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for their careful reading and reports on my thesis. Their suggestions helped me to improve the
manuscript. I am extremely thankful to Professors Ilka Agricola, Martin Olbrich, Bent Ørsted,
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my work, Pavle Pandžić for his warm welcome and hospitality in Zagreb and Angela Pasquale
for her willingness to help me whenever I needed it. Furthermore, I would like to thank Profes-
sor Camille Laurent-Gengoux for his involvement in my follow-up committee.

Je tiens également à remercier mes camarades : Allan, Jérémy et Souad avec qui j’ai partagé
le même bureau, des moments conviviaux et des moments de doute; Guenda pour son hospitalité
au Luxembourg; Benjamin pour cette succulente glace que l’on a mangée ensemble quand je
suis arrivé à Metz et pour toutes les parties de jeux de société qu’il a perdues; Hichem pour
son aide et ses prières; Simon pour nos discussions mathématiques autour d’un café. Enfin,
je remercie Rémi pour l’envie qu’il m’a donnée pour des voyages lointains et pour toutes les
séances d’escalade durant lesquelles ma vie ne tenait qu’au bout d’une corde.

Je voudrais aussi remercier les Professeurs Georgios Alexopoulos et Noël Lohoué pour leurs
nombreux conseils qui m’ont été d’une aide précieuse durant mon séjour à Orsay.
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INTRODUCTION

At the end of the XIXth century the Norwegian mathematician Sophus Lie introduced a con-
tinuous analog to Galois groups. While a Galois group encodes the solvability in radicals of
an algebraic equation as well as the behaviour of the solutions under permutations, a Lie group
carries information about the solvability of a differential equation and the behaviour of the so-
lutions, if any, under the action of a continuous family of symmetries. In most cases, by the
superposition principle, the solutions form a topological vector space. The invariance of the
solutions under the symmetries encoded by the Lie group is then expressed in terms of some
action by linear transformations on the vector space of solutions. Representation theory con-
nects the structure of a Lie group, or the symmetries of a set, with linear actions on vector
spaces. Important issues in representation theory are the classification, the unitarity and the
explicit realization of representations of a given Lie group. In this regard, invariant differential
operators and cohomology spaces, in particular Dirac operators, will provide a great deal of
information.

1 Dolbeault and Lie algebra cohomologies
Let G0 be a connected noncompact semisimple real linear Lie group with Lie algebra g0 and
complexified Lie algebra g and K0 be a maximal compact subgroup of G0 with complexified
Lie algebra k associated with a Cartan involution θ of G0. Let G be a connected semisimple
complexification of G0 with Lie algebra g and Gc a compact real form of G. Let H0 be a closed
connected subgroup of Gc with Lie algebra h0 and complexified Lie algebra h. We assume that
the Killing form of g remains nondegenerate when restricted to h, i.e h is quadratic in g. Then
the homogeneous space Gc/H0 is reductive, in the sense that

g = h + h⊥ with [h, h⊥] ⊆ h⊥. (1)

The representation theory of Gc is well understood; in particular every irreducible unitary
representation of Gc is finite-dimensional, and every finite-dimensional representation of Gc is
equivalent to a unitary representation. The celebrated highest weight Theorem 1.5.17 classifies
irreducible finite-dimensional representations as follows:

1



Introduction

(i) a finite-dimensional irreducible representation of Gc has a unique analytically integral
dominant highest weight,

(ii) two finite-dimensional irreducible representations of Gc with the same highest weight are
isomorphic.

Morever, if Vλ denotes the finite-dimensional irreducible representation of Gc with analytically
integral dominant highest weight λ and V ∗λ stands for its dual representation, Peter-Weyl Theo-
rem 7.2.2 decomposes the biregular representation of Gc into the orthogonal direct sum:

L2(Gc) '
⊕
λ

Vλ ⊗ V ∗λ . (2)

A similar classification follows for the finite-dimensional irreducible representations of complex
semisimple Lie algebras in Theorem 1.4.22, i.e. finite-dimensional irreducible representations
of g are in bijection with integral dominant highest weights.

It turns out that the highest weight Theorem also includes an existence statement. Namely,
for each dominant analytically integral element λ, there exists a finite-dimensional irreducible
representation with highest weight λ. To construct such a representation, consider a complex
flag variety G/S, where S is a θ-stable parabolic subgroup of G with Lie algebra s. Write
S = LU (resp. s = l + u) for the Levi decomposition of S (resp. s) and u for the opposite of
u. Then Gc acts transitively on the complex flag variety G/S and one has a diffeomorphism of
complex manifolds :

G/S ' Gc/Gc ∩ S.

It turns out that the connected subgroup Lc := Gc ∩ S is a compact real form of L, it
coincides with the centralizer of a torus in Gc and has maximal rank in Gc. Following [Zie00],
denote by Ωp(Gc/Lc) the space of smooth sections of the bundle

∧p(T (0,1)Gc/Lc)
∗ over the

compact complex manifold Gc/Lc, i.e. the space of forms of type (0, p) equipped with the
Gc-equivariant operator:

∂Gc/Lc : Ωp(Gc/Lc)→ Ωp+1(Gc/Lc)

defined by

∂Gc/Lcω(X0, · · · , Xp) =

p∑
k=0

(−1)kXk[ω(X0, · · · , X̂k, · · · , Xp)]

+
∑
i<j

(−1)i+jω([Xi, Xj], X0, · · · , X̂i, · · · , X̂j, · · · , Xp)

where the hat indicates that the corresponding term is omitted. Let E → Gc/Lc be a finite-
dimensional holomorphic vector bundle over Gc/Lc induced by a finite-dimensional represen-
tation E of Lc. The Gc-equivariant operator ∂ := 1E ⊗ ∂Gc/Lc defines a complex

∂ : Ωp(Gc/Lc, E)→ Ωp+1(Gc/Lc, E)

∂
2

= 0.
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1. Dolbeault and Lie algebra cohomologies

on the spaces

Ωp(Gc/Lc, E) '
{
C∞(Gc)⊗ ∧pu∗ ⊗ E

}Lc
= {f : Gc

C∞−−→ ∧pu∗ ⊗ E | f(gl) = l−1f(g),∀g ∈ Gc,∀l ∈ Lc}

of smooth E-valued forms of type (0, p), p ≥ 0. The quotient spaces

Hp(Gc/Lc, E) = ker(∂)/Im(∂)

are finite-dimensional Gc-modules, the Gc-action being by left translations on C∞(Gc), known
as the Dolbeault cohomology spaces.

Dolbeault cohomology is closely related to Lie algebra cohomology. More precisely, let V
be a finite-dimensional Gc-module. Denote by

Cp(u, V ) := HomC(Λpu, V )

the space of p-linear alternating maps from u to V (with C0(u, V ) := V ). For T ∈ Cp(u, V ),
define δT ∈ Cp+1(u, V ) to be

(δT )(ξ0, · · · , ξp) :=

p∑
i=0

(−1)kξi[T (ξ0, · · · , ξ̂i, · · · , ξp)]

+
∑
i<j

(−1)i+jT ([ξi, ξj], ξ0, · · · , ξ̂i, · · · , ξ̂j, · · · , ξp).

The complex (C·(u, V ), δ) computes the p-th Lie algebra cohomology space of u with coeffi-
cients in V :

Hp(u, V ) = ker(δ)/Im(δ).

Note that Lc normalizes u and so acts on ∧pu∗ by the adjoint map. Furthermore, Lc acts on V
and thus l acts on Cp(u, V ). This action commutes with δ, so the spaces Hp(u, V ) are (finite-
dimensional) Lc-modules. Moreover, one has the isomorphism:

Ωp(Gc/Lc, E) '
{
C∞(Gc)⊗ ∧pu∗ ⊗ E

}Lc
'

⊕
λ∈Ĝc

Vλ ⊗
{
V ∗λ ⊗ ∧pu∗ ⊗ E

}Lc by (2)

'
⊕
λ∈Ĝc

Vλ ⊗
{

HomC(∧pu, V ∗λ )⊗ E
}Lc

.

Now, the commutativity of the following diagram

Ωp(Gc/Lc, E) Ωp+1(Gc/Lc, E)

⊕
λ∈Ĝc

Vλ ⊗
{

HomC(∧pu, V ∗λ )⊗ E
}Lc ⊕

λ∈Ĝc

Vλ ⊗
{

HomC(∧pu, V ∗λ )⊗ E
}Lc

∂

∼ ∼

1⊗δ⊗1

3
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Introduction

implies that
Hp(Gc/Lc, E) '

⊕
λ∈Ĝc

Vλ ⊗
{
Hp(u, V ∗λ )⊗ E

}Lc
. (3)

The Lie algebra cohomology was computed by Kostant in [Kos61]. More precisely, let Wg be
the Weyl group for g, Wl ⊂ Wg the Weyl group for l, and ρ half the sum of the positive roots
in a positive system ∆+ ⊂ ∆ := ∆(g, t) defined by u. If ∆+

l ⊆ ∆+ is the positive system for
∆l := ∆(l, t) and

W 1 := {w ∈ Wg | ∆+
l ⊆ w∆+},

then one has the following multiplicity free decomposition into Lc-modules:

Hp(u, V ∗λ ) '
⊕
w∈W 1

`(w)=p

F−ww0(λ+ρ)−ρ (4)

where `(w) stands for the length of w, w0 is the longest element of Wg and F−ww0(λ+ρ)−ρ the
finite-dimensional irreducible representation of Lc with highest weight−ww0(λ+ρ)−ρ. From
(3), we deduce that

Hp(Gc/Lc, E) '
⊕
λ∈Ĝc

⊕
w∈W 1

`(w)=#{∆u}−p

Vλ ⊗ HomLc(Fw(λ+ρ)−ρl+ρu , E) (5)

where ∆u := ∆+ \ ∆+
l . In particular, in the case where E = Eµ is irreducible with highest

weight µ, one recovers Borel-Weil-Bott Theorem of [Bot57]:

H#{∆u}−`(w)(Gc/Lc, Eµ) '

{
Vw−1(µ+ρl−ρu)−ρ if w−1(µ+ ρl − ρu)− ρ is ∆+-dom. for some w ∈ W 1

{0} if no such w exists.

2 Dirac cohomology
Dolbeault cohomology and Lie algebra cohomology are related to cubic Dirac operators as
follows. The subalgebras u and u are maximally dual isotropic subspaces, and q := u ⊕ u is a
l-invariant subspace of g. Moreover, g can be decomposed into

g = l⊕ q and Ad(Lc)(q) ⊂ q, (6)

in analogy to (1). Let S be the space of spinors for the Clifford algebra C(q) of q, equipped
with the Clifford multiplication γ. Then l embeds in C(q) so that S becomes a module for l.
Let c be the degree 3 element in C(q) corresponding, via the Chevalley isomorphism, to the
alternating trilinear form ω : (X, Y, Z) 7→ B(X, [Y, Z]) on q, where B is the Killing form of g,
given by (

ω : (X, Y, Z) 7→ B(X, [Y, Z])
)
7→ c. (7)

In [Kos99], Kostant associates with each g-module (π, V ), an operator Dg,l(V )

Dg,l(V ) : V ⊗ S → V ⊗ S (8)

4



2. Dirac cohomology

defined by
Dg,l(V ) =

∑
j

π(Xj)⊗ γ(Xj)− 1⊗ γ(c)

where {Xj} is an orthonormal basis of q. Note that, according to Lemma 3.1.4, Dg,l(V ) does
not depend on the choice of the basis {Xj} while, when the pair (g, l) is symmetric, the cubic
term c vanishes. Moreover, l acts on V ⊗ S, the action being given by the restriction of π to
l and the spin action on S, and the operator Dg,l(V ) is l-equivariant with respect to this action.
In [Kos99], Kostant computes the square of Dg,l(V ), showing that (Dg,l(V ))2 differs from the
Casimir by a scalar:

(Dg,l(V ))2 = π(Ωg)⊗ 1− (π ⊗ γ)(Ωl)∆ + (‖ρ‖2 − ‖ρl‖2)1⊗ 1 (9)

where Ωg (respectively Ωl) denotes the Casimir element in the enveloping algebra U(g) (re-
spectively U(l)) of g (respectively l), ρl is half the sum of the positive roots in a positive system
∆+

l ⊂ ∆+ for roots in l, ‖·‖ is the norm induced by the Killing form of g, and (·)∆ is the
diagonal embedding

(·)∆ : l −→ U(g)⊗C(q)

X 7→ X ⊗ 1 + 1⊗ ϕ(adX)

of l into U(g) ⊗ C(q), given by the embedding l ⊂ g in U(g) and the embedding (2.11) of l
in C(q). Dg,l(V ) is known as Kostant’s cubic Dirac operator, generalizing Parthsarathy Dirac
operators and his formula for the square, appearing in [Par72]. Cubic Dirac operator can be
defined similarly in the more general setting of the pairs (g, h), including the unequal rank case.
For more details, one can see, for example, [HKP09], [Kos03], [MP11], [MZ03] and [MZ14b].
In the late 1990’s, in a series of talks at MIT [Vog97], Vogan defined the Dirac cohomology of
a (g, K0)-module X to be the K̃0-module

Hg,k
D (X) = ker(Dg,k(X))/Im(Dg,k(X)) ∩ ker(Dg,k(X)), (10)

where K̃0 denotes the spin double cover of K0. Assuming that X is irreducible and has an in-
finitesimal character, he conjectured that if Hg,k

D (X) contains a K̃0-module with highest weight
β thenX has infinitesimal character β+ρk. In other words, the infinitesimal character of a mod-
ule can be recovered from its Dirac cohomology. Vogan’s conjecture was first proved by Huang
and Pandžić for equal rank pairs (g, k) in [HP02] and by Kostant for cubic Dirac operators for
equal rank pairs (g, h) in [Kos03]. It was extended to modules with generalized infinitesimal
character by Pandžić and Somberg in [PS16]. Dirac cohomology has been computed for various
families of modules, including highest weight modules in [HX12], Aq(λ) modules in [HKP09],
generalized Enright-Varadarajan modules in [MP11], unipotent representations in [BP15] and
[BP11], Jacquet modules in [DH11] or (g, K0)-modules with generalized infinitesimal charac-
ters in [PS16].

In the case where X is a unitary (g, K0)-module (respectively finite-dimensional), Dg,k(X)
is a skew-adjoint (respectively self-adjoint) operator and Dirac cohomology reduces to the ker-
nel

ker(Dg,k(X)) = ker(Dg,k(X)2).
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For more details, see [HP06, page 63]. Moreover, for an equal rank pair (g, k), if X is a unitary
(g, K0)-module with infinitesimal character Λ and β is a K̃0-type occurring in X ⊗ S, then the
Parthasarathy-Dirac inequality

|| β + ρk ||≥|| Λ ||
of [Par80a] must be satisfied, providing a test for the unitarizability of (g, K0)-modules.

Kostant proved in [Kos99], that in the case of an equal rank pair (g, h) and for V = Vλ a
finite-dimensional irreducible g-module with highest weight λ, Hg,h

D (Vλ) admits the following
multiplicity free decomposition

Hg,h
D (Vλ) = ker(Dg,h(Vλ)) =

∑
w∈W 1

Fw(λ+ρ)−ρh (11)

where Fw(λ+ρ)−ρh is the finite-dimensional irreducible h-representation of highest weight w(λ+
ρ) − ρh and W 1 is defined in an analogous way as in the case of l. In fact, a similar formula
was proved in the unequal rank situation, in [HKP09] for the pair (g, k) and in [MZ14b] for
pairs (g, h). In particular, in the unequal rank case, the decomposition of Hg,k

D (Vλ) (respectively
Hg,h
D (Vλ)) into irreducibles is no longer multiplicity free.

Now, a connection between Dolbeault and Dirac cohomologies can be deduced from (5)
and (11) when Gc/H0 = Gc/Lc. First, note that the action of l on the first factor of the u-
cohomology is given by the adjoint action so that the action of l on the u-cohomology differs
from the action of l on Vλ⊗S only by a twist with the one dimensional l-module Cρu (for more
details, see [Kos61]). Then, one has:

H ·(Gc/Lc, E ⊗ Cρu) '
⊕
λ∈Ĝc

Vλ ⊗ HomLc(H
g,l
D (Vλ), E) =

⊕
λ∈Ĝc

Vλ ⊗ HomLc(ker(Dg,l(Vλ), E)

so that the Borel-Weil-Bott theorem may be viewed as a particular case of the Dirac cohomol-
ogy.

Certain features of the Dirac cohomology were studied by Mehdi and Parthasarathy in
[MP08], [MP10] and [MP11]. Moreover, it was proved by Mehdi and Pandžić in [MP13]
that Dirac cohomology does not commute with translation functors. To circumvent this prob-
lem, Mehdi, Pandžić and Vogan introduced the Dirac index ID(X) of a (not necessarily finite-
dimensional) (g, K0)-module X in [MPV17a]. More precisely, suppose G0 and K0 have the
same (complex) rank, so that the spin module S for the spin double cover K̃0 (or equivalently
for k) splits into the direct sum of the half-spin modules S+ and S−. Then, the Dirac cohomol-
ogy Hg,k

D (X) of X decomposes accordingly into Hg,k
D (X)+ and Hg,k

D (X)−:

Hg,k
D (X) = Hg,k

D (X)+ ⊕Hg,k
D (X)−.

If X is admissible with infinitesimal character, the Dirac index of X is then the virtual K̃0-
module:

ID(X) = Hg,k
D (X)+ −Hg,k

D (X)−.

We mention that this definition was extended by Pandžić and Somberg in [PS16] to finite length
modules not necessarily with infinitesimal character using higher Dirac cohomology. Mehdi,
Pandžić and Vogan proved in [MPV17a, Section 3] that

ID(X) = X ⊗ S+ −X ⊗ S− (12)
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and that, as a functor from finite length (g, K0)-modules to virtual K̃0-modules, ID is additive
with respect to short exact sequences and behaves well with respect to translation functors:

ID(X ⊗ F ) = ID(X)⊗ F for any finite-dimensional (g, K0)-module F .

They also prove, in [MPV17a, Section 5], that the map

λ 7→ dim(ID(Xλ))

is polynomial on the Cartan subalgebra whenever {Xλ} is a coherent family of (g, K0)-modules.
Recently, Mehdi, Pandžić, Vogan and Zierau in [MPVZ20] related in a precise way this Dirac
index polynomial with nilpotent orbits and associated cycles of Harish-Chandra modules. An
analogous definition for the Dirac index for pairs (g, h) will be given in Section 7.6.

3 Slebarski’s Dirac operators
It appears that Kostant’s cubic Dirac operator (8) is actually an algebraic version of a twisted
geometric Dirac operator introduced by Slebarski in a series of papers, [Sle87a], [Sle87b] and
[Sle88], from the mid 1980’s. More precisely, the homogeneous space Gc/H0 is (naturally)
reductive and the tangent space TeH0(Gc/H0) identifies with h⊥0 . Denote by Γ(T (Gc/H0)) the
space of sections of the tangent bundle T (Gc/H0) of Gc/H0. Recall that a connection∇ on the
tangent bundle T (Gc/H0) of Gc/H0 is a differential linear operator

∇ : Γ(T (Gc/H0))→ Γ(T ∗(Gc/H0)⊗ T (Gc/H0))

satisfying Leibniz’s rule. Identifying vector fields on Gc/H0 with elements in h⊥0 , ∇ is H0-
invariant if

∇Ad(h)(X)(Ad(h)(Y )) = Ad(h)(∇X(Y )), ∀h ∈ H0,∀X, Y ∈ h⊥0 .

Slebarski introduced in [Sle87a, Section 3] the following one-parameter family {∇t}t∈[0,1/2] of
connections:

∇0 = canonical connection
∇t
X(Y ) = ∇0

X(Y ) + t[X, Y ]h⊥0 for all (X, Y ) ∈ h⊥0 × h⊥0 (13)

where [ , ]h⊥0 is the projection onto h⊥0 of the Lie bracket on g0. Note that when Gc/H0 is
a symmetric space, the bracket [ , ]h⊥0 is identically zero and the family {∇t}t∈[0,1/2] reduces
to the torsion-free canonical connection ∇0. However, if the bracket [ , ]h⊥0 is not identically
zero then ∇t is torsion-free if, and only if, t = 1/2, where ∇1/2 is the Levi-Civita connection.
Actually, according to [Agr03, Lemma 2.1], the torsion T t of ∇t can expressed in terms of the
cubic term c:

T t : (X, Y, Z) ∈ h⊥0 × h⊥0 × h⊥0 7→ 2(2t− 1)B([X, Y ]h⊥0 , Z). (14)

In other words, the cubic term c coincides, up to a constant, with the torsion of the canonical
connection∇0 on Gc/H0.
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Next, in [Sle87a], Slebarski considers a family {Dt
Gc/H0

}t∈[0,1/2] of twisted Dirac operators
defined by the family {∇t}. Dirac operators on Riemannian manifolds are discussed extensively
by Friedrich in [Fri00]. Namely, suppose that W is a finite-dimensional h-module such that the
tensor product S ⊗ W lifts to a representation of H0; observe that H0 need not be simply
connected. Then, one gets a homogeneous vector bundle S ⊗W → Gc/H0 over Gc/H0. The
space of smooth sections of this bundle can be identified with the space of (S ⊗ W )-valued
smooth functions on Gc:

C∞(Gc/H0, S ⊗W ) := {ϕ : Gc → S ⊗W | ϕ(gh) = h−1 · (ϕ(g)) ∀(g, h) ∈ Gc ×H0}

equipped with theGc-action by left translations. It is convenient to identifyC∞(Gc/H0, S⊗W )
with the space of H0-invariants: {

C∞(Gc)⊗ S ⊗W
}H0

where Gc acts by left translations on C∞(Gc), while H0 acts by right translations on C∞(Gc)
and the lifted action on W ⊗ S. If f ∈ C∞(Gc) and Y ∈ h⊥0 , R(Y )f will denote the differenti-
ation

(R(Y )f)(g) :=
d

ds
f(g exp(sY ))|s=0 ∀g ∈ Gc.

If {Yj} is an orthonormal basis of h⊥0 , Slebarski defines in [Sle87a, Section 1] the twisted Dirac
operator associated with∇t to be the operator

DtGc/H0
(W ) :

{
C∞(Gc)⊗ S ⊗W

}H0 →
{
C∞(Gc)⊗ S ⊗W

}H0 (15)

given by
DtGc/H0

(W ) :=
∑
j

R(Yj)⊗ γ(Xj)⊗ 1− 3t(1⊗ γ(c)⊗ 1)

where γ stands for the Clifford multiplication and c is the degree 3 element defined by (7).
The operators DtGc/H0

(W ) belong to the algebra {U(g)⊗U(h) End(S ⊗W )}H0 of Gc-invariant
differential operators acting on smooth sections of S ⊗ W → Gc/H0. This algebra need not
be commutative; Deitmar, in [Dei90], gives a commutativity criterion in some cases. Note
that the constant in front of the cubic term comes from our convention for the Clifford algebra
(see Remark 2.1.2). As in the case of the algebraic cubic Dirac operator, one can check that
DtGc/H0

(W ) does not depend on the choice of the basis {Yj} of h⊥0 . Slebarski also computes the
square of the operators DtGc/H0

(W ) in [Sle87a, Section 1]. He then observes in [Sle87a, The-

orem 1] that among the family {DtGc/H0
(W )}, only the square of D1/3

Gc/H0
(W ) differs from the

Casimir in U(g) by a constant. A careful computation and discussion is provided by Agricola
in the more general setting of naturally reductive homogeneous spaces [Agr03, Theorem 3.2].
She also deduces useful information about certain equations of string theory in [Agr03, Section
4]. We will simply write DGc/H0(W ), or just D when there is no confusion, for D1/3

Gc/H0
(W )

and D̂Gc/H0(W ), or just D̂ for D0
Gc/H0

(W ). While D̂Gc/H0(W ) is the twisted Dirac operator as-

sociated with the canonical connection ∇0 on Gc/H0, the operator D1/3
Gc/H0

(W ) may be viewed
as the geometric version of Kostant’s cubic Dirac operator. A precise relationship between al-
gebraic and geometric Dirac operators through the kernels can be stated following [MZ14a].
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Namely, as above, suppose V is a finite-dimensional representation for Gc and W is a finite-
dimensional representation of h such that S⊗W lifts to aH0-representation. Then, by [MZ14a,
Proposition 1.8], one has the following isomorphism of vector spaces:

HomGc(V, ker(DGc/H0(W ))) ' HomH̃0
(W, ker(Dg,h(V )))

This reciprocity law is actually valid in a more general setting; when V is a smooth admis-
sible representation of G0. In Proposition 7.4.2, we see that noncubic Dirac operators satisfy
analogous reciprocity for homogeneous reductive spaces Gc/H0:

HomGc(V, ker(DtGc/H0
(W ))) ' HomH̃0

(W, ker(Dt
g,h(V ))) ∀t ∈ [0, 1/2]. (16)

We continue with the case where h is of maximal rank in g. The kernel and the index of
the geometric cubic Dirac operator were also computed by Slebraski in [Sle87a, page 299].
Namely, suppose that W = Wµ is a finite-dimensional irreducible h-representation of highest
weight µ such that S ⊗Wµ lifts to a H0-representation. Then, according to [Sle87a, Theorem
1], one has

ker(DGc/H0(Wµ)) =

{
Vw(µ+ρh)−ρ if w(µ+ ρh)− ρg is ∆+-dominant for some w ∈ Wg

{0} if such a w does not exist.
(17)

For the index, we follow the description by Landweber in [Lan00]. Consider, as above, the two
half-spin representations S+ and S− so that

DGc/H0(W )± : L2(Gc/H0, S
+ ⊗W )→ L2(Gc/H0, S

− ⊗W )

is an elliptic Gc-invariant differential operator. Here L2(Gc/H0, S ⊗W ) denotes the space of
L2-sections of the bundle S ⊗W → Gc/H0. Using [Bot57, Theorem I], Landweber shows in
[Lan00, Theorem 2] that the Gc-equivariant index ofDGc/H0(W ) is the finite virtualGc-module

IndexGc(DGc/H0(W )) = L2(Gc/H0, S
+ ⊗W )− L2(Gc/H0, S

− ⊗W ), (18)

while [Lan00, Theorem 3] says that

IndexGc(DGc/H0(Wµ)) =

{
(−1)`(w)Fw(µ+ρh)−ρ if w(µ+ ρh)− ρ is ∆+-dom. for some w ∈ Wg

{0} if such a w does not exist.

In the case where Gc/H0 is replaced by G0/K0 (equal rank), Parthasarathy in [Par72] and
Atiyah-Schmid in [AS77] proved that the L2-kernel of the twisted geometric Dirac operator is
a discrete series representation of G0 and any discrete series representation occurs as the L2-
kernel of some twisted geometric Dirac operator. In this setting the Dirac index is studied in
[AS77]. We mention that in the late 1900’s, Deitmar used Selberg trace formula to compute the
Dirac index on arithmetic manifolds Γ\G0/K0 where Γ ⊂ G0 is a torsion-free discrete subgroup
[Dei97]. Note that, more recently, Mehdi and Zierau proved in [MZ03], [MZ06] and [MZ14a]
that the kernel of the twisted cubic Dirac operator on reductive homogeneous spaces contains
principal series representations. Principal series are also involved in the study by Clerc and
Ørsted of the conformal covariance of powers of the Dirac operator [CØ20]. On the other hand,
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the kernel of the symplectic Dirac operator introduced by Kostant in [Kos74] has been described
for the Segal-Shale-Weil representation by De Bie, Somberg and Souček in [DSS14]. We also
mention that representation theoretic aspects of the spectrum of the Laplacian, somehow the
square of the Dirac operator, has been extensively studied in the last decades. For example,
resonances of the Laplacian on certain Riemannian symmetric spaces are described in terms of
Langlands parameters and wave front sets of representations by Hilgert, Pasquale and Przebinda
in [HPP17a] and [HPP17b]. More recently, Mehdi and Olbrich describe G0-representations
involved in the spectrum of certain locally symmetric spaces Γ\G0/H0 [MO20].

4 Introduction to the results of the thesis

4.1 Algebraic Dirac operators
Following (8) and (15), attached with a g-module (π, V ) and the connections {∇t} is the fol-
lowing family of algebraic Dirac operators {Dt

g,h(V )}t∈[0,1/2]:

Dt
g,h(V ) : V ⊗ S → V ⊗ S

Dt
g,h(V ) :=

∑
j

π(Yj)⊗ γ(Yj)− 3t(1⊗ γ(c))

We will write simply Dg,h(V ) for D1/3
g,h (V ) and D̂g,h(V ) for D0

g,h(V ). We call Dg,h(V ) and
D̂g,h(V ) cubic and noncubic Dirac operators, respectively. For t ∈ (0, 1

3
], we call Dt

g,h(V ) t-
cubic Dirac operator. If there is no ambiguity, we will write D, D̂ and Dt instead of Dg,h(V ),
D̂g,h(V ) and Dt

g,h(V ), respectively. As we mentioned before, both Dg,h(V ) and D̂g,h(V ) co-
incide when Gc/H0 is a symmetric space, and, in particular, ker(Dg,h(V )) = ker(D̂g,h(V )).
We are interested in the kernel of noncubic Dirac operators in the case when Gc/H0 is not
symmetric and V is a finite-dimensional irreducible highest weight representation.

Let us consider some examples where F is the standard representation of g, h = l and
h⊥ = q = u + u. Take g to be the 21-dimensional simple complex Lie algebra sp(3,C). Fix, as
in Section 4.3, a (3-dimensional) Cartan subalgebra t in g and let

∆+ = {ε1 ± ε2, ε1 ± ε3, ε2 ± ε3, 2ε1, 2ε2, 2ε3}
be a positive system for ∆ := ∆(g, t). Choose s to be the parabolic subalgebra s = l + u with

l = t + gε1+ε2 + gε1−ε2 + g2ε1 + g2ε2 + g−ε1−ε2 + g−ε1+ε2 + g−2ε1 + g−2ε2

u = gε1+ε3 + gε1−ε3 + gε2+ε3 + gε2−ε3 + g2ε3 .

Then V = Vε1 is the irreducible highest weight representation with highest weight ε1. Pick a
highest weight vector v in Vε1 so that v ⊗ 1 is a highest vector in Vε1 ⊗ S with highest weight
ε1 + ρq, where ρq denotes half the sum of the positive t-roots in q = u + u. The cubic term c in
(7) acts as:

γ(c) =

√
2

4
γ(eε1+ε3)γ(e−ε1+ε3)γ(e−2ε3) +

√
2

4
γ(eε2+ε3)γ(e−ε2+ε3)γ(e−2ε3)

−
√

2

4
γ(e−ε1−ε3)γ(eε1−ε3)γ(e2ε3)−

√
2

4
γ(e−ε2−ε3)γ(eε2−ε3)γ(e2ε3).
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and one checks that 1 ⊗ γ(c) annihilates v ⊗ 1. Changing the positive system ∆+ to (∆+)′ in
such a way that ∆+

h ⊂ (∆+)′ would lead to another vector v′⊗ 1 with v′ being a highest weight
vector with respect to (∆+)′. The collection of these vectors for all positive systems containing
∆+

h generates the kernel of the cubic Dirac operator Dg,l(V ) by Kostant’s formula (11). We
deduce that the kernel of the noncubic Dirac operator contains the kernel of the cubic Dirac
operator. Moreover, one can check that the vector v⊗ e−ε2−ε3 ∈ V ⊗S constructed in Example
4.3.3 is annihilated by D̂g,l(V ) but not by Dg,l(V ). In other words, for this example we have:

ker(Dg,l(V )) ⊂ ker(D̂g,l(V )) but ker(Dg,l(V )) 6= ker(D̂g,l(V )).

Suppose now that g is the 8-dimensional complex simple Lie algebra sl(3,C). Fix, as in
Example 4.3.2, a 2-dimensional Cartan subalgebra t and choose s to be the Borel subalgebra
s = l + u with

l = t

u = gε1−ε2 + gε1−ε2 + gε2−ε3 .

Let V = Vε1 be the irreducible finite-dimensional representation with highest weight ε1. The
cubic term acts as:

γ(c) =

√
6

6
γ(eε1−ε3)γ(e−ε1+ε2)γ(e−ε2+ε3)−

√
6

6
γ(e−ε1+ε3)γ(eε1−ε2)γ(eε2−ε3).

and annihilates the highest weigh vector v ⊗ 1. For this example, we have

ker(Dg,l(V )) = ker(D̂g,l(V )).

The above examples are actually special cases of the following theorem, connecting kernels
of cubic and noncubic Dirac operators.

Theorem 4.4.1. As above, suppose H0 is a maximal rank connected real closed subgroup of
Gc. Then, for every irreducible finite-dimensional representation V of g, one has

ker(Dg,h(V )) ⊆ ker(D̂g,h(V )).

The converse is not true. For example, for a compact connected semisimple real Lie group
G′, consider the symmetric space G′ × G′/∆(G′ × G′), where ∆(G′ × G′) is the diagonal in
G′ × G′. Then both the cubic and the noncubic Dirac operators coincide while the ranks of
G′×G′ and ∆(G′×G′) differ. Moreover, Example 4.4.4 implies that one cannot omit the equal
rank condition. Indeed, take g to be the 8-dimensional simple complex Lie algebra sl(3,C). If

t = CHε1−ε2 + CHε2−ε3 ,

where

Hε1−ε2 =

1 0 0
0 −1 0
0 0 0

 and Hε2−ε3 =

0 0 0
0 1 0
0 0 −1

 ,
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is the (2-dimensional) Cartan subalgebra in g, fix

∆+ = {ε1 − ε2, ε1 − ε3, ε2 − ε3}

to be the positive system of ∆ := ∆(g, t), choose

h = C(5Hε1−ε2 + 4Hε2−ε3)

and

q = C(Hε1−ε2 − 2Hε2−ε3) + gε1−ε2 + gε1−ε3 + gε2−ε3 + g−ε1+ε2 + g−ε1+ε3 + g−ε2+ε3 .

If V is the finite-dimensional irreducible representation of highest weight 2
3
ε1− 1

3
ε2− 1

3
ε3, one

can check that the noncubic Dirac operator attached with the pair (g, h) does not annihilate the
highest weight vector v ⊗ 1. In other words, for this example, we have:

ker(Dg,h(V )) * ker(D̂g,h(V )).

Motivated by Theorem 4.4.1, we restrict ourselves to the case where the subalgebra l is
a Cartan subalgebra of g, i.e. s is a Borel subalgebra. The main result in Section 4.6 is the
following theorem.

Theorem 4.6.13. Let g be a complex semisimple Lie algebra, h := t a Cartan subalgebra
of g, ∆ the corresponding root system and ∆+ a positive system of ∆. For a ∆+-dominant
algebraically integral element λ ∈ t∗, let V be the corresponding finite-dimensional irreducible
representation of highest weight λ and A(λ) be the subset of t∗ defined in (4.11). The kernel of
the noncubic Dirac operator D̂g,h(V ) acting on V ⊗ S is

ker(D̂g,h(V )) =
⊕
µ∈A(λ)

(V ⊗ S)[µ]. (19)

Here (V ⊗ S)[µ] stands for the direct sum

(V ⊗ S)[µ] :=
⊕

w∈W/Wµ

(V ⊗ S)wµ,

with (V ⊗ S)wµ being the wµ-isotypic component of V ⊗ S and Wµ the stabilizer of µ in W .
The set A(λ) depends on λ and is studied in Section 4.7. Crucial ingredients for the proof of
Theorem 4.6.13 are Weyl’s inequalities discussed in Section 4.5. More precisely, if A and B
are self-adjoint operators acting on a finite-dimensional vector space, Weyl’s inequalities (4.3)
relate the eigenvalues of A and B with the eigenvalues of the operator sum A+B.

Note that, in the above context, i.e. for h being a Cartan subalgebra, an isotypic compo-
nent (V ⊗ S)µ, µ ∈ t∗, either is contained in ker(D̂g,h(V )) or has trivial intersection with
ker(D̂g,h(V )). This is also true for cubic Dirac operators Dg,h(V ) even if h is not a Cartan sub-
algebra of g. Nevertheless, this is not the case for D̂g,h(V ) when h is not a Cartan subalgebra t
of g. In Example 4.6.18, we consider g := sl(4,C), with

h = t + gε3−ε4 + g−ε3+ε4

12
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and V := C4 to be the standard representation of g, i.e. the finite-dimensional irreducible
representation of g with highest weight λ = 3

4
ε1 − 1

4
ε2 − 1

4
ε3 − 1

4
ε4. Let

D̂g,h(V ) : V ⊗ S → V ⊗ S

be the corresponding noncubic Dirac operator and consider the vectors

x1 := v3 ⊗ e−ε1+ε3 ∧ e−ε1+ε4 ∧ e−ε2+ε4

x2 := v4 ⊗ e−ε1+ε3 ∧ e−ε1+ε4 ∧ e−ε2+ε3 .

of V ⊗ S, where v3 and v4 are the third and fourth, respectively, standard basis vectors of C4.
Then

D̂g,h(V )x1 = v2 ⊗ e−ε1+ε3 ∧ e−ε1+ε4 ∧ e−ε2+ε3 ∧ e−ε2+ε4 6= 0

D̂g,h(V )x2 = −v2 ⊗ e−ε1+ε3 ∧ e−ε1+ε4 ∧ e−ε2+ε3 ∧ e−ε2+ε4 6= 0

and
D̂g,h(V )(x1 + x2) = 0.

The elements x1, x2 and x1 + x2 belong to the same isotypic component of V ⊗ S, the element
x1 + x2 belonging to ker(D̂g,h(V )), while x1 and x2 do not. In other words, only a piece of this
isotypic component belongs to ker(D̂g,h(V )).

Finally, for the t-cubic Dirac operators Dt
g,h(V ), t ∈ (0, 1

3
], we prove the following theorem.

Theorem 4.8.2. Let g be a complex semisimple Lie algebra and h a Lie subalgebra of g such
that h satisfies condition (2.10) and rankC(g) = rankC(h). Let t be a common Cartan subal-
gebra of g and h, and V an irreducible finite-dimensional g-representation of highest weight
λ ∈ t∗. For t ∈ (0, 1

3
], consider the t-cubic Dirac operator

Dt
g,h(V ) : V ⊗ S → V ⊗ S

of Definition 4.8.1 and the cubic Dirac operator

Dg,h(V ) := D
1/3
g,h (V ) : V ⊗ S → V ⊗ S

of Definition 3.1.1. Then, for every t ∈ (0, 1
3
],

ker(Dt
g,h(V )) = ker(Dg,h(V )).

In particular, according to Theorem 3.2.4,

ker(Dt
g,h(V )) =

⊕
w∈W 1

Fw(λ+ρ)−ρh ,

where Fµ is the finite-dimensional irreducible h-representation of highest weight µ ∈ t∗h and

W 1 := {w ∈ W | ∆+
h ⊆ w∆+}.
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In other words, despite the fact that the square of the operators Dt
g,h(V ), t ∈ (0, 1

3
), do not

have the "nice" form ofDg,h(V )2 described in Proposition 3.2.6, the statement of Theorem 3.2.4
formulated for Dt

g,h(V ), t ∈ (0, 1/3) is still true and provides us with a complete description of
the decomposition of their kernels in terms of irreducible representations.

In Chapters 5 and 6, we apply our results for noncubic Dirac operators in the case where
h ⊆ g is a Cartan subalgebra t of g and for V the standard representation of g.

Let us illustrate the situation when g is a classical Lie algebra with an example. Suppose that
g := sl(4,C) and h := t is a Cartan subalgebra of g. The 4-dimensional standard representation
(π, V ) of g is of highest weight λ = 3

4
ε1 − 1

4
ε2 − 1

4
ε3 − 1

4
ε4. Actually, it can be realized as

V := C4 equipped with the matrix multiplication action of sl(4,C) on V . The weights of V are

µ1 := λ =
3

4
ε1 −

1

4
ε2 −

1

4
ε3 −

1

4
ε4

µ2 := λ− ε1 + ε2 = −1

4
ε1 +

3

4
ε2 −

1

4
ε3 −

1

4
ε4

µ3 := λ− ε1 + ε3 = −1

4
ε1 −

1

4
ε2 +

3

4
ε3 −

1

4
ε4

µ4 := λ− ε1 + ε4 = −1

4
ε1 −

1

4
ε2 −

1

4
ε3 +

3

4
ε4

and the corresponding weight vectors vi, 1 ≤ i ≤ 4, are the standard basis vectors of C4. For
every α ∈ ∆, choose eα in g such that B(eα, e−α) = 1. Then, the noncubic Dirac operator
D̂g,h(V ) is given by

D̂g,h(V ) =
√

2π(eε1−ε2)⊗ γ(e−ε1+ε2) +
√

2π(eε1−ε3)⊗ γ(e−ε1+ε3) +
√

2π(eε1−ε4)⊗ γ(e−ε1+ε4)

+
√

2π(eε2−ε3)⊗ γ(e−ε2+ε3) +
√

2π(eε2−ε4)⊗ γ(e−ε2+ε4) +
√

2π(eε3−ε4)⊗ γ(e−ε3+ε4)

+
√

2π(e−ε1+ε2)⊗ γ(eε1−ε2) +
√

2π(e−ε1+ε3)⊗ γ(eε1−ε3) +
√

2π(e−ε1+ε4)⊗ γ(eε1−ε4)

+
√

2π(e−ε2+ε3)⊗ γ(eε2−ε3) +
√

2π(e−ε2+ε4)⊗ γ(eε2−ε4) +
√

2π(e−ε3+ε4)⊗ γ(eε3−ε4).

According to Lemma 4.6.15, the kernel of D̂g,h(V ) is monomial, i.e. is generated by vectors
vi ⊗ u where vi is as above and u = e−j1 ∧ . . . ∧ e−jk is a monomial of S. Let vi ⊗ u be such a
vector in ker(D̂g,h(V )). Then, according to Proposition 4.6.17, vi ⊗ u belongs to⋂

α∈∆

ker(π(eα)⊗ γ(e−α)).

If i = 1, i.e. is the weight vector v1 = (1, 0, 0, 0) of V = C4, then v1 is annihilated by all π(eβ),
β ∈ ∆, except for β = −ε1 + ε2, β = −ε1 + ε3 and β = −ε1 + ε4. Therefore, v1 ⊗ u belongs
to
⋂
α∈∆

ker(π(eα) ⊗ γ(e−α)) if and only if γ(e−β) annihilates u for these values of β. In other

words, e−ε1+ε2 , e−ε1+ε3 and e−ε1+ε4 should not appear in u. Hence, one deduces that the only
monomial vectors of the form v1 ⊗ u belonging to ker(D̂g,h(V )) are

v1 ⊗ 1, v1 ⊗ e−ε2+ε3 , v1 ⊗ e−ε2+ε4 , v1 ⊗ e−ε3+ε4 , v1 ⊗ e−ε2+ε3 ∧ e−ε2+ε4 ,

v1 ⊗ e−ε2+ε3 ∧ e−ε3+ε4 , v1 ⊗ e−ε2+ε4 ∧ e−ε3+ε4 , v1 ⊗ e−ε2+ε3 ∧ e−ε2+ε4 ∧ e−ε3+ε4 .

14
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In the same way, one finds the other vectors vi⊗u of ker(D̂g,h(V )) for i = 2, 3, 4. In particular,
ker(D̂g,h(V )) is 32-dimensional while, using Theorem 3.2.4, one deduces that the dimension of
ker(Dg,h(V )) is equal to |W | = 4! = 24.

The next table computes the size of ker(Dg,h(V )) and ker(D̂g,h(V )) for classical Lie alge-
bras in the case where h is a Cartan subalgebra and V is the standard representation.

g dim ker(Dg,h(V )) = |W | dim ker(D̂g,h(V ))

sl(n+ 1,C) (n+ 1)! (n+ 1)× 2
n(n−1)

2

so(2n+ 1,C) 2nn! 2n× 2(n−1)2

sp(n,C) 2nn! 2n× 2(n−1)2

so(2n,C) 2n−1n! 2n× 2(n−1)(n−2)

Table 5.1: Dimensions of the kernels of cubic and noncubic Dirac operators

For the exceptional Lie algebras, h a Cartan subalgebra t of g and V the standard repre-
sentation of g of highest weight λ, in order to describe ker(D̂), we determine the set A(λ) of
Theorem 4.6.13. A(λ) is defined to be the set of equivalence classes

A(λ) = Ã(λ)/ ∼,

where
Ã(λ) := {λ+ ρ−

∑
α∈A

α | A ⊆
(
R{λ}

)⊥ ∩∆+}

and ∼ is the equivalence relation identifying the elements µ and wµ of Ã(λ) for every element
w of the stabilizer Wλ of λ in W . In Proposition 4.7.1, we give the following characterization
for A(λ):

A(λ) = {λ+ ρ−
∑
α∈A

α | A ⊆ ∆+
1 and ρ1 −

∑
α∈A

α is ∆+
1 -dominant},

with ∆+
1 :=

(
R{λ}

)⊥ ∩ ∆+ and ρ1 being half the sum of all elements in ∆+
1 . We prove that

∆1 := ∆+
1 ∪ (−∆+

1 ) is a root system , the root system obtained by the Dynkin diagram of ∆
if we delete the vertex corresponding to the first simple root α1 of ∆. For instance, if g is the
exceptional Lie algebra F4, its Dynkin diagram is

F4

1 2 3 4
<

and deleting the edge corresponding to α1, gives the Dynkin diagram of ∆1:

2 3 4
<

.

15
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Weight Vectors

5
2
ε2 + 3

2
ε3 + 1

2
ε4 1

5
2
ε2 + 1

2
ε3 + 1

2
ε4

e−ε3

e−ε3+ε4∧e−ε4

3
2
ε2 + 3

2
ε3 + 3

2
ε4

e−ε2+ε3∧e−ε3+ε4

e−ε2+ε4

3
2
ε2 + 3

2
ε3 + 1

2
ε4

e−ε2

e−ε2+ε3∧e−ε3
e−ε2+ε4∧e−ε4

e−ε2+ε3∧e−ε3+ε4∧e−ε4

3
2
ε2 + 1

2
ε3 + 1

2
ε4

e−ε2−ε3

e−ε2∧e−ε3
e−ε3∧e−ε4∧e−ε2+ε4

e−ε2∧e−ε3+ε4∧e−ε4
e−ε3+ε4∧e−ε2−ε4

e−ε2−ε3∧e−ε3+ε4∧e−ε3−ε4
e−ε2+ε4∧e−ε3−ε4

e−ε3∧e−ε4∧e−ε2+ε3∧e−ε3+ε4

1
2
ε2 + 1

2
ε3 + 1

2
ε4

e−ε2∧e−ε2−ε3
e−ε2∧e−ε3+ε4∧e−ε2−ε4
e−ε2∧e−ε2+ε4∧e−ε3−ε4
e−ε4∧e−ε2+ε4∧e−ε2−ε3
e−ε3∧e−ε2+ε4∧e−ε2−ε4
e−ε3∧e−ε2+ε3∧e−ε2−ε3
e−ε2∧e−ε3∧e−ε4∧e−ε2+ε4

e−ε3∧e−ε2+ε3∧e−ε2+ε4∧e−ε3−ε4
e−ε3∧e−ε2+ε3∧e−ε3+ε4∧e−ε2−ε4
e−ε2∧e−ε2+ε3∧e−ε3+ε4∧e−ε3−ε4
e−ε4∧e−ε2+ε4∧e−ε3+ε4∧e−ε2−ε4
e−ε4∧e−ε2+ε3∧e−ε3+ε4∧e−ε2−ε3
e−ε2∧e−ε3∧e−ε4∧e−ε2+ε3∧e−ε3+ε4

e−ε4∧e−ε2+ε3∧e−ε2+ε4∧e−ε3+ε4∧e−ε3−ε4

Table 6.1: ∆+
1 -dominant weights of S1 for g = so(7,C) and h = t

This is exactly the Dynkin diagram of the classical Lie algebra B3. Then, we construct a
new space of spinors S1 for the Clifford algebra of the direct sum of all rootspaces of ∆1. In
order to describe A(λ), it suffices to find all ∆+

1 -dominants weights of S1. Table 6.1 gives these
weights for the space of spinors S1 of ∆+

1 for the above example.

4.2 Geometric Dirac operators

In Chapter 7, motivated by the connection between the algebraic cubic Dirac operator Dg,h and
the geometric cubic Dirac operator DGc/H0 established in [MZ14a], following [Lan00], we use

16



4. Introduction to the results of the thesis

Peter-Weyl Theorem to define an isomorphism:

Φ :
[
L2(Gc)⊗ E

]H ∼−−→
⊕̂
λ∈Ĝc

Vλ ⊗ [V ∗λ ⊗ E]H0

which generalizes this connection in the case of geometric noncubic and t-cubic Dirac opera-
tors.

Following [Lan00, Theorem 4] and [Sle87a], we obtain the following description of the
kernel of the noncubic Dirac operator in the case where Lc is a maximal torus T of Gc.

Theorem 7.4.4. Let Gc be a compact connected semisimple Lie group with complexified Lie
algebra g, T a maximal torus of Gc such that its complexified Lie algebra t is θ-stable. Fix
E to be the 1-dimensional representation of t determined by a ∆+-dominant element µ of t∗

with respect to a fixed positive root system ∆+ of ∆ := ∆(g, t) and such that S ⊗ E lifts to
a representation of T . For every element λ of the set Λ of all ∆+-dominant and analytically
integral elements of t∗, set

Kλ := {ρ−
∑
α∈A

α | A ⊆
(
R{λ}

)⊥ ∩∆+ and ρ−
∑
α∈A

α is ∆+-dominant}

and
Aµ := {(λ, κ) ∈ Λ×Kλ | λ+ κ = µ}.

Then, the kernel of the noncubic Dirac operator

D̂Gc/T (E) :
[
L2(Gc)⊗ (S ⊗ E)

]T → [
L2(Gc)⊗ (S ⊗ E)

]T
is

ker D̂Gc/T (E) ' dim(V ⊗ S)µ
∑

(λ,κ)∈Aµ

Vµ−k

where Vµ−k is the finite-dimensional irreducible Gc-representation of highest weight µ− k.

Moreover, the following theorem generalizes [Lan00, Theorem 4] in the unequal rank case.

Theorem 7.3.10. Let Gc be a compact connected semisimple Lie group with complexified Lie
algebra g, H0 be a closed subgroup of Gc such that its complexified Lie algebra h satisfies
condition (2.10). Moreover, suppose that th is a Cartan subalgebra of h and tq ⊆ q is such that
t := th + tq is a Cartan subalgebra of g. Let ∆ := ∆(g, t) be the corresponding root system
of g, fix ∆+ to be a positive system for ∆ satisfying the th-property of Definition 3.2.3, and ∆+

h

to be the corresponding positive system for ∆h. Fix E to be an irreducible finite-dimensional
h-representation of highest weight µ ∈ t∗h with respect to ∆+

h and such that S ⊗ E lifts to a
representation of H0. Set Λ to be the set of all analytically integral and ∆+-dominant elements
of t∗ and, for every λ ∈ Λ, set

W 1
λ := {w ∈ W | w(λ+ ρ)|tq = 0 and w(λ+ ρ)|th is ∆+

h -dominant}.

If there are λ ∈ Λ and w ∈ W 1
λ such that w−1(µ + ρh) − ρ is analytically integral and ∆+-

dominant, the kernel of the geometric cubic Dirac operator

17
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DGc/H0(E) :
[
L2(Gc)⊗ (S ⊗ E)

]H0 →
[
L2(Gc)⊗ (S ⊗ E)

]H0

is equivalent with 2d copies of the Gc-representation Vw−1(µ+ρh)−ρ of highest weight w−1(µ +

ρh)− ρ where d := [dim tq
2

]. Otherwise, kerDGc/H0(E) = 0.

Finally, by analogy to Theorem 4.8.2, we describe ker(DtGc/H0
(E)) for t ∈ (0, 1

3
], showing

that it coincides with ker(DGc/H0(E)).

Theorem 7.5.2. Let Gc be a compact connected semisimple Lie group with complexified Lie
algebra g, H0 be a closed subgroup of Gc such that its complexified Lie algebra h satisfies
condition (2.10). Moreover, suppose that there is a common Cartan subalgebra t of g and
h, and E is an irreducible finite-dimensional h-representation of highest weight µ ∈ t∗ with
respect to a fixed positive root system ∆+

h such that S ⊗E lifts to a representation of H0. Then,
for t ∈ (0, 1

3
], the kernel ker(DtGc/H0

(E)) of the geometric t-cubic Dirac operator

DtGc/H0
(E) :

[
L2(Gc)⊗ (S ⊗ E)

]H0 →
[
L2(Gc)⊗ (S ⊗ E)

]H0

coincides with the kernel ker(DGc/H0(E)) of the geometric cubic Dirac operator DGc/H0(E).
In particular, if there is w ∈ W such that w(µ + ρh) − ρ is analytically integral and domi-
nant with respect to a positive system ∆+ ⊇ ∆+

h of ∆, ker(DtGc/H0
(E)) is equivalent with the

finite-dimensional irreducible Gc-representation Vw(µ+ρh)−ρ of highest weight w(µ + ρh) − ρ.
Otherwise, ker(DGc/H0(E)) is trivial.

4.3 Dirac Indices
In Section 7.6, in the case of equal rank g and h, we consider the Z2-grading S = S+⊗S− (see
Remark 2.2.3) and the operators

D̂g,h(V )± : V ⊗ S± → V ⊗ S∓.

Then, the (algebraic) noncubic Dirac index of a finite-length g-module V is the virtual h-module

ID̂(V ) = ker(D̂g,h(V )+)− ker(D̂g,h(V )−).

Following [MPV17a], we prove the following lemma.

Lemma 7.6.6. If V is finite-dimensional, then

ID̂(V ) = V ⊗ S+ − V ⊗ S−.

Furthermore, for a finite-dimensional h-representation E such that S ⊗ E lifts to an H0-
representation, we consider the operators

D̂Gc/H0(E)± :
[
L2(Gc)⊗ (S± ⊗ E)

]H0 →
[
L2(Gc)⊗ (S∓ ⊗ E)

]H0

of (7.21) and we define the (geometric) noncubic Dirac index of E to be the virtual Gc-module

IndexGcD̂Gc/H0(E) := ker(D̂Gc/H0(E)+)− ker(D̂Gc/H0(E)−).

Then, following [Lan00], we calculate the noncubic Dirac index of E in the following theorem.
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Theorem 7.6.10. Let Gc be a compact connected semisimple Lie group with complexified Lie
algebra g, H0 be a closed subgroup of Gc with complexified Lie algebra h such that h satisfies
condition (2.10). Suppose that there is a common Cartan subalgebra t of g and h and fix E to
to be an irreducible finite-dimensional h-representation of highest weight µ ∈ t∗ with respect to
a fixed positive root system ∆+

h and such that S ⊗E lifts to a representation of H0. Extend ∆+
h

to a positive system ∆+ of ∆, set Λ to be the set of all analytically integral and ∆+-dominant
elements of t∗, and

W 1 := {w ∈ W | ∆+
h ⊆ w∆+}.

If there is w ∈ W 1 such that w−1(µ+ ρh)− ρ is analytically integral and ∆+-dominant, then

IndexGD̂Gc/H0(E) = (−1)`(w)Vw−1(µ+ρh)−ρ,

where Vw−1(µ+ρh)−ρ is the irreducible finite-dimensional Gc-representation of highest weight
w−1(µ+ ρh)− ρ. Otherwise, IndexGD̂Gc/H0(E) = 0. In particular,

IndexGD̂Gc/H0(E) = IndexGDGc/H0(E).
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INTRODUCTION EN FRANÇAIS

À la fin du XIXe siècle, le mathématicien norvégien Sophus Lie introduisit un analogue continu
aux groupes galoisiens. Alors qu’un groupe de Galois encode la solvabilité par radicaux d’une
équation algébrique ainsi que le comportement des solutions par permutations, un groupe de Lie
porte informe sur la solvabilité d’une équation différentielle et le comportement des solutions
sous l’action d’une famille continue de symétries. Dans la plupart des cas, par le principe de
superposition, les solutions forment un espace vectoriel topologique. L’invariance des solutions
sous les symétries encodées par le groupe de Lie peut se traduire en termes d’une action par
transformations linéaires sur l’espace vectoriel des solutions. La théorie des représentations
relie la structure d’un groupe de Lie, ou les symétries d’un ensemble, avec des actions linéaires
sur des espaces vectoriels. Deux problèmes importants de la théorie des représentations sont
l’unitarité et la réalisation explicite des représentations d’un groupe de Lie donné. A cet égard,
les opérateurs différentiels invariants et les espaces de cohomologie, en particulier les opérateurs
de Dirac, fournissent des informations cruciales.

1 Cohomologies de Dolbeault et des algèbres de Lie
Soit G0 un groupe de Lie connexe semi-simple non compact linéaire réel d’algèbre de Lie
complexifiée g et K0 un sous-groupe compact maximal de G0 d’algèbre de Lie complexifiée k
associé à une involution de Cartan θ de G0. Soit G une complexification connexe semi-simple
de G0 d’algèbre de Lie g et Gc une forme réelle compacte de G. Soit H0 un sous-groupe fermé
connexe de Gc d’algèbre de Lie complexifiée h. Nous supposons que la forme de Killing de
g reste non-dégénérée lorsqu’elle est restreinte à h, c’est-à-dire que h est quadratique dans g.
L’espace homogène G/H0 est alors réductif, en ce sens que:

g = h + h⊥ où [h, h⊥] ⊆ h⊥. (20)

La théorie des représentations de Gc est bien comprise; en particulier chaque représentation
unitaire irréductible de Gc est de dimension finie, et toute représentation de dimension finie de
Gc est équivalente à une représentation unitaire. Le célèbre théorème de plus haut poids 1.5.17
classifie les représentations irréductibles de dimension finie comme suit:
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(i) une représentation irréductible de dimension finie de Gc a un plus haut poids unique qui
est dominant et analytiquement intégral,

(ii) deux représentations irréductibles de dimension finie deGc ayant le même plus haut poids
sont isomorphes.

De plus, si Vλ désigne la représentation irréductible de dimension finie de Gc de plus haut poids
λ (relativement à un système positif fixé) et V ∗λ sa représentation duale, le Théorème de Peter-
Weyl 7.2.2 décompose la représentation bi-régulière de Gc en somme directe orthogonale:

L2(Gc) '
⊕
µ

Vλ ⊗ V ∗λ . (21)

Il en découle une classification similaire découle pour les représentations irréductibles de di-
mension finie des algèbres de Lie complexes semi-simples dans le théorème 1.4.22: les représen-
tations irréductibles de dimension finie de g sont en bijection avec des plus haut poids dominants
intégraux.

Il s’avère que le théorème de plus haut poids porte également sur l’existence de représenta-
tion de plus haut poids. A savoir, pour chaque élément dominant analytiquement intégral λ, il
existe une représentation irréductible de dimension finie de plus haut poids λ. Une construction
explicite d’une telle représentation se fait comme suit. Considérons une variété de drapeaux
complexeG/S, où S est un sous-groupe parabolique θ-stable de G d’algèbre de Lie s. Écrivons
S = LU (respectivement s = l + u) pour la décomposition de Levi de S (respectivement s) et
u pour l’opposé de u. Alors Gc agit transitivement sur G/S et l’on obtient un difféomorphisme
de variétés complexes:

G/S ' Gc/Gc ∩ S.
Il s’avère que le sous-groupe connexe Lc := Gc ∩ S est une forme réelle compacte de L, Lc
coïncide avec le centralisateur d’un tore dansGc et est de rang maximal dansGc. Selon [Zie00],
notons Ωp(Gc/Lc) l’espace des sections lisses du fibré vectoriel

∧p(T (0,1)Gc/Lc)
∗ au-dessus de

la variété complexe compacte Gc/Lc, muni de l’opérateur Gc-equivariant:

∂Gc/Lc : Ωp(Gc/Lc)→ Ωp+1(Gc/Lc)

défini par

∂Gc/Lcω(X0, · · · , Xp) =

p∑
k=0

(−1)kXk[ω(X0, · · · , X̂k, · · · , Xp)]

+
∑
i<j

(−1)i+jω([Xi, Xj], X0, · · · , X̂i, · · · , X̂j, · · · , Xp)

où le chapeau indique que le terme correspondant est omis. Soit E → Gc/Lc un fibré vectoriel
holomorphe de dimension finie sur Gc/Lc induit par une représentation de dimension finie E
de Lc. L’opérateur Gc-equivariant ∂ := 1E ⊗ ∂Gc/Lc définit un complexe

∂ : Ωp(Gc/Lc, E)→ Ωp+1(Gc/Lc, E)

∂
2

= 0.
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sur les espaces

Ωp(Gc/Lc, E) '
{
C∞(Gc)⊗ ∧pu∗ ⊗ E

}Lc
= {f : Gc

C∞−−→ ∧pu∗ ⊗ E | f(gl) = l−1f(g),∀g ∈ Gc,∀l ∈ Lc}

des formes lisses de type (0, p), p ≥ 0, à valeurs dans E . Les espaces quotients

Hp(Gc/Lc, E) = ker(∂)/Im(∂),

munis d’une Gc-action par translations à gauche sur C∞(Gc), sont des Gc-modules de dimen-
sion finie, appelés espaces de cohomologie de Dolbeault.

La cohomologie de Dolbeault est étroitement liée à la cohomologie des algèbre de Lie. Plus
précisément, soit V un Gc-module de dimension finie. Notons

Cp(u, V ) := HomC(∧pu, V )

l’espace de p-formes linéaires alternées à valeurs dans V (avec C0(u, V ) := V ). Pour T ∈
Cp(u, V ), définissons δT ∈ Cp+1(u, V ) par:

(δT )(ξ0, · · · , ξp) :=

p∑
i=0

(−1)kξi[T (ξ0, · · · , ξ̂i, · · · , ξp)]

+
∑
i<j

(−1)i+jT ([ξi, ξj], ξ0, · · · , ξ̂i, · · · , ξ̂j, · · · , ξp).

Le complexe (C·(u, V ), δ) calcule le p-th espace de u-cohomologie à coefficients dans V :

Hp(u, V ) = ker(δ)/Im(δ).

Observons que Lc normalise u et agit ainsi sur ∧pu∗ par l’application adjointe. De plus, Lc agit
sur V et donc l agit sur Cp(u, V ). Cette action commute avec δ, donc les espacesHp(u, V ) sont
des Lc-modules (de dimension finie). De plus, on a l’isomorphisme de Gc-modules:

Ωp(Gc/Lc, E) '
{
C∞(Gc)⊗ ∧pu∗ ⊗ E

}Lc
'

⊕
λ∈Ĝc

Vλ ⊗
{
V ∗λ ⊗ ∧pu∗ ⊗ E

}Lc by (21)

'
⊕
λ∈Ĝc

Vλ ⊗
{

HomC(∧pu, V ∗λ )⊗ E
}Lc

.

A présent, la commutativité du diagramme suivant

Ωp(Gc/Lc, E) Ωp+1(Gc/Lc, E)

⊕
λ∈Ĝc

Vλ ⊗
{

HomC(∧pu, V ∗λ )⊗ E
}Lc ⊕

λ∈Ĝc

Vλ ⊗
{

HomC(∧pu, V ∗λ )⊗ E
}Lc

∂

∼ ∼

1⊗δ⊗1
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implique que
Hp(Gc/Lc, E) '

⊕
λ∈Ĝc

Vλ ⊗
{
Hp(u, V ∗λ )⊗ E

}Lc
. (22)

La u-cohomologie a été calculée par Kostant dans [Kos61]. Plus précisément, soient Wg le
groupe de Weyl pour g, Wl ⊂ Wg le groupe de Weyl pour l, et ρ la demi-somme des racines
positives pour un système positif ∆+ ⊂ ∆ := ∆(g, t) défini par u. Si, de plus, ∆+

l ⊆ ∆+ est le
système positif pour ∆l := ∆(l, t) et

W 1 := {w ∈ Wg | ∆+
l ⊆ w∆+},

alors on a la décomposition sans multiplicité suivante de Lc-modules:

Hp(u, V ∗λ ) '
⊕
w∈W 1

`(w)=p

F−ww0(λ+ρ)−ρ (23)

où `(w) est la longueur de w, w0 est l’élément de longeur maximale de Wg et Fw(λ+ρ)−ρ la
représentation irréductible de dimension finie de plus haut poids −ww0(λ + ρ) − ρ de Lc. De
(22), nous déduisons que

Hp(Gc/Lc, E) '
⊕
λ∈Ĝc

⊕
w∈W 1

`(w)=#{∆u}−p

Vλ ⊗ HomLc(Fw(λ+ρ)−ρl+ρu , E) (24)

où ∆u := ∆+ \ ∆+
l . En particulier, dans le cas où µ est un élément analytiquement intégral

de l’espace dual de la sous-algèbre de Cartan de l et E = Eµ est la représentation irréductible
de dimension finie de Lc de plus haut poids µ, on retrouve le Théorème de Borel-Weil-Bott
[Bot57]:

H#{∆u}−`(w)(Gc/Lc, Eµ) '

{
Vw−1(µ+ρl−ρu)−ρ si w−1(µ+ ρl − ρu)− ρ est ∆+-dom. pour un w ∈ W 1

{0} si un tel w n’existe pas.

2 Cohomologie de Dirac
La cohomologie de Dolbeault et la u-cohomologie sont liées aux opérateurs de Dirac cubiques
comme suit. Les sous-algèbres u et u sont des sous-espaces isotropes duaux maximaux, et
q := u⊕ u est un sous-espace Lc-invariant de g. De plus, g peut être décomposée comme

g = l⊕ q and Ad(Lc)(q) ⊂ q, (25)

par analogie avec (20). Soit S l’espace des spineurs de l’algèbre de Clifford C(q) de q, munie
de la multiplication de Clifford γ. l se plonge dans C(q) de sorte que S devienne un module
pour l. Soit c l’élément de degré 3 dans C(q) correspondant, via l’isomorphisme de Chevalley,
à la forme trilinéaire alternée ω : (X, Y, Z) 7→ B(X, [Y, Z]) de q, où B est la forme Killing de
g: (

ω : (X, Y, Z) 7→ B(X, [Y, Z])
)
7→ c. (26)
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2. Cohomologie de Dirac

Dans [Kos99], Kostant associe à chaque g-module (π, V ), un opérateur Dg,l(V )

Dg,l(V ) : V ⊗ S → V ⊗ S (27)

défini par
Dg,l(V ) =

∑
j

π(Xj)⊗ γ(Xj)− 1⊗ γ(c)

où {Xj} est une base orthonormée de q. Notons que, d’après le lemme 3.1.4, Dg,l(V ) ne
dépend pas du choix de la base {Xj} tandis que, quand la paire (g, l) est symétrique, le terme
cubique c s’annule. De plus, l agit sur V ⊗ S, l’action étant donnée par la restriction de π à l
et l’action spinorielle sur S, et l’opérateur Dg,l(V ) est l-équivariant par rapport à cette action.
Dans [Kos99], Kostant calcule le carré de Dg,l(V ), montrant que (Dg,l(V ))2 diffère du Casimir
par un scalaire:

(Dg,l(V ))2 = π(Ωg)⊗ 1− (π ⊗ γ)(Ωl)∆ + (‖ρ‖2 − ‖ρl‖2)1⊗ 1, (28)

où Ωg (respectivement Ωl) désigne l’élément de Casimir dans l’algèbre enveloppante U(g) (re-
spectivement U(l))) de g (respectivement l), ρl est la demi-somme des racines positives dans
un système positif ∆+

l ⊂ ∆+ pour les racines dans l, ‖·‖ est la norme induite par la forme de
Killing de g, et (·)∆ est l’inclusion diagonale

(·)∆ : l −→ U(g)⊗C(q)

X 7→ X ⊗ 1 + 1⊗ ϕ(adX)

de l dans U(g) ⊗C(q), donnée par le plongement de l ⊂ g dans U(g) et le plongement (2.11)
de l dans C(q). Dg,l(V ) est connu comme l’opérateur de Dirac cubique de Kostant, généralisant
les opérateurs de Dirac de Parthasarathy et sa formule pour le carré, apparaissant dans [Par72].
L’opérateur de Dirac cubique peut être défini de la même manière dans le cadre plus général des
paires (g, h), y compris pour le cas de rangs inégaux. Pour plus de détails, on peut consulter, par
exemple, [HKP09], [Kos03], [MP11], [MZ03] et [MZ14b]. À la fin des années 1990, dans une
série d’exposés au MIT [Vog97], Vogan a défini la cohomologie de Dirac d’un (g, K0)-module
X comme étant le K̃0-module

Hg,k
D (X) = ker(Dg,k(X))/Im(Dg,k(X)) ∩ ker(Dg,k(X)), (29)

où K̃0 est le revêtement double spinoriel de K0. En supposant que X est irréductible et possède
un caractère infinitésimal, il a conjecturé que si Hg,k

D (X) contient un K̃0-module de plus haut
poids β alors X possède un caractère infinitésimal β + ρk. En d’autres termes, le caractère
infinitésimal d’un module peut être obtenu à partir de sa cohomologie de Dirac. La conjec-
ture de Vogan a été prouvée pour la première fois par Huang et Pandžić dans [HP02] pour des
paires de rangs égaux (g, k) et par Kostant pour les opérateurs de Dirac cubiques pour des paires
de rangs égaux (g, h) in [Kos03]. Il a été étendu aux modules avec un caractère infinitésimal
généralisé par Pandžić et Somberg dans [PS16]. La cohomologie de Dirac a été calculée pour
diverses familles de modules, y compris les modules de plus haut poids dans [HX12], les mod-
ules Aq(λ) dans [HKP09], les modules d’Enright-Varadarajan généralisés dans [MP11], des
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représentations unipotentes dans [BP15] et [BP11], les modules de Jacquet dans [DH11] ou
(g, K0)-modules avec un caractère infinitésimal généralisé dans [PS16].

Dans le cas où X est un (g, K0)-module unitaire (respectivement de dimension finie),
Dg,k(X) est un opérateur anti-auto-adjoint (respectivement auto-adjoint) et la cohomologie de
Dirac se réduit au noyau [HP06, page 63]:

ker(Dg,k(X)) = ker(Dg,k(X)2).

De plus, pour une paire (g, k) de rangs égaux, si X est un (g, K0)-module unitaire avec un
caractère infinitésimal Λ et β est un K̃0-type apparaissant dans X ⊗ S, alors l’inégalité de
Parthasarathy-Dirac [Par80a]

|| β + ρk ||≥|| Λ ||

doit être satisfaite, fournissant aussi un test d’unitarisabilité pour les (g, K0)-modules.
Kostant a prouvé dans [Kos99], que dans le cas d’une paire (g, h) de rangs égaux et pour

V = Vλ un g-module irréductible de dimension finie et de plus haut poids λ, Hg,h
D (Vλ) admet la

décomposition sans multiplicité suivante:

Hg,h
D (Vλ) = ker(Dg,h(Vλ)) =

∑
w∈W 1

Fw(λ+ρ)−ρh (30)

où Fw(λ+ρ)−ρh est la h-représentation irréductible de dimension finie de plus haut poids w(λ +
ρ)−ρh et W 1 est défini de manière analogue comme dans le cas de l. En fait, une formule simi-
laire a été prouvée dans la situation de rangs inégaux, dans [HKP09] pour la paire (g, k) et dans
[MZ14b] pour des paires (g, h). En particulier, dans le cas de rangs inégaux, la décomposition
de Hg,k

D (Vλ) (respectivement Hg,h
D (Vλ)) n’est plus sans multiplicité.

Une relation entre les cohomologies de Dolbeault et de Dirac peut être déduite de (24) et
(30) quand Gc/H0 = Gc/Lc. Tout d’abord, notons que l’action de l sur le premier facteur de la
u-cohomologie est donnée par l’action adjointe de sorte que l’action de l sur la u-cohomologie
diffère de l’action de l sur Vλ⊗S uniquement par une torsion avec le l-moduleCρu de dimension
1 (pour plus de détails, voir [Kos61]). Alors, on a:

H ·(Gc/Lc, E ⊗Cρu) '
⊕
λ∈Ĝc

Vλ ⊗HomLc(H
g,l
D (Vλ), E) =

⊕
λ∈Ĝc

Vλ ⊗HomLc(ker(Dg,l(Vλ)), E)

de sorte que le théorème de Borel-Weil-Bott peut être considéré comme un cas particulier de la
cohomologie de Dirac.

Certaines propriétés de la cohomologie de Dirac ont été étudiées par Mehdi et Parthasarathy
dans [MP08], [MP10] et [MP11]. De plus, il a été prouvé par Mehdi et Pandžić dans [MP13] que
la cohomologie de Dirac ne commute pas avec les foncteurs de translation. Pour contourner ce
problème, Mehdi, Pandžić et Vogan ont introduit l’indice de Dirac ID(X) d’un (g, K0)-module
X (pas nécessairement de dimension finie) dans [MPV17a]. Plus précisément, supposons que
G0 et K0 ont le même rang (complexe), de sorte que le module spinoriel S pour le revêtement
double K̃0 (ou de manière équivalente pour k) est la somme directe de S+ et S−. Alors, la
cohomologie de Dirac Hg,k

D (X) de X se décompose en Hg,k
D (X)+ et Hg,k

D (X)−:

Hg,k
D (X) = Hg,k

D (X)+ ⊕Hg,k
D (X)−.
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Si X est admissible avec un caractère infinitésimal, alors l’indice de Dirac de X est le K̃0-
module virtuel :

ID(X) = Hg,k
D (X)+ −Hg,k

D (X)−.

On note que cette définition a été prolongée par Pandžić et Somberg dans [PS16] à des modules
de longueur finie pas nécessairement avec un caractère infinitésimal en utilisant une extension
de la cohomologie de Dirac. Mehdi, Pandžić et Vogan ont prouvé dans [MPV17a, Section 3]
que

ID(X) = X ⊗ S+ −X ⊗ S− (31)

et qu’en tant que foncteur des (g, K0)-modules de longueur finie vers les K̃0-modules virtuels,
ID est additif par rapport aux suites exactes courtes et se comporte bien par rapport aux foncteurs
de translation:

ID(X ⊗ F ) = ID(X)⊗ F pour tout(g, K0)-module de dimension finie F .

Ils ont aussi démontré, dans [MPV17a, Section 5], que l’application

λ 7→ dim(ID(Xλ))

est polynômiale sur la sous-algèbre de Cartan lorsque que {Xλ} est une famille cohérente de
(g, K0)-modules. Récemment, Mehdi, Pandžić, Vogan et Zierau dans [MPVZ20] ont lié de
façon précise ce polynôme de l’indice de Dirac à des orbites nilpotentes et cycles associés de
modules de Harish-Chandra. Une définition analogue pour l’indice de Dirac pour les paires
(g, h) sera donnée dans la Section 7.6.

3 Opérateurs de Dirac de Slebarski
Il apparaît que l’opérateur de Dirac cubique de Kostant (27) soit en fait une version algébrique
d’un opérateur de Dirac géométrique tordu introduit par Slebarski dans une série d’articles,
[Sle87a], [Sle87b] et [Sle88], au milieu des années 80. Plus précisément, l’espace homogène
Gc/H0 est (naturellement) réductif et l’espace tangent TeH0(Gc/H0) s’identifie à h⊥0 . Notons
Γ(T (Gc/H0)) l’espace des sections du fibré tangent T (Gc/H0) de Gc/H0. Rappelons qu’une
connexion ∇ sur le fibré tangent T (Gc/H0) de Gc/H0 est un opérateur différentiel linéaire

∇ : Γ(T (Gc/H0))→ Γ(T ∗(Gc/H0)⊗ T (Gc/H0))

satisfaisant la règle de Leibniz. Identifiant les champs vectoriels sur Gc/H0 avec des éléments
dans h⊥0 , ∇ est H0 -invariant si

∇Ad(h)(X)(Ad(h)(Y )) = Ad(h)(∇X(Y )), ∀h ∈ H0,∀X, Y ∈ h⊥0 .

Slebarski introduit dans [Sle87a, Section 3] la famille {∇t}t∈[0,1/2] à un paramètre suivante de
connexions:

∇0 = connexion canonique
∇t
X(Y ) = ∇0

X(Y ) + t[X, Y ]h⊥0 pour tous (X, Y ) ∈ h⊥0 × h⊥0 (32)
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où [ , ]h⊥0 est la projection dans h⊥0 du crochet de Lie de g0. Notons que lorsque Gc/H0 est un
espace symétrique, le crochet [ , ]h⊥0 est nul et la famille {∇t}t∈[0,1/2] se réduit à la connexion
canonique sans torsion∇0. Cependant, si le crochet [ , ]h⊥0 n’est pas identiquement nul alors∇t

est sans torsion si et seulement si t = 1/2. Dans ce cas, ∇1/2 est la connexion de Levi-Civita.
En fait, selon [Agr03, Lemme 2.1], la torsion T t de∇t peut être exprimée en fonction du terme
cubique c:

T t : (X, Y, Z) ∈ h⊥0 × h⊥0 × h⊥0 7→ 2(2t− 1)B([X, Y ]h⊥0 , Z). (33)

En d’autres termes, le terme cubique c coïncide, à un coefficient près, avec la torsion de la
connexion canonique ∇0 sur Gc/H0. Les opérateurs de Dirac sur des variétés riemanniennes
sont discutés par Friedrich dans [Fri00].

Ensuite, dans [Sle87a], Slebarski considère une famille {Dt
Gc/H0

}t∈[0,1/2] d’opérateurs de
Dirac tordus définis par la famille {∇t}. A savoir, supposons que W soit un h-module de
dimension finie tel que le produit tensoriel S ⊗W s’étende à une représentation de H0; on note
que H0 n’est pas nécessairement simplement connexe. On obtient un fibré vectoriel homogène
S⊗W → Gc/H0 au-dessus deGc/H0. L’espace des sections lisses de ce fibré peut être identifié
avec l’espace des fonctions lisses à valeurs dans S ⊗W de Gc:

C∞(Gc/H0, S ⊗W ) := {ϕ : Gc
C∞−−→ S ⊗W | ϕ(gh) = h−1 · (ϕ(g)) ∀(g, h) ∈ Gc ×H0}

muni de l’action Gc par translations à gauche. il est pratique d’identifier C∞(Gc/H0, S ⊗W )
avec sous-espace des vecteurs H0-invariants:{

C∞(Gc)⊗ S ⊗W
}H0

où Gc agit par translations à gauche sur C∞(Gc), tandis que H0 agit par translations à droite sur
C∞(Gc) et le relèvement de l’action sur W ⊗ S. Si f ∈ C∞(Gc) et Y ∈ h⊥0 , R(Y )f dénotera
le différenciation

(R(Y )f)(g) :=
d

ds
f(g exp(sY ))|s=0 , ∀g ∈ Gc.

Si {Yj} est une base orthonormée de h⊥0 , Slebarski définit dans [Sle87a, Section 1] l’opérateur
de Dirac tordu associé à ∇t comme l’opérateur

DtGc/H0
(W ) :

{
C∞(Gc)⊗ S ⊗W

}H0 →
{
C∞(Gc)⊗ S ⊗W

}H0 (34)

donné par
DtGc/H0

(W ) :=
∑
j

R(Yj)⊗ γ(Xj)⊗ 1− 3t(1⊗ γ(c)⊗ 1)

où γ représente la multiplication de Clifford et c est l’élément de degré 3 défini par (26). Les
opérateurs DtGc/H0

(W ) appartiennent à l’algèbre {U(g)⊗U(h) End(S ⊗W )}H0 des opérateurs
différentiels Gc-invariants agissant sur des sections lisses de S ⊗W → Gc/H0. Cette algèbre
n’est pas nécessairement commutative; Deitmar, dans [Dei90], donne un critère de commu-
tativité dans certains cas. Notons que la constante devant le terme cubique provient de notre
convention pour l’algèbre de Clifford (voir Remarque 2.1.2). Comme dans le cas de l’opérateur
de Dirac cubique algébrique, on peut vérifier que DtGc/H0

(W ) ne dépend pas du choix de la
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base {Yj} de h⊥0 . Slebarski calcule également le carré des opérateurs DtGc/H0
(W ) dans [Sle87a,

Section 1]. Il observe ensuite dans [Sle87a, Théorème 1] que parmi la famille {DtGc/H0
(W )},

seul le carré de D1/3
Gc/H0

(W ) diffère du Casimir de U(g) par une constante. Un calcul explicite
et une discussion précise sont fournis par Agricola dans le cadre plus général des espaces ho-
mogènes naturellement réductifs [Agr03, Théorème 3.2]. Elle en déduit également des infor-
mations intéressantes sur certaines équations de la théorie des cordes dans [Agr03, Section
4]. Nous écrirons simplement DGc/H0(W ), ou simplement D quand il n’y a pas de confusion,
pour D1/3

Gc/H0
(W ) et D̂Gc/H0(W ), ou simplement D̂ pour D0

Gc/H0
(W ). Alors que D̂Gc/H0(W )

est l’opérateur de Dirac tordu associé à la connexion canonique ∇0 sur Gc/H0, l’opérateur
D1/3
Gc/H0

(W ) peut être considéré comme la version géométrique de l’opérateur de Dirac cubique
de Kostant. Une relation précise entre les opérateurs de Dirac algébriques et géométriques via
les noyaux est proposée dans [MZ14a]. Comme précédemment, supposons que V soit une
représentation de dimension finie de Gc et W est une représentation de dimension finie de h
telle que S ⊗W se relève en une représentation de H0. Alors, selon [MZ14a, Proposition 1.8],
on a l’isomorphisme suivant des espaces vectoriels:

HomGc(V, ker(DGc/H0(W ))) ' HomH̃0
(W, ker(Dg,h(V ))).

Cette loi de réciprocité est en fait valable dans un cadre plus général; quand V est une représen-
tation lisse et admissible de G0. Dans la Proposition 7.4.2, on voit que les opérateurs de Dirac
non-cubiques satisfont une réciprocité analogue pour des espaces réductifs homogènes Gc/H0:

HomGc(V, ker(DtGc/H0
(W ))) ' HomH̃0

(W, ker(Dt
g,h(V ))) ∀t ∈ [0, 1/2]. (35)

Nous continuons avec le cas où h est de rang maximal dans g. Le noyau et l’indice de
l’opérateur de Dirac cubique géométrique ont également été calculés par Slebraski dans [Sle87a,
page 299]. À savoir, supposons que W = Wµ soit une h-représentation irréductible de dimen-
sion finie et de plus haut poids µ tel que S ⊗Wµ se relève en une représentation de H0. Alors,
d’après [Sle87a, Theorem 1], on a

ker(DGc/H0(Wµ)) =

{
Vw(µ+ρh)−ρ si w(µ+ ρh)− ρg est ∆+-dominant pour un w ∈ Wg

{0} si un tel w n’existe pas.
(36)

Pour l’indice, nous suivons la description de Landweber dans [Lan00]. Considérons, comme
ci-dessus, les deux représentations S+ et S− de sorte que

DGc/H0(W )± : L2(Gc/H0, S
+ ⊗W )→ L2(Gc/H0, S

− ⊗W )

soit un opérateur différentiel elliptique Gc-invariant. Ici L2(Gc/H0, S ⊗W ) désigne l’espace
des sections L2 du fibré S ⊗W → Gc/H0. En utilisant [Bot57, Theorem I], Landweber montre
dans [Lan00, Theorem 2] que l’indice Gc-equivariant de DGc/H0(W ) est le Gc-module virtuel
de dimension finie

IndexGc(DGc/H0(W )) = L2(Gc/H0,W ⊗ S+)− L2(Gc/H0,W ⊗ S−) (37)
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puis [Lan00, Theorem 3]:

IndexGc(DGc/H0(Wµ)) =

{
(−1)`(w)Fw(µ+ρh)−ρ si w(µ+ ρh)− ρ est ∆+-dom. pour un w ∈ Wg

{0} si un tel w n’existe pas.

Dans le cas où Gc/H0 est remplacé par G0/K0 (rangs égaux), Parthasarathy dans [Par72] et
Atiyah-Schmid dans [AS77] ont prouvé que le noyau L2 de l’opérateur de Dirac géométrique
tordu est une représentation de la série discrète de G0 et toute représentation de la série dis-
crète se produit comme le noyau L2 d’un opérateur de Dirac géométrique tordu sur G0/K0.
Dans ce cadre, l’indice de Dirac est étudié dans [AS77]. On mentionne qu’à la fin des années
1990, Deitmar a utilisé la formule des traces de Selberg pour calculer l’indice de Dirac sur des
variétés arithmétiques Γ\G0/K0 où Γ ⊂ G0 est un sous-groupe discret sans torsion [Dei97] .
Nous mentionnons que, plus récemment, Mehdi et Zierau ont prouvé dans [MZ03], [MZ06] et
[MZ14a] que le noyau de l’opérateur de Dirac cubique pour des espaces homogènes réductifs
contient des représentations de la série principale. Les séries principales sont également im-
pliquées dans l’étude par Clerc et Ørsted de la covariance conforme des puissances d’opérateurs
de Dirac [CØ20]. Notons également que le noyau de l’opérateur de Dirac symplectique intro-
duit par Kostant [Kos74] est décrit, dans le cas de la représentation de Segal-Shale-Weil, par
De Brie, Somberg et Souček [DSS14]. Nous mentionnons également que des propriétés, liées à
la théorie des représentations, du spectre du Laplacien, en quelque sorte le carré de l’opérateur
de Dirac, ont été beaucoup étudiées ces dernières décennies. Par exemple, les résonances du
Laplacien sur certains espaces symétriques riemanniens sont décrites en termes des paramètres
de Langlands et de fronts d’ondes de représentations par Hilgert, Pasquale et Przebinda dans
[HPP17a] et [HPP17b]. Plus récemment, Mehdi et Olbrich étudient des représentations de G0

qui apparaissent dans le spectre d’espaces localement symétriques Γ\G0/H0 [MO20].

4 Introduction aux résultats de la thèse

4.1 Opérateurs de Dirac algébriques

D’après (27) et (34), à un g-module (π, V ) et aux connexions {∇t}, est associée la famille
suivante d’opérateurs de Dirac algébriques {Dg,h(V )t}t∈[0,1/2]:

Dt
g,h(V ) : V ⊗ S → V ⊗ S

Dt
g,h(V ) :=

∑
j

π(Yj)⊗ γ(Yj)− 3t(1⊗ γ(c)).

Nous écrirons simplement Dg,h(V ) pour D1/3
g,h (V ) and D̂g,h(V ) pour D0

g,h(V ). De plus, s’il
n’y a pas d’ambiguïté, nous écrirons D et D̂ au lieu de Dg,h(V ) et D̂g,h(V ), respectivement.
Comme nous l’avons déjà mentionné, Dg,h(V ) et D̂g,h(V ) coïncident lorsque Gc/H0 est un
espace symétrique, et, en particulier, ker(Dg,h(V )) = ker(D̂g,h(V )). Nous nous intéressons
au noyau des opérateurs de Dirac non-cubiques dans le cas où Gc/H0 n’est pas symétrique et
V = Vλ est une représentation irreductible de dimension finie et de plus haut poids λ.
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Considérons quelques exemples, où V est la représentation standard de g, h = l et h⊥ =
q = u + u. Soit g l’algèbre de Lie complexe simple sp(3,C) de dimension 21. Choisissons
comme dans 4.3, une sous-algèbre de Cartan (de dimension 3) t dans g et

∆+ = {ε1 ± ε2, ε1 ± ε3, ε2 ± ε3, 2ε1, 2ε2, 2ε3}

un système positif pour ∆ := ∆(g, t). Choisissons s une sous-algèbre parabolique s = l + u
telle que

l = t + gε1+ε2 + gε1−ε2 + g2ε1 + g2ε2 + g−ε1−ε2 + g−ε1+ε2 + g−2ε1 + g−2ε2

u = gε1+ε3 + gε1−ε3 + gε2+ε3 + gε2−ε3 + g2ε3 .

Soit V = Vε1 la représentation irréductible de dimension finie de plus haut poids ε1. Choi-
sissons un vecteur v dans Vε1 de sorte que v ⊗ 1 soit un vecteur de plus haut poids de Vε1 ⊗ S,
le poids étant ε1 + ρq, où ρq désigne la demi-somme des t-racines positives dans q = u + u. Le
terme cubique c dans (26) agit par:

γ(c) =

√
2

4
γ(eε1+ε3)γ(e−ε1+ε3)γ(e−2ε3) +

√
2

4
γ(eε2+ε3)γ(e−ε2+ε3)γ(e−2ε3)

−
√

2

4
γ(e−ε1−ε3)γ(eε1−ε3)γ(e2ε3)−

√
2

4
γ(e−ε2−ε3)γ(eε2−ε3)γ(e2ε3).

On vérifie que 1 ⊗ γ(c) agit trivialement sur v ⊗ 1. Changer le système positif ∆+ en (∆+)′

de telle sorte que ∆+
h ⊂ (∆+)′ conduirait à un autre vecteur v′ ⊗ 1 avec v′ un vecteur de plus

haut poids par rapport au système positif (∆+)′. La collection de ces vecteurs pour tous les
systèmes positifs contenant ∆+

h engendre en tant que l-module le noyau de l’opérateur de Dirac
cubique Dg,l(V ) par la formule de Kostant (30). On en déduit que le noyau de l’opérateur de
Dirac non-cubique contient le noyau de l’opérateur de Dirac cubique. De plus, on peut vérifier
que le vecteur v ⊗ e−ε2−ε3 ∈ F ⊗ S construit dans l’exemple 4.3.3 est annulé par D̂g,l(V ). En
d’autres termes, pour cet exemple, nous avons:

ker(Dg,l(V )) ⊂ ker(D̂g,l(V )) et ker(Dg,l(V )) 6= ker(D̂g,l(V )).

Supposons maintenant que g soit l’algèbre de Lie complexe simple sl(3,C) de dimension 8.
Fixons comme dans l’exemple 4.3.2, une sous-algèbre de Cartan (de dimension 2) t et choisis-
sons s comme la sous-algèbre de Borel s = l + u telle que

l = t

u = gε1−ε2 + gε1−ε2 + gε2−ε3 .

Soit V = Vε1 la représentation irréductible de dimension finie de plus haut poids ε1. Le terme
cubique agit par:

γ(c) =

√
6

6
γ(eε1−ε3)γ(e−ε1+ε2)γ(e−ε2+ε3)−

√
6

6
γ(e−ε1+ε3)γ(eε1−ε2)γ(eε2−ε3).
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et annule le vecteur de plus haut poids v ⊗ 1. Pour cet exemple, nous avons

ker(Dg,l(V )) = ker(D̂g,l(V )).

Les exemples ci-dessus sont, en fait, des cas particuliers du résultat suivant, reliant les noy-
aux d’opérateurs de Dirac cubiques et non-cubiques.

Theorem 4.4.1. Comme précédemment, supposons que H0 est un sous-groupe fermé connexe
réel de rang maximal de Gc. Alors, pour toute représentation irréductible de dimension finie V
de g, on a

ker(Dg,h(V )) ⊆ ker(D̂g,h(V )).

La réciproque n’est pas vraie. Par exemple, pour un groupe de Lie connexe compact réel
semi-simple G′, considérons l’espace symétrique G′ × G′/∆(G′ × G′), où ∆(G′ × G′) est la
diagonale en G′ × G′. Alors les opérateurs de Dirac cubique et non-cubique coïncident alors
que les rangs de G′ ×G′ et ∆(G′ ×G′) sont différents. De plus, l’exemple 4.4.4 implique que
l’on ne peut pas omettre la condition de rangs égaux. En effet, considérons g comme l’algèbre
de Lie complexe simple sl(3,C) de dimension 8. Si

t = CHε1−ε2 + CHε2−ε3 ,

où

Hε1−ε2 =

1 0 0
0 −1 0
0 0 0

 and Hε2−ε3 =

0 0 0
0 1 0
0 0 −1

 ,

est la sous-algèbre de Cartan (de dimension 2) dans g, soit

∆+ = {ε1 − ε2, ε1 − ε3, ε2 − ε3}

le système positif pour ∆ := ∆(g, t), choisissons

h = C(5Hε1−ε2 + 4Hε2−ε3)

et

q = C(Hε1−ε2 − 2Hε2−ε3) + gε1−ε2 + gε1−ε3 + gε2−ε3 + g−ε1+ε2 + g−ε1+ε3 + g−ε2+ε3 .

Si V est la représentation irréductible de dimension finie de plus haut poids 2
3
ε1 − 1

3
ε2 − 1

3
ε3,

on peut vérifier que l’opérateur de Dirac non-cubique associé à la paire (g, h) n’annule pas le
vecteur de plus haut poids v ⊗ 1. En d’autres termes, pour cet exemple, nous avons:

ker(Dg,h(V )) * ker(D̂g,h(V )).

Motivé par le Théorème 4.4.1, on se restreint au cas où la sous-algèbre l est une sous-algèbre
de Cartan de g, c’est-à-dire s est une sous-algèbre de Borel. Le résultat principal de la Section
4.6 est le théorème suivant.

32



4. Introduction aux résultats de la thèse

Theorem 4.6.13. Soient g une algèbre de Lie complexe semi-simple, h := t une sous-algèbre
de Cartan de g, ∆ le système radiciel associé et ∆+ un système positif pour ∆. Pour un élément
intégral ∆+-dominant λ ∈ t∗, soient V la représentation irreductible de dimension finie de plus
haut poids λ et A(λ) le sous-ensemble de t∗ défini dans (4.11). Alors, le noyau de l’opérateur
de Dirac non-cubique D̂g,h(V ) agissant sur V ⊗ S est

ker(D̂g,h(V )) =
⊕
µ∈A(λ)

(V ⊗ S)[µ]. (38)

Ici (V ⊗ S)[µ] est la somme directe

(V ⊗ S)[µ] :=
⊕

w∈W/Wµ

(V ⊗ S)wµ,

avec (V ⊗ S)wµ étant la wµ-composante isotypique de V ⊗ S et Wµ le stabilisateur de µ dans
W . L’ensemble A(λ) dépend de λ et est étudié dans la Section 4.7. Des ingrédients cruciaux
pour la preuve du Théorème 4.6.13 sont les inégalités de Weyl discutées dans la Section 4.5.
Plus précisément, si A et B sont des opérateurs auto-adjoints agissant sur un espace vectoriel
de dimension finie, les inégalités de Weyl (4.3) relient les valeurs propres de A et B aux valeurs
propres de l’opérateur A+B .

Notons que, dans le contexte ci-dessus, i.e. pour h étant une sous-algèbre de Cartan, une
composante isotypique (V⊗S)µ, µ ∈ t∗, est soit contenue dans ker(D̂g,h(V )) soit a une intersec-
tion triviale avec ker(D̂g,h(V )). Ceci est également vrai pour les opérateurs de Dirac cubiques
Dg,h(V ) même si h n’est pas une sous-algèbre de Cartan de g. Néanmoins, ce n’est plus le cas
pour D̂g,h(V ) quand h n’est pas une sous-algèbre de Cartan t de g. Dans l’exemple 4.6.18, nous
considérons g := sl(4,C) et choisissons h comme étant h = t+ gε3−ε4 + g−ε3+ε4 et V := C4 la
représentation standard de g, c’est-à-dire la représentation irréductible de dimension finie de g
de plus haut poids λ = 3

4
ε1 − 1

4
ε2 − 1

4
ε3 − 1

4
ε4. Soit

D̂g,h(V ) : V ⊗ S → V ⊗ S

l’opérateur de Dirac non-cubique corréspondant et considérons les vecteurs

x1 := v3 ⊗ e−ε1+ε3 ∧ e−ε1+ε4 ∧ e−ε2+ε4

x2 := v4 ⊗ e−ε1+ε3 ∧ e−ε1+ε4 ∧ e−ε2+ε3

de V ⊗ S, où v3 et v4 sont le troisième et quatrième, respectivement, vecteurs de la base canon-
ique de C4. Alors

D̂g,h(V )x1 = v2 ⊗ e−ε1+ε3 ∧ e−ε1+ε4 ∧ e−ε2+ε3 ∧ e−ε2+ε4 6= 0

D̂g,h(V )x2 = −v2 ⊗ e−ε1+ε3 ∧ e−ε1+ε4 ∧ e−ε2+ε3 ∧ e−ε2+ε4 6= 0

mais
D̂g,h(V )(x1 + x2) = 0.

Les éléments x1, x2 et x1 + x2 appartiennent à la même composante isotypique de V ⊗ S,
l’élément x1 + x2 appartenant à ker(D̂g,h(V )), contrairement à x1 et x2. En d’autres termes,
seule une partie de cette composante isotypique appartient à ker(D̂g,h(V )).
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Enfin, pour les opérateurs de Dirac t-cubiques Dt
g,h(V ), t ∈ (0, 1

3
] , nous démontrons le

théorème suivant.

Theorem 4.8.2. Soient g une algèbre de Lie complexe semi-simple et h := t une sous-algèbre
de g telle qu’elle satisfasse la condition (2.10). Supposons que t soit une sous-algèbre de Cartan
commune à g et h et soit V une g-représentation irréductible de dimension finie de plus haut
poids λ ∈ t∗. Pour t ∈ (0, 1

3
], considérons l’opérateur de Dirac t-cubique

Dt
g,h(V ) : V ⊗ S → V ⊗ S

de la Définition 4.8.1 et l’opérateur de Dirac cubique

Dg,h(V ) := D
1/3
g,h (V ) : V ⊗ S → V ⊗ S

de la Définition 3.1.1. Alors, pour tout t ∈ (0, 1
3
],

ker(Dt
g,h(V )) = ker(Dg,h(V )).

En particulier, selon le Théorème 3.2.4,

ker(Dt
g,h(V )) =

⊕
w∈W 1

Fw(λ+ρ)−ρh ,

où Fµ est la h-représentation irréductible de plus haut poids µ ∈ t∗h et

W 1 := {w ∈ W | ∆+
h ⊆ w∆+}.

En d’autres termes, bien que le carré des opérateursDt
g,h(V ), t ∈ (0, 1

3
), n’ait pas la "bonne"

forme de Dg,h(V )2 décrit dans la Proposition 3.2.6, un analogue du Théorème 3.2.4 fournit une
description complète de leurs noyaux en termes de représentations irréductibles.

Dans les Chapitres 5 et 6, nous appliquons nos résultats pour les opérateurs de Dirac non-
cubiques dans le cas où h ⊆ g est une sous-algèbre de Cartan t d’une algèbre de Lie complexe
simple g et V la représentation standard de g.

Illustrons la situation où g est une algèbre de Lie classique avec un exemple. Supposons
que g := sl(4,C) et h := t est une sous-algèbre de Cartan t de g. La g-représentation standard
(π, V ) de dimension 4 est de plus haut poids λ = 3

4
ε1 − 1

4
ε2 − 1

4
ε3 − 1

4
ε4. En fait, elle peut

être réalisée comme V := C4 équipé de l’action par multiplication matricielle de sl(4,C) sur
V . Les poids de V sont

µ1 := λ =
3

4
ε1 −

1

4
ε2 −

1

4
ε3 −

1

4
ε4

µ2 := λ− ε1 + ε2 = −1

4
ε1 +

3

4
ε2 −

1

4
ε3 −

1

4
ε4

µ3 := λ− ε1 + ε3 = −1

4
ε1 −

1

4
ε2 +

3

4
ε3 −

1

4
ε4

µ4 := λ− ε1 + ε4 = −1

4
ε1 −

1

4
ε2 −

1

4
ε3 +

3

4
ε4
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et les vecteurs de poids correspondants vi, 1 ≤ i ≤ 4, sont les vecteurs de la base canonique
de C4. Pour chaque α ∈ ∆, choisissons eα ∈ g tel que B(eα, e−α) = 1. L’opérateur de Dirac
non-cubique D̂g,h(V ) est donné par

D̂g,h(V ) =
√

2π(eε1−ε2)⊗ γ(e−ε1+ε2) +
√

2π(eε1−ε3)⊗ γ(e−ε1+ε3) +
√

2π(eε1−ε4)⊗ γ(e−ε1+ε4)

+
√

2π(eε2−ε3)⊗ γ(e−ε2+ε3) +
√

2π(eε2−ε4)⊗ γ(e−ε2+ε4) +
√

2π(eε3−ε4)⊗ γ(e−ε3+ε4)

+
√

2π(e−ε1+ε2)⊗ γ(eε1−ε2) +
√

2π(e−ε1+ε3)⊗ γ(eε1−ε3) +
√

2π(e−ε1+ε4)⊗ γ(eε1−ε4)

+
√

2π(e−ε2+ε3)⊗ γ(eε2−ε3) +
√

2π(e−ε2+ε4)⊗ γ(eε2−ε4) +
√

2π(e−ε3+ε4)⊗ γ(eε3−ε4).

D’après le Lemme 4.6.15, le noyau de D̂g,h(V ) est monômial, c’est-à-dire qu’il est engendré
par les vecteurs vi ⊗ u où vi est comme ci-dessus et u = e−j1 ∧ . . . ∧ e−jk est un monôme
de S. Soit vi ⊗ u un tel vecteur dans ker(D̂g,h(V )). Alors, selon la Proposition 4.6.17, vi ⊗ u
appartient à ⋂

α∈∆

ker(π(eα)⊗ γ(e−α)).

Si i = 1, i.e. vi est le vecteur v1 = (1, 0, 0, 0) de V = C4 de poids λ, alors v1 est annulé par tout
π(eβ), β ∈ ∆, sauf pour β = −ε1 + ε2, β = −ε1 + ε3 et β = −ε1 + ε4. Par conséquent, v1⊗ u
appartient à

⋂
α∈∆

ker(π(eα)⊗ γ(e−α)) si et seulement si γ(e−β) annule u pour ces valeurs de β.

En d’autres termes, e−ε1+ε2 , e−ε1+ε3 et e−ε1+ε4 ne devraient pas apparaître dans u. On en déduit
que les seuls vecteurs monomiaux de la forme v1 ⊗ u appartenant à ker(D̂g,h(V )) sont:

v1 ⊗ 1, v1 ⊗ e−ε2+ε3 , v1 ⊗ e−ε2+ε4 , v1 ⊗ e−ε3+ε4 , v1 ⊗ e−ε2+ε3 ∧ e−ε2+ε4 ,

v1 ⊗ e−ε2+ε3 ∧ e−ε3+ε4 , v1 ⊗ e−ε2+ε4 ∧ e−ε3+ε4 , v1 ⊗ e−ε2+ε3 ∧ e−ε2+ε4 ∧ e−ε3+ε4 .

De la même manière, on trouve les autres vecteurs vi ⊗ u de ker(D̂g,h(V )) pour i = 2, 3, 4. En
particulier, ker(D̂) est de dimension 32 tandis que, d’après le Théorème 3.2.4, la dimension de
ker(D) est égale à |W | = 4! = 24.

La table ci-dessous compare les tailles des noyaux cubique et non-cubiques pour toute al-
gèbre de Lie classique dans le cas où h est une sous-algèbre de Cartan de g et V est la représen-
tation standard.

g dim ker(Dg,h(V )) = |W | dim ker(D̂g,h(V ))

sl(n+ 1,C) (n+ 1)! (n+ 1)× 2
n(n−1)

2

so(2n+ 1,C) 2nn! 2n× 2(n−1)2

sp(n,C) 2nn! 2n× 2(n−1)2

so(2n,C) 2n−1n! 2n× 2(n−1)(n−2)

Table 5.1: Dimensions des noyaux d’opérateurs de Dirac cubiques et non-cubiques
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Pour les algèbres de Lie exceptionnelles, h étant toujours une sous-algèbre de Cartan t de
g et V la représentation standard de g de plus haut poids λ, pour décrire ker(D̂g,h(V )), nous
déterminons l’ensemble A(λ) du Théorème 4.6.13. A(λ) est défini comme l’ensemble des
classes d’équivalence

A(λ) = Ã(λ)/ ∼,

où

Ã(λ) := {λ+ ρ−
∑
α∈A

α | A ⊆
(
R{λ}

)⊥ ∩∆+}

et ∼ est la relation d’équivalence identifiant les éléments µ et wµ de Ã(λ) pour chaque élément
w du stabilisateur Wλ de λ dans W . Dans la Proposition 4.7.1, nous donnons la caractérisation
suivante pour A(λ):

A(λ) = {λ+ ρ−
∑
α∈A

α | A ⊆ ∆+
1 et ρ1 −

∑
α∈A

α est ∆+
1 -dominant},

avec ∆+
1 :=

(
R{λ}

)⊥ ∩ ∆+ et ρ1 étant la demi-somme de toutes les racines positives de ∆+
1 .

On montre que ∆1 := ∆+
1 ∪ (−∆+

1 ) est un système radiciel, celui-ci obtenu par le diagramme
de Dynkin de ∆ si l’on supprime le sommet correspondant à la première racine simple α1 de ∆.

Par exemple, si g est l’algèbre de Lie exceptionnelle F4, son diagramme de Dynkin est

F4

1 2 3 4
<

et effacer le sommet correspondant à α1 donne le diagramme de Dynkin de ∆1:

2 3 4
<

.

Celui-ci est exactement le diagramme de Dynkin de l’algèbre de Lie classiqueB3. Ensuite, nous
construisons un nouvel espace de spineurs S1 pour l’algèbre de Clifford de la somme directe
de tous les espaces radiciels de ∆1. Pour décrire A(λ), il suffit alors de trouver tous les poids
∆+

1 -dominants de S1. Le Tableau 6.1 donne ces poids pour l’espace des spineurs S1 de ∆+
1 pour

l’exemple ci-dessus.
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Poids Vecteurs

5
2
ε2 + 3

2
ε3 + 1

2
ε4 1

5
2
ε2 + 1

2
ε3 + 1

2
ε4

e−ε3

e−ε3+ε4∧e−ε4

3
2
ε2 + 3

2
ε3 + 3

2
ε4

e−ε2+ε3∧e−ε3+ε4

e−ε2+ε4

3
2
ε2 + 3

2
ε3 + 1

2
ε4

e−ε2

e−ε2+ε3∧e−ε3
e−ε2+ε4∧e−ε4

e−ε2+ε3∧e−ε3+ε4∧e−ε4

3
2
ε2 + 1

2
ε3 + 1

2
ε4

e−ε2−ε3

e−ε2∧e−ε3
e−ε3∧e−ε4∧e−ε2+ε4

e−ε2∧e−ε3+ε4∧e−ε4
e−ε3+ε4∧e−ε2−ε4

e−ε2−ε3∧e−ε3+ε4∧e−ε3−ε4
e−ε2+ε4∧e−ε3−ε4

e−ε3∧e−ε4∧e−ε2+ε3∧e−ε3+ε4

1
2
ε2 + 1

2
ε3 + 1

2
ε4

e−ε2∧e−ε2−ε3
e−ε2∧e−ε3+ε4∧e−ε2−ε4
e−ε2∧e−ε2+ε4∧e−ε3−ε4
e−ε4∧e−ε2+ε4∧e−ε2−ε3
e−ε3∧e−ε2+ε4∧e−ε2−ε4
e−ε3∧e−ε2+ε3∧e−ε2−ε3
e−ε2∧e−ε3∧e−ε4∧e−ε2+ε4

e−ε3∧e−ε2+ε3∧e−ε2+ε4∧e−ε3−ε4
e−ε3∧e−ε2+ε3∧e−ε3+ε4∧e−ε2−ε4
e−ε2∧e−ε2+ε3∧e−ε3+ε4∧e−ε3−ε4
e−ε4∧e−ε2+ε4∧e−ε3+ε4∧e−ε2−ε4
e−ε4∧e−ε2+ε3∧e−ε3+ε4∧e−ε2−ε3
e−ε2∧e−ε3∧e−ε4∧e−ε2+ε3∧e−ε3+ε4

e−ε4∧e−ε2+ε3∧e−ε2+ε4∧e−ε3+ε4∧e−ε3−ε4

Table 6.1: Poids ∆+
1 -dominants de S1 pour g = so(7,C) et h = t

4.2 Opérateurs de Dirac géométriques

Dans le Chapitre 7, motivés par la lien entre l’opérateur de Dirac cubique algébrique Dg,h(V )
et l’opérateur de Dirac cubique géométrique DGc/H0 établie dans [MZ14a], en suivant [Lan00],
nous utilisons le Théorème de Peter-Weyl pour définir un isomorphisme:

Φ :
[
L2(Gc)⊗ E

]H ∼−−→
⊕̂
λ∈Ĝc

Vλ ⊗ [V ∗λ ⊗ E]H
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qui généralise cette relation dans le cas des opérateurs de Dirac non-cubiques et t-cubiques
géométriques.

En suivant [Lan00, Theorem 4] et [Sle87a], on obtient la description suivante du noyau de
l’opérateur de Dirac non-cubique dans le cas où Lc est un tore maximal T de Gc.

Theorem 7.4.4. Soient Gc un groupe de Lie connexe compact semi-simple d’algèbre de Lie
complexifiée g, T un tore maximal dans Gc tel que son algèbre de Lie complexifiée t soit θ-
stable. Fixons E la t-représentation de dimension 1 determinée par un élément ∆+-dominant
µ de t∗ par rapport à un système positif ∆+ de ∆ := ∆(g, t) et telle que S ⊗ E se relève
en une représentation de T . Pour tout élément λ de l’ensemble des éléments ∆+-dominants
analytiquement intégraux de t∗, posons

Kλ := {ρ−
∑
α∈A

α | A ⊆
(
R{λ}

)⊥ ∩∆+ et ρ−
∑
α∈A

α est ∆+-dominant}

et
Aµ := {(λ, κ) ∈ Λ×Kλ | λ+ κ = µ}.

Alors, le noyau de l’opérateur de Dirac non-cubique

D̂Gc/T (E) :
[
L2(G)⊗ (S ⊗ E)

]T → [
L2(G)⊗ (S ⊗ E)

]T
est

ker D̂Gc/T (E) ' dim(V ⊗ S)µ
∑

(λ,κ)∈Aµ

Vµ−k,

où Vµ−k est la Gc-représentation irreductible de dimension finie de plus haut poids µ− k.

Le rélultat suivant généralise [Lan00, Theorem 4] dans le cas de rangs inégaux.

Theorem 7.3.10. Soient Gc un groupe de Lie connexe compact semi-simple d’algèbre de Lie
complexifiée g, H0 un sous-groupe fermé de Gc tel que son algèbre de Lie complexifiée h sat-
isfasse la condition (2.10). En plus, supposons que th est une sous-algèbre de Cartan de h et
tq ⊆ q est un sous-espace de q tel que t := th + tq soit une sous-algèbre de Cartan de g. Soient
∆ := ∆(g, t) le système radiciel correspondant, ∆+ un système positif pour ∆ satisfaisant la
th-propriété de la Définition 3.2.3, et ∆+

h le système positif correspondant pour ∆h := ∆(h, th).
Fixons E la h-représentation irréductible de dimension finie de plus haut poids µ ∈ t∗h par
rapport à ∆+

h et telle que S ⊗ E se relève en une représentation de H0. Soit Λ l’ensemble de
tous les éléments ∆+-dominants analytiquement intégraux de t∗. Pour tout λ ∈ Λ, posons

W 1
λ := {w ∈ W | w(λ+ ρ)|tq = 0 et w(λ+ ρ)|th est ∆+

h -dominant}.

S’il existe λ ∈ Λ et w ∈ W 1
λ tels que w−1(µ + ρh) − ρ soit ∆+-dominant et analytiquement

intégral, le noyau de l’opérateur de Dirac cubique

DGc/H0(E) :
[
L2(Gc)⊗ (S ⊗ E)

]H0 →
[
L2(Gc)⊗ (S ⊗ E)

]H0

est équivalent à 2d copies de la Gc-représentation Vw−1(µ+ρh)−ρ de plus haut poids w−1(µ +

ρh)− ρ où d := [dim tq
2

]. Sinon, kerDGc/H0(E) = 0.
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Enfin, par analogie avec le Théorème 4.8.2, nous décrivons ker(DtGc/H0
(E)) pour t ∈ (0, 1

3
],

montrant qu’il coïncide avec ker(DGc/H0(E)).

Theorem 7.5.2. Soient Gc un groupe de Lie compact connexe semi-simple d’algèbre de Lie
complexifiée g, H0 un sous-groupe de Lie fermé de Gc tel que son algèbre de Lie complexifiée h
satisfasse la condition (2.10). En plus, supposons qu’il existe une sous-algèbre de Cartan com-
mune t de g et h. Soit E une h-représentation irreducible de dimension finie de plus haut poids
µ ∈ t∗ par rapport à un système positif fixé ∆+

h telle que S ⊗E se relève en une représentation
de H0. Alors, pour t ∈ (0, 1

3
], le noyau ker(Dt) de l’opérateur de Dirac t-cubique géométrique

DtGc/H0
(E) :

[
L2(Gc)⊗ (S ⊗ E)

]H0 →
[
L2(Gc)⊗ (S ⊗ E)

]H0

coïncide avec le noyau ker(DGc/H0(E)) de l’opérateur de Dirac. En particulier, s’il existe
w ∈ W tel que w(µ + ρh) − ρ soit dominant par rapport à un système positif ∆+ ⊇ ∆+

h

de ∆, ker(DtGc/H0
(E)) est équivalent à la Gc-représentation irreductible de dimension finie

Vw(µ+ρh)−ρ de plus haut poids w(µ+ ρh)− ρ. Sinon, ker(DGc/H0(E)) est trivial.

4.3 Indices de Dirac

Dans la section 7.6, dans le cas où g et h ont le même rang complexe, nous considérons la
Z2-graduation S = S+ ⊕ S− et les opérateurs de Dirac:

D̂g,h(V )± : V ⊗ S± → V ⊗ S∓.

Alors, l’indice de Dirac (algébrique) non-cubique d’un g-module de longueur finie est le h-
module virtuel

ID̂(V ) = ker(D̂g,h(V )+)− ker(D̂g,h(V )−).

Suivant [MPV17a], nous démontrons le lemme suivant.

Lemma 7.6.6. Si V est un g-module de dimension finie, alors

ID̂(V ) = V ⊗ S+ − V ⊗ S−.

De plus, pour une h-représentation de dimension finie E telle que S ⊗ E se relève en une
représentation de H0, nous considérons les opérateurs

D̂Gc/H0(E)± :
[
L2(Gc)⊗ (S± ⊗ E)

]H0 →
[
L2(Gc)⊗ (S∓ ⊗ E)

]H0

de (7.21) et nous définissons l’indice de Dirac (géométrique) non-cubique de E comme étant le
Gc-module virtuel

IndexGcD̂Gc/H0(E) := ker(D̂Gc/H0(E)+)− ker(D̂Gc/H0(E)−).

Ensuite, suivant [Lan00], nous calculons l’indice de Dirac non-cubique de E.
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Theorem 7.6.10. Soient Gc un groupe de Lie compact connexe semi-simple d’algèbre de Lie
complexifiée g, H0 un sous-groupe fermé de Gc d’algèbre de Lie complexifiée h telle que la
condition (2.10) soit satisfaite. Supposons qu’il existe une sous-algèbre de Cartan commune
t de g et h. Fixons une h-représentation irréductible de dimension finie E de plus haut poids
µ ∈ t∗ par rapport à un système positif ∆+

h et telle que S⊗E se relève en une h-représentation
de H0. Étendons ∆+

h à un système positif ∆+ de ∆ et soient Λ l’ensemble de tous les éléments
∆+-dominants et analytiquement intégraux, et

W 1 := {w ∈ W | ∆+
h ⊆ w∆+}.

S’il existe w ∈ W 1 tel que w−1(µ+ ρh)− ρ soit ∆+-dominant et analytiquement intégral, alors

IndexGD̂Gc/H0(E) = (−1)`(w)Vw−1(µ+ρh)−ρ,

où Vw−1(µ+ρh)−ρ est la Gc-représentation irréductible de dimension finie de plus haut poids
w−1(µ+ ρh)− ρ. Sinon, IndexGD̂Gc/H0(E) = 0. En particulier,

IndexGD̂Gc/H0(E) = IndexGDGc/H0(E).
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CHAPTER 1

PRELIMINARIES

In this chapter we have collected basic notions of Lie algebras, Lie groups and their repre-
sentations we use in this thesis. More precisely, Section 1.1 is devoted to the structure of Lie
algebras and Lie groups. Sections 1.2-1.5 contain elementary facts from the representation the-
ory of complex and real semisimple Lie algebras and Lie groups. In Section 1.6 we discuss
(g, K)-modules while Section 1.7 describes Harish-Chandra morphism. The main references
for this chapter are Paulin’s electronic notes [Pau] and Knapp’s book [Kna96].

1.1 Lie groups and Lie algebras

1.1.1 Lie groups

Definition 1.1.1 (Lie group). A real (respectively complex) Lie group G is a real (respectively
complex) smooth manifold equipped with a group structure such that group multiplication and
inversion are smooth (respectively holomorphic) maps.

Example 1.1.2 (Abelian Lie groups). The groups (Rn,+), (R∗, ·), (Cn,+), (C∗, ·) and (S1, ·),
where S1 := {z ∈ C | ‖z‖ = 1}, all are abelian Lie groups, i.e. Lie groups with abelian group
structure. Moreover, S1 is a compact Lie group, i.e. it is compact as a topological manifold.

Example 1.1.3 (General Linear Lie Group). Let V be a real or complex n-dimensional vector
space. The group GL(V ) of all linear automorphisms of V is a Lie group called the general
linear group of V . In the case where V = Kn, with K = R or C, we write GL(n,K) instead of
GL(Kn). By fixing a basis for V one can identify GL(V ) with the group of n-by-n invertible
matrices with entries in K. This group is an open subset of the topological vector space Mn(K)
of all n-by-n matrices with entries in K. Note that Mn(K) has a canonical manifold structure
induced by its vector space structure. Since GL(n,K) is an open subset of a manifold, it is a
manifold as well. On the other hand, matrix multiplication and inversion involve only rational
functions with nowhere zero denominators and thus they are smooth maps.
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Example 1.1.4 (Product Lie Group). The product G1×G2 of two Lie groups G1, G2 (both real
or complex) endowed with the product group structure and the product manifold structure is a
Lie group called the product Lie group of G1 and G2.

Definition 1.1.5 (Lie subgroup). Let G be a Lie group. A subset H of G is a Lie subgroup of G
if it is a subgroup and an immersed submanifold of G.

Theorem 1.1.6 (See [Pau, Theorem 1.43]). If G is a real Lie group, a subgroup H of G is an
embedded Lie subgroup if and only if it is closed in G. If G is a complex Lie group, a Lie
subgroup H of G is an embedded Lie subgroup if and only if H is closed.

Proposition 1.1.7 (See [Pau, Proposition 1.3]). If G is a Lie group, the identity component G0,
i.e. the connected component containing the identity element of G, is a Lie subgroup of G.

Theorem 1.1.6 provides us with many examples of matrix Lie groups. All groups of the
following list are Lie groups, called classical Lie groups. They are Lie subgroups of GL(N,K)
for suitable N and K = R or C.

SL(n,K) = {x ∈ GL(n,K) | det(x) = 1}

O(n) = {x ∈ GL(n,R) | x · xt = In}

O(n,C) = {x ∈ GL(n,C) | x · xt = In}

SO(n) = O(n) ∩ SL(n,R)

SO(n,C) = O(n,C) ∩ SL(n,C)

U(n) = {x ∈ GL(n,C) | x · x∗ = In}

SU(n) = U(n) ∩ SL(n,C)

Sp(n,K) = {x ∈ GL(n,K) | xtJnx = Jn}

Table 1.1: Classical Lie groups

Here In stands for the identity n-by-n matrix, Jn is the matrix
(

0 In
−In 0

)
while ·t (respec-

tively ·∗) indicates the transpose (respectively conjugate-transpose) of the indicated matrix.

1.1.2 Lie group morphisms
Definition 1.1.8 (Lie group morphism). Let G1 and G2 be real (respectively complex) Lie
groups. We call Lie group morphism a smooth (respectively holomorphic) group morphism
Φ : G1 → G2. A Lie group morphism Φ is said to be a Lie group isomorphism if Φ is bijective
and its inverse is a Lie group morphism. We will say that G1 and G2 are isomorphic if there is
a Lie group isomorphism Φ : G1 → G2.

Example 1.1.9 (Adjoint map). Let G be a Lie group. For g in G, define a map

ig :

{
G→ G

x 7→ gxg−1.
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The map ig is a Lie group automorphism of G. Set Ad(g) to be the tangent map Teig : g → g,
where g := TeG and e is the neutral elementof G. The map Ad defined by

Ad :

{
G→ GL(g)

g 7→ Ad(g)

is a Lie group morphism called the adjoint map of G.

1.1.3 Lie algebras
Definition 1.1.10 (Lie algebra). A real (respectively complex) Lie algebra g is a finite dimen-
sional vector space over R (respectively C) equipped with a Lie bracket, i.e. a bilinear skew-
symmetric map

[·, ·] : g× g→ g

satisfying the Jacobi identity:

[X, [Y, Z]] + [Z, [X, Y ]] + [Y, [Z,X]] = 0 (1.1)

for every X , Y and Z in g. The Lie algebra g is said to be abelian if [X, Y ] = 0 for every X
and Y in g. We will say that a vector subspace h of g is a Lie subalgebra of g if [X, Y ] ∈ h for
every X and Y in h.

Example 1.1.11 (Lie algebra of an associative algebra). Let A be an associative algebra over
K, where K = R or C, equipped with the bracket

[a, b] = ab− ba

for a and b in A. One can check that the conditions for A to be a Lie algebra are satisfied.
Therefore, any associative algebra over K admits a canonical structure of Lie algebra.

Example 1.1.12 (Classical Lie algebras). Let V be a vector space and End(V ) be the asso-
ciative endomorphism algebra of V . Then End(V ) equipped with the bracket of the previous
example is a Lie algebra called the general Lie algebra gl(V ) of V . In the case where V = Kn,
with K = R or C, we set gl(n,K) := gl(Kn). Choosing the standard basis of Kn, one can
identify gl(n,K) with Mn(K), the space of n-by-n matrices with coefficients in K.

The vector spaces of the following table all are Lie algebras, as Lie subalgebras of gl(N,K)
for suitable N ∈ N, called classical Lie algebras.

sl(n,K) = {X ∈ gl(n,K) | tr(X) = 0}

so(n,K) = {X ∈ gl(n,K) | X +X t = 0}

sp(n,K) = {X ∈ gl(2n,K) | X tJn + JnX = 0}

u(n) = {X ∈ gl(n,C) | X∗ +X = 0}

su(n) = u(n) ∩ sl(n,C)

Table 1.2: Classical Lie algebras
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The Lie algebras gl(n,C), sl(n,C), so(n,C) and sp(n,C) are called general linear Lie alge-
bra, special linear Lie algebra, orthogonal Lie algebra and symplectic Lie algebra respectively.

Example 1.1.13 (Exceptional Lie algebras). There are 5 nonisomorphic complex Lie algebras,
denoted E6, E7, E8, F4 and G2, called exceptional Lie algebras. They are of dimension 78,
133, 248, 52 and 14, respectively. For instance, the Lie algebra G2 is the complexification of
the Lie algebra of all derivations of the octanion algebra. For an expllicit realization of each
exceptional Lie algebra, see [FH91, Chapter 21]. Later, in Subsection 1.2.3, we will consider
the parametrization of exceptional Lie algebras by their Dynkin diagram and their role in the
classification of complex semisimple Lie algebras (see Subsection 1.2.3).

Example 1.1.14 (Direct sum of Lie algebras). Let g1 and g2 be Lie algebras (both real or
complex). We define the Lie algebra direct sum g1⊕ g2 of g1 and g2 as the vector space g1⊕ g2

equipped with the Lie bracket

[X1 +X2, Y1 + Y2] = [X1, Y1] + [X2, Y2], X1, Y1 ∈ g1, X2, Y2 ∈ g2.

Example 1.1.15 (Complexification of Lie algebra). Let g be a real Lie algebra. We define the
complexification gC of g as the complex Lie algebra being the complexified vector space g⊗RC
equipped with the Lie bracket

[X1 ⊗ c1, X2 ⊗ c2] := [X1, X2]⊗ c1c2, X1, X2 ∈ g, c1, c2 ∈ C.

Recall that the complex scalars act on g ⊗R C by multiplication on the second factor. On the
other hand, if g is a complex Lie algebra, we define gR to be the real Lie algebra obtained by
restricting the scalar multiplication of g on real scalars.

Definition 1.1.16 (Real form of complex Lie algebra). Let g be a complex Lie algebra. A real
subalgebra h of gR is a real form of g if hC = g.

Example 1.1.17 (Lie algebra of a manifold). Let M be a differential manifold and Γ(TM) be
the vector space of smooth sections of the tangent bundle TM of M . Considering the elements
of Γ(TM) as derivations acting on the space C∞(M) of complex smooth functions defined on
M , Γ(TM) has a canonical structure of associative algebra given by composition of derivations.
In view of Example 1.1.11, Γ(TM) equipped with the bracket

[X, Y ] := X ◦ Y − Y ◦X, X, Y ∈ Γ(TM),

is a Lie algebra.

Definition 1.1.18 (Adjoint map of g). Let g be a Lie algebra. The map

ad :

{
g→ gl(g)

X 7→ adX := [X, ·]

is called the adjoint map of g.
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1.1.4 Lie algebra morphisms

Definition 1.1.19 (Lie algebra morphism). Let g1 and g2 be Lie algebras. We call Lie algebra
morphism a linear map φ : g1 → g2 preserving the Lie algebra structures, i.e. satisfying

[φ(X), φ(Y )] = φ([X, Y ])

for every X and Y in g1. If φ is a monomorphism (epimorphism, endomorphism etc) of the
corresponding vector spaces, we say that φ is a monomorphism (epimorphism, endomorphism
etc respectively) of Lie algebras. We say that two Lie algebras g1 and g2 are isomorphic if there
is an isomorpism of Lie algebras φ : g1 → g2.

Example 1.1.20. Let g be the Lie algebra sl(2,R) of Table 1.2. Then, as vector space, g is
generated by the matrices

H :=

(
1 0
0 −1

)
, X :=

(
0 1
0 0

)
and Y :=

(
0 0
1 0

)
,

and
[H,X] = 2X, [H,Y ] = −2Y and [X, Y ] = H.

Moreover, consider the vector space g′, generated by the differential operators

D1 := x
∂

∂x
− y ∂

∂y
, D2 := x

∂

∂y
and D3 := y

∂

∂x

defined on C∞(R2). Equip g′ with the Lie bracket inherited by the associative algebra structure
of the vector space of differential operators defined on C∞(R2) (see Example 1.1.11). Then,

[D1, D2] = D1 ◦D2 −D2 ◦D1 = 2D2

[D1, D3] = D1 ◦D3 −D3 ◦D1 = −2D3

[D2, D3] = D2 ◦D3 −D3 ◦D2 = D1.

and one can see that the linear map φ : g → g′ mapping H to D1, X to D2 and Y to D3 is an
isomorphism of vector spaces. Furthermore, φ respects the Lie algebra structures of g and g′.
Indeed,

φ([H,X]) = 2φ(X) = 2D2

= [D1, D2] = [φ(H), φ(X)],

φ([H, Y ]) = −2φ(Y ) = −2D3

= [D1, D3] = [φ(H), φ(Y )],

φ([X, Y ]) = φ(H) = D1

= [D2, D3] = [φ(X), φ(Y )].

In other words, φ is an isomorphism of Lie algebras.
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1.1.5 The Lie algebra of a Lie group
There is a relation between Lie groups and Lie algebras. Namely, to each Lie group we can
associate a unique Lie algebra. More precisely, let G be a Lie group, g be the tangent space
TeG of G at the neutral element e ∈ G, and consider its adjoint map Ad : G→ GL(g) defined
in Example 1.1.9. Define ad to be the map

ad :

{
g→ End g

X ∈ g 7→ adX := TeAdX
(1.2)

and set [X, Y ] := ad(X)(Y ). Then g equipped with the bracket [·, ·] turns out to be a Lie
algebra (for more details, see [Pau, Proposition 1.6]).

Definition 1.1.21 (Lie algebra of a Lie group). The Lie algebra g := TeG is called the Lie
algebra of G, also denoted Lie(G).

Theorem 1.1.22 (See [Pau, Corollary 1.54 and Corollary 1.55]). Every Lie algebra is the Lie
algebra of a Lie group. This Lie group is not unique. Nevertheless, up to isomorphism, it is
unique if the group is connected and simply connected.

Example 1.1.23 (Lie algebras of abelian Lie groups). The Lie algebras of the abelian Lie groups
(Rn,+), (R∗, ·), (Cn,+) and (C∗, ·), (S1, ·) of Example 1.1.2 are Rn, R, Cn, C and iR respec-
tively, all equipped with the trivial Lie bracket. In fact, the Lie algebra of any abelian Lie group
is abelian.

Example 1.1.24 (Lie algebras of Classical Lie groups). The following list gives the Lie algebras
for each classical Lie group of Table 1.1.

G g

GL(n,K) gl(n,K)

SL(n,K) sl(n,K)

O(n) so(n,R)

O(n,C) so(n,C)

SO(n) so(n,R)

SO(n,C) so(n,C)

U(n) u(n)

SU(n) su(n)

Sp(n,K) sp(n,K)

Table 1.3: Lie algebras of Classical Lie groups
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For a Lie group G, we define the left and right translation L and R respectively to be the
maps

L :

{
G→ G

x 7→ (Lx : g 7→ xg)

and

R :

{
G→ G

x 7→ (Rx : g 7→ gx−1).

Consider the tangent bundle TG of G and let GΓ(TG) be the space of left invariant sections of
Γ(TG), i.e. the space of sections X̄ ∈ Γ(TG) such that L∗g(X̄) = X̄ for every g in G, equipped
with the Lie algebra structure of Example 1.1.17. Recall that L∗g(X̄) stands for the pullback
section, i.e. the section of TG whose value at x ∈ G coincides with the value X̄gx of X̄ at gx.

Proposition 1.1.25 (See [Pau, Proposition 1.6]). The Lie algebra GΓ(TG) is isomorphic to g,
the isomorphism being that a left-invariant section X̄ of GΓ(TG) corresponds to X̄e ∈ g, i.e.
X̄ evaluated at the neutral element e of G.

Proposition 1.1.26 (See [Pau, Theorem 1.41 and Corollary 1.42]). Let G be a Lie group and
H be a Lie subgroup of G. If g and h are the Lie algebras of G and H respectively, h is a
Lie subalgebra of g. On the other hand, if h′ is a subalgebra of g, there is a unique connected
subgroup H ′ of G such that h′ is the Lie algebra of H ′.

1.1.6 Exponential map
There is a map connecting a Lie group G and its Lie algebra g. Let X be an element of g and
X̄ be the corresponding left-invariant section of GΓ(TG). Suppose that φX is the flow of X̄ ,
i.e. the map sending g ∈ G to φX(·)(g), with φX(·)(g) being the unique solution of the differential
equation {

d
dt
φXt (g) = X̄(φXt (g))

φX0 (g) = g.

Proposition 1.1.27 (See [Pau, Proposition 1.37]). Let G be a real (complex respectively) Lie
group and X̄ be a left-invariant vector field of GΓ(TG). The vector field X̄ is of class C∞
(respectively holomophic) and it is complete, i.e. for every g ∈ G, the map

t 7→ φXt (g) ∈ G

is well-defined on R.

Definition 1.1.28 (Exponential map). We call exponential map of a Lie group G the map

expG :

{
g→ G

X 7→ φX1 (e),

where e stands for the neutral element of G.
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When there is no ambiguity, we will simply write exp instead of expG.

Proposition 1.1.29. The exponential map of G is a smooth map.

Proof. Consider the map

F :

{
G× g× R→ G× g

(g,X, t) 7→ (φXt (g), X),

where φX : R × G → G is the flow of the left-invariant vector field X̄ corresponding to X .
Then

d

dt
F (g,X, t) = (

d

dt
φXt (g), 0)

= (X̄(φXt (g)), 0).

In other words, the map F is the flow of the smooth left-invariant vector field (X̄, 0) of G × g
and thus F is smooth, as well. The exponential evaluated at X ∈ g is the projection on the first
factor of F (e,X, 1) and the result follows.

In the following lemma, we summarize the basic properties of the exponential map.

Lemma 1.1.30. Let G be a Lie group and exp : g→ G be its exponential map.

(i) The tangent map of exp at 0 ∈ g is T0 exp = Ig. In particular, exp is a local diffeomor-
phism at 0.

(ii) If [X, Y ] = 0, X, Y ∈ g, then exp(X + Y ) = exp(X) exp(Y ).

Proof. The first assertion is a special case of [Pau, Proposition 1.38 and Proposition 1.39].
The assertion (ii) is a corollary of Campbell-Baker-Hausdorff Formula (see [Kna96, Theorem
B22]).

Remark 1.1.31. Using (ii) of Lemma 1.1.30, one deduces that for s, t ∈ R and X ∈ g,
exp((s+ t)X) = exp(sX) exp(tX) and exp(−X) = exp(X)−1.

Proposition 1.1.32 (See [Pau, Proposition 1.7]). Let G1 and G2 be Lie groups with g1 and g2

being the corresponding Lie algebras. A map Φ : G1 → G2 is a Lie group morphism if and
only if its tangent map φ := TeΦ : g1 → g2 is a Lie algebra morphism. Moreover, one has:

Φ ◦ expG1
= expG2

◦φ.

In other words, the following diagram is:

g1 g2

G1 G2

φ

expG1 expG2

Φ

If ψ : g1 → g2 is a Lie algebra morphism and G1 is connected and simply connected, there
is a unique Lie group morphism Ψ : G1 → G2 such that TeΨ = ψ.
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1.1. Lie groups and Lie algebras

Corollary 1.1.33. Let G be a Lie group of Lie algebra g, Ad be the adjoint map of G defined
in Example 1.1.9, and ad be the adjoint map of g defined in (1.2). Then, for every X in g, one
has that:

Ad ◦ exp(X) = exp ◦ad(X).

Proof. In Proposition 1.1.32, set Φ = Ad and φ = ad.

Corollary 1.1.34. Let G be a Lie group with Lie algebra g, H be a Lie subgroup of G with Lie
algebra h and i : H ↪→ G be the inclusion of H in G. Then one has that:

(expG)|h = expH ,

i.e. expH is the restriction (expG)|h of expG to h.

Proof. The result is an application of Proposition 1.1.32 for Φ = i.

Example 1.1.35 (Exponential map of R∗ and C∗). The exponential map of the Lie group
(R∗,×) (respectively (C∗,×)) coincides with the standard exponential function. Indeed, if X is
a vector of T1R∗ ∼= R (respectively T1C∗ ∼= C), the left-invariant vector field X̄ corresponding
to X is given by X̄(x) = xX for every x ∈ R∗ (respectively x ∈ C∗) while the flow of X̄ is the
unique solution of the differential equation{

d
dt
φXt (x) = φXt (x)X

φX0 (x) = x.

One can check that φXt (x) = xetX and thus exp(X) := φX1 (1) = eX .

Example 1.1.36 (Exponential map of S1). Let G be the Lie group of the unit circle S1. Then G
is a Lie subgroup of C∗ and, according to Corollary 1.1.34, the exponential map of S1 is given
by the restriction of the exponential map of C∗ to S1. In other words, using the Example 1.1.35,
one deduces that the exponential map of S1 is given by the standard complex exponential map.

Example 1.1.37 (Exponential of matrix Lie groups). The exponential maps of the matrix Lie
groups of Table 1.1 coincide with the standard matrix exponential map

eX :=
∑
k≥0

Xk

k!
,

where X ∈ Mn(K), i.e. X is a square matrix with entries in K, with K = R or C. Indeed,
let G := GL(n,K) and X be an element of Lie(G) = gl(n,K). The left-invariant vector field
corresponding to X is given by X̄(x) = xX , x ∈ G, and the flow of X̄ is the unique solution
of {

d
dt
φXt (x) = φXt (x)X

φX0 (x) = x.

One can check that φXt (x) = xetX and thus exp(X) := φX1 (1) = eX . IfH is any group of Table
1.1, according to Corollary 1.1.34, its exponential map is given again by the standard matrix
exponential restricted to Lie(H).
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Example 1.1.38 (Exponential map of a compact Lie group). Let G be a compact Lie group.
Then G admits a bi-invariant Riemannian metric (see [Pau, page 202]). The Riemannian ex-
ponential map defined by this metric coincides with the exponential map coming from the Lie
group structure (see [Pri77, Theorem 4.3.3]). Since G is compact, using Hopf-Rinow theorem
(see [Pau, Theorem 3.24]), one deduce that G is geodesically complete and so exp is surjective.
For a different proof of the above statement, without using Riemannian geometry, see [Kna96,
Corollary 4.48].

1.1.7 Killing form
Definition 1.1.39. Let g be a Lie algebra. We define its Killing form Bg (or just B when there
is no confusion) to be the bilinear form of g given by

B(X, Y ) := tr(adX ◦ adY ), X, Y ∈ g.

Lemma 1.1.40. The Killing form B of a Lie algebra g is symmetric and g-invariant, i.e. it
satisfies the identity

B(adZ(X), Y ) +B(X, adZ(Y )) = 0, ∀X, Y, Z ∈ g.

Proof. The first statement follows from the properties of trace. For the second one, suppose
X, Y and Z are elements of g. Then

B(adZ(X), Y ) = B([Z,X], Y )

= tr(ad[Z,X] ◦ adY )

= tr([adZ, adX] ◦ adY )

= tr((adZ ◦ adX − adX ◦ adZ) ◦ adY )

= tr(adZ ◦ adX ◦ adY )− tr(adX ◦ adZ ◦ adY )

= tr(adX ◦ adY ◦ adZ)− tr(adX ◦ adZ ◦ adY )

= tr(adX ◦ (adY ◦ adZ − adZ ◦ adY ))

= tr(adX ◦ [adY, adZ])

= −tr(adX ◦ ad[Z, Y ])

= −B(X, [Z, Y ])

= −B(X, adZ(Y )),

as we wanted.

Lemma 1.1.41. The Killing form B of g is invariant by Lie algebra automorphisms, i.e. if
φ : g→ g is a Lie algebra automorphism, then

B(φ(X), φ(Y )) = B(X, Y ), ∀X, Y ∈ g.

Proof. If φ : g→ g is a Lie algebra automorphism, then

ad(φ(X)) = φ ◦ adX ◦ φ−1, ∀X ∈ g.
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Therefore, for every X, Y ∈ g,

B(φ(X), φ(Y )) = tr(ad(φ(X)) ◦ ad(φ(Y ))

= tr(φ ◦ ad(X) ◦ φ−1 ◦ φ ◦ ad(Y ) ◦ φ−1)

= tr(φ ◦ ad(X) ◦ ad(Y ) ◦ φ−1)

= tr(ad(X) ◦ ad(Y ))

= B(X, Y )

Example 1.1.42 (Killing forms of Classical Lie algebras). The following table gives the Killing
form for each of the classical Lie algebras of Table 1.2.

g Killing form

gl(n,K) 2ntr(XY )− 2tr(X)tr(Y )

sl(n,K) 2ntr(XY )

so(2n+ 1,K) (2n− 1)tr(XY )

sp(n,K) (2n+ 2)tr(XY )

so(2n,K) 2(n− 1)tr(XY )

Table 1.4: Killing forms of Classical Lie algebras

1.1.8 Universal enveloping algebra
From the definition of a Lie algebra it is clear that, in general, it is neither associative nor unital.
Nevertheless, we can always find an associative unital algebra containing g in a canonical way.
More precisely, let T (g) be the tensor algebra of the vector space g, i.e. the unital associative
algebra

T (g) :=
⊕
n≥0

(⊗
ng
)
,

and set J to be the ideal

J :=

two-sided ideal generated by
X ⊗ Y − Y ⊗X − [X, Y ]

with X, Y ∈ g ⊂ T (g)


of T (g).

Definition 1.1.43 (Universal enveloping algebra of g). We define the universal enveloping al-
gebra of g to be the unital associative (quotient) algebra

U(g) = T (g)/J.
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We have a canonical map ι from g to U(g) consisting of the embedding of g in T (g) fol-
lowing by projection to the quotient U(g). The enveloping algebra U(g) is harder to work with
than other algebras like the symmetric algebra S(g) or the exterior algebra

∧
g of g. The reason

is that in contrast to these algebras, U(g) is defined using an ideal which is not generated by
homogeneous elements. Nevertheless, we have the following theorem.

Theorem 1.1.44 (Poincaré-Birkhoff-Witt, see [Dix77, Theorem 2.1.11]). Let {Xi}1≤i≤n be a
vector space basis of g. The monomials

ι(X1)j1 . . . ι(Xn)jn , (1.3)

with jk ≥ 0, 1 ≤ k ≤ n, form a basis of U(g).

In particular, the map ι is an injection and g is canonically embedded in U(g). The universal
enveloping algebra of g is characterized by the following universal propery. For every unital
associative algebra A and for every linear map ϕ : g→ A satisfying:

ϕ(X)ϕ(Y )− ϕ(Y )ϕ(X)− ϕ([X, Y ]) = 0, ∀X, Y ∈ g, (1.4)

there is a unique morphism of unital algebras ϕ̃ : U(g)→ A such that the diagram

U(g)
φ̃ // A

g

ι

aa

φ

@@

commutes. From now on, since the map ι is injective, we will write

Xj1
1 . . . Xjn

n (1.5)

instead of the monomial (1.3).

Corollary 1.1.45. Let h be a Lie subalgebra of g and {H1, . . . , Hm} be a vector space basis
of h. The subalgebra of U(g) generated by 1 and the elements H1, . . . , Hm is canonically
isomorphic to the univeral enveloping algebra U(h) of h.

Proof. If ρ : h→ U(g) is the linear map sending the element H of h to the element H of U(h),
ρ satisfies the condition (1.4) and so, by the universal property of U(h), it can be extended to
a morphism of unital associative algebras ρ̃ : U(h) → U(g). The image of this map is cer-
tainly the subalgebra of U(g) generated by 1 and the elements H1, . . . , Hm. On the other hand,
according to Theorem 1.1.44, the monomials of the form (1.5) generated by H1, . . . , Hm are
linearly independent both in U(h) and U(g) and thus ρ̃ is a monomorphism onto the subalgebra
of U(g) generated by 1 and the elements H1, . . . , Hm.

1.2 Complex semisimple Lie algebras and root decomposi-
tion

This section focuses on a special case of complex Lie algebras, the semisimple ones. We start
with some definitions.
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1.2. Complex semisimple Lie algebras and root decomposition

Definition 1.2.1 (Ideal of a Lie algebra). Let g be a real or complex Lie algebra. A subspace h
of g is said to be an ideal of g if, for every X in g and every Y in h, [X, Y ] lies in h.

In other words, h is an ideal of g if it is g-stable, i.e. it is invariant by the action of every
operator adX , X ∈ g.

Definition 1.2.2 (Simple Lie algebra). A nonabelian Lie algebra is said to be simple if it has no
nonzero proper ideal. Recall that g is abelian if its adjoint map ad is the zero map.

Definition 1.2.3 (Semisimple Lie algebra). A Lie algebra is said to be semisimple if it is the
direct sum of simple Lie algebras.

Lemma 1.2.4 (See [Kna96, Corollary 1.53]). Let g be a complex Lie algebra and g0 be a real
form of g. Then g is semisimple if and only if g0 is semisimple.

Example 1.2.5. The complex Lie algebra sl(2,C) of all 2-by-2 matrices is simple. Indeed, the
matrices

H =

(
1 0
0 −1

)
, X =

(
0 1
0 0

)
, Y =

(
0 0
1 0

)
form a vector space basis of sl(2,C). The Lie brackets of X, Y and H are

[H,X] = 2X, [H,Y ] = −2Y and [X, Y ] = H.

Suppose that I is a nonzero ideal of sl(2,C) and let L = aH + bX + cY be a nonzero element
of I . Then

[H,L] = [H, aH + bX + cY ]

= a[H,H] + b[H,X] + c[H,Y ]

= 2bX − 2cY

and

[H, [H,L]] = [H, 2bX − 2cY ]

= 2b[H,X]− 2c[H,Y ]

= 4bX + 4cY

belong to I and this is also the case for aH . Therefore H belongs to I or a = 0. If H belongs
to I , then this is the case for X = 1

2
[H,X] and Y = −1

2
[H,Y ] and so I coincides with sl(2,C).

If a = 0, then applying X to L gives [X,L] = −c[X, Y ] = −cH . Thus H belongs to I or
c = 0. If H belongs to I we are done. Otherwise, L = bX and X belongs to I . In this case,
[X, Y ] = H belongs to I and we are done again. Therefore sl(2,C) is simple.

Definition 1.2.6 (Semisimple Lie group). A connected Lie group G is said to be semisimple
(respectively simple) if its Lie algebra g is simple (respectively semisimple).

Proposition 1.2.7 (Cartan’s criteria for semisimplicity, see [Pau, Section 1.3.5]). A complex Lie
algebra g is semisimple if and only if one of the following equivalent conditions holds:
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1. g is the direct sum of simple Lie algebras,

2. Every abelian ideal of g is trivial,

3. The Killing form B of g is nondegenerate.

Definition 1.2.8 (Cartan subalgebra of g). A Lie subalgebra t of a complex semisimple Lie
algebra g is said to be a Cartan subalgebra of g if t is a maximal abelian subalgebra of g such
that, for every H ∈ t, the operator ad(H) is diagonalizable. By abuse of terminology, we will
say that a real Lie subalgebra t0 of a real semisimple Lie algebra g0 is a Cartan subalgebra of g0

if the corresponding complexified Lie algebra t of t0 is a Cartan subalgebra of the complexified
Lie algebra g of g0.

Theorem 1.2.9 (See [Pau, Theorem 1.27]). Any complex semisimple Lie algebra g contains a
Cartan subalgebra. All Cartan subalgebras of g are conjugate under automorphism of g.

Since all Cartan subalgebras of g are conjugate, they have the same vector space dimension.

Definition 1.2.10 (Rank of g). The dimension of the Cartan subalgebras of a complex semisim-
ple Lie algebra g, denoted by rkC(g), is called the (complex) rank of g.

For the rest of this chapter, g wil stand for a complex semisimple Lie algebra and t for a
Cartan subalgebra of g.

Definition 1.2.11 (Root subspaces). For every α ∈ t∗, set

gα := {X ∈ g | ad(H)X = α(H)X, ∀H ∈ t}.

Let ∆(g, t) (or just ∆ if there is no confusion) be the set of all nonzero α ∈ t∗ with gα 6= {0}.
The elements of ∆ are called the roots (or the t-roots) of g with respect to t, ∆ is the root system
of g while gα, α ∈ ∆, are the root subspaces of g.

Since t is by definition abelian, the operators adH , H ∈ t, commute and thus they are
simultaneously diagonalizable.

Definition 1.2.12 (Root decomposition). The algebra g admits the following spectral decom-
position, called the root decomposition of g, with respect to t:

g = t⊕
⊕
α∈∆

gα.

Lemma 1.2.13. Let α and β be roots of ∆.

(i) ∆ spans t∗,

(ii) −α ∈ ∆,

(iii) B(gα, gβ) 6= 0 if and only if α + β = 0,

(iv) If α + β 6= 0, then [gα, gβ] = gα+β if α + β ∈ ∆ and {0} otherwise,
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1.2. Complex semisimple Lie algebras and root decomposition

(v) dim(gα) = 1,

(vi) B(h, gα) = 0 for every α in ∆,

(vii) 1
2
α /∈ ∆.

Proof. The Lemma is a combination of Proposition 2.17, Proposition 2.21 and Corollary 2.35
of [Kna96].

From (vi) of the above Lemma and the fact that B in nondegenerate, one gets that the
restriction of B to t × t defines a nondegenerate form. Therefore, there is a natural duality
between t and t∗. Namely, for every λ ∈ t∗, we define Hλ ∈ t to be the unique element of t
such that λ(H) = B(Hλ, H) for every H ∈ t. Using this pairing, we define a nondegenerate
bilinear form 〈·, ·〉 on t∗ given by

〈λ, µ〉 := B(Hλ, Hµ)

for every λ, µ ∈ h∗. Let
t0 := 〈Hα ∈ t | α ∈ ∆〉R, (1.6)

i.e. the real vector space generated by all Hα with α being in ∆. Then t0 is a real form of t, i.e.
tC0 := t0 ⊗R C ∼= t as complex Lie algebras.

Lemma 1.2.14 (See [Kna96, Corollary 2.38]). The subalgebra t0 coincides with the real sub-
space of tR characterized by the property that every root is real valued on it. In other words, for
every root α and every H ∈ t0, α(H) is real. Moreover, the bilinear forms Bt0 := B|t0×t0 and
〈·, ·〉 are inner products of t0 and t∗0 respectively.

Using the inner product 〈·, ·〉 of t∗0, one obtains again a natural pairing between t0 and t∗0.
Moreover, let ‖·‖ be the norm of t∗0 determined by the inner product 〈·, ·〉. Let l be the rank of
g and {H1, . . . , Hl} be a basis of t∗0. On t∗0 we define a lexicographic ordering in the following
way.

Definition 1.2.15 (Lexicographic ordering). We will say that µ ∈ t∗0 is greater that ν ∈ t∗0, and
write µ > ν or ν < µ, if there is k, 1 ≤ k ≤ l − 1 such that µ(Hi) = ν(Hi) for every i in
{1, . . . , k} and µ(Hk+1) > ν(Hk+1).

With this ordering, ∆ splits into ∆+, the set of positive roots or the positive system of ∆,
i.e. the set of all roots α with α > 0, and ∆−, the set of negative roots, i.e. the set of all roots α
with α < 0. We note that, by (ii) of Lemma 1.2.13, ∆+ = −∆−.

Definition 1.2.16 (positive system). Let g be a complex semisimple Lie algebra, t be a Cartan
subalgebra of g and ∆ be the corresponding root system. On t0 := {Hα ∈ t | α ∈ ∆}R, fix a
lexicographic ordering. The set of all positive roots ∆+ of ∆ with respect to this lexicographic
ordering is called positive system for ∆, corresponding to this ordering.

Definition 1.2.17 (Half sum of positive roots). The element

ρ :=
1

2

∑
α∈∆+

α

is called the half sum of the positive roots of ∆.
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Definition 1.2.18 (Simple system). A subset Π of ∆+ is called simple system for ∆ if every
root of ∆ can be written as an integer sum of elements of Π having its coefficients either all
nonnegative or all nonpositive. The elements of Π are called simple roots.

Definition 1.2.19 (Fundamental weights). The element ω̄i of t∗0 ⊂ t∗ given by

2
〈ω̄i, αj〉
〈αj, αj〉

= δij

is called the i-th fundamental weight of g.

1.2.1 Classical Lie algebras
There are four families of classical Lie algebras, namelly An, Bn, Cn and Dn which all are
simple.

An = sl(n + 1,C), n ≥ 1

Let g be the Lie algebra

sl(n+ 1,C) := {X ∈ gl(n+ 1,C) | tr(X) = 0}.

The Lie subalgebra t of g consisting of all diagonal traceless matrices is a Cartan subalgebra of
g. Define εi to be the linear functional given by

εi

h1

. . .
hn+1

 = hi.

Then, the root space of g is

∆ := {±(εi − εj) | 1 ≤ i < j ≤ n+ 1}.

Indeed, for i and j in {1, . . . , n+ 1}, define Eεi−εj := Eij to be the matrix having all its entries
zero except for the (i, j)-entry which is 1. Then ad(H)(Eij) = (εi − εj)(H)Eij for every H in
t. The subset

∆+ := {εi − εj | 1 ≤ i < j ≤ n+ 1} ⊂ ∆

is a set of positive roots of ∆ while

ρ =
n

2
ε1 +

n− 2

2
ε2 + . . .− n

2
εn+1

is the half sum of the positive roots. The simple system of ∆ is

Π = {ε1 − ε2, . . . , εn − εn+1}.
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Bn = so(2n + 1,C), n ≥ 2

Let g be the Lie algebra

so(2n+ 1,C) := {X ∈ gl(2n+ 1,C) | X +X t = 0},

i.e. the orthogonal Lie algebra of (2n+ 1)-by-(2n+ 1) matrices. Let t be the Cartan subalgebra
of g generated by all the matrices H of the form

H =



(
0 ih1

−ih1 0

)
(

0 ih2

−ih2 0

)
. . . (

0 ihn
−ihn 0

)
0


,

where h1, . . . , hn ∈ C. For every i in {1, . . . , n}, let εi be the element of the dual space t∗ given
by εi(H) = hi, where H is the above matrix. The root space of g is

∆ := {±εi ± εj | 1 ≤ i < j ≤ n} ∪ {±εi | 1 ≤ i ≤ n}.

Indeed, for i < j and α = ±εi ± εj , let Eα be the matrix being everywhere 0 except for the
entries corresponding to the ith and j th pairs which are given by

Eα =

i j( )
0 Xα i
−X t

α 0 j

with

Xεi−εj =

(
1 i
−i 1

)
, Xεi+εj =

(
1 −i
−i −1

)
,

X−εi+εj =

(
1 −i
i 1

)
, X−εi−εj =

(
1 i
i −1

)
.

For α = ±εi, we define Eα to be everywhere 0 except for the entries corresponding to the
ith pair and the (2n+ 1)th entry which are given by

Eα =

kth pair (2n+ 1)th entry( )
0 Xα kth pair
−X t

α 0 (2n+ 1)th entry

with

Xεi =

(
1
−i

)
X−εi =

(
1
i

)
.
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One can verify that, for every H ∈ t and for every α ∈ ∆, ad(H)Eα = α(H)Eα. We choose

∆+ := {εi ± εj | 1 ≤ i < j ≤ n} ∪ {εi | 1 ≤ i ≤ n}

to be the set of positive roots of ∆. The half sum ρ of the positive roots is

ρ = (n− 1

2
)ε1 + (n− 3

2
)ε2 + . . .+

1

2
εn

while the simple system is

Π = {ε1 − ε2, . . . , εn−1 − εn, εn}.

Cn = sp(n,C), n ≥ 3

Let g be the Lie algebra

sp(n,C) := {X ∈ gl(2n,C) | X tJ + JX = 0},

i.e. the symplectic Lie algebra of 2n-by-2n matrices. Let t be the Lie subalgebra generated by
all matrices H of the form

H =



h1

. . .
hn
−h1

. . .
−hn


,

with h1, . . . , hn in C. It turns out t to be a Cartan subalgebra of g. For every i in {1, . . . , n}, let
εi be the element of t∗ given by εi(H) = hi, with H being the above matrix. The root space of
g is

∆ := {±εi ± εj | 1 ≤ i < j ≤ n} ∪ {±2εi | 1 ≤ i ≤ n}.

Indeed, for i and j in {1, . . . , n}, define

Eεi+εj = Ei,j+n + Ej,i+n, Eεi−εj = Ei,j + Ej+n,i+n

E−εi−εj = Ei+n,j − Ej+n,i E2εi = Ei,i+n

E−2εi = Ei+n,i

Then, for every H in t and every α in ∆, ad(H)Eα = α(H)Eα. The subset

∆+ := {εi ± εj | 1 ≤ i < j ≤ n} ∪ {2εi | 1 ≤ i ≤ n} ⊂ ∆
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forms a positive root system of ∆. The half sum of the positive roots is

ρ = nε1 + (n− 1)ε2 + . . .+ εn

while
Π = {ε1 − ε2, . . . , εn−1 − εn, 2εn}

is the simple system.

Dn = so(2n,C), n ≥ 4

Let g be the Lie algebra

so(2n,C) := {X ∈ gl(2n,C) | X +X t = 0},

i.e. the orthogonal Lie algebra of 2n-by-2n matrices. Let t be the Lie subalgebra of g generated
by all matrices H of the form

H =



(
0 ih1

−ih1 0

)
(

0 ih2

−ih2 0

)
. . . (

0 ihn
−ihn 0

)


,

where h1, . . . , hn ∈ C. The Lie subalgebra t turns out to be a Cartan subalgebra of g. As in the
case of so(2n+ 1,C), for every i in {1, . . . , n}, let εi be the elements of the dual space t∗ given
by εi(H) = hi, where H is the above matrix. The root space of g is

∆ := {±εi ± εj | 1 ≤ i < j ≤ n}.

Indeed, for every α ∈ ∆, let Eα be the matrix defined in the case of so(2n + 1,C) but without
the (2n+1)-line and arrow. One can verify that, for everyH ∈ t and every α ∈ ∆, ad(H)Eα =
α(H)Eα. The subset

∆+ := {εi ± εj | 1 ≤ i < j ≤ n} ⊂ ∆

forms a positive system of ∆ while the half sum of the positive roots is

ρ = (n− 1)ε1 + (n− 2)ε2 + . . .+ εn−1.

The simple system is
Π = {ε1 − ε2, . . . , εn−1 − εn, εn−1 + εn}.

For later use, we give in the following table the first fundamental weight for each classical
Lie algebra (see Definition 1.2.19). For more details, one can see [Kna96, Appendice C].
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g n first fundamental weight ω̄1

sl(n,K) n ≥ 2 n−1
n
ε1 − 1

n
ε2 − . . .− 1

n
εn

so(2n+ 1,K) n ≥ 2 ε1

sp(n,K) n ≥ 3 ε1

so(2n,K) n ≥ 4 ε1

Table 1.5: First fundamental weights of classical Lie algebras

1.2.2 Weyl group
We continue with the same notation. Namely g is a complex semisimple Lie algebra, t is a
Cartan subalgebra of g and ∆ stands for the set of t-roots of g. For every root α in ∆, we
introduce the root reflection

sα(φ) = φ− 2
〈φ, α〉
〈α, α〉

,∀φ ∈ t∗

One can check that sα is −1 on R{α} and 1 on the orthogonal complement of R{α} and so it
is an orthogonal transformation with respect to B.

Definition 1.2.20 (Weyl group). We define the Weyl group W
(
∆(g, t)

)
(or W (g, t) or just W ,

if there is no confusion) to be the subgroup of the orthogonal group of t∗ generated by the root
reflections sα for all α ∈ ∆.

Proposition 1.2.21 (See [Kna96, Proposition 2.41]). For every α and β in ∆, sα(β) belongs to
∆. In other words, W carries ∆ to ∆.

Since W maps the finite set ∆ of generators of t∗0 to itself, we deduce that W is a finite
group.

Definition 1.2.22 (Length of w ∈ W ). Let w be an element of W . The number

`(w) := #{α ∈ ∆+ | wα < 0}

is called the length of w.

For later use, we describe the Weyl group for each classical Lie algebra.

Weyl group of An = sl(n + 1,C), n ≥ 1

Let g := sl(n + 1,C) and t be the Cartan subalgebra of g of all traceless diagonal matrices
defined for sl(n + 1,C) in Subsection 1.2.1. The Weyl group W (g, t) is isomorphic to the
symmetric group Sn+1 of n+ 1 objects. More precisely, for the element sεi−εj of W we have
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sεi−εj(εk) =


εj if k = i

εi if k = j

εk otherwise

and so there is a canonical isomorphism, mapping the element sεi−εj of W to the 2-cycle (ij)
of Sn+1.

Weyl group of Bn = so(2n + 1,C), n ≥ 2

Let g := so(2n + 1,C) and t be the Cartan subalgebra of so(2n + 1,C) defined in Subsection
1.2.1. The Weyl group W (g, t) is isomorphic to the semidirect product Sn n (Z2)n. More
precisely, for the element sεi−εj of W , we have

sεi−εj(εk) =


εj if k = i

εi if k = j

εk otherwise,

for the element sεi+εj we have

sεi+εj(εk) =


−εj if k = i

−εi if k = j

εk otherwise,

while

sεi(εk) =

{
−εi if k = i

εk otherwise.

Let xi, 1 ≤ i ≤ n, be the element of (Z2)n having all its coordinates 0̄ except for the i−th one
which is 1̄. Define a map from W (g, t) into Sn n (Z2)n which maps the reflection sεi−εj to the
element ((ij), 0̄) of Snn(Z2)n, where (ij) stands for the 2−cycle of i and j in Sn, the reflection
sεi+εj to the element ((ij), xi + xj) and sεi to (1, xi). One can check that this map turns out to
be a well-defined group isomorphism between W (g, t) and Sn n (Z2)n.

In a similar way, one finds the Weyl groups of Cn = sp(n,C), n ≥ 3, and Dn := so(2n,C),
n ≥ 4 (For more details, see [Hum78, Subsection 12.2]) The following table gives the Weyl
group for each classical Lie algebra of Table 1.2:

g Weyl group W |W |

sl(n+ 1,C) Sn+1 (n+ 1)!

so(2n+ 1,C) Sn n (Z2)n 2n(n+ 1)!

sp(n,C) Sn n (Z2)n 2n(n+ 1)!

so(2n,C) Sn n (Z2)n−1 2n−1(n+ 1)!

Table 1.6: Weyl groups of classical Lie algebras
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Lemma 1.2.23 (Chevalley’s Lemma, see [Kna96, Proposition 2.72]). Using the above notation,
let λ be an element of t∗ and Wλ be the stabilizer of λ in W , i.e.

Wλ := {w ∈ W | wλ = λ}.

Then Wλ is generated by all elements sα with α ∈ ∆ such that 〈λ, α〉 = 0.

1.2.3 Dynkin diagrams and Cartan matrices
To each complex simple Lie algebra g we attach a diagram known as the Dynkin diagram of g.
This is a diagram having l vertices, l ∈ N, each one indexed by a distinct number belonging to
{1, . . . , l}. The i-vertex and the j-vertex are connected by AijAji edges, with Aij , 1 ≤ i, j ≤ l
being entries of a matrix A, such that

1. Aij ∈ Z,

2. Aii = 2 for all i,

3. Aij ≤ 0 for i 6= j,

4. Aij = 0 if and only Aji = 0,

5. there exists a positive diagonal matrixD such thatDAD−1 is symmetric positive definite.

Definition 1.2.24 (Cartan matrix). A square matrix A = (Aij) having the above properties is
called Cartan matrix.

In the case of a complex simple Lie algebra g, using the notation fixed above, we draw a dia-
gram having l vertices, where l = rkC(g), i.e. the complex rank of g, each vertex corresponding
to an element of the simple system Π of ∆. We connect the vertices corresponding to αi and αj
of Π by AijAji edges, where

Aij := 2
〈αi, αj〉
〈αj, αj〉

.

This diagram turns out to be a Dynkin diagram (see [Kna96, Proposition 2.52]). When we want
to indicate that a simple root is greater than another one, we put on the edge(s) connecting them
an arrow pointing from the vertex corresponding to the longer root to the vertex corresponding
to the shorter one. Using the classification of Dynkin diagrams and the fact that nonisomorphic
complex simple Lie algebras correspond to different Dynkin diagrams we obtain a classification
up to isomorphism of all complex simple Lie algebras. Namely, there are 8 distinct families of
(connected) Dynkin diagrams, given in Tables 1.7 and 1.8.

Therefore, we obtain the following theorem.

Theorem 1.2.25 (Classification of complex simple Lie algebras). Any complex simple Lie al-
gebra is isomorphic with one of the Lie algebras of Table 1.7. The Lie algebras An, Bn, Cn
and Dn are the classical Lie algebras while E6, E7, E8, F4 and G2 are called exceptional Lie
algebras.

For an exhaustive presentation of the above discussion see [Kna96, Chapter II].
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g n Dynkin Diagram Cartan matrix

An := sl(n+ 1,C) n ≥ 1



2 −1

−1 2
. . .

. . . . . .

2 −1

−1 2 −1

−1 2



Bn := so(2n+ 1,C) n ≥ 2 >



2 −1

−1 2
. . .

. . . . . .

2 −1

−1 2 −2

−1 2



Cn := sp(n,C) n ≥ 3 <



2 −1

−1 2
. . .

. . . . . .

2 −1

−1 2 −1

−2 2



Dn := so(2n,C) n ≥ 4



2 −1

−1 2
. . .

. . . . . .

2 −1 −1

−1 2 0

−1 0 2


Table 1.7: Dynkin diagrams and Cartan matrices of classical Lie algebras
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g Dynkin Diagram Cartan matrix

E6



2 0 −1 0 0 0

0 2 0 −1 0 0

−1 0 2 −1 0 0

0 −1 −1 2 −1 0

0 0 0 −1 2 −1

0 0 0 0 −1 2



E7



2 0 −1 0 0 0 0

0 2 0 −1 0 0 0

−1 0 2 −1 0 0 0

0 −1 −1 2 −1 0 0

0 0 0 −1 2 −1 0

0 0 0 0 −1 2 −1

0 0 0 0 0 −1 2



E8



2 0 −1 0 0 0 0 0

0 2 0 −1 0 0 0 0

−1 0 2 −1 0 0 0 0

0 −1 −1 2 −1 0 0 0

0 0 0 −1 2 −1 0 0

0 0 0 0 −1 2 −1 0

0 0 0 0 0 −1 2 −1

0 0 0 0 0 0 −1 2



F4


2 −1 0 0

−1 2 −2 0

0 −1 2 −1

0 0 −1 2


G2

 2 −1

−3 2


Table 1.8: Dynkin diagrams and Cartan matrices of exceptional Lie algebras
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1.2. Complex semisimple Lie algebras and root decomposition

1.2.4 Reductive Lie algebras
Definition 1.2.26 (Reductive Lie algebra). A Lie algebra g is said to be reductive if, for every
ideal h of g, there is an ideal h′ of g such that g = h⊕ h′.

Definition 1.2.27 (Reductive in g). Let g be a complex Lie algebra and h be a Lie subalgebra
of g. The Lie subalgebra h is said to be reductive in g if the action of h on g through the adjoint
map

adg : h→ gl(g)

of Definition 1.1.18 is completely reducible, i.e. g is decomposed into a direct sum of minimal
h-invariant nonzero subspaces.

Definition 1.2.28 (Derived Lie subalgebra). The Lie subalgebra

[g, g] := {[X, Y ] ∈ g | X, Y ∈ g}

of g is called the derived Lie subalgebra of g.

Lemma 1.2.29 (See [Kna96, Corollary 1.56]). Every reductive Lie algebra g can be decom-
posed as

g = Zg ⊕ [g, g],

where Zg stands for its center, i.e. the Lie subalgebra of all elements X ∈ g such that adX = 0,
and [g, g] is a semisimple subalgebra of g. Conversely, any Lie algebra of this type is reductive.

From the above lemma it is clear that reductive Lie algebras constitute a generalization of
semisimple Lie algebras. In fact, we have the following inclusion

{simple Lie algebras} ⊂ {semisimple Lie algebras} ⊂ {reductive Lie algebras}

Moreover if g is a reductive Lie algebra, we can always find a bilinear form B such that B is
symmetric, g-invariant and nondegenerate, i.e. having the same "good" properties of the Killling
form of a semisimple Lie algebra. To do so, consider the Killing form B[g,g] of the semisimple
part [g, g] of g and let {Xi} be a basis of Zg. Define B to be B[g,g] on [g, g], with [g, g] and Zg

being orthogonal with respect to B, while on Zg is such that the basis {Xi} is orthogonal. One
can check that such a form B is symmetric, g-invariant and nondegenerate.

If we suppose that g is complex, using the root space decomposition of the complex semisim-
ple Lie algebra [g, g], one obtains a similar decomposition for g. More precisely, suppose that
t′ is a Cartan subalgebra of [g, g] and set

t := Zg ⊕ t′.

One can check that t is a maximal abelian Lie subalgebra of g while for every H in t, adH acts
by zero ifH ∈ Zg and by the roots of ∆([g, g], t′) ifH ∈ t′. We say that t is a Cartan subalgebra
of g. By extending the roots of ∆([g, g], t′) to be zero on Zg and without changing the notation
for the extended elements, one defines

gα := {X ∈ g | ad(H)X = α(H)X, ∀H ∈ t}.
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If gα 6= {0}, imitating the terminology of complex semisimple Lie algebras, we say that α is a
root of g while gα is the corresponding root subspace. The set ∆(g, t) (or just ∆ if there is no
ambiguity) is called the root system of g. It is immediate that g has a root decomposition

g = t⊕
⊕

α∈∆(g,t)

gα.

Suppose that ∆+([g, g], t′) is a positive system of ∆([g, g], t′). The corresponding extended
elements in ∆(g, t) forms a positive system ∆+(g, t) for ∆(g, t). One can extend the other
notions introduced for a complex semisimple Lie algebra in the case of a reductive one.

1.3 Real semisimple Lie algebras
Let g0 be a real semisimple Lie algebra andB be its Killing form. Recall from Lemma 1.2.4 that
the complexified Lie algebra g := (g0)C is also semisimple. Let θ : g0 → g0 be an involution
of g0, i.e. a Lie algebra morphism such that θ2 = id.

Definition 1.3.1 (Cartan involution). An involution θ of g0 is said to be a Cartan involution if
the bilinear form

Bθ : (X, Y ) 7→ −B(X, θ(Y )), X, Y ∈ g0

is positive definite.

Proposition 1.3.2 (See [Kna96, Theorem 6.16]). Every real semisimple Lie algebra g0 admits
a Cartan involution θ. If θ′ is another Cartan involution of g0, then there is a Lie algebra
automorphism ϕ of g0 such that θ′ = ϕ ◦ θ ◦ ϕ−1.

For the rest of this section, we fix g0 to be a real semisimple Lie algebra and θ be a Cartan
involution of g0. Let k0 and p0 be the +1 and −1 eigenspace of θ, respectively.

Definition 1.3.3 (Cartan decomposition-Lie algebra case). The decomposition

g0 = k0 ⊕ p0

of g0 into eigenspaces of θ is called Cartan decomposition of g0.

Lemma 1.3.4. Let θ be a Cartan involution of g0 and g0 = k0⊕p0 be the corresponding Cartan
decomposition. One has that:

(a) [k0, k0] ⊆ k0, (b) [k0, p0] ⊆ p0, (c) [p0, p0] ⊆ k0.

Proof. Let X1, X2 ∈ k0 and Y1, Y2 ∈ p0. Since θ is a Lie algebra morphism, one has that

θ[X1, X2] = [θX1, θX2]

= [X1, X2],

θ[X1, Y1] = [θX1, θY1]

= [X1,−Y1]

= −[X1, Y1]
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and

θ[Y1, Y2] = [θY1, θY2]

= [−Y1,−Y2]

= [Y1, Y2].

Therefore [X1, X2] ∈ k0, [X1, Y1] ∈ p0 and [Y1, Y2] ∈ k0 and thus [k0, k0] ⊆ k0, [k0, p0] ⊆ p0 and
[p0, p0] ⊆ k0.

Lemma 1.3.5. Let σ be an involution of g0 and g0 = r0 ⊕ s0 be its decomposition into its
±1 eigenspaces. Then σ is a Cartan involution if and only if B|r0×r0 is negative and B|s0×s0 is
positive definite.

Proof. For X ∈ r0, B(X,X) = B(X, σ(X)) while for Y ∈ s0, B(Y, Y ) = −B(Y, σ(Y )). It is
clear that σ is a Cartan involution if and only if the condition of the statement holds.

Example 1.3.6 (Cartan decomposition of classical Lie algebras). For the Lie algebra gl(n,R)
we define the involution θ(X) = −X t, X ∈ gl(n,C), and the bilinear map trθ given by

trθ(X, Y ) := −tr(Xθ(Y )), X, Y ∈ gl(n,R).

One can check that trθ is a positive-definite form. Indeed, if Eij stands for the matrix having all
its entries zero apart from the (i, j)-entry which is 1, then

trθ(Eij, Eij) = −tr(Eij(−Eij)t)
= tr(EijEji)
= 1

and thus trθ is positive-definite.
Let g0 be the real Lie algebra sl(n,R) of Table 1.2. Then, according to Table 1.4, the Killing

form B of g0 is given by
B(X, Y ) = 2ntr(XY ), X, Y ∈ g0.

and thus the map Bθ of Definition 1.3.1 is

Bθ(X, Y ) = −2ntr(Xθ(Y )), for X, Y ∈ g0.

In other words, Bθ coincides, up to a positive constant, with the restriction of the map trθ on
g0. Therefore, Bθ is positive definite on g0 and the restriction of θ on g0 is a Cartan involution.
The same argument applies for g0 = so(n,R) and g0 = sp(n,R). The following table gives the
Cartan decomposition of each classical Lie algebra.

g0 k0 p0

sl(n,R) so(n,R) sl(n,R)∩{symmetric matrices}

so(n,R) so(n,R) {0}

sp(n,R) sp(n,R) ∩ so(n,R) sp(n,R)∩{symmetric matrices}

Table 1.9: Cartan decomposition of classical Lie algebras
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Let g be the complexification of g0 and note again by θ the complex-linear extension of θ on
g, by k the complexification of k0 and by p the complexification of p0. Define the real subalgebra
u0 := k0 ⊕ ip0 of gR. It is clear that u0 is a real form of g.

Definition 1.3.7 (Real compact Lie algebra). A real Lie algebra is said to be compact if its
Killing form is negative definite.

Using Lemma 1.3.5, one deduces that the real Lie subalgebra u0 of gR is a compact real
form of g. Therefore, as a corollary of Proposition 1.3.2, one obtains that:

Corollary 1.3.8. Every complex semisimple Lie algebra admits a compact real form.

Theorem 1.3.9. A real Lie algebra u0 is compact if and only if there is a real compact semisim-
ple Lie group U such that u0 is its Lie algebra.

Proof. The "only if" direction is Proposition 4.27 of [Kna96]. The "if" direction is a conse-
quence of the semisimplicity of U and Corollary 4.26 of [Kna96].

One can obtain a similar decomposition on the Lie group level.

Theorem 1.3.10 (Cartan decomposition-Lie group case, see [Kna96, Theorem 6.31]). Let G be
a connected semisimple Lie group of Lie algebra g0, θ be the a Cartan involution and

g0 = k0 ⊕ p0

be the corresponding Cartan decomposition. Suppose that K is the subgroup of G correspond-
ing to the Lie subalgebra k0 of g0. Then

(i) There exists a Lie group automorphism Θ such that TeΘ = θ and Θ2 = id,

(ii) K is the subgroup of G fixed by Θ,

(iii) The map
K × p0 3 (k,X) 7→ k expX ∈ G

is a diffeomorphism,

(iv) K is closed,

(v) ZG ⊆ K,

(vi) K is compact if and only if ZG is finite,

(vii) If ZG is finite, K is a maximal compact subgroup of G.

Using the following proposition, we can assume that G has finite center and thus K is a
maximal compact subgroup of G.

Proposition 1.3.11 (See [Kna96, Proposition 6.30])). If G is a semisimple Lie group, the group
G/ZG has trivial center.
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1.4 Representations of complex Lie algebras

1.4.1 Basic definitions
Definition 1.4.1 (Lie algebra representation). Let g be a real or complex Lie algebra and V be
a complex vector space. A representation (φ, V ) of g on V is a Lie algebra morphism

φ : g→ gl(V ).

In other words, (φ, V ) defines an action of g on V in such a way that the Lie algebra struc-
ture of g is respected. We will use these two equivalent points of view without disctinction.
Moreover, when there is no ambiguity, we may refer to a representation (φ, V ) just by φ or V
while, for X in g and v in V , we may omit φ and write Xv instead of φ(X)v.

Example 1.4.2 (Trivial representation). Let g be a Lie algebra and V be a finite-dimensional
vector space. The Lie algebra morphism φ : g → gl(V ) sending every element of g to zero is
called the trivial representation of g on V .

Example 1.4.3 (Adjoint representation of g). Let g be a Lie algebra and ad : g → gl(g) be
its adjoint map defined in 1.1.18. Using the fact that the Lie bracket [·, ·] of g is by definition
skew-symmetric and satisfies the Jacobi identity (see Definition 1.1.10), one has that for every
X , Y and Z in g

ad[X, Y ](Z) = [[X, Y ], Z]

= [[X,Z], Y ] + [X, [Y, Z]]

= [X, [Y, Z]]− [Y, [X,Z]]

= adX ◦ adY (Z)− adY ◦ adX(Z)

= [adX, adY ](Z).

Therefore
ad[X, Y ] = [adX, adY ]

for every X and Y in g. In other words, ad is a representation of g on itself. This representation
is called the adjoint representation of g.

The following proposition let us consider a representation of a Lie algebra g as a module of
its universal enveloping algebra U(g).

Proposition 1.4.4 (See [Kna96, Corollary 3.6]). There is an equivalence (of categories) be-
tween the representations of g and the unital left U(g)-modules.

Recall that a module over a unital algebra is said to be unital if the unit of the algebra acts
as the identity on the module. The equivalence for the above result is given by the universal
property of U(g). Namely, if φ is a representation of g, it satisfies the relation (1.4) and so
it can be extended to a map φ̃ : U(g) → End(V ) which endows V with a unital left U(g)-
module structure. Conversely, if V is a unital left U(g)-module, we equip V with a vector space
structure by setting λv := λ · v, λ ∈ C, where · stands for the U(g)-module action on V , while
g acts on V through its canonical embedding in U(g). One can check that the two maps are
inverses of each other.
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Definition 1.4.5 (Subrepresentation of a Lie algebra representation). If W is a subspace of a
representation V of g, we will say that W is a subrepresentation of V if W is stable by the
action of g, i.e. if, for every element X in g and every vector w in W , the vector Xw lies in W .

Definition 1.4.6 (Irreducible representation). A representation V of g that has no proper nonzero
subrepresentations is said to be irreducible.

Definition 1.4.7 (Interwining operator). Let (φ1, V1) and (φ2, V2) be representations of g. A
linear map T : V1 → V2 is said to be an interwining operator (or g-equivariant operator) if

T ◦ φ1(X) = φ2(X) ◦ T for every X in g.

Definition 1.4.8 (Equivalent representations). We will say that two representations V1 and V2

of g are equivalent if there is a bijective interwinning operator φ : V1 → V2.

Proposition 1.4.9 (Schur’s Lemma, see [Kna96, Proposition 4.8]). Let (φ1, V1) and (φ2, V2) be
irreducible representations of g and T : V1 → V2 be a an interwining operator. Then T is the
zero map or an isomorphism.

Proof. Let (φ1, V1), (φ2, V2) and T : V1 → V2 be as above. If V1 or V2 is the zero vector space,
we are done. Suppose that both are nontrivial and let v be an element of kerT ⊆ V1. Then for
every X in g, φ1(X)v belongs to kerT . Indeed, for every X ∈ g,

T (φ1(X)v) = φ2(X)T (v) = 0

and thus φ1(X) kerT ⊆ kerT . In other words, kerT is a subrepresentation of V1. Using a
similar argument, one shows that the image im(T ) of T in V2 is a subrepresentation of V2.
Since V1 is irreducible, either kerT coincides with V1, and thus T is the zero map, or kerT
is the zero subspace and T is a monomorphism. For the same reason, im(T ) is either the zero
subspace or V2, and thus T is the zero map, or T is an epimorphism. From the above discussion,
one deduces that T is either the zero map or an isomorphism.

Corollary 1.4.10 (See [Kna96, Corollary 4.9]). If V is a finite-dimensional irreducible repre-
sentation of g and T : V → V is an interwining operator, then T is a scalar operator.

We have a similar result which generalizes the above corollary including the case of infinite-
dimensional irreducible representations.

Proposition 1.4.11 (Dixmier, see [Kna96, Theorem 5.19]). If V is an irreducible representation
of g and T : V → V is an interwining operator, then T is a scalar operator.

1.4.2 Representations of reductive Lie algebras
Definition 1.4.12 (Weights of V ). Let g be a complex semisimple Lie algebra, t be a Cartan
subalgebra of g and V be a representation of g. For every element λ in the dual space t∗, we
define the vector subspace

Vλ := {v ∈ V | Hv = λ(H)v,∀H ∈ t}.
If Vλ 6= {0}, we say that λ is a weight of V with Vλ being the corresponding weight subspace.
The elements of Vλ are called weight vectors of λ. We denote by Π(V ) the set of all weights of
V .

70

D 



1.4. Representations of complex Lie algebras

Example 1.4.13. In the case of the adjoint representation ad of a Lie algebra g (see Example
1.4.3), the corresponding weights are the roots of g.

Example 1.4.14. Let g be the special linear Lie algebra sl(n,C), t be the Cartan subalgebra
of sl(n,C) defined in Subsection 1.2.1, i.e. the subalgebra of traceless diagonal matrices H =
diag(h1, . . . , hn). Let εi be the linear functional mapping H = diag(h1, . . . , hn) to hi and
(φ, V ), where V =

∧k Cn, 1 ≤ k ≤ n, be the representation of g given by

φ(X)(vj1 ∧ . . . ∧ vjk) =
k∑
s=1

vj1 ∧ . . . ∧Xvjs ∧ . . . ∧ vjk ,

withX acting on every vjs , 1 ≤ s ≤ k, by matrix multiplication. If {v1, . . . , vn} is the canonical
basis of Cn, for the general element H = diag(h1, . . . , hn) of t, we have

φ(H)(vj1 ∧ . . . ∧ vjk) =
k∑
s=1

vj1 ∧ . . . ∧Hvjs ∧ . . . ∧ vjk

=
k∑
s=1

vj1 ∧ . . . ∧ (hjsvjs) ∧ . . . ∧ vjk

= (
k∑
s=1

hjs)(vj1 ∧ . . . ∧ vjk)

=
k∑
s=1

εjs(H)
(
vj1 ∧ . . . ∧ vjk

)
Therefore vj1 ∧ . . .∧ vjk is a weight vector of weight

k∑
s=1

εjs and we can easily deduce that V is

the direct sum of its weight subspaces.

Definition 1.4.15 (Algebraically integral weight). An element λ of t∗ is said to be algebraically
integral if, for every α ∈ ∆, we have

2
〈λ, α〉
〈α, α〉

∈ Z.

Proposition 1.4.16 (See [Kna96, Proposition 4.62]). An element λ of t∗ is algebraically integral
if and only if

2
〈λ, αi〉
〈αi, αi〉

∈ Z

for every simple root αi.

Corollary 1.4.17. The fundamental weights ω̄i of Definition 1.2.19 are all algebraically inte-
gral.

The fact that the representation of Example 1.4.14 can be decomposed into a direct sum of
its weight subspaces it is a general fact that holds for every finite-dimensional representation of
g, as the following Proposition indicates.
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Proposition 1.4.18 (See [Kna96, Theorem 5.4]). Let g be a complex semisimple Lie algebra,
t be a Cartan subalgebra of g and ∆ be the root system of (g, t). Set t0 to be the real form
of t defined in (1.6), i.e. the real vector space generated by all Hα, α ∈ ∆. If (φ, V ) is a
representation of g, then

(a) φ(t) acts diagonally on V ,

(b) each weight of V is algebraically integral and therefore real valued on t0,

(c) for each α in ∆ and every weight µ of V , we have φ(gα)Vµ ⊆ Vµ+α.

Fix an ordering on t∗0 and let ∆+ be the set of positive roots corresponding to this ordering.
Since every element of Π(V ) is real valued on t0, according to Lemma 1.2.14, they all belong
to t∗0.

Definition 1.4.19 (Highest weight of a representation). In the above setting, the maximal ele-
ment of Π(V ) is called the highest weight of the representation V .

Definition 1.4.20 (Dominant weight). An element λ of t∗ is said to be dominant with respect to
∆+ ⊂ ∆ if, for every α ∈ ∆+, we have

〈λ, α〉 ≥ 0.

If for every α ∈ ∆+ the above inequality is strict, λ is said to be strictly dominant.

Proposition 1.4.21. The half sum ρ of positive roots of ∆+ is strictly dominant. In particular,
for every simple root αi ∈ Π, one has

2
〈ρ, αi〉
〈αi, αi〉

= 1.

Proof. Since every positive root is a nonnegative sum of simple roots, it suffices to prove the
second statement. Let αi be a simple root and β be a positive root of ∆+. Then

sαi(β) = β − 2
〈β, αi〉
〈αi, αi〉

αi

and, according to Proposition 1.2.21, sαi(β) must be a root. Let

β =
∑
k

nkαk

be the decomposition of β in terms of simple roots. Then

sαi(β) =
∑
k

nkαk − 2
〈β, αi〉
〈αi, αi〉

αi

=
∑
k 6=i

nkαk +
(
ni − 2

〈β, αi〉
〈αi, αi〉

)
αi.
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If there is some coefficient nk, k 6= i, such that nk > 0, then all coefficients must be nonnegative
and thus sαi is a positive root. If nk = 0 for every k 6= i, then β = α and sαi(β) = −αi. In
other words

sαi(β) is

{
−α if β = αi

> 0 otherwise.

Then

2sαi(ρ) = sαi(2ρ− αi) + sαi(αi)

= 2ρ− αi − αi
= 2ρ− 2αi

and thus sαi(ρ) = ρ− αi and

2
〈β, αi〉
〈αi, αi〉

= 1.

Theorem 1.4.22 (Theorem of the highest weight, see [Kna96, Theorem 5.5]). The set of equiv-
alence classes of finite-dimensional irreducible representations of g stands to one-to-one corre-
spondence with the set of dominant algebraically integral elements λ of t∗, the correspondence
being that λ is the highest weight of (φλ, V

λ). Moreover:

(a) The weight subspace (V λ)λ corresponding to the highest weight λ is 1-dimensional,

(b) For each α in ∆+, φλ(gα)(V λ)λ = 0 and (V λ)λ is the only weight subspace satisfying
this property,

(c) The weights of V λ are of the form λ−
∑
niαi, with ni ≥ 0 and αi being in ∆+,

(d) For each element w in W and each µ in t∗, we have dim((V λ)wµ) = dim((V λ)µ),

(e) For every µ in Π(V ), we have 〈µ, µ〉 ≤ 〈λ, λ〉, with equality holding if and only if µ is in
the W -orbit of λ.

Remarks 1.4.23.

1. Because of (e), a weight of V λ which belongs to the W -orbit of λ is said to be extremal.

2. A vector v satisfying the condition gα(C{v}) = {0} for every α ∈ ∆+ is called maximal.
From (b), the vector space of the maximal vectors of an irreducible representation is the
weight subspace corresponding to the highest weight. According to (a), this space is
1-dimensional.

3. Theorem 1.4.22 ensures that all the weights of V λ are real valued on the real form t0.

4. When there is no confusion, we will refer to the highest weight representation (φλ, V
λ)

just by (φ, V ), omitting λ.
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Example 1.4.24. We consider again the Example 1.4.14 of the representation V =
∧k Cn,

1 ≤ k ≤ n, of g = sl(n,C). We saw that the weight vectors are the vectors vj1 ∧ . . . ∧ vjk ,

1 ≤ j1 < . . . < jk ≤ n, the corresponding weights for every vector of this form being
k∑
s=1

εjs .

Fix the positive system of ∆(g, t) to be

∆+ := {εi ± εj | 1 ≤ i < j ≤ n}.

Then the highest weight of V is ε1 + . . . + εk and the corresponding highest weight vector is
v1 ∧ . . . ∧ vk.

Example 1.4.25 (Fundamental representations). According to Corollary 1.4.16, the fundamen-
tal weights ω̄i of a complex simple Lie algebra g are all algebraically integral while one can
verify that they are dominant, as well. Therefore, for each of them, we define a representation
V ω̄i of highest weight ω̄i called the i-th fundamental representation of g.

Definition 1.4.26 (Standard representation). Let g be a complex simple Lie algebra. The finite-
dimensional irreducible representation V ω̄1 of highest weight ω̄1 is called the standard repre-
sentation of g.

Theorem 1.4.27 (See [Kna96, Theorem 5.29]). Let V be a finite-dimensional representation of
a complex semisimple Lie algebra g. Then V is completely reducible, i.e. there are irreducible
subrepresentations W1, . . . ,Wk of V , k ∈ N, such that V = W1 ⊕ . . .⊕Wk.

Let V be a finite dimensional representation of a complex semisimple Lie algebra g and let

V =
⊕
i

Wi

be the decomposition of Theorem 1.4.27 into a direct sum of irreducible subrepresentations of
V . In this decomposition of V , a certain isomorphism class might appear more than once.

Definition 1.4.28 (Isotypic component). The direct sum of all irreducible subrepresentations
of V appearing in its decomposition and belonging to the same equivalence class is called the
isotypic component of V corresponding to this equivalence class. If, with respect to a positive
system ∆+ of ∆, the highest weight corresponding to this equivalence class is λ, the isotypic
component is called the λ-isotypic component of V .

Suppose, now, that g is a complex reductive Lie algebra. Using Lemma 1.2.29, decompose
g into g = Zg ⊕ [g, g], with [g, g] being semisimple, and let t′ and t := Zg ⊕ t′ be Cartan
subalgebras of [g, g] and g respectively. Suppose that V is an irreducible representation of g.
The following proposition ensures that Zg acts on V by diagonalizable operators.

Proposition 1.4.29 (See [Dix77, Proposition 1.7.9]). Let g be a complex Lie algebra and h be
a Lie subalgebra of g, reductive in g. Then, every completely reducible representation V of g is
also completely reducible as representation of h.
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It is clear that Zg is reductive in g (see Definition 1.2.27) and so, according to Proposition
1.4.29, Zg acts by scalars on V . Therefore, V turns out to be an irreducible representation of
the semisimple Lie algebra [g, g], say of highest weight λ′ ∈ (t′)∗ with respect to some positive
system ∆+ of ∆ := ∆(g, t). Let λZ be the element of Z∗g by which Zg acts on V and set λ to
be the element of t∗ determined by λ′ and λZ . Motivated by the terminology of representation
theory of semisimple Lie algebras, we will say that λ is the highest weight of V .

For later use, we give the following propositions, providing us with a necessary and suffi-
cient condition so that a finite-dimensional representation V of g is completely reducible.

Proposition 1.4.30 (See [Ser06, page 51]). Let g be a reductive Lie algebra and V be a finite-
dimensional representation of g. Then, V is completely reducible if and only if Zg acts on V by
diagonalizable operators.

1.4.3 Casimir element
For the proof of Theorem 1.4.27, one uses a particular element of U(g) called the Casimir
element of g.

Definition 1.4.31 (Casimir element of g). Let {Xi} and {X̃i} be dual bases of g with respect to
B. We call Casimir element of g the element Ω of U(g) defined by

Ω =
∑
i,j

B(X̃i, X̃j)XiXj.

Lemma 1.4.32 (See [Kna96, Proposition 5.24]). The Casimir element Ω is independent of the
choice of the bases {Xi} and {X̃i}.

Example 1.4.33. Let g be the Lie algebra sl(2,C) of Table 1.2. The matrices

H =

(
1 0
0 −1

)
, X =

(
0 1
0 0

)
, Y =

(
0 0
1 0

)
form a vector space basis for sl(2,C). Recall that

[H,X] = 2X, [H,Y ] = −2Y and [X, Y ] = H.

The Killing form of sl(2,C) is given by

B(L1, L2) = 4tr(L1L2), ∀L1, L2 ∈ sl(2,C)

and one can verify that the vectors

H̃ =
1

8

(
1 0
0 −1

)
, X̃ =

1

4

(
0 0
1 0

)
, Ỹ =

1

4

(
0 1
0 0

)
form a dual basis of {H,X, Y } with respect to B. Therefore

Ω = B(H̃, H̃)H2 +B(X̃, Ỹ )XY +B(Ỹ , X̃)Y X

=
1

8
H2 +

1

4
XY +

1

4
Y X
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The element Ω belongs to the center Z(g) of U(g), i.e. it commutes with every element in
sl(2,C). More precisely, one has that:

4(HΩ− ΩH) =
1

2
H3 +HXY +HYX − 1

2
H3 −XYH − Y XH

= HXY +HYX −XYH − Y XH
= [H,X]Y +XHY + [H, Y ]X + Y HX −XYH − Y XH
= 2XY +XHY − 2Y X + Y HX −XYH − Y XH
= 2XY − 2Y X +X(HY − Y H) + Y (HX −XH)

= 2XY − 2Y X +X[H,Y ] + Y [H,X]

= 2XY − 2Y X − 2XY + 2Y X

= 0.

Therefore Ω commutes with the element H and by a similar calculation one can show that it
also commutes with X and Y and so is an element of Z(g).

The fact that the Casimir element of sl(2,C) belongs to the center of U(sl(2,C)) is not a
particularity of sl(2,C) but a result of the general properties of Ω, as the following proposition
indicates.

Proposition 1.4.34 (See [Kna96, Proposition 5.24 and Proposition 5.28]). Let g be a complex
semisimple Lie algebra, t be a Cartan subalgebra of g, ∆ be the corresponding root system and
fix ∆+ to be a positive system for ∆. Moreover, consider the real form t0 of t generated by the
elements Hα, α ∈ ∆, and let {Hi} be an orthonormal basis of t0 with respect to B. For every
α ∈ ∆, fix an element Eα in gα such that B(Eα, E−α) = 1. Then

(a) Ω =
∑
i

H2
i +

∑
α∈∆

EαE−α,

(b) Ω belongs to the centerZ(g) ofU(g) and acts by a scalar on the irreducible g-representation
V of highest weight λ, the scalar being ‖λ+ ρ‖2 − ‖ρ‖2, where ρ stands for the half sum
of the positive roots,

(c) Ω acts by 0 on the irreducible representation V of highest weight λ if and only if λ is zero.
In this case V is the trivial representation of Example 1.4.2.

1.4.4 Weyl dimension formula and Kostant multiplicity formula
As we have already seen, having fixed a positive system ∆+ for ∆, to each dominant and
algebraically integral element λ of t∗, corresponds a finite-dimensional irreducible represen-
tation. The following theorem computes the dimension of the finite-dimensional irreducible
g-representation of highest weight λ.

Theorem 1.4.35 (Weyl dimensional formula, see [Kna96, Theorem 5.84]). Let V be the irre-
ducible representation of g with highest weight λ ∈ t∗. The dimension of V is

dim(V ) =

∏
α∈∆+〈λ+ ρ, α〉∏
α∈∆+〈ρ, α〉

.
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Example 1.4.36. Let g be the Lie algebra sl(3,C) of Table 1.2 and V := C3 equipped with the
canonical action of g. Let v1, v2, v3 be the elements of the canonical basis of C3. We consider
the Cartan subalgebra t and the elements εi of t∗, defined in Subsection 1.2.1. The matrices

Hε1−ε2 =

1 0 0
0 −1 0
0 0 0

 , Hε2−ε3 =

0 0 0
0 1 0
0 0 −1

 .

form a basis of t while the root system of g with respect to t is

∆ = {±(ε1 − ε2),±(ε1 − ε3),±(ε2 − ε3)}.

We choose

∆+ := {ε1 − ε2, ε1 − ε3, ε2 − ε3}

to be the positive root system of ∆ and

Π := {ε1 − ε2, ε2 − ε3}

is the corresponding simple system. The matrices

Eε1−ε2 =

0 1 0
0 0 0
0 0 0

 , Eε1−ε3 =

0 0 1
0 0 0
0 0 0

 , Eε2−ε3 =

0 0 0
0 0 1
0 0 0


are elements of gε1−ε2 , gε1−ε3 and gε2−ε3 respectively, and one can verify that they act on v1

by 0. Thus v1 is a maximal vector of V . Let λ = c1(ε1 − ε2) + c2(ε2 − ε3) be the weight
corresponding to v1. Then

1 · v1 = H1,2 · v1 0 · v1 = H2,3 · v1

= λ(H1,2)v1 = λ(H2,3)v1

= (2c1 − c2)v1 = (−c1 + 2c2)v1,

from where we obtain the linear system{
2c1 − c2 = 1
−c1 + 2c2 = 0

with solution (c1, c2) = (2
3
, 1

3
). Thus λ = 2

3
ε1 − 1

3
ε2 − 1

3
ε3 and V contains a copy V ′ of the

irreducible representation of highest weight 2
3
ε1 − 1

3
ε2 − 1

3
ε3. Let us calculate the dimension

of this representation using the Weyl Dimensional Formula of Theorem 1.4.35. We have ρ =
ε1 − ε2 and
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dim(V ′) =

∏
α∈∆+〈λ+ ρ, α〉∏
α∈∆+〈ρ, α〉

=
〈λ+ ρ, ε1 − ε2〉
〈ρ, ε1 − ε2〉

· 〈λ+ ρ, ε1 − ε3〉
〈ρ, ε1 − ε3〉

· 〈λ+ ρ, ε2 − ε3〉
〈ρ, ε2 − ε3〉

=
(〈λ, ε1 − ε2〉
〈ρ, ε1 − ε2〉

+ 1
)(〈λ, ε1 − ε3〉
〈ρ, ε1 − ε3〉

+ 1
)(〈λ, ε2 − ε3〉
〈ρ, ε2 − ε3〉

+ 1
)

=
(1

1
+ 1
)(1

2
+ 1
)(0

1
+ 1
)

= 3

Since dimV = dimV ′, V ′ coincides with V , i.e. V is irreducible and of highest weight λ =
2
3
ε1− 1

3
ε2− 1

3
ε3. In particular, V is the standard representation of so(3,C) (see Example 1.4.25).

Let
Q+ :=

{∑
i

niαi | αi ∈ Π, ni ∈ N ∪ {0}
}
,

i.e. the subset of all elements of t∗ which can be written as a nonnegative integer sum of simple
roots.

Definition 1.4.37 (Kostant partition function). The function P : t∗ → N ∪ {0} which maps
every nonzero element of Q+ to the number of positive ways, apart from order, that it can be
written as a nonnegative integer sum of positive roots while it maps every other element of t∗ to
zero is called the Kostant partition function.

Theorem 1.4.38 (Kostant multiplicity formula, see [Kna96, Corollary 5.83]). Let V be the
finite-dimensional irreducible representation of g with highest weight λ ∈ t∗ and µ be an ele-
ment of t∗. The multiplicity of µ as a weight of V is given by∑

w∈W

(−1)`(w)P(w(λ+ ρ)− (µ+ ρ)),

where l(·) stands for the length of the indicated element of W (See Definition 1.2.22).

Example 1.4.39. Suppose that g := sl(3,C) and V is the standard representation of g, i.e. the
irreducible representation of highest weight λ = ω̄1 = 2

3
ε1− 1

3
ε2− 1

3
ε3. According to Example

1.4.36, dimV = 3 and thus V has at most 3 distinct weights while the Weyl group of sl(3,C)
is

W = {1, sε1−ε2 , sε1−ε3 , sε2−ε3 , sε1−ε2sε2−ε3 , sε1−ε3sε2−ε3}.
Using Theorem 1.4.38, one finds (after long calculations) that the weights of V are exactly

ω̄1 =
2

3
ε1 −

1

3
ε2 −

1

3
ε3

ω̄1 − (ε1 + ε2) = −1

3
ε1 +

2

3
ε2 −

1

3
ε3

ω̄1 − (ε1 + ε3) = −1

3
ε1 −

1

3
ε2 +

2

3
ε3,
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each of multiplicity one.
Another way to obtain the weights of V is by using the action of W . As we have seen in

Theorem 1.4.22, W permutes the weights of V and so the above elements must be weights of V
since they all belong to the W -orbit of the highest weight ω̄1. On the other hand, for dimension
reasons, they are the only weights of V , necessarily each of multiplicity one.

1.5 Representations of Lie groups
Definition 1.5.1 (Lie group representation). Let G be a Lie group and (V, 〈·, ·〉) be a complex
Hilbert space. Let B(V ) stand for the group of bounded automorphisms of V with bounded
inverse. A Lie group representation (Φ, V ) of G on V is a morphism Φ : G → B(V ) such that
the map

(g, v) ∈ G× V 7→ Φ(g)v ∈ V

is continuous and Φ(1) is the identity operator. If there is no ambiguity, instead of (Φ, V ) we
write just Φ or V .

Definition 1.5.2. We will say that (Φ, V ) is irreducible if, apart from V and {0}, there is no
closed G-invariant subspace of V . (Φ, V ) is said to be unitary if Φ(g) is a unitary operator for
every g ∈ G, i.e.

〈Φ(g)v1,Φ(g)v2〉 = 〈v1, v2〉

for every g ∈ G and v1, v2 ∈ V .

We note that if (Φ, V ) is a finite-dimensional Lie group representation, according to Propo-
sition 1.1.32, its tangent map φ := TeΦ defines a Lie algebra representation of the Lie algebra
g of G. The inverse is not always true, unless G is connected and simply connected.

Example 1.5.3 (Adjoint representation of G). The adjoint map Ad of a Lie group G, defined in
Example 1.1.9 is a Lie group representation ofG on g := Lie(G). Its tangent map, by definition,
is the adjoint representation of g.

Example 1.5.4 (Dual representation). Let (π, V ) be a representation of a Lie group G. We
define the dual representation (π∗, V ∗) to be the representation of G on the dual space V ∗ of V
given by

π∗ : (g, T ) ∈ G× V ∗ 7→
(
π(g)∗T : v 7→ T (π(g−1)v

)
for every v ∈ V .

Example 1.5.5 (Regular representation). Let G be a Lie group and set L2(G) to be the Hilbert
space of all square-integrable functions defined on G. Define a representation l × r of the Lie
group G×G (see Example 1.1.4) on L2(G) given by

[
(
l × r

)
(x, y)f ](g) = f(x−1gy)

for every f ∈ L2(G) and every x, y, g ∈ G. The representation l × r is called the bi-regular
representation of G. The restrictions of l× r on G×{1} (respectively on {1}×G) is called left
(respectively right) regular representation of G. For more details, see [Wal88, Subsection 1.3].
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Definition 1.5.6 (Interwining operators). Let (π1, V1) and (π2, V2) be representations of G and
T : V1 → V2 be a bounded linear operator. We say that T is an interwining (or G-equivariant)
operator if, for every g ∈ G, one has

T ◦ π1(g) = π2(g) ◦ T.

Definition 1.5.7 (Equivalent representations). Let (π1, V1) and (π2, V2) be representations ofG.
Then (π1, V1) and (π2, V2) are said to be equivalent if there is an invertible interwining operator
T : V1 → V2. The set of equivalence classes of G is denoted Ĝ.

We can adapt the results obtained for complex semisimple Lie algebras, in the case of a real
compact Lie group.

Lemma 1.5.8 (See [Kna96, Corollary 4.25]). The Lie algebra g0 of a compact Lie group G is
reductive.

We have already seen how one can extend the representation theory of complex semisimple
Lie algebras in the case of reductive ones.

Proposition 1.5.9 (See [Kna96, Corollary 1.103]). In a real compact Lie group G every closed
abelian Lie subgroup is a torus, i.e. a closed subgroup of G isomorphic with (S1)n for some
n ∈ N, where S1 is the Lie group of the unit circle. We call maximal torus of G a maximal
closed abelian Lie subgroup of G.

Proposition 1.5.10 (See [Kna96, Proposition 4.30]). The maximal tori of G are exactly the
closed abelian Lie subgroups of G corresponding to the maximal abelian subalgebras of g :=
Lie(G). In particular, the Lie algebra of a maximal torus is a Cartan subalgebra of g.

Let (Φ, V ) be a finite-dimensional representation of the real compact Lie group G, not
necessarily irreducible. If 〈·, ·〉′ is a Hermitian form on V , we define a Hermitian form 〈·, ·〉
given by

〈u, v〉 :=

∫
G

〈Φ(g)u,Φ(g)v〉′dg, u, v ∈ V,

where dg is a Haar measure on G, i.e. an outer regular Borelian finite measure on G which is
invariant by left translations. One can easily verify that 〈·, ·〉 is Φ(G)-invariant, i.e. for every
g ∈ G and every u, v ∈ V , we have that 〈Φ(g)u,Φ(g)v〉 = 〈u, v〉. Therefore, we obtain the
following Proposition.

Proposition 1.5.11. LetG be a compact Lie group and V be a finite-dimensional representation
of G. Then, V admits a Φ(G)-invariant Hermitian form.

Corollary 1.5.12 (See [Kna96, Theorem 9.4]). Let G be a compact Lie group. Every represen-
tation V ofG is completely reducible, i.e. V can be decomposed into a direct sum of irreducible
subrepresentations.

Remark 1.5.13. As we did in the case of Lie algebra finite-dimensional representations (see
Definition 1.4.28), one can define the isotypic components of a representation of G, in a similar
way.

80



1.6. (g, K)-modules

Corollary 1.5.14 (See [Kna96, Proposition 7.15]). Let g be a complex semisimple Lie algebra,
u0 be a real compact form of g and (φ, V ) be a finite-dimensional representation of g. Then V
admits a Hermitian form 〈·, ·〉 such that, for every X ∈ u0 and every u, v ∈ V , one has

〈φ(X)u, v〉+ 〈u, φ(X)v〉 = 0.

In other words, φ(X)∗ = −φ(X) for everyX in u0. Consequently, if ·̄ stands for the conjugation
with respect to u0, then

φ(X)∗ = −φ(X̄),

for every X in g.

Let G be a real compact Lie group, T be a maximal torus of G, t0 be the Lie algebra of T
and t be its complexification. The Lie algebra t turns out to be a Cartan subalgebra of Lie(G).
Indeed, Proposition 1.5.10 ensures that t is a maximal abelian subalgebra of Lie(G)C. On the
other hand, for u0 = Lie(G), g = (u0)C and φ being the adjoint reprentation of g defined
in 1.1.18, Proposition 1.5.14 assures that the linear maps adH are skew-symmetric and thus
diagonalizable for all H ∈ t.

Definition 1.5.15 (Analytically integral element). In the above setting, an element λ ∈ t∗ is said
to be analytically integral if there is a Lie group morphism ξλ : T → C such that Teξλ(H) =
λ(H) for every H ∈ t0.

Proposition 1.5.16 (See [Kna96, Proposition 4.59]). In the above setting, every analytically
integral element λ ∈ t∗ is algebraically integral.

Theorem 1.5.17 (Theorem of the highest weight, see [Kna96, Theorem 5.110]). Let G be a
compact connected Lie group, T be a maximal torus of G, t be the complexification of its Lie
algebra t0, ∆ be the corresponding root system and ∆+ be a positive system for ∆. Up to
isomorphism, the finite-dimensional irreducible representations V of G stand in one-one corre-
spondence with the dominant analytically integral elements λ of t∗, the correspondence being
that λ is the highest weight of V .

1.6 (g, K)-modules
Let G be a connected semisimple Lie group of finite center and of Lie algebra g0, g be its
complexified Lie algebra and K be a maximal compact subgroup of G.

Definition 1.6.1 (K-finite vectors). A vector v of V is said to be K-finite if

dim〈π(K)v〉 <∞,

where 〈π(K)v〉 stands for the vector subspace of V generated be all π(k)v, k ∈ K.

Set VK to be the set of allK-finite vectors of V and, for every equivalence class (δ, Eδ) ∈ K̂,
where K̂ stands for the set of equivalence classes of all unitary irreducible representations of
K, let

VK(δ) :=
∑

L∈HomK(Eδ,V )

L(Eδ)

be the δ K-type of V .
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Definition 1.6.2. A representation (π, V ) is said to be admissible if

dimVK(δ) <∞

for every δ ∈ K̂.

Theorem 1.6.3 (Harish-Chandra, see [Har53]). Any irreducible unitary representation V of G
is admissible.

Definition 1.6.4 (Multiplicity of δ in V ). If V is an admissible representation ofG, then we call
dimVK(δ) the (finite) multiplicity of δ in V .

Theorem 1.6.5 (Harish-Chandra, (see [Vog81, Proposition 0.3.5] or [Har54]). Let (π, V ) be an
admissible representation of V . For every v ∈ VK and every X ∈ g0, the limit

π(X)v := lim
t→0

π(exp(tX))v − v
t

exists and π(X)v belongs to VK .

Using the above theorem, one obtains an action of g0, and thus by complexifying, an action
of g, on VK .

Proposition 1.6.6 (See [Vog81, Proposition 0.3.5]). There is a bijection between the closed G-
invariant subspaces of V and the K-invariant g0-invariant subspaces of VK , the bijection being
that if U ⊆ V is closed and G-invariant then UK := U ∩ VK is the corresponding K-invariant
g-invariant subspace of VK .

One can check that the K-action and the g-action on VK are compatible satifying the fol-
lowing proporties:

(i). Every vector v of VK is K-finite,

(ii). The differential of the K-action on VK coincides with the action of k0 coming from the
g-action on VK . In other words,

π(X)v = lim
t→0

π(exp(tX)v − v)

t

for every X ∈ k0 and v ∈ VK ,

(iii). For every X ∈ k0 and every k ∈ K,

π(Ad(k)X) = π(k)π(X)π(k)−1.

Motivated by the above fact, we have the following definition.

Definition 1.6.7. A (g, K)-module is a pair (π,X), with X being a complex vector space and
π being a map

π : g ∪K −→ X

such that
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(i) π|g is a complex Lie algebra representation, π|K is a group representation,

(ii) the above compatibility conditions (i)− (iii) hold, with X replacing VK .

As we did for the representations of Lie algebras or Lie groups, in an obvious way, one can
define irreducible, unitary or admissible (g, K)-modules. For more details see [Vog81, Chapter
0].

Definition 1.6.8 (Equivalent (g, K)-modules). Two (g, K)-modules are said to be equivalent
if there is an invertible (g, K)-module map T : V1 → V2, i.e. an invertible linear map that
commutes both with the actions of g and K. We denote with Ĝ the set of equivalence classes of
irreducible (g, K)-modules.

Definition 1.6.9 (Harish-Chandra module). Let V be a representation of a Lie group G. The
(g, K)-module VK of V is called the Harish-Chandra module of V .

Definition 1.6.10 (Infinitesimally equivalent representations). Let V1 and V2 be representations
of a Lie group G. We say that V1 and V2 are infinitesimally equivalent if their corresponding
Harish-Chandra modules are equivalent as (g, K)-modules.

The following theorem gives a strong motivation for the study of (g, K)-modules.

Theorem 1.6.11 (see [Vog81, Theorem 0.3.6 and Theorem 0.3.10]).

1. Every irreducible (g, K)-module X is the Harish-Chandra module of some irreducible
admissible representation V of G.

2. Let V1 and V2 be irreducible unitary representations of G. Then they are admissible.
Moreover, they are equivalent if and only if they are infinitesimal equivalent.

1.7 Harish-Chandra isomorphism and infinitesimal charac-
ters

Let g be a complex semisimple Lie algebra, V be an irreducible representation of g (not neces-
sarily finite-dimensional) and Z(g) be the center of the enveloping algebra U(g). Note that by
contrast with the trivial center Zg of g, the center Z(g) of the corresponding universal envelop-
ing algebra not only it is nontrivial but we will see that it has an important role to representation
theory of g. Using Proposition 1.4.11, one can verify that the elements of Z(g) act by scalars
on V . Therefore, there is a map χV : Z(g) → C such that zv = χV (z)v, for every z in Z(g)
and every v in V . A representation on which Z(g) acts by scalars is called quasisimple.

Let
P :=

∑
α∈∆+

U(g)Eα and N :=
∑
α∈∆+

E−αU(g),

where Eα is a nonzero element of gα, α ∈ ∆.
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Proposition 1.7.1. With the above notation, U(g) is decomposed into

U(g) = U(t)⊕ (P +N ). (1.7)

Moreover, the projection of every element of Z(g) in the second factor of this decomposition
belongs to P ∩N .

Proof. The fact that U(g) = U(h) + (P + N ) is a consequence of Poincaré-Birkoff-Witt’s
Theorem 1.1.44. So it suffices to show that this sum is direct. Again using Theorem 1.1.44, an
element in P can be written as a linear combination of terms of the form

Eq1
−β1

. . . Eqk
−βkH

m1
1 . . . Hml

l Ep1

β1
. . . Epk

βk
Eα. (1.8)

The elements Ep1

β1
. . . Epk

βk
Eα, belonging to U(n), can be written as linear combinations of

terms Ep′1
β1
. . . E

p′k
βk′

and for each such term we have p′1 + . . .+ p′k > 0. Therefore, every element
of the form (1.8) can be written as a linear combination of elements

Eq1
−β1

. . . Eqk
−βkH

m1
1 . . . Hml

l E
p′1
β1
. . . E

p′k
βk
,

with p′1 + . . . + p′k > 0. For the sake of simplicity we use pi instead of p′i. Therefore each
element in P can be decomposed as a linear combination of terms

Eq1
−β1

. . . Eqk
−βkH

m1
1 . . . Hml

l Ep1

β1
. . . Epk

βk
(1.9)

with p1 + . . . + pk > 0. Similarly, one can show that each element in N can be written as a
linear combination of terms (1.9) with q1 + . . . + qk > 0. Therefore an element in P + N is
written as a linear sum of terms

Eq1
−β1

. . . Eqk
−βkH

m1
1 . . . Hml

l Ep1

β1
. . . Epk

βk
,

with q1 + . . .+ qk > 0 or p1 + . . .+ pk > 0 and thus U(t) ∩ (P +N ) = 0.
If the element (1.9) is taken in Z(g) ∩ (P +N ), then for every H in t we have

0 = ad(H)
(
Eq1
−β1

. . . Eqk
−βkH

m1
1 . . . Hml

l Ep1

β1
. . . Epk

βk

)
= −

∑
1≤i≤k

qiβi(H) +
∑

1≤i≤k

piβi(H)

=
∑

1≤i≤k

(pi − qi)βi(H)

and thus p1 + . . .+ pk > 0 if and only if q1 + . . .+ qk > 0. Consequently, if z belongs to Z(g),
its second component with respect to the decomposition (1.7) lies in P ∩N .

Let γ′n : Z(g) → U(t) be the projection of Z(g) in the first factor with respect to the above
decomposition U(g) = U(t) ⊕ (P +N ) and τn : t → U(t) be the linear map which sends the
element H of t to the element H − ρ(H) of U(t). The map τn satisfies the relation (1.4) and so
it can be extended to a map from U(t) to U(t), which we note again by τn.
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Definition 1.7.2 (Harish-Chandra map). We define the Harish-Chandra map γ : Z(g) → U(t)
to be the composition map

γ := τn ◦ γ′n.

Using the action of the Weyl group W on t∗, we define by duality a W -action on t which
can be extended to a W -action on U(t). Let U(t)W stand for the space of W -invariants of U(t),
i.e.

U(t)W := {u ∈ U(t) | wu = u for every w ∈ W}.

Theorem 1.7.3 (Harish-Chandra isomorphism, see [Kna96, Theorem 4.44]). The map γ does
not depend on the choice of the positive system ∆+. Moreover it is an algebra isomorphism of
Z(g) onto U(t)W .

Remark 1.7.4. Since t is abelian, the algebra U(t) can be regarded as the symmetric algebra
S(t∗) or as the algebra of polynomial functions on t∗, the evaluation being that the element
u ∈ U(t) evaluated on λ ∈ t∗ gives the value of the extended λ : U(t) → C applied on u. In
other words, U(t) ' C[t] ' S(t) and U(t)W ' C[t]W ' S(t)W .

Example 1.7.5. In Example 1.4.33, we saw that the Casimir element of sl(2,C) is

Ω =
1

8
H2 +

1

4
XY +

1

4
Y X,

where H,X and Y are defined in the same example. The matrix X corresponds to the positive
root ε1 − ε2, Ω belongs to Z(sl(2,C)) and by the relation [X, Y ] = H , we obtain

Ω =
1

8
H2 +

1

4
XY +

1

4
Y X

=
1

8
H2 +

1

4
[X, Y ] +

1

4
Y X +

1

4
Y X

=
1

8
H2 +

1

4
H +

1

2
Y X.

Hence γ′n(Ω) = 1
8
H2 + 1

4
H . On the other hand,

τn(H) = H − ρ(H)

= H − 1

2
(ε1 − ε2)(H)

= H − 1

and

γ(Ω) = τn
(
γ′n(Ω)

)
=

1

8
τn(H

2) +
1

4
τn(H)

=
1

8
(H − 1)2 +

1

4
(H − 1)

=
1

8
H2 − 1

8
.

85



Chapter 1. Preliminaries

The nontrivial element ofW sendsH to−H and we verify that γ(Ω) is indeedW -invariant. On
the other hand, the subalgebra of the W -invariants of C[H] is exactly C[H2], i.e. the subalgebra
of C[H] generated by γ(Ω). Consequently, the center of U(sl(2,C)) is exactly Z(sl(2,C)) =
C[Ω].

For λ in t∗, let

χλ :

{
Z(g) → C

z 7→ γ(z)(λ) := λ(γ(z))

It is clear that χλ is an algebra morphism. As a consequence of Harish-Chandra’s Theorem
1.7.3, we obtain the following corollary.

Corollary 1.7.6 (See [Kna96, Theorem 5.6.2]). If χ : Z(g)→ C is an algebra morphism, then
there is λ ∈ t∗ such that χ = χλ. If µ is another element of t∗, we have χλ = χµ if and only if λ
and µ belong to the same W -orrbit, i.e. there is an element w of W such that λ = wµ.

Using the above corollary, we can attach to each quasisimple represenation V an element λ
of t∗ (or better the W -orbit of λ in t∗). More precisely, if χ is the infitesimal character of V ,
according to Corollary 1.7.6, there is some λ in t∗ such that χ = χλ.

Definition 1.7.7 (Infinitesimal character). In the above setting and by abuse of notation we will
say that λ is the infinitesimal character of V .

Example 1.7.8. Let V be the finite-dimensional representation of g with highest weight λ.
Let z be an element of Z(g) and v+ be a maximal vector of V . Then z is decomposed into
z = γ′n(z) + (z − γ′n(z)), with γ′n(z) being in U(t) and (z − γ′n(z)) being in P ∩N , while

z · v+ = γ′n(z) · v+ + (z − γ′n(z)) · v+

= λ(γ′n(z))v+

= (λ+ ρ)(γ(z))

= χλ+ρ(z).

Therefore, the infinitesimal character of the irreducible finite-dimensional representation V of
highest weight λ is λ+ ρ.
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CHAPTER 2

CLIFFORD ALGEBRAS AND SPIN
MODULES

In this chapter we introduce the basic notions of Clifford algebras and spaces of spinors. Then
we specialize them in the case of complex semisimple Lie algebras in order to define a Dirac
operator. The main references for this chapter are the books [HP06] and [GW09].

2.1 Clifford Algebras

Definition 2.1.1 (Clifford algebra). Let V be a real or complex vector space equipped with a
symmetric bilinear form B. We define the Clifford algebra C(V ) of V to be the quotient

C(V ) := T (V )/I,

where I :=
(
u⊗u− 1

2
B(u, u)

)
, i.e. the two-sided ideal of V generated by the indicated element

for all u ∈ V .

Remark 2.1.2. Many authors define the ideal I to be I :=
(
u ⊗ u + B(u, u)

)
(for example,

see [HP06]). Nevertheless, note that in the case where V is complex, which is the case we
are interested in, the two definitions turn out to be equivalent, up to multiplication of B by a
complex scalar.

An alternative way to define the Clifford algebra of V is by using the following universal
property. The Clifford algebra of V is any pair (C, γ), whereC is a unital algebra and γ : V −→
C is a linear morphism, such that for each unital algebra A and each vector space morphism
φ : V −→ A with the property φ(v)2 = 1

2
B(v, v) for all v ∈ V , there exists a unique unital

algebra morphism φ̃ : C −→ A with φ̃ ◦ γ = φ. In other words, there is a unique φ̃ : C −→ A
such that the following diagram commutes:
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V C

A

γ

φ
φ̃ (2.1)

If (C ′, γ′) is another Clifford algebra of V , by setting A = C ′ and φ = γ′ in (2.1) and by using
the universal property of C and C ′, one obtains that there are unique maps γ̃′ : C → C ′ and
γ̃ : C ′ → C such that the following diagram commutes:

V C

C ′

γ

γ′
γ̃′γ̃

In other words,

γ = γ̃ ◦ γ′ (2.2)
γ′ = γ̃′ ◦ γ (2.3)

and the maps γ̃ and γ̃′ are unique with this property. Using these equalities, one deduces that

(γ̃ ◦ γ̃′) ◦ γ = γ̃ ◦ γ′ (2.4)

On the other hand, if we set A = C and φ = γ̃ ◦ γ′ in (2.1), there is a unique unital algebra
morphism φ̃ such that γ̃ ◦ γ′ = φ̃ ◦ γ. From (2.4) and (2.2), one deduces that φ̃ = γ̃ ◦ γ̃′ and
φ̃ = idC and thus γ̃ ◦ γ̃′ = idC . With a similar argument, one obtains that γ̃′ ◦ γ̃ = idC′ and
consequently γ̃ and γ̃′ are unital algebra isomorphisms establishing an isomorphism between C
and C ′.

Theorem 2.1.3. If {vi}1≤i≤n is a basis of V , the set

{γ(vi1) . . . γ(vik) | 0 ≤ k ≤ n, 1 ≤ i1 < i2 < · · · < ik ≤ n}

forms a vector space basis of C(V ).

Example 2.1.4 (C as a Clifford algebra). Let V = R be equipped with the canonical bilinear
form of signature−1 and {ε1} be the canonical basis ofR. If v1 :=

√
2ε1, according to Theorem

2.1.3, the set {1, γ(v1)} forms a vector space basis of C(R). Since γ(v1) squares to −1, this
algebra is canonically isomorphic to C, the algebra of complex numbers.

Example 2.1.5 (H as a Clifford algebra). Let V = R2 be equipped with the canonical bilinear
form of signature −2. Let {ε1, ε2} be its canonical basis and set vi :=

√
2εs, s = 1, 2. Accord-

ing to Theorem 2.1.3, the set {1, i := γ(v1), j := γ(v2), k := γ(v1)γ(v2)} forms a vector space
basis of the Clifford algebra C(0,2)(R2) of R2 where (0, 2) indicates the signature of the bilinear
form. The basis elements satisfy the relations:
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2.2. Spaces of spinors

i2 = j2 = k2 = −1 and ij = k, jk = i, ki = j

which are exactly the defining relations of the quaternion algebraH. Hence, the Clifford algebra
C(0,2)(R2) is isomorphic to the quaternion algebra H.

Note that if the bilinear form B is the trivial one, the Clifford algebra C(V ) is isomorphic
with the exterior algebra

∧
V of V . Indeed, the ideal used in Definition 2.1.1 is (u⊗u), u ∈ V ,

i.e. the one used in the definition of the exterior algebra. However, if B is nontrivial, instead of
an algebra isomorphism, we have a canonical vector space isomorphism given by the following
map.

Definition 2.1.6 (Chevalley map). The Chevalley map is the linear map j :
∧
V −→ C(V )

defined by:

v1 ∧ · · · ∧ vk ∈
∧k

V 7→ 1

k!

∑
σ∈Sk

vσ(1) . . . vσ(k) ∈ T (V )/I = C(V ),

where Sk is the symmetric group of k objects.

Proposition 2.1.7. Chevalley map j is a vector space isomorphism. If B is trivial, j is a unital
algebra isomorphism.

Proof. Let {Zs}1≤s≤n be a basis of V such that for every s, t, 1 ≤ s 6= t ≤ n, B(Zs, Zt) = 0
(if B is nondegenerate we can take {Zs} to be an orthonormal basis). Then one can check that
the map j maps the element Zs1 ∧ · · · ∧ Zsk of

∧
V to the element Zs1 . . . Zsk of C(V ). In

other words, according to Theorem 2.1.3, j sends a basis of
∧
V to a basis of C(V ) and thus

the result follows.

2.2 Spaces of spinors
For the rest of this chapter, V will stand for a finite-dimensional complex vector space equipped
with a nondegenerate form B. We would like to classify, up to isomorphism, the irreducible
modules of C(V ).

Definition 2.2.1. An irreducible C(V )-module is called space of spinors for C(V ).

We treat separately the 2 cases for V being even or odd dimensional. Let us start with V
being an even-dimensional complex vector space, say of dimension 2n, and U+, U− being two
maximal isotropic dual subspaces of V . More precisely, if {Zi}1≤i≤2n is an orthonormal basis
of V and

ej :=
Z2j−1 + iZ2j√

2
, e−j :=

Z2j−1 − iZ2j√
2

, j = 1, . . . , n, (2.5)

the subspaces U+ := 〈ej|1 ≤ j ≤ n〉 and U− := 〈e−j|1 ≤ j ≤ n〉 are maximal isotropic and
dual, i.e. for every i and j, 1 ≤ i, j ≤ n, one has

B(ei, ej) = 0,

B(e−i, e−j) = 0,

B(ei, e−j) = δij.
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We set SV to be the vector space
∧
U− equipped with an action of V on SV given by

e−i · (e−i1 ∧ . . . ∧ e−ik) : = e−i ∧ e−i1 ∧ . . . ∧ e−ik ,

ei · (e−i1 ∧ . . . ∧ e−ik) : =
∑
j

(−1)j+1B(ei, e−ij)e−i1 ∧ . . . ∧ ê−ij ∧ . . . ∧ e−ik

for every e−i ∈ U− and ei ∈ U+. The hat in the second expression indicates that e−ij is omitted.
One can verify that this action of V can be extended to an action of C(V ). Note that:

γ(e−j)(e−i1 ∧ . . . ∧ e−ik) =

{
0 if j ∈ {i1, . . . , ik}
e−j ∧ e−i1 ∧ . . . ∧ e−ik if j /∈ {i1, . . . , ik}

γ(ej)(e−i1 ∧ . . . ∧ e−ik) =

{
(−1)j+1e−i1 ∧ . . . ∧ ê−j ∧ . . . ∧ e−ik if j ∈ {i1, . . . , ik}
0 if j /∈ {i1, . . . , ik}

Equipped with the above action, one can show that SV is an irreducible C(V )-module (see
[HP06, Lemma 2.2.3]) and thus it is a space of spinors. Furthermore, using this fact, C(V ) turns
out to be a simple algebra (see [HP06, Corollary 2.2.5]). We summarize the above discusion in
the following theorem.

Theorem 2.2.2 (See [GW09, Theorem 6.1.3]). Let V be a 2n-dimensional complex vector
space. Up to isomorphism, there is exactly one space of spinors SV , of dimension 2n, i.e. the
one described above. Moreover, the map γ : C(V ) → End(SV ) giving the action of C(V ) on
SV is injective.

Remark 2.2.3. It is usefull to say that SV is a Z2-graded module, the 0̄-part being the even
subspace of

∧k U− and the 1̄-part the odd one. On the other hand, from Theorem 2.1.3, we can
deduce that C(V ) is a Z2-graded algebra and this grading is compatible with the grading of SV .

Suppose now that V is an odd-dimensional complex vector space, say of dimension (2n+1).
We want to determine up to isomorphism all its spaces of spinors. Let U+ and U− be n-
dimensional maximal isotropic dual subspaces of V . Set

V := U+ ⊕ U−

and let e0 ∈ V be a non zero vector belonging to the orthogonal complement of V with
B(e0, e0) = 2. Clearly V = V ⊕ C{e0} and V is even dimensional. We consider the space
of spinors S := SV of C(V ) and we want to equip it with an action of e0 so as to be a C(V )-
module, i.e. in such a way that the structure of C(V ) is respected. From the definition of C(V ),
for the element γ(e0) we have:

γ(e0)2 = 1

γ(e0)γ(ei) = −γ(ei)γ(e0) for every i=1,. . . ,n
γ(e0)γ(e−i) = −γ(e−i)γ(e0) for every i=1,. . . ,n.
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Here {ei} and {e−i} are, as before, bases of U+ and U− respectively with B(ei, e−j) = δij for
every i, j, 1 ≤ i, j ≤ n. Therefore γ(e0), as an operator acting on S, must have at most two
eigenspaces, namely with eigenvalues 1 and−1, while, for every i = 1, . . . , n, γ(ei) and γ(e−i)
must interchange these eigenspaces. A natural choice for the action of e0 would be taking as
the 1-eigenspace the even or the odd subspace with respect to the Z2-gradation of S and as
the −1-eigenspace the other one. They turn out to be the only possibilities for the action of
e0, giving two nonisomorphic spaces of spinors. The following theorem summarizes the above
discussion.

Theorem 2.2.4 (See [GW09, Theorem 6.1.3]). Let V be an 2n+1-dimensional complex vector
space. Up to isomorphism, there are exactly two non isomorphic spaces of spinors S1 and S−1,
each of dimension 2n, i.e. the ones described above. More precisely, they are isomorphic as
C(V̄ )-modules while e0 acts by 1 on the 1̄-part of S1 and by −1 on the 1̄-part of S−1.

2.2.1 Hermitian form on S
Let V0 be a real form of V equipped with a inner product (·, ·) and {Zj} be an orthonormal basis
of V0 with respect to (·, ·). The inner product (·, ·) is extended uniquely to a Hermitian form
on V := (V0)C, again denoted by (·, ·). Using (·, ·), we define a complex bilinear form B(·, ·)
on V , given by B(X, Y ) := −(X, Ỹ ) for X, Y ∈ V , where ·̃ stands for the conjugation with
respect to V0. Then, the set {Zj := iZ ′j} forms an orthonormal basis of V with respect to B. As
in (2.5), set

ej :=
Z2j−1 + iZ2j√

2
, e−j :=

Z2j−1 − iZ2j√
2

, j = 1, . . . , n,

U+ := 〈ej|1 ≤ j ≤ n〉 and U− := 〈e−j|1 ≤ j ≤ n〉. The subspaces U+ and U− are maximal
isotropic dual subspaces with respect to B and define S :=

∧
U− to be a space of spinors

for C(V ). On
∧
U−, we define a Hermitian form 〈·, ·〉 as folows: For e−i1 ∧ . . . ∧ e−il and

e−j1 ∧ . . . ∧ e−jl in
∧l U−, we set

〈e−i1 ∧ . . . ∧ e−il , e−j1 ∧ . . . ∧ e−jl〉 := det
(
(e−is , e−jt)s,t

)
, (2.6)

while
∧l U− and

∧l′ U− are orthogonal for l 6= l′, and 〈1, 1〉 = 1. One can verify that 〈·, ·〉 is,
indeed, a Hermitian form and the elements of the form ei1∧ . . .∧eil , with 1 ≤ i1 < . . . < il ≤ n
and 1 ≤ l ≤ n, form an orthonormal basis for S.

Proposition 2.2.5. With the above notation, the adjoint operator of γ(X), X ∈ V , is

γ(X)∗ = −γ(X̃).

Proof. For X = e−k, 1 ≤ k ≤ n, by definition:

〈e−k ∧ e−i1 ∧ . . . ∧ e−il , e−j1 ∧ . . . ∧ e−jl′ 〉 = 〈e−i1 ∧ . . . ∧ e−il , γ(e−k)
∗(e−j1 ∧ . . . ∧ e−jl′)〉.

The left-hand side of the equality is 0 unless {k, i1, . . . , il} = {j1, . . . , jl′}, where it is 1. One
can verify that

〈e−k ∧ e−i1 ∧ . . . ∧ e−il , e−j1 ∧ . . . ∧ e−jl′ 〉 = 〈e−i1 ∧ . . . ∧ e−il , γ(ek)
(
e−j1 ∧ . . . ∧ e−jl′

)
〉
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and thus γ(e−k)
∗ = γ(ek), i.e. γ(e−k)

∗ = −γ(ẽ−k). Using a similar argument, one shows
that γ(ek)

∗ = −γ(ẽk) and, if necessary, γ(e0)∗ = −γ(ẽ0), with e0 being as above, i.e. a fixed
nonzero element of V , orthogonal to U+⊕U− with B(e0, e0) = 2. Therefore γ(X)∗ = −γ(X̃)
for every X in V .

2.2.2 Spin module of so(V )

Apart from the C(V )-module structure, S admits a structure of representation of the Lie algebra

so(V ) := so(V,B) = {T ∈ gl(V ) | B(Tu, v) +B(u, Tv) = 0,∀u, v ∈ V }.

For a and b in V , let Ra,b be the element of gl(V ) defined by

Ra,b(v) := B(b, v)a−B(a, v)b,

for v ∈ V . Then Ra,b belongs to so(V ). Indeed, for every u and v in V , we have:

B(Ra,b(u), v) = B(b, u)B(a, v)−B(a, u)B(b, v)

= −B(u,Ra,b(v)).

Proposition 2.2.6 (See [GW09, Lemma 6.2.1]). The elements Ra,b, a, b ∈ V , span so(V ).

Let C2(V ) be the vector subspace of C(V ) given as the image of the subspace
∧2 V via the

Chavalley map (see Definition 2.1.6) and let ϕ be the linear map defined by

ϕ :

{
so(V ) −→ C2(V )

Ra,b 7→ 1
2
[γ(a), γ(b)]

Let us now equip C(V ) with its canonical Lie algebra structure, i.e. the Lie algebra structure
inherited by its associative algebra structure (see Example 1.1.11).

Proposition 2.2.7 (See [GW09, Lemma 6.2.2]). The map ϕ is a well-defined injective Lie al-
gebra morphism. Moreover

[ϕ(X), γ(v)] = γ(Xv) (2.7)

for X in so(V ) and v in V .

Definition 2.2.8 (Spin representation of so(V )). Let S be a space of spinors for V . The Lie
algebra representation of so(V ) on S obtained by

ϕ : so(V )−→C2(V ) −→ End(S) (2.8)

is called spin representation (or spin module) of so(V ).

Proposition 2.2.9 (See [GW09, Proposition 6.2.3 and Proposition 6.2.4] ). If V is even-dimensional,
say of dimension 2n, the spin module S of so(V ) is decomposed into two inequivalent irre-
ducible subrepresentations of highest weights 1

2
(ε1+. . .+εn−1+εn) and 1

2
(ε1+. . .+εn−1−εn).

If V is odd-dimensional, say of dimension 2n + 1, the spin module S of so(V ) is irreducible
and of highest weight 1

2
(ε1 + . . .+ εn).
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2.3 Spin Groups
Let V be a finite-dimensional complex vector space equipped with a nondegenerate symmetric
bilinear form B. Let C(V ) := C(V,B) be the corresponding Clifford algebra, γ be the canoni-
cal projection of V in C(V ) and S be a space of spinors. We consider the spin representation of
so(V ) obtained by the diagram (2.8). For later use, we want to integrate this representation in
order to obtain a representation of the Lie group SO(V ) on S. Nevertheless, the group SO(V )
being non simply connected, this is not possible, as the following example illustrates.

Example 2.3.1. Suppose that G = SO(3). Then the complexified Lie algebra of G is g :=
so(3,C), i.e.

g = {X ∈ gl(3,C) | X +X t = 0}.
Then, a Cartan subalgebra of g is t := C{H}, where

H =

 0 i 0
−i 0 0
0 0 0

 .

This Cartan subalgebra corresponds to the maximal torus

T := {

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 | θ ∈ [0, 2π]}

The corresponding root system ∆ := ∆(g, t) is ∆ = {±ε1}, where ε1 is the element of t∗

mapping the above matrix H to 1. Fix ∆+ := {ε1} to be the positive system of ∆. Then, the
set Λ of all dominant algebraically integral elements of t∗ is

Λ =
1

2
N{ε1}.

Consider the spin representation S of so(3,C) (see Definition 2.2.8), which, according to Propo-
sition 2.2.9, is of highest weight λ := 1

2
ε1. Suppose that λ is analytically integral, i.e. there is a

group morphism
ξλ : T → C

such that Teξλ = λ. Moreover, consider the matrix

X :=

 0 2π 0
−2π 0 0

0 0 0


of t. According to Example 1.1.37, the exponential of matrix Lie groups coincides with the
standard exponential map of matrices. Thus, one can check that expX = 1. On the other hand,
λ(X) = −iπ and

1 = ξλ(expX)

= eTeξλ(X)

= eλ(X)

= e−iπ

= −1
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which is a contradiction. Therefore, λ is not analytically integral and so the spin representation
S of so(3,C) does not integrate to a representation of SO(3).

In order to overcome this problem, we have to consider a double cover of SO(V ), denoted
Spin(V ), instead of SO(V ). In what follows, we construct this double cover Spin(V ) in terms
of the Clifford algebra C(V ) of V .

Set α to be the linear map defined by

α : V 3 v 7→ −γ(v) ∈ C(V ).

Then α is annihilated on the ideal I used in the definition of C(V ) and thus can be uniquely
extended on a endomorphism of C(V ), denoted again by α. Then, α is an involution of C(V ),
i.e. an automorphism such that α2 = id, given by

α(γ(v1) . . . γ(vp)) = (−1)pγ(v1) . . . γ(vp)

for every element v1, . . . , vp of V .

Definition 2.3.2 (Main involution of C(V )). The automorphism α : C(V ) → C(V ) is called
the main involution of C(V ).

Set C+(V ) (respectively C−(V )) to be the +1-eigenspace (respectively −1-eigenspace) of
α, i.e. the subspace of C(V ) generated by products of an even (respectively odd) number of
elements γ(v), v ∈ V . Then, C(V ) is decomposed into

C(V ) = C+(V )⊕C−(V ).

On the other hand, let τ : C(V )→ C(V ) be the unique antiautomorphism of C(V ) defined
by

V 3 v 7→ γ(v) ∈ C(V ).

In other words, τ is the antiautomorphism of C(V ) mapping the element

γ(v1) . . . γ(vp), v1, . . . , vp ∈ V

to
γ(vp) . . . γ(v1).

Definition 2.3.3 (Main antiautomorphism of C(V )). The map τ : C(V )→ C(V ) is called the
main antiautomorphism of C(V ).

Let us now define a conjugation ·∗ on C(V ) given by

C(V ) 3 γ(v) 7→ γ(v)∗ := τ(α(v)) ∈ C(V ), v ∈ V.

Then
γ(v)γ(v)∗ = γ(v)∗γ(v) = −1

2
B(v, v)

and, if B(v, v) = −2,
γ(v)γ(v)∗ = 1 = γ(v)∗γ(v).
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Thus γ(v) is invertible, the inverse being γ(v)∗. Moreover, for every y ∈ V , one can check that

α(γ(v))γ(y)γ(v)∗ = γ(svy),

where svy := y + B(v, y)y, i.e. the orthogonal reflection of y with respect to the hyperplane
defined by v. In other words, the ∗-conjugation by γ(v) on C(V ) corresponds to sv on V . Set

Pin(V,B) = {x ∈ C(V ) | xx∗ = 1 and α(x)γ(V )γ(v)∗ = γ(V )}.

The following proposition ensures that Pin(V ) := Pin(V,B) is a subgroup of the group C(V )×

of all invertible elements of C(V ).

Proposition 2.3.4. In a finite dimensional K-algebra A, an element a ∈ A is invertible if and
only if it is not a zero divisor.

Proof. If a ∈ A is invertible, it is obvious that a is not a zero divisor. On the other hand, suppose
that α is an element of A such that α is not a zero divisor and let N be the maximal integer such
that

1, a, . . . , aN

are linearly independent. Then, there are c0, c1, . . . , cN+1 ∈ K, not all zero, such that

N+1∑
i=0

cia
i = 0.

Moreover,

a(
N+1∑
i=1

cia
i−1) = (

N+1∑
i=1

cia
i−1)a = −c0,

with c0 being nonzero since a is not a zero divisor. Therefore, a is an invertible element of A,
the inverse being

− 1

c0

(
N+1∑
i=1

cia
i−1).

Theorem 2.3.5 (See [GW09, Theorem 6.3.2]). There is a continuous topological group homo-
morphism

π : Pin(V )→ O(V )

such that, for every x ∈ Pin(V ) and every v ∈ V ,

α(x)γ(v)x∗ = γ(π(x)v).

Moreover, π is surjective and kerπ = {±1}.
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The topological group Pin(V ) turns out to be a Lie group. Indeed, Theorem 2.3.5 indicates
that Pin(V ) is a double cover of the compact group O(V ) and thus it is compact as well. Conse-
quently, Pin(V ) is a closed subgroup of C(V )×, which, as an open set of the finite-dimensional
vector space C(V ), is a manifold with its group multiplication and inversion being smooth
maps. In other words, C(V )× is a Lie group and Pin(V ) is a closed subgroup of it. Hence,
Pin(V ) is a Lie group as well.

Set
Spin(V,B) := Pin(V ) ∩C+(V ),

i.e. Spin(V,B) is the closed Lie subgroup of Pin(V ) generated by products of an even number
of elements γ(v), v ∈ V . As a consequence, the image of π restricted to Spin(V ) := Spin(V,B)
is generated by an even number of reflections and thus it lies in SO(V ). In particular, π maps
Spin(V ) onto SO(V ) with its kernel being {±1}. In other words, Spin(V ) is a double cover of
the Lie group SO(V ).

Proposition 2.3.6 (See [HP06, Subsection 2.1.14] ). The Lie group Spin(V ) is connected.

Moreover, one can integrate the spin representation (2.8) of so(V ) to obtain a representation

Φ : Spin(V )→ C(V )→ GL(S) (2.9)

of Spin(V ) on S, called spin representation of Spin(V ). Clearly, the tangent map of Φ is the
map ϕ of Definition 2.2.8.

2.4 Clifford algebra and spinors for Lie algebras
Let g be a complex semisimple Lie algebra, B its Killing form, θ a Cartan involution of a real
form g0 of g such that g0 = k0⊕p0 is the corresponding Cartan decomposition and gc = k0⊕ip0

the corresponding compact real form of g. Extend θ to a C-linear map again denoted by θ and
let ·̄ be the conjugation with respect to g0. Then θ(̄·) is the conjugation with respect to gc and
let h be a

θ(̄·)-stable Lie subalgebra of g. (2.10)

Then, h is reductive and the restriction B|h×h of the Killing form B to h is nondegenerate.
Moreover g is decomposed into

g = h⊕ q,

where q := h⊥ with respect to B, while

h = (h ∩ k)⊕ (h ∩ p)

and
q = (q ∩ k)⊕ (q ∩ p).

Furthermore, the restriction of the adjoint representation ad : g → gl(g) of g to h induces a
linear map

adq : h→ so(q) := so(q, Bq),
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where Bq := B|q×q. Indeed, for X1, X2 in h and Y1, Y2 in q, from the g-invariance of the Killing
form (see Lemma 1.1.40), we obtain

B([X1, Y1], X2) = −B(Y1, [X1, X2]) = 0

which ensures that [h, q] ⊆ h⊥ = q. Thus, the image of adq lies in End(q) while, again from
the g-invariance of B, one obtains that:

B(adq(X1)Y1, Y2) +B(Y1, adq(X1)Y2) = 0,

which is exactly the defining property of so(q). Hence, as expected, the image of adq lies in
so(q). Moreover, note that, according to Proposition 1.7.6 of [Dix77], the Lie subalgebra h is
reductive in g.

Consider the Clifford algebra C(q) := C(q, Bq) and let S := Sq be a space of spinors for
C(q), while ϕ : so(q)→ End(S) is the spin representation 2.8. Then the composition map

h
ad−→ so(q)

ϕ−→ C(q)
γ−→ End(S) (2.11)

equips S with a structure of Lie algebra representation of h. In fact, all involved maps are Lie
algebras morphisms and so is the case for their composition.

Definition 2.4.1 (Spin representation of h). The Lie algebra representation of h on S defined
above is called spin representation of h.

Let q+, q− be two maximal dual isotropic subspaces of q and {ei},{e−i} be bases for q+ and
q−, respectivelly. If q is even-dimensional, say of dimension 2n, q is decomposed as q = q+⊕q−
while if q is odd-dimensional, say of dimension 2n+1, we consider a vector e0 of q, orthogonal
to q+⊕q−, such that B(e0, e0) = 2, and q is decomposed as q = q+⊕q−⊕C{e0}. Thus the set
{e−n, . . . , e−1, e1, . . . , en} in the even case and the set {e−n, . . . , e−1, e0, e1, . . . , en} in the odd
case form vector space bases for q. For i and j in {−n, . . . , n}, let Φi,j be the operator sending
ej to ei and all the other basis vectors to 0. From now on, we will use the notation {e−n, . . . , en}
or {−n, . . . , n} and we will include or exclude e0 and 0 depending on the parity of dim(q).

Proposition 2.4.2. For each X in h,

adX =
1

2

∑
i,j

B(X, [ej, e−i])Rei,e−j ,

as an element of so(q).

Proof. Let X be an element of h and, for i, j in {−n, . . . , n}, let {(adX)ij} be the entries of
the matrix corresponding to adX with respect to the base {e−n, . . . , en}, the (i, j)-entry being
the one corresponding to the elements ei and ej . Then

(adX)ij = B(adX(ej), e−i)

= B([X, ej], e−i)

= B(X, [ej, e−i])
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and

2adX =2
∑
i,j

(adX)ijΦi,j

=
∑
i,j

B(X, [ej, e−i])Φi,j

+
∑
i,j

B(X, [ej, e−i])Φi,j

=
∑
i,j

B(X, [ej, e−i])Φi,j

+
∑
i,j

B(X, [e−i, ej])Φ−j,−i

=
∑
i,j

B(X, [ej, e−i])Φi,j

−
∑
i,j

B(X, [ej, e−i])Φ−j,−i

=
∑
i,j

B(X, [ej, e−i]){Φi,j − Φ−j,−i}.

Hence

adX =
1

2

∑
i,j

B(X, [ej, e−i]){Φi,j − Φ−j,−i}.

On the other hand, one can check that Rei,e−j = Φi,j − Φ−j,−i and so

adX =
1

2

∑
i,j

B(X, [ej, e−i])Rei,e−j ,

as wanted.

Corollary 2.4.3. For each X in h,

adX =
1

2

∑
j

R[X,ej ],e−j

as an element of so(q).
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Proof. Let X be in h. Using Proposition 2.4.2, we obtain

adX =
1

2

∑
i,j

B(X, [ej, e−i])Rei,e−j

=
1

2

∑
i,j

B([X, ej], e−i)Rei,e−j

=
1

2

∑
j

∑
i

B([X, ej], e−i)Rei,e−j

=
1

2

∑
j

R∑
i
B([X,ej ],e−i)ei,e−j

=
1

2

∑
j

R[X,ej ],e−j .

Corollary 2.4.4. Let φ be the map 2.8. For each X in h,

ϕ(adX) =
1

4

∑
j

[γ([X, ej]), γ(e−j)].

Proof. It suffices to apply ϕ to the equality of the Corollary 2.4.3.

2.5 Weights of spin modules

Let th be a Cartan subalgebra of h and tq be a subspace of q such that t := th + tq is a Cartan
subalgebra of g. This is always possible thanks to Proposition 1.7.6 of [Dix77] which ensures
that h is reductive in g. Then th is abelian and acts by (simultaneously) diagonalizable operators
on g. To extend th to a Cartan subalgebra of g, it suffices to choose t ⊇ th to be a subalgebra
of g maximal with respect to these properties. Then, if H = H1 + H2, H1 ∈ h, H2 ∈ q, is an
element of the Cartan subalgebra t, one can verify that H1 belongs to th. In other words, t is of
the form th + tq with tq being a subspace of q.

Let ∆ := ∆(g, t) be the root system of g with respect to t and set

∆0 := {α ∈ ∆ | α|th = 0},

i.e. the set of the roots that vanish on th. Note that ∆0 can be empty (see [MZ14b, Lemma 2.4]).
Let H0 be a vector of th such that α(H0) 6= 0 for every α in ∆ \∆0. The remark (3) following
Theorem 1.4.22 ensures that we can take H0 in such a way that adH0 has only real eigenvalues
on q.

Definition 2.5.1. A th-weight β of q is said to be positive (respectively negative) if β(H0) > 0
(respectively β(H0) < 0) while we write β > 0 (respectively β < 0).
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Let β1, . . . , βk be the positive weights of q, repeated according to their multiplicities. From
the g-invariance of B and since Bq := B|q×q is nondegenerate, we deduce that the negative
th-weights are exactly −β1, . . . ,−βk. In fact, βj and −βj must be nondegenerately paired
and thus their multiplicities must be equal. Let (q1)+ and (q1)− be the subspaces of q corre-
sponding to the positive and negative th-weight subspaces respectively. Let {e1, . . . , ek} and
{e−1, . . . , e−k} be bases of (q1)+ and (q1)− respectively, such that the vector e±i corresponds
to ±βi and B(ei, e−j) = δij for every i and j in {1, . . . , k}. Let

q0 := {X ∈ q | [th, X] = 0},

i.e. the subspace of q consisting of the vectors that commute with th, and set (q0)+ and (q0)− to
be maximal isotropic dual subspaces of q0. For (q0)+ and (q0)−, consider bases {f1, . . . , fl} and
{f−1, . . . , f−l} respectively, such that B(fi, f−j) = δij for i and j in {1, . . . , l}. If necessary,
consider an extra vector f0 in q0, orthogonal to (q0)+ ⊕ (q0)−. Then q0 = (q0)+ ⊕ (q0)− or
q0 = (q0)+ ⊕ (q0)− ⊕ C{f0}, depending on dim g0. Set

q+ := (q0)+ ⊕ (q1)+

and
q− := (q0)+ ⊕ (q1)−.

One can verify that q+ and q− are maximal isotropic dual subspaces of q while {f1, . . . , fl, e1, . . . , ek}
and {f−1, . . . , f−l, e−1, . . . , e−k} are dual bases of q+ and q−, respectively.

Let H be a vector of th. According to Lemma 2.4.4 and the above discussion, one has

ϕ(adH) =
1

4

∑
j

[γ([H, ej]), γ(e−j)] +
1

4

∑
j

[γ([H, fj]), γ(f−j)]

=
1

4

∑
j

[γ([H, ej]), γ(e−j)] ( since [th, q
0] = 0)

=
1

4

∑
j>0

[γ([H, ej]), γ(e−j)] +
1

4

∑
j<0

[γ([H, ej]), γ(e−j)]

=
1

4

∑
j>0

βj(H)[γ(ej), γ(e−j)]−
1

4

∑
j<0

βj(H)[γ(ej), γ(e−j)]

=
1

4

∑
j>0

βj(H)[γ(ej), γ(e−j)] +
1

4

∑
j>0

βj(H)[γ(ej), γ(e−j)]

=
1

2

∑
j>0

βj(H)[γ(ej), γ(e−j)]

=
1

2

∑
j>0

βj(H){γ(ej)γ(e−j)− γ(e−j)γ(ej)}

=
∑
j>0

βj(H)γ(ej)γ(e−j)−
1

2

∑
j>0

βj(H)

=
∑
j>0

βj(H){γ(ej)γ(e−j)−
1

2
}
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Definition 2.5.2. Let I = (i1, . . . , is) and J = (j1, . . . , jt), with 1 ≤ s ≤ k, 1 ≤ t ≤ l,
1 ≤ i1 < . . . < is ≤ k and 1 ≤ j1 < . . . < js ≤ l. We define uI,J to be the element

uI,J := e−i1 ∧ . . . ∧ e−is ∧ f−j1 ∧ . . . ∧ f−jt

of S.

Proposition 2.5.3. Let ρ and ρh be the half sum of positive roots of ∆+ and ∆+
h respectively.

With the above notation, uI,J is a th-weight vector of weight

ρ− ρh −
∑
i∈I

βi =
1

2

{∑
i/∈I

βi −
∑
i∈I

βi
}
,

where, by abuse of notation, we write i ∈ I if i ∈ {i1, . . . , is}.

Proof. Let uI,J be an element of S as above. For each H in th,

ϕ(adH)(uI,J) =
∑
i>0

βi(H){γ(ei)γ(e−i)−
1

2
}uI,J ,

One can verify that for each i, {γ(ei)γ(e−i) − 1
2
} acts either by 1

2
, if i does not belong to I , or

by −1
2

otherwise. Hence

ϕ(adH)(uI,J) =
∑
i/∈I

βi(H){γ(ei)γ(e−i)−
1

2
}uI,J +

∑
i∈I

βi(H){γ(ei)γ(e−i)−
1

2
}uI,J

=
1

2

∑
i/∈I

βi(H)uI,J −
1

2

∑
i∈I

βi(H)uI,J

=
1

2

{∑
i/∈I

βi −
∑
i∈I

βi
}

(H)uI,J

=
(
ρ− ρh −

∑
i∈I

βi
)
(H)uI,J

and uI,J is a weight vector of weight ρ− ρh −
∑
i∈I
βi = 1

2

{∑
i/∈I
βi −

∑
i∈I
βi
}

.
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CHAPTER 3

KOSTANT’S CUBIC DIRAC OPERATOR

In this chapter we discuss the basic theory of cubic Dirac operators. More precisely, in Section
3.1, we discuss the basic properties of cubic Dirac operators, while in Sections 3.2 and 3.3 we
develop the main results for cubic Dirac operatros acting on spin modules twisted by finite-
dimensional modules and (g, K)-modules respectively.

3.1 Definition and basic properties

We continue with the same notation. Namely, g is a complex semisimple Lie algebra, θ is a
Cartan involution of g and h is a Lie subalgebra of g such that condition (2.10) holds, i.e. h is
reductive, θ-stable and the restriction B|h×h of the Killing form B of g to h is nondegenerate.
Then, as before, g can be decomposed into g = h⊕q, where q := h⊥ with respect to the Killing
form B. We consider the Clifford algebra C(q) of q and a space of spinors S := Sq for C(q)
equipped with the U(h)-module structure induced by the map (2.11).

Definition 3.1.1 (Kostant’s Cubic Dirac operator, see [Kos99]). We define Kostant’s cubic Dirac
operator D to be the element of U(g)⊗C(q) given by:

D :=
√

2
{ l∑
i=1

B(ẽi, ẽj)ei ⊗ γ(ej)− 1⊗ γ(c)
}
∈ U(g)⊗C(q),

where {ẽi} and {ei} are dual bases of q and γ(c) is the image of the 3-exterior form

(X, Y, Z) ∈ q× q× q 7→ B(X, [Y, Z])

via the Chevalley map (2.1.6). In other words, if {ei} and {ẽi} are dual spaces of q with respect
to B, then

γ(c) =
1

6

∑
i,j,k

B(ẽi, [ẽj, ẽk])γ(ei)γ(ej)γ(ek). (3.1)
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Remark 3.1.2. The constant
√

2 in Definition 3.1.1 is related to the convention that we made
in order to define Clifford algebras (see Remark 2.1.2) and is used to simplify the formula for
D2.

Definition 3.1.3 (Cubic term). The element 1⊗ γ(c) (or by abuse of notation the element γ(c))
is called the cubic term of D.

Lemma 3.1.4. The operators D and 1⊗γ(c) do not depend on the choice of the bases {ẽi} and
{ei}.

Proof. Let {ẽ′s} and {e′t} be dual bases of q and let A = (aij) and B = (bij) be the transition
matrices from {ẽ′s} to {ẽs} and {e′t} to {et}, respectively. Then, due to the duality of the bases
involved, A and Bt are inverses of each other. Thus

∑
s,t

B(ẽ′s, ẽ
′
t)e
′
s ⊗ γ(e′t) =

∑
s,t,i,j,k,l

asiatjbskbtlB(ẽi, ẽj)ek,⊗γ(el)

=
∑
i,j,k,l

(
∑
s

asibsk)(
∑
t

atjbtl)B(ẽi, ẽj)ek ⊗ γ(el)

=
∑
i,j,k,l

δikδjlB(ẽi, ẽj)ek ⊗ γ(el)

=
∑
i,j

B(ẽi, ẽj)ei ⊗ γ(ej),

In the same way, one shows that

γ(c′) : =
1

6

∑
i,j,k

B(ẽ′s, [ẽ
′
t, ẽ
′
l])γ(e′s)γ(e′t)γ(e′l)

= γ(c),

and thus 1 ⊗ γ(c) does not depend on the choice of the bases. Adding the two equalities, one
obtains that

D′ :=
∑
s,t

B(ẽ′s, ẽ
′
t)e
′
s ⊗ γ(e′t)− 1⊗

∑
i<j<k

B(ẽ′s, [ẽ
′
t, ẽ
′
l])γ(e′s)γ(e′t)γ(e′l) = D.

We need to embed the Lie algebra h into U(g) ⊗ C(q). To do so, we use the Lie algebra
morphism (2.11) to define the following map

Definition 3.1.5 (Diagonal embedding of h). The map (·)∆ : h → U(g) ⊗ C(q) given by the
formula

h 3 X 7→ X∆ := X ⊗ 1 + 1⊗ ϕ(adX) ∈ U(g)⊗C(q)

is called diagonal embedding of h in U(g)⊗C(q).
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Indeed, the map (·)∆, as its name indicates, embeds diagonally the Lie algebra h into U(g)⊗
C(q).

Proposition 3.1.6. The map (·)∆ : h→ U(g)⊗C(q) is a Lie algebra morphism.

Proof. Let X1 and X2 be vectors of h. Then

[X1, X2]∆ =[X1, X2]⊗ 1 + 1⊗ (ϕ ◦ ad)[X1, X2]

=[X1, X2]⊗ 1 + 1⊗ [(ϕ ◦ ad)X1, (ϕ ◦ ad)X2]

=X1X2 ⊗ 1 + 1⊗
(
(ϕ ◦ ad)X1

)(
(ϕ ◦ ad)X2

)
−X2X1 ⊗ 1− 1⊗

(
(ϕ ◦ ad)X2

)(
(ϕ ◦ ad)X1

)
=
(
X1 ⊗ 1 + 1⊗ (ϕ ◦ ad)X1

)(
X2 ⊗ 1 + 1⊗ (ϕ ◦ ad)X2

)
−
(
X2 ⊗ 1 + 1⊗ (ϕ ◦ ad)X2

)(
X1 ⊗ 1 + 1⊗ (ϕ ◦ ad)X1

)
=(X1)∆(X2)∆ − (X2)∆(X1)∆

=[(X1)∆, (X2)∆]

and thus the map (·)∆ is a Lie algebra morphism.

As a consequence of the above lemma, (·)∆ can be extended to a unital Lie algebra mor-
phism

(·)∆ : U(h)→ U(g)⊗C(q).

Proposition 3.1.7. The Lie algebra morphism (·)∆ : U(h)→ U(g)⊗C(q) is injective.

Proof. For p ∈ N, let (
U(g)⊗C(q)

)
p

:=
(
U(g)

)
p
⊗C(q),

where
(
U(g)

)
p

is the standard filtration of U(g), induced by Theorem 1.1.44. In the same way,
we define a filtration for U(h). Then the map (·)∆ is compatible with these filtrations. If u is a
monomial of the form (1.5) and of degree p, then

u∆ = u⊗ 1 + terms of lower filtration degrees,

and the result follows.

3.2 Cubic Dirac operators for finite dimensional modules
Let (π, V ) be a Lie algebra representation of g. Using the morphism (·)∆, V ⊗ S turns out to
be a Lie algebra representation of h. Namely, for u ∈ V and v ∈ S, we define the action to be

X(u⊗ v) := X∆ · (u⊗ v) = (π(X)u)⊗ v + u⊗ (ϕ ◦ ad(X)v), X ∈ h. (3.2)

Note that under this action, V ⊗ S is the tensor product representation defined by the represen-
tation V of g, which by restriction is a representation of h, and by the representation S of h.
Moreover, the operator D acts on V ⊗ S, with the first factor acting on V via π and the second
one on S via the Clifford multiplication γ.
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Chapter 3. Kostant’s cubic Dirac Operator

Proposition 3.2.1. The operators D and 1⊗ γ(c) of Definition 3.1.1 are h-equivariant.

Proof. Let H be a connected, simply connected Lie group with Lie algebra h (see Theorem
1.1.22) and Adq : h→ Aut(q) be the restriction of the adjoint representation of H on q. Let X
be an element of h, t a real number and {ẽi} and {ei} dual bases of q. Then

γt :=
1

6

∑
i,j,k

B(ẽi, [ẽj, ẽk])γ(Adq(exp(tX))ei)γ(Adq(exp(tX))ej)γ(Adq(exp(tX))ek)

=
1

6

∑
i,j,k

B(Adq(exp(tX))ẽi, [Adq(exp(tX))ẽj,Adq(exp(tX))ẽk])

γ(Adq(exp(tX))ei)γ(Adq(exp(tX))ej)γ(Adq(exp(tX))ek).

and

Dt : =
∑
i,j

B(ẽi, ẽj)π
(
Adq(exp(tX))ei

)
⊗ γ(Adq(exp(tX))ej)− 1⊗ γt

=
∑
i,j

B
(
Adq(exp(tX))ẽi,Adq(exp(tX))ẽj

)
π
(
Adq(exp(tX))ei

)
⊗ γ
(
Adq(exp(tX))ej

)
− 1⊗ γt.

{
Adq(exp(tX))ẽi

}
and

{
Adq(exp(tX))ei

}
are dual bases of q and, according to Lemma 3.1.4,

γt coincides with γ(c) = γ0 and Dt coincides with D = D0.
Hence

0 =
d

dt |t=0
γt

=
d

dt |t=0

1

6

∑
i,j,k

B(ẽi, [ẽj, ẽk])γ(Adq(exp(tX))ei)γ(Adq(exp(tX))ej)γ(Adq(exp(tX))ek)

=
1

6

∑
i,j,k

B(ẽi, [ẽj, ẽk])γ([X, ei])γ(ej)γ(ek)

+
1

6

∑
i,j,k

B(ẽi, [ẽj, ẽk])γ(ei)γ([X, ej])γ(ek)

+
1

6

∑
i,j,k

B(ẽi, [ẽj, ẽk])γ(ei)γ(ej)γ([X, ek]).

On the other hand, Lemma 2.2.7 ensures that

γ
(
[X, ej]

)
= [ϕ(adX), γ(ej)] = ϕ(adX)γ(ej)− γ(ej)ϕ(adX) (3.3)
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and so

0 =
∑
i<j<k

B(ẽi, [ẽj, ẽk])
(
ϕ(adX)γ(ei)− γ(ei)ϕ(adX)

)
γ(ej)γ(ek)

+
∑
i<j<k

B(ẽi, [ẽj, ẽk])γ(ei)
(
ϕ(adX)γ(ej)− γ(ej)ϕ(adX)

)
γ(ek)

+
∑
i<j<k

B(ẽi, [ẽj, ẽk])γ(ei)γ(ej)
(
ϕ(adX)γ(ek)− γ(ek)ϕ(adX)

)
=ϕ(adX) ◦ γ(c)− γ(c) ◦ ϕ(adX).

Next (
π(X)⊗ 1

)
◦
(
1⊗ γ(c)

)
−
(
1⊗ γ(c)

)
◦
(
π(X)⊗ 1

)
= 0

and thus (
1⊗ γ(c)

)
◦X∆ −X∆ ◦

(
1⊗ γ(c)

)
= 0, ∀X ∈ h. (3.4)

In the same way, one obtains that

0 =
d

dt |t=0
(Dt + γt)

=
∑
i,j

B(ẽi, ẽj)π
( d
dt |t=0

Adq(exp(tX))ei
)
⊗ γ(ej)

+
∑
i,j

B(ẽi, ẽj)π(ei)⊗ γ
( d
dt |t=0

Adq(exp(tX))ej
)

=
∑
i,j

B(ẽi, ẽj)π
(
[X, ei]

)
⊗ γ(ej) +

∑
i,j

B(ẽi, ẽj)π(ei)⊗ γ
(
[X, ej]

)
.

Replacing again by (3.3) and using the fact that

π
(
[X, ei]

)
= π(X)π(ei)− π(ei)π(X), ∀X ∈ h,

gives that
X∆ ◦

(
D + 1⊗ γ(c)

)
−
(
D + 1⊗ γ(c)

)
◦X∆ = 0, ∀X ∈ h,

which, in combination with (3.4), gives:

X∆ ◦D −D ◦X∆ = 0, ∀X ∈ h.

Thus, both D and 1⊗ γ(c) are h-equivariant.

Corollary 3.2.2. Both ker(D) and ker(1⊗ γ(c)) are representations of the Lie algebra h.

Proof. As a consequence of Proposition 3.2.1, the kernel of the operators D and 1 ⊗ γ(c) are
stable by the action of h. Indeed, if x is a vector of ker(D), then{

D ◦X∆

}
(x) =

{
X∆ ◦D

}
(x)

= X∆(Dx)

= 0.

Therefore kerD is h-stable, i.e. a representation of h. The same argument applies for 1 ⊗
γ(c).

107

D 

D 



Chapter 3. Kostant’s cubic Dirac Operator

Hence ker(D) and ker
(
1⊗ γ(c)

)
are representations of h and, h being reductive, Theorem

1.4.27 ensures that each can be decomposed into a direct sum of irreducible subrepresentations.
Let th be a Cartan subalgebra of h. We extend th to a Cartan subalgebra t := th ⊕ tq of g,

where tq ⊆ q (see Section 2.5), while we fix a positive system ∆+ for ∆ := ∆(g, h), choosing a
lexicographic ordering considering th before tq. In other words, we fix a regular element ξ ∈ t∗,
i.e. an element such that 〈ξ, α〉 6= 0 for every α ∈ ∆, so that if α ∈ ∆+ and α|th 6= 0, then
〈ξ|th , α|th〉 6= 0.

Definition 3.2.3. When a positive system ∆+ ⊆ ∆ has be chosen with respect to a regular
element ξ ∈ t∗ so that if α ∈ ∆+ and α|th 6= 0, then 〈ξ|th , α|th〉 6= 0, we wil say that ∆+ satisfies
the th-property.

For more details, see [MZ14b]. The above ordering for ∆ determines a positive system ∆+
h

for ∆h := ∆(h, th) (see [MZ14b, Lemma 1.1]). More precisely, an element β ∈ ∆h belongs to
∆+

h if 〈β, ξ|th〉 > 0. Set ρh to be the half sum of the positive th-roots of ∆+
h . Let λ be a dominant

integral element of (th ⊕ tq)
∗ and set

W 1
λ := {w ∈ W | w(λ+ ρ)|tq = 0 and w(λ+ ρ)|th is ∆+

h -dominant}. (3.5)

Theorem 3.2.4 (See [HKP09, Theorem 4.2], [Kos99, Theorem 4.24] and [MZ14b, Theorem
2.5] ). Let V be the finite-dimensional irreducible representation of g of highest weight λ. The
kernel ker(D) of D is decomposed into a sum of irreducible subrepresentations of h:

ker(D) =
⊕
w∈W 1

λ

2dFw(λ+ρ)−ρh ,

where d := [dim tq
2

] and Fµ is the irreducible representation of h of highest weight µ ∈ t∗h.

Remark 3.2.5. One can verify that Fw(λ+ρ)−ρh appears with multiplicity 2d in V ⊗ S. Thus the
whole isotypic component belongs to ker(D).

The proof of the above theorem is based, as many other results for the cubic Dirac operator
D, on the following crucial property of the square D2 of D. Let Ωg and Ωh be the Casimir
elements of g and h respectively (see Subsection 1.4.3). Set Ωh∆

:= (Ωh)∆, i.e. the image of Ωh

via (·)∆.

Proposition 3.2.6 (See [Kos99, Theorem 2.16]). The square of the cubic Dirac operator D is

D2 = Ωg ⊗ 1− Ωh∆
+ ‖ρ‖2 − ‖ρh‖2,

where ρ and ρh stand for the half-sum of all positive roots of g and h, respectively, with respect
to the positive root system ∆+.

Corollary 3.2.7. Let µ ∈ t∗h be a weight of V ⊗ S. The operator D2 acts on the h-isotypic
component (V ⊗ S)µ by the scalar

‖λ+ ρ‖2 − ‖µ+ ρh‖2.
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Proof. According to Theorem 3.2.6,

D2 = Ωg ⊗ 1− Ωh∆
+ ‖ρ‖2 − ‖ρh‖2.

Clearly the term Ωg⊗ 1 acts on the first factor of V ⊗ S. According to Theorem 1.4.34, Ωg acts
on the irreducible representation V of highest weight λ by the scalar

‖λ+ ρ‖2 − ‖ρ‖2.

Since Ωh is the Casimir element of h, again using Theorem 1.4.34, one has that Ωh acts via (·)∆

on the isotypic component (V ⊗ S)µ by the scalar

‖µ+ ρh‖2 − ‖ρh‖2.

Thus D2 acts on (V ⊗ S)µ by the scalar of the statement.

Remark 3.2.8. Note that Corollary 3.2.7 is still valid in the case of an irreducible infinite-
dimensional representation. Namely, if V is such a representation, say of infinitesimal character
λ + ρ ∈ t∗, then the above argument applies in the same way and D2 acts on the isotypic
component of weight µ ∈ t∗h of V ⊗ S by the same scalar.

Let us suppose now that g0 is a real form of g and

g0 = k0 ⊕ p0

is its Cartan decomposition with respect to the Cartan involution θ. According to Lemma 3.1.4,
the real subalgebra u0 := k0 ⊕ ip0 of gR is a compact real form of g and (·, ·) := −Bu0(·, ·) =
−B(·, ·)|u0×u0 , where Bu0 is the Killing form of u0 while B|u0×u0 stands for the restriction of the
Killing form B of g to u0, defines a inner product on u0. We extend (·, ·) to be a Hermitian form
on g, denoted again by (·, ·). One can check that

B(X, Y ) = −(X, θ(Y )),∀X, Y ∈ g,

where ·̄ stands for conjugation with respect to g0. We note that θ(̄·) is the conjugation with
respect to the real form u0. We restrict these forms on q and we preserve the same notation for
the restrictions. For V0 := q ∩ u0, V := q and (̃·) := θ(̄·), we define {Zj}, {u±j}, U± and S, as
we did before Lemma 2.2.5. Then, according to Lemma 2.2.5, one has:

γ(X)∗ = −γ(θ(X)),∀X ∈ q. (3.6)

On the other hand, since V is finite dimensional, according to 1.5.14, we can find a Hermitian
form 〈·, ·〉 on V such that

(π(X))∗ = −π(X),∀X ∈ u0.

In other words,
(π(X))∗ = −π(θ(X)),∀X ∈ g.

Let 〈·, ·〉 be the Hermitian form defined on V ⊗ S using the Hermitian forms of V and S.
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Proposition 3.2.9. The operators D and 1 ⊗ γ(c) are both self-adjoint with respect to the
Hermitian form 〈·, ·〉.

Proof. Let {Wj} and {W ′
j} be orthonormal bases of q∩ k0 and q∩ ip0 respectively, with respect

to (·, ·). Then, {Zj := iWj} and {Z ′j := iW ′
j} are orthonormal basis of q ∩ k and q ∩ p

respectively, with respect to the Killing form B of g. Then

D =
√

2
{∑

π(Zj)⊗ γ(Zj) +
∑

π(Z ′j)⊗ γ(Z ′j)− 1⊗ γ(c)
}
,

where

γ(c) =
∑
i<j<k

B(Zi, [Zj, Zk])γ(Zi)γ(Zj)γ(Zk) +
∑
i

j<k

B(Zi, [Z
′
j, Z

′
k])γ(Zi)γ(Z ′j)γ(Z ′k).

We have (
π(Zj)⊗ γ(Zj)

)∗
= −π(θ(Zj)⊗ {−γ(θ(Zj))}
= π(Zj)⊗ γ(Zj)

and (
π(Z ′j)⊗ γ(Z ′j)

)∗
= −π(θ(Z ′j)⊗ {−γ(θ(Z ′j))}
= π(Z ′j)⊗ γ(Z ′j).

On the other hand,(
B(Zi, [Zj, Zk])γ(Zi)γ(Zj)γ(Zk)

)∗
=
(
B(iWi, [iWj, iWk])γ(iWi)γ(iWj)γ(iWk)

)∗
= −B(Wi, [Wj,Wk]))γ(Wk)

∗γ(Wj)
∗γ(Wi)

∗

= −B(Wi, [Wj,Wk])
(
− γ(θ(Wk))

)(
− γ(θ(Wj))

)(
− γ(θ(Wi))

)
= B(Wi, [Wj,Wk])γ(Wk)γ(Wj)γ(Wi)

= −B(Wi, [Wj,Wk])γ(Wi)γ(Wj)γ(Wk)

= B(Zi, [Zj, Zk])γ(Zi)γ(Zj)γ(Zk)

and(
B(Zi, [Z

′
j, Z

′
k])γ(Zi)γ(Z ′j)γ(Z ′k)

)∗
=
(
B(iWi, [iW

′
j , iW

′
k])γ(iWi)γ(iW ′

j)γ(iW ′
k)
)∗

= −B(Wi, [W ′
j ,W

′
k]))γ(W ′

k)
∗γ(W ′

j)
∗γ(Wi)

∗

= −B(Wi, [W
′
j ,W

′
k])
(
− γ(θ(W ′

k))
)(
− γ(θ(W ′

j))
)(
− γ(θ(Wi))

)
= B(Wi, [W

′
j ,W

′
k])γ(W ′

k)γ(W ′
j)γ(Wi)

= −B(Wi, [W
′
j ,W

′
k])γ(Wi)γ(W ′

j)γ(W ′
k)

= B(Zi, [Z
′
j, Z

′
k])γ(Zi)γ(Z ′j)γ(Z ′k)
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Therefore

D∗ =
∑(

π(Zj)⊗ γ(Zj)
)∗

+
∑(

π(Z ′j)⊗ γ(Z ′j)
)∗

−
∑
i<j<k

1⊗
(
B(Zi, [Zj, Zk])γ(Zi)γ(Zj)γ(Zk)

)∗
−
∑
i,j<k

1⊗
(
B(Zi, [Z

′
j, Z

′
k])γ(Zi)γ(Z ′j)γ(Z ′k)

)∗
=
∑

π(Zj)⊗ γ(Zj) +
∑

π(Z ′j)⊗ γ(Z ′j)

−
∑
i<j<k

1⊗B(Zi, [Zj, Zk])
(
1⊗ γ(Zi)γ(Zj)γ(Zk)

)
−
∑
i,j<k

1⊗B(Zi, [Z
′
j, Z

′
k])
(
1⊗ γ(Zi)γ(Z ′j)γ(Z ′k)

)
=D.

Thus D∗ = D, i.e. the operator D is self-adjoint. In the same way, we prove the result for
1⊗ γ(c).

Corollary 3.2.10. Since D and γ(c) are self-adjoint, one has

ker(D) = ker(D2),

ker(γ(c)) = ker(γ(c)2).

Proof. This is a standard result for self-adjoint operators. For the sake of completeness, we
prove the statement. The inclusion ker(D) ⊆ ker(D2) is obvious; for the other one suppose
that x ∈ V ⊗ S belongs to ker(D2). Then

‖Dx‖2 = 〈Dx,Dx〉
= 〈x,D∗Dx〉
= 〈x,D2x〉
= 0

and thus Dx = 0. The same argument applies for γ(c).

3.3 Cubic Dirac operators for (g, K)-modules
Let G be a Lie group of finite center and g be its complexified Lie algebra. Let

g = k⊕ p

be a Cartan decomposition of g and K be the corresponding maximal compact subgroup of G
with Lie(K)C = k (see Theorem 1.3.10). Note that in the case of a Cartan decomposition, the
condition (2.10) is always satisfied. Indeed, according to Lemma 1.5.8, k, being the Lie algebra
of a compact Lie group, is reductive while, according to Lemma 1.3.5, the restriction of B on
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k is nondegenerate. Consider the Clifford algebra C(p) of p and let S be a space of spinors for
C(p).

Suppose that X is a (g, K)-module and consider the tensor product X ⊗ S. Then, X ⊗ S
admits an action of U(g)⊗C(p), given by:

(u⊗ e)(x⊗ s) := ux⊗ es (3.7)

for every u ∈ U(g), e ∈ C(p), x ∈ X and s ∈ S. Moreover, we would like to have an action of
K on X ⊗ S. To do so, it suffices to define an action of K on S. Imitating what we did in the
Lie algebra context (see Section 2.4), a first idea would be to use the adjoint map

Ad : K → SO(p).

Nevertheless, it is the double cover Spin(p) of SO(p) rather than SO(p) that acts on S (see
Section 2.3). Hence, instead of K, we have to consider a double cover K̃ of K defined by

K̃ := {(k, s) ∈ K × Spin(p) | p(s) = Ad(k)},

where p : Spin(p) → SO(p) stands for the covering map. In other words, K̃ is the group
defined by the commutative diagram

K̃ Spin(p)

K SO(p)

pr2

pr1 p

Ad

where pr1 and pr2 are the projections to the first and second, respectively, factor of K̃. Then K̃
acts on X ⊗ S, the action being through K on X and through Spin(q) on S. Furthermore, one
can easily verify that the differential of this action is the diagonal action ·∆ of k0 on X ⊗ S (see
Definition 3.1.5).

Moreover, U(g) ⊗ C(p) admits an action of K̃ through the adjoint representation of K.
Namely, if k̃ = (k, s) ∈ K̃, then, for every u ∈ U(g) and v ∈ V ,

k̃(u⊗ γ(v)) =
(
kuk−1

)
⊗
(
Φ(k̃)γ(c)Φ(k̃)−1

)
, (3.8)

where Φ : Spin(q)→ C(p) stands for the representation (2.9) of Spin(p) on S.

Proposition 3.3.1. For every k̃ = (k, s) ∈ K̃ and every v ∈ V , one has

Φ(k̃)γ(v)Φ(k̃)−1 = γ(Ad(k)v).

Proof. The equality is obtained by integrating the equality (2.7) of Proposition 2.2.7.

Consider, now, the Dirac operator D of Definition 3.1.1, given by

D :=
√

2
l∑

i=1

B(ẽi, ẽj)ei ⊗ γ(ej) ∈ U(g)⊗C(p),

where {ẽi} and {ei} are dual bases of p. Note that, since [p, p] ⊆ k (see Lemma 1.3.4), the cubic
term γ(c) of (3.1) vanishes. Indeed, one can verify that the coefficients of γ(c) are all zero.
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Proposition 3.3.2. The element D of U(g) ⊗C(p) is K̃-invariant, i.e. it is fixed by the action
(3.8) of K̃.

Proof. Let {Zi} be an orthonormal basis of p, k̃ := (k, s) be an element of K̃ and set Z ′i :=
Ad(k)Zi to be the elements of the orthogonal basis {Z ′i} of p. Then, according to Lemma 3.1.4,

D =
∑
i

Z ′i ⊗ γ(Z ′i)

=
∑
i

Ad(k)Zi ⊗ γ(Ad(k)Zi)

and, using Proposition 3.3.1, we obtain

D =
∑
i

Ad(k)Zi ⊗
(
Φ(k̃)γ(Zi)Φ(k̃)−1

)
=
∑
i

k̃
(
Zi ⊗ γ(Zi)

)
= k̃D.

Moreover, being an element of U(g) ⊗ C(p), D acts on X ⊗ S by the action (3.7) while,
according to Proposition 3.3.2, as linear operator acting on X ⊗ S, is K̃-equivariant. Therefore
one obtains the following proposition.

Proposition 3.3.3. Let D be the cubic Dirac operator acting on X ⊗ S. Then both ker(D) and
im(D) are representations of K̃.

Proof. It suffices to prove that ker(D) and im(D) are K̃-stable. Let y be an element of ker(D)

and k̃ be an element of K̃. Then

D(k̃y) = k̃{D(y)} = 0

and thus k̃y belongs to kerD. On the other hand, if y belongs to im(D), suppose that z is an
element of X ⊗ S such that D(z) = y. Then

k̃y = k̃{D(z)} = D(k̃z)

and thus k̃y belongs to im(D), as well.

Definition 3.3.4 (Dirac cohomology). Let X be a (g, K)-module. We define the Dirac coho-
mology HD(X) of X to be the K̃-module

HD(X) = ker(D)/ ker(D) ∩ im(D).

Suppose, now, that X is an irreducible (g, K)-module. Then, according to Proposition
1.4.11, X admits an infinitesimal character. In the fall of 1997, in his series of talks [Vog97],
David Vogan conjectured the following theorem, proved by J.-S. Huang and P. Pandžić in
[HP02].
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Chapter 3. Kostant’s cubic Dirac Operator

Theorem 3.3.5 (Vogan’s Conjecture, Huang-Pandzic (see [HP02])). Let X be an irreducible
(g, K)-module. Assume that HD(X) is nonzero and let Eµ be a K̃-type of HD(X) with highest
weight µ ∈ t∗k ⊆ t∗, i.e. a copy of the irreducible K̃-representation of highest weight µ,
embedded in HD(X). Then, the infinitesimal character λ of X is W -conjugate to µ+ ρk, where
ρk stands for the half sum of the positive roots of k.

Moreover, Dirac operators provides us with a test of nonunitarizability of (g, K)-modules.

Theorem 3.3.6 (Parthasarathy’s Dirac inequality, see [HP06, Proposition 3.5.1] or [Par80b]).
Let X be an irreducible unitary (g, K)-module with infinitesimal character λ. Fix a Cartan
subalgebra tk of k and let ∆k := ∆(k, tk) be the corresponding root system, ∆+

k be a positive
system of ∆k and ρk be the half sum of the positive roots of ∆+

k . If µ ∈ t∗k is the highest weight of
an irreducible representation of K̃ such that the µ-isotypic component of X ⊗ S is not trivial,
then

‖λ‖ ≤ ‖µ+ ρk‖.

The equality holds if and only if µ+ ρk is W -conjugate to λ.

The proof of Theorem 3.3.6 is based on the following Proposition.

Proposition 3.3.7. IfX is an irreducible unitary (g, K)-module, then there is a Hermitian form
on X ⊗ S such that the Dirac operator

D : X ⊗ S → X ⊗ S

is skew-adjoint.

Proof of Proposition 3.3.7. Let (π,X) be an irreducible unitary (g, K)-module. Then, there is
a Hermitian form 〈·, ·〉X on X such that

π(X)∗ = −π(X)

for every X ∈ g0, where g0 = k0⊕ p0 is a real form of g containing the Lie algebra k0 of K and
k0 ⊕ p0 stands for the Cartan decomposition of g0. On the other hand, consider the Hermitian
form 〈·, ·〉S of S, costructed in (2.6), and define a Hermitian form (·, ·) on X ⊗S as the product
of the Hermitian forms of X and S. Namely,

(x1 ⊗ s1, x2 ⊗ s2) := 〈x1, x2〉X〈s1, s2〉S

for every x1, x2 ∈ X and every s1, s2 ∈ S. Note that, according to (3.6), for every X ∈ p, one
has

γ(X)∗ = −γ(θ(X)) = γ(X).

Let {Zi} be an orthonormal basis of p with respect to the Killing form B of g and consider
the Dirac operator

D =
∑
i

π(Zi)⊗ γ(Zi).

Since B is positive definite on p0 (see Lemma 1.3.5), we can suppose that the basis {Zi} has
been chosen to be a subset of p0. Then, for every basis element Zi, one has
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(
π(Zi)⊗ γ(Zi)

)∗
= π(Zi)

∗ ⊗ γ(Zi)
∗

= −π(Zi)⊗ γ(Zi)

= −π(Zi)⊗ γ(Zi)

and thus

D∗ =
∑
i

(
π(Zi)⊗ γ(Zi)

)∗
= −

∑
i

π(Zi)⊗ γ(Zi)

= −D.

Now, we can turn to the proof of Theorem 3.3.6.

Proof of Theorem 3.3.6. Let X be an irreducible unitary (g, K)-module. Consider the space
X ⊗ S equipped with the Hermitian form of Proposition 3.3.7. Then, the operator

D : X ⊗ S → X ⊗ S

is skew-adjoint with respect to this form and its eigenvalues are imaginary. Therefore, D2

is a semi-negative definite operator, i.e. its eigenvalues are nonpositive. On the other hand,
according to Corollary 3.2.7 and Remark 3.2.8, the eigenvalues of D2 are of the form

‖λ‖2 − ‖µ+ ρk‖2,

where µ ∈ t∗k is such that the corresponding isotypic component of X ⊗ S is nontrivial. There-
fore,

‖λ‖2 ≤ ‖µ+ ρk‖2

and the inequality follows.
The equality holds if and only if the µ-isotypic component of X ⊗ S belongs to the Dirac

cohomology HD(X). According to Theorem 3.3.5, this is the case if and only if µ + ρk is
W -conjugate to λ.
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CHAPTER 4

NONCUBIC DIRAC OPERATORS

In this chapter we introduce and study the noncubic Dirac operator D̂. More precisely, we
start by defining D̂ and discussing its basic properties in Sections 4.1, 4.2 and 4.3. Then, in
Section 4.4 we find a relation between the kernels of the operators D and D̂ while in Section
4.5 we introduce Weyl’s inequalities. Section 4.6 is devoted to studying the kernel ker(D̂) of
the operator D̂. More precisely, we start by developing a necessary condition so that an isotypic
component of V ⊗ S belongs to ker(D̂) which, when h is chosen to be a Cartan subalgebra of
g, turns out to be sufficient as well. This gives us a complete description for ker(D̂) in this case.
In Section 4.7, we study a set A(λ), describing ker(D̂). Finally, in Section 4.8, we calculate
ker(Dt) for t-cubic Dirac operators.

4.1 Definition and basic properties of noncubic Dirac opera-
tors

We continue using the same notation. Namely, g is a complex semisimple Lie algebra, B is the
Killing form of g, θ is a Cartan involution of g, and ∆ is the root system of g with respect to a
Cartan subalgebra t of g. Suppose that h is a Lie subalgebra of g, satisfying (2.10), set q := h⊥,
i.e. the orthogonal complement of h with respect to B, and consider the Clifford algebra C(q)
of q and a space of spinors S for C(q). In this context, we defined a cubic Dirac operator D
(see Definition 3.1.1). Recall that D is the element of U(g)⊗C(q) given by

D =
√

2
{∑

i,j

B(ẽi, ẽj)ei ⊗ γ(ej)− 1⊗ γ(c)
}

with {ẽi} and {ei} being dual bases of q with respect to B and γ(c) being the cubic term

γ(c) =
1

6

∑
i,j,k

B(ẽi, [ẽj, ẽk])γ(ei)γ(ej)γ(ek) (4.1)

of D defined in (3.1).
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Definition 4.1.1 (Noncubic Dirac operator). We define the noncubic Dirac operator D̂ to be the
element of U(g)⊗C(q) given by:

D̂ = D +
√

2
(
1⊗ γ(c)

)
.

In other words, if {ẽi} and {ei} are dual bases of q, D̂ is defined to be

D̂ =
√

2
∑
i,j

B(ẽi, ẽj)ei ⊗ γ(ej).

Remark 4.1.2. Note that in the case where h is a symmetric Lie subalgebra, i.e. h is the set
of fixed elements by an involution σ of g, then the cubic term γ(c) is zero so that cubic and
noncubic Dirac operators coincide. Indeed, in this case one can check that [q, q] ⊆ h and thus
all coefficients in (4.1) vanish.

As we did in the case of the cubic Dirac operator D, we can consider a finite-dimensional
irreducible representation (π, V ) of g and a space of spinors S for C(q). Then D̂ acts on V ⊗S
with the first factor acting on V and the second one acting on S.

Proposition 4.1.3. The operator D̂ is independent of the choice of the bases, h-equivariant and
self-adjoint with respect to the Hermitian form of Lemma 3.2.9.

Proof. According to Lemma 3.1.4 and Propositions 3.2.1 and 3.2.9, D and 1⊗ γ(c) are respec-
tively independent of the choice of the bases, h-equivariant and self-adjoint. Therefore this is
the case for D̂ = D + 1⊗ γ(c).

Corollary 4.1.4. The vector space ker(D̂) is a representation of the Lie algebra h.

Proof. The proof of Corollary 3.2.2 for ker(D) and ker(1 ⊗ γ(c)) applies in the same way for
ker(D̂).

4.2 The square of D̂

For the rest of this chapter, we are interested in the kernel of the operator D̂. However, in con-
trast to D, D̂2 has not the good property of D2, which is crucial for Theorem 3.2.4, describing
the kernel of D. As a consequence, calculating the kernel of D̂, as we did in the case of D with
Theorem 3.2.4, turns out to be much more difficult since we can not anymore take advantage of
the "scalar" form of D2.

We continue with the notation fixed in Chapter 3. More precisely, let th be a Cartan subal-
gebra of h, tq be a vector subspace of q such that t := th ⊕ hq is a Cartan subalgebra of g (see
Section 2.5), ∆+ is a positive system for ∆ := ∆(g, t) satisfying the th-property of Definition
3.2.3, and ∆+

h is the corresponding positive system for ∆h := ∆(h, th).

Proposition 4.2.1. Let {Zi} be an orthonormal basis of q, with respect to B. Then

D̂2 = Ωg ⊗ 1− Ωh∆
+ ‖ρ‖2 − ‖ρh‖2 + 2

∑
i<j

[Zi, Zj]q ⊗ γ(Zi)γ(Zj),

where [·, ·]q stands for the orthogonal projection of the bracket onto q.
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Proof. Let {Zi} be an orthonormal basis of q. Then

D̂ =
√

2
∑
i

Zi ⊗ γ(Zi)

and

D̂2 = 2
∑
i,j

ZiZj ⊗ γ(Zi)γ(Zj)

= 2
∑
i

Z2
i ⊗ γ(Zi)

2 + 2
∑
i6=j

ZiZj ⊗ γ(Zi)γ(Zj)

=
∑
i

Z2
i ⊗ 1 + 2

∑
i<j

ZiZj ⊗ γ(Zi)γ(Zj)− 2
∑
i<j

ZjZi ⊗ γ(Zi)γ(Zj)

=
∑
i

Z2
i ⊗ 1 + 2

∑
i<j

[Zi, Zj]⊗ γ(Zi)γ(Zj).

Moreover, if {Wk} is an orthonormal basis of h with respect to B, then

Ωg =
∑
k

W 2
k +

∑
i

Z2
i

and

Ωh∆
=
∑
k

[(Wk)∆]2 =
∑
k

W 2
k ⊗ 1 +

∑
k

1⊗ ϕ(adWk)
2 + 2

∑
k

Wk ⊗ ϕ(adWk).

while, according to [HP06, Proposition 2.3.7],∑
k

ϕ(adWk)
2 = ‖ρ‖2 − ‖ρh‖2.

Therefore

D̂2 = Ωg ⊗ 1− Ωh∆
+ ‖ρg‖2 − ‖ρh‖2 + 2

∑
k

Wk ⊗ ϕ(adWk) + 2
∑
i<j

[Zi, Zj]⊗ γ(Zi)γ(Zj)).

On the other hand, using Proposition 2.4.2, one obtains that

2
∑
k

Wk ⊗ ϕ(adWk) = −
∑
i,j,k

B(Wk, [Zi, Zj])Wk ⊗ ϕ(RZi,Zj)

= −1

2

∑
i,j,k

B(Wk, [Zi, Zj])Wk ⊗ [γ(Zi), γ(Zj)]

= −1

2

∑
i,j

[Zi, Zj]h ⊗ [γ(Zi), γ(Zj)]

= −
∑
i,j

[Zi, Zj]h ⊗ γ(Zi)γ(Zj)

= −2
∑
i<j

[Zi, Zj]h ⊗ γ(Zi)γ(Zj).
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Here [·, ·]h stands for the orthogonal projection of the bracket [·, ·] onto h. Hence

D̂2 = Ωg ⊗ 1− Ωh∆
+ ‖ρ‖2 − ‖ρh‖2 + 2

∑
i<j

[Zi, Zj]q ⊗ γ(Zi)γ(Zj).

Remark 4.2.2. Note that if h is a symmetric subalgebra of g, the terms [Zi, Zj] belong to h.
Thus [Zi, Zj]q = 0 and D̂2 = D2. Due to Remark 4.1.2, this is what one would expect.

Let us note that the square of the noncubic Dirac operator was calculated by Agricola who
also established precise links between this noncubic operator and string theory in physics.

4.3 Some examples
In this section, we calculate the noncubic Dirac operator and its kernel for various cases. Let us
start with some examples for the classical Lie algebra g := sl(3,C) of Table 1.2. Choose

t := 〈Hε1−ε2 :=

1 0 0
0 −1 0
0 0 0

 , Hε2−ε3 :=

0 0 0
0 1 0
0 0 −1

〉
to be the Cartan subalgebra of g defined in Subsection 1.2.1. Then, if εi, 1 ≤ i ≤ 3, is the linear
functional mapping the element

H :=

h1 0 0
0 h2 0
0 0 h3


to hi, the set of roots is

∆ = {±(ε1 − ε2),±(ε1 − ε3),±(ε2 − ε3)}

with
∆+ = {ε1 − ε2, ε1 − ε3, ε2 − ε3}

being a positive system. Moreover, according to Table 1.4, the Killing form of g is given by

B(X, Y ) = 6tr(XY ), X, Y ∈ g.

For every α ∈ ∆, set

hα :=

√
3

6
Hα and eα :=

√
6

6
Eα,

with Hα and Eα being as in Subsection 1.2.1. Then, one can check that B(hα, hα) = 1 while

B(eα, eβ) =

{
1 if α + β = 0

0 otherwise
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Example 4.3.1. Suppose that

h := t⊕ gε1−ε2 ⊕ g−ε1+ε2 .

Then
q := h⊥ = gε1−ε3 ⊕ gε2−ε3 ⊕ g−ε1+ε3 ⊕ g−ε2+ε3

and one can check that [q, q] ⊆ h. As a consequence, γ(c) = 0, D = D̂ and thus ker(D) =

ker(D̂) for every representation V of g.

Example 4.3.2. Suppose that h := t. Then

q := h⊥ = gε1−ε2 ⊕ gε1−ε3 ⊕ gε2−ε3 ⊕ g−ε1+ε2 ⊕ g−ε1+ε3 ⊕ g−ε2+ε3

while the cubic term is

γ(c) =

√
6

6
γ(eε1−ε3)γ(e−ε1+ε2)γ(e−ε2+ε3)−

√
6

6
γ(e−ε1+ε3)γ(eε1−ε2)γ(eε2−ε3).

Suppose that V is the standard representation of g, i.e. the irreducible representation of highest
weight λ = ω̄1 = 2

3
ε1 − 1

3
ε2 − 1

3
ε3. According to Example 1.4.39, the weights of V are

ω̄1 =
2

3
ε1 −

1

3
ε2 −

1

3
ε3

ω̄1 − (ε1 − ε2) = −1

3
ε1 +

2

3
ε2 −

1

3
ε3

ω̄1 − (ε1 − ε3) = −1

3
ε1 −

1

3
ε2 +

2

3
ε3,

each of multiplicity 1, and say v1, v2 and v3 are nonzero weight vectors for each of these weights,
respectively. Hence, as stated by Theorem 3.2.4, the kernel of the cubic Dirac operator D is

ker(D) = 〈v1 ⊗ 1, v1 ⊗ e−ε2+ε3 , v2 ⊗ e−ε1+ε2 , v2 ⊗ e−ε1+ε2 ∧ e−ε1+ε3 ,

v3 ⊗ e−ε1+ε3 ∧ e−ε2+ε3 , v3 ⊗ e−ε1+ε2 ∧ e−ε1+ε3 ∧ e−ε2+ε3〉.

On the other hand, the kernel of the noncubic Dirac operator coincides with ker(D) (see Propo-
sition 4.7.5). Namely,

ker(D̂) = 〈v1 ⊗ 1, v1 ⊗ e−ε2+ε3 , v2 ⊗ e−ε1+ε2 , v2 ⊗ e−ε1+ε2 ∧ e−ε1+ε3 ,

v3 ⊗ e−ε1+ε3 ∧ e−ε2+ε3 , v3 ⊗ e−ε1+ε2 ∧ e−ε1+ε3 ∧ e−ε2+ε3〉

Suppose now that g is the Lie algebra sp(3,C) defined in Table 1.2. Let

t := 〈H2ε1 , H2ε2 , H2ε3〉,
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be the Cartan subalgebra of g defined in Subsection 1.2.1, where

H2ε1 :=


2 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 −2 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 ,

H2ε2 :=


0 0 0 0 0 0
0 2 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 −2 0
0 0 0 0 0 0



and H2ε3 :=


0 0 0 0 0 0
0 0 0 0 0 0
0 0 2 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 −2

 .

If εi is the linear functional defined in Subsection 1.2.1, mapping the matrix H2εj to δij , then
the root system of g is

∆ := {±εi ± εj | 1 ≤ i < j ≤ 3} ∪ {±2εi}

and
∆+ := {(εi ± εj) | 1 ≤ i < j ≤ 3} ∪ {2εi}

is chosen to be the positive system. Moreover, according to Table 1.4, the Killing form of g is

B(X, Y ) = 8tr(XY ), X, Y ∈ g.

For i and j, 1 ≤ i < j ≤ 3, set

h2εi := 1
8
H2εi hεi±εj := 1

4
Hεi±εj

e±2εi :=
√

2
4
E±2εi eεi±εj := 1

4
Eεi±εj ,

with Hα and Eα being as in Subsection 1.2.1. Then, one can easily check that, for every
α, β ∈ ∆+, B(hα, hα) = 1 while

B(eα, eβ) =

{
1 if α + β = 0

0 otherwise.

Example 4.3.3. Let

h := t⊕ g2ε1 ⊕ g2ε2 ⊕ gε1+ε2 ⊕ gε1−ε2 ⊕ g−2ε1 ⊕ g−2ε2 ⊕ g−ε1−ε2 ⊕ g−ε1+ε2
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and set

q := h⊥ =g2ε3 ⊕ gε1+ε3 ⊕ gε1−ε3 ⊕ gε2+ε3 ⊕ gε2−ε3
⊕ g−2ε3 ⊕ g−ε1−ε3 ⊕ g−ε1+ε3 ⊕ g−ε2−ε3 ⊕ g−ε2+ε3 .

Then, the cubic term is

γ(c) =

√
2

4
γ(eε1+ε3)γ(e−ε1+ε3)γ(e−2ε3) +

√
2

4
γ(eε2+ε3)γ(e−ε2+ε3)γ(e−2ε3)

−
√

2

4
γ(e−ε1−ε3)γ(eε1−ε3)γ(e2ε3)−

√
2

4
γ(e−ε2−ε3)γ(eε2−ε3)γ(e2ε3).

Set

S :=
∧

(g−2ε3 ⊕ g−ε1−ε3 ⊕ g−ε1+ε3 ⊕ g−ε2−ε3 ⊕ g−ε2+ε3)

to be a space of spinors for C(q) and suppose that V stands for the standard representation of g,
i.e. the irreducible representation of highest weight λ := ω̄1 = ε1. Using 1.4.35, one can check
that the dimension of V is 6, while, on the other hand the W -orbit of ε1 is {±ε1,±ε2,±ε3}.
Since, according to Theorem 1.4.22, these elements are weights of V , we deduce that they are
the only ones, each of multiplicity 1. Let v±i, 1 ≤ i ≤ 3, be a nontrivial weight vector of ±εi.
Then, using Theorem 3.2.4, one obtains

ker(D) = 〈v1 ⊗ 1, v1 ⊗ e−ε2+ε3 , v1 ⊗ e−2ε3 , v1 ⊗ e−ε2−ε3 ∧ e−ε2+ε3 ,

v1 ⊗ e−ε2−ε3 ∧ e−2ε3 , v1 ⊗ e−ε2−ε3 ∧ e−ε2+ε3 ∧ e−2ε3 ,

v2 ⊗ 1, v2 ⊗ e−ε1+ε3 , v2 ⊗ e−2ε3 , v2 ⊗ e−ε1−ε3 ∧ e−ε1+ε3 ,

v2 ⊗ e−ε1−ε3 ∧ e−2ε3 , v2 ⊗ e−ε1−ε3 ∧ e−ε1+ε3 ∧ e−2ε3 ,

v−1 ⊗ e−ε1+ε3 ∧ e−ε1−ε3 , v−1 ⊗ e−ε1+ε3 ∧ e−ε1−ε3 ∧ e−ε2+ε3 ,

v−1 ⊗ e−ε1+ε3 ∧ e−ε1−ε3 ∧ e−2ε3 , v−1 ⊗ e−ε1+ε3 ∧ e−ε1−ε3 ∧ e−ε2−ε3 ∧ e−ε2+ε3 ,

v−1 ⊗ e−ε1+ε3 ∧ e−ε1−ε3 ∧ e−ε2−ε3 ∧ e−2ε3 ,

v−1 ⊗ e−ε1+ε3 ∧ e−ε1−ε3 ∧ e−ε2−ε3 ∧ e−ε2+ε3 ∧ e−2ε3 ,

v−2 ⊗ e−ε2+ε3 ∧ e−ε2−ε3 , v−2 ⊗ e−ε2+ε3 ∧ e−ε2−ε3 ∧ e−ε1+ε3 ,

v−2 ⊗ e−ε2+ε3 ∧ e−ε2−ε3 ∧ e−2ε3 , v−2 ⊗ e−ε2+ε3 ∧ e−ε2−ε3 ∧ e−ε1−ε3 ∧ e−ε1+ε3 ,

v−2 ⊗ e−ε2+ε3 ∧ e−ε2−ε3 ∧ e−ε1−ε3 ∧ e−2ε3 ,

v−2 ⊗ e−ε2+ε3 ∧ e−ε2−ε3 ∧ e−ε1−ε3 ∧ e−ε1+ε3 ∧ e−2ε3 ,

v3 ⊗ e−ε1+ε3 ∧ e−ε2+ε3 , v−3 ⊗ e−ε1−ε3 ∧ e−ε2−ε3 ∧ e−2ε3〉.

One can check that the cubic term 1⊗ γ(c) acts trivially on each vector of ker(D) and so this is
the case for the operator D̂ = D + 1 ⊗ γ(c). In other words, ker(D) is a subset of ker(D̂). In
particular, this inclusion is strict. Indeed, consider the vector v1 ⊗ e−ε2−ε3 of V ⊗ S. One can
check that D̂(v1 ⊗ e−ε2−ε3) = 0 while 1⊗ γ(c)(v1 ⊗ e−ε2−ε3) 6= 0. Thus, v1 ⊗ e−ε2−ε3 belongs
to ker(D̂) but not to ker(D).
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4.4 Inclusion of the kernels
We continue with the same notation. As we have seen in the previous section, there are many
possibilities for the relation of ker(D̂) and ker(D). For the case where rankC(g) = rankC(h),
one has the following proposition.

Theorem 4.4.1. Let g be a complex semisimple Lie algebra and h a Lie subalgebra of g sat-
isfying (2.10). Consider an irreducible finite-dimensional representation V of g and the corre-
sponding cubic and noncubic Dirac operators

D : V ⊗ S → V ⊗ S
D̂ : V ⊗ S → V ⊗ S,

respectively. If rankC(g) = rankC(h), then ker(D) ⊆ ker(D̂).

Proof. Let t be a common Cartan subalgebra of g and h, and let ∆ and ∆h be the root systems of
g and h, respectively, with respect to t. Note that any positive system ∆+ of ∆ satisfies trivially
the th-property of Definition 3.2.3. Fix such a positive system and let ∆+

h be a positive sys-
tem for ∆h such that ∆+

h ⊂ ∆+. Let V be the finite-dimensional irreducible g-representation of
highest weight λ and vλ be the highest weight vector of V . Moreover, for every algebraically in-
tegral ∆+

h -dominant element µ ∈ t∗h, let Fµ be the corresponding finite-dimensional irreducible
h-representation of highest weight µ. According to Theorem 3.2.4, we will have finished once
we show that, for every w of W 1

λ , the representation Fw(λ+ρ)−ρh belongs to ker(D̂). Note that in
the case of equal ranks, the set W 1

λ defined in (3.5), coincides with

W 1 = {w ∈ W | ∆+
h ⊆ w∆+}

and does not depend on λ.
First, we consider Fλ+ρ−ρh . Since [t, q] ⊂ q, q is decomposed into a direct sum of root

spaces and set q+ and q− to be the direct sums corresponding to positive and negative roots
respectively. Since the restriction of B on q is nondegenerate, q+ and q− are nondegenerately
paired, i.e. if ∆+(q) and ∆−(q) are the sets of positive and negative respectively roots of q,
then ∆−(q) = −∆+(q). Moreover, let S be the spin module for C(q), obtained by the negative
roots of ∆−(q). Note that, according to Proposition 2.5.3, 1 is a maximal weight vector of S.
Let {eα} and {e−α} be root vector bases of q+ and q− respectively such that B(eα, e−α) = 1.
Then the noncubic Dirac operator is given by

D̂ =
√

2
∑

α∈∆+(q)

eα ⊗ γ(e−α) +
√

2
∑

α∈∆+(q)

e−α ⊗ γ(eα).

Set
D̂1 :=

√
2
∑

α∈∆+(q)

eα ⊗ γ(e−α)

and
D̂2 :=

√
2
∑

α∈∆+(q)

e−α ⊗ γ(eα).
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Then D̂1 acts trivially on the first factor of vλ ⊗ 1, D̂2 acts trivially on the second one and thus
D̂ acts trivially on vλ⊗ 1. Using the fact that Fλ+ρ−ρh is irreducible and D̂ is h-equivariant, one
deduces that the whole representation Fλ+ρ−ρh , generated by vλ ⊗ 1 as U(h)-module, belongs
to ker(D̂).

To treat the general case of a subrepresentation Fw(λ+ρ)−ρh of ker(D), with w being always
inW 1, instead of ∆+, we choosew∆+ to be the positive system of ∆. Note that by the definition
of W 1, ∆+

h ⊆ w∆+. Then wλ is the highest weight of V with respect to this choice while
w(ρ − ρh) = wρ − ρh is a maximal weight of S with respect to ∆+

h . The last statement can
be seen by using w∆+ instead of ∆+ in the choice of the space of spinors for C(q). More
precisely, we define S using again the negative roots of q but with respect to w∆+ this time.
Note that, due to Proposition 2.2.2, the space of spinors S does not depend on the choice of
the positive system of ∆. Then, according to Proposition 2.5.3, wρ − ρh is a maximal weight.
Therefore, if vwλ and uwρ−ρh are the corresponding weight vectors of V and S respectively, for
every α ∈ w∆+(q),

π(eα)vwλ = 0,

γ(eα)uwρ−ρh = 0.

Arguing as above, one deduces that Fw(λ+ρ)−ρh is contained in ker(D̂). Since w ∈ W 1
λ was

arbitrary, from Theorem 3.2.4, we conclude that ker(D) ⊆ ker(D̂).

Corollary 4.4.2. In the above setting, if rankC(g) = rankC(h), the cubic term 1⊗ γ(c) acts by
zero on ker(D).

Proof. Let x ∈ ker(D). Then, according to Theorem 4.4.1, x belongs to ker(D̂) and so
(
1 ⊗

γ(c)
)
x = (D̂ −D)x = 0.

Corollary 4.4.3. In the above setting, we have

ker(D̂) = ker(D)⊕
[
ker(D̂) ∩ im(D)

]
.

Proof. Recall that, according to Lemma 3.2.9, D is a self-adjoint operator and thus V ⊗ S can
be decomposed into

V ⊗ S = ker(D)⊕ im(D). (4.2)

Thus the sum on the right-hand side of the statement is, indeed, direct. It suffices to show that

ker(D̂) ⊆ ker(D)⊕
[
ker(D̂) ∩ im(D)

]
,

the other inclusion being obvious. Let x be an element of ker(D̂). From decomposition (4.2),
there are x1 ∈ ker(D) and x2 ∈ im(D) such that x = x1 + x2. From Theorem 4.4.1, x1

belongs to ker(D̂) and so this must be the case for x2. Therefore x belongs to ker(D) ⊕[
ker(D̂) ∩ im(D)

]
and, since x is arbitrary, we obtain the desired inclusion.

The following example shows that the condition rankC(g) = rankC(h) in Theorem 4.4.1 can
not be omitted.
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Chapter 4. Noncubic Dirac Operators

Example 4.4.4. Let g := sl(3,C) of Table 1.2. Choose

t := 〈Hε1−ε2 :=

1 0 0
0 −1 0
0 0 0

 , Hε2−ε3 :=

0 0 0
0 1 0
0 0 −1

〉
to be the Cartan subalgebra of g of Subsection 1.2.1. Then, if εi is the linear functional defined
in Subsection 1.2.1, the set of roots is

∆ = {±(ε1 − ε2),±(ε1 − ε3),±(ε2 − ε3)},

with
∆+ = {ε1 − ε2, ε1 − ε3, ε2 − ε3}

being a positive system and ρ = ε1 − ε3 being the half sum of positive roots. Moreover,
according to Table 1.4, the Killing form of g is given by

B(X, Y ) = 6tr(XY ), X, Y ∈ g.

For every α ∈ ∆, set

hα :=

√
3

6
Hα and eα :=

√
6

6
Eα,

with Eα being as in Subsection 1.2.1. Then, one can check that B(hα, hα) = 1 while

B(eα, eβ) =

{
1 if α + β = 0

0 otherwise

Suppose that
h = th := C{5Hε1−ε2 + 4Hε2−ε3}.

Then
q := h⊥ = C{h0} ⊕ n⊕ n−,

where n (respectively n−) stands for the sum of the positive (respectively negative) root spaces
of g, while

h0 :=

√
21

42
{Hε1−ε2 − 2Hε2−ε3}.

Set tq := C{h0} and note that th ⊕ tq = t and ∆+ satisfies the th-property. Let S :=
∧
n− be a

space of spinors for C(q). Note that B(h0, h0) = 1 and γ(h0) acts either by
√

2
2

on S+ and−
√

2
2

on S− either by −
√

2
2

on S+ and
√

2
2

on S− (see Theorem 2.2.4). Let (π, V ) be the standard
representation of g, i.e. the irreducible representation of highest weight

λ :=
2

3
ε1 −

1

3
ε2 −

1

3
ε3.

Then, (λ + ρ)(h0) = 0 and thus the identity element 1 of W belongs to the set W 1
λ , defined in

(3.5)). In other words, according to Theorem 3.2.4, the (1-dimensional) irreducible representa-
tion Fλ+ρ of h of highest weight λ+ ρ belongs to kerD. Moreover, if v+

λ stands for the highest
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weight vector of Vλ, then vλ ⊗ 1 belongs to Fλ+ρ ⊆ ker(D). Nevertheless,

D̂[vλ ⊗ 1] = π(h0)v+
λ ⊗ γ(h0)1 +

∑
α∈∆

π(eα)v+
λ ⊗ γ(eα)1

= π(h0)v+
λ ⊗ γ(h0)1

= ±
√

2

2
λ(h0)v+

λ ⊗ 1

= ±
√

42

84
v+
λ ⊗ 1 6= 0.

One can equivalently show that γ(c)1 6= 0. Therefore, v+
λ ⊗ 1 /∈ ker D̂ and thus kerD * ker D̂.

In other words, if rankC(g) 6= rankC(h), the statement of Theorem 4.4.1 is not in general true.

The following example shows that the condition rankC(g) = rankC(h) in Theorem 4.4.1 is
not necessary.

Example 4.4.5. Using the same notation as in the previous example, set

h := C{Hε1−ε3} ⊕ gε1−ε3 ⊕ g−ε1+ε3 .

Then
q := h⊥ = C{h0} ⊕ gε1−ε2 ⊕ gε2−ε3 ⊕ g−ε1+ε2 ⊕ g−ε2+ε3 ,

where h0 := 1
6

(Hε1−ε2 −Hε2−ε3). Furthermore, th := C{Hε1−ε3} is a Cartan subalgebra of h
and tq := C{h0} is such that t = th ⊕ tq. One can check that the choice of ∆+ satisfies the th-
property of Definition 3.2.3, the corresponding positive system for ∆h being ∆+

h := {ε1 − ε3}.
Moreover, let S :=

∧
(g−ε1+ε2 ⊕ g−ε2+ε3) be a space of spinors for C(q) and V be the adjoint

representation of g, i.e. the irreducible representation of highest weight λ := ε1 − ε3. One can
check that W 1

λ = {1} and thus, according to Theorem 3.2.4,

ker(D) = Fλ+ρ−ρh = F 3
2
ε1− 1

3
ε3
,

i.e. ker(D) is isomorphic with the irreducible h-representation of highest weight 3
2
ε1− 1

3
ε3, the

highest weight vector of ker(D) being Eε1−ε3 ⊗ 1, where Eε1−ε3 is as in Subsection 1.2.1. On
the other hand, the cubic term is

γ(c) =− 1

2
γ(h0)γ(eε1−ε2)γ(e−ε1+ε2) +

1

2
γ(h0)γ(e−ε1+ε2)γ(eε1−ε2)

+
1

2
γ(h0)γ(eε2−ε3)γ(e−ε2+ε3)− 1

2
γ(h0)γ(e−ε1+ε2)γ(eε2−ε3)

and
γ(c) · 1 = −1

2
γ(h0) · 1 +

1

2
γ(h0) · 1 = 0.

Hence
1⊗ γ(c)

(
Eε1−ε3 ⊗ 1

)
= 0

and Eε1−ε3 ⊗ 1 ∈ ker
(
1⊗ γ(c)

)
∩ kerD ⊆ ker D̂. On the other hand, since D̂ is h-equivariant,

the whole representation Fλ+ρ−ρh is included in ker D̂ and thus kerD ⊆ ker D̂.
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Chapter 4. Noncubic Dirac Operators

4.5 Weyl’s inequalities

In this section, we introduce Weyl’s inequalities which will be useful in order to overcome the
"bad" form of D̂2 and calculate ker(D̂). The main references of this section are Tao’s electronic
notes [Tao10] and Brion’s article [Bri15].

Let A and B be two Hermitian operators acting on a n-dimensional Hilbert space H . Then
A and B have all their eigenvalues real. Arrange them in descending ordering α1 ≥ . . . ≥ αn
and β1 ≥ . . . ≥ βn, for A and B, respectively. A natural (but still open) question is to describe
the eigenvalues of the operator sum A + B. Weyl’s inequalities relates the eigenvalues γ1 ≥
. . . ≥ γn of A+B to the eigenavalues αi and βi.

Proposition 4.5.1. With A, B, αi, βi and γi as above, one has:

γi+j−1 ≤ αi + βj, (4.3)

whenever the indices make sense.

Before the proof of the above proposition, we remark that if x is an element of H such that
‖x‖ = 1, then 〈x,Ax〉 ∈ [αn, α1]. More precisely, using elementary multivariable calculus one
can show that

α1 = max
‖x‖=1

〈x,Ax〉 and αn = min
‖x‖=1

〈x,Ax〉. (4.4)

These relations are special cases of the following lemma, known as minmax principle.

Lemma 4.5.2. For A and α1 ≥ . . . ≥ αn as above and for j in {1, . . . , n},

αj = max
V⊆H

dimV=j

min
x∈V
‖x‖=1

〈x,Ax〉 = min
V⊆H

dimV=n−j+1

max
x∈V
‖x‖=1

〈x,Ax〉.

Proof. Let u1, . . . , un be eigenvectors of A corresponding to α1 ≥ . . . ≥ αn, respectively. For
fixed j ∈ {1, . . . , n}, set W to be the (n− j + 1)-dimensional vector subspace of H generated
by {uj, . . . , un}. If V is a j-dimensional vector subspace of H , the dimensions of V and W add
up to n + 1 and so they have a nonzero intersection. Let y be a vector in this intersection with
‖y‖ = 1. Then 〈y, Ay〉 ∈ [α1, αj] and thus 〈y, Ay〉 ≤ αj so that

min
x∈V
‖x‖=1

〈x,Ax〉 ≤ αj.

For V being the subspace generated by {u1, . . . , uj}, the above inequality holds as equality and
thus

max
V⊆H

dimV=j

min
x∈V
‖x‖=1

〈x,Ax〉 = αj.

The second equality is proved in a similar way.

Now we are ready to prove Proposition 4.5.1.
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Proof of Proposition 4.5.1. Let {us}1≤s≤n, {vs}1≤s≤n and {ws}1≤s≤n be eigenvectors of A, B
and A+B corresponding to the eigenvalues {αs}1≤s≤n, {βs}1≤s≤n and {γs}1≤s≤n respectively.
Let i and j be elements in {1, . . . , n} such that k := i+ j− 1 is also in {1, . . . , n} and consider
the subspaces spanned by {ui, . . . , un}, {vj, . . . , vn} and {w1, . . . , wk}. The dimensions of
these subspaces add up to 2n + 1 and thus there is a nonzero x in the intersection of these
spaces. We can suppose that ‖x‖ = 1. Then, according to the above discussion,

〈x,Ax〉 ∈ [αn, αi],
〈x,Bx〉 ∈ [βn, βj],

〈x, (A+B)x〉 ∈ [γk, γ1].
(4.5)

Thus γk ≤ 〈x, (A+B)x〉 = 〈x,Ax〉+ 〈x,Bx〉 ≤ αi + βj and the result follows.

4.6 Kernel of noncubic Dirac operators

Let g0 be a real semisimple Lie algebra, h0 be a subalgebra of g0 satisfying conditions (2.10)
and such that rankC(g) = rankC(h), and let t0 be a common Cartan subalgebra of h0 and g0. We
omit the zero-indices to indicate complexification. Let λ be a dominant algebraically integral
element of t∗, with respect to some fixed positive root system ∆+ ⊆ ∆ := ∆(g, t), V be the
corresponding finite-dimensional irreducible g-representation of highest weight λ and Π(V ) be
the set of weights of V . Moreover, let ∆h := ∆(h, t) be the roots system of h with respect to
t while fix ∆+

h to be a positive system such that ∆+
h ⊆ ∆+. We consider the cubic and the

noncubic Dirac operatorsD and D̂, respectively, associated to the above data. We are interested
in finding a complete description of ker(D̂).

4.6.1 A necessary condition

In this subsection the basic result is Theorem 4.6.8 which gives a necessary condition so as
an h-isotypic component (V ⊗ S)µ, µ ∈ t∗ belongs to ker(D̂). To do so, we use Weyl’s
inequalities introduced in Section 4.5. Recall that according to Propositions 3.2.9 and 4.1.3, the
operators D, D̂ and 1 ⊗ γ(c) all are self-adjoint. For a Hermitian operator A acting on an n-
dimensional Hilbert space, denote by λi(A) the i-th eigenvalue of A in descending ordering and
counting multiplicities. In other words, for A and B Hermitian, the inequality in Proposition
4.5.1 becomes

λi+j−1(A+B) ≤ λi(A) + λj(B), (4.6)

whenever the indices make sense.

Lemma 4.6.1. For i ∈ {1, . . . , n} with n = dim(V ⊗ S), one has

λi(D)− ‖1⊗ γ(c)‖ ≤ λi(D̂) ≤ λi(D) + ‖1⊗ γ(c)‖. (4.7)

Remark 4.6.2. The norm ‖·‖ stands for the operator norm.
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Proof. In (4.6), set A = D, B = 1⊗ γ(c) and j = 1. Then

λi(D̂) ≤ λi(D) + λ1(1⊗ γ(c))

⇒ λi(D̂) ≤ λi(D) + ‖1⊗ γ(c)‖.

The second inequality is obtained by exchanging the roles of D and D̂. Combining the two
inequalities we obtain (4.7).

Decompose V ⊗ S into h-isotypic components

V ⊗ S =
⊕
µ∈t∗

(V ⊗ S)µ.

The operators D, D̂ and 1 ⊗ γ(c), being h-equivariant, preserve every isotypic component
(V ⊗ S)µ. Let λ(µ)

i (·) be the i-th eigenvalue of the indicated Dirac operator (cubic or noncubic)
on the component (V ⊗ S)µ and let ‖1⊗ γ(c)‖(µ) be the operator norm of 1⊗ γ(c) in the same
component. Then the proof of Lemma 4.6.1 applies exactly in the same way for (V ⊗ S)µ and
the inequality (4.7) becomes

λ
(µ)
i (D)− ‖1⊗ γ(c)‖(µ) ≤ λ

(µ)
i (D̂) ≤ λ

(µ)
i (D) + ‖1⊗ γ(c)‖(µ). (4.8)

According to Corollary 3.2.7, on the µ-isotypic component of V ⊗ S, D2 acts by the scalar

‖λ+ ρ‖2 − ‖µ+ ρh‖2

with ρ being the half-sum of the positive roots in ∆+. Note that, according to Proposition 3.2.9,
D is self-adjoint. Thus, its eigenvalues are real and the eigenvalues of D2 are nonnegative. As a
consequence, on the µ-isotypic component of V ⊗ S, the eigenvalues λ(µ)

i (D) of D are exactly

±
√
‖λ+ ρ‖2 − ‖µ+ ρh‖2.

Let us see what happens with the eigenvalues of 1 ⊗ γ(c) on such an isotypic component.
One can verify that the actions of 1 ⊗ γ(c) and −D coincide on the trivial representation of g
tensorised with S. Consequently, using Corollary 3.2.7, we deduce that the eigenvalues of γ(c)
on the µ1-isotypic component Sµ1 of S are exactly

±
√
‖ρ‖2 − ‖µ1 + ρh‖2.

Therefore the eigenvalues of 1⊗ γ(c) on (V ⊗ S)µ are of this form, for µ1 being a weight of S
such that Sµ1 is involved in (V ⊗ S)µ. In other words, µ1 is such that µ− µ1 is a weight of V .

Definition 4.6.3. [Related weight] When the weight µ1 ∈ t∗ of S satisfies the above condition,
i.e. it is such that µ− µ1 is a weight of V , we say that µ1 is related to µ.
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Theorem 4.6.4. If µ ∈ t∗ is a weight of V ⊗ S and µ1 ∈ t∗ is related to µ, then

‖λ+ ρ‖2 − ‖µ+ ρh‖2 ≥ ‖ρ‖2 − ‖µ1 + ρh‖2. (4.9)

The equality holds if and only if µ − µ1 is an extremal weight of V and ρ − w(µ1 + ρh)
is orthogonal to λ, with w ∈ W being such that w(µ − µ1) is ∆+-dominant. In this case
ρ− w(µ1 + ρh) can be written as a sum

∑
α∈A

α, with A ⊆ ∆+ and 〈α, λ〉 = 0 for every α in A.

For the proof of Theorem 4.6.4, we will need the following lemma.

Lemma 4.6.5. Let B be a subset of ∆+ and w be an element of the Weyl group W . Then there
is a subset A of ∆+ such that

w(ρ−
∑
β∈B

β) = ρ−
∑
α∈A

α.

Proof of Lemma 4.6.5. Let h′ := t and q′ := (h′)⊥. Then q′ = n⊕ n−, where

n =
⊕
α∈∆+

gα, n− =
⊕
α∈∆+

g−α,

and let S ′ :=
∧

n− be a space of spinors for C(q). Moreover, let ∆+
w := w∆+ and nw (respec-

tively n−w) be the direct sum of positive (respectively negative) root spaces with respect to the
positive system ∆+

w . Let S ′w :=
∧

n−w be the space of spinors of C(q). Then wρ is the half sum
of positive roots of ∆+

w , wρh′ = 0 and, according to Proposition 2.5.3, the element

wρ−
∑
β∈B

wβ = w(ρ−
∑
β∈B

β)

is a weight of S ′w. On the other hand, according to Theorem 2.2.2, S ′w and S ′ are isomorphic
as C(q)-modules and thus they have the same weights. As a consequence, using once more
Proposition 2.5.3, we deduce that there is a subset A of ∆+ such that

w(ρ−
∑
β∈B

β) = ρ−
∑
α∈A

α.

Proof of Theorem 4.6.4. Let µ and µ1 as above. Then

‖λ+ ρ‖2 − ‖µ+ ρh‖2 ≥ ‖ρ‖2 − ‖µ1 + ρh‖2

⇔ ‖λ+ ρ‖2 − ‖ρ‖2 ≥ ‖µ+ ρh‖2 − ‖µ1 + ρh‖2

⇔ ‖λ‖2 + 2〈λ, ρ〉 ≥ ‖µ− µ1‖2 + 2〈µ− µ1, µ1 + ρh〉
⇔ (‖λ‖2 − ‖µ− µ1‖2) + 2〈λ, ρ〉 ≥ 2〈µ− µ1, µ1 + ρh〉.

According to Proposition 2.5.3, there is a subset B of ∆+ (more precisely of ∆+ \ ∆+
h ) such

that
µ1 = ρ− ρh −

∑
β∈B

β
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and thus
µ1 + ρh = ρ−

∑
β∈B

β.

Let w be an element of W such that w(µ− µ1) is dominant. Using Lemma 4.6.5, one can find
a subset A of ∆+ such that

w(µ1 + ρh) = ρ−
∑
α∈A

α.

Consequently

〈µ− µ1, µ1 + ρh〉 = 〈w(µ− µ1), w(µ1 + ρh)〉

= 〈w(µ− µ1), ρ−
∑
α∈A

α〉

= 〈w(µ− µ1), ρ〉 −
∑
α∈A

〈w(µ− µ1), α〉.

Replacing in the above inequality to obtain

(‖λ‖2 − ‖µ− µ1‖2) + 2〈λ, ρ〉 ≥ 2〈µ− µ1, µ1 + ρh〉
⇔ (‖λ‖2 − ‖µ− µ1‖2) + 2〈λ, ρ〉 ≥ 2〈w(µ− µ1), ρ〉 − 2

∑
α∈A
〈w(µ− µ1), α〉

⇔ (‖λ‖2 − ‖µ− µ1‖2) + 2〈λ− w(µ− µ1), ρ〉 ≥ −2
∑
α∈A
〈w(µ− µ1), α〉.

This is always true. More precisely, since µ− µ1 is a weight of V and λ is extremal, we always
have ‖λ‖2 ≥ ‖µ− µ1‖2. In addition, w(µ− µ1) is a weight of V and so λ− w(µ− µ1) can be
written as a positive sum of positive roots. According to Proposition 1.4.21, ρ is dominant and
so the left-hand side of the last inequality is always nonnegative. On the other hand, w(µ− µ1)
is also dominant and so the right-hand side is always nonpositive.

The equality holds if and only if

(‖λ‖2 − ‖µ− µ1‖2) + 2〈λ− w(µ− µ1), ρ〉 = 0,

which means that λ = w(µ− µ1) and thus µ− µ1 is extremal, and

〈w(µ− µ1), α〉 = 0 for every α in A,

which is equivalent to 〈λ, α〉 = 0 for every α in A.

Remark 4.6.6. In (4.9) both sides are nonnegative. More precisely, if S ′ is the space of spinors
of C(n⊕ n−) defined in the proof of Lemma 4.6.5, then ρ and µ1 + ρh are weights of S ′ with ρ
being extremal. Thus ‖ρ‖2 − ‖µ1 + ρh‖2 ≥ 0 and from Theorem 4.6.4 we obtain√

‖λ+ ρ‖2 − ‖µ+ ρh‖2 ≥
√
‖ρ‖2 − ‖µ1 + ρh‖2, (4.10)

with the equality holding exactly when the equality in (4.9) holds.
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Definition 4.6.7. We say that the equality in (4.9) holds for a weight µ ∈ t∗ of V ⊗ S, if there
is µ1 ∈ t∗ related to µ such that the equality in (4.9) holds. In this case, we will say that µ1 is
strongly related to µ.

Theorem 4.6.8. Let µ ∈ t∗ be a weight of V ⊗ S. If the equality in (4.9) does not hold for µ,
then (V ⊗S)µ does not contribute to ker(D̂). In other words, the isotypic component (V ⊗S)µ
has nontrivial intersection with ker(D̂) only if the equality in (4.9) holds for (V ⊗ S)µ.

For the proof, we will use the following lemma.

Lemma 4.6.9. Let µ ∈ t∗ be a weight of V ⊗ S. If the equality in (4.9) does not hold for µ,
then (V ⊗ S)µ does not contribute to ker(D).

Proof of Lemma 4.6.9. Suppose that (V ⊗ S)µ does contribute to ker(D) and thus there is a
nonzero vector v of (V ⊗ S)µ such that Dv = 0. Then

D2v = 0
⇒ {‖λ+ ρ‖2 − ‖µ+ ρh‖2}v = 0
⇒ ‖λ+ ρ‖2 − ‖µ+ ρh‖2 = 0.

Since D2 acts by the scalar ‖λ + ρ‖2 − ‖µ + ρh‖2, i.e. trivially, on (V ⊗ S)µ, the whole
isotypic component lies in ker(D). On the other hand, from Theorem 4.4.1, 1 ⊗ γ(c) also
acts trivially on this component. In other words, ‖ρ‖2−‖µ1 + ρh‖2 = 0 for every µ1 related
to µ. Therefore, for such a µ both sides in (4.9) are zero and the equality holds, which is a
contradiction. Consequently (V ⊗ S)µ does not contribute to ker(D).

Now, we can turn to the proof of Theorem 4.6.8.

Proof of Theorem 4.6.8. Let µ be a weight of V ⊗ S for which (4.9) is strict. Set n to be the
dimension of the isotypic component (V ⊗ S)µ and let i be an element of {1, . . . , n}. We
are interested in λ(µ)

i (D̂), the i-th eigenvalue of D̂ on (V ⊗ S)µ. According to Lemma 4.6.9,
the i-th eigenvalue λ(µ)

i (D) of D is nonzero and suppose that it is positive. Then λ(µ)
i (D) =√

‖λ+ ρ‖2 − ‖µ+ ρh‖2 and using (4.8) and Remark 4.6.6, one obtains

λ
(µ)
i (D̂) ≥ λ

(µ)
i (D)− ‖1⊗ γ(c)‖(µ)

=
√
‖λ+ ρ‖2 − ‖µ+ ρh‖2 −

√
‖ρ‖2 − ‖µ1 + ρh‖2

> 0,

where µ1 is a weight of S related to µ such that
√
‖ρ‖2 − ‖µ1 + ρh‖2 = ‖1⊗ γ(c)‖(µ).

If λ(µ)
i (D) is negative, i.e. λ(µ)

i (D) = −
√
‖λ+ ρ‖2 − ‖µ+ ρh‖2, then with a similar argu-

ment
λ

(µ)
i (D̂) ≤ λ

(µ)
i (D) + ‖1⊗ γ(c)‖(µ)

= −
√
‖λ+ ρ‖2 − ‖µ+ ρh‖2 +

√
‖ρ‖2 − ‖µ1 + ρh‖2

< 0.

Hence, in both cases λ(µ)
i (D̂) is nonzero and since i was arbitrary, all the eigenvalues of D̂ in

(V ⊗ S)µ are nonzero. Therefore, this component does not contribute to ker(D̂).
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As a consequence, in order to study ker(D̂) we are interested only in (V ⊗ S)µ for which
the equality in (4.9) holds.

Lemma 4.6.10. If µ and µ1 are strongly related, then the elements

w ? µ := w(µ+ ρh)− ρh,
w ? µ1 := w(µ1 + ρh)− ρh

of t∗ satisfy the equality in (4.9).

Proof. We have that

‖λ+ ρ‖2 − ‖w ? µ+ ρh‖2 = ‖ρ‖2 − ‖w ? µ1 + ρh‖2

⇔ ‖λ+ ρ‖2 − ‖w(µ+ ρh)− ρh + ρh‖2 = ‖ρ‖2 − ‖w(µ1 + ρh)− ρh + ρh‖2

⇔ ‖λ+ ρ‖2 − ‖w(µ+ ρh)‖2 = ‖ρ‖2 − ‖w(µ1 + ρh)‖2

⇔ ‖λ+ ρ‖2 − ‖µ+ ρh‖2 = ‖ρ‖2 − ‖µ1 + ρh‖2

Remark 4.6.11. Note that w ? µ and w ? µ1 in general fail to be weights of V ⊗ S and S
respectively.

4.6.2 A sufficient condition

In this subsection, we suppose that h = t, i.e. h is a Cartan subalgebra of g. Under this condition,
we will prove a sufficient condition so as an h-isotypic component (V ⊗S)µ of V ⊗S contributes
to ker(D̂). Combining this condition with Theorem 4.6.8 we obtain a complete description for
ker(D̂) in Theorem 4.6.13 which is the main result of this subsection.

Let µ ∈ t∗ be a weight of V ⊗ S and µ1 ∈ t∗ be a weight of S related to µ. According to
Lemma 4.6.10, if µ and µ1 are strongly related then it will also be the case for w ? µ = wµ and
w ? µ1 = wµ1 for every w in W . Note that wµ and wµ1 turn out to be weights of V ⊗ S and S
respectively. More precisely, the fact that wµ1 is a weight of S is a consequence of Proposition
2.5.3 with ρh = 0 and with w∆+ being the positive system of ∆. Then wµ = w(µ−µ1) +wµ1

is a weight of V ⊗ S since µ− µ1, and thus w(µ− µ1), is a weight of V .
Let µ be a weight of V ⊗ S and set

(V ⊗ S)[µ] :=
⊕

w∈W/Wµ

(V ⊗ S)wµ,

where Wµ stands for the stabilizer of µ in W . We consider the quotient W/Wµ instead of
W in order to avoid having twice the same isotypic component in the direct sum. From the
previous discussion, if the equality in (4.9) holds for µ, then it will also hold for any isotypic
component appearing in (V ⊗ S)[µ] and so, using the action of W/Wµ, we can suppose that µ
is such that if µ1 is strongly related to µ, then µ − µ1 is dominant. In this case, according to
Theorem 4.6.4, µ − µ1 is an extremal weight of V and, since it is dominant, it must be equal
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to λ. Indeed, according to Theorem 1.4.22, a finite-dimensional irreducible representation has
a unique extremal dominant weight. Then µ1 can be written as

µ1 = ρ−
∑
α∈A

α

for some A ⊆
(
R{λ}

)⊥ ∩∆+ and so

µ = λ+ ρ−
∑
α∈A

α.

Consequently, if

Ã(λ) := {λ+ ρ−
∑
α∈A

α | A ⊆
(
R{λ}

)⊥ ∩∆+}

and
A(λ) := Ã(λ)/W, (4.11)

i.e. A(λ) is the set of equivalence classes of Ã(λ) with respect to W , the equality in (4.9) holds
exactly for the isotypic components appearing in⊕

µ∈A(λ)

(V ⊗ S)[µ].

Note that for distinct µ and µ′ in Ã(λ) belonging to the sameW -orbit, we have (V ⊗S)[µ] =
(V ⊗ S)[µ′]. In order to avoid having twice the same block in the above direct sum, we have to
consider the quotient A(λ) instead of Ã(λ).

Lemma 4.6.12. If the equality in (4.9) holds for µ, then (V ⊗ S)µ is 1-dimensional. In other
words, there is only one weight µ1 of S related to µ.

Proof. Assume that (V ⊗ S)µ contains a nontrivial vector of the form vλ ⊗ e, with vλ being a
highest weight vector in V and e being a weight vector of S. Suppose that there is a nontrivial
weight vector vλ′ of weight λ′ in V and a nontrivial weight vector e′ in S such that vλ′ ⊗ e′ also
belongs to (V ⊗S)µ. LetA andA′ be subspaces of ∆+ such that the weights of S corresponding
to e and e′ are

ρ−
∑
α∈A

α and ρ−
∑
α′∈A′

α′,

respectively. We remark that, according to Theorem 4.6.4, 〈α, λ〉 = 0, for every α in A. There-
fore

λ+ ρ−
∑
α∈A

α = λ′ + ρ−
∑
α′∈A′

α′

⇒ λ− λ′ =
∑
α∈A

α−
∑
α′∈A′

α′

⇒ 〈λ− λ′, λ〉 = −
∑
α′∈A′
〈α′, λ〉
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The left side of the above equality is nonnegative while the right one is nonpositive and thus
both must be equal to 0. Therefore 〈λ− λ′, λ〉 = 0 and

‖λ′‖2 = ‖(λ′ − λ) + λ‖2

= ‖λ′ − λ‖2 + ‖λ‖2 + 2〈λ′ − λ, λ〉
= ‖λ′ − λ‖2 + ‖λ‖2

≥ ‖λ‖2.

Since λ is an extremal weight of V , the equality must hold. Therefore ‖λ′ − λ‖ = 0 or equiva-
lently λ′ = λ.

Theorem 4.6.13. Let g be a complex semisimple Lie algebra, h := t be a Cartan subalgebra
of g, ∆ be the corresponding root system and set ∆+ to be a positive system of ∆. For a ∆+-
dominant algebraically integral element λ ∈ t∗, let V be the corresponding finite-dimensional
irreducible representation of highest weight λ and A(λ) be the set defined in (4.11). Then the
kernel of the noncubic Dirac operator D̂ acting on V ⊗ S is

ker(D̂) =
⊕
µ∈A(λ)

(V ⊗ S)[µ]. (4.12)

Proof. In view of Theorem 4.6.8, it suffices to prove that each isotypic component of the sum
on the right-hand side of the above relation lies in ker(D̂). Let (V ⊗ S)µ be such a component,
i.e. µ is a weight of V ⊗ S such that (4.9) holds as an equality. According to Lemma 4.6.12,
there is a weight µ0 of V such that (V ⊗ S)µ ⊆ Vµ0 ⊗ S, where Vµ0 is the weight subspace of
V corresponding to µ0. Then

D̂[(V ⊗ S)µ] ⊆ (V ⊗ S)µ ⊆ Vµ0 ⊗ S. (4.13)

On the other hand, each additive term of D̂ acts on an element of Vµ0 ⊗ S giving an element in
Vµ0+α ⊗ S for some α in ∆, where Vµ0+α is the weight subspace of V corresponding to µ0 + α
(it may be trivial if µ0 + α is not a weight of V ). Thus

D̂[(V ⊗ S)µ] ⊆ D̂[Vµ0 ⊗ S] ⊆
⊕
α∈∆

Vµ0+α ⊗ S.

Moreover, ⊕
α∈∆

Vµ0+α ⊗ S ⊆ [Vµ0 ⊗ S]⊥,

where the orthogonal complement is taken with respect to the Hermitian product 〈·, ·〉 of V ⊗S,
defined before Proposition 3.2.9. Indeed, for distinct weights ν and ν ′ of V , the corresponding
weight subspaces Vν and Vν′ are orthogonal and in consequence, this is the case for Vµ0 and
Vµ0+α for α ∈ ∆. Since 〈·, ·〉 is defined as the tensor product of the Hermitian products on V
and on S, we conclude that Vµ0 ⊗ S is orthogonal to Vµ0+α ⊗ S and

D̂[(V ⊗ S)µ] ⊆
⊕
α∈∆

Vµ0+α ⊗ S ⊆ [Vµ0 ⊗ S]⊥. (4.14)
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Combining (4.13) and (4.14), one obtains that:

D̂[(V ⊗ S)µ] ⊆ [Vµ0 ⊗ S] ∩ [Vµ0 ⊗ S]⊥ = {0}

and thus (V ⊗ S)µ lies in ker(D̂).

Corollary 4.6.14. Let V be the finite-dimensional irreducible representation of highest weight
λ and A(λ) be the set defined in (4.11). Then

ker(D̂)�ker(D) =
⊕

µ∈A(λ)\{λ+ρ}

(V ⊗ S)[µ].

Proof. From Theorem 3.2.4, one has

ker(D) =
⊕
w∈W

Fw(λ+ρ), (4.15)

where Fw(λ+ρ) is the 1-dimensional irreducible representation of h associated to the weight
w(λ+ρ). Indeed, the setW ′

λ in Theorem 3.2.4 coincides withW , while ρh is clearly zero. On the
other hand, the isotypic component (V ⊗S)w(λ+ρ) of V ⊗S is 1-dimensional, since it consists of
the 1-dimensional weight subspace Vwλ tensorized with the 1-dimensional weight subspace Swρ.
These weight subspaces are both 1-dimensional because they are the highest weight subspaces
of V and S, respectively, with respect to the positive root system w∆+. Therefore, Fw(λ+ρ)

coincides with (V ⊗ S)w(λ+ρ) and (4.15) can be written as

ker(D) =
⊕
w∈W

(V ⊗ S)w(λ+ρ). (4.16)

Furthermore, since λ+ ρ is strictly dominant, from Lemma 1.2.23, Wλ+ρ is trivial and

(V ⊗ S)[λ+ρ] =
⊕
w∈W

(V ⊗ S)w(λ+ρ). (4.17)

Combining (4.16) and (4.17), one obtains that ker(D) coincides with (V ⊗ S)[λ+ρ] and thus

ker(D̂)�ker(D) =
⊕

µ∈A(λ)\{λ+ρ}

(V ⊗ S)[µ].

Lemma 4.6.15. Let {vν | ν ∈ Π(V )} be a weight vector basis of V , with vν being a weight
vector corresponding to the weight ν ∈ t∗. The kernel ker(D̂) of D̂ admits a vector space basis
consisting of elements of the form vν ⊗ eI , with ν being a weight of V and I a subset of ∆+.

Remark 4.6.16. For the element eI , we use the notation introduced before Lemma 2.5.3. More
precisely, if {eα}α∈∆ is a basis of q such that

〈eα, eβ〉 =

{
1 if α + β = 0

0 otherwise
,
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and I is a subset of ∆+, we set eI to be the element of S defined by

eI :=
∧
α∈I

e−α.

Proof of Lemma 4.6.15. From Theorem 4.6.13, it is clear that for a weight µ of V ⊗ S, if

(V ⊗ S)µ ∩ ker(D̂) 6= {0},

then
(V ⊗ S)µ ⊆ ker(D̂).

Since every (V ⊗ S)µ admits a basis of the above form, it will be the case for ker(D̂).

Recall that, if {eα}α∈∆ is the above basis of q, then D̂ is given by

D̂ =
∑
α∈∆

eα ⊗ γ(e−α).

Proposition 4.6.17. For {eα}α∈∆ as above,

ker(D̂) =
⋂
α∈∆

ker(π(eα)⊗ γ(e−α)).

In other words, if an element x of V ⊗ S is annihilated by D̂, then it is annihilated by every
additive term π(eα)⊗ γ(e−α), α ∈ ∆, of D̂.

Proof. One inclusion is obvious. For the other one, suppose x is an element in ker(D̂). From
Lemma 4.6.15, we can suppose that x is of the form vν ⊗ eI for some weight ν of V and for I
being a subset of ∆+. Let α be a root of ∆. One has

π(eα)⊗ γ(e−α)(vν ⊗ eI) ∈ Vν+α ⊗ S,

while, on the other hand, using an argument like the one used in the proof of Theorem 4.6.13,
one obtains that (

D̂ − π(eα)⊗ γ(e−α)
)
(vν ⊗ eI) ∈ (Vν+α ⊗ S)⊥.

Moreover,

0 = D̂(vν ⊗ eI)
=
(
π(eα)⊗ γ(e−α)

)
(vν ⊗ eI) +

(
D̂ − π(eα)⊗ γ(e−α)

)
(vν ⊗ eI).

Since
(
π(eα)⊗ γ(e−α)

)
(vν ⊗ eI) and

(
D̂ − π(eα)⊗ γ(e−α)

)
(vν ⊗ eI) are orthogonal and add

to 0, both must be 0. Consequently, x belongs to ker(π(eα)⊗ γ(e−α)) and

ker(D̂) ⊆ ker(π(eα)⊗ γ(e−α)).

The choice of α was arbitrary and, thus, the inclusion remains true for any root α of ∆. Hence

ker(D̂) =
⋂
α∈∆

ker(π(eα)⊗ γ(e−α)).
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4.6.3 Isotypic components
From Corollary 3.2.7, one deduces that the cubic Dirac operator D acts in the same way on
every irreducible representation of an isotypic component. Namely, on the isotypic component
corresponding to an extremal weight µ ∈ t∗h, it acts by the scalar

‖λ+ ρ‖2 − ‖µ+ ρh‖2.

As a consequence, either the whole isotypic component belongs to ker(D) or its intersection
with ker(D) is trivial. On the other hand, according to Theorem 4.6.13, this turns out to be the
case for the noncubic Dirac operator D̂ in the case where h = t. Note that, since each isotypic
component of V ⊗ S is generated by "monomials", i.e. by elements of the form v ⊗ u with v
and u being weight vectors of V and S respectively, one deduces that this is the case for ker(D)

and, in the case where h = t, for ker(D̂). Nevertheless, as the following example implies, this
property for D̂ is not true if h 6= t.

Example 4.6.18. Let g := sl(4,C) and t be the Cartan subalgebra of g consisted of all traceless
diagonal matrices

H :=


h1 0 0 0
0 h2 0 0
0 0 h3 0
0 0 0 h4


in g. Set εi, 1 ≤ i ≤ 4, to be the linear functional mapping the matrix H to hi. Then, the root
system of g is

∆ := {±(εi − εj) | 1 ≤ i < j ≤ 4}

while
∆+ := {εi − εj | 1 ≤ i < j ≤ 4}

is a positive system of ∆. Let

h := t⊕ gε3−ε4 ⊕ g−ε3+ε4

and q := h⊥ such that
g = h⊕ q.

Consider the Clifford algebra C(q) of q and the space of spinors S for C(q), determined by the
negative root spaces of q. For every α ∈ ∆, set

eα :=

√
2

4
Eα,

where Eα stands for the root vector of gα defined in Subsection 1.2.1. More precisely, for
α = εi − εj , Eα is the matrix Eij having all its entries 0 except for its (i, j)-entry which is 1.
Then, for every α, β ∈ ∆, we have

B(eα, eβ) = δα,β.
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Furthermore, let V be the standard representation of g, i.e. the finite-dimensional irreducible
representation of highest weight

λ =
3

4
ε1 −

1

4
ε2 −

1

4
ε3 −

1

4
ε4.

In particular, V is isomorphic with the representation obtained by the standard action of g on
C4, its weights being

µ1 := λ =
3

4
ε1 −

1

4
ε2 −

1

4
ε3 −

1

4
ε4

µ2 := λ− ε1 + ε2 = −1

4
ε1 +

3

4
ε2 −

1

4
ε3 −

1

4
ε4

µ3 := λ− ε1 + ε3 = −1

4
ε1 −

1

4
ε2 +

3

4
ε3 −

1

4
ε4

µ4 := λ− ε1 + ε4 = −1

4
ε1 −

1

4
ε2 −

1

4
ε3 +

3

4
ε4

and, if v1, v2, v3 and v4 are the standard basis of C4, then vi is the weight vector corresponding
to µi, 1 ≤ i ≤ 4.

For the pair (g, h), consider the noncubic Dirac operator D̂ given by

D̂ =
1

2
Eε1−ε2 ⊗ γ(e−ε1+ε2) +

1

2
Eε1−ε3 ⊗ γ(e−ε1+ε3) +

1

2
Eε1−ε4 ⊗ γ(e−ε1+ε4)

+
1

2
Eε2−ε3 ⊗ γ(e−ε2+ε3) +

1

2
Eε2−ε4 ⊗ γ(e−ε2+ε4)

+
1

2
E−ε1+ε2 ⊗ γ(eε1−ε2) +

1

2
E−ε1+ε3 ⊗ γ(eε1−ε3) +

1

2
E−ε1+ε4 ⊗ γ(eε1−ε4)

+
1

2
E−ε2+ε3 ⊗ γ(eε2−ε3) +

1

2
E−ε2+ε4 ⊗ γ(eε2−ε4).

and the vectors

x1 := v3 ⊗ e−ε1+ε3 ∧ e−ε1+ε4 ∧ e−ε2+ε4

x2 := v4 ⊗ e−ε1+ε3 ∧ e−ε1+ε4 ∧ e−ε2+ε3 .

Then

D̂x1 = v2 ⊗ e−ε1+ε3 ∧ e−ε1+ε4 ∧ e−ε2+ε3 ∧ e−ε2+ε4 6= 0

D̂x2 = −v2 ⊗ e−ε1+ε3 ∧ e−ε1+ε4 ∧ e−ε2+ε3 ∧ e−ε2+ε4 6= 0

and
D̂(x1 + x2) = 0.

Therefore, the elements x1, x2 and x1 + x2 belong to the same isotypic component of V ⊗ S,
the element x1 + x2 belonging to ker(D̂), while x1 and x2 do not. In other words, only a part of
this isotypic component belongs to ker(D̂).
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4.7 Explicit description of the set A(λ)
In order to make more explicit our description (4.12) of the kernel of the noncubic Dirac opera-
tor D̂, we study the setA(λ) involved in the formula. We continue here with the assumption that
h coincides with a Cartan subalgebra t of g. The main result of this paragraph is the following
proposition.

Proposition 4.7.1. The set {µ ∈ Ã(λ) | µ− λ is ∆+-dominant} is a complete family of repre-
sentatives for A(λ).

In other words, by taking all elements

λ+ ρ−
∑
α∈A

α ∈ Ã(λ),

with ρ −
∑
α∈A

α being ∆+-dominant, we obtain a complete family of representatives for A(λ).

Recall that
λ+ ρ−

∑
α∈A

α

belongs to Ã(λ) if A is a subset of
(
R{λ}

)⊥ ∩ ∆+. The rest of this section is devoted to the
proof of Proposition 4.7.1.

Lemma 4.7.2. Let A and A′ be subsets of
(
R{λ}

)⊥ ∩∆+ and set

µ = λ+ ρ−
∑
α∈A

α

and µ′ = λ+ ρ−
∑
α′∈A′

α′

to be the corresponding elements of Ã(λ). Then µ and µ′ are W -conjugate if and only if they
are Wλ-conjugate, where Wλ stands for the stabilizer of λ in W .

Proof. The "if" direction is obvious. For the "only if" direction, let us suppose that w is an
element of W such that µ = wµ′. Then

µ = wµ′

=⇒ λ+ ρ−
∑
α∈A

α = w(λ+ ρ−
∑
α′∈A′

α′)

=⇒ λ− wλ = w(ρ−
∑
α′∈A′

α′)− (ρ−
∑
α∈A

α)

=⇒ 〈λ− wλ, λ〉 = −〈(ρ−
∑
α∈A

α)− w(ρ−
∑
α′∈A′

α′), λ〉

=⇒ 〈λ− wλ, λ〉 = −〈ρ− w(ρ−
∑
α′∈A′

α′), λ〉.

Since wλ is a weight of V , λ−wλ is a nonnegative sum of positive roots, while λ is dominant.
Thus, the left-hand side of the above expression is nonnegative. On the other hand, using
Lemma 4.6.5, one can see that the right-hand side is nonpositive and so both sides must be 0.
Then wλ = λ, since

‖wλ‖2 = ‖(wλ− λ) + λ‖2

= ‖wλ− λ‖2 + ‖λ‖2

≥ ‖λ‖2.
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But ‖wλ‖2 = ‖λ‖2, ‖wλ− λ‖2 = 0 and thus wλ = λ. Consequently, w belongs to Wλ.

Corollary 4.7.3. The set A(λ) coincides with Ã(λ)/Wλ.

As a consequence, if {νi}i is a complete family of representatives for the Wλ-equivalence
classes of the set

{ρ−
∑
α∈A

α | A ⊆
(
R{λ}

)⊥ ∩∆+},

then the set {λ + νi}i is a complete family of representatives for A(λ). The following lemma
ensures that we can choose νi to be ∆+-dominant and so it completes the proof of Proposition
4.7.1.

Lemma 4.7.4. Any element of the form

ρ−
∑
α∈A

α

with A ⊆
(
R{λ}

)⊥ ∩∆+ is Wλ-conjugate to a ∆+-dominant element.

Proof. Let ∆+
1 :=

(
R{λ}

)⊥ ∩ ∆+, i.e. the set of the positive roots orthogonal to λ, and set
∆+

2 := ∆+ \∆+
1 . The set ∆1 := ∆+

1 ∪ (−∆+
1 ) is a root system. Indeed, if α and β are elements

of ∆+
1 , then, from the W -invariance of the Killing form (see Lemma 1.1.41),

〈sα(β), λ〉 = 〈β, sα(λ)〉
= 〈β, λ〉
= 0,

and thus ∆1 is stable with respect to the reflections generated by its elements. The other prop-
erties for ∆1 being a root system are obviously satisfied. Let W1 be the Weyl group defined by
∆1 and ρ1 be the half-sum of its positive roots. Then, W1 stabilizes the element ρ− ρ1, i.e. the
half-sum of the positive roots included in ∆2 := ∆+

2 ∪ (−∆+
2 ). Note that ∆2 is not, in general,

a root system. Indeed, if β is a root of ∆1 and γ is a root in ∆+
2 , then

〈sβ(γ), λ〉 = 〈γ, sβ(λ)〉
= 〈γ, λ〉
> 0.

Thus W1∆+
2 = ∆+

2 , W1 does stabilize ρ − ρ1 and 〈ρ − ρ1, β〉 = 0 for any β ∈ ∆+
1 . Since the

Weyl group of a root system acts transitively on its Weyl chambers, if A ⊆ ∆+
1 , then there is

some w0 in W1 such that
w0(ρ1 −

∑
α∈A

α)

is ∆+
1 -dominant. In this case, for every β ∈ ∆+

1 ,
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〈w0(ρ−
∑
α∈A

α), β〉 = 〈ρ− ρ1 + w0(ρ1 −
∑
α∈A

α), β〉

= 〈ρ− ρ1, β〉+ 〈w0(ρ1 −
∑
α∈A

α), β〉

= 〈w0(ρ1 −
∑
α∈A

α), β〉

≥ 0.

Therefore w0(ρ−
∑
α∈A

α) is ∆+
1 -dominant.

We will be finished once we show that this is also the case for ∆+
2 . More precisely, we want

to show that
〈w0(ρ−

∑
α∈A

α), γ〉 ≥ 0,

for any γ in ∆+
2 . Since w−1

0 ∆+
2 = ∆+

2 , it suffices to show that

〈ρ−
∑
α∈A

α, γ〉 ≥ 0,

for any γ in ∆+
2 . Suppose that for some γ in ∆+

2 ,

〈ρ−
∑
α∈A

α, γ〉 < 0.

Then one has that
sγ(ρ−

∑
α∈A

α) = ρ−
∑
α∈A

α + nγ (4.18)

with n := − 2
‖γ‖2 〈ρ−

∑
α∈A

α, γ〉 being positive.

On the other hand, according to Lemma 4.6.5, the set of weights of S is W -stable, and so
the element

sγ(ρ−
∑
α∈A

α)

must be a weight of S. Thus, from Proposition 2.5.3, it must be of the form

sγ(ρ−
∑
α∈A

α) = ρ−
∑
β∈B

β (4.19)

for some subset B of ∆+.
Combining the equalities (4.18) and (4.19), one obtains that

ρ−
∑
α∈A

α + nγ = ρ−
∑
β∈B

β

=⇒ nγ =
∑
α∈A

α−
∑
β∈B

β

=⇒ n〈γ, λ〉 = −
∑
β∈B
〈β, λ〉.
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The left-hand side of the last equality is positive, since γ has been chosen to be an element
of ∆+

2 , while the right-hand side is non positive, since B consists of positive roots and λ is
dominant. This is a contradiction. Consequently

〈ρ−
∑
α∈A

α, γ〉 ≥ 0

for any γ in ∆+
2 and thus the element w0(ρ−

∑
α∈A

α) is ∆+-dominant.

From Lemma 1.2.23, W1 coincides with the stabilizer Wλ of λ in W . Hence the element
ρ−

∑
α∈A

α turns out to be Wλ-conjugate with a dominant one.

This completes Proposition 4.7.1. The fact that ker(D̂) and ker(D) may coincide can be
characterized as follows.

Proposition 4.7.5. For g, h, λ and ∆+
1 as above, one has ker(D̂) = ker(D) if and only if Wλ

acts transitively on the set
{ρ−

∑
α∈A

α | A ⊆ ∆+
1 },

i.e. there is only one Wλ-orbit in this set.

Proof. According to Corollary 4.6.14, ker(D̂) coincides with ker(D) if and only if A(λ)\{λ+

ρ} = ∅, i.e. A(λ) = {λ + ρ}. In other words, if and only if there is only one W -orbit in Ã(λ),
or, using Corollary 4.7.3, if and only if there is only one Wλ-orbit in Ã(λ). From the discussion
following Corollary 4.7.3, this is equivalent to saying that there is only one Wλ-orbit in the set

{ρ−
∑
α∈A

α | A ⊆ ∆+
1 }.

In Section 5.1 of Chapter 5, we will give an explicit more practical description for ker(D̂)
which will permit to study the noncubic Dirac operator in the case of the standard representa-
tions of classical Lie algebras.

4.8 t-cubic Dirac operators
We continue with the same notation. Namely, g is a complex semisimple Lie algebra, h is a
Lie subalgebra of g satisfying the condition (2.10) and such that rankC(g) = rankC(h), and
t is a common Cartan subalgebra of g and h. Let ∆ := ∆(g, t) and ∆h := ∆(h, t) be the
corresponding root systems of g and h respectively. In ∆h choose a positive system ∆+

h and
extend it to a positive system ∆+ for ∆. Decompose g into

g = h⊕ q

where q := h⊥, and consider the Clifford algebra C(q) of q and a space of spinors S for C(q).
Let V be an irreducible finite-dimensional representation of g of highest weight λ ∈ t∗.
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4.8. t-cubic Dirac operators

Definition 4.8.1. In the above context, for t ∈ [0, 1
2
], we define Dt to be the operator

Dt : V ⊗ S → V ⊗ S

given by

Dt :=
√

2
{ l∑
i=1

B(ẽi, ẽj)ei ⊗ γ(ej)− 3t
(
1⊗ γ(c)

)}
∈ U(g)⊗C(q),

where {ẽi} and {ei} are dual bases of q and γ(c) is the cubic term (4.1). Note that, for t = 1
3
,

one obtains the cubic Dirac operator D of Definition 3.1.1 while, for t = 0, one obtains the
noncubic Dirac operator D̂ of Definition 4.1.1. For t ∈ (0, 1

3
], we call Dt the t-cubic Dirac

operator.

The main result of this section is the following theorem.

Theorem 4.8.2. Let V be an irreducible finite-dimensional representation of g of highest weight
λ ∈ t∗. For t ∈ (0, 1

3
], consider the t-cubic Dirac operator

Dt : V ⊗ S → V ⊗ S

and the cubic Dirac operator

D1/3 = D : V ⊗ S → V ⊗ S

of Definition 3.1.1. Then, for every t ∈ (0, 1
3
],

ker(Dt) = ker(D).

Proof. Let g, h and V be as above. The inclusion ker(D) ⊆ ker(Dt) is a consequence of
Corollary 4.4.2. More precisely, if x ∈ ker(D), then, according to this corollary, 1⊗γ(c)x = 0.
Therefore,

Dt(x) =
(
D + (1− 3t)1⊗ γ(c)

)
(x)

= D(x)− (1− 3t)
(
1⊗ γ(c)

)
(x)

= 0

and so ker(D) ⊆ ker(Dt).
For the other inclusion, following what we did in Subsection 4.6.1, we will use once more

Weyl’s inequalities of Section 4.5. Let

λ1(D) ≥ . . . ≥ λn(D),

λ1(D) ≥ . . . ≥ λn(D),

λ1(1⊗ γ(c)) ≥ . . . ≥ λn(1⊗ γ(c))
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Chapter 4. Noncubic Dirac Operators

be the eigenvalues of D, Dt and 1 ⊗ γ(c) respectively, in descending ordering and counting
multiplicities. For A := D, B := (1− 3t)

(
1⊗ γ(c)

)
and j = 1, the inequality (4.6) gives

λi(D
t) ≤ λi(D) + (1− 3t)λ1(1⊗ γ(c))

⇒λi(Dt) ≤ λi(D) + (1− 3t)‖1⊗ γ(c)‖,

where ‖1⊗ γ(c)‖ stands for the operator norm of 1⊗ γ(c). Exchanging the roles of D and Dt

gives
λi(D) + (1− 3t)λn(1⊗ γ(c)) ≤ λ(Dt)

⇒ λi(D)− (1− 3t)‖1⊗ γ(c)‖ ≤ λ(Dt).

Therefore, in analogy with inequality (4.7), one obtains

λi(D)− (1− 3t)‖1⊗ γ(c)‖ ≤ λi(D
t) ≤ λi(D) + (1− 3t)‖1⊗ γ(c)‖.

Let us restrict our study to an isotypic component (V ⊗ S)µ, µ ∈ t∗, of V ⊗ S. If λ(µ)
i (·)

corresponds to the i-th eigenvalue of the corresponding operator acting on (V ⊗ S)µ and ‖1 ⊗
γ(c)‖(µ) stands for the operator norm of 1 ⊗ γ(c) when it acts on (V ⊗ S)µ, using a similar
argument as above, one obtains

λ
(µ)
i (D)− (1− 3t)‖1⊗ γ(c)‖(µ) ≤ λ

(µ)
i (Dt) ≤ λ

(µ)
i (D) + (1− 3t)‖1⊗ γ(c)‖(µ). (4.20)

We have already seen in the proof of Lemma 4.6.1 that

λ
(µ)
i (D) = ±

√
‖λ+ ρ‖2 − ‖µ+ ρh‖2,

‖1⊗ γ(c)‖(µ) =
√
‖ρ‖2 − ‖µ1 + ρh‖2,

where µ1 ∈ t∗ is a weight of S related to µ (see Definition 4.6.3). Therefore, replacing in (4.20),
one obtains

±
√
‖λ+ ρ‖2 − ‖µ+ ρh‖2 − (1− 3t)

√
‖ρ‖2 − ‖µ1 + ρh‖2 ≤ λ

(µ)
i (Dt) (4.21)

and

λ
(µ)
i (Dt) ≤ ±

√
‖λ+ ρ‖2 − ‖µ+ ρh‖2 + (1− 3t)

√
‖ρ‖2 − ‖µ1 + ρh‖2. (4.22)

We are interested in the i-th eigenvalue λ(µ)
i (Dt) ofDt. Suppose that the i-th eigenvalue λ(µ)

i (D)
of D is nonnegative, i.e.

λ
(µ)
i (D) =

√
‖λ+ ρ‖2 − ‖µ+ ρh‖2.

Then, using (4.21), for t ∈ (0, 1
3
], one obtains

λ
(µ)
i (Dt) ≥

√
‖λ+ ρ‖2 − ‖µ+ ρh‖2 − (1− 3t)

√
‖ρ‖2 − ‖µ1 + ρh‖2

≥
√
‖λ+ ρ‖2 − ‖µ+ ρh‖2 −

√
‖ρ‖2 − ‖µ1 + ρh‖2

≥ 0.
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4.8. t-cubic Dirac operators

For the last inequality, see Theorem 4.6.4 and Remark 4.6.6. If λ(µ)
i (Dt) = 0, then the equalities

in the above inequalities must hold and one obtains√
‖λ+ ρ‖2 − ‖µ+ ρh‖2 − (1− 3t)

√
‖ρ‖2 − ‖µ1 + ρh‖2 = 0,√

‖λ+ ρ‖2 − ‖µ+ ρh‖2 −
√
‖ρ‖2 − ‖µ1 + ρh‖2 = 0.

Since t is nonzero, subtracting the above equalities gives√
‖λ+ ρ‖2 − ‖µ+ ρh‖2 =

√
‖ρ‖2 − ‖µ1 + ρh‖2 = 0

and so λ(µ)
i (D) = 0.

The same argument applies in the case where the i-th eigenvalue λ(µ)
i (D) of D is nonposi-

tive. In other words, the eigenvalues of D in (V ⊗ S)µ all are zero and so (V ⊗ S)µ ⊂ ker(D).
Hence, if there is x ∈ (V ⊗ S)µ such that Dt(x) = 0, i.e. Dt has a zero eigenvalue in
(V ⊗ S)µ, then the whole component (V ⊗ S)µ is contained in ker(D) and so D(x) = 0
and ker(Dt) ⊆ ker(D), as we wanted.
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CHAPTER 5

KERNEL OF NONCUBIC DIRAC
OPERATORS FOR THE CLASSICAL LIE

ALGEBRAS

In this paragraph we apply the results of the previous chapter in the case of the classical Lie
algebras and for V being the standard representation of Example 1.4.25, i.e. the irreducible
representation having as highest weight the first fundamental weight ω̄1 of the corresponding
Lie algebra g. Recall that ω̄1 is defined as the unique element of the dual space t∗ of the Cartan
subalgebra t of g such that

2
〈ω̄1, αi〉
〈αi, αi〉

=

{
1 if i = 1

0 otherwise,

where α1, . . . , αl are the simple roots for a positive system ∆+ of ∆ := ∆(g, t).

5.1 Preliminaries
Let g be a complex simisimple Lie algebra, t be a Cartan subalgebra of g and set h := t. Let V
be a finite-dimensional irreducible representation of g and set Π(V ) to be the set of all weights
of V . For every weight ν ∈ Π(V ), set

1∆(ν) := {α ∈ ∆+ | ν + α is a weight of V },
2∆(ν) := {α ∈ ∆+ | ν − α is a weight of V },

and P(ν) := {I ∈ P(∆+) | 1∆(ν) ⊆ I and 2∆(ν) ∩ I = ∅},

where P(∆+) stands for the power set of ∆+.

Definition 5.1.1. We say that a representation V of g satisfies property (∗), if for every weight
ν of V and every root α of 1∆(ν) (respectively of 2∆(ν)), we have π(eα)vν 6= 0 (respectively
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Chapter 5. Kernel of noncubic Dirac Operators for the Classical Lie Algebras

π(e−α)vν 6= 0) for every nonzero weight vector vν of Vν . In other words, for ν and ν + α
(respectively ν − α) being in Π(V ), the linear map

π(eα) : Vν −→ Vν+α

(respectively π(e−α) : Vν −→ Vν−α)

is injective.

Theorem 5.1.2. Suppose ν, 1∆(ν) and 2∆(ν) are as above and V satisfies property (∗). Then,
one has

ker(D̂) =
⊕

ν∈Π(V )

〈vν ⊗ eI | I ∈ P(ν)〉.

Proof. Let vν ⊗ eI be a nonzero element of V ⊗ S and α be a positive root of ∆+. If ν + α
is not a weight of V , i.e. α /∈ 1∆(ν), then π(ea)vν = 0 and so π(eα) ⊗ γ(e−α)(vν ⊗ eI) = 0.
On the other hand, if ν + α is a weight of V , i.e. α ∈ 1∆(ν), and since V satisfies property (∗),
π(eα)vν 6= 0. So π(eα) ⊗ γ(e−α)(vν ⊗ eI) = 0 if and only if γ(e−α)eI = 0 or equivalently if
and only if I contains α. Summarizing, we have

π(eα)⊗ γ(e−α)(vν ⊗ eI)

{
= 0 if α /∈ 1∆(ν) or α ∈ I
6= 0 if α ∈ 1∆(ν) and α /∈ I

(5.1)

Using a similar argument, we obtain

π(e−α)⊗ γ(eα)(vν ⊗ eI)

{
= 0 if α /∈ 2∆(ν) or α /∈ I
6= 0 if α ∈ 2∆(ν) and α ∈ I

(5.2)

Therefore, the element vν ⊗ eI belongs to⋂
α∈∆

ker(π(eα)⊗ γ(e−α))

if and only if for every α in 1∆(ν) we have α belonging to I and for every α in 2∆(ν) we have α
not belonging to I . This is equivalent to say that 1∆(ν) ⊆ I and 2∆(ν) ∩ I = ∅, i.e. I ∈ P(ν).
Hence, ⋂

α∈∆

ker(π(eα)⊗ γ(e−α)) =
⊕

ν∈Π(V )

〈vν ⊗ eI | I ∈ P(ν)〉.

Using Proposition 4.6.17, we obtain that

ker(D̂) =
⊕

ν∈Π(V )

〈vν ⊗ eI | I ∈ P(ν)〉.

The following table contains the dimensions of the kernels ker(D) and ker(D̂) for g being
a classical Lie algebra, h a Cartan subalgebra of g and V the standard representation of g.
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5.2. The Lie Algebra An = sl(n+ 1,C)

g dim ker(D) = |W | dim ker(D̂)

sl(n+ 1,C) (n+ 1)! (n+ 1)× 2
n(n−1)

2

so(2n+ 1,C) 2nn! 2n× 2(n−1)2

sp(n,C) 2nn! 2n× 2(n−1)2

so(2n,C) 2n−1n! 2n× 2(n−1)(n−2)

Table 5.1: Dimensions of the kernels of cubic and noncubic Dirac operators

5.2 The Lie Algebra An = sl(n + 1,C)

Recall that
g := sl(n+ 1,C) = {X ∈ gl(n+ 1,C) | tr(X) = 0}

while the subspace

t = 〈Hεi−εj := Eii − Ejj | 1 ≤ i < j ≤ n+ 1〉,

where Eij is the matrix having all its entries 0 except for the (i, j)-entry which is 1, forms a
Cartan subalgebra of g. If εi is the linear functional given by

εi(Ejj) = δij,

then the root system ∆ := ∆(g, t) of g is

∆ = {±(εi − εj) | 1 ≤ i < j ≤ n+ 1},

with the matrix Eεi−εj := Eij − Eji being the root vector corresponding to εi − εj . We choose

∆+ = {εi − εj | 1 ≤ i < j ≤ n+ 1}

to be the set of positive roots of ∆. According to Table 1.5, the highest weight λ of the funda-
mental representation V of g is

λ =
n

n+ 1
ε1 −

1

n+ 1
ε2 − . . .−

1

n+ 1
εn+1.

Lemma 5.2.1. The fundamental representation V of sl(n+ 1,C) is (n+ 1)-dimensional.

Proof. Using Weyl dimensional formula (see Proposition 1.4.35), one obtains that
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dim(V ) =
∏

α∈∆+

〈λ+ ρ, α〉
〈ρ, α〉

=
∏
j>1

(
1 +

〈λ,ε1−εj〉
〈ρ,ε1−εj〉

)
×
∏

1<i<j

(
1 +

〈λ,εi−εj〉
〈ρ,ε1−εj〉

)
=
∏
j>1

(
1 +

〈λ,ε1−εj〉
〈ρ,ε1−εj〉

)
=
∏
j>1

(
1 + 1

j−1

)
= n+ 1.

On the other hand, the W -orbit of λ contains exactly (n + 1)-many elements. Indeed, W
acts on ∆ by permutations, the element sεi−εj permuting the roots εi and εj (see Subsection
1.2.2). Therefore, one can verify that W{λ} = {µj := λ − ε1 + εj | 1 ≤ j ≤ n + 1} and
thus |W{λ}| = n + 1. Since the set Π(V ) of all weights of V is W -stable, by using Lemma
5.2.1, one deduces that the set of weights Π(V ) of V coincides with the W -orbit of λ, with each
weight being of multiplicity 1.

We can verify all the above facts using an explicit construction of V . The representation V
can be realized as the complex vector spaceCn+1 endowed with the standard action ofMn+1(C)
on Cn+1, i.e. matrix multiplication. If wj stands for the j-th element of the standard basis of
Cn+1, wj is the weight vector corresponding to the weight µj = λ − ε1 + εj of V . Indeed, for
i, j, k ∈ {1, . . . , n+ 1}, i < j, one has

Hεi−εjwk = (Eii − Ejj)wk =


wk if i = k

−wk if j = k

0 otherwise,

i.e. Hεi−εjwk = µk(Hεi−εj)wk. Due to weight restrictions, the only roots that may act nontriv-
ially on wk are either εi − εk, with i < k, or −εk + εl, with k < l. In other words,

1∆(µk) = {εi − εk | 1 ≤ i < k},
and 2∆(µk) = {εk − εl | k < l ≤ n+ 1}.

Moreover, for i, j, k ∈ {1, . . . , n+ 1}, one has

Eεi−εjwk = (Eij − Eji)wk =

{
wi if j = k

0 otherwise.

Therefore V satisfies the property (∗) and we can use Theorem 5.1.2.

Proposition 5.2.2. For the fundamental representation V of sl(n+ 1,C), one has

ker(D̂) =
⊕

1≤k≤n+1

〈wk ⊗ e−ε1+εk ∧ . . . ∧ e−εk−1+εk ∧ eJ | J ⊆ ∆+ \
(

1∆(µk) ∪ 2∆(µk)
)
〉.

Proof. The proposition is a reformulation of Theorem 5.1.2.
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5.3. The Lie Algebra Bn = so(2n+ 1,C)

Corollary 5.2.3. For the fundamental representation V of sl(n+ 1,C), one has

dim(ker(D̂)) = (n+ 1)× 2
n(n−1)

2

dim(ker(D)) = (n+ 1)!

Proof. Using Proposition 5.2.2, one has

dim(ker(D̂)) =
∑
k

dim
(
〈wk ⊗ e−ε1+εk ∧ . . . ∧ e−εk−1+εk ∧ eJ | J ⊆ ∆+ \

(
1∆(µk) ∪ 2∆(µk)

)
〉
)

=
∑
k

]{J | J ⊆ ∆+ \
(

1∆(µk) ∪ 2∆(µk)
)
}

=
∑
k

2
n(n−1)

2

= (n+ 1)× 2
n(n−1)

2 .

On the other hand, according to Theorem 3.2.4 and Table 1.6, one has

dim ker(D) = |W | = (n+ 1)!

5.3 The Lie Algebra Bn = so(2n + 1,C)
Recall that

g := so(2n+ 1,C) = {X ∈ gl(2n+ 1,C) | X +X t = 0}

while the subspace t generated by all the matrices H of the form

H =



(
0 ih1

−ih1 0

)
(

0 ih2

−ih2 0

)
. . . (

0 ihn
−ihn 0

)
0


, (5.3)

where h1, . . . , hn ∈ C, is a Cartan subalgebra of g. For i ∈ {1, . . . , n}, let εi be the element
of the dual space t∗ given by εi(H) = hi, where H is the above element of t. Then, the root
system ∆(g, t) of g is

∆ := {±εi ± εj | 1 ≤ i < j ≤ n} ∪ {±εi | 1 ≤ i ≤ n}.

Indeed, for α = ±εi ± εj , with 1 ≤ i < j ≤ n, let Eα be the matrix being everywhere 0 except
for the entries corresponding to the ith and j th pairs which are given by
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Eα =

i j( )
0 Xα i
−X t

α 0 j
,

with Xα given by

Xεi−εj =

(
1 i
−i 1

)
, Xεi+εj =

(
1 −i
−i −1

)

X−εi+εj =

(
1 −i
i 1

)
, X−εi−εj =

(
1 i
i −1

)
.

If α = ±εi, define Eα to be the matrix having all its entries 0 except for the entries correspond-
ing to the ith pair and the (2n+ 1)th entry which are given by

Eα =

ith
pair

(2n+1)th

entry( )
0 Xα

−X t
α 0

where

Xεi =

(
1
−i

)
and X−εi =

(
1
i

)
.

One can easily verify that Eα is a root vector corresponding to the root α. We fix

∆+ := {εi ± εj | 1 ≤ i < j ≤ n} ∪ {εi | 1 ≤ i ≤ n}

to be the set of positive roots of ∆. Then

ρ = (n− 1

2
)ε1 + (n− 3

2
)ε2 + . . .+

1

2
εn

is the half sum of the positive roots of ∆+, while, according to Table 1.5, λ = ε1 is the highest
weight of the fundamental representation V of g.

Lemma 5.3.1. The fundamental representation V of so(2n+ 1,C) is (2n+ 1)-dimensional.

Proof. Using Weyl dimensional formula of (see Proposition 1.4.35), one obtains

dim(V ) =
∏

α∈∆+

〈λ+ ρ, α〉
〈ρ, α〉

=
∏
i<j

(
1 +

〈λ,εi−εj〉
〈ρ,εi−εj〉

)
×
∏
i<j

(
1 +

〈λ,εi+εj〉
〈ρ,εi+εj〉

)
×
∏
i

(
1 + 〈λ,εi〉

〈ρ,εi〉

)
=
∏
j

(
1 +

〈λ,ε1−εj〉
〈ρ,ε1−εj〉

)
×
∏
j

(
1 +

〈λ,ε1+εj〉
〈ρ,ε1+εj〉

)
×
(
1 + 〈λ,ε1〉

〈ρ,ε1〉

)
= n× 2n−1

n
× 2n+1

2n−1

= 2n+ 1.
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A construction of V is obtained by considering the vector space C2n+1 endowed with the
canonical action of Mn(C), i.e. the matrix multiplication. Consider the vector space basis of
C2n+1 consisting of the elements

w±1 =



1
∓i
0
0
...
0
0
0


, w±2 =



0
0
1
∓i
...
0
0
0


, . . . , w±n =



0
0
0
0
...
1
∓i
0


and w0 =



0
0
0
0
...
0
0
1


∈ C2n+1.

The matrix H of (5.3) acts on the vector w±i by ±εi and on the vector w0 by ε0 := 0. There-
fore, w1 is a weight vector of the element λ and, since, using Lemma 5.3.1, one obtains that
dim(V ) = dim(C2n+1), we deduce that the constructed representation of g on C2n+1 is equiva-
lent to V . Consequently, the set of the weights Π(V ) of V is Π(V ) = {±εi | 1 ≤ i ≤ n}∪{ε0}.
Due to weight restrictions, the only roots that may act nontrivially on the wk-weight space are
either εi − εk, with i < k, either −εk + εl, with k < l, either −εk − εl, with 1 ≤ l ≤ n, or −εk.
In other words,

1∆(εk) = {εi − εk | 1 ≤ i < k},
and 2∆(εk) = {εk − εl | k < l ≤ n} ∪ {εk + εl | 1 ≤ l ≤ n} ∪ {εk}

In the same way, for −εk, k 6= 0, one obtains that
1∆(−εk) = 2∆(εk),

and 2∆(−εk) = 1∆(εk),

while for ε0, one has
1∆(ε0) = {εi | 1 ≤ i ≤ n} = 2∆(ε0).

Furthermore, V satisfies property (∗). Indeed, for the weight vectors wk and w−k, we have
E±εi−εkwk = w±i for every i 6= k, E±εi+εkw−k = w±i, for every i 6= k, while for w0, E±εiw0 =
w±i. Therefore, we can use Theorem 5.1.2.

Proposition 5.3.2. For the fundamental representation V of so(2n+ 1,C), one has

ker(D̂) =
⊕

0<k≤n

〈wk ⊗ eI(k) ∧ eJ , w−k ⊗ eI(−k) ∧ eJ | J ⊆ ∆+ \
(

1∆(εk) ∪ 2∆(εk)
)
〉,

where eI(k) (respectively eI(−k)) stands for the monomial of S =
∧
n− containing all the root

vectors e−α, with α being in 1∆(εk) (respectively for α being in 1∆(−εk)).

Proof. The proposition is a reformulation of Theorem 5.1.2.

Corollary 5.3.3. For the fundamental representation V of so(2n+ 1,C), one has

dim(ker(D̂)) = 2n× 2(n−1)2

dim(ker(D)) = 2nn!
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Proof. Using Proposition 5.3.2, one obtains that

dim(ker(D̂)) = 2
∑

0<k≤n
dim

(
〈wk ⊗ eI(k) ∧ eJ | J ⊆ ∆+ \

(
1∆(εk) ∪ 2∆(εk)

)
〉
)

= 2
∑

0<k≤n
]{J | J ⊆ ∆+ \

(
1∆(εk) ∪ 2∆(εk)

)
}

= 2
∑

0<k≤n
2(n−1)2

= 2n× 2(n−1)2
.

On the other hand, according to Theorem 3.2.4 and Table 1.6, one has

dim ker(D) = |W | = 2nn!

5.4 The Lie Algebra Cn = sp(n,C)
Let

sp(n,C) = {X ∈ gl(2n,C) | X tJ + JX = 0} =: g,

where J is the matrix

J =

(
0 In
−In 0

)
.

Let t be the Cartan subalgebra of g generated by all the matrices H of the form

H =



h1

. . .
hn
−h1

. . .
−hn


, (5.4)

with h1, . . . , hn being in C. For every i ∈ {1, . . . , n}, let εi be the element of t∗ given by
εi(H) = hi, where H is the above element of t. Then,

∆ := {±εi ± εj | 1 ≤ i < j ≤ n} ∪ {±2εi | 1 ≤ i ≤ n}

is the root system ∆(g, t) of g with respect to the Cartan subalgebra t. Indeed, for distinct i and
j, 1 ≤ i, j ≤ n, we set

Eεi+εj = Ei,j+n + Ej,i+n, Eεi−εj = Ei,j + Ej+n,i+n,

E−εi−εj = Ei+n,j − Ej+n,i, E2εi = Ei,i+n,

E−2εi = Ei+n,i,
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where Eij is the matrix having all its entries zero apart from the (i, j)-place where the entry is
1. One can easily verify that, for an element α of ∆, Eα corresponds to a root vector of the
indicated root. We fix

∆+ := {εi ± εj | 1 ≤ i < j ≤ n} ∪ {2εi | 1 ≤ i ≤ n} ⊂ ∆

to be the set of positive roots of ∆. Then, the half sum ρ of the positive roots is

ρ = nε1 + (n− 1)ε2 + . . .+ εn,

while, according to Table 1.5, the first fundamental weight λ of g is ε1.

Lemma 5.4.1. The fundamental representation V of sp(n,C) is 2n-dimensional.

Proof. Using Weyl dimensional formula (see Proposition 1.4.35), one obtains that

dim(V ) =
∏

α∈∆+

〈λ+ ρ, α〉
〈ρ, α〉

=
∏
i<j

(
1 +

〈ε1,εi−εj〉
〈ρ,εi−εj〉

)
×
∏
i<j

(
1 +

〈ε1,εi+εj〉
〈ρ,εi+εj〉

)
×
∏
i

(
1 + 〈ε1,2εi〉

〈ρ,2εi〉

)
=
∏
j>1

(
1 +

〈ε1,ε1−εj〉
〈ρ,ε1−εj〉

)
×
∏
j>1

(
1 +

〈ε1,ε1+εj〉
〈ρ,ε1+εj〉

)
×
(
1 + 〈ε1,2ε1〉

〈ρ,2ε1〉

)
= n× 2n

n+1
× 2(n+1)

2n

= 2n.

The standard representation V can be obtained as the vector space C2n endowed with the
standard matrix multiplication action of M2n(C) on it. Indeed, consider the vector space basis
of C2n consisting of the elements

w1 =



1
0
...
0
0
...
0
0


, . . . , wn =



0
0
...
1
0
...
0
0


and w−1 =



0
0
...
0
1
...
0
0


, . . . , w−n =



0
0
...
0
0
...
0
1


∈ C2n.

In other words, for i, 1 ≤ i ≤ n, the vectors wi and w−i are respectively the i-th and the
n + i-th elements of the standard basis of C2n. Then, one can verify that the matrix H of (5.4)
acts on w±i by ±εi and so w1 is a weight vector of λ. Using Lemma 5.4.1, one obtains that
dim(V ) = dim(C2n), and so the constructed representation of g on C2n is equivalent to V .
Consequently, the set of the weights Π(V ) of V is Π(V ) = {±εi | 1 ≤ i ≤ n}. Due to weight
restrictions, the only roots that may act nontrivially on the εk-weight space are either εi − εk,
with i < k, either −εk + εl, with k < l, or −εk − εl, with 1 ≤ l ≤ n. In other words,
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1∆(εk) = {εi − εk | 1 ≤ i < k},
and 2∆(εk) = {εk − εl | k < l ≤ n} ∪ {εk + εl | 1 ≤ l ≤ n}.

In the same way, for −εk, one obtains that

1∆(−εk) = 2∆(εk),
and 2∆(−εk) = 1∆(εk).

We have that V satisfies property (∗). Indeed, for the weight vectors wk and w−k and for i,
1 ≤ i ≤ n, we have E±εi−εkwk = w±i and E±εi+εkw−k = w±i. Therefore, we can use Theorem
5.1.2.

Proposition 5.4.2. For the fundamental representation V of sp(2n,C), one has

ker(D̂) =
⊕

0<k≤n

〈wk ⊗ eI(k) ∧ eJ , w−k ⊗ eI(−k) ∧ eJ | J ⊆ ∆+ \
(

1∆(εk) ∪ 2∆(εk)
)
〉,

where eI(k) (respectively eI(−k)) stands for the monomial of S =
∧
n− containing all the root

vectors e−α, with α being in 1∆(εk) (respectively for α being in 1∆(−εk)).

Proof. The proposition is a reformulation of Theorem 5.1.2.

Corollary 5.4.3. For the fundamental representation V of sp(2n,C), one has

dim(ker(D̂)) = 2n× 2(n−1)2

dim(ker(D)) = 2nn!

Proof. Using Proposition 5.3.2, one obtains that

dim(ker(D̂)) = 2
∑

0<k≤n
dim

(
〈wk ⊗ eI(k) ∧ eJ | J ⊆ ∆+ \

(
1∆(εk) ∪ 2∆(εk)

)
〉
)

= 2
∑

0<k≤n
]{J | J ⊆ ∆+ \

(
1∆(εk) ∪ 2∆(εk)

)
}

= 2
∑

0<k≤n
2(n−1)2

= 2n× 2(n−1)2
.

On the other hand, according to Theorem 3.2.4 and Table 1.6, one has

dim ker(D) = |W | = 2nn!
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5.5 The Lie Algebra Dn = so(2n,C)
This case is very similar with the case of so(2n+ 1,C). Let

g := so(2n,C) = {X ∈ gl(2n,C) | X +X t = 0}.

The subalgebra t generated by all the matrices H of the form

H =



(
0 ih1

−ih1 0

)
(

0 ih2

−ih2 0

)
. . . (

0 ihn
−ihn 0

)


, (5.5)

where h1, . . . , hn ∈ C, is a Cartan subalgebra of g. For i ∈ {1, . . . , n}, let εi be the element
of the dual space t∗ given by εi(H) = hi, where H is the above element of t. Then, the root
system ∆(g, t) of g is

∆ := {±εi ± εj | 1 ≤ i < j ≤ n}.

Indeed, for α = ±εi ± εj , with 1 ≤ i < j ≤ n, if Eα is the matrix obtained by deleting the
(2n+ 1)-th row and column of the corresponding matrix defined for so(2n+ 1,C), Eα is a root
vector corresponding to α. Fix

∆+ := {εi ± εj | 1 ≤ i < j ≤ n}

to be the set of positive roots of ∆. Then

ρ = (n− 1)ε1 + (n− 2)ε2 + . . .+ εn−1

is the half sum of the positive roots, while, according to Table 1.5, λ = ε1 is the highest weight
of the fundamental representation V of g.

Lemma 5.5.1. The fundamental representation V of so(2n,C) is 2n-dimensional.

Proof. Using Weyl dimensional formula of (see Proposition 1.4.35), one obtains

dim(V ) =
∏

α∈∆+

〈λ+ ρ, α〉
〈ρ, α〉

=
∏
i<j

(
1 +

〈ε1,εi−εj〉
〈ρ,εi−εj〉

)
×
∏
i<j

(
1 +

〈ε1,εi+εj〉
〈ρ,εi+εj〉

)
=
∏
j>1

(
1 +

〈ε1,ε1−εj〉
〈ρ,ε1−εj〉

)
×
∏
j>1

(
1 +

〈ε1,ε1+εj〉
〈ρ,ε1+εj〉

)
= n× 2
= 2n.
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A construction of V is given by considering the vector space C2n endowed with the canon-
ical action of M2n(C), i.e. the matrix multiplication. Consider the vector space basis of C2n+1

consisting of the elements

w±1 =



1
∓i
0
0
...
0
0


, w±2 =



0
0
1
∓i
...
0
0


, . . . , w±n =



0
0
0
0
...
1
∓i


∈ C2n.

One can easily verify that w±k is a weight vector of ±εk. Therefore, w1 is a weight vector
of λ and, since, using Lemma 5.5.1 one obtains dim(V ) = dim(C2n), we deduce that the
constructed representation of g on C2n is equivalent to V . Consequently, the set of the weights
Π(V ) of V is Π(V ) = {±εi | 1 ≤ i ≤ n}. Due to weight restrictions, the only roots that may
act nontrivially on the wk-weight space are either εi − εk, with i < k, either −εk + εl, with
k < l, or −εk − εl, with 1 ≤ l ≤ n. In other words,

1∆(εk) = {εi − εk | 1 ≤ i < k},
and 2∆(εk) = {εk − εl | k < l ≤ n} ∪ {εk + εl | 1 ≤ l ≤ n}.

In the same way, for −εk, one obtains that

1∆(−εk) = 2∆(εk),
and 2∆(−εk) = 1∆(εk).

Moreover, V satisfies property (∗). Indeed, for the weight vectors wk and w−k, and for
i 6= k, we have E±εi−εkwk = w±i and E±εi+εkw−k = w±i. Therefore, we can use Theorem
5.1.2.

Proposition 5.5.2. For the fundamental representation V of so(2n,C), one has

ker(D̂) =
⊕

0<k≤n

〈wk ⊗ eI(k) ∧ eJ , w−k ⊗ eI(−k) ∧ eJ | J ⊆ ∆+ \
(

1∆(εk) ∪ 2∆(εk)
)
〉,

where eI(k) (respectively eI(−k)) stands for the monomial of S =
∧
n− containing all the root

vectors e−α, with α being in 1∆(εk) (respectively for α being in 1∆(−εk)).

Proof. The proposition is a reformulation of Theorem 5.1.2.

Corollary 5.5.3. For the fundamental representation V of so(2n,C), one has

dim(ker(D̂)) = 2n× 2(n−1)(n−2)

dim(ker(D)) = 2n−1n!
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Proof. Using Proposition 5.3.2, one obtains that

dim(ker(D̂)) = 2
∑

0<k≤n
dim

(
〈wk ⊗ eI(k) ∧ eJ | J ⊆ ∆+ \

(
1∆(εk) ∪ 2∆(εk)

)
〉
)

= 2
∑

0<k≤n
]{J | J ⊆ ∆+ \

(
1∆(εk) ∪ 2∆(εk)

)
}

= 2
∑

0<k≤n
2(n−1)(n−2)

= 2n× 2(n−1)(n−2).

On the other hand, according to Theorem 3.2.4 and Table 1.6, one has

dim ker(D) = |W | = 2n−1n!
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CHAPTER 6

KERNEL OF NONCUBIC DIRAC
OPERATORS FOR THE EXCEPTIONAL

LIE ALGEBRAS

In this chapter, we apply the results of Chapter 4 in the case of exceptional Lie algebras when
V is the standard representation of Example 1.4.25, i.e. the irreducible representation having
as highest weight the first fundamental weight ω̄1 of the corresponding Lie algebra g. The
necessary information about exceptional Lie algebras and their root decompositions can be
found in [FH91], [Jac71] or [Kna96].

6.1 Preliminaries

In this chapter, g will stand for an exceptional Lie algebra, ∆ will be the root system of g,
Π := {α1, . . . , αl} will be the set of simple roots of ∆ and ∆+ will be the set of positive
roots determined by Π. We are always interested in calculating the kernel of the noncubic
Dirac operator D̂ in the case where the highest weight λ of the g-representation V is the first
fundamental weight w̄1 of g. We use the notation introduced in the proof of Lemma 4.7.4.
Namely,

∆1 := {α ∈ ∆ | 〈λ, α〉 = 0},
∆2 := ∆ \∆1,
∆+
i := ∆i ∩∆+, i = 1, 2.

Let ρ1 be the half-sum of the positive roots of ∆+
1 . As we have already shown in the proof of

Lemma 4.7.4, ∆1 is a root system with ∆+
1 being the set of positive roots. Moreover, one can

verify that ∆+
1 = ∆+ ∩ 〈α2, . . . , αl〉 and thus Π1 := {α2, . . . , αl} is the set of simple roots for

∆+
1 . Consequently, the Dynkin diagram of ∆1 is obtained from the Dynkin diagram of ∆ by

deleting the edge corresponding to the simple root α1.
To calculate ker(D̂), according to Theorem 4.6.13, it suffices to determine the set A(λ). In
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other words, using Proposition 4.7.1, it suffices to find all dominant weights of the form

ρ−
∑
α∈A

α, A ⊆ ∆+
1 .

To find these weights, we will need the following lemma.

Lemma 6.1.1. With the above notation, let A be a subset of ∆+
1 . The weight ρ −

∑
α∈A

α is

∆+-dominant if and only if the weight ρ1 −
∑
α∈A

α is ∆+
1 -dominant.

Proof. If ρ−
∑
α∈A

α is ∆+-dominant, obviously it is ∆+
1 -dominant. Moreover, ρ1−

∑
α∈A

α is ∆+
1 -

dominant. Indeed, as we have already seen in the proof of Proposition 4.7.1, 〈ρ − ρ1, β〉 = 0
for every β in ∆+

1 and so

〈ρ1 −
∑
α∈A

α, β〉 = 〈(ρ− ρ1) + ρ−
∑
α∈A

α, β〉

= 〈ρ−
∑
α∈A

α, β〉. (6.1)

Therefore, ρ1 −
∑
α∈A

α is ∆+
1 -dominant if and only if ρ −

∑
α∈A

α is ∆+
1 -dominant, which is the

case for ρ−
∑
α∈A

α being ∆+-dominant.

On the other hand, if ρ1 −
∑
α∈A

α is ∆+
1 -dominant, then, as we have seen in the proof of

Proposition 4.7.1, ρ −
∑
α∈A

α is ∆+-dominant. For the sake of completeness, we repeat the

argument. Suppose that
〈ρ−

∑
α∈A

α, β〉 < 0,

for some β in ∆+
2 . Then, the element sβ(ρ −

∑
α∈A

α) = ρ −
∑
α∈A

α + nβ, with n being some

positive integer, is a weight of S. Thus, there is some subset Γ of ∆+ such that

ρ−
∑
α∈A

α + nβ = ρ−
∑
γ∈Γ

γ.

Hence
〈ρ−

∑
α∈A

α + nβ, λ〉 = 〈ρ−
∑
γ∈Γ

γ, λ〉

⇒ n〈β, λ〉 = −
∑
γ∈Γ

〈γ, λ〉.

Since the right-hand side is positive while the left-hand side is nonpositive, this is a contradic-
tion. Therefore, 〈ρ−

∑
α∈A

α, β〉 > 0, for every β in ∆+
2 , while from the relation (6.1), ρ−

∑
α∈A

α

is ∆+
1 -dominant. This proves the statement.

Using the above lemma, in order to determine A(λ), it suffices to find all the ∆+
1 -dominant

weights of the form
ρ1 −

∑
α∈A

α. (6.2)
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On the other hand, ∆1 is the root system that one obtains by deleting by the Dynkin diagram
of g the edge corresponding to the first simple root α1. Let g1 be the Lie algebra corresponding
to ∆1 and choose h1 to be a Cartan subalgebra of g1. Then q1 := h⊥1 = n1 ⊕ n−1 , where n1

(respectively n−1 ) is the sum of all positive (respectively negative) root spaces of g1. Then the
∆+

1 -dominant weights of the form (6.2) are exactly the ∆+
1 -dominant weights of the space of

spinors S1 of the Clifford algebra C(n1 ⊕ n−1 ).

6.2 The Lie Algebra E6

Consider the vector space R8, let {εi} be its standard basis and set

V := {v ∈ R8 | 〈ε6 − ε7, v〉 = 〈ε7 + ε8, v〉 = 0}.

The root space of E6 is the subset

∆ := {±εi ± εj | i < j ≤ 5} ∪
{1

2

8∑
i=1

(−1)n(i)εi ∈ V |
8∑
i=1

n(i) even
}

of V . Then

Π :=
{
α1 :=

1

2
(ε8 − ε7 − ε6 − ε5 − ε4 − ε3 − ε2 + ε1), α2 := ε2 + ε1,

α3 := ε2 − ε1, α4 := ε3 − ε2, α5 := ε4 − ε3, α6 := ε5 − ε4

}
is a simple system for ∆ and

∆+ := {εi ± εj | i > j} ∪
{1

2

(
ε8 − ε7 − ε6 +

5∑
i=1

(−1)n(i)εi
)
|

5∑
i=1

n(i) even
}

is the corresponding positive system determined by Π. Moreover, the Dynkin diagram of E6 is

6 5 4

2

3 1
E6

and by deleting the edge corresponding to α1, one obtains the diagram

which, according to Table 1.7 is the Dynkin diagram corresponding to the classical Lie algebra
D5 = so(10,C). In other words, ∆1 is the root system of the Lie algebra so(10,C) and there
is a canonical embedding of so(10,C) into E6. Consider the space of spinors S1 of the Clifford
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algebra C(n1⊕ n−1 ), where n1 and n−1 are the sum of the positive and negative respectively root
spaces of so(10,C). Then, the weights (6.2) we are looking for are the ∆+

1 -dominant weights
of S1 and the set A(λ) for E6 is

A(λ) = {λ+ ν1 | ν1 is ∆+
1 -dominant weight of S1}.

Hence
ker(D̂) =

⊕
µ∈A(λ)

(
V ⊗ S

)[µ]
.

6.3 The Lie Algebra E7

Consider the vector space R8, let {εi} be its standard basis and set

V := {v ∈ R8 | 〈ε7 + ε8, v〉 = 0}.

The root space of E7 is the subset

∆ := {±εi ± εj | i < j ≤ 6} ∪ {±(ε7 − ε8)} ∪
{1

2

8∑
i=1

(−1)n(i)εi ∈ V |
8∑
i=1

n(i) even
}
.

of V . Then

Π :=
{
α1 :=

1

2
(ε8 − ε7 − ε6 − ε5 − ε4 − ε3 − ε2 + ε1), α2 := ε2 + ε1,

α3 := ε2 − ε1, α4 := ε3 − ε2, α5 := ε4 − ε3, α6 := ε5 − ε4, α7 := ε6 − ε5

}
is a simple system of ∆ and

∆+ := {εi ± εj | i > j} ∪
{1

2

(
ε8 − ε7 +

6∑
i=1

(−1)n(i)εi
)
|

6∑
i=1

n(i) odd
}

is the corresponding positive system determined by Π. Moreover, the Dynkin diagram of E7 is

7 6 5 4

2

3 1
E7

and by deleting the edge corresponding to α1, one obtains the diagram

which, according to Table 1.7 is the Dynkin diagram corresponding to the classical Lie algebra
D6 = so(12,C). In other words, ∆1 is the root system of the Lie algebra so(12,C) and there
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is a canonical embedding of so(12,C) into E7. Consider the space of spinors S1 of the Clifford
algebra C(n1⊕ n−1 ), where n1 and n−1 are the sum of the positive and negative respectively root
spaces of so(12,C). Then, the weights (6.2) we are looking for are the ∆+

1 -dominant weights
of S1 and the set A(λ) for E7 is

A(λ) = {λ+ ν1 | ν1 is ∆+
1 -dominant weight of S1}.

Hence
ker(D̂) =

⊕
µ∈A(λ)

(
V ⊗ S

)[µ]
.

6.4 The Lie Algebra E8

Consider the vector space V := R8 and let {εi} be its standard basis. The root space of E8 is

∆ := {±εi ± εj | i < j} ∪
{1

2

8∑
i=1

(−1)n(i)εi ∈ V |
8∑
i=1

n(i) even
}

Then

Π :=
{
α1 :=

1

2
(ε8 − ε7 − ε6 − ε5 − ε4 − ε3 − ε2 + ε1), α2 := ε2 + ε1, α3 := ε2 − ε1,

α4 := ε3 − ε2, α5 := ε4 − ε3, α6 := ε5 − ε4, α7 := ε6 − ε5, α8 := ε7 − ε6

}
is a simple system of ∆ and

∆+ := {εi ± εj | i > j} ∪
{1

2

(
ε8 +

7∑
i=1

(−1)n(i)εi
)
|

7∑
i=1

n(i) even
}

is the corresponding positive system determined by Π. Moreover, the Dynkin diagram of E8 is

8 7 6 5 4

2

3 1
E8

and by deleting the edge corresponding to α1, one obtains the diagram

which, according to Table 1.7 is the Dynkin diagram corresponding to the classical Lie algebra
D4 = so(14,C). In other words, ∆1 is the root system of the Lie algebra so(14,C) and there
is a canonical embedding of so(14,C) into E8. Consider the space of spinors S1 of the Clifford
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algebra C(n1⊕ n−1 ), where n1 and n−1 are the sum of the positive and negative respectively root
spaces of so(14,C). Then, the weights (6.2) we are looking for are the ∆+

1 -dominant weights
of S1 and the set A(λ) for E8 is

A(λ) = {λ+ ν1 | ν1 is ∆+
1 -dominant weight of S1}.

Hence
ker(D̂) =

⊕
µ∈A(λ)

(
V ⊗ S

)[µ]
.

6.5 The Lie Algebra F4

Let V := R4 and

∆ := {±εi ± εj | i < j} ∪ {±εi} ∪
{1

2
(±ε1 ± ε2 ± ε3 ± ε4)

}
,

where εi is the element of the dual space of R4 sending the i-th element of the standard basis to
1 and all the others to 0. The set ∆ is the root system of F4 and we fix

∆+ := {εi ± εj | i < j} ∪ {εi} ∪ {
1

2
(ε1 ± ε2 ± ε3 ± ε4)}

to be the set of positive roots of ∆. Then,

Π := {α1 :=
1

2
(ε1 − ε2 − ε3 − ε4), α2 := ε4, α3 := ε3 − ε4, α4 := ε2 − ε3}

is the set of simple roots of ∆. The highest weight λ of the standard representation is λ = ω̄1 =
ε1 and the set of roots being orthogonal with λ is

∆1 = {±εi ± εj | 1 < i < j} ∪ {±εi | 1 < i}.

Then, the half sum of the positive roots of ∆+
1 is ρ1 = 5

2
ε2 + 3

2
ε3 + 1

2
ε4 and

Π1 := {α2, α3, α4}

is the set of simple roots of ∆1. The Dynkin diagram of F4 is

F4

1 2 3 4
<

.

By deleting the edge corresponding to α1, we obtain the Dynkin diagram of ∆1:

2 3 4
<

.

This is exactly the Dynkin diagram of the Lie algebra B3. With the previous notation, the
∆+

1 -dominant weights of the spin module S1 for B3, are given in Table 6.1.
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Weight Vectors

5
2
ε2 + 3

2
ε3 + 1

2
ε4 1

5
2
ε2 + 1

2
ε3 + 1

2
ε4

e−ε3

e−ε3+ε4∧e−ε4

3
2
ε2 + 3

2
ε3 + 3

2
ε4

e−ε2+ε3∧e−ε3+ε4

e−ε2+ε4

3
2
ε2 + 3

2
ε3 + 1

2
ε4

e−ε2

e−ε2+ε3∧e−ε3
e−ε2+ε4∧e−ε4

e−ε2+ε3∧e−ε3+ε4∧e−ε4

3
2
ε2 + 1

2
ε3 + 1

2
ε4

e−ε2−ε3

e−ε2∧e−ε3
e−ε3∧e−ε4∧e−ε2+ε4

e−ε2∧e−ε3+ε4∧e−ε4
e−ε3+ε4∧e−ε2−ε4

e−ε2−ε3∧e−ε3+ε4∧e−ε3−ε4
e−ε2+ε4∧e−ε3−ε4

e−ε3∧e−ε4∧e−ε2+ε3∧e−ε3+ε4

1
2
ε2 + 1

2
ε3 + 1

2
ε4

e−ε2∧e−ε2−ε3
e−ε2∧e−ε3+ε4∧e−ε2−ε4
e−ε2∧e−ε2+ε4∧e−ε3−ε4
e−ε4∧e−ε2+ε4∧e−ε2−ε3
e−ε3∧e−ε2+ε4∧e−ε2−ε4
e−ε3∧e−ε2+ε3∧e−ε2−ε3
e−ε2∧e−ε3∧e−ε4∧e−ε2+ε4

e−ε3∧e−ε2+ε3∧e−ε2+ε4∧e−ε3−ε4
e−ε3∧e−ε2+ε3∧e−ε3+ε4∧e−ε2−ε4
e−ε2∧e−ε2+ε3∧e−ε3+ε4∧e−ε3−ε4
e−ε4∧e−ε2+ε4∧e−ε3+ε4∧e−ε2−ε4
e−ε4∧e−ε2+ε3∧e−ε3+ε4∧e−ε2−ε3
e−ε2∧e−ε3∧e−ε4∧e−ε2+ε3∧e−ε3+ε4

e−ε4∧e−ε2+ε3∧e−ε2+ε4∧e−ε3+ε4∧e−ε3−ε4

Table 6.1: ∆+
1 -dominant weights of S1
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According to the discussion in the beginning of this chapter, the set A(λ) consists of all
elements of the form ρ− ρ1 + µ1, with µ1 being a weight of the above matrix. Using Theorem
4.6.13, the kernel of the noncubic Dirac operator D̂ is

ker(D̂) =
⊕
µ1

(V ⊗ S)[(ρ−ρ1)+µ1],

where µ1 runs over the set of the weights of the above table. The dimension of each isotypic
component (V ⊗ S)[(ρ−ρ1)+µ1] is given by Table 6.1.

6.6 The Lie Algebra G2

Let V := {v ∈ R3 | 〈ε1 + ε2 + ε3, v〉 = 0}, where {εi} stands for the standard basis of R3. The
root system of G2 is

∆ := {±(ε1 − ε2),±(ε2 − ε3),±(ε1 − ε3)}
∪{±(2ε1 − ε2 − ε3),±(2ε2 − ε1 − ε3),±(2ε3 − ε1 − ε2)}

while we fix

∆+ := {ε1 − ε2,−ε2 + ε3,−ε1 + ε3}
∪{−2ε1 + ε2 + ε3,−2ε2 + ε1 + ε3, 2ε3 − ε1 − ε2}

to be the set of positive roots of ∆. The set of simple roots is

Π := {α1 := ε1 − ε2, α2 := −2ε1 + ε2 + ε3}

and the highest weight λ of the standard representation is λ = ω̄1 = −ε2 + ε3. Then, the set of
roots annihilated by λ is ∆1 := {α2} and the stabilizer of λ in W is Wλ = W (∆1) = {1, sα2},
i.e. the Weyl group generated by ∆1. One can verify that sα2(ρ) = ρ − α2 and thus Wλ acts
transitively on the set {ρ, ρ−α2}. Using Proposition 4.7.5, one deduces that ker(D̂) = ker(D).
Therefore, according to Theorem 3.2.4,

ker(D̂) =
⊕
w∈W

(V ⊗ S)w(λ+ρ),

with (V ⊗ S)w(λ+ρ) being the 1-dimensional isotypic component corresponding to the weight
w(λ+ ρ).

For the sake of completeness, let us say that the set ∆1 of all roots orthogonal to λ is
∆1 = {α2 = −2ε1 + ε2 + ε3} while the corresponding Dynkin diagram has only one edge, i.e.,
according to Table 1.7, it is the Dynkin diagram of the classical Lie algebra A1 = sl(2,C).
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CHAPTER 7

GEOMETRIC DIRAC OPERATORS

In this chapter we introduce and study the cubic and noncubic geometric Dirac operator D
and D̂, respectively. More precisely, we start by developing the basic notions of homoge-
neous spaces and homogeneous vector bundles in Section 7.1. Next, in Section 7.2 we present
Peter-Weyl Theorem for compact Lie groups and we discuss the decomposition of the space of
sections of homogeneous vector bundles into a sum of finite-dimensional irreducible subrepre-
sentations. In Section 7.3, we consider a particular homogeneous vector bundle and we study
the cubic geometric Dirac operator, while in Sections 7.4 and 7.5 we deal with the correspond-
ing noncubic and t-cubic geometric Dirac operators. Finally, in Section 7.6, we compute the
Dirac indices of both algebraic and geometric cubic or noncubic Dirac operators.

7.1 Homogeneous spaces and homogeneous vector bundles
Let G be a compact connected Lie group, H be a Lie subgroup of G and g0 and h0 be respec-
tively the Lie algebras of G and H while g and h are their complexifications. Consider the
quotient G/H .

Proposition 7.1.1. The quotient G/H admits the structure of a smooth manifold. Its tangent
space TeGG/H based at the point eG coincides with the vector space g0/h0.

Proof. The fact that G/H is a smooth manifold is an application of the Quotient Manifold
Theorem (see [Lee13, Theorem 7.10]) . For the second statement see [Pau, Theorem 1.64].

Definition 7.1.2 (Homogeneous space). The quotientG/H is called homogeneous space for G.

Example 7.1.3. Let G := SO(n + 1) and H := SO(n), with H being embedded in G by the
map

x ∈ SO(n) 7→ x̃ :=

(
x 0
0 1

)
∈ SO(n+ 1).

Then X := SO(n + 1)/SO(n) is a homogeneous space. It turns out to be diffeomorphic with
the n-dimensional sphere Sn (see [Pau, Subsection 1.5.5]).
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Note that the homogeneous space G/H admits a canonical smooth left G-action by left
multiplication. Suppose, now, that (π,E) is a (complex) finite dimensional representation of H
equipped with a norm ‖·‖E . Set

E := G× E/ ∼,
where ∼ is the equivalence relation identifying (gh, h−1v) ∼ (g, v) for every g ∈ G, h ∈ H
and v ∈ V , and consider the canonical projection

p :

{
E → G/H

[g, v] 7→ gH.

Proposition 7.1.4. The pair (p, E) is a vector bundle over G/H , the fiber being p−1(gH) ' E.

We equip E with the smooth left G-action given by

x[g, v] := [xg, v]

for every x, g ∈ G and every v ∈ E. This action is compatible with the map p, i.e., for every
x, g ∈ G and every v ∈ E,

p(x[g, v]) = xp([g, v]).

Definition 7.1.5 (Homogeneous vector bundle). The vector bundle (p, E) equipped with the
above action of G is called the hogeneous vector bundle over G/H induced by E.

Let Γ(G/H, E) be the space of smooth sections of (p, E), i.e. the space of all smooth maps
f̃ : G/H → E such that p◦ f̃ = idG/H . We equip Γ(G/H, E) with a smooth left G-action given
by

x · f̃ : g 7→ x{f̃(x−1g)}. (7.1)

Moreover, consider the vector space C∞(G) of all smooth functions of G. Recall that G (and
thus H) acts by right translations on C∞(G) via the map

r(x) : f 7→
(
r(x)f : g 7→ f(gx)

)
(7.2)

for every g, x ∈ G. Then H acts on C∞(G)⊗ E and set

[C∞(G)⊗ E]H

to be the set of all H-stable vector of C∞(G)⊗ E. In other words,

[C∞(G)⊗ E]H = {f : G→ E | f is smooth, f(gh−1) = hf(g),∀g ∈ G,∀h ∈ H}. (7.3)

Moreover, equip [C∞(G)⊗ E]H with the L2(G,E)-norm, i.e. the norm given by

‖f‖2 :=

∫
G

‖f(x)‖2
E dx

for every f ∈ [C∞(G)⊗ E]H , where dx is a bi-invariant Haar measure of G, i.e. an outer
regular Borelian finite measure on G which is invariant by left and right tranlations (for more
details see [Kna96, Chapter 4]). Define a smooth left G-action on [C∞(G)⊗ E]H , given by left
translations:

x · f := l(x)f : g 7→ f(x−1g) (7.4)

for every f in [C∞(G)⊗ E]H and every g, x inG. One can check that this action is well-defined.
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Definition 7.1.6. The representation [C∞(G)⊗ E]H of G is called the smooth representation
induced by E (or the induced represenation of E) and it is denoted by IndGH(E).

Theorem 7.1.7 (Frobenius reciprocity, see [GK94, Subsection 3.3]). Let V be a representa-
tion of G and E be a representation of H . If ResGH(V ) stands for the restriction of V to a
representation of H , then

HomG(V, IndGH(E)) ' HomH(ResGH(V ), E).

Theorem 7.1.8 (See [Bot57]). As representations of G, Γ(G/H, E) and IndGH(E) are equiva-
lent, the isomorphism being

[C∞(G)⊗ E]H 3 f 7→
(
f̃ : gH 7→ [g, f(g)]

)
∈ Γ(G/H, E).

7.2 Peter-Weyl Theorem for homogeneous vector bundles
Let G be a compact semisimple Lie group, L2(G) be the Hilbert space of square-integrable
functions defined on G and C∞(G) be the subspace of L2(G) of all smooth functions defined
on G.

Proposition 7.2.1 (See [Kna96, Theorem 4.20]). The subspace C∞(G) is dense in the Hilbert
space L2(G).

On L2(G), consider the representation l × r of the Lie group G × G by left and right
translations constructed in Example 1.5.5. More precisely, for every f ∈ L2(G) and every
g, x, y ∈ G, l × r is given by (

l × r
)
(x, y)f(g) = f(x−1gy).

Theorem 7.2.2 (Peter-Weyl, see [Dei05, Theorem 11.4.1] or [PW27]). Let G be a compact Lie
group and Ĝ be the set of equivalence classes of all irreducible unitary representations of G.
Suppose that for every π ∈ Ĝ, Vπ is a representative for π and V ∗π is the dual representation of
Vπ (see Example 1.5.4). Then, as representations of G×G,

L2(G) '
⊕̂
π∈Ĝ

Vπ ⊗ V ∗π , (7.5)

with the action of G × G on each component Vπ ⊗ V ∗π being given as follows: the subgroup
G× {1} ' G of G× G acts on the first factor Vπ via the representation π and trivially on the
second factor V ∗π , while the subgroup {1} ×G ' G acts trivially on the first factor Vπ and via
the representation π∗ on the second factor V ∗π .

Let H be a closed subgroup of G, E be an irreducible representation of H and E be the
homogeneous vector bundle over G/H induced by E. Then, according to Theorem 7.1.8, the
space of smooth sections Γ(G/H, E) of E coincides, as representation ofG, with [C∞(G)⊗E]H .
Using Proposition 7.2.1, one can show that [C∞(G)⊗ E]H is dense in [L2(G)⊗ E]

H . We are
interested in a decomposition of [L2(G)⊗ E]

H similar to (7.5). Consider the space L2(G)⊗E.
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Then, L2(G) ⊗ E admits an action of G × H , G × {1} acting only on the first factor by left
translations and {1} × H acting on L2(G) by right translations and on E by the given action
of H on E. Moreover, the isomorphism establishing (7.5) can be canonically extended to an
isomorphism

Φ : L2(G)⊗ E ∼−−→
⊕̂
π∈Ĝ

Vπ ⊗ V ∗π ⊗ E. (7.6)

For each component Vπ ⊗ V ∗π ⊗ E, G × {1} acts only on the first factor by π while {1} × H
acts only on the second factor by π∗ and on the third factor by the given representation of H on
E. Then, the map Φ is G × H-equivariant and thus the representations of G × H involved in
(7.6) are equivalent. Furthermore, Φ establishes an isomorphism of theG×{1}-representations
[L2(G)⊗ E]

H and
⊕̂
π∈Ĝ

Vπ⊗ [V ∗π ⊗ E]H of
(
{1}×H

)
-stable vectors. In other words, we obtain

the following theorem.

Theorem 7.2.3. Let G be a compact connected semisimple Lie group, H be a closed subgroup
of G and E be a representation of H . Then, as reprentations of G ' G× {1}, one has

Φ :
[
L2(G)⊗ E

]H ∼−−→
⊕̂
π∈Ĝ

Vπ ⊗ [V ∗π ⊗ E]H . (7.7)

7.3 Twisted spin bundles and geometric cubic Dirac opera-
tors

Let G be a real compact connected semisimple Lie group, H be a closed subgroup of G and let
g and h be respectively the complexified Lie algebras of G and H . Moreover, suppose that h
satisfies the condition (2.10) and let

g = h⊕ q,

where q = h⊥. Consider the Clifford algebra C(q) of q and let S be a space of spinors for it.
Then h acts on S by the spin representation

h→ so(q)→ C(q)→ EndS

of Definition 2.4.1. Furthermore, consider a finite dimensional representation E of h such that
S ⊗ E integrates to a representation of H and let S ⊗ E stand for the corresponding induced
homogeneous bundle over G/H . Then, the space of smooth sections Γ(G/H,S ⊗ E) of S ⊗ E
admits the action (7.1) of G and, according to Theorem 7.1.8, as representation of G, it is
equivalent with the induced representation [C∞(G)⊗(S⊗E)]H . Therefore, the smooth sections
of Γ(G/H,S ⊗ E) can be seen as smooth functions f : G → S ⊗ E satisfying the following
equivariance condition:

f(gh−1) = hf(g), ∀g ∈ G,∀h ∈ H.

We still denote by r the map
r : g× C∞(G)→ C∞(G),
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obtained by differentiating the map (7.2) of right translations. More precisely, r is the map
given by

r(X) : f 7→
(
r(X)f : g 7→ d

dt |t=0
f(g exp tX)

)
(7.8)

for every X ∈ g and every g ∈ G. Define D′ : C∞(G)⊗ (S ⊗ E) → C∞(G)⊗ (S ⊗ E) to be
the operator given by

D′ =
√

2
{∑

i,j

B(ẽi, ẽj)r(ei)⊗ γ(ej)⊗ 1− 1⊗ γ(c)⊗ 1
}
,

where γ(c) is the cubic term (3.1) of Definition 3.1.1, and with the first factor acting on C∞(G),
the second one on S while on E the action is trivial.

Lemma 7.3.1. The operatorsD′ and 1⊗γ(c)⊗1 do not depend on the choice of the bases {ei}
and {ẽi}.
Proof. The proof is identical with the proof of Lemma 3.1.4.

Proposition 7.3.2. The operators D′ and 1⊗ γ(c)⊗ 1 map [C∞(G)⊗ (S ⊗ E)]H to itself.

Proof. Let f be a function of C∞(G), u be an element of S, v be a vector of E, h be an element
of H and X be an element of q. Then(
r(Ad(h)X)⊗ γ(Ad(h)X)⊗ 1

)(
f ⊗ u⊗ v

)
=
(
r(Ad(h)X)f

)
⊗
(
γ(Ad(h)X)u

)
⊗ v (7.9)

Let Ãd(h) be an element of the double cover Spin(q) of SO(q) corresponding to Ad(h) via
the covering map

p : Spin(q)→ SO(q).

Then, according to Proposition 3.3.1,

γ(Ad(h)X) = Φ(Ãd(h))γ(X)Φ(Ãd(h))−1

and one can easily verify that, if π stands for the representation of H on S ⊗ E, then(
Φ(Ãd(h))γ(X)Φ(Ãd(h))−1 ⊗ 1

)
= π(h) ◦

(
γ(X)⊗ 1

)
◦ π(h)−1.

Hence

1⊗ γ(Ad(h)X)⊗ 1 =
(
r(h)⊗ π(h)

)(
1⊗ γ(X)⊗ 1

)(
r(h)⊗ π(h)

)−1
.

Therefore, using Lemma 7.3.1 and the Ad(G)-invariance of the Killing form B (see Lemma
1.1.41), one obtains that

1⊗ γ(c)⊗ 1 =
1

6

∑
i,j,k

B(Ad(h)ẽi, [Ad(h)ẽj,Ad(h)ẽk])1⊗ γ(Ad(h)ei)γ(Ad(h)ej)γ(Ad(h)ek)⊗ 1

=
1

6

∑
i,j,k

B(ẽi, [ẽj, ẽk])1⊗ γ(Ad(h)ei)γ(Ad(h)ej)γ(Ad(h)ek)⊗ 1

=
1

6

∑
i,j,k

B(ẽi, [ẽj, ẽk])1⊗
(
r(h)⊗ π(h)

)
◦ γ(ei)γ(ej)γ(ek) ◦

(
r(h)⊗ π(h)

)−1 ⊗ 1

=
(
r(h)⊗ π(h)

)
◦
(
1⊗ γ(c)⊗ 1

)
◦
(
r(h)⊗ π(h)

)−1
.
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and thus the statement is true for 1⊗ γ(c)⊗ 1.
On the other hand,

r(Ad(h)X)⊗ γ(Ad(h)X)⊗ 1 =
(
r(h)r(X)r(h)−1

)
⊗
(
Φ(Ãd(h))γ(X)Φ(Ãd(h))−1

)
⊗ 1

=
(
r(h)r(X)r(h)−1

)
⊗
(
π(h) ◦ [γ(X)⊗ 1] ◦ π(h)−1

)
=
(
r(h)⊗ π(h)

)(
r(X)⊗ γ(X)⊗ 1

)(
r(h)−1 ⊗ π(h)−1

)
.

Suppose {Zi} is an orthonormal basis of q. By using Lemma 7.3.1, the invariance of 1⊗γ(c)⊗1
proven above and the last relation, one obtains that:

D′ =
∑
i

r(Ad(h)Zi)⊗ γ(Ad(h)Zi)⊗ 1− 1⊗ γ(c)⊗ 1

=
∑
i

(
r(h)⊗ π(h)

)(
r(Zi)⊗ γ(Zi)⊗ 1

)(
r(h)−1 ⊗ π(h)−1

)
−
(
r(h)⊗ π(h)

)
◦
(
1⊗ γ(c)⊗ 1

)
◦
(
r(h)⊗ π(h)

)−1

=
(
r(h)⊗ π(h)

)(∑
i

r(Zi)⊗ γ(Zi)⊗ 1− 1⊗ γ(c)⊗ 1
)(
r(h)−1 ⊗ π(h)−1

)
=
(
r(h)⊗ π(h)

)
◦ D′ ◦

(
r(h)−1 ⊗ π(h)−1

)
.

Consequently
D′ =

(
r(h)⊗ π(h)

)
◦ D′ ◦

(
r(h)−1 ⊗ π(h)−1

)
and thus D′ maps [C∞(G)⊗ (S ⊗ E)]H to itself.

Definition 7.3.3 (Geometric cubic Dirac operator). Let [C∞(G)⊗ (S ⊗ E)]H be the vector
space (7.3), r be the map (7.8) and {ẽi} and {ei} be dual bases of q. We call geometric cubic
Dirac operator the operator

D : [C∞(G)⊗ (S ⊗ E)]H → [C∞(G)⊗ (S ⊗ E)]H

given by
D =

√
2
{∑

i,j

B(ẽi, ẽj)r(ei)⊗ γ(ej)⊗ 1− 1⊗ γ(c)⊗ 1
}
,

where γ(c) is the cubic term (3.1) of Definition 3.1.1, with the first factor acting on C∞(G), the
second one on S while on E the action is trivial.

Remark 7.3.4. Note that the constant
√

2 of the above definition, as in the case of algebraic
cubic Dirac operators (see Definition 3.1.1), is motivated by a simpler formula for D2. In
particular, it is easy to see that, in analogy with Proposition 3.2.6, one has:

D2 = r(Ωg)⊗ 1⊗ 1−
(
r ⊗ γ

)
(Ωh∆

)⊗ 1 +
(
‖ρ‖2 − ‖ρh‖2

)
.

Let us equip [C∞(G)⊗ (S ⊗ E)]H with the action (7.4) of G, i.e. with the action by left
translations.

Proposition 7.3.5. The operator D : [C∞(G)⊗ (S ⊗ E)]H → [C∞(G)⊗ (S ⊗ E)]H is G-
equivariant.
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Proof. The G-equivariance of D is a direct result of the commutativity of left and right transla-
tions. Namely, for a function h of C∞(G) and for r(x), x ∈ G, (respectively l(y), y ∈ G) being
the right translation of h by x (respectively the left translation of h by y), one has that(

r(x) ◦ l(y)(h)
)
(g) = h(y−1gx) =

(
l(y) ◦ r(x)(h)

)
(g)

for every g ∈ G. Therefore, by taking the differential of r, one obtains(
r(X) ◦ l(y)(f)

)
(g) =

(
l(y) ◦ r(X)(f)

)
(g)

for every X ∈ g and every g, y ∈ G.
Consequently, for the action of G on [C∞(G)⊗ (S ⊗ E)]H , we have

l(x) ◦ D =
√

2
(
l(x)⊗ 1⊗ 1

)
◦
{∑

i

r(Zi)⊗ γ(Zi)⊗ 1− 1⊗ γ(c)⊗ 1
}

=
√

2
{∑

i

l(x)r(Zi)⊗ γ(Zi)⊗ 1− l(x)⊗ γ(c)⊗ 1
}

=
√

2
{∑

i

r(Zi)l(x)⊗ γ(Zi)⊗ 1− l(x)⊗ γ(c)⊗ 1
}

=
√

2
{∑

i

r(Zi)⊗ γ(Zi)⊗ 1− 1⊗ γ(c)⊗ 1
}
◦
(
l(x)⊗ 1⊗ 1

)
= D ◦ l(x),

for every x in G. Hence D is a G-equivariant operator.

Corollary 7.3.6. The kernel of D is a representation of G.

Proof. Let f be a function of kerD and x be an element of G. It suffices to show that l(x)f lies
in kerD, as well. Indeed,

D ◦
(
l(x)f

)
= l(x) ◦

(
Df
)

= 0

and thus kerD is a representation of G.

Using the fact that [C∞(G)⊗ (S ⊗ E)]H is dense in [L2(G)⊗ (S ⊗ E)]
H (see Proposition

7.2.1), we extend continuously the operatorD on [L2(G)⊗ (S ⊗ E)]
H which, as representation

of G, according to Theorem 7.2.3, is equivalent to⊕̂
π∈Ĝ

Vπ ⊗ [V ∗π ⊗ (S ⊗ E)]H .

We are interested in the kernel of D. We follow Landweber who, in [Lan00], calculates this
kernel in the case where rkC(g) = rkC(h).

Theorem 7.3.7 (Landweber (see [Lan00, Theorem 4])). LetG be a compact connected semisim-
ple Lie group with complexified Lie algebra g, H be a closed subgroup of G such that its com-
plexified Lie algebra h satisfies condition (2.10). Moreover, suppose that there is a common
Cartan subalgebra t of g and h, and E is an irreducible finite dimensional representation of h
of highest weight µ ∈ t∗ with respect to a fixed positive root system ∆+

h such that S ⊗ E lifts
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to a representation of H . Then, if there is w ∈ W such that w(µ + ρh) is analytically integral
and dominant for a positive system ∆+ ⊇ ∆+

h of ∆, the kernel ker(D) of the geometric Dirac
operator

D :
[
L2(G)⊗ (S ⊗ E)

]H → [
L2(G)⊗ (S ⊗ E)

]H
is equivalent with the irreducible representation Vw(µ+ρh)−ρ of highest weight w(µ+ ρh)− ρ of
G. Otherwise, ker(D) is trivial otherwise.

Let th be a Cartan subalgebra of h and tq be a subspace of q such that t := th⊕ tq is a Cartan
subalgebra of g (see Section 2.5). Furthermore, fix a positive system ∆+ for ∆ satisfying the th-
property and let ∆+

h be the corresponding positive system for ∆h. Then the set Ĝ of equivalence
classes of all unitary irreducible representations of G, stands to one-by-one correspondence
with the set Λ of all dominant analytically integral elements λ of t∗ (see Theorem 1.5.17). In
other words, if Vλ stands for the irreducible representation of highest weight λ of G, then the
equivalence (7.7) is writen as

Φ :
[
L2(G)⊗ (S ⊗ E)

]H ∼−−→
⊕̂
λ∈Λ

Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H . (7.10)

Moreover, according to Corollary 1.5.12, [L2(G)⊗ (S ⊗ E)]
H is decomposed into a direct sum

of irreducible subrepresentations and it is clear that Φ maps the λ-isotypic component[
L2(G)⊗ (S ⊗ E)

]H
λ

of [L2(G)⊗ (S ⊗ E)]
H to Vλ ⊗ [V ∗λ ⊗ E]H . Let

Dλ :
[
L2(G)⊗ (S ⊗ E)

]H
λ
→
[
L2(G)⊗ (S ⊗ E)

]H
λ

be the restriction of D on this λ-isotypic component. We would like to see how Dλ acts on

Vλ ⊗ [V ∗λ ⊗ E]H

via the isomorphism Φ of (7.10). Recall that Dλ is the operator

Dλ =
∑
i,j

B(ẽi, ẽj)r(ei)⊗ γ(ej)⊗ 1− 1⊗ γ(c)⊗ 1,

where {ẽi} and {ei} are dual bases of q and γ(c) is the cubic term (3.1). The terms r(·) act on
the space [L2(G)⊗ (S ⊗ E)]

H
λ by the differential of the map (7.2) of right translations onL2(G)

and thus, according to Theorem 7.2.2, the corresponding action on Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H is
on V ∗λ . On the other hand, the terms γ(·) act on S both for [L2(G)⊗ (S ⊗ E)]

H
λ and Vλ ⊗

[V ∗λ ⊗ (S ⊗ E)]H . Hence the operator

Dλ :
[
L2(G)⊗ (S ⊗ E)

]H
λ
→
[
L2(G)⊗ (S ⊗ E)

]H
λ
,

via Φ, corresponds to the operator
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1⊗DV ∗λ
⊗ 1 : Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H → Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H ,

where DV ∗λ
is the algebraic Dirac operator acting on V ∗λ ⊗ S (see Definition 3.1.1). Note that

the group representation action of G on Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H occurs on the first factor and
thus the operator 1⊗DV ∗λ

⊗ 1 is clearly G-equivariant. In other words, we conclude that:

Proposition 7.3.8. As above, let

Dλ :
[
L2(G)⊗ (S ⊗ E)

]H
λ
→
[
L2(G)⊗ (S ⊗ E)

]H
λ

be the geometric Dirac operator restricted to the λ-isotypic component of [L2(G)⊗ (S ⊗ E)]
H ,

DV ∗λ
: V ∗λ ⊗ S → V ∗λ ⊗ S

be the algebraic Dirac operator and

Φ :
[
L2(G)⊗ (S ⊗ E)

]H
λ

∼−−→ Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H (7.11)

be the isomorphism (7.10), restricted to the λ-isotypic component. Then the diagram

[L2(G)⊗ (S ⊗ E)]
H
λ [L2(G)⊗ (S ⊗ E)]

H
λ

Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H

Dλ

Φ Φ

1⊗DV ∗
λ
⊗1

is commutative, i.e.
Φ ◦ Dλ = (1⊗DV ∗λ

⊗ 1) ◦ Φ.

Therefore, the isomorphism

Φ :
[
L2(G)⊗ (S ⊗ E)

]H
λ

∼−−→ Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H

of (7.11) establishes an equivalence

kerDλ ' Vλ ⊗
[
kerDV ∗λ

⊗ E
]H (7.12)

of representations of G. Since G acts trivially on the component [V ∗λ ⊗ (S⊗E)]H of Vλ⊗ [V ∗λ ⊗
(S⊗E)]H , Vλ⊗[kerDV ∗λ

⊗E]H turns out to be equivalent to a direct sum of dim[kerDV ∗λ
⊗E]H

copies of Vλ which, for the sake of simplicity, we denote

dim
[
kerDV ∗λ

⊗ E
]H
Vλ.

Corollary 7.3.9. As representations of G,

kerDλ ' dim
[
kerDV ∗λ

⊗ E
]H
Vλ.
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The following theorem generalizes Landweber’s result [Lan00, Theorem 4] in the case of
non-equal complex ranks of g and h.

Theorem 7.3.10. Let G be a compact connected semisimple Lie group with complexified Lie
algebra g, H be a closed subgroup of G such that its complexified Lie algebra h satisfies con-
dition (2.10). Moreover, suppose that th is a Cartan subalgebra of h and tq ⊆ q is such that
t := th + tq is a Cartan subalgebra of g. Let ∆ := ∆(g, t) be the corresponding root system
of g, fix ∆+ to be a positive system for ∆ satisfying the th-property of Definition 3.2.3, and ∆+

h

to be the corresponding positive system for ∆h. Fix E to be an irreducible finite-dimensional
representation of h of highest weight µ ∈ t∗h with respect to ∆+

h such that S ⊗E lifts to a repre-
sentation of H . Set Λ to be the set of all analytically integral and ∆+-dominant elements of t∗

and, for every λ ∈ Λ, set

W 1
λ := {w ∈ W | w(λ+ ρ)|tq = 0 and w(λ+ ρ)|th is ∆+

h -dominant}

If there are λ ∈ Λ and w ∈ W 1
λ such that w−1(µ + ρh) − ρ is analytically integral and ∆+-

dominant, the kernel of the extended on [L2(G)⊗ (S ⊗ E)]
H geometric Dirac operator

D :
[
L2(G)⊗ (S ⊗ E)

]H → [
L2(G)⊗ (S ⊗ E)

]H
is equivalent with 2d copies of the G-representation Vw−1(µ+ρh)−ρ of highest weight w−1(µ +

ρh)− ρ, where d := [dim tq
2

]. Otherwise, kerD = 0.

Proof. Fix ∆+ to be a positive system for ∆ satisfying the th-property and let ∆+
h be the corre-

sponding positive system for ∆h. Let Λ be the set of all dominant analytically integral elements
of t∗ with respect to ∆+. Decompose [L2(G)⊗ (S ⊗ E)]

H into a Hilbert sum of its isotypic
components and, for every λ ∈ Λ, let Dλ be the restriction of D on the λ-isotypic component.
It is clear that

kerD =
⊕̂

λ∈Λ
kerDλ. (7.13)

According to Corollary 7.3.9,

kerDλ ' dim
[
kerDV ∗λ

⊗ E
]H
Vλ

and thus
kerDλ ' dim HomH(E∗, kerDV ∗λ

)Vλ.

Moreover, the spin module S is self-dual, i.e. it coincides with its dual (see [Del99]), and thus
DV ∗λ

can be seen as the dual operator D∗Vλ of DVλ acting on V ∗λ ⊗ S∗. Then

HomH(E∗, kerDV ∗λ
) ' HomH(E∗, kerD∗Vλ)

= HomH(E∗,
(

kerDVλ

)∗
)

= HomH(kerDVλ , E)

and thus
kerDλ ' dim HomH(kerDVλ , E)Vλ. (7.14)

For more details about the relation between algebraic and geometric Dirac operators, see [MZ14a].

180



7.3. Twisted spin bundles and geometric cubic Dirac operators

According to Theorem 3.2.4,

ker(DVλ) =
⊕
w∈W 1

λ

2dFw(λ+ρ)−ρh ,

where Fw(λ+ρ)−ρh is the irreducible representation of H of highest weight w(λ + ρ) − ρh ∈ t∗h
and d := [dim tq

2
]. Hence

HomH(kerDVλ , E) '
⊕
w∈W 1

λ

2dHomH(Fw(λ+ρ)−ρh , E).

On the other hand, according to Proposition 1.4.9,

HomH(Fw(λ+ρ)−ρh , E) '

{
C if µ = w(λ+ ρ)− ρh
0 otherwise

and so

dim HomH(kerDVλ , E) =
∑
w∈W 1

λ

2dδµ,w(λ+ρ)−ρh .

By replacing in (7.14), we obtain

kerDλ '
∑
w∈W 1

λ

2dδµ,w(λ+ρ)−ρhVλ

while (7.13) gives

kerD '
∑
w∈W 1

λ
λ∈Λ

2dδµ,w(λ+ρ)−ρhVλ

=
∑
w∈W 1

λ
λ∈Λ

2dδw−1(µ+ρh)−ρ,λVw−1(µ+ρh)−ρ

Note that if there are λ ∈ Λ and w ∈ W 1
λ such that µ = w(λ + ρ) − ρh, then they will be

unique. More precisely, if w′ ∈ W 1
λ and λ′ ∈ Λ is another pair such that µ = w′(λ′ + ρ) − ρh,

then
w′(λ′ + ρ)− ρh = w(λ+ ρ)− ρh

⇒ w′(λ′ + ρ)= w(λ+ ρ)
⇒ w−1w′(λ′ + ρ)= λ+ ρ.

Since λ+ρ and λ′+ρ′ both are strictly dominant with respect to ∆+, we deduce thatw−1w′∆+ =
∆+ and so w−1w′ = 1. Consequently, w′ = w and λ′ = λ.

Therefore, if there are λ ∈ Λ and w ∈ W 1
λ such that w−1(µ + ρh)− ρ is ∆+-dominant and

analytically integral, then
kerD = 2dVw−1(µ+ρh)−ρ.

Otherwise, kerD = 0.
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7.4 Geometric noncubic Dirac operators
We continue with the same notation. Namely, G is a compact connected semisimple Lie group
with complexified Lie algebra g, H is a closed subgroup with complexified Lie algebra h, th
is a Cartan subalgebra of h and tq is a subspace of q := h⊥ such that t := th + tq is a Cartan
subalgebra of g. Then g is decomposed into

g = h⊕ q

and let C(q) be the Clifford algebra of q. Moreover, let S be a space of spinors of C(q),

h→ so(q)→ C(q)→ EndS

be the spin representation of Definition 2.8 and E be a finite dimensional irreducible represen-
tation of h such that S ⊗E integrates to a representation of H . Let S ⊗ E be the corresponding
homogeneous vector bundle over G/H induced by S ⊗ E. According to Theorem 7.1.8, as
representation of G, the space of smooth sections Γ(G/H,S ⊗ E) of S ⊗ E is equivalent with
[C∞(G)⊗ (S ⊗ E)]H .

Definition 7.4.1 (Geometric noncubic Dirac operator). We define the geometric noncubic Dirac
operator D̂ to be the operator

D̂ : [C∞(G)⊗ (S ⊗ E)]H → [C∞(G)⊗ (S ⊗ E)]H

given by
D̂ =

√
2
{∑

i,j

B(ẽi, ẽj)r(ei)⊗ γ(ej)⊗ 1
}
,

where {ei} and {ẽi} are dual bases of q. In other words, if D is the geometric Dirac operator
of Definition 7.3.3 and γ(c) is the cubic term (3.1) of Definition 3.1.1, then

D̂ = D + 1⊗ γ(c)⊗ 1.

According to Lemma 7.3.1, D, 1 ⊗ γ(c) ⊗ 1 and thus D̂ do not depend on the choice of
the bases {ei} and {ẽi}. On the other hand, according to Proposition 7.3.5, D is G-equivariant
while one can verify that this is also the case for 1⊗ γ(c)⊗ 1. Therefore, D̂, being the sum of
D and 1⊗ γ(c)⊗ 1, is G-equivariant and so its kernel is a representation of G.

Fix a positive system ∆+ of ∆ and let Λ stand for the set of all ∆+-dominant analytically
integral elements of t∗. Using Proposition 7.2.1, extend the operator D̂ to [L2(G)⊗ (S ⊗ E)]

H

which is, via the isomorphism S of (7.10), equivalent as a G-representation to the Hilbert space
sum ⊕̂

λ∈Λ

Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H . (7.15)

Let D̂λ be the restriction of D̂ to the λ-isotypic component[
L2(G)⊗ (S ⊗ E)

]H
λ

of [L2(G)⊗ (S ⊗ E)]
H and denote again by Φ the restriction of the operator (7.10) to this

isotypic component. Then, one obtains the analog of Proposition 7.3.8 in the case of noncubic
Dirac operators.
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Proposition 7.4.2. As above, let

D̂λ :
[
L2(G)⊗ (S ⊗ E)

]H
λ
→
[
L2(G)⊗ (S ⊗ E)

]H
λ

be the geometric Dirac operator restricted to the λ-isotypic component of [L2(G)⊗ (S ⊗ E)]
H ,

D̂V ∗λ
: V ∗λ ⊗ S → V ∗λ ⊗ S

be the algebraic noncubic Dirac operator corresponding to V ∗λ and

Φ :
[
L2(G)⊗ (S ⊗ E)

]H
λ

∼−−→ Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H (7.16)

be the isomorphism (7.10), restricted to the λ-isotypic component. Then the diagram

[L2(G)⊗ (S ⊗ E)]
H
λ [L2(G)⊗ (S ⊗ E)]

H
λ

Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H

D̂λ

Φ Φ

1⊗D̂V ∗
λ
⊗1

is commutative, i.e.
Φ ◦ D̂λ = (1⊗ D̂V ∗λ

⊗ 1) ◦ Φ.

In particular, as representations of G, one has

ker D̂λ ' dim
[
ker D̂V ∗λ

⊗ E
]H

Vλ.

Proposition 7.4.3. Suppose that G is a compact connected semisimple Lie group with com-
plexified Lie algebra g, H a closed subgroup of G with complexified Lie algebra h such that
rankC(h) = rankC(g), and E a finite-dimensional irreducible representation of h such that
S ⊗ E integrates to a representation of H . Let D and D̂ be the geometric cubic and noncubic,
respectively, Dirac operators defined on [L2(G)⊗ (S ⊗ E)]

H . Then

kerD ⊆ ker D̂.

Proof. In the above setting, let f be an element of [L2(G)⊗ (S ⊗ E)]
H such that Df = 0.

According to Theorem 7.3.10, Φf ∈ ker
(
1⊗DV ∗λ

⊗1
)

and since, by Theorem 4.4.1, kerDV ∗λ
⊆

ker D̂V ∗λ
, we deduce that Φf ∈ ker

(
1⊗ D̂V ∗λ

⊗ 1
)
. Consequently,

Φ ◦ D̂f =
(
1⊗ D̂V ∗λ

⊗ 1
)
◦ Φf = 0

and, because Φ is injective,
D̂f = 0.

In other words, kerD ⊆ ker D̂.
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Suppose now that H coincides with a maximal torus T of G (see Proposition 1.5.9) with
complexified Lie algebra t. Recall that in this case, according to Proposition 1.5.10, t is a
Cartan subalgebra of g. Let µ ∈ t∗ be ∆+-dominant and algebraically integral, and E be the
corresponding 1-dimensional representation of t, i.e. the representation given by

Xv = µ(X)v, ∀X ∈ t,∀v ∈ E.

Moreover, suppose that µ is such that the representation S⊗E of t∗ integrates to a representation
of T . In analogy with Theorem 7.3.10, we obtain the following theorem for the kernel of the
geometric noncubic Dirac operator.

Theorem 7.4.4. Let G be a compact connected semisimple Lie group with complexified Lie
algebra g, T be a maximal torus of G such that its complexified Lie algebra t is θ-stable. Fix
E to be a 1-dimensional representation of t determined by a ∆+-dominant element µ of t∗

with respect to a fixed positive root system ∆+ for ∆ := ∆(g, t) and such that S ⊗ E lifts to
a representation of T . For every element λ of the set Λ of all ∆+-dominant and analytically
integral elements of t∗, set

Kλ := {ρ−
∑
α∈A

α | A ⊆
(
R{λ}

)⊥ ∩∆+ and ρ−
∑
α∈A

α is ∆+-dominant}

and
Aµ := {(λ, κ) ∈ Λ×Kλ | λ+ κ = µ}

Then, the kernel of the noncubic Dirac operator

D̂ :
[
L2(G)⊗ (S ⊗ E)

]T → [
L2(G)⊗ (S ⊗ E)

]T
is

ker D̂ =
∑

(λ,κ)∈Aµ

dim(V ⊗ S)µVλ

where Vλ is the finite-dimensional irreducible G-representation of highest weight λ.

Proof. For every λ ∈ Λ, let D̂λ be the restriction of D̂ on the λ-isotypic component of [L2(G)⊗ (S ⊗ E)]
H .

It is clear that

ker D̂ =
⊕̂
λ∈Λ

ker D̂λ (7.17)

and thus it suffices to determine ker D̂λ for every λ ∈ Λ. According to Proposition 7.4.2,

ker D̂λ ' dim
[
ker D̂V ∗λ

⊗ E
]H

Vλ (7.18)

and arguing as in the case of geometric cubic Dirac operator, we obtain that

ker D̂λ = dim HomH(ker D̂Vλ , E)Vλ.
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Recall that, according to Theorem 4.6.13,

ker D̂Vλ =
⊕
ν∈A(λ)

(Vλ ⊗ S)[ν]

=
⊕
κ∈Kλ

(Vλ ⊗ S)[λ+κ]

=
⊕
κ∈Kλ

w∈W/Wλ+κ

(Vλ ⊗ S)w(λ+κ).

Therefore,

ker D̂λ = dim HomH(kerDVλ , E)Vλ

= dim HomH

( ⊕
κ∈Kλ

w∈W/Wλ+κ

(Vλ ⊗ S)w(λ+κ), E
)
Vλ

=
∑
κ∈Kλ

w∈W/Wλ+κ

dim HomH

(
(Vλ ⊗ S)w(λ+κ), E

)
Vλ.

Since µ has been chosen to be ∆+-dominant,

ker D̂λ =
∑
κ∈Kλ

dim HomH

(
(Vλ ⊗ S)λ+κ, E

)
Vλ

=
∑
κ∈Kλ

dim(Vλ ⊗ S)λ+κ · δµ,λ+κ · Vλ

=
∑
κ∈Kλ

dim(Vλ ⊗ S)µ · δµ−κ,λ · Vλ

Hence, by replacing in (7.17), we obtain

ker D̂ =
∑
λ∈Λ
κ∈Kλ

dim(V ⊗ S)µ · δµ−κ,λ · Vµ−κ

=
∑

(λ,κ)∈Aµ

dim(V ⊗ S)µVλ.

7.5 Geometric t-cubic Dirac operators
In view of [Agr03], [Sle87a], [Sle87b] and [Sle88], one can consider geometric analogs for the
t-cubic Dirac operators of Section 4.8.

Definition 7.5.1 (Geometric noncubic Dirac operator). For t ∈ [0, 1
3
], we define Dt to be the

operator
Dt : [C∞(G)⊗ (S ⊗ E)]H → [C∞(G)⊗ (S ⊗ E)]H
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given by
Dt =

√
2
{∑

i,j

B(ẽi, ẽj)r(ei)⊗ γ(ej)⊗ 1− 3t
(
1⊗ γ(c)⊗ 1

)}
,

where {ẽi} and {ei} are dual bases of q and γ(c) is the cubic term (4.1). Note that, for t = 1
3
,

one obtains the geometric cubic Dirac operator D of Definition 7.3.3 while, for t = 0, one
obtains the geometric noncubic Dirac operator D̂ of Definition 7.4.1. For t ∈ (0, 1], we call Dt
the geometric t-cubic Dirac operator.

As in the case of D and D̂, one can verify that the operators Dt are well-defined, do not
depend on the choice of the bases {ei} and {ẽi}, and are G-equivariant so that their kernels are
G-representations. We are interested in describe these kernels. By analogy with Theorem 4.8.2,
we have the following theorem.

Theorem 7.5.2. Let G be a compact connected semisimple Lie group with complexified Lie al-
gebra g,H be a closed subgroup ofG such that its complexified Lie algebra h satisfies condition
(2.10). Moreover, suppose that there is a common Cartan subalgebra t of g and h, and E is an
irreducible finite-dimensional h-representation of highest weight µ ∈ t∗ with respect to a fixed
positive root system ∆+

h such that S ⊗ E lifts to a representation of H . Then, for t ∈ (0, 1
3
], the

kernel ker(Dt) of the geometric t-cubic Dirac operator

Dt :
[
L2(G)⊗ (S ⊗ E)

]H → [
L2(G)⊗ (S ⊗ E)

]H
coincides with the kernel ker(D) of the geometric cubic Dirac operator D. In particular, if
there is w ∈ W such that w(µ + ρh) − ρ is analytically integral and dominant with respect
to a positive system ∆+ ⊇ ∆+

h of ∆, ker(Dt) is equivalent with the irreducible representation
Vw(µ+ρh)−ρ of highest weight w(µ+ ρh)− ρ of G. Otherwise, ker(Dt) is trivial.

Proof. The proof is a "translation" of Theorem 4.8.2, expressed for algebraic t-cubic Dirac
operators Dt, in the case of geometric t-cubic Dirac operators Dt. We follow [Lan00] or what
we did for Theorem 7.3.10. More precisely, consider the isomoprhism (7.7)

Φ :
[
L2(G)⊗ E

]H ∼−−→
⊕̂
π∈Ĝ

Vπ ⊗ [V ∗π ⊗ E]H . (7.19)

of Theorem 7.2.3. As in the case of geometric cubic Dirac operatorD, decompose [L2(G)⊗ E]
H

into isotypic components, let [
L2(G)⊗ E

]H
λ

be the isotypic component corresponding to the dominant analytically integral weight λ ∈ t∗,
and

Dtλ :
[
L2(G)⊗ (S ⊗ E)

]H
λ
→
[
L2(G)⊗ (S ⊗ E)

]H
λ

the restriction of Dt on this λ-isotypic component. It is clear that

kerDt =
⊕̂

λ∈Λ
kerDtλ (7.20)

and so it suffices to prove the statement for Dtλ and Dλ. Using an argument as the one used for
Proposition 7.3.8, we obtain the commutative diagram
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[L2(G)⊗ (S ⊗ E)]
H
λ [L2(G)⊗ (S ⊗ E)]

H
λ

Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H Vλ ⊗ [V ∗λ ⊗ (S ⊗ E)]H .

Dtλ

Φ Φ

1⊗Dt
V ∗
λ
⊗1

Therefore, the isomorphism Φ, restricted to [L2(G)⊗ (S ⊗ E)]
H
λ , establishes an equivalence

ker(Dtλ) ' Vλ ⊗
[

kerDt
V ∗λ
⊗ E

]H
of representations of G. Since G acts trivially on the component [V ∗λ ⊗ (S⊗E)]H of Vλ⊗ [V ∗λ ⊗
(S⊗E)]H , Vλ⊗[kerDt

V ∗λ
⊗E]H turns out to be equivalent to a direct sum of dim[kerDt

V ∗λ
⊗E]H

copies of Vλ which, for the sake of simplicity, we denote

dim
[
kerDt

V ∗λ
⊗ E

]H
Vλ.

According to Theorem 4.8.2, for t ∈ (0, 1
3
], ker(Dt

V ∗λ
) = ker(DV ∗λ

) and thus

dim
[
kerDt

V ∗λ
⊗ E

]H
= dim

[
kerDV ∗λ

⊗ E
]H
.

Therefore,
ker(Dtλ) = dim

[
kerDV ∗λ

⊗ E
]H
Vλ

and, using Corollary 7.3.9, one deduces that

ker(Dtλ) = ker(Dλ),

as we wanted.

7.6 Dirac indices

7.6.1 Algebraic Dirac index

Let g be a complex semisimple Lie algebra and h be a subalgebra of g such that the condition
(2.10) is satisfied and rankC(h) = rankC(g). Consider the Clifford algebra C(q) of q := h⊥

and a space of spinors S for C(q). Then S has a natural Z2-grading S = S+ ⊕ S−, with γ(v),
v ∈ V , interchanging S+ and S− (see Remark 2.2.3). For every representation V of g (not
necessarily finite dimensional), define an algebraic cubic Dirac operator D and let

D± : V ⊗ S± → V ⊗ S∓

be the corresponding restricted Dirac operators on V ⊗ S±.
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Chapter 7. Geometric Dirac Operators

Definition 7.6.1 (Representation of finite length). The representation V of g is said to have finite
length if V has a finite composition series, i.e. if there is a finite series of subrepresentations

0 = V0 ( V1 ( . . . ( Vn = V

of V such that every quotient Vi/Vi−1 is an irreducible representation of g. In this case, we say
that V has (finite) length n. If there is no finite composition series for V , we say that V has
infinite length.

Note that every irreducible representation of g has length 1. Denote by F(g) the set of
equivalence classes of all g-representations of finite length.

In the same way as above, defineF(h) to be the set of equivalence classes of all h-representations
of finite length. Let E1, E2 and E3 be representations of finite length of h and φ : E1 → E2 and
ψ : E2 → E3 be h-equivariant morphism. We will say that a sequence of morphisms

0 −→ E1
φ−→ E2

ψ−→ E3 −→ 0

is a short exact sequence if the image of each morphism is the kernel of the next. For each short
exact sequence of the above form, a relation

(E2) = (E1) + (E2)

yields in F .

Definition 7.6.2 (Groethendieck group). The Groethendieck group K(h) of h-representations
of finite length is the abelian group obtained as the quotient of F(h) by the group generated by
all such relations. The elements of K(h) are called virtual modules or virtual representations
of h.

Remark 7.6.3. In an obvious way, one can define the Grothendieck group K(G) for the repre-
sentations of finite length of a compact Lie group G.

Definition 7.6.4 (Algebraic Dirac index). For every g-representation of finite length V , we
define the Dirac index of V to be the element

ID(V ) := ker(D+
V )− ker(D−V )

of K(h).

Lemma 7.6.5. If V is finite-dimensional, then

ID(V ) = V ⊗ S+ − V ⊗ S−.

Proof. According to Proposition 3.2.9, the operator D is self-adjoint and so ker(D)∩ im(D) =
0 and

V ⊗ S = ker(D)⊕ im(D).

Moreover, D maps isomorphically im(D+) onto D− and thus, in the Groethendieck group
K(h), one has

V ⊗ S+ − V ⊗ S− = ker(D+)− ker(D−) = ID(V ).
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The above definitions can be extended in the case of irreducible (g, K)-modules. Mehdi,
Pandžić and Vogan proved in [MPV17b] that if X is a unitary irreducible (g, K)-module, one
obtains again that

ID(X) = X ⊗ S+ −X ⊗ S−.

On the other hand, one can define the noncubic Dirac index of V ∈ F(h) as the element

ID̂(V ) := ker(D̂+)− ker(D̂−)

of K(h). Note that, as we have already seen, ker(D̂±) and ker(D±) in general do not coincide.
Nevertheless, by using a similar argument as in the proof above, one obtains the following
proposition.

Proposition 7.6.6. Let V be a virtual module of K(h). Then

ID̂(V ) = V ⊗ S+ − V ⊗ S−.

In particular,
ID̂(V ) = ID(V ).

7.6.2 Geometric Dirac index
Let G be a compact connected semisimple Lie group with complexified Lie algebra g, H be a
closed subgroup of G with complexified Lie algebra h such that h satisfies condition (2.10) and
rankC(g) = rankC(h). Let

g = h⊕ q, q := h⊥

be the corresponding decomposition of g, S be a spin module for the Clifford algebra C(q) of q
and E be a finite-dimensional irreducible representation of h such that the representation S⊗E
of h integrates to a representation ofH . Consider the (extended) geometric cubic Dirac operator

D :
[
L2(G)⊗ (S ⊗ E)

]H → [
L2(G)⊗ (S ⊗ E)

]H
,

the Z2-grading S = S+ ⊕ S− of Remark 2.2.3, and the corresponding restrictions

D± :
[
L2(G)⊗ (S± ⊗ E)

]H → [
L2(G)⊗ (S∓ ⊗ E)

]H (7.21)

of D.

Definition 7.6.7 (Geometric Dirac index). Let E be a finite-dimensional irreducible represen-
tation of h such that S ⊗ E integrates to a representation of H and

D± :
[
L2(G)⊗ (S± ⊗ E)

]H → [
L2(G)⊗ (S∓ ⊗ E)

]H
be the restrictions of the geometric cubic Dirac operatorD on the indicated spaces. The element

IndexGD := ker(D+)− ker(D−)

of K(G) is called the geometric Dirac index corresponding to E.
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More generally, one can define the G-index of an elliptic differential operator P . Recall
that, if E and F are vector bundles over a manifold M , an operator

P : Γ(E)→ Γ(F )

is said to be a differential operator of order l if, for every chart (Ui, ϕi) ofM , P has the following
expression in local coordinates:

P|Ui =
∑
|α|≤l

aαi ⊗
∂α

∂xi,α
,

where α are multi-indices with aαi 6= 0 for some α with |α| = l and aαi are elements of
Γ(Hom(E,F ))|Ui . To such an operator P , one attaches a section σ(P ) of Γ

(
TM⊗Hom(E,F )

)
which, in the local coordinates of (Ui, ϕi), maps the differential form (y; ξ) = ξj(dx

j)y of T ∗yM
to

σ(P )(y; ξ) =
∑
|α|=l

ξαaαi (y) ∈ Hom(Ey, Fy)

The element σ(P ) is called the principal symbol of the operator P while P is said to be
elliptic if, for every element (y; ξ) of T ∗yM \ {0}, its principal symbol evaluated at (y; ξ) is an
isomorphism of the corresponding vector bundle fibers Ey and Fy.

One can check that both D and D̂ are elliptic differential operators over the homogeneous
space G/H . More precisely, the principal symbol of each is the Clifford multiplication, which
is invertible, so the operators are elliptic.

Theorem 7.6.8 (See [Lan00, Theorem 3]). LetG be a compact connected semisimple Lie group
with complexified Lie algebra g, H be a closed subgroup of G with complexified Lie algebra
h such that h satisfies condition (2.10). Suppose that there is a common Cartan subalgebra t
of g and h, and fix E to be an irreducible finite dimensional h-representation of highest weight
µ ∈ t∗ with respect to a fixed positive root system ∆+

h . Extend ∆+
h to a positive system ∆+ of ∆

and set
W 1 := {w ∈ W | ∆+

h ⊆ w∆+}.

If there is w ∈ W 1 such that w−1(µ+ ρh)− ρ is analytically integral and ∆+-dominant, then

IndexGD = (−1)`(w)Vw−1(µ+ρh)−ρ,

where Vw−1(µ+ρh)−ρ is the finite-dimensional irreducible representation of G of highest weight
w−1(µ+ ρh)− ρ. Otherwise, IndexGD = 0.

The proof of the above theorem is based on the following theorem, due to R. Bott (see
[Bot65]).

Theorem 7.6.9 (See [Lan00, Theorem 2]). LetM andN be a finite-dimensional representation
of H and consider the corresponding representations [L2(G)⊗M ]H and [L2(G)⊗N ]H of G.
If

P : [L2(G)⊗M ]H → [L2(G)⊗N ]H
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is a G-equivariant elliptic differential operator, then its G-index is the element of K(G) given
by

IndexGP =
(
[L2(G)⊗M ]H

)
−
(
[L2(G)⊗N ]H

)
In other words, the G-index of P does not depend on the operator itself but only on its

domain and its range.
In an obvious way, one can define the index of the noncubic geometric Dirac operator D̂.

In this case, the proof of Theorem 7.6.8 is still valid for D̂ and one obtains the analogue of this
theorem in the case of D̂.

Theorem 7.6.10. Let G be a compact connected semisimple Lie group with complexified Lie
algebra g, H be a closed subgroup of G with complexified Lie algebra h such that h satisfies
condition (2.10). Suppose that there is a common Cartan subalgebra t of g and h and fix E to
to be an irreducible finite dimensional h-representation of highest weight µ ∈ t∗ with respect to
a fixed positive root system ∆+

h . Extend ∆+
h to a positive system ∆+ of ∆ and set

W 1 := {w ∈ W | ∆+
h ⊆ w∆+}

If there is w ∈ W 1 such that w−1(µ+ ρh)− ρ is analytically integral and ∆+-dominant, then

IndexGD̂ = (−1)`(w)Vw−1(µ+ρh)−ρ,

where Vw−1(µ+ρh)−ρ is the finite-dimensional irreducible representation of G of highest weight
w−1(µ+ ρh)− ρ. Otherwise, IndexGD = 0. In particular,

IndexGD̂ = IndexGD.

For the sake of completeness, we repeat the proof of Theorem 7.6.8 in the case of D̂.

Proof of Theorem 7.6.10. Let

D̂+ :
[
L2(G)⊗ (S+ ⊗ E)

]H → [
L2(G)⊗ (S− ⊗ E)

]H
be the operator (7.21), i.e. the restriction of D̂ on the corresponding subspace. According to
Theorem 7.6.9, the index of D̂ is

IndexG(D̂) =
( [
L2(G)⊗ (S+ ⊗ E)

]H )− ( [L2(G)⊗ (S− ⊗ E)
]H )

. (7.22)

On the other hand, according to Proposition 1.4.11,( [
L2(G)⊗ (S± ⊗ E)

]H )
=
∑
λ∈Λ

(
Vλ
)

dim HomG(Vλ,
[
L2(G)⊗ (S± ⊗ E)

]H
)

=
∑
λ∈Λ

(
Vλ
)

dim HomH(Vλ, S
± ⊗ E),

where the last equality comes from Theorem 7.1.7. By replacing in (7.22), we obtain
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IndexG(D̂) =
∑
λ∈Λ

(
Vλ
)(

dim HomH(Vλ, S
+ ⊗ E)− dim HomH(Vλ, S

− ⊗ E)
)

=
∑
λ∈Λ

(
Vλ
)(

dim HomH(Vλ, S
+ ⊗ E)− dim HomH(Vλ, S

− ⊗ E)
)

=
∑
λ∈Λ

(
Vλ
)(

dim HomH(Vλ ⊗ S+, E)− dim HomH(Vλ ⊗ S−, E)
)

=
∑
λ∈Λ
w∈W 1

(−1)`(w)
(
Vλ
)
δw(λ+ρ)−ρh,µ

Therefore, if there is no w in W such that w(µ + ρh) − ρ is ∆+-dominant and analytically
integral, then IndexG(D̂) = 0. Otherwise, if there isw inW and λ ∈ Λ such thatw(µ+ρh)−ρ =
λ, then one can verify that w−1 must belong to W 1 and w−1(λ+ ρ)− ρh = µ. Therefore,

IndexGD̂ = (−1)`(w)Vw−1(µ+ρh)−ρ.
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[BP11] D. Barbasch and P. Pandžić. “Dirac cohomology and unipotent representations of
complex groups”. In: Noncommutative geometry and global analysis. Vol. 546.
Contemp. Math. Amer. Math. Soc., Providence, RI, 2011, pp. 1–22. DOI: 10.
1090/conm/546/10782. URL: https://doi.org/10.1090/conm/
546/10782.
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Résumé
Mots-clefs: théorie de represéntations, groupes de Lie, algèbres de Lie, opérateur de Dirac.

Cette thèse porte sur l’étude des opérateurs de Dirac non-cubiques dans le cadre de la théorie
des représentations des groupes de Lie. Après avoir présenté des notions de la théorie de Lie et
des algèbres de Clifford, nous rappelons les propriétés principales des opérateurs de Dirac cu-
biques D introduits par Kostant en 1999. Ces résultats ont rapidement suscité un vif intérêt. En
particulier, à la fin des années 2000, Vogan introduit une cohomologie définie par l’opérateur de
Kostant et suggère une classification cohomologique des représentations. La cohomologie de
Dirac a été calculée pour diverses familles de représentations, telles que les séries discrètes, les
modules Aq(λ) ou les modules de dimension finie. Pour les modules de dimension finie, la co-
homologie de Dirac coïncide avec le noyau deD. Il apparait que l’opérateur de Dirac de Kostant
est une version algébrique d’un opérateur différentiel issu d’une famille continue d’opérateurs
de Dirac géométriques introduits par Slebarski dans les années 1980 dans le cadre de fibrés au-
dessus d’espaces homogènes G/H de groupes compacts. Ce qui distingue l’opérateur de Dirac
de Kostant est qu’il est le seul membre de cette famille dont le carré, généralisant une formule de
Parthasarathy, diffère de l’opérateur de Casimir à un scalaire près. Cette propriété a des appli-
cations importantes en théorie des représentations des groupes de Lie. Le carré des opérateurs
de Dirac non-cubiques, i.e des autres membres de la famille d’opérateurs de Slebarski, a été
calculé par Agricola qui a également établit des liens précis entre ces opérateurs non-cubiques
et la théorie des cordes en physique. Par ailleurs, les opérateurs de Dirac non-cubiques sont
des opérateurs différentiels invariants, et donc leur noyau est le siège de représentations (de
dimension finie) de groupes compacts. Dans cette thèse nous étudions le noyau des opérateurs
de Dirac non-cubiques, et nous montrons, sous certaines conditions sur les espaces homogènes
G/H , que ce noyau contient le noyau de l’opérateur de Dirac cubique. Nous obtenons en fait
une formule explicite pour le noyau que nous appliquons aux cas des algèbres de Lie classiques
et des algèbres de Lie exceptionnelles. Nous constatons que certaines propriétés des opéra-
teurs non-cubiques sont analogues à celles de l’opérateur de Dirac de Kostant, tel que l’indice.
Nous déduisons également quelques observations sur les opérateurs de Dirac géométrique non-
cubiques.

Abstract
Keywords: representation theory, Lie groups, Lie algebras, Dirac operators.

This thesis focuses on the study of noncubic Dirac operators within the framework of rep-
resentation theory of Lie groups. After recalling basic notions of Lie theory and Clifford alge-
bras, we present the main properties of cubic Dirac operators D introduced by Kostant in 1999.
These results quickly aroused great interest. In particular, in the late 1990’s, Vogan introduced
a cohomology defined by Kostant operator D and suggested a cohomological classification of
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representations. Dirac cohomology was computed for various families of representations, such
as the discrete series, Aq(λ) modules or finite dimensional representations. It turns out that for
finite dimensional modules, Dirac cohomology coincides with the kernel of D. It appears that
Kostant’s Dirac operator is an algebraic version of a specific member of a continuous family
of geometric Dirac operators introduced by Slebarski in the mid 1980’s in the context of bun-
dles over homogeneous spaces G/H of compact groups. What distinguishes the cubic Dirac
operator is that it is the only member of this family whose square, generalizing Parthasarathy’s
formula, differs from the Casimir operator up to a scalar. This property has important applica-
tions in representation theory of Lie groups. The square of the noncubic Dirac operators, i.e.
of the other members of Slebarski’s family, was calculated by Agricola who also established
precise links between these noncubic operators and string theory in physics. Actually, noncubic
Dirac operators are invariant differential operators, and therefore their kernels define (finite-
dimensional) representations of compact groups. In this thesis we study the kernel of noncubic
Dirac operators, and we show that, under certain conditions on the homogeneous spaces G/H ,
the kernel contains the kernel of the cubic Dirac operator. We obtain an explicit formula for
the kernel which we apply to the case of classical Lie algebras and of exceptional Lie algebras.
We remark that some properties of noncubic operators are analogous to those of Kostant cubic
Dirac operator, such as the index. We also deduce some observations on noncubic geometric
Dirac operators.
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