macroscopic iterative step to update the information on
each integration point. Thus, the computational efficiency needs to be further improved. Facing
above challenges, the main aim of this thesis is to develop advanced and efficient multiscale mode-
ling and simulation techniques for SMA composites and architected materials. A comprehensive
using of existing methods, such as computational homogenization methods, model reduction
techniques and advanced nonlinear solver, and developments for new computational schemes,
such as data-driven computing, can be found in this thesis.

A brief review of SMA heterogeneous materials, homogenization methods, fiber instability
phenomenon and data-driven methods is presented in chapter 1. In chapter 2, the first three
aforementioned problems are addressed by developing a 3D generic numerical tool for SMA he-
terogeneous materials. A multiscale finite element method (FE2) is proposed for modeling the
pseudo-elasticity (PE) and the shape memory effects (SMEs). In this method, heterogeneous
materials are separated into a macroscopic and a microscopic level, where the constitutive be-
havior of each integration point on macroscopic level is represented by the effective behavior
of a corresponding Representative Volume Element (RVE). This effective behavior is computed
by finite element method under the RVE meshed by volume element. The real-time information
transition between the two levels is realized on a commercial platform ABAQUS via its user
defined material subroutine (UMAT). A thermomechanical model, proposed by Chemisky et al.
[1], is adopted to describe the total constitutive behavior of SMA. This model considers three
path-dependent strain mechanisms related to phase transformation, martensite reorientation and
twin accommodation by the derivation of Gibbs free energy. Considering an SMA fiber reinforced
composite, several thermomechanical tests from the literature subjected to tension-compression
and bending loads are studied to validate our multiscale model, which shows good accuracy and
reliability. Further, this model is used for design and simulation of architected SMAs thanks to
its generic computing platform ABAQUS. Firstly, a parametric analysis at the cellular level with
a series of RVEs is carried out to predict relations between the void fraction, the total stiffness,
the hysteresis effect and the mass of SMAs. Secondly, the structural responses of the architected
SMAs are studied by the FE2 method, which uses the effective constitutive behavior of the RVE
to represent the behavior of the macroscopic structure. Through a three point bending test, it
is observed that the structure inherits the strong nonlinear responses—both the hysteresis effect
and the PE—of the architected SMAs at the cellular level. Furthermore, the influence of the
void fraction at the RVE level to the materials’ structural responses can be more specifically
and directly described, instead of using an RVE to predict the behavior at the microscopic level.
Thus, this work could be referred for optimizing the stiffness, the hysteresis effect and the mass
of architected SMA structures and extended for possible advanced applications.

Despite the multiscale modeling of SMA cellular material and structures, buckling instability
phenomenon is a typical complicated problem in the investigated thin structures. However, the
adopted concurrent multiscale method requires a RVE at each integration point of the macrosco-
pic finite element model. The element size of RVEs depends on the wavelength of the microscopic
buckled fiber, resulting in a large amount of computations. Besides, the relationship between the
microscopic fiber buckling modes and macroscopic instability is also to be further studied. Thus,
in chapter 3 a computationally efficient multiscale model is proposed to accurately simulate and
analyze the instability phenomenon of long fiber reinforced composites. The FE2 method based
on the homogenization theory is adopted to realize the real-time interaction between the micro-
scopic and the macroscopic levels. To increase the computational efficiency in the microscopic
level and control the nonlinear calculations, the Fourier-related analysis is carried out on the
RVEs using the Technique of Slowly Variable Fourier Coefficients (TSVFC). In this method,
all fast varying unknowns are replaced by slowly varying unknowns. The established nonlinear
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multiscale system is solved by the Asymptotic Numerical Method (ANM), which is more reliable
and less time consuming than other classical iterative methods. This model is used to study the
structural instability and the fiber micro-buckling of long fiber reinforced composites. The effects
of fiber wavelength on the buckling and post-buckling of macro structure are discussed.

Although an efficient nonlinear solver and a reduced RVE model is developed to improve
the overall computational efficiency of the multiscale modeling approach, the computational cost
still requires to be reduced in this concurrent multiscale framework. Because the information
over each macroscopic integration point is supposed to be updated at each iteration during the
online macroscopic computation, which requires tremendous repetitive computations over asso-
ciated RVE. Inspired by data-driven computing, in chapter 4 novel approaches which decouple
scales are proposed to reduce the online computational cost for composite structures, namely
data-driven multiscale finite element method (data-driven FE2) and Structural-Genome-Driven
(SGD) computing. In the data-driven FE2 method, the correlated scales in the classical FE2

method are here split to be computed sequentially and separately : the microscopic problems are
calculated in advance to construct an offline material genome database, which is later used in
the macroscopic data-driven analysis. In this new framework, the difficulties in formulating and
solving complicated multiscale system are avoided by dealing with single scale problems. Moreo-
ver, the online computation of microscopic problems in the classical FE2 method is replaced by
searching data points over the offline database in the data-driven FE2 method. Thus, the online
computing efficiency of structural analysis is significantly improved. After that, SGD compu-
ting is proposed for thin-walled composite structures, where the Structural-Genome database is
collected through the FE2 method. Compared to Material-Genome-Driven (MGD) analysis, pro-
posed by Kirchdoerfer and Ortiz, 2016, the new SGD method benefits from not only the model
reduction, but also the ability to easily deal with complex microscopic geometry and material
properties. Several numerical tests are considered to demonstrate the efficiency and robustness
of the proposed method.

Generally, this thesis develops efficient multiscale modeling and simulation schemes for SMA
composites and architected cellular materials. The thermomechanical behaviors of those materials
are in-depth studied, providing a solid theoretical and technical support for their design and
application. Also, those highly efficient multiscale methods can be used for other composite
materials and structures.
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In this chapter, a brief state of art is presented including the following three aspects : (1) SMA
heterogeneous materials and their modeling ; (2) instability phenomenon in long fiber reinforced
composites ; (3) multiscale homogenization methods.

1.1 SMA heterogeneous materials and their modeling

SMA heterogeneous materials subject to thermomechanical fields have very complicated be-
havior. Because it depends on not only the macroscopic load, but also the microscopic material
properties, geometrical parameters and phase transformations of SMAs. Thus, SMA heteroge-
neous materials present typical multi-physical and multi-scale behavior. To understand their
macroscopic-microscopic interaction and predict the thermomechanical behavior, appropriate
multiscale and user-friendly numerical tool is required. To this end, this section will introduce
the multiscale and multi-physical modeling and simulation techniques for SMA heterogeneous
materials from the following three aspects : (1) SMAs and their constitutive modeling ; (2) SMA
composites and their multiscale modeling ; (3) architected cellular SMAs and their multiscale
modeling.
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1.1.1 SMAs and their constitutive modeling

SMAs are smart materials used in wide range of applications, such as aircraft, spacecraft,
robotics and biomedical, benefiting from the capability of sustaining large inelastic strains. This
latter can be recovered by unloading or heating, with an obvious hysteresis effect. Two main
features, namely pseudo-elasticity (PE) and the shape memory effect (SME), of SMAs are illus-
trated in Fig. 1.1, where Fig. 1.1a shows the PE and hysteresis effect subject to partial loading,
and Fig. 1.1b gives the SME in a "cooling-loading-unloading-heating" cycle. One typical appli-

Figure 1.1 – (a) the PE considering partial loading and tension-compression asymmetry and
(b) the SME simulated by model Chemisky et al. [1].

cation of SMA can be found in Fig. 1.2a. The SMA beam components embedded inside chevrons
can change the shape of the chevrons automatically in different temperature conditions, which is
varying along with the current altitude of the plane ; Fig. 1.2b presents an artificial wing made
by SMA, which can change its shape when the temperature is varying. An overview on SMAs’
possible applications could be found in the work of Lagoudas [2] and Jani et al. [3].

Figure 1.2 – (a) Boeing variable geometry chevron, flight testing (Hartl and Lagoudas [4]) ; (b)
An artificial wing made by SMA (Sofla et al. [5]).
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1.1. SMA heterogeneous materials and their modeling

These specific thermomechanical effects are highly related to the microscopic phase trans-
formations. SMAs present two different phases, which differ from each other in their crystal
structures and the yielded mechanical properties. One is the austenite in high temperature state
and the other is the martensite in low temperature. The crystal structure of austenite is generally
cubic, while those of martensite are generally tetragonal, monoclinic or orthorhombic (Lagoudas
[2]). The so-called martensitic transformation between two phases occurs when lattices of atoms
are distorted by shear stress (Lagoudas [2]). The martensitic crystal structures can differ from
each other in different orientation directions, which are called variants. There are two types of
martensite by assembly martensitic variants in different forms. One is the twinned martensite
formed by a set of martensitic variants, which self-accommodate each other such that the ave-
rage macroscopic shape change is negligible. The other is the detwinned martensite formed by
a specific dominant variant such that the average macroscopic shape change is visible. The re-
versible phase transformation from austenite (parent phase) to martensite (product phase) and
vice versa forms the basis for the specific behavior of SMAs. The phase transformation between
austenite and martensite is reversible along with varying of an applied thermomechanical load,
which contributes to the unique behavior of SMAs. For example, when the material is cooled,
the crystal structure changes from austenite to twinned martensite and vice versa the crystal
structure changes back to austenite when the material is heated. Fig. 1.3 illustrates several ty-
pical phase transformations upon different thermomechanical loadings, yielding changes in the
crystal structure.

Figure 1.3 – Changes in the crystal structure : (1) loading/cooling ; (2) unloading/heating ; (4)
loading ; (5) cooling ; (6) heating. (Sun and Huang [6]).

Over the past 40 years, researchers have proposed various models to simulate the thermo-
mechanical behavior of SMAs. These models can be broadly classified as microscopic thermo-
dynamic models (Uehara et al. [7], Saitoh and Liu [8]), micro-macroscopic models (Wang et al.
[9], Niclaeys et al. [10]), and macroscopic phenomenological models (see the review paper of
Cisse et al. [11]). Microscopic thermodynamic models intend to describe microstructureal fea-
tures of SMAs at the lattice or grain-crystal levels. Some of them are developed relying on
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the Ginzburge-Landau theory or molecular dynamics. Micro-macroscopic models describe the
material behavior at the micro or meso scales by micromechanics and then derive macroscopic
constitutive equations using appropriate scale transition techniques. Macroscopic phenomenolo-
gical models are based on phenomenological analysis, simplified micro-macro thermodynamics
or direct experimental data fitting, approximating the effective behavior of SMAs. Among above
models, macroscopic phenomenological models are widely used in engineering problems, for their
simple assumptions and compatibility with finite element computation. Boyd and Lagoudas [12]
proposed a phenomenological SMA model using a free energy function and a dissipation potential
based on the ideas of Patoor et al. [13], Raniecki and Lexcellent [14], Sun and Hwang [15, 16].
This model is able to describe PE and SME due to martensitic transformation and reorientation
of polycrystalline SMA materials. This model was later developed by Lagoudas et al. [17] and
implemented in combination with finite element method, in which a return mapping technique
was adopted to derive its incremental formulation. After experimentally validation, this model
was applied for the thermomechanical simulation of an active composite with SMA fibers em-
bedded in matrix. Leclercq and Lexcellent [18] developed a general macroscopic model which
separated the volume fraction of martensite into oriented and self-accommodated parts in order
to describe the reorientation of martensite variants. By assuming five yield functions related to
different thermomechanical process, this model defined the criteria for phase transformation and
derived corresponding kinetic equations considering consistency equations. Three specific types
of SMAs were chosen to calibrate the parameters of the model and the experimental data showed
good agreement with the results simulated by the numerical model. Souza et al. [19] presented a
3D phenomenological model to describe the mechanical behavior of polycrystalline SMAs with
stress-induced phase transformations. In this model, an admissibility condition is assumed for
thermodynamic forces and a locking constraint is considered for phase transition. To describe the
stress-induced phase transformations, a transformation strain tensor is introduced to describe
its corresponding overall kinematic behavior. The numerical results of this model are in a good
agreement with the experimental results carried out by Sittner et al. [20]. Based on the model of
Souza, Auricchio and Petrini [21] proposed a robust algorithm that can simulate the SME and
PE behavior subjected to non-proportional loading by a finite element method. A model based
on a thermodynamic description of the phase transformation and martensite reorientation was
implemented by Peultier et al. [22, 23] in the ABAQUS finite element software. Two internal
variables, namely the overall martensite volume fraction and the averaged transformation strain,
were considered to account the phase transformations. Derived from Gibbs free energy potential,
the control equations for a set of internal variables were formulated and implemented in finite
element scheme. This model presented good results which were simulated by uniaxial tensile
loadings and a three-point bending test. Note that in this model, the tension and compression
asymmetry and non-proportional loading cases were not considered yet. This model was latterly
improved by Chemisky et al. [1] with a 3D model dedicated to NiTi alloy. Chemisky et al. [1]
considered the strain mechanism related to the twins accommodation by adding a new internal
variable. The description of internal loops for partial loading was also improved by redefining
the critical threshold according to experimental results. In addition, the tension-compression
asymmetry effect during transformation was taken account, see Fig. 1.1. Zaki and Moumni [24]
developed a phenomenological model for NiTi SMAs within the framework of generalized stan-
dard materials with internal constraints (Halphen and Son [25]). The numerical predictions show
good agreement with the experimental data for both pseudoelasticity and orientation of self-
accommodated martensite. Saintsulpice et al. [26] carried out a series of cyclic tests to develop
a 3D macroscopic model for the super-elasticity of SMAs able to describe the evolution of per-
manent inelastic strain during cycles.
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1.1. SMA heterogeneous materials and their modeling

Based on the above-mentioned classic constitutive models, researchers have continuously de-
veloped a series of new models in recent years. Extended from Khalil et al. [27], Sallami et al.
[28] developed a constitutive model for Fe-based SMA, in which the phase transformation, plas-
tic sliding and large strain were considered. Two internal variables, namely volume fraction of
martensite and the plastic strain, were adopted, with the assumption that the local deformation
gradient split into elastic and inelastic parts in the so-called total Lagrangina formulation. Wang
et al. [29] proposed a constitutive model to describe the phase transformation and martensite
reorientation mechanisms of SMAs in a finite strain formulation. The deformation gradient was
split into different parts accounting for elastic, thermal and inelastic strains, where the inelastic
part was further assumed to be composited by phase transformation and martensite reorien-
tation. The control equations were formulated in a time-discrete form and implemented in the
finite element framework via the UMAT on ABAQUS. Results showed that this model had good
in simulating the response of SMA wires considering large strains and rotations cases. Xiao [30]
proposed a constitutive model based on classical elastoplastic J2-flow to simulate the PE hystere-
sis of SMAs. The varying of the yield surface and its center are related to formulate the nonlinear
hardening rule for this model. Ojha and Sehitoglu [31] proposed a model regarding the Bogers-
Burgers double shear mechanism to simulate the bcc-fcc transformation in FeMnAlNi SMA. This
model derived the fcc martensite formation stress by formulating the energy expression, in which
the transformation shear potential and the elastic interaction between dislocations were both
considered. Mahnken et al. [32] developed a constitutive model to describe the phase transfor-
mations and asymmetric plasticity mechanisms in the cutting processes of steels. To address the
asymmetric plasticity behavior which was highly dependent on the strain rate and temperature,
the so-called Johnson-Cook model and a transformation induced plasticity model were utilized
to formulate this model. The numerical results obtained by finite element analysis demonstrated
strain softening mechanisms related to temperature and strain rate in a cutting process of steels.
Gu et al. [33] later implemented the model of Zaki and Moumni [24] using an explicit closed-form
expression of the material jacobian to simulate the multiaxial non-proportional loading response
of SMAs. Hazar et al. [34] combined the model of Zaki and Moumni [24] with a nonlocal sta-
tionary method to analyze phase transformation around the tip of a stable growing edge crack
in a semi-infinite Nitinol plate. Note the overview of constitutive models in this thesis is not
exhaustive. More details can be found in Lagoudas [2], Cisse et al. [11].

In summary, the micromechanical mechanism of SMA is quite complicated, involving various
phenomenons such as phase transition, plastic slip, and twinning adaptation. It is necessary to
select an accurate thermodynamic constitutive model according to specific problems. However,
the SMA based heterogeneous materials concerned in this paper involve more complex multiscale
behavior, which requires a reliable SMA constitutive model. Among the aforementioned consti-
tutive models, the NiTi alloy constitutive model developed by Chemisky et al. [1] is compatible
with the finite element method, and can effectively investigate the general thermodynamic me-
chanisms such as phase transition, martensite reorientation, and twin accommodation. Therefore,
this paper will use this model as an example to carry out multiscale modeling and simulation on
SMA based heterogeneous materials.

1.1.2 SMA composites and their multiscale modeling

Composites are widely used in advanced engineering fields such as aerospace, medical ins-
truments, due to their high strength, rich functions and good durability in complicated working
conditions (Węcławski et al. [35], Vesely et al. [36], Liu et al. [37], Jochum et al. [38]). For
example, carbon fiber reinforced composites present high strength/weight ratio and high modu-
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lus, and have been used in wind turbine blades and cars (Murdani et al. [39], Fasana et al. [40]).
Along with the development of manufacturing techniques, more and more complicated compo-
sites can be manufactured nowadays and present great potential in the future. For example, using
4D printing (Ge et al. [41], Momeni et al. [42], Tibbits and Skylar [43], Ding et al. [44]), Ge et al.
[41] designed an active composite origami which can deform automatically when the temperature
is changed. This structure is composed by elastic matrix and shape memory polymer fiber.

As aforementioned, SMA are widely used in the design for functional applications. Howe-
ver, the high cost of SMAs limits their promotion to a certain degree. Composites consisting of
SMAs and other cheaper components could be an alternative choice for designing SMAs appli-
cations. Moreover, the combination of different material characteristics may extend the range
of the SMAs’ applications for more complex situation as well as leads to structure lightening
(Lester et al. [45]), see for example the hybrid SMA woven composite depicted in Fig. 1.4, which
presents good impact resistance (Meo et al. [46]). Concretes reinforced by shape memory alloys

Figure 1.4 – Hybrid PPS/SMA/Kevlar fabric (Meo et al. [46])

present good seismic performance and crack self-healing capacity, which provide a wide applica-
tion prospect in civil engineering (Halahla et al. [47]). Feng et al. [48] designed a multifunctional
composite formed by elastomer embedded with SMA wires. Their composites show good in-plane
and out-plane deformation capability and varying stiffness characteristics in different environ-
ment temperatures. Li et al. [49] designed a simple soft actuator with SMA and silicon rubber,
based on a periodic deformation mechanism. This soft actuator can achieve crawling and grasping
by electrical heating methods.

SMA composites subject to thermomechanical load have very complicated behavior. Because
it depends on not only the macroscopic load, but also the microscopic material properties, geo-
metrical parameters and phase transformations of SMAs. Thus, SMA composites present typical
multi-physical and multi-scale behavior. Valuable works using multiscale homogenization me-
thods to study the thermomechanical behavior of SMA composites have been presented over
the past few decades. The models using self-consistent method (Lagoudas et al. [50], Siredey
et al. [51], Patoor et al. [52], Helm and Haupt [53], Marfia [54]), unit cell methods (Damanpack
et al. [55], Kawai et al. [56]), asymptotic methods (Chatzigeorgiou et al. [57], Dehaghani et al.
[58]) and FE2 methods (Kohlhaas and Klinkel [59], Chatzigeorgiou et al. [60]) can be mentioned
as a review. Chatzigeorgiou et al. [57] proposed a model which can simulate the fully coupled
thermomechanical response of a multilayered composites by using the asymptotic expansion ho-
mogenization technique. Kohlhaas and Klinkel [59] proposed a FE2 scheme to simulate the free,
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two-way and the constrained SME of randomly oriented and distributed SMA fiber reinforced
composites. The pseudo-plasticity at low temperature range and the pseudo-elasticity at high
temperature range were also studied. This model considers a 1D element for the SMA fiber and
3D element for the matrix. The 1D formulation allows for easy meshing in the framework of the
finite element method. The present model puts emphasis on the proper simulation of the phase
transition from martensite to austenite within the SMA—no matter which loading conditions are
applied. This allows for the ability to prestress a surrounding matrix and amend brittle material.
The SMA fiber material model is embedded into two meshing approaches which are compared.
The approaches proof each other by yielding same results. It is shown that the rebar concept
has crucial advantages over the conform meshing concept. Dehaghani et al. [58] presented a 3D
finite element based hierarchical multiscale analysis framework to solve the macro and micro
scale problems simultaneously. The proposed approach is applied to a number of problems invol-
ving SMA fiber reinforced composites and porous SMAs to assess its accuracy and effectiveness.
The PE response of SMA constituents in micro scale is modeled based on the work by Boyd
and Lagoudas [12], Qidwai and Lagoudas [61]. Macro problems are solved under various stress
loading/unloading conditions including tension, flexure, and torsion. Detailed illustrations are
presented regarding the distribution and concentration of different field variables such as the
martensitic volume fraction and the stress state in the micro scale along the austenite to marten-
site transformation and the reverse path. Due to lack of plane symmetry, 2D general plane strain
models cannot accurately predict the microscopic behavior of porous materials. Hence, the effect
of shape of 3D ellipsoid pores on the mechanical response of the porous SMA is investigated
through a detailed parametric study.

1.1.3 Architected cellular SMAs and their multiscale modeling

Cellular materials are widely used for their high strength-to-weight ratio and high energy
absorption performance (Ashby and Gibson [62], Ashby et al. [63]). For instance, honeycomb,
folded cellular materials and foam are usually used as the core of the sandwich structures for
dissipating the kinetic energy, damping or reducing the weight of the structure (Ashby et al.
[63], Sarvestani et al. [64], García-Moreno [65], Hangai et al. [66], Strano et al. [67]). However,
honeycomb and folded cellular materials have high manufacturing costs and moisture problem,
as well as buckling problems (Rashed et al. [68]). The mechanical behaviors of foams are too
difficult to be accurately measured for their stochastic cells, which always results in the excessive
use of materials to satisfy the safety factor. To overcome these shortcomings, partially-ordered
foams allowing limited structural control of the pore and spatial distribution of pore levels,
such as metal syntactic foams (Taherishargh et al. [69, 70, 71], Broxtermann et al. [72], Linul
et al. [73], Luong et al. [74]) are studied. Furthermore, architected cellular materials with an
ordered structure were designed and studied during these years (Rashed et al. [68], Pingle et al.
[75], Schaedler et al. [76], Schaedler and Carter [77], Lehmhus et al. [78]), such as the ultralight
metallic microlattice, see Fig. 1.5a. Thanks to the highly developed additive manufacturing
techniques, such as 3D printing (Ngo et al. [79], Mostafaei et al. [80]) and selective laser melting
(Rashed et al. [68], Mehrpouya et al. [81]), the manufacturing of architected cellular materials is
no longer impossible, see Fig. 1.5b. Users can design a cellular material with a certain behavior
by tuning its cellular parameters, such as the geometry, components, local mechanical properties,
etc.

Architected cellular materials’ functionality could be extended by combining the features
of various materials, such as SMAs. It is well known that SMAs, such as NiTi, can endure
large deformation and recover their initial shape after unloading (see for example the reviews of
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Figure 1.5 – (a) a ultralight metallic microlattice (Schaedler et al. [82]) ; (b) a graded lattice
core manufactured using the selective laser melting process (Mines [83]).

Lagoudas [2], Patoor et al. [84], Lagoudas et al. [85], Tobushi et al. [86], Cisse et al. [87]). This
PE brings high performance to SMA in energy absorption. When the given load reaches a critical
level in a superelastic test, SMA will apparently soften due to its inner phase transformation. This
behavior enables SMA to absorb the external energy as much as possible and prevents material
from crushing or buckling. Such a kind of response is very similar to the ideal response of the
cellular material designed by Schaedler et al. [76]. Meanwhile, the hysteresis effects observed in
SMA behavior can dissipate a large amount of energy. All mentioned features of SMAs meet the
requirements of an architected structure for energy absorption applications very well. In addition,
taking advantage of the lightweight and SME, architected SMAs may be designed for advanced
applications in aerospace, civil engineering, etc.

To investigate the behavior of architected cellular SMAs, rare, but valuable works have been
proposed (Machado et al. [88], Ravari et al. [89], Ashrafi et al. [90]). Machado et al. [88] proposed
an experimental and modeling study on the cellular NiTi tube based materials. In order to design
and optimize the architected SMA tube materials, the authors studied the effective behavior of
the thin-walled NiTi cellular materials by carrying out a study based on experiment and numerical
simulation. The influences of SMAs’ material properties and cellular architecture on the effective
behavior were investigated. To reduce the high cost of fabrication, Ravari et al. [89] focused
mainly on numerical modeling for designing and optimizing SMA cellular lattice structures.
The effects of the geometry and cellular imperfections on the effective behavior of the material
were investigated by unit cell and multi-cell methods. This work was later developed by Ashrafi
et al. [90], who proposed an efficient unit cell model with modified boundary conditions for SMA
cellular lattice structures. The SME was also simulated by this model, which had good agreement
with the experiment. Cissé et al. [91] proposed an effective constitutive model for architected
cellular iron-based shape memory alloys considering the pressure dependency and transformation-
plasticity interaction. Zhu et al. [92] realized the accurate 3D reconstitution of porous SMAs and
studied their superelastic behavior considering different geometrical parameters.

The above works mainly focused on the effective cellular response in order to represent or
predict the behavior of architected SMA structures. Considering the scale separation between
the microscopic cellular scale and macroscopic structural scale, however, it is difficult to predict
the structural response of a unit cell without certain assumed boundary conditions, because the
stress-strain states of the macroscopic structure are usually not uniform and the deformations at
the microscopic level could be totally different. Thus, in order to directly simulate the structural
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1.2. Instability phenomenon of long fiber reinforced composites

responses of architected SMA, more appropriate numerical methods should be used. During the
past few decades, multiscale modeling approaches have been developed and widely used (Kanouté
et al. [93], Geers et al. [94], El Hachemi et al. [95], Kinvi-Dossou et al. [96]). As one of the
most effective multiscale methods, the FE2 method (Feyel [97]) to describe the response of high
nonlinear structures using generalized continua shows good performance in various applications,
such as fiber buckling (Nezamabadi et al. [98]), composite shells (Cong et al. [99]), rate-dependent
response (Tikarrouchine et al. [100]) and SMA based fiber/matrix composites (Kohlhaas and
Klinkel [59], Chatzigeorgiou et al. [60]). In this approach, both the structural level and the
RVE level are simulated by the finite element method (FEM). Two levels are fully coupled and
computed simultaneously, where the unknown constitutive behaviors on the structure level are
represented by the effective behaviors of homogenized RVEs, and the strain states of the RVEs are
given by the associated integration points. In order to make multiscale procedures more generic
and easy to use for industries, works to extend them on commercial computing platform, such
as finite element software ABAQUS, have been proposed (see Yuan and Fish [101] and Tchalla
et al. [102]). A brief review on multiscale homogenization methods is given in Section 1.3. Generic
and user-friendly numerical modeling tool is of importance to significantly reduce the modeling
cost in the design for architected SMA, as well as SMA composites. Thus, this thesis is about
to implement the FE2 framework on ABAQUS with the SMA constitutive model, and develop a
generic multi-physical and multiscale tool for the simulation of SMA heteregeneous materials.

The aforementioned structures with microscopic fiber and thin-walled cells are prone to bu-
ckling phenomenon which usually leads to structural failure. This mechanism is very complex
due to its strong nonlinearity and multiple modes. Thus, efficient multiscale modeling on bu-
ckling phenomenon is also concerned in this thesis. As a typical multiscale instability problem,
the buckling of long fiber composites under compressive stress is quite complicated, and is taken
into account as an example. The modeling for the instability problem of long fiber reinforced
composite is briefly introduced in the next section.

1.2 Instability phenomenon of long fiber reinforced composites

Composite materials containing slender fiber inclusions widely exist in nature (Węcławski
et al. [35], Su et al. [103]) and are also widely used in aviation, aerospace, biology, medicine and
other engineering fields (Vesely et al. [36], Liu et al. [37], Jochum et al. [38]). The macroscopic
instability of these long fiber composites under compressive stress has been paid high attention
by academia. Its importance is mainly reflected in the following two aspects : (1) in reinforced
composites, the critical load of the microscopic fiber buckling is often lower than the strength
limit of the material (Farooq and Myler [104]), and the macroscopic kinking induced by the
fiber buckling almost determines the lower limit of the structural strength (Poulios and Niordson
[105]), see Fig. 1.6 a kink band in a composite plate. For example, the strength of the carbon
fiber laminate is sometimes only 60% of the tensile strength (Budiansky and Fleck [106]) ; (2)
in functional composites, the micro-buckling of the fiber is closely related to the macroscopic
function, sometimes even to the health in life sciences. For example, Alzheimer’s disease and
Parkinson’s disease are both related to the instability of amyloid fibrils during growth (Chiti and
Dobson [107]).

The macroscopic instability of long fiber composites under compressive stress is quite compli-
cated because it not only depends on the macroscopic geometry and load form but also depends
on the volume ratio of the fiber/matrix, the matrix’s shear modulus and fiber instability wa-
velength on the microscopic scale. Thus, the instability of long fiber composite structures is a

9



Chapitre 1. State of art

Figure 1.6 – A kink band in a composite plate (a) macroscopic graph and (b) microscopic graph
(Vogler and Kyriakides [108]).

typical multiscale mechanical behavior. Whether to predict its process or to reveal its mecha-
nism, multiscale modeling and simulation is the most suitable numerical scheme, but facing two
significant challenges : (1) the macroscopic response and microscopic fiber buckling are closely
related to each other. Therefore, it is necessary to accurately model the behavior on both the
two scales and to exchange the stress and the strain information between the two scales in real-
time, which results in a vast number of Degrees Of Freedoms (DOFs) and many computations.
Thus, it is difficult to balance the computational efficiency and the calculation accuracy ; (2) the
nonlinear calculations are complicated to be controlled due to the interaction between the fiber
buckling on the microscopic level and the instability of the macroscopic structure.

1.2.1 Microscopic numerical models

The numerical simulation for the instability of long fiber composites under compressive stress
can be traced back to the 1990s. In 1992, Guynn et al. [109] constructed a two-dimensional
numerical model for studying the micro-buckling of fibers and calculated the nonlinear instability
of the "matrix-fiber-matrix" unit cell by applying periodic boundary conditions. The effects of
parameters, such as shear strength and instability wavelength, on fiber micro-buckling were
studied. The method was later extended by Gutkin et al. [110] to study the kink-band formation
in shear mode. Kyriakides et al. [111] demonstrated the effects of the entire kinking process
by simulating the deformation of the multilayer fibers and substrates. Then, Vogler et al. [112]
extended this work to three-dimensional structures and found that the kink features of the three-
dimensional model and the two-dimensional model are the same. Guimard et al. [113], Feld
et al. [114] introduced a statistical theory in the analytical models of Budiansky and Fleck [106]
and constructed a numerical model that describes the peak distribution of intensity. In recent
years, Romanowicz [115], Wind et al. [116] systematically summarized and compared the work of
predecessors, and also proposed their respective two-dimensional microscopic models to explore
the effect of boundary conditions, dislocation angles and their distribution to kink-band.

In the above works, both the infinite-width model using periodic boundary conditions (Guynn
et al. [109], Gutkin et al. [110]) and the finite-width model with free boundary (Kyriakides et al.
[111], Vogler et al. [112], Wind et al. [116]) use a simple microscopic method with a microscopic
structure consisting of one fiber or several fibers embedded in a matrix, in which the effect
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1.2. Instability phenomenon of long fiber reinforced composites

from the macroscopic scale is still neglected. In addition, the microscopic numerical model is not
proper for structures with large size or complex geometry, because both the fiber and the matrix
need to be discretized, which requires a large number of DOFs and calculation costs. Therefore,
the microscopic numerical model is not suitable to study the multiscale instability of long fiber
composite structures.

1.2.2 Multiscale homogenization models and their nonlinear solver

As mentioned above, the instability of long fiber composite structures is a typical multiscale
mechanical behavior, so numerical homogenization techniques (Feyel [97], Kouznetsova et al.
[117], Koutsawa [118], Koutsawa et al. [119]) should be the best numerical scheme to study the
instability. At the end of the 20th century, Fleck and Shu [120], Jensen and Christoffersen [121]
proposed efficient macro-microscopic numerical models based on the homogenization theory, but
the former is based on phenomenological analysis of some specific experimental observations,
while the latter ignores the fiber bending stiffness. Drapier et al. [122] successfully expressed the
displacement and strain variables as the superposition of macroscopic and microscopic mechani-
cal fields to realize the analysis in two scales, but their model is limited to analyzing the local
structure with few wavenumbers. Poulios and Niordson [105], under the inspiration of Fleck and
Shu [120], deduced a new kinematic internal variable vector in the large deformation frame to
construct a homogenization model which can explicitly introduce the hyperelastic fiber and the
super elasto-plastic matrix. This model can predict the macroscopic instability process of long
fiber composite structures accurately, but the effect of the fiber’s micro-buckling on the macrosco-
pic instability is neglected in the kinematic hypothesis. Therefore, in subsequent studies, Poulios
and Niordson [123] used macroscopic structural defects to induce microscopic fiber instability.
Nezamabadi et al. [98] analyzed the relationship between macroscopic and microscopic instability
using the FE2 method (Feyel [97], Kouznetsova et al. [117], Nezamabadi et al. [124]) based on
the computational homogenization theory. The FE2 method realizes the bi-directional real-time
transmission of macroscopic and microscopic information by "the macroscopic level transmits
the strain to the microscopic RVE, and the RVE transmits the stress to the macroscopic level".
However, this method requires a RVE at each integration point of the macroscopic finite element
model, of which the element size depends on the wavelength of the microscopic buckled fiber,
resulting in a large amount of computations. Besides, the relationship between the microscopic
fiber buckling modes and macroscopic instability is also to be further studied. Thus, the nume-
rical homogenization model still needs to be improved to accurately and efficiently simulate the
double-scale instability of long fiber reinforced composites.

In recent years, instability problems have been studied by model order reducing techniques,
such as Proper Orthogonal Decomposition (POD) (Yvonnet et al. [125], van Tuijl et al. [126]),
Empirical Interpolation Method (Hernández et al. [127]), Fourier-related envelope model (Damil
and Potier-Ferry [128, 129], Huang et al. [130]). The results in Refs. Huang et al. [131, 132], Damil
et al. [133] show that the Fourier-related envelope model is efficient in solving fiber instability
problem because its element size is independent of the fiber wavelength. Also, it can capture the
instability mode by the given wavelength and even simulate the coupling of the global buckling
and local wrinkling instability, see Liu et al. [134], Mhada et al. [135], Attipou et al. [136], Huang
et al. [137]. Therefore, it is adopted in this work to simulate the fiber buckling.

Compared with the traditional Newton-Raphson method, the ANM (Nezamabadi et al. [98],
Cochelin [138], Boutyour et al. [139], Zahrouni et al. [140], Cadou et al. [141], Abichou et al.
[142], Assidi et al. [143], Tri et al. [144], Yang et al. [145], Choe et al. [146]) is more efficient and
more stable when applied to strong nonlinear and multi-bifurcation problems. In this method,
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the unknowns are expanded by high order power series to convert the nonlinear equations into
a series of linear equations. Details on the use of the ANM for the resolution of non linear
problems are given in chapter 5. The ANM shows high computational efficiency because the
tangent matrix is consistent in a nonlinear increment step and its length is self-adaptive. Liu
et al. [134] and Huang et al. [147] have shown that the ANM’s application in the Fourier envelope
model can significantly improve computational efficiency when considering the instability of both
the sandwich structure and the thin film structure. In addition, Vannucci et al. [148] defined a
bifurcation indicator by searching the singularity points along the load-displacement curve in the
ANM. This indicator has been successfully used for the winkling evolution of thin film/substrate
system (Xu et al. [149]) and sandwich structures (Choe et al. [146]). Thus, the ANM is used to
improve the controllability of the nonlinear path.

1.3 Multiscale homogenization methods

As mentioned before, multiscale homogenization methods are the best solutions for the mo-
deling of SMA heterogeneous materials. For a comprehensive understanding, a brief introduction
for these methods is given in this section.

1.3.1 Sequential multiscale homogenization methods

To study heterogeneous materials, appropriate multiscale methods have been proposed (see
Kanouté et al. [93], Geers et al. [94] for a review) in order to deduce the effective behavior based
on the local behavior of each phase and the morphology of the RVE. These models, based on
homogenization theory, can be separated into two main categories according to the information
transfer order between two scales : sequential multiscale procedures and hierarchical/integrated
multiscale procedures. For the sequential multiscale procedures, the problems on different scales
are solved sequentially and independently (see Nemat-Nasser and Hori [150] for a review). Spe-
cifically, an overall behavior which gives an effective response of the microscopic model during
a specific loading history is computed firstly on the microscopic level, and then is used as the
constitutive behavior of macroscopic structure. Some mean-field homogenization methods, such
as the self-consistent method and Mori-Tanaka method under simple assumptions (Perdahcıoğlu
and Geijselaers [151], Wu et al. [152]), have the advantage of very low time cost.

Instead of computing the fields for all the material points in a RVE, mean-field homoge-
nization methods only seek to compute the averaged variables in different phase sub-domains.
Assuming that the averaged variables among each phase sub-domain still follows its continuum
material behavior, the microscopic problem is described by formulating the averaged stress-strain
relation of each phase sub-domain and the interaction effect between different sub-domains :





〈σ〉ωr = Cr : 〈ε〉ωr
〈σ〉ωr = Ark : 〈σ〉ωk
〈ε〉ωr = Brk : 〈ε〉ωk

(1.1)

where 〈·〉ωr stands for the averaged value over sub-domain ωr, σ and ε the stress and strain,
Ark and Brk the fourth-order stress and the strain interaction tensors between sub-domain ωr
and ωk, respectively. Once the interaction tensors are known, the microscopic problem can be
solved analytically. The averaged response of the RVE can be further computed to represent the
macroscopic behavior of composites. Mean-field homogenization methods, such as the previously
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mentioned self-consistent method and Mori-Tanaka method, differ from each other by the defini-
tion of these interaction tensors. Perdahcıoğlu and Geijselaers [151] proposed mean-field homoge-
nization framework for two phase materials considering distinct elastoplastic properties. Among
classical mean-field homogenization schemes, the proposed new methods were both computatio-
nally efficiency and presented good accuracy compared with experimental results. However, these
analytical methods are unable to give microscopic fields precisely and present difficulties to take
into account complex geometrical characteristics, such as shape, spatial orientation, size, volume
fraction, and phase distribution. Sequential model using numerical homogenization method was
also developed to induce the overall behavior of microscopic model, such as the class of so-called
unit cell methods (Li et al. [153], Green et al. [154]). However, for non-linear cases, the sequen-
tial methods neglect the influence of the macroscopic factors, such as boundary conditions and
loading cases, to the microscopic level.

1.3.2 Integrated multiscale homogenization methods

The integrated multiscale procedures, which are also referred as multiscale computational
procedures, realize the information transaction between macroscopic and microscopic levels by
numerical methods to solve problems in the two levels simultaneously. Although their computa-
tional cost is very high compared to the sequential methods, it is practicable enough for simu-
lating realistic composite materials (Feyel and Chaboche [155]). During the past twenty years,
multiscale computational techniques, such as the FE2 method (Feyel [97], Kouznetsova et al.
[117], Feyel and Chaboche [155], Miehe et al. [156], Feyel [157]), asymptotic methods (Boso et al.
[158], Fish et al. [159]), have been widely used in various mechanical problems, for instance fiber
buckling (Nezamabadi et al. [98]), damping (Attipou et al. [160]), heterogeneous shells (Cong
et al. [99]) and SMA superelastic fiber/epoxy matrix composites (Kohlhaas and Klinkel [59]).

Feyel and Chaboche [155] proposed the first-order FE2 method to study the multiscale be-
havior of long fiber reinforced composite. The results showed that this method can simulate the
realistic composite structures with detailed microscopic information. Fig. 1.7 showed the sche-
matic diagram of the FE2 method. The information between the macroscopic and microscopic
finite element models is correlated based on the homogenization theory, where the macrosco-
pic deformation gradient F̄ is transferred to the microscopic level and macroscopic tangent and
stress P̄ averaged over the RVE are transferred to macroscopic level. Kouznetsova et al. [117]
proposed second-order computational homogenization procedure for multiscale modeling regar-
ding macroscopic localization and size effects. This scheme is extended based on the first-order
FE2 framework by deriving the higher-order macroscopic constitutive tangents through static
perturbations among microscopic overall response. Fig. 1.8 shows the schematic diagram of the
second-order FE2 approach. Both the macroscopic deformation gradient F̄ and its gradient ∇0F̄
are transferred to the microscopic scale, while the tangents, averaged stress P̄ and the higher-
order stress tensor Q̄ conjuncted to ∇0F̄ are transferred to macroscopic scale. Nezamabadi et al.
[98] proposed an efficient nonlinear multiscale scheme based on the FE2 method to study the
instability phenomenon of fiber reinforced composites. Cong et al. [99] proposed the multiscale
approach for shell structures based on computational homogenization framework. This approach
can simulate the large displacements and large rotations of a heterogeneous shell structure. In
order to make multiscale procedures more generic and easy to use for industries, works to extend
them on commercial computing platform, such as finite element software ABAQUS, have been
proposed (see Yuan and Fish [101] and Tchalla et al. [102]). Tchalla et al. [102] presented a
two-scale homogenization approach implemented on ABAQUS using UMAT subroutines. This
model is completely compatible with finite element framework and benefits from the generic com-
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Figure 1.7 – Schematic diagram of the first-order FE2 model.

Figure 1.8 – Schematic diagram of the second-order FE2 model.
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putational platform ABAQUS. Based on the first-order homogenization theory, this multiscale
approach can simulate the linear and non-linear response of various composite structures.

1.3.3 Data-driven multiscale homogenization methods

Multiscale simulation methods for heterogeneous materials have been intensively developed
during the past decades. Based on homogenization theory, a series of analytical methods, such as
the mean-field methods (Perdahcıoğlu and Geijselaers [151], Wu et al. [152]), were proposed to
study the effective behavior of microscopic heterogeneities. Later, numerical approaches, such as
the FE2 method (Feyel [97], Kouznetsova et al. [117], Nezamabadi et al. [124], Miehe et al. [156],
Hughes et al. [161], Kodjo et al. [162]), asymptotic homogenization method (Dehaghani et al.
[58], Boso et al. [158], Fish et al. [159]), mechanics of structure genome (Liu and Yu [163], Liu et al.
[164], Rouf et al. [165]), coarse-graining technique (Budarapu et al. [166]) and multiscale modeling
softwares (Tchalla et al. [102], Talebi et al. [167]), were developed to conduct structural analyses
by the finite element method. During the past years, the accuracy of homogenization methods
made great progresses. However, the computation cost still remains one of the main issues.
To guarantee high accuracy within an online simulation for complex heterogeneous material, the
pieces of information from different scales needs to be all correlated together. For example, in the
framework of the classical FE2 method, the information over each macroscopic integration point
is supposed to be updated at each iteration, which requires tremendous repetitive computations
over associated RVE (van Tuijl et al. [126]).

Many works were devoted to address this issue by improving the computation efficiency. The
empirical interpolation method (van Tuijl et al. [126], Hernández et al. [127]), the empirical
cubature method (Hernandez et al. [168]), POD (Yvonnet et al. [125], Yvonnet and He [169]),
Fourier’s series method (Huang et al. [130], Attipou et al. [136], Huang et al. [137], Moulinec and
Suquet [170], Göküzüm et al. [171], Rambausek et al. [172]), structural elements (Klarmann et al.
[173], Hui et al. [174]), specific FE2 computing strategy (Praster et al. [175]) and high performance
nonlinear solver (Nezamabadi et al. [98]) contributed to solve this issue during the past 10 years.
However, these methods are usually used in the classical multiscale computing framework, in
which the problems at different scales have to be solved concurrently. The correlation of scales
benefits multiscale computation with high accuracy, but yields a complex multiscale nonlinear
system in comparison with single scale problems. On the one hand, the accuracy in different scales
will affect each other directly in an online computing process (see chapter 2). On the other hand,
convergence issues in a scale will retard and even compromise the solution of the whole problem.
Some examples with strong microscopic nonlinear problem, such as fiber buckling (see chapter 3),
require very small incremental steps and fine meshes. Thus, structural analysis has to withstand
the burden of high computational costs or sacrifice accuracy eventually. To overcome this issue,
one of the most promising spirits is the decoupling of the macroscopic and microscopic problems,
which can be recalled in most recent works (Le et al. [176], Lu et al. [177], Nguyen-Thanh et al.
[178], Yang et al. [179]).

Le et al. [176], Lu et al. [177], Yvonnet et al. [180], Clément et al. [181] first proposed the use
of constitutive data to fit the explicit equivalent strain energy density function of heterogeneous
materials, and then obtained the offline equivalent constitutive relationship. Compared with the
concurrent computing homogenization method, this method does not require real-time exchange
of information between macro and micro scales. Once the explicit equivalent strain energy density
function w̄(ε̄) is constructed in the offline phase, the equivalent stress σ̄ and the equivalent elastic
constitutive L̄ can be derived without any new meso-scale finite element calculations. It greatly
improves the online calculation efficiency of heterogeneous materials. It is worth pointing out
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that the above method is limited to non-dissipative materials, while the classical method of
concurrent computational homogenization is not limited by this. In addition, the key of this
calculation framework is how to approximate the equivalent strain energy density function w̄(ε̄)
efficiently and accurately. The equivalent strain energy density function w̄(ε̄) constructed by the
above approximate method is highly dependent on the density of the data and the selection
of the interpolation function. The number of sample points increases exponentially with the
increase of the problem dimension, and the computational efficiency in high-dimensional problems
is not high. Based on the previous work, Le et al. [176] used a neural network algorithm to
obtain the equivalent strain energy density function w̄(ε̄), and then derived the explicit stress
σ̄ and equivalent constitutive expression L̄. Compared with the regular grid-based interpolation
technique (Yvonnet et al. [180]), this method has the following two advantages : (1) the amount
of sample data required is small and can be random in the interpolation space ; (2) on the premise
of ensuring a certain accuracy, the required samplle data does not increase exponentially with
the increase of the variable dimension, which greatly reduces the offline calculation cost required
for high-dimensional problems.

Also based on the idea of scale separation, Yang et al. [179] trained the implicit equivalent
constitutive relationship of heterogeneous materials through neural network algorithms, greatly
reducing the training cost required to construct the constitutive model of the material. Firstly,
the displacement in the RVE is decomposed into a set of principle elongations (λ1, λ2, λ3) :

u = (λ1 − 1)Xe1 + (λ2 − 1)Y e2 + (λ3 − 1)Ze3. (1.2)

where e1, e2, e3 stand for a set of orthonormal basis, and X,Y, Z the lengths of a cubic RVE.
Secondly, perform loading experiments under different paths on the RVE, and construct a data-
base consisting of the square of the principle elongations ai = λ2

i and the second Piola-Kirchhoff
principle stress components Si, where i = 1, 2, 3. Subsequently, a neural network algorithm is
used to establish the implicit relationship between equivalent stress and equivalent strain. This
method greatly reduces the training cost required to construct a material constitutive model,
and can be used in a multi-scale homogenization framework.

In order to improve the efficiency of multi-scale simulation of heterogeneous materials, Liu
et al. [182, 183], Tang et al. [184], Kafka et al. [185], Shakoor et al. [186], Han et al. [187]
proposed a data-driven clustering analysis method. This method significantly reduces the number
of degrees of freedom on the mesoscale by performing dimensionality reduction clustering analysis
on complex RVE, thereby significantly improving its solution efficiency. It first performs a linear
elastic loading test on the high-fidelity RVE, calculates the strain concentration tensor G(x)
of each material point, and then divide each material point into several low-resolution material
clustering according to the similarity of G(x). Among them, the strain concentration tensor G(x)
reflects the relationship between the macroscopic strain and the microscopic strain field :

εmicro = G(x) : εmacro, (1.3)

In this way, the high-density mesh model can be reduced to a RVE composed of several clus-
ters. As shown in Fig. 1.9, a 100×100 mesh high-fidelity RVE is converted into a reduced RVE
composed of only 8 material clusters.

Based on the work of Le et al. [176], Liu et al. [182], Bessa et al. [188] constructed a data-
driven computing framework for heterogeneous materials and structures to assist in the design
and development of new materials. As shown in Fig. 1.10, this framework integrates three parts
of content : (1) design experiments to collect independent variable data describing the micro-
morphology of materials, the properties of each phase, and external input parameters ; (2) effi-
ciently perform analysis for each designed sample to collect targeted response data of materials
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Figure 1.9 – The clustering analysis for model reduction in the RVE level (Liu et al. [182]).

and structures ; (3) mining independent variable data and targeted response data to guide new
experimental design and modeling. In addition, self-consistent cluster analysis can be used to
improve the computational efficiency of designed samples to meet this framework’s demand for
high-throughput databases.

Figure 1.10 – Schematic of global framework for data-driven material design/modeling (Bessa
et al. [188]).

1.3.4 Material-genome-driven multiscale homogenization method

Standard simulations in the fields of material science and computational mechanics involve
two types of equations. The first one is the conservation laws, an axiomatic character in physics
relating to the balance of energy, momentum, mass, etc., whereas the second one is the consti-
tutive laws of material extracted from experimental or numerical data. The latter one defines a
continuous functional relationship between general stress and strain, which makes it possible to
conduct the mechanical computing by numerical methods, for instance the finite element method.
However there exist two main obstacles in the process of calibrating the material constitutive
equations. On the one hand, it is difficult to characterize materials within high-dimensional
phase spaces and with complex behavior. On the other hand, fitting the constitutive model from
experimental data generally introduces priori error and uncertainty to the simulations.

To circumvent the difficulties in the conventional approaches, an effective MGD scheme is
proposed by Kirchdoerfer and Ortiz [189], in which the experimental data is incorporated di-
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rectly for computing the boundary-value problems, whereas the constitutive model is completely
abandoned. As depicted in Fig. 1.11, the material data point closest to the conservation laws is
searched as the final solution, which will be introduced more detailedly in Section 4.1. At this
point, data-driven computing opens up a new route for simulations of mechanical engineering in
the brand-new era of data, see Fig. 1.12. Up till now, the data-driven computing has been rapidly
extended to solve elasticity with noisy material data sets (Kirchdoerfer and Ortiz [190]), geome-
trical nonlinearity (Nguyen and Keip [191]), computational plasticity (Chinesta et al. [192]) and
dynamics (Kirchdoerfer and Ortiz [193]). It is worth noting that many efforts have been devoted
to calibrating constitutive modeling or corrections of existing models by using new material data
(Oishi and Yagawa [194], Ibáñez et al. [195, 196], Latorre and Montáns [197]). It would be too
lengthy to elaborate all these works here that is beyond the interest of the present thesis. The
key point that differs the MDG computing in Kirchdoerfer and Ortiz [189] from these works
associated with information science lies in the directly embedding the material data into mecha-
nical simulations. Besides, breaking the chain of computing real-time effective constitutive law
in online structural analysis, data-driven mechanics brings new possibilities for the multiscale
simulation of heterogeneous materials.

Figure 1.11 – (a) classical computational mechanics ; (b) data-driven computational mechanics
(Kirchdoerfer and Ortiz [189]).

Inspired by data-driven computing scheme and the spirit of scale decoupling, we aim to pro-
pose a novel FE2 to overcome the difficulties in classical multiscale computation. In the proposed
method, the shift from scale concurrency to separation is realized by splitting the multiscale
system into several single scale problems. Specifically, numerous offline microscopic calculations
are firstly performed within RVEs using computational homogenization. Then, information is
collected in a material genome database to feed the online data-driven computation for the ma-
croscopic problem. Since no real-time constitutive law is required any more, the information
transfer between macroscopic and microscopic scales is not necessary either. Microscopic infor-
mation in database can be called at any time and at a minimal cost by the macroscopic analysis.
In this manner, the online computing of a multiscale system becomes much easier and faster. To
be noticed, the computational cost in offline stage could still be expensive, which remains to be
improved in our further work.

The main difference between the above-mentioned works of Le et al. [176], Lu et al. [177],
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1.3. Multiscale homogenization methods

Figure 1.12 – Data-driven computational mechanics links the third and the fourth paradigms
of science (Kirchdoerfer and Ortiz [189], Hey et al. [198]).

Nguyen-Thanh et al. [178] and the current thesis is the way the macroscopic boundary value
problem is solved. These papers use a neural network to construct the strain energy density
for the homogenized material, which plays a role of macroscopic constitutive law. Such strain
energy density is a good characterization of the heterogeneous materials or composites under
consideration. The current thesis employs the distance-minimizing method which uses the ma-
terial data directly instead of macroscopic constitutive law, and benefits from the advantages
of data-driven computing paradigm (Kirchdoerfer and Ortiz [189]). In addition, the proposed
data-driven computing scheme is totally compatible with finite element methods, which means
that already existing single scale models can contribute to the novel multiscale framework at the
concerned scale. Multiscale computing for heterogeneous materials can make a big progress by
this new computing scheme.

1.3.5 Structural-genome-driven multiscale homogenization method

Recently, data-driven computing schemes (Kirchdoerfer and Ortiz [189]) opened up a new
route for computational mechanics. Up to now, data-driven computing has been rapidly employed
to solve elasticity with noisy material data sets (Kirchdoerfer and Ortiz [190]), geometrical nonli-
nearity (Nguyen and Keip [191]), dynamics (Kirchdoerfer and Ortiz [193]), composite structures
(Yang et al. [199]) and inelasticity (Eggersmann et al. [200]). In this computing framework, the
constitutive relation is not presented by functions, but saved in so-called material or structu-
ral genome databases obtained through by actual or numerical experiments before. Therefore,
"material modeling empiricism, error and uncertainty are eliminated entirely and no loss of
experimental information is incurred" (Kirchdoerfer and Ortiz [189]).

Along with more and more interests, barriers to the prevailing data-driven framework emerge,
such as the curse of dimensionality for both that of macro-structures and material database (Bessa
et al. [188], Neggers et al. [201]). For instance, an example of three-dimensional linear elasticity
considered in Kirchdoerfer and Ortiz [189] involves 6428 eight-node hexahedral elements and
8 Gauss quadrature points for each element (totally 51424 Gauss points). The sample size of
the largest material data set is 1923 in case with plane-stress assumption, in which the phase
space of the material data set is limited in three dimensions. Note that the basic idea of MGD
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computing is to find iteratively the best local state that satisfies compatibility constraints and
conservation laws from the database for each Gauss point. That means each iteration in the
considered case during the process of MGD computing requires about 45 billion basic matching
processes. Besides, the computational cost increases exponentially with the increase of phase
space of the material data set and the scale of problem in hand.

To alleviate the dimensionality problem arisen in the framework of data-driven computing, the
idea of the present work is to associate the data-driven computing with model reduction, which
is referred to as SGD computing. In this manner, the mechanical simulation is then driven by
generalized stress and strain, referred to as structural-genome here, instead of material-genome.
Liu and Yu [163], Liu et al. [164], Rouf et al. [165], Liu and Yu [202] employ structure genome to
conduct numerical analysis for composites. The key point that differs the present work from their
works lies in the directly embedding structure genome in data-driven computing. Using reduced
models and the corresponding structural-genome is willing to decrease not only the number
of integration points, but also the dimensions of phase space of required database. During the
past decades, model reduction is a constantly immutable topic in the field of computational
mechanics. Numerous reduced models can be found in the literature, for instance, the beam
(Yang et al. [145], He et al. [203], De Pietro et al. [204], Hui et al. [205]), plate (Huang et al.
[131], Reddy [206], Yu et al. [207]) and shell models (Reddy [208]), the Fourier-related reduced
models (Huang et al. [130, 132], Liu et al. [134]) and the FE2 method (Feyel [97]). The use
of these existing reduced models in the framework of data-driven computing could significantly
release the computational costs.

In order to explain the principle of SGD computing scheme, a 1D Euler-Bernoulli beam model
with complex microscopic geometries and variable material properties is taken as an example. It
is well known that the internal work of Euler-Bernoulli beam is determined by bending moment
and normal force. Thus, the structural-genome consists of two groups of database : the normal
force and related normal strain, and the bending moment and related curvature. Both of them can
be collected by practical or numerical experiments via tension and bending experiments. In this
work, the structural-genome database is constructed by the FE2 method (Feyel [97], Kouznetsova
et al. [117], Nezamabadi et al. [124]). This method can correctly simulate the structural responses
of composites whilst consider the irregular microscopic heterogeneities simultaneously. Since the
structural genome database is constructed before online structural computations, SGD computing
will significantly save the computational cost in comparison with direct multi-scale simulation
via the FE2 method. In summary, the proposed SGD scheme permits to efficiently conduct
the numerical analysis of thin-walled composite structures especially with complex microscopic
geometry and material properties, which is quite difficult to explicitly obtain the constitutive
equations. It is worth noting that SGD computing scheme could be further extended to structural
analysis of thin-walled composites by employing the existing plate and shell models. In authors’
opinion, this new method may open a door for the structural analysis of thin-walled composites
during the current data age.

1.4 Conclusion

This chapter reviews the multiscale modeling for SMA heterogeneous materials involving
SMA composites and architected materials and buckling phenomenon which is common in above
materials. Then, multiscale homogenization methods are introduced in order to find efficient
solutions for the modeling of SMA heterogeneous materials.

In summary, the modeling for SMA heterogeneous materials presents three difficulties : (1) the
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macroscopic response interacts with its microscopic material properties and behaviors (such as
instability) in real time. Coupling between the macroscopic and microscopic scales is required to
ensure accurate solutions ; (2) The thermodynamic mechanisms of SMA are particularly complex
and strongly non-linear. An appropriate SMA constitutive model must be adopted to accurately
simulate its complex thermodynamic behavior ; (3) In the case of diverse microscopic material
properties and complex geometrical shapes, an efficient and stable modeling and solving system
must be developed to meet the needs of different designs. To solve these problems, this thesis
adopts the FE2 method to realize the coupling between macroscopic and microscopic scales,
then introduces a SMA constitutive model which is compatible with finite element method.
By implementing the FE2 framework and SMA model in commercial finite element software
ABAQUS, a generic numerical tool is constructed for SMA heterogeneous materials. This work
will be detailed in chapter 2.

Buckling instability phenomenon is a typical problem when the SMA heterogeneous materials
are designed in thin-walled shape. Advanced non-linear solvers must be used to accurately and
efficiently simulate such strong geometrical non-linear phenomena. Taking the instability problem
of long fiber reinforced composite as an example, this thesis adopts ANM to efficiently follow the
nonlinear path. Moreover, Fourier-related envelope model is introduced in the microscopic level
to capture the fiber buckling modes and reduce the DOFs of microscopic model. This work will
be detailed in chapter 3.

In the concurrent multiscale computing framework established in chapters 2 and 3, tremen-
dous microscopic calculations must be performed in each macroscopic iterative step to update the
information on each integration point. The computational cost is expensive especially considering
strong nonlinear behaviors, such as shape memory effect and buckling. Inspired by data-driven
computing, in chapter 4 novel approaches which decouple scales are proposed to reduce the on-
line computational cost for composite structures, namely data-driven multiscale finite element
method (data-driven FE2) and Structural-Genome-Driven (SGD) computing.
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In this chapter, a 3D generic FE2 procedure is proposed for modeling the pseudo-elasticity and
the shape memory effects of SMA based composites. In this method, composites are separated
into a macroscopic and a microscopic level, where the constitutive behavior of each integration
point on macroscopic level is represented by the effective behavior of a corresponding RVE.
This effective behavior is computed by finite element method under the RVE meshed by volume
element. The real-time information transition between the two levels is realized on a commercial
platform ABAQUS via UMAT. A thermodynamic model, proposed by Chemisky et al. [1], is
adopted to describe the total constitutive behavior of the SMA. This model considers three path-
dependent strain mechanisms related to phase transformation, martensite reorientation and twin
accommodation by the derivation of Gibbs free energy. Considering an SMA fiber reinforced
composite, several thermodynamic tests from the literature subjected to tension-compression
and bending loads are studied to validate our multiscale model, which shows good accuracy and
reliability.

Further, this model is used for design and simulation of architected SMAs thanks to its generic
computing platform ABAQUS. Firstly, a parametric analysis at the cellular level with a series
of RVEs is carried out to predict the relations between the void fraction, the total stiffness, the
hysteresis effect and the mass of the SMAs. Secondly, the structural responses of the architected
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SMAs are studied by the FE2, which uses the effective constitutive behavior of the RVE to
represent the behavior of the macroscopic structure. Through a three point bending test, it is
observed that the structure inherits the strong nonlinear responses—both the hysteresis effect
and the PE—of the architected SMAs at the cellular level. Furthermore, the influence of the
void fraction at the RVE level to the materials’ structural responses can be more specifically and
directly described, instead of using an RVE to predict at the microscopic level. Thus, this work
could be referred to for optimizing the stiffness, the hysteresis effect and the mass of architected
SMA structures and extended for possible advanced applications.

The detailed implementation of the multiscale scheme and the SMA constitutive behavior
are illustrated in Section 2.1. In Section 2.2, isothermal loading and unloading cycles for PE and
thermomechanical loading cycles for SME are discussed in detail considering an SMA fiber/epoxy
matrix composite. Further, the proposed multiscale approach is applied on the multiscale mode-
ling for architected SMA materials in Section 2.3.

2.1 Scale transition technique and local thermomechanical SMA
model

2.1.1 FE2 scale transition technique

The composite material is described by infinite repeating a RVE, which has periodic boundary
conditions and multiphase materials. In that case, the heterogeneous composite is divided into
a continuous macroscopic scale and a multiphase microscopic scale (Kouznetsova et al. [117],
Feyel and Chaboche [155], Miehe et al. [156]). For instance, the scale separation of SMA/epoxy
composite is illustrated in Fig. 2.1. Two models are implemented on ABAQUS which represent
the macroscopic structure with a domain Ω and the microscopic structure with a domain ω
respectively, see Fig. 2.1. Then, the multiscale problem is solved by using the effective behavior
of the microscopic structure to represent the behavior of the corresponding continuous point in
the macroscopic structure.

Macroscopic scale

Let us consider a domain Ω ∈ RD with an external boundary ∂Ω, describing the macroscopic
structure in its current configuration, where R is a vector space and D is the dimension of the
space. Large displacements are considered and the so-called update Lagrangian formulation is
adopted. Notation (̄·) representing the macroscopic values are introduced in order to distinguish
the values of two scales. The equilibrium equation neglecting the body force is formulated as :

∇ · σ̄(x̄) = 0 in Ω, (2.1)

where σ̄(x̄) stands for the Cauchy stress tensor at the point x̄ in the current configuration. Since
most of constitutive material models in ABAQUS are path dependent and usually defined in rate
form, the strain rate D̄ conjugated to Cauchy stress is adopted by given as :

D̄ =
1

2
(∇ῡ + (∇ῡ)t), (2.2)

where ῡ is the velocity field.
After taking into account boundary conditions, the virtual work for the macroscopic problem

is given by : ∫

Ω
σ̄ : δD̄dΩ = λ̄

∫

∂Ωσ

f̄ · δῡdΓ, (2.3)
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Ω

Inclusion

Matrix

Macro Micro

Figure 2.1 – Basic concept of finite element square method.

where parameter λ̄ is the intensity of the prescribed external force f̄ applied on boundary ∂Ωσ
(Neumann boundaries), prescribed displacement û is given on boundary ∂Ωu (Dirichlet boun-
daries).

As the constitutive relationship between σ̄ and D̄ is unknown, the macroscopic model cannot
be solved independently. The macroscopic stress tensor σ̄ and the tangent constitutive tensor C̄t
are calculated in microscopic level, as shown in Fig. 2.1, by solving a nonlinear microscopic struc-
ture using a numerical homogenization method via UMAT. The formulation of the microscopic
problem is developed in the next section.

Microscopic scale

Assuming the boundaries of the repeating microscopic structures can match together perfectly
without any overlap, it requires that the RVE must have parallel pair boundaries. As shown in
Fig. 2.1, the microscopic structure with given geometry and the mechanical parameters are
represented by a periodic RVE with a domain ω and an external boundary ∂ω in its initial
configuration. Based on the principles of separation of scales, the characteristic length of the
RVE and that of macroscopic structure should satisfy :

||ω|| � ||Ω|| (2.4)

where ||ω|| is the characteristic length of the RVE and ||Ω|| is the characteristic length of the
macroscopic model. The equilibrium equation is given in absence of body forces by :

∇ · σ(x) = 0 in ω, (2.5)

where σ stands for the stress tensor at microscopic material point x in the current configuration.
As the material parameters are known in the microscopic level, the material behavior, which can
be explicitly written, is given as :

∆σ = C(r)
t : ∆ε, (2.6)
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Chapitre 2. Formulations and applications of multiscale modeling for SMA heterogeneous materials

where C(r)
t refers to the tangent operator associated with phase (r), ∆ is the incremental notation

and ε denotes the strain measure of the microscopic level. As for the SMAs, the implicit consti-
tutive behavior is introduced via a UMAT model which will be discussed in the next section. For
the sake of simplicity, the stress-strain relation in SMAs is also expressed as Eq. (2.6) here. It is
worth noting that any other constitutive relation can be introduced into the RVE via a UMAT
model.

To formulate the virtual work of the microscopic model, appropriate boundary conditions
are required to describe the deformation of the microscopic model. In the FE2 procedure, the
macroscopic strain on a macroscopic material point is transferred into the associated RVE as
the boundary conditions. In order to keep the RVE repeating periodically during deforming, the
periodic boundary conditions are introduced as follows :

∆u+ −∆u− = ∆ε̄ · (x+− x−) on ∂ω, (2.7)

where u is the microscopic displacement vector and ε̄ is the macroscopic strain tensor which is
defined as the integral of the strain rate in an increment using a central difference algorithm.
The exponents + and − represent the nodes on opposite boundaries of the RVE.

Notice that we do not specify the dimension of RVE, because in the concept of homogenization
theory, the dimension of microscopic structure and that of the macroscopic structure have to
satisfy the scale separation principle, see Eq. (2.4). Here, the RVE cube is given with an initial
size 1× 1× 1 in Cartesian coordinate system.

In mechanical meaning, periodic boundary conditions satisfy the so-called averaging theorem,
which requests that the average of the work decomposes into the product of work-averages (Hill
[209]) :

1

|ω|

∫

ω
σ : εdω − 1

|ω|

∫

ω
σdω :

1

|ω|

∫

ω
εdω = 0. (2.8)

where |ω| is the volume of RVE. In that case, the stress and strain between the macroscopic level
and microscopic level are related by :

σ̄ =
1

|ω|

∫

ω
σdω =

1
∑N

1 Vm

N∑

1

Vmσm (2.9)

ε̄ =
1

|ω|

∫

ω
εdω =

1
∑N

1 Vm

N∑

1

Vmεm (2.10)

where macroscopic strain ε̄ is the applied strain on the boundary of the RVE, σm, εm and Vm
are respectively the stress, strain tensors and the volume of mth element in RVE, N is the total
element number of RVE. The averaged stress σ̄ computed via Eq. (2.9) will be transferred to
macroscopic model as the macroscopic stress. There are other types of boundary conditions which
also satisfy the homogenization theory, such as the linear boundary conditions which requires
homogeneous strains on the boundary of the microscopic structure, as follows :

∆u = ∆ε̄ · x on ∂ω. (2.11)

Comparing with the linear boundary conditions, the periodic boundary condition produces more
compliant (less kinematically constrained) solution. As our work is based on ABAQUS, a ge-
neric computing platform, periodic boundary conditions are introduced automatically by using
a homemade python script with the function of Multi-point constraints (MPCs). Specifically,
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2.1. Scale transition technique and local thermomechanical SMA model

it is just needed to first specify the opposite nodes on boundaries and save them as sets, then
create corresponding Equation constraints for the sets. Considering the multilevel procedure in
a general nonlinear case with boundary condition Eq. (2.7), the microscopic problem is defined
as the following incremental form :





∫

ω
∆σ : δεdω = 0,

∆σ = C(r)
t : ∆ε,

∆u+ −∆u− = ∆ε̄ · (x+− x−) on ∂ω.

(2.12)

In the general nonlinear computation framework of ABAQUS, the Newton-Raphson method
is adopted in the macroscopic model. Thus, a tangent constitutive tensor C̄t at each integration
point is required for predicting the initial tangent response of the macroscopic structure at the
beginning of current macroscopic increment.

Considering engineering components are used in user subroutine UMAT on ABAQUS, the
nonlinear averaged stress-strain relation is of the form :

∆σ̄ = C̄t : ∆ε̄. (2.13)

where
∆σ̄t = [∆σ̄11, ∆σ̄22, ∆σ̄33, ∆σ̄12, ∆σ̄13, ∆σ̄23],

∆ε̄t = [∆ε̄11, ∆ε̄22, ∆ε̄33, ∆γ̄12, ∆γ̄13, ∆γ̄23].

Thus, six independent linear perturbation calculations over each RVE are required (considering
the symmetry ε̄ij = ε̄ji) to compute the components of the tangent constitutive tensor. For the
sake of simplicity, a set of independent unit strain ε̄uniti (i varies from 1 to 6), in which the ith

component is equal to 1 and other components are equal to 0, is adopted in the perturbation
calculations.

Once the effective tangent operator C̄t is obtained, an iterative process between the micro-
scopic and macroscopic scales is carried out to eliminate the residual of macroscopic model until
it converges. The iterative process between the microscopic and macroscopic scales is mainly
summarized as two parts, as shown in Fig. 2.2.

Part 1 : Initialization
As the constitutive behavior of the macroscopic model is unknown, it is needed to compute

an effective constitutive behavior C̄t for each integration points by an initialization procedure.
Thus, a computational homogenization procedure is carried out on the microscopic model with
a unit strain ε̄unit. Firstly, PBCs are implemented by a Python script. Then, a Static Linear
Perturbation Step is executed in order to get the tangent response of the microscopic structure.
Finally, the effective constitutive behavior C̄t can be computed according to Eqs. (2.8) and (2.13).

Part 2 : Analysis and convergence check
With the effective constitutive behavior C̄t, the macroscopic strain increment ∆ε̄ at each

integration point can be computed. The strain increment ∆ε̄ should be transfered to the micro-
scopic model to update the macroscopic stress, which will be used for checking the macroscopic
convergence. If the macroscopic convergence is not satisfied, a macroscopic strain increment ∆ε̄′

will be computed and transfered to the microscopic model for updating the macroscopic stress
again. This iteration between the two scales ends when the macroscopic convergence is satisfied.
Some technical details about the implementation of this multiscale approach on ABAQUS are
available in the contribution of Tchalla et al. [102].
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Begin

Initialization
 Apply periodic boundary 

conditions on the RVE by 
Python script

 Solve the RVE problem using a 
Static Linear Perturbation Step

 Compute the constitutive 
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Analysis
 Restart the analysis using a 

Static Linear Step with ∆𝜺
 Compute macroscopic stress 𝝈
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to the macroscopic model
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Figure 2.2 – The nonlinear interactive procedure between the microscopic and macroscopic
models.

This scale transition approach is applied to predict the thermomechanical response of an
SMA fiber/epoxy matrix composite. The matrix behavior is assumed elastic, whereas the ther-
momechanical behavior of the SMA is described by Chemisky et al. [1]. The next section details
the foundation of this model.

2.1.2 Thermomechanical formulation of SMA constitutive behavior

The adopted 3D SMA constitutive model, proposed by Chemisky et al. [1], is implemented
in ABAQUS via UMAT. This model can describe the mechanisms of the phase transformation,
the martensite reorientation and the twin accommodation.

Assuming that the behavior of a microscopic RVE containing martensite and austenite can
represent the total thermomechanical behavior of SMAs. The total strain without considering
the plastic or viscoplastic strain could be decomposed with the following formulation :

ε = εe + εth + εtr + εtw, (2.14)

where εe represents the elastic strain, εth stands for the thermal expansion strain, εtr denotes
the inelastic strain related to martensitic transformation and εtw stands for the inelastic strain
related to the twin accommodation mechanism between martensite variants.

Both the martensite and austenite are assumed to be isotropic with the same thermo-elastic
constants. Thus, the elastic strain εe and the thermal expansion strain εth can be formulated
as :

εe = S : σ, (2.15)

εth = α(T − Tref ), (2.16)

where the isotropic fourth order tensor S, called the compliance tensor, and the isotropic ten-
sor α describing the thermal expansion are introduced. The reference temperature Tref is the
temperature with zero thermal expansion strain.
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2.1. Scale transition technique and local thermomechanical SMA model

The total transformation strain εtr is defined as the average of the local transformation strain
field over the microscopic RVE :

εtr = fmaε̃
tr, (2.17)

where the martensitic volume fraction fma describes the strain mechanism of the martensitic
transformation, the mean transformation strain ε̃tr over the martensite volume describes the
strain mechanism related to the martensite reorientation.

The inelastic strain εtw related to the twin accommodation is written :

εtw = fFAε̃tw, (2.18)

where fFA represents the volume fraction associated with self-accommodated martensite. The
mean twin accommodation strain ε̃tw over the martensitic volume describes the strain mechanism
related to the inelastic twin accommodation. It is worth noting that the self-accommodated
martensitic behavior in this model is considered dependent on the activated martensite variants,
thus fFA is defined as a function of fma. With the three presented internal variables fma, ε̃tr,
ε̃tw, Gibbs free energy potential is defined :

G =UA − TSA +Ben(T − T0)fma −
1

2
σ : S : σ − σ : α∆T

− σ : ε̃trfma − σ : ε̃twfFA +
1

2
fmaHtrε̃

tr : ε̃tr +
1

2
Hff

2
ma

+
1

2
fFAHtwε̃

tw : ε̃tw + Cv

[
(T − T0)− T log

T

T0

]
.

(2.19)

Considering T0 = ∆U
∆Sen

the equilibrium temperature of transformation, a linear variation of
entropy around T0 is defined as Ben = −∆Sen. UA and UM are the austenitic and the martensitic
internal energy, SAen and SMen are the austenitic and the martensitic entropy. Several symbols, such
as ∆U = UM −UA, ∆Sen = SMen −SAen and ∆T = T − Tref , are also introduced. The terms Htr,
Hf and Htw are, respectively, a set of material parameters characterizing interactions between
grains of the microscopic RVE, between variants inside grains and between twins and Cv is the
transformation latent heat coefficient.

The Clausius-Duhem inequality written in terms of the Gibbs free energy G is introduced to
establish the state equations of the thermodynamic system :

− Ġ− ε : σ̇ − SenṪ −−→q ·
−−→
grad T

T
≥ 0. (2.20)

Substituting of Eq. (2.19) into Eq. (2.20) leads to the following explicit expression of the Clausius-
Duhem inequality :

−
(
∂G

∂σ
+ ε

)
: σ̇−

(
∂G

∂T
+ Sen

)
Ṫ− ∂G

∂fma
ḟma−

∂G

∂ε̃tr
: ˙̃ε

tr− ∂G

∂ε̃tw
: ˙̃ε

tw−−→q ·
−−→
grad T

T
≥ 0. (2.21)

where the terms related to ḟFAma in Gibbs free energy are replaced by their expression as a function
of ḟma. The thermo-elastic balance is assumed to be instantaneously satisfied, which results the
following equations : 




−
(
∂G

∂σ
+ ε

)
= 0,

−
(
∂G

∂T
+ Sen

)
= 0.

(2.22)
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Substituting of Eq. (2.19) into Eq. (2.22) leads to the following explicit expression of the thermo-
elastic balance conditions :





S : σ +α∆T + fmaε̃
tr + fFAε̃tw − ε = 0,

SAen −Benfma + σ : α− Cv
(

log
T

T0

)
− Sen = 0.

(2.23)

The Clausius-Duhem inequality is then reduced to the dissipation expression :

φ = − ∂G

∂fma
ḟma −

∂G

∂ε̃tr
: ˙̃ε

tr − ∂G

∂ε̃tw
: ˙̃ε

tw −−→q ·
−−→
grad T

T
≥ 0. (2.24)

The dissipation φ can be divided into two contributions :

1. An intrinsic dissipation linked to the evolution of internal variables :

φ1 = − ∂G

∂fma
ḟma −

∂G

∂ε̃tr
: ˙̃ε

tr − ∂G

∂ε̃tw
: ˙̃ε

tw
. (2.25)

2. A thermal dissipation :

φ2 = −−→q ·
−−→
grad T

T
. (2.26)

The intrinsic dissipation can be divided into a transformation, an orientation and a twin
accommodation dissipation, assuming these dissipation mechanisms can be described as, see
Chemisky et al. [1], Peultier et al. [23], for a detailed presentation :





φ1fma = −∂G
∂f

ḟma = F critfma ḟma,

φ1ε̃tr =

∣∣∣∣−
∂G

∂ε̃tr

∣∣∣∣
σ

˙̃ε
tr

= fmaF
crit
ε̃tr

˙̃ε
tr
,

φ1ε̃tw = − ∂G

∂ε̃tw
: ˙̃ε

tw
= 0.

(2.27)

where F critfma
is a predefined critical transformation threshold, which is dependent on the thermo-

mechanical conditions :
{
F critfma = Fmaxfma + (Bf −Ben)(T − T0) if ḟma > 0,

F critfma = −Fmaxfma + (Br −Ben)(T − T0) if ḟma < 0,
(2.28)

where Fmaxfma
, Bf , Br are material parameters. Operator |·|σ corresponds to Mises equivalent

stress as |ς|σ =
√

3
2ς : ς, F critε̃tr is the critical orientation threshold as a given constant value,

assuming an isotropic criterion for the orientation surface. The dissipation coming from the twin
accommodation is neglected as it is very low compared to the ones associated to transformation
and reorientation.

It is also needed to take into account the physical limitation of the internal variables in the
model : {

0 6 fma 6 1,

ε̃treq 6 εtrmax,
(2.29)
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where ε̃treq =
√

2
3 ε̃

tr : ε̃tr and εtrmax is the maximum value of the transformation strain magnitude
which is considered history dependent. Lagrange multipliers λa, λb and λc based on the Karush-
Kuhn-Tuker conditions are introduced into Eq. (2.19) : λa = 0 if fma > 0, λa > 0 otherwise ;
λb = 0 if fma 6 1, λb > 0 otherwise ; λc = 0 if ε̃treq 6 εtrmax, λc > 0 otherwise. The driving forces
expressed with the Lagrangian form of Gibbs free energy are defined :

1. Transformation driving force related to fma :

Ffma = − ∂G

∂fma
− λa − λb =σ : ε̃tr + ζFAσ : ε̃tw −Ben(T − T0)− 1

2
fmaHtrε̃

tr : ε̃tr

−Hffma −
1

2
ζFAHtwε̃

tw : ε̃tw − λa − λb.
(2.30)

where the definition of ḟFA = ζFAḟma is introduced here.
2. Orientation force related to ε̃tr :

Fε̃tr = − 1

fma

∂G

∂ε̃tr
− λcε̃tr = σ′ −Htrε̃

tr − λcε̃tr. (2.31)

where σ′ denotes the deviatoric part of the stress tensor σ.
3. Twin accommodation related to ε̃tw :

Fε̃tw = − 1

fFA
∂G

∂ε̃tw
= σ′ −Htwε̃

tw. (2.32)

The driving forces above have to satisfy the predefined dissipation principles Eq. (2.27) as :




Ffma = F critfma ,

|Fε̃tr |σ = F critε̃tr ,

Fε̃tw = 0.

(2.33)

Thus, the evolution for phase transformation is controlled by the predefined critical thresholds
and the driving forces. For the detailed formulation of the phase transformation and the definition
for the critical thresholds, please refer to the paper by Chemisky et al. [1]. Besides the evolution
of the martensitic phase transformation corresponding to the loading history, the model also
takes into account the tension-compression asymmetry and effect of the internal loops related to
a change of the thermodynamic transformation force when non-complete transformation occurs.

Eqs. (2.23) and (2.33), depending on the activation condition for the different mechanisms,
lead to a system of equation to solve for stress, and all the considered internal variables :

Rfma = Ffma − F critfma ,

Rε̃tr = |Fε̃tr |σ − F critε̃tr ,

Rs = S : σ +α∆T + fmaε̃
tr + fFAε̃tw − ε.

(2.34)

where Rfma , Rε̃tr ,Rs stand for the residuals of the system. For a given increment of strain and
temperature, these residuals are eliminated using the return mapping algorithm, where an initial
thermoelastic prediction followed by a series of transformation/orientation/accommodation of
twins corrections (involving a change of fma, ε̃tr, ε̃tw). This constitutive relation is implemented
on ABAQUS via UMAT. The tangent operator for each increment is :

Ct =
∂σ

∂Rs
(2.35)
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This model was validated with experimental results (Duval et al. [210]). To illustrate the pre-
diction capability of the present model, it is used to simulate the NiTi SMA material response
under proportional and complex thermomechanical cyclic loadings. The model predictions are
then compared to experimental measurements which were obtained by Sittner et al. [211] for res-
pectively tension and tension–torsion loadings. In Fig. 2.3a, the model response is compared to the
experience in the case of an initially austenitic material submitted to tension loading/unloading
cycle. It shows that the model well describes the whole superelastic behavior (start and finish of
transformation, hysteresis size, internal loop size). However it doesn’t detect the transformation
localization pick and the plateau induced by transformation propagation. The same remarks can
be made for the shape memory effect behavior presented in Fig. 2.3b. It corresponds to the
response of an initially martensitic NiTi SMA, submitted to tension loading/unloading.

(a) (b)

Figure 2.3 – (a) superelastic behavior under tension loading/unloading ; (b) shape memory
effect behavior under tension loading/unloading (Duval et al. [210]).

This SMAs constitutive model is used to describe the response of the SMA fiber, while
an elastic behavior is chosen for the epoxy matrix. At this point, the nonlinear computational
homogenization procedure is implemented for simulating a SMA fiber/epoxy matrix composite.
In the next section, applications of proposed approach are simulated and discussed.

2.2 SMA fiber reinforced composite

In this section, two parts of examples for isothermal and thermomechanical loading are tested
respectively to validate the reliability of the proposed multiscale thermodynamic model. For
the first part, two isothermal loading examples are presented to show the pseudo-elasticity of
the SMA/epoxy composite. For the first example, a composite cube under isothermal tension-
compression displacement load and simply supported boundary are simulated respectively by the
multiscale model and a fully meshed model. The results of the multiscale model are compared
with that of the fully meshed model to validate the developed procedure. For the second example,
a bending composite beam is studied to be compared with the results in Dehaghani et al. [58].
For the second part, two thermomechanical loading examples with a tension cube and a bending
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2.2. SMA fiber reinforced composite

beam respectively are carried out to study the shape memory effect.

2.2.1 Pseudo-elasticity

Tensile-compressive composite cube

A 3D cube composed of SMA fibers and polymer matrix, with fiber volume fraction of 28%,
face X=0, face Y=0 and face Z=0 simply supported, is shown in Fig. 2.4. A displacement, which
gradually increases until reach a given maximum value and then be inactivated, is applied on
face Z=10 mm. For the microscopic level, the inclusion and the matrix are assumed to be fully
bonded. The detailed material properties of the elastic matrix and the SMA inclusion are given
in Tables 2.1 and 2.2.

Figure 2.4 – Geometry, mesh and boundary conditions for the composite cube : (a) FE2 model ;
(b) Fully meshed model.

Table 2.1 – Material parameters for SMA fibers.

E (MPa) 70000 Br (MPa ℃−1) 6 Hf (MPa) 4
ν 0.33 Bf (MPa ℃−1) 5 Htr (MPa) 1000
εTtrac 0.05 Ms (℃) −50 Htw (MPa) 40000
εTFAtrac 0.04 Af (℃) −20 Hs (MPa) 50
εTcomp 0.04 Fε (MPa) 100

Table 2.2 – Material parameters for matrix.

Em (MPa) 20000
νm 0.3
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Chapitre 2. Formulations and applications of multiscale modeling for SMA heterogeneous materials

Two loading-unloading cycles (tension and compression) are performed by the multiscale
model and the fully meshed model, respectively. Fig. 2.4 give the mesh for the cube respectively
for the two models. For the multiscale model, the macroscopic structure is meshed with 1 element
along both X, Y and Z directions based on C3D8 linear elements with 8 Gauss integration points
per element. RVE with totally 224 C3D8 linear elements, shown in Fig. 2.4a, is introduced
to calculate the behavior of each macroscopic integration point. The fully meshed model with
14336 C3D8 linear elements, shown in Fig. 2.4b, consists of 4 RVEs arranged in each directions
respectively. The loading-unloading progresses for both two models are performed on ABAQUS
with General Static Procedure under isothermal condition.

Fig. 2.5 illustrates the stress-strain diagrams averaged on the whole volume of multiscale
model and fully meshed model under tension-compression cycles with maximum strain up to
0.06. The loading curves obtained by two models show a good agreement especially before fully
transformation is completed, and even during fully martensite state, their responses are quite
close to each other. Moreover, the loading path highlights the tension-compression asymmetry.
When fully forward transformation is completed, the strain reaches 0.06 in tension case while
the strain in compression case is 0.04. The transformation slopes and the hysteresis loops are
also apparently affected by the asymmetry. Fig. 2.5 also depicts the partial loading effect of
the composite when non-complete forward transformation occurs (applied displacement load up
to 0.4 mm and 0.2 mm) and two models coincide with each other closely. As the fiber volume
fraction is 28% and the matrix is stiffer than fibers during SMAs’ phase transformation, the
hysteresis effect is quite weaker than that of the pure SMAs.

Figure 2.5 – The averaged stress-strain diagram of the composite cube subjected to partial
tensile-compressive loading : (a) global ; (b) local.

RVEs with different geometric periodic boundaries but same volume fiber fraction are studied
as given in Fig. 2.6. The response of a cube subjected to isothermal tensile loading is illustrated in
Fig. 2.7, considering these three different types of RVE respectively. The global tensile response
of the cube is consistent due to the periodic repeating feature of the RVEs.
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Figure 2.6 – Three types of fine meshed RVE.
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Figure 2.7 – The averaged stress-strain diagram of composite cube when considering three
different types of RVE.

35



Chapitre 2. Formulations and applications of multiscale modeling for SMA heterogeneous materials

Bending composite beam

A 3D bending composite beam is considered with face Z=0 fully clamped and face Z=100 mm
subjected to a transversely surface load σ = 33.33 MPa (see Fig. 2.8). In order to validate this
model, mechanical properties, as given in Table 2.3, are taken according to the bending example
in Dehaghani et al. [58], where the fiber volume fraction is 26.7% and the tension-compression
asymmetry is not considered. Notice that the SMA behavior adopted in our work differs slightly
from that of Dehaghani et al. [58], as illustrated in Fig. 2.9, where the martensite Young’s modulus
in our model is assumed equal to that of the austenite. The macroscopic model is meshed by
32 C3D8I incompatible mode elements (2 elements along X, Y direction and 8 elements along
Z direction, see Fig. 2.11) with 8 integration points per element, taking advantage of the high
performance of C3D8I element in bending problems. The microscopic model remains the same,
see Fig. 2.4a.

30 mm

30 mm 100 mm

Figure 2.8 – Geometric parameters and boundary conditions for a bending composite beam.

Table 2.3 – Material parameters for SMA fibers similar to Dehaghani et al. [58] .

E (MPa) 70000 Br (MPa ℃−1) 10 Hf (MPa) 7.8
ν 0.33 Bf (MPa ℃−1) 10 Htr (MPa) 1000
εTtrac 0.054 Ms (℃) 16.85 Htw (MPa) 40000
εTFAtrac 0.04 Af (℃) 35.85 Hs (MPa) 45
εTcomp 0.054 Fε (MPa) 100

Fig. 2.10 gives the applied load versus the transverse displacement of the central node of
face Z=100 mm, simulated by the adopted FE2 and the reference models, which show a good
agreement. The distribution of stress for a RVE above neutral axis and a RVE below neutral
axis are also presented in comparison with the results of Dehaghani et al. [58]. The position
of the associated two Gauss points is given in Fig. 2.11. Notice that taking into account the
tension-compression asymmetry should be more realistic for bending problem.
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Figure 2.9 – The stress-strain diagram of our adopted and reference Dehaghani et al. [58] SMA
model subjected to tensile loading.
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Figure 2.10 – Comparison of force versus averaged transverse displacement diagrams over face
Z=100 mm, simulated by the adopted FE2 model and the reference Dehaghani et al. [58] model
respectively.
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Chapitre 2. Formulations and applications of multiscale modeling for SMA heterogeneous materials

Figure 2.11 – The distribution of stress in Z direction for macroscopic structure and microscopic
structure, where the magnification scale factor for microscopic structure is 15.

2.2.2 Shape memory effect

Tensile composite cube

The 3D composite cube subjected to a thermomechanical loading is now studied. The boun-
dary constraints, meshes and material parameters are exactly the same as those in last subsection,
while the loading-unloading progress is replaced by four steps : 1) Cool the cube until a tempe-
rature below Mf ; 2) Give a displacement load on face Z=10 mm ; 3) Inactivate the displacement
load ; 4) Heat the cube until a temperature above Af . For this example, the material parameters
are the same as in Tables 2.1 and 2.2 except Ms=20 ℃ and Af=60 ℃. Fig. 2.12 gives the SME
behavior of a pure SMA cube subjected to a cooling from 100 ℃ to 0 ℃ at zero stress, an iso-
thermal tensile loading-unloading and a heating to its initial temperature in turn. Fig. 2.13 gives
the orientation and reverse orientation of SMA subjected to several tensile-compression loadings
after cooling to 0 ℃.

The averaged stress, strain and temperature paths simulated by the FE2 model are given in
Fig. 2.14. Partial loadings with maximum strain level up to 0.01, 0.03 and 0.05 are considered
respectively. Fig. 2.15 gives the martensitic volume fraction of the fiber in RVE. The cooling
step begins at point A and ends at B, with SMA fibers transform from austenite phase into
self-accommodated martensite. Then mechanical loading begins at point B and BC is the elastic
response of self-accommodated martensite. The martensite orientation of SMA fibers happens in
stage CD. DE is the elastic part of the twinned-detwinned mixed martensite. A reverse orientation
begins at point E and then stops until the macroscopic external load vanishes at point F with
a residual strain. At last, heating step from point F to I is carried out and the residual strain
vanishes along with martensite transforms into austenite during stage GH. The response of
the composite is between the elastic matrix and the SMAs fibers. The proposed FE2 model
is validated by the fully meshed model as shown in Fig. 2.16, where two curves have a good
agreement.

The reverse orientation of the unloading stage DF is very interesting during the loading
cycles. Fig. 2.17 gives the stresses distribution in one RVE. When the macroscopic mechanical
load is totally inactivated, the compressive stress in fiber and the tensile stress in matrix achieve
a balance in Z direction. The compressive stress leads to the reverse orientation of the martensite,

38

S, S33 
(Avg: 75%) 

+5.8e+02 
+4.8e+02 
+3.Be+02 
+2.8e+02 
+1.9e+02 
+8.9e+01 
-8.1e+00 
-1.1e+02 
-2.0e+02 
-3.0e+02 
-4.0e+02 
-4.9e+02 
-5.9e+02 

S, S33 
(Avg: 75%) 

S,S33 
(Avg: 75%) 

+5.1e+02 
+4.3e+02 
+3.4e+02 
+2.5e+02 
+1 .7e+02 
+7.9e+01 
-7.9e+00 
-9.5e+01 
-1 .8e+02 
- 2.7e+02 
-3.6e+02 
-4.4e+02 
-5.3e+02 

+5.1e+02 
+4.3e+02 
+3.4e+02 
+2.5e+02 
+1.7e+02 
+7.9e+01 
- 7.9e+O0 
- 9.5e+01 
- 1.8e+02 
-2.7e+02 
- 3.6e+02 
-4.4e+02 
- 5.3e+02 



2.2. SMA fiber reinforced composite

0.05
0.04

0.03
0.02

εz
0.01

0100

Temperature ( ◦C)

50

0

150

50

250

100

300

200

0

σ
z
(M

P
a
)

Step 4

Step 2

Step 3

Step 1

Figure 2.12 – The SME of pure SMA cube subjected to several strain levels.
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Figure 2.15 – Distribution of martensitic volume fraction in fiber.
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modeled by the FE2 model and fully meshed model respectively.

Figure 2.17 – Stresses in Z direction distributed in the RVE of composite cube, where figure
(a) to (e) are for the composite with stiffer matrix and figure (f) to (j) are for the softer one.
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which finally eliminates a part of the residual strain, similar to the response shown in Fig. 2.13.
Another test with softer matrix is carried out to show how the internal stress affects the thermo-
mechanical behavior of the fiber and composite. As given in Fig. 2.18, red curve shows a softer
averaged response, which keeps composite undergoing a lower stress level than the black one.
Fig. 2.17 gives a clear comparison of the stress distribution in Z direction of two tests’ RVEs.
Higher internal stresses in stiff matrix lead to a bigger amount of reverse orientation and less
residual strain.
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Figure 2.18 – The SME of composite with different matrix stiffness.

Bending composite beam

The same cantilever beam (see Fig. 2.8) subjected to thermomechanical cycles is considered
to show the response of a bending beam with SME. The mechanical parameters are the same as
that of the SME cube. Cooling from 70 ℃ to 10 ℃ is carried out in the first step, then a shearing
surface stress up to 10 MPa in -Y direction is applied on face Z=100 mm in the second step. After
unloading and heating, the cantilever beam recovered its initial shape. Fig. 2.19 gives the varying
transversal displacement of the central node on face Z=100 mm during the whole loading history.
Stage AB is the cooling step where the beam has no deformation. BC is the elastic response of the
cantilever beam where the fiber remains in self-accommodated martensite. The slope of presented
curve changes in stage CD mainly due to the martensite orientation. A residual strain at point E
stops the beam to recover its initial shape after unloading. At last, the beam recovers its initial
shape along with the reverse transformation removes the residual strain during stage FG.

2.2.3 Comments on the computational resources

Some comments on the computational resources in the presented numerical tests may be
useful for possible practical applications of the SMA based composites. The PE bending test
in Section 2.2.2 is performed on a PC with Intel(R) Xeon(R) CPU (2.30GHz, 36 cores) and 64
GB of RAM. There are 256 integration points and 200 increments on the macroscopic model.
The total computing time is about 131 hours with 1 processor or 18 hours with 16 processors.
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Figure 2.19 – The SME of a cantilever beam subjected to thermomechanical cycles.

The proposed model is time-consuming for the moment, due to the real-time interaction between
scales. However, the computational resources could be optimized in the FE2 approach. According
to van Tuijl et al. [126], the total computational resources #flop

LA of the FE2 approach can be
estimated by #flop

LA ∝ O
(
ngM
)
× O

(
nitM
)
× O

(
nitm
)
× O

(
ndmlog(ndm)

)
, where ngM denotes the

number of macroscopic integration points, nitM and nitm denote the amount of iteration required in
macroscopic and microscopic level respectively, ndm denotes the DOFs on the microscopic model.
According to this formula, the computational efficiency can be improved by many ways. For
example, the order reducing modeling (van Tuijl et al. [126], Huang et al. [131, 132], Hernandez
et al. [168]) is useful in reducing the computing time of finite element model on both macroscopic
and microscopic level. The parallel computation strategy on the macroscopic level is also powerful
in this case because RVEs are individual to each other. For a practical application, different
numerical models may be required for different parts of the structure in order to optimize the
computational resources. In that case, the FE2 model could be combined with other reduced
models by bridging techniques (Hu et al. [212], Yu et al. [213]), which are capable to couple
various FE models. Moreover, the authors are optimistic with the proposed multiscale model
because of the rapid updating of processor performance during the past decades.

2.3 Architected cellular SMA

With the proposed multiscale modeling tool, an architected cellular SMA is studied in this
section. Firstly, RVEs with different geometrical parameters are discussed, then the structural
response is investigated further by our tool.

2.3.1 Cellular response

Convergence analysis for the RVE mesh

An architected SMA RVE is introduced to describe the microscopic structure ; see Fig. 2.20. It
is formed by excavating cylindrical holes through the center of each face of a cube SMA. The size
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of the cube is given by 1 mm × 1 mm × 1 mm, while the radius of the cylindrical holes is given
as 0.38 mm. According to computational homogenization theory, periodic boundary conditions
are introduced into the RVE by the multi-point constraints (MPCs) on ABAQUS :

∆u+ −∆u− = ∆ε̄ · (x+− x−) on ∂ω, (2.36)

where u is the displacement vector, x is the coordinates of nodes and ε̄ is the strain load applied
on the RVE. The notations + and − denote the nodes on opposite boundaries ; the notation
∆ represents the incremental case. Thus, a set of reference points (RPs) for three different
directions is introduced in MPCs and the meshes on the opposite boundaries must be the same
in order to create periodic boundaries ; see Fig. 2.20. Both the continuum 3D solid element
with full integration (labeled C3D8 on ABAQUS) and continuum 3D solid element with reduced
integration (labeled C3D8R on ABAQUS) for the mesh in Fig. 2.20a are studied in order to
optimize the computation efficiency on the RVE. Following the constitutive model introduced in
the last subsection, the material parameters of a conventional NiTi alloy are given in Table 2.4,
which are identified with the experimental data of Rashed et al. [68].

Table 2.4 – Material parameters for SMA.

E (MPa) 39,500 Br (MPa ℃−1) 7 Hf (MPa) 2
ν 0.3 Bf (MPa ℃−1) 7 Htr (MPa) 1635
εTtrac 0.056 Ms (℃) −80 Htw (MPa) 25,000
εTFAtrac 0.053 Af (℃) −2 Hs (MPa) 68.5
εTcomp 0.044 Fε (MPa) 220

To check the effective response of the RVE, a tensile strain up to 10% in the Y direction is
applied on the RVE at a constant temperature of 30 ℃.
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  RP   RP
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(a) 720 elements
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X

Y

Z

(b) 4120 elements

Figure 2.20 – Architected RVE with fine meshes and reference points (RPs).

To describe the effective behavior of RVE, the averaged values, such as stress σ̄, strain ε̄ and
martensitic volume fraction f̄t, are introduced. The averaged values are computed by volume
averaging over the whole 1 mm3 cube from Element 1 to N, where N denotes the total element
number. Note the averaged strain is equal to the prescribed strain due to the periodic boundary
conditions, Eq. (2.7). Fig. 2.21a shows the stress-strain relations simulated with different meshes
and element types. The hysteresis effect is observed during the loading/unloading cycle. This
nonlinear response is caused by the inner forward phase transformation of SMA. The averaged
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2.3. Architected cellular SMA

martensitic volume fraction f̄t increases along with the loads until reaching a maximum value ;
see Fig. 2.21b. When the unloading begins, f̄t decreases immediately until recovering to zero.
From the comparison of the curves, it is observed that the mesh with 720 elements is fine enough
to model this architected SMA RVE. Furthermore, the RVEs simulated by the C3D8R and C3D8
elements have exactly the same responses ; see Fig. 2.21.

Generally speaking, the mesh with 720 C3D8R elements has relatively enough accuracy and
lower computational cost than other meshes. Thus, meshes like density and C3D8R elements are
used for the RVE in the following work.
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Figure 2.21 – The evolution of the averaged stress and the averaged martensitic volume fraction
simulated by RVEs with different meshes.

Cells with different geometries

In this subsection, five types of RVEs with different void volume factions ξ are studied,
as illustrated in Fig. 2.22. The size of the cube is given by 1 mm × 1 mm × 1 mm, while the
radius of the cylindrical hole varying along with ξ is given in Table 2.5. The material parameters
of SMA remain the same as those in the last subsection.
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Figure 2.22 – Meshes for architected SMA RVEs with different void volume fractions ξ.

A tensile strain up to 10% and a compressive strain up to −10% in the Y direction are
respectively applied on the RVEs to simulate effective responses for different RVEs. Fig. 2.23 gives
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2.3. Architected cellular SMA
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Figure 2.24 – The relation between the stiffness and the material volume fraction (1-ξ) of the
RVE when the absolute value of strain is up to 10%.
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Figure 2.25 – Distribution of stress in Y direction (S22) on the RVEs with different void volume
fractions ξ in tension loading at strain level 10%.
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Figure 2.26 – Distribution of stress in Y direction (S22) on the RVEs with different void volume
fractions ξ in compression loading at strain level −10%.
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Chapitre 2. Formulations and applications of multiscale modeling for SMA heterogeneous materials

explained by the stress concentration where only the high stress area transforms into martensite ;
see Figs. 2.29 and 2.30. This also means SMA cannot completely transform from austenite into
martensite. Thus, as long as the unloading begins, the reverse transformation starts immediately,
resulting in the reduction of f̄t.
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(a) Tensile loading
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(b) Compressive loading

Figure 2.27 – The evolution of the martensitic volume fraction versus the averaged strain curves
simulated by RVEs with different void volume fractions.
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Figure 2.28 – The relation between maximum martensitic volume fraction versus the material
volume fraction when the absolute value of strain is up to 10%.

To design a light weight architected SMA structure, it is required to minimize the material
volume fraction in order to decrease the weight and cost of the structure. However, the necessary
stiffness of the structure should be firstly satisfied. It should be noticed that the waste of SMA
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Figure 2.29 – Distribution of martensitic volume fraction f̄t (named SDV7 in colorbar) on the
RVEs with different void volume fractions ξ in tension loading at strain level 10%.
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Figure 2.30 – Distribution of martensitic volume fraction f̄t (named SDV7 in colorbar) on the
RVEs with different void volume fractions ξ in compression loading at strain level −10%.

should also be avoided as much as possible due to SMA’s high price. Therefore, the results given
in Figs. 2.24 and 2.28 can be a reference for the designers to balance the stiffness, mass and SMA
usage according to their specific requirements.

Following the tests at the RVE level, the structural response of the architected SMAs is
studied in the next section.

2.3.2 Structural response

In this section, the structural responses of the architected SMAs are focused on. The consti-
tutive behavior of the macroscopic structure is represented by the computational homogenized
RVEs in the last subsection.

Beam with three kinds of cells subject to three-point bending

A 3D beam subjected to three-point bending load is shown in Fig. 2.31. This beam is compo-
sed of architected SMA. The width, length and height of the beam are 5 mm, 20 mm and 5 mm,
respectively. Edge Y = 5 mm, Z = 10 mm is fixed in the Y and Z directions. A displacement load
up to 0.5 mm in the Y direction is applied on the edges Y = Z = 0 mm and Z = 20 mm, Y = 0
mm. Node X = 0 mm, Y = 5 mm, Z = 10 mm is fixed in the X direction in order to eliminate the
rigid body displacement in the X direction. Considering the symmetry of the structure and the
boundaries, only the left half of the structure is simulated in order to reduce the computation
cost. To do this, an additional displacement constraint in the Z direction is given on face Z =
10 mm. Since the deformation in the X direction is not obvious in the three-point bending test,
one element is used in this direction. Each edge in the Y direction is meshed by two elements
and in the Z direction by four elements ; see Fig. 2.32. The continuum 3D solid element with
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incompatible modes (labeled C3D8I in ABAQUS) is adopted for the modeling of the macroscopic
beam since it is enhanced by incompatible modes to improve its bending behavior. The RVEs
studied in the last section are used herein with void volume fractions ξ of 40.7%, 72.5% and
82.2%, respectively.

As the macroscopic constitutive behavior on each integration point is not clear, it has to
be represented by the effective behavior of the associated RVE at each macroscopic increment.
A brief flow diagram, showing how this multiscale problem is solved, is illustrated in Fig. 2.33.
Specifically, the effective behavior of the RVE is computed by seeking the relations between
the averaged stresses and averaged strains over the RVE via a series of loading tests. Once
the effective behavior is obtained, the macroscopic problem is to be solved. Considering the
nonlinear response of the RVE during loading, the macroscopic convergence has to be checked in
each macroscopic iteration of the Newton–Raphson framework. In an iteration, the strain states
of RVEs are updated with the macroscopic strains, and in return, the macroscopic stresses are
renewed by updating the averaged stress of the RVE at the new strain states.
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5	mm
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Z
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(a)Figure 2.31 – Geometry and boundary conditions for the three-point bending beam.
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Figure 2.32 – The meshes for the left half beam and the integration points in each C3D8I
element.
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2.3. Architected cellular SMA
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Figure 2.33 – The nonlinear interaction between two scales in the Newton–Raphson framework.

Stress distributions at the macroscopic and microscopic levels

Let us consider the case with volume fraction ξ = 40.7%. The stress distribution of the
bending beam with the prescribed displacement in the Y direction reaching 0.5 mm is illustrated
in Fig. 2.34. The deformations of both the macroscopic and microscopic structures are magnified
by three times. The high compressive stresses in the Z direction are observed in the elements
above the middle plane Y = 2.5 mm, while in contrast, the compressive stresses are observed
in the elements below the middle plane. In the meantime, for different macroscopic points, the
RVEs have different stress states in correspondence with their associated macroscopic strain
states. To specify the microscopic structure more clearly, we introduce RVEkl to denote an RVE
corresponding to the integration point l of the macroscopic element k. The RVEs above the
middle plane, such as RVEA4 and RVED4, are mainly subjected to compression, while the RVEs
below the middle plane, such as RVEE3 and RVEH3, are mainly subjected to tension. The stresses
in the RVEs far from face Z = 10 mm, such as RVEA4 and RVEE3, are at a relatively low level
compared to those RVEs near face Z = 10 mm, such as RVED4 and RVEH3.

Evolution of the loading

Fig. 2.35 shows the nonlinear response of the macroscopic structure with three different void
fractions. The linear response is observed at the very beginning, and the microscopic structures
deform without any phase transformation. As the loading increases, the forward phase transfor-
mation begins over the high stress area of the beam. For example, Fig. 2.36 gives the stress strain
relations of integration points in element D and element H with ξ = 40.7%, which also represent
the effective behavior of the associated RVEs. Note that Integration Points 5 to 8 in each element
are not illustrated considering the symmetry of the structure in the middle plane X = 2.5 mm.
It is observed that the hysteresis effects in RVED3 and RVEH3 are relatively much more obvious
than those in RVED4 and RVEH4, because RVED3 and RVEH3 are located in the high stress
area. The martensite transformation states of the RVEs with the prescribed displacement in the
Y direction reaching 0.5 mm, shown in Fig. 2.37, also give a reasonable confirmation from the
RVE level. This figure depicts the RVEs corresponding to these integration points closest to the
face Z = 10 mm. Only the RVEs far from the middle plane Y = 2.5 mm have an obvious phase
transformation. Simultaneously, the phase transformation at the RVE level is accompanied by
the softening of macroscopic stiffness. This softening goes gradually, because the thermomecha-
nical phase transformations at the microscopic level are not synchronous, considering that the
stress states of the macroscopic structure are not uniform over the whole beam and that the
microscopic structure is architected. Once the unloading begins, the behaviors of the structure
and RVEs immediately turn into the linear case. Later, the reverse transformation follows, and
finally, all the phases transform back into austenite.
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Figure 2.34 – The distribution of stress in Z direction (S33) for the macroscopic structure and
microscopic structure with ξ = 40.7%, where the deformations of both levels are magnified by
three times.
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Figure 2.35 – Force-displacement curve of the boundary Z = 20 mm, Y = 0 mm on the bending
beam.
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Figure 2.36 – The stress-strain relations on the macroscopic integration points with ξ = 40.7%.
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Figure 2.37 – Distribution of martensitic volume fraction f̄t (named SDV7 in colorbar) on the
RVEs with the prescribed displacement in the Y direction reaching 0.5 mm and ξ = 40.7%.
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Structural response with different microscopic structures

The differences between structural responses with three void fractions are observed in Fig. 2.35.
With a higher void fraction, the macroscopic structure shows lower stiffness and a weaker hys-
teresis effect, because the macroscopic behavior is represented by the mean behavior of the
microscopic structures. The stress-strain relations of Integration Points H3 and D4, which are
also the averaged stress-strain relations of RVEH3 and RVED4, are depicted in Fig. 2.38 to inves-
tigate the microscopic response of the structure. Fig. 2.39 gives the stress distributions in the Z
direction for associated RVEs at maximum loads corresponding to the displacement of the beam
ends U2 = 0.5 mm. It is observed that the averaged stiffness and the hysteresis effect of the RVE
with a higher void fraction are lower than those of the RVE with a lower void fraction, which
is consistent with the response at the macroscopic level. As we have discussed in Section 2.3.1,
the high void fraction results in less SMA, which can provide low stiffness for the structure. For
this architected structure, the stresses are concentrated over the pillars along the main loading
direction when the void fraction is high. This also results in the martensite phase being mainly
concentrated over the pillars.

-0.02 -0.01 0 0.01 0.02
-300

-200

-100

0

100

200

300

Figure 2.38 – The comparison of the stress-strain relations on the macroscopic Integration
Points H3 and D4 simulated by three kinds of RVEs respectively.

Comments on the computational efficiency

The proposed numerical tool contributes to the design of innovative SMA applications, which
can optimize the quantity of material with the required functionalities (actuation, recovery force,
damping, energy absorption, etc.), lighten the structure and consider alternative manufacturing
processes such as additive manufacturing. The latter can consider more complex geometries of
the unit cell, which has a direct influence on the overall behavior of the structure. Note that this
numerical multiscale procedure is very time consuming. To reduce the CPU time, the authors
propose to associate this method with model reduction techniques. Among these techniques, we
can introduce POD technique to build up a small number of basis functions where the solution
can be computed (Yvonnet et al. [125]). When this technique is used in an optimization procedure
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Figure 2.39 – Distribution of stress in Z direction (S33) on RVEH3 and RVED4 of different
beams corresponding to the displacement of the beam ends U2 = 0.5 mm.

requiring several repetitive calculations, it can significantly reduce the computation time. We can
also consider the proper generalized decomposition (PGD) technique (Ammar et al. [214], Kpogan
et al. [215]), which can reduce the dimensionality of the problem to be solved and which is well
adapted for unsteady problems, as well as parametric studies. Another technique that has proven
its efficiency in solving non-linear problems and that was developed by our group is the ANM
(Asymptotic Numerical Method). This technique is based on the development of variables in the
form of Taylor series truncated at large order, which allows one to reduce the computation time
significantly by reducing the number of computation steps. This technique can be considered
as a high order predictor algorithm without the need for any iteration phase. It is particularly
suited for strong nonlinearities and for FE2-structure problems involving instability phenomena
(Nezamabadi et al. [124], Assidi et al. [143], Aggoune et al. [216]). In addition, bridging techniques
(Hu et al. [212], Yu et al. [213]) can also be considered to combine the advantages of different
reduced finite element models. These tools will be associated with the present algorithm to reduce
the computation time and to deal with complex structural geometry and complex response curves.

2.4 Conclusion

In this chapter, a 3D generic multiscale finite element procedure is proposed and used to model
the PE and SME of SMAs based composite and architected SMAs. For the SMA fiber/epoxy
matrix composite, the constitutive model developed by Chemisky et al. [1] is used for modeling
the SMA fiber embedded on elastic matrix. The FE2 method is adopted for building the multiscale
analysis of fiber reinforced composite. Then, the responses of the composite structure subjected
to tensile and bending load cycles are simulated and discussed. Specifically, simulation for the PE
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response of the composite is carried out in this work and validated by comparison with results
from literature. Hysteresis effects are observed during the loading-unloading progress, where a
part of the external energy is dissipated during the phase transformation in the fibers. Besides,
the SME of the composite subjected to thermal and mechanical loading is also presented. The
behavior of the SMA fiber could be highly related to internal stress. When the stiffness of the
matrix is at a relative high level, the SME could be weak because the internal stress may remove
some of the residual strain in SMA fiber during unloading stage. This proposed model could be
applied for predicting the response of fiber reinforced composite taking advantage of SMAs’ PE
and SME. Furthermore, it can also be used for designing other SMA composite structures thanks
to the versatility and reliability of its computing platform ABAQUS.

Despite the SMA fiber reinforced composite, the PE of an architected SMA structure is also
studied with the multiscale finite element model. Firstly, RVEs with architected SMA are built
to simulate the cellular responses of the structure. Both tension and compression loading cycles
are applied on the RVEs with different void fractions. The PE responses and the hysteresis
effects are observed in the RVEs. The effect of changing the void fraction on the stiffness, the
maximum martensitic volume fraction and hysteresis effect are discussed in detail. Moreover,
a multiscale approach is carried out to model the structural response, as well as the cellular
response. The relations between the structural and cellular responses are studied in a three-point
bending test. It is observed that the macroscopic response is related to the phase transformation
in the RVE, which changes the effective constitutive behavior of the structure. The stress-strain
state of the RVE directly depends on the stress strain state of the associated macroscopic point.
Thus, the multiscale model is necessary and successful for simulating the nonlinear behavior of
the architected SMA structure. Furthermore, structural responses with different void fractions
are studied, which gives a good reference of the void fractions’ influences on structural stiffness
and hysteresis.

In above works, FE2 microscopic structures are constructed, such as SMA fiber/epoxy ma-
trix and architected SMA. These structures are prone to instability problems, which are quite
complicated and have not been considered in the proposed multiscale model. Besides, the compu-
tational efficiency of the proposed multiscale model still requires to be improved as discussed in
Section 2.2.2. Thus, it is necessary to formulate efficient approach taking into account instability
phenomenon. Work using reduction method to study microscopic fiber instability is presented in
the next chapter.
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This chapter aims to develop a computationally efficient multiscale model to accurately si-
mulate and analyze the instability phenomena of long fiber reinforced composites. FE2 method
based on the homogenization theory is adopted to realize the real-time interaction between the
microscopic and the macroscopic levels. To increase the computational efficiency in the micro-
scopic level and control the nonlinear calculations, the Fourier-related analysis is carried out on
the RVEs using the Technique of Slowly Variable Fourier Coefficients (TSVFC), where all fast
varying unknowns are replaced by slowly varying unknowns. The established nonlinear multis-
cale system is solved by the ANM, which is more reliable and less time consuming than other
classical iterative methods. This model is used to study the structural instability and the fiber
micro-buckling of long fiber reinforced composites. The effects of fiber wavelength on the buckling
and post-buckling of macro structure are discussed.

The formulation of the proposed multiscale model is given in Section 3.1. This model is firstly
validated by a fully meshed model and then used for simulating the failure of the fiber reinforced
composite beam in Section 3.2. The long fiber reinforced composite subjected to compressive
load is also simulated with different fiber buckling wavelengths.
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3.1 Modeling

3.1.1 Macroscopic scale

Let consider a domain Ω ∈ RD with an external boundary ∂Ω, where D is the dimension
of the domain. Domain Ω represents the reference configuration of the macroscopic structure.
A periodic multiphase microscopic structure is assumed to describe the heterogeneity of the
material, see Fig. 3.1. Large strains are considered and a total Lagrangian formulation is adopted.
In order to distinguish the unknowns of the two scales, all the macroscopic values are represented
by notation (̄·).

Figure 3.1 – Basic concept of multilevel finite element method.

The equilibrium equation neglecting body forces is formulated as :

∇ · P̄ (X̄) = 0 in Ω, (3.1)

where P̄ (X̄) is the first Piola-Kirchhoff stress tensor at the point X̄ in the initial configuration.
The virtual work of the macroscopic scale is given by :

∫

Ω
P̄ :∇X̄δūdΩ =

∫

Ω
P̄ : δF̄ dΩ = λ̄

∫

∂Ωσ

f̄ · δūdΓ, (3.2)

where ū = x̄− X̄ represents the macroscopic displacement field, and x̄ is the coordinates of the
points in the current configuration. Prescribed load f is the external force applied on boundary
∂Ωσ and parameter λ̄ is the intensity of the prescribed load, with prescribed displacement û being
given on boundary ∂Ωu. Macroscopic deformation gradient tensor F̄ = ∇X̄ū+ I is associated
with the work-conjugate stress P̄ , where I is the second-order identify tensor. As the constitutive
relationship between P̄ and F̄ is unknown, P̄ is to be transferred from the microscopic scale by
solving nonlinear equations at microscopic level using finite element method. Subsequently, the
microscopic problem is formulated in the next subsection.

58

Macro Micro 



3.1. Modeling

3.1.2 Microscopic scale

Microscopic problem

Assuming the microscopic structure as a periodic RVE with domain ω in RD and external
boundary ∂ω in its initial configuration. Based on the principles of scale separation, characteristic
length of the RVE ||ω|| and that of the macroscopic structure ||Ω|| should satisfy :

||ω|| � ||Ω|| (3.3)

The equilibrium equation is given in absence of body forces as :

∇ · P (X) = 0 in ω, (3.4)

where P is the first Piola-Kirchhoff stress at microscopic pointX in the initial configuration. The
strains at each macroscopic integration point are applied on the boundaries of the corresponding
RVE with periodic and linear deformation conditions :

u = θ̄ ·X on ∂ω, (3.5)

u+− u− = θ̄ · (X+−X−) on ∂ω, (3.6)

where u is the microscopic displacement and θ̄ =∇X̄ū is the macroscopic displacement gradient.
The exponents + and − represent the nodes on the opposite boundaries of a RVE. These two
boundary conditions, Eqs. (3.5) and (3.6), satisfy the so-called averaging theorem, see Hill [209],
which demands that the average of the work decomposes into the product of work-averages
(Miehe et al. [156]) :

1

|ω|

∫

ω
P : F dω − P̄ : F̄ = 0. (3.7)

Following Eqs. (3.5) and (3.6), the deformation gradients between the two levels have relation
as :

F̄ =
1

|ω|

∫

ω
F (X)dω, (3.8)

The constitutive law of each phase in the RVE is given as :

S(X) = C(r) : γ(X), (3.9)

where S denotes the second Piola-Kirchhoff stress, C refers to the fourth-order elastic tensor
associated with phase (r), and γ is Green-Lagrange strain tensor which is expressed as :

γ =
1

2
(F T · F − I). (3.10)

It is worth noting that any other constitutive law can be introduced into the RVE.
The relation between S and P is expressed by :

P = F · S. (3.11)

The formulation of microscopic virtual work is written as :




∫

ω
P :∇Xδudω =

∫

ω
S : δγdω = 0,

u = θ̄ ·X or u+− u− = θ̄ · (X+−X−) on ∂ω.

(3.12)
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For a 2D case the macroscopic displacement gradient θ̄ is composed of four independent com-
ponents {θ̄11 θ̄12 θ̄21 θ̄22}, which result in the decomposition of Eqs. (3.5) and (3.6) :

u(ij) = θ̄(ij) ·X(ij) on ∂ω, (3.13)

u(ij)+ − u(ij)− = θ̄(ij) · (X(ij)+ −X(ij)−) on ∂ω, (3.14)

where exponents i and j (i, j = 1, 2) denote a set of opposite edges normal to direction i under
deformation θ̄(ij) in direction j.

With the macroscopic strains loaded on the microscopic boundaries, we solve the microscopic
problem, then calculate macroscopic stress P̄ by :

P̄ =
1

|ω|

∫

ω
P (X)dω, (3.15)

where |ω| is the volume of the RVE. Subsequently, P̄ is transferred into the macroscopic scale to
solve the macroscopic problem. Based on above multiscale framework, an efficient microscopic
model is introduced in the next subsection.

Fourier-related 2D RVE model

For periodic responses which vary rapidly in one direction, the unknown fields can be ex-
panded in the form of Fourier series whose coefficients vary slowly (Damil and Potier-Ferry
[128, 129], Liu et al. [134], Huang et al. [137]) :

u(x, y) =

+∞∑

j=−∞
uj(x, y)eij(qx+ϕ(x,y)), (3.16)

where (x, y) is the Cartesian coordinates adopted in the 2D microscopic structure, i is the
imaginary unit, and u(x, y) is the unknown field that is assumed to only vary rapidly in the x
direction. To describe the periodic field, the wavenumber in the x direction is defined as q = π

l q0,
with l being the length of the structure in the x direction and q0 being a given number of
half-waves (q0 ∈ N, q0 ≥ 2). Fourier coefficient uj(x, y) denotes the envelope for the jth order
harmonic, which varies slowly over period [x, x+ 2π

q ].

Figure 3.2 – The mean field and the amplitude of periodic spacial oscillations.

Assuming the fiber has only one wavelength when it is buckled, we consider three envelops
u0, u1 and u−1 to formulate the 2D RVE model. As pictured in Fig. 3.2, the envelopes of 0th

60

--
_ .. -.. 

.. -.. , 

-- - - -- - --

' ' ' 1 ' 

--- . ~~a-~ f~i+amplitude 

~ ---

Mean field 



3.1. Modeling

order harmonic u0 and complex-valued u±1 represent the mean value and the amplitude of spatial
oscillations respectively. The model with only three envelopes can correctly describe the buckling
instabilities in sandwich structures, see Liu et al. [134]. In this chapter, u−1 is conjugated with
u1(u−1 = u1). The phase angle ϕ(x, y) describes the phase of spatial oscillations (Mhada et al.
[135], Huang et al. [147]). The right side of Eq. (3.16) can be explicitly expressed as :

uje
ij(qx+ϕ(x,y)) = uj [cos(jϕ) + i sin(jϕ)]eijqx. (3.17)

Because j varies in [−1, 0, 1] in our 2D model, we introduce two variables :

uR = u1 cos(ϕ), (3.18)
uI = u1 sin(ϕ). (3.19)

Insertion of Eqs. (3.17) to (3.19) in Eq. (3.16) yields :

u = u0 + (uR + iuI)e
iqx + (uR − iuI)e

−iqx. (3.20)

Here we define uR as the real-value part and uI as the complex-value part of oscillations. Thus,
all the unknowns of the displacement field, as in Mhada et al. [135], Huang et al. [147], are
represented by {u0 uR uI}. In this way, the change of the phase angle ϕ(x, y) can be taken into
account, which could treat boundary conditions more accurately compared with these assuming
the phase as constant (Huang et al. [147]).

Internal virtual work of the microscopic model

For the convenience of introducing the Fourier coefficients into the microscopic model, the
tensor form of all the unknowns are replaced by a vector form in the implementation of the
internal virtual work. Specifically, the components of tensors are rearranged as follows :





~θ = {θ11 θ12 θ21 θ22}T ,
~γ = {γ11 γ22 2γ12}T ,
~S = {S11 S22 S12}T .

Deriving from Eqs. (3.9) and (3.12), the governing equations of the microscopic structure is
expressed as : 




∫

w

~ST · δ~γdω = 0,

~γ = [H +
1

2
A(~θ)] · ~θ,

~S = D(r) · ~γ,
u+− u− = θ̄ · (X+−X−) on ∂ω,

or u = θ̄ ·X on ∂ω,

(3.21)

where

H =




1 0 0 0
0 0 0 1
0 1 1 0


 ,D(r) =

E(r)

1− ν(r)2




1 ν(r) 0

ν(r) 1 0

0 0 1−ν(r)
2


 ,

A(~θ) =



θ11 0 θ21 0
0 θ12 0 θ22

θ12 θ11 θ22 θ21


 ,
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where a plane stress constitutive law is considered, E(r) and ν(r) being the Young’s modulus and
the Poisson’s ratio, respectively. Green-Lagrange strain ~γ is related to displacement gradient ~θ
with a nonlinear geometrical relationship, A(·) being a linear operator.

Like displacement u, all unknowns Ψ can be expressed as :

Ψ = Ψ0 + (ΨR + iΨI)e
iqx + (ΨR − iΨI)e

−iqx, (3.22)

where Ψ is saved in the generalized forms :

u = {u0 uR uI}T , ~θ = {~θ0
~θR ~θI}T ,

~γ = {~γ0 ~γR ~γI}T , ~S = {~S0
~SR ~SI}T .

Submitting Eq. (3.22) into Eq. (3.21), the virtual work is expanded as :
∫

ω
δ~γT · ~Sdω =

∫

ω
δ~γT0 · ~S0 + 2δ~γTR · ~SR + 2δ~γTI · ~SIdω,

=

∫

ω
δ~ΓT0 · ~S0 + δ~ΓTR · ~SR + δ~ΓTI · ~SIdω,

(3.23)

where ~Γ is defined as a generalized strain :

~Γ = {~γ0 2~γR 2~γI}T .

As A(·) is a linear operator, we write A(~θ) in the form of Eq. (3.22) :

A(~θ) = A(~θ0) + [A(~θR) + iA(~θI)]e
iqx + [A(~θR)− iA(~θI)]e

−iqx. (3.24)

Insertion of Eq. (3.24) in Eq. (3.21) deduces strain ~Γ in detail :




~Γ0 = H · ~θ0 +
1

2
A(~θ0) · ~θ0 +A(~θR) · ~θR +A(~θI) · ~θI ,

~ΓR = 2H · ~θR +A(~θR) · ~θ0 +A(~θ0) · ~θR,
~ΓI = 2H · ~θI +A(~θI) · ~θ0 +A(~θ0) · ~θI .

The generalized constitutive law can be deduced as follows :




~S = Dgen · ~Γ,
~Γ = [Hgen +

1

2
Agen(~θ)] · ~θ,

(3.25)

where

Dgen =




D 0 0
0 D/2 0
0 0 D/2


 ,Hgen =



H 0 0
0 2H 0
0 0 2H




Agen =




A(~θ0) 2A(~θR) 2A(~θI)

2A(~θR) 2A(~θ0) 0
2A(~θI) 0 2A(~θ0)


 .

It is easy to obtain displacements {u0 uR uI} over the whole RVE by interpolating the values
at nodes. Then, the real displacement field can be calculated by inserting the Euler’s formula to
Eq. (3.20) :

u = u0 + 2uR cos(qx)− 2uI sin(qx). (3.26)
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The first Piola-Kirchhoff stress tensor P can also be calculated by :

P = P0 + 2PR cos(qx)− 2PI sin(qx). (3.27)

where 



P0 = F0 · S0 + 2FR · SR + 2FI · SI ,
PR = F0 · SR + FR · S0,

PI = F0 · SI + FI · S0.

3.1.3 Formulation of the ANM

Many papers (Zahrouni et al. [140], Abichou et al. [142], Tri et al. [144], Choe et al. [146],
Huang et al. [147]) show that the ANM has high efficiency in strong nonlinear problems compared
with classical interactive procedures, such as Newton-Raphson method. Details on the use of the
ANM for the resolution of non linear problems are given in chapter 5. By expanding unknowns
Ψ and load parameter λ̄ into power series with respect to a path parameter a, a nonlinear system
can be transferred into a series of linear problems :

{
Ψ(a)
λ̄(a)

}
=

{
Ψ0

λ̄0

}
+

N∑

p=1

ap
{

Ψp

λ̄p

}
, p ∈ [1, N ] (3.28)

where (·)(a) refers to the quantities defined continuously with respect to path parameter a, (·)0

denotes an initial solution such that (·)0 = (·)(0), N is the truncation order of power series,
and (·)p indicates a term to be determined at order p. According to the principle of the validity
range of power series in Cochelin [138], the maximal value of the path parameter a is defined
automatically :

amax =

(
ε
‖ Ψ1 ‖
‖ ΨN ‖

) 1
N−1

, (3.29)

where ε is a given accuracy parameter and ‖ · ‖ refers to the norm of variables. More details of
the ANM can be consulted in Nezamabadi et al. [124], Cochelin [138], Cadou et al. [141]. Within
the ANM framework, the virtual work of the macroscopic level is expanded as :

∫

Ω
F̄p : L̄ : δF̄ dΩ = λ̄p

∫

Ωσ

f̄ · δūdΓ −
∫

Ω
P̄ nl
p : δF̄ dΩ. (3.30)

where the macroscopic constitutive law L̄ and the nonlinear force P̄ nl
p are computed by averaging

on the microscopic structure. The microscopic problem is expanded as follows :
{
L(up, δu) = Fnlp (δu),

up = F̄p ·X or u+
p − u−p = F̄p · (X+ −X−) on ∂ω.

(3.31)

where the linear boundary conditions are applied on the corners of boundary ∂ω and the periodic
conditions are applied on the remaining nodes. One can refer to Nezamabadi et al. [124] for the
detailed formulation of operator L, nonlinear forces Fnlp , P̄ nl

p and macroscopic constitutive law
L̄.

3.2 Numerical results

The proposed multiscale Fourier-series based model is firstly validated by comparison with a
fully meshed model on ABAQUS. Then, this approach is used to examine different failure modes
of long fiber reinforced composites.
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Table 3.1 – Material parameters for matrix and fiber.

Em (MPa) Ef (MPa) νm νf
100 100000 0.3 0.3

3.2.1 Validation for the multiscale model

A fiber reinforced composite plate subjected to compressive loads is examined, see Fig. 3.3a.
A displacement λ̄û is applied on the top edge of the plate along the fiber’s length direction. The
left and the right edges are fixed in the horizontal direction, while the bottom edge is fixed in
the vertical direction.

Figure 3.3 – (a) the fiber reinforced composite plate subjected to compressive displacement
load ; (b) Elementary cell of fiber reinforced material, H = L = 1 mm, hf/L = 1/20.

In order to specify the details of the microscopic structure, an elementary cell is introduced
to construct different kinds of RVEs, see Fig. 3.3b. This cell is assumed as a sandwich structure
composed of a stiff fiber perfectly bonded with a soft matrix. By the linear pattern of the
elementary cell, different types of RVEs with the same fiber volume fraction can be defined
as RVEmn, where m,n are the quantities of elementary cells in the horizontal and the vertical
directions, respectively. In this example, the volume fraction of the fiber is 1/20. Both the fiber
and the matrix are assumed isotropic and linear elastic. Their detailed material properties are
given in Table 3.1.

The microscopic fiber buckling is simulated in comparison with the multiscale model and
a fully meshed ABAQUS model respectively. For the multiscale model, the displacement fields
along the fiber’s length direction y are expanded by Fourier series since they vary very fast in
this direction. To set a specific wavelength of the microscopic fiber, the microscopic structure is
represented by RVE14 with half-wave number q0 = 2. A small transversal perturbation force f = 1
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3.2. Numerical results

N is applied on the middle of the fiber in order to trigger the fiber buckling. Further, to specify an
asymmetric buckling mode (the shear buckling mode, see Rosen [217], Parnes and Chiskis [218]),
the phase angle ϕ(x, y) is set by locking real-value part of the microscopic displacement in the
x direction ux,R and the complex-value part of the microscopic displacement in the y direction
uy,I . The RVE is meshed with 2 elements along the vertical direction and 3 elements along the
horizontal direction based on 8-node quadrilateral elements and Gauss-Legendre quadrature with
9 integration points per element. The macroscopic structure is meshed with 10 elements along
its length and width respectively, based on the same quadrilateral elements as the RVE. This
multiscale model is solved by the ANM with the accuracy parameter ε = 10−6 and the truncation
order of power series N = 15.

The fully meshed ABAQUS model with 32 RVE14 along the horizontal and 8 RVE14 along
the vertical direction is developed by the linear pattern function on ABAQUS. Note for a practice
fiber composite structure, the dimension of the fully meshed macroscopic structure should be
much greater than that of the RVE. However, limited to the computational resources, herein a
fully meshed model is constructed within the same dimension as that of the RVE. Nevertheless,
this model is sufficient to be a reference for validation. Its RVE is meshed with 12 elements along
its width and 40 elements along its length based on 4-node bilinear plane stress quadrilateral
reduced integration elements. A total number of 32 × 8 × 12 × 40 elements are used in this
fully meshed model. Before the compression test, a buckling analysis (Eigenvalue analysis) has
to be carried out in order to obtain the specific mode with the same wavelength as that of the
multiscale model. This analysis is solved with Static General Step on ABAQUS by Newton-
Raphson method.

Fig. 3.4 gives the buckling mode of the fibers in the fully meshed model. As we can see,
although the displacements of fibers near boundaries are somehow more constrained than those
of the middle area of the plate, all the fibers present same wavelength and buckling mode. Namely,
the stresses in all the fibers have the same distribution when the microscopic fiber buckling is
triggered. Thus, the boundary effect could be neglected if we focus on the buckling problem at
this moment.

Fig. 3.5 gives the compressive stress, along the fiber’s length direction, distribution over the
middle area of the plate when fiber buckling occurs. Fig. 3.5a and Fig. 3.5b are simulated by
the fully meshed model and the multiscale model respectively, which shows good agreement.
The bifurcation curves of the fibers’ maximal transversal displacement over the middle area of
the plate are given in Fig. 3.6. These two models still show good agreement when fibers are
buckled. The differences of their initial imperfections induce the gap between these two curves.
The smaller imperfection results in the sharper bifurcation curve. The imperfection given in the
ABAQUS model to trigger the post-buckling has been minimized. However, the proposed model
can use a smaller imperfection than that of the model in ABAQUS. This means our model is less
sensitive to the initial imperfection than the ABAQUS model. The averaged critical compressive
stress over the RVE is 40 MPa, which could be validated by the fiber buckling stress 40.5 MPa
obtained according to Rosen’s analytical model (Rosen [217]). Both the proposed model and
Rosen’s model assume that the matrix is still elastic when fibers are buckled. Rosen’s model has
been validated by some experimental results considering boron fiber-metal matrix composites
(Schuerch [219]).

This model has not only a good accuracy but also the ability to capture the fibers’ instability
modes. In the next subsection, the influence of different micro instability modes to the composite
plate will be examined with our proposed multiscale model.
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Figure 3.4 – The transversal displacement (mm) distribution of the fully meshed model, defor-
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Figure 3.5 – The compressive second Piola-Kirchhoff stress (MPa), along the fiber’s length
direction, distribution in the middle area of the composite simulated by the fully meshed model
and the multiscale model respectively.
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Figure 3.6 – The maximum transversal displacement of the fibers versus the applied load,
simulated by fully meshed model and the multiscale model respectively.

3.2.2 Microscopic instability modes

To identify the instability modes of the fiber, different fiber wavelengths are given by two
different ways : 1) give different half-wave number q0 while keeping the RVE size unchanged ;
2) give a certain half-wave number q0 while increasing the vertical length of the RVE. All other
parameters remain the same as those in the last section.

Figs. 3.7 and 3.8 give the bifurcation curves of the fibers over the middle area of the plate with
different instability modes respectively. It is observed that the maximal transversal displacement
of fiber increases as the RVE length n increases and the half-wave number q0 decreases, however,
the critical fiber buckling stress remains unchanged. This critical compressive stress is consistent
with the minimal critical stress proposed by Rosen’s model (Rosen [217], Damil et al. [220]) and
the numerical results obtained by Nezamabadi et al. [98, 124], where the compressive failure
of the composite is mainly related to the shear strength of the composite. It is worth noting
that the minimal critical stress, proposed in Rosen [217], Damil et al. [220], is obtained by the
analytical model with the simplified assumption that the critical stress is dependent on the
fiber’s wavelengths. However, our fine-meshed numerical model shows that the critical stress of
the composite is not related to the wavelength of the fiber and the fiber buckling always occurs
at the minimal buckling stress.

Besides above modes, the tension buckling mode (Rosen [217]) with symmetric buckled fibers
is also examined. The 1th order displacements in x direction of edges x = 0 mm and x = 1 mm are
fixed in RVEs as the additive symmetric conditions. In this case, the matrix is assumed to undergo
tension or compression in the direction vertical to fibers. The fiber shall be more constrained in
its vertical direction by the matrix than in the shear case. Fig. 3.9 shows the stress distribution
in the RVE over the middle area of the plate with symmetric buckling conditions. The fiber’s
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compressive stress in the fiber’s length direction increases slightly from 789 MPa (shear buckling
mode) to 800 MPa. This means the tension buckling mode requires higher stress level because
the fiber is more constrained by the matrix than that of the asymmetric mode. According to
Fig. 3.9, no fiber buckling but a global shearing of the whole RVE is observed when the failure of
the plate happens. It means that the RVE is more likely to have a global shearing even with the
additive symmetric conditions, because the initial defects inside ruin the absolute symmetry of
the RVE. One fact is found out : as long as the symmetry condition is not completely satisfied,
the composite plate will have a shear deformation even if it is subjected to pure compressive
loads. This fact coincides with the reports in Parnes and Chiskis [218] that the tension buckling
mode is a spurious mode and that buckling of a composite always occurs in the shear buckling
mode for a dilute composite.

In summary, all these possible modes lead to a common phenomenon that the compressive
failure of the composite plate is more likely to evolve from the shearing of its components.
Nevertheless, as it is depicted in the above figures, the microscopic displacement fields of the
above modes are different to each other even though their critical buckling loads are almost the
same. It implies that the post-buckling of fiber reinforced composites may be related to the fiber
wavelength, which is therefore discussed in subsequent subsections.
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Figure 3.7 – The bifurcation curves of the fiber with three different RVE length n.

3.2.3 Computation efficiency

In previous subsections, a fully meshed model is used as a reference for validation. However,
for a realistic fiber reinforced composite, there are so many fibers in the microscopic scale that
the composite is impossible to be fully meshed directly for simulation. Thus, the computational
efficiency of the multiscale Fourier model is discussed only by comparing with a FE2 scheme with
fine-meshed RVE. It is worth noting that the macroscopic stress fields are not uniform, which
results in the various strain states of RVEs. Thus, only by adopting this multiscale model with the
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Figure 3.8 – The bifurcation curves of the fiber with three different half-wave number q0.

Figure 3.9 – The compressive stress (MPa), along the fiber’s length direction, distribution in
the RVE with a global shearing mode when the failure of composite begins.

69

D 

-0.89 

-100 

-200 

-300 

-400 

-500 

-600 

-700 

-800 



Chapitre 3. Multiscale modeling for the instability of long fiber reinforced composites

real-time scale transition technique and fine-meshed microscopic RVE, the fiber instability can
be described in detail. However, it makes the multiscale approach very time consuming. To avoid
this shortcoming, a Fourier slowly varying coefficient based microscopic model meshed by only
a few elements is adopted in our proposed approach, which saves many computing resources in
comparison with a fine-meshed RVE. The computational efficiency of the proposed model shows
obvious advantages especially in the case of RVEs with a large half-wave number. The differences
of the computational efficiency between two multiscale models could be estimated by RVEs’ total
DOFs according to van Tuijl et al. [126]. For example, in the case of m = 1, n = 16, q0 = 8,
our proposed microscopic model uses about total 150 DOFs, while the fine-meshed RVE model
needs about 4000 DOFs. Therefore, the computation cost could be reduced more than an order
of magnitude. Considering the microscopic fiber buckling mode with more waves, the proposed
model does not need more DOFs, while the fine-meshed RVEs will require much more DOFs.
Moreover, the Fourier-related microscopic model can introduce a defect for a given wavelength
without initial geometrical imperfections but a small perturbation force, which could reduce the
work on geometrical modeling. The high efficiency of the Fourier model has also been discussed
in instabilities of sandwich structures (Huang et al. [132], Liu et al. [134]).

3.2.4 Macro-micro coupled instabilities

In previous subsections, the compressive failure of microscopic fibers and its influence on a
stable macroscopic structure are focused. While in this subsection, a more complicated case is
examined considering both the macroscopic and microscopic instabilities simultaneously.

Let us consider a composite beam with fibers arranged along the beam’s length direction, see
Fig. 3.10. The left and right edges are fixed in the vertical direction and subjected to a compressive
displacement load λ̄û in the horizontal direction. The beam is meshed with 4 elements along its
width and 20 elements along its length direction based on 8-node quadrilateral elements and
Gauss-Legendre quadrature with 9 integration points per element. The RVE is depicted with
RVEmn where a small transversal perturbation force f = 1 N is applied on the middle of the
fiber. Here, three types of RVEs are used : 1) m = 1, n = 4, q0 = 2, asymmetric boundary ; 2)
m = 1, n = 16, q0 = 8, asymmetric boundary ; 3) m = 1, n = 4, q0 = 2, symmetric boundary.

2 mm

10 mm

Figure 3.10 – The fiber reinforced beam subjected to compressive displacement load.

Fig. 3.11 gives the transversal displacement distribution of the macroscopic structure under
two levels of loads. The beam subjected to compressive loads on its ends is buckled in its trans-
versal direction. For a better knowledge of this failure, the transversal displacement of point A,
as specified in Fig. 3.11, is depicted in Fig. 3.12. Thanks to the nonlinear solver ANM, a set
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3.2. Numerical results

of points where instabilities occur are captured, as denoted in Fig. 3.12. These failure points
could be separated into two groups : 1) Points A1, A2 and B corresponding to the first global
failure shown in Fig. 3.11a ; 2) Points C and D corresponding to the second local failure shown
in Fig. 3.11b. For a better understanding of these two failure steps, the compressive stress, along
the fiber’s length direction, distributions of RVEs around point A are illustrated in Fig. 3.13. For
the first group, all the fibers remain straight and their maximum absolute compressive stresses
are between 600–700 MPa. At these states, the stresses are not large enough to trigger the fi-
ber buckling. However, the initial defects in RVEs are strong enough to trigger the macroscopic
structural failure, since this macroscopic structure is not fully stable. Thus, the first global failure
originates from the macroscopic instability and the initial microscopic defects. For the second
group, point C and D, buckled fibers are observed with a relatively high compressive stress level.
The fiber buckling in the area around point A causes the local instability in this area.

With a general knowledge of this failure response, these different RVEs are discussed in
detail. For RVE types 1 and 2, as the red and blue curves depicted in Fig. 3.12, the first global
structural failure is independent of the fiber wavelength and the RVE size. However, as we have
mentioned in Section 3.2.2, the post-buckling may differ with wavelength or RVE size. The second
microscopic instabilities corresponding to point C and D verify our assumption. For RVE type
3, its boundary is constrained with an additive symmetric condition, which has been introduced
in previous subsections. Its global failure load is higher than that of the case with asymmetric
conditions. Besides, since the first global instability brings the whole structure into a bending
strain state, the microscopic symmetric failure is no longer possible. Thus, we cannot observe its
fiber buckling mode in the post-buckling process.

-0.02

0

0.02

↘Point A

•

(a) The first global failure related to macroscopic structural instability.

-0.1

0

0.1

↘Point A

•

(b) The second local failure related to microscopic fiber buckling.

Figure 3.11 – The transversal displacement distribution of the macroscopic structure corres-
ponding to two failure steps.

General speaking, this example shows how the real-time interaction between the microscopic
fiber and macroscopic structure proceeds. Also, as what it implies in Section 3.2.2, different fiber
buckling modes do affect the failure of the composite.
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Figure 3.12 – The transversal displacement of point A versus the displacement load with three
kinds of RVEs.

3.3 Conclusion

This chapter presents a multiscale approach with an efficient microscopic model for simula-
ting fiber reinforced composites. This approach is developed in the framework of the FE2 method
which considers the composite as a homogenized material. The microscopic structures are simu-
lated by the proposed reduced model where all unknowns are expanded with Fourier slowly
varying coefficients. This microscopic model can identify the fibers’ instability modes precisely
and predict the compressive failure of composites accurately. Moreover, the ANM is adopted as
the solver to efficiently and accurately predict the nonlinear path.

This multiscale approach is validated firstly by a fully meshed model simulated on ABAQUS.
A fiber reinforced composite plate subjected to the pure compressive load is carried out respecti-
vely by these two models. The results show that the fibers’ stress distributions simulated by these
two models are very close when fiber buckling occurs. The critical fiber buckling load is consistent
with the analytical solution by Rosen [217] and the numerical solution by Nezamabadi et al. [98].
It is worth to note that this critical stress is independent on the fiber buckling wavelengths for
the studied fiber volume fraction, but on the shear strength of the composite. Moreover, taking
advantage of the microscopic model, the DOFs in the RVE are reduced more than an order of
magnitude compared with that of a fine mesh RVE. After, an unstable composite beam subjected
to compressive load is studied by the proposed model. Here, the interaction of the microscopic
fiber and macroscopic structure is observed. Specifically, a first global macroscopic failure arises
from the unstable composite structure while a second local macroscopic failure originates from
the microscopic fiber buckling. These failures are coupled together and could be affected by the
microscopic fiber buckling conditions.

Although a reduced RVE model is developed to improve the overall computational efficiency
of the multiscale modeling approach, the computational cost is still high in this concurrent fra-
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(a) State A1

(b) State A2

(c) State B

(d) State C

(e) State D

Figure 3.13 – The compressive stress (MPa), along the fiber’s length direction, distributions in
RVEs corresponding to different states.
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Chapitre 3. Multiscale modeling for the instability of long fiber reinforced composites

mework, in which tremendous microscopic problems are solved online to update the macroscopic
stress and constitutive information. In the next chapter, inspired by data-driven computing, no-
vel approaches which decouple scales are proposed to improve the online computational efficiency
significantly.
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This chapter aims to develop novel efficient data-driven multiscale computing approaches,
named data-driven FE2 and Structural-Genome-Driven (SGD) computing for composite struc-
tures. In the data-driven FE2 method, the correlated scales in the classical FE2 method are here
split to be computed sequentially and separately : the microscopic problems are calculated in
advance to construct an offline material genome database, which is later used in the macro-
scopic data-driven analysis. In this new framework, the difficulties in formulating and solving
complicated multiscale system are avoided by dealing with single scale problems. Moreover, the
online computation of microscopic problems in classical FE2 method is replaced by searching
data points over the offline database resulting in a data-driven FE2 method. Thus, the online
computing efficiency of structural analysis is significantly improved. After that, SGD computing
is proposed for thin-walled composite structures, where the Structural-Genome database is col-
lected through the FE2. Compared to MGD analysis, proposed by Kirchdoerfer and Ortiz, 2016,
the new SGD method benefits from not only the model reduction, but also the ability to easily
deal with complex microscopic geometry and material properties. Several numerical tests are
considered to demonstrate the efficiency and robustness of the proposed method.
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The layout of this chapter is as follows. After recalling the basic principles of the classical FE2

method, Section 4.1 presents the proposed data-driven FE2 procedure. In Section 4.2, a matrix-
round inclusion composite plate and a fiber reinforced plate with a hole are considered to validate
the effectiveness and robustness of the proposed method. In Section 4.3.1, the procedure of SGD
computing is presented via taking an example of Euler-Bernoulli beam. Section 4.3.2 details
the process of extracting structural-genome database from numerical experiments, whilst the
formulations of the multi-scale finite element method is briefly recalled for composite structures
with complex heterogeneous materials. In Section 4.4, two cases are considered to validate the
effectiveness and robustness of the proposed SGD method. Some conclusions are provided in
Section 4.5.

4.1 Formulation of data-driven FE2

4.1.1 Classical FE2

The classical FE2 method which has been introduced in Section 2.1 is recalled. In this method,
composites are assumed to have infinite periodic microscopic configuration (RVE), as shown in
Fig. 4.1. The unknown constitutive relation of the composite is represented by an homogenized
stress-strain relation from the RVE. Specifically, the strain of a macroscopic point is used for
piloting the microscopic finite element analysis on the related RVE, while the effective tangent
matrix C̄t and stress of the macroscopic point are averaged over the RVE.

b

σ̄ =
1

|ω|

∫

ω

σdω

C̄t = ∂σ̄/∂ε̄

u+ − u− = ε̄ · (x+ − x−)

Ω

λ̄f̄

û
ω

x− x+

Figure 4.1 – Basic principle of the classical FE2 method.

The control equations in a linear case are given as follows :
— The macroscopic problem :

∫

Ω
σ̄ : δε̄dΩ = λ̄

∫

∂Ωσ

f̄ · δūdΓ (4.1a)

ε̄ =
1

2

(∇ū+ t∇ū) (4.1b)
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4.1. Formulation of data-driven FE2

— Scale coupling :

σ̄ =
1

|ω|

∫

ω
σdω (4.2a)

C̄t = ∂σ̄/∂ε̄. (4.2b)

— The microscopic problem :
∫

ω
σ : δεdω = 0 (4.3a)

dσ = C(r)
t : dε (4.3b)

u+ − u− = ε̄ · (x+− x−) on ∂ω. (4.3c)

Taking into account Eqs. (4.1) to (4.3), the problems in two scales are to be solved together
in one multiscale system. Considering the coupled macroscopic and microscopic nonlinearities,
iterating algorithms, such as Newton-Raphson method, are adopted in both two scales. To ensure
the convergence, fine meshes and small increments are sometimes required, which could result
in very expensive computational costs. Thus, to simplify this system, we are going to adopt a
data-driven computing scheme to split the problem into two separated scales as discussed in the
next subsection.

4.1.2 Data-driven computing and scale decoupling

To drive an elasticity simulation, normally, a constitutive relation, a balance equation and
some compatibility constraints are required. However, in data-driven computing, the material
behavior is not explicitly given as in Eq. (4.2b), but is characterized by a pair (ε̄′, σ̄′) of strain
and stress tensors in the material genome database. To search the most suitable strain-stress
pairs from the database, a global penalty function is constructed :

F̄ (ε̄, σ̄) = min
(ε̄′,σ̄′)∈D̄

1

2

∫

Ω

(
(ε̄− ε̄′) : C̄ : (ε̄− ε̄′) + (σ̄ − σ̄′) : C̄−1 : (σ̄ − σ̄′)

)
dΩ (4.4)

where D̄ is a phase space of material genome database, and C̄ a given tensor which is numerical
in nature and does not represent a material property.

The balance equation and the compatibility constraints in Eq. (4.1) are reformulated as :
∫

Ω
σ̄ : B̄dΩ − λ̄

∫

∂Ωσ

f̄dΓ = 0 (4.5a)

ε̄ = B̄ · ū (4.5b)

where the third-order tensor B̄ can be derived from Eq. (4.1b). With Eq. (4.5a) being enforced
by Lagrange multipliers η̄, the macroscopic problem is formulated as the minimization of the
following functional :

Π = F̄ (ε̄, σ̄) + η̄

(∫

Ω
σ̄ : B̄dΩ − λ̄

∫

∂Ωσ

f̄dΓ

)
(4.6)
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Using Eq. (4.5b) in Eq. (4.6), all the variations of Eq. (4.6) read :

δū :

∫

Ω
C̄ : (B̄ · ū− ε̄∗) : B̄dΩ = 0 (4.7a)

δσ̄ : σ̄ − σ̄∗ = C̄ : B̄ · η̄ (4.7b)

δη̄ :

∫

Ω
σ̄ : B̄dΩ − λ̄

∫

∂Ωσ

f̄dΓ = 0 (4.7c)

where (ε̄∗, σ̄∗) denote optimal data points when F̄ reaches its minimum value :
∫

Ω

(
(ε̄− ε̄∗) : C̄ : (ε̄− ε̄∗) + (σ̄ − σ̄∗) : C̄−1 : (σ̄ − σ̄∗)

)
dΩ

≤
∫

Ω

(
(ε̄− ε̄′) : C̄ : (ε̄− ε̄′) + (σ̄ − σ̄′) : C̄−1 : (σ̄ − σ̄′)

)
dΩ

(4.8)

By substituting Eq. (4.7b) into Eq. (4.7c), Eq. (4.7) yield the following linear system :
{∫

Ω B̄ : C̄ : B̄ · ūdΩ =
∫
Ω C̄ : ε̄∗ : B̄dΩ∫

Ω B̄ : C̄ : B̄ · η̄dΩ = λ̄
∫
∂Ωσ

f̄dΓ −
∫
Ω σ̄

∗ : B̄dΩ
(4.9)

Finally, the macroscopic problem turns into searching the optimal strain-stress pair (ε̄∗, σ̄∗)
, the closest possible satisfaction of compatibility and equilibrium, from the database D̄ over the
domain Ω. In data-driven computing, Eq. (4.9) are solved iteratively with trial strain-stress pairs
(ε̄∗(k), σ̄∗(k)) in the (k)th iteration until their solution remains constant, where (ε̄∗(k), σ̄∗(k)) are
the data points closest to the solution (ε̄(k−1), σ̄(k−1)) in the (k−1)th iteration, see Kirchdoerfer
and Ortiz [189], Yang et al. [199] for details. The first trial pairs to initiate the iteration could be
randomly chosen from the database. However, a random value, which may be too far from the
solution, could slow down the solution convergence. Thus, in the whole nonlinear loading process,
the stress-strain solution of the previous loading step is assigned to the current initial pair herein
to accelerate the computation. It should be noted that macroscopic problem in Eq. (4.9) is fully
compatible with the finite element method. Using the data-driven computing framework, the
macroscopic problem is to be solved with an offline material genome database without solving
microscopic problems simultaneously, see Fig. 4.2. As for the database, it can be constructed
by solving a series of offline microscopic problems independently. It should be noted that the
database can be constructed before an online macroscopic structural analysis, and it could be
used repeatedly for various different simulations.

A set of 

strains 𝜀′̅

Microscopic 
problem 
solution

Data driven computing
(𝜀̅ᇱ, 𝜎തᇱ)

Post-processing information
Post-processing

Microscopic Offline Computing Macroscopic Online Computing

Database

Figure 4.2 – The flowchart of the proposed data-driven FE2 method.

As shown in Fig. 4.2, to construct database D̄ , a set of strains ε̄′ is successively applied on
the microscopic boundaries. The microscopic system in Eq. (4.3) can be solved in a finite element
model on existing commercial platforms, such as ABAQUS, using homogenization theory. Then,
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4.2. Validation and application of data-driven FE2

the stress σ̄′ associated to each applied strain ε̄′ can be calculated according to Eq. (4.2a). For
the sake of simplicity, the examples in this chapter do not consider cases with path-dependent
behaviors. However, the proposed multiscale computing scheme could be further extended for
those problems according to Eggersmann et al. [200]. All useful microscopic post-processing
information, such as the displacement, stress and strain fields, can also be saved in the database,
which can be recalled when post-processing the results from the structural analysis.

4.2 Validation and application of data-driven FE2

In this section, a matrix-round inclusion composite plate with round inclusions under uniaxial
compression is considered to validate the proposed data-driven FE2 method. Plane stress analysis
is considered for all the examples in this chapter.

As shown in Fig. 4.3a, a composite square plate reinforced by round inclusions is subjected
to a compressive load over the top and bottom edges. The length and width of the plate are
L = H = 20 mm. Considering the symmetry of the geometrical configuration and the applied
load, only 1/4 of the plate is modeled, see Fig. 4.3b. The microscopic material is represented by
the RVE given in Fig. 4.3.

Point A

L = 20 mm

H = 20 mm

RVE
Matrix

Inclusion

𝒖ෝ

(a) (b)

Point A

𝒖ෝ

X

Y

(4.789, 5.212)

(0, 0)

Figure 4.3 – Configuration of the composite plate subjected to compressive displacement.

As far as the macroscopic model is concerned, 100 plane stress 8-node elements (CPS8R
in ABAQUS) with 4 integration points per element are used, see Fig. 4.4b. The size of the
dimensionless RVE is 1x1. The mesh of the RVE using the plane stress 3-node element (CPS3 in
ABAQUS) is shown in Fig. 4.4a. Note that the proposed meshes are fully refined to guarantee
convergent solution.

4.2.1 Convergence analysis

A convergence analysis on the database density is conducted at first. We assume the inclusion
and the matrix of composite plate have the same properties and are isotropic, with Young’s
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Chapitre 4. Data-driven multiscale modeling methods

(a) Microscopic

X

Y

Z

(b) Macroscopic

Figure 4.4 – Mesh of the RVE and the 1/4 composite plate.

modulus E = 10000 MPa and Poisson’s ratio ν = 0.3. Thus, the plate could be regarded as
isotropic and provide analytical reference solution. The effective Young’s modulus and Poisson’s
ratio are : Ē = E and ν̄ = ν. A pressure load whose intensity Py = 12 MPa is applied on the
top and bottom edges. According to analytical solution, the displacement of point A in Y -axial
direction is uAy = −Py/Ē · YA, where YA is the Y coordinate of point A. The material database
is constructed by the analytical material properties Ē and ν̄, where the macroscopic strain
ε̄′ = (ε̄′11, ε̄

′
22, ε̄

′
12) is within the range [0 ≤ ε̄′11 ≤ 7 ·10−4,−2.4 ·10−3 ≤ ε̄′22 ≤ 0,−10−5 ≤ ε̄′12 ≤ 0].

As suggested in Yang et al. [199], C̄ was assigned a proper value, whose elements should be relative
lower than those of analytical constitutive tensor, to ensure the convergence of the data matching
progress. Fig. 4.5 shows that the relative errors in the displacement of plate decreases along with
the increasing of the density of database, while the number of iterations is less than 4 times. To
be noticed, the iteration number depends on many factors, such as the initial data points, the
value of C̄, the database and the problem to be solved. For example, we need 2∼10 iterations
per step in the next example.

4.2.2 Inelastic composite plate

The real composite plate is considered herein after the convergence analysis, where the stiff
round inclusion and the soft matrix are both assumed elastoplastic. Compressive displacement
û = 0.1 mm is applied on the top and bottom edges of the plate.

Ramberg-Osgood constitutive relation (Ramberg and Osgood [221]) is used to describe the
nonlinear behavior of the materials :

Eε = (1 + ν)Sd − (1− 2ν)pI +
3

2
α

(
qd
σ0

)n−1

Sd (4.10)

where α is the yield offset, σ0 the yield stress, Sd = σ+ pI the stress deviator, p = −1
3σ : I the

equivalent hydrostatic stress, qd =
√

3
2Sd : Sd the Mises equivalent stress, and n the hardening

exponent for plasticity. Young’s modulus and Poisson’s ratios are denoted by E and ν. The
material parameters are given in Table 4.1, where the subscripts i and m denote the inclusion
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Figure 4.5 – The evolution of relative errors in displacements and iteration numbers along with
the increasing of data density.

and the matrix, respectively. To be noticed, this model is adopted in the total deformation
form, which does not consider path-dependent behaviors (loading/unloading) in the following
examples.

Table 4.1 – Material parameters of the inclusion and the matrix.

Ei (MPa) νi αi σ0i (MPa) ni
105 0.3 3 100 2

Em (MPa) νm αm σ0m (MPa) nm
104 0.3 3 10 2

As mentioned in Section 4.1, the microscopic problems are firstly solved by the finite element
method to construct the material genome database. According to the maximum load û applied
on the plate, the macroscopic strain ε̄′ = (ε̄′11, ε̄

′
22, ε̄

′
12) of each integration point is approximately

within the range [0 ≤ ε̄′11 ≤ 5 · 10−3,−10−2 ≤ ε̄′22 ≤ 0,−10−5 ≤ ε̄′12 ≤ 0] via a preliminary
analysis. Of course, this range could be extended. To collect material genome data, macroscopic
strains within this range are sequentially applied on the RVE, and then the macroscopic stress
σ̄′ related to each strain point is derived using Eq. (4.2a). Two databases with density of 503 and
1003 points are created, respectively. All the information during the loading process are saved in
the ABAQUS ".odb" files which can be recalled whenever post-processing is needed. Note that a
database only represent the information of constitutive relationship and does not dependent on
the macroscopic boundary conditions. Thus, it can be used for various loading cases. A classical
FE2 model with exactly the same properties and meshes as those of the data-driven model is
considered as reference solution.

Fig. 4.6a illustrates the nonlinear evolution of the reaction force and the displacement of the
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Chapitre 4. Data-driven multiscale modeling methods

top edge of the plate along the Y -axial direction simulated by the data-driven multiscale model
using two databases of different size and the classical multiscale model respectively. The three
curves show a good agreement. Results of the data-driven model with data density equal to
503 match those using a data density equal to 1003. Besides, the maximum difference between
data-driven and classical FE2 model is at worst 1%. In Fig. 4.6b, the stress-strain evolutions of
integration point A (see Fig. 4.3) modeled by two models also show very good agreement. Since
the macroscopic model does not consider geometrical nonlinearity and the data-driven solver is a
fixed-point scheme, the strong nonlinear response is due to the nonlinearity of stress-strain data
(the effective behavior of RVE). Although the data-driven multiscale model splits the multiscale
system into two scales, the interaction between these scales still remains without any loss of
accuracy.
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Figure 4.6 – (a) Force-displacement curves at the top edge of the composite plate ; (b) stress-
strain curves of point A.

In the post-processing, the microscopic information can be accessed in the database. Fig. 4.7
shows the plastic strain distribution over the RVE corresponding to point A. The left one is
retrieved from the ".odb" database by matching the calculated macroscopic strain-stress pairs
(ε̄∗, σ̄∗) and the offline pairs (ε̄′, σ̄′), while the right one is obtained during the online computing
of the classical FE2 model. The two figures present a matching plastic deformation distribution
over the RVE.

4.2.3 Computational cost

In the classical FE2 framework, the stress of each macroscopic integration point has to be
updated repeatedly by solving microscopic problems during the online structural analysis. Howe-
ver, in the data-driven FE2 framework, this updating is done by searching stress-strain pairs in
a genome database : the solution of complex mechanical problems is replaced by a fairly simple
computer operation. In this example, the meshes of two methods are exactly the same.

Table 4.2 presents the time cost of the data-driven method in both the online and offline
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(a) Data-driven FE2
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Figure 4.7 – The distribution of plastic strain along the Y -axial direction (PE22 in figures) in
the RVE associated to point A, when the macroscopic strain reaches 1% : (a) simulated by the
data-driven FE2 method ; (b) simulated by the classical FE2 method.

Table 4.2 – The computational time cost of the data-driven method using 50 steps and the
classical FE2 method using 50 steps, and the relative errors in displacements of the data-driven
FE2 method.

Classical
method

Proposed method
Density Online Offline Avg. Err. (%)

75453 (s) 503 2734 (s) 1981 (s) 0.067
1003 30975 (s) 17405 (s) 0.033

Table 4.3 – The total number of microscopic problems on all the integration points in the
classical computing for 50 steps, the number of iterations in the online data-driven computing
per step and the number of microscopic problems in the offline data-driven computing.

RVE problems in
classical method

Proposed method
Density Online Itrt. Offline RVE problems

32800
503 2 ∼ 10 times/step 125000
1003 2 ∼ 10 times/step 1000000
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stages. In the online computing stage, the data-driven FE2 method took 2734 seconds with 503

data points and 30975 seconds with 1003 data points, while the classical FE2 method took 75453
seconds. Note that the step length has been optimized and parallel computation has been consi-
dered to improve the computational efficiency of the classical method. Compared with classical
FE2 method, 58.9% of online computing time per step is saved by the data-driven FE2 method
with 1003 data points and 96.4% per step with 503 data points. There is no doubt that both
the online and the offline time cost increases rapidly along with the increasing of data density,
even could be more computationally expensive than the overall cost of classical FE2 method if
the size of data is huge. However, the averaged relative error in the force-displacement response
using 503 is already lower than 0.1% for this example. In this case the online computational cost
is significantly saved by the proposed method.

To show offline computational efforts more intuitively, Table 4.3 gives the number of microsco-
pic problems solved respectively by two methods. Although the number of microscopic problems
in the offline stage of the data-driven method is larger than the overall number of microscopic
problems in the classical method, in practice, the offline time cost for database could be less than
the overall cost in the classical method as it is shown in Table 4.2. One possible reason may be
that there is no data exchange between parallel offline computations (16 processors were used).
Besides, the numbers of online iterations of the proposed method in one step are no more than
10 times in this example as presented in Table 4.3.

Considering cases with more time consuming microscopic problems, such as fiber buckling
or cracks, the advantages of the data-driven FE2 method will be more obvious. Remark such
comparisons are never perfectly fair because they can be implementation-dependent, computer-
dependent, and even author-dependent. The searching algorithm in the implemented data-driven
model could be further improved by dichotomy and parallel computing. Comparing to the concur-
rent FE2 method, the proposed data-driven approach presents two merits : (1) The online com-
putational efficiency is significantly improved ; (2) A enriched database could be repeatedly used
for various simulations. However the offline computational cost of the proposed method could be
expansive and this point deserves further discussion.
4.2.4 Fiber reinforced plate

In this section, a fiber reinforced composite plate with stress concentration is studied by the
proposed method. The microscopic fiber buckling is observed in the stress concentration area of
the plate, which results in local stiffness reduction.

The studied square plate with a hole in the center is presented in Fig. 4.8a. The radius of the
hole is r = 3 mm, while the length and the width of the plate are 48 mm. A pressure load p = 2.6
MPa is applied on the right and left sides of the plate. The fibers are oriented along the load
direction to reinforce the plate. Due to the symmetry of the geometrical configuration, material
properties and applied load, only 1/4 of the plate is modeled, see Fig. 4.8b. For a classical hole
stress concentration problem considering isotropic properties, the stress along the load direction
around point B is the highest stress (3 times of the given load p according to classical analytical
and numerical solutions). For this composite plate, point B also presents the stress concentration
effect due to the hole. However, the accurate stress distribution of the plate is difficult to be
predicted via analytical solution or direct finite element methods.

The fiber is elastic and occupies 2% of the volume, while the matrix is plastic and described
by Ramberg-Osgood constitutive relation. The detailed material properties of the fiber and the
matrix are given in Table 4.4, where subscripts f and m represent the fiber and the matrix,
respectively.

The dimensionless RVE with size of 1x1 is meshed with plane stress 6-node element (CPS6
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Fiber

Matrix

d = 21 mm
r = 3 mm

P

Point B

Point B

P

(a) (b)

RVE

X

Y
(0, 0)

(0.388, 3.265)

Figure 4.8 – Configuration of the composite plate with an hole in the center.

Table 4.4 – Material parameters of the fiber and the matrix.

Ef (MPa) νf Em (MPa) νm αm σ0m (MPa) nm
105 0.3 102 0.3 3 10 2

in ABAQUS), while the plate is meshed with plane stress 3-node element (CPS3), as shown in
Fig. 4.9.

(a) Microscopic
X

Y

Z

(b) Macroscopic

Figure 4.9 – The meshes for the RVE and 1/4 composite plate.

Fig. 4.10 illustrates the distribution of stress component σ̄11 over the global plate and around
the local hole, when the fiber buckling at point B is triggered. The stress fields simulated respec-
tively by data-driven and classical FE2 models present good agreement. The stress component
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Chapitre 4. Data-driven multiscale modeling methods

σ̄11 at point B is -19.3 MPa, which is 7.4 times the applied load p. Due to the reinforcing fibers,
the stress concentration effect around the hole is more pronounced than that of an isotropic
plate.

Figure 4.10 – The distribution of stress component σ̄11 (MPa) over the local hole and the global
plate when the fiber buckling at point B is triggered : (a) data-driven FE2 method ; (b) classical
FE2 method.

The evolution of the stress-strain relation at point B is given in Fig. 4.11. As expected the
material nonlinearity is governed by the buckling of the fiber and the plasticity of the matrix.
The deformation and the strain over the RVE related to point B at state fiber buckling is given
in Fig. 4.12, where the microscopic fiber instability is observed.

Considering the separation between online and offline computations, the online computational
time for this problem can be considerably reduced. Furthermore, the complex multiscale system
is simplified by splitting it into two single scale problems. It should be noted that microscopic
fiber instability depends on the amplitude of the imperfections of the fiber (Nezamabadi et al.
[98]), the wavelength of the fiber (Yang et al. [145], Yu et al. [207]), and even the accuracy and
step length of the nonlinear solver (Huang et al. [130], Choe et al. [146]). Considering all these
parameters in a multiscale system will result in a much heavier simulation burden than that of
the round inclusion example. For example, the step length of the RVE is required to be very
small (about 1/10 of that of the round inclusion example) when the applied load is close to the
critical buckling load. It is also difficult to prescribe a wavelength of buckled fiber in a multiscale
system. However, in the single scale problem of the RVE, the buckling mode could be efficiently
obtained by a linearized buckling analysis. In summary, using the proposed method in multiscale
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Figure 4.11 – Evolution of stress-strain relation at point B until the fiber buckles.
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Figure 4.12 – Deformation and strain distribution over the RVE related to point B at state
fiber buckling.
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problems like this one will save online computational time and ensure high efficiency in solving
the system thanks to the scale separation.

4.3 Formulation of SGD computing

This section consists of two parts : the first one in Section 4.3.1 relates to the formulation of
SGD computing for an example of Euler-Bernoulli beam, whilst the second part in Section 4.3.2
concerns the construction of structural-genome database of thin-walled composite structures by
the FE2 method.

4.3.1 SGD method

The Principle of Virtual Work of the Euler-Bernoulli beam reads :
∫ L

0
[Nδε+Mδκ] dx =

∫ L

0
f(x)δvdx (4.11)

where N and M represent the normal force and bending moment, ε and κ are the corresponding
normal strain and curvature of the neutral-plane, f and v denote the external force and the
displacements fields respectively. The definitions of ε and κ are given by ε = u,x and κ = −w,xx,
where u and w are the axial and transverse displacements of the neutral-plane, the subscript x
preceded by comma represents the derivative of the function with respect to the axial coordinate.

In case that the constitutive relationship of the material is not available, one can not solve
Eq. (4.11) by the standard finite element process. Motivated by Material-Genome-Database
(MGD) (Kirchdoerfer and Ortiz [189]), the structural-genome (i.e., the normal force N and
normal strain ε, the bending moment M and curvature κ) is employed to drive the computing
instead of the material-genome (strain and stress). Based on MGD framework, here one constructs
a new penalty function containing two sets of global states, namely S = 〈N,M, ε, κ〉 and S′ =
〈N ′,M ′, ε′, κ′〉, in the following :

F (S) = min
S∈Z ,S′∈D

∫ L

0

1

2

[
(N −N ′)2

AC
+

(M −M ′)2

CI
+AC(ε− ε′)2 + CI(κ− κ′)2

]
dx (4.12)

where Z denotes a phase space containing the generic structural-genome, D a subset of the
phase space Z , A and I represent the area and the moment of inertia of the cross-section, C
is a given constant and not a material property. One should note that the global state S′ in a
collected structural-genome database D has satisfied the constitutive relation of the considered
materials. If the global state S satisfies the compatibility constraints and conservation laws, the
considered problems can be solved by minimizing the distance between the two sets of global
states.

Since the structural-genome data set S′ ∈ D is rendered as scattered data points, the integral
form of Eq. (4.12) is discretized with a finite element method :

F =

m∑

g=1

ωgFg(Sg) (4.13)

where m is the total number of Gauss points, ωg the integration weight, and the local penalty
function for each integration point can be expressed as :

Fg(Sg) = min
S∈Z ,S′∈D

1

2

[
(Ng −N ′g)2

AC
+

(Mg −M ′g)2

CI
+AC(εg − ε′g)2 + CI(κg − κ′g)2

]
(4.14)
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where the two sets of local states for each integration point are denoted by Sg = 〈Ng,Mg, εg, κg〉
and S′g = 〈N ′g,M ′g, ε′g, κ′g〉.

As mentioned above, the local state Sg should satisfy the conservation law in Eq. (4.11)
and the compatibility conditions, namely ε = u,x and κ = −w,xx. The Lagrange linear shape
functions and the Hermite cubic polynomials are used for interpolations of axial displacement
u and transverse displacement w of neutral-plane respectively, which could be easily found in
Bathe [222] and thus are not presented here for the sake of brevity. Then εg and κg can be
expressed by : 




εg =
n∑
i=1

B1
givi = B1v

κg =
n∑
i=1

B2
givi = B2v

(4.15)

where n represents the total number of DOFs and v consists of u,w,w,x of all nodes, the vectors
B1 and B2 are the global interpolation functions. Assuming that f in Eq. (4.11) is a vector of
applied nodal concentrated forces and considering the interpolations shown in Eq. (4.15), the
discrete form of Eq. (4.11) can be easily deduced as :

δvi




m∑

g=1

ωg
(
NgB

1
gi +MgB

2
gi

)
− fi


 = 0 (4.16)

The discrete form conservation law shown in Eq. (4.16) can be enforced by Lagrange multi-
pliers, whilst the compatibility conditions can be easily enforced by substitution of Eq. (4.15) in
Eq. (4.14). Then whole problem is equivalent to minimizing the following function :

Π =
m∑

g=1

ωgFg(Ng,Mg,
n∑

i=1

B1
givi,

n∑

i=1

B2
givi) +

n∑

i=1




m∑

g=1

ωg
(
NgB

1
gi +MgB

2
gi

)
− fi


 ηi (4.17)

The variations of Eq. (4.17) read

δvi :
n∑

j=1

m∑

g=1

ωg
(
ACB1

gjB
1
gi + CIB2

gjB
2
gi

)
vj =

m∑

g=1

ωg
(
ε∗gB

1
gi + κ∗gB

2
gi

)
(4.18)

δNg : Ng = N∗g −AC
n∑

i=1

B1
giηi (4.19)

δMg : Mg = M∗g − CI
n∑

i=1

B2
giηi (4.20)

δηi :

m∑

g=1

ωg
(
NgB

1
gi +MeB

2
gi

)
= fi (4.21)

where S∗g = 〈N∗g ,M∗g , ε∗g, κ∗g〉 ∈ D denotes the optimal structural data points for each cross-
section at these integration points such that

Fg(Sg,S
∗
g)≤Fg(Sg,S

′
g) (4.22)

Eliminating Ng and Mg in Eq. (4.21) by using Eqs. (4.19) and (4.20), then the linear system
shown in Eqs. (4.18) to (4.21) can be reduced as the following simple form :

{
Kv = b1

Kη = b2
(4.23)

89



Chapitre 4. Data-driven multiscale modeling methods

where the components of the matrix K and the vectors b1 and b2 write :

Kij =

m∑

g=1

ωg
(
ACB1

gjB
1
gi + CIB2

gjB
2
gi

)
(4.24)

b1i =

m∑

g=1

ωg
(
ACε∗gB

1
gi + CIκ∗gB

2
gi

)
(4.25)

b2i =

m∑

g=1

ωg
(
N∗gB

1
gi +M∗gB

2
gi

)
− fi (4.26)

Finally the whole problem remains to search iteratively the optimal structural-genome data
for each integration point from the database D that satisfying Eq. (4.23). The flowchart of the
proposed SGD method is sketched in Fig. 4.13 and detailed as follows :

Step 1 : The structural-genome data S∗g
(k) (k = 0) chosen randomly from the prepared

database D is assigned to each integration point of the beam structure.
Step 2 : Driven by the structural-genome data S∗g

(k), the vectors of displacements v(k) and
the Lagrange multipliers η(k) can be easily obtained by Eq. (4.23). Then the global structural-
genome of each integration point Sg

(k) = 〈N (k)
g ,M

(k)
g , ε

(k)
g , κ

(k)
g 〉 corresponding to v(k) and η(k)

can be computed by Eqs. (4.15), (4.19) and (4.20).
Step 3 : From the database D , find the best structural-genome data Sg

∗(k+1) that is closest to
the global structural-genomeSg

(k) computed in Step 2 such that Fg(Sg
(k),S∗g

(k+1))≤Fg(Sg
(k),S′g),

where S′g can be considered as any data point in the database D .
Step 4 : Stop the iteration in case of S∗g

(k+1) = S∗g
(k) for each integration point, otherwise

update the structural-genome data by considering S∗g
(k) ← S∗g

(k+1) and repeat Step 2 to Step
4 until it converges.

4.3.2 Structure-genome database prepared via FE2 technique

To conduct SGD computing for thin-walled composite structures, the key issue is to col-
lect structural-genome databases by either experiments or numerical simulations. Therefore, the
construction of these databases is explained herein via taking an example of the Euler-Bernoulli
beam. Specifically, two sets of numerical experiments are carried out for beam genomes : 1) a
tension experiment along the axial direction for the normal force N and related normal strain
ε of neutral-plane at x = L/2, see Fig. 4.14a ; 2) a three-point bending experiment for the
bending moment M and related curvature k of the neutral-plane at x = 3L/4, see Fig. 4.14b.
Through continuous loading in the two sets of numerical experiments, a sequence of sampling
structural-genome data points can be collected. The sampling location is chosen far away from
the boundaries to avoid the boundary effect.

With the classical FE2 method introduced in 4.1.1, the composite beam could be successfully
simulated, and its structural-genome database could be constructed via the numerical experi-
ments shown in Fig. 4.14. The methodology could be further extended to construct structural-
genome databases for other thin-walled composites.

4.4 Validation and application of SGD computing

In this section, two cases are considered to validate the effectiveness and robustness of the
proposed SGD method. The first one is a linear elastic beam under axial stretch and transverse
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Assign S∗
g
(0) ∈ D randomly

to each integral point

Compute (g ∈ [1, m]):

(1) v(k) and η(k) driven by S∗
g
(k)

(2) Sg
(k) = 〈Ng,Mg, εg, κg〉

Find S∗
g
(k+1) ∈ D , ∀g ∈ [1, m]

Fg(Sg
(k),S∗

g
(k+1))≤Fg(Sg

(k),S′
g)

If,

S∗
g
(k+1) = S∗

g
(k), ∀g ∈ [1, m]

Yes

Stop

No

S∗
g
(k) = S∗

g
(k+1)

k ← k + 1

Figure 4.13 – The flowchart of the proposed SGD computing.
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F
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Figure 4.14 – Numerical experiments for computing the structural-genome of thin beam struc-
tures.

load, in which one thing is discussed carefully, that is the influences of structure and data infor-
mations (i.e. the amount of structural-genome data, the constant C in the penalty function F ,
data noise) on the accuracy of solution and the number of iterations required for the convergence.
The second one is a thin composite beam under axial compression and transverse load, which
consists of two steps : the preparation of structural-genome database through the FE2 method
(see details in Section 4.3.2) and SGD computing. The latter numerical test aims to verify the
proposed method is able to analyze thin-walled composite structures with complex microscopic
geometry and variable material properties by an extremely efficient and simple manner.

4.4.1 Validation

Here we consider a linear elastic homogeneous cantilever beam subjected to a point load at its
free end, where the components of the concentrated force along x-axis and z-axis directions are
denoted by F1 = 100 N and F2 = 0.1 N respectively, see Fig. 4.15. The geometric and material
parameters of the thin elastic beam are as follows : the Young’s modulus E = 1000 MPa, the
length and thickness of the beam are L = 20 mm and h = 1 mm respectively.

z

x
F2

F1
L

h

Figure 4.15 – A linear elastic homogeneous cantilever beam subjected to a point load at its free
end.
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4.4. Validation and application of SGD computing

The numerical results via the proposed SGD method are compared with 1D finite element
(FE) solutions. Unless additional statement, the beam is meshed by using 40 two-node one-
dimensional elements and 3 Gauss points per element, which is confirmed to be sufficient for the
convergence, for both SGD computing and finite element computing throughout this subsection.
The structural-genome database is constructed by the analytical relations N = EAε and M =
−EIκ, with the ranges of normal force and bending moment given by N ∈ [−200, 200] (N) and
M ∈ [−4, 4] (N·mm) for all numerical tests in the current subsection.

The first numerical test is carried out to demonstrate the effectiveness of the proposed SGD
method. SGD computing is driven by 4002 data points with the constant C = 1000 in Eq. (4.12).
The deformed shapes of the considered cantilever beam via the proposed SGD method with 9
iterations and 1D FE method are shown in Fig. 4.16. The result illustrates a very good agreement.

0 5 10 15 20 25

x

0

0.5

1

1.5

2

2.5

3

3.5

z

1D FEM (Euler-Bernoulli)

Proposed SGD method

Figure 4.16 – Deformed shapes of the cantilever beam under tension and bending simulated by
two methods.

Then, the influences of the amount of data points on the accuracy and the number of iterations
of the proposed SGD method are studied. To this end, four numerical tests are considered with
the numbers of data points being 1002, 2002, 4002 and 8002 respectively and with the same
parameter C = 1000. To avoid the influence of the initial assignments of the structural-genome
data for each integration point on the accuracy, the same random seed is used in this numerical
test. The convergence of the residual of the penalty function F (see Eq. (4.13)) with various
numbers of data points and with the number of iterations is illustrated in Fig. 4.17. The residual
of F decreases rapidly with the number of data points, whilst the number of iterations required
for the convergence of SGD method increases slightly. With a larger amount of data points, such
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phenomenon could be anticipated.
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Figure 4.17 – Convergence of the penalty function F with the number of iterations and with
the number of structural-genome data points.

To investigate the influence of the parameter C in Eq. (4.12) on the accuracy and the required
number of iterations of the proposed SGD method, here we consider numerical tests with various
values of constant C in the range [10−10, 106] and with the number of data points being 2002. As
conducted previously, a fixed assignments of the initial structural-genome data is applied. The
convergence with the value of the constant C is presented in Fig. 4.18. The maximum relative
error of displacements decreases with the decrease of C until C = 10 and from then on it remains
constant. The similar behavior has been observed for the number of iterations required for the
convergence. Based on these results, one may obtain a reasonable accuracy, 1% for instance,
if C ≤ E. To ensure the convergence of the proposed method, a relatively small value of C is
recommended.

The preparation of structural-genome database by numerical or experimental tests may yield
data noise. To explore the influence of data noise on the accuracy of the proposed method, the
Gaussian random noises containing 200 data points for both of the relations (N, ε) and (M,κ) are
considered and presented in Fig. 4.19. Note that the structural-genome database with data noise
consists of two parts : the data noise illustrated in Fig. 4.19 and the exact data points constructed
by using the analytical relations N = EAε and M = −EIκ. As recommended previously, the
constant C is chosen to be 10 for the present test.

Note that the accuracy of SGD method relates to the initial assignments of the structural-
genome data points. Here the computing is conducted repeatedly for 100 times for each numerical
test and takes the average value of the relative errors. The convergence of the proposed SGD
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Figure 4.18 – Influence of the constant C in the penalty function F on the accuracy of solution
and the number of iterations required for the convergence, where the max(εu, εv) represents the
maximum relative error of displacements u and w.
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Figure 4.19 – Gaussian random noise in the structural-genome database.
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method with the number of data points is presented in Fig. 4.20. The accuracy of solutions driven
by the database with Gaussian random noise is compared with the one without data noise. The
results show that the accuracy is reduced by the intrusion of noisy data points. However one can
still obtain a reasonable accurate result by increasing the size of structural-genome database.
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Figure 4.20 – Convergence with the number of data points in cases of structural-genome data-
base with Gaussian random noise.

4.4.2 Thin composite beam

A thin composite beam made of a three-phase micro-structure is considered in this subsec-
tion, see Fig. 4.21. The left end of the beam is clamped, whilst the right end is subjected to a
concentrated force, the components of which along x-axis and z-axis directions are denoted by
F1 and F2 respectively. The beam length and width are L = 200 mm and h = 10 mm.

The three-phase RVE given in Fig. 4.21 consists of a stiff external frame and a soft fiber
embedded in a plastic matrix. The external frame and the fiber are made of elastic materials,
while the plastic matrix is modeled by Ramberg-Osgood relationship (Ramberg and Osgood
[221]) as the following

ε =
σ

E
+ α

σ

E

(
σ

σ0

)p−1

(4.27)

where α is the yield offset, σ0 the yield stress, and p the hardening exponent for plasticity. The
Young’s modulus and the Poisson’s ratios are denoted by E and ν. The material parameters of
the three-phase RVE are given in Table 4.5, where the subscripts f , m and e represent the fiber,
matrix and external frame respectively.
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b
P

b

Matrix

Fiber

Stiff Frame

RVE

z

x
F2

F1

Figure 4.21 – A composite cantilever beam subjected to a point load at its free end.

Table 4.5 – Material parameters for the external frame, the fiber and the matrix.

Ee (MPa) νe Ef (MPa) νf Em (MPa) νm α σ0 (MPa) p

105 0.3 1000 0.3 100 0.3 2 0.1 3

Figure 4.22 – Mesh of the RVE.
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Chapitre 4. Data-driven multiscale modeling methods

Numerical tests using the FE2 method are carried out to construct the structural-genome
database and to provide the reference solutions of the considered thin composite beam, see details
in Section 4.3.2. The macroscopic model of the thin beam is meshed with 4 elements along the z-
axis direction and 40 elements along the x-axis direction, based on 8-node quadrilateral elements
with 4 reduced integration points per element. The RVE is fully meshed with plane stress 3-node
element shown in Fig. 4.22. The mesh density mentioned above for both of the macroscopic
model and the RVE has been confirmed to be sufficient to ensure the convergence. Note that a
very small imperfection in the fiber is introduced to trigger the fiber buckling.

To construct the structural-genome database for this beam structure, two sets of numerical
experiments are carried out, as described in Section 4.3.2. The data pairs (N, ε) are collected from
the cross-section at x = L/2 in the tension experiments, whilst the pairs (M,κ) are collected from
the cross-section at x = 3L/4 in the three-point bending experiments. The database containing
400 data points for both pairs, namely (N, ε) and (M,κ), is presented respectively in Fig. 4.23.
The combinations of these data pairs yield the structural-genome data set (N,M, ε, κ), the
number of which is 4002.
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Figure 4.23 – Structural-genome database for the thin composite beam.

To monitor the instability of micro-structures, the deformation of the RVE at point P (see
Fig. 4.21) during the processes of uniaxial compression and three-point bending are presented
in Fig. 4.24 and Fig. 4.25. Although the constitutive relation at the macroscopic level of the
composite beam is approximately linear, the plastic deformation of the micro-structure occurs
and the fiber buckling is observed during the loading process.

The proposed SGD method with the yielded structural-genome database is used to compute
the case shown in Fig. 4.21. Two finite element discretizations, namely 20 and 40 two-node
1D elements respectively with 3 Gauss points per element, are considered for SGD computing
to reveal the influence of mesh density. The constant C is set to be 1 as suggested in the
previous subsection. The numerical solution via SGD method is compared with that obtained
by the FE2 method. To avoid the influence of the initial assignments of structural-genome data
points on the accuracy, the computing is conducted repeatedly for 100 times for each numerical
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Figure 4.24 – The plastic deformation and the fiber instability in the RVE of point P during
uniaxial compression.
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Figure 4.25 – The plastic deformation and the fiber instability in the RVE of point P during
three-point bending.

Table 4.6 – Relative errors of displacements ũ = u(3L/4, 0) and w̃ = w(3L/4, 0).

20 SGD elements 40 SGD elements

F1 (N) F2 (N) Avg. εũ (%) Avg. εw̃ (%) Avg. εũ (%) Avg. εw̃ (%)

−5244.04 7.03 0.76 0.84 0.78 0.59
−7876.12 10.58 0.07 0.59 0.06 0.59
−10512.90 14.16 0.36 0.80 0.36 0.85
−13151.90 17.76 0.47 1.03 0.48 1.03
−15790.90 21.44 0.47 1.63 0.47 1.57
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test and the average value of the relative errors is taken into account. The average relative
errors of displacements u and w of the neutral-plane at x = 3L/4 and the average number of
iterations required for the convergence within various loading cases are illustrated in Table 4.6.
The maximum error of displacements is less than 2%, and the number of iterations required for
the convergence is less than 11 for the considered cases. Therefore, the accuracy and efficiency
of SGD method is verified.

The results presented here exhibits the ability of the proposed SGD method for dealing with
thin-walled composite structures with complex microscopic geometry and material properties.
Once the structural-genome database is constructed, SGD method is able to solve various macro-
scopic loading cases efficiently without computing microscopic problems online simultaneously.
Besides, for composite structures with unclear microscopic geometry and material properties,
practical experiments could be employed to construct the required structural-genome database.
Moreover, compared to MGD proposed by Kirchdoerfer and Ortiz [189], SGD method benefits
from dimensional reduction of macroscopic model and the required database. For instance, to
solve the same thin composite beam, MGD method requires a two-dimensional mesh and three-
dimensional phase space of material database, that leads to a more expensive computational cost
than the proposed one-dimension SGD method.

4.5 Conclusion

In the first part of this chapter, a novel multiscale finite element method (data-driven FE2)
based on a data-driven computing scheme is proposed for the structural analysis of composite
structures. This method splits the multiscale system into two single scale problems, which can
be solved sequentially and separately. In detail, the macroscopic computation is conducted by
searching a stress-strain data point in a database constructed by solving microscopic problems in
advance. This method inherits the features of data-driven computing scheme and computational
homogenization. The results show that the proposed data-driven FE2 method ensures high accu-
racy and the whole information in comparison with the classical FE2 method. At the mean time,
the highly demanding microscopic computation for real-time macroscopic constitutive relations
in a classical FE2 computing is replaced by searching stress-strain points in the material genome
database. In this way, the online computing time is significantly saved because the latter is a
fairly simple matching process, which can still be optimized by introducing algorithms such as
dichotomy in the future. In comparison with the original multiscale problem, single scale pro-
blems are better addressed in literature and can be relatively more efficiently analyzed. As future
work, we can expect that some high performance finite element models such as beams (De Pietro
et al. [204], Hui et al. [205]), plates (Huang et al. [132]) and shells (Cong et al. [99]), can be
adopted in both the macroscopic and the microscopic scales.

Adopting structural elements in the macroscopic scale, a novel SGD computing paradigm is
proposed in the second part of this chapter for the analysis of thin-walled composite structures.
The basic idea of SGD method is to search the best local state from the structural-genome da-
tabase for the assignment of each integration point. The database is collected via FE2 method
which can conduct structural analysis for thin-walled composites with irregular microscopic he-
terogeneities. To evaluate the effectiveness of the proposed SGD method, a thin elastic beam
was considered first. According to the results, the following conclusions can be drawn. Firstly,
the numerical solution via SGD method matches well with the standard finite element solu-
tion. Secondly, the residual of penalty function and the maximum relative error of displacements
converge with the number of sampling points in the structural-genome database. Thirdly, a re-
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latively small value of the constant C in the penalty function is recommended to ensure the
convergence. Finally, the accuracy of SGD solution is reduced by the intrusion of noisy data,
but it remains acceptable. Thereafter, an example of composite beam with complex heteroge-
neities shows that the proposed SGD method is able to conduct numerical simulation precisely
for thin-walled composite structures along with complex microscopic mechanisms. In summary,
the proposed SGD scheme permits to efficiently conduct the numerical analysis of thin-walled
composites especially with complex microscopic heterogeneities where the constitutive equations
are quite difficult to be obtained. Apart from the beam modeling in this chapter, almost all
the plate and shell models in the literature could be further employed in SGD framework for
structural analysis of thin-walled composites. At the current data age, this combination of tra-
ditional structural analysis and data-driven technique has great potential in engineering design
and optimization of composite structures.
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5

Conclusion and perspectives

This thesis seeks to propose efficient numerical methods for the multiscale simulation of SMA
based composites and cellular materials. To this end, multiscale finite element method is adopted
to formulate the basic multiscale framework. Furthermore, typical problems such as instability
and computational efficiency are studied to optimize the basic multiscale framework. The main
contributions can be summarized as the following 3 points :

— Firstly, a multiscale numerical tool implemented on ABAQUS is developed for the modeling
of SMAs based composites and architected materials. Results show that this proposed
model could be applied for predicting the response of fiber reinforced composite taking
advantage of SMAs’ PE and SME. In addition to the SMA fiber reinforced composite, the
superelasticity behavior of an architected SMA structure is also studied with the multiscale
finite element model. The effect of changing the void fraction on cellular stiffness, maximum
martensitic volume fraction, hysteresis effect and the structural responses are discussed in
detail. Results show that the multiscale tool is necessary and successful for simulating the
nonlinear behavior of the architected SMA structure.

— Secondly, model reduction method (TSVFC), efficient nonlinear solver (ANM) are further
adopted to improve the computational efficiency in multiscale modeling for instability phe-
nomenon of composite structures. The multiscale model implemented with TSVFC and
ANM can accurately and efficiently simulate the instability phenomenon of long fiber rein-
forced composites, in which a first global macroscopic failure arises from the unstable com-
posite structure while a second local macroscopic failure originates from the microscopic
fiber buckling.

— Thirdly, the online computational efficiency of the macroscopic analysis is significantly im-
proved by decoupling scales in the data-driven computing framework. The results show
that the proposed data-driven FE2 method ensures high accuracy and the whole informa-
tion in comparison with the classical FE2 method. Furthermore, a novel SGD computing
paradigm is proposed for the analysis of thin-walled composite structures by introducing
generalized stress and strain with structural elements in the macroscopic scale. Results
show that the proposed SGD scheme permits to efficiently conduct the numerical analysis
of thin-walled composites especially with complex microscopic heterogeneities where the
constitutive equations are quite difficult to be obtained.

The present thesis leaves some topics that would be the possible research directions to address
in the future :

— The proposed numerical tool for SMA based materials and structures can be used for
designing other SMA composite structures thanks to the versatility and reliability of its
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computing platform ABAQUS. For a further application of the multiscale procedure with
ANM nonlinear solver, the instability of thin architected or composite SMA structures in
3D cases may be considered.

— In data-driven computing scheme, the data matching process can still be optimized by
introducing algorithms such as dichotomy in the future. In comparison with the original
multiscale problem in concurrent framework, single scale problems are better addressed in
literature and can be relatively more efficiently analyzed. As future work, we can expect
that some high performance finite element models such as beams De Pietro et al. [204], Hui
et al. [205], plates Huang et al. [132] and shells Cong et al. [99], can be adopted in both
the macroscopic and the microscopic scales to reduce the computational cost in both the
online and offline stages. For example, the SGD computing significantly alleviates the
burden of data dimensionality by adopting structural elements in the macroscopic scale.
At the current data age, this combination of traditional structural analysis and data-
driven technique has great potential in engineering design and optimization of composite
structures.

— To apply the data-driven procedures on SMA based materials and structures, existing data-
driven computing procedures still remain to be developed for path-dependent mechanisms.
Meanwhile, considering the complicated thermomechanical behavior of SMAs with lots of
parameters, the reduction of dimensionality of database will be another worthy investiga-
ting topic.
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Appendix A. Asymptotic numerical
method

The solution to many physics problems can be achieved through resolution of nonlinear
problems depending on real parameter Θ. The corresponding nonlinear system of equations can
be written as follow :

R (Θ;ϑ) = 0 (1)

Assuming that a solution of Eq. (1) at point j is known, the solution (Θ;ϑ)j+1 at point j + 1
is obtained from this latter following a perturbation technique. An approached solution path at
step j + 1 is represented by a n-order Taylor series expansion of Θ and ϑ :

Θ = Θj + aΘ1 + a2Θ2 + . . .+ anΘn = Θj + apΘp

ϑ = ϑj + aϑ1 + a2ϑ2 + . . .+ anϑn = ϑj + apϑp
(2)

where a ∈ R is a solution path parameter for the non-linear problem. According to Einstein’s
notation, p is a dummy index that implicitly stands for summation over the range [1, n]. By
replacing Eq. (2) within the non-linear problem, Eq. (1) reads :

R
(
Θj + apΘp;ϑ

j + apϑp
)

= 0 (3)

Its n-order Taylor series expansion about the point (Θ;ϑ)j is, then :

R
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)
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qϑq

]
+ . . . = 0

(4)

where R
(
Θj ;ϑj

)
= 0 since (Θ;ϑ)j belongs to the solution domain. Eq. (4) can be re-arranged

in the following manner :
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Appendix A. Asymptotic numerical method

R (Θ;ϑ) = a
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]
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(5)

where, for a give order p of a, Fp is a function of the unknowns Θk and ϑk up to the order
p− 1. Eq. (5) must be valid for a generic value of a, therefore, the following linear system of N
equations in N + 1 unknowns :

∂R

∂Θ

∣∣∣∣
j

Θp +
∂R

∂ϑ

∣∣∣∣
j

ϑp = Fp (Θ1,Θ2, . . . ,Θp−1;ϑ1, ϑ2, . . . , ϑp−1) (6)

is obtained from each term ap. Fp is known once the linear system derived form the orders lower
than the p-th one have been solved. The problem in Eq. (6) is not well posed and a complemen-
tary condition for each expansion term p should be provided. This complementary condition is
obtained from the definition of the path parameter a as a pseudo-arc-length by projecting the
solution increment (Θ;ϑ)j+1 =

(
Θ−Θj ;ϑ− ϑj

)
over the tangent direction (Θ1;ϑ1) :

a =
(
Θ−Θj

)T
Θ1 +

(
ϑ− ϑj

)
ϑ1 (7)

The following equations are, then, obtained by replacing Eq. (2) within Eq. (7) :

‖Θ1‖2 + ϑ2
1 = 1

ΘT
p Θ1 + ϑpϑ1 = 0 p ≥ 2

(8)

being ‖ · ‖ the Euclidean norm. As a concluding remark, it should be noted that at each step j,

the matrix
∂R

∂Θ

∣∣∣∣
j

is the same for each expansion term p which allows to save a relevant amount

of calculation time. Once the values Θp and ϑp have been all computed, the path solution at
step j + 1 is obtained by Eq. (2). Finally, the maximum value of path parameter a is adopted
with the same principle as in Cochelin [138], :

a =

(
ε
‖Θ1‖
‖Θp‖

) 1
p−1

, (9)

where ε is a precision parameter, which is determined by the user.
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Résumé

L’objectif principal de cette thèse est de développer des techniques de modélisation et de
simulation multi-échelles avancées et efficaces pour les matériaux architecturés et composites à
base d’Alliages à Mémoire de Forme (AMF). À cette fin, un modèle générique 3D multi-échelles
pour les AMF architecturés est implémenté dans ABAQUS, où un modèle thermodynamique,
proposé par Chemisky et al. [1], est adopté pour décrire le comportement constitutif local de
l’AMF, et la méthode des éléments finis multi-échelles (EF2) pour réaliser l’interaction en temps
réel entre le niveau microscopique et le niveau macroscopique. L’instabilité élastique des fibres au
niveau microscopique est également étudiée efficacement dans ce cadre en introduisant la Méthode
Asymptotique Numérique (MAN) et la Technique des Coefficients de Fourier à Variation Lente
(TCFVL). Pour améliorer l’efficacité du calcul de l’approche simultanée à plusieurs échelles,
dans laquelle d’énormes problèmes microscopiques sont résolus en ligne pour mettre à jour les
contraintes macroscopiques, des méthodes de calcul multi-échelles basées sur les données sont
proposées pour les structures composites. En découplant les échelles corrélées dans le cadre FE2,
les problèmes microscopiques sont résolus hors ligne, tandis que le coût du calcul macroscopique
en ligne est considérablement réduit. De plus, en formulant le schéma data-driven en contrainte
et déformation généralisées, le calcul par la technique Structural-Genome-Driven est développé
pour les structures composites à parois minces.

Mots-clés: Alliage à mémoire de forme, Matériau architecturé, Homogénéisation numérique,
Méthode des éléments finis multi-échelles, Méthode asymptotique numérique, Data-driven.

Abstract

The main aim of this thesis is to develop advanced and efficient multiscale modeling
and simulation techniques for Shape Memory Alloys (SMAs) composite and architected mate-
rials. Towards this end, a 3D generic multiscale model for architected SMAs is implemented in
ABAQUS, where a thermodynamic model, proposed by Chemisky et al. [1], is adopted to de-
scribe the local constitutive behavior of the SMA, and the multiscale finite element method (FE2)
to realize the real-time interaction between the microscopic and macroscopic levels. Microscopic
fiber instability is also efficiently investigated in this framework by introducing the Asymptotic
Numerical Method (ANM) and the Technique of Slowly Variable Fourier Coefficients (TSVFC).
To improve the computational efficiency of the concurrent mulitscale approach, in which tremen-
dous microscopic problems are solved online to update macroscopic stress, data-driven multiscale
computing methods are proposed for composite structures. Decoupling the correlated scales in
concurrent FE2 framework, microscopic problems are solved offline, while the online macroscopic
computational cost is significantly reduced. Further, by formulating the data-driven scheme in
generalized stress and strain, Structural-Genome-Driven computing is developed for thin-walled
composite structures.

Keywords: Shape memory alloy, Architected material, Numerical homogenization, Multiscale
finite element method, Asymptotic numerical method, Data-driven.
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