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Abstract

The mechanical properties of metallic materials strongly depend on the dis-
location behavior, such as the density, the distribution, the nucleation and the
mobility of dislocations as well as the interactions between dislocations and grain
boundaries (GB). The main objective of this thesis is to study the effects of elas-
tic and plastic anisotropies on the dislocation-GB interaction considering complex
properties of GBs, misorientation effects and free surfaces effects. To reach this
objective, an analytical approach based on the L-E-S formalism was investigated,
which provides the elastic fields of single straight dislocations and different dis-
location pile-ups at GBs in anisotropic homogeneous media, half-spaces, bi- and
tri-materials while possibly considering free surface effects. The tri-material con-
figuration allows considering a non-zero thickness in the nanometer range and a
specific stiffness tensor for the GB region. The configuration with two free surfaces
was used to study size effects. The effects of anisotropic elasticity, crystallographic
orientation, GB stiffness and free surfaces were studied in the case of a single dis-
location and dislocation pile-ups in a Ni bi-crystals with image forces and pile-ups
length analyses, respectively. In parallel, in-situ compression tests on micron-sized
Ni and α-Brass bi-crystals produced from FIB machining and observations cou-
pling SEM, AFM and EBSD were performed. The compression test was performed
with a low strain until slip lines were observed or yield stress was reached. Then,
step height spatial variations due to localized slip bands terminating at GB were
measured by AFM to determine the Burgers vector distribution in the dislocation
pile-up. This distribution was then simulated by dislocation pile-up configura-
tion in bi-crystals with the experimentally measured parameters by considering
the effect of misorientation, GB stiffness, free surfaces, incompatibility stresses
and critical force. In particular, the incompatibility stresses were analyzed us-
ing CPFEM simulations and the thickness of GB was simulated using atomistic
simulations with LAMMPS.

Keywords

Bi-crystal, Grain boundary, Free surface, Anisotropic elasticity, Image force, Dis-
location pile-up, Micromechanical testing
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Résumé

Les propriétés mécaniques des matériaux métalliques dépendent fortement du
comportement des dislocations, telles que la densité, la distribution, la nucléation
et la mobilité des dislocations ainsi que les interactions entre les dislocations et
les joints de grain (JDGs). L’objectif principal de cette thèse est d’étudier les ef-
fets des anisotropies élastiques et plastiques sur l’interaction de dislocations-JDG
en considérant les propriétés complexes des JDGs, les effets de désorientation et
les effets de surfaces libres. Pour atteindre cet objectif, une approche analytique
basée sur le formalisme L-E-S a été étudiée, qui fournit les champs élastiques des
dislocations droites simples et des différents empilements de dislocations aux JDGs
dans des milieux homogènes anisotropes, des demi-espaces, des bi- et tri-matériaux
tout en considérant éventuellement les effets de surface libre. La configuration tri-
matériaux permet d’envisager une épaisseur non nulle de l’ordre du nanomètre
et un tenseur de rigidité spécifique pour la région du JDG. La configuration à
deux surfaces libres a été utilisée pour étudier les effets de taille. Les effets de
l’élasticité anisotrope, de l’orientation cristallographique, de la rigidité du JDG et
des surfaces libres ont été étudiés dans le cas d’une seule dislocation et des empile-
ments de dislocations dans un bi-cristal de Ni avec l’analyse des forces images et
de la longueur d’empilements, respectivement. En parallèle, des essais in-situ de
compression sur des bi-cristaux de Ni et de α-laiton de taille micronique réalisés
par usinage au FIB et des observations couplant MEB, AFM et EBSD ont été
effectués. L’essai de compression a été réalisé avec une faible déformation jusqu’à
ce que les lignes de glissement soient observées ou que la limite d’élasticité soit
atteinte. Ensuite, les variations spatiales de la hauteur des marches dûs aux ban-
des de glissement localisées se terminant au JDG ont été mesurées par AFM pour
déterminer la distribution du vecteur de Burgers dans l’empilement de dislocations.
Cette distribution a ensuite été simulée par la configuration de l’empilement de
dislocations dans des bi-cristaux avec les paramètres mesurés expérimentalement
en considérant l’effet de la désorientation, de la rigidité du JDG, des surfaces
libres, des contraintes d’incompatibilités et de la force critique. En particulier,
les contraintes d’incompatibilités ont été analysées à l’aide de simulations CP-
MEF et l’épaisseur du JDG a été simulée à l’aide de simulations atomistique avec
LAMMPS.

Mot-clés

Bi-cristal, Joint de grains, Surface libre, Élasticité anisotrope, Force image, Em-
pilement de dislocations, Essais micromécaniques
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Zusammenfassung

Die mechanischen Eigenschaften von metallischen Materialien hängen stark
vom Versetzungsverhalten ab, wie z.B. der Dichte, der Verteilung, der Nukleation
und der Beweglichkeit von Versetzungen, sowie den Wechselwirkungen zwischen
Versetzungen und Korngrenzen (KG). Das Hauptziel dieser Arbeit ist die Unter-
suchung der Auswirkungen von elastischen und plastischen Anisotropien auf die
Versetzungs-KG Wechselwirkung unter Berücksichtigung der komplexen Eigen-
schaften von KG, sowie der Einflüsse der Misorientierung und der freien Oberflächen.
Um dieses Ziel zu erreichen, wurde ein auf dem L-E-S-Formalismus basierender
analytischer Ansatz verwendet, der die elastischen Felder einzelner gerader Ver-
setzungen und unterschiedlicher Versetzungskonfigurationen an KG in anisotropen
homogenen Medien, Halbräumen, Bi- und Tri-Materialien unter möglicher Berück-
sichtigung freier Oberflächeneffekte liefert. Die Tri-Material-Konfiguration erlaubt
die Berücksichtigung einer KG mit der Dicke ungleich Null im Nanometerbereich
und eines spezifischen Steifigkeitstensors für die KG. Die Konfiguration mit zwei
freien Oberflächen wurde zur Untersuchung von Größeneffekten verwendet. Die
Auswirkungen der anisotropen Elastizität, der kristallographischen Orientierung,
der KG-Steifigkeit und der freien Oberflächen wurden für den Fall einer einzel-
nen Versetzung sowie für einen Versetzungsaufstau in einem Ni-Bikristall mit
Bildkraft- bzw. Aufstaulängenanalysen untersucht. Parallel dazu wurden in-
situ Mikrodruckversuche an Ni und α-Messung Bikristallen, welche durch FIB-
Bearbeitung hergestellt wurden, kombiniert mit SEM, AFM und EBSD Unter-
suchungen durchgeführt. Die Druckversuche wurde mit einer geringen Dehnung
durchgeführt, bis Gleitlinien beobachtet wurden oder die Fließspannung erreicht
wurde. Dann wurden die räumlichen Variationen der Gleitstufenhöhe an den
lokalisierten Gleitbändern, welche an der KG endeten, mittels AFM gemessen und
die Verteilung der Burgers-Vektoren in dem Versetzungsaufstau bestimmt. Diese
Versetzungsverteilung wurde dann mit den experimentell gemessenen Parametern
simuliert, indem die Auswirkungen von Misorientierung, KG-Steifigkeit, freien
Oberflächen, Inkompatibilitätsspannungen und kritischer Kraft berücksichtigt wur-
den. Insbesondere wurden die Inkompatibilitätsspannungen mit Hilfe von CPFEM-
Simulationen analysiert und die Dicke der KG wurde mit atomistischen Simula-
tionen mittels LAMMPS bestimmt.

Schlüsselwörter

Bi-Kristall, Korngrenze, freie Oberfläche, anisotrope Elastizität, Bildkraft, Verset-
zungsaufstau, mikromechanische Prüfverfahren
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Notations

A bold lowercase letter like v denotes a vector and a bold uppercase letter like
W denotes a second-order tensor. In particular, C denotes the elastic stiffness
tensor, which is a fourth-order tensor with classic symmetries: Cijkl = Cjikl =
Cijlk = Cklij.

The incompatible part of a second-order tensor W is marked as W⊥.

The compatible part of a second-order tensor W is marked as W‖.

The unit second-order tensor is Iij = δij where δij = 1 if i = j and δij = 0 if i 6= j.

The unit fourth-order tensor is Iijkl = 1
2
(δikδjl + δilδkj).

The imaginary unit is i =
√
−1.

“·” represents the inner product between:

− two vectors w and v, w · v = wivi ,

− two second-order tensors W and V , W · V = WijVjl ,

− a second-order tensor W and a vector v, W · v = Wijvj .

“:” represents the double inner product between:

− two second-order tensors W and V , W : V = WijVij ,

− a fourth-order tensor C and a second-order tensor W , C : W = CijklWkl.

“⊗” represents the tensorial product such as w ⊗ v = wivj.

The component of third-order alternating Levi-Civita tensor is marked as ∈ilm
with ∈123=∈231=∈312= 1, ∈321=∈213=∈132= −1 and ∈ilm= 0 if two indices are
identical.

The “gradient” operator is marked as grad such as (grad v)ij = vi,j.

The “divergence” operator is marked as div such as (div W )i = Wij,j.

The “curl” operator is marked as curl such as (curl W )ij =∈jlm Wim,l.

The “cross product” is marked as × such as (w × v)i =∈ijk wjvk and (W ×
v)ij =∈jlk Wilvk
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The superscript T denotes the transpose of a matrix such as (W T)ij = Wji.

The Einstein convention over repeated indices is used when indices are under-
lined, such as: Aijfj(zj) = Ai1f1(z1) +Ai2f2(z2) +Ai3f3(z3) but fj(zj) 6= f1(z1) +

f2(z2) + f3(z3) and f = [f1(z1), f2(z2), f3(z3)]T is a vector function, while the fi
are arbitrary functions of their arguments.

The notation f(z) = f(z) is used for the conjugate of a complex function.

The jump of a mechanical field or a materials property g at an interface between
two crystals I and II towards to n = x2 and from I to II is marked as [] such as
[g] = gII(x2 → 0+)− gI(x2 → 0−)

The average of a mechanical field or a materials property g at an interface between
two crystals I and II towards to n = x2 is marked as 〈〈〉〉 such as 〈〈g〉〉 = 1

2
(gI(x2 →

0−) + gII(x2 → 0+))

The average of a mechanical field or a materials property g in a volume V is marked
as 〈〉V such as 〈g〉V = 1

V

∫
V

gdV

Besides, the following reduction convention is adopted for the writing of the
Hooke’s law in matrix notation as the Voigt notation [1] (11 → 1, 22 → 2, 33 →
3, 23 → 4, 13 → 5, 12 → 6) for the fourth-order tensor, like elastic stiffness or
elastic compliance.

σ11

σ22

σ33

σ23

σ13

σ12

 =


c11 c12 c13 c14 c15 c16

c12 c22 c23 c24 c25 c26

c13 c23 c33 c34 c35 c36

c14 c24 c34 c44 c45 c46

c15 c25 c35 c45 c55 c56

c16 c26 c36 c46 c56 c66




ε11

ε22

ε33

2ε23

2ε13

2ε12

 (1)


ε11

ε22

ε33

2ε23

2ε13

2ε12

 =


s11 s12 s13 s14 s15 s16

s12 s22 s23 s24 s25 s26

s13 s23 s33 s34 s35 s36

s14 s24 s34 s44 s45 s46

s15 s25 s35 s45 s55 s56

s16 s26 s36 s46 s56 s66




σ11

σ22

σ33

σ23

σ13

σ12

 (2)

where σij are the Cauchy stresses with σij = σji, εij the elastic strain defined by
εij = 1

2
(ui,j + uj,i) with ui the displacement, cij the 6 × 6 components of elastic

stiffness tensor and sij are the 6× 6 components of elastic compliance tensor.
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General introduction

The present PhD thesis is a cotutelle thesis which is part of a scientific collab-
oration between France and Germany. The work was carried out, on the French
side, within the APLI research team (Auto-organisation, Plasticité et Longueurs
Internes) in the Laboratory of Microstructure Studies and Mechanics of Mate-
rials (LEM3 for “Laboratoire d’Étude des Microstructures et de Mécanique des
Matériaux” in French) at University of Lorraine in Metz, and on the German
side, in the Department of Materials Science and Engineering (MWW for ”Exper-
imentelle Methodik der Werkstoffwissenschaften” in German) at Saarland Univer-
sity in Saarbrücken.

The plasticity of crystalline materials results primarily from the dislocation
motion and the multiplication of dislocations. Dislocations are line defects that
were introduced by Volterra [2] at the beginning of the 20th century. Both the-
oretical and experimental investigations show that the mechanical properties of
metals depend on the density, the distribution, the nucleation and the mobility
of dislocations. In particular, the mechanical properties of polycrystals depend
on the presence of grain boundaries (GBs), such as the elastic limit and strain
hardening. More specifically, these properties greatly are dependent on the in-
teraction mechanisms between dislocations and GBs (dislocation transmission or
absorption at GB, formation of a dislocation pile-up, etc). Indeed, GBs generally
present themselves as obstacles to dislocation motion.

In the case of grain size reduction, which means the increase of GB fraction
in the material, the material will be harder following the Hall-Petch’s law [3, 4].
Experimental observations of dislocation distributions in the neighborhood of GBs
have also made it possible to study these phenomena thanks to slip lines character-
ization, observation in Transmission Electron Microscopes (TEM) and Scanning
Electron Microscopes (SEM), Electron Back Scattered Diffraction (EBSD) mea-
surements in SEM and more recently thanks to Atomic Force Microscopy (AFM)
and Electron Chanelling Contrast Imaging (ECCI). The evolution of slip mecha-
nism and the interaction between individual dislocations and GB can be directly
observed through an in-situ mechanical test in TEM. It is also possible to obtain
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the position of each dislocation in the case of dislocation pile-ups, which can be
used to calculate elastic fields produced by these dislocations and thus the stress
concentrations at GB coming from a dislocation pile-up [5]. EBSD measurements
reveal the microstructure and micro-texture of the materials. It is able to measure
the local crystallographic orientations during deformation and therefore the evo-
lution of intra-granular lattice rotations and dislocation densities [6, 7]. Recently,
the AFM technique makes it possible to analyze the topography and surface rough-
ness of a material following the emergence of dislocations (slip step heights) during
mechanical loading [8]. Moreover, the coupling of ECCI and EBSD permits to
characterize single dislocations, dislocation densities and dislocation substructures
in deformed bulk materials [9].

Based on experimental observations and the analysis of experimental results,
multi-scale simulations have been developed these last decades in order to deeply
understand slip mechanisms and the interactions between dislocations and GBs,
and to predict mechanical properties of metallic materials. First of all, based
on continuum mechanics, Crystal Plasticity Finite Element Method (CPFEM) is
usually employed to describe the elastic-plastic deformation of anisotropic het-
erogeneous crystalline materials at the mesoscale [10]. Combined with various
constitutive laws for plastic flow and hardening at the slip system level, the evolu-
tion of crystallographic texture and material’s strength during mechanical loading
can be obtained. CPFEM is also a powerful method to investigate geometrical
and boundary influences on the mechanical properties of materials. Meanwhile,
considering the effect of strain gradient, size effects [11] can be predicted by Strain
Gradient CPFEM (SG-CPFEM), in which the hardening is assumed to result
from the accumulation of both statistically stored dislocations (SSDs) and geo-
metrically necessary dislocations (GNDs). Then, different from continuum theory,
Discrete Dislocation Dynamics simulation (DDD) is another powerful tool to in-
vestigate plastic deformation of crystalline materials based on dislocation motion
and Peach-Koehler driving force at the microscale. In DDD, the GB is usually
considered as an impenetrable obstacle for which a dislocation pile-up can be cre-
ated or as to be totally penetrable to dislocations. Furthermore, the dislocation
transmission across GB can be represented by the annihilation of incoming disloca-
tion and the activation of a Frank-Read source in the adjacent grain [12]. In some
special cases, the GB can be modeled by a dislocation wall [13]. In that case, the
dislocation-GB interaction can be regarded as the interaction between dislocations.
Finally, Molecular Dynamics (MD) simulations can give a more realistic observa-
tion for deformation mechanisms at the nanoscale. MD simulations can represent
the structure of dislocation cores and the complexion of GBs at atomic scale. It
focuses on the motion of each individual atoms. Thus, the different mechanisms of
dislocation-GB interactions can be directly observed using MD simulations [14].
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However, CPFEM can only consider continuum mechanics, which cannot be
used to investigate the discrete interaction between one single dislocation with GBs
in details. DDD can perform the motion of each individual dislocation, but the
complex properties of GB are missing in this method and elastic anisotropy cal-
culations remain tedious. MD can show the precise structure of dislocation cores
and GBs, thus it can perform the dislocation-GB interactions in details at atomic
scale. However, MD can be only used for simulations with small dimensions at the
nanoscale and within a small period of time due to intensive required computing
resources.

The objective of this thesis is to develop a new method suitable for investigating
the effects of elastic and plastic anisotropies on the dislocation-GB interactions con-
sidering complex properties of GBs, misorientation effects and free surfaces effects.
In order to reach this objective, both an experimental study based on compression
tests on bi-crystal micro-beams and a theoretical investigation of dislocations in
heterogeneous anisotropic media are performed in the present thesis. Among the
different possible mechanisms involving collective dislocation behavior, dislocation
pile-ups at GBs and slip transfer are essentially studied.

In experiments, the studied materials are Nickel (Ni) and α-Brass. The low
stacking fault energy of α-Brass can promote planar slip and thus facilitate the
observation of slip lines. Meanwhile, planar slip is also observed in Ni bi-crystals
during compression test even though it has a higher stacking fault energy. The in-
situ compression test is performed with a low strain in order to create a single slip
interacting with GBs. GBs are carefully chosen based on several critical conditions
to form a dislocation pile-up at GBs. Then, the dislocation distributions in the
pile-up and the dislocation transmission at GB can be determined from AFM
measurements of the slip step height on the external surface of the micro-beam.

Regarding the theoretical studies, beyond the specific details of different mecha-
nisms of dislocation-GB interaction, dislocations always interact with GBs through
their elastic fields. In heterogeneous media like bi-crystals containing grains with
different orientations, image stresses are indeed appended to the self dislocation
stress field (i.e. the one for an infinite homogeneous medium) in order to satisfy
the boundary conditions at interfaces. The image forces can either attract the
dislocation towards the GB or conversely repel the dislocation away. In case of
a dislocation pile-up, image forces can especially influence the positions of the
dislocations and the stress field caused in the adjacent crystal. Such forces can
be considered as configurational forces [15, 16]. Meanwhile, real GBs have finite
width and their specific elastic properties may then constitute an additional source
of image forces. Moreover, the presence of surfaces (finite sized specimen) can also
create strong image forces on dislocations. Thus, the elastic fields of single straight
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dislocations and different dislocation pile-ups in anisotropic homogeneous media,
half-spaces, bi- and tri-material [17], while possibly considering free surface ef-
fects [18], are performed. Furthermore, the equilibrium positions of dislocations
in a pile-up are determined through minimizing the Peach-Koehler (P-K) force
(produced by all other dislocations and heterogeneities) on each dislocation with
respect to a critical force.

As an application of the present theoretical studies, the slip step height profiles
of slip lines measured by AFM are simulated by the dislocation pile-up configu-
ration and the effects of anisotropic elasticity, incompatibility stresses, crystallo-
graphic misorientation, GB thickness and stiffness considered as interphase, free
surface, lattice friction and transmitted dislocations are discussed. In particu-
lar, the incompatibility stresses in bi-crystalline micro-beams considering com-
plex boundary conditions are analyzed with the Crystal Plasticity Finite Element
Method (CPFEM). Furthermore, the GB thickness used in the theoretical model
is determined from Molecular Statics (MS) / Molecular Dynamics (MD) in Ni bi-
crystals configuration by LAMMPS using an EAM potential for Ni.

The organization of the thesis manuscript is the following:

• In Chapter 1, a state of the art of crystal plasticity and GB in face-centered
cubic (FCC) metals is presented. The dislocation, slip mechanism, GB and
its interactions with dislocations are described. Furthermore, some experi-
mental methods used for the characterization of micro-mechanical tests are
briefly discussed. At the end, incompatibility stresses at GB and CPFEM,
DDD and MD modeling methods are also introduced.

• In Chapter 2, the experimental procedure of an in-situ micro-compression
test on Ni and α-Brass bi-crystals is presented. Slip lines height profiles
analyzed by SEM and AFM are presented.

• In Chapter 3, the theoretical elastic fields due to a single dislocation in
heterogeneous anisotropic media such as bi-material [19], tri-material [17]
and multilayered configurations [18] are presented. The theory is based
on two-dimensional anisotropic elasticity with L-E-S formalism (Leknitskii
[20] - Eshelby [21] - Stroh [22]), which allows to consider the effect of GB
with/without thickness, the GB stiffness, misorientation dependence and
free surface effects. Meanwhile, the equilibrium positions of discrete dislo-
cations in pile-ups and the stress concentrations produced by these pile-ups
are computed and discussed.

• In Chapter 4, some theoretical results obtained from the models developed
in Chapter 3 are first presented and discussed. Then, the simulations of the

17



experimental configurations are performed. The dislocation distributions in
the pile-up are computed and compared with experimental observations. The
influences of some parameters of the model are deeply discussed, such as the
role of anisotropic elasticity, applied stress, misorientation, GB stiffness, pres-
ence of free surfaces, and critical force. Furthermore, incompatibility stresses
from analytical expressions are verified by CPFEM calculations. The thick-
ness, as well as the dislocation structure of GBs with different misorientations
are also analyzed using MD simulations.

• Finally, a summary of the main results obtained during the thesis is presented
as a conclusion of the manuscript in the last Chapter, as well as a set of future
research directions that may be investigated.
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Chapter 1

State of the art

1.1 Dislocation and crystal plasticity

1.1.1 Introduction to dislocations

1.1.1.1 Dislocation definition

As proposed by Volterra [2] at the beginning of the 20th century, dislocations
have been studied for many years. From a geometric point of view, dislocations
belong to line defects, which can be regarded as the boundary line between the
slipped part and the unslipped part of the crystal, and its existence has a great
influence on the physical properties of the material, especially the mechanical
properties. There are mainly two types of dislocations: edge dislocation and screw
dislocation. If a crystal plane suddenly terminates at a certain line inside the
crystal, this irregular arrangement is called an edge dislocation as shown in Figure
1.1 (a). The atomic region near the edge dislocation will distort in the direction of
the dislocation line. The edge dislocation can be determined by two quantities: the
first one is the dislocation line t, that is, the line ending with the excess half-atomic
plane; the second one is the Burgers vector b, which describes the magnitude
and direction of displacement caused by dislocations. For edge dislocations, the
direction of the Burgers vector is perpendicular to the direction of the dislocation
line. Now imagine a regularly arranged crystal plane as a stack of paper with
a fixed lattice distance. If the paper is cut into two parts along the direction
perpendicular to the paper plane (but not completely cut), then one part is moved
up by half the fixed lattice distance and the other part is moved down by half the
fixed distance to form an arrangement similar to the corner of a stairway. The
atomic region near this corner will distort at the end of this “cut line” (where a
dislocation line perpendicular to the paper plane has been formed). This kind of
irregular arrangement is called a screw dislocation as shown in Figure 1.1 (b). For
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a screw dislocation, the Burgers vector b is parallel to the dislocation line direction
t.

Figure 1.1: (a) Edge dislocation and (b) Screw dislocation.

As described above, the Burgers vector of the edge dislocation is perpendicular
to the direction of the dislocation line, and it is parallel to the direction of the
dislocation line for the screw dislocation. However, the Burgers vector of disloca-
tions in actual materials can normally be neither parallel nor perpendicular to the
direction of the dislocation lines. These dislocations have both the characteristics
of edge and screw dislocations, and are called mixed dislocations (Figure 1.2 (a)).
So the Burgers vector of mixed dislocations is not perpendicular, nor parallel to
the dislocation line, but retains a fixed direction in space as shown in Figure 1.2
(b).
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Figure 1.2: (a) Mixed dislocation configuration and (b) The Burgers vector is not perpendic-
ular, nor parallel to the dislocation line, but retains a fixed direction in space.

1.1.1.2 Perfect and partial dislocations

In Face Centered Cubic (FCC) structures (Ni, Al, Cu, Au, Feγ, etc.), the

shortest translation vector defined by the Burgers vector is
1

2
〈110〉. The glide due

to the passage of this Burgers vector leaves, at long distance, a perfect crystal. In
this case, the dislocation is called a perfect dislocation. This type of dislocation
glides in the densest planes of the crystalline lattice, so in the family of (111)
planes. Perfect dislocations can be divided into two imperfect dislocations, also
called partial dislocations. Unlike perfect dislocations, partial dislocations form,
after their passage, an imperfect crystal containing a two-dimensional defect called
a stacking fault. The stack of atoms in the FCC structure can be modeled by rigid
spheres in a QRSQRS. . . sequence as shown schematically in Figure 1.3 (a). In
this structure, the compact stack of atoms lies in the plane (111). The Burgers

vector of perfect dislocations QQ, which is the vectors
1

2
〈110〉, thus occupy a

regular tetrahedron ABCD which is shown in Figure 1.3 (b). The four different
planes of the family (111) are parallel to each of the 4 faces of this tetrahedron
called Thompson’s tetrahedron.
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Figure 1.3: (a) (111) slip plane in FCC crystals. (b) Perfect and partial dislocations described
by the Thompson’s Tetrahedron [23].

The edges of the tetrahedron (AB, BC, ...) are parallel to the directions of
Burgers vectors of type 〈110〉 specific to perfect dislocations. The shear motion
of the two planes Q and R produces a displacement in the slip direction. It can
be seen that the motion of the R atoms is first through the passage to the S sites
along the valley between two Q atoms and then to the R site via the second valley
as shown in Figure 1.3 (a). Similarly, the Burgers vectors of partial dislocations
1

6
〈112〉 are defined by the lines, which link each vertex to the center of each face

(Aβ, Dγ, ...). This dislocation brings the atoms R in position S and transforms the
stack QRSQRS... to QRSQSQRS.... This passage through the planes S introduces
therefore a stacking fault in the crystal delimited by partial dislocations called
Shockley partials. For example, the dissociation of a perfect dislocation AB into
two partial dislocations in the plane (111) is defined by the reaction AB = Aδ +
δB in the plane ABC and AB = Aγ + γB in the plane ABD.

Inserting or removing a region of close packed (111) plane creates another
stacking fault, so called Frank partial dislocation as shown in Figure 1.4 (a). Frank

partial dislocation has a Burgers vector
1

3
〈111〉 which is normal to the (111) plane.

As the Burgers vector of a Frank partial dislocation is not contained in one of the
(111) glide plane, so it is a sessile dislocation which can only climb but cannot glide.
Depending on whether the partial (111) plane is added or removed, the stacking
fault is called extrinsic for adding partial plane, giving the stack QRSQRQSQRS...
which is presented in Figure 1.4 (a), or is called intrinsic for removing partial
plane, giving the stack QRSQSQRS... which is the same as the stacking fault due
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to Shockley partial dislocations and is presented in Figure 1.4 (b).

Figure 1.4: (a) Loop of positive Frank partial dislocation and (b) Loop of negative Frank
partial dislocation.

It should be noted that partial dislocations can be activated indifferently from
one to another in the case where the stacking fault energy is very low [24, 25]. In
this case, the collective movement of the same partials does not lead to any crys-
tallographic slip in the 〈112〉 directions but to the twin formation (see subsection
1.1.3).

1.1.1.3 Dislocation motion

The plastic deformation in crystalline materials is mostly caused by the move-
ment of dislocations. With enough force applied to the material structure, the
atoms at the dislocation line pass through the atomic plane, breaking and re-
forming bonds with atoms on this plane, to create a dislocation motion. There
are two types of dislocation motion: glide and climb. Under shear stress, atoms
near the dislocation line move on a plane containing their Burgers vector, called
dislocation glide. Its movement is similar to the worm crawling, which gradually
spreads and moves along the slip plane as shown in Figure 1.5. Both edge and
screw dislocations can glide.
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Figure 1.5: Glide motion of an edge dislocation on its slip plane under shear stress. The lattice
is deformed through (a) to (d). When the dislocation comes out of the surface of the crystal, a
step with the Burgers vector dimension is formed [26].

In addition to gliding along the slip plane, the edge dislocation can also climb
perpendicular to the slip plane, which is equivalent to the movement of the semi-
atomic plane perpendicular to the slip plane. This is an important property of
the edge dislocation. The screw dislocation cannot climb. Dislocation climbing
is a diffusion process. By means of the diffusion and movement of vacancies or
particles, the edge dislocations move up and down a certain atomic distance as
shown in Figure 1.6. This phenomenon is often encountered in the heat treatment
of materials.
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Figure 1.6: Climb motion of edge dislocation in positive and negative directions. When a point
defect, like vacancy reaches at the vicinity of a dislocation line, it changes the position with the
atom at dislocation and climb occurs. Dislocation climb means a part of the dislocation has left
its slip plane [26].

The driving force for dislocation motion can be calculated by Peach-Koehler
(P-K) force formula [27]:

f = σ · b× t (1.1)

where f is the subjected force per unit length of dislocation, σ the stress field
which includes internal stress fields. Internal stresses come from other defects, like
interaction force between dislocations. b is the Burgers vector and t is the parallel
vector to the dislocation line. The P-K force is always normal to the dislocation
line.

1.1.1.4 Elastic fields of single straight edge and screw dislocations

Dislocations cause misalignment of atoms in the crystal, which in turn causes
elastic distortion of the crystal lattice, so dislocations are sources of internal
stresses. For an infinite straight dislocation, the elastic fields can be regarded
to be constant along the dislocation line. Thus, it is a two dimensional problem.
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When the dislocation line is taken to be parallel to x3 as shown in Figure 1.7, all
the elastic fields are only functions of (x1, x2) [15].

Figure 1.7: Schematic figure of (a) a screw dislocation and (b) an edge dislocation in Cartesian
coordinate system.

in Figure 1.7 (a) an infinite straight screw dislocation is presented in a Cartesian
coordinate system. The Burgers vector is taken as b · t = +b which is called a
right-handed screw dislocation. In an elastic isotropic medium, the displacement
u increases uniformly with the discontinuity of the Burgers vector b ‖ x3 [28]:

u1 = 0
u2 = 0

u3 =
b

2π
tan−1

(
x2

x1

) (1.2)

The stress fields can be then determined from the gradients of displacements and
the Hooke’s law with the shear modulus G:

σ13 = −Gb
2π

x2

x2
1 + x2

2

σ23 =
Gb

2π

x1

x2
1 + x2

2

σ11 = σ22 = σ33 = σ12 = 0

(1.3)
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For an infinite straight edge dislocation, the Burgers vector is taken as b = bx1

as shown in Figure 1.7 (b). The corresponding displacement fields are [28]:
u1 =

b

2π
tan−1

(
x2

x1

)
+

b

2π (1− v)

x1x2

x2
1 + x2

2

u2 = − b

2π

1− 2v

4 (1− v)
ln (x2

1 + x2
2)− x2

1 − x2
2

4 (1− v) (x2
1 + x2

2)
u3 = 0

(1.4)

where v is the Poisson ratio. Meanwhile the stresses fields are given by:

σ11 = − Gb

2π (1− v)

x2 (3x2
1 + x2

2)

(x2
1 + x2

2)
2

σ22 =
Gb

2π (1− v)

x2 (x2
1 − x2

2)

(x2
1 + x2

2)
2

σ12 =
Gb

2π (1− v)

x1 (x2
1 − x2

2)

(x2
1 + x2

2)
2

σ33 = − Gbv

π (1− v)

x2

x2
1 + x2

2

= v (σ11 + σ22)

(1.5)

1.1.2 Slip mechanism

From the experimental point of view, plastic deformation was firstly charac-
terized by the observation of slip lines or slip bands at the surface of crystalline
specimens as presented in Figure 1.8 [29, 30, 31]. It was observed that plastic
deformation occurs by slip on special planes and in specific crystallographic direc-
tions. A slip system is defined by a slip plane and a slip direction. Slip lines or slip
bands can be observed by several different experimental techniques, such as SEM
(Scanning electron microscope), TEM (Transmission electron microscopy), EBSD
(Electron Back Scattered Diffraction) [32] or AFM (Atomic Force Microscopy)
[33, 34, 8, 35, 36]. As the slip line is the trace of a specific slip plane and the
surface, the active slip plane can be determined by identification if the orientation
of the crystal is known.
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Figure 1.8: An AFM image of slip lines at the surface of Ni3Al. The white arrows indicate
short slip traces [29].

The slip steps observed on the surface of these materials reflect the coopera-
tive movement of dislocations leading to highly localized deformation [30, 37, 38].
Dislocations can indeed multiply in a crystal during plastic deformation as ob-
served by AFM [33]. The collective role of dislocations is thus predominant in
determining the internal mechanical fields. The latter can be computed by using
a micro-mechanical approach as done in Perrin’s thesis [39, 8] where the slip line
distribution within grains was considered through a distribution of intra-granular
dislocation loops constrained at grain boundary.

1.1.2.1 Slip systems

In most crystalline materials, (a) the slip plane is the plane with the most
densely atom packed plane; (b) the slip direction is the direction with the most
closely atom packed direction; (c) between several possible slip systems in the
structure, the first active slip system is the one with the largest resolved shear
stress which should be larger than a critical resolved shear stress (CRSS). In FCC
materials, there are 12 slip systems for perfect dislocations: 4 planes of type (111)
with each 3 directions of type 〈110〉. These slip systems are listed in Table 1.1
using the Schmid and Boas notation [40]. The letter (A, B, C, D) designates
the slip plane and the number (1 to 6) the slip direction. The Burgers vector of
dislocations is parallel to the slip direction and the slip plane where dislocation
can glide necessarily contains both the Burgers vector and the dislocation line.
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System Plane Direction

A2
(
111
) 〈

011
〉

A3
(
111
)

〈101〉
A6

(
111
)

〈110〉
B2 (111)

〈
011
〉

B4 (111)
〈
101
〉

B5 (111)
〈
110
〉

C1
(
111
)

〈011〉
C3

(
111
)

〈101〉
C5

(
111
) 〈

110
〉

D1
(
111
)

〈011〉
D4

(
111
) 〈

101
〉

D6
(
111
)

〈110〉

Table 1.1: Schmid and Boas’s notations of slip systems in FCC crystals [40].

1.1.2.2 Frank-Read source

Among many different dislocation source models, such as Frank-Read source,
condensation of point defects, particles and inclusions, grain boundary sources,
surface sources and crack sources, etc. [41], the Frank-Read source is an im-
portant mechanism of dislocation multiplication and has been largely studied [42].
This mechanism involves the curvature of a dislocation wedged between two points
under the effect of its line tension, and the subsequent instability of the curved
dislocation which leads to the formation of a dislocation loop and the maintenance
of the original trapped dislocation (see Figure 1.9). This source was observed ex-
perimentally by Dash in a silicon sample with Copper (Cu) precipitates [43]. This
phenomenon has also been observed in other materials, particularly in Aluminum
(Al) (see Figure 1.10) [44].
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Figure 1.9: Principle of the Frank-Read source. (a) A dislocation line is anchored between two
points A and B. (b) The external applied stress allows to form a curvature at the dislocation
line to reach a critical position under the effect of its line tension. (c,d) After this configuration,
the lines below points A and B attract each other and (e) annihilate each other to form a closed
loop and (f) a new segment. The arrows represent the direction of loop movement.
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Figure 1.10: Experimental observation of a Frank-Read source having emitted a large number
of loops on Al surface [44].

1.1.2.3 Stacking fault energy

As discussed in subsection 1.1.1.2, a perfect dislocation can be separated into
several partial dislocations when certain conditions are met. However, the energy
before decomposition must be greater than the sum of the energy of each part after
decomposition, i.e. the process should be thermodynamically favorable. When a
perfect dislocation is decomposed on a certain crystal plane, a stacking fault is
formed. The perfect lattice structure between the dislocations of the various faces
on the crystal face is further broken, which causes the rise of systematic energy.
This energy is called stacking fault energy. Only when the metal stacking fault
energy is low, the decomposition of complete dislocations will appear.

In a crystal, when two or more different slip planes slide simultaneously or
alternately along a common slip direction, the slip is called cross-slip. Only screw
dislocations can be transferred from one slip plane to another one. The stacking
fault energy has a significant influence on the formation of dislocations and the
cross slip phenomenon. When the stacking fault energy is low, dislocations are
easily decomposed into partial dislocations and cross-slip cannot occur, thus planar
slip is promoted. However, when the stacking fault energy is high, cross-slip is
promoted and it will cause more homogeneous slip.
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1.1.2.4 Flow by dislocation motion

The plastic deformation of crystalline material can be regarded as the motion
of dislocations, and the strain rate γ̇ caused by dislocation motion can be described
by Orowan’s equation as follows [45]:

γ̇ = ρbv (1.6)

where b is the magnitude of the Burgers vector, ρ is the mobile dislocation den-
sity and v is the dislocation velocity. Based on experimental observations, the
dislocation density ρ mainly depends on applied stress, so the density of mobile
dislocations can be described by a mechanistic law:

ρ = α
(σ
b

)2

(1.7)

where α is a material constant. However, dislocation velocity v is a function of
temperature T and applied stress, which can be estimated by an Arrhenius law:

v = βexp

(
−∆G (σ)

kT

)
(1.8)

where β is a material constant, k is the Boltzmann constant which is equal to
1.381 × 10−23 J/K and ∆G (σ) is the Gibbs free energy of thermal activation for
dislocations overcoming obstacles. Furthermore, the activation energy can be de-
scribed by [46]:

∆G (σ) = ∆F

(
1−

(
σ

σb

)p)q
(1.9)

where ∆F is the activation energy needed to overcome energy barrier without help
of stress and σb is the stress needed to overcome barrier without help of thermal
vibration (thermal stress). Combining all the equations from Eqs. 1.6 to 1.9, the
expression of the flow law is:

γ̇ =
αβσ2

b
exp

(
−∆F

kT

(
1−

(
σ

σb

)p)q)
(1.10)

Thus the strain rate is a function of material properties, applied stress and temper-
ature. When considering the absolute zero temperature, there is no contribution of
thermal vibration, and with an applied stress σ = σb, we get the strain hardening
coefficient:

γ̇0 =
αβσ2

b
exp (−0) =

αβσ2

b
(1.11)

Inserting this coefficient into Eq. 1.10, we can get the final expression:
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γ̇ = γ̇0exp

(
−∆F

kT

(
1−

(
σ

σb

)p)q)
(1.12)

1.1.3 Deformation Twinning

Besides slip mechanism, plastic deformation may also occur due to mechanical
twinning. Twinning consists in a shear of the crystal lattice such that the twinned
structure has a mirror crystallographic orientation within the parent structure
with respect to the twin plane (Figure 1.11). Twinning is due to the cooperative
motion of partial dislocations. This is experimentally observed in recrystallized
FCC structures like Ni, with the presence of twin bands with parallel sides in the
grains as shown in Figure 1.12.

Figure 1.11: Schematic figure of twinning area in lattice: (a) original lattice form before
application of shear stress and (b) after twinning deformation [26].
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Figure 1.12: EBSD observation of twinning in Ni sample after heat treatment, in which the
black lines indicate twin boundaries.

Compared to slip mechanism, twinning deformation is directional and, in ad-
dition to accomodate strain, provides also a significant reorientation of the crystal
lattice. Hence, only a local positive resolved shear can normally activate a twin-
ning system. Twinning is promoted in materials where the number of easy slip
systems is limited like in HCP metals, or when the decompostion into partials
is facilitated due to a low stacking fault energy like in TWIP steels. The main
twinning system in FCC crystals is defined as: twin plane (111), twin direction〈
112
〉

and twin shear magnitude 1/
√

2.

1.2 Grain boundary and free surface

1.2.1 Definition of a grain boundary

The grain boundary (GB) is the interface between the grains having the same
structure and different orientations. Thus, for a single crystal as shown in Figure
1.13 (a), there is no GB. At GB the atomic arrangement is in a transitional state.
Due to the irregular arrangement of atoms, GBs have different characteristics
from the grains. The arrangement of atoms in GBs makes GB easily exposed to
corrosion (thermal erosion, chemical corrosion). Due to their loose structure, GBs
are channels through which atoms (ions) rapidly diffuse. Therefore, GBs are liable
to cause segregation of impurity atoms (ions). At the same time, the melting
point of GBs is lower than that of the grain. The atoms in GBs are disorderly
arranged, and there are many defects such as vacancies, dislocations, disclinations,
and bond deformations which cause lattice distortion. Therefore, the atoms in GBs
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tend to have higher energy than the atoms in the grains. The greater the difference
of orientation between grains, the more irregular is generally the arrangement of
atoms at GB. However, for some special high symmetric GBs, the atoms at GB are
still at their original positions as shown in Figure 1.13 (b), but the energy of these
atoms are still higher than the regular atoms. As a conclusion, the structure,
composition and amount of GBs have a major impact on various properties of
crystalline materials and various processes within them (such as recrystallization,
diffusion, deformation, etc.). In polycrystals, there are a large number of GBs
that cross each other as shown in Figure 1.13 (c). A GB is cut off by other GBs
to create a finite GB area. Furthermore, three or more GBs intersecting together
produce triple or multi junctions.

Figure 1.13: (a) SEM photograph of La2Li0.5Al0.5O4 single crystal [47], (b) TEM photograph
of a Σ11 (113) /

[
100
]

GB in Al bi-crystal configuration [48] and (c) 3D microstructure of the Cu-
0.17wt%Zr polycrystal obtained by 3D EBSD measurement, which shows GBs in a polycrystal
[49].

1.2.2 Definition and classification of grain boundaries

1.2.2.1 GB geometry and bi-crystallography

The classical GB is regarded as a plane interface defined by a normal vector
between two crystals of different orientations, while the atoms distortion close
to GB is disregarded. This GB is just an infinitely thin geometrical boundary
separating two grains without any specific properties.

A complete geometrical characterization of GB can be specified by 9 geometri-
cal degrees of freedom which include five macroscopic degrees of freedom and four
microscopic degrees of freedom [50, 51]. The macroscopic degrees of freedom in-
clude misorientation and interfacial plane which are required to define a bi-crystal
from given crystals:

• Three degrees of freedom are necessary to describe the misorientation be-
tween grains: one to define the rotation angle θ, two to define the rotation
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axis r = 〈uvw〉. The misorientation angle is the smallest rotation angle to
get from crystal to another.

• Two degrees of freedom are necessary to describe the inclination of the GB
plane defined by its unit normal n.

The microscopic degrees of freedom are needed to describe the atomic structure of
GB which are determined by relaxation processes:

• Three degrees of freedom are necessary to describe the translation of one
crystal to another one. The rigid body translation vector τ includes two
translations in the GB plane and one for expansion perpendicular to the GB
plane.

• One degree of freedom is necessary to describe the position d of the GB plane
along its normal. The value of d should be less than 1.

Depending on the misorientation angle θ, GBs can be separated into low angle
GBs (LAGB) with θ < 10◦ and high angle GBs (HAGB) with θ > 15◦.

1.2.2.2 Coincidence Site Lattice

For certain angles around the axis of rotation, there is a three-dimensional
periodic network of nodes which are common to both networks: this network is
called coincidence site lattice (CSL) [52]. It is therefore the smallest network
included in the networks of the two crystals. The CSL is characterized by an
integer named the coincidence index Σ as the ratio between the volume of the
primitive mesh of the coincidence network and that of the primitive mesh of the
single crystal:

Σ =
Coincidence unit cell volume

Crystal primitive unit cell volume
(1.13)

The CSL index is a purely geometric construction based on the geometry of the
network and on the rotation of a network B with respect to a network A which
brings about the coincidence of a point of B with a point of A as shown in Figure
1.14. Therefore, the precise atomic positions in the GB (due to internal relax-
ations) are not taken into account by this CSL approach. The geometry is such
that the turned point (in network B) and the superimposed point in network A
are connected by a mirror plane in the non-turned state.
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Figure 1.14: Schematic figure of CSL Σ = 5 with the rotation angle θ = 36.9◦ across rotation
axis [100] in simple cubic structure (SC).

1.2.2.3 Twist and tilt grain boundaries

The GB can be firstly categorized by the relationship between the rotation axis
r to get from grain to another and the GB normal vector n. If the rotation axis is
parallel to GB normal (r ‖ n), the GB is called a twist GB as shown in Figure 1.15
(a). In contrast, if the rotation axis is perpendicular to the GB normal (r ⊥ n),
the type GB is called a tilt GB as shown in Figure 1.15 (b). A real GB is generally
neither pure twist nor pure tilt, but combines the two types together. This last
case is called a fixed GB as shown in Figure 1.15 (c).
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Figure 1.15: Schematic figure of (a) a pure twist GB, (b) a pure tilt GB and (c) a fixed GB.

The structure of a pure twist (with respect to tilt) GB can be regarded as the
composition of screw (with respect to edge) dislocations which intersect each other.
For a pure tilt GB, when both grains can be deduced from a same rotation angle
around the rotation axis, then it is called symmetrical tilt GB (STGB). STGB is a
mirror for the microstructure of the two adjacent grains. For a small rotation angle
θ, the STGB can be regarded as a wall of parallel edge dislocations, which will
be discussed in subsection 1.2.2.6. However, if the STGB rotates another angle ϕ
across the rotation axis, it is still a pure tilt GB with the same misorientation angle
θ, but in that case the GB is asymmetric with respect to the two adjacent grains
and is called an asymmetric tilt GB (ATGB). ATGB’s structure can be regarded
as being formed by staggered arrangement of two sets of edge dislocations with
Burgers vectors perpendicular to each other.

1.2.2.4 Coherent and incoherent grain boundaries

Considering the atom matching at GB, GBs can also be classified into another
three types: coherent GB, semicoherent GB and incoherent GB [51]. It should
be pointed out that this classification is generally used for interphase boundaries,
which are boundaries between two different phases. Two different phases may have
different compositions, crystal structure and/or lattice parameter.

• Definition of coherent GB: Both crystals match perfectly at the interface
plane as shown in Figure 1.16 (a). The interfacial plane has the same atomic
configuration in both crystals like twin boundaries as shown in Figure 1.17.
The energy of a perfectly coherent interface is very low: on the order of a few
mJ ·m−2. Small lattice mismatch at GB can be accommodated by elastic
strain and coherent interface can be maintained as shown in Figure 1.16 (b).
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Figure 1.16: Schematic figure of a coherent GB (a) perfectly matching and (b) with small
elastic strain [51].

Figure 1.17: Schematic figure of a coherent twin boundary.

• Definition of semicoherent GB: Here, lattice mismatch is accommodated by
a periodic array of misfit dislocations as shown in Figure 1.18. When the
elastic coherency strain at GB becomes too large, a semicoherent GB is
formed to reduce elastic energy. Uniform elastic strains are then replaced
by localized strains due to such array of dislocations which do not create
long-range strain fields.
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Figure 1.18: Schematic figure of a semicoherent GB.

• Definition of incoherent GB: Here, the atomic structure at GB is disordered
as shown in Figure 1.19. An incoherent GB generally comes from a random
misorientation relationship between the two grains. It can also come from
a twin boundary if the GB has an inclination from the twinning plane as
shown in Figure 1.20.

Figure 1.19: Schematic figure of an incoherent GB.
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Figure 1.20: Schematic of an incoherent twin boundary.

1.2.2.5 Continuum based GB dislocation model

A GB can be described as a GB dislocation characterized by a Burgers vector
density through the continuous Frank-Bilby (FB) approach [51]. This Burgers
vector density bp which is necessary to realize the compatibility at GB between
two crystals I and II can be calculated by the Frank-Bilby equation [53, 54]:

bp =
(
S−1

I − S
−1
II

)
· p (1.14)

where p is a periodic vector in GB plane, SI and SII are the transform matrices
that generate the lattice of crystal I and crystal II from a reference lattices as
shown in Figure 1.21. bp is the Burgers vector content of all the dislocations that
are crossed by the vector p. The FB equation can be also used for HAGB even
though discrete dislocation model cannot be defined anymore due to dislocation
overlap.

Figure 1.21: Continuum dislocation model of GB. Lattices of crystals I and II are generated
from a reference system (x0, y0, z0) by the transformations SI and SII, respectively. The vector
bp is the Burgers vector density necessary to realise the compatibility at the GB and the vector
p is a periodic vector in GB plane [51].
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In the case where the two crystalline lattices are connected by an axis / angle of
disorientation and taking their median lattice as the reference lattice, this general
equation is reduced to the Frank equation which is used for used for symmetrical
LAGB (Eq. 1.15):

1.2.2.6 Discrete intrinsic dislocations model: Read-Schockley equation

A STGB can be described by a periodic network of edge dislocations charac-
terized by a spacing, so-called Frank equation:

d = b/θ (1.15)

where b is the amplitude of the Burgers vector and θ is the misorientation angle
as shown in Figure 1.22. These dislocations are called intrinsic because they form
a GB.

Figure 1.22: Schematic figure of a STGB formed by a dislocation arrangement [55].

The energy of a LAGB can be obtained in the case of linear elasticity from the
Read-Schockley equation [55]:

E = E0θ (A− ln θ) (1.16)

where E0 depends on the elastic stiffness of the studied material and A depends
on the dislocation core radius and the Burgers vector magnitude. For low misori-
entation (θ < 15◦), this relationship shows that the GB energy increases as the
misorientation angle increases which is presented in Figure 1.23 (dotted line). The
formula 1.16 is actually valid in the case where the GB dislocations are arranged
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in a periodic manner. Otherwise the variation of the energy as a function of the
angle is very disordered and can contain many minima as shown in Figure 1.23
(solid line).

Figure 1.23: Evolution of the intergranular energy as a function of the disorientation angle
θ, deduced from the classical formula of Read and Shockley (Eq 1.16) (bridged line) and in the
general case taking into account the distribution of non-periodic dislocations (solid line) showing
the presence of level minima [55].

1.2.2.7 Structural Unit Model

The longer the periodic period on GB, the worse the atomic matching on both
sides of the interface, and the higher the GB energy. Thus, GBs of any long-
period structure tend to decompose into short-period structures with a certain
strain. Short periods can be described by the structural unit model (SUM). It is
the extension of the Read-Shockley model to LAGB with secondary dislocations
[56]. For a certain range of disorientation θ, the GB decomposes (over a period
of the GB) alternately into two possible “structural units” called major units A
(favored) and minor ones B (unfavored), such as θA < θ < θB. The geometry of
the GB is obtained by molecular statics (MS) using energy minimization where
the core radius of interfacial dislocations is unknown. For example, three typical
structural units in BCC bi-crystals are shown in Figure 1.24.
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Figure 1.24: GB structure represented by G, D and B units in BCC bi-crystals. These struc-
tures are generated by STGB with corresponding misorientation angles across 〈100〉 axis. [57]

The GB energy can be calculated through SUM by:

γ = γel + γC (1.17)

where γel is the elastic energy (Read-Schockley) and γC is the core energy due
to the interactions between units. For example, in the case of a GB composed
by a major unit A with number m and a minor unit B with number n (m > n),
there are two types of interactions: A-A and A-B-A. Then the core energy can be
calculated by:

γC =
(m− n) dAγ

A
C + ndABγ

AB
C

(m− n) dA + ndAB

(1.18)

where dA, dAB are the radius of the cores and γA
C , γAB

C are the core energies for units
A and A-B, respectively. The radius of the cores are found by atomistic simulation.
The energy of GBs can then be computed for different misorientations.

1.2.2.8 GB as an interphase model in monocrystalline materials

As discussed in subsection 1.2.2.4, except for perfectly coherent GB, the atomic
arrangement in the vicinity of a GB is normally distorted due to crystalline lattice
misorientation. This phenomenon is more evident when the grain size is reduced to
nanoscale, such as in nanocrystalline materials. In that case, the volume fraction
of GBs becomes non-negligible and the material can be divided into two parts:
grain cores and GBs. GBs may have a different mechanical property from grain
core and can be described as an interphase. The influence of the GBs on the overall
mechanical property of the bulk material will increase when the grain size decreases
[58, 59]. The GBs are usually treated as an isotropic amorphous interphase [60,
61, 62, 63]. Furthermore, the GB area can also be divided into two parts: GB
and triple junctions as shown in Figure 1.25 [60, 64, 65]. These authors used
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some mixture-based models to compute the overall behavior of monocrystalline
materials considering grain size and GB effect in order to predict the inverse Hall-
Petch relationship.

Figure 1.25: Two-dimensional model of a nanocrystalline solid with a separated area of GBs
as interphase [65].

Molecular dynamics (MD) is a powerful method to investigate nanocrystals
at atomic scale which will be more discussed in section 1.5.6. As the atomic
arrangement is distorted within GBs, it is helpful to use MD simulations to analyze
the structure and the property of GBs. The effective elastic modulus and strength
of a bulk nanocrystal have been investigated by considering the grain size effect,
the temperature effect and the volume fraction of interphase (GB volume fraction)
[66, 67, 58, 68, 69, 70, 71]. A two-dimensional atomic crystalline structure of Cu
nanocrystals is shown in Figure 1.26 [67]. Two different grain sizes d = 3 nm
in Figure 1.26 (a) and d = 7 nm in Figure 1.26 (b) are compared. It is evident
that the smaller grain size, the larger the thickness of GBs. Figure 1.26 (c) shows
that as grain size decreases, the volume fraction of grain core decreases too. That
means that the volume fraction of interphase increases. Considering temperature
effects, it was evidenced that when temperature is increasing, the volume fraction
of interphase is larger with the same grain size as shown in the Figure 1.26 (c).
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Figure 1.26: (a) and (b) show the atomic structure in Cu nanocrystalline material. (c) shows
the fraction of atoms in grain core as a function of grain size [67].

A three-dimensional atomic crystalline structure of Cu nanocrystals is shown
in Figure 1.27 [67]. The interphase structure is evidently different between grains
with different misorientations.
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Figure 1.27: The initial configuration of a Cu nanocrystalline system at 300K with approxi-
mately 100 000 atoms arranged in 16 grains, giving an average grain diameter of 5.2 nm. White
atoms are in a perfect FCC environment and atoms in GBs are colored as dark grey [69].

Furthermore, Kowalczyk-Gajewska et al. [72] have fully considered the anisotropy
of a single crystal to estimate the effective elastic properties of nanocrystalline Cu.
A series of molecular statics simulations were performed to find the all 21 compo-
nents of the anisotropic stiffness tensor of polycrystals. It should be pointed out
that all of the above researches studied overall properties of a bulk nanocrystal by
considering interphase effect.

1.2.3 Free surface effects

In addition to GBs, free surfaces also have obvious effects on te mechanical
properties of metallic materials. A free surface is traction free [73]. A free surface
exerts an attractive force on a dislocation [73]. This force is called an image force
[28] and will be deeply discussed in subsection 1.3.3. As it is always attractive,
dislocations may exit the crystal and make a step on the surface. Such visible
surface steps are called slip traces. For nanocrystalline materials, the dislocation
density is quite low. These dislocations will be pulled out of grain by attrac-
tive force coming from free surface and the crystal is defect-free. In that case the
strength of material will increase, which is called dislocation starvation mechanism
[74, 75]. As this attractive force on dislocation is distance (between dislocation
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and free surface) dependent, the free surface effect could be one of the explana-
tion for size effect, which will be discussed in section 4.2.4. In addition to induce
dislocation starvation, free surfaces can also act as dislocation sources during me-
chanical deformation. This phenomenon was studied by atomistic simulations in
an Al specimen, which showed that dislocation nucleation occurs at surface steps
[76]. This mechanism could be also studied by discrete dislocation dynamics sim-
ulations. For instance, the size-dependent plasticity of FCC micro-pillars under
torsion was investigated by three dimensional discrete dislocation dynamics sim-
ulations that considered the mechanism of dislocation nucleation at free surfaces
[77].

1.3 Interaction between dislocation and grain bound-

ary

1.3.1 Experimental observations

With the development of microscopy techniques and micro-/nanomechanical
testing methods, the dislocation-GB interactions have been largely experimentally
studied using SEM, TEM, ECCI, EBSD, focused ion beam (FIB), nanoindenta-
tion, etc. During in-situ micro-/nanomechanical tests, the interaction between
dislocations and a GB can be observed in time at atomic scale. Dehm et al. [78]
have reported a comprehensive review on micro-/nanomechanical testing at small
scale, especially for the GB effect in plasticity, such that the interaction between
dislocations and GBs. Here only some significant results are presented.

Based on many experimental results, there are mainly four mechanisms of
dislocation-GB interactions which have been studied:

• Dislocation transmission across GB [79].

• GB as a dislocation source for lattice dislocation [80]

• Formation of a dislocation pile-up [5]

• Dislocation absorption at GB [81].

From the mechanical tests on micro-size or nano-size samples, a size effect was
observed due to dislocation source distribution [82]. The yield stress is increased
with size decreasing at micro scale. Besides the increase of yield stress, the stress-
strain curve of single crystals is also characterized by a jerky flow and scatter in
the stress-strain measurement due to dislocation intermittent and critical behavior
as shown by black curves in Figure 1.28. Similar size effect can be observed on
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stress-strain measurement in bi-crystals. Figure 1.28 illustrates these size effects
following the different mechanisms of dislocation-GB interaction. For a bi-crystal
system with some special misorientation, a direct slip transfer without the storage
a residual Burgers vector in GB is possible as shown in Figure 1.28 (a). However,
this requires that the interaction lines between GB and both incoming/outgoing
slip plane are parallel which is for instance the case with coherent Σ3 twin GB. It
is believed that a breakthrough stress is needed for the dislocation to get from one
grain to the other grain across the GB. The GB will dominate the overall material
behaviour when this breakthrough stress is higher than the size-dependent single
crystalline flow stress. However, Imrich et al. [83] showed that at a critical small
sample size the coherent Σ3 twin GB does not have an impact on the overall
mechanical property of micro-beam since the breakthrough stress is low in this
case as shown by Malyar et al. [84] (17 MPa in Cu), but a large angle random
GB does have an evident influence. The GB can also be the source of dislocation
as shown in Figure 1.28 (b). In this mechanism, dislocations are emitted from
GB in either one of the grains during mechanical deformation. In the case of a
stable configuration, a lower flow stress for the bi-crystal with respect to the single
crystal is possible which was observed by Kheradmand et al. [85]. Furthermore,
it is believed that this mechanism occurs only in the case where there are already
GB dislocations. When the GB strength is too large for dislocation motion due to
slip incompatibility geometries or GB complexity, the boundary is regarded as an
impenetrable obstacle. In this case, a dislocation pile-up is produced as shown in
Figure 1.28 (c). The stress-strain curve shows a significant hardening effect and the
dislocation density is normally higher than in the single crystalline counterparts.
The GB strength can be calculated on the basis of dislocation pile-up distribution
and anisotropic elasticity [5]. The stress concentration coming from dislocation
pile-up can also activate dislocations in adjacent grain such that the GB can be
regarded as a dislocation source. If some dislocations could enter into GB as GB
dislocations, then these dislocations can overcome the obstacle and an indirect slip
transfer mechanism is activated. The incorporated GB dislocation moves by non-
conservative motion, like dislocation climb in the boundary, until its dislocation
line is parallel with an outgoing slip system in adjacent grain as shown in Figure
1.28 (d) [86]. Kunz et al. [87] investigated this mechanism in micro pillars. They
found that some bi-crystalline pillars exhibit smaller hardening and larger strain
bursts than their single crystalline references, which could be explained by the
annihilation of dislocations in the GB. Ng et al. [88] and Kim et al. [89] found
the same mechanism and similar strain bursts behavior in bi-crystalline pillars
of Al compared to the single crystalline pillars. They also indicated that it is
hard to strictly discriminate the behavior between dislocations emitted by stress
concentration coming from dislocation pile-up and those coming from indirect
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slip transfer. It should be pointed out that several of these mechanisms may be
simultaneously present in the same material with different misorientation of GBs.

Figure 1.28: Engineering stress-strain curves related to different possible size dependent
dislocation-GB interaction mechanisms with the single crystalline behavior in black and the
corresponding bi-crystal colored: (a) slip transmission from single dislocations; in this case the
activation stresses of dislocation-source can dominate over the stresses required for slip transmis-
sion. (b) GB acting as dislocation source, which may lead to a reduction in yield stress compared
to single crystalline samples. (c) Dislocations forming a pile-up at an impenetrable GB. (d) Slip
transfer via non-conservative dislocation motion in the GB [78].
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1.3.2 Dislocation pile-up

Dislocation pile-up at GBs is an important inelastic deformation mechanism in
polycrystalline materials that has been observed in metals using TEM [90, 91] as
shown in Figure 1.29 or using stage-I fatigue crack experiment [92]. Both discrete
and continuous-based theories of pile-ups were developed [93, 94]. The calculation
of equilibrium positions of discrete dislocations in a pile-up was firstly performed
by Eshelby et al. [95] in an isotropic homogeneous elastic crystal. The equilibrium
position solutions were described as the roots of a generalized Laguerre polyno-
mial. On the other hand, Leibfried [96] studied continuous pile-ups where discrete
dislocations were replaced by a continuously distributed dislocation density. From
Eshelby’s work, Mitchell et al. [97] computed the equilibrium positions of discrete
dislocations in pile-up within anisotropic homogeneous crystals.

Figure 1.29: TEM images during nanoindentation experiment for the Σ5 GB of SrTiO3. The
line contrasts indicated by the green arrows correspond to the Σ5 GB. The positions of the
leading three lattice dislocations are indicated by the triangles. The dislocation motion was
strongly impeded by GB, which resulted in the dislocation pile-up. In this experiment, the first
and second dislocations and the lower part of the third dislocation were trapped on GB plane
even after the external stress was removed [91].

The stresses caused by dislocation pile-ups at GBs constitute the main expla-
nation for the grain size dependence of the yield stress of polycrystals [95], well
known as the Hall-Petch relationship [3, 4]:

σy = σ0 + kd−1/2 (1.19)
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where σy is the yield stress of polycrystals, σ0 the applied stress, k a constant
characterizing the resistance of GB and d is the average size of grains. In order
to compute the elastic fields of dislocation pile-ups at GBs, two-dimensional elas-
ticity is generally considered and dislocations are represented as a set of identical
parallel straight infinite dislocations lying in the same slip plane. According to
the theoretical work of Eshelby et al. [95] performed in isotropic elasticity, a lower
bound estimate of the resolved shear stress on the slip system from a pile-up of
straight dislocations is:

τ = τ0

√
L

d
=
√

2Aτ0

√
N

d
for

1

15
l� d� L (1.20)

where d is the distance beyond the leading (locked) dislocation, τ0 the applied

resolved shear stress, A =
G |b|

2π (1− ν)
for edge dislocation [95], L the pile-up length

which can be approximated by
2NA

τ0

, N the number of dislocations in pile-up and

l the distance between the locked and the nearest free dislocation as shown in
Figure 1.30. Furthermore, at short distance, the effect of the locked dislocation
becomes predominant and the shear stress approximation is given by:

τ =
A

d
(1.21)

whereas at long distance, the stress can be approximated as the sum of the applied
stress and that due all the dislocations regarded as congregated at the origin:

τ = τ0 +N
A

d
(1.22)

The stress concentration built up at the head of dislocation pile-ups may be the
driving force for slip transfer and activation of new dislocation sources in the
neighboring grain.

Figure 1.30: Discrete edge dislocation pile-up configuration in isotropic elasticity [95].

52

r 0 Glide direction - -
N 3 2 Locked dislocation 

..L . .. ..L ..L ..L ----------------------- ~ +,---------------r,--~ d 

2NA 
L:::::­

To 

! ~ 
d = O: 

'v' 

d = l/15 

d =L 



About dislocation pile-ups in heterogeneous media, many works dealt with pla-
nar or circular bimetallic interfaces but mostly in isotropic elasticity [98, 99, 100,
101, 102, 103]. In particular, Lubarda [102] recently studied the effect of the num-
ber dislocations, the applied shear stress, the size of the inhomogeneity and the
degree of mechanical contrast on the equilibrium position of edge dislocation pile-
up against a circular inhomogeneity or a bimetallic interface. He also evaluated
the configurational force on a circular inhomogeneity and the stress concentra-
tion caused by the pile-up against different interfaces, which is of importance for
the study of interface cracking. A few works about pile-ups are however concerned
with heterogeneous anisotropic elasticity, as the ones of Vagera [104] for continuous
pile-ups and Wagoner [105] for discrete pile-ups. Wagoner [105] found dislocation
positions of an equilibrated pile-up in an anisotropic bicrystal using a numerical
iterative relaxation scheme with a first locked dislocation at small distance from
GB. The iterative relaxation scheme minimizes the Peach-Koehler force acting on
each dislocation along the glide direction. Up to now, a few discrete dislocation dy-
namics studies incorporate elastic anisotropy framework to integrate image forces
in bi- and tri-materials, see e.g. Shishvan et al. [106]. Whereas the Hall-Petch re-
lationship was obtained by discrete dislocation dynamics using isotropic elasticity
assumption [107].

1.3.3 Image force and image dislocation

When a dislocation is close to a GB, it is subjected to five types of forces as
shown in Figure 1.31:

• Applied forces

• Forces between dislocations Fd

• Image forces from GB due to heterogeneous elasticity Fi

• Lattice friction force Ff

• Interaction forces between the cores of both dislocation and GB Fc
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Figure 1.31: Schematic figure of the forces acting on a dislocation close to a GB [108].

In presence of a GB in anisotropic heterogeneous media like bi-crystals con-
taining grains with different orientations, image stresses are appended to the self
dislocation stress field (the one for an infinite homogeneous medium) in order to
satisfy the boundary conditions at the interface through their elastic fields. Ac-
cording to Barnett and Lothe [109] the image force on a dislocation parallel to GB
plane can be equivalently computed as:

Fi = −E
∞ − EI−II

d
· n (1.23)

where n is the inner normal to GB, d is the distance between dislocation and the
GB plane, E∞ is the prelogarithmic factor of the dislocation energy in an infinite
crystal I and EI−II is the same factor for the dislocation in the GB between crys-
tal I and II. The image force on a dislocation corresponds to the Peach-Koehler
force at the dislocation position. The image forces can either attract the disloca-
tion towards the GB (EI−II < E∞) or on the contrary push the dislocation away
(EI−II > E∞).

Based on a large number of numerical studies of different geometrical config-
urations with b the Burgers vector, t the dislocation line direction vector, r the
misorientation axis and θ misorientation angle, the main properties are listed as
follows [108]:

• The image force is null when the dislocation line t is parallel to a high sym-
metry rotation axis r: quaternary 〈100〉 and ternary 〈111〉 for all dislocation
Burgers vectors, but it is not validated for a binary 〈110〉 axis.

• The image force is null for all dislocations parallel to the twin plane (100) in
symmetrical tilt boundaries of FCC crystals.
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• When the dislocation line t is parallel to 〈100〉 or 〈111〉 crystalline axis in
second crystal, the image force is constant when the second crystal rotates
around these two axis, respectively.

• The image force varies continually with the rotation angle around a fixed
axis and for a fixed dislocation.

• For cubic structure, the intensity of the image force for a fixed disloca-
tion/GB configuration increases with the anisotropic factor H = C44 −
(C11 − C12) but not with the anisotropic ratio A = C44/ (C11 − C12).

The image force on a dislocation due to GB or free surface can be regarded as
the interaction force between this dislocation and other image dislocations through
Green’s function. The locations of these image dislocations in isotropic half-space
were explicitly presented by Ma [110]. It was found that the Green’s function
for isotropic half-space consisted of four or five Green’s functions for the infinite
space. One of them is the analyzed dislocation itself inside the half-space. The
other represent image dislocations located outside the half-space with the same
distance from the surface as that of the analyzed dislocation as shown in Figure
1.32.

Figure 1.32: Image dislocation −bx of the Green’s function for a free half-space subjected to
a dislocation bx [110].

1.3.4 Slip transmission and geometrical criteria

Slip primarily occurs on slip systems of special orientation. Even during the
process of slip transmission across GB. At GB, slip generally comes from one
incoming slip system and continues into an outgoing slip system. The possibility
of slip transmission can thus be investigated by geometrical transmission factors
[111, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122, 123]. Bayerschen et
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al. [124] reported a complete review on slip transmission phenomenon. Here, only
the different geometrical transmission factors are reviewed below from their paper
meanwhile the notations of all used symbols are presented in Figure 1.33.

Figure 1.33: (a) Configuration of a bi-crystal sample with a random oriented GB under ex-
ternal applied stress, (b) the angle β between the incoming Burgers vector and the outgoing

Burgers vector in both grain representing the slip directions with a residual Burgers vector ~bR,
(c) Orientation of slip systems in both grains A and B: normalized Burgers vector ~b, normal
vector of slip plane ~n, angle α between the intersection line of GB plane and slip planes in
both grains and GB orientation relative to surface: angle δ between GB trace on surface and x
direction, inclination angle ε between GB plane and surface and GB surface trace unit vector
~et = 〈cos δ, sin δ, 0〉 [125].

• Geometric criteria considering only slip system orientations:
The geometric transmission factor was firstly proposed by Livingston and
Chalmers [126] to investigate slip activation in an adjacent grain caused by
a dislocation pile-up. This geometric transmission factor is based on slip
directions and slip planes, and is defined as:

Tpq = (npA · n
q
B) (bpA · b

q
B) + (npA · b

q
B) (nqB · b

p
A) (1.24)

where p and q indicate slip systems. This transmission factor is based on the
approximation that the stress state in the adjacent grain due to the pile-up
is of pure shear type. It was used to predict slip activation in adjacent grain
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due to dislocation pile-up [111]. Based on Eq. 1.24, a simplified version was
later employed by Luster and Morris [117]:

Tpq = (npA · n
q
B) (bpA · b

q
B) (1.25)

where the second term is dropped. This transmission factor was combined
with stress intensity factor and Schmid factor to analyze slip activation in
adjacent grain due to a dislocation pile-up [113]. It was found that the
alignment of slip systems on both sides of the GB is more important than a
high Schmid factor.

• Geometric criteria considering both slip system and GB orientation:
The interaction between incoming and outgoing slip systems occurs at GB.
In order to take into account the orientation of GB, a new transmission factor
was proposed by Shen et al. [5]:

Tpq = cosαpq cos βpq (1.26)

This transmission factor considers both alignment of slip planes and min-
imization of residual Burgers vector at the same time. Combined with re-
solved shear stress calculation, this transmission factor successfully predicted
slip activation due to a dislocation pile-up in a 304 stainless steel [5].
Furthermore, Lee et al. [114] have proposed a process to predict slip trans-
mission by taking account the residual Burgers vector separately from align-
ment of slip systems. First, for a certain incoming slip system with slip
plane nA and Burgers vector bA, a slip plane nB in the adjacent grain must
be found with minimum angle α combined with incoming slip plane nA. It
should be pointed out that for one slip plane, there are three slip systems
with different slip directions for (111) 〈110〉 slip systems. Second, the re-
solved shear stress for different slip directions in the outgoing plane due to
incoming dislocations is calculated, and the slip direction with the maximum
resolved shear stress is picked up. For this slip direction, two opposite Burg-
ers vectors are possible. The Burgers vector bB which provides the smallest
residual Burgers vector bR with incoming Burgers vector bA is finally chosen.
Then, the most likely transmitted slip system is determined.

• geometric criteria considering threshold angles for the slip system and GB.
From previous discussion, it is known that the slip transmission is not fa-
vorable when the angle between intersection lines on GB or between two
slip directions of incoming / outgoing slip systems is too large. Thus, it is
believed that the slip transfer is not expected if at least one of these two
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angles is bigger than a critical angle [123, 115]. Based on this hypothesis, a
new transmission factor was proposed extending Eq. 1.26 [115]:

Tpq = cos

(
90◦

ωc
αpq
)

cos

(
90◦

κc
βpq
)

(1.27)

where ωc and κc are critical angles. In the calculation, the transmission
factor is set to zero once at least one of these two angles is larger than the
critical angle. Some critical angles were proposed for Brass [123]: ωc = 15◦

and κc = 45◦ for α/α and α/β phase boundaries.

1.3.5 Grain boundary strength

Because GB is an obstacle to dislocation motion, it has a huge influence on
plastic deformation of materials, especially for nanocrystals. The existence of GBs
usually increases material strength as it needs an extra force to move dislocations
across GBs [4, 3]. That extra force is called GB resistance against slip transmission
which is also called as the GB strength [127, 128, 5]. Many experimental and
simulation, from atomistic simulations to simple geometrical models or continuum
mechanical models [129, 130, 131, 132, 133, 134, 135] studies tried to estimate it.

1.3.5.1 TEM observation and anisotropic elasticity calculation

The GB strength in 304 stainless steel was investigated by Shen et al. [5]
by using TEM observation of dislocation pile-ups close to GB and anisotropic
elasticity calculation. The resolved shear stress τ at the leading dislocation in a
stable dislocation pile-up at vicinity of a GB was calculated based on anisotropic
elasticity by considering the number of dislocations in pile-ups observed in TEM
as shown in Figure 1.34. As the position of the leading dislocation was stable
during the experiment, it was considered that τ was a lower bound estimate of the
back-stress from GB. τ was then designated as a lower bound estimate of the GB
strength. After computing τ for different GBs, the value of the GB strength for
304 stainless steel was found to vary from 280 to 870 MPa.
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Figure 1.34: Dislocation pile-up at GB in 304 stainless steel from TEM observation [5].

1.3.5.2 Geometrical GB strength factor

The GB strength can also be described by a geometrical factor based on the dis-
crepancy of slip systems in the two crystals which could impede slip transmission.
Because of the inverse meaning of the GB strength factor and transmission factor,
the transmission factor Tn can be translated into a strength factor Rn between 0
and 1 thanks to the normalization [125]:

Rn = 1− Tn (1.28)

Except inverse calculation from transmission factor, a direct strength factor
was proposed by Blochwitz et al. [136] based on an incompatibility factor which
incorporates the trace of GB on surface et. A rotation vector is defined for the
grain to characterize the effect of its slip system on GB:

rp = np × bp (1.29)

The difference between the rotation vectors causes the incompatibilities across
GB, such that the strength factor is defined as the projection of this rotation
vector’s difference on surface trace of GB:

Rpq = ∆rpq · et = [(npA × b
p
A)− (nqB × b

q
B)] · et (1.30)
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1.3.5.3 Stage-I-fatigue cracks and continuous dislocation density dis-
tribution method

In the work of Schäfer et al. [125], stage-I-fatigue cracks method was used to
investigate the interactions between dislocations and GB in Nickel-based super-
alloy as shown in Figure 1.35. A stress intensity factor of the dislocation pile-
up, used to characterize the critical breakthrough stress for slip across GB, was
calculated based on a continuous dislocation distribution model:

Km = πA
√

2π lim
x→c

(√
c− xD (x)

)
(1.31)

where A = Gb/ (2π) for screw dislocations and A = Gb/ (2π (1− ν)) for edge
dislocations, G the shear modulus, ν the Possion ratio, D (x) is the continuous
dislocation density distribution that stands for the symmetric crack of length 2a
and a linear plastic zone of length c−a in front of each crack tip as shown in Figure
1.36. The value of Km depends on the continuous dislocation density distribution,
which can be estimated by dislocation-free zone model of fracture (DFZ-model),
see Figure 1.36.

Figure 1.35: Slip and crack transfer through a GB produced by stage-I-fatigue cracks method
[125].
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Figure 1.36: (a) DFZ-model configuration with a symmetric crack, a DFZ and a plastic zone
with edge dislocations distribution D (x), (b) examples of plastic displacement in the plastic zone
ψ (x) and corresponding continuous dislocation density distribution D (x) for blocked slip band
(BSB, red) and equilibrium slip band (ESB, black), (c) 2D AFM topography image of a BSB
case and (d) 3D AFM topography image of a plastic zone for an ESB case, the left plateau area
indicates the DFZ zone [125].

In comparison with geometrical transmission factors discussed in section 1.3.4,
they found that the transmission factors in Eqs. 1.24 and 1.25 are not suitable
to predict slip resistance. Meanwhile, the GB strength factor in Eq. 1.30 is not
enough to predict the GB strength because of the lack of GB inclination’s informa-
tion. However, they found an evident correlation between stress intensity factor
and the transmission factor in Eq. 1.26. Hence, the knowledge of orientations of
grains and boundary plane is necessary to predict the GB resistance effect from
geometrical parameters only.

1.4 Experimental methods

1.4.1 SEM and EBSD

The Scanning Electron Microscopy (SEM) technique involves scanning the sur-
face of the sample with electrons. Interactions between electrons and matter gen-
erate different signals: secondary electrons that are used to form topographic con-
trast, backscattered electrons for crystallographic contrast, and energy dispersive
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X-rays (EDX) for chemical microanalysis.
The Electron Back Scattered Diffraction technique (EBSD) allows the determi-

nation of the local crystallographic orientations within the SEM. This method then
makes it possible to deduce the mean orientation over a given area, the misorienta-
tions between two points, the grain size and shape (in 2D), the presence of specific
GBs (like twin boundaries), most components of the dislocation density tensor [7]
as well as to have a rough estimate of the plastic deformation within the grain [137].
It relies mainly on the indexing of diffraction patterns of backscattered electrons
or Kikuchi photos. The principle of measurement consists in focusing an electron
beam on the studied grain. The backscattered electrons in Bragg incidence with
the surrounding reflective crystalline planes diffract along two diffraction cones.
The intersection of these cones with a detection screen, forms hyperbolas assimil-
able to straight lines at the observation scale. The set of lines resulting from the
electron diffraction on the different planes of the lattice constitutes the Kikuchi
diagram (see Figure 1.37). A rational indexing of the different lines makes it pos-
sible to determine the crystalline structure and the crystallographic orientation of
the grain. Furthermore, a high angular resolution electron back scattered diffrac-
tion (HR-EBSD) can improve the angular precision of measurement, thus it can
be used to measure the elastic deformation and so to estimate the local stress by
Hooke’s law [138].
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Figure 1.37: Principle of EBSD in the SEM: schematic representation of sample position for
orientation measurements and principle of Kikuchi lines formation [137].

1.4.2 Ion Milling

In order to observe and analyze the internal structure of the sample, the inter-
nal structure of the sample must be revealed. However, by cutting or mechanically
grinding the cross section, deformations and damages are unavoidable due to ma-
chining stresses. Thus, it is difficult to obtain a smooth surface required for SEM
analysis. The ion milling device uses a large area and low energy Ar ion beam to
process a cross section without stress damage, and provides an effective pretreat-
ment method for the SEM observation. As an example, the IM4000 Ion Milling
System (see Figure 1.38) is presented below which has been used in the present
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thesis.

Figure 1.38: Ion Milling System IM4000 from Hitachi High-Technologies.

There are two different models in IM4000 system: cross section milling and flat
surface milling. In the cross section milling, a mask is placed between the sample
and the ion gun as shown in Figure 1.39 (a). The upper end of the sample slightly
protrudes from the shielding plate, and the ion beam is irradiated onto the sample
from above the shielding plate, so a flat cross section is processed along the edge
of the shielding plate. The principle of flat surface milling is presented in Figure
1.39 (b). It uses a certain amount of eccentricity between the central axis of the
ion beam and the central rotation axis of the sample stage in order to obtain a
uniform and large-scale processing surface. When the ion beam irradiation angle
is small, the processing rate of the ion beam is highly correlated with the crystal
orientation and composition of the sample, so the difference in the processing rate
can be used to process a plane shaped like a relief. However, when the ion beam
irradiation angle is large, the processing rate of the ion beam is not related to the
crystal orientation and composition of the sample, and a flat sample surface can
be processed.
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Figure 1.39: Principle of (a) cross section milling and (b) flat surface milling.

In the present thesis, the cross section milling is used to remove large amounts
of material in order to bring the GBs close to the sample side surface. That is
helpful for producing the micro-beam by FIB which will be discussed in subsection
2.3.4.

1.4.3 Focused Ion Beam technique

The Focused Ion Beam (FIB) is a technical instrument that was commercially
produced in the 1980s. It was initially developed for the needs of the micro-
electronics industry (such as semiconductors) and later for basic research. This
type of equipment operates in a similar way as the SEM (see section 1.4.1). Instead
of electrons, it uses focused ions of Gallium (Ga+). Unlike the SEM, the FIB
is equipped with two guns forming an angle of 52◦ between them as shown in
Figure 1.40: a column of electrons and an ion column (it is thus a device of type
“Dual Beam”). The electron source is used to make images according to the same
principle as the SEM. The Ga+ ion beam makes it possible, on the one hand, to
cut the sample and, on the other hand, to scan the surface of the sample in order
to obtain an image. This image is either electronic or ionic (thanks to the ions and
secondary electrons emitted ) to follow the removal procedure (see Figure 1.40).
This ion beam will allow us in this thesis to cut bi-crystalline micro-beam at the
selected GB as shown in Figure 1.40.
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Figure 1.40: Principle of FIB operation. The micro-beam containing a GB produced by FIB
is also presented.

The FIB preparation technique has an effect on the micro-pillars due to the
dispersion of Ga+ ions on the surface of the micro-beam. The emission of Ga+ ions
on the surface of a sample causes the formation of a layer on it which can modify
its structure, and therefore, its surface mechanical properties. The thickness of
this layer is in the order of a few tens of nanometers which depends essentially on
the material, the intensity and the angle of incidence of the ions. Kheradmand
et al. [139] estimated the thickness of the layer damaged by Ga+ ions by high
resolution EBSD measurements on Ni micro-pillars. They produced the micro-
pillars by different techniques: lithography, FIB, a combination of these last two
techniques and the heavy bombardment with ions. These four methods have a
damage level of 6 nm, 11 nm, 15 nm and 107 nm, respectively. Some authors
mentioned that using the low-intensity in finishing step for the first two methods
(lithography and FIB) hardly changes the result. This last observation was also
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confirmed by nanoindentation tests. Indeed, this layer deposited by the FIB may
be a new barrier for the mobility of dislocations which can then stack at the
interface between the two different materials [137]. Furthermore, the Ga+ ions can
create scratches within nanometers on the surface of micro-beam even with small
ions density, as observed by SEM with high magnification and AFM measurement
(it will be shown in section 2.3.4).

1.4.4 Atomic Force Microscopy

Atomic Force Microscopy (AFM) is an atomic-level high-resolution analytical
instrument invented by G. Binning in 1986 based on Scanning Tunneling Micro-
scope (STM). It can perform nano-scale studies of physical properties including
topographies in various materials. Compared with STM, AFM has a wider appli-
cability because it can observe non-conductive samples. It has been widely used in
the fields of semiconductor, nano-functional materials, biological, chemical, med-
ical research and research institutes in various nano-related disciplines, and has
become a basic tool for nanoscience research. Especially, slip lines or slip bands
heights can be observed and analyzed by this technique [33, 34, 8, 35, 36]. Fur-
thermore, based on the analyses of slip bands, the dislocation distribution of a
pile-up against GB can be reformed considering a continuous distribution [125] or
a discrete one in anisotropic elasticity as it will be discussed in the present PhD
thesis.

The principle of AFM is described below. The one end of a weakly sensitive
cantilever is fixed, with another side as a microprobe which is in light contact with
the sample surface. Due to the distance-dependent weak repulsion between the
atoms on the probe tip and those on the sample surface, by keeping this force
constant (which corresponds to a constant distance) during scanning, the probe’s
undulating motion perpendicular to the sample surface reflects the height of sample
surface. The topographic information of sample surface is thus obtained based on
this surface height profile. The tip motion corresponding to each scanning point
can be measured by optical detection as shown in Figure 1.41.
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Figure 1.41: Schematic principle of AFM.

There are three types of contact models.

• The contact AFM mode uses the interaction of atomic force between the
probe and the surface of analyzed object where they must be in contact. This
atomic repulsive force is small, but an excessive force can still damage the
sample due to the small contact area, especially for soft materials. However,
a larger force gives a better resolution, so choosing a more appropriate force
is very important. Since the repulsive force is very sensitive to distance, it
is easier to obtain atomic resolution.

• The non-contact AFM mode was developed to solve the shortcomings of the
contact AFM mode which may damage the sample. This was done by using
the long-distance attraction between atoms. Since the probe and the sample
are not in contact, the sample is not damaged. However, this force has a very
small change in distance, so modulation techniques must be used to increase
the signal-to-noise ratio.

• The frequently beating AFM mode modifies the non-contact AFM mode to
make the probe and sample surface closer and increases the amplitude of tip

68

Laser diode 

Microscope 

Tip 

Piezo 
scanner 

z 

PC 

y 

,.__.__..., X : ~ 
1 1 

~--- --- ---- - j·--------~ 



vibration, so that the probe will contact the sample when it oscillates to the
valley. Since the surface of the sample is undulating, the amplitude of the
probe is changed, then the contact feedback control method is used to obtain
an image of height information. The resolution of this method is between
the ones of contact and non-contact mode, and the probability of destroying
the sample is greatly reduced. Furthermore, the result is not interfered by
lateral forces. However, for very hard samples, the tip may still be damaged.

1.4.5 Micro-beam size effects

The size effects of micro-pillars have been thoroughly studied in the recent years
as discussed in subsection 1.3.1. The hardening effects were found to be associated
with the decrease of the diameter of the micro-pillar as shown in Figure 1.42 for Ni
[140, 141], Au [74], Al [142] and Cu [143]. These methods allowed to show that the
flow stress increases as the diameter of the micro-pillars decreases. The size effect
is strongly related to the distribution of the dislocation density in the sample. The
relationship between dislocation density and the size of micro-pillar was analyzed
and resumed by D. Kiener [144] as shown in Figure 1.42. It was found that with a
normal dislocation density 1012m−2, the number of dislocations is less than 100 for
a micro-pillar with a diameter within 10 µm. If the deformed volume is large, many
sources of dislocations are present and the deformation is uniformly distributed.
However, if the deformed volume is small, only a few dislocations are available
and the deformation is concentrated on some slip planes. In that case, if there
is an interface that causes stacking of dislocations like GBs, the induced internal
stresses can then disable other sources of dislocations. Therefore, the Schmid law
might be broken in some small size pillars, i.e. the first activated slip system is
not the one with maximum Schmid factor [145]. Thus, the micro-pillar flow stress
is highly dependent on GB and on the diameter of the micro-pillar.
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Figure 1.42: Evolution of the flow stress, normalized by the anisotropic shear modulus Ks

defined in [144] and the Burgers vector |b| for corresponding metal, as a function of the diameter
of the micro-pillars D for different FCC metals. The scaling law shows that the best fitting of
the data is with D−0.6 [144].

Figure 1.43: Average number of straight dislocations in a miniaturized cylindrical specimen
for an aspect ratio between height and diameter of 3:1 [146].
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1.5 Theoretical and numerical multi-scale mod-

elling methods

1.5.1 Continuum dislocation mechanics

The dislocation density tensor α was initially introduced by Nye [147]. Operat-
ing on a unit area S of normal vector n and delimited by the circuit C, α provides
the net Burgers vector b of all the dislocation lines piercing through S (see Figure
1.44), i.e., the closing fault of the circuit C due to the presence of dislocations.
If the size of C, i.e., the resolution scale, is small and only one dislocation passes
through S, the closing fault is simply the Burgers vector of the dislocation [137].
If C is large enough and S is crossed by a large number of dislocations, the latter
can either compensate statistically in which case the net Burgers vector is zero
(they do not create any lattice incompatibility at the considered resolution scale)
and are called statistically stored dislocations (SSD), or can collectively create a
lattice incompatibility linked to a non-zero Burgers vector and are called geomet-
rically necessary dislocations (GND) [148]. In conventional crystalline plasticity,
only SSD are considered [149, 150].

Figure 1.44: Dislocation loop C formed after piercing through a unit area S of normal vector
n [151].

The elastic theory of continuously distributed dislocations (ECDD) was initially
developed by Kröner [152, 153], Indenbom [154] and Willis [155]. This theory was
then rethought by Acharya [156] to become the so-called field dislocation mechanics
(FDM). Acharya [157] decomposed in an unique way the elastic distortion into
compatible and incompatible parts and added the evolution equation of GND.
The FDM theory [156, 158] can operate on an intermediate scale of resolution,
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where the net b Burgers vector (hence α which reflects the density of GND) is
non-zero, while some of the involved dislocations statistically contribute to a defect
with null closure defect.

Within the formalism of small deformations (linear theory), the static version
of the FDM theory includes the following field equations [156, 159, 158, 160]:

grad u = β = βe + βp (1.32)

βe = βe‖ + βe⊥; βp = βp‖ + βp⊥ (1.33)

curl βe‖ = curl βp‖ = 0 (1.34)

α = curl βe⊥ = −curl βp⊥ (1.35)

div βe⊥ = 0 in V and βe⊥ · n = 0 on ∂V (1.36)

σ = C :
(
βe‖ + βe⊥

)
(1.37)

div σ = 0 in V (1.38)

where u is the displacement field and β is the total distortion field (i.e. the gra-
dient of displacement). In the formalism of small deformations, this last tensor
decomposes into an elastic part and a plastic part (Eq. 1.32). Because of the
lattice incompatibility, the elastic and plastic distortion tensors are not gradients
and therefore their curl is non-zero. Involving the Stokes-Helmholtz decomposi-
tion, they have a compatible part (βe‖, β

p
‖) and an incompatible part (βe⊥, β

p
⊥)

(Eq. 1.33). While the compatible part is a gradient (Eq. 1.34), the incompatible
part results from the distributions of GND and α is thus the solution of the incom-
patibility equation (Eq. 1.35). Eq. 1.36 makes it possible to ensure the uniqueness
of the Stokes-Helmholtz decomposition which means that the βe⊥ tensor is a curl
part. As a consequence of this decomposition, the incompatible elastic distortion
must exactly compensate for the incompatible plastic distortion in order to ensure
the continuity of the material given by curl β = 0:

βe⊥ + βp⊥ = 0↔ β = βe‖ + βp‖ (1.39)

The Cauchy stress tensor σ is obtained from the Hooke’s law (Eq. 1.37), with C
the elastic stiffness tensor. It satisfies the static equilibrium condition without vol-
ume force (Eq. 1.38). Hence, given a distribution of α, this set of equations allows
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to solve for the associated stress fields in any kind of heterogeneous anisotropic
medium. The numerical resolution can be performed by Finite Element Methods
or by spectral methods such as Fast Fourier Transform (FFT).

1.5.2 3D incompatibility stresses in bi-crystals

GBs can be obstacles for plastic slip or sources of dislocations, but also sources
of additional stresses (internal stresses) related to elastic and plastic deformation
incompatibilities between neighboring grains. As for image stresses, the presence
of incompatibility stresses is necessary to ensure the continuity conditions at GBs.
The presence of GBs in elastically or plastically deformed material can change the
plasticity activation phenomena around the GBs.

1.5.2.1 Experimental observations

The notion of incompatibility in the bi-crystal was introduced by Hook and
Hirth [161, 162, 163]. In addition, studies were conducted on Cu [164], Al [165,
166, 126] and Ag [167] bi-crystals to illustrate the effects of incompatibility stresses
on intra-granular plastic activity. They proved that incompatibility stresses cause
the activation of secondary slip systems around GB which favor the hardening of
bi-crystal (see Figure 1.45). Figure 1.45 (a) shows the presence of a domain in a
bi-crystal which illustrates the appearance of secondary slip [164]. The presence of
secondary slip becomes more and more marked when the macroscopic deformation
is increased. This phenomenon characterizes the effects of plastic incompatibilities.
These mechanisms were also observed in the case of body centered cubic bi-crystals
(BCC) by Hook and Hirth [161] as shown in Figure 1.45 (b).
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Figure 1.45: (a) Observation of multislip in an unstable area in grain I of a Cu bi-crystal
after 2% deformation [164]. (b) The appearance of secondary slip system around GB in Fe-3%Si
bi-crystal [161].

Based on the experimental observations cited above, several theoretical studies
were conducted to determine the stresses due to elastic and plastic incompati-
bilities. These calculations were carried out in particular cases considering elas-
tic anisotropy alone in a 1D model [161, 162], heterogeneous plastic deformation
alone [165, 164, 168, 169, 170] and finally heterogeneous elasticity and plasticity
[171, 160]. These models are successively described thereafter.

1.5.2.2 Elastic incompatibilities

To analyze the effect of elastic anisotropy, Hook and Hirth [161, 162] consid-
ered the particular case of a bi-crystal schematized in Figure 1.46. The reference
(x1, x2, x3) is defined such that the x2-axis is perpendicular to the GB. It is a purely
uniaxial approach where only the Young modulus describes the elastic properties
of the material (no Poisson effect is considered).

The model is defined such that both crystals have a different Young modulus.
The normal stresses along the x3-direction in each component of the bi-crystal are
computed by [162]:
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σI
33 =

AT

AI + rAII
Σ33, σ

II
33 =

AT

AII +
AI

r

Σ33, (1.40)

with AI and AII the cross-sectional areas of crystal I and II, respectively, that are
perpendicular to x3 and AT denotes the total cross-sectional area of the bi-crystal.
r is the ratio of the directional elastic modulus EI and EII in the loading direction

such that r =
EII

EI
. For a given single cubic crystal c (c = I, II), the directional

elastic modulus Ec, can be written according to the elastic compliance Scij and the
Miller indices (hkl)c [172]:

1

Ec
= Sc11 +

(Sc44 − 2 (Sc11 − Sc12)) (k2l2 + h2l2 + h2k2)
c(

(h2 + k2 + l2)2)c (1.41)

Figure 1.46: Bi-crystal geometry defined by Livingston and Chalmers [126] and Hauser and
Chalmers [167] and used by Hook and Hirth [161, 162].
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1.5.2.3 Plastic incompatibilities

Unlike the model of Hook and Hirth [161, 162], the model first developed in
[168, 169, 165], takes into account plastic incompatibilities at GB between two
semi-infinite crystals of same volume fraction, under the assumption of isotropic
elasticity. This model can be derived by using the continuous dislocation theory
and the Kröner stress potential [173].

The elasticity is assumed to be homogeneous and isotropic. The plastic strain
tensors in the crystal I, εp

I
, and in the crystal II, εp

II
, are assumed to be uniform

on both sides of the GB. Therefore, the stress tensor varies along the x2-axis as
[168, 169, 165]:

σ11 = Σ11 +
G

1− ν
([εp11] + ν [εp33]) sgn (x2) ,

σ33 = Σ33 +
G

1− ν
([εp33] + ν [εp11]) sgn (x2) ,

σ13 = Σ13 +G [εp13] sgn (x2) ,

σ12 = Σ12,

σ22 = Σ22,

σ23 = Σ23.

(1.42)

with Σij is the applied (external) stress tensor and[
εpij
]

= εp
II

ij − ε
pI

ij (1.43)

which defines the jump of the plastic strain at GB. sgn (x2) denotes the sign of x2

(sgn (x2) = 1 if x2 > 0 (in crystal II) and sgn (x2) = −1 if x2 < 0 (in crystal I)).
It should be noted that in this problem, the stress field is uniform in each grain
but it is discontinuous at GB. The predictions of this model are in agreement with
experimental studies on Al [165] and Cu [164] bi-crystals to predict secondary slip
systems that may be activated around GB. However, the approach described in
[168, 169, 165] does not take into account the elastic anisotropy of the material.
These formulas are therefore acceptable for Al which has a coefficient of elastic

anisotropy A close to the unity (A =
2C44

C11 − C12

) but not necessary for Ni or Cu

where the coefficient of anisotropy A is much greater than 1 (typically A = 2.37
for Ni and A = 3.26 for Cu).

1.5.2.4 Elastic and plastic incompatibilities

Gemperlova et al. [171] were the first to consider both elastic and plastic in-
compatibilities in a bi-crystal with planar GB and same volume fraction of its
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component crystals. Then, Richeton and Berbenni [160] used the static FDM the-
ory to derive explicit analytical solutions of stress and elastic rotation fields for a
bi-crystal with random volume fraction of its component crystals. In both mod-
els, uniform elastic properties and plastic distortions are assumed in each crystal.
As this last method gives analytical expressions, the contribution of different in-
compatibility sources could be quantified as elastic incompatibilities alone, plastic
incompatibilities alone and coupling of elastic and plastic incompatibilities. These
analytical expressions were validated by crystal plasticity finite element method
(CPFEM) on a bi-crystal with periodic boundary conditions [160]. This method
is not only suitable for heterogeneous elastic anisotropy, but can be also used for
heterogeneous elastic isotropy in the presence of plastic deformation.

The static configuration of this problem is shown in Figure 1.47. The infinite
GB plane is in the (O, x1, x3) plane. Crystal I and crystal II are separated by this
discontinuity GB with a normal vector n pointing to crystal II from crystal I along
the (O, x2) direction. The bi-crystal is subjected to a macroscopic homogeneous
stress Σij with a volume fraction f of crystal I and thus 1− f for crystal II.

Figure 1.47: Bi-crystal configuration with an infinite planar GB which is characterized by an
interface dislocation density tensor αs [160].

Following [160], and using the Voigt notation [1] (11→ 1, 22→ 2, 33→ 3, 23→ 4
13→ 5, 12→ 6), the expressions of the stress fields in each crystal are:
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σI
1 = Σ1 − (1− f) (G11 [ε∗1] +G13 [ε∗3] +G15 [ε∗5]) ,

σI
3 = Σ3 − (1− f) (G13 [ε∗1] +G33 [ε∗3] +G35 [ε∗5]) ,

σI
5 = Σ5 − (1− f) (G15 [ε∗1] +G35 [ε∗3] +G55 [ε∗5]) ,

σI
2 = Σ2, σ

I
4 = Σ4, σ

I
6 = Σ6

(1.44)

σII
1 = Σ1 + f (G11 [ε∗1] +G13 [ε∗3] +G15 [ε∗5]) ,

σII
3 = Σ3 + f (G13 [ε∗1] +G33 [ε∗3] +G35 [ε∗5]) ,

σII
5 = Σ5 + f (G15 [ε∗1] +G35 [ε∗3] +G55 [ε∗5]) ,

σII
2 = Σ2, σ

II
4 = Σ4, σ

II
6 = Σ6

(1.45)

where [ε∗i ] = [sij] Σj + [εpi ], sij are the elastic compliances and the non-zero com-
ponents of the symmetric matrix Gij in Eqs. 1.44 and 1.45 are given by:

G11 =
(
s̃33s̃55 − s̃2

35

)
/D, G13 = (s̃15s̃35 − s̃13s̃55) /D

G33 =
(
s̃11s̃55 − s̃2

15

)
/D, G15 = (s̃13s̃35 − s̃15s̃33) /D

G55 =
(
s̃11s̃33 − s̃2

13

)
/D, G35 = (s̃13s̃15 − s̃35s̃11) /D

(1.46)

with s̃ij = (1− f) sI
ij+fsII

ij and D = s̃11s̃
2
35 + s̃33s̃

2
15 + s̃55s̃

2
13− s̃11s̃33s̃55−2s̃13s̃15s̃35.

The above explicit solutions include coupling effects of elastic and plastic incom-
patibilities at GB. It is then possible to consider only the case of elastic incompat-
ibilities by taking [εp] = 0 or to consider only the case of plastic incompatibilities
by taking [s] = 0.

In the case of uniform isotropic elasticity, the stress fields in each crystal are
derived as follows in agreement with Eq. 1.42:

σI
1 = Σ1 +

2µ

1− ν
(1− f) ([εp1] + ν [εp3]) ,

σI
3 = Σ3 +

2µ

1− ν
(1− f) ([εp3] + ν [εp1]) ,

σI
5 = Σ5 + µ (1− f) [εp5] ,

σI
2 = Σ2, σ

I
4 = Σ4, σ

I
6 = Σ6

(1.47)

σII
1 = Σ1 −

2µ

1− ν
f ([εp1] + ν [εp3]) ,

σII
3 = Σ3 −

2µ

1− ν
f ([εp3] + ν [εp1]) ,

σII
5 = Σ5 − µf [εp5] ,

σII
2 = Σ2, σ

II
4 = Σ4, σ

II
6 = Σ6

(1.48)
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1.5.3 Two dimensional L-E-S (Leknitskii-Eshelby-Stroh) for-
malism for anisotropic elasticity

Many physical problems can be reduced from three-dimensional to two-dimensional
space, in order to make analytical forms and modelling easier to find and faster.
That is suitable for the problems of infinite straight line defects in materials (e.g.
dislocations) as the mechanical fields are constant along the defect line, thus they
could be regarded as a two-dimensional problem. A general solution for two-
dimensional anisotropic elasticity was firstly developed by Eshelby et al. [21],
Stroh [22] and Leknitskii [20]. The so-called L-E-S (Leknitskii-Eshelby-Stroh) an-
alytical formalism (or sextic equation formalism) involves solving a six-dimensional
equation and considers complex variable techniques. It is very efficient but cannot
handle the case of a completely isotropic crystal since the problem becomes sin-
gular due to repeated eigenvalues. In that case, some authors [174, 175] extended
the formalism with pure isotropic elasticity.

1.5.3.1 Sextic equation formalism

In a Cartesian reference frame (e1, e2, e3) such that e3 = e1× e2, the balance
of linear momentum equation in the absence of body forces reads:

σij,j = 0 (1.49)

As a consequence of the symmetries of elastic stiffness C, the generalized Hooke’s
law in linear anisotropic elasticity can be written as:

σij = Cijkluk,l (1.50)

The combination of these two equations leads then to:

Cijkluk,lj = 0 (1.51)

Since it is assumed as a two-dimensional problem that the displacements are only
the function of x1 and x2, Eq. 1.51 can be rewritten in the form:

Ci1k1uk,11 + (Ci1k2 + Ci2k1)uk,12 + Ci2k2uk,22 = 0 (1.52)

Without loss of generality, it has been shown that the solution of Eq. 1.52 can be
expressed as [21, 22]:

uk = akf (z) with z = x1 + px2 (1.53)

Here f is an arbitrary scalar function of z and ak and p are constants to be
determined. Eq. 1.52 together with Eq. 1.53 yield:
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(
Ci1k1 + p (Ci1k2 + Ci2k1) + p2Ci2k2

)
ak = 0 (1.54)

A nontrivial solution of ak exists if the determinant of Eq. 1.54 is zero. Such
condition gives a sextic equation for p [21, 22]. It has been proven that the six
roots (defined hereafter as the material eigenvalues) actually consist of three pairs
of complex conjugate roots due to the positive definiteness of the strain energy [21].
If pα and akα (α = 1...6) denote the eigenvalues and the associated eigenvector
components, it is hereafter considered that:

Im (pα) > 0, pα = pα+3, akα = ak(α+3) with α = 1, 2, 3 (1.55)

1.5.3.2 Displacement and stress solutions

Assuming generally that the roots pα are distinct, the displacement vector is
then obtained by the superposition of the six solutions, which can be put into the
following form:

ui = 2Re
[
Aijfj

(
zj

)]
(1.56)

where A is a 3× 3 matrix containing the eigenvector components akα (α = 1, 2, 3)
and zj = x1 + pjx2. Finally, the stresses can be derived from a stress function
vector φi obtained as:

φi = 2Re
[
Bijfj

(
zj

)]
(1.57)

where B is a 3× 3 matrix defined as:

Bij = (Ci2k1 + pjCi2k2)Akj (1.58)

such that the e3-independent stresses are:

σi1 = −∂φi/∂x2, σi2 = ∂φi/∂x1 (1.59)

If needed, component σ33 can be also computed from the generalized Hooke’s law.
It is noteworthy that pα, as well as the matrices A and B, are complex quantities,
which depend only on the anisotropic elastic stiffness tensor C. Matrices A and
B are non-singular when the six complex roots pα are all distinct or for specific
non-degenerate cases [176]. Properties of A and B (normalization, orthogonality)
were discussed by Stroh [22, 177], Barnett and Lothe [109] and Chadwick and
Smith [178].
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1.5.4 Crystal Plasticity Finite Element Method (CPFEM)

1.5.4.1 Conventional CPFEM

Based on classic continuum mechanics, CPFEM describes the elastic-plastic
deformation of anisotropic heterogeneous crystalline materials. This method is
largely used to investigate orientation stability, micro-beam bending and deforma-
tion of single, bi and multi-crystals at the micro- and mesoscales. This method
was reviewed by Roters et al. [10]. In particular, mechanisms at GBs were studied
by many researchers [179, 180, 181, 182, 183, 184, 185, 186, 187, 188, 189, 190,
191, 192].

The kinematical theory for the mechanics of crystalline elastic-plastic deforma-
tion was described by Hill and Rice [193] in limit strains. In this theory, following
Lee [194], Kröner [173] and Gurtin [195] the total deformation gradient F can be
multiplicatively decomposed into two components F e and F p:

F =
∂x

∂X
= F e · F p (1.60)

where x indicates the position of material point in the deformed configuration, X
the position of the same material point in initial undeformed configuration, F e

the elastic distortion which includes the stretching and rotation of the crystalline
lattice and F p is the plastic part due to crystallographic slip on slip systems. The
velocity gradient L can be calculated by:

L = Ḟ · F−1 (1.61)

It can be then separated into two parts: a symmetric part D that represents the
rate of stretching and an antisymmetric part Ω that represents the spin tensor.

L = D+ Ω with D =
1

2

(
L+LT

)
, Ω =

1

2

(
L−LT

)
(1.62)

Each of these tensors can be continually separated into elastic and plastic two
parts as shown in Eq. 1.63. {

D = De +Dp

Ω = Ωe + Ωp
(1.63)

where Dp and Ωp can be described in function of the slip direction sα, the normal
of slip plane nα of slip systems and slip rate γ̇α as:

Dp =
∑N

α=1

1

2
γ̇α (sα ⊗ nα + nα ⊗ sα)

Ωp =
∑N

α=1

1

2
γ̇α (sα ⊗ nα − nα ⊗ sα)

(1.64)
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Therefore, the plastic part of velocity gradient can be calculated by:

Lp = Dp + Ωp =
N∑
α=1

γ̇αsα ⊗ nα (1.65)

where subscript α indicates the slip system. For FCC crystals, there are 12 slip
systems as presented in Table 1.1, so N = 12.

The constitutive models of CPFEM can be classified into two types: phe-
nomenological and physics-based constitutive models. With phenomenological
constitutive models, the material’s behavior is only described in terms of the
critical resolved shear stress [196, 197]. However, with physics-based constitu-
tive models, like dislocation-based constitutive laws, the lattice defect populations
such as dislocation densities are required. Therefore, path- and size-dependent
crystal plasticity can be investigated [198, 191]. Here, only a very common the
phenomenological crystal plasticity constitutive model is presented [197, 199]. The
rate-dependent hardening model can be described as:

γ̇α = γ̇0
αsgn (τα)

∣∣∣∣τατ cα
∣∣∣∣n (1.66)

where γ̇0
α, τ cα, τα and n are reference shear strain rate, critical resolved shear stress

(CRSS), current resolved shear stress and rate sensitivity exponent, respectively.
The rate of the change of the critical resolved shear stress is described by:

τ̇ cα =
N∑
β=1

hαβ |γ̇β| (1.67)

where hαβ is the hardening matrix, which can be calculated as follows [196, 197]:

hαβ = qhαα, hαα = h0sech2

∣∣∣∣ h0γ

τ s − τ 0

∣∣∣∣ with γ =
N∑
α=1

∫ t

0

|γ̇α| dt (1.68)

where q, h0, τ 0 and τ s are latent hardening effect, initial hardening modulus, initial
CRSS and saturated shear stress at stage I, respectively.

1.5.4.2 Strain gradient CPFEM (SG-CPFEM)

The conventional CPFEM do not consider material length scale and so no size
effects are predicted. However, several observed plasticity phenomena display a
size effect whereby the smaller is the size the stronger is the response [11]. Under
this condition, it is necessary to introduce one or more intrinsic material length
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scales into the conventional plasticity model with considering strain gradient, so-
called strain gradient plasticity (SGP) which was reviewed by Voyiadjis and Song
[200].

Aifantis [201, 202] first attempted to combine a material length scale parameter
with the conventional plasticity theory. He modified the conventional yield func-
tion by adding the plastic strain gradient term to resolve the issues related to the
thickness of the localization regions which is typically measured at the microscopic
scale. He showed that the inclusion of higher-order deformation gradient into the
expression of flow stress or strain energy function for hyper elastic materials was
adequate to determine the width of shear bands and to preserve ellipticity in the
governing equilibrium relations in the strain softening regime [200]. In particular,
Aifantis [203] theoretically captured the occurrence of dislocation pile-ups across
GBs, as well as subsequent emission to the adjacent grains by gradient plasticity
and confirmed experimentally by nanoindentation. Inspired by the micro torsion
experiment with the polycrystalline copper wires, Fleck and Hutchinson [11, 204]
proposed a strain gradient theory of rate independent plasticity using dislocation
theory. They paid more attention to the role of GNDs in the gradient of plastic
strain and proposed the deformation and flow theory versions of SGP model. In
this theory, the hardening is assumed to result from the accumulation of both
SSDs and GNDs and the density of GNDs scales with the gradient of plastic strain
[11]. Then, Gudmundson [205] and Gurtin and Anand [206] proposed another
class of SGP theories which decompose the higher-order stresses into energetic
and dissipative parts. This theory is constrained to plastically irrotational flow for
small deformation framework [200]. Meanwhile, Gurtin [207] developed another
SGP theory that accounts for the plastic dissipation caused by plastically rota-
tional flow. Different from phenomenological SGP theories, Nix, Gao, Huang and
co-workers [208, 209, 210, 211, 212, 213, 214] developed a mechanism-based SGP
(MSGP) theory based on the multiscale framework linking the microscale dislo-
cation mechanism to the mesoscale plasticity theory. From a microscopic point of
view, the flow is defined as the critical stress to move a glide dislocation through
a forest of obstacles, whereas in mesoscopic point of view, it is possible to connect
the notion of GNDs to the gradient of the strain field and to institute a thermo-
dynamically consistent framework. In this way, the concept of GNDs become a
coherent part of the constitutive formulation. The Taylor hardening model relat-
ing the flow stress to the interactions of the mobile dislocations is also used in the
MSGP theory [200].

Based on theoretical investigations of SGP, a variety of numerical applications
of the SGP theory in the context of the FEM and FFT (highly efficient alternative
to FEM) have been carried out. In particular, Lebensohn and Needleman [215]
proposed a numerical implementation of a non-local polycrystal plasticity theory
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using the FFT-based formulation. They incorporated the Gurtin [216] non-local
formalism in the elasto-viscoplastic-FFT (EVP-FFT) algorithm of Lebensohn et
al. [217]. Then, Djaka et al. [218] proposed an enhanced crystal plasticity EVP-
FFT formulation coupled with a phenomenological Mesoscale Field Dislocation
Mechanics (MFDM) theory, so-named MFDM-EVP-FFT formulation. In contrast
with classic crystal plasticity EVP-FFT, this model is able to tackle plastic flow
and hardening due to polar dislocation density distributions or GNDs in addition
to SSDs. It also considers GND mobility through a GND density evolution law
coupled with stress equilibrium.

1.5.4.3 Dislocations-GB interactions analysis using CPFEM

Furthermore, the interaction between dislocations and GBs were also studied by
CPFEM. Two types of dislocation-based constitutive model are discussed hereafter
[186, 191]. The first type of model describes GB as a perfect obstacle that does not
allow dislocation penetration events [186] (impenetrable GB). This assumption can
be implemented in finite element simulations with an additional set of boundary
conditions: a zero shear condition perpendicular to GB. Evers et al. [186] found
that these boundary conditions can lead to an increase of hardening but not an
increase of the initial yield stress. Thus they proposed to introduce GB dislocations
(GBDs) as an initial GNDs at the position of the GBs. These GBDs can be
calculated from the crystallographic misorientation across the interface with the
schematic representation reported in Figure 1.48:

|ραGBD| =
1

hα2 =

(
1

bα
− 1

bβ

)2

(1.69)

ραGBD = sign
(
nα0 · nGB

0

) (∣∣nα0 − nGB
0

∣∣− ∣∣∣nβ0 − nGB
0

∣∣∣)2

b2
(1.70)

where nα0 and nβ0 are slip directions for incoming and outgoing slip systems, and
nGB

0 is the normal vector of GB. The slip system β has to be chosen to minimize
ραGBD.
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Figure 1.48: GB dislocations produced by different Burgers vectors according to different slip
system in grains α and β [186].

The second type of GB model in CPFEM was proposed by Ma et al. [191] who
assumed partial penetrability of the GB to dislocations. An activation concept was
used to treat the transmission probability of incoming dislocations to penetrate
a GB. During slip transmission, the residual dislocations are formed as debris in
the GB. An elastic energy is required to form these residual dislocations upon the
slip systems in both grains. It is likely that each transmission event occurs at
the smallest possible energy consumption which provides a selection criterion for
the involved slip systems. As discussed in the section 1.3.1 and the section 1.3.4,
the most likely outgoing slip system in adjacent grain is the slip system that has
the smallest misalignment on GB with the incoming slip system, so the one with
the smallest energy barrier of GB. However, perfect alignment is rare for general
GBs. Residual dislocations are thus created in the GB in order to satisfy the
conservation of the lattice defect vector when a dislocation crosses an GB. Thus,
an additional energy is required to produce these residual dislocations which is
regarded as a penalty energy barrier for the thermally activated slip transmission
event. Ma et al. [191] proposed a mathematical treatment of this penalty energy
based on the minimization of the activation energy with an outgoing slip system
β:

Eα
GB = min

β
c′9

1

2
Gb2lαRαβ (1.71)

where c′9 is a fitting constant, lα the length of the incoming dislocation and Rαβ

a geometrical factor describing the correlation of the incoming system α and the
outgoing system β.

Even if CPFEM is a powerful method, it does not resolve dislocations individ-
ually and miss therefore the effects of discrete mechanisms.
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1.5.5 Discrete Dislocation Dynamics method (DDD)

DDD method is a powerful tool to investigate plastic deformation of crys-
talline material based on the motion of discrete dislocations. The principle of this
method is that the dynamics of each discrete dislocation segment is controlled by
a Newtonian-type equation of motion which includes an inertia term, a drag term
and a driving force as [219]:

mv̇ +Bv = F (1.72)

where v, m, B and F are the dislocation velocity, the effective mass density, the
drag coefficient and the driving force, respectively. The driving force is composed
by various sources: applied force, interaction forces between dislocations or with
GB, line tension and thermal force, etc. It is supposed that when the driving force
is larger than the Peirels force (lattice friction force), the dislocation can slip. If
not, the velocity of dislocation is set to be zero. By solving Eq. 1.72, the position of
each dislocation segment and the stress-strain relation of bulk crystalline materials
can be obtained.

DDD is a significant method to study the interaction between dislocations
and GBs which is well reviewed by Burbery et al. [220]. First studies used two-
dimensional simulations. In the most simple models, the GBs were regarded as
impenetrable barriers to dislocations [221, 222, 223, 224, 225, 226, 227, 228]. Later,
more complex DDD models were proposed to consider slip transmission through
GBs [229, 12, 230]. Biner and Morris [229] have shown the effect of dislocation
pile-ups at GB on activation and shut-down of dislocation sources. Quek et al. [12]
proposed a methodology where slip transmission is modeled by the annihilation
of incoming dislocation and the activation of a Frank-Read source in the adjacent
grain. Li et al. [230] proposed a method where the slip transmission criterion was
defined in terms of the line energy of the incoming, outgoing and residual Burgers
vector. An additional term was also included in their approach to compensate
for the energy used to penetrate the GB structure. In that case, the crystallo-
graphic orientation could be considered and a dislocation re-emission mechanisms
was proposed. Furthermore, other approaches for slip transmission study consid-
ered the effects of line tension [231] and conservation of Burgers vector [232]. The
stress fields were also evaluated in bi-crystals containing a low angle GB modeled
by a dislocation array [221, 13]. However, in two-dimensional DDD, only 1, 2 or
maximum 3 slip systems can be considered [223] and these models do not account
for crystallographic changes at GBs and line tension effects. Robbins and Voth
[233] proposed a DDD simulation combined with generalized finite element method
(GFEM) to model dislocation dynamics in finite heterogeneous anisotropic mate-
rials based on the superposition method. Dislocation arrays, GB, free surfaces and
polycrystalline microstructure can be all considered in DDD-GFEM. It can also
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consider the effect of GB stiffness by defining a GB stiffness tensor which depends
on anisotropic misorientation of two adjacent grains. The elastic incompatibility
and activation of secondary slip due to this incompatibility in a bi-crystal config-
uration were studied by DDD-GFEM as presented in Figure 1.49. Furthermore,
researchers also developed three-dimensional DDD models. An impenetrable GB
model was used for polycrystal DDD simulation in thin films with free surface effect
to investigate grain size effect [228, 224]. A 3D thin film with penetrable GBs was
proposed by Zhou and Lesar [234], where the transmission stress was defined by a
line tension. However, these models cannot account for crystallographic changes
at GBs, and cannot determine the appropriate outgoing slip system, because no
interactions between incoming and outgoing dislocations are considered.

Figure 1.49: Activation of secondary slip and dislocation motion in the grain on right hand
side due to a horizontal tensile load in a bi-crystal. There are nine initial dislocation sources
distributed in the left hand grain. The color corresponds to displacement magnitude from 0 to
35b [233].

There are several different codes for DDD simulations, such as microMegas
(mM) [235], ParaDis [236], TRIDIS [237], MDDP [219] and MoDEL [238, 239,
240], etc. In DDD simulations, the boundary conditions are generally set as two
types of periodic conditions: (a) Transparent boundary (TB) condition where
dislocations are free to cross the simulated volume borders and enter the simulation
volume from the opposite face. (b) Impenetrable boundary (IB) condition where
dislocations can only move inside the grain as shown in Figure 1.50. Combined
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with a finite element code, DDD can be used to investigate complex materials
configuration and loading conditions, such as bi-crystals or poly-crystals [241].

Figure 1.50: (a) Schematic figure of an initial dislocation configuration with a random distri-
bution of dislocation loops, where the different colors indicate different slip systems. Dislocation
microstructures were obtained after deformation with (b) the transparent boundaries (TBs) and
(c) the impenetrable boundaries (IBs) [242].

A small angle tilt GB can be regarded as a dislocation array [13] as shown in
Figure 1.51 in order to investigate this GB effect. Furthermore, this dislocation
array can be obtained from molecular dynamics simulations [220], which can be
also used for a HAGB, but with a reduced spacing between GB dislocations through
Stukowshi’s dislocation extraction algorithm [243].

Figure 1.51: Small angle tilt GB, represented by a dislocation array [13].

1.5.6 Molecular Dynamics simulation (MD)

MD simulations can give a fine and realistic observation for deformation mech-
anism at the atomic scale. This method is used to analyze the physical move-
ments of atoms and molecules by allowing them to interact during a fixed period
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of time, giving the dynamic evolution of the system. In most common codes,
such as LAMMPS [244], the movement of atoms are determined by numerically
solving Newton’s equations of motion for all interacting atoms in an unit cell.
The force and the potential energies between these atoms can be calculated based
on interatomic potentials or molecular mechanics force fields. The most com-
mon method to determine interatomic potentials for metals is the embedded-atom
method (EAM). The total energy Ei of an atom I is given by [245]:

Ei = Fα

(∑
j 6=i

ρβ (rij)

)
+

1

2

∑
j 6=i

φαβ (rij) (1.73)

where F is the embedding energy which is a function of the atomic electron density
ρ, φ a pair potential interaction, and α and β are the element types of atoms I
and J. Both summations in the formula are over all neighbors J of atom I within
the cutoff distance. Meanwhile, other potentials which can be used for metals
simulation, such as the modified embedded-atom method (MEAM).

As MD simulations take into account the structure of dislocation core and the
complexion of GBs at atomic scale, it can be used for many domains, such as GB
structure and energy, GB sliding, GB migration and dislocation-GB interactions,
which are well reviewed by Zhang et al. [14]. Here, only some significant results
of dislocation-GB interactions are presented. Koning et al. [246, 247] verified the
three conditions of slip transmission proposed by Lee et al. [114] by using MD sim-
ulations at a temperature of 0 K. Their results concerned transmitted dislocations
nucleated from a crack tip near a series of pure tilt GBs. The nature of GB has an
evident influence of dislocation-GB interactions. They found that the resistance
of dislocation transmission depends on the mismatch of interaction lines between
GB and incoming/outgoing slip systems, stress concentrations and residual Burg-
ers vector. Finally, they determined the critical stress of dislocation activation for
each pair of incoming and outgoing slip systems. Meanwhile, Bachurin et al. [248]
found that the misorientation between two crystals, the sign of residual Burgers
vector and the position of interaction line between dislocation and GB are impor-
tant parameters to determine the ability of a dislocation to penetrate into GB at
a temperature of 0 K. With the increasing of shear strain, the incoming leading
partial dislocation was firstly absorbed by GB and then the entire dislocation was
transmitted through the GB as shown in Figure 1.52 [248].
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Figure 1.52: Process of dislocation transmission through a Σ57 symmetric tilt GB [14].

In some cases, when the energy barrier of GB is too high or when there are
already too many residual Burgers vectors [249, 250, 251, 252, 120, 90, 114], the
dislocation will stop in front of the GB without absorption or transmission. With
the increasing of applied stress, there will be more and more dislocations in the
same slip system and a dislocation pile-up will be created. Dewald and Curtin
investigated the interaction of edge dislocation pile-up [250], screw dislocation
pile-up [249] and 60◦ mixed dislocation pile-up [252] with Σ tilt GB in Al. They
found that the nucleation of GB dislocation or original GB dislocation has an
influence on dislocation pile-ups. Yu and Wang [253] studied the interactions
between specified numbers of lattice dislocations and Σ11

(
311
)

symmetrical tilt
GB in Cu by using quasicontinuum method. They proposed the definitions of
positive and negative dislocation-GB interactions and also an unified geometrical
criterion to predict “hard” and “easy” dislocation transmission. They observed
that the incoming dislocation pile-up will activate outgoing dislocation with both
“positive” and “negative” interactions.
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The dislocation nucleation mechanism was also observed by MD simulations
[254, 255, 256, 257, 258, 259, 260, 261] and was well introduced by Van Swygen-
hoven and Derlet [262] and Tschopp et al. [263] in bi-crystal model. Spearot et al.
[258, 264] found that the mechanical failure along the boundaries was initiated by
the dislocation nucleation from GB for the 〈100〉 and 〈110〉 symmetrical tilt GBs in
Al and Cu. After the emission of partial dislocations into grain, the atoms at GB
rearranged themselves, which increases local stress concentrations. Tschopp and
McDowell [257] studied dislocation nucleation from Σ3 asymmetric tilt GBs under
uniaxial tension that applied perpendicular to the boundary. They found a sig-
nificant influence of inclination angle of GB on dislocation nucleation mechanism
with the same misorientation in Cu as shown in Figure 1.53. For different ranges
of inclination angle, the mechanisms for dislocation nucleation in Cu asymmetric
GBs were divided into three regimes. At low inclination angles: Φ ≤ 35.26◦, the
dissociation and nucleation processes occurred on different slip planes as shown in
Figure 1.53 (a), and the stress required for dislocation nucleation was relatively
high. At intermediate inclination angles: 35.26◦ < Φ < 70.53◦, the dislocation dis-
sociation and nucleation occurred on the same slip plane as shown in Figure 1.53
(b), and a relatively low stress was required to induce the dislocation nucleation
from GB plane. At high inclination angles: Φ ≥ 70.53◦ (see Figure 1.53 (c)), the
extended dissociation of the boundary resulted in an increased volume of the 9R
phase as shown in Figure 1.54 which is explained by Ernst et al. [265].

Figure 1.53: Dislocation nucleation from Σ3 asymmetric tilt GB in Cu at 10K with inclination
angle (a) 10.02◦, (b) 54.74◦ and (c) 79.98◦ [257].
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Figure 1.54: Detailed image of 9R phase structure in Σ3 asymmetric tilt GB in Cu at 10K
with inclination angle 79.98◦ [257].

Meanwhile, the difference between symmetric and asymmetric GBs was studied
by Zhang et al. [266] with Σ5 GBs in Cu bi-crystals. They found that for symmet-
ric GB, dislocations can be emitted into both grains at the same time as shown in
Figure 1.55 (a-b), while for asymmetric GB, dislocations were firstly emitted into
one grain and then the slip systems in another grain can be activated as shown in
Figure 1.55 (c-d).

Figure 1.55: Dislocation nucleation from Σ5 symmetric and asymmetric GBs under uniaxial
tension [14].
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As a conclusion, by using MD simulations, the GB structure and local inter-
actions between dislocations and GBs can be clearly investigated at atomic scale.
However, MD simulations cannot be performed for a large system due to comput-
ing resources and time consuming.
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Chapter 2

Experimental part: Nickel and
α-Brass bicrystalline micro-pillar
compression test

2.1 Introduction

In order to study the interactions between dislocations and GBs and the effect
of heterogeneous crystallographic slip on elastic fields, mechanical tests on micro-
bi-crystals were performed. In this context, it is decided to work on bi-crystalline
micro-beams with plane surfaces. The advantage of this geometry is the ability
to analyze slip lines on the upper surface by atomic force microscopy (AFM) as
described in subsection 1.4.4. In this chapter, the different experimental methods
involved in the fabrication and the characterization of micro-beams are described.
The procedure of this experience is the following. First macro-samples were ho-
mogenized through heat treatment in order to reduce the internal stresses and
increase the grain size. An interesting GB was then chosen from a macroscopic
sample based on EBSD results. Then, a micro-beam of bi-crystals containing this
GB was realized by FIB. After that, a micro-pillar compression test was performed
on this micro-beam by a flat punch along GB direction with a low strain in order
to create single slip in one of the crystal. At the end of the experimental cam-
paign, the topography of the external surface containing the slip step height was
measured by AFM. The whole process is schematically presented in Figure 2.1.
The topography of slip lines can be used to analyze the distribution of dislocations
in a discrete dislocation pile-up and slip transfer at GB. As a part of this cotutelle
thesis, experiences were performed in the Department of Materials Science and
Technology (MWW) at the Saarland University in Saarbrücken.
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Figure 2.1: Schematic figure of the different experimental procedures: (a) The surfaces of
polycristalline macro-samples were polished after heat treatment. (b) Microstructure analysis
based on EBSD measurement: the orientations of grains were determined. (c) The interesting
GB was selected according to several criteria. (d) A bi-crystal area containing the interesting
GB was selected. (e) The selected area was cut out with the GB close to side surface. (f) A
micro-beam containing the interesting GB was realized by FIB, and the orientations of the two
grains were determined again by EBSD measurement. (g) An in-situ micro-pillar compression
test was performed on the micro-beam by a flat punch indentor with a low strain in order to
create a single slip. The loading direction is parallel to GB. (h) The slip lines were analyzed by
SEM and AFM, so the direction of their traces and the topographic distribution were obtained.
h (d) and d (N) are the height of slip line and the distance of N th dislocation from GB along the
slip direction, respectively.
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2.2 Material choice

The materials for this experimental study are Nickel (Ni) with very high purity
(99.999%) and α-Brass (70%Cu-30%Zn, wt%) with impurities (Fe, Pb, P and As,
etc.) less than 0.001%. A chemical analysis by energy dispersive spectroscopy
(EDX) was performed to check the purity of the samples before and after the
sample preparation procedures. The elastic stiffness moduli of Ni are C11 = 246.5
GPa, C12 = 147.3 GPa, C44 = 124.7 GPa [28] and those of α-Brass are C11 =
139.21 GPa, C12 = 104.51 GPa, C44 = 71.3 GPa [267, 268]. Thus these two

materials have an elastic anisotropy factor A =
2C44

C11 − C12

which is 2.51 for Ni and

4.11 for α-Brass.Therefore, the chosen materials have different anisotropy factors
which can be used to analyze the effects of anisotropic elasticity. In the case of
elastic isotropy, the considered elastic constants are G = 86.16 GPa, v = 0.294
for Ni and G = 40.75 GPa, v = 0.343 for α-Brass. The latter are deduced from
the anisotropic elastic stiffness moduli by applying the Voigt-Reuss-Hill average
[269, 270]. Furthermore, the stacking fault energy for α-Brass and Ni are about
14 mJ/m2 [271] and 90 mJ/m2 [272], respectively. The stacking fault energy of
α-Brass is low which promotes planar slip and thus facilitates the observation of
slip lines. While the stacking fault energy of Ni is higher, slip lines were also well
observed in Ni bi-crystals during compression tests [137]. Thus, Ni is also suitable
for the present experiments.

2.3 Sample preparation

2.3.1 Metallographic preparation

The samples, usually in the form of cubes of 20 × 20 × 5 mm3, were cut by
electrical discharge machining (EDM) using a bronze wire. This cutting process
generates phenomena of temperature localization on the sample surfaces during
which elements of copper and zinc in the bronze wire are diffused inside the sam-
ples and can thus modify the chemical composition on the surface. Besides the
contamination by bronze wire, the high temperature accelerates the oxidation of
materials on the surface. To remedy all these impurities, a mechanical polishing
was performed on the whole samples. The six faces of the samples were mechani-
cally polished with coarse abrasive papers up to the particle size index P2500 with
water. This polishing phase was followed by a polishing using a diamond suspen-
sion of particle sizes 6, 3, and 1 micron on zeta cloth to eliminate hardening and
damage achieved during the mechanical polishing, including scratches. At the end,
the sample surfaces were finally polished by OP-U-NonDry solution with water on
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chem-cloth for 5 mins. After the polishing of macro-samples, the thickness was
around 2.0 ∼ 2.5 mm. With this range of thickness, it is possible to keep GBs
relatively perpendicular to the upper surface thanks to a heat treatment process.

2.3.2 Heat treatment

The purpose of the heat treatment is to reduce the internal stresses resulting
from the manufacturing process of the raw material. It also allows us to regenerate
a homogeneous microstructure with coarse grains.

For Ni, the produced samples were homogenized at 1100 ◦C for three days.
The heat treatment was performed in a vacuum oven to minimize the risk of
contamination and oxidation of the samples. The vacuum was obtained using a
pump allowing a vacuum of less than 10−6 mbar. At the end of heat treatment,
the samples were submitted a relatively slow cooling process.

For α-Brass however, the heat treatment is more complicated. The heat treat-
ment of the α-Brass sample was firstly done with the same process for the Ni
sample. It was homogenized at 800 ◦C during four days in vacuum condition.
After the heat treatment, there were lots of holes on the sample surface as shown
in Figure 2.2 (a). Then, the sample surface was polished and analyzed by EDX,
which showed that the chemical composition on surface was on average 87.5%Cu-
12.5%Zn as shown in Figure 2.2 (b). At the location of a hole, it was about
87.8%Cu-12.2%Zn as shown in Figure 2.2 (c). The original chemical compositions
of this α-Brass is 70%Cu-30%Zn. These results show that the sample has lost
about 20% Zn during the heat treatment on the whole sample surface.
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Figure 2.2: (a) SEM picture taken on the upper surface of the α-Brass sample after heat
treatment in vacuum showing many holes on the surface, (b) EDX analysis on the whole upper
surface, and (c) EDX analysis of a hole on the sample upper surface which is marked as a red
cross in (a).

This phenomenon was already observed and investigated by Itoh and Hikage
in 1976 [273]. They found dezincified phenomenon during heat treatment of Brass
samples with different zinc contents in vacuum condition as shown in Figure 2.3.
Their results show that for a α-Brass specimen with 33.5% Zn, the sample lose
about 15% Zn after a heat treatment at 800 ◦C during 1 hour.
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Figure 2.3: (a) The relation between weight loss and reaction time for the specimens with
different zinc contents dezincified at 700 ◦C, where (α) , (α+ β) and (β) indicate the specimens
with α-phase, both α- and β-phase and β-phase, respectively. (b) The relations between weight
loss and reaction time for the specimens with 33.5%Zn and 49%Zn over the temperature range
500-800 ◦C [273].

It is believed that the dezincification is due to the huge difference of melting
temperature, which is about 500 ◦C, between pure Zn and α-Brass as shown in
Figure 2.4.
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Figure 2.4: Phase diagram of Brass. The melting point of pure Zn is 419.5 ◦C and of α-Brass
(70%Cu-30%Zn) is about 920 ◦C [274].

Thus, it is crucial to prevent sample surface from dezincification. In order to
do that, three different methods were proposed and tested as shown in Figure 2.5.

Figure 2.5: Schematic figures of three different methods to prevent from dezincification: (a)
sample is placed on a ceramic plate in the argon environment, (b) sample is sandwiched between
two ceramic plates in the argon environment, and (c) sample is stored in a closed ceramic box
in the argon environment, however the ceramic cover does not touch the sample surface.

The first method consisted in doing the heat treatment in argon environment.
The α-Brass sample was placed on a ceramic plate in the oven, and the oven was
filled with argon at ordinary pressure as shown in Figure 2.5 (a). During the heat
treatment, the whole system was connected to the atmosphere with liquid seal of
silicone oil at the system outlet and the argon was continually filled into the oven
in order to keep the pressure constant. With this method, after a heat treatment
at 700 ◦C for 80 hours, the dezincified intensity had receded on the upper surface
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which is open to the argon as shown in Figure 2.6 (a). However, there were still
some small holes on the upper surface and it has lost about 11.4% Zn of the whole
sample. While for the bottom surface, there was no hole and the Zn content was
29.6%, nearly no dezincified event. These results show that compared to a vacuum
environment, the argon environment with atmospheric pressure can thus recede
dezincification, but it still needs a solid cover protection on the surface in order to
eradicate dezincification, such as for the case of bottom surface.

Figure 2.6: SEM picture of α-Brass sample after heat treatment in argon environment and its
EDX analysis on (a) the upper surface which was open to the argon and (b) the bottom surface
which was protected by ceramic plate support.

Furthermore, an EBSD measurement was performed on the bottom surface in
order to determine the grain size. The result is presented in Figure 2.7. It was
found that the average grain diameter is about 109 µm. The homogenization is not
obvious. With this grain size, it is difficult to prepare the micro-beam as described
in Figure 2.1.
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Figure 2.7: EBSD measurement of α-Brass sample after heat treatment in argon environment
on the bottom surface which was protected by ceramic plate support.

In order to further weaken the dezincification, the second system was designed
as shown in Figure 2.5 (b). From the analyses made on the first system, it is
believed that the argon environment can reduce dezincification and a solid cover
on the surface can prevent dezincification. So in the second system, the macro-
sample was sandwiched between two ceramic plates and the heat treatment was
performed in argon environment. After heat treatment at 700◦C for 45 h and at
750◦C for 4 days, the EDX analysis and the EBSD measurement were performed
on the bottom surface. The results are presented in Figure 2.8. From the EDX
results, it was found that there is the zinc content percentage lost 2 ∼ 3 points
on the bottom surface. Compared to the first system, the dezincification is even
more serious. About microstructure characterization, it was found that the grain
size is still small and there are some unrecrystallized areas. One reason is that the
temperature of recrystallization 700 ∼ 750◦C is not high enough compared to the
melting point of studied α-Brass (920◦C). Another reason comes from the pressure
of the upper plate which hinders the crystallization.
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Figure 2.8: EDX analysis (on left side) on the bottom surface of α-Brass sample after heat
treatment in argon environment with a sandwich structure protection and its EBSD measurement
(on right side) (a) at 700◦C for 45 h and (b) at 750◦C for 4 days.

Based on all the previous experiments, the third system was designed as shown
in Figure 2.5 (c). The sample was stored in a closed ceramic box with the upper
cover not touching the sample, but as close as possible to the upper surface of
sample. The system was still in the argon environment. This system should
reduce the dezincification without destroying the microstructure. Furthermore,
in order to get recrystallization, the temperature of heat treatment was set to
be 980◦C during a short period of time. As this temperature is higher than the
liquefaction temperature of the studied material, there should be recrystallization
during the cooling process. Meanwhile the period of heat treatment is set to be
short, so the sample can be kept in its original form. The results of EDX analysis
and EBSD measurement on the bottom surface are shown in Figure 2.9 for the
heat treatment of 1 min. It was found that the chemical composition was 69.9% of
Cu and 30.1% of Zn which is nearly the same as the original chemical composition
70%Cu-30%Zn. Thus the dezincification is successfully suppressed. Based on the
microstructure analysis, the grain size successfully increases compared to other
systems. In particular, the length of GBs is about 1 ∼ 2 mm, which is long
enough for the present experiment.
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Figure 2.9: EDX analysis (on left side) on the bottom surface of α-Brass sample after heat
treatment at 980◦C for 1 min in argon environment within closed ceramic box protection and its
EBSD measurement (on right side).

At the same time, a heat treatment at 980◦C during 15 min was also tried and
the result is presented in Figure 2.10. It was found that the grain size is larger
compared to the 1 min treatment, but the GBs are not clear and not straight due
to excessive melting. Thus, this heat treatment cannot be used for the present
experiment. As a conclusion, the chosen heat treatment of α-Brass is at 980◦C
during 1 min in a closed box with the upper cover not touching the upper surface
of sample within argon environment at atmospheric pressure.

Figure 2.10: EBSD measurement on the bottom surface of α-Brass sample after heat treatment
at 980◦C for 15 min in argon environment within closed ceramic box protection.

After the heat treatment, Ni and α-Brass samples were mechanically polished
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again until getting a “mirror surface”. At the end, the samples were electropolished
at a voltage of 24V for 20s. The electrolyte for Ni is composed of 65∼86% Ethanol,
10∼15% 2-Butoxyethanol and 5∼15% water, while for α-Brass, it is composed
of 15∼35% Phosphoric acid, 15∼25% Ethanol, <10% Propane-1-OL, <1% urea
and 50∼70% water. At the end, the GBs can be clearly observed under optical
microscopy.

2.3.3 Grain boundary choice

The orientation of each grain was measured by EBSD in a SEM. It was carried
out with a high resolution camera from Oxford Instruments in Zeiss Sigma VP
SEM. For the acquisition of the orientation maps, the SEM was set with a 20 kV
acceleration voltage, a working distance of 15 mm. The sample was tilted 70◦ with
respect to the axis of the incident beam. Orientation maps were acquired with a
spatial step size of 20 µm. The orientation of a grain is given by the Euler angles
(φ1,Φ, φ2) defined according to the notation of Bunge [275]. The angular resolu-
tion of the EBSD orientation measurements and the array orientation variation
within each grain produces a maximum variation of ±1◦ in the Euler angle mea-
surements. Data processing was performed by Flamenco Channel 5 software (HKL
Technology) with the indexing rate always greater than 99%. The microstructures
of the sample were represented by inverse pole figures (IPF) as shown in Figures
2.11. The GBs are marked as black lines in the EBSD orientation mapping and
correspond to misorientation angle between adjacent pixels higher than 2◦. In that
case, the main GB can be detected and avoid the detection of small sous-grains.
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Figure 2.11: EBSD orientation mapping of the macroscopic sample: (a) Ni and (b) α-Brass.
The orientations are given in the IPF in the direction of Z axis which is perpendicular to upper
surface. The black lines represent GBs and correspond to misorientation angles between adjacent
pixels higher than 2◦.

Based on orientation of each grain, the interesting GBs in the present study
were chosen from the following conditions with the surface configuration presented
in Figure 2.12:

• GB is or is close to be perpendicular to the upper surface.
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• With a mechanical loading parallel to GB plane, for the target grain, the
Burgers vector of the slip system with the maximum Schmid factor must
not be perpendicular to GB. Meanwhile the slip plane of this slip system
must not be parallel to the upper surface. These conditions ensure that the
Burgers vector has a component perpendicular to the upper surface where
AFM measurements will be performed.

Figure 2.12: The upper surface is defined as the surface containing the GB where AFM
measurements will be performed. The top surface is the one contacted by the flat punch during
the compression test. The side surface is the lateral surface which does not contain the GB.

Then, it is better that the ratio between the maximum Schmid factor and the
second maximum Schmid factor is higher than 1.1 in order to get a high prob-
ability to only activate single slip at low strain. Furthermore, when considering
incompatibility stresses due to heterogeneous anisotropic elasticity [160] (see Eqs.
1.44 and 1.45 in subsection 1.5.2.4 of Chapter 1), the most favourable active slip
system can be different from the one predicted by a simple Schmid analysis. This
condition can be used to identify the effect of incompatibility stresses. Thus, twin
GBs are disregarded in the present study as there is no elastic incompatibility
stresses if type-I twin boundaries are parallel or perpendicular to the loading axis
[276].

Based on all the above conditions, several GBs were chosen. However, due to a
matter of time, only one GB of each material was used to analyze the distribution
of dislocations in single slip and slip transmission. These GBs are presented in
Figure 2.14 and 2.15.

2.3.4 Micro-beam preparation

The macro-sample was cut into pieces containing the interesting GB by EDM
(electrical discharge machining). The side surface of small piece was mechanically
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polished in order to make the GB close and parallel to side surface which is helpful
for FIB cutting. During the FIB process, the top surface should indeed be polished
from two sides in order to ensure that it is perpendicular to the upper surface.
Only in that case, it is a pure compression test. If not, there will be some bending
stresses. In the present thesis, it is crucial to have a pure compression in order to
get the precise loading stresses which will be used in the simulations. In order to
do that, the mechanical polishing was stopped when the distance between GB and
side surface was reduced to about 1 mm in order to prevent GB damage. Then,
this side surface was polished again by ion slicing technique with low energy Ar+

ions in the IM4000 system until the distance from GB to side surface was reduced
to about 40 µm as shown in Figure 2.13.

Figure 2.13: After ion milling, the GB was close to the side surface of Ni sample with a distance
40.09 µm.

Finally the pre-prepared sample was cut into a micro-beam with length of
about 16 µm, width of about 8 µm and thickness of about 8 µm by FIB with FEI
Versa 3D Dual Beam system using ion beam currents of 15 nA for rough cutting
and 1 nA at 30 kV for fine polishing as shown in Figure 2.14 (c) for Ni and in
Figure 2.15 (c) for α-Brass. The orientations of the bi-crystal were acquired again
by EBSD with a spatial step resolution of 0.1 µm. Data processing was performed
by AZtec software with an indexing rate greater than 99%. The microstructures
of the micro-beam are presented by IPF in Figure 2.14 (a-b) for Ni and in Figure
2.15 (a-b) for α-Brass.
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Figure 2.14: (a) EBSD mapping of Ni bi-crystal, orientation of crystal I: φI
1 = 63.8◦, ΦI =

14.3◦, φI
2 = 18.6◦, orientation of crystal II: φII

1 = 331.1◦, ΦII = 9.0◦, φII
2 = 75.1◦. (b) The

crystallographic orientations of both crystals, Cry I and Cry II, are given on the standard IPF in
the direction of y-axis which is parallel to GB and is also the loading direction of the compression
test. (c) SEM micrograph of a micro-beam containing GB cut by FIB. The average length of
micro-beam is about 15.46 µm and the average section area is about 71.80 µm2 with 46.67 µm2

for crystal I and 25.13 µm2 for crystal II. The GB inclination angle is 0◦ as defined in Figure
2.17.

Figure 2.15: (a) EBSD mapping of α-Brass bi-crystal, orientation of crystal I: φI
1 = 27.7◦,

ΦI = 35.7◦, φI
2 = 66.1◦, orientation of crystal II: φII

1 = 219.5◦, ΦII = 28.4◦, φII
2 = 2.4◦. (b)

The crystallographic orientations of both crystals, Cry I and Cry II, are given on the standard
IPF in the direction of y-axis which is parallel to GB and is also the loading direction of the
compression test. (c) SEM micrograph of a micro-beam containing GB cut by FIB. The average
length of micro-beam is about 15.37 µm and the average section area is about 88.91 µm2 with
42.02 µm2 for crystal I and 46.89 µm2 for crystal II. The GB inclination angle is 6.4◦ as defined
in Figure 2.17.

It should be pointed out that even with small ions density of Ga+ at the end of
FIB polishing, there ions still created scratches within nanometers on the surface
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of Ni micro-beam as presented in Figure 2.16 by SEM with high magnification.

Figure 2.16: SEM micrograph with high magnification on the surface of Ni micro-beam after
FIB fine polishing. It shows there are scratches produced by Ga+ ions.

2.4 Preanalyses of slip information

Based on the local crystalline orientation, the mechanical and geometrical in-
formation of each slip system in the studied grain were firstly analyzed. The slip
analysis results for Ni and α-Brass sample are presented in Table 2.1 and Ta-
ble 2.2, respectively. The results include the Burgers vector presented in sample
coordinates (see Figure 2.17), the unit normal vector of slip plane, the Schmid
factor, the resolved shear stress normalized by applied stress considering elastic
incompatibility stresses [160] (see Eqs. 1.44 and 1.45 in Chapter 1), the angle
between slip line and GB line on the upper surface θUp (see Figure 2.17), the an-
gle between slip line and the upper edge of sample on the side surface θSide (see
Figure 2.17), the image force on a dislocation located at a distance 5 |b| from GB
due to misorientation effect in bi-crystal configuration with perfect planar GB (see
subsection 3.1 in Chapter 3) and the transmission factor based on Eq. 1.26 in
Chapter 1 with the corresponding slip system in the adjoining grain. The analysis
of Schmid factor and resolved shear stress can be used to predict the primarily
active slip system (with the maximum Schmid factor or the maximum resolved
shear stress) with compressive loading. In some cases, the primarily active slip
system with maximum Schmid factor can be different from the one when consider-
ing incompatibility stresses [121]. Furthermore, combining the analysis of Burgers
vector and normal vector of slip plane can be used to choose the interesting GB
as described in subsection 2.3.3. After the mechanical tests, the activated slip
lines can be observed by SEM picture (see Figures 2.22 (a) and 2.23 (a)) and by
AFM measurement (see Figures 2.25 and 2.27). Then, the two angles with slip
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line θUp and θSide can be experimentally determined as shown in Figure 2.22 (a)
right for Ni sample and in Figure 2.23 (a) right for α-Brass sample. By comparing
these angles to the theoretical analyses as described in Table 2.1 and 2.2 which
are also schematically presented in Figure 2.22 (b) and 2.23 (b), the active slip
plane can be identified. The image force presented in Table 2.1 and 2.2 indicates
the misorientation effect on dislocation behavior which will be deeply discussed in
subsection 4.2.4 of Chapter 4. As a simple summary, the negative image force in-
dicates the repulsive misorientation effect which means the dislocation is repelled
by the GB. On the contrary, the positive image force indicates the attractive mis-
orientation effect and thus the dislocation is attracted by the GB. With a positive
image force, as the dislocation is attracted by the GB, it is easier to get dislocation
transfer across the GB. Furthermore, in combination with transmission factor, the
dislocation transfer can be more comprehensively predicted.

For the present experiment, the interesting grain for Ni sample is the crystal II
and for α-Brass sample is the crystal I. For these two interesting GBs, the primarily
active slip system is always the same either considering a simple Schmid analysis
or considering the incompatibility stress formula as marked in red in Table 2.1 for
Ni and in Table 2.2 for α-Brass sample. However, for α-Brass sample, combining
the analyses of Schmid factor and incompatibility stresses, the mainly observed
slip lines in crystal I was determined as the slip system A6 which is marked in
blue in Table 2.2.
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Crystal I of Ni

Slip system
[40]

Burgers vector (nm)
Unit normal vector of

slip plane
Schmid factor RSS/IS∗1 θUp (◦) θSide (◦)

Image force
(N/m)∗2

MTF/CSS∗3

A2 [0.04; 0.21; 0.13]

[−0.56; 0.51;−0.65]

0.0910 0.0246

132.16 40.98

-0.0075 0.8129/C5

A3 [−0.15; 0.06; 0.18] 0.3500 0.2960 0.0196 0.8919/C3

A6 [0.19; 0.15;−0.06] 0.4410 0.3205 0.0133 0.7393/C1

B2 [0.04; 0.21; 0.13]

[−0.58;−0.35; 0.74]

0.0929 0.1054

58.87 142.12

-0.0035 0.8635/B5

B4 [0.19; 0.011; 0.16] 0.4461 0.3624 0.0162 0.8892/B2

B5 [−0.15; 0.19;−0.03] 0.3532 0.2570 0.0084 0.8435/B4

C1 [0.00; 0.13;−0.21]

[−0.70;−0.60;−0.38]

0.0051 0.0419

49.30 61.63

-0.0121 0.9179/C1

C3 [−0.15; 0.06; 0.18] 0.4355 0.3354 0.0077 0.9594/C3

C5 [−0.15; 0.19;−0.03] 0.4304 0.2935 -0.0002 0.7803/C5

D1 [0.00; 0.13;−0.21]

[−0.44; 0.77; 0.47]

0.0032 0.0390

150.26 137.01

-0.0110 0.7801/B4

D4 [0.19; 0.01; 0.16] 0.3394 0.2689 0.0065 0.8984/B2

D6 [0.19; 0.01; 0.16] 0.3394 0.2689 0.0065 0.8984/B2

Crystal II of Ni

Slip system
[40]

Burgers vector (nm)
Unit normal vector of

slip plane
Schmid factor RSS/IS∗1 θUp (◦) θSide (◦)

Image force
(N/m)∗2

MTF/CSS∗3

A2 [−0.15;−0.11;−0.17]

[0.09;−0.86; 0.51]

0.0536 0.1087

6.11 10.27

0.0042 0.7108/A2

A3 [0.10;−0.11;−0.20] 0.0373 0.0051 0.0010 0.8250/A3

A6 [−0.25;−0.01; 0.03] 0.0909 0.1138 -0.0329 0.7049/A6

B2 [−0.15;−0.11;−0.17]

[0.73; 0.07;−0.68]
0.4263 0.5068

95.09 133.01

-0.0052 0.8984/D4

B4 [0.15;−0.13; 0.15] 0.4377 0.5270 0.0103 0.8435/B5

B5 [0.00;−0.25;−0.02] 0.0113 0.0202 0.0062 0.8635/B2

C1 [−0.10;−0.14; 0.18]

[0.89;−0.02; 0.46]

0.3468 0.4131

88.56 62.62

0.0140 0.9179/C1

C3 [0.10;−0.11;−0.20] 0.3606 0.4269 -0.0096 0.9594/C3

C5 [0.00;−0.25;−0.02] 0.0138 0.0137 0.0041 0.8129/A2

D1 [−0.10;−0.14; 0.18]

[0.07; 0.77; 0.63]

0.0259 0.0151

175.07 5.97

0.0098 0.6515/A6

D4 [0.15;−0.13; 0.15] 0.0398 0.0950 -0.0049 0.6161/B5

D6 [−0.25;−0.01; 0.03] 0.0658 0.0799 -0.0416 0.6715/A6

Table 2.1: Slip analyses of Ni micro-beam. The compressive direction is along X, the GB normal along Y and the upper face normal along Z as presented in Figure 2.17.
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Crystal I of α-Brass

Slip system
[40]

Burgers vector (nm)
Unit normal vector of

slip plane
Schmid factor RSS/IS∗1 θUp (◦) θSide (◦)

Image force
(N/m)∗2

MTF/CSS∗3

A2 [0.07; 0.22;−0.10]

[−0.86; 0.41; 0.30]
0.2339 0.2075

115.22 109.00

0.0229 0.7850/B5

A3 [−0.06; 0.05;−0.24] 0.2010 0.1073 -0.0248 0.7433/C1

A6 [0.13; 0.17; 0.14] 0.4349 0.3148 -0.0213 0.7750/B2

B2 [0.07; 0.22;−0.10]

[−0.11;−0.39;−0.91]

0.0305 0.0522

16.08 7.04

-0.0107 0.7253/B5

B4 [0.25; 0.05;−0.05] 0.1086 0.0218 0.0057 0.9287/A6

B5 [−0.18; 0.18;−0.05] 0.0781 0.0740 0.0012 0.7785/D4

C1 [−0.12; 0.13; 0.19]

[−0.71;−0.70; 0.02]
0.3262 0.3366

45.20 91.97

0.0029 0.9197/C3

C3 [−0.06; 0.05;−0.24] 0.1650 0.0084 -0.0097 0.8949/C1

C5 [−0.18; 0.18;−0.05] 0.4913 0.3450 0.0064 0.7182/C5

D1 [−0.12; 0.13; 0.19]

[−0.27; 0.72;−0.64]

0.1228 0.1813

159.65 22.64

0.0053 0.9214/A3

D4 [0.25; 0.05;−0.05] 0.2573 0.1376 -0.0009 0.9417/D6

D6 [0.13; 0.17; 0.14] 0.1345 0.0437 0.0001 0.9326/A2

Crystal II of α-Brass

Slip system
[40]

Burgers vector (nm)
Unit normal vector of

slip plane
Schmid factor RSS/IS∗1 θUp (◦) θSide (◦)

Image force
(N/m)∗2

MTF/CSS∗3

A2 [−0.18;−0.16;−0.07]

[0.22;−0.60; 0.77]

0.1578 0.3233

20.11 15.87

0.0010 0.9326/D6

A3 [0.05;−0.19;−0.16] 0.0460 0.0431 0.0042 0.9214/D1

A6 [0.24;−0.03;−0.09] 0.2038 0.2802 0.0032 0.9351/D4

B2 [−0.18;−0.16;−0.07]

[0.55;−0.26;−0.79]

0.3944 0.3717

64.19 145.40

-0.0133 0.7750/A6

B4 [0.19;−0.08; 0.16] 0.3992 0.3585 -0.0371 0.6673/A3

B5 [0.00;−0.24; 0.08] 0.0048 0.0132 0.0228 0.7850/A2

C1 [−0.05;−0.05; 0.25]

[0.97; 0.08; 0.22]

0.1954 0.0783

94.97 77.13

-0.0195 0.8949/C3

C3 [0.05;−0.19;−0.16] 0.2040 0.1278 0.0116 0.9197/C1

C5 [0.00;−0.24; 0.08] 0.0085 0.0495 -0.0020 0.7833/A2

D1 [−0.05;−0.05; 0.25]

[0.20; 0.95; 0.25]

0.0412 0.0299

167.81 39.88

-0.0072 0.7006/D1

D4 [0.19;−0.08; 0.16] 0.1492 0.2738 0.0041 0.7785/B5

D6 [0.24;−0.03;−0.09] 0.1904 0.2439 -0.0011 0.9417/D4

Table 2.2: Slip analyses of α-Brass micro-beam. The compressive direction is along X, the GB normal along Y and the upper face normal along Z as presented in Figure
2.17.

∗1 RSS: Resolved shear stress normalized by applied stresses when considering elastic incompatibility stresses (IS) [160].
∗2 Image force at a distance 5 |b| from GB due to misorientation effect in bi-crystal configuration with perfect planar GB which is deeply discussed
in subsection 3.1 of Chapter 3.
∗3 MTF: Maximum transmission factor based on Eq. 1.26 in Chapter 1 with corresponding slip system (CSS) [40] in the adjacent grain.
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Figure 2.17: Schematic presentation of slip line analyses. The sample coordinates are set as
y perpendicular to GB line on the upper surface pointing to crystal II, z perpendicular to the
upper surface and x = y × z parallel to the GB line. The angle between slip line and GB line in
positive x direction on the upper surface is noted as θUp. The angle between slip line and the
upper edge of sample in positive x direction on the side surface is noted as θSide. The inclination
angle of GB is noted as ε.

2.5 Micro-pillar compression tests

The in-situ compression tests were carried out in high vacuum at room temper-
ature in a Carl Zeiss ΣIGMA series SEM, by an in-situ nanoindenter (UNAT-SEM
II) as shown in Figure 2.18 (a) which has a load noise floor level about 0.002 mN.
The micro-beams were compressed by a flat punch of polycrystalline tungsten car-
bide (WC). Furthermore, in order to well control the orientation of micro-beam
for a pure compression test, such as the loading direction parallel to GB and the
top surface of sample perpendicular to flat punch, an additional rotation stage for
sample holder which can perform rotations in two dimensions was developed as
shown in Figure 2.18 (b). This stage is controlled by an Arduino board (Single-
board microcontroller) as presented in Figure 2.18 (c). Indeed, the original sample
holder can only rotate in one direction. However, it needs to perform three dimen-
sional rotations to correctly position the micro-beam relative to the flat punch.
Therefore, combining the original rotation stage with only one degree of freedom,
a complementary rotation stage with two degrees of freedom can achieve this goal.
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This stage can be used for in-situ mechanical tests. All the compression tests were
carried out in displacement controlled mode with several cycles of loading and
unloading with small increment as shown in Figure 2.19. The idea of loading and
unloading cycles is to have enough time to make a SEM picture of high quality in
order to observe the slip lines. Once slip lines were observed or yield stress was
reached, the compression test was stopped during the unloading step in order to
prevent from the tip shock. The average loading strain rate was about 0.002 s−1

for Ni and 0.00133 s−1 for α-Brass. The loading force and corresponding displace-
ment were recorded during the mechanical test, so that the stress-strain curve can
be calculated after the test. Even though the loading was cyclic with small in-
crements, the mechanical test was stopped when the first slip event was activated
(slip lines were observed in SEM or yield stress was reached). Thus, only the last
cycle (marked as red line in Figure 2.19) contributes to plastic deformation, and
all the previous cycles are only in the elastic state.

Figure 2.18: (a) In-situ nanoindenter UNAT-SEM II, (b) the developed rotation stage which
can perform rotations in two dimensions and (c) the control system with an Arduino board
(Single-board microcontroller) of the developed rotation stage.
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Figure 2.19: Loading curve with displacement control mode for the compression tests of (a)
Ni and (b) α-Brass. Only red lines contribute to plastic deformation, and all the previous cycles
are only in the elastic state.

2.6 Stress-strain analysis

Figure 2.20 shows the stress-strain curves of the compression test for Ni and
α-Brass. The yield point occurs at about 8.5% strain for Ni and 6.3% for α-Brass
from experimental measurement. These strains are too large for yield point of
metals. This error comes from the drift of the tip during the compression test,
where the displacement measurement is not accurate, but the force measurement
is accurate.

Figure 2.20: Experimental measurement of stress-strain curves for (a) Ni micro-beam and (b)
α-Brass micro-beam.

Therefore, the experimental measured stress-strain curves were calibrated by crys-
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tal plasticity finite element method (CPFEM) simulation which are described in
section 4.3 of Chapter 4. The compression tests of the same experimental con-
figuration were performed for both Ni and α-Brass samples, then the strain was
calibrated by having the same slope of the stress-strain curves in elastic part. After
the calibration, the yield point occurs at the stain about 0.33% for Ni and 0.24%
for α-Brass which are reasonable for metallic material. The applied stress at the
final state of compression is about 289.4 MPa for Ni and 127.4 MPa for α-Brass.

Figure 2.21: Stress-strain curves calibrated by CPFEM for (a) Ni micro-beam and (b) α-Brass
micro-beam.

2.7 Slip analysis by SEM and AFM

After the in-situ compression test, the slip lines were firstly analyzed in SEM.
Figure 2.22 (a) and Figure 2.23 (a) show the observed slip lines in SEM for Ni
and for α-Brass, respectively. For Ni, the slip lines are very weak on the upper
surface and there are only two obvious slip lines in parallel for each crystal. Based
on the direction of slip lines on the upper surface and the Schmid factor analysis
with local crystalline orientation as described in Table 2.1, the active slip system
is determined to be the slip system with maximum Schmid factor or result from
incompatibility stress [160] B4 for each crystal as shown in Figure 2.22 (b).
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Figure 2.22: Crystallographic analysis of slip lines from SEM picture for Ni sample after
compression test. Based on the direction of slip lines, the orientation of each crystal and the
Schmid factor (or the incompatibility stress) analysis, the activated slip system is determined as
B4 for crystal I and B4 for crystal II.

However, for α-Brass, there are two obvious slip lines with interaction on the
upper surface for crystal I and two obvious slip lines with interaction on the side
surface for crystal II. Based on the analysis of the direction of slip lines and the
Schmid factor (or the incompatibility stress) for each slip system as described in
Table 2.2, the active slip systems are determined as A6, C5 for crystal I and B4,
D6 for crystal II as shown in Figure 2.23 (b). Thus there are multiple active slip
systems in both grains of the α-Brass sample.
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Figure 2.23: crystallographic analysis of slip lines from SEM picture for α-Brass sample after
compression test. Based on the direction of slip lines, the orientation of each crystal and the
Schmid factor (or the incompatibility stress) analysis, the activated slip system is determined as
A6 and C5 for crystal I and B4 for crystal II.

Then, an AFM measurement was performed on the upper surface by Dimension
FastScan with ScanAsyst (BRUKER) with height sensor, so that the 3D topog-
raphy of slip lines can be obtained and used to analyze dislocations distributions.
The step size of scan was 30 nm with a scan rate of 1 Hz. The results were ana-
lyzed by NanoScope Analysis. They were first of all flattened by polynomial fit of
the second order, and then they were treated by a median filter with 9× 9 matrix
operation. Figure 2.24 and Figure 2.26 show the 3D topography of slip lines of
Ni sample and of α-Brass sample, respectively. The steps of slips are correspond-
ing to the slip lines presented in SEM picture (Figure 2.22 for Ni and 2.23 for
α-Brass). For Ni sample, a slip step with classic features of dislocation pile-ups
was selected for analyze. The heights of the top line and the bottom line of this
step were measured along the slip direction from GB which are marked as red line
and black line in the Figure 2.24, respectively. The measured data was fitted by
the polynomial method which is marked as hTop and hBottom. Then the relative
height of this step ∆h was calculated as the difference of the fitted height between
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these two lines as shown in Figure 2.25. It is found that the difference of height
between two lines at GB ∆hGB ≈ 0.86 nm is not zero, which corresponds to a
weak slip transmission as observed in Figure 2.24 (b) circled by the frame with red
dash. The slip step height increases from GB along the slip direction and gets its
maximum value ∆h ≈ 9.06 nm at about d ≈ 3.28 µm. Furthermore, a GB sliding
event is found at the top part of the beam which is presented in Figure 2.24 (a)
as the hump part and in Figure 2.24 (b) circled by the frame with green dash dot.

Figure 2.24: AFM topographic measurement of Ni for (a) the whole upper surface and (b) the
transmission phenomenon at GB circled by the frame with red dash. The red arrow indicates
the loading direction. The hump part in the second crystal shown in (a) and the frame with
green dash dot shown in (b) indicate GB sliding.

Figure 2.25: Results of slip step height measurement for Ni sample: red and black solid line
indicate the measured height of top line and the bottom line of the step, respectively. The
dash lines with corresponding color indicate the fitting results by polynomial method with the
determinate coefficient R2 = 0.8176 for top line and R2 = 0.9898 for bottom line. The blue line
indicates the simulated slip step height.

A similar analysis was realized for α-Brass sample as shown in Figure 2.27.
While the slip transmission is more intense compared to Ni sample as ∆hGB ≈ 4.29
nm, but the propagation of dislocations in adjoining grain has a short distance.

120

-Wo 0 
·v -.., 
:c -

-4 

-6 

8E . i:: 
'-' 

..... 6 § 
:3 
..c 

. 4 -8' 
:,: 

2 .È' 
cr. 

-8,-+---;:;---;:;;---:-~~---r---.----.---~_J 
o.o 0.5 'o·o_ 1.5 2.0 2.5 3.o 3.5 4.l 

1stancc from GB d (~tm) 



The maximum of slip step height is ∆h ≈ 10.03 nm at about d ≈ 2.44 µm. There
is an obvious peak valley in the middle part of the curve of slip step height which
might be caused by the intersect with another non coplanar slip line.

Figure 2.26: AFM measurement of α-Brass for (a) the whole upper surface and (b) the trans-
mission phenomenon at GB. The red arrow indicates the loading direction.

Figure 2.27: Results of slip step height measurement for α-Brass sample: red and black solid
line indicate the measured height of top line and the bottom line of the step, respectively. The
dash lines with corresponding color indicate the fitting results by polynomial method with the
determinate coefficient R2 = 0.9982 for top line and R2 = 0.9973 for bottom line. The blue line
indicates the simulated slip step height.
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Chapter 3

Elastic fields due to single
dislocations and dislocation
pile-ups in heterogeneous and
anisotropic media

3.1 Introduction

In this chapter, an analytical approach based on the L-E-S formalism [20, 21,
22] is presented which provides the elastic fields of single straight dislocations in
anisotropic homogeneous media, half-spaces, bi- [19] and tri-materials [17] while
considering (or not) free surface effects [18]. The bi-material configuration is used
to consider perfectly bonded and plane GB without thickness, and the tri-material
configuration allows considering a non-zero thickness in the nanometer range and a
specific elastic stiffness tensor for the GB region. All the interfaces are considered
as perfect ones. Furthermore, the configuration with two free surfaces can be
used to study size effects. The equilibrium positions of dislocations in a pile-up
have been determined by minimizing the component of the Peach-Koehler (P-
K) force along the slip direction for each dislocation with respect to a critical
force [105]. The fact to lock or not the leading dislocation of a pile-up is especially
discussed. At the end, the computational flow chart of the developed Matlab codes
is presented and summarized. This numerical code using vectorial calculation can
be used to compute the elastic fields due to single dislocation or dislocation pile-
ups in all the configurations presented in this chapter for both anisotropic and
isotropic heterogeneous elasticity. The major part of this chapter (without free
surface effect described in subsection 3.2.5) are already published in International
Journal of Solids and Structures in 2019 [277]. The numerical application of this

122



chapter will be presented in Chapter 4.

3.2 Elastic fields due to one single dislocation in

different configurations

In the following, an infinite straight dislocation with Burgers vector b and
whose line unit vector t is parallel to the x3-direction is considered at the position
(X1, X2) as shown in Figure 3.1. Through the paper, the so-called FS/RH (Finish
Start/Right Hand) convention [28] is used to define the direction of the dislocation
line as shown in Figure 3.1. The idea of this section is to find the expression of the
vector function f (see subsection 1.5.3) for one single dislocation with different
configurations.

3.2.1 Homogeneous anisotropic medium

In a homogeneous anisotropic medium, the function vector f is derived by
considering the boundary condition associated to the presence of the dislocation
with Burgers vector b in the absence of remotely applied force [21, 22]:∫

C
du = b (3.1)

where C is any closed curve (Burgers circuit) enclosing the position (X1, X2). Fol-
lowing Suo [19], the displacement and stress function vectors can then be expressed
as:

ui = 2Re
[
Aijf

0
j

(
zj

)]
(3.2)

Φi = 2Re
[
Bijf

0
j

(
zj

)]
(3.3)

The general form of the function vector f 0
j (zi) is given by:

f 0
j (zi) = q0

j ln (zi − sj) (3.4)

where zi = x1 + pix2, sj = X1 + pjX2 and q0 is a complex vector expressed as:

q0 = − 1

2π
i
(
BTb

)
(3.5)

where the A, B matrices are the Stroh matrices introduced in subsection 1.5.3 of
Chapter 1.
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3.2.2 Heterogeneous anisotropic medium: bi-material

The general problem of anisotropic bi-materials and half-spaces with singu-
larities like dislocations was firstly solved by Gemperlová, Tucker and co-workers
[278, 279, 280], then by Tiwari et al. [281] followed by Suo [19] who used analytic
continuation arguments. Ting [282], Ting and Barnett [283], Chu and Pan [284]
used Green’s function technique for anisotropic media [285]. All these methods
provide identical solutions (see the proof in Appendix A). It is also noteworthy
that many other researchers considered the particular case of an interfacial dis-
location in a bi-material with applications to micromechanics problems including
interfacial elasticity and interfacial cracks [286, 109, 287, 28, 288, 289, 290, 291].

Let us now consider an anisotropic bi-material (or bi-crystal) with a perfectly
bonded interface whose normal is along the x2-direction. The dislocation is sup-
posed to be located in the upper material I (x2 > 0) as shown in Figure 3.1.

Figure 3.1: Schematic figure of one single infinite straight dislocation in a bi-material, where
both crystals I and II have anisotropic elastic stiffness tensors CI

ijkl and CII
ijkl, respectively. x2 = 0

corresponds to the interface (GB) position.

In addition to Eq. 3.1, the function vector f should also satisfy the continuity
conditions at the perfect interface, i.e. the continuity of displacement and traction
vectors:

uI
i

(
x2 = 0+

)
= uII

i

(
x2 = 0−

)
(3.6)

σI
i2

(
x2 = 0+

)
= σII

i2

(
x2 = 0−

)
(3.7)

In practice, instead of Eq. 3.7, the continuity of the resultant traction force along
an arc of the interface is used. This last condition yields [19, 292]:
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ΦI
i

(
x2 = 0+

)
= ΦII

i

(
x2 = 0−

)
(3.8)

Following the Suo’s method [19], the solutions are obtained and recalled in a form
similar as for the homogeneous anisotropic case as follows: ui = 2Re

[
Aijfj

(
zj

)]
= Aijfj

(
zj

)
+ Aijfj

(
zj

)
φi = 2Re

[
Bijfj

(
zj

)]
= Bijfj

(
zj

)
+Bijfj

(
zj

) (3.9)

where A and B are the complex conjugate of A and B, respectively and the
function of the homogeneous problem f 0

j (zj) is now replaced by a function fj (zj)
which is expressed as:

fj (zj) =

{
f 0
j (zj) + f I

j (zj) if zj ∈ I (x2 > 0)

f II
j (zj) if zj ∈ II (x2 < 0)

(3.10)

The functions f I
j (zj) and f II

j (zj) are to be determined and are supposed ana-
lytic in the upper and lower materials, respectively. f 0

j (zj) is calculated from
Eq. 3.4 considering the elastic stiffness tensor CI of the upper material I and
sj = sI

j = X1 + pI
jX2 because the dislocation is present in material I (see Fig-

ure 3.1). Moreover, it must be noticed that if zj ∈ I, zj = zI
j = x1 + pI

jx2 and
if zj ∈ II, zj = zII

j = x1 + pII
j x2 where pI

j and pII
j are components of the vectors

containing the roots with positive imaginary parts of the sextic equation Eq. 1.54
solved in materials I and II, respectively.

By combining Eqs. 3.9 and 3.10 together with the interface continuity condi-
tions (Eqs. 3.6 and 3.8), the following equations can be obtained:

{
AI
ijf

0
j (x1) + AI

ij f
0
j (x1) + AI

ijf
I
j (x1) + AI

ij f
I
j (x1) = AII

ijf
II
j (x1) + AII

ij f
II
j (x1)

BI
ijf

0
j (x1) +BI

ij f
0
j (x1) +BI

ijf
I
j (x1) +BI

ij f
I
j (x1) = BII

ijf
II
j (x1) +BII

ij f
II
j (x1)

(3.11)
From our notation, it is noteworthy that fj (xj) = fj (xj) when xj is real. Hence,
Eq. 3.11 can be rewritten as:

{
AI
ijf

0
j (x1) + AI

ij f
0
j (x1) + AI

ijf
I
j (x1) + AI

ij f
I
j (x1) = AII

ijf
II
j (x1) + AII

ij f
II
j (x1)

BI
ijf

0
j (x1) +BI

ij f
0
j (x1) +BI

ijf
I
j (x1) +BI

ij f
I
j (x1) = BII

ijf
II
j (x1) +BII

ij f
II
j (x1)

(3.12)

By construction, f 0
j (zi), f I

j (zi) and f II
j (zi) are analytic in the lower material II

whereas f 0
j (zi), f II

j (zi) and f I
j (zi) are analytic in the upper material I [19]. With

this background, Eq. 3.12 can be rewritten as [292]:
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{
θui
(
x+

2

)
= θui

(
x−2
)

θσi
(
x+

2

)
= θσi

(
x−2
) (3.13)

where:

θui =

{
−AI

ij f
0
j (zi)− AI

ijf
I
j (zi) + AII

ij f
II
j (zi) if zi ∈ I

AI
ijf

0
j (zi) + AI

ij f
I
j (zi)− AII

ijf
II
j (zi) if zi ∈ II

(3.14)

θσi =

{
−BI

ij f
0
j (zi)−BI

ijf
I
j (zi) +BII

ij f
II
j (zi) if zi ∈ I

BI
ijf

0
j (zi) +BI

ij f
I
j (zi)−BII

ijf
II
j (zi) if zi ∈ II

(3.15)

The new functions θui (zi) and θσi (zi) are analytic both in the upper and lower
materials, and are continuous across the interface. As a consequence, θui (zi) and
θσi (zi) are analytic in all the plane including the points at infinity. By Liouville’s
theory, θui (zi) and θσi (zi) are thus constant functions [292]. Since in the absence
of remotely applied force, the displacements and the stresses should vanish at
infinity, it is required that θui (zi) = 0 and θσi (zi) = 0. From Eqs. 3.14 and 3.15,
this condition leads to:{

−AI
ij f

0
j (zi)− AI

ijf
I
j (zi) + AII

ij f
II
j (zi) = 0

−BI
ij f

0
j (zi)−BI

ijf
I
j (zi) +BII

ij f
II
j (zi) = 0

if zi ∈ I (3.16)

{
AI
ijf

0
j (zi) + AI

ij f
I
j (zi)− AII

ijf
II
j (zi) = 0

BI
ijf

0
j (zi) +BI

ij f
I
j (zi)−BII

ijf
II
j (zi) = 0

if zi ∈ II (3.17)

By solving the two linear systems of Eqs. 3.16 and 3.17, the expressions of f I
j (zj)

and f II
j (zj) are obtained as a function of f 0

k (zj):{
f I
j (zj) = V I,II

jk f 0
k (zj) if zj ∈ I

f II
j (zj) = W I,II

jk f
0
k (zj) if zj ∈ II

(3.18)

where: 
V I,II =

(
BIIAII−1

AI−BI
)−1 (

BI−BIIAII−1
AI
)

W I,II =
(
BIAI−1

AII−BII
)−1 (

BIAI−1
AI−BI

) (3.19)

Displacement and stress fields are then deduced from Eqs. 3.9, 3.10, 3.18 and
3.19. It is noteworthy that when zj ∈ II, f 0

k (zj) = f 0
k

(
zII
j

)
= q0

kln
(
zII
j − sI

k

)
with

sI
k = X1 +pI

kX2 since f 0 is associated to material I (just as q0). Ting [285] has also
given the solutions of displacement and stress fields due to one single dislocation
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in a bi-material configuration, under however a different form compared to the one
of Suo [19]. However they are proved to be equivalent (see the proof in Appendix
A).
In the case where the dislocation is assumed to be located in the lower material
II, the solution is obtained by a similar procedure yielding:

fj (zj) =

{
f I
j (zj) if zj ∈ I (x2 > 0)

f 0
j (zj) + f II

j (zj) if zj ∈ II (x2 < 0)
(3.20)

with

{
f I
j (zj) = W II,I

jk f
0
k (zj) if zj ∈ I

f II
j (zj) = V II,I

jk f 0
k (zj) if zj ∈ II

(3.21)

where f 0
k (zj) is still calculated from Eq. 3.4 but now considering the stiffness

tensor CII of the lower material II and sk = sII
k = X1 + pII

kX2.

3.2.3 Anisotropic half-space with rigid or free surface

The problem of a singularity in a half-space I with a surface at x2 = 0 can
be solved in a similar manner as the bi-material problem, see section 3.2.2. If the
surface is assumed to be rigid, the displacement boundary condition is:

uI
i (x2 = 0) = 0 (3.22)

Displacement and stress fields are then obtained by considering Eq. 3.9, along
with:

fj (zj) = f 0
j (zj) + f I

j (zj) (3.23)

where from first equations in Eqs. 3.16:

f I
j (zj) = −AI

jk

−1
AI
kl f

0
l (zj) (3.24)

If the surface is assumed to be traction-free, the continuity of the resultant traction
force becomes:

φI
i (x2 = 0) = 0 (3.25)

Displacement and stress fields are then obtained by considering Eq. 3.23 with:

f I
j (zj) = −BI

jk

−1
BI
kl f

0
l (zj) (3.26)
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3.2.4 Heterogeneous anisotropic medium: tri-material

In section 3.2.2, the bi-material was regarded as the combination of two mate-
rials perfectly bonded to each other through an interface without thickness. In the
case where the considered interface is a GB, the real thickness is finite. Hence, it
may be interesting to investigate the effect of the GB thickness as well as the effect
of its elastic stiffness on the elastic fields in a tri-material. Among several studies
for multilayered anisotropic elastic media, the method of Choi and Earmme [17]
is first applied.

3.2.4.1 Tri-material configuration

Figure 3.2 shows the considered tri-material configuration. There are two pla-
nar interfaces Γ1 and Γ2 whose normals are directed along the x2-axis. These
interfaces are located, respectively, at x2 = h and at x2 = −d. The interphase
(or GB) thickness is thus denoted H = h + d. Material I corresponds to x2 ≥ h,
material II to −d < x2 < h and material III to x2 ≤ −d. All the materials are
assumed to be perfectly bonded to each other (i.e. perfect interfaces).

Figure 3.2: Schematic figure of one single infinite straight dislocation in a tri-material configu-
ration with three different stiffness tensors and two perfectly bonded interfaces. The GB region
is supposed to be material II between two plane interfaces Γ1 located at x2 = h and Γ2 located
at x2 = −d. In addition, Material I corresponds to x2 ≥ h and material III corresponds to
x2 ≤ −d. CI

ijkl, C
II
ijkl and CIII

ijkl are elastic stiffness tensors of crystals I, II and III, respectively.

3.2.4.2 A coordinate translation

In contrast with section 3.2.2, it is noteworthy that the interfaces are no more
located at x2 = 0. Hence, a coordinate translation should be performed first in
order to be able to use correctly the bi-material expressions of elastic fields. Let
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us then consider a bi-material configuration where the dislocation is located in the
upper material I and where the interface is located at x2 = h > 0. In this case, the
change of coordinates x2 → x2 − h and X2 → X2 − h must be performed in order
to retrieve the same bi-material configuration as the one of section 3.2.2, i.e. such
that the interface would be at x2 = 0 within the new coordinate system. Hence,
z and s must be modified as zi → zi − hpI

i and sj → sj − hpI
j, which leads to the

following change of coordinates for f 0
j (zi) [17]:



f 0
i

(
zI
i

)
→ q0

i ln
((
zI
i − pI

ih
)
−
(
si − pI

ih
))

= q0
i ln
(
zI
i − si

)
= f 0

i

(
zI
i

)
f 0
j

(
zI
i

)
→ q0

j ln
(

(zI
i − pI

ih)−
(
sj − pI

jh
))

= q0
j ln

((
zI
i − pI

ih+ pI
jh
)
− sj

)
= f 0

j

(
zI
i − pI

ih+ pI
jh
)

f 0
j

(
zII
i

)
→ q0

j ln
((
zII
i − pII

i h
)
−
(
sj − pI

jh
))

= q0
j ln
((
zII
i − pII

i h+ pI
jh
)
− sj

)
= f 0

j

(
zII
i − pII

i h+ pI
jh
)

(3.27)
It can be observed that the expression of f 0

i (zI
i) remains unchanged since it

corresponds to the case of a dislocation in a homogeneous anisotropic material (no
interface). However, the two other terms, f 0

i (zI
i) and f 0

i (zII
i ), have been modified

because they depend on the position of the interface. The solutions for a bi-
material with the interface located at x2 = h > 0 are then deduced from Eqs. 3.9,
3.10 and 3.18 along with:{

f I
j

(
zI
j

)
= V I,II

jk f 0
k

(
zI
j − pI

jh+ pI
kh
)

f II
j

(
zII
j

)
= W I,II

jk f
0
k

(
zII
j − pII

j h+ pI
kh
) (3.28)

Thanks to a similar procedure, the solutions for the different cases displayed in
Table 3.1 are also derived, i.e. when the dislocation is located in the lower material
II or when the interface is located at x2 = −d < 0.

Interface x2 = h > 0 Interface x2 = −d < 0

Dislocation in
upper material I

f I
j

(
zI
j

)
= V I,II

jk f0
k

(
zI
j − pI

jh+ pI
kh
)

f II
j

(
zII
j

)
= W I,II

jk f
0
k

(
zII
j − pII

j h+ pI
kh
) f I

j

(
zI
j

)
= V I,II

jk f0
k

(
zI
j + pI

jd− pI
kd
)

f II
j

(
zII
j

)
= W I,II

jk f
0
k

(
zII
j + pII

j d− pI
kd
)

Dislocation in
lower material

II

f I
j

(
zI
j

)
= W II,I

jk f
0
k

(
zI
j − pI

jh+ pII
k h
)

f II
j

(
zII
j

)
= V II,I

jk f0
k

(
zII
j − pII

j h+ pII
k h
) f I

j

(
zI
j

)
= W II,I

jk f
0
k

(
zI
j + pI

jd− pII
k d
)

f II
j

(
zII
j

)
= V II,I

jk f0
k

(
zII
j + pII

j d− pII
k d
)

Table 3.1: Bi-material solution functions for different locations of the interface and for dislo-
cation position in crystal I or crystal II.
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3.2.4.3 Alternating technique with standard analytic continuation ar-
guments

In the tri-material configuration, there are two interfaces and the difficulty is
thus to satisfy the continuity of displacements and forces across the two interfaces
at the same time. Choi and Earmme [17] overcame this difficulty by applying
the alternating technique, which consists in satisfying alternatively the continuity
conditions across each interface until a convergence is obtained. That means that
both materials which are on the same side of the considered interface are regarded
as a homogeneous material. The latter corresponds to the material adjacent to the
interface. At each step β, the function which is used as a homogeneous solution
to perform the computation is updated (see details in [17]).

Still considering the case of a dislocation located in the material I and by
using the same procedure as the one of Choi and Earmme [17], the following series
solution is obtained:

fj (zj) =


f 0
j (zj) + f I0

j (zj) +
∑∞

β=1
f Iβ
j (zj) if zj ∈ I∑∞

β=1
fβj (zj) +

∑∞

β=1
f IIβ
j (zj) if zj ∈ II∑∞

β=1
f IIIβ
j (zj) if zj ∈ III

(3.29)

where:



f 0
k (zj) = q0

kln (zj − sk)

f I0
j (zj) = V I,II

jk f 0
k

(
zj − pI

jh+ pI
kh
)

f Iβ
j (zj) = W II,I

jk V
II,III
kl fβl

(
zj − pI

jh+ pII
k (h+ d)− pII

l d
)

f IIβ
j (zj) = V II,III

jk fβk

(
zj + pII

j d− pII
k d
)

f IIIβ
j (zj) = W II,III

jk fβk
(
zj + pIII

j d− pII
k d
)

fβk (zj) =

{
W I,II
kl f

0
l

(
zj − pII

j h+ pI
lh
)

if β = 1

V II,I
kl V

II,III
lm fβ−1

m

(
zj − pII

j h+ pII
l (h+ d)− pII

md
)

if β > 1

(3.30)
In the above equations, f 0

j (zj) is associated to material I and so sj = sI
j =

X1 + pI
jX2. The series solution f Iβ

j (zj), f
IIβ
j (zj) and f IIIβ

j (zj) are all expressed

as functions of fβk (zj) which is itself determined by a recurrence equation based
on f 0

k (zj). In particular, when the material III is not-existent, the solutions still
remain valid with:
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V II,III = −BII
−1
BII (3.31)

In that case, a lower free surface is presented.
In a similar manner, when the dislocation is located in the material II (inter-

phase, i.e. GB region), the series solution is:

fj (zj) =



∑∞

β=1
f Iβ
j (zj) if zj ∈ I∑∞

β=1
fβj (zj) +

∑∞

β=1
f IIβ
j (zj) if zj ∈ II

f III0
j (zj) +

∑∞

β=1
f IIIβ
j (zj) if zj ∈ III

(3.32)

where:



f 0
k (zj) = q0

kln (zj − sk)
f III0
j (zj) = W II,III

jk f 0
k

(
zj + pIII

j d− pII
k d
)

f Iβ
j (zj) = W II,I

jk f
β
k

(
zj − pI

jh+ pII
k h
)

f IIβ
j (zj) = V II,I

jk fβk

(
zj − pII

j h+ pII
k h
)

f IIIβ
j (zj) = W II,III

jk V II,I
kl fβl

(
zj + pIII

j d− pII
k (h+ d) + pII

l h
)

fβk (zj) =

 f 0
k (zj) + V II,III

kl f 0
l

(
zj + pII

j d− pII
l d
)

if β = 1

V II,III
kl V II,I

lm fβ−1
m

(
zj + pII

j d− pII
l (h+ d) + pII

mh
)

if β > 1

(3.33)
In the above equations, f 0

k (zj) is now associated to material II and so sk = sII
k =

X1 + pII
kX2. When the material I is non-existent, a upper free surface is presented

with:

V II,I = −BII
−1
BII (3.34)

3.2.4.4 Convergence of series solution through three criteria

Choi and Earmme [17] proved that the above series solutions are indeed con-
vergent (see the discussion in the section 6 of their paper). However, for numerical
applications, it is important to discuss the definition of different convergence crite-
ria in order to analyze the rate of convergence of the series. When the truncation
of the series β becomes large, the computation is very time-consuming or even
unrealizable for large values of mechanical contrasts between materials. To study
numerical convergence, Choi and Earmme [17] considered a criterion based on the
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image force acting on the dislocation and discussed the effect of the elastic stiffness
of the different materials as well as the one of the thickness of the second material.
Their criterion is expressed as:

εβ+1
f =

∣∣fβ+1 − fβ
∣∣

|fβ+1|
(3.35)

where (β + 1) is the component of the image force along the x2-axis at the
position of the dislocation. They considered that convergence was achieved for
εβ+1
f < 10−4. This criterion is based only on stress and disregards the solutions

outside the dislocation, in particular in the other materials.
In the present thesis and as reported in [277], two new convergence criteria are

developed. The first one considers the norm of the displacement vector difference
between two steps summed at every point (P,Q) of the simulation plane (which
includes the three materials):

εβ+1
u =

∑
P,Q

√∑
i

[
uβ+1
i (P,Q)− uβi (P,Q)

]2

∑
P,Q

√∑
i

[
uβ+1
i (P,Q)

]2
(3.36)

The second one considers the norm of the stress tensor difference between two
steps summed at every point (P,Q) of the simulation plane:

εβ+1
σ =

∑
P,Q

√∑
ij

[
σβ+1
ij (P,Q)− σβij (P,Q)

]2

∑
P,Q

√∑
ij

[
σβ+1
ij (P,Q)

]2
(3.37)

Through the combination of these two criteria, both displacement and stress
distributions are considered. Contrary to the criterion of Choi and Earmme [17]
which focuses on only one material point, the above criteria depends on the size
and the spatial discretization (mesh resolution) of the simulation plane. Indeed, it
can be observed that the elastic field differences between two steps are larger close
to the singularity than far away. However, the numerical calculations reported in
section 4.2.2 will show that the influence of the simulation plane’s characteristics
was actually negligible.

3.2.5 Heterogeneous anisotropic medium: multilayer ma-
terial with free surfaces

In the case of real objects, like the micro-beam shown in Figure 2.12 (see
Chapter 2), free surfaces are always present. At small scale, the free surfaces have

132



an obvious influence on the dislocation behavior. Hence, besides the interphase,
it may be necessary to consider the effect of free surfaces on the elastic fields of a
multilayer material. The tri-material method of Choi and Earmme [17] can also
take into account free surface effects but only in the case of a bi-material with
one free surface or a homogeneous material with two free surfaces. In order to
handle more complicated cases, like a tri-material with one or two free surfaces, a
new method is needed. Therefore, the image decomposition method developed by
Wang et al. [18] has been used.

3.2.5.1 Multilayered material configuration

Figure 3.3 shows the tri-material configuration with two free surfaces. There
are four planar faces whose normals are directed along the x2-axis. These faces
are located at x2 = 0, x2 = −h1, x2 = −(h1 + h2) and x2 = −(h1 + h2 + h3) for,
respectively upper free surface, first interface, second interface and bottom free
surface. The interphase (or GB) is located in the second layer of thickness h2.
Material I corresponds to −h1 < x2 < 0, material II to −(h1 + h2) < x2 < −h1

and material III to −(h1 + h2 + h3) < x2 < −(h1 + h2). Thus, the thickness of the
whole material is marked as H ′ = h1 + h2 + h3. All the materials are assumed to
be perfectly bonded to each other. In order to discuss the effects of both surfaces,
the free surface on the side of the material containing the dislocations is referred
to be the first free surface, and the another one is called the second free surface.
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Figure 3.3: Schematic figure of one single infinite straight dislocation in a tri-material con-
figuration with three different stiffness tensors CI

ijkl, C
II
ijkl and CIII

ijkl for material I, II and III,
respectively. There are two planar free surfaces at faces 1 located at x2 = 0 and 4 located
at x2 = − (h1 + h2 + h3) and two perfectly bonded interfaces at faces 2 located at x2 = −h1

and 3 located at x2 = − (h1 + h2). Material I corresponds to −h1 < x2 < 0, material II to
−(h1 + h2) < x2 < −h1 and material III to −(h1 + h2 + h3) < x2 < −(h1 + h2). The GB region
is supposed to be material II.

3.2.5.2 Image decomposition method

In the 3-layers configuration with free surfaces, there are 2 interfaces that must
satisfied the continuity of tractions and displacements, and two free surfaces that
must be free of tractions. For a multilayer system, it is too complicated to use the
alternating technique. Wang et al. [18] have proposed an image decomposition
method, which can be used to satisfy all the boundary conditions at the same
time. The principle of this method is to decompose the multilayer problem into
several subproblems of infinite homogeneous medium for each material. Two types
of image dislocation densities are distributed on each interface while one image
dislocation density is distributed on each surface as shown in Figure 3.4 (left).
The densities of these image dislocations are denoted ρt, where t=1,2 and 3 denote
the x1−, x2− and x3−components, respectively. Thus, there are in total 18 image
dislocation densities ρt1U , ρt1L, ρt2U , ρt2L, ρt3U and ρt3L which are located at x2 =
0−,−h+

1 ,−h−1 ,− (h1 + h2)+ ,− (h1 + h2)− and − (h1 + h2 + h3)+, respectively.
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Figure 3.4: Decomposition of a 3-layers problem (left) with 2 free surfaces and 2 interfaces into
three infinite homogeneous subproblems. Source dislocation is marked with a red dislocation
symbol.

These densities can be resolved at the same time by simultaneously considering
all boundary conditions: the continuity of tangential displacement gradient and
traction continuity across interfaces, traction free for free surfaces or tangential
gradient of displacement free for rigid surfaces. Thus, the present 3-layers config-
uration with free surfaces is decomposed into 3 subproblems and there are in total
18 boundary conditions (i=1,2 and 3) as follows:

• The traction σi2 vanish on the two free surfaces:

I. σi2 (x1, x2 = 0) = 0

II. σi2 (x1, x2 = − (h1 + h2 + h3)) = 0

• The continuity of stresses σi2 and of displacement gradient ∂ui/∂x1 across
the two interfaces:

III. σi2
(
x1, x2 = −h+

1

)
= σi2

(
x1, x2 = −h−1

)
IV.

∂ui
∂x1

(
x1, x2 = −h+

1

)
=
∂ui
∂x1

(
x1, x2 = −h−1

)
V. σi2

(
x1, x2 = − (h1 + h2)+) = σi2

(
x1, x2 = − (h1 + h2)−

)
VI.

∂ui
∂x1

(
x1, x2 = − (h1 + h2)+) =

∂ui
∂x1

(
x1, x2 = − (h1 + h2)−

)
The elastic field in each layer is determined by summing the contributions of
the dislocation source and all the corresponding image dislocations as shown
in Figure 3.4 (right). Based on a consistency requirement that when two con-
tiguous layers are identical the corresponding subproblems must be identical too
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(see the full discussion by Wang et al. [18]), the image dislocation densities in
the three subproblems are: ρtJ1 = {ρt1U , ρt1L, ρt2L, ρt3L} for the first subproblem,
ρtJ2 = {ρt1U , ρt2U , ρt2L, ρt3L} for the second subproblem and ρtJ3 = {ρt1U , ρt2U , ρt3U , ρt3L}
for the third subproblem as shown in Figure 3.4 (right).

3.2.5.3 Governing integral equations

Based on Stroh formalism, the stress and displacement gradient fields due
to a mixed dislocation with Burgers vector components bt (t = 1, 2, 3) located at
(x1s, x2s) in a homogeneous anisotropic solid under plane strain can be written as
[28, 18]:

σij (K, bt,∆x1,∆x2) =

2
[
ξtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ξtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
bt

(3.38)

∂ui
∂xj

(K, bt,∆x1,∆x2) =

2
[
ζtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ζtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
bt

(3.39)

where ∆x1 = x1 − x1s and ∆x2 = x2 − x2s, the superscript R and I indicate the
real and imaginary parts of each term, respectively. Meanwhile the subscript K
indicates which subproblem is considered (no sum over K). The definition of the
symbols ξtKαij, ζ

t
Kαij and the functions P , Q [18] are:

ξtKαij =
CKijkl (δl1 + pKαδl2)AKkαBKtα

2πi

ζtKαij =
(δj1 + pKαδj2)AKiαBKtα

2πi

(3.40)


P (x1 − x1s, a, b) =

x1 − x1s + a

(x1 − x1s + a)2 + b2

Q (x1 − x1s, a, b) =
b

(x1 − x1s + a)2 + b2

(3.41)

where pα, Akα and Btα with α=1,2 and 3 denote the same eigenvalues and eigen-
vectors in Stroh sextic formulation as discussed in section 1.5.3 (A, B matrices
are the Stroh matrices introduced in subsection 1.5.3 of Chapter 1). These two
equations 3.38 and 3.39 of the single-crystal are strictly equivalent to Eqs. 3.2, 3.4
and 3.5.

The contribution of image dislocations on elastic fields can be calculated by
replacing the Burgers vector bt by ρtJK (x′1) and integrating from x′1 = −∞ to
x′1 = +∞ in Eqs. 3.38 and 3.39:
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σij
(
K, ρtJK ,∆x1,∆x2

)
=∫ +∞

−∞
2
[
ξtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ξtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
ρtJK (x′1) dx′1

= 2π
[
ξtRKαijH

(
pRKα∆x2, p

I
Kα∆x2

)
+ ξtIKαijI

(
pRKα∆x2, p

I
Kα∆x2

)] [
ρtJK (x1)

]
(3.42)

∂ui
∂xj

(
K, ρtJK ,∆x1,∆x2

)
=∫ +∞

−∞
2
[
ζtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ζtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
ρtJK (x′1) dx′1

= 2π
[
ζtRKαijH

(
pRKα∆x2, p

I
Kα∆x2

)
+ ζtIKαijI

(
pRKα∆x2, p

I
Kα∆x2

)] [
ρtJK (x1)

]
(3.43)

where ∆x1 = x1 − x′1, ∆x2 = x2 − x′2 and (x′1, x
′
2) denote the positions of image

dislocations. The definitions of operators H and I are:
H (a, b) [ρ (x1)] =

1

π

∫ ∞
−∞

P (x1 − x′1, a, b) ρ (x′1) dx′1

I (a, b) [ρ (x1)] =
1

π

∫ ∞
−∞

Q (x1 − x′1, a, b) ρ (x′1) dx′1

(3.44)

Combining with all the equations from Eq. 3.38 to Eq. 3.44, the boundary
conditions can be derived with respect to the Burgers vector of the source dislo-
cation and image dislocations densities. For example, for the boundary condition
I:

137



σi2 (1, b, x1 − x1s, x2 − x2s) +
J=4∑
J=1

σi2 (1,ρJ1, x1 − x′1, x2 − x2J) = 0→

2
[
ξtR1αi2P

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)
+ ξtI1αi2Q

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)]
bt

+ 2π
[
ξtR1αi2H (0, 0) + ξtI1αi2I

(
0, 0+

)] [
ρt1U (x1)

]
+ 2π

[
ξtR1αi2H

(
pR1αh1, p

I
1αh1

)
+ ξtI1αi2I

(
pR1αh1, p

I
1αh1

)] [
ρt1L (x1)

]
+ 2π

[
ξtR1αi2H

(
pR1α (h1 + h2) , pI1α (h1 + h2)

)
+

ξtI1αi2I
(
pR1α (h1 + h2) , pI1α (h1 + h2)

)] [
ρt2L (x1)

]
+ 2π

[
ξtR1αi2H

(
pR1α (h1 + h2 + h3) , pI1α (h1 + h2 + h3)

)
+

ξtI1αi2I
(
pR1α (h1 + h2 + h3) , pI1α (h1 + h2 + h3)

)] [
ρt3L (x1)

]
= 0

(3.45)
where (x′1, x2J) are the coordinate of image dislocation densities ρJK for the sub-
problem K.

In the Eq. 3.45, a singularity term is found as 2π
[
ξtR1αi2H (0, 0) + ξtI1αi2I (0, 0+)

] [
ρt1U (x1)

]
,

in which:

2πξtR1αi2H (0, 0)
[
ρt1U (x1)

]
= 2ξtR1αi2

∫ ∞
−∞

P (x1 − x′1, 0, 0) ρt1U (x′1) dx′1 (3.46)

2πξtI1αi2I
(
0, 0+

) [
ρt1U (x1)

]
= 2ξtI1αi2

∫ ∞
−∞

Q
(
x1 − x′1, 0, 0+

)
ρ (x′1) dx′1 (3.47)

In the case where a→ 0 and b→ 0, the limiting values of the functions P and Q
are given by [18]:

Lima,b→0P (x1 − x′1, a, b) = P (x1 − x′1, 0, 0) =
1

x1 − x′1
(3.48)

Lima,b→0Q (x1 − x′1, a, b) = Q (x1 − x′1, 0, 0) = πsgn (b) δ (x1 − x′1) (3.49)

The Dirac delta function in Eq. 3.49 is particularly important as it is a mathemat-
ical carrier of the Burgers vector. The sign of the limit of Q is dependent on its
third argument b. This must be taken into account in the subsequent formulation
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when the limit of a quantity is evaluated at an infinitesimally small distance above
and below an interface [18]. Using the expression of Eq. 3.48, Eq. 3.46 can be
written as:

2πξtR1αi2H (0, 0)
[
ρt1U (x1)

]
= 2ξtR1αi2

∫ ∞
−∞

ρt1U (x′1)

x1 − x′1
dx′1 (3.50)

In that case, there will be a singularity in the integral equation. In order to remove
this singularity, Wang et al. [293, 294] have developed the technique of the H and
I integral transforms. These H and I transforms can be used on P and Q functions
or on themselves via residue calculus. In particular, using H (0, 0) on itself can be
used to remove the singularity problem in Eq. 3.50 as:

H (0, 0)H (0, 0) = −I
(
0, 0+

)
(3.51)

Then, combining Eqs. 3.41, 3.44 and 3.49, the transform I (0, 0±) on image dislo-
cation densities can be calculated as:

I
(
0, 0±

)
[ρ (x1)] = sgn

(
0±
)
ρ (x1) (3.52)

Thus, combining Eqs. 3.51 and 3.52, the singularity terms coming from H (0, 0)
can be removed, and the image dislocation densities appear by themselves. How-
ever, when the transform H (0, 0) is used on all the terms in order to remove
the singularities, H (0, 0) I (0, 0±) = sgn (0±)H (0, 0) will produce new singularity
terms (H (0, 0) is directly used on image dislocation densities themselves). In order
to resolve this problem, Wang et al. [18] have developed a more general method
which is described as follows. Combining all 18 boundary conditions, a system of
nonlinear equations is formed with 18 Fredholm equations of second kind (i=1,2

and 3) with 18 unknowns ρ = [ρt1U , ρ
t
1L, ρ

t
2U , ρ

t
2L, ρ

t
3U , ρ

t
3L]

T
as shown below:

Cρ+C0H0ρ+CHHρ+CIIρ+CRR = 0 (3.53)

where H0,CHH,CII are the matrices of integral operator for the densities of
image dislocations ρ and C,C0 are the matrices of coefficient only depending on
materials elastic properties. CRR is the vector in function of Burgers vector of
dislocation source. All the components of these matrices can be found in Appendix
B. In Eq. 3.53, the singularities C0H0ρ cannot be removed by applying H (0, 0)
on all the terms, because it will produce new singularities on the first term, as
CH0ρ. However, the image dislocation densities themselves can be resolved from
solving the algebraic equation Eq. 3.53 as:

ρ = −C−1 (C0H0ρ+CHHρ+CIIρ+CRR) (3.54)
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Then, by substituting Eq. 3.54 instead of ρ in the term C0H0ρ of Eq. 3.53, the
final expression of the equations without singularity terms can be written as:

(
C +C0C

−1C0

)
ρ+

(
CHH +CII −C0C

−1CHH0H −C0C
−1CIH0I

)
ρ

= −CRR+C0C
−1CRH0R

(3.55)
where the new matrices of integral operatorCHH0H,CIH0I and vectorCRH0R
can be also found in Appendix B. It should be pointed out that due to the different
convention used in the present thesis compared to in the paper of Wang et al.
[18], the sign of each term is not exact the same as the one used in their paper.
Furthermore, the matrices of integral operator CHH,CII,CHH0H and CIH0I
are the single independent matrices, not the product of matrices. Meanwhile, the
vector CRR and CRH0R are the single independent vector, not the product of a
matrix and a vector. In the final expression Eq. 3.55, there is no term with integral
operator H (0, 0) directly applied on the image dislocation densities ρ. Thus, there
is no singularities anymore. Eq. 3.55 is still a system of nonlinear equations with
18 Fredholm equations of second kind. These image dislocation densities can be
numerically resolved by using the Nyström method [295]. Essentially, the integrals
over infinite space can be approximated thanks to a Gauss-Hermite quadrature
method. After substituting the integral terms, approximate analytical expressions
of ρ can be obtained as a function of x1. Finally, the elastic fields, such as the
stress fields due to one single dislocation in a three layers anisotropic material at
any points can be calculated from Eqs. 3.38 and 3.42.

In the present thesis, the three-layer configuration is used to consider both
effects of GB stiffness and free surfaces in the simulation of experimental slip step
height profiles due to discrete dislocation pile-ups in section 4.4 (see Chapter 4).
Thus, the second layer is regarded as a GB region and the thickness is set as
0.9 nm, which was obtained from MD simulation of the Ni bi-crystal studied in
experiment and it is also a typical order of magnitude in metals. Meanwhile, the
two-layer configuration is used to theoretically investigate the effect of free surfaces
on dislocation image forces (see section 4.2).

3.3 Discrete dislocation pile-ups theory

Let us consider a single dislocation pile-ups of N infinite straight dislocations,
which are all parallel to the x3-axis, have the same Burgers b and lie in the same
slip plane as shown in Figure 3.5.
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Figure 3.5: α-inclined dislocation pile-up in a slip plane of unit normal n for N equilibrated
edge dislocations with Burgers vector b and line vector t in a heterogeneous anisotropic (a)
bi-material and (b) tri-material [105, 277].

The equilibrium positions of the N dislocations can be found out by minimizing
the component of the Peach-Koehler (P-K) force along the slip direction for each
dislocation to a critical force Fc as follows:

F (γ) = abs({(σint(X1(γ), X2(γ)) + σext) · b× t} · v)
Minimize

======= Fc (3.56)

where (X1(γ), X2(γ)) denotes the position of the γth dislocation. v is a unit vector
indicating the glide direction of all dislocations, which is considered to be directed
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towards the interface so that a pile-up can form. Accordingly, F (γ) > 0 means that
the γth dislocation is attracted by the GB (attractive GB) whereas F (γ) < 0 means
that the γth dislocation is repelled by the GB (repulsive GB). v belongs to the slip
plane and is normal to the dislocation line. σext is a homogeneous applied stress
tensor and σint = σim + σdis is the internal stress tensor produced by all other
dislocations σdis and image stress σim on this particular dislocation coming from
all heterogeneities. It should be pointed out that in the present work, the applied
homogeneous stress tensor σext only serves to equilibrate the dislocation pile-up.
Even in the absence of singularities like dislocations, an infinite heterogeneously
elastic material that is submitted to some (remotely) applied stress will actu-
ally display stress heterogeneities due to elastic/plastic incompatibilities that are
needed to maintain the continuity conditions at the interfaces (see the derivation
of incompatibility stresses in a bi-crystal with a planar GB in subsection 1.5.2.4
of Chapter 1). The critical force Fc includes the lattice friction force (primary)
and other forces due to obstacles to dislocation motion (solutions, precipitates,
defects like cavities, etc.). Meanwhile, this critical force can be converted into a
shear stress on a dislocation by dividing by the length of standard Burgers vector
as τc = Fc/ |b|. The calculation of the dislocation pile-up equilibrium positions is
thus obtained by following an iterative relaxation scheme that minimizes all the
F (γ) after an initial configuration is specified [105]. In order to be able to perform
such a computation in an infinite homogeneous medium, one dislocation should
be considered as locked. Usually, the position of the first (or leading) dislocation
(X1(1), X2(1)) is fixed [97, 105]. As a result, the P-K force on the fixed dislocation
is not zero. In a heterogeneous medium, the boundary image force on the leading
dislocation may equilibrate the applied stress and the stress contribution coming
from other dislocations [105], but only in case of repulsive image force. In such
case, the positions of all dislocations, including the leading one, can be found by
the iterative relaxation scheme. Most past studies assume Fc = 0 N/m because
of the low value of the lattice friction stress in pure FCC crystals which is around
1 ∼ 2 MPa [296]. However, in the present thesis, it is found that a non zero critical
force has a crucial effect on the dislocation pile-up distribution in the presence of
GB and free surfaces. This will be discussed more thoroughly in next Chapter 4.
The reason is that there are already lattice defects in the material after sample
preparation, such as the Ga+ ions from FIB which can damage the sample surfaces
[139]. Furthermore, for α-Brass (alloy), the theoretical value of the friction force
should be much higher than in pure FCC crystals, like pure Ni. For example,
it was found that τc ≈ 80 ∼ 100 MPa for β-Brass [296]. Thus the critical force
cannot be ignored in Eq. 3.56 for realistic calculation.
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3.4 Computational procedure

A Matlab [297] code has been developed during this thesis, for which the com-
putational flow chart with the different calculation configurations is represented in
Figure 3.6.
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Figure 3.6: Computational flow chart describing the different procedures in a developed Matlab
code.
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The developed Matlab code can be used to calculate the elastic fields, such
as the image force, the displacement vector, the stress tensor or the indced re-
solved shear stress, due to one single dislocation or one dislocation pile-up in
different configurations. Furthermore, the slip step height profiles due to single
slip and measured by AFM can be simulated from the developed code. There are
three different types of Matlab code corresponding to the bi-material configura-
tion without free surface (“Ani Inf Bi Homo Halfspace” in Figure 3.6), tri-material
configuration without free surface (“Ani Inf Tri” in Figure 3.6) and tri-material
configuration with free surfaces (“Ani Fini Tri Bi SingleLayer” in Figure 3.6). In
particular, the bi-material configuration without free surface can be degenerated
to the case of infinite homogeneous single crystal and half space with rigid or free
surface. The bi-material code is based on all the theories presented from section
3.2.1 to section 3.2.3 and is fully analytical without any convergence issue. The
tri-material configuration without free surface is based on the theory presented
in section 3.2.4. For numerical applications, a number of steps β must be cho-
sen for the series solutions based on the convergence analyses. Meanwhile, the
tri-material configuration with free surfaces can be degenerated to the case of the
bi-material configuration with free surfaces or to the case of one layer material
with free surfaces by taking materials with same elastic stiffness tensor. Numeri-
cal applications involve infinite integral calculations. Thus, a reasonable number
of integration points in the Nyström method with Gauss-Hermite quadrature must
been chosen. So, it is semi-analytical.

All the codes are built with some individual functions. The structure of these
functions is the same for all the three codes. As presented in Figure 3.6, the first
two functions are used to get the input data, including the mechanical properties of
materials and the orientation of each grain. The mechanical properties of materials
include the elastic stiffness tensor (Cij), the length of standard Burgers vector (b),
the dimension of simulated sample used for simulating experiment (“Dimension”
in Figure 3.6), the applied stress for dislocation pile-ups (σapp), the interesting
grain which contains dislocations (“Studied Crystal” in Figure 3.6), the critical
force for dislocation pile-ups (“f CRSS” in Figure 3.6) and the parameter λ which
is used to define the elastic stiffness tensor of the interphase considered as a GB by

CII
ijkl =

λ

2

(
CI
ijkl + CIII

ijkl

)
in the tri-material configuration. At the same time, the

effect of incompatibility stresses (presented in section 1.5.2.4) can be chosen to be
considered or not (“Schmid/Incompatibility” in Figure 3.6). It should be pointed
out that all these codes are based on L-E-S formalism which cannot be used for
isotropic elasticity calculation due to the problem of repeated eigenvalues (degen-
erate solutions). However, these codes can still be used for isotropic elasticity
calculation. In that case, the elastic stiffness moduli are firstly represented from
isotropic elastic constants by C11 = 2G (1− v) / (1− 2v), C12 = 2Gv/ (1− 2v) and
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C44 = G. Then the C44 is increased a little bit to prevent the problem of degenerate
solutions in the L-E-S formalism and is numerically replaced by C44 = C44×1.0001.
Besides, Choi and Earmme [175] have developed a two dimensional analytical for-
malism for isotropic elasticity calculation of one single dislocation in a tri-material
configuration. Codes that compute the elastic fields of one dislocation or dislo-
cation pile-up in homogeneous media, bi-material and tri-material configurations
were also coded using Matlab with the same functions as the one presented in
the Figure 3.6. In the present thesis, the isotropic elasticity calculations with-
out free surface have been performed using the analytical formalism [175]. Only
the isotropic elasticity calculations with free surfaces are performed using L-E-S
formalism with the approximation C44 = C44 × 1.0001. Furthermore, the orien-
tation of each grain can be set from EBSD measurement with the Euler angles
(φ1,Φ, φ2) or from a given rotation matrix which will be presented (see section
4.2.1 in Chapter 4).

Based on the orientation of each grain with respect to the direction of applied
stress, the Schmid factor (or the resolved shear stress considering incompatibility
stress) on each slip system can be calculated. The slip system of FCC crystal can
be chosen as perfect dislocation [111] 〈10− 1〉 or as partial Shockley dislocation
[111] 〈11− 2〉. Then, the active slip system is chosen based on the analysis of
Schmid factor/resolved shear stress with the maximum value or based on exper-
imental observation. The details are discussed in section 2.7. After the determi-
nation of the active slip system, the coordinates of simulation is built in order to
satisfy the conditions of two dimensional calculation, i.e. the dislocation line must
be parallel to GB. As presented in section 1.5.3, in the simulation coordinates sys-
tem, the x3-direction is set to be the direction of dislocation line zS as presented in
Figure 3.7, and the x2-direction is set to be the direction of GB normal yS as pre-
sented in Figure 3.7. In agreement with the FS/RH convention, the x1-direction
is determined by x1 = x2 × x3 presented as xS in Figure 3.7. Furthermore, all
the used vectors and tensors, such as the Burgers vector of active slip systems,
the vector of slip direction and the elastic stiffness, etc. are converted into the
simulation coordinates system.
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Figure 3.7: Schematic figure of simulation configuration adopted for the experiment.
(xS , yS , zS) indicate the simulation coordinates system, while (X,Y, Z) indicate the global sample
coordinates system.

After that, based on all the necessary information, the elastic fields due to one
single dislocation or dislocation pile-ups can be calculated based on the theories
and the Matlab code presented in this chapter.
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Chapter 4

Results and discussions

4.1 Introduction

In the present chapter, the following results will be successively presented and
discussed. First of all, the pure theoretical and numerical results of the theo-
ries described in Chapter 3 for Ni are presented for discussing the role of elastic
anisotropy and different boundary conditions (interphase GB and free surfaces)
on image forces and discrete dislocation pile-ups, thus the interaction between
individual dislocation and GBs. In details, the results are as follows:

• The convergence of series solutions within the tri-material configuration is
discussed based on three criteria described in subsection 3.2.4.4.

• Elastic fields (displacements, stresses and image forces) due to one single
edge dislocation in different heterogeneous media are calculated.

• The equilibrium positions of edge dislocation pile-ups as well as the resolved
shear stress produced by these pile-ups are also performed.

In order to simulate the slip step height profiles of slip lines produced by the
compression test on Ni and α-Brass bi-crystal samples (described in Chapter 2)
with considering the effect of incompatibility stresses, the incompatibility stresses
of these samples are calculated by CPFEM considering the effect of boundary
conditions on finite specimen. These numerical results are also compared with
analytical results based on Eqs. 1.44 and 1.45 in subsection 1.5.2.4 considering
only anisotropic elasticity and infinite space. Meanwhile, the stress-strain curve
due to the compression test of these samples are also calibrated by CPFEM.

At the end of the chapter, the slip step height profiles observed in experiments
(presented in the Chapter 2) are simulated for both Ni and α-Brass samples using
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discrete dislocation pile-up calculations (described in Chapter 3). The effects of in-
terfacial dislocations, free surfaces, anisotropic elasticity, incompatibility stresses,
applied stress, misorientation and lattice friction are fully discussed.

4.2 Theoretical results

4.2.1 Computation configurations

In all the following numerical applications presented in the section 4.2, bi-
crystals of different orientations are considered. In case of a tri-material configu-
ration, the interphase material is supposed to represent the GB region. Further-
more, only edge dislocations with Burgers vector defined by an angle α = 45◦

are considered as shown in Figure 3.1, so that the slip direction is m = b/ |b| =
[− cos 45◦,− sin 45◦, 0] in global frame (x1, x2, x3). Still following the FS/RH
convention, the slip plane normal is given by n = t×m where t = [0, 0, 1]. Mean-
while, the glide direction of dislocations v is parallel to m for edge dislocations
and it always points towards the GB area, so that it is possible to create dislo-
cation pile-ups at GB. The slip system is supposed to be m0 = 1/

√
2 [1, 1, 0] and

n0 = 1/
√

3 [−1, 1,−1] in the crystal’s frame (e1, e2, e3). Thus the orientation of
the crystal containing the dislocations is defined by the transformation matrix T
such that [m,n, t]T = T [m0, n0, t0]

T
, where t0 = m0×n0. In the lower crystal,

there is no dislocation and thus the choice of its crystallographic orientation is free.
For this crystal, two specific orientations are considered in the following:

• orientation AOri with TA =

1 0 0

0 1 0

0 0 1

 (Unit matrix)

• orientation BOri with TB =

−1/2
√

2/2 1/2

−1/2 −
√

2/2 1/2√
2/2 0

√
2/2


The elastic stiffness tensor in the global frame is then deduced from the trans-

formation matrix T by Cijkl = TigTjhC
0
ghmnTkmTln where C0 is the elastic stiffness

tensor defined in the crystal’s frame. For tri-material and multilayers models, the
thickness of the second material as GB is denoted H which is always equal to 5 |b|
in the present section, and its elastic stiffness tensor CII

ijkl is modeled thanks to a
single parameter λ which reflects the GB stiffness as follows:

CII
ijkl =

λ

2

(
CI
ijkl + CIII

ijkl

)
(4.1)
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Then, the GB is softer than the grains when λ < 1 and stiffer than the grains for
λ > 1. In the extreme cases, when λ = 0, the tri-material reduces to a half-space
with a free surface, whereas when λ = +∞, the tri-material reduces to a half-space
with a rigid surface. Hence, the single parameter λ allows to study the effect of
the GB stiffness on elastic fields of single dislocations and dislocation pile-ups in
bi-crystals with GB as a thin interphase region.

For multilayers model with free surfaces, only two-layers configuration is ap-
plied in the present section 4.2 with h1 = h3 = H ′/2 as shown in Figure 4.1, so
that the GB is regarded as an interface (H = h2 = 0).

The distance between the GB (or the middle of the GB region) and the γth

dislocation along the glide direction is denoted L (γ). For dislocation pile-ups,
when the leading dislocation is locked, L (1) = 5 |b|. The pile-up length is defined
as the distance between the first and the last dislocation L (N)− L (1).

For the forthcoming results in the present section, a regular grid of Mx ×My

points and of Lx × Ly in size are considered for the simulation plane where the
elastic fields are computed. If not specifically stated in the text, the values used
for numerical applications are the default values reported in Table 4.1.

C11 (GPa) C12 (GPa) C44 (GPa) G (GPa) k (GPa) |b| (nm)

246.5 147.3 124.7 94.7 179.8 0.25

σext22 (MPa) α (◦) L (1) (|b|) Orientation of the lower crystal

100 45 5 AOri

λ H (|b|) Lx × Ly
(
|b|2
)

Mx ×My

1 5 50× 50 100× 100

Table 4.1: Default values of the parameters used for theoretical and numerical simulations in
the present section. The elastic constants are for Ni defined in the crystal’s frame (e1, e2, e3).
G: effective isotropic shear modulus, k: effective isotropic bulk modulus. The Possion’s ratio
can be calculated by v = (3k − 2G) / (6k + 2G).

Figure 4.1 displays the most general configuration considered. The abreviations
used in the legends of the figures presented in the present section are:

• “Ani”: Anisotropic elasticity.

• “Iso”: Isotropic elasticity.

• “Bi”: Bi-material model with H = h2 = 0, materials I and III are infinite
(without free surfaces Λ1 and Λ2).

• “rigid Half-space”: Half space with rigid surface, material I is infinite (with-
out free surface Λ1), materials II and III do not exist (interface Γ1 is regarded
as a rigid surface with displacement free).
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• “free Half-space”: Half space with free surface, material I is infinite (without
free surface Λ1), materials II and III do not exist (interface Γ1 is regarded as
a free surface with traction free).

• “Triλ”: Tri-material model, materials I and III are infinite (without free
surfaces Λ1 and Λ2), the thickness of interphase H = h2 = 5 |b|. This value
appears to be realistic as following atomistic simulation (see Appendix C).
Parameter λ is used to determine the stiffness tensor of material II which is
defined in Eq. 4.1.

• “UFh1”: Only considering upper free surface Λ1 with h2 = 0 (using Eqs.
3.32, 3.33 and 3.34, the dislocation is regarded as stored in material II for
these equations). Material III is infinite (without free surface Λ2). h1 is the
thickness of the material I which is in µm.

• “LFh3”: Only considering lower free surface Λ2 with h2 = 0 (using Eqs.
3.29, 3.30 and 3.31, the lower material is regarded as the material II for
these equations). Material I is infinite (without free surface Λ1). h3 is the
thickness of the material III which is in µm.

• “FSh1”: Considering two free surfaces Λ1 and Λ2 without interphase as h2 =
0, the thicknesses of materials I and III are always the same (h1 = h3), thus
the thickness of the whole material is H ′ = h1 + h3 = 2h1.

• “AOri”: Orientation AOri for lower crystal.

• “BOri”: Orientation BOri for lower crystal.
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Figure 4.1: Schematic figure of general simulation configurations.

4.2.2 Convergence of the series solutions within the tri-
material configuration

In this subsection, the three convergence criteria defined and discussed in sub-
section 3.2.4.4, εβ+1

f (Eq. 3.35), εβ+1
u (Eq. 3.36) and εβ+1

σ (Eq. 3.37) are used to
study the influence of three important physical parameters on the convergence of
the series solutions in case of a single dislocation within a tri-material configura-
tion of Ni (Figure 3.2). These parameters are the stiffness parameter λ (Eq. 4.1),
the thickness of the interphase H and the distance between the dislocation and
the first interface along the glide direction denoted LΓ1 (rather than L (1) since
H is also varied). To avoid wasting calculation resources, it is indeed important
to find out the minimum value of step number β allowing the convergence of the
series. It is hereafter considered that the convergence is reached when all the three
criteria εβ+1

f , εβ+1
u and εβ+1

σ are smaller than 10−4.
First, the effect of λ was investigated by setting H = 5 |b|, LΓ1 = 2 |b|, Mx ×

My = 200 × 200 and Lx × Ly = 200 × 200 |b|2 while the other parameters are
given by the default values presented in Table 4.1. Figure 4.2 shows the computed
errors by the three criteria for λ = 0.5, 1 and 2. It is found that the logarithm of
the errors roughly scales with the step number β. When λ = 1, the convergence
is reached for β = 3 while for λ = 0.5 and λ = 2, the convergence is reached for
β = 5. It was checked that the convergence becomes more and more difficult when

152

Free Surface J\1 

, , L ,<_ n 

1/ (X1,X2)_,,/ ~ 
X1 cl ,.., / 

X3 ijkl ,_r,;- 't- [Ü,Ü,l] 
Interface r 1 _____ - ~ ' _ 1_ ----------- - - - - - - --- .,," 

Il , , 
Cijkl ,' H 

C r -------fnter1aee • 2 __ - - - - - - - ----------

H' 

Free Surface A2 



λ departs more and more from unity. However, it is noteworthy that if λ is zero or
is infinite, the model equations of subsection 3.2.4.3 reduces to a half-space with a
free or a rigid surface and the exact solutions can be obtained directly from Eqs.
3.23, 3.24 and 3.26.

Figure 4.2: Numerical errors computed by the three criteria (εβ+1
f , εβ+1

u and εβ+1
σ ) for λ = 0.5,

1 and 2.

Secondly, the effect of H was investigated by setting λ = 2, LΓ1 = 2 |b|,
Mx × My = 200 × 200 and Lx × Ly = 200 × 200 |b|2. Figure 4.3 shows the
numerical errors computed by the three criteria for H = 5 |b|, 25 |b| and 50 |b|. It
is found again that the logarithm of the errors scales with the number of steps β.
The error given by εβ+1

u (disk markers in Figure 4.3) is very little dependent on
H while it is easier to get convergence on εβ+1

f and εβ+1
σ when H becomes larger.

The reason is that when the thickness of the interphase is larger and larger, the
tri-material model gets closer and closer to a bi-material model and the effects of
the lower crystal becomes smaller and smaller.

153

10°-.----------;-------- ..... 
10-1 

-----¼----- f,À: 1.0 
-•-u,À:1.0 
-•- G,À: 1.0 
-----¼----- f,À: 0. 5 
-•- u,À:0.5 
-•- G,À:0.5 
-----¼----- f,À: 2. 0 
-•- u,À:2.0 
-•- G,À:2.0 

3 4 5 6 
13 



Figure 4.3: Numerical errors computed by the three criteria (εβ+1
f , εβ+1

u and εβ+1
σ ) for H = 5 |b|,

25 |b| and 50 |b|.

Finally, the effect of LΓ1 was investigated by setting λ = 2, H = 5 |b|, Mx ×
My = 200 × 200 and Lx × Ly = 200 × 200 |b|2. Figure 4.4 shows the computed
numerical errors by the three criteria for LΓ1 = 2 |b|, 100 |b| and 150 |b|. The
error given by εβ+1

u and εβ+1
σ (disk and square markers in Figure 4.4) are very

little dependent on L. Contrary to Figure 4.2 and Figure 4.3, when LΓ1 = 100 |b|
and 150 |b|, the criterion based on εβ+1

f gives the slowest convergence. The reason
is that when the distance between the dislocation and the interface is large, the
elastic fields close to the dislocation are weaker than before. Hence, at each step,
the relative part of the image force increase is larger compared to the case where
the dislocation is close to the interface.
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Figure 4.4: Numerical errors computed by the three criteria (εβ+1
f , εβ+1

u and εβ+1
σ ) for LΓ1 =

2 |b|, 100 |b| and 150 |b|.

As a consequence of these investigations, the convergence criteria based on εβ+1
u

and εβ+1
σ seem the most appropriate to consider all kinds of situations. Moreover, it

was found that only the stiffness parameter λ strongly influences the convergence.
Hence, for a same value of λ, a same value of β will be considered in the numerical
applications.

The obtained values of β for different λ in case of anisotropic elasticity and
isotropic elasticity are presented in Table 4.2. The computations of the elastic
fields in a tri-material with heterogeneous isotropic elasticity were also performed
for comparisons following the expressions obtained by Choi and Earmme [175]. In
this case, the configuration of a Ni bi-crystal is considered such that GII = λG
and kII = λk. Hence, when λ = 1, the configuration reduces to the homogeneous
material model and no convergence step is needed (β = 0). It is found that for a
same value of λ, the convergence is fastest in the isotropic elastic case than in the
anisotropic elastic case.

λ 0.25 0.5 1.0 2.0 4.0

β
Anisotropic 9 5 3 5 9

Isotropic 7 4 0 4 7

Table 4.2: Number of steps β to reach convergence according to the criteria (εβ+1
f , εβ+1

u and

εβ+1
σ < 10−4) for different values of λ: anisotropic vs. isotropic elastic cases.
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4.2.3 Displacements and stresses distribution due to one
single dislocation

This subsection considers a single straight edge dislocation in a Ni bi-crystal
and compares the induced elastic fields for different kinds of GB modelling char-
acteristics: zero thickness GB (bi-material configuration) or GB with H = 5 |b|
and different values of the stiffness parameter λ (tri-material configuration). The
interface or the middle of the GB is fixed at x2 = 0 and the distance from the
interface or the middle of the GB to the dislocation along the slip direction is
L = 10 |b|.

Figure 4.3 shows contour plots of the displacement component u1 (normalized
by |b|) and stress components σ12 (normalized by C44) which are induced by a
single edge dislocation in a Ni bi-crystal with a zero thickness GB and with GBs
characterized by H = 5 |b| and λ = 0.5, 1 and 2 (tri-material model), as well as
the differences between bi-material model and tri-material model. It is remarked
that u1 and σ12 are continuous across interfaces with normal along x2, which is
consistent with interfacial continuity conditions (Eqs. 3.6 and 3.7). In the case of
λ = 1, for both fields, the differences are concentrated in the middle of the GB. In
the cases λ = 0.5 and 2, the differences are mainly concentrated around the first
(or upper) interface and are also much larger compared to the case λ = 1. The
cases λ = 0.5 (compliant GB) and λ = 2 (stiff GB) often display opposite effects.
For example, the difference of displacement u1 is negative below the dislocation
when λ = 0.5 while it is positive when λ = 2.
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Zero thickness GB H = 5 |b| λ = 0.5 H = 5 |b| λ = 1 H = 5 |b| λ = 2

Elastic fields

Displacements
u1

Differences of
displacements

u1

Stress
σ12

Differences of
stresses
σ12

Table 4.3: Elastic fields induced by a single dislocation in a Ni bi-crystal with a zero thickness GB and tri-material with GBs characterized by
H = 5 |b| and λ = 0.5, 1 and 2 and their differences of elastic fields.
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4.2.4 Image force on dislocation in heterogeneous media

In a heterogeneous medium, an image force is exerted on the dislocation due
to the presence of interface(s) or surface(s). The image force is the Peach-Koehler
force at the dislocation position due to its stress field without considering the
contribution related to the infinite homogeneous medium, denoted hereafter σim.
The projection of the image force along the slip direction reduces to [28]:

Fim = [(σim · b)× t] · v (4.2)

With the convention used in Figure 3.1, as v always points towards to the GB,
Fim > 0 means that the dislocation is attracted by the GB whereas Fim < 0 means
that the dislocation is repelled by the GB.

First, Figure 4.5 (a) considers half-space configurations and Figure 4.5 (b)
considers bi-material (i.e., zero thickness GB). It indicates that in a half space, a
rigid surface has always a repulsive effect on the dislocation. On the contrary, a
free surface has always an attractive effect. Moreover, if the lower crystal is set
to orientation AOri, the projected image force Fim is always positive, which means
that the zero thickness GB exerts an attractive effect on the dislocation, whereas
with orientation BOri, the dislocation is repelled by the GB. It can be also noticed
that the magnitude of Fim is far smaller for the bi-crystal than for the half space
with free / rigid surfaces, which represent two extreme cases. Besides, considering
isotropic elasticity in half-spaces, Fim has nearly the same magnitude as considering
anisotropic elasticity (curves are superimposed). Given the chosen orientation of
upper crystal, it should be pointed out that orientation AOri and orientation BOri of
lower crystal produce the maximum positive and negative projected image forces
Fim, respectively.
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Figure 4.5: Variation of the projected image force Fim with the distance from the GB along the
slip direction for different configurations: (a) half space with anisotropic vs. isotropic elasticity
and (b) bi-crystal modeled by bi-material configuration.

Figure 4.6 considers only tri-material configurations with H = 5 |b| and make
comparisons between anisotropic and isotropic elasticity. For H = 5 |b|, consid-
ering isotropic elasticity, the projected image force Fim is always negative in case
of a stiff GB (λ=2) and positive in case of a soft GB (λ=0.5). In the case of
anisotropic elasticity, Fim exhibits a sign change and extremal points because of
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the coupled effects of the image forces arising both from the lower crystal and the
GB. For instance, considering a GB characterized by λ=2 and orientation AOri for
the lower crystal, Fim is negative close to the GB and becomes positive beyond
10.2 nm (41 |b|) from the center of GB (Figure 4.6). The repelling effect close to
the GB is due to the larger stiffness of the GB (λ=2) while the attractive effect
that becomes predominant at long distance is due to orientation AOri of the lower
crystal as shown in Figure 4.5 (b). Accordingly, an equilibrium position for the
dislocation can be defined where Fim = 0. In a similar manner, an equilibrium
position in the absence of applied stress can also be found by coupling an attrac-
tive compliant GB (λ=0.5) with the repulsive orientation BOri of the lower crystal
(Figure 4.6). In this case, the equilibrium position of the dislocation is found
around 14.5 nm (58 |b|) along the slip direction from the center of GB.

Figure 4.6: Variation of the projected image force Fim with the distance from the GB along the
slip direction for different tri-material configurations with H = 5 |b|. Anisotropic vs. isotropic
elasticity.

Besides the effect of misorientation and GB stiffness, the effect of free surfaces
Λ1 and Λ2 has been investigated by a two-layers configuration with different misori-
entations AOri, BOri and different thicknesses H ′ = h1 + h3 = 2µm and H ′ = 4µm
(see Figure 4.1). Figure 4.7 (a) shows that free surfaces have a strong attractive
effect on dislocations. In comparison, the effect of misorientation is negligible close
to free surface as the value of Fim is quite similar whatever the orientation. A size
effect is found after normalizing the distance by half of the thickness as shown
in Figure 4.7 (b): at the same relative distance from the GB, the image force is
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stronger in the smaller beam. Meanwhile, in case of an attractive misorientation
AOri, there is an equilibrium point where the image force on the dislocation is zero.
This position is located at nearly the same relative distance from GB for different
thicknesses of material as shown in Figure 4.7 (b).

Figure 4.7: Variation of the projected image force Fim for the two-layers model with free
surfaces (a) with the distance from the GB along the slip direction and (b) with the distance
from GB along the slip direction normalized by H ′/2. “FS1” corresponds to h1 = H ′/2 = 1µm
and “FS2” to h1 = 2µm.

Furthermore, in order to specify the effect of each free surface and to compare
with misorientation effect, Fim was also computed either with only one upper
free surface or with only one lower free surface. Figure 4.8 shows that close to
GB, Fim is mainly controlled by misorientation as it is always positive for the
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misorientation AOri (see Figure 4.8 (a)) and always negative for the misorientation
BOri (see Figure 4.8 (b)) whatever the free surface configuration. The effects of both
free surfaces and misorientation can be regarded as the non-linear combination of
both effects. As the two free surfaces have an opposite effect on the dislocation,
when the dislocation is located at an equal distance from both free surfaces, their
contribution becomes negligible. For the configurations with both free surfaces
(“Ani FS2 AOri” and “Ani FS2 BOri”), when the dislocation is located close to
GB (distance from GB along the slip direction is smaller than about 0.2 µm), Fim
is quite similar to the case of bi-material configuration without free surface for
both misorientations AOri and BOri (“Ani Bi AOri” and “Ani Bi BOri”). However,
if only one free surface is considered, it has an obvious influence on the projected
image force even close to GB. Figure 4.8 (a) shows that the positive Fim due to
attractive misorientation AOri is enhanced by considering only the lower free surface
(“Ani LF2 AOri”) which also has an attractive effect on dislocation. Meanwhile, by
considering only the upper free surface, this positive Fim is weakened close to GB
(“Ani UF2 AOri”) and an equilibrium position is found (Fim = 0). In particular,
an interesting result is obtained by combining a repulsive misorientation BOri with
only an lower free surface (“Ani LF2 BOri”) as shown in Figure 4.8 (b). It shows
that Fim is negative close to GB due to repulsive misorientation BOri, then becomes
positive away from GB (at a distance of about 0.2 µm) due to the attractive effect of
the lower free surface, whereas the distances between the dislocation and both GB
and lower free surface increase at the same time. As discussed for Figure 4.5, the
effects of a free surface are felt at a longer distance compared to the misorientation
effects. However, Figure 4.8 shows that the misorientation is predominant when
the dislocation is close to GB, but only within a short distance. Thus, at a long
distance, the free surface effect is predominant. Furthermore, for the case of a
repulsive misorientation BOri and only an upper free surface (“Ani UF2 BOri”),
even though they have the same repulsive effect, the magnitude of Fim decreases
quickly when the dislocation gets away from GB, even at a short distance from
GB. Thus, the sign of Fim depends on the relative distances with free surface and
GB (misorientation effect), respectively, when they have an opposite effect.
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Figure 4.8: Variation of the projected image force Fim considering free surfaces effects with
different misorientations: (a) orientation AOri and (b) orientation BOri of lower crystal.

4.2.5 Results for discrete dislocation pile-ups

4.2.5.1 Discrete dislocation pile-ups with locked dislocation

As discussed in the section 3.3, in order to always get a stable dislocation pile-
up, the first dislocation is locked at L (1) = 5 |b| in a first approach. Comparisons
are made for different GB modelling characteristics, as well as between pile-ups
having different total number N of dislocations. As a result, the positions of each
dislocation in the pile-up and the resolved shear stress produced by the dislocation
pile-up are obtained.
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The pile-up lengths computed for different numbers of dislocations are summa-
rized in Table 4.4. From Table 4.4, it can be inferred that the length of dislocation
pile-ups increases with the GB stiffness from λ = 0.5 to λ = 2, whatever the
total number of dislocations considered in the pile-up. This effect is, however,
very weak with a variation of less than 1%. As discussed in section 3.3, the P-K
force is not zero on the locked leading dislocation. In the present cases where
the GB is considered as a small thickness interphase (H = 5 |b|), the force on
the locked dislocation due to the other dislocations and the applied stress may
indeed exceed the image force arising from the GB. Moreover, it is observed that
the pile-up length obtained with λ = 2 and orientation AOri is smaller than the
one obtained for the homogeneous anisotropic crystal (Table 4.4). As discussed in
subsection 4.2.4, if the GB with λ = 2 exerts a repelling effect, orientation AOri of
the lower crystal exerts an attractive effect so that the global effect on dislocations
beyond the equilibrium point is attractive. It is noteworthy that the equilibrium
distance is about 10.25 nm, which represents a short distance compared to the
pile-up length. This means that nearly all the dislocations undergo attractive ef-
fects (Figure 4.6). By comparison, in a homogeneous single crystal, there is neither
attractive nor repulsive effect due to boundaries and thus the dislocation pile-up
length is larger. A similar analysis explains why the dislocation pile-up length
obtained with λ = 0.5 and orientation BOri is larger than the one obtained for the
homogeneous anisotropic crystal since orientation BOri exerts a global repulsive
effect on the dislocations of the upper crystal. Table 4.4 indicates clearly that
going from an attractive to a repulsive orientation for the lower crystal has much
more impact on the pile-up length (variation of about 8%) than changing λ from
0.5 to 2 (variation less than 1%).

In the isotropic case, the dislocation pile-ups length is always larger when con-
sidering a GB with λ = 2, and smaller if λ = 0.5, compared to the homogeneous
single crystal case since there is no misorientation effect. Meanwhile, in the same
configuration with different misorientations, the dislocation pile-up length is al-
ways larger when considering a repulsive misorientation BOri, and smaller with
an attractive misorientation AOri, compared to the corresponding isotropic case
computed from the Voigt-Reuss-Hill average [269, 270]. A significant effect on the
pile-up length is only obtained when considering a half-space with a rigid surface
(variation of nearly 100%) since such interface displays the strongest repulsive
image force on dislocations that one can obtain.

As mentioned in subsection 1.3.2, for a large number of dislocations in isotropic

elasticity, the pile-up length can be approximated by L =
2NA

τ0

withA =
G |b|

2π (1− ν)
for edge dislocations [95]. For N = 50 dislocations in isotropic Ni, the approxi-
mated pile-up length is 9.679 µm. Compared with the value presented in Table 4.4
for isotropic homogeneous crystal L=8.652 µm, the approximated length is longer
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about 11.9%.
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N

Homogeneous crystal Bi-material
Tri-material

Half-space

λ = 0.5 λ = 1 λ = 2

Ani Iso
Ani Ani

Iso
Ani Ani

Iso Ani Iso

AOri BOri AOri BOri AOri BOri AOri BOri

L (µm)

6 0.6976 0.6887 0.6608 0.7262 0.6586 0.7230 0.6878 0.6607 0.7256 0.6629 0.7275 0.6918 1.390 1.361

9 1.203 1.188 1.144 1.248 1.142 1.245 1.187 1.145 1.248 1.147 1.250 1.192 2.283 2.281

15 2.260 2.234 2.157 2.337 2.154 2.335 2.232 2.157 2.337 2.160 2.340 2.237 4.161 4.098

50 8.747 8.652 8.385 9.021 8.382 9.018 8.648 8.385 9.021 8.389 9.024 8.655 15.09 14.78

Table 4.4: Pile-up length L for different configurations considering anisotropic vs. isotropic elasticity: homogeneous crystal, bi-material,
tri-material with GB stiffness characterized by λ, rigid half-space.

166



Since the orientation of the lower crystal has a stronger effect on dislocations at
long distance than GB stiffness, the variation of L for different orientations of the
lower crystal is presented in Figure 4.9 in the case of a pile-up with 50 dislocations
and a zero thickness GB. The orientation of the upper crystal (where there is the
pile-up) is fixed, still defined by α = 45◦ whereas the orientation of lower crystal
is given by a rotation ψ around v from ψ = 0◦ to ψ = 180◦. In order to always
get a stable dislocation pile-up configuration (especially in the case of attractive
misorientation), the leading dislocation is always locked to give enough repulsive
force on all dislocations. Hence, the homogeneous single crystal case is retrieved
for ψ = 0◦ and ψ = 180◦ for which L = 8.75 µm (Figure 4.9 (a)). When L is
smaller (resp. larger) than 8.75 µm, the image force has globally an attractive
(resp. repulsive) effect on the pile-up which is shown in Figure 4.9 (b). The mis-
orientation angle between both crystals, i.e. the minimum rotation angle to get
from one crystal orientation to the other is also presented in Figure 4.9 (a). In
the present example, the maximal possible value for misorientation angle in cubic
crystal, 62.8◦ [298], is almost reached but does not correspond to an extremal value
of L. The maximal value of L corresponds however to a high misorientation angle
(about 60◦). Furthermore, it is noteworthy that a same misorientation angle can
be related to different elastic behaviors (for example, 60◦ is retrieved with ψ = 60◦

and ψ = 120◦, which give L = 9.02 µm and L = 8.61 µm, respectively). Finally,
it can be observed that the relative variations of L compared to the isotropic case
in Ni can reach about 7%. The important point is that such significant varia-
tions occur in a moderately elastic anisotropic material and cannot be captured
considering pile-ups in isotropic elasticity. However, by using the Voigt-Reuss-
Hill average [269, 270] to define the isotropic elastic constants, the value of L is
nearly the average length of the different anisotropic configuration. Furthermore,
the maximum relative variation of L for materials with different Zener ratios is
presented in Table 4.5. It increases as the anisotropic factor increases. As the
effect of rigid half space is much stronger than misorientation effect, both L and
Fim are much larger for the rigid half space configuration than for bi-material
configurations with different misorientations.
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Figure 4.9: Misorientation effect in the case of bi-crystals (Ani Bi) on (a) pile-up length L for
a pile-up with 50 dislocations and a zero thickness GB and (b) projected image force along slip
direction at a distance 5 |b| from GB. The rotation axis is the glide direction v. Comparisons
with the cases of homogeneous isotropic case (Iso Bi), isotropic rigid half-space (Iso Half space)
and the anisotropic rigid half-space (Ani Half space).

Material Al Ni Cu α-Brass

Zener ratio [1] 1.22 2.51 3.21 4.11

Maximum relative variation of L (%) 1.2 7.2 9.0 11.5

Table 4.5: Maximum relative variation of the length L of a pile-up with 50 dislocations in
anisotropic elasticity for materials with different Zener ratios. [1] Elastic stiffness moduli of
these materials are found in the book “Theory of Dislocations” from Anderson et al. [28].

From Eq. 1.20 combined with Figure 1.30 of subsection 1.3.2, the lower bound
estimate of the resolved shear stress in front of a dislocation pile-up can be written
in isotropic homogeneous elasticity as:
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τint + τ0

τ0

=
1√
d

L

for
1

15
l� d� L (4.3)

where τint is the resolved shear stress produced by all the dislocations of the

pile-up and τ0 is the applied stress. Figure 4.10 show then the variation of
τint + τ0

τ0

with respect to
d

L
for 50 edge dislocations and different kind of configurations (in

the case of a heterogeneous medium, τint includes the effects of image forces).
In order to compare the present results with the work of Eshelby et al. [95] in
isotropic elasticity, the value of L used for normalization always corresponds to

the approximation
2NA

τ0

.

From Figure 4.10 (a), it can be seen that the approximation of a shear stress
decrease with the inverse of the square root distance from the pile-up remains
valid in anisotropic elasticity and for a heterogeneous medium. All the plots are
pretty close to each others. The results display also some influence of the second
crystal orientation in case of a bi-material model. The resolved shear stress with
orientation AOri which exerts an attractive effect on dislocations is smaller than the
one obtained with orientation BOri which exerts a repulsive effect on dislocations.
In the studied case of a locked leading dislocation, the repulsive orientation leads
thus to slightly higher resolved shear stress in front of the dislocation pile-up
compared to the attractive orientation. Figure 4.10 (b) deals with tri-material
models. It is found that, with the same orientation of the second crystal, the

resolved shear stresses are nearly the same in the area of
1

15
l � d � L for

λ = 0.5 and λ = 2. The reason is that the thickness of the interphase is very
small (H = 5 |b|), and its stiffness has not been varied too much. Hence, the effect
of the interphase is negligible compared to the one of the misorientation. Similar
misorientation effects as obtained with the bi-material model are indeed retrieved:
the attractive orientation AOri gives lower resolved shear stress than the repulsive
orientation BOri.
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Figure 4.10: Resolved shear stress along the slip direction in front of a dislocation pile-up with
50 edge dislocations for different configurations.

4.2.5.2 Dislocation pile-ups without locked dislocation

As mentioned in section 3.3, in an heterogeneous medium, the boundary image
force on the leading dislocation may equilibrate the applied stress and the stress
contribution coming from the other dislocations [105], but only in case of repulsive
image forces. So in this case, it is not needed to lock the first dislocation in pile-
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up. All the dislocation positions, including the leading one, can be found by the
iterative relaxation scheme. From the results discussed in subsection 4.2.4, for a
tri-material model with a small thickness H = 5 |b|, the image force is mainly
dependent on the orientation of neighboring crystal at long distance from GB. In
the region close to GB, a coupled effect is produced from both the neighboring
crystal’s orientation and GB stiffness occurs. To investigate the influence of GB
stiffness on real dislocation positions, the orientation of neighboring crystal is
chosen as orientation BOri, which gives a maximum repelling effect. In addition,
the GB stiffness varies from λ = 0.925 to λ = 2, which could reflect a compliant
or a stiff GB. The minimum value of λ is chosen as 0.925 to lead to a stable
dislocation pile-up. If λ is too small, the positive image force closed to GB will
be very large (attractive effect) and therefore the dislocation pile-up cannot be
equilibrated. To study a difference between different GB stiffnesses, the applied
stress field is chosen at a lower value with σext22 = 50 MPa. Comparisons are made
for different GB stiffnesses λ and different total number N of dislocations within
the pile-up. As a result, the position of each dislocation in the pile-up and the
resolved shear stress in the neighboring grain are obtained.

As the leading dislocation is no longer locked, its position is modified when
different GB stiffnesses are considered as well as the positions of the other dislo-
cations and the pile-up lengths. The results are presented in Figure 4.11 where
L (N) − L (1) defines the pile-up length. For a fixed number of dislocations in
the pile-up (N=5,10 and 20), the equilibrium position of each dislocation inside
the pile-up are more and more far away from the GB as λ is larger as shown in
Figure 4.11. Besides, the pile-up length L almost linearly scales with λ following
the red lines displayed in Figure 4.11 (a)-(c). It is noteworthy that, Lubarda [102]
also found an increase of pile-up length L in the case of stiffer inhomogeneity for
isotropic bi-materials. When the number of dislocations in the pile-up increases
from N = 5 to N = 20 and for a same λ, the pile-up length also increases following
Figure 4.11 (a)-(c). For N = 5, the pile-up length increases with a magnitude of
1.5 nm when λ varies from 0.925 to 2. For N = 10 and N = 20, the pile-up length
increases with magnitudes 2.0 nm and 2.5 nm, respectively. As a conclusion, the
stiffer the GB, the larger the increase of pile-up length with N .
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Figure 4.11: (a)-(c) Dislocation pile-up length and position of last dislocation in the pile-up
for N=5, 10 and 20, respectively. (d) First dislocation position in the pile-up for N=5, 10 and
20 with different GB stiffnesses characterized by λ = 0.925 to λ = 2.

As discussed in subsection 4.2.5.1, the resolved shear stress along the slip di-
rection is nearly the same for the same orientation of lower crystal with different

λ in the area of
1

15
l � d � L. In GB region, the resolved shear stress along

the slip direction will be affected by GB stiffness. The variation of resolved shear
stress at a distance of |b| from the second interface along the slip direction with
λ for different number of dislocations in pile-up are presented in Figure 4.12. It
shows that the resolved shear stress always decreases when λ increases for differ-
ent number of dislocations in pile-up due to the pushing back of dislocations from
GB. For N=5,10 and 20, the resolved shear stress decrease from λ = 0.925 to
λ = 2 is 1446.3 MPa, 1301.6 MPa and 1058.4 MPa, respectively. When N is large
(N = 20), Figure 4.12 shows a slower decrease of the resolved shear stress with
λ. From Figure 4.12, it is shown that for λ = 0.9 ∼ 1.1, the resolved shear stress
decreases faster than for λ > 1.1. The influence of N is more important for a GB
stiffness from λ = 0.9 to λ = 1.1 than for λ > 1.1.

172

Îll30 -L(N) 

:;;- 1128 _._ Length ofpile-up = L(N)-L(l) 

ï 1126 ( a. ) ~. 
--;;.1124 
::i 

i?, 1122 

!1120 
i:: ' ·~ ~ __..:_J_..;~-''"--:-::-l 
~1118 -:-: b ________ __, 

.....:i 0.91.01.1 l.2l.31.41.51.61.71.81.92.02.1 
A 

Î 6546 . , 
.__, 6545 - L(N) 1 ; i 6544 _._ Length ofpile-up = L(N)-L(l) : 

5 6543 : : : : : : : ~ 
§" 6542 1 : : u~ 1 : 1 

~ 6541 : ; : ~ : : : : : : 
~ 6540 : ~ : : : : __;_.~ . •• . . : : __.J.--- . . . . 
--g 6539 ....-r .. ~~ : ~ ~ 1 ( 1) 1 
«I 6538 .......... · · · · · · · · C · .-.. : : : : : : : : : ' : b 6537 . ' : ' ' ' ' ' ' ' ' 

.....:i 0.9 1.0 1.1 1.2 l.3 1.4 1.5 1.6 1.7 1.8 1.92.0 2.1 
A 

Î 2860 _ L(N) ,I : 
.__, 2859 . : 
i 2858 .~ ~en~th .of~ile~up .= ~(N~-L(.l) : 

.§ 2857 ('b ): : : : : : _j_.~~ o. ' ' ' ' ' ·__,..-- : ' ' ' 
::i 2856 : : : : j....---+ : : : : : 
~ : : : -r-- : : : : : : : 

:-= 2855 · /° · · · · · · · · 
o. :_..w• : : : : : : : ~ 1J 2854 .... ~ : : : : , _..;.---;-" : : : 
«I • :: · --i----:-: ::::: ,--. 2853 , .... ~ , . , . , , , , 
b 2852 ···~· : : : : : : : : : : 
.....:i 0.9 1.0 1. 1 1.2 l.3 1.41.5 1 .61.7 1.8 1.9 2.0 2.1 

A 

5 -N=5 : : : : : : : : 

4 - N=l0 ~ i :~ ---+--ri 
Ê _._ N=20 J-+-t : : j : : 

i:: 3 : : : : : : ~ 
::::: : ' : ~ : : .~ 
:::, 2 / :__.-i--° : : ___j,_...:.-.;----; ; : 
.....l /.:.-----:-4~ : : : : : : 

1 ... :.+ ......... : : : : : : : : : ( : ) 

j ~ ~ j : j j : ~ 4 
0 +---+---+' - ·____,·.--+-· --+-' --+-' - · - ·-.--+----< 
0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 2.1 

A 



Figure 4.12: Resolved shear stress in the neighboring grain at a distance of |b| from the second
interface along the slip direction.
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4.3 Prediction of stress-strain curves and study

of incompatibility stresses using Crystal Plas-

ticity Finite Element Method (CPFEM)

As discussed in section 2.6, the experimental measurement of displacement
during compression test is not accurate due to tip drift. In order to calibrate this
displacement measurement, a CPFEM simulation was used to perform the same
compression test as described in Chapter 2. At the same time, the incompatibility
stresses were numerically calculated by CPFEM and compared with analytical cal-
culations considering only elastic incompatibilities ([εp] = 0) based on Eqs. 1.44
and 1.45 described in subsection 1.5.2.4. In contrast with analytical expressions,
CPFEM simulations can predict plastic incompatibility stresses and their distri-
butions within grains that take into account the finite boundary conditions (free
surfaces, bulk material underneath, specimen geometry...).

This section presents the different steps of a micro-pillar compression test us-
ing CPFEM simulations. The simulations were performed using the commercial
finite element code Abaqus/Standard v.2017 through a user material subroutine
(UMAT) [299, 300]. The simulation is based on a constitutive rate hardening law
which is described in subsection 1.5.4.1. The geometry of the different parts of the
simulation and the mesh are first presented. The boundary conditions are then
described. At the end, the numerical results of stress-strain curves and incom-
patibility stresses are presented and discussed in comparison with experimental
measurements and with analytical calculations, respectively.

4.3.1 CPFEM configuration: geometry and mesh

The geometry used in CPFEM simulations is the same as the one of micro-beam
used in experiments as shown in Figure 4.13. It contains the tip of the nanoindenter
which is a flat punch, the micro-beam and the bulk material. This geometry was
meshed using a linear brick element with reduced integration, so-called “C3D8R”
solid element in Abaqus as shown in Figure 4.13. Therefore, it consists in 85234
and 52537 finite elements for Ni and α-Brass samples, respectively. The size of the
elements increases when one moves far away from the micro-pillar. In addition,
the flat punch indenter was considered perfectly rigid and was meshed by linear
triangular element called “S3” 2D element in Abaqus.
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Figure 4.13: Geometry of both Ni and α-Brass micro-beams used for CPFEM simulation. x2

is perpendicular to the flat punch, x3 is perpendicular to the upper surface, and x1 = x2 × x3.

Based on the experimental data obtained from the compression test detailed
in Chapter 2, the boundary conditions were set as follows:

• The displacements and rotations of the lower surface of the bulk material
are zero.

• The flat punch is subjected to a constant vertical velocity in the direction
parallel to the x2-axis as shown in Figure 4.13 which is also parallel to the
GB.

• The lateral surface of the structure is stress free.

• The contact between the nanoindenter and the upper surface of the mico-
beam is directly managed by Abaqus, which uses an algorithm based on the
penalty method limiting the overlapping of the parts of the assembly.

• The friction between the nanoindenter and the micro-beam is not taken into
account in the simulation since its influence is assumed negligible for very
low plastic strains and mainly in the elastic regime.
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The necessary parameters used in CPFEM include two parts: material prop-
erties and experimental conditions. With the present constitutive laws already
described in subsection 1.5.4.1, material properties include the elastic stiffness
constants (C11, C12 and C44), the crystallographic orientation of grains, the rate
sensitivity exponent (n), reference shear strain rate (γ̇0

α), the initial hardening
modulus (h0), saturation shear stress at stage I (τ s), initial critical resolved shear
stress (τ 0) and latent hardening effect parameter (q). For the experimental con-
ditions, only the velocity of the tip vload and the loading time tload are needed.
For the present experiment, the elastic stiffness constants of the material can be
found in the literature (presented in section 2.2) and the orientations of grains
were measured by EBSD. The coordinates system of the EBSD measurement and
the CPFEM simulation are the same, so that the measured Euler angles are coin-
cident with the ones presented in subsection 2.3.4 which are summarized in Table
4.6 and Table 4.7 for Ni and α-Brass, respectively. The other parameters of the
material properties depend on the material’s configuration (single crystal or bi-
crystal or polycrystal) and the orientation of each grain, which can be fitted from
the micro-plastic behavior, in particular by matching experimental and simulated
yield stress and final stress at low plastic strain. In addition, vload is not accurate
due to the drift of the tip, as for displacement measurement. In contrast, the force
measurement is accurate. However, the strain simulation in the elastic regime only
depends on elastic stiffness constants and on the orientation of the grains. Thus,
the measured stress-strain curve can be first calibrated to fit the elastic slope sim-
ulated with CPFEM. Then, the real value of vload can be deduced by applying the
same correction coefficient.

Anisotropic
Elastic stiffness constants (GPa)

Orientation of Crystal I
Euler-Bunge angles

Orientation of Crystal II
Euler-Bunge angles

C11 C12 C44 φ1 Φ φ2 φ1 Φ φ2

246.5 147.3 124.7 63.8◦ 14.3◦ 18.6◦ 331.1◦ 9.0◦ 75.1◦

Table 4.6: Anisotropic elastic stiffness constants and orientations of grains for the Ni bi-
crystalline micro-beam.

Anisotropic
Elastic stiffness constants (GPa)

Orientation of Crystal I
Euler-Bunge angles

Orientation of Crystal II
Euler-Bunge angles

C11 C12 C44 φ1 Φ φ2 φ1 Φ φ2

139.21 104.51 71.3 27.7◦ 35.7◦ 66.1◦ 219.5◦ 28.4◦ 2.4◦

Table 4.7: Elastic stiffness constants and orientations of grains for the α-Brass bi-crystalline
micro-beam.
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4.3.2 Calibration of displacement and determination of ma-
terial parameters

First, purely elastic simulations are performed to calibrate the experimental
stress-strain curves. vload was set to be 0.031 µm/s for Ni and 0.020 µm/s for α-
Brass like in experiments as presented in Figure 2.19 with red lines. The simulated
displacement u2 and force f2 of the tip along the loading direction were obtained
from CPFEM results. Then, the longitudinal strain ε22 and the loading stress Σ22

can be calculated by ε22 =
u2

Lbeam

and Σ22 =
f2

Ssec

, respectively, where Lbeam is

the length of the micro-beam and Ssec is the top cross section area of the micro-
beam. For the studied Ni micro-beam, Lbeam = 15.46µm, Ssec = 71.80µm2 and
for the α-Brass micro-beam, Lbeam = 15.37µm, Ssec = 88.91µm2 as described in
Figure 2.14 and 2.15, respectively. The simulated elastic stress-strain curves are
presented in Figure 4.14. Compared to the experimentally measured stress-strain
curves presented in Figure 2.20, the elastic slopes of these curves display a huge
difference. The experimentally measured slopes Bexp are 3.3 GPa for Ni, 1.9 GPa
for α-Brass while the simulated slopes Bsim are 85.9 GPa for Ni, 49.3 GPa for
α-Brass. Therefore, the experimentally measured displacement and vload can be

calibrated through ucal
2 = u2

Bexp

Bsim

and vcal
load = vload

Bexp

Bsim

. After the calibration of

displacement and vload, the exact time of loading duration can be determined as

tload =
ucal

2

vcal
load

. After that, the parameters n, γ̇0
α, h0, τ s, τ 0 and q were fitted from

the plastic part of the stress-strain curves. All these parameters are presented in
Table 4.8 and Table 4.9 for the studied Ni and α-Brass micro-beam, respectively.
We can notice that q = 0 is enough to calibrate the model and h0 is relatively
small. Finally, the calibrated experimental stress-strain curves for the studied
micro-beams are presented in Figure 2.21.
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Figure 4.14: Elastic part of stress-strain curves simulated by CPFEM for (a) the Ni micro-beam
and (b) the α-Brass micro-beam.

n
(MPa)

γ̇0
α

(s−1)
h0

(MPa)
τs

(MPa)
τ0

(MPa)
q

vload

(µm/s)
tload

(s)

60 0.007 10 250 173 0 0.0012 44.76

Table 4.8: Simulation parameters used in CPFEM for the Ni bi-crystalline micro-beam.

n
(MPa)

γ̇0
α (s−1)

h0

(MPa)
τs

(MPa)
τ0

(MPa)
q

vload

(µm/s)
tload

(s)

60 0.001 10 200 62 0 7.71× 10−4 52.14

Table 4.9: Simulation parameters used in CPFEM for the α-Brass bi-crystalline micro-beam.

4.3.3 Incompatibility stresses

After determining the parameters for the presented micro-beams, incompati-
bility stresses were analyzed and compared with analytical calculation considering
only elastic incompatibilities ([εp] = 0) based on Eqs. 1.44 and 1.45. Incompat-
ibility stresses were first calculated and averaged over all integration points of a
specific volume. In order to reduce the influence of the connection part between the
beam and bulk material and the influence of contact part between the beam and
the tip, the volume for average calculation in each grain was chosen to represent
70% of the micro-beam centered in the middle as shown in Figure 4.15.
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Figure 4.15: Schematic figure of the volume in micro-beam for the average stresses calculations
in CPFEM for (a) Ni and (b) α-Brass.

Figure 4.16: Top view of micro-beam in CPFEM coordinates system for (a) Ni and (b) α-Brass.

Analytical calculations based on the model derived by Richeton and Berbenni
[160] were performed considering an uniaxial compression test along the x2-loading
direction. Thus, the loading stresses have only one non zero component Σ22, which
was obtained from CPFEM calculation. The analytical calculations were per-
formed using the Matlab program described in section 3.4. In this calculation,
each grain was regarded as an infinite space, but the volume fraction was set as
the real volume fraction which was calculated based on the sectional area of each
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grain as presented in Figures 2.14 and 2.15. Thus, the volume fraction f of crystal
I used in Eqs. 1.44 and 1.45 is 0.65 for the Ni micro-beam and 0.4726 for the
α-Brass micro-beam. The inclination angle of GB was also taken into account
as ε = 0◦ for the Ni micro-beam and ε = 6.4◦ for the α-Brass micro-beam as
defined in Figure 2.17. In the results, “Analytical I” and “Analytical II” indicate
the analytical results for each grain based on Eqs. 1.44 and 1.45. Meanwhile,
“CPFEM AVE”, “CPFEM I” and “CPFEM II” indicate the average stresses cal-
culated from CPFEM over the whole beam, crystal I and crystal II, respectively,
as shown in Figure 4.15.

Figure 4.17 shows the variation of σ22 with the loading stress Σ22 for the Ni
micro-beam. In the CPFEM simulation, we can notice that σ22 is no more propor-
tional to the loading stress Σ22 at the onset of plastic deformation. In the elastic
regime, the analytical and numerical solutions for σ22 show good agreement. The
difference is mainly due to the difference of boundary conditions, in particular the
effect of free surfaces and sample geometry. The other components of the stress
tensor are non zero but are small and negligible compared to σ22. The stress tensors
of each grain

(
σI

Analytical,σ
II
Analytical

)
and of the whole beam

(
σAve

Analytical

)
calculated

at the end of the test from the analytical formulas (Eqs. 1.44 and 1.45) in pure
elasticity are given below in the CPFEM coordinates system (see Figures 4.13 and
4.16):

σI
Analytical =


0 0 0

0 −222.2 −1.1

0 −1.1 23.9

MPa

σII
Analytical =


0 0 0

0 −415.1 2.1

0 2.1 −44.4

MPa

σAve
Analytical =


0 0 0

0 −289.7 0

0 0 0

MPa

(4.4)

As a comparison, the stress tensors obtained from the CPFEM simulations con-
sidering a small amount of plasticity

(
σI

CPFEM , σII
CPFEM and σAve

CPFEM

)
are:
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σI
CPFEM =


−3.2 0.9 0.6

0.9 −244.4 −0.5

0.6 −0.5 5.8

MPa

σII
CPFEM =


−1.3 −1.6 −0.4

−1.6 −371.3 1.0

−0.4 1.0 −7.4

MPa

σAve
CPFEM =


−2.5 0.0 0.3

0.0 −288.8 0.0

0.3 0.0 1.2

MPa

(4.5)

Figure 4.17: Variation of σ22 as a function of the loading stress component Σ22 for the Ni
micro-beam.

Figure 4.18 shows σ22 for the α-Brass micro-beam. Similarly to Ni micro-beam,
there is a good match between analytical calculations and numerical simulations
from CPFEM. It should be pointed out that plastic deformation begins after
|Σ22| ≈ 120 MPa, even if it is not evidently observed. The stress tensors at
the end of the test obtained from analytical calculations and CPFEM simulations
for α-Brass are:
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σI
Analytical =


0.3 −2.2 −3.1

−2.2 −95.0 19.7

−3.1 19.7 27.5

MPa

σII
Analytical =


−0.3 2.0 2.8

2.0 −156.0 −17.6

2.8 −17.6 −24.7

MPa

σAve
Analytical =


0 0 0

0 −127.1 0

0 0 0

MPa

(4.6)

σI
CPFEM =


−1.4 −0.6 −0.3

−0.6 −100.9 6.5

−0.3 6.5 6.0

MPa

σII
CPFEM =


−1.9 0.6 0.6

0.6 −150.5 −5.9

0.6 −5.9 −4.9

MPa

σAve
CPFEM =


−1.6 −0.0 0.2

−0.0 −125.7 0.3

0.2 0.3 0.5

MPa

(4.7)
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Figure 4.18: Variation of σ22 as a function of the loading stress component Σ22 for the α-Brass
micro-beam.

In order to consider the effect of applied stress and incompatibility stress com-
ing from elastic anisotropy and heterogeneity on the distribution of dislocations in
pile-up, CPFEM simulations were performed in heterogeneous elasticity only until
the end of the test. For the results, the final stresses along two specific lines were
analyzed for each material. These two specific lines are shown in Figure 4.19 for the
Ni micro-beam and in Figure 4.20 for the α-Brass micro-beam. The first line is the
middle line of the whole beam which is marked as “Middle” in the results (Figures
4.21 (a) and 4.22 (a)). The second one is on the upper surface of the micro-beam
at the position of the studied slip line for each material, as presented in Figure
2.24 for the Ni micro-beam and in Figure 2.26 for the α-Brass micro-beam, which
is marked as “Surface” in the results (Figure 4.21 (b) and 4.22 (b)). The stress
distributions along these lines can be used as accurate estimates of the external
stresses that should be considered in addition to the stresses of dislocations for the
simulation of slip step heights which will be presented in section 4.4.
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Figure 4.19: Schematic figure of two specific lines along x1 direction for the Ni micro-beam:
(a) the middle line of the whole beam and (b) the middle line of the upper surface which is close
to the position of the studied slip line observed in experiment as shown in Figure 2.24.

Figure 4.20: Schematic figure of two specific lines along x1 direction for the α-Brass micro-
beam: (a) the middle line of the whole beam and (b) the line at the top of the upper surface
which is close to the position of the studied slip line observed in experiment as shown in Figure
2.26.

Figures 4.21 and 4.22 present the distribution of all the components of the stress
tensor along the two special lines as described in Figures 4.19 and 4.20 in each
grain obtained from CPFEM simulation, for the Ni and α-Brass micro-beams,
respectively. For the 6 components, there are obvious differences between the
middle line and the surface line. In particular, based on the condition of traction
continuity across GB, the stress components σ11, σ12 and σ13 are continuous across
GB along the middle line in the Ni sample as shown in Figure 4.21 with black lines.
But these stress components are discontinuous along the surface line (see red lines
in Figure 4.21) due to the singularity between free surface and interface, named
“T-stress” [301]. However, due to the inclination of GB in the α-Brass sample as
shown in Figure 4.16 (b), all the 6 stress components are discontinuous across GB
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even though along the middle line. Meanwhile, there are also the “T-stress” effect
of the stress tensor along the surface line in the α-Brass sample.

Figure 4.21: Variation of all the components of the stress tensor along two different paths for
the Ni micro-beam.
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Figure 4.22: Variation of all the components of the stress tensor along two different paths for
the α-Brass micro-beam.

4.4 Computations of slip step height compared

with experimental observations

4.4.1 Simulation configuration for experiment

Based on the models developed in Chapter 3, the slip step heights due to a
dislocation pile-up measured in experiment can be simulated in a bi-crystal con-
figuration containing a GB using dislocation pile-ups modelling. The hypotheses
and configurations are set as following and presented in Figure 4.23:
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Figure 4.23: Schematic figure of the simulation configuration adopted for the experiment.
(xS , yS , zS) indicate the simulation coordinates system, while (X,Y, Z) indicates the global sam-
ple coordinates system.

• The dislocations lines are supposed to be infinite straight lines. They are
parallel to each other and also parallel to GB plane.

• The position of the maximum slip step height measured in the experiment is
considered to be the end of the dislocation pile-up. However, in the model,
the last dislocation is fixed at the position of the observed maximum slip
step height and is considered as the dislocation source.

• The dislocations produced by this source create a pile-up if they move to-
wards GB and will create a step on the side surface if they move also towards
the free surface.

• GB is regarded as an elastic interphase with a thickness of 0.9 nm. This value
has been obtained from MD simulations (see Appendix C). The stiffness
tensor of this interphase can be modeled from Eq. 4.1 with λ equal to 1 or
as an isotropic elastic stiffness tensor computed from the Voigt-Reuss-Hill
average [269, 270].

• Because the theory is two-dimensional (invariance along the dislocation line),
dislocations with different line directions cannot be considered at the same
time. Thus, dislocations transferred to the neighboring grain are mod-
eled as an interfacial super-dislocation fixed in the GB interphase. There-
fore bTran = NTran × bGB, where bTran is the Burgers vector of the super-
dislocation, NTran the number of transferred dislocations and bGB is the
Burgers vector of dislocations stored at GB. bGB can be equal to the Burgers
vector of the incoming dislocations, or to the residual Burgers vector between
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incoming slip system and one of the 12 outgoing slip systems in the adjacent
grain defined as bGB = bIn − bOut.

• As presented in section 3.4, for simulation coordinates system, the x3 direc-
tion is set to be the direction of dislocation line zS as presented in Figure
4.23, and the x2 direction is set to be the direction of GB normal yS as
presented in Figure 4.23. x1 is determined by x1 = x2 × x3 presented as
xS in Figure 4.23. Furthermore, all the used vectors and tensors, such as the
Burgers vector of active slip system, the slip direction vector and the elastic
stiffness, etc. are transformed into the simulation coordinates system.

• The equilibrium positions of the dislocations in pile-up are determined by
Eq. 3.56, then the slip step height along the slip direction can be calculated
by:

∆h(d) = N(d)× b(Z) (4.8)

where d is the distance from GB along slip direction, N the number of dis-
locations going through this point and b(Z) is the out-of-surface component
of Burgers vector (along Z direction which is perpendicular to upper surface
as shown in Figure 4.23).

• In the following parts, the measured slip step height is calibrated to be zero
at GB, that means ∆h = hTop − hBottom − ∆hGB. Similarly, the simulated
slip step height is considered to be zero at GB as ∆h(0) = 0.

For the following results, the default values of the parameters are set as: the
Burgers vector of interfacial transferred dislocations is supposed to be the same
as the Burgers vector of incoming dislocations and the critical force is set to be
Fc = 0 N/m. The external applied stresses are considered by default as homoge-
neous within the whole bi-crystal. By default, the calculations are performed with
anisotropic elasticity. However, the L-E-S formalism cannot be used for isotropic
elasticity calculation due to the problem of repeated eigenvalues. In that case, the
elastic stiffness moduli are firstly represented from isotropic elastic constants by
C11 = 2G(1− v)/(1− 2v), C12 = 2Gv/(1− 2v) and C44 = G. Then, the C44 value
is increased a little bit to prevent the problem of repeated eigenvalues in L-E-S
formalism by C44 = C44 × 1.0001.

4.4.2 Results of Ni micro-beam

Based on the all above hypotheses, for the studied Ni sample, the out-of-surface
component of Burgers vector for the analyzed slip system is about 0.15 nm. The
maximum slip step height is about 9.1 nm at d ≈ 3.28 µm and the slip step height
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at GB due to transmission is about 0.86 nm. Thus, based on Eq. 4.8, the num-
ber of dislocations produced by the dislocation source is 61 and the number of
dislocations transferred in the neighboring grain is 6. Therefore, the number of
dislocations in the pile-up is equal to 55. The applied stress is 289.4 MPa as mea-
sured in experiment. With all these parameters, the slip step height distribution
due to dislocations in the pile-up is calculated for different orientations of interfa-
cial Burgers vector and different critical force while considering or not the effect
of free surfaces. Furthermore, the effects of incompatibility stresses, of anisotropic
elasticity compared to isotropy, of the number of interfacial dislocations, of the
applied stress and of the misorientation are studied.

4.4.2.1 Effect of free surfaces

The results of the tri-material simulations without free surfaces (marked as
INF) and with free surfaces (marked as FS) are presented in Figure 4.24. The
simulation results are close to experimental measurements, but there are still some
discrepancies. Compared to the experimental measurement, the dislocations are
closer to GB in INF, while they are closer to the first free surface when considering
the effect of free surfaces in FS. From the theory, it is known that free surfaces
have always an attractive effect on all the dislocations. When the dislocations
are closer to the first free surface than the second one, the total force is always
towards the first free surface, and so dislocations are moved towards it. However,
the dislocations around GB are nearly in the middle of the two free surfaces, and
thus the effects of the two free surfaces are balanced out by each other. Therefore,
the free surfaces have much more effects on the dislocations which are near to the
free surface rather than them which are located around GB.
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Figure 4.24: Simulation of slip step height in tri-material model without free surfaces (INF) and
in three-layers model with free surfaces (FS) and comparisons with the experimental distribution
(black line).

4.4.2.2 Effect of interfacial dislocations

In the hypotheses of the simulation, the number of interfacial dislocations is
supposed to be the same as the number of transmitted dislocations. So first of all,
the number of interfacial dislocations is studied as shown in Figure 4.25 (a). From
the experimental measurement, the number of transmitted dislocations is 6. For
comparison, the calculation for only 1 interfacial dislocation is also performed. It is
well known that the interaction force is repulsive between two parallel dislocations
with the same Burgers vector. So compared to the case of 6 interfacial dislocations
with the same Burgers vector of incoming dislocation, the repulsive effect is lower
in the case of only 1 interfacial dislocation with the same Burgers vector. Thus
the equilibrium positions of dislocations in the pile-up are closer to GB in the
case of 1 interfacial dislocation compared to the case of 6 interfacial dislocations
due to less repulsive force. As the transmission phenomenon is clearly observed
by AFM measurement, the Burgers vectors of interfacial dislocations bGB is also
studied. The results for two special cases are presented in Figure 4.25 (b). In
the first one, the Burgers vector of interfacial dislocation is supposed to be the
residual Burgers vector with the outgoing slip system with maximum transmission
factor (marked as Residu B5). In the other case, the interfacial Burgers vector is
supposed to be the residual Burgers vector with the outgoing slip system having
the maximum Schmid factor in the adjoining grain (marked as Residu B4). Both
of them show that the equilibrium positions of dislocations are moved towards
GB and are much far away from experimental measurement compared to the case
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with the same Burgers vector of incoming dislocation. It seems that the results
will be better if the free surfaces are considered for these cases, as the free surfaces
will move all the dislocations towards the first free surface side. However, from
the results presented in Figure 4.25, it is found that close to GB, the results with
1 interfacial dislocation or with residual Burgers vectors are much far away from
experimental measurement compared to the results with 6 interfacial dislocations
with the Burgers vector of incoming dislocation. Meanwhile, Figure 4.8 shows
that the effects of free surfaces are weak close to GB. Thus, the results will not
be better even by considering free surfaces for these cases. It should be pointed
out that the Burgers vector of interfacial dislocations has actually been tried with
12 residual Burgers vector corresponding to the 12 FCC slip systems in adjoining
grain. Based on these results, the better solution for this sample is still with the
Burgers vector of incoming dislocation.

191



Figure 4.25: Simulation of slip step height in INF for (a) different number of interfacial
dislocations: 1 interfacial dislocation (II1) and 6 interfacial dislocations (II6), and (b) different
Burgers vector of interfacial dislocations: residual Burgers vector between incoming and outgoing
slip system with maximum transmission factor (Residu B5) and with maximum Schmid factor
for outgoing slip system (Residu B4).

4.4.2.3 Effect of incompatibility stresses

As discussed in subsection 4.3.3, there are incompatibility stresses due to the
heterogeneous elasticity in the present Ni bi-crystal which can be estimated from
analytical analyses or numerical simulations (CPFEM). The distribution of stresses
due an elastic loading can be calculated from the incompatibility stresses, thus re-
placing the homogeneous applied stress on the whole bi-crystal as discussed in
section 3.3. Incompatibility stresses were first considered as homogeneous in each
grain and were calculated from the analytical method based on Eqs. 1.44 and
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1.45 considering only elastic incompatibilities ([εp] = 0). Then, the incompatibil-
ity stresses were numerically simulated from CPFEM considering only elasticity
(presented in Figure 4.21 with red lines) along a specific line on the upper surface
of the micro-beam as presented in Figure 4.19 (b). The latter is more accurate for
the present study because the simulated line has the same position on the upper
surface as the slip line observed in the experiment. Figure 4.26 presents the results
of slip step height considering the effects of incompatibility stresses. Compared
to the case of a homogeneous external applied stress, the incompatibility stresses
make the equilibrium positions of dislocations closer to GB and much far away
from experimental measurement with or without considering free surface effects.
For the present Ni bi-crystal, incompatibility stresses increase the applied stress
in the grain containing the pile-up. Meanwhile, the results from the analytical
method (homogeneous incompatibility stresses in each grain) agree well with the
results from the CPFEM simulation (distribution of incompatibility stresses along
a special line) for both cases: with or without considering free surface effect.

193



Figure 4.26: Simulation of slip step height considering the effects of incompatibility stresses (a)
in INF and (b) in FS. “INC” indicates the incompatibility stresses are calculated by analytical
method based on Eqs. 1.44 and 1.45 only for elastic incompatibilities ([εp] = 0) and they are
homogeneous in each grain. “INC CPFEM” indicates the incompatibility stresses simulated by
CPFEM with considering only elasticity along the line on surface as shown in Figure 4.19 (b).

4.4.2.4 Effect of elastic anisotropy

As the elastic anisotropy factor of NiA = 2.51 is larger than 1, elastic anisotropy
should have some influence on dislocation behavior in the Ni sample. In order to
determine the elastic anisotropy effect, the slip step height is calculated consid-
ering isotropic elasticity without free surfaces (marked as “INF ISO”) and with
free surfaces (marked as “FS ISO”) which are shown in Figure 4.27 (a) and (b),
respectively. The difference between isotropic elasticity and anisotropic elasticity
is not too large. One reason is that the image force on one dislocation in the
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active slip system at a distance 5 |b| from GB due to the present misorientation
is 0.0103 N/m (see Table 2.1 in Chapter 2). However, with another orientation of
the adjoining grain, the maximum image force would be 0.0502 N/m. Moreover,
in the present configuration, the dislocations are fixed at two sides of the pile-up
which limits the possibilities for the distribution of dislocations. Even so, when
considering free surfaces, all dislocations are moved towards the free surface with
isotropic elasticity which makes the simulated slip step height profile much far
away from experimental measurement. Furthermore, the interphase was also con-
sidered as isotropic elastic as shown in Figure 4.27 with name “INF InterIso” and
“FS InterIso”. It is seen that the results are nearly the same as for an anisotropic
interphase with λ = 1.
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Figure 4.27: Simulation of slip step height between isotropic elasticity and anisotropic elasticity
(a) in INF with INF InterIso for only the isotropic interphase and INF ISO for all layers being
isotropic and (b) in FS with all corresponding configurations.

4.4.2.5 Effect of misorientation and applied stress

While the orientation of the grain containing the dislocation pile-up is fixed, the
orientation of the adjoining grain is randomly selected in order to investigate the
misorientation effect. The results with the maximum attractive misorientation and
maximum repulsive misorientation are presented in Figure 4.28 (a). In agreement
with the theoretical analysis, the attractive misorientation makes all dislocations
move towards GB. Conversely, the repulsive misorientation pushes the dislocations
towards the free surface. The applied stress also influences the dislocation behavior
as shown in Figure 4.28 (b). A larger applied stress pushes the dislocations towards
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GB. Conversely, a smaller applied stress relax the dislocations in the pile-up, and
then the distances between dislocations become larger. Therefore, the dislocations
are moved towards the free surface with a smaller applied stress.

Figure 4.28: Simulation of slip step height in INF (a) with different misorientations: the
misorientation with maximum attractive effect (ATT) and with maximum repulsive effect (REP)
and (b) with different applied stress : +20% (B20%), +10% (B10%), -10% (S10%) and -20%
(S20%) of measured applied stress.

4.4.2.6 Effect of critical force

As discussed in subsection 3.3, it is necessary to consider the effect of critical
force Fc (see Eq. 3.56). The results considering or not the critical force are
presented in Figure 4.29. It is found that Fc moves the dislocation towards the GB.
When considering the effect of free surfaces with a critical force Fc = 0.003 N/m
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(equivalent to a resolved shear stress τc = 12 MPa), the simulation result is closer
to the experimental measurement as shown in Figure 4.29 (b) with the red curve
of name FS Fc0.003. The value here is higher than the theoretical value of lattice
friction for pure FCC crystals which is around 1 ∼ 2 MPa [296]. The reason might
be due to the sample preparation, such as the damage coming from FIB polishing.
Furthermore, it is found that the critical force does not have obvious effect on
dislocations that are located at less than 0.5 µm from GB in the INF model as
shown in the Figure 4.29 (a). From Eq. 3.56, it can be found out that this critical
force does not have an uniform effect on all the dislocations in the pile-up. For
example, when the total force on a dislocation is towards free surface for positions
close to free surface, the critical force will point towards GB. However, the stress
state is more complicated at regions close to GB. The total force on a dislocation
can point towards GB due to repulsive forces from other dislocations, attractive
misorientation, compliant GB, attractive force from interfacial dislocations and
applied stress. On the contrary, it can point to the opposite direction due to
repulsive misorientation, rigid GB, repulsive force from interfacial dislocations or
other dislocations in front of this dislocation and free surfaces effect (even if it is
weak here). Hence, the total force depends on many parameters. Thus, the critical
force could either move the dislocations towards GB or to the opposite direction.
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Figure 4.29: Simulation of slip step height (a) in INF and (b) in FS on considering the critical
force (Fc) on unit N/m.

As a conclusion, the best solution of this simulation is to consider anisotropic
elasticity, the effect of free surfaces, a critical force Fc = 0.003 N/m (τc = 12 MPa)
and a homogeneous external stress for Ni.

4.4.3 Results of α-Brass micro-beam

Similarly to the Ni sample, the same simulations have been performed for the
α-Brass sample. For the present α-Brass sample, the out-of-surface component of
the Burgers vector of the analyzed slip system is about 0.14 nm. The maximum
slip step height is about 10.03 nm at d ≈ 2.44 µm and the slip step height at
GB due to transmission is about 4.29 nm. Based on Eq. 4.8, the number of
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dislocations produced by the dislocation source is 72 and the number of transmitted
dislocations is 31. Therefore, the number of dislocations in the pile-up is equal
to 41. The applied stress is 127.4 MPa following experimental result. The effects
of free surfaces, critical force and anisotropic elasticity for α-Brass sample are the
same as for the Ni sample. However, for this α-Brass sample, compared to the case
of a homogeneous external applied stress, the incompatibility stresses make the
equilibrium positions of dislocations closer to free surface and also much far away
from experimental measurement with or without considering free surface effects.
Thus, the effects of incompatibility stresses for the present α-Brass micro-beam
are inverse compared to the ones for the studied Ni micro-beam. Furthermore, the
number of transmitted dislocations is much larger in the α-Brass sample than in
the Ni one, ie. 31 instead of 6. Thus, the repulsive force from these interfacial
dislocations is more important if their Burgers vector is considered as the same as
the incoming dislocations (see the blue curve in Figure 4.30 (a)). All dislocations
are moved far away from GB into the direction of free surface due to this repulsive
force. This transmission observed in Figure 2.26 (b) leads us to consider a different
residual Burgers vector for interfacial dislocations. After verifying all the possible
residual Burgers vectors with 12 slip systems in the adjoining grain, it is found that
the best solution is with A6 slip system in the adjoining grain while considering free
surfaces and a reasonable critical force Fc = 0.011 N/m (τc = 43 MPa) as shown
in Figure 4.30 (b). Furthermore, the theoretical analysis of the slip trace of A6
slip system on the upper surface of adjoining grain agrees well with experimental
observation as shown in Figure 2.26 (b) compared to other slip systems, such as
B2 slip system with the maximum transmission factor or B4 slip system with the
maximum Schmid factor in the adjoining grain. As discussed in section 2.7 for α-
Brass, the peak valley in the middle part of the measured curve is certainly caused
by the crossing with a second non coplanar active slip system. In the present two-
dimensional anisotropic elasticity calculations, it was not possible to consider the
effect of two dislocations whose dislocation lines are not parallel. Thus, this peak
valley part cannot be simulated. However, it is important to well identify with
the anisotropic pile-up model the part close to GB with d < 0.75 µm. Here, the
obtained critical stress is τc = 43 MPa. It is larger than the critical stress for the
Ni sample. However, as discussed in subsection 3.3, the theoretical lattice friction
stress for β-Brass is about τc ≈ 80 ∼ 100 MPa [296]. For the α-Brass, the content
of Zinc is lower than for β-Brass, thus the lattice friction stress should be lower.
Hence, it is believed that τc ≈ 43 MPa is acceptable.
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Figure 4.30: Simulation of slip step height for α-Brass micro-beam (a) in INF considering
residual Burgers vector of interfacial dislocations and (b) in FS considering critical force.

As a conclusion, the best solution inferred from these simulations for this α-
Brass sample is to consider anisotropic elasticity, the effect of free surfaces, a
critical force Fc = 0.011 N/m (τc = 43 MPa), the residual Burgers vector for
interfacial dislocations as there is a huge number of transmitted dislocations and
a homogeneous external stress field.

4.5 Conclusions of Chapter 4

In this chapter, numerical applications of the theoretical expressions of elastic
fields due to single dislocation and dislocation pile-ups in heterogeneous media as
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theoretically presented in Chapter 3 were performed. After studying the conver-
gence of the series solutions for tri-material configuration with two new criteria
based on stress and displacement fields in the whole simulation box, the effects of
anisotropic elasticity, crystallographic orientation, GB stiffness and free surfaces
were studied in the case of a single dislocation in a Ni bi-crystal. Image forces
may arise because of both dissimilar grain orientations, the presence of a finite
GB region (interphase with finite thickness) and the presence of free surfaces. In
particular, it is shown that the Peach-Koehler force projected along the dislocation
glide direction can exhibit a change of sign with the dislocation position. In this
configuration, an equilibrium position in the absence of applied stress was found as
the result of the competition between an attractive compliant GB with a repelling
neighboring grain, or, a repelling stiff GB with an attractive neighboring grain.
Meanwhile, the effects of free surfaces were individually studied. Free surfaces have
always an attractive effect on dislocations and their presence induce thickness size
effects on image stresses. Furthermore, it is found that the acting distances of
these heterogeneous factors are different. The free or rigid surface has the largest
acting distance in the grain and its impact is the largest. The misorientation effect
is much lower than the effect of a free or a rigid surface and so the acting distance
is shorter. Lastly, the GB stiffness has the shortest acting distance due to the
typical thickness of GB which is about 1 nm. However, the GB stiffness effect may
still be important, for instance on the equilibrium position of the leading disloca-
tion in pile-up. Then, for discrete edge dislocation pile-ups in Ni bi-crystals, the
pile-up length for different configurations considering anisotropic versus isotropic
elasticity were computed for different situations: homogeneous crystal, bi-material,
tri-material with GB stiffness characterized by λ from 0.5 to 2, rigid half-space.
From these configurations and following the numerical results, it was concluded
that the first effect on the dislocation pile-up length is the crystallographic misori-
entation compared to the intrinsic GB stiffness. By using Voigt-Reuss-Hill average
[269, 270], the pile-up length in isotropic elasticity is nearly the average length of
the considered configurations in anisotropic elasticity as described in subsection
4.2.5.1. Furthermore, the maximum relative variation of pile-up length increases
with the anisotropic factor (Zener ratio) of the material (presented in Table 4.5).
For a given misorientation, the pile-up length is always much lower than the one
resulting from anisotropic or isotropic rigid half-space. From the calculations of
resolved shear stress profiles in the neighboring grain, it was shown using Eshelby’s
diagram that the approximation of a shear stress decrease with the inverse of the
square root distance from the pile-up remains valid in the case of anisotropic and
heterogeneous elasticity. In the case of stiffer GB (unlocked pile-up configurations),
an increase of the dislocation pile-up length was observed to be more important
as the number of dislocations in the pile-up and the GB stiffness are higher. The
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resolved shear stress at short distance of the GB in the neighboring grain exhibits
a decrease in magnitude as the GB stiffness increases. If the parameter λ is low,
then a stronger decrease was observed.

In addition to the theoretical results, the results of a numerical method based on
CPFEM are presented. Thanks to such CPFEM simulations, the elastic part of the
experimental stress-strain curves were first predicted. Then, the incompatibility
stresses in each grain of the micro-beam were computed both on average and along
some specific lines. The incompatibility stresses calculated from the analytical
method were compared to the ones obtained from the FE results and show good
agreement for the principal stress σ22.

At the end, the distribution of slip step heights observed in experiment was sim-
ulated by dislocation pile-up configuration in bi-crystals with the experimentally
measured parameters by considering the effect of misorientation, incompatibility
stresses, GB stiffness, free surfaces and critical force. It has been found that the
Burgers vector of interfacial dislocations can be regarded as the same of incom-
ing dislocations in case of a low number (6) of transmitted dislocations in the
Ni sample. However, in case of a high number (31) of transmitted dislocations
in the α-Brass sample, one should consider the residual Burgers vector of inter-
facial dislocations. Meanwhile, it appears that the effects of free surfaces and
critical force should always be considered. The critical force for the studied Ni
sample is Fc = 0.003 N/m (τc = 12 MPa) and for the studied α-Brass sample is
Fc = 0.011 N/m (τc = 43 MPa) which are acceptable due to lattice defects in the
material and alloy composition, respectively.
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Conclusions and Perspectives

General conclusions

The work presented in this thesis was developed on the basis of two comple-
mentary approaches:

• a theoretical approach based on micromechanical modeling: anisotropic elas-
ticity, interface (GB), dislocations and dislocation pile-ups.

• an experimental approach based on the micro-compression of Ni and α-brass
bi-crystalline micro-beam processed by FIB and materials characterization
with AFM and SEM/EBSD.

Both approaches allowed us to evaluate the distribution of dislocations in a pile-up
in Ni and α-Brass bi-crystal configurations.

The developed models take into account the effect of anisotropic elasticity,
misorientation, incompatibility stresses, GB stiffness, free surfaces and critical
force. It was established based on the L-E-S formalism [20, 21, 22]. These models
provide the explicit analytical or semi-analytical expressions of the elastic fields
(displacements and stresses) due to one single dislocation or dislocation pile-ups
in anisotropic homogeneous media, half-spaces, bi- and tri-material [17] while pos-
sibly considering free surface effects [18]. The tri-material configuration allows
considering a more realistic non-zero GB thickness in the nanometer range and a
specific stiffness tensor for the GB region. The configuration with two free sur-
faces can be used to study size effects. These theories were first applied to analyze
the effects of misorientation, GB stiffness and free surfaces on image force due to
one single dislocation in Ni bi-material configurations. Then, the length of differ-
ent dislocation pile-ups and the resolved shear stress produced by these dislocation
pile-ups were performed with/without locking the leading dislocation of the pile-up
by considering all the above effects.

Regarding the experimental work, micro-pillar compression tests were per-
formed on Ni and α-Brass bi-crystalline micro-beams of diameter 8 µm. The
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micro-beams were produced by FIB, characterized by EBSD and deformed in uni-
axial compression at displacement control imposed using a flat punch within a
nanoindentor. The tests were stopped after a low plastic strain in the material.
The active slip lines were analyzed by SEM pictures for geometrical information.
Slip step height spatial variations due to localized slip bands terminating at GB
were measured by AFM to determine the Burgers vector distribution in the dislo-
cation pile-up.

The stress-strain curves were calibrated by CPFEM simulations in elasticity
for both Ni and α-Brass samples. Then, the incompatibility stresses of the stud-
ied micro-beams were analyzed by the analytical method [160] and the present
CPFEM simulations. The results showed that the principle component of stress
tensor σ22 exhibits a good agreement between the two methods. However, it also
showed that the geometry and finite size boundary conditions have a strong in-
fluence on the stress distributions in the micro-beams, in particular around areas
where GB intersects surfaces.

The GB thickness in Ni bi-crystals with different misorientations was also stud-
ied by MS/MD simulations (see Appendix C). It showed that this thickness de-
pends on the misorientation and is on average around 1 nm. Meanwhile, the
interfacial dislocation structures for these different GB configurations were stud-
ied. The atomistic simulations mainly showed three different types of dislocation
structures for the studied misorientations.

At the end, the dislocation distributions in the dislocation pile-up were sim-
ulated by dislocation pile-up configuration in bi-crystals with the experimentally
measured parameters by considering the effect of misorientation, GB stiffness, free
surfaces, anisotropic elasticity, incompatibility stresses, interfacial dislocations and
critical force. It was found that the Burgers vector of interfacial dislocations can
be regarded as the same of incoming dislocations in case of a low number (6) of
transmitted dislocations in the Ni sample. However, in case of a high number (31)
of transmitted dislocations in the α-Brass sample, one should consider the residual
Burgers vector of interfacial dislocations. Meanwhile, the effects of free surfaces
and critical force should always be considered in the theoretical calculations in or-
der to be more predictive regarding the slip step height profile. The critical force
for the studied Ni sample is Fc = 0.003 N/m (τc = 12 MPa) and for the studied α-
Brass sample is Fc = 0.011 N/m (τc = 43 MPa) have been found to be acceptable
due to lattice defects in the material and alloy composition, respectively.

Perspectives

The dislocation distribution in dislocation pile-ups can be analyzed more di-
rectly and more accurately by ECCI. However, it needs a perfect sample prepa-
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ration on the sample surface. In addition to the present analytical approach for
dislocation behavior in bi-crystals, the results could be refined using other numer-
ical methods, such as MD simulations and 3D DDD simulations. Meanwhile, the
present method could be used to enrich 2D DDD simulations dealing with inter-
faces in anisotropic elasticity, especially for the GB properties. Even if it is possible
to define different elastic properties of GB with anisotropic or isotropic elastic stiff-
ness tensor, the elastic behavior of GBs and their dependence on GB macroscopic
and microscopic parameters remain largely unknown. Thus, in a future study, the
elastic properties of GB will be investigated by MS/MD simulations.
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Appendix

A Equivalence between the formulations of T.C.T.

Ting and Z. Suo for the elastic fields of a dis-

location in bi-materials with perfectly bonded

interface

As described in subsection 3.2.2, combining the Eqs. 1.56, 3.4, 3.5, 3.10, 3.18
and 3.19, the displacement fields due to one single dislocation located at (X1, X2)
in the crystal I of an anisotropic bi-crystal configuration as shown in Figure 3.1
can be calculated by the formalism proposed by Suo [19]:

ui = 2Re
[
Aijfj

(
zj

)]
(A.1)

with

fj (zj) =

{
f 0
j (zj) + V I,II

jk f 0
k (zj) if zj ∈ I (x2 > 0)

W I,II
jk f

0
k (zj) if zj ∈ II (x2 < 0)

(A.2)

f 0
j (zi) = q0

j ln (zi − sj) (A.3)

and

q0 = − 1

2π
i
(
BTb

)
(A.4)

where

zi =

{
x1 + pI

ix2 if zj ∈ I (x2 > 0)
x1 + pII

i x2 if zj ∈ II (x2 < 0)

sj = X1 + pI
jX2

(A.5)

and
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
V I,II =

(
BIIAII−1

AI−BI
)−1 (

BI−BIIAII−1
AI
)

W I,II =
(
BIAI−1

AII−BII
)−1 (

BIAI−1
AI−BI

) (A.6)

Meanwhile, Ting [285] has proposed another equivalent formalism for the same
problem, as:

u =


2Re

{
A 〈ln (z∗ − s∗)〉 q0

}
+ 2Re

3∑
k=1

{
A 〈ln (z∗ − sk)〉 qI,k

}
if zj ∈ I (x2 > 0)

2Re
3∑

k=1

{
A 〈ln (z∗ − sk)〉 qII,k

}
if zj ∈ II (x2 < 0)

(A.7)
with

〈ln (z∗ − s∗)〉 =


ln (z1 − s1) 0 0

0 ln (z2 − s2) 0

0 0 ln (z3 − s3)



〈ln (z∗ − sk)〉 =


ln (z1 − sk) 0 0

0 ln (z2 − sk) 0

0 0 ln (z3 − sk)


(A.8)

and

qI,k = V Ikq0

qII,k = W Ikq0

q0 = − 1

2π
iBTb

(A.9)

where

zi =

{
x1 + pI

ix2 if zj ∈ I (x2 > 0)
x1 + pII

i x2 if zj ∈ II (x2 < 0)

sj = X1 + pI
jX2

(A.10)


V =

(
BIIAII−1

AI−BI
)−1 (

BI−BIIAII−1
AI
)

W =
(
BIAI−1

AII−BII
)−1 (

BIAI−1
AI−BI

) (A.11)
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Ikmn =

{
1 m = n = k (k = 1, 2, 3)

0 others (m,n = 1, 2, 3)
(A.12)

Thus, it is found that the definitions of V , W , zi and sj are the same between the
formalism of Suo [19] and Ting [285]. Now, the formalism of Ting can be written
into index form as Eq. A.1:

ui = 2Re
[
Aijfj

(
zj

)]
(A.13)

where

f (z) =


〈ln (z∗ − s∗)〉 q0 +

3∑
k=1

{
〈ln (z∗ − sk)〉V Ikq0

}
if zj ∈ I (x2 > 0)

3∑
k=1

{
〈ln (z∗ − sk)〉W Ikq0

}
if zj ∈ II (x2 < 0)

(A.14)
When zj ∈ I (x2 > 0):

fj (zj) = ln (zj − sj) q0
j +

3∑
k=1

{
ln (zj − sk)VjlIklmq0

m

}
= ln (zj − sj) q0

j + ln (zj − s1)VjlI
1
lmq

0
m + ln (zj − s2)VjlI

2
lmq

0
m + ln (zj − s3)VjlI

3
lmq

0
m

= ln (zj − sj) q0
j + ln (zj − s1)Vj1q0

1 + ln (zj − s2)Vj2q0
2 + ln (zj − s3)Vj3q0

3

= ln (zj − sj) q0
j + ln (zj − sl)Vjlq0

l

= f 0
j (zj) + Vjlf 0

l (zj)

(A.15)
When zj ∈ II (x2 < 0):

fj (zj) =
3∑

k=1

{
ln (zj − sk)WjlI

k
lmq

0
m

}
= ln (zj − s1)WjlI

1
lmq

0
m + ln (zj − s2)WjlI

2
lmq

0
m + ln (zj − s3)WjlI

3
lmq

0
m

= ln (zj − s1)Wj1q
0
1 + ln (zj − s2)Wj2q

0
2 + ln (zj − s3)Wj3q

0
3

= ln (zj − sl)Wjlq
0
l

= Wjlf
0
l (zj)

(A.16)
Thus, Eq. A.14 can be written into:
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fj (zj) =

{
f 0
j (zj) + Vjkf 0

k (zj) if zj ∈ I (x2 > 0)

Wjkf
0
k (zj) if zj ∈ II (x2 < 0)

(A.17)

which is the same as the Eq. A.2 in the formalism of Suo [19]. As a conclusion,
both formalisms of Suo [19] and Ting [285] are equivalent.
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B Full coefficient matrix of image decomposition method

For one dislocation in a tri-material configuration with two free surfaces as presented in Figure 3.3 (see subsection 3.2.5 of Chapter 3), the
18×18 matrices of coefficient C,C0, the 18×18 matrices of integral operator H0,CHH,CII,CHH0H,CIH0I, the 18×1 vectors in function
of Burgers vector CRR,CRH0R and the image dislocation densities vector ρ in Eqs. 3.53, 3.54 and 3.55 are expressed in follows:

C = 2π



−ξtR1αi2 0 0 0 0 0

0 0 0 0 0 −ξtR3αi2
0 −ξtR1αi2 ξtR2αi2 0 0 0

0 ζtI1αi1 ζtI2αi1 0 0 0

0 0 0 −ξtR2αi2 ξtR3αi2 0

0 0 0 ζtI2αi1 ζtI3αi1 0


(B.1)

C0 = 2π



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 ζtR1αi1 −ζtR2αi1 0 0 0

0 0 0 0 0 0

0 0 0 ζtR2αi1 −ζtR3αi1 0


(B.2)

H0 = 2π



H (0,0) 0 0 0 0 0

0 H (0,0) 0 0 0 0

0 0 H (0,0) 0 0 0

0 0 0 H (0,0) 0 0

0 0 0 0 H (0,0) 0

0 0 0 0 0 H (0,0)


(B.3)
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CHH (:, 1 : 6) = 2π



0 ξtI1αi2H
(
pR1αh1, p

I
1αh1

)
−ξtI3αi2H

(
−pR3α (h1 + h2 + h3) , pI3α (h1 + h2 + h3)

)
0

−ξtI1αi2H
(
−pR1αh1, p

I
1αh1

)
+ ξtI2αi2H

(
−pR2αh1, p

I
2αh1

)
0

ζtR1αi1H
(
−pR1αh1,−pI1αh1

)
− ζtR2αi1H

(
−pR2αh1,−pI2αh1

)
0

−ξtI2αi2H
(
−pR2α (h1 + h2) , pI2α (h1 + h2)

)
+ ξtI3αi2H

(
−pR3α (h1 + h2) , pI3α (h1 + h2)

)
0

ζtR2αi1H
(
−pR2α (h1 + h2) ,−pI2α (h1 + h2)

)
− ζtR3αi1H

(
−pR3α (h1 + h2) ,−pI3α (h1 + h2)

)
0



CHH (:, 7 : 12) = 2π



0 ξtI1αi2H
(
pR1α (h1 + h2) , pI1α (h1 + h2)

)
−ξtI3αi2H

(
−pR3α (h2 + h3) , pI3α (h2 + h3)

)
0

0 ξtI1αi2H
(
pR1αh2, p

I
1αh2

)
− ξtI2αi2H

(
pR2αh2, p

I
2αh2

)
0 ζtR1αi1H

(
pR1αh2, p

I
1αh2

)
− ζtR2αi1H

(
pR2αh2, p

I
2αh2

)
−ξtI2αi2H

(
−pR2αh2, p

I
2αh2

)
+ ξtI3αi2H

(
−pR3αh2, p

I
3αh2

)
0

ζtR2αi1H
(
−pR2αh2,−pI2αh2

)
− ζtR3αi1H

(
−pR3αh2,−pI3αh2

)
0



CHH (:, 13 : 18) = 2π



0 ξtI1αi2H
(
pR1α (h1 + h2 + h3) , pI1α (h1 + h2 + h3)

)
−ξtI3αi2H

(
−pR3αh3, p

I
3αh3

)
0

0 ξtI1αi2H
(
pR1α (h2 + h3) , pI1α (h2 + h3)

)
− ξtI2αi2H

(
pR2α (h2 + h3) , pI2α (h2 + h3)

)
0 ζtR1αi1H

(
pR1α (h2 + h3) , pI1α (h2 + h3)

)
− ζtR2αi1H

(
pR2α (h2 + h3) , pI2α (h2 + h3)

)
0 ξtI2αi2H

(
pR2αh3, p

I
2αh3

)
− ξtI3αi2H

(
pR3αh3, p

I
3αh3

)
0 ζtR2αi1H

(
pR2αh3, p

I
2αh3

)
− ζtR3αi1H

(
pR3αh3, p

I
3αh3

)


(B.4)
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CII (:, 1 : 6) = 2π



0 −ξtR1αi2I
(
pR1αh1, p

I
1αh1

)
−ξtR3αi2I

(
−pR3α (h1 + h2 + h3) , pI3α (h1 + h2 + h3)

)
0

−ξtR1αi2I
(
−pR1αh1, p

I
1αh1

)
+ ξtR2αi2I

(
−pR2αh1, p

I
2αh1

)
0

ζtI1αi1I
(
−pR1αh1,−pI1αh1

)
− ζtI2αi1I

(
−pR2αh1,−pI2αh1

)
0

−ξtR2αi2I
(
−pR2α (h1 + h2) , pI2α (h1 + h2)

)
+ ξtR3αi2I

(
−pR3α (h1 + h2) , pI3α (h1 + h2)

)
0

ζtI2αi1I
(
−pR2α (h1 + h2) ,−pI2α (h1 + h2)

)
− ζtI3αi1I

(
−pR3α (h1 + h2) ,−pI3α (h1 + h2)

)
0



CII (:, 7 : 12) = 2π



0 −ξtR1αi2I
(
pR1α (h1 + h2) , pI1α (h1 + h2)

)
−ξtR3αi2I

(
−pR3α (h2 + h3) , pI3α (h2 + h3)

)
0

0 −ξtR1αi2I
(
pR1αh2, p

I
1αh2

)
+ ξtR2αi2I

(
pR2αh2, p

I
2αh2

)
0 ζtI1αi1I

(
pR1αh2, p

I
1αh2

)
− ζtI2αi1I

(
pR2αh2, p

I
2αh2

)
−ξtR2αi2I

(
−pR2αh2, p

I
2αh2

)
+ ξtR3αi2I

(
−pR3αh2, p

I
3αh2

)
0

ζtI2αi1I
(
−pR2αh2,−pI2αh2

)
− ζtI3αi1I

(
−pR3αh2,−pI3αh2

)
0



CII (:, 13 : 18) = 2π



0 −ξtR1αi2I
(
pR1α (h1 + h2 + h3) , pI1α (h1 + h2 + h3)

)
−ξtR3αi2I

(
−pR3αh3, p

I
3αh3

)
0

0 −ξtR1αi2I
(
pR1α (h2 + h3) , pI1α (h2 + h3)

)
+ ξtR2αi2I

(
pR2α (h2 + h3) , pI2α (h2 + h3)

)
0 ζtI1αi1I

(
pR1α (h2 + h3) , pI1α (h2 + h3)

)
− ζtI2αi1I

(
pR2α (h2 + h3) , pI2α (h2 + h3)

)
0 −ξtR2αi2I

(
pR2αh3, p

I
2αh3

)
+ ξtR3αi2I

(
pR3αh3, p

I
3αh3

)
0 ζtI2αi1I

(
pR2αh3, p

I
2αh3

)
− ζtI3αi1I

(
pR3αh3, p

I
3αh3

)



(B.5)
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CHH0H (:, 1 : 6) = 2π



0 −ξtI1αi2I
(
pR1αh1, p

I
1αh1

)
ξtI3αi2I

(
−pR3α (h1 + h2 + h3) , pI3α (h1 + h2 + h3)

)
0

ξtI1αi2I
(
−pR1αh1, p

I
1αh1

)
− ξtI2αi2I

(
−pR2αh1, p

I
2αh1

)
0

−ζtR1αi1I
(
−pR1αh1,−pI1αh1

)
+ ζtR2αi1I

(
−pR2αh1,−pI2αh1

)
0

ξtI2αi2I
(
−pR2α (h1 + h2) , pI2α (h1 + h2)

)
− ξtI3αi2I

(
−pR3α (h1 + h2) , pI3α (h1 + h2)

)
0

−ζtR2αi1I
(
−pR2α (h1 + h2) ,−pI2α (h1 + h2)

)
+ ζtR3αi1I

(
−pR3α (h1 + h2) ,−pI3α (h1 + h2)

)
0



CHH0H (:, 7 : 12) = 2π



0 −ξtI1αi2I
(
pR1α (h1 + h2) , pI1α (h1 + h2)

)
ξtI3αi2I

(
−pR3α (h2 + h3) , pI3α (h2 + h3)

)
0

0 −ξtI1αi2I
(
pR1αh2, p

I
1αh2

)
+ ξtI2αi2I

(
pR2αh2, p

I
2αh2

)
0 −ζtR1αi1I

(
pR1αh2, p

I
1αh2

)
+ ζtR2αi1I

(
pR2αh2, p

I
2αh2

)
ξtI2αi2I

(
−pR2αh2, p

I
2αh2

)
− ξtI3αi2I

(
−pR3αh2, p

I
3αh2

)
0

−ζtR2αi1I
(
−pR2αh2,−pI2αh2

)
+ ζtR3αi1I

(
−pR3αh2,−pI3αh2

)
0



CHH0H (:, 13 : 18) = 2π



0 −ξtI1αi2I
(
pR1α (h1 + h2 + h3) , pI1α (h1 + h2 + h3)

)
ξtI3αi2I

(
−pR3αh3, p

I
3αh3

)
0

0 −ξtI1αi2I
(
pR1α (h2 + h3) , pI1α (h2 + h3)

)
+ ξtI2αi2I

(
pR2α (h2 + h3) , pI2α (h2 + h3)

)
0 −ζtR1αi1I

(
pR1α (h2 + h3) , pI1α (h2 + h3)

)
+ ζtR2αi1I

(
pR2α (h2 + h3) , pI2α (h2 + h3)

)
0 −ξtI2αi2I

(
pR2αh3, p

I
2αh3

)
+ ξtI3αi2I

(
pR3αh3, p

I
3αh3

)
0 −ζtR2αi1I

(
pR2αh3, p

I
2αh3

)
+ ζtR3αi1I

(
pR3αh3, p

I
3αh3

)


(B.6)

214



CIH0I (:, 1 : 6) = 2π



0 −ξtR1αi2H
(
pR1αh1, p

I
1αh1

)
−ξtR3αi2H

(
−pR3α (h1 + h2 + h3) , pI3α (h1 + h2 + h3)

)
0

−ξtR1αi2H
(
−pR1αh1, p

I
1αh1

)
+ ξtR2αi2H

(
−pR2αh1, p

I
2αh1

)
0

−ζtI1αi1H
(
−pR1αh1,−pI1αh1

)
+ ζtI2αi1H

(
−pR2αh1,−pI2αh1

)
0

−ξtR2αi2H
(
−pR2α (h1 + h2) , pI2α (h1 + h2)

)
+ ξtR3αi2H

(
−pR3α (h1 + h2) , pI3α (h1 + h2)

)
0

−ζtI2αi1H
(
−pR2α (h1 + h2) ,−pI2α (h1 + h2)

)
+ ζtI3αi1H

(
−pR3α (h1 + h2) ,−pI3α (h1 + h2)

)
0



CIH0I (:, 7 : 12) = 2π



0 −ξtR1αi2H
(
pR1α (h1 + h2) , pI1α (h1 + h2)

)
−ξtR3αi2H

(
−pR3α (h2 + h3) , pI3α (h2 + h3)

)
0

0 −ξtR1αi2H
(
pR1αh2, p

I
1αh2

)
+ ξtR2αi2H

(
pR2αh2, p

I
2αh2

)
0 ζtI1αi1H

(
pR1αh2, p

I
1αh2

)
− ζtI2αi1H

(
pR2αh2, p

I
2αh2

)
−ξtR2αi2H

(
−pR2αh2, p

I
2αh2

)
+ ξtR3αi2H

(
−pR3αh2, p

I
3αh2

)
0

−ζtI2αi1H
(
−pR2αh2,−pI2αh2

)
+ ζtI3αi1H

(
−pR3αh2,−pI3αh2

)
0



CIH0I (:, 13 : 18) = 2π



0 −ξtR1αi2H
(
pR1α (h1 + h2 + h3) , pI1α (h1 + h2 + h3)

)
−ξtR3αi2H

(
−pR3αh3, p

I
3αh3

)
0

0 −ξtR1αi2H
(
pR1α (h2 + h3) , pI1α (h2 + h3)

)
+ ξtR2αi2H

(
pR2α (h2 + h3) , pI2α (h2 + h3)

)
0 ζtI1αi1H

(
pR1α (h2 + h3) , pI1α (h2 + h3)

)
− ζtI2αi1H

(
pR2α (h2 + h3) , pI2α (h2 + h3)

)
0 −ξtR2αi2H

(
pR2αh3, p

I
2αh3

)
+ ξtR3αi2H

(
pR3αh3, p

I
3αh3

)
0 ζtI2αi1H

(
pR2αh3, p

I
2αh3

)
− ζtI3αi1H

(
pR3αh3, p

I
3αh3

)


(B.7)
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CRR = 2



[
−ξtR1αi2Q

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)
+ ξtI1αi2P

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)]
bt

{
−ξtR3αi2Q

[
x1 − x1s, p

R
3α (x24 − x2s) ,−pI3α (x24 − x2s)

]
− ξtI3αi2P

[
x1 − x1s, p

R
3α (x24 − x2s) ,−pI3α (x24 − x2s)

]}
bt

{
ξtR2αi2Q

[
x1 − x1s, p

R
2α (x22 − x2s) ,

∣∣pI2α (x22 − x2s)
∣∣]

− sgn
[
pI2α (x22 − x2s)

]
ξtI2αi2P

[
x1 − x1s, p

R
2α (x22 − x2s) ,

∣∣pI2α (x22 − x2s)
∣∣]

− ξtR1αi2Q
[
x1 − x1s, p

R
1α (x22 − x2s) ,

∣∣pI1α (x22 − x2s)
∣∣]

+sgn
[
pI1α (x22 − x2s)

]
ξtI1αi2P

[
x1 − x1s, p

R
1α (x22 − x2s) ,

∣∣pI1α (x22 − x2s)
∣∣]} bt

{
−ζtR2αi1P

[
x1 − x1s, p

R
2α (x22 − x2s) , p

I
2α (x22 − x2s)

]
− ζtI2αi1Q

[
x1 − x1s, p

R
2α (x22 − x2s) , p

I
2α (x22 − x2s)

]
+ζtR1αi1P

[
x1 − x1s, p

R
1α (x22 − x2s) , p

I
1α (x22 − x2s)

]
+ ζtI1αi1Q

[
x1 − x1s, p

R
1α (x22 − x2s) , p

I
1α (x22 − x2s)

]}
bt

{
ξtR3αi2Q

[
x1 − x1s, p

R
3α (x23 − x2s) ,

∣∣pI3α (x23 − x2s)
∣∣]

− sgn
[
pI3α (x23 − x2s)

]
ξtI3αi2P

[
x1 − x1s, p

R
3α (x23 − x2s) ,

∣∣pI3α (x23 − x2s)
∣∣]

− ξtR2αi2Q
[
x1 − x1s, p

R
2α (x23 − x2s) ,

∣∣pI2α (x23 − x2s)
∣∣]

+sgn
[
pI2α (x23 − x2s)

]
ξtI2αi2P

[
x1 − x1s, p

R
2α (x23 − x2s) ,

∣∣pI2α (x23 − x2s)
∣∣]} bt

{
−ζtR3αi1P

[
x1 − x1s, p

R
3α (x23 − x2s) , p

I
3α (x23 − x2s)

]
− ζtI3αi1Q

[
x1 − x1s, p

R
3α (x23 − x2s) , p

I
3α (x23 − x2s)

]
+ζtR2αi1P

[
x1 − x1s, p

R
2α (x23 − x2s) , p

I
2α (x23 − x2s)

]
+ ζtI2αi1Q

[
x1 − x1s, p

R
2α (x23 − x2s) , p

I
2α (x23 − x2s)

]}
bt



(B.8)
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CRH0R = 2



[
−ξtR1αi2P

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)
− ξtI1αi2Q

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)]
bt

{
−ξtR3αi2P

[
x1 − x1s, p

R
3α (x24 − x2s) ,−pI3α (x24 − x2s)

]
+ ξtI3αi2Q

[
x1 − x1s, p

R
3α (x24 − x2s) ,−pI3α (x24 − x2s)

]}
bt

{
ξtR2αi2P

[
x1 − x1s, p

R
2α (x22 − x2s) ,

∣∣pI2α (x22 − x2s)
∣∣]

+ sgn
[
pI2α (x22 − x2s)

]
ξtI2αi2Q

[
x1 − x1s, p

R
2α (x22 − x2s) ,

∣∣pI2α (x22 − x2s)
∣∣]

− ξtR1αi2P
[
x1 − x1s, p

R
1α (x22 − x2s) ,

∣∣pI1α (x22 − x2s)
∣∣]

−sgn
[
pI1α (x22 − x2s)

]
ξtI1αi2Q

[
x1 − x1s, p

R
1α (x22 − x2s) ,

∣∣pI1α (x22 − x2s)
∣∣]} bt

{
ζtR2αi1Q

[
x1 − x1s, p

R
2α (x22 − x2s) ,

∣∣pI2α (x22 − x2s)
∣∣]

− sgn
[
pI2α (x22 − x2s)

]
ζtI2αi1P

[
x1 − x1s, p

R
2α (x22 − x2s) ,

∣∣pI2α (x22 − x2s)
∣∣]

− ζtR1αi1Q
[
x1 − x1s, p

R
1α (x22 − x2s) ,

∣∣pI1α (x22 − x2s)
∣∣]

+sgn
[
pI1α (x22 − x2s)

]
ζtI1αi1P

[
x1 − x1s, p

R
1α (x22 − x2s) ,

∣∣pI1α (x22 − x2s)
∣∣]} bt

{
ξtR3αi2P

[
x1 − x1s, p

R
3α (x23 − x2s) ,

∣∣pI3α (x23 − x2s)
∣∣]

+ sgn
[
pI3α (x23 − x2s)

]
ξtI3αi2Q

[
x1 − x1s, p

R
3α (x23 − x2s) ,

∣∣pI3α (x23 − x2s)
∣∣]

− ξtR2αi2P
[
x1 − x1s, p

R
2α (x23 − x2s) ,

∣∣pI2α (x23 − x2s)
∣∣]

−sgn
[
pI2α (x23 − x2s)

]
ξtI2αi2Q

[
x1 − x1s, p

R
2α (x23 − x2s) ,

∣∣pI2α (x23 − x2s)
∣∣]} bt

{
ζtR3αi2Q

[
x1 − x1s, p

R
3α (x23 − x2s) ,

∣∣pI3α (x23 − x2s)
∣∣]

− sgn
[
pI3α (x23 − x2s)

]
ζtI3αi2P

[
x1 − x1s, p

R
3α (x23 − x2s) ,

∣∣pI3α (x23 − x2s)
∣∣]

− ζtR2αi2Q
[
x1 − x1s, p

R
2α (x23 − x2s) ,

∣∣pI2α (x23 − x2s)
∣∣]

+sgn
[
pI2α (x23 − x2s)

]
ζtI2αi2P

[
x1 − x1s, p

R
2α (x23 − x2s) ,

∣∣pI2α (x23 − x2s)
∣∣]} bt



(B.9)
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ρ =



ρt1U

ρt1L

ρt2U

ρt2L

ρt3U

ρt3L


(B.10)

Each element in the matrix is a 3× 3 matrix, for example:

−ξtR1αi2 =


−ξ1R

1α12 −ξ2R
1α12 −ξ3R

1α12

−ξ1R
1α22 −ξ2R

1α22 −ξ3R
1α22

−ξ1R
1α32 −ξ2R

1α32 −ξ3R
1α32



H (0,0) =


H (0, 0) 0 0

0 H (0, 0) 0

0 0 H (0, 0)



−ξtI1αi2I
(
pR1αh1, p

I
1αh1

)
=


−ξ1I

1α12I
(
pR1αh1, p

I
1αh1

)
−ξ2I

1α12I
(
pR1αh1, p

I
1αh1

)
−ξ3I

1α12I
(
pR1αh1, p

I
1αh1

)
−ξ1I

1α22I
(
pR1αh1, p

I
1αh1

)
−ξ2I

1α22I
(
pR1αh1, p

I
1αh1

)
−ξ3I

1α22I
(
pR1αh1, p

I
1αh1

)
−ξ1I

1α32I
(
pR1αh1, p

I
1αh1

)
−ξ2I

1α32I
(
pR1αh1, p

I
1αh1

)
−ξ3I

1α32I
(
pR1αh1, p

I
1αh1

)


0 =


0 0 0

0 0 0

0 0 0



(B.11)
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Meanwhile, each element in the vector is a 3× 1 vector, for example:[
−ξtR1αi2Q

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)
+ ξtI1αi2P

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)]
bt

=


[
−ξtR1α12Q

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)
+ ξtI1α12P

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)]
bt[

−ξtR1α22Q
(
x1 − x1s,−pR1αx2s,−pI1αx2s

)
+ ξtI1α22P

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)]
bt[

−ξtR1α32Q
(
x1 − x1s,−pR1αx2s,−pI1αx2s

)
+ ξtI1α32P

(
x1 − x1s,−pR1αx2s,−pI1αx2s

)]
bt



ρt1U =


ρ1

1U

ρ2
1U

ρ3
1U



(B.12)
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C GB thickness and structure analyzed by Molec-

ular Statics (MS) / Molecular Dynamics (MD)

simulations

As discussed in the subsection 1.2.2.8, GB is usually not a perfect plane as
described in continuum mechanics, but is replaced by an interphase, especially in
nanocrystalline materials. This interphase is caused by atomic distortion (inner
relaxation) in the vicinity of a GB which strongly depends on the crystalline lattice
misorientation (see Chapter 1). In order to analyze the structure of this GB inter-
phase, numerical methods including MS and MD were used to perform a bi-crystal
configuration of Ni with different misorientations. As a result, the thickness of the
GB interphase and its dislocation structure are obtained for some misorientations.

This section first presents the simulation configurations for a Ni bi-crystal in
MS/MD. The simulations were performed by using the open source molecular
dynamics code LAMMPS [244]. Then, the results were analyzed by an open visu-
alization tool OVITO [302], including the thickness and the dislocation structure
of GB interphase with different misorientations.

C.1 MD configuration

The geometry of bi-crystal used in MS/MD is presented in Figure C.1. It was
set as a parallelepiped with 25× 25× 20nm3, including about 7.3× 105 atoms of
Ni with lattice parameter 0.352 nm as shown in Figure C.1. GB is perpendicular
to x2 axis and the thickness of each grain is the same, which is equal to 10 nm.
It should be pointed out that the thickness of each grain (10 nm) is large enough
to make the GB interphase stable. That means for a comparative simulation with
a larger thickness of each grain with all other same conditions, the GB thickness
and its dislocation structure do not change. As for simulation configuration, the
boundary conditions are set to be periodic in x1 and x3 directions, and be shrink-
wrapped in x2 direction. The inter-atomic potential used in this simulation is
the embedded atom method (EAM) (Ni u3.eam) [303]. The time step is always
set to be 1 fs (femtosecond). The orientation configuration is the same as for the
discussion of misorientation effect on dislocation pile-ups (see subsection 4.2.5.1).
Thus, the orientation of the upper crystal (Crystal I) is fixed, defined by α = 45◦

whereas the orientation of lower crystal (Crystal II) is given by a rotation ψ around
rotation axis v from ψ = 0◦ to ψ = 180◦. After the construction of bi-crystal, the
overlap atoms within the distance 0.24 nm at GB were first canceled. Then, the
energy of whole system was minimized by conjugate gradient minimization at
0 K with parameter 10−15 for energy and 10−15 eV/Angstrom for force. Then,
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the whole system is equilibrated at room temperature (293.15 K) for 20000 ps
(picosecond). The integral method is chosen to be the NVE (N: Number of atoms,
V: Volume and E: Energy) method. This creates a system trajectory consistent
with the microcanonical ensemble as the studied system is regarded to be constant
of atoms number, of volume and of energy.

Figure C.1: Geometry of bi-crystal configuration in MS/MD. The bi-crystal is set as a par-
allelepiped with 25 × 25 × 20nm3. GB is perpendicular to x2 axis and is at the middle of
bi-crystal.

For results analyses, the local crystalline structure was analyzed by Polyhedral
Template Matching (PTM) method [304] in OVITO as shown in Figure C.2 (a).
The green atoms indicate FCC structure, and the other colors indicate other crys-
talline structures. As Ni is FCC structure, thus the atoms with other crystalline
structures were regarded as GB interphase and were taken out as shown in Figure
C.2 (b). Then, a developed Matlab program was performed to simulate a convex
outer envelope surface containing all these non FCC structure atoms as shown in
Figure C.2 (c). Meanwhile, the volume V contained by this envelope surface was
calculated. Thus, the average thickness of this GB interphase can be calculated
as H = V/S, where S is the cross sectional area (perpendicular to x2 axis) of
GB interphase. Finally, the GB dislocation structure was analyzed by dislocation
analysis (DXA) method [305] in OVITO as shown in Figure C.2 (d). The different
colors of dislocation lines indicate different types of dislocations.
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Figure C.2: Results analyses of MS/MD simulations: (a) local crystalline structure are ana-
lyzed by PTM in OVITO, the different colors of atoms indicate corresponding crystalline struc-
ture (Green: face-centered cubic (FCC), Pink: hexagonal close-packed (HCP), Blue: body-
centered cubic (BCC), Orange: icosahedral coordination (ICO), Purple: simple cubic (SC) and
White: unknown coordination structure), (b) the non FCC structure atoms at GB area are taken
out as GB interphase, (c) a developed Matlab program is performed to simulate a convex outer
envelope surface containing all the atoms in GB interphase, meanwhile the volume V contained
by this envelope surface is calculated and (d) the dislocation structure at GB is analyzed by
DXA in OVITO, the different colors of dislocation lines indicate corresponding dislocation type
(Blue: perfect dislocation, Green: Shockley partial dislocation, Pink: Stair-rod type dislocation,
Yellow: Hirth type dislocation and Cyan: Frank type dislocation).

C.2 Results and discussions

Figure C.3 shows the average thickness of GB interphase in Ni bi-crystal con-
figuration with different rotation angles ψ at 0 K and at room temperature 293.15
K. The results of 0 K is performed just after energy minimization of the whole
system at 0 K. The homogeneous single crystal case is retrieved for ψ = 0◦ and
ψ = 180◦ for which there is no GB, so the thickness of GB interphase H is 0
nm. With different rotation angles ψ, H is not constant. But there is no evident
relationship between H and ψ, neither with misorientation angle Φ. However,
there are three evident high values for H that occurred at ψ = 10◦, ψ = 110◦

and ψ = 170◦, respectively. With the same rotation angle, H is always smaller
for 0 K compared to room temperature except ψ = 30◦, for which they have the
same H. Furthermore, H has the same tendency at 0 K and at room temperature.
Regardless of homogeneous single crystal case, the average of H is about 0.87 nm
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at 0 K and 1.06 nm at room temperature. In particular, for the Ni bi-crystal
micro-beam studied in experiment as described in Figure 2.14, H is about 0.9 nm
which corresponds to about 4 |b|. Thus, the thickness of GB interphase used in
theoretical calculations which was 5 |b| (see section 4.2 in Chapter 4) is close to
the simulated value from MD and is therefore realistic.

Figure C.3: Average thickness of GB interphase in Ni bi-crystal configuration with different
misorientation at 0 K and at room temperature 293.15 K.

For the same configuration, table C.1 presents the interfacial dislocation struc-
ture of GB interphase with different rotation angles ψ at 0 K and at room tem-
perature 293.15 K. With different rotation angles, the interfacial dislocation struc-
tures are different. There are mainly three different types of dislocation struc-
tures. The first one is dislocation networks as for ψ = 10◦, 20◦, 100◦, 120◦, 160◦

and 170◦. Meanwhile, some of them consist of regular repeating units, such as
for ψ = 10◦ and 170◦. The second one is long dislocation lines without network
as for ψ = 70◦ and 110◦. The third one is just discrete short dislocations as for
ψ = 30◦ (293.15K) , 50◦ (0K) , 60◦, 80◦, 90◦, 130◦ and 150◦. In fact, these structures
cannot be called dislocations, as the detected “dislocation” lines are too short. In
addition to these structures, there are some cases with no detection of dislocation
as for ψ = 30◦ (0K) , 40◦, 50◦ (293.15K) and 140◦. As for ψ = 0◦, it is homogeneous
single crystal without GB, thus, there is no dislocation. Considering the misori-
entation angle as presented in Figure C.3, different from the length of dislocation
pile-ups as shown in Figure 4.9, the dislocation structures are similar for the cases
with the same misorientation angle Φ, but only for Φ < 60◦, such as ψ = 10◦

and ψ = 170◦, ψ = 20◦ and ψ = 160◦, ψ = 30◦ and ψ = 150◦, ψ = 40◦ and
ψ = 140◦, ψ = 50◦ and ψ = 130◦. Considering the temperature effect, there is no
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evident difference of dislocation structures between 0 K and room temperature.
As a conclusion, the GB interphase has different dislocation structures with differ-
ent misorientations. Different dislocation structures present different mechanical
properties, such as dislocation network at GB can easily produce GB sliding [306]
or GB migration [307, 308]. Thus, the dislocation-GB interaction strongly depends
on the misorientation of bi-crystal and also depends on the incoming/outgoing slip
system from the point of view of interfacial dislocations.
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φ 0◦ 10◦ 20◦ 30◦ 40◦ 50◦

0 K No interfacial dislocation

293.15 K No interfacial dislocation

φ 60◦ 70◦ 80◦ 90◦ 100◦ 110◦

0 K

293.15 K
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φ 120◦ 130◦ 140◦ 150◦ 160◦ 170◦

0 K

293.15 K

Table C.1: Dislocation structures at GB for Ni bi-crystal with
different misorientations.

226

I W' 

1--- , J 

- \/ 
'/. /.-- ' -

) 



Bibliography

[1] W. Voigt. Lehrbuch Der Kristallphysik. B.G. Teubner, Leipzig, Germany, 1928.
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[38] A. Brinck, C. Engelke, W. Kopmann, and H. Neuhäuser. Structure and development of slip lines during
plastic deformation of the intermetallic phases Fe3Al and CuZn. Materials Science and Engineering, A,
239-240:180–187, 1997.

228



[39] C. Perrin. Etude expérimentale et modélisation des microstructures de déformation plastique intragranu-
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[112] M. Briceñoa, J. Fenskea, M. Dadfarniab, P. Sofronisb, and I.M. Robertson. Effect of ion irradiation-produced
defects on the mobility of dislocations in 304 stainless steel. Journal of Nuclear Materials, 409:18–26, 2011.

[113] Y. Guo, T. Britton, and A. Wilkinson. Slip band-grain boundary interactions in commercial-purity titanium.
Acta Materialia, 76:1–12, 2014.

[114] T. Lee, I. Robertson, and Birnbaum H. Prediction of slip transfer mechanisms across grain boundaries.
Scripta Metallurgica, 23:799–803, 1989.

[115] I. Beyerlein, N. Mara, J. Wang, J. Carpenter, S. Zheng, W. Han, R. Zhang, K. Kang, T. Nizolek, and
T. Pollock. Structure-property-functionality of bimetal interfaces. JOM, 64:1192– 1207, 2012.

[116] J. Livingston and B. Chalmers. Multiple slip in bicrystal deformation. Acta Metallurgica, 5:322–327, 1957.

[117] J. Luster and M. Morris. Compatibility of deformation in two- phase Ti-Al alloys: dependence on mi-
crostructure and orientation relationships. Metallurgical and Materials Transactions A, 26:1745–1756,
1995.

232



[118] T. Bieler, P. Eisenlohr, C. Zhang, H. Phukan, and M. Crimp. Grain boundaries and interfaces in slip
transfer. Current Opinion in Solid State and Materials Science, 18:212–226, 2014.

[119] P.C. Wo and A.H.W. Ngan. Investigation of slip transmission behavior across grain boundaries in poly-
crystalline Ni3Al using nanoindentation. Journal of Materials Research, 19:189–201, 2004.

[120] T.C. Lee, I.M. Robertson, and H.K. Birnbaum. Tem in situ deformation study of the interaction of lattice
dislocations with grain boundaries in metals. Philosophical Magazine A, 62:131–153, 1990.

[121] I. Tiba, T. Richeton, C. Motz, H. Vehoff, and S. Berbenni. Incompatibility stresses at grain boundaries in Ni
bicrystalline micropillars analyzed by an anisotropic model and slip activity. Acta Materialia, 83:227–238,
2015.

[122] L. Patriarca, W. Abuzaid, H. Sehitoglu, and H.J. Maier. Slip transmission in bcc FeCr polycrystal. Materials
Science and Engineering: A, 588:308–317, 2013.

[123] E. Werner and W. Prantl. Slip transfer across grain and phase boundaries. Acta Metallurgica et Materialia,
38:533–537, 1990.

[124] E. Bayerschen, A.T. McBride, B.D. Reddy, and T. Böhlke. Review on slip transmission criteria in experi-
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English abstract

1.1 Introduction

The plasticity of crystalline materials results primarily from the movement
and the multiplication of dislocations. Dislocations are line defects that were in-
troduced by Volterra [2] at the beginning of the 20th century. Both theoretical and
experimental investigations show that the mechanical properties of metals depend
on the density, the distribution, the nucleation and the mobility of dislocations as
well as the interactions between dislocations and grain boundaries (GBs). This
work will focus on slip mechanisms at GBs. Among the different possible mech-
anisms involving collective dislocation behavior, dislocation pile-ups at GBs and
slip transfer will be essentially studied in this PhD thesis from experimental and
theoretical viewpoints. In order to do that, dislocation pile-ups are studied both
theoretically and experimentally. It aims to computer forces due to dislocation
pile-ups that may induce slip transfer and evaluate the effect of anisotropic elas-
ticity. Regarding experiments, an in-situ compression test was performed on the
micro-beams with a low strain, then the topography of the external surface con-
taining the slip step height was measured by atomic force microscopy (AFM) which
can be used to identify dislocation pile-up and dislocation transmission at GB. In
theoretical analysis, the elastic fields due to single dislocation and dislocation pile-
up at GB were calculated using a two-dimensional anisotropic elastic theory by
considering misorientation, GB thickness and free surfaces effects. At the end,
the slip step height was numerically simulated by the presented theory and was
compared with experimental observations.

1.2 Experiments

The experiments aim to analyze dislocation pile-ups and dislocation transmis-
sion in bi-crystals. In order to study these mechanisms, a particular interesting GB
was carefully chosen from macro-specimens by Electron Back Scattered Diffrac-
tion (EBSD). Then, a micro-beam of bi-crystal containing this GB was realized
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by Focused Ion beam (FIB). Afterwards, a micro-pillar compression test was per-
formed on this micro-beam by a flat punch along GB direction with a low strain
in order to create a single slip in one grain of the bi-crystals. At the end of the
experimental campaign, the topography of the external surface containing the slip
step height was measured by AFM.

1.2.1 Materials

The materials for this experimental study are Nickel (Ni) with very high purity
(99.999%) and α-Brass (70%Cu-30%Zn, wt%) with impurities (Fe, Pb, P and As,
etc.) less than 0.001%. A chemical analysis by energy dispersive spectroscopy
(EDX) was performed to check the purity of the samples before and after the
preparation procedures. The elastic stiffness moduli of Ni are C11 = 246.5 GPa,
C12 = 147.3 GPa, C44 = 124.7 GPa [28] and those of α-Brass are C11 = 139.21
GPa, C12 = 104.51 GPa, C44 = 71.3 GPa [267, 268]. Thus, these two materials

have an elastic anisotropy factor A =
2C44

C11 − C12

of the order of 2.51 and 4.11,

respectively. The chosen materials have different anisotropy factors which can be
used to analyze the effects of anisotropic elasticity. In the case of elastic isotropy,
the considered elastic constants areG = 86.16 GPa, v = 0.294 for Ni andG = 40.75
GPa, v = 0.343 for α-Brass. The latter are deduced from the anisotropic elastic
stiffness moduli by applying the Voigt-Reuss-Hill average [269, 270]. Furthermore,
the stacking fault energy for α-Brass and Ni are about 14 mJ/m2 [271] and 90
mJ/m2 [272], respectively. The stacking fault energy of α-Brass is low which
promotes planar slip and thus facilitates the observation of slip lines. Although
the stacking fault energy of Ni is higher, the planar slip was still observed in Ni
bi-crystals during compression tests [137]. Thus, Ni is also suitable for the present
experiments.

1.2.2 Sample preparation and choice of bi-crystals

The samples, usually in the form of cubes of 20 × 20 × 5 mm3, were cut by
electrical discharge machining (EDM) using a bronze wire. Then the six faces
of the samples were mechanically polished with coarse abrasive papers up to the
particle size index P2500 with water. This polishing phase was followed by a pol-
ishing using a diamond suspension of particle sizes 6, 3, and 1 micron on zeta
cloth to eliminate hardening and damage achieved during the mechanical polish-
ing, including scratches. At the end, the sample surfaces were finally polished by
OP-U-NonDry solution with water on chem-cloth for 5 mins. After the polishing
of macro-samples, the thickness was around 2.0 ∼ 2.5 mm. With this range of
thickness, it is possible to keep GBs relatively perpendicular to the upper surface
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thanks to a heat treatment process. Then the polished samples were homogenized
by heat treatment. For Ni, the produced samples were homogenized at 1100 ◦C
for three days in a vacuum oven to minimize the risk of contamination and oxida-
tion. However, for α-Brass, in order to prevent dezincified phenomenon in vacuum
environment [273], the heat treatment was realized in argon environment at 980
◦C for 1 min with a special sample holder. After heat treatment, the samples
were mechanically polished again until getting a “mirror surface”. At the end, the
samples were electropolished at a voltage of 24V for 20s. Then the GBs could be
clearly observed under optical microscopy.

The orientation of each grain was measured by EBSD in a SEM. It was carried
out with a high resolution camera from Oxford Instruments in Zeiss Sigma VP
SEM. For the acquisition of the orientation maps, the SEM was set with a 20
kV acceleration voltage, a working distance of 15 mm. Orientation maps were
acquired with a spatial step size of 20 µm for macro-samples and of 0.1 µm for
micro-samples. Data processing was performed by Flamenco Channel 5 software
(HKL Technology) for macro-samples and by AZtec software for micro-samples.
The indexing rate was always greater than 99%. The microstructures of the sample
were represented by inverse pole figures (IPF) as shown in Figure 1.1. The GBs
are marked as black lines in the EBSD orientation mapping and correspond to
misorientation angle between adjacent pixels higher than 2◦.
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Figure 1.1: EBSD orientation mapping of the macroscopic sample: (a) Ni and (b) α-Brass.
The orientations are given in the IPF in the direction of z axis which is perpendicular to upper
surface. The black lines represent GBs and correspond to misorientation angle between adjacent
pixels higher than 2◦.

Based on the orientation of each grain, the interesting GBs were chosen from
the following conditions with the surface configuration is presented in Figure 1.2:

• GB should be, or close to be, perpendicular to upper surface.
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• With a mechanical loading parallel to GB plane, for the target grain, the
Burgers vector of the slip system with the maximum Schmid factor should
not be perpendicular to GB. Meanwhile the slip plane of this slip system
should not be parallel to the upper surface. These conditions ensure that
the Burgers vector has a component perpendicular to the upper surface where
AFM measurements are performed.

Figure 1.2: The upper surface is defined as the surface containing the GB where AFM mea-
surements are performed. The top surface is the one contacted by plate punch in compression
test. The side surface is the lateral surface which does not contain GB.

Then, it is better that the ratio between the maximum Schmid factor and the
second maximum Schmid factor is higher than 1.1 in order to get a high prob-
ability to only activate single slip at low strain. Furthermore, when considering
incompatibility stresses due to heterogeneous anisotropic elasticity [160], the most
favourable active slip system can be different from the one predicted by a simple
Schmid analysis. This condition can be used to identify the effect of incompat-
ibility stresses. Thus, the twin GB is not used in the present study as there is
no incompatibility stresses if type-I twin boundaries are parallel or perpendicular
to the loading axis [276]. Based on all the above conditions, several GBs were
chosen. However, due to a matter of time, only one GB of each material could
be used to analyze the distribution of dislocations in single slip and transmission
phenomenon. These GBs are presented in Figure 1.3 and 1.4.

The macro-sample was cut into pieces containing the interesting GBs by EDM.
The side surface of small pieces was mechanically polished in order to make the GB
close and parallel to side surface which is helpful for FIB cutting. The mechanical
polishing was stopped when the distance between GB and side surface was reduced
to about 1 mm in order to prevent damage of GB. Then this side surface was
polished again by ion slicing technique with low energy Ar+ ions in IM4000 system
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until the distance from GB to side surface was reduced to about 40 µm. Finally the
pre-prepared sample was cut into a micro-beam with length of about 16 µm, width
of about 8 µm and thickness of about 8 µm by FIB with FEI Versa 3D Dual Beam
system using ion beam currents of 15 nA for rough cutting and 1 nA at 30 kV for
fine polishing as shown in Figure 1.3 (c) for Ni and in Figure 1.4 (c) for α-Brass.
The orientation of bi-crystals was measured again by EBSD measurement. The
results are presented in Figure 1.3 (a-b) and Figure 1.4 (a-b) for Ni and α-Brass,
respectively.

Figure 1.3: (a) EBSD mapping of Ni bi-crystal, orientation of crystal I: φI
1 = 63.8◦, ΦI =

14.3◦, φI
2 = 18.6◦, orientation of crystal II: φII

1 = 331.1◦, ΦII = 9.0◦, φII
2 = 75.1◦. (b) The

crystallographic orientations of both crystals, Cry I and Cry II, are given on the standard IPF in
the direction of y axis which is parallel to GB and is also the loading direction of the compression
test. (c) SEM micrograph of a micro-beam containing GB cut by FIB. The average length of
micro-beam is about 15.46 µm and the average section area is about 71.80 µm2 with 46.67 µm2

for crystal I and 25.13 µm2 for crystal II.
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Figure 1.4: (a) EBSD mapping of α-Brass bi-crystal, orientation of crystal I: φI
1 = 27.7◦,

ΦI = 35.7◦, φI
2 = 66.1◦, orientation of crystal II: φII

1 = 219.5◦, ΦII = 28.4◦, φII
2 = 2.4◦. (b)

The crystallographic orientations of both crystals, Cry I and Cry II, are given on the standard
IPF in the direction of y axis which is parallel to GB and is also the loading direction of the
compression test. (c) SEM micrograph of a micro-beam containing GB cut by FIB. The average
length of micro-beam is about 15.37 µm and the average section area is about 88.91 µm2 with
42.02 µm2 for crystal I and 46.89 µm2 for crystal II.

1.2.3 Micro-pillars compression test

The in-situ compression tests were carried out in high vacuum at room tem-
perature in a Carl Zeiss ΣIGMA series scanning electron microscope (SEM), by
an in-situ nanoindenter (UNAT-SEM II) which has a load noise floor level about
0.002 mN. The micro-beams were compressed by a flat punch of polycrystalline
tungsten carbide (WC). All the compression tests were carried out in displacement
controlled mode with several cycles of loading and unloading with small increment.
The idea of loading and unloading cycles is to have enough time to make a SEM
picture of high quality in order to observe the slip lines. Once slip lines were
observed or yield stress was reached, the compression test was stopped during un-
loading step which prevents the tip shock. The average loading strain rate is about
0.002 s−1 for Ni and 0.00125 s−1 for α-Brass. The mechanical test was stopped
when the first slip event was observed. Thus, only the last cycle contributes to
plastic deformation, and all the previous cycles are only in the elastic state. Ac-
cording to the raw experimental data, the yield point occurs at about 8.5% strain
for Ni and 6.3% for α-Brass. These strains are too large for yield point of metals.
This error comes from the drift of the tip during the compression test, where the
displacement measurement is not accurate. However, the force measurement is ac-
curate. Thus, the stress-strain curves were calibrated by a crystal plasticity finite
element (CPFEM) simulation as shown in Figure 1.5. The compression tests of the
same experimental configuration were performed for both Ni and α-Brass samples,
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then the strain was calibrated by having the same slope of the stress-strain curves
in elastic part. Then the yield point occurs at the stain about 0.33% for Ni and
0.24% for α-Brass which are reasonable for metallic materials. The applied stress
at the final state of compression is about 289.4 MPa for Ni and 127.4 MPa for
α-Brass.

Figure 1.5: Stress-strain curves calibrated by CPFEM for (a) Ni micro-beam and (b) α-Brass
micro-beam.

1.2.4 Slip analyses by AFM

After in-situ compression test, the slip lines were firstly analyzed in SEM. The
SEM picture can show the trace of slip line on the upper and side surfaces of micro-
beam which can be used to analyze the active slip system based on orientation
of each grain. Then, an AFM measurement was performed on the upper surface
by Dimension FastScan with ScanAsyst (BRUKER) with height sensor, so that
the topography of slip lines can be obtained and used to analyze dislocations
distributions. The step size of scan is 30 nm with a scan rate of 1 Hz. The results
were analyzed by NanoScope Analysis as shown in Figure 1.6. They were first of
all flattened by polynomial fit of the second order, and then they were treated by
a median filter with 9× 9 matrix operation.
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Figure 1.6: An example of AFM measurement on the surface of a Ni bi-crystal analyzed by
NanoScope Analysis.

1.3 Theory

1.3.1 2D anisotropic elasticity framework

In order to consider the effect of anisotropic elasticity, the so-called L-E-S
(Leknitskii [20] - Eshelby [21] - Stroh [22]) analytical formalism for two-dimensional
anisotropic elastic problem is used. It is very efficient but it cannot handle the case
of a perfectly isotropic crystal since the problem becomes singular due to repeated
eigenvalues.

The general solutions for displacement field u and stress function vector Φ can
be calculated by:

ui = 2Re
[
Aijfj

(
zj

)]
(1.1)

Φi = 2Re
[
Bijfj

(
zj

)]
(1.2)

whereA andB are 3×3 matrix containing the eigenvector components akα (α = 1, 2, 3),
Bij = (Ci2k1 + pjCi2k2)Akj and zj = x1 +pjx2. pα and akα (α = 1, 2, 3) denote the
eigenvalues and the associated eigenvector components with positive image part
of a sextic equation which depends only on the elastic stiffness of the material
[21, 22]. Here f is a scalar function of z. Then, the stress fields can be calculated
by Hooke’s law based on the displacement gradient fields or by stress function
vector as following:

σi1 = −∂Φi/∂x2, σi2 = ∂Φi/∂x1 (1.3)

If needed, component σ33 can be computed from the generalized Hooke’s law.
The idea of the next sections is to find the expression of the function vector f

for one single dislocation in different configurations.
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1.3.2 Dislocation in homogeneous media

In the following, an infinite straight dislocation with Burgers vector b and whose
line t is parallel to the x3 direction is considered at the position (X1, X2) as shown
in Figure 1.7. Through the paper, the so-called FS/RH (Finish Start/Right Hand)
convention [28] is used to define the direction of the dislocation line as shown in
Figure 1.7.

In a homogeneous anisotropic medium, the function vector f is derived by
considering the boundary condition associated to the presence of the dislocation
with Burgers vector b in the absence of remotely applied force. The displacement
and stress function vectors can then be expressed using Eqs. 1.1 and 1.2 with:

fj (zi) = f 0
j (zi) = q0

j ln (zi − sj) (1.4)

where zi = x1 + pix2, sj = X1 + pjX2 and q0 is a complex vector expressed as

q0 = − 1

2π
i
(
BTb

)
[19].

1.3.3 Dislocation in bi-materials

Let us now consider an anisotropic bi-material (or bi-crystal) with a perfectly
bonded interface whose normal is along the x2 direction. The dislocation is sup-
posed to be located in the upper material I (x2 > 0) as shown in Figure 1.7.

Figure 1.7: Schematic figure of one single infinite straight dislocation in a bi-material.

In addition to the conditions of the homogeneous media case, the function
vector f should also satisfy the continuity conditions at the perfect interface, i.e.
the continuity of displacement uI

i (x2 = 0+) = uII
i (x2 = 0−) and traction vectors

σI
i2 (x2 = 0+) = σII

i2 (x2 = 0−). In practice, instead of the continuity of traction
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vectors, the continuity of the resultant traction force along an arc of the interface
is used. This last condition yields ΦI

i (x2 = 0+) = ΦII
i (x2 = 0−) [19, 292]. Following

the Suo’s method [19], the solutions are searched in a form similar as Eqs. 1.1 and
1.2:

fj (zj) =

{
f 0
j (zj) + V I,II

jk f 0
k (zj) if zj ∈ I (x2 > 0)

W I,II
jk f

0
k (zj) if zj ∈ II (x2 < 0)

(1.5)

where: 
V I,II =

(
BIIAII−1

AI−BI
)−1 (

BI−BIIAII−1
AI
)

W I,II =
(
BIAI−1

AII−BII
)−1 (

BIAI−1
AI−BI

) (1.6)

f 0
j (zj) is calculated from Eq. 1.4 considering the elastic stiffness tensor CI of

the upper material I and sj = sI
j = X1 + pI

jX2. Moreover, it must be noticed that
if zj ∈ I, zj = zI

j = x1 + pI
jx2 and if zj ∈ II, zj = zII

j = x1 + pII
j x2.

Half-space with rigid or free surfaces as special configurations of bi-material,
can be easily obtained for uI

i (x2 = 0) = 0 or ΦI
i (x2 = 0) = 0 which lead to fj (zj) =

f 0
j (zj)−AI

jk
−1
AI
kl f

0
l (zj) for rigid surface and fj (zj) = f 0

j (zj)−BI
jk
−1
BI
kl f

0
l (zj)

for free surface.

1.3.4 Dislocation in tri-materials

In subsection 1.3.3, the bi-material was regarded as the combination of two
materials perfectly bonded to each other through an interface without thickness.
In the case where the considered interface is a GB, the real thickness is finite and
generally taken about 1 nm using a crude estimation. Hence, it may be interesting
to investigate the effect of the thickness of the GB as well as the effect of its
elastic stiffness on the elastic fields in a tri-material configuration where the GB is
seen as an interphase. Among several studies for multilayered anisotropic elastic
media, the method of Choi and Earmme [17] is first applied. Figure 1.8 shows
the considered tri-material configuration. There are two planar interfaces Γ1 and
Γ2 whose normals are directed along the x2 axis. These interfaces are located,
respectively, at x2 = h and at x2 = −d. The interphase (or GB) is the region
between Γ1 and Γ2, thus its thickness is H = h + d. Material I corresponds to
x2 ≥ h, material II to −d < x2 < h and material III to x2 ≤ −d. All the materials
are assumed to be perfectly bonded to each other.
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Figure 1.8: Schematic figure of one single infinite straight dislocation in a tri-material with
three different stiffness tensors and two perfectly bonded interfaces. The GB region is supposed
to be material II.

Choi and Earmme [17] overcame the difficulty of satisfying the continuity of
displacements and forces across the two interfaces at the same time by applying
the alternating technique, which consists in satisfying alternatively the continuity
conditions across each interface until a convergence is obtained. Still considering
the case of a dislocation located in the crystal I and by using the same procedure
as the one of Choi and Earmme [17], the following series solution is obtained:

fi (zi) =


f 0
i (zi) + f I0

i (zi) +
∑∞

β=1
f Iβ
i (zi) if zi ∈ I∑∞

β=1
fβi (zi) +

∑∞

β=1
f IIβ
i (zi) if zi ∈ II∑∞

β=1
f IIIβ
i (zi) if zi ∈ III

(1.7)

where:



f 0
i (zi) = q0

i ln (zi − si)

f I0
i (zi) = V I,II

ij f 0
j

(
zi − pI

ih+ pI
jh
)

f Iβ
i (zi) = W II,I

ij V II,III
jk fβk

(
zi − pI

ih+ pII
j (h+ d)− pII

k d
)

f IIβ
i (zi) = V II,III

ij fβj

(
zi + pII

i d− pII
j d
)

f IIIβ
i (zi) = W II,III

ij fβj

(
zi + pIII

i d− pII
j d
)

fβi (zi) =

 W I,II
ij f 0

j

(
zi − pII

i h+ pI
jh
)

if β = 1

V II,I
ij V II,III

jk fβ−1
k

(
zi − pII

i h+ pII
j (h+ d)− pII

k d
)

if β > 1

(1.8)

12

Interface r 1 

X2 

Cil 
ijkl 

Interface f 2 X 3 

/ 
; b/ ,,,,,<;1 I 

y (X1,X 2) , 
., / t=[0,0, 1] 

--- ~------------------- · , , 
; a h II 

X1 

-------------------- - d __________ _ 

CIII 
ijkl 

III 



In the above equations, f 0
j (zi) is associated to crystal I and so sj = sI

j = X1+pI
jX2.

The series solution f Iβ
i (zi), f

IIβ
i (zi) and f IIIβ

i (zi) are all expressed as functions of
fβj (zi) which is itself determined by a recurrence equation based on f 0

j (zi).
The above series solutions are proved indeed convergent by Choi and Earmme

[17]. The study of the convergence of the series solutions for different GB stiffnesses
was explored by using different criteria during this thesis (see Chen et al. [277]).

1.3.5 Dislocation in tri-materials with free surfaces

In the nano-mechanical test, especially for micro-beam, there are always free
surfaces as shown in Figure 1.2. At small scale, the free surface has an obvious in-
fluence on dislocation behavior. Hence besides the interphase, it may be necessary
to consider the effect of free surfaces on the elastic fields of multilayers material.
The tri-material method of Choi and Earmme [17] can also take into account free
surface effects but only in the case of a bi-material with one free surface or a ho-
mogeneous material with two free surfaces. In order to handle more complicated
cases, like a tri-material with free surfaces, a new method is needed. The image
decomposition method inspired from Wang et al. [18] has thus been used. Figure
1.9 (a) shows the configuration of a tri-material with two free surfaces. There are
four planar faces whose normals are directed along the x2 axis. These faces are
located at x2 = 0, x2 = −h1, x2 = − (h1 + h2) and x2 = − (h1 + h2 + h3) for,
respectively upper free surface, first interface, second interface and bottom free
surface. The interphase (or GB) is located in the second layer of thickness h2.
Material I corresponds to −h1 < x2 < 0, material II to − (h1 + h2) < x2 < −h1

and material III to − (h1 + h2 + h3) < x2 < − (h1 + h2). Thus, the thickness of
the whole material is marked as H ′ = h1+h2+h3. All the materials are assumed to
be perfectly bonded to each other. In order to discuss the effects of both surfaces,
the free surface on the side of the crystal containing the dislocations is referred to
be the first free surface, and the another one is called second free surface.
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Figure 1.9: (a) Schematic figure of one single infinite straight dislocation in a tri-material with
three different stiffness tensors, two planar free surfaces at faces 1 and 4 and two perfectly bonded
interfaces at faces 2 and 3. The GB region is supposed to be material II. (b) Decomposition of
a 3 layers problem (left) with 2 free surfaces and 2 interfaces into three infinite homogeneous
subproblems. Dislocation source is marked with a red dislocation symbol.

In the 3-multilayers configuration with free surfaces, there are 2 interfaces that
must satisfied the continuum conditions of perfectly bonded interfaces, and two free
surfaces that must satisfied the traction free condition. For a multilayer system, it
is too complicated to use the alternating technique. Wang et al. [18] have proposed
an image decomposition method, which can be used to satisfy all the boundary
conditions at the same time. The principle of this method is to decompose the
multilayers problem into several subproblems of infinite homogeneous medium for
each material. Two types of image dislocation densities are distributed on each
interface while one image dislocation density is distributed on the surface as shown
in Figure 1.9 (b) (left). The densities of these image dislocations are denoted ρt,
where t=1,2 and 3 denote the x1−, x2− and x3−components, respectively. These
densities can be resolved at the same time by considering all boundary conditions:
the continuity of tangential gradient of displacements and tractions across inter-
faces, traction free for free surfaces or tangential gradient of displacement free for
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rigid surfaces. Thus, for the present 3-multilayers configuration with free surfaces,
it is decomposed into 3 subproblems and there are a total of 18 boundary condi-
tions. The elastic fields in each layer are determined by summing the contributions
of the dislocation source and all the corresponding image dislocations as shown
in Figure 1.9 (b) (right). Based on consistency requirement fully discussed by
Wang et al. [18], the image dislocation densities in the three subproblems are:
ρtJ1 = {ρt1U , ρt1L, ρt2L, ρt3L} for the first subproblem, ρtJ2 = {ρt1U , ρt2U , ρt2L, ρt3L} for
the second subproblem and ρtJ3 = {ρt1U , ρt2U , ρt3U , ρt3L} for the third subproblem as
shown in Figure 1.9 (b) (right).

Based on Stroh’s formalism, the stress and displacement gradient fields due
to a mixed dislocation with Burgers vector components bt (t = 1, 2, 3) located at
(x1s, x2s) in a homogeneous anisotropic solid can be written as [28, 18]:

σij (K, bt,∆x1,∆x2) =

2
[
ξtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ξtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
bt

(1.9)

∂ui
∂xj

(K, bt,∆x1,∆x2) =

2
[
ζtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ζtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
bt

(1.10)

where ∆x1 = x1 − x1s and ∆x2 = x2 − x2s, the superscript R and I indicate the
real and imaginary parts of each term, respectively. Meanwhile the subscript K
indicates which subproblem is considered (no sum over K). The definition of the
symbols ξtKαij, ζ

t
Kαij and the functions P , Q [18] are:

ξtKαij =
CKijkl (δl1 + pKαδl2)AKkαBKtα

2πi

ζtKαij =
(δj1 + pKαδj2)AKiαBKtα

2πi

(1.11)


P (x1 − x1s, a, b) =

x1 − x1s + a

(x1 − x1s + a)2 + b2

Q (x1 − x1s, a, b) =
b

(x1 − x1s + a)2 + b2

(1.12)

where pα, Akα and Btα with α=1,2 and 3 denote the same eigenvalues and eigen-
vectors in Stroh’s sextic formulation as discussed in section 1.3.1. These two
expressions 1.9 and 1.10 of the single-crystal are equivalence to the Eqs. 1.1, 1.2
and 1.4 which can be analytically derived from each other.

The contribution of image dislocations on elastic fields can be calculated by
replacing the Burgers vector bt by ρtJK (x′1) and integrating from x′1 = −∞ to
x′1 = +∞ in Eqs. 1.9 and 1.10:
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σij
(
K, ρtJK ,∆x1,∆x2

)
=∫ +∞

−∞
2
[
ξtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ξtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
ρtJK (x′1) dx′1

= 2π
[
ξtRKαijH

(
pRKα∆x2, p

I
Kα∆x2

)
+ ξtIKαijI

(
pRKα∆x2, p

I
Kα∆x2

)] [
ρtJK (x1)

]
(1.13)

∂ui
∂xj

(
K, ρtJK ,∆x1,∆x2

)
=∫ +∞

−∞
2
[
ζtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ζtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
ρtJK (x′1) dx′1

= 2π
[
ζtRKαijH

(
pRKα∆x2, p

I
Kα∆x2

)
+ ζtIKαijI

(
pRKα∆x2, p

I
Kα∆x2

)] [
ρtJK (x1)

]
(1.14)

where ∆x1 = x1 − x′1, ∆x2 = x2 − x′2 and (x′1, x
′
2) denote the positions of image

dislocations. The definitions of operators H and I are:
H (a, b) [ρ (x1)] =

1

π

∫ ∞
−∞

P (x1 − x′1, a, b) · ρ (x′1) dx′1

I (a, b) [ρ (x1)] =
1

π

∫ ∞
−∞

Q (x1 − x′1, a, b) · ρ (x′1) dx′1

(1.15)

Combining all 18 boundary conditions, after removing the singularity term by
H and I operators, a system of nonlinear equations is formed with 18 Fredholm
equations of second kind (t = 1, 2 and 3) with 18 unknowns ρ = [ρt1U , ρ

t
1L, ρ

t
2U , ρ

t
2L, ρ

t
3U , ρ

t
3L]

T

as shown below:

(
C +C0C

−1C0

)
ρ+

(
CHH +CII −C0C

−1CHH0H −C0C
−1CIH0I

)
ρ

= −CRR+C0C
−1CRH0R

(1.16)
where CHH,CII,CHH0H,CIH0I are the matrices of integral operator for the
densities of image dislocations ρ and C,C0 are the matrices of coefficient only
depending on material property. All the components of these matrices can be found
in Appendix B. These unknowns can be numerically resolved by using Gauss-
Hermite quadrature with Hermite polynomials. After replacing the integration of
ρ, the analytical expression of ρ can be obtained as a function of x1. Finally, the
elastic fields, such as stresses fields due to one single dislocation in a three layers
anisotropic material at any points can be calculated based on Eqs. 1.9 and 1.13.

In the present thesis, the three-layers configuration is used to consider both
effects of GB stiffness and free surfaces for the simulation of the experiments in
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section 1.6. Thus, the second layer is regarded as GB and the thickness is set
as about 1nm. Meanwhile the two-layers configuration is used to investigate the
effect of free surfaces which will be applied in section 1.4.

1.3.6 Application to discrete dislocation pile-up

Let us consider a single dislocation pile-up of N infinite straight dislocations,
which are all parallel to the x3 axis, have the same Burgers b and lie in the same
slip plane as shown in Figure 1.10.
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Figure 1.10: α-inclined dislocation pile-ups in slip plane of unit normal n for N edge dislocations
with Burgers vector b and line vector t in a heterogeneous anisotropic (a) bi-material and (b)
tri-material.

The equilibrium positions of the N dislocations can be found out by minimizing
the component of the Peach-Koehler (P-K) force along the slip direction for each
dislocation to a critical force denoted Fc as follows:

F (γ) = abs ({(σint (X1 (γ) , X2 (γ)) + σext) · b× t} · v)
Minimize

======= Fc (1.17)

where (X1 (γ) , X2 (γ)) denotes the position of the γth dislocation. σext is a homo-
geneous applied stress tensor and σint = σim + σdis is the internal stress tensor
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produced by all the others dislocations σdis based on the expressions derived in
the previous subsections and image stresses σim on this dislocation coming from
all the heterogeneities. The critical force Fc includes the lattice friction force (pri-
mary) and other interactive forces on dislocation, such as the interactive force
with cavities, etc. Meanwhile, this critical force can be converted into a critical
shear stress on a dislocation by dividing the length of standard Burgers vector
as τc = Fc/ |b|. It should be pointed out that in the present work, the applied
homogeneous stress tensor σext has only for objective to equilibrate the disloca-
tion pile-up. The calculation of the dislocation pile-ups equilibrium positions is
thus obtained by following an iterative relaxation scheme that minimizes all the
F (γ) after an initial configuration is specified [105]. In order to be able to perform
such a computation in an infinite homogeneous medium, one dislocation should
be considered as locked. Usually, the position of the first (or leading) dislocation
(X1 (1) , X2 (1)) is fixed [97, 105]. As a result, the P-K force on the fixed dislocation
is not zero. In an heterogeneous medium, the boundary image force on the leading
dislocation may equilibrate the applied stress and the stress contribution coming
from the other dislocations [105], but only in case of repulsive image forces. In
such case, all the dislocation positions, including the leading one, could be found
by the iterative relaxation scheme. Most researchers assume Fc = 0 N/m because
of low value of the lattice friction stress in pure FCC crystal which is around 1 ∼ 2
MPa [296]. However, in the present thesis, it is found that a non zero critical force
has a crucial effect on dislocation behavior in the presence of GB and free surfaces.
The reason is that there are already lattice defects in the material after sample
preparation, such as defects due to the Ga+ ions from FIB close to the surface
[139]. Furthermore, for α-Brass as an alloy, the theoretical value of the friction
force is much higher than pure FCC crystals, like pure Ni. For example, it was
found that τc ≈ 80 ∼ 100 MPa for β-Brass [296]. Thus, the critical force cannot
be ignored in Eq. 1.17 for realistic calculations.

1.4 Preliminary theoretical results and discus-

sions with single dislocation and dislocation

pile-ups for Ni bi-crystals

In order to estimate the effect of several crucial microstructural factors, such
as the misorientation, the GB stiffness and the free surface, several simulations
with ideal conditions (theoretical study) have been first summarized below. More
results are presented in the paper by Chen et al. [277].

In all the following numerical applications, Ni bi-crystals of different orien-
tations are considered. Furthermore, only edge dislocations with Burgers vector
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defined by an angle α = 45◦ are considered as shown in Figure 1.7, so that the
slip direction is m = b/ |b| = [− cos 45◦,− sin 45◦, 0] in global frame (x1, x2, x3).
Still following the FS/RH convention, the slip plane normal is given by n = t×m
where t = [0, 0, 1]. Meanwhile, the glide direction of dislocations v is parallel to
m for edge dislocations and it always points towards the GB area, so that it is
possible to create dislocation pile-ups at GB. The slip system is supposed to be
m0 = 1/

√
2 [1, 1, 0] and n0 = 1/

√
3 [−1, 1,−1] in the crystal’s frame (e1, e2, e3).

Thus, the orientation of the crystal containing dislocations is defined by the trans-
formation matrix T such that [m,n, t]T = T [m0, n0, t0]

T
, where t0 = m0×n0.

Two specific orientations are considered in the following:

• orientation AOri with TA =


1 0 0

0 1 0

0 0 1

 (Unit matrix)

• orientation BOri with TB =


−1/2

√
2/2 1/2

−1/2 −
√

2/2 1/2
√

2/2 0
√

2/2


The elastic stiffness tensor in the global frame is then deduced from the trans-

formation matrix T by Cijkl = TigTjhC
0
ghmnTkmTln where C0 is the elastic stiffness

tensor defined in the crystal’s frame. For tri-material and multilayers model, the
thickness of the second material as GB is denoted H which is always equal to 5 |b|
in the present section, and its elastic stiffness tensor CII

ijkl is simply modeled thanks
to a single parameter λ which reflects the GB stiffness as:

CII
ijkl =

λ

2

(
CI
ijkl + CIII

ijkl

)
(1.18)

Then the GB is softer than the grains when λ < 1 and stiffer than the grains for
λ > 1.

For multilayers model with free surfaces, only two-layers configuration is ap-
plied in the present section 1.4 with h1 = h2 = H ′/2, so that the GB is regarded
as an interface with no thickness.

The distance between the GB (or the middle of the GB region) and the γth

dislocation along the glide direction is denoted L (γ). For dislocation pile-ups,
when the leading dislocation is locked L (1) = 5 |b| and the pile-up length is defined
as the distance between the first and the last dislocation L (N)− L (1).

In a heterogeneous medium, an image force is exerted on the dislocation due
to the presence of interface(s) or surface(s). The image force is the Peach-Koehler
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force at the dislocation position due to its stress field without considering the
contribution related to the infinite homogeneous medium, denoted hereafter σim.
The projection of the image force along slip direction reduces to [28]:

Fim = [(σim · b)× t] · v (1.19)

With the convention used in Figure 1.7, as v always points towards to the GB,
Fim > 0 means that the dislocation is attracted by the GB whereas Fim < 0 means
that the dislocation is repelled by the GB.

Hereafter, the misorientation effect and the GB stiffness are firstly studied.
Both orientations AOri and BOri are considered for the lower crystal of a bi-material
and two different λ values 0.5 and 2, in the case of the tri-material model. The
effect of elastic anisotropy vs. isotropy on the projected image forces along the slip
direction in bi-material, half space and tri-material configurations are presented
in Figure 1.11. Hereafter are the conclusions of this theoretical study, see Chen et
al. [277] for more details:

• Orientation AOri exerts an attractive effect on the dislocation, whereas with
orientation BOri, the dislocation is repelled by the GB.

• In a half space, a rigid surface has always a repulsive effect on the dislocation
and on the contrary, a free surface has always an attractive effect. It can
be also noticed that the magnitude of Fim is far larger for the half space
than for the bi-material or tri-material configuration. Besides, considering
isotropic elasticity in half-spaces have nearly the same magnitude of Fim as
considering anisotropic elasticity.

• A softer GB with λ = 0.5 (more compliant interphase) exerts an attrac-
tive effect on the dislocation, whereas a stiffer GB with λ = 2 (more rigid
interphase) presents a repulsive effect on dislocation.

• In the case of anisotropic elasticity, there is an equilibrium position for dis-
location where Fim exhibits a sign change because of the coupled effects of
the image forces arising both from the lower crystal and the GB with inverse
effect, such as AOri with λ = 2 or BOri with λ = 0.5. When the lower crys-
tal and GB have the same effect, their effect will be reinforced. The acting
distance of rigid/free surface is larger than misorientation effect.

• The acting distance of GB stiffness is quite short with about 41 |b| and 58 |b|
for the larger contrast λ = 2 and λ = 0.5, respectively. However, it is
important in order to be able to equilibrate the leading dislocation of the
pile-up. Beyond these distance, the image force is mainly dependent on
bi-crystals misorientation.
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• For isotropic tri-material configuration, because of no misorientation effect
coming from lower crystal, the image force depends only on GB stiffness.

Figure 1.11: Variation of the projected image force Fim with the distance from the GB along
the slip direction for different configurations: (a) bi-material configurations, (b) half space con-
figuration and (c) tri-material configurations with anisotropic vs. isotropic elasticity.

Besides the effect of misorientation and GB stiffness, the effect of free surfaces
on image force has been theoretically investigated considering a two-layers configu-
ration with different misorientations AOri, BOri and different thickness H ′ = 2µm,
H ′ = 4µm. The results of projected image forces along the slip direction are
presented in Figure 1.12. The conclusions are listed below:

• Free surfaces have a strong attractive effect on dislocations. Compared with
free surface effect, the effect of misorientation is negligible close to free surface
as the P-K force here is quite similar whatever the orientation.

• Close to GB, the image force is mainly controlled by misorientation. Indeed,
the two free surfaces have an opposite effect on the dislocation. When the
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dislocation lies about an equal distance from the two free surfaces, their
contribution becomes negligible.

• A size effect is found after normalizing the distance by the half of thickness:
at the same relative distance from the GB, the image force is stronger in the
smaller beam.

• Combined with attractive misorientation AOri, there is an equilibrium point
where the image force on the dislocation is zero. This position is located
at nearly the same relative distance from GB for different thicknesses of
material.

Figure 1.12: Variation of the projected image force Fim for two-layers model in different
thickness (a) with the distance from the GB along the slip direction and (b) with the normalized
distance by H ′/2 from GB along the slip direction.

Since the orientation of lower crystal has a stronger effect on dislocations at
long distance than GB stiffness, here the length of dislocation pile-ups L with the
different orientations of lower crystal is presented in Figure 1.13 in the case of a
pile-up with 50 dislocations and a zero thickness GB. The orientation of the upper
crystal (where there is the pile-up) is fixed, still defined by α = 45◦, whereas the
orientation of lower crystal is given by a rotation ψ around v from ψ = 0◦ to
ψ = 180◦. In order to always get a stable dislocation pile-up configuration (es-
pecially in the case of attractive misorientation), the leading dislocation is always
locked to give enough repulsive force on all dislocations. Hence, the homogeneous
single crystal case is retrieved for ψ = 0◦ and ψ = 180◦ for which L = 8.75 µm
(Figure 1.13 (a)). When L is smaller (resp. larger) than 8.75 µm, the image force
has globally an attractive (resp. repulsive) effect on the pile-up which is shown in
Figure 1.13 (b). The misorientation angle between both crystals, i.e. the minimum
rotation angle to get from one crystal orientation to the other is also presented in
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Figure 1.13 (a). In the present example, the maximal possible value for misorienta-
tion angle in cubic crystal, 62.8◦ [298], is almost reached but does not correspond
to an extremal value of L. The maximal value of L corresponds however to a
high misorientation angle (about 60◦). Furthermore, it is noteworthy that a same
misorientation angle can be related to different elastic behaviors (for example, 60◦

is retrieved with ψ = 60◦ and ψ = 120◦, which give L = 9.02 µm and L = 8.61 µm,
respectively). Finally, it can be observed that the relative variations of L com-
pared to isotropic case in Ni can reach about 7%. The important point is that such
significant variations occur in a moderately elastic anisotropic material and cannot
be captured considering pile-ups in isotropic elasticity. However, by using Voigt-
Reuss-Hill average [269, 270], the value of L given by isotropic elasticity is nearly
the average length considering the anisotropic elasticity with the present rotation
configuration (see Figure 1.13 (a)). Furthermore, this maximum relative varia-
tion of L for different materials with different anisotropic factors (Zener ratios)
are presented in Table 1.1. It increases as the anisotropic factor increases which
reflects the anisotropic effect. As the effect of rigid half space is much stronger
than misorientation effect, both L and Fim are much larger for rigid half space
configuration than for bi-material configuration with different misorientations.
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Figure 1.13: Misorientation effect in the case of bi-crystals (Ani Bi) on (a) pile-up length L
for a pile-up with 50 dislocations and a zero thickness GB and (b) projected image force along
slip direction at a distance 5 |b| from GB. The rotation axis is the slide direction v. Comparisons
with the cases of homogeneous isotropic case (Iso Bi), isotropic rigid half-space (Iso Half space)
and the anisotropic rigid half-space (Ani Half space).

Material Al Ni Cu α-Brass

Zener ratio [1] 1.22 2.51 3.21 4.11

Maximum relative variation of L (%) 1.2 7.2 9.0 11.5

Table 1.1: Maximum relative variation of L with anisotropic elasticity compared to isotropic
elasticity for different materials with different anisotropic factors (Zener ratios). [1] Elastic
stiffness moduli of these materials are found in the book “Theory of Dislocations” [28].
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1.5 Experimental results for Ni and α-Brass bi-

crystals

First of all, the slip lines were observed by SEM for Ni (see Figure 1.14 (a))
and for α-Brass (see Figure 1.15 (a)). For Ni, the slip lines are very weak on the
upper surface and there are only two obvious slip lines in parallel for each crystal.
Based on the direction of slip lines on the upper surface and the Schmid factor
analysis with local crystalline orientation, the active slip system is determined to
be the slip system with maximum Schmid factor or result from incompatibility
stress [160]. The B4 slip system is seen to be the active system using Schmid and
Boas’s convention [40] for each crystal as shown in Figure 1.14 (b).

Figure 1.14: Crystallographic analysis of slip lines from SEM picture for Ni sample after
compression test. Based on the direction of slip lines, the orientation of each crystal and the
Schmid factor (or the incompatibility stress) analysis, the activated slip system is determined as
B4 for crystal I and B4 for crystal II.

However, for α-Brass, there are two obvious slip lines with interaction on the
upper surface for crystal I and two obvious slip lines with interaction on the side
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surface for crystal II. Based on the analysis of the direction of slip lines and the
Schmid factor (or the incompatibility stress) for each slip system as shown in
Figure 1.15 (b), the active slip systems are determined as A6, C5 for crystal I and
B4, D6 for crystal II using Schmid and Boas’s convention [40]. Thus, there are
multiple active slip systems in both grains for the α-Brass sample.

Figure 1.15: Crystallographic analysis of slip lines from SEM picture for α-Brass sample after
compression test. Based on the direction of slip lines, the orientation of each crystal and the
Schmid factor (or the incompatibility stress) analysis, the activated slip system is determined as
A6 and C5 for crystal I and B4 for crystal II.

An AFM measurement was then performed on the upper surface for both sam-
ples in order to get the 3D topography of slip lines as shown in Figure 1.16 for Ni
and in Figure 1.18 for α-Brass. The steps of slips are corresponding to the slip lines
presented in SEM picture (Figure 1.14 and 1.15). For Ni sample, a slip step with
classic features of dislocation pile-ups was selected for analysis. The heights of the
top line and the bottom line of this step were measured along the slip direction
from GB which are marked as red line and black line in the Figure 1.16, respec-
tively. The measured data was fitted by the polynomial method, which is marked
as hTop and hBottom. Then the relative height of this step ∆h was calculated as the
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difference of the fitted height between these two lines as shown in Figure 1.17. It
is found that the difference of height between two lines at GB: ∆hGB ≈ 0.86 nm
is not zero, which corresponds to a weak slip transmission as observed in Figure
1.16 (b) circled by the frame with red dash. The slip step height increases from
GB along the slip direction and gets its maximum value ∆h ≈ 9.06 nm at about
d ≈ 3.28 µm. Furthermore, a GB sliding event is found at the top part of the
beam which is presented in Figure 1.16 (a) as the hump part and in Figure 1.16
(b) circled by the frame with green dash dot.

Figure 1.16: AFM topographic measurement of Ni for (a) the whole upper surface and (b) the
transmission phenomenon at GB circled by the frame with red dash. The red arrow indicates
the loading direction. The hump part in the second crystal shown in (a) and the frame with
green dash dot shown in (b) indicate GB sliding.

Figure 1.17: Results of slip step height measurement for Ni sample: red and black solid line
indicate the measured height of top line and the bottom line of the step, respectively. The
dash lines with corresponding color indicate the fitting results by polynomial method with the
determinate coefficient R2 = 0.8176 for top line and R2 = 0.9898 for bottom line. The blue line
indicates the simulated slip step height.

A similar analysis was realized for α-Brass sample as shown in Figure 1.19.
While the slip transmission is more intense compared to Ni sample as ∆hGB ≈ 4.29
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nm, the propagation of dislocations in adjoining grain has a short distance. The
maximum of slip step height is ∆h ≈ 10.03 nm at about d ≈ 2.44 µm. There is
an obvious peak valley in the middle part of the curve of slip step height which
might be caused by the intersection with another non coplanar slip line.

Figure 1.18: AFM measurement of α-Brass for (a) the whole upper surface and (b) the trans-
mission phenomenon at GB. The red arrow indicates the loading direction.

Figure 1.19: Results of slip step height measurement for α-Brass sample: red and black solid
line indicate the measured height of top line and the bottom line of the step, respectively. The
dash lines with corresponding color indicate the fitting results by polynomial method with the
determinate coefficient R2 = 0.9982 for top line and R2 = 0.9973 for bottom line. The blue line
indicates the simulated slip step height.
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1.6 Simulation of slip step height profile using

discrete dislocation pile-up calculations and

discussions

Based on the models developed in chapter 1.3, the slip step heights due to a
dislocation pile-up measured in experiment can be simulated in a bi-crystal con-
figuration containing a GB using dislocation pile-ups modelling. For calculations
the hypotheses and configurations are set as follows and presented in Figure 1.20:

• The dislocations lines are supposed to be infinite straight lines. They are
parallel to each other and also parallel to the GB plane.

• The position of the maximum slip step height measured in experiment is con-
sidered to be the end of the dislocation pile-up. However, in the simulation,
it is supposed that there is a fixed dislocation source.

• The dislocations produced by this source will create a pile-up if they move
towards GB and will create a step on the side surface if they move also
towards free surface.

• GB is regarded as an interphase with a thickness of 0.9 nm which is obtained
from MD simulation. This interphase is regarded as anisotropic with λ equal
to 1 as defined in Eq. 1.18. For comparison, isotropic properties for GB
stiffness were also considered using Voigt-Reuss-Hill average [269, 270], where
the stiffness tensor is modeled by:

CII
ijkl = 3kJijkl + 2GKijkl (1.20)

where k =
2G (1 + ν)

3 (1− 2ν)
is the bulk modulus, G the shear modulus, ν the

Poisson ratio, Jijkl =
1

3
δijδkl, and Kijkl =

1

2

(
δikδjl + δilδjk −

2

3
δijδkl

)
.

• The transferred dislocations cannot be considered with the dislocations in
pile-up at the same time if they have the different directions of dislocation
lines because of the two-dimensional L-E-S theory. Thus, the transferred dis-
locations are supposed to be represented by an interfacial super-dislocation
fixed in the GB interphase. Therefore, bTran = NTran × bGB, where bTran is
the Burgers vector of this super-dislocation, NTran the number of transferred
dislocations and bGB is the Burgers vector of one dislocation stored in GB. It
could be the same as the Burgers vector of incoming dislocations, or it could
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be the residual Burgers vector between incoming slip system and one of the
12 outgoing slip systems in the adjacent grain as defined as bGB = bIn−bOut.

• As presented in section 1.3.1, for simulation coordinate, the x3 direction is
set to be the direction of dislocation line zS as presented in Figure 1.20, and
the x2 direction is set to be the direction of GB normal yS as presented in
Figure 1.20. Followed by FS/RH convention, the x1 is determined to be
x1 = x2 × x3 presented as xS in Figure 1.20. Furthermore, all the used
vectors and tensors, such as the Burgers vector of active slip systems, the
vector of slip direction and the elastic stiffness, etc. are transformed into the
simulation coordinates.

• The equilibrium positions of dislocations in pile-up are determined by Eq.
1.17, then the slip step height along the slip direction can be calculated by:

∆h (d) = N (d)× b (Z) (1.21)

where d is the distance from GB along slip direction, N the number of dis-
locations going through this point and b (Z) is the out of surface component
of Burgers vector (along Z direction which is perpendicular to upper surface
as shown in Figure 1.20).

• In the following parts, the measured slip step height is calibrated to be zero
from GB, that means ∆h = hTop−hBottom−∆hGB. Similarly, the simulated
slip height is considered to be zero at GB as ∆h (0) = 0.

Figure 1.20: Schematic figure of simulation configuration adopted for the experiment.
(xS , yS , zS) indicate the simulation coordinate, while (X,Y, Z) indicate the global sample co-
ordinate.
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For the following results, the default values of the parameters are set as follows:
the Burgers vector of interfacial transferred dislocations is supposed to be the same
as the Burgers vector of incoming dislocations and the critical force is set to be
Fc = 0 N/m. By default, the calculations are performed with anisotropic elasticity.
However, the L-E-S formalism cannot be used for isotropic elasticity calculation
due to the problem of repeated eigenvalues (degenerated solutions). In that case
the elastic stiffness moduli are firstly represented from isotropic elastic constants
by C11 = 2G (1− v) / (1− 2v), C12 = 2Gv/ (1− 2v) and C44 = G. Then the C44 is
increased a little bit to prevent the problem of degenerated solutions in the L-E-S
formalism and is replaced by C44 = C44 × 1.0001.

Based on the all above hypotheses, for Ni sample, the out of surface component
of Burgers vector for the analyzed slip system is about 0.15 nm. The maximum slip
step height is about 9.1 nm at d ≈ 3.28 µm and the slip step height at GB due to
transmission is about 0.86 nm. Thus, based on Eq. 1.21, the number of dislocations
produced by dislocation source is 61 and the number of transferred dislocations
is 6. Therefore, the number of dislocations in the pile-up is equal to 55. The
applied stress is 289.4 MPa as measured in experiment. With all these parameters,
the slip step height as the distribution of dislocations in pile-up was calculated
for different orientations of interfacial Burgers vector and different critical force
while considering the effect of free surfaces. Furthermore, the effect of anisotropic
elasticity compared to isotropy and the number of interfacial dislocation have been
verified.

To summarize, the effects of the different parameters are the following:

• Effect of free surfaces: The results of the tri-material simulations without
free surfaces (marked as INF) and with free surfaces (marked as FS) are
presented in Figure 1.21. The simulation results are close to experimental
measurements, but there are still some discrepancies. Compared to the ex-
perimental measurement, the dislocations are closer to GB in INF, while they
are closer to the first free surface when considering the effect of free surfaces
in FS. This is because the dislocations are closer to the first free surface
than the second one, thus the total force coming from both free surfaces is
always towards the first free surface. However, the dislocations around GB
are nearly in the middle of two free surfaces, the effects of these two free
surfaces are balanced out by each other.
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Figure 1.21: Simulation of slip step height in tri-material model without free surfaces (INF)
and in three-layers model with free surfaces (FS).

• Effect of interfacial dislocations: In the hypotheses of the simulation, the
number of interfacial dislocations is supposed to be the same as the num-
ber of transmitted dislocations. So first of all, the number of interfacial
dislocations is verified as shown in Figure 1.22 (a). From the experimental
measurement, the number of transmitted dislocations is 6. For compari-
son, the calculation for only 1 interfacial dislocation is also performed. It
shows that the equilibrium positions of dislocations in pile-up are closer to
GB for 1 interfacial dislocation compared to 6 interfacial dislocations due
to less repulsive force. As the transmission phenomenon is clearly observed
by AFM measurement, the Burgers vectors of interfacial dislocations bGB

is also verified. The results for two special cases are presented in Figure
1.22 (b). The first one is that the Burgers vector of interfacial dislocation
is supposed to be the residual Burgers vector with the outgoing slip system
of maximum transmission factor (marked as Residu B5). Another one is
supposed to be the residual Burgers vector with the outgoing slip system
of maximum Schmid factor in the adjoining grain (marked as Residu B4).
Both of them show that the equilibrium positions of dislocations are moved
to GB and are much far away from experimental measurement compared to
the case with the same Burgers vector of incoming dislocation. It seems that
the results will be better if the free surfaces are considered for these cases, as
the free surfaces will move all the dislocations towards the first free surface
side. However, from the results presented in Figure 1.22, it is found that
close to GB, the results with 1 interfacial dislocation or with residual Burg-
ers vectors are much far away from experimental measurement compared to
the results with 6 interfacial dislocations with the Burgers vector of incoming
dislocation. Meanwhile, it is known that the effects of free surfaces are weak
close to GB. Thus, the results will not be better even by considering free
surfaces for these cases. It should be pointed out that the Burgers vector
of interfacial dislocations has been tried with 12 residual Burgers vector as
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there are 12 slip systems in adjoining grain for FCC crystal. Based on the
reasonable analyses, the better solution is still with the Burgers vector of
incoming dislocation for this sample.

Figure 1.22: Simulation of slip step height in INF for (a) different number of interfacial
dislocations: 1 interfacial dislocation (II1) and 6 interfacial dislocations (II6), and (b) different
Burgers vector of interfacial dislocations: residual Burgers vector between incoming and outgoing
slip system with maximum transmission factor (Residu B5) and with maximum Schmid factor
for outgoing slip system (Residu B4).

• Effect of critical force: As discussed in subsection 1.3.6, it is necessary to
consider the effect of critical force Fc (see Eq. 1.17). The results considering
or not the critical force are presented in Figure 1.23. It is found that Fc
moves the dislocation towards the GB. When considering the effect of free
surfaces with a critical force Fc = 0.003 N/m (τc = 12 MPa), which leads to
a simulation result closer to the experimental measurement as shown in Fig-
ure 1.23 (b) the red curve with name FS Fc0.003. The value here is higher
than the theoretical value for pure FCC crystal around 1 ∼ 2 MPa [296].
The reason might be due to the sample preparation, such as defects coming
from FIB polishing or simply from the fact that only straight dislocations are
considered in the L-E-S formalism. Furthermore, it is found that the critical
force does not have obvious effect on dislocations from GB until d = 0.5 µm
in the INF model as shown in the Figure 1.23 (a). From Eq. 1.17, it can be
found out that this critical force does not have an uniform effect on all the
dislocations in pile-up. It depends on the state of the total stresses state and
this force will balance them to give an inverse effect. For example, when the
total force on dislocation is towards free surface for positions close to free
surface, the critical force will point towards GB. However, the stress state is
more complicated in the vicinity of GB. The total force on a dislocation could
point towards GB due to repulsive forces from other dislocations, attractive
misorientation, compliant GB, attractive force from interfacial dislocations
and applied stress. On the contrary, it could point to the opposite direction
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due to repulsive misorientation, rigid GB, repulsive force from interfacial dis-
locations or other dislocations in front of this dislocation and free surfaces
effect even it is weak here. Hence, the total force here depends on many pa-
rameters. Thus, the critical force could either move the dislocations towards
GB or to the opposite direction.

Figure 1.23: Simulation of slip step height (a) in INF and (b) in FS on considering the critical
force (Fc) on unit N/m.

• Effect of elastic anisotropy: As the elastic anisotropy factor of Ni A = 2.51
is larger than 1, the elastic anisotropy has an influence on dislocation be-
havior in Ni sample. In order to determine the anisotropy effect, the slip
step height is calculated considering isotropic elasticity without free surfaces
(marked as “INF ISO”) and with free surfaces (marked as “FS ISO”) which
are shown in Figure 1.24 (a) and (b), respectively. The difference between
isotropic elasticity and anisotropic elasticity is not too large. One reason is
that the image force due to the present misorientation is 0.0103 N/m. How-
ever, with another orientation of the adjoining grain, the maximum image
force for this slip system could be 0.0502 N/m. Moreover in the present con-
figuration, the dislocations are fixed at two sides of the pile-up which limits
the possibilities for the distribution of dislocations. Even so, when consid-
ering free surfaces, all the dislocations are moved towards the free surface
with isotropic elasticity which makes the simulated slip height profile much
far away from experimental measurement. Furthermore, the microstructure
of interphase is more like non-crystalline structure which could be assumed
as isotropic elasticity. The slip height was also performed with only the
interphase considered to be isotropic elasticity as shown in Figure 1.24 (a)
with name “INF InterISO” and in Figure 1.24 (b) with name “FS InterISO”.
However, the result is nearly the same as for an anisotropic interphase with
λ = 1.
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Figure 1.24: Simulation of slip step height between isotropic elasticity and anisotropic elasticity
(a) in INF with INF InterIso for only the isotropic interphase and INF ISO for all layers being
isotropic and (b) in FS with all corresponding configurations.

As a conclusion, the best solution of this simulation is to consider anisotropic
elasticity, the effect of free surfaces and a critical force Fc = 0.003 N/m (τc = 12
MPa) for Ni.

Similar to Ni sample, the same simulations have been performed for the α-
Brass sample. For the present α-Brass sample, the out of surface component of
Burgers vector of the analyzed slip system is about 0.14 nm. The maximum slip
step height is about 10.03 nm at d ≈ 2.44 µm and the slip step height at GB due to
transmission is about 4.29 nm. Based on Eq. 1.21, the number of dislocations in
the pile-up produced by the dislocation source is 72 and the number of transmitted
dislocations is 31. Therefore, the number of dislocations in the pile-up is equal
to 41. The applied stress is 127.4 MPa following experimental result. The effects
of free surfaces, critical force and anisotropic elasticity for α-Brass sample are the
same as for the Ni sample. However, the number of transmitted dislocations is
much larger than in Ni, i.e. 31 instead of 6. Thus, the repulsive force from these
interfacial dislocations is more important if their Burgers vector is considered as
the same of the incoming dislocations (see the blue curves in Figure 1.25). All
dislocations are moved far away from GB into the direction of free surface due
to this repulsive force. This transmission observed in Figure 1.18 (b) leads to
consider the residual Burgers vector of interfacial dislocations. After verifying all
the possible residual Burgers vectors with 12 slip systems in the adjoining grain,
it is found that the best solution is found with an A6 slip system in the adjoining
grain while considering free surfaces and a reasonable critical force Fc = 0.011 N/m
(τc = 43 MPa) as shown in Figure 1.25 (b). Furthermore, the theoretical analysis
of the slip trace of A6 slip system on the upper surface of adjoining grain agrees
well with experimental observation as shown in Figure 1.18 (b). As discussed in
subsection 1.5 for α-Brass, the peak valley in the middle part of the measured curve
is certainly caused by the intersection with other non coplanar slip lines. In the
present two-dimensional anisotropic elasticity, it was not possible to consider the
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effect of two dislocations whose dislocation lines are not parallel. Thus, this peak
valley part cannot be predicted by the present model. However, it is important to
fit the part close to GB with d < 0.75 µm. The critical stress here τc = 43 MPa
is larger than the critical stress for Ni sample. However, it seems to be acceptable
for this alloy as discussed in subsection 1.3.6.

Figure 1.25: Simulation of slip step height (a) in INF considering residual Burgers vector of
interfacial dislocations and (b) in FS considering critical force.

As a conclusion, the best solution inferred from these simulations of this α-
Brass sample is to consider anisotropic elasticity, the effect of free surfaces, a
critical force Fc = 0.011 N/m (τc = 43 MPa) and the residual Burgers vector for
interfacial dislocations as there is a huge number of transmitted dislocations.

1.7 Conclusions and perspectives

In the present thesis, an analytical approach based on the L-E-S formalism
[28, 22, 285] has been investigated, which provides the elastic fields of single straight
dislocations and different dislocation pile-ups in anisotropic homogeneous media,
half-spaces, bi- and tri-material [17] while possibly considering free surface effects
[18]. The tri-material configuration allows considering a non-zero thickness in the
nanometer range and a specific stiffness tensor for the GB region. The config-
uration with two free surfaces can be used to study size effects. The effects of
anisotropic elasticity, crystallographic orientation, GB stiffness and free surfaces
were studied in the case of a single dislocation in a Ni bi-crystal. Image forces
may arise because of both dissimilar grain orientations, the presence of a finite
grain boundary region and the presence of free surfaces. In particular, it is shown
that the Peach-Koehler force projected along the dislocation glide direction can
exhibit a change of sign with the dislocation position. Furthermore, it is found
that the acting distances of these heterogeneous factors are different. The free
or rigid surface has the largest acting distance in the grain and its impact is the
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largest. The effect of misorientation is much lower than the effect of free surface
and so the acting distance is shorter. Lastly, the GB stiffness has the shortest
acting distance. However, GB stiffness is important to change the local stress
state in order to equilibrate the leading dislocation in pile-ups. For pile-ups, the
dislocation positions were calculated by an iterative relaxation scheme minimizing
the Peach-Koehler force on each dislocation. Both GB stiffness and grains misori-
entation influence pile-up length, but the effect of misorientation is clearly seen to
be predominant.

In parallel, in-situ micromechanical tests of micron-sized bi-crystals and ob-
servations coupling SEM, AFM and EBSD were performed in the PhD thesis.
Ni and α-Brass bi-crystals were obtained from FIB machining. Slip step height
spatial variations due to localized slip bands terminating at GB were measured
by AFM to determine the Burgers vector distribution in the dislocation pile-up.
This distribution was then simulated by dislocation pile-up configuration in bi-
crystals with the experimentally measured parameters by considering the effect
of misorientation, GB stiffness, free surfaces and critical force. It is found that
the Burgers vector of interfacial dislocations can be regarded as the same of in-
coming dislocations with a weak dislocation transmission, one should consider the
residual Burgers vector of interfacial dislocations in case of a strong dislocation
transmission. Meanwhile the effects of free surfaces and critical force should al-
ways be considered in calculation to be more predictive regarding slip step height
profile. The critical force for studied Ni is Fc = 0.003 N/m (τc = 12 MPa) and for
studied α-Brass is Fc = 0.011 N/m (τc = 43 MPa) which were calculated in the
framework of straight dislocation with the L-E-S formalism are acceptable due to
lattice defects in the material and alloy composition, respectively.

Compared to the present analytical approach for dislocation behavior in bi-
crystals, the results could be verified using other numerical methods, such as
molecular dynamics simulations (MD) and 3D discrete dislocation dynamics sim-
ulations (DDD). Meanwhile the present method could be used to enrich the DDD
simulation for interfacial plasticity considering anisotropic elasticity, especially for
the GB properties in bi-crystals or polycrystals. Even if it is possible to define
different elastic properties of GB with anisotropic elastic stiffness tensor, the real
value of this parameter is more complicated or the GB could be simply supposed
to be isotropic. Thus, in a future study, the elastic properties of GB with misori-
entation dependence will be investigated by molecular static (MS) simulations.
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Résumé français

1.1 Introduction

La plasticité des matériaux cristallins résulte principalement du mouvement et
de la multiplication des dislocations. Les dislocations sont des défauts linéaires
introduits par Volterra [2] au début du XXe siècle. Les recherches théoriques et
expérimentales montrent que les propriétés mécaniques des métaux dépendent de
la densité, de la distribution, de la nucléation et de la mobilité des dislocations
ainsi que leurs interactions avec les joints de grains (JDGs). Ces travaux se concen-
trent sur les mécanismes de glissement aux JDGs. Parmi les différents mécanismes
possibles, les empilements des dislocations aux JDGs et la transmission du glisse-
ment seront principalement étudiés dans cette thèse, à la fois d’un point de vue
expérimental et théorique. Pour ce faire, l’étude théorique des empilements de
dislocations se fera en évaluant l’effet de l’élasticité anisotrope sur les positions
d’équilibre des dislocations dans un empilement et les forces induites dans le grain
voisin. En ce qui concerne les expériences, des essais in-situ de compression seront
effectués sur des micro-piliers avec une faible déformation. Ensuite, la topographie
de la surface externe contenant les marches de glissement sera mesurée par micro-
scope à force atomique (AFM) et sera utilisée pour caractériser la distribution des
dislocations dans l’empilement ainsi que la transmission des dislocations au JDG.
Dans la partie théorique, les champs élastiques dûs à une dislocation unique et
à un empilement de dislocations au JDG seront calculés en utilisant une théorie
élastique anisotrope bi-dimensionnelle permettant de considérer la désorientation
du réseau cristallin, l’épaisseur et l’élasticité du JDG et les effets des surfaces
libres. À la fin, les distributions des hauteurs de marches de glissement seront
simulées numériquement par la théorie présentée et comparées aux observations
expérimentales.
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1.2 Expériences

Les expériences visent à caractériser les empilements de dislocations et la trans-
mission des dislocations au joint de grains dans les bi-cristaux. Afin d’étudier
ces mécanismes, pour chaque matériau, un JDG particulièrement intéressant a été
soigneusement choisi à partir des cartes EBSD (diffraction d’électrons rétrodiffusés)
de macro-échantillons. Ensuite, un micro-pilier bi-cristallin contenant ce JDG a
été réalisé au FIB (sonde ionique focalisée). Par la suite, un essai de compres-
sion a été effectué sur ce micro-pilier à l’aide d’un poinçon plat parallèlement au
JDG jusqu’à une faible déformation afin de créer un glissement unique dans un
des grains. A la fin de la campagne expérimentale, la topographie de la surface
externe contenant les marches de glissement a été mesurée par AFM.

1.2.1 Matériaux

Les matériaux pour cette étude expérimentale sont le nickel (Ni) de très haute
pureté (99.999 %) et le laiton de structure CFC (α-Brass, 70%Cu-30%Zn, wt%)
avec un taux d’impuretés (Fe, Pb, P et As, etc.) inférieur à 0.001%. Une analyse
chimique par spectroscopie à rayons X à dispersion d’énergie (EDX) a été effectuée
pour vérifier la pureté des échantillons avant et après les procédures de préparation.
Les modules élastique du Ni sont C11 = 246.5 GPa, C12 = 147.3 GPa, C44 = 124.7
GPa [28] et ceux du α-Brass sont C11 = 139.21 GPa, C12 = 104.51 GPa, C44 = 71.3
GPa [267, 268]. Ainsi, ces deux matériaux CFC ont un facteur d’anisotropie

élastique A =
2C44

C11 − C12

de l’ordre de 2.51 et 4.11, respectivement. Les matériaux

choisis ont différents facteurs d’anisotropie, ce qui peut être utile pour analyser
les effets de l’anisotropie élastique. Pour les calculs en élasticité isotrope, les
constantes élastiques considérées sont G = 86.16 GPa, v = 0.294 pour le Ni et
G = 40.75 GPa, v = 0.343 pour α-Brass. Ces valeurs sont déduites des constantes
élastiques anisotropes en appliquant la moyenne de Voigt-Reuss-Hill [269, 270]. De
plus, les énergies de faute d’empilement pour α-Brass et le Ni sont 14 mJ/m2 [271]
et 90 mJ/m2 [272], respectivement. L’énergie de faute d’empilement du α-Brass est
faible, ce qui favorise le glissement planaire et facilite ainsi l’observation des lignes
de glissement. Bien que l’énergie de faute d’empilement du Ni soit plus élevée, le
glissement planaire a pu être observé dans des bi-cristaux lors de précédents essais
de compression [137]. Ainsi, le Ni convient également aux présentes expériences.

1.2.2 Préparation des échantillons et choix des bi-cristaux

Les échantillons, généralement sous forme de cubes de 20 × 20 × 5 mm3, ont
été découpés par électro-érosion (EDM) à l’aide d’un fil de bronze. Ensuite, les six
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faces des échantillons ont été polies mécaniquement avec de l’eau et des papiers
abrasifs grossiers jusqu’à une taille des particules P2500. Cette phase a été suivie
d’un polissage utilisant une suspension de diamant de granulométrie 6, 3 et 1
micron sur un tissu zêta pour éliminer le durcissement et les dommages obtenus
lors du polissage mécanique, y compris les rayures. À la fin, les surfaces des
échantillons ont été polies par une solution OP-U-NonDry avec de l’eau sur un
chiffon chimique pendant 5 minutes. Après le polissage des macro-échantillons,
leur épaisseur était d’environ 2.0 ∼ 2.5 mm. Avec cette gamme d’épaisseur, il est
possible de maintenir les JDGs presque perpendiculaires à la surface supérieure
grâce à un processus de traitement thermique. Ensuite, les échantillons polis ont
été homogénéisés par traitement thermique. Pour le Ni, les échantillons produits
ont été homogénéisés à 1100 ◦C pendant trois jours dans un four sous vide pour
minimiser le risque de contamination et d’oxydation. Cependant, pour le α-Brass,
afin d’éviter le phénomène de dézincification dans un environnement sous vide
[273], le traitement thermique a été effectué sous environnement d’argon à 980
◦C pendant 1 min et avec un support d’échantillon spécial. Après traitement
thermique, les échantillons ont été à nouveau polis mécaniquement jusqu’à obtenir
une “surface de miroir”. A la fin, les échantillons ont été électropolis sous une
tension de 24V pendant 20 secondes. Ensuite, les JDGs ont pu être clairement
observés au microscope optique.

L’orientation de chaque grain a été mesurée par EBSD dans un MEB Zeiss
Sigma VP à l’aide d’une caméra à haute résolution d’Oxford Instruments. Pour
l’acquisition des cartes d’orientation, le MEB a été réglé avec une tension d’accélération
de 20 kV, soit une distance de travail de 15 mm. Les cartes d’orientation ont été
acquises avec un pas de 20 µm pour les macro-échantillons et de 0.1 µm pour les
micro-échantillons. Le traitement des données a été effectué par le logiciel Fla-
menco Channel 5 (HKL Technology) pour les macro-échantillons et par le logiciel
AZtec pour les micro-échantillons. Le taux d’indexation a toujours été supérieur à
99%. Les microstructures ont été représentées par des figures de pôle inverses (IPF)
comme montré sur la Figure 1.1. Les JDGs sont marqués par des lignes noires sur
la carte EBSD et correspondent à un angle de désorientation entre pixels adjacents
supérieur à 2◦.
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Figure 1.1: Cartographie d’orientation EBSD de l’échantillon macroscopique : (a) Ni et (b)
α-Brass. Les orientations sont représentées dans l’IPF selon la direction de l’axe z qui est
perpendiculaire à la surface supérieure. Les lignes noires représentent les JDGs et correspondent
à un angle de désorientation entre pixels adjacents supérieur à 2◦.

En fonction de l’orientation de chaque grain, les JDGs intéressants ont été
choisis en suivant les conditions suivantes par rapport à la configuration présentée
dans la Figure 1.2 :

• Le JDG doit être quasi-perpendiculaire à la surface supérieure.
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• Le chargement étant parallèle au JDG, le vecteur de Burgers du système de
glissement ayant le facteur de Schmid maximum dans le grain cible ne doit
pas être perpendiculaire au JDG. Le plan de glissement de ce système ne
doit pas être parallèle à la surface supérieure. Ces conditions assurent que le
vecteur de Burgers a une composante perpendiculaire à la surface supérieure
où les mesures AFM sont effectuées.

Figure 1.2: La surface supérieure est définie comme la surface contenant le JDG où les mesures
AFM sont effectuées. La surface du haut est celle qui est en contact avec le poinçon plat lors de
l’essai de compression. La surface latérale est la surface sur le côté qui ne contient pas de JDG.

Ensuite, il est préférable que le rapport entre le facteur Schmid maximum
et le second plus élevé soit supérieur à 1.1 afin d’obtenir une probabilité élevée
d’activer un seul système à faible déformation. De plus, lorsque l’on considère
les contraintes d’incompatibilité dues à l’élasticité anisotrope hétérogène [160], le
système de glissement le plus favorable peut être différent de celui prévu par une
simple analyse due au facteur de Schmid. Cette condition peut être utilisée pour
identifier l’effet des contraintes d’incompatibilité. Les joints de macle ne sont pas
considérés dans la présente étude car il n’y a pas de contraintes d’incompatibilité
pour des joints de macle de type I parallèles ou perpendiculaires à l’axe de charge-
ment [276]. D’après toutes les conditions susmentionnées, plusieurs JDGs ont été
choisis. Cependant, pour un problème du temps, seulement un JDG pour chaque
matériau a pu être utilisé pour analyser la distribution des dislocations. Ces JDGs
sont présentés sur les Figures 1.3 et 1.4.

Le macro-échantillon a été découpé par EDM en différentes parties contenant
les JDGs intéressants. La surface latérale des petites pièces a été polie mécaniquement
afin de rendre le JDG proche et parallèle à la surface latérale, ce qui est utile pour
la découpe au FIB. Le polissage mécanique a été arrêté lorsque la distance entre le
JDG et la surface latérale a été réduite à environ 1 mm afin d’éviter d’endommager
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le JDG. Puis, cette surface latérale a été de nouveau polie par la technique de tran-
chage ionique avec des ions Ar+ de faible énergie dans le système IM4000 jusqu’à
ce que la distance du JDG à la surface latérale soit réduite à environ 40 µm. Enfin,
l’échantillon pré-préparé a été découpé au FIB en un micro-pilier d’une longueur
de 16 µm environ, d’une largeur de 8 µm environ et d’une épaisseur de 8 µm env-
iron à l’aide du système FEI Versa 3D Dual Beam utilisant un courant ionique à
faisceau de 15 nA pour une ébauche de coupe et de 1 nA à 30 kV pour la finition
comme montré dans la Figure 1.3 (c) pour le Ni et dans la Figure 1.4 (c) pour le
α-Brass. Les orientations des bi-cristaux ont été mesurées de nouveau par EBSD.
Les résultats sont présentés dans les Figures 1.3 (a-b) et 1.4 (a-b) pour le Ni et le
α-Brass, respectivement.

Figure 1.3: (a) Cartographie EBSD du bi-cristal de Ni, orientation du cristal I : φI
1 = 63.8◦,

ΦI = 14.3◦, φI
2 = 18.6◦, orientation du cristal II : φII

1 = 331.1◦, ΦII = 9.0◦, φII
2 = 75.1◦. (b) Les

orientations cristallographiques des deux cristaux, Cry I et Cry II, sont représentées sur la figure
de pôle inverse selon la direction de l’axe y qui est parallèle au JDG et qui est aussi la direction
de chargement de l’essai de compression. (c) Micrographie MEB d’un micro-pilier contenant le
JDG découpé par FIB. La longueur moyenne des micro-piliers est 15,46 µm environ et la surface
moyenne des sections est 71,80 µm2 environ avec 46,67 µm2 pour le cristal I et 25,13 µm2 pour
le cristal II.
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Figure 1.4: (a) Cartographie EBSD du bi-cristal de α-Brass, orientation du cristal I: φI
1 = 27.7◦,

ΦI = 35.7◦, φI
2 = 66.1◦, orientation du cristal II: φII

1 = 219.5◦, ΦII = 28.4◦, φII
2 = 2.4◦. (b) Les

orientations cristallographiques des deux cristaux, Cry I et Cry II, sont représentées dans l’IPF
standard dans la direction de l’axe y qui est parallèle au JDG et qui est aussi la direction de
chargement de l’essai de compression. (c) Micrographie MEB d’un micro-poutre contenant le
JDG coupé par FIB. La longueur moyenne des micro-poutre est 15.37 µm environ et la surface
moyenne des sections est 88.91 µm2 environ avec 42.02 µm2 pour le cristal I et 46.89 µm2 pour
le cristal II.

1.2.3 Essai de compression sur micro-piliers

Les essais de compression in-situ ont été effectués sous vide à température am-
biante dans un MEB Carl Zeiss de la série ΣIGMA par un nanoindenteur in-situ
(UNAT-SEM II) dont le niveau de bruit du fond en charge est d’environ 0.002
mN. Les micro-piliers ont été comprimés à l’aide d’un poinçon plat en carbure
de tungstène polycristallin (WC). Tous les essais de compression ont été effectués
en mode contrôle de déplacement avec plusieurs cycles de charges et de décharges
différenciés par de petits incréments. L’idée des cycles de charges et décharges
est d’avoir suffisamment de temps pour faire une image de MEB de haute qualité
afin d’observer les lignes de glissement. Une fois que les lignes de glissement ont
été observées ou que la limite d’élasticité a été atteinte, l’essai de compression a
été arrêté au cours de la décharge, ce qui prévient un choc du poinçon. Le taux
moyen de déformation en charge est d’environ 0.002 s−1 pour le Ni et 0.00125 s−1

pour α-Brass. L’essai mécanique a été interrompu lorsque la première ligne de
glissement a été observée. Ainsi, seul le dernier cycle contribue à la déformation
plastique, et tous les cycles précédents sont purement élastiques. Selon les données
expérimentales brutes, la limite d’élasticité est d’environ 8.5% pour le Ni et de
6.3% pour α-Brass. Ces déformations sont trop grandes par rapport aux limites
d’élasticité connues des métaux. Cette erreur provient de la dérive du poinçon pen-
dant l’essai de compression qui rend la mesure du déplacement imprécise. Cepen-
dant, la mesure de la force est précise. Les courbes contrainte-déformation ont
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donc été étalonnées à l’aide d’une simulation éléments finis de plasticité cristalline
(CPFEM) comme le montre la Figure 1.5. Des essais de compression repro-
duisant la même configuration expérimentale ont été simulées par CPFEM pour les
échantillons de Ni et de α-Brass, puis la déformation expérimentale a été étalonnée
de sorte à avoir la même pente élastique que les courbes simulées. Ainsi, la limite
d’élasticité obtenue est d’environ 0.33% pour le Ni et 0.24% pour le α-Brass, ce qui
est raisonnable pour des matériaux métalliques. A la fin de l’essai, la contrainte
appliquée est d’environ 289.4 MPa pour le Ni et 127.4 MPa pour le α-Brass.

Figure 1.5: Courbes contrainte-déformation étalonnées par CPFEM pour (a) le micro-pilier de
Ni et (b) le micro-pilier de α-Brass.

1.2.4 Analyses des lignes de glissement par AFM

Après un essai in-situ de compression, les lignes de glissement ont tout d’abord
été analysées au MEB. L’image MEB permet de voir les traces des lignes de glisse-
ment sur les surfaces supérieure et latérale du micro-pilier et ainsi d’identifier les
systèmes de glissement actifs d’après l’orientation de chaque grain. Ensuite, une
mesure AFM a été effectuée sur la surface supérieure par Dimension FastScan avec
ScanAsyst (BRUKER) avec un capteur de hauteur, afin que la topographie des
lignes de glissement puisse être utilisée pour analyser les distributions des disloca-
tions. Le pas de balayage est de 30 nm avec une fréquence de balayage de 1 Hz.
Les résultats ont été analysés par NanoScope Analysis comme le montre la Figure
1.6. Les images ont d’abord été aplaties à l’aide d’un ajustement polynomial du
second ordre, puis traitées par un filtre médian avec une opération matricielle de
9× 9.
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Figure 1.6: Exemple de mesure AFM sur la surface d’un bi-cristal de Ni analysé par NanoScope
Analysis.

1.3 Théorie

1.3.1 Cadre de l’élasticité anisotrope bi-dimensionnelle

Afin de considérer l’effet de l’anisotropie élastique, on utilise le formalisme
analytique L-E-S (Leknitskii [20] - Eshelby [21] - Stroh [22]) pour un problème
élastique anisotrope à deux dimensions. Ce formalisme est très efficace mais ne
peut pas traiter le cas d’un cristal parfaitement isotrope car le problème devient
alors singulier en raison des valeurs propres répétées.

Les solutions générales pour le champ de déplacement u et le vecteur fonction
de contrainte Φ peuvent être calculées par :

ui = 2Re
[
Aijfj

(
zj

)]
(1.1)

Φi = 2Re
[
Bijfj

(
zj

)]
(1.2)

où A est une matrice 3 × 3 contenant les vecteurs propres akα (α = 1, 2, 3),
Bij = (Ci2k1 + pjCi2k2)Akj et zj = x1 + pjx2. pα représente les valeurs propres
associés à partie imaginaire positive d’une équation sextique dépendant unique-
ment des constantes élastiques du matériau [21, 22]. f est une fonction scalaire
de z. Ensuite, les champs de contrainte peuvent être calculés à partir de la loi de
Hooke et des gradients du déplacement ou par le vecteur fonction de contrainte
comme suit:

σi1 = −∂Φi/∂x2, σi2 = ∂Φi/∂x1 (1.3)

Si nécessaire, le composant σ33 peut être calculé à partir de la loi de Hooke
généralisée.

L’idée des sections suivantes est de trouver l’expression du vecteur fonction f
pour une dislocation seule dans différentes configurations.
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1.3.2 Dislocation dans un milieu homogène

Dans ce qui suit, une dislocation infinie droite de vecteur de Burgers b et dont
la ligne t est parallèle à la direction x3 est considérée à la position (X1, X2) comme
indiqué sur la Figure 1.7. La convention FS/RH (Finish Start/Right Hand) [28]
est utilisée pour définir la direction de la ligne de dislocation comme indiqué sur
la Figure 1.7.

Dans un milieu anisotrope homogène, le vecteur fonction f est dérivé en con-
sidérant le défaut de fermeture du vecteur de Burgers b en l’absence de force ap-
pliquée à distance. Les vecteurs de déplacement et de fonction contrainte peuvent
alors être exprimés à l’aide des Eqs. 1.1 et 1.2 avec:

fj (zi) = f 0
j (zi) = q0

j ln (zi − sj) (1.4)

où zi = x1 + pix2, sj = X1 + pjX2 et q0 est un vecteur complexe exprimé comme

q0 = − 1

2π
i
(
BTb

)
[19].

1.3.3 Dislocation dans un bi-matériau

Considérons maintenant un bi-matériau anisotrope (ou bi-cristal) avec une in-
terface parfaite dont la normale est suivant la direction x2. La dislocation est
supposée être située dans le matériau supérieur I (x2 > 0) comme indiqué sur la
Figure 1.7.

Figure 1.7: Schéma d’une dislocation droite infinie dans un bi-matériau.

En plus des conditions du milieu homogène, le vecteur fonction f doit également
satisfaire les conditions de continuité à l’interface parfaite, c’est-à-dire la continuité
des déplacements uI

i (x2 = 0+) = uII
i (x2 = 0−) et la continuité des vecteurs trac-

tion σI
i2 (x2 = 0+) = σII

i2 (x2 = 0−). Dans la pratique, au lieu de la continuité des
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vecteurs traction, on utilise la continuité de la force de traction résultante sur un
arc de l’interface. Cette dernière condition donne ΦI

i (x2 = 0+) = ΦII
i (x2 = 0−)

[19, 292]. Suivant la méthode de Suo [19], les solutions sont recherchées sous une
forme similaire aux Eqs. 1.1 et 1.2 :

fj (zj) =

{
f 0
j (zj) + V I,II

jk f 0
k (zj) si zj ∈ I (x2 > 0)

W I,II
jk f

0
k (zj) si zj ∈ II (x2 < 0)

(1.5)

ou: 
V I,II =

(
BIIAII−1

AI−BI
)−1 (

BI−BIIAII−1
AI
)

W I,II =
(
BIAI−1

AII−BII
)−1 (

BIAI−1
AI−BI

) (1.6)

f 0
j (zj) est calculé à l’aide de l’Eq. 1.4 en considérant le tenseur de rigidité

élastique CI du matériau supérieur I et sj = sI
j = X1 + pI

jX2. De plus, il faut
notée que si zj ∈ I, zj = zI

j = x1 + pI
jx2 et si zj ∈ II, zj = zII

j = x1 + pII
j x2.

Les solutions correspondant au problème d’un demi-espace avec des surfaces
rigide ou libre, uI

i (x2 = 0) = 0 ou ΦI
i (x2 = 0) = 0, respectivement, peuvent être

facilement obtenues comme une configuration spéciale d’un bi-matériau. Elles
conduisent à considérer fj (zj) = f 0

j (zj) − AI
jk
−1
AI
kl f

0
l (zj) pour la surface rigide

et fj (zj) = f 0
j (zj)−BI

jk
−1
BI
kl f

0
l (zj) pour la surface libre.

1.3.4 Dislocation dans un tri-matériau

Dans la sous-section 1.3.3, le bi-matériau était considéré comme la combinaison
de deux matériaux parfaitement liés l’un à l’autre par une interface sans épaisseur.
Dans le cas où l’interface considérée est un JDG, l’épaisseur réelle est finie et
vaut environ 1 nm en utilisant une estimation brute. Par conséquent, il peut être
intéressant d’étudier l’effet de l’épaisseur du JDG ainsi que l’effet de sa rigidité
élastique sur les champs élastiques dans une configuration tri-matériau où le JDG
est considéré comme une interphase. Parmi plusieurs études portant sur les milieux
élastiques anisotropes multicouches, la méthode de Choi et Earmme [17] est ap-
pliquée dans un premier temps. La figure 1.8 montre la configuration tri-matériau
considérée. Il y a deux interfaces planes Γ1 et Γ2 dont les normales sont dirigées
le long de l’axe x2. Ces interfaces sont situées, respectivement, à x2 = h et à
x2 = −d. L’interphase (ou JDG) est la région comprise entre Γ1 et Γ2, donc son
épaisseur est H = h + d. Le matériau I correspond à x2 ≥ h, le matériau II à
−d < x2 < h et le matériau III à x2 ≤ −d. Tous les matériaux sont supposés être
parfaitement liés les uns aux autres.
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Figure 1.8: Schéma d’une dislocation infinie droite dans un tri-matériau avec trois tenseurs
de rigidité différents et deux interfaces parfaitement liées. La zone du JDG est supposée être le
matériau II.

Choi et Earmme [17] ont surmonté la difficulté àe satisfaire la continuité des
déplacements et des forces à travers les deux interfaces en même temps en appli-
quant une technique dite d’alternance, qui consiste à satisfaire alternativement les
conditions de continuité à travers chaque interface jusqu’à ce qu’une convergence
soit obtenue. Toujours en considérant le cas d’une dislocation située dans le cristal
I et en utilisant la même procédure que celle de Choi et Earmme [17], la solution
suivante sous forme de série est obtenue :

fi (zi) =


f 0
i (zi) + f I0

i (zi) +
∑∞

β=1
f Iβ
i (zi) si zi ∈ I∑∞

β=1
fβi (zi) +

∑∞

β=1
f IIβ
i (zi) si zi ∈ II∑∞

β=1
f IIIβ
i (zi) si zi ∈ III

(1.7)

où:

f 0
i (zi) = q0

i ln (zi − si)

f I0
i (zi) = V I,II

ij f 0
j

(
zi − pI

ih+ pI
jh
)

f Iβ
i (zi) = W II,I

ij V II,III
jk fβk

(
zi − pI

ih+ pII
j (h+ d)− pII

k d
)

f IIβ
i (zi) = V II,III

ij fβj

(
zi + pII

i d− pII
j d
)

f IIIβ
i (zi) = W II,III

ij fβj

(
zi + pIII

i d− pII
j d
)

fβi (zi) =

 W I,II
ij f 0

j

(
zi − pII

i h+ pI
jh
)

si β = 1

V II,I
ij V II,III

jk fβ−1
k

(
zi − pII

i h+ pII
j (h+ d)− pII

k d
)

si β > 1

(1.8)
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Dans les équations ci-dessus, f 0
j (zi) est associé au cristal I et donc sj = sI

j =

X1 + pI
jX2. Les séries solutions f Iβ

i (zi), f
IIβ
i (zi) et f IIIβ

i (zi) sont toutes exprimées

en fonction de fβj (zi) qui est lui-même déterminé par une équation de récurrence
basée sur f 0

j (zi).
La convergence des séries solutions a été prouvée par Choi et Earmme [17].

L’étude de la convergence des séries solutions pour différentes rigidités du JDG a
été explorée en utilisant différents critères au cours de cette thèse (voir Chen et
al. [277]).

1.3.5 Dislocation dans un tri-matériau avec surfaces libres

Au cours d’un essai sur un micro-pilier, il y a toujours des surfaces libres
comme le montre la Figure 1.2. Aux échelles fines, les surfaces libres ont une in-
fluence évidente sur le comportement des dislocations. Par conséquent, en plus de
l’interphase, il peut s’avérer également nécessaire de considérer l’effet des surfaces
libres sur les champs élastiques au travers d’une modélisation développée pour des
matériaux multicouches. La méthode tri-matériau de Choi et Earmme [17] peut
également prendre en compte les effets de surface libre mais seulement dans le cas
d’un bi-matériau avec une surface libre ou d’un matériau homogène avec deux sur-
faces libres. Pour traiter des cas plus complexes, comme un tri-matériau avec des
surfaces libres, une nouvelle méthode est nécessaire. La méthode de décomposition
en densités images débelopée par Wang et al. [18] a ainsic été utilisée. La Figure 1.9
(a) montre la configuration d’un tri-matériau avec deux surfaces libres. Il y a qua-
tre faces planes dont les normales sont dirigées le long de l’axe x2. Ces faces sont
situées à x2 = 0, x2 = −h1, x2 = − (h1 + h2) et x2 = − (h1 + h2 + h3), respective-
ment, pour la surface libre supérieure, la première interface, la deuxième interface
et la surface libre inférieure. L’interphase (ou JDG) est située dans la deuxième
couche d’épaisseur h2. Le matériau I correspond à −h1 < x2 < 0, le matériau II à
− (h1 + h2) < x2 < −h1 et le matériau III à − (h1 + h2 + h3) < x2 < − (h1 + h2).
Ainsi, l’épaisseur de l’ensemble du matériau est représentée par H ′ = h1 +h2 +h3.
Tous les matériaux sont supposés parfaitement liés les uns aux autres. Afin de
discuter des effets des deux surfaces libres, la surface libre du côté du cristal con-
tenant les dislocations est appelée la première surface libre, et l’autre est appelée
la deuxième surface libre.
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Figure 1.9: (a) Schéma d’une seule infinie dislocation droite dans un tri-matériau ayant trois
tenseurs de rigidité élastique différents, deux surfaces libres planes sur les faces 1 et 4 et deux
interfaces parfaitement collées sur les faces 2 et 3. La zone du JDG est supposée être le matériau
II. (b) Décomposition d’un problème à 3 couches (à gauche) avec 2 surfaces libres et 2 interfaces
en trois sous-problèmes infiniment homogènes. La source de dislocation est marquée par un
symbole de dislocation en rouge.

Dans une configuration à 3 couches avec surfaces libres, il y a 2 interfaces qui
doivent satisfaire les conditions de continuité des interfaces parfaites, et deux sur-
faces libres qui doivent satisfaire les conditions de traction libre. Pour un système
multicouche, il est trop compliqué d’utiliser la technique en alternance. Wang et
al. [18] ont proposé une décomposition en densités images, qui peut être utilisée
pour satisfaire toutes les conditions limites en même temps. Le principe de cette
méthode est de décomposer le problème multicouche en plusieurs sous-problèmes
de milieu homogène infini. Deux types de densités de dislocation image sont dis-
tribués sur chaque interface tandis qu’une densité de dislocation image est dis-
tribuée sur la surface comme le montre dans la Figure 1.9 (b) (à gauche). Les
densités de dislocations images sont désignées par ρt, où t=1,2 et 3 désigne les
composantes x1−, x2− et x3−, respectivement. Ces densités peuvent être résolues
en même temps en considérant toutes les conditions aux limites : la continuité du
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gradient tangentiel des déplacements et des tractions à travers les interfaces, des
tractions nulles pour les surfaces libres ou le gradient tangentiel de déplacement nul
pour les surfaces rigides. Ainsi, la configuration actuelle à 3 couches avec surfaces
libres est décomposée en 3 sous-problèmes et il y a un total de 18 conditions lim-
ites. Les champs élastiques dans chaque couche sont déterminés en additionnant
les contributions de la source de dislocation et de toutes les densités de dislocations
images correspondantes comme les montre la Figure 1.9 (b) (à droite). D’après
une condition de cohérence, discutée en détail par Wang et al. [18], les densités de
dislocations images dans les trois sous-problèmes sont : ρtJ1 = {ρt1U , ρt1L, ρt2L, ρt3L}
pour le premier sous-problème, ρtJ2 = {ρt1U , ρt2U , ρt2L, ρt3L} pour le deuxième sous-
problème et ρtJ3 = {ρt1U , ρt2U , ρt3U , ρt3L} pour le troisième sous-problème comme
indiqué sur la Figure 1.9 (b) (à droite).

D’après le formalisme de Stroh, les champs de contrainte et du gradient de
déplacement dûs à une dislocation mixte avec des composantes de vecteur de Burg-
ers bt (t = 1, 2, 3) située à (x1s, x2s) dans un solide anisotrope homogène peuvent
être écrits sous la forme [28, 18] :

σij (K, bt,∆x1,∆x2) =

2
[
ξtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ξtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
bt

(1.9)

∂ui
∂xj

(K, bt,∆x1,∆x2) =

2
[
ζtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ζtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
bt

(1.10)

où ∆x1 = x1 − x1s et ∆x2 = x2 − x2s, les exposants R et I indiquent les parties
réelle et imaginaire de chaque terme, respectivement. L’indice K indique le sous-
problème considéré (pas de somme sur K). La définition des symboles ξtKαij, ζ

t
Kαij

et des fonctions P , Q [18] sont :
ξtKαij =

CKijkl (δl1 + pKαδl2)AKkαBKtα

2πi

ζtKαij =
(δj1 + pKαδj2)AKiαBKtα

2πi

(1.11)


P (x1 − x1s, a, b) =

x1 − x1s + a

(x1 − x1s + a)2 + b2

Q (x1 − x1s, a, b) =
b

(x1 − x1s + a)2 + b2

(1.12)

où pα, Akα et Btα avec α=1,2 et 3 désignent les mêmes valeurs propres et les mêmes
vecteurs propres que dans la formulation sextique de Stroh comme discuté dans la
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section 1.3.1. Les deux expressions 1.9 et 1.10 sont équivalentes aux Eqs. 1.1, 1.2
et 1.4et peuvent être analytiquement dérivées l’une de l’autre.

La contribution des densités de dislocations images sur les champs élastiques
peut être calculée en remplaçant le vecteur de Burgers bt par ρtJK (x′1) et en
intégrant de x′1 = −∞ à x′1 = +∞ dans les Eqs. 1.9 and 1.10:

σij
(
K, ρtJK ,∆x1,∆x2

)
=∫ +∞

−∞
2
[
ξtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ξtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
ρtJK (x′1) dx′1

= 2π
[
ξtRKαijH

(
pRKα∆x2, p

I
Kα∆x2

)
+ ξtIKαijI

(
pRKα∆x2, p

I
Kα∆x2

)] [
ρtJK (x1)

]
(1.13)

∂ui
∂xj

(
K, ρtJK ,∆x1,∆x2

)
=∫ +∞

−∞
2
[
ζtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ζtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
ρtJK (x′1) dx′1

= 2π
[
ζtRKαijH

(
pRKα∆x2, p

I
Kα∆x2

)
+ ζtIKαijI

(
pRKα∆x2, p

I
Kα∆x2

)] [
ρtJK (x1)

]
(1.14)

où ∆x1 = x1−x′1, ∆x2 = x2−x′2 et (x′1, x
′
2) indiquent les positions des dislocations

images. Les définitions des opérateurs H et I sont :
H (a, b) [ρ (x1)] =

1

π

∫ ∞
−∞

P (x1 − x′1, a, b) · ρ (x′1) dx′1

I (a, b) [ρ (x1)] =
1

π

∫ ∞
−∞

Q (x1 − x′1, a, b) · ρ (x′1) dx′1

(1.15)

En combinant les 18 conditions aux limites, et après avoir supprimé le terme
de singularité grâce aux opérateurs H et I, un système d’équations non-linéaires
de 18 équations de Fredholm de deuxième type (t = 1, 2 et 3) avec 18 inconnues

ρ = [ρt1U , ρ
t
1L, ρ

t
2U , ρ

t
2L, ρ

t
3U , ρ

t
3L]

T
est obtenu comme indiqué ci-dessous :

(
C +C0C

−1C0

)
ρ+

(
CHH +CII −C0C

−1CHH0H −C0C
−1CIH0I

)
ρ

= −CRR+C0C
−1CRH0R

(1.16)
où CHH,CII,CHH0H,CIH0I sont des matrices avec opérateur intégral por-
tant sur les densités de dislocations images ρ et C,C0 sont des matrices dont
les coefficients dépendent uniquement des propriétés du matériau. Toutes les com-
posantes de ces matrices sont données dans l’annexe B. Ces inconnues peuvent être
résolues numériquement en utilisant la méthode de quadrature de Gauss-Hermite
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avec des polynômes d’Hermite. Après avoir remplacé l’intégrale de ρ, l’expression
analytique de ρ peut être obtenue en fonction de x1. Enfin, les champs élastiques,
tels que les champs de contraintes en tout point dûs à une seule dislocation dans
un matériau anisotrope avec trois couches, peuvent être calculés à l’aide des Eqs.
1.9 et 1.13.

Dans la présente thèse, la configuration à trois couches est utilisée dans la
section 1.6 pour considérer à la fois les effets de la rigidité du JDG et ceux des
surfaces libres dans la simulation des expériences. Ainsi, la deuxième couche est
considérée comme un JDG dont l’épaisseur est fixée à 1nm. La configuration à
deux couches est utilisée dans la section 1.4 pour étudier théoriquement l’effet des
surfaces libres.

1.3.6 Applications à un empilement de dislocations discrètes

Considérons un empilement de N dislocations infinies droites, qui sont toutes
parallèles à l’axe x3, ont les mêmes Burgers b et se trouvent dans le même plan
de glissement comme le montre dans la Figure 1.10.
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Figure 1.10: Empilements de N dislocations coins inclinées d’un angle α par rapport au JDG
dans un milieu anisotrope hétérogène de type (a) bi-matériau et (b) tri-matériau.. Leur plan
de glissement est donné par la normale unitaire n. lLes dislocations sont caractérisées par leur
vecteur de Burgers b et leur vecteur ligne t.

Les positions d’équilibre des N dislocations peuvent être déterminées en min-
imisant, pour chaque dislocation, la composante de la force de Peach-Koehler
(P-K) projetée le long de la direction de glissement jusqu’à une certaine force
critique dénommée Fc comme suit :

F (γ) = abs ({(σint (X1 (γ) , X2 (γ)) + σext) · b× t} · v)
Minimiser

======= Fc (1.17)
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où (X1 (γ) , X2 (γ)) indique la position de la dislocation γth. σext est un tenseur de
contraintes appliqué homogène et σint = σim +σdis est le tenseur de contraintes
internes produit par toutes les autres dislocations σdis sur la base des expressions
dérivées dans les sous-sections précédentes et des contraintes images σim s’exerçant
sur cette dislocation provenant des différentes hétérogénéités. La force critique Fc
inclut la force de friction de réseau (primaire) et d’autres forces interagissant sur
la dislocation, comme la force due auxs cavités, etc. Cette force critique peut être
convertie en une contrainte de cisaillement critique sur une dislocation en divisant
par la longueur du vecteur de Burgers standard : τc = Fc/ |b|. Il convient de
souligner que dans le présent travail, le tenseur des contraintes homogènes ap-
pliquées σext a pour unique objectif d’équilibrer l’empilement de dislocations. Le
calcul des positions d’équilibre des dislocations est obtenu en suivant un schéma
de relaxation itératif qui minimise tous les F (γ) après qu’une configuration initiale
ait été spécifiée [105]. Afin de pouvoir effectuer un tel calcul dans un milieu ho-
mogène infini, une dislocation doit être considérée comme fixe. Habituellement,
la position de la première dislocation (ou la dislocation de tête) (X1 (1) , X2 (1))
est fixée [97, 105]. Par conséquent, la force P-K sur la dislocation fixée n’est pas
nulle. Dans un milieu hétérogène, la force d’image sur la dislocation de tête peut
équilibrer la contrainte appliquée et les contraintes provenant des autres disloca-
tions [105], mais seulement dans le cas d’une forces d’image répulsive. Dans ce
cas, toutes les positions des dislocations, y compris la dislocation de tête, peuvent
être déterminées grâce au schéma de relaxation itératif. La plupart des chercheurs
supposent que Fc = 0 N/m à cause de la faible valeur de la contrainte de friction
de réseau dans les cristaux CFC pur qui est d’environ 1 ∼ 2 MPa [296]. Cepen-
dant, dans la présente thèse, il est montré qu’une force critique non nulle a un effet
crucial sur le comportement des dislocations en présence du JDG et de surfaces
libres. La raison est qu’il y a déjà des défauts de réseau dans le matériau après la
préparation de l’échantillon, tels que des défauts dûs aux ions Ga+ du FIB près
de la surface [139]. De plus, pour α-Brass en tant qu’alliage, la valeur théorique
de la force de friction de réseau est beaucoup plus élevée que pour les cristaux
purs, comme le Ni pur. Par exemple, il a été trouvé que τc ≈ 80 ∼ 100 MPa pour
β-Brass [296]. Ainsi, la force critique ne peut pas être ignorée dans l’équation Eq.
1.17 pour des calculs réalistes.
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1.4 Résultats théoriques préliminaires et discus-

sion pour des dislocations simples et des em-

pilements de dislocations dans des bi-cristaux

de Ni

Afin d’estimer l’effet de plusieurs facteurs microstructuraux cruciaux, tels que
la désorientation, la rigidité du JDG et la surface libre, plusieurs simulations avec
des conditions idéales (étude théorique) ont d’abord été effectuées et sont résumées
ci-dessous. D’autres résultats sont présentés dans l’article de Chen et al. [277].

Dans toutes les applications numériques suivantes, des bi-cristaux de Ni avec
différentes orientations sont considérés. De plus, seules les dislocations coin avec
un vecteur de Burgers défini par un angle α = 45◦ sont prises en compte comme
le montre la Figure 1.7. La direction de glissement est donc m = b/ |b| =
[− cos 45◦,− sin 45◦, 0] dans le repère global (x1, x2, x3). Toujours selon la con-
vention FS/RH, la normale au plan de glissement est donnée par n = t×m où
t = [0, 0, 1]. La direction de glissement des dislocations v est parallèle à m pour
les dislocations coin et elle pointe toujours vers le JDG, de sorte qu’il est possible
de créer des empilements de dislocations au JDG. Le système de glissement est
supposé être m0 = 1/

√
2 [1, 1, 0] et n0 = 1/

√
3 [−1, 1,−1] dans le repère du cristal

(e1, e2, e3). Ainsi, l’orientation du cristal contenant les dislocations est définie par

la matrice de passage T telle que [m,n, t]T = T [m0, n0, t0]
T

, où t0 = m0×n0.
Deux orientations spécifiques sont considérées dans ce qui suit :

• orientation AOri avec TA =


1 0 0

0 1 0

0 0 1

 (Unit matrix)

• orientation BOri avec TB =


−1/2

√
2/2 1/2

−1/2 −
√

2/2 1/2
√

2/2 0
√

2/2


Le tenseur de rigidité élastique dans le repère global est alors déduit de la

matrice de passage T par Cijkl = TigTjhC
0
ghmnTkmTln où C0 est le tenseur de

rigidité élastique défini dans le repère du cristal. Pour les modèles tri-matériau,
l’épaisseur du second matériau représentant le JDG est notée H et est toujours
égal à 5 |b| dans la présente section. Le tenseur de rigidité élastique CII

ijkl est
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simplement modélisé grâce à un unique paramètre λ qui reflète la rigidité du JDG
comme :

CII
ijkl =

λ

2

(
CI
ijkl + CIII

ijkl

)
(1.18)

Ainsi, le JDG est plus complaisant que les grains pour λ < 1 et plus rigide que les
grains pour λ > 1.

Pour les modèles multicouche avec surfaces libres, seule la configuration bi-
couche est appliquée dans la présente section 1.4 avec h1 = h2 = H ′/2, si bien que
le JDG est considéré comme une interface sans épaisseur.

La distance entre le JDG (ou le milieu de la région correspondant au JDG) et
la dislocation γth le long de la direction de glissement est dénommée L (γ). Pour
les empilements où la dislocation de tête est fixée, L (1) = 5 |b|, et la longueur
de l’empilement est définie comme la distance entre la première et la dernière
dislocation L (N)− L (1).

Dans un milieu hétérogène, une force image s’exerce sur la dislocation en raison
de la présence d’interface(s) ou de surface(s). La force d’image est la force de
Peach-Koehler à la position de la dislocation due à son champ de contrainte sans
considérer la contribution liée au milieu homogène infini. le tenseur des contraintes
images est désigné ci-après σim. La projection de la force d’image selon la direction
de glissement se réduit à [28] :

Fim = [(σim · b)× t] · v (1.19)

Avec la convention utilisée dans la Figure 1.7, étant donné que v pointe toujours
vers le JDG, Fim > 0 signifie que la dislocation est attirée par le JDG alors que
Fim < 0 signifie que la dislocation est repoussée par le JDG.

Dans la suite, l’effet de la désorientation et de la rigidité du JDG sont tout
d’abord étudiés. Les deux orientations AOri et BOri sont considérées pour le cristal
du bas et deux valeurs différentes de λ, 0.5 et 2, sont considérées dans le cas du
modèle tri-matériau. L’effet de l’élasticité anisotrope vs. isotrope sur les forces im-
ages projetées selon la direction de glissement dans les configurations bi-matériau,
demi-espace et tri-matériau est présenté sur la Figure 1.11. Les conclusions de
cette étude théorique sont présentées ci-après (voir Chen et al. [277] pour plus de
détails) :

• L’orientation AOri exerce un effet attractif sur la dislocation, alors qu’avec
l’orientation BOri, la dislocation est repoussée par le JDG.

• Dans un demi-espace, une surface rigide a toujours un effet répulsif sur la
dislocation et au contraire, une surface libre a toujours un effet attractif.
On peut aussi remarquer que la magnitude de Fim est beaucoup plus grande
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pour le demi-espace que pour les configurations bi-matériau ou tri-matériau.
Par ailleurs, la valeur de Fim pour un demi-espace ne varie pas beaucoup
selon que l’élasticité est supposée isotrope ou anisotrope.

• Un JDG complaisant décrit par λ = 0.5 exerce un effet attractif sur la
dislocation, alors qu’un JDG rigide décrit par λ = 2 présente un effet répulsif
sur la dislocation.

• Dans le cas de l’élasticité anisotrope, il existe une position d’équilibre pour
la dislocation où Fim présente un changement de signe à cause des effets
inverses des forces image provenant à la fois du cristal inférieur et du JDG,
comme AOri avec λ = 2 ou BOri avec λ = 0.5. Lorsque le cristal inférieur et
le JDG ont le même effet, cet effet sera renforcé. La distance d’action de la
surface rigide/libre est plus grande que celle liée à l’effet de désorientation.

• La distance d’action de la rigidité du JDG est assez courte avec environ
41 |b| et 58 |b| pour les plus grands contrastes considérés λ = 2 et λ =
0.5, respectivement. Cependant, il est important de pouvoir équilibrer la
dislocation de tête dans l’empilement. Au-delà de cette distance, la force
d’image dépend principalement de la désorientation des bi-cristaux.

• Pour une configuration tri-matériau avec élasticité isotrope, en raison de
l’absence d’effet de désorientation provenant du cristal inférieur, la force
image dépend uniquement de la rigidité du JDG.
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Figure 1.11: Variation de la force d’image projetée Fim avec la distance du JDG le long de
la direction de glissement pour différentes configurations: (a) configurations de bi-matériau, (b)
configuration de demi-espace et (c) configurations de tri-matériau avec élasticité anisotrope vs.
isotrope.

Outre l’effet de la désorientation et de la rigidité du JDG, l’effet des surfaces
libres sur la force image a également été étudié théoriquement en considérant
une configuration à deux couches avec différentes désorientations AOri, BOri et
différentes épaisseurs H ′ = 2µm, H ′ = 4µm. Les résultats des forces images
projetées selon la direction de glissement sont présentés sur la Figure 1.12. Les
conclusions sont énumérées ci-dessous :

• Les surfaces libres ont un fort effet attractif sur les dislocations. Comparé
à l’effet de surface libre, l’effet de la désorientation est négligeable près de
la surface libre car la variation de la force P-K avec l’orientation devient
négligeable.

• Près du JDG, la force image est principalement contrôlée par la désorientation.
En effet, les deux surfaces libres ont un effet opposé sur la dislocation.
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Lorsque la dislocation se trouve à une distance à peu près égale des deux
surfaces libres, leurs contributions s’annihilent et deviennent négligeable.

• Un effet de taille est constaté en présence de surfaces libres après normalisa-
tion de la distance par la moitié de l’épaisseur : à la même distance relative
du JDG, la force image est plus forte dans le pilier le plus petit.

• En présence d’une surface libre et d’une désorientation attractive AOri, il
existe un point d’équilibre où la force image sur la dislocation est nulle.
Cette position est située à une distance relative presque identique du JDG
pour différentes épaisseurs de matériau.

Figure 1.12: Variation de la force image projetée Fim pour un modèle à deux couches et pour
deux épaisseurs totales différentes (a) avec la distance au JDG selon la direction de glissement
et (b) avec la distance au JDG selon la direction de glissement normalisée par H ′/2.

Puisque l’orientation du cristal inférieur a un effet plus important sur les dislo-
cations à longue distance que la rigidité du JDG, la longueur des empilements de
dislocations L est maintenant présentée sur la Figure 1.13 pour un JDG d’épaisseur
nulle et différentes orientations du cristal inférieur dans le cas d’un empilement de
50 dislocations. L’orientation du cristal supérieur (où se trouve l’empilement) est
fixée, toujours définie par α = 45◦, alors que l’orientation du cristal inférieur est
donnée par une rotation ψ autour de v, de ψ = 0◦ à ψ = 180◦. Afin de tou-
jours obtenir une configuration stable (surtout dans le cas d’une désorientation
attractive), la dislocation de tête de l’empilement est fixée. Ainsi, le mono-cristal
homogène est retrouvé pour ψ = 0◦ et ψ = 180◦ pour lesquels L = 8.75 µm
(Figure 1.13 (a)). Lorsque L est inférieure (resp. supérieure) à 8.75 µm, la force
image a globalement un effet attractif (resp. répulsif) sur l’empilement, comme
le montre la Figure 1.13 (b). L’angle de désorientation entre les deux cristaux,
c’est-à-dire l’angle de rotation minimal pour passer d’une orientation à l’autre,
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est également présenté sur la Figure 1.13 (a). Dans cet exemple, la valeur maxi-
male possible pour l’angle de désorientation d’un cristal cubique, 62.8◦ [298], est
quasiment atteinte mais ne correspond pas à une valeur extrême de L. La valeur
maximale de L correspond cependant à un angle de désorientation élevé (environ
60◦). De plus, il est à noter qu’un même angle de désorientation peut être lié à
différents comportements élastiques (par exemple, 60◦ est retrouvé avec ψ = 60◦

et ψ = 120◦, ce qui donne respectivement L = 9.02 µm et L = 8.61 µm). Enfin, on
peut observer que les variations relatives de L par rapport au cas isotrope dans le
Ni peuvent atteindre environ 7%. Le point important est que de telles variations
significatives se produisent dans un matériau possédant une anisotropie élastique
modérée et ne peuvent pas être captées en considérant une élasticité isotrope.
Cependant, en utilisant la moyenne de Voigt-Reuss-Hill [269, 270], la valeur de
L donnée par l’élasticité isotrope est presque égale à la longueur moyenne des
différentes configurations considérées en élasticité anisotrope (voir Figure 1.13 (a)).
De plus, la variation relative maximale de L pour différents matériaux ayant des
facteurs d’anisotropie différents (facteur de Zener) est présentée dans le Tableau
1.1. Cette variation relative augmente à mesure que le facteur d’anisotropie aug-
mente. Comme l’effet du demi-espace rigide est beaucoup plus fort que l’effet de la
désorientation, L et Fim sont tous les deux beaucoup plus importants dans le cas
d’un demi-espace rigide que dans une configuration bi-matériau avec différentes
désorientations.
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Figure 1.13: Effet de désorientation dans le cas de bi-cristaux (Ani Bi) sur (a) la longueur
d’empilement L pour un empilement de 50 dislocations et un JDG d’épaisseur nulle et (b) sur
la force image projetée selon la direction de glissement à une distance de 5 |b| du JDG. L’axe
de rotation est la direction de glissement v. Comparaisons entre les cas de isotrope homogène
(Iso Bi), demi-espace rigide isotrope (Iso Half space) et demi-espace rigide anisotrope (Ani Half
space).

Matériau Al Ni Cu α-Brass

Facteur de Zener [1] 1.22 2.51 3.21 4.11

Variation relative maximale de L (%) 1.2 7.2 9.0 11.5

Table 1.1: Variation relative maximale de L par rapport à un calcul en élasticité isotrope pour
différents matériaux avec différents facteurs d’anisotropie (facteur de Zener). [1] Les constantes
élastiques de ces matériaux se trouvent dans le livre “Theory of Dislocations” [28].
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1.5 Résultats expérimentaux pour les bi-cristaux

de Ni et de α-Brass

Tout d’abord, les lignes de glissement ont été observées par MEB pour le Ni
(voir Figure 1.14 (a)) et pour le α-Brass (voir Figure 1.15 (a)). Pour le Ni, les
lignes de glissement sont très peu prononcées sur la surface supérieure et il n’y a
que deux lignes de glissement évidentes en parallèle pour chaque cristal. D’après la
direction des lignes de glissement sur la surface supérieure et l’analyse du facteur
de Schmid d’après l’orientation cristalline locale, le système de glissement actif est
déterminé comme celui ayant le facteur de Schmid maximum et reste inchangé en
tenant compte des contraintes d’incompatibilité [160]. Pour chaque cristal, il s’agit
du système B4 en utilisant la convention de Schmid et Boas [40] comme montré
sur la Figure 1.14 (b).

Figure 1.14: Analyse cristallographique des lignes de glissement par imagerie MEB pour
l’échantillon de Ni après le test de compression. D’après la direction des lignes de glissement,
l’orientation de chaque cristal et l’analyse du facteur de Schmid (ou en tenant compte des con-
traintes d’incompatibilité), le système de glissement activé est identifié comme le système B4
pour le cristal I et le système B4 pour le cristal II.

27

-,,,,.,..___ B4 

--

-~ ...... , . 

---~--

',, ',,\ 
\ B4 
j_ _,--' --· D4 



Cependant, pour le α-Brass, il y a deux lignes de glissement évidentes qui
s’intersectent sur la surface supérieure pour le cristal I et deux lignes de glisse-
ment évidentes qui s’intersectent sur la surface latérale pour le cristal II. D’après
l’analyse de la direction des lignes de glissement et du facteur de Schmid (ou en
tenant compte des contraintes d’incompatibilité) pour chaque système de glisse-
ment, comme montré sur la Figure 1.15 (b), les systèmes de glissement actifs sont
déterminés comme suit : A6, C5 pour le cristal I et B4, D6 pour le cristal II en
utilisant la convention de Schmid et Boas [40]. Ainsi, il y a plusieurs systèmes de
glissement actifs dans les deux grains pour l’échantillon de α-Brass.

Figure 1.15: Analyse cristallographique des lignes de glissement par imagerie MEB pour
l’échantillon de α-Brass après le test de compression. D’après la direction des lignes de glisse-
ment, l’orientation de chaque cristal et l’analyse du facteur Schmid (ou en tenant compte des
contraintes d’incompatibilité), les systèmes de glissement actifs sont déterminés comme A6 et
C5 pour le cristal I et B4 pour le cristal II.

Une mesure AFM a ensuite été effectuée sur la surface supérieure des deux
échantillons afin d’obtenir la topographie 3D des lignes de glissement comme in-
diquée sur la Figure 1.16 pour le Ni et sur la Figure 1.18 pour le α-Brass. Les
marches de glissement correspondent aux lignes de glissement présentées dans les
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images MEB (Figure 1.14 et 1.15). Pour l’échantillon de Ni, une marche ayant
les caractéristiques classiques d’un empilement de dislocations a été sélectionnée
pour l’analyse. Les hauteurs de la ligne supérieure et de la ligne inférieure de
cette marche ont été mesurées dans la direction de glissement à partir du JDG, et
sont marquées respectivement par une ligne rouge et une ligne noire sur la Figure
1.16. Les données mesurées ont été ajustées par une méthode polynomiale, et sont
marquées comme hTop et hBottom. Ensuite, la hauteur relative de cette marche
∆h a été calculée comme étant la différence de la hauteur ajustée entre ces deux
lignes, comme le montre la Figure 1.17. On constate que la différence de hauteur
entre deux lignes au JDG: ∆hGB ≈ 0.86 nm n’est pas zéro, ce qui correspond
à une faible transmission de glissement comme observé sur la Figure 1.16 (b) à
l’intérieur du cadre en tirets rouges. La hauteur de marche augmente à partir du
JDG dans le sens du glissement et atteint sa valeur maximale ∆h ≈ 9.06 nm à
environ d ≈ 3.28 µm. De plus, un événement de glissement au JDG peut être
observé dans la partie supérieure du pilier, comme le montre la bosse sur la Figure
1.16 (a) et le cadre en pontillés verts sur la Figure 1.16 (b).

Figure 1.16: Mesure topographique AFM du Ni pour (a) toute la surface supérieure et (b) le
phénomène de transmission au JDG au sein du cadre en tirets rouges. La flèche rouge indique
la direction du chargement. La bosse dans le cristal II montrée dans (a) et le cadre en pointillés
verts montré dans (b) indiquent le glissement au JDG.
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Figure 1.17: Résultats des mesures de hauteur de glissement pour l’échantillon de Ni: la ligne
rouge et la ligne noire continues indiquent les hauteurs mesurées pour les lignes supérieures et
inférieures de la marche, respectivement. Les lignes en tirets avec la couleur correspondante in-
diquent les résultats de l’ajustement par méthode polynomiale avec le coefficient de détermination
R2 = 0.8176 pour la ligne supérieure et R2 = 0.9898 pour la ligne inférieure. La ligne bleue in-
dique la hauteur de marche simulée.

Une analyse similaire a été effectuée pour l’échantillon de α-Brass comme le
montre dans la Figure 1.19. Alors que la transmission de glissement est plus intense
par rapport à l’échantillon de Ni, ∆hGB ≈ 4.29 nm, la propagation des dislocations
dans le grain adjacent s’effectue elle sur une distance plus courte. Le maximum de
la hauteur de marche est ∆h ≈ 10.03 nm à environ d ≈ 2.44 µm. Il y a un creux
évident dans la partie centrale de la courbe de hauteur de marche qui pourrait être
causé par l’intersection avec une ligne de glissement non coplanaire.

Figure 1.18: Mesure AFM de α-Brass pour (a) toute la surface supérieure et (b) le phénomène
de transmission au JDG. La flèche rouge indique la direction de chargement.
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Figure 1.19: Résultats des mesures de hauteur de glissement pour l’échantillon de α-Brass : la
ligne rouge et la ligne noire continues indiquent les hauteurs mesurées pour les lignes supérieures
et inférieures de la marche, respectivement. Les lignes en tirets avec la couleur correspon-
dante indiquent les résultats de l’ajustement par méthode polynomiale avec le coefficient de
détermination R2 = 0.9982 pour la ligne supérieure et R2 = 0.9973 pour la ligne inférieure. La
ligne bleue indique la hauteur de marche simulée.

1.6 Simulation des profils de hauteur de marche

de glissement en utilisant les calculs d’empilement

de dislocations discrètes et discussion

Les hauteurs de marche de glissement dues à des empilements de disloca-
tions mesurées dans les expériences peuvent être simulées en utilisant les modèles
développés dans le chapitre 1.3. Pour les calculs, les hypothèses et les configura-
tions sont définies comme suit et sont présentées sur la Figure 1.20:

• Les lignes de dislocations sont supposées être des lignes droites infinies. Elles
sont parallèles les unes aux autres et également parallèles au plan du JDG.

• La position de la hauteur de marche maximale mesurée dans l’expérience est
considérée comme la fin de l’empilement de dislocations. Cependant, dans le
modèle, la dernière dislocation est fixée à la position de la hauteur de marche
maximale et est considérée comme une dislocation source.

• Les dislocations produites par cette source créeront un empilement si elles se
déplacent vers le JDG et créeront une marche sur la surface latérale si elles
se déplacent également en direction de la surface libre.

• Le JDG est considéré comme une interphase d’épaisseur 0.9 nm, qui est
obtenue à partir d’une simulation MD. Cette interphase est considérée comme
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anisotrope avec λ égal à 1 comme défini dans l’Eq. 1.18. Pour comparaison,
une élasticité isotrope pour le JDG a également été considérée en utilisant la
moyenne de Voigt-Reuss-Hill [269, 270], où le tenseur de rigidité est modélisé
par :

CII
ijkl = 3kJijkl + 2GKijkl (1.20)

où k =
2G (1 + ν)

3 (1− 2ν)
est le module de compressibilité, G le module de cisaille-

ment, ν le coefficient de Poisson, Jijkl =
1

3
δijδkl, etKijkl =

1

2

(
δikδjl + δilδjk −

2

3
δijδkl

)
.

• Etant donné que la théorie est bi-dimensionnelle (invariance le long de la
ligne de dislocation), des dislocations avec des directions de ligne différentes
ne peuvent pas être considérées en même temps. Ainsi, les dislocations trans-
mises sont supposées être représentées par une super-dislocation interfaciale
fixée dans l’interphase du JDG. Par conséquent, bTran = NTran × bGB, où
bTran est le vecteur de Burgers de cette super-dislocation, NTran est le nombre
de dislocations transmises et bGB est le vecteur de Burgers d’une dislocation
stockée dans le JDG. Ce vecteur de Burgers peut être considéré comme iden-
tique au vecteur de Burgers des dislocations entrantes, ou il peut être défini
comme le vecteur de Burgers résiduel entre le système de glissement entrant
et l’un des 12 systèmes de glissement sortant dans le grain adjacent tel que
bGB = bIn − bOut.

• Comme présenté dans la section 1.3.1, en ce qui concerne le système de
coordonnées de la simulation, la direction x3 est définie comme étant la
direction de la ligne de dislocation zS comme présenté dans la Figure 1.20,
et la direction x2 est définie comme étant la direction normale au JDG yS

comme présenté dans la Figure 1.20. La direction x1 est déterminée par
x1 = x2 × x3 et correspond à xS dans la Figure 1.20. De plus, tous les
vecteurs et tenseurs utilisés, tels que le vecteur de Burgers des systèmes de
glissement actifs, le vecteur donnant la direction de glissement, le tenseur de
rigidité élastique, etc. sont transformés dans le système de coordonnées de
la simulation.

• Les positions d’équilibre des dislocations dans l’empilement sont déterminées
d’après l’Eq. 1.17, puis la hauteur des marches de glissement le long de la
direction de glissement peut être calculée par :

∆h (d) = N (d)× b (Z) (1.21)
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où d est la distance au JDG dans la direction de glissement, N le nombre de
dislocations passant par ce point et b (Z) est la composante hors plan de la
surface du vecteur de Burgers (dans la direction Z qui est perpendiculaire à
la surface supérieure comme indiqué sur dans Figure 1.20).

• Dans les parties suivantes, la hauteur de marche mesurée est étalonnée pour
être nulle au JDG, c’est-à-dire ∆h = hTop − hBottom −∆hGB. De même, la
hauteur de glissement simulée est considérée comme nulle au JDG, c’est-à-
dire ∆h (0) = 0.

Figure 1.20: Schéma de la configuration adoptée pour simuler l’expérience. (xS , yS , zS) in-
dique le système de coordonnées de la simulation, tandis que (X,Y, Z) indique le système de
coordonnées globales de l’échantillon.

Pour les résultats qui suivent, les valeurs par défaut des paramètres sont définies
comme suit : le vecteur de Burgers des dislocations transmises interfaciales est
supposé identique au vecteur de Burgers des dislocations entrantes et la force
critique est définie comme étant Fc = 0 N/m. Par défaut, les calculs sont ef-
fectués avec une élasticité anisotrope. Cependant, le formalisme L-E-S ne peut
pas être utilisé pour un calcul en élasticité isotrope en raison du problème des
valeurs propres répétées (solutions dégénérées). Dans ce cas, les modules de rigidité
élastique sont d’abord déterminés à partir des constantes d’élasticité isotrope avec
C11 = 2G (1− v) / (1− 2v), C12 = 2Gv/ (1− 2v) et C44 = G. Ensuite, la valeur de
C44 est très légèrement modifiée afin d’éviter le problème des solutions dégénérées
dans le formalisme L-E-S et est remplacé par C44 = C44 × 1.0001.

D’après les hypothèses ci-dessus, pour l’échantillon de Ni, la composante hors
plan de la surface du vecteur de Burgers pour le système de glissement analysé est
environ 0.15 nm. La hauteur de marche maximale est environ 9.1 nm à d ≈ 3.28 µm
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et la hauteur de marche au JDG due à la transmission est environ 0.86 nm. Ainsi,
d’après l’Eq. 1.21, le nombre de dislocations produites par la source de disloca-
tions est de 61 et le nombre de dislocations transmises est de 6. Par conséquent, le
nombre de dislocations dans l’empilement est égal à 55. La contrainte appliquée
est de 289.4 MPa telle que mesurée dans l’expérience. Avec tous ces paramètres,
le profile de la hauteur de marche ainsi que la distribution des dislocations dans
l’empilement ont été calculés pour différentes orientations du vecteur de Burgers in-
terfacial et différentes forces critiques tout en considérant l’effet des surfaces libres.
De plus, l’effet de l’élasticité anisotrope par rapport à une hypothèse d’élasticité
isotrope ainsi que le nombre de dislocations interfaciales ont été étudiés.

Pour résumer, les effets des différents paramètres sont les suivants :

• Effet des surfaces libres : Les résultats des simulations tri-matériau sans
surfaces libres (marquées INF) et avec surfaces libres (marquées FS) sont
présentés dans la Figure 1.21. Les résultats des simulations sont proches des
mesures expérimentales, mais il y a encore quelques divergences. Par rapport
à la mesure expérimentale, les dislocations sont plus proches du JDG dans
INF, tandis qu’elles sont plus proches de la première surface libre lorsqu’on
considère l’effet des surfaces libres dans FS. Cela s’explique par le fait que les
dislocations sont plus proches de la première surface libre que de la seconde,
de sorte que la force totale provenant des deux surfaces libres est toujours
dirigée vers la première surface libre. Cependant, les dislocations autour du
JDG sont presque au milieu de deux surfaces libres, ainsi les effets de ces
deux surfaces libres se compensent l’un l’autre.

Figure 1.21: Simulation de la hauteur de marche dans le modèle tri-matériau sans surfaces
libres (INF) et dans le modèle trois couches avec surfaces libres (FS).

• Effet des dislocations interfaciales : Avec les hypothèses de la simulation,
le nombre de dislocations interfaciales est supposé égal au nombre de dis-
locations transmises. Ainsi, l’effet du nombre de dislocations interfaciales
est tout d’abord étudié comme le montre la Figure 1.22 (a). A partir de la
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mesure expérimentale, le nombre de dislocations transmises est de 6. Pour
comparaison, le calcul est également effectué pour une unique dislocation
interfaciale. Les calculs montrent que les positions d’équilibre des disloca-
tions dans l’empilement sont plus proches du JDG pour 1 unique dislocation
interfaciale que pour 6 dislocations interfaciales en raison d’une force de
répulsion moindre. Comme le phénomène de transmission est clairement
observé par la mesure AFM, le vecteur de Burgers des dislocations interfa-
ciales bGB est également étudié. Les résultats pour deux cas particuliers sont
présentés sur la Figure 1.22 (b). Pour le premier cas, le vecteur de Burgers
de la dislocation interfaciale correspond au vecteur de Burgers résiduel avec
le système de glissement sortant ayant le facteur de transmission maximum
(marqué comme Residu B5). Pour l’autre cas, le vecteur de Burgers résiduel
est calculé avec le système de glissement sortant ayant le facteur de Schmid
maximum dans le grain adjacent (marqué comme Residu B4). Dans les deux
cas, les résultats montrent que les positions d’équilibre des dislocations sont
déplacées vers JDG et sont très éloignées de la mesure expérimentale par
rapport au cas ou le même vecteur de Burgers que la dislocation entrante
est considéré. Il semble que les résultats seront meilleurs si l’on considère
les surfaces libres pour ces cas, car les surfaces libres déplaceront toutes les
dislocations vers la première surface libre. Cependant, d’après les résultats
présentés sur la Figure 1.22, on constate qu’à proximité du JDG, les résultats
avec 1 seule dislocation interfaciale ou avec des vecteurs de Burgers résiduels
sont très éloignés de la mesure expérimentale par rapport aux résultats avec
6 dislocations interfaciales de même vecteur de Burgers que la dislocation en-
trante. Hors, on sait que les effets des surfaces libres sont faibles à proximité
du JDG. Ainsi, les résultats ne seront pas meilleurs même en considérant les
surfaces libres pour ces cas. Il faut souligner que les 12 vecteurs de Burgers
résiduels calculés d’après les 12 systèmes de glissement dans le grain CFC
adjacent ont été testés . Ainsi, d’après ces analyses et pour cet échantillon,
la meilleure solution reste celle de considérer le même vecteur de Burgers que
la dislocation entrante pour les dislocations interfaciales.
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Figure 1.22: Simulation de la hauteur de marche dans INF pour (a) différents nombres de
dislocations interfaciales: 1 dislocation interfaciale (II1) et 6 dislocations interfaciales (II6), et
(b) différents vecteurs de Burgers pour les dislocations interfaciales: vecteur de Burgers résiduel
déterminé entre le système de glissement entrant et le système sortant ayant un facteur de
transmission maximal (Residu B5) et le système sortant ayant un facteur de Schmid maximal
(Residu B4).

• Effet de la force critique : Comme on l’a vu dans la sous-section 1.3.6, il faut
tenir compte de l’effet de la force critique Fc (voir Eq. 1.17). Les résultats
tenant compte ou non de la force critique sont présentés dans la Figure 1.23.
On constate que Fc déplace la dislocation vers le JDG. En considérant l’effet
des surfaces libres avec une force critique Fc = 0.003 N/m (τc = 12 MPa),
un résultat de simulation plus proche de la mesure expérimentale est obtenu
comme le montre la courbe rouge avec le nom FS Fc0.003 sur la Figure
1.23 (b). La valeur de Fc est dans ce cas supérieure à la valeur théorique
pour un cristal CFC pur, généralement autour de 1 ∼ 2 MPa [296]. La
raison peut provenir de la préparation de l’échantillon, du fait des défauts
provenant du polissage FIB ou simplement du fait que seules les dislocations
droites sont prises en compte dans le formalisme L-E-S. De plus, on constate
que la force critique n’a pas d’effet évident sur les dislocations distantes du
JDG jusqu’à d = 0.5 µm dans le modèle INF comme le montre la Figure
1.23 (a). D’après l’Eq. 1.17, on peut voir que cette force critique n’a pas
un effet uniforme sur toutes les dislocations de l’empilement. Par exemple,
lorsque la force totale sur la dislocation est dirigée vers la surface libre pour
les positions proches de la surface libre, la force critique pointera vers le
JDG. Cependant, l’état de contrainte est plus compliqué au voisinage du
JDG. La force totale sur une dislocation peut pointer vers le JDG en raison
des forces répulsives des autres dislocations, d’une désorientation attractive,
d’un JDG complaisant, de la force attractive des dislocations interfaciales et
de la contrainte appliquée. Au contraire, elle peut pointer dans la direction
opposée en raison d’une désorientation répulsive, d’un JDG rigide, de la force
répulsive des dislocations interfaciales ou des autres dislocations devant cette
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dislocation et de l’effet des surfaces libres même si elle est faible ici. Ainsi,
la force totale dépend ici de nombreux paramètres. La force critique peut
donc soit déplacer les dislocations vers le JDG ou dans la direction opposée.

Figure 1.23: Simulation de la hauteur de marche dans (a) INF et (b) FS en considérant
différentes forces critiques (Fc) (N/m).

• Effet de l’anisotropie élastique : Comme le facteur d’anisotropie élastique
du Ni A = 2.51 est supérieur à 1, l’anisotropie élastique a une influence
sur le comportement des dislocations dans l’échantillon de Ni. Afin de
déterminer l’effet de l’anisotropie élastique, la hauteur de marche est calculée
en considérant une élasticité isotrope sans surfaces libres (marquées comme
“INF ISO”) et avec des surfaces libres (marquées comme “FS ISO”) qui sont
montrées dans la Figure 1.24 (a) et (b), respectivement. La différence entre
les cas avec élasticité isotrope et élasticité anisotrope n’est pas trop grande.
L’une des raisons est que la force image due à la désorientation actuelle
est de 0.0103 N/m. Cependant, avec une autre orientation du grain adja-
cent, la force image maximale pour ce système de glissement pourrait être
de 0.0502 N/m. De plus, dans la configuration actuelle, les dislocations sont
fixées des deux côtés de l’empilement, ce qui limite les possibilités pour la
distribution des dislocations. En considérant les surfaces libres avec une
élasticité isotrope, toutes les dislocations sont déplacées vers la surface li-
bre et le profil de hauteur de glissement simulé devient très éloigné de la
mesure expérimentale. Par ailleurs, l’interphase a également été considérée
comme élastique isotrope comme montré sur la Figure 1.24 (a) avec le nom
“INF InterISO” et dans la Figure 1.24 (b) avec le nom “FS InterISO”. On
peut voir que le résultat est quasiment le même que pour une interphase
anisotrope avec λ = 1.
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Figure 1.24: Simulation de la hauteur de marche en supposant une élasticité isotrope ou
anisotrope (a) dans INF avec INF InterIso pour des grains élastiques anisotropes et une inter-
phase élastique isotrope et INF ISO pour le cas où toutes les couches sont élastiques isotropes
et (b) dans FS avec toutes les configurations correspondantes.

En conclusion, la meilleure solution pour cette simulation sur un échantillon
de Ni est de considérer une élasticité anisotrope, l’effet des surfaces libres et une
force critique Fc = 0.003 N/m (τc = 12 MPa).

Comme pour l’échantillon de Ni, les mêmes simulations ont été effectuées pour
l’échantillon de α-Brass. Pour l’échantillon actuel de α-Brass, la composante hors
plan de la surface du vecteur de Burgers du système de glissement analysé est env-
iron 0.14 nm. La hauteur de marche maximale est environ 10.03 nm à d ≈ 2.44 µm
et la hauteur de marche au JDG due à la transmission est environ 4.29 nm. D’après
l’Eq. 1.21, le nombre de dislocations dans l’empilement produit par la source de
dislocations est de 72 et le nombre de dislocations transmises est de 31. Par
conséquent, le nombre de dislocations dans l’empilement est égal à 41. La con-
trainte appliquée est de 127.4 MPa selon la mesure expérimentale. Les effets des
surfaces libres, de la force critique et de l’élasticité anisotrope pour l’échantillon de
α-Brass sont les mêmes que pour l’échantillon de Ni. Cependant, le nombre de dis-
locations transmises est beaucoup plus important que pour le Ni, 31 au lieu de 6.
Ainsi, la force répulsive de ces dislocations interfaciales est plus importante si leur
vecteur de Burgers est considéré comme identique à celui des dislocations entrantes
(voir les courbes bleues sur la Figure 1.25). Toutes les dislocations sont éloignées
du JDG dans la direction de la surface libre en raison de cette force répulsive.
Cette transmission observée sur la Figure 1.18 (b) conduit à considérer un vecteur
de Burgers résiduel pour les dislocations interfaciales. Après avoir étudié tous les
vecteurs de Burgers résiduels possibles avec les 12 systèmes de glissement dans le
grain adjacent, la meilleure solution est trouvée pour le système de glissement A6
dans le grain adjacent tout en considérant les surfaces libres et une force critique
raisonnable Fc = 0.011 N/m (τc = 43 MPa) comme le montre la Figure 1.25 (b).
En outre, l’analyse théorique des traces de glissement du système A6 sur la sur-
face supérieure du grain adjacent concorde bien avec l’observation expérimentale
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comme le montre la Figure 1.18 (b). Comme on l’a vu dans la sous-section 1.5
pour α-Brass, le creux dans la partie centrale de la courbe mesurée est certaine-
ment causée par l’intersection avec des lignes de glissement non coplanaires. Dans
la présente théorie d’élasticité anisotrope bi-dimensionnelle, il n’est pas possible de
considérer l’effet de dislocations ayant des lignes non parallèles. Ainsi, ce creux ne
peut pas être prédit par le présent modèle. Cependant, il est important d’ajuster
la partie de la courbe proche du JDG correspondant à d < 0.75 µm. La contrainte
critique trouvée vaut τc = 43 MPa et est ainsi plus grande que la contrainte cri-
tique pour l’échantillon de Ni. Cependant, elle semble être acceptable pour cet
alliage comme discuté dans la sous-section 1.3.6.

Figure 1.25: Simulation de la hauteur de marche (a) dans INF en tenant compte du vecteur
de Burgers résiduel des dislocations interfaciales et (b) dans FS en tenant compte de la force
critique.

En conclusion, la meilleure solution déduite de ces simulations pour l’échantillon
de α-Brass est de considérer l’élasticité anisotrope, l’effet des surfaces libres, une
force critique Fc = 0.011 N/m (τc = 43 MPa) et un vecteur de Burgers résiduel
pour les dislocations interfaciales étant donné qu’il y a un nombre très grand de
dislocations transmises.

1.7 Conclusions et perspectives

Dans la présente thèse, une approche analytique basée sur le formalisme L-
E-S [28, 22, 285] a été utilisée pour étudier les champs élastiques d’une unique
dislocation droite et de différents empilements de dislocations dans des milieux
homogènes anisotropes, des demi-espaces, des bi- et tri-matériaux [17] tout en
considérant éventuellement les effets des surfaces libres [18]. La configuration tri-
matériau permet de considérer une épaisseur non nulle de l’ordre du nanomètre
et un tenseur de rigidité spécifique pour la région du JDG. La configuration avec
deux surfaces libres peut être utilisée pour étudier les effets de taille. Les effets
de l’élasticité anisotrope, de l’orientation cristallographique, de la rigidité du JDG
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et des surfaces libres ont été étudiés dans le cas d’une unique dislocation dans
un bi-cristal de Ni. Des forces image peuvent apparâıtre en raison, à la fois des
différences d’orientation entre grains, de la présence d’un JDG d’épaisseur finie
et de la présence de surfaces libres. En particulier, il est montré que la force de
Peach-Koehler projetée le long de la direction de glissement peut présenter un
changement de signe avec la position de la dislocation. En outre, on constate
que les distances d’action de ces facteurs hétérogènes sont différentes. La surface
libre ou rigide a la plus grande distance d’action dans le grain et son impact
est le plus important. L’effet de la désorientation est beaucoup plus faible que
l’effet de la surface libre et donc la distance d’action est plus courte. Enfin, la
rigidité du JDG a la distance d’action la plus courte. Cependant, la rigidité du
JDG est importante pour modifier l’état de contrainte local afin, par exemple,
d’équilibrer la dislocation de tête dans les empilements. Pour les empilements, les
positions des dislocations ont été calculées par un schéma de relaxation itératif
minimisant la force de Peach-Koehler sur chaque dislocation. La rigidité du JDG
et la désorientation des grains influencent la longueur des empilements, mais l’effet
de la désorientation est clairement prédominant.

En parallèle, des essais in-situ sur des bi-cristaux de taille micrométrique et
des observations couplant MEB, AFM et EBSD ont été effectués dans la présente
thèse. Des bi-cristaux de Ni et α-Brass ont été obtenus par usinage FIB. Les
variations spatiales de hauteur de marche dues aux lignes de glissement localisées se
terminant au JDG ont été mesurées par AFM afin de déterminer la distribution des
vecteurs de Burgers dans l’empilement de dislocations. Cette distribution a ensuite
été simulée à l’aide des paramètres mesurés expérimentalement en considérant
l’effet de la désorientation, de la rigidité du JDG, des surfaces libres et de la force
critique. On constate que le vecteur de Burgers des dislocations interfaciales peut
être considéré comme identique à celui des dislocations entrantes pour un faible
nombre de dislocations transmises, et qu’il est nécessaire de considérer un vecteur
de Burgers résiduel pour les dislocations interfaciales dans le cas d’un nombre élevé
de dislocations transmises. Les effets des surfaces libres et de la force critique
doivent eux toujours être considérés dans les calculs pour être plus prédictifs en
ce qui concerne le profil de hauteur de marche. La force critique obtenue pour le
Ni étudié est Fc = 0.003 N/m (τc = 12 MPa) et Fc = 0.011 N/m (τc = 43 MPa)
pour le α-Brass étudié. Ces valeurs, calculées dans le cadre de dislocations droites
infinies avec le formalisme L-E-S, sont acceptables en raison des défauts de réseau
dans la composition du matériau et de l’alliage, respectivement.

Par rapport à l’approche analytique actuelle pour le comportement des dislo-
cations dans les bi-cristaux, les résultats peuvent être raffinés en utilisant d’autres
méthodes numériques, telles que les simulations de dynamique moléculaire (MD)
et les simulations 3D de dynamique des dislocations discrètes (DDD). En atten-
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dant, la présente méthode pourrait être utilisée pour enrichir les simulations DDD
en présence d’interfaces en tenant compte de l’élasticité anisotrope hétérogène,
en particulier ce qui concerne les propriétés du JDG. Même s’il est possible de
définir différentes propriétés élastiques du JDG avec un tenseur de rigidité élastique
anisotrope ou isotrope, le comportement élastique des JDGs et leur dépendance
aux paramètres microscopiques et macroscopiques reste mal connu. Ainsi, dans
une étude future, les propriétés élastiques des JDGs seront étudiées à l’aide de
simulations de statique moléculaire (MS).
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Deutsche Zusammenfassung

1.1 Einführung

Die Plastizität kristalliner Materialien resultiert in erster Linie aus der Bewe-
gung und der Multiplikation von Versetzungen. Versetzungen sind Linienfehler,
die von Volterra [2] zu Beginn des 20. Jahrhunderts eingeführt wurden. Sowohl
theoretische als auch experimentelle Untersuchungen zeigen, dass die mechanischen
Eigenschaften von Metallen von der Dichte, der Verteilung, der Keimbildung und
der Mobilität von Versetzungen sowie den Wechselwirkungen zwischen Versetzun-
gen und Korngrenzen (KGs) abhängen. Im Mittelpunkt dieser Arbeit stehen Gleit-
mechanismen an den Korngrenzen. Unter den verschiedenen möglichen Mechanis-
men, in Rahmen dieser Dissertation werden das kollektive Versetzungsverhalten,
Pile-ups an KGs und Versetzungstransmission im Wesentlichen aus experimenteller
und theoretischer Sicht untersucht. Um dies zu erreichen, werden Pile-ups sowohl
theoretisch als auch experimentell untersucht. Das Zielt ist die Kräfte, die Gleit-
transfer induzieren zu berechnen sowie der Effekt der anisotropen Elastizität zu
bewerten. In Bezug auf die Experimente wurden in-situ Druckversuch an Mikro-
Bi-Kristalle mit einer geringen Dehnung durchgeführt. Anschließend wurde die
Höhe der Gleitlinien auf Oberfläche mit Hilfe vom AFM gemessen, womit Pile-ups
und Versetzungstransmission an der Korngrenze identifiziert werden können. In
der theoretischen Analyse wurden die elastischen Felder durch Einzelversetzung
und Pile-ups an der KG mit Hilfe einer zweidimensionalen anisotropen elastis-
chen Theorie unter Berücksichtigung der Missorientierung, KG-Dicke und freien
Oberflächeneffekten berechnet. Am Ende wurde die Höhe der Gleitlinien durch die
vorgestellte Theorie numerisch simuliert und mit experimentellen Beobachtungen
verglichen.

1.2 Experimente

Das Hauptziel der Experimente ist Versetzungs-Pile-ups und Versetzungstrans-
fer in Mikro-Bikristallinen Proben zu analysieren. Für die Untersuchung dieser
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Mechanismen wurden zuerst spezielle Korngrenzen nach der EBSD (Electron Back
Scatter Diffraction) Messung ausgewählt. Als zweitens wurden Mikro-Bikristalle
mit Hilfe des Focused-Ion-Beam-Mikroskops (FIB) hergestellt. Danach folgten die
in-situ Druckversuche mit einer Belastungsrichtung parallel zur KG mit Hilfe eines
Nanoindenters im Vakuum. Die Druckversuche wurden gestoppt, sobald plastische
Verformung bzw. die Aktivierung des Gleitsystems mit dem größten Schmidfaktor
beobachtet wurde. Anschließend, für die Charakterisierung der Gleitlinien wurden
die Mikroproben mit Hilfe des REMs und des AFMs für die lokale Charakter-
isierung der Gleitstufen untersucht.

1.2.1 Materialien

Die verwendeten Materialien für diese experimentelle Studie sind Nickel (Ni)
mit einer hohen Reinheit (99,999%) und α-Brass (70%Cu-30%Zn, Gew%) mit
Verunreinigungen (Fe, Pb, P und As) kleiner als 0,001%. Die chemische Zusam-
mensetzung wurde mittels energiedispersiver Spektroskopie (EDX) durchgeführt,
um die Reinheit der Proben zu überprüfen. Die elastischen Steifigkeitsmodule von
Ni sind C11 = 246.5 GPa, C12 = 147.3 GPa, C44 = 124.7 GPa [28] und von α-Brass
C11 = 139.21 GPa, C12 = 104.51 GPa, C44 = 71.3 GPa [267, 268]. Der elastische

Anisotropiefaktor A =
2C44

C11 − C12

beträgt 2,51 (Ni) und 4,11 (α-Brass). Somit

konnte die Auswirkung der anisotropen Elastizität analysiert werden. Im Falle
der elastischen Isotropie sind die betrachteten elastischen Konstanten G = 86, 16
GPa, v = 0, 294 für Ni und G = 40, 75 GPa, v = 0, 343 für α-Brass. Die isotrop
elastischen Konstanten werden aus den anisotropen elastischen Steifigkeitsmod-
ulen durch Anwendung des Voigt-Reuss-Hill-Annährung [269, 270] abgeleitet. Die
Stapelfehlerenergie für α-Brass und Ni beträgt jeweils 14 mJ/m2 [271] und 90
mJ/m2 [272]. Durch die geringere Stapelfehlerenergie von α-Brass wird das planare
Gleiten gefördert und dadurch die Beobachtung von Gleitlinien erleichtert. Trotz
der höheren Stapelfehlerenergie von Ni in Vergleich zu α-Brass, wurde planares
Gleiten Ni-Bikristallen beobachtet [137]. Daher wurde Ni für unsere Experimente
ausgewählt.

1.2.2 Probenvorbereitung und Auswahl von Bikristallen

Mehrere Proben mit einer Größe von etwa 20 × 20 × 5 mm3 wurden mittels
Funkenerosion (EDM) mit Bronzedraht geschnitten. Daher wurden alle Seiten der
Proben anschließend grob mit SiC-Schleifpapier mit Körnung von P800 (∼22 µm)
bis P2400 (∼8 µm) mit Wasser mechanisch geschliffen. Dann wurden die Proben
mit einer Diamantsuspension mit einer Korngröße von 6, 3 bis 1 µm auf Zetatuch
poliert. Nach jedem Schleif und Polierschritt wurden die Proben mit Ethanol
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gespült und anschließend für kurze Zeit im Ultraschallbad gereinigt. Nachdem die
Probenoberfläche gründlich geschliffen und poliert wurde, betrug die Dicke etwa
2,0 ∼ 2,5 mm. Auf dieser Weise ist es möglich, dass die KGs nach einer Wärmebe-
handlung relativ senkrecht zur Oberfläche sind. Anschließend wurden die polierten
Proben durch Wärmebehandlung homogenisiert. Danach wurden die Ni-Proben
zur Einstellung der Korngröße bei 1100 ◦C und einer Glühzeit von etwa 70 Stunden
Ofen unter Vakuum wärmebehandelt. Die α-Brass-Probe wurde mit Hilfe einer
speziellen Probenhalter bei 980 ◦C und einer Glühzeit von 1 minute unter einer
Argon-Umgebung wärmebehandelt, um Entzinkung der α-Brass-Probe zu vermei-
den [273]. Nach der Wärmebehandlung wurden die Proben mechanisch erneut
poliert und anschließend für 20s bei einer Spannung von 24 Volt elektropoliert,
um die durch die mechanische Politur aufgebrachte Oberflächendeformation zu
entfernen.

Nach der Elektropolitur wurde die EBSD-Messung durchgeführt, um die Orien-
tierung aller Körner zu bestimmen. Die Messung wurde mit einer hochauflösenden
Kamera von Oxford Instruments in einem REM (Sigma VP) von Zeiss durchgeführt.
Die EBSD-Messung erfolgte grundsätzlich in zwei Schritten. Eine grobe EBSD-
Messung der gesamten Probenoberfläche, die mit einer Beschleunigungsspannung
von 20 kV und einer Schrittweite von 20 µm bei einem Arbeitsabstand von 15
mm durchgeführt wurden. Nach der Lokalisierung der gewünschten KG folge eine
zweite EBSD-Messung der isolierten KG mit einer Schrittweite von 0,1 µm. Die
Indexierungsrate bei der EBSD-Messung war größer als 99%. Die EBSD-Karte
in IPF-Ansicht in Abbildung 1.1 liefert Informationen über die Kornorientierung
sowie die KG-Charakterverteilung, da die Missorientierung an einer KG aus der
Kornorientierung berechnet werden kann. In Abbildung 1.1 sind alle KG als
schwarze Linien markiert.
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Figure 1.1: EBSD-Karte der gesamten Probenoberfläche: (a) Ni-Probe und (b) α-Brass-Probe.
Die Orientierungen sind in der IPF-Ansicht in Richtung der z-Achse (senkrecht zur Oberfläche)
angegeben. Die schwarzen Linien stellen KGs dar und entsprechen dem Missorientierungswinkel
zwischen benachbarten Pixeln größer als 2◦.

Nach dem Erhalt aller EBSD-Daten wurden die KGs selektiert. Basierend auf
der Orientierung der einzelnen Körner wurden die KGs wie folgt ausgewählt:

• KG sollte möglichst senkrecht zur Oberfläche stehen.
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• Bei einer Belastung parallel zur KG-Ebene sollte der Burgersvektor des
Gelitsystems mit dem maximalen Schmidfaktor nicht senkrecht zur KG ste-
hen. Außerdem sollte die Gleitebene dieses Gleitsystems nicht parallel zur
Oberfläche verlaufen. Diese Bedingungen stellen sicher, dass der Burgersvek-
tor eine Komponente senkrecht zur Oberfläche (für die Charakterisierung mit
Hilfe vom AFM) zeigt.

Figure 1.2: Hergestellte Mikro-Bi-Kristall von der Verformung. Die KG verläuft parallel zur
Belastungsrichtung (siehe Pfeil). Die AFM-Messungen wurden auf der Oberfläche nach der
Belastung durchgeführt.

Es wurde ebenfalls berücksichtigt, dass das Verhältnis zwischen dem ersten
und zweiten maximalen Schmidfaktor höher als 1,1 ist, um die Aktivierung von
nur einem Gleitsystem bei einer geringen Dehnung sicher zu stellen. Außerdem,
unter Berücksichtigung der Inkompatibilitätsspannungen aufgrund der heteroge-
nen elastischen Anisotropie kann sich das günstigste aktive Gleitsystem (ausge-
hend von dem Schmidfaktor) unterscheiden [160]. Diese Bedingung kann ver-
wendet werden, um die Auswirkungen von Inkompatibilitätsspannungen zu iden-
tifizieren. Daher werden Zwillingskorngrenzen in der vorliegenden Studie nicht
untersucht, da diese keine Inkompatibilitätsspannungen aufweisen, wenn die Typ-
I-Zwillingsgrenzen parallel oder senkrecht zur Belastungsachse [276] verlaufen.
Basierend auf die oben genannten Bedingungen wurden mehrere KGs ausgewählt.
In diese Untersuchung wurde nur eine KG in der Ni-Probe und α-Brass-Probe
zur Analyse der Verteilung von Versetzungen im Einfachgleitung und Transmis-
sionsphänomen verwendet. Die genaue Orientierung der einzelnen Körner des
Bi-Kristals in Ni und α-Brass sind in Abbildung 1.3 und 1.4 dargestellt.

Um dieses Experiment durchzuführen, sollte die KG sehr nah (etwa 100 µm)
und parallel an der Probenkante präpariert werden. Als ersten wurde die selek-
tierte KG bis zu einem Abstand von etwa 100 µm von der Probenkante mechanisch
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vorbereitet. Dann wurde die Probenkante bis zu einem Abstand von etwa 40 µm
von der KG mit Hilfe von niederenergetischen Ar+-Ionen poliert, um mechanische
Verformungen der KG zu vermeiden/reduzieren. Anschließend wurde die Her-
stellung der Mikro-Bi-Kristalle wurden mit einem Rasterionenmikroskop (FIB)
durgeführt. Für den groben Schnitt wurde 15 nA und für die Feinpolitur 1 nA bei
30 kV verwendet. Nach der Herstellung der Bi-Kristalle wurde eine EBSD-Messung
erneut durchgeführt. In Abbildung 1.3 und 1.4 sind die Details der untersuchten
KG: die Krystallorientierung vor der Verformung der einzelnen Krystallkomponen-
ten Cry I und Cry II des Ni-Bi-Kristalls (Abbildung 1.3) bzw. α-Brass-Bi-Kristalls
(Abbildung 1.4).

Figure 1.3: (a) EBSD-Karte des Ni-Bi-Kristalls, Euler Winkel des Kristalls I: φI
1 = 63.8◦,

ΦI = 14.3◦, φI
2 = 18.6◦, Orientierung des Kristalls II: φII

1 = 331.1◦, ΦII = 9.0◦, φII
2 = 75.1◦. (b)

Die kristallographischen Orientierungen der Krystallkomponenten, CryI und CryII, sind auf dem
Standard IPF in Richtung der y-Achse angegeben, die parallel zur KG verläuft und gleichzeitig die
Belastungsrichtung ist. (c) REM-Bild eines hergestellten Mikro-Bi-Kristalls vor der Verformung.
Die durchschnittliche Länge des Bi-Kristalls beträgt etwa 15,46 µm und die durchschnittliche
Querschnittsfläche etwa 71,80 µm2 (Kristall I: 46,67 µm2 und Kristall II: 25,13 µm2).
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Figure 1.4: (a) EBSD-Karte des α-Brass-Bi-Kristalls, Euler Winkel des Kristalls I: φI
1 = 27.7◦,

ΦI = 35.7◦, φI
2 = 66.1◦, Orientierung des Kristalls II: φII

1 = 219.5◦, ΦII = 28.4◦, φII
2 = 2.4◦. (b)

Die kristallographischen Orientierungen der Krystallkomponenten, CryI und CryII, sind auf dem
Standard IPF in Richtung der y-Achse angegeben, die parallel zu KG verläuft und gleichzeitig die
Belastungsrichtung ist. (c) REM-Bild eines hergestellten Mikro-Bi-Kristalls vor der Verformung.
Die durchschnittliche Länge des Bi-Kristalls beträgt etwa 15,37 µm und die durchschnittliche
Querschnittsfläche etwa 88,91 µm2 (Kristall I: 42,02 µm2 und Kristall II: 46,89 µm2).

1.2.3 Druckversuche der Mikro-Bikristalle

Die in-situ-Druckversuche wurden mit einem Nanoindenter (UNAT-SEM II)
mit einem im Vakuum bei Raumtemperatur in einem Rasterelektronenmikroskop
(Carl Zeiss ΣIGMA-Serie (SEM)) der einen Laderauschpegel von etwa 0,002 mN
aufweist. Die Mikro-Bikristalle wurden mit einer Flache Spitze aus polykristallines
Wolframkarbid (WC). Alle Druckversuche wurden Weggeregelt mit einer Belas-
tungsfunktion mit mehreren Be- und Entlastungssegmenten durchgeführt. Die
Idee der mehreren Be- und Entlastungssegmenten war, genügend Zeit für eine
REM-Bild mit hoher Qualität zu haben, um die Gleitlinien beobachten zu können.
Sobald die Gleitlinien beobachtet wurden oder die Streckgrenze erreicht wurde,
wurde der Druckversuch während des Entladevorgangs gestoppt. Die durchschnit-
tliche Dehnrate beträgt etwa 0,002 s−1 für Ni und 0,00125 s−1 für α-Brass. Die
Belastung während des Druckversuches wurde gestoppt, als die ersten Gleitlin-
ien beobachtet wurde. Somit trägt nur das letzte Belastungssegment zur plastis-
chen Verformung bei, während allen vorherigen Segmenten sind nur im elastis-
chen Zustand. Nach den experimentellen Rohdaten liegt die Fließgrenze bei etwa
8,5% Dehnung für Ni und 6,3% für α-Brass. Diese Dehnungen sind zu groß
für die Fließgrenze von Metallen. Dieser Fehler ist durch die Drift der Spitze
während des Druckversuches. Die Kraftmessung ist jedoch genau. Daher wur-
den die Spannungs-Dehnungskurven mit Hilfe einer Kristallplastizitäts-Finite El-
emente (CPFEM)-Simulation kalibriert. Diese Ergebnisse sind in Abbildung 1.5

7

{a) (b) 

x7Z 
• 

Cry_I Cry_II 

Ull 

--- S µm 



dargestellt. Die CPFEM-Simulation der Druckversuche wurde für die gleiche ex-
perimentelle Geometriekonfiguration der Ni- und α-Brass-Bi-Kristalle durchgeführt.
Anschließend wurde die Dehnung kalibriert, indem die gleiche Steigung der Spannungs-
Dehnungskurven im elastischen Bereich erreicht wurde. Damit ist die Fließgrenze
bei etwa 0,33% Dehnung in Ni und 0,24% in α-Brass, die für metallische Mate-
rialien sinnvoll sind. Die angelegte Spannung im Endzustand beträgt etwa 289,4
MPa für Ni und 127,4 MPa für α-Brass.

Figure 1.5: Spannungs-Dehnungskurven kalibriet mit Hilfe eines CPFEM-Models für (a) Ni-
Mikro-Bi-Kristalle und (b) α-Brass-Mikro-Bi-Kristalle.

1.2.4 Gleitlinienanalyse mit Hilfe vom AFM

Nach dem In-situ-Druckversuch wurden die Gleitlinien zunächst mit Hilfe des
REMs analysiert. So konnten die Gleitlinien auf der Ober- und Seitenfläche eines
Bi-Kristalls beobachtet werden und dann die aktivierte Gleitsysteme basierend
auf die Orientierung jedes Korns analysiert werden. Anschließend wurde die
Oberflächentopografie mit Hilfe vom AFM (mit ScanAsyst (BRUKER) mit Höhensen-
sor so gemessen, dass die Topografie der Gleitlinien erhalten und zur Analyse
von Versetzungsverteilungen verwendet werden kann. Die Schrittweite des Scans
beträgt 30 nm bei einer Scanrate von 1 Hz. Die Ergebnisse wurden mit dem
Software NanoScope Analysis analysiert. Das Ergebnis eines Bi-Kristalls is in
Abbildung 1.6 dargestellt.
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Figure 1.6: Ein Beispiel für eine AFM-Messung an der Oberfläche eines Ni-Bikristalls, der mit
der NanoScope-Analyse analysiert wurde (Da Bild wurde zunächst durch Polynomanpassung
zweiter Ordnung geflättet, dann mit einem Medianfilter (9× 9 Matrixoperation) behandelt.

1.3 Theorie

1.3.1 2D anisotropes Elastizitätsgerüst

Um die Wirkung der anisotropen Elastizität zu berücksichtigen, wird der soge-
nannte L-E-S (Leknitskii [20] - Eshelby [21] - Stroh [22]) analytische Formalismus
für ein zweidimensionales anisotropes elastisches Problem verwendet. Es ist sehr
effizient, kann aber den Fall eines perfekt isotropen Kristalls nicht aufgrund der
Singularität durch die wiederholten Eigenwerte behandeln.

Die allgemeinen Lösungen für das Verschiebungsfeld u und den Spannungs-
funktionsvektor Φ können berechnet werden durch:

ui = 2Re
[
Aijfj

(
zj

)]
(1.1)

Φi = 2Re
[
Bijfj

(
zj

)]
(1.2)

wobei A und B eine 3 × 3 Matrix sind, die die Komponenten des Eigenvektors
akα (α = 1, 2, 3) enthalten, Bij = (Ci2k1 + pjCi2k2)Akj und zj = x1 + pjx2. pα und
akα (α = 1, 2, 3) bedeuten die Eigenwerte und die dazugehörigen Komponenten des
Eigenvektors mit positivem Bildteil einer Gleichung, die nur von der elastischen
Steifigkeit des Materials abhängt [21, 22]. In den Gleichungen 1.1 und 1.2, f ist
eine skalare Funktion von z. Anschließend können die Spannungsfelder nach dem
Hookeschen Gesetz basierend auf den Verschiebungsgradienten-Felder oder nach
dem Spannungsfunktionsvektor wie folgende berechnet werden:

σi1 = −∂Φi/∂x2, σi2 = ∂Φi/∂x1 (1.3)

Die Komponente σ33 können aus dem verallgemeinerten Hookeschen Gesetz berech-
net werden.
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In den nächsten Abschnitten wird einen Ausdruck für den Funktionsvektor f
einer einzelnen Versetzung in verschiedenen Konfigurationen gesucht.

1.3.2 Versetzung in einem homogenen Medium

Im Folgenden wird eine unendlich gerade Versetzung mit dem Burgersvektor b,
dessen Versetzungslinie t parallel zur Richtung x3 ist, an der Position (X1, X2) be-
trachtet (Abbildung 1.7). Senkrecht zur Papierebene wird die sogenannte FS/RH
(Finish Start/Right Hand) Konvention [28] verwendet, um die Richtung der Ver-
setzungslinie zu definieren, wie in Abbildung 1.7 dargestellt.

In einem homogenen anisotropen Medium ist der Funktionsvektor f unter
Berücksichtigung der Randbedingung, die mit dem Vorhandensein der Verset-
zung mit dem Burgersvektor b verbunden ist und in der Abwesenheit einer Kraft,
abgeleitet. Die Verschiebungs- und Spannungsfunktionsvektoren werden mit Hilfe
der Gleichungen 1.1 und 1.2 abgeleitet:

fj (zi) = f 0
j (zi) = q0

j ln (zi − sj) (1.4)

wobei zi = x1 + pix2, sj = X1 + pjX2 und q0 ein komplexer Vektor ist (q0 =

− 1

2π
i
(
BTb

)
[19], wo i =

√
−1 die imaginäre Einheit ist).

1.3.3 Versetzungen in Bi-Materialien

Betrachten wir nun ein anisotropes Bi-Material (oder Bi-Kristall) mit einer
perfekt gebundenen Grenzfläche mit einem Normalvektor parallel zu x2-Richtung.
Hier wird angenommen, dass die Versetzung im oberen Material I (x2 > 0), wie in
Abbildung 1.7 dargestellt, liegt.

Figure 1.7: Schematische Darstellung einer einzeln unendlichen geraden Versetzung in einem
Bi-Material.
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Zusätzlich zu den Bedingungen des homogenen Mediums, der Funktionsvektor
f sollte die Kontinuitätsbedingungen an der perfekten Grenzfläche auch erfüllen,
d.h. die Kontinuität der Verschiebung uI

i (x2 = 0+) = uII
i (x2 = 0−) und Span-

nungsvektoren σI
i2 (x2 = 0+) = σII

i2 (x2 = 0−). In der Praxis wird die Kontinuität
der resultierenden Spannungskraft entlang eines Bogens der Grenzfläche allerdings
verwendet. Diese letzte Bedingung ergibt ΦI

i (x2 = 0+) = ΦII
i (x2 = 0−) [19, 292].

Nach Suos-Methode [19] werden die Lösungen in einer ähnlichen Form wie die
Gleichungen 1.1 und 1.2 gesucht:

fj (zj) =

{
f 0
j (zj) + V I,II

jk f 0
k (zj) if zj ∈ I (x2 > 0)

W I,II
jk f

0
k (zj) if zj ∈ II (x2 < 0)

(1.5)

wo: 
V I,II =

(
BIIAII−1

AI−BI
)−1 (

BI−BIIAII−1
AI
)

W I,II =
(
BIAI−1

AII−BII
)−1 (

BIAI−1
AI−BI

) (1.6)

f 0
j (zj) wird aus Gleichung 1.4 unter Berücksichtigung des elastischen Steifigkeit-

stensors CI des Materials I und sj = sI
j = X1 + pI

jX2. Außerdem muss folgendes
beachtet werden: Wenn zj ∈ I ist, dann ist zj = zI

j = x1 + pI
jx2 und wenn zj ∈ II

ist, dann ist zj = zII
j = x1 + pII

j x2.
Ein Halbraum mit starren oder freien Oberflächen als spezielle Konfigurationen

von Bi-Material kann leicht für uI
i (x2 = 0) = 0 oder ΦI

i (x2 = 0) = 0 erhalten

werden, was zu fj (zj) = f 0
j (zj) − AI

jk
−1
AI
kl f

0
l (zj) für starre Oberfläche und

fj (zj) = f 0
j (zj)−BI

jk
−1
BI
kl f

0
l (zj) für freie Oberfläche führt.

1.3.4 Versetzung in Tri-Materialien

Im Abschnitt 1.3.3 wurde das Bi-Material als die Kombination zweier Ma-
terialien betrachtet, die über eine Grenzfläche (ohne Dicke) perfekt miteinander
verbunden sind. Für den Fall einer Korngrenze, die reale Dicke einer Grenzfläche
ist endlich und daher wird die Grenzfläche hier im Allgemeinen mit einer Dicke
von etwa 1 nm berücksichtigt. Daher ist wichtig der Einfluss der Dicke sowie der
elastischen Steifigkeit einer KG auf die elastischen Felder in einer tri-materiellen
Konfiguration. zu untersuchen, bei der die KG als eine Interphase betrachtet wird.
Basierend auf mehrere Untersuchungen für mehrschichtige anisotrope elastische
Medien wird zunächst die Methode von Choi und Earmme [17] angewendet. Ab-
bildung 1.8 zeigt die betrachtete tri-Material-Konfiguration. Es gibt zwei planare
Grenzflächen Γ1 und Γ2, deren Normalen entlang der x2-Richtung sind. Diese
Grenzflächen befinden sich jeweils bei x2 = h und bei x2 = −d. Die Interphase
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(oder Korngrenze) ist der Bereich zwischen Γ1 und Γ2, also die gesamte Dicke ist
H = h + d. Material I entspricht x2 ≥ h, Material II bis −d < x2 < h und Ma-
terial III bis x2 ≤ −d. Es wird davon ausgegangen, dass alle Materialien perfekt
miteinander verbunden sind.

Figure 1.8: Schematische Darstellung einer einzeln unendlich geraden Versetzung in einem Tri-
Material mit drei verschiedenen Steifigkeitstensoren und zwei perfekt verbundenen Grenzflächen.
Das Material II soll die Korngrenze der Dicke H = h+ d beschreiben.

Choi und Earmme [17] lösten das Problem bezüglich der Kontinuität der Ver-
schiebungen und Kräften an beiden Grenzflächen gleichzeitig, indem die alternierende
Technik verwendet wurde. Diese Technik besteht darin, alternierend die Konti-
nuitätsbedingungen an jeder Grenzfläche zu erfüllen, bis eine Konvergenz erreicht
ist. Unter Berücksichtigung einer Versetzung im Kristall I und unter Verwendung
des gleichen Verfahrens von Choi und Earmme [17], wird die folgende Serienlösung
erhalten:

fi (zi) =


f 0
i (zi) + f I0

i (zi) +
∑∞

β=1
f Iβ
i (zi) if zi ∈ I∑∞

β=1
fβi (zi) +

∑∞

β=1
f IIβ
i (zi) if zi ∈ II∑∞

β=1
f IIIβ
i (zi) if zi ∈ III

(1.7)

wo:
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

f 0
i (zi) = q0

i ln (zi − si)

f I0
i (zi) = V I,II

ij f 0
j

(
zi − pI

ih+ pI
jh
)

f Iβ
i (zi) = W II,I

ij V II,III
jk fβk

(
zi − pI

ih+ pII
j (h+ d)− pII

k d
)

f IIβ
i (zi) = V II,III

ij fβj

(
zi + pII

i d− pII
j d
)

f IIIβ
i (zi) = W II,III

ij fβj

(
zi + pIII

i d− pII
j d
)

fβi (zi) =

 W I,II
ij f 0

j

(
zi − pII

i h+ pI
jh
)

if β = 1

V II,I
ij V II,III

jk fβ−1
k

(
zi − pII

i h+ pII
j (h+ d)− pII

k d
)

if β > 1

(1.8)

In den obigen Gleichungen f 0
j (zi) ist dem Kristall I zugeordnet und so ist sj =

sI
j = X1 + pI

jX2. Die Serienlösung f Iβ
i (zi), f

IIβ
i (zi) und f IIIβ

i (zi) werden alle als

Funktionen von fβj (zi) ausgedrückt, die wiederum durch eine Gleichung basierend
auf f 0

j (zi) bestimmt wird.
Die Konvergenz der oben genannten Serienlösungen wurden durch Choi und

Earmme [17] untersucht. Die Untersuchung der Konvergenz der Serienlösungen für
verschiedene KG-Steifigkeiten wurde mit Hilfe verschiedener Kriterien in Rahmen
dieser Arbeit untersucht (siehe Chen et al. [277]).

1.3.5 Versetzung in Tri-Materialien mit freien Oberflächen

In experimentellen Versuchen, insbesondere bei Mikro-Proben (Abbildung 1.2),
gibt es immer freie Oberflächen. Auf der Nano-/Mikroskala hat die freie Oberfläche
einen offensichtlichen Einfluss auf das Versetzungsverhalten. Daher ist von Großer
Bedeutung, neben der Grenzfläche der Einfluss der freien Oberflächen auf die
elastischen Felder von Mehrschichtmaterial zu berücksichtigen. Die Tri-Material-
Methode von Choi und Earmme [17] berücksichtigt den Effekt der freien Oberflächen,
allerdings nur im Falle eines Bi-Materials mit nur einer freien Oberfläche oder eines
homogenen Materials mit zwei freien Oberflächen. Um kompliziertere Fälle, wie
z.B. ein Tri-Material mit freien Oberflächen, zu lösen, ist ein neues Verfahren
erforderlich. Daher wurde eine nach Wang et al. [18] inspirierte Bild-Aufteilungs-
Methode verwendet. Abbildung 1.9 (a) zeigt die Konfiguration eines Tri-Materials
mit zwei freien Oberflächen. Es gibt vier planare Ebenen, deren Normalenvektor
parallel zur x2-Achse sind. Diese Ebenen befinden sich bei x2 = 0 (obere freie
Oberfläche), x2 = −h1 (erste Grenzfläche), x2 = − (h1 + h2) (zweite Grenzfläche)
und x2 = − (h1 + h2 + h3) (untere freie Oberfläche). Die Interphase (oder Ko-
rngrenze) befindet sich in der zweiten Schicht der Dicke h2. Material I befindet
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sich zwischen −h1 < x2 < 0, Material II zwischen − (h1 + h2) < x2 < −h1 und
Material III zwischen − (h1 + h2 + h3) < x2 < − (h1 + h2). Somit wird die Dicke
des gesamten Materials als H ′ = h1 + h2 + h3 gekennzeichnet. Es wird davon
ausgegangen, dass alle Materialien perfekt miteinander verbunden sind. Um die
Auswirkungen beider freien Oberflächen zu untersuchen, wird die freie Oberfläche,
die die Versetzungen enthält, als die erste freie Oberfläche bezeichnet, und die an-
dere als zweite freie Oberfläche.

Figure 1.9: (a) Schematische Darstellung einer einzeln unendlich geraden Versetzung in einem
Tri-Material mit drei verschiedenen Steifigkeitstensoren, zwei planaren freien Oberflächen an
den Ebenen 1 und 4 und zwei perfekt verbundenen Grenzflächen an den Flächen 2 und 3. Der
Korngrenzenbereich soll das Material II sein. (b) Zerlegung eines 3-Schichten-Problems (links)
mit 2 freien Oberflächen und 2 Grenzflächen in drei unendliche homogene Teilprobleme. Die
Versetzungsquelle ist mit einem roten Versetzungssymbol gekennzeichnet.

In der 3-Schichten-Konfiguration mit freien Oberflächen gibt es 2 Grenzflächen,
die die Kontinuumsbedingungen von perfekt gebundenen Grenzflächen erfüllen
müssen, und 2 freie Oberflächen, die den Spannungsfreien Zustand erfüllen müssen.
Für ein Mehrschichtensystem ist es zu kompliziert, die alternierende Technik zu
verwenden. Wang et al. [18] haben eine Bild-Aufteilungs-Methode vorgeschlagen,
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mit der alle Randbedingungen gleichzeitig erfüllt werden können. Das Prinzip
dieser Methode besteht darin, das Multilayer-Problem in mehrere Teilprobleme
des unendlichen homogenen Mediums für jedes Material zu zerlegen. Zwei Arten
von Bildversetzungsdichten sind auf jeder Grenzfläche verteilt, während auf der
Oberfläche nur eine Bildversetzungsdichte verteilt ist (siehe Abbildung 1.9 b)
(links)). Die Dichten dieser Bildversetzungen werden als ρt bezeichnet, wobei t=1,2
und 3 die x1−, x2− und x3−-Komponenten bezeichnen. Diese Dichten können gle-
ichzeitig gelöst werden, indem alle Randbedingungen berücksichtigt werden: die
Kontinuität des tangentialen Verschiebungsgradienten und Spannungen über die
Grenzflächen, freie Oberflächen mit Spannungsfrei oder starre Oberflächen ohne
tangentiale Verschiebungsgradient. So wird sie für die vorliegende 3-Schichten-
Konfiguration mit freien Oberflächen in 3 Teilprobleme zerlegt und es gibt insge-
samt 18 Randbedingungen. Die elastischen Felder in jeder Schicht werden bes-
timmt, indem die Beiträge der Versetzungsquelle und alle entsprechenden Bild-
verschiebungen summiert werden, wie in Abbildung 1.9 b) (rechts) dargestellt.
Basierend auf den Konsistenzanforderungen, die von Wang et al. [18] ausführlich
diskutiert wurden, sind die Bildversetzungsdichten in den drei Teilproblemen:
ρtJ1 = {ρt1U , ρt1L, ρt2L, ρt3L} für das erste Teilproblem, ρtJ2 = {ρt1U , ρt2U , ρt2L, ρt3L} für
das zweite Teilproblem und ρtJ3 = {ρt1U , ρt2U , ρt3U , ρt3L} für das dritte Teilproblem,
wie in Abbildung 1.9 dargestellt. (b) (rechts).

Basierend auf Strohs Formalismus folgen für die Spannungsfelder und Felder
des Verschiebungsgradienten aufgrund einer Mischversetzung mit den Burgersvek-
torkomponenten bt (t = 1, 2, 3), die sich bei (x1s, x2s) in einem homogenen anisotropen
Solid befinden [28, 18]: geschrieben werden:

σij (K, bt,∆x1,∆x2) =

2
[
ξtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ξtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
bt

(1.9)

∂ui
∂xj

(K, bt,∆x1,∆x2) =

2
[
ζtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ζtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
bt

(1.10)

wobei ∆x1 = x1 − x1s und ∆x2 = x2 − x2s, das hochgestellte R und I den Real-
und Imaginärteil jedes Terms angeben. Der Index K gibt an, welches Teilproblem
berücksichtigt wird (keine Summe über K). Die Definition der Symbole ξtKαij,
ζtKαij und der Funktionen P , Q sind [18]:

ξtKαij =
CKijkl (δl1 + pKαδl2)AKkαBKtα

2πi

ζtKαij =
(δj1 + pKαδj2)AKiαBKtα

2πi

(1.11)
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
P (x1 − x1s, a, b) =

x1 − x1s + a

(x1 − x1s + a)2 + b2

Q (x1 − x1s, a, b) =
b

(x1 − x1s + a)2 + b2

(1.12)

wobei i =
√
−1 die imaginäre Einheit und pα, Akα und Btα mit α=1,2 und 3

sind die gleichen Eigenwerte und Eigenvektoren in Strohs Formulierung, wie im
Abschnitt 1.3.1 beschrieben. Diese beiden Ausdrücke 1.9 und 1.10 des Einkristalls
sind Äquivalenz zu den Gleichungen 1.1, 1.2 und 1.4, die analytisch voneinander
abgeleitet werden können.

Der Beitrag von Bildversetzungen auf elastischen Feldern kann berechnet wer-
den, indem der Burgersvektor bt durch ρtJK (x′1) ersetzt wird und von x′1 = −∞ zu
x′1 = +∞ in den Gleichungen 1.9 und 1.10 integriert wird:

σij
(
K, ρtJK ,∆x1,∆x2

)
=∫ +∞

−∞
2
[
ξtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ξtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
ρtJK (x′1) dx′1

= 2π
[
ξtRKαijH

(
pRKα∆x2, p

I
Kα∆x2

)
+ ξtIKαijI

(
pRKα∆x2, p

I
Kα∆x2

)] [
ρtJK (x1)

]
(1.13)

∂ui
∂xj

(
K, ρtJK ,∆x1,∆x2

)
=∫ +∞

−∞
2
[
ζtRKαijP

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)
+ ζtIKαijQ

(
∆x1, p

R
Kα∆x2, p

I
Kα∆x2

)]
ρtJK (x′1) dx′1

= 2π
[
ζtRKαijH

(
pRKα∆x2, p

I
Kα∆x2

)
+ ζtIKαijI

(
pRKα∆x2, p

I
Kα∆x2

)] [
ρtJK (x1)

]
(1.14)

wobei ∆x1 = x1− x1− x′1 und ∆x2 = x2− x′2 und (x′1, x
′
2) sind die Positionen von

Bild-Versetzungen. Die Definitionen der Operatoren H und I sind:
H (a, b) [ρ (x1)] =

1

π

∫ ∞
−∞

P (x1 − x′1, a, b) · ρ (x′1) dx′1

I (a, b) [ρ (x1)] =
1

π

∫ ∞
−∞

Q (x1 − x′1, a, b) · ρ (x′1) dx′1

(1.15)

Kombiniert man alle 18 Randbedingungen, so entsteht nach dem Entfernen
des singulären Terms durch die Operatoren H und I ein System nichtlinearer
Gleichungen mit 18 Fredholm-Gleichungen der zweiten Art (t = 1, 2 and 3) mit 18

Unbekannten ρ = [ρt1U , ρ
t
1L, ρ

t
2U , ρ

t
2L, ρ

t
3U , ρ

t
3L]

T
wie unten gezeigt:
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(
C +C0C

−1C0

)
ρ+

(
CHH +CII −C0C

−1CHH0H −C0C
−1CIH0I

)
ρ

= −CRR+C0C
−1CRH0R

(1.16)
wobei CHH,CII,CHH0H,CIH0I sind die Matrizen des integralen Operators
für die Dichten von Bildversetzungen ρ und C,C0 die Matrizen des Koeffizienten,
die nur von der materiellen Eigenschaft abhängen. Alle Komponenten dieser Ma-
trizen finden Sie im Anhang B. Diese Unbekannten können numerisch gelöst wer-
den, indem man die Gauß-Hermite-Quadratur mit Hermite-Polynomen verwendet.
Nachdem die Integration von ρ ersetzt wurde, kann der analytische Ausdruck von
ρ als Funktion von x1 erhalten werden. Schließlich können die elastischen Felder,
wie z.B. Spannungsfelder durch eine einzige Versetzung in einem dreischichtigen
anisotropen Material an beliebigen Stellen, basierend auf die Gleichungen 1.9 und
1.13 berechnet werden.

In der vorliegenden Arbeit wird die Dreischichtkonfiguration verwendet, um
sowohl die Auswirkungen der KG-Steifigkeit als auch die freien Oberflächen für
die Simulation der Experimente im Abschnitt 1.6 zu berücksichtigen. Somit wird
die zweite Schicht als KG mit einer Dicke von etwa 1nm betrachtet. Während-
dessen wird die zweischichtige Konfiguration verwendet, um die Wirkung von freien
Oberflächen zu untersuchen, die im Abschnitt 1.4 angewendet wird.

1.3.6 Anwendung auf diskrete Versetzungs-Pile-ups

Betrachten wir einen Versetzungs-pile-up aus N unendlichen geraden Verset-
zungen. Das bedeutet, dass Versetzungen den gleichen Burgersvektor b haben und
in der gleichen Gleitebene und parallel zur x3-Achse liegen (Siehe Abbildung 1.10).
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Figure 1.10: Versetzungs-Pile-up in der Gleitebene unter dem Winkel α und mit dem Nor-
malvektor n für N geraden Versetzungen mit Burgersvektor b und Linienvektor t in einem
heterogenen anisotropen (a) Bi-Material und (b) Tri-Material.

Die Gleichgewichtspositionen der N-Versetzungen können ermittelt werden, indem
die Komponente der Peach-Köhler (P-K)-Kraft entlang der Gleitrichtung für jede
Versetzung auf eine kritische Kraft Fc wie folgt minimiert wird:

F (γ) = abs ({(σint (X1 (γ) , X2 (γ)) + σext) · b× t} · v)
abkürzen

======= Fc (1.17)

wobei (X1 (γ) , X2 (γ)) die Position der γth Versetzung bezeichnet. σext ist ein
homogener angelegter Spannungstensor und σint = σim + σdis ist der interne
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Spannungstensor (erzeugt durch die Spannungswechselwirkungen aller anderen
Versetzungen σdis und die Bildversetzungen σim) auf die γth Versetzung. Die
kritische Kraft Fc beinhaltet die Gitterreibungskraft (primär) und andere Wech-
selwirkungskräfte, wie z.B. die Wechselwirkungskräfte zwischen einer Versetzung
und einer Lerstelle, etc. Dann kann diese kritische Kraft in eine kritische Schub-
spannung auf eine Versetzung Versetzung umgewandelt werden, indem Fc durch
die Länge des Burgersvektors τc = Fc/ |b| geteilt wird. Es sei darauf hingewiesen,
dass der angelegte homogene Spannungstensor σext in der vorliegenden Arbeit
nur zum Gleichgewichtsausgleich des Versetzungs-Pile-ups dient. Die Berechnung
der Gleichgewichtspositionen des Versetzungs-Pile-ups erfolgt somit nach einem
iterativen Relaxationsschema, das all die kritischen Kräften F (γ), nachdem eine
anfängliche Konfiguration erreicht wurde, minimiert [105]. Um eine solche Berech-
nung in einem unendlichen homogenen Medium durchführen zu können, sollte eine
Versetzung als fixiert betrachtet werden. Normalerweise ist die Position der ersten
(oder führenden) Versetzung (X1 (1) , X2 (1)) fixiert [97, 105]. Infolgedessen ist die
P-K-Kraft auf die fixierte Versetzung nicht null. In einem heterogenen Medium
kann jedoch diese Bildkraft auf die führende Versetzung die angewandte Spannung
und den Spannungsbeitrag aus den anderen Versetzungen ausgleichen werden [105];
Aber nur bei abstoßenden Bildkräften. In diesem Fall könnten alle Versetzungspo-
sitionen, einschließlich der führenden, durch das iterative Relaxationsschema ge-
funden werden. Die meisten Forscher gehen von Fc = 0 N/m aus, da der Wert
der Reibspannung im reinen kfz-Kristall gering ist, der etwa 1 ∼ 2 MPa beträgt
[296]. Allerdings, in der vorliegenden Arbeit, wird festgestellt, dass eine nicht Null
kritische Kraft hat einen entscheidenden Einfluss auf das Versetzungsverhalten in
Anwesenheit von KG und freien Oberflächen. Der Grund dafür ist, dass es bereits
nach der Probenvorbereitung Gitterfehler im Material gibt, wie z.B. Defekte nahe
der Oberfläche durch die Ga+-Ionen [139]. Darüber hinaus ist der theoretische
Wert der Reibkraft für α-Brass als Legierung viel höher als reine kfz-Kristalle, wie
z.B. Ni. Zum Beispiel, es wurde festgestellt, dass Reibkraft τc für β-Brass zwischen
80 ∼ 100 MPa liegt [296]. Daher kann die kritische Kraft in Gleichung (1.17) für
realistische Berechnungen nicht ignoriert werden.

1.4 Vorläufige theoretische Ergebnisse und Diskus-

sion der einzeln Versetzungen und Versetzungs-

Pile-ups in Ni-Bikristalle

Um die Wirkung von verschiedenen mikrostrukturellen Faktoren, wie z.B. die
Missorientierung, KG-Steifigkeit und freie Oberfläche, abzuschätzen, wurden mehrere
Simulationen mit idealen Bedingungen (theoretische Untersuchung) durchgeführt
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und sind unten zusammengefasst. Weitere ausführliche Ergebnisse und Diskussion
befinden sich in folgender Publikation Chen et al. [277].

In allen folgenden numerischen Anwendungen werden Ni-Bikristalle unterschiedlicher
Orientierungen betrachtet. Darüber hinaus werden nur Stufenversetzungen mit
einem unter einen Winkel α = 45◦ definierten Burgersvektor berücksichtigt (siehe
Abbildung 1.7), so dass die Gleitrichtung m = b/ |b| = [− cos 45◦,− sin 45◦, 0]
in den globalen Koordinaten (x1, x2, x3) ist. Nach der FS/RH-Konvention, wird
der Normalenvektor der Gleitebene durch n = t×m mit t = [0, 0, 1] gegeben.
Die Gleitrichtung der Versetzungen v zeigt parallel zu m für Stufenversetzun-
gen und zeigt immer auf den KG-Bereich, so dass es möglich ist, Versetzungs-
Pile-ups an der KG zu erzeugen. Das Gleitsystem soll m0 = 1/

√
2 [1, 1, 0] und

n0 = 1/
√

3 [−1, 1,−1] im Kristallsystem (e1, e2, e3) sein. Damit ist die Orien-
tierung des Kristalls, der Versetzungen enthält, durch die Transformationsmatrix
T so definiert, dass [m,n, t]T = T [m0, n0, t0]

T
mit t0 = m0 × n0 ist. Die

betrachteten spezifischen Orientierungen sind wie folgt:

• Orientierung AOri mit TA =


1 0 0

0 1 0

0 0 1

 (Einheitsmatrix)

• Orientierung BOri mit TB =


−1/2

√
2/2 1/2

−1/2 −
√

2/2 1/2
√

2/2 0
√

2/2


Der elastische Steifigkeitstensor im globalen System wird dann aus der Trans-

formationsmatrix T durch Cijkl = TigTjhC
0
ghmnTkmTln hergeeitet, wobei C0 der im

Kristallsystem definierten elastische Steifigkeitstensor ist. Für das Tri-Material-
und Multilayer-Modell wird die Dicke des Materials II (KG) mit H bezeichnet, die
im vorliegenden Abschnitt immer gleich 5 |b| ist, und sein elastischer Steifigkeit-
stensor CII

ijkl wird dank eines einzigen Parameters λ, der die KG-Steifigkeit berück-
sichtigt:

CII
ijkl =

λ

2

(
CI
ijkl + CIII

ijkl

)
(1.18)

Die KG ist dann weicher als die Körner (Material I und III), wenn λ < 1 ist und
steifer für λ > 1.

Für das Multilayer-Modell mit freien Oberflächen werden zwei Schichten mit
h1 = h2 = H ′/2 nur betrachtet, so dass die KG als eine Grenzfläche (Dicke = null)
betrachtet wird.
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Der Abstand zwischen der KG (bzw. der Mitte der KG-Region) und der γth

Versetzung entlang der Gleitrichtung wird als L (γ) bezeichnet. Wenn die führende
Versetzung in Versetzungs-Pile-Ups fixiert ist, dann ist L (1) = 5 |b|. Die Ver-
setzungslänge ist definiert als der Abstand zwischen der ersten und der letzten
Versetzung L (N)− L (1).

In einem heterogenen Medium wird eine Bildkraft auf eine Versetzung ausgeübt,
die durch das Vorhandensein von Grenzfläche(n) oder Oberfläche(n) verursacht
wird. Die Bildkraft ist die Peach-Köhler-Kraft an einer Versetzungsposition auf-
grund ihres Spannungsfeldes ohne Berücksichtigung des unendlichen homogenen
Mediums; dessen Beitrag als σim nachfolgend bezeichnet wird. Die Projektion
der Bildkraft entlang der Gleitrichtung reduziert sich basierend auf Gleichung 1.19
[28]:

Fim = [(σim · b)× t] · v (1.19)

Mit der in Abbildung 1.7 verwendeten Konvention, v zeigt immer auf die KG. Für
Fim > 0 bedeutet die Versetzung wird von der KG angezogen und für Fim < 0 die
Versetzung wird von der KG abgestoßen.

Im Folgenden werden zunächst der Missorientierungseffekt und die KG-Steifigkeit
untersucht. Beide Orientierungen AOri und BOri werden für den unteren Kristall
im Fall eines Bi-Material-Modells verwendet und im Falle des Tri-Material-Modells
werden zwei verschiedene λ-Werte 0,5 und 2 berücksichtigt. Der Einfluss der
elastischen Anisotropie vs. Isotropie auf die projizierten Bildkräfte entlang der
Gleitrichtung in Zweistoff-, Halbraum- und Tri-Material -Konfigurationen ist in
Abbildung 1.11 dargestellt. Im Folgenden sind die Schlussfolgerungen dieser the-
oretischen Untersuchung (siehe Chen et al. [277] für weitere Details):

• In der Orientierung AOri hat die KG eine attraktive Wirkung auf die Verset-
zung, während in der Orientierung BOri die KG einen abstoßenden Charakter
auf die Versetzung hat.

• In einem Halbraum hat eine starre Oberfläche immer eine abstoßende Wirkung
auf die Versetzung, während eine freie Oberfläche zeigt das Gegenteil. Es ist
auch zu erkennen, dass die Größe von Fim für den Halbraum viel größer als
für die bi- oder tri-materielle Konfiguration ist. Außerdem haben Fim fast die
gleiche Größe im Fall isotroper Elastizität in Halbräumen und anisotroper
(siehe Abbildung 1.11).

• Eine weichere KG mit λ = 0, 5 (nachgiebige Grenzfläche) übt einen attrak-
tiven Effekt auf die Versetzung aus, während eine steifere KG mit λ = 2
(starre Grenzfläche) einen abstoßenden Effekt auf die Versetzung hat.

21



• Im Falle einer anisotropen Elastizität gibt es eine Gleichgewichtsposition für
die Versetzung, in der Fim eine Vorzeichenänderung aufgrund der gekoppel-
ten Effekte der Bildkräfte aufweist. Die Bildkräfte resultieren sowohl aus
dem unteren Kristall als auch aus der KG mit inversem Effekt, wie z.B. AOri

mit λ = 2 oder BOri mit λ = 0, 5. Wenn der untere Kristall und die KG den
gleichen Effekt haben, wird ihre Wirkung verstärkt. Der Wirkungsabstand
der starren/freien Oberfläche ist größer als der Missorientierungseffekt.

• Die Wirkungsabstand der KG-Steifigkeit ist ziemlich klein mit etwa 41 |b| für
λ = 2 und 58 |b| für λ = 0, 5. Es ist jedoch wichtig, die führende Versetzung
des Pile-ups ausgleichen zu können. Über diese Abstände hinaus, die Bild-
kraft ist hauptsächlich von der Missorientierung der Bi-Kristalle abhängig.

• Für isotrope Tri-Materielle-Konfigurationen, die Bildkraft hängt nur von der
KG-Steifigkeit aufgrund des Missorientierungs-Effektes durch den unteren
Kristall ab.
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Figure 1.11: Variation der projizierten Bildkraft Fim mit dem KG-Abstand entlang der
Gleitrichtung für verschiedene Konfigurationen: (a) Bi-Material-Konfigurationen, (b) Halbraum-
Konfigurationen und (c) Tri-Material-Konfigurationen mit anisotroper vs. isotroper Elastizität.

Neben dem Effekt von Missorientierung und KG-Steifigkeit wurde der Ef-
fekt von freien Oberflächen auf die Bildkraft theoretisch untersucht, wobei eine
Zweischichten-Konfiguration mit unterschiedlichen Missorientierungen AOri, BOri

und unterschiedlicher Dicke H ′ = 2µm, H ′ = 4µm berücksichtigt wurde. Die
Ergebnisse der projizierten Bildkräfte entlang der Gleitrichtung sind in Abbildung
1.12 dargestellt. Die Zusammenfassung ist wie folgt:

• Freie Oberflächen haben eine starke attraktive Wirkung auf Versetzungen.
Im Vergleich zum freien Oberflächeneffekt ist der Effekt der Missorientierung
in der Nähe der freien Oberfläche vernachlässiKGar, da die P-K-Kraft nah
an der Oberfläche unabhängig von der Orientierung ist.

• In der Nähe der KG wird die Bildkraft hauptsächlich durch Missorientierung
gesteuert. Tatsächlich haben die beiden freien Oberflächen einen gegenteili-
gen Effekt auf die Versetzung. Wenn die Versetzung in etwa gleichem Ab-
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stand zu den beiden freien Oberflächen liegt, wird ihr Beitrag vernachlässiK-
Gar.

• Ein Größeneffekt ergibt sich nach der Normierung des Abstands durch die
Hälfte der Dicke: Bei gleichem relativem Abstand von der Korngrenze ist
die Bildkraft größer in den kleineren Bi-Kristallen.

• Kombiniert man mit attraktiver Missorientierung AOri, so gibt es einen Gle-
ichgewichtspunkt, bei dem die Bildkraft auf die Versetzung Null ist. Diese
Position befindet sich bei der nahezu gleichem relativen Abstand von KG für
unterschiedliche Materialdicken.

Figure 1.12: Variation der projizierten Bildkraft Fim für Zweischichten-Modelle in unter-
schiedlicher Dicke (a) mit dem Abstand vom KG entlang der Gleitrichtung und (b) mit dem
normierten Abstand durch H ′/2 von KG entlang der Gleitrichtung.

Da die Orientierung des unteren Kristalls einen stärkeren Einfluss auf Ver-
setzungen auf große Entfernungen als die KG-Steifigkeit hat, ist hier die Länge
der Versetzungs-Pile-ups L mit den unterschiedlichen Orientierungen des unteren
Kristalls in Abbildung 1.13 im Falle eines Pile-ups mit 50 Versetzungen und einer
KG der Dicke null dargestellt. Die Orientierung des oberen Kristalls mit dem
Pile-Up ist festgelegt, immer noch definiert durch α = 45◦, während die Orien-
tierung des unteren Kristalls durch eine Drehung ψ von 0◦ bis 180◦ um v gegeben
ist. Um eine stabile Versetzung-Pile-up-Konfiguration zu erhalten (insbesondere
im Fall anziehender Missorientierung), wird die führende Versetzung immer fix-
iert, um Abstoßungskräfte auf alle anderen Versetzungen auszuüben. Daher wird
der Fall des homogenen Einkristalls for ψ = 0◦ und ψ = 180◦ abgerufen, bei
der L = 8, 75 µm beträgt (Abbildung 1.13 (a)). Wenn L kleiner (bzw. größer)
als 8, 75 µm ist, hat die Bildkraft überall einen attraktiven (bzw. abstoßenden)
Effekt auf den Pile-Up (siehe Abbildung 1.13 (b)). Der Missorientierungswinkel
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zwischen beiden Kristallen, d.h. der minimale Drehwinkel, um von einer Kristal-
lorientierung zur anderen zu gelangen, ist auch in Abbildung 1.13 (a) dargestellt.
Der maximal mögliche Wert für den Missorientierungswinkel 62.8◦ [298] in kubis-
chem Kristall ist fast erreicht; entspricht aber nicht dem Maximalwert von L.
Der Maximalwert von L entspricht jedoch dem hohen Missorientierungswinkel
(ca. 60◦). Darüber hinaus ist zu beachten, dass ein und derselbe Missorien-
tierungswinkel mit verschiedenen elastischen Verhalten in Verbindung gebracht
werden kann (z.B. 60◦ wird mit ψ = 60◦ und ψ = 120◦ abgerufen, so hat L die
Werte L = 9.02 µm und L = 8.61 µm). Schließlich kann beobachtet werden,
dass die relativen Schwankungen von L im Vergleich zum isotropen Fall in Ni
etwa 7% erreichen können. Wichtig ist, dass solche signifikanten Schwankungen in
einem mäßig elastischen anisotropen Material auftreten. Aber unter Berücksich-
tigung von Pile-ups in der isotropen Elastizität können nicht beobachtet werden.
Unter Verwendung der Voigt-Reuss-Hill-Methode [269, 270] ist der Wert von L
(gegeben durch die isotrope Elastizität) jedoch etwa die durchschnittliche Länge
in anisotroper Elastizität mit der aktuellen Rotationskonfiguration (siehe Abbil-
dung 1.13 (a)). Darüber hinaus ist diese maximale relative Variation von L für
verschiedene Materialien mit unterschiedlicher Anisotropie (Zener-Verhältnisse) in
Tabelle 1.1 dargestellt. Sie nimmt mit zunehmendem anisotropem Faktor zu, was
die anisotrope Wirkung widerspiegelt. Wenn der Effekt des starren Halbraums
viel stärker als der Effekt der Missorientierung ist, dann sind L und Fim bei der
starren Halbraum-Konfiguration viel größer als bei der Bi-Material-Konfiguration
mit unterschiedlichen Missorientierung.
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Figure 1.13: Effekt der Missorientierung in anisotropen Bi-Kristallen (Ani Bi) auf (a) die
Pile-up-länge L für einen Pile-up mit 50 Versetzungen und einer KG der Dicke null und
(b) projizierte Bildkraft entlang der Gleitrichtung in einem Abstand von 5 |b| von KG. Die
Drehachse ist die Gleitrichtung v. Vergleiche auch mit den Fällen von homogenem isotropem
Fall (Iso Bi), isotropem starrem Halbraum (Iso Rigid HS) und anisotropem starrem Halbraum
(Ani Rigid HS).

Material Al Ni Cu α-Brass

Zener-Verhältnis [1] 1.22 2.51 3.21 4.11

Maximale relative Abweichung von L (%) 1.2 7.2 9.0 11.5

Table 1.1: Maximale relative Variation von L mit anisotroper Elastizität im Vergleich zur
isotropen Elastizität für verschiedene Materialien mit unterschiedlichen anisotropen Faktoren
(Zener-Verhältnisse [1]). Elastische Steifigkeitsmodule dieser Materialien finden sich im Buch
“Theory of Dislocations” [28].
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1.5 Experimentelle Ergebnisse für Ni und α-Brass

Bikristalle

Zunächst wurden die Gleitlinien in Ni-Bi-Kristalle mi Hilfe vom REM unter-
sucht (Abbildung 1.14 (a)) dann in α-Brass (Abbildung 1.15 (a)). In der Ni-Proben
sind die Gleitlinien auf der Oberseite sehr schwach und es können nur zwei paral-
lele Gleitlinien in Kristall I und II beobachtet werden. Basierend auf der Richtung
der Gleitlinien auf der Oberseite und den berechneten Schmid-Faktoren wird das
aktive Gleitsystem mit dem maximalen Schmid-Faktor oder durch die Inkompat-
ibilitätsspannung bestimmt [160]. Das Gleitsystem B4-basierend auf das Schmid
und Boas’ Konvention [40] für jeden Kristall-wird als das aktivierte System ange-
sehen, wie in Abbildung 1.14 dargestellt.

Figure 1.14: REM-Bild eines Ni-Bi-Kristalls nach dem Drucktest zur kristallographischen Anal-
yse der Gleitlinien. Basierend auf der Richtung der Gleitlinien, der Orientierung jedes Kristalls
und des Schmid-Faktors (oder der Inkompatibilitätsspannungsanalyse) wird das Gleitsystem B4
im Kristall I und B4 auch im Kristall II aktiviert.

Allerdings im α-Brass-Bi-Kristall wurden jeweils zwei Gleitsysteme im Krystal
I und II aktiviert, die auf der Oberseite im Kristall I (A6 und C5) und auf der
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Seitenfläche im Kristall II (B4 und D6) wechselwirken. Basierend auf der Richtung
der Gleitlinien und des Schmid-Faktors (oder der Inkompatibilitätsspannung) für
jedes Gleitsystem, wie in Abbildung 1.15 dargestellt, die aktiven Gleitsysteme im
Kristall I sind A6 und C5 und im Kristall II B4 und D6. Somit gibt es in beiden
Körnern in der α-Brass-Probe Mehrfachgleitung.

Figure 1.15: REM-Bild eines α-Brass-Bi-Kristalls nach dem Drucktest zur kristallographis-
chen Analyse der Gleitlinien. Basierend auf der Richtung der Gleitlinien, der Orientierung jedes
Kristalls und des Schmid-Faktors (oder der Inkompatibilitätsspannungsanalyse) wird das Gleit-
system A6 und C5 im Kristall I und B4 im Kristall II aktiviert.

Anschließend wurde die Oberflächentopographie der Oberseite der Probe mit
Hilfe des AFMs abgebildet, um ein besseres Bild (3D) der Gleitlinien zu erhal-
ten. In Abbildung 1.16 sind die AFM-Ergebnisse der Ni-Probe und in Abbildung
1.18 die AFM-Ergebnisse der α-Brass-Probe dargestellt. Die Stufen der Gleitlin-
ien entsprechen den Gleitlinien in den REM-Bilder in Abbildung 1.14 und 1.15.
Für die Ni-Probe wurde eine Gleitstufe mit klassischen Merkmalen von Pile-up
zur Analyse ausgewählt. Die Höhen der oberen und unteren Linie dieser Gleitlinie
wurden entlang der Gleitrichtung der KG gemessen (siehe rote Linie schwarze
Linie in Abbildung 1.16). Die Messdaten wurden mit Hilfe eins Polynoms gefit-
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tet (gekennzeichnet als hTop und hBottom). Dann wurde die relative Höhe dieser
Stufe ∆h als Differenz der gefitteten Höhe zwischen diesen beiden Linien berechnet
(siehe Abbildung 1.17). Es wird festgestellt, dass der Höhenunterschied zwischen
zwei Linien an der KG ∆hKG ≈ 0, 86 nm nicht null ist. Dieser Wert entspricht
einer schwachen Versetzungstransmission (siehe rote Markierung in Abbildung 1.16
(b)). Die Stufenhöhe steigt von KG entlang der Gleitrichtung an und erhält ihren
Maximalwert ∆h ≈ 9.06 nm bei etwa d ≈ 3.28 µm. Außerdem wurde lokal Ko-
rngrenzengleiten. Dieses Gleiten Mechanismus kann in Abbildung 1.16 (a) und in
Abbildung 1.16 (b)(grüne Markierung) beobachtet werden.

Figure 1.16: AFM-Oberflächentopographie der Ni-Probe: (a) AFM-Scan der gesamten oberen
Oberfläche und (b) der AFM-Scan, der lokale Transmission an der KG zeigt (rote viereckige
Markierung). Der rote Pfeil zeigt die Belastungsrichtung an. Der Buckelbereich im Kristall II in
(a) und die grüne rote Markierung in (b) zeigen KG-Gleiten.

Figure 1.17: Messergebnisse der Gleitstufe in Abbildung 1.16: Rote und schwarze durchgezo-
gene Linie zeigen die gemessene Höhe der oberen Linie bzw. der unteren Linie der Stufe. Die
gestrichelten Linien mit der entsprechenden Farbe zeigen die passenden Ergebnisse nach dem
Polynomverfahren mit dem Koeffizienten R2 = 0, 8176 für die obere Linie und R2 = 0, 9898 für
die untere Linie. Die blaue Linie zeigt die simulierte Stufenhöhe.

Eine ähnliche Analyse wurde für die α-Brass-Probe durchgeführt, wie in Abbil-
dung 1.19 dargestellt. Während die Transmission in der α-Brass-Probe stärker aus-
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geprägt (∆hKG ≈ 4, 29 nm) als in der Ni-Probe ist, hat die Ausbreitung von Ver-
setzungen im Nachbarkorn eine kürzere Distanz. Das Maximum der Stufenhöhe ist
∆h ≈ 10.03 nm bei etwa d ≈ 2.44 µm. Im mittleren Teil der Kurve der Stufenhöhe
kann eine leichte Vertiefung beobachtet werde, die durch die Überschneidung mit
einer nicht-koplanaren Gleitlinie verursacht werden kann.

Figure 1.18: AFM-Oberflächentopographie der α-Brass-Probe: (a) AFM-Scan der gesamten
oberen Oberfläche und (b) der AFM-Scan, der lokale Transmission an der KG. Der rote Pfeil
zeigt die Lastrichtung.

Figure 1.19: Messergebnisse der Gleitstufe in Abbildung 1.18: Rote und schwarze durchgezo-
gene Linie zeigen die gemessene Höhe der oberen Linie bzw. der unteren Linie der Stufe. Die
gestrichelten Linien mit der entsprechenden Farbe zeigen die passenden Ergebnisse nach dem
Polynomverfahren mit dem Koeffizienten R2 = 0, 9982 für die obere Linie und R2 = 0, 9973 für
die untere Linie. Die blaue Linie zeigt die simulierte Stufenhöhe.
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1.6 Simulation des Stufenhöhenprofils mit Hilfe

diskreter Versetzungs-Pile-up-Berechnungen

und Diskussionen

Basierend auf den in Kapitel 1.3 entwickelten Modellen können die Stufenhöhen
aufgrund eines Versetzungs-Pil-ups an der KG in einem Bi-Kristall mit Hilfe von
Versetzungs-Pile-ups-Modelle simuliert werden. Für die Berechnungen werden fol-
gende Hypothesen und Konfigurationen festgelegt und in Abbildung 1.20 dargestellt:

• Die Versetzungslinien sollen unendlich gerade Linien sein. Sie sollen parallel
zueinander und auch parallel zur KG-Ebene sein.

• Die im Experiment gemessene Position der maximalen Stufenhöhe gilt als das
Ende des Versetzungs-Pile-ups. In der Simulation wird jedoch angenommen,
dass es eine feste Versetzungsquelle gibt.

• Die Versetzungen, die von dieser Quelle erzeugt werden, werden einen Pile-
up bilden, wenn sie sich in Richtung KG bewegen, und werden eine Stufe
auf der Seitenfläche erzeugen, wenn sie sich auch auf die freie Oberfläche
bewegen.

• Die KG wird mit einer Grenzflächendicke von 0,9 nm berechnet, die aus der
MD-Simulation gewonnen wird. Diese Grenzfläche gilt als anisotrop mit λ =
1, wie in Gleichung 1.18 definiert ist. Zum Vergleich wurden isotrope Eigen-
schaften für die KG-Steifigkeit auch unter Verwendung der Voigt-Reuss-Hill-
Methode [269, 270] berücksichtigt, wobei der Steifigkeitstensor wie folgt mod-
elliert wird:

CII
ijkl = 3kJijkl + 2GKijkl (1.20)

wobei k =
2G (1 + ν)

3 (1− 2ν)
der Kompressionsmodul, G der Schermodul und ν das

Poisson-Verhältnis sind mit Jijkl =
1

3
δijδkl, undKijkl =

1

2

(
δikδjl + δilδjk −

2

3
δijδkl

)
.

• Die transmittierten Versetzungen können nicht gleichzeitig mit den Verset-
zungen im Pile-up aufgrund der zweidimensionalen L-E-S-Theorie betra-
chtet werden, wenn sie unterschiedlichen Richtungen der Versetzungslin-
ien aufweisen. Somit sollen die transmittierten Versetzungen durch eine
in der Grenzfläche fixierte Superversetzung dargestellt werden. Deshalb
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ist bTran = NTran × bGB, wobei bTran der Burgersvektor dieser Superverset-
zung, NTran die Anzahl der transmittierten Versetzungen und bGB der Burg-
ersvektor einer in der KG gespeicherten Versetzung sind. Außerdem, bGB

könnte derselbe wie der Burgersvektor der einlaufenden Versetzungen sein
oder bGB könnte der Restburgersvektor zwischen dem einlaufenden Gleitsys-
tem und einem der 12 auslaufenden Gleitsysteme im Nachbarkorn sein, wie
folgt bGB = bIn − bOut definiert.

• Wie im Abschnitt 1.3.1 vorgestellt, ist die Simulations-Koordinate die x3-
Richtung die Richtung der Versetzungslinie zS, wie in Abbildung 1.20 dargestellt.
Die x2-Richtung ist parallel zur Richtung der KG-Normale rmyS (siehe Ab-
bildung 1.20). Basierend auf der FS/RH-Konvention, die x1-Richtung ist
x1 = x2×x3 und dargestellt als xS in Abbildung 1.20. Darüber hinaus wer-
den alle verwendeten Vektoren und Tensoren, wie der Burgersvektor aktiver
Gleitsysteme, der Vektor der Gleitrichtung und die elastische Steifigkeit, etc.
in die Simulationskoordinaten transformiert.

• Die Gleichgewichtspositionen von Versetzungen im Pile-up werden mit Hilfe
der Gleichung 1.17 bestimmt, dann kann die Stufenhöhe entlang der Gleitrich-
tung wie folgt berechnet werden:

∆h (d) = N (d)× b (Z) (1.21)

wobei d der KG-Abstand entlang der Gleitrichtung, N die Anzahl der Ver-
setzungen, die durch diesen Punkt durchgehen und b (Z) die außerhalb der
Oberfläche liegende Komponente des Burgersvektors (entlang der Z-Richtung,
die senkrecht zur Oberseite steht, wie in Abbildung 1.20 dargestellt) sind.

• In folgenden wird die gemessene Stufenhöhe von KG auf Null kalibriert, das
heißt ∆h = hTop−hBottom−∆hGB. Ebenso wird die simulierte Gleithöhe an
der KG gleich Null (∆h (0) = 0) sein.
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Figure 1.20: Schematische Darstellung der Simulationskonfiguration. (xS , yS , yS , zS) geben
die Simulationskoordinate und (X,Y, Z) die globale Probenkoordinate an.

Für folgenden Ergebnisse werden die Standardwerte der Parameter wie folgt
eingestellt: Der Burgersvektor der transmittierten Versetzungen soll gleich dem
Burgersvektor der einlaufenden Versetzungen sein und die kritische Kraft soll
Fc = 0 N/m sein. Standardmäßig werden die Berechnungen mit anisotroper Elas-
tizität durchgeführt. Der L-E-S-Formalismus kann jedoch aufgrund des Problems
der wiederholten Eigenwerte (entartete Lösungen) nicht für die Berechnung der
isotropen Elastizität verwendet werden. In diesem Fall werden die elastischen
Steifigkeitsmodule zunächst aus isotropen elastischen Konstanten durch C11 =
2G (1− v) / (1− 2v), C12 = 2Gv/ (1− 2v) und C44 = G dargestellt. Dann wird
der C44 ein leicht erhöht, um das Problem der entarteten Lösungen im L-E-S-
Formalismus zu verhindern und durch C44 = C44 × 1.0001 ersetzt.

Basierend auf den oben genannten Hypothesen beträgt die außerhalb der Oberfläche
liegende Komponente des Burgersvektors für das analysierte Gleitsystem in der
Ni-Probe etwa 0,15 nm. Die maximale Stufenhöhe beträgt etwa 9,1 nm bei
d ≈ 3, 28 µm und die Stufenhöhe an der KG aufgrund der Transmission etwa
0,86 nm. Basierend auf Gleichung 1.21 beträgt die Anzahl der von der Verset-
zungsquelle erzeugten Versetzungen 61 und die Anzahl der transmittierten Verset-
zungen 6, so dass die Anzahl der Versetzungen im Pile-up 55 ist. Die angelegte
Spannung wurde aus dem Experiment (289,4 MPa) verwendet. Mit all diesen Pa-
rametern, die Stufenhöhe (als Verteilung der Versetzungen im Pile-up) wurde für
verschiedene Orientierungen des KG-Burgersvektors und unterschiedliche kritische
Kräfte unter Berücksichtigung der Einfluss freier Oberflächen berechnet. Darüber
hinaus wurde der Einfluss der anisotropen Elastizität im Vergleich zur Isotropie
und die Anzahl der Grenzflächenversetzungen überprüft.

Die Auswirkungen der verschiedenen Parameter sind in folgenden zusammenge-
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fasst:

• Effekt freier Oberflächen: Die Ergebnisse der Tri-Material-Simulationen ohne
freie Oberflächen (markiert als INF) und mit freien Oberflächen (markiert als
FS) sind in Abbildung 1.21 dargestellt. Die Simulationsergebnisse sind ver-
gleichbar mit den experimentellen Ergebnissen mit einigen Diskrepanzen. Im
Vergleich zur experimentellen Messung liegen die Versetzungen näher an der
KG in INF, während sie näher an der ersten freien Oberfläche liegen, wenn
man den Effekt der freien Oberflächen (FS) betrachtet. Der Grund dafür ist,
dass die Versetzungen näher an der ersten freien Oberfläche als an der zweiten
sind. D.h. die von beiden freien Oberflächen auslaufende Gesamtkraft geht
immer in Richtung der ersten freien Oberfläche. Die Versetzungen um die
KG liegen jedoch fast in der Mitte der zwei freien Oberflächen. Die Effekte
dieser beiden freien Oberflächen werden gegenseitig ausgeglichen.

Figure 1.21: Simulation der Stufenhöhe im Tri-Material-Model ohne freie Oberflächen (INF)
und im Dreischichtmodell mit freien Oberflächen (FS).

• Effekt von Grenzflächenversetzungen: In den Hypothesen der Simulation
soll die Anzahl der Grenzflächenversetzungen gleich der Anzahl der trans-
mittierten Versetzungen sein. Zunächst wird also die Anzahl der Gren-
zflächenversetzungen überprüft, wie in Abbildung 1.22 (a) dargestellt. Aus
der experimentellen Messung, die Anzahl der transmittierten Versetzungen
beträgt 6. Zum Vergleich wurde die Berechnung für nur 1 Grenzflächen-
versetzung durchgeführt. Es zeigt, dass die Gleichgewichtspositionen der
Versetzungen in Pile-ups näher an der KG für 1 Grenzflächenversetzung
als für 6 Grenzflächenversetzung (aufgrund der geringeren Abstoßungskraft)
sind. Transmissionsphänomene wurden mit Hilfe von AFM-Messungen ein-
deutig gezeigt, sodass die Burgersvektoren der Grenzflächenversetzungen bGB

auch überprüft werden konnten. Die Ergebnisse für zwei Sonderfälle sind
in Abbildung 1.22 (b) dargestellt. Im ersten Fall es wird folgendes für
den Burgersvektor der Grenzflächenversetzung angenommen: Es wird das
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auslaufende Gleitsystem mit dem maximalen Transmissionsfaktor berück-
sichtigt (gekennzeichnet als Residu B5). Dann im zweiten Fall: Es wird das
auslaufende Gleitsystem mit dem maximalen Schmidfaktor im Nachbarkorn
berücksichtigt (gekennzeichnet als Residu B4). Beide Fälle zeigen, dass die
Gleichgewichtspositionen der Versetzungen zur KG verschoben werden und
unterschieden sich somit von experimentellen Messungen, wenn man diese
Fälle mit dem Fall mit dem gleichen Burgersvektor der einlaufenden Ver-
setzung vergleicht. Es scheint außerdem, dass die Ergebnisse nähern sich
an den experimentellen Ergebnisse, wenn die freien Oberflächen für diese
Fälle berücksichtigt werden, da die freien Oberflächen alle Versetzungen in
Richtung der ersten freien Oberfläche verschieben. Aus den in Abbildung
1.22 dargestellten Ergebnissen geht jedoch hervor, dass die Ergebnisse mit
einer Grenzflächenversetzung nah an der KG weit von der experimentellen
Messung entfernt sind, wenn man es mit den Ergebnissen mit 6 Grenzflächen-
versetzungen mit dem Burgersvektor der einlaufenden Versetzung vergleicht.
Mittlerweile ist bekannt, dass die Auswirkungen von freien Oberflächen in der
Nähe der KG schwach sind. Daher werden sich die Ergebnisse auch unter
Berücksichtigung der freien Oberflächen für diese Fälle nicht viel ändern.
Der Burgersvektor der Grenzflächenversetzungen mit 12 Restburgersvektor
wurde ebenfalls untsersucht, da es 12 Gleitsysteme im Nachbarkorn für kfz-
Kristallen gibt. Basierend auf die Analysen, die bessere Lösung ist diejenige
mit dem Burgersvektor der einlaufenden Versetzung für diese Probe.

Figure 1.22: Simulation der Gleitstufenhöhe im Tri-Material-Model ohne freie Oberflächen
INF für (a) verschiedene Anzahl von Grenzflächenversetzungen: eine Grenzflächenversetzung
(II1) und 6 Grenzflächenversetzungen (II6), und (b) verschiedene Burgersvektoren von Gren-
zflächenversetzungen: Restburgersvektor zwischen ein- und auslaufendem Gleitsystem mit max-
imalem Transmissionsfaktor (Residu B5) und mit maximalem Schmidfaktor für das auslaufende
Gleitsystem (Residu B4).

• Wirkung der kritischen Kraft: Wie im Unterabschnitt 1.3.6 erläutert, ist
es wichtig, die Wirkung der kritischen Kraft Fc zu berücksichtigen (siehe
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Gleichung. 1.17). Die Ergebnisse mit und ohne Berücksichtigung der kri-
tischen Kraft sind in Abbildung 1.23 dargestellt. Es wird festgestellt, dass
Fc die Versetzung in Richtung KG verschiebt. Wenn man die Wirkung von
freien Oberflächen mit einer kritischen Kraft Fc = 0, 003 N/m (τc = 12
MPa) berücksichtigt, führt dies zu einem Simulationsergebnis, das näher
an der experimentellen Messung liegt (Abbildung 1.23 (b) die rote Kurve
FS Fc0.003). Der Wert ist hier etwas höher als der theoretische Wert für
reinen kfz-Kristall (1 ∼ 2 MPa [296]). Der Grund dafür kann die durch
die Probenherstellung erzeugten Oberflächendefekte sein, die nicht in der
Simulation berücksichtig werden, denn im L-E-S-Formalismus werden nur
gerade Versetzungen berücksichtigt. Darüber hinaus wurde festgestellt, dass
die kritische Kraft keinen offensichtlichen Einfluss auf Versetzungen um die
KG bis zu einem Abstand von d = 0, 5 µm im INF-Modell hat (Abbildung
1.23 (a)). Basierend auf Gleichung 1.17 konnte herausgefunden werden, dass
die kritische Kraft keinen einheitlichen Effekt auf alle Versetzungen im Pile-
up hat, denn es hängt vom gesamten Spannungszustand ab und die kri-
tische Kraft versucht ihn auszugleichen, um einen umgekehrten Effekt zu
erzielen. Beispielsweise, wenn die Gesamtkraft auf einer Versetzung ist in
Richtung der freien Oberfläche für Positionen nahe der freien Oberfläche ist,
wird die kritische Kraft in die Richtung der KG zeigen. Allerdings ist der
Spannungszustand in der Nähe der KG sehr komplex. Die Gesamtkraft auf
einer Versetzung kann auch auf die KG aufgrund der abstoßenden Kräfte an-
derer Versetzungen, attraktive Missorientierung, konformes KG, attraktiven
Kräften aus Grenzflächenversetzungen und angelegten Spannung zeigen. Die
Gesamtkraft kann auch in die entgegengesetzte Richtung zeigen, wenn ab-
stoßende Missorientierung, starre KG, abstoßende Kraft von Grenzflächen-
versetzungen oder anderen Versetzungen in der Nähe und freie Oberflächen
(auch wenn ihre Wirkung hier schwach ist) vorhanden sind. Daher hängt
die Gesamtkraft hier von vielen Parametern ab. Somit könnte die kritische
Kraft entweder die Versetzungen in Richtung KG oder in die entgegengeset-
zte Richtung verschieben.
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Figure 1.23: Simulation der Höhe einer Gleitstufe: (a) im Tri-Material-Model ohne freie
Oberflächen INF und (b) im Dreischichtmodell mit freien Oberflächen FS unter Berücksichti-
gung der kritischen Kraft (Fc) mit N/m.

• Wirkung der elastischen Anisotropie: Die elastische Anisotropie hat einen
Einfluss im allgemein auf das Versetzungsverhalten (Anisotropie Faktor in Ni
ist 2,51). Um den Anisotropieeffekt zu bestimmen, wird die Stufenhöhe unter
Berücksichtigung der isotropen Elastizität ohne freie Oberflächen (gekennze-
ichnet als “INF ISO”) und mit freien Oberflächen (gekennzeichnet als “FS ISO”)
berechnet (siehe Abbildung 1.24 (a) und (b)). Man kann erkennen, dass
der Unterschied zwischen isotroper Elastizität und anisotroper Elastizität
nicht zu groß ist. Ein Grund dafür ist, dass die Bildkraft aufgrund der
vorliegenden Missorientierung 0,0103 N/m beträgt. Bei einer anderen Ori-
entierung des Nachbarkorns kann die maximale Bildkraft aber für dieses
Gleitsystem den Wert 0,0502 N/m erreichen. Darüber hinaus werden in der
vorliegenden Konfiguration die Versetzungen an zwei Seiten des Aufstaus
fixiert, die die Verteilung der Versetzung limitiert. Dennoch werden alle Ver-
setzungen im Fall der isotropen Elastizität in Richtung der freien Oberfläche
bewegt, die dazu führt, dass das simulierte Gleitstufenprofil weit von der
experimentellen Messung entfernt ist. Außerdem ist die Mikrostruktur der
Grenzfläche eher wie eine nicht-kristalline Struktur, die als isotrop betra-
chtet werden kann. Die Stufenhöhe wurde auch nur mit der Grenzfläche (als
isotrop betrachtet) durchgeführt. Die Ergebnisse unter Berücksichtigung der
Grenzfläche als isotrop ohne (INF InterISO) und mit (FS InterISO) Betra-
chtung freier Oberfläche sind in Abbildung 1.24 dargestellt. Abbildung 1.24
zeigt, dass die Ergebnisse keinen großen Unterschied im Vergleich zu der
anisotropen Fall (Grenzfläche mit λ = 1) zeigen.
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Figure 1.24: Simulation der Stufenhöhe: Grenzfläche mit isotroper Elastizität und anisotroper
Elastizität (a) ohne freien Oberflächen (INF) nur für die isotrope Grenzefläche (INF InterIso)
und für alle isotropen Schichten INF ISO und (b) mit freien Oberflächen (FS) mit allen isotropen
Schichten.

Als Fazit, die Simulation liefert die beste Lösung, wenn anisotrope Elastizität,
die Wirkung freier Oberflächen und eine kritische Kraft Fc = 0.003 N/m (τc = 12
MPa) für Ni berücksichtigt werden.

Analog zu der Ni-Probe wurden die gleichen Simulationen für die α-Brass-
Probe durchgeführt. Für die α-Brass-Probe beträgt die Komponente aus der
Oberfläche heraus des Burgersvektors des analysierten Gleitsystems etwa 0,14
nm. Die maximale Stufenhöhe beträgt etwa 10,03 nm bei einem Abstand von
d ≈ 2, 44 µm und die Stufenhöhe an der KG aufgrund der Transmission etwa 4,29
nm. Basierend auf Gleichung 1.21 ist die Anzahl der Versetzungen im Pile-up, die
von der Versetzungsquelle erzeugt werden, 72 und die Anzahl der transmittierten
Versetzungen 31. Daher ist die Anzahl der Versetzungen im Pile-up 41. Die an-
gelegte Spannung beträgt 127,4 MPa (aus den experimentellen Versuchen). Die
Auswirkungen freier Oberflächen, kritischer Kraft und anisotroper Elastizität für
die α-Brass-Probe sind die gleichen wie für die Ni Probe. Die Anzahl der trans-
mittierten Versetzungen ist jedoch viel größer als in der Ni-Probe. Das bedeutet,
die Abstoßungskraft der Grenzflächenversetzungen ist wichtiger, wenn ihr Burg-
ersvektor als derselbe der einlaufenden Versetzungen betrachtet wird (siehe die
blauen Kurven in 1.25). Alle Versetzungen werden aufgrund dieser abstoßenden
Kraft weit weg von KG in Richtung freie Oberfläche bewegt. Diese Transmission
Abbildung 1.18 (b) führt dazu, dass der Restburgervektors von Grenzflächenver-
setzungen berücksichtigt werden sollten. Nach Überprüfung aller möglichen Rest-
burgersvektoren mit 12 Gleitsystemen im Nachbarkorn wurde festgestellt, dass die
beste Lösung mit einem A6 Gleitsystem im Nachbarkorn, wenn freie Oberflächen
und eine angemessene kritische Kraft Fc = 0, 011 N/m (τc = 43 MPa) wie in
Abbildung 1.25 (b) berücksichtigt werden. Die theoretische Analyse der Gleitlin-
ien des A6-Gleitsystems auf der Oberfläche des Nachbarkorns stimmt gut mit
den experimentellen Beobachtungen in Abbildung 1.18 (b) überein. Wie bere-
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its im Abschnitt 1.5 für α-Brass erwähnt, wird das Minimum im mittleren Teil
der Messkurve durch den Schnittpunkt mit anderen nicht-koplanaren Gleitlinien
verursacht. In dem vorliegenden Modell der zweidimensionalen anisotropen Elas-
tizität war es nicht möglich, die im Experiment beobachteten Wechselwirkungen
zweier nicht parallelen Gleitlinien zu simulieren. Daher kann dieses im Experiment
beobachtete Minium mit dem vorliegenden Modell nicht vorhergesagt werden. Es
ist jedoch wichtig, den Bereich Nahe der KG mit d < 0.75 µm zu fitten. Die
kritische Spannung (τc = 43 MPa) in diesem Bereich ist größer als die kritische
Spannung in den Ni-Proben. Allerdings, es scheint dieser Wert für diese Legierung
realistisch zu sein, wie im Abschnitt 1.3.6 bereits beschrieben.

Figure 1.25: Simulation der Stufenthöhe: (a) ohne freie Oberflächen (INF) unter Berücksichti-
gung des Restburgersvektors der Grenzflächenversetzungen und (b) mit freien Oberflächen (FS)
unter Berücksichtigung der kritischen Kraft.

Als Fazit, die Simulationen für die α-Brass-Probe liefert die beste Lösung, wenn
die anisotrope Elastizität, die Wirkung freier Oberflächen, eine kritische Kraft Fc =
0.011 N/m (τc = 43 MPa) und der Restburgervektor für Grenzflächenversetzungen
berücksichtigt werden, da der Versetzungstransfer groß ist.

1.7 Schlussfolgerungen und Perspektiven

In der vorliegenden Arbeit wurde ein analytischer Ansatz auf der Grund-
lage des L-E-S-Formalismus [28, 22, 285] explicit untersucht, der die elastischen
Felder einzelner geraden Versetzungen und verschiedener Versetzungsaufstauungen
in anisotropen homogenen Medien, Halbräumen, Bi- und Tri-Material [17] unter
Berücksichtigung freier Oberflächen [18] liefert. Die Tri-Material-Konfiguration
ermöglicht die Berücksichtigung einer Fläche mit einer Dicke im Nanometerbereich
und eines spezifischen Steifigkeitstensors für den KG-Bereich. Die Konfiguration
mit zwei freien Oberflächen kann zur Untersuchung von Größeneffekten verwendet
werden. Die Auswirkungen von anisotroper Elastizität, kristallographischer Ori-
entierung, KG-Steifigkeit und freien Oberflächen wurden im Falle einer einzelnen

39

6 

0.5 1.0 1.5 2.0 2.5 3.0 3.5 
Dislance from GR (!m1) 

5-

§4-
~ 3~ 
::0 . 

~ 2- .. --SI ip s tep height ,\h 
--FS 

1 - -- FS liesidu Al> 

0 
.k.,=::::::...;..__--;. __ ~--"'-:,-:,-:,_Fs_.·-._R.,.es_·id_u,_ __ /\6..; __ F_co,..0_1""'11 

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 
Dislance from OR (,u.m) 



Versetzung in einem Ni-Bikristall untersucht. Bildkräfte können sowohl durch un-
gleiche Kornorientierung, die Existenz eines endlichen Korngrenzenbereichs und
freien Oberflächen entstehen. Insbesondere wird gezeigt, dass die entlang der Ver-
setzungsgleitrichtung projizierte Peach-Köhler-Kraft eine Vorzeichenänderung mit
der Versetzungsposition aufweisen kann. Außerdem wurde festgestellt, dass die
Wirkungsabstände dieser heterogenen Faktoren unterschiedlich sind. Die freie oder
starre Oberfläche hat den größten Wirkungsabstand im Korn und ihre Wirkung
ist am größten. Der Effekt der Missorientierung ist viel geringer als der Effekt
der freien Oberfläche und somit ist der Wirkungsabstand kürzer. Schließlich hat
die KG-Steifigkeit den kürzesten Wirkungsabstand. Die KG-Steifigkeit ist jedoch
wichtig, um den lokalen Spannungszustand zu ändern, um die führende Versetzung
im Pile-up auszugleichen. Für Pile-Ups wurden die Versetzungspositionen durch
ein iteratives Relaxationsschema berechnet, das die Peach-Koehler-Kraft bei jeder
Versetzung minimiert. Sowohl die KG-Steifigkeit als auch die Missorientierung der
Körner beeinflussen die Länge der Pile-ups, aber der Effekt der Missorientierung
wird deutlich als vorherrschend angesehen.

Parallel dazu wurden in Rahmen dieser Dissertation in-situ mikromechanische
Druckversuche an Mikro-Bi-Kristallen und Post-mortem-Untersuchungen mit Hilfe
vom REM, AFM und EBSD durchgeführt. Die Mikro-Bikristallen aus reinem Ni
und α-Brass wurden mit einem Focused-Ion-Beam-Mikroskop (FIB) hergestellt.
Die lokale räumliche Änderung der lokalisierten Gleitbänder, die an der KG en-
den, wurden mit Hilfe des AFM gemessen, um die Verteilung des Burgersvek-
tors in den Pile-ups zu bestimmen. Diese Verteilung wurde dann durch Pile-
up-Konfigurationen in Bikristallen mit den experimentell gemessenen Parame-
tern unter Berücksichtigung des Einflusses der Missorientierung, KG-Steifigkeit,
freien Oberflächen und kritischen Kraft simuliert. Es wurde folgendes festgestellt:
der Burgersvektor der Grenzflächenversetzungen kann als das gleiche wie die ein-
laufenden Versetzungen mit einer schwachen Versetzungstransfer angesehen wer-
den und man sollte den verbleibenden Burgersvektor der Grenzflächenversetzun-
gen im Falle einer starken Versetzungstransfer berücksichtigen. Die Auswirkungen
von freien Oberflächen und kritischen Kräften sollten in Berechnungen immer als
prädiktiver in Bezug auf das Gleithöhenprofil betrachtet werden. Die kritischen
Kräften in Ni (τc = 12 (τc = 12 MPa)) und α-Brass (Fc = 0.011 N/m (τc = 43
MPa)), die in dieser Rahmenbedingungen der geraden Versetzung mit dem L-E-
S-Formalismus berechnet wurden, sind akzeptabel aufgrund von Gitterfehlern in
der Material- bzw. Legierungszusammensetzung.

Die erreichten Ergebnisse, die mit Hilfe des analytischen Ansatzes für das
Versetzungsverhalten in Bikristallen berechnet wurden, konnten mit anderen nu-
merischen Methoden wie molecular dynamics (MD) Simulationen und 3D discrete
dislocation dynamic (DDD) Simulationen verifiziert werden. Außerdem könnte
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die vorliegende Methode verwendet werden, um DDD-Simulationen für die Gren-
zflächenplastizität unter Berücksichtigung der anisotropen Elastizität, insbeson-
dere für die KG-Eigenschaften in Bikristallen oder Polykristallen zu unterstützen.
Auch wenn es möglich wäre, verschiedene elastische Eigenschaften der KG mit
einem anisotropen elastischen Steifigkeitstensor zu definieren, ist der tatsächliche
Wert dieses Parameters komplizierter oder die KG könnte einfach als isotrop be-
trachtet werden. So werden in einer zukünftigen Untersuchung die elastischen
Eigenschaften von KG mit Missorientierung mit Hilfe von molecular static (MS)
Simulationen untersucht.
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