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Rapporteurs : M. Jean-Marcel RAX, Professeur, Université de Paris-Saclay
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▼✐s ❡♥ ♣❛❣❡ ❛✈❡❝ ❧❛ ❝❧❛ss❡ t❤❡s✉❧✳



❘❡♠❡r❝✐❡♠❡♥ts

▲❡ ♣r♦❝❡ss✉s ❞❡ ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❡t ❞❡ ❧✬❛♣♣r❡♥t✐ss❛❣❡ ♥❡ s❡ r❡♣rés❡♥t❡ ♣❛s ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥
é❝❤❡❧♦♥ ♠❛✐s ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥ ❞✬❛❝t✐✈❛t✐♦♥ ♥♦♥ ❧✐♥é❛✐r❡ ♦ù ❧❡s rés✉❧t❛ts s♦♥t ♦❜t❡♥✉s ❣r❛❝❡ ❛✉
tr❛✈❛✐❧ ❞❡ ♥♦s ♣r♦❢❡ss❡✉rs✳

❚♦✉t ❞✬❛❜♦r❞✱ ❥❡ t✐❡♥s à r❡♠❡r❝✐❡r ♠❡s ❞✐r❡❝t❡✉rs ❉❛♥✐❡❧❡ ❉❡❧ ❙❆❘❚❖ ❡t ❆❧❛✐♥ ●❍■❩❩❖ q✉✐
♠✬♦♥t ❛❝❝♦♠♣❛❣♥é t♦✉t ❛✉ ❧♦♥❣ ❞❡ ♠♦♥ ♣ér✐♣❧❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡ ❞✉r❛♥t ❝❡s tr♦✐s ❞❡r♥✐èr❡s ❛♥♥é❡s✳
■❧s s❡ s♦♥t ♠♦♥trés ♣❛t✐❡♥ts✳ ❊t ❣râ❝❡ ❛✉① ❞✐s❝✉ss✐♦♥s ✐♥❞✐s♣❡♥s❛❜❧❡s à ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❡t ❛✉①
♣ré❝✐❡✉s❡s ❡①♣❧✐❝❛t✐♦♥s✱ ✐❧s ♦♥t é❝❧❛✐r❝✐ ❞❡s s✉❥❡ts q✉✐ ♠✬ét❛✐❡♥t ✐♥❛❝❝❡ss✐❜❧❡s✱ ♣❛rt✐❝✐♣❛♥t ❛✐♥s✐
✐♥t❡♥sé♠❡♥t à ❧❛ ré❛❧✐s❛t✐♦♥ ❞❡ ❝❡ tr❛✈❛✐❧ ❞❡ r❡❝❤❡r❝❤❡✳ ■❧s ♠✬♦♥t ❛✐❞é à ❡①♣❧♦r❡r ❞❡ ♥♦♠❜r❡✉①
s✉❥❡ts ❡♥ ♣❤②s✐q✉❡ ❞❡s ♣❧❛s♠❛s✱ ❡♥ ♠❛t❤é♠❛t✐q✉❡s✱ ❡♥ ♠ét❤♦❞❡s ♥✉♠ér✐q✉❡s ♠❛✐s é❣❛❧❡♠❡♥t
❞✬❛✉tr❡s s✉❥❡ts s❝✐❡♥t✐✜q✉❡s✳

❏✬❛✐♠❡r❛✐s r❡♠❡r❝✐❡r ❆❧❛✐♥ ❞❡ ♠✬❛✈♦✐r ♦✛❡rt ❝❡tt❡ ♦♣♣♦rt✉♥✐té✱ ❞❡ s✬êtr❡ ✐♥✈❡st✐ ❞❛♥s ♠♦♥
tr❛✈❛✐❧✱ ❞✬❛✈♦✐r ♣❛rt❛❣é ❛✈❡❝ ♠♦✐ s❡s ❝♦♥♥❛✐ss❛♥❝❡s s✐ r✐❝❤❡s ❡♥ ♠❛t✐èr❡ ❞❡ s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡✱
♠ét❤♦❞❡s ♥✉♠ér✐q✉❡s✱ ♣r♦❣r❛♠♠❛t✐♦♥ ♣❛r❛❧❧è❧❡ ❡t✱ ❜✐❡♥ sûr✱ ❞❡ t♦✉t❡s ❧❡s q✉❡st✐♦♥s ❞❡ ♣❤②s✐q✉❡
é✈♦q✉é❡s ❞❛♥s ❝❡ ♠é♠♦✐r❡ ❞❡ r❡❝❤❡r❝❤❡✳ ❏❡ ✈♦✉❞r❛✐s é❣❛❧❡♠❡♥t ❧❡ r❡♠❡r❝✐❡r ♣♦✉r s♦♥ s✉✐✈✐ ❡t s♦♥
✐♥✈❡st✐ss❡♠❡♥t ❧♦rs ❞❡s ❞❡r♥✐❡rs tr❛✈❛✉① ❞❡ r❡❝❤❡r❝❤❡ ré❛❧✐sés ♠❛❧❣ré ❧❡s ♥♦♠❜r❡✉s❡s ♣r❡ss✐♦♥s ❝❛r
✐❧ ❛ s✉ s❡ r❡♥❞r❡ ❞✐s♣♦♥✐❜❧❡ ❛✜♥ ❞❡ ré♣♦♥❞r❡ à t♦✉t❡s ♠❡s q✉❡st✐♦♥s ❡t ♠✬❛♣♣♦rt❡r ❧❡s ❡①♣❧✐❝❛t✐♦♥s
♥é❝❡ss❛✐r❡s q✉❛♥❞ ❥❡ ♥❡ ♣♦✉✈❛✐s ♣❧✉s ❛✈❛♥❝❡r s❡✉❧✳

❏❡ ♥❡ s❛✐s ♣❛s✱ ❡♥ t♦✉t❡ ❤♦♥♥êt❡té✱ ❝❡ q✉❡ ❥❡ ❞❡✈r❛✐s ❞✐r❡ à ❉❛♥✐❡❧❡✱ t♦✉s ♠❡s ♠♦ts ❞❡ r❡♠❡r✲
❝✐❡♠❡♥t ❛✉ss✐ ❤✉♠❜❧❡s ❡t s✐♥❝èr❡s s♦✐❡♥t✲✐❧s ♥❡ ♣♦✉rr❛✐❡♥t ❡①♣r✐♠❡r ♠❛ r❡❝♦♥♥❛✐ss❛♥❝❡ ❡♥✈❡rs ❧✉✐✳
❉❛♥✐❡❧❡ ♠✬❛ ❛♣♣♦rté ✉♥ s♦✉t✐❡♥ ♣r✐♠♦r❞✐❛❧ ♥♦♥ s❡✉❧❡♠❡♥t ❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s s✉❥❡ts s❝✐❡♥✲
t✐✜q✉❡s tr❛✐tés ❞❛♥s ♠♦♥ tr❛✈❛✐❧ ❞❡ r❡❝❤❡r❝❤❡ ♠❛✐s ❛✉ss✐ ❧♦rs ❞❡s ❞✐✣❝✉❧tés q✉❡ ❥✬❛✐ r❡♥❝♦♥tré❡s✳
■❧ ❡st ❞✬✉♥❡ ❣r❛♥❞❡ ♦✉✈❡rt✉r❡ ❞✬❡s♣r✐t ❡t ♥♦✉s ♣♦✉✈♦♥s ❞✐s❝✉t❡r ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧ s✉❥❡t ❛✈❡❝ ❧✉✐✳
◆♦s ❞✐s❝✉ss✐♦♥s ❡t ❝♦♥✈❡rs❛t✐♦♥s ♦♥t ❞é♣❛ssé ❧❡s s✉❥❡ts s❝✐❡♥t✐✜q✉❡s ❛✉①q✉❡❧s ♥♦✉s ♥♦✉s s♦♠♠❡s
✐♥tér❡ssés✱ ❡t ♥♦✉s ❛✈♦♥s ❞✐s❝✉té ❞❡ t♦✉t ✿ ♣♦❧✐t✐q✉❡✱ ♣❤✐❧♦s♦♣❤✐❡✱ ❤✐st♦✐r❡✱ ❧✐ttér❛t✉r❡ ❡t ♠ê♠❡
❝✉✐s✐♥❡✳ ❈✬❡st q✉❡❧q✉✬✉♥ ❞❡ très ♣♦s✐t✐❢ ❡t ♣❛t✐❡♥t✱ ✐❧ ♣♦ssè❞❡ ✉♥❡ ❝✉❧t✉r❡ très r✐❝❤❡ ❡t s❛✐t ❝♦♠✲
♠❡♥t ✈♦✉s ❞♦♥♥❡r ❧✬✐♠♣r❡ss✐♦♥ ❞✬❛✈♦✐r ❛❝❝♦♠♣❧✐ ✉♥❡ ❜❡❧❧❡ ré❛❧✐s❛t✐♦♥ ❛❧♦rs q✉❡ ✈♦✉s ♥✬êt❡s ♣❛s
s❛t✐s❢❛✐t ❞❡ ❝❡ q✉❡ ✈♦✉s ✈❡♥❡③ ❞✬❛❝❝♦♠♣❧✐r✳ ■❧ ♥❡ t♦❧èr❡ ❥❛♠❛✐s ❧❡s ❡rr❡✉rs s❝✐❡♥t✐✜q✉❡s ♠❛✐s s♦♥
❛tt✐t✉❞❡ ♣♦s✐t✐✈❡ ❡t ♦♣t✐♠✐st❡ ❡♥✈❡rs ❧❡s ♣❡rs♦♥♥❡s q✉✬✐❧ ❡♥❝❛❞r❡ ❧❡s ♣r♦♣✉❧s❡ ❝♦♥t✐♥✉❡❧❧❡♠❡♥t ❡♥
❛✈❛♥t ❡t ❧❡✉r ♣r♦❝✉r❡✱ ❣râ❝❡ à s❡s ❡①♣❧✐❝❛t✐♦♥s ❞✬✉♥❡ ❣r❛♥❞❡ q✉❛❧✐té s❝✐❡♥t✐✜q✉❡✱ ✉♥ ♣❧❛✐s✐r ✐♥t❡♥s❡
q✉❛♥❞ ✐❧s ❝♦♠♣r❡♥♥❡♥t ♠✐❡✉① ❝❡ q✉✬✐❧s ❛✈❛✐❡♥t ♠❛❧ ❝♦♠♣r✐s ❛✉♣❛r❛✈❛♥t✳

❉❡ ♠ê♠❡✱ ❥❡ t✐❡♥s à r❡♠❡r❝✐❡r ▼✳ ▼❛✉r✐③✐♦ ❖❚❚❆❱■❆◆■ ❞✬❛✈♦✐r ♠✐s à ♠♦♥ ♣r♦✜t s❛ ❧♦♥❣✉❡ ❡t
✐♠♣♦rt❛♥t❡ ❡①♣ér✐❡♥❝❡ s❝✐❡♥t✐✜q✉❡ ❧♦rs ❞❡ ♥♦tr❡ ❝♦❧❧❛❜♦r❛t✐♦♥✳ ❙❡s q✉❡st✐♦♥♥❡♠❡♥ts s✉r ❧❡ tr❛✈❛✐❧
❞❡ r❡❝❤❡r❝❤❡ q✉❡ ❥❡ ♠è♥❡✱ s❡s ❝♦♠♠❡♥t❛✐r❡s ❡t s❡s ❝♦rr❡❝t✐♦♥s ♦♥t été ❞✬✉♥❡ ❣r❛♥❞❡ ✐♠♣♦rt❛♥❝❡
❞❛♥s ❧❛ ré❛❧✐s❛t✐♦♥ ❞❡ ❝❡ tr❛✈❛✐❧✳ ❊t ❥❡ ❧❡ r❡♠❡r❝✐❡ ❞✬❛✈♦✐r ❛❝❝❡♣té ✐♥✈✐t❛t✐♦♥ ❞✬❛ss✐st❡r à ❧❛
s♦✉t❡♥❛♥❝❡ ❞❡ ♠❛ t❤ès❡✳

❏❡ s♦✉❤❛✐t❡ ♣❛r❡✐❧❧❡♠❡♥t r❡♠❡r❝✐❡r ▼✳ ❏❡❛♥✲▼❛r❝❡❧ ❘❆❳ ❡t ▼✳ ❖❧✐✈❡r ❆●❯▲▲❖ ❞✬❛✈♦✐r ❜✐❡♥
✈♦✉❧✉ êtr❡ ❧❡s r❛♣♣♦rt❡✉rs ❞❡ ♠♦♥ ♠é♠♦✐r❡ ❞❡ t❤ès❡ ❡t ❥✬❡s♣èr❡ q✉❡ ♠♦♥ tr❛✈❛✐❧ s❡r❛ à ❧❛ ❤❛✉t❡✉r
❞❡ ❧❡✉rs ❛tt❡♥t❡s✳ ▼❡s r❡♠❡r❝✐❡♠❡♥ts ✈♦♥t é❣❛❧❡♠❡♥t à ▼♠❡✳ ❈❛t❡r✐♥❛ ❘■❈❖◆❉❆ ❡t ▼♠❡✳
❈❤✐❛r❛ ▼❆❘❈❍❊❚❚❖ ❞✬❛✈♦✐r été ♠❡s ❡①❛♠✐♥❛t❡✉rs✳

❏❡ t✐❡♥s ❛✉ss✐ à r❡♠❡r❝✐❡r ❝❤❛❧❡✉r❡✉s❡♠❡♥t ▼✳ ❊t✐❡♥♥❡ ●❘❆❱■❊❘ q✉✐ ♠✬❛ ❛✐❞é ❞✬❡✛❡❝t✉❡r
♠♦♥ ♠❛st❡r✱ ♠❛❧❣ré ❧❛ ❧♦♥❣✉❡ ✐♥t❡rr✉♣t✐♦♥ ❞❡ ♠❡s ét✉❞❡s ✐♠♣♦sé❡ ♣❛r ❧❛ s✐t✉❛t✐♦♥ ❛❝t✉❡❧❧❡ ❞❡
♠♦♥ ♣❛②s ❞✬♦r✐❣✐♥❡✱ s♦♥ ❛✐❞❡ ♠✬❛ été ♣❛rt✐❝✉❧✐èr❡♠❡♥t ♣ré❝✐❡✉s❡✳ ❏❡ r❡♠❡r❝✐❡ ❊r✇❛♥ ❉❊❘■❆❩
q✉✐ ❛ s❛♥s ❤és✐t❛t✐♦♥ ❢❛✐t ❞❡ s♦♥ ♠✐❡✉① ♣♦✉r ré♣♦♥❞r❡ à ♠❡s q✉❡st✐♦♥s ❡t ♠✬❛✐❞❡r ❧♦rs ❞❡ ♠❡s
❛♥♥é❡s ❞❡ ♠❛st❡r ❡t ❞♦❝t♦r❛t✳

❏✬❛✐♠❡r❛✐s r❡♠❡r❝✐❡r ❛✉ss✐ ▼✳ ❙✐♠♦♥❡ ▲❆◆❉■✱ ▼✳ ❊♠❛♥✉❡❧❡ P❆P■◆■ ❞❡ ré♣♦♥❞r❡ à t♦✉t❡s
♠❡s q✉❡st✐♦♥s ❡t ♠✬❛♣♣♦rt❡r ❧❡s ❡①♣❧✐❝❛t✐♦♥s s❝✐❡♥t✐✜q✉❡s ❞✉r❛♥t ♠❛ ♣❛rt✐❝✐♣❛t✐♦♥ à ❧❛ ❝♦♥❢ér❡♥❝❡

✶



❆r❝❡tr✐ s✉r ❧✬❛str♦♣❤②s✐q✉❡ ❞✉ ♣❧❛s♠❛ ✭❋❧♦r❡♥❝❡ ✲ ✷✵✶✾✮✳
▼❡r❝✐✱ ❜✐❡♥ sûr✱ à t♦✉s ❧❡s ♠❡♠❜r❡s ❞❡ ❧✬éq✉✐♣❡ ❞❡ P❤②s✐q✉❡ ❞❡s P❧❛s♠❛s ❈❤❛✉❞s✭✶✵✼✮✱ ②

❝♦♠♣r✐s ♠❡s ❛♠✐s ▲✐❧✐✱ ❦②✉♥❣t❛❦✱ ❏✉❧✐❡♥✱ ❋❛t✐♠❛ ❡t ❏♦r❞❛♥✳
❏❡ ✈♦✉❞r❛✐s ❛❞r❡ss❡r ✉♥ ✐♠♠❡♥s❡ r❡♠❡r❝✐❡♠❡♥t à ♠❡s ❛♠✐s ▼❛✐♥✱ ❘✐♠✱ ❈❤❛r✐❢ ❡t ◆❛❞✐♠ q✉✐

♠✬♦♥t ❛✐❞é ❞❡♣✉✐s ♠♦♥ ❛rr✐✈é❡ ❡♥ ❋r❛♥❝❡ ❥✉sq✉✬à ♣rés❡♥t ❡t ♦♥t ❛✐♥s✐ ♣❛rt✐❝✐♣é à ❧❛ ré❛❧✐s❛t✐♦♥
❞❡ ❝❡ tr❛✈❛✐❧✱ s❛♥s ♦✉❜❧✐❡r ♠❛ ❝❤èr❡ ❛♠✐❡ ❍♦✉❞❛ ♣♦✉r s♦♥ s♦✉t✐❡♥✳ ❏❡ r❡♠❡r❝✐❡ ❛✉ss✐ ▼❛r✐❛♥❛✱
❨♦✉ss❡❢✱ ❋❛❞✐ ❡t ❛✉ss✐ ❨❛s♠✐♥❡ ♣♦✉r s♦♥ ❛✐❞❡✳

❊♥✜♥✱ ❥❡ r❡♠❡r❝✐❡ ♠❛ ♠èr❡✱ ♠♦♥ ♣èr❡ ❡t ♠❡s ❢rèr❡s ❡t s÷✉rs ♣♦✉r ❧❡✉r s♦✉t✐❡♥ ✐♥❢❛✐❧❧✐❜❧❡ ❡t
♣❡r♠❛♥❡♥t✱ ❡t ❜✐❡♥ sûr ❥❡ ♣r♦❢♦♥❞é♠❡♥t r❡♠❡r❝✐❡ s♦✉❦❛✐♥❛✱ q✉✐ ❡st ❧❛ ♣❧✉s ❜❡❧❧❡ â♠❡ q✉❡ ❥✬❛✐❡
❥❛♠❛✐s r❡♥❝♦♥tré❡✱ ❡t q✉✐ ♠✬❛ s♦✉t❡♥✉ ❞❛♥s t♦✉t❡s ❧❡s ❞✐✣❝✉❧tés q✉❡ ❥✬❛✐ r❡♥❝♦♥tré❡s✳
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❚❛❜❧❡ ♦❢ ❈♦♥t❡♥ts

✼✳✹✳✷ ❖♣❡r❛t✐♦♥❛❧ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❘❡❝♦♥♥❡❝t✐♥❣ ▲❛②❡r ❲✐❞t❤ δ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✼✳✹✳✸ ❙❝❛❧✐♥❣ ▲❛✇ ♦❢ t❤❡ ▲❛r❣❡ ❲❛✈❡❧❡♥❣t❤ ▲✐♠✐t ✐♥ ❲❛r♠✲❈♦❧❧✐s✐♦♥❧❡ss ❘❡❣✐♠❡✿

❈♦❧❧❡❝t✐♥❣ ❛❧❧ t❤❡ ■♥❣r❡❞✐❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶

✼✳✺ ❱✐s❝♦✉s✲❘❡s✐st✐✈❡ ❘❡❣✐♠❡ ✭S−1✱ R−1✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷

✼✳✻ ❲❛r♠✲❘❡s✐st✐✈❡ ❘❡❣✐♠❡ ✭S−1, ρs✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✹

✼✳✼ ❲❛r♠✲✐♥❡rt✐❛❧ ❘❡❣✐♠❡ ✭ρs, de✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✽

✼✳✽ ■♥❡rt✐❛❧✲r❡s✐st✐✈❡ ❘❡❣✐♠❡ ✭de, S−1✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✵

✼✳✾ ❈r✐t✐❝❛❧ ❙❝❛❧✐♥❣ ✐♥ ❉✐✛❡r❡♥t ❘❡❣✐♠❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷

✼✳✶✵ ❙❝❛❧✐♥❣ ✐♥ ❈♦❧❧✐s✐♦♥❧❡ss ❊▼❍❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺

✼✳✶✶ ❙❝❛❧✐♥❣ ▲❛✇s ✐♥ t❤❡ ❲❛r♠✲✐♦♥ ❘❡❣✐♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺
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❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s
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✽✳✷ ❈❋■ ✇✐t❤ ❱▲❊▼✷❉✸❱✿ ❆ ❇❡♥❝❤♠❛r❦ ❚❡st ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶

✽✳✸ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❈②❧✐♥❞r✐❝❛❧ ❙②♠♠❡tr✐❝✱ ❈♦✉♥t❡r✲Pr♦♣❛❣❛t✐♥❣ ❇❡❛♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✹

✽✳✸✳✶ ❱▲❊▼ ❙✐♠✉❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✺
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✽✳✹ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❍♦♠♦❣❡♥❡♦✉s✲❙②♠♠❡tr✐❝ ❇❡❛♠s✿ ❚❡❛r✐♥❣ ▼♦❞❡ ✈s ❈❋■ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✵

✽✳✹✳✶ ❘❡s✉❧ts ♦❢ P■❈ ❙✐♠✉❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✵
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❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❋✉t✉r❡ ❲♦r❦
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❆❇r✐❡❢ ❙✉♠♠❛r② ♦❢ t❤❡ P❤❉ ❆❝t✐✈✐t✐❡s ✷✶✼

❆♣♣❡♥❞✐①s

❇ ❙♦♠❡ ❯s❡❢✉❧ ❋♦r♠✉❧❛❡ ♦♥ ❱❡❝t♦rs✱ ❚❡♥s♦r ❆❧❣❡❜r❛ ❛♥❞ ❈♦♦r❞✐♥❛t❡ ❈❤❛♥❣❡s✷✶✾

❈ ❚♦r♦❞✐❛❧ ❈♦♦r❞✐♥❛t❡ ❙②st❡♠ ✷✷✸

❉ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ❘▼❍❉ ▼♦❞❡❧ ✷✷✾
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❊ ▲✐♥❡❛r ❆♥❛❧②s✐s ✐♥ t❤❡ ❍❛❧❧ ❘❡❣✐♠❡ ✷✸✶

❋ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ■♥❝♦♠♣r❡ss✐❜❧❡ ❊▼❍❉ ✷✸✺

●❉❡r✐✈❛t✐♦♥ ♦❢ ✷❉✲❊▼❍❉ ▼♦❞❡❧ ✷✸✼

❍ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ t❤❡ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r ✷✸✾

■ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ❋❛r❛❞❛②✲▼❛①✇❡❧❧ ❊q✉❛t✐♦♥ ❈♦♠❜✐♥❡❞ ✇✐t❤ ●❡♥❡r❛❧✐③❡❞

❖❤♠✬s ▲❛✇ ✷✺✶

❏ ●❡♥❡r❛❧✐③❡❞ ❊✐❣❡♥✈❛❧✉❡ Pr♦❜❧❡♠ ✇✐t❤ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r✿ ❈♦♥st❛♥t ❉❡♥✲

s✐t② ✷✺✺

❇✐❜❧✐♦❣r❛♣❤② ✷✻✶

✾



❚❛❜❧❡ ♦❢ ❈♦♥t❡♥ts

✧◆❛t✉r❡ ✉s❡s ♦♥❧② t❤❡ ❧♦♥❣❡st t❤r❡❛❞s t♦ ✇❡❛✈❡ ❤❡r ♣❛tt❡r♥s✱ s♦

t❤❛t ❡❛❝❤ s♠❛❧❧ ♣✐❡❝❡ ♦❢ ❤❡r ❢❛❜r✐❝ r❡✈❡❛❧s t❤❡ ♦r❣❛♥✐③❛t✐♦♥ ♦❢ t❤❡

❡♥t✐r❡ t❛♣❡str②✳✧
❘✐❝❤❛r❞ ❋❊❨◆▼❆◆✱ ❚❤❡ ❈❤❛r❛❝t❡r ♦❢ P❤②s✐❝❛❧ ▲❛✇
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❙✉♠♠❛r②

■♥ ♣❧❛s♠❛s✱ ❣❛s❡♦✉s ❝♦❧❧❡❝t✐✈❡ s②st❡♠s ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s✱ ♠❛❣♥❡t✐❝ ❧✐♥❡s ❛❝q✉✐r❡ ❛t ♠❛❝r♦✲
s❝♦♣✐❝ s❝❛❧❡s ✇❤❛t ❝❛♥ ❜❡ s❛✐❞ ❛ ✧t♦♣♦❧♦❣✐❝❛❧ ✐❞❡♥t✐t②✧✱ t❤❛t ✐s✱ ✇❤❡♥ ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ♣❧❛s♠❛✱
t❤❡② ❡✈♦❧✈❡ ❛s ❞r❛❣❣❡❞ ❜② t❤❡ ♣❛rt✐❝❧❡ ✢♦✇ ✇✐t❤♦✉t ✐♥t❡rs❡❝t✐♥❣ ♥♦r ❜r❡❛❦✐♥❣✳ ❚❤✐s✱ ❤♦✇❡✈❡r✱ ✐s
tr✉❡ ♦♥❧② ✐♥ ❝❡rt❛✐♥ r❡❣✐♠❡s✱ ♥❛♠❡❧② ❛t t❤❡ s♦✲❝❛❧❧❡❞ ✧♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝✧ ✭▼❍❉✮ s❝❛❧❡s✳ ❲❤❡♥
s♦♠❡ ♠✐❝r♦s❝♦♣✐❝ ❡✛❡❝ts✱ ♦t❤❡r✇✐s❡ ♥❡❣❧✐❣✐❜❧❡✱ ❜❡❝♦♠❡s ❧♦❝❛❧❧② ✐♠♣♦rt❛♥t✱ s✉❝❤ ❛ ❧❛❣r❛♥❣✐❛♥ ✐♥✲
✈❛r✐❛♥❝❡ ✐s ❧♦st✳ ▼❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐s t❤❡ ♣❤②s✐❝❛❧ ♣r♦❝❡ss ❜② ✇❤✐❝❤ t❤✐s ♦❝❝✉rs✿ ♠❛❣♥❡t✐❝
✜❡❧❞ ❧✐♥❡s ❝❛♥ t❤✉s ❜r❡❛❦ ❛♥❞ r❡❝♦♥♥❡❝t ✐♥ s♦♠❡ ♣♦✐♥ts ✐♥ t❤❡ s♣❛❝❡✳ ❚❤✐s r❡✲❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡
✜❡❧❞ t♦♣♦❧♦❣② ❞r✐✈❡s t❤❡ ❝♦♥✈❡rs✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣② st♦r❡❞ ✐♥ ✜❡❧❞ ❧✐♥❡s ✐♥t♦ ❦✐♥❡t✐❝ ❡♥❡r❣②✱
❛♥❞ t❤❡r♠❛❧ ❡♥❡r❣②✳ ▼❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐s ✉❜✐q✉✐t♦✉s ✐♥ ❧❛❜♦r❛t♦r② ❛♥❞ ♥❛t✉r❛❧ ♣❧❛s♠❛s✿ ✐♥
t❤❡ ❢♦r♠❡r✱ ✐t ❝❛♥ ❜❡ r❡s♣♦♥s✐❜❧❡ ♦❢ t❤❡ ❧♦ss ♦❢ ♠❛❣♥❡t✐❝ ❝♦♥✜♥❡♠❡♥t✱ ✇❤✐❝❤✱ ❢♦r ❡①❛♠♣❧❡✱ ✐s ❞❡tr✐✲
♠❡♥t❛❧ ❢♦r t❤❡ ❛❝❤✐❡✈❡♠❡♥t ♦❢ ❜✉r♥✐♥❣ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡r♠♦♥✉❝❧❡❛r ❢✉s✐♦♥ ❡①♣❡r✐♠❡♥ts ✭❡✳❣✳ ✐♥
t♦❦❛♠❛❦s ❧✐❦❡ ■❚❊❘✮✳ ■♥ t❤❡ ❧❛tt❡r✱ ✐t ✐s r❡s♣♦♥s✐❜❧❡ ♦❢ ❛ r❛♥❣❡ ♦❢ ♠❛ss✐✈❡❧② ❡♥❡r❣② r❡❧❡❛s✐♥❣ ♣❤❡✲
♥♦♠❡♥❛✱ r❛♥❣✐♥❣ ❢r♦♠ ❝♦r♦♥❛❧ ♠❛ss ❡❥❡❝t✐♦♥s ❛♥❞ s♦❧❛r ✢❛r❡s ♦♥ t❤❡ ❙✉♥✱ t♦ ♠❛❣♥❡t✐❝ s✉❜st♦r♠s
✐♥ ♣❧❛♥❡t❛r② ♠❛❣♥❡t♦s♣❤❡r❡s ✭✇❤✐❝❤ ❝❛♥ ❧❡❛❞ t♦ t❤❡ s♣❡❝t❛❝✉❧❛r ♣♦❧❛r ❧✐❣❤ts ❜✉t ❛❧s♦ ✐♥t❡r❢❡r✐♥❣
✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥✐♥❣ ♦❢ ❡❧❡❝tr♦♥✐❝ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞❡✈✐❝❡s ♦♥ t❤❡ ❊❛rt❤✮✱ t♦ ✉❧tr❛✲✐♥t❡♥s❡
❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♠✐ss✐♦♥s ✐♥ ♥❡✉tr♦♥ st❛rs ❛♥❞ ♦t❤❡r ♠❛❣♥❡t✐③❡❞ ❛str♦♣❤②s✐❝❛❧ ♦❜❥❡❝ts✳

❉❡s♣✐t❡ ✐ts ♦❝❝✉rr❡♥❝❡✱ ✇❤✐❝❤ ♠❛❦❡s ✐t r❡❧❡✈❛♥t t♦ s❡✈❡r❛❧ r❡s❡❛r❝❤ s✉❜✲✜❡❧❞s✱ ♠❛❣♥❡t✐❝ r❡❝♦♥✲
♥❡❝t✐♦♥ ✐s ❛ ❝♦♠♣❧❡① ♣❤❡♥♦♠❡♥♦♥ s✐♥❝❡ ✐t ✐♥✈♦❧✈❡s s❡✈❡r❛❧ ♣❤②s✐❝❛❧ ♣❛r❛♠❡t❡rs ❛♥❞ ❝♦♥❞✐t✐♦♥s✱
✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t ❛ r❡❛❧✐st✐❝ st✉❞② ♦❢ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ❜② ♠❡❛♥s ♦❢ ❛ s✐♥❣❧❡✱ ❝♦♠♣❧❡t❡
♠♦❞❡❧✱ ✐s ♣r❛❝t✐❝❛❧❧② ♥♦t ♣♦ss✐❜❧❡✳ ❚❤✐s ✐s s✉r❡❧② tr✉❡ ❢r♦♠ t❤❡ ❛♥❛❧②t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❜✉t ❛❧s♦
❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✐♥tr✐♥s✐❝ ♠✉❧t✐✲s❝❛❧❡ ♥❛t✉r❡ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♦♥
♣❤❡♥♦♠❡♥♦♥✳ ❍♦✇❡✈❡r✱ t❤❛♥❦s t♦ ✐ts ♠✉❧t✐✲s❝❛❧❡ ♥❛t✉r❡✱ s❡✈❡r❛❧ ❝♦♠♣❧❡♠❡♥t❛r② ♠♦❞❡❧s ❝❛♥ ❜❡
t❛✐❧♦r❡❞ ✐♥ ♦r❞❡r t♦ ❛♥❛❧②③❡ ❞✐✛❡r❡♥t r❡❣✐♠❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ t❤❡ ❜✉❧❦ ✈❡❧♦❝✐t✐❡s ♦❢ ✐♦♥s ❛♥❞
❡❧❡❝tr♦♥s ❛r❡ ❡q✉❛❧ ❛♥❞ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞✱ ❛t t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r✱ ✇✐t❤ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
❞r✐❢t ✈❡❧♦❝✐t②✱ s❡✈❡r❛❧ ✧r❡❞✉❝❡❞ ♠❛❣♥❡t♦❤②❞r❞②♥❛♠✐❝ ♠♦❞❡❧s✧ ❝❛♥ ❜❡ ❞❡✈✐s❡❞ s♦ t♦ ✐♥✈❡st✐❣❛t❡
♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐♥ t❤✐s r❡❣✐♠❡✳ ■♥ t❤❡s❡ ♠♦❞❡❧s✱ ♠✐❝r♦s❝♦♣✐❝ ❡✛❡❝ts r❡❧❛t❡❞ t♦ ❜♦t❤ ✐♦♥
❛♥❞ ❡❧❡❝tr♦♥ ❞②♥❛♠✐❝s ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ❛s ♦r❞❡r❡❞ s♠❛❧❧ ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ ❡①♣❛♥s✐♦♥ ♣❛r❛♠✲
❡t❡r✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ s♦ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ r❡♠❛✐♥s ❧❛r❣❡✱ ❛♥❞ ❢✉rt❤❡r ♣❤②s✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s
❛♥❞ ♠♦❞✐✜❝❛t✐♦♥s ❝❛♥ ❜❡ ♥❡❝❡ss❛r②✳ ■♥ s♦♠❡ ❝❛s❡s✱ t❤❡s❡ ♠♦❞✐✜❝❛t✐♦♥s ❝❛♥ ❜❡ s❡❧❢✲❝♦♥s✐st❡♥t❧②
♠♦t✐✈❛t❡❞ ❜② t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❤②s✐❝s✳ ■♥ ♦t❤❡r ❝❛s❡s✱ t❤❡② ❛r❡ ♠♦t✐✈❛t❡❞ ❜② t❤❡ ♥❡❡❞ t♦ s✐♠♣❧✐❢②
❛♥❛❧②t✐❝❛❧❧② ♦r ♥✉♠❡r✐❝❛❧❧② t❤❡ ♣r♦❜❧❡♠ ✐♥ ♦r❞❡r t♦ ❣❡t ✐♥s✐❣❤t ✐♥t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣❤②s✐❝s
❜❡❤✐♥❞ ✐t✳ ❚❤❡s❡ ♠♦❞❡❧s ✐♥❝❧✉❞❡ t❤❡ ♦♥❡✲✢✉✐❞ ♠♦❞❡❧✱ t✇♦✲✢✉✐❞ ♠♦❞❡❧s✱ ♦r ❞✐✛❡r❡♥t ✧❡①t❡♥s✐♦♥s✧
♦❢ t❤❡ ♦♥❡✲✢✉✐❞ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ ❞✐✛❡r❡♥t str❛t❡❣✐❡s ❛r❡ ♣✉rs✉❡❞ ✐♥ ♦r❞❡r t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ ❦✐✲
♥❡t✐❝ ❛♥❞ t✇♦✲✢✉✐❞ ❡✛❡❝ts✳ ❲❡ ❤❛✈❡ ✐♥ ♣❛rt✐❝✉❧❛r ❛❞❞r❡ss❡❞ t❤❡ ❧✐♥❡❛r st✉❞② ♦❢ r❡❝♦♥♥❡❝t✐♥❣ ▼❍❉

✐♥st❛❜✐❧✐t✐❡s ✐♥ ♣r❡s❡♥❝❡ ♦❢ ♠♦r❡ t❤❛♥ ♦♥❡ ✧♥♦♥✲✐❞❡❛❧✧ ❦✐♥❡t✐❝ ❡✛❡❝t ❛t ❛ t✐♠❡✳

❆ ♣❛rt✐❝✉❧❛r ❡①❛♠♣❧❡ ♦❢ ✧r❡❞✉❝❡❞✧ ♠♦❞❡❧s✱ ✐♥ ✇❤✐❝❤ t❤❡ st✉❞② ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐s
s♦♠❡❤♦✇ s✐♠♣❧✐✜❡❞✱ ✐s ♣r♦✈✐❞❡❞ ❜② t❤♦s❡ ♠♦❞❡❧s ✐♥ ✇❤✐❝❤ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
✜❡❧❞s ✐♥ t❤❡ ♣❧❛s♠❛ ✐s ❝♦✉♣❧❡❞ t♦ t❤❛t ♦❢ t❤❡ ❡❧❡❝tr♦♥s✱ ❛❧♦♥❡✳ ❚❤❡s❡ ♠♦❞❡❧s✱ ✐♥ ✇❤✐❝❤ ✐♦♥s ❥✉st
❢♦r♠ ❛ st❛t✐❝ ♥❡✉tr❛❧✐③✐♥❣ ❜❛❝❦❣r♦✉♥❞✱ ❛r❡ ❥✉st✐✜❡❞ ❜② t❤❡ ❧❛r❣❡ ❡❧❡❝tr♦♥✲t♦✲✐♦♥ ♠❛ss r❛t✐♦✱ ❛♥❞ ❜②
t❤❡ r❡str✐❝t✐♦♥ t♦ ❢❛st t✐♠❡ s❝❛❧❡s✱ ❛♥❞ s❤♦rt s♣❛t✐❛❧ ❧❡♥❣t❤s ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ♦❢ ✐♦♥s✿ ✐♦♥s ❞❡❝♦✉✲
♣❧❡ ✐♥❞❡❡❞ ❢r♦♠ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛t ❧❛r❣❡s s❝❛❧❡s t❤❛♥ ❡❧❡❝tr♦♥s✱ s♦ t❤❛t ❛ r❛♥❣❡ ♦❢ s❝❛❧❡s ❡①✐sts✱
✐♥ ✇❤✐❝❤ ♠❛❣♥❡t✐❝ ❧✐♥❡s ❛r❡ st✐❧❧ ❞r❛❣❣❡❞ ❜② t❤❡ ❡❧❡❝tr♦♥ ✢♦✇✱ ✇❤✐❧❡ t❤❡② ❧♦♦s❡ t❤❡✐r ✧t♦♣♦❧♦❣✐❝❛❧

✶✶



✐♥✈❛r✐❛♥❝❡✧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♦♥ ✢♦✇✳ ❲❤❡♥ ✉s✐♥❣ ❛ ✢✉✐❞ ❞❡s❝r✐♣t✐♦♥✱ ✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r t❤❡
❢❛st t✐♠❡ s❝❛❧❡s ❛♥❞ s❤♦rt s♣❛t✐❛❧ ❧❡♥❣t❤s ♦❢ t❤❡ ❡❧❡❝tr♦♥s✱ ✇❤✐❧❡ ✐♦♥s ❛r❡ ❛ss✉♠❡❞ ✐♠♠♦❜✐❧❡✱ ♦♥❡
✐s t❤❡♥ ❧❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ s♦✲❝❛❧❧❡❞ ✧❡❧❡❝tr♦♥✲▼❍❉✧ ✭❊▼❍❉✮ r❡❣✐♠❡✳ ❆ ✜rst ♠♦❞❡❧✱ s✉✐t❛❜❧❡ ❢♦r
❞❡s❝r✐❜✐♥❣ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ❞②♥❛♠✐❝s ✇❤❡♥ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ♣❤❛s❡✲✈❡❧♦❝✐t✐❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ✐s t❤❡
✐♥❝♦♠♣r❡ss✐❜❧❡ ❊▼❍❉✱ ✇❤✐❝❤ ✐s s✉✐t❛❜❧❡ t♦ ❡①♣❧♦r❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ✇❡❛❦❧② ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛✳
❍♦✇❡✈❡r✱ ✇❤❡♥ ❡✛❡❝ts r❡❧❛t❡❞ t♦ t❤❡ ❝♦♠♣r❡ss✐❜✐❧✐t② ♦❢ t❤❡ ❡❧❡❝tr♦♥ ✢♦✇ ❜❡❝♦♠❡ r❡❧❡✈❛♥t✱ ❛♥
❡①t❡♥s✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧ t♦ ✐♥❝❧✉❞❡ ❜♦t❤ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r✱ ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t ❝✉rr❡♥t ❜❡❝♦♠❡s
✐♥t❡r❡st✐♥❣✳ ❙t✉❞②✐♥❣ t❤❡ r♦❧❡ ♦❢ t❤❡ ❢✉❧❧ ❡❧❡❝tr♦♥ ♣r❡ss✉r❡ t❡♥s♦r ✐♥ r❡❝♦♥♥❡❝t✐♥❣ ✐♥st❛❜✐❧✐t✐❡s ✐♥
❛♥ ❡①t❡♥❞❡❞✱ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ❊▼❍❉ ♠♦❞❡❧✱ ✐s ❛♥♦t❤❡r t♦♣✐❝ ❛❞❞r❡ss❡❞ ✐♥ t❤❡ ♣r❡s❡♥t ❞✐ss❡rt❛t✐♦♥✳
❆❧t❤♦✉❣❤ s✉❝❤ ❛ st✉❞② ✐s ♠❡❛♥t ❛s ❛ ♣r✐♠❛r② st❡♣ t♦ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❦✐♥❡t✐❝ t❡♠♣❡r❛t✉r❡ ❡✛❡❝ts
♦❢ t❤✐s ❦✐♥❞ ✐♥ ♠♦r❡ ❝♦♠♣❧❡t❡ t✇♦✲✢✉✐❞ ♦r ❡✈❡♥ ❢✉❧❧✲❦✐♥❡t✐❝ ♠♦❞❡❧s ♦❢ r❡❝♦♥♥❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ s❤♦✇
✐t t♦ ♣r♦✈✐❞❡ ❛ ✈❡r② ❝♦♠♣❧❡① ♣r♦❜❧❡♠ ✐♥ ✐ts❡❧❢✳

❉✉❡ t♦ ✐ts ♠❛❝r♦s❝♦♣✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ❛s t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✐♥✈❛r✐❛♥❝❡ ♦❢ ♠❛❣✲
♥❡t✐❝ ❧✐♥❡s ❞r❛❣❣❡❞ ❜② t❤❡ ♣❛rt✐❝❧❡ ❜✉❧❦ ✢♦✇✱ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✜♥❞s ❛ ♥❛t✉r❛❧ ❞❡s❝r✐♣t✐♦♥ ✐♥
✢✉✐❞✲t②♣❡ ♠♦❞❡❧s✳ ❍♦✇❡✈❡r✱ t❤❡ ❢❛❝t t❤❛t ✐t ✐s tr✐❣❣❡r❡❞ ❜② ♠✐❝r♦s❝♦♣✐❝ ❡✛❡❝ts✱ ❧❡❛❞s t♦ ❛♥ ❡q✉❛❧❧②
♥❛t✉r❛❧ ❞❡s❝r✐♣t✐♦♥ ❜② ♠❡❛♥s ♦❢ ❢✉❧❧✲❦✐♥❡t✐❝ ♠♦❞❡❧s✱ ♥❛♠❡❧② ♦❢ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ✭❱▼✮ t②♣❡✳ ❑✐✲
♥❡t✐❝ ♠♦❞❡❧s✱ ❛❧t❤♦✉❣❤ ♠♦r❡ ✧❝♦♠♣❧❡t❡✧✱ ❛r❡ ♦❢ ❝♦✉rs❡ ♠♦r❡ ❝♦♠♣❧❡① ❛♥❞ ❞❡♠❛♥❞✐♥❣✱ ❜♦t❤ ❢r♦♠
❛♥ ❛♥❛❧②t✐❝❛❧ ❛♥❞ ❢r♦♠ ❛ ♥✉♠❡r✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇❡ ❤❛✈❡ t❤❡♥ ❛❞❞r❡ss❡❞
t❤❡ ♥✉♠❡r✐❝❛❧ st✉❞② ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐♥ ❛ ❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❞②♥❛♠✐❝s ♦❢
❡❧❡❝tr♦♥s ❛❧♦♥❡ ✐s r❡t❛✐♥❡❞ ✭✐✳❡✳✱ ❛ s♦rt ♦❢ ✧❦✐♥❡t✐❝ ❝♦✉♥t❡r♣❛rt✧ ♦❢ ❊▼❍❉ ✢✉✐❞ ♠♦❞❡❧s✮✳ ■♥ ♣❛r✲
t✐❝✉❧❛r✱ s✐♥❝❡ ♠❛♥② ♦t❤❡r ✐♥st❛❜✐❧✐t✐❡s ❝❛♥ ❝♦✲❡①✐st✱ ❝♦♠♣❡t❡✱ ♦r ❡✈❡♥ ✐♥✐t✐❛t❡ ❛♥❞ s❡❡❞ ♠❛❣♥❡t✐❝
r❡❝♦♥♥❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ r❡❝♦♥♥❡❝t✐♦♥ ♣❤❡♥♦♠❡♥❛ t❤❛t ❛r❡
❝♦✉♣❧❡❞ t♦ s♦♠❡ ❜❡❛♠✲♣❧❛s♠❛ ✐♥st❛❜✐❧✐t✐❡s✱ ✇❤✐❝❤ ❛r❡ ♦❢ r❡❧❡✈❛♥❝❡ t♦ ❜♦t❤ ❧❛s❡r✲♣❧❛s♠❛ ✐♥t❡r✲
❛❝t✐♦♥ ❡①♣❡r✐♠❡♥ts ❛♥❞ t♦ s♦♠❡ ❛str♦♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱ ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✱
✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ♥♦♥❧✐♥❡❛r ❡✈♦❧✉t✐♦♥ ♦❢ ✐♥✐t✐❛❧ ♣❧❛s♠❛ ❝♦♥✜❣✉r❛t✐♦♥s ✐♥ ✇❤✐❝❤ r❡❝♦♥♥❡❝t✐♦♥
❝❛♥ ❝♦✲❡①✐st ✇✐t❤ ❲❡✐❜❡❧✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s✳ ❚❤❡ ❧❛tt❡r ✐♥✈♦❧✈❡s ❛ s♦♠❡❤♦✇ ♦♣♣♦s✐t❡ ♠❡❝❤❛♥✐s♠
t♦ t❤❛t ✐♥✈♦❧✈❡❞ ✐♥ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✿ t❤❡ ❝♦♥✈❡rs✐♦♥ ♦❢ t❤❡r♠❛❧ ❛♥❞ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡
♣❛rt✐❝❧❡s ✐♥t♦ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣②✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢ ❜❛❝❦❣r♦✉♥❞ ♠❛❣♥❡t✐❝
✢✉❝t✉❛t✐♦♥s✳ ❲❡ ❛❞❞r❡ss t❤✐s ♣r♦❜❧❡♠ ❜② ♥✉♠❡r✐❝❛❧❧② s♦❧✈✐♥❣ t❤❡ ✭❱▼✮ ✉s✐♥❣ t✇♦ t②♣❡s ♦❢ ♥✉✲
♠❡r✐❝❛❧ ♠♦❞❡❧s✳ ❚❤❡ ✜rst ♦♥❡ r❡❧✐❡s ♦♥ t❤❡ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ✭P■❈✮ ♠❡t❤♦❞✿ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡
✉s❡❞ ❙▼■▲❊■✱ ❛♥ ♦♣❡♥✲s♦✉r❝❡✱ r❡❧❛t✐✈✐st✐❝✱ ♣❛r❛❧❧❡❧ P■❈ ❝♦❞❡✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ ♣❛r❛❧❧❡❧ ❝♦❞❡
❱▲❊▼ ✇❤✐❝❤ ✉s❡s t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ ✐♥ ♦r❞❡r t♦ ♥✉♠❡r✐❝❛❧❧② ✐♥t❡❣r❛t❡ t❤❡ r❡❧❛t✐✈✐st✐❝
❱▼ s②st❡♠✳

❚❤✐s ❞✐ss❡rt❛t✐♦♥ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿

∗ ❆ ❣❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥ ♣r❡s❡♥ts t❤❡ ❝♦♥❝❡♣t ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❜r✐❡✢② r❡✈✐❡✇s
✐ts ❤✐st♦r②✳

∗ ❈❤❛♣t❡r ✶ ❞✐s❝✉ss❡s ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ✐ts ❞✐✛❡r❡♥t✱ r❡❧❡✈❛♥t ❢❡❛t✉r❡s ✐♥ ❛ ♠♦r❡
❢♦r♠❛❧ ✇❛②✿ ❛ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧ ✐s ♣r❡s❡♥t❡❞ ❛♥❞ ❧✐♥❡❛r✐③❡❞ t♦ ♦❜t❛✐♥ t❤❡ s❝❛❧✐♥❣ ❧❛✇s✳ ❲❡
t❤✉s ♣r❡s❡♥t t❤❡ ❝♦♥❝❡♣t ♦❢ ✐♥st❛❜✐❧✐t② ♣❛r❛♠❡t❡r✱ ❛♥❞ ✇❡ ❞✐s❝✉ss ✐ts ✧❧✐♠✐ts✧ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ✇❛✈❡❧❡♥❣t❤ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❢♦r r❡❝♦♥♥❡❝t✐♥❣ ✐♥st❛❜✐❧✐t✐❡s ✐♥ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧✱
r❡❝t❛♥❣✉❧❛r ❝✉rr❡♥t s❤❡❡t✳ ❋✐♥❛❧❧②✱ ✇❡ ❜r✐❡✢② r❡✈✐❡✇ t❤❡ ♥♦t✐♦♥ ♦❢ ✧✐❞❡❛❧✧ t❡❛r✐♥❣✱ r❡❝❡♥t❧②
✐♥tr♦❞✉❝❡❞ ✐♥ ❧✐t❡r❛t✉r❡✳

∗ ❈❤❛♣t❡r ✷ ✐s ❞❡✈♦t❡❞ t♦ ❛ ❣❡♥❡r❛❧ r❡✈✐❡✇ ♦❢ t❤❡ ♣❧❛s♠❛ ♠♦❞❡❧s ✉s❡❞ ✐♥ st✉❞②✐♥❣ ♠❛❣♥❡t✐❝
r❡❝♦♥♥❡❝t✐♦♥✿ ✇❡ st❛rt ✇✐t❤ ❛ ❣❡♥❡r❛❧ ❞✐s❝✉ss✐♦♥ ♦❢ ❦✐♥❡t✐❝✲t②♣❡ ♠♦❞❡❧s✳ ❲❡ t❤❡♥ ❡①♣❧✐❝✐t❧②
❛❞❞r❡ss t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ✢✉✐❞ ♠♦❞❡❧s ❢r♦♠ t❤❡ ❱▼ s②st❡♠ ❛♥❞ t❤❡ r❡❧❛t❡❞ ❝❧♦s✉r❡ ♣r♦❜❧❡♠✳

✶✷



❋✐♥❛❧❧②✱ ✇❡ ❡♥❞ t❤❡ ❝❤❛♣t❡r ❜② ♣r♦✈✐❞✐♥❣ ❛ ❞❡t❛✐❧❡❞ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♦♥❡✲✢✉✐❞ ♠♦❞❡❧✱ ✇✐t❤
❛ ♣r✐♠❛r② ❢♦❝✉s ♦♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠ ❧❛✇✳

∗ ❈❤❛♣t❡r ✸ ❛❞❞r❡ss❡s t❤❡ ♠❡t❤♦❞s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❱▼ s②st❡♠✳ ■♥ t❤✐s
❝❤❛♣t❡r✱ ✇❡ ♣r♦✈✐❞❡ ❛♥ ✐♥✲❞❡♣t❤ r❡✈✐❡✇ ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣r✐♥❝✐♣❧❡s ✇❤✐❝❤ ❛r❡ r❡q✉✐r❡❞
t♦ ❜✉✐❧❞ ❛ ♣❛r❛❧❧❡❧ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ s♦❧✈❡r ♦r ❛ P■❈ s♦❧✈❡r✱ ❛♥❞ t❤❡ ✇❛② t❤❡s❡ t✇♦ ❝♦♠♣❧❡✲
♠❡♥t❛r② t②♣❡s ♦❢ s♦❧✈❡rs ❛r❡ ❞❡r✐✈❡❞✳

∗ ❈❤❛♣t❡r ✹ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ♠✉❧t✐✲♣r❡❝✐s✐♦♥ ❡✐❣❡♥s♦❧✈❡r ✇❡ ❞❡✈❡❧✲
♦♣❡❞ t♦ s♦❧✈❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❧✐♥❡❛r ❛♥❛❧②s✐s ♦❢ ♠❛❣♥❡t✐❝
r❡❝♦♥♥❡❝t✐♦♥ ✐♥ ❞✐✛❡r❡♥t r❡❣✐♠❡s✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ❛❞❞r❡ss❡❞ ❛♥❞ s♦❧✈❡❞ ❜② t❤✐s ❝♦❞❡
✐s t❤❡ ✐❧❧✲❝♦♥❞✐t✐♦♥✐♥❣ ♦❢ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡ st❡♥❝✐❧s✱ ✇❤✐❝❤ ❛r✐s❡ ❞✉❡ t♦ t❤❡ ♥♦♥✲✉♥✐❢♦r♠✐t② ♦❢
t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r✐❞✳

∗ ❈❤❛♣t❡r ✺ ✐s ❞❡✈♦t❡❞ t♦ ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t t✇♦✲✜❡❧❞ r❡❞✉❝❡❞
▼❍❉♠♦❞❡❧s✳ ❇② ❧✐♥❡❛r✐③✐♥❣ ❛ q✉✐t❡ ❣❡♥❡r❛❧ r❡❞✉❝❡❞ r❡❝♦♥♥❡❝t✐♦♥ ♠♦❞❡❧ t❤❛t ✐♥❝❧✉❞❡s s❡✈❡r❛❧
♥♦♥✲✐❞❡❛❧ ❡✛❡❝ts ❛t ❛ t✐♠❡✱ ✇❡ ❞❡r✐✈❡ ❛ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✳ ❚❤✐s ❝❛♥ ❜❡ ✉s❡❞ t♦
✐♥✈❡st✐❣❛t❡ t❤❡ s❝❛❧✐♥❣ ❧❛✇s ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ t❤❛t ♦❝❝✉rs ❛s ❛ ♣r✐♠❛r② ✐♥st❛❜✐❧✐t②
✐♥s✐❞❡ ❛ ❝✉rr❡♥t s❤❡❡t ❢♦r♠❡❞ ❜② ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♠❛❣♥❡t✐❝ s❤❡❛r ✜❡❧❞✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡
❞❡✈✐s❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ t♦ st✉❞② ♦t❤❡r ✐♥st❛❜✐❧✐t✐❡s✳ ❋♦r ❡①❛♠♣❧❡✱
✐t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❡①♣❧♦r❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t② ♦❝❝✉rr✐♥❣ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡
♦❢ ❛ ❜❛❝❦❣r♦✉♥❞ s❤❡❛r ✈❡❧♦❝✐t②✱ ♦r t❤❡ s❡❝♦♥❞❛r② t❡❛r✐♥❣ ♠♦❞❡s ❣r♦✇✐♥❣ ♦♥ ❛♥ ❡❧♦♥❣❛t❡❞
❝✉rr❡♥t s❤❡❡t ❞❡✈❡❧♦♣✐♥❣ ♦♥ t❤❡ s❤♦✉❧❞❡r ♦❢ ❛ ♣r✐♠❛r② r❡❝♦♥♥❡❝t✐♦♥ ❡✈❡♥t✳ ❲❡ ❤❛✈❡ ❛❧s♦
❢♦r♠✉❧❛t❡❞ ❛♥❞ ❞✐s❝✉ss❡❞ t❤❡ ❧✐♥❡❛r ♣r♦❜❧❡♠ ❢♦r ❍❛❧❧✲▼❍❉ ♠♦❞❡s ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❛ ✜♥✐t❡
❡❧❡❝tr♦♥ ✐♥❡rt✐❛✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡r✐✈❡❞ ❛ r❡❞✉❝❡❞ ▼❍❉ ♠♦❞❡❧ ✐♥ t♦r♦✐❞❛❧ ❣❡♦♠❡tr②✱ ✇❤✐❝❤
s✐♠✉❧t❛♥❡♦✉s❧② ❛❝❝♦✉♥ts ❢♦r t❤❡ r❡s✐st✐✈✐t②✱ t❤❡ ✜♥✐t❡ ✐♥❡rt✐❛ ♦❢ ❡❧❡❝tr♦♥s ❛♥❞ ❢♦r t❤❡ ♣♦ss✐❜❧❡
♣r❡s❡♥❝❡ ♦❢ ❛♥ ❛r❜✐tr❛r② ❞❡♥s✐t② ♣r♦✜❧❡✳

∗ ❈❤❛♣t❡r ✻ ❞✐s❝✉ss❡s t❤❡ ❊❧❡❝tr♦♥✲▼❍❉ r❡❣✐♠❡✳ ❋✐rst✱ ✇❡ ❞❡r✐✈❡ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧✱
✇❤✐❝❤ ♥❡❣❧❡❝ts ❞❡♥s✐t② ✢✉❝t✉❛t✐♦♥s ❛♥❞ r❡❧❛t✐✈✐st✐❝ ❡✛❡❝ts✳ ❚❤❡♥✱ ✇❡ ❡①t❡♥❞ ✐t t♦ ❛❝❝♦✉♥t
❢♦r t❤❡ ❡✛❡❝ts ♦❢ ❛ str♦♥❣ ❜❛❝❦❣r♦✉♥❞ ❣✉✐❞❡ ✜❡❧❞ ❛♥❞ ♦❢ ❝❤❛r❣❡ s❡♣❛r❛t✐♦♥ ❡✛❡❝ts✳ ❆❢t❡r
t❤❛t✱ ✇❡ ❛❞❞r❡ss t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ✐♥❝❧✉❞✐♥❣ ❛♥ ❡❧❡❝tr♦♥ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ✭❋P❚✮ ✐♥ t❤❡
♣r♦❜❧❡♠✳ ❋✐♥❛❧❧②✱ ✇❡ ❧✐♥❡❛r✐③❡ t❤❡ ♣r♦❜❧❡♠ ❢♦r t✇♦ ❝❛s❡s✳ ❚❤❡ ✜rst ♦♥❡ ✐♥❝❧✉❞❡s ❛ str♦♥❣
❣✉✐❞❡ ✜❡❧❞✱ ✇❤✐❧❡✱ ✐♥ t❤❡ s❡❝♦♥❞✱ t❤❡ ❣✉✐❞❡ ✜❡❧❞ ✐s ❛❜s❡♥t✳ ❚❤✐s ♠♦❞❡❧ ✐s ✐♠♣♦rt❛♥t t♦
❡①♣❧❛✐♥ ❛♥❞ ✉♥❞❡rst❛♥❞ t❤❡ r❡s✉❧ts ♦❢ ❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥s✱ ❛♥❞ ❛❧s♦ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ r♦❧❡s
♣❧❛②❡❞ ❜② ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ✐♥ t❤❡ ♦♥s❡t ❛♥❞ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢
♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✳ ❆❣❛✐♥✱ ❞✉❡ t♦ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❛♥❛❧②t✐❝❛❧ ❡✐❣❡♥✲✈❛❧✉❡ ♣r♦❜❧❡♠
✇❤✐❝❤ ✇❡ ❤❛✈❡ ❢♦r♠✉❧❛t❡❞✱ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ♥✉♠❡r✐❝❛❧ s♦❧✈❡r✱ ❜❛s❡❞ ♦♥ t❤❡ ❛❧❣♦r✐t❤♠
❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡rs ✹✲✺ ❛♥❞ ❛tt❡♠♣t t♦ s♦❧✈❡ ✐t✱ ✐s ♣♦st✲♣♦♥❡❞ t♦ ❢✉t✉r❡ r❡s❡❛r❝❤ ✇♦r❦✳

∗ ❈❤❛♣t❡r ✼ ♣r❡s❡♥ts t❤❡ r❡s✉❧ts ♦❢ t❤❡ st✉❞② ♦❢ t❡❛r✐♥❣ ♠♦❞❡s ✐♥ t❤✐♥ ❝✉rr❡♥t s❤❡❡ts ✐♥
❞✐✛❡r❡♥t r❡❝♦♥♥❡❝t✐♦♥ r❡❣✐♠❡s✱ ✐♥ ✇❤✐❝❤ ♠♦r❡ t❤❛♥ ♦♥❡ ♥♦♥✲✐❞❡❛❧ ❡✛❡❝t ❛t ❛ t✐♠❡ ✐s ✐♥❝❧✉❞❡❞✳
❆❧t❤♦✉❣❤✱ ✐♥ ♠♦st ♦❢ t❤❡ r❡❣✐♠❡s ❛❞❞r❡ss❡❞✱ ❛♥❛❧②t✐❝❛❧ ❡st✐♠❛t❡s ❢♦r t❤❡ ❣r♦✇t❤ r❛t❡s
✭❛♥❞ ❡✐❣❡♥♠♦❞❡s✮ ❤❛❞ ❜❡❡♥ ❛❧r❡❛❞② ♣r♦✈✐❞❡❞ ✐♥ ❧✐t❡r❛t✉r❡✱ ✐t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t s✉❝❤
❡st✐♠❛t❡s ❤❛❞ ♥❡✈❡r ❜❡❡♥ s②st❡♠❛t✐❝❛❧❧② ✈❡r✐✜❡❞ ✇✐t❤ ❛ ♥✉♠❡r✐❝❛❧ s♦❧✈❡r✱ ❜❡❢♦r❡✳ ❚❤❡
♥✉♠❡r✐❝❛❧ s♦❧✈❡r ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡rs ✹ ❛♥❞ ✺ ❤❛s ❛❧❧♦✇❡❞ ✉s t♦ ✈❡r✐❢②
t❤❡s❡ ❛♥❛❧②t✐❝❛❧ ❡st✐♠❛t❡s ❜✉t ❛❧s♦ t♦ ♣r♦✈✐❞❡ ♥❡✇ ✐♥s✐❣❤ts ✐♥ t❤❡ ♣❤②s✐❝s ♦❢ r❡❝♦♥♥❡❝t✐♥❣
✐♥st❛❜✐❧✐t✐❡s ♦❢ ✧t❡❛r✐♥❣✲t②♣❡✧✳

✶✸



∗ ❈❤❛♣t❡r ✽✱ ✇❤✐❝❤ ✐s t❤❡ ❧❛st ❝❤❛♣t❡r✱ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❦✐♥❡t✐❝ st✉❞② ♦❢ t❤❡ ❧✐♥❡❛r ❛♥❞
♥♦♥❧✐♥❡❛r ❡✈♦❧✉t✐♦♥ ♦❢ s♦♠❡ ♣❧❛s♠❛ ❝♦♥✜❣✉r❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ✉♥st❛❜❧❡ t♦ ❲❡✐❜❡❧✲t②♣❡ ✐♥✲
st❛❜✐❧✐t✐❡s✱ ❛♥❞ ♣♦ss✐❜❧② t♦ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ s❡✈❡r❛❧
♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✉s✐♥❣ t❤❡ P■❈ ❝♦❞❡ ✭❙▼■▲❊■✮ ❛♥❞ t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❝♦❞❡ ✭❱▲❊▼✮✳

❋✐♥❛❧❧②✱ ✇❡ ❡♥❞ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇✐t❤ t❤❡ ❝♦♥❝❧✉s✐♦♥s✱ ✐♥ ✇❤✐❝❤ ✇❡ s✉♠♠❛r✐③❡ t❤❡ ♠❛✐♥ r❡s✉❧ts
♦❢ t❤✐s t❤❡s✐s ❛♥❞ ✇❡ ♦✉t❧✐♥❡ t❤❡ ❢✉t✉r❡ ✇♦r❦s✱ ❜② ❛❧s♦ ♠❡♥t✐♦♥✐♥❣ ❛ ❢❡✇ s✉❜s✐❞✐❛r② r❡s❡❛r❝❤
s✉❜❥❡❝ts t❤❛t ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❞✉r✐♥❣ t❤✐s P❤❉ r❡s❡❛r❝❤ ❜✉t ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ♥♦t t♦
❞✐s❝✉ss ❡①♣❧✐❝✐t❧② ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✳ ❙❡✈❡r❛❧ ❛♣♣❡♥❞✐❝❡s ❢♦❧❧♦✇✱ ✐♥ ✇❤✐❝❤ ❛❧❧ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s✱
♣❡r❢♦r♠❡❞ ✐♥ t❤✐s ♠❛♥✉s❝r✐♣t✱ ❤❛✈❡ ❜❡❡♥ ✇r✐tt❡♥✳

✶✹



❘és✉♠é

❉❛♥s ❧❡s ♣❧❛s♠❛s✱ s②stè♠❡s ❝♦❧❧❡❝t✐❢s ❣❛③❡✉① ❞❡ ♣❛rt✐❝✉❧❡s ❝❤❛r❣é❡s✱ ❧❡s ❧✐❣♥❡s ♠❛❣♥ét✐q✉❡s ❛❝✲
q✉✐èr❡♥t à ❞❡s é❝❤❡❧❧❡s ♠❛❝r♦s❝♦♣✐q✉❡s ❝❡ q✉❡ ❧✬♦♥ ♣❡✉t ❞✐r❡ ❞✬✉♥❡ ✓✐❞❡♥t✐té t♦♣♦❧♦❣✐q✉❡✔✱ ❝✬❡st✲
à✲❞✐r❡✱ ❧♦rsq✉✬❡❧❧❡s s♦♥t ♥♦②é❡s ❞❛♥s ❧❡ ♣❧❛s♠❛✱ ❡❧❧❡s é✈♦❧✉❡♥t ❝♦♠♠❡ ❡♥tr❛î♥é❡s ♣❛r ❧❡ ✢✉① ❞❡
♣❛rt✐❝✉❧❡s s❛♥s s❡ ❝r♦✐s❡r ♥✐ s❡ r♦♠♣r❡✳

❈❡❝✐ ♥✬❡st ❝❡♣❡♥❞❛♥t ✈r❛✐ q✉❡ ❞❛♥s ❝❡rt❛✐♥s ré❣✐♠❡s✱ à s❛✈♦✐r ❛✉① é❝❤❡❧❧❡s ❞✐t❡s ✧♠❛❣♥ét♦✲
❤②❞r♦❞②♥❛♠✐q✉❡s✧ ✭▼❍❉✮✳ ▲♦rsq✉❡ ❝❡rt❛✐♥s ❡✛❡ts ♠✐❝r♦s❝♦♣✐q✉❡s✱ ❛✉tr❡♠❡♥t ♥é❣❧✐❣❡❛❜❧❡s✱ ❞❡✈✐✲
❡♥♥❡♥t ❧♦❝❛❧❡♠❡♥t ✐♠♣♦rt❛♥ts✱ ❝❡tt❡ ✐♥✈❛r✐❛♥❝❡ ❧❛❣r❛♥❣✐❡♥♥❡ ❡st ♣❡r❞✉❡✳ ▲❛ r❡❝♦♥♥❡①✐♦♥ ♠❛❣✲
♥ét✐q✉❡ ❡st ❧❡ ♣r♦❝❡ss✉s ♣❤②s✐q✉❡ ♣❛r ❧❡q✉❡❧ ❝❡❧❛ s❡ ♣r♦❞✉✐t✿ ❧❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡
♣❡✉✈❡♥t ❛✐♥s✐ s❡ r♦♠♣r❡ ❡t s❡ r❡❝♦♥♥❡❝t❡r ❡♥ ❝❡rt❛✐♥s ♣♦✐♥ts ❞❡ ❧✬❡s♣❛❝❡✳ ❈❡ ré❛rr❛♥❣❡♠❡♥t ❞❡
❧❛ t♦♣♦❧♦❣✐❡ ❞✉ ❝❤❛♠♣ ❡♥tr❛î♥❡ ❧❛ ❝♦♥✈❡rs✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ♠❛❣♥ét✐q✉❡ st♦❝❦é❡ ❞❛♥s ❧❡s ❧✐❣♥❡s ❞❡
❝❤❛♠♣ ❡♥ é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❡t ❡♥ é♥❡r❣✐❡ t❤❡r♠✐q✉❡✳

▲❛ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡ ❡st ♦♠♥✐♣rés❡♥t❡ ❞❛♥s ❧❡s ♣❧❛s♠❛s ❞❡ ❧❛❜♦r❛t♦✐r❡ ❡t ♥❛t✉r❡❧s✿
❞❛♥s ❧❡s ♣r❡♠✐❡rs✱ ❡❧❧❡ ♣❡✉t êtr❡ r❡s♣♦♥s❛❜❧❡ ❞❡ ❧❛ ♣❡rt❡ ❞❡ ❝♦♥✜♥❡♠❡♥t ♠❛❣♥ét✐q✉❡✱ ❝❡ q✉✐✱
♣❛r ❡①❡♠♣❧❡✱ ❡st ♣ré❥✉❞✐❝✐❛❜❧❡ à ❧✬❛tt❡✐♥t❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❝♦♠❜✉st✐♦♥ ❞❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s ❞❡
❢✉s✐♦♥ t❤❡r♠♦♥✉❝❧é❛✐r❡ ✭♣❛r ❡①❡♠♣❧❡ ❞❛♥s ❧❡s t♦❦❛♠❛❦s ❝♦♠♠❡ ■❚❊❘✮✳ ❉❛♥s ❝❡ ❞❡r♥✐❡r✱ ✐❧ ❡st
r❡s♣♦♥s❛❜❧❡ ❞✬✉♥❡ ❣❛♠♠❡ ❞❡ ♣❤é♥♦♠è♥❡s ♠❛ss✐✈❡♠❡♥t ❧✐❜ér❛♥t ❞❡ ❧✬é♥❡r❣✐❡✱ ❛❧❧❛♥t ❞❡s é❥❡❝t✐♦♥s
❞❡ ♠❛ss❡ ❝♦r♦♥❛❧❡ ❡t ❞❡s ér✉♣t✐♦♥s s♦❧❛✐r❡s s✉r ❧❡ ❙♦❧❡✐❧✱ ❛✉① s♦✉s✲t❡♠♣êt❡s ♠❛❣♥ét✐q✉❡s ❞❛♥s
❧❡s ♠❛❣♥ét♦s♣❤èr❡s ♣❧❛♥ét❛✐r❡s ✭q✉✐ ♣❡✉✈❡♥t ❝♦♥❞✉✐r❡ à ❞❡s ❛✉r♦r❡ ❜♦ré❛❧❡s s♣❡❝t❛❝✉❧❛✐r❡s ♠❛✐s
❛✉ss✐ ✐♥t❡r❢ér❡r ❛✈❡❝ ❧❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞❡s ❛♣♣❛r❡✐❧s é❧❡❝tr♦♥✐q✉❡s ❡t ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s✉r ❧❛
❚❡rr❡✮✱ ❛✉① é♠✐ss✐♦♥s é❧❡❝tr♦♠❛❣♥ét✐q✉❡s ✉❧tr❛✲✐♥t❡♥s❡s ❞❛♥s ❧❡s ét♦✐❧❡s à ♥❡✉tr♦♥s ❡t ❛✉tr❡s
♦❜❥❡ts ❛str♦♣❤②s✐q✉❡s ♠❛❣♥ét✐sés✳

▼❛❧❣ré s♦♥ ♦❝❝✉rr❡♥❝❡✱ q✉✐ ❧❛ r❡♥❞ ♣❡rt✐♥❡♥t❡ ♣♦✉r ♣❧✉s✐❡✉rs s♦✉s✲❞♦♠❛✐♥❡s ❞❡ r❡❝❤❡r❝❤❡✱ ❧❛
r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡ ❡st ✉♥ ♣❤é♥♦♠è♥❡ ❝♦♠♣❧❡①❡ ❝❛r ❡❧❧❡ ✐♠♣❧✐q✉❡ ♣❧✉s✐❡✉rs ♣❛r❛♠ètr❡s ❡t
❝♦♥❞✐t✐♦♥s ♣❤②s✐q✉❡s✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ à s♦♥ t♦✉r q✉✬✉♥❡ ét✉❞❡ ré❛❧✐st❡ ❞❡ ❝❡ ♣❤é♥♦♠è♥❡ ♣❛r ✉♥
♠♦❞è❧❡ ✉♥✐q✉❡ ❡t ❝♦♠♣❧❡t✱ ♥✬❡st ♣r❛t✐q✉❡♠❡♥t ♣❛s ♣♦ss✐❜❧❡✳

❈❡❝✐ ❡st sûr❡♠❡♥t ✈r❛✐ ❞✉ ♣♦✐♥t ❞❡ ✈✉❡ ❛♥❛❧②t✐q✉❡✱ ♠❛✐s ❛✉ss✐ ❞✉ ♣♦✐♥t ❞❡ ✈✉❡ ♥✉♠ér✐q✉❡✱
❡♥ r❛✐s♦♥ ❞❡ ❧❛ ♥❛t✉r❡ ✐♥tr✐♥sèq✉❡ ♠✉❧t✐✲é❝❤❡❧❧❡s ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ r❡❝♦♥♥❡①✐♦♥✳ ❈❡♣❡♥❞❛♥t✱
❣râ❝❡ à s❛ ♥❛t✉r❡ ♠✉❧t✐✲é❝❤❡❧❧❡s✱ ♣❧✉s✐❡✉rs ♠♦❞è❧❡s ❝♦♠♣❧é♠❡♥t❛✐r❡s ♣❡✉✈❡♥t êtr❡ ❛❞❛♣tés ❛✜♥
❞✬❛♥❛❧②s❡r ❞✐✛ér❡♥ts ré❣✐♠❡s✳ P❛r ❡①❡♠♣❧❡✱ ❧♦rsq✉❡ ❧❡s ✈✐t❡ss❡s ❣❧♦❜❛❧❡s ❞❡s ✐♦♥s ❡t ❞❡s é❧❡❝tr♦♥s
s♦♥t é❣❛❧❡s ❡t ♣❡✉✈❡♥t êtr❡ ❛♣♣r♦①✐♠é❡s✱ à ❧✬♦r❞r❡ ♣r✐♥❝✐♣❛❧✱ ❛✈❡❝ ❧❛ ✈✐t❡ss❡ ❞❡ ❞ér✐✈❡ é❧❡❝tr♦♠❛❣✲
♥ét✐q✉❡✱ ♣❧✉s✐❡✉rs ✓♠♦❞è❧❡s ♠❛❣♥ét♦❤②❞r❞②♥❛♠✐q✉❡s ré❞✉✐ts✔ ♣❡✉✈❡♥t êtr❡ ❝♦♥ç✉s ❛✜♥ ❞✬ét✉❞✐❡r
❧❛ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡✳

❉❛♥s ❝❡s ♠♦❞è❧❡s✱ ❧❡s ❡✛❡ts ♠✐❝r♦s❝♦♣✐q✉❡s ❧✐és à ❧❛ ❢♦✐s à ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ✐♦♥s ❡t ❞❡s
é❧❡❝tr♦♥s ♣❡✉✈❡♥t êtr❡ ✐♥❝❧✉s ❝♦♠♠❡ ét❛♥t ❝❧❛ssés ♣❡t✐ts ♣❛r r❛♣♣♦rt à ❝❡rt❛✐♥s ♣❛r❛♠ètr❡s
❞✬❡①♣❛♥s✐♦♥✳ ❈❡♣❡♥❞❛♥t✱ ♠ê♠❡ ❛✐♥s✐✱ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s r❡st❡ ❣r❛♥❞✱ ❞♦♥❝ ❞✬❛✉tr❡s ❛♣✲
♣r♦①✐♠❛t✐♦♥s ❡t ♠♦❞✐✜❝❛t✐♦♥s ♣❤②s✐q✉❡s ♣❡✉✈❡♥t êtr❡ ♥é❝❡ss❛✐r❡s✳

❉❛♥s ❝❡rt❛✐♥s ❝❛s✱ ❝❡s ♠♦❞✐✜❝❛t✐♦♥s ♣❡✉✈❡♥t êtr❡ ♠♦t✐✈é❡s ♣❛r ❧❛ ♣❤②s✐q✉❡ s♦✉s✲❥❛❝❡♥t❡✳ ❉❛♥s
❞✬❛✉tr❡s ❝❛s✱ ✐❧s s♦♥t ♠♦t✐✈és ♣❛r ❧❛ ♥é❝❡ss✐té ❞❡ s✐♠♣❧✐✜❡r ❛♥❛❧②t✐q✉❡♠❡♥t ♦✉ ♥✉♠ér✐q✉❡♠❡♥t
❧❡ ♣r♦❜❧è♠❡ ❛✜♥ ❞✬❛✈♦✐r ✉♥ ❛♣❡rç✉ ❞❡ ❧❛ ♣❤②s✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧❡ q✉✐ ❧❡ s♦✉s✲t❡♥❞✳ ❈❡s ♠♦❞è❧❡s
❝♦♠♣r❡♥♥❡♥t ❧❡ ♠♦❞è❧❡ à ✉♥ ✢✉✐❞❡✱ ❧❡s ♠♦❞è❧❡s à ❞❡✉① ✢✉✐❞❡s ♦✉ ❞✐✛ér❡♥t❡s ✧❡①t❡♥s✐♦♥s✧ ❞✉
♠♦❞è❧❡ à ✉♥ ✢✉✐❞❡ ❞❛♥s ❧❡q✉❡❧ ❞✐✛ér❡♥t❡s str❛té❣✐❡s s♦♥t ♣♦✉rs✉✐✈✐❡s ❛✜♥ ❞✬✐♥❝♦r♣♦r❡r ❧❡s ❡✛❡ts
❝✐♥ét✐q✉❡s ❡t ❞❡✉①✲✢✉✐❞❡s✳ ◆♦✉s ❛✈♦♥s ❡♥ ♣❛rt✐❝✉❧✐❡r ❛❜♦r❞é ❧✬ét✉❞❡ ❧✐♥é❛✐r❡ ❞❡s ✐♥st❛❜✐❧✐tés ❞❡
r❡❝♦♥♥❡①✐♦♥ ▼❍❉ ❡♥ ♣rés❡♥❝❡ ❞❡ ♣❧✉s ❞✬✉♥ ❡✛❡t ❝✐♥ét✐q✉❡ ✧♥♦♥ ✐❞é❛❧✧✳

❯♥ ❡①❡♠♣❧❡ ♣❛rt✐❝✉❧✐❡r ❞❡ ♠♦❞è❧❡s ✓ré❞✉✐ts✔✱ ❞❛♥s ❧❡sq✉❡❧s ❧✬ét✉❞❡ ❞❡ ❧❛ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥é✲
t✐q✉❡ ❡st ❡♥ q✉❡❧q✉❡ s♦rt❡ s✐♠♣❧✐✜é❡✱ ❡st ❢♦✉r♥✐ ♣❛r ❝❡s ♠♦❞è❧❡s ❞❛♥s ❧❡sq✉❡❧s ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s
❝❤❛♠♣s é❧❡❝tr♦♠❛❣♥ét✐q✉❡s ❞❛♥s ❧❡ ♣❧❛s♠❛ ❡st ❝♦✉♣❧é❡ à ❝❡❧❧❡ ❞❡s é❧❡❝tr♦♥s✳

✶✺



❈❡s ♠♦❞è❧❡s✱ ❞❛♥s ❧❡sq✉❡❧s ❧❡s ✐♦♥s ♥❡ ❢♦r♠❡♥t q✉✬✉♥ ❢♦♥❞ ♥❡✉tr❛❧✐s❛♥t st❛t✐q✉❡✱ s♦♥t ❥✉st✐✜és
♣❛r ❧❡ ❣r❛♥❞ r❛♣♣♦rt ❞❡ ♠❛ss❡ é❧❡❝tr♦♥✲✐♦♥✱ ❡t ♣❛r ❧❛ r❡str✐❝t✐♦♥ à ❞❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s r❛♣✐❞❡s✱
❡t ❞❡s ❧♦♥❣✉❡✉rs s♣❛t✐❛❧❡s ♣❡t✐t❡s ♣❛r r❛♣♣♦rt à ❝❡❧❧❡s ❞❡s ✐♦♥s✿ ❧❡s ✐♦♥s s❡ ❞é❝♦✉♣❧❡♥t ❡♥ ❡✛❡t ❞✉
❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ à ❞❡ ♣❧✉s ❣r❛♥❞❡s é❝❤❡❧❧❡s q✉❡ ❧❡s é❧❡❝tr♦♥s✱ ❞❡ s♦rt❡ q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❣❛♠♠❡
❞✬é❝❤❡❧❧❡s✱ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s ❧✐❣♥❡s ♠❛❣♥ét✐q✉❡s s♦♥t ❡♥❝♦r❡ ♣♦rté ♣❛r ❧❡ ✢✉① ❞✬é❧❡❝tr♦♥s✱ ❛❧♦rs
q✉✬❡❧❧❡s ♣❡r❞❡♥t ❧❡✉r ✓✐♥✈❛r✐❛♥❝❡ t♦♣♦❧♦❣✐q✉❡✔ ♣❛r r❛♣♣♦rt ❛✉ ✢✉① ✐♦♥✐q✉❡✳

▲♦rsq✉✬♦♥ ✉t✐❧✐s❡ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ✢✉✐❞❡✱ q✉✐ t✐❡♥t ❝♦♠♣t❡ ❞❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s r❛♣✐❞❡s ❡t
❞❡s ❝♦✉rt❡s ❧♦♥❣✉❡✉rs s♣❛t✐❛❧❡s ❞❡s é❧❡❝tr♦♥s✱ ❛❧♦rs q✉❡ ❧❡s ✐♦♥s s♦♥t s✉♣♣♦sés ✐♠♠♦❜✐❧❡s✱ ♦♥
❡st ❛❧♦rs ❛♠❡♥é à ❝♦♥s✐❞ér❡r ❧❡ s♦✐✲❞✐s❛♥t ✧é❧❡❝tr♦♥✲ ▼❍❉✧ ✭ ❊▼❍❉✮✳ ❯♥ ♣r❡♠✐❡r ♠♦❞è❧❡✱ ❛❞❛♣té
♣♦✉r ❞é❝r✐r❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ r❡❝♦♥♥❡①✐♦♥ ❧♦rsq✉❡ ❞❡s ✈✐t❡ss❡s ❞❡ ♣❤❛s❡ ♥♦♥ r❡❧❛t✐✈✐st❡s s♦♥t
❝♦♥s✐❞éré❡s✱ ❡st ❧✬✐♥❝♦♠♣r❡ss✐❜❧❡ ❊▼❍❉✱ q✉✐ ❝♦♥✈✐❡♥t ♣♦✉r ❡①♣❧♦r❡r ❧❛ ❞②♥❛♠✐q✉❡ ❞✬✉♥ ♣❧❛s♠❛
❢❛✐❜❧❡♠❡♥t ♠❛❣♥ét✐sé✳

❈❡♣❡♥❞❛♥t✱ ❧♦rsq✉❡ ❧❡s ❡✛❡ts ❧✐és à ❧❛ ❝♦♠♣r❡ss✐❜✐❧✐té ❞✉ ✢✉① ❞✬é❧❡❝tr♦♥s ❞❡✈✐❡♥♥❡♥t ♣❡rt✐✲
♥❡♥ts✱ ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❝❡ ♠♦❞è❧❡ ♣♦✉r ✐♥❝❧✉r❡ à ❧❛ ❢♦✐s ❧❡ t❡♥s❡✉r ❞❡ ♣r❡ss✐♦♥ ❡t ❧❡ ❝♦✉r❛♥t ❞❡
❞é♣❧❛❝❡♠❡♥t ❞❡✈✐❡♥t ✐♥tér❡ss❛♥t❡✳ ▲✬ét✉❞❡ ❞✉ rô❧❡ ❞✉ t❡♥s❡✉r ❞❡ ♣r❡ss✐♦♥ é❧❡❝tr♦♥✐q✉❡ ❞❛♥s ❧❡s
✐♥st❛❜✐❧✐tés ❞❡ r❡❝♦♥♥❡①✐♦♥ ❞❛♥s ✉♥ ♠♦❞è❧❡ ❊▼❍❉ ét❡♥❞✉ ❡t ♥♦♥ r❡❧❛t✐✈✐st❡ ❡st ✉♥ ❛✉tr❡ s✉❥❡t
❛❜♦r❞é ❞❛♥s ❧❛ ♣rés❡♥t❡ t❤ès❡✳ ❇✐❡♥ q✉✬✉♥❡ t❡❧❧❡ ét✉❞❡ s♦✐t ❝❡♥sé❡ êtr❡ ✉♥❡ ét❛♣❡ ♣r✐♥❝✐♣❛❧❡ ✈❡rs
❧✬✐♥❝❧✉s✐♦♥ ❞❡s ❡✛❡ts ❝✐♥ét✐q✉❡s ❞❛♥s ❞❡s ♠♦❞è❧❡s ❞❡ r❡❝♦♥♥❡①✐♦♥ ♣❧✉s ❝♦♠♣❧❡ts à ❞❡✉① ✢✉✐❞❡s ♦✉
♠ê♠❡ à ❝✐♥ét✐q✉❡✱ ♥♦✉s ♠♦♥tr❡r♦♥s q✉✬❡❧❧❡ ❢♦✉r♥✐t ✉♥ ♣r♦❜❧è♠❡ très ❝♦♠♣❧❡①❡ ❡♥ s♦✐✳

❊♥ r❛✐s♦♥ ❞❡ s♦♥ ✐♥t❡r♣rét❛t✐♦♥ ♠❛❝r♦s❝♦♣✐q✉❡ ❝♦♠♠❡ ❧❛ ✈✐♦❧❛t✐♦♥ ❞❡ ❧✬✐♥✈❛r✐❛♥❝❡ ❧❛❣r❛♥❣✐✲
❡♥♥❡ ❞❡s ❧✐❣♥❡s ♠❛❣♥ét✐q✉❡s ♣♦rté ♣❛r ❧❡ ✢✉① ❞❡s ♣❛rt✐❝✉❧❡s✱ ❧❛ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡ tr♦✉✈❡
✉♥❡ ❞❡s❝r✐♣t✐♦♥ ♥❛t✉r❡❧❧❡ ❞❛♥s ❧❡s ♠♦❞è❧❡s ✢✉✐❞❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❡ ❢❛✐t q✉✬✐❧ s♦✐t ❞é❝❧❡♥❝❤é ♣❛r
❞❡s ❡✛❡ts ♠✐❝r♦s❝♦♣✐q✉❡s✱ ❝♦♥❞✉✐t à ✉♥❡ ❞❡s❝r✐♣t✐♦♥ t♦✉t ❛✉ss✐ ♥❛t✉r❡❧❧❡ ❛✉ ♠♦②❡♥ ❞❡s ♠♦❞è❧❡s
❝✐♥ét✐q✉❡s✿ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ✭❱▼✮✳ ▲❡s ♠♦❞è❧❡s ❝✐♥ét✐q✉❡s✱ ❜✐❡♥ q✉❡ ♣❧✉s ✓❝♦♠♣❧❡ts✔✱ s♦♥t ❜✐❡♥
sûr ♣❧✉s ❝♦♠♣❧❡①❡s✱ t❛♥t ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ❛♥❛❧②t✐q✉❡ q✉❡ ♥✉♠ér✐q✉❡✳

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ❛✈♦♥s ❛❜♦r❞é ❧✬ét✉❞❡ ♥✉♠ér✐q✉❡ ❞❡ ❧❛ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡ ❞❛♥s
✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❝✐♥ét✐q✉❡ ❞❛♥s ❧❛q✉❡❧❧❡ s❡✉❧❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s é❧❡❝tr♦♥s ❡st r❡t❡♥✉❡ ✭❝✬❡st✲à✲❞✐r❡
✉♥❡ s♦rt❡ ❞❡ ✓❝♦♥tr❡♣❛rt✐❡ ❝✐♥ét✐q✉❡✔ ❞❡s ♠♦❞è❧❡s ✢✉✐❞❡ ❊▼❍❉✮✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ét❛♥t ❞♦♥♥é q✉❡ ❞❡ ♥♦♠❜r❡✉s❡s ❛✉tr❡s ✐♥st❛❜✐❧✐tés ♣❡✉✈❡♥t ❝♦❡①✐st❡r✱ ♦✉ ♠ê♠❡
✐♥✐t✐❡r ❧❛ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡✱ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞✬ét✉❞✐❡r ❧✬♦❝❝✉rr❡♥❝❡ ❞❡ ♣❤é♥♦♠è♥❡s ❞❡
r❡❝♦♥♥❡①✐♦♥ q✉✐ s♦♥t ❝♦✉♣❧és à ❝❡rt❛✐♥❡s ✐♥st❛❜✐❧✐tés ❢❛✐s❝❡❛✉✲♣❧❛s♠❛✳

P♦✉r ❝❡❧❛✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧✬é✈♦❧✉t✐♦♥ ♥♦♥✲❧✐♥é❛✐r❡ ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ✐♥✐t✐❛❧❡s ❞❡ ♣❧❛s♠❛
❞❛♥s ❧❡sq✉❡❧❧❡s ❧❛ r❡❝♦♥♥❡①✐♦♥ ♣❡✉t ❝♦❡①✐st❡r ❛✈❡❝ ❞❡s ✐♥st❛❜✐❧✐tés ❞❡ t②♣❡ ❲❡✐❜❡❧✳ ❈❡ ❞❡r♥✐❡r
✐♠♣❧✐q✉❡ ✉♥ ♠é❝❛♥✐s♠❡ q✉❡❧q✉❡ ♣❡✉ ♦♣♣♦sé à ❝❡❧✉✐ ✐♠♣❧✐q✉é ❞❛♥s ❧❛ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡✿ ❧❛
❝♦♥✈❡rs✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ t❤❡r♠✐q✉❡ ❡t ❝✐♥ét✐q✉❡ ❞❡s ♣❛rt✐❝✉❧❡s ❡♥ é♥❡r❣✐❡ é❧❡❝tr♦♠❛❣♥ét✐q✉❡✱ q✉✐
❝♦♥❞✉✐t à ❧✬❛♠♣❧✐✜❝❛t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ♠❛❣♥ét✐q✉❡s ❞❡ ❢♦♥❞✳

◆♦✉s ❛❜♦r❞♦♥s ❝❡ ♣r♦❜❧è♠❡ ❡♥ rés♦❧✈❛♥t ♥✉♠ér✐q✉❡♠❡♥t ❧❡ ✭❱▼✮ ❡♥ ✉t✐❧✐s❛♥t ❞❡✉① t②♣❡s ❞❡
♠♦❞è❧❡s ♥✉♠ér✐q✉❡s✳ ▲❡ ♣r❡♠✐❡r s✬❛♣♣✉✐❡ s✉r ❧❛ ♠ét❤♦❞❡ ♣❛rt✐❝✉❧❡✲❞❛♥s✲❝❡❧❧✉❧❡ ✭P■❈✮✿ ❡♥ ♣❛rt✐✲
❝✉❧✐❡r✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé ❙▼■▲❊■✱ ✉♥ ❝♦❞❡ P■❈ ♣❛r❛❧❧è❧❡ ♦♣❡♥✲s♦✉r❝❡✱ r❡❧❛t✐✈✐st❡✳ ▲❡ s❡❝♦♥❞ ❡st
❧❡ ❝♦❞❡ ♣❛r❛❧❧è❧❡ ❱▲❊▼ q✉✐ ✉t✐❧✐s❡ ❧❛ ♠ét❤♦❞❡ s❡♠✐✲❧❛❣r❛♥❣✐❡♥♥❡ ♣♦✉r ✐♥té❣r❡r ♥✉♠ér✐q✉❡♠❡♥t ❧❡
s②stè♠❡ r❡❧❛t✐✈✐st❡ ❱▼✳

❈❡tt❡ t❤ès❡ ❡st ♦r❣❛♥✐sé❡ ❝♦♠♠❡ s✉✐t✿

∗ ❯♥❡ ✐♥tr♦❞✉❝t✐♦♥ ❣é♥ér❛❧❡ ♣rés❡♥t❡ ❧❡ ❝♦♥❝❡♣t ❞❡ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡ ❡t ♣❛ss❡ ❜r✐è✈❡✲
♠❡♥t ❡♥ r❡✈✉❡ s♦♥ ❤✐st♦✐r❡✳

∗ ▲❡ ❝❤❛♣✐tr❡ ✶ tr❛✐t❡ ❞❡ ❧❛ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡ ❡t ❞❡ s❡s ❞✐✛ér❡♥t❡s ❛s♣❡❝ts ♣❡rt✐♥❡♥t❡s

✶✻



❞✬✉♥❡ ♠❛♥✐èr❡ ♣❧✉s ❢♦r♠❡❧❧❡✿ ✉♥ ♠♦❞è❧❡ s✐♠♣❧✐✜é ❡st ♣rés❡♥té ❡t ❧✐♥é❛r✐sé ♣♦✉r ♦❜t❡♥✐r ❧❡s
❧♦✐s ❞✬é❝❤❡❧❧❡✳

◆♦✉s ♣rés❡♥t♦♥s ❛✐♥s✐ ❧❡ ❝♦♥❝❡♣t ❞❡ ♣❛r❛♠ètr❡ ❞✬✐♥st❛❜✐❧✐té✱ q✉✐ ❞ét❡r♠✐♥❡ ❧❡ s♣❡❝tr❡ ❞❡s
♥♦♠❜r❡s ❞✬♦♥❞❡ ✐♥st❛❜❧❡s ♣♦✉r ✉♥ éq✉✐❧✐❜r❡ ❞♦♥♥é✳ ▲❡ s♣❡❝tr❡ r❡s✉❧t❛♥t ❡st ❞✐✈✐sé ❡♥ tr♦✐s
ré❣✐♠❡s ❞✐st✐♥❝ts✿ ✉♥❡ ❧✐♠✐t❡ ❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❧♦♥❣✉❡✱ ❝♦♥♥✉❡ ❛✉ss✐ s♦✉s ❧❡ ♥♦♠ ❞❡ ♠♦❞❡
❦✐♥❦ ✐♥t❡r♥❡✱ ✉♥❡ ❧✐♠✐t❡ ❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❝♦✉rt❡ ❝♦♥♥✉❡ s♦✉s ❧❡ ♥♦♠ ❞❡ ♠♦❞❡ ❞❡ ❞é❝❤✐r❡✲
♠❡♥t ✭t❡❛r✐♥❣ ♠♦❞❡✮ ♦✉ ❝♦♥st❛♥t❡ ✲ ψ ❧✐♠✐t❡✱ ❡t ❧❛ ré❣✐♦♥ ❞❡ ♠♦❞❡ à ❧❛ ❝r♦✐ss❛♥❝❡ ❧❛ ♣❧✉s
r❛♣✐❞❡ ✳ ▲❡s tr♦✐s ❧✐♠✐t❡s ❞✐st✐♥❝t❡s ❞é✜♥✐❡s ✐❝✐ r❡st❡♥t ✈❛❧❛❜❧❡s ♣♦✉r t♦✉s ❧❡s ré❣✐♠❡s ❞❡
r❡❝♦♥♥❡①✐♦♥✳

❆♣rès✱ ♥♦✉s ❞✐s❝✉t♦♥s s❡s ✓❧✐♠✐t❡s✔ ♣❛r r❛♣♣♦rt à ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥
♣♦✉r ❧❡s ✐♥st❛❜✐❧✐tés ❞❛♥s ✉♥❡ ♥❛♣♣❡ ❞❡ ❝♦✉r❛♥t ✭❝✉rr❡♥t s❤❡❡t✮ r❡❝t❛♥❣✉❧❛✐r❡ ❜✐❞✐♠❡♥s✐♦♥✲
♥❡❧❧❡✳ ❊♥✜♥✱ ♥♦✉s ♣❛ss♦♥s ❜r✐è✈❡♠❡♥t ❡♥ r❡✈✉❡ ❧❛ ♥♦t✐♦♥ ❞❡ ✧✐❞❡❛❧ t❡❛r✐♥❣✧✱ ré❝❡♠♠❡♥t
✐♥tr♦❞✉✐t❡ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳

∗ ▲❡ ❝❤❛♣✐tr❡ ✷ ❡st ❝♦♥s❛❝ré à ✉♥❡ r❡✈✉❡ ❣é♥ér❛❧❡ ❞❡s ♠♦❞è❧❡s ❞❡ ♣❧❛s♠❛ ✉t✐❧✐sés ❞❛♥s ❧✬ét✉❞❡
❞❡ ❧❛ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡✳ ◆♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r ✉♥❡ ❞✐s❝✉ss✐♦♥ ❣é♥ér❛❧❡ ❞❡s ♠♦❞è❧❡s
❝✐♥ét✐q✉❡s✳ ◆♦✉s ❛❜♦r❞♦♥s ❡♥s✉✐t❡ ❡①♣❧✐❝✐t❡♠❡♥t ❧❛ ❞ér✐✈❛t✐♦♥ ❞❡s ♠♦❞è❧❡s ✢✉✐❞❡s à ♣❛rt✐r
❞✉ s②stè♠❡ ❱▼✳ ❆♣rès✱ ♦♥ ❞✐s❝✉t❡ ❡♥ ❞ét❛✐❧s ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❢❡r♠❡t✉r❡ ✭✧❝❧♦s✉r❡ ♣r♦❜❧❡♠✧✮✳

❊♥✜♥✱ ♥♦✉s t❡r♠✐♥♦♥s ❧❡ ❝❤❛♣✐tr❡ ❡♥ ❢♦✉r♥✐ss❛♥t ✉♥❡ ❞ér✐✈❛t✐♦♥ ❞ét❛✐❧❧é❡ ❞✉ ♠♦❞è❧❡ à ✉♥
✢✉✐❞❡✱ ❛✈❡❝ ✉♥ ❛❝❝❡♥t ♣r✐♥❝✐♣❛❧ s✉r ❧❛ ❧♦✐ ❞✬❖❤♠ ❣é♥ér❛❧✐sé❡✳

∗ ▲❡ ❝❤❛♣✐tr❡ ✸ tr❛✐t❡ ❞❡s ♠ét❤♦❞❡s ❞❡ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ s②stè♠❡ ❱▼✳ ❖♥ ❝♦♠♠❡♥❝❡
♣❛r ❞✐s❝✉t❡r ❧❛ ♠ét❤♦❞❡ ❞❡ ❨❡❡ ♣♦✉r rés♦✉❞r❡ ❧❡s éq✉❛t✐♦♥s ❞❡ ▼❛①✇❡❧❧✳ ❈❡tt❡ ♠ét❤♦❞❡
❡st ❜❛sé❡ s✉r ✉♥❡ ♠ét❤♦❞❡ ❞❡ ❞♦♠❛✐♥❡ t❡♠♣♦r❡❧ à ❞✐✛ér❡♥❝❡ ✜♥✐❡ ✭❋❉❚❉✮ ♣♦✉r rés♦✉❞r❡
❧❡s éq✉❛t✐♦♥s ❞❡ ▼❛①✇❡❧❧ ❡♥ ✉t❧✐s❛♥t ❞❡s s❝❤é♠❛s ❞❡ ❞✐✛ér❡♥❝❡s ✜♥✐❡s ❝❡♥tr❛❧❡s ❞✉ s❡❝♦♥❞
♦r❞r❡✳

❆♣rès✱ ♥♦✉s ♣❛ss♦♥s ❡♥ r❡✈✉❡ ❡♥ ♣r♦❢♦♥❞❡✉r ❧❡s ♣r✐♥❝✐♣❡s ♠❛t❤é♠❛t✐q✉❡s ♥é❝❡ss❛✐r❡s ♣♦✉r
❝♦♥str✉✐r❡ ✉♥ s♦❧✈❡✉r s❡♠✐✲❧❛❣r❛♥❣✐❡♥ ♣❛r❛❧❧è❧❡ ♦✉ ✉♥ s♦❧✈❡✉r P■❈✱ ❡t ❧❛ ❢❛ç♦♥ ❞♦♥t ❝❡s ❞❡✉①
s♦❧✈❡✉rs s♦♥t ❞ér✐✈és✳

∗ ▲❡ ❝❤❛♣✐tr❡ ✹ ❡st ❝♦♥s❛❝ré à ❧❛ ❞✐s❝✉ss✐♦♥ ❞❡ ❧✬❡✐❣❡♥s♦❧✈❡r ♠✉❧t✐✲♣ré❝✐s✐♦♥ ❛❞❛♣t❛t✐❢ q✉❡ ♥♦✉s
❛✈♦♥s ❞é✈❡❧♦♣♣é ♣♦✉r rés♦✉❞r❡ ❞❡s ♣r♦❜❧è♠❡s ❣é♥ér❛❧✐sés ❞❡ ✈❛❧❡✉rs ♣r♦♣r❡s rés✉❧t❛♥t ❞❡
❧✬❛♥❛❧②s❡ ❧✐♥é❛✐r❡ ❞❡ ❧❛ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❞✐✛ér❡♥ts ré❣✐♠❡s✳

▲❛ ♣r✐♥❝✐♣❛❧❡ ❞✐✣❝✉❧té ❛❜♦r❞é❡ ❡t rés♦❧✉❡ ♣❛r ❝❡ ❝♦❞❡ ❡st ❧❡ ✧✐❧❧✲❝♦♥❞✐t✐♦♥✐♥❣✧ ❞❡ ♠❛tr✐❝❡s
❞❡ ❞✐✛ér❡♥❝❡s ✜♥✐❡s✱ q✉✐ s✉r✈✐❡♥♥❡♥t ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ♥♦♥✲✉♥✐❢♦r♠✐té ❞❡ ❧❛ ❣r✐❧❧❡ s♦✉s✲❥❛❝❡♥t❡✳

∗ ▲❡ ❝❤❛♣✐tr❡ ✺ ❡st ❝♦♥s❛❝ré à ✉♥❡ ❞✐s❝✉ss✐♦♥ ❞ét❛✐❧❧é❡ ❞❡ ❧❛ ❞ér✐✈❛t✐♦♥ ❞❡ ❞✐✛ér❡♥ts ♠♦❞è❧❡s
▼❍❉ ré❞✉✐ts à ❞❡✉① ❝❤❛♠♣s ✳ ❆♣rès✱ ❡♥ ❧✐♥é❛r✐s❛♥t ✉♥ ♠♦❞è❧❡ ré❞✉✐t❡ ❣é♥ér❛❧ q✉✐ ✐♥❝❧✉t
♣❧✉s✐❡✉rs ❡✛❡ts ♥♦♥ ✐❞é❛✉①✱ ♥♦✉s ❞ér✐✈♦♥s ✉♥ ♣r♦❜❧è♠❡ ❞❡ ✈❛❧❡✉rs ♣r♦♣r❡s ❣é♥ér❛❧✐sé✳

❈❡❧❛ ♣❡✉t êtr❡ ✉t✐❧✐sé ♣♦✉r ét✉❞✐❡r ❧❡s ❧♦✐s ❞✬é❝❤❡❧❧❡ ❞❡ ❧❛ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡ q✉✐ s❡
♣r♦❞✉✐t ❝♦♠♠❡ ✉♥❡ ✐♥st❛❜✐❧✐té ♣r✐♠❛✐r❡ à ❧✬✐♥tér✐❡✉r ❞✬✉♥❡ ❢❡✉✐❧❧❡ ❞❡ ❝♦✉r❛♥t ❢♦r♠é❡ ♣❛r ✉♥
❝❤❛♠♣ ❞❡ ❝✐s❛✐❧❧❡♠❡♥t ♠❛❣♥ét✐q✉❡ ❞✬éq✉✐❧✐❜r❡✳

✶✼



◆é❛♥♠♦✐♥s✱ ❧❡ ♠♦❞è❧❡ ❞r✐✈é ♣❡✉t é❣❛❧❡♠❡♥t êtr❡ ❛♣♣❧✐q✉é ♣♦✉r ét✉❞✐❡r ❞✬❛✉tr❡s ✐♥st❛❜✐❧✲
✐tés✳ P❛r ❡①❡♠♣❧❡✱ ✐❧ ♣❡✉t êtr❡ ❛♣♣❧✐q✉é ♣♦✉r ❡①♣❧♦r❡r ❧✬✐♥st❛❜✐❧✐té ❞❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③
s✉r✈❡♥❛♥t ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥❡ ✈✐t❡ss❡ ❞❡ ❝✐s❛✐❧❧❡♠❡♥t✱ ♦✉ ❧❡s ♠♦❞❡s ❞❡ ❞é❝❤✐r❡✲
♠❡♥t s❡❝♦♥❞❛✐r❡s s❡ ❞é✈❡❧♦♣♣❛♥t s✉r ✉♥❡ ❢❡✉✐❧❧❡ ❞❡ ❝♦✉r❛♥t s❡ ❞é✈❡❧♦♣♣❛♥t s✉r ❧✬é♣❛✉❧❡ ❞✬✉♥
é✈é♥❡♠❡♥t ❞❡ r❡❝♦♥♥❡①✐♦♥ ♣r✐♠❛✐r❡✳

◆♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ❢♦r♠✉❧é ❡t ❞✐s❝✉té ❧❡ ♣r♦❜❧è♠❡ ❧✐♥é❛✐r❡ ♣♦✉r ❧❡s ♠♦❞❡s ❍❛❧❧✲▼❍❉ ❡♥
♣rés❡♥❝❡ ❞✬✐♥❡rt✐❡ é❧❡❝tr♦♥✐q✉❡ ✜♥✐❡✳ ❊♥✜♥✱ ♥♦✉s ❛✈♦♥s ❞ér✐✈é ✉♥ ♠♦❞è❧❡ ▼❍❉ ré❞✉✐t ❡♥
❣é♦♠étr✐❡ t♦r♦ï❞❛❧❡✱ q✉✐ t✐❡♥t ❝♦♠♣t❡ s✐♠✉❧t❛♥é♠❡♥t ❞❡ ❧❛ rés✐st✐✈✐té✱ ❞❡ ❧✬✐♥❡rt✐❡ ✜♥✐❡ ❞❡s
é❧❡❝tr♦♥s ❡t ❞❡ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥ ♣r♦✜❧ ❞❡ ❞❡♥s✐té ❛r❜✐tr❛✐r❡✳

∗ ▲❡ ❝❤❛♣✐tr❡ ✻ tr❛✐t❡ ❧❡ ré❣✐♠❡ ❊❧❡❝tr♦♥✲▼❍❉✳ ❚♦✉t ❞✬❛❜♦r❞✱ ♥♦✉s ❞ér✐✈♦♥s ❧❡ ♠♦❞è❧❡ ✐♥❝♦♠✲
♣r❡ss✐❜❧❡✱ q✉✐ ♥é❣❧✐❣❡ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐té ❡t ❧❡s ❡✛❡ts r❡❧❛t✐✈✐st❡s✳ ❊♥s✉✐t❡✱ ♥♦✉s
❧✬ét❡♥❞♦♥s ♣♦✉r t❡♥✐r ❝♦♠♣t❡ ❞❡s ❡✛❡ts ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥❛t✐q✉❡ ❢♦rt ❡t ❞❡s ❡✛❡ts ❞❡ sé♣❛r❛✲
t✐♦♥ ❞❡ ❝❤❛r❣❡✳ ❆♣rès✱ ♥♦✉s ❛❜♦r❞♦♥s ❧❡s ❝♦♥séq✉❡♥❝❡s ❞❡ ❧✬✐♥❝❧✉s✐♦♥ ❧❡ t❡♥s❡✉r ❞❡ ♣r❡ss✐♦♥
❞✬é❧❡❝tr♦♥s ✭❋P❚✮ ❞❛♥s ❧❡ ♣r♦❜❧è♠❡✳

❊♥✜♥✱ ♥♦✉s ❧✐♥é❛r✐s♦♥s ❧❡ ♣r♦❜❧è♠❡ ♣♦✉r ❞❡✉① ❝❛s✳ ▲❡ ♣r❡♠✐❡r ❝♦♠♣r❡♥❞ ✉♥ ❝❤❛♠♣ ❢♦rt
✭❣✉✐❞❡ ✜❡❧❞✮✱ t❛♥❞✐s q✉❡✱ ❞❛♥s ❧❡ s❡❝♦♥❞✱ ❧❡ ❝❤❛♠♣ ❞❡ ❣✉✐❞❛❣❡ ❡st ❛❜s❡♥t✳ ❈❡ ♠♦❞è❧❡
❡st ✐♠♣♦rt❛♥t ♣♦✉r ❡①♣❧✐q✉❡r ❡t ❝♦♠♣r❡♥❞r❡ ❧❡s rés✉❧t❛ts ❞❡s s✐♠✉❧❛t✐♦♥s ❝✐♥ét✐q✉❡s✱ ♠❛✐s
❛✉ss✐ ♣♦✉r ét✉❞✐❡r ❧❡s rô❧❡s ❥♦✉és ♣❛r ❧❡s ❞✐✛ér❡♥ts ❝♦♠♣♦s❛♥ts ❞✉ t❡♥s❡✉r ❞❡ ♣r❡ss✐♦♥ ❞❛♥s
❧✬❛♣♣❛r✐t✐♦♥ ❡t ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧❛ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡✳

❊♥❝♦r❡✱ ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ❝♦♠♣❧❡①✐té ❞✉ ♣r♦❜❧è♠❡ ❛♥❛❧②t✐q✉❡ ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s q✉❡ ♥♦✉s
❛✈♦♥s ❢♦r♠✉❧é✱ ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ❞✬✉♥ s♦❧✈❡✉r ♥✉♠ér✐q✉❡✱ ❜❛sé s✉r ❧✬❛❧❣♦r✐t❤♠❡ ❞✐s❝✉té ❞❛♥s
❧❡s ❝❤❛♣✐tr❡s ✹ ✲✺✱ ❡st r❡♣♦rté à ❞❡ ❢✉t✉rs tr❛✈❛✉① ❞❡ r❡❝❤❡r❝❤❡✳

∗ ▲❡ ❝❤❛♣✐tr❡ ✼ ♣rés❡♥t❡ ❧❡s rés✉❧t❛ts ❞❡ ❧✬ét✉❞❡ ❞❡s ♠♦❞❡s ❞❡ ❞é❝❤✐r❡♠❡♥t ❞❛♥s ❞✐✛ér❡♥ts
ré❣✐♠❡s ❞❡ r❡❝♦♥♥❡①✐♦♥✱ ❞❛♥s ❧❡sq✉❡❧s ♣❧✉s✐❡✉rs ❡✛❡ts ♥♦♥ ✐❞é❛✉① à ❧❛ ❢♦✐s s♦♥t ✐♥❝❧✉s✳

❇✐❡♥ q✉❡✱ ❞❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s ré❣✐♠❡s ❛❜♦r❞és✱ ❞❡s ❡st✐♠❛t✐♦♥s ❛♥❛❧②t✐q✉❡s ❞❡s t❛✉① ❞❡
❝r♦✐ss❛♥❝❡ ✭❡t ❞❡s ♠♦❞❡s ♣r♦♣r❡s✮ ❛✐❡♥t ❞é❥à été ❢♦✉r♥✐❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✱ ✐❧ ❝♦♥✈✐❡♥t ❞❡
♥♦t❡r q✉❡ ❝❡s ❡st✐♠❛t✐♦♥s ♥✬❛✈❛✐❡♥t ❥❛♠❛✐s été s②sté♠❛t✐q✉❡♠❡♥t ✈ér✐✜é❡s ♣❛r ✉♥ s♦❧✈❡✉r
♥✉♠ér✐q✉❡✳

▲❡ s♦❧✈❡✉r ♥✉♠ér✐q✉❡ ❞é✈❡❧♦♣♣é ❡t ❞✐s❝✉té ❞❛♥s ❧❡s ❝❤❛♣✐tr❡s ✹ ❡t ✺ ♥♦✉s ❛ ♣❡r♠✐s ❞❡ ✈ér✐✜❡r
❝❡s ❡st✐♠❛t✐♦♥s ❛♥❛❧②t✐q✉❡s ❡t ❛✉ss✐ ❞❡ ❢♦✉r♥✐r ❞❡ ♥♦✉✈❡❧❧❡s ❝♦♥♥❛✐ss❛♥❝❡s ❡♥ ♣❤②s✐q✉❡ ❞❡s
✐♥st❛❜✐❧✐tés ❞❡ t②♣❡ ✧t❡❛r✐♥❣✧✳

∗ ❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✽✱ ♥♦✉s ét✉❞✐♦♥s✱ ❡♥ ✉t✐❧✐s❛♥t ❞❡s s✐♠✉❧❛t✐♦♥s ❝✐♥ét✐q✉❡s ♥♦♥✲❧✐♥é❛✐r❡s✱ ❧❛
❝♦♠♣ét✐t✐♦♥ ❞❡ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡ ❛✈❡❝ ❞❡s ✐♥st❛❜✐❧✐tés ❞❡ t②♣❡ ❲❡✐❜❡❧✳ ◆♦✉s ♣rés❡♥✲
t♦♥s ❞❡s s✐♠✉❧❛t✐♦♥s ré❛❧✐sé❡s à ❧✬❛✐❞❡ ❞✉ ❝♦❞❡ ❱▲❊▼✱ ❞ét❛✐❧❧é ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✸✳ ❉❡ ♣❧✉s✱
♥♦✉s ♠♦♥tr♦♥s é❣❛❧❡♠❡♥t ❞❡s s✐♠✉❧❛t✐♦♥s P■❈ ❡✛❡❝t✉é❡s ❛✈❡❝ ❙▼■▲❊■ ❝♦❞❡ ❬✶❪✳

✶✽



▲❡ ❝♦❞❡ ❱▲❊▼ ❛ été ❧❛r❣❡♠❡♥t ✉t✐❧✐sé ♣♦✉r ét✉❞✐❡r ❧✬✐♥st❛❜✐❧✐té ❈❋■✱ ❧❡s ✐♥st❛❜✐❧✐tés ❞❡ t②♣❡
❲❡✐❜❡❧ ❬✷❪✱ ❡t ♣❧✉s ré❝❡♠♠❡♥t✱ ❧❡s ♠♦❞❡s ♦❜❧✐q✉❡s ❬✸❪✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡s✲
s♦♥s à ❧✬ét✉❞❡ ❝✐♥ét✐q✉❡ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❧✐♥é❛✐r❡ ❡t ♥♦♥✲❧✐♥é❛✐r❡ ❞❡ ❝❡rt❛✐♥❡s ❝♦♥✜❣✉r❛t✐♦♥s ❞❡
♣❧❛s♠❛✱ ❝♦♥st✐t✉é❡s ❞❡ ❞❡✉① ❢❛✐s❝❡❛✉① ❝♦♥tr❛✲♣r♦♣❛❣❛t✐❢s✳ ❈❡s ❝♦♥✜❣✉r❛t✐♦♥s s♦♥t ✐♥st❛❜❧❡s
❛✉① ✐♥st❛❜✐❧✐tés ❞❡ t②♣❡ ❲❡✐❜❡❧✱ ❡t é✈❡♥t✉❡❧❧❡♠❡♥t ❛✉① ♠♦❞❡s ❞❡ r❡❝♦♥♥❡①✐♦♥✳

◆♦✉s ❝♦♠♠❡♥ç♦♥s ❧❡ ❝❤❛♣✐tr❡ ❡♥ ✐♥tr♦❞✉✐s❛♥t ❧❡s ✐♥st❛❜✐❧✐tés ❞❡ t②♣❡ ❲❡✐❜❡❧✱ ♣✉✐s ❡♥ ♣rés❡♥✲
t❛♥t ❧❡s rés✉❧t❛ts✳ ◆♦✉s ❛✈♦♥s ❛❜♦r❞é ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❡✉① t②♣❡s ❞❡ ♣r♦❜❧è♠❡s✱ ♣♦✉r ❧❡sq✉❡❧s
♥♦✉s ❛✈♦♥s ré❛❧✐sé ❞❡✉① sér✐❡s ✧❞✬❡①♣ér✐❡♥❝❡s ♥✉♠ér✐q✉❡s✧ ❧✐é❡s ❛✉① ♠♦❞❡s ❞❡ ❲❡✐❜❡❧ ♣♦✉r
❞❡✉① ❢❛✐s❝❡❛✉① ❞✬é❧❡❝tr♦♥s ❝♦♥tr❛✲♣r♦♣❛❣❛t✐❢s✳

❉❛♥s ❧❡ ♣r❡♠✐❡r ❡♥s❡♠❜❧❡ ❞❡ s✐♠✉❧❛t✐♦♥s✱ ♥♦✉s ❛✈♦♥s ❝♦♥s✐❞éré ❧✬✐♥st❛❜✐❧✐té ❈❋■ ❞❡ ❞❡✉①
❢❛✐s❝❡❛✉① ❞✬é❧❡❝tr♦♥s ❝♦♥tr❛✲♣r♦♣❛❣❛t✐❢s ❛②❛♥t ✉♥❡ ❧❛r❣❡✉r r❛❞✐❛❧❡ ✜♥✐❡ ❬✹✱ ✺❪✳ ❉❛♥s ❧❡ ❞❡✉①✲
✐è♠❡ ❡♥s❡♠❜❧❡ ❞❡ s✐♠✉❧❛t✐♦♥s✱ ♥♦✉s ❛✈♦♥s ❛❜♦r❞é✱ ❜✐❡♥ q✉✬❛✈❡❝ ✉♥❡ ét✉❞❡ ♣ré❧✐♠✐♥❛✐r❡✱ ❧❛
❝♦♥❝✉rr❡♥❝❡ ❡♥tr❡ ❈❋■ ❡t ❧❛ r❡❝♦♥♥❡①✐♦♥ ♠❛❣♥ét✐q✉❡ ❞♦♠✐♥é❡ ♣❛r ❧✬❛♥✐s♦tr♦♣✐❡ ❞❡ ♣r❡ss✐♦♥
❧✐é❡ à ❧❛ ❞②♥❛♠✐q✉❡ ♣r✐♠❛✐r❡ ❞❡ ❈❋■✳

❊♥✜♥✱ ♥♦✉s t❡r♠✐♥♦♥s ❝❡tt❡ t❤ès❡ ♣❛r ❧❡s ❝♦♥❝❧✉s✐♦♥s✱ ❞❛♥s ❧❡sq✉❡❧❧❡s ♥♦✉s rés✉♠♦♥s ❧❡s
♣r✐♥❝✐♣❛✉① rés✉❧t❛ts ❞❡ ❝❡ tr❛✈❛✐❧ ❡t ♥♦✉s ❡sq✉✐ss♦♥s ❧❡s tr❛✈❛✉① ❢✉t✉rs✱ ❡♥ ♠❡♥t✐♦♥♥❛♥t é❣❛❧❡♠❡♥t
q✉❡❧q✉❡s s✉❥❡ts ❞❡ r❡❝❤❡r❝❤❡ s✉❜s✐❞✐❛✐r❡s q✉❡ ♥♦✉s ❛✈♦♥s ❞é✈❡❧♦♣♣és ❛✉ ❝♦✉rs ❞❡ ❝❡tt❡ r❡❝❤❡r❝❤❡
❞♦❝t♦r❛❧❡ ♠❛✐s q✉❡ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞❡ ♥❡ ♣❛s ❞✐s❝✉t❡r ❡①♣❧✐❝✐t❡♠❡♥t ❞❛♥s ❝❡tt❡ t❤ès❡✳ P❧✉s✐❡✉rs
❛♥♥❡①❡s s✉✐✈❡♥t✱ ❞❛♥s ❧❡sq✉❡❧❧❡s t♦✉s ❧❡s ❝❛❧❝✉❧s✱ ❡✛❡❝t✉és ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✱ ♦♥t été é❝r✐ts✳

✶✾



✷✵



▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

❚❤❡ ❝♦♥st✐t✉❡♥ts ♦❢ ♠❛tt❡r ✐♥ ♦✉r ✉♥✐✈❡rs❡ ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r t❤r♦✉❣❤ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢
❢♦r❝❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ❣r❛✈✐t❛t✐♦♥❛❧ ❛ttr❛❝t✐♦♥ ✇♦r❦s ♦♥ ❝❧✉st❡r✐♥❣ t❤❡ ♠❛tt❡r ❛♥❞ ♠✐❣❤t ❧❡❛❞ t♦
t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ st❛rs✱ ✇❤♦s❡ st❛❜✐❧✐t② ❛♥❞ ❧✐❢❡ ❝②❝❧❡ ❞❡♣❡♥❞ ♦♥ t❤❡ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣r❡ss✉r❡
❛♥❞ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡s ♦❢ t❤❡✐r ✐♥❣r❡❞✐❡♥ts ✭t❤❡ st❛r ❤②❞r♦st❛t✐❝ ❡q✉✐❧✐❜r✐✉♠✮✳ ❍♦✇❡✈❡r✱
99% ♦❢ t❤❡ ♦r❞✐♥❛r② ♠❛tt❡r ✐♥ t❤❡ ✉♥✐✈❡rs❡ ✐s ✐♥ ❛ ♣❧❛s♠❛ st❛t❡✱ ❝♦♥s✐❞❡r❡❞ ♥♦✇ t♦ ❜❡ t❤❡ ❢♦✉rt❤
❢✉♥❞❛♠❡♥t❛❧ st❛t❡ ♦❢ ♠❛tt❡r✳ ■r✈✐♥❣ ▲❛♥❣♠✉✐r ❬✻❪ ✜rst ❞❡s❝r✐❜❡❞ ✐t t♦ ❝♦♥s✐st ♦❢ ✐♦♥s ✭❛t♦♠s
✇❤✐❝❤ ❧♦s❡ ❛❧❧✱ ♦r ❛ ♣❛rt ♦❢ t❤❡✐r ❡❧❡❝tr♦♥s✮ ❛♥❞ ❢r❡❡ ❡❧❡❝tr♦♥s✳ ❊❧❡❝tr♦♠❛❣♥❡t✐❝ ❢♦r❝❡s ♣❧❛② ❛
❦❡② r♦❧❡ ✐♥ t❤❡ ♠✉t✉❛❧ ✐♥t❡r❛❝t✐♦♥s ♦❢ t❤❡s❡ ♣❛rt✐❝❧❡s✳ ❙tr✐❝t❧② s♣❡❛❦✐♥❣✱ t❤❡✐r ♠♦t✐♦♥ ❣❡♥❡r❛t❡s
❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇❤♦s❡ ❡♥❡r❣② ✐s st♦r❡❞ ✐♥ t❤❡ ✜❡❧❞ ❧✐♥❡s✿ t❤✐s ✐s ✇❤② t❤❡ ♥♦t✐♦♥ ♦❢ ✧♠❛❣♥❡t✐❝
t♦♣♦❧♦❣②✧ ✐s s♦ ✐♠♣♦rt❛♥t ✐♥ ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛s✱ ✐♥ ✇❤✐❝❤ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ ❧✐♥❡s
❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ ❛ ✧♣♦t❡♥t✐❛❧ ♠❛❣♥❡t✐❝ ❡♥❡r❣②✧✳

❚❤❡ ❦♥♦✇♥ ❢♦r❝❡s ❢❡❡❞ t❤❡ ❞②♥❛♠✐❝s ✐♥ t❤❡ ✉♥✐✈❡rs❡ ♦♥ ❞✐✛❡r❡♥t s♣❛t✐❛❧ ❛♥❞ t✐♠❡ s❝❛❧❡s✳
❍❡♥❝❡✱ ✐t ✐s ❡♥t✐r❡❧② ♣❧❛✉s✐❜❧❡ t♦ ❡①♣❡❝t ✐♥ s♦♠❡ s②st❡♠s ✭r❡❣✐♦♥s ✇✐t❤ ❞✐st✐♥❝t s♣❛t✐❛❧ ❛♥❞ t✐♠❡
s❝❛❧❡s✮ t❤❡ r❡❧❡❛s❡ ♦❢ ❡♥❡r❣② ❢r♦♠ ♦♥❡ ❢♦r♠ ✐♥t♦ ❛♥♦t❤❡r t❤❛t ❞r✐✈❡s ❛ ♥❡✇ ❞②♥❛♠✐❝ ✐♥ t❤❡ s②st❡♠✳
❋♦r ❡①❛♠♣❧❡✱ ❛ ♠❡❝❤❛♥✐s♠ ❛❧❧♦✇✐♥❣ t❤❡ ❝♦♥✈❡rs✐♦♥ ♦❢ ❦✐♥❡t✐❝ ✐♥t♦ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐s ❦♥♦✇♥ ❛s
❲❡✐❜❡❧ ✐♥st❛❜✐❧✐t② ❬✼✱ ✽❪ ❛♥❞ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢ s♠❛❧❧ ❛♠♣❧✐t✉❞❡ ♠❛❣♥❡t✐❝
✢✉❝t✉❛t✐♦♥s✳ ❚❤✐s ❛♠♣❧✐✜❝❛t✐♦♥ ♦❝❝✉rs ❞✉❡ t♦ t❤❡ ❝♦♥✈❡rs✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ✐♥t♦
♠❛❣♥❡t✐❝ ❡♥❡r❣②✱ ✇❤✐❧❡ t❤❡ ❛♥✐s♦tr♦♣② ✐♥ ♣❛rt✐❝❧❡ t❡♠♣❡r❛t✉r❡ ✭❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s ❛❧♦♥❣
❞✐✛❡r❡♥t ✈❡❧♦❝✐t② ❞✐r❡❝t✐♦♥s✮ ✐s r❡♠♦✈❡❞✳

❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐♥✈♦❧✈❡s t❤❡ ♦♣♣♦s✐t❡ ♠❡❝❤❛♥✐s♠✿ ❝♦♥✈❡rt✐♥❣ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐♥t♦ ❦✐♥❡t✐❝
❡♥❡r❣②✳ ❚❤✐s ♣r♦❝❡ss ♠✐❣❤t ❞r✐✈❡ ❡①♣❧♦s✐✈❡ ❡✈❡♥ts✱ s✉❝❤ ❛s ✧♠❛❣♥❡t♦s♣❤❡r✐❝ st♦r♠s✧ ✐♥ t❤❡ ♥❡❛r✲
❡❛rt❤ ❡♥✈✐r♦♥♠❡♥t✱ ✢❛r❡s ♦♥ st❛rs ❧✐❦❡ ♦✉r ❙✉♥✱ ❛♥❞ ♦t❤❡r ♣❤❡♥♦♠❡♥❛ ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ s♦❧❛r
✇✐♥❞s✱ ❞✐s❝ ❛❝❝r❡t✐♦♥s✱ s✉♣❡r♥♦✈❛❡✱ ❛♥❞ ♠❛❣♥❡t❛rs ✭♥❡✉tr♦♥ st❛rs ✇✐t❤ ❧❛r❣❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s✮✳
❚❤❡ ♠❡❝❤❛♥✐s♠ ❜❡❤✐♥❞ t❤❡ ❝♦♥✈❡rs✐♦♥ ❢r♦♠ ♠❛❣♥❡t✐❝ t♦ ❦✐♥❡t✐❝ ❡♥❡r❣② ✭♦r❞❡r❡❞✱ ✐✳❡✳ ❜❡❛♠s ❛♥❞
❝✉rr❡♥ts✱ ♦r t❤❡r♠❛❧✮ ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ✐s ❦♥♦✇♥ ❛s ✧♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✧✳

❚❤✐s ♣r♦❝❡ss ✐s ❡ss❡♥t✐❛❧ ❛❧s♦ ♦♥ ❊❛rt❤✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✉♥❞❡rst❛♥❞✐♥❣ ✐t ✐s ✐♠♣♦rt❛♥t ✐♥
♦r❞❡r t♦ ♣r❡✈❡♥t ♦r ❝♦♥tr♦❧ s♦♠❡ ❡✛❡❝ts ✐♥ t❤❡r♠♦♥✉❝❧❡❛r ❢✉s✐♦♥ ❞❡✈✐❝❡s t❤❛t ❛r❡ ❞❡tr✐♠❡♥t❛❧
❢♦r t❤❡ ♠❛❣♥❡t✐❝ ❝♦♥✜♥❡♠❡♥t✱ s✉❝❤ ❛s t❡❛r✐♥❣ ♠♦❞❡s ❛♥❞ ❞✐sr✉♣t✐♦♥s ✐♥ t♦❦❛♠❛❦s ❬✾✱ ✶✵✱ ✶✶❪✳
❚❤❡r❡❢♦r❡✱ ❛ s❛t✐s❢❛❝t♦r② ♠♦❞❡❧❧✐♥❣ ♦❢ r❡❝♦♥♥❡❝t✐♥❣ ✐♥st❛❜✐❧✐t② ✇✐❧❧ t❛❦❡ ✉s ❛ ❢✉rt❤❡r st❡♣ t♦✇❛r❞
❤❛r♥❡ss✐♥❣ t❤❡ ❡♥❡r❣② ♦❢ ♥✉❝❧❡❛r ❢✉s✐♦♥ ❛♥❞ ❝♦♥✈❡rt✐♥❣ ✐t ✐♥t♦ ❡❧❡❝tr✐❝ ♣♦✇❡r ✉s✐♥❣ t❤❡r♠♦♥✉❝❧❡❛r
❞❡✈✐❝❡s✱ s✉❝❤ ❛s t♦❦❛♠❛❦s✱ st❡❧❧❛r❛t♦rs✱ ♦r ❘❋P ✭r❡✈❡rs❡ ✜❡❧❞ ♣✐♥❝❤✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♣❛rt✐❝❧❡s
r❡❧❡❛s❡❞ ✇❤❡♥ t❤✐s ♣r♦❝❡ss ♦❝❝✉rs ♦♥ t❤❡ ❙✉♥ ❝❛♥ ❜❡ ❞❛♥❣❡r♦✉s ❢♦r ❛str♦♥❛✉t✐❝s✱ ✇❤❡♥ t❤❡② ❝♦♠❡
❝❧♦s❡ t♦ t❤❡ ❊❛rt❤✱ ❛♥❞✱ ✐♥ ❣❡♥❡r❛❧✱ ❝❛♥ ❞❛♠❛❣❡ s♣❛❝❡❝r❛❢t✳ ❆❧s♦✱ ✇❤❡♥ t❤❡ s♦❧❛r ✇✐♥❞ ❝♦❧❧✐❞❡s ✇✐t❤
t❤❡ ❊❛rt❤✬s ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♣❤❡♥♦♠❡♥❛ t❤❡② ✐♥❞✉❝❡ ✭❡✳❣✳✱ ♠❛❣♥❡t✐❝ s✉❜st♦r♠s
❛♥❞ ♣❛rt✐❝❧❡ ♣❡♥❡tr❛t✐♦♥ ♦♥ t❤❡ ❊❛rt❤ r❛❞✐❛t✐♦♥ ❜❡❧ts ✶✮ ❝❛♥ ❧❡❛❞ t♦ s❡✈❡r❡ ❝♦♥s❡q✉❡♥❝❡s ♦♥ t❤❡

✶❚❤❡② ❛r❡ ❛❧s♦ ❦♥♦✇♥ ❛s ❱❛♥ ❆❧❧❡♥ ❜❡❧ts✱ ❛ ③♦♥❡ ♦❢ ❡♥❡r❣❡t✐❝ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ❝❛♣t✉r❡❞ ❜② ❛♥❞ ❤❡❧❞ ❛r♦✉♥❞
❊❛rt❤ ❜② ✐ts ♠❛❣♥❡t✐❝ ✜❡❧❞ ❬✶✷✱ ✶✸❪✳ ▼♦st ♦❢ t❤❡s❡ ♣❛rt✐❝❧❡s ❛r❡ t❤♦✉❣❤t t♦ ❝♦♠❡ ❢r♦♠ s♦❧❛r ✇✐♥❞ ❛♥❞ ♦t❤❡r
♣❛rt✐❝❧❡s ❜② ❝♦s♠✐❝ r❛②s✳

✷✶



▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

❋✐❣✉r❡ ✶✿ ❚✇♦ r❡❝♦♥♥❡❝t✐♦♥ ❡✈❡♥ts ❛r❡ s❤♦✇♥ ❤❡r❡✳ ❚❤❡ ✜rst ✐s t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡
s♦❧❛r ✇✐♥❞✬s ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭②❡❧❧♦✇ ❧✐♥❡s✮ ❛♥❞ ❣❡♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s ♦❢ t❤❡ ❊❛rt❤ ✭❣r❡❡♥ ❧✐♥❡s✮ ♦♥
t❤❡ ❞❛②✲s✐❞❡ ♦❢ t❤❡ ♠❛❣♥❡t♦s♣❤❡r❡✳ ❚❤❡ s❡❝♦♥❞ r❡❝♦♥♥❡❝t✐♦♥ ♦❝❝✉rs ♦♥ t❤❡ ♥✐❣❤t✲s✐❞❡ ❜❡t✇❡❡♥
t❤❡ ♦♣❡♥ ✜❡❧❞ ❧✐♥❡s ♦❢ ♦✉r ♣❧❛♥❡t ❝❛rr✐❡❞ ❞♦✇♥str❡❛♠ ❜② t❤❡ s♦❧❛r ✇✐♥❞✳ ❈r❡❞✐t ❇✉r❝❤ ❬✶✹❪✳ ❚❤❡
♦r✐❣✐♥❛❧ ✜❣✉r❡ ❤❛s ❜❡❡♥ ❛❞❛♣t❡❞✳

❝♦♠♠✉♥✐❝❛t✐♦♥ t❡❝❤♥♦❧♦❣✐❡s✱ s❛t❡❧❧✐t❡s ❛♥❞ ❛❧s♦ ❝❛✉s❡ ❞✐sr✉♣t✐♦♥s ♦♥ ♣♦✇❡r ♣❧❛♥ts ❛♥❞ ❣❡♥❡r❛❧❧②
❞❛♠❛❣❡ ❡❧❡❝tr♦♥✐❝ ❞❡✈✐❝❡s ♦♥ ❊❛rt❤✳ ❚❤❡s❡ ❝♦♥s❡q✉❡♥❝❡s✱ ♣♦t❡♥t✐❛❧❧② ❞❛♥❣❡r♦✉s ❢♦r t❤❡ ❤✉♠❛♥
❡♥✈✐r♦♥♠❡♥t ❤❛✈❡ r❡❝❡♥t❧② ❧❡❞ t♦ t❤❡ ❜✐rt❤ ♦❢ t❤❡ ♥❡✇ s✉❜✲❞✐s❝✐♣❧✐♥❡ ♦❢ ✧❙♣❛❝❡✲❲❡❛t❤❡r ❘❡s❡❛r❝❤✧✳

❚❤❡r❡❢♦r❡✱ ❛♥s✇❡r✐♥❣ t❤❡ q✉❡st✐♦♥s ♦❢ ❤♦✇ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ♦❝❝✉rs✱ ❛♥❞ ✇❤❛t ❛r❡ t❤❡
t✐♠❡ ❛♥❞ s♣❛t✐❛❧ s❝❛❧❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣r♦❝❡ss ✐s ✈❡r② ✐♠♣♦rt❛♥t✳ ❆♥ ✐♥t✉✐t✐✈❡ ♣✐❝t✉r❡ ♦❢ t❤❡
r❡❝♦♥♥❡❝t✐♦♥ ♣❤❡♥♦♠❡♥♦♥ ✐s ✇❤❡♥ t✇♦ ♦♣♣♦s✐t❡❧② ♦r✐❡♥t❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s ✭✐✳❡✳✱ ❛ s❤❡❛r❡❞
♠❛❣♥❡t✐❝ ✜❡❧❞✮ ❝♦♠❡ ❝❧♦s❡ ✐♥ s♣❛❝❡✱ ✐♥s✐❞❡ t❤❡ ♣❧❛s♠❛✿ t❤❡✐r ✐♥t❡rs❡❝t✐♦♥ ✐s ♣❡r♠✐tt❡❞ ♦♥❧② ❜②
s♦♠❡ ♠✐❝r♦s❝♦♣✐❝ ❡✛❡❝ts ✇❤✐❝❤ ✐♥❞✉❝❡ ❛ r❡❧❡❛s❡ ♦❢ ♠❛❣♥❡t✐❝ ❡♥❡r❣②✱ ✇❤✐❝❤ ❤❡❛ts ❛♥❞ ❛❝❝❡❧❡r❛t❡s
❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s✉rr♦✉♥❞✐♥❣✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳✶ ❢♦r
r❡❝♦♥♥❡❝t✐♦♥ ❡✈❡♥ts ✐♥ t❤❡ ♥❡❛r✲❊❛rt❤ ❡♥✈✐r♦♥♠❡♥t✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳✷ ✇❤✐❝❤
❞✐s♣❧❛②s ❛ r❡❝♦♥♥❡❝t✐♥❣ ❡✈❡♥t ♦♥ ❛ ❙✉♥s♣♦t t❤❛t ❤❛s ❜❡❡♥ ❞❡t❡❝t❡❞ ❜② ❙❉❖ ✶ ❛♥❞ ❘❍❊❙❙■ ✷

◆❆❙❆ s♣❛❝❡❝r❛❢t✳ ■♥ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ r❡❣✐♦♥✱ ❛♥ ❳✲❧✐❦❡ str✉❝t✉r❡ ❢♦r♠s✱ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ ❛ ♥✉❧❧
♠❛❣♥❡t✐❝ ✜❡❧❞ ♣♦✐♥t✱ ♦r ❳✲ ♣♦✐♥t✳

❆ q✉❛♥t✐t❛t✐✈❡ ❛♥s✇❡r ❛❜♦✉t t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ r❡❝♦♥♥❡❝t✐♥❣ ✐♥st❛❜✐❧✐t✐❡s ✐s ❤♦✇❡✈❡r ♠✉❝❤
♠♦r❡ ❝♦♠♣❧❡① t❤❛♥ ✇❤❛t t❤✐s ♣✐❝t✉r❡ ✇♦✉❧❞ s✉❣❣❡st✳ ❚♦ st❛rt ✇✐t❤✱ t❤❡ r❛t❡s ❛t ✇❤✐❝❤ ♠❛❣♥❡t✐❝
❡♥❡r❣② ✐s ❝♦♥✈❡rt❡❞ ✐♥t♦ ❦✐♥❡t✐❝ ❡♥❡r❣②✱ ✐✳❡✳✱ t❤❡ ✧r❡❝♦♥♥❡❝t✐♦♥ r❛t❡s✧✱ ❜② ❞✐✛❡r❡♥t ♠♦❞❡❧s ❢❛✐❧
t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ ✧st❛♥❞❛r❞✧ ♠♦❞❡❧s✱
s♦♠❡ t❤♦✉s❛♥❞s ♦❢ ②❡❛rs ✇♦✉❧❞ ❜❡ r❡q✉✐r❡❞ t♦ r❡❧❡❛s❡ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✇❤✐❝❤✱ ❞✉r✐♥❣ s♦❧❛r
✢❛r❡s✱ ✐s ♠❡❛s✉r❡❞ t♦ ❜❡ r❡❧✐❡✈❡❞ ✐♥ ❛ ❢❡✇ ❤✉♥❞r❡❞s ♦❢ s❡❝♦♥❞s ❬✶✹❪✳

✶❙❉❖ ✐s ❛ ◆❆❙❆ ♠✐ss✐♦♥ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ♦❜s❡r✈✐♥❣ t❤❡ ❙✉♥ s✐♥❝❡ ✷✵✶✵✱ ❛♥❞ ✐t ✐s ♣❛rt ♦❢ t❤❡ ▲✐✈✐♥❣ ❲✐t❤ ❛
❙t❛r ✭▲❲❙✮ ♣r♦❣r❛♠✳ ❬✶✺❪

✷❘❍❊❙❙■ ✐s ❛ ◆❆❙❆ s♦❧❛r ✢❛r❡ ♦❜s❡r✈❛t♦r② ❞❡s✐❣♥❡❞ t♦ ✐♠❛❣❡ s♦❧❛r ✢❛r❡s ✐♥ ❡♥❡r❣❡t✐❝ ♣❤♦t♦♥s ❢r♦♠ s♦❢t ❳✲
r❛②s ✭∼✸ ❦❡❱✮ t♦ ❣❛♠♠❛ r❛②s ✭✉♣ t♦ ∼✷✵ ▼❡❱✮ ❛♥❞ t♦ ♣r♦✈✐❞❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ s♣❡❝tr♦s❝♦♣② ✉♣ t♦ ❣❛♠♠❛✲r❛②
❡♥❡r❣✐❡s✳❬✶✻❪

✷✷



❋✐❣✉r❡ ✷✿ ❚❤✐s ✜❣✉r❡ s❤♦✇s ❛ s❡r✐❡s ♦❢ ✐♠❛❣❡s t❛❦❡♥ ❜② ❙♦❧❛r ❉②♥❛♠✐❝s ❖❜s❡r✈❛t♦r② ✭❙❉❖✮ ♦♥
❆✉❣✉st ✶✼✱ ✷✵✶✶✳ ❚✇♦ ❜✉♥❞❧❡s ♦❢ ✜❡❧❞ ❧✐♥❡s ♠♦✈❡ t♦✇❛r❞ ❡❛❝❤ ♦t❤❡r✱ ♠❡❡t ❜r✐❡✢② t♦ ❢♦r♠ ✇❤❛t
❛♣♣❡❛rs t♦ ❜❡ ❛♥ ❳✲♣♦✐♥t ✭❧❡❢t✮✱ ❛♥❞ t❤❡♥ r❡❝♦♥♥❡❝t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡② r❡❧❡❛s❡ ♣❧❛s♠❛
♣❛rt✐❝❧❡s ✐♥ t❤❡ s♣❛❝❡✱ ✇❤✐❧❡ ♣❛rt ♦❢ t❤❡ ♣❧❛s♠❛ ❢❛❧❧s ❜❛❝❦ t♦✇❛r❞s t❤❡ ❙✉♥ s✉r❢❛❝❡ ✭♠✐❞❞❧❡
❢r❛♠❡✮✳ ❚❤❡ r✐❣❤t ❢r❛♠❡ s❤♦✇s t❤❡ s♣❡❝tr♦❣r❛♠s ✇❤✐❝❤ ♣r♦✈❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❤♦t s♦❧❛r ♠❛t❡r✐❛❧s
❢♦r♠✐♥❣ ❛❜♦✈❡ ❛♥❞ ❜❡❧♦✇ t❤❡ ❳✲♣♦✐♥t✿ t❤✐s ✐s ❛ s✐❣♥❛t✉r❡ ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✭②❡❧❧♦✇ s♣♦ts
✐♥ t❤❡ r✐❣❤t ❢r❛♠❡✮✳ ❚❤❡s❡ s♣❡❝tr♦❣r❛♠s ✇❡r❡ ❝♦❧❧❡❝t❡❞ ❜② ❘❡✉✈❡♥ ❘❛♠❛t② ❍✐❣❤ ❊♥❡r❣② ❙♦❧❛r
❙♣❡❝tr♦s❝♦♣✐❝ ■♠❛❣❡r ✭❘❍❊❙❙■✮ ❬✶✼❪✳ ❚❤❡ t✇♦ ✜❣✉r❡s ♦♥ t❤❡ ❧❡❢t ❤❛✈❡ ❜❡❡♥ ❛❞❛♣t❡❞ t♦ ❤✐❣❤❧✐❣❤t
t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❳✲♣♦✐♥t ❛♥❞ t❤❡ ♠❛ss ❡❥❡❝t✐♦♥s✳ ❈r❡❞✐t✿ ◆❆❙❆✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❡❧❡❝tr♦❞②♥❛♠✐❝ t❤❡♦r②✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❛ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ✈❡❝t♦r ✜❡❧❞✱
♠❡❛♥✐♥❣ t❤❡ ✜❡❧❞ ❧✐♥❡s ❡✐t❤❡r ✧❡①t❡♥❞ t♦ ✐♥✜♥✐t②✧ ♦r ❝❧♦s❡ ♦♥ t❤❡♠s❡❧✈❡s ❬✶✽❪✳

■♥ ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛✱ ❛❧t❤♦✉❣❤ ✐t ❛❧✇❛②s ❢♦❧❧♦✇s t❤❡ ●❛✉ss✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✱ t❤❡ ❞②♥❛♠✐❝
♦❢ ✜❡❧❞ ❧✐♥❡s ❝❤❛♥❣❡s ❝♦♥s✐❞❡r❛❜❧②✳ ❍❡r❡✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥t❡r❛❝ts ✇✐t❤ t❤❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s✱
❛♥❞ t❤❡ ♣❛rt✐❝❧❡s ♦❢ ❧✐❣❤t❡st s♣❡❝✐❡s ♦❢ t❤❡ ♣❧❛s♠❛ ❝❛rr② t❤❡ ✜❡❧❞ ❧✐♥❡s✳ ❯♥❧❡ss ✐♦♥ ❛♥❞ ❡❧❡❝tr♦♥
❜✉❧❦ ✈❡❧♦❝✐t✐❡s ❛r❡ t❤❡ s❛♠❡ ✭❡✳❣✳ ✇❤❡♥✱ ❛t ❧❛r❣❡ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝ s❝❛❧❡s✱ t❤❡✐r ✢✉✐❞ ♠♦t✐♦♥
✐s ❣✐✈❡♥ ❛t t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❜② t❤❡E×B✲❞r✐❢t s♣❡❡❞✮✱ t❤❡ ✜❡❧❞ ❧✐♥❡s ❛r❡ ❝♦✲♠♦✈✐♥❣ ✇✐t❤ ❡❧❡❝tr♦♥s✳

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤✐s ❝♦✲♠♦t✐♦♥ ♣r❡✈❡♥ts ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s✱ ✇❤❡♥ ❞✐✛✉s✐♦♥✲❧✐❦❡ r❡❣✐♦♥s ❞♦♥✬t
❡①✐st✱ ❢r♦♠ ♠♦✈✐♥❣ ❛❝r♦ss ✜❡❧❞ ❧✐♥❡s ✭❢r♦③❡♥ ✢✉① t❤❡♦r❡♠ ✲❆❧❢✈é♥ t❤❡♦r❡♠✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥
❛ss✐❣♥ ❞✐✛❡r❡♥t ❧❛❜❡❧s ✭✐❞❡♥t✐t✐❡s✮ t♦ ❞✐st✐♥❝t ✜❡❧❞ ❧✐♥❡s ✇❤✐❝❤ ♣r❡s❡r✈❡ t❤❡✐r ✐❞❡♥t✐t②✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ✉♥❞❡r s♦♠❡ ❝♦♥❞✐t✐♦♥s s✉❝❤ ❛s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ r❡❣✐♦♥ ✇✐t❤ ❛ str♦♥❣ s❤❡❛r ♠❛❣♥❡t✐❝ ✜❡❧❞
❛♥❞ ❛ s♠❛❧❧ r❡s✐st✐✈✐t②✱ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ❝❛♥ s❧✐♣ ❛❝r♦ss ✜❡❧❞ ❧✐♥❡s ❛❧♦♥❣ ✇❤✐❝❤ t❤❡② ✇❡r❡ s♣✐r❛❧❧✐♥❣
❛♥❞ ✐♥ t❤✐s ✇❛② t❤❡② ❝❛♥ ♠♦✈❡ ❜❡t✇❡❡♥ r❡❣✐♦♥s ♦❢ ♣❧❛s♠❛ t❤❛t✱ ❜❡❢♦r❡✱ ✇❡r❡ ♥♦t ✧❝♦♥♥❡❝t❡❞✧
❜② ❛ ❣✐✈❡♥ ♠❛❣♥❡t✐❝ ❧✐♥❡❀ ❤❡♥❝❡ t❤❡ t❡r♠ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✇❤✐❝❤ ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ❜②
❉✉♥❣❡② ✐♥ ✶✾✺✽ ❬✶✾❪✳ ❈❧❡❛r❧②✱ t❤✐s ❧♦❝❛❧ ♣r♦❝❡ss ♠❛❦❡s t❤❡ ♠❛❣♥❡t✐❝ ❧✐♥❡s ❧♦s❡ t❤❡✐r ✧t♦♣♦❧♦❣✐❝❛❧
✐❞❡♥t✐t②✧✳

❍✐st♦r✐❝❛❧❧② s♣❡❛❦✐♥❣✱ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ♦✇❡s ✐ts ♦r✐❣✐♥ t♦ t❤❡ st✉❞② ♦❢ t❤❡ ❙✉♥✳ ❲❡ ❝❛♥
tr❛❝❡ t❤❡ ✐❞❡❛ ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❜❛❝❦ t♦ t❤❡ ✇♦r❦ ♦❢ ●✐♦✈❛♥❡❧❧✐ ✇❤✐❝❤ ❛✐♠❡❞ t♦ ✉♥❞❡rst❛♥❞
t❤❡ ❤❡❛t✐♥❣ ♦❢ t❤❡ s♦❧❛r ❝♦r♦♥❛ ❛♥❞ t❤❡ tr❡♠❡♥❞♦✉s ❛♠♦✉♥t ♦❢ ❡♥❡r❣② ❛ss♦❝✐❛t❡❞ ✇✐t❤ s♦❧❛r ✢❛r❡s
❬✷✵✱ ✷✶✱ ✷✷❪✳ ●✐♦✈❛♥❡❧❧✐ ♦❜s❡r✈❡❞ t❤❛t t❤❡s❡ s♦❧❛r ✢❛r❡s ♦❝❝✉r ✐♥ ❧♦❝❛t✐♦♥s ❛❜♦✈❡ t❤❡ s✉♥s♣♦ts
✇❤❡r❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❤❛✈❡ ❛ ❝♦♠♣❧❡① str✉❝t✉r❡ ❛♥❞ ✈❛♥✐s❤❡s ❛t ♥❡✉tr❛❧ ♣♦✐♥ts ✭❳✲♣♦✐♥ts✮✳
❚❤❡r❡❢♦r❡✱ ❤❡ s✉❣❣❡st❡❞ t❤❛t t❤❡ ❤✐❣❤ ❡♥❡r❣② ♣❛rt✐❝❧❡s ♦❢ t❤❡ s♦❧❛r ✢❛r❡s✱ ♦❝❝✉rr✐♥❣ ♥❡❛r t❤❡
s✉♥s♣♦ts ❛r❡ ❛❝❝❡❧❡r❛t❡❞ ✐♥t♦ t❤❡ s♣❛❝❡ ✐♥s✐❞❡ ♥❛rr♦✇ r❡❣✐♦♥s ✇❤❡r❡ ♦♣♣♦s✐t❡❧②✲❞✐r❡❝t❡❞ ✜❡❧❞s
❛♥♥✐❤✐❧❛t❡ ❡❛❝❤ ♦t❤❡r ❬✷✸❪✳ ❚❤✐s ❞❡str✉❝t✐♦♥ ♦❢ t❤❡ ✜❡❧❞ ✇❛s ✜rst s✉❣❣❡st❡❞ t♦ ❜❡ ❛ r❡s✉❧t ♦❢ t❤❡
❖❤♠✐❝ ❞✐✛✉s✐♦♥ ♦❢ ✜❡❧❞ ❧✐♥❡s ✇❤❡♥ ❛ ✜♥✐t❡✱ ❜✉t ✈❡r② s♠❛❧❧ r❡s✐st✐✈✐t② ♦❢ t❤❡ ♣❧❛s♠❛ ✐s t❛❦❡♥ ✐♥t♦

✷✸



▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

❛❝❝♦✉♥t✳ ❍♦✇❡✈❡r ❛s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ ❛ s✐♠♣❧❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ r❡s✐st✐✈❡ ❞❡❝❛② ♦❢ t❤❡ ✜❡❧❞
❧✐♥❡s ❣✐✈❡s ❛ ✈❡r② ❧♦♥❣ ♣❡r✐♦❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦❜s❡r✈❡❞ ♦♥❡✷ ✭s❡❡ ❝❤❛♣t❡r ✶ ❢♦r ❞❡t❛✐❧s✮✳ ▲❛t❡r✱
❍♦②❧❡ ❬✷✺❪ s✉❣❣❡st❡❞ t❤❛t ❛ s✐♠✐❧❛r ♣✐❝t✉r❡ ♠✐❣❤t ❛♣♣❧② t♦ t❤❡ ❊❛rt❤✱ ❛♥❞ ✐t ❝❛♥ ❜❡ r❡s♣♦♥s✐❜❧❡
♦❢ ♣♦❧❛r ❧✐❣❤ts✳ ✸✳

■♥ ❤✐s P❤❉ t❤❡s✐s✱ ❉✉♥❣❡② ✭✶✾✺✵✮✱ ❢♦❧❧♦✇✐♥❣ ❛ s✉❣❣❡st✐♦♥ ♦❢ ❤✐s s✉♣❡r✈✐s♦r✱ ❍♦②❧❡✱ st✉❞✐❡❞
✐♥ ❞❡t❛✐❧s t❤❡ ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♣❧❛s♠❛ ♥❡❛r ❳✲♣♦✐♥ts ❛♥❞ ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡
✜❡❧❞ ❧✐♥❡s ❝♦✉❧❞ ❜❡ s✉❜❥❡❝t❡❞ t♦ ❛♥ ✐♥st❛❜✐❧✐t② t❤❛t ❧❡❛❞s t♦ t❤❡ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ t❤❡
❣r♦✇t❤ ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✐♥s✐❞❡ t❤❡ ❝✉rr❡♥t ❧❛②❡rs ❢♦r♠❡❞ ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝
s❤❡❛r ❬✷✻❪✳ ❍♦✇❡✈❡r✱ t❤❡ t❡r♠ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✇❛s ♥♦t ✐♥tr♦❞✉❝❡❞ ✉♥t✐❧ ✶✾✺✽ ❬✶✾✱ ✷✼✱ ✷✸❪✳
■♥ ❤✐s P❤❉ t❤❡s✐s✱ ❉✉♥❣❡② ❛❧s♦ ♣r♦♣♦s❡❞ t❤❡ ♦♣❡♥ ♠♦❞❡❧ ♦❢ t❤❡ ❊❛rt❤✬s ♠❛❣♥❡t♦s♣❤❡r❡ ❬✷✽✱ ✷✾❪✱
✇❤✐❝❤ ❤❛s ❜❡❡♥ ❝♦♥✜r♠❡❞ ❧❛t❡r ❜② ❈♦❧❡♠❛♥ ❡t ❛❧✳ ✭✶✾✻✵✮ ❛❢t❡r st✉❞②✐♥❣ t❤❡ ❞❛t❛ ❢r♦♠ P✐♦♥❡❡r
✺ s♣❛❝❡ ♠✐ss✐♦♥ ❬✸✵❪✳

■♥ ✶✾✺✽✱ ❙✇❡❡t ❬✸✶❪ s✉❣❣❡st❡❞ t❤❛t ❛♥ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ❞❡♥s✐t② ❝♦♥❝❡♥tr❛t❡❞ ✐♥s✐❞❡ t❤❡ ❝✉rr❡♥t
❧❛②❡rs ❝♦✉❧❞ r❡❧❡❛s❡ ❡♥❡r❣② ❛t ❛♥ ✐♥❝r❡❛s❡❞ r❛t❡✳ ❍❡ s❤♦✇❡❞ t❤❛t ❖❤♠✐❝ ❞✐✛✉s✐♦♥ ✐s ♥♦t t❤❡
♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❝♦♥✈❡rs✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐♥t♦ ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ❚❤✐s ♠♦❞❡❧ ✇❛s
✐♥❞❡♣❡♥❞❡♥t❧② ♣r♦♣♦s❡❞ ❜② P❛r❦❡r ✐♥ ✶✾✻✸ ❬✸✷❪✱ ❛♥❞ ♥♦✇ ✐t ✐s ❦♥♦✇♥ ❛s t❤❡ ❙✇❡❡t✲P❛r❦❡r ♠♦❞❡❧✳
❆❧t❤♦✉❣❤ t❤✐s ♠♦❞❡❧ ❧❡❛❞s t♦ ❛ ❧❛r❣❡r ❞✐ss✐♣❛t✐♦♥ r❛t❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣②✱ ♦♥❝❡ ❝♦♠♣❛r❡❞
t♦ t❤❛t ❡①♣❡❝t❡❞ ❢r♦♠ r❡s✐st✐✈❡ ❞❡❝❛②✱ ✐t r❡♠❛✐♥s t♦♦ s❧♦✇ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡s
✐♥ t❤❡ s♦❧❛r ✢❛r❡s ✭t❤❡ r❡❝♦♥♥❡❝t✐♦♥ r❛t❡ Rr s❝❛❧❡s ❛s Rr ∼ S−1/2✱ ✇❤✐❝❤ ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥
t❤❛t ❖❤♠✐❝ ❞✐✛✉s✐♦♥ t✐♠❡✱ ✇❤✐❝❤ s❝❛❧❡s ❧✐❦❡ ∼ S−1✮✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ r❡❝♦♥♥❡❝t✐♦♥ r❛t❡ ✐♥
t❤✐s ♠♦❞❡❧ st❛rts ❢r♦♠ t❤❡ ✢✉✐❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛✱ ✐♥ ✇❤✐❝❤ t❤❡ ❞②♥❛♠✐❝ ✐s ❣♦✈❡r♥❡❞ ❜②
t❤❡ st❡❛❞②✲st❛t❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ❝♦✉♣❧❡❞ ✇✐t❤ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✐t ❞♦❡s ♥♦t
❛❝❝♦✉♥t ❢♦r t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ s♣♦♥t❛♥❡♦✉s r❡❝♦♥♥❡❝t✐♥❣ ✐♥st❛❜✐❧✐t✐❡s✳ ❚❤❡ r❡❝♦♥♥❡❝t✐♦♥ r❛t❡ ✐s
❝❛❧❝✉❧❛t❡❞ ❜② ❜❛❧❛♥❝✐♥❣ t❤❡ ♣❧❛s♠❛ ✐♥✢♦✇ ✢✉① t♦✇❛r❞ ❳✲ ♣♦✐♥t ✇✐t❤ ✐ts ♦✉t✢♦✇ ❛❢t❡r t❤❡ ♦♥s❡t
♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ✹✱ ❛♥❞ t❤❡ ♠❛✐♥ r❡❛s♦♥ r❡s♣♦♥s✐❜❧❡ ❢♦r ❡st❛❜❧✐s❤✐♥❣ ❛ ❞✐✛✉s✐♦♥ r❡❣✐♦♥ ❢♦r t❤❡
✜❡❧❞ ❧✐♥❡s ✐s t❤❡ ✜♥✐t❡ r❡s✐st✐✈✐t② ♦❢ t❤❡ ♣❧❛s♠❛ ✭s❡❡ ❘❡❢s ❬✸✹✱ ✸✺✱ ✸✻✱ ✸✼❪ ❢♦r ❞❡t❛✐❧❡❞ r❡✈✐❡✇s ♦♥
t❤❡ s✉❜❥❡❝t✮✳

❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ r❡❝♦♥♥❡❝t✐♦♥ ❞♦❡s ♥♦t ❝♦♥❝❡r♥ ♦♥❧② t❤❡ ❙✉♥✱ ✐♥ t❤❡ ♥❡❛r✲s♣❛❝❡✿ ✐t
✐s r❡❧❡✈❛♥t ❛❧s♦ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s♦❧❛r ✇✐♥❞s ❛♥❞ t❤❡ ♣❧❛♥❡t✬s ❣❡♦♠❛❣♥❡t✐❝ ✜❡❧❞
❧❡❛❞✐♥❣ t♦ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❛ ♠❛❣♥❡t♦t❛✐❧ ❛♥❞ ❛ ♣❧❛s♠❛ s❤❡❡t ♦♥ t❤❡ ♥✐❣❤t s✐❞❡✳ ❚❤✐s ♠❛❣♥❡t♦t❛✐❧
✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ r❡❣✐♦♥s✱ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ♥♦rt❤❡r♥ ❛♥❞ t❤❡ s♦✉t❤❡r♥ ❧♦❜❡s✳ ❚❤❡s❡ t✇♦ ❧♦❜❡s✱
s❤♦✇♥ ✐♥ ❋✐❣✳✶✱ ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛ ♣❧❛s♠❛ s❤❡❡t✱ ✇❤❡r❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❜❡❝♦♠❡s ✇❡❛❦❡r✱ ❛♥❞
t❤❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ❞❡♥s✐t② ✐s ❧❛r❣❡r✳ ❚❤❡ ♠❛❣♥❡t♦t❛✐❧ r❡♣r❡s❡♥ts ❛♥♦t❤❡r ✧♥❛t✉r❛❧ ❧❛❜♦r❛t♦r②✧
❢♦r t❤❡ st✉❞② ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐♥ t❤❡ ✐♠♠❡❞✐❛t❡ ♣r♦①✐♠✐t② ♦❢ ♦✉r
♣❧❛♥❡t ✭s❡❡ t❤❡ r❡✈✐❡✇ ❜② ◆❡ss ❬✸✽❪ ❢♦r ❡❛r❧② ✇♦r❦s ♦♥ t❤✐s s✉❜❥❡❝t✮✳ P✐❞❞✐♥❣t♦♥ ✭✶✾✻✵✮ ❬✸✾❪ ✇❛s
❛♠♦♥❣ t❤❡ ✜rst s❝✐❡♥t✐sts ✇❤♦ s✉❣❣❡st❡❞ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤✐s t❛✐❧ ♦♥ t❤❡ ♥✐❣❤t✲s✐❞❡✳ ❇✉t s✉❝❤
❛ t❛✐❧ ✇❛s ❝♦♥s✐❞❡r❡❞ ❛s ❛ t❡♠♣♦r❛r② ♣❤❡♥♦♠❡♥♦♥ s✐♥❝❡ t❤❡ s♦❧❛r ✇✐♥❞ ✇❛s ♥♦t r❡❣❛r❞❡❞ ❛s ❛
❝♦♥t✐♥✉♦✉s ✢✉① ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ✢♦✇✐♥❣ ♣❛st t❤❡ ❊❛rt❤✳ ❍♦✇❡✈❡r✱ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ❏♦❤♥s♦♥

✷❚❤❡ s❝❛❧✐♥❣ ♦❢ r❡❝♦♥♥❡❝t✐♦♥ t✐♠❡ ✐♥ t❤✐s ♠♦❞❡❧ ✐s τRec ∼ S✱ ✇❤❡r❡ S t❤❡ ▲✉♥❞q✉✐st ♥✉♠❜❡r✳ S ❝❛♥ ❜❡ ✈❡r②
❧❛r❣❡ 1011 − 1015 ♦♥ t❤❡ ❧♦✇ ❝♦r♦♥❛✱ ❛♥❞ 1011 ✐♥ ■❚❊❘ t❤❡r♠♦♥✉❝❧❡❛r ❞❡✈✐❝❡ ❬✷✹❪✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡st✐♠❛t❡❞ t✐♠❡
✐s ♠✉❝❤ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❧❛r❣❡r t❤❛♥ t❤❡ ♦❜s❡r✈❡❞ ♦♥❡✳

✸❆❝❝♦r❞✐♥❣ ❇r✐t❛♥♥✐❝❛ ❊♥❝②❝❧♦♣❛❡❞✐❛✱ ✧❛✉r♦r❛✱ ❧✉♠✐♥♦✉s ♣❤❡♥♦♠❡♥♦♥ ♦❢ ❊❛rt❤✬s ✉♣♣❡r ❛t♠♦s♣❤❡r❡ t❤❛t ♦❝❝✉rs
♣r✐♠❛r✐❧② ✐♥ ❤✐❣❤ ❧❛t✐t✉❞❡s ♦❢ ❜♦t❤ ❤❡♠✐s♣❤❡r❡s❀ ❛✉r♦r❛s ✐♥ t❤❡ ◆♦rt❤❡r♥ ❍❡♠✐s♣❤❡r❡ ❛r❡ ❝❛❧❧❡❞ ❛✉r♦r❛ ❜♦r❡❛❧✐s✱
❛✉r♦r❛ P♦❧❛r✐s✱ ♦r ♥♦rt❤❡r♥ ❧✐❣❤ts✱ ❛♥❞ ✐♥ t❤❡ ❙♦✉t❤❡r♥ ❍❡♠✐s♣❤❡r❡ ❛✉r♦r❛ ❛✉str❛❧✐s✱ ♦r s♦✉t❤❡r♥ ❧✐❣❤ts✳ ❚❤❡② ❛r❡
❝❛✉s❡❞ ❜② t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❡♥❡r❣❡t✐❝ ♣❛rt✐❝❧❡s ✭❡❧❡❝tr♦♥s ❛♥❞ ♣r♦t♦♥s✮ ♦❢ t❤❡ s♦❧❛r ✇✐♥❞ ✇✐t❤ ❛t♦♠s ♦❢ t❤❡ ✉♣♣❡r
❛t♠♦s♣❤❡r❡✳✧

✹■♥ ❢❛❝t✱ Rr ∼
uin

uout
∼ S−1/2✳ ❚❛❦✐♥❣ S = 1010✱ ♦♥❡ ✜♥❞s uin = 10−5uout✱ ✇❤❡r❡ uin ✐s t❤❡ ✐♥✢♦✇ ✈❡❧♦❝✐t② ♦❢ t❤❡

♣❧❛s♠❛ t♦✇❛r❞ t❤❡ X−♣♦✐♥t✱ ❛♥❞ uout ✐s t❤❡ ♦✉t✢♦✇ ✈❡❧♦❝✐t②✳ ❚❤✐s ✈❛❧✉❡ ✐s ✈❡r② s♠❛❧❧ t♦ ❛❝❝♦✉♥t ❢♦r r❡❝♦♥♥❡❝t✐♦♥
r❛t❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ s♦❧❛r ✢❛r❡s✱ ❝♦r♦♥❛❧ ♠❛ss ❡❥❡❝t✐♦♥s✱ ❛♥❞ t❤❡r♠♦♥✉❝❧❡❛r ❡①♣❡r✐♠❡♥ts ❬✸✸❪✳

✷✹



✭✶✾✻✵✮ ❬✹✵❪ st✉❞✐❡❞ t❤❡ ❡✛❡❝ts ♦❢ ❛ ♣♦ss✐❜❧❡ st❡❛❞② ✢♦✇ ♦❢ t❤❡ s♦❧❛r ✇✐♥❞✱ ❛s ✐t ❤❛❞ ❜❡❡♥ ✐♥❞✐❝❛t❡❞
❜② P❛r❦❡r❬✹✶✱ ✹✷❪✱ ❛♥❞ ❤❡ s✉❣❣❡st❡❞ t❤❛t t❤❡ ❣❡♥❡r❛t❡❞ t❛✐❧ ✇♦♥✬t ❡①t❡♥❞ ♦✉t t♦ t❤❡ ✐♥✜♥✐t②✳ ❚❤❡
❡①t❡♥s✐♦♥ ♦❢ t❤✐s t❛✐❧ ✇❛s t❤❡♥ t❤❡ s✉❜❥❡❝t ♦❢ ❡①t❡♥s✐✈❡ st✉❞✐❡s ❜② ♠❛♥② s❝✐❡♥t✐sts ❬✹✸✱ ✹✹✱ ✹✺❪ ❛♥❞
s♣❛❝❡ ♠✐ss✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ P✐♦♥❡❡r ✺ ❬✸✵✱ ✹✻❪✱ ❊①♣❧♦r❡r ✻ ❬✹✼✱ ✹✽❪✱ ❊①♣❧♦r❡r ✶✵ ❬✹✾✱ ✺✵❪✱ ❊①♣❧♦r❡r
✶✷ ❬✺✶❪✱ ❛♥❞ ❊①♣❧♦r❡r ✶✹ ❬✺✷✱ ✺✸❪✳ ❚❤❡s❡ ♠✐ss✐♦♥s ❝♦♥tr✐❜✉t❡❞ s✐❣♥✐✜❝❛♥t❧② t♦ t❤❡ ❝♦♥✜r♠❛t✐♦♥ ♦❢
t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♠❛❣♥❡t♦t❛✐❧✱ ✇❤♦s❡ ❢✉❧❧ str✉❝t✉r❡ ✇❛s ❧❛t❡r ♦❜s❡r✈❡❞ ❜② ❙✐♥❣❡r ❡t ❛❧✳ ✭✶✾✻✺✮
❬✺✹❪ ✉s✐♥❣ t❤❡ ❞❛t❛ ❢r♦♠ t❤❡ ❱❡❧❛ s❛t❡❧❧✐t❡✳

❇❛s❡❞ ♦♥ t❤❡s❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✱ t✇♦ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ s✉❣❣❡st❡❞ ❢♦r t❤❡ ♠❛❣♥❡t♦t❛✐❧✿
♦♥❡ ❜② ❉❡ss❧❡r ❛♥❞ ❏✉❞❛② ✭✶✾✻✺✮ ❬✺✺❪✱ ❛♥❞ ❛♥♦t❤❡r ❜② ❆①❢♦r❞ ❡t ❛❧✳ ✭✶✾✻✺✮ ❬✺✻❪ ✇❤✐❝❤ ✐s s✉✐t❛❜❧❡
❢♦r st✉❞②✐♥❣ ♠❛❣♥❡t♦t❛✐❧ r❡❝♦♥♥❡❝t✐♦♥✳ ■♥ t❤❡ ✜rst ♠♦❞❡❧ ❜② ❉❡ss❧❡r ❛♥❞ ❏✉❞❛② ✭✶✾✻✺✮ ❬✺✺❪✱ t❤❡
♠❡r❣✐♥❣ ♦❢ t❤❡ ✜❡❧❞ ❧✐♥❡s ✇❛s ❝♦♥s✐❞❡r❡❞ ♥❡❣❧✐❣✐❜❧❡ ❞✉❡ t♦ t❤❡ ❤✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ♦❢ t❤❡ ♣❧❛s♠❛✳
❍♦✇❡✈❡r✱ ✐♥ t❤❡ s❡❝♦♥❞ ♦♥❡✱ ♣r♦♣♦s❡❞ ❜② ❆①❢♦r❞ ❡t ❛❧✳❬✺✻❪✱ ❛ ♣❧❛s♠❛ s❤❡❡t ✇✐❧❧ ❢♦r♠ ✇✐t❤ ♠❡r❣✐♥❣
♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s ❛t t❤❡ ♥❡✉tr❛❧ ❧✐♥❡✱ ✇❤♦s❡ ❡①✐st❡♥❝❡ ❤❛❞ ❜❡❡♥ ❛❧r❡❛❞② ♣r❡❞✐❝t❡❞ ❜② ❉✉♥❣❡②
✭✶✾✻✶✮ ❬✷✽❪✳ ❚❤✐s ♥❡✉tr❛❧ s❤❡❡t✱ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✱ ✐s ✉♥st❛❜❧❡ t♦ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s✱ ✇❤♦s❡
❡①✐st❡♥❝❡ ✐♥ ❛ s❧❛❜ ❣❡♦♠❡tr② ❤❛s ❜❡❡♥ ✜rst st✉❞✐❡❞ ❜② ❋✉rt❤✱ ❑✐❧❡❡♥ ❛♥❞ ❘♦s❡♥❜❧✉t❤ ✭✶✾✻✸✮ ❬✺✼❪✳
■♥ t❤❡ ✈❡r② ❧♦♥❣ ❛♥❞ t❤✐♥ ❝✉rr❡♥t s❤❡❡t ✐♥ t❤❡ ♠❛❣♥❡t♦t❛✐❧✱ ♦♥❡ ❝❛♥ ❡①♣❡❝t ❛♥ ❛❧♠♦st ❝♦♥t✐♥✉♦✉s
s♣❡❝tr✉♠ ♦❢ ✇❛✈❡✲❧❡♥❣t❤s t♦ ❜❡❝♦♠❡ ♣♦t❡♥t✐❛❧❧② ✉♥st❛❜❧❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❢❛st❡st✲❣r♦✇✐♥❣ ♠♦❞❡
✇✐❧❧ ❞♦♠✐♥❛t❡ t❤❡ ❞②♥❛♠✐❝✳ ❚❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ✇❛s ♥✉♠❡r✐❝❛❧❧② ❛❞❞r❡ss❡❞
✐♥ ❛ s❡r✐❡s ♦❢ ♣❛♣❡rs ❜② ❈r♦ss ❛♥❞ ❱❛♥ ❍♦✈❡♥ ✭✶✾✼✶✲✶✾✼✸✮ ❬✺✽✱ ✺✾✱ ✻✵✱ ✻✶❪✳

■♥ t❤❡ s❛♠❡ ♣❡r✐♦❞ ♦❢ t❤✐s ❣r❡❛t ♦❜s❡r✈❛t✐♦♥❛❧ ❛♥❞ ♠♦❞❡❧❧✐♥❣ ❡✛♦rts ❢♦r s♣❛❝❡ ❛♥❞ s♦❧❛r ♣❧❛s✲
♠❛s✱ t❤❡ st✉❞② ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ♣r♦❝❡ss❡s ❛ttr❛❝t❡❞ ❛tt❡♥t✐♦♥ ❛❧s♦ ❢♦r t❤❡✐r ♦❝❝✉rr❡♥❝❡
✐♥ ♠❛❣♥❡t✐❝ ❝♦♥✜♥❡♠❡♥t ❞❡✈✐❝❡s ❢♦r ❧❛❜♦r❛t♦r② ♣❧❛s♠❛s✳ ❍❡r❡✱ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ s♣♦♥t❛♥❡♦✉s
r❡❝♦♥♥❡❝t✐♥❣ ✐♥st❛❜✐❧✐t✐❡s ✇❛s ✜rst ❞❡✈✐s❡❞✳ ❚❤❡ t❤❡♦r❡t✐❝❛❧ ❡✛♦rts ❢♦r ❡st❛❜❧✐s❤✐♥❣ ❛ ♠♦❞❡❧ ♦❢
s♣♦♥t❛♥❡♦✉s r❡❝♦♥♥❡❝t✐♦♥ st❛rt❡❞ ✇✐t❤ t❤❡ s❡♠✐♥❛❧ ✇♦r❦ ♦❢ ❋✉rt❤ ❡t ❛❧✳ ✐♥ ✶✾✻✸ ❬✺✼❪✱ ✇❤❡r❡ t❤❡②
✜rst ❢♦r♠✉❧❛t❡❞ t❤❡ t❤❡♦r② ♦❢ r❡s✐st✐✈❡ ✐♥st❛❜✐❧✐t✐❡s✿ t❤❡ s♦✲❝❛❧❧❡❞ ✧t❡❛r✐♥❣ ♠♦❞❡s✧✳ ❚❤❡② s❤♦✇❡❞
t❤❛t ❛ s❤❡❛r❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦✉❧❞ ❜❡ ✉♥st❛❜❧❡ t♦ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s✱ ✇❤✐❝❤ t❡❛r ❛♥❞ t❤❡♥
r❡❝♦♥♥❡❝t t❤❡ ✜❡❧❞ ❧✐♥❡s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳ ❍❡♥❝❡ t❤❡ ♥❛♠❡ t❡❛r✐♥❣ ♠♦❞❡s✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❛t
✇♦r❦✱ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ✇❛s ❞✉❡ t♦ t❤❡ r❡s✐st✐✈✐t② ♦❢ t❤❡ ♣❧❛s♠❛✱ ✐✳❡✳ t♦ ✐♥t❡r✲s♣❡❝✐❡s ❝♦❧❧✐s✐♦♥s
❜❡t✇❡❡♥ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s✳ ❚❤❡ r❡str✐❝t✐♦♥ t♦ s♠❛❧❧✲✇❛✈❡❧❡♥❣t❤ ♣❡rt✉r❜❛t✐♦♥s ❛❧❧♦✇❡❞ t❤❡ ❛✉✲
t❤♦rs✱ ✇✐t❤ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ✭❛♥❞ t❤❡ ✉s❡ ♦❢ ❛ ❜♦✉♥❞❛r② ❧❛②❡r t❤❡♦r② t♦ s♦❧✈❡ t❤❡
✐♥✈♦❧✈❡❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✮✱ t♦ ✜♥❞ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠✳

■♥ ❛ s❡r✐❡s ♦❢ ♣❛♣❡rs✱ ❋✉rt❤ ✭✶✾✻✸✮ ❬✻✷❪✱ ❛♥❞ ❈♦♣♣✐ ✭✶✾✻✹✮ ❬✻✸✱ ✻✹❪ ❞❡✈✐s❡❞ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢
t❤❡s❡ t❡❛r✐♥❣ ♠♦❞❡ t♦ ♦❝❝✉r ✐♥ ❛ ❝♦❧❧✐s✐♦♥❧❡ss ♣❧❛s♠❛✱ ♥❛♠❡❧② ❜❡❝❛✉s❡ ♦❢ ✜♥✐t❡ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛✳
❆ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡ ❝♦❧❧✐s✐♦♥❛❧✐t② ♦❢ t❤❡ ♣❧❛s♠❛ ✐♠♣❧✐❡s t❤❛t t❤❡ ✇✐❞t❤ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r ✺

✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ♠❡❛♥ ❢r❡❡ ♣❛t❤ ♦❢ t❤❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s✻✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡ r❡❝♦♥♥❡❝t✐♦♥
r❡s✐st✐✈❡ ❛♥❞ ❛❝❝❡ss✐❜❧❡ t♦ ✢✉✐❞✲❧✐❦❡ tr❡❛t♠❡♥ts ✭♦♥❡✲✢✉✐❞ ♦r t✇♦✲✢✉✐❞ ♠♦❞❡❧s✮✳ ❍♦✇❡✈❡r✱ ♠♦st
❛str♦♣❤②s✐❝❛❧ ❛♥❞ s♣❛❝❡ ♣❧❛s♠❛s✱ ❛♥❞ t❤❡r♠♦♥✉❝❧❡❛r ❢✉s✐♦♥ ♣❧❛s♠❛s✱ ❛s ✇❡❧❧✱ ❛r❡ s✉❜❥❡❝t❡❞ t♦
❝♦❧❧✐s✐♦♥❧❡ss r❡❝♦♥♥❡❝t✐♦♥ ♣r♦❝❡ss❡s✳ ❚❤✉s✱ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r ✐♥ ❝♦❧❧✐s✐♦♥❧❡ss
♣❧❛s♠❛ ✐s t②♣✐❝❛❧❧② ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛✼✱ ❜✉t ✐s st✐❧❧ s♠❛❧❧❡r t❤❛♥ t❤❡ ♠❡❛♥ ❢r❡❡
♣❛t❤ ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳ ❚❤❡ r❡s✉❧t✐♥❣ r❡❝♦♥♥❡❝t✐♦♥ r❛t❡s ✐♥ ❧♦✇✲❝♦❧❧✐s✐♦♥
♣❧❛s♠❛s ❛r❡ ♠✉❝❤ ❢❛st❡r t❤❛♥ t❤❡✐r ❝♦✉♥t❡r♣❛rts ✐♥ t❤❡ r❡s✐st✐✈❡ ♠♦❞❡❧s✳ ▲❛t❡r ♦♥✱ ❛ ❢✉❧❧ ❦✐♥❡t✐❝
tr❡❛t♠❡♥t ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ❢✉rt❤❡r ✇♦r❦s ✭ ▲❛✈❛❧ ❡t ❛❧✳ ✭✶✾✻✻✮ ❬✻✺❪ ✱ ❈♦♣♣✐ ❡t ❛❧✳ ✭✶✾✻✻✮

✺■t ✐s t❤❡ r❡❣✐♦♥ ✐♥s✐❞❡ ✇❤✐❝❤ t❤❡ ✜❡❧❞ ❧✐♥❡s ❜r❡❛❦ ❛♥❞ r❡❝♦♥♥❡❝t✳ ■♥s✐❞❡ t❤✐s ❧❛②❡r✱ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣②✱ st♦r❡❞
✐♥ t❤❡ ✜❡❧❞ ❧✐♥❡s✱ ✐s r❡❧❡❛s❡❞ ❛s ❦✐♥❡t✐❝ ❡♥❡r❣② ❛♥❞ t❤❡r♠❛❧ ❡♥❡r❣② ♦❢ t❤❡ ♣❛rt✐❝❧❡s✳

✻❚❤❡ ♠❡❛♥ ❢r❡❡ ♣❛t❤ ✐s t❤❡ ❛✈❡r❛❣❡ ❞✐st❛♥❝❡ tr❛✈❡❧❧❡❞ ❜② ❛ ♠♦✈✐♥❣ ♣❛rt✐❝❧❡ ❜❡t✇❡❡♥ s✉❝❝❡ss✐✈❡ ✐♠♣❛❝ts✱ ✇❤✐❝❤
♠♦❞✐✜❡s ✐ts ❞✐r❡❝t✐♦♥ ♦r ❡♥❡r❣② ♦r ♦t❤❡r ♣❛rt✐❝❧❡ ♣r♦♣❡rt✐❡s✳

✼❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ t❤❛t ❛❝❝♦✉♥ts ❢♦r t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛ ✐s t❤❡ ❡❧❡❝tr♦♥ s❦✐♥ ❞❡♣t❤
de✱ ❞❡✜♥❡❞ ❛s t❤❡ ❞❡♣t❤ ✐♥ ❛ ♣❧❛s♠❛ t♦ ✇❤✐❝❤ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ r❛❞✐❛t✐♦♥ ❝❛♥ ♣❡♥❡tr❛t❡✳

✷✺



▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

❋✐❣✉r❡ ✸✿ ❆ ❝♦❧❧✐s✐♦♥❧❡ss ❝✉rr❡♥t s❤❡❡t ♦❢ ✇✐❞t❤ a✱ ❛♥❞ ❧❡♥❣t❤ L ✇✐t❤ s❤❡❛r ✜❡❧❞ B✳ ❆s s❤♦✇♥
❤❡r❡✱ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ❧❛②❡r δ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤
✭❞✉❜❜❡❞ ❤❡r❡ ❛s ae✱ ✇❤✐❝❤ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❡❧❡❝tr♦♥ s❦✐♥ ❞❡♣t❤ de✮✱ ❜✉t ✐s st✐❧❧ s♠❛❧❧❡r t❤❛♥
t❤❡ r❡s✐st✐✈❡ ❧❛②❡r✬s ✇✐❞t❤ aRes ✇❤✐❝❤ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♠❡❛♥ ❢r❡❡ ♣❛t❤ ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❡①♣❡❝t t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♦♥ t❤✐s ❝✉rr❡♥t ❧❛②❡r t♦ ❜❡ ❞✉❡ t♦ ♥♦♥✲❝♦❧❧✐s✐♦♥❛❧ ❡✛❡❝ts
✭s✉❝❤ ❛s ❡❧❡❝tr♦♥ ✐♥❡rt✐❛✮✳ ❚❤❡ X− ❛♥❞ O− ♣♦✐♥ts ❛r❡ ❛❧s♦ s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡✳

❬✻✻❪✱ ❉r❛❦❡ ❡t ❛❧✳ ✭✶✾✼✼✮ ❬✻✼❪✱ ❛♥❞ ❉❛✉❣❤t♦♥ ✭✶✾✾✾✮❬✻✽❪ ✮✳
■t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ ♠❡♥t✐♦♥ t❤❛t ✐♥ t❤❡ s✐①t✐❡s ♦❢ t❤❡ ❧❛st ❝❡♥t✉r②✱ P❡ts❝❤❡❦ ❬✻✾❪ ♣r♦♣♦s❡❞

❛♥♦t❤❡r st❡❛❞② ♠♦❞❡❧ ❢♦r ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ r❛t❡s ❛r❡ ❧❛r❣❡r t❤❛♥
t❤♦s❡ ❡st✐♠❛t❡❞ ✉s✐♥❣ t❤❡ ❙✇❡❡t✲P❛r❦❡r ♠♦❞❡❧✳ ❍❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ✐❞❡❛ ♦❢ s❧♦✇ s❤♦❝❦s ❡♠❡r❣✐♥❣
♥❡❛r t❤❡ ❳✲♣♦✐♥t✱ ✇❤✐❝❤ ❧❡❛❞ t♦ ♠✉❝❤ ❢❛st❡r r❡❝♦♥♥❡❝t✐♦♥ r❛t❡s t❤❛t ❝❛♥ ❜❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡
♦❜s❡r✈❛t✐♦♥s✳ ◆✉♠❡r✐❝❛❧ st✉❞✐❡s ❤❛✈❡ t❤❡♥ ❜❡❡♥ ♣❡r❢♦r♠❡❞ t♦ ✐♥✈❡st✐❣❛t❡ t❤✐s ♠♦❞❡❧✳ ❙♦♠❡ ♦❢
t❤❡♠✱ ❧✐❦❡ t❤♦s❡ ♣❡r❢♦r♠❡❞ ❜② ❯❣❛✐ ❡t ❛❧✳ ✭✶✾✼✼✮ ❬✼✵✱ ✼✶❪ ❛♥❞ ❙❛t♦ ❡t ❛❧✳ ✭✶✾✼✼✮ ❬✼✷❪✱ ✐♥❝❧✉❞❡❞ ❛
r❡s✐st✐✈✐t② ✇✐t❤ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ str♦♥❣ ❣r❛❞✐❡♥t ♥❡❛r t❤❡ X−♣♦✐♥t✿ t❤✐s ❤❛s ❜❡❡♥ s❤♦✇♥
❬✼✸❪ t♦ ❜❡ ❛ r❡q✉✐r❡❞ ✐♥❣r❡❞✐❡♥t ❢♦r P❡ts❝❤❡❦✬s ♠♦❞❡❧✳ ❇✐s❦❛♠♣ ✭✶✾✽✻✮ ❬✼✹❪ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
✐♥✈❡st✐❣❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ❜♦t❤ P❡ts❝❤❡❝❦ ❛♥❞ ❙✇❡❡t✲P❛r❦❡r ♠♦❞❡❧s ✉s✐♥❣ ❛ ❝♦♥st❛♥t r❡s✐st✐✈✐t②✱
❛♥❞ ♦❜t❛✐♥❡❞ r❡s✉❧ts ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❙✇❡❡t✲P❛r❦❡r r❡❝♦♥♥❡❝t✐♦♥ ♠♦❞❡❧✱ ❛s ❧♦♥❣ ❛s ❛ st❡❛❞②
❝♦♥✜❣✉r❛t✐♦♥ ✇❛s ✐♥✐t✐❛❧❧② ♣r❡♣❛r❡❞ ✇✐t❤ ❛♥ ❛s♣❡❝t r❛t✐♦ ♥♦t t♦♦ ❧❛r❣❡ ✭s❡❡ t❤❡ r❡✈✐❡✇s ❜② P♦♥t✐♥
❬✼✺❪✱ ❛♥❞ ❩✇❡✐❜❡❧ ❛♥❞ ❨❛♠❛❞❛ ❬✸✺❪ ❢♦r ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡ s✉❜❥❡❝t✮✳

❙❛②✐♥❣ t❤❛t t❤❡ st✉❞② ♦❢ ❇✐s❦❛♠♣ ✇❛s ✐♥ t❤❡ ❡✐❣❤t✐❡s ♦❢ t❤❡ ❧❛st ❝❡♥t✉r②✱ ✇❡ ❛❧s♦ ♠❡♥t✐♦♥
t❤❛t ♠❛♥② r❡❞✉❝❡❞ ♠♦❞❡❧s✱ ❛s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ ✐♥ ❞❡t❛✐❧s ✐♥ ❛ ❧❛t❡r ❝❤❛♣t❡r✱ ✇❡r❡ ❢♦r♠✉❧❛t❡❞
t♦ st✉❞② t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ❛s ❛ ✷❉ ♣r♦❜❧❡♠✳ ❚❤❡s❡ r❡❞✉❝❡❞ ♠♦❞❡❧s st❛rt❡❞ ✇✐t❤ t❤❡ s❡♠✐♥❛❧
✇♦r❦s ♦❢ ❙tr❛✉ss ✭✶✾✼✼✮ ❬✼✻✱ ✼✼❪✱ ❘♦s❡♥❜❧✉t❤ ✭✶✾✼✸✮ ❬✼✽❪✱ ❛♥❞ ❑❛❞♦♠ts❡✈ ✭✶✾✼✻✮ ❬✼✾❪✳ ❚❤❡s❡
✇♦r❦s r❡❧✐❡❞ ♦♥ t❤❡ r❡s✐st✐✈✐t② ❛s ❛ ❞✐ss✐♣❛t✐✈❡ ♣❛r❛♠❡t❡r ❛♥❞ ♥❡❣❧❡❝t❡❞ t❤❡ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛ ❛♥❞
❛❧❧ ♦t❤❡r ❡✛❡❝ts✱ s✉❝❤ ❛s t❤♦s❡ r❡s✉❧t✐♥❣ ❢r♦♠ ✐♥❝❧✉❞✐♥❣ ❛ ✜♥✐t❡ ❡❧❡❝tr♦♥ ♦r ✐♦♥ t❡♠♣❡r❛t✉r❡s✳
❚❤❡s❡ ❡✛❡❝ts ✇❡r❡ ❧❛t❡r ✐♥❝❧✉❞❡❞ ✐♥ ♠❛♥② ❡①t❡♥❞❡❞ ♠♦❞❡❧s✱ s✉❝❤ ❛s t❤♦s❡ ❞❡r✐✈❡❞ ❜② P❡❣♦r❛r♦
❛♥❞ ❙❝❤❡♣ ❬✽✵✱ ✽✶✱ ✽✷✱ ✽✸❪✱ ❍❛③❡❧t✐♥❡ ❬✽✹❪ ❛♥❞ P♦r❝❡❧❧✐ ❬✽✺❪ ✭s❡❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❝❤❛♣t❡r ✺ ❢♦r
❛ ❜r✐❡❢ r❡✈✐❡✇ ♦❢ r❡❞✉❝❡❞ ♠♦❞❡❧s✮✳

■♥ t❤❡ ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞ ♠♦❞❡❧s✱ ❡①❝❡♣t ✇❤❡♥ ✇❡ ♠❡♥t✐♦♥❡❞ t❤❡ ❢✉❧❧ ❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥✱
t❤❡ ♣❧❛s♠❛ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ✢✉✐❞✱ ❝❛rr✐❡❞ ♠❛✐♥❧② ❜② t❤❡ ✐♦♥s ✭♦♥❡✲✢✉✐❞ ♠♦❞❡❧ ✲s❡❡ ❝❤❛♣t❡r ✷ ❢♦r
❞❡t❛✐❧❡❞ r❡✈✐❡✇✮✳ ❙♦♠❡ ♦❢ t❤❡s❡ ♠♦❞❡❧s ✐♥✈♦❧✈❡ ❡✛❡❝ts r❡s✉❧t✐♥❣ ❢r♦♠ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❞②♥❛♠✐❝s
♦❢ t❤❡ t✇♦ s♣❡❝✐❡s✿ ❡❧❡❝tr♦♥s ❛♥❞ ✐♦♥s✱ ❛s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ ✐♥ ❞❡t❛✐❧s ✐♥ ❝❤❛♣t❡r ✺✳ ❇✉t t❤❡s❡
♠♦❞❡❧s ❛r❡ ♠❛✐♥❧② ✷❉✳ ◆❡✈❡rt❤❡❧❡ss✱ ✸❉ ❡✛❡❝ts ❝❛♥ ❛❧s♦ ❛♣♣❡❛r ❛♥❞ ❜❡ ✈❡r② ✐♠♣♦rt❛♥t✳

❲❤❡♥ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ♠❡❛♥ ❢r❡❡ ♣❛t❤s ♦❢ ❜♦t❤ ❡❧❡❝tr♦♥s
❛♥❞ ✐♦♥s✱ ✐t ✇✐❧❧ ❜❡ r❡❛s♦♥❛❜❧❡ t♦ ❛ss✉♠❡ t❤❛t t❤✐s ✇✐❞t❤ ❝♦✉❧❞ ❜❡ ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ✐♦♥ s❦✐♥

✷✻



❞❡♣t❤ ✈❛❧✉❡✳ ■❢ t❤❡ ✐♦♥ ▲❛r♠♦r r❛❞✐✉s ✽ ✐s ❧❛r❣❡r t❤❛♥ ✐ts s❦✐♥ ❞❡♣t❤✱ ✐♦♥s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞
✉♥♠❛❣♥❡t✐③❡❞ ❛t s♣❛t✐❛❧ s❝❛❧❡s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡✐r s❦✐♥ ❞❡♣t❤✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ❛ r❡❝♦♥♥❡❝t✐♥❣
r❡❣✐♦♥ ✇✐t❤ ❛ ✇✐❞t❤ ♦❢ t❤❛t ♦r❞❡r✱ ♦r s♠❛❧❧❡r✱ ✐♦♥s ❢♦❧❧♦✇ t❤❡✐r ✐♥❡rt✐❛✳

❚❤✐s✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ♠❡❛♥s t❤❛t t❤❡ ✐♦♥s✬ ❞②♥❛♠✐❝ ❞❡❝♦✉♣❧❡s ❢r♦♠ t❤❛t ♦❢ ❡❧❡❝tr♦♥s✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡❧❡❝tr♦♥s r❡♠❛✐♥ ✐♥ ❛ ❝♦✲♠♦t✐♦♥ ✇✐t❤ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✉♥t✐❧ t❤❡②
r❡❛❝❤ t❤❡ ❳✲♣♦✐♥t ✭✇❡ ♣r♦✈❡ t❤✐s ✐♥ s❡❝t✐♦♥ ✷✳✹✳✹✮✳ ❙♦♥♥❡r✉♣ ✭✶✾✼✾✮ ❬✽✻❪ ✇❛s ♣r♦❜❛❜❧② t❤❡ ✜rst
✇❤♦ r❡❝♦❣♥✐③❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤✐s ♠♦t✐♦♥ ❞❡❝♦✉♣❧✐♥❣✳ ❆s t❤❡ ❡❧❡❝tr♦♥ ❝♦♥t✐♥✉❡ t❤❡✐r ✢♦✇
t♦✇❛r❞ t❤❡ ❳✲♣♦✐♥t✱ ❛♥ ♦♣♣♦s✐t❡ ❝✉rr❡♥t ❞❡♥s✐t② ❛♣♣❡❛rs ❛♥❞✱ ❤❡♥❝❡✱ ❣❡♥❡r❛t❡s ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞
♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♣❧❛♥❡✱ ✇❤✐❝❤ ✐♥tr♦❞✉❝❡s ✸❉ ❡✛❡❝ts ❛♥❞ ♠✐❣❤t ❝♦♥s✐❞❡r❛❜❧②
❝❤❛♥❣❡ t❤❡ ❞②♥❛♠✐❝ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♣r♦❝❡ss ✭s❡❡ s❡❝t✐♦♥ ✺✳✺ ❢♦r ❞❡t❛✐❧s✮✳

❆♥♦t❤❡r r❡❣✐♠❡ ♦❢ r❡❧❡✈❛♥t ✐♠♣♦rt❛♥❝❡ t♦ t❤❡ t✉r❜✉❧❡♥❝❡ ❛♥❞ ♣❧❛s♠❛✲❧❛s❡r ♣❤②s✐❝s ✇❤❡r❡ t❤❡
❢❛st ❝♦❧❧✐s✐♦♥❧❡ss r❡❝♦♥♥❡❝t✐♦♥ ✐s ❡①♣❡❝t❡❞ t♦ ♦❝❝✉r ✐s t❤❡ s♦✲❝❛❧❧❡❞ ❡❧❡❝tr♦♥ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝
✭❊▼❍❉✮ ❬✽✼❪✳ ❚❤✐s ♠♦❞❡❧ ✐s ❛❞❡q✉❛t❡ t♦ st✉❞② ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❡✈❡♥ts ✐♥ ❤✐❣❤✲❢r❡q✉❡♥❝②
r❡❣✐♠❡s ✇❤❡r❡ t❤❡ ✉s✉❛❧ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝ ✐s ♥♦ ❧♦♥❣❡r ✈❛❧✐❞ ❬✽✽✱ ✽✾✱ ✾✵❪✳ ❊❧❡❝tr♦♥ ♠❛❣✲
♥❡t♦❤②❞r♦❞②♥❛♠✐❝ ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ t♦ ✐♥✈❡st✐❣❛t❡ ♣❤❡♥♦♠❡♥❛ ♦❝❝✉rr✐♥❣ ♦♥ ❛ ❢❛st❡r t✐♠❡✱ ❛♥❞
s❤♦rt❡r ❧❡♥❣t❤ s❝❛❧❡s ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ♦❢ ✐♦♥s✳ ❆t t❤❡s❡ s❝❛❧❡s✱ t❤❡ ✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♠♠♦❜✐❧❡
❛♥❞ ❢♦r♠ ❛ ♥❡✉tr❛❧✐③✐♥❣ ❜❛❝❦❣r♦✉♥❞✳ ❑✐♥❣s❡♣ ❡t ❛❧✳ ❬✾✶❪ ✜rst ♣r♦♣♦s❡❞ t❤✐s ♠♦❞❡❧ ❛♥❞ s❤♦✇❡❞
t❤❛t ✐t ❛r✐s❡s ✇❤❡♥ t❤❡ ❍❛❧❧ t❡r♠ ❜❡❝♦♠❡s ❧❛r❣❡r t❤❛♥ t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ✐♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞
❖❤♠ ❧❛✇ ✭s❡❡ ❝❤❛♣t❡r ✻✮✳ ▲❛t❡r✱ ❇✉❧❛♥♦✈ ❡t ❛❧✳ ❬✽✾❪✱ ❊❜r❛ ❛♥❞ P❡❣♦r❛r♦ ❬✾✷❪✱ ❆tt✐❝♦✱ P❡❣♦r❛r♦
❛♥❞ ❈❛❧✐❢❛♥♦ ❬✾✸❪ ❡♠♣❧♦②❡❞ t❤✐s ♠♦❞❡❧ t♦ ♦❜t❛✐♥ t❤❡ ❧✐♥❡❛r ❣r♦✇t❤ r❛t❡s ♦❢ t❡❛r✐♥❣✲t②♣❡ ♠♦❞❡s✱
❜♦t❤ ❢♦r r❡s✐st✐✈❡ ❛♥❞ ❝♦❧❧✐s✐♦♥❧❡ss ✭✐✳❡✳✱ ✐♥❡rt✐❛✲❞r✐✈❡♥✮ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✳ ❊▼❍❉ r❡❝♦♥♥❡❝t✐♦♥
❝❧❡❛r❧② ♦❝❝✉rs ✇✐t❤ ♠✉❝❤ ❧❛r❣❡r ❣r♦✇t❤ r❛t❡s t❤❛♥ ❆❧❢✈é♥✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❛t t❤❡ ▼❍❉ s❝❛❧❡✱ s✐♥❝❡
✇❤✐st❧❡r ✇❛✈❡s ♣r♦♣❛❣❛t❡ t❤❡ ❡♥❡r❣② ✐♥ ❊▼❍❉✳

■t ♠✉st ❜❡ ♥♦t❡❞ t❤❛t ❛ tr❛♥s✐t✐♦♥ ♦❢ r❡❝♦♥♥❡❝t✐♦♥ ❢r♦♠ ❛ r❡❣✐♠❡ ❞♦♠✐♥❛t❡❞ ❜② ❆❧❢✈é♥ ✇❛✈❡s
t♦ ❛ r❡❣✐♠❡ ❞♦♠✐♥❛t❡❞ ❜② ❍❛❧❧✲t❡r♠ ❝❛♥ ❛❧s♦ s♣♦♥t❛♥❡♦✉s❧② ♦❝❝✉r✿ ✐t ✐s t❤❡ s♦✲❝❛❧❧❡❞ ✧✇❤✐st❧❡r
♠❡❞✐❛t❡❞ r❡❝♦♥♥❡❝t✐♦♥✧ ❬✾✹❪✳ ❲❤✐❧❡ t❤✐s r❡❣✐♠❡ ❤❛s ❜❡❡♥ ♥✉♠❡r✐❝❛❧❧② ❝♦♥✜r♠❡❞ ❜② s❡✈❡r❛❧ st✉❞✐❡s
✭s❡❡ ❇✐s❦❛♠♣ ❬✾✺❪ ❢♦r ❛ r❡✈✐❡✇ ♦♥ t❤❡ s✉❜❥❡❝t✮ ❛♥❞ ❤❛s ❜❡❝♦♠❡ ♦♥❡ ♦❢ t❤❡ ♠♦st ❛❝❝r❡❞✐t❡❞
❝❛♥❞✐❞❛t❡ ❢♦r t❤❡ ✧❢❛st r❡❝♦♥♥❡❝t✐♦♥✧ ✐♥ s♣❛❝❡ ♣❧❛s♠❛s ✭❝❢✳ t❤❡ ✧●❊▼ ❝❤❛❧❧❡♥❣❡✧ ❬✾✻❪✮✱ ✐t s❤♦✉❧❞
❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❛♥❛❧②t✐❝❛❧ ❡st✐♠❛t❡s ✐t r❡❧✐❡s ✉♣♦♥ ❛r❡ ❡ss❡♥t✐❛❧❧② ❜❛s❡❞ ♦♥ ❤❡✉r✐st✐❝ ❡st✐♠❛t❡s✱
❞✐✛❡r❡♥t❧② ❢r♦♠ t❤♦s❡ ♦❢ t❡❛r✐♥❣ ♠♦❞❡s ✐♥ r❡❞✉❝❡❞ ▼❍❉ ♦r ❊▼❍❉✳

▼❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❛❧s♦ ♣❧❛②s ❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ ✐♥ ♣❧❛s♠❛ t✉r❜✉❧❡♥❝❡✱ ✇❤❡r❡ ✐t ✐s t❤♦✉❣❤t
t♦ ♣r♦✈✐❞❡ ♦♥❡ ♦❢ t❤❡ ❝❤✐❡❢ ♠❡❝❤❛♥✐s♠s ❢♦r t❤❡ ✧❤❡❛t✐♥❣✧ ♦❢ ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛s✳ ❖♥ t❤❡ ♦♥❡
❤❛♥❞✱ r❡❝♦♥♥❡❝t✐♦♥ ❝❛♥ ❜❡ ✐♥✐t✐❛t❡❞ ❜② t❤❡ t✉r❜✉❧❡♥t ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣❧❛s♠❛✱ ✇❤✐❝❤ ♠✐❣❤t ❧❡❛❞
t♦ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❝✉rr❡♥t s❤❡❡ts t❤❛t ❝♦✉❧❞ ❜❡ ✉♥st❛❜❧❡ t♦ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s ❬✾✼✱ ✾✽✱ ✾✾❪✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ r❡❝♦♥♥❡❝t✐♦♥ ✐ts❡❧❢ ✇✐❧❧ ❤❛✈❡ ❡✛❡❝ts ♦♥ t❤❡ ❞②♥❛♠✐❝ ♦❢ t✉r❜✉❧❡♥❝❡ ❬✶✵✵✱ ✶✵✶❪
✇❤❡r❡ ✐t ❤❛s ❜❡❡♥ s✉❣❣❡st❡❞ t❤❛t t❤❡ ❞✐ss✐♣❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ ❡♥❡r❣② t❤r♦✉❣❤ t❤❡ r❡❝♦♥♥❡❝t✐♦♥
♣r♦❝❡ss ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ ❤❡❛t✐♥❣ ❛♥❞ ❛❝❝❡❧❡r❛t✐♥❣ t❤❡ ♣❛rt✐❝❧❡s✱ ❛♥❞ t❤❡r❡❢♦r❡ ❢❡❡❞✐♥❣ t❤❡
❞②♥❛♠✐❝s ♦♥ ❦✐♥❡t✐❝ s❝❛❧❡s ✭s❡❡ t❤❡ r❡✈✐❡✇ ❜② ▼❛tt❤❛❡✉s ❛♥❞ ❱❡❧❧✐ ❬✶✵✷❪✱ ❛♥❞ ❙❝❤❡❦♦❝❤✐❤✐♥ ❬✶✵✸❪✮✳

❆❢t❡r t❤✐s ❜r✐❡❢ s✉r✈❡②✱ ✐t ✐s ♥♦t s✉r♣r✐s✐♥❣ t♦ ♥♦t❡ t❤❛t ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐s ♥♦✇❛❞❛②s
❛❝t✐✈❡❧② st✉❞✐❡❞ ✐♥ ❞❡❞✐❝❛t❡❞ ❧❛❜♦r❛t♦r② ❡①♣❡r✐♠❡♥ts ✭s❡❡ t❤❡ r❡✈✐❡✇ ❜② ❨❛♠❛❞❛ ❡t ❛❧✳ ❬✸✻❪✮
❛♥❞ ❤❛s ❜❡❡♥ t❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ s♣❛❝❡❝r❛❢t ♠✐ss✐♦♥s s✉❝❤ ❛s ▼▼❙ ✭▼❛❣♥❡t♦s♣❤❡r✐❝ ▼✉❧t✐s❝❛❧❡
✾✮ ❧❛✉♥❝❤❡❞ ♦♥ ✶✸ ▼❛r❝❤ ✷✵✶✺✱ ✇✐t❤ t❤❡ ♣r✐♠❛r② ❛✐♠ t♦ st✉❞② t❤❡ ♠✐❝r♦♣❤②s✐❝s ♦❢ ♠❛❣♥❡t✐❝
r❡❝♦♥♥❡❝t✐♦♥✱ ❡♥❡r❣❡t✐❝ ♣❛rt✐❝❧❡ ❛❝❝❡❧❡r❛t✐♦♥✱ ❛♥❞ t✉r❜✉❧❡♥❝❡✳ ❆❧s♦✱ P❛r❦❡r ❙♦❧❛r Pr♦❜❡✱ ✇❤✐❝❤ ✐s

✽▲❛r♠♦r r❛❞✐✉s ♦r ❣②r♦r❛❞✐✉s ✐s t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❝✐r❝✉❧❛r ♠♦t✐♦♥ ♦❢ t❤❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛
♠❛❣♥❡t✐❝ ✜❧❡❞ B0✳ ■t ✐s ❣✐✈❡♥ ❜② ρs =

msv
qsB0

✱ ✇❤❡r❡ ms ❛♥❞ qs ❛r❡ t❤❡ ♠❛ss ❛♥❞ t❤❡ ❝❤❛r❣❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡✱ ✇❤✐❧❡
v ✐s ✐ts ✈❡❧♦❝✐t②✳

✾❨♦✉ ❝❛♥ ✜♥❞ ❛♥ ♦✈❡r✈✐❡✇ ❛❜♦✉t t❤❡ ♠✐ss✐♦♥ ♦♥ ✐ts ♦✣❝✐❛❧ ✇❡❜s✐t❡✿ https :
//www.nasa.gov/mission❴pages/mms/overview/index.html

✷✼



▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

❛♥♦t❤❡r ◆❆❙❆ ♠✐ss✐♦♥✱ ✇❛s ❧❛✉♥❝❤❡❞ ♦♥ ✶✷ ❆✉❣✉st ✷✵✶✽✱ ❛✐♠✐♥❣ t♦ ✜♥❞ ❛♥s✇❡rs t♦ t❤❡ q✉❡st✐♦♥
♦❢ ❤♦✇ ❡♥❡r❣② ❛♥❞ ❤❡❛t ♠♦✈❡ t❤r♦✉❣❤ t❤❡ s♦❧❛r ❝♦r♦♥❛ ❛♥❞ t♦ ❡①♣❧♦r❡ t❤❡ ♠❡❝❤❛♥✐s♠s ❜❡❤✐♥❞
t❤❡ ❡①tr❡♠❡❧② ❡✛❡❝t✐✈❡ ❤❡❛t✐♥❣ ♦❢ t❤❡ s♦❧❛r ✇✐♥❞✱ ✇❤♦s❡ r❛✐s❡ ✐♥ t❡♠♣❡r❛t✉r❡ ❢r♦♠ ❛❜♦✉t 6000K
♦♥ t❤❡ ❝❤r♦♠♦s♣❤❡r❡ t♦ ❛❜♦✉t 106K ❥✉st ❛t ♦♥❡ s♦❧❛r r❛❞✐✉s ❛❜♦✈❡ ✐t✱ ✐s ❜❡❧✐❡✈❡❞ t♦ ❜❡ ♠♦st❧②
❞✉❡ t♦ t✉r❜✉❧❡♥t r❡❝♦♥♥❡❝t✐♦♥ ♣r♦❝❡ss❡s✳

❋✐♥❛❧❧②✱ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐s t❤♦✉❣❤t t♦ ❜❡ t❤❡ ♠❛✐♥ ♠❡❝❤❛♥✐s♠ ❜❡❤✐♥❞ ❡①tr❡♠❡ ❡❧❡❝✲
tr♦♠❛❣♥❡t✐❝ ❡♠✐ss✐♦♥s ✐♥ ❛str♦♣❤②s✐❝❛❧ ♦❜❥❡❝ts ✭s✉❝❤ ❛s ♥❡✉tr♦♥ st❛rs✮✱ t❤❛♥❦s t♦ t❤❡ ❛❝❝❡❧❡r✲
❛t✐♦♥ ✐t ❝❛♥ ♣r♦✈✐❞❡ t♦ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s✳ ■♥ t❤❡s❡ ❡♥✈✐r♦♥♠❡♥ts✱ ✐t ❝❛♥ ♦❝❝✉r ❛t ✧❡①tr❡♠❡✧
r❡❣✐♠❡s✱ ✐♥ ✇❤✐❝❤ ❛❧s♦ r❡❧❛t✐✈✐st✐❝ ❡✛❡❝ts ❛r❡ ✐♠♣♦rt❛♥t✳ ❙✐♠✐❧❛r ♣r♦❝❡ss❡s ❛r❡ ♥♦✇❛❞❛②s ✐♥✈❡s✲
t✐❣❛t❡❞✱ ❛❧t❤♦✉❣❤✱ ♦❢ ❝♦✉rs❡✱ ✐♥ ❛ r❡✲s❝❛❧❡❞ s❡t✉♣✱ ✐♥ t❤❡ s♦✲❝❛❧❧❡❞ ✧❧❛❜♦r❛t♦r② ❛str♦♣❤②s✐❝s✧
❡①♣❡r✐♠❡♥ts✿ s❡✈❡r❛❧ ❧❛s❡r ❢❛❝✐❧✐t✐❡s s✉❝❤ ❛s t❤❡ ❊①tr❡♠❡ ▲✐❣❤t ■♥❢r❛str✉❝t✉r❡ ✭❊▲■✱ https :
//www.eli− beams.eu✮ ♦r t❤❡ ❧❛s❡r ❢❛❝✐❧✐t② ❆P❖▲▲❖◆ ✭https : //apollonlaserfacility.cnrs.fr✮
❤❛✈❡ t❤❡s❡ ❦✐♥❞s ♦❢ st✉❞✐❡s ❛♠♦♥❣ t❤❡✐r ❣♦❛❧s✳ ■♥ ❧❛s❡r✲♣❧❛s♠❛ ✐♥t❡r❛❝t✐♦♥s✱ ♠❛❣♥❡t✐❝ r❡❝♦♥✲
♥❡❝t✐♦♥ ♦❢t❡♥ ♦❝❝✉rs s❡❝♦♥❞❛r② t♦ ❲❡✐❜❡❧✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s ♦r ♦t❤❡r ❞②♥❛♠✐❝ ❡✛❡❝ts t❤❛t ✜rst
❣❡♥❡r❛t❡ ❛♥❞✲♦r ❛♠♣❧✐❢② ♠❛❣♥❡t✐❝ ♣❡rt✉r❜❛t✐♦♥s✳

■♥✈❡st✐❣❛t✐♥❣ t❤❡ ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥ ❝❡rt❛✐♥ ❜❡❛♠✲♣❧❛s♠❛ ✐♥st❛❜✐❧✐t✐❡s ❛♥❞ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝✲
t✐♦♥✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❛♥❞ s♣♦♥t❛♥❡♦✉s r❡❝♦♥♥❡❝t✐♥❣ ✐♥st❛❜✐❧✐t✐❡s ✐♥ ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛s✱ ✇✐t❤ ❛
s♣❡❝✐❛❧ ❢♦❝✉s ♦♥ t❡❛r✐♥❣✲t②♣❡ ♠♦❞❡s ♦❝❝✉rr✐♥❣ ✐♥ t♦❦❛♠❛❦s ❛♥❞ ♣♦ss✐❜❧② ✐♥ t✉r❜✉❧❡♥t✱ ♠❛❣♥❡t✐③❡❞
♣❧❛s♠❛s s✉❝❤ ❛s t❤❡ s♦❧❛r ✇✐♥❞✱ ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ s✉❜❥❡❝ts ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥✳
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✶✳✷ ❈♦♥s❡q✉❡♥❝❡s ♦❢ ■❞❡❛❧ ❖❤♠ ▲❛✇ ♦♥ t❤❡ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ ❚♦♣♦❧♦❣② ✳ ✸✵

✶✳✷✳✶ ❋r♦③❡♥ ❋❧✉① ❚❤❡♦r❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✶✳✷✳✷ ▼❛❣♥❡t✐❝ ❍❡❧✐❝✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✶✳✸ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥✿ ❆ ❙✐♠♣❧❡ ❉❡s❝r✐♣t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✶✳✸✳✶ ■♥st❛❜✐❧✐t② P❛r❛♠❡t❡r ∆′ ❛♥❞ t❤❡ ❖✉t❡r ❘❡❣✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✶✳✸✳✷ ❙❝❛❧✐♥❣ ▲❛✇s ❛♥❞ t❤❡ ■♥♥❡r ❘❡❣✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✶✳✹ ❋❛st❡st ●r♦✇✐♥❣ ▼♦❞❡ ❛♥❞ t❤❡ ✧■❞❡❛❧✧ ▲✐♠✐t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✶✳✺ ❈♦♥❝❧✉s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❜❛s✐❝ ♠❡❝❤❛♥✐s♠s ❜❡❤✐♥❞ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥
♣❤❡♥♦♠❡♥♦♥ ✉s✐♥❣ ❛ s✐♠♣❧✐✜❡❞ ♣✐❝t✉r❡✳ ❚♦ ❞♦ s♦✱ ✇❡ ✇✐❧❧ ❧♦♦❦ ❛t t❤❡ ♣r♦❜❧❡♠ ✐♥ t❤❡ ♦♥❡ ✢✉✐❞
❞❡s❝r✐♣t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❤❡ ♣❧❛s♠❛ ❞②♥❛♠✐❝s ❝♦✐♥❝✐❞❡✱ ❛t t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ✐♥ t❤❡ ❡❧❡❝tr♦♥✲t♦✲✐♦♥
♠❛ss r❛t✐♦✱ ✇✐t❤ t❤❛t ♦❢ ✐♦♥s✳ ❚❤✐s ♠♦❞❡❧ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❞②♥❛♠✐❝s ♦❢ ❡❧❡❝tr♦♥s t❤r♦✉❣❤ ❖❤♠
❧❛✇ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛ ♣❡r❢❡❝t❧② ❝♦♥❞✉❝t✐♥❣
♣❧❛s♠❛ ✭❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ✐❞❡❛❧ ❖❤♠ ❧❛✇✮✱ t❤❡ t♦♣♦❧♦❣② ♦❢ ✜❡❧❞ ❧✐♥❡s r❡♠❛✐♥s ❝♦♥s❡r✈❡❞
✇✐t❤ t✐♠❡✳ ❚❤❡r❡❢♦r❡ ♣❤❡♥♦♠❡♥❛✱ t❤❛t ✈✐♦❧❛t❡ t❤✐s ❝♦♥s❡r✈❛t✐♦♥✱ s✉❝❤ ❛s r❡❝♦♥♥❡❝t✐♦♥✱ ❛r❡ ♥♦t
❛❧❧♦✇❡❞✳ ❲❡ ❝❛❧❧ t❤✐s ♠♦❞❡❧ ✐❞❡❛❧ ▼❍❉✳ ❍❡♥❝❡✱ t♦ ❡①♣❧❛✐♥ s✉❝❤ ♣❤❡♥♦♠❡♥❛✱ ♥❡✇ ❡✛❡❝ts✱ t❤❛t
❛❧❧♦✇ ❢♦r t❤❡ ❜r❡❛❦✐♥❣ ♦❢ t❤❡ ✜❡❧❞ t♦♣♦❧♦❣②✱ ❛r❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ t❤❡ ✧✐❞❡❛❧✧ ❖❤♠ ❧❛✇✱ ✇❤✐❝❤
✐s t❤❡r❡❢♦r❡ ❞✉❜❜❡❞ ✧❣❡♥❡r❛❧✐③❡❞ ❖❤♠✬s ❧❛✇✧✳ ❲❡ st❛rt t❤✐s ❝❤❛♣t❡r ❜② ✐♥tr♦❞✉❝✐♥❣✱ ✇✐t❤♦✉t
❞❡r✐✈❛t✐♦♥ ✭✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡t❛✐❧❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✹✳✸✮✱ ❖❤♠ ❧❛✇ ❛♥❞ ✐ts ✐❞❡❛❧ ✈❡rs✐♦♥✳ ❚❤❡♥✱ ✇❡
✐❧❧✉str❛t❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❧❛tt❡r ❢♦r t❤❡ ✜❡❧❞ t♦♣♦❧♦❣②✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t ❛ s✐♠♣❧❡ ♠♦❞❡❧
♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✱ ❜❛s❡❞ ♦♥ t❤❡ ♦♥❡✲✢✉✐❞ ❞❡s❝r✐♣t✐♦♥✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐s ❛ ♣❤❡♥♦♠❡♥♦♥ ✐♥ ✇❤✐❝❤ t❤❡
t♦♣♦❧♦❣② ♦❢ ✜❡❧❞ ❧✐♥❡s ❝❤❛♥❣❡s ❛♥❞ t❤❡ ❡♥❡r❣② st♦r❡❞ ✐♥ ✐t ❝♦♥✈❡rts ✐♥t♦ t❤❡r♠❛❧ ❛♥❞ ❦✐♥❡t✐❝
❡♥❡r❣②✳ ❚❤❡r❡❢♦r❡✱ t♦ ❞❡s❝r✐❜❡ r❡❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❛ s✐♠♣❧✐✜❡❞ ♣✐❝t✉r❡✱ ✇❡ ♥❡❡❞ ❛♥ ❡q✉❛t✐♦♥ t❤❛t
❞❡s❝r✐❜❡s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✿ t♦ t❤✐s ♣✉r♣♦s❡✱ ❋❛r❛❞❛② ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞
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❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

✇✐t❤ ✭t❤❡ ❝✉r❧ ♦❢✮ ❖❤♠✬s ❧❛✇✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s r❡❛❞✱

mn
∂u

∂t
+mnu · ∇u = −∇p+ J×B, ✭✶✳✶✮

∂B

∂t
= −∇×E, J =

1

µ0
∇×B, ✭✶✳✷✮

E+ u×B = ηJ, ✭✶✳✸✮

✇❤❡r❡ η ✐s t❤❡ r❡s✐st✐✈✐t② ♦❢ t❤❡ ♣❧❛s♠❛✱ u ✐ts ✈❡❧♦❝✐t②✱ J ✐s t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✱ n ✐s t❤❡ ♣❧❛s♠❛
❞❡♥s✐t②✱ p ✐s t❤❡ s❝❛❧❛r ♣r❡ss✉r❡✱ E ❛♥❞ B ❛r❡ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s ✐s✱ ♦❢ ❝♦✉rs❡✱ ❧✐♠✐t❡❞ t♦ ❛ ♣❧❛s♠❛ ✐♥ ✇❤✐❝❤ r❡s✐st✐✈✐t② ✐s t❤❡
❞♦♠✐♥❛♥t ♥♦♥✲✐❞❡❛❧ ❡✛❡❝t✱ t❤❡ ❝✉rr❡♥t ❞✐s♣❧❛❝❡♠❡♥t ✐♥ ❆♠♣❡r❡✬s ❧❛✇ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ✭r❡str✐❝t✐♦♥
t♦ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ r❡❣✐♠❡s✮✱ ❛♥❞ t❤❡ ✢♦✇ ✐s ❡ss❡♥t✐❛❧❧② ✐♥❝♦♠♣r❡ss✐❜❧❡ ✭✇❡ ❤❛✈❡ ♥❡❣❧❡❝t❡❞ t❤❡
❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❞❡♥s✐t② ❡✈♦❧✉t✐♦♥✮✳

✶✳✷ ❈♦♥s❡q✉❡♥❝❡s ♦❢ ■❞❡❛❧ ❖❤♠ ▲❛✇ ♦♥ t❤❡ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ ❚♦♣♦❧✲
♦❣②

❚❤❡ ♠❛✐♥ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐❞❡❛❧ ❖❤♠ ❧❛✇ ✐s t❤❛t t❤❡ ♣❧❛s♠❛ ❛♥❞ t❤❡ ✜❡❧❞ ❧✐♥❡s ❡①✐st ✐♥ ❛♥
♦♥✲❣♦✐♥❣ ❝♦✲♠♦t✐♦♥✱ ❛♥❞ t❤❡r❡❢♦r❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ❝❛♥♥♦t ❥✉♠♣ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♠❛❣♥❡t✐❝
❧✐♥❡s✳ ❚❤✐s ❝♦✲♠♦t✐♦♥✱ ✐♥ t✉r♥✱ ♠❡❛♥s t❤❛t t❤❡ ✜❡❧❞ ❧✐♥❡s✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✐❞❡❛❧ ▼❍❉✱ r❡t❛✐♥
t❤❡✐r ✐❞❡♥t✐t✐❡s ❢♦r ❛❧❧ t✐♠❡s✳ ❇❡❝❛✉s❡ ♦❢ ❡✛❡❝ts s✉❝❤ ❛s t❤♦s❡ r❡s✉❧t✐♥❣ ❢r♦♠ ✐♥❝❧✉❞✐♥❣ t❤❡ ♣❧❛s♠❛
r❡s✐st✐✈✐t②✱ ❜r❡❛❦ t❤✐s ✐❞❡♥t✐t② ♣r❡s❡r✈✐♥❣✱ ❛♥❞ ✐t ✐s ♥♦ ❧♦♥❣❡r ♣♦ss✐❜❧❡ t♦ ❛ss✐❣♥ ❞✐st✐♥❝t ✐❞❡♥t✐t✐❡s
t♦ ❞✐✛❡r❡♥t ❧✐♥❡s✳ ■♥ s✐♠♣❧❡ ✇♦r❞s✱ ♣❛rt✐❝❧❡s ❝❛♥ s❧✐♣ ❛❝r♦ss ❞✐✛❡r❡♥t ❧✐♥❡s✳

✶✳✷✳✶ ❋r♦③❡♥ ❋❧✉① ❚❤❡♦r❡♠

■♥ t❤❡ ✐❞❡❛❧ ▼❍❉ r❡❣✐♠❡✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s ❜❡❤❛✈❡ ❛s ✐❢ t❤❡② ♠♦✈❡ ✇✐t❤ t❤❡ ♣❧❛s♠❛ ✭❆❧❢✈é♥
✢✉① t❤❡♦r❡♠ ❬✶✵✹❪✮✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ t❤❛t ✐♥ t❤✐s s❡❝t✐♦♥✳ ❈♦♥s✐❞❡r ❛ s✉r❢❛❝❡ S ❡♥❝❧♦s❡❞
❜② ❛ ❝✉r✈❡ C✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✶✳✶✱ ✇❤♦s❡ ♣♦✐♥ts ♠♦✈❡ ✇✐t❤ t❤❡ ❧♦❝❛❧ ✢✉✐❞ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♣❧❛s♠❛
✭u✮✳ ❚❤❡♥ t❤❡ ♠❛❣♥❡t✐❝ ✢✉① t❤r♦✉❣❤ S r❡❛❞s

Ψ =

ˆ

S
B · dS, ✭✶✳✹✮

❆s ❝❛♥ ❜❡ s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✳✶✳✶✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ✇✐t❤ t✐♠❡ ✐s ❝♦♠♣♦s❡❞ ♦❢
t✇♦ ♣❛rts✳ ❚❤❡ ✜rst ❝♦♥tr✐❜✉t✐♦♥ ❝♦♠❡s ❢r♦♠ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ✇❤✐❧❡
t❤❡ s❡❝♦♥❞ ✐s ❛ r❡s✉❧t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✢✉① s✇❡♣t ♦✉t ❜② t❤❡ ❝✉r✈❡ C ❞✉❡ t♦ ✐ts ♠♦t✐♦♥ ✇✐t❤ t❤❡
♣❧❛s♠❛✳ ❚❤❡r❡❢♦r❡✱

dΨ

dt
=

ˆ

S

∂B

∂t
· dS +

˛

C
B ·u× dl = −

ˆ

S
∇×E · dS −

˛

C
u×B · dl = −

˛

C
(E+u×B) · dl, ✭✶✳✺✮

■♥ t❤❡ ✐❞❡❛❧ ▼❍❉ ❧✐♠✐t✱

E+ u×B = 0. ✭✶✳✻✮

❊q✳✭✶✳✺✮ ✈❛♥✐s❤❡s✳ ❍❡♥❝❡✱ t❤❡ ❢r♦③❡♥ ✢✉① t❤❡♦r❡♠ ❢♦❧❧♦✇s✱ ✇❤❡♥ ✐♥✜♥✐t❡s✐♠❛❧❧② t❤✐♥ ✢✉① t✉❜❡s
❛r❡ ❝♦♥s✐❞❡r❡❞ ❬✶✵✹✱ ✸✸❪✿

✸✵



✶✳✷✳ ❈♦♥s❡q✉❡♥❝❡s ♦❢ ■❞❡❛❧ ❖❤♠ ▲❛✇ ♦♥ t❤❡ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ ❚♦♣♦❧♦❣②

❋✐❣✉r❡ ✶✳✶✿ ❆ ♠♦✈✐♥❣ s✉r❢❛❝❡ ✭S✮ ✇✐t❤ ♣❧❛s♠❛ ✈❡❧♦❝✐t② u✳ ❚❤❡ ❝✉r✈❡ C ✇❤✐❝❤ ❡♥❝❧♦s❡s S s✇❡❡♣s
♦✉t ❛ ❧❛t❡r❛❧ ❛r❡❛ da = dtu× dl✳ S ❜❡❝♦♠❡s s♠❛❧❧❡r ❛s t❤❡ ✜❡❧❞ ❧✐♥❡s ❝♦♠♣r❡ss❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡
❢r♦③❡♥✲✐♥ ❝♦♥❞✐t✐♦♥ ✭❝♦♥st❛♥t ♠❛❣♥❡t✐❝ ✢✉①✮✳

❋✐❣✉r❡ ✶✳✷✿ ■♥t❡❣r❛t✐♥❣ ❊q✳✭✶✳✼✮ ❛t t✐♠❡ t = 0 st❛rt✐♥❣ ❢r♦♠ r0(t = 0) ❢♦r ❞✐st❛♥❝❡ l ♠❛♣s t❤✐s
♣♦✐♥t t♦ r1(t = 0) ✭✜❡❧❞ ❧✐♥❡ L1 t♦ t❤❡ ❧❡❢t✮✳ ❚❤❡ ♣❧❛s♠❛ ❛❞✈❡❝ts t❤❡s❡ ♣♦✐♥ts✱ ✇✐t❤ ✈❡❧♦❝✐t② u✱
t♦ t❤❡ ♥❡✇ ♣♦s✐t✐♦♥s r0(∆t) ❛♥❞ r1(∆t)✱ r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ ✐❢ ✇❡ ❛❣❛✐♥ ✐♥t❡❣r❛t❡ ❊q✳✭✶✳✼✮
st❛rt✐♥❣ ❢r♦♠ r0(∆t)✱ t❤❡ r❡s✉❧t✐♥❣ ❧✐♥❡ ♠✉st ❛❧s♦ ♣❛ss t❤r♦✉❣❤ r1(∆t)✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t L1

r❡t❛✐♥s ✐ts ✐❞❡♥t✐t②✳

✸✶



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

■♥ ✐❞❡❛❧ ▼❍❉✱ t❤❡ ♠❛❣♥❡t✐❝ ✢✉① t❤r♦✉❣❤ ❛♥② s✉r❢❛❝❡ ❡❧❡♠❡♥t ❞r❛❣❣❡❞ ❜② t❤❡ ✢✉✐❞
r❡♠❛✐♥s ❝♦♥st❛♥t ✐♥ t✐♠❡✳

■t ✐s t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ t❤✐s ♣r✐♥❝✐♣❧❡ ✇❤✐❝❤ ❛❧❧♦✇s t❤❡ ♣❧❛s♠❛ t♦ ✢♦✇ ❛❝r♦ss t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞
❧✐♥❡s ❞✉❡ t♦ ❞✐✛✉s✐✈❡ ❡✛❡❝ts ❡♠❡r❣✐♥❣ ❢r♦♠ s♦♠❡ t❡r♠s ✐♥ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠ ❧❛✇✳ ❚❤✐s ♣r♦❝❡ss
❝❤❛♥❣❡s t❤❡ t♦♣♦❧♦❣② ♦❢ ✜❡❧❞ ❧✐♥❡s ❛♥❞ ♣❡r♠✐ts ❝♦♥✈❡rt✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣② st♦r❡❞ ✐♥ ✜❡❧❞
t♦♣♦❧♦❣② ✐♥t♦ ❦✐♥❡t✐❝ ❛♥❞ t❤❡r♠❛❧ ❡♥❡r❣② ✭♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✮✳

❲❡ s❛✐❞ ❜❡❢♦r❡ t❤❛t ✐♥ ✐❞❡❛❧ ▼❍❉ ✇❡ ❝♦✉❧❞ ❛ss✐❣♥ ❞✐✛❡r❡♥t ❧❛❜❡❧s ✭✐❞❡♥t✐t✐❡s✮ t♦ s❡♣❛r❛t❡ ❧✐♥❡s
♦❢ t❤❡ ✜❡❧❞✱ ❛♥❞ t❤❡s❡ ❞✐st✐♥❝t ❧❛❜❡❧s ✇✐❧❧ ❜❡ ♣r❡s❡r✈❡❞ ❢♦r ❛❧❧ t✐♠❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❜②
❧♦♦❦✐♥❣ ❛t t❤❡ ❡q✉❛t✐♦♥ ♦❢ ✜❡❧❞ ❧✐♥❡s ✇❤✐❝❤ ❛r❡ t❛♥❣❡♥t t♦ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❈♦♥s❡q✉❡♥t❧② ♦♥❡
❤❛s B × dl = 0✱ ✇❤❡r❡ dl ✐s t❤❡ ❡❧❡♠❡♥t ❧❡♥❣t❤✳ ❍❡♥❝❡✱ t❤❡ ♣❛r❛♠❡tr✐③❡❞ ❡q✉❛t✐♦♥s ♦❢ ✜❡❧❞ ❧✐♥❡
❛r❡ ❣✐✈❡♥ ❜②✱

dx

Bx
=
dy

By
=
dz

Bz
, ✭✶✳✼✮

■❢ ✇❡ ✐♥t❡❣r❛t❡✱ st❛rt✐♥❣ ❢r♦♠ ❛ ♣♦✐♥t r0(t = 0)✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❢♦r ❞✐st❛♥❝❡ l✱ ♦♥❡ ❡♥❞s ❛t
t❤❡ ♣♦✐♥t r1(t = 0)✳ ❆❢t❡r t✐♠❡ ∆t ❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ ❢r♦③❡♥ ✢✉① t❤❡♦r❡♠✱ t❤❡s❡ t✇♦ ♣♦✐♥ts ♠♦✈❡
✇✐t❤ ♣❧❛s♠❛ ✈❡❧♦❝✐t② u✱ ❛♥❞ ❡❛❝❤ ♦❢ t❤❡♠ ❡♥❞s ♦♥ t❤❡ ♥❡✇ ♣♦s✐t✐♦♥ r0(∆t)✱ ❛♥❞ r1(∆t)✳ ❚❤❡
✐❞❡♥t✐t② ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s ✐♠♣❧✐❡s t❤❛t ✐❢ ❛❢t❡r ❛ t✐♠❡ ∆t✱ ✇❡ ❛❣❛✐♥ ✐♥t❡❣r❛t❡
❊q✳✭✶✳✼✮✱ st❛rt✐♥❣ ❢r♦♠ r0(∆t)✱ t❤❡ ✜❡❧❞ ❧✐♥❡s ♠✉st ♣❛ss t❤r♦✉❣❤ t❤❡ ✢✉✐❞ ❡❧❡♠❡♥t ❛t r1(∆t)✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ✜❡❧❞ ❧✐♥❡s ♦♥❧② ♠♦✈❡❞ ❛♥❞ s✇✐r❧❡❞ ❛r♦✉♥❞ ❜✉t ❦❡♣t ♦♥ ❜❡✐♥❣ ❞✐st✐♥❝t ♦♥❡
❢r♦♠ ❛♥♦t❤❡r ✭t❤❡② ♠✐❣❤t ❜❡ str❡t❝❤❡❞ ♦r ❝♦♠♣r❡ss❡❞✱ ❜✉t ❛ ❧✐♥❡ ✇✐t❤ ❧❛❜❡❧ L1 r❡♠❛✐♥s ✇✐t❤ t❤❡
s❛♠❡ ❧❛❜❡❧ ❛t ❛♥② t✐♠❡ ✐♥ ✐❞❡❛❧ ▼❍❉ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✶✳✷✮✳

❚❤❡ ❧❛tt❡r st❛t❡♠❡♥t ❝❛♥ ❜❡ ♠❛t❤❡♠❛t✐❝❛❧❧② ❡①♣r❡ss❡❞ ❜② ❛♥♦t❤❡r t♦♣♦❧♦❣✐❝❛❧ t❤❡♦r❡♠✱ ✇❤✐❝❤
✐s s♦♠❡t✐♠❡s r❡❢❡rr❡❞ t♦ ❛s ✧❧✐♥❦✐♥❣ t❤❡♦r❡♠✧✱ ❛♥❞ ✇❤✐❝❤ ✇❡ ❞♦ ♥♦t ❞✐s❝✉ss ❢✉rt❤❡r✱ ❤❡r❡ ✭s❡❡
▲✉♥❞q✉✐st ✭✶✾✺✶✮ ❬✶✵✺❪✱ ◆❡✇❝♦♠❜ ✭✶✾✺✽✮ ❬✶✵✻❪✱ P❡❣♦r❛r♦ ❡t ❛❧✳ ✭✷✵✵✹✮ ❬✶✵✼❪✮✳ ■t ❝❛♥ ❜❡ ❤♦✇❡✈❡r
♥♦t❡❞ t❤❛t✱ ❢r♦♠ ❛ ♠♦r❡ ❢♦r♠❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ r❡✇r✐t✐♥❣ ♦❢ ✐❞❡❛❧ ❖❤♠✬s ❧❛✇ ❝♦♠❜✐♥❡❞ ✇✐t❤
❋❛r❛❞❛②✬s ❡q✉❛t✐♦♥ ❜② ♠❡❛♥s ♦❢ ❛ ✇❡❧❧✲❦♥♦✇♥ ✈❡❝t♦r ✐❞❡♥t✐t②✱

∂

∂t
B + u ·∇B −B ·∇u+B∇ · u = 0, ✭✶✳✽✮

✐s s✉✣❝✐❡♥t ❜② ✐ts❡❧❢ t♦ st❛t❡ t❤❛t ♠❛❣♥❡t✐❝ ❧✐♥❡s ❛r❡ ❞r❛❣❣❡❞ ❜② t❤❡ ✢✉✐❞ ✢♦✇✱ ✇❤❡♥ ✐t ✐s ✐♥❝♦♠✲
♣r❡ss✐❜❧❡ ✭♦r t❤❛t B/n ✐s ❞r❛❣❣❡❞ ❜② t❤❡ ✢✉✐❞ ✢♦✇✱ ✇❤❡♥ ∇ · u 6= 0 ✲ s❡❡ ❉❡❧ ❙❛rt♦ ❡t ❛❧✳✭✷✵✵✻✮
❬✶✵✽❪✮✳ ■♥ t❤❡s❡ ❝❛s❡s ❊q✳✭✶✳✽✮ ❡①♣r❡ss❡s ✐♥❞❡❡❞ t❤❡ ✧▲✐❡✲❞❡r✐✈❛t✐✈❡✶✵✧ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡❝t♦r
✜❡❧❞ B ♦r B/n ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ u✳ ❚❤✐s ✐s t❤❡ s❛♠❡ ♣r♦♣❡rt② ✇❤✐❝❤ ✐s ❜❡❤✐♥❞ t❤❡
❝♦♥s❡r✈❛t✐♦♥ ♦❢ ✈♦rt✐❝✐t② ❧✐♥❡s ✐♥ ❝❧❛ss✐❝❛❧ ❤②❞r♦❞②♥❛♠✐❝s✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ❞✐s❝✉ss❡❞
✐♥ ❘❡❢✳❬✶✵✾❪✳

✶✳✷✳✷ ▼❛❣♥❡t✐❝ ❍❡❧✐❝✐t②

❆ ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛✱ ✇❤❡♥ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦♥❞✉❝t✐♥❣ ✢✉✐❞ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ▼❍❉ ♠♦❞❡❧✱
❡①❤✐❜✐ts ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❝♦♠♣❧✐❝❛t❡❞ ✸❉ str✉❝t✉r❡s ❞❡♣❡♥❞✐♥❣ ♦♥ ✐ts ❝♦♥✜❣✉r❛t✐♦♥✱ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✱ ❛♥❞ ❢♦r❝❡s ❞r✐✈✐♥❣ ✐ts ❞②♥❛♠✐❝s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❣❧♦❜❛❧ q✉❛♥t✐t② ✇❤✐❝❤
✐s ❝♦♥s❡r✈❡❞ ❛t t❤❡ ▼❍❉ s❝❛❧❡s ❛♥❞ t❤❛t ❛❝❝♦✉♥ts ❢♦r t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣❧❛s♠❛ str✉❝t✉r❡ ✐s
✉s❡❢✉❧ t♦ ❜♦t❤ ♠♦❞❡❧ ❛♥❞ ✉♥❞❡rst❛♥❞ s❡✈❡r❛❧ ♥♦♥❧✐♥❡❛r ♣❤❡♥♦♠❡♥❛✿ ✐t ✐s t❤❡ ❝❛s❡ ♦❢ t❤❡ ✧♠❛❣♥❡t✐❝
❤❡❧✐❝✐t②✧✱ ✇❤✐❝❤ ✇❡ ❞✐s❝✉ss ✐♥ t❤✐s s❡❝t✐♦♥✳

✶✵▲✐❡ ❞❡r✐✈❛t✐✈❡ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❝❤❛♥❣❡ ♦❢ ❛ ✜❡❧❞ ✭s❝❛❧❛r ✜❡❧❞✱ ✈❡❝t♦r ✜❡❧❞✱ ♦r ✐♥ ❣❡♥❡r❛❧ ❛ t❡♥s♦r ✜❡❧❞✮
❛❧♦♥❣ t❤❡ ✢♦✇ ❞❡✜♥❡❞ ❜② ❛♥♦t❤❡r ✜❡❧❞✳ ❚❤❡ ▲✐❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ✈❡❝t♦r ✜❡❧❞ B ✇✐t❤ r❡s♣❡❝t t♦ u ✐s LuB = [u,B] =
u · ∇B−B · ∇u✳

✸✷



✶✳✷✳ ❈♦♥s❡q✉❡♥❝❡s ♦❢ ■❞❡❛❧ ❖❤♠ ▲❛✇ ♦♥ t❤❡ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ ❚♦♣♦❧♦❣②

❊❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛r❡ ❡ss❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts t♦ ❜❡ st✉❞✐❡❞ ✐♥ ♣❧❛s♠❛ ♣❤②s✐❝s✳ ❚❤❡
▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❣♦✈❡r♥ t❤❡ ❡✈♦❧✉t✐♦♥ ❛♥❞ ❞②♥❛♠✐❝s ♦❢ t❤❡s❡ q✉❛♥t✐t✐❡s✳ ❆s s❤♦✇♥ ✐♥ t❤❡ ♣r❡✈✐✲
♦✉s s❡❝t✐♦♥✱ t❤❡ ♣❧❛s♠❛ ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s ❛r❡ ❝♦✲♠♦✈✐♥❣ t♦❣❡t❤❡r✱ ❛♥❞ ❤❡♥❝❡ ❛ ❝❤❛r❣❡❞
♣❛rt✐❝❧❡ ❝❛♥♥♦t ❥✉♠♣ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ✜❡❧❞ ❧✐♥❡s ✇❤❡♥ t❤❡ ♣❧❛s♠❛ ✐s ♣❡r❢❡❝t❧② ❝♦♥❞✉❝t✐♥❣✳ ❆❧s♦✱
▼❛①✇❡❧❧✲❚❤♦♠s♦♥ ❡q✉❛t✐♦♥ ✭✐✳❡✳✱ ∇ · B = 0✮✱ ✐♠♣❧②✐♥❣ ❛ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ s❛②s
t❤❛t ♠❛❣♥❡t✐❝ ✐♥❞✉❝t✐♦♥ ❧✐♥❡s ❝❛♥ ❡✐t❤❡r ✜❧❧ t❤❡ s♣❛❝❡ ❡r❣♦❞✐❝❛❧❧②✱ ♦r t❤❡② ❝❛♥ ❝❧♦s❡ ♦♥ t❤❡♠✲
s❡❧✈❡s ❛❢t❡r ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ t✇✐st✐♥❣ ❛♥❞ ❜❡♥❞✐♥❣ ❛♥❞ ✇r❛♣♣✐♥❣ ❛r♦✉♥❞ ♦♥❡ ❛♥♦t❤❡r✱ ✐♥s✐❞❡ ❛
✜♥✐t❡ ✈♦❧✉♠❡ ✭❡✳❣✳✱ t♦❦❛♠❛❦s✱ ♦r st❡❧❧❛r❛t♦rs ✉♥❞❡r ❝♦♥❞✐t✐♦♥s ♦❢ ♠❛❣♥❡t✐❝ st❛❜✐❧✐t②✮✳ ❚❤❡r❡❢♦r❡✱
♦♥❡ ♠❛② s✉❣❣❡st ✉s✐♥❣ q✉❛♥t✐t✐❡s t❤❛t ❛❝❝♦✉♥t ❢♦r t❤❡ t♦♣♦❧♦❣② ♦❢ ✜❡❧❞ ❧✐♥❡s ❛♥❞ ♠❡❛s✉r❡ ✐ts
str✉❝t✉r❛❧ ❝♦♠♣❧❡①✐t②✳ ❍❡r❡ ❝♦♠❡s t❤❡ ✐❞❡❛ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❤❡❧✐❝✐t② ✭❛ s❡❝♦♥❞✲♦r❞❡r t♦♣♦❧♦❣✐✲
❝❛❧ ✐♥✈❛r✐❛♥t ✇❤✐❝❤ ❡♥❝♦♠♣❛ss❡s t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❢❡❛t✉r❡s ♦❢ t❤❡ ✜❡❧❞ ❧✐♥❡s✮ ❛♥❞ ♦❢ ❤✐❣❤❡r✲♦r❞❡r
t♦♣♦❧♦❣✐❝❛❧ ✐♥✈❛r✐❛♥ts✳ ❆s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ ♥❡①t✱ t❤❡ ♠❛❣♥❡t✐❝ ❤❡❧✐❝✐t② ✐s ❝♦♥s❡r✈❡❞ ✐♥ ✐❞❡❛❧
▼❍❉✱ ❛♥❞ t❤✐s ✐s ❛❧♠♦st tr✉❡ ✇❤❡♥ ❧♦❝❛❧✐③❡❞ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ♦❝❝✉rs✳ ❍♦✇❡✈❡r✱ ✇❤✐❧❡ t❤❡
r❡❝♦♥♥❡❝t✐♦♥ ❡✈❡♥t ❞❡str♦②s ❛❧❧ ♦t❤❡r t♦♣♦❧♦❣✐❝❛❧ ✐♥✈❛r✐❛♥ts✱ ♠❛❣♥❡t✐❝ ❤❡❧✐❝✐t② ❝❛♥ s✉r✈✐✈❡ ❛s ❛
s♦rt ♦❢ ✧❛❞✐❛❜❛t✐❝ ✐♥✈❛r✐❛♥t✧✱ ❛s s❤♦✇♥ ❜② ❚❛②❧♦r ✐♥ ❤✐s ♠♦❞❡❧ ♦❢ ✧▼❍❉ r❡❧❛①❛t✐♦♥✧ ✭❬✶✶✵✱ ✶✶✶❪✮✳
❊❧s❛ss❡r ✇❛s t❤❡ ✜rst ✇❤♦ ♦❜s❡r✈❡❞ t❤❛t t❤❡ q✉❛♥t✐t② ✭A ·B✮ ✐s✱ ❧✐❦❡ t❤❡ ✜❡❧❞ ❧✐♥❡s✱ ❢r♦③❡♥ ✐♥t♦
t❤❡ ♣❧❛s♠❛ ✐♥ ✐❞❡❛❧ ▼❍❉ ❬✶✶✷❪✳ ❚❤♦✉❣❤ ✐♥ ✶✾✺✽✱ ❲♦❧t❥❡r ❬✶✶✸❪ ❝♦♥s✐❞❡r❡❞ ❛♥ ✐♥t❡❣r❛❧ q✉❛♥t✐t②
✭❤❡♥❝❡❢♦rt❤ ♥❛♠❡❞ ❲♦❧t❥❡r✬s ✐♥✈❛r✐❛♥t✱ ❛♥❞ t❤❡♥ ♠❛❣♥❡t✐❝ ❤❡❧✐❝✐t② ❬✶✶✹❪✮

Kw =

ˆ

V
A ·BdV, ✭✶✳✾✮

❛♥❞ ❤❡ ♣r♦✈❡❞ t❤❛t✱ ✉♥❞❡r ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❣❛✉❣❡ ♦❢ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ A✱ t❤✐s q✉❛♥t✐t②
✐s ❝♦♥s❡r✈❡❞ ✐♥ ✐❞❡❛❧ ▼❍❉✳ ■ts t♦♣♦❧♦❣✐❝❛❧ ♠❡❛♥✐♥❣✱ ❛s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❧✐♥❦❛❣❡ ❜❡t✇❡❡♥ ✜❡❧❞
❧✐♥❡s t❤❛t ✜❧❧ t❤❡ ✈♦❧✉♠❡ ❱✱ ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ▼♦✛❛tt ✐♥ ✶✾✻✾ ❬✶✶✹✱ ✶✶✺✱ ✶✶✻❪ ✭s❡❡ ❛❧s♦
❬✶✶✼❪✮✳

❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❤❡❧✐❝✐t② ♥❛t✉r❛❧❧② ❧❡❛❞s ✉s t♦ r❡❧❛t❡ t❤✐s ❝♦♥❝❡♣t t♦ t❤❡ ●❛✉ss
❧✐♥❦✐♥❣ ♥✉♠❜❡r ❬✶✶✽❪✱ ✇❤✐❝❤ ✐♥ t✉r♥s ♠❛❦❡s t❤❛t ✐♥t❡r♣r❡t❛t✐♦♥ ❛s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ t♦♣♦❧♦❣✐❝❛❧
❝♦♠♣❧❡①✐t✐❡s ❡✈✐❞❡♥t ❛♥❞ ❡❛s② t♦ ✉♥❞❡rst❛♥❞✳ ❍❡♥❝❡✱

▼❛❣♥❡t✐❝ ❤❡❧✐❝✐t② ✐s ❛ s❡❝♦♥❞✲♦r❞❡r t♦♣♦❧♦❣✐❝❛❧ ✐♥✈❛r✐❛♥t✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✈♦❧✉♠❡ ♦❢
♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛✱ ♠❡❛s✉r✐♥❣ t❤❡ t♦t❛❧ ❧✐♥❦❛❣❡ ✭❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ✜❡❧❞ t♦♣♦❧♦❣②✮ ♦❢

t❤❡ ✢✉① t✉❜❡s✳

❇❡❢♦r❡ ❣♦✐♥❣ ❢✉rt❤❡r ♦♥ ❞✐s❝✉ss✐♥❣ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤✐s q✉❛♥t✐t② ✐♥ ✐❞❡❛❧ ▼❍❉✱ ✐t ✐s t❡♠♣t✐♥❣
t♦ s❤❡❞ s♦♠❡ ❧✐❣❤t ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ❧✐♥❦✐♥❣ ♥✉♠❜❡r✳ ●❛✉ss ✜rst ✐♥tr♦❞✉❝❡❞ t❤✐s ♥♦t✐♦♥ ✐♥ ❛
❤❛❧❢✲♣❛❣❡ ♣❛♣❡r ❬✶✶✽❪ ✭s❡❡ ❋✐❣✳✶✳✸✮ ✇❤❡r❡ ❤❡ s✉❣❣❡st❡❞ ❛ ❢♦r♠✉❧❛ t♦ ❝♦✉♥t t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s ❛
❝❧♦s❡❞ ❝✉r✈❡ ✭r1✮ ❡♥❝✐r❝❧❡s ❛ s❡❝♦♥❞ ❝✉r✈❡ ✭r2✮ ❛s s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✳✭✶✳✹✮✳ ❍♦✇❡✈❡r✱ ●❛✉ss ♥❡✈❡r
♣r♦✈✐❞❡❞ ♦r ♠❡♥t✐♦♥❡❞ ❛ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❛t ❢♦r♠✉❧❛✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ❛❧✇❛②s ❤❛s ❜❡❡♥ t❤♦✉❣❤t
t❤❛t ❤✐s ✇♦r❦ ♦♥ t❡rr❡str✐❛❧ ♠❛❣♥❡t✐s♠ ❬✶✷✵❪ ✐♥s♣✐r❡❞ t❤❡ ❢♦r♠✉❧❛ ❬✶✷✶✱ ✶✷✷❪✳ ❚❤✐s ❝♦♥❝❡♣t ✇❛s
❧❛t❡r r❡❞✐s❝♦✈❡r❡❞ ❜② ▼❛①✇❡❧❧ ❬✶✶✾❪✱ ✇❤♦ ✇❛s ✉♥❞♦✉❜t❡❞❧② ✉♥❛✇❛r❡ ♦❢ t❤❡ ✇♦r❦ ♦❢ ●❛✉ss✱ t♦
♦t❤❡r ✇♦r❦s ♦❢ ✇❤♦♠ ❤❡ ❞❡✈♦t❡❞ ♠❛♥② s❡❝t✐♦♥s ✐♥ ❤✐s tr❡❛t✐s❡ ❬✶✷✸❪✳

❚❤❡ ●❛✉ss ❧✐♥❦✐♥❣ ♥✉♠❜❡r ❜❡t✇❡❡♥ t✇♦ ❝✉r✈❡s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✭✶✳✹✮✱ ❛♥❞ ❞❡✜♥❡❞ ✐♥ ❋✐❣✳✭✶✳✸✮✱
❝❛♥ ❜❡ ❡❛s✐❧② ❝❛st ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠ ❬✶✷✹❪

Lg,12 =
1

4π

ˆ 2π

0

ˆ 2π

0

dr1(σ)

dσ
× r0
r30

· dr2(τ)
dτ

dσdτ, ✭✶✳✶✵✮

✸✸



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

❋✐❣✉r❡ ✶✳✸✿ ❊①❝❡r♣t ❢r♦♠ t❤❡ ✧◆❛❝❤❧❛ss ③✉r ❊❧❡❝tr♦❞②♥❛♠✐❦✧ ✭t♦♣✮ ❬✶✶✽❪✱ ♣✉❜❧✐s❤❡❞ ✐♥ t❤❡
●❛✉ss✬❲❡r❦❡ ✭✶✽✻✼✮✳ ■♥ t❤✐s ♥♦t❡ ●❛✉ss ✐♥tr♦❞✉❝❡s t❤❡ ❝♦♥❝❡♣t ♦❢ ❧✐♥❦✐♥❣ ♥✉♠❜❡r✳ ■♥ t❤❡
❜♦tt♦♠ ❢r❛♠❡✱ ❛ ❧❡tt❡r ❜② ▼❛①✇❡❧❧ s❡♥t t♦ ❚❛✐t✱ ❞❛t❡❞ ❉❡❝❡♠❜❡r ✹✱ ✶✽✻✼✱ ✐♥ ✇❤✐❝❤ ❤❡ ❝❛❧❝✉❧❛t❡s
t❤❡ ❧✐♥❦✐♥❣ ♥✉♠❜❡r ❬✶✶✾❪✳

✸✹



✶✳✷✳ ❈♦♥s❡q✉❡♥❝❡s ♦❢ ■❞❡❛❧ ❖❤♠ ▲❛✇ ♦♥ t❤❡ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ ❚♦♣♦❧♦❣②

❋✐❣✉r❡ ✶✳✹✿ ❚✇♦ ✐♥t❡r❧♦❝❦❡❞ ❝✉r✈❡s✳

✇❤❡r❡ r1 ❛♥❞ r2 r❡♣r❡s❡♥t t❤❡ ❝✉r✈❡s ♣❛r❛♠❡t❡r✐③❡❞ ❜② σ ❛♥❞ τ ✱ r❡s♣❡❝t✐✈❡❧②✳ r0 = r2 − r1✱ ❛♥❞
r0 = |r0|✳ ◆♦✇✱ ❣✐✈❡♥ t✇♦ ✢✉① t✉❜❡s✱ t❤❛t ❡♥❝❧♦s❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s B1 ❛♥❞ B2✱ t❤❡ ✈❡❝t♦r
♣♦t❡♥t✐❛❧ A✱ ❛t ❛ ♣♦✐♥t r✱ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❇✐♦t✲❙❛✈❛rt ❧❛✇✳ ❚❤❛t ✐s✱

A(r) =
1

4π

ˆ

V
B(r′)× r− r′

|r− r′|3dV, ✭✶✳✶✶✮

✇❤❡r❡ V ✐s t❤❡ ✈♦❧✉♠❡ ♦❢ ❛❧❧ t❤❡ s♣❛❝❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛❣♥❡t✐❝ ❤❡❧✐❝✐t② ♦❢ t❤❡ t♦t❛❧ ✜❡❧❞
✭B = B1 +B2✮ ❜❡❝♦♠❡s

H(B) =
2

4π

ˆ

V1

ˆ

V2

B(r2)×
r− r′

|r− r′|3 ·B(r1)dV1dV2, ✭✶✳✶✷✮

✇❤❡r❡ V1 ❛♥❞ V2 ❛r❡ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ t✇♦ ✢✉① t✉❜❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦✇✱ ❦♥♦✇✐♥❣ t❤❛t Φi =
B · niSi✱ ✇❤❡r❡ Φi ✐s t❤❡ ✢✉① ❛ss♦❝✐❛t❡❞ ✇✐t❤ ith t✉❜❡✱ ✇❡ ✐❞❡♥t✐❢② Si ❛s t❤❡ s✉r❢❛❝❡ ❝r♦ss❡❞ ❜②
B ❛♥❞ ni ❛s t❤❡ ♥♦r♠❛❧ t♦ Si✳ ❆❢t❡r s✉❜st✐t✉t✐♥❣ t❤✐s r❡❧❛t✐♦♥s❤✐♣ ✐♥t♦ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱
♦♥❡ ❡❛s✐❧② ✜♥❞s✱

H(B) = 2Φ1Φ2
1

4π

ˆ 2π

0

ˆ 2π

0

dr1(σ)

dσ
× r− r′

|r− r′|3 · dr2(τ)
dτ

dσdτ = 2Φ1Φ2Lg,12, ✭✶✳✶✸✮

❚❤✐s ✐s t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ▼♦✛❛tt✱ ❛♥❞ ❧❛t❡r ❣❡♥❡r❛❧✐③❡❞ ❜② ❆r♥♦❧❞ t♦ ✐♥❝❧✉❞❡ ♦♣❡♥ ✜❡❧❞
❧✐♥❡s ❬✶✷✺✱ ✶✷✻❪✳ ■♥ ♦✉r ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥✱ ✇❡ ❞❡✜♥❡❞ t❤❡ ♠❛❣♥❡t✐❝ ❤❡❧✐❝✐t② ✉s✐♥❣ ❛♥ ✐♥t❡❣r❛❧
❢♦r♠ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❛♥❞ ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❲❡ ❛❧s♦ ♠❛❞❡ ❛♥ ❛❞❞✐t✐♦♥❛❧
❛ss✉♠♣t✐♦♥✿ t❤❡ ✢✉① t✉❜❡s ❛r❡ ❝❧♦s❡❞✳ ❙✐♥❝❡ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡
❣❛✉❣❡✱ ❛ ✇❡❧❧✲❞❡✜♥❡❞ ♠❛❣♥❡t✐❝ ❤❡❧✐❝✐t② ♠✉st ❜❡ ❣❛✉❣❡ ✐♥✈❛r✐❛♥t✳ ❚♦ ❡①♣❧❛✐♥ t❤✐s ✐❞❡❛✱ ❧❡t ✉s
♣❡r❢♦r♠ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ A′ = A +∇χ✱ ✇❤❡r❡ χ ✐s ❛ s❝❛❧❛r ♣♦t❡♥t✐❛❧✳ ❙✉❜st✐t✉t✐♥❣ t❤✐s ✐♥t♦
❊q✳✭✶✳✾✮✱ ♦♥❡ ✜♥❞s

H ′(B) =

ˆ

V
A′ ·BdV = H(B) +

‹

S
χB · ndS, ✭✶✳✶✹✮

✇❤❡r❡ S ✐s t❤❡ s✉r❢❛❝❡ t❤❛t ❡♥❝❧♦s❡s t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ♣❧❛s♠❛ V ✳ ❍❡♥❝❡✱ ✐t ✐s ❡✈✐❞❡♥t t❤❛t ❛
✇❡❧❧✲❞❡✜♥❡❞ ❤❡❧✐❝✐t② ✐♠♣❧✐❡s ❛ ✈❛♥✐s❤✐♥❣ s✉r❢❛❝❡ ✐♥t❡❣r❛❧✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ B · n = 0 ✐s r❡❧❡✈❛♥t t♦
♠❛♥② ♣r❛❝t✐❝❛❧ ❝❛s❡s✱ s✉❝❤ ❛s ♣❧❛s♠❛ ✇✐t❤ ♣❡r❢❡❝t❧② ❝♦♥❞✉❝t✐♥❣ ❜♦✉♥❞❛r✐❡s ♦r ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ❞♦❡s ♥♦t ✇♦r❦ ❢♦r ♦t❤❡r ❝❛s❡s ✇✐t❤ ❝♦♠♣❧✐❝❛t❡❞ ❣❡♦♠❡tr✐❡s ❛♥❞
♦♣❡♥ ✜❡❧❞ ❧✐♥❡s✳ ❚❤❡r❡❢♦r❡✱ ❛ ❣❛✉❣❡✲✐♥✈❛r✐❛♥t ❞❡✜♥✐t✐♦♥ ✐s ♣r❡❢❡r❛❜❧❡✳ ❆ ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥ ♦❢

✸✺



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

❛ ✧❣❡♥❡r❛❧✐③❡❞ ♠❛❣♥❡t✐❝ ❤❡❧✐❝✐t②✧ ✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❣❛✉❣❡ ✇❛s ♣r♦♣♦s❡❞ ✐♥ ✶✾✽✹ ✭s❡❡
❇❡r❣❡r ❛♥❞ ❋✐❡❧❞ ❬✶✷✼❪✱ ❏❡♥s❡♥ ❛♥❞ ❈❤✉ ❬✶✷✽❪✱ ❋✐♥♥ ❛♥❞ ❆♥t♦♥s❡♥ ❬✶✷✾❪✱ ❛♥❞ ❇❡r❣❡r ❬✶✷✹❪✮✱ ✇❤✐❝❤
r❡❛❞s

H(B) =

ˆ

V
(A+A0) · (B−B0)dV, ✭✶✳✶✺✮

✇❤❡r❡ B0 = ∇ × A0 ✐s ❛ r❡❢❡r❡♥❝❡ ✜❡❧❞ t♦ ❜❡ ❞❡✜♥❡❞ s♦ t❤❛t ✐t ❛❧❧♦✇s ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❤❡❧✐❝✐t②
✭♣❡r❢♦r♠✐♥❣ t❤❡ s❛♠❡ ❛♥❛❧②s✐s ✐♥ ❊q✳✭✶✳✶✹✮✱ ✇❡ ✜♥❞ t❤❛t ✐❢ ✇❡ ❝❤♦♦s❡ B0 s✉❝❤ t❤❛t B ·n = B0 ·n✱
t❤❡ ❤❡❧✐❝✐t② ✇✐❧❧ ❜❡ ❣❛✉❣❡ ✐♥✈❛r✐❛♥t ❬✸✸❪✮✳ ◆♦✇✱ t❛❦✐♥❣ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❊q✳✭✶✳✶✺✮✱ ♦♥❡ ✜♥❞s

dH

dt
= −2

ˆ

V
(E ·B−E0 ·B0)dV, ✭✶✳✶✻✮

✇❤❡r❡ E0 = −∂A0
∂t ✳ ❚❤❡r❡❢♦r❡✱ ✐❢ E = −u ×B ❛♥❞ E0 = u ×B0✱ ❛s ✐t ✐s t❤❡ ❝❛s❡ ✐♥ ✐❞❡❛❧ ▼❍❉✱

t❤❡ ❣❡♥❡r❛❧✐③❡❞ ♠❛❣♥❡t✐❝ ❤❡❧✐❝✐t② ✐s ❝♦♥s❡r✈❡❞✳
❆❢t❡r ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❤❡❧✐❝✐t②✱ ♦♥❡ ❝r✐t✐❝❛❧ q✉❡st✐♦♥ ❛r✐s❡s✿

✇❤❛t ❛r❡ t❤❡ ❡✛❡❝ts ♦❢ r❡❝♦♥♥❡❝t✐♦♥✱ ✐♥✐t✐❛t❡❞ ✐♥ s♦♠❡ ❞✐✛✉s✐✈❡ r❡❣✐♦♥s✱ ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ❤❡❧✐❝✐t②❄
■♥ t❤❡ r❡s✐st✐✈❡ ▼❍❉ r❡❣✐♠❡✱ t❤❡ ♣❧❛s♠❛ ❤❛s ♥♦♥✲✈❛♥✐s❤✐♥❣ r❡s✐st✐✈✐t② ❧❡❛❞✐♥❣✱ ✇❤❡♥ s♦♠❡ ❝♦♥✲
❞✐t✐♦♥s ❛r❡ ♠❡t t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ r❡❝♦♥♥❡❝t✐♦♥ r❡❣✐♦♥s ✐♥s✐❞❡ ♦❢ ✇❤✐❝❤ t❤❡ t♦♣♦❧♦❣② ♦❢ ✜❡❧❞
❧✐♥❡s ❝❤❛♥❣❡s✳ ❚❤✐s q✉❡st✐♦♥ ✇❛s ✜rst ❛❞❞r❡ss❡❞ ❜② ❚❛②❧♦r ❬✶✶✵❪ ✱ ✇❤♦ ❛r❣✉❡❞ t❤❛t t❤❡ t✉r❜✉❧❡♥t
❡♥✈✐r♦♥♠❡♥t ❧❡❛❞s t♦ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❡✈❡♥ts ✐♥ ❧♦❝❛❧✐s❡❞ r❡❣✐♦♥s✱ ❛♥❞ t❤❡✐r ♦✈❡r❛❧❧ ❡✛❡❝t
♦♥ ❤❡❧✐❝✐t② ✐s ♥❡❣❧✐❣✐❜❧❡✳ ❚❤❡♥ ✐♥ ✶✾✽✹✱ ❇❡r❣❡r ❬✶✸✵❪ ❞❡r✐✈❡❞ ❛ ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ s❡ts ❛♥ ✉♣♣❡r ❧✐♠✐t
t♦ t❤❡ ♠❛❣♥❡t✐❝ ❤❡❧✐❝✐t② ❞✐ss✐♣❛t✐♦♥✱ ✇❤✐❝❤ r❡❛❞s

∣
∣
∣
∆H

H

∣
∣
∣ ≤

√
∆t

τd
, ✭✶✳✶✼✮

✇❤❡r❡ τd = L2

η ✐s t❤❡ ❞✐✛✉s✐✈✐t② t✐♠❡✱ ❛♥❞ ∆t ✐s t❤❡ ❡st✐♠❛t❡❞ ❞✉r❛t✐♦♥ ♦❢ r❡❝♦♥♥❡❝t✐♦♥✳ ❚❤✐s
r❡❧❛t✐♦♥ s❤♦✇s t❤❛t✱ ✐♥❞❡❡❞✱ ✐♥ ❛ t②♣✐❝❛❧ r❡❝♦♥♥❡❝t✐♦♥ s❝❡♥❛r✐♦ ✭∆t≪ τd✮✱ t❤❡ ❝❤❛♥❣❡ ♦❢ ♠❛❣♥❡t✐❝
❤❡❧✐❝✐t② ✐s ♥❡❣❧✐❣✐❜❧❡✳

▲❛st❧②✱ ❲❡ ♠❡♥t✐♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ❤❡❧✐❝✐t② ❢❛✐❧s t♦ ❞❡t❡❝t ❛❧❧ ❢♦r♠s ♦❢ ✐♥t❡r❧♦❝❦✐♥❣
❜❡t✇❡❡♥ ✜❡❧❞ ❧✐♥❡s ✭❡✳❣✳ ❲❤✐t❡❤❡❛❞ ❧✐♥❦ ❬✶✸✶✱ ✶✸✷❪ ❛♥❞ ❇♦rr♦♠❡❛♥ r✐♥❣s ❬✶✸✸✱ ✶✸✹❪✮✱ s♦ ❤✐❣❤❡r✲
♦r❞❡r t♦♣♦❧♦❣✐❝❛❧ ✐♥✈❛r✐❛♥ts✱ s❡♥s✐t✐✈❡ t♦ t❤❡s❡ ❢♦r♠s ♦❢ ❧✐♥❦❛❣❡✱ ❝❛♥ ❜❡ ❞❡✜♥❡❞✳ ❲❤❡♥ ❛ s♠❛❧❧ ♥♦♥✲
✈❛♥✐s❤✐♥❣ r❡s✐st✐✈✐t② ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♠♦❞❡❧✱ r❡❝♦♥♥❡❝t✐♦♥ ❞❡str♦②s ❛❧❧ ❤✐❣❤❡r✲♦r❞❡r t♦♣♦❧♦❣✐❝❛❧
✐♥✈❛r✐❛♥ts ✇❤✐❧❡ ♦♥❧② ❝r❡❛t❡s ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ ❤❡❧✐❝✐t②✱ ✇❤✐❝❤ r❡♠❛✐♥s ❛❧♠♦st ❝♦♥s❡r✈❡❞ ✭s❡❡
❘✉③♠❛✐❦✐♥ ❛♥❞ ❆❦❤♠❡t✐❡✈ ❬✶✸✺❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r ❛♥ ❡①❝❡❧❧❡♥t ❛♥❞ ❞❡t❛✐❧❡❞ st✉❞② ♦❢
t♦♣♦❧♦❣✐❝❛❧ ✐♥✈❛r✐❛♥ts ❛♥❞ t❤❡ ❡✛❡❝t ♦❢ r❡❝♦♥♥❡❝t✐♦♥s✮✳ ■♥ s✐♠♣❧❡ ✇♦r❞s✱

▼❛❣♥❡t✐❝ ❤❡❧✐❝✐t② ✐s ❛❧♠♦st ❝♦♥s❡r✈❡❞ ❞✉r✐♥❣ r❡❝♦♥♥❡❝t✐♦♥ ❡✈❡♥ts✱ ✇❤✐❧❡ t❤❡s❡ ❡✈❡♥ts
❞❡str♦② ❛❧❧ ❤✐❣❤❡r✲♦r❞❡r ✐♥✈❛r✐❛♥ts✳ ■♥ ✐❞❡❛❧ ▼❍❉✱ ♠❛❣♥❡t✐❝ ❤❡❧✐❝✐t② ✐s ♣r❡❝✐s❡❧②

❝♦♥s❡r✈❡❞✳

✶✳✸ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥✿ ❆ ❙✐♠♣❧❡ ❉❡s❝r✐♣t✐♦♥

▼❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐s ❛ ♣r♦❝❡ss ❧❡❛❞✐♥❣ t♦ t❤❡ ❜r❡❛❦✐♥❣ ❛♥❞ r❡❝♦♥♥❡❝t✐♥❣ ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞
❧✐♥❡s✳ ❆s ❛ r❡s✉❧t ♦❢ t❤✐s ❝❤❛♥❣❡ ❛♥❞ r❡✲❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ t♦♣♦❧♦❣②✱ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐s ❝♦♥✈❡rt❡❞
t♦ ❦✐♥❡t✐❝ ❡♥❡r❣②✱ t❤❡r♠❛❧ ❡♥❡r❣②✱ ❛♥❞ ♣❛rt✐❝❧❡ ❛❝❝❡❧❡r❛t✐♦♥✳ ❚❤✐s ❡✈❡♥t ✐♥✈♦❧✈❡s ♦♣♣♦s✐t❡❧②✲
❞✐r❡❝t❡❞ ✜❡❧❞ ❧✐♥❡s t❤❛t r❡❝♦♥♥❡❝t ✐♥ ❛ ♥❛rr♦✇ r❡❣✐♦♥ ✭ ❤❡r❡❛❢t❡r✱ ✧✐♥♥❡r ✭r❡❝♦♥♥❡❝t✐♥❣✮ ❧❛②❡r✧✮
❧♦❝❛❧✐③❡❞ ✐♥s✐❞❡ ❛ r❡❣✐♦♥ ❞❡✜♥❡❞ ❜② ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡ ✭❤❡r❡❛❢t❡r✱ t❤❡ ✧❝✉rr❡♥t s❤❡❡t✧✮✳ ❚❤❡

✸✻



✶✳✸✳ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥✿ ❆ ❙✐♠♣❧❡ ❉❡s❝r✐♣t✐♦♥

❋✐❣✉r❡ ✶✳✺✿ ❚✇♦ ♦♣♣♦s✐t❡❧②✲❞✐r❡❝t❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♣❧❛s♠❛s ✢♦✇✐♥❣✱ ❞✉❡ t♦ s♦♠❡ ❡①t❡r♥❛❧ ♠❡❝❤✲
❛♥✐s♠s✱ t♦✇❛r❞ ❛ ♥❛rr♦✇ r❡❣✐♦♥ ✭❝✉rr❡♥t s❤❡❡t✮ ✐♥s✐❞❡ ✇❤✐❝❤ t❤❡ ✜❡❧❞ ❧✐♥❡s ❜r❡❛❦ ❛♥❞ r❡❝♦♥♥❡❝t
❛t ♣♦✐♥ts ✇✐t❤ ♥✉❧❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✭X✲♣♦✐♥t✮✳

❝✉rr❡♥t s❤❡❡t✱ ❜♦✉♥❞❡❞ ❜② ❛♥ ✐❞❡❛❧ ▼❍❉ ✧♦✉t❡r r❡❣✐♦♥✧✱ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐ts ❛s♣❡❝t r❛t✐♦ ✭t❤❡
r❛t✐♦ ❜❡t✇❡❡♥ ✐ts ❧❡♥❣t❤ ❛♥❞ ✇✐❞t❤ ǫa = L/a✮✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✳✭✶✳✺✮✱ t✇♦ ♣❧❛s♠❛ ❝♦♥✜❣✉r❛t✐♦♥s✱
✇✐t❤ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s✱ ❛r❡ ♣✉s❤❡❞ t♦❣❡t❤❡r ✇✐t❤ s♦♠❡ ❡①t❡r♥❛❧ ♠❡❛♥s ✇✐t❤ ✈❡❧♦❝✐t② uin✱ ❛♥❞
t❤❡r❡❢♦r❡ ❛ ❝✉rr❡♥t s❤❡❡t ✐s ❢♦r♠❡❞✳ ❚❤❡ ❞②♥❛♠✐❝s ❜❡❤✐♥❞ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡s❡ ❝✉rr❡♥t s❤❡❡ts
❝❛♥ ❜❡ ❞✉❡ t♦ s♦♠❡ ❡①t❡r♥❛❧ ❢♦r❝✐♥❣ ♠❡❝❤❛♥✐s♠s✱ ❧✐❦❡ t❤♦s❡ ✇❤✐❝❤ ❛r❡ s❡❡♥ ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢
s♦❧❛r ✢❛r❡s ❬✷✵✱ ✶✸✻✱ ✸✷✱ ✶✸✼❪✱ ♦❢ ❝♦r♦♥❛❧ ♠❛ss ❡❥❡❝t✐♦♥s ✭❈▼❊s✮✱ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡
s♦❧❛r ✇✐♥❞s ❛♥❞ t❤❡ ❡❛rt❤✬s ♠❛❣♥❡t♦s♣❤❡r❡✱ ❛♥❞ ✐♥ t❤❡ s♦✲❝❛❧❧❡❞ ✧❊❧❧❡r♠❛♥ ❜♦♠❜s✧ ❬✶✸✽✱ ✶✸✾❪✱
❛♥❞ ✐♥ t❤❡ ♣r♦❝❡ss ♦❢ st❛r ❢♦r♠❛t✐♦♥ ❬✶✹✵✱ ✶✹✶✱ ✶✹✷✱ ✶✹✸❪✳ ■t ❛❧s♦ ❝❛♥ ♥❛t✉r❛❧❧② ♦❝❝✉r ✐♥ t✉r❜✉❧❡♥t
♣❧❛s♠❛s ❬✾✼✱ ✶✹✹❪✱ ♦r ❛s s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥ ♣r♦❝❡ss ✐♥ ❝✉rr❡♥t✲❝❛rr②✐♥❣ ❢✉s✐♦♥ ♣❧❛s♠❛s✳ ❚❤✐s ✐s
♦❜s❡r✈❡❞ ✐♥ t❡❛r✐♥❣ ❛♥❞ ❦✐♥❦ ♠♦❞❡s ❛♥❞ ✐♥ ❞✐sr✉♣t✐♦♥ ♣r♦❝❡ss❡s ✐♥ t♦❦❛♠❛❦s ❬✾✱ ✶✵✱ ✶✶✱ ✶✹✺✱ ✶✹✻❪✱
❛♥❞ ✐♥ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss❡s ✐♥ r❡✈❡rs❡❞ ✜❡❧❞ ♣✐♥❝❤ ✭❘❋P✮ ❛♥❞ s♣❤❡r♦♠❛❦s ❬✶✶✶✱ ✶✹✼❪✳

❚♦ ✉♥❞❡rst❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✱ ❧❡t ✉s ❧♦♦❦ ❛t t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ ❋✐❣✳✭✶✳✺✮✳ ■♥
t❤✐s ✜❣✉r❡✱ t✇♦ ♣❧❛s♠❛ ✢✉✐❞ ❡❧❡♠❡♥ts✱ ❡♠❜❡❞❞❡❞ ✐♥ ♦♣♣♦s✐t❡❧② ❞✐r❡❝t❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ ❛♣♣r♦❛❝❤
❡❛❝❤ ♦t❤❡r ✐♥s✐❞❡ t❤❡ ❝✉rr❡♥t s❤❡❡t✳ ■♥ t❤✐s ♣✐❝t✉r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ ✷❉ ❝♦♥✜❣✉r❛t✐♦♥ ✇❤❡r❡ x ✐s
t❤❡ ✈❛r✐❛❜❧❡ ♦❢ s❤❡❛r ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠❛❣♥❡t✐❝
✜❡❧❞ ✭Bs = By(x)✮ ✐s ❦♥♦✇♥ ❛s t❤❡ s❤❡❛r ✜❡❧❞✱ ✇❤✐❝❤ ❜❡❝♦♠❡s ③❡r♦ ❛t t❤❡ ❝❡♥tr❛❧ ❧✐♥❡ ✭♥❡✉tr❛❧
❧✐♥❡✮✳ ❲❡ ❦♥♦✇ ❢r♦♠ t❤❡ ❢r♦③❡♥ ✢✉① t❤❡♦r❡♠ t❤❛t ✐♥ ✐❞❡❛❧ ▼❍❉✱ t❤❡ ♣❧❛s♠❛ ❛♥❞ ✜❡❧❞ ❧✐♥❡s ❛r❡
❝♦✲♠♦✈✐♥❣ t♦❣❡t❤❡r✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ✐♥ t❤❡ ✐❞❡❛❧ ▼❍❉ r❡❣✐♦♥ ✐♥ t❤❡ ✜❣✉r❡✳ ❍♦✇❡✈❡r✱ t❤❛♥❦s
t♦ t❤❡ ❧♦❝❛❧ ♥♦♥✲♥❡❣❧✐❣✐❜✐❧✐t② ♦❢ ♥♦♥✲✐❞❡❛❧ ❡✛❡❝ts s✉❝❤ ❛s r❡s✐st✐✈✐t②✱ ✇❤❡♥ t✇♦ ✜❡❧❞ ❧✐♥❡s ✇✐t❤
♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥s ❝r♦ss ❡❛❝❤ ♦t❤❡r ❞✉❡ t♦ s♦♠❡ ♣❡rt✉r❜❛t✐♦♥✱ ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ✇✐t❤ ❛ ♥✉❧❧
♠❛❣♥❡t✐❝ ✜❡❧❞ ✭❳✲♣♦✐♥t✮ ✇✐❧❧ ❜❡ ❣❡♥❡r❛t❡❞✱ ❛♥❞ ❛♥ ✐s❧❛♥❞ ✐s ❢♦r♠❡❞ ✭O−♣♦✐♥t✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t
t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ❞♦❡s ♥♦t s✐♠♣❧② ❞✐s❛♣♣❡❛r✱ ❜✉t ✐s ❝♦♥✈❡rt❡❞ ✐♥t♦ ❛♥♦t❤❡r ❢♦r♠ ♦❢ ❡♥❡r❣②✳
❆s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ ♥❡①t✱ t❤✐s ❜r❡❛❦✐♥❣ ❛♥❞ r❡❝♦♥♥❡❝t✐♦♥ ♦❢ ✜❡❧❞ ❧✐♥❡s ✐s ♥♦t ❛❧❧♦✇❡❞ ✐♥
✐❞❡❛❧ ▼❍❉ ❜❡❝❛✉s❡ ✐t ❧❡❛❞s t♦ ✉♥♣❤②s✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ✭s✐♥❣✉❧❛r s✉r❢❛❝❡ ✇✐t❤ ✐♥✜♥✐t❡ ♦✉t✲✢♦✇
✈❡❧♦❝✐t②✮✳ ❚❤❡r❡❢♦r❡✱ t♦ r❡s♦❧✈❡ t❤✐s s✐♥❣✉❧❛r✐t②✱ t❤❡ ✐❞❡❛❧ ▼❍❉ ♠♦❞❡❧ ✭str✐❝t❧② s♣❡❛❦✐♥❣✱ ✐ts
✐❞❡❛❧ ❖❤♠ ❡q✉❛t✐♦♥✮ ♠✉st ❜❡ ♠♦❞✐✜❡❞ t♦ ❛❧❧♦✇ t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ ❛♥ x− ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✜❡❧❞✱

✸✼



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

✇❤✐❝❤ ✐♥ t✉r♥ ✇✐❧❧ ❧❡t t❤❡ ♣❛rt✐❝❧❡s t♦ s❧✐♣ ❛❝r♦ss ❞✐✛❡r❡♥t ❧✐♥❡s ❛♥❞ t❤✉s ❤❛✈❡ ❛ ✇❡❧❧✲❞❡✜♥❡❞
y−❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❧♦❝✐t② ✐♥ t❤❡ ♦✉t✲✢♦✇ ❞✐r❡❝t✐♦♥✳ ❆ ✜rst s✉❣❣❡st✐♦♥ ✇♦✉❧❞ ❜❡✱ t❤❡r❡❢♦r❡✱
❛ t❡r♠ t❤❛t ❛❧❧♦✇s t❤❡ ❞✐✛✉s✐♦♥ ♦❢ ✜❡❧❞ ❧✐♥❡s ✐♥s✐❞❡ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r✳ ❚❤✐s ✐s ✇❤❛t t❤❡
r❡s✐st✐✈❡ t❡r♠ ❞♦❡s ✭ηJ ✐♥ ❊q✳✶✳✸✮✳ ❍♦✇❡✈❡r✱ ❢♦r t❤✐s r❡s✐st✐✈❡ r❡❝♦♥♥❡❝t✐♦♥ t♦ ♦❝❝✉r✱ t❤❡ ✇✐❞t❤
♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r ♠✉st ❜❡ ❧❛r❣❡r t❤❛♥ t❤❡ ♠❡❛♥ ❢r❡❡ ♣❛t❤ ❜❡t✇❡❡♥ t❤❡ ❡❧❡❝tr♦♥ ❛♥❞
✐♦♥ ❝♦❧❧✐s✐♦♥s✳ ❖t❤❡r✇✐s❡✱ ❞✐✛❡r❡♥t ♠❡❝❤❛♥✐s♠s ♦❢ r❡❝♦♥♥❡❝t✐♦♥ ♠✉st ❜❡ ❝♦♥s✐❞❡r❡❞✱ s✉❝❤ ❛s
❝♦❧❧✐s✐♦♥❧❡ss ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❞✉❡ t♦ ✜♥✐t❡ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛ ❡✛❡❝ts ❬✻✸✱ ✻✹✱ ✻✷✱ ✶✹✽❪✱ ♦r ❞✉❡
t♦ ❛♥ ❛♥✐s♦tr♦♣✐❝ ❡❧❡❝tr♦♥ ♣r❡ss✉r❡ t❡♥s♦r✱ ❊▼❍❉ r❡❝♦♥♥❡❝t✐♦♥ ❬✾✸✱ ✽✾❪✱ ♦r t♦ ♦t❤❡r ✐♥tr✐♥s✐❝❛❧❧②
❦✐♥❡t✐❝ ❡✛❡❝ts s✉❝❤ ❛s ▲❛♥❞❛✉ ❞❛♠♣✐♥❣✱ t❤❛t ♠✉st ❜❡ ❛❞❞r❡ss❡❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❛ ❢✉❧❧ ❦✐♥❡t✐❝
✭✐✳❡✳ ❱❧❛s♦✈✲❜❛s❡❞✮ st✉❞② ♦❢ r❡❝♦♥♥❡❝t✐♦♥ ❬✻✺✱ ✻✻✱ ✶✹✾❪✱ ✇❤✐❝❤ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❞✐s❝✉ss ❛♥❞ st✉❞②
✐♥ ❞❡t❛✐❧s ✐♥ ♦t❤❡r ❝❤❛♣t❡rs ✭❡✳❣✳✱ ❝❤❛♣t❡r ✺✮✳

❙t✐❝❦✐♥❣ ❤❡r❡ t♦ t❤❡ r❡s✐st✐✈❡ ❝❛s❡✱ ❧❡t ✉s ❛ss✉♠❡ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ ✇❤✐❝❤ ✇❡ ❛r❡ ✐♥ ❛ r❡❢❡r❡♥❝❡
❢r❛♠❡ ♠♦✈✐♥❣ ✇✐t❤ t❤❡ ♣❧❛s♠❛ ✈❡❧♦❝✐t② ✭❡✳❣✳ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❡❧♦❝✐t② ✈❛♥✐s❤❡s u0 = 0✮✱ ❛♥❞ t❤❛t
t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❤♦✇♥ ✐♥ ❋✐❣✳✭✶✳✺✮ r❡❛❞s✱

B0 = By(x)ey +Bz,0ez, ✭✶✳✶✽✮

❆❣❛✐♥ ✇❡ ♥❛♠❡ Bs = By(x) ❢♦r ❝❧❛r✐t② ♦❢ ♥♦t❛t✐♦♥✳ Bs ✐s t❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s s❤❡❛r ✜❡❧❞ t❤❛t
✈❛♥✐s❤❡s ❛t x = 0✱ ❛♥❞ Bz,0 ✐s ❛ ✉♥✐❢♦r♠ ❣✉✐❞❡ ✜❡❧❞ ❛❧♦♥❣ z−❞✐r❡❝t✐♦♥✳ ❚❤❡ ♣r♦❜❧❡♠ ✇❡ ❛r❡
st✉❞②✐♥❣ ❤❡r❡ ✐s 2D✱ ❛♥❞ ✐t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ z ❝♦♦r❞✐♥❛t❡✳ ❚❤❡ ❝✉rr❡♥t ❞❡♥s✐t② r❡s✉❧t✐♥❣
❢r♦♠ t❤✐s ✜❡❧❞✱ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ✉s✐♥❣ ❆♠♣❡r❡ ❡q✉❛t✐♦♥ ❣✐✈❡♥ ❜② ❊q✳✭✶✳✷✮✿

J0 = Jz,0ez =
B

′

s

µ0
ez, ✭✶✳✶✾✮

✇❤❡r❡ t❤❡ ✧′✧ r❡❢❡rs t♦ t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ x✳ ❚❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ❣✐✈❡s ❛ ▲♦r❡♥t③

❢♦r❝❡ J0 × B0 = −B
′
sBs
µ0

ex✳ ■♥ t❤✐s ✜❣✉r❡✱ a ❞❡♥♦t❡s t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❝✉rr❡♥t s❤❡❡t ✇❤✐❝❤ ✐s
❞❡✜♥❡❞ ❜② t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ L ✐s ✐ts ❧❡♥❣t❤✱ ❛♥❞ δ ✐s t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ✐♥♥❡r ❧❛②❡r✳
❚❤❡r❡❢♦r❡✱ t♦ s✉st❛✐♥ t❤✐s ❡q✉✐❧✐❜r✐✉♠ ✭ ddt = 0✮✱ ❊q✳✭✶✳✶✮ s❤♦✇s t❤❛t ❛♥ x−❝♦♠♣♦♥❡♥t ♦❢ t❤❡
♣r❡ss✉r❡ ❣r❛❞✐❡♥t ♠✉st ❡①✐st✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ ✐♥ t❤✐s ✐♥tr♦❞✉❝t♦r② ❝❤❛♣t❡r t❤❛t t❤❡
♣r❡ss✉r❡ ✐s ✐s♦tr♦♣✐❝✱ ❛♥❞ t❤✉s ✐t ✐s ❛ s❝❛❧❛r q✉❛♥t✐t②✳ ❖t❤❡r✇✐s❡✱ ❛♥ ❡q✉❛t✐♦♥ t❤❛t ❞❡s❝r✐❜❡s t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ✐s ♥❡❡❞❡❞✱ ❛s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇ ✐♥ ❛ ❧❛t❡r ❝❤❛♣t❡r✳ ❋♦r t❤❡
s❛❦❡ ♦❢ t❤❡ ❛♥❛❧②s✐s✱ ✇❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤✐s s❤❡❡t ❡①t❡♥❞s ✐♥✜♥✐t❡❧② ❛❧♦♥❣ y− ❞✐r❡❝t✐♦♥✱ ❛♥❞ ✐t
✐s ❜♦✉♥❞❡❞ ❜② ♣❡r❢❡❝t❧② ❝♦♥❞✉❝t✐♥❣ ✇❛❧❧s ✐♥ t❤❡ x− ❞✐r❡❝t✐♦♥ ✭❞❛r❦ ❜r♦✇♥ ♣❛r❛❧❧❡❧♦❣r❛♠s ✐♥ t❤❡
❋✐❣✳✶✳✺✮✳

◆♦✇✱ ❛ss✉♠✐♥❣ ♣❡r✐♦❞✐❝ ♣❡rt✉r❜❛t✐♦♥s ❛❧♦♥❣ t❤❡ y−❞✐r❡❝t✐♦♥ ✭t❤❛t ✐s✱ t❤❡ ♣❡rt✉r❜❡❞ q✉❛♥t✐t✐❡s
❤❛✈❡ s✐♥✉s♦✐❞❛❧ s❤❛♣❡ ❛❧♦♥❣ t❤✐s ❞✐r❡❝t✐♦♥ ∼ eiky✮✱ ✇❡ ♣❡r❢♦r♠ ❛ ❧✐♥❡❛r st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡
s②st❡♠✱ ❜② ❢♦❝✉s✐♥❣ ♦♥ ✐ts ❞②♥❛♠✐❝s ❜❡❢♦r❡ ✐t ❡♥t❡rs ❛ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ ♥♦♥❧✐♥❡❛r st❛❣❡✳ ❚❤✐s
st✉❞② ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜② ♠❡❛♥s ♦❢ ❋♦✉r✐❡r ❛♥❛❧②s✐s✱ ✇❤❡r❡ ✇❡ ❞❡❝♦♠♣♦s❡ ❡❛❝❤ q✉❛♥t✐t② Q✱ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

Q = Q0 +Q1 = Q0 + Q̃(x)eγteiky, ✭✶✳✷✵✮

✇❤❡r❡ Q0 ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t②✱ γ ✐s t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ ❛♥② ♣♦ss✐❜❧❡ ✐♥st❛❜✐❧✐t②✳ ❚❤❡r❡❢♦r❡✱
t❤❡ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ ❣r♦✇✐♥❣ ✭✐♥st❛❜✐❧✐t② ♦❝❝✉rs✮✱ ❞❛♠♣❡❞✱ ♦r ❡✈❡♥ ♦s❝✐❧❧❛t✐♥❣ ❞❡♣❡♥❞✐♥❣ ♦♥ γ
❜❡✐♥❣ ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r✱ ♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡r✱ ♦r ❝♦♠♣❧❡① ♥✉♠❜❡r ✇✐t❤ ❛ ♥♦♥✲♥✉❧❧ ✐♠❛❣✐♥❛r②
♣❛rt❀ r❡s♣❡❝t✐✈❡❧②✳ k ✐s t❤❡ ✇❛✈❡✲♥✉♠❜❡r ✐♥ y−❞✐r❡❝t✐♦♥✱ ❛♥❞ ✐t ✐s r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ✐s❧❛♥❞s
t❤❛t ✇✐❧❧ ❜❡ ❣❡♥❡r❛t❡❞ ✐♥ t❤❡ ❝✉rr❡♥t s❤❡❡t ✭k = 2πm

L ✱ ✇❤❡r❡ m ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❞❡s✮✳ ◆♦✇✱
s✉❜st✐t✉t✐♥❣ ❊q✳✭✶✳✷✮ ❛♥❞ ❊q✳✭✶✳✸✮ ✐♥t♦ ❋❛r❛❞❛② ❡q✉❛t✐♦♥✱ ✐t ✐s ❡❛s② t♦ ✜♥❞

∂B

∂t
= ∇× (u×B) +

η

µ0
∇2B, ✭✶✳✷✶✮

✸✽



✶✳✸✳ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥✿ ❆ ❙✐♠♣❧❡ ❉❡s❝r✐♣t✐♦♥

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ❊q✳✭❇✳✷✶✮✱ ❛♥❞ ❚❤♦♠s♦♥✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✳ ▲✐♥❡❛r✐③✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ✉s✐♥❣
❊q✳✭✶✳✷✵✮✱ ✇❡ ♦❜t❛✐♥

∂B1

∂t
= ∇× (u1 ×B0) +

η

µ0
∇2B1, ✭✶✳✷✷✮

❲❤❡r❡ ✇❡ ♦♥❧② ❦❡❡♣ t❤❡ ③❡r♦t❤ ❛♥❞ ✜rst ♦r❞❡r q✉❛♥t✐t✐❡s✳ ❲❡ ❛❧s♦ ❤❛✈❡ ∂
∂t = γ✱ ∂

∂y = ik✱
✇❤✐❧❡ ♥♦♥✲✉♥✐❢♦r♠ ♣❡rt✉r❜❡❞ q✉❛♥t✐t✐❡s ❛r❡ ❛❧❧♦✇❡❞ ✐♥ x−❞✐r❡❝t✐♦♥✳ ❲✐t❤ t❤✐s ✐♥ ❤❛♥❞✱ t❤❡
x−❝♦♠♣♦♥❡♥t ♦❢ ❊q✳✭✶✳✷✷✮ ❜❡❝♦♠❡s✱

γBx = ikBsux +
η

µ0
(
d2

dx2
− k2)Bx, ✭✶✳✷✸✮

✇❤❡r❡ ✇❡ ♦♠✐tt❡❞ ∼ ❢r♦♠ t❤❡ ♣❡rt✉r❜❡❞ q✉❛♥t✐t✐❡s t♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✳ ◆♦✇✱ ❧❡t ✉s ❛ss✉♠❡
❢♦r ❛ ♠♦♠❡♥t t❤❛t t❤❡ ❧❛st t❡r♠ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✈❛♥✐s❤❡s ✭✐❞❡❛❧ ▼❍❉✮✳ ❚❤✐s ✐s ❛ r❡❧❡✈❛♥t
❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ t❤❡ ♦✉t❡r✱ ✧✐❞❡❛❧✧ r❡❣✐♦♥✱ ✇❤❡r❡ t❤❡ ✇❡❛❦ s♣❛t✐❛❧ ✐♥✲❤♦♠♦❣❡♥❡✐t② ❞♦❡s ♥♦t ♠❛❦❡
t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❝♦♠♣❡♥s❛t❡ t❤❡ s♠❛❧❧♥❡ss ♦❢ t❤❡ r❡s✐st✐✈✐t②✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✈❡❧♦❝✐t② ❜❡❝♦♠❡s

ux = − iγBx
kBs

, ✭✶✳✷✹✮

❚❤✐s ♠❡❛♥s t❤❛t ✐❢ kBs(x) = 0✱ ❛s ✐t ✐s t❤❡ ❝❛s❡ ✐♥ t❤❡ ❋✐❣✳✭✶✳✺✮✱ ❡✐t❤❡r ux → ∞ ✇❤✐❝❤ ✐s ❛♥
✉♥♣❤②s✐❝❛❧ r❡s✉❧t t♦ ❜❡ ❞✐sr❡❣❛r❞❡❞✱ ♦r γ = 0✳ ❚❤✉s✱ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐s st❛❜❧❡ ✐♥ ✐❞❡❛❧ ▼❍❉✳
❍♦✇❡✈❡r✱ ❛ s♦❧✉t✐♦♥ ✇✐t❤ ❛ ♥♦♥✲✈❛♥✐s❤✐♥❣ ux ✐s ❛❧s♦ ❛❞♠✐tt❡❞ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥ ❛r❜✐tr❛r✐❧②
s♠❛❧❧ ❜✉t ♥♦t ✈❛♥✐s❤✐♥❣ r❡s✐st✐✈✐t②✿ ❛ ✜♥✐t❡ ux✱ ❛❧t❤♦✉❣❤ s♠❛❧❧✱ ✇♦✉❧❞ ✐♠♣❧② t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢
t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❛t x = 0✱ ❞✉❡ t♦ t❤❡ ♣✐❧✐♥❣ ✉♣ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❧✐♥❡s✱ ❜✉t t❤✐s ♠❛❦❡s t❤❡ ❧❛st
r✐❣❤t✲❤❛♥❞ s✐❞❡ t❡r♠ ♦❢ ❊q✳✭✶✳✷✸✮ ♥♦t ♥❡❣❧✐❣✐❜❧❡✳ ■ts ♣r❡s❡♥❝❡ ❛❧❧♦✇s t❤❡ r❡♠♦✈❛❧ ♦❢ t❤❡ s✐♥❣✉❧❛r✐t②
✐♥ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✳ ❚♦ s❡❡ t❤✐s ✇❡ ❝♦♥s✐❞❡r t❤❡♥ ❊q✳✭✶✳✷✸✮ ✇r✐tt❡♥ ❛s

ikBsux =
[

γ − η

µ0
(
d2

dx2
− k2)

]

Bx, ✭✶✳✷✺✮

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ✐♥ t❤❡ ✐♥♥❡r r❡❣✐♦♥✱ s♦ ✇❡ ✇r✐t❡

γBx =
η

µ0
(
d2

dx2
− k2)Bx ✭✶✳✷✻✮

❲❡ ❤❛✈❡ t❤✉s ♦❜t❛✐♥❡❞ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✱ ✇❤❡r❡ t❤❡ ❣r♦✇t❤ r❛t❡ γ ✐s t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❛♥❞
Bx ✐s t❤❡ ❡✐❣❡♥✈❡❝t♦r✳ ◆❡❣❧❡❝t✐♥❣ t❤❡ ✈❡❧♦❝✐t② t❡r♠ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❥✉st✐✜❡❞
❜② t❤❡ ❢❛❝t t❤❛t t❤❡ t✐♠❡ s❝❛❧❡s ❛r❡ ♠✉❝❤ ❧♦♥❣❡r t❤❛♥ ❆❧❢✈é♥ t✐♠❡ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s t❤❡ t✐♠❡
s❝❛❧❡s ❛t ✇❤✐❝❤ t❤❡ ❡✛❡❝ts ♦❢ ✐♥❡rt✐❛ ❜❡❝♦♠❡ ✐♠♣♦rt❛♥t✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s s✐♠♣❧✐✜❡❞ ♠♦❞❡❧✱ ✐t
✐s ❝❧❡❛r t❤❛t ❜② ❜❛❧❛♥❝✐♥❣ t❤❡ t❡r♠ ♦♥ ▲❍❙ ✇✐t❤ t❤❡ ✜rst ♦♥❡ ♦♥ ❘❍❙ ✭✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❝❛❧❧ t❤✐s
❞✐♠❡♥s✐♦♥❛❧ ❛♥❛❧②s✐s✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ❜❛❧❛♥❝✐♥❣ ❞✐✛❡r❡♥t t❡r♠s t♦ ✜♥❞ t❤❡ s❝❛❧✐♥❣ ❧❛✇s ✐♥ ❛
✇❛② t❤❛t ♠✉st ❜❡ ✈❡r✐✜❡❞ ❛ ♣♦st❡r✐♦r✐✱ ✧❤❡✉r✐st✐❝ ❛♣♣r♦❛❝❤✧✮✱ ✇❡ ♦❜t❛✐♥

γ ∼ η

µ0a2
∼ η

µ0avA

vA
a

=
1

SτA
, S =

a2µ0
η

vA
a

=
τd
τA

=⇒ γτA ∼ S−1, ✭✶✳✷✼✮

■♥ t❤❡ s❡❝♦♥❞ ❡①♣r❡ss✐♦♥ ♦❢ ❊q✳✭✶✳✷✼✮ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ▲✉♥❞q✉✐st ♥✉♠❜❡r S✱ ✇❤✐❝❤ ♠❡❛✲
s✉r❡s t❤❡ r❡s✐st✐✈❡ ❞✐✛✉s✐♦♥ t✐♠❡ τd ✐♥ ✉♥✐ts ♦❢ t❤❡ t✐♠❡ ✭✐✳❡✳✱ t❤❡ ❆❧❢✈è♥ t✐♠❡ τA✮ t❤❛t ❛♥ ❆❧❢✈è♥
✇❛✈❡ t❛❦❡s t♦ ❝r♦ss t❤❡ ❝✉rr❡♥t ❧❛②❡r ✇✐❞t❤✱ a✳ ❋♦r ♠♦st ❝❛s❡s ♦❢ ♣❧❛s♠❛✱ S ≫ 1 ✭✐♥ t♦❦❛♠❛❦s
S ∼ 107−10✱ ❛♥❞ S ❝❛♥ r❡❛❝❤ 1014 ✐♥ ❛str♦♣❤②s✐❝❛❧ ♣❧❛s♠❛✮✱ t❤✐s ✐♠♣❧✐❡s t❤❛t γ ∼ 0 ✇❤❡♥ S → ∞✳
❚❤❡ ❡st✐♠❛t❡ ♦❢ γ ✐♥ ❊q✳✭✶✳✷✼✮ ❞♦❡s ♥♦t ❛❝❝♦✉♥t ❢♦r t❤❡ ♦❜s❡r✈❡❞ r❛t❡s ✐♥ r❡❛❧ ♣❧❛s♠❛s✳ ❖♥❡ ♠✐❣❤t

✸✾



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

s✉❣❣❡st t❤❛t ❛ s❝❛❧✐♥❣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❧❛r❣❡r ❣r♦✇t❤ r❛t❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐❢ ✇❡ ❦❡❡♣ ♦♥❧② t❤❡
r❡s✐st✐✈✐t② ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥✱ ❛♥❞ ❧❡t γτA ∼ S−α✱ ✇❤❡r❡ 0 ≤ α ≤ 1✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤✐s
❛ss✉♠♣t✐♦♥ ♠❛❦❡s s❡♥s❡✱ ❛♥❞ t❤❡r❡ ❛r❡ ✐♥❞❡❡❞ ❢♦r♠❛❧ s♦❧✉t✐♦♥s t♦ t❤❡ t❡❛r✐♥❣ ❡q✉❛t✐♦♥s✱ t❤❛t
❢✉❧✜❧ ✐t✳ ❚❤✐s ✐s ✇❤❛t ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❝❛❧❧ ✐♥ t❤✐s t❤❡s✐s t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡ r❡❣✐♠❡ ♦❢ s♣♦♥t❛♥❡♦✉s
r❡❝♦♥♥❡❝t✐♥❣ ✐♥st❛❜✐❧✐t✐❡s✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤✐s ❦✐♥❞ ♦❢ s♦❧✉t✐♦♥✱ ✇❡ ♠✉st ♥♦ ❧♦♥❣❡r ♥❡❣❧❡❝t t❤❡
✈❡❧♦❝✐t② t❡r♠ ✐♥ ❊q✳✭✶✳✷✺✮✳ ❚❤❡r❡❢♦r❡✱ t♦ ❝❧♦s❡ t❤❡ s②st❡♠✱ ✇❡ t❛❦❡ t❤❡ z− ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝✉r❧
♦❢ ❊q✳✭✶✳✶✮✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t t❡r♠ ✭∇ ×∇p = 0✮✳ ❚❤❡ ❧✐♥❡❛r
✈❡rs✐♦♥ ♦❢ t❤✐s ❡q✉❛t✐♦♥ r❡❛❞s✱

mn
∂u1

∂t
= −∇p1 + J0 ×B1 + J1 ×B0, ✭✶✳✷✽✮

✇❤❡r❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ✐s ♥❡❣❧❡❝t❡❞ ❜❡❝❛✉s❡ ✐t ✐s ♦❢ s❡❝♦♥❞ ♦r❞❡r u ·∇u ∼
u1 · ∇u1✳ ◆♦✇✱ t❛❦✐♥❣ t❤❡ ❝✉r❧ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❣✐✈❡s✱

J0 ×B1 = −Jz,0By,1ex + Jz,0Bx,1ey, ∇× (J0 ×B1) =
∂jz,0
∂x

Bx,1ez =
B

′′

s

µ0
Bx,1ez,

J1 ×B0 = (Bz,0Jy,1 −BsJz,1)ex −Bz,0Jx,1ey +BsJx,1ez,

∇× (J1 ×B0) = Bs
∂Jx,1
∂y

ex − (B
′

sJx,1 +Bs
∂Jx,1
∂x

)ey −
Bs
µ0

∇2Bx,1ez,

J1 =
1

µ0

∂Bz,1
∂y

ex −
1

µ0

∂Bz,1
∂x

ey +
1

µ0
(
∂By,1
∂x

− ∂Bx,1
∂y

)ez,

∇× u1 =
∂uz,1
∂y

ex −
∂uz,1
∂x

ey + (
∂uy,1
∂x

− ∂ux,1
∂y

)ez,

✭✶✳✷✾✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ∇ · B = 0✱ ❆♠♣❡r❡ ❡q✉❛t✐♦♥✱ ❛♥❞ t❤❡ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ❛❧♦♥❣ z✱ t❤❛t
✐s ∂

∂z = 0✳ ◆♦✇✱ s✉❜st✐t✉t✐♥❣ t❤❡s❡ ❡q✉❛t✐♦♥ ✐♥t t❤❡ ❝✉r❧ ♦❢ ❊q✳✭✶✳✷✽✮✱ t❤❡ z−❝♦♠♣♦♥❡♥t ♦❢ t❤❡
r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥ r❡❛❞s✱

mn
∂

∂t

[∂uy,1
∂x

− ∂ux,1
∂y

]

= −Bs
µ0

∇2Bx,1 +
B

′

s

µ0
Bx,1, ✭✶✳✸✵✮

✇❤✐❝❤ ❣✐✈❡s✱ ❛❢t❡r t❛❦✐♥❣ ✐ts ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❛♥❞ ✉s✐♥❣ t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭∇·u =

0, =⇒ uy =
i
k
∂ux,1
∂x ✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

imnγ

k

[ ∂2

∂x2
− k2

]

ux = −Bs
µ0

[ ∂2

∂x2
− k2

]

Bx +
B

′′

s

µ0
Bx, ✭✶✳✸✶✮

❍❡r❡ ✇❡ ❤❛✈❡ ♦♠✐tt❡❞ ❛❣❛✐♥ ∼ ✐♥ ♣❡rt✉r❜❡❞ q✉❛♥t✐t✐❡s✳ ❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❝♦✉♣❧❡❞ ✇✐t❤
❊q✳✭✶✳✷✺✮ r❡♣r❡s❡♥ts ❛ ❝❧♦s❡❞ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✱ ✇❤❡r❡ γ ✐s t❤❡ ❡✐❣❡♥✈❛❧✉❡ t♦ ❜❡
❢♦✉♥❞✱ ❛♥❞ V = [Bx, ux]

T ✐s t❤❡ ❡✐❣❡♥✈❡❝t♦r✳ ❆❧s♦✱ t❤❡ q✉❛♥t✐t✐❡s ✐♥ t❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ ❞✐♠❡♥✲
s✐♦♥❛❧✿ ✐t ✐s ❛❢t❡r ♥♦r♠❛❧✐③❛t✐♦♥ t❤❛t ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧t t♦ t❤❡ ❡st✐♠❛t❡ ♦❢
❊q✳✭✶✳✷✼✮✳ ❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ❧✐♥❡❛r ❛♥❛❧②s✐s ✐s t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ❛♥❞ ✜♥❞ t❤❡ s❝❛❧✐♥❣
❧❛✇s ♦❢ t❤❡ ❣r♦✇t❤ r❛t❡❀ t❤❛t ✐s t❤❡ ♣♦✇❡r✲❧❛✇ ❞❡♣❡♥❞❡♥❝❡ ♦❢ γ ♦♥ t❤❡ ❞✐✛❡r❡♥t ♥♦♥✲✐❞❡❛❧ ♣❛✲
r❛♠❡t❡rs ❡♥t❡r✐♥❣ ✐♥ ❖❤♠ ❧❛✇ ✭❤❡r❡✱ ♦♥❧② η✮✳ ❊✈❡♥ ✐❢ ✐t ✐s ♥♦t ❛❧✇❛②s ❡❛s② ♦r ♣♦ss✐❜❧❡ t♦ ✜♥❞ ❛♥
❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❧✐♥❡❛r ❛♥❛❧②s✐s ♦❢ r❡❝♦♥♥❡❝t✐♦♥✱
t❤❡s❡ s♦❧✉t✐♦♥s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s ✉s✐♥❣ ❛ ❜♦✉♥❞❛r② ❧❛②❡r ❛♣♣r♦❛❝❤✳ ❚❤❡
♥♦t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ✐s ✇❤❛t ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ✐♥tr♦❞✉❝❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ❛❧t❤♦✉❣❤ ✐♥
t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❤❡✉r✐st✐❝ ❛♥❛❧②s✐s✳ ■ts ❛♣♣❧✐❝❛t✐♦♥s t♦ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐❧❧ ❜❡ r❡❝♦♥s✐❞❡r❡❞ ❧❛t❡r ✐♥ ❈❤❛♣t❡r ✼✳

✹✵



✶✳✸✳ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥✿ ❆ ❙✐♠♣❧❡ ❉❡s❝r✐♣t✐♦♥

✶✳✸✳✶ ■♥st❛❜✐❧✐t② P❛r❛♠❡t❡r ∆′ ❛♥❞ t❤❡ ❖✉t❡r ❘❡❣✐♦♥

❚❤❡ ♠♦st ✐♠♣♦rt❛♥t q✉❡st✐♦♥ t♦ ❜❡ ❛s❦❡❞ ♥♦✇ ✐s ✇❤❛t ❛r❡ t❤❡ ❝♦♥❞✐t✐♦♥s✱ ✐❢ t❤❡② ❞♦ ❡①✐st✱ ❢♦r t❤❡
♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ♣♦s✐t✐✈❡✲r❡❛❧ ❣r♦✇t❤ r❛t❡❀ t❤❛t ✐s ❢♦r t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ❣r♦✇✐♥❣ r❡❝♦♥♥❡❝t✐♥❣
♠♦❞❡✳ ❚♦ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥✱ ✇❡ ❣♦ ❜❛❝❦ t♦ ❛♥ ✐❞❡❛ ❡①♣❧❛✐♥❡❞ ❜❡❢♦r❡✳ ❲❡ ♠❡♥t✐♦♥❡❞ t❤❛t ❢♦r
t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ ❋✐❣✳✭✶✳✺✮✱ t❤❡ s②st❡♠ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ❞✐st✐♥❝t r❡❣✐♦♥s✳ ❖♥❡ ✐s t❤❡ ♦✉t❡r
r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ ✇❡ ❡♥t✐r❡❧② ♥❡❣❧❡❝t t❤❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ ✐♥♥❡r r❡❣✐♦♥
✇❤❡r❡ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♥♦♥✲✐❞❡❛❧ ❡✛❡❝ts✱ ❛♥❞ ✇❡ ✐❣♥♦r❡ ❛❧❧ t❤❡ t❡r♠s ♣r♦♣♦rt✐♦♥❛❧ t♦ k2

❜❡❝❛✉s❡ ♣❡rt✉r❜❛t✐♦♥s ❛❧♦♥❣ y−❞✐r❡❝t✐♦♥ ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ❛❧♦♥❣ x✱ ✐♥s✐❞❡ t❤✐s
r❡❣✐♦♥✳ ❙♣❧✐tt✐♥❣ t❤❡ ❞♦♠❛✐♥ ✐♥ t✇♦ s✉❜✲❞♦♠❛✐♥s ❛❝❝♦r❞✐♥❣ t♦ t❤✐s s❝❛❧❡ s❡♣❛r❛t✐♦♥✱ ✇❤✐❝❤ ❛❧❧♦✇s
t❤❡ s❡❛r❝❤ ♦❢ t✇♦ s❡♣❛r❛t❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♣r♦❜❧❡♠ t♦ ❜❡ ♠❛t❝❤❡❞ ✐♥ ❛♥ ♦✈❡r❧❛♣♣✐♥❣
✧❜♦✉♥❞❛r②✧✱ ✐s ❦♥♦✇♥ ❛s ✧❜♦✉♥❞❛r② ❧❛②❡r ❛♣♣r♦❛❝❤✧✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♦✉t❡r r❡❣✐♦♥ ❡q✉❛t✐♦♥s r❡❛❞✱

γBx,out = ikBsux,out, ✭✶✳✸✷✮
[ d2

dx2
− k2

]

Bx,out −
B

′′

s

Bs
Bx,out = 0, ✭✶✳✸✸✮

✇❤❡r❡ t❤❡ s✉❜s❝r✐♣t ✧♦✉t✧ r❡❢❡rs t♦ t❤❡ ♦✉t❡r r❡❣✐♦♥ s♦❧✉t✐♦♥✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t ❛♥ ❛♥❛❧②t✐❝❛❧
s♦❧✉t✐♦♥ Bx,out ❡①✐sts✱ ✇❤✐❝❤ ❥✉st ❞❡♣❡♥❞ ♦♥ t❤❡ ❣✐✈❡♥ ❡q✉✐❧✐❜r✐✉♠ Bs ✭s❡❡ t❛❜❧❡ ✼✳✶ ✐♥ ❝❤❛♣t❡r
✼✮✳ ❚❤❡ ♦♥❧② r❡♠❛✐♥✐♥❣ q✉❡st✐♦♥ ✐s✿ ❞♦❡s ❛♥② s♦❧✉t✐♦♥ Bx,out ✐♠♣❧✐❡s t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ❣r♦✇✐♥❣
r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡❄ ■❢ t❤❡ ❛♥s✇❡r ✐s ♥♦✱ t❤❡♥ ✇❤❛t ✐s t❤❡ ✐♥t❡r✈❛❧ ♦❢ k t❤❛t ❛❧❧♦✇s ❛ ❣r♦✇✐♥❣
♠♦❞❡ ✭γ ∈ IR∗✮❄

❚❤❡ ❡①❛♠♣❧❡ ♦❢ r❡s✐st✐✈❡ r❡❝♦♥♥❡❝t✐♦♥ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ❝❛♥ ❤❡❧♣ t♦ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥✳ ❆❢t❡r
❛❧❧✱ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐s ❛ ♣r♦❝❡ss ✐♥ ✇❤✐❝❤ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣② st♦r❡❞ ✐♥ t❤❡ ✐❞❡❛❧ ▼❍❉
r❡❣✐♦♥ ❝♦♥✈❡rts ✐♥t♦ ❦✐♥❡t✐❝ ❡♥❡r❣② ✭Ek✮ ♦❢ t❤❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ✐♥s✐❞❡ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r✳
❍❡♥❝❡✱ ❢♦r t❤❡ ✐♥st❛❜✐❧✐t② t♦ ♦❝❝✉r✱ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ✐♥s✐❞❡ t❤❡ ✐♥♥❡r ❧❛②❡r ♠✉st ✐♥❝r❡❛s❡ ✇✐t❤
t✐♠❡ ✭t❤❡ t♦t❛❧ ♣♦✇❡r ❣❡♥❡r❛t❡❞ ❜② ▼❍❉ ✭❤❡r❡❛❢t❡r✱ P ✮ ♠✉st ❜❡ ♣♦s✐t✐✈❡ P > 0✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡
✜rst ❝❛❧❝✉❧❛t❡ t❤❡ ❢♦r❝❡ ♦♣❡r❛t♦r ✐♥ ✐❞❡❛❧ ▼❍❉ r❡❣✐♦♥ ✭F = J × B − ∇p✮✱ ♥❡①t ✇❡ ❡st✐♠❛t❡ t❤❡
t♦t❛❧ ♣♦✇❡r ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣♦✇❡r ✭P =

´

V dV u · F✮✱ t❤❡♥ ✇❡ ❡①♣❧♦✐t t❤❡ ❢❛❝t t❤❛t t❤❡
❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❣r♦✇t❤ r❛t❡ ✇✐❧❧ ♦♥❧② ❝♦♠❡ ❢r♦♠ t❤❡ ✐♥♥❡r ❧❛②❡r✳ ❋✐♥❛❧❧②✱ ❜② r❡q✉✐r✐♥❣ ❛
♣♦s✐t✐✈❡ ♣♦✇❡r P > 0 =⇒ dEk

dt > 0✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✐♥st❛❜✐❧✐t② t♦ ♦❝❝✉r✳ ❉✉❡
t♦ t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❛ss✉♠♣t✐♦♥ ✭∇ · u = 0✮✱ ✇❡ ✇r✐t❡ u = ∇ ×Φ = ∇ × (Φez)✳ ❚❤❡♥ t❤❡
♣♦✇❡r P r❡❛❞s✱

P =

ˆ

V
dV∇×Φ · F =

ˆ

V
dVΦ · ∇ × F, ✭✶✳✸✹✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ❊q✳✭❇✳✷✼✮✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ s♦❧✉t✐♦♥ ✐s ✇❡❧❧✲❜❡❤❛✈❡❞ ❛t ✐♥✜♥✐t②✱ t❤❡r❡❢♦r❡
t❤❡ s✉r❢❛❝❡ ✐♥t❡❣r❛❧ ✇✐❧❧ ✈❛♥✐s❤✳ ❚❤❡ z− ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❢♦r❝❡ ♦♣❡r❛t♦r ♦❢ ✐❞❡❛❧ ▼❍❉ r❡❣✐♦♥ r❡❛❞s✱

ez · ∇ × F = ez ·
[

∇× (J0 ×B1) +∇× (J1 ×B0)
]

= −Bs
µ0

[ ∂2

∂x2
− k2

]

Bx +
B

′′

s

µ0
Bx ✭✶✳✸✺✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ❊q✳✭✶✳✷✾✮✳ ◆♦✇✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ u ✐♥ t❡r♠s ♦❢ Φ✱ t❤❡ ♣♦✇❡r ❜❡❝♦♠❡s

P =

ˆ +∞

−∞
dx

γBx
µ0k2

[d2Bx
dx2

− (k2 +
B

′′

s

Bs
)Bx

]

=

ˆ +δ

−δ
dx

γBx
µ0k2

[d2Bx
dx2

− (k2 +
B

′′

s

Bs
)Bx

]

, ✭✶✳✸✻✮

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t Φ = − iux
k = − γ

k2Bs
Bx✳ ❚❤❡ ❧✐♠✐ts ♦❢ t❤❡ ♣r❡✈✐♦✉s

✐♥t❡❣r❛❧ ✇❡r❡ ❝❤❛♥❣❡❞ t♦ ±δ ❜❡❝❛✉s❡ ❛❧❧ t❤❡ ♣♦✇❡r ✇✐❧❧ ❜❡ ❣❡♥❡r❛t❡❞ ✐♥s✐❞❡ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r✳
◆♦✇✱ ♥❡❣❧❡❝t✐♥❣ t❤❡ k2−t❡r♠s ❛♥❞ ❛ss✉♠✐♥❣ Bx ≈ Bx(0) = const✱ ✇❤✐❝❤ ✐s ❦♥♦✇♥ ❛s ❝♦♥st❛♥t✲ψ
❛♣♣r♦①✐♠❛t✐♦♥ ❬✺✼❪✱ t❤❡ ♣r❡✈✐♦✉s ✐♥t❡❣r❛❧ ❜❡❝♦♠❡s

✹✶



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

P ≈ γBx(0)

µ0k2

ˆ +δ

−δ
dx
d2Bx
dx2

=
γBx(0)

µ0k2

[dBx,out
dx

∣
∣
∣
+δ

− dBx,out
dx

∣
∣
∣
0δ

]

=
γBx(0)

2

µ0k2
∆

′
, ✭✶✳✸✼✮

✇❤❡r❡ ∆
′
✐s ❦♥♦✇♥ ❛s t❤❡ ✐♥st❛❜✐❧✐t② ♣❛r❛♠❡t❡r ❬✺✼❪✱ ❛♥❞ ✐s ❣✐✈❡♥ ❜②

∆
′
=

1

Bx(0)

[dBx,out
dx

∣
∣
∣
+δ

− dBx,out
dx

∣
∣
∣
−δ

]

=
1

Bx(0)

[dBx,out
dx

]+δ

−δ
, ✭✶✳✸✽✮

❇② ❧♦♦❦✐♥❣ ❛t ❡q✉❛t✐♦♥ ❊q✳✭✶✳✸✼✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r ❛ ❣r♦✇✐♥❣ ✐♥st❛❜✐❧✐t② ✐s ✭P > 0✮✱

∆
′
> 0, ✭✶✳✸✾✮

∆
′
❣✐✈❡s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❢r❡❡ ❡♥❡r❣② ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ♠❛❣♥❡t✐❝ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❛t ❝❛♥ ❜❡ r❡❧❡❛s❡❞

❜② t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡✳ ∆
′
❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ♦✉t❡r s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐s str♦♥❣❧②

r❡❧❛t❡❞ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ ♦♥ t❤❡ ✇❛✈❡♥✉♠❜❡r ✭k✮✳ ■♥ ♦✉r ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥✱
✇❡ ❛ss✉♠❡❞ t❤❛t t❤❡ ✜❡❧❞ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❝♦♥st❛♥t ✐♥ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ x = 0✳ ❚❤✐s
❛ss✉♠♣t✐♦♥ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ✇❛✈❡❧❡♥❣t❤s ❛r❡ s♠❛❧❧✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t
t♦ ∆′ ❜❡✐♥❣ s♠❛❧❧ ✭∆′δ ≪ 1✮✱ ♦r ✇❤❛t ✐s ❦♥♦✇♥ ❛s ✧t❡❛r✐♥❣ ♠♦❞❡✧✳ ❲❡ ❝❛♥ s✉♠♠❛r✐③❡ t❤❡ ❦❡②
♣♦✐♥ts ❛❜♦✉t t❤❡ ✐♥st❛❜✐❧✐t② ♣❛r❛♠❡t❡r✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞✐s❝✉ss ✐♥ ❞❡t❛✐❧ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✱
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✿

❚❤❡ ✐♥st❛❜✐❧✐t② ♣❛r❛♠❡t❡r ∆
′
= ∆

′
(k, a) ❞❡t❡r♠✐♥❡s t❤❡ s♣❡❝tr✉♠ ♦❢ ✉♥st❛❜❧❡

✇❛✈❡✲♥✉♠❜❡rs ✭[kmin, kmax]✮ ❢♦r ❛ ❣✐✈❡♥ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛
❝✉rr❡♥t s❤❡❡t ✇✐t❤ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ✇✐❞t❤ a ❛♥❞ ❛♥ ✧✐♥✜♥✐t❡✧ ❡❧♦♥❣❛t✐♦♥✳ ❚❤❡

s♣❡❝tr✉♠ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t❤r❡❡ ❞✐st✐♥❝t r❡❣✐♠❡s✿ ❛ ❧♦♥❣ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t✱ ❦♥♦✇♥ ❛❧s♦
❛s ✐♥t❡r♥❛❧✲❦✐♥❦ ♠♦❞❡ ✭∆

′
δ ≫ 1✮✱ ❛ s❤♦rt ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t ❦♥♦✇♥ ❛s t❡❛r✐♥❣ ♠♦❞❡

♦r ❝♦♥st❛♥t✲ψ ❧✐♠✐t ✭∆
′
δ ≪ 1✮✱ ❛♥❞ ❛ ❢❛st❡st✲❣r♦✇✐♥❣ ♠♦❞❡ r❡❣✐♦♥ ✭∆

′
δ ∼ 1✮✳ ❙✐♥❝❡✱

∆
′
❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ♦✉t❡r s♦❧✉t✐♦♥✱ t❤✐s ♠❛❦❡s ✐t ✉♥✐✈❡rs❛❧ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t

❞♦❡s ♥♦t r❡❧② ♦♥ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♠❡❝❤❛♥✐s♠✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t❤r❡❡ ❞✐st✐♥❝t ❧✐♠✐ts
❞❡✜♥❡❞ ❤❡r❡ r❡♠❛✐♥ ✈❛❧✐❞ ❢♦r ❛❧❧ r❡❝♦♥♥❡❝t✐♦♥ r❡❣✐♠❡s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✭✶✳✻✮✳

✶✳✸✳✷ ❙❝❛❧✐♥❣ ▲❛✇s ❛♥❞ t❤❡ ■♥♥❡r ❘❡❣✐♦♥

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ♦❜t❛✐♥❡❞ ❛ ❝r✐t❡r✐♦♥ ❛❧❧♦✇✐♥❣ t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❛ ❝♦♥✜❣✉r❛t✐♦♥
✐s st❛❜❧❡ ♦r ♥♦t✳ ❆ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥❝❧✉s✐♦♥ ✇❛s ❞r❛✇♥✿ t❤❡ st❛❜✐❧✐t② ♦❢ ❛♥② ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛
t♦ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s ✐s ❡♥t✐r❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❛✈❛✐❧❛❜❧❡ ❢r❡❡ ❡♥❡r❣② ✐♥ t❤❡ ✐❞❡❛❧ ▼❍❉
r❡❣✐♦♥ ♠❡❛s✉r❡❞ ❜② t❤❡ ✐♥st❛❜✐❧✐t② ♣❛r❛♠❡t❡r ✭s❡❡ ❋✐❣✳ ✶✳✺✮✳ ❚❤❡ ❝♦♥✈❡rs✐♦♥ ♠❡❝❤❛♥✐s♠ ❜❡t✇❡❡♥
♠❛❣♥❡t✐❝ ❡♥❡r❣② ❛♥❞ ❦✐♥❡t✐❝ ♦♥❡✱ ✇❤❡♥ t❤❡ r❡❣✐♠❡ ✐s ♣✉r❡❧② r❡s✐st✐✈❡✱ ✐♥✈♦❧✈❡s t❤❡ ❞✐✛✉s✐♦♥ ♦❢
✜❡❧❞ ❧✐♥❡s ✐♥s✐❞❡ t❤❡ ✐♥♥❡r ❧❛②❡r ✇❤❡r❡ ♦♥❡ ❝❛♥ ♥♦ ❧♦♥❣❡r ♥❡❣❧❡❝t t❤❡ r❡s✐st✐✈❡ t❡r♠ ✐♥ ❣❡♥❡r❛❧✐③❡❞
❖❤♠ ❧❛✇✳ ❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✐♥ t❤✐s ❧❛②❡r✱ ✇❡ ❝❛♥ ✐❣♥♦r❡ k2−t❡r♠s✳ ❚❤❡r❡❢♦r❡✱ ❊qs✳❬✶✳✷✺✱
✶✳✸✶❪ ❜❡❝♦♠❡

γBx,in = ikBsux,in +
η

µ0
B

′′

x,in, ✭✶✳✹✵✮

imnγ

k
u

′′

x,in = −Bs
µ0
B

′′

x,in +
B

′′

s

µ0
Bx,in, ✭✶✳✹✶✮

✹✷



✶✳✸✳ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥✿ ❆ ❙✐♠♣❧❡ ❉❡s❝r✐♣t✐♦♥

❋✐❣✉r❡ ✶✳✻✿ ❆ s♣❡❝tr✉♠ ♦❢ ✉♥st❛❜❧❡ ♠♦❞❡s ❢♦r t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡ ❝❛s❡ ✇❤❡♥ Bs = sin(x) ❛♥❞
t❤❡ ❝✉rr❡♥t s❤❡❡t ❛s♣❡❝t r❛t✐♦ ✐s ❧❛r❣❡✳ ❚❤r❡❡ ❞✐st✐♥❝t r❡❣✐♦♥s ❛r❡ s❤♦✇♥✿ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t
✭❧❡❢t✮✱ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ r❡❣✐♦♥ ✭♠✐❞❞❧❡✮✱ ❛♥❞ t❤❡ s♠❛❧❧ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t ✭r✐❣❤t✮✳ ❚❤❡
❝♦♥✜❣✉r❛t✐♦♥ ✐s ✉♥st❛❜❧❡ t♦ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s ❛s ❧♦♥❣ ❛s k ∈ [0, 1]✳

❚❤❡s❡ ❡q✉❛t✐♦♥s ❝♦♥s✐st ♦❢ ❛ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s✳ ❆♥ ❡①❛❝t ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤✐s ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❞♦❡s ♥♦t ❣❡♥❡r❛❧❧② ❡①✐st ✐♥
❛ ❝❧♦s❡❞ ❢♦r♠ ❛❧t❤♦✉❣❤ ✐t ❤❛s ❜❡❡♥ ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❢♦r♠ ✐♥ ❘❡❢✳❬✶✺✵❪✳ ❙♣❡❝✐✜❝
s♦❧✉t✐♦♥s✱ st✐❧❧ r❡❧②✐♥❣ ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❛♥❛❧②s✐s✱ ❤❛✈❡ ❜❡❡♥ s❡♣❛r❛t❡❧②
♦❜t❛✐♥❡❞ ✐♥ ❝♦♥st❛♥t−ψ ❬✺✼❪✱ ❛♥❞ ✐♥t❡r♥❛❧ ❦✐♥❦ r❡❣✐♠❡s ❬✶✺✵✱ ✶✺✶❪✳ ❚♦ ❝❤❛r❛❝t❡r✐③❡ q✉❛♥t✐t❛t✐✈❡❧②
t❤❡ ✐❞❡❛ ❜❡❤✐♥❞ ❜♦✉♥❞❛r② ❧❛②❡r ❛♣♣r♦❛❝❤✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s♦❧✈❡ t❤❡s❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❝♦♥st❛♥t−ψ
❧✐♠✐t ✭t❡❛r✐♥❣ ♠♦❞❡✮✱ ❛♥❞ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ s❤❡❛r ✜❡❧❞ ❛s Bs ∼ xB

′

s(0) ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡
♥❡✉tr❛❧ ❧✐♥❡✳ ❚❤❡r❡❢♦r❡✱ ❛❧❧ t❤❡ ❤✐❣❤❡r ❞❡r✐✈❛t✐✈❡s ✈❛♥✐s❤✳ ❙♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ♦✉t❡r
r❡❣✐♦♥✱ t❤❛t ✐s ❊qs❬✶✳✸✷✱ ✶✳✸✸❪ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡ ♦❢ ∆

′
❬✶✺✷❪ ✭s❡❡ ❛❧s♦ ❬✶✺✸❪ ❢♦r ❞❡t❛✐❧s✮✱

∆
′
=

1

Bx(0)

[dBx,out
dx

]+δ

−δ
= 2
√

1− (ka)2 tan
(π

2

√

1− (ka)2
)

, ✭✶✳✹✷✮

❋♦❧❧♦✇✐♥❣ t❤❡ ❝♦♥st❛♥t−ψ ❛♣♣r♦①✐♠❛t✐♦♥ ✱ ❊qs❬✶✳✹✵✱ ✶✳✹✶❪ ❜❡❝♦♠❡

γBx,in(0) = ikxB
′

s(0)ux,in +
η

µ0
B

′′

x,in, ✭✶✳✹✸✮

γu
′′

x,in =
ikB

′

s(0)

mnµ0
xB

′′

x,in, ✭✶✳✹✹✮

◆♦✇✱ s✉❜st✐t✉t✐♥❣ ❊q✳✭✶✳✹✹✮ ✐♥t♦ ❊q✳✭✶✳✹✸✮✱ ♦♥❡ ♦❜t❛✐♥s✱

au
′′

x,in − bx2ux,in = cx, ✭✶✳✹✺✮

✇❤❡r❡ a = imnηγ

kB
′
s(0)

, b = ikB
′

s(0)✱ ❛♥❞ c = −γBx,in(0)✳ ❲❡ t❤❡♥ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♥❣❡ ♦❢

✈❛r✐❛❜❧❡s✱
x = δX, ux,in = χU, ✭✶✳✹✻✮

✹✸



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

❊q✳✭✶✳✹✺✮ ❜❡❝♦♠❡s

U
′′ − bδ4

a
X2U =

cδ3

χa
X, =⇒ U

′′ −X2U = X, ✭✶✳✹✼✮

✇❤❡r❡ ✇❡ r❡q✉✐r❡❞ cδ3

χa = 1✱ ❛♥❞ bδ4

a = 1✳ ❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ♠❡❛♥s ♦❢
❍❡r♠✐t❡ ❡①♣❛♥s✐♦♥✱ ❛♥❞ ❤❛s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛❧ ❢♦r♠ ✭s❡❡ ❘❡❢✳❬✶✺✹❪ ❢♦r ❞❡t❛✐❧s
❛❜♦✉t s♦❧✈✐♥❣ ❡q✉❛t✐♦♥s ♦❢ t❤✐s t②♣❡✮✱

U(X) = −X
2

ˆ π/2

0
e−

X2

2
cos θ

√
sin θdθ, ✭✶✳✹✽✮

✇✐t❤

δ =
(mnηγ)

1
4

k
1
2B′

s(0)
1
2

, χ =
iBx,in(0)γ

(mnηγ)
1
4 (kB′

s(0))
1
2

, ✭✶✳✹✾✮

✇✐t❤ t❤✐s s♦❧✉t✐♦♥ ✐♥ ❤❛♥❞✱ ✇❡ ❤❛✈❡ ♥♦✇ ❛ s♦❧✉t✐♦♥ ✭Bx,out✮ ✐♥ t❤❡ ♦✉t❡r r❡❣✐♦♥ ✭❜② s♦❧✈✐♥❣
❊qs❬✶✳✸✷✱ ✶✳✸✸❪✮✱ ❛♥❞ ❛♥♦t❤❡r ♦♥❡ ✭Bx,in✮ ✐♥ t❤❡ ✐♥♥❡r r❡❣✐♦♥ ❛❢t❡r s♦❧✈✐♥❣ ❊qs❬✶✳✹✹✱ ✶✳✹✸❪✱ ❛♥❞
t❤❡r❡❢♦r❡ ♦❜t❛✐♥✐♥❣ ❊q✳✭✶✳✹✽✮✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ ✇❡❧❧✲❜❡❤❛✈❡❞ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣r♦❜❧❡♠✱ t❤❡
♦✉t❡r ❛♥❞ t❤❡ ✐♥♥❡r s♦❧✉t✐♦♥s ♠✉st ♠❛t❝❤ ❡❛❝❤ ♦t❤❡rs ❛t s♦♠❡ ❜♦✉♥❞❛r✐❡s✳ ❚❤❡ ✐♥♥❡r ❧❛②❡r ❝❛♥
❜❡ ❛ss✉♠❡❞ t♦ ❡①t❡♥❞ ✉♣ t♦ ❛ ❞✐st❛♥❝❡ δ ❢r♦♠ t❤❡ ♥❡✉tr❛❧ ❧✐♥❡ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✭✶✳✺✮✳ ❚❤❛t ✐s✱

lim
x→±∞

Bx,in = lim
x→±0

Bx,out, ✭✶✳✺✵✮

✇❤✐❝❤ ❛❧s♦ ❛♣♣❧✐❡s t♦ t❤❡✐r ❞❡r✐✈❛t✐✈❡s✱ limx→±∞
dBx,in
dx = limx→±0

dBx,out
dx ✳ ❙✉❜st✐t✉t✐♥❣ ❊q✳✭✶✳✹✻✮✱

❛♥❞ ❊q✳✭✶✳✹✾✮ ✐♥t♦ ❊q✳✭✶✳✹✸✮✱ ♦♥❡ ❡❛s✐❧② ✜♥❞s ❛❢t❡r ✐♥t❡❣r❛t✐♥❣ ♦♥❝❡✱

[dBx,in
dx

]+δ

−δ
=
[dBx,out

dx

]+δ

−δ
=

1

Bx,in(0)
∆

′
=
µ0Bx,in(0)δγ

η

ˆ +∞

−∞
(1 +XU)dX

=
√
2Γ2(

3

4
)
µ0Bx,in(0)δγ

η
,

✭✶✳✺✶✮

✇❤❡r❡
ˆ +∞

−∞
(1 +XU)dX =

√
2Γ2(

3

4
), ✭✶✳✺✷✮

✇❤❡r❡ Γ ✐s t❤❡ ❦♥♦✇♥ ❣❛♠♠❛ ❢✉♥❝t✐♦♥✱ ❛♥❞ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥st❛❜✐❧✐t② ♣❛r❛♠✲
❡t❡r ❣✐✈❡♥ ❜② ❊q✳✭✶✳✸✽✮✳ ◆♦✇✱ s✉❜st✐t✉t✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ δ ✐♥t♦ ❊q✳✭✶✳✺✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✇❡❧❧
❦♥♦✇♥ s❝❛❧✐♥❣ ❧❛✇ ❢♦r t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡ r❡❣✐♠❡ ❬✺✼❪✱ ✇❤✐❝❤ r❡❛❞s ❬s❡❡ ❝❤❛♣t❡r ✼ ❢♦r ❛ ❞❡t❛✐❧❡❞
❛♥❛❧②s✐s ♦❢ t❤❡ ❧✐♥❡❛r t❤❡♦r②❪✱

γSD ∼ k2/5∆
′4/5η3/5, ♦r ✐♥ t❡r♠ ♦❢ ❙, γSD ∼ k2/5∆

′4/5S−3/5. ✭✶✳✺✸✮

✇❤❡r❡ t❤❡ s✉❜s❝r✐♣t ❙❉ r❡❢❡rs t♦ t❤❡ ✧❙♠❛❧❧ ∆′ ❧✐♠✐t✧✳ ■♥ t❤❡ ♦♣♣♦s✐t❡ ❧✐♠✐t ✭❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤
❧✐♠✐t✱ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❝❤❛♣t❡r ✼✮✱ t❤❡ s❝❛❧✐♥❣ ❧❛✇ ♦❢ t❤❡ ❣r♦✇t❤ r❛t❡ r❡❛❞s✱

γLD ∼ k2/3S−1/3 ✭✶✳✺✹✮

❊✈❡♥ ✇✐t❤ t❤✐s ❧❛r❣❡ ❣❛✐♥ ✐♥ t❤❡ ❣r♦✇t❤ r❛t❡ ❝♦♠♣❛r❡❞✱ ❢♦r S ≫ 1✱ t♦ t❤❡ ∼ S−1 s❝❛❧✐♥❣
❞✐s❝✉ss❡❞ ❜❡❢♦r❡✱ t❤✐s ❣r♦✇t❤ r❛t❡ ❞♦❡s ♥♦t ❛❧♦♥❡ ❛❝❝♦✉♥t ❢♦r t❤❡ ❢❛st r❡❝♦♥♥❡❝t✐♦♥ ❡✈❡♥ts ✇❡
♦❜s❡r✈❡ ✐♥ ♥❛t✉r❡ ♦r ❧❛❜♦r❛t♦r②✳ ❚❤❡r❡❢♦r❡✱ ♦t❤❡r ❡✛❡❝ts s❤♦✉❧❞ ❜❡ ❛❝❝♦✉♥t❡❞ ❢♦r✱ ✐♥ s♣♦♥t❛♥❡♦✉s
r❡❝♦♥♥❡❝t✐♥❣ ✐♥st❛❜✐❧✐t✐❡s✳ Pr♦♠✐s✐♥❣ ❝❛♥❞✐❞❛t❡s ❛r❡ ❢✉rt❤❡r ♥♦♥✲✐❞❡❛❧ t❡r♠s✱ s✉❝❤ ❛s ❋✐♥✐t❡
▲❛r♠♦r ❘❛❞✐✉s ❡✛❡❝ts ♦r t❤❡ ❍❛❧❧✲t❡r♠ ✐♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠✬s ❧❛✇✱ ♦r ♦t❤❡r ❦✐♥❡t✐❝ ❡✛❡❝ts
t❤❛t s❤♦✉❧❞ ❜❡ ❜❡tt❡r ❞❡s❝r✐❜❡❞ ✐♥ ❛ ❢✉❧❧② ❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥ ✭s❡❡ ❝❤❛♣t❡r ✼✮✳

✹✹



✶✳✹✳ ❋❛st❡st ●r♦✇✐♥❣ ▼♦❞❡ ❛♥❞ t❤❡ ✧■❞❡❛❧✧ ▲✐♠✐t

❋✐❣✉r❡ ✶✳✼✿ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ r❡❝♦♥♥❡❝t✐♦♥ r❡❣✐♠❡s ❢♦r B0 ∼ Bs✱ ✇❤❡♥ ✈❛r②✐♥❣ t❤❡ ✇✐❞t❤ a ❛t
✜①❡❞ ❧❡♥❣t❤ ♦❢ t❤❡ ❝✉rr❡♥t s❤❡❡t L✳ ❚❤❡ ✜rst r❡❣✐♦♥ ✭❧✐❣❤t r❡❞✮ ✐s t❤❡ s❧♦✇ ♠♦❞❡s r❡❣✐♦♥ ✭✇✐t❤
❛s♣❡❝t r❛t✐♦ L/a≪ (L/a)cr = (L/ac)✱ ✇❤❡r❡ a2 ≤ a ≤ a1✮✳ ❚❤❡ s❡❝♦♥❞ ✭❧✐❣❤t ❜r♦✇♥✮ ✐s t❤❡ ❢❛st
♠♦❞❡s✬ r❡❣✐♦♥ ✇✐t❤ ac ≤ a ≤ a2✳ ❚❤❡ t❤✐r❞ ✭❧✐❣❤t ❣r❡❡♥✮ ✐s t❤❡ ✈✐♦❧❡♥t❧② ✉♥st❛❜❧❡ ♠♦❞❡s✬ r❡❣✐♦♥
✭a ≤ ac✮ ✇❤✐❝❤ ✐s ❛❝❝❡ss✐❜❧❡ ❞✉❡ t♦ t❤❡ ✉♥✲r❡❛❧✐③❛❜✐❧✐t② ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝✉rr❡♥t s❤❡❡t✳ ❙❡❡ ❉❡❧ ❙❛rt♦ ❡t ❛❧ ❬✶✺✺❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

✶✳✹ ❋❛st❡st ●r♦✇✐♥❣ ▼♦❞❡ ❛♥❞ t❤❡ ✧■❞❡❛❧✧ ▲✐♠✐t

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡✱ ✇❤❡♥ ❛ ❝♦♥t✐♥✉♦✉s s♣❡❝tr✉♠ ♦❢ ✇❛✈❡❧❡♥❣t❤s ✐s ❞❡st❛✲
❜✐❧✐③❡❞✱ ❤❛❞ ❜❡❡♥ ❡✈✐❞❡♥❝❡❞ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣❛♣❡r ❜② ❋✉rt❤ ❡t ❛❧ ❬✺✼❪✳ ❆ss✉♠✐♥❣ ❛ ❍❛rr✐s t②♣❡
❡q✉✐❧✐❜r✐✉♠ ❬✶✺✻❪✱ ❛♥❞ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❝✉rr❡♥t s❤❡❡t a ❛s ❛ r❡❢❡r❡♥❝❡ ❧❡♥❣t❤✱ t❤❡② s❤♦✇❡❞ ❜②
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡s✐st✐✈❡ t❡❛r✐♥❣ ❡q✉❛t✐♦♥s t❤❛t t❤❡ s❝❛❧✐♥❣ ❧❛✇s ♦❢ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣
♠♦❞❡ r❡❛❞✱

γM ∼ S−1/2, kM ∼ S−1/4, ✭✶✳✺✺✮

❲❤❡r❡ t❤❡ s✉❜s❝r✐♣t M r❡❢❡rs t♦ t❤❡ ♠❛①✐♠✉♠ ❣r♦✇t❤ r❛t❡ ✐♥ ❛ ❝♦♥t✐♥✉✉♠ s♣❡❝tr✉♠ ♦❢
✉♥st❛❜❧❡ ✇❛✈❡♥✉♠❜❡rs✳ ❚❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡✱ ✐♥ ❛ Bs(x) ∼ cos(mx) ❡q✉✐❧✐❜r✐✉♠✱ ❤❛❞
❜❡❡♥ st✉❞✐❡❞ ♥✉♠❡r✐❝❛❧❧② ❜② ❱❛♥ ❍♦✈❡♥ ❛♥❞ ❈r♦ss ❬✻✵❪✳ ▲❛t❡r ✐♥ ✶✾✽✾✱ ❱❡❧❧✐ ❛♥❞ ❍♦♦❞ ❬✶✺✼❪
♣❡r❢♦r♠❡❞ t❤♦r♦✉❣❤ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ s✐♥❣❧❡✲t❡❛r✐♥❣ ❞♦♠✐♥❛♥t ♠♦❞❡ ✐♥ ❛ ❍❛rr✐s✲t②♣❡
s❧❛❜ ❝♦♥✜❣✉r❛t✐♦♥✱ s❤♦✇✐♥❣ t❤❛t t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ❝❛♥ ❜❡ ❞❡st❛❜✐❧✐③❡❞ ✐♥ ❛ ❝✉rr❡♥t s❤❡❡t
✇✐t❤ ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❛s♣❡❝t r❛t✐♦✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♥✉♠❡r✐❝❛❧❧② ❛ss✉♠❡❞ t♦ ❜❡ ❛s s♠❛❧❧ ❛s ∼ 20✳

❋♦r ❛ ❧♦♥❣ t✐♠❡ t❤❡ st✉❞② ♦❢ t❡❛r✐♥❣ ♠♦❞❡ ❤❛s ❜❡❡♥ ❢♦❝✉s✐♥❣ ♦♥ t❤❡ t✇♦ ❞✐st✐♥❝t ❧✐♠✐ts
✭∆′δ ≫ 1✱ ❛♥❞ ∆′δ ≪ 1✮ ❜❡❝❛✉s❡ t❤❡ ❛tt❡♥t✐♦♥ ✇❛s ♠♦st❧② ♦r✐❡♥t❡❞ t♦ t♦❦❛♠❛❦ ♣❤②s✐❝s✱ ✇❤❡r❡
t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s ✭t❡❛r✐♥❣ ❛♥❞ ✐♥t❡r♥❛❧ ❦✐♥❦ ✐♥st❛❜✐❧✐t✐❡s✮ ♦❝❝✉r ♦♥ r❡s♦♥❛♥t s✉r❢❛❝❡s ✇✐t❤
❛ ❞❡✜♥❡❞ ✇❛✈❡❧❡♥❣t❤✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ❛s♣❡❝t r❛t✐♦ ♦❢ t❤❡ ❝✉rr❡♥t ❧❛②❡r ✭ǫa = L/a✮ ✐s ♦❢ t❤❡
♦r❞❡r ♦❢ ✉♥✐t② ✭L ∼ a ∼ r✱ ✇❤❡r❡ r ✐s t❤❡ s♠❛❧❧ r❛❞✐✉s ♦❢ t❤❡ t♦❦❛♠❛❦✱ ❛♥❞ L ✐s t❤❡ ❝✉rr❡♥t s❤❡❡t
❧❡♥❣t❤✮ ❛♥❞ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤♦❧❞ ❛t t❤❡ ❡①tr❡♠✐t✐❡s ♦❢ t❤❡ ❝✉rr❡♥t s❤❡❡t✳ ❚❤❡r❡❢♦r❡✱
t❤❡ ❝✉rr❡♥t ❧❛②❡r ✇✐❞t❤ a ❛♣♣❡❛rs ❛s t❤❡ ♦♥❧② ♥❛t✉r❛❧ r❡❢❡r❡♥❝❡ ❧❡♥❣t❤ ✐♥ t❤❡ ♣r♦❜❧❡♠✳ ❍♦✇❡✈❡r✱
t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ✐♥ ❛str♦♣❤②s✐❝s✱ ✇❤❡r❡ ❧♦♥❣ s❤❡❡ts ❝❛♥ ❡①✐st ❛♥❞ ❢♦r♠ ❞✉❡ t♦ t❤❡ ✉♥❞❡r❧②✐♥❣
❞②♥❛♠✐❝s ❛♥❞ ♥♦♥✲❧✐♥❡❛r ♣r♦❝❡ss❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ s②st❡♠✳ ■♥ t❤✐s ❝❛s❡✱ ❛♥♦t❤❡r r❡❢❡r❡♥❝❡ ❧❡♥❣t❤
♠✉st ❝♦♥s✐❞❡r❡❞✱ ♥❛♠❡❧② t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝✉rr❡♥t s❤❡❡t L✳

❆s s❤♦✇♥ ✐♥ ❋✐❣✳✶✳✻✱ t❤❡ ❢❛❝t t❤❛t t❤❡ ✇❛✈❡❧❡♥❣t❤ ♦❢ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ s❡ts ✐♥ ❜❡t✇❡❡♥
t❤❡ t❡❛r✐♥❣ ❛♥❞ ✐♥t❡r♥❛❧ ❦✐♥❦ ❧✐♠✐ts✱ s✉❣❣❡sts t❤❛t t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❣r♦✇t❤ r❛t❡
❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② ♠❛t❝❤✐♥❣ t❤♦s❡ ♦❢ t❡❛r✐♥❣ ❛♥❞ ✐♥t❡r♥❛❧ ❦✐♥❦ ♠♦❞❡s ✭❊q✳✶✳✺✸ ❛♥❞ ❊q✳✶✳✺✹✮
❬✶✺✽✱ ✶✺✾✱ ✷✹❪✳ ❲❤❡♥ ❞♦✐♥❣ s♦✱ ∆′ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❛s k−p ✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡
❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t ✭k → 0✮✳ ❚❤❡ ♣♦✇❡r p ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦s❡♥ ❡q✉✐❧✐❜r✐✉♠✳ ❋♦r ❡①❛♠♣❧❡✱
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❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

p = 1 ❢♦r ❍❛rr✐s t②♣❡ ❡q✉✐❧✐❜r✐✉♠ ✭s❡❡ ❝❤❛♣t❡r ✼ ❢♦r ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥✮✳ ❚❛❦✐♥❣ t❤✐s ✐♥t♦ ❛❝❝♦✉♥t
❛♥❞ r❡q✉✐r✐♥❣ γSD ∼ γLD✱ ♦♥❡ t❤❡♥ ❡❛s✐❧② ♦❜t❛✐♥s ❊q✳✭✶✳✺✺✮✳

❚❤❡ s♣❛❝❡✲❞❡♣❡♥❞✐♥❣ ✈❛r✐❛❜❧❡s ✐♥ ❛❧❧ s❝❛❧✐♥❣ ❧❛✇s✱ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥s✱ ❛r❡
♥♦r♠❛❧✐③❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝✉rr❡♥t s❤❡❡t ✇✐❞t❤ ✭a✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥♦t❤❡r ❝❤❛r❛❝t❡r✐st✐❝
❧❡♥❣t❤ ✭L✮ ✐♥ t❤❡ ♣r♦❜❧❡♠ s✉❣❣❡sts t❤❛t t❤❡ s❝❛❧✐♥❣ ❧❛✇s ❝❤❛♥❣❡ ✇❤❡♥ r❡s❝❛❧❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ✐t
✶✶✳

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ st✉❞✐❡❞ r❡❣✐♠❡✱ t❤❡ ♠✐❝r♦s❝♦♣✐❝ q✉❛♥t✐t✐❡s ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ s♣❛❝❡ ❛♥❞✴♦r
t✐♠❡ ❛r❡ ♥♦r♠❛❧✐③❡❞ t♦ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ❛♥❞ t✐♠❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✐♥ ♦✉r ✐♥tr♦❞✉❝t♦r② ❝❛s❡✿
a ❛♥❞ ❆❧❢✈é♥ t✐♠❡ τA = a/vA✮✳ ❍❡♥❝❡✱ t❤❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡r h✱ t❤❛t ❝❛♥ ❜❡ t❤❡ r❡s✐st✐✈✐t②✱
✈✐s❝♦s✐t②✱ ❡❧❡❝tr♦♥ s❦✐♥ ❞❡♣t❤✱ ♦r ❛♥♦t❤❡r ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡r ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣r♦❜❧❡♠✱ ❤❛s ❛
♣♦✇❡r✲❧❛✇ ❞❡♣❡♥❞❡♥❝❡ ♦♥ a ❛♥❞ τA✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

h ∼
(1

a

)m( a

B0

)n
, ✭✶✳✺✻✮

❲❤❡r❡ τA ∼ a/B0✱ ❛♥❞ B0 ✐s ❛ r❡❢❡r❡♥❝❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛ss✉♠❡❞ t♦ ❜❡ ❡q✉❛❧ t♦ t❤❡ s❤❡❛r ✜❡❧❞
Bs ✐♥ ♦✉r ❝❛s❡✳ ❲❤❡♥ r❡s❝❛❧✐♥❣ h ✇✐t❤ r❡s♣❡❝t t♦ L✱ ♦♥❡ ✜♥❞s

h ∼
(L

a

)m−n
h∗, ✭✶✳✺✼✮

❲❤❡r❡ t❤❡ s✉♣❡rs❝r✐♣t ✧∗✧ r❡❢❡rs t♦ q✉❛♥t✐t✐❡s ♥♦r♠❛❧✐③❡❞ t♦ L ✭❡✳❣✱ h∗ ∼ (1/L)m(L/B0)
n✮✳

❲❤❡♥✱ h = S−1✱ ❊q✳✭✶✳✷✼✮ ❣✐✈❡s m = 2 ❛♥❞ n = 1✳ ◆♦✇✱ ❜② r❡s❝❛❧✐♥❣ γM ✇✐t❤ r❡s♣❡❝t t♦ L
✭γM ∼ γ∗(a/L)✮✱ ❛♥❞ s✉❜st✐t✉t✐♥❣ t❤❡ r❡s❝❛❧❡❞ ▲✉♥❞q✉✐st ♥✉♠❜❡r ✐♥ ❊q✳✭✶✳✺✺✮✱ ♦♥❡ ✜♥❞s✱

γ∗M ∼
(L

a

) 3
2
S∗− 1

2 ✭✶✳✺✽✮

■t ✇❛s s❤♦✇♥ ❬✶✺✼✱ ✶✺✸❪ t❤❛t ❛♥ ❛s♣❡❝t r❛t✐♦ L/a ≥ 20 ✐s s✉✣❝✐❡♥t t♦ ❞❡st❛❜✐❧✐③❡ ❛ ♠♦❞❡
✇❤♦s❡ ❣r♦✇t❤ r❛t❡ ✐s ✇❡❧❧ ❛♣♣r♦①✐♠♠❛t❡❞ ❜② ❊q✳✭✶✳✺✺✮✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✈❛❧✉❡ ♦❢ (La )

3/2 ❝❛♥
❝♦♠♣❡♥s❛t❡ t❤❡ s♠❛❧❧♥❡ss ♦❢ S−∗1/2 ❧❡❛❞✐♥❣ t♦ s♣♦♥t❛♥❡♦✉s r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s ✇❤♦s❡ t✐♠❡ s❝❛❧❡
✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ L−♥♦r♠❛❧✐③❡❞ ❆❧❢✈é♥ t✐♠❡ ✭γ∗M ∼ 1 =⇒ γ̃M ∼ τ∗−1

A ✱ ✇❤❡r❡ ∼ r❡❢❡rs t♦
❞✐♠❡♥s✐♦♥❛❧ q✉❛♥t✐t✐❡s✮✳

❚❤✐s ❝♦♥❝❧✉s✐♦♥ ✇❛s ✜rst ❢♦✉♥❞ ❛♥❞ ❞✐s❝✉ss❡❞ ❜② P✉❝❝✐ ❛♥❞ ❱❡❧❧✐ ❬✶✻✶❪✱ ❛♥❞ ❧❡❞ t❤❡♠ t♦
✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ✧✐❞❡❛❧ t❡❛r✐♥❣✧ r❡❣✐♠❡ ✐♥ r❡s✐st✐✈❡ ▼❍❉✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ❤❡r❡ ✐s t❤❛t ❛
∆′δ ∼ 1 t❡❛r✐♥❣ ♠♦❞❡✱ ✇✐t❤ ♠❛❝r♦s❝♦♣✐❝ ❆❧❢✈é♥✐❝ ❣r♦✇t❤ r❛t❡ γ∗ ∼ 1 ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥♦♥✲
✐❞❡❛❧ ♣❛r❛♠❡t❡r ✭✇❤❡♥❝❡ t❤❡ ♥❛♠❡ ✧✐❞❡❛❧ t❡❛r✐♥❣✧✮ ❛❧❧♦✇✐♥❣ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ✭S∗−1 ✐♥ ♦✉r ❝❛s❡✮✱
❝❛♥ ❞❡✈❡❧♦♣ ✐❢ ❛ ❝r✐t✐❝❛❧ ❛s♣❡❝t r❛t✐♦ ✐s r❡❛❝❤❡❞✳ ❋r♦♠ ❊q✳✭✶✳✺✽✮✱ t❤✐s ❝r✐t✐❝❛❧ ❛s♣❡❝t r❛t✐♦ r❡❛❞s✱

(L

a

)

cr
∼ S∗ 1

3 , ✭✶✳✺✾✮

❚❤✐s ❣❡♦♠❡tr✐❝❛❧ t❤r❡s❤♦❧❞ ❛❧❧♦✇❡❞ t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ ♠♦❞❡s ❝❧❛ss✐✜❡❞ ❛s s❧♦✇ ✭✐✳❡✳✱ t❤♦s❡
✇✐t❤ ❣r♦✇t❤ r❛t❡s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ✐❞❡❛❧ ❧✐♠✐t✮✱ ❢❛st ✭✐✳❡✳✱ t❤♦s❡ ✇✐t❤ ❣r♦✇t❤ r❛t❡s ♦❢ t❤❡
♦r❞❡r ♦❢ t❤❡ ✐❞❡❛❧ ❧✐♠✐t✮✱ ❛♥❞ ✈✐♦❧❡♥t❧② ✉♥st❛❜❧❡ ✇❤❡r❡ ❞✐✈❡r❣✐♥❣ ❣r♦✇t❤ r❛t❡s ❤❛❞ ❜❡❡♥ ♦❜t❛✐♥❡❞

✶✶❚❤✐s r❡s❝❛❧✐♥❣ ❛r❣✉♠❡♥t ❛♣♣❧✐❡s ♥♦t ♦♥❧② t♦ t❤❡ s♣❛❝❡✲❞❡♣❡♥❞✐♥❣ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ♣r♦❜❧❡♠ ❜✉t ❛❧s♦ t♦ t❤❡ t✐♠❡✳
❙✐♥❝❡ t❤❡ r❡❢❡r❡♥❝❡ t✐♠❡ ✐♥ ♠❛♥② r❡❣✐♠❡s ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ♦♥❡✱ ♦r ♠♦r❡ ❝❤❛r❛❝t❡r✐st✐❝ ♠❛❣♥❡t✐❝ ✜❡❧❞s
❛♣♣❡❛r ✐♥ t❤❡ ♣r♦❜❧❡♠✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ s❤❡❛r ✜❡❧❞ ✐♥ t❤❡ ♦✉t❡r r❡❣✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ r❡❢❡r❡♥❝❡ ✜❡❧❞✳ ❲❤❡♥
q✉❛♥t✐t✐❡s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥t ✇❤✐❝❤ ✐s ❧❛r❣❡❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❣✉✐❞❡ ✜❡❧❞✱ ❛ r❡s❝❛❧✐♥❣
♦❢ q✉❛♥t✐t✐❡s ✭♥♦t❛❜❧② t✐♠❡ s❝❛❧❡s✮ ♠✉st ❜❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ✐t✱ t♦♦✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ❛s②♠♣t♦t✐❝ r❛t✐♦
❜❡t✇❡❡♥ t❤❡ ❣✉✐❞❡ ✜❡❧❞ ❛♥❞ s✉❝❤ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝❛♥ ❜❡ ❛❝❝♦✉♥t❡❞ ❢♦r ✐♥ t❤❡ r❡✲♥♦r♠❛❧✐③❡❞ s❝❛❧✐♥❣s✳ ❚❤✐s ❝❛♥
❤❛✈❡ ✐♠♣♦rt❛♥t ✐♠♣❧✐❝❛t✐♦♥s ❢♦r s❡❝♦♥❞❛r② ♠♦❞❡s t♦ r❡s✐st✐✈❡ ✐♥st❛❜✐❧✐t✐❡s ✭s❡❡ ❉❡❧ ❙❛rt♦ ❡t ❛❧ ❬✶✺✺❪ ❛♥❞ ❉❡❧ ❙❛rt♦
❛♥❞ ❖tt❛✈✐❛♥✐ ❬✶✻✵❪ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥✮✳

✹✻



✶✳✺✳ ❈♦♥❝❧✉s✐♦♥s

✭s❡❡ ❋✐❣✳✶✳✼✮✳ ■t ❛❧s♦ ❛❧❧♦✇❡❞ ❬✶✻✶❪ t♦ ❡①♣❧❛✐♥ t❤❡ ♣❛r❛❞♦① ♦❢ t❤❡ ❞✐✈❡r❣✐♥❣ ❣r♦✇t❤ r❛t❡ ♦❜t❛✐♥❡❞
❢♦r t❤❡ ♣❧❛s♠♦✐❞ ✐♥st❛❜✐❧✐t② ❬✶✻✷✱ ✶✻✸❪ t♦ ❜❡ ❛s ❛ r❡s✉❧t ♦❢ t❤❡ ✐♠♣♦ss✐❜✐❧✐t② ♦❢ t❤❡ ❢♦r♠❛t✐♦♥
♦❢ t❤❡ ❙✇❡❡t✲P❛r❦❡r st❡❛❞② ❝♦♥✜❣✉r❛t✐♦♥ s✐♥❝❡ ✐ts ❛s♣❡❝t r❛t✐♦ ✭(L/a) ∼ S∗1/2✮ ✐s ❧❛r❣❡r t❤❛♥
t❤❡ ❝r✐t✐❝❛❧ ♦♥❡ ❣✐✈❡♥ ❜② ❊q✳✭✶✳✺✾✮✳ ❚❤❡s❡ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ t❤❡♥ s❤♦✇♥ ✐♥ ❘❡❢✳ ❬✷✹❪ t♦ ❜❡ ✐♥
♣r✐♥❝✐♣❧❡ ❣❡♥❡r❛❧✐③❛❜❧❡ t♦ ❛♥② r❡❝♦♥♥❡❝t✐♥❣ r❡❣✐♠❡ ✭r❡s✐st✐✈❡✱ ❝♦❧❧✐s✐♦♥❧❡ss ♦r ❦✐♥❡t✐❝✮✱ r❡❣❛r❞❧❡ss
♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡ ✭s❡❡ ❛❧s♦ P✉❝❝✐ ❡t ❛❧✳✭❬✶✻✹❪✮ ❛♥❞ ❇❡t❛r ❡t ❛❧✳ ❬✶✺✸❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳

▼♦r❡♦✈❡r✱ t❤✐s ❣r♦✇t❤ r❛t❡ t❤r❡s❤♦❧❞✱ ❛❧t❤♦✉❣❤ r❡q✉✐r✐♥❣ ❛ ❢♦r♠❛❧❧② ❞✐✈❡r❣✐♥❣ ❛s♣❡❝t r❛t✐♦✱ ✐♥
t❤❡ ❛s②♠♣t♦t✐❝ ❧✐♠✐t✱ ✐s ♦❢ ♣r❛❝t✐❝❛❧ r❡❧❡✈❛♥❝❡ ❢♦r ♥❛t✉r❛❧ ❛♥❞ ❧❛❜♦r❛t♦r② ♣❧❛s♠❛ s✐♥❝❡ ♥✉♠❡r✐❝❛❧
❛♥❛❧②s✐s s❤♦✇s t❤❛t t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ❛♣♣r♦❛❝❤❡s t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ✧✐❞❡❛❧ t❡❛r✐♥❣✧
❧✐♠✐t ❛❧r❡❛❞② ❢♦r r❡❛❧✐st✐❝ ✈❛❧✉❡s ♦❢ t❤❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs ✐♥✈♦❧✈❡❞ ✭s❡❡✱ ❡✳❣✳ P✉❝❝✐ ❡t ❛❧✳ ❬✶✻✶❪
❛♥❞ ❉❡❧ ❙❛rt♦ ❡t ❛❧✳ ❬✷✹❪ ❢♦r ❛ ❞✐s❝✉ss✐♦♥✮✳ ▼♦r❡♦✈❡r✱ ✐t ❝❛♥ ♣r♦✈✐❞❡ t❤❡ ❡st✐♠❛t❡ ♦❢ t❤❡ ❧♦♥❣❡st
st❛❜❧❡ ❛s♣❡❝t r❛t✐♦ ♦❢ ❛ ❝✉rr❡♥t s❤❡❡t t❤❛t ❡✈♦❧✈❡s ✐♥ t✐♠❡✱ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ ❛ t✉r❜✉❧❡♥t ♣❧❛s♠❛
❬✶✺✸❪✳

✶✳✺ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ ❛ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ♣❤❡♥♦♠❡♥♦♥✿
s♣♦♥t❛♥❡♦✉s ✐♥st❛❜✐❧✐t✐❡s ✐♥ t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡ r❡❣✐♠❡✳ ▼❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐s ❛ ♣r♦❝❡ss ♦❝✲
❝✉rr✐♥❣ ✐♥ ❤✐❣❤❧② ❝♦♥❞✉❝t✐♥❣ ♣❧❛s♠❛ ✐♥ ✇❤✐❝❤ t❤❡ ♠❛❣♥❡t✐❝ t♦♣♦❧♦❣② ♦❢ t❤❡ ✜❡❧❞ ❜r❡❛❦s ❛♥❞
r❡❝♦♥♥❡❝ts ❛t ♥✉❧❧ ✜❡❧❞ s♣♦ts✱ ❦♥♦✇♥ ❛s ❳✲ ♣♦✐♥ts✳ ❚❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣②✱ st♦r❡❞ ✐♥ t❤❡ ✜❡❧❞ ❧✐♥❡s✱
✐s s♦ ❝♦♥✈❡rt❡❞ ✐♥t♦ ❦✐♥❡t✐❝ ❡♥❡r❣②✱ t❤❡r♠❛❧ ❡♥❡r❣②✱ ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✳

■♥ ■❞❡❛❧ ▼❍❉✱ s✉❝❤ ❛ ♣❤❡♥♦♠❡♥♦♥ ✐s ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ t❤❡ ♣❧❛s♠❛ ❛♥❞ t❤❡ ✜❡❧❞ ❧✐♥❡s ❛r❡ ❝♦✲
♠♦✈✐♥❣ t♦❣❡t❤❡r✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ❝❛♥♥♦t s❧✐♣ ❛❝r♦ss ✜❡❧❞ ❧✐♥❡s✳ ❚❤✉s t♦ ✐♥t❡r♣r❡t
❛♥❞ ✉♥❞❡rst❛♥❞ t❤✐s ♣r♦❝❡ss✱ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ✈❡rs✐♦♥ ♦❢ ❖❤♠ ❧❛✇ ♠✉st ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s
❣❡♥❡r❛❧✐③❡❞ ❖❤♠✬s ❧❛✇ s❤♦✉❧❞ ✐♥✈♦❧✈❡ t❡r♠s✱ s✉❝❤ ❛s t❤❡ r❡s✐st✐✈✐t② ✐♥ t❤✐s ❝❤❛♣t❡r✱ ❛❧❧♦✇✐♥❣ t❤❡
❢♦r♠❛t✐♦♥ ♦❢ ❞✐✛✉s✐♦♥✲❧✐❦❡ r❡❣✐♦♥s ✭❝✉rr❡♥t s❤❡❡ts✮ ✇❤✐❝❤ ✐♥ t✉r♥ ❛❧❧♦✇ r❡❧❡❛s✐♥❣ t❤❡ ♠❛❣♥❡t✐❝
❡♥❡r❣② st♦r❡❞ ✐♥ t❤❡ ✜❧❡❞ ❧✐♥❡s✳

❚❤❛♥❦s t♦ t❤❡ ❧❛r❣❡ s❝❛❧❡ s❡♣❛r❛t✐♦♥✱ t❤❡ ❞♦♠❛✐♥ ✐♥ ✇❤✐❝❤ r❡s✐st✐✈❡ r❡❝♦♥♥❡❝t✐♦♥ ♦❝❝✉rs
❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ❞✐st✐♥❝t r❡❣✐♦♥s✿ ♦✉t❡r✱ ✐❞❡❛❧ ▼❍❉ ❧❛②❡r✱ ❛♥❞ ❛♥ ✐♥♥❡r r❡❝♦♥♥❡❝t✐♥❣
❧❛②❡r✳ ❚❤❡ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ❝✉rr❡♥t s❤❡❡t ✐s ❝♦♠♣❧❡t❡❧② ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❢r❡❡ ❡♥❡r❣② ❛✈❛✐❧❛❜❧❡
✐♥ t❤❡ ♦✉t❡r r❡❣✐♦♥✱ ✇❤✐❝❤ ✐s ♠❡❛s✉r❡❞ ❜② t❤❡ ✐♥st❛❜✐❧✐t② ♣❛r❛♠❡t❡r t❤❛t ♠✉st ❜❡ ♣♦s✐t✐✈❡ ❢♦r
t❤❡ ✉♥st❛❜❧❡ ♠♦❞❡s t♦ ❡①✐st✳ ❚❤❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ t✇♦ ❧❛②❡rs ❛r❡ s❡♣❛r❛t❡❧② s♦❧✈❡❞✱ ❛♥❞ t❤❡♥
✉s✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❛♣♣r♦❛❝❤ t❤❡ ♦✉t❡r ❛♥❞ ✐♥♥❡r s♦❧✉t✐♦♥s ♠✉st ♠❛t❝❤ ❡❛❝❤ ♦t❤❡r ✐♥ ❛♥
✐♥t❡r♠❡❞✐❛t❡ ❧❛②❡r✳ ❚❤✐s ❧❡❛❞s ✉s t♦ ♦❜t❛✐♥ t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ❣r♦✇t❤ r❛t❡✱ ❛♥❞ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s
♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s✳ ❍♦✇❡✈❡r✱ ❛s ✇❡ ❛❞❞ ♠♦r❡ t❡r♠s ✐♥ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠ ❧❛✇✱ s♦❧✈✐♥❣ t❤❡
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❜♦✉♥❞❛r② ❧❛②❡r ❛♣♣r♦❛❝❤ ❜❡❝♦♠❡s ♠♦r❡ ❛♥❞ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ s✐♥❝❡
♠♦r❡ t❤❛♥ ♦♥❡ ✐♥♥❡r ❧❛②❡r ♠✐❣❤t ❢♦r♠ ♥♦✇ ✭s❡❡ ❝❤❛♣t❡r ✼✮✳

■♥ ❣❡♥❡r❛❧✱ t❤❡ ✉♥✐✈❡rs❛❧✐t② ♦❢ t❤❡ ✐♥st❛❜✐❧✐t② ♣❛r❛♠❡t❡r ❛s ❞❡✜♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦✉t❡r
❧❛②❡r✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡ ❛♥❞ ♦♥ t❤❡ ✇❛✈❡♥✉♠❜❡r ♦❢ t❤❡ ♣❡rt✉r❜❛✲
t✐♦♥✱ ❛❧❧♦✇s ✉s t♦ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ r❡❣✐♠❡s ✐♥ t❤❡ ✉♥st❛❜❧❡ s♣❡❝tr✉♠✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ❧♦♥❣
✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t ✭✐♥t❡r♥❛❧ ❦✐♥❦ ✐♥st❛❜✐❧✐t②✱ ❢♦r ✇❤✐❝❤ ∆′δ ≫ 1✮✱ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ s❤♦rt ✇❛✈❡✲
❧❡♥❣t❤ ❧✐♠✐t ✭t❡❛r✐♥❣ ♠♦❞❡s✱ ❢♦r ✇❤✐❝❤ ∆′δ ≪ 1✮✱ ❛♥❞ t❤❡♥ t❤❡r❡ ✐s t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡
✇✐t❤ ∆′δ ∼ 1✳

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦r❡ t❤❛♥ ♦♥❡ ❧❡♥❣t❤ ❛♥❞✴♦r t✐♠❡ s❝❛❧❡s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s✉❣❣❡sts t❤❛t t❤❡
s❝❛❧✐♥❣ ❧❛✇s ♦❢ t❤❡ ♠❛①✐♠✉♠ ❣r♦✇t❤ r❛t❡ ♠✐❣❤t ❝❤❛♥❣❡ ✇❤❡♥ r❡✲s❝❛❧✐♥❣ t❤❡ ✈❛r✐❛❜❧❡s t♦ ❞✐✛❡r❡♥t
❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤s ❛♥❞✴♦r t✐♠❡s✳ ❚❤✐s ❛♣♣❡❛rs t♦ ❜❡ tr✉❡ ❢♦r t❤❡ s✐t✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ ❧♦♥❣
❝✉rr❡♥t s❤❡❡ts ❢♦r♠✳ ■♥ t❤❛t ❝❛s❡✱ ❛ ❢❛st r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡✱ ✇✐t❤ ❛ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ♦r❞❡r

✹✼



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❆❧❢✈é♥✐❝ t✐♠❡✱ ❝❛♥ ❞❡✈❡❧♦♣✱ ✐❢ s♦♠❡ ❝r✐t❡r✐♦♥ ♦♥ t❤❡ ❛s♣❡❝t r❛t✐♦ ❛♠♣❧✐t✉❞❡
✐s ♠❡t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs ❛t ♣❧❛②✳ ❆❜♦✈❡ s✉❝❤ ❛ ❝r✐t✐❝❛❧
❛s♣❡❝t r❛t✐♦✱ st❛❜❧❡ ❝✉rr❡♥t s❤❡❡ts ❛r❡ ♥♦t ❧✐❦❡❧② t♦ ❜❡ ♦❜s❡r✈❡❞✱ s✐♥❝❡ ❢❛st r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s
✇♦✉❧❞ ❞✐sr✉♣t t❤❡♠✳
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●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r

▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥
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▼❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐s ❛ ❝♦♠♣❧❡① ♣❤②s✐❝❛❧ ♣r♦❝❡ss✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡s ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣❛r❛♠❡✲
t❡rs✳ ❚❤❡s❡ ♣❛r❛♠❡t❡rs ❛r❡ ❡ss❡♥t✐❛❧ t♦ ❛❝❝♦✉♥t ❢♦r r❡❛❧✐st✐❝ s✐t✉❛t✐♦♥s✳ ❆ ♣❛rt ♦❢ t❤✐s ❝♦♠♣❧❡①✐t②
✐s ✐♥ t❤❡ ♠✉❧t✐s❝❛❧❡ ♥❛t✉r❡ ♦❢ r❡❝♦♥♥❡❝t✐♦♥ ♣r♦❜❧❡♠✳ ■♥ ✐ts s✐♠♣❧❡st ♣✐❝t✉r❡✱ t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡
r❡❣✐♠❡✱ ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r ✶ ❛❞♦♣t✐♥❣ ❛ ✢✉✐❞ ♠♦❞❡❧✱ ❛ s✐♥❣❧❡ ♣❛r❛♠❡t❡r ✜①❡s t❤❡ s❝❛❧❡ ❧❡♥❣t❤
♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤✐s r❡❣✐♠❡ ✐s t❤❡ r❡s✐st✐✈❡ t❡r♠ ✐♥ ❖❤♠ ❧❛✇
r❡s✉❧t✐♥❣ ❢r♦♠ ✐♥❝❧✉❞✐♥❣ t❤❡ ❝♦❧❧✐s✐♦♥s ❜❡t✇❡❡♥ ✐♦♥s ❛♥❞ ❡❧❡❝tr♦♥s✳ ❚❤✐s t❡r♠ ✐s r❡s♣♦♥s✐❜❧❡ ♦❢
t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❛ ✜❡❧❞ ❧✐♥❡s✬ ❞✐✛✉s✐♦♥ r❡❣✐♦♥ ❛♥❞ ❛❧❧♦✇s t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s
❛t ♥✉❧❧ ❳✲♣♦✐♥ts✳ ❘❡s✐st✐✈❡ r❡❝♦♥♥❡❝t✐♦♥ ❝❛♥ ♣❧❛② ❛ ♠❛❥♦r r♦❧❡ ✐♥ s♦♠❡ ♠❛❣♥❡t✐s❡❞ ❧❛❜♦r❛t♦r②
♣❧❛s♠❛s ✭s❡❡ t❤❡ r❡✈✐❡✇ ❜② ❨❛♠❛❞❛ ❡t ❛❧✳ ❬✸✻❪✮✱ ❛s ✇❡❧❧ ❛s ✐♥ t❤❡ s♦❧❛r ❝❤r♦♠♦s♣❤❡r❡ ❛♥❞ ❛❝❝r❡t✐♦♥
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❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

❞✐s❦s ❛r♦✉♥❞ ❝♦♠♣❛❝t ❛str♦♣❤②s✐❝❛❧ ♦❜❥❡❝ts ❬✶✻✺❪✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♠♦❞❡❧ ❝❤♦s❡♥✱
t❤❡ ♠❡❝❤❛♥✐s♠ r❡s♣♦♥s✐❜❧❡ ❢♦r r❡❝♦♥♥❡❝t✐♦♥ ♠❛② ❝♦♠♣❧❡t❡❧② ❝❤❛♥❣❡ ✭❢♦r ❡①❛♠♣❧❡✱ r❡❝♦♥♥❡❝t✐♦♥
❜❡❝♦♠❡s ❝♦❧❧✐s✐♦♥❧❡ss✱ ❡✳❣✳ t❤❛♥❦s t♦ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❦✐♥❡t✐❝ ❡✛❡❝ts t❤r♦✉❣❤ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡
t❡♥s♦r✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ s❝❛❧✐♥❣ ❧❛✇s ♦❢ t❤❡ ❣r♦✇t❤ r❛t❡ ❛♥❞ ✐♥♥❡r ❧❛②❡r ✇✐❞t❤✱ ❜✉t ❛❧s♦
t❤❡ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s ❛s ✇❡❧❧✱ ❝❛♥ ✈❛r② ✇❤❡♥ ✐♥❝❧✉❞✐♥❣ ❦✐♥❡t✐❝✱ ♦r t✇♦✲✢✉✐❞ ❡✛❡❝ts✳ ❙♦♠❡ ♦❢
t❤❡s❡ ❡✛❡❝ts✱ s✉❝❤ ❛s ✈✐s❝♦s✐t② ♦r ✜♥✐t❡ ❡❧❡❝tr♦♥ ❛♥❞ ✐♦♥ t❡♠♣❡r❛t✉r❡s✱ ❝❛♥♥♦t ❜r❡❛❦ t❤❡ ✜❡❧❞
t♦♣♦❧♦❣②✱ ❜✉t ❝❛♥ ❛✛❡❝t t❤❡ ❞②♥❛♠✐❝s ❛♥❞ t❤❡ ❣r♦✇t❤ r❛t❡✳

❆❧❧ t❤✐s ♠♦t✐✈❛t❡s ✉s t♦ r❡✈✐❡✇ s♦♠❡ ❞✐✛❡r❡♥t ♣❧❛s♠❛ ♠♦❞❡❧s ❛♣♣❧✐❡❞ t♦ r❡❝♦♥♥❡❝t✐♦♥✳ ❍❡♥❝❡✱
✇❡ ❜❡❣✐♥ t❤✐s ❝❤❛♣t❡r ❜② ❡①♣❧♦r✐♥❣ t❤❡ ❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛✱ ✇❤✐❝❤ ❣✐✈❡s ♠♦❞❡❧s
s✉❝❤ ❛s t❤❡ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ❞❡s❝r✐♣t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❱❧❛s♦✈ ♠♦❞❡❧ ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ t♦
st✉❞② r❡❝♦♥♥❡❝t✐♥❣ ❡✈❡♥ts ♦❝❝✉rr✐♥❣ ♦♥ ❢❛st t✐♠❡ s❝❛❧❡s ♦❢ ❡❧❡❝tr♦♥s✱ ✇❤♦s❡ ❞②♥❛♠✐❝s ❞❡❝♦✉♣❧❡
❢r♦♠ t❤❛t ♦❢ ✐♦♥s✳ ❚❤❡♥✱ ✇❡ ❞❡r✐✈❡ ♠✉❧t✐✲✢✉✐❞ ♠♦❞❡❧s ❛♥❞ ❞✐s❝✉ss t❤❡ ❝❧♦s✉r❡ ♣r♦❜❧❡♠✱ ✇❤✐❝❤
❛❧s♦ ❧❡❛❞s t♦ ❞✐✛❡r❡♥t r❡❣✐♠❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ st✉❞✐❡❞ ❝❛s❡ ♦r ♦♥ t❤❡ ❦✐♥❡t✐❝ ❡✛❡❝ts ❦❡♣t ✐♥
t❤❡ ♠♦❞❡❧✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ ❝❤❛♣t❡r ✇✐t❤ ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ♦♥❡✲✢✉✐❞ ♠♦❞❡❧
✇✐❞❡❧② ❛❞♦♣t❡❞ t♦ st✉❞② r❡❝♦♥♥❡❝t✐♦♥✳ ❚❤✐s ❝❛♥ ❜❡ ✧❡①t❡♥❞❡❞✧ s♦ t♦ ✐♥❝♦r♣♦r❛t❡ ♠❛♥② ❛s♣❡❝ts
♦❢ ❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥✱ ❛s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ ✐♥ t❤✐s ❛♥❞ ♥❡①t ❝❤❛♣t❡rs✳

✷✳✶ ❑✐♥❡t✐❝ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ P❧❛s♠❛

❚❤❡ ✈❛st ♣❛r❛♠❡t❡r s♣❛❝❡ ❛♥❞ r✐❝❤♥❡ss ♦❢ t❤❡ ♣❧❛s♠❛ ♣❤②s✐❝s ❛t ❜♦t❤ ♠✐❝r♦s❝♦♣✐❝ ❛♥❞ ♠❛❝r♦s❝♦♣✐❝
❧❡✈❡❧s✱ ❜❡s✐❞❡ ♦❢ ❝♦♠♣❧❡①✐t✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❣❡♦♠❡tr② ❛♥❞ ❤♦♠♦❣❡♥❡✐t② ♦❢ ♣❤②s✐❝❛❧ q✉❛♥t✐t✐❡s
❧❡❛❞ ✐♥❡✈✐t❛❜❧② t♦ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ s❡✈❡r❛❧ ♠♦❞❡❧s ✇❤✐❝❤ ❛r❡ t❛✐❧♦r❡❞ t♦ ❛❞❞r❡ss s♣❡❝✐✜❝ ♣❤❡♥♦♠✲
❡♥❛✳ ❚❤❡ r❛♥❣❡ ♦❢ ✈❛❧✐❞✐t② ❛♥❞ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❞❡s❝r✐❜❡❞ ❜② t❤❡s❡ ♠♦❞❡❧s ❛r❡ ✐♥❝♦r♣♦r❛t❡❞ ❛t
t❤❡ ✈❡r② ✜rst st❡♣ ✐♥ t❤❡✐r ❞❡r✐✈❛t✐♦♥ ✲str✐❝t❧② s♣❡❛❦✐♥❣✱ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❤②♣♦t❤❡s❡s ✇❤✐❝❤ ❝♦♥st✐t✉t❡
t❤❡ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ♦❢ t❤❡ ♠♦❞❡❧✳ ❉✉❡ t♦ t❤❡ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥✈♦❧✈❡❞✱ ❛ s✐♥❣❧❡✲♣❛rt✐❝❧❡
❞❡s❝r✐♣t✐♦♥ ✐s ♦✉t ♦❢ t❤❡ q✉❡st✐♦♥✱ s♦ t❤❡ ♠♦st ❝♦♠♣❧❡t❡ ❛♥❞ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛
❜❡❤❛✈✐♦✉r ✐s t❤❡ ♦♥❡ ❜❛s❡❞ ♦♥ st❛t✐st✐❝❛❧ ♣❤②s✐❝s✳ ❙t❛t✐st✐❝❛❧ ♠♦❞❡❧s ❝♦♥t❛✐♥ ❛❧❧ t❤❡ ♠✐❝r♦s❝♦♣✐❝
❛♥❞ ♠❛❝r♦s❝♦♣✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ♣❧❛s♠❛✳ ❚❤❡s❡ ♠♦❞❡❧s ❝❛♥ st✉❞② ❛♥❞ ✐♥✈❡st✐❣❛t❡ ♣❤②s✐❝❛❧
♣❤❡♥♦♠❡♥❛ t❤❛t ♦❝❝✉r ❛t t❤❡ ❧❡✈❡❧ ♦❢ ❣②r♦✲♠♦t✐♦♥ ♦❢ t❤❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ❛r♦✉♥❞ t❤❡ ♠❛❣♥❡t✐❝
✜❡❧❞ ❧✐♥❡s ✲❛♠♦♥❣ t❤❡ s♠❛❧❧❡st ❧❡♥❣t❤ ❛♥❞ s❤♦rt❡st t✐♠❡ s❝❛❧❡s ✐♥ ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛s− ❜✉t ❝❛♥
♣r❡❝✐s❡❧② ❞❡s❝r✐❜❡ ❛❧s♦ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ❛t ❧❛r❣❡ s❝❛❧❡s✳

■♥ ♦r❞❡r t♦ ✐♥tr♦❞✉❝❡ ❛ st❛t✐st✐❝❛❧✱ ❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥ ✇❡ s❤♦✉❧❞ ❜❡tt❡r st❛rt ❢r♦♠ ❛ ♠♦r❡
❝♦♠♣❧❡t❡ ♠♦❞❡❧ ✭❛❧t❤♦✉❣❤ ♦❢ ♥♦ ♣r❛❝t✐❝❛❧ ✉s❡ ✐♥ ♣❧❛s♠❛ ❜❡❝❛✉s❡ ♦❢ t❤❡ t♦♦ ❧❛r❣❡ ♥✉♠❜❡r ♦❢
❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✮✱ ❢r♦♠ ✇❤✐❝❤ t❤❡ ❢♦r♠❡r ❝❛♥ ❜❡ ❞❡r✐✈❡❞✿ ❛❝t✉❛❧❧②✱ t✇♦ ❡q✉✐✈❛❧❡♥t ♠♦❞❡❧s ❛r❡
❧✐❦❡❧② t♦ ♣r♦✈✐❞❡ s✉❝❤ ❛ ✧❝♦♠♣❧❡t❡✧ ❞❡s❝r✐♣t✐♦♥✳ ❖♥❡ ✐s t❤❡ ❑❧✐♠♦♥t♦✈✐❤ ❛♣♣r♦❛❝❤ ❬✶✻✻❪✱ ❞❡✜♥❡❞
✐♥ t❤❡ ✻❉✲♣❤❛s❡ s♣❛❝❡ ❢♦r ❡❛❝❤ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ✐s t❤❡ ▲✐♦✉✈✐❧❧❡ ❛♣♣r♦❛❝❤✱ ❜❛s❡❞
♦♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ◆✲♣❛rt✐❝❧❡ ❞②♥❛♠✐❝s ✐♥ t❤❡ ✻◆✲❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡ s♣❛❝❡ ✭❝❢✳ ❋✐❣✳✷✳✶✮✳

▲❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ ❑❧✐♠♦♥t♦✈✐❝❤ ❛♣♣r♦❛❝❤❬✶✻✻❪ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣❛rt✐❝❧❡ ❞❡♥s✐t②
❢✉♥❝t✐♦♥ ♦❢ α✲s♣❡❝✐❡s ✐♥ ❛ ✻✲❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡ s♣❛❝❡✳ ❚❤✐s ❞❡♥s✐t② r❡❛❞s✱

NK
α =

∑

i

δ[r−Ri(t)]δ[v −Vi(t)] ✭✷✳✶✮

✇❤❡r❡ Ri(t) ❛♥❞ Vi(t) r❡♣r❡s❡♥ts t❤❡ ▲❛❣r❛♥❣✐❛♥ ❝♦♦r❞✐♥❛t❡s ✲t❤❡ ❧♦❝❛t✐♦♥ ❛♥❞ ✈❡❧♦❝✐t② ♦❢ t❤❡
ith ♣❛rt✐❝❧❡ ❛t t✐♠❡ t✳ ❚❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ s✉❝❤ ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡
s♦✲❝❛❧❧❡❞ ❑❧✐♠♦♥t♦✈✐❝❤ ❡q✉❛t✐♦♥✱

∂NK
α

∂t
+ v · ∇rN

K
α +

eα
mα

[

Em(r, t) + v ×Bm(r, t)
]

· ∇vN
K
α = 0, ✭✷✳✷✮

✺✵



✷✳✶✳ ❑✐♥❡t✐❝ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ P❧❛s♠❛

✇❤❡r❡ eα ❛♥❞ mα ❛r❡ t❤❡ ❡❧❡❝tr✐❝ ❝❤❛r❣❡ ❛♥❞ t❤❡ ♠❛ss ♦❢ α✲s♣❡❝✐❡s ♣❛rt✐❝❧❡✱ r❡s♣❡❝t✐✈❡❧②✳ Em(r, t)
✐s t❤❡ t♦t❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞✱ ❛♥❞ Bm(r, t) ✐s t❤❡ t♦t❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ r✱ ❛♥❞ v ❛r❡ t❤❡ ❊✉❧❡r✐❛♥
❝♦♦r❞✐♥❛t❡s✳ ❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ♣❛rt✐❛❧ t✐♠❡ ❞❡r✐✈❛t✐✈❡
✭ ∂∂t✮ ♦❢ ❊q✳✭✷✳✶✮✳

✶✷

❙♦❧✈✐♥❣ t❤✐s ❡q✉❛t✐♦♥✱ ❛♥❛❧②t✐❝❛❧❧② ❜✉t ❡✈❡♥ ♥✉♠❡r✐❝❛❧❧② ✐s ♣r❛❝t✐❝❛❧❧② ✐♠♣♦ss✐❜❧❡ ❞✉❡ t♦ ✐ts
❝♦♠♣❧❡①✐t②✳ ❚❤✐s ❞✐✣❝✉❧t② ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡q✉❛t✐♦♥ r❡q✉✐r❡s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t
t❤❡ ❡♥t✐r❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s ✭❡①t❡r♥❛❧ ✜❡❧❞s✱ ❛♥❞ t❤❡ s❡❧❢✲❝♦♥s✐st❡♥t ✜❡❧❞s ❣❡♥❡r❛t❡❞ ❜② ❛❧❧
♣❛rt✐❝❧❡s ❡①❝❡♣t t❤❡ ♦♥❡ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❛t ✐ts ❧♦❝❛t✐♦♥✮✳❚❤✉s✱ s♦♠❡ ❦✐♥❞ ♦❢
❛✈❡r❛❣✐♥❣ ♦✈❡r ❛ s♠❛❧❧ ✈♦❧✉♠❡ ✐♥ t❤❡ ♣❤❛s❡ s♣❛❝❡ ✇✐❧❧ r❡s✉❧t ✐♥ ❛ s✐❣♥✐✜❝❛♥t s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡
❑❧✐♠♦♥t♦✈✐❝❤ ❡q✉❛t✐♦♥ ❛♥❞ ✐♥❞❡❡❞ ✐t ✐s t❤✐s ♦♣❡r❛t✐♦♥ t❤❛t ❧❡❛❞s ✉s t♦ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥✳ ❚❤✐s
❛✈❡r❛❣✐♥❣ ♣r♦❝❡❞✉r❡ ❧❡❛❞s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♦♥❡✲♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ fα(r,v, t) t❤❛t
r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ α✲s♣❡❝✐❡s ♣❛rt✐❝❧❡s ✐♥ t❤❡ ✉♥✐t ✈♦❧✉♠❡ ♦❢ t❤❡ ♣❤❛s❡ s♣❛❝❡✳ ❚❤✐s
❛✈❡r❛❣✐♥❣ ♠✉st ❤❛✈❡ s♦♠❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥✱ ❛♥❞
t❤❡ ❉✐r❛❝✲❢✉♥❝t✐♦♥❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ NK

α ✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡
✈♦❧✉♠❡ ✐♥ ♣❤❛s❡ s♣❛❝❡ ♠✉st ♥♦t ❜❡ t♦♦ ❧❛r❣❡ s♦ t♦ ❛✈♦✐❞ ❧♦s✐♥❣ ✐♠♣♦rt❛♥t ♣❤②s✐❝s ✐♥❣r❡❞✐❡♥ts
❞✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ ♣❤❛s❡✲s♣❛❝❡ r❡s♦❧✉t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t s❤♦✉❧❞ ♥♦t ❜❡ t♦♦ s♠❛❧❧ ✐♥ ♦r❞❡r
t♦ ❡❧✐♠✐♥❛t❡ t❤❡ s❤❛r♣ ✈❛r✐❛t✐♦♥ ✐♥ NK

α ❜❡t✇❡❡♥ ♥❡✐❣❤❜♦✉r✐♥❣ ✈♦❧✉♠❡s ✇❤✐❝❤ ✇♦✉❧❞ ❜r❡❛❦ t❤❡
s♠♦♦t❤ ♣r♦♣❡rt② ♦❢ t❤❡ ❛✈❡r❛❣✐♥❣ ♣r♦❝❡ss t❤❛t ❛✐♠s t♦ ❞❡s❝r✐❜❡ t❤❡ ♣❧❛s♠❛ ✇✐t❤ ❛ ❝♦♥t✐♥✉♦✉s
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❬✶✻✼✱ ✶✻✽✱ ✶✻✾❪✳ ❚❤❡ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②

∂fα(r,v, t)

∂t
+ v · ∇rfα(r,v, t) +

eα
mα

[

E+ v ×B
]

· ∇vfα(r,v, t) =
[∂fα(r,v, t)

∂t

]

coll
✭✷✳✸✮

❍❡r❡ E(r, t) ❛♥❞ B(r, t) ❛r❡ t❤❡ ❛✈❡r❛❣❡❞ ✜❡❧❞s✱ ❛♥❞ CB =
[
∂fα(r,v,t)

∂t

]

coll

✶✸ ✐s t❤❡ ❇♦❧t③♠❛♥♥

❝♦❧❧✐s✐♦♥ t❡r♠ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ✐♥ t❤✐s ❛♣♣r♦❛❝❤ ❜②

CB = − eα
mα

〈

(δEm + v × δBm) · ∇vδN̄K
α

〉

✭✷✳✹✮

CB ❛❧s♦ ❣✐✈❡s t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❞✉❡ t♦ ❝♦❧❧✐s✐♦♥s✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ❛✈❡r❛❣✐♥❣
♣r♦❝❡❞✉r❡✱ ✇❡ ❞✐✈✐❞❡❞ ❡❛❝❤ ♦❢ Em✱ Bm✱ ❛♥❞ NK

α ✐♥ t✇♦ ♣❛rts✳ ❚❤❡ ✜rst ✐s ❛♥ ❛✈❡r❛❣❡❞ ✈❛❧✉❡
✭E✱ B✮✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ✐s ❛ ♣❡rt✉r❜❛t✐♦♥ t❤❛t r❡s✉❧ts ❢r♦♠ ❝♦❧❧✐s✐♦♥s ✭Em = E + δEm ❛♥❞
Bm = B + δBm✱ ♠❡❛♥✐♥❣ < δEm >=< δBm >= 0✮✳ ❊✈❡♥ t❤♦✉❣❤ t❤✐s ❡q✉❛t✐♦♥ ❢♦r CB ✐s
s②♠❜♦❧✐❝❛❧❧② ❝♦rr❡❝t✱ ❑❧✐♠♦♥t♦✈✐❝❤ ❛♣♣r♦❛❝❤ ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❛♥② ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ t♦ ❡st✐♠❛t❡
t❤❡ ❝♦❧❧✐s✐♦♥ t❡r♠✳ ❆ ❢♦r♠✉❧❛ ❢♦r CB✱ ❊q✳✭✷✳✸✮✱ ❛♥❞ t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❣✐✈❡♥ ❜② ❊qs✳✭✷✳✺✮
✇♦✉❧❞ ♣r♦✈✐❞❡ ❛ ❝❧♦s❡❞ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✱

∇ ·E =
ρc
ǫ0

✭✷✳✺✮

∇ ·B = 0 ✭✷✳✻✮

∇×E = −∂B
∂t

✭✷✳✼✮

∇×B = µ0J+
1

c2
∂E

∂t
✭✷✳✽✮

✶✷❋♦r ❡①❛♠♣❧❡✱ ∂
∂t
δ(r−Ri(t)) =

∂Ri(t)
∂t

·
∂
∂Ri

δ(r−Ri(t)) = −Vi(t) ·
∂
∂r
δ(r−Ri(t))✳ ❙✐♥❝❡ ❞❡❧t❛ ❢✉♥❝t✐♦♥ ✐♠♣❧✐❡s

t❤❛t t❤❡s❡ ❞❡r✐✈❛t✐✈❡s ✇✐❧❧ ❜❡ ❡st✐♠❛t❡❞ ♦♥❧② ✐♥ ❧♦❝❛t✐♦♥s ✇❤❡r❡ t❤❡r❡ ❛r❡ ♣❛rt✐❝❧❡s✱ t❤❡♥ Vi(t) = v✳ ❚❤❡r❡❢♦r❡✱
∂
∂t
δ(r − Ri(t)) = −v ·

∂
∂r
δ(r − Ri(t)) = −v · ∇rδ(r − Ri(t))✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛♣♣❧✐❡s t♦ t❤❡ ❞❡r✐✈❛t✐✈❡

∂
∂t
δ(v −Vi(t))✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ t❤✐r❞ t❡r♠ ✐♥ ❊q✳✭✷✳✷✮✳
✶✸■t ✐s ✐♠♣♦rt❛♥t ❤❡r❡ t♦ ♠❡♥t✐♦♥ t❤❛t ❝♦❧❧✐s✐♦♥ t❡r♠ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣❧❛s♠❛ ♣❤②s✐❝s ✐s ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t

❢r♦♠ t❤❛t ❞❡r✐✈❡❞ ❜② ❇♦❧t③♠❛♥♥✳ ❚❤❡ ❧❛tt❡r ✇❛s ❛✐♠✐♥❣ t♦ st✉❞② t❤❡ ❝♦❧❧✐s✐♦♥s ❜❡t✇❡❡♥ ♥❡✉tr❛❧ ♣❛rt✐❝❧❡s ✇❤✐❝❤
❧❡❛❞ ✐♥ ❣❡♥❡r❛❧ t♦ ❧❛r❣❡✲❛♥❣❧❡ s❝❛tt❡r✐♥❣✳

✺✶



❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

✇✐t❤✱

J =
∑

α

eα

ˆ

vfα(r, t)d
3v ✭✷✳✾✮

ρc =
∑

α

eα

ˆ

fα(r, t)d
3v ✭✷✳✶✵✮

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ s❡❝♦♥❞ ✧❝♦♠♣❧❡t❡✧ ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛ ♦❢ t❤❡ ❞❡s❝r✐♣t✐♦♥
♦❢ ❛ ♣❧❛s♠❛✱ ❝♦♠♣♦s❡❞ ♦❢ Nα ♣❛rt✐❝❧❡✱ ✐♥ 6Nα✲❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡ s♣❛❝❡✳ ❍❡r❡✱ ❛ s✐♥❣❧❡ ♣♦✐♥t ✐♥
t❤✐s s♣❛❝❡ ❞❡t❡r♠✐♥❡s t❤❡ st❛t❡ ♦❢ t❤❡ ♣❧❛s♠❛ s②st❡♠ ❡♥t✐r❡❧②✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐ts t✐♠❡ ❡✈♦❧✉t✐♦♥✳
❚❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✐♥ t❤✐s ❛♣♣r♦❛❝❤ ✐s ❣✐✈❡♥ ❜②

NL
α =

Nα∏

i=1

δ[ri −Ri(t)]δ[vi −Vi(t)] ✭✷✳✶✶✮

✇❤❡r❡ t❤❡ s✉♣❡rs❝r✐♣t L r❡❢❡rs t♦ ✧▲✐♦✉✈✐❧❧❡✧ s♦ t♦ ❞✐st✐♥❣✉✐s❤ ✐t ❢r♦♠ K t❤❛t st❛♥❞s ❢♦r ✧❑❧✐♠♦♥✲
t♦✈✐❝❤✧✱ ✐♥ t❤❡ ❛♣♣r♦❛❝❤ ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞✳ ❚❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤✐s ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✐s ❧♦❣✐❝❛❧❧②
❞✐✛❡r❡♥t ❢r♦♠ NK

α ✳ ❚❤❡ ❢♦r♠❡r ❤❛s ❛ ❉✐r❛❝✲❢✉♥❝t✐♦♥❛❧ ♥❛t✉r❡✱ ✇❤✐❧❡ t❤❡ ❧❛tt❡r ✐s t❤❡ ♥✉♠❜❡r ♦❢
♣❛rt✐❝❧❡s ✐♥ 6−❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡ s♣❛❝❡✳ ❆t t✐♠❡ t✱ ✐t ✐s ❡✐t❤❡r NL

α = 1 ✐❢ t❤❡ s②st❡♠✱ ❝♦♠♣♦s❡❞
♦❢ Nα ♣❛rt✐❝❧❡s✱ ❡①✐sts ❛t t❤❡ ♣♦✐♥t ✭r1,v1, r2,v2, ........, rNα ,vNα✮✱ ♦r✱ ♦t❤❡r✇✐s❡ N

L
α = 0✳ ❆❢t❡r

t❛❦✐♥❣ t❤❡ ♣❛rt✐❛❧ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❊q✳✭✷✳✶✶✮✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❢❛♠♦✉s ▲✐♦✉✈✐❧❧❡ ❡q✉❛t✐♦♥ ❬✶✼✵❪
❣✐✈❡♥ ❜②

∂NL
α

∂t
+

Nα∑

i=1

vi · ∇riN
L
α +

Nα∑

i=1

Fmi
mα

· ∇viN
L
α = 0 ✭✷✳✶✷✮

✇❤❡r❡ Fmi ✐s t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❢♦r❝❡ r❡s✉❧t✐♥❣ ❢r♦♠ ❡①t❡r♥❛❧ ✜❡❧❞s✱ ❛♥❞ ❢r♦♠ ❛❧❧ ♣❛rt✐❝❧❡s ❡①❝❡♣t
t❤❡ ♦♥❡ ❛t ✇❤✐❝❤ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❢♦r❝❡✳ ❊q✳✭✷✳✶✷✮ ✐s t❤❡ ▲✐♦✉✈✐❧❧❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❞❡♥s✐t②
❢✉♥❝t✐♦♥ NL

α ✳ ❚❤❡♦r❡t✐❝❛❧❧② s♣❡❛❦✐♥❣✱ t❤✐s ❡q✉❛t✐♦♥ ❝♦✉♣❧❡❞ ✇✐t❤ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❊qs✳✭✷✳✺✮
❣✐✈❡ ❛♥ ❛❝❝✉r❛t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛✱ ❛♥❞ ❛❧s♦ ♣r❡❞✐❝ts ♣r❡❝✐s❡❧② ✐ts ❡✈♦❧✉t✐♦♥✳ ❍♦✇❡✈❡r✱
s♦❧✈✐♥❣ t❤✐s (6Nα+1)−❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥ ✐s ✈❡r② ❢❛r ❢r♦♠ ❜❡✐♥❣ ❛♥ ❡❛s② t❛s❦ ✲❜♦t❤✱ ♥✉♠❡r✐❝❛❧❧②
❛♥❞ ❛♥❛❧②t✐❝❛❧❧②✳ ❚❤❡r❡❢♦r❡✱ ❛ ❢✉rt❤❡r s✐♠♣❧✐✜❝❛t✐♦♥ ✐s ♥❡❡❞❡❞ ✱ ❤❡r❡ t♦♦✱ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡
t❤❡ ❝♦♠♣❧❡①✐t✐❡s ✐♥❤❡r✐t❡❞ ✐♥ t❤✐s ❡q✉❛t✐♦♥✱ ❛♥❞ ✇❡ ❝❛♥ ❛❝❤✐❡✈❡ t❤❛t t❤r♦✉❣❤ ✐♥tr♦❞✉❝✐♥❣ ❛
♥❡✇ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❞❡❛❧s ✇✐t❤ ❛♥ ❡♥s❡♠❜❧❡ ♦❢ s②st❡♠s ♦❢ ♣❛rt✐❝❧❡s✳ ❚❤✐s ❞❡♥s✐t②
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱ ❞❡♥♦t❡❞ ❜② fNα(r1,v1, r2,v2, ........, rNα ,vNα , t)✱ ❣✐✈❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢
✜♥❞✐♥❣ ❛ s②st❡♠ ✐♥ ❛ ✉♥✐t ❡❧❡♠❡♥t ✈♦❧✉♠❡ ✐♥ t❤❡ 6Nα−❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡ s♣❛❝❡✳ ❚❤❡ t✐♠❡
❡✈♦❧✉t✐♦♥ ♦❢ t❤✐s ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✱

∂fNα
∂t

+

Nα∑

i=1

vi · ∇rifNα +

Nα∑

i=1

Fmi
mα

· ∇vifNα = 0 ✭✷✳✶✸✮

❊q✳✭✷✳✶✸✮ ✐s t❤❡ ▲✐♦✉✈✐❧❧❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥✳ ❚❤❡ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ ❊q✳✭✷✳✶✷✮ ❛♥❞ ❊q✳✭✷✳✶✸✮ ✐s t❤❛t t❤❡ ❧❛t❡r s❤♦✇s ❤♦✇ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦❢ ❛♥ ❡♥s❡♠❜❧❡
♦❢ s②st❡♠s ❡✈♦❧✈❡s ✇✐t❤ t✐♠❡ ✐♥ t❤❡ ♣❤❛s❡ s♣❛❝❡ t❤r♦✉❣❤ t❤❡ 6Nα−❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥
❢✉♥❝t✐♦♥ ✭fNα✮ t❤❛t r❡♣r❡s❡♥ts ❛♥ ❡♥s❡♠❜❧❡ ♦❢ Nα−♣❛rt✐❝❧❡ s②st❡♠s✱ ✇❤✐❧❡ t❤❡ ❢♦r♠❡r ❞❡s❝r✐❜❡s
t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♦♥❡ s✐♥❣❧❡ s②st❡♠ ✇❤✐❝❤ ❡①✐sts ✐♥✐t✐❛❧❧② ❛t ✭r1,v1, ...., rNα ,vNα✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱
NL
α ✐s t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ ♦♥❡ s②st❡♠✱ ✇❤✐❧❡ fNα ✐s ❛ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥✳ ❆

q✉✐❝❦ ❧♦♦❦ ❛t ❊q✳✭✷✳✶✸✮ ✐♥❞✐❝❛t❡s t❤❛t ✐t ❤❛s t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ▲✐♦✉✈✐❧❧❡ ❡q✉❛t✐♦♥✳
❇✉t ❛♥♦t❤❡r ❝❛r❡❢✉❧ ❣❧❛♥❝❡ s❤♦✇s t❤❡ ♠❛✐♥ ✐❞❡❛ t❤❛t ❧❡❛❞s t♦ ❛ s✐❣♥✐✜❝❛♥t s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡

✺✷



✷✳✶✳ ❑✐♥❡t✐❝ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ P❧❛s♠❛

❋✐❣✉r❡ ✷✳✶✿ ❆ ✢♦✇❝❤❛rt s❤♦✇s t❤❡ st❡♣s ❢♦❧❧♦✇❡❞ st❛rt✐♥❣ ❢r♦♠ ❛♥ ❡①❛❝t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛
❛❧♦♥❣ t❤❡ t♦✇❛r❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❱❧❛s♦✈ ✭❝♦❧❧✐s✐♦♥❧❡ss ❇♦❧t③♠❛♥♥✮ ❡q✉❛t✐♦♥✳ ❉❋ st❛♥❞s ❢♦r
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ CB ❢♦r ❇♦❧t③♠❛♥♥ ❝♦❧❧✐s✐♦♥ t❡r♠s ✭s❡❡ s❡❝t✐♦♥ ✷✳✶✮✳

✺✸



❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

♣r♦❜❧❡♠✿ ❧♦✇❡r✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ♣❤❛s❡ s♣❛❝❡ ✐s ♣♦ss✐❜❧❡ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ r❡❞✉❝❡❞
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜②

f lα = V l−Nα
ˆ

fNαα drl+1dvl+1drl+2dvl+2 · · · ·drNαdvNα ✭✷✳✶✹✮

✇❤❡r❡ f lα ✐s t❤❡ r❡❞✉❝❡❞ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ❛♥ ❡♥s❡♠❜❧❡ ♦❢ s②st❡♠s✱ ❡❛❝❤ ♦❢ t❤❡♠ ❝♦♠♣♦s❡❞
♦❢ l ♣❛rt✐❝❧❡s✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ ❣✐✈❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✜♥❞✐♥❣ ❛ s②st❡♠ ♦❢ Nα ♣❛rt✐❝❧❡s ✐♥s✐❞❡
t❤❡ ✈♦❧✉♠❡ dr1dv1dr2dv2 · · · ·drldvl ✐♥ t❤❡ r❡❞✉❝❡❞ l−❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡ s♣❛❝❡✱ ✐rr❡s♣❡❝t✐✈❡ ♦❢
t❤❡ ♣♦s✐t✐♦♥s ❛♥❞ ✈❡❧♦❝✐t✐❡s ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ (Nα − l) ♣❛rt✐❝❧❡s✳

❲❡ ♥♦t✐❝❡ t❤❛t ♠✉❧t✐♣❧②✐♥❣ ❊q✳✭✷✳✶✸✮ ❜② drNα · dvNα ✱ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❢♦r♠✉❧❛
♦✈❡r t❤❡s❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣❤❛s❡ s♣❛❝❡ r❡❞✉❝❡s ✐ts ❞✐♠❡♥s✐♦♥s ❜② 6✱ ❛♥❞ ❣✐✈❡s ❛
♥❡✇ ❡q✉❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ ❢♦r♠ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ t❡r♠ t❤❛t ✐♥✈♦❧✈❡s t❤❡ ❡✛❡❝ts ♦❢ ✐♥t❡r✲♣❛rt✐❝❧❡
✐♥t❡r❛❝t✐♦♥s✱ ✈✐❛ ❛❧❧ ❡①✐st✐♥❣ ❢♦r❝❡s✱ ✇✐t❤ t❤❡ ♣❛rt✐❝❧❡ (rNα ,vNα)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♦❜t❛✐♥❡❞ ❡q✉❛t✐♦♥
❞❡s❝r✐❜❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡❞ ❢✉♥❝t✐♦♥ fNα−1

α ✱ ❛♥❞ ✐t st✐❧❧ ♣r♦✈✐❞❡s ❛♥ ❡①❛❝t r❡♣r❡s❡♥t❛t✐♦♥
♦❢ t❤❡ ♣❧❛s♠❛✳ ❇② r❡♣❡❛t✐♥❣ t❤✐s r❡❞✉❝t✐♦♥ ♣r♦❝❡❞✉r❡✱ ✐t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❤♦✇ t❤❛t ✇❡ ♦❜t❛✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❡q✉❛t✐♦♥s ✭❇❇●❑❨ ❤✐❡r❛r❝❤②✮❬✶✼✶✱ ✶✼✷✱ ✶✼✸✱ ✶✼✹✱ ✶✼✺❪✱

∂f lα
∂t

+

l∑

i=1

(

vi · ∇rif
l
α +

l∑

j 6=i

Fij
mα

· ∇vif
l
α +

Nα − l

V

ˆ

drl+1dvl+1
Fi,l+1

mα
· ∇vif

l
α

)

= 0 ✭✷✳✶✺✮

❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❧❡❛❞s t♦ ❧♦✇❡r✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ ♣❤❛s❡ s♣❛❝❡ ❜② 6(Nα − l)✳ ❚❛❦✐♥❣
l = 1✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♦♥❡✲♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

∂fα(r1,v1, t)

∂t
+v1 · ∇r1fα(r1,v1, t)+

Nα − 1

V

ˆ

dr2dv2
F12

mα
· ∇v1f

2
α(r1,v1, r2,v2, t) = 0, ✭✷✳✶✻✮

✇❤❡r❡ f2α ✐s t❤❡ t✇♦✲❜♦❞② ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✲♥♦t❡ t❤❛t t❤❡ s✉♣❡rs❝r✐♣t ✐s ♥♦t ❛ ♣♦✇❡r ❤❡r❡✳
f2α r❡♣r❡s❡♥ts t❤❡ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ♦❢ ✜♥❞✐♥❣ t❤❡ ✜rst ♣❛rt✐❝❧❡ ❛t t❤❡ ❧♦❝❛t✐♦♥ ✭dr1, dv1✮ ❛♥❞ t❤❡
s❡❝♦♥❞ ♦♥❡ ❛t ✭dr2, dv2✮ ✐♥ t❤❡ 12−❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡ s♣❛❝❡✳ ❚♦ ❝❧♦s❡ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s
t❤❛t ❞❡t❡r♠✐♥❡s t❤❡ ♣❧❛s♠❛ ❡✈♦❧✉t✐♦♥ ✭▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❛♥❞ ❊q✳✭✷✳✶✻✮✮✱ ✇❡ ♥❡❡❞ ❛♥ ❛❞❞✐t✐♦♥❛❧
❡q✉❛t✐♦♥ ❢♦r f2α ✇❤✐❝❤ ✐♥ t✉r♥s ❧❡❛❞s✱ ❛❢t❡r s✉❜st✐t✉t✐♥❣ l = 2 ✐♥ ❊q✳✭✷✳✶✺✮✱ t♦ ❛ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t②
❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✭❤❡r❡❛❢t❡r✱ ❥♦✐♥t P❉❋✮✱ ♥❛♠❡❧② t❤❡ t❤r❡❡✲❜♦❞② ❥♦✐♥t P❉❋ f3α✳ ❙♦✱ ❛t s♦♠❡ ♣♦✐♥t✱
✐t ✐s ♥❡❝❡ss❛r② t♦ tr✉♥❝❛t❡ t❤❡ ♣r♦❝❡ss t♦ ❝❧♦s❡ t❤❡ s②st❡♠✳ ❚❤✐s ❝❧♦s✉r❡ ♠❡❛♥s t❤❛t ✇❡ ❛❧❧♦✇
❧♦s✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❛ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❧❛r❣❡r t❤❛♥ l + 1
❛t tr✉♥❝❛t✐♦♥ ❧❡✈❡❧ l✳ ❚❤✐s ❝❧♦s✉r❡ ❞❡♣❡♥❞s str♦♥❣❧② ♦♥ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ❥♦✐♥t
P❉❋✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ t✇♦✲❜♦❞② ❥♦✐♥t P❉❋ f2α(r1,v1, r2,v2, t) ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t✇♦
❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ③❡r♦t❤✲♦r❞❡r ♦♥❡ fα(r1,v1, t)fα(r1,v1, t)✱ ✇❤✐❝❤ ❛ss✉♠❡s t❤❛t
t❤❡r❡ ✐s ♥♦ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣❛rt✐❝❧❡s✱ ❛♥❞ t❤❡♥ ♠❡❛♥s t❤❛t t❤❡② ❜❡❤❛✈❡ ✐♥❞❡♣❡♥❞❡♥t❧②✳
■♥ ❡ss❡♥❝❡✱ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✜rst ♣❛rt✐❝❧❡ ✐s ❝♦♠♣❧❡t❡❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❛t ♦❢ t❤❡ s❡❝♦♥❞ ♦♥❡✳
❚❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ✐s t❤❡ t✇♦✲❜♦❞② ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ g2α(r1,v1, r2,v2, t) t❤❛t t❛❦❡s ✐♥t♦
❛❝❝♦✉♥t t❤❡ ✧❝♦❧❧✐s✐♦♥✧✱ ♦r✱ ❣❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ♣❛rt✐❝❧❡s✳ ❚❤❡♥✱

f2α(r1,v1, r2,v2, t) = fα(r1,v1, t)fα(r2,v2, t) + g2α(r1,v1, r2,v2, t) ✭✷✳✶✼✮

◆♦✇✱ ❜② t❛❦✐♥❣ l = 2 ✐♥ ❊q✳✭✷✳✶✺✮ ❛♥❞ ♥❡❣❧❡❝t✐♥❣ t❤❡ t❤r❡❡✲❜♦❞② ✭❛♥❞ ❛❜♦✈❡✮ ❝♦rr❡❧❛t✐♦♥s✱ ✇❡
♦❜t❛✐♥ ❛♥ ❡q✉❛t✐♦♥ ❢♦r g2α ✇❤✐❝❤ t♦❣❡t❤❡r ✇✐t❤ ❊qs✳✭✷✳✶✼✱✷✳✶✻✱ ✷✳✶✵✱ ✷✳✾✮ ❛♥❞ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✱
❝♦♥st✐t✉t❡ ❛ ❝❧♦s❡❞ s②st❡♠✳ ❚❤❡ ♠♦st ✐♠♣r❡ss✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s r❡❞✉❝t✐♦♥ ✐s t❤❛t ✇❡ ♦❜t❛✐♥
t❤❡ ✻✲❞✐♠❡♥s✐♦♥❛❧ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ✭✷✳✸✮ ❢♦r fα✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ✐s ❛ ❞❡❧✐❝❛t❡ ♣♦✐♥t ❜❡❝❛✉s❡

✺✹
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t❤✐s ❡①♣❧✐❝✐t r❡❧❛t✐♦♥s❤✐♣ ❞❡♣❡♥❞s ♦♥ s♦❧✈✐♥❣ ❛♥ ❡q✉❛t✐♦♥ ❢♦r g2α ✐♥ 12−❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡ s♣❛❝❡
❝♦✉♣❧❡❞ ✇✐t❤ ❊q✳✭✷✳✸✮ ✐♥ ❛ ♣❤❛s❡ s♣❛❝❡ ♦❢ s✐① ❞✐♠❡♥s✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ t❤❡s❡ t✇♦ ❡q✉❛t✐♦♥s ❛r❡
❝♦♠♣❧✐❝❛t❡❞ t♦ s♦❧✈❡✱ ❛♥❞ ❢✉rt❤❡r ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ r❡q✉✐r❡❞ t♦ ✜♥❞ ❛ ❣♦♦❞ ❢♦r♠✉❧❛ t♦ CB✳ ❚❤✐s
❛❣❛✐♥ r❡q✉✐r❡s ❛ ❞❡❡♣ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ st✉❞✐❡❞ ♣❧❛s♠❛✱ ❛♥❞ ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ♣❤❡♥♦♠❡♥❛✳
❋♦r ❡①❛♠♣❧❡✱ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ CB✱ ✇❤✐❝❤ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ♦♥❧② t❤❡ ❜✐♥❛r② ❝♦❧❧✐s✐♦♥s✱ ✐s
s✉✐t❛❜❧❡ ❢♦r s♦♠❡ ❝❛s❡s✱ s✉❝❤ ❛s ❛ ✇❡❛❦❧② ✐♦♥✐③❡❞ ♣❧❛s♠❛ ✇❤❡r❡ t❤❡ ❜✐♥❛r② ❝♦❧❧✐s✐♦♥s ❞♦♠✐♥❛t❡✳
❆♥♦t❤❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✇❤✐❝❤ ✐s t❤❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ✐s ♣♦ss✐❜❧❡✳ ❍❡r❡✱ t❤❡ ❝♦❧❧❡❝t✐✈❡
❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♣❧❛s♠❛ ❛♥❞ t❤❡ ❧♦♥❣✲r❛♥❣❡ ❈♦❧✉♠❜ ❢♦r❝❡ ❜❡t✇❡❡♥ ♣❛rt✐❝❧❡s✱ ❛r❡ ❝♦♥s✐❞❡r❡❞
t❤r♦✉❣❤ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧❛r❣❡✲❛♥❣❧❡ s❝❛tt❡r✐♥❣ ❛s s❡r✐❡s ♦❢ s♠❛❧❧✲❛♥❣❧❡ ❜✐♥❛r② ❝♦❧❧✐s✐♦♥s❬✶✼✻❪✳
▲❛st ❜✉t ♥♦t ❧❡❛st✱ ✇❡ ❝❛♥ ✇r✐t❡ ❛ ❝♦❧❧✐s✐♦♥❧❡ss ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ❜② ♥❡❣❧❡❝t✐♥❣
t❤❡ ❝♦❧❧✐s✐♦♥ t❡r♠✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐s ❦♥♦✇♥ ❛s t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ❬✶✼✼❪ ❛♥❞ ✐s ❣✐✈❡♥ ❜②

V (f) =
∂fα(r,v, t)

∂t
+ v · ∇rfα(r,v, t) +

eα
mα

[

E+ v ×B
]

· ∇vfα(r,v, t) = 0, ✭✷✳✶✽✮

❱❧❛s♦✈ ❡q✉❛t✐♦♥✱ ❛❧♦♥❣ ✇✐t❤ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✱ ❝♦♥st✐t✉t❡s ❛ ❝❧♦s❡❞ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳ ❋✐❣✳✷✳✶
s❤♦✇s ❛ ✢♦✇❝❤❛rt t❤❛t s✉♠♠❛r✐③❡s t❤❡ ❞✐✛❡r❡♥t ❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥s ♦❢ t❤❡ ♣❧❛s♠❛✱ st❛rt✐♥❣ ❢r♦♠
t❤❡ ❡①❛❝t ♦♥❡ ❛♥❞ ❡♥❞✐♥❣ ✇✐t❤ t❤❡ ❝♦❧❧✐s✐♦♥❧❡ss ❛♣♣r♦①✐♠❛t✐♦♥✿ ❱❧❛s♦✈ ❡q✉❛t✐♦♥✳
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■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ r❡✈✐❡✇❡❞ t❤❡ ♠✐❝r♦s❝♦♣✐❝ st❛t✐st✐❝❛❧ ♠♦❞❡❧s ♦❢ ♣❧❛s♠❛ ♣❤②s✐❝s✳ ❙♦♠❡ ♦❢
t❤❡♠ ❣✐✈❡ ❛♥ ❡①❛❝t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛ ✭❑❧✐♠♦♥t♦✈✐❝❤ ❛♥❞ ▲✐♦✉✈✐❧❧❡ ❡q✉❛t✐♦♥s✮✳ ❖t❤❡rs
❣✐✈❡ ✈❡r② ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r t❤❡ ❝♦❧❧✐s✐♦♥❛❧ ❝❛s❡ ✭❦✐♥❡t✐❝ ❡q✉❛t✐♦♥✮✱ ❛♥❞ ❝♦❧❧✐s✐♦♥❧❡ss ❝❛s❡
✭❱❧❛s♦✈ ❡q✉❛t✐♦♥✮✳ ❚❤❡s❡ ♠♦❞❡❧s✱ ✇✐t❤ ❞✐✛❡r❡♥t ❞❡❣r❡❡s✱ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❞❡t❛✐❧❡❞ ❦♥♦✇❧❡❞❣❡
♦❢ t❤❡ ❡①❛♠✐♥❡❞ s②st❡♠✱ ❛♥❞ ❤❡♥❝❡ ❝♦✈❡r t❤❡ ❜r♦❛❞❡st ♣♦ss✐❜❧❡ r❛♥❣❡ ♦❢ ♣❤❡♥♦♠❡♥❛ ✐♥❝❧✉❞✐♥❣
♠✐❝r♦s❝♦♣✐❝ ❛♥❞ ♠❛❝r♦s❝♦♣✐❝ ♣r♦❝❡ss❡s✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♣♦✐♥ts ✇❤✐❝❤ ♠♦t✐✈❛t❡ ❝♦♥s✐❞✲
❡r✐♥❣ ❞✐✛❡r❡♥t ♠♦❞❡❧s ❜❛s❡❞ ♦♥ ♠❛❝r♦s❝♦♣✐❝ q✉❛♥t✐t✐❡s✳ ❚❤❡s❡ q✉❛♥t✐t✐❡s r❡s✉❧t ❢r♦♠ ❛✈❡r❛❣✐♥❣
♦✈❡r ✈❡❧♦❝✐t② ❞♦♠❛✐♥ ✐♥ ♣❤❛s❡ s♣❛❝❡✱ ✇❤✐❝❤ ❧♦✇❡rs t❤❡ ❞✐♠❡♥s✐♦♥s ❢r♦♠ 6 t♦ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥s
♦❢ t❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❧✐st s♦♠❡ ♦❢ t❤♦s❡ ♣♦✐♥ts t❤❛t ♠♦t✐✈❛t❡ ❝♦♥s✐❞❡r✐♥❣
♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ✭✢✉✐❞ ♠♦❞❡❧s✮✿

✶✳ ❈♦♠♣❧❡①✐t②✿ ❙t❛t✐st✐❝❛❧ ❡q✉❛t✐♦♥s ❛r❡ ❤✐❣❤❧② ❝♦♠♣❧❡①✳ ❊①❛❝t ❡q✉❛t✐♦♥s ❧✐❦❡ ❑❧✐♠♦♥✲
t♦✈✐❝❤ ❛♥❞ ▲✐♦✉✈✐❧❧❡ ❛r❡ ♦❢ ❧✐tt❧❡ ♣r❛❝t✐❝❛❧ ✉s❡ ❞✉❡ t♦ ❝♦♠♣❧❡①✐t✐❡s r❡❧❛t❡❞ t♦ t❤❡✐r
♣❤❛s❡ s♣❛❝❡s ❛♥❞ t❤❡ ❤✉❣❡ ♥✉♠❜❡r ♦❢ ❡q✉❛t✐♦♥s t♦ ❜❡ s♦❧✈❡❞ ✲6Nα ❡q✉❛t✐♦♥s✳ ❚❤♦s❡
❝♦♠♣❧❡①✐t✐❡s st✐❧❧ ❡①✐st ❢♦r ❛♣♣r♦①✐♠❛t❡❞ ♠♦❞❡❧s ✭❦✐♥❡t✐❝ ❛♥❞ ❱❧❛s♦✈ ❡q✉❛t✐♦♥s✮✱ ❜✉t
t❤❡② ❛r❡ ♠✉❝❤ ❧❡ss ❞✐✣❝✉❧t ♥♦✇ ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ ♦♥❡ ❡q✉❛t✐♦♥ t♦ ❜❡ s♦❧✈❡❞ ✐♥
6d−❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡ s♣❛❝❡✳ ■♥ ❢❛❝t✱ t❤❡ ♠❛✐♥ ❝♦❞❡ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ✐s ❞❡❞✐❝❛t❡❞
t♦ s♦❧✈❡ t❤❡ ❱❧❛s♦✈✲▼❛①✇❡❧❧ s②st❡♠ ✐♥ t❤✐s 6d−♣❤❛s❡ s♣❛❝❡✳

✷✳ ■♥❢♦r♠❛t✐♦♥✿ ❚❤❡ ♣❛rt✐❝❧❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✐♥ ❊q✳✭✷✳✷✮✱ ❛♥❞ t❤❡ s②st❡♠ ❞❡♥s✐t② ❢✉♥❝✲
t✐♦♥ ✐♥ ❊q✳✭✷✳✶✷✮ ❝♦♥t❛✐♥ ❛❧❧ t❤❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ♣❧❛s♠❛✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞✐str✐❜✉t✐♦♥
❢✉♥❝t✐♦♥s ✐♥ ❊q✳✭✷✳✸✮ ❛♥❞ ❊q✳✭✷✳✶✽✮ ✐♥✈♦❧✈❡ ❛ ❣r❡❛t ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡
♣❧❛s♠❛✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t t✉r♥s ♦✉t t❤❛t ✇❡ ❝❛♥ ✉♥❞❡rst❛♥❞ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣❤❡♥♦♠✲
❡♥❛ ✇❤✐❝❤ ♦❝❝✉r ✐♥s✐❞❡ t❤❡ ♣❧❛s♠❛ ✇✐t❤♦✉t t❤❡ ♥❡❡❞ ❢♦r t❤✐s ❞❡t❛✐❧❡❞ ❦♥♦✇❧❡❞❣❡ ♦❢
t❤❡ st❛t✐st✐❝❛❧ ❢✉♥❝t✐♦♥s✳ ❚❤✐s ✐s✱ ❢♦r ❡①❛♠♣❧❡✱ tr✉❡ ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ ♠❛❝r♦s❝♦♣✐❝
❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ✐♥st❛❜✐❧✐t✐❡s t❤❛t ♣❧❛② ❝r✉❝✐❛❧ r♦❧❡s ✐♥ ❞❡s✐❣♥✐♥❣ t❤❡r♠♦♥✉❝❧❡❛r ❞❡✲
✈✐❝❡s✳

✺✺



❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

✸✳ ❈♦♠♣✉t❛t✐♦♥✿ ❚❤❡ s✐♠✉❧❛t✐♦♥s ♦❢ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥s✱ ❜❛s❡❞ ♦♥ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱
r❡q✉✐r❡ s✉❜st❛♥t✐❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s ❛♥❞ ❛r❡ ✈❡r② t✐♠❡✲❝♦♥s✉♠✐♥❣✳ ❚❤❡r❡❢♦r❡✱
♦♥❡ ❛❞✈❛♥t❛❣❡ ♦❢ ✉s✐♥❣ ❛ ♠❛❝r♦s❝♦♣✐❝ ❞❡s❝r✐♣t✐♦♥ ✐s s❛✈✐♥❣ t✐♠❡ ❛♥❞ r❡s♦✉r❝❡s✱ ❛♥❞
t❤✉s ✉♥❞❡rst❛♥❞✐♥❣ s♦♠❡ ♣❤②s✐❝s ♠♦r❡ q✉✐❝❦❧②✳ ❍♦✇❡✈❡r✱ t❤✐s ♦❝❝✉rs ❛t t❤❡ ❡①♣❡♥s❡
♦❢ t❤❡ ♣❤②s✐❝❛❧ ❞❡s❝r✐♣t✐♦♥✿ ✐♥ ♦r❞❡r t♦ ♠✐♠✐❝ ❛ ❝♦♠♣❧❡t❡ ❱❧❛s♦✈ ❞❡s❝r✐♣t✐♦♥✱ ♦♥❡
s❤♦✉❧❞ s♦❧✈❡ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♠♦♠❡♥ts ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳

✹✳ P❤②s✐❝❛❧ ■♥s✐❣❤t ❚❤✐s ✐s ❛ ♥♦✲♥♦♥s❡♥s❡ ♣♦✐♥t✳ ❉❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t ♠❛❝r♦s❝♦♣✐❝
q✉❛♥t✐t✐❡s✱ s✉❝❤ ❛s ♣❛rt✐❝❧❡ ❞❡♥s✐t② nα(r, t)✱ ❤♦❧❞ ❧❡ss ✐♥❢♦r♠❛t✐♦♥ ❝♦♠♣❛r❡❞ t♦ ❞✐s✲
tr✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱ t❤❡② ❛r❡ ♠♦r❡ ✐♥t✉✐t✐✈❡ t♦ ✉♥❞❡rst❛♥❞ ❝♦♠♣❛r❡❞ t♦ ♠✐❝r♦s❝♦♣✐❝
q✉❛♥t✐t✐❡s✳ ■t ✐s✱ t❤❡r❡❢♦r❡✱ r❡❛s♦♥❛❜❧❡ t♦ st❛rt ✇✐t❤ ❛♥ ❛tt❡♠♣t t♦ ✉♥❞❡rst❛♥❞ t❤❡
❡ss❡♥❝❡ ♦❢ ❛ ♣❤②s✐❝❛❧ ♣r♦❝❡ss ✉s✐♥❣ ✢✉✐❞ ♠♦❞❡❧s✳ ❚❤❡♥✱ ❜② ❡①t❡♥❞✐♥❣ t❤❡ ♠♦❞❡❧ t♦ ❛
❦✐♥❡t✐❝ ♦♥❡ ✲✐❢ ♥❡❝❡ss❛r②✲✱ ✇❡ ❝❛♥ ✐♠♣r♦✈❡ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♦r ❞✐s❝♦✈❡r ♦t❤❡r ❛s♣❡❝ts
♦❢ t❤❡ s❛♠❡ ♣r♦❝❡ss✳

❙t✐❧❧✱ ✐t ✐s ♥♦t ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ r❡❧② ♦♥ ✢✉✐❞ ♠♦❞❡❧s✱ ❛♥❞ ❛ ❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛
❜❡❝♦♠❡s ✉♥❛✈♦✐❞❛❜❧❡ ✐♥ ♠❛♥② ❝❛s❡s✳ ❋❧✉✐❞ ♠♦❞❡❧s ♦❢ t❤❡ ♣❧❛s♠❛✱ ❛s s❛✐❞ ❛❜♦✈❡✱ ❞❡♣❡♥❞ ♦♥
❛✈❡r❛❣✐♥❣ ♦✈❡r ❡✉❧❡r✐❛♥ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts ✐♥ ♣❤❛s❡ s♣❛❝❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡② ❞♦ ♥♦t t❛❦❡ ✐♥t♦
❛❝❝♦✉♥t t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ✈❡❧♦❝✐t② ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡s❡ ♠♦❞❡❧s ✐s t♦ ❞✐✈✐❞❡ t❤❡
♣❧❛s♠❛ ✐♥t♦ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ s♠❛❧❧ ✢✉✐❞ ❡❧❡♠❡♥ts ✇❤✐❝❤ ❝♦♥t❛✐♥ ♣❧❛s♠❛ ♣❛rt✐❝❧❡s✳ ❚❤❡ ❡✈♦❧✉t✐♦♥
♦❢ t❤❡s❡ ✢✉✐❞ ❡❧❡♠❡♥ts ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ s♦♠❡ ♠❛❝r♦s❝♦♣✐❝ q✉❛♥t✐t✐❡s✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ s✐③❡ ♦❢ t❤❡ ✢✉✐❞ ❡❧❡♠❡♥t ♠✉st ❜❡ ❝❤♦s❡♥ ❝❛r❡❢✉❧❧②✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐t ♠✉st
♥♦t ❜❡ t♦♦ ❧❛r❣❡ t♦ ❛✈♦✐❞ ❧♦s✐♥❣ t❤❡ ♥❡❝❡ss❛r② s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ t♦ st✉❞② t❤❡ ♣❧❛s♠❛✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ✐t ❝❛♥♥♦t ❜❡ t♦♦ s♠❛❧❧ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❛✈❡r❛❣✐♥❣ ♣r♦❝❡❞✉r❡
❢r♦♠ ❛ st❛t✐st✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✢✉✐❞ ♠♦❞❡❧s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛✈❡r❛❣✐♥❣
t❤❡ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ♦✈❡r ✈❡❧♦❝✐t② s♣❛❝❡ ✭♠♦♠❡♥ts ♦❢ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✮✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡
t❤❛t t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ith ♠♦♠❡♥t ✐♥✈♦❧✈❡s t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ ❛ ♠♦♠❡♥t ♦❢ ❛ ❤✐❣❤❡r
♦r❞❡r✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ♣r♦❜❧❡♠s ✐♥ t❤❡ ✢✉✐❞ ❞❡s❝r✐♣t✐♦♥ ✐s ❦♥♦✇✐♥❣ ❤♦✇ ♠❛♥② ♠♦♠❡♥ts ♠✉st
❜❡ ❦❡♣t ✐♥ t❤❡ ♠♦❞❡❧ t♦ ♦❜t❛✐♥ ❛ ❣♦♦❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ r❡❛❧✐t②✿ t❤✐s ✐s t❤❡ ✧❈❧♦s✉r❡ Pr♦❜❧❡♠✧✳

❍♦✇❡✈❡r✱ ✐❢ t❤❡ ♣❧❛s♠❛ ✐s ♥♦t ❝♦❧❧✐s✐♦♥❧❡ss✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ✇✐❧❧
s✉r✈✐✈❡✳ ❍❡♥❝❡✱ ✐t ✇✐❧❧ ❜❡ ✐♥❡✈✐t❛❜❧❡ t♦ ✜♥❞ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛❡ ❢♦r t❡r♠s r❡s✉❧t✐♥❣ ❢r♦♠ ❝♦❧❧✐s✐♦♥s
✭tr❛♥s♣♦rt ❝♦❡✣❝✐❡♥ts✮ ❬✶✼✽✱ ✶✼✾✱ ✶✼✵❪✳ ❚❤❡ ✇❛② t♦ ♣r♦❝❡❡❞ ✐s ❜② ✜rst t❛❦✐♥❣ ❛ ❧♦❝❛❧ ❡①♣❛♥✲
s✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱ t❤❡♥ t♦ ✇r✐t❡ ✐t ✐♥ t❡r♠s ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ q✉❛♥t✐t✐❡s✱ ✇❤✐❝❤
❧❡❛❞s ❛❢t❡r ♠❛t❝❤✐♥❣ ✇✐t❤ ✢✉✐❞ ❡q✉❛t✐♦♥s t♦ t❤❡ ❝♦rr❡❝t ❡①♣r❡ss✐♦♥s ❢♦r tr❛♥s♣♦rt ❝♦❡✣❝✐❡♥ts ❛♥❞
♠❛❝r♦s❝♦♣✐❝ q✉❛♥t✐t✐❡s ✇❤✐❝❤ ✐♥✈♦❧✈❡s ❝♦❧❧✐s✐♦♥s✱ s✉❝❤ ❛s t❤❡ ✈✐s❝♦✉s ♣r❡ss✉r❡ t❡♥s♦r✳ ◆❡✈❡rt❤❡✲
❧❡ss✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s q✉✐❝❦❧② ❜❡❝♦♠❡ ♦✈❡r❝♦♠♣❧✐❝❛t❡❞ ✇❤❡♥ t❤❡ ♣❧❛s♠❛ ❝♦♥s✐sts ♦❢ ♠♦r❡ t❤❛♥
♦♥❡ s♣❡❝✐❡s✱ ♦r ✐❢ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ♣r❡s❡♥t ❬✶✼✵❪✳

✷✳✷✳✶ ▼♦♠❡♥ts ♦❢ ❑✐♥❡t✐❝ ❊q✉❛t✐♦♥

❚♦ ♦❜t❛✐♥ ✢✉✐❞ ♠♦❞❡❧s✱ ✇❡ t❛❦❡ t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ✭✷✳✸✮ ❜② ♠✉❧t✐♣❧②✐♥❣ ✐t ✇✐t❤
t❤❡ ❞❡s✐r❡❞ q✉❛♥t✐t② χ(v)✱ ❛♥❞ t❤❡♥ ❜② ❛✈❡r❛❣✐♥❣ ♦✈❡r ✈❡❧♦❝✐t② ♣❤❛s❡ s♣❛❝❡✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✇✐❧❧
♣r♦❞✉❝❡ ❛♥ ♦♣❡♥ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❤❛s t♦ ❜❡ tr✉♥❝❛t❡❞ ❛t s♦♠❡ ♣♦✐♥t✱ ✇❤✐❝❤ ✐s t❤❡ ❝❧♦s✉r❡
♣r♦❜❧❡♠ ❞✐s❝✉ss❡❞ ❛❜♦✈❡✳ ❚❤❡ lth ♠♦♠❡♥t ♦❢ ❊q✳✭✷✳✸✮ ❣❡♥❡r❛t❡s ❛ ♥❡✇ ♣❤②s✐❝❛❧ q✉❛♥t✐t② ✇✐t❤ ✭3l✮
❝♦♠♣♦♥❡♥ts✱ ✇❤✐❝❤ ♥❡❝❡ss✐t❛t❡s ❡✐t❤❡r t❛❦✐♥❣ ❛ ♥❡✇ ♠♦♠❡♥t t♦ ❞❡r✐✈❡ ✐ts ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥✱ ♦r
❝❧♦s✐♥❣ t❤❡ s②st❡♠ ❛t t❤✐s ❧❡✈❡❧ ❜② r❡❧❛t✐♥❣ ✐t ✇✐t❤ ❧♦✇❡r ♠♦♠❡♥ts✳ ❍♦✇❡✈❡r✱ t❤✐s tr✉♥❝❛t✐♦♥ ✐s ❛
tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡ ✧s✐♠♣❧✐❝✐t②✧ ♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ❝♦rr❡❝t ♣❤②s✐❝s ✐t ❞❡s❝r✐❜❡s✳ ▼✉❧t✐♣❧②✐♥❣
❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ❜② χ(v)✱ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ♦✈❡r ✈❡❧♦❝✐t② s♣❛❝❡✱ ✇❡ ♦❜t❛✐♥

✺✻



✷✳✷✳ ❊①t❡♥❞❡❞ ❋❧✉✐❞ ▼♦❞❡❧s ♦❢ P❧❛s♠❛

I1 + I2 + IE + IB = IC ✭✷✳✶✾✮

✇❤❡r❡✱

I1 =

ˆ

χ(v)
∂fα
∂t

dv =
∂

∂t

ˆ

χ(v)fαdv =
∂

∂t

〈

nα(r, t)χ(v)
〉

α
✭✷✳✷✵✮

I2 =

ˆ

χ(v)v · ∇rfαdv = ∇
ˆ

χ(v)vfαdv =
∂

∂r

〈

nα(r, t)vχ(v)
〉

α
✭✷✳✷✶✮

IE =
eα
mα

ˆ

χ(v)E · ∇vfαdv =
eα
mα

Ei

ˆ

∂(χ(v)fα)

∂vi
dv

︸ ︷︷ ︸

= 0✱ ❜♦✉♥❞❡♥❞ ❉❋

− eα
mα

Ei

ˆ

fα
∂χ(v)

∂vi
dv =

− eα
mα

Einα(r, t)
〈∂χ(v)

∂vi

〉

α

✭✷✳✷✷✮

IB =
eα
mα

ˆ

χ(v)(v ×B) · ∂fα
∂v

=
eα
mα

ˆ

χ(v)εijkBkvj
∂fα
∂vi

=
eα
mα

εijkBk

ˆ { ∂(χ(v)vjfα)

∂vi
︸ ︷︷ ︸

0 ❝♦♥tr✐❜✉t✐♦♥✿ ❜♦✉♥❞❡❞ ❉❋

− fα
∂

∂vi
(χ(v)vj)

}

dv = − eα
mα

εijkBknα(r, t)
〈 ∂

∂vi
(χ(v)vj)

〉

α

✭✷✳✷✸✮

Ic =

ˆ

χ(v)CBdv ✭✷✳✷✹✮

✇❤❡r❡ χ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ✈❡❧♦❝✐t②✱ ❛♥❞ t❤❡ ✜❡❧❞s ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ t✐♠❡✿ E(r, t)✱
❛♥❞ B(r, t)✳ ❚❤❡ ❛✈❡r❛❣❡ ❜r❛❝❦❡t ♦❢ ❛ q✉❛♥t✐t② χ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
s♣❡❝✐❡s α ✐s ❣✐✈❡♥ ❜②

< χ(v) >α=
1

nα(r, t)

ˆ

χ(v)fα(r,v, t)dv, ✭✷✳✷✺✮

◆♦✇ ❜② t❛❦✐♥❣ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ χ(v)✱ ✇❡ ❣❡♥❡r❛t❡ ♥❡✇ ♠❛❝r♦s❝♦♣✐❝ ✈❛r✐❛❜❧❡s✱ s✉❝❤ ❛s ❞❡♥s✐t②✱
❛✈❡r❛❣❡❞ ✈❡❧♦❝✐t②✱ ♣r❡ss✉r❡✱ t❡♠♣❡r❛t✉r❡✱ ❛♥❞ ♦t❤❡r tr❛♥s♣♦rt q✉❛♥t✐t✐❡s✱ ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ r ❛♥❞
t✳

✷✳✷✳✷ ❈♦♥t✐♥✉✐t② ❊q✉❛t✐♦♥

❇② s✉❜st✐t✉t✐♥❣ χ = 1 ✐♥t♦ ❡q✉❛t✐♦♥s ❊qs✳✭✷✳✷✵✲✷✳✷✺✮✱ ♦♥❡ ❡❛s✐❧② ♦❜t❛✐♥ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥
✭❈❊✮ ❣✐✈❡♥ ❜②

∂nα
∂t

+∇ ·
(

nαuα

)

= 0,
dnα
dt

+ n∇ · uα = 0, ✭✷✳✷✻✮

❚❤❡ ✜rst ❢♦r♠ ✐s t❤❡ ❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠ ♦❢ t❤❡ ❡q✉❛t✐♦♥✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ ▲❛❣r❛♥❣✐❛♥
❢♦r♠✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ ✢✉✐❞ ✐s ✐♥❝♦♠♣r❡ss✐❜❧❡ ✭∇·uα = 0✮✱ t❤❡♥ t❤❡ ♣❛rt✐❝❧❡ ❞❡♥s✐t② ✐s ❝♦♥st❛♥t
❛❧♦♥❣ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ ✢✉✐❞ ❡❧❡♠❡♥ts ✭❧♦♦❦ ❛t ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✮✳ ❚❤✐s ✐♥❝♦♠♣r❡ss✐❜✐❧✐t②✱ ♦r t❤❡
t❡r♠ ∇ · (nαuα)✱ ❛r❡ ✈❡r② ✐♠♣♦rt❛♥t ✇❤❡♥ ❝♦♥str✉❝t✐♥❣ str❡❛♠ ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ t❤❡
st❛rt✐♥❣ ♣♦✐♥t ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥s ♦❢ r❡❞✉❝❡❞ ♠♦❞❡❧s✱ s✉❝❤ ❛s ❘❡❞✉❝❡❞ ▼❍❉ ✭❤❡r❡❛❢t❡r✱ ❘▼❍❉✮
✇✐t❤ ❙tr❛✉ss ❞❡♥s✐t② ♣r♦✜❧❡ ✭❝♦♥st❛♥t ❞❡♥s✐t②✮❬✶✽✵❪✱ ♦r ❛♥ ❡①t❡♥❞❡❞ ❘▼❍❉ ♠♦❞❡❧ ✇✐t❤ ❛♥ ❛r❜✐tr❛r②
❞❡♥s✐t② ♣r♦✜❧❡✳

✺✼



❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

✷✳✷✳✸ ▼♦♠❡♥t✉♠ ❊q✉❛t✐♦♥

❊q✳✭✷✳✷✻✮ ✐s ❛ s❝❛❧❛r ❡q✉❛t✐♦♥ ✇❤✐❝❤ r❡❧❛t❡s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✇✐t❤ t❤❡ ❛✈❡r❛❣❡❞ ✈❡❧♦❝✐t②
♦❢ t❤❡ α✲s♣❡❝✐❡s✳ ❚❤❡r❡❢♦r❡✱ t♦ ❝❧♦s❡ t❤❡ s②st❡♠✱ ✇❡ ♥❡❡❞ ❛♥♦t❤❡r ❡q✉❛t✐♦♥ t❤❛t ❞❡s❝r✐❜❡s t❤❡
t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ q✉❛♥t✐t② uα✿ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥✳ ❚♦ ❞❡r✐✈❡ t❤✐s ❡q✉❛t✐♦♥✱
✇❡ s✉❜st✐t✉t❡ χ = v ✐♥t♦ ❊qs✳✭✷✳✷✵✲✷✳✷✺✮✳ ❚❤❡♥✱ ♦♥❡ ♦❜t❛✐♥s

I1 =
∂

∂t

〈

v
〉

α
=

∂

∂t

(

nαuα

)

✭✷✳✷✼✮

❇❡❢♦r❡ ❣♦✐♥❣ ❢✉rt❤❡r t♦ ♦❜t❛✐♥ I2✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ q✉❛♥t✐t②✿ t❤❡ r❛♥❞♦♠ ✈❡❧♦❝✐t② sα✳ ❚❤❡♥
t❤❡ t♦t❛❧ ✈❡❧♦❝✐t② ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t✇♦ ❝♦♠♣♦♥❡♥ts✿ ❛✈❡r❛❣❡❞ ✈❡❧♦❝✐t② ❛♥❞ r❛♥❞♦♠ ♦♥❡✱

v = uα + sα ✭✷✳✷✽✮

✇❤❡r❡ ✇❡ ❤❛✈❡ < v >α= uα =⇒ < sα >α= 0✳ ❇② ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t < sα >= 0✱ ✇❡ ❤❛✈❡

{< v ⊗ v >α}ij =< (uα,i + sα,i)(uα,j + sα,j) >= uα,iuα,j+ < sα,isα,j >α

= uα,iuα,j +
1

mαnα
Pα,ij

✭✷✳✷✾✮

❚❤❡ s②♠❜♦❧ ⊗ r❡❢❡rs t♦ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ✶✹✳ ❙✉❜st✐t✉t✐♥❣ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥ ✐♥t♦ ❊q✳✭✷✳✷✶✮✱
♦♥❡ ♦❜t❛✐♥s ✐♥ ✈❡❝t♦r ♥♦t❛t✐♦♥✱

I2 = ∇ · (nαuα ⊗ uα) +
1

mα
∇ · Pα ✭✷✳✸✵✮

✇❤❡r❡ ✇❡ ❞❡✜♥❡ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ❜②✱

Pα = mαnα < sα ⊗ sα >α ✭✷✳✸✶✮

❆s ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷✳✶ ❛❜♦✉t t❤❡ ❝❧♦s✉r❡ ♣r♦❜❧❡♠✱ ♣r❡ss✉r❡ t❡♥s♦r r❡s✉❧ts ❤❡r❡ ❢r♦♠ t❛❦✐♥❣
t❤❡ ✜rst ♠♦♠❡♥t ♦❢ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥✱ ❛♥❞ ✐t ❤❛s 9 ❝♦♠♣♦♥❡♥ts✳ ❋r♦♠ ❊q✳✭✷✳✸✶✮✱ P ✐s ❛ s②♠♠❡tr✐❝
t❡♥s♦r✱ ❤❡♥❝❡ t❤❡r❡ ❛r❡ ♦♥❧② s✐① ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♣♦♥❡♥ts t♦ ❜❡ ❢♦✉♥❞✳ ❚❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥
❢♦r t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ✇✐❧❧ ❛❧s♦ ❣❡♥❡r❛t❡ ❛ ♥❡✇ ✈❛r✐❛❜❧❡ ✲❤❡❛t ✢✉① tr✐❛❞ Q✳

❚❤❡ ♣r❡ss✉r❡ t❡♥s♦r ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t✇♦ ♣❛rts✳ ❚❤❡ ✜rst ✐s t❤❡ s❝❛❧❛r ✐s♦tr♦♣✐❝
♣r❡ss✉r❡✱ ❞❡♥♦t❡❞ ❜② pα✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ♣r❡ss✉r❡ t❤❛t r❡s✉❧ts ❢r♦♠ t❤❡
✐s♦tr♦♣✐❝ t❤❡r♠❛❧✱ ✉♥✲♠❛❣♥❡t✐③❡❞ ♠♦t✐♦♥ ✐♥ t❤❡ ♣❤❛s❡ s♣❛❝❡✳ ❚❤❡ s❡❝♦♥❞ ✇❤✐❝❤ ✐s t❤❡ ❛♥✐s♦tr♦♣✐❝
♣❛rt ❣✐✈❡♥ ❜②✱

Πα = P − pαI, ✭✷✳✸✷✮

◆♦✇✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ IE ❛♥❞ IB ❛r❡

IEi = −eαnα
mα

Ej <
∂vi
∂vj

>α= −eαnα
mα

Ej < δij >α= −eαnα
mα

Ei, =⇒ IE = −eαnα
mα

E ✭✷✳✸✸✮

IBi = −eαnα
mα

εljkBk <
∂(vjvi)

∂vl
>α= −eαnα

mα
εljkBk < δjlvi

︸︷︷︸

εllk = 0

+ δilvj
︸︷︷︸

i = l

>α

= −eαnα
mα

εijkBk < vj >α, =⇒ IB = −eαnα
mα

uα ×B,

✭✷✳✸✹✮

✶✹❚❤❡ ❞✐r❡❝t t❡♥s♦r ♣r♦❞✉❝t ♦❢ t✇♦ ✈❡❝t♦r s♣❛❝❡s V ❛♥❞ W ♦❢ ❞✐♠❡♥s✐♦♥s n ❛♥❞ m✱ r❡s♣❡❝t✐✈❡❧②✱ ✐s ❛ t❡♥s♦r s♣❛❝❡
♦❢ ❤✐❣❤❡r r❛♥❦✱ ❛♥❞ nm✲❞✐♠❡♥s✐♦♥❛❧✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬ ✈❡❧♦❝✐t✐❡s ✭t❤❡ ✈❡❧♦❝✐t② ✈❡❝t♦r ✐s
❛ t❡♥s♦r ♦❢ ✜rst r❛♥❦ ❛♥❞ ❞✐♠❡♥s✐♦♥ n = 3✮✱ t❤❡✐r t❡♥s♦r ♣r♦❞✉❝t v⊗ v ❣✐✈❡s ❛ ♠❛tr✐① A ✭✐t ✐s ❛ t❡♥s♦r ♦❢ s❡❝♦♥❞
r❛♥❦ ❛♥❞ ❞✐♠❡♥s✐♦♥s nm = 9✱ ✇❤❡r❡ Aij = vivj✮✳

✺✽



✷✳✷✳ ❊①t❡♥❞❡❞ ❋❧✉✐❞ ▼♦❞❡❧s ♦❢ P❧❛s♠❛

❇② s✉❜st✐t✉t✐♥❣ t❤❡ ✈❛r✐♦✉s ❝♦♥tr✐❜✉t✐♦♥s ✐♥t♦ ❊q✳✭✷✳✶✾✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥

∂

∂t

(

mαnαuα

)

+∇ ·
(

mαnαuα ⊗ uα

)

= −∇ · Pα + eαnα

(

E+ uα ×B
)

+Υα,M, ✭✷✳✸✺✮

❉✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ t❡r♠s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ❛♥❞ ✉s✐♥❣ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥✱
♦♥❡ ❡❛s✐❧② ♦❜t❛✐♥s t❤❡ ❝♦♥✈❡❝t✐✈❡ ❢♦r♠ ✭▼❊✮✱

∂uα
∂t

+ uα · ∇uα = − 1

mαnα
∇ · Pα +

eα
mα

(

E+ uα ×B
)

+ ICα

= − 1

mαnα
∇pα − 1

mαnα
∇ ·Πα +

eα
mα

(

E+ uα ×B
)

+
Υα,M

mα
,

✭✷✳✸✻✮

✇❤❡r❡ Υα,M = mαI
C
α r❡♣r❡s❡♥ts t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ α−♣❛rt✐❝❧❡s ❞✉❡ t♦

♠♦♠❡♥t✉♠ tr❛♥s❢❡r ❢r♦♠ ♦t❤❡r ♣❛rt✐❝❧❡s ICα =
∑

β I
C
αβ ✱ ✇✐t❤ ❛ ❣❡♥❡r❛❧ ♣r♦♣❡rt② ICα,α = 0✱ ❛♥❞

Υα,M =
∑

β

ˆ

mαvCB(fα, fβ)dv ✭✷✳✸✼✮

❚♦ ❝❧♦s❡ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✱ ❝♦♠♣♦s❡❞ ♦❢ ❊q✳✭✷✳✷✻✮ ❛♥❞ ❊q✳✭✷✳✸✻✮✱ s✐① ❛❞❞✐t✐♦♥❛❧ ❡q✉❛t✐♦♥s
❛r❡ r❡q✉✐r❡❞ ❢♦r Pα✳ ❙♦✱ ❡✐t❤❡r ✇❡ ✉s❡ r❡s✉❧ts ❢r♦♠ tr❛♥s♣♦rt t❤❡♦r② ❬✶✽✶✱ ✶✼✵❪ ✇❤✐❝❤ ❧❡❛❞s✱ ✐♥
t❤❡ r❡❧❡✈❛♥t r❡❣✐♠❡s ♦❢ ❛♣♣❧✐❝❛❜✐❧✐t②✱ t♦ ❛♥ ❡q✉❛t✐♦♥ ❢♦r Πα ♦❢ t❤❡ ❢♦r♠ Πα = g(ν,uα)✱ ♦r ✐t ✐s
❛❧s♦ ♣♦ss✐❜❧❡ t♦ t❛❦❡ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ s♦ t♦ ♦❜t❛✐♥ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥
❢♦r ♣r❡ss✉r❡ t❡♥s♦r✳ ❈❧♦s✉r❡ ❛t ❛♥② st❡♣ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❤②s✐❝s ✇❡ ❛r❡ st✉❞②✐♥❣✳ ❋♦r ❡①❛♠♣❧❡✱
❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ♠❛② ♣❧❛② ❛ ❦❡② r♦❧❡ ✐♥ s♦♠❡ ♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s ❧✐❦❡ ❲❡✐❜❡❧✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s
❛♥❞ ❝♦❧❧✐s✐♦♥❧❡ss r❡❝♦♥♥❡❝t✐♦♥✳ ■♥ ❝♦♥tr❛st✱ ✐♥ ♠❛♥② ❝❛s❡s✱ ✐t ♠✐❣❤t ❝♦♠♣❧❡t❡❧② ❜❡ ♥❡❣❧❡❝t❡❞✱ ♦r
r❡t❛✐♥✐♥❣ ✐ts ❡✛❡❝ts ✈✐❛ t❤❡ ✈✐s❝♦s✐t② ♣❛r❛♠❡t❡r ν✳

✷✳✷✳✹ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r ❊q✉❛t✐♦♥

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❛s ❛❜♦✈❡✱ ✇❡ ♥♦✇ t❛❦❡ χ(v) = v⊗ v✳ ❚❤❡♥ t❤❡ ❞✐✛❡r❡♥t t❡r♠s ✐♥
❊q✳✭✷✳✶✾✮ ❛r❡

I1ij =
∂

∂t
(nα < vivj >α) = uα,iuα,j

∂nα
∂t

+ nαuα,i
∂uα,j
∂t

+ nαuα,j
uα,i
∂t

+
1

mα

∂Pα,ij
∂t

, ✭✷✳✸✽✮

■♥ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥✱ ✇❡ ✉s❡❞ ❊q✳✭✷✳✷✾✮✱ ❛♥❞ ✇❡ ❞❡❝♦♠♣♦s❡❞ t❤❛t t❡r♠ ✐♥ ♦r❞❡r t♦ s✉❜st✐t✉t❡
t❤❡ ❝♦♥t✐♥✉✐t② ❛♥❞ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s s♦ t♦ ♦❜t❛✐♥ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ❡q✉❛t✐♦♥✳ ❇❡❢♦r❡ ❣♦✐♥❣
❢✉rt❤❡r✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐❛❞✱

< vivjvk >α =< (uα,i + sα,i)(uα,j + sα,j)(uα,k + sα,k) >= uα,iuα,juα,k + uα,i < sα,jsα,k >α

+ uα,j < sα,isα,k >α +uα,k < sα,isα,j >α + < sα,isα,jsα,k >α
✭✷✳✸✾✮

❚❤❡♥ I2ij ❜❡❝♦♠❡s✱

I2ij =
∂

∂xk
(nα < vivjvk >) =

∂

∂xk
(nuα,iuα,juα,k) +

1

mα

∂

∂xk
(uα,iPα,jk) +

1

mα

∂

∂xk
(uα,jPα,ik)

+
1

mα

∂

∂xk
(uα,kPα,ij) +

1

mα

∂

∂xk
(Qijk) = uα,iuα,juα,k

∂nα
∂xk

+ nαuα,juα,k
∂uα,i
∂xk

+ nαuα,iuα,k
∂uα,j
∂xk

+
uα,i
mα

∂Pα,jk
∂xk

+
Pα,jk
mα

∂uα,i
∂xk

+
uα,j
mα

∂Pα,ik
∂xk

+
Pα,ik
mα

∂uα,j
∂xk

+
uα,k
mα

∂Pα,ij
∂xk

+
Pα,ij
mα

∂uα,k
∂xk

+
1

mα

∂Qα,ijk

∂xk
✭✷✳✹✵✮

✺✾



❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

❚❤✉s✱

I1ij + I2ij =
1

mα

∂Pα,ij
∂t

+ uα,iuα,j

(∂nα
∂t

+
∂(uα,knα)

∂xk

)

︸ ︷︷ ︸

= 0✿ ❈❊

+nαuα,i

(∂uα,j
∂t

+ uα,k
∂uα,j
∂xk

+
1

mαnα

∂Pα,jk
∂xk

)

︸ ︷︷ ︸

= eα
mα

(Ej + εijkuα,kBi) +
Υ

α,M

j

mα
▼❊

+ nαuα,j

(∂uα,i
∂t

+ uα,k
∂uα,i
∂xk

+
1

mαnα

∂Pα,ik
∂xk

)

︸ ︷︷ ︸

= eα
mα

(Ei + εijkuα,jBk) +
Υ

α,M

i

mα
: ▼❊

+
uα,k
mα

∂Pα,ij
∂xk

+
Pα,ij
mα

∂uα,k
∂xk

+
Pα,ik
mα

∂uα,j
∂xk

+
Pα,jk
mα

∂uα,i
∂xk

+
1

mα

∂Qα,ijk

∂xk
,

✭✷✳✹✶✮

✇❤❡r❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛❧❝✉❧❛t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ❤❡❛t ✢✉① tr✐❛❞ ❛s

Qijk = mnα < si,αsj,αsk,α >α, ✭✷✳✹✷✮

❋♦r t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ♣❛rts✱ ✇❡ ✇r✐t❡

IEij = −eαnα
mα

El

〈 ∂

∂vl
(vivj)

〉

α
= −eαnα

mα
El < δilvj + δjlvi >α= −eαnα

mα
Ei < vj >α

− eαnα
mα

Ej < vi >α= −eαnα
mα

(Eiuα,j + Ejuα,i)
✭✷✳✹✸✮

❛♥❞✱

IBij = −eαnα
mα

εmnkBk

〈 ∂

∂vm
(vnvivj)

〉

= −eαnα
mα

εmnkBk

〈

δnmvivj
︸ ︷︷ ︸

= 0 : εmmk = 0

+δimvnvj + δjmvnvi

〉

= −eαnα
mα

εinkBk < vnvj >α −eαnα
mα

εjnkBk < vnvi >α= −eαnα
mα

εinkBk

(

uα,nuα,j +
Pα,nj
mαnα

)

− eαnα
mα

εjnkBk

(

uα,nuα,i +
Pα,ni
mαnα

)

✭✷✳✹✹✮

✇❤❡r❡ Υα,P = mαI
C
α (χ(v)) r❡♣r❡s❡♥ts t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ α−♣❛rt✐❝❧❡s ❞✉❡

t♦ ♣r❡ss✉r❡ tr❛♥s❢❡r ❢r♦♠ ♦t❤❡r ♣❛rt✐❝❧❡s ✭✈✐s❝♦✉s ✐♥t❡r❛❝t✐♦♥s✱ ♦r ♣r❡ss✉r❡ tr❛♥s❢❡r✮

Υα,P =
∑

β

ˆ

mαvvCB(fα, fβ)dv ✭✷✳✹✺✮

◆♦✇✱ s✉❜st✐t✉t✐♥❣ ❊qs✳✭✷✳✹✶✲✷✳✹✺✮ ✐♥t♦ ❊q✳✭✷✳✶✾✮✱ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ❡q✉❛t✐♦♥ ✭❋P❊✮ t❛❦❡s
t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

∂Pα,ij
∂t

+ uα,k
∂Pα,ij
∂xk

+ Pα,ij
∂uα,k
∂xk

+ Pα,ik
∂uα,j
∂xk

+ Pα,jk
∂uα,i
∂xk

+
∂Qα,ijk

∂xk

=
eα
mα

(

εinkBkPα,nj + εjnkBkPα,ni
)

+Υα,P
ij − nαuα,iΥ

α,M
j − nαuα,jΥ

α,M
i .

✭✷✳✹✻✮

◆♦✇ ✇❡ ♥❡❡❞ ❛ ♥❡✇ ❡q✉❛t✐♦♥ t♦ ❡①♣r❡ss t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❤❡❛t tr❛♥s❢❡r tr✐❛❞ Qα,ijk ✇❤✐❝❤ ✐♥ t✉r♥
❣✐✈❡s ❛ ♥❡✇ t❡♥s♦r ✇✐t❤ ❛ ❤✐❣❤❡r r❛♥❦✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✇❡ ❝❧♦s❡ t❤❡ s②st❡♠ ❛♣♣❧②✐♥❣ ❛ ❝❧♦s✉r❡

✻✵



✷✳✷✳ ❊①t❡♥❞❡❞ ❋❧✉✐❞ ▼♦❞❡❧s ♦❢ P❧❛s♠❛

r❡❧❛t✐♦♥ ❢♦r Qijk ✲♦♥❡ s✐♠♣❧❡ ❝❧♦s✉r❡ r❡❧❛t✐♦♥ ✐s t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❤❡❛t tr❛♥s❢❡r tr✐❛❞ ✭◆♦ ❤❡❛t
✢✉①✮ ∇ · Q = 0✱ ♦r ❡✈❡♥ ❛ ✈❛♥✐s❤✐♥❣ ❤❡❛t ✢✉① tr✐❛❞ Q = 0 ✳ ❚❤✐s s✐♠♣❧❡ ❝❧♦s✉r❡✱ ❝♦♠❜✐♥❡❞
✇✐t❤ ❛♣♣r♦♣r✐❛t❡ r❡❧❛t✐♦♥s❤✐♣s ❢♦r tr❛♥s♣♦rt q✉❛♥t✐t✐❡s ❞✉❡ t♦ ❝♦❧❧✐s✐♦♥s ✇✐t❤ ♦t❤❡r ♣❛rt✐❝❧❡s ❛♥❞
❝♦♠❜✐♥❡❞ ✇✐t❤ ❊qs✳✭✷✳✷✻✱ ✷✳✸✻✱ ✷✳✹✻✮ ❝♦✉♣❧❡❞ ✇✐t❤ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✱ ❝♦♥st✐t✉t❡ ❛ ❝❧♦s❡❞ s②st❡♠
✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ ❢♦r E✱ B✱ nα✱ uα✱ ❛♥❞ Pα✳

✷✳✷✳✺ ❊♥❡r❣② ❊q✉❛t✐♦♥

❚❤❡r❡ ❛r❡ ♠❛♥② r❡❣✐♠❡s ✐♥ ✇❤✐❝❤ ❞❡s❝r✐❜✐♥❣ t❤❡ r❡❧❡✈❛♥t ♣❤②s✐❝s ❞♦❡s ♥♦t r❡q✉✐r❡ ❡①t❡♥❞✐♥❣ t❤❡
♠♦❞❡❧ t♦ ✐♥❝❧✉❞❡ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ s♦♠❡ r❡❧❛t✐♦♥s t❤❛t ❝❧♦s❡ t❤❡
s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡s❡ r❡❧❛t✐♦♥s✱ ❦♥♦✇♥ ❛s ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s✱ ❞❡♣❡♥❞s
str♦♥❣❧② ♦♥ t❤❡ ♣❤②s✐❝s ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ st✉❞✐❡❞ ♠❡❞✐✉♠✳ ❇❡❢♦r❡ ❣♦✐♥❣ ❢✉rt❤❡r ✇✐t❤ t❤✐s
✐❞❡❛✱ ✇❡ ♦❜t❛✐♥ ✐♥ t❤✐s s❡❝t✐♦♥ ❛♥ ❡q✉❛t✐♦♥ t❤❛t ❞❡s❝r✐❜❡s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s❝❛❧❛r ♣r❡ss✉r❡
p✳ ❍❡r❡✱ ✇❡ t❛❦❡ χ(v) = v2

2 ✳ ❇❡❢♦r❡ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❞✐✛❡r❡♥t t❡r♠s ✐♥ ❊q✳✭✷✳✶✾✮✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡
❢♦❧❧♦✇✐♥❣ t✇♦ t❡r♠s✱

< v2 >α=< (uα,i + sα,i) · (uα,i + sα,i) >α= u2α,i +
3

mαnα
pα, ✭✷✳✹✼✮

< v2vj >α =< (uα,i + sα,i) · (uα,i + sα,i)⊗ (uα,j + sα,j) >α= u2α,iuα,j + 2uα,i < sα,isα,j >α

+ uα,j < s2
α,i >α + < s2

α,isα,j >α= u2α,iuα,j +
2uα,i
mαnα

Pα,ij +
3uα,j
mαnα

pα +
2

mαnα
qα,j ,

✭✷✳✹✽✮

I1 =
∂

∂t

(n

2
< v2 >α

)

=
∂

∂t
(
nα
2
u2α,i) +

3

2mα

∂pα
∂t

=
u2α,i
2

∂nα
∂t

+ nαuα,i
∂uα,i
∂t

+
3

2mα

∂pα
∂t

, ✭✷✳✹✾✮

I2 =
∂

∂xj

(nα
2
< v2vj >α

)

=
∂

∂xj
(
nα
2
u2α,iuα,j) +

∂

∂xj
(
uα,i
mα

Pα,ij) +
∂

∂xj
(
3uα,j
2mα

pα) +
1

mα

∂qα,j
∂xj

=
u2α,i
2
uα,j

∂nα
∂xj

+ nα
u2α,i
2

∂uα,j
∂xj

+ nαuα,iuα,j
∂uα,i
∂xj

+
Pα,ij
mα

∂uα,i
∂xj

+
uα,i
mα

∂Pα,ij
∂xj

+
3

2mα
pα
∂uα,j
∂xj

+
3

2mα
uα,j

∂pα
∂xj

+
1

mα

∂qα,j
∂xj

✭✷✳✺✵✮

❚❤❡♥✱

I1 + I2 =
u2α,i
2

(∂nα
∂t

+ uα,j
∂nα
∂xj

+ nα
∂uα,j
∂xj

)

︸ ︷︷ ︸

= 0 :❈❊

+nαuα,i

(∂uα,i
∂t

+ uα,j
∂uα,i
∂xj

+
1

mαnα

∂Pα,ij
∂xj

)

︸ ︷︷ ︸

=
eαnαuα,i

mα
Ei +

eαnαuα,i

mα
εijkuα,jBk +

nαuα,i

mα
Υα,Mi

+
3

2mα

( ∂

∂t
+ uα,j

∂

∂xj

)

pα +
3

2mα
pα
∂uα,j
∂xj

+
Pα,ij
mα

∂uα,i
∂xj

+
1

mα

∂qα,j
∂xj

✭✷✳✺✶✮

IE = −eαnα
mα

El

〈 ∂

∂vl
(
v2

2
)
〉

α
= −eαnα

mα
El < vlδil >α= −eαnα

mα
Eiuα,i, ✭✷✳✺✷✮

✻✶



❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

IB = −eαnα
mα

εijkBk

〈 ∂

∂vi
(
v2

2
vj)
〉

= −eαnα
mα

εijkBk < vivj >α

= −eαnα
mα

uα,jεijkuα,jBk
︸ ︷︷ ︸

= 0 : u ⊥ u×B

− eαnα
mα

εijkBk
Pα,ij
mαnα

︸ ︷︷ ︸

= 0✿ s②♠♠❡tr② ♦❢ P

= 0,
✭✷✳✺✸✮

❊①♣❧✐❝✐t❧②✱ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

εijkBkPij = ε123B3P12 + ε312B2P31 + ε231B1P23

+ ε213B3P21 + ε132B2P13 + ε321B1P32 = 0,

εijk = −εjik and Pij = Pji
✭✷✳✺✹✮

❚❤❡ r❛t❡ ♦❢ ❡♥❡r❣② tr❛♥s❢❡r ❞✉❡ t♦ ❝♦❧❧✐s✐♦♥s ✐s Υα,p = mαI
C
α (

v2

2 )✱ t❤❡♥

Υα,p = mα

∑

β

ˆ

v2

2
CB(fα, fβ)dv, ✭✷✳✺✺✮

◆♦✇✱ s✉❜st✐t✉t✐♥❣ ❊qs✳✭✷✳✺✶✲✷✳✺✺✮ ✐♥t♦ ❊q✳✭✷✳✶✾✮✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❡♥❡r❣② ❡q✉❛t✐♦♥

3

2

( ∂

∂t
+ uα,j

∂

∂xj

)

pα +
3pα
2

∇ · uα + Pα:∇uα +∇ · qα = Υα,p − nαuα ·Υα,M ✭✷✳✺✻✮

✇❤❡r❡ Pα:∇uα = Pα,ij ∂uα,i∂xi
✳ ❚❤✐s ❡q✉❛t✐♦♥✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❛♣♣r♦♣r✐❛t❡ r❡❧❛t✐♦♥s❤✐♣s ❢♦r ❝♦❧❧✐s✐♦♥❛❧

t❡r♠s ❛♥❞ ❤❡❛t ✢✉①✱ ❛ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥ ❢♦r ♣r❡ss✉r❡ t❡♥s♦r✱ ❊qs✳✭✷✳✷✻✲✷✳✸✻✮✱ ❛♥❞ ▼❛①✇❡❧❧
❡q✉❛t✐♦♥s ❝♦♥st✐t✉t❡ ❛ ❝❧♦s❡❞ s②st❡♠ ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ t♦ ✜♥❞ nα✱ uα✱ pα✱ E✱ ❛♥❞ B✳

✷✳✸ ❚❤❡ ❈❧♦s✉r❡ Pr♦❜❧❡♠ ♦❢ ❊①t❡♥❞❡❞ ❋❧✉✐❞ ▼♦❞❡❧s

❲❡ ❤❛✈❡ s❤♦✇♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥ t❤❛t ❛♥② ❛tt❡♠♣t t♦ t❛❦❡ ❛ ❤✐❣❤❡r ♠♦♠❡♥t t♦ ❝❧♦s❡ t❤❡
s②st❡♠ ❧❡❛❞s t♦ ❛ ♥❡✇ ♠❛❝r♦s❝♦♣✐❝ q✉❛♥t✐t② ❧❡❛✈✐♥❣ ✐t ♦♣❡♥ ❛❣❛✐♥✳ ❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ❝❧♦s✉r❡ ✐s ❛
tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ❞❡s❝r✐❜✐♥❣ t❤❡ ❝♦rr❡❝t ♣❤②s✐❝s ❛♥❞ ❛✈♦✐❞✐♥❣ ✐♥❝r❡❛s✐♥❣ t❤❡ s②st❡♠✬s ❝♦♠♣❧❡①✐t②✳
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t s♦♠❡ st❛♥❞❛r❞ ❝❧♦s✉r❡s ❛♥❞ ❡①♣❧❛✐♥ t❤❡✐r ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s✳

✷✳✸✳✶ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r ❉❡s❝r✐♣t✐♦♥

■❢ t❤❡ ♣❧❛s♠❛ ✐s ❝♦❧❧✐s✐♦♥❧❡ss✱ t❤❡♥ ❛❧❧ t❤❡ ❝♦❧❧✐s✐♦♥❛❧ t❡r♠s ✭IC✮ ✈❛♥✐s❤❡s✳ ❚❤✐s ❧❡❛❞s t♦ ✐♥tr♦❞✉❝✐♥❣
❛ ✜rst ❝❧♦s❡❞ ▼❍❉ s②st❡♠ ✇❤✐❝❤ r❡❛❞s

dnα
dt

+ n∇ · uα = 0, ✭✷✳✺✼✮

∂uα
∂t

+ uα · ∇uα = − 1

mαnα
∇ · Pα +

eα
mα

(

E+ uα ×B
)

= − 1

mαnα
∇pα − 1

mαnα
∇ ·Πα +

eα
mα

(

E+ uα ×B
)

,

✭✷✳✺✽✮

✻✷



✷✳✸✳ ❚❤❡ ❈❧♦s✉r❡ Pr♦❜❧❡♠ ♦❢ ❊①t❡♥❞❡❞ ❋❧✉✐❞ ▼♦❞❡❧s

∂Pα,ij
∂t

+ uα,k
∂Pα,ij
∂xk

+ Pα,ij
∂uα,k
∂xk

+ Pα,ik
∂uα,j
∂xk

+ Pα,jk
∂uα,i
∂xk

+
∂Qα,ijk

∂xk

=
eα
mα

(

εinkBkPα,nj + εjnkBkPα,ni
)

,
✭✷✳✺✾✮

✇✐t❤
∂Qα,ijk

∂xk
= 0, ✭✷✳✻✵✮

❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ❞❡s❝r✐❜❡ ❛ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ r❡❣✐♠❡✳ ❆ss✉♠✐♥❣ ❛ ✈❛♥✐s❤✐♥❣ ❤❡❛t tr❛♥s❢❡r
tr✐❛❞ ❧❡❞ ✉s t♦ t❤✐s s②st❡♠✳ ❍♦✇❡✈❡r✱ ✇❤✐❧❡ t❤❡ ♣❤②s✐❝s ❜❡❤✐♥❞ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ✈❡r② ❞❡❧✐❝❛t❡✱
✐t ❤❡❧♣s ✉s t♦ st✉❞② s❡✈❡r❛❧ ✐♥t❡r❡st✐♥❣ r❡❣✐♠❡s ✐♥ ✇❤✐❝❤ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ❝♦♥tr✐❜✉t❡s✱ s✉❝❤
❛s ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ❲❡✐❜❡❧ ✐♥st❛❜✐❧✐t② ❬✶✽✷❪ ♦r ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❬✶✽✸✱ ✶✽✹❪✳

■t ✐s ♣♦ss✐❜❧❡ t♦ ❝❛st t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ❡q✉❛t✐♦♥ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

∂Pα,ij
∂t

+ L(Pα,ij) = M(Pα,ij), ✭✷✳✻✶✮

✇❤❡r❡✱

L(Pα,ij) = uα,k
∂Pα,ij
∂xk

+ Pα,ij
∂uα,k
∂xk

+ Pα,ik
∂uα,j
∂xk

+ Pα,jk
∂uα,i
∂xk

, ✭✷✳✻✷❛✮

M(Pα,ij) =
eα
mα

(

εinkBkPα,nj + εjnkBkPα,ni
)

= σαωc,α

(

εinkbkPα,nj + εjnkbkPα,ni
)

✭✷✳✻✷❜✮

✇❤❡r❡ ωc,α = |eα|B
mα

✱ σα = sign(eα)✱ ❛♥❞ bk = Bk
B ✳ ❉✐✈✐❞✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ♣r❡ss✉r❡

t❡♥s♦r ✐♥t♦ t✇♦ ♣❛rts ✐s ♣r♦❞✉❝t✐✈❡ ❜❡❝❛✉s❡ ✐t ✐❞❡♥t✐✜❡s s♦✉r❝❡s ♦❢ ❞✐✛❡r❡♥t ♥❛t✉r❡ ✇✐t❤ s❡♣❛r❛t❡❞
❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs✱ ❛♥❞ t❤✉s ❛❧❧♦✇s t❤❡ ♦r❞❡r✐♥❣ ♦❢ t❤❡s❡ ♦♣❡r❛t♦rs ✐♥ t❡r♠s ♦❢ s♦♠❡ ♣❡rt✉r✲
❜❛t✐♦♥ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ✜rst ♦♣❡r❛t♦r L ✐s r❡❧❛t❡❞ t♦ t❤❡ ✈❡❧♦❝✐t② ❣r❛❞✐❡♥t✱ ✇❤✐❝❤ ✐♥ t❤❡ ❛❜s❡♥❝❡
♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ r❡❧❛t❡s t❤❡ ♣r❡ss✉r❡ t❡♥s♦r t♦ t❤❡ str❡ss t❡♥s♦r t❤❛t ❡♥❝♦♠♣❛ss❡s ❛❧❧ t❤❡
❞❡❢♦r♠❛t✐♦♥ ❡✛❡❝ts ✐♥ t❤❡ ✢✉✐❞ ❡❧❡♠❡♥t✳ ❚❤❡ s❡❝♦♥❞ ♦♣❡r❛t♦r✱ M✱ ❞❡s❝r✐❜❡s t❤❡ ♠❛❣♥❡t✐❝ ❣②r♦✲
♠♦t✐♦♥ ❡✛❡❝ts ♦♥ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r✳ ❚❤❡r❡❢♦r❡✱ ❛s s♦♦♥ ❛s ✇❡ ❞❡✜♥❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❧❡♥❣t❤s
❛♥❞ t✐♠❡ s❝❛❧❡s ❢♦r t❤❡s❡ ♦♣❡r❛t♦rs✱ ✇❡ ❝❛♥ ❣✐✈❡ ❡st✐♠❛t✐♦♥s t♦ t❤❡✐r ♠❛❣♥✐t✉❞❡s✳ ❚❤❡♥✱ ❞✐✛❡r❡♥t
❛♣♣r♦①✐♠❛t✐♦♥s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳ ❚❤❡ ❧❡♥❣t❤ ❛♥❞ t✐♠❡ s❝❛❧❡s ❛r❡

∂t ∼ ω, L ∼ v0k, M ∼ ωc,α, ✭✷✳✻✸✮

✇❤❡r❡ ω ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ♣r♦❜❧❡♠✱ v0 ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❧♦❝✐t②✱ k ✐s
t❤❡ ✇❛✈❡ ♥✉♠❜❡r✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❛ss✉♠♣t✐♦♥ ❜❡❤✐♥❞ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ▼❍❉ ♠♦❞❡❧ ✐s t❤❛t t❤❡
❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝② ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛t ❛♥② ♦❢ ♠❛❝r♦s❝♦♣✐❝ ♣❡rt✉r❜❛t✐♦♥ ❢r❡q✉❡♥❝✐❡s✳ ❲❡ ❝❛♥
r❡♣r❡s❡♥t t❤✐s ❛ss✉♠♣t✐♦♥ ❜② ❞❡✜♥✐♥❣ ❛♥ ♦r❞❡r ♣❛r❛♠❡t❡r ǫP ❣✐✈❡♥ ❜②

L
M ∼ v0k

ωc,α
≪ 1, =⇒ ǫP =

L
M , ✭✷✳✻✹✮

▲❛t❡r✱ ✇❡ ❞❡♣❡♥❞ ♦♥ t❤✐s ♣❛r❛♠❡t❡r t♦ ✜rst ❧✐♥❡❛r✐③❡ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡♥ ✜♥❞✐♥❣
t❤❡ ③❡r♦t❤ ❛♥❞ ✜rst✲♦r❞❡r ❝♦rr❡❝t✐♦♥s t♦ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡ ♥❡❣❧❡❝t t❤❡
✈❡❧♦❝✐t② ❣r❛❞✐❡♥t ♦♣❡r❛t♦r✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❤✐❣❤✲❢r❡q✉❡♥❝② r❡❣✐♠❡s ✇❤❡r❡ ω ∼ ωc → ∂Pα,ij

∂t =

M(Pα,ij)✳ ❆❧s♦✱ ✇❤❡♥ ✇❡ ❛r❡ ✐♥ ❛ ❧♦✇✲❢r❡q✉❡♥❝② r❡❣✐♠❡ L
M ∼ ∂t

M ≪ 1✱ t❤❡ ♠❛❣♥❡t✐❝ ♣❛rt
❞♦♠✐♥❛t❡s ♦✈❡r t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠s ✐♥ t❤❡ ❡q✉❛t✐♦♥ ❜② ❛ ❢❛❝t♦r ♦❢ ǫP ✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ t❤❡ st❛rt✐♥❣
♣♦✐♥t ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ❝❧♦s❡❞ s②st❡♠s ✇❤✐❝❤ ❛r❡ ❜❛s❡❞ ♦♥ ✐♥❝♦r♣♦r❛t✐♥❣ t❤❡ ♣r❡ss✉r❡
t❡♥s♦r ❛♥❞ ✐ts ❝♦rr❡❝t✐♦♥s ❛s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❞✐s❝✉ss ❧❛t❡r✳

✻✸



❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

✷✳✸✳✷ ❈♦❧❞ P❧❛s♠❛ ▼♦❞❡❧

■♥ t❤✐s ❝❛s❡✱ ♦♥❡ s✐♠♣❧② ♥❡❣❧❡❝ts t❤❡ ♣r❡ss✉r❡ ❛♥❞ t❤✉s ❛ss✉♠❡s t❤❡ ❝♦❧❞ ✐s♦tr♦♣✐❝ ❧✐♠✐t ✭Tα = 0✮✱
t❤❡♥ ❊qs✳❬✷✳✺✼✱✷✳✺✽✱✷✳✺✾✱✷✳✻✵❪ ❣✐✈❡s t❤❡ ❝♦❧❞ ♣❧❛s♠❛ ♠♦❞❡❧ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s

dnα
dt

+ n∇ · uα = 0, ✭✷✳✻✺✮

∂uα
∂t

+ uα · ∇uα =
eα
mα

(

E+ uα ×B
)

, ✭✷✳✻✻✮

■♥ t❤✐s ♠♦❞❡❧✱ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ t❤❡r♠❛❧ ♠♦t✐♦♥s ♦❢ t❤❡ ♣❛rt✐❝❧❡s ❛♥❞ t❤❡ ✈✐s❝♦✉s ❢♦r❝❡s ❛r❡
♥❡❣❧❡❝t❡❞✳ ❍♦✇❡✈❡r✱ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❦❡❡♣ t❤❡ ❡✛❡❝ts ♦❢ ♠♦♠❡♥t✉♠ tr❛♥s❢❡r ❜❡t✇❡❡♥ α ♣❛rt✐✲
❝❧❡s ❛♥❞ ♦t❤❡r ♣❛rt✐❝❧❡s ❞✉❡ t♦ t❤❡✐r ♠✉t✉❛❧ ❝♦❧❧✐s✐♦♥s ✐♥ ❊q✳✭✷✳✻✻✮ ❜② ❛♣♣r♦①✐♠❛t✐♥❣ Υα,M

mα
=

−∑β να,β(uα − uβ)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

∂uα
∂t

+ uα · ∇uα =
eα
mα

(

E+ uα ×B
)

−
∑

β

να,β

(

uα − uβ

)

, ✭✷✳✻✼✮

❚❤✐s ♠♦❞❡❧ ✐s ❛❞✈❛♥t❛❣❡♦✉s ✇❤❡♥ ❛♥❛❧②s✐♥❣ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s ✇✐t❤ ♣❤❛s❡
✈❡❧♦❝✐t✐❡s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ t❤❡r♠❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✭❤✐❣❤ ❢r❡q✉❡♥❝✐❡s✮✳ ❋♦r ❡①❛♠♣❧❡✱
✐♥ ❛ t✇♦✲s♣❡❝✐❡s ♣❧❛s♠❛ ✭✐♦♥s ❛♥❞ ❡❧❡❝tr♦♥s✮✱ ✇❡ ❝❛♥ ❞❡r✐✈❡✱ ❜② s✉♠♠✐♥❣ ❊q✳✭✷✳✻✼✮ ❢♦r ❡❧❡❝tr♦♥s
❛♥❞ ✐♦♥s ❛❢t❡r ♠✉❧t✐♣❧②✐♥❣ ❡❛❝❤ ♦❢ t❤❡♠ ✇✐t❤ eαnα✱ ❛ ✈❡rs✐♦♥ ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠✬s ❧❛✇ t❤❛t
✐♥✈♦❧✈❡s t❤❡ r❡s✐st✐✈✐t② ✭η =

meνe,i
ne2

✮✳

✷✳✸✳✸ ❆❞✐❛❜❛t✐❝ ❆♣♣r♦①✐♠❛t✐♦♥

❆❝❝♦r❞✐♥❣ t♦ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡ ❝❛♥ ❝❧♦s❡ t❤❡ s②st❡♠ ❜② ♥❡❣❧❡❝t✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ✈✐s❝♦s✐t②✱
t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t②✱ ❛♥❞ t❤❡ ❡♥❡r❣② tr❛♥s❢❡r ❞✉❡ t♦ ❝♦❧❧✐s✐♦♥s✳ ❚❤❡♥✱ s✉❜st✐t✉t✐♥❣ t❤❛t ✐♥ ❡♥❡r❣②
❡q✉❛t✐♦♥ ✭ ✷✳✺✻✮✱ ♦♥❡ ♦❜t❛✐♥s

3

2

( ∂

∂t
+ uα,j

∂

∂xj

)

pα +
3pα
2

∇ · uα =
3

2

Dpα
Dt

− 5pα
3nα

Dnα
Dt

︸ ︷︷ ︸

❯s✐♥❣ ❈❊

= 0 =⇒ pαn
− 5

3 = const , ✭✷✳✻✽✮

❚❤✐s r❡❧❛t✐♦♥s❤✐♣ ✐s ❦♥♦✇♥ ❛s t❤❡ ❛❞✐❛❜❛t✐❝ ❡♥❡r❣② ❡q✉❛t✐♦♥✳ ❚❤❡ r❡♠❛✐♥✐♥❣ t✇♦ ❡q✉❛t✐♦♥s ❛r❡

∂uα
∂t

+ uα · ∇uα =
eα
mα

(

E+ uα ×B
)

− 1

mαnα
∇pα, ✭✷✳✻✾✮

dnα
dt

+ n∇ · uα = 0, ✭✷✳✼✵✮

▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✱ ❝♦✉♣❧❡❞ ✇✐t❤ ❛❞✐❛❜❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ❣✐✈❡♥ ❜② ❊qs❬✷✳✻✽✱ ✷✳✻✾✱ ✷✳✼✵❪✱ ❢♦r♠ ❛
❝❧♦s❡❞ s②st❡♠✳

✻✹



✷✳✸✳ ❚❤❡ ❈❧♦s✉r❡ Pr♦❜❧❡♠ ♦❢ ❊①t❡♥❞❡❞ ❋❧✉✐❞ ▼♦❞❡❧s

✷✳✸✳✹ ❉♦✉❜❧❡ ❆❞✐❛❜❛t✐❝ ❆♣♣r♦①✐♠❛t✐♦♥

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ s❡❝t✐♦♥ ✷✳✸✳✶✱ ❜♦t❤ L ❛♥❞ ∂t ❛r❡ s♠❛❧❧❡r t❤❛♥ M ❜② ❛ ❢❛❝t♦r ǫP ✳
❚❤❡r❡❢♦r❡✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ✐s ❞❡t❡r♠✐♥❡❞✱ t♦ t❤❡ ③❡r♦t❤ ♦r❞❡r✱ ❜② t❤❡ ♠❛❣♥❡t✐❝
t❡♥s♦r M✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❡①♣❛♥❞ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ❛s ❢♦❧❧♦✇✱

Pα = P0
α + P1

α, ✭✷✳✼✶✮

✇❤❡r❡ P0
α ∼ O[ǫ0P ]✱ ❛♥❞ P1

α = O[ǫ1P ]✳ ❚❤✉s✱ ❊q✳✭✷✳✻✶✮ r❡❛❞s

∂

∂t

(

P0
α + P1

α

)

= L
(

P0
α + P1

α

)

+M
(

P0
α + P1

α

)

, ✭✷✳✼✷✮

✇❤❡r❡✱ ✇❡ ❛❧s♦ ❤❛✈❡ ∂t ∼ O[ǫ1P ]✱ L ∼ O[ǫ1P ] ❛♥❞ M ∼ 1✳ ❍❡♥❝❡✱ t❤❡ ③❡r♦t❤ ❛♥❞ t❤❡ ✜rst✲♦r❞❡r
❛♣♣r♦①✐♠❛t✐♦♥s t♦ t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② r❡❣✐♠❡s ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s

M(P0
α) = 0, ✭✷✳✼✸✮

❛♥❞✱

M(P1
α) =

∂P0
α

∂t
+ L(P0

α), ✭✷✳✼✹✮

◆♦✇✱ ✇❡ s♦❧✈❡ t❤❡ ③❡r♦t❤ ❛♣♣r♦①✐♠❛t✐♦♥ ❡q✉❛t✐♦♥ ✭✷✳✼✸✮✳ ❯s✐♥❣ ❊q✳✭✷✳✻✷❜✮✱ t❤✐s ❡q✉❛t✐♦♥ r❡❛❞s

εinkbkP0
α,nj + εjnkbkP0

α,ni = 0, ✭✷✳✼✺✮

❲✐t❤♦✉t ❛♥② ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧♦♥❣ z ✭k = z✮✱
t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦ss✐❜❧❡ ❝❛s❡s

✶✳ i = x, j = y✱ ♦r i = y, j = x✱ t❤❡♥ ❊q✳✭✷✳✼✺✮ ❜❡❝♦♠❡s

εxnzbzP0
α,ny

︸ ︷︷ ︸

εxnz 6= 0 : n = y

+ εynzbzP0
α,nx

︸ ︷︷ ︸

εynz 6= 0 : n = x

= 0, =⇒ P0
α,xx = P0

α,yy = P0
α,⊥ ✭✷✳✼✻✮

✷✳ i = j = x✱ ♦r i = j = y✱ t❤❡♥ ♦♥❡ ♦❜t❛✐♥s

εxnzbzP0
α,nx + εxnzbzP0

α,nx
︸ ︷︷ ︸

εxnz 6= 0 : n = y

= 0, =⇒ P0
α,yx = P0

α,xy = 0, ✭✷✳✼✼✮

❚❤❡ s②♠♠❡tr② ♦❢ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r✱ ❛♥❞ t❤❡ ✐s♦tr♦♣✐❝✐t② ✐♥ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ♣❧❛♥ t♦
♠❛❣♥❡t✐❝ ✜❡❧❞ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✳

✸✳ i = j = xz✱ t❤❡♥ ❊q✳✭✷✳✼✺✮ ✐s ❛❧✇❛②s s❛t✐s✜❡❞ ❞❡s♣✐t❡ t❤❡ ✈❛❧✉❡ ♦❢ t❛❦❡♥ ❜② P0
α,zz✳ ❚❤❡♥✱ ✐♥

❣❡♥❡r❛❧ ✇❡ ❤❛✈❡

P0
α,xx = P0

α,yy = P0
α,⊥ 6= 0, and P0

α,zz = P0
α,|| 6= 0 ✭✷✳✼✽✮

✹✳ ❲❤❡♥ i = x✱ ❛♥❞ j = z

εxnzbzP0
α,nz = 0

︸ ︷︷ ︸

εxnz 6= 0 : n = y

, =⇒ P0
α,yz = P0

α,zy = 0, ✭✷✳✼✾✮

❖r ✇❤❡♥ i = y✱ ❛♥❞ j = z

εynzbzP0
α,nz = 0

︸ ︷︷ ︸

εynz 6= 0 : n = x

, =⇒ P0
α,xz = P0

α,zx = 0, ✭✷✳✽✵✮

✻✺



❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

❙✉❜st✐t✉t✐♥❣ t❤❡s❡ ❝♦♠♣♦♥❡♥ts ✐♥t♦ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ❣✐✈❡s ✉s t❤❡ ❞♦✉❜❧❡ ❛❞✐❛❜❛t✐❝ ♣r❡ss✉r❡
t❡♥s♦r ✇❤✐❝❤ r❡❛❞s

P0
α =






P0
α,⊥ 0 0

0 P0
α,⊥ 0

0 0 P0
α,||




 ✭✷✳✽✶✮

❚❤✐s ❢♦r♠✉❧❛ ✐s ✇r✐tt❡♥ ✐♥ ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✇✐t❤ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐r❡❝t❡❞ ❛❧♦♥❣ z✳ ❋♦r ❛♥
❛r❜✐tr❛r② ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠✮✱ ✐t ❜❡❝♦♠❡s

P0
α,ij = P0

α,⊥δij +
(

P0
α,|| − P0

α,⊥
)

bibj , ✭✷✳✽✷✮

✇❤✐❝❤ s✐♠♣❧② ❣✐✈❡s ❊q✳✭✷✳✽✶✮ ✇❤❡♥ bx = by = 0✱ t❤❛t ✐s b = ez✳ ❚❤✐s r❡❧❛t✐♦♥s❤✐♣ r❡❞✉❝❡s t❤❡
♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s ✐♥ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r t♦ t✇♦✳ ❚❤✐s ❛❧❧♦✇s ❡①♣❛♥❞✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss❡❞
♠♦❞❡❧s t♦ st✉❞② ♠♦r❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠s✳ ◆♦✇✱ ❛❢t❡r s✉❜st✐t✉t✐♥❣ ❊q✳✭✷✳✽✷✮ ✐♥ ❊q✳✭✷✳✺✻✮✱ ❛♥❞
♥❡❣❧❡❝t✐♥❣ t❤❡ ♠♦♠❡♥t✉♠ ❛♥❞ ❦✐♥❡t✐❝ ❡♥❡r❣② tr❛♥s❢❡rs ❞✉❡ t♦ ❝♦❧❧✐s✐♦♥s✱ ❛♥❞ ❛❧s♦ t❤❡ ❤❡❛t ✢✉①✱
♦♥❡ ✜♥❞s

3

2

d

dt
{1
3
(2pα,⊥+pα,||)}+

3

2
{1
3
(2pα,⊥+pα,||)}

∂uα,i
∂xi

+
(

pα,⊥δij+(pα,||−pα,⊥)bibj
)∂uα,i
∂xj

= 0, ✭✷✳✽✸✮

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ s✉❜st✐t✉t❡❞ pα = 1
3Tr(Pα) = 1

3(2pα,⊥ + pα,||)✱ ✇❤❡r❡ Tr r❡❢❡rs t♦
t❤❡ tr❛❝❡ ♦❢ t❤❡ ♠❛tr✐①✳ ❘❡♠❡♠❜❡r✐♥❣ t❤❛t t❤❡ ♣❛rt✐❝❧❡s ♠♦✈❡ ❢r❡❡❧② ❛❧♦♥❣ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞
❧✐♥❡s✱ t❤❡♥ t❤❡✐r ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ t♦t❛❧ t❤❡r♠❛❧ ❡♥❡r❣② s❛t✐s❢② ❛♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ ❢♦r♠✱
✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✐♥t♦ t✇♦ ❣✐✈❡♥ ❜②

dpα,⊥
dt

+ 2pα,⊥
∂uα,i
∂xi

− pα,⊥bibj
∂uα,i
∂xj

= 0, ✭✷✳✽✹❛✮

dpα,||
dt

+ pα,||
∂uα,i
∂xi

+ 2pα,||bibj
∂uα,i
∂xj

= 0, ✭✷✳✽✹❜✮

❊qs❬✷✳✽✹❜✱ ✷✳✽✹❛❪ ❧❡❛❞ t♦ t❤❡ ✇❡❧❧ ❦♥♦✇ ❈❤❡✇✲●♦❧❞❜❡r❣❡r✲▲♦✇ ❡q✉❛t✐♦♥s ✭❈●▲✮❬✶✽✺❪✳ ❚❤❡s❡ ❡q✉❛✲
t✐♦♥s ❞♦ ♥♦t ✐♠♣♦s❡ ❛♥② r❡str✐❝t✐♦♥ ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ■♥ ♦♥❡✲✢✉✐❞ ♠♦❞❡❧✱ t❤❡ ▼❛①✇❡❧❧✲
❋❛r❛❞❛② ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❝♦✉♣❧❡❞ ✇✐t❤ ❖❤♠ ❧❛✇ t♦ ❢✉rt❤❡r s✐♠♣❧✐❢② ❊q✳✭✷✳✽✹✮✳ ●❡♥❡r❛❧✐③❡❞
❖❤♠✬s ❧❛✇ ✭s❡❡ s❡❝t✐♦♥ ✷✳✹✳✸✮ r❡❛❞s

E+ u×B = Ψ, ✭✷✳✽✺✮

✇❤❡r❡ Ψ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♠❛♥② ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs✳ ◆♦✇✱ s✉❜st✐t✉t✐♥❣ ❖❤♠ ❧❛✇ ✐♥t♦ t❤❡
▼❛①✇❡❧❧✲❋❛r❛❞❛② ❡q✉❛t✐♦♥✱ ♦♥❡ ❡❛s✐❧② ✜♥❞s✱

∂Bi
∂t

= ǫijk∂j(u×B)k − ǫijk∂jΨk = ǫijkǫkmn∂j(umBn)− ǫijk∂jΨk

= ui∂jBj
︸ ︷︷ ︸

=0:∇·B=0

+Bj∂jui −Bi∂juj − uj∂jBi − ǫilk∂lΨk
✭✷✳✽✻✮

■♥ t❤❡ ❛❜♦✈❡ ❝❛❧❝✉❧❛t✐♦♥✱ ✇❡ ✉s❡❞ t❤❡ ✐❞❡♥t✐t② ǫijkǫmnk = δimδjn − δinδjm✳ ❑♥♦✇✐♥❣ t❤❛t d
dt =

∂
∂t + ui∂i✱ ❛♥❞ ✉s✐♥❣ ❞❡♥s✐t② ❡q✉❛t✐♦♥✱ ♦♥❡ ✜♥❞s✱

∂ui
∂xj

=
1

Bj

{dBi
dt

− Bi
n

dn

dt
+ ǫijk

∂Ψk

∂xj

}

, ✭✷✳✽✼✮

✻✻



✷✳✸✳ ❚❤❡ ❈❧♦s✉r❡ Pr♦❜❧❡♠ ♦❢ ❊①t❡♥❞❡❞ ❋❧✉✐❞ ▼♦❞❡❧s

❆ss✉♠✐♥❣ t❤❡ ❧✐♠✐t ♦❢ ✐❞❡❛❧ ❖❤♠ ❧❛✇ ✭Ψ = 0✮✱ ❛♥❞ s✉❜st✐t✉t✐♥❣ ❊q✳✭✷✳✽✼✮ ✐♥t♦ ❊qs✳❬✷✳✽✹❜✱✷✳✽✹❛❪✱
✇❡ ❡❛s✐❧② ♦❜t❛✐♥ ❈●▲ ❝❧♦s✉r❡ r❡❧❛t✐♦♥s❤✐♣s✱ ❣✐✈❡♥ ❜②

d

dt

( p⊥
nB

)

= 0,
d

dt

(p||B
2

n3

)

= 0, ✭✷✳✽✽✮

✷✳✸✳✺ ❋✐♥✐t❡ ▲❛r♠♦r ❘❛❞✐✉s ❈♦rr❡❝t✐♦♥

❚❤❡ ✜rst ❝♦❧❧✐s✐♦♥❧❡ss ❝♦rr❡❝t✐♦♥ ✐♥tr♦❞✉❝❡❞ t♦ t❤❡ ♣r❡ss✉r❡ ✇❛s t❤❡ ❛♥✐s♦tr♦♣② ❡✛❡❝t r❡s✉❧t✐♥❣
❢r♦♠ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❛♥❞ ♣❛r❛❧❧❡❧ ❝♦♠♣♦♥❡♥ts
♦❢ t❤❡ ♣r❡ss✉r❡ ❞❡❝♦✉♣❧❡ ❢r♦♠ ❡❛❝❤ ♦t❤❡r✱ ❤❡♥❝❡ ❈●▲ ❡q✉❛t✐♦♥s✱ ❣✐✈❡♥ ❜② ❊q✳✭✷✳✽✽✮✱ ❤❛✈❡ ❜❡❡♥
♦❜t❛✐♥❡❞✳ ❆ s❡❝♦♥❞ ❝♦rr❡❝t✐♦♥✱ ❞✉❡ t❤❡ ✜♥✐t❡ ▲❛r♠♦r r❛❞✐✉s ✭❤❡r❡❛❢t❡r✱ ❋▲❘✮✱ ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞
✉s✐♥❣ s❡✈❡r❛❧ ❛♣♣r♦❛❝❤❡s ❬✶✽✻✱ ✶✽✼✱ ✶✽✽✱ ✶✽✾❪✳ ❖♥❡ ♦❢ t❤❡ s✐♠♣❧❡st ✐s t♦ ❧✐♥❡❛r✐③❡ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡
t❡♥s♦r ❡q✉❛t✐♦♥✱ t❤❛t ✐s t♦ ❞✐r❡❝t❧② s♦❧✈❡ ❊q✳✭✷✳✼✹✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠❛❣♥❡t✐❝
✜❡❧❞ ✐s ❛❧✐❣♥❡❞ ❛❧♦♥❣ t❤❡ z ❛①✐s✱ ✇❤✐❝❤ s✐♠♣❧✐✜❡s t❤❡ ❛♥❛❧②s✐s✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢
❊q✳✭✷✳✼✹✮ r❡❛❞s✱

M(P1
α) = ωc,α





2P1
α,xy P1

α,yy − P1
α,xx P1

α,yz

P1
α,yy − P1

α,xx −2P1
α,xy −P1

α,xz

P1
α,yz −P1

α,xz 0



 ✭✷✳✽✾✮

❲❤✐❧❡ ❡①♣❛♥❞✐♥❣ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✉s✐♥❣ ❊qs❬✷✳✹✻✱ ✷✳✽✷❪✱ ✇❡ ✜♥❞

(dP0
α

dt

)

=







dP0
α,⊥

dt 0 0

0
dP0

α,⊥

dt 0

0 0
dP0

α,||

dt






,
(

P0
α,ij

∂uα,k
∂xk

)

=






P0
α,⊥

∂uα,k
∂xk

0 0

0 P0
α,⊥

∂uα,k
∂xk

0

0 0 P0
α,||

∂uα,k
∂xk






✭✷✳✾✵✮
❛♥❞✱

(

P0
α,ik

∂uα,j
∂xk

+P0
α,jk

∂uα,i
∂xk

)

=






2P0
α,⊥

∂uα,x
∂x P0

α,⊥(
∂uα,x
∂y +

∂uα,y
∂x ) P0

α,⊥
∂uα,z
∂x + P0

α,||
∂uα,x
∂z

P0
α,⊥(

∂uα,x
∂y +

∂uα,y
∂x ) 2P0

α,⊥
∂uα,y
∂y P0

α,⊥
∂uα,z
∂y + P0

α,||
∂uα,y
∂z

P0
α,⊥

∂uα,z
∂x + P0

α,||
∂uα,x
∂z P0

α,⊥
∂uα,z
∂y + P0

α,||
∂uα,y
∂z 2P0

α,||
∂uα,z
∂z






✭✷✳✾✶✮
❚✇♦ ✐♠♣♦rt❛♥t r❡♠❛r❦s ❛r❡ ♦❜✈✐♦✉s ❤❡r❡✳ ❋✐rst✱ ❛s t❤❡ tr❛❝❡ ♦❢ ❛ ♠❛tr✐① ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡
❜❛s✐s tr❛♥s❢♦r♠❛t✐♦♥✱ t❤❡♥ ❊q✳✭✷✳✽✾✮ ✐♠♣❧✐❡s T r(P1

α) = 0 =⇒ P1
α,xx = −P1

α,yy✳ ❚❤❡ s❡❝♦♥❞
♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t P1

α,zz = 0✳ ❙✉❜st✐t✉t✐♥❣ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥s ✐♥t♦ ❊q✳✭✷✳✼✹✮✱ ✇❡ ❡❛s✐❧② ✜♥❞
t❤❡ ❋▲❘ ❝♦rr❡❝t✐♦♥ t♦ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r✳ ■t r❡❛❞s✱

P1
α,xy = σα

P0
α,⊥

2ωc,α

(∂uα,x
∂x

− ∂uα,y
∂y

)

, ✭✷✳✾✷❛✮

P1
α,yy = −P1

α,xx = σα
P0
α,⊥

2ωc,α

(∂uα,x
∂y

+
∂uα,y
∂x

)

, ✭✷✳✾✷❜✮

P1
α,xz = − σα

ωc,α

(

P0
α,⊥

∂uα,z
∂y

+ P0
α,||
∂uα,y
∂z

)

, ✭✷✳✾✷❝✮

P1
α,yz =

σα
ωc,α

(

P0
α,⊥

∂uα,z
∂x

+ P0
α,||
∂uα,x
∂z

)

, ✭✷✳✾✷❞✮

✻✼



❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ❊q✳✭✷✳✽✹❛✮ t♦ s✉❜st✐t✉t❡ t❤❡ ✈❛❧✉❡ ♦❢
dP0

α,⊥

dt ✳ σα = sign(eα)✳ ■t ✐s ✐♥t❡r❡st✐♥❣
t♦ ♥♦t✐❝❡ t❤❛t t❤❡ t❡r♠s −P0

α,⊥
∂uz
∂z ❛♥❞ P0

α,⊥bibj
∂ui
∂xj

❝❛♥❝❡❧ ❡❛❝❤ ♦t❤❡r ✐♥ t❤✐s ❝❛s❡ ✭b = ez✮✳

❚❤✐s ❞♦❡s ♥♦t r❡q✉✐r❡ t❤❡ ✉s❡ ♦❢ ❊q✳✭✷✳✽✼✮ ❛♥❞ t❤❡♥ ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠✬s ❧❛✇✳ ▼♦r❡♦✈❡r✱ t❤❡
❜❧♦❝❦ zz ♦❢ ❊q✳✭✷✳✼✹✮ ❧❡❛❞s ❛❣❛✐♥ t♦ ❊q✳✭✷✳✽✹❜✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ♥♦ ❋▲❘ ❝♦rr❡❝t✐♦♥ ❛❧♦♥❣ t❤❡
♠❛❣♥❡t✐❝ ✜❡❧❞✱ ✇❤✐❝❤ ✐s ✐♥t✉✐t✐✈❡❧② ✉♥❞❡rst♦♦❞✳ ❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ♥♦✇ ❝♦♥s✐sts
♦❢ t✇♦ ❝♦♠♣♦♥❡♥ts✿ ❣②r♦tr♦♣✐❝ ♣r❡ss✉r❡ ✭P0

α✮ ❛♥❞ ❛❣②r♦tr♦♣✐❝ ❝♦rr❡❝t✐♦♥ ✭❋▲❘✮ ❣✐✈❡♥ ❜② P1
α ✭t❤❡

r♦❧❡ ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠✬s ❧❛✇ ✐♥ ❋▲❘ ❛♥❞ ❞♦✉❜❧❡ ❛❞✐❛❜❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ❤❛s ❜❡❡♥ ❞✐s❝✉ss❡❞ ✐♥
❞❡t❛✐❧s ❜② ❉❡❧ ❙❛rt♦ ❛♥❞ P❡❣♦r❛r♦ ❬✶✾✵❪✮✳ ❚❤❛t ✐s

Pα = P0
α + P1

α, ✭✷✳✾✸✮

❆ ♠♦r❡ ❡❧❡❣❛♥t ✐♥❞❡♣❡♥❞❡♥t ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❋▲❘ ❝♦rr❡❝t✐♦♥
❬✶✾✶❪✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ✜rst ✇r✐t✐♥❣ ❊q✳✭✷✳✼✹✮ ❛s

M(Pα) = Sb,αPα − PαSb,α = [Sb,α,Pα] = Rα, ✭✷✳✾✹✮

✇❤❡r❡✱

Rα =
∂P0

α

∂t
+ L(P0

α), Sb,α =
eα
mα

ǫijkBk, ✭✷✳✾✺✮

✇❤❡r❡ [] ✐s t❤❡ ❝♦♠♠✉t❛t♦r ❞❡✜♥❡❞ ❛s [A,B] = AB − BA✱ ✇❤❡r❡ A ❛♥❞ B ❛r❡ ♠❛tr✐❝❡s✳ ❚❤❡
♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ r❡♣r❡s❡♥ts ❛ ❝♦♥t✐♥✉♦✉s ▲②❛♣✉♥♦✈ ❡q✉❛t✐♦♥ ❬✶✾✷❪✱ ✇❤✐❝❤ ✐s ❛ s✉❜s❡t ♦❢ ❛ ♠♦r❡
❣❡♥❡r❛❧ ♦♥❡ ❦♥♦✇♥ ❛s ❙②❧✈❡st❡r ❡q✉❛t✐♦♥ ❬✶✾✸❪✳ ■♥ ❣❡♥❡r❛❧✱ t❤✐s ❡q✉❛t✐♦♥ ❞♦❡s ♥♦t ❤❛✈❡ ❛♥❛❧②t✐❝
s♦❧✉t✐♦♥ ❢♦r ❛♥ ❛r❜✐tr❛r② ♠❛tr✐❝❡s Sb,α ❛♥❞ Rα✱ ♦r ✐t ❝♦✉❧❞ ❤❛✈❡ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ s♦❧✉t✐♦♥s✳
❍♦✇❡✈❡r✱ Sb,α ✐s ❛ s❦❡✇✲♠❛tr✐①✱ ❛♥❞ Pα ❛♥❞ Rα ❛r❡ s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✳ ❚❤✉s ✐t ✇✐❧❧ ❜❡ ♣♦ss✐❜❧❡
t♦ ❝♦♥str✉❝t✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♥❛t✉r❡ ♦❢ Pα ❛♥❞ Rα✱ ❛♥ ✐♥✈❡rs❡ ♦❢ t❤❡ ❝♦♠♠✉t❛t♦r ♠❛tr✐①✳
❚❤✐s ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❋▲❘ ❝♦rr❡❝t✐♦♥ t♦ ♣r❡ss✉r❡ t❡♥s♦r

P1
α =

P0
α,⊥

4ω2
c,α

{

(I + 3bb)(D +DT )Sb,α + STb,α(D +DT )(I + 3bb)
}

+
2

ω2
c,α

(P0
α,|| − P0

α,⊥)
{

bbDTSb,α + STb,αDbb
}

.

✭✷✳✾✻✮

■♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✱ b ❤❛s ❛♥ ❛r❜✐tr❛r② ♦r✐❡♥t❛t✐♦♥ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳
Dij = ∂jui✳ ❲❤❡♥ b = ez✱ ❊q✳✭✷✳✾✻✮ r❡❞✉❝❡s t♦ ❊q✳✭✷✳✾✷✮✳

✷✳✸✳✻ ❈♦♥st✐t✉t✐✈❡ ❈❧♦s✉r❡ ❊q✉❛t✐♦♥✿ ❍②❞r♦❞②♥❛♠✐❝ ▲✐♠✐t

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❞✐s❝✉ss ❤♦✇ t♦ ❝❧♦s❡ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✭✷✳✷✻✱ ✷✳✸✻✱ ❛♥❞ ✷✳✺✻✮
❜② ✜♥❞✐♥❣ ❛ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ❛♥❞ t❤❡ ✢✉✐❞ ✈❡❧♦❝✐t② ✲♠♦r❡
♣r❡❝✐s❡❧② ✐ts ❣r❛❞✐❡♥t✳ ❖♥❡ s❤♦✉❧❞ ❜❡ ❡①tr❡♠❡❧② ❝❛r❡❢✉❧ ❛❜♦✉t t❤✐s ❞❡r✐✈❛t✐♦♥✳ ❋✐rst ♦❢ ❛❧❧✱ ✐t ❞♦❡s
♥♦t ❛❝❝♦✉♥t ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭♣✉r❡❧② ❤②❞r♦❞②♥❛♠✐❝ ✢✉✐❞✮✳ ❙❡❝♦♥❞✱ ✐t ❤❡❧♣s ✉s t♦ ♦❜t❛✐♥
t❤❡ t❡r♠ ✇❤✐❝❤ ✐♥❝♦r♣♦r❛t❡s t❤❡ ✐♦♥ ✈✐s❝♦s✐t② ✐♥t♦ r❡❞✉❝❡❞✱ ❝♦❧❧✐s✐♦♥❛❧ ▼❍❉ ♠♦❞❡❧✳ ❋✉rt❤❡r♠♦r❡✱
✐t ❝❧❡❛r❧② ❞✐st✐♥❣✉✐s❤❡s ❜❡t✇❡❡♥ ❞✐✛✉s✐♦♥ ❡✛❡❝ts ♦❢ t❤❡ ✢✉✐❞ ✈❡❧♦❝✐t② ❞✉❡ t♦ ♥♦♥✲③❡r♦ ✈✐s❝♦s✐t②
✭❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ str❛✐♥ t❡♥s♦r✮✱ ❛♥❞ t❤❡ ❝♦♠♣r❡ss✐❜✐❧✐t② ♦❢ t❤❡ ✢✉✐❞ ✭✈❛r②✐♥❣ ❞❡♥s✐t②✮✳

■♥ ❣❡♥❡r❛❧✱ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ t❤❡ ✢✉✐❞ ❡❧❡♠❡♥t ♠♦t✐♦♥ ✐♥t♦ t❤r❡❡ ❞♦♠✐♥❛♥t ❝♦♠♣♦♥❡♥ts❬✶✾✹✱
✶✾✺✱ ✶✾✻❪✳ ❚❤❡ ✜rst ✐s ❛ tr❛♥s❧❛t✐♦♥❛❧ ♠♦t✐♦♥ ❛❧♦♥❣ t❤❡ str❡❛♠❧✐♥❡s ♦❢ t❤❡ ✢✉✐❞✱ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s
t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ✢✉✐❞✳ ❚❤❡ s❡❝♦♥❞ ✐s ❛ ♣✉r❡ r♦t❛t✐♦♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡
✈♦rt✐❝✐t② ✈❡❝t♦r Ω = ∇×u✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ❢r❛♠❡ ♦❢ r❡❢❡r❡♥❝❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ❝❤♦♦s❡

✻✽



✷✳✸✳ ❚❤❡ ❈❧♦s✉r❡ Pr♦❜❧❡♠ ♦❢ ❊①t❡♥❞❡❞ ❋❧✉✐❞ ▼♦❞❡❧s

❛ r♦t❛t✐♥❣ r❡❢❡r❡♥❝❡ ✐♥ ✇❤✐❝❤ t❤❡ ✈♦rt✐❝✐t② ✈❛♥✐s❤❡s✳ ❚❤❡ t❤✐r❞ ❝♦♠♣♦♥❡♥t ✐s t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢
t❤❡ ✢✉✐❞ ❡❧❡♠❡♥ts ❞✉❡ t♦ ✈✐s❝♦s✐t② ♦❢ t❤❡ ✢✉✐❞ ✭❣❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ ❞✉❡ t♦ ❦✐♥❡t✐❝ ❡✛❡❝ts✮✳ ❖♥❡
❝❛♥ ❡❛s✐❧② s❤♦✇✱ ❛s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❞♦ ♥❡①t✱ t❤❛t ♠❛tr✐❝❡s ❝❛♥ r❡♣r❡s❡♥t t❤❡ ❧❛st t✇♦ ❝♦♠♣♦♥❡♥ts
♦❢ t❤❡ ♠♦t✐♦♥❬✶✾✼❪✱❬✶✾✽❪✱ ❬✶✾✺❪✳ ❚❤❡s❡ ♠❛tr✐❝❡s ❛r❡ t❤❡ ❛♥t✐✲s②♠♠❡tr✐❝ r♦t❛t✐♦♥ ♠❛tr✐① R ✭s❦❡✇✲
♠❛tr✐①✮✱ ✇❤✐❝❤ ✈❛r✐❡s ✇✐t❤ t❤❡ ❢r❛♠❡ ♦❢ r❡❢❡r❡♥❝❡✱ ❛♥❞ t❤❡ s②♠♠❡tr✐❝ str❛✐♥ ♠❛tr✐① D✱ ✇❤✐❝❤
r❡♣r❡s❡♥ts t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ✢✉✐❞ ❡❧❡♠❡♥ts ❞✉❡ t♦ ❦✐♥❡t✐❝ ❡✛❡❝ts ❛♥❞ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ●❛❧✐❧❡❛♥
tr❛♥s❢♦r♠❛t✐♦♥✳ ■♥ ❡✛❡❝t✱ t❤✐s ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt② ✐s ♦♥❡ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ❛ss✉♠♣t✐♦♥s t❤❛t ❛❧❧♦✇
✉s t♦ ♦❜t❛✐♥ ❛ ❣❡♥❡r❛❧ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ✭❤②❞r♦✮✲❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ❛♥❞ t❤❡ ✈❡❧♦❝✐t②
❣r❛❞✐❡♥t ❬✶✾✾❪✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ✈❡❧♦❝✐t② t❡♥s♦r Gv ❣✐✈❡s✱

Gv
ij =

∂uα,i
∂xj

=
1

2

(∂uα,i
∂xj

+
∂uα,j
∂xi

)

︸ ︷︷ ︸

Dα,ij : ❙②♠♠❡tr✐❝ ❚❡♥s♦r

+
1

2

(∂uα,i
∂xj

− ∂uα,j
∂xi

)

︸ ︷︷ ︸

Rα,ij : ❆♥t✐✲s②♠♠❡tr✐❝ ❚❡♥s♦r

= Dα +
1

2
Rα

✭✷✳✾✼✮

✇❤❡r❡ Rij = −εijkΩk✳
❍♦✇❡✈❡r✱ t❤❡ ✢✉✐❞ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞✱ ❝♦♥❝❡r♥✐♥❣ ✈✐s❝♦s✐t②✱ ✐♥t♦ t✇♦ ❝❛t❡❣♦r✐❡s✿ ◆❡✇t♦♥✐❛♥ ✢✉✐❞

❛♥❞ ◆♦♥✲◆❡✇t♦♥✐❛♥ ✢✉✐❞✳ ❚❤❡ ❢♦r♠❡r ✐s t❤❡ ✢✉✐❞ ✐♥ ✇❤✐❝❤ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ✐s ❧✐♥❡❛r❧② ❞❡✲
♣❡♥❞❡♥t ♦♥ t❤❡ r❛t❡ ♦❢ ❞❡❢♦r♠❛t✐♦♥✱ ❛♥❞ t❤❡ ♣r♦♣♦rt✐♦♥❛❧✐t② ❢❛❝t♦r✱ ✐♥ t❤✐s ❝❛s❡✱ ✐s t❤❡ ✈✐s❝♦s✐t②
t❡♥s♦r ✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ str❛✐♥ t❡♥s♦r ✭✈❡❧♦❝✐t② ❣r❛❞✐❡♥t✮✳ ❲❤❡r❡❛s t❤❡ ❧❛t❡r ✐s t❤❡ ✢✉✐❞
✐♥ ✇❤✐❝❤ t❤❡ ✈✐s❝♦s✐t② t❡♥s♦r ❞❡♣❡♥❞s ♦♥ ❛♣♣❧✐❡❞ ♣r❡ss✉r❡s ♦r ❢♦r❝❡s✳ ❚❤❡r❡❢♦r❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣
❜❡t✇❡❡♥ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ❛♥❞ t❤❡ str❛✐♥ t❡♥s♦r ✐s ♥♦ ❧♦♥❣❡r ❛ ❧✐♥❡❛r ♦♥❡✳ ■♥ t❤✐s s❡❝t✐♦♥✱
✇❡ ❢♦❝✉s ♦♥❧② ♦♥ ◆❡✇t♦♥✐❛♥ ✢✉✐❞✳ ❲❤❡♥ t❤❡ ✢✉✐❞ ♠♦✈❡s✱ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r t❛❦❡s t❤❡ ❢♦r♠
❣✐✈❡♥ ❜② ❊q✳✭✷✳✸✷✮✱

Pα,ij = pαδij +Πα,ij ✭✷✳✾✽✮

❚❤❡ ♠♦st ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥ ❢♦r ◆❡✇t♦♥✐❛♥ ✢✉✐❞ ✐s

Πα,ij = −τα,ij = −KijqrDqr, ✭✷✳✾✾✮

✇❤❡r❡ Kijqr ✐s ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r ❦♥♦✇♥ ❛s ✈✐s❝♦s✐t② ❝♦✣❝✐❡♥ts✱ ❛♥❞ τα,ij ✐s t❤❡ ✈✐s❝♦✉s str❡ss
t❡♥s♦r✳ ❲❡ s❤♦✉❧❞ ❜❡ ❝❛r❡❢✉❧ ❛❜♦✉t ✐♥t❡r♣r❡t✐♥❣ t❤❡ ♠✐♥✉s s✐❣♥✱ ✇❤✐❝❤ r❡s✉❧ts ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t
❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ t✇♦ q✉❛♥t✐t✐❡s✿ str❡ss ❛♥❞ ♣r❡ss✉r❡✳ ❚❤❡ ♣r❡ss✉r❡ ❡①❡rt❡❞ ♦♥ ❛ ✢✉✐❞ ❡❧❡♠❡♥t ✐s
t❤❡ ❢♦r❝❡ ♣❡r ✉♥✐t ❛r❡❛ ❛♣♣❧✐❡❞ ♦♥ ✐ts s✉r❢❛❝❡ ❛♥❞ ♣♦✐♥ts ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡
✉♥✐t ✈❡❝t♦r n̂✱ t❤❛t ✐s fn = −Pα · n̂✳ ■♥ ❝♦♥tr❛st✱ t❤❡ str❡ss ✐s t❤❡ ❢♦r❝❡ ♣❡r ✉♥✐t ❛r❡❛ ❡①❡rt❡❞ ❜②
t❤❡ ✢✉✐❞ ♦♥ t❤❡ s✐❞❡ t♦✇❛r❞ ✇❤✐❝❤ t❤❡ n̂ ♣♦✐♥ts ✲❡q✉❛❧s fn ❜✉t ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✳ Kijqr

♠✉st ❜❡ ✐s♦tr♦♣✐❝✳ ❚❤✐s ♣r♦♣❡rt② ❡♥s✉r❡s t❤❛t t❤❡ ❧✐♥❡❛r r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ✈✐s❝♦✉s t❡♥s♦r
Πα,ij ❛♥❞ str❛✐♥ t❡♥s♦r r❡♠❛✐♥s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✐♥ ✐s♦tr♦♣✐❝ ✢✉✐❞✳ ❖♥❡ ❝❛♥
♣r♦✈❡ t❤❛t ❛♥② ✐s♦tr♦♣✐❝ ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ ❑r♦♥❡❝❦❡r s❡❝♦♥❞✲♦r❞❡r
t❡♥s♦r❬✷✵✵❪✳ ❚❤✐s r❡❧❛t✐♦♥s❤✐♣ ✐s ❣✐✈❡♥ ❜②✱

Kijqr = λδijδqr + µδiqδjr + γδirδjq, ✭✷✳✶✵✵✮

❇✉t✱ ✇❡ ❛❧s♦ ❦♥♦✇ t❤❛t t❤❡ ✈✐s❝♦✉s t❡♥s♦r ✐s s②♠♠❡tr✐❝ ✭Πij = Πji✮✱ t❤❡♥ Kijqr = Kjiqr =⇒
γ = µ✳ ❚❤❡r❡❢♦r❡ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

Kijqr = λδijδqr + 2µδiqδjr, ✭✷✳✶✵✶✮

❙✉❜st✐t✉t✐♥❣ t❤✐s ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✐♥t♦ ❊q✳✭✷✳✾✾✮✱ ♦♥❡ ♦❜t❛✐♥s

Πα,ij = −2µDij − λDqqδij , ✭✷✳✶✵✷✮
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❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

✇❤❡r❡ D =
∑

q
∂uα,q
∂xq

= ∇ · uα ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ✈♦❧✉♠❡tr✐❝ str❛✐♥ ✭t❤❡ ❝♦♠♣r❡ss✐❜✐❧✐t② ♦❢
t❤❡ ✢✉✐❞✮✳ ❲❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ♠❡❛♥ ♣r❡ss✉r❡ ❛s t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❢✉❧❧
♣r❡ss✉r❡ t❡♥s♦r ✭p̃α = 1

3Tr(Pα)✮✱ ❦♥♦✇✐♥❣ t❤❛t t❤❡s❡ t❤r❡❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧②
❡q✉❛❧s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤✐s ✐s t❤❡ ❝❛s❡ ♦❢ ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛ ✐♥ ✇❤✐❝❤ t❤❡r❡ ✐s ❡q✉✐♣❛rt✐t✐♦♥ ♦❢ t❤❡
❡♥❡r❣② ✐♥ t❤❡ t✇♦ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❜✉t t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡
❢♦r ♣❛r❛❧❧❡❧ ❞✐r❡❝t✐♦♥ ✲✇❡ ❛r❡ ❣♦✐♥❣ t♦ st✉❞② t❤✐s ❝❛s❡ ✭❞♦✉❜❧❡ ❛❞✐❛❜❛t✐❝ ❝❧♦s✉r❡✮ ✐♥ ❞❡t❛✐❧s ❧❛t❡r✳
❙✉❜st✐t✉t✐♥❣ ❊q✳✭✷✳✶✵✷✮ ✐♥t♦ ❊q✳✭✷✳✾✽✮✱ ❛♥❞ s✉♠♠✐♥❣ ♦♥ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts✱ ✇❡ ♦❜t❛✐♥✿

Pα,ii = 3pα − (2µα + 3λα)Dα,qq =⇒ pα =
1

3
Pα,ii + (

2

3
µα + λα)Dα,qq

pα − p̃α = (
2

3
µα + λα)Dα,qq = (

2

3
µα + λα)∇ · uα = κα∇ · uα,

✭✷✳✶✵✸✮

κα ✐s ❦♥♦✇♥ ❛s t❤❡ ❜✉❧❦ ✈✐s❝♦s✐t② ❝♦❡✣❝✐❡♥t✳ ❲❡ ❝❛♥ ✉♥❞❡rst❛♥❞ t❤❡ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞
s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ t♦ ❜❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ♣r❡ss✉r❡ ❛♥❞
♠❡❛♥ ✭♠❡❝❤❛♥✐❝❛❧✮ ♣r❡ss✉r❡✳ ■♥ ❣❡♥❡r❛❧✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r ✐t ❞✉❡ t♦ t❤❡ t✐♠❡ ❧❛❣ ✇✐t❤ ✇❤✐❝❤
t❤❡ t❤❡r♠♦❞②♥❛♠✐❝s ❝♦♥❞✐t✐♦♥s ❛r❡ r❡❛❝❤❡❞✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ♥❡❣❧❡❝t✐♥❣ t❤✐s t❡r♠ ✭❙t♦❦❡s
❛ss✉♠♣t✐♦♥ ❬✷✵✶❪✮ ❛❧❧♦✇s ♦❜t❛✐♥✐♥❣ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧s ✇❤✐❝❤ ✐♥ t✉r♥ ❣✐✈❡ ❛❝❝✉r❛t❡ ❞❡s❝r✐♣t✐♦♥s ♦❢
t❤❡ ✢✉✐❞ ❞②♥❛♠✐❝s✱ ❛♥❞ t❤❡✐r r❡s✉❧ts ❛r❡ ✐♥ ❡①❝❡❧❧❡♥t ❛❣r❡❡♠❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥ts✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ❥✉st✐❢②✐♥❣ t❤✐s ❛ss✉♠♣t✐♦♥✱ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ❜✉❧❦ ✈✐s❝♦s✐t② ✐s ♥❡❣❧✐❣✐❜❧❡✱ ❤❛❞ s❤♦✇♥ t♦
❜❡ ♥♦t s❛t✐s❢②✐♥❣✳ ❚❤❛t ✐s ❜❡❝❛✉s❡✱ ❡①❝❡♣t ❢♦r ♠♦♥♦✲❛t♦♠✐❝ ❣❛s❡s✱ κα > µα ❢♦r ♠❛♥② ✢✉✐❞s ❬✷✵✷❪✱
❛♥❞ t❤❡✐r r❛t✐♦ s♣❛♥s ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ❢r♦♠ s♠❛❧❧ t♦ ❤✉❣❡ ♦♥❡s✳ ❚❤❡r❡❢♦r❡✱ κα ♠❛② ♣❧❛② ❛
❦❡② r♦❧❡ ✐♥ s♦♠❡ ❝❛s❡s✱ s✉❝❤ ❛s s❤♦❝❦✴❤②❞r♦❣❡♥ ❜✉❜❜❧❡ ✐♥t❡r❛❝t✐♦♥ ❬✷✵✸❪✳ ❋✉rt❤❡r♠♦r❡✱ ❝♦♥tr❛r②
t♦ t❤❡ ✉s✉❛❧ ❝❧❛✐♠ t❤❛t κα ✐s ♦♥❡ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧ts ♦❢ ❦✐♥❡t✐❝ t❤❡♦r②✱ ❚r✉❡s❞❡❧❧ s❤♦✇❡❞
❬✷✵✹❪ t❤❛t t❤✐s ③❡r♦ ✈❛❧✉❡ ✇❛s ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡❞ ✐♥ t❤❡ ❦✐♥❡t✐❝ t❤❡♦r② ♦❢ ❣❛s❡s✳ ■♥ s✉♠♠❛r②✱
t♦ ❥✉st✐❢② t❤✐s ❛ss✉♠♣t✐♦♥ ♦♥ ❛ ♣❤②s✐❝❛❧ ❣r♦✉♥❞✱ ✇❡ ❝❛♥ ♣♦st✉❧❛t❡ t❤❛t t❤❡ ❘❍❙ ♦❢ ❊q✳✭✷✳✶✵✸✮ ✐s
♥❡❣❧✐❣✐❜❧❡ ❛s ❧♦♥❣ ❛s |κα∇ · uα| << pα❬✷✵✺✱ ✷✵✻❪ ✇❤✐❝❤ ♠❛② ❛♣♣❡❛r ✧❧♦❣✐❝❛❧✧ ❜❡❝❛✉s❡ t❤❡ t❡r♠
∇ · uα ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ✈♦❧✉♠❡tr✐❝ ❝♦♠♣r❡ss✐♦♥ ♦❢ t❤❡ ✢✉✐❞ ❡❧❡♠❡♥t✳

◆♦✇✱ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❙t♦❦❡s ❛ss✉♠♣t✐♦♥✱ ❛♥❞ s✉❜st✐t✉t✐♥❣ ❊q✳✭✷✳✶✵✷✮ ✐♥t♦ ❊q✳✭✷✳✾✽✮✱ t❛❦✐♥❣
✐♥t♦ ❛❝❝♦✉♥t t❤❛t κα = 2

3µα + λ✱ ♦♥❡ ✜♥❞s✱

Pα,ij = pαδij − 2µα[Dα,ij −
1

3
Dα,qqδij ] =⇒ Pα,ij = pαδij − µαWα,ij , ✭✷✳✶✵✹✮

✇❤❡r❡✱

Wα,ij =
[∂uα,i
∂xj

+
∂uα,j
∂xi

− 2

3
(∇ · uα)δij

]

, ✭✷✳✶✵✺✮

❚❤✐s r❡❧❛t✐♦♥s❤✐♣ ❛❧❧♦✇s ❝❧♦s✐♥❣ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❢♦r ◆❡✇t♦♥✐❛♥ ✢✉✐❞ ❛s ✐t ♣r♦✈✐❞❡s ✉s
✇✐t❤ ❛ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ q✉❛♥t✐t② ✭Pα✮ ♦♥ ❧♦✇❡r ♦♥❡ u t❤r♦✉❣❤ ❛ tr❛♥s♣♦rt
❝♦❡✣❝✐❡♥t✱ ✇❤✐❝❤ ✐s✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ✈✐s❝♦s✐t②✳ ◆♦✇✱ s✉❜st✐t✉t✐♥❣ ❊q✳✷✳✶✵✹ ✐♥t♦ ♠♦♠❡♥t✉♠
❡q✉❛t✐♦♥✱ ❛♥❞ ❛ss✉♠✐♥❣ ❛♥ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞✱ ♦♥❡ ❡❛s✐❧② ♦❜t❛✐♥s✱

∇ · P = ∇p− ν∆u, ✭✷✳✶✵✻✮

✇❤❡r❡ ν ✐s t❤❡ ✈✐s❝♦s✐t②✱ ❛♥❞ u ✐s t❤❡ ❛✈❡r❛❣❡❞ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♣❧❛s♠❛✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ♠♦❞❡❧
❛❝❝♦✉♥ts ❢♦r s♦♠❡ ❦✐♥❡t✐❝ ❡✛❡❝ts t❤r♦✉❣❤ t❤❡ ✈✐s❝♦✉s t❡r♠✱ ✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢
t❤❡ ✢✉✐❞ ❡❧❡♠❡♥t✳ ❲❡ ❝❛♥ ❛♣♣❧② t❤✐s ❝❧♦s✉r❡ ✇✐t❤ ❡✐t❤❡r ♠✉❧t✐✲✢✉✐❞ ♠♦❞❡❧s ✇❤❡r❡ ✇❡ ❝♦♥s✐❞❡r
❡❛❝❤ s♣❡❝✐❡s ❝♦♥s✐sts ❛ ✢✉✐❞✱ ❛♥❞ t❤✉s t❤❡ ✈✐s❝♦s✐t② ✐♥ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥s❤✐♣ ✇✐❧❧ ❜❡ ❡✐t❤❡r
t❤❡ ✐♦♥ ✈✐s❝♦s✐t② ♦r t❤❡ ❡❧❡❝tr♦♥ ♦♥❡✳ ■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ✉s❡ t❤✐s ❝❧♦s✉r❡ ✇✐t❤ ♦♥❡ ✢✉✐❞ ♠♦❞❡❧
✐♥ ✇❤✐❝❤ ✐♦♥s ❝❛rr② t❤❡ ❜✉❧❦ ♠♦t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ✈✐s❝♦s✐t② ❤❡r❡ ✇✐❧❧ ❜❡ t❤❡ ✐♦♥
✈✐s❝♦s✐t②✳

✼✵



✷✳✹✳ ❖♥❡ ❋❧✉✐❞ ▼♦❞❡❧

✷✳✹ ❖♥❡ ❋❧✉✐❞ ▼♦❞❡❧

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✇❡ ❞❡r✐✈❡❞ t❤❡ ♠✉❧t✐✲✢✉✐❞ ♠♦❞❡❧s ✭♦r t✇♦✲✢✉✐❞ ♠♦❞❡❧ ✐❢ t❤❡ ♣❧❛s♠❛
❝♦♥s✐sts ♦❢ ✐♦♥s ❛♥❞ ❡❧❡❝tr♦♥s✮ ❜② ✐♥tr♦❞✉❝✐♥❣ ♠❛❝r♦s❝♦♣✐❝ ♠❡❛s✉r❡s ✇❤✐❝❤ ✐❣♥♦r❡ t❤❡ ❞❡t❛✐❧❡❞
✐♥❢♦r♠❛t✐♦♥ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ✈❡❧♦❝✐t② s♣❛❝❡✳ ❍❡♥❝❡✱ ✐t ❛❧❧♦✇s ♦❜t❛✐♥✐♥❣ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ❢♦r
t❤❡s❡ q✉❛♥t✐t✐❡s ❛t s♦♠❡ ♣r✐❝❡✿ t❤❡ ❝❧♦s✉r❡ ♣r♦❜❧❡♠✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛♥♦t❤❡r ❞r❛✇❜❛❝❦✿ t❤❡
❧❛❝❦ ♦❢ ❛❜✐❧✐t② ♦❢ t❤✐s ♠♦❞❡❧ t♦ ❡①♣❧❛✐♥ s♦♠❡ ❦✐♥❡t✐❝ ♣❤❡♥♦♠❡♥❛ ❛♥❞ ❛❞❡q✉❛t❡❧② ❞❡s❝r✐❜❡ ♠❛♥②
♦t❤❡rs✱ ❜✉t ✇❡ ❛ss✉♠❡ ❢♦r ♥♦✇ t❤❛t t❤❡② ❛r❡ ♥♦t ♦❢ ♠❛✐♥ ❝♦♥❝❡r♥ ❤❡r❡✳

❍♦✇❡✈❡r✱ ❡✈❡♥ ✐❢ t❤❡ t✇♦✲✢✉✐❞ ♠♦❞❡❧ ❛❝❝♦✉♥ts ♣r❡❝✐s❡❧② ❢♦r t❤❡ ♣❤②s✐❝s ✐♥ t❤❡ st✉❞✐❡❞ ❝❛s❡
❛❞♦♣t✐♥❣ ♣❤②s✐❝❛❧❧②✲s✉✐t❛❜❧❡ ❝❧♦s✉r❡ r❡❧❛t✐♦♥s❤✐♣s✱ t❤✐s ♠♦❞❡❧ st✐❧❧ ❡♥❝♦♠♣❛ss❡s ❛ ✇✐❞❡ s♣❡❝tr✉♠ ♦❢
t✐♠❡ ❛♥❞ s♣❛t✐❛❧ s❝❛❧❡s✳ ❙❝❛♥♥✐♥❣ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ s❝❛❧❡s ♠✐❣❤t ♥♦t ❜❡ ❡ss❡♥t✐❛❧ ❢♦r ✉♥❞❡rst❛♥❞✐♥❣
✈❛r✐♦✉s ✐♥t❡r❡st✐♥❣ ♣❤❡♥♦♠❡♥❛ ✭✐❞❡❛❧ ▼❍❉ ❛❝t✐✈✐t✐❡s✱ ✐♥st❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❜✉❧❦ ♣❧❛s♠❛✱ ❞❡s✐❣♥
❝♦♥s✐❞❡r❛t✐♦♥s ♦❢ ❢✉s✐♦♥ ♠❛❝❤✐♥❡s✱ ❡t❝✳✳✮✳ ❚❤❡r❡❢♦r❡✱ ❢✉rt❤❡r r❡❞✉❝❡❞ ♠♦❞❡❧s ♠✐❣❤t ❜❡ ♣r❡❢❡r❛❜❧❡✳
❚❤❡ ✜rst st❡♣ ✇❤❡♥ ❞❡r✐✈✐♥❣ t❤❡s❡ ♠♦❞❡❧s ✐s t♦ ❝❧❡❛r❧② ✇r✐t❡ ❞♦✇♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ s❝❛❧❡s ♦❢
t❤❡ ♣r♦❜❧❡♠ ❛♥❞ t❤❡♥ ♥♦r♠❛❧✐③❡ ❛❧❧ t❤❡ q✉❛♥t✐t✐❡s t♦ t❤❡♠✳ ❚❤✐s ♣r♦✈✐❞❡s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t
t❤❡✐r ♠❛❣♥✐t✉❞❡s✳ ❚❤✉s✱ ❛s ❢♦r t❤❡ s♣❡❝✐✜❝ ♠♦❞❡❧ ✇❡ ❛tt❡♠♣t t♦ ♦❜t❛✐♥✱ ❛❧❧ r❡❞✉❝❡❞ ♠♦❞❡❧s
✉s❡ s♦♠❡ ❛s②♠♣t♦t✐❝ ♦r❞❡r✐♥❣ ✐♥tr♦❞✉❝❡❞ t♦ ❡❧✐♠✐♥❛t❡ ✉♥❞❡s✐r❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥✳ ■♥ t❤✐s ❝♦♥t❡①t✱
t✇♦ ❡ss❡♥t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ ✐♥tr♦❞✉❝❡❞ t♦ ❡❧✐♠✐♥❛t❡ ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s ❛♥❞ s❤♦rt✲✇❛✈❡❧❡♥❣t❤s✳
❚❤❡r❡❢♦r❡✱ t❤❡② ❧❡❛❞ t♦ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ♦♥❡✲✢✉✐❞ ♠♦❞❡❧✳ ❋✐rst✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❝✉rr❡♥t ✐♥ t❤❡
▼❛①✇❡❧❧✲❆♠♣❡r❡ ❡q✉❛t✐♦♥ ✐s ♥❡❣❧❡❝t❡❞ ✐❢ t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t✐❡s ❛r❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ❧✐❣❤t
s♣❡❡❞✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛❝❝♦♠♣❧✐s❤❡❞ ❜② ❢♦r♠❛❧❧② r❡q✉✐r✐♥❣ t❤❡ ❧✐♠✐t c → ∞✳ ■t ❤❡♥❝❡ ❡♥s✉r❡s
t❤❡ q✉❛s✐✲♥❡✉tr❛❧✐t② ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ❤♦t ♣❧❛s♠❛✳ ❚❤❡ s❡❝♦♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s t♦ ♥❡❣❧❡❝t t❤❡
❡❧❡❝tr♦♥s✬ ✐♥❡rt✐❛ ❞✉❡ t♦ t❤❡✐r ❧♦✇ ♠❛ss ✭❢♦r♠❛❧❧② ❜② s❡❡❦✐♥❣ t❤❡ ❧✐♠✐t me → 0✮✳ ❚❤✐s ❛ss✉♠♣t✐♦♥
✐s ❥✉st✐✜❡❞ ❜② t❤❡ ❢❛st r❡s♣♦♥s❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥s ✭ω ≪ ωpe✮✱ ✇❤✐❝❤ ♠❡❛♥s ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢
❡❧❡❝tr♦♥ ♣❧❛s♠❛ ♦s❝✐❧❧❛t✐♦♥s ♦❝❝✉rs ❜❡❢♦r❡ ♦♥❡ ♣❡r✐♦❞ ♦❢ t❤❡ ✇❛✈❡ ✐s ❝♦♠♣❧❡t❡❞✳ ❍❡♥❝❡ t❤❡s❡
❛❝t✐✈✐t✐❡s ❧❛st ♦✈❡r t✐♠❡ s❝❛❧❡s q✉✐t❡ ❢❛r ❢r♦♠ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♦♥❡ ♦❢ t❤❡ ✇❛✈❡ ✭❍♦✇❡✈❡r✱ t❤✐s
❤②♣♦t❤❡s✐s ✐s ♥♦t ❛❧✇❛②s ✈❛❧✐❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥✐t✐❛t❡❞ ❜②
t❤❡ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛ ✲t❤✉s t❤❡ ♥❛♠❡ ❝♦❧❧✐s✐♦♥❧❡ss ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✮✳ ❆ t❤✐r❞ ❛♣♣r♦①✐♠❛t✐♦♥✱
str♦♥❣❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ s❡❝♦♥❞ ♦♥❡✱ ❝♦rr❡s♣♦♥❞s t♦ ♥❡❣❧❡❝t✐♥❣ t❡r♠s ♣r♦♣♦rt✐♦♥❛❧ t♦ ❡❧❡❝tr♦♥✲
✐♦♥ ♠❛ss r❛t✐♦♥ ✭ǫm = me

mi
✮✳ ❲❡ s✉♠♠❛r✐③❡ t❤❡ ♣❛r❛♠❡t❡rs✬ r❛♥❣❡ ❢♦r ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ♦♥❡✲✢✉✐❞

♠♦❞❡❧✱ ❛s ♦❜t❛✐♥❡❞ ✐♥ ❘❡❢s✳❬✷✵✼✱ ✷✵✽❪✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

▲❡♥❣t❤✿ a≫ ρi ≫ ρe ∼ λDe, ✭✷✳✶✵✼❛✮

❋r❡q✉❡♥❝②✿ νei ≪
vT i
a

≪ ωci ≪ ωpi ∼ ωpe, ✭✷✳✶✵✼❜✮

❱❡❧♦❝✐t②✿ vT i ∼ vA ≪ vTe ≪ c, ✭✷✳✶✵✼❝✮

✇✐t❤ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♣❛r❛♠❡t❡r✱

ǫm =
me

mi
, ✭✷✳✶✵✽✮

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ a ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ρi t❤❡ ✐♦♥✲▲❛r♠♦r r❛❞✐✉s✱ ρe
✐s t❤❡ ❡❧❡❝tr♦♥✲▲❛r♠♦r r❛❞✐✉s✱ λDe ✐s t❤❡ ❉❡❜②❡ ❧❡♥❣t❤✱ νei ✐s t❤❡ ✐♦♥✲❡❧❡❝tr♦♥ ❝♦❧❧✐s✐♦♥ ❢r❡q✉❡♥❝②✱
vT i ✐s ✐♦♥ t❤❡r♠❛❧ ✈❡❧♦❝✐t②✱ vTe ✐s t❤❡ ❡❧❡❝tr♦♥ t❤❡r♠❛❧ ✈❡❧♦❝✐t②✱ vA ✐s t❤❡ ❆❧❢✈é♥ ✈❡❧♦❝✐t②✱ ❛♥❞ c
✐s t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t✱ ✇❤✐❧❡ ωci ✐s t❤❡ ✐♦♥✕❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝②✱ ωpi ✐s t❤❡ ✐♦♥✲♣❧❛s♠❛ ❢r❡q✉❡♥❝②✱
❛♥❞ ωpe ✐s t❤❡ ❡❧❡❝tr♦♥✲♣❧❛s♠❛ ❢r❡q✉❡♥❝②✳ ❚❤❡ ❞❡t❛✐❧s ♦❢ t❤✐s ♦r❞❡r✐♥❣ ✇✐❧❧ ❜❡ ❝❧❡❛r❧② ✉♥❞❡rst♦♦❞
✇❤❡♥ ✇r✐t✐♥❣ ❞♦✇♥ t❤❡ ❞❡r✐✈❛t✐♦♥✳

◆❡✈❡rt❤❡❧❡ss✱ ✐t ✐s ✇♦rt❤ str❡ss✐♥❣ t❤❡ ❢❛❝t t❤❛t ♦t❤❡r ♠♦❞❡❧s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❝♦♠♣❧❡t❡❧②
❢♦❧❧♦✇✐♥❣ ❛♥♦t❤❡r ♦r❞❡r✐♥❣✳ ❋♦r ❡①❛♠♣❧❡✱ t❤✐s ✐s t❤❡ ❝❛s❡ ♦❢ ❡❧❡❝tr♦♥✲▼❍❉ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ t❤❡
❞②♥❛♠✐❝ ♦❢ t❤❡ s②st❡♠ ❡✈♦❧✈❡s ♦♥ ❢❛st t✐♠❡ s❝❛❧❡s s✉❝❤ t❤❛t ✐♦♥s ❢♦r♠ ❛ ♥❡✉tr❛❧✐③✐♥❣ ❜❛❝❦❣r♦✉♥❞✳

✼✶



❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

■♥ t❤✐s ❝❛s❡✱ t❤❡ ❡❧❡❝tr♦♥ ❞②♥❛♠✐❝ ❞❡❝♦✉♣❧❡s ❢r♦♠ ✐♦♥s✬ ♦♥❡ ❛♥❞ ♦❝❝✉rs ♦♥ s♣❛t✐❛❧ ❧❡♥❣t❤ ✧s♠❛❧❧❡r✧
t❤❛♥ ✐♦♥✲s❦✐♥ ❞❡♣t❤ ✭di✮ ✲✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ t❤✐s ❧❛t❡r✳

✷✳✹✳✶ ❖♥❡✲❋❧✉✐❞ ❉❡♥s✐t② ❊q✉❛t✐♦♥

❲❡ ❞❡✜♥❡ t❤❡ ♦♥❡✲✢✉✐❞ ❞❡♥s✐t② ❛s t❤❡ s✉♠ ♦❢ t❤❡ t✇♦ s♣❡❝✐❡s ❞❡♥s✐t✐❡s ♠❛❦✐♥❣ ✉♣ t❤❡ ♣❧❛s♠❛✿
✐♦♥s ❛♥❞ ❡❧❡❝tr♦♥s✳ ■t r❡❛❞s✱

ρ = mini +mene = n(mi +me) ≈ min, ✭✷✳✶✵✾✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ q✉❛s✐✲♥❡✉tr❛❧✐t② ♣r✐♥❝✐♣❧❡ ✭ni = ne = n✮✱ ❛♥❞ ♥❡❣❧❡❝t❡❞ t❤❡ ❡❧❡❝tr♦♥ ♠❛ss
me ≪ mi✳ ❚❤❡ ❞❡♥s✐t② ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② s✉♠♠✐♥❣ t❤❡ ❛✈❡r❛❣✐♥❣ ❱❧❛s♦✈ ❡q✉❛t✐♦♥
♦✈❡r ♠♦♠❡♥t✉♠ s♣❛❝❡✱ ❛♥❞ t❤❡ s✉♠♠✐♥❣ ✐t ♦✈❡r t❤❡ s♣❡❝✐❡s ❝♦♥s✐st✐♥❣ t❤❡ ♣❧❛s♠❛✳ ❲❡ ❞❡♥♦t❡
t❤✐s ❛s

∑

α

´ ´ ´

mαV (fα)dv✳ ❚❤❛t ✐s✱

∑

α

ˆ ˆ ˆ

mαV (α)dv =
∑

α

ˆ ˆ ˆ

mα

[∂fα(r,v, t)

∂t
+ v · ∇rfα(r,v, t)

+
eα
mα

[

E+ v ×B
]

· ∇vfα(r,v, t)
]

dv = 0,

✭✷✳✶✶✵✮

✇❤✐❝❤ ❣✐✈❡s
∂n

∂t
+∇ · (nu) = 0, ✭✷✳✶✶✶✮

✇❤❡r❡ u ✐s t❤❡ t♦t❛❧ ❛✈❡r❛❣❡❞ ✈❡❧♦❝✐t② ❣✐✈❡♥ ❜②✱

ρu = miniui +meneue, =⇒ u = ui + ǫmue ≈ ui, ✭✷✳✶✶✷✮

✇❤❡r❡ ✇❡ ✉s❡❞ ❊q✳✭✷✳✶✵✾✮✳ ❚❤❡ ♠❛✐♥ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❧✐♥❡ ✐s t❤❛t t❤❡ ♠♦♠❡♥t✉♠
♦❢ t❤❡ ♣❧❛s♠❛ ✐s ❝❛rr✐❡❞ ❜② t❤❡ ✐♦♥s✳ ❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❞✐♠❡♥s✐♦♥❧❡ss ❢♦r♠ ❜②
✐♥tr♦❞✉❝✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ L0✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❧♦❝✐t② u0✱ ❛♥❞ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
t✐♠❡ τ0✳ ❚❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss q✉❛♥t✐t✐❡s ❜❡❝♦♠❡✿

n = n0ñ, u = u0ũ, t = τ0t̃, ✭✷✳✶✶✸✮

❙✉❜st✐t✉t✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ✐♥t♦ ❊q✳✭✷✳✶✶✶✮✱ ❛♥❞ r❡♠♦✈✐♥❣ t❤❡ s✐❣♥ ∼✱ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❞❡♥s✐t②
❡q✉❛t✐♦♥ ❜❡❝♦♠❡s✱

∂n

∂t
+
τ0u0
L0

∇ · (nu) = 0, ✭✷✳✶✶✹✮

❚♦ ♣r❡s❡r✈❡ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❞❡♥s✐t② ❡q✉❛t✐♦♥✱ ✇❡ t❛❦❡ τ0 = L0
u0
✱ ✇❤✐❝❤ ❣✐✈❡s ❛❣❛✐♥ ❊q✳✭✷✳✶✶✶✮

❜✉t ✇✐t❤ ❞✐♠❡♥s✐♦♥❧❡ss q✉❛♥t✐t② ♥♦✇✳ uo ✐♥ t❤✐s ♠♦❞❡❧ ✐s ❆❧❢✈é♥ ✈❡❧♦❝✐t② ui = B/
√
µ0min ✇❤✐❝❤

❝❤❛r❛❝t❡r✐③❡s t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ♦♥❡✲✢✉✐❞ ♣❧❛s♠❛ ✭▼❍❉ ❛❝t✐✈✐t✐❡s✮✱ ❛♥❞
t❤✉s τ0 = τA = L0/vA✳

✷✳✹✳✷ ❖♥❡✲❋❧✉✐❞ ▼♦♠❡♥t✉♠ ❊q✉❛t✐♦♥

❲❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ♠♦t✐♦♥ ❡q✉❛t✐♦♥ ♦❢ ♦♥❡✲✢✉✐❞ ♠♦❞❡❧ ❜② s✉♠♠✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ♦❢
t❤❡ t✇♦ s♣❡❝✐❡s ♦r ❝❛❧❝✉❧❛t✐♥❣

∑

α=i,e

ˆ ˆ ˆ

mαvV (fα)dv, ✭✷✳✶✶✺✮

✼✷



✷✳✹✳ ❖♥❡ ❋❧✉✐❞ ▼♦❞❡❧

✇❤❡r❡ V (fα) ✐s ❣✐✈❡♥ ❜② ❊q✳✭✷✳✶✽✮✳ ❍♦✇❡✈❡r✱ ❜❡❢♦r❡ ❣♦✐♥❣ ♦♥ ✇✐t❤ t❤❡ ❞❡r✐✈❛t✐♦♥✱ ✇❡ s❤♦✉❧❞
❜❡ ❛✇❛r❡ ♦❢ t❤r❡❡ r❡❢❡r❡♥❝❡ ❢r❛♠❡s ❡①✐st ❤❡r❡✳ ❲❤❡♥ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ♣❧❛s♠❛ ❛s ♦♥❡✲✢✉✐❞✱
t❤r❡❡ ❛✈❡r❛❣❡❞ ✈❡❧♦❝✐t✐❡s ♥❛t✉r❛❧❧② ❛♣♣❡❛r✱ ♥❛♠❡❧②✿ue✱ ui✱ ❛♥❞ u✳ ❚❤❡ ♣r❡ss✉r❡ t❡♥s♦r ♦❢ α−t②♣❡
s♣❡❝✐❡s ✐s ❡st✐♠❛t❡❞ ✐♥ ❛ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ♠♦✈✐♥❣ ✇✐t❤ s♣❡❡❞ ❡q✉❛❧s t♦ uα ❬❊q✳✭✷✳✸✶✮❪✳ ■♥ ❝♦♥tr❛st✱
t❤❡ ❜✉❧❦ ♣❧❛s♠❛ ❤❛s ❛♥ ❛✈❡r❛❣❡❞ ✈❡❧♦❝✐t② ❡q✉❛❧s t♦ u✳ ❚❤❡s❡ ❞✐✛❡r❡♥t ❢r❛♠❡s ✐♥tr♦❞✉❝❡ t❤r❡❡
❝❤❛r❛❝t❡r✐st✐❝ ✈❡❧♦❝✐t✐❡s✿ t✇♦ r❛♥❞♦♠ ✈❡❧♦❝✐t✐❡s✱ ❛♥❞ ❛ ❞✐✛✉s✐✈❡ ♦♥❡✳ ❚❤❡ ✜rst r❛♥❞♦♠ ✈❡❧♦❝✐t②
✭sα = v−uα✮ ✐s ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ Pα ✐♥ t❤❡ ❝♦rr❡❝t r❡❢❡r❡♥❝❡ ❢r❛♠❡✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ t♦t❛❧
r❛♥❞♦♠ ✈❡❧♦❝✐t② ✭st = v−u✮ ❛❧❧♦✇✐♥❣ ❡st✐♠❛t✐♥❣ t❤❡ ❧♦❝❛❧ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❡❧♦❝✐t② ✭v✮
❢r♦♠ t❤❡ ❜✉❧❦ ✈❡❧♦❝✐t② ✭u✮✱ ✇❤✐❝❤ ✐s r❡q✉✐r❡❞ ✇❤❡♥ ❛✈❡r❛❣✐♥❣ ♦✈❡r ♠♦♠❡♥t✉♠ s♣❛❝❡✳ ❚❤❡ t❤✐r❞
♦♥❡ ✭wα = uα−u✮ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ r❡❧❛t✐✈❡ ♠♦t✐♦♥s ❜❡t✇❡❡♥ t❤❡ t❤r❡❡ r❡❢❡r❡♥❝❡ ❢r❛♠❡s✳ ❚❤❡
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ ✈❡❧♦❝✐t✐❡s ✐s ❣✐✈❡♥ ❜②

wα = st − sα, ✭✷✳✶✶✻✮

◆♦✇✱ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❊qs✳❬✷✳✷✵✱ ✷✳✷✶✱ ✷✳✷✷✱ ✷✳✷✸❪✱ ♦♥❡ ✜♥❞s

I1 =
∂

∂t

( ∑

α=i,e

ˆ

mαvfαdv
)

=
∂

∂t

( ∑

α=i,e

ˆ

mα(sα+uα)fαdv
)

=
∂

∂t
[(
∑

α=i,e

ˆ

(mαnαuα)] =
∂

∂t
(ρu),

✭✷✳✶✶✼✮

I2 = ∇ ·
[ ∑

α=i,2

ˆ

mαvvfαdv
]

= ∇ ·
[ ∑

α=i,e

ˆ

mα(sα +wα + u)(sα +wα + u)fαdv
]

= ∇ ·
[ ∑

α=i,2

ˆ

mα(sαsα +wαwα + uu)fαdv = ∇ ·
∑

α=i,2

(

Pα +mαnαwαwα

)

+∇ · (ρuu)

= ∇ · P +∇ · (ρuu),
✭✷✳✶✶✽✮

✇❤❡r❡ ✇❡ ✉s❡❞ ❊q✳✭✷✳✸✶✮✱ ❛♥❞ ❊q✳✭✷✳✶✶✻✮✳ P ✐s t❤❡ t♦t❛❧ ♣r❡ss✉r❡ t❡♥s♦r ♦❢ t❤❡ ♣❧❛s♠❛✱ ❛♥❞ ✐t ✐s
❣✐✈❡♥ ❜②

P =
∑

α=i,e

[Pα +mαnαwαwα] =
∑

α=i,e

[Pα +mαnαuαuα]− ρuu, ✭✷✳✶✶✾✮

■♥ ♦❜t❛✐♥✐♥❣ ❊q✳✭✷✳✶✶✽✮✱ ✇❡ ❛❧s♦ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t t❤❡ t♦t❛❧ ♠♦♠❡♥t✉♠ ♦❢ t❤❡ ♣❧❛s♠❛ ✐s
❝♦♥s❡r✈❡❞✱ ❛♥❞ t❤❡ ♦♥❧② ❛❧❧♦✇❡❞ ♠♦♠❡♥t✉♠ tr❛♥s❢❡r ✐s ❜❡t✇❡❡♥ t❤❡ t✇♦ s♣❡❝✐❡s✳ ❚❤❡r❡❢♦r❡✱
(
∑

α=i,emαnαwα = menwe +minwi = menue +minui − ρu = 0)✳ ❚❤❡♥✱ ❢♦r ❡①❛♠♣❧❡✱ menewe

✇✐❧❧ r❡♣r❡s❡♥t t❤❡ ♠♦♠❡♥t✉♠ tr❛♥s❢❡r ❢r♦♠ ❡❧❡❝tr♦♥ ✢✉✐❞ t♦ ✐♦♥s✳ ◆♦✇✱ ❊q✳✭✷✳✷✷✮ ❣✐✈❡s✱

IEj =
∑

α=i,e

−eαEj
ˆ

δijfαdv = −Ei
∑

α=i,e

(eαnα) = 0, j = 1, 2, 3. (q✉❛s✐✲♥❡✉tr❛❧✐t②), ✭✷✳✶✷✵✮

❋✐♥❛❧❧②✱ t❤❡ ♠❛❣♥❡t✐❝ ♣❛rt r❡❛❞s

IBj = −ǫijkBk
∑

α=i,e

eαnαuα,j = −ǫijkBkJj = −J×B|j , ✭✷✳✶✷✶✮

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✇❡ ✉s❡❞ ❊q✳✭✷✳✸✹✮✳ ❚❤❡ ♦♥❡✲✢✉✐❞ ❝✉rr❡♥t ❞❡♥s✐t② ✐s ❣✐✈❡♥ ❜②

J =
∑

α=i,e

eαnαuα = en(ui − ue), ✭✷✳✶✷✷✮

✼✸



❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

❙✉❜st✐t✉t✐♥❣ ❊qs✳❬✷✳✶✶✼✱ ✷✳✶✶✽✱ ✷✳✶✷✵✱ ✷✳✶✷✶❪ ✐♥ ❊q✳✭✷✳✶✶✺✮✱ ✇❡ ✜♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥

∂

∂t
(ρu) +∇ · (ρuu) = −∇ · P + J×B, ✭✷✳✶✷✸✮

■t ✐s ♣♦ss✐❜❧❡✱ ✉♥❞❡r s♦♠❡ ❝♦♥❞✐t✐♦♥s ✭t♦ ❜❡ ❞✐s❝✉ss❡❞ ❧❛t❡r✮✱ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r
✉s✐♥❣ t❤❡ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ❣✐✈❡♥ ❜② ❊q✳✭✷✳✶✵✺✮✳ ❍❡♥❝❡✱

∂

∂t
(ρu) +∇ · (ρuu) = −∇p+ J×B+ ν∆u, ✭✷✳✶✷✹✮

p ✐s t❤❡ t♦t❛❧ ♠❡❝❤❛♥✐❝❛❧ ♣r❡ss✉r❡ ❞❡✜♥❡❞ ❛s t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♣r❡ss✉r❡
t❡♥s♦r✳ ■t r❡❛❞s✱

p =
1

3

∑

Pii =
∑

α=i,e

[pα +
1

3
mαnαw

2
α], ✭✷✳✶✷✺✮

❚✇♦ ✐♥t❡r❡st✐♥❣ ❝♦♥s❡q✉❡♥❝❡s ❢♦❧❧♦✇s ❢r♦♠ ❊q✳✭✷✳✶✷✷✮✳ ❖♥❡ ♦♥❡ ❤❛♥❞✱ ❞✉❡ t♦ t❤❡ q✉❛s✐✲♥❡✉tr❛❧✐t②✱
t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ✈❡❧♦❝✐t② ✭vE×B✮ ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❜❡❝❛✉s❡ ✐t ✐s t❤❡
s❛♠❡ ❢♦r ❛❧❧ s♣❡❝✐❡s✳ ❖♥❡ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✐♥ t❡r♠s ♦❢ u ✇❤✐❝❤
❡q✉❛❧s t♦ ui ✐♥ t❤✐s ♠♦❞❡❧✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ♦❜t❛✐♥s

u×B = (ue +
J

en
)×B = ue ×B+

J

en
×B, ✭✷✳✶✷✻✮

❊q✳✭✷✳✶✷✻✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❝❛rr✐❡❞ ❜② ❡❧❡❝tr♦♥s✳ ❋✐♥❛❧❧② ✇❡ ❞✐s❝✉ss t❤❡ ❞✐♠❡♥✲
s✐♦♥❧❡ss ❢♦r♠ ♦❢ ❊qs✳✭✷✳✶✷✸✱ ✷✳✶✷✹✮✳ ❚❤❡ ❞✐♠❡♥s✐♦♥❧❡ss q✉❛♥t✐t✐❡s ❛r❡ ❣✐✈❡♥ ❜②✱

ρ = ρ0ρ̃, t = τ0t̃, u = u0ũ, p = p0p̃, B = B0B̃, J = J0J̃ =
B0

µ0L0
J̃, x = L0x̃ ✭✷✳✶✷✼✮

✇❤❡r❡ ▼❛①✇❡❧❧✲❆♠♣❡r❡ ❡q✉❛t✐♦♥ ❤❛s ❜❡❡♥ ❡♠♣❧♦②❡❞ t♦ r❡❧❛t❡ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ ❝✉rr❡♥t ❞❡♥s✐t②
❛♥❞ ♠❛❣♥❡t✐❝ ✜❧❡❞✳ ❆❢t❡r s✉❜st✐t✉t✐♥❣ ✐♥t♦ ❊q✳✭✷✳✶✷✹✮ ❛♥❞ r❡♠♦✈✐♥❣ ∼ s✐❣♥✱ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss
❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ r❡❛❞s

∂

∂t
(ρu) +∇ · (ρuu) = −∇p+ J×B+R−1∆u, ✭✷✳✶✷✽✮

✇❤❡r❡ R = ρL0u0
ν ✐s t❤❡ ✢✉✐❞ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳ ❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❢✉rt❤❡r s✐♠♣❧✐✜❡❞ ❜② ✉s✐♥❣

t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ❛♥❞ ❊q✳✭❇✳✷✽✮✱ ✇❤✐❝❤ ❣✐✈❡s

ρ
∂u

∂t
+ ρu · ∇u = −∇p+ J×B+R−1∆u, ✭✷✳✶✷✾✮

❲❡ str❡ss t❤❡ ❢❛❝t t❤❛t ✐♥ ❝♦♥s❡r✈✐♥❣ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥✱ ✇❡ ❛ss✉♠❡❞ t❤❡
❢♦❧❧♦✇✐♥❣ ♦r❞❡r✐♥❣s ❛r❡ ♠❛❞❡ ❢♦r t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥✿

u0 ∼
L0

τ0
, p0 ∼ ρ0u

2
0 ∼

B2
0

µ0
, u0 ∼ uA =

B0√
µ0ρ0

, ✭✷✳✶✸✵✮

❚❤✐s ♦r❞❡r✐♥❣ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❛ss✉♠♣t✐♦♥s ❜❡❤✐♥❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❘❡❞✉❝❡❞✲
▼❍❉✿ t❤❡ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞✳ B0✱ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ♦r❞❡r✐♥❣ ❛❜♦✈❡✱ ✐s t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ ❛
♣❡r♣❡♥❞✐❝✉❧❛r ♣❧❛♥❡ t♦ t❤❡ ❣✉✐❞❡ ✜❡❧❞✳ ❆❧s♦✱ t❤✐s ♦r❞❡r✐♥❣ ✐s s✉✐t❛❜❧❡ ❢♦r ❧♦✇✲β ♣❧❛s♠❛ ✇❤❡r❡
p0µ0
B2
guide

≪ 1 ❬✶✽✵✱ ✸✸❪✳

✼✹



✷✳✹✳ ❖♥❡ ❋❧✉✐❞ ▼♦❞❡❧

✷✳✹✳✸ ●❡♥❡r❛❧✐③❡❞ ❖❤♠✬s ▲❛✇

❚❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥✱ ❞❡r✐✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❞❡s❝r✐❜❡s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡
♣❧❛s♠❛ ♠♦♠❡♥t✉♠✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ❣❡♥❡r❛❧✐s❡❞ ❖❤♠✬s ❧❛✇ ❝♦✈❡rs t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❡✈♦❧✉✲
t✐♦♥✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✐♥ ✐ts ♠♦st s✐♠♣❧✐✜❡❞ ❢♦r♠ ✭✐❞❡❛❧ ❖❤♠ ❧❛✇✮✳ ■❞❡❛❧
❖❤♠✬s ❧❛✇ ✐♠♣♦s❡s ❛ s♦❧✐❞ r❡str✐❝t✐♦♥ ♦♥ t❤❡ ❞②♥❛♠✐❝ ♦❢ ♣❛rt✐❝❧❡s ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ■t st❛t❡s
t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ ♣❧❛s♠❛ ❛r❡ ❝♦✲♠♦✈✐♥❣ t♦❣❡t❤❡r✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ ✜❡❧❞
❧✐♥❡s ✐s ❝♦♥s❡r✈❡❞ ✇✐t❤ t✐♠❡✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✇✐❧❧ r❡♠❛✐♥ st♦r❡❞ ✐♥ t❤❡ ✜❡❧❞
t♦♣♦❧♦❣②✱ ❛♥❞ t❤✉s ♣r❡✈❡♥ts t❤❡ ♣❧❛s♠❛ ❢r♦♠ ❡✈♦❧✈✐♥❣ t♦✇❛r❞ ❧♦✇❡r ❡♥❡r❣② st❛t❡✱ t❤❡r❡❜② ❝♦♥✲
✈❡rt✐♥❣ s♦♠❡ ♦❢ t❤❡ st♦r❡❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐♥t♦ ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ●❡♥❡r❛❧✐③❡❞ ❖❤♠✬s ❧❛✇ ❝❛♥ ❜❡
♦❜t❛✐♥❡❞ ❜② ❝❛❧❝✉❧❛t✐♥❣

∑

α=i,e

ˆ ˆ ˆ

eαvV (fα)dv, ✭✷✳✶✸✶✮

✇❤❡r❡ V (fα) ✐s ❣✐✈❡♥ ❜② ❊q✳✭✷✳✶✽✮✳ ❆❣❛✐♥ ✉s✐♥❣ ❊qs✳❬✷✳✷✵✱ ✷✳✷✶✱ ✷✳✷✷✱ ✷✳✷✸❪✱ ♦♥❡ ✜♥❞s

I1 =
∂

∂t

( ∑

α=i,e

eα

ˆ

vfαdv
)

=
∂

∂t

( ∑

α=i,e

eαnαuα

)

=
∂J

∂t
, ✭✷✳✶✸✷✮

I2 = ∇ ·
∑

α=i,e

eα

ˆ

vvfαdv = ∇ ·
∑

α=i,e

eα

ˆ

(sαsα +wαwα + sαwα +wαsα + uu)fαdv

= ∇ ·
∑

α=i,e

eα
mα

Pα +∇ ·
∑

α=i,e

eαnαwαwα +
∑

α=i,e

eαnαuαwα +
∑

α=i,e

eαnαwαuα +
∑

α=i,e

eαnαuu,

✭✷✳✶✸✸✮

❚❤❡ ❧❛st t❡r♠ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✈❛♥✐s❤❡s ❜❡❝❛✉s❡ ♦❢ t❤❡ q✉❛s✐✲♥❡✉tr❛❧✐t② ❛ss✉♠♣t✐♦♥✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❡q✉❛❧✐t✐❡s u = ui ❛♥❞ ue = ui − J

en ✱ ✐t ❝❛♥ ❜❡ ❡❛s✐❧②
s❤♦✇♥ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❞✐✛✉s✐✈❡ ✈❡❧♦❝✐t② ❛♥❞ ❊q✳✭✷✳✶✷✷✮ t❤❛t

wi = 0, we = − J

en
, ✭✷✳✶✸✹✮

❚❤❡r❡❢♦r❡✱ ❡①♣❛♥❞✐♥❣ ❊q✳✭✷✳✶✸✸✮✱ ❛♥❞ s✉❜st✐t✉t✐♥❣ ❊q✳✭✷✳✶✸✹✮ ✐♥ ✐t✱ ✇❡ ✜♥❞

I2 =
e

mi
∇ · Pi −

e

me
∇ · Pe −∇ · {JJ

en
}+∇ · {Ju+ uJ}, ✭✷✳✶✸✺✮

◆♦✇✱ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✬s ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜② s✉♠♠✐♥❣ ♦✈❡r ❊qs✳❬✷✳✷✷✱ ✷✳✷✸❪

IEi = −Ej
∑

α=i,e

e2α
mα

ˆ

δijfαdv = −e2n ( 1

mi
+

1

me
)

︸ ︷︷ ︸
mi ≫ me

Ei = −e
2n

me
Ei, ✭✷✳✶✸✻✮

✇❤✐❧❡✱

IBi = −ǫljkBk
∑

α=i,e

e2αnα
mα

<
∂(vivj)

∂vl
>α= −e2nǫijkBk{

ui,j
mi

+
ue,j
me

}

= −e2nǫijkBk{
uj
mi

+
uj
me

︸ ︷︷ ︸
mi ≫ me

− Jj
meen

} = −e
2n

me
u×B|i +

e

me
J×B|i,

✭✷✳✶✸✼✮

✼✺



❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✇❡ ✉s❡❞ u = ui✱ ue = u − J
en ✱ ❛♥❞ ❊q✳✭✷✳✸✹✮✳ ❙✉❜st✐t✉t✐♥❣ ❊qs✳❬✷✳✶✸✷✱

✷✳✶✸✺✱ ✷✳✶✸✻✱ ✷✳✶✸✼❪ ✐♥t♦ ❊q✳✭✷✳✶✸✶✮✱ ❛♥❞ ❛❢t❡r ♠✉❧t✐♣❧②✐♥❣ t✇♦ t❤❡ s✐❞❡s ✇✐t❤ me
e2n

✱ ♦♥❡ ♦❜t❛✐♥s

E+u×B =
me

e2n

∂J

∂t
+ ǫm

1

en
∇·Pi−

1

en
∇·Pe+

me

e2n
∇·{uJ+Ju}− me

e2n
∇·{JJ

en
}+ 1

en
J×B+ηJ,

✭✷✳✶✸✽✮
❚❤❡ ❧❛st t❡r♠ ✐♥ ❊q✳✭✷✳✶✸✽✮ ❞✐❞ ♥♦t r❡s✉❧t ❢r♦♠ ❛✈❡r❛❣✐♥❣ ♣r♦❝❡❞✉r❡ ♦❢ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✭✐t

✐s ❝❧❡❛r❧② ❛ tr❛♥s♣♦rt ❝♦❡✣❝✐❡♥t✮✳ ❘❛t❤❡r✱ ✐t ✇❛s ✐♥❝❧✉❞❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ ❤❡✉r✐st✐❝ ❛r❣✉♠❡♥t
st❛rt✐♥❣ ✇✐t❤ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s ♦❢ ✐♦♥s ❛♥❞ ❡❧❡❝tr♦♥s ❊qs✳❬✷✳✸✻❪✳ ■♥ t❤❡s❡ ❡q✉❛t✐♦♥s ✇❡
❛♣♣r♦①✐♠❛t❡ Υα,M ❛s ❢♦❧❧♦✇

Υi,M = −minνie(ui − ue), Υi,M = −menνei(ue − ui), ✭✷✳✶✸✾✮

t❤❡♥✱
∑

α=i,e

eα
mα

Υα,M =
e

mi
Υi,M − e

me
Υe,M = −enνei(ui − ue) {1 + ǫm}

︸ ︷︷ ︸

ǫm ≪ 1

= −νeiJ, ✭✷✳✶✹✵✮

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t miνie = meνie✳ ❚❤❡♥ ♠✉❧t✐♣❧②✐♥❣ t❤✐s t❡r♠ ✇✐t❤
me
e2n

✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ t❡r♠ ηJ✱ ✇❤❡r❡

η =
meνei
e2n

, ✭✷✳✶✹✶✮

❚❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t✐♦♥ ♦❢ η ✐s s✐♠♣❧✐✜❡❞ ❛♥❞ ❞♦❡s ♥♦t ❛❝❝♦✉♥t ❢♦r ❛♥✐s♦tr♦♣② ✐♥tr♦❞✉❝❡❞ ❜②
t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ♦r t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✱ ♠❛♥②✲❜♦❞② ✐♥t❡r❛❝t✐♦♥s✱ ❡t❝✳✳✳ ■♥ t❤✐s ❝❛s❡✱
t❤❡ tr❛♥s♣♦rt ❝♦❡✣❝✐❡♥ts ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜② ✜rst ♦r❞❡r✐♥❣ t❤❡ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ♣♦✇❡r ♦❢
❛ ♣❡rt✉r❜❛t✐♦♥ ♣❛r❛♠❡t❡r ǫv✱ t❤❛t ✐s fα = f0α(1 + ǫvφ(v) + ǫ2vψ(v) + ..) ❬✶✼✽✱ ✷✵✾❪✳ ❚❤❡♥ ✇❡
✐♥t❡❣r❛t❡ ❛❧❧ t❤❡ t❡r♠s✱ ✐♥❝❧✉❞✐♥❣ ❝♦❧❧✐s✐♦♥ t❡r♠✱ ♦✈❡r ✈❡❧♦❝✐t② s♣❛❝❡✱ ❛♥❞ ♠❛t❝❤ t❤❡ t❡r♠s ♦❢ t❤❡
s❛♠❡ ♣♦✇❡r ♦❢ ǫv✶✺ ✇❤✐❝❤ ✜♥❛❧❧② ❣✐✈❡ t❤❡ ❛❝❝✉r❛t❡ ❝❧♦s✉r❡ ❡q✉❛t✐♦♥s ✇❤✐❝❤ r❡❧❛t❡ q✉❛♥t✐t✐❡s ❢r♦♠
❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s ✇✐t❤ t❤♦s❡ ♦❢ ❧♦✇❡r ♦♥❡s t❤r♦✉❣❤ tr❛♥s♣♦rt ❝♦❡✣❝✐❡♥ts✱ ✇❤✐❝❤ ✐s ❝❧❡❛r❧② ♠♦r❡
❛❝❝✉r❛t❡ t❤❛♥ t❤♦s❡ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸ ❬✷✶✵✱ ✷✶✶✱ ✷✶✷❪✳

❇❡❢♦r❡ ❞✐s❝✉ss✐♥❣ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠✬s ❧❛✇✱ ❊q✳✭✷✳✶✸✽✮ ❝❛♥ ❜❡ ✇r✐tt❡♥
✐♥ t❡r♠s ♦❢ ❡❧❡❝tr♦♥ s❦✐♥ ❞❡♣t❤ de✱ ❣✐✈❡♥ ❜②

de =
c

ωpe
=

√
ǫmdi, d2e =

me

µ0e2n0
, ✭✷✳✶✹✷✮

❚❤❡♥✱

E+u×B = µ0d
2
e

∂J

∂t
+ǫm

1

en
∇·Pi−

1

en
∇·Pe+µ0d2e∇·{uJ+Ju}−µ0d2e∇·{JJ

en
}+ 1

en
J×B+ηJ,

✭✷✳✶✹✸✮
❇❡❢♦r❡ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠✬s ❧❛✇✱ ✇❡ ✇r✐t❡ s♦♠❡ ✉s❡❢✉❧ r❡❧❛t✐♦♥s❤✐♣s ✇❤✐❝❤
✉s❡❞ ❢r❡q✉❡♥t❧② ✇❤❡♥ ♥♦r♠❛❧✐③✐♥❣ MHD ❡q✉❛t✐♦♥s✳ ❚❤❡② ❛r❡

ωc,i = ǫmωc,e, u0 =
B0√
µ0min0

= ωc,idi = ǫ
1
2
mωc,ede, ρs = ǫ

1
2
m
vth,e
ωc,i

, vth,α =

√

kTα
mα

, ✭✷✳✶✹✹✮

❲❡ ❝❛♥ ✉t✐❧✐s❡ t❤❡s❡ r❡❧❛t✐♦♥s❤✐♣s✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❛✉①✐❧✐❛r② s❝❛❧✐♥❣s r❡s✉❧t✐♥❣ ❢r♦♠ ▼❛①✇❡❧❧ ❡q✉❛✲
t✐♦♥s✱ t♦ ✜♥❞ t❤❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠ ♦❢ ❣❡♥❡r❛❧✐s❡❞ ❖❤♠ ❧❛✇✳ ❙t✐❧❧✱ t❤❡ r❡❢❡r❡♥❝❡ ♣r❡ss✉r❡

✶✺■♥ ❢❛❝t✱ ǫv ✐s ❛ ❢♦r♠❛❧ ❡①♣❛♥s✐♦♥ ♣❛r❛♠❡t❡r ✇❤✐❝❤ s❤♦✇s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥s✳ ■t ❤❡❧♣s ✉s t♦ ❣r♦✉♣
t♦❣❡t❤❡r t❤❡ t❡r♠s ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ✭s❡❡ ❈❤❛♣♠❛♥ ❛♥❞ ❈♦✇❧✐♥❣ ❬✶✼✽❪ ❢♦r ❞❡t❛✐❧s✮✳

✼✻



✷✳✹✳ ❖♥❡ ❋❧✉✐❞ ▼♦❞❡❧

p0 ❝❛♥ ❜❡ ❝❤♦s❡♥ ❜❛s❡❞ ♦♥ ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ ❛r❣✉♠❡♥ts✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ ♣r❡ss✉r❡ ✐♥ t❤❡
♣❡r♣❡♥❞✐❝✉❧❛r ♣❧❛♥❡ ✐s ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐♥ t❤❛t ♣❧❛♥❡✱ t❤❡♥ ✐t ✇✐❧❧ s❡❡♠
♥❛t✉r❛❧ t♦ ❝❤♦♦s❡ ❛s ❛ r❡❢❡r❡♥❝❡ ♣r❡ss✉r❡ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✭p0 ∼ ρu20 ∼ B2

0/µ0✮✳ ❆♥♦t❤❡r
❝❤♦✐❝❡ ✐s t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ♣r❡ss✉r❡ ✭p0 ∼ n0kTα,0✮ ✳ ■♥ t❤❡ ❢♦r♠❡r✱ t❤❡ ✐♦♥ s❦✐♥ ❞❡♣t❤ ✭di✮
❡♥t❡rs t❤❡ s❝❡♥❡✱ ✇❤✐❧❡ ✐♥ t❤❡ ❧❛tt❡r t❤❡ ✐♦♥✲s♦✉♥❞ ▲❛r♠♦r r❛❞✐✉s ✭ρs✮ ❛♣♣❡❛rs ❛s ❛ s♣❛t✐❛❧ s❝❛❧❡
✐♥t♦ t❤❡ ❡q✉❛t✐♦♥✳ ❲✐t❤ t❤✐s ✐♥ ♠✐♥❞✱ t❤❡ ✜rst ❝❤♦✐❝❡ ❣✐✈❡s

E+u×B = d2e
∂J

∂t
+ ǫmdi

∇ · Pi
n

−di
∇ · Pe
n

+d2e∇·{uJ+Ju}−d2edi∇·{JJ
n

}+di
J×B

n
+S−1J,

✭✷✳✶✹✺✮
✇❤❡r❡✱ S ✐s ❦♥♦✇♥ ❛s ▲✉♥❞q✉✐st ♥✉♠❜❡r ✭♠❛❣♥❡t✐❝ ❘❡②♥♦❧❞s ♥✉♠❜❡r✮✱❣✐✈❡♥ ❜②

S =
µ0Lou0

η
, ✭✷✳✶✹✻✮

❚❤❡ s❡❝♦♥❞ ❝❤♦✐❝❡ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✇❤❡r❡ ♦♥❧② t❤❡ ♣r❡ss✉r❡ t❡r♠s ❝❤❛♥❣❡

E+u×B = d2e
∂J

∂t
+ǫm

ρ2i
di

∇ · Pi
n

− ρ2s
di

∇ · Pe
n

+d2e∇·{uJ+Ju}−d2edi∇·{JJ
n

}+di
J×B

n
+S−1J,

✭✷✳✶✹✼✮
■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ t❤❡ ✐♦♥ ♣r❡ss✉r❡ t❡♥s♦r ❤❛s ❜❡❡♥ ♥♦r♠❛❧✐③❡❞ t♦ t❤❡ ✐♦♥ t❤❡r♠♦❞②♥❛♠✐❝
♣r❡ss✉r❡ ✭p0,i = kn0Ti✮✱ ✇❤✐❧❡ t❤❡ ❡❧❡❝tr♦♥s t♦ ❡❧❡❝tr♦♥ t❤❡r♠♦❞②♥❛♠✐❝ ♣r❡ss✉r❡ ✭p0,e = kn0Te✮✳
ρi ✐s t❤❡ ✐♦♥ ▲❛r♠♦r r❛❞✐✉s ❣✐✈❡♥ ❜②✱

ρi =
vth,i
ωc,i

=

√

Ti
Te
ρs, ρe =

vth,e
ωc,e

, ✭✷✳✶✹✽✮

✇❤❡r❡ ρe ✐s t❤❡ ❡❧❡❝tr♦♥ ▲❛r♠♦r r❛❞✐✉s✳ ◆♦✇✱ ♥♦t✐❝✐♥❣ t❤❛t t❤❡ ✐♦♥ ♣r❡ss✉r❡ t❡♥s♦r ✐s ♦❢ ♦r❞❡r
ǫm✱ ✐t ❝❛♥ t❤❡♥ ❜❡ ♥❡❣❧❡❝t❡❞ ❝♦♠♣❛r❡❞ t♦ ♦t❤❡r t❡r♠s✳ ❚❤❡♥✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠ ❧❛✇ ❜❡❝♦♠❡s

E+ u×B = d2e
∂J

∂t
− ρ2s
di

∇ · Pe
n

+ d2e∇ · {uJ+ Ju} − d2edi∇ · {JJ
n

}+ di
J×B

n
+ S−1J, ✭✷✳✶✹✾✮

❚❤✐s ❡q✉❛t✐♦♥ ❛♥❞ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ✐s t❤❡ st❛rt✐♥❣ ♣♦✐♥t ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ r❡❞✉❝❡❞ ♠♦❞❡❧s✱
s✉❝❤ ❛s ❘❡❞✉❝❡❞✲▼❍❉✳ ❍♦✇❡✈❡r✱ ❛♥② ❢✉rt❤❡r s✐♠♣❧✐✜❝❛t✐♦♥ ✇✐❧❧ ♥♦t ❜❡ tr✐✈✐❛❧ t♦ ❥✉st✐❢②✳ ❆s
❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✷✳✶✱ t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ ✜❡❧❞ ✐s ♣r❡s❡r✈❡❞ ❛s ❧♦♥❣ ❛s ✇❡ ❛r❡ ✐♥ ✐❞❡❛❧ ▼❍❉
r❡❣✐♠❡✳ ❚❤✐s ✐❞❡❛❧✐t② ✐s ✈✐♦❧❛t❡❞ ✇❤❡♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❘❍❙ t❡r♠s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✳

❍♦✇❡✈❡r✱ s♦♠❡ ♦❢ t❤❡s❡ t❡r♠s ♠✐❣❤t ❜r❡❛❦ t❤❡ t♦♣♦❧♦❣② ❛♥❞ t❤❡r❡❢♦r❡ ❛❧❧♦✇✐♥❣ r❡❝♦♥♥❡❝t✐♥❣
❡✈❡♥ts✱ ✇❤✐❧❡ ♦t❤❡rs ❝❛♥♥♦t✳ ❚❤❡ ✜rst t❡r♠ ♦♥ t❤❡ ❘❍❙ r❡♣r❡s❡♥ts t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t
❞❡♥s✐t② ♦♥ s♣❛t✐❛❧ ❧❡♥❣t❤s ♦❢ t❤❡ ♦r❞❡r ♦❢ ❡❧❡❝tr♦♥ s❦✐♥ ❞❡♣t❤ ✲t❤❛t ✐s ✇❤❡♥ t❤❡ ✐♥❡rt✐❛ ♦❢ ❡❧❡❝tr♦♥s
❜❡❝♦♠❡s ✐♠♣♦rt❛♥t✳ ❚❤✐s t❡r♠ ❜r❡❛❦s t❤❡ ✜❡❧❞ t♦♣♦❧♦❣② ❛♥❞ r❡♠♦✈❡s t❤❡ s✐♥❣✉❧❛r✐t② ❛t ♥✉❧❧
♣♦✐♥ts✱ ❛♥❞ t❤✉s r❡s✉❧t✐♥❣ ✐♥ ❛ r❡❝♦♥♥❡❝t✐♦♥ ♣r♦❝❡ss ✭s❡❡ ❝❤❛♣t❡r ✼✮✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ r❡♣r❡s❡♥ts
t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥ ♣r❡ss✉r❡ t❡♥s♦r✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛ ❢♦r❝❡ ❡①❡rt❡❞ ♦♥ ❛
✉♥✐t ✈♦❧✉♠❡ ♦❢ t❤❡ ♣❧❛s♠❛ ❞✉❡ t♦ t❤❡ r❛♥❞♦♠ ♠♦t✐♦♥s ♦❢ ✐ts ❡❧❡❝tr♦♥s✳ ❚❤✐s t❡r♠ ❝❛♥ ❜r❡❛❦ t❤❡
t♦♣♦❧♦❣② ♦❢ ✜❡❧❞ ❧✐♥❡s✱ ❛♥❞ t❤✉s ❧❡❛❞✐♥❣ t♦ r❡❝♦♥♥❡❝t✐♦♥ ✭t❤❡ s❛♠❡ ❝❛♥ ❜❡ s❛✐❞ ♦♥ t❤❡ ❞✐✈❡r❣❡♥❝❡
♦❢ ✐♦♥ ♣r❡ss✉r❡ t❡♥s♦r✮✳ ❚❤❡ t❤✐r❞ ❛♥❞ ❢♦✉rt❤ t❡r♠s r❡♣r❡s❡♥t t❤❡ ❝♦♥✈❡❝t✐✈❡ ♠♦t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s✱
✇❤✐❝❤ ❜❡❝♦♠❡s ❡ss❡♥t✐❛❧ ❛s s♦♦♥ ❛s t❤❡ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛ ❝❛♥ ♥♦ ❧♦♥❣❡r ❜❡ ♥❡❣❧❡❝t❡❞✳ ❚❤✐s t❡r♠
♣r❡s❡r✈❡s t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ✜❢t❤ t❡r♠ ✐s t❤❡ ❍❛❧❧ t❡r♠✱ ✇❤✐❝❤ ❛❧s♦ ♣r❡s❡r✈❡s
t❤❡ t♦♣♦❧♦❣② ♦❢ ✜❡❧❞ ❧✐♥❡s ✭s❡❡ s❡❝t✐♦♥ ✺✳✺✳✶ ❢♦r t❤❡ ♣r♦♦❢✮✱ ❜✉t ✐t ❤❛s ❛♥ ✐♥t❡r❡st✐♥❣ ❝♦♥s❡q✉❡♥❝❡
♦♥ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✳ ■t ♠❛❦❡s t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♣r♦❝❡ss ✸❉ ❞✉❡ t♦ t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ ❛

✼✼



❈❤❛♣t❡r ✷✳ ●❡♥❡r❛❧ ❘❡✈✐❡✇ ♦❢ P❧❛s♠❛ ▼♦❞❡❧s ❢♦r ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

♠❛❣♥❡t✐❝ ✜❡❧❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♣❧❛♥❡ ✭s❡❡ s❡❝t✐♦♥ ✺✳✺ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥✮✳
■t ✐s ✇♦rt❤ t♦ ♠❡♥t✐♦♥ t❤❡ ❢❛❝t t❤❛t ✐❣♥♦r✐♥❣ t❤✐s t❡r♠ ✐♥ ❖❤♠ ❧❛✇ ✐s ❞✐✣❝✉❧t t♦ ❥✉st✐❢② ✐♥
r❡❛❧✐st✐❝ s✐t✉❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ♦r❞❡r t♦ ♥❡❣❧❡❝t ✐t ✐♥ t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡ ❝❛s❡✱ ✇❡ ♠✉st ❤❛✈❡
ωc,e ≪ νei✱ ✇❤✐❝❤ ✐s r❛r❡❧② ❛❝❤✐❡✈❡❞ ✐♥ s♣❛❝❡ ♣❧❛s♠❛ ❬✷✶✸✱ ✸✼❪✳ ■♥ ❝♦♥tr❛st✱ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ❝❛♥
❜❡ ❝♦♥s✐❞❡r❡❞ ❛ ✷❉ ♣r♦❝❡ss ✐♥ ♠❛♥② ♦t❤❡r ♠♦❞❡❧s✳ ❚❤❡ ❧❛st t❡r♠ ✐s t❤❡ r❡s✐st✐✈❡ t❡r♠ ✇❤✐❝❤
❞❡s❝r✐❜❡s t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❞✉❡ t♦ t❤❡ ❝♦❧❧✐s✐♦♥s ❜❡t✇❡❡♥ ✐♦♥s ❛♥❞ ❡❧❡❝tr♦♥s✱ ❛♥❞
t❤✉s ❞❡s❝r✐❜❡s t❤❡ ❞✐✛✉s✐♦♥ ♦❢ ✜❡❧❞ ❧✐♥❡s ✭t❤✐s ✐s ♦❜✈✐♦✉s ✇❤❡♥ ✉s✐♥❣ ❆♠♣❡r❡✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✮✳
■♥ ❣❡♥❡r❛❧✱ t❤❡ r❡s✐st✐✈✐t② ✐s ❛ t❡♥s♦r✐❛❧ q✉❛♥t✐t②✱ ✇❤✐❝❤ ♠✐❣❤t ❜❡ ✐♥❤♦♠♦❣❡♥❡♦✉s✱ ✉♥st❡❛❞②✱ ♦r
str♦♥❣❧② ❛♥✐s♦tr♦♣✐❝ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❬✶✻✽✱ ✷✶✹✱ ✷✶✺❪✳

✷✳✹✳✹ ▼♦t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ ▲✐♥❡s

❚❤❡ ❢✉❧❧② ✐♦♥✐③❡❞ q✉❛s✐✲♥❡✉tr❛❧ ♣❧❛s♠❛ ✐s ❝♦♠♣♦s❡❞ ♦❢ ✐♦♥s ❛♥❞ ❡❧❡❝tr♦♥s ✇❤✐❝❤ ♠♦✈❡ t♦❣❡t❤❡r
❝♦❧❧❡❝t✐✈❡❧②✳ ❚♦ t❤❡ ✜rst ♦r❞❡r✱ ✐♦♥s ❛♥❞ ❡❧❡❝tr♦♥s ✈❡❧♦❝✐t✐❡s ❛r❡ ❡q✉❛❧ t♦ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❞r✐❢t
✈❡❧♦❝✐t②✳ ❍♦✇❡✈❡r✱ ✐♥ ♠♦st ❝❛s❡s✱ ❤✐❣❤❡r✲♦r❞❡r ❝♦rr❡❝t✐♦♥s ❛r❡ ♥❡❡❞❡❞ ❢♦r ❜♦t❤✳ ❚❤❡s❡ ❝♦rr❡❝t✐♦♥s
❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② t❤❡ s❛♠❡ ♥❡✐t❤❡r ✐♥ ✈❛❧✉❡ ♥♦r ✐♥ t❤❡✐r ♥❛t✉r❡ ✭♣❤②s✐❝❛❧ s♦✉r❝❡✮✳ ◆❡✈❡rt❤❡❧❡ss✱
✐t r❡♠❛✐♥s ♣♦ss✐❜❧❡ t♦ r❡❧❛t❡ t❤❡♠ t❤r♦✉❣❤ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❝✉rr❡♥t ❞❡♥s✐t② ✇❤✐❝❤ ✐s ❣✐✈❡♥ ✐♥ t❡r♠s
♦❢ t♦t❛❧ ✈❡❧♦❝✐t✐❡s ♦❢ ❜♦t❤ ❡❧❡❝tr♦♥ ❛♥❞ ✐♦♥s✿ ❊q✳✭✷✳✶✷✷✮✳

❆s ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♠♦t✐♦♥ ♦❢ ✜❡❧❞ ❧✐♥❡s ✲s♣❡❝✐✜❝❛❧❧② t❤❡✐r ✈❡❧♦❝✐t②✱ ✐t ✐s s✉✣❝✐❡♥t
t♦ ❦❡❡♣ ♦♥❧② t❤❡ r❡s✐st✐✈❡ ❛♥❞ ❍❛❧❧ t❡r♠s ✐♥ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠ ❧❛✇✳ ❚❤❡♥✱

E+ u×B =
1

en
J×B+ ηJ ✭✷✳✶✺✵✮

❋r♦♠ ❊q✳✭✷✳✶✷✷✮✱ ✇❡ ✇r✐t❡

u ≈ ui =
J

en
+ ue, ✭✷✳✶✺✶✮

s✉❜st✐t✉t✐♥❣ ❊q✳✭✷✳✶✺✶✮ ✐♥t♦ ❊q✳✭✷✳✶✺✵✮✱ ♦♥❡ ✜♥❞s

E+ ue ×B = ηJ, ✭✷✳✶✺✷✮

✇❤❡r❡ ❍❛❧❧ t❡r♠ ✐s ❝❛♥❝❡❧❧❡❞ ❜② J t❡r♠ ✐♥ ❡❧❡❝tr♦♥ ✈❡❧♦❝✐t②✳ ❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛ss✉r❡s ✉s t❤❛t
t❤❡ ❡❧❡❝tr♦♥ ✈❡❧♦❝✐t② ✐s t❤❡ ❝♦♥✈❡❝t✐✈❡ ✈❡❧♦❝✐t② ♦❢ ✜❡❧❞ ❧✐♥❡s✳ ❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ♠❛❣♥❡t✐❝ t♦♣♦❧♦❣②
❜r❡❛❦✐♥❣ ✇✐❧❧ ♦❝❝✉r ♦♥ s♣❛t✐❛❧ s❝❛❧❡s str♦♥❣❧② r❡❧❛t❡❞ t♦ t❤❛t ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤s ♦❢ ❡❧❡❝tr♦♥s✳

✼✽



✸

◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈

❙②st❡♠

❈♦♥t❡♥ts

✸✳✶ ❨❡❡ ❆❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✸✳✶✳✶ ❚❡♠♣♦r❛❧ ❆❞✈❛♥❝❡♠❡♥t ♦❢ t❤❡ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✸✳✶✳✷ ❚❡♠♣♦r❛❧ ❆❞✈❛♥❝❡♠❡♥t ♦❢ t❤❡ ❊❧❡❝tr✐❝ ❋✐❡❧❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✸✳✶✳✸ ❇♦r✐s ❈♦rr❡❝t✐♦♥ ▼❡t❤♦❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✸✳✷ ❊✉❧❡r✐❛♥✱ ▲❛❣r❛♥❣✐❛♥ ❛♥❞ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ▼❡t❤♦❞s✿ ■♥tr♦❞✉❝t✐♦♥ ✽✸

✸✳✸ P❛rt✐❝❧❡✲✐♥✲❈❡❧❧ ▼❡t❤♦❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✸✳✹ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣✿ t❤❡ ▼❛✐♥ ❊❧❡♠❡♥t ♦❢ t❤❡ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ▼❡t❤♦❞ ✽✼

✸✳✹✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ ❍✐❣❤✲❖r❞❡r ❙♣❧✐tt✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✸✳✺ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❆♣♣r♦❛❝❤ ❢♦r t❤❡ ❱❧❛s♦✈ ❊q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✸✳✻ ❉♦♠❛✐♥ ❉❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ❱▲❊▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✸✳✼ ❱❧❛s♦✈ ❙♦❧✈❡r ✐♥ ❱▲❊▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✸✳✽ ✸❉ ❆❞✈❡❝t✐♦♥ ✐♥ ▼♦♠❡♥t✉♠ ❙♣❛❝❡ ❆♥❞ ❘♦t❛t✐♦♥ ❚❡♥s♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✸✳✽✳✶ ❇❛❝❦✇❛r❞ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ▼♦♠❡♥t✉♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✸✳✽✳✷ ❘♦t❛t✐♦♥ ❚❡♥s♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✸✳✾ ❊s✐r❦❡♣♦✈ ❈♦rr❡❝t✐♦♥ ▼❡t❤♦❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✸✳✶✵ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ❙♦❧✈❡r ✐♥ ❱▲❊▼✷❉✸❱ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❡①♣❧❛✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✉s❡❞ t♦ s♦❧✈❡ ❱❧❛s♦✈✲▼❛①✇❡❧❧
s②st❡♠ ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✱

∂fα(r,v, t)

∂t
+ v · ∇rfα(r,v, t) +

eα
mα

[

E+ v ×B
]

· ∇vfα(r,v, t) = 0, ✭✸✳✶❛✮

∇ ·E =
ρ

ǫ0
, ✭✸✳✶❜✮

∇ ·B = 0, ✭✸✳✶❝✮

∂B

∂t
= −∇×E, ✭✸✳✶❞✮

∂E

∂t
= c2∇×B− 1

ǫ0
J, ✭✸✳✶❡✮

✼✾



❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈ ❙②st❡♠

✇❤❡r❡ v = p/mαγ✱ ❛♥❞ γ ✐s t❤❡ ▲♦r❡♥t③ ❢❛❝t♦r✳ ❚❤❡ ♠❛✐♥ ❢♦❝✉s ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ♦♥ t❤❡ ❝♦❞❡
❱▲❊▼ ❞❡s✐❣♥❡❞ t♦ s♦❧✈❡ t❤❡ ♣r❡✈✐♦✉s s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ ♦♥ ❛♥
❊✉❧❡r✐❛♥ ❣r✐❞✒ ❝♦✉♣❧❡❞ ✇✐t❤ ❨❡❡ ❛❧❣♦r✐t❤♠ ✱ ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♣❛rt✳ ❚❤❡r❡❢♦r❡✱ ✇❡
st❛rt ❜② ♣r❡s❡♥t✐♥❣ ❨❡❡ ❛❧❣♦r✐t❤♠ ❡♠♣❧♦②❡❞ t♦ s♦❧✈❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s❀ t❤❡♥ ✇❡ ❜r✐❡✢② ❡①♣❧❛✐♥
s♦♠❡ ❤✐st♦r②✱ ❛♥❞ t❤❡ P■❈ ♠❡t❤♦❞✳ ❚❤❡ ❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥s t❤❛t ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❞✐❝✉ss ✐♥ ♥❡①t
❈❤❛♣t❡rs ❤❛✈❡ ❜❡❡♥ ✐♥❞❡❡❞ r✉♥ ❜② ✉s✐♥❣ ❜♦t❤ t❤❡ ❱▲❊▼ s♦❧✈❡r ❬✷❪✱ ❛♥❞ t❤❡ P■❈ ❝♦❞❡ ❙▼■▲❊■
❬✶❪✳ ❆❢t❡r t❤❛t✱ ✇❡ ❞❡t❛✐❧ t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ♣r♦❝❡❞✉r❡ st❛rt✐♥❣ ✇✐t❤ t❤❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ✐❞❡❛
r❡♣r❡s❡♥t✐♥❣ t❤❡ ♠❛✐♥ ❡❧❡♠❡♥t ♦❢ t❤✐s ♠❡t❤♦❞✳ ❚❤❡♥✱ ✇❡ ❝♦❧❧❡❝t ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❝♦❞❡ ✐♥
♦♥❡ ✜❣✉r❡✳ ❋✐♥❛❧❧②✱ ✇❡ ❝❧♦s❡ t❤✐s ❝❤❛♣t❡r ❜② ❞✐s❝✉ss✐♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡ s♦❧✈❡r ✉s❡❞ t♦ st✉❞② t❤❡
s❝❛❧✐♥❣ ❧❛✇s ♦❢ r❡❝♦♥♥❡❝t✐♦♥ ✐♥st❛❜✐❧✐t✐❡s ✐♥ ❞✐✛❡r❡♥t r❡❣✐♠❡s✳

✸✳✶ ❨❡❡ ❆❧❣♦r✐t❤♠

❱▲❊▼ ❝♦❞❡ ✉s❡s t❤❡ ❨❡❡ ❛❧❣♦r✐t❤♠ ❬✷✶✻❪ ❢♦r t❤❡ ❛❞✈❛♥❝❡♠❡♥t ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❚❤✐s
❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ♦♥ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ t✐♠❡ ❞♦♠❛✐♥ ✭❋❉❚❉✮ ♠❡t❤♦❞ t♦ s♦❧✈❡ ▼❛①✇❡❧❧✬s ❡q✉❛✲
t✐♦♥s ❜❛s❡❞ ♦♥ s❡❝♦♥❞✲♦r❞❡r ❝❡♥tr❛❧ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡s ❬✷✶✼✱ ✷✶✽❪✳ ❚❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢
t❤✐s ♠❡t❤♦❞ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❆ st❛❣❣❡r❡❞ s♣❛t✐❛❧ ♠❡s❤ ✐s ✉s❡❞ ❢♦r ✐♥t❡r❧❡❛✈❡❞ ♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝
✜❡❧❞s✳

• ❚❤❡ ✜❡❧❞s ❛r❡ ❛❧s♦ ✉♣❞❛t❡❞ ❛t ✐♥t❡r❧❡❛✈❡❞ ♣♦✐♥ts ✐♥ t✐♠❡✱ st❛❣❣❡r❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡②
✧❧❡❛♣❢r♦❣✧ ♦✈❡r ❡❛❝❤ ♦t❤❡r ✭❧❡❛♣❢r♦❣ ♠❡t❤♦❞✮✳

• ❚❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s ❡①♣❧✐❝✐t✳ ❚❤✐s ❡①❝❧✉❞❡s t❤❡ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ♠❛tr✐① ✐♥✈❡rs✐♦♥s✱
❛♥❞ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❛r✐t❤♠❡t✐❝ ♦♣❡r❛t✐♦♥s✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ♠✉❝❤ ❢❛st❡r s✐♠✉❧❛t✐♦♥✳

• ❚❤❡ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡ st❡♥❝✐❧ ✐s s❡❝♦♥❞✲♦r❞❡r ❛❝❝✉r❛t❡ ❢♦r ❜♦t❤ t✐♠❡ ❛♥❞ s♣❛❝❡ ❝♦♦r❞✐♥❛t❡s✳

❲❡ r❡❝❛❧❧ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡ ❤❡r❡ t❤❡ s❡t ♦❢ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s t❤❛t ✇❡ ♥❡❡❞ t♦ ❞✐s❝r❡t✐③❡

∇ ·E =
ρ

ǫ0
, ✭✸✳✷❛✮

∇ ·B = 0, ✭✸✳✷❜✮

∂B

∂t
= −∇×E, ✭✸✳✷❝✮

∂E

∂t
= c2∇×B− 1

ǫ0
J, ✭✸✳✷❞✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♣r❡s❡♥t ❛ ❞❡r✐✈❛t✐♦♥ ❢♦r ❛ 2D ❝❛s❡✿ (x, y)✳ ❚❤❡♥✱ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦
✸❉✲s♣❛❝❡ ✇✐❧❧ ❜❡ str❛✐❣❤t❢♦r✇❛r❞✱ ❛♥❞ ✇❡ s✉♠♠❛r✐③❡ t❤❡ ❣❡♥❡r❛❧ r❡s✉❧ts ✐♥ ❛ t❛❜❧❡✳ ■t ✐s ✐♥❞❡❡❞
♣♦ss✐❜❧❡ t♦ ❡①♣❧❛✐♥ t❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ♠❡t❤♦❞ ❜② ✜rst ♠❛❦✐♥❣ t❤❡ s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥ t❤❛t
t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s ❥✉st ❞❡♣❡♥❞ ♦♥ t✇♦ ❝♦♦r❞✐♥❛t❡s✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ 2D ❝❛s❡ ✇✐❧❧ ❛❧❧♦✇
✉s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞✐✛❡r❡♥t ❛s♣❡❝ts ♦❢ t❤✐s ❛❧❣♦r✐t❤♠✳

❆s st❛t❡❞ ❜❡❢♦r❡✱ ❨❡❡ ❛❧❣♦r✐t❤♠ ✐s ❛ ❝❡♥tr❡❞ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡✱ s❡❝♦♥❞✲♦r❞❡r ❛❝❝✉r❛t❡ ❜♦t❤ ✐♥
t✐♠❡ ❛♥❞ s♣❛❝❡✳ ■♥ ♦✉r ❝❛s❡ E = E(x, y) ❛♥❞ B = B(x, y)✳ ❲❡ st❛rt ❜② ❞✐s❝r❡t✐③✐♥❣ ❊q✳✭✸✳✷❝✮

✽✵



✸✳✶✳ ❨❡❡ ❆❧❣♦r✐t❤♠

❋✐❣✉r❡ ✸✳✶✿ ❚❡♠♣♦r❛❧ ♣❛rt ♦❢ ♦❢ ❨❡❡ ❛❧❣♦r✐t❤♠✳ ❆s s❤♦✇♥✱ ❡st✐♠❛t✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞ B ❛t t✐♠❡
st❡♣ n+ 1

2 r❡q✉✐r❡s ♣r♦✈✐❞✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ ✜❡❧❞s E✱ ❛♥❞ B ❛t st❡♣s n ❛♥❞ n− 1
2 ✱ r❡s♣❡❝t✐✈❡❧②✳

✉s✐♥❣ ✉s✐♥❣ ❛ st❡♥❝✐❧ ❝❡♥t❡r❡❞ ❛t t = tn✱ t❤❡♥

∂B

∂t

∣
∣
∣

n
= −∇×E

∣
∣
∣

n
, =⇒

Bn+ 1
2 = Bn− 1

2 −∆t∇×E|n +O[(∆t)2],

✭✸✳✸✮

❆♣♣❧②✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t t♦ ❊q✳✭✸✳✷❞✮ ❛t t = tn+ 1
2
✇✐t❤ ❛ s❡❝♦♥❞ ♦r❞❡r ❛❝❝✉r❛t❡ st❡♥❝✐❧✱ ♦♥❡

❡❛s✐❧② ✜♥❞s✱

En+1 = En + c2∆t∇×B
∣
∣
∣

n+ 1
2 − ∆t

ǫ0
Jn+

1
2 , ✭✸✳✹✮

❚❤❡ t✇♦ ♣r❡✈✐♦✉s st❛❣❣❡r❡❞ ❡q✉❛t✐♦♥s ❛❧❧♦✇ ✉s t♦ ✉♣❞❛t❡ t❤❡ ✜❡❧❞s ❛t ✐♥t❡r❧❡❛✈❡❞ t✐♠❡ st❡♣s✳
❋✐❣✳✸✳✶ s❤♦✇s t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ str❛t❡❣② ♦❢ ❨❡❡ ❛❧❣♦r✐t❤♠✱ ✇❤❡r❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s
❝❛❧❝✉❧❛t❡❞ ❛t ❤❛❧❢ ✐♥t❡❣❡r t✐♠❡ st❡♣s✱ ✇❤✐❧❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❤❡ ✐♥t❡❣❡r ♦♥❡s✳ ❆s s❤♦✇♥ ✐♥ t❤❡
✜❣✉r❡✱ ❛t ❡✈❡r② t✐♠❡ st❡♣ n✱ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t✇♦ ♣r❡✈✐♦✉s st❡♣s ❛r❡ r❡q✉✐r❡❞✳ ◆♦✇✱ ✇❡ t✉r♥ ♦✉r
❛tt❡♥t✐♦♥s t♦ ❞✐s❝r❡t✐③❛t✐♦♥s ❛❧♦♥❣ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s

❋✐❣✳✸✳✷ s❤♦✇s ❛ ❝❡❧❧ ♦❢ ❨❡❡ ❣r✐❞ ✐♥ ❛ ✸❉✲s♣❛❝❡✳ ❆s s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱
❡❧❡❝tr✐❝ ✜❡❧❞s ❝♦♠♣♦♥❡♥ts ❛r❡ ♣❧❛❝❡❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❝❡❧❧s ❛♥❞ ♦r✐❡♥t❡❞ ♣❛r❛❧❧❡❧
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❞❣❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛r❡ ♣❧❛❝❡❞ ❛t ❢❛❝❡ ❝❡♥tr❡s ❛♥❞
❛r❡ ❞✐r❡❝t❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r❧② t♦ t❤❡ r❡s♣❡❝t✐✈❡ ❢❛❝❡s✳ ❲✐t❤ t❤✐s ♠❡t❤♦❞✱ t❤❡ s♣❛❝❡ ✇✐❧❧ ❜❡ ✜❧❧❡❞
✇✐t❤ t❤❡s❡ ❝❡❧❧s ✇❤✐❝❤✱ ♥❛t✉r❛❧❧②✱ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❧❛✇s ♦❢ ▼❛①✇❡❧❧✲❆♠♣ér❡✱ ❛♥❞ ▼❛①✇❡❧❧✲
❋❛r❛❞❛②✱ ❊qs❬✭✸✳✷❞✮✱✭✸✳✷❝✮❪✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❡①❛♠♣❧❡✱ ✐t ✐s ❡❛s② t♦ ♥♦t✐❝❡ t❤❛t ❢♦✉r ❡❧❡❝tr✐❝ ✜❡❧❞
✈❡❝t♦rs s✉rr♦✉♥❞ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✈❡❝t♦r✱ ❛♥❞ ❝✉r❧ ❛r♦✉♥❞ ✐t✱ t❤✉s ❢✉❧✜❧❧✐♥❣ ▼❛①✇❡❧❧✲❋❛r❛❞❛②
❡q✉❛t✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s✱ ❨❡❡ ❛❧❣♦r✐t❤♠ ❧♦♦❦s ✈❡r② ♥❛t✉r❛❧✳ ◆♦✇✱ ✇❡ tr② t♦ ♦❜t❛✐♥ ❛ ❢✉❧❧
❞❡s❝r✐t✐③❛t✐♦♥ ❢♦r t❤❡ x−❝♦♠♣♦♥❡♥t ♦❢ ▼❛①✇❡❧❧✲❋❛r❛❞② ❧❛✇✱ t❤❡♥ t❤❡ r❡♠❛✐♥✐♥❣ ❝♦♠♣♦♥❡♥ts ❛r❡
❡st✐♠❛t❡❞ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r✳ ❊q✳✭✸✳✸✮ ❣✐✈❡s✱

B
n+ 1

2
x = B

n− 1
2

x −∆t∇×E
∣
∣
∣

n

x
= B

n− 1
2

x −∆t
{∂Enz
∂y

−
∂Eny
∂z

}

=⇒

B
n+ 1

2

x i,j+ 1
2
,k+ 1

2

= B
n− 1

2

x i,j+ 1
2
,k+ 1

2

− ∆t

∆y

(

En
z i,j+1,k+ 1

2

− En
z i,j,k+ 1

2

)

+
∆t

∆z

(

En
y i,j+ 1

2
,k+1

− En
y i,j+ 1

2
,k

)

,

✭✸✳✺✮
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❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈ ❙②st❡♠

❋✐❣✉r❡ ✸✳✷✿ ❚♦ ❧❡❢t✿ ✸❉ ❨❡❡ ❝❡❧❧✳ ❚❤❡ ♥♦❞❡ (i, j, k) ✐s s❤♦✇♥ ✇✐t❤ E ❛♥❞ B ❧♦❝❛t❡❞ ❛t ❡❞❣❡s✬✱ ❛♥❞
❢❛❝❡s✬ ❝❡♥tr❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚♦ t❤❡ r✐❣❤t✿ ♠❛♥② ❨❡❡ ❝❡❧❧s✳

◆♦✇✱ x− ❝♦♠♣♦♥❡♥t ♦❢ ❊q✳✭✸✳✹✮ ❧❡❛❞s t♦

En+1
x = Enx + c2∆t∇×B

∣
∣
∣

n+ 1
2

x
− ∆t

ǫ0
J
n+ 1

2
x = Enx + c2∆t

(∂B
n+ 1

2
z

∂y
− ∂B

n+ 1
2

y

∂z

)

− ∆t

ǫ0
J
n+ 1

2
x

✭✸✳✻✮

❆❢t❡r ❞✐s❝r❡t✐③✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ❛❧♦♥❣ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡s✱ ♦♥❡ ✜♥❞s

En+1
x i+ 1

2
,j,k

= En
x i+ 1

2
,j,k

+
c2∆t

∆y

(

B
n+ 1

2

z i+ 1
2
,j+ 1

2
,k
−B

n+ 1
2

z i+ 1
2
,j− 1

2
,k

)

− c2∆t

∆z

(

B
n+ 1

2

y i+ 1
2
,j,k+ 1

2

−B
n+ 1

2

y i+ 1
2
,j,k− 1

2

)

− ∆t

ǫ0
J
n+ 1

2

x i+ 1
2
,j,k
,

✭✸✳✼✮

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ♦❢ t❤❡ t✇♦ ♣r❡✈✐♦✉s r❡s✉❧ts✱ t❤❡ ❞❡s❝r✐t✐③❡❞ ❝♦♠♣♦♥❡♥ts ♦❢
▼❛①✇❡❧❧✲❋❛r❛❞② ❛♥❞ ▼❛①✇❡❧❧✲❆♠♣ér❡ ❡q✉❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②✱

B
n+ 1

2

y i+ 1
2
,j,k+ 1

2

= B
n− 1

2

y i+ 1
2
,j,k+ 1

2

− ∆t

∆z

(

En
x i+ 1

2
,j,k+1

− En
x i+ 1

2
,j,k

)

+
∆t

∆x

(

En
z i+1,j,k+ 1

2

− En
z i,j,k+ 1

2

)

,

✭✸✳✽✮

B
n+ 1

2

z i+ 1
2
,j+ 1

2
,k
= B

n− 1
2

z i+ 1
2
,j+ 1

2
,k
− ∆t

∆x

(

En
y i+1,j+ 1

2
,k
− En

y i,j+ 1
2
,k

)

+
∆t

∆y

(

En
x i+ 1

2
,j+1,k

− En
x i+ 1

2
,j,k+ 1

2

)

,
✭✸✳✾✮

✽✷



✸✳✶✳ ❨❡❡ ❆❧❣♦r✐t❤♠

En+1
y i,j+ 1

2
,k
= En

y i,j+ 1
2
,k
+
c2∆t

∆z

(

B
n+ 1

2

x i,j+ 1
2
,k+ 1

2

−B
n+ 1

2

x i,j+ 1
2
,k− 1

2

)

− c2∆t

∆x

(

B
n+ 1

2

z i+ 1
2
,j+ 1

2
,k
−B

n+ 1
2

z i− 1
2
,j+ 1

2
,k

)

− ∆t

ǫ0
J
n+ 1

2

y i,j+ 1
2
,k
,

✭✸✳✶✵✮

En+1
z i,j,k+ 1

2

= En
z i,j,k+ 1

2

+
c2∆t

∆x

(

B
n+ 1

2

y i+ 1
2
,j,k+ 1

2

−B
n+ 1

2

y i− 1
2
,j,k+ 1

2

)

− c2∆t

∆y

(

B
n+ 1

2

x i,j+ 1
2
,k+ 1

2

−B
n+ 1

2

x i,j− 1
2
,k+ 1

2

)

− ∆t

ǫ0
J
n+ 1

2

z i,j,k+ 1
2

,

✭✸✳✶✶✮

Quantity x y z t in cell

Ex i+ 1
2 j k n En

x i+ 1
2
,j,k

Ey i j + 1
2 k n En

y i,j+ 1
2
,k

Ez i j k + 1
2 n En

z i,j,k+ 1
2

ρ i j k n ρni,j,k

Jx i+ 1
2 j k n+ 1

2 J
n+ 1

2

x i+ 1
2
,j,k

Jy i j + 1
2 k n+ 1

2 J
n+ 1

2

y i,j+ 1
2
,k

Jz i j k + 1
2 n+ 1

2 J
n+ 1

2

z i,j,k+ 1
2

Bx i j + 1
2 k + 1

2 n+ 1
2 B

n+ 1
2

x i,j+ 1
2
,k+ 1

2

By i+ 1
2 j k + 1

2 n+ 1
2 B

n+ 1
2

y i+ 1
2
,j,k+ 1

2

Bz i+ 1
2 j + 1

2 k n+ 1
2 B

n+ 1
2

z i+ 1
2
,j+ 1

2
,k

❚❛❜❧❡ ✸✳✶✿ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❨❡❡ ❣r✐❞ ✐♥ 3D−s♣❛❝❡✳

❚❛❜❧❡ ✸✳✶ ❧✐sts t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ ❨❡❡ ❛❧❣♦r✐t❤♠ ✐♥ ✸✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ✐♥❝❧✉❞✐♥❣ t❤❡
✐♥t❡r❧❡❛✈❡❞ ♣♦s✐t✐♦♥s✱ ❜♦t❤ ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✱ ✇❤❡r❡ ✇❡ ❡✈❛❧✉❛t❡ ✜❡❧❞s ❛♥❞ ❝✉rr❡♥ts✳ ▲❛❣r❛♥❣✐❛♥
♠❡t❤♦❞s✱ s✉❝❤ ❛s P■❈ s✐♠✉❧❛t✐♦♥✱ ❛♥❞ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ♦♥❡s ♣r♦✈✐❞❡ ✉s ✇✐t❤ ✇❛②s t♦ ❝❛❧❝✉❧❛t❡
❝✉rr❡♥t ❛♥❞ ♠❛ss ❞❡♥s✐t✐❡s r❡❧②✐♥❣ ♦♥ ♦✉r ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡
❡st✐♠❛t❡❞ ❡✐t❤❡r ❛s t❤❡ s✉♠ ♦✈❡r ♠❛❝r♦✲♣❛rt✐❝❧❡s ✐♥ t❤❡ ❢♦r♠❡r ♦r ❛s ❛ s❝❛❧❛r ✜❡❧❞ ✐♥ ❛ s✐①✲
❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡ s♣❛❝❡ ✐♥ t❤❡ ❧❛tt❡r✳ ▼❛①✇❡❧❧✲●❛✉ss ❛♥❞ ▼❛①✇❡❧❧✲❚❤♦♠s♦♥ ♠✉st ❜❡ s♦❧✈❡❞ ❛t
t = 0❀ t❤❡♥ t❤❡② ❛r❡ s❛t✐s✜❡❞ ❛t ❛♥② t✐♠❡✱ ❛s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✳

❚❤❡r❡❢♦r❡✱ ✐t ✐s ❡✈✐❞❡♥t t❤❛t st❛rt✐♥❣ ❢r♦♠ s♣❡❝✐✜❝ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣✲
♥❡t✐❝ ✜❡❧❞s❀ ♦♥❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡♠ ❛t ❧❛t❡r t✐♠❡ st❡♣s ❜② ♦♥❧② ✉s✐♥❣ ▼❛①✇❡❧❧✲❋❛r❛❞❛②✱ ❛♥❞
▼❛①✇❡❧❧✲❆♠♣ér❡ ❡q✉❛t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ♠❡t❤♦❞s t♦ ❝♦♠♣✉t❡ ❞❡♥s✐t✐❡s✳ ❍♦✇✲
❡✈❡r✱ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❛r❡ ❢♦✉r✳ ❆❝❝♦r❞✐♥❣❧②✱ ❛♥② s♦❧✉t✐♦♥ ♠✉st ❢✉❧✜❧❧ s✐♠✉❧t❛♥❡♦✉s❧② ❛❧❧ t❤❡
❡q✉❛t✐♦♥s✱ ♥♦t ♦♥❧② t✇♦ ♦❢ t❤❡♠✳ ❚❤✐s r❛✐s❡s t✇♦ q✉❡st✐♦♥s

• ❉♦❡s t❤❡ ❝♦♠♣✉t❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ B s❛t✐s❢② ❊q✳✸✳✷❜❄

• ❉♦❡s t❤❡ ❝♦♠♣✉t❡❞ ❡❧❡❝tr✐❝ ✜❡❧❞ E s❛t✐s❢② ❊q✳✸✳✷❛❄

✽✸



❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈ ❙②st❡♠

✸✳✶✳✶ ❚❡♠♣♦r❛❧ ❆❞✈❛♥❝❡♠❡♥t ♦❢ t❤❡ ▼❛❣♥❡t✐❝ ❋✐❡❧❞

■❢ t❤❡ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❛t✐s✜❡s ∇ · B = 0✱ ❛♥❞ ✐ts t✐♠❡ ❡✈♦❧✉t✐♦♥ ✐s ❛❧✇❛②s ❣♦✈❡r♥❡❞ ❜②
❊q✳✸✳✷❝✱ t❤❡♥ ∇ ·B = 0 ✐s tr✉❡ ❛t ❛❧❧ t✐♠❡✳ ❚♦ ♣r♦✈❡ t❤✐s✱ ✐t ✐s s✉✣❝✐❡♥t t♦ t❛❦❡ t❤❡ ❞✐✈❡r❣❡♥❝❡
♦❢ ❋❛r❛❞❛②✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✱

∂(∇ ·B)

∂t
= ∇ · ∂B

∂t
= −∇ · ∇ ×E = 0, because ∇ · ∇ ×A = 0, for any A, ✭✸✳✶✷✮

❚❤❡r❡❢♦r❡✱ ✉♣❞❛t✐♥❣B ✇✐t❤ ❊qs✳❬✭✸✳✺✮✱✭✸✳✽✮✱✭ ✸✳✾✮❪ ♣r❡s❡r✈❡s t❤❡ ❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥ ♦❢ ❚❤♦♠s♦♥✲
▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✱ ❣✐✈❡♥ ❜②

B
n+ 1

2

x i+1,j+ 1
2
,k+ 1

2

−B
n+ 1

2

x i,j+ 1
2
,k+ 1

2

∆x
+
B
n+ 1

2

y i+ 1
2
,j+1,k+ 1

2

−B
n+ 1

2

y i+ 1
2
,j,k+ 1

2

∆y
+
B
n+ 1

2

z i+ 1
2
,j+ 1

2
,k+1

−B
n+ 1

2

z i+ 1
2
,j+ 1

2
,k

∆z
= 0,

✭✸✳✶✸✮

✸✳✶✳✷ ❚❡♠♣♦r❛❧ ❆❞✈❛♥❝❡♠❡♥t ♦❢ t❤❡ ❊❧❡❝tr✐❝ ❋✐❡❧❞

❚❤❡ ❞✐s❝r❡t✐③❡❞ ●❛✉ss✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥ t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

En
x i+ 1

2
,j,k

− En
x i− 1

2
,j,k

∆x
+
En
y i,j+ 1

2
,k
− En

y i,j− 1
2
,k

∆y
+
En
z i,j,k+ 1

2

− En
z i,j,k− 1

2

∆z
=
ρnijk
ǫ0

, ✭✸✳✶✹✮

❚❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✭J✮ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❧❡❛❞✱ ❛❢t❡r
s✉❜st✐t✉t✐♥❣ ✐♥ t❤❡ ▼❛①✇❡❧❧✲❆♠♣ér❡ ❡q✉❛t✐♦♥✱ t♦ ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ t❤❛t ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡s
t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✳ ❚❤✐s ♣r♦❜❧❡♠ ❞♦❡s ♥♦t ♦✇❡ ✐ts ♦r✐❣✐♥ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢
t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳ ■t ✐s ✐♥st❡❛❞ r❡❧❛t❡❞ t♦ t❤❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧
♦♣❡r❛t♦rs✱ s✉❝❤ ❛s ∇× ❛♥❞ ∇·❀ ❤❡♥❝❡ ❝♦rr❡❝t✐♦♥ s❝❤❡♠❡s ❛r❡ r❡q✉✐r❡❞✳ ❚♦ ✉♥❞❡rst❛♥❞ t❤✐s
♣r♦❜❧❡♠✱ ✇❡ t❛❦❡ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ ❊q✳✭✸✳✷❞✮✿

∇ · ∂E
∂t

= −c2∇ · ∇ ×B− 1

ǫ0
∇ · J, ✭✸✳✶✺✮

❑♥♦✇✐♥❣ t❤❛t ∇ · ∇ ×A = 0✱ ❛♥❞ s✉❜st✐t✉t✐♥❣ ❊q✳✭✸✳✷❛✮ ✐♥t♦ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s✱ ♦♥❡ ✜♥❞s

∂

∂t

(

ρ− ǫ0∇ ·E
)

= ∇ · J+
∂ρ

∂t

?
= 0, ✭✸✳✶✻✮

❍❡♥❝❡✱ ✉♣❞❛t✐♥❣ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✉s✐♥❣ ❊qs✳❬✭✸✳✼✮✱✭✸✳✶✵✮✱✭✸✳✶✶✮❪ ♣r❡s❡r✈❡s ❊q✳✭✸✳✶✹✮✱ ♠❡❛♥✐♥❣
t❤❛t t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✭❊q✳✭✸✳✶✻✮✮ ✐s s❛t✐s✜❡❞ ❛t ❛❧❧ t✐♠❡✳ ■♥ ♣r❛❝t✐❝❛❧ t❡r♠s✱ ✐t ♠❡❛♥s t❤❛t
s✉❜st✐t✉t✐♥❣ ❛ ❝✉rr❡♥t ❞❡♥s✐t② J✱ ✇❤✐❝❤ ❢✉❧✜❧❧s ❊q✳✭✸✳✶✻✮✱ ✐♥t♦ ❊q✳✭✸✳✷❞✮ ❣✐✈❡s ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞
t❤❛t ❛❧✇❛②s s❛t✐s✜❡s ▼❛①✇❡❧❧✲●❛✉ss ❡q✉❛t✐♦♥✳ ❇❡❢♦r❡ ❣♦✐♥❣ ❢✉rt❤❡r ❛♥❞ ❡①♣❧❛✐♥✐♥❣ t❤❡ s✉❣❣❡st❡❞
s♦❧✉t✐♦♥s t♦ t❤✐s ♣r♦❜❧❡♠✱ t❤❡ ❞✐s❝r❡t✐③❡❞ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ❝❛♥ ❡❛s✐❧② ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡
♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✳ ■t r❡❛❞s

ρn+1
ijk − ρnijk

∆t
= −

J
n+ 1

2

x i+ 1
2
,j,k

− J
n+ 1

2

x i− 1
2
,j,k

∆x
−
J
n+ 1

2

y i,j+ 1
2
,k
− J

n+ 1
2

y i,j− 1
2
,k

∆y
−
J
n+ 1

2

z i,j,k+ 1
2

− J
n+ 1

2

z i,j,k− 1
2

∆z
, ✭✸✳✶✼✮

✽✹



✸✳✷✳ ❊✉❧❡r✐❛♥✱ ▲❛❣r❛♥❣✐❛♥ ❛♥❞ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ▼❡t❤♦❞s✿ ■♥tr♦❞✉❝t✐♦♥

✸✳✶✳✸ ❇♦r✐s ❈♦rr❡❝t✐♦♥ ▼❡t❤♦❞

■♥ ❇♦r✐s ♠❡t❤♦❞ ❬✷✶✾✱ ✷✷✵❪✱ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥✱ t❤❡ ✈❛❧✉❡s ♦❢ E ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❆♠♣ér❡✲▼❛①✇❡❧❧
❡q✉❛t✐♦♥ ❛r❡ ❝♦rr❡❝t❡❞ t❤r♦✉❣❤ ✐♥✈♦❦✐♥❣ ❛ st❛t✐❝ ♣♦t❡♥t✐❛❧ δΦ s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

∆(δΦ) = ∇ ·E− ρ

ǫ0
, ✭✸✳✶✽✮

❚❤✉s t❤❡ ❝♦rr❡❝t❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ✜❡❧❞ ❛r❡

Ec = E−∇(δΦ), ✭✸✳✶✾✮

Ec s❛t✐s✜❡s ▼❛①✇❡❧❧✲●❛✉ss ❡q✉❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤✐s ♠❡t❤♦❞ r❡q✉✐r❡s s♦❧✈✐♥❣ ❛ P♦✐ss♦♥ ❡q✉❛t✐♦♥
♦♥ t❤❡ ❣r✐❞ ♣♦✐♥t ❛t ❡❛❝❤ t✐♠❡ st❡♣✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞♦♥❡ ✉s✐♥❣ ♠❡t❤♦❞s s✉❝❤ ❛s s♣❡❝tr❛❧ ♠❡t❤♦❞s
❬✷✷✶✱ ✷✷✷❪✱ ✐t❡r❛t✐♦♥ s♦❧✈❡rs ❬✷✷✸❪✱ ♦r ♠✉❧t✐✲❣r✐❞ ♠❡t❤♦❞s ❬✷✷✹✱ ✷✷✺❪✳

✸✳✷ ❊✉❧❡r✐❛♥✱ ▲❛❣r❛♥❣✐❛♥ ❛♥❞ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ▼❡t❤♦❞s✿ ■♥tr♦✲
❞✉❝t✐♦♥

❆♥ ♦❜s❡r✈❡r ❝❛♥ ✇❛t❝❤ t❤❡ ♣❤②s✐❝s ✇❤✐❝❤ t❛❦❡s ♣❧❛❝❡ ✐♥ ❛ ❝♦♥t✐♥✉✉♠ ♠❡❞✐✉♠ ✭❢♦r ❡①❛♠♣❧❡✱ ❛
✢✉✐❞✮ ❢r♦♠ t✇♦ ❞✐✛❡r❡♥t ♣♦✐♥ts ♦❢ ✈✐❡✇ ✲t♦ ❜❡ ♣r❡❝✐s❡✱ t❤❡② ♠✐❣❤t ❜❡ t❤r❡❡✳ ❊✐t❤❡r✱ s❤❡ ❦❡❡♣s
❤❡r ❡②❡s ♦♥ ✜①❡❞ ♣♦✐♥ts ♦❢ t❤❡ ❞♦♠❛✐♥ ❛♥❞ ❢♦❧❧♦✇s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❤②s✐❝❛❧ q✉❛♥t✐t✐❡s
t❤❡r❡ ✭s❝❛❧❛r ❛♥❞ ✈❡❝t♦r ✜❡❧❞s✮✱ ♦r s❤❡ ✇❛t❝❤❡s t❤❡ ✇♦r❧❞ ❛r♦✉♥❞ ❤❡r ✇❤✐❧❡ tr❛✈❡❧❧✐♥❣ ✇✐t❤ t❤❡
✢✉✐❞ ♣❛rt✐❝❧❡s✳ ■♥ t❤❡ ❢♦r♠❡r ❝❛s❡✱ ✇❡ ❝❛❧❧ t❤❡ ♣❡rs♦♥ ❛♥ ❊✉❧❡r✐❛♥ ♦❜s❡r✈❡r✱ ✇❤✐❧❡ ✐♥ t❤❡ ❧❛tt❡r ✐s
❦♥♦✇♥ ❛s ❛ ▲❛❣r❛♥❣✐❛♥ ♦❜s❡r✈❡r✳ ❆❧s♦✱ ✐t ✇✐❧❧ ❜❡ ♣♦ss✐❜❧❡ t♦ ♠✐① ❜❡t✇❡❡♥ t❤❡s❡ ❛♣♣r♦❛❝❤❡s ❛s
✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ ✇❤❡♥ s♣❡❛❦✐♥❣ ❛❜♦✉t t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞✳

❚❤❡s❡ ❛♣♣r♦❛❝❤❡s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♥✉♠❡r✐❝❛❧❧② s♦❧✈❡ t❤❡ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ❙②st❡♠ ✭❤❡r❡❛❢t❡r✱
❱▼✮✳ ❊❛❝❤ ♦❢ t❤❡s❡ ♠❡t❤♦❞s ❤❛s ✐ts ❛❞✈❛♥t❛❣❡s✴❞✐s❛❞✈❛♥t❛❣❡s✳ ■♥ t❤❡ ❊✉❧❡r✐❛♥ s❝❤❡♠❡✱ t❤❡
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ s❝❛❧❛r ✜❡❧❞ t♦ ❜❡ ❡st✐♠❛t❡❞ ❛t ❣r✐❞ ♣♦✐♥ts ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞
♣❤❛s❡ s♣❛❝❡✳ ❚❤✐s ❣r✐❞ ❤❛s s✐① ❞✐♠❡♥s✐♦♥s ✭3 ❢♦r ❡❛❝❤ ♦❢ s♣❛t✐❛❧ ❛♥❞ ♠♦♠❡♥t✉♠ ❝♦♦r❞✐♥❛t❡s✱ t❤❛t
✐s ✸❉✸❱ ♣❤❛s❡ s♣❛❝❡✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡q✉❛t✐♦♥s ✇✐❧❧ ❜❡ s♦❧✈❡❞ ♦♥ ❣r✐❞ ♣♦✐♥ts✳ ❲❤✐❧❡ t❤✐s ♠❛❦❡s
❊✉❧❡r✐❛♥ ♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠s ❡❛s② t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ ♣❛r❛❧❧❡❧✐③❡ ♦♥ s✉♣❡r✲❝♦♠♣✉t❡rs✱ t❤❡ ♠❡t❤♦❞
❤❛s t❤❡ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ ❜❡✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r ❛ 6D ♣❤❛s❡ s♣❛❝❡
✇✐t❤ ✶✵✵ ♣♦✐♥ts ✐♥ ❡❛❝❤ ❞✐r❡❝t✐♦♥✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✇✐❧❧ ❜❡ 1012✳

❆♥♦t❤❡r ❞r❛✇❜❛❝❦ ♦❢ t❤✐s s❝❤❡♠❡ ✇❛s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ♠♦t✐✈❛t✐♦♥s ♦❢ t❤❡ s❡♠✐✲❧❛❣r❛♥❣✐❛♥
t❡❝❤♥✐q✉❡✿ ✐t ✐s t❤❡ r❡str✐❝t✐♦♥ ♦♥ t✐♠❡ st❡♣ ✐♠♣♦s❡❞ ❜② ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭❈♦✉r❛♥t✕❋r✐❡❞r✐❝❤s✕▲❡✇②
❬✷✷✻❪✮ ✇❤✐❝❤✱ ✐♥ t❤❡ ❊✉❧❡r✐❛♥ ❛♣♣r♦❛❝❤✱ ♣♦s❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ ✐t t♦ ❡♥s✉r❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ♦♥❡ ❝❛♥ ♥♦t ✐♥❝r❡❛s❡ t❤❡ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ❜② r❡❞✉❝✐♥❣ t❤❡
s♣❛t✐❛❧ st❡♣✱ ✇✐t❤♦✉t ❞❡❝r❡❛s✐♥❣ t❤❡ t✐♠❡ st❡♣✳ ■♥ s✉♠♠❛r②✱ t❤❡ ❊✉❧❡r✐❛♥ ♠❡t❤♦❞ ✐s ❛ tr❛❞❡✲♦✛
❜❡t✇❡❡♥ ❛❝❝✉r❛❝② ❛♥❞ st❛❜✐❧✐t②✳

■♥ t❤❡ ▲❛❣r❛♥❣✐❛♥ s❝❤❡♠❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ f ✐s ❞❡✜♥❡❞ ❛s t❤❡ s✉♠ ♦✈❡r ♠❛❝r♦✲
♣❛rt✐❝❧❡s ❤❛✈✐♥❣ s♦♠❡ st❛t✐st✐❝❛❧ ✇❡✐❣❤t✳ ❚❤❡s❡ ♣❛rt✐❝❧❡s ♠♦✈❡ ❛❝❝♦r❞✐♥❣ t♦ ◆❡✇t♦♥✬s ❧❛✇✳ ❚❤❡r❡✲
❢♦r❡✱ ❜② ❦♥♦✇✐♥❣ t❤❡ ❢♦r❝❡s ❛❝t✐♥❣ ♦♥ t❤❡s❡ ♣❛rt✐❝❧❡s ❛t s♦♠❡ ✐♥✐t✐❛❧ t✐♠❡✱ ✇❡ ❝❛♥ s♦❧✈❡ t❤❡✐r ♠♦t✐♦♥
❡q✉❛t✐♦♥s ✉s✐♥❣ ❛ s♣❡❝✐✜❝ ♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠✱ s✉❝❤ ❛s s❡❝♦♥❞✲♦r❞❡r ❧❡❛♣❢r♦❣ ♠❡t❤♦❞ t♦ ✜♥❞ t❤❡✐r
♥❡✇ ♣♦s✐t✐♦♥s ❛♥❞ ♠♦♠❡♥t❛✳ ❍✐❣❤❡r✲♦r❞❡r ♠❡t❤♦❞s✱ s✉❝❤ ❛s t❤❡ ❘✉♥❣❡✕❑✉tt❛ ❬✷✷✼✱ ✷✷✽❪✱ ❛r❡
♥✉♠❡r✐❝❛❧❧② ✈❡r② ❡①♣❡♥s✐✈❡ ✇❤✐❝❤ ❧✐♠✐ts t❤❡✐r ✉s❡ t♦ s✐♠♣❧❡ ❝❛s❡s✱ s✉❝❤ ❛s t❤❡ ✶❉✲✶❱ ❣❡♦♠❡tr②
❬✷✷✾✱ ✷✸✵❪✳ ❚❤❡ ♥❡①t st❛❣❡ ✐s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❛ss ❛♥❞ ❝✉rr❡♥t ❞❡♥s✐t✐❡s ❛t ❣r✐❞ ♣♦✐♥ts ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ✇❡✐❣❤t ✉s❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ f ✳ ❚❤❡♥✱ ♦♥❡ s♦❧✈❡s ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❛♥❞ ✐♥t❡r♣♦❧❛t❡s

✽✺



❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈ ❙②st❡♠

t❤❡ s♦❧✉t✐♦♥ ✉s✐♥❣ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ♣❛rt✐❝❧❡s✳ ❋✐♥❛❧❧②✱ ✇❡ r❡♣❡❛t t❤✐s ♣r♦❝❡❞✉r❡ ✐♥ t❤❡ ♥❡①t t✐♠❡
st❡♣✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ❢❛♠♦✉s ♠❡t❤♦❞s ✐♥ t❤✐s ❝❧❛ss ✐s P■❈ ✭P❛rt✐❝❧❡✲✐♥✲❈❡❧❧✮ s✐♠✉❧❛t✐♦♥s❬✷✸✶✱ ✷✸✷❪✳
■t ✐s ❡✈✐❞❡♥t ❤❡r❡ t❤❛t t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❞✐s❝r❡t✐③❡ t❤❡ ✈❡❧♦❝✐t② s♣❛❝❡✳ ❚✇♦ ❡ss❡♥t✐❛❧ ❝♦♥s❡q✉❡♥❝❡s
❢♦❧❧♦✇✳ ❋✐rst✱ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s ❛ttr❛❝t✐✈❡ ❢r♦♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇
❜❡❝❛✉s❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❞♦♠❛✐♥ ❜❡❝♦♠❡s s♠❛❧❧❡r ❜② s❡✈❡r❛❧ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡✳ ❙❡❝♦♥❞✱ ❞❡❛❧✐♥❣
✇✐t❤ ✈❡❧♦❝✐t② ❛s ❛ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ❛❧❧♦✇s st✉❞②✐♥❣ r❡❣✐♠❡s ✇✐t❤ s✐❣♥✐✜❝❛♥t ✈❛r✐❛t✐♦♥ ✐♥ ✈❡❧♦❝✲
✐t✐❡s✱ ✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡ ♦❢ ❊✉❧❡r✐❛♥ s❝❤❡♠❡s ✇❤❡r❡ t❤❡ ✈❡❧♦❝✐t② ❝♦♦r❞✐♥❛t❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t
✈❛r✐❛❜❧❡s✳ ❚❤✉s t❤❡② ❛r❡ r❡str✐❝t❡❞ ❜② t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ♣❤❛s❡ s♣❛❝❡ ❣r✐❞✳ ❆♥♦t❤❡r ♣♦s✐t✐✈❡
❛s♣❡❝t ♦❢ t❤✐s s❝❤❡♠❡ ✐s t❤❛t ✐t ❛❧❧♦✇s ❛ ❧♦♥❣❡r t✐♠❡ st❡♣✱ ❛♥❞ ❛✈♦✐❞ t❤❡ ❝♦♠♣❧❡①✐t✐❡s r❡s✉❧t✐♥❣
❢r♦♠ ❈❋▲ ❝♦♥❞✐t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡r❡ st✐❧❧ ❞✐s❛❞✈❛♥t❛❣❡s✳ ❉✉❡ t♦ t❤❡ st❛t✐st✐❝❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ f ✱
❛ s♦✉r❝❡ ♦❢ st❛t✐st✐❝❛❧ ♥♦✐s❡ r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✭Np✮ ❡①✐sts✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t
t❤❡s❡ ♠❡t❤♦❞s ✇✐❧❧ ❢❛❝❡ ❞✐✣❝✉❧t✐❡s ✐♥ st✉❞②✐♥❣ ❝❛s❡s ✇✐t❤ ✜♥✐t❡ Np✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ ✇❤❡♥ Np

✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ ▲❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤❡s ✇✐❧❧ s✉✛❡r ✇❤❡♥ ✐♥✈❡st✐❣❛t✐♥❣ ♣❤❡♥♦♠❡♥❛ ✇❤✐❝❤ ✐♥❝❧✉❞❡
♣❛rt✐❝❧❡s ✐♥ t❤❡ t❛✐❧ ♦❢ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳ ■♥ t❤❡s❡ ❝❛s❡s✱ t❤❡ ❊✉❧❡r✐❛♥ s❝❤❡♠❡s ♣r♦✈❡❞ t♦ ❜❡
❜❡tt❡r❬✷✸✸✱ ✷✸✹✱ ✷✸✺❪✳

❚❤❡r❡❢♦r❡✱ ❤❛✈✐♥❣ ❛ ♠❡t❤♦❞ ❝♦♠❜✐♥✐♥❣ ❛❞✈❛♥t❛❣❡s ❢r♦♠ t❤❡ ❊✉❧❡r✐❛♥ ❛♥❞ ▲❛❣r❛♥❣✐❛♥ ❞❡✲
s❝r✐♣t✐♦♥s ✐s ♣r♦♠✐s✐♥❣✱ ❛♥❞ ❤❡r❡ ❝♦♠❡s t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ✭❙▲✮ s❝❤❡♠❡✳ ❚❤❡ ❙▲ ♠❡t❤♦❞ ❛✈♦✐❞s
❞❛♠♣✐♥❣ ❡✛❡❝ts ❛♥❞ ♣❤❛s❡ ❡rr♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❊✉❧❡r✐❛♥ ♠❡t❤♦❞ ❛♥❞ t❛❦❡s ❜❡♥❡✜ts ❢r♦♠
t❤❡✐r ❤✐❣❤ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ t❤r♦✉❣❤ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ ♣❤❛s❡ s♣❛❝❡✳ ❍❡♥❝❡✱ ❙▲ s❝❤❡♠❡s
❤❛✈❡ ❛ ✈❡r② ❧♦✇ ♥✉♠❡r✐❝❛❧ ♥♦✐s❡ ❬✷✸✻✱ ✷✸✼❪✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡② r❡❧❛① t❤❡ r❡str✐❝t✐♦♥s ✐♠♣♦s❡❞
❜② ❈❋▲ ❝♦♥❞✐t✐♦♥s ❛♥❞ ❛❧❧♦✇ ❛ ♠✉❝❤ ❧♦♥❣❡r t✐♠❡ st❡♣ ✭▲❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤✮✱ ✇❤✐❧❡ t❤❡② ❛✈♦✐❞
t❤❡ st❛t✐st✐❝❛❧ ♥♦✐s❡ ♦❢ P■❈ ❝♦❞❡s✱ t❤❛t r❡s✉❧ts ❢r♦♠ t❤❡ ✜♥✐t❡ ✈❛❧✉❡ ✐❢ Np✳

❋♦❧❧♦✇✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥✱ ✐t ✇✐❧❧ ♥♦t ❜❡ str❛♥❣❡ t♦ ❡①♣❡❝t t❤❛t ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ✜❡❧❞s
✐♥ ✇❤✐❝❤ ❙▲ ♠❡t❤♦❞s ❡♠❡r❣❡❞ ✐s ✇❡❛t❤❡r ❢♦r❡❝❛st✐♥❣✳ ❚❤✐s ❞♦♠❛✐♥ ❞❡♣❡♥❞s ♠❛✐♥❧② ♦♥ ♥✉♠❡r✐❝❛❧
✇❡❛t❤❡r ♣r❡❞✐❝t✐♦♥ ♠♦❞❡❧s ✭❤❡r❡❛❢t❡r✱ ◆❲P✮✳ ■♥ t❤❡s❡ ♠♦❞❡❧s✱ t❤❡ t✐♠❡ st❡♣ ♣❧❛②s ❛ ✈✐t❛❧ r♦❧❡✱
❡s♣❡❝✐❛❧❧② ✐❢ t❤❡ ♠♦❞❡❧ ✐s ❞❡s✐❣♥❡❞ s♦ t♦ ✇♦r❦ ✐♥ r❡❛❧✲t✐♠❡ t♦ ✉♣❞❛t❡ ✇❡❛t❤❡r ❢♦r❡❝❛sts ♦r t♦
♣r❡❞✐❝t ❛♥❞ r❡s♣♦♥❞ t♦ s♦♠❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ❡♠❡r❣❡♥❝②✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t✐♠❡ ✐♥t❡❣r❛t✐♦♥
s❝❤❡♠❡ ✐s ♦❢ ❝r✉❝✐❛❧ ✐♠♣♦rt❛♥❝❡ ✇❤❡♥ ❞❡s✐❣♥✐♥❣ ❛♥ ❡✣❝✐❡♥t ◆❲P ✭s❡❡ ❘❡❢s✳❬✷✸✽✱ ✷✸✾❪ ❢♦r ❤✐st♦r✐❝❛❧
r❡✈✐❡✇s✮✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❘❡❢✳❬✷✸✽❪✱ ❛ ❝♦♥s✐❞❡r❛❜❧❡ ❛♠♦✉♥t ♦❢ ✇♦r❦ ❤❛s ❜❡❡♥ ❞♦♥❡ ❛❜♦✉t ❙▲

t❡❝❤♥✐q✉❡s✳ ❚❤❡s❡ ✇♦r❦s ✐♥❝❧✉❞❡❞ t❤❡ ✜rst ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡ ✐♥ ♠❡t❡♦r♦❧♦❣② ✭✶✾✺✷✮ ✐♥
❛ ♣❛♣❡r ❜② ❋❥ørt♦❢t❬✷✹✵❪✱ ❢♦❧❧♦✇❡❞ ✇✐t❤ ❛♥♦t❤❡r ♦♥❡ ❜② ❲❡❧❛♥❞❡r ✐♥ ✶✾✺✺ ❬✷✹✶❪✳ ■♥ ❤✐s ♣❛♣❡r✱
❲❡❧❛♥❞❡r ♣r♦✈❡❞ t❤❛t✱ ❢♦❧❧♦✇✐♥❣ ❛ s❡t ♦❢ ✢✉✐❞ ♣❛rt✐❝❧❡s ✭✢✉✐❞ ♣❛r❝❡❧✮ ✐♥ ❛ ▲❛❣r❛♥❣✐❛♥ s❡♥s❡ ❜②
t❤❡ ♠❡❛♥s ♦❢ t❤❡ ♦r❞✐♥❛r② ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✱ ♠✐❣❤t ♠❛❦❡ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦❢ ♣❤②s✐❝❛❧
q✉❛♥t✐t✐❡s✱ ❞✉❡ t♦ t❤❡ st❛t✐st✐❝❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ♠❡t❤♦❞✱ ❡①tr❡♠❡❧② ❝❤❛❧❧❡♥❣✐♥❣✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t
t❤❡ ✢✉✐❞ ♣❛r❝❡❧ ✐s t✇✐st❡❞ ❛♥❞ str♦♥❣❧② ❞❡❢♦r♠❡❞ ❜② t❤❡ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s ❛♥❞ ❢♦r♠s ❛ ❧♦♥❣✱
t❤✐♥ ✜❧❛♠❡♥t ✐♥ t❤❡ ♣❤❛s❡✲s♣❛❝❡ ✭✜❧❛♠❡♥t❛t✐♦♥✮✳ ■♥ ❛♥♦t❤❡r ♣❛♣❡r ♣✉❜❧✐s❤❡❞ ✐♥ ✶✾✺✾ ❬✷✹✷❪✱ ❲✐❡♥✲
◆✐❡❧s❡♥ ✉s❡❞ ▲❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤❡s t♦ s♦❧✈❡ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥✱ ❜✉t ❤❡ ❢♦❝✉s❡❞ ♦♥ t❤❡ ♣❛rt✐❝❧❡s
t❤❛t ❛rr✐✈❡ ❛t ❣r✐❞ ♣♦✐♥ts ❛♥❞ t❤❡♥ tr❛❝❡❞ t❤❡♠ ❜❛❝❦ t♦ t❤❡✐r ❞❡♣❛rt✉r❡ ❧♦❝❛t✐♦♥s ✇❤✐❝❤ ❞♦ ♥♦t
♥❡❝❡ss❛r✐❧② ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❣r✐❞ ♣♦✐♥ts✳ ■t ✐s t❤✐s ✐❞❡❛ ✇❤✐❝❤ ❞r❛✇s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
▲❛❣r❛♥❣✐❛♥ ❛♥❞ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞✳ ■♥ t❤❡ ❢♦r♠❡r✱ t❤❡ s❡t ♦❢ ♣❛rt✐❝❧❡s ✭✢✉✐❞ ♣❛rt✐❝❧❡s✱
❡❧❡❝tr♦♥s ♦r ✐♦♥s ✐♥ t❤❡ ♣❧❛s♠❛✱ ❡t❝✳✳✮ ❝❤❛♥❣❡s ❛t ❡✈❡r② t✐♠❡ st❡♣✱ ✇❤✐❧❡ ✐♥ t❤❡ ❧❛tt❡r✱ ✇❡ ❛r❡
✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣❛rt✐❝❧❡s t❤❛t ❛rr✐✈❡ ❛t ❣r✐❞ ✈❡rt✐❝❡s✳ ■♥ ❤✐s ♣❛♣❡r✱ ◆✐❡❧s❡♥ ❝❛❧❧s t❤✐s ♠❡t❤♦❞
q✉❛s✐✲▲❛❣r❛♥❣✐❛♥✳ ❚❤❡ t❡r♠ ✧s❡♠✐✲▲❛❣r❛♥❣✐❛♥✧ ❛♣♣❡❛r❡❞ ✐♥ t❤❡ t✐t❧❡ ♦❢ ❛ ♣❛♣❡r ❜② ❙❛✇②❡r
♣✉❜❧✐s❤❡❞ ✐♥ ✶✾✻✸ ❬✷✹✸❪✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦r s♦❧✈❡❞ t❤❡ ❜❛s✐❝ ❜❛r♦tr♦♣✐❝ ❡q✉❛t✐♦♥ ❜② ❢♦❧❧♦✇✐♥❣ ❛
s②st❡♠ ❝♦♠♣♦s❡❞ ♦❢ ❛t♠♦s♣❤❡r✐❝ ♣❛r❝❡❧s✳ ❙❛✇②❡r s❤♦✇❡❞ t❤❛t ❝❛❧❝✉❧❛t✐♥❣ ✈♦rt✐❝✐t② ✜❡❧❞ ♦♥ ✜①❡❞
❣r✐❞ r❡s✉❧ts ✐♥ ❛ ♠❡t❤♦❞ ✇✐t❤ s✐♠✐❧❛r ❛❝❝✉r❛❝② t♦ t❤♦s❡ ♦❜t❛✐♥❡❞ ❜② ❊✉❧❡r✐❛♥ ❛♣♣r♦❛❝❤❡s✱ ❛♥❞ ❤❡
s❤♦✇❡❞ ✐ts ♠❛✐♥ str❡♥❣t❤✱ ✐♥ ❛❧❧♦✇✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥s ♦✈❡r ♠✉❝❤ ❧♦♥❣❡r t✐♠❡ st❡♣s ♦♥ ❛ ❝♦❛rs❡

✽✻



✸✳✸✳ P❛rt✐❝❧❡✲✐♥✲❈❡❧❧ ▼❡t❤♦❞

❣r✐❞ ✭s❡❡ ❬✷✹✹❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳
❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❙▲ ♠❡t❤♦❞s ✐s t❤❡✐r ♥✉♠❡r✐❝❛❧ st❛❜❧✐t②✱ ❛♥❞ ❛❧❧♦✇✐♥❣ t✐♠❡ ✐♥✲

t❡❣r❛t✐♦♥s ✇✐t❤ ❧♦♥❣❡r t✐♠❡ st❡♣s ❝♦♠♣❛r❡❞ t♦ ❡q✉✐✈❛❧❡♥t ❊✉❧❡r✐❛♥ ♠❡t❤♦❞s✳ ■♥ ❘❡❢✳❬✷✹✺❪✱ t❤❡
❈❛♥❛❞✐❛♥ ♠❡t❡♦r♦❧♦❣✐st ❆♥❞ré ❘♦❜❡rt ❢♦r♠❛❧❧② ❞❡♠♦♥str❛t❡❞ t❤✐s ❣❡♥❡r❛❧ ♣r♦♣❡rt② ♦❢ ❙▲ ♠❡t❤✲
♦❞s✳ ❚❤❡♥ ❇❛t❡s ❛♥❞ ▼❝❉♦♥❛❧❞ ❝♦♥✜r♠❡❞ t❤✐s r❡s✉❧t ❛♥❞ ❡①t❡♥❞❡❞ ✐t ✐♥ ❘❡❢✳❬✷✸✽❪ t♦ st✉❞② ♠❛♥②
❞✐✛❡r❡♥t ❝❛s❡s ✐♥ ✷❉ s♣❛❝❡✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ❙t❛✐♥❢♦rt❤✱ ❈♦té ❛♥❞ ♦t❤❡rs ♠❛ss✐✈❡❧② ❝♦♥tr✐❜✉t❡❞
t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤✐s ✜❡❧❞ ♦❢ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✭◆❲Ps✮❬✷✸✾✱ ✷✹✻✱ ✷✹✼✱ ✷✹✽❪✳

■♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ♣❧❛s♠❛ ♣❤②s✐❝s✱ t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ❜②
❈❤❡♥❣ ❡t ❑♥♦rr ❬✷✹✾❪ ✇❤♦ ♣r♦♣♦s❡❞ ❛ s❡❝♦♥❞✲♦r❞❡r t✐♠❡ s♣❧✐tt✐♥❣ ♠❡t❤♦❞ ❬✷✺✵❪ t♦ s♦❧✈❡ t❤❡ ❱❧❛s♦✈
❡q✉❛t✐♦♥✳ ❚❤❡♥ ✇✐t❤ t❤❡ ❣r♦✇✐♥❣ ♣♦✇❡r ♦❢ t❤❡ s✉♣❡r✲❝♦♠♣✉t❡rs✱ t❤❡ ♠❡t❤♦❞ ✇❛s ❡①t❡♥❞❡❞ t♦
❤✐❣❤❡r ♣❤❛s❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥s ❬✷✺✶✱ ✷✺✷❪✳ ❚❤❡s❡ ✇♦r❦s ✇❡r❡ ❢♦❧❧♦✇❡❞ ❜② ♠❛♥② ♦t❤❡r ❝♦♥tr✐❜✉t✐♦♥s
t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ♠❡t❤♦❞ ✐♥ ♣❧❛s♠❛ ♣❤②s✐❝s ❬✷✸✸✱ ✷✺✸✱ ✷✺✹✱ ✷✺✺❪ ✭s❡❡ ❬✷✺✻✱ ✷✺✼❪ ❛♥❞
r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳

▲❡t ✉s ♥♦✇ ❜r✐❡✢② ❞✐s❝✉ss t❤❡ P■❈ ♠❡t❤♦❞✳

✸✳✸ P❛rt✐❝❧❡✲✐♥✲❈❡❧❧ ▼❡t❤♦❞

❆s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤✱ t❤❡ P■❈ ♠❡t❤♦❞ ✐s ❜r✐❡✢② ❡①♣❧❛✐♥❡❞ ✐♥
t❤✐s s❡❝t✐♦♥✳ ❇❡❝❛✉s❡ ♦❢ ✐ts ▲❛❣r❛♥❣✐❛♥ ♥❛t✉r❡✱ t❤❡ P■❈ ♠❡t❤♦❞ ✐s ❡①♣♦s❡❞ t♦ ❛❧❧ t❤❡ ♥✉♠❡r✐❝❛❧
✐ss✉❡s ❛♥❞ ❞✐✣❝✉❧t✐❡s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ st❛t✐st✐❝❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛s ❛ s✉♠
♦✈❡r ♠❛❝r♦✲♣❛rt✐❝❧❡s✱ ✇❤✐❝❤ r❡❛❞s

f(t,x,p) =
N∑

α=1

S(x− xα)δ(p− pα) ✭✸✳✷✵✮

❍❡r❡ S r❡♣r❡s❡♥ts t❤❡ ❢♦r♠ ❢❛❝t♦r✱ ✇❤✐❝❤ ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ ❞✐str✐❜✉t✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢
❡❛❝❤ ♠❛❝r♦✲♣❛rt✐❝❧❡ t♦ t❤❡ ❝✉rr❡♥t ❛♥❞ ♠❛ss ❞❡♥s✐t✐❡s ❛t ❞✐✛❡r❡♥t ♣♦✐♥ts ♦❢ t❤❡ ✜①❡❞ s♣❛t✐❛❧ ❣r✐❞✳
❚❤✐s ❣r✐❞ ✐s ♠❛❞❡ ♦❢ ❝❡❧❧s✱ ❞❡✜♥❡❞ ❛s t❤❡ r❡❣✐♦♥ ❝❡♥tr❡❞ ❛r♦✉♥❞ t❤❡ ❣r✐❞ ♣♦✐♥ts✳ ❋♦r ❡①❛♠♣❧❡✱
✐♥ t❤❡ 2D ❝❛s❡✱ t❤❡ ❝❡❧❧ (i, j) ✐s ❛ r❡❝t❛♥❣❧❡ ♦❢ ❞✐♠❡♥s✐♦♥s (∆x,∆y) ✇✐t❤ t❤❡ ♣♦✐♥t (i, j) ❛t ✐ts
❝❡♥tr❡✳ ❚❤❡ ❢♦r♠ ❢❛❝t♦r ❝❛♥ t❛❦❡ ✈❛r✐♦✉s ❢♦r♠s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ③❡r♦t❤✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥✱
❦♥♦✇♥ ❛s ♥❡❛r❡st ❣r✐❞ ♣♦✐♥t str❛t❡❣② ◆●P ❬✷✺✽❪✱ ✐s t❤❡ s✐♠♣❧❡st ♦♥❡✳ ❍❡r❡✱ t❤❡ ♣❛rt✐❝❧❡ ❝❤❛r❣❡
✐s ✇❤♦❧❧② ❛ss✐❣♥❡❞ t♦ t❤❡ ♥❡❛r❡st ❣r✐❞ ♣♦✐♥t✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ❛♣♣r♦❛❝❤✱ t❤❡ ❢♦r❝❡ ❜❡t✇❡❡♥ t✇♦
♣❛rt✐❝❧❡s ✐s ❞✐s❝♦♥t✐♥✉♦✉s ❛♥❞ ❜❡❝♦♠❡s ③❡r♦ ✐❢ t❤❡② ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝❡❧❧✱ ✇❤✐❧❡ ❛♣♣r♦①✐♠❛t❡❧②
❢♦❧❧♦✇s t❤❡ ♣❤②s✐❝❛❧ ❧❛✇ ♦❢ ❡❧❡❝tr♦st❛t✐❝ ✐♥t❡r❛❝t✐♦♥ ✇❤❡♥ t❤❡ ♣❛rt✐❝❧❡s ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛ ❢❡✇
❝❡❧❧s✳ ❚❤❡r❡❢♦r❡✱ s❡✈❡r❛❧ ♣r♦❜❧❡♠s✱ s✉❝❤ ❛s s❡❧❢✲❤❡❛t✐♥❣ ❛♥❞ s✉❜st❛♥t✐❛❧ ❧❡✈❡❧s ♦❢ ♥✉♠❡r✐❝❛❧ ♥♦✐s❡
❬✷✺✾✱ ✷✹✶❪✱ ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ♠❡t❤♦❞ ❛♥❞ t❤✉s ❧✐♠✐t ✐ts ❛♣♣❧✐❝❛t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐♥ ♦r❞❡r
t♦ ♦✈❡r❝♦♠❡ t❤❡s❡ ✐ss✉❡s✱ ♦t❤❡r t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ s✉❣❣❡st❡❞✳ ❋♦r ✐♥st❛♥❝❡s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦
❡♠♣❧♦② ❧✐♥❡❛r✱ q✉❛❞r❛t✐❝✱ ♦r ❝✉❜✐❝ ✐♥t❡r♣♦❧❛t✐♦♥s✳

❆ ♣r♦♣❡r ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♣t ♦❢ ♠❛❝r♦✲♣❛rt✐❝❧❡s ❤❡❧♣s ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❡rr♦r
s♦✉r❝❡ ✐♥ P■❈ ❝♦❞❡s✳ ❚❤✐s ❝♦♥❝❡♣t ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❢r♦♠ t✇♦ ❞✐✛❡r❡♥t ♣♦✐♥ts ♦❢ ✈✐❡✇✳ ❖♥ t❤❡ ♦♥❡
❤❛♥❞✱ ♦♥❡ ❝❛♥ ✐♥t❡r♣r❡t t❤❡ ♣❛rt✐❝❧❡ ❣❡♦♠❡tr✐❝❛❧❧② ❛s ❛ ✧r❡❝t❛♥❣❧❡✧ ✭r❡❝t❛♥❣✉❧❛r ❝❧♦✉❞✮ t❤❛t ♠❛②
❝♦✈❡r ♠❛♥② ❝❡❧❧s✳ ❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ❝❤❛r❣❡ ❝❛♥ ❜❡ ❞✐str✐❜✉t❡❞ ❧✐♥❡❛r❧② ❜❡t✇❡❡♥ t❤❡ ♥❡❛r❡st ❝❡♥tr❡s✳
❍❡♥❝❡ t❤❡ t❡r♠ ❈❧♦✉❞✲✐♥✲❈❡❧❧ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❛❞♦♣t❡❞ t♦ t❤❡ ✜rst t✐♠❡ ❜② ❇✐r❞s❛❧❧ ❛♥❞ ❋✉ss ✐♥
❘❡❢✳❬✷✺✾❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♣❛rt✐❝❧❡ ♠✐❣❤t ❜❡ ❞❡✜♥❡❞ ❛s ❛ ♣♦✐♥t ✇✐t❤ ✐ts ❝❤❛r❣❡ ❧✐♥❡❛r❧②
✐♥t❡r♣♦❧❛t❡❞ t♦ t❤❡ ♥❡❛r❡st ❝❡❧❧ ❝❡♥tr❡s✱ ❤❡♥❝❡ t❤❡ t❡r♠ P❛rt✐❝❧❡✲✐♥✲❈❡❧❧ ❬✷✻✵✱ ✷✻✶✱ ✷✻✷❪✳ ❇❡s✐❞❡s✱
❤✐❣❤❡r✲♦r❞❡r ✐♥t❡r♣♦❧❛t✐♦♥ s❝❤❡♠❡s✱ s✉❝❤ ❛s s♣❧✐♥❡s✱ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r t❤❡ ❢♦r♠ ❢❛❝t♦r✱ ✇❤✐❝❤ ✐♥
t✉r♥ r❡❞✉❝❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♥♦✐s❡ ❛♥❞ ❤❡❛t✐♥❣ ♣r♦❜❧❡♠s✳ ❋♦r ❡①❛♠♣❧❡✱ ❙▼■▲❊■ ❬✶❪✱ ✇❤✐❝❤ ✐s ❛

✽✼



❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈ ❙②st❡♠

❝♦❧❧❛❜♦r❛t✐✈❡✱ ♦♣❡♥✲s♦✉r❝❡✱ ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ✭❈✰✰✮ P■❈ ❝♦❞❡✱ ❝❛♥ ✉s❡ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ s❝❤❡♠❡ ✉♣
t♦ ❢♦✉rt❤✲♦r❞❡r✳

❋✐❣✳✸✳✸ s❤♦✇s t❤❡ t②♣✐❝❛❧ ♠❛✐♥ ❧♦♦♣ ♦❢ ❛ P■❈ s♦❧✈❡r✳ ●r❡② ❝♦❧♦✉r r❡♣r❡s❡♥ts t❤❡ ♣❛st ❛♥❞ ❢✉t✉r❡
t✐♠❡ st❡♣s✱ ✇❤✐❧❡ t❤❡ ✇❛r♠ ❝♦❧♦✉rs s❤♦✇ ❛♥ ♦♥❣♦✐♥❣ ✐t❡r❛t✐♦♥ ✐♥s✐❞❡ t❤❡ ❧♦♦♣✳ ❚❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
P■❈ ❝②❝❧❡ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s

✶✳ ●❛t❤❡r✐♥❣ ❋✐❡❧❞s✿ ❚❤✐s ✐s r❡♣r❡s❡♥t❡❞ ❜② st❛❣❡ 2 ✐♥ t❤❡ ✜❣✉r❡✱ ✇❤❡r❡ E ❛♥❞ B ✜❡❧❞s
❛r❡ r❡❣✐st❡r❡❞ ❛t t✐♠❡ tn✳ ❚❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❡st✐♠❛t❡❞ ❛t tn✱ ✇❤✐❧❡ B ❛t tn ✐s ❛✈❡r❛❣❡❞
❢r♦♠ ✐ts ✈❛❧✉❡s ❛t tn− 1

2
❛♥❞ tn+ 1

2
✳

✷✳ P❛rt✐❝❧❡ P✉s❤❡r✿ ❚❤✐s ✐s s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡ ❜② st❛❣❡s 3 ❛♥❞ 4 ❢♦r t❤❡ ♠♦♠❡♥t✉♠
pα ❛♥❞ t❤❡ ♣♦s✐t✐♦♥s xα✱ r❡s♣❡❝t✐✈❡❧②✳ ▼❛♥② ❞✐✛❡r❡♥t t✐♠❡ ❛❞✈❛♥❝❡♠❡♥t s❝❤❡♠❡s ❝❛♥
❜❡ ❡♠♣❧♦②❡❞ ❤❡r❡✱ t❤❡ ♦♥❡ ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳✸✳✸ ✐s t❤❡ ❧❡❛♣❢r♦❣ ♠❡t❤♦❞✳ ❚❤❡
❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥s r❡❛❞s✱

dpα
dt

∣
∣
∣

n
=

p
n+ 1

2
α − p

n− 1
2

α

∆t
= q
[

E(xn
α) +

pn
α

mαγnα
×B(xn

α)
]

, ✭✸✳✷✶❛✮

dxα
dt

∣
∣
∣

n+ 1
2
=

xn+1
α − xnα

∆t
=

p
n+ 1

2
α

mαγ
n+ 1

2
α

, ✭✸✳✷✶❜✮

❆❞♦♣t✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡ ✐s ❝r✉❝✐❛❧ ✐ss✉❡ ✐♥ P■❈ ❛♣♣r♦❛❝❤ ❜❡❝❛✉s❡
t❤❡ ❝❤♦s❡♥ s❝❤❡♠❡ ♠✉st ❜❡ ❛ ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥ t❤❡ ❛❝❝✉r❛❝② ❛♥❞ t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡
s✐♠✉❧❛t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ❙▼■▲❊■ ❝♦❞❡ ❬✶❪ ✐♠♣❧❡♠❡♥ts ❇♦r✐s ♣✉s❤❡r❬✷✶✾❪✱ ❛♥❞ ❱❛② ♣✉s❤❡r
❬✷✻✸❪✱ ✇❤✐❝❤ ♣r♦✈✐❞❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❧❡❛♣❢r♦❣ s♦❧✈❡r t❤❛t ❛✈♦✐❞s t❤❡ ❛❞❞✐t✐♦♥❛❧
❡rr♦rs ✐♥tr♦❞✉❝❡❞ ✇❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ r❡❧❛t✐✈✐st✐❝ ♣❛rt✐❝❧❡s ✐♥ s♣❡❝✐✜❝ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❆s
❡①♣❡❝t❡❞✱ t❤✐s ❢✉rt❤❡r ✐♥❝r❡❛s❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳

✸✳ ❈✉rr❡♥t ❉❡♣♦s✐t✐♦♥✿ ❆t t❤✐s st❛❣❡✱ s❤♦✇♥ ❜② 5 ✐♥ ❋✐❣✳✸✳✸✱ ❝✉rr❡♥t ❛♥❞ ♠❛ss ❞❡♥s✐t✐❡s
❛r❡ ❡st✐♠❛t❡❞ ✉s✐♥❣ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳ ρ ✐s ❞❡t❡r♠✐♥❡❞ ❛t tn ✇❤✐❧❡
J ❛t tn+ 1

2
✳ ❍♦✇❡✈❡r✱ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t✐❡s ♦❜t❛✐♥❡❞ ❤❡r❡ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② s❛t✐s❢② t❤❡

❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡✐r ✈❛❧✉❡s ♠✉st ❜❡ ❝♦rr❡❝t❡❞ ❜❡❢♦r❡ s✉❜st✐t✉t✐♥❣ t❤❡♠
✐♥t♦ t❤❡ ❆♠♣ér❡✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥ t♦ ✉♣❞❛t❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❤❡ s✉❜s❡q✉❡♥t t✐♠❡ st❡♣✳
❲❡ ✇✐❧❧ ❛❞❞r❡ss t❤✐s ✐ss✉❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳ ▼❛♥② ❝♦rr❡❝t✐♦♥ s❝❤❡♠❡s ❛r❡ ❛✈❛✐❧❛❜❧❡
t♦ t❤✐s ♣✉r♣♦s❡ ✲s❡❡ ❘❡❢s✳❬✷✻✹✱ ✷✻✺✱ ✷✶✾❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

✹✳ ❊▼ ❙♦❧✈❡r✿ ❚❤✐s ✐s s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✳✸✳✸ ❜② st❛❣❡s 1 ✱ ❛♥❞ 6 ✇❤✐❝❤ ❡♠♣❧♦② ❨❡❡ ❛❧❣♦r✐t❤♠
❢♦r ✜♥❞✐♥❣ B ❛♥❞ E ❛t tn+ 1

2
❛♥❞ tn+1✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ ✜❡❧❞s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❛t t❤❡ ❣r✐❞

♣♦✐♥ts✳ ■♥ ❋✐❣✳✸✳✸✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t ❡st✐♠❛t✐♥❣ En+1 r❡q✉✐r❡s ❦♥♦✇✐♥❣ En✱ Bn+ 1
2 ❛♥❞

Jn+
1
2 ✭❆♠♣ér❡✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✮✳ ❚❤✉s✱ t❤❡ s✐♠✉❧❛t✐♦♥ ❡st✐♠❛t❡s ✜rst Bn+ 1

2 ❢r♦♠ ♦✉r

❦♥♦✇❧❡❞❣❡ ♦❢ En ❛♥❞ B
n− 1

2 ✭❋❛r❛❞❛②✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✮ ✲s❡❡ ♥❡①t s❡❝t✐♦♥ ❢♦r t❤❡ ❞❡t❛✐❧s✳
❆❢t❡r ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ✜❡❧❞s ❛t ❝❡❧❧ ❝❡♥tr❡s✱ t❤❡② ❛r❡ ✐♥t❡r♣♦❧❛t❡❞ t♦ t❤❡ ♣❛rt✐❝❧❡s✬ ❧♦❝❛t✐♦♥s(

1∗ ✱ ❛♥❞ 6∗ ✐♥ t❤❡ ✜❣✉r❡✱ ✇❤❡r❡ α st❛♥❞s ❢♦r t❤❡ s♣❡❝✐❡s✱ h r❡❢❡rs t♦ ✜❡❧❞s ❡st✐♠❛t❡❞ ❛t

❝❡♥tr❡s ♦❢ ❡❞❣❡s ♦❢ ❨❡❡ ❝❡❧❧ ❢♦r ❡❧❡❝tr✐❝ ✜❡❧❞✱ ❛♥❞ ❝❡♥tr❡s ♦❢ ❢❛❝❡s ♦❢ t❤❡ ❝✉❜❡ ❢♦r t❤❡ ♠❛❣♥❡t✐❝

✜❡❧❞
)

✳ ❋✐♥❛❧❧②✱ ❛♥♦t❤❡r st❛❣❡ st❛rts ❛❣❛✐♥ ✇✐t❤ t❤❡ r❡❣✐st❡r✐♥❣ ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s

❛t t❤❡ ♥❡①t t✐♠❡ st❡♣✳

✽✽



✸✳✸✳ P❛rt✐❝❧❡✲✐♥✲❈❡❧❧ ▼❡t❤♦❞

❋
✐❣✉r❡

✸✳✸✿
❘
❡♣r❡s❡♥t❛t✐♦♥

♦❢
P
■
❈
s✐♠

✉❧❛t✐♦♥s✳
❚
❤❡

♥✉♠
❜
❡rs

✐♥s✐❞❡
sq✉❛r❡

❜
♦①❡s

✐♥❞✐❝❛t❡s
t❤❡

s♦❧✉t✐♦♥
st❡♣s✳

✽✾



❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈ ❙②st❡♠

❊q✳✭✸✳✷✶✮ ❣✐✈❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ♠❛❝r♦✲♣❛rt✐❝❧❡s✳ ❚❤❡r❡❢♦r❡✱ ❡✈❡♥ ✐❢
t❤❡ ✐♥✐t✐❛❧ r❡❣✐♠❡ ❝♦♥s✐st❡❞ ♦❢ ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s✱ t❤❡ ✜♥❛❧ st❛t❡ ❝❛♥ ❜❡ ❤✐❣❤❧②
✐rr❡❣✉❧❛r✳ ❆♥ ❡①❛♠♣❧❡ ✐s t❤❛t ♦❢ ❛ st❛t❡ ❝♦♠♣♦s❡❞ ♦❢ ✈❡r② ♥❛rr♦✇ ❜❛♥❞s ♦❢ ♣❛rt✐❝❧❡s✱ ✇❤❡r❡
t❤❡✐r ❝♦♥❝❡♥tr❛t✐♦♥ ❝❛♥ ❜❡ ❡♥♦r♠♦✉s ✐♥ s♦♠❡ ❛r❡❛s✱ ❛♥❞ ♣r❡tt② s♠❛❧❧ ✐♥ ♦t❤❡rs ❬✷✹✶❪✳ ❚❤❡ s❡♠✐✲
▲❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤ ♦✈❡r❝♦♠❡s t❤✐s ❧✐♠✐t❛t✐♦♥ ❜❡❝❛✉s❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❛❧✇❛②s ✐♥✲
t❡r♣♦❧❛t❡❞ ❢r♦♠ q✉❛♥t✐t✐❡s ❡✈❛❧✉❛t❡❞ ✐♥ t❤❡ ♣♦s✐t✐♦♥s ✇❤❡r❡ ♣❛rt✐❝❧❡s ❛r❡ ❧♦❝❛t❡❞ ❛t ♣❤❛s❡✲s♣❛❝❡
❣r✐❞ ♣♦✐♥ts✱ ♠❡❛♥✐♥❣ t❤❛t ✇❡ ❛r❡ ❝♦♥st❛♥t❧② ✐♥t❡r❡st❡❞ ✐♥ ❛ s♣❡❝✐✜❝ s❡t ♦❢ ♣❛rt✐❝❧❡s t❤❛t ❡①✐st ♦♥❧②
❛t ❣r✐❞ ♣♦✐♥ts ✭t❤✐s ✐s t❤❡ ♠❛✐♥ ❢❡❛t✉r❡ ♦❢ t❤❡ ❊✉❧❡r✐❛♥✲t②♣❡ ❞❡s❝r✐♣t✐♦♥✮✳

✸✳✹ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣✿ t❤❡ ▼❛✐♥ ❊❧❡♠❡♥t ♦❢ t❤❡ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥
▼❡t❤♦❞

❇❡❢♦r❡ ❣♦✐♥❣ ❢✉rt❤❡r ❛♥❞ ❥♦✐♥✐♥❣ ❨❡❡ ❛❧❣♦r✐t❤♠ ✇✐t❤ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ t♦ s♦❧✈❡ t❤❡ ❱▼

s②st❡♠✱ ✐t ✇♦rt❤ s❛②✐♥❣ s♦♠❡ ✇♦r❞s ❛❜♦✉t t❤❡ ♣r✐♠❛r② t❡❝❤♥✐q✉❡ t❤❛t ❛❧❧♦✇❡❞ ❡①♣❧♦✐t✐♥❣ t❤❡
str❡♥❣t❤ ♦❢ t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤✿ t❤❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣✱ ❛❧s♦ ❦♥♦✇♥ ❛s ❙tr❛♥❣ s♣❧✐tt✐♥❣✱
❛❢t❡r t❤❡ s❝✐❡♥t✐st ✇❤♦ s✉❣❣❡st❡❞ ✐t ✐♥ ❘❡❢✳❬✷✺✵❪ s♦ t♦ ❡st❛❜❧✐s❤ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ♦❢
s❡❝♦♥❞✲♦r❞❡r ✐♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥ ❬✷✻✻❪✳ ❆r♦✉♥❞ t❤❡ s❛♠❡ ♣❡r✐♦❞✱ ▼❛r❝❤✉❦
✐♥❞❡♣❡♥❞❡♥t❧② ❢♦✉♥❞ ✐❞❡♥t✐❝❛❧ r❡s✉❧ts ❬✷✻✼✱ ✷✻✽❪✳ ❚❤❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ✐s ❛ ♣♦✇❡r❢✉❧ t♦♦❧ ❢♦r
s♦❧✈✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♥✉♠❡r✐❝❛❧❧②✳ ■t s❡♣❛r❛t❡s t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥ ✐♥t♦ ♠❛♥② ♣❛rts
♦✈❡r ❡❛❝❤ t✐♠❡ st❡♣✱ ✐t ✐♥t❡❣r❛t❡s t❤❡♠ ❛t ❡❛❝❤ t✐♠❡ st❡♣✱ ❛♥❞ t❤❡♥ ❝♦♠❜✐♥❡s t❤❡s❡ s♦❧✉t✐♦♥s s♦
t♦ ❣❡t t❤❡ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳ ❚♦ ✉♥❞❡rst❛♥❞ t❤❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣✱ ✇❡ t❛❦❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✱

∂f

∂t
= Axf +Ayf +Azf. ✭✸✳✷✷✮

❍❡r❡ f = f(t, x, y, z) ❝❛♥ r❡♣r❡s❡♥t ❛ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱ ✇❤✐❧❡ t❤❡ ♦♣❡r❛t♦rs ✭♦r ✜♥✐t❡
❞✐✛❡r❡♥❝❡ ♠❛tr✐❝❡s✮ Ax✱ Ay✱ ❛♥❞ Az ❝❛♥ r❡♣r❡s❡♥t t❤❡ ❛❞✈❡❝t✐♦♥ ❛❧♦♥❣ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s✳ ■♥
❣❡♥❡r❛❧✱ t❤❡s❡ ♠❛tr✐❝❡s ❛r❡ ♥♦♥✲❝♦♠♠✉t❛t✐✈❡ ✭[A,B] = AB − BA 6= 0✮✳ ❚❤❡ s♦❧✉t✐♦♥ t♦ t❤❡
♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✐s

f(h) = eh(Ax+Ay+Az)f(0). ✭✸✳✷✸✮

■♥ ♠♦st ♣r❛❝t✐❝❛❧ ❝❛s❡s✱ ✜♥❞✐♥❣ eh(Ax+Ay+Az) ✐s ✐♠♣♦ss✐❜❧❡✱ ❤❡♥❝❡ s♦♠❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♠✐❣❤t
✐♠♣r♦✈❡ t❤❡ s✐t✉❛t✐♦♥✳ ■♥ ♦✉r st✉❞②✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❛♣♣❧②✐♥❣ ❙tr❛♥❣ s♣❧✐tt✐♥❣ t♦ t❤❡ ♥✉♠❡r✲
✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❊q✳✭✸✳✷✷✮✱ ❤❡♥❝❡ ✇❡ ❞♦ ♥♦t ❡st✐♠❛t❡ ❊q✳✭✸✳✷✸✮ ❢♦r ❧❛r❣❡ ∆t = h ❜❡❝❛✉s❡ t❤❡ ❡rr♦r
✇✐❧❧ ❜❡ ✈❡r② ❧❛r❣❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♣❡r❢♦r♠ ❛r❡ ✐♥ ♣r✐♥❝✐♣❧❡ ♠♦r❡
❛❝❝✉r❛t❡ ❛s s♠❛❧❧❡r ✐s ∆t✳ ◆❡①t✱ ✇❡ r❡♣❧❛❝❡ h ✐♥ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✇✐t❤ ∆t✳

❚❤❡ ✜rst t❤✐♥❣ t❤❛t ❝♦♠❡s t♦ ♠✐♥❞ ✐s ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♦♣❡r❛t♦r ✇✐t❤

e∆t(Ax+Ay+Az) ≈ e∆tAxe∆tAye∆tAz , ✭✸✳✷✹✮

❚❤❡ ♦♣❡r❛t♦rs ♦♥ t❤❡ ❘❍❙ r❡s✉❧t ❢r♦♠ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s

∂f

∂t
= Axf,

∂f

∂t
= Ayf,

∂f

∂t
= Azf, ✭✸✳✷✺✮

❆❞♦♣t✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❣✐✈❡♥ ❜② ❊q✳✭✸✳✷✹✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✜♥❞✐♥❣ ❛ s♦❧✉t✐♦♥ t♦ ❡❛❝❤
❡q✉❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✭✸✳✷✺✮ ♦✈❡r ❛ ❝♦♠♣❧❡t❡✲t✐♠❡ st❡♣✱ ❛♥❞ t❤❡♥ ❥♦✐♥✐♥❣ t❤❡♠ t♦❣❡t❤❡r t♦
❛♣♣r♦①✐♠❛t❡ t❤❛t ♦❢ ❊q✳✭✸✳✷✷✮✳ ❚❤❡ q✉❡st✐♦♥ ♥♦✇ ✐s✿ ✇❤❛t ✐s t❤❡ ❛❝❝✉r❛❝② ♦❢ ❊q✳✭✸✳✷✹✮❄ ❲❡ ❝❛♥
❛♥s✇❡r t❤✐s q✉❡st✐♦♥ ❜② ❡①♣❛♥❞✐♥❣ t❤❡ t✇♦ s✐❞❡s ♦❢ ❡❛❝❤ ❡q✉❛t✐♦♥ ✐♥ ♣♦✇❡rs ♦❢ ∆t✱ ❛♥❞ t❤❡♥ s❡❡

✾✵



✸✳✹✳ ❖♣❡r❛t♦r ❙♣❧✐tt✐♥❣✿ t❤❡ ▼❛✐♥ ❊❧❡♠❡♥t ♦❢ t❤❡ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ▼❡t❤♦❞

t♦ ✇❤✐❝❤ ♣♦✇❡r p ♦❢ ∆t✱ t❤❡ ❝♦❡✣❝✐❡♥ts r❡♠❛✐♥ ✐❞❡♥t✐❝❛❧✳ ❍❡♥❝❡✱ ✇❡ s❛② t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s
❧♦❝❛❧❧② ❛❝❝✉r❛t❡ t♦ t❤❡ (p + 1)th ♦r❞❡r✱ ✇❤✐❧❡ ✐t ✐s ❣❧♦❜❛❧❧② pth✲♦r❞❡r ❛❝❝✉r❛t❡✳ ■♥ ♦✉r ❡①❛♠♣❧❡✱
❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ ❊q✳✭✸✳✷✹✮ ❣✐✈❡s

e∆t(Ax+Ay+Az) = I+∆t(Ax +Ay +Az) +
(∆t)2

2
(A2

x +A2
y +A2

z +AxAy +AyAx +AxAz

+AzAx +AyAz +AzAy) +O[(∆t)3]

✭✸✳✷✻✮

e∆tAxe∆tAye∆tAz = I+∆t(Ax +Ay +Az) +
(∆t)2

2
(A2

x +A2
y +A2

z + 2AxAy

+ 2AxAz + 2AyAz) +O[(∆t)3],

✭✸✳✷✼✮

❚❤❡ t✇♦ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥s ❛r❡ ✐❞❡♥t✐❝❛❧ ✉♣ t♦ t❤❡ ✜rst ♦r❞❡r✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ s❡❝♦♥❞ ♣♦✇❡r
❛r❡ ♥♦t ❡q✉❛❧ ❜❡❝❛✉s❡ t❤❡ ♦♣❡r❛t♦rs ❛r❡ ♥♦t ❝♦♠♠✉t❛t✐✈❡ ✭❢♦r ✐♥st❛♥❝❡✱ 2AxAy 6= AxAy+AyAx✮✳
❙♦ t❤❡ s❝❤❡♠❡ ✐s ❧♦❝❛❧❧② s❡❝♦♥❞✲♦r❞❡r ❛❝❝✉r❛t❡✱ ❜✉t s✐♥❝❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❤❡ t✐♠❡ st❡♣s
✐s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ ∆t✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❣❧♦❜❛❧❧② ✜rst✲♦r❞❡r ❛❝❝✉r❛t❡ ✭❤❡♥❝❡❢♦rt❤✱
t❤❡ ❛❝❝✉r❛❝② ♦r❞❡r ❛❧✇❛②s r❡❢❡rs t♦ t❤❡ ❣❧♦❜❛❧ ♦♥❡✮✳ ■❢ Az = 0✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s s✐♠♣❧②
♦❜t❛✐♥❡❞ ❜② s✉❜st✐t✉t✐♥❣ ✐t ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s✳ ■♥ ❘❡❢✳❬✷✺✵❪✱ ❙tr❛♥❣ ♣r♦♣♦s❡❞ ❛ s❡❝♦♥❞✲
♦r❞❡r ❛❝❝✉r❛t❡ s♣❧✐tt✐♥❣ ✭✇✐t❤ Az = 0✮✱ ❣✐✈❡♥ ❜②

e∆t(Ax+Ay) = e
∆t
2
Axe∆tAye

∆t
2
Ax +O[(∆t)3], ✭✸✳✷✽✮

❚❤✐s ♠❡❛♥s ✇❡ ✜rst s♦❧✈❡ t❤❡ 1st ❡q✉❛t✐♦♥ ♦❢ s②st❡♠ ✭✸✳✷✺✮ ♦✈❡r ∆t
2 ✳ ❚❤❡♥✱ t❤❡ 2d ♦♥❡ ♦✈❡r ∆t✳

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥t✐♥✉❡ s♦❧✈✐♥❣ t❤❡ 1st ♦♥❡ ♦✈❡r t❤❡ r❡♠❛✐♥✐♥❣ ❤❛❧❢ t✐♠❡ st❡♣ ∆t
2 ✳ ■❢ t❤❡ ♦♣❡r❛t♦rs

✐♥✈♦❧✈❡ t❤❡ ❛❞✈❡❝t✐♦♥ ✈❡❧♦❝✐t✐❡s ✭Ai = ui
∂
∂xi

✮✱ ✇❡ s❛② t❤❛t f ✐s ❛❞✈❡❝t❡❞ ❛❧♦♥❣ t❤❡ x ❞✐r❡❝t✐♦♥

♦✈❡r ∆t
2 ✱ ❢♦❧❧♦✇❡❞ ❜② ❛ ❝♦♠♣❧❡t❡ ❛❞✈❡❝t✐♦♥ ❛❧♦♥❣ y✱ t❤❡♥ ❜② ❛♥♦t❤❡r ❛❞✈❡❝t✐♦♥ ❛❧♦♥❣ x ♦✈❡r ∆t

2 ✳
■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♦❜t❛✐♥ t❤❡ ❛❝❝✉r❛❝② ♦r❞❡r ♦❢ ❊q✳✭✸✳✷✽✮ ❜② ❛♣♣❧②✐♥❣ t❤❡ s❛♠❡ ❡①♣❛♥s✐♦♥
♠❡t❤♦❞✳ ❆s t❤❡ ♥❛♠❡ t❡❧❧s✱ ✐t ✐s s❡❝♦♥❞✲♦r❞❡r ❛❝❝✉r❛t❡✳ ❆❧s♦✱ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤✐s 2d✲♦r❞❡r
s♣❧✐tt✐♥❣ t♦ t❤❡ ❝❛s❡ ✇✐t❤ t❤r❡❡ ♦♣❡r❛t♦rs ❣✐✈❡♥ ❜② ❊q✳✭✸✳✷✷✮ ②✐❡❧❞s

e∆t(Ax+Ay+Az) = e
∆t
2
Axe

∆t
2
Aye∆tAze

∆t
2
Aye

∆t
2
Ax +O[(∆t)3], ✭✸✳✷✾✮

❍✐❣❤❡r ❛❝❝✉r❛❝② ✇✐t❤ s♣❧✐tt✐♥❣ ♠❡t❤♦❞s ❛r❡ ♣♦ss✐❜❧❡✱ ❜✉t t❤❡② r❡q✉✐r❡ ❢✉rt❤❡r s✉❜st❡♣s ♦r
❣♦✐♥❣ ❜❛❝❦ ✐♥ t✐♠❡✱ ❛♥❞ ❛ ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❛❧❣❡❜r❛✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ✷❉✸❱ ✈❡rs✐♦♥ ♦❢
t❤❡ ❱▲❊▼✱ ✇❡ ✉s❡ ❊q✳✭✸✳✷✽✮ t♦ ❛❞✈❡❝t t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ ✷❉ s♣❛❝❡ ❣r✐❞✳ ■❢ ♦♥❡ ✐♥t❡♥❞s
t♦ ❛❞♦♣t ❛ ❤✐❣❤❡r s♣❧✐tt✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ ♠❛✐♥ ❝♦♥s❡q✉❡♥❝❡ ✐s ❛ ♠❛ss✐✈❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts ❛♥❞ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❝♦❞❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ❜r✐❡✢② ❡①♣❧❛✐♥ t❤❡ ♠❡t❤♦❞ ❢♦r
♦❜t❛✐♥✐♥❣ ❛ ❤✐❣❤❡r✲♦r❞❡r s♣❧✐tt✐♥❣ t❤❛t ❝❛♥ ❜❡ ❤❡❧♣❢✉❧ ✐❢ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ♣❤❛s❡ s♣❛❝❡ ❛r❡
r❡❧❛t✐✈❡❧② ❧♦✇✱ ❛♥❞ ❛❧s♦ ❤❡❧♣ ✉s t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❣❡♥❡r❛❧ ✐❞❡❛ ❜❡❤✐♥❞ ✐t ❬✷✻✾✱ ✷✼✵❪✳

❚❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✿ ❣✐✈❡♥ t✇♦ ♦♣❡r❛t♦rs Ax ❛♥❞ Ay✱ ✜♥❞ t❤❡ s❡t ♦❢ r❡❛❧
♥✉♠❜❡rs ✭a1, a2, ...., ak✮ ❛♥❞ ✭b1, b2, ...., bk✮ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❤♦❧❞s✱

e∆t(Ax+Ay) =
k∏

i=1

eai∆tAxebi∆tAy +O[(∆t)p+1], ✭✸✳✸✵✮

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

M(∆t) :=
k∏

i=1

eai∆tAxebi∆tAy = e{∆t(Ax+Ay)+O[(∆t)p+1]} ✭✸✳✸✶✮

✾✶



❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈ ❙②st❡♠

❚♦ ❞♦ s♦✱ ✇❡ ❡①♣❛♥❞ t❤❡ ▲❍❙ ♦❢ t❤❡ ❡q✉❛❧✐t② ✐♥ t❤❡ ♣♦✇❡r ♦❢ ∆t ❛♥❞ ♠❛t❝❤ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢
❡q✉❛❧ ♣♦✇❡rs ✉♣ t♦ t❤❡ ♦r❞❡r p✳ ■♥ t❤✐s ✇❛②✱ ◆❡r✐ ❬✷✻✾❪ ❛♥❞ ❋♦r❡st ❛♥❞ ❘✉t❤ ❬✷✼✶❪ ♣r♦♣♦s❡❞ ❛
4th✲♦r❞❡r ✐♥t❡❣r❛t♦r ❢♦r ❛ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠✳ ❆s ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡✱ ✐❢ p = 1✱ t❤❡♥ ❊q✳✭✸✳✸✵✮
②✐❡❧❞s

a1 + a2 + ....+ ak = 1, b1 + b2 + ....+ bk = 1,

❚❤❡ s✐♠♣❧❡st s♦❧✉t✐♦♥ ✐s k = 1✱ a1 = b1 = 1✱ ✇✐t❤ ai = bi = 0 ❢♦r i > 1 ✇❤✐❝❤ ✐s t❤❡
1st✲♦r❞❡r s♣❧✐tt✐♥❣ ♦❜t❛✐♥❡❞ ❛❜♦✈❡ ✲❊q✳✭✸✳✷✹✮ ✇✐t❤ Az = 0✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦❝❡❞✉r❡ ❛♥❞ ✐♥✈♦❧✈❡❞
❛❧❣❡❜r❛ ❛r❡ ✈❡r② ❧♦♥❣ ❛♥❞ t❤❡② ❛r❡ q✉✐t❡ ❞✐✣❝✉❧t t♦ ❢♦❧❧♦✇ ✇❤❡♥ tr②✐♥❣ t♦ ✜♥❞ ❛ ♠✉❝❤ ❤✐❣❤❡r✲
♦r❞❡r s♣❧✐tt✐♥❣ ✭≥ 4✮✳ ❆ ❜❡❛✉t✐❢✉❧✱ ②❡t ❡①tr❡♠❡❧② ♣♦✇❡r❢✉❧ s♦❧✉t✐♦♥ ❝❛♠❡ ✐♥ ❛ ♣❛♣❡r ♦❢ ❨♦s❤✐❞❛
♣✉❜❧✐s❤❡❞ ✐♥ ✶✾✾✵ ❬✷✼✷❪ ✳ ■♥ ❤✐s ♣❛♣❡r✱ ❨♦s❤✐❞❛ ♠❛❞❡ ✉s❡ ♦❢ ❇❛❦❡r✲❈❛♠♣❜❡❧❧✲❍❛✉s❞♦r✛ ✭❇❈❋✮
❢♦r♠✉❧❛ ❬✷✼✸❪ t♦ ✜♥❞ s♣❧✐tt✐♥❣ ♦❢ ❛♥② ♦r❞❡r✳ ❚❤✐s ♠❡t❤♦❞ ✐s t❤❡ s✉❜❥❡❝t ♦❢ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✸✳✹✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ ❍✐❣❤✲❖r❞❡r ❙♣❧✐tt✐♥❣

❇❈❋ ❋♦r♠✉❧❛ st❛t❡s t❤❛t ❢♦r ❛♥② ♥♦♥✲❝♦♠♠✉t❛t✐✈❡ ♦♣❡r❛t♦rs C ❛♥❞ D✱ t❤❡ ♣r♦❞✉❝t eCeD ❝❛♥
❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♦❢ ♦♥❡ ♦♣❡r❛t♦r B✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❛s ❛♥ ✐♥✜♥✐t❡ s❡r✐❡s
♦❢ ❝♦♠♠✉t❛t♦rs ♦❢ t❤❡s❡ ♦♣❡r❛t♦rs ❬✷✼✹❪✳ ❚❤❡ ❢♦r♠✉❧❛ ✐s

eCeD = eB, where

B = C +D +
1

2
[C,D] +

1

12

(

[C,C,D] + [D,D,C]
)

+
1

24
[C,D,D,C]

− 1

720

(

[C,C,C,C,D] + [D,D,D,D,C]
)

+
1

360

(

[C,D,D,D,C] + [D,C,C,C,D]
)

+
1

120

(

[C,C,D,D,C] + [D,D,C,C,D]
)

+ ....

✭✸✳✸✷✮

❲❤❡r❡ t❤❡ ❤✐❣❤❡r✲♦r❞❡r ❝♦♠♠✉t❛t♦rs ✭P♦✐ss♦♥ ❜r❛❝❦❡ts✮ ❛r❡ ❣✐✈❡♥ ❜②

[A,B] = AB −BA, [A,B,C] = [A, [B,C]], [A,B,C,D] = [A, [B, [C,D]]], ✭✸✳✸✸✮

❊q✳✭✸✳✷✽✮ ✐s ❛ ♣r♦❞✉❝t ♦❢ t❤r❡❡ ♦♣❡r❛t♦rs✳ ❚❤❡r❡❢♦r❡✱ ✐t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ t♦ ❡①t❡♥❞ ❇❈❋ t♦ ✐♥❝❧✉❞❡
t❤✐s ❝❛s❡✳ ■t ✐s ❡❛s② t♦ s❤♦✇ ❜② r❡♣❡❛t❡❞❧② ❛♣♣❧②✐♥❣ t❤✐s ❢♦r♠✉❧❛ t♦ eCeDeC ✱ t❤❛t ♦♥❡ ✜♥❞s
eB = eCeDeC ✱ ✇❤❡r❡

B = 2C +D +
1

6
[D,D,C]− 1

6
[C,C,D] +

7

360
[C,C,C,C,D]− 1

360
[D,D,D,D,C]

+
1

90
[C,D,D,D,C] +

1

45
[D,C,C,C,D]− 1

60
[C,C,D,D,C] +

1

30
[D,D,C,C,D] + ...

✭✸✳✸✹✮

◆♦✇✱ t❛❦✐♥❣ C = ∆t
2 Ax✱ ❛♥❞ D = ∆tAy ✇❤✐❝❤ r❡♣r❡s❡♥t t❤❡ s♣❧✐tt✐♥❣ ♦♣❡r❛t♦rs ✐♥ ❊q✳✭✸✳✷✽✮✱

t❤❡ ♣r❡✈✐♦✉s ✐❞❡♥t✐t② ❣✐✈❡s

B = ∆t(Ax +Ay) +
(∆t)3

12
[Ay, Ay, Ax]−

(∆t)3

24
[Ax, Ax, Ay] +

7(∆t)5

5760
[Ax, Ax, Ax, Ax, Ay]

− (∆t)5

720
[Ay, Ay, Ay, Ay, Ax] +

(∆t)5

360
[Ax, Ay, Ay, Ay, Ax] +

(∆t)5

360
[Ay, Ax, Ax, Ax, Ay]

− (∆t)5

480
[Ax, Ax, Ay, Ay, Ax] +

(∆t)5

120
[Ay, Ay, Ax, Ax, Ay] + ...

✭✸✳✸✺✮

✾✷



✸✳✺✳ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❆♣♣r♦❛❝❤ ❢♦r t❤❡ ❱❧❛s♦✈ ❊q✉❛t✐♦♥

❚❤✉s ❊q✳✭✸✳✷✽✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s

M2(∆t) = e
∆t
2
Axe∆tAye

∆t
2
Ax = eB = e[∆tα1+(∆t)3α3+(∆t)5α5+...], ✭✸✳✸✻✮

✇❤❡r❡ α1✱ α3✱ ❛♥❞ α5 ❛r❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ♣♦✇❡rs (∆t)✱ (∆t)3✱ ❛♥❞ (∆t5)✱ r❡s♣❡❝t✐✈❡❧②✳
❋♦r ❡①❛♠♣❧❡✱ α1 = (Ax +Ay)✱ ❛♥❞ α3 =

1
12 [Ay, Ay, Ax]− 1

24 [Ax, Ax, Ay]✳
◆♦✇ ✇❡ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ ✉s❡ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥ ✐♥ ❝♦♥str✉❝t✐♥❣ s♣❧✐tt✐♥❣ s❝❤❡♠❡s

♦❢ ❛ ❤✐❣❤❡r ♦r❞❡r✳ ❍♦✇❡✈❡r✱ ❜❡❢♦r❡ ❞♦✐♥❣ s♦✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ s♣❡❝✐❛❧ ❝❧❛ss ♦❢ ♦♣❡r❛t♦rs✿ ♦♣❡r❛t♦rs
✇✐t❤ ❡①❛❝t t✐♠❡ r❡✈❡rs✐❜✐❧✐t②✳

❆ s②♠♠❡tr✐❝ ♦♣❡r❛t♦r M(∆t) ❞✐s♣❧❛②s ❡①❛❝t t✐♠❡ r❡✈❡rs✐❜✐❧✐t② ✐❢

M2(∆t)M2(−∆t) =M2(−∆t)M2(∆t) = I, ✭✸✳✸✼✮

❉✉❡ t♦ t❤❡ ❡①❛❝t t✐♠❡ r❡✈❡rs✐❜✐❧✐t② ❛♥❞ s②♠♠❡tr② ♦❢ t❤❡ ♦♣❡r❛t♦r M(∆t)✱ ❛❧❧ t❤❡ t❡r♠s ♦❢
❡✈❡♥ ♣♦✇❡rs ♦❢ ∆t ❛r❡ ❡q✉❛❧ t♦ ③❡r♦✳ ❚❤❡ ♠❛✐♥ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ♣r♦♣❡rt② ✐s t❤❛t ✐t ❛❧❧♦✇s
✉s t♦ ❝♦♥str✉❝t ❤✐❣❤❡r✲♦r❞❡r s♣❧✐tt✐♥❣ s❝❤❡♠❡s ✭4th, 6th, 8th...✮ ❜② t❛❦✐♥❣ t❤❡ s②♠♠❡tr✐❝ ♣r♦❞✉❝t
♦❢ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ♦❢ ❛ ❧♦✇❡r ♦r❞❡r✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ❡st❛❜❧✐s❤ ❛ 4th✲♦r❞❡r s♣❧✐tt✐♥❣ ❜② ❛
s②♠♠❡tr✐❝ ♣r♦❞✉❝t ♦❢ ❛ 2d✲♦r❞❡r ♦♥❡✱ ❛s ✐t ❢♦❧❧♦✇s✿

M4(∆t) =M2(d2∆t)M2(d1∆t)M2(d2∆t), ✭✸✳✸✽✮

◆♦✇ s✉❜st✐t✉t✐♥❣ ❊q✳✭✸✳✸✻✮ ❢♦r M2(d2∆t) ❛♥❞ M2(d1∆t) ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ✜♥❞

M4(∆t) = e[∆t(d1+2d2)α1+(∆t)3(d31+2d32)α3+(∆t)5(d51+2d52)α5+...], ✭✸✳✸✾✮

❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t α1 = Ax + Ay✱ ✇❡ ❞❡♠❛♥❞ d1 + 2d2 = 1 ❛♥❞ d31 + 2d32 = 0 t♦ ❡♥s✉r❡ t❤❛t

M4 ✐s 4th✲♦r❞❡r ❛❝❝✉r❛t❡✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s d1 = − 21/3

2−21/3
, d2 =

1
2−21/3

✳ ❚❤✉s M4 r❡❛❞s✱

M4(∆t) = e
d2∆t

2
Axed2∆tAye

d2∆t
2

Axe
d1∆t

2
Axed1∆tAye

d1∆t
2

Axe
d2∆t

2
Axed2∆tAye

d2∆t
2

Ax ✭✸✳✹✵✮

❚❤❡ ♣r❡❝❡❞✐♥❣ ❛♥❛❧②s✐s ❣✐✈❡s ❛♥ ✐❞❡❛ ❛❜♦✉t t❤❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ❛♥❞ ❤♦✇ ❝♦♠♣❧❡① t❤❡ ♠❡t❤♦❞
❜❡❝♦♠❡s ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ ✐ts ❛❝❝✉r❛❝②✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ 2d✲♦r❞❡r s♣❧✐tt✐♥❣ ✭M2✮✱ t❤r❡❡ ❡q✉❛t✐♦♥s
♠✉st ❜❡ s♦❧✈❡❞ ❝♦♥s❡❝✉t✐✈❡❧②✱ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ ✇✐❧❧ ❜❡ ❛ st❛rt✐♥❣ ♣♦✐♥t ❢♦r t❤❡ s✉❜s❡q✉❡♥t
♦♥❡✳ ❲❤❡♥ ❛❞♦♣t✐♥❣M4✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r♠❡❞✐❛t❡ st❡♣s ✐♥❝r❡❛s❡s t♦ 9 = 32✱ ✇❤✐❧❡ ✐t ❜❡❝♦♠❡s
27 = 33 ❢♦r M6✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ✐♥❝r❡❛s❡s ✇❤❡♥ ❛ t❤✐r❞ ♦♣❡r❛t♦r Az ✐s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣r♦❜❧❡♠✳
◆❡✈❡rt❤❡❧❡ss✱ ❛ ♠❡t❤♦❞ t❤❛t ❝♦♠❜✐♥❡s t❤❡ ♣r✐♥❝✐♣❧❡s ♦❢ t❤❡ t✐♠❡ s♣❧✐tt✐♥❣✱ t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥
❛♣♣r♦❛❝❤✱ ❛♥❞ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛❧♦♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ❛❧❧♦✇s ❛
r♦❜✉st ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ❱▼ s②st❡♠ ❛♥❞ ❛❧❧♦✇s ✉s t♦ ❡①♣❧♦r❡ ❛ ❜r♦❛❞ s♣❡❝tr✉♠ ♦❢ ❦✐♥❡t✐❝
♣❧❛s♠❛ ♣❤❡♥♦♠❡♥❛✳

✸✳✺ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❆♣♣r♦❛❝❤ ❢♦r t❤❡ ❱❧❛s♦✈ ❊q✉❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①♣❧❛✐♥ ♦♥❡ ♦❢ t❤❡ ❝♦r♥❡rst♦♥❡s ♦❢ t❤❡ ❱▲❊▼ ❝♦❞❡✿ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛❧♦♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❲❡ st❛rt ❜② ✇r✐t✐♥❣ t❤❡ ❛❞✈❡❝t✐✈❡ ❢♦r♠ ♦❢ ❱❧❛s♦✈
❡q✉❛t✐♦♥ ✇❤✐❝❤ ❣✐✈❡s ❞❡❡♣ ✐♥s✐❣❤t ♦♥ t❤❡ ❊✉❧❡r✐❛♥ ❛♣♣r♦❛❝❤✳ ❚❤❡♥✱ ✇❡ ❢♦r♠✉❧❛t❡ t❤❡ ♣r♦❜❧❡♠
✐♥ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠ ❛♥❞ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳
▲❛st❧②✱ ✇❡ ❡①♣❧❛✐♥ t❤❡ ♠❛✐♥ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞✳ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ r❡❛❞s

∂f

∂t
+

p

mγ
· ∂f
∂r

+ q
(

E+
p

mγ
×B

)

· ∂f
∂p

= 0. ✭✸✳✹✶✮

✾✸



❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈ ❙②st❡♠

❋✐❣✉r❡ ✸✳✹✿ ❆ ●❛✉ss✐❛♥ ✇❛✈❡ ✭❧❡❢t✮ ♣r♦♣❛❣❛t❡s ✐♥ t❤❡ x✲♣♦s✐t✐✈❡ ❞✐r❡❝t✐♦♥ ✇✐t❤ ❝♦♥st❛♥t ✈❡❧♦❝✐t②
v = 2✱ ❛t t✇♦ ❞✐✛❡r❡♥t t✐♠❡s t1 = 1✱ ❛♥❞ t2 = 2✳ ❆s s❤♦✇♥✱ t❤❡ ❢✉♥❝t✐♦♥ f ✐s ❡①❛❝t❧② t❤❡
s❛♠❡ ❛t t❤❡ ❡①tr❡♠✐t✐❡s ♦❢ ❛♥② ❝❤❛r❛❝t❡r✐st✐❝s✱ t❤❛t ✐s f{x(t)} = f{x(t) − v∆t}✳ ❋♦r ❡①❛♠♣❧❡✱
f{x(2)} = f{x(2) − 2 ∗ (t2 − t1)} = f(2.5) = 1✱ ✇❤❡r❡ x(2) = 4.5✳ ❚❤❡ ❝✉r✈❡ ✇✐❧❧ ✢❛tt❡♥
✇✐t❤ t✐♠❡ ✐❢ t❤❡ ❞✐✛✉s✐♦♥ ✐s ✐♥✈♦❧✈❡❞✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s ❝❛s❡✱ f ✐s ♥♦ ❧♦♥❣❡r ❝♦♥s❡r✈❡❞ ❛❧♦♥❣
t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❖♥ t❤❡ r✐❣❤t✱ ✇❡ ♣❧♦t t❤❡ ♣r✐♥❝✐♣❧❡ ❜❡❤✐♥❞ t❤❡ ❜❛❝❦✇❛r❞ s❡♠✐✲▲❛❣r❛♥❣✐❛♥
♠❡t❤♦❞✳ ❆t ❡✈❡r② t✐♠❡ st❡♣ t0 + ∆t✱ ✇❡ tr❛❝❡ ❜❛❝❦ ✐♥ t✐♠❡✱ ❢♦r ❛❧❧ t❤❡ ♣♦✐♥ts ♦❢ t❤❡ ❊✉❧❡r✐❛♥
♣❤❛s❡ s♣❛❝❡ ❣r✐❞✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛❧♦♥❣ ✐ts ❝❤❛r❛❝t❡r✐st✐❝s t♦ ❡st✐♠❛t❡ ✐ts ❝✉rr❡♥t ✈❛❧✉❡s✳

■♥ t❤❡ ♣r❡✈✐♦✉s ❧✐♥❡✱ ✇❡ ✇r♦t❡ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✐♥ ✐ts ♣✉r❡❧② ❛❞✈❡❝t✐✈❡ ❢♦r♠✳ ■♥ ♣r✐♥❝✐♣❧❡✱ ✐t
t❤❡r❡❢♦r❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❛♠❡ ❢❛♠✐❧② ♦❢ ❊q✳✭✸✳✷✷✮✳ ❚❤❡ ✜rst t❡r♠ ❣✐✈❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ f
✇✐t❤ t✐♠❡ ❛t ❛ ✜①❡❞ ♣♦✐♥t ✐♥ t❤❡ ♣❤❛s❡✲s♣❛❝❡✱ ✭xi1 , yi2 , zi3 , px;j1 , py;j2 , pz;j3✮✳ ❚❤❡ s❡❝♦♥❞ ❛♥❞ t❤❡
t❤✐r❞ t❡r♠s ♦❢ t❤✐s ❡q✉❛t✐♦♥ r❡♣r❡s❡♥t t❤❡ ❛❞✈❡❝t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ s♣❛t✐❛❧ ❛♥❞
♠♦♠❡♥t✉♠ ♣❛rts ♦❢ t❤❡ ♣❤❛s❡ s♣❛❝❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ✈❡❝t♦r ✜❡❧❞ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤✐s ❛❞✈❡❝t✐♦♥
✐♥ t❤❡ r❡❛❧ s♣❛❝❡ ✐s t❤❡ ✈❡❧♦❝✐t② ✭v = p

mγ ✮✱ ✇❤✐❧❡ t❤❡ ▲♦r❡♥t③ ❢♦r❝❡ ✭FL = q(E + p
mγ × B)✮ ✐s

r❡s♣♦♥s✐❜❧❡ ♦❢ t❤❡ ❛❞✈❡❝t✐♦♥ ✐♥ t❤❡ ♠♦♠❡♥t✉♠ s♣❛❝❡✳ ❚❤❡ ❛❜s❡♥❝❡ ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥ t❡r♠ ♦♥ t❤❡ ❘❍❙
♦❢ t❤❡ ❡q✉❛t✐♦♥ ✐♠♣❧✐❡s t❤❡ ❛❜s❡♥❝❡ ♦❢ ❞✐✛✉s✐♦♥✱ ✇❤✐❝❤ ♣r♦♠♦t❡s ❢✉rt❤❡r t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ 2d✲♦r❞❡r
s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ ❢♦r ✐ts ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥✳ ■t ❛❧s♦ ♠❡❛♥s t❤❛t ♣❛rt✐❝❧❡s✬ tr❛❥❡❝t♦r✐❡s
❝❛♥ ♥♦t ✐♥t❡rs❡❝t✳ ❆❝❝♦r❞✐♥❣❧②✱ ✐t str♦♥❣❧② ♠♦t✐✈❛t❡s ❡♠♣❧♦②✐♥❣ t❤❡ ✐❞❡❛ ♦❢ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ f
❛❧♦♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❝✉r✈❡s ♦❢ t❤✐s ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✱ ✐♥ t❤❡ ❊✉❧❡r✐❛♥ ❛♣♣r♦❛❝❤✱ ✇❡ tr❛❝❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♣❤②s✐❝❛❧
q✉❛♥t✐t✐❡s ❛t ✜①❡❞ ♣♦✐♥ts ✐♥ t❤❡ ♣❤❛s❡ s♣❛❝❡✳ ❚❤✉s✱ ✐❢ ✇❡ ❞✐r❡❝t❧② ❞✐s❝r❡t✐③❡ ❊q✳✭✸✳✹✶✮✱ ❝♦♥s✐❞✲
❡r✐♥❣ t❤❡ ♠♦♠❡♥t✉♠ ❛♥❞ ♣♦s✐t✐♦♥s ❛s ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s✱ t❤❡ r❡s✉❧t ✐s ❛ ❊✉❧❡r✐❛♥ ❣r✐❞✳ ❚❤❡
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱ ✐♥ t❤✐s ❝❛s❡✱ ✐s ❛ s❝❛❧❛r ✻❉ ✜❡❧❞✳

◆♦✇ ✇❡ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ❛♥❞ t♦ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❱❧❛s♦✈
❡q✉❛t✐♦♥✳ ❈♦♠❜✐♥✐♥❣ t❤❡ t✇♦ ❛❞✈❡❝t✐✈❡ ✜❡❧❞s ✭vr✱FL✮ ✐♥t♦ ♦♥❡ ✜❡❧❞ V ❣✐✈❡♥ ❜②

V =
(

vr,FL

)

, ∇tot =
( ∂

∂r
,
∂

∂p

)T
✭✸✳✹✷✮

t❤❡♥✱ ❊q✳✭✸✳✹✶✮ r❡❛❞s✱
∂f

∂t
+V.∇totf = 0. ✭✸✳✹✸✮

❚❤❡ ❧❡❢t ❢r❛♠❡ ♦❢ ❋✐❣✳✸✳✹ s❤♦✇s t❤❡ s♦❧✉t✐♦♥ ❢♦r ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❛❞✈❡❝t✐♦♥ ♣r♦❜❧❡♠ ❛t t✇♦

✾✹



✸✳✺✳ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❆♣♣r♦❛❝❤ ❢♦r t❤❡ ❱❧❛s♦✈ ❊q✉❛t✐♦♥

❞✐✛❡r❡♥t t✐♠❡s t = 1, 2✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t❡s ❛❧♦♥❣ x✲❞✐r❡❝t✐♦♥
✇✐t❤ ✈❡❧♦❝✐t② v = 2✱ ✐♥ ❛❜s❡♥❝❡ ♦❢ ❞✐✛✉s✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ r❡♠❛✐♥s
t❤❡ s❛♠❡ ❛s t✐♠❡ ♣❛ss❡s✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ ✐s ❝♦♥st❛♥t ❛❧♦♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❡q✉❛t✐♦♥✱
✇❤✐❝❤ ❛r❡ ❣✐✈❡♥ ❜② dx

dt = v = 2 =⇒ x(t) = 2 ∗ t + c0✳ ❲❡ ❝❛♥ ❡①♣r❡ss t❤✐s ❢❛❝t ❜② st❛t✐♥❣
f{x(t)} = const✳ ❇❛s✐❝❛❧❧②✱ ❊q✳✭✸✳✹✸✮ ❤❛s t❤❡ s❛♠❡ ❢♦r♠✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛❧♦♥❣ ✐ts ❝❤❛r❛❝t❡r✐st✐❝s✳ ❚❤✉s✱ ❊q✳✭✸✳✹✸✮ ❣✐✈❡s

df

dt
= 0, =⇒ f{x(t;X, s)} = const ✭✸✳✹✹✮

❚❤✐s ❡q✉❛t✐♦♥ ❛ss❡rts t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛t ♣♦✐♥t x ✐♥ ♣❤❛s❡ s♣❛❝❡ ❛♥❞ ❛t t✐♠❡ t
✐s ❡q✉❛❧ t♦ ✐ts ✈❛❧✉❡ ❛t ♣♦✐♥t X ❛t ♣r❡✈✐♦✉s t✐♠❡ s✱ ❦♥♦✇✐♥❣ t❤❛t t❤❡s❡ t✇♦ ❧♦❝❛t✐♦♥s r❡♣r❡s❡♥t
t❤❡ ❡①tr❡♠✐t✐❡s ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡♠ ❛t t❤❡ ♣r❡s❝r✐❜❡❞ t✐♠❡s✱ ❛s s❤♦✇♥ ✐♥
t❤❡ r✐❣❤t ❢r❛♠❡ ♦❢ ❋✐❣✳✸✳✹✳ ■♥ t❤✐s ✜❣✉r❡✱ f ✐s ♦❜t❛✐♥❡❞ ❛t t✐♠❡ t0 +∆t ❛♥❞ t❤❡ ♣♦s✐t✐♦♥ x ✐♥ t❤❡
♣❤❛s❡ s♣❛❝❡ ❜② ❛❞✈❡❝t✐♥❣ ✐ts ✈❛❧✉❡ ❢r♦♠ ♣♦✐♥t X ❛t ❡❛r❧✐❡r t✐♠❡ t0✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥s
❛r❡ ❣✐✈❡♥ ❜②

dr

dt
=

p

mγ
, ✭✸✳✹✺❛✮

dp

dt
= q
(

E+
p

mγ
×B

)

, ✭✸✳✹✺❜✮

■❢ ✇❡ ♥♦✇ r❡❧❛① t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t x ✐s ❛ ✜①❡❞ ♣♦✐♥t ✐♥ t❤❡ ♣❤❛s❡ s♣❛❝❡✱ ❊q✳✭✸✳✹✹✮ r❡♣r❡s❡♥ts t❤❡
▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ■♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥✱ ✇❡ ❛r❡ ♥♦t ✐♥t❡r❡st❡❞ ✐♥ ❡✈❛❧✉❛t✐♥❣
t❤❡ ✜❡❧❞s ❛t ❞✐st✐♥❝t ♣♦s✐t✐♦♥s ✭❊✉❧❡r✐❛♥ ❣r✐❞✮ ❛t ❡✈❡r② t✐♠❡ st❡♣✳ ■♥st❡❛❞✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ❡✈♦❧✉t✐♦♥
♦❢ ❛ s❡t ♦❢ ❝❤❛r❛❝t❡r✐st✐❝s t❤❛t ❝❛♥ ❡♥❞ ❛♥②✇❤❡r❡ ✐♥ t❤❡ ❝♦♥t✐♥✉✉♠ ♣❤❛s❡✲s♣❛❝❡ ❞♦♠❛✐♥✱ t❤❛t ✐s✱
✇❡ ❧❡t t❤❡ s②st❡♠ ❡✈♦❧✈❡ ❢r❡❡❧② ✇✐t❤♦✉t ❢♦r❝✐♥❣ ✐t t♦ ❛❧✇❛②s s❡tt❧❡ ♦♥ ❧♦❝❛t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ♣♦✐♥t ♦❢ t❤❡ ❊✉❧❡r✐❛♥ ❣r✐❞ ✐♥ t❤❡ ♣❤❛s❡✲s♣❛❝❡✳ ❊✈❡♥ ✐❢ t❤❡ s✐♠✉❧❛t✐♦♥ st❛rt❡❞ ✇✐t❤ ❛ ❤✐❣❤❧②
✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✱ t❤❡ s②st❡♠ ❝❛♥ ❧❡❛❞ t♦ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ♥❛rr♦✇ ♣❛rt✐❝❧❡ ✜❧❛♠❡♥ts ✐♥ t❤❡
♣❤❛s❡✲s♣❛❝❡✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❢❡❡❞s t❤❡ st❛t✐st✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♥♦✐s❡ ✐♥ t❤❡ s♦❧✉t✐♦♥ ❬✷✹✶❪✳

❙♦✱ ❤♦✇ t♦ ❥♦✐♥ ❛❞✈❛♥t❛❣❡s ❢r♦♠ t❤❡ t✇♦ ❛♣♣r♦❛❝❤❡s❄ ❋♦r ✐♥st❛♥❝❡✱ ❝❛♥ ✇❡ ♠❛✐♥t❛✐♥ t❤❡ ❤✐❣❤
r❡s♦❧✉t✐♦♥ ❛❝❤✐❡✈❛❜❧❡ ✐♥ ❊✉❧❡r✐❛♥ ♠❡t❤♦❞s✱ ✇❤✐❧❡ ❛✈♦✐❞✐♥❣ ❈❋▲ st❛❜✐❧✐t② ❝r✐t❡r✐♦♥ ❛♥❞ ❞❛♠♣✐♥❣
✐ss✉❡s❄ ❆❧s♦✱ ✐s ✐t ♣♦ss✐❜❧❡ t♦ ✜♥❞ ❛ ✇❛② ❛❧❧♦✇✐♥❣ ✉s t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ ♣♦s✐t✐✈❡ s✐❞❡s ♦❢ ▲❛❣r❛♥❣✐❛♥
♠❡t❤♦❞s✱ s✉❝❤ ❛s t❤❡ ❛❜s❡♥❝❡ ♦❢ ❈❋▲ ❝♦♥❞✐t✐♦♥s✱ ❛s ✐t ✐s t❤❡ ❝❛s❡ ✐♥ ❊qs✳✭✸✳✹✺❛✱✸✳✹✺❜✮❄ ❈❛♥ ✇❡
♠✐♥✐♠✐③❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♥♦✐s❡ ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡❄ ❚❤❡ ❛♥s✇❡r ✐s ②❡s ❜② ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
s❡♠✐✲▲❛❣r❛♥❣✐❛♥ r❡❝❡✐♣t✿

❋♦❧❧♦✇ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛❧♦♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ✭▲❛❣r❛♥❣✐❛♥
t❤✐♥❦✐♥❣✮✱ ❜✉t ❛t ❞❡✜♥✐t❡ ♣♦s✐t✐♦♥s ❛t t❤❡ ❡♥❞ ♦❢ ❡✈❡r② t✐♠❡ st❡♣ ✭❊✉❧❡r✐❛♥ t❤✐♥❦✐♥❣✮✳

❚❤❡ r✐❣❤t ❢r❛♠❡ ♦❢ ❋✐❣✳✸✳✹ s❤♦✇s t❤❡ ❜❛❝❦✇❛r❞ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❛❧❣♦r✐t❤♠✳ ❍❡r❡✱ ❛t ❡❛❝❤
t✐♠❡ st❡♣✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛t x{t0 + ∆t;X, t0} ✐s ❡st✐♠❛t❡❞ ❜② ❢♦❧❧♦✇✐♥❣ ❜❛❝❦ ✐♥ t✐♠❡
t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤✐s ♣♦✐♥t t♦✇❛r❞ ✐ts st❛rt✐♥❣ ♣♦✐♥t ❛t ♣r❡✈✐♦✉s t✐♠❡ st❡♣
X(t0) ✭❜❧❛❝❦✲❞♦tt❡❞ ❛rr♦✇✮✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❝♦♥st❛♥t ❛❧♦♥❣ t❤✐s ♣❛t❤✳
❍♦✇❡✈❡r✱ X(t0) ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛ ❞✐st✐♥❝t ♣♦✐♥t ♦♥ t❤❡ ♣r❡❞❡✜♥❡❞ ❣r✐❞✳ ■❢ s♦✱ ✐♥t❡r♣♦❧❛t✐♦♥
t❡❝❤♥✐q✉❡s ❛r❡ ❡♠♣❧♦②❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ f ❛t X(t0) ❢r♦♠ ✐ts ♥❡✐❣❤❜♦✉r❤♦♦❞✳ ❲✐t❤ ✐♥t❡r♣♦❧❛t✐♦♥
✐♥ ♠✐♥❞✱ ✇❡ ❤❛✈❡ ♥♦✇ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ ❱▲❊▼ ❝♦❞❡✳

✾✺



❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈ ❙②st❡♠

✸✳✻ ❉♦♠❛✐♥ ❉❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ❱▲❊▼

■♥ t❤❡ ♣r❡❝❡❞✐♥❣ s❡❝t✐♦♥s✱ ✇❡ ❞❡s❝r✐❜❡❞ ✐♥ s♦♠❡ ❞❡t❛✐❧s t❤❡ ❝❡♥tr❛❧ t♦♦❧s ✉s❡❞ t♦ ❞❡s✐❣♥ ❱▲❊▼ ❝♦❞❡✳
❱▲❊▼ ✐s ❛ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❝♦❞❡ t❤❛t ❛❧❧♦✇s ♦♥❡ t♦ s♦❧✈❡ ❜♦t❤ r❡❧❛t✐✈✐st✐❝ ❛♥❞ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ❱▼
s②st❡♠s✳ ■t ❞♦❡s s♦ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ❞✐✛❡r❡♥t t♦♦❧s✱ ♣r❡✈✐♦✉s❧② ❡①♣❧❛✐♥❡❞✱
♥❛♠❡❧② t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤✱ t❤❡ ❨❡❡ ❛❧❣♦r✐t❤♠✱ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝✲
t✐♦♥ ❛❧♦♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s✱ t♦❣❡t❤❡r ✇✐t❤ ✐♥t❡r♣♦❧❛t✐♦♥ s❝❤❡♠❡s✱ ✇❤✐❝❤ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❛❞❞r❡ss
✐♥ ❛ ❧❛t❡r s❡❝t✐♦♥✳ ❇❡❢♦r❡ ❣♦✐♥❣ ❢✉rt❤❡r✱ ✇❡ ❜r✐❡✢② s❛② s♦♠❡ ✇♦r❞s ❛❜♦✉t t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢
❱▲❊▼✳

i j l [is, ie] [js, je]

0 0 0 [0, 15] [0, 15]
0 1 1 [16, 31] [0, 15]
... ... ... ... ...
1 0 16 [0, 15] [16, 31]
... ... ... ... ...
2 3 35 [48, 63] [32, 47]
... ... ... ... ...
5 10 90 [160, 175] [80, 195]
8 3 131 [48, 63] [128, 143]
... ... ... ... ...
11 8 184 [128, 143] [176, 191]
... ... ... ... ...
15 15 255 [240, 255] [240, 255]

❚❛❜❧❡ ✸✳✷✿ ❉♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♠♦♥❣ Nproc,t = 256 ❝♦♠♣✉t✐♥❣ ♥♦❞❡s✱ 16 ❛❧♦♥❣ ❡❛❝❤ ❞✐r❡❝t✐♦♥
Nproc,x = Nproc,y = 16✳ ❍❡r❡ is = j ∗ Nproc,x✱ ie = is + Nproc,x − 1✱ js = i ∗ Nproc,y✱ ❛♥❞
je = js + Nproc,y − 1✳ ■♥ t❤❡ ❧❡❢t ❢r❛♠❡✱ ✇❡ r❡❝♦r❞ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ s♦♠❡ ♣r♦❝❡ss♦rs ❛♥❞
t❤❡✐r ❛tt❛❝❤❡❞ ♣❛t❝❤❡s✳ ■♥ t❤❡ r✐❣❤t ❢r❛♠❡✱ ✇❡ s❤♦✇ ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ▼P■ ✇♦r❧❞ ✭❞♦♠❛✐♥
❞❡❝♦♠♣♦s✐t✐♦♥✮✳ ❚❤❡ ❜❧✉❡ sq✉❛r❡s ❞✐s♣❧❛② t❤❡ ♣❛t❝❤❡s ❧✐st❡❞ ✐♥ t❤❡ t❛❜❧❡✱ ✇❤✐❧❡ t❤❡ ♦r❛♥❣❡ ♦♥❡s
❡①❡♠♣❧✐❢② ♦t❤❡r ♣❛t❝❤❡s✳

❱▲❊▼ ❝♦❞❡ t❛❦❡s ❛❞✈❛♥t❛❣❡ ♦❢ t✇♦ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❧❡✈❡❧s✿ ▼P■ ❛♥❞ ❖▼P ❬s❡❡ ❘❡❢✳❬✷✱ ✷✼✺❪ ❢♦r
❞❡t❛✐❧s❪✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ s♣❛t✐❛❧ ❞♦♠❛✐♥ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ s✉❜❞♦♠❛✐♥s✳ ❊❛❝❤ s✉❜❞♦♠❛✐♥
✭♣❛t❝❤✮ ✐s ❛ss✐❣♥❡❞ t♦ ❛ ❝♦♠♣✉t✐♥❣ ♥♦❞❡ ✭▼P■✮✳ ❚❤✐s ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ st❛rts ❜② s♣❡❝✐❢②✐♥❣
t❤❡ ♥✉♠❜❡r ♦❢ ♣❛t❝❤❡s ❛❧♦♥❣ ❡❛❝❤ s♣❛t✐❛❧ ❞✐r❡❝t✐♦♥✳ ■♥ t❤❡ ✈❡rs✐♦♥ ❱▲❊▼✲✷❉✸❱ ♦❢ t❤❡ ❝♦❞❡✱ Nproc,x✱
❛♥❞ Nproc,y ❞❡♥♦t❡s t❤❡s❡ ♥✉♠❜❡rs ❛❧♦♥❣ x ❛♥❞ y ❞✐r❡❝t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡
♠♦♠❡♥t✉♠ ♣❛rt ♦❢ t❤❡ ❣r✐❞ ✐s tr❡❛t❡❞ ❣❧♦❜❛❧❧② t❤❛t ✐s✱ t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥ ✭px;j1 , py;j2 , pz;j3✮ ✐s ❛❝✲
❝❡ss✐❜❧❡ t♦ ❛❧❧ ❝♦♠♣✉t✐♥❣ ♥♦❞❡s ✭❤❡r❡✱ t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❧❡✈❡❧ ✐s ❖▼P✮✳ ❚❤❡r❡❢♦r❡✱ ❡❛❝❤ ❝♦♠♣✉t✐♥❣
♥♦❞❡ ❤❛s ✐ts ♣❛t❝❤ ♦❢ f ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐③❡ ✐♥ ❱▲❊▼✷❉✸❱

patch
∣
∣
∣
l
= [xis , xie ]× [yjs , yje ]× [px;min, px;max]× [py;min, py;max]× [pz;min, pz;max] ✭✸✳✹✻✮

❍❡r❡ l = Nproc,x ∗ i + j ❧❛❜❡❧s t❤❡ ❝♦♠♣✉t✐♥❣ ♥♦❞❡ ✐♥s✐❞❡ t❤❡ ▼P■ ♣❛r❛❧❧❡❧ ✇♦r❧❞✳ [xis , xie ] ×
[yjs , yje ] ❛r❡ t❤❡ ❛r❡❛ ❞❡✜♥❡❞ ❜② ♣❛t❝❤ l❀ (i, j) r❡♣r❡s❡♥ts ✐ts ✐♥❞✐❝❡s ✐♥ t❤❡ ❞❡❝♦♠♣♦s❡❞ ❞♦♠❛✐♥✿
i = ✐♥t( l

Nproc,x
)✱ ❛♥❞ j = ♠♦❞( l

Nproc,x
)✳ ❲❤❛t ✐s ❧❡❢t ✐s t❤❡ ❝♦♠♣❧❡t❡ ♠♦♠❡♥t✉♠ s♣❛❝❡ ❛ss✐❣♥❡❞

✾✻



✸✳✼✳ ❱❧❛s♦✈ ❙♦❧✈❡r ✐♥ ❱▲❊▼

❋✐❣✉r❡ ✸✳✺✿ ❙tr❛♥❣ ❙♣❧✐tt✐♥❣ ❢♦r ✸❉✸❱ ♣❤❛s❡ s♣❛❝❡✳ ❆t ❡❛❝❤ ❛❞✈❡❝t✐♦♥ st❡♣✱ t❤❡ ✉♣❞❛t❡❞ ✈❛❧✉❡s ♦❢
t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❛r❡ st♦r❡❞ t♦ ❜❡ ✉s❡❞ ❧❛t❡r ✇✐t❤ ❊s✐r❦❡♣♦✈
❝♦rr❡❝t✐♦♥ ♠❡t❤♦❞✳

t♦ ❡❛❝❤ ♣r♦❝❡ss♦r ✲s❡❡ ❋✐❣✳✸✳✷ ❢♦r ❛ ❞❡t❛✐❧❡❞ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤✐s
♠❡t❤♦❞ ♦❢ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❛s s✉❝❝❡ss❢✉❧❧② ✉s❡❞ ✐♥ ❣②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡ st✉❞② ♦❢
❣②r♦❦✐♥❡t✐❝ tr❛♥s♣♦rt ✐♥ ❚♦❦❛♠❛❦s ❬✷✼✻❪ t❤❛t ❤❛s ❧❡❞ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❝♦❞❡ ●❨❙❊▲❆✺❉✱
✇❤✐❝❤ ♣❡r❢♦r♠s ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❛❞✈❡❝t✐♦♥ ✐♥ t❤❡ s♣❛❝❡ ✭r, θ✮ ✭●❨❙❊▲❆✺❉ st❛♥❞s ❢♦r ●❨r♦
❙❊♠✐ ▲❆❣r❛♥❣✐❛♥ ❝♦❞❡ ❬✷✼✼❪✱❬✷❪✮✳

✸✳✼ ❱❧❛s♦✈ ❙♦❧✈❡r ✐♥ ❱▲❊▼

❱▲❊▼ s♦❧✈❡s t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✉s✐♥❣ t✐♠❡ s♣❧✐tt✐♥❣ ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✹ ❬✷✺✵✱ ✷✹✾✱
✷✼✽❪✳ ❚❤✐s ♠❡t❤♦❞ ❡♥❛❜❧❡s ✉s t♦ ❞✐✈✐❞❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✐♥t♦ s❡✈❡r❛❧ ♣❛rts✱ t❤❡♥ t♦ s♦❧✈❡ ❡❛❝❤ ♦❢
t❤❡♠ ✐♥ ❛ s✉❜✲s♣❛❝❡ ✇✐t❤ ❧♦✇❡r ❞✐♠❡♥s✐♦♥s ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣❤❛s❡ s♣❛❝❡✳ ❚❤✐s ♣r♦❝❡❞✉r❡
st❛rts ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s t✐♠❡ st❡♣ fn(r,p)✱ ✇❤❡r❡
✭r,p✮ ❛r❡ ♣♦✐♥ts ♦❢ t❤❡ ♣r❡❞❡✜♥❡❞ ❊✉❧❡r✐❛♥ ❣r✐❞✳ ❚❤❡♥ t❤❡ s♣❧✐t ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞
s✉❜s❡q✉❡♥t❧② s♦ t♦ ♦❜t❛✐♥ fn+1(r,p)✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ♣r❡s❡♥t t❤❡ str❛t❡❣② ♦❢ s♦❧✈✐♥❣ ❊q✳✭✸✳✹✶✮
✐♥ ❛ ✸❉✸❱ ♣❤❛s❡ s♣❛❝❡✳

✶✳ ❋✐rst✱ ✇❡ s♣❧✐t t❤❡ ❢♦r❝❡ ❛♥❞ ✈❡❧♦❝✐t② ♦♣❡r❛t♦rs✳ ❚❤❡ s✐t✉❛t✐♦♥ ✐s ✐❞❡♥t✐❝❛❧ t♦ ❊q✳✭✸✳✷✷✮ ✇✐t❤
Ax = vr.

∂
∂r ✱ Ay = FL · ∂

∂p ❛♥❞ Az = 0✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t✐♠❡ s♣❧✐tt✐♥❣ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣
t✇♦ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱

∂f

∂t
+

p

mγ
· ∂f
∂r

= 0, ✭✸✳✹✼❛✮

∂f

∂t
+ q
(

E+
p

mγ
×B

)

· ∂f
∂p

= 0, ✭✸✳✹✼❜✮

✷✳ ❚❤❡ ✸❉ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥ ❊q✳✭✸✳✹✼❜✮ ✐s s♦❧✈❡❞ ✐♥ t❤❡ ♠♦♠❡♥t✉♠ s♣❛❝❡ ❜② ❛♣♣❧②✐♥❣

✾✼



❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈ ❙②st❡♠

❊q✳✭✸✳✷✽✮✳ ❚❤✉s✱ ✇❡ ❛❣❛✐♥ s♣❧✐t t❤❡ ♣r♦❜❧❡♠ ✐♥t♦ t✇♦ ❡q✉❛t✐♦♥s✱ ♥❛♠❡❧②

∂f

∂t
+ qE · ∂f

∂p
= 0, ✭✸✳✹✽❛✮

∂f

∂t
+ q
( p

mγ
×B

)

· ∂f
∂p

= 0, ✭✸✳✹✽❜✮

❍❡r❡✱ t❤❡ ❊q✳✭✸✳✹✽❜✮ ✐s ❛❞✈❡❝t❡❞ ♦✈❡r ∆t✱ ✇❤✐❧❡ t❤❡ ❊q✳✭✸✳✹✽❛✮ ♦✈❡r ∆t
2 ❢♦r t✇♦ t✐♠❡s✳ ❚❤❡

♠❛❣♥❡t✐❝ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥ ✭❊q✳✸✳✹✽❜✮ ❤❛s ❛♥ ✐♥t❡r❡st✐♥❣ ❢❡❛t✉r❡✿ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡
♣❛rt✐❝❧❡✬s ▲♦r❡♥t③ ❢❛❝t♦r ❞✉r✐♥❣ ✐ts ❣②r♦✲♠♦t✐♦♥ ❛r♦✉♥❞ t❤❡ ✜❡❧❞ ❧✐♥❡s✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦
❞❡t❛✐❧ t❤✐s ♣r♦♣❡rt② ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❛♥ ♥♦ ❧♦♥❣❡r s♣❧✐t ❊qs✳✭✸✳✹✽❜✮
❜❡❝❛✉s❡ t❤❡ t❤r❡❡ ❝♦♠♣♦♥❡♥ts ♦❢ p ✇✐❧❧ ❛♣♣❡❛r ✐♥ t❤❡ r❡s✉❧t✐♥❣ s②st❡♠✳ ❚❤❡r❡❢♦r❡✱ ❛t ❡❛❝❤
t✐♠❡ st❡♣✱ t❤✐s ❡q✉❛t✐♦♥ ✐s s♦❧✈❡❞ ❝♦♥❝✉rr❡♥t❧② ✭ ♦♥❡ ♣❛t❝❤ ♣❡r ❝♣✉✮✳

❚❤❡ r❡s✉❧t ♦❢ t❤✐s st❡♣ ✐s

fP (r,p) = fn{(r,P(tn;p, tn+1)} ✭✸✳✹✾✮

P ❛♥❞ p r❡♣r❡s❡♥t t❤❡ ❡①tr❡♠✐t✐❡s ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❊q✳✭✸✳✹✼❜✮✱ t❤❛t
✐s✱ p ❛t tn+1 ✐s t❤❡ ♣♦✐♥t ♦♥ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ✇❤✐❝❤ st❛rts ❢r♦♠ t❤❡ ♣♦✐♥t P ❛t t❤❡ ♣r❡✈✐♦✉s
t✐♠❡ st❡♣ tn✳

✸✳ ❲❡ s♣❧✐t ❊q✳✭✸✳✹✼❛✮ ✐♥t♦ t❤r❡❡ 1D✲❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥s✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s r❡❛❞

∂f

∂t
+

px
mγ

∂f

∂x
= 0,

∂f

∂t
+

py
mγ

∂f

∂y
= 0,

∂f

∂t
+

pz
mγ

∂f

∂z
= 0, ✭✸✳✺✵✮

❚❤❡♥✱ ✇❡ ❛♣♣❧② ❊q✳✭✸✳✷✾✮✳

✹✳ ❲❡ ♣❡r❢♦r♠ ❤❛❧❢ ❛❞✈❡❝t✐♦♥ ❛❧♦♥❣ t❤❡ x−❞✐r❡❝t✐♦♥✱ ✇❤✐❝❤ ♠❡❛♥s s♦❧✈✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥
♦❢ ✭✸✳✺✵✮ ❢♦r ∆t

2 ✱ ❛♥❞ t❤❡♥ ✉♣❞❛t✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭fP ✮ r❡s✉❧t❡❞
❢r♦♠ t❤❡ ✸❉ ❛❞✈❡❝t✐♦♥ ✐♥ ♠♦♠❡♥t✉♠ s♣❛❝❡✳ ❚❤❡ ♥❡✇ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

f∗(x, y, z,p) = fP (x− px
mγ

∆t

2
, y, z,p), ✭✸✳✺✶✮

✺✳ ❲❡ ♣❡r❢♦r♠ ❤❛❧❢ ❛❞✈❡❝t✐♦♥ ❛❧♦♥❣ t❤❡ z−❞✐r❡❝t✐♦♥✱ ✇❤✐❝❤ ♠❡❛♥s s♦❧✈✐♥❣ t❤❡ t❤✐r❞ ❡q✉❛t✐♦♥
♦❢ ✭✸✳✺✵✮ ❢♦r ∆t

2 ✳ ❚❤❡ ♥❡✇ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

f+(x, y, z,p) = f∗(x, y, z − pz
mγ

∆t

2
,p), ✭✸✳✺✷✮

✻✳ ❲❡ s♦❧✈❡ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ❊qs✳✭✸✳✺✵✮ ♦✈❡r ❛ ❝♦♠♣❧❡t❡ t✐♠❡ st❡♣ ✭∆t✮✱ ✇❤✐❝❤ ❧❡❛❞s t♦

f∗∗(x, y, z,p) = f+(x, y − py∆t

mγ
, z,p), ✭✸✳✺✸✮

✼✳ ❘❡♣❡❛t t❤❡ st❡♣ 5✱ t❤❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❜❡❝♦♠❡s

f++(x, y, z,p) = f∗∗(x, y, z − pz
mγ

∆t

2
,p), ✭✸✳✺✹✮

✾✽



✸✳✽✳ ✸❉ ❆❞✈❡❝t✐♦♥ ✐♥ ▼♦♠❡♥t✉♠ ❙♣❛❝❡ ❆♥❞ ❘♦t❛t✐♦♥ ❚❡♥s♦r

❋✐❣✉r❡ ✸✳✻✿ P ✲❇❛❝❦✇❛r❞ ❡st✐♠❛t♦r✳ P,p ❛r❡ t❤❡ ♠♦♠❡♥t❛ ❛t tn ❛♥❞ tn+1✱ r❡s♣❡❝t✐✈❡❧②✳ A
r❡♣r❡s❡♥ts ❛ s♦❧✈❡r ❢♦r ❊q✳✭✸✳✹✽❛✮ ♦✈❡r ∆t

2 ✱ ✇❤✐❧❡ Rb ✐s ❛ s♦❧✈❡r ❢♦r ❊q✳✭✸✳✹✽❜✮✳ R st❛♥❞s ❢♦r t❤❡
r♦t❛t✐♦♥✱ ❛♥❞ t❤❡ s✉❜s❝r✐♣t b ❢♦r t❤❡ ✉♥✐t ✈❡❝t♦r ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞✳

✽✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♠♣❧❡t❡ t❤❡ ❛❞✈❡❝t✐♦♥ ❛❧♦♥❣ x ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ❤❛❧❢ t✐♠❡ st❡♣ ∆t
2 ✳ ❚❤✐s ❛❧❧♦✇s

✉s t♦ ❝❛❧❝✉❧❛t❡ fn+1❀ t❤✐s ②✐❡❧❞s t❤❡ s♦✉❣❤t s♦❧✉t✐♦♥ ♦❢ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥

fn+1(x, y, z,p) = f++(x− px
mγ

∆t

2
, y, z,p), ✭✸✳✺✺✮

❚❤❡s❡ st❡♣s ❛r❡ s❝❤❡♠❛t✐③❡❞ ✐♥ ❋✐❣✳✸✳✺ ✳ ■♥ t❤❡ ✈❡rs✐♦♥ ❱▲❊▼✷❉✸❱ ♦❢ t❤❡ ❝♦❞❡✱ ✇❡ ❢♦❧❧♦✇
t❤❡ ♣r❡✈✐♦✉s ♣r♦❝❡❞✉r❡✱ ❜✉t ✇❡ r❡♠♦✈❡ t❤❡ st❡♣s 5 ❛♥❞ 7✳ ■t ✐s ❡✈✐❞❡♥t ❤❡r❡ t❤❛t ✭r,P✮✱ (x −
px
mγ

∆t
2 , y, z,p)✱ (x, y, z −

pz
mγ

∆t
2 ,p)✱ ♦r (x, y −

py∆t
mγ , z,p) ♠❛② ♥♦t ❝♦rr❡s♣♦♥❞ t♦ ♣♦✐♥ts ❜❡❧♦♥❣✐♥❣

t♦ t❤❡ ♣❤❛s❡ s♣❛❝❡ ❣r✐❞✳ ❚❤❡r❡❢♦r❡✱ s♦♠❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♠❡t❤♦❞s ❛r❡ ❡♠♣❧♦②❡❞ t♦ ♦❜t❛✐♥ t❤❡ ✜❡❧❞s
❛t t❤❡s❡ ♣♦s✐t✐♦♥s✳

✸✳✽ ✸❉ ❆❞✈❡❝t✐♦♥ ✐♥ ▼♦♠❡♥t✉♠ ❙♣❛❝❡ ❆♥❞ ❘♦t❛t✐♦♥ ❚❡♥s♦r

❚❤❡ ♠❛❣♥❡t✐❝ ♣❛rt ♦❢ s♣❧✐tt✐♥❣ r❡❛❞s

∂f

∂t
+ q
( p

mγ
×B

)

· ∂f
∂p

= 0, ✭✸✳✺✻✮

■♥ t❤❡ ♣r❡❝❡❞✐♥❣ ❡q✉❛t✐♦♥✱ t❤❡ t❡♠♣♦r❛❧ ❛❞✈❛♥❝❡♠❡♥t ✐s ❞✉❡ t♦ ▲♦r❡♥t③ ❢♦r❝❡✳ ❚❤❡ ♠❛✐♥
❝♦♥s❡q✉❡♥❝❡ ✐s t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ♣❛rt✐❝❧❡s ❞✉r✐♥❣ t❤❡✐r ❣②r♦✲♠♦t✐♦♥s
❛r♦✉♥❞ t❤❡ ✜❡❧❞ ❧✐♥❡s ❜❡❝❛✉s❡ t❤❡ ♠❛❣♥❡t✐❝ ❢♦r❝❡ ❞♦❡s ♥♦t ♣❡r❢♦r♠ ❛♥② ✇♦r❦ ♦♥ t❤❡ ♣❛rt✐❝❧❡ ✲✐t
✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ ♣❛rt✐❝❧❡ tr❛❥❡❝t♦r②✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡✛❡❝t ♦❢ t❤✐s ❢♦r❝❡ ✐s s♦❧❡❧② t♦ r♦t❛t❡ t❤❡
♣❛rt✐❝❧❡ ❛♥❞ t♦ ❝♦♥t✐♥✉♦✉s❧② ❞✐str✐❜✉t❡ ✐ts ❦✐♥❡t✐❝ ❡♥❡r❣② ❜❡t✇❡❡♥ t❤❡ t✇♦ ❡✐❣❡♥✲❞✐r❡❝t✐♦♥s ✐♥ t❤❡
♣❧❛♥❡ ❧♦❝❛❧❧② ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ✜❡❧❞ ✭♠❛t❤❡♠❛t✐❝❛❧❧②✱ p · dpdt = qp · ( p

mγ ×B) = 0 =⇒ p2 =
const✮✳ ❲❡ ❛❧s♦ ♥♦t✐❝❡ t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥st❛♥t ❞✉r✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥
♦❢ t❤✐s ❡q✉❛t✐♦♥✳ ❚❤❡ ♠❛✐♥ q✉❡st✐♦♥ t♦ ❛♥s✇❡r ✐♥ t❤✐s s❡❝t✐♦♥ ✐s✿ ✇❤❛t ✐s t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ P
❛t tn ❛♥❞ p ❛t tn+1❄ ❖r✱ ❤♦✇ t♦ ✜♥❞ P ❢♦r t❤❡ ❣✐✈❡♥ ❊✉❧❡r✐❛♥ ❣r✐❞ ♣♦✐♥ts p❄ ✳

❲❡ st❛rt ❛♥s✇❡r✐♥❣ t❤✐s q✉❡st✐♦♥ ❜② ✜rst ♣r❡s❡♥t✐♥❣ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ P✱ t❤❡♥ ✇❡
t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ ❡①♣❧❛✐♥ ✐♥ ❞❡t❛✐❧s t❤❡ r♦t❛t✐♦♥ ❡✛❡❝t ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞✳

✸✳✽✳✶ ❇❛❝❦✇❛r❞ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ▼♦♠❡♥t✉♠

❆s s♦♦♥ ❛s t❤❡ ✈❛❧✉❡s ♦❢ P ❛t tn ❛r❡ ❡st✐♠❛t❡❞✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♦❜t❛✐♥ fP ❜② ❛♣♣❧②✐♥❣
❊q✳✭✸✳✹✾✮✳ ❋✐❣✳✸✳✻ s❤♦✇s t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ✜♥❞✐♥❣ P(tn)✳ ❆s ❛❧r❡❛❞② st❛t❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✼✱ ✇❡ ✜rst
♣❡r❢♦r♠ ❛ ❤❛❧❢ ❛❞✈❡❝t✐♦♥ ♦❢ E ✭♦❧✐✈❡ ❝♦❧♦r❡❞ ❜♦①❡s ✐♥ ❋✐❣✳✸✳✻ ✮✱ ❢♦❧❧♦✇❡❞ ❜② ❛ ❝♦♠♣❧❡t❡ ❛❞✈❡❝t✐♦♥
♦❢ B ✭❧✐❣❤t✲❜r♦✇♥ ❜♦① ✐♥ ❋✐❣✳✸✳✻ ✮✱ t❤❡♥ ❛♥♦t❤❡r ❤❛❧❢ ❛❞✈❡❝t✐♦♥ ♦❢ E✳

✾✾



❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈ ❙②st❡♠

❙✐♥❝❡ p ✐s ❛ ♣♦✐♥t ✐♥ t❤❡ ❊✉❧❡r✐❛♥ ♣❤❛s❡ s♣❛❝❡ ❣r✐❞✱ ✐t ✐s ❛❧✇❛②s ❦♥♦✇♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ st❛rt
❤❡r❡❀ t❤❡♥ ✇❡ tr❛❝❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❜❛❝❦✇❛r❞s ✐♥ t✐♠❡ t♦ ♦❜t❛✐♥ P ✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥
♦❢ ❊q✳✭✸✳✹✽❛✮ r❡❛❞s

dp

dt
= qE =⇒ p−PO

∆t
2

= qE =⇒ PO = p− q(∆t)

2
E. ✭✸✳✺✼✮

❚❤✐s st❡♣ ✐s s❤♦✇♥ ✐♥ t❤❡ r✐❣❤t ♣❛rt ♦❢ ❋✐❣✳✸✳✻✳ ❆t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡❞
t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❛♥❞ t❤❡ r♦t❛t✐♦♥ ❡✛❡❝t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❢♦r❝❡✳ ❍❡♥❝❡✱ PO

✐s ❥✉st ❛ r♦t❛t✐♦♥ ♦❢ PI ✉♥❞❡r ❛ tr❛♥s❢♦r♠❛t✐♦♥ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ t❡♥s♦r Rb✳ ❍♦✇❡✈❡r✱ t❤✐s
r♦t❛t✐♦♥ ♠✉st ❝♦♥s❡r✈❡ t❤❡ ✈❛❧✉❡ ♦❢ P 2✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t Rb ✐s ❛♥ ♦rt❤♦❣♦♥❛❧ t❡♥s♦r ✭❆ ♠❛tr✐①
Rb ✐s ♦rt❤♦❣♦♥❛❧ ✐❢ Rb

T = Rb
−1✱ ✇❤❡r❡ T st❛♥❞s ❢♦r t❤❡ tr❛♥s♣♦s❡✮✳

❚❤❡r❡❢♦r❡✱ PI ✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ♠♦♠❡♥t✉♠ ❜❡❢♦r❡ t❤❡ r♦t❛t✐♦♥✱ r❡❛❞s

PI = Rb
T ·PO = Rb

T ·
(

p− q(∆t)

2
E
)

, ✭✸✳✺✽✮

❋✐❣✳✸✳✻ s❤♦✇s t❤✐s ♣r♦❝❡❞✉r❡ ❛s ❛ ❧✐❣❤t✲❜r♦✇♥ ❜♦①✳ ❚♦ ❝♦♠♣❧❡t❡ s♦❧✈✐♥❣ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✐♥t♦
♠♦♠❡♥t✉♠ s♣❛❝❡✱ ✇❡ ❝♦♥t✐♥✉❡ tr❛❝✐♥❣ ❜❛❝❦ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ ❊q✳✭✸✳✹✽❛✮ ♦✈❡r t❤❡ r❡♠❛✐♥✐♥❣
∆t
2 s♦ t♦ ❝❛❧❝✉❧❛t❡ P ❛t tn ✭♦❧✐✈❡ ❜♦① ♦♥ t❤❡ ❧❡❢t ♣❛rt ♦❢ ❋✐❣✳✸✳✻✮✳ ❚❤✐s ❧❡❛❞s ✉s t♦ ❛♥ ❡①♣r❡ss✐♦♥
✐❞❡♥t✐❝❛❧ t♦ ❊q✳✭✸✳✺✼✮✿ ❜② r❡♣❧❛❝✐♥❣ PO ✇✐t❤ P✱ ❛♥❞ p ✇✐t❤ PI ✱ t❤❡♥ s✉❜st✐t✉t✐♥❣ ❊q✳✭✸✳✺✽✮ ❢♦r
PI ✱ ♦♥❡ ❡❛s✐❧② ♦❜t❛✐♥s✿

P = Rb
T ·
(

p− q(∆t)

2
E
)

− q(∆t)

2
E, ✭✸✳✺✾✮

✇✐t❤ t❤✐s ✐♥ ❤❛♥❞✱ ✇❡ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ ♥♦✇ t♦ ✜♥❞✐♥❣ t❤❡ r♦t❛t✐♦♥ t❡♥s♦r Rb✳

✸✳✽✳✷ ❘♦t❛t✐♦♥ ❚❡♥s♦r

❲❡ st❛rt t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ t❤✐s s❡❝t✐♦♥ ❜② ❛ s✐♠♣❧❡ ♦❜s❡r✈❛t✐♦♥✿ t❤❡ ❝r♦ss ♣r♦❞✉❝t b×P ❝❛♥ ❛❧s♦
❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ♠❛tr✐① ❛❝t✐♥❣ ♦♥ P ❛s ❢♦❧❧♦✇s

b×P = Sb ·P, where Sb =





0 −bz by
bz 0 −bx
−by bx 0



 ✭✸✳✻✵✮

✇❤❡r❡ Sb ✐s ❛ s❦❡✇✲s②♠♠❡tr✐❝ t❡♥s♦r ✭❛ t❡♥s♦r t❤❛t s❛t✐s✜❡s STb = −Sb✮✳ b ✐s ❝❛❧❧❡❞ t❤❡ ✈❡❝t♦r
✐♥✈❛r✐❛♥t ✭♦r ❛①✐❛❧ ✈❡❝t♦r✮ ♦❢ t❤❡ s❦❡✇✲s②♠♠❡tr✐❝ t❡♥s♦r✱ ✇❤✐❧❡ t❤❡ ✉♥✐t ✈❡❝t♦r k ✭s❡❡ ❋✐❣✳✸✳✼✮ ✐s
❦♥♦✇♥ ❛s t❤❡ s❦❡✇ ✈❡❝t♦r✳ ◆♦✇✱ ❢r♦♠ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ♦❢ ❊q✳✭✸✳✺✻✮✱ ✇❡ ✇r✐t❡

dP

dt
≈ ∆P

∆t
≈ − qB

mγ
b×PI , =⇒ ∆P = Θb×PI = ΘSb ·PI , ✭✸✳✻✶✮

✇❤❡r❡ b = B
||B|| ✱ Θ = −φr, φr = qB(∆t)

mγ ✐s t❤❡ r♦t❛t✐♦♥ ❛♥❣❧❡ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✸✳✼✳ ■♥ t❤✐s ✜❣✉r❡✱
✇❡ ♣❧♦t t❤❡ ♠♦♠❡♥t❛ ❜❡❢♦r❡ t❤❡ r♦t❛t✐♦♥ ✭PI✮✱ ❛♥❞ ❛❢t❡r ✐t✱ ✭PO✮✳ ❚❤❡ ❣r❡❡♥ s❤❛❞❡❞ s♣❤❡r❡
r❡♣r❡s❡♥ts ❛ ❝♦♥st❛♥t ❦✐♥❡t✐❝ ❡♥❡r❣② s✉r❢❛❝❡ ✭||P|| = const✮✱ ✇❤✐❧❡ t❤❡ ♠❛✉✈❡ s❤❛❞❡❞ ♦♥❡ ❞❡✜♥❡s
❛ ♥♦r♠❛❧✐③❡❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣② s✉r❢❛❝❡✳ ❆t t❤✐s st❛❣❡ ✭✸❉ ❛❞✈❡❝t✐♦♥ ✐♥ ♠♦♠❡♥t✉♠ s♣❛❝❡✮✱ ♦♥ ♦♥❡
❤❛♥❞✱ b r❡♠❛✐♥s ❝♦♥st❛♥t ✐♥ ♠❛❣♥✐t✉❞❡ ✭b s❤♦✇♥ ✐♥ ❋✐❣✳✸✳✼ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❞✐st✐♥❝t ♣♦✐♥t ✐♥ t❤❡
s♣❛t✐❛❧ ♣❛rt ♦❢ t❤❡ ❊✉❧❡r✐❛♥ ❣r✐❞ ✭x, y, z✮✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ✜①❡❞ b✱ PI t❛❦❡s ❛♥② ♣♦ss✐❜❧❡
❞✐r❡❝t✐♦♥ ✐♥ t❤❡ s✉❜✲s♣❤❡r❡ ❞❡♣❡♥❞✐♥❣ ♦♥ ✐ts ❧♦❝❛t✐♦♥ ✐♥ t❤❡ ♠♦♠❡♥t✉♠ s✉❜✲❞♦♠❛✐♥ ♦❢ t❤❡ ❣r✐❞✳

✶✵✵



✸✳✽✳ ✸❉ ❆❞✈❡❝t✐♦♥ ✐♥ ▼♦♠❡♥t✉♠ ❙♣❛❝❡ ❆♥❞ ❘♦t❛t✐♦♥ ❚❡♥s♦r

❋✐❣✉r❡ ✸✳✼✿ ❚❤❡ ♣❤②s✐❝s ✐♥✈♦❧✈❡❞ ✇❤❡♥ ❛❞✈❡❝t✐♥❣ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✐♥ ♠♦♠❡♥t✉♠ s♣❛❝❡ ✇✐t❤
♦♥❧② t❤❡ ♠❛❣♥❡t✐❝ ♣❛rt ♦❢ t❤❡ ▲♦r❡♥t③ ❢♦r❝❡✳ b ✐s t❤❡ ✉♥✐t ✈❡❝t♦r t❛♥❣❡♥t t♦ ♠❛❣♥❡t✐❝ ✜❡❧❞
❧✐♥❡s✳ PI ✱ ❛♥❞ PO ❛r❡ t❤❡ ♠♦♠❡♥t❛ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ r♦t❛t✐♦♥✱ r❡s♣❡❝t✐✈❧②✳ ⊥ r❡❢❡rs t♦ t❤❡
♣❡r♣❡♥❞✐❝✉❧❛r ❞✐r❡❝t✐♦♥ t♦ b✱ ✇❤✐❧❡ || r❡❢❡rs t♦ t❤❡ ♣❛r❛❧❧❡❧ ♦♥❡✳

❍♦✇❡✈❡r✱ PO ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② PI ❛♥❞ b✳ ■♥ ♣r✐♥❝✐♣❧❡✱ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ❣r✐❞ ♣♦✐♥ts
✐♥ ♠♦♠❡♥t✉♠ s♣❛❝❡ ✐s ✐♥✜♥✐t❡✱ ❛❧❧ t❤❡ ♣♦✐♥ts ♦♥ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② s✉r❢❛❝❡ ✇✐❧❧ ❜❡ s❝❛♥♥❡❞✳

◆♦✇✱ ✇❡ tr② t♦ ✜♥❞ ❤♦✇ PI ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ PO ✐♥ t❡r♠s ♦❢ b ❛♥❞ φr✳ ❋r♦♠ ❋✐❣✳✸✳✼✱ ♦♥❡
✇r✐t❡s

PO =
−−→
OB =

−−→
OB1 +

−−→
B1B =

−−→
OB1 +P(O;||) =

−−→
OB1 +P(I;||), ✭✸✳✻✷✮

■t ✐s ❡❛s② t♦ s❤♦✇ ❜② ❞✐r❡❝t ♣r♦❥❡❝t✐♦♥ t❤❛t ❛ ✈❡❝t♦r P ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❛ ♣❛r❛❧❧❡❧ ❝♦♠♣♦✲
♥❡♥t P|| ❛❧♦♥❣ b✱ ❛♥❞ ❛ ♣❡r♣❡♥❞✐❝✉❧❛r ♦♥❡ P⊥✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦rs ❛r❡ b⊗b✱ ❛♥❞ [I−b⊗b]✱
r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥✱

P = (b⊗ b) ·P+ [I− b⊗ b] ·P, ✭✸✳✻✸✮

❙✉❜st✐t✉t✐♥❣ t❤✐s r❡❧❛t✐♦♥s❤✐♣ ✐♥t♦ ❊q✳✭✸✳✻✷✮ ❢♦r P(I;||)✱ ♦♥❡ ✜♥❞s

−−→
OB =

−−→
OB1 + (b⊗ b) ·PI ✭✸✳✻✹✮

❆❧s♦✱ ✇❡ ❤❛✈❡ −−→
OB1 =

−−→
OD +

−−→
DB1, ✭✸✳✻✺✮

◆♦✇ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Θ✱ ❛♥❞ ❊q✳✭✸✳✻✸✮✱ ✇❡ ♦❜t❛✐♥

−−→
OD = −||OD||P̂I,⊥ = − cos(π −Θ)PI,⊥ = cos(φr)

[

I − b⊗ b
]

·PI ✭✸✳✻✻✮

✇❤❡r❡ t❤❡ ✧ˆ✧ r❡❢❡rs t♦ t❤❡ ✉♥✐t ✈❡❝t♦r✳ ❋r♦♠ t❤❡ ✜❣✉r❡✱ ✇❡ ✇r✐t❡ ❢♦r
−−→
DB1

✶✵✶



❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈ ❙②st❡♠

−−→
DB1 = ||PI,⊥|| sin(π −Θ)k = ||PI,⊥|| sin(Θ)k = − sin(φr)||PI,⊥||k ✭✸✳✻✼✮

❑♥♦✇✐♥❣ t❤❛t k =
b×PI,⊥

||b×PI,⊥|| =
b×PI,⊥
||PI,⊥|| ✱ ❛♥❞ ✉s✐♥❣ ❊q✳✭✸✳✻✵✮✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

−−→
DB1 = − sin(φr)Sb ·PI , ✭✸✳✻✽✮

◆♦✇ s✉❜st✐t✉t✐♥❣ ❊qs✳❬✸✳✻✽✱✸✳✻✻❪ ✐♥t♦ ❊q✳✭✸✳✻✹✮✱ ♦♥❡ ✜♥❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ❢♦r t❤❡ r♦t❛t✐♦♥

PO = Rb ·PI ,

Rb =
{

cos(φr)I+ (1− cos(φr))b⊗ b− sin(φr)Sb

}

·PI ,
✭✸✳✻✾✮

✇❤❡r❡ Sb ✐s t❤❡ s❦❡✇✲s②♠♠❡tr✐❝ t❡♥s♦r ❣✐✈❡♥ ❜② ❊q✳✭✸✳✻✵✮✱ ❛♥❞ Rb ✐s t❤❡ r♦t❛t✐♦♥ t❡♥s♦r s❤♦✇♥
✐♥ ❋✐❣✳✸✳✻✳ ❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ t❤✐s t❡♥s♦r ✐s ♦rt❤♦❣♦♥❛❧ ✭■t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤✐s ❜② ❞✐r❡❝t
s✉❜st✐t✉t✐♦♥ ✇❤✐❝❤ s❤♦✇s RT

b = R−1
b ✮✱ ♦t❤❡r✇✐s❡ ✐t ✇♦♥✬t ❝♦♥s❡r✈❡ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ❚❤❡r❡❢♦r❡✱

PI = RT
b ·PO,

Rb =





b2x + (1− b2x)cos(φr) bxby(1− cos(φr)) + bz sin(φr) bxbz(1− cos(φr))− by sin(φr)
bybx(1− cos(φr))− bz sin(φr) b2y + (1− b2y)cos(φr) bybz(1− cos(φr)) + bx sin(φr)

bzbx(1− cos(φr)) + by sin(φr) bzby(1− cos(φr))− bx sin(φr) b2z + (1− b2z)cos(φr)





✭✸✳✼✵✮

❚❤❡ ❢♦r♠ ♦❢ ❊q✳✭✸✳✻✾✮ ✐s q✉✐t❡ ❣❡♥❡r❛❧✳ ■t ✐s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ r♦t❛t✐♦♥ ✐♥ ❛ ❧♦❝❛❧
❝♦♦r❞✐♥❛t❡ s②st❡♠ ✇❤✐❝❤ ❛❧✇❛②s ❢♦❧❧♦✇s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✜❡❧❞ ❧✐♥❡s✳ ❚❤✐s r❡♠❛r❦❛❜❧❡ ❢❡❛t✉r❡
❡♥❛❜❧❡s ✉s t♦ ❛♣♣❧② t❤✐s ❡q✉❛t✐♦♥ ✐♥ ❛♥② ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❜② ♠❡r❡❧② ❦♥♦✇✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✜❡❧❞ ❝♦♠♣♦♥❡♥ts✳ ❲✐t❤ t❤✐s ❡q✉❛t✐♦♥ ✐♥ ❤❛♥❞✱ ✇❡ ♥♦✇ ❤❛✈❡ ❛❧❧ t❤❡ r❡q✉✐r❡❞ ✐♥❣r❡❞✐❡♥ts t♦
❞❡t❡r♠✐♥❡ P ❣✐✈❡♥ ❜② ❊q✳✭✸✳✺✾✮✳

✸✳✾ ❊s✐r❦❡♣♦✈ ❈♦rr❡❝t✐♦♥ ▼❡t❤♦❞

❲❡ ❡①♣❧♦r❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✼ t❤❡ ❛❧❣♦r✐t❤♠ ✉t✐❧✐s❡❞ t♦ s♦❧✈❡ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ❜② ♠❡❛♥s ♦❢ t❤❡
❙tr❛♥❣ s♣❧✐tt✐♥❣ ❛t tn✳ ❆❢t❡r ❡❛❝❤ ❛❞✈❡❝t✐♦♥✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s r❡✲❡st✐♠❛t❡❞✱ ❛♥❞ t❤❡
♥❡✇ ✈❛❧✉❡ ✇✐❧❧ ❜❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ s✉❜s❡q✉❡♥t ❛❞✈❡❝t✐♦♥✳ ❆t t❤❡ ❡♥❞✱ ✇❡ ❝❛❧❝✉❧❛t❡
fn+1✳ ❚♦ ❡♥s✉r❡ t❤❛t ▼❛①✇❡❧❧✲●❛✉ss ❡q✉❛t✐♦♥ ✐s s❛t✐s✜❡❞✱ ♠♦st P■❈ ❝♦❞❡s ✉s❡ ❝♦rr❡❝t✐♦♥ ♠❡t❤♦❞s
t♦ ❛❞❥✉st t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② Jn+

1
2 ❜❡❢♦r❡ ✐♥❥❡❝t✐♥❣ ✐t ✐♥t♦ ❨❡❡ s♦❧✈❡r ✐♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ❡❧❡❝tr✐❝

✜❡❧❞ En+1✳ ■♥ s❡❝t✐♦♥ ✸✳✶✳✷✱ ✇❡ ♣r♦✈❡❞ t❤❛t ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r J t♦ s❛t✐s❢②
❊q✳✭✸✳✷❛✮ ✐s t♦ ✐♥✐t✐❛❧❧② ❢✉❧✜❧ ✐t✱ ❛♥❞ ❛✉t♦♠❛t✐❝❛❧❧② r❡s♣❡❝ts t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ❣✐✈❡♥ ❜②
❊q✳✭✸✳✶✼✮ ❛t ❡❛❝❤ t✐♠❡ st❡♣✳

❱▲❊▼ ❡♠♣❧♦②s ❊s✐r❦❡♣♦✈✲t②♣❡ ♠❡t❤♦❞✱ ✐♥✐t✐❛❧❧② ♣r♦♣♦s❡❞ ❢♦r P■❈ s✐♠✉❧❛t✐♦♥s✱ t♦ ❝♦rr❡❝t t❤❡
❝✉rr❡♥t ❞❡♥s✐t②✳ ■♥ ❤✐s ♣❛♣❡r ❬✷✻✹❪✱ ❊s✐r❦❡♣♦✈ s✉❣❣❡st❡❞ ❛ ❞❡♥s✐t② ❞❡❝♦♠♣♦s✐t✐♦♥ ❝♦rr❡❝t✐♦♥
s❝❤❡♠❡ t♦ ♦✈❡r❝♦♠❡ t❤✐s ✐ss✉❡✳ ❚❤✐s t❡❝❤♥✐q✉❡ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ t❤♦s❡ ♣r♦♣♦s❡❞ ✐♥ ❘❡❢s❬✷✼✾✱
✷✽✵✱ ✷✽✶❪ ✐♥ ✇❤✐❝❤ ✇❡ ✐♥t❡r♣r❡t t❤❡ ❢♦r♠ ❢❛❝t♦r ❛s ❛ ❝❤❛r❣❡ ❞❡♥s✐t② ♦❢ t❤❡ ♠❛❝r♦✲♣❛rt✐❝❧❡✳ ❚❤❡♥✱
❊s✐r❦❡♣♦✈ ✐♠♣♦s❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s

• ❉✉❡ t♦ ✐ts ❧✐♥❡❛r✐t②✱ ✇❡ ❝❛♥ ✇r✐t❡ ❊q✳✭✸✳✶✼✮ ❢♦r ❥✉st ♦♥❡ ♣❛rt✐❝❧❡❀ t❤❡♥ t❤❡ t♦t❛❧ ❝✉rr❡♥t
❞❡♥s✐t② ✐s s✐♠♣❧② t❤❡ s✉♠ ♦❢ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ ❡❛❝❤ ♠❛❝r♦✲♣❛rt✐❝❧❡✳

✶✵✷



✸✳✾✳ ❊s✐r❦❡♣♦✈ ❈♦rr❡❝t✐♦♥ ▼❡t❤♦❞

• ❚❤❡ t♦t❛❧ ❝❤❛r❣❡ ❞❡♥s✐t② ♦❢ t❤❡ ♠❛❝r♦✲♣❛rt✐❝❧❡s ♠✉st r❡♠❛✐♥ ❝♦♥st❛♥t
∑

(xi,yj ,zk)

S
[

(xi − xα)(yj − yα)(zk − zα)
]

= const, ✭✸✳✼✶✮

✇❤❡r❡ (xi, yj , zk) ✐s t❤❡ ❊✉❧❡r s♣❛t✐❛❧ ❣r✐❞✱ ❛♥❞ α r❡❢❡rs t♦ t❤❡ ♣❛rt✐❝❧❡s ♦❢ α✲s♣❡❝✐❡s✳

• ❚❤❡ tr❛❥❡❝t♦r② ♦❢ t❤❡ ♠❛❝r♦✲♣❛rt✐❝❧❡ ✐s ❛ str❛✐❣❤t ❧✐♥❡ ♦✈❡r t❤❡ ✐♥t❡r✈❛❧ t✳ ❖t❤❡r✇✐s❡✱ ✐t ✇✐❧❧
♥♦t ❜❡ ♣♦ss✐❜❧❡ t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ❢♦r♠ ❢❛❝t♦r ✐♥ ❛ s✐♠♣❧❡ ❛♥❞ s❡❧❢✲❝♦♥s✐st❡♥t ♠❛♥♥❡r✳

• ❚❤❡ ♠❛❝r♦✲♣❛rt✐❝❧❡ ♠♦✈❡s ❧❡ss t❤❛♥ ♦♥❡ ❝❡❧❧ ♣❡r t✐♠❡ st❡♣✳

• ❚❤❡ ❣❡♦♠❡tr② ✐s ❈❛rt❡s✐❛♥✳

❋♦❧❧♦✇✐♥❣ t❤✐s ❧✐♥❡ ♦❢ t❤♦✉❣❤t✱ ❊s✐r❦❡♣♦✈ ❞❡✜♥❡❞ t❤❡ ❝♦rr❡❝t❡❞ ❝✉rr❡♥t ❞❡♥s✐t② ✐♥ t❡r♠s ♦❢
♥❡✇❧② ♣r♦♣♦s❡❞ ❢✉♥❝t✐♦♥s ✲t❤❡ s♦✲❝❛❧❧❡❞ ❞❡♥s✐t② ❞❡❝♦♠♣♦s✐t✐♦♥ ❢✉♥❝t✐♦♥s ✭W1,W2,W3✮✳ ❆❢t❡r
t❤❛t✱ ❤❡ ✇r♦t❡ ❡❛❝❤ ♦❢ ✭W1,W2,W3✮ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ❞✐✛❡r❡♥❝❡s ♦❢ t❤❡
❢♦r♠ ❢❛❝t♦r✳ ❚❤❡♥✱ ❤❡ ♣r♦✈❡❞ t❤❛t✱ ✉♥❞❡r t❤❡ ♣r✐♦r ❛ss✉♠♣t✐♦♥s✱ ♦♥❧② ♦♥❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥
❡①✐sts s✉❝❤ t❤❛t t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥✱ ✇r✐tt❡♥ ♥♦✇ ❛s W1+W2+W3 = S(x+∆x, y+∆y, z+
∆z)− S(x, y, z)✱ r❡♠❛✐♥s tr✉❡ ❛t ❡❛❝❤ t✐♠❡ st❡♣❬✷✻✹❪✳

❲❡ ❝❛♥ ❛♣♣❧② ❛♥ ❡q✉✐✈❛❧❡♥t str❛t❡❣② t♦ ❝♦rr❡❝t t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✐♥ ❱▲❊▼✳ ❲❡ st❛rt ❜②
❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ❛s tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ♣❛rt✐❝❧❡s✳ ■♥ t❤✐s s❡♥s❡✱ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥
t♦ t❤❡ ❣r✐❞ ♣♦✐♥ts ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♣❛rt✐❝❧❡✬s ❢♦r♠ ❢❛❝t♦r✭Sspline → f✮✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ ✸❉✲❛❞✈❡❝t✐♦♥ ✐♥ ♠♦♠❡♥t✉♠ s♣❛❝❡ ❞♦❡s ♥♦t ✐♥✢✉❡♥❝❡ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❛t ❞✐st✐♥❝t s♣❛t✐❛❧
♣♦✐♥ts ❜❡❝❛✉s❡ ❊q✳✭✸✳✺✻✮ ♣r❡s❡r✈❡s ✐t ❛t ❛❧❧ ♣♦s✐t✐♦♥s ✐♥ t❤✐s s♣❛❝❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐✛❡r❡♥❝❡s ♦❢
t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ ♠♦♠❡♥t✉♠ ♣❛rt ❛r❡ ♥❡❣❧❡❝t❡❞✳ ◆♦✇✱ ✇❡ ✇r✐t❡

W =Wx +Wy +Wz = fn+1(x, y, z)− fn(x, y, z), ✭✸✳✼✷✮

❲❡ ❦♥♦✇ t❤❛t fn+1(x, y, z) = fn(x− δx, y − δy, z − δz)✱ t❤✉s t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

Wx +Wy +Wz = fn(x− δx, y − δy, z − δz)− fn(x, y, z), ✭✸✳✼✸✮

❲❤❡r❡ δx = px
mγ∆t, δy =

py
mγ∆t, δz = pz

mγ∆t✳ ◆♦✇ ✇❡ s✉❜st✐t✉t❡ t❤❡ ❛❧❣♦r✐t❤♠ ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥
✸✳✼ ✐♥t♦ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✭δx/2 → δz/2 → δy → δz/2 → δx/2✮✱ t❤❡♥ ♦♥❡ ✜♥❞s

W =Wx +Wy +Wz = fn(xi − δx, yj − δy, zk − δz)
︸ ︷︷ ︸

fn+1

− f(xi −
δx

2
, yj − δy, zk − δz)

︸ ︷︷ ︸

f++

f(xi −
δx

2
, yj − δy, zk − δz)

︸ ︷︷ ︸

f++

− f(xi −
δx

2
, yj − δy, zk −

δz

2
)

︸ ︷︷ ︸

f∗∗

+ f(xi −
δx

2
, yj − δy, zk −

δz

2
)

︸ ︷︷ ︸

f∗∗

− f(xi −
δx

2
, yj , zk −

δz

2
)

︸ ︷︷ ︸

f+

+ f(xi −
δx

2
, yj , zk −

δz

2
)

︸ ︷︷ ︸

f+

− f(xi −
δx

2
, yj , zk)

︸ ︷︷ ︸

f∗

+ f(xi −
δx

2
, yj , zk)

︸ ︷︷ ︸

f∗

− f(xi, yj , zk)
︸ ︷︷ ︸

fn

✭✸✳✼✹✮

✶✵✸



❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈ ❙②st❡♠

❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥

Wx = fn+1 − f++ + f∗ − fn, ✭✸✳✼✺❛✮

Wy = f∗∗ − f+, ✭✸✳✼✺❜✮

Wz = f++ − f∗∗ + f+ − f∗, ✭✸✳✼✺❝✮

❇② t❛❦✐♥❣ t❤❡ ❧✐♠✐t Wz = 0✱ ❛♥❞ + → ∗, f++ → f∗∗✱ ✇❡ r❡❝♦✈❡r t❤❡ r❡❧❛t✐♦♥ ❢♦r t❤❡
❝♦❞❡ ❱▲❊▼✷❉✸❱ ❬✷✼✺❪✳ ❆ ♥✐❝❡ r❡♠❛r❦ ❛❜♦✉t t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s t❤❛t t❤❡
❛❝❝❡♣t❛❜❧❡ s❤✐❢t✐♥❣s ♦❢ f ❛♣♣❡❛r ✐♥ ❛ ✈❡r② ♥❛t✉r❛❧ ♠❛♥♥❡r ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥
❛♣♣r♦❛❝❤ ❛s t❤❡② ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥s✱ ✇❤❡r❡❛s ✐♥ P■❈ s♦❧✈❡rs✱ t❤❡
❛❧❧♦✇❡❞ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ S ❛r❡ ❡st✐♠❛t❡❞ t♦ s❡r✈❡ ♦♥❧② ♦♥❡ ♣r✐♠❛r② ♦❜❥❡❝t✐✈❡ ✱ t❤❛t ✐s t❤❡ ❝✉rr❡♥t
❞❡♥s✐t② ❝♦rr❡❝t✐♦♥✳

◆♦✇✱ ♠✉❧t✐♣❧②✐♥❣ ❊qs✳✭✸✳✼✺❛✱ ✸✳✼✺❜✱ ✸✳✼✺❝✮ ❜② −evx✱ −evy✱ −evz✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❜② t❤❡♥
✐♥t❡❣r❛t✐♥❣ t❤❡ r❡s✉❧ts ♦✈❡r t❤❡ ♠♦♠❡♥t✉♠ s♣❛❝❡✱ ♦♥❡ ❡❛s✐❧② ♦❜t❛✐♥s

−e < vxWx >= Jn+1
x i,j,k − J++

x i,j,k + J∗
xi,j,k − Jnx i,j,k, ✭✸✳✼✻❛✮

−e < vyWy >= J∗∗
y i,j,k − J+

y i,j,k, ✭✸✳✼✻❜✮

−e < vzWz >= J++
z i,j,k − J∗∗

z i,j,k + J+
z i,j,k − J∗

z i,j,k, ✭✸✳✼✻❝✮

■♥ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥s✱ −e < vyWy > r❡♣r❡s❡♥ts t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② Jy tr❛♥s♣♦rt❡❞ ❛t ♣♦✐♥t
✭xi, yj , zk✮ ♦✈❡r ∆t✱ t❤❡♥ −e < vyWy >= −∇ · J|y✳ ❇② s✉❜st✐t✉t✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ❝♦♠♣♦♥❡♥t
❢r♦♠ ❊q✳✭✸✳✶✼✮✱ ✇❡ ✜♥❞

J
n+ 1

2

y i,j+ 1
2
,k
=

1

4

(

Jny i,j,k + Jny i,j−1,k + Jn+1
y i,j,k + Jn+1

y i,j−1,k

)

−
(

J∗∗
y i,j,k − J+

y i,j,k

)

, ✭✸✳✼✼✮

✇❤❡r❡ ✇❡ ❛♣♣r♦①✐♠❛t❡❞

J
n+ 1

2

y i,j− 1
2
,k
=

1

4

(

Jny i,j,k + Jny i,j−1,k + Jn+1
y i,j,k + Jn+1

y i,j−1,k

)

✭✸✳✼✽✮

❇② t❛❦✐♥❣ + → ∗, f+ → f∗✱ ❛♥❞ r❡♠♦✈✐♥❣ t❤❡ s✉❜s❝r✐♣t k✱ ✇❡ r❡❝♦✈❡r J
n+ 1

2

y i,j+ 1
2

❢♦r ❱▲❊▼✷❉✸❱✳

◆♦✇✱ ❜② r❡♣❡❛t✐♥❣ t❤✐s ❛r❣✉♠❡♥t ❢♦r Jx✱ ❛♥❞ Jz✱ ♦♥❡ ❡❛s✐❧② ✜♥❞s

J
n+ 1

2

x i+ 1
2
,j,k

=
1

4

(

Jnx i,j,k+ Jnx i−1,j,k+ Jn+1
x i,j,k+ Jn+1

x i−1,j,k

)

− 1

2

(

Jn+1
x i,j,k− J++

x i,j,k+ J∗
x i,j,k− Jnx i,j,k

)

,

✭✸✳✼✾✮
✇❤❡r❡ ✇❡ ❛♣♣r♦①✐♠❛t❡❞

J
n+ 1

2

x i− 1
2
,j,k

=
1

4

(

Jnx i,j,k + Jnx i−1,j,k + Jn+1
x i,j,k + Jn+1

x i−1,j,k

)

, ✭✸✳✽✵✮

❛♥❞✱

J
n+ 1

2

z i,j,k+ 1
2

=
1

4

(

Jnz i,j,k + Jnz i,j,k−1 + Jn+1
z i,j,k + Jn+1

z i,j,k−1

)

− 1

2

(

J++
z i,j,k − J∗∗

z i,j,k + J+
z i,j,k − J∗

z i,j,k

)

,

✭✸✳✽✶✮

✶✵✹



✸✳✶✵✳ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ❙♦❧✈❡r ✐♥ ❱▲❊▼✷❉✸❱

✇❤❡r❡ ✇❡ ❛♣♣r♦①✐♠❛t❡❞

J
n+ 1

2

z i,j,k− 1
2

=
1

4

(

Jnz i,j,k + Jnz i,j,k−1 + Jn+1
z i,j,k + Jn+1

z i,j,k−1

)

, ✭✸✳✽✷✮

❇② ♥♦✇ ❡❧✐♠✐♥❛t✐♥❣ t❤❡ ❝♦rr❡❝t✐♦♥ ♦♥ Jz ❜❡❝❛✉s❡ ✐t ❞♦❡s ♥♦t ❡♥t❡r ✐♥t♦ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥
✐♥ t❤❡ ✷❉✸❱ ❝❛s❡ ✭ ∂∂z = 0✮✱ t❛❦✐♥❣ ++ → ∗∗, f++ → f∗∗✱ ❛♥❞ ❜② r❡♠♦✈✐♥❣ t❤❡ s✉❜s❝r✐♣t k✱ ✇❡

r❡❝♦✈❡r J
n+ 1

2

y i+ 1
2
,j
❢♦r ❱▲❊▼✷❉✸❱✳ ❆❧❧ r❡q✉✐r❡❞ ✈❛r✐❛❜❧❡s ❢♦r ❝♦rr❡❝t✐♥❣ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❤❛✈❡ ❜❡❡♥

❛❧r❡❛❞② st♦r❡❞ ❜❡❢♦r❡ r❡❛❝❤✐♥❣ t❤✐s st❛❣❡ ❛s s❤♦✇♥ ❋✐❣✳✸✳✺✳

✸✳✶✵ ❱❧❛s♦✈✲▼❛①✇❡❧❧ ❙♦❧✈❡r ✐♥ ❱▲❊▼✷❉✸❱

■♥ t❤❡ ♣r❡❝❡❞✐♥❣ ❞✐s❝✉ss✐♦♥s ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❡①❛♠✐♥❡❞ ✐♥ ❞❡t❛✐❧s ❛❧❧ t❤❡ r❡q✉✐r❡❞ ❡❧❡♠❡♥ts
t♦ ❞❡s✐❣♥ t❤❡ ❱▲❊▼ s♦❧✈❡r✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝❧♦s❡ t❤❡ ❞✐s❝✉ss✐♦♥ ❜② s✉♠♠❛r✐③✐♥❣ t❤❡ ❝♦♠♣❧❡t❡
❛❧❣♦r✐t❤♠ ❢♦r s♦❧✈✐♥❣ t❤❡ ❱❧❛s♦✈✲▼❛①✇❡❧❧ s②st❡♠ ✐♥ ✷❉✸❱ ♣❤❛s❡ s♣❛❝❡ ✇✐t❤ ❱▲❊▼✷❉✸❱✳ ❚❤❡s❡
st❡♣s✱ s❤♦✇♥ ✐♥ ❋✐❣✳✸✳✽ ✐♥ ❝♦❧♦rs ❢♦r ❛♥ ♦♥❣♦✐♥❣ ✐t❡r❛t✐♦♥✱ ❛r❡

✶✳ ❆ ❨❡❡ s♦❧✈❡r 1 ❝♦♠♣✉t❡s t❤❡ ♠❛❣♥❡t✐❝ ✜❧❡❞ ✭Bn+ 1
2 ✮ ❦♥♦✇✐♥❣ Bn− 1

2 ✱ ❛♥❞ En ❢r♦♠ t❤❡
♣r❡✈✐♦✉s ✐t❡r❛t✐♦♥✳ ❬s❡❡ s❡❝t✐♦♥ ✸✳✶❪✳

✷✳ ▼❛❣♥❡t✐❝ ✜❡❧❞ ❛t tn ✐s ✐♥t❡r♣♦❧❛t❡❞ ✉s✐♥❣ Bn = B
n+1

2+B
n− 1

2

2 ✭ 2 ✮✳ ❆❧s♦✱ ❱▲❊▼✷❉✸❱ ✐♥t❡r♣♦✲
❧❛t❡s t❤❡ ♠❛❣♥❡t✐❝ ❛♥❞ ❡❧❡❝tr✐❝ ✜❡❧❞s t♦ t❤❡ s♣❛t✐❛❧ ❣r✐❞ ♣♦✐♥ts ❜❡❢♦r❡ st❛rt✐♥❣ t❤❡ ❱❧❛s♦✈
❙♦❧✈❡r✳

✸✳ ❱❧❛s♦✈ ❙♦❧✈❡r ✭ 3 ✱ s❡❡ ❛❧s♦ ❋✐❣✳✸✳✺✮ st❛rts ✇♦r❦✐♥❣ ❜② ♣❡r❢♦r♠✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s

• ✸❉✲❛❞✈❡❝t✐♦♥ ✐♥ ♠♦♠❡♥t✉♠ s♣❛❝❡ ❬s❡❡ s❡❝t✐♦♥ ✸✳✽✳✶❪✳

• ✶❉✲❛❞✈❡❝t✐♦♥ ❛❧♦♥❣ x−❞✐r❡❝t✐♦♥ ♦✈❡r ∆t
2 ✱ t❤❡♥ st♦r✐♥❣ J∗ ❛♥❞ f∗ ❬s❡❡ s❡❝t✐♦♥ ✸✳✼❪✳

• ✶❉✲❛❞✈❡❝t✐♦♥ ❛❧♦♥❣ y−❞✐r❡❝t✐♦♥ ♦✈❡r ❛ ❝♦♠♣❧❡t❡ t✐♠❡ st❡♣✱ t❤❡♥ st♦r✐♥❣ J∗∗ ❛♥❞ f∗∗

❬s❡❡ s❡❝t✐♦♥ ✸✳✼❪✳

• ❆♥♦t❤❡r ✶❉✲❛❞✈❡❝t✐♦♥ ❛❧♦♥❣ x−❞✐r❡❝t✐♦♥ ♦✈❡r t❤❡ r❡♠❛✐♥✐♥❣ ∆t
2 ✱ t❤❡♥ st♦r✐♥❣ Jn+1

❛♥❞ fn+1 ❬s❡❡ s❡❝t✐♦♥ ✸✳✼❪✳

✹✳ ❈♦rr❡❝t t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② Jn+
1
2 ✉s✐♥❣ ❊s✐r❦❡♣♦✈ ❝♦rr❡❝t♦r ✭ 4 ✮ ❬s❡❡ s❡❝t✐♦♥ ✸✳✾❪

✺✳ ❆ ❨❡❡ s♦❧✈❡r ✭ 5 ✮ st❛rts ✇♦r❦✐♥❣ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t tn+1 ✇✐t❤ t❤❡ ✐♥♣✉ts✿ t❤❡

❝♦rr❡❝t❡❞ ❝✉rr❡♥t ❞❡♥s✐t② Jn+
1
2 ✱ ♠❛❣♥❡t✐❝ ✜❡❧❞s Bn+ 1

2 ✱ ❛♥❞ ❡❧❡❝tr✐❝ ✜❡❧❞ En✳

✻✳ ❘❡♣❡❛t t❤❡ ♣r♦❝❡❞✉r❡ st❛rt✐♥❣ ❢r♦♠ st❡♣ ✶✳

✶✵✺



❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ❱❧❛s♦✈ ❙②st❡♠

❋
✐❣
✉r
❡
✸✳
✽✿

❘
❡♣

r❡
s❡
♥t
❛t
✐♦
♥
♦❢

❱
▲
❊
▼
✷
❉
✸
❱
❝♦

❞❡
✳
❚
❤❡

♥✉
♠
❜
❡r
s
✐♥
s✐
❞❡

sq
✉❛

r❡
❜
♦①

❡s
✐♥
❞✐
❝❛
t❡
s
t❤
❡
s♦
❧✉
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♦♥

st
❡♣

s
✐♥
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♠
❡
♦r
❞❡
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❚
❤❡

❝♦
❧♦
r❡
❞

♦❜
❥❡
❝t
s
r❡
♣r
❡s
❡♥

t
t❤
❡
❛❝
t✉
❛❧

❝♦
♠
♣✉

t❛
t✐
♦♥

s
♣
❡r
❢♦
r♠

❡❞
❜②

t❤
❡
s✐
♠
✉❧
❛t
✐♦
♥
✐♥

❛
❝✉

rr
❡♥

t
✐t
❡r
❛t
✐♦
♥
✐♥
s✐
❞❡

t❤
❡
♠
❛✐
♥
❧♦
♦♣

✳
●
r❡
②
♦❜

❥❡
❝t
s
❛r
❡
❡✐
t❤
❡r

❢✉
t✉
r❡

✭r
✐❣
❤t
✮✱

♦r
♣❛
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✭❧
❡❢
t✮
✳
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✹

◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣

▼✉❧t✐✲❙❝❛❧❡s ❊✐❣❡♥✈❛❧✉❡ Pr♦❜❧❡♠s

❈♦♥t❡♥ts

✹✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✹✳✶✳✶ ❆ tth✲♦r❞❡r ❆❝❝✉r❛t❡ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ❙t❡♥❝✐❧ ❢♦r t❤❡ nth ❉❡r✐✈❛t✐✈❡ ♦♥

❛ ◆♦♥✲✉♥✐❢♦r♠ ●r✐❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✹✳✶✳✷ ◆♦♥✲✉♥✐❢♦r♠ ●r✐❞ ❛♥❞ ▼❛❝❤✐♥❡ Pr❡❝✐s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

❲❤❡♥ st✉❞②✐♥❣ t❤❡ ❧✐♥❡❛r ♣❤❛s❡ ♦❢ r❡❝♦♥♥❡❝t✐♦♥ ✐♥st❛❜✐❧✐t✐❡s✱ ❛♥❞ ♦❢ s❡❝♦♥❞❛r② ♦♥❡s ♦❝❝✉rr✐♥❣ ✐♥
t❤❡ ♥♦♥✲❧✐♥❡❛r ♣❤❛s❡ ♦❢ t❤❡ ♣r♦❝❡ss✱ ✇❡ ❛❧✇❛②s ❡♥❝♦✉♥t❡r ❛ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✱ s✉❝❤
❛s t❤❛t ❣✐✈❡♥ ❜②

γBx =
η

µ0
(
d2

dx2
− k2)Bx ✭✹✳✶✮

❆♥ ❡①❛❝t ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤❡s❡ ❦✐♥❞s ♦❢ ♣r♦❜❧❡♠s ❣❡♥❡r❛❧❧② ❞♦ ♥♦t ❡①✐st ❞✉❡ t♦ t❤❡ ♠✉❧t✐✲
s❝❛❧❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐♥✈♦❧✈❡❞✱ ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ ❛ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s
❡q✉✐❧✐❜r✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠ ❬✷✽✷✱
✷✽✸✱ ✷✽✹❪✱

γAu = Bu, ✭✹✳✷✮

✇❤❡r❡ γ ❛♥❞ u ❛r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❛♥❞ t❤❡ ❡✐❣❡♥✈❡❝t♦rs t♦ ❜❡ ❢♦✉♥❞✳ A ❛♥❞ B r❡♣r❡s❡♥t ✐♥ ♦✉r ❝❛s❡
t❤❡ ♥✉♠❡r✐❝❛❧ ♦♣❡r❛t♦rs r❡s✉❧t✐♥❣✱ ❢♦r ❡①❛♠♣❧❡✱ ❢r♦♠ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✉s✐♥❣ ✜♥✐t❡
❞✐✛❡r❡♥❝❡ st❡♥❝✐❧s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❊q✳✭✶✳✷✻✮✱ B ❝❛♥ ❜❡ t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ st❡♥❝✐❧
❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ x✱ t❤❛t ✐s ∂2

∂x2
✱ ❛♥❞ u ✐s t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳

❚❤✐s ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✐♥ t✉r♥ ❞❡♣❡♥❞s ♦♥ ♠❛tr✐① ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♦♥ ♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠s✱
s✉❝❤ ❛s t❤❡ ◗❘ ♠❡t❤♦❞ t♦ ✜♥❞ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs✳ ❋r♦♠ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✐♥t ♦❢
✈✐❡✇ ✇❡ ❤❛✈❡ t❛❝❦❧❡❞ ✐t ❜② ❞❡✈❡❧♦♣✐♥❣ ❛♥ ❛❧❣♦r✐t❤♠ ✐♥ ▼❆❚▲❆❇✳

❚♦ s♦❧✈❡ t❤✐s ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❝♦rr❡❝t❧② ❢♦r ❝❛s❡s s✉❝❤ ❛s ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✱
✇❡ s❤♦✉❧❞ ❡♠♣❧♦② ❛ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ✭✈❡r② s♠❛❧❧ st❡♣✮ t♦ r❡s♦❧✈❡ t❤❡ ✐♥♥❡r r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r✳ ❆s
❞✐s❝✉ss❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ✐♥♥❡r ❧❛②❡r ✐♥ ✇❤✐❝❤ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ t❛❦❡s ♣❧❛❝❡ ✐s ✈❡r② ♥❛rr♦✇✱
❛♥❞ ♦❢ t❤❡ ♦r❞❡r ♦❢ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ✇✐❞t❤ ♦❢ t❤✐s ❧❛②❡r ✭δ✮ s❝❛❧❡s ❛s η−1/3

✶✵✼
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❋✐❣✉r❡ ✹✳✶✿ ❚❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ sin(x) ✉s✐♥❣ ❛ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ♥♦♥✲✉♥✐❢♦r♠ st❡♥❝✐❧ ♦❢
t❤❡ ❢♦✉rt❤ ♦r❞❡r ✭❜❧✉❡✮✱ ❛♥❞ t❤❡ ❡①❛❝t ♦♥❡ ✭♦r❛♥❣❡✮✳ ❚❤❡ ❜❛❞ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ✐s
❝❧❡❛r❧② s❤♦✇♥ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ x = 0✳

❛♥❞ η−2/5 ❢♦r ❞✐✛❡r❡♥t ♣✉r❡❧② r❡s✐st✐✈❡ r❡❣✐♠❡s ✭s❡❡ ❝❤❛♣t❡rs ✶ ❛♥❞ ✼✮✳ ❚❤❡r❡❢♦r❡✱ ❛s r❡s✐st✐✈✐t② ✭η✮
❛♣♣r♦❛❝❤❡s ✐ts r❡❛❧✐st✐❝ ✈❛❧✉❡s ✭❢♦r ❡①❛♠♣❧❡✱ 10−12✮✱ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ r❡❣✐♦♥ ✐s ♦❢ t❤❡
♦r❞❡r 10−5 ✐♥ ✉♥✐ts ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❧❡♥❣t❤✳ ❚❤✐s✱ ✐♥ t✉r♥s✱ ♠❡❛♥s t❤❛t t❤❡ st❡♣ ∆x✱ ✉s❡❞ ✐♥ t❤❡
✜♥✐t❡ ❞✐✛❡r❡♥❝❡ st❡♥❝✐❧✱ ♠✉st ❜❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❛t✱ s♦ t♦ ❡♥s✉r❡ ❤❛✈✐♥❣ ❡♥♦✉❣❤ ♣♦✐♥ts ✐♥s✐❞❡
t❤❡ ✐♥♥❡r ❧❛②❡r✳ ❍❡♥❝❡✱ ✇❡ ❛❞♦♣t ❛ ♥♦♥✲✉♥✐❢♦r♠ ❣r✐❞ ✇✐t❤ ❛ ✈❛r②✐♥❣ st❡♣ t❤❛t ❜❡❝♦♠❡s s♠❛❧❧❡r
❛s ✇❡ ❛♣♣r♦❛❝❤ t❤❡ ♥❡✉tr❛❧ ❧✐♥❡ ✭s❡❡ s❡❝t✐♦♥ ✹✳✶✳✷✮✳ ❇✉t ❞✉❡ t♦ t❤❡ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ st♦r❛❣❡ ♦❢
♥✉♠❜❡rs ✐♥ ❝♦♠♣✉t❡rs✱ t❤❡ st❡♥❝✐❧s✱ ✉s❡❞ t♦ ❡st✐♠❛t❡ ❞❡r✐✈❛t✐✈❡s✱ ❜❡❝♦♠❡ ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ✇❤❡♥
t❤❡ st❡♣ r❡❛❝❤❡s ✈❡r② s♠❛❧❧ ✈❛❧✉❡s✳ ❚❤❡ ❡✛❡❝t ♦❢ t❤✐s ✐❧❧✲❝♦♥❞✐t✐♦♥✐♥❣ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳✹✳✶✱ ✇❤❡r❡
✇❡ ♣r❡s❡♥t t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ sin(x) ❡st✐♠❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ♦♥ ❛ ♥♦♥✲✉♥✐❢♦r♠ ❣r✐❞✳ ■t ✐s
♦❜✈✐♦✉s t❤❛t t❤❡ st❡♥❝✐❧ ❢❛✐❧s t♦ ❣✐✈❡ ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♥❡❛r t❤❡
❝❡♥t❡r ♦❢ t❤❡ ✐♥♥❡r ❧❛②❡r ✭x = 0✮ ✇❤❡r❡ t❤❡ ❣r✐❞ s♣❛❝✐♥❣ ❜❡❝♦♠❡s ✈❡r② s♠❛❧❧✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s
♣r♦❜❧❡♠✱ ✇❡ ✉s❡ ❛ ♠✉❧t✐✲♣r❡❝✐s✐♦♥ ❛❧❣♦r✐t❤♠ ✭s❡❝t✐♦♥ ✹✳✶✳✷✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡ ❞❡t❛✐❧
t❤❡ ♠❡t❤♦❞ t❤❛t ❝❛♥ ❜❡ ❢♦❧❧♦✇❡❞ s♦ t♦ ❜✉✐❧❞ ❛♥ ❛r❜✐tr❛r② ❛❝❝✉r❛t❡ st❡♥❝✐❧ ❢♦r t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛♥②
♦r❞❡r✱ ❛♥❞ t❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤✐s s❤♦rt ❈❤❛♣t❡r ❜② ❡①♣❧❛✐♥✐♥❣ t❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ♥♦♥✲✉♥✐❢♦r♠
❣r✐❞✳

✹✳✶✳✶ ❆ tth✲♦r❞❡r ❆❝❝✉r❛t❡ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ❙t❡♥❝✐❧ ❢♦r t❤❡ nth ❉❡r✐✈❛t✐✈❡ ♦♥

❛ ◆♦♥✲✉♥✐❢♦r♠ ●r✐❞

■♥ t❤❡ ❡✐❣❡♥❡s♦❧✈❡r✱ ❞❡r✐✈❛t✐✈❡s ❛r❡ ♥✉♠❡r✐❝❛❧❧② ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ st❛♥❞❛r❞ ❝♦♠♣❛❝t ❞✐✛❡r❡♥❝❡
♠❡t❤♦❞ ❬✷✽✺❪✳ ❚❤❡ ❣❡♥❡r❛❧✱ ❡①♣❧✐❝✐t ❢♦r♠ ❢♦r ❛ ♥♦♥✲✉♥✐❢♦r♠ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ nth ❞❡r✐✈❛t✐✈❡
♦♥ ❛ ♥♦♥✲✉♥✐❢♦r♠ ❣r✐❞ ❜② ✉s✐♥❣ ❛ ❝❡♥t❡r❡❞ st❡♥❝✐❧ ✇✐t❤ Nt ♣♦✐♥ts ❛♥❞ ❛❝❝✉r❛❝② ✉♣ t♦ ♦r❞❡r
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✹✳✶✳ ■♥tr♦❞✉❝t✐♦♥

t = Nt − n r❡❛❞s

∂nf

∂xn

∣
∣
∣
∣
i

=

Nt−1
2∑

m=−Nt−1
2

ai+mfi+m + e(t
th) ✭✹✳✸✮

◆♦t❡ t❤❛t✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ st❡♥❝✐❧s ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ❛r❡ ❝❡♥t❡r❡❞ ✭❛♥❞ t❤❡r❡❢♦r❡ Nt ✐s ❛♥ ♦❞❞
♥✉♠❜❡r✮✱ t❤❡② ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♥♦t s②♠♠❡tr✐❝ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♥♦♥✲✉♥✐❢♦r♠✐t② ♦❢ t❤❡ ❣r✐❞ ✭s❡❡ s❡❝t✐♦♥
✹✳✶✳✷✮✳
❈♦❡✣❝✐❡♥ts ai+m ❛r❡ ❡✈❛❧✉❛t❡❞ ❜② ❢♦❧❧♦✇✐♥❣ t❤❡ st❛♥❞❛r❞ ❝♦♠♣❛❝t ❞✐✛❡r❡♥❝❡ ❛♣♣r♦❛❝❤✱ ✉s✐♥❣
❚❛②❧♦r ❡①♣❛♥s✐♦♥✳ ❋♦r t❤❡ ♣♦✐♥ts t♦ t❤❡ ❧❡❢t ❛♥❞ t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ st❡♥❝✐❧✱ xi✱ ✇❡
r❡s♣❡❝t✐✈❡❧② ✜♥❞

fi−j =
Nt−1∑

m=0

hli−j
m!

∂mf

∂xm

∣
∣
∣
i
−
hNti−j
Nt!

∂Nt

∂xNt
f
∣
∣
∣
i
, ✭✹✳✹✮

fi+j =

Np−1
∑

m=0

(−1)m
hmi+j
m!

∂mf

∂xm

∣
∣
∣
i
+
h
Np
i+j

Np!

∂Np

∂xNp
f
∣
∣
∣
i
. ✭✹✳✺✮

❯s✐♥❣ ❊qs✳✭✹✳✹✲✹✳✺✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✹✳✸✮ ✇❡ ♦❜t❛✐♥ ❛ s②st❡♠ ♦❢ Nt ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts
ai±m✱ ✇✐t❤ 1 ≤ m ≤ (Nt − 1)/2✳ ❲❡ ✇r✐t❡ ✐t ❛s



















h
i+

Nt−1
2

· · hi+1 −hi−1 · · −h
i−Nt−1

2

h2
i+

Nt−1
2

· · h2i+1 h2i−1 · · h2
i−Nt−1

2

· · · · · · · ·
· · · · · · · ·

hJ
i+

Nt−1
2

· · hJi+1 hJi−1 · · hJ
i−Nt−1

2

· · · · · · · ·
· · · · · · · ·

hNt−1

i+
Nt−1

2

· · hNt−1
i+1 hNt−1

i−1 · · hNt−1
i−Nt−1

2



















︸ ︷︷ ︸

[At]

×

















a
i+

Nt−1
2

a
i+

Nt−1
2

−1

·
·

a
i+

Nt−1
2

−J−1

·
·

a
i−Nt−1

2

















︸ ︷︷ ︸
a

=















0
0
0
0
J !
0
0
0















︸ ︷︷ ︸

b

, ✭✹✳✻✮

✇❤❡r❡ ✏×✑ st❛♥❞s ❤❡r❡ ❢♦r ♠❛tr✐① ♣r♦❞✉❝t✳ ◆❛♠✐♥❣ [Ãj ] t❤❡ ♠❛tr✐① t❤❛t r❡s✉❧ts ❢r♦♠ r❡♣❧❛❝✐♥❣
t❤❡ ❝♦❧✉♠♥ j ✐♥ [At] ✇✐t❤ ✈❡❝t♦r b✱ t❤❡ ❝♦❡✣❝✐❡♥ts ai±j ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ❡①❛♠♣❧❡✱ ❜② ✉s✐♥❣
❈r❛♠❡r✬s ♠❡t❤♦❞✿

ai±j =
det[Ãj ]

det[At]
a0 = −

Nt−1
2∑

j=−Nt−1
2

,j 6=0

ai+j , ✭✹✳✼✮
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❆❜♦✈❡✱ t❤❡ ✐♥❞❡① j r✉♥s ♦✈❡r j = 1, 2, .., (Nt − 1)/2✳ ❚❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ [At] ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t At ✐s ❛ ♠❛tr✐① ♦❢ ❱❛♥❞❡r♠♦♥❞❡✲t②♣❡✳ ❆❢t❡r s♦♠❡ ❛❧❣❡❜r❛ ✇❡ ❝❛♥ ✇r✐t❡ ❛
❣❡♥❡r❛❧ ❢♦r♠✉❧❛ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ ❛ st❡♥❝✐❧ ♠❛tr✐① ♦❢ s✐③❡ t× t✱

det[At] =
( Nt∏

l=−Ns,l 6=0

hi+l

)(Nt−1∏

k=1

Nt∏

l=k+1

[hi±k − hi±l]
)

×
( Nt∏

k=1

Nt∏

l=1

[hi+k + hi−l]
)

, ✭✹✳✽✮

✇✐t❤ ✏×✑ ✐s ♥♦✇ ❡①♣r❡ss✐♥❣ st❛♥❞❛r❞ ❛❧❣❡❜r❛✐❝ ♣r♦❞✉❝t✳ ❋r♦♠ ❊qs✳✭✹✳✹✲✹✳✺✮ ✇❡ ❝❛♥ t❤❡♥ r❡✲✇r✐t❡
t❤❡ ❧♦❝❛❧ tr✉♥❝❛t✐♦♥ ❡rr♦r ♦❢ t❤❡ s❝❤❡♠❡ ♦❢ tth = (Nt − n)th ♦r❞❡r✿

et =
[ Nt∑

j=1

hNti+jai+j −
Nt∑

j=1

hNti−jai−j
]

× 1

Nt!

∂Ntf

∂xNt

∣
∣
∣
i
. ✭✹✳✾✮

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✐♥ ❊q✳✭✹✳✾✮ t❤❡ ♥✉♠❜❡r ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ♦❢ ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ t❡r♠s ❧✐❦❡
hi±k−hi±l ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ s♦✉❣❤t ❛❝❝✉r❛❝② t ♦❢ t❤❡ s❝❤❡♠❡✿ t❤✐s ♣r♦✈✐❞❡s ❛ s♦✉r❝❡ ♦❢ r♦✉♥❞✐❣✲
❡rr♦r✱ ✇❤✐❝❤ ❡✈❡♥t✉❛❧❧② ❢♦r❝❡s t♦ r❡❞✉❝❡ t❤❡ ♠❛❝❤✐♥❡✲❡♣s✐❧♦♥ ✭✐✳❡✳✱ t♦ ✐♥❝r❡❛s❡ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢
♥✉♠❜❡r r❡♣r❡s❡♥t❛t✐♦♥✮✳ ◆♦t✐❝❡ t❤❛t t❤✐s ✐s ❛♥ ✉♥❛✈♦✐❞❛❜❧❡ ❞r❛✇❜❛❝❦ ♦❢ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡ s❝❤❡♠❡s✱
✇❤✐❝❤ ♠✉st ❜❡ ✏♣❛②❡❞✑ ✐♥ ♦r❞❡r t♦ ♦✈❡r❝♦♠❡ ✐❧❧✲❝♦♥❞✐t✐♦♥✐♥❣ ♣r♦❜❧❡♠s✱ ✇❤❡♥ ❤✐❣❤❡r ♦r❞❡r st❡♥❝✐❧s
❛r❡ ✉s❡❞✳

Pr❡✈✐♦✉s ❢♦r♠✉❧❛❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ ❝♦♠♣❛❝t s❝❤❡♠❡s ❢♦r ❛♥ ❛r❜✐tr❛r②
❞❡r✐✈❛t✐✈❡ ✇✐t❤ ❛r❜✐tr❛r② ❛❝❝✉r❛❝②✳ ❆s ❛♥ ❡①♣❧✐❝✐t ❡①❛♠♣❧❡ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛ ❢♦✉rt❤ ♦r❞❡r ❛❝❝✉r❛t❡
st❡♥❝✐❧ ✭t = 4✮ ❢♦r t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡ ✭n = 1✮✱ s✉❝❤ ❛s ✐t ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧
❝❛❧❝✉❧❛t✐♦♥s ❞✐s❝✉ss❡❞ ❤❡r❡✳
❯s✐♥❣ t❤❡s❡ ✈❛❧✉❡s✱ ✇❤❡♥❝❡ Nt = t+ n = 5✱ ❊q✳✭✹✳✸✮✱ ✭✹✳✹✮ ❛♥❞ ✭✹✳✺✮ r❡s♣❡❝t✐✈❡❧② r❡❛❞✿

∂f

∂x
|i =

2∑

m=−2

ai+mfi+m + e(4), ✭✹✳✶✵✮

fi−j =
4∑

l=0

hli−j
l!

∂lf

∂xl

∣
∣
∣
i
−
h5i−j
5!

∂5f

∂x5

∣
∣
∣
i
, ✭✹✳✶✶✮

fi+j =
4∑

l=0

(−1)l
hli+j
l!

∂lf

∂xl

∣
∣
∣
i
+
h5i+j
5!

∂5f

∂x5

∣
∣
∣
i
. ✭✹✳✶✷✮

❚❤✐s ❧❡❛❞s t♦ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ Nt = 5 ❡q✉❛t✐♦♥s✿ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r s②st❡♠






hi+2 hi+1 −hi−1 −hi−2

h2i+2 h2i+1 h2i−1 h2i−2

h3i+2 h3i+1 −h3i−1 −h3i−2

h4i+2 h4i+1 h4i−1 h4i−2







︸ ︷︷ ︸

[A4]

·







ai+2

ai+1

ai−1

ai−2







︸ ︷︷ ︸
a

=







1
0
0
0







︸ ︷︷ ︸

b

✭✹✳✶✸✮

✇❡ ♠✉st ❛❞❞ t❤❡ ❡q✉❛t✐♦♥ ❢♦r ai = −(ai−2 + ai−2 + ai+1 + ai+2)✱ ❛s ✐t ✐s ❣✐✈❡♥ ❜② t❤❡ s❡❝♦♥❞ ♦❢
❊qs✳✭✹✳✼✮✳ ❆♣♣❧②✐♥❣ ❊q✳✭✹✳✽✮✱ ♦♥❡ ✜♥❞s

det[A4] =hi+2hi+1hi−1hi−2(hi+2 + hi−2)(hi+1 + hi−2)×
(hi−1 − hi−2)(hi+2 + hi−1)(hi+1 + hi−1)(hi+1 − hi+2)

✭✹✳✶✹✮

✶✶✵



✹✳✶✳ ■♥tr♦❞✉❝t✐♦♥

❋✐♥❛❧❧②✱ ✉s✐♥❣ ✭✹✳✽✮ ❛♥❞ ✭✹✳✶✹✮ ✐♥ t❤❡ ✜rst ♦❢ ✭✹✳✼✮ ✇❡ ❡①♣❧✐❝✐t❧② ♦❜t❛✐♥ t❤❡ s♦✉❣❤t ❝♦❡✣❝✐❡♥ts✿

ai+2 =
hi+1hi−1hi−2

hi+2(hi+2 + hi−2)(hi+2 + hi−1)(hi+1 − hi+2)
✭✹✳✶✺✮

ai+1 =
−hi+2hi−1hi−2

hi+1(hi+1 + hi−2)(hi+1 + hi−1)(hi+1 − hi+2)
✭✹✳✶✻✮

ai−1 =
hi+2hi+1hi−2

hi−1(hi+2 + hi−1)(hi+1 + hi−1)(hi−1 − hi−2)
✭✹✳✶✼✮

ai−2 =
−hi+2hi+1hi−1

hi−2(hi+2 + hi−2)(hi+1 + hi−2)(hi−1 − hi−2)
✭✹✳✶✽✮

❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ ❣r✐❞ ✐s ✉♥✐❢♦r♠✱ t❤❡♥ hi+2 = hi−2 = 2∆x✱ ❛♥❞ hi+1 = hi−1 = ∆x✳
❙✉❜st✐t✉t✐♥❣ t❤❡s❡ ✈❛❧✉❡s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ❣✐✈❡

ai+2 = − 1

12∆x
, ai+1 =

8

12∆x
, ai−2 =

1

12∆x
, ai−1 = − 8

12∆x
, a0 = 0, ✭✹✳✶✾✮

❚❤❡♥ s✉❜st✐t✉t✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡s❡ ❝♦❡✣❝✐❡♥ts ✐♥ ❊q✳✭✹✳✸✮✱ ♦♥❡ ✜♥❞s t❤❡ ❦♥♦✇♥ 4th ♦r❞❡r
❝❡♥t❡r❡❞ ❞✐✛❡r❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡✱

∂f

∂x
≈ −fi+2 + 8fi+1 − 8fi−1 + fi+2

12∆x
, ✭✹✳✷✵✮

✹✳✶✳✷ ◆♦♥✲✉♥✐❢♦r♠ ●r✐❞ ❛♥❞ ▼❛❝❤✐♥❡ Pr❡❝✐s✐♦♥

❚❤❡ ♥♦♥✲✉♥✐❢♦r♠ ❣r✐❞ ✇✐t❤ ❛ ✜♥❡ s♣❛❝✐♥❣ ❛r♦✉♥❞ x = 0 ✐s ❣❡♥❡r❛t❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❢✉♥❝t✐♦♥

xi =

x∗i

[(
2|x∗i |
Lx

)β

+ b

]

1 + b
. ✭✹✳✷✶✮

t♦ ❛ ✉♥✐❢♦r♠ ❣r✐❞ ♦❢ s♣❛❝✐♥❣ h∗ ❝❡♥t❡r❡❞ ❛r♦✉♥❞ x∗0 = 0 ❛♥❞ ❞❡✜♥❡❞ ❜② x∗i = ih∗✱ ✇❤❡r❡ i =
−Nx/2, ..., Nx/2✱ ✇✐t❤ Nx ♥✉♠❜❡r ♦❢ s✉❜✲✐♥t❡r✈❛❧s ✐♥ t❤❡ ✐♥t❡r✈❛❧ [−Lx/2, Lx/2]✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢
t❤❡ r❡❛❧ ♣❛r❛♠❡t❡rs β > 0 ❛♥❞ b > 0 ❛❧❧♦✇s ✉s t♦ ❝♦♥tr♦❧ t❤❡ ❞❡❣r❡❡ ♦❢ ♥♦♥✲✉♥✐❢♦r♠✐t②✱ ✇❤✐❝❤
✐♥❝r❡❛s❡s ❛s β ✐♥❝r❡❛s❡s ❛♥❞✴♦r b ❞❡❝r❡❛s❡s✳ ❚❤❡ ❣❡♥❡r✐❝ s♣❛❝✐♥❣ hi ✐s ✐♥❞❡❡❞ ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢
t❤❡ ✉♥✐❢♦r♠ ♠❡s❤ s✐③❡ Lx/Nx ❜② t❤❡ r❡❧❛t✐♦♥

hi =
Lx
Nx

[

(2|i+ 1|Nx)
β + b

]

+ i (2Nx)
β (|i+ 1|β − |i|β

)

1 + b
. ✭✹✳✷✷✮

◆♦t✐❝❡ t❤❛t s♠❛❧❧ ✈❛❧✉❡s ♦❢ hi ❝❛♥ ❧❡❛❞ t♦ tr✉♥❝❛t✐♦♥ ❡rr♦rs ❝♦♠♣❛r❛❜❧❡ t♦✱ ♦r s♠❛❧❧❡r t❤❛♥ t❤❡
♠❛❝❤✐♥❡ ❡♣s✐❧♦♥ ❢♦r ❛ ❣✐✈❡♥ ♣r❡❝✐s✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ✐❧❧✲❝♦♥❞✐t✐♦♥✐♥❣ ♣r♦❜❧❡♠s
r❡❧❛t❡❞ t♦ t❤❡ s✉❜tr❛❝t✐♦♥ ♦❢ t♦♦ ❝❧♦s❡ ♥✉♠❜❡rs✱ ❜♦t❤ t❤❡ ♣❛r❛♠❡t❡rs β ❛♥❞ b ❢♦r ❛ ✜①❡❞ ♠❛❝❤✐♥❡
♣r❡❝✐s✐♦♥ ǫp ❛♥❞ t❤❡ ♠❛❝❤✐♥❡ ♣r❡❝✐s✐♦♥ ✐ts❡❧❢ ♠✉st ❜❡ ♠❛❞❡ ✈❛r② ❛t t❤❡ ✈❛r②✐♥❣ ♦❢ t❤❡ ♥♦♥✲✐❞❡❛❧
♣❛r❛♠❡t❡rs ❛❧❧♦✇✐♥❣ r❡❝♦♥♥❡❝t✐♦♥✱ ♦♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❣r✐❞ ♣♦✐♥ts Nx + 1 ✐s ✜①❡❞✿ ♦♥ t❤❡ ♦♥❡
❤❛♥❞✱ t❤❡ s♠❛❧❧❡st hj ♠✉st ❜❡ s♠❛❧❧ ❡♥♦✉❣❤ t♦ ❛❧❧♦✇ ❛ s✉✣❝✐❡♥t r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣
❧❛②❡r ✇✐❞t❤ δ❀ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ hj/a ♠✉st ❜❡ ❧❛r❣❡r t❤❛♥ t❤❡ ♠❛❝❤✐♥❡ ❡♣s✐❧♦♥✳

✶✶✶



❈❤❛♣t❡r ✹✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❙♦❧✈✐♥❣ ▼✉❧t✐✲❙❝❛❧❡s ❊✐❣❡♥✈❛❧✉❡ Pr♦❜❧❡♠s

▲♦✇❡r ❝♦♥str❛✐♥ts ♦♥ hj/a ❛r❡ ✐♥❞❡❡❞ ♣♦s❡❞ ❜② r♦✉♥❞✐♥❣ ❡rr♦rs ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♠❛❝❤✐♥❡
♣r❡❝✐s✐♦♥✿ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♠♣❧✐❝✐t r♦✉♥❞✐♥❣ ❡rr♦r ♦❢ tr✉♥❝❛t❡❞ ♥✉♠❜❡rs ❣✐✈❡♥ ❜② ǫpr
✭❡✳❣✳✱ ✐♥ ❞❡❝✐♠❛❧ s✐♥❣❧❡ ♣r❡❝✐s✐♦♥ pr → s✱ ǫs = 5× 10−7✮✱ ❊q✳✭✹✳✸✮ s❤♦✉❧❞ ❜❡ r❡✇r✐tt❡♥ ❛s✿

∂2f

∂x2
|i =

m=4∑

m=−4

ai+m(fi+m + ǫpr) + et
th
. ✭✹✳✷✸✮

■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥
∣
∣
∣
∣
∣

∂2f

∂x2

∣
∣
∣
∣
xi

−
m=4∑

m=−4

ai+mfm

∣
∣
∣
∣
∣
≤ e

(tth)
i +

m=4∑

m=−4

ai+mǫpr

︸ ︷︷ ︸

Λi(hi−4,...,hi+4)

, ✭✹✳✷✹✮

♠✉st ❜❡ r❡s♣❡❝t❡❞✱ ✇❤❡r❡ Λi(hi−4, ..., hi+4) ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡ ♠❡s❤ s♣❛❝✐♥❣ hi−4, ..., hi+4 ✭❝❢✳
❊q✳✭✹✳✾✮ ❛♥❞ ✭✹✳✶✺✲✹✳✶✽✮ ❛❜♦✈❡✮✳

■♥ ♦r❞❡r t♦ ✜♥❞ ❛ q✉❛♥t✐t❛t✐✈❡ t❤r❡s❤♦❧❞ ♦♥ hj ✇❡ ❝♦✉❧❞ ✉♥❞❡r❡st✐♠❛t❡ Λi(hi−4, ..., hi+4) ❜②
♠❡❛♥s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ Λ∗

i (minm{hi+m}) ♦❜t❛✐♥❡❞ ❜② ❝❛❧❝✉❧❛t✐♥❣ Λi(hi−4, ..., hi+4) ❛❢t❡r s✉❜st✐✲
t✉t✐♥❣✱ ❛t t❤❡ ✈❛r②✐♥❣ ♦❢ m✱ ❡❛❝❤ ♦❢ t❤❡ hi+m ✇✐t❤ minm{hi+m} = h∗✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡ ♦❢
t❤❡ ❧❛tt❡r ❝❛♥ ❜❡ t❤✉s ❝♦♠♣✉t❡❞ ❜② ✜♥❞✐♥❣ t❤❡ ♠✐♥✐♠✉♠ ♦❢ Λ∗

i (h
∗) ✐♠♣♦s✐♥❣✿

∂Λ∗
i (h

∗)
∂h∗

= 0. ✭✹✳✷✺✮

❚❤✐s ❣✐✈❡s ✉s ❛ r❡str✐❝t✐✈❡ ❧♦✇❡r t❤r❡s❤♦❧❞ ♦♥ t❤❡ s♠❛❧❧❡st ✈❛❧✉❡ ♦❢ hj ♦♥ t❤❡ ❣r✐❞✱ ✇❤✐❝❤ ✐s
❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❛ ❣✐✈❡♥ ♠❛❝❤✐♥❡ ❡♣s✐❧♦♥ ǫp✳ ■❢ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ t❤❡ ♠❛❝❤✐♥❡ ♣r❡❝✐s✐♦♥ ♠✉st
❜❡ ✐♥❝r❡❛s❡❞ ✭✐✳❡✳✱ ǫp ♠✉st ❜❡ ❞❡❝r❡❛s❡❞✮✳

❍♦✇❡✈❡r✱ ✐♥ t❤❡ ♣r❡s❡♥t ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦❞❡✱ ✇❡ ❞♦♥✬t st❛rt ❜② ✜♥❞✐♥❣ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡
❛❧❧♦✇❡❞ ❢♦r t❤❡ st❡♣✱ ❜② s♦❧✈✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✳ ■♥ ❢❛❝t✱ ✇❡ ❢♦❧❧♦✇ s♦♠❡❤♦✇ ✧❡♠♣✐r✐❝❛❧✧
✇❛② ❜② r❡✜♥✐♥❣ t❤❡ ♥♦♥✲✉♥✐❢♦r♠ ❣r✐❞ ✉♥t✐❧ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❝♦♥✈❡r❣❡s✳

✶✶✷
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✺✳✶ ■♥tr♦❞✉❝t✐♦♥

❘❡❞✉❝❡❞ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s ♠♦❞❡❧s ❛r❡ ❛ ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥ s✐♠♣❧✐❝✐t② ❛♥❞ r❡❛❧✐s♠✳ ❚❤❡②
❣r♦✉♥❞ ♦♥ t❤❡ ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢ ▼❍❉ ❬✸✸✱ ✷✽✻❪✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ❢r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t
♦❢ ✈✐❡✇✱ t❤❡② ❢❛❧❧ ✐♥t♦ t❤r❡❡ ❝❛t❡❣♦r✐❡s✿ t✇♦✲✱ t❤r❡❡✲✱ ❛♥❞ ❢♦✉r✲✜❡❧❞s ♠♦❞❡❧s✱ ✇❤❡r❡ ❢♦r ❡❛❝❤ ✜❡❧❞✱
✇❡ ❤❛✈❡ ❛♥ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥✳ ❚❤❡✐r ❞❡r✐✈❛t✐♦♥s st❛rt ✇✐t❤ t❤❡ ♦r❞❡r✐♥❣ ♦❢ ✈❛r✐♦✉s t❡r♠s ✐♥
t❤❡ t✇♦✲✢✉✐❞ ♠♦❞❡❧ ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ s♠❛❧❧ ♣❛r❛♠❡t❡r✳ ❚❤❡s❡ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ t❤❡ r❛t✐♦
♦❢ ♣❛r❛❧❧❡❧ ❛♥❞ ♣❡r♣❡♥❞✐❝✉❧❛r ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤❡ r❛t✐♦ ♦❢ ❧❛r❣❡ ❛♥❞ s♠❛❧❧
r❛❞✐✉s ♦❢ ❛ t♦❦❛♠❛❦✱ ❡✳❣✳✱ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❦✐♥❡t✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✭♦r ♣r❡ss✉r❡✮✳ ❚❤❡
✜rst ❢❛♠✐❧② ♦❢ r❡❞✉❝❡❞ ♠♦❞❡❧s ✐s t❤❡ t✇♦✲✜❡❧❞ ❘▼❍❉✳ ■♥ t❤✐s ♠♦❞❡❧✱ t❤❡ ❞②♥❛♠✐❝ ✐s ❞❡s❝r✐❜❡❞
❜② t✇♦ s❝❛❧❛r ✜❡❧❞s✿ ♠❛❣♥❡t✐❝ str❡❛♠ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ✈❡❧♦❝✐t② str❡❛♠ ❢✉♥❝t✐♦♥✳ ❚❤❡ ❢♦r♠❡r
❣✐✈❡s t❤❡ ♣♦❧♦✐❞❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✜❡❧❞✱ ✇❤✐❧❡ t❤❡ ❣r❛❞✐❡♥t ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❧❛t❡r r❡♣r❡s❡♥t
t❤❡ ♣♦❧♦✐❞❛❧ ✈❡❧♦❝✐t✐❡s✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧ ♣r✐♠❛r② ❞❡♣❡♥❞s ♦♥ t❤❡ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞
❛ss✉♠♣t✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s ❛ss✉♠♣t✐♦♥✱ t❤❡ ❣✉✐❞❡ ✜❡❧❞ ✐s ❛ str♦♥❣✱ ❛❧♠♦st ✉♥✐✲❞✐r❡❝t✐♦♥❛❧
✜❡❧❞✳ ❚❤✉s✱ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✜❡❧❞ ✇✐❧❧ ❜❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ♣❛r❛❧❧❡❧ ♦♥❡ ❜② ❛
❢❛❝t♦r ǫB = |B⊥|

B||
✳ ❆♥♦t❤❡r ❝r✐t✐❝❛❧ ❛ss✉♠♣t✐♦♥ ✐s t❤❡ ❧♦✇✲β ❧✐♠✐t ♦❢ t❤❡ ♣❧❛s♠❛✱ ✇❤✐❝❤ ✐♥ ♠♦st

❝❛s❡s✱ ❜② ❣r❛♥t✐♥❣ ❛ ❧❡❛❞✐♥❣ ♦r❞❡r ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ♦❢ t❤❡ ♣❧❛s♠❛ ✢✉✐❞✱ ❛❧❧♦✇s t❤❡ ❡❧✐♠✐♥❛t✐♦♥
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♦❢ t❤❡ ♣r❡ss✉r❡ ❛♥❞ ❞❡♥s✐t② ❣r❛❞✐❡♥ts ❢r♦♠ t❤❡ s②st❡♠✱ ❧❡❛✈✐♥❣ ✉s ✇✐t❤ t✇♦ ♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥s
❞❡s❝r✐❜✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥s✳

❚❤❡ ♣❧❛s♠❛ ✢✉✐❞ ✈❡❧♦❝✐t② ✐♥ t❤✐s ♠♦❞❡❧ ✐s ♠❛✐♥❧② ❞✉❡ t♦ t❤❡ ♠❡❛♥ E × B✲❞r✐❢t ✈❡❧♦❝✐t②
✭uE×B✮✱ ✇❤✐❧❡ ❞r✐❢ts r❡s✉❧t✐♥❣ ❢r♦♠ ♦t❤❡r ❡✛❡❝ts✱ s✉❝❤ ❛s ♣♦❧❛r✐③❛t✐♦♥ ❞r✐❢t ❛♥❞ ❞✐❛♠❛❣♥❡t✐❝
❞r✐❢t✱ ❛r❡ ♥❡❣❧❡❝t❡❞ ✭♦r ❛t ♠♦st r❡t❛✐♥❡❞ ❛s ✜rst✲♦r❞❡r ❝♦rr❡❝t✐♦♥s✱ ❡✳❣✳ ✇❤❡♥ ✐♦♥✲s♦✉♥❞ ❋▲❘
❡✛❡❝ts ❛r❡ r❡t❛✐♥❡❞✮✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✐❣♥♦r❡ t❤❡ ♣❛r❛❧❧❡❧ ♣❡rt✉r❜❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣❛r❡❞
t♦ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❝♦♠♣♦♥❡♥ts✳ ❚❤❡s❡ ♠♦❞❡❧s st❛rt❡❞ s❡♣❛r❛t❡❧② ✇✐t❤ t❤❡ s❡♠✐♥❛❧ ✇♦r❦s ❜②
❙tr❛✉ss ❬✼✻✱ ✼✼❪✱ ❘♦s❡♥❜❧✉t❤ ❬✼✽❪✱ ❛♥❞ ❑❛❞♦♠ts❡✈ ❬✼✾❪✳ ❚❤❡s❡ ✇♦r❦s ❝♦♥s✐❞❡r❡❞ r❡s✐st✐✈✐t② ❛s
❛ ❞✐ss✐♣❛t✐✈❡ ♣❛r❛♠❡t❡r ✐♥ ❖❤♠ ❧❛✇✱ ❛♥❞ ♥❡❣❧❡❝t❡❞ ❋▲❘ ❡✛❡❝ts✱ ❍❛❧❧ ❡✛❡❝ts✱ t❡♠♣❡r❛t✉r❡ ❛♥❞
❞❡♥s✐t② ❣r❛❞✐❡♥ts✱ ✇❤✐❝❤ ❝❛♥ ❜❡❝♦♠❡ ✐♠♣♦rt❛♥t ✐♥ ♠❛♥② r❡❛❧✐st✐❝ ❝❛s❡s ❬✷✽✼❪✳ ❚✇♦✲✜❡❧❞s ❘▼❍❉

♠♦❞❡❧s ❢♦r t♦r♦✐❞❛❧ ❣❡♦♠❡tr②✱ ✇✐t❤ ❞❡♥s✐t② ♣r♦✜❧❡ s❝❛❧✐♥❣ ❛s R−2✱ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ ❘❡❢s
❬✷✽✽✱ ✷✽✾❪✳ ❖t❤❡r ❝♦❧❧✐s✐♦♥❧❡ss ♠♦❞❡❧s✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡ ♦t❤❡r ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs ✐♥ ❖❤♠ ❧❛✇✱
s✉❝❤ ❛s t❤❡ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛ ❛♥❞ t❤❡ ❡✛❡❝t ♦❢ ❡❧❡❝tr♦♥ ❝♦♠♣r❡ss✐❜✐❧✐t②✱ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❞❡r✐✈❡❞ ❜②
❙❝❤❡♣ ❛♥❞ P❡❣♦r❛r♦ ❬✽✸❪✳ ❆❧s♦✱ r❡s✐st✐✈❡ ♠♦❞❡❧s ✇✐t❤ ❛ ❣❡♥❡r❛❧ st❡❛❞②✱ ✐♥❤♦♠♦❣❡♥❡♦✉s ❞❡♥s✐t②
♣r♦✜❧❡ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ st✉❞② ✐♥st❛❜✐❧✐t✐❡s✱ s✉❝❤ ❛s t❤❡ ❝✉rr❡♥t ❤❛❧♦ ✐♥ t♦❦❛♠❛❦s ❬✷✾✵✱ ✷✾✶❪✳
❙❝❤❡♣ ❛♥❞ P❡❣♦r❛r♦ ❬✽✸❪ ❛❧s♦ ❞❡r✐✈❡❞ ❛ ❣❡♥❡r❛❧✐③❡❞ t✇♦✲✢✉✐❞ ♠♦❞❡❧✱ ✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❡✛❡❝t
♦❢ ❛ ✜♥✐t❡ ✐♦♥ t❡♠♣❡r❛t✉r❡✳

❚❤r❡❡✲✜❡❧❞ ♠♦❞❡❧s ❬✷✾✷❪✱ ✇❤✐❝❤ r❡♣r❡s❡♥t ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ t✇♦✲✢✉✐❞ ♠♦❞❡❧s✱ ✐s
♦❜t❛✐♥❡❞ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❛ ✿ ❧♦✇−β ♣❧❛s♠❛ ❞♦♠✐♥❛t❡❞ ❜② ❛ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞ ❛❧♦♥❣ t❤❡
✐❣♥♦r❛❜❧❡ ❞✐r❡❝t✐♦♥✱ s❛② z❀ ❛♥ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢♦✇❀ ❛ ❝♦♥st❛♥t ❡❧❡❝tr♦♥ t❡♠♣❡r❛t✉r❡❀ ❛♥❞ ❛ ❝♦❧❞
✐♦♥ ❧✐♠✐t✳ ❚❤❡ t❤r❡❡ s❝❛❧❛r ✜❡❧❞s ❛r❡ t❤❡ ♠❛❣♥❡t✐❝ str❡❛♠ ❢✉♥❝t✐♦♥✱ t❤❡ ✈❡❧♦❝✐t② str❡❛♠ ❢✉♥❝t✐♦♥✱
❛♥❞ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t②✳ ❚❤❡ ❞②♥❛♠✐❝ ✐♥ t❤✐s ♠♦❞❡❧ ✐s ✐♥tr✐♥s✐❝❛❧❧② ✷❉✳

❆ ♠♦r❡ ❣❡♥❡r❛❧ s❡t ♦❢ r❡❞✉❝❡❞ ❡q✉❛t✐♦♥s ✭❢♦✉r✲✜❡❧❞ ♠♦❞❡❧ ❬✷✾✸❪✮ ❣♦✈❡r♥✐♥❣ t❤❡ ✷❉ ❞②♥❛♠✐❝s
♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❢♦r s♠❛❧❧ ❛♥❞ ❧❛r❣❡ ❣✉✐❞❡ ✜❡❧❞ ❛♥❞ t❤❛t ✐♥❝❧✉❞❡s t❤❡ ❡✛❡❝ts ♦❢ ❍❛❧❧ t❡r♠
❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✱ ❜② ✉s✐♥❣ ❛♥ ♦r❞❡r✐♥❣ t❤❛t ❛ss✉♠❡s t❤❡ ❝♦♠♣r❡ss✐♦♥❛❧ ❆❧❢✈é♥ ✇❛✈❡s t♦ ♣r♦♣❛✲
❣❛t❡ ♠✉❝❤ ❢❛st❡r t❤❛♥ ♦t❤❡r ✇❛✈❡s ✐♥ t❤❡ s②st❡♠✳ ❚❤❡r❡❢♦r❡✱ t❤❡s❡ ✇❛✈❡s ❞❡❝♦✉♣❧❡ ❢r♦♠ ♦t❤❡rs
❛♥❞ ❝❛♥ ❜❡ t❤✉s ❡❧✐♠✐♥❛t❡❞✳ ❚❤❡ ❢♦✉r ✜❡❧❞s ❤❡r❡ ❛r❡ t❤❡ ♠❛❣♥❡t✐❝ str❡❛♠ ❢✉♥❝t✐♦♥✱ t❤❡ ✈❡❧♦❝✐t②
str❡❛♠ ❢✉♥❝t✐♦♥✱ t❤❡ ③✲❝♦♠♣♦♥❡♥t ♦❢ ✐♦♥ ✈❡❧♦❝✐t②✱ ❛♥❞ t❤❡ ♣❡rt✉r❜❛t✐♦♥ bz ❛❧♦♥❣ t❤❡ ❣✉✐❞❡ ✜❡❧❞✳
❚❤✐s ♠♦❞❡❧ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤♦s❡ ♦❜t❛✐♥❡❞ ❢♦r st✉❞②✐♥❣ t❤❡ ❞②♥❛♠✐❝s ✇✐t❤ ❛♥ ✐♥✜♥✐t❡ ❣✉✐❞❡
✜❡❧❞ ❬✷✾✹✱ ✷✾✺✱ ✽✹✱ ✷✾✻✱ ✶✹✾✱ ✷✾✼❪✳ ■t ✐s ❛❧s♦ ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ ♦t❤❡r r❡❞✉❝❡❞ ♠♦❞❡❧s✱ s✉❝❤ ❛s t❤❛t
♦❜t❛✐♥❡❞ ✐♥ ❘❡❢✳❬✷✾✽❪✱ ✇❤✐❝❤ ✉s❡ ❛ ♠✉❧t✐♣❧❡ t✐♠❡ s❝❛❧❡ ❡①♣❛♥s✐♦♥ t♦ s❡♣❛r❛t❡ t❤❡ t❤r❡❡ t✐♠❡ s❝❛❧❡s
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡s❡ t✐♠❡ s❝❛❧❡s ❛r❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s t✐♠❡s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠✱
♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ♣r♦♣❛❣❛t✐♥❣ ♣❛r❛❧❧❡❧ t♦ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛♥❞ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ✇✐t❤
✇❛✈❡ ✈❡❝t♦rs ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ✜❡❧❞✳

■♥ t✇♦✲✜❡❧❞ ❘▼❍❉ ♠♦❞❡❧s✱ ❍❛❧❧ t❡r♠✱ ✐♥ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠ ❧❛✇✱ ✐s ♥❡❣❧❡❝t❡❞✳ ■t ✇❛s ❙♦♥♥❡r✉♣
✭✶✾✼✾✮ ❬✽✻❪ ✇❤♦ ✜rst ♦❜s❡r✈❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ♠♦t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s
❛♥❞ ✐♦♥s✳ ❚❤❡ t✇♦✲✜❡❧❞ ♠♦❞❡❧s✱ ✐♥ ✇❤✐❝❤ ✐♦♥s ❛♥❞ ❡❧❡❝tr♦♥s ❛r❡ ❝♦♥str❛✐♥❡❞ t♦ ♠♦✈❡ t♦❣❡t❤❡r✱ ❢❛✐❧
t♦ ❞❡s❝r✐❜❡ t❤✐s ❞❡❝♦✉♣❧✐♥❣ t❤❛t ❜❡❝♦♠❡s ✐♠♣♦rt❛♥t ❢♦r ♣❤❡♥♦♠❡♥❛ ♦❝❝✉rr✐♥❣ ♦♥ ❧❡♥❣t❤ s❝❛❧❡s ♦❢
t❤❡ ♦r❞❡r ♦❢ t❤❡ ✐♦♥ s❦✐♥ ❞❡♣t❤ ♦r s♠❛❧❧❡r✱ ✇❤❡r❡ ❍❛❧❧ ❡✛❡❝t ♣❧❛②s ❝r✉❝✐❛❧ r♦❧❡ ❬✷✾✾✱ ✸✵✵✱ ✸✵✶✱ ✸✵✷❪✳
■♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✱ ❛❧t❤♦✉❣❤ ❜♦t❤ ✐♦♥s ❛♥❞ ❡❧❡❝tr♦♥s ♠♦✈❡ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥
♦❢ t❤❡ ♣❧❛s♠❛ ✢♦✇ t♦✇❛r❞ t❤❡ ❳ ♣♦✐♥t✱ ✐♦♥s ❛r❡ s❧♦✇❡r ❞✉❡ t♦ t❤❡✐r ✐♥❡rt✐❛✳ ❚❤✐s ❞✐✛❡r❡♥❝❡ ✐s ❛t
t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❍❛❧❧ ❝✉rr❡♥t ✇❤♦s❡ ❞✐r❡❝t✐♦♥ ✐s ♦♣♣♦s✐t❡ t♦ t❤❡ ❝♦♥✈❡❝t✐✈❡ ✐♥✢♦✇ ♦❢ t❤❡ ♣❧❛s♠❛✳
❍♦✇❡✈❡r✱ t❤❡ ✐❞❡❛ ✐s s♦♠❡❤♦✇ ♠♦r❡ s✉❜t❧❡ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❣✐♠❡✬s ♥❛t✉r❡ ❬✷✶✸❪✳

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐❢ t❤❡ ❝✉rr❡♥t s❤❡❡t ✐s ❝♦❧❧✐s✐♦♥❧❡ss✱ ✐ts ✇✐❞t❤ ✇✐❧❧ ❜❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ♠❡❛♥
❢r❡❡ ♣❛t❤ ♦❢ ♣❛rt✐❝❧❡s✱ ❛♥❞ ❛♣♣r♦①✐♠❛t❡❧② ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ✐♦♥ s❦✐♥ ❞❡♣t❤✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
✐❢ ✐♦♥ ❣②r♦✲r❛❞✐✉s ✐s ❧❛r❣❡r t❤❛♥ ✐ts s❦✐♥ ❞❡♣t❤✱ t❤❡ ♣❧❛s♠❛ ✇✐❧❧ ❜❡ ❝♦❧❧✐s✐♦♥❧❡ss ✇✐t❤✐♥ t❤❡ ❝✉rr❡♥t

✶✶✹



✺✳✷✳ ❚✇♦✲❋✐❡❧❞s ❘❡❞✉❝❡❞ ▼❍❉ ❖r❞❡r✐♥❣

s❤❡❡t ✇❤❡r❡ ✐♦♥s ❢♦❧❧♦✇ t❤❡✐r ✐♥❡rt✐❛✳ ❚❤❡r❡❢♦r❡✱ ✐♥s✐❞❡ t❤❡ ❝✉rr❡♥t s❤❡❡t✱ t❤❡r❡ ✐s ♦♥❧② ❛ ❝♦♥✈❡❝t✐✈❡
❡❧❡❝tr♦♥ ❝✉rr❡♥t ✇❤✐❝❤ ❣❡♥❡r❛t❡s ❛♥ ♦♣♣♦s✐t❡ ❍❛❧❧ ❝✉rr❡♥t✳ ❚❤✐s ❝✉rr❡♥t✱ ✐♥ t✉r♥✱ ❣❡♥❡r❛t❡s ❛♥
♦✉t✲♦❢✲♣❧❛♥❡ ✭❍❛❧❧✮ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇❤✐❝❤ ❤❛s ❛ q✉❛❞r✉♣♦❧❡ 3D str✉❝t✉r❡ ✭s❡❡ ❋✐❣✳✺✳✷✮ ♠♦❞✐❢②✐♥❣
t❤❡ ♣❛r❛❧❧❡❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✜❡❧❞ ✇❤❡♥ ❛ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞ ❡①✐sts✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♠♣r❡ss✐❜✐❧✐t②
♦❢ t❤❡ ♣❧❛s♠❛ ❝❛♥ ❝♦♥tr✐❜✉t❡ t♦ t❤✐s ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ✜❡❧❞ ✐♥ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ❞✐r❡❝t✐♦♥ ❬✸✵✵✱ ✸✵✷❪✳
❚❤❡ ❧✐♥❡❛r ❛♥❛❧②s✐s ♦❢ t❡❛r✐♥❣ ♠♦❞❡ ❢♦r ❛ r❡s✐st✐✈❡ r❡❣✐♠❡ ✇✐t❤ ❍❛❧❧ ❡✛❡❝ts ✇❛s ✜rst ❝❛rr✐❡❞ ❜②
❚❡r❛s❛✇❛ ✭✶✾✽✸✮ ❬✸✵✸❪ ❛♥❞ ❤❛s ❜❡❡♥ r❡❝❡♥t❧② ❡①t❡♥❞❡❞ t♦ ✐♥✈❡st✐❣❛t❡ ❤♦✇ t❤❡ ✧✐❞❡❛❧✧ t❡❛r✐♥❣
♠♦❞❡ ❝r✐t✐❝❛❧ ❛s♣❡❝t r❛t✐♦ ✐s ♠♦❞✐✜❡❞ ❞✉❡ t♦ ❍❛❧❧ ❡✛❡❝ts ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ t❤❡ ❣✉✐❞✐♥❣ ✜❡❧❞ ❬✸✵✹❪✱
❛♥❞ t♦ st✉❞② ♦❜❧✐q✉❡ t❡❛r✐♥❣ ♠♦❞❡ ❬✸✵✺❪✱ ❛♥❞ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❢❛st r❡❝✉rs✐✈❡ r❡❝♦♥♥❡❝t✐♦♥ ❬✸✵✻❪✳
❆ r❡✈✐❡✇ ♣❛♣❡r ❛❜♦✉t t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❍❛❧❧✲♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝ r❡❣✐♠❡ ✐♥ s♣❛❝❡ ❛♥❞
❧❛❜♦r❛t♦r② ♣❧❛s♠❛ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❘❡❢✳❬✸✵✼❪✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ s❡✈❡r❛❧ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ❞❡✈✐s❡❞
❢♦r t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ❆❧❢✈é♥✐❝ t♦ ✇❤✐st❧❡r ♠❡❞✐❛t❡❞ r❡❝♦♥♥❡❝t✐♦♥✱ ♦❝❝✉rr✐♥❣ ✇❤❡♥ ♣❡rt✉r❜❛t✐♦♥s
❛t s❝❛❧❡s di ❛r❡ ♥♦♥❧✐♥❡❛r❧② ❣❡♥❡r❛t❡❞✳ ❚❤❡s❡ ♠♦❞❡❧s✱ ✇❤✐❝❤ tr❛❝❡ ❜❛❝❦ t♦ t❤❡ ✧✇❤✐st❧❡r ♠❡❞✐❛t❡❞
r❡❝♦♥♥❡❝t✐♦♥✧ ❜② ▼❛♥❞t✱ ❉❡♥t♦♥ ❛♥❞ ❉r❛❦❡ ❬✾✹❪ ♣r♦✈✐❞❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ❣r♦✇t❤ r❛t❡ t❤❛t ❞♦
♥♦t r❡❧② ♦♥ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥s✱ ❜✉t ❛r❡ r❛t❤❡r ♦❜t❛✐♥❡❞ ✇✐t❤
❤❡✉r✐st✐❝ t②♣❡ ❛r❣✉♠❡♥ts✿ t❤❡② ❛r❡ ♥❡✈❡rt❤❡❧❡ss s✉♣♣♦rt❡❞ ❜② s❡✈❡r❛❧ ♥♦♥❧✐♥❡❛r s✐♠✉❧❛t✐♦♥s ❬✾✹❪✳

✺✳✷ ❚✇♦✲❋✐❡❧❞s ❘❡❞✉❝❡❞ ▼❍❉ ❖r❞❡r✐♥❣

❇❡❢♦r❡ ✇❡ ❞✐s❝✉ss ❛ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ t✇♦✲✜❡❧❞ ❘▼❍❉ ♠♦❞❡❧ ❬✶✽✵❪✱ ✇❡ st❛rt ❜② ❞❡s❝r✐❜✐♥❣ t❤❡ ♠❛✐♥
✐❞❡❛ ❜❡❤✐♥❞ ✐t✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧ ❞❡♣❡♥❞s ♦♥ ♦r❞❡r✐♥❣ t❤❡ ❞✐✛❡r❡♥t t❡r♠s ✐♥ ▼❍❉
❡q✉❛t✐♦♥s ✐♥ ♣♦✇❡rs ♦❢ s♦♠❡ s♠❛❧❧ ♣❛r❛♠❡t❡rs✳ ❚❤✐s ♦r❞❡r✐♥❣ ✐s ✈❡r② s❡♥s✐t✐✈❡ t♦ t❤❡ ♣❤②s✐❝s ✇❡
✇✐s❤ t♦ st✉❞②✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ❞❡r✐✈❛t✐♦♥ st❛rts ✇✐t❤ t✇♦ ❛ss✉♠♣t✐♦♥s✿ ❛
str♦♥❣✱ ❛❧♠♦st ✉♥✐✲❞✐r❡❝t✐♦♥❛❧ ❣✉✐❞❡ ✜❡❧❞ ❛♥❞ ❧♦✇✲β ♣❧❛s♠❛✳ ❍♦✇❡✈❡r✱ ❛❢t❡r ✜♥❞✐♥❣ t❤❡ ♠♦❞❡❧✱
❢✉rt❤❡r ❝♦rr❡❝t✐♦♥s ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡✱ ❢♦r ❡①❛♠♣❧❡✱ ✜♥✐t❡ ❡❧❡❝tr♦♥ t❡♠♣❡r❛t✉r❡
❡✛❡❝ts✳ ❙❛②✐♥❣ t❤❛t t❤❡ ✜❡❧❞ ✐s str♦♥❣ ✇♦✉❧❞ ♠❡❛♥ t❤❛t t❤❡ ♣r❡ss✉r❡ ❛♥❞ ❦✐♥❡t✐❝ ❡♥❡r❣② ❛r❡ s♠❛❧❧
❝♦♠♣❛r❡❞ t♦ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣②✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ ✉♥✐✲❞✐r❡❝t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❡s t❤❛t
t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧♦♥❣ t❤✐s ❞✐r❡❝t✐♦♥ ✭s❛② Bz = B0+b✱ ✇❤❡r❡ B0 ✐s t❤❡ str♦♥❣✱
❝♦♥st❛♥t ❣✉✐❞❡ ✜❡❧❞✱ ❛♥❞ b ✐s t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❛❧♦♥❣ ✐ts ❞✐r❡❝t✐♦♥ ✇❤✐❝❤ ✐s ❞✐sr❡❣❛r❞❡❞ ♦♥ t❤✐s
♠♦❞❡❧✮ ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡s❡ ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ♣❧❛♥❡ ✭B⊥ = Bxex +Byey✮✳
■❢ ✇❡ ❤❛✈❡ ✐♥ ♠✐♥❞ t❤❡ t♦❦❛♠❛❦ ❣❡♦♠❡tr②✱ t❤❡♥ ✇❡ ❦♥♦✇ t❤❛t B⊥

Bϕ
∼ r

R0
✱ ✇❤❡r❡ r ✐s t❤❡ s♠❛❧❧

r❛❞✐✉s ❛♥❞ R0 ✐s t❤❡ ♠❛❥♦r r❛❞✐✉s✳ ❙♦✱ ♦♥❡ ✇r✐t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r❞❡r✐♥❣

B⊥
Bz

∼ B⊥
B0

∼ r

R
∼ ǫB ✭✺✳✶✮

▼♦r❡♦✈❡r✱ ❛ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞ ❛❧♦♥❣ z ✐♠♣❧✐❡s ❛ s❧♦✇❧② ❝❤❛♥❣✐♥❣ ❞②♥❛♠✐❝ ❜♦t❤ ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡
❛❧♦♥❣ t❤❛t ❞✐r❡❝t✐♦♥✱ ✇❤✐❧❡ ✐t ✐s t❤❡ ♦♣♣♦s✐t❡ ❢♦r t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❞②♥❛♠✐❝✳ ❚❤✉s ✇❡ ❤❛✈❡✱

∂

∂t
∼ O[ǫB],

∂

∂z
∼ O[ǫB],

∂

∂x
∼ ∂

∂y
∼ O[1]. ✭✺✳✷✮

❆ ❧♦✇✲β ❛ss✉♠♣t✐♦♥ ✇✐t❤ ❛ ❝♦♥st❛♥t ❞❡♥s✐t② ♣r♦✜❧❡ ✇✐❧❧✱ t❤❡♥✱ ✐♠♣❧✐❡s

ρu2⊥ ∼ p ∼ B2
⊥

2µ0
=⇒ p ∼ u2⊥ ∼ B2

⊥ ∼ ǫ2BB
2
0 , ρ ∼ 1, ✭✺✳✸✮

❯s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ♦r❞❡r✐♥❣ ✇✐t❤ ▼❛①✇❡❧❧✲❆♠♣❡r❡ ❡q✉❛t✐♦♥✱ ❛♥❞ B = ∇×A✱ ✇❡ ✜♥❞ t❤❛t

Jx ∼ Jy ∼ O[ǫ2B], Jz ∼ O[ǫB] Ax ∼ Ay ∼ O[ǫ2B], Az ∼ O[ǫB] ✭✺✳✹✮

✶✶✺



❈❤❛♣t❡r ✺✳ ❘❡❞✉❝❡❞ ▼❍❉ ▼♦❞❡❧s

❚❤❡ ❖r❞❡r✐♥❣ ♦❢ J ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❋❛r❛❞❛② ❡q✉❛t✐♦♥✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t
❢♦r t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ♠♦❞❡❧✱ ❛♥② ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ z− ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✜❡❧❞✱ ♠✉st ❜❡ ♦❢
s❡❝♦♥❞ ♦r❞❡r✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

B = B⊥ + (B0 + b)ez, ✭✺✳✺✮

✇❤❡r❡ b ∼ O[ǫ2B]✳ ◆♦✇✱ t❤❡ z− ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ✭✷✳✶✷✽✮✱ ♥❡❣❧❡❝t✐♥❣ ❘❡②♥♦❧❞s
t❡r♠✱ ❣✐✈❡s

ρ
∂uz
∂t

+ ρu · ∇uz = −∂p
∂z

+ (JxBy − JyBx)
︸ ︷︷ ︸

∼ O[ǫ3B ]

, =⇒ uz ∼ O[ǫ2B] ✭✺✳✻✮

❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✐s ♦❢ ♦r❞❡r O[ǫ3B]✱ t❤✉s ✐t ✐s r❡❛s♦♥❛❜❧❡ t♦ ❛ss✉♠❡ uz ≈ 0✳ ❚❤✐s ♠❡❛♥s t❤❛t
✇❡ ❛r❡ ♠♦✈✐♥❣ ✐♥ ❛ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ✐♥ ✇❤✐❝❤ t❤❡ z−❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❢♦r❝❡ ✈❛♥✐s❤❡s✱ Fz = 0✳
❆s ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✉s✐♥❣ t❤✐s ♠♦❞❡❧ t♦ st✉❞② r❡❝♦♥♥❡❝t✐♦♥✱ ✇❡ st❛rt ❜② ❛❞♦♣t✐♥❣ ❛ ♣✉r❡❧②
r❡s✐st✐✈❡ r❡❣✐♠❡ ✐♥ ♦r❞❡r t♦ ♦♥❧② ❢♦❝✉s ♦♥ t❤❡ ♦r❞❡r✐♥❣ ❛♥❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✳ ▲❛t❡r✱
✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❡①t❡♥❞ t❤❡ ♠♦❞❡❧✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠ ❧❛✇ ❜❡❝♦♠❡s

E+ u×B = ηJ, ✭✺✳✼✮

❚❤❡ z−❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ✐s ♦❢ ♦r❞❡r ǫ2B✱ t❤✉s η ∼ O[ǫB]✳ ❚❛❜❧❡ ✺✳✶ s✉♠♠❛r✐③❡ t❤❡
♦r❞❡r✐♥❣ ♦❢ ❞✐✛❡r❡♥t t❡r♠s✳

B|| B⊥ J⊥ J|| A⊥ A|| u⊥ u|| p b ∂t ∂|| ∂⊥
1 O[ǫB] O[ǫ2B] O[ǫB] O[ǫ2B] O[ǫB] O[ǫB] O[ǫ2B] O[ǫ2B] O[ǫ2B] O[ǫB] O[ǫB] 1

❚❛❜❧❡ ✺✳✶✿ ❚✇♦✲✜❡❧❞s ❘▼❍❉ ♦r❞❡r✐♥❣s✳ ⊥ r❡❢❡rs t♦ t❤❡ ❞✐r❡❝t✐♦♥s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❛t ♦❢ t❤❡ ❣✉✐❞
✜❡❧❞✱ ✇❤✐❧❡ || ❞❡♥♦t❡s t❤❡ ♣❛r❛❧❧❡❧ ❞✐r❡❝t✐♦♥✳

❲❡ ❦♥♦✇ t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♠✉st ❜❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡✳ ❚❤❡♥✱ t❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢
❊q✳✭✺✳✺✮✱ ✇❡ s❡❡ t❤❛t ∂b

∂z ∼ O[ǫ3B]✱ ♠❡❛♥✐♥❣ t❤❛t ∇⊥ ·B⊥ = 0✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ♣❛rt
♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ❝✉r❧ ♦❢ ❛ str❡❛♠ ❢✉♥❝t✐♦♥ ψ(x, y) ✭t❤✐s str❡❛♠ ❢✉♥❝t✐♦♥
❤❡r❡ ✐s ♥♦t❤✐♥❣ t❤❛♥ t❤❡ z ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧✱ Az = −ψ✮✳ ❍❡♥❝❡✱

B = ∇× (ψez) + (B0 + b)ez = ∇ψ × ez + (B0 + b)ez, ✭✺✳✽✮

❚❛❦✐♥❣ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❝♦♠♣♦♥❡♥t ♦❢ ❖❤♠ ❧❛✇✱ ♦♥❡ ✜♥❞s

E⊥ + (u×B)⊥ = ηJ⊥, ✭✺✳✾✮

⊥ r❡❢❡rs t♦ x ♦r y ❝♦♠♣♦♥❡♥ts✳ ❍♦✇❡✈❡r✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ s❝❛❧❡s ❛s
ǫ3B✱ t❤✉s ✐t ❝❛♥ ❜❡ ✐❣♥♦r❡❞✳ ❚❤✐s ♠❡❛♥s✱ ❢♦r ❡①❛♠♣❧❡✱ uy ∼ Ex/Bz ❛♥❞ ux ∼ Ey/Bz✱ ✇❤❡r❡ ✇❡
♥❡❣❧❡❝t❡❞ t❤❡ t❤✐r❞✲♦r❞❡r t❡r♠s✳ ❚❤❡ ♠❛✐♥ ❝♦♥s❡q✉❡♥❝❡ ❤❡r❡ ✐s t❤❛t t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ✈❡❧♦❝✐t②✱
t♦ t❤❡ ✜rst ♦r❞❡r✱ ✐s ❝♦♠♣❧❡t❡❧② ❞❡✜♥❡❞ ❜② t❤❡ E×B✲❞r✐❢t ♠♦t✐♦♥✿ vE×B✳ ■♥ t❤✐s ♠♦❞❡❧✱ ✇❡ ♦♥❧②
❦❡❡♣ t❡r♠s ✉♣ t♦ s❡❝♦♥❞ ♦r❞❡r✳ ❚❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ♣r♦✈✐❞❡s ❛♥♦t❤❡r ❡ss❡♥t✐❛❧ ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t t❤❡ ✈❡❧♦❝✐t②✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ✇r✐t❡ ✐t ✐♥ t❡r♠ ♦❢ ❛♥♦t❤❡r str❡❛♠ ❢✉♥❝t✐♦♥✳ ❚❤✐s r❡❞✉❝❡s

✶✶✻



✺✳✷✳ ❚✇♦✲❋✐❡❧❞s ❘❡❞✉❝❡❞ ▼❍❉ ❖r❞❡r✐♥❣

t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♠♦❞❡❧ ❜❡❝❛✉s❡✱ ✐♥st❡❛❞ ♦❢ ✇♦r❦✐♥❣ ✇✐t❤ ✈❡❝t♦r ✜❡❧❞s✱ ✇❡ ♥♦✇ ✉s❡ ❥✉st ❛
❢❡✇ s❝❛❧❛r ✜❡❧❞s✳ ❋r♦♠ ❊q✳✭✷✳✷✻✮✱ ✇❡ ❤❛✈❡

∇ · u = 0, =⇒ ∇⊥ · u⊥ +
∂uz
∂z
︸︷︷︸

∼ O[ǫ3B ]

= 0, =⇒ ∇⊥ · u⊥ = 0, ✭✺✳✶✵✮

❚❤❡r❡❢♦r❡✱ t❤❡ ✈❡❧♦❝✐t② ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

u⊥ = −∇× (φez) = ez ×∇φ, ✭✺✳✶✶✮

❋r♦♠ ❊q✳✭✺✳✾✮✱ ✐t ❡❛s② t♦ ♣r♦✈❡ t❤❛t φ = χ/Bz✱ ✇❤❡r❡ χ ✐s t❤❡ ❡❧❡❝tr♦st❛t✐❝ s❝❛❧❛r ♣♦t❡♥t✐❛❧✱ ❛♥❞
Bz ∼ B0✳ φ ✐s ❦♥♦✇♥ ❛s t❤❡ ✈❡❧♦❝✐t② str❡❛♠ ❢✉♥❝t✐♦♥✳ ❆s ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡✐r ❞❡✜♥✐t✐♦♥✱ ψ ❛♥❞
φ s❝❛❧❡s ❛s ǫB✳ ❚❤❡ ✉s❡ ♦❢ ❛ ♠✐♥✉s s✐❣♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥ ✐s ♦♣t✐♦♥❛❧✱ ❛♥❞ t❤✐s ❝❤♦✐❝❡
❛❧❧♦✇s ✉s t♦ ❛ss✐❣♥ t❤❡ s❛♠❡ s✐❣♥ ❢♦r ❜♦t❤ φ ❛♥❞ t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧✳

◆♦✇ s✉❜st✐t✉t✐♥❣ ❊qs✭✺✳✼✱✺✳✽✮ ✐♥t♦ ▼❛①✇❡❧❧✲❋❛r❛❞❛② ❡q✉❛t✐♦♥✱ ❛♥❞ ♥❡❣❧❡❝t✐♥❣ t❤❡ t❤✐r❞ ♦r❞❡r
t❡r♠s✱ t❤❡ z−❝♦♠♣♦♥❡♥t ❜❡❝♦♠❡s

∂ψ

∂t
= (u×B)z − ηJz, ✭✺✳✶✷✮

❆ss✉♠✐♥❣ ❛ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ❝❛s❡✱ ▼❛①✇❡❧❧✲❆♠♣❡r❡ ❡q✉❛t✐♦♥ ❣✐✈❡s

J = − 1

µ0
∆ψez +

1

µ0
∇b× ez, ✭✺✳✶✸✮

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ t❤❡ ✜rst t❡r♠ ✐s ♦❢ t❤❡ ✜rst ♦r❞❡r✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ t❡r♠ ✐s ♦❢ s❡❝♦♥❞
♦r❞❡r ❛♥❞ ❧❛②s ♣❡r♣❡♥❞✐❝✉❧❛r ♣❧❛♥❡✳ ■♥ t❤❡ ❞❡r✐✈❛t✐♦♥✱ ✇❡ ✉s❡❞ ❊qs✭❇✳✷✵✱❇✳✷✶✮✳

❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ φ ❛♥❞ ψ✱ ❛♥❞ ❊q✳✭❇✳✷✷✮✱ ✇❡ ✜♥❞

u×B =
[

(∇ψ ×∇φ) · ez
]

ez + (B0 + b)∇φ = [ψ, φ]ez + (B0 + b)∇φ, ✭✺✳✶✹✮

✇❤❡r❡✱

[ψ, φ] = (∇ψ ×∇φ) · ez =
∂ψ

∂x

∂φ

∂y
− ∂φ

∂x

∂ψ

∂y
, ✭✺✳✶✺✮

✐s t❤❡ P♦✐ss♦♥ ❜r❛❝❦❡t ✭s❡❡ ❛♣♣❡♥❞✐① ❈ ❢♦r ❞❡t❛✐❧s✮✳ ◆♦✇ ♥♦t✐❝✐♥❣ t❤❛t t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢
❊q✳✭✺✳✶✹✮ ✐s ✐♥ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ♣❧❛♥❡✱ ✇❡ ✜♥❞✱ ❛❢t❡r s✉❜st✐t✉t✐♥❣ ❊qs✭✺✳✶✸✱✺✳✶✹✮ ✐♥t♦ ❊q✳✭✺✳✶✷✮

∂ψ

∂t
+ [φ, ψ] =

η

µ0
∇2ψ, ✭✺✳✶✻✮

❚❤✐s ❡q✉❛t✐♦♥ ❡①♣r❡ss❡s t❤❡ z✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r❡s✐st✐✈❡ ❖❤♠ ❧❛✇ ✐♥ t❡r♠s ♦❢ str❡❛♠ ❢✉♥❝t✐♦♥s✳ ■t
✐s ❛ ❧✐♥❡❛r s❡❝♦♥❞✲♦r❞❡r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝
str❡❛♠ ❢✉♥❝t✐♦♥✳ ■t ✐♥✈♦❧✈❡s t✇♦ ✉♥❦♥♦✇♥s✿ ψ ❛♥❞ φ✳ ❍❡♥❝❡✱ ❛♥♦t❤❡r ❡q✉❛t✐♦♥ ❢♦r φ ✐s r❡q✉✐r❡❞ t♦
❝❧♦s❡ t❤❡ s②st❡♠✳ ❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡ z✲❝♦♠♣♦♥❡♥t ♦❢ ❝✉r❧ ♦❢ ❊q✳✭✷✳✶✷✹✮✱
✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ♣r❡ss✉r❡ t❡r♠✱ ❛♥❞ t❤✉s t♦ ✜♥❞ t❤❡ ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥✳ ❚❤❡ ❝✉r❧
♦❢ ❊q✳✭✷✳✶✷✹✮ ❣✐✈❡s✱

ρ
∂∇× u

∂t
+ ρ∇× (u · ∇u) = ∇× (J×B) + ν∇×∆u, ✭✺✳✶✼✮

✇❤❡r❡ t❤❡ ✈♦rt✐❝✐t② ✈❡❝t♦r Ω ✐s ❣✐✈❡♥ ❜②

Ω = ∇× u = −∇×∇× (φez) = ∇2φez = Uez. ✭✺✳✶✽✮

✶✶✼



❈❤❛♣t❡r ✺✳ ❘❡❞✉❝❡❞ ▼❍❉ ▼♦❞❡❧s

✇❤❡r❡ ✇❡ ✉s❡❞ ❊q✳✭❇✳✷✶✮✱ ❛♥❞ U = ∇2φ✳ ◆♦✇ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ s❡❝♦♥❞ t❡r♠✳ ❋✐rst ✇❡ st❛rt ❜②
❡st✐♠❛t✐♥❣ t❤❡ ❝♦♥✈❡❝t✐✈❡ ♦♣❡r❛t♦r u · ∇ ❜② ✉s✐♥❣ ❊q✳✭✺✳✶✶✮ ❛♥❞ P♦✐ss♦♥ ❜r❛❝❦❡t ♥♦t❛t✐♦♥✱

u · ∇ = (ez ×∇φ) · ∇ = (−∂φ
∂y

ex +
∂φ

∂x
ey) · (ex

∂

∂x
+ ey

∂

∂y
) =

∂φ

∂x

∂

∂y
− ∂φ

∂y

∂

∂x
= [φ, .], ✭✺✳✶✾✮

❆♣♣❧②✐♥❣ t❤✐s ♦♣❡r❛t♦r ♦♥ u✱ ♦♥❡ ✜♥❞s

u · ∇u = [φ, .](−∂φ
∂y

ex +
∂φ

∂x
ey) = −[φ,

∂φ

∂y
]ex + [φ,

∂φ

∂x
]ey, ✭✺✳✷✵✮

◆♦✇ ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥ ❛♥❞ ❊q✳✭❈✳✸✹✮✱ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ ❊q✳✭✺✳✶✼✮ ❤❛s ♦♥❧② ❛ z−❝♦♠♣♦♥❡♥t
❛♥❞ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s

∇× (u · ∇u) =
( ∂

∂x
[φ,

∂φ

∂x
] +

∂

∂y
[φ,

∂φ

∂y
]
)

ez =
(

[φ,
∂2φ

∂x2
] + [φ,

∂2φ

∂y2
]
)

ez = [φ,∆φ]ez = [φ, U ]ez,

✭✺✳✷✶✮
❋♦❧❧♦✇✐♥❣ ❛❣❛✐♥ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡✱ ✉s✐♥❣ ❊qs✭❇✳✷✷✱ ❇✳✷✸✮✱ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✱
t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛♥❞ t❤❡ P♦✐ss♦♥ ❜r❛❝❦❡t✱ ✇❡ ♦❜t❛✐♥

J×B = (− 1

µ0
∆ψez +

1

µ0
∇b× ez)× (∇ψ × ez + (B0 + b)ez)

= − 1

µ0
∇2ψ∇ψ − 1

µ0
[ψ, b]ez −

B0

µ0
∇b− b

µ0
∇b,

✭✺✳✷✷✮

◆♦t✐❝❡ t❤❛t ❛❧❧ t❤❡ t❡r♠s ❛r❡ ♦❢ s❡❝♦♥❞ ♦r❞❡r✱ ❡①❝❡♣t t❤❡ ❢♦✉rt❤ t❡r♠ ✇❤✐❝❤ ✐s ♦❢ t❤✐r❞ ♦r❞❡r✳
❚❤❡♥✱ ✉s✐♥❣ ❊qs✭❇✳✷✹✱ ❇✳✷✸✮✱ ♦♥❡ ❡❛s✐❧② ✜♥❞s

∇× (J×B) =
1

µ0
[ψ,∇2ψ]ez −

1

µ0
∇[ψ, b]× ez, ✭✺✳✷✸✮

❛♥❞ t❤❡ ❧❛st t❡r♠ ✐♥ ❊q✳✭✺✳✶✼✮ ❜❡❝♦♠❡s

∇×∆u = ∇2Uez, ✭✺✳✷✹✮

◆♦✇✱ s✉❜st✐t✉t✐♥❣ ❊qs✭✺✳✶✽✱ ✺✳✷✶✱ ✺✳✷✸✱ ✺✳✷✹✮ ✐♥t♦ ❊qs✳✭✺✳✶✼✮✱ t❤❡ z−❝♦♠♣♦♥❡♥t ❣✐✈❡s t❤❡ ❡✈♦❧✉✲
t✐♦♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ✈♦rt✐❝✐t②✳ ❚❤❛t ✐s✱

∂U

∂t
+ [φ, U ] =

1

µ0
[ψ,∇2ψ] + ν∇2U, ✭✺✳✷✺✮

❚❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ✈❡rs✐♦♥ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ✐s

∂U

∂t
+ [φ, U ] = [ψ,∇2ψ] +R−1∇2U, ✭✺✳✷✻✮

✇❤❡r❡ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✐s ❣✐✈❡♥ ❜②

R =
ρ0u0L0

ν
✭✺✳✷✼✮

❊qs✭✺✳✶✻✱ ✺✳✷✺✮ ❢♦r♠ t❤❡ ❘▼❍❉ ❡q✉❛t✐♦♥s ♦❢ ✈✐s❝♦✉s✲r❡s✐st✐✈❡✱ ❧♦✇✲β r❡❣✐♠❡ ✐♥ s❧❛❜ ❣❡♦♠❡tr②✳ ❲❡
❝❛♥ ❢✉rt❤❡r ❡①t❡♥❞ t❤✐s ♠♦❞❡❧ ❜② ✐♥❝❧✉❞✐♥❣ ❛❞❞✐t✐♦♥❛❧ t❡r♠s ❢r♦♠ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠ ❧❛✇✳ ❇❡❢♦r❡

✶✶✽



✺✳✷✳ ❚✇♦✲❋✐❡❧❞s ❘❡❞✉❝❡❞ ▼❍❉ ❖r❞❡r✐♥❣

❡①t❡♥❞✐♥❣ t❤❡ ♠♦❞❡❧✱ ✐t ✐s ✇♦rt❤ ✇r✐t✐♥❣ t❤❡ ✈❡❝t♦r ❡①♣r❡ss✐♦♥ ♦❢ ❋❛r❛❞❛② ❡q✉❛t✐♦♥ ✇✐t❤♦✉t
♥❡❣❧❡❝t✐♥❣ ❛♥② t❡r♠✳ ❙✉❜st✐t✉t✐♥❣ ❊qs✭✺✳✽✱ ✺✳✼✱✺✳✶✸✮ ✐♥t♦ ❋❛r❛❞❛② ❡q✉❛t✐♦♥ ✇❡ ✜♥❞✱

∂∇ψ
∂t

× ez +
∂b

∂t
ez = ∇[ψ, φ]× ez +

η

µ0
∇(∇2ψ)× ez +

η

µ0
∇2b ez + [b, φ] ez ✭✺✳✷✽✮

❲❡ s❡❡ t❤❛t ❊q✳✭✺✳✶✻✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✜rst t❡r♠ ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡✱ ❛♥❞ ❢r♦♠ t❤❡ ✜rst ❛♥❞
s❡❝♦♥❞ t❡r♠s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✱ ✇❤✐❧❡ ❛♥♦t❤❡r ❞❡❝♦✉♣❧❡❞ ❡q✉❛t✐♦♥ ❢♦r b ✱ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠
r❡♠❛✐♥✐♥❣ t❡r♠s✱ ❛♥❞ r❡❛❞s

∂b

∂t
+ [φ, b] =

η

µ0
∇2b, ✭✺✳✷✾✮

❜✉t ✐s ♦❜✈✐♦✉s❧② ♥❡❣❧✐❣✐❜❧❡ ❜❡✐♥❣ ♦❢ t❤✐r❞ ♦r❞❡r ✐♥ εB✳

✺✳✷✳✶ ❈♦❧❧✐s✐♦♥❧❡ss ❘❡❣✐♠❡

❆s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ ✇❡ ❝❛♥ ❢✉rt❤❡r ❡①t❡♥❞ t❤❡ ♠♦❞❡❧ ❜② ✐♥❝❧✉❞✐♥❣ ♦t❤❡r t❡r♠s ✐♥ ❖❤♠ ❧❛✇✳
❲❡ st❛rt ❜② ❞✐s❝✉ss✐♥❣ t❤❡ ❡✛❡❝t ♦❢ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛❀ t❤❡♥ ✇❡ ❜r✐❡✢② ❞✐s❝✉ss t❤❡ ❍❛❧❧ t❡r♠✳ ❯s✐♥❣
❊q✳✭✺✳✶✸✮✱ t❤❡ ✜rst t❡r♠ ♦♥ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❊q✳✭✷✳✶✹✸✮ ❜❡❝♦♠❡s

µ0d
2
e

∂J

∂t
= −d2e

∂∇2ψ

∂t
ez + d2e

∂

∂t
(
∂b

∂y
)ex − d2e

∂

∂t
(
∂b

∂x
)ey, ✭✺✳✸✵✮

◆♦t✐❝✐♥❣ t❤❛t t❤❡ ❧❛st t✇♦ t❡r♠s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛r❡ t❤✐r❞✲♦r❞❡r t❡r♠s✱ t❤❡② ❝❛♥ ❜❡
♥❡❣❧❡❝t❡❞✳ ❚❤❛t ✐s✱

∂

∂t
∼ O[ǫB], b ∼ O[ǫ2B],

∂

∂y
∼ 1 =⇒ ∂

∂t
(
∂b

∂y
) ∼ O[ǫ3B], ✭✺✳✸✶✮

❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ❧❛st t❡r♠✳ ❍❡♥❝❡✱

µ0d
2
e

∂J

∂t
= −d2e

∂∇2ψ

∂t
ez, ✭✺✳✸✷✮

❚❤❡ µ0d2e∇ · {Ju+ uJ} t❡r♠✱ ✇❤✐❝❤ ✐s ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ∂J∂t ✱ ❜❡❝♦♠❡s

µ0d
2
e∇ · {Ju+ uJ} = µ0d

2
e(∇ · J)u+ µ0d

2
e(J · ∇)J+ µ0d

2
e(∇ · u)J+ µ0d

2
e(u · ∇)J, ✭✺✳✸✸✮

❯s✐♥❣ ❊q✳✭✺✳✶✸✮✱ ✐t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤❛t

∇ · J = 0. ✭✺✳✸✹✮

❚❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❛❞✈❡❝t✐♦♥ t❡r♠ ❜❡❝♦♠❡s

J · ∇ =
1

µ0

∂b

∂y

∂

∂x
− 1

µ0

∂b

∂x

∂

∂y
− 1

µ0
∇2ψ

∂

∂z
= − 1

µ0
[b, .]− 1

µ0
∇2ψ

∂

∂z
. ✭✺✳✸✺✮

❚❤✉s✱

(J · ∇)u =
1

µ0
[b,
∂φ

∂y
]ex −

1

µ0
[b,
∂φ

∂x
]ey ∼ O[ǫ3B] ∼ 0. ✭✺✳✸✻✮

✶✶✾



❈❤❛♣t❡r ✺✳ ❘❡❞✉❝❡❞ ▼❍❉ ▼♦❞❡❧s

■♥ t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥✱ ❛❧❧ t❤❡ z−❞❡r✐✈❛t✐✈❡ ✈❛♥✐s❤❡s ❜❡❝❛✉s❡ str❡❛♠ ❢✉♥❝t✐♦♥s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t
♦❢ z✳ ❚❤❡ t❤✐r❞ t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❊q✳✭✺✳✸✸✮ ✐s ③❡r♦ ❜❡❝❛✉s❡ ♦❢ ❊q✳✭✺✳✶✵✮✳ ❯s✐♥❣
❊q✳✭✺✳✶✾✮ ❛♥❞ ❊q✳✭✺✳✶✸✮✱ ♦♥❡ ✜♥❞s

(u · ∇)J = − 1

µ0
[φ,∇2ψ]ez +

1

µ0
[φ,

∂b

∂y
]ex −

1

µ0
[φ,

∂b

∂x
]ey, ✭✺✳✸✼✮

◆♦t✐❝✐♥❣ ❛❣❛✐♥ t❤❛t t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ t❡r♠s s❝❛❧❡ ❛s ǫ3B✱ t❤❡ s❡❝♦♥❞ ♦r❞❡r r❡❧❛t✐♦♥s❤✐♣ ❜❡❝♦♠❡s

(u · ∇)J = − 1

µ0
[φ,∇2ψ]ez, ✭✺✳✸✽✮

◆♦✇ s✉❜st✐t✉t✐♥❣ ❊qs✭✺✳✸✹✱ ✺✳✸✻✱ ✺✳✶✵✱ ✺✳✸✽✮ ✐♥t♦ ❊q✳✭✺✳✸✸✮✱ ✇❡ ♦❜t❛✐♥

µ0d
2
e∇ · {Ju+ uJ} = −d2e[φ,∇2ψ]ez ✭✺✳✸✾✮

❙✉❜st✐t✉t✐♥❣ ❊qs✭✺✳✸✷ ✺✳✸✾✮ ✐♥t♦ ❖❤♠ ❧❛✇ ✭❊q✳✭✺✳✶✷✮✮✱ ✇❡ ✜♥❞

∂F
∂t

+ [φ,F ] =
η

µ0
∇2ψ, ✭✺✳✹✵✮

✇❤❡r❡
F = ψ − d2e∇2ψ, ✭✺✳✹✶✮

❚❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ✈❡rs✐♦♥ ♦❢ t❤✐s ❡q✉❛t✐♦♥ r❡❛❞s

∂F
∂t

+ [φ,F ] = S−1∇2ψ, ✭✺✳✹✷✮

✇❤❡r❡ S = µ0Lou0
η ✐s t❤❡ ▲✉♥❞q✉✐st ♥✉♠❜❡r✱ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ r❡❢❡r❡♥❝❡ ✈❛❧✉❡s ❛r❡ ❣✐✈❡♥ ❜②

ψ0 = B0L0, φ0 = u0L0, t0 =
L0

u0
, u0

B0√
µ0nmi

. ✭✺✳✹✸✮

❚❤❡ t✐♠❡ ❤❡r❡ ✐s ♥♦r♠❛❧✐③❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ❆❧❢✈é♥ t✐♠❡✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ t♦ ❛ r❡❢❡r❡♥❝❡
✜❡❧❞ ✭❢♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ❝❛s❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ s❤❡❛r ✜❡❧❞ ❡✈❛❧✉❛t❡❞ ✐♥ s♦♠❡ ♣♦✐♥t
−t②♣✐❝❛❧❧② ❢❛r ❢r♦♠ t❤❡ ♥❡✉tr❛❧ ❧✐♥❡✮✱ ❛♥❞ t❤❡ s♣❛t✐❛❧ ❧❡♥❣t❤s t♦ ❛ r❡❢❡r❡♥❝❡ ❧❡♥❣t❤ L0✱ ✇❤✐❝❤ ✱ ✐♥
r❡❝♦♥♥❡❝t✐♦♥✱ ❝❛♥ r❡♣r❡s❡♥t t❤❡ ❡q✉✐❧✐❜r✐✉♠ s❤❡❛r ❧❡♥❣t❤✳ ❲❤❡♥ η = 0✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✐s
❝❛❧❧❡❞ t❤❡ ❝♦❧❧✐s✐♦♥❧❡ss ❖❤♠ ❧❛✇✳ ◆♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ ♦♠✐tt❡❞ t❤❡ ❤❛t ✧ˆ✧ ❢♦r♠ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss
q✉❛♥t✐t✐❡s t♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ F = ψ0F̂ = B0L0F̂ ✳ ✶

✺✳✷✳✷ ❊❧❡❝tr♦♥ ❈♦♠♣r❡ss✐❜✐❧✐t② ❊✛❡❝t

❆s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ ❧❛t❡r✱ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❝♦♠♣r❡ss✐❜✐❧✐t② ❡✛❡❝ts ✐♥❝r❡❛s❡ t❤❡
❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥❧❡ss r❡❣✐♠❡ ❜② (ρsde )

2/3✳ ❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥ ✐s t♦
♦❜t❛✐♥ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❖❤♠ ❧❛✇ ❛♥❞ t♦ t❤❡ ✢✉✐❞ ✈❡❧♦❝✐t② ❡q✉❛t✐♦♥ ✉♥❞❡r
t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞✳ ❆s ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ t❤❡ r❡❞✉❝❡❞ ❡q✉❛t✐♦♥
✭❊q✳✭✺✳✹✵✮✮ ❤❛s ❜❡❡♥ ❞❡r✐✈❡❞ ❜② t❛❦✐♥❣ t❤❡ ③ ❝♦♠♣♦♥❡♥t ♦❢ ❖❤♠ ❧❛✇✳ ❚❤✉s t❤❡ ❡❛r❧✐❡r r❡s✉❧ts
❤♦❧❞✱ ❜✉t t✇♦ ♠♦❞✐✜❝❛t✐♦♥s ❛r❡ ✐♥tr♦❞✉❝❡❞✳ ❋✐rst✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❡❧❡❝tr♦♥
♣r❡ss✉r❡ t❡♥s♦r✱ t❤❡♥ ✐ts ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ t❡r♠ u×B✳

❋r♦♠ ❊q✳✭✷✳✾✷✮✱ t❤❡ ❡❧❡❝tr♦♥ ♣r❡ss✉r❡ t❡♥s♦r✱ ✉♥❞❡r t❤❡ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ ❣✉✐❞ ✜❡❧❞ ✭ ∂∂z = 0✮✱
❜❡❝♦♠❡s

✶❲❡ r❡♣❡❛t❡❞❧② ❞♦ t❤❛t ✐♥ t❤✐s t❤❡s✐s✳

✶✷✵



✺✳✷✳ ❚✇♦✲❋✐❡❧❞s ❘❡❞✉❝❡❞ ▼❍❉ ❖r❞❡r✐♥❣

Pe = P0
e + P1

e =








P0
e,⊥

2ωc,e
(
∂ue,x
∂y +

∂ue,y
∂x ) − P0

e,⊥

2ωc,e
(
∂ue,x
∂x − ∂ue,y

∂y )
P0
e,⊥

ωc,e

∂ue,z
∂y

− P0
e,⊥

2ωc,e
(
∂ue,x
∂x − ∂ue,y

∂y ) − P0
e,⊥

2ωc,e
(
∂ue,x
∂y +

∂ue,y
∂x ) −P0

e,⊥

ωc,e

∂ue,z
∂x

P0
e,⊥

ωc,e

∂ue,z
∂y −P0

e,⊥

ωc,e

∂ue,z
∂x P0

e,||








✭✺✳✹✹✮

✇❤❡r❡✱
P0
e,⊥ ≈ P0

e,|| = kT 0
e ne, ✭✺✳✹✺✮

✇❤❡r❡ T 0
e ✐s ❛ ❝♦♥st❛♥t✱ ✉♥✐❢♦r♠ r❡❢❡r❡♥❝❡ ❡❧❡❝tr♦♥ t❡♠♣❡r❛t✉r❡✳ ◆♦✇ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ z−❝♦♥tr✐❜✉t✐♦♥

♦❢ ❡❧❡❝tr♦♥ ♣r❡ss✉r❡ t❡♥s♦r t❡r♠ ✐♥ ❊q✳✭✷✳✶✹✸✮✱ t❤✉s ✉s✐♥❣ ❊qs✭✺✳✹✹✱ ✺✳✹✺✮✱ ✇❡ ✜♥❞

IPe,z = − 1

ene
(∇ · Pe) · ez = − 1

ene
(
∂Pe,xz
∂x

+
Pe,yz
∂y

) = − kT 0
e

eneωc,e

[ ∂

∂x
(ne

∂ue,z
∂y

)− ∂

∂y
(ne

∂ue,z
∂x

)
]

= − kT 0
e

eωc,e
[ln(ne), ue,z],

✭✺✳✹✻✮

✇❤❡r❡✱

∇ · Pe = (
∂Pe,xx
∂x

+
∂Pe,yx
∂y

)ex + (
∂Pe,xy
∂x

+
∂Pe,yy
∂y

)ey + (
∂Pe,xz
∂x

+
∂Pe,yz
∂y

)ez ✭✺✳✹✼✮

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ z−❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✳ ❆❧♦♥❣ t❤❡ ❣✉✐❞❡ ✜❡❧❞✱ t❤❡ ❡❧❡❝tr♦♥
✈❡❧♦❝✐t② ✐s ❧❛r❣❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ✐♦♥ ✇✐t❤ ❛ ❢❛❝t♦r ❡q✉❛❧ t♦ ǫ−1

m ✱ ✇❤❡r❡ t❤❡ ❞♦♠✐♥❛♥t ❢♦r❝❡ t❤❡r❡
✐s ❡❧❡❝tr♦st❛t✐❝✳ ❚❤✉s✱ jz = −eneue,z✱ t❤❡♥ ✉s✐♥❣ ❊q✳✭✺✳✶✸✮✱ ✇❡ ✇r✐t❡

ue,z =
1

µ0ene
∇2ψ, ✭✺✳✹✽✮

❍❡♥❝❡✱ ❊q✳✭✺✳✹✻✮ ❜❡❝♦♠❡s

IPe,z = − kT 0
e

µ0e2n0ωc,e

ψ0

L2
0

[ln(ne),
∇2ψ

ne
] = −ǫmdiρ2s[ln(ne),

∇2ψ

ne
], ✭✺✳✹✾✮

✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ✇r✐t✐♥❣✱ t❤❡ q✉❛♥t✐t② ❜❡t✇❡❡♥ P♦✐ss♦♥ ❜r❛❝❦❡ts ✐s ❞✐♠❡♥s✐♦♥❧❡ss✳ ❆❧s♦✱ ❊qs✳✭✷✳✶✹✹✱
✷✳✶✹✽✮ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✳ ❚❤✐s ❡q✉❛t✐♦♥ ✇✐❧❧ ❜❡ ♥❡❣❧❡❝t❡❞ ♥♦✇ ❜❡✲
❝❛✉s❡ ✐t ✐s ♦❢ ♦r❞❡r ǫm✳ ◆❡✈❡rt❤❡❧❡ss✱ ❡✈❡♥ ✐❢ t❡r♠s ♦❢ t❤✐s ♦r❞❡r ❛r❡ ❦❡♣t✱ t❤✐s t❡r♠ ✐s ❝❛♥❝❡❧❧❡❞
❜② ❛♥♦t❤❡r ♦♥❡ t❤❛t r❡s✉❧ts ❢r♦♠ t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ue,⊥.∇ ✐♥ ❖❤♠ ❧❛✇ ✭s❡❡ ❘❡❢❬✸✵✽❪✮✳ ❚❤❡
❡①❛❝t ❝❛♥❝❡❧❧❛t✐♦♥ ♦❢ t❤❡ ❜r❛❝❦❡t t❡r♠s ♣r♦♣♦rt✐♦♥❛❧ t♦ ǫmρ2sdi ✐s ❦♥♦✇♥ ❛s ❣②r♦✢✉✐❞ ❝❛♥❝❡❧❧❛t✐♦♥
❬✶✽✻❪✳

◆♦✇ ✇❡ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ u ×B t❡r♠✳ ❲❡ ❦♥♦✇ t❤❛t ♦♥❡✲✢✉✐❞ ✈❡❧♦❝✐t② ✐s ❡q✉❛❧ t♦
✐♦♥ ✈❡❧♦❝✐t②✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ♣❧❛s♠❛ ✢✉✐❞ ♠♦✈❡s ✇✐t❤ ✐♦♥ ✈❡❧♦❝✐t②✳ ❚❤❡♥✱

u×B = (
J

en
+ ue)×B. ✭✺✳✺✵✮

❚❤❡ z−❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✐s

(u×B) · ez = ez · (ue ×B) = ue,⊥ · (B× ez) = ue,⊥ · ∇ψ, ✭✺✳✺✶✮

✶✷✶



❈❤❛♣t❡r ✺✳ ❘❡❞✉❝❡❞ ▼❍❉ ▼♦❞❡❧s

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ t❤❡ z− ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②
✐s ③❡r♦✳ ❆❧s♦✱ ✇❡ ❤❛✈❡ ✉s❡❞ ❊q✳✭✺✳✽✮✳ ❚❤❡ ❡❧❡❝tr♦♥ ✈❡❧♦❝✐t② ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥
♦❢ ♠♦t✐♦♥✿ ❊q✳✭✷✳✸✻✮✳ ❚❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠s✱ ♥❡❣❧❡❝t✐♥❣ t❤❡ ✐♥❡rt✐❛ ♦❢ ❡❧❡❝tr♦♥s✱ ❣✐✈❡s

ue ×B = − 1

ene
∇ · Pe −E, ✭✺✳✺✷✮

❚❛❦✐♥❣ t❤❡ ❝r♦ss ♣r♦❞✉❝t ✇✐t❤ ez✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ str❡❛♠ ❢✉♥❝t✐♦♥s✱ ✐t ✐s ❡❛s② t♦
♦❜t❛✐♥

ue,⊥ = ez ×∇φ+ (∇ψ × ez)ue,z −
ρ2s
di

ez ×
∇ · Pe
ne

. ✭✺✳✺✸✮

❆❧❧ q✉❛♥t✐t✐❡s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛r❡ ❞✐♠❡♥s✐♦♥❧❡ss✳ ◆♦✇✱ s✉❜st✐t✉t✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ✐♥t♦
❊q✳✭✺✳✺✷✮✱ ❛♥❞ ♥♦t✐❝✐♥❣ t❤❡ ③❡r♦ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠✱ ✇❡ ✜♥❞

(u×B) · ez = −(ez ×∇φ) · ∇ψ +
ρ2s
di

(ez ×
∇ · Pe
ne

) = [ψ, φ] +
ρ2s
di

(ez ×
∇ · Pe
ne

) · ∇ψ ✭✺✳✺✹✮

❯s✐♥❣ ❊q✳✭✺✳✹✹✮✱ P♦✐ss♦♥ ❜r❛❝❦❡t✱ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ✇❡ ❡❛s✐❧② ✜♥❞✱

ρ2s
di

ez ×
∇ · Pe
ne

=
ρ2s
di

ez ×∇ln(ne) +R ✭✺✳✺✺✮

❚❤❡ r❡♠❛✐♥✐♥❣ t❡r♠s R ❛r❡ ♦❢ ♦r❞❡r ǫBǫm✱ ❛♥❞ t❤✉s ♥❡❣❧❡❝t❡❞✳ ❙✉❜st✐t✉t✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ✐♥t♦
❊q✳✭✺✳✺✹✮✱ ♦♥❡ ✜♥❞s

(u×B) · ez = [ψ, φ]− ρ2s
di

[ln(ne), ψ], ✭✺✳✺✻✮

❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠ ❧❛✇ ✐s t❤❡ s❛♠❡ ❛s ❞❡r✐✈❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✹✳✸✱ ✇✐t❤ ♦♥❧② ♦♥❡ ❛❞❞✐t✐♦♥❛❧ t❡r♠
t❤❛t t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❛ t✇♦✲✢✉✐❞ ❡✛❡❝t ✇❤✐❝❤ r❡s✉❧ts ❢r♦♠ t❤❡ ❝♦♠♣r❡ss✐❜✐❧✐t② ♦❢ t❤❡ ❡❧❡❝tr♦♥s
❛s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❍♦✇❡✈❡r✱ t♦ ❝❧♦s❡ ♦✉r s②st❡♠✱ ✇❡ ♥❡❡❞ t♦ ✇r✐t❡ t❤❡ ❣r❛❞✐❡♥t
♦❢ ❡❧❡❝tr♦♥ ❞❡♥s✐t②✱ ✐❢ ♣♦ss✐❜❧❡✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥s✳ ❍❡r❡✱ t❤❡ q✉❛s✐✲♥❡✉tr❛❧✐t②
❛ss✉♠♣t✐♦♥ ♣❧❛②s t❤❡ ♠❛✐♥ r✉❧❡✳ ❈♦♥tr❛r② t♦ t❤❡ ❡❧❡❝tr♦♥s✬ ❝❛s❡✱ ✐♦♥ ✐♥❡rt✐❛ ❝❛♥♥♦t ❜❡ ♥❡❣❧❡❝t❡❞
❛s ✐t r❡♣r❡s❡♥ts✱ ❛♣♣r♦①✐♠❛t❡❧②✱ t❤❡ ✐♥❡rt✐❛ ♦❢ t❤❡ ♣❧❛s♠❛✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ z−❝♦♠♣♦♥❡♥t
♦❢ ✐♦♥ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ✐♦♥ ♣r❡ss✉r❡ t❡♥s♦r ♣❛rt ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ❜❡❝❛✉s❡ t❤❡② s❝❛❧❡ ❛s ǫm✳ ❚❤❡♥✱
t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ♦❢ t❤❡ ✐♦♥s ❣✐✈❡s

ui,⊥ = ez ×∇φ− di
∂∇φ
∂t

− di[φ,∇φ], ✭✺✳✺✼✮

❚❤✐s ❡q✉❛t✐♦♥ ✐s ❞✐♠❡♥s✐♦♥❧❡ss✱ ❛♥❞ ✐t ✐s ❡❛s② t♦ ♦❜t❛✐♥ ✐t ❜② t❛❦✐♥❣ t❤❡ ❝✉r❧ ♦❢ ❊q✳✭✷✳✸✻✮✱ ✇❤✐❧❡
❦❡❡♣✐♥❣ ♦♥❧② t❤❡ ✐♥❡rt✐❛✱ ❡❧❡❝tr♦st❛t✐❝✱ ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ t❡r♠s✳ ❆❧s♦✱ ✇❡ ✉s❡❞ ❊q✳✭✺✳✶✶✮✱ ❛♥❞
P♦✐ss♦♥ ❜r❛❝❦❡t ♥♦t❛t✐♦♥✳

◆♦✇ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ♦❢ ✐♦♥s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❊qs✭✺✳✺✼✱ ✺✳✶✾✮ ❣✐✈❡

d

dt
ln(ni) = di

d

dt
∇2φ =⇒ ln(ne) = ln(ni) = di∇2φ, ✭✺✳✺✽✮

❲❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ q✉❛s✐✲♥❡✉tr❛❧✐t② ❛ss✉♠♣t✐♦♥ ne = ni✳ ❙✉❜st✐t✉t✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ✐♥t♦
❊q✳✭✺✳✺✻✮✱ ♦♥❡ ✜♥❞s

(u×B) · ez = [ψ, φ]− ρ2s[∇2φ, ψ] = [ψ, φ]− ρ2s[U,ψ]. ✭✺✳✺✾✮

✶✷✷



✺✳✸✳ ❚✇♦✲❋✐❡❧❞ ❘▼❍❉ ❊q✉❛t✐♦♥s

❋✐♥❛❧❧② s✉❜st✐t✉t✐♥❣ t❤✐s ✐♥t♦ ❊q✳✭✺✳✶✷✮✱ ✇✐t❤ t❤❡ ❝♦❧❧✐s✐♦♥❧❡ss ❝♦rr❡❝t✐♦♥s ❛❞❞❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥ ❛♥❞ ❣✐✈❡♥ ❜② ❊q✳✭✺✳✹✷✮✱ ❜❡❝♦♠❡s

∂F
∂t

+ [φ,F ] = ρ2s[U,ψ] + S−1∇2ψ. ✭✺✳✻✵✮

■♥ ♦t❤❡r ✇♦r❞s ✇❡ ♦♥❧② ❛❞❞ ♦♥❡ t❡r♠ t♦ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❊q✳✭✺✳✹✷✮✳ ❚❤✐s t❡r♠ ✐s ρ2s[U,ψ]✳
❚❤❡ ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥ r❡♠❛✐♥s t❤❡ s❛♠❡ ❛s ❣✐✈❡♥ ❜② ❊q✳✭✺✳✷✻✮✳

✺✳✸ ❚✇♦✲❋✐❡❧❞ ❘▼❍❉ ❊q✉❛t✐♦♥s

❚❤❡ ❞✐♠❡♥s✐♦♥❧❡ss t✇♦✲✜❡❧❞ ❘▼❍❉ ❡q✉❛t✐♦♥s r❡❛❞

∂F
∂t

+ [φ,F ] = ρ2s[U,ψ] + S−1∇2ψ, ✭✺✳✻✶✮

∂U

∂t
+ [φ, U ] = [ψ,∇2ψ] +R−1∇2U, ✭✺✳✻✷✮

✇✐t❤
F = ψ − d2e∇2ψ, U = ∇2φ, ✭✺✳✻✸✮

❛♥❞✱
u = ez ×∇φ, B = ∇ψ × ez +B0,zez, ✭✺✳✻✹✮

✇❤❡r❡ R = (ρL0u0)/ν ❛♥❞ S = (µ0L0u0)/η✱ ❛r❡ t❤❡ ❘❡②♥♦❧❞s ❛♥❞ ▲✉♥❞q✉✐st ♥✉♠❜❡r✱ r❡s♣❡❝✲
t✐✈❡❧②✳ η ✐s t❤❡ ♠❛❣♥❡t✐❝ r❡s✐st✐✈✐t②✱ ❛♥❞ ν ✐s t❤❡ ♣❧❛s♠❛ ✈✐s❝♦s✐t②✳ L0 ❛♥❞ u0 ❛r❡ t❤❡ ❝❤❛r❛❝t❡r✲
✐st✐❝ ❧❡♥❣t❤s ❛♥❞ ❆❧❢✈é♥ ✈❡❧♦❝✐t②✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s s②st❡♠ r❡♣r❡s❡♥ts ❛ ✷❉✲✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠
✇❤❡r❡ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ❛r❡ ψ✱ ❛♥❞ φ✳ ▲❛t❡r✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❧✐♥❡❛r✐③❡ t❤❡s❡ ❡q✉❛t✐♦♥s ✇✐t❤
❛♥ ❡q✉✐❧✐❜r✐✉♠ t❤❛t ❡♥❛❜❧❡s ✉s t♦ st✉❞② t❤❡ ❧✐♥❡❛r ♣❤❛s❡ ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐♥ ❞✐✛❡r❡♥t
r❡❣✐♠❡s✳ ❚❤✐s s②st❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱ s✉❝❤ ❛s s♣❡❝tr❛❧ ♠❡t❤♦❞s ❢♦r ♣❡r✐♦❞✐❝
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❬✷✷✷❪✱ ♦r ✇✐t❤ ♦t❤❡r ♠❡t❤♦❞s ❧✐❦❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡✱ ♦r ♠✉❧t✐❣r✐❞ ♠❡t❤♦❞s t❤❛t
❛❧❧♦✇s ✉s t♦ st✉❞② t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ❧❛②❡r ✇✐t❤ ❤✐❣❤ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ❬✸✵✾✱ ✸✶✵✱ ✷✷✹✱ ✸✶✶❪✳

✺✳✹ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ❘▼❍❉ ❊q✉❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❧✐♥❡❛r✐③❡ ❘▼❍❉ ❡q✉❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡ ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥s ♦❢
t❤✐s s❡❝t✐♦♥ ❛r❡ s❧✐❣❤t❧② ♠♦❞✐✜❡❞✳ ❚❤❡② ❛r❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ ❬✸✶✷❪
❛♥❞ ✐♥❝❧✉❞❡ ♦♥❧② ♦♥❡ ❛❞❞✐t✐♦♥❛❧ t❡r♠ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ✈♦rt✐❝✐t② ❛♥❞ t❛❦❡s ✐♥t♦
❛❝❝♦✉♥t t❤❡ ❡✛❡❝ts ♦❢ ❛ ✜♥✐t❡ t❡♠♣❡r❛t✉r❡ ♦❢ ✐♦♥s ❬✽✸✱ ✸✶✸✱ ✸✶✹❪✳ ❚❤❡ ❡q✉❛t✐♦♥s r❡❛❞✱

∂F
∂t

+ [φ,F ] = ρ2s[U,ψ] + S−1∇2ψ, ✭✺✳✻✺✮

∂U

∂t
+ [φ, U ] = [ψ,∇2ψ] +R−1∇2U, ✭✺✳✻✻✮

✇✐t❤
F = ψ − d2e∇2ψ, U − ρ2i∇2U = ∇2φ, ✭✺✳✻✼✮

❛♥❞✱
u = ez ×∇φ, B = ∇ψ × ez +B0,zez. ✭✺✳✻✽✮

❙✐♥❝❡ ✐♥ t❤✐s ❝❤❛♣t❡r t❤❡ ❢♦❝✉s ✐s ♦♥ t❤❡ ❢♦r♠❛❧ ❞❡r✐✈❛t✐♦♥ ❛♥❞ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✱ ✇❡ ❝♦♥s✐❞❡r
♥♦✇ ❛❧❧ ♥♦♥✲✐❞❡❛❧ t❡r♠s t♦❣❡t❤❡r ❜❡❢♦r❡ t♦ ❧✐♥❡❛r✐③❡ t❤❡♠✳

✶✷✸



❈❤❛♣t❡r ✺✳ ❘❡❞✉❝❡❞ ▼❍❉ ▼♦❞❡❧s

❋✐❣✉r❡ ✺✳✶✿ ❚♦ t❤❡ ❧❡❢t✿ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐♥ ❈❛rt❡s✐❛♥
❣❡♦♠❡tr②✳ B0 ✐s t❤❡ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞ ❛❧♦♥❣ z−❞✐r❡❝t✐♦♥✱ ✇❤✐❧❡ By(x) ✐s ❛ s❤❡❛r❡❞ ✐♥✲♣❧❛♥❡
♠❛❣♥❡t✐❝ ✜❡❧❞ ✇❤✐❝❤ ❝❤❛♥❣❡s ✐ts t♦♣♦❧♦❣② ❛♥❞ t❤✉s ❝♦♥✈❡rts t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣② st♦r❡❞ ✐♥t♦ ✜❡❧❞
❧✐♥❡s ✐♥t♦ ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ❚♦ t❤❡ r✐❣❤t✿ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❛ ♠❛❣♥❡t✐❝ ✐s❧❛♥❞ ❛♥❞ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ♦❢
✜❡❧❞ ❧✐♥❡s ❛t X−♣♦✐♥t✳❚❤❡ ②❡❧❧♦✇ r❡❣✐♦♥ r❡♣r❡s❡♥ts t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ❧❛②❡r ✇❤♦♠ ✇✐❞t❤ ❞❡♣❡♥❞s
♦♥ t❤❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs✳

✺✳✹✳✶ ❊q✉✐❧✐❜r✐✉♠

❋✐❣✳✺✳✶ s❤♦✇s ❛♥ ✐♥✲♣❧❛♥❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛ s❧❛❜ ❣❡♦♠❡tr② ✇❤✐❝❤ ✐s ✉♥st❛❜❧❡ ❢♦r t❤❡ r❡❝♦♥♥❡❝t✐♦♥
♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s ✇❤❡♥ t❤❡ t❡r♠s ❛❧❧♦✇✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ♠❛❣♥❡t✐❝ ❧✐♥❡ t♦♣♦❧♦❣② ❛r❡ ✐♥❝❧✉❞❡❞
✐♥ ❖❤♠ ❧❛✇✳ ❚❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♦❝❝✉rs ✐♥ ❛ s♠❛❧❧ ♥❛rr♦✇ r❡❣✐♦♥ ✭❝✉rr❡♥t s❤❡❡t✮ ❝❡♥tr❡❞ ❛r♦✉♥❞
t❤❡ y ❛①✐s✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♠❛❣♥❡t✐❝ str❡❛♠ ❢✉♥❝t✐♦♥ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ x ❛♥❞ ❣✐✈❡♥ ❜②

Beq = Beq,y(x)ey +Beq,zez = −∂ψeq(x)
∂x

ey +Beq,zez, ✭✺✳✻✾✮

■t ✐s ❝❧❡❛r t❤❛t Beq ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡✳ ❍♦✇❡✈❡r✱ ❛ ❝✉rr❡♥t ❞❡♥s✐t② ✐♥ t❤❡ z ❞✐r❡❝t✐♦♥ ✭Jeq =

− 1
µ0

∂Beq,y(x)
∂x ez✮ ✐s ❛ss♦❝✐❛t❡❞ t♦ t❤✐s ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞✳ ❚❤✉s t❤❡r❡ ✐s ❛ ❢♦r❝❡ ❛❧♦♥❣ t❤❡ x ❞✐r❡❝t✐♦♥

✭Jeq ×Beq =
1

2µ0

∂B2
eq,y(x)

∂x ✮✳ ❚❤❡r❡❢♦r❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥♦t❤❡r

❢♦r❝❡ ✇❤✐❝❤ r❡s✉❧ts ❢r♦♠ t❤❡ x−❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t ✭∂p(x)∂x ✮✳

❋❛r ❢r♦♠ t❤❡ ❝✉rr❡♥t s❤❡❡t✱ t❤❡ ♣❧❛s♠❛ ❢♦❧❧♦✇s ✐❞❡❛❧ ▼❍❉ ❡q✉❛t✐♦♥s✱ ❛♥❞ t❤❡ ❢r♦③❡♥✲✐♥ ❝♦♥❞✐t✐♦♥
✐s r❡s♣❡❝t❡❞✳ ❚❤✉s✱ ✐♥ t❤❛t r❡❣✐♦♥✱ t❤❡ ♣❧❛s♠❛ ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s ❛r❡ ❝♦✲♠♦✈✐♥❣ t♦❣❡t❤❡r✱
❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♣❧❛s♠❛ ❝❛♥♥♦t s❧✐♣ ❛❝r♦ss ✜❡❧❞ ❧✐♥❡s✳ ❍♦✇❡✈❡r✱ ❛r♦✉♥❞ t❤❡ s✐♥❣✉❧❛r s✉r❢❛❝❡✱
x = 0✱ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ ❞✐✛✉s✐✈❡ ❡✛❡❝t ✐♥t♦ t❤❡ ✐❞❡❛❧ ▼❍❉ ❡q✉❛t✐♦♥s ✐s r❡q✉✐r❡❞ t♦ r❡♠♦✈❡
t❤❡ s✐♥❣✉❧❛r✐t② ✐♥t♦ t❤❡ ♣r♦❜❧❡♠✳ ■t ✐s t❤✐s ❞✐✛✉s✐✈❡ ♠❡❝❤❛♥✐s♠ ✇❤✐❝❤ ❛❧❧♦✇s ❛ ✜♥✐t❡ ♠❛❣♥❡t✐❝
✜❡❧❞ ❛❧♦♥❣ x−❞✐r❡❝t✐♦♥ t♦ ♠❛❦❡ t❤❡ ♣❛rt✐❝❧❡s ❥✉♠♣ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ✜❡❧❞ ❧✐♥❡s✱ ❛♥❞ t❤✉s t❤❡
r❡❝♦♥♥❡❝t✐♦♥ ✐♥st❛❜✐❧✐t② t♦ ♦❝❝✉r✳

❆♥ ❡①t❡♥❞❡❞ ♠♦❞❡❧ t❤❛t ✐♥❝❧✉❞❡s t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ❝❛♥ ❛❧s♦ ❜❡ ❞❡r✐✈❡❞ ❜② ❦❡❡♣✐♥❣
t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ✐♥ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ❛♥❞ ❜② ❛❞❞✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡
♣r❡ss✉r❡ t❡♥s♦r✳ ❍♦✇❡✈❡r✱ ♦♥❡ ♠✉st ♣❛② ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤✐s ♠♦❞❡❧ ✇✐t❤ t❤❡
❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥✱ ✇❤❡r❡ ❛ ♠❡❛♥✐♥❣❢✉❧ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ✢✉✐❞ ❛♥❞ ❦✐♥❡t✐❝ ♠♦❞❡❧s ✇✐❧❧ ❜❡
♦♥❧② ♣♦ss✐❜❧❡ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ k2ρ2i ✱ ❛♥❞ ♦❢ k2d2i ✭k ✐s t❤❡ ✇❛✈❡♥✉♠❜❡r✮✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❘❡❢✳
❬✸✶✺❪✳

✶✷✹



✺✳✹✳ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ❘▼❍❉ ❊q✉❛t✐♦♥s

✺✳✹✳✷ ▲✐♥❡❛r✐③❛t✐♦♥ ♦❢ ❘▼❍❉ ❊q✉❛t✐♦♥s

◆♦✇ ✇❡ ❧✐♥❡❛r✐③❡ t❤❡ ❡q✉❛t✐♦♥s ❜② ❛❞❞✐♥❣ ♣❡rt✉r❜❛t✐♦♥s t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t✐❡s ✭f =
feq + f1✮✳ ❚❤❡s❡ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ ♣❡r✐♦❞✐❝ ❛❧♦♥❣ y ✭❋✐❣✳✭✺✳✶✮✮✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ✉s❡ ❋♦✉r✐❡r
❛♥❛❧②s✐s✱ ❛♥❞ t❤✉s t♦ st✉❞② t❤❡ ❧✐♥❡❛r ♣❤❛s❡ ♦❢ t❤❡ ✐♥st❛❜✐❧✐t②✳ ❆❢t❡r ❧✐♥❡❛r✐③❛t✐♦♥✱ ❊qs✳✭✺✳✻✺✱
✺✳✻✻✮ ❜❡❝♦♠❡

∂F1

∂t
+ [φeq,F1] + [φ1,Feq] = ρ2s[Ueq, ψ1] + ρ2s[U1, ψeq] + S−1∇2ψ1, ✭✺✳✼✵✮

∂U1

∂t
+ [φeq, U1] + [φ1, Ueq] = [ψeq,∇2ψ1] + [ψ1, ψ

′′

eq] +R−1∇2U1, ✭✺✳✼✶✮

✇✐t❤✱
Feq = ψeq − d2eψ

′′

eq, Ueq − ρ2iU
′′

eq = φ
′′

eq, ✭✺✳✼✷✮

F1 = ψ1 − d2e∇2ψ1, U1 − ρ2i∇2U1 = ∇2φ1, ✭✺✳✼✸✮

❚❤❡ ✧♣r✐♠❡✧ ❞❡♥♦t❡s t❤❡ ❞❡r✐✈❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ x✳ ◆♦✇✱ t❤❡ ♣❡rt✉r❜❡❞ str❡❛♠ ❢✉♥❝t✐♦♥s ❛r❡

ψ1 = ψ̃(x)eγteiky, φ1 = iφ̃(x)eγteiky, ✭✺✳✼✹✮

❋♦r ❡①❛♠♣❧❡ ✇✐t❤ t❤✐s ♣❡rt✉r❜❛t✐♦♥✱ ❛ str❛✐❣❤t❢♦r✇❛r❞ ❞❡r✐✈❛t✐♦♥ ❣✐✈❡s

∂F1

∂t
= γ

[

1− d2e(∂
2
x − k2)

]

ψ̃(x)eγteiky, ∇2ψ1 = (∂2x − k2)ψ̃(x)eγteiky,

[ψ1, ψ
′′

eq] = −ψ′′′

eq

∂ψ1

∂y
= −ikψ′′′

eqψ1.
✭✺✳✼✺✮

❚❤❡r❡❢♦r❡✱ ❛❢t❡r s✉❜st✐t✉t✐♥❣ t❤❡s❡ ♣❡rt✉r❜❛t✐♦♥s✱ ❛s ❞❡t❛✐❧❡❞ ✐♥ ❛♣♣❡♥❞✐① ❉✱ ✐♥t♦ ❊q✳✭✺✳✼✵✱
✺✳✼✷✱ ✺✳✼✸✮✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✱

γ

[
D 0
0 iΛ

] [
ψ̃(x)

φ̃(x)

]

=

[
L1 L2

L3 L4

] [
ψ̃(x)

φ̃(x)

]

✭✺✳✼✻✮

✇❤❡r❡✱

D = I − d2eA, A =
∂2

∂x2
− k2, E =

∂4

∂x4
− 2k2

∂2

∂x2
+ k4, Λ = ρ2i E +A, V = ρ2iAE + E ,

L1 = −ikφ′

eqD + ikρ2sU
′

eq + S−1A, L2 = kρ2sψ
′

eqΛ− kF ′

eq, L3 = ikψ
′

eqA− ikψ
′′′

eq,

L4 = iR−1V + kφ
′

eqΛ− kU
′

eq,

✭✺✳✼✼✮

❍❡r❡ I ✐s t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r✳ ❚❤✐s ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✉s❡❞ t♦ st✉❞② ❛ ✇✐❞❡ r❛♥❣❡
♦❢ ✐♥st❛❜✐❧✐t✐❡s✱ ❢r♦♠ t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t② t♦ ♣r✐♠❛r② ❛♥❞ s❡❝♦♥❞❛r② r❡❝♦♥♥❡❝t✐♦♥
✐♥st❛❜✐❧✐t✐❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ t❛❦✐♥❣ t❤❡ ❧✐♠✐t ρi = 0✱ ❛♥❞ φeq = 0✱ ✐t ✐s ♣♦ss✐❜❧❡✱ ❛s ✇❡ ❛r❡
❣♦✐♥❣ t♦ s❡❡ ❧❛t❡r✱ t♦ st✉❞② ❞✐✛❡r❡♥t r❡❝♦♥♥❡❝t✐♦♥ r❡❣✐♠❡s ❢♦r t❤❡ ♣r✐♠❛r② ✐♥st❛❜✐❧✐t②✳ ❆♠♦♥❣ t❤❡
♣♦ss✐❜✐❧✐t✐❡s ✇❡ ✜♥❞ t❤❡✿

• ❈♦❧❞ ❝♦❧❧✐s✐♦♥❧❡ss r❡❣✐♠❡✿ ❍❡r❡ ρi = S−1 = R−1 = ρs = 0✱ ❛♥❞ de 6= 0 ✇✐t❤ ♥♦ ✢♦✇
φeq = 0✳

✶✷✺



❈❤❛♣t❡r ✺✳ ❘❡❞✉❝❡❞ ▼❍❉ ▼♦❞❡❧s

❋✐❣✉r❡ ✺✳✷✿ ❊✛❡❝ts ♦❢ ❍❛❧❧ t❡r♠ ♦♥ r❡❝♦♥♥❡❝t✐♦♥✿ t❤❡ ♦✉t❡r ❝✐r❝❧❡ r❡♣r❡s❡♥ts t❤❡ ✇✐❞t❤ ♦❢ t❤❡
❝♦❧❧✐s✐♦♥❧❡ss ❝✉rr❡♥t s❤❡❡t ✇❤❡r❡ t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡ ✐♦♥s st❛rts t♦ ❞❡❝♦✉♣❧❡ ❢r♦♠ t❤❛t ♦❢ ❡❧❡❝tr♦♥s✳
❇❧❛❝❦ ❛rr♦✇s ❞❡♥♦t❡ t❤❡ ❍❛❧❧ ❝✉rr❡♥t ✇❤✐❝❤ ✐s ♦♣♣♦s✐t❡ t♦ t❤❡ ❡❧❡❝tr♦♥s ❝♦♥✈❡❝t✐✈❡ ♠♦t✐♦♥ ✭♦r❛♥❣❡
❛rr♦✇s✮ t♦✇❛r❞ ❳ ♣♦✐♥t s❤♦✇♥ ❛s ❛ s♠❛❧❧ ❜❧❛❝❦ ❝✐r❝❧❡✳ ❍❛❧❧ t❡r♠ ❣❡♥❡r❛t❡s ❛ ❍❛❧❧ ♠❛❣♥❡t✐❝ ✜❡❧❞
✭r❡❞ ❛rr♦✇s✮ ✐♥ ❛ ❞✐r❡❝t✐♦♥ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♣❧❛♥❡✳

• ❲❛r♠ ❈♦❧❧✐s✐♦♥❧❡ss r❡❣✐♠❡✿ ❍❡r❡ ρi = S−1 = R−1 = 0✱ ❛♥❞ de 6= 0 6= ρs ✇✐t❤ ♥♦ ✢♦✇
φeq = 0✳

• P✉r❡❧② r❡s✐st✐✈❡ r❡❣✐♠❡✿ ❍❡r❡ ρi = ρs = de = R−1 = 0✱ ❛♥❞ S−1 6= 0 ✇✐t❤ ♥♦ ✢♦✇
φeq = 0✳

• ❱✐s❝♦✉s✲r❡s✐st✐✈❡ r❡❣✐♠❡✿ ❍❡r❡ ρi = ρs = de = 0✱ ❛♥❞ S−1 6= 0 6= R−1 ✇✐t❤ ♥♦ ✢♦✇
φeq = 0✳

• ❙❡♠✐✲❈♦❧❧✐s✐♦♥❛❧ r❡❣✐♠❡✿ ❍❡r❡ ρi = de = R−1 = 0✱ ❛♥❞ S−1 6= 0 6= ρs ✇✐t❤ ♥♦ ✢♦✇
φeq = 0✳

• ❍②❜r✐❞ r❡❣✐♠❡✿ ❍❡r❡ ρi = ρs = R−1 = 0✱ ❛♥❞ S−1 6= 0 6= de ✇✐t❤ ♥♦ ✢♦✇ φeq = 0✳

✺✳✺ ❍❛❧❧ ❊✛❡❝t ✐♥ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥✿ ◆❡✇ ❘❡s✉❧ts

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✇❡ ✇❡♥t ✐♥t♦ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ t✇♦✲✜❡❧❞ ❘▼❍❉ ❡q✉❛t✐♦♥s✳ ❲❡ ❡①t❡♥❞❡❞
t❤✐s ♠♦❞❡❧ t♦ ✐♥❝❧✉❞❡ t❤❡ ❡✛❡❝t ♦❢ ❡❧❡❝tr♦♥ ❝♦♠♣r❡ss✐❜✐❧✐t② t❤r♦✉❣❤ t❤❡ ✐♦♥✲s♦✉♥❞ ▲❛r♠♦r r❛❞✐✉s
t❡r♠✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ❍❛❧❧ t❡r♠ ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡ ❣❡♦♠❡tr② ♦❢ r❡❝♦♥♥❡❝t✐♦♥ ❛t ❳✲♣♦✐♥t ✐s
♠♦❞✐✜❡❞ ❞✉❡ t♦ ❛♥ ❡♠❡r❣✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭❍❛❧❧ ✜❡❧❞✮ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♣❧❛♥❡
✭✸❉ str✉❝t✉r❡✮✳

❋✐❣✳✺✳✷ s❤♦✇s ❍❛❧❧ ❡✛❡❝ts ♦♥ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♣r♦❝❡ss✳ ■♥ t❤✐s ✜❣✉r❡✱ ✇❡ ♣r❡s❡♥t ❛ ❝♦❧❧✐s✐♦♥❧❡ss
r❡❣✐♠❡✳ ❍❡♥❝❡ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ r❡❣✐♦♥ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ♠❡❛♥ ❢r❡❡ ♣❛t❤s ♦❢ ♣❛rt✐❝❧❡s✳
❆❧s♦✱ ✐❢ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❝✉rr❡♥t s❤❡❡t ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ✐♦♥ ❝②❝❧♦tr♦♥ r❛❞✐✉s✱ ❜✉t ♦❢ t❤❡ ♦r❞❡r
♦❢ t❤❡ ✐♦♥ s❦✐♥ ❞❡♣t❤✱ ✐♦♥s ❜❡❤❛✈❡ ❛s ✉♥♠❛❣♥❡t✐③❡❞ ♣❛rt✐❝❧❡s✱ ❛♥❞ ✐ts ♠♦t✐♦♥ ❞❡❝♦✉♣❧❡s ♦❢ t❤❛t ♦❢
❡❧❡❝tr♦♥s✳ ❚❤✐s s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ ✐♦♥ ❛♥❞ ❡❧❡❝tr♦♥ ♠♦t✐♦♥s st❛rts ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❝✉rr❡♥t

✶✷✻



✺✳✺✳ ❍❛❧❧ ❊✛❡❝t ✐♥ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥✿ ◆❡✇ ❘❡s✉❧ts

s❤❡❡t ✭♦✉t❡r ❣r❡❡♥ ❝✐r❝❧❡ ✐♥ t❤❡ ✜❣✉r❡✮✱ ❧❡❛✈✐♥❣ ❜❡❤✐♥❞ ❛ ✢♦✇ ♦❢ ❡❧❡❝tr♦♥s✱ ✇❤✐❝❤ r❡♠❛✐♥s ✐♥ ❝♦✲
♠♦t✐♦♥ ✇✐t❤ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s ✉♥t✐❧ t❤❡② r❡❛❝❤ t❤❡ ❳✲ ♣♦✐♥t✱ ✇❤❡r❡ t❤❡ t♦♣♦❧♦❣② ♦❢ ✜❡❧❞ ❧✐♥❡s
❜r❡❛❦s ❛♥❞ ❧✐♥❡s r❡❝♦♥♥❡❝t ✭t❤❡ ✐♥♥❡r ❜❧❛❝❦ ❝✐r❝❧❡ ✐♥ t❤❡ ✜❣✉r❡✮✳ ❚❤✐s ❡❧❡❝tr♦♥s ✐♥✢♦✇ ❣❡♥❡r❛t❡s
❛♥ ♦♣♣♦s✐t❡ ❍❛❧❧ ❝✉rr❡♥t ✭❜❧❛❝❦ ❛rr♦✇s ✐♥ t❤❡ ✜❣✉r❡✮ t❤❛t ✐♥❞✉❝❡s ❛♥ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞
✭❍❛❧❧ ✜❡❧❞ s❤♦✇♥ ❛s r❡❞ ❛rr♦✇s ✐♥ t❤❡ ✜❣✉r❡✮✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❧✐♥❡❛r✐③❡ ▼❍❉ ❡q✉❛t✐♦♥ ✇❤✐❧❡ ❦❡❡♣✐♥❣ ❍❛❧❧ t❡r♠ ✐♥t♦ ❣❡♥❡r✲
❛❧✐③❡❞ ❖❤♠ ▲❛✇✳ ❚❤❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❍❛❧❧ s②st❡♠ r❡❛❞✱

E+ u×B = µ0d
2
e

∂J

∂t
+ µ0d

2
e∇ · {uJ+ Ju}+ 1

en
J×B+ ηJ, ✭✺✳✼✽✮

∂B

∂t
= −∇×E, J =

1

µ0
∇×B, ✭✺✳✼✾✮

mn
∂u

∂t
+mnu · ∇u = −∇p+ J×B, ✭✺✳✽✵✮

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ♣❛rts✿ t❤❡ s❤❡❛r❡❞ ✜❡❧❞ ✭B0✮ ✐♥ t❤❡ ✭①✲②✮
♣❧❛♥❡ ✭s❡❡ ❋✐❣✳✺✳✷✮✱ ❛♥❞ t❤❡ ❣✉✐❞❡ ✜❡❧❞ ✭Bg✮ ❛❧♦♥❣ t❤❡ z−❞✐r❡❝t✐♦♥✳ ■t r❡❛❞s✱

B = ∇× (ψez) +Bgez = B0f(x)ey +Bgez. ✭✺✳✽✶✮

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝✉rr❡♥t ❞❡♥s✐t✐❡s✱ ❛♥❞ J×B ❢♦r❝❡ ❛r❡

Jeq =
1

µ0
∇×Beq =

B0

µ0
f

′
(x)ez, FJeq×Beq = Jeq ×Beq = −B

2
0

µ0
f(x)f

′
(x)ex, ✭✺✳✽✷✮

❚❤❡r❡❢♦r❡ t♦ s✉st❛✐♥ t❤✐s ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ♠❛❣♥❡t✐❝ ❢♦r❝❡ ✐s ❜❛❧❛♥❝❡❞ ❜② ❛ ❢♦r❝❡ r❡s✉❧t✐♥❣ ❢r♦♠
❛ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♣r❡ss✉r❡ ❛❧♦♥❣ t❤❡ x−❞✐r❡❝t✐♦♥✱ t❤❛t ✐s✱

p(x) +
B2

0

2µ0
= const. ✭✺✳✽✸✮

◆♦✇✱ ❛❢t❡r ❧✐♥❡❛r✐③✐♥❣ ❊qs✳✭✺✳✼✽✱ ✺✳✽✵✱ ✺✳✼✾✮ ❬s❡❡ ❛♣♣❡♥❞✐① ❊ ❢♦r ❞❡t❛✐❧❡❞ ❞❡r✐✈❛t✐♦♥❪✱ ♦♥❡ ✜♥❞s

∂

∂t
(1− d2e∇2)B1x = [f(x)− d2ef

′′
(x)]

∂ux
∂y

− dif(x)
∂2B1z

∂y2
+ S−1∇2B1x, ✭✺✳✽✹✮

∂

∂t
(1− d2e∇2)B1z = f(x)

∂uz
∂y

+ di[f(x)∇2 − f
′′
(x)]B1x + S−1∇2B1z, ✭✺✳✽✺✮

∂

∂t
∇2ux = [f(x)∇2 − f

′′
(x)]

∂B1x

∂y
+R−1∇2∇2ux, ✭✺✳✽✻✮

∂

∂t

∂uz
∂y

= f(x)
∂2B1z

∂y2
+R−1∇2∂uz

∂y
. ✭✺✳✽✼✮

❚❤✐s ❝❧♦s❡❞ s②st❡♠ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❢♦✉r ❞✐♠❡♥s✐♦♥❧❡ss ❡q✉❛t✐♦♥s ✇❤❡r❡ t❤❡ ❞❡♣❡♥❞❡♥t ❢✉♥❝t✐♦♥s
❛r❡ B1x, B1z, ux✱ ❛♥❞ uz✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s ✐s ❜❛s❡❞ ♦♥ t✇♦ ♠❛✐♥ ❛ss✉♠♣t✐♦♥s✿ ❛
❝♦♥st❛♥t ✉♥✐❢♦r♠ ❣✉✐❞❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛♥❞ ❛♥ ✐♥❝♦♠♣r❡ss✐❜❧❡ ♣❧❛s♠❛ ✇✐t❤ ❛ ♣❡r✐♦❞✐❝ ♣❡rt✉r❜❛t✐♦♥
♣r♦♣❛❣❛t✐♥❣ ❛❧♦♥❣ t❤❡ y−❞✐r❡❝t✐♦♥✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛r❡ ♥♦r♠❛❧✐③❡❞ t♦ t❤❡ s❤❡❛r ✜❡❧❞ ✭B0✮✳
❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ r❡♠❛✐♥✐♥❣ r❡❢❡r❡♥❝❡ q✉❛♥t✐t✐❡s ❛r❡ t❤❡ ❆❧❢✈é♥ ✈❡❧♦❝✐t② uA✱ t❤❡ ❆❧❢✈é♥ t✐♠❡
τA✱ ❛♥❞ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✇✐❞t❤ L0 ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝✉rr❡♥t s❤❡❡t ✭s❡❡ ❛♣♣❡♥❞✐① ❊✮✳

✶✷✼



❈❤❛♣t❡r ✺✳ ❘❡❞✉❝❡❞ ▼❍❉ ▼♦❞❡❧s

◆♦t✐❝❡ t❤❛t t❤❡ ❣✉✐❞❡ ✜❡❧❞ ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❝❛s❡
♦❢ ❛♥ ♦❜❧✐q✉❡ ♣r♦♣❛❣❛t✐♥❣ ♠♦❞❡✱ t❤❡ ❣✉✐❞❡ ✜❡❧❞ ✇✐❧❧ ♣❧❛② ❛♥ ❡♥t✐r❡❧② ❞✐✛❡r❡♥t r♦❧❡ ❛♥❞ ❝♦♥tr✐❜✉t❡
t♦ t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡ ❡✈❡♥ ✐❢ ✐ts ♠❛❣♥✐t✉❞❡ ✐s ❝♦♥st❛♥t✳ ■♥ ♦t❤❡r ✇♦r❞s✱
t❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❢✉rt❤❡r ❣❡♥❡r❛❧✐③❡❞ t♦ ✐♥❝❧✉❞❡ ❛♥ ♦❜❧✐q✉❡ ♠♦❞❡ t❤❛t ♣r♦♣❛❣❛t❡s ✐♥ t❤❡ y − z
♣❧❛♥❡ ✇✐t❤ ❜♦t❤ ❛♥ x ❞❡♣❡♥❞❡♥t ❣✉✐❞❡ ✜❡❧❞ ✭Bg✮ ❛♥❞ ❛ s❤❡❛r ✜❡❧❞ ✭B0✮✳

■❢ ✇❡ ❛ss✉♠❡ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s ♣❡r✐♦❞✐❝ ❛❧♦♥❣ t❤❡ y−❞✐r❡❝t✐♦♥✱ t❤❡♥ ✇❡
❝❛♥ ❛♣♣❧② ❋♦✉r✐❡r ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧♦♥❣ t❤✐s ❞✐r❡❝t✐♦♥✳ ❚❤✉s✱ ❛♥② ♣❡rt✉r❜❡❞ q✉❛♥t✐t② A1 ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s A1 = Ã(x)eγteiky✱ ✇❤❡r❡ γ ✐s t❤❡ ❣r♦✇t❤ r❛t❡ ✭❢r❡q✉❡♥❝②✮ ♦❢ ❛♥② ♣♦ss✐❜❧❡ ✐♥st❛❜✐❧✐t②
❞r✐✈❡♥ ❜② t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✺✳✽✶✳ ❙✉❜st✐t✉t✐♥❣ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ❊qs✳✭✺✳✽✹✱ ✺✳✽✺✱ ✺✳✽✻✱ ✺✳✽✼✮✱
❛♥❞ ❝❤❛♥❣✐♥❣ t❤❡ s✐❣♥ ✐♥ t❤❡ ❞❡♣❡♥❞❡♥t q✉❛♥t✐t✐❡s✱ ✇❡ ♦❜t❛✐♥

γ







D 0 0 0
0 D 0 0
0 0 A 0
0 0 0 I













B1x

B1z

ux
uz






=







S−1A diL1 L2 0
diL3 S−1A 0 L4

L5 0 R−1L6 0
0 L7 0 R−1A













B1x

B1z

ux
uz







✭✺✳✽✽✮

✇❤❡r❡✱

A =
∂2

∂x2
− k2, D = I − d2eA,L1 = k2f(x)I, L2 = −k[f(x)− d2ef

′′
(x)], L3 = [f(x)A− f

′′
(x)],

✭✺✳✽✾❛✮

L4 = −kf(x)I, L5 = k[f(x)A− f
′′
(x)], L6 =

∂4

∂x4
− 2k2

∂2

∂x2
+ k4, L7 = kf(x)I,

✭✺✳✽✾❜✮

❊q✳✭✺✳✽✽✮ r❡♣r❡s❡♥ts ❛ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧② t♦ ✜♥❞
t❤❡ ❡✐❣❡♥ ❢✉♥❝t✐♦♥s ✭B1x, B1z, ux, uz✮ ❛♥❞ ❡✐❣❡♥✈❛❧✉❡ γ ✭t❤❡ ❣r♦✇t❤ r❛t❡✮✳ ◆♦t✐❝❡ t❤❛t ✇❤❡♥
di = 0✱ z− ❛♥❞ x− ✈❛r✐❛❜❧❡s ❞❡❝♦✉♣❧❡ ❢r♦♠ ❡❛❝❤ ♦t❤❡rs✱ ❛♥❞ t❤❡ x−❝♦♠♣♦♥❡♥t ❡q✉❛t✐♦♥s r❡❞✉❝❡s
t♦ t❤❡ ❘▼❍❉ ❡q✉❛t✐♦♥✳

✺✳✺✳✶ ❲❤② ❍❛❧❧ ❊✛❡❝t Pr❡s❡r✈❡s t❤❡ ❋✐❡❧❞ ❚♦♣♦❧♦❣②

❲❡♠❡♥t✐♦♥❡❞ ✇❤❡♥ ❞✐s❝✉ss✐♥❣ ❖❤♠ ❧❛✇ ✐♥ s❡❝t✐♦♥ ✷✳✹✳✸ t❤❛t t❤❡ ❍❛❧❧ t❡r♠ ♣r❡s❡r✈❡s t❤❡ ♠❛❣♥❡t✐❝
t♦♣♦❧♦❣②✱ ❛♥❞ ✇❡ ❛r❡ ♥♦✇ ✐♥ ❛♥ ❡①❝❡❧❧❡♥t ♣♦s✐t✐♦♥ t♦ ❛♥s✇❡r ✇❤②✳ ❙✐♥❝❡ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥
❦♥♦✇✐♥❣ ✐❢ ❍❛❧❧ t❡r♠ ❝❛♥ ❧❡❛❞ t♦ ❛ r❡❝♦♥♥❡❝t✐♦♥ ❡✈❡♥t ♦r ♥♦✱ ✇❡ s✐♠♣❧✐❢② t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✱
❣✐✈❡♥ ❜② ❊q✳✭✺✳✽✽✮ ❛s ♠✉❝❤ ❛s ✇❡ ❝❛♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ❧✐♥❡ ♦❢ t❤♦✉❣❤ts ♦❢ ❝❤❛♣t❡r
✶✳ ❲❡ t❛❦❡ R−1 = S−1 = de = 0✱ t❤❡♥ ❊qs✳❬✺✳✽✹✱ ✺✳✽✺✱ ✺✳✽✻✱ ✺✳✽✼❪ ❜❡❝♦♠❡

γB1x = ikf(x)ux + dik
2f(x)B1z, ✭✺✳✾✵✮

γB1z = ikf(x)uz + di

[

f(x)(
∂2

∂x2
− k2)− f

′′
(x)
]

B1x, ✭✺✳✾✶✮

γ(
∂2

∂x2
− k2)ux = ik

[

f(x)(
∂2

∂x2
− k2)− f

′′
(x)
]

B1x, ✭✺✳✾✷✮

ikγuz = ik2f(x)B1z, ✭✺✳✾✸✮

❆s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♦❝❝✉rs ♦♥ s✐♥❣✉❧❛r s✉r❢❛❝❡s ✇❤❡r❡ kf(x) =
0✳ ❚❤❡r❡❢♦r❡✱ ✇❤❡♥ f(x) = 0 ❛t t❤❡ ♥❡✉tr❛❧ ❧✐♥❡✱ t❤❡ ✜rst ❛♥❞ t❤❡ ❧❛st ❡q✉❛t✐♦♥s ❣✐✈❡s ux → ∞

✶✷✽



✺✳✻✳ ❘❡❞✉❝❡❞ ▼❍❉ ✐♥ ❚♦r♦✐❞❛❧ ●❡♦♠❡tr② ✇✐t❤ ❙t❡❛❞② ■♥❤♦♠♦❣❡♥♦✉s ❉❡♥s✐t②✿ ◆❡✇ ❘❡s✉❧ts

❛♥❞ uz → ∞✱ r❡s♣❡❝t✐✈❡❧②✳ ❙✐♥❝❡ t❤❡s❡ ❛r❡ ♥♦♥✲♣❤②s✐❝❛❧ r❡s✉❧ts✱ t❤❡♥ t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ✐s γ = 0✱
❛♥❞ ❤❡♥❝❡ ♥♦ r❡❝♦♥♥❡❝t✐♦♥ ♦❝❝✉rs✳ ❚❤✐s ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡
✐❞❡❛❧ ❖❤♠✬s ❧❛✇ ❛♥❞ ❍❛❧❧✲▼❍❉ ❖❤♠✬s ❧❛✇ ✭❝❢✳ ❙❡❝t✐♦♥ ✶✳✶ ❛♥❞ P❡❣♦r❛r♦ ❡t ❛❧✳ ❬✶✵✼❪✮✳ ❖t❤❡r✇✐s❡✱
✇❤❡♥ γ 6= 0✱ ♦♥❡ ♥❡❡❞s t♦ ✐♥❝❧✉❞❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs t❤❛t ❛❧❧♦✇ r❡♠♦✈✐♥❣ t❤❡ s✐♥❣✉❧❛r✐t② ♦❢
t❤❡ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❣✐✈❡s ❛ ✜♥✐t❡ ✢✉✐❞ ✈❡❧♦❝✐t②✳

✺✳✻ ❘❡❞✉❝❡❞ ▼❍❉ ✐♥ ❚♦r♦✐❞❛❧ ●❡♦♠❡tr② ✇✐t❤ ❙t❡❛❞② ■♥❤♦♠♦❣❡✲
♥♦✉s ❉❡♥s✐t②✿ ◆❡✇ ❘❡s✉❧ts

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ st✉❞②✐♥❣ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ❧♦❝❛❧ ♣❤❡♥♦♠❡♥♦♥
t❤❛t t❛❦❡s ♣❧❛❝❡ ✐♥ r❡❣✐♦♥s ✇❤❡r❡ ❝✉rr❡♥t s❤❡❡ts ❢♦r♠✳ ❲❤❡♥ ❧♦♦❦✐♥❣ ❢♦r t❤❡ s❝❛❧✐♥❣ ❧❛✇s ♦❢ t❤❡
❣r♦✇t❤ r❛t❡ ❛♥❞ ❢♦r t❤❡ ✇✐❞t❤ ♦❢ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r✱ t❤✐s ❛❧❧♦✇s ✉s t♦ ❧♦❝❛❧❧② ❛♣♣r♦①✐♠❛t❡ t❤❡ r
❝♦♦r❞✐♥❛t❡ ✭s❡❡ ❋✐❣✳✺✳✸✮ ❛s t❤❡ s❤❡❛r ✈❛r✐❛❜❧❡ x✱ ❛♥❞ t♦ ❛♣♣r♦①✐♠❛t❡ θ ❛s t❤❡ ✈❛r✐❛❜❧❡ y ❛❧♦♥❣
✇❤✐❝❤ t❤❡ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥ ♣r♦♣❛❣❛t❡s ✭❢♦r ❞❡t❛✐❧s✱ s❡❡ ❝❤❛♣t❡r ✼ ❛♥❞ ❘❡❢✳ ❬✶✺✸❪✮✳

❆s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r✱ t✇♦✲✜❡❧❞s r❡s✐st✐✈❡ ❘▼❍❉ ♠♦❞❡❧s ❢♦r t♦r♦✐❞❛❧
❣❡♦♠❡tr②✱ ✇✐t❤ ❞❡♥s✐t② ♣r♦✜❧❡ s❝❛❧✐♥❣ ❛s R−2✱ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ ❘❡❢s❬✷✽✽✱ ✷✽✾❪✳ ❆❧s♦✱
r❡s✐st✐✈❡ ♠♦❞❡❧s ✇✐t❤ ❛ ❣❡♥❡r❛❧ st❡❛❞②✱ ✐♥❤♦♠♦❣❡♥❡♦✉s ❞❡♥s✐t② ♣r♦✜❧❡ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦
st✉❞② ✐♥st❛❜✐❧✐t✐❡s✱ s✉❝❤ ❛s ❤❛❧♦ ❝✉rr❡♥t ✐♥ t♦❦❛♠❛❦ ❬✷✾✵✱ ✷✾✶❪✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦
❡①t❡♥❞ t❤❡s❡ ♠♦❞❡❧s t♦ ✐♥❝❧✉❞❡ t❤❡ ❡✛❡❝ts ♦❢ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛✱ ❛♥❞ t♦ ♦❜t❛✐♥ t❤❡ ❢♦r♠✉❧❛❡ ♦❢ t❤❡
❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ✐♥ ✭r, θ, ϕ✮ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✭❤❡r❡❛❢t❡r✱ ❈❙✮✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ♠♦❞❡❧s ♠❡♥t✐♦♥❡❞ ✐♥ ♣r❡✈✐♦✉s r❡❢❡r❡♥❝❡s ✐s t❤❛t ✐♥ t❤❡ ❧❛tt❡r ♦♥❧② r❡s✐st✐✈❡ ❡✛❡❝ts ❛r❡ ✐♥❝❧✉❞❡❞
❛♥❞ t❤❡ ❡q✉❛t✐♦♥s ❛r❡ ✇r✐tt❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✭R,ϕ, Z✮ ❈❙✳ ❚❤❡ t✇♦ ❈❙s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳✺✳✸✳
❚❤❡s❡ ❈❙s ❛♥❞ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡♠ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧s ✐♥ ❛♣♣❡♥❞✐① ❈✳

❲❡ ❛r❡ ♥♦✇ ❣♦✐♥❣ t♦ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ❧✐♥❡ ♦❢ t❤♦✉❣❤t t❤❛t ✇❡ ❞❡✈❡❧♦♣❡❞ ✇❤❡♥ ✇❡ ❞❡r✐✈❡❞ t❤❡
❘▼❍❉ ❡q✉❛t✐♦♥s ✐♥ ❈❛rt❡s✐❛♥ ❣❡♦♠❡tr②✳ ■t ✐s ❡❛s✐❡r t♦ ✜rst ❞❡r✐✈❡ t❤❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ (R,Z, ϕ)
❈❙✱ ❛♥❞ ♦♥❧② ❧❛t❡r ✇❡ ✇✐❧❧ r❡✲✇r✐t❡ t❤❡♠ ✐♥ t❤❡ (r, θ, ϕ) ❈❙✳

■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✉s❡ t❤❡ ❛①✐s②♠♠❡tr② ❛ss✉♠♣t✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s
❤②♣♦t❤❡s✐s✱ t❤❡ ❞②♥❛♠✐❝ ✐s s②♠♠❡tr✐❝ ✉♥❞❡r r♦t❛t✐♦♥ ♦✈❡r t❤❡ t♦r♦✐❞❛❧ ❛♥❣❧❡ ϕ✳ ❚❤✐s ❛ss✉♠♣t✐♦♥
✐♠♣❧✐❡s t❤❛t t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡✬s ❞✐♠❡♥s✐♦♥s r❡❞✉❝❡ ❢r♦♠ t❤r❡❡ t♦ t✇♦ ❞✐♠❡♥s✐♦♥s✱ ♠❡❛♥✐♥❣
∂
∂ϕ = 0✳ ❇② ✜rst ❧♦♦❦✐♥❣ ❛t t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥✱ ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ❞❡♥s✐t② ✐s
st❡❛❞② ❜✉t ✐♥❤♦♠♦❣❡♥❡♦✉s✱ ♦♥❡ ✜♥❞s✱

∇ · (ρu) = 0 =⇒ u =
1

ρ
∇× (Φ∇ϕ) = 1

ρR
∇Φ× eϕ =







− 1
ρR

∂Φ
∂Z

0
1
ρR

∂Φ
∂R

, ✭✺✳✾✹✮

✇❤✐❧❡ ✐♥ ✭r, θ, ϕ✮ ❈❙✱ ♦♥❡ ♦❜t❛✐♥s

u =
1

ρ
∇(Φ∇ϕ) = 1

ρR
∇× Φ× eϕ =







1
ρRr

∂Φ
∂θ

− 1
ρR

∂Φ
∂r

0

, ✭✺✳✾✺✮

❆❢t❡r ❤❛✈✐♥❣ ♦❜t❛✐♥❡❞ t❤❡ ✈❡❧♦❝✐t②✱ ✇❡ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❲❡ ❛ss✉♠❡
❛❣❛✐♥ ❛①✐s✲s②♠♠❡tr② ❛❧♦♥❣ t❤❡ ϕ ❞✐r❡❝t✐♦♥✱ ∂/∂ϕ = 0✱ ✇❤✐❝❤ ✐s ❥✉st✐✜❡❞ ❜② t❤❡ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞
❤②♣♦t❤❡s✐s✱ ❤❡r❡ ✈❛❧✐❞ ❢♦r t❤❡ t♦r♦✐❞❛❧ ♠❛❣♥❡t✐❝ ❝♦♠♣♦♥❡♥t✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝❛♥
❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠ ♦❢ ❛ str❡❛♠ ❢✉♥❝t✐♦♥ ψ = ψ(R,Z))✱ ❛♥❞ r❡❛❞s

✶✷✾



❈❤❛♣t❡r ✺✳ ❘❡❞✉❝❡❞ ▼❍❉ ▼♦❞❡❧s

❋✐❣✉r❡ ✺✳✸✿ ❆♥ ✐s♦♠❡tr✐❝ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ t♦r♦✐❞❛❧ ❣❡♦♠❡tr②✳ ❲❡ s❤♦✇ t❤❡ t❤r❡❡ ❞✐✛❡r❡♥t
❝♦♦r❞✐♥❛t❡ s②st❡♠s✿ t❤❡ ❈❛rt❡s✐❛♥✱ ✭R,ϕ, Z✮✱ ❛♥❞ ✭r, θ, ϕ✮ ❝♦♦r❞✐♥❛t❡ s②st❡♠s✳

B =
Bϕ,0
R

eϕ +∇× (ψ∇ϕ) = Bϕ,0
R

eϕ +
1

R
∇ψ × eϕ =







− 1
R
∂ψ
∂Z

Bϕ,0
R

1
R
∂ψ
∂R

✭✺✳✾✻✮

■♥ t❤❡ ✭r, θ, ϕ✮ ❈❙✱ ♦♥❡ ♦❜t❛✐♥s

B =
Bϕ,0
R

eϕ +
1

R
∇ψ × eϕ =







1
Rr

∂ψ
∂θ

− 1
R
∂ψ
∂r

Bϕ,0
R

, ✭✺✳✾✼✮

❍❡r❡ Bϕ,0 ✐s ❛ str♦♥❣ ❝♦♥st❛♥t ❣✉✐❞❡ ✜❡❧❞✳ ■t ✐s ❡❛s② t♦ ♥♦t✐❝❡ t❤❛t t❤✐s ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s✱ ❜②
❝♦♥str✉❝t✐♦♥✱ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ✭✉s✐♥❣ ❊q✳✭❈✳✼❜✮✮✳ ◆♦✇✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ✜rst ❘▼❍❉ ❡q✉❛t✐♦♥
✐♥ t❤❡ ✭R,ϕ, Z✮ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ✇❡ s✉❜st✐t✉t❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❖❤♠ ❧❛✇✱ ❣✐✈❡♥ ❜② ❊q✳✭✷✳✶✹✸✮✱
✐♥t♦ ❋❛r❛❞❛②✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✳ ❚❤✐s ❣✐✈❡s

∂B

∂t
= ∇× (u×B)− µ0d

2
e

∂

∂t
∇× J− µ0d

2
e∇×∇ · {uJ} − µ0d

2
e∇×∇ · {Ju} − η∇× J, ✭✺✳✾✽✮

❚♦ s✐♠♣❧✐❢② t❤❡ ❞❡r✐✈❛t✐♦♥✱ ✇❡ ❤❛✈❡ ♥❡❣❧❡❝t❡❞ ❢♦r t❤❡ ♠♦♠❡♥t t❤❡ ♣r❡ss✉r❡ t❡♥s♦r✱ ❍❛❧❧✱ ❛♥❞
JJ t❡r♠s✳ ❲❡ ❛r❡ ❣♦✐♥❣ ❧❛t❡r t♦ ✉s❡ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✷✳✷✱ t♦ ✐♥❝❧✉❞❡ t❤❡
❡✛❡❝ts ♦❢ t❤❡ ❡❧❡❝tr♦♥ ♣r❡ss✉r❡ t❡♥s♦r✳ ❖✉r ❞❡r✐✈❛t✐♦♥ ❝♦♥s✐sts ✐♥ ❡st✐♠❛t✐♥❣ ❛❧❧ t❤❡ t❡r♠s ✐♥ t❤❡
♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛♥❞ t❤❡♥ t❛❦✐♥❣ t❤❡ ♦♥❡ t❤❛t ❞❡s❝r✐❜❡s t❤❡ ❞②♥❛♠✐❝s ❛❧♦♥❣ eϕ✳ ❚❤✐s ♣r♦❝❡❞✉r❡

✶✸✵



✺✳✻✳ ❘❡❞✉❝❡❞ ▼❍❉ ✐♥ ❚♦r♦✐❞❛❧ ●❡♦♠❡tr② ✇✐t❤ ❙t❡❛❞② ■♥❤♦♠♦❣❡♥♦✉s ❉❡♥s✐t②✿ ◆❡✇ ❘❡s✉❧ts

❣✐✈❡s ❛♥ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❣♦✈❡r♥s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ str❡❛♠ ❢✉♥❝t✐♦♥ ψ ✐♥ ✭R,ϕ, Z✮ ❈❙✳
❚❤❡♥✱ t♦ ♦❜t❛✐♥ t❤✐s ❡q✉❛t✐♦♥ ✐♥ t❤❡ ✭r, θ, ϕ✮ ❈❙✱ ✇❡ ❡✐t❤❡r ❢♦❧❧♦✇ t❤❡ s❛♠❡ ❛❧❣♦r✐t❤♠✱ ♦r ✇❡ ✉s❡
t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ r❡❧❛t✐♦♥ ❞❡r✐✈❡❞ ✐♥ ❛♣♣❡♥❞✐① ❈✳

❲❡ st❛rt ❜② ❡st✐♠❛t✐♥❣ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✳ ◆❡❣❧❡❝t✐♥❣ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❝✉rr❡♥t ✐♥ ❆♠♣❡r❡✲
▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✱ ♦♥❡ ✜♥❞s✱

J =
1

µ0
∇×B = − 1

µ0R
∆∗ψeϕ ✭✺✳✾✾✮

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ∆∗ ✐s ❦♥♦✇♥ ❛s ●r❛❞✲❙❤❛❢r❛♥♦✈ ♦♣❡r❛t♦r✱ ✇❤✐❝❤ r❡❛❞s ✐♥ ✭R,ϕ, Z✮✱

∆∗ = R
{ ∂

∂R
(
1

R

∂

∂R
) +

∂

∂Z
(
1

R

∂

∂Z
)
}

, ✭✺✳✶✵✵✮

❚♦ ❞❡r✐✈❡ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✱ ✇❡ ✉s❡❞ ❊q✳✭❈✳✼❝✮✳ ❚♦ ♦❜t❛✐♥ t❤❡
s❛♠❡ ❡q✉❛t✐♦♥ ✐♥ ✭r, θ, ϕ✮✱ ✇❡ ❡✐t❤❡r ❢♦❧❧♦✇ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡✱ ♦r ✇❡ ✉s❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s
❜❡t✇❡❡♥ ❝♦♦r❞✐♥❛t❡ s②st❡♠s ❣✐✈❡♥ ❜② ❊q✳✭❈✳✸✵✮✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ✜♥❞s

J =
1

µ0
∇×B = − 1

µ0R
∆+ψeϕ ✭✺✳✶✵✶✮

❍❡r❡ ∆+ ✐s t❤❡ ●r❛❞✲❙❤❛❢r❛♥♦✈ ♦♣❡r❛t♦r ✐♥ ✭r, θ, ϕ✮ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ■t r❡❛❞s✱

∆+ = ∆⊥ − 2

R
(∇R) · ∇, ✭✺✳✶✵✷✮

∆⊥ ❛♥❞ ∇ ❛r❡ t❤❡ ▲❛♣❧❛❝✐❛♥ ❛♥❞ t❤❡ ❣r❛❞✐❡♥t ✐♥ ✭r, θ, ϕ✮ s②st❡♠ ❣✐✈❡♥ ❜② ❊q✳✭❈✳✶✺❞✮✱ ❛♥❞
❊q✳✭❈✳✶✺❛✮✱ r❡s♣❡❝t✐✈❡❧② ✭s❡❡ ❛♣♣❡♥❞✐① ❈ ❢♦r ❞❡t❛✐❧s✮✳ ◆♦✇✱ ✇❡ ❡st✐♠❛t❡ t❤❡ ✜rst u ×B✱ ✇❤✐❝❤
❣✐✈❡s

u×B = −Bϕ,o
ρR2

eϕ×(∇Φ×eϕ)+
1

ρR2
(∇Φ×eϕ)×(∇ψ×eϕ) = −Bϕ,o

ρR2
∇⊥Φ+

1

ρR2
[ψ,Φ]eϕ, ✭✺✳✶✵✸✮

✇❤❡r❡ ∇⊥ ✐s ❣✐✈❡♥ ❜② ❊q✳✭❈✳✼❛✮✱ ❛♥❞ [ , ] ✐s t❤❡ P♦✐ss♦♥ ❜r❛❝❦❡t ✐♥ ✭R,ϕ, Z✮ ❈❙ ❣✐✈❡♥ ❜②

[ψ,Φ] =
∂ψ

∂R

∂Φ

∂Z
− ∂ψ

∂Z

∂Φ

∂R
, ✭✺✳✶✵✹✮

■♥ t❤❡ ✭r, θ, ϕ✮ ❈❙

u×B = −Bϕ,o
ρR2

∇⊥Φ− 1

ρR2
[ψ,Φ]eϕ, ✭✺✳✶✵✺✮

✇❤❡r❡ ∇⊥ ✐s ❣✐✈❡♥ ❜② ❊q✳✭❈✳✶✺❛✮✱ ❛♥❞

[ψ,Φ] =
1

r

{∂ψ

∂r

∂Φ

∂θ
− ∂ψ

∂θ

∂Φ

∂r

}

, ✭✺✳✶✵✻✮

❚❤✐s ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❡✐t❤❡r ✉s✐♥❣ ❊q✳✭✺✳✾✼✮ ❛♥❞ ❊q✳✭✺✳✾✺✮✱ ♦r ❞✐r❡❝t❧② ❢r♦♠ t❤❡
tr❛♥s❢♦r♠❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❈ss ✲ ❊q✳✭❈✳✸✸✮✳

◆♦✇✱ ✇❡ ❡st✐♠❛t❡

∇ ·
{

Ju+ uJ
}

= (∇ · J)u+ (J · ∇)u+ (∇ · u)J+ (u · ∇)J, ✭✺✳✶✵✼✮

✶✸✶



❈❤❛♣t❡r ✺✳ ❘❡❞✉❝❡❞ ▼❍❉ ▼♦❞❡❧s

✇❤❡r❡ ✇❡ ✉s❡❞ ❊q✳✭❇✳✷✽✮✳ ❲❡ ❤❛✈❡ ❢♦r ❜♦t❤ ❝♦♦r❞✐♥❛t❡ s②st❡♠s

∇ · J =
1

µ0
∇ · (∇×B) = 0, ✭✺✳✶✵✽✮

❆❧s♦✱ ✐♥ ✭R,ϕ, Z✮ ✇❡ ✇r✐t❡

J · ∇ = −∆∗ψ
µ0R

eϕ · ∇ = − ∆∗ψ
µ0R2

∂

∂ϕ
✭✺✳✶✵✾✮

❲❤✐❧❡ ✐♥ ✭r, θ, ϕ✮✱ ✐t r❡❛❞s✱

J · ∇ = −∆+ψ

µ0R
eϕ · ∇ = −∆+ψ

µ0R2

∂

∂ϕ
✭✺✳✶✶✵✮

❚❤❡♥✱ ✐♥ t❤❡ ✭R,ϕ, Z✮ ❈❙✱ ✇❡ ♦❜t❛✐♥

J · ∇u = − ∆∗ψ
µ0ρR3

∇Φ× ∂

∂ϕ
eϕ =

∆∗ψ
µ0ρR3

∇Φ× eR =
∆∗ψ
µ0ρR3

∂Φ

∂Z
eϕ, ✭✺✳✶✶✶✮

■♥ t❤❡ ✭r, θ, ϕ✮ ❈❙✱ ✐t t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

J · ∇u = − ∆+ψ

µ0ρR3
∇Φ× ∂

∂ϕ
eϕ =

∆+ψ

µ0ρR3
∇Φ× eR = − ∆+ψ

µ0ρR3
(sin θ

∂Φ

∂r
+

cos θ

r

∂Φ

∂θ
)eϕ, ✭✺✳✶✶✷✮

❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❡✐t❤❡r ♣❡r❢♦r♠✐♥❣ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥s ✐♥ ✭r, θ, ϕ✮✱
♦r ❜② s✐♠♣❧② ❛♣♣❧②✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s✱ ❣✐✈❡♥ ❜② ❊q✳✭❈✳✷✷✮ ❛♥❞ ❊q✳✭❈✳✸✵✮✱ ♦♥ ❊q✳✭✺✳✶✶✶✮✳
◆♦✇✱ ✇❡ ♣r♦❝❡❡❞ t♦ ✜♥❞ t❤❡ ✈❡❧♦❝✐t② ❝♦♥✈❡❝t✐✈❡ t❡r♠ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✭R,ϕ, Z✮ ❈❙✳ ❯s✐♥❣ t❤❡
❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ✈❡❧♦❝✐t② ❣✐✈❡♥ ❜② ❊q✳✭✺✳✾✹✮ ❛♥❞ ❊q✳✭✺✳✾✺✮✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣r❛❞✐❡♥ts✱ ✇❡
❡❛s✐❧② ✜♥❞ ✐♥ t❤❡ ✭R,ϕ, Z✮ ❈❙

u · ∇ =
1

ρR
(∇Φ× eϕ) · ∇ =

1

ρR
[Φ, ·] ✭✺✳✶✶✸✮

■♥st❡❛❞✱ ✐♥ t❤❡ ✭r, θ, ϕ✮ ❈❙

u · ∇ =
1

ρR
(∇Φ× eϕ) · ∇ = − 1

ρR
[Φ, ·] ✭✺✳✶✶✹✮

◆♦✇✱ ❛♣♣❧②✐♥❣ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥ t♦ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✱ ♦♥❡ ♦❜t❛✐♥s ✐♥ t❤❡ ✭R,ϕ, Z✮ ❈❙

(u · ∇)J = − 1

µ0ρR
[Φ,

∆∗ψ
R

]eϕ = − 1

µ0ρR2
[Φ,∆∗ψ]eϕ − ∆∗ψ

µ0ρR3

∂Φ

∂Z
eϕ ✭✺✳✶✶✺✮

✇❤✐❧❡ ✐♥ t❤❡ ✭r, θ, ϕ✮ ❈❙✱ ♦♥❡ ✜♥❞s

(u · ∇)J =
1

µ0ρR2
[Φ,∆+ψ]eϕ +

∆+ψ

µ0ρR3
(sin θ

∂Φ

∂r
+

cos θ

r

∂Φ

∂θ
)eϕ, ✭✺✳✶✶✻✮

❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥✱ ♦♥❡ ✜♥❞s ✐♥ t❤❡ ✭R,ϕ, Z✮ ❈s

∇ · u = −1

ρ
(u · ∇)ρ = − 1

ρ2R
[Φ, ρ] ✭✺✳✶✶✼✮

✶✸✷



✺✳✻✳ ❘❡❞✉❝❡❞ ▼❍❉ ✐♥ ❚♦r♦✐❞❛❧ ●❡♦♠❡tr② ✇✐t❤ ❙t❡❛❞② ■♥❤♦♠♦❣❡♥♦✉s ❉❡♥s✐t②✿ ◆❡✇ ❘❡s✉❧ts

❛♥❞ ✐♥ t❤❡ ✭r, θ, ϕ✮ ❈❙

∇ · u = −1

ρ
(u · ∇)ρ =

1

ρ2R
[Φ, ρ] ✭✺✳✶✶✽✮

■♥ t❤❡ ✭R,ϕ, Z✮ ❈❙✱ ✇❡ ✇r✐t❡

(∇ · u)J =
∆∗ψ
µ0ρ2R2

[Φ, ρ]eϕ, ✭✺✳✶✶✾✮

❛♥❞ ❢♦r ✭r, θ, ϕ✮ ❈❙✱

(∇ · u)J = − ∆+ψ

µ0ρ2R2
[Φ, ρ]eϕ, ✭✺✳✶✷✵✮

◆♦✇✱ s✉❜st✐t✉t✐♥❣ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥s ✐♥t♦ ❊q✳✭✺✳✶✵✼✮✱ ♦♥❡ ✜♥❞s ❢♦r ✭R,ϕ, Z✮✱

∇ ·
{

Ju+ uJ
}

= − 1

µ0ρR2
[Φ,∆∗ψ]eϕ +

∆∗ψ
µ0ρ2R2

[Φ, ρ]eϕ, ✭✺✳✶✷✶✮

❛♥❞ ❢♦r ✭r, θ, ϕ✮✱

∇ ·
{

Ju+ uJ
}

=
1

µ0ρR2
[Φ,∆+ψ]eϕ − ∆+ψ

µ0ρ2R2
[Φ, ρ]eϕ, ✭✺✳✶✷✷✮

❙✉❜st✐t✉t✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ✐♥ ❋❛r❛❞❛②✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✱ ❣✐✈❡♥ ❜② ❊q✳✭✺✳✾✽✮✱ ♦♥❡
✜♥❛❧❧② ♦❜t❛✐♥s t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❘▼❍❉ r❡❣✐♠❡ ✐♥ t♦r♦✐❞❛❧ ❣❡♦♠❡tr②✳ ■♥ ✭R,ϕ, Z✮✱ ✐t r❡❛❞s

∂F
∂t

+
1

ρR
[Φ,F ] = − d2e

ρ2R
∆∗ψ[Φ, ρ] +

η

µ0
∆∗ψ, ✭✺✳✶✷✸✮

✇❤❡r❡✱
F = ψ − d2e∆

∗ψ, ✭✺✳✶✷✹✮

❛♥❞ ✐♥ ✭r, θ, ϕ✮ ❝♦♦r❞✐♥❛t❡s✱ ✐t ❜❡❝♦♠❡s

∂F
∂t

− 1

ρR
[Φ,F ] =

d2e
ρ2R

∆+ψ[Φ, ρ] +
η

µ0
∆+ψ, ✭✺✳✶✷✺✮

✇❤❡r❡✱
F = ψ − d2e∆

+ψ, ✭✺✳✶✷✻✮

❖✉r ♥❡①t st❡♣ ✐s t♦ ✜♥❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ ✈❡❧♦❝✐t② str❡❛♠ ❢✉♥❝t✐♦♥ ✭♦r✱
♠♦r❡ ❡①♣❧✐❝✐t❧②✱ ✐♥ t❡r♠s ♦❢ t❤❡ ✈♦rt✐❝✐t②✮✳ ❲❡ st❛rt ❜② r❡✲✇r✐t✐♥❣ t❤❡ ❝✉r❧ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ♦❢
♠♦t✐♦♥✱ ✇❤✐❝❤ r❡❛❞s✱

∂

∂t
∇× u+∇×

{

u · ∇u
}

= ∇×
{J×B

ρ

}

+ ν∇× ∆u

ρ
, ✭✺✳✶✷✼✮

❇② t❛❦✐♥❣ t❤❡ ❝✉r❧ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥✱ ✐t ✇❛s ♣♦ss✐❜❧❡ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ s❝❛❧❛r ♣r❡ss✉r❡
❣r❛❞✐❡♥t✳ ◆♦✇✱ ✇❡ ❡st✐♠❛t❡ t❤❡s❡ t❡r♠s ♦♥❡ ❜② ♦♥❡ ❛s ✇❡ ❤❛✈❡ ❞♦♥❡ ✇❤❡♥ ✇❡ ❞❡r✐✈❡❞ ❊q✳✭✺✳✶✷✸✮✳
❚❤❡ ❝✉r❧ ♦❢ t❤❡ ✈❡❧♦❝✐t② ✐s t❤❡ ✈♦rt✐❝✐t②✳ ◆♦✇✱ ✉s✐♥❣ ❊q✳✭✺✳✾✹✮ ❛♥❞ ❊q✳✭❈✳✼❝✮✱ ♦♥❡ ❡❛s✐❧② ✜♥❞s ✐♥
✭R,ϕ, Z✮ ❈❙

U = ∇× u = − 1

ρR
∆ρΦeϕ, ✭✺✳✶✷✽✮

✶✸✸



❈❤❛♣t❡r ✺✳ ❘❡❞✉❝❡❞ ▼❍❉ ▼♦❞❡❧s

✇❤❡r❡ ∆ρ ✐s t❤❡ ❣❡♥❡r❛❧✐③❡❞ ●r❛❞✲❙❤❛❢r❛♥♦✈ ♦♣❡r❛t♦r ✭❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r✮✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②

∆ρ = ρR
∂

∂R

[ ∂

∂R

( 1

ρR

∂

∂R

)

+
∂

∂Z

( 1

ρR

∂

∂Z

)]

= ∆∗ − 1

ρ
∇ρ · ∇, ✭✺✳✶✷✾✮

◆♦t✐❝❡ t❤❛t t❤❡ ●r❛❞✲❙❤❛❢r❛♥♦✈ ♦♣❡r❛t♦r ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤✐s ♦♣❡r❛t♦r ✇❤❡♥ ρ = 1 ✭❢♦r ♠♦r❡
❞❡t❛✐❧s✱ s❡❡ ❛♣♣❡♥❞✐① ❈✮✳

■♥ ✭r, θ, ϕ✮✱ ❛♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡✱ ♦r ✉s✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦
❝♦♦r❞✐♥❛t❡ s②st❡♠s✱ ✇❡ ♦❜t❛✐♥

U = ∇× u = − 1

ρR
∆+
ρ Φeϕ, ✭✺✳✶✸✵✮

✇❤❡r❡

∆+
ρ = ∆⊥ − 2

R
(∇R) · ∇ − 1

ρ
(∇ρ) · ∇, ✭✺✳✶✸✶✮

❍❡r❡∆⊥ ❛♥❞∇ ❛r❡ ❣✐✈❡♥ ❜② ❊q✳✭❈✳✶✺❞✮ ❛♥❞ ❊q✳✭❈✳✶✺❛✮✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦✇✱ ✇❡ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥
t♦ t❤❡ s❡❝♦♥❞ t❡r♠ ♦♥ t❤❡ ▲❍❙ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ✉♣❝♦♠✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s✱
✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❞❡✜♥❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❧♦❝✐t② ❛s

a = − 1

ρR

∂Φ

∂Z
, b =

1

ρR

∂Φ

∂R
✭✺✳✶✸✷✮

❍❡♥❝❡✱

u · ∇u = (a
∂a

∂R
+ b

∂a

∂Z
)eR + (a

∂b

∂R
+ b

∂b

∂Z
)eZ ✭✺✳✶✸✸✮

❚❤❡♥✱ ✉s✐♥❣ ❊q✳✭❈✳✼❝✮ ❛♥❞ ❛❢t❡r s♦♠❡ ❛❧❣❡❜r❛✱ t❤❡ ❝✉r❧ ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥s❤✐♣ ❣✐✈❡s✱

∇×
{

u · ∇u
}

=
{

(
∂a

∂R
+
∂b

∂Z
)(
∂a

∂Z
− ∂b

∂R
) + (a

∂

∂R
+ b

∂

∂Z
)(
∂a

∂Z
− ∂b

∂R
)
}

eϕ, ✭✺✳✶✸✹✮

❲❡ t❤❡♥ ❝❛❧❝✉❧❛t❡ ❡❛❝❤ t❡r♠ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✳ ❯s✐♥❣ ❊q✳✭✺✳✶✸✷✮✱ ✇❡ ♦❜t❛✐♥

∂a

∂R
+
∂b

∂Z
= − 1

ρR2
[Φ, R]− 1

ρ2R
[Φ, ρ], ✭✺✳✶✸✺✮

❛♥❞ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r ✐♥ ✭R,ϕ, Z✮ ❣✐✈❡♥ ❜② ❊q✳✭✺✳✶✷✾✮✱ ♦♥❡ ♦❜t❛✐♥s

∂a

∂Z
− ∂b

∂R
= − 1

ρR
∆ρΦ, ✭✺✳✶✸✻✮

a
∂

∂R
+ b

∂

∂Z
=

1

ρR
[Φ, .], ✭✺✳✶✸✼✮

❚❤❡♥✱ s✉❜st✐t✉t✐♥❣ t❤❡ ❧❛st t❤r❡❡ ❡q✉❛t✐♦♥ ✐♥ ❊q✳✭✺✳✶✸✹✮✱ ✇❡ ✜♥❞

∇×
{

u · ∇u
}

=
{2∆ρΦ

ρ2R3
[Φ, R] +

2∆ρΦ

ρ3R2
[Φ, ρ]− 1

ρ2R2
[Φ,∆ρΦ]

}

eϕ, ✭✺✳✶✸✽✮

❊✐t❤❡r ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ✭t❤✐s ✇✐❧❧ ❜❡ ✈❡r② ❧♦♥❣ ❛♥❞ t❡❞✐♦✉s✮✱ ♦r ❜② ✉s✐♥❣ t❤❡
tr❛♥s❢♦r♠❛t✐♦♥ r❡❧❛t✐♦♥s ✭s❡❡ ❛♣♣❡♥❞✐① ❈✮✱ t❤✐s t❡r♠ t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠ ✐♥ ✭r, θ, ϕ✮ ❈❙✱

∇×
{

u · ∇u
}

=
{

−
2∆+

ρ Φ

ρ2R3
[Φ, R]−

2∆+
ρ Φ

ρ3R2
[Φ, ρ] +

1

ρ2R2
[Φ,∆+

ρ Φ]
}

eϕ, ✭✺✳✶✸✾✮

✶✸✹



✺✳✻✳ ❘❡❞✉❝❡❞ ▼❍❉ ✐♥ ❚♦r♦✐❞❛❧ ●❡♦♠❡tr② ✇✐t❤ ❙t❡❛❞② ■♥❤♦♠♦❣❡♥♦✉s ❉❡♥s✐t②✿ ◆❡✇ ❘❡s✉❧ts

◆♦✇✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞
t♦ s❤♦✇ t❤❛t t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ❘❍❙ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

∇
{J×B

ρ

}

=
{ 1

µ0ρR2
[∆∗ψ, ψ]− ∆∗ψ

µ0ρ2R2
[ρ, ψ]− 2∆∗ψ

µ0ρR3
[R,ψ]

}

eϕ, ✭✺✳✶✹✵✮

✇❤✐❧❡ ✐♥ ✭r, θ, ϕ✮✱ ❛❢t❡r ❛ ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

∇
{J×B

ρ

}

=
{

− 1

µ0ρR2
[∆+ψ, ψ] +

∆+ψ

µ0ρ2R2
[ρ, ψ] +

2∆+ψ

µ0ρR3
[R,ψ]

}

eϕ, ✭✺✳✶✹✶✮

❋✐♥❛❧❧②✱ ❢♦r t❤❡ ❧❛st t❡r♠✱ ✇❡ ❡✐t❤❡r ✇r✐t❡ ✐t ✐♥ ✐ts ❡①❛❝t ❢♦r♠ ❛s

∇× ∆u

ρ
· eφ =

1

ρ
(∆U) · eϕ. ✭✺✳✶✹✷✮

♦r✱ ❢♦❧❧♦✇✐♥❣ t❤❡ s✉❣❣❡st✐♦♥ ✐♥ ❘❡❢✳ ❬✷✾✵❪✱

∇× ∆u

ρ
· eφ = − 1

ρ2R
∆ρ∆ρΦ, ✭✺✳✶✹✸✮

◆♦✇✱ ❞❡✜♥✐♥❣ t❤❡ ✈♦rt✐❝✐t② Ω = ∆ρΦ✱ ❛♥❞ s✉❜st✐t✉t✐♥❣ ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✐♥ ❊q✳✭✺✳✶✷✼✮✱
✇❡ ✜♥❞

∂Ω

∂t
+

1

ρR
[Φ,Ω]− 2Ω

ρR2
[Φ, R]− 2Ω

ρ2R
[Φ, ρ] =

1

µ0R
[ψ,∆∗ψ]− ∆∗ψ

µ0ρR
[ψ, ρ]− 2∆∗ψ

µ0R2
[ψ,R] +

1

νρ
∆ρΩ,

✭✺✳✶✹✹✮
✇❤✐❝❤ ❜❡❝♦♠❡s ✐♥ ✭r, θ, ϕ✮ ❈s

∂Ω

∂t
− 1

ρR
[Φ,Ω]+

2Ω

ρR2
[Φ, R]+

2Ω

ρ2R
[Φ, ρ] = − 1

µ0R
[ψ,∆∗ψ]+

∆+ψ

µ0ρR
[ψ, ρ]+

2∆+ψ

µ0R2
[ψ,R]+

1

νρ
∆+
ρ Ω,

✭✺✳✶✹✺✮
❍❡r❡ Ω = ∆+

ρ Φ✳ ❋♦r t❤❡ s❡❡❦ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ s❤♦✉❧❞ ♠❡♥t✐♦♥ t❤❡ ❢❛❝t t❤❛t ✐♥ t❤❡ ❛❜♦✈❡

❞❡r✐✈❛t✐♦♥✱ ✇❡ ♥❡❣❧❡❝t❡❞ t❤❡ t❡r♠ ∇× ∇p
ρ = −(1/ρ2)∇ρ×∇p✳ ❚❤❡ ❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤✐s st❡♣ ❧❛②

✐♥ t❤❡ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞ ❛ss✉♠♣t✐♦♥ ✭❧♦✇✲β ♣❧❛s♠❛✮ ✉s❡❞ ✇❤❡♥ ♦r❞❡r✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ ❞✐✛❡r❡♥t
q✉❛♥t✐t✐❡s ✇❤❡♥ ✇❡ ❞❡r✐✈❡ ❘▼❍❉ r❡❣✐♠❡✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞✱ ❤♦✇❡✈❡r✱ t❤❛t t❤✐s t❡r♠ ❛❧s♦ ✈❛♥✐s❤❡s
✇❤❡♥ ❛ ♣♦❧②tr♦♣✐❝ ❝❧♦s✉r❡ ✐s ❛ss✉♠❡❞✱ ✇❤✐❝❤ ✐♠♣❧✐❡s P = P (̺)✳ ❚♦ s✉♠♠❛r✐③❡ t❤❡ r❡s✉❧ts ♦❢ t❤✐s
s❡❝t✐♦♥✱ ✇❡ ❧✐st t❤❡ ❝❧♦s❡❞ s②st❡♠ ♦❢ ❘▼❍❉ ❡q✉❛t✐♦♥s ✐♥ ✭R,ϕ, Z✮✿

∂F
∂t

+
1

ρR
[Φ,F ] = − d2e

ρ2R
∆∗ψ[Φ, ρ] + ρ2s[Ω, ψ] +

η

µ0
∆∗ψ, ✭✺✳✶✹✻✮

∂Ω

∂t
+

1

ρR
[Φ,Ω]− 2Ω

ρR2
[Φ, R]− 2Ω

ρ2R
[Φ, ρ] =

1

µ0R
[ψ,∆∗ψ]− ∆∗ψ

µ0ρR
[ψ, ρ]

− 2∆∗ψ
µ0R2

[ψ,R] +
1

νρ
∆ρΩ,

✭✺✳✶✹✼✮

✇❤❡r❡✱
F = ψ − d2e∆

∗ψ, Ω = ∆ρΦ. ✭✺✳✶✹✽✮

■♥ t❤❡ ♣r❡✈✐♦✉s s②st❡♠✱ ✇❡ ❛❞❞❡❞ t❤❡ ❡✛❡❝t ♦❢ ❡❧❡❝tr♦♥ ❝♦♠♣r❡ss✐❜✐❧✐t② ❛s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥
✺✳✷✳✷✳ ❚❤❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ✭r, θ, ϕ✮ ❈❙✱ ✐♥st❡❛❞ r❡❛❞

∂F
∂t

− 1

ρR
[Φ,F ] =

d2e
ρ2R

∆+ψ[Φ, ρ]− ρ2s[Ω, ψ] +
η

µ0
∆+ψ, ✭✺✳✶✹✾✮

✶✸✺



❈❤❛♣t❡r ✺✳ ❘❡❞✉❝❡❞ ▼❍❉ ▼♦❞❡❧s

∂Ω

∂t
− 1

ρR
[Φ,Ω] +

2Ω

ρR2
[Φ, R] +

2Ω

ρ2R
[Φ, ρ] = − 1

µ0R
[ψ,∆+ψ] +

∆+ψ

µ0ρR
[ψ, ρ]

+
2∆+ψ

µ0R2
[ψ,R] +

1

νρ
∆+
ρ Ω,

✭✺✳✶✺✵✮

✇❤❡r❡✱
F = ψ − d2e∆

+ψ, Ω = ∆+
ρ Φ. ✭✺✳✶✺✶✮

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❝♦♦r❞✐♥❛t❡s r ❛♥❞ θ ❝❛♥ ❜❡ ❧♦❝❛❧❧② ❛♣✲
♣r♦①✐♠❛t❡❞ t♦ t❤❡ s❤❡❛r ✈❛r✐❛❜❧❡ x ❛♥❞ y✱ r❡❝❡♣t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ ❛ ✈❡r② s✉❜t❧❡ ❞✐✛❡r❡♥❝❡ ❡①✐sts
✇❤❡♥ ❝♦♠♣❛r✐♥❣ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s ✐♥ ❛str♦♣❤②s✐❝s ❛♥❞ ✐♥ t♦❦❛♠❛❦s✳ ■♥ t❤❡ ❢♦r♠❡r✱ ✈❡r② ❧♦♥❣
❛♥❞ ❡❧♦♥❣❛t❡❞ ❝✉rr❡♥t s❤❡❡ts ♠✐❣❤t ❢♦r♠✳ ◆❡❣❧❡❝t✐♥❣ t❤❡ ♣♦ss✐❜❧❡ ♦❝❝✉rr❡♥❝❡ ♦❢ s♣❛t✐❛❧❧② ❧♦❝❛❧✐s❡❞
♠♦❞❡s ❛♥❞ ❛ss✉♠✐♥❣ t❤❛t ❛ ❋♦✉r✐❡r✲t②♣❡ ❛♥❛❧②s✐s ✈❛❧✐❞ ✉♥❞❡r ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s st✐❧❧
❤♦❧❞s✱ t❤✐s ❛❧❧♦✇s t❤❡ ❡①❝✐t❛t✐♦♥ ♦❢ ❛ ❜r♦❛❞ s♣❡❝tr✉♠ ♦❢ ✇❛✈❡♥✉♠❜❡rs✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❧❛t❡r ❞♦♠✲
✐♥❛t❡❞ ❜② t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s ♦❝❝✉r ♦♥ s♣❡❝✐✜❝
r❡s♦♥❛♥t s✉r❢❛❝❡s ✐♥ t♦❦❛♠❛❦s ✭❡✳❣✳ ❢♦r ❛ s♣❡❝✐✜❝ ♣♦❧♦✐❞❛❧ ❛♥❞ t♦r♦✐❞❛❧ ✇❛✈❡♥✉♠❜❡rs✱ t❤❛t ✐s
❛ ❢❡✇ ❞✐s❝r❡t❡ ✈❛❧✉❡s ♦❢ ✇❛✈❡❧❡♥❣t❤s✮ ✇❤✐❝❤ r✉❧❡s ♦✉t t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❝♦♥t✐♥✉✉♠ s♣❡❝tr✉♠ ♦❢
✇❛✈❡♥✉♠❜❡rs✳ ■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ s❝❛❧✐♥❣ ❧❛✇s✱ ✇❡ ♣❡rt✉r❜ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ✇✐t❤ ❋♦✉r✐❡r
♠♦❞❡s ♦❢ t❤❡ ❢♦r♠ f(r)eimθ−inϕ✳ ❚❤❡ r❡s✉❧t✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧②
❢♦r ❛r❜✐tr❛r② st❡❛❞② ❞❡♥s✐t② ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡s ✐♥ t❤❡ ✐♥t❡♥❞❡❞ ❣❡♦♠❡tr②✳ ❉✉❡ t♦ t❤❡ s♠❛❧❧
✈❛❧✉❡s ♦❢ t❤❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs ❛♥❞ ❛✐♠✐♥❣ t♦ st✉❞② r❡❛❧✐st✐❝ s✐t✉❛t✐♦♥s✱ ✇❡ ♥❡❡❞ t♦ ❜✉✐❧❞ ❛
♠✉❧t✐✲♣r❡❝✐s✐♦♥ s♦❧✈❡r t❤❛t ❝❛♥ r❡s♦❧✈❡ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r ✇✐t❤ ✈❡r② ❤✐❣❤ ♣r❡❝✐s✐♦♥✳ ❚❤❡ ✇♦r❦
❞♦♥❡ ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ✜rst st❡♣ ✐♥ ♦✉r ✇♦r❦ ❛✐♠✐♥❣ t♦ ❜✉✐❧❞ ❛♥ ❡✐❣❡♥s♦❧✈❡r t♦ st✉❞② t❤❡ ❧✐♥❡❛r
♣❤❛s❡ ♦❢ t❡❛r✐♥❣ ✐♥st❛❜✐❧✐t✐❡s✱ ❛♥❞ ❛❧s♦ t♦ s✐♠✉❧❛t❡ t❤❡ ♥♦♥✲❧✐♥❡❛r st❛❣❡ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ✐♥
❣❡♦♠❡tr✐❡s s✐♠✐❧❛r t♦ t❤♦s❡ ♠❡t ✐♥ r❡❛❧ t♦❦❛♠❛❦ ❞❡✈✐❝❡s✳
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✻✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❝♦♥s✐❞❡r ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐♥ t❤❡ ❊❧❡❝tr♦♥ ▼❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝ ✭❊▼❍❉✮
❧✐♠✐t✱ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❜r✐❡✢② ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✷✳ ❚❤❡ r❡❛s♦♥ ✐s t✇♦✲❢♦❧❞✿ ✜rst✱ ❜❡✐♥❣ ❊▼❍❉

❛ r❡❞✉❝❡❞ ♠♦❞❡❧✱ r❡❧❛t✐✈❡❧② s✐♠♣❧❡r ✉♥❞❡r s♦♠❡ r❡s♣❡❝t t❤❛♥ ❍❛❧❧✲▼❍❉✱ ✐ts st✉❞② ❛❧❧♦✇s t♦ s❤❡❞
❧✐❣❤t ✐♥t♦ ❝♦♠♣❧❡① ❢✉♥❞❛♠❡♥t❛❧ ❢❡❛t✉r❡s ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ t❤❛t ❝❛♥ ❢✉r♥✐s❤ t❤❡ ❜❛s✐s ❢♦r
t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❛♥❛❧♦❣♦✉s ✐♥❣r❡❞✐❡♥ts ✐♥ r✐❝❤❡r✱ t✇♦✲✢✉✐❞ ♠♦❞❡❧s❀ s❡❝♦♥❞✱ t❤❡ ♠♦❞❡❧❧✐♥❣
♦❢ ✢✉✐❞ ❊▼❍❉ r❡❝♦♥♥❡❝t✐♦♥ ♣r♦✈✐❞❡s ❛ ✜rst✱ ✉s❡❢✉❧ ❡❧❡♠❡♥t ♦❢ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ✧❡❧❡❝tr♦♥✲♦♥❧②✧
♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐♥ ❢✉❧❧ ❦✐♥❡t✐❝ ♠♦❞❡❧s✱ ✇❤✐❝❤ ✐s ❡❛s✐❡r t♦ ❜❡ st✉❞✐❡❞ ✐♥ ❛ ♥✉♠❡r✐❝❛❧ ❱❧❛s♦✈
❞❡s❝r✐♣t✐♦♥ t❤❛♥❦s t♦ t❤❡ ❝♦♠♣❧❡t❡ ♥❡❣❧❡❝t ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✐♦♥ s♣❡❝✐❡s✳ ■♥ ❝❤❛♣t❡r ✽✱ ✐♥
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♣❛rt✐❝✉❧❛r✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss ❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥s ❛❜♦✉t t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✇✐t❤
s♦♠❡ ❜❡❛♠✲♣❧❛s♠❛ ✐♥st❛❜✐❧✐t✐❡s✱ ♥❛♠❡❧② ♦❢ ❲❡✐❜❡❧✲t②♣❡✱ t❤❛t ❝❛♥ ❜❡ ✐♥❞❡❡❞ ❞❡s❝r✐❜❡❞ ❛❧s♦ ✇✐t❤
✢✉✐❞ ♠♦❞❡❧❧✐♥❣✱ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❛♥ ❊▼❍❉ ❞❡s❝r✐♣t✐♦♥✳

❊❧❡❝tr♦♥ ♠❛❣♥❡t♦❤②❞r♦❞②♥❛♠✐❝s ✭❊▼❍❉✮ ❬✾✶❪ ✐s ❛ t❤❡♦r② t❤❛t ❞❡s❝r✐❜❡s t❤❡ ♣❧❛s♠❛ ❜❡❤❛✈✐♦✉r
❛t s♠❛❧❧ s♣❛t✐❛❧ ❧❡♥❣t❤s ✭L ≪ di✮ ❛♥❞ s❤♦rt t✐♠❡ s❝❛❧❡s ✭ωc,i ≪ ω ≪ ωc,e✮✳ ■♥ t❤✐s t❤❡♦r②✱
✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♠♠♦❜✐❧❡ ❛♥❞ ❢♦r♠✐♥❣ ❛ ♥❡✉tr❛❧✐③✐♥❣ ❜❛❝❦❣r♦✉♥❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❞②♥❛♠✐❝ ✐s
❡♥t✐r❡❧② ❞❡t❡r♠✐♥❡❞ ❜② ❡❧❡❝tr♦♥s✱ ✇❤✐❝❤ ♣r❡s❡r✈❡ t❤❡ q✉❛s✐✲♥❡✉tr❛❧✐t② ❛♥❞ ❝❛rr② ❛❧❧ t❤❡ ❝✉rr❡♥t✳
❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡ s❝❛❧❡ ♦❢ t❤✐s r❡❣✐♠❡ ✐s t❤❡ ✇❤✐st❧❡r t✐♠❡ ✭τw✮✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t✱ ✐♥ ❊▼❍❉✱
✇❤✐st❧❡r ✇❛✈❡s r❡♣❧❛❝❡ ❆❧❢✈é♥ ✇❛✈❡s ✐♥ ❞r✐✈✐♥❣ t❤❡ ❞②♥❛♠✐❝s ❬✶✵✽❪✳

❊▼❍❉ t❤❡♦r② ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ t♦ ✐♥✈❡st✐❣❛t❡ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣❧❛s♠❛ ♣❤❡♥♦♠❡♥❛✱
s✉❝❤ ❛s st✉❞②✐♥❣ ♥♦♥✲❧✐♥❡❛r s❦✐♥ ❡✛❡❝ts ❬✾✶✱ ✸✶✻❪✱ ♠❛❣♥❡t✐❝ ❛♥❞ ❡❧❡❝tr♦♥ ✈♦rt✐❝✐t✐❡s ❬✸✶✼✱ ✸✶✽✱ ✸✶✾✱
✸✷✵❪✱ ♣❧❛s♠❛ t✉r❜✉❧❡♥❝❡ ❬✶✹✸✱ ✸✷✶❪✱ ❧❛s❡r✲♣❧❛s♠❛ ✐♥t❡r❛❝t✐♦♥s ❬✽✼❪✱ ❲❡✐❜❡❧ ✐♥st❛❜✐❧✐t② ❬✸✷✷✱ ✷✱ ✷✼✺❪✱
❛♥❞ ❛❧❧ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❬✽✾✱ ✾✵✱ ✾✸✱ ✸✷✸✱ ✸✷✹✱ ✸✷✺✱ ✸✷✻❪✳

❍❡r❡✱ ✇❡ ❞✐st✐♥❣✉✐s❤ t✇♦ r❡❣✐♠❡s✳ ❚❤❡ ✜rst ♦♥❡ ❛ss✉♠❡s t❤❡ ❡❧❡❝tr♦♥ ✢✉✐❞ ✐♥❝♦♠♣r❡ss✐❜❧❡
❬✾✸❪✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✈❡❧♦❝✐t② ✈❛♥✐s❤❡s✱ ✇❤✐❝❤ ✐s ❛ ❞✐r❡❝t r❡s✉❧t ♦❢ t❤❡ ♥❡❣❧✐❣✐❜❧❡
❞❡♥s✐t② ♣❡rt✉r❜❛t✐♦♥ ❛♥❞ ❣r❛❞✐❡♥ts✳ ❚❤❡r❡❢♦r❡✱ ♥❡❣❧❡❝t✐♥❣ ❞❡♥s✐t② ♣❡rt✉r❜❛t✐♦♥✱ ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t
❝✉rr❡♥t ✐♥ ❆♠♣❡r❡ ❡q✉❛t✐♦♥ ❛❧❧♦✇s ❡①♣r❡ss✐♥❣ t❤❡ ✈❡❧♦❝✐t② ✐♥ t❡r♠s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ◆♦t❡
t❤❛t ♥❡❣❧❡❝t✐♥❣ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❝✉rr❡♥t ❣♦❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❛ss✉♠♣t✐♦♥✱
✇❤✐❝❤✱ ✐♥ t✉r♥s✱ ✐♠♣❧✐❡s t❤❡ r❡str✐❝t✐♦♥ t♦ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ♣❤❛s❡ ✈❡❧♦❝✐t✐❡s✳ ❚❤❡♥✱ ❜② s✉❜st✐t✉t✐♥❣
❆♠♣❡r❡ ❛♥❞ ❋❛r❛❞❛② ❡q✉❛t✐♦♥s ✐♥t♦ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s✱ ♦♥❡ ❡♥❞s ✉♣✱ ❛❢t❡r
t❛❦✐♥❣ t❤❡ ❝✉r❧ ♦❢ t❤❡ ❧❛t❡r✱ ✇✐t❤ ❊▼❍❉ ❡q✉❛t✐♦♥s✳ ❚❤✐s ✐♥❝♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧ ✐s ✸❉✱ ❛♥❞ t❤❡ ♦♥❧②
✉♥❦♥♦✇♥ ✐♥ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐s t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥ts✱ ✇❤✐❝❤ ❛❧❧♦✇s ❞❡t❡r♠✐♥✐♥❣
❛❧❧ t❤❡ r❡♠❛✐♥✐♥❣ ✉♥❦♥♦✇♥s✳ ❆ ✷❉ ♠♦❞❡❧ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ✇❤❡♥✱ ❢♦r s♦♠❡ r❡❛s♦♥s✱ ❛ tr❛♥s❧❛t✐♦♥
✐♥✈❛r✐❛♥❝❡ ❝❛♥ ❜❡ ❛ss✉♠❡❞✳

❍♦✇❡✈❡r✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❝♦♠♣r❡ss✐❜✐❧✐t② r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❞❡♥s✐t② ♣❡rt✉r❜❛t✐♦♥
❛♥❞ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s ✐s ♣♦ss✐❜❧❡✱ ❛♥❞ ❧❡❛❞ t♦ ❛ s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧ ❛s
❧♦♥❣ ❛s t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ❡✛❡❝ts ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t ❝✉rr❡♥t ❛r❡ ✐❣♥♦r❡❞✳ ❚❤❡s❡ ♠♦❞✐✜❝❛t✐♦♥s
✐♥✈♦❧✈❡ ✐♥tr♦❞✉❝✐♥❣ ❛ ♥❡✇ ♣❛r❛♠❡t❡r ❦♥♦✇♥ ❛s t❤❡ r❡♥♦r♠❛❧✐③❡❞ s❦✐♥ ❞❡♣t❤ ✭λe = d2e(1 +

ωc,e
ωp,e

)✮
✐♥t♦ t❤❡ z ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡q✉❛t✐♦♥s✳ ❚❤✐s ♣❛r❛♠❡t❡r ❛❧s♦ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❝❤❛r❣❡
s❡♣❛r❛t✐♦♥ ❬✸✷✸✱ ✸✶✸✱ ✶✵✽❪✳

■❣♥♦r✐♥❣ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❝✉rr❡♥t ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✭♦r s❧✐❣❤t❧② ❝♦♠✲
♣r❡ss✐❜❧❡✮ ❊▼❍❉ ❡q✉❛t✐♦♥s ❤❛s ❜❡❡♥ ❥✉st✐✜❡❞ ❜② t❤❡ r❡q✉✐r✐♥❣ ❛ ♣❤❛s❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥
✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ t♦ ❜❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ✈❡❧♦❝✐t② ♦❢ ❧✐❣❤t✱ ✇❤✐❝❤ ✐s ♥♦t ❛❧✇❛②s tr✉❡✳ ■t
✐s ❛❧s♦ ❛ss✉♠❡❞ t❤❛t t❤❡ ♣r❡ss✉r❡ ✐s ✐s♦tr♦♣✐❝✿ ❛ ♣♦❧②tr♦♣✐❝ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣r❡ss✉r❡ ❛♥❞
t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② s✉✣❝❡s t♦ t❤✐s ♣✉r♣♦s❡✳ ❋r♦♠ ❜♦t❤ ❛ ♥✉♠❡r✐❝❛❧ ❛♥❞ ❛♥ ❛♥❛❧②t✐❝❛❧ ♣♦✐♥t ♦❢
✈✐❡✇✱ t❤❡ ♠♦❞❡❧ ✇❤✐❝❤ ❢♦❧❧♦✇s t❤❡ ♠❡♥t✐♦♥❡❞ ❛ss✉♠♣t✐♦♥s ✐s ♠✉❝❤ ❡❛s✐❡r t♦ ❛❞❞r❡ss✱ ❝♦♠♣❛r❡❞
t♦ ❛ ♠♦❞❡❧ ✇✐t❤ ❛ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ❛♥❞ ❛ ❞✐s♣❧❛❝❡♠❡♥t ❝✉rr❡♥t✭t♦ ❜❡ ❞✐s❝✉ss❡❞ ❧❛t❡r ✐♥ t❤✐s
❝❤❛♣t❡r✮✳

■♥ t❤✐s ❧❛tt❡r ❝❛s❡✱ t❛❦✐♥❣ ❛ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ❧✐♠✐t ♦❢ t❤❡ ✢✉✐❞ ❡q✉❛t✐♦♥s ✭✇❡ ♥❡❣❧❡❝t t❤❡ ▲♦r❡♥t③
❣❛♠♠❛ ❢❛❝t♦r✮✱ t❤❡ ❊▼❍❉ ❡q✉❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②✱

∂ue
∂t

+ ue · ∇ue = − e

me

(

E+ ue ×B
)

− ∇ · Pe
mene

, ✭✻✳✶✮

∂B

∂t
= −∇×E, ✭✻✳✷✮

∇×B = µ0J+
1

c2
∂E

∂t
, ✭✻✳✸✮

✶✸✽



✻✳✷✳ ❊▼❍❉ ❘❡❣✐♠❡

✇✐t❤ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ❞②♥❛♠✐❝s ❞❡s❝r✐❜❡❞ ❜②

∂Pe
∂t

+ (∇ · ue)Pe + (ue · ∇)Pe +Pe · ∇ue + [Pe · ∇ue]
T +

e

me

(

Pe ×B+ [Pe ×B]T
)

= 0, ✭✻✳✹✮

❚❤❡ ❛❜♦✈❡ s②st❡♠ ❝❛♥ ❜❡ ❤❡✉r✐st✐❝❛❧❧② ❝❧♦s❡❞✱ ❢♦r s✐♠♣❧✐❝✐t②✱ ❜② ❛ss✉♠✐♥❣ ❛ ③❡r♦ ❤❡❛t tr✐❛❞✳ ■♥
t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✜rst ♣r♦❝❡❡❞ ❜② ❞❡r✐✈✐♥❣ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❊▼❍❉ ♠♦❞❡❧ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s
♦❢ ❝♦♥st❛♥t ❞❡♥s✐t②✱ ♥❡❣❧✐❣✐❜❧❡ ❞✐s♣❧❛❝❡♠❡♥t ❝✉rr❡♥t✱ ❛♥❞ ❛ s❝❛❧❛r ♣r❡ss✉r❡✳ ❚❤❡♥✱ ✇❡ ♠♦❞✐❢② t❤❡
♠♦❞❡❧ t♦ ✐♥❝❧✉❞❡ t❤❡ ❡✛❡❝ts ♦❢ ❝♦♠♣r❡ss✐❜❧✐t②✱ ❛♥❞ ❞✐s❝✉ss ✐♥ ❞❡t❛✐❧ t❤❡ ❧✐♥❡❛r ❛♥❛❧②s✐s ♦❢ t❤❡s❡
♠♦❞❡❧s✳ ❋✐♥❛❧❧②✱ ✇❡ ❞✐s❝✉ss ✐♥ ❞❡t❛✐❧s t❤❡ ❡①t❡♥❞❡❞ ❊▼❍❉✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r✳
■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♦♠✐t t❤❡ s✉❜s❝r✐♣t ✧❡✧ t♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✳

✻✳✷ ❊▼❍❉ ❘❡❣✐♠❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♦❜t❛✐♥ t❤❡ ❡q✉❛t✐♦♥s ❣♦✈❡r♥✐♥❣ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❛♥❞ ✇❡❛❦❧②
❝♦♠♣r❡ss✐❜❧❡ ❊▼❍❉ r❡❣✐♠❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ♣❡r❢♦r♠ t❤❡ ❧✐♥❡❛r ❛♥❛❧②s✐s ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s ✇✐t❤
❛ s❤❡❛r❡❞ ❡q✉✐❧✐❜r✐✉♠ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ❛❧❧♦✇s st✉❞②✐♥❣ t❤❡ ❧✐♥❡❛r ♣❤❛s❡ ♦❢
♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐♥ ❊▼❍❉ r❡❣✐♠❡s✳

✻✳✷✳✶ ■♥❝♦♠♣r❡ss✐❜❧❡ ❊▼❍❉ ❘❡❣✐♠❡

■♥ t❤✐s r❡❣✐♠❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ s❝❛❧❛r ♣r❡ss✉r❡✱ ❝♦♥st❛♥t ❞❡♥s✐t②✱ ❛♥❞ ♥❡❣❧✐❣✐❜❧❡ ❞✐s♣❧❛❝❡♠❡♥t ❝✉r✲
r❡♥t✳ ❚❤✐s ❛❧❧♦✇s ✉s✱ ❛❢t❡r t❛❦✐♥❣ t❤❡ ❝✉r❧ ♦❢ ❊q✳✭✻✳✶✮ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ♣r❡ss✉r❡ t❡r♠✳ ❚❤❡♥✱
s✉❜st✐t✉t✐♥❣ ❋❛r❛❞❛② ❛♥❞ ❆♠♣❡r❡ ❡q✉❛t✐♦♥s ✐♥t♦ t❤❡ r❡s✉❧t✱ ✇❡ ❡❛s✐❧② ♦❜t❛✐♥ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡
❊▼❍❉ ❡q✉❛t✐♦♥ ❣✐✈❡♥ ❜②

∂Ω

∂t
= ∇× (u× Ω), ♦r,

∂

∂t

(

B− d2e∇2B
)

= − 1

µ0
∇×

(

∇×B×
[

B− d2e∇2B
])

, ✭✻✳✺✮

❲❤❡r❡ Ω ✐s t❤❡ ❣❡♥❡r❛❧✐③❡❞ ✈♦rt✐❝✐t②✱

Ω = −m
e
∇× u+B = B− d2e∇2B, ✭✻✳✻✮

■♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✇❡ ♠❛❞❡ ✉s❡ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦♠❡♥t✉♠ ♦❢ ❡❧❡❝✲
tr♦♥s ✭µe = mu− eA✱ t❤❡r❡❢♦r❡ Ω = −1

e∇× µe✮✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐s ♥♦t❤✐♥❣ t❤❛♥ ❖❤♠ ❧❛✇✱ s♦ ✇❡
❝❛♥ ✐♥❝❧✉❞❡ r❡s✐st✐✈❡ t❡r♠ ✐❢ ♥❡❝❡ss❛r②✳ ❚❤❡r❡❢♦r❡✱ ✐t r❡❛❞s

∂

∂t

(

B− d2e∇2B
)

= − 1

µ0
∇×

(

∇×B×
[

B− d2e∇2B
])

+D∇2B, ✭✻✳✼✮

✇✐t❤✱

D =
η

µ0
= c2ǫ0η, ✭✻✳✽✮

✇❤❡r❡ η ✐s t❤❡ r❡s✐st✐✈✐t②✳ ❚❤✐s ✐s ❛ ❝❧♦s❡❞ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❢♦r t❤❡ t❤r❡❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡
♠❛❣♥❡t✐❝ ✜❡❧❞ B✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ ✇✐t❤ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❬✸✷✼✱ ✷✽✻✱ ✸✷✽✱ ✸✷✾❪✳ ■t
✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ♣r❡✈✐♦✉s s②st❡♠ ✐s ✸❉ ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝❛♥ ❞❡♣❡♥❞ ♦♥ ❛❧❧
t❤❡ ❝♦♦r❞✐♥❛t❡s ✭B = B(x, y, z)✮✳

❚❤✐s ♠♦❞❡❧ ✐s ❛♣♣❧✐❡❞ t♦ ♣❤❡♥♦♠❡♥❛ ✇✐t❤ ω ≪ ωp,e✱ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ L0 ✇❤✐❝❤ ✐s ❧❛r❣❡r

t❤❛♥ ❉❡❜②❡ ❧❡♥❣t❤✱ ✇❤✐❧❡ st✐❧❧ s♠❛❧❧❡r t❤❛♥ t❤❡ ✐♦♥✲s❦✐♥ ❞❡♣t❤✱ ❛♥❞ d2e
L2
0
(
ωc,e
ωp,e

)2 ≪ 1✳ ❚❤❡ ❧❛st

❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❜② ❧♦♦❦✐♥❣ ❛t ❞✐♠❡♥s✐♦♥❧❡ss ❆♠♣❡r❡ ❡q✉❛t✐♦♥✱ ✇❤❡r❡ t❤❡ s♣❛t✐❛❧

✶✸✾



❈❤❛♣t❡r ✻✳ ❊❧❡❝tr♦♥ ▼❍❉ ❛♥❞ ❊①t❡♥❞❡❞ ❊❧❡❝tr♦♥ ▼❍❉ ❘❡❣✐♠❡s

❧❡♥❣t❤s ❛r❡ ♥♦r♠❛❧✐③❡❞ t♦ L0✱ t✐♠❡ t♦ ✇❤✐st❧❡r t✐♠❡✱ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ t♦ ❛ ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞✳ ■t
r❡❛❞s✱

u = −∇×B+ (
de
L0

)2(
ωc,e
ωp,e

)2
∂E

∂t
, ✭✻✳✾✮

❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❊▼❍❉ ✐s s✉✐t❛❜❧❡ ❢♦r r❡❣✐♠❡s ✐♥ ✇❤✐❝❤
t❤❡ ♣❧❛s♠❛ ✐s ✇❡❛❦❧② ♠❛❣♥❡t✐③❡❞✱ ♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ✐s ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡
❡❧❡❝tr♦♥✲s❦✐♥ ❞❡♣t❤✳ ❍♦✇❡✈❡r✱ t❤✐s ❝♦♥❞✐t✐♦♥ ❛♣♣❡❛rs ❛❣❛✐♥ ✐♥ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ●❛✉ss ❡q✉❛t✐♦♥
✇❤✐❝❤ r❡❛❞s✱

ñ = −(
de
L0

)2(
ωc,e
ωp,e

)2∇ ·E, ✭✻✳✶✵✮

❲❤❡r❡ t❤❡ t♦t❛❧ ❞❡♥s✐t② ✐s n = neq + ñ✱ ❛♥❞ ñ ✐s t❤❡ ❞❡♥s✐t② ♣❡rt✉r❜❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡
♣r❡s❡♥❝❡ ♦❢ ❛ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞ ✭ωc,e ≥ ωp,e✮✱ t❤❡ ❡❧❡❝tr♦♥ ❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝② ♦✈❡rt❛❦❡s t❤❡ r♦❧❡
♦❢ t❤❡ ♣❧❛s♠❛ ❢r❡q✉❡♥❝② ✐♥t♦ t❤❡ s②st❡♠✳ ❍❡♥❝❡✱ ❛s ❡①♣❧✐❝✐t❧② ✇r✐tt❡♥ ✐♥ ❊q✳✭✻✳✾✮ ❛♥❞ ❊q✳✭✻✳✶✵✮✱
♥♦r t❤❡ ❞❡♥s✐t② ♣❡rt✉r❜❛t✐♦♥✱ ♥❡✐t❤❡r t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❝✉rr❡♥t ✭r❡❧❛t✐✈✐st✐❝ ❡✛❡❝ts✮ ❛r❡ ♥❡❣❧✐❣✐❜❧❡
❛♥②♠♦r❡ ✭❬✶✵✽❪✮✳

✻✳✷✳✷ ▲✐♥❡❛r ❲❛✈❡s ✐♥ ■♥❝♦♠♣r❡ss✐❜❧❡ ❊▼❍❉

❚♦ st✉❞② t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❧✐♥❡❛r ✇❛✈❡s ✐♥ t❤✐s r❡❣✐♠❡✱ ✇❡ ✜rst ❧✐♥❡❛r✐③❡ ❊q✳✭✻✳✼✮ ✇✐t❤ ❛ ✉♥✐❢♦r♠
❡q✉✐❧✐❜r✐✉♠ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭B0 = (0, 0, B0)✮✳ ❚❤❡♥ ✇❡ t❛❦❡ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡
r❡s✉❧t✐♥❣ s②st❡♠ ❜② ❛❧❧♦✇✐♥❣ t❤❡ ♣❡rt✉r❜❡❞ q✉❛♥t✐t✐❡s ✭Q✮ t♦ ❜❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

Q(y, z) = Q̃ei(kyy+kzz−ωt), ✭✻✳✶✶✮

❲❤❡r❡ ky ❛♥❞ kz ❛r❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✇❛✈❡✈❡❝t♦r k ♦❢ t❤❡ ✇❛✈❡ t❤❛t ♣r♦♣❛❣❛t❡s ✐♥ ✭y, z✮
♣❧❛♥❡ t♦ ✜♥❞ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ✇❡ ✜rst ❝❛❧❝✉❧❛t❡ ✭s❡❡ ❛♣♣❡♥❞✐① ❋ ❢♦r ❞❡t❛✐❧❡❞ ❞❡r✐✈❛t✐♦♥✮

Dw ·B = 0, ✭✻✳✶✷✮

B ❤❡r❡ ✐s t❤❡ ♣❡rt✉r❜❡❞ ❋♦✉r✐❡r ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✜❡❧❞ ✇❤❡r❡ ✇❡ ♦♠✐t ✧∼✧ t♦ s✐♠♣❧✐❢② ✇r✐t✐♥❣✱
❛♥❞

Dw =





−iω(1 + k2d2e) +Dk2 αk2zB0 −αkykzB0

−αk2zB0 −iω(1 + k2d2e) +Dk2 0
αkykzB0 0 −iω(1 + k2d2e) +Dk2



 , ✭✻✳✶✸✮

✇❤❡r❡ α = 1
µ0en

✳ ❊q✳✭✻✳✶✷✮ ❤❛s ❛ ♥♦♥✲tr✐✈✐❛❧ s♦❧✉t✐♦♥ ✐❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ Dw ✐s ❡q✉❛❧ t♦ ③❡r♦
✭|Dw| = 0✮✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❣✐✈❡s t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t t❤❡ t❤r❡❡
❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♣❡rt✉r❜❡❞ ✜❡❧❞ ❛r❡ ❝♦✉♣❧❡❞✳ ❊q✉❛t✐♥❣ t❤❡ ❞❡t❡r♠✐♥❛♥t t♦ ③❡r♦ ❣✐✈❡s ♦♥❡ ♦❢
t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥s

ω = −i Dk2

1 + k2d2e
,

ω = ± αkkzB0

1 + k2d2e
− i

Dk2

1 + k2d2e
= ±kkzd

2
eωc,e

1 + k2d2e
− i

Dk2

1 + k2d2e
,

✭✻✳✶✹✮

❍❡r❡ ✇❡ ✉s❡❞ ❊q✳✭✷✳✶✹✷✮✳ ❋✐rst ❡q✉❛t✐♦♥ ✐♥ ✻✳✶✹ ❞❡s❝r✐❜❡s ❛ ❞❛♠♣❡❞ ✇❛✈❡ ❞✉❡ t♦ t❤❡ ♣❧❛s♠❛
r❡s✐st✐✈✐t②✳ ■❢ D = 0✱ t❤❡♥ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ r❡♣r❡s❡♥ts t❤❡ ❢r❡q✉❡♥❝② ♦❢ ❛♥ ♦s❝✐❧❧❛t♦r② ✇❛✈❡
t❤❛t ✇✐❧❧ ❛❧s♦ ❜❡ ❞❛♠♣❡❞ ✐❢ t❤❡ r❡s✐st✐✈✐t② ✐s ✐♥❝❧✉❞❡❞✳ ❚❤❡ ✇❛✈❡ ♦❢ t❤❡s❡ ♥❛t✉r❡ ❛r❡ ❦♥♦✇♥ ❛s
✇❤✐st❧❡r ✇❛✈❡s✳ ❚❤❡② ❛r❡ tr❛♥s✈❡rs❡ r✐❣❤t ❝✐r❝✉❧❛r❧② ♣♦❧❛r✐③❡❞ ✇❛✈❡s✱ ✇❤✐❝❤ ♣r♦♣❛❣❛t❡ ♣❛r❛❧❧❡❧
t♦ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ ❛ ❝♦❧❞ ♣❧❛s♠❛ ❬✶✻✼✱ ✸✸✵✱ ✸✸✶✱ ✶✼✻❪✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ❛ ♥❛t✉r❛❧ ❝❤♦✐❝❡ t♦
✉s❡ ✇❤✐st❧❡r t✐♠❡ ✭τw = 1

ωw
= L2

d2eωc,e
✮ ❛s r❡❢❡r❡♥❝❡ t✐♠❡ ✇❤❡♥ ♦❜t❛✐♥✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❊▼❍❉

❡q✉❛t✐♦♥s✳

✶✹✵



✻✳✷✳ ❊▼❍❉ ❘❡❣✐♠❡

✻✳✷✳✸ ❉❡r✐✈❛t✐♦♥ ♦❢ ❈♦♠♣r❡ss✐❜❧❡ ❊▼❍❉ ❘❡❣✐♠❡

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❞❡r✐✈❡❞ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❡❧❡❝tr♦♥ ▼❍❉ ♠♦❞❡❧✱ ✇❤✐❝❤ ✐s ♠♦r❡
s✉✐t❛❜❧❡ ❢♦r ❛ ✇❡❛❦❧② ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛ ♦r ❛ ♣❧❛s♠❛ ✇✐t❤ ❛♥ ❡❧❡❝tr♦♥ s❦✐♥✲❞❡♣t❤ ♠✉❝❤ s♠❛❧❧❡r
t❤❛♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ ❊q✳✭✻✳✶✵✮✱ t❤❡ ❞❡♥s✐t②
♣❡rt✉r❜❛t✐♦♥ st❛rts t♦ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r✉❧❡ ✐❢ ❛ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞ ❡①✐sts✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r❡✈✐♦✉s
♠♦❞❡❧ ♠✉st ❜❡ ♠♦❞✐✜❡❞ t♦ ❛❝❝♦✉♥t ❢♦r ❞❡♥s✐t② ♣❡rt✉r❜❛t✐♦♥ ✭❡❧❡❝tr♦♥ ❝♦♠♣r❡ss✐❜✐❧✐t② ❡✛❡❝ts✮✳
◆♦✇✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛✱ ❛♥❞ t❤❡ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t t❡r♠s ❛s s❡❝♦♥❞✲♦r❞❡r q✉❛♥t✐t✐❡s
✐♥ ❊q✳✭✻✳✶✮✱ t❤❡ ❡❧❡❝tr✐❝ ❢♦r❝❡ ✐s t❤❡r❡❢♦r❡ ❜❛❧❛♥❝❡❞ ❜② ▲♦r❡♥t③ ❢♦r❝❡ ✭E = −u × B✮✳ ❚❤❡♥
s✉❜st✐t✉t✐♥❣ t❤✐s ✐♥t♦ ❊q✳✭✻✳✶✵✮✱ ♦♥❡ ✜♥❞s

ñ = (
de
L0

)2(
ωc,e
ωp,e

)2∇ · (u×B), ✭✻✳✶✺✮

◆♦✇ t❛❦✐♥❣ ♦♥❧② t❤❡ ③❡r♦t❤✲♦r❞❡r ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❧♦❝✐t② ❢r♦♠ ❊q✳✭✻✳✾✮✱ ❛♥❞ s✉❜st✐t✉t✐♥❣ ✐t
✐♥t♦ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥

ñ = (
de
L0

)2(
ωc,e
ωp,e

)2eeq · ∇2B1, ✭✻✳✶✻✮

❲❤❡r❡ eeq = B0
B0

✱ B0 ✐s ❛ r❡❢❡r❡♥❝❡ ✈❛❧✉❡ ✭ ❢♦r B1✱ s❡❡ ❛♣♣❡♥❞✐① ❋✮✳ ■t ✐s ❛❣❛✐♥ ❝❧❡❛r t❤❛t t❤❡
❞❡♥s✐t② ♣❡rt✉r❜❛t✐♦♥ ✐s str♦♥❣❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❯♥❞❡r t❤❡
❛ss✉♠♣t✐♦♥ ♦❢ ❛ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞✱ s❛② ❞✐r❡❝t❡❞ ❛❧♦♥❣ z✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✐♥❞✐❝❛t❡s t❤❡ ❢❛❝t
t❤❛t t❤❡ ❞❡♥s✐t② ♣❡rt✉r❜❛t✐♦♥ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ z✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ♣❡rt✉r❜❛t✐♦♥✱
❛♥❞ ✐t ✐s t❤❡r❡❢♦r❡ ❞✉❡ t♦ t❤❡ ♣❛r❛❧❧❡❧ ❞②♥❛♠✐❝s ❛♥❞ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ❛s ❧♦♥❣ ❛s t❤❡ ❝♦❡✣❝✐❡♥t
( deL0

)2(
ωc,e
ωp,e

)2 ✐s ✈❡r② s♠❛❧❧✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ✐t r❡♠❛✐♥s r❡❧❡✈❛♥t ❡✈❡♥ ✇❤❡♥ ✐t ✐s ♦❢ t❤❡ ♦r❞❡r

♦❢ ✉♥✐t② ( deL0
)2(

ωc,e
ωp,e

)2 ∼ O[1]✳ ◆♦✇✱ ✇❡ ♣r♦❝❡❡❞ t♦ ❞❡r✐✈❡ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧ st❛rt✐♥❣ ❢r♦♠
❊q✳✭✻✳✺✮✳ ❚❤❡r❡❢♦r❡ ✉s✐♥❣ t❤❡ ✐❞❡♥t✐t② ❣✐✈❡♥ ❜② ❊q✳✭❇✳✷✻✮✱ ❊q✳✭✻✳✺✮ ❜❡❝♦♠❡s

( ∂

∂t
+ u · ∇

)

Ω = −Ω(∇ · u) +Ω · ∇u, ✭✻✳✶✼✮

❲❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t ∇ · Ω = 0 ✭s❡❡ ❊q✳✭✻✳✻✮✮✳ ◆♦✇ s✉❜st✐t✉t✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢
t❤❡ ✈❡❧♦❝✐t②✱ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❊q✳✭✷✳✷✻✮✱ ✐♥t♦ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ♦♥❡ ❡❛s✐❧② ♦❜t❛✐♥s

(
∂

∂t
+ u · ∇)Ω∗ = Ω∗ · ∇u, ✭✻✳✶✽✮

❲❤❡r❡ Ω∗ = Ω
n ✐s ❦♥♦✇♥ ❛s ♣♦t❡♥t✐❛❧ ❣❡♥❡r❛❧✐③❡❞ ✈♦rt✐❝✐t② ❬✸✶✸❪✳ ❑♥♦✇✐♥❣ t❤❛t n = neq + ñ

❛♥❞ ñ << n0✱ ✇❤❡r❡ n0 ✐s t❤❡ r❡❢❡r❡♥❝❡ ❞❡♥s✐t②✱ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❛❧❧♦✇s ✉s t♦ ❛♣♣r♦①✐♠❛t❡ Ω∗

❛s

Ω∗ ≈ Ω

n0
− Ω0

n0

ñ

n0
=

B

n0
− d2e
n0

∇2B− B0

n0

ñ

n0
, ✭✻✳✶✾✮

❚❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❣❡♥❡r❛❧✐③❡❞ ✈♦rt✐❝✐t② ✐s ❞✐♠❡♥s✐♦♥❛❧✳ ❚❤❡ s❡t ♦❢
❡q✉❛t✐♦♥s ❝♦♠♣♦s❡❞ ♦❢ ❊qs❬✻✳✶✽✱ ✻✳✶✾✱ ✻✳✶✻❪ ❝♦♥st✐t✉t❡ ❛ ❝❧♦s❡❞ s②st❡♠✱ ✇❤❡r❡ t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡
❝♦♠♣❛r❡❞ t♦ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ♠♦❞❡❧ ✐s t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❞❡♥s✐t② ♣❡rt✉r❜❛t✐♦♥✳ ❚❤❡ ❞✐s♣❡rs✐♦♥
r❡❧❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ✇❛✈❡s t❤❛t ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❞②♥❛♠✐❝s ✐♥ t❤✐s ♠♦❞❡❧ ✐s ❛ s❧✐❣❤t❧② ♠♦❞✐✜❡❞
♦♥❡ ♦❢ t❤❛t ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❝❛s❡ ❣✐✈❡♥ ❜② ❊q✳✭✻✳✶✹✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡
s❛♠❡ ❛♣♣r♦❛❝❤ ✐♥ ❛♣♣❡♥❞✐① ❋✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✇❤✐st❧❡r ❢r❡q✉❡♥❝② r❡❛❞s ❬✸✶✸❪✱

ω = ± kkzd
2
eωc,e

√

(1 + λek2d2e)(1 + k2d2e)
, λe = 1 +

ω2
c,e

ω2
p,e

, ✭✻✳✷✵✮

❚❤❡r❡❢♦r❡✱ ✐♥ ✇❡❛❦❧② ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛✱ λe = 1✳ ❍❡♥❝❡✱ ✇❡ r❡❝♦✈❡r ❊q✳✭✻✳✶✹✮✳

✶✹✶



❈❤❛♣t❡r ✻✳ ❊❧❡❝tr♦♥ ▼❍❉ ❛♥❞ ❊①t❡♥❞❡❞ ❊❧❡❝tr♦♥ ▼❍❉ ❘❡❣✐♠❡s

✻✳✷✳✹ ✷❉✲❊▼❍❉ ❘❡❣✐♠❡

❚❤❡ ♠♦❞❡❧s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛r❡ ✸❉✳ ■♥ s♦♠❡ ❝❛s❡s✱ s✉❝❤ ❛s ❛ ♣❧❛s♠❛ ✐♠♠❡rs❡❞
✐♥ ❛ str♦♥❣ ❜❛❝❦❣r♦✉♥❞ ❣✉✐❞❡ ✜❡❧❞✱ t❤❡ ❞②♥❛♠✐❝s ✐s ❡ss❡♥t✐❛❧❧② ✷❉✱ ♠❡❛♥✐♥❣ ✐t ✈❛r✐❡s ♠✉❝❤ s❧♦✇❡r
❛❧♦♥❣ t❤❡ ✜❡❧❞ ❞✐r❡❝t✐♦♥ ✭✐❣♥♦r❛❜❧❡ ❝♦♦r❞✐♥❛t❡✮ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ♣❧❛♥❡✳ ■♥ s✉❝❤
s✐t✉❛t✐♦♥s✱ ❛ s✐♠♣❧❡r ✷❉ ♠♦❞❡❧ ❝❛♥ ❜❡ ❞❡r✐✈❡❞✱ ❛♥❞ ✉s❡❢✉❧❧② ❛♣♣❧✐❡❞ t♦ st✉❞② ✈❛r✐♦✉s ✐♥t❡r❡st✐♥❣
♣❤❡♥♦♠❡♥❛✳ ❚❤❡ ❝r✉❝✐❛❧ ❞✐✛❡r❡♥❝❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❘▼❍❉ ✐s t❤❛t t❤❡ ❝✉rr❡♥t ✐s ❡♥t✐r❡❧② ❝❛rr✐❡❞
❜② ❡❧❡❝tr♦♥s ✐♥ t❤❡ ❊▼❍❉ r❡❣✐♠❡s✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ r❡t❛✐♥✐♥❣ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞
♣❡rt✉r❜❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❣✉✐❞❡ ✜❡❧❞ ❞✐r❡❝t✐♦♥✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ ✉s❡❢✉❧❧♥❡ss ♦❢ t❤✐s ♠♦❞❡❧ ✐s
❛❧s♦ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❜❡✐♥❣ ❛❜❧❡ t♦ ♥❡❣❧❡❝t t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❝✉rr❡♥t✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❧✐♥❡ ♦❢
t❤♦✉❣❤ts ✐♥ s❡❝t✐♦♥ ✺✳✷✱ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❊▼❍❉ ❤❛s t❤❡ ♦r❞❡r✐♥❣ s❤♦✇♥ ✐♥ t❛❜❧❡ ✻✳✶✳

b ψ J⊥ J|| A⊥ A|| u⊥ u|| p ρ ∂t ∂⊥
O[ǫB] O[ǫB] O[ǫB] O[ǫB] O[ǫB] O[ǫB] O[ǫB] O[ǫB] O[ǫ2B] 1 O[ǫB] 1

❚❛❜❧❡ ✻✳✶✿ ❚✇♦✲✜❡❧❞s ❊▼❍❉ ♦r❞❡r✐♥❣s✳ ⊥ r❡❢❡rs t♦ t❤❡ ❞✐r❡❝t✐♦♥s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❛t ♦❢ t❤❡ ❣✉✐❞
✜❡❧❞✱ ✇❤✐❧❡ || ❞❡♥♦t❡s t❤❡ ♣❛r❛❧❧❡❧ ❞✐r❡❝t✐♦♥✳

❚❤❡ ♠❛✐♥ ✐❞❡❛ ❜❡❤✐♥❞ t❤✐s ♠♦❞❡❧ ✐s t♦ ✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥s ✐♥ t❡r♠s ♦❢ str❡❛♠ ❢✉♥❝t✐♦♥s✳ ■♥
t❤✐s ❝❛s❡✱ t❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ ψ✱ ❛♥❞ b✱ ✇❤✐❝❤ s❝❛❧❡s ❛s O[ǫB]✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞
✈❡❧♦❝✐t② r❡❛❞

B = ∇ψ × ez + (B0 + b)ez, u =
1

µ0en
∇×B, ✭✻✳✷✶✮

❍❡r❡ ✇❡ ♥❡❣❧❡❝t t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❝✉rr❡♥t ✐♥ ❋❛r❛❞❛② ❧❛✇✳ ❆❢t❡r s✉❜st✐t✉t✐♥❣ t❤❡ ♣r❡✈✐♦✉s
r❡❧❛t✐♦♥s❤✐♣ ✐♥t♦ ❊q✳✭✻✳✼✮✱ ✇❡ ✜♥❞ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❞✐♠❡♥s✐♦♥❧❡ss ❝♦✉♣❧❡❞ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ✭s❡❡ ❛♣♣❡♥❞✐① ● ❢♦r ❞❡t❛✐❧❡❞ ❞❡r✐✈❛t✐♦♥✮✿

∂F

∂t
+ [b, F ] = S−1∇2ψ, ✭✻✳✷✷✮

∂W

∂t
+ [b,W ] = [ψ,∇2ψ] + S−1∇2b, ✭✻✳✷✸✮

❲❤❡r❡✱
F = ψ − d2e∇2ψ, W = b− d2e∇2b, ✭✻✳✷✹✮

❆♥❞ S ✐s t❤❡ ❊▼❍❉ ▲✉♥❞q✉✐st ♥✉♠❜❡r✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❧❡♥❣t❤s✱ ❛♥❞ t✐♠❡ ❛r❡ ♥♦r♠❛❧✐③❡❞
t♦ ❛ ❜❛❝❦❣r♦✉♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ B0✱ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ L0✱ ❛♥❞ ✇❤✐st❧❡r t✐♠❡ τw = L2

d2eωc,e
= τA

L
di

✭s❡❡ ❛♣♣❡♥❞✐① ●✮✳

✻✳✷✳✺ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ❊▼❍❉ ❘❡❣✐♠❡

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❧✐♥❡ ♦❢ t❤♦✉❣❤ts ✐♥ s❡❝t✐♦♥ ✺✳✹✳✷✱ t❤❡ ❧✐♥❡❛r ✈❡rs✐♦♥s ♦❢ ❊qs❬✻✳✷✷✱ ✻✳✷✸❪ r❡❛❞

∂F1

∂t
+ [beq, F1] + [b1, Feq] = S−1∇2ψ1, ✭✻✳✷✺✮

∂W1

∂t
+ [beq,W1] + [b1,Weq] = [ψ1,∇2ψeq] + [ψeq,∇2ψ1] + S−1∇2b, ✭✻✳✷✻✮

✶✹✷



✻✳✸✳ ❊①t❡♥❞❡❞ ❊▼❍❉ ❘❡❣✐♠❡ ✇✐t❤ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r✿ ◆❡✇ ❘❡s✉❧ts

❲❤❡r❡✱

F1 = ψ1 − d2e∇2ψ1, W1 = b1 − d2e∇2b1, Feq = ψeq − d2e∇2ψeq, Weq = beq − d2e∇2beq, ✭✻✳✷✼✮

❲❡ ❛ss✉♠❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t✐❡s ❛r❡ ✐♥ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥s ♦♥❧② ♦❢ x✱ t❤❛t ✐s beq = beq(x)
❛♥❞ ψeq = ψeq(x) ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ st✉❞② ❞✐✛❡r❡♥t ♣❤❡♥♦♠❡♥❛✱ s✉❝❤ ❛s ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐♥
❊▼❍❉ r❡❣✐♠❡✳ ◆♦✇✱ ❛ss✉♠✐♥❣ ψ1 = ψ̃(x)eikyeγt✱ ❛♥❞ b = ib̃(x)eikyeγt✱ t❤❡ ♣r❡✈✐♦✉s t✇♦ ❡q✉❛t✐♦♥s
❧❡❛❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❊▼❍❉ r❡❣✐♠❡✱

γ

[
D 0
0 D

] [
ψ(x)
φ(x)

]

=

[
L1 L2

L3 L4

] [
ψ(x)
b(x)

]

✭✻✳✷✽✮

❲❤❡r❡✱

D = I − d2eA, A =
∂2

∂x2
− k2, L1 = S−1A− ikb

′

eqD, L2 = −kF ′

eq, L3 = k
[

ψ
′

eqA− ψ
′′′

eq

]

,

L4 = ik
[

W
′

eq − b
′

eqD
]

+ S−1A,
✭✻✳✷✾✮

❍♦✇❡✈❡r✱ ❛ s❧✐❣❤t❧② s✐♠♣❧❡ ♠♦❞✐✜❝❛t✐♦♥ ❝❛♥ ❜❡ ❛❞❞❡❞ t♦ t❤❡ ❡q✉❛t✐♦♥ t♦ ✐♥❝❧✉❞❡ t❤❡ ❝♦♠♣r❡ss✐❜✐❧✲
✐t② ❡✛❡❝ts st✉❞✐❡❞ ❜❡❢♦r❡✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② r❡♣❧❛❝✐♥❣ de ✐♥t♦ t❤❡ ♣❛r❛❧❧❡❧ ❝♦♠♣♦♥❡♥t ❡q✉❛t✐♦♥

♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭b✮✱ ❜② t❤❡ ❡✛❡❝t✐✈❡ s❦✐♥ ❞❡♣t❤ λe = 1 +
ω2
c,e

ωp.e
✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛tr✐❝❡s ✐♥ ψ

❡q✉❛t✐♦♥ r❡♠❛✐♥ t❤❡ s❛♠❡✱ ✇❤✐❧❡ ♦♥❧② D ❛♥❞ L4 ❛r❡ ♠♦❞✐✜❡❞ ✐♥ b✲❡q✉❛t✐♦♥✱ ❛♥❞ r❡❛❞

D1 = I − λ2A, L4 = ik
[

W
′

eq − b
′

eqD1

]

+ S−1A, ✭✻✳✸✵✮

✻✳✸ ❊①t❡♥❞❡❞ ❊▼❍❉ ❘❡❣✐♠❡ ✇✐t❤ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r✿ ◆❡✇ ❘❡✲
s✉❧ts

❲❡ r❡✲✇r✐t❡ t❤❡ ❊▼❍❉ ❡q✉❛t✐♦♥s ❛s ❢♦❧❧♦✇

∂u

∂t
+ u · ∇u = − e

me

(

E+ u×B
)

− ∇ · P
mn

, ✭✻✳✸✶✮

∂B

∂t
= −∇×E, ✭✻✳✸✷✮

∇×B = µ0J+
1

c2
∂E

∂t
, ✭✻✳✸✸✮

✇✐t❤ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ❣✐✈❡♥ ❜②✱

∂P
∂t

+ (∇ · u)P + (u · ∇)P + P · ∇u+ [P · ∇u]T +
e

m

(

P ×B+ [P ×B]T
)

= 0, ✭✻✳✸✹✮

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❧✐♥❡❛r✐③❡ t❤❡ ♣r❡✈✐♦✉s s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❢♦r ❛ ❣❡♥❡r❛❧ ❝❛s❡ ✐♥
✇❤✐❝❤ t❤❡ ❞❡♥s✐t② ✐s ♥♦ ❧♦♥❣❡r ✉♥✐❢♦r♠✳ ❋✐rst✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ✐❞❡♥t✐❢② ❛ ❝♦♥s✐st❡♥t ❡q✉✐❧✐❜r✐✉♠
♣r❡ss✉r❡ t❡♥s♦r✱ t❤❡♥ ✇❡ ❧✐♥❡❛r✐③❡ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r✳ ❋✐♥❛❧❧② ✇❡ ✉s❡ t❤❡ r❡s✉❧ts t♦ ♦❜t❛✐♥ t❤❡
❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❛❢t❡r s✉❜st✐t✉t✐♥❣ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ❝♦♠♣♦♥❡♥ts ✐♥t♦ ❧✐♥❡❛r✐③❡❞ ✈❡rs✐♦♥s ♦❢
❊qs❬✻✳✸✶✱ ✻✳✸✷✱ ✻✳✸✸❪✳ ❲❤❡♥ ❧✐♥❡❛r✐③✐♥♥❣ t❤❡s❡ ❡q✉❛t✐♦♥s✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t✐❡s ❛r❡ ❛ss✉♠❡❞
t♦ ❜❡ ❢✉♥❝t✐♦♥s ♦❢ x✱ ✇❤✐❧❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ ♣❡r✐♦❞✐❝ ❛❧♦♥❣ y✲❞✐r❡❝t✐♦♥✱ ❛♥❞ ♦❢ t❤❡ ❢♦r♠

✶✹✸



❈❤❛♣t❡r ✻✳ ❊❧❡❝tr♦♥ ▼❍❉ ❛♥❞ ❊①t❡♥❞❡❞ ❊❧❡❝tr♦♥ ▼❍❉ ❘❡❣✐♠❡s

f1 = f̃(x)eγteiky✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s ❛❧s♦ ✐♥❞❡♣❡♥❞❡♥t ♦❢ z✱ ✇❤✐❝❤ ♠❡❛♥s ∂
∂z = 0✳ ■t s❤♦✉❧❞ ❜❡

♥♦t❡❞ t❤❛t t❤✐s s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s st✐❧❧ r❡q✉✐r❡s r❡❧❛t✐✈✐st✐❝ ❝♦rr❡❝t✐♦♥s t♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡ ❢♦r ✢✉✐❞
✈❡❧♦❝✐t✐❡s ❛♥❞ ❦✐♥❡t✐❝ ♣r❡ss✉r❡✱ ✐♥ ♦r❞❡r t♦ ♥❡❣❧❡❝t t❤❡ ▲♦r❡♥t③ r❡❧❛t✐✈✐st✐❝ ❢❛❝t♦r✳ ❲❡ r❡❝❛❧❧ ✐♥❞❡❡❞
t❤❛t r❡❧❛t✐✈✐st✐❝ ❡✛❡❝ts✱ ❛s s❡❡♥ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ s❤♦✉❧❞ ❜❡ ✐♥ ♣r✐♥❝✐♣❧❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t
✇❤❡♥ r❡❧❛①✐♥❣ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞ ❤②♣♦t❤❡s✐s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❡t ♦❢ ❊qs✳❬✻✳✸✶✲✻✳✸✹❪
❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❣✐✈❡ r❡s✉❧ts ✐♥ ❡①❝❡❧❧❡♥t ❛❣r❡❡♠❡♥t ✇✐t❤ ❦✐♥❡t✐❝ ♦♥❡s✱ ❢♦r ❡①❛♠♣❧❡ ❢♦r t❤❡
❞❡s❝r✐♣t✐♦♥ ♦❢ ❲❡✐❜❡❧✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s ❬✶✽✷❪✳

✻✳✸✳✶ ❊q✉✐❧✐❜r✐✉♠ Pr❡ss✉r❡ ❚❡♥s♦r

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss ❛ ❝♦♥s✐st❡♥t ❝❤♦✐❝❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r❡ss✉r❡ t❡♥s♦r✱ ✇❤✐❝❤ ✐s ♥❡❝❡ss❛r②
✇❤❡♥ st✉❞②✐♥❣ t❤❡ ❡✛❡❝t ♦❢ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ♦♥ r❡❝♦♥♥❡❝t✐♦♥✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♠❛❣♥❡t✐❝ ✜❡❧❞
r❡❛❞s✱

B0 = Bsf(x)ey +Bgez, ✭✻✳✸✺✮

❲❤❡r❡ Bs ✐s t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ s❤❡❛r ✜❡❧❞✱ ❛♥❞ Bg ✐s t❤❡ ❣✉✐❞❡ ✜❡❧❞✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥
♦❢ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞✱ ✇❡ ❤❛✈❡ Bs ≪ Bg✱ ❛♥❞ −1 ≤ f(x) ≤ 1✳ ❆t ❡q✉✐❧✐❜r✐✉♠ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t
❝✉rr❡♥t ✈❛♥✐s❤❡s✱ t❤✉s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❡❧♦❝✐t② ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ ▼❛①✇❡❧❧✲❆♠♣❡r❡ ❧❛✇✳
❚❤❡♥✱

u0 = − J

en0
= − 1

µ0en0
∇×B0 = − Bs

µ0en0
f

′
(x)ez,

du0

dx
=
duz0
dx

ez = −ω̄c,ed2ef
′′
ez, ✭✻✳✸✻✮

❆❜♦✈❡✱ ✇❡ ✉s❡❞ ❊q✳✭✷✳✶✹✷✮✱ ❛♥❞ ω̄c,e ✐s t❤❡ s❤❡❛r ❢r❡q✉❡♥❝②✳ ❚❤❡ s✉♣❡rs❝r✐♣t ”′” ❞❡♥♦t❡s t❤❡
❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ x✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝✐❡s ❢♦r t❤❡ ❣✉✐❞❡ ❛♥❞
s❤❡❛r ✜❡❧❞s✱ r❡s♣❡❝t✐✈❡❧②

ωc,e =
eBg
m

, ω̄c,e =
eBs
m

✭✻✳✸✼✮

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ❢♦r ❡❧❡❝tr♦♥s ❜❡❝♦♠❡s

− e

m
u0 ×B0 −

∇ · P0

mn0
= 0, ✭✻✳✸✽✮

❋r♦♠ ❊qs❬✻✳✸✺✱ ✻✳✸✻❪✱ t❤❡ ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts ♦❢ u0 ×B0 ❢♦r❝❡ r❡❛❞

u0 ×B0 =







B2
s

µ0en0
f(x)f

′
(x),

0,

0,

✭✻✳✸✾✮

❲❡ ❤❛✈❡ E0 = 0✱ ❛♥❞ t❤❡♥ t❤✐s ❢♦r❝❡ ♠✉st ❜❡ ❜❛❧❛♥❝❡❞ ❜② t❤❡ ❢♦r❝❡ ✇❤✐❝❤ r❡s✉❧ts ❢r♦♠ t❤❡
❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r✳ ❆❢t❡r s✉❜st✐t✉t✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✐♥t♦ ❊q✳✭✻✳✸✽✮✱ ♦♥❡
✜♥❞s

[∇ · P0]x −
B2
s

µ0
f(x)f

′
(x) = 0, ✭✻✳✹✵✮

❯s✐♥❣ ❊q✳✭❇✳✷✾✮✱ ✇❡ ❤❛✈❡ [∇ · P0]x = dP0
xx
dx ✱ ✇❤❡r❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡♣❡♥❞s ♦♥❧② ♦♥ x✳ ❙✉❜✲

st✐t✉t✐♥❣ t❤✐s ✐♥t♦ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ♦♥❡ ❡❛s✐❧② ✜♥❞s✱

✶✹✹



✻✳✸✳ ❊①t❡♥❞❡❞ ❊▼❍❉ ❘❡❣✐♠❡ ✇✐t❤ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r✿ ◆❡✇ ❘❡s✉❧ts

P0
xx =

B2
s

2µ0
[f(x)]2, ✭✻✳✹✶✮

❍♦✇❡✈❡r✱ t♦ ❜❡ ❝♦♥s✐st❡♥t✱ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t ♠✉st s❛t✐s❢② t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ❡q✉❛t✐♦♥ ❛t
❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡♥✱ ♦t❤❡r ♥♦♥✲✈❛♥✐s❤✐♥❣ t❡r♠s ♦❢ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ❡①✐st✳ ❚♦ ✐❞❡♥t✐❢② t❤❡♠✱ ✇❡
✇r✐t❡ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ❡q✉❛t✐♦♥ ❛t ❡q✉✐❧✐❜r✐✉♠ ✉s✐♥❣ ❊q✳✭✻✳✸✹✮✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥
r❡❛❞s✱

(∇ · u0)P0 + (u0 · ∇)P0 + P0 · ∇u0 + [P0 · ∇u0]
T +

e

me

(

P0 ×B0 + [P0 ×B0]
T
)

= 0, ✭✻✳✹✷✮

❆❢t❡r ❡st✐♠❛t✐♥❣ t❤❡ ❞✐✛❡r❡♥t t❡r♠s ✐♥t♦ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✭s❡❡ ❛♣♣❡♥❞✐① ❍ ❢♦r ❞❡t❛✐❧❡❞
❝❛❧❝✉❧❛t✐♦♥s✮✱ ✇❡ ✜♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❡✉q✐❧✐❜r✐✉♠ ♣r❡ss✉r❡
t❡♥s♦r

ωc,eP0
xy − ω̄c,ef(x)P0

xz = 0, ✭✻✳✹✸✮

ωc,eP0
yy − ωc,eP0

xx − ω̄c,ef(x)P0
yz = 0, ✭✻✳✹✹✮

ωc,eP0
yz + ω̄c,ef(x)P0

xx − ω̄c,ef(x)P0
zz +

∂uz0
∂x

P0
xx = 0, ✭✻✳✹✺✮

− 2ωc,eP0
xy = 0, ✭✻✳✹✻✮

ωc,eP0
xz − ω̄c,ef(x)P0

xy −
∂uz0
∂x

P0
xy = 0, ✭✻✳✹✼✮

ω̄c,ef(x)P0
xz +

∂uz0
∂x

P0
xz = 0, ✭✻✳✹✽✮

■t ✐s ♦❜✈✐♦✉s ❢r♦♠ t❤❡s❡ ❡q✉❛t✐♦♥s t❤❛t P0
xy = P0

xz = 0✳ ❍❡♥❝❡✱ ♦♥❧② ❊qs✳❬✻✳✹✹✱ ✻✳✹✺❪ ❞❡✜♥❡
t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r❡ss✉r❡ t❡♥s♦r✳ ❋♦❧❧♦✇✐♥❣ t❤❡s❡ ❛r❣✉♠❡♥t✱ ✇❡ ❡♥❞ ✇✐t❤ t✇♦ ♣♦ss✐❜❧❡ ❡q✉✐❧✐❜r✐✉♠
❣✐✈❡♥ ❜②

✶✳ P0
yz = 0✱ t❤❡♥ ❊qs❬✻✳✹✹✱ ✻✳✹✺✱ ✻✳✹✶✱ ✻✳✸✻✱ ✷✳✶✹✷❪ ❣✐✈❡

P0
xx = P0

yy =
B2
s

2µ0
[f(x)]2, P0

zz =
B2
s

2µ0
[f(x)− d2ef

′′
(x)]f(x), ✭✻✳✹✾✮

✷✳ P0
yz 6= 0✳ ■♥ t❤✐s ❝❛s❡ t❤❡r❡ ✇✐❧❧ ❜❡ ❛♥✐s♦tr♦♣✐❝ ✐♥ t❤❡ ♣❧❛♥❡ ✭x− y✮✱ t❤❛t ✐s

P0
yy − P0

xx =
ω̄c,e
ωc,e

f(x)P0
yz, ✭✻✳✺✵✮

❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ♠❛✐♥ ❡✛❡❝t ♦❢ P0
yz ✐s t♦ ❣❡♥❡r❛t❡ ❛♥ ❛♥✐s♦tr♦♣② ✐♥ t❤❡ ♣❧❛♥❡ ♣❡r♣❡♥❞✐❝✉❧❛r

t♦ t❤❡ ❣✉✐❞❡ ✜❡❧❞✳ ❚❤✐s ❛♥✐s♦tr♦♣② ❡✛❡❝t ✐♥❝r❡❛s❡s ✇✐t❤ r❡❞✉❝✐♥❣ t❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ ❣✉✐❞❡
✜❡❧❞✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ❛r❣✉♠❡♥t ✐s ❝♦rr❡❝t ❢❛r ❢r♦♠ t❤❡ s✐♥❣✉❧❛r s✉r❢❛❝❡ ✭♦♥ ✇❤✐❝❤ f
✈❛♥✐s❤❡s✮✳ ■♥ t❤❡ ✈❡r② ✈✐❝✐♥✐t② ♦❢ t❤✐s s✉r❢❛❝❡✱ t❤❡ ❢✉♥❝t✐♦♥ f r❡❛❝❤❡s ✈❡r② s♠❛❧❧ ✈❛❧✉❡s✳
❍❡♥❝❡✱ ❡✈❡♥ ✐❢ ωc,e ≈ ω̄c,e✱ ✐t r❡♠❛✐♥s ♣♦ss✐❜❧❡ t♦ ✐❞❡♥t✐❢② ❛ r❡❣✐♦♥ ❛r♦✉♥❞ t❤❡ s✐♥❣✉❧❛r
s✉r❢❛❝❡ ✇❤❡r❡ P0

xx ≈ P0
yy✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞ ✭ωc,e ≫ ω̄c,e✮ str❡♥❣t❤❡♥s

t❤✐s ❛r❣✉♠❡♥t✳ ❙tr✐❝t❧② s♣❡❛❦✐♥❣✱ ❢r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❤❡♥ r❡q✉✐r✐♥❣
P0
zz = 0✱ ✇❡ ❛r❡ t❤❡♥ ❢♦r❝❡❞ t♦ ❝♦♥s✐❞❡r P0

yz 6= 0 ✐♥ ♦r❞❡r t♦ s❛t✐s❢② t❤❡ s❡t ♦❢ ❡q✉❛t✐♦♥s
❬✻✳✹✸ ✲ ✻✳✹✽❪✳

✶✹✺



❈❤❛♣t❡r ✻✳ ❊❧❡❝tr♦♥ ▼❍❉ ❛♥❞ ❊①t❡♥❞❡❞ ❊❧❡❝tr♦♥ ▼❍❉ ❘❡❣✐♠❡s

✻✳✸✳✷ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ t❤❡ Pr❡ss✉r❡ ❚❡♥s♦r ❊q✉❛t✐♦♥ ✇✐t❤ ❙tr♦♥❣ ●✉✐❞❡

❋✐❡❧❞

❋✐rst✱ ✇❡ ❛ss✉♠❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇✐t❤ t✇♦ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ✜rst ✐s ❛ s❤❡❛r ✜❡❧❞ ✐♥
✭①✲②✮ ♣❧❛♥❡✿ By(x) = Bsf(x)✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ✐s ❛ ❝♦♥st❛♥t str♦♥❣ ❣✉✐❞❡ ✜❡❧❞ ❛❧♦♥❣ z ❞✐r❡❝t✐♦♥
✭Bg✮✱ ❛s ❣✐✈❡♥ ❜② ❊q✳✭✻✳✸✺✮✳ ❋✉rt❤❡r♠♦r❡✱ ❛t ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ✐♥ t❤❡ ✈✐❝✐♥✐t② X−♣♦✐♥t ✭✐t ✐s
t❤❡ ♣♦✐♥t ❛t ✇❤✐❝❤ t❤❡ s❤❡❛r ✜❡❧❞ ✈❛♥✐s❤❡s✮✱ ✇❤❡r❡ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♦❝❝✉rs✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡
♣r❡ss✉r❡ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❣②r♦tr♦♣✐❝ ♣❛rt✱ ✇❤✐❝❤ ❛❧s♦ ✐♠♣❧✐❡s t❤❛t t❤❡ ♥♦♥✲❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts
❛r❡ ♥❡❣❧❡❝t❡❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❞✐❛❣♦♥❛❧ ♦♥❡s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❣✉✐❞❡ ✜❡❧❞ ♣r♦❞✉❝❡s
❛♥ ❛♥✐s♦tr♦♣② ✐♥ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r❡ss✉r❡ t❡♥s♦r✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❛❞♦♣t
t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❣✐✈❡♥ ❜② ❊q✳✭✻✳✹✾✮✱ t❤❛t ✐s

P0
xx = P0

yy = P0
⊥(x), P0

zz = P0
||(x), P0

xz = P0
zx = P0

xy = P0
yx = P0

zy = P0
yz = 0, ✭✻✳✺✶✮

❲❤❡r❡ ”0” r❡❢❡rs t♦ ❡q✉✐❧✐❜r✐✉♠✱ ” ⊥ ” t♦ ♣❡r♣❡♥❞✐❝✉❧❛r ❞✐r❡❝t✐♦♥ t♦ t❤❡ ❣✉✐❞❡ ✜❡❧❞✱ ❛♥❞ ||” t♦
♣❛r❛❧❧❡❧ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r❡ss✉r❡ t❡♥s♦r ❝♦♠♣♦♥❡♥ts ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ s❤❡❛r ✈❛r✐❛❜❧❡
x✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ s✐♥❝❡ ❛ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♣r❡ss✉r❡ ✐s ♥❡❡❞❡❞ t♦ ❡st❛❜❧✐s❤ st❛t✐♦♥❛r②
❡q✉✐❧✐❜r✐✉♠✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❡ ❝❤♦s❡✱ ❛♥❞ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ s❤❡❛r ✈❡❧♦❝✐t②✱ ♦♥❡ ❝❛♥
❛ss✉♠❡ ❛ ✈❛♥✐s❤✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✈❡❧♦❝✐t②✳ ❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡ ❧✐♥❡❛r ✈❡rs✐♦♥ ♦❢ ❊q✳✭✻✳✸✹✮
r❡❛❞s

∂P1

∂t
+ (∇ · u1)P0 + (u1 · ∇)P0 + P0 · ∇u1 + [P0 · ∇u1]

T ++P1 · ∇u0 + [P1 · ∇u0]
T

+
e

m

(

P0 ×B1 + P1 ×B0 + [P0 ×B1]
T + [P1 ×B0]

T
)

= 0,

✭✻✳✺✷✮

❚❤❡ ♣r❡✈✐♦✉s s②st❡♠ ✐s ❝♦♠♣♦s❡❞ ♦❢ s✐① ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♣♦♥❡♥ts
♦❢ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r✳ ❆❢t❡r s♦❧✈✐♥❣ ✐t✱ ❛s ❞❡t❛✐❧❡❞ ✐♥ ❛♣♣❡♥❞✐① ❍✱ t❤❡s❡ ❝♦♠♣♦♥❡♥ts r❡❛❞✱

P1
xy =

P0
⊥

2ωc,e
(
∂uy1
∂y

− ∂ux1
∂x

), ✭✻✳✺✸✮

P1
xz =

e

mωc,e
(P0

|| − P0
⊥)Bx1 +

P0
⊥

ωc,e

∂uz1
∂y

, ✭✻✳✺✹✮

P1
xx = −2P0

⊥
γ

(
∂ux1
∂x

+
∂uy1
∂y

)− 1

γ

dP0
⊥

dx
ux1

+
2ω̄c,e
γ

f(x)
[ e

mωc,e
(P0

|| − P0
⊥)Bx1 +

P0
⊥

ωc,e

∂uz1
∂y

]

,

✭✻✳✺✺✮

P1
yy = − P0

⊥
ωc,e

(
∂ux1
∂y

+
∂uy1
∂x

)− 2P0
⊥
γ

(
∂ux1
∂x

+
∂uy1
∂y

)− 1

γ

dP0
⊥

dx
ux1

+
2ω̄c,e
γ

f(x)
[ e

mωc,e
(P0

|| − P0
⊥)Bx1 +

P0
⊥

ωc,e

∂uz1
∂y

]

,

✭✻✳✺✻✮

P1
zz = −1

γ

dP0
||

dx
ux1 −

P0
||
γ

(
∂ux1
∂x

+
∂uy1
∂y

)

− 2ω̄c,e
γ

[

f(x)− d2ef
′′
(x)
][ e

mωc,e
(P0

|| − P0
⊥)Bx1 +

P0
⊥

ωc,e

∂uz1
∂y

]

,

✭✻✳✺✼✮

✶✹✻



✻✳✸✳ ❊①t❡♥❞❡❞ ❊▼❍❉ ❘❡❣✐♠❡ ✇✐t❤ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r✿ ◆❡✇ ❘❡s✉❧ts

P1
yz = − 1

ωc,e
P0
⊥
∂uz1
∂x

− e

mωc,e
(P0

⊥ − P0
||)By1

+
ω̄c,e
ωc,e

f(x)
{1

γ
u · ∇(P0

⊥ − P0
||) +

1

γ
(2P0

⊥ − P0
||)(

∂ux1
∂x

+
∂uy1
∂y

)
}

− ω̄c,e
ωc,e

d2ef
′′
(x)
{2P0

⊥
γ

(
∂ux1
∂x

+
∂uy1
∂y

) +
1

γ

dP0
⊥

dx
ux1

}

,

✭✻✳✺✽✮

✻✳✸✳✸ ▲✐♥❡❛r✐③❛t✐♦♥ ♦❢ t❤❡ ❈♦♥t✐♥✉✐t② ❊q✉❛t✐♦♥

❚❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✇✐t❤ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ x ❣✐✈❡s

∂n1
∂t

+ u1 · ∇n0 + n0∇ · u1 = 0 =⇒ n1 = −1

γ

dn0
dx

ux1 −
n0
γ

∂ux1
∂x

− n0
γ

∂uy1
∂y

, ✭✻✳✺✾✮

❲❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t ∇ · u0 = 0✱ ❛♥❞ n0 = n0(x)✳ n0 ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡❧❡❝tr♦♥ ❞❡♥s✐t②✳
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ z ✈❛r✐❛❜❧❡ ❛♥❞ t❛❦✐♥❣ t❤❡ ❋♦✉r✐❡r
tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ✐t ✭n1 = ñ1e

γteiky✮✱ ♦♥❡ ✜♥❞s

ñ1 = −1

γ

dn0
dx

ũx1 −
n0
γ

∂ũx1
∂x

− ikn0
γ

ũy1, ✭✻✳✻✵✮

❚❤✐s ❡q✉❛t✐♦♥ ✐s ❢✉♥❞❛♠❡♥t❛❧ ❛♥❞ ❣✐✈❡s ✉s t❤❡ ❞❡♥s✐t② ♣❡rt✉r❜❛t✐♦♥✳ ■t ✇✐❧❧ ❜❡ ❝♦♠❜✐♥❡❞ ✇✐t❤
❧✐♥❡❛r✐③❡❞ ♠♦t✐♦♥✱ ❋❛r❛❞❛②✱ ❛♥❞ ❆♠♣❡r❡ ❡q✉❛t✐♦♥s s♦ t♦ ❢♦r♠✉❧❛t❡ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✳ ■t ✐s
✐♠♣♦rt❛♥t t♦ ♠❡♥t✐♦♥ t❤❡ ❢❛❝t t❤❛t ❛♥② ❡q✉✐❧✐❜r✐✉♠ ❞❡♥s✐t② ♣r♦✜❧❡ ♠✉st s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣
❡q✉❛t✐♦♥

u0 · ∇n0 + n0∇ · u0 = 0, ✭✻✳✻✶✮

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❤♦s❡♥ ❡q✉✐❧✐❜r✐✉♠ ✈❡❧♦❝✐t②✱ ❣✐✈❡♥ ❜② ❊q✳✭✻✳✸✻✮✱ ✇❡ ❤❛✈❡ ∇·u0 = 0✱ t❤❡r❡❢♦r❡
❛♥② ❡q✉✐❧✐❜r✐✉♠ ❞❡♥s✐t② ♣r♦✜❧❡✱ s❛t✐s❢②✐♥❣ u0 · ∇n0 = 0 ✭t❤❛t ✐s✱ n0 = n0(x, y)✮✱ ❝❛♥ ❜❡ st✉❞✐❡❞✳
❖❜✈✐♦✉s❧②✱ t❤❡ s✐♠♣❧❡st ♦♥❡ ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❤♦♠♦❣❡♥❡♦✉s ❞❡♥s✐t② n0 = const✳

✻✳✸✳✹ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ❋❛r❛❞❛②✲▼❛①✇❡❧❧ ❊q✉❛t✐♦♥ ✇✐t❤ ❙tr♦♥❣ ●✉✐❞❡ ❋✐❡❧❞

❛♥❞ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r

❚❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ ❋❛r❛❞❛②✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✱ ❣✐✈❡♥ ❜② ❊q✳✭✻✳✸✷✮✱ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠
♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭s❡❡ ❛♣♣❡♥❞✐① ■ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❞❡r✐✈❛t✐♦♥✮✿

∂Bx1
∂t

=
[

Bsf +
mBs
µ0e2

(−f
′′

n0
+
f

′
n

′

0

n20
)
]∂ux1
∂y

+
m

e

∂

∂t
(
∂uz1
∂y

) +
1

en0

(∂2P1
xz

∂x∂y
+
∂2P1

yz

∂y2

)

, ✭✻✳✻✷✮

∂By1
∂t

=
[

−Bsf
′
+
mBs
µ0e2

×
(f

′′′

n0
− 2f

′′
n

′

0

n0
+

2f
′
n

′

0
2

n30
− f

′
n

′′

0

n20

)]

ux1 −
[

Bsf − mBs
µ0e2

(f
′′

n0

− f
′
n

′

0

n20

)]∂ux1
∂x

− m

e

∂

∂t
(
∂uz1
∂x

)− 1

en0

∂2P1
xz

∂x2
− 1

en0

∂2P1
yz

∂x∂y
+

n
′

0

en20

∂P1
xz

∂x
+

n
′

0

en20

∂P1
yz

∂y
,

✭✻✳✻✸✮

∂Bz1
∂t

= − B2
s

µ0e

ff
′

n20

∂n1
∂y

−
[ Bs
µ0en0

f
′′
(x)− Bs

µ0e

n
′

0f
′
(x)

n20

]

Bx1 −Bg(
∂ux1
∂x

+
∂uy1
∂y

) +Bsf(x)
∂uz1
∂y

+
m

e

∂

∂t
(
∂uy1
∂x

− ∂ux1
∂y

) +
1

en0

∂2

∂x∂y
(P1

yy − P1
xx) +

1

en0

∂2P1
xy

∂x2
− 1

en0

∂2P1
xy

∂y2
− n

′

0

en20

∂P1
xy

∂x
− n

′

0

en20

∂P1
yy

∂y
,

✭✻✳✻✹✮

✶✹✼



❈❤❛♣t❡r ✻✳ ❊❧❡❝tr♦♥ ▼❍❉ ❛♥❞ ❊①t❡♥❞❡❞ ❊❧❡❝tr♦♥ ▼❍❉ ❘❡❣✐♠❡s

❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ❛r❡ ❣❡♥❡r❛❧ ✇❤❡r❡ ✇❡ ❦❡♣t t❤❡ ❡✛❡❝ts ♦❢ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛ ❛♥❞ ❢✉❧❧ ♣r❡s✲
s✉r❡ t❡♥s♦r✳ ❚❤❡② ❛r❡ ❛❧s♦ ❞✐♠❡♥s✐♦♥❛❧✱ ❛♥❞ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ r❡❣✐♠❡s ✇✐t❤ ❛r❜✐tr❛r② ❡q✉✐❧✐❜r✐✉♠
❞❡♥s✐t② ♣r♦✜❧❡s✱ ✇❤✐❝❤ ♠❛❦❡ t❤❡♠ ✈❡r② ✉s❡❢✉❧ t♦ st✉❞② r❡❛❧✐st✐❝ ❝❛s❡s ❛❢t❡r✱ ♥✉♠❡r✐❝❛❧❧②✱ s♦❧✈✐♥❣
t❤❡♠✳

✻✳✸✳✺ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ❆♠♣❡r❡✲▼❛①✇❡❧❧ ❊q✉❛t✐♦♥ ✇✐t❤ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥✲

s♦r

◆♦✇✱ ✇❡ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ ❆♠♣❡r❡✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✳ ❆❢t❡r ❧✐♥❡❛r✐③✐♥❣✱ ✐t t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠

n0u1 + n1u0 = − 1

µ0e
∇×B1 +

1

µ0ec2
∂E1

∂t
= − 1

µ0e
∇×B1 −

1

µ0ec2
∂

∂t

[

(u0 ×B1) + (u1 ×B0)

+ (u0 ×B0)
n1
n0

+
m

e

∂u1

∂t
+
m

e
u1 · ∇u0 +

∇ · P1

en0

]

,

✭✻✳✻✺✮

❲❤❡r❡✱

∇×B1 =







∂Bz1
∂y ,

−∂Bz1
∂x ,

∂By1
∂x − ∂Bx1

∂y ,

✭✻✳✻✻✮

◆♦✇ s✉❜st✐t✉t✐♥❣ ❊q✳✭✻✳✻✻✮✱ ❛♥❞ ❛❧❧ t❤❡ ♥❡❡❞❡❞ r❡❧❛t✐♦♥s❤✐♣s ❢r♦♠ ❛♣♣❡♥❞✐① ■✱ ✐♥t♦ t❤❡ ♣r❡✲
✈✐♦✉s ❡q✉❛t✐♦♥✱ ♦♥❡ ✜♥❞s t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s

1

ω2
p,e

∂2ux1
∂t2

+
ωc,e
ω2
p,e

∂uy1
∂t

− ω̄c,e
ω2
p,e

f
∂uz1
∂t

+
ω̄c,eα

ω2
p,e

f
′ ∂By1
∂t

+
1

µ0e2n20c
2

∂

∂t
(
∂P1

xx

∂x
+
∂P1

xy

∂y
)

= −ux1 − α
∂Bz1
∂y

,

✭✻✳✻✼✮

1

ω2
p,e

∂2uy1
∂t2

− ωc,e
ω2
p,e

∂ux1
∂t

− ω̄c,eα

ω2
p,e

f
′ ∂Bx1
∂t

+
1

µ0e2n20c
2

∂

∂t

∂P1
xy

∂x
+

1

µ0e2n20c
2

∂

∂t

∂P1
yy

∂y
+

= −uy1 + α
∂Bz1
∂x

✭✻✳✻✽✮

1

ω2
p,e

∂2uz1
∂t2

+
ω̄c,e
ω2
p,e

(f − d2ef
′′
)
∂ux1
∂t

+
1

µ0e2n20c
2

∂

∂t

∂P1
xz

∂x
+

1

µ0e2n20c
2

∂

∂t

∂P1
yz

∂y
= −uz0

n0
n1

− uz1 + α
∂Bx1
∂y

− α
∂By1
∂x

✭✻✳✻✾✮

❲❤✐❝❤ ❣✐✈❡✱ ❛❢t❡r s✉❜st✐t✉t✐♥❣ t❤❡ ✈❛❧✉❡s t❤❡ ♣r❡ss✉r❡ t❡♥s♦r✬s ❡❧❡♠❡♥ts ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡s
✭s❡❡ ❛♣♣❡♥❞✐① ❍✮✱

γ2

ω2
p,e

ux1 − γ
c2ω̄2

c,e

2ω4
p,e

f2

2ωc,e

∂2ux1
∂y∂x

+ γ
ωc,e
ω2
p,e

uy1 + γ
c2ω̄2

c,e

2ω4
p,e

f2

2ωc,e

∂2uy1
∂y2

− γ
ω̄c,e
ω2
p,e

fuz1 + γ
ω̄c,eα

ω2
p,e

f
′
By1

= −ux1 +
c2ω̄2

c,e

2ω4
p,e

(2f2
∂2

∂x2
+ 4f

′
f
∂

∂x
+ f2

′ ∂

∂x
+ 2f3 + 2f

′2)ux1 +
c2ω̄2

c,e

2ω4
p,e

(2f2
∂2

∂x∂y
+ 4f

′
f
∂

∂y
)uy1

−
c2ω̄2

c,e

2ω4
p,e

2ω̄c,e
ωc,e

(f3
∂2

∂x∂y
+ 3f

′
f2

∂

∂y
)uz1 +

c2ω̄2
c,e

2ω4
p,e

2eω̄c,ed
2
e

mωc,e
(f1

∂

∂x
+ f

′

1)Bx1 − α
∂Bz1
∂y

,
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γ2

ω2
p,e

uy1 − γ
ωc,e
ω2
p,e

ux1 − γ
c2ω̄2

c,e

2ω4
p,e

1

ωc,e

[f2

2

∂2

∂x2
+ ff

′ ∂

∂x
− f2

∂2

∂y2

]

ux1 + γ
c2ω̄2

c,e

2ω4
p,e

1

ωc,e

[f2

2

∂2

∂x∂y

+ ff
′ ∂

∂y
− f2

∂2

∂y∂x

]

uy1 − γ
ω̄c,eα

ω2
p,e

f
′
Bx1 =

c2ω̄2
c,e

2ω4
p,e

[

f2
′ ∂

∂y
+ 2f2

∂2

∂y∂x

]

ux1 − uy1 +
c2ω̄2

c,e

2ω4
p,e

2f2×

∂2uy1
∂y2

−
c2ω̄2

c,e

2ω4
p,e

2 ¯ωc,e
ωc,e

f3
∂2uz1
∂y2

+
c2ω̄2

c,e

2ω4
p,e

2eω̄c,ed
2
e

mωc,e
f1
∂Bx1
∂y

+ α
∂Bz1
∂x

,

✭✻✳✼✶✮

γ2

ω2
p,e

uz1 + γ
ω̄c,e
ω2
p,e

(f − d2ef
′′
)ux1 + γ

c2ω̄2
c,e

2ω4
p,e

(
f2

ωc,e

∂2

∂x∂y
+

2ff
′

ωc,e

∂

∂y
)uz1 − γ

c2ω̄2
c,e

2ω4
p,e

1

ωc,e
f2
∂2uz1
∂y∂x

− γ
c2ω̄2

c,e

2ω4
p,e

ed2e
mωc,e

(f3
∂

∂x
+ f

′

3)Bx1 − γ
c2ω̄2

c,e

2ω4
p,e

ed2e
mωc,e

f3
∂By1
∂y

= −
c2ω̄2

c,e

2ω4
p,e

ω̄c,ed
2
e

ωc,e
f5
∂ux1
∂y

−
c2ω̄2

c,e

2ω4
p,e

×

ω̄c,e
ωc,e

f6
∂2ux1
∂y∂x

−
c2ω̄2

c,e

2ω4
p,e

ω̄c,e
ωc,e

f6
∂2uy1
∂y2

− uz1 + α
∂Bx1
∂y

− α
∂By1
∂x

− uz0
n0

n1,

✭✻✳✼✷✮

■♥ ✇r✐t✐♥❣ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s✱ ✇❡ ✉s❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s❡❢✉❧ r❡❧❛t✐♦♥s❤✐♣s✱

Bg
µ0en0c2

=
ωc,e
ω2
p,e

,
Bs

µ20e
2n20c

2
=
ω̄c,eα

ω2
p,e

,
B2
s

2µ20e
2n20c

2
=

1

2

c2ω̄2
c,e

ω4
p,e

, ✭✻✳✼✸✮

✻✳✸✳✻ ❍♦♠♦❣❡♥❡♦✉s ❊q✉✐❧✐❜r✐✉♠ ❉❡♥s✐t②

◆♦✇✱ ✇❡ ❣r♦✉♣ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ❞❡r✐✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s t♦ ❢♦r♠✉❧❛t❡ ❛ ❣❡♥❡r❛❧✲
✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡✿ ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥s ♦❢ ❞❡♥s✐t②✱ ❋❛r❛❞❛②✱ ❛♥❞
❆♠♣❡r❡✳ ❚❤❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡ t♦ ❜❡ ❢♦✉♥❞ ✐s t❤❡ ❣r♦✇t❤ r❛t❡ γ✱ ❛♥❞ t❤❡ ❡✐❣❡♥✈❡❝t♦r ✐s Vγ =
[Bx, By, Bz, ux, uy, uz, n]

T ✭s❡❡ ❛♣♣❡♥❞✐① ❏ ❢♦r ❞❡t❛✐❧s✮✳ ❚❤✐s ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ t❛❦❡s t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❢♦r♠

γ2













I 0 0 0 0 kd2eI 0
0 I 0 0 0 S22z 0
0 0 0 0 0 0 0
0 0 0 d4eI 0 0 0
0 0 0 0 d4eI 0 0
0 0 0 0 0 d4eI 0
0 0 0 0 0 0 0

























Bx
By
Bz
ux
uy
uz
n













+ γ













M11x M11y 0 S11x 0 S11z 0
M21x M21y 0 S21x 0 S21z 0
0 0 I −kd2eI S31y 0 0
0 M41y 0 S41x S41y S41z 0

M51x 0 0 S51x S51y 0 0
M61x M61y 0 S61x 0 S61z 0
0 0 0 0 0 0 I













×













Bx
By
Bz
ux
uy
uz
n













+













0 0 0 S10x S10y 0 0
0 0 0 S20x S20y 0 0

M30x 0 0 S30x S30y S30z N30n

M40x 0 M40z S40x S40y S40z 0
M50x 0 M50z S50x S50y S50z 0
M60x M60y 0 S60x S60y S60z N60n

0 0 0 S70x S70y 0 0

























Bx
By
Bz
ux
uy
uz
n













= 0,
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❲❤❡r❡✱

S11x = k
ω̄c,e
ωc,e

[

f − d2ef
′′
]

, S11z = − i

2
(
ω̄c,e
ωc,e

)2k2d2e

[ ∂

∂x
− f2

∂

∂x
− 2ff

′
]

, M11x = −1

2
(
ω̄c,e
ωc,e

)2k×

d2e

[

f3
∂

∂x
+ f

′

3

]

,M11y = − i

2
(
ω̄c,e
ωc,e

)2k2d2ef3, S10x =
i

2
(
ω̄c,e
ωc,e

)3k2
[

f6
∂

∂x
+ d2ef5

]

, S10y =
i

2
(
ω̄c,e
ωc,e

)3

× k2
[

f6
∂

∂x
+ d2ef5

]

, S22z = d2e
∂

∂x
, S21x = (

ω̄c,e
ωc,e

)
[

f
∂

∂x
− d2ef

′′ ∂

∂x
+ f

′ − d2ef
′′′
]

, S21z = −1

2
×

(
ω̄c,e
ωc,e

)2k
[

2ff
′ ∂

∂x
+ 2f3 + 2f

′2
]

,M21x = −1

2
(
ω̄c,e
ωc,e

)2d2e

[

f3
∂2

∂x2
+ 2f

′

3

∂

∂x
+ f

′′

3

]

, M21y =
1

2
(
ω̄c,e
ωc,e

)2

× kd2e

[

f3
∂

∂x
+ f

′

3

]

,

✭✻✳✼✺✮

S20x = −1

2
(
ω̄c,e
ωc,e

)3k
[

f6
∂2

∂x2
+ (f

′

6 + d2ef5)
∂

∂x
+ d2ef

′

5

]

, S20y = −i1
2
(
ω̄c,e
ωc,e

)3k2
[

f6
∂

∂x
+ f

′

6

]

,

S31y = −d2e
∂

∂x
, S30x =

{ ∂

∂x
+

1

2
(
ω̄c,e
ωc,e

)2d2e

[f2

2

∂3

∂x3
+ 2ff

′ ∂2

∂x2
+ (f3 + f

′2)
∂

∂x
− ik2f2

∂

∂x
− 2ik2

× ff
′
+
i

2
k2f2

∂

∂x

]}

, S30y = −k
[

1 +
1

4
(
ω̄c,e
ωc,e

)2d2e

(

f2
∂2

∂x
− 2f3 − 2f

′2 − k2
f2

2

)]

, N30n = −(
ω̄c,e
ωc,e

)2

× kff
′ ∂

∂y
, S30z = (

ω̄c,e
ωc,e

)kf,M30x = (
ω̄c,e
ωc,e

)f
′′
, S41x =

d4e
4
(
ω̄c,e
ωc,e

)2kf2
∂

∂x
, S41y = d2e

[

1− i

2
(
ω̄c,e
ωc,e

)2

× k2d2ef
2
]

, S41z = −d2e(
ω̄c,e
ωc,e

)f,M41y = d2e(
ω̄c,e
ωc,e

)f
′
, S40x =

[

(
ωp,e
ωc,e

)2 − d2e
2
(
ω̄c,e
ωc,e

)2×
(

2f2
∂2

∂x2
+ 4f

′
f
∂

∂x
+ f2

′ ∂

∂x
+ 2f3 + 2f

′2
)]

,

✭✻✳✼✻✮

S40y =
kd2e
2

(
ω̄c,e
ωc,e

)2
[

2f2
∂

∂x
+ 4f

′
f
]

, S40z = −kd2e(
ω̄c,e
ωc,e

)3
[

f3
∂

∂x
+ 3f

′
f2
]

,M40x = −d2e(
ω̄c,e
ωc,e

)3
[

f1
∂

∂x

+ f
′

1

]

, M40z = −k(ωp,e
ωc,e

)2, S51x = −d2e
[

1 +
d2e
2
(
ω̄c,e
ωc,e

)2
(f2

2

∂2

∂x2
+ ff

′ ∂

∂x
+ if2k2

)]

,

M51x = −d2e(
ω̄c,e
ωc,e

)f
′
,

✭✻✳✼✼✮
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❆♥❞✱

S51y = −d
4
e

2
(
ω̄c,e
ωc,e

)2k
[f2

2

∂

∂x
+ ff

′ − f2
∂

∂x

]

, S50x =
d2e
2
(
ω̄c,e
ωc,e

)2k
[

f2
′
+ 2f2

∂

∂x

]

, S50z = −id2e×

(
ω̄c,e
ωc,e

)3k2f3, S50y =
[

(
ωp,e
ωc,e

)2 + id2e(
ω̄c,e
ωc,e

)2k2f2
]

, M50x = d2e(
ω̄c,e
ωc,e

)3kf1, M50z = −(
ωp,e
ωc,e

)2
∂

∂x
,

S61x = d2e(
ω̄c,e
ωc,e

)
[

f − d2ef
′′
]

, S61z = d4e(
ω̄c,e
ωc,e

)2ff
′ ∂

∂y
, M61x = −d

4
e

2
(
ω̄c,e
ωc,e

)2
[

f3
∂

∂x
+ f

′

3

]

,

M61y =
d4e
2
(
ω̄c,e
ωc,e

)2kf3, S60x = −d
2
e

2
(
ω̄c,e
ωc,e

)3k[f6
∂

∂x
+ d2ef5

]

, S60y = − id
2
e

2
(
ω̄c,e
ωc,e

)3k2f6,

S60z = (
ω̄c,e
ωc,e

)3, M60x = (
ωp,e
ωc,e

)2k, M60y = (
ωp,e
ωc,e

)2
∂

∂x
, N60n = −

ω̄c,eω
2
p,e

ω3
c,e

f
′
, S70x =

∂

∂x
,

S70y = ik,
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■♥ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛t✐♦♥✱ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ♣❡r✐♦❞✐❝ ✐♥ t❤❡ y−❞✐r❡❝t✐♦♥✳
❚❤❡s❡ ❡q✉❛t✐♦♥s r❡♣r❡s❡♥t ❛ ✜rst st❡♣ ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ♥✉♠❡r✐❝❛❧ ❡✐❣❡♥s♦❧✈❡r t♦ ❜❡
✉s❡❞ ❢♦r t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❡❛r✐♥❣ ♠♦❞❡ t❤❡♦r② ✐♥ t❤❡ ❊▼❍❉ r❡❣✐♠❡ ✭s♦ ❢❛r ♣❡r❢♦r♠❡❞ ♦♥❧② ✐♥ t❤❡
✐♥❝♦♠♣r❡ss✐❜❧❡ ❊▼❍❉ r❡❣✐♠❡✮ ❛♥❞ ❢♦r t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛♥❞ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
❢♦r ❦✐♥❡t✐❝ st✉❞✐❡s ♦❢ ❡❧❡❝tr♦♥✲♦♥❧② r❡❝♦♥♥❡❝t✐♦♥✳ ❍♦✇❡✈❡r✱ ❜✉✐❧❞✐♥❣ ❛ ♥✉♠❡r✐❝❛❧ ❡✐❣❡♥ s♦❧✈❡r t♦
❛❞❞r❡ss t❤✐s ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✐♥ ✐ts ❢✉❧❧ ❣❡♥❡r❛❧✐t② ✇✐❧❧ ❜❡ ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣✱ ❡s♣❡❝✐❛❧❧② ✐❢ ♦♥❡
t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s ❛ s❡❝♦♥❞✲♦r❞❡r ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✳ ■t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣
t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❤✐❣❤❡st ❞❡❣r❡❡ ♦❢ t❤❡ ❣r♦✇t❤ r❛t❡ ✭γ2✮ ✐s ♠✉❧t✐♣❧✐❡❞ ❜② d4e✱ ✇❤✐❝❤ ❝❛♥ t❛❦❡
s♠❛❧❧ ✈❛❧✉❡s ✲❢♦r ❡①❛♠♣❧❡✱ de = 10−4 =⇒ d4e = 10−16✳ ❚❤✐s s♠❛❧❧ ✈❛❧✉❡s ✐♥ t✉r♥✱ ✇✐❧❧ ❧❡❛❞ t♦ t❤❡
❢♦r♠❛t✐♦♥ ♦❢ t❤✐♥ ❝✉rr❡♥t ❧❛②❡rs✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ♦r❞❡r t♦ ❝♦rr❡❝t❧② r❡s♦❧✈❡ t❤❡s❡ ♥❛rr♦✇ r❡❣✐♦♥s✱
✇❡ ♠✉st t❛❦❡ ✈❡r② s♠❛❧❧ s♣❛t✐❛❧ st❡♣s✱ ✇❤✐❝❤ ✐♥ t✉r♥s ❧❡❛❞ t♦ ✐ss✉❡s r❡❧❛t❡❞ t♦ ✐❧❧✲❝♦♥❞✐t✐♦♥✐♥❣ ♦❢
✜♥✐t❡✲❞✐✛❡r❡♥❝❡ st❡♥❝✐❧s ✭s❡❡ s❡❝t✐♦♥ ✹✳✶ ❢♦r ❞❡t❛✐❧s✮✳

✻✳✸✳✼ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ t❤❡ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r ❊q✉❛t✐♦♥ ✇✐t❤♦✉t ❙tr♦♥❣

●✉✐❞❡ ❋✐❡❧❞

❋♦❧❧♦✇✐♥❣ ❡①❛❝t❧② t❤❡ s❛♠❡ ❧✐♥❡ ♦❢ t❤♦✉❣❤ts ❝♦♥s✐❞❡r❡❞ ✇❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ♣❡r✲
t✉r❜❡❞ ♣r❡ss✉r❡ t❡♥s♦r ✇❤❡♥ ❛ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞ ❡①✐sts ✭s❡❡ ❛♣♣❡♥❞✐① ❍ ❢♦r ❞❡t❛✐❧❡❞ ❞❡r✐✈❛t✐♦♥✮✱
✇❡ ♦❜t❛✐♥

P1
xx =

1

γ

f

l0
Λ6 −

2

ω̄c,e

f

l3
Λ3 +

1

γ

l4
l3
Λ1 = −1

γ

f

l0
P0
zz

∂ux1
∂x

− 1

γ

f

l0

dP0
zz

dx
ux1 − 3

1

γ

l4
l3
P0
xx

∂ux1
∂x

− 1

γ

l4
l3

dP0
xx

dx
ux1 −

1

γ

l4
l3
P0
xx

∂uy1
∂y

− 1

γ

f

l0
P0
zz

∂uy1
∂y

+
2

ω̄c,e

f

l3
P0
xx

∂uz1
∂x

− 2e

mω̄c,e
×

f

l3
(P0

zz − P0
xx)By1,

✭✻✳✼✾✮

P1
yy = −

P0
yy

γ

∂ux1
∂x

− 1

γ

dP0
yy

dx
ux1 +

3P0
yy

γ

∂uy1
∂y

, ✭✻✳✽✵✮

✶✺✶



❈❤❛♣t❡r ✻✳ ❊❧❡❝tr♦♥ ▼❍❉ ❛♥❞ ❊①t❡♥❞❡❞ ❊❧❡❝tr♦♥ ▼❍❉ ❘❡❣✐♠❡s

P1
zz =

2

ω̄c,e

l0
l3
Λ3 −

2

γ

l20
l3
Λ1 = 3

2

γ

l20
l3
P0
xx

∂ux1
∂x

+
2

γ

l20
l3

dP0
xx

dx
ux1 +

2

γ

l20
l3
P0
xx

∂uy1
∂y

− 2

ω̄c,e

l0
l3
P0
xx

∂uz1
∂x

+
2e

mω̄c,e

l0
l3
(P0

zz − P0
xx)By1,

✭✻✳✽✶✮

P1
xy =

1

ω̄c,e

f

l1
Λ4 +

γ

ω̄2
c,e

1

l1
Λ2 = − γ

ω̄2
c,e

1

l1
P0
yy

∂ux1
∂y

− γ

ω̄2
c,e

1

l1
P0
xx

∂uy1
∂x

− 1

ω̄c,e

f

l1
P0
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∂uz1
∂y

+
e

mω̄c,e

f

l1
(P0

yy − P0
zz)Bx1 +

eγ

mω̄2
c,e

1

l1
(P0

xx − P0
yy)Bz1,

✭✻✳✽✷✮

P1
xz =

1

2ω̄c,e

1

l0
Λ6 −

γ

ω̄2
c,e

1

l3
Λ3 +

1

ω̄c,e

l0
l3
Λ1 = − 1

2ω̄c,e

1

l0
P0
zz

∂ux1
∂x

− 1

2ω̄c,e

1

l0

dP0
zz

dx
ux1

− 3
1

ω̄c,e

l0
l3
P0
xx

∂ux1
∂x

− 1

ω̄c,e

l0
l3

dP0
xx

dx
ux1 −

1

ω̄c,e

l0
l3
P0
xx

∂uy1
∂y

− 1

2ω̄c,e

1

l0
P0
zz

∂uy1
∂y

+
γ

ω̄2
c,e

1

l3
P0
xx

∂uz1
∂x

− eγ

mω̄2
c,e

1

l3
(P0

zz − P0
xx)By1,

✭✻✳✽✸✮

P1
yz =

γ

ω̄2
c,el1

Λ4 −
l0

ω̄c,el1
Λ2 =

1

ω̄c,e

l0
l1
P0
yy

∂ux1
∂y

+
1

ω̄c,e

l0
l1
P0
xx

∂uy1
∂x

− γ

ω̄2
c,e

1

l1
P0
yy

∂uz1
∂y

+
eγ

mω̄2
c,e

1

l1
(P0

yy − P0
zz)Bx1 −

e

mω̄c,e

l0
l1
(P0

xx − P0
yy)Bz1,

✭✻✳✽✹✮

❲❤❡r❡✱

l0 = f − d2ef
′′
, l1 =

γ2

ω̄2
c,e

+ l0f, l2 =
γ2

ω̄2
c,e

+ 2l0f, l3 = l2 + 2l0f, l4 = l2 + 4l0f, ✭✻✳✽✺✮

❲❤❡♥ ❧♦♦❦✐♥❣ ❛t ❊q✳✭✻✳✽✺✮✱ ✐t ✐s ❝❧❡❛r t❤❛t ❛ ♥❡✇ ❞✐✣❝✉❧t② ❛♣♣❡❛rs ✇❤❡♥ tr②✐♥❣ t♦ ❢♦r♠✉❧❛t❡
t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t l1, l2, l3, l4 ❞❡♣❡♥❞ ♦♥ t❤❡ ❣r♦✇t❤ r❛t❡✱ ❛♥❞
❛❧s♦ ♦♥ x✳ ■❢ ✇❡ ❞♦ ♥♦t ♥❡❣❧❡❝t γ2

ω̄2
c,e

✐♥ ❊q✳✭✻✳✽✺✮✱ t✇♦ ❝♦♥s❡q✉❡♥❝❡s ❢♦❧❧♦✇✱

• ❈❛❧❝✉❧❛t✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ♣❡rt✉r❜❡❞ ♣r❡ss✉r❡ t❡♥s♦r ❝♦♠♣♦♥❡♥ts ❜❡❝♦♠❡ t❡❞✐♦✉s
❛♥❞ ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣✱ ❡✈❡♥ ✇❤❡♥ ✐❣♥♦r✐♥❣ t❤✐s r❛t✐♦✳

• ❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✇✐❧❧ ❜❡ ♦❢ ✜❢t❤ ♦r❞❡r✱ ✇❤✐❝❤ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ❝❛s❡ ✇❤❡♥ ❛ str♦♥❣
❣✉✐❞❡ ✜❡❧❞ ❡①✐sts ✭2d − order✮✳

❍❛✈✐♥❣ ✐♥ ♠✐♥❞ t❤❡ ❛✐♠ ♦❢ s♦❧✈✐♥❣ t❤❡ ♣r❡✈✐♦✉s s②st❡♠ ♥✉♠❡r✐❝❛❧❧②✱ ✐♥ ♦r❞❡r t♦ ♦✈❡r❝♦♠❡
t❤✐s ✐ss✉❡✱ ✇❡ s✉❣❣❡st t♦ ✜rst ✐♥t❡❣r❛t❡ t❤❡ ❧✐♥❡❛r ✈❡rs✐♦♥s ♦❢ ❆♠♣❡r❡ ❛♥❞ ❋❛r❛❞❛② ❡q✉❛t✐♦♥s✱
❛♥❞ t❤❡♥ t♦ ❛♣♣❧② t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♦♥ t❤❡ r❡s✉❧t✐♥❣ s②st❡♠✳ ❯s✐♥❣ t❤✐s ♣r♦❝❡❞✉r❡✱ t❤❡
✐♥t❡❣r❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ x ❜❡❝♦♠❡s ❛♥ ♦♣❡r❛t♦r ✭✐♥t❡❣r❛t✐♦♥ st❡♥❝✐❧ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞✮✱
✇❤✐❝❤ ♠✐❣❤t ♠❛❦❡ t❤❡ ♣r♦❜❧❡♠ ❛ ❧✐tt❧❡ ❜✐t ❧❡ss ❝♦♠♣❧✐❝❛t❡❞✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ ✇✐t❤ t❤✐s ♣r♦❝❡❞✉r❡✱
♠❛♥② ♦t❤❡r ♣r♦❜❧❡♠s r❡♠❛✐♥✳ ❚❤❡s❡ ✐ss✉❡s ✐♥❝❧✉❞❡ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✱ ❛♥❞ t❤❡
✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡ ♠❛tr✐❝❡s r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳

✶✺✷



✼

❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s

✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts

❈♦♥t❡♥ts

✼✳✶ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts✿ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶

✼✳✷ ❊st✐♠❛t✐♥❣ t❤❡ ■♥st❛❜✐❧✐t② ♣❛r❛♠❡t❡r ∆′ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸

✼✳✸ ❊①❛♠♣❧❡ ♦♥ t❤❡ ❍❡✉r✐st✐❝ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ❙❝❛❧✐♥❣ ▲❛✇ ❢♦r P✉r❡❧②
❘❡s✐st✐✈❡ ❘❡❣✐♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✼✳✹ ❍❡✉r✐st✐❝ ❊st✐♠❛t✐♦♥✿ ❆ ▼✐ss✐♥❣ ❈❤❛r❛❝t❡r✐st✐❝ ▲❡♥❣t❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼

✼✳✹✳✶ ◆✉♠❡r✐❝❛❧ ❊st✐♠❛t✐♦♥ ♦❢ ∆
′

❛♥❞ ∆
′

v
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✼✳✹✳✷ ❖♣❡r❛t✐♦♥❛❧ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❘❡❝♦♥♥❡❝t✐♥❣ ▲❛②❡r ❲✐❞t❤ δ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✼✳✹✳✸ ❙❝❛❧✐♥❣ ▲❛✇ ♦❢ t❤❡ ▲❛r❣❡❲❛✈❡❧❡♥❣t❤ ▲✐♠✐t ✐♥ ❲❛r♠✲❈♦❧❧✐s✐♦♥❧❡ss ❘❡❣✐♠❡✿

❈♦❧❧❡❝t✐♥❣ ❛❧❧ t❤❡ ■♥❣r❡❞✐❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶

✼✳✺ ❱✐s❝♦✉s✲❘❡s✐st✐✈❡ ❘❡❣✐♠❡ ✭S−1✱ R−1✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷

✼✳✻ ❲❛r♠✲❘❡s✐st✐✈❡ ❘❡❣✐♠❡ ✭S−1, ρs✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✹

✼✳✼ ❲❛r♠✲✐♥❡rt✐❛❧ ❘❡❣✐♠❡ ✭ρs, de✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✽

✼✳✽ ■♥❡rt✐❛❧✲r❡s✐st✐✈❡ ❘❡❣✐♠❡ ✭de, S
−1✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✵

✼✳✾ ❈r✐t✐❝❛❧ ❙❝❛❧✐♥❣ ✐♥ ❉✐✛❡r❡♥t ❘❡❣✐♠❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷

✼✳✶✵ ❙❝❛❧✐♥❣ ✐♥ ❈♦❧❧✐s✐♦♥❧❡ss ❊▼❍❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺

✼✳✶✶ ❙❝❛❧✐♥❣ ▲❛✇s ✐♥ t❤❡ ❲❛r♠✲✐♦♥ ❘❡❣✐♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞✐s❝✉ss t❤❡ st❛❜✐❧✐t② ♦❢ t❤✐♥ ❝✉rr❡♥t s❤❡❡ts ✐♥ ❞✐✛❡r❡♥t r❡❣✐♠❡s✱ ✇❤❡r❡ ✇❡
st✉❞②✱ ❢♦r ❡❛❝❤ r❡❣✐♠❡✱ t❤❡ s❝❛❧✐♥❣ ❧❛✇s ♦❢ ❜♦t❤ t❤❡ ❣r♦✇t❤ r❛t❡ ❛♥❞ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣
❧❛②❡r✱ ❛♥❞ t❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❡ s❝❛❧✐♥❣s ♦❢ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡s✳ ❚❤❡ t❡①t ♦❢ s❡❝t✐♦♥s ✼✳✶✱ ✼✳✷✱
✼✳✸✱ ✼✳✺✱ ✼✳✻✱ ✼✳✼✱ ❛♥❞ ✼✳✾ ✐s t❤❡ t❡①t✱ s❧✐❣❤t❧② ❛❞❛♣t❡❞ ❢r♦♠ ❛ ♣✉❜❧✐s❤❡❞ ❛rt✐❝❧❡ ✭❇❡t❛r ❡t ❛❧✳ ✭✷✵✷✵✮
❬✶✺✸❪✮✱ ✇❤✐❧❡ t❤❡ t❡①t ♦❢ s❡❝t✐♦♥s ✼✳✹ ❛♥❞ ✼✳✶✵ ❝♦♥❝❡r♥s ❛ ♣❛♣❡r t♦ ❜❡ s✉❜♠✐tt❡❞ ❛♥❞ s❡❝t✐♦♥ ✼✳✶✶
❝♦♥❝❡r♥s ❛ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❏❊❚✲❲P❏❊❚✶ ❛♥❞ ❏❊❚✶✲✷✵✷✵✲❈✸✾ ❊❯❘❢✉s✐♦♥ ❝❛♠♣❛✐❣♥s ✭s❡❡
❝❤❛♣t❡r ✾✮✳

✼✳✶ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts✿ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞✐s❝✉ss t❤❡ st❛❜✐❧✐t② ♦❢ t❤✐♥ ❝✉rr❡♥t s❤❡❡ts ✉s✐♥❣ t❤❡ r❡s✉❧ts ♦❢ ♥✉♠❡r✐❝❛❧
s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✺✳✼✻ ✐♥ t❤❡ ❝♦❧❞ ✐♦♥ ❧✐♠✐t✳ ❚❤✐♥ ❝✉rr❡♥t s❤❡❡ts ❝❛♥ ♦❝❝✉r
✐♥ ❧❛❜♦r❛t♦r② ♣❧❛s♠❛s✱ s✉❝❤ ❛s ✐♥ t❤❡ m = 1 ♠♦❞❡ ✐♥ t♦❦❛♠❛❦s ❬✸✸✷❪✱ ❛♥❞ ✐♥ ❛ ✈❛r✐❡t② ♦❢ s♣❛❝❡

✶✺✸



❈❤❛♣t❡r ✼✳ ❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s ✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts

♣❧❛s♠❛s✳ ❚❤❡② ❛r❡ ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ▼❍❉ t✉r❜✉❧❡♥❝❡ ❬✶✹✹❪✳ ❚❤❡② ❛r❡
❝❤❛r❛❝t❡r✐③❡❞ ❜② ❧❛r❣❡ ❛s♣❡❝t r❛t✐♦s L/a ✱✇✐t❤ L ❜❡✐♥❣ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s❤❡❡t ❛♥❞ a ✐ts ✇✐❞t❤✱
❛ ❜❛❝❦❣r♦✉♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ B0✱ ❛♥❞ ❛ s❤❡❡t ♠❛❣♥❡t✐❝ ✜❡❧❞ Bcs✱ ♥♦t ♥❡❝❡ss❛r✐❧② ♦❢ t❤❡ s❛♠❡
♦r❞❡r ❛s B0✳ ❚❤✐♥ ❝✉rr❡♥t s❤❡❡ts ❣❡♥❡r❛❧❧② ♣♦ss❡ss ❛ ❜r♦❛❞ r❛♥❣❡ ♦❢ ✉♥st❛❜❧❡ ♠♦❞❡s✱ r❛♥❣✐♥❣
❢r♦♠ ❛ ♠✐♥✐♠✉♠ ✇❛✈❡♥✉♠❜❡r kmin ♦❢ ♦r❞❡r 1/L t♦ ❛ ♠❛①✐♠✉♠ ✇❛✈❡♥✉♠❜❡r kmax ♦❢ ♦r❞❡r 1/a✳
❚❤❡ s♣❡❝tr✉♠ ❤❛s ✉s✉❛❧❧② ❛ ♠❛①✐♠✉♠ ❛t ❛ ✇❛✈❡♥✉♠❜❡r kM s✉❝❤ t❤❛t 1/L ≪ kM ≪ 1/a✳ ❚❤❡
♠❛①✐♠✉♠ ❣r♦✇t❤ r❛t❡ γM ✐s ✐♠♣♦rt❛♥t t♦ ❛ss❡ss t❤❡ ❡✈❡♥t✉❛❧ ❢❛t❡ ♦❢ t❤❡ ❝✉rr❡♥t s❤❡❡t ✐♥ t❤❡
❝♦♥t❡①t ♦❢ ❛♥ ❡✈♦❧✈✐♥❣ ♣❧❛s♠❛✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❣r♦✇t❤ r❛t❡✱ ❛♥❞ t❤❡ ❢❛st❡st ♠♦❞❡
❤❛✈❡ ❜❡❡♥ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✹✳

❆❧t❤♦✉❣❤ t❤❡ ❣r♦✇t❤ r❛t❡s ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❡❛r✐♥❣✲t②♣❡ ♠♦❞❡s
✐♥ ❞✐✛❡r❡♥t ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐ts ❛♥❞ ❞✐✛❡r❡♥t r❡❣✐♠❡s ❤❛❞ ❜❡❡♥ ❛❧r❡❛❞② ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ♣❛st✱
♠♦st❧② ❜② ♠❡❛♥s ♦❢ ❜♦✉♥❞❛r② ❧❛②❡r t❡❝❤♥✐q✉❡s✱ ❛♥ ❡①❤❛✉st✐✈❡ ♥✉♠❡r✐❝❛❧ s✉r✈❡② ♦❢ t❤❡ ✈❛❧✐❞✐t② ♦❢
t❤❡s❡ ❡st✐♠❛t❡s ❤❛❞ ♥♦t ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❜❡❢♦r❡✳

❲❡ ❤❛✈❡ ❛❞❞r❡ss❡❞ t❤✐s ✐ss✉❡ ❜② ✉s✐♥❣ t❤❡ ♠✉❧t✐✲♣r❡❝✐s✐♦♥ ❧✐♥❡❛r s♦❧✈❡r ✭❊✐❣❡♥ ❙♦❧✈❡r✮ t❤❛t
✉s❡s ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡s ✇✐t❤ t✉♥❛❜❧❡ ♣r❡❝✐s✐♦♥ ♦♥ ❛ ♥♦♥✲✉♥✐❢♦r♠ ❣r✐❞ ✇✐t❤ ❞♦✉❜❧❡ ♣❡r✐♦❞✐❝
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❝❤❛♣t❡r ✹✳ ■t ♠✉st ❛❧s♦ ❜❡ ♥♦t❡❞
t❤❛t ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✐♥ r❡❣✐♠❡s ✇❤❡r❡ t❤❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs ❛r❡ s✉✣❝✐❡♥t❧②
s♠❛❧❧✱ s♦ ❛s t♦ ❥✉st✐❢② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ♠❛t❝❤✐♥❣ t❡❝❤♥✐q✉❡s ♦❢ t❤❡ ❜♦✉♥❞❛r②
❧❛②❡r t❤❡♦r②✱ ✐s ❝❤❛❧❧❡♥❣✐♥❣ ❛❧s♦ ❢r♦♠ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❜❡❝❛✉s❡ ♦♥❡ ♠✉st r❡s♦❧✈❡
str♦♥❣ s♣❛t✐❛❧ ❣r❛❞✐❡♥ts ✐♥ ✐♥t❡r✈❛❧s ♦❢ t❤❡ ❞♦♠❛✐♥ ✇✐t❤ t❤✐❝❦♥❡ss t❤❛t s❝❛❧❡s ❛s s♦♠❡ ♣♦s✐t✐✈❡
♣♦✇❡r ♦❢ t❤❡ s♠❛❧❧ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs ✭s❡❡ ❝❤❛♣t❡r ✹ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ❡✐❣❡♥ s♦❧✈❡r✮✳

❲❡ ❡①♣❧✐❝✐t❧② r❡✲✇r✐t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✱ ❣✐✈❡♥ ❜② ❊qs✳❬✺✳✼✵✲✺✳✼✸❪ ❢♦r t❤❡ ❝♦❧❞✲✐♦♥ r❡❣✐♠❡
✭ρi = 0✮ ✇✐t❤ ✈❛♥✐s❤✐♥❣ ❡q✉✐❧✐❜r✐✉♠ s❤❡❛r ✈❡❧♦❝✐t② ✭φ0 = 0✮✱

γ
[

1− d2e

( ∂2

∂x2
− k2

)]

ψ = kρ2sψ
′
0

( ∂2

∂x2
− k2

)

φ− kF ′
0φ+ S−1

( ∂2

∂x2
− k2

)

ψ, ✭✼✳✶✮

γ
( ∂2

∂x2
− k2

)

φ = k
[

ψ′
0

( ∂2

∂x2
− k2

)

− ψ′′′
0

]

ψ +
[

R−1
( ∂4

∂x4
− 2k2

∂2

∂x2
+ k4

)]

φ, ✭✼✳✷✮

❆♥ ❡①❛❝t ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤✐s ❣❡♥❡r❛❧ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❞♦❡s ♥♦t ❣❡♥❡r❛❧❧② ❡①✐st ✐♥ ❛
❝❧♦s❡❞ ❢♦r♠✱ ❜✉t ❛♣♣r♦①✐♠❛t❡❞ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s✱ ✉s✐♥❣ ❛ ❜♦✉♥❞❛r② ❧❛②❡r ❛♣♣r♦❛❝❤ ❬✶✺✹✱ ✸✸✸❪ ✱
❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡ ❝♦♥st❛♥t✲ψ r❡❣✐♠❡ ❬✺✼❪ ❛♥❞ ✐♥t❡r♥❛❧ ❦✐♥❦ ❬✶✺✶✱ ✶✺✵❪ r❡❣✐♠❡s
♦r ✐♥ ♣✉r❡❧② ❝♦❧❧✐s✐♦♥❧❡ss r❡❝♦♥♥❡❝t✐♦♥ r❡❣✐♠❡s ❬✻✸✱ ✽✷✱ ✽✶❪✳ ❍❡✉r✐st✐❝ ❡st✐♠❛t✐♦♥s✱ t♦ ❜❡ ❞✐s❝✉ss❡❞
❧❛t❡r✱ ❝❛♥ ❜❡ s♦♠❡t✐♠❡s ✉s❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ s❝❛❧✐♥❣s ♦❢ t❤❡ ❣r♦✇t❤ r❛t❡s ❛♥❞ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣
❧❛②❡r ✇✐❞t❤ ❜② r❡❧②✐♥❣ ♦♥ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❜❛❧❛♥❝✐♥❣ ♦❢ t❤❡ t❡r♠s ♦❢ ❊qs✳❬✼✳✶✱✼✳✷❪✱ ✇✐t❤♦✉t ✇♦r❦✐♥❣
♦✉t ❛❧❧ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ♠❛t❝❤✐♥❣ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❛♣♣r♦❛❝❤✳ ❚❤✐s ❦✐♥❞
♦❢ s✐♠♣❧✐✜❡❞ ❛♥❛❧②s✐s ❤❛s ❜❡❡♥ ✜rst ❛♣♣❧✐❡❞ t♦ ❦✐♥❡t✐❝ t❡❛r✐♥❣ ❡q✉❛t✐♦♥s ❬✻✼❪✳ ❊✈❡♥ ✐♥ t❤✐s ❝❛s❡✱
❤♦✇❡✈❡r✱ t❤❡ s✉♣♣♦rt ♦❢ ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ♠❛② ❜❡ r❡q✉✐r❡❞✱ ❛s ❢♦r r❡❣✐♠❡s ✐♥ ✇❤✐❝❤ ✜♥✐t❡
▲❛r♠♦r r❛❞✐✉s ❡✛❡❝ts ❛r❡ ✐♥❝❧✉❞❡❞✳ ❲❡ ❛r❡ ❛❧s♦ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t t❤❡ ✉s❡ ♦❢ t❤✐s ❛♥❛❧②s✐s ✐s
♠♦r❡ ❝♦♠♣❧❡① ✇❤❡♥ ♠♦r❡ t❤❛♥ ♦♥❡ ✐❞❡❛❧ ♣❛r❛♠❡t❡rs ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳

❆ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤ t♦ t❤✐s ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✐s t❤❡r❡❢♦r❡ ✉s❡❢✉❧ t♦ ❞❡t❡r♠✐♥❡ t❤❡ s❝❛❧✐♥❣s
❛♥❞ ❡✐❣❡♥♠♦❞❡ ♣r♦✜❧❡s ✐♥ t❤❡ ❞✐✛❡r❡♥t r❡❝♦♥♥❡❝t✐♦♥ r❡❣✐♠❡s✳ ❋♦r t❤✐s✱ ♦♥❡ ♥❡❡❞s t♦ r❡s♦❧✈❡
❛❝❝✉r❛t❡❧② t❤❡ t❤✐♥ ❧❛②❡r ✭❤❡r❡❛❢t❡r ♥❛♠❡❞ t❤❡ ✧✐♥♥❡r ❧❛②❡r✧✮ ❛r♦✉♥❞ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❝✉rr❡♥t
s❤❡❡t✱ ✇❤❡r❡ ♥♦♥✲✐❞❡❛❧ ▼❍❉ ❡✛❡❝ts ❜❡❝♦♠❡ ✐♠♣♦rt❛♥t✳ ❲❡ ✐♥❞✐❝❛t❡ ✇✐t❤ δ t❤❡ t❤✐❝❦♥❡ss ♦❢ s✉❝❤
❧❛②❡r ✭s❡❡ ❋✐❣✳✶✳✺✮✳

❚♦ t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❛♥ ❡✐❣❡♥s♦❧✈❡r ❢♦r ❛ s❧❛❜ ♣❡r✐♦❞✐❝ ❜♦① ♦❢ ❞✐♠❡♥s✐♦♥s
[−Lx/2, Lx/2] × [−Ly/2, Ly/2] t❤❛t ✉s❡s ❝♦♠♣❛❝t ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡s ♦❢ t✉♥❛❜❧❡ ♣r❡❝✐s✐♦♥

✶✺✹



✼✳✶✳ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts✿ ■♥tr♦❞✉❝t✐♦♥

❢♦r t❤❡ ❞❡r✐✈❛t✐✈❡s ♦♥ ❛ ♥♦♥✲✉♥✐❢♦r♠ ❣r✐❞ ❛❧♦♥❣ t❤❡ x✲❞✐r❡❝t✐♦♥ ✭s❡❡ s❡❝t✐♦♥ ✹✳✶✮✳ ❚❤❡ ♥♦♥✲
✉♥✐❢♦r♠✐t② ♦❢ t❤❡ ❣r✐❞ ❡♥s✉r❡s t❤❡ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥♥❡r ❧❛②❡r✱ ✇❤❡r❡ t❤❡ ❣r✐❞ s♣❛❝✐♥❣
❝❛♥ ❜❡ ❝❤♦s❡♥ t♦ ❜❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ ✐♥ t❤❡ ♦✉t❡r ❧❛②❡r✱ ✇❤❡r❡ t❤❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs ❝❛♥
❜❡ ♥❡❣❧❡❝t❡❞✳ ❲❤✐❧❡ t❤✐s ❣✉❛r❛♥t❡❡s ❛ ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜✲
❧❡♠✱ ✐t ❛❧s♦ ❧❡❛❞s t♦ ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♠❛tr✐❝❡s ✇❤❡♥ t❤❡ ♥♦♥✲✉♥✐❢♦r♠✐t② ✐s ❤✐❣❤
❛♥❞ t❤❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs t❛❦❡ ❛s②♠♣t♦t✐❝❛❧❧② s♠❛❧❧ ✈❛❧✉❡s✳ ❚❤✐s ✐s ❡s♣❡❝✐❛❧❧② tr✉❡ ❢♦r t❤❡
❡✐❣❡♥❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❝♦♥✈❡r❣❡ ♠✉❝❤ ♠♦r❡ s❧♦✇❧② t❤❛♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t
t❤✐s ✐❧❧✲❝♦♥❞✐t✐♦♥✐♥❣ ✐s ❛♥ ✉♥❛✈♦✐❞❛❜❧❡ ❢❡❛t✉r❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✱ ✇❤❡♥ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡
s❝❤❡♠❡s ❛r❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ✐♥s✐❞❡ t❤❡ ✐♥♥❡r ❧❛②❡r✳ ❲❡ ❤❛✈❡ s♦❧✈❡❞ t❤✐s ❧❛tt❡r
♣r♦❜❧❡♠ ❜② ❞❡✈❡❧♦♣✐♥❣ ❛ ♠✉❧t✐✲♣r❡❝✐s✐♦♥ ❛❧❣♦r✐t❤♠ t❤❛t r❡❧✐❡s ♦♥ t❤❡ ❆❞✈❛♥♣✐① ▼✉❧t✐♣r❡❝✐s✐♦♥
❈♦♠♣✉t✐♥❣ ❚♦♦❧❜♦① ❢♦r ▼❆❚▲❆❇ ❬✸✸✹❪ ❢♦r ❛r❜✐tr❛② ♠❛❝❤✐♥❡ ♣r❡❝✐s✐♦♥ ❝❛❧❝✉❧❛t✐♦♥s✱ ❛♥❞ t❤❛t
s♦❧✈❡s t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ r❡❧❛t❡❞ t♦ t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✇✐t❤ ❛ ❣❡♥✲
❡r❛❧✐③❡❞ ❙❝❤✉r ❞❡❝♦♠♣♦s✐t✐♦♥ ✭♦r ◗❩ ❞❡❝♦♠♣♦s✐t✐♦♥✮ ❬✸✸✺✱ ✷✽✷❪✳

❆❧t❤♦✉❣❤ ❞✐✛❡r❡♥t ♠❛❣♥❡t✐❝ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ t❤❛t ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤
t❤✐s ❝❤♦✐❝❡✱ ✇❡ ❢♦❝✉s ❤❡r❡ ♦♥ ✏●r❛ss♦✬s ❡q✉✐❧✐❜r✐✉♠✑✱ ✜rst ♣r♦♣♦s❡❞ ✐♥ ❘❡❢✳❬✸✸✻❪✿

ψ0 =
1

2 cosh2(x)
, ✭✼✳✸✮

■♥ ❊qs❬✼✳✶✱ ✼✳✷✱ ✼✳✸❪✱ t❤❡ q✉❛♥t✐t✐❡s ❛r❡ ♥♦r♠❛❧✐③❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❊q✳✭✺✳✹✸✮ ✇❤❡r❡ B0 ✐♥ t❤✐s
❝❛s❡ ✐s ❡q✉❛❧ t♦ t❤❡ s❤❡❡t ♠❛❣♥❡t✐❝ ✜❡❧❞ Bcs✱ t❤❡ ✈❡❧♦❝✐t② ❤❡r❡ ✐s ❆❧❢✈é♥ ✈❡❧♦❝✐t② ❣✐✈❡♥ ❜② vA =
B0/

√
4πmin0✱ ❛♥❞ L0 = a ✐s t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❝✉rr❡♥t s❤❡❡t ✭s❡❡ ❋✐❣✳✶✳✺✮✳

❊q✉✐❧✐❜r✐✉♠ ✭✼✳✸✮✱ ✇❤✐❝❤ ❤❛s kmaxa =
√
5✱ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜❡❝❛✉s❡ ❛t ✜①❡❞ k ✐t ♣r♦✈✐❞❡s

❝♦♠♣❛r❛❜❧② ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ ∆′ t❤❛♥✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ψ0 = cos(x/a) ♣r♦✜❧❡ ✐♥ ❛♥ ✐♥t❡r✈❛❧ ✇✐t❤
Lx = 2π✳ ■♥ t❤✐s s❡♥s❡ ✐t ✐s ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ♦❢ ❧❛r❣❡✲∆′ ♠♦❞❡s✱
❜♦t❤ ❢♦r t❤❡ ❧✐♥❡❛r ✭✐✳❡✳ s❝❛❧✐♥❣ ❛♥❛❧②s✐s✮ ❛♥❞ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s✳ ■t ♠✉st ❜❡ ♥♦t❡❞ t❤❛t t❤✐s
❡q✉✐❧✐❜r✐✉♠ ✐s ♣❡r✐♦❞✐❝ ✐♥ x ♦♥❧② ✐♥ t❤❡ ❢♦r♠❛❧ ❧✐♠✐t Lx/a → ∞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣❡r✐♦❞✐❝ ❝♦♥✲
❞✐t✐♦♥s ✐♥ x✱ r❡q✉✐r❡❞ ❜② t❤❡ ♣r❡s❡♥t ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦❞❡ ✭t❤❡② ❝❛♥ ❜❡ ✐♥ ♣r✐♥❝✐♣❧❡ r❡❧❛①❡❞ ✐♥
t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✮ ❛r❡ ❣r❛♥t❡❞ ❜② t❛❦✐♥❣ ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✐♥t❡r✈❛❧ Lx✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r ❛
❝❤♦✐❝❡ Lx = 4πa✱ ✇❤✐❝❤ ✐s t②♣✐❝❛❧ ❢♦r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ t❡❛r✐♥❣ ♠♦❞❡s ✐♥ ♥✉♠❡r✐❝❛❧ ❜♦①❡s
✇✐t❤ ❛s♣❡❝t r❛t✐♦s ♦❢ ♦r❞❡r ♦❢ ✉♥✐t②✱ ψ0(±2π) ≃ 7× 10−6✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦r ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s
✇❛② ✐s s❤♦✇♥ t♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡ ❜② t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❧❛t❡r ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❲❡ ♥♦t❡ ❤♦✇❡✈❡r
t❤❛t ❛ s❧✐❣❤t❧② ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✭✼✳✸✮ ❤❛s ❜❡❡♥ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ✐♥ ❘❡❢✳❬✸✸✼❪✱ ✇❤❡r❡
❝♦♥st❛♥t ✈❛❧✉❡s ❤❛✈❡ ❜❡❡♥ ❛❞❞❡❞ t♦ t❤❡ ✜rst t❡r♠s ♦❢ t❤❡ ❋♦✉r✐❡r ❡①♣❛♥s✐♦♥ ✐♥ x ♦❢ ψ0✱ ✐♥ ♦r❞❡r
t♦ ❛♠❡❧✐♦r❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ✐ts ♥✉♠❡r✐❝❛❧ ❋♦✉r✐❡r s❡r✐❡s ✐♥ ❜♦①❡s ✇✐t❤ ✜♥✐t❡ ✈❛❧✉❡s ♦❢ Lx/a✳

❚❤✐s ❝❤❛♣t❡r ✇✐❧❧ st❛rt ❜② ❛ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ✐♥st❛❜✐❧✐t② ♣❛r❛♠❡t❡r ∆′✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞
s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✐♥t♦ t❤❡ ♦✉t❡r ❧❛②❡r✱ ❣♦✈❡r♥❡❞ ❜② ✐❞❡❛❧ ▼❍❉✳ ❚❤❡♥✱ ✇❡ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ♦❢
t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ❤❡✉r✐st✐❝ ❡st✐♠❛t✐♦♥s ✐♥ t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡ r❡❣✐♠❡✱ ❛♥❞ ❣♦❡s ♦♥ t♦ ✉♥❞❡rst❛♥❞
t❤❡ ❞✐✣❝✉❧t② ♦❢ ❛♣♣❧②✐♥❣ t❤✐s ❛♣♣r♦❛❝❤ ✐♥ s♦♠❡ ♦t❤❡r r❡❣✐♠❡s✳ ◆❡①t✱ ✇❡ ❢♦❧❧♦✇ t❤❛t ✇✐t❤ s❡❝t✐♦♥s
t❤❛t ❞✐s❝✉ss t❤❡ ❞✐✛❡r❡♥t r❡❣✐♠❡s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ✈✐s❝♦✉s✲r❡s✐st✐✈❡ r❡❣✐♠❡✱ ✇❛r♠✲r❡s✐st✐✈❡ r❡❣✐♠❡✱
✇❛r♠✲✐♥❡rt✐❛❧ r❡❣✐♠❡✱ ❛♥❞ ✐♥❡rt✐❛❧✲r❡s✐st✐✈❡ r❡❣✐♠❡✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ ❝❤❛♣t❡r ✇✐t❤ s♦♠❡
♥❡✇ r❡s✉❧ts ✐♥ ❜♦t❤ ❊▼❍❉✱ ❛♥❞ ✇❛r♠✲✐♦♥ ❧✐♠✐t ✭ρi 6= 0✮✳

✶✺✺



❈❤❛♣t❡r ✼✳ ❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s ✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts

✼✳✷ ❊st✐♠❛t✐♥❣ t❤❡ ■♥st❛❜✐❧✐t② ♣❛r❛♠❡t❡r ∆′

❆s ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✸✳✶✱ t❤✐s ♣❛r❛♠❡t❡r ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜② s♦❧✈✐♥❣ t❤❡ s②st❡♠ ♦❢ ❡q✉❛✲
t✐♦♥s ✐♥ t❤❡ ♦✉t❡r ❧❛②❡r✳ ❚❤❡r❡❢♦r❡✱ ✐t ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ t❤❡
✇❛✈❡♥✉♠❜❡r✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ∆′ ✐♥ t❡r♠ ♦❢ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ r❡❛❞s✱

∆′ ≡ lim
ǫ→0

ψ′
out(ǫ)− ψ′

out(−ǫ)
ψout(0)

, ✭✼✳✹✮

■♥ t❤❡ ♦✉t❡r ❧❛②❡r✱ t❤❡ r❡❣✐♠❡ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ✐❞❡❛❧ ▼❍❉ ✭❛❧❧ t❤❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡r t❡r♠s
❜❡❝♦♠❡ ♥❡❣❧✐❣✐❜❧❡ ✐♥ ❖❤♠ ❧❛✇✮✱ t❤❡r❡❢♦r❡ ❊qs❬✺✳✻✶✱ ✺✳✻✷❪✱ ♦♥❝❡ ❧✐♥❡❛r✐③❡❞ ❣✐✈❡

[ψout, ψ
′′

0 ] + [ψ0,∇2ψout] = 0, ✭✼✳✺✮

■t ✐s t❤❡r❡❢♦r❡ ♦❜✈✐♦✉s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ t❤❛t ∆′ = ∆′(k, ψ0)✳ ❚❤✐s ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥ ❝❛♥ ❜❡ s♦❧✈❡❞ ❢♦r t❤❡ ❝❤♦s❡♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡♥✱ ∆′ ✐s ❡st✐♠❛t❡❞ ✉s✐♥❣ ❊q✳✭✼✳✹✮✳ ❚❛❜❧❡
✼✳✶ s❤♦✇s t❤❡ ❢♦r♠✉❧❛❡ ♦❢ ∆′ ❢♦r ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐❛ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❢❡r❡♥❝❡s✳

ψ0(x/a) B0
y(x/a) = −dψ0/dx ❘❡❢✳ ∆′(ka) ❘❡❢✳ lim

ka→0
∆′ ∼ (ka)−p p

Bcsa ln |cosh(x/a )| Bcs tanh(x/a) ❬❬✶✺✻❪❪ 2

(
1

ka
− ka

)

❬❬✺✼❪❪
2

ka
✶







0 ❢♦r x ≤ −a
Bcs(x/a) ❢♦r − a < x ≤ a

0 ❢♦r x > a







0 ❢♦r x ≤ −a
Bcs ❢♦r − a < x ≤ a

0 ❢♦r x > a
❬❬✺✼❪❪ 2(ka)

(
(1− ka)− ka tanh(ka)

ka− (1− ka) tanh(ka)

)

❬❬✺✼❪❪
2

ka
✶

Bcsa cos (x/a) Bcssin (x/a) ❬❬✺✽❪❪ 2
√

1− (ka)2 tan
(π

2

√

1− (ka)2
)

❬❬✶✺✷❪❪
8

π(ka)2
2

Bcsa

2 cosh2(x/a)
Bcs

tanh(x/a)

cosh2(x/a)
❬❬✸✸✻❪❪ 2

(

−(ka)4 + 2(ka)2 + 15

(ka)2
√

4 + (ka)2

)

❬❬✸✸✻❪❪
15

(ka)2
✷

❚❛❜❧❡ ✼✳✶✿ ✿ ❊q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡s ❛♥❞ r❡❧❛t❡❞ ❡①♣r❡ss✐♦♥ ♦❢ ∆′(ka) ✭❜♦t❤ ✇✐t❤ ❛ ❜✐❜❧✐♦❣r❛♣❤✐❝❛❧
r❡❢❡r❡♥❝❡ ❛❜♦✉t ✇❤❡r❡ t❤❡ ❢♦r♠❡r ❤❛❞ ❜❡❡♥ ✜rst ✉s❡❞ ❢♦r t❡❛r✐♥❣ ♠♦❞❡ ❛♥❛❧②s✐s ❛♥❞ ❛❜♦✉t ✇❤❡r❡
❛ ❢♦r♠✉❧❛ ❢♦r t❤❡ s❡❝♦♥❞ ❤❛s ❜❡❡♥ ♣r♦✈✐❞❡❞✮✱ ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ s❝❛❧✐♥❣ ♦❢ ∆′(ka) ✇✐t❤ r❡s♣❡❝t
t♦ ka ❢♦r ka ≪ 1✳ ■♥ t❤✐s t❛❜❧❡✱ ❞✐♠❡♥s✐♦♥❛❧ ✉♥✐ts ❤❛✈❡ ❜❡❡♥ r❡✐♥tr♦❞✉❝❡❞✳ ◆♦t✐❝❡ t❤❛t k ✐s
❞✐♠❡♥s✐♦♥❛❧ ✐♥ t❤❡ t❛❜❧❡✳

■♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❝♦♥t✐♥✉✉♠ s♣❡❝tr✉♠ ♦❢ ✇❛✈❡♥✉♠❜❡rs✱ t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t k → 0
❛♥❞ t❤❡ s♠❛❧❧ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t k → kmax ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ r❡s♣❡❝t✐✈❡❧② ❝♦rr❡s♣♦♥❞ t♦
t❤❡ ❧❛r❣❡✲∆′ ✭∆′δ ≫ 1✮ ♦r ✐♥t❡r♥❛❧✲❦✐♥❦ r❡❣✐♠❡ ❬✶✺✶✱ ✶✺✵❪ ♦r t♦ t❤❡ s♠❛❧❧✲∆′ ♦r ❝♦♥st❛♥t✲ψ r❡❣✐♠❡
✭∆′δ ≪ 1✮ ❬✺✼❪✱ ✇❤❡r❡ δ ✐s t❤❡ ✇✐❞t❤ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r✳ ❚❤❡s❡ r❡❣✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳
✼✳✶✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ✜♥❞ t❤❡ s❝❛❧✐♥❣ ❧❛✇s ❢♦r t❤❡ ❣r♦✇t❤ r❛t❡ ❛♥❞ ✇✐❞t❤ ♦❢
t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s ✐♥ ❧❛r❣❡✲✱ s♠❛❧❧✲∆′ ❧✐♠✐ts ✭❤❡r❡❛❢t❡r✱ LD✱ ❛♥❞ SD✱ r❡s♣❡❝t✐✈❡❧②✮✱ ❛♥❞ ♦❢
t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ ✐❢ ❛ ❣❡♥❡r❛❧ ♣r♦❝❡❞✉r❡ ❤❛s ❜❡❡♥ s✉❣❣❡st❡❞ t♦ ❡st✐♠❛t❡
t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ❢❛st❡st ♠♦❞❡ ✐♥ ❝♦❧❧✐s✐♦♥❧❡ss✱ ♣✉r❡❧② r❡s✐st✐✈❡✱ ❛♥❞ ✈✐s❝♦✉s✲r❡s✐st✐✈❡ r❡❣✐♠❡s ✐♥
❘❡❢s✳❬✷✹✱ ✶✻✹❪ ❜② ❡q✉❛t✐♥❣ γSD(kM ) = γLD(kM ) ❛♥❞ ❛ss✉♠✐♥❣ ∆′(k) ∼ k−p✱ ❢♦r k ≪ 1✱ t❤❡
❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❢❛st❡st ♠♦❞❡ ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡ ✐♥✈♦❦❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢
✉s✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤✳

❆s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✹✱ t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ✇❛s ❛❧r❡❛❞② ❛❞❞r❡ss❡❞ ✐♥ ❛
s❡r✐❡s ♦❢ ♣❛♣❡rs ❜② ❈r♦ss ❛♥❞ ❱❛♥ ❍♦✈❡♥ ❬✺✽✱ ✺✾✱ ✻✵✱ ✻✶❪ t❤❛t ✇❡r❡ ♠❛✐♥❧② ❢♦❝✉s❡❞ ♦♥ ❛♣♣❧✐❝❛t✐♦♥s
t♦ ❛str♦♣❤②s✐❝❛❧ ♣❧❛s♠❛s✳ ■♥ t❤❡s❡ ♣❛♣❡rs t❤❡ t②♣✐❝❛❧ ❛s♣❡❝t r❛t✐♦ ♦❢ t❤❡ ❝✉rr❡♥t s❤❡❡t ✐s t❛❦❡♥
t♦ ❜❡ ✈❡r② ❧❛r❣❡✱ s♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ L/a → ∞ ❝❛♥ ❜❡ ❛❞♦♣t❡❞✳ ❆ ♣❛r❛❞✐❣♠❛t✐❝ ❡①❛♠♣❧❡✱
❛❧r❡❛❞② ❝♦♥s✐❞❡r❡❞ ❜② ❉✉♥❣❡② ✐♥ ❤✐s ✜rst ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ r❡❝♦♥♥❡❝t✐♦♥ ❬✷✻✱ ✸✸✽❪✱
✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ t❡rr❡str✐❛❧ ♠❛❣♥❡t♦t❛✐❧✳ ■ts ✐♥st❛❜✐❧✐t② t♦ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s ✐♥ ❛ ❝♦♥t✐♥✉♦✉s

✶✺✻



✼✳✷✳ ❊st✐♠❛t✐♥❣ t❤❡ ■♥st❛❜✐❧✐t② ♣❛r❛♠❡t❡r ∆′

❋✐❣✉r❡ ✼✳✶✿ ❚❤❡ ❝♦♥t✐♥✉♦✉s ❧✐♥❡ s❤♦✇s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ γ ♦♥ k ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s ✐♥t❡r✈❛❧
[0, kmaxa]✱ ❢♦r t❡❛r✐♥❣ ♠♦❞❡s ❞✉❡ r❡s✐st✐✈✐t② ✭S−1 = 5×10−6✮✳ ❉♦ts✱ st❛rs ❛♥❞ sq✉❛r❡s ❝♦rr❡s♣♦♥❞
✐♥st❡❛❞ t♦ t❤❡ ❞✐s❝r❡t❡ ♠♦❞❡s t❤❛t ❝❛♥ ❜❡ ❞❡st❛❜✐❧✐③❡❞ ✇❤❡♥ L/a = π ✭❜❧❛❝❦ sq✉❛r❡✮✱ 2π ✭❣r❡❡♥
st❛r✮✱ 20 ✭❜❧✉❡ ❞♦ts✮✱ 40 ✭r❡❞ st❛rs✮ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❧❛r❣❡st ♦s❝✐❧❧❛t✐♦♥ ♥✉♠❜❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦
⌊kmgL/(2π)⌉✱ ✇❤❡r❡ ✏⌊...⌉✑ ♠❡❛♥s ✏✐♥t❡❣❡r ♣❛rt ♦❢✑✳ ❍❡r❡ kmaxa =

√
5 ✐s ✜①❡❞ ❜② t❤❡ ❡q✉✐❧✐❜r✐✉♠

♣r♦✜❧❡ ✭✼✳✸✮✱ ✇❤❡r❡❛s✱ ❢♦r ❝♦♠♣❛r✐s♦♥✱ kmaxa = 1 ✐♥ t❤❡ ❝❛s❡ ♦❢ ❍❛rr✐s✬ ♣✐♥❝❤ ❡q✉✐❧✐❜r✐✉♠ ❬✶✺✻❪✳

✶✺✼



❈❤❛♣t❡r ✼✳ ❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s ✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts

s♣❡❝tr✉♠ ♦❢ ✇❛✈❡❧❡♥❣t❤s ❤❛s ❜❡❡♥ ❛❞❞r❡ss❡❞ ✐♥ ❛ ❦✐♥❡t✐❝ ❢r❛♠❡✇♦r❦ ✐♥ ❘❡❢✳ ❬✻✻❪✱ ❛♥❞ t❤❡♥✱ ❜②
❝♦♥s✐❞❡r✐♥❣ r❡s✐st✐✈❡ s❧❛❜ t❡❛r✐♥❣ ♠♦❞❡s✱ ✐♥ ❘❡❢s✳❬✸✸✾✱ ✺✾❪✳ ❖t❤❡r ❛str♦♣❤②s✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢
t❡❛r✐♥❣ t❤❡♦r② t♦ ❧❛r❣❡ ❛s♣❡❝t r❛t✐♦ ❝✉rr❡♥t s❤❡❡ts ❤❛✈❡ ❜❡❡♥ t❤❡♥ ❝♦♥s✐❞❡r❡❞ ❢♦r ❝♦r♦♥❛❧ ♠❛ss
❡❥❡❝t✐♦♥s ✭s❡❡ ❘❡❢s✳ ❬✸✹✵✱ ✶✹✷✱ ✶✺✼✱ ✸✹✶❪✮✱ ✇❤♦s❡ ♦❝❝✉rr❡♥❝❡ ❝❧♦s❡ t♦ ♥❡✉tr❛❧ ♠❛❣♥❡t✐❝ ♣♦✐♥ts
♥♦t❡❞ ❜② ●✐♦✈❛♥❡❧❧✐ ❬✷✵❪ ❤❛❞ ✐♥❞❡❡❞ ♠♦t✐✈❛t❡❞ ❍♦②❧❡ ❬✷✺❪ ❛♥❞ ❉✉♥❣❡② ❬✷✻✱ ✸✸✽❪ t♦ ❡①♣❧♦r❡ ❛♥❞
❢♦r♠❛❧✐③❡ t❤❡ ♠❡❝❤❛♥✐s♠ t❤❛t ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❧❛t❡r ❞✉❜❜❡❞ ✏♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥❬✶✾❪✑ ✭s❡❡
t❤❡ ❣❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥ ❢♦r ❛ ❜r✐❡❢ r❡✈✐❡✇ ♦❢ t❤❡ ❤✐st♦r② ♦❢ t❤❡ s✉❜❥❡❝t✮✳
■♥ ♣❛rt✐❝✉❧❛r✱ ❛s ♥♦t❡❞ ❜② ❱❡❧❧✐ ❛♥❞ ❍♦♦❞❬✶✺✼❪✱ ❛♥ ❛s♣❡❝t r❛t✐♦ ♦❢ t❤❡ ♦r❞❡r ♦❢ L/a ∼ 20 ✐s
t②♣✐❝❛❧❧② s✉✣❝✐❡♥t t♦ ❛❧❧♦✇ t❤❡ ✐♥st❛❜✐❧✐t② ♦❢ ♠♦❞❡ ✇✐t❤ ❛ ✇❛✈❡♥✉♠❜❡r ❝❧♦s❡ ❡♥♦✉❣❤ t♦ t❤❛t ♦❢
t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ❛s ❝♦♠♣✉t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❝♦♥t✐♥✉♦✉s s♣❡❝tr✉♠✳ ❚❤✐s ✐s ❝❧❡❛r❧②
s❤♦✇♥ ✐♥ ❋✐❣✳ ✼✳✶✳ ■♥ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts t❤❛t ❢♦❧❧♦✇✱ ❤♦✇❡✈❡r✱ t❤❡ ❢❛st❡st ♠♦❞❡ ❤❛s ❜❡❡♥
✐❞❡♥t✐✜❡❞ ❜② s❡❧❡❝t✐♥❣✱ ❢♦r ❡❛❝❤ ✜①❡❞ ❝♦✉♣❧❡ ♦❢ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs ❛t ♣❧❛②✱ t❤❡ ✇❛✈❡ ♥✉♠❜❡r
✇❤✐❝❤ ❞✐s♣❧❛②❡❞ t❤❡ ♠❛①✐♠✉♠ ❣r♦✇t❤ r❛t❡ ❛❢t❡r ❛ s❝❛♥ ♦✈❡r ❛❜♦✉t 40 ♠♦❞❡s ✐♥ t❤❡ (0,

√
5)

✐♥t❡r✈❛❧ ♦❢ t❤❡ ✭♥♦r♠❛❧✐③❡❞✮ k ✈❛r✐❛❜❧❡✳

✼✳✸ ❊①❛♠♣❧❡ ♦♥ t❤❡ ❍❡✉r✐st✐❝ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ❙❝❛❧✐♥❣ ▲❛✇ ❢♦r
P✉r❡❧② ❘❡s✐st✐✈❡ ❘❡❣✐♠❡

❍❡✉r✐st✐❝ ❡st✐♠❛t✐♦♥ ❝♦♠❜✐♥❡s t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❛♣♣r♦❛❝❤ ✇✐t❤ s♦♠❡ ❛♥s❛t③ ❛❜♦✉t t❤❡ ♦r❞❡r✲
✐♥❣ ♦❢ t❡r♠s ✐♥ t❤❡ ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥s✳ ❚❤✐s ✇❛②✱ ✇❡ ❛✈♦✐❞ s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡
❛s②♠♣t♦t✐❝ ♠❛t❝❤✐♥❣ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ s♦♠❡ r❡❣✐♠❡s✱ s✉❝❤ ❛s ✇❛r♠✲✐♥❡rt✐❛❧✱
✇❛r♠✲r❡s✐st✐✈❡✱ ❛♥❞ ❊▼❍❉ r❡❣✐♠❡s✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ✉s❡ s✉❝❤ ❛ t❡❝❤♥✐q✉❡ ✭✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❞✐s✲
❝✉ss t❤✐s ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✮✳ ❍❡♥❝❡✱ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ❜❡❝♦♠❡s ♥❡❝❡ss❛r② ✇❤❡♥ ❛tt❡♠♣t✐♥❣
t♦ ✈❡r✐❢② t❤❡ ❦♥♦✇♥ ❛♥❛❧②t✐❝❛❧ s❝❛❧✐♥❣ ❧❛✇s ♦r t♦ ❡①♣❧♦r❡ ♥❡✇ r❡❣✐♠❡s✳ ❋♦r ✐❧❧✉str❛t✐✈❡ ♣✉r♣♦s❡s✱
❧❡t ✉s ♥♦✇ ♣r♦❝❡❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❢♦r s✐♠♣❧✐❝✐t② t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡ t❡❛r✐♥❣✳ ■♥ t❤✐s
❝❛s❡✱ ❊qs ❬✼✳✶✱ ✼✳✷❪ ❜❡❝♦♠❡

γψ = −kψ′
0φ+ S−1ψ

′′ − k2ψ, ✭✼✳✻✮

γφ
′′ − γk2φ = kψ′

0ψ
′′ − k3ψ − ψ′′′

0 ψ, ✭✼✳✼✮

❲❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❊qs✳✭✼✳✻✲✼✳✼✮ ❛t ❛ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♥❡✉tr❛❧ ❧✐♥❡ ♦❢ t❤❡ ♦r❞❡r
♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r ✇✐❞t❤ δ✱ ✇❡ ❝❛♥ ♥❡❣❧❡❝t k2 ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❞❡r✐✈❛t✐✈❡
✐♥ x ♦❢ t❤❡ ♣❡rt✉r❜❡❞ q✉❛♥t✐t✐❡s✳ ❲❡ ❝❛♥ ❛❧s♦ ❛♣♣r♦①✐♠❛t❡ ψ′

0|x≃δ ∼ δψ′′
0 |x≃δ ❛♥❞ ♥❡❣❧❡❝t t❤❡ ψ′′′

0

t❡r♠✳ ❇② ♦r❞❡r✐♥❣ ψ′′
1/ψ1 ∼ 1/δ2 ❢♦r t❤❡ ❧❛r❣❡ ❧✐♠✐t✱ ✇❡ t❤❡♥ ♦❜t❛✐♥ t❤❡ t✇♦ t✐♠❡ s❝❛❧❡s

γ ∼ S−1

δ2
,

ψ

φ
∼ kδ

γ
, ❛♥❞ γ ∼ kδ, ✭✼✳✽✮

❚❤❡ ✜rst t✐♠❡ s❝❛❧❡ ✐s t❤❡ r❡s✐st✐✈❡ ❞✐✛✉s✐♦♥ t✐♠❡ ❛❧♦♥❣ x ♦✈❡r t❤❡ s❝❛❧❡ δ✱ ✇❤✐❧❡ t❤❡ ❧❛st
♦♥❡ ✐s ❡ss❡♥t✐❛❧❧② t❤❡ s❤❡❛r✲❆❧❢✈é♥ ✇❛✈❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❛t t❤❡ s❝❛❧❡ x ∼ δ✳ ■t ✐s r❡❧❛t❡❞ t♦
t❤❡ ♥❛t✉r❛❧ t✐♠❡ s❝❛❧❡ τ0 ❛♥❞ ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ❡①♣❧✐❝✐t❧② ♦♥ t❤❡ ❝✉rr❡♥t s❤❡❡t ✇✐❞t❤ a ♥♦r ♦♥
t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ s②st❡♠ ❧❡♥❣t❤ L ✭✇❤❡♥ r❡st♦r✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥s✱ ✐t ❜❡❝♦♠❡s γτ0 ∼ k̂δ̂✱ ✇❤❡r❡
k̂ = k/a, δ̂ = δa✮✳ ❚❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡ ✐s ✈❛❧✐❞ ✐♥ t❤❡ ❧❛r❣❡ ∆′ ❧✐♠✐t✱ t❤❛t ✐s✱ ❛s ❧♦♥❣ ❛s ∆′δ ≫ 1✳
❚❤❡ s❡❝♦♥❞ t❡r♠ r❡s✉❧ts ❢r♦♠ ❜❛❧❛♥❝✐♥❣ t❤❡ γψ t❡r♠ ✇✐t❤ kψ

′

0φ✳
■♥ t❤❡ s♠❛❧❧✲∆′ ❧✐♠✐t✱ ♦♥❡ ♠✉st ❛ss✉♠❡ ψ′

1/ψ1 ∼ ∆′ ❛♥❞ ψ′′
1/ψ1 ∼ ∆′/δ✳ ❖♥❡ t❤❡♥ ❤❛s✱ ❢♦❧❧♦✇✐♥❣

t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡✱ t❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s

γ ∼ kδ(∆′δ)1/2 ❛♥❞ γ ∼ S−1∆′

δ
, ✭✼✳✾✮

✶✺✽



✼✳✹✳ ❍❡✉r✐st✐❝ ❊st✐♠❛t✐♦♥✿ ❆ ▼✐ss✐♥❣ ❈❤❛r❛❝t❡r✐st✐❝ ▲❡♥❣t❤

❲❡ ❤❛✈❡ t❤✉s ❤❡✉r✐st✐❝❛❧❧② ♦❜t❛✐♥❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s❝❛❧✐♥❣s ✐♥ t❤❡ ❧❛r❣❡✲ ✭❧❛❜❡❧ ✏LD✑✮ ❛♥❞ ✐♥
t❤❡ s♠❛❧❧✲∆′ ✭❧❛❜❡❧ ✏SD✑✮ ❧✐♠✐ts✱ r❡s♣❡❝t✐✈❡❧②✿

γLD ∼ kδLD, δLD ∼ (kS)−1/3 ✭✼✳✶✵✮

γSD ∼ kδSD(∆
′δSD)

1/2, δSD ∼ (kS)−2/5∆′1/5 ✭✼✳✶✶✮

❙❝❛❧✐♥❣s ✭✼✳✶✵✲✼✳✶✶✮ t❤❡♥ ❞❡✜♥❡ t❤❡ t✇♦ r❛♥❣❡s ♦❢ t❤❡ s♣❡❝tr✉♠ ♦❢ ✉♥st❛❜❧❡ ♠♦❞❡s ✇❤✐❝❤
♠❡❡t ❛t ❛ ✇❛✈❡♥✉♠❜❡r s✉❝❤ t❤❛t δLD ∼ δSD ∼ ∆′−1✳ ❚❤✐s s✐t✉❛t✐♦♥ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✼✳✶✱
✇❤❡r❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ γ ✐s r❡♣r❡s❡♥t❡❞ ✇✐t❤ r❡s♣❡❝t ❜♦t❤ t♦ ❛ ❝♦♥t✐♥✉✉♠ s♣❡❝tr✉♠ ❛♥❞ t♦ ❛
❞✐s❝r❡t❡ s♣❡❝tr✉♠ ✐♥ k✱ t❤❡ ❧❛tt❡r ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ L/a✳ ❖♥❡ ♦❜s❡r✈❡s t❤❛t t❤❡ ✇❛✈❡♥✉♠❜❡r
❛t ✇❤✐❝❤ t❤❡ t✇♦ r❛♥❣❡s ♠❡❡t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠♦st ✉♥st❛❜❧❡ ♠♦❞❡ ✐❢ L/a ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳
❊✈❡♥t❤♦✉❣❤ t❤✐s s✐♠♣❧❡ ♣r♦❝❡❞✉r❡ ❛❧❧♦✇s ✉s t♦ r❡❝♦✈❡r t❤❡ ✇❡❧❧✲❦♥♦✇♥ s❝❛❧✐♥❣s ✐♥ t❤❡ ♣✉r❡❧②
r❡s✐st✐✈❡ r❡❣✐♠❡ ❬✺✼✱ ✺✾✱ ✶✺✶❪✱ ✐t s♦♠❡t✐♠❡s ❞♦❡s ♥♦t ✇♦r❦ ✇❤❡♥ ❛tt❡♠♣t✐♥❣ t♦ ✜♥❞ t❤❡ s❝❛❧✐♥❣
❧❛✇s ✐♥ ♦t❤❡r r❡❣✐♠❡s✱ s✉❝❤ ❛s t❤❡ ❧❛r❣❡✲∆′ ❧✐♠✐t ♦❢ t❤❡ ✇❛r♠✲✐♥❡rt✐❛❧ r❡❣✐♠❡ ❬✽✺❪ ♦r ✐♥ t❤❡
❝♦❧❧✐s✐♦♥❧❡ss ❊▼❍❉ r❡❣✐♠❡ ❬✾✸❪✳

✼✳✹ ❍❡✉r✐st✐❝ ❊st✐♠❛t✐♦♥✿ ❆ ▼✐ss✐♥❣ ❈❤❛r❛❝t❡r✐st✐❝ ▲❡♥❣t❤

❚♦ ♣r❡s❡♥t t❤❡ ❞✐✣❝✉❧t② ❡♥❝♦✉♥t❡r❡❞ ✇❤❡♥ tr②✐♥❣ t♦ ❛♣♣❧② t❤❡ ❤❡✉r✐st✐❝ ❛♣♣r♦❛❝❤ t♦ ♦t❤❡r
r❡❣✐♠❡s✱ ✇❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❡ ✇❛r♠✲❝♦❧❧✐s✐♦♥❧❡ss r❡❣✐♠❡✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❛tt❡♠♣t t♦
❡♠♣❧♦② t❤❡ ♠❡t❤♦❞ ✇❡ ❤❛✈❡ ✉s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t♦ ♦❜t❛✐♥ t❤❡ s❝❛❧✐♥❣ ❧❛✇s ♦❢ t❤❡ ✇❛r♠✲
❝♦❧❧✐s✐♦♥❧❡ss ❝❛s❡✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ t❤❛t t❛❦✐♥❣ ψ

′′
/ψ ∼ 1/δ2 ✐♥ t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t

✇♦♥✬t ❛❧❧♦✇ ✉s t♦ r❡❝♦✈❡r t❤❡ s❝❛❧✐♥❣ ❧❛✇s s✐♥❝❡ ✇❡ ❞✐❞ ♥♦t ❛❝❝♦✉♥t ❢♦r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②
✐♠♣♦s❡❞ ❜② t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ♠♦r❡ t❤❛♥ ♦♥❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡r ✐♥t♦ t❤❡ ♣r♦❜❧❡♠✳

■♥ t❤❡ ✇❛r♠✲❝♦❧❧✐s✐♦♥❧❡ss r❡❣✐♠❡✱ ❊qs ❬✼✳✶✱ ✼✳✷❪ ❜❡❝♦♠❡

γψ − γd2eψ
′′
= kρ2sψ

′

0φ
′′ − k3ρ2sψ

′

0φ− kψ′
0φ, ✭✼✳✶✷✮

γφ
′′ − γk2φ = kψ′

0ψ
′′ − k3ψ − ψ′′′

0 ψ, ✭✼✳✶✸✮

❲❡ ❛❣❛✐♥ ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s s②st❡♠✱ ❝♦♠♣♦s❡❞ ♦❢ ❊q✳✭✼✳✶✷✮ ❛♥❞ ❊q✳✭✼✳✶✸✮✱
✐♥ t❤❡ ✐♥♥❡r r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r✳ ■♥ t❤✐s r❡❣✐♦♥✱ ✇❡ ❝❛♥ ♥❡❣❧❡❝t t❤❡ t❡r♠s ♣r♦♣♦rt✐♦♥❛❧ t♦ k2✱ ❛♥❞
❛♣♣r♦①✐♠❛t❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♠❛❣♥❡t✐❝ str❡❛♠ ❢✉♥❝t✐♦♥ ❛s ψ′

0|x≃δ ∼ δψ′′
0 |x≃δ ✱

❛♥❞ ✇❡ ♥❡❣❧❡❝t t❤❡ ψ
′′′

0 ✳ ❚❤❡♥✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s r❡❛❞

γψ − γd2eψ
′′
= kρ2sδφ

′′ − kδφ, ✭✼✳✶✹✮

γφ
′′
= kδψ

′′
, ✭✼✳✶✺✮

❲❤❡♥ ✇❡ ❞❡r✐✈❡ t❤❡ s❝❛❧✐♥❣ ❧❛✇s ✉s✐♥❣ t❤❡ ❤❡✉r✐st✐❝ ❡st✐♠❛t✐♦♥✱ ❛s ✇❡ ❤❛✈❡ ❞♦♥❡ ✐♥ t❤❡ ♣✉r❡❧②
r❡s✐st✐✈❡ r❡❣✐♠❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s

ψ
′′

ψ
∼ 1

δ2
❢♦r ∆

′
δ ≫ 1,

ψ
′′

ψ
∼ ∆′

δ
❢♦r ∆

′
δ ≪ 1. ✭✼✳✶✻✮

◆❡❣❧❡❝t✐♥❣ t❤❡ s✐❣♥s✱ ❊q✳✭✼✳✶✺✮ ❣✐✈❡s

φ
′′
=
kδ

γ
ψ

′′
, ✭✼✳✶✼✮

✶✺✾



❈❤❛♣t❡r ✼✳ ❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s ✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts

❋✐❣✉r❡ ✼✳✷✿ ❙❦❡t❝❤ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❤❡♥ t✇♦ ❜♦✉♥❞❛r② ❧❛②❡rs ❛r❡ r❡q✉✐r❡❞
✭❡✳❣✳✱ ❝❛s❡ ♦❢ t❤❡ ✇❛r♠ ❝♦❧❧✐s✐♦♥❧❡ss ❘▼❍❉✮✳ ❚❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r ✇✐❞t❤✱ δ✱ ✐s ♥♦t ❞❡✜♥❡❞ ❛ ♣r✐♦r✐
s✐♥❝❡ ✐t ❝❛♥ ❞✐✛❡r ❢r♦♠ δ1 ❛♥❞ δ2✳

❲❤✐❧❡ ❜❛❧❛♥❝✐♥❣ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② t❡r♠ ♦♥ t❤❡ ▲❍❙ ♦❢ ❊q✳✭✼✳✶✹✮ ✇✐t❤ t❤❡ ✜rst t❡r♠ ♦♥ t❤❡
❘❍❙ ♦❢ t❤❡ s❛♠❡ ❡q✉❛t✐♦♥ ❣✐✈❡s

φ
′′
=

γd2e
kρ2sδ

ψ
′′
. ✭✼✳✶✽✮

❙✉❜st✐t✉t✐♥❣ ❊q✳✭✼✳✶✽✮ ✐♥ ❊q✳✭✼✳✶✼✮✱ ♦♥❡ ✜♥❞s

γ ∼ kδ
ρs
de

✭✼✳✶✾✮

❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛❧♦♥❡ ✐s ♥♦t s✉✣❝✐❡♥t t♦ ♦❜t❛✐♥ t❤❡ s❝❛❧✐♥❣ ❧❛✇s ♦❢ γ ❛♥❞ δ✳ ❚❤❡r❡❢♦r❡✱
✇❡ ♥❡❡❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡q✉❛t✐♦♥ t♦ ❝❧♦s❡ t❤❡ s②st❡♠✳ ❚❤❡ ✜rst t❤✐♥❣ t❤❛t ❝♦♠❡s t♦ ♠✐♥❞ ✐s t♦ r❡❧②
♦♥ t❤❡ s❛♠❡ ♠❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❍❡♥❝❡✱ ✇❡ ❞❡♣❡♥❞ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥s ❣✐✈❡♥ ❜②
❊q✳✭✼✳✶✻✮✱ ❛♥❞ ❜❛❧❛♥❝✐♥❣ ❞✐✛❡r❡♥t t❡r♠s ✐♥ ❊q✳✭✼✳✶✹✮ ❛♥❞ ❊q✳✭✼✳✶✺✮ t♦ ✜♥❞ t❤❡ r❡q✉✐r❡❞ r❡❧❛t✐♦♥
t♦ ❝❧♦s❡ t❤❡ s②st❡♠✳ ❍♦✇❡✈❡r✱ ✇❤✐❧❡ t❤✐s ♣r♦❝❡❞✉r❡ ♣❡r❢❡❝t❧② ✇♦r❦s ❢♦r t❤❡ s♠❛❧❧ ✇❛✈❡❧❡♥❣t❤
❧✐♠✐t ✭♦r t❡❛r✐♥❣ ♠♦❞❡s✿ ∆

′
δ ≪ 1✮✱ ♥♦ ❝♦♠❜✐♥❛t✐♦♥s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t t❡r♠s ✐♥ t❤❡ ❡q✉❛t✐♦♥s

❛❧❧♦✇ ✉s t♦ r❡❝♦✈❡r t❤❡ s❝❛❧✐♥❣ ❧❛✇s ♦❢ t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t ✭ ∆
′
δ ≫ 1❀ t❤✐s ✐s ❛❧s♦ tr✉❡

❢♦r t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t ✐♥ t❤❡ ❝♦❧❧✐s✐♦♥❧❡ss ❊▼❍❉ r❡❣✐♠❡✮✳ ■♥ t❤❡s❡ ❝❛s❡s✱ t❤❡ ♣r♦❜❧❡♠ ✐s
❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛t ❧❡❛st t✇♦ ❜♦✉♥❞❛r② ❧❛②❡rs ❛♥❞ t❤❡r❡❢♦r❡ ♦❢ t✇♦ ♠❛t❝❤✐♥❣ r❡❣✐♦♥s ✭s❡❡
❋✐❣✳✼✳✷✮✱ ✇❤♦s❡ ❝❤❛r❛❝t❡r✐st✐❝ ✇✐❞t❤s ✭δ1 ❛♥❞ δ2✮✱ ❞❡♣❡♥❞ ♦♥ t❤❡ s♣❛t✐❛❧ s❝❛❧❡s ♦❢ t❤❡ ♣r♦❜❧❡♠
✐♥ ❛ ♥♦♥✲tr✐✈✐❛❧ ✇❛②✳ ▼♦r❡♦✈❡r t❤❡ ♥♦t✐♦♥ ♦❢ ✏r❡❝♦♥♥❡❝t✐♦♥ ❧❛②❡r ✇✐❞t❤✏✱ ✇❤✐❝❤ ✇❡ ❝❛♥ ❦❡❡♣ ♦♥
♥❛♠✐♥❣ δ✱ ✐♥ t❤✐s ❝❛s❡ ❝❛♥ ♥♦t ❜❡ ❛ ♣r✐♦r✐ r❡❧❛t❡❞ t♦ t❤❡ ✇✐❞t❤ ♦❢ ♦♥❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡rs✳

❖♥❡ ✐♠♣♦rt❛♥t ♦❜s❡r✈❛t✐♦♥ ❝❛♥ ❜❡ ♠❛❞❡ r❡❣❛r❞✐♥❣ ❊q✳✭✼✳✶✻✮✿ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ l
r❡❧❛t❡❞ t♦ t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❢✉♥❝t✐♦♥ ✈✐❛ ψ′ ∼ ψ/l ✐s ❛❧✇❛②s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡
❧❛r❣❡r ✈❛❧✉❡ ❜❡t✇❡❡♥ δ ❛♥❞ (∆

′
)−1✳ ❚❤❡r❡❢♦r❡✱ ✐♥st❡❛❞ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ❣✐✈❡♥ ❜② ❊q✳✭✼✳✶✻✮✱ ✇❡

s✉❣❣❡st ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥ t❤❛t ✐♥❝♦r♣♦r❛t❡s t❤❡ ♥❡✇ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ l✱

ψ
′ ∼ ψ

l
, ψ

′′ ∼ ψ
′

δ
∼ ψ

δl
, ✭✼✳✷✵✮

❍❡r❡ l ✐s ♥♦t ❧✐♠✐t❡❞ t♦ ❜❡ ❡✐t❤❡r (∆
′
)−1 ♦r δ✳ ■t ❝❛♥ ❜❡ ❛♥♦t❤❡r ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ❤✐❞❞❡♥

✐♥ t❤❡ ♣r♦❜❧❡♠✳ ❖✉r ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s s❤♦✇s t❤❛t ✐♥ ❜♦t❤ ❝♦❧❧✐s✐♦♥❧❡ss ❘▼❍❉ ❛♥❞ ❊▼❍❉ ❛♥❞ ❛

✶✻✵



✼✳✹✳ ❍❡✉r✐st✐❝ ❊st✐♠❛t✐♦♥✿ ❆ ▼✐ss✐♥❣ ❈❤❛r❛❝t❡r✐st✐❝ ▲❡♥❣t❤

q✉✐t❡ ❡①t❡♥❞❡❞ ✐♥t❡r✈❛❧ s♣❛♥♥✐♥❣ ❛t ❧❡❛st t❤❡ ✐♥♥❡r r❡❣✐♦♥ ❛♥❞ ♣❛rt ♦❢ t❤❡ ♠❛t❝❤✐♥❣ r❡❣✐♦♥✱ ✐t ✐s
❣❡♥❡r❛❧❧② ✈❛❧✐❞ t❤❛t ψ ∼ d2eψ

′′
✳ ❚❤✐s r❡❧❛t✐♦♥ ❝❛♥ ❜❡ ✐♥t✉✐t✐✈❡❧② ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡

❝♦♥✈❡rs✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐♥t♦ ❦✐♥❡t✐❝ ❡♥❡r❣② ❞✉❡ t♦ t❤❡ r❡❝♦♥♥❡❝t✐♦♥✿ γψ t❡r♠ r❡♣r❡s❡♥ts
t❤❡ ❜r❡❛❦✐♥❣ ❛♥❞ r❡❝♦♥♥❡❝t✐♥❣ ♦❢ t❤❡ ✜❡❧❞ ❧✐♥❡s ✭r❡❧❡❛s✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣②✮✳ ■♥ ❝♦♥tr❛st✱
γd2eψ

′′
♣r❡s❡♥ts t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❞✉❡ t♦ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ❡✈❡♥t ✐♥s✐❞❡ t❤❡ ✐♥♥❡r

❧❛②❡r ✭✐✳❡✳✱ ❦✐♥❡t✐❝ ❡♥❡r❣② ❣r♦✇t❤✮✳ ❍❡♥❝❡✱ ψ ∼ d2eψ
′′
✇✐t❤ ❊q✳✭✼✳✷✵✮ ❣✐✈❡

δ ∼ d2e
l
. ✭✼✳✷✶✮

❚❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ l s✉❣❣❡sts t❤❛t ✐t ❝❛♥ t❛❦❡ t❤❡ ✈❛❧✉❡ ♦❢
❛♥♦t❤❡r ♣❛r❛♠❡t❡r ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣r♦❜❧❡♠ ✭♥♦t ❥✉st δ ♦r (∆)

′−1✮✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ♦✉r ♣r♦❜✲
❧❡♠ ✐♥❝❧✉❞❡s t✇♦ ❡✐❣❡♥❢✉♥❝t✐♦♥s✱ ψ ❛♥❞ φ✱ ✇❤♦s❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ r❡❧❛t❡❞ t♦ t❤❡✐r s❡❝♦♥❞
❞❡r✐✈❛t✐✈❡s ✐s t❤❡ ✇✐❞t❤ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r ✭δ✮✱ ❛♥❞ s✐♥❝❡ ∆

′
✐s t❤❡ ✐♥st❛❜✐❧✐t② ♣❛r❛♠❡t❡r

❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♠❛❣♥❡t✐❝ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ t❤❡ ✐❞❡❛❧✲▼❍❉ ♦✉t❡r ❧❛②❡r✱ ✇❡ ❛♥t✐❝✐♣❛t❡ ❛ ❢✉rt❤❡r
❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ✇❤♦s❡ ✐♥✈❡rs❡ ✇❡ ♥❛♠❡ ∆

′

v✱ ❜❡❝❛✉s❡ ♦❢ ✐ts ❞❡✜♥✐t✐♦♥ ✇❤✐❝❤ ✇❡ ❣✐✈❡ ✐♥ ❛♥❛❧✲
♦❣② ✇✐t❤ t❤❡ ✉s✉❛❧ ∆

′
✳ ❲❡ s♦ ❞❡✜♥❡ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❥✉♠♣ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✢✉✐❞ ✈❡❧♦❝✐t②

❝♦♠♣♦♥❡♥t ♣❛r❛❧❧❡❧ t♦ t❤❡ ♥❡✉tr❛❧ ❧✐♥❡✿

∆
′

v ≡ lim
ǫ→0

v′y,out(ǫ)− v′y,out(−ǫ)
vy,out(0)

. ✭✼✳✷✷✮

❚❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ∆
′

v ✐s ❛♣♣❧✐❡❞ t♦ ❜♦t❤ ❘▼❍❉ ❛♥❞ ❊▼❍❉ r❡❣✐♠❡s✳ ■♥ ❘▼❍❉ r❡❣✐♠❡✱ ✐t ❜❡❝♦♠❡s

∆
′

v = ∆
′

φ ≡ lim
ǫ→0

φ′′out(ǫ)− φ
′′

out(−ǫ)
φ

′

out(0)
✭✼✳✷✸✮

✇❤❡r❡ t❤❡ ♦✉t✢♦✇ ✈❡❧♦❝✐t② ❛❧♦♥❣ t❤❡ ♥❡✉tr❛❧ ❧✐♥❡ ✐s vy = φ
′
✭s❡❡ ❝❤❛♣t❡r ✺ ❢♦r ❛ ❞❡t❛✐❧❡❞ st✉❞②

♦❢ ❘▼❍❉ r❡❣✐♠❡✮✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ❞✐s❝✉ss✐♦♥ s✉❣❣❡sts t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
❧❡♥❣t❤ l

l = max{(∆′)−1, (∆φ)
−1, δ}, ✭✼✳✷✹✮

❲❡ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ t❤❛t t❛❦✐♥❣ l t♦ ❜❡ ❡✐t❤❡r δ ♦r (∆
′
)−1 ❞♦❡s ♥♦t ❧❡❛❞ t♦ t❤❡ ❝♦rr❡❝t s❝❛❧✐♥❣

❧❛✇s ♦❜t❛✐♥❡❞ ❜② ❜♦✉♥❞❛r② ❧❛②❡r ❛♣♣r♦❛❝❤ ✐♥ t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t✳
❙✐♥❝❡ t❤❡ ❤❡✉r✐st✐❝ ❞❡r✐✈❛t✐♦♥ ❞✐❞ ♥♦t ❧❡❛❞ t♦ t❤❡ ❝♦rr❡❝t s❝❛❧✐♥❣s ✇❤❡♥ ✇❡ ❝❤♦♦s❡ ♦♥❧② ❜❡t✇❡❡♥

t✇♦ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤s ✭δ ❛♥❞ (∆)
′−1✮✱ ✇❡ ❡①♣❡❝t t❤❛t t❤❡ ❧❛r❣❡st ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ✐♥ t❤❡

♣r♦❜❧❡♠ ❝❛♥ ❜❡ l = (∆
′

φ)
−1✳ ❚❤❡r❡❢♦r❡✱ s✉❜st✐t✉t✐♥❣ t❤✐s ✈❛❧✉❡ ❢♦r l ✐♥ ❊q✳✭✼✳✷✶✮✱ ❛♥❞ t❤❡♥

s✉❜st✐t✉t✐♥❣ t❤❡ r❡s✉❧t✐♥❣ r❡❧❛t✐♦♥ ✐♥ ❊q✳✭✼✳✶✾✮✱ ♦♥❡ ✜♥❞s

γ ∼ k∆
′

φρsde ✭✼✳✷✺✮

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t✐❝❡ t❤❛t t❤✐s s❝❛❧✐♥❣ ❧❛✇ ❢♦r t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t ♦❢ t❤❡ ✇❛r♠✲
❝♦❧❧✐s✐♦♥❧❡ss r❡❣✐♠❡ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ s❝❛❧✐♥❣ ❧❛✇ ♦❢ t❤❡ s♠❛❧❧ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t ♦❢ t❤❡ s❛♠❡ r❡❣✐♠❡✱
❡①❝❡♣t t❤❛t ✇❡ r❡♣❧❛❝❡ ∆

′
✇✐t❤ ∆

′

φ ✭s❡❡ t❛❜❧❡ ✼✳✷✱ ♦r s❡❝t✐♦♥ ✼✳✼✮✳ ❍♦✇❡✈❡r✱ ❛s s❤♦✇♥ ✐♥ t❛❜❧❡

✼✳✷✱ t❤❡ s❝❛❧✐♥❣ ❧❛✇✱ ♦❜t❛✐♥❡❞ ❜② ❜♦✉♥❞❛r② ❧❛②❡r ❛♣♣r♦❛❝❤✱ ✐s ❣✐✈❡♥ ❜② γ ∼ kρ
2/3
s d

1/3
e ✳ ❚❤❡r❡❢♦r❡✱

t❤❡ q✉❡st✐♦♥ t❤❛t ❛r✐s❡s✿ ❞♦❡s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ∆
′

φ ♦♥ de ❛♥❞ ρs✱ ✐❢ ❡①✐sts✱ ❧❡❛❞s t♦ t❤✐s s❝❛❧✐♥❣❄

❚❤❛t ✐s✱ ✇❡ ♠✉st ♣r♦✈❡ t❤❛t t❤❡ s❝❛❧✐♥❣s ♦❢ δ ❛♥❞ ∆
′

φ✱ ♦❜t❛✐♥❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✈❡r✱ ♠✉st
❧❡❛❞ t♦ t❤❡ s❛♠❡ r❡s✉❧ts ♦❢ γ✱ ♦❜t❛✐♥❡❞ ❜② ❜♦t❤ ❊q✳✭✼✳✶✾✮ ❛♥❞ ❊q✳✭✼✳✷✺✮✳ ❚❤✐s ❣r♦✇t❤ r❛t❡✱ ✐♥
t✉r♥✱ s❤♦✉❧❞ ❛❧s♦ ❝♦✐♥❝✐❞❡ ✇✐t❤ ✐ts s❝❛❧✐♥❣ ❣✐✈❡♥ ✐♥ t❛❜❧❡ ✼✳✷✳

❇❡❢♦r❡ ❣♦✐♥❣ ♦♥ t♦ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥✱ ✇❡ ✜rst ❞✐s❝✉ss t❤❡ ♠❡t❤♦❞ ❜② ✇❤✐❝❤ t❤❡ ♥✉♠❡r✐❝❛❧
s♦❧✈❡r ❝❛❧❝✉❧❛t❡s ∆

′
✱ ❛♥❞ ∆

′

φ✱ t❤❡♥ ✇❡ ♣r♦✈✐❞❡ ❛♥ ♦♣❡r❛t✐♦♥❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r
✇✐❞t❤ δ✳ ❋✐♥❛❧❧②✱ ✇❡ ❣♦ ❜❛❝❦ t♦ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥✳

✶✻✶



❈❤❛♣t❡r ✼✳ ❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s ✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts

❋✐❣✉r❡ ✼✳✸✿ ▲❡❢t ❢r❛♠❡✿ ❊①❛♠♣❧❡ ♦❢ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts c0 ❛♥❞ c1 ♦❢ ❊q✳✭✼✳✷✻✮✱
♦♥❝❡ t❤❡ ♣r♦✜❧❡ ♦❢ ψ(x) ❛♥❞ ♦❢ ✐ts ❞❡r✐✈❛t✐✈❡ ψ

′
(x) ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞✳ ■♥ ♣r❛❝t✐❝❡✱ ❛♥ ❛❝❝✉r❛t❡

❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ψout ♣❛rt ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥ ψ(x) ✐s s✉✣❝✐❡♥t✱ ❡✈❡♥ t❤♦✉❣❤ t❤✐s ♣r♦❝❡❞✉r❡
r❡s✉❧ts t♦ ❜❡ ❛♣♣r♦♣r✐❛t❡ ♦♥❧② ✇❤❡♥ ❛ s✐♥❣❧❡ ❜♦✉♥❞❛r② ❧❛②❡r ❡①✐sts✳ ❘✐❣❤t ❢r❛♠❡✿ ❛♥❛❧♦❣♦✉s
❡①❛♠♣❧❡ ♦❢ ❡✈❛❧✉❛t✐♦♥ ♦❢ q0 ❛♥❞ q1 ♦❢ ❊q✳✭✼✳✷✻✮ ❢r♦♠ φ

′
❛♥❞ φ

′′
✱ ♦♥❝❡ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥ φ ❤❛s

❜❡❡♥ ❝♦♠♣✉t❡❞✳

✼✳✹✳✶ ◆✉♠❡r✐❝❛❧ ❊st✐♠❛t✐♦♥ ♦❢ ∆
′
❛♥❞ ∆

′

v

■t ♠✉st ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❜♦t❤ ∆
′
❛♥❞ ∆

′

v ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❞❡✜♥✐t✐♦♥s
✐s ♠❛❞❡ ♣♦ss✐❜❧❡ ❜② t❤❡ ❣❡♦♠❡tr✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ t❤❛t ❝❛♥ ❜❡ ❣✐✈❡♥ ♦❢ t❤❡ ✐♥st❛❜✐❧✐t② ♣❛r❛♠❡t❡r
✐♥ t❡r♠s ♦❢ ❛ ❧♦❝❛❧ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♦✉t❡r s♦❧✉t✐♦♥ ❛s x→ 0✳ ❙✐♥❝❡ ✇❡ ❝❛♥ ✇r✐t❡ ψout ∼ c0+ c1|x|
❛♥❞ vy,out(x)|x→0 = φ

′

out(x)|x→0 ∼ q0 + q1|x|✱ ♦♥❝❡ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞ ✇❡
❝❛♥ ❝❛❧❝✉❧❛t❡ ✭❝❢✳ ❋✐❣✳✼✳✸✮

∆
′ ≡ 2

c1
c0
, ∆

′

v ≡ 2
q1
q0
. ✭✼✳✷✻✮

❚❤❡ ❞❡✜♥✐t✐♦♥s✱ ❣✐✈❡♥ ❜② ❊q✳✭✼✳✷✻✮✱ ❛r❡ ❢♦r♠❛❧❧② ❝♦rr❡❝t ❛♥❞ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ❞❡✜♥✐t✐♦♥s
❊q✳✭✼✳✹✮ ❛♥❞ ❊q✳✭✼✳✷✷✮ ❛❧s♦ ✐♥ t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ r❡❣✐♠❡✱ ✇❤❡♥ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s ♦❢ ∆

′

t❤❛t ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ♦✉t❡r ❡✐❣❡♥♠♦❞❡ s♦❧✉t✐♦♥s ❧♦♦s❡ ♦❢ ✈❛❧✐❞✐t②✳ ❋✐❣✳✼✳✸ s❤♦✇s ❛♥ ❡①❛♠♣❧❡
♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❡st✐♠❛t✐♦♥ ♦❢ ∆

′
❛♥❞ ∆

′

φ✳

✼✳✹✳✷ ❖♣❡r❛t✐♦♥❛❧ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❘❡❝♦♥♥❡❝t✐♥❣ ▲❛②❡r ❲✐❞t❤ δ

❚❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❛s t❤❡ r❡❣✐♦♥ ❛r♦✉♥❞ t❤❡ ♥❡✉tr❛❧ ❧✐♥❡ ✐♥ ✇❤✐❝❤ t❤❡
❝✉rr❡♥t ❞❡♥s✐t② r❡❧❛t❡❞ t♦ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s ❝♦♥❝❡♥tr❛t❡❞✳ ■♥ ♦✉r ♥♦t❛t✐♦♥ t❤✐s ❝✉rr❡♥t ❞❡♥s✐t②
✐s Jz = −∇2ψ✳ ■♥s✐❞❡ ♦❢ t❤✐s r❡❣✐♦♥ ❛ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ❛❧s♦ ❝♦♥❝❡♥tr❛t❡❞✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥
♦✉t✢♦✇ ♣❛r❛❧❧❡❧ t♦ t❤❡ ♥❡✉tr❛❧ ❧✐♥❡ ♦✉t✇❛r❞❧② ❞✐r❡❝t❡❞ ❢r♦♠ t❤❡ ❳✲♣♦✐♥t✱ ✇❤✐❝❤ ✐s ❛ ❤②♣❡r❜♦❧✐❝
♣♦✐♥t ♦❢ t❤❡ ✢♦✇ ✭t❤❛t ✐s vy = φ

′
✐♥ ❘▼❍❉ ❛♥❞ vy = −b′ ✐♥ ❊▼❍❉ ✮✳

■♥ ♣r❡✈✐♦✉s ✇♦r❦s ✇❤✐❝❤ ❞❡❛❧t ✇✐t❤ ♥♦♥❧✐♥❡❛r s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✇✐❞t❤ ♦❢
s✉❝❤ ❛ ❝✉rr❡♥t s❤❡❡t ♦r ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r ✐ts❡❧❢ ❤❛s ❜❡❡♥ ✐❞❡♥t✐✜❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❣❧♦❜❛❧
♣r♦✜❧❡ ♦❢ t❤❡ ❡✐❣❡♥♠♦❞❡ s✉♣❡r♣♦s❡❞ t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❢✉♥❝t✐♦♥✿ ❡✳❣✳✱ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ t❤❡ ❧♦❝❛❧ ♠✐♥✐♠❛ ♦❢ Jz(x) + Jz,0(x, y0) ✭❆❧✐ ❡t ❛❧✳ ✭✷✵✶✹✮ ❬✸✹✷❪✮✱ ♦r ♦❢ t❤❡ ❧♦❝❛❧ ♠✐♥✐♠❛
♦❢ ✇❤❛t ✇❡ ✇♦✉❧❞ ❤❡r❡ ♥❛♠❡ Bx(x, y0) ∼ ψ(x)cos(k(y− y0)) ✭❚❡♥❡r❛♥✐ ❡t ❛❧✳ ✭✷✵✶✺✮ ❬✸✹✸❪✮✱ ✇✐t❤
y0 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦r❞✐♥❛t❡ ♦❢ t❤❡ ❳✲♣♦✐♥t✳ ■♥ t❤❡ ♥♦♥❧✐♥❡❛r s✐♠✉❧❛t✐♦♥s ♦❢ P❛♣✐♥✐ ❡t ❛❧✳
✭✷✵✶✾❜✮ ❬✸✹✹❪✱ t❤❡ ❢✉❧❧ ✇✐❞t❤ ❛t ❤❛❧❢ ♠❛①✐♠✉♠ ♦❢ t❤❡ t♦t❛❧ ❝✉rr❡♥t Jt,z ♠✐♥✉s t❤❡ ❜❛❝❦❣r♦✉♥❞ ♦♥❡
✭✐✳❡✳✱ t❤❡ ✇✐❞t❤ ❛t ❤❛❧❢ ❤❡✐❣❤t ♦❢ ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ Jz✮ ❤❛s ❜❡❡♥ t❛❦❡♥ ❛s t❤❡ r❡❢❡r❡♥❝❡ ✈❛❧✉❡ ❢♦r δ✳

✶✻✷



✼✳✹✳ ❍❡✉r✐st✐❝ ❊st✐♠❛t✐♦♥✿ ❆ ▼✐ss✐♥❣ ❈❤❛r❛❝t❡r✐st✐❝ ▲❡♥❣t❤

❋✐❣✉r❡ ✼✳✹✿ ❊①❛♠♣❧❡s ♦❢ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❤❛❧❢✲✇✐❞t❤ ♦❢ t❤❡ ❝✉rr❡♥t ❧❛②❡r ❛s t❤❡ ❞✐st❛♥❝❡ ♦❢ t❤❡
✐♥✢❡❝t✐♦♥ ♣♦✐♥t ♦❢ ψ

′′
✭❧❡❢t✮ ❛♥❞ φ

′
✭r✐❣❤t✮ ❢r♦♠ t❤❡ ♥❡✉tr❛❧ ❧✐♥❡✳

❍❡r❡✱ ✐♥st❡❛❞✱ ❜② ♠❛❦✐♥❣ r❡❢❡r❡♥❝❡ t♦ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦♥❧②✱ t❤❡ ❛♥s❛t③ ✇❡ ❤❡✉r✐st✐❝❛❧❧②
❛ss✉♠❡ ✭❛♥❞ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❛ ♣♦st❡r✐♦r✐ s❤♦✇ t♦ ❜❡ ❝♦❤❡r❡♥t ✇✐t❤ ♦t❤❡r ❛ss✉♠♣t✐♦♥s✮ ✐s t♦ ✐❞❡♥t✐❢②
δ ❛s ❢♦❧❧♦✇s

δ ✐s t❤❡ t✇✐❝❡ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♥❡✉tr❛❧ ❧✐♥❡ ♦❢ t❤❡ ✐♥✢❡❝t✐♦♥ ♣♦✐♥t ♦❢ Jz ♦r ♦❢ vy✳

❚❤✐s ❝❧❡❛r❧② ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♥❡✉tr❛❧ ❧✐♥❡ ♦❢ t❤❡ ❧♦❝❛❧ ♠❛①✐♠❛ ✭♦r ♠✐♥✐♠❛✮
♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✭J

′

z✮ ❛♥❞ ♦❢ t❤❡ ✈♦rt✐❝✐t② φ
′′
✳ ❙✐♥❝❡ t❤❡s❡ t✇♦ ❞✐st❛♥❝❡s ❝❛♥

✐♥ ♣r✐♥❝✐♣❧❡ ❞✐✛❡r✱ ✇❡ r❡s♣❡❝t✐✈❡❧② ♥❛♠❡ t❤❡♠ δψ ❛♥❞ δφ✿

δψ : J
′′

z

∣
∣
∣
x=δψ

= ψIV
∣
∣
∣
x=δψ

= 0, δφ : v
′′

y

∣
∣
∣
x=δψ

= ψ
′′′
∣
∣
∣
x=δφ

= 0. ✭✼✳✷✼✮

❆s s❤♦✇♥ ✐♥ ❋✐❣✳✼✳✹✱ t❤❡s❡ ✈❛❧✉❡s ❝❛♥ ❜❡ ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞ ♦♥❝❡ t❤❡ ♣r♦✜❧❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❡✐❣❡♥❢✉♥❝t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞✳ ■♥ t❤❡ ✇❤♦❧❡ ♣❛r❛♠❡t❡r r❛♥❣❡ ✇❡ ❤❛✈❡ s❝❛♥♥❡❞ ✇✐t❤ t❤❡
♥✉♠❡r✐❝❛❧ ❡✐❣❡♥s♦❧✈❡r✱ ✇❡ ❤❛✈❡ ✈❡r✐✜❡❞ t❤❛t δψ ❛♥❞ δψ ❞✐s♣❧❛② t❤❡ s❛♠❡ ❛s②♠♣t♦t✐❝ s❝❛❧✐♥❣✳ ❲❡
❝❛♥ s♦ ✇r✐t❡ δψ ∼ δφ ✱ ❡✈❡♥ ✐❢ ❛ ♣r♦♣♦rt✐♦♥❛❧✐t② ❢❛❝t♦r ♥♦t ♠✉❝❤ ❞✐✛❡r❡♥t ❢r♦♠ ✉♥✐t② ❝❛♥ ❜❡
♣r❡s❡♥t ✭❢♦r ❡①❛♠♣❧❡ ✇❡ ♠❡❛s✉r❡❞ δφ = 2δψ ✐♥ ❢♦r t❤❡ ❝❛s❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳✼✳✹✮✳

✼✳✹✳✸ ❙❝❛❧✐♥❣ ▲❛✇ ♦❢ t❤❡ ▲❛r❣❡❲❛✈❡❧❡♥❣t❤ ▲✐♠✐t ✐♥❲❛r♠✲❈♦❧❧✐s✐♦♥❧❡ss ❘❡❣✐♠❡✿

❈♦❧❧❡❝t✐♥❣ ❛❧❧ t❤❡ ■♥❣r❡❞✐❡♥ts

❲❡ ❛r❡ ♥♦✇ ✐♥ ❛ ♣♦s✐t✐♦♥ ❛❧❧♦✇✐♥❣ ✉s t♦ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r ❊q✳✭✼✳✶✾✮ ❛♥❞ ❊q✳✭✼✳✷✺✮
❧❡❛❞s t♦ t❤❡ s❛♠❡ s❝❛❧✐♥❣ ❧❛✇ ♦❢ γ✱ ❛♥❞ t❤❡r❡❢♦r❡ ❝♦♥✜r♠✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
❧❡♥❣t❤ l✱ ❣✐✈❡♥ ❜② ❊q✳✭✼✳✷✹✮✳ ❚♦ ❞♦ s♦✱ ✇❡ ♣❡r❢♦r♠ s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✉s✐♥❣ ❛ ♠✉❧t✐✲
♣r❡❝✐s✐♦♥ r❡s♦❧✉t✐♦♥ ✐♥ ♦r❞❡r t♦ r❡s♦❧✈❡ t❤❡ ✐♥♥❡r ❧❛②❡r✳ ❋✐❣✳✼✳✺ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ t✇♦ s❡ts ♦❢
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✭❡❛❝❤ s❡t ❧❛st❡❞ ❢♦r ∼ 36 ❤♦✉rs✮✳ ❖♥ t❤❡ ❧❡❢t ❢r❛♠❡✱ ✇❡ ♣❧♦t t❤❡ ❞❡♣❡♥❞❡♥❝❡
♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤s (∆

′

num)
−1 ✭❜❧✉❡ ❝♦❧♦r❀ ✐t ✐s t❤❡ ❡q✉✐✈❛❧❡♥t t♦ ∆

′
♦♥❧② ✐♥ t❤❡ s♠❛❧❧

✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t ❛♥❞ ♥✉♠❡r✐❝❛❧❧② ❡st✐♠❛t❡❞ ✇✐t❤ ❊q✳✭✼✳✹✮✮✱ (∆
′

φ)
−1 ✭♦r❛♥❣❡ ❝♦❧♦r✮✱ ❛♥❞ δ ✭❜❧❛❝❦

❝♦❧♦r✮✱ ❛s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❦✐♥ ❞❡♣t❤✳ ❆s s❤♦✇♥ ✐♥ t❤✐s ❢r❛♠❡ t❤❡ ❧❛r❣❡st ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ✐s

(∆
′

φ)
−1 ✇❤✐❝❤ s❝❛❧❡s ❛s d2/3e ✳ ❖♥ t❤❡ r✐❣❤t ❢r❛♠❡✱ ✇❡ s❤♦✇ t❤❡s❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤s ❛s ❢✉♥❝t✐♦♥

♦❢ ρs✳ ❲❡ ❛❣❛✐♥ ♦❜s❡r✈❡ t❤❛t (∆
′

φ)
−1 ✐s t❤❡ ❧❛r❣❡st ♦♥❡ ❛♥❞ s❝❛❧❡s ❛s ρ1/3s ✳ ❚❤❡r❡❢♦r❡ ❛❝❝♦r❞✐♥❣

t♦ ❊q✳✭✼✳✷✹✮✱ ♦♥❡ ✜♥❞s

✶✻✸



❈❤❛♣t❡r ✼✳ ❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s ✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts

❋✐❣✉r❡ ✼✳✺✿ ❙❝❛❧✐♥❣s ♦❢ (∆
′

num)
−1 ✭❜❧✉❡ ❝♦❧♦r✮✱ (∆

′

φ)
−1 ✭♦r❛♥❣❡ ❝♦❧♦r✮✱ ❛♥❞ δ ✭❜❧❛❝❦ ❝♦❧♦r✮ ❛s

❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦♥ s❦✐♥ ❞❡♣t❤ de ♦♥ t❤❡ ❧❡❢t ❢r❛♠❡✱ ❛♥❞ ♦❢ t❤❡ ✐♦♥✲s♦✉♥❞ ▲❛r♠♦r r❛❞✐✉s ρs
♦♥ t❤❡ r✐❣❤t ❢r❛♠❡✳

l = (∆
′

φ)
−1 ∼ d

2
3
e ρ

1
3
s , ✭✼✳✷✽✮

■t ✐s ❛❧s♦ s❤♦✇♥ ✐♥ ❋✐❣✳✼✳✺ t❤❛t t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ✐♥♥❡r ❧❛②❡r δ ✐s

δ ∼ d4/3e ρ
− 1

3
s , ✭✼✳✷✾✮

❇② ❡✐t❤❡r s✉❜st✐t✉t✐♥❣ ❊q✳✭✼✳✷✾✮ ✐♥t♦ ❊q✳✭✼✳✶✾✮✱ ♦r ❊q✳✭✼✳✷✽✮ ✐♥t♦ ❊q✳✭✼✳✷✺✮✱ ✇❡ ♦❜t❛✐♥

γ ∼ kρ
2
3
s d

1
3
e , ✭✼✳✸✵✮

✇❤✐❝❤ ✐s ✐❞❡♥t✐❝❛❧ t♦ ✐ts s❝❛❧✐♥❣ ♦❜t❛✐♥❡❞ ❜② ❜♦✉♥❞❛r② ❧❛②❡r ❛♣♣r♦❛❝❤ ✭s❡❡ t❛❜❧❡ ✼✳✷✮✳ ❚❤❡r❡❢♦r❡✱
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✐t ✐s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ❣✐✈❡♥ ❜② ❊q✳✭✼✳✶✻✮✱ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ t❤✐r❞
❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ❛♥❞ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s t❤❛t ♠❛❞❡ t❤❡ ❤❡✉r✐st✐❝ ❡st✐♠❛t✐♦♥ ❢❛✐❧ ✐♥
r❡❝♦✈❡r✐♥❣ t❤❡ ❦♥♦✇♥ s❝❛❧✐♥❣s✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ✇r✐t❡ ✐❞❡♥t✐❝❛❧ ❢♦r♠✉❧❛❡ ❢♦r t❤❡ s❝❛❧✐♥❣ ❧❛✇s ♦❢
γ ❛♥❞ δ ✐♥ ❜♦t❤ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤✱ ❛♥❞ s♠❛❧❧ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐ts✱ ❜② ♦♥❧② r❡♣❧❛❝✐♥❣ ∆

′
✐♥ t❤❡ ❧❛tt❡r

✇✐t❤ ∆
′

φ ❞❡✜♥❡❞ ❜② ❊q✳✭✼✳✷✸✮ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t✳

❍❡♥❝❡✱ ❢♦r ∆
′
δ ≪ 1✱ ✇❡ ✇r✐t❡

γ ∼ k∆
′
ρsde, δ ∼ ∆

′
d2e ✭✼✳✸✶✮

✇❤✐❧❡ ❢♦r ∆
′
δ ≫ 1✱ ✇❡ ❤❛✈❡

γ ∼ k∆
′

φρsde, δ ∼ ∆
′

φd
2
e ✭✼✳✸✷✮

✇❤❡r❡ ∆
′

φ ✐s ❣✐✈❡♥ ❜② ❊q✳✭✼✳✷✽✮✳

✼✳✺ ❱✐s❝♦✉s✲❘❡s✐st✐✈❡ ❘❡❣✐♠❡ ✭S−1✱ R−1✮

❲❡ ❤❡r❡ ✐❞❡♥t✐❢② ❛s ✏✈✐s❝♦✉s✲r❡s✐st✐✈❡✑ t❤❡ r❡❣✐♠❡ ✐♥ ✇❤✐❝❤ ✇❡ ❝❛♥ s❡t de = ρs = 0 ✐♥ ❊qs✳✭✼✳✶✲✼✳✷✮✳
❆❧t❤♦✉❣❤ ❧✐♥❡❛r t❡❛r✐♥❣ ♠♦❞❡s ✐♥ t❤✐s r❡❣✐♠❡ ❤❛✈❡ ❜❡❡♥ ❛❧r❡❛❞② ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ ❧✐t❡r❛t✉r❡
✭s❡❡ ❘❡❢s✳ ❬✸✹✺✱ ✸✹✻✱ ✸✹✼✱ ✸✹✽✱ ✸✹✸❪✮✱ t❤❡② ❛r❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ❢♦r t✇♦ r❡❛s♦♥s✳ ❚❤❡ ✜rst ♦♥❡ ✐s
t❤❛t ♣r❡✈✐♦✉s st✉❞✐❡s ✐♥ t❤✐s r❡❣✐♠❡ ❝❤♦s❡ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐❛ t❤❛♥ ✭✼✳✸✮✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❛t
❝♦♠♣❛r✐s♦♥ ✇✐t❤ ♣r❡✈✐♦✉s r❡s✉❧ts ✇❤✐❝❤ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡

✶✻✹



✼✳✺✳ ❱✐s❝♦✉s✲❘❡s✐st✐✈❡ ❘❡❣✐♠❡ ✭S−1✱ R−1✮

✭♥♦t❛❜❧② t❤❡ r❡s✉❧ts ✐♥ t❤❡ ❝♦♥st❛♥t✲ψ✱ ♦r s♠❛❧❧✲∆′ ❧✐♠✐t✮ ♣r♦✈✐❞❡s ❛ ❜❡♥❝❤♠❛r❦ t❡st ❢♦r t❤❡ ♥❡✇❧②
❞❡✈❡❧♦♣❡❞ ❡✐❣❡♥s♦❧✈❡r✳

❲❡ ❤❛✈❡ r❡❝♦✈❡r❡❞ t❤❡ ✇❡❧❧ ❦♥♦✇♥ s❝❛❧✐♥❣ ❧❛✇s ❜♦t❤ ✐♥ t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡ ❬✺✼✱ ✺✾✱ ✶✺✶❪
r❡❣✐♠❡✱

γLD ∼ k2/3S−1/3, δLD ∼ k−1/3S−1/3, ✭✼✳✸✸✮

γSD ∼ k2/5∆′4/5S−3/5, δSD ∼ k−2/5∆′1/5S−2/5, ✭✼✳✸✹✮

❛♥❞ ✐♥ t❤❡ ✈✐s❝♦✉s✲r❡s✐st✐✈❡ r❡❣✐♠❡ ❬✸✹✺❪✱

γLD ∼ k2/3R1/3S−2/3, δLD ∼ k−1/3R−1/6S−1/6, ✭✼✳✸✺✮

γSD ∼ k1/3∆′R1/6S−5/6, δSD ∼ k−1/3R−1/6S−1/6 ✭✼✳✸✻✮

◆♦t❡ t❤❛t t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r ✇✐❞t❤ ✐♥ t❤❡ ✈✐s❝♦✉s✲r❡s✐st✐✈❡ r❡❣✐♠❡ ❤❛s t❤❡ s❛♠❡ s❝❛❧✐♥❣
✐♥ ❜♦t❤ t❤❡ ❧❛r❣❡✲ ❛♥❞ s♠❛❧❧✲∆′ ❧✐♠✐t ✭❊qs✳✭✼✳✸✺✲✼✳✸✻✮✳ ❙❝❛❧✐♥❣s ✭✼✳✸✸✲✼✳✸✹✮ ❝♦rr❡s♣♦♥❞ t♦ ✭✼✳✶✵✮
❛♥❞ ✭✼✳✶✶✮✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡s❡ ❜❡♥❝❤♠❛r❦ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ t❤❡ r✐❣❤t ❢r❛♠❡s ♦❢ ❋✐❣✳ ✼✳✻✳ ❋♦r t❤❡ ❣r♦✇t❤ r❛t❡s✱ t❤❡s❡
s❝❛❧✐♥❣s ❤❛❞ ❜❡❡♥ ❛❧r❡❛❞② ♥✉♠❡r✐❝❛❧❧② ✈❡r✐✜❡❞ ✐♥ t❤❡ ♣❛st✱ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❘❡❢s✳ ❬✸✹✻✱ ✸✹✼✱ ✸✹✽❪✱
❛❧t❤♦✉❣❤ ✇✐t❤ ❛ ❞✐✛❡r❡♥t ♠❛❣♥❡t✐❝ ❡q✉✐❧✐❜r✐✉♠ ✭✇❤✐❝❤ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡s❡ r❡s✉❧ts✮✳ ■t ✐s ❤♦✇❡✈❡r
✐♥ t❤❡ ♠♦r❡ r❡❝❡♥t ✇♦r❦ ❜② ❚❡♥❡r❛♥✐ ❡t ❛❧✳❬✸✹✸❪ t❤❛t ❛ ♠♦r❡ ❡①t❡♥s✐✈❡ ♥✉♠❡r✐❝❛❧ st✉❞② ❤❛s ❜❡❡♥
♣❡r❢♦r♠❡❞✱ ❛❧s♦ ❢♦r t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r ✇✐❞t❤ ❛♥❞ ✐♥ ❛❧❧ ✇❛✈❡✲❧❡♥❣t❤ ❧✐♠✐ts ♦❢
t❤❡ s❧❛❜ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥✱ ✇✐t❤ ❛ ❞✐✛❡r❡♥t ❡✐❣❡♥s♦❧✈❡r t❤❛♥ t❤❡ ♦♥❡ ✉s❡❞ ❤❡r❡✳

❚❤❡ s❝❛❧✐♥❣s ✭✼✳✸✸✲✼✳✸✻✮ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ ❤❡✉r✐st✐❝✲t②♣❡ ❛r❣✉♠❡♥t ♦✉t❧✐♥❡❞
✐♥ s❡❝t✐♦♥ ✼✳✸✳ ❆ r❡❧❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ❜❛❧❛♥❝✐♥❣ t❤❡ ❞♦♠✐♥❛♥t t❡r♠s ♦❢ ❊q✳✭✼✳✷✮✱ ✇❤✐❝❤✱ ❜②
❛ss✉♠✐♥❣ φ(N) ∼ φ/δN ✭✇✐t❤ (N) ❡①♣r❡ss✐♥❣ t❤❡ N th✲♦r❞❡r ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ x✮✱ ✇❡
✇r✐t❡ ❛s γφ/δ2 ∼ kδψ′′ +R−1φ/δ4✳ ❯s✐♥❣ t❤❡ ❧❛tt❡r ❛♥❞ t❤❡ ❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ❢r♦♠ ✭✼✳✶✮ s♦ t♦
❡❧✐♠✐♥❛t❡ φ ❛♥❞ ψ

′′
✐♥ t❡r♠s ♦❢ ψ ✇❡ ❣❡t t❤❡ q✉❛❧✐t❛t✐✈❡ ❡①♣r❡ss✐♦♥✿

γ ∼ R−1δ−2 − k2δ4S. ✭✼✳✸✼✮

❈♦♠❜✐♥❛t✐♦♥ ♦❢ ✭✼✳✸✼✮ ✇✐t❤ t❤❡ r❡❧❛t✐♦♥s ♦❜t❛✐♥❡❞ ❢r♦♠ ❖❤♠✬s ❧❛✇ ✭s❡❝♦♥❞ r❡❧❛t✐♦♥ ♦❢ ✼✳✽ ❛♥❞ ✼✳✾✮
②❡❧❞s t✇♦ ♣♦❧②♥♦♠✐❛❧ r❡❧❛t✐♦♥s ❢♦r γ ✭♦r δ✮✱ ✇❤♦s❡ s♦❧✉t✐♦♥ ❣✐✈❡s t❤❡ s♦✉❣❤t s❝❛❧✐♥❣s✳ ❊qs✳✭✼✳✸✺✲
✼✳✸✻✮ ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛ss✉♠✐♥❣ t❤❡ R−1✲r❡❧❛t❡❞ t❡r♠s t♦ ❜❡ ❞♦♠✐♥❛♥t✱ ✇❤✐❝❤✱ ❜② ❞❡✈❡❧♦♣✐♥❣
t❤❡ ❛❧❣❡❜r❛✱ ✐s s❡❡♥ t♦ ❝♦rr❡s♣♦♥❞ t♦ R−1 ≫ S−1 ❢♦r ∆′δLD ≫ 1 ❛♥❞ t♦ γ ∼ (S−1∆′/δSD ≪
R−1δ−2

SD) ❢♦r ∆′δSD ≪ 1 ✭s❡❡ ❬✸✹✾✱ ✸✺✵❪ ❢♦r ❞❡t❛✐❧❡❞ ❡st✐♠❛t✐♦♥s ❢♦r ❞✐✛❡r❡♥t r❡❣✐♠❡s ✉s✐♥❣
❤❡✉r✐st✐❝ ❛♣♣r♦❛❝❤✮✳

❆ ❢✉rt❤❡r s❝❛❧✐♥❣ ✇❤✐❝❤ ✐s ♦❢ ♣❤②s✐❝❛❧ ✐♥t❡r❡st ✐♥ ❛ ❧❛r❣❡ ❛s♣❡❝t r❛t✐♦ ❝✉rr❡♥t s❤❡❡t✱ ✐s t❤❛t
♦❢ t❤❡ ♠♦❞❡ ✇✐t❤ t❤❡ ❤✐❣❤❡st ❣r♦✇t❤ r❛t❡ ❬✺✼❪✳ ❚❤❡ s❝❛❧✐♥❣s ♦❢ t❤✐s ♠♦❞❡ ♦❝❝✉rr✐♥❣ ❛t ∆′δ ∼ 1
❞♦ ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡ ❬✷✹❪✱ ❛s ✐t ❤❛❞ ❜❡❡♥ ❛❧r❡❛❞② ♥✉♠❡r✐❝❛❧❧②
❢♦✉♥❞ ❜② ❈r♦ss ❛♥❞ ❱❛♥ ❍♦✈❡♥ ❬✺✽❪✳ Pr❡✈✐♦✉s st✉❞✐❡s ♦❢ t❤✐s ♠♦❞❡ ✐♥ t❤❡ ✈✐s❝♦✉s✲r❡s✐st✐✈❡
r❡❣✐♠❡ ❤❛✈❡ ❢♦❝✉ss❡❞ ❬✸✹✸❪ ♦♥ ❛ ❍❛rr✐s✲♣✐♥❝❤ ❡q✉✐❧✐❜r✐✉♠ ❬✶✺✻❪✳ ■♥ ❘❡❢✳ ❬✷✹❪✱ ❤♦✇❡✈❡r✱ ❣❡♥❡r❛❧
❢♦r♠✉❧❛❡ ❢♦r t❤❡ ♠❛①✐♠✉♠ ❣r♦✇t❤ r❛t❡ ❢♦r ❛ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞
❢♦r t❤❡ ❝♦❧❧✐s✐♦♥❧❡ss✱ ♣✉r❡❧② r❡s✐st✐✈❡ ❛♥❞ ✈✐s❝♦✉s✲r❡s✐st✐✈❡ r❡❣✐♠❡s ✭s❡❡ ❊qs✳✷✸✲✷✺ t❤❡r❡✐♥✮✿ t❤❡s❡
s❝❛❧✐♥❣s ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② ❡q✉❛t✐♥❣ γSD(kM ) = γLD(kM ) = γM ✱ ✇❤✐❧❡ ❛ss✉♠✐♥❣ ∆′(k) ∼ k−p

❢♦r k ≪ 1✳ ❚❤❡s❡ ❢♦r♠✉❧❛❡ ❛❣r❡❡ ✇✐t❤ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r ❛ ❍❛rr✐s✲♣✐♥❝❤ ♣r♦✜❧❡❬✺✼✱ ❄✱ ✸✹✸❪
✭❝❛s❡ p = 1✮✱ ❛♥❞ t❤❡② ❤❛✈❡ ❜❡❡♥ ✈❡r✐✜❡❞ ❛❧s♦ ❢♦r ❡q✉✐❧✐❜r✐✉♠ ✭✼✳✸✮✱ ✐♥❞✐r❡❝t❧② ✐♥ t❤❡ ✇❛r♠
❝♦❧❧✐s✐♦♥❧❡ss ❝❛s❡ ✐♥ ❘❡❢✳ ❬✷✹❪ ✭❜② ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ♣r❡✈✐♦✉s r❡s✉❧ts ❜② ❈♦♠✐ss♦ ❡t ❛❧ ❬✶✺✽❪✮✱ ❛♥❞
❞✐r❡❝t❧② ✇✐t❤ ❛♥♦t❤❡r ♥✉♠❡r✐❝❛❧ s♦❧✈❡r ✐♥ t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡✱ ✐♥✈✐s❝✐❞ r❡❣✐♠❡✱ ✐♥ ❘❡❢✳ ❬✶✻✹❪✳ ❋♦r
❝♦♥✈❡♥✐❡♥❝❡ ✇❡ r❡✇r✐t❡ ❤❡r❡ t❤❡s❡ ❣❡♥❡r❛❧ s❝❛❧✐♥❣s ❢♦r t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ∆′δ ∼ 1 ❜②

✶✻✺



❈❤❛♣t❡r ✼✳ ❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s ✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts

✐♥❝❧✉❞✐♥❣ ❛❧s♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡st✐♠❛t❡s ❢♦r kM ❛♥❞ δM ✭t❤❡② ❝❛♥ ❜❡ t❤❡♥ ❡❛s✐❧② r❡✇r✐tt❡♥ ✐♥
t❡r♠s ♦❢ Pr❛♥❞t❧ ♥✉♠❜❡r P ≡ ν/η = S/R✮✿

❱✐s❝♦✉s✲❘❡s✐st✐✈❡
r❡❣✐♠❡ (P ≫ 1)
❢♦r lim

k→0
∆′ ∼ k−p







γM ∼ R
p

1+3pS
− 1+2p

1+3p

kM ∼
(
R−1/2S−1/2

) 1
1+3p

δM ∼
(
R−1/2S−1/2

) p
1+3p

✭✼✳✸✽✮

❘❡s✐st✐✈❡ r❡❣✐♠❡ (P ≪ 1)
❢♦r lim

k→0
∆′ ∼ k−p







γM ∼ S
− 1+p

1+3p

kM ∼ S
− 1

1+3p

δM ∼ S
− p

1+3p

✭✼✳✸✾✮

■♥ t❤❡ ❧❡❢t ❛♥❞ ❝❡♥t❡r ❢r❛♠❡s ♦❢ ❋✐❣✳ ✼✳✻✱ ✇❡ ❤❛✈❡ ♣❧♦tt❡❞ t❤❡ s❝❛❧✐♥❣s ♦❢ γM ❛♥❞ kM ✱ ✇✐t❤
r❡s♣❡❝t t♦ ❘❡②♥♦❧❞s✬s ❛♥❞ ▲✉♥❞q✉✐st✬s ♥✉♠❜❡rs✱ t❤❛t ✇❡ ❤❛✈❡ ♥✉♠❡r✐❝❛❧❧② ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣
t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ❡q✉✐❧✐❜r✐✉♠ ✭✼✳✸✮✳ ❚❤❡ ❝♦♠♣❧❡t❡ s❡t ♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✐s s✉♠♠❛r✐③❡❞
❜②✿

❱✐s❝♦✉s✲❘❡s✐st✐✈❡
r❡❣✐♠❡ (P ≫ 1)







γM ∼ R2/7S−5/7

kM ∼ R−1/14S−1/14

δM ∼ R−1/7S−1/7

,
❘❡s✐st✐✈❡

r❡❣✐♠❡ (P ≪ 1)







γM ∼ S−3/7

kM ∼ S−1/7

δM ∼ S−2/7

✭✼✳✹✵✮
❊q✳✭✼✳✹✵✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛♥❛❧②t✐❝❛❧ ❡st✐♠❛t✐♦♥s ✭✼✳✸✽✲✼✳✸✾✮ ❛❢t❡r t❤❡ s✉❜st✐t✉t✐♦♥ p = 2✱ ✈❛❧✐❞
❢♦r ❡q✉✐❧✐❜r✐✉♠ ✭✼✳✸✮✳ ❚❤❡ tr❛♥s✐t✐♦♥ t♦ ❛ ♣✉r❡❧② r❡s✐st✐✈❡ r❡❣✐♠❡ ✐♥ ✇❤✐❝❤ t❤❡ ❡✛❡❝ts ♦❢ ✈✐s❝♦s✐t②
❜❡❝♦♠❡ ♥❡❣❧✐❣✐❜❧❡ ✐s q✉❛❧✐t❛t✐✈❡❧② ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❛t ♦❜t❛✐♥❡❞ ✐♥ ❘❡❢✳ ❬✸✹✸❪ ❢♦r ❛ ❍❛rr✐s
❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ t❤❡ s❝❛❧✐♥❣s ❢♦r γM ❛♥❞ kM ♦❢ ✭✼✳✹✵✮ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤♦s❡ ❛❧r❡❛❞② ✈❡r✐✜❡❞ ✐♥
❘❡❢✳ ❬✶✻✹❪✳

❚✇♦ ❞✐st✐♥❝t r❡❣✐♦♥s ❛r❡ ✈✐s✐❜❧❡ ✐♥ ❋✐❣✳ ✼✳✻✳ ❚❤❡ ✜rst ♦♥❡ ✐s ❢♦r R ≤ S ✭s❡❡✱ ❡✳❣✳✱ t❤❡ ②❡❧❧♦✇
❧✐♥❡ ✐♥ t❤❡ t♦♣ ❢r❛♠❡s ♦❢ ❋✐❣✳ ✼✳✻ ❢♦r R ≤ S = 106✮✳ ❚❤✐s r❡❣✐♦♥ r❡♣r❡s❡♥ts t❤❡ ✈✐s❝♦✲r❡s✐st✐✈❡
❝❛s❡✱ ❛♥❞ ✐ts s❝❛❧✐♥❣s ❝♦♥✜r♠ t❤♦s❡ ❛t ❧❡❢t ♦❢ ❊q✳✼✳✹✵✳ ❚❤❡ s❡❝♦♥❞ r❡❣✐♦♥ ✐s ❢♦r R ≥ S ✭s❡❡✱
❡✳❣✳✱ t❤❡ ②❡❧❧♦✇ ❧✐♥❡ ♦❢ ❋✐❣✳ ✼✳✻ ❢♦r R > S = 106✮ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣✉r❡❧② r❡s✐st✐✈❡ ❧✐♠✐t ✐♥
✇❤✐❝❤ ✈✐s❝♦s✐t② ♥❡❣❧✐❣✐❜❧② ❝♦♥tr✐❜✉t❡s✳ ■ts s❝❛❧✐♥❣s ❛r❡ ❣✐✈❡♥ ❜② t❤♦s❡ ❛t t❤❡ r✐❣❤t ♦❢ ❊q✳✼✳✹✵✳ ❆
tr❛♥s✐t✐♦♥ r❡❣✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❧✐♠✐t r❡❣✐♠❡s ✐s ❛❧s♦ ✈✐s✐❜❧❡✳ ❚❤✐s r❡❣✐♦♥ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②
❛ r❡✈❡rs❛❧ ♦❢ t❤❡ s❧♦♣❡ ✐♥ t❤❡ s❝❛❧✐♥❣ ♦❢ kM ✇✐t❤ R−1 −s❡❡ t❤❡ t♦♣✲❝❡♥t❡r ❢r❛♠❡ ♦❢ ❋✐❣✳ ✼✳✻✱ ✇❤❡r❡
❛ r❡❧❛t✐✈❡ ♠✐♥✐♠✉♠ ♦❢ kM (R−1) ✐s ❝❧❡❛r❧② ✈✐s✐❜❧❡✳ ◆♦ ♣♦✇❡r ❧❛✇ s❝❛❧✐♥❣ ❤❛s ❜❡❡♥ ♠❡❛s✉r❡❞ ❤❡r❡✳

❚❤❡ ❣r♦✇t❤ r❛t❡s ♦❢ t❤❡ ❢❛st❡st ♠♦❞❡ ✐♥ ❜♦t❤ ✈✐s❝♦✉s✲r❡s✐st✐✈❡ ❛♥❞ ♣✉r❡❧② r❡s✐st✐✈❡ r❡❣✐♠❡s
❢♦r ❡q✉✐❧✐❜r✐✉♠ ✭✼✳✸✮ ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ ❜② r❡✲✇r✐t✐♥❣ t❤❡✐r r❛t✐♦ ✐♥ t❡r♠s ♦❢ t❤❡ Pr❛♥❞t❧ ♥✉♠❜❡r✿
γMS

∼ P 2/7γMS,R
✱ ✇❤❡r❡ γMS,R

st❛♥❞s ❢♦r t❤❡ s❝❛❧✐♥❣ ❛t t❤❡ ❧❡❢t ♦❢ ❊q✳✭✼✳✹✵✮ ❛♥❞ γMS
❢♦r t❤❛t ❛t

t❤❡ r✐❣❤t ♦❢ ✭✼✳✹✵✮✳ ❚❤✐s r❡❧❛t✐♦♥s❤✐♣ ✐♥❞✐❝❛t❡s t❤❡ ✐♥t✉✐t✐✈❡ r♦❧❡ ♦❢ t❤❡ ✈✐s❝♦s✐t② ✐♥ s❧♦✇✐♥❣ ❞♦✇♥
t❤❡ t❡❛r✐♥❣ ❣r♦✇t❤ r❛t❡ ❛s P ♦✈❡rt❛❦❡s ✉♥✐t② ✭❝❢✳ t❤❡ ✈❛❧✉❡s ♦❢ γM ♣❧♦tt❡❞ ✐♥ t❤❡ r✐❣❤t ❢r❛♠❡s ♦❢
❋✐❣✳ ✼✳✻✮✳

✼✳✻ ❲❛r♠✲❘❡s✐st✐✈❡ ❘❡❣✐♠❡ ✭S−1, ρs✮

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ r❡❣✐♠❡ ✐♥ ✇❤✐❝❤ ♦♥❧② t❡♠♣❡r❛t✉r❡ ❡✛❡❝ts ❛♥❞ ❛ ✜♥✐t❡ ❝♦❧❧✐s✐♦♥ r❛t❡ ❞♦♠✐♥❛t❡✳
❚❤❛t ✐s✱ ✇❡ ❝❛♥ ❛ss✉♠❡ R−1 = de = 0 ✐♥ ❊qs✳✭✼✳✶✱✼✳✷✮✳

❚❤❡ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✐♥ t❤✐s ✇❛r♠✲r❡s✐st✐✈❡ r❡❣✐♠❡ ❤❛s ❜❡❡♥ ✜rst st✉❞✐❡❞ ❛♥❛❧②t✐❝❛❧❧② ❜② ♠❡❛♥s
♦❢ ❛ ❜♦✉♥❞❛r② ❧❛②❡r t❤❡♦r② ✐♥ ❘❡❢✳❬✽✶❪✳ ❆❧t❤♦✉❣❤ ✐♥ t❤❛t tr❡❛t♠❡♥t ❞✐❛♠❛❣♥❡t✐❝ ❞r✐❢t ❡✛❡❝ts

✶✻✻



✼✳✻✳ ❲❛r♠✲❘❡s✐st✐✈❡ ❘❡❣✐♠❡ ✭S−1, ρs✮
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❋✐❣✉r❡ ✼✳✻✿ ❙❝❛❧✐♥❣ ❧❛✇s ✐♥ t❤❡ ✈✐s❝♦✲r❡s✐st✐✈❡ r❡❣✐♠❡ ♦❢ ❙❡❝✳ ✼✳✺ ✭❞♦ts ❛r❡ ♥✉♠❡r✐❝❛❧❧② ♦❜t❛✐♥❡❞
✈❛❧✉❡s✮✳ ▲❡❢t ❢r❛♠❡s✿ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ γM ❛s ❢✉♥❝t✐♦♥ ♦❢ R ✭t♦♣✮ ❛♥❞ ♦❢
S ✭❜♦tt♦♠✮✳ ❈❡♥t❡r ❢r❛♠❡s✿ ✇❛✈❡♥✉♠❜❡r ♦❢ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ kM ❛s ❢✉♥❝t✐♦♥ ♦❢ R ✭t♦♣✮
❛♥❞ S ✭❜♦tt♦♠✮✳ ❘✐❣❤t ❢r❛♠❡s✿ ❣r♦✇t❤ r❛t❡s ✐♥ t❤❡ ❧❛r❣❡✲∆′ ❛♥❞ s♠❛❧❧✲∆′ ❧✐♠✐ts ✭❧❛❜❡❧s γLD ❛♥❞
γSD✱ r❡s♣❡❝t✐✈❡❧②✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ R ❛♥❞ S✳

✇❡r❡ ❛❧s♦ ✐♥❝❧✉❞❡❞✱ ❤❡r❡ ✇❡ ♥❡❣❧❡❝t t❤❡♠✱ ❛s ❡q✉✐❧✐❜r✐✉♠ ❞❡♥s✐t② ✢✉❝t✉❛t✐♦♥s ❛r❡ ♥♦t r❡t❛✐♥❡❞ ✐♥
t❤❡ ♠♦❞❡❧ ♦❢ ❊qs✳✭✼✳✶✱✼✳✷✮✳ ■♥ t❤❡ s❛♠❡ ♣❛♣❡r✱ t❤❡ ❡✛❡❝t ♦❢ ✜♥✐t❡ ✐♦♥ ▲❛r♠♦r r❛❞✐✉s ❝♦rr❡❝t✐♦♥s
✇❡r❡ ❛❧s♦ r❡t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ✭❣②r♦✮✲❦✐♥❡t✐❝ ♠♦❞❡❧❧✐♥❣ ♦❢ t❤❡ ✐♦♥ r❡s♣♦♥s❡ ❬✽✵❪✳ ❆❧t❤♦✉❣❤
✐♦♥ ❋▲❘ ❡✛❡❝ts ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ❜② ♠❡❛♥s ♦❢ P❛❞é✲t②♣❡ ❛♣♣r♦①✐♠❛♥ts ❬✸✶✷✱ ✽✸❪ ♦r
❜② ♠❡❛♥s ♦❢ ♠♦r❡ r❡✜♥❡❞ ❛♣♣r♦①✐♠❛t✐♦♥s❬✸✺✶✱ ✸✺✷❪ ✇❤✐❝❤ ✐♥ t❤❡ ❝♦❧❧✐s✐♦♥❧❡ss ❧✐♠✐t ♣r❡s❡r✈❡ t❤❡
❍❛♠✐❧t♦♥✐❛♥ ❝❤❛r❛❝t❡r ♦❢ t❤❡ s②st❡♠ ❢♦r ❛r❜✐tr❛r② ✈❛❧✉❡s ♦❢ ρi✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ♥♦t t♦ ✐♥❝❧✉❞❡
t❤❡♠ ✐♥ t❤❡ ♣r❡s❡♥t ❛♥❛❧②s✐s✳ ■♥ t❤✐s s❡♥s❡ ✇❡ ❞❡♣❛rt ❢r♦♠ t❤❡ ✏s❡♠✐✲❝♦❧❧✐s✐♦♥❛❧✑ ❧✐♠✐t✱ ✐❞❡♥t✐✜❡❞
✐♥ t❤❡ ❦✐♥❡t✐❝ st✉❞② ❜② ❉r❛❦❡ ❛♥❞ ▲❡❡❬✻✼❪ t❤r♦✉❣❤ t❤❡ ❝♦♥❞✐t✐♦♥ γd2e ≪ S−1 ≪ (kde)∆

′−1/2ρ
3/2
i ✳

❚❤❡ s❝❛❧✐♥❣s ❣✐✈❡♥ ✐♥ ❘❡❢s✳❬✽✶✱ ✽✷❪ ❢♦r t❤❡ ✇❛r♠✲r❡s✐st✐✈❡ ❝❛s❡ ❛♥❞ ✐♥ ❘❡❢✳ ❬✽✺❪ ❢♦r t❤❡ ✇❛r♠✲
❝♦❧❧✐s✐♦♥❧❡ss ❝❛s❡ ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❢r♦♠ t❤♦s❡ ❞✐s❝✉ss❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ✇✐t❤ t❤❡ s✉❜st✐t✉t✐♦♥
ρ2s → ρ2i +ρ

2
s✳ ❍♦✇❡✈❡r✱ t❤❡ ❧♦ss ♦❢ s②♠♠❡tr② ❜❡t✇❡❡♥ ρ2s ❛♥❞ ρ

2
i ✐♥ t❤❡ ✇❛r♠✲❝♦❧❧✐s✐♦♥❧❡ss ❣r♦✇t❤

r❛t❡✱ ✇❤✐❝❤ ✇❛s ♥♦t❡❞ ✐♥ ❘❡❢✳ ❬✸✶✹❪ r❡q✉✐r❡s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥✳ ❚❤❡ ✇❛r♠✲❝♦❧❧✐s✐♦♥❧❡ss s❝❛❧✐♥❣s
✭de 6= 0✱ ρs 6= 0✮ ✇❡r❡ ❛❧s♦ ♦❜t❛✐♥❡❞ ❜② ❩♦❝❝♦ ❛♥❞ ❙❝❤❡❝❦♦❝❤✐❤✐♥❬✸✺✸❪✱ st❛rt✐♥❣ ❢r♦♠ ❛ r❡❞✉❝❡❞
s❡♠✐✲❦✐♥❡t✐❝ ♠♦❞❡❧ s♦♠❡✇❤❛t ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❘❡❢✳ ❬✽✵✱ ✽✶✱ ✽✺❪ ✭s❡❡ ❛❧s♦ ❘❡❢✳
❬✸✺✶❪✮✱ ❛♥❞ ❜② ✐♥t❡❣r❛t✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❡q✉❛t✐♦♥s ✐♥ ❝♦♦r❞✐♥❛t❡ s♣❛❝❡✳

❚❤❡ ❤❡✉r✐st✐❝ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ t❡❛r✐♥❣ s❝❛❧✐♥❣s ✐♥ ♣r❡s❡♥❝❡ ♦❢ ρs ❛r❡ ♠✉❝❤ ♠♦r❡ ❞✐✣❝✉❧t t❤❛♥
✐♥ ✏❝♦❧❞✑ ✭✐✳❡✳ ρs = 0✮ r❡❣✐♠❡s✳ ❍♦✇❡✈❡r✱ ❛s ✐t ❤❛♣♣❡♥s ❢♦r t❤❡ ✏❝♦❧❞✑ ❝♦❧❧✐s✐♦♥❧❡ss ❧✐♠✐t ✇✐t❤
ρs = 0 ❛♥❞ de 6= 0✱ ✐♥ ✇❤✐❝❤ t❤❡ ❝♦❧❧✐s✐♦♥❧❡ss s❝❛❧✐♥❣s ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤♦s❡ ♦❢ t❤❡ ♣✉r❡❧②
r❡s✐st✐✈❡ r❡❣✐♠❡ ❛❢t❡r s✉❜st✐t✉t✐♥❣ ❬✸✺✹❪ d2e → S−1/γ✱ ✐t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t t❤❡ s❝❛❧✐♥❣s ♦❢ t❤❡
✇❛r♠✲r❡s✐st✐✈❡ r❡❣✐♠❡ ❜❡❧♦✇ ❝❛♥ ❜❡ ❡q✉❛❧❧② r❡❝♦✈❡r❡❞ ❢r♦♠ t❤♦s❡ ♦❢ t❤❡ ✇❛r♠ ❝♦❧❧✐s✐♦♥❧❡ss ❝❛s❡
✜rst ❞✐s❝✉ss❡❞ ✐♥ ❘❡❢✳ ❬✽✺❪✳ ❚❤✐s ✐s ❛❧s♦ t❤❡ ❝r✐t❡r✐♦♥ ✉s❡❞ ✐♥ ❘❡❢✳❬✸✺✸❪ t♦ r❡✲♦❜t❛✐♥ t❤❡ r❡s✉❧ts ♦❢
❘❡❢s✳❬✽✶✱ ✽✷❪ ❛♥❞ t♦ ❞❡❞✉❝❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❝❛❧✐♥❣s ❢♦r t❤❡ ✐♥♥❡r ❧❛②❡r ✇✐❞t❤ ❢r♦♠ ❜♦✉♥❞❛r②
❛♥❛❧②s✐s ❝❛❧❝✉❧❛t✐♦♥s ✐♥ ❛ s❡♠✐✲❦✐♥❡t✐❝ ✇❛r♠✲❝♦❧❧✐s✐♦♥❧❡ss r❡❣✐♠❡✳

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❝❛❧✐♥❣ ❧❛✇s✱ ❝♦♥✜r♠❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s✱ ❛r❡✿

γLD ∼ k6/7ρ4/7s S−1/7, δLD ∼ k−4/7ρ−5/7
s S−4/7 ✭✼✳✹✶✮

✶✻✼



❈❤❛♣t❡r ✼✳ ❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s ✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts
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❋✐❣✉r❡ ✼✳✼✿ ❙❝❛❧✐♥❣ ❧❛✇s ✐♥ t❤❡ ✇❛r♠✲r❡s✐st✐✈❡ r❡❣✐♠❡ ♦❢ ❙❡❝✳✼✳✻ ✭❜❧✉❡ ❞♦ts ❛r❡ ♥✉♠❡r✐❝❛❧❧②
♦❜t❛✐♥❡❞ ✈❛❧✉❡s✮✿ ❣r♦✇t❤ r❛t❡s γ ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ t❤❡ t✇♦ ✉♣♣❡r ♣❛♥❡❧s✱ ❛♥❞ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r
✇✐❞t❤s δ ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ t❤❡ t✇♦ ❧♦✇❡r ♣❛♥❡❧s✳ ■♥ ❧❡❢t ✜❣✉r❡s ✭SD ❝❛s❡✮ t❤❡ ❛❜s❝✐ss❛ ✈❛r✐❛❜❧❡s
❛r❡ z = k−2/3∆′1/3 ❛♥❞ z1 = (k∆′)2/3✳

γSD ∼ (k∆′)2/3ρ2/3s S−1/3, δSD ∼ k−2/3∆′1/3ρ−2/3
s S−2/3. ✭✼✳✹✷✮

■♥ ❋✐❣✳ ✼✳✼ ✇❡ ♣❧♦t t❤❡ ❣r♦✇t❤ r❛t❡s γSD ❛♥❞ γLD ✈❡rs✉s ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs ✭k✱ S✱ ❛♥❞ ρs✮✱
❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❝❛❧✐♥❣ ❧❛✇s ♦❢ δSD ❛♥❞ δLD✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ✈❛❧✐❞✐t② ♦❢ t❤❡s❡ s❝❛❧✐♥❣s
❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ s❝❛❧❡s ♦❢ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❛♥❛❧②s✐s✱ ✇❤✐❝❤ ❣✐✈❡ ❬✽✶✱ ✸✺✸❪

ρs ≫ (kS)1/3 ✐♥ t❤❡ ❧❛r❣❡✲∆′ ❧✐♠✐t ❛♥❞ ∆′ ≪ ρ
−1/7
s (kS)2/7 ✐♥ t❤❡ s♠❛❧❧✲∆′ ❧✐♠✐t✳ ❖✉ts✐❞❡ ♦❢

t❤✐s r❛♥❣❡✱ t❤❡ ❡✛❡❝t ♦❢ ρs ✐s ♥❡❣❧✐❣✐❜❧❡ ❛♥❞ s❝❛❧✐♥❣s ✭✼✳✸✸✲✼✳✸✹✮ ♦❢ t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡ r❡❣✐♠❡ ❛r❡
r❡❝♦✈❡r❡❞✳

❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t♦ ❡st✐♠❛t❡ t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢
t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ✭✼✳✹✶✲✼✳✹✷✮ t❤❡ ❢♦❧❧♦✇✐♥❣ s❝❛❧✐♥❣s✿

❲❛r♠✲❘❡s✐st✐✈❡
❘❡❣✐♠❡







γM ∼ ρ
5/8
s S−1/4

kM ∼ ρ
1/16
s S−1/8

δM ∼ ρ
−3/4
s S−1/2

✭✼✳✹✸✮

❚❤❡s❡ ❛r❡ ❝♦♥✜r♠❡❞ ❜② ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳ ❋✐❣✳ ✼✳✽ s❤♦✇s t❤❡ s❝❛❧✐♥❣s ♦❢ γM ✭❧❡❢t ❢r❛♠❡✮ ❛♥❞ ♦❢
kM ✭r✐❣❤t ❢r❛♠❡✮ ✈❡rs✉s t❤❡ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs✳ ❍❡r❡✱ ❛❣❛✐♥✱ t✇♦ ❧✐♠✐t r❡❣✐♦♥s ❝❛♥ ❜❡ r❡❝♦❣♥✐③❡❞
✇❤❡r❡ s❝❛❧✐♥❣s ✭✼✳✹✵✮ ❛♥❞ ✭✼✳✹✸✮ r❡s♣❡❝t✐✈❡❧② ❤♦❧❞✳ ■♥ t❤❡ t♦♣✲❧❡❢t ❢r❛♠❡ ♦❢ ❋✐❣✳ ✼✳✽ ✇❡ s❡❡ t❤❛t✱

✇❤❡♥ S & 106✱ t❤❡ s❝❛❧✐♥❣ ♦❢ γM ∝ ρ
5/8
s ❛❣r❡❡s ✇✐t❤ ❊q✳ ✭✼✳✹✸✮ ❢♦r ❛❧❧ ❝❤♦s❡♥ ✈❛❧✉❡s ♦❢ ρs✳ ❋♦r

✈❛❧✉❡s ♦❢ S . 106✱ ✇❡ r❡❝♦❣♥✐③❡ ❛ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ❢♦r ✐♦♥ s♦✉♥❞ ▲❛r♠♦r r❛❞✐✉s ρ̃s ❛❜♦✈❡ ✇❤✐❝❤
✇❡ r❡❝♦✈❡r t❤❡ s❡♠✐✲❝♦❧❧✐s✐♦♥❛❧ r❡❣✐♠❡ ♦❢ ❊q✳ ✭✼✳✹✸✮✳ ❲❤❡♥ ρs < ρ̃s✱ t❤❡ s❝❛❧✐♥❣ ♦❢ γM ❜❡❝♦♠❡s
✐♥❞❡♣❡♥❞❡♥t ♦♥ ρs✳ ■♥ t❤❡ ❜♦tt♦♠ ❧❡❢t ❢r❛♠❡ ♦❢ ❋✐❣✳ ✼✳✽✱ ✇❤❡♥ S > S̃ ✇❡ r❡❝♦✈❡r t❤❡ s❝❛❧✐♥❣
γM ∼ S−1/4 ♦❢ ❊q✳ ✭✼✳✹✸✮ ✭s❡❡✱ ❡✳❣✳✱ t❤❡ ❜❧✉❡ ❧✐♥❡ ✐♥ ❜♦tt♦♠✲❧❡❢t ❢r❛♠❡ ♦❢ ❋✐❣✳ ✼✳✽✱ ✇❤❡r❡ ✇❡
❝❛♥ ✐❞❡♥t✐❢② S̃ = 107 ❢♦r ρs = 10−2✮✳ ❚❤❡ s❡❝♦♥❞ ❧✐♠✐t r❡❣✐♠❡ ✭♣✉r❡❧② r❡s✐st✐✈❡✮ ❣♦✈❡r♥❡❞ ❜②
❊q✳ ✭✼✳✹✵✮ ❝♦rr❡s♣♦♥❞s t♦ γM ∼ S−3/7 ❛♥❞ ✐s ♦❜s❡r✈❡❞ ✇❤❡♥ S < S̃ ✭s❡❡ ❛❣❛✐♥✱ ❡✳❣✳✱ t❤❡ ❜❧✉❡ ❧✐♥❡
✐♥ ❜♦tt♦♠✲❧❡❢t ❢r❛♠❡ ♦❢ ❋✐❣✳ ✼✳✽ ❢♦r ρs = 10−2✮✳ ■♥ t❤❡ r✐❣❤t ❢r❛♠❡ ♦❢ ❋✐❣✳ ✼✳✽ ✇❡ r❡❝♦❣♥✐③❡ t❤❡
s❛♠❡ ❢❡❛t✉r❡s ❛s ❛❜♦✈❡✳ ❍❡r❡✱ ❛ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ♦❢ t❤❡ ▲✉♥❞q✉✐st ♥✉♠❜❡r S̃ ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ ρs

✶✻✽



✼✳✻✳ ❲❛r♠✲❘❡s✐st✐✈❡ ❘❡❣✐♠❡ ✭S−1, ρs✮
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❋✐❣✉r❡ ✼✳✽✿ ❙❝❛❧✐♥❣ ❧❛✇s ♦❢ t❤❡ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ✭∆′δ ∼ 1✮ ✐♥ t❤❡ ✇❛r♠✲r❡s✐st✐✈❡ r❡❣✐♠❡
✭❙❡❝✳✼✳✻✮✳

✶✻✾



❈❤❛♣t❡r ✼✳ ❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s ✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts

✐s ✈✐s✐❜❧❡✳ ❋♦r ❧❛r❣❡r ✈❛❧✉❡s ♦❢ S✱ t❤❡ ✇❛✈❡♥✉♠❜❡r ♦❢ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ❢♦❧❧♦✇s t❤❡ s❝❛❧✐♥❣
kM ∼ S−1/8 ♦❢ t❤❡ ✇❛r♠✲r❡s✐st✐✈❡ r❡❣✐♠❡ ❣✐✈❡♥ ❜② ❊q✳ ✭✼✳✹✸✮✱ ✇❤✐❧❡ ❜❡❧♦✇ t❤✐s t❤r❡s❤♦❧❞ ✈❛❧✉❡
t❤❡ ✇❛✈❡♥✉♠❜❡r ♦❢ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ✐s ♦♥❝❡ ♠♦r❡ ❣♦✈❡r♥❡❞ ❜② t❤❡ s❝❛❧✐♥❣ kM ∼ S−1/7✳

❋✐♥❛❧❧②✱ t❤❡ s❝❛❧✐♥❣s ♦❢ ❊qs✳ ✭✼✳✹✸✮ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ❛♥ ❛r❜✐tr❛r② ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡✳
Pr♦❝❡❡❞✐♥❣ ❛s ❜❡❢♦r❡ ✇❡ ♦❜t❛✐♥✿

❲❛r♠✲❘❡s✐st✐✈❡
❘❡❣✐♠❡ ❢♦r lim

k→0
∆′ ∼ k−p







γM ∼ ρ
2+4p
2+7p
s S

− 2+p
2+7p ,

kM ∼ ρ
1

2+7p
s S

− 2
2+7p ,

δM ∼ ρ
− 2+5p

2+7p
s S

− 4p
2+7p ,

✭✼✳✹✹✮

✼✳✼ ❲❛r♠✲✐♥❡rt✐❛❧ ❘❡❣✐♠❡ ✭ρs, de✮

❚❤✐s r❡❣✐♠❡ ❞✐✛❡rs ❢r♦♠ ♣r❡✈✐♦✉s ♦♥❡ ✐♥ t❤❛t ❛ ✜♥✐t❡ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛ r❡♣❧❛❝❡s ❛ ✜♥✐t❡ r❡s✐st✐✈✐t②
❛s t❤❡ ♠❡❝❤❛♥✐s♠ t❤❛t ❛❧❧♦✇s r❡❝♦♥♥❡❝t✐♦♥ ❜② ✈✐♦❧❛t✐♥❣ t❤❡ ✐❞❡❛❧ ▲❛❣r❛♥❣✐❛♥ ✐♥✈❛r✐❛♥❝❡ ♦❢ ψ✳
❲❡ t❤❡♥ ❛ss✉♠❡ R−1 = S−1 = 0 ✐♥ ❊qs✳✭✼✳✶✱✼✳✷✮✳

❙❝❛❧✐♥❣s ♦❢ t❤❡ ❣r♦✇t❤ r❛t❡ ✐♥ t❤✐s r❡❣✐♠❡ ❤❛✈❡ ❜❡❡♥ ✜rst ♦❜t❛✐♥❡❞ ❜② P♦r❝❡❧❧✐ ❬✽✺❪ ❛♥❞ ❤❛❞
❜❡❡♥ ♣r♦✈✐❞❡❞ ❢♦r t❤❡ ❧❛②❡r ✇✐❞t❤ δ ❜② ❩♦❝❝♦ ❛♥❞ ❙❝❤❡❦♦❝❤✐❤✐♥ ❬✸✺✸❪✳ ❋♦r t❤❡ ❢❛st❡st ❣r♦✇✐♥❣
♠♦❞❡ t❤❡② ❤❛❞ ❜❡❡♥ ✜rst ♥✉♠❡r✐❝❛❧❧② ♦❜t❛✐♥❡❞ ❜② ❈♦♠✐ss♦ ❡t ❛❧✳ ❬✶✺✽❪ ❢♦r t❤❡ s❛♠❡ ❡q✉✐❧✐❜r✐✉♠
✭✼✳✸✮ ✇❡ ❝♦♥s✐❞❡r ❤❡r❡✱ ❛♥❞ t❤❡② ❤❛❞ ❜❡❡♥ ❣❡♥❡r❛❧✐③❡❞ t♦ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐❛ ✐♥ ❘❡❢✳❬✷✹❪✳

❆s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ s❝❛❧✐♥❣s ✐♥ t❤✐s r❡❣✐♠❡ ♠✐rr♦r t❤♦s❡ ♦❢ t❤❡ ✇❛r♠✲r❡s✐st✐✈❡ ❝❛s❡
♣r❡✈✐♦✉s t❤❡ s✉❜st✐t✉t✐♦♥ S−1 → γd2e✳ ❲❤✐❧❡ ✐♥ t❤❡ r❡❣✐♠❡ ✇❤❡r❡ ❜♦t❤ de ❛♥❞ ρs ❝♦♥tr✐❜✉t❡✱
✇❤✐❝❤ ✐s ❞❡❧✐♠✐t❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥ ρs & de✱ ✇❡ r❡✇r✐t❡ ❜❡❧♦✇ ❛❧❧ ♦❢ t❤❡ r❡❧❡✈❛♥t s❝❛❧✐♥❣s✱ ✇❡
♣r❡s❡♥t ✐♥ ❋✐❣✳ ✼✳✾ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ s♠❛❧❧✲ ❛♥❞ ❧❛r❣❡✲∆′ r❡❣✐♠❡s✱ ♦♥❧②✱ s✐♥❝❡ t❤❡
❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ✇✐t❤ p = 2 ❤❛s ❜❡❡♥ ❛❧r❡❛❞② st✉❞✐❡❞ ❬✶✺✽❪✿

γLD ∼ kρ2/3s d1/3e , δLD ∼ ρ−1/3
s d4/3e , ✭✼✳✹✺✮

γSD ∼ k∆′ρsde, δSD ∼ ∆′d2e, ✭✼✳✹✻✮

❲❛r♠✲■♥❡rt✐❛❧
❘❡❣✐♠❡ ❢♦r lim

k→0
∆′ ∼ k−p







γM ∼ ρ
1+2p
3p

s d
2+p
3p
e ,

kM ∼ ρ
1
3p
s d

2
3p
e ,

δM ∼ ρ
−1/3
s d

4/3
e .

✭✼✳✹✼✮

◆♦t❡✱ ✐♥ t❤❡ ❧❛r❣❡✲∆′ ❧✐♠✐t✱ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r ✐♥ ❛ s❝❛❧❡ δLD s♠❛❧❧❡r t❤❛♥
de ❜❡❝❛✉s❡ ♦❢ ρs > de✱ ❛♥❞✱ ✐♥ t❤❡ s♠❛❧❧✲∆′ ❧✐♠✐t✱ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ δSD ❢r♦♠ ρs✳

■t ✐s ✇❡❧❧ ❦♥♦✇♥✱ ❤♦✇❡✈❡r✱ t❤❛t ❢♦r de ≫ ρs t❤❡ ♣✉r❡❧② ✐♥❡rt✐❛❧ ✭✐✳❡✳✱ ❝♦❧❞ ❝♦❧❧✐s✐♦♥❧❡ss✮ r❡❣✐♠❡
✐s ❡♥t❡r❡❞✳ ■ts s❝❛❧✐♥❣s ✐♥ t❤❡ ❧❛r❣❡✲ ❛♥❞ s♠❛❧❧✲∆′ ❧✐♠✐ts ❤❛✈❡ ❜❡❡♥ ♣r♦✈✐❞❡❞ ✐♥ ❘❡❢s✳ ❬✽✺✱ ✸✺✹❪✱
❛♥❞ ✐♥ ❘❡❢s✳ ❬✻✸✱ ✻✼✱ ✸✺✹❪✱ r❡s♣❡❝t✐✈❡❧②✳

γLD ∼ kde, δLD ∼ de, ✭✼✳✹✽✮

γSD ∼ k(∆′)2d3e, δSD ∼ ∆′d2e, ✭✼✳✹✾✮

❆❣❛✐♥✱ ✇❡ ❞♦ ♥♦t ♣r❡s❡♥t ❤❡r❡ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ t❤✐s ❝❛s❡✱ ❛s t❤❡② ❤❛✈❡ ❜❡❡♥ ❛❧r❡❛❞②
❛❞❞r❡ss❡❞ ❡❧s❡✇❤❡r❡ ❬✸✺✹✱ ✷✹❪ ❜✉t ✇❡ ♥♦t❡ t❤❛t ✇❡ ❢♦✉♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ de ≫ ρs ❞❡❧✐♠✐t✐♥❣ t❤❡
✈❛❧✐❞✐t② ♦❢ ✭✼✳✹✽✲✼✳✹✾✮ t♦ ❜❡ ♥✉♠❡r✐❝❛❧❧② s❛t✐s✜❡❞ ❛❧r❡❛❞② ❢♦r de/ρs & 0.1✳

✶✼✵



✼✳✼✳ ❲❛r♠✲✐♥❡rt✐❛❧ ❘❡❣✐♠❡ ✭ρs, de✮

15 25

10
-4

10
-3

4.5 5 5.5

4

6

8
10

-4
2 6 10

10
-3

10
-4

10
-3

10
-2

10
-4

6 8 10

10
-4

10
-3

10
-2

10
-6

10
-4

1 2 3

$k$

10
-4

10
-2

2.4 2.8 3.2 3.6

10
-4

2 6 10

10
-4

10
-2

10
-3

10
-2

10
-6

10
-4

7 10
0.5

1.5

10
-3

10
-3

10
-2

2

4

10
-6

❋✐❣✉r❡ ✼✳✾✿ ❙❝❛❧✐♥❣ ❧❛✇s ✐♥ t❤❡ ✇❛r♠✲✐♥❡rt✐❛❧ r❡❣✐♠❡ ♦❢ ❙❡❝✳✼✳✼ ✭❜❧✉❡ ❞♦ts ❛r❡ ♥✉♠❡r✐❝❛❧❧②
♦❜t❛✐♥❡❞ ✈❛❧✉❡s✮✿ ❣r♦✇t❤ r❛t❡s γ ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ t❤❡ t✇♦ ✉♣♣❡r ♣❛♥❡❧s✱ ❛♥❞ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r
✇✐❞t❤s δ ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ t❤❡ t✇♦ ❧♦✇❡r ♣❛♥❡❧s✳ ▲❛❜❡❧s ✏LD✬ ❛♥❞ ✏SD✑ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❧❛r❣❡✲∆′

❛♥❞ s♠❛❧❧✲∆′ ❧✐♠✐ts✱ r❡s♣❡❝t✐✈❡❧②✳

■♥ t❤✐s ❝♦❧❞✱ ❝♦❧❧✐s✐♦♥❧❡ss ❝❛s❡✱ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ✐♥ ❛ ❧❛r❣❡ ❛s♣❡❝t r❛t✐♦ ❝✉rr❡♥t s❤❡❡t
❤❛s ❜❡❡♥ ✜rst ❝♦♥s✐❞❡r❡❞ ✐♥ ❘❡❢✳❬✻✵❪✱ ✇❤❡r❡ t❤❡ s❝❛❧✐♥❣ γM ∼ d

3/2
e ❤❛s ❜❡❡♥ ♥✉♠❡r✐❝❛❧❧② ♦❜t❛✐♥❡❞

❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ψ0 = cos(x)✳ ❚❤✐s ❛❣r❡❡s ✇✐t❤ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❡st✐♠❛t❡s ❣✐✈❡♥ ✐♥ ❘❡❢✳ ❬✷✹❪✿

❈♦❧❞✲■♥❡rt✐❛❧
❘❡❣✐♠❡ (d2e ≫ ρ2s)
❢♦r lim

k→0
∆′ ∼ k−p







γM ∼ d
1+p
p

e ,

kM ∼ d
1
p
e ,

δM ∼ de,

✭✼✳✺✵✮

✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ✈❡r✐✜❡❞ ❛❧s♦ ❢♦r ❛ ❍❛rr✐s ♣✐♥❝❤ ❡q✉✐❧✐❜r✐✉♠ ❬✷✹❪ ❛♥❞✱ ❤❡r❡✱ ❢♦r ❡q✉✐❧✐❜r✐✉♠
✭✼✳✸✮ ✭s❡❡ s❡❝t✐♦♥✳ ✼✳✽✱ ♥❡①t✮✳

❋✐♥❛❧❧②✱ ❋✐❣✉r❡s ✼✳✶✵ ❡✈✐❞❡♥❝❡ t❤❡ ❢♦r♠❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ de ❛♥❞ S−1 ❜② s❤♦✇✐♥❣ t❤❡ ♣r❛❝t✐❝❛❧❧②
✐❞❡♥t✐❝❛❧ s❤❛♣❡ ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❜t❛✐♥❡❞ ✇❤❡♥ ✐♥❡rt✐❛ ❛♥❞ r❡s✐st✐✈✐t②✱ r❡s♣❡❝t✐✈❡❧②✱ ❛r❡ t❤❡
♦♥❧② ♥♦♥✲✐❞❡❛❧ ♠❡❝❤❛♥✐s♠s ❛t ♣❧❛② ❛♥❞ ✇❤❡♥ t❤❡ ✈❛❧✉❡s ❛r❡ ❝❤♦s❡♥ s♦ t❤❛t γd2e = S−1✳ ❲❡ r❡❝❛❧❧
✐♥st❡❛❞ t❤❛t ρs✱ ❧✐❦❡ R−1✱ ✐s ♣❡r s❡ ♥♦t s✉✣❝✐❡♥t t♦ r❡❣✉❧❛r✐③❡ t❤❡ s✐♥❣✉❧❛r✐t② t❤❛t ✐♥ ✐❞❡❛❧ ▼❍❉
✇♦✉❧❞ ❞❡✈❡❧♦♣ ❛t t❤❡ ♥❡✉tr❛❧ ❧✐♥❡✱ s✐♥❝❡ ✐t ❞♦❡s ♥♦t ✈✐♦❧❛t❡ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ✐♥✈❛r✐❛♥❝❡ ♦❢ ♠❛❣♥❡t✐❝
✜❡❧❞ ❧✐♥❡s ✐♥ ✐❞❡❛❧ ▼❍❉✱ ❛s t❤❡② ❛r❡ ❞r❛❣❣❡❞ ❜② t❤❡ ✢♦✇✿ ❛❧t❤♦✉❣❤✱ ❛s de = S−1 = 0✱ ρs ❛♣♣❡❛rs
✐♥ ❢r♦♥t ♦❢ ❛ s♦✉r❝❡ t❡r♠ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ▲❛❣r❛♥❣✐❛♥ ✐♥✈❛r✐❛♥❝❡ ♦❢ ψ✱ ✐t ❝❛♥ ❜❡ r❡✲❛❜s♦r❜❡❞
✐♥ ❛ r❡❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✢✉✐❞ str❡❛♠ ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ✇❤✐❝❤ t❤❡ t♦t❛❧ ✭✐✳❡✳ ♠❛t❡r✐❛❧✮ t✐♠❡
❞❡r✐✈❛t✐✈❡ ♦❢ ψ r❡s✉❧ts t♦ ❜❡ ③❡r♦ ✭ϕ → ϕ − ρ2sU✮✳ ▼♦r❡ ✐♥ ❣❡♥❡r❛❧✱ ❜♦t❤ ρs✲❝♦rr❡❝t✐♦♥s t♦ t❤❡
E × B ✈❡❧♦❝✐t②✱ ❛s t❤❡② ❛r❡ ❞❡r✐✈❡❞ ✐♥ t❤❡ δBz ∼ (|Bperp|/B0)

2 ❧✐♠✐t✱ ❛♥❞ t❤❡ J × B t❡r♠ ✐♥
❖❤♠✬s ❧❛✇ ♦❢ ❍❛❧❧✲▼❍❉ ♠♦❞❡❧ ❞♦ ♥♦t ❛❧❧♦✇✱ ❛❧♦♥❡✱ r❡❝♦♥♥❡❝t✐♦♥ ✭s❡❡✱ ❡✳❣✳✱ ❘❡❢✳ ❬✸✺✺❪✮✳ ❆❢t❡r
r❡❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✢✉✐❞ ✈❡❧♦❝✐t②✱ ❜♦t❤ t❡r♠s ❝❛♥ ❜❡ ✐♥❞❡❡❞ r❡❛❜s♦r❜❡❞ ✐♥t♦ ❛ ♥✉❧❧ ▲✐❡✲❞❡r✐✈❛t✐✈❡
♦❢ B(x, t) t❤❛t ❡①♣r❡ss❡s t❤❡ ✐♠♣❡❞❡♠❡♥t ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❬✶✵✽❪✳

✶✼✶



❈❤❛♣t❡r ✼✳ ❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s ✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts
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0
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❋✐❣✉r❡ ✼✳✶✵✿ ❊✐❣❡♥♠♦❞❡ ♣r♦✜❧❡s ♦❢ ψ ✭❧❡❢t ♣❛♥❡❧✮ ❛♥❞ φ ✭r✐❣❤t ♣❛♥❡❧✮ ♦❜t❛✐♥❡❞ ❢♦r ❛ ❝❛s❡ ✐♥ ✇❤✐❝❤
de ✭❜❧✉❡ ❝✉r✈❡✮ ❛♥❞ S−1 ✭r❡❞ ❝✉r✈❡✮ ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ♦♥❧② ♥♦♥ ③❡r♦ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡r✳
❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥ s♦ t❤❛t γd2e ≃ S−1❀ t❤❡ ❜❧✉❡ ❛♥❞ r❡❞ ❝✉r✈❡s ❛r❡
♣r❛❝t✐❝❛❧❧② s✉♣❡r✐♠♣♦s❛❜❧❡✳

✼✳✽ ■♥❡rt✐❛❧✲r❡s✐st✐✈❡ ❘❡❣✐♠❡ ✭de, S
−1✮

■♥ t❤✐s r❡❣✐♠❡✱ ✇❤❡r❡ R−1 = ρs = 0 ✐♥ ❊qs✳✭✼✳✶✱✼✳✷✮✳ ❚❤r❡❡ r❡❣✐♦♥s ✐♥ ♣❛r❛♠❡t❡r s♣❛❝❡s ❝❛♥
❜❡ ✐❞❡♥t✐✜❡❞✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡❧❛t✐✈❡ ♠❛❣♥✐t✉❞❡ ♦❢ γd2e ❛♥❞ S−1✳ ❚❤❡s❡ t❤r❡❡ r❡❣✐♦♥s ❝❛♥ ❜❡
❝❧❛ss✐✜❡❞ ❛s t✇♦ ❛s②♠♣t♦t✐❝ r❡❣✐♠❡s✱ ✐♥ ✇❤✐❝❤ r❡s✐st✐✈✐t② ♦r ❡❧❡❝tr♦♥ ✐♥❡rt✐❛ r❡s♣❡❝t✐✈❡❧② ❞♦♠✐♥❛t❡✱
❛♥❞ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ r❡❣✐♦♥ ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡s❡ t✇♦ r❡❣✐♠❡s✳

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡s❡ t❤r❡❡ r❡❣✐♦♥s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦❢ ❛ ♣❛r❛♠❡t❡r r❛♥❣❡ ✐♥ ✇❤✐❝❤ ❜♦t❤
de ❛♥❞ S−1 ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❣r♦✇t❤ r❛t❡ ✇❤❡♥ γd2e ∼ S−1✱ ❤❛❞ ❜❡❡♥ ❛❧r❡❛❞② ♥♦t❡❞ ✐♥ t❤❡
♣✐♦♥❡❡r✐♥❣ ♥✉♠❡r✐❝❛❧ st✉❞② ♦❢ ❘❡❢✳❬✻✵❪ ❛❧t❤♦✉❣❤ s♣❡❝✐✜❝ s❝❛❧✐♥❣s ❤❛✈❡ ❜❡❡♥ t❤❡r❡ ♣r♦✈✐❞❡❞ ❢♦r
t❤❡ γd2e ≫ S−1 ❧✐♠✐t✱ ♦♥❧②✳

❚❤❡ s❝❛❧✐♥❣s ✐♥ t❤❡ t✇♦ ❛s②♠♣t♦t✐❝ r❡❣✐♠❡s ❛r❡ ❡❛s✐❧② ♦❜t❛✐♥❡❞✳ ❚❤❡ ✜rst r❡❣✐♠❡✱ ✈❛❧✐❞
❢♦r γd2e ≪ S−1 ❝❛♥ ❜❡ s♦ ✐❞❡♥t✐✜❡❞ ❛s ♣✉r❡❧② r❡s✐st✐✈❡✳ ❚❤✐s ❤❛s ❜❡❡♥ ❛❧r❡❛❞② ❞✐s❝✉ss❡❞ ❛♥❞
s✉♠♠❛r✐③❡❞ ✇✐t❤ ❊q✳✭✼✳✸✾✮✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ✐♥❡rt✐❛✲r❡❧❛t❡❞ t❡r♠s ✭γd2eψ✮ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ r❡s✐st✐✈✐t② ❝♦♥tr✐❜✉t✐♦♥✳

❚❤❡ s❡❝♦♥❞ ♦♥❡✱ ✈❛❧✐❞ ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❧✐♠✐t γd2e ≫ S−1✱ ✐s t❤❡ ❝♦❧❞✲✐♥❡rt✐❛❧ r❡❣✐♠❡ ♦❢ ❙❡❝✳ ✼✳✼✳
❚❤❡ ✐♥t❡r♠❡❞✐❛t❡ ♣❛r❛♠❡t❡r r❛♥❣❡ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❝♦♥str❛✐♥t γd2e ∼ S−1✳ ❲❡ ♥♦t❡ t❤❛t t❤❡
s❝❛❧✐♥❣s ❢♦r t❡❛r✐♥❣ ♠♦❞❡s ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❜♦t❤ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛ ❛♥❞ r❡s✐st✐✈✐t② ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❜②
❝♦♥s✐❞❡r✐♥❣ ❢♦r ❡①❛♠♣❧❡ t❤❡ s❝❛❧✐♥❣s ✭✼✳✹✽✮ ❛♥❞ ✭✼✳✹✾✮ ♦❢ t❤❡ ❝♦❧❞ ✐♥❡rt✐❛❧ ❝❛s❡ ❛♥❞ ❜② r❡s❝❛❧✐♥❣

d2e → d̂e
2 ≡ d2e + S−1/γ ❬✸✺✹❪ ✳ ❋♦r t❤❡ ❣r♦✇t❤ r❛t❡s t❤✐s ❧❡❛❞s t♦ t❤❡ ✐♠♣❧✐❝✐t r❡❧❛t✐♦♥s

γLD ∼ k

(

d2e +
S−1

γLD

)1/2

, γSD ∼ k(∆′)2
(

d2e +
S−1

γSD

)3/2

, ✭✼✳✺✶✮

✇❤✐❝❤ ❛r❡ ✉s❡❢✉❧ t♦ ✐♥t❡r♣r❡t t❤❡ r❡s✉❧ts ✐♥ t❤❡ tr❛♥s✐t✐♦♥ r❡❣✐♦♥✳

❯s✐♥❣ ❢♦r γ t❤❡ s❝❛❧✐♥❣s ✭✼✳✹✽✲✼✳✹✾✮ ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥❧❡ss t❡❛r✐♥❣ ♠♦❞❡s ♦r t❤❡ s❝❛❧✐♥❣s ✭✼✳✸✸✲
✼✳✸✹✮ ♦❢ t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡ ❝❛s❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❢♦r♠✉❧❛t❡ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥
t❤❡ t❤❡ t✇♦ ❛s②♠♣t♦t✐❝ r❡❣✐♠❡s ✐♥ t❡r♠s ♦❢ t❤❡ ✇❛✈❡♥✉♠❜❡r ❛s✿

✶✼✷
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❋✐❣✉r❡ ✼✳✶✶✿ ❙❝❛❧✐♥❣ ❧❛✇s ♦❢ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ♦❝❝✉rr✐♥❣ ❢♦r ∆′δ ∼ 1 ✐♥ t❤❡ ✐♥❡rt✐❛❧✲
r❡s✐st✐✈❡ r❡❣✐♠❡✳ ❚❤❡ ❞❛s❤❡❞ ❣r❡❡♥ ❧✐♥❡s ♦❢ t❤❡ ✉♣♣❡r ❢r❛♠❡s ✐♥❞✐❝❛t❡ t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ♣✉r❡❧②
❝♦❧❧✐s✐♦♥❧❡ss r❡❣✐♠❡ ✭✼✳✺✵✮✱ ✇❤✐❧❡ t❤❡ ❜❧❛❝❦ ♦♥❡s ✐♥ t❤❡ ❧♦✇❡r ❢r❛♠❡s ✐♥❞✐❝❛t❡ t❤❡ s❝❛❧✐♥❣s ♦❢ t❤❡
♣✉r❡❧② r❡s✐st✐✈❡ r❡❣✐♠❡✱ ✭✼✳✹✵✮✳

■♥❡rt✐❛❧✲r❡s✐st✐✈❡
r❛♥❣❡ γd2e ∼ S−1







k ∼ d−3
e S−1 (∆′δ ≫ 1),

k(∆′)2 ∼ d−5
e S−1 (∆′δ ≪ 1)

✭✼✳✺✷✮

■♥ ❛ ♥✉♠❡r✐❝❛❧ s❝❛♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡✱ ✐t ✐s ❡❛s✐❡r t♦ ✐❞❡♥t✐❢② t❤❡ t❤r❡❡ r❡❣✐♦♥s ✭✐✳❡✳✱ t❤❡
t✇♦ ❛s②♠♣t♦t✐❝ r❡❣✐♠❡s ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ r❡❣✐♦♥✮ ❜② ❢♦❝✉ss✐♥❣ ✜rst ♦♥ t❤❡ s❝❛❧✐♥❣s ♦❢ t❤❡ ❢❛st❡st
❣r♦✇✐♥❣ ♠♦❞❡✱ ❢♦r ✇❤✐❝❤ t❤❡ ✇❛✈❡♥✉♠❜❡r ✐s ✜①❡❞ ❜② t❤❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs✳

❋✐❣✳✭✼✳✶✶✮ ❞✐s♣❧❛②s t❤❡ r❡s✉❧ts ♦❢ ❛ s❡t ♦❢ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥s ♣❡r❢♦r♠❡❞ ❜② ✈❛r②✐♥❣ ♦❢ ❜♦t❤
de ❛♥❞ S−1 ❛♥❞ ❜② s❡❧❡❝t✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ✐♥ ❛ ❢♦r♠❛❧❧② ❝♦♥t✐♥✉♦✉s
s♣❡❝tr✉♠ ♦❢ ✉♥st❛❜❧❡ ♠♦❞❡s✳ ❚❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ γM ❛♥❞ kM ♦♥ de ❛♥❞ ♦♥ S−1 ✐s ❞✐s♣❧❛②❡❞
✐♥ t❤❡ t♦♣ ❛♥❞ ❜♦tt♦♠ ❢r❛♠❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❡❛❝❤ ❧✐♥❡✱ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ♦♥❡ ❛s②♠♣t♦t✐❝
r❡❣✐♠❡ t♦ t❤❡ ♦t❤❡r✱ ♦❝❝✉rr✐♥❣ ✇❤❡♥ γd2e ∼ S−1✱ ✐s q✉✐t❡ ❡✈✐❞❡♥t✳ ■♥ ❡❛❝❤ ❢r❛♠❡✱ t❤❡ ❞❛s❤❡❞ ❧✐♥❡
❡✈✐❞❡♥t✐❛t❡s t❤❡ s❝❛❧✐♥❣ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ❞♦♠✐♥❛♥t ♣❛r❛♠❡t❡r ♦❢ t❤❡ ♠♦st❧② ✐♥❡rt✐❛❧ ✭✼✳✺✵✮ ♦r
♠♦st❧② r❡s✐st✐✈❡ r❡❣✐♠❡ ✭✼✳✹✵✮✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r ❛r❡ ❧✐st❡❞ ✐♥ t❛❜❧❡ ✼✳✷✳

✶✼✸



❈❤❛♣t❡r ✼✳ ❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s ✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts

✈✐s❝♦✉s✲r❡s✐st✐✈❡✿ (R−1, S−1) ✇❛r♠✲r❡s✐st✐✈❡✿ (ρs, S−1) ✇❛r♠✲✐♥❡rt✐❛❧✿ (ρs, de)

γLD k
2
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1
3S− 2

3 k
6
7 ρ
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s S
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7 kρ
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s d
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e

δLD k−
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7 ρ
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s d
4
3
e

γSD k
1
3∆′R

1
6S− 5

6 (k∆′)
2
3 ρ

2
3
s S

− 1
3 k∆′ρsde

δSD k−
1
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2
3∆′ 1

3 ρ
− 2

3
s S− 2

3 ∆′d2e
∆′ ∼ (ka)−1 ∆′ ∼ (ka)−2 ∆′ ∼ (ka)−1 ∆′ ∼ (ka)−2 ∆′ ∼ (ka)−1 ∆′ ∼ (ka)−2

γM R
1
4S− 3

4 R
2
7S− 5

7 ρ
2
3
s S

− 1
3 ρ

5
8
s S

− 1
4 ρsde ρ

5
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s d
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kM

(
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2S− 1

2
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(
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2
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2

) 1
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(
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7
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9 ρ
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s S− 1
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3
s d
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3
e ρ

− 1
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L

)

crit
R∗ 1

6S∗− 1
2 R∗ 1

10S∗− 1
2 ρ

∗ 1
3
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6 ρ
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3
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3
s d

∗ 1
3
e ρ

∗ 1
3
s d
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e

❚❛❜❧❡ ✼✳✷✿ ✿ ❆s②♠♣t♦t✐❝ s❝❛❧✐♥❣s ♦❢ r❡s✐st✐✈❡ r❡❞✉❝❡❞✲▼❍❉ t❡❛r✐♥❣ ♠♦❞❡s ✐♥ ♣r❡s❡♥❝❡ ♦❢ ✈✐s❝♦s✐t②
❛♥❞ ❡❧❡❝tr♦♥ t❡♠♣❡r❛t✉r❡✱ ❛♥❞ ♦❢ ❝♦❧❧✐s✐♦♥❧❡ss ♠♦❞❡s ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❡❧❡❝tr♦♥ t❡♠♣❡r❛t✉r❡✳ ❇♦tt♦♠
❧✐♥❡ r❡❢❡rs t♦ t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ❛s♣❡❝t r❛t✐♦ (a/L)crit ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝✳ ✼✳✾✳

✼✳✾ ❈r✐t✐❝❛❧ ❙❝❛❧✐♥❣ ✐♥ ❉✐✛❡r❡♥t ❘❡❣✐♠❡s

■♥ ✇❤❛t ❢♦❧❧♦✇s ✐♥ t❤✐s s❡❝t✐♦♥✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❝✉rr❡♥t s❤❡❡ts tr✐❣❣❡r❡❞ ❜② s♦♠❡ ❞②♥❛♠✐❝s t❤❛t t❛❦❡
♣❧❛❝❡ ✐♥s✐❞❡ t❤❡ ♣❧❛s♠❛✱ s✉❝❤ ❛s t✉r❜✉❧❡♥❝❡✳ P✉❝❝✐ ❛♥❞ ❱❡❧❧✐ ❬✶✻✶❪ ♣r♦✈❡❞ t❤❛t ❛ ❝r✐t✐❝❛❧ ✐♥✈❡rs❡
❛s♣❡❝t r❛t✐♦ ❡①✐sts ❛♥❞ s❡♣❛r❛t❡s t❤❡ s❧♦✇❧② ❡✈♦❧✈✐♥❣ ✉♥st❛❜❧❡ ❝✉rr❡♥t s❤❡❡ts ❢r♦♠ t❤♦s❡ ✈✐♦❧❡♥t❧②
✉♥st❛❜❧❡✳ ❚❤❡② ❞✉❜❜❡❞ t❤❡ ✐♥st❛❜✐❧✐t② ♦❝❝✉rr✐♥❣ ❛t t❤✐s t❤r❡s❤♦❧❞ ✧✐❞❡❛❧✧ t❡❛r✐♥❣ ❜❡❝❛✉s❡ t❤❡
❣r♦✇t❤ r❛t❡✱ ♥♦r♠❛❧✐③❡❞ t♦ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❆❧❢✈é♥ t✐♠❡ ✭τ∗A = L

vA
✱ ✇❤❡r❡ L ✐s t❤❡ ❧❡♥❣t❤ ♦❢

t❤❡ ❝✉rr❡♥t s❤❡❡t✱ ❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss q✉❛♥t✐t✐❡s ♥♦r♠❛❧✐③❡❞ t♦ L ❛r❡ ❧❛❜❡❧❡❞ ✇✐t❤ t❤❡ ❛♣❡①
∗✮✱ ❜❡❝♦♠❡s ♦❢ t❤❡ ♦r❞❡r ♦❢ ✉♥✐t② ❛♥❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ❡①♣❧✐❝✐t❧② ♦♥ ▲✉♥❞q✉✐st ♥✉♠❜❡r✳ ❚❤✐s
❝♦♥❝❡♣t ♠✐❣❤t✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❤❡❧♣ ✐♥ ❡①♣❧❛✐♥✐♥❣ t❤❡ ♠❡❝❤❛♥✐s♠s ❜❡❤✐♥❞ t❤❡ ♦❜s❡r✈❡❞ ❢❛st
r❡❝♦♥♥❡❝t✐♦♥ ♣❤❡♥♦♠❡♥❛ ❬✸✺✻❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ❤❡❧♣s ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ r❡str✐❝✐t✐♦♥s ♦♥
♥❛t✉r❛❧❧② ♦❝❝✉r♥✐♥❣ ❝✉rr❡♥t s❤❡❡ts✱ ❛♥❞ ❤❡♥❝❡ s♦❧✈✐♥❣ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞✐✈❡r❣✐♥❣ ❣r♦✇t❤ r❛t❡✳
❚❤❡ ❧✐♥❡❛r ❛♥❛❧②s✐s✱ ✜rst ♣❡r❢♦r♠❡❞ ❜② P✉❝❝✐ ❛♥❞ ❱❡❧❧✐ ❢♦r t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡ r❡❣✐♠❡✱ ✇❛s ❧❛t❡r
❡①t❡♥❞❡❞ t♦ t❤❡ ✈✐s❝♦✉s✲r❡s✐st✐✈❡ r❡❣✐♠❡ ❜② ❚❡♥❡r❛♥✐ ❡t ❛❧✳ ❬✸✺✼❪✱ ❛♥❞ ❢✉rt❤❡r ❣❡♥❡r❛❧✐③❡❞ t♦
✐♥❝❧✉❞❡ ✐♥❡rt✐❛❧ ❛♥❞ ❊▼❍❉ r❡❣✐♠❡s ❜② ❉❡❧ ❙❛rt♦ ❡t ❛❧✳ ❬✷✹❪✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ♥♦♥✲❧✐♥❡❛r st✉❞✐❡s
❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ♦♥s❡t ♦❢ ✧✐❞❡❛❧✧ t❡❛r✐♥❣ ✐♥ t❤✐♥ ❝✉rr❡♥t s❤❡❡t ❛♥❞ ✐ts
❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ❡q✉✐❧✐❜r✐✉♠ ❬✶✻✹✱ ✸✺✽✱ ✸✺✾❪✳ ❚❤✐s ✐❞❡❛ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❜② r❡✲
♥♦r♠❛❧✐③✐♥❣ ❊q✳✭✼✳✹✵✮ ✇✐t❤ r❡s♣❡❝t t♦ L✱ t❤✐s ❣✐✈❡s ❢♦r ❍❛rr✐s s❤❡❡t ✭p = 1✮✱

❘❡s✐st✐✈❡ ❘❡❣✐♠❡







γ∗τ∗A ∼ S
−1/2
L ( aL)

−3/2,

k∗ML ∼ S
−1/4
L ( aL)

−5/4,

δ∗M ∼ S
−1/4
L ( aL)

−5/4,

✭✼✳✺✸✮

❋r♦♠ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ❛s t❤❡ ✐♥✈❡rs❡ ❛s♣❡❝t r❛t✐♦ ❣r♦✇s✱ ♠♦r❡ ❛♥❞ ♠♦r❡ ♠♦❞❡s ❜❡❝♦♠❡
✉♥st❛❜❧❡✱ ✐♥✐t✐❛❧❧② ✐♥ t❤❡ s♠❛❧❧ ∆′ r❛♥❣❡ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✭✼✳✶✮✳ ❖❢ t❤❡s❡✱ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣
♠♦❞❡ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s♠❛❧❧❡st ♣♦ss✐❜❧❡ ✇❛✈❡♥✉♠❜❡r k ∼ 1/L✱ ✇❤✐❝❤ ❣✐✈❡s ❢r♦♠ t❤❡ s❡❝♦♥❞

❡q✉❛t✐♦♥ ♦❢ ✼✳✺✸✿ L/a ∼ S
1/5
L ✱ t❤❡r❡❢♦r❡ t❤❡ ♠❛①✐♠✉♠ ❣r♦✇t❤ r❛t❡ ❛❧❧♦✇❡❞ ❢♦r t❤✐s r❡❣✐♠❡ ✐s s✉❝❤

t❤❛t
γ∗τ∗A ∼ S

−1/5
L , ✭✼✳✺✹✮

❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ ❝✉rr❡♥t s❤❡❡t s❤r✐♥❦s ✐s ❛ss✉♠❡❞ t♦ ❜❡ ♦❢ t❤❡ ♦r❞❡r ♦❢

✶✼✹



✼✳✾✳ ❈r✐t✐❝❛❧ ❙❝❛❧✐♥❣ ✐♥ ❉✐✛❡r❡♥t ❘❡❣✐♠❡s

τ∗A✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t t❤❡ ♣r❡✈✐♦✉s ❣r♦✇t❤ r❛t❡ ✐s st✐❧❧ s♠❛❧❧❡r t❤❛t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ r❛t❡ ♦❢
s❤r✐♥❦✐♥❣ ∼ 1/τ∗A✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❤r✐♥❦✐♥❣ ♣r♦❝❡ss ❝❛♥ ❝♦♥t✐♥✉❡ ♣r♦❞✉❝✐♥❣ ♠♦❞❡s ✐♥ t❤❡ ❧♦✇❡r
✇❛✈❡♥✉♠❜❡r ♣♦rt✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠✳ ❚❤✐s ♣r♦❝❡ss ❣♦❡s ♦♥ ✉♥t✐❧ t❤❡ ❣r♦✇t❤ r❛t❡ ❜❡❝♦♠❡s ♦❢ t❤❡
♦r❞❡r ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ r❛t❡ γ∗Mτ

∗
A ∼ 1 r❡❛❝❤❡❞ ✇❤❡♥

(
L

a

)

crit

∼ S
1/3
L ✭✼✳✺✺✮

❚❤✐s ✐s t❤❡ s♠❛❧❧❡st ♣♦ss✐❜❧❡ ❛s♣❡❝t r❛t✐♦ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳ ❇❡❧♦✇ t❤✐s
✈❛❧✉❡✱ t❤❡ ❝✉rr❡♥t s❤❡❡t ✇♦✉❧❞ ❜❡ ❞❡str♦②❡❞ ❜② ❛ ♠♦❞❡ ❣r♦✇✐♥❣ ❛t ❛ ❢❛st❡r r❛t❡ t❤❛♥ t❤❡ ♦♥❡ ❛t
✇❤✐❝❤ t❤❡ s❤❡❡t ✐s ♣r♦❞✉❝❡❞✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝r✐t✐❝❛❧ ✇❛✈❡✲♥✉♠❜❡r s❝❛❧❡s ❛s

(k∗L)crit ∼ S
1/6
L ✭✼✳✺✻✮

✇❤✐❝❤ ❣✐✈❡s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ s♠❛❧❧❡r str✉❝t✉r❡s ♣r♦❞✉❝❡❞ ✇❤❡♥ t❤❡ s❤❡❡t ✐s ❞❡✲
str♦②❡❞✱ ❛ q✉❛♥t✐t② t❤❛t ❝❛♥✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ♦❜s❡r✈❛t✐♦♥s✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❝r✐t✐❝❛❧ s❝❛❧✐♥❣s ✭✼✳✺✺✲✼✳✺✻✮ ❝❛♥ ❜❡
❣❡♥❡r❛❧✐③❡❞ t♦ ❛♥② r❡❝♦♥♥❡❝t✐♦♥ r❡❣✐♠❡✱ s✐♠✐❧❛r❧② t♦ ✇❤❛t ✇❛s s❤♦✇♥ ✐♥ ❘❡❢✳❬✷✹❪✳ ▲❡t ✉s ❞♦
t❤✐s ✐♥ t❤❡ r❡❣✐♠❡s ❞✐s❝✉ss❡❞ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ❋r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ✐t ✐s s✉✣❝✐❡♥t
t♦ ❝♦♥s✐❞❡r t❤❡ s❝❛❧✐♥❣s ♦❢ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡s ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♣r♦✈✐❞❡❞ ❛s ✇r✐tt❡♥ ❜②
♥♦r♠❛❧✐③✐♥❣ ❧❡♥❣t❤s t♦ a ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s t♦ B0✱ ❛♥❞ t♦ r❡✇r✐t❡ t❤❡♠ ❛s ♥♦r♠❛❧✐③❡❞ t♦ L✳
❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡ ♦❢ t❤❡ ♣r♦❝❡ss ❣♦✈❡r♥✐♥❣ t❤❡ ❝✉rr❡♥t s❤❡❡t ❡✈♦❧✉t✐♦♥ ✐s t❤❡r❡❢♦r❡ τ∗A ❛♥❞
t❤❡ ❧✐♠✐t γ∗M ∼ O(1) ♠✉st ❜❡ ♣♦s❡❞ ❢♦r ❝♦♥s✐st❡♥❝② ✇✐t❤ t❤❡ ❧✐♥❡❛r ❛♥❛❧②s✐s✳ ❚❤✐s ♣r♦✈✐❞❡s ❛♥
❛s②♠♣t♦t✐❝ s❝❛❧✐♥❣ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ❛s♣❡❝t r❛t✐♦ (L/a)crit ✇✐t❤ t❤❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡rs ✐♥✈♦❧✈❡❞✳

■♥ t❤❡ ✈✐s❝♦✉s✲r❡s✐st✐✈❡ r❡❣✐♠❡ ♦❢ s❡❝t✐♦♥ ✼✳✺ ✇❡ t❤✉s r❡✲✇r✐t❡ ❊qs✳✭✼✳✸✽✮ ❛s✿






γ∗M ∼
(
L

a

) 2+4p
1+3p

R∗ p
1+3pS∗− 1+2p

1+3p ,

k∗M ∼
(
L

a

) 2+3p
1+3p (

R∗−1/2S∗−1/2
) 1

1+3p
,

δ∗M ∼
(
L

a

)− 1+4p
1+3p (

R∗−1/2S∗−1/2
) p

1+3p
,

✭✼✳✺✼✮

❚❤❡ ❝r✐t✐❝❛❧ s❝❛❧✐♥❣s ✭✼✳✺✺✮ ❛♥❞ ✭✼✳✺✻✮ s♦ r❡❛❞
(
L

a

)

crit

∼ R∗− p
2+4pS∗ 1

2 = P ∗− p
2+4pS∗ 1+p

2+4p , ✭✼✳✺✽✮

(kML)crit ∼ R
∗− 1+p

2+4pS∗1/2. ✭✼✳✺✾✮

❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ s♣❡❝✐❛❧✐③❡❞✿ ❢♦r p = 1 ✐t ❝♦rr❡s♣♦♥❞s t♦ ❜♦t❤ t❤❡ ❍❛rr✐s✲♣✐♥❝❤ ❡q✉✐❧✐❜r✐✉♠
ψ0 = a ln | cosh(x/a)| ❛♥❞ t♦ t❤❡ ♣✐❡❝❡✲✇✐s❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡✜♥❡❞ ❜② ψ0(x) = x/a ✐♥ t❤❡ ✐♥t❡r✈❛❧
−a < x ≤ a ❛♥❞ ❜② ψ0 = 0 ❢♦r x ≤ −a ❛♥❞ x > a ✭❘❡❢✳❬✺✼❪✮✳ ❋♦r p = 2 ✐t ❝♦rr❡s♣♦♥❞s t♦ t❤❡
❝❛s❡ ♦❢ ❊q✳✭✼✳✸✮ ❛♥❞ t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ψ0(x) = a cos(x/a) ✭❘❡❢✳❬✶✺✷❪✮✿

(
L

a

)[p=1]

crit

∼ R∗− 1
6S∗ 1

2 ,

(
L

a

)[p=2]

crit

∼ R∗− 1
10S∗ 1

2 , ✭✼✳✻✵✮

❚❤❡ s❝❛❧✐♥❣s ♦❢ γ∗M ✐♥ ❊q✳✭✼✳✺✼✮ ❛♥❞ t❤❡ ❝r✐t✐❝❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ ❊qs✳✭✼✳✺✽✲✼✳✻✵✮ s♣❡❝✐❛❧✐③❡❞ t♦ t❤❡
p = 1 ❝❛s❡ ❤❛❞ ❜❡❡♥ ✜rst ♦❜t❛✐♥❡❞ ♥✉♠❡r✐❝❛❧❧② ❜② ❚❡♥❡r❛♥✐ ❡t ❛❧✳ ✐♥ ❘❡❢✳ ❬✸✹✸❪✳

✶✼✺



❈❤❛♣t❡r ✼✳ ❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s ✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts

❆ ❝✉rr❡♥t s❤❡❡t ✇✐t❤ ❛♥ ❛s♣❡❝t r❛t✐♦ ✭❛s②♠♣t♦t✐❝❛❧❧②✮ ❧❛r❣❡r t❤❛♥ t❤❛t ✐♥❞✐❝❛t❡❞ ❛❜♦✈❡ ✐s ♠❡t ❢♦r
❡①❛♠♣❧❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❙✇❡❡t✲P❛r❦❡r t②♣❡ st❡❛❞②✲r❡❝♦♥♥❡❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❝✉rr❡♥t s❤❡❡t
❛s♣❡❝t r❛t✐♦✳ ■♥ t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡ ❝❛s❡ ✐t ❝♦rr❡s♣♦♥❞s t♦ L/a ∼ S

1/2
L ✳ ■ts ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡

❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ✐♥ t❤❡ ♣✉r❡❧② r❡s✐st✐✈❡ r❡❣✐♠❡ ❣✐✈❡s ❬✶✻✷✱ ✶✻✸❪ γ∗M ∼ S
1/4
L ✿

✐♥ ❧✐t❡r❛t✉r❡ t❤✐s ❤❛s ❜❡❡♥ ♦❢t❡♥ r❡❢❡r❡♥❝❡❞ t♦ ❛s t❤❡ ✏♣❧❛s♠♦✐❞ ✐♥st❛❜✐❧✐t②✑ r❡❣✐♠❡❬✶✻✸✱ ✸✻✵❪✳ ■♥
t❤❡ ✈✐s❝♦✉s✲r❡s✐st✐✈❡ ❝❛s❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛ss✉♠♣t✐♦♥ ❤❛s ❜❡❡♥ ❞✐s❝✉ss❡❞ ✐♥ ❘❡❢✳ ❬✸✻✶❪ ✭s❡❡
❛❧s♦ ❘❡❢✳❬✸✻✷❪✮✳

❆♥❛❧♦❣♦✉s r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ✇❛r♠✲r❡s✐st✐✈❡ r❡❣✐♠❡ ♦❢ ❙❡❝✳ ✼✳✻✳ ❊qs✳✭✼✳✹✼✮✱ r❡✲s❝❛❧❡❞
t♦ L✱ ❜❡❝♦♠❡✿ 





γ∗M ∼
(
L

a

) 6+12p
2+7p

ρ∗s
2+4p
2+7pS∗− 2+p

2+7p ,

k∗M ∼
(
L

a

) 5+7p
2+7p

ρ∗s
1

2+7pS∗− 2
2+7p ,

δ∗M ∼
(
L

a

)− 4+8p
2+7p

ρ∗s
− 2+5p

2+7pS∗− 4p
2+7p ,

✭✼✳✻✶✮

❍❡r❡ t❤❡ ❝r✐t✐❝❛❧ ❛s♣❡❝t r❛t✐♦ ❛♥❞ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ r❡❛❞
(
L

a

)

crit

∼ ρ∗s
− 1

3S∗ 2+p
3(2+4p) ✭✼✳✻✷✮

(kML)crit ∼ ρ
∗− 1

3
s S

∗ p−1
3(2+4p) . ✭✼✳✻✸✮

❆s ✐t ❤❛♣♣❡♥s ✐♥ t❤❡ ✇❛r♠✲❝♦❧❧✐s✐♦♥❧❡ss ❝❛s❡ ❬✷✹❪✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝❤♦✐❝❡ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ s❝❛❧✐♥❣
❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ❛s♣❡❝t r❛t✐♦ ♦♥ ρs✳ ❋♦r p = 1 ❛♥❞ p = 2 ❊q✳✭✼✳✻✷✮ s♣❡❝✐❛❧✐③❡s t♦✿

(
L

a

)[p=1]

crit

∼ ρ∗s
− 1

3S∗ 1
6 ,

(
L

a

)[p=2]

crit

∼ ρ∗s
− 1

3S∗ 2
15 . ✭✼✳✻✹✮

❆❧s♦ ♥♦t❡ t❤❛t ❢♦r p = 1 ❝r✐t✐❝❛❧ ✇❛✈❡ ✈❡❝t♦r ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ r❡s✐st✐✈✐t②✳
❲❡ ✜♥❛❧❧② r❡♣♦rt ❢♦r ❝♦♠♣❧❡t❡♥❡ss t❤❡ ❝r✐t✐❝❛❧ s❝❛❧✐♥❣s ❛❧r❡❛❞② ❡✈❛❧✉❛t❡❞ ✐♥ ❘❡❢✳ ❬✷✹❪ ❢♦r t❤❡

✇❛r♠✲✐♥❡rt✐❛❧ r❡❣✐♠❡✱ 





γ∗M ∼
(
L

a

) 1+2p
p

ρ∗s
1+2p
3p d∗e

2+p
3p ,

k∗M ∼
(
L

a

) 1+p
p

ρ∗s
1
3pd∗e

2
3p ,

δ∗M ∼ ρ∗s
− 1

3d∗e
4
3 ,

✭✼✳✻✺✮

❚❤❡ ❝r✐t✐❝❛❧ ❛s♣❡❝t r❛t✐♦ ❛♥❞ ❢❛st❡st ❣r♦✇✐♥❣ ♠♦❞❡ ❛r❡
(
L

a

)

crit

∼ ρ∗s
− 1

3d∗e
−2−p

3(1+2p) ✭✼✳✻✻✮

(kML)crit ∼ ρ
∗− 1

3
s d

∗ 1−p
3(1+2p)
e . ✭✼✳✻✼✮

❛♥❞ ❢♦r p = 1 ❛♥❞ p = 2 t❤❡ ❝r✐t✐❝❛❧ r❛t✐✐ r❡❛❞✿

(
L

a

)[p=1]

crit

∼ ρ∗s
− 1

3d∗e
− 1

3 ,

(
L

a

)[p=2]

crit

∼ ρ∗s
− 1

3d∗e
− 4

15 . ✭✼✳✻✽✮

✶✼✻



✼✳✶✵✳ ❙❝❛❧✐♥❣ ✐♥ ❈♦❧❧✐s✐♦♥❧❡ss ❊▼❍❉

❋✐❣✉r❡ ✼✳✶✷✿ ❙❝❛❧✐♥❣ ❧❛✇s ♦❢ t❤❡ ❊▼❍❉ r❡❣✐♠❡✳ ❚❤❡ s❝❛❧✐♥❣s ♦❢ γ ✐♥ t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❛♥❞
s♠❛❧❧ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐ts ❛r❡ s❤♦✇♥ ✐♥ t❤❡ t♦♣ ❛♥❞ t❤❡ ❜♦tt♦♠ ❢r❛♠❡s✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡s❡ r❡s✉❧ts ♣❡r❢❡❝t❧② ♠✐rr♦r t❤♦s❡ ♦❢ t❤❡ ✇❛r♠✲r❡s✐st✐✈❡ ❝❛s❡ ❛❜♦✈❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦r✲
r❡s♣♦♥❞❡♥❝❡ S−1 ↔ γd2e✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ S−1 ↔ d2e s✐♥❝❡ t❤❡ ❝r✐t✐❝❛❧ r❛t✐✐ ❛❜♦✈❡ ❛r❡ t❤❡
s❛♠❡ ♦❢ t❤❡ ✏✐❞❡❛❧✑ t❡❛r✐♥❣✱ γ∗M = γIT ∼ O(1)✳

❚❤❡ ❝r✐t✐❝❛❧ s❝❛❧✐♥❣s ✇❡ ❤❛✈❡ ✇r✐tt❡♥ ✐♥ t❤❡ t❤r❡❡ r❡❣✐♠❡s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ❧❛st ❧✐♥❡ ♦❢
❚❛❜❧❡ ✼✳✷✳
■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✐t ✐s ❧❡❢t ♦♣❡♥ t❤❡ q✉❡st✐♦♥ ♦❢ ✇❤❡t❤❡r ✈❛❧✉❡s ♦❢ p ❞✐✛❡r❡♥t ❢r♦♠ 1 ❛♥❞ 2
❛r❡ ❛❞♠✐tt❡❞ ❢♦r ❞✐✛❡r❡♥t ♠❛❣♥❡t✐❝ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡s ✇✐t❤ ❛ s✐♥❣❧❡ r❡s♦♥❛♥t ♣♦✐♥t✳ ❚❤❡ ❝❤❛♥❣❡
♦❢ r❡❣✐♠❡ ✐♥❞✐❝❛t❡❞ ❜② ❊qs✳✭✼✳✻✸✮ ❛♥❞ ✭✼✳✻✼✮ ✇❤❡♥ p < 1 s✉❣❣❡sts t♦ ❡①❝❧✉❞❡ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢
❢r❛❝t✐♦♥❛❧ ✈❛❧✉❡s s♠❛❧❧❡r t❤❛♥ ✉♥✐t②✳ ❋✐♥❛❧❧②✱ ✐t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ ♥♦t✐❝❡ t❤❛t t❤❡ s✐③❡ ♦❢ t❤❡
s♠❛❧❧❡st str✉❝t✉r❡s✱ ♠❡❛s✉r❡❞ ❜② k∗M ✱ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥♦♥✲✐❞❡❛❧ ♣❛r❛♠❡t❡r t❤❛t ❧❡❛❞s t♦
t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ✭de✱ ♦r S✮ ❢♦r ❍❛rr✐s ❡q✉✐❧✐❜r✐✉♠ ✭p = 1✮✱ ✇❤✐❧❡ t❤✐s ❞♦❡s ♥♦t ❤♦❧❞ ❢♦r ❡q✉✐❧✐❜r✐❛
❣✐✈❡♥ ❜② ❊q✳✼✳✸✱ ♦r ψ0 = cos(x/a)✳

✼✳✶✵ ❙❝❛❧✐♥❣ ✐♥ ❈♦❧❧✐s✐♦♥❧❡ss ❊▼❍❉

❚❤❡ r❡❢❡r❡♥❝❡ ✇♦r❦s ❢♦r t❤❡ ❧✐♥❡❛r ❛♥❛❧②s✐s ♦❢ t❡❛r✐♥❣✲t②♣❡ ♠♦❞❡s ✐♥ ❊▼❍❉ ❛r❡ t❤♦s❡ ♦❢ ✭❇✉❧❛♥♦✈ ❡t
❛❧✳ ✭✶✾✾✷✮ ❬✽✾❪❀ ❊r❜❛ ❛♥❞ P❡❣♦r❛r♦ ✭✶✾✾✸✮ ❬✾✷❪❀ ❆tt✐❝♦ ❡t ❛❧✳✭✷✵✵✵✮ ❬✾✸❪✮✱ ✇❤❡r❡ t❤❡ s❝❛❧✐♥❣s ♦❢ t❤❡
❣r♦✇t❤ r❛t❡s ✐♥ ❜♦t❤ t❤❡ r❡s✐st✐✈❡ ❛♥❞ t❤❡ ❝♦❧❧✐s✐♦♥❧❡ss r❡❣✐♠❡s ❤❛✈❡ ❜❡❡♥ ✜rst ♣r♦✈✐❞❡❞✳ ❚❤❡s❡
t❤❡♦r❡t✐❝❛❧ s❝❛❧✐♥❣s ❤❛✈❡ ❜❡❡♥ ♣❛rt✐❛❧❧② r❡✈✐s❡❞ ❛♥❞ ❛❧s♦ ♥✉♠❡r✐❝❛❧❧② ✈❡r✐✜❡❞ ✐♥ t❤❡ ❝♦❧❧✐s✐♦♥❧❡ss
❝❛s❡ ❜② ❆tt✐❝♦ ❡t ❛❧✳ ✭✷✵✵✵✮ ❬✾✸❪✳ ❚❤❡ ❛♥❛❧②s✐s ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ♣✉r❡❧② ❝♦❧❧✐s✐♦♥❧❡ss
❧✐♠✐t ❡ss❡♥t✐❛❧❧② ❝♦♥✜r♠s s✉❝❤ r❡s✉❧ts ❜✉t ❢♦r ❛ s♠❛❧❧ ❞✐s❝r❡♣❛♥❝② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣r♦✇t❤ r❛t❡
s❝❛❧✐♥❣s ✐♥ t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t✳

✶✼✼



❈❤❛♣t❡r ✼✳ ❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s ✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts

❋✐❣✉r❡ ✼✳✶✸✿ ❙❝❛❧✐♥❣ ❧❛✇s ♦❢ t❤❡ ❊▼❍❉ r❡❣✐♠❡✳ ❚❤❡ s❝❛❧✐♥❣s ♦❢ δ ✐♥ t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❛♥❞
s♠❛❧❧ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐ts ❛r❡ s❤♦✇♥ ✐♥ t❤❡ t♦♣ ❛♥❞ t❤❡ ♠✐❞❞❧❡ ❢r❛♠❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡ ❜♦tt♦♠
❢r❛♠❡s✱ ✇❡ ♣❧♦t t❤❡ s❝❛❧✐♥❣s ♦❢ (∆

′

num)
−1 ✭❜❧✉❡ ❝♦❧♦r✮✱ (∆

′

φ)
−1 ✭♦r❛♥❣❡ ❝♦❧♦r✮✱ ❛♥❞ δ ✭❜❧❛❝❦ ❝♦❧♦r✮

❢♦r t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t ♦♥ t❤❡ ❧❡❢t✲❜♦tt♦♠ ❢r❛♠❡✱ ❛♥❞ ❢♦r t❤❡ s♠❛❧❧ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t ♦♥
t❤❡ r✐❣❤t✲❜♦tt♦♠ ❢r❛♠❡✳

✶✼✽



✼✳✶✶✳ ❙❝❛❧✐♥❣ ▲❛✇s ✐♥ t❤❡ ❲❛r♠✲✐♦♥ ❘❡❣✐♠❡

❋✐❣✉r❡ ✼✳✶✹✿ ❚❤❡ ❣r♦✇t❤ r❛t❡ ❛s ❢✉♥❝t✐♦♥ ♦❢ de ✐♥ t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t✳ ❚❤❡ ✈❛❧✉❡s ♦❢ de
❛r❡ t❛❦❡♥ t♦ ❜❡ t❤❡ s❛♠❡ ♦❢ t❤♦s❡ ✐♥ ❘❡❢✳❬✸✶✹❪✳ ❚❤❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ ❝♦rr❡❝t s❝❛❧✐♥❣ ✐s ❡✈✐❞❡♥t
❢♦r de > 0.1✱ ❢♦r ❜♦t❤ ❝♦❧❞ ✭ρi = ρs = 0✮✱ ❛♥❞ ✇❛r♠✲✐♦♥ ✭ρi 6= 0✮ r❡❣✐♠❡s✳

❇❡s✐❞❡s ♦❢ t❤❛t✱ ✐♥ t❤❡ ♣r❡s❡♥t ❛♥❛❧②s✐s ✇❡ ♣r♦✈✐❞❡ t❤❡ s❝❛❧✐♥❣s ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ❧❛②❡r ✇✐❞t❤
✐♥ ❜♦t❤ t❤❡ s♠❛❧❧ ❛♥❞ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t✱ ✇❤✐❝❤ ❛❣r❡❡ ✇✐t❤ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❤❡✉r✐st✐❝ ❛♥❛❧②s✐s
♦❢ s❡❝t✐♦♥ ✼✳✹✳ ❋✐❣✳✼✳✶✷ ❛♥❞ ❋✐❣✳✼✳✶✸ s❤♦✇ t❤❡ s❝❛❧✐♥❣s✱ ♦❜t❛✐♥❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✈❡r✱ ❢♦r
❜♦t❤ γ ❛♥❞ δ✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ s❝❛❧✐♥❣s r❡❛❞

γ ∼ kd
2
5
e , δ ∼ d

6
5
e , ❢♦r ∆

′
δ ≫ 1,

γ ∼ k(∆
′
)2d2e, δ ∼ ∆

′
d2e, ❢♦r ∆

′
δ ≪ 1,

✭✼✳✻✾✮

❯s✐♥❣ t❤❡ r❡❧❛t✐♦♥ δl ∼ d2e✱ ✇❡ ✜♥❞ t❤❛t

l ∼ d
4
5
e (❢♦r ∆

′
δ ≫ 1), l ∼ (∆

′
)−1 (❢♦r ∆

′
δ ≪ 1). ✭✼✳✼✵✮

❚❤❡s❡ s❝❛❧✐♥❣s ❛❣r❡❡ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ l ❣✐✈❡♥ ❜② ❊q✳✭✼✳✷✹✮✱ ❛♥❞ ❛❧s♦ ✇✐t❤ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥
s❡❝t✐♦♥ ✼✳✹✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ r❡❝♦❣♥✐③❡ ✐♥ t❤❡ ❜♦tt♦♠ ❢r❛♠❡s ♦❢ ❋✐❣✳✼✳✶✸ t❤❛t l = (∆

′

φ)
−1 ❢♦r

t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t ✭❧❡❢t ❢r❛♠❡✮✱ ✇❤✐❧❡ ✐t ✐s l = (∆
′
)−1 ❢♦r t❤❡ s♠❛❧❧ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t ✭r✐❣❤t

❢r❛♠❡✮✳ ■t ✐s ❛❧s♦ ❡✈✐❞❡♥t ✐♥ t❤❡ r✐❣❤t✲❜♦tt♦♠ ❢r❛♠❡ t❤❛t ∆
′
❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♥♦♥✲✐❞❡❛❧

♣❛r❛♠❡t❡r✱ ❜✉t ♦♥❧② ♦♥ t❤❡ ✇❛✈❡♥✉♠❜❡r ❛♥❞ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ✇❤✐❝❤ ❛❣r❡❡s ✇✐t❤ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥st❛❜✐❧✐t② ♣❛r❛♠❡t❡r ❢♦r t❤❡ t❡❛r✐♥❣ ♠♦❞❡s ✭s❡❡ s❡❝t✐♦♥ ✶✳✸✳✶✮✳

✼✳✶✶ ❙❝❛❧✐♥❣ ▲❛✇s ✐♥ t❤❡ ❲❛r♠✲✐♦♥ ❘❡❣✐♠❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❜r✐❡✢② ♣r❡s❡♥t t✇♦ r❡s✉❧ts ♦❢ ♦✉r st✉❞② ♦❢ t❤❡ ✇❛r♠✲✐♦♥ r❡❣✐♠❡ ❢♦r t❤❡ ❝❛s❡
✐♥ ✇❤✐❝❤ ♦♥❧② ρs✱ ρi✱ ❛♥❞ de ❛r❡ ♥♦♥✲③❡r♦ ✐♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❣✐✈❡♥ ❜② ❊q✳✭✺✳✼✻✮✳ ❚❤❡
❝♦♠♣❧❡t❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ✇✐❞❡ s❝❛♥ ♦❢ ❞✐✛❡r❡♥t r❡❣✐♠❡s ❛r❡ ✐♥ ♣r❡♣❛r❛t✐♦♥ t♦ ❜❡ ♣✉❜❧✐s❤❡❞
✭s❡❡ ❝❤❛♣t❡r ✾✮✳ ■♥ t❤✐s st✉❞②✱ t❤❡ s❝❛❧✐♥❣ ❜② P♦r❝❡❧❧✐ ❬✽✺❪ ❤❛✈❡ ❜❡❡♥ ❝♦♥✜r♠❡❞ ❢♦r ρs, ρi > de✱

✇❤❡r❡ ρi ❛♥❞ ρs ❡♥t❡r s②♠♠❡tr✐❝❛❧❧② ✐♥ t❤❡ ❣r♦✇t❤ r❛t❡ ✈✐❛ ♣♦✇❡r ♦❢ ❛ ❣❡♦♠❡tr✐❝ ♠❡❛♥ ✭
√

ρ2s + ρ2i ✮✳

✶✼✾



❈❤❛♣t❡r ✼✳ ❘❡s✉❧ts ♦❢ t❤❡ ❙t✉❞② ♦❢ ❚❡❛r✐♥❣ ▼♦❞❡s ✐♥ ❚❤✐♥ ❈✉rr❡♥t ❙❤❡❡ts

❋♦r ❡①❛♠♣❧❡✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ s❝❛❧✐♥❣s ♦❢ t❤❡ s♠❛❧❧ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t✱ ✇❡ s✉❜st✐t✉t❡
√

ρ2s + ρ2i
❢♦r ρs ✐♥ ❊q✳✭✼✳✸✶✮✳

❍♦✇❡✈❡r✱ ✐♥ ❘❡❢✳❬✸✶✹❪✱ ❉❡❧ ❙❛rt♦✱ ▼❛r❝❤❡tt♦✱ ❡t ❛❧ ♦❜s❡r✈❡❞ ❛♥ ✧❛s②♠♠❡tr②✧ ❜❡t✇❡❡♥ ✐♦♥
❛♥❞ ❡❧❡❝tr♦♥ ❋▲❘ ✭ρi ❛♥❞ ρs✮ ❜♦t❤ ✐♥ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s✳ ■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ✇❡
❢♦✉♥❞ t❤❛t t❤✐s ✐s ❧✐❦❡❧② ❞✉❡ t♦ t❤❡ ♥♦♥✲❛s②♠♣t♦t✐❝❛❧❧② s♠❛❧❧ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥ s❦✐♥ ❞❡♣t❤❀
t❤❛t ✐s t❤❡ ✈❛❧✉❡s ♦❢ de ♠✐❣❤t ❜❡ ♦✉ts✐❞❡ t❤❡ ✐♥t❡r✈❛❧ ✐♥ ✇❤✐❝❤ t❤❡ ♠❡t❤♦❞ ♦❢ ♠❛t❝❤❡❞ ❛s②♠♣t♦t✐❝
❡①♣❛♥s✐♦♥s ✭❜♦✉♥❞❛r② ❧❛②❡r ❛♣♣r♦❛❝❤✮ ❞♦❡s ❛♣♣❧②✳ ❚❤✐s ✐s ❝❧❡❛r❧② s❤♦✇♥ ✐♥ ❋✐❣✳✼✳✶✹✱ ✇❤❡r❡ t❤❡
❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ ❝♦rr❡❝t s❝❛❧✐♥❣ ❧❛✇s ✐s ❡✈✐❞❡♥t ❢♦r t❤❡ ✈❛❧✉❡s ♦❢ de st✉❞✐❡❞ ✐♥ ❘❡❢✳❬✸✶✹❪✳

❲❡ ❛❧s♦ ❢♦✉♥❞ t✇♦ ♥❡✇ r❡❣✐♠❡s t❤❛t ❤❛❞ ♥♦t ❜❡❡♥ ❡✈✐❞❡♥❝❡❞ ❜❡❢♦r❡ ✇✐t❤ ❛♥❛❧②t✐❝❛❧ ❡st✐✲
♠❛t✐♦♥s✳ ❚❤❡s❡ r❡❣✐♠❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳✼✳✶✺ ❛t t❤❡ r✐❣❤t✲t♦♣ ❛♥❞ t❤❡ ❜♦tt♦♠ ❢r❛♠❡s✳ ■♥ t❤❡

❧❡❢t✲t♦♣ ❢r❛♠❡✱ ✇❡ ♣❧♦t t❤❡ s❝❛❧✐♥❣s ♦❢ γ ❛s ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤ de ❛♥❞ r =
√

ρ2i + ρ2s ✐♥ t❤❡ P♦r❝❡❧❧✐

❧✐♠✐t ✭t❤❛t ✐s✱ ✇❤❡♥ r > de, γ < r✱ ❛♥❞ ∆
′
de ≫ 1✱ s❡❡ ❈♦♠✐ss♦ ❡t ❛❧✳❬✶✺✽❪✮✳ ❚❤❡s❡ s❝❛❧✐♥❣s ❝❛♥

❜❡ ❡❛s✐❧② ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ ρs ✇✐t❤ r ✐♥ t❤❡ ✇❛r♠✲✐♥❡rt✐❛❧ r❡❣✐♠❡ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✼✳✼✳
■♥ t❤❡ r✐❣❤t✲t♦♣ ❢r❛♠❡✱ ✇❡ ♦❜t❛✐♥ t❤❡ s❝❛❧✐♥❣ γ ∼ r2/5de ✇❤❡♥ deρi ≫ ρ2s✱ ❛♥❞ r ∼ de✳

❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ♥❡❣❧❡❝t t❤✐s r❡❣✐♠❡ ❛s ✐t s♣❛♥s ❛ ✈❡r② ♥❛rr♦✇ r❡❣✐♦♥ ❢♦r ρs✳ ❚❤❡ ♠♦r❡ ✐♥t❡r❡st✐♥❣
r❡❣✐♠❡ ✐s t❤❛t ♦❝❝✉rr✐♥❣ ❢♦r r ∼ de ❛♥❞ deρi ∼ ρ2s✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ❜♦tt♦♠ ❢r❛♠❡ ♦❢ ❋✐❣✳✼✳✶✺✳
❚❤✐s r❡❣✐♠❡ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ❛ ❢✉t✉r❡ ✇♦r❦ ✭s❡❡ ✾✮✳

✶✽✵



✼✳✶✶✳ ❙❝❛❧✐♥❣ ▲❛✇s ✐♥ t❤❡ ❲❛r♠✲✐♦♥ ❘❡❣✐♠❡

❋✐❣✉r❡ ✼✳✶✺✿ ❚❤❡ ❣r♦✇t❤ r❛t❡ ❛s ❢✉♥❝t✐♦♥ ♦❢ de ✐♥ t❤❡ ❧❛r❣❡ ✇❛✈❡❧❡♥❣t❤ ❧✐♠✐t✳ ❚❤❡ ✈❛❧✉❡s ♦❢ de
❛r❡ t❛❦❡♥ t♦ ❜❡ t❤❡ s❛♠❡ ♦❢ t❤♦s❡ ✐♥ ❘❡❢✳❬✸✶✹❪✳ ❚❤❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ ❝♦rr❡❝t s❝❛❧✐♥❣ ✐s ❡✈✐❞❡♥t
❢♦r t❤❡ de > 0.1✱ ❢♦r ❜♦t❤ ❝♦❧❞ ✭ρi = ρs = 0✮✱ ❛♥❞ ✇❛r♠✲✐♦♥ ✭ρi 6= 0✮ r❡❣✐♠❡s✳

✶✽✶





✽

❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥

❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❈♦♥t❡♥ts

✽✳✶ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✵

✽✳✷ ❈❋■ ✇✐t❤ ❱▲❊▼✷❉✸❱✿ ❆ ❇❡♥❝❤♠❛r❦ ❚❡st ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶

✽✳✸ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❈②❧✐♥❞r✐❝❛❧ ❙②♠♠❡tr✐❝✱ ❈♦✉♥t❡r✲Pr♦♣❛❣❛t✐♥❣ ❇❡❛♠s ✶✽✹

✽✳✸✳✶ ❱▲❊▼ ❙✐♠✉❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✺

✽✳✸✳✷ P■❈ ❙✐♠✉❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✵

✽✳✹ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❍♦♠♦❣❡♥❡♦✉s✲❙②♠♠❡tr✐❝ ❇❡❛♠s✿ ❚❡❛r✐♥❣ ▼♦❞❡ ✈s
❈❋■ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✵

✽✳✹✳✶ ❘❡s✉❧ts ♦❢ P■❈ ❙✐♠✉❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✵

✽✳✹✳✷ ❱▲❊▼✷❉✸❱ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❙✐♠✉❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✼

✽✳✺ ❆ ❘❡♠❛r❦ ♦♥ P■❈ ✈s ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❈♦❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✼

✽✳✻ ❈♦♥❝❧✉s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✶

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✐♥✈❡st✐❣❛t❡✱ ❜② ♠❡❛♥s ♦❢ ♥♦♥❧✐♥❡❛r ❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❝♦♠♣❡t✐t✐♦♥
♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❲❡✐❜❡❧ t②♣❡ ✐♥st❛❜✐❧✐t✐❡s✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱ ✇❡ ♣r❡s❡♥t s✐♠✉❧❛✲
t✐♦♥s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❱▲❊▼✷❉✸❱ ❝♦❞❡✱ ❞❡t❛✐❧❡❞ ✐♥ ❝❤❛♣t❡r ✸✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❛❧s♦ s❤♦✇ P■❈

s✐♠✉❧❛t✐♦♥s ♣❡r❢♦r♠❡❞ ✇✐t❤ ❙▼■▲❊■ ❝♦❞❡ ❬✶❪✳ ❱▲❊▼ ❝♦❞❡ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ✉s❡❞ t♦ st✉❞② t✇♦✲
str❡❛♠ ✐♥st❛❜✐❧✐t②✱ ❲❡✐❜❡❧✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s ❬✷❪✱ ❛♥❞ ♠♦r❡ r❡❝❡♥t❧②✱ t❤❡ ♦❜❧✐q✉❡ ♠♦❞❡s ❬✸❪✳ ■♥
t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❦✐♥❡t✐❝ st✉❞② ♦❢ t❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ❡✈♦❧✉t✐♦♥ ♦❢ s♦♠❡
♣❧❛s♠❛ ❝♦♥✜❣✉r❛t✐♦♥s✱ ✇❤✐❝❤ ❝♦♥s✐st ♦❢ t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ❜❡❛♠s✳ ❚❤❡s❡ ❝♦♥✜❣✉r❛t✐♦♥s
❛r❡ ✉♥st❛❜❧❡ t♦ ❲❡✐❜❡❧✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s✱ ❛♥❞ ♣♦ss✐❜❧② t♦ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s✳ ❲❡ st❛rt t❤✐s
❝❤❛♣t❡r ❜② ✐♥tr♦❞✉❝✐♥❣ ❲❡✐❜❡❧✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s✱ ❛♥❞ t❤❡♥ ♣r❡s❡♥t✐♥❣ t❤❡ r❡s✉❧ts✳ ❲❡ ❤❛✈❡ ❛❞✲
❞r❡ss❡❞ ✐♥ ♣❛rt✐❝✉❧❛r t✇♦ ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠s✱ ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ t✇♦ s❡ts ♦❢ ✧♥✉♠❡r✐❝❛❧
❡①♣❡r✐♠❡♥ts✧ r❡❧❛t❡❞ t♦ ❲❡✐❜❡❧ ♠♦❞❡s ❢♦r t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ❡❧❡❝tr♦♥ ❜❡❛♠s ✭t❤❡ s♦ ❝❛❧❧❡❞
✧❝✉rr❡♥t ✜❧❛♠❡♥t❛t✐♦♥ ✐♥st❛❜✐❧✐t②✧✱ ♦r ❈❋■✮✿

■♥ t❤❡ ✜rst s❡t ♦❢ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❈❋■✲✐♥st❛❜✐❧✐t② ♦❢ t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣
❡❧❡❝tr♦♥ ❜❡❛♠s ❤❛✈✐♥❣ ❛ ✜♥✐t❡ r❛❞✐❛❧ ✇✐❞t❤ ❬✹✱ ✺❪✱ ✇❤✐❝❤ ❛r❡ ❡①♣❡❝t❡❞ t♦ ❜❡ s✉❜❥❡❝t ♦❢ ♠❛❣♥❡t✐❝
r❡❝♦♥♥❡❝t✐♦♥ ♣r♦❝❡ss❡s r❡❧❛t❡❞ t♦ t❤❡ ♠❡r❣✐♥❣ ♦❢ ♣❛r❛❧❧❡❧ ♦r✐❡♥t❡❞ ❝✉rr❡♥t ❜❡❛♠s✳

■♥ t❤❡ s❡❝♦♥❞ s❡t ♦❢ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❤❛✈❡ ❛❞❞r❡ss❡❞✱ ❛❧t❤♦✉❣❤ ✇✐t❤ ❛ ♣r❡❧✐♠✐♥❛r② st✉❞②✱
t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ❈❋■ ❛♥❞ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ t❤❛t✱ ✐♥ ❘❡❢✳❬✸✻✸❪ ❤❛❞ ❜❡❡♥ ❛❧r❡❛❞②

✶✽✸



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❋✐❣✉r❡ ✽✳✶✿ ❚❤❡ ♠❡❝❤❛♥✐s♠ ♦❢ t❤❡ ❈❋■ ✐♥st❛❜✐❧✐t②✱ ❛ ❦✐♥❞ ♦❢ ❲❡✐❜❡❧ ✐♥st❛❜✐❧✐t②✳ ❍❡r❡✱ ❛♥ ✐♥✐t✐❛❧
❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ❜❡❛♠s ❛❧♦♥❣ t❤❡ z ❞✐r❡❝t✐♦♥ ✭♦r❛♥❣❡ ❛♥❞ ❜❧✉❡ ❝♦❧♦✉rs✮
✐s ♣❡rt✉r❜❡❞ ✇✐t❤ ❛ ♣❡r♣❡♥❞✐❝✉❧❛r ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ t❤❡ ②✲❞✐r❡❝t✐♦♥ ✭❣r❡❡♥ ❝♦❧♦✉r✮✳ ❚❤✐s ✜❡❧❞ ✐s
♠♦❞✉❧❛t❡❞ ✐♥ t❤❡ ①✲❞✐r❡❝t✐♦♥✳ ❉✉❡ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤✐s ✜❡❧❞✱ ❛♥❞ t♦ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❢❛❝t t❤❛t
❝✉rr❡♥ts ♣r♦♣❛❣❛t✐♥❣ ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ❛ttr❛❝t ❡❛❝❤ ♦t❤❡r✱ t❤❡ ❜❡❛♠s ♦♥ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t
s✐❞❡s t❡♥❞ t♦ ♠♦✈❡ t♦✇❛r❞ ♣♦✐♥ts ✇✐t❤ ♠✐♥✐♠✉♠ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❚❤❡r❡❢♦r❡✱ ❛ ❝✉rr❡♥t ❞❡♥s✐t② J
✭❜❧❛❝❦ ❛rr♦✇s✮✱ ♠♦❞✉❧❛t❡❞ ✐♥ t❤❡ x ❞✐r❡❝t✐♦♥✱ ✐s ❣❡♥❡r❛t❡❞ ✭❝✉rr❡♥t ✜❧❛♠❡♥t❛t✐♦♥s✮✳ ❚❤✐s ❝✉rr❡♥t
❞❡♥s✐t② ❝r❡❛t❡s ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭❜❧❛❝❦ ❝✐r❝❧❡s✮ ✐♥ t❤❡ ✭①✱②✮ ♣❧❛♥❡✳ ❚❤✐s ❧❛tt❡r ✜❡❧❞ ❛♠♣❧✐✜❡s
t❤❡ ✐♥✐t✐❛❧ ♦♥❡ ❛♥❞ ❣❡♥❡r❛t❡s ❛ ♥❡✇ ❝✉rr❡♥t ❞❡♥s✐t② ✭♣✉r♣❧❡ ❛rr♦✇s✮ t❤❛t ❡♥❤❛♥❝❡s t❤❛t ♣r♦❞✉❝❡❞
❜② t❤❡ ♦r✐❣✐♥❛❧ ✜❡❧❞❀ t❤✐s ❢✉rt❤❡r ❡♥❤❛♥❝❡s t❤❡ ✜❧❛♠❡♥t❛t✐♦♥ ♣❤❡♥♦♠❡♥♦♥ ❛♥❞ ✜♥❛❧❧② ♠❛❣♥❡t✐❝
r❡❝♦♥♥❡❝t✐♦♥✳

❡✈✐❞❡♥❝❡❞ t♦ ♦❝❝✉r ♦♥❡ s✉❜s❡q✉❡♥t ♦❢ t❤❡ ♦t❤❡r✱ ✇✐t❤ t❡❛r✐♥❣✲t②♣❡ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❜❡✐♥❣
❞♦♠✐♥❛t❡❞ ❜② t❤❡ ♣r❡ss✉r❡ ❛♥✐s♦tr♦♣② r❡❧❛t❡❞ t♦ t❤❡ ♣r✐♠❛r② ❈❋■✲❞②♥❛♠✐❝s✳

✽✳✶ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❚❤✐s t②♣❡ ♦❢ ✐♥st❛❜✐❧✐t② ❝♦♥❝❡r♥s ❛ s♦♠❡❤♦✇ ♦♣♣♦s✐t❡ ♠❡❝❤❛♥✐s♠ ♦❢ t❤❛t ✐♥✈♦❧✈❡❞ ✐♥ ♠❛❣♥❡t✐❝
r❡❝♦♥♥❡❝t✐♦♥✳ ❚❤❡ ❧❛tt❡r ✐s ❛ ♣r♦❝❡ss t❤❛t ❧❡❛❞s t♦ t❤❡ ❝♦♥✈❡rs✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣②✱ st♦r❡❞
✐♥ ✜❡❧❞ t♦♣♦❧♦❣②✱ ✐♥t♦ ❦✐♥❡t✐❝ ❛♥❞ t❤❡r♠❛❧ ❡♥❡r❣✐❡s ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ✐♥s✐❞❡ t❤❡ ♣❧❛s♠❛✳ ❚❤❡
❢♦r♠❡r ✐♥✈♦❧✈❡s t❤❡ ✐♥✈❡rs❡ ♠❡❝❤❛♥✐s♠✿ ❝♦♥✈❡rs✐♦♥ ♦❢ t❤❡r♠❛❧ ❛♥❞ ❦✐♥❡t✐❝ ❡♥❡r❣✐❡s ♦❢ t❤❡ ♣❛rt✐❝❧❡s
✐♥t♦ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣②✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢ ❛♥ ❡①✐st✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐❢ t❤❡
♣❧❛s♠❛ ✐s ♠❛❣♥❡t✐③❡❞✳

❲❡✐❜❡❧ ♣r♦✈❡❞ ✐♥ ✶✾✺✽ ❬✼❪ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥✐s♦tr♦♣② ✐♥ t❡♠♣❡r❛t✉r❡s ❜❡t✇❡❡♥ ♣❛r❛❧✲
❧❡❧ ❛♥❞ ♣❡r♣❡♥❞✐❝✉❧❛r ❞✐r❡❝t✐♦♥s ❝❛♥ ❡①❝✐t❡ t❤✐s t②♣❡ ♦❢ ✐♥st❛❜✐❧✐t✐❡s✱ ✇❤✐❝❤ t❡♥❞ t♦ r❡❞✉❝❡ t❤❡
❞❡❣r❡❡ ♦❢ t❤❡ ❛♥✐s♦tr♦♣②✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐s♦tr♦♣✐③❡ t❤❡ ♣❧❛s♠❛ t❡♠♣❡r❛t✉r❡s✳ ❚❤❡s❡ ❛♥✐s♦tr♦♣✐❝
t❡♠♣❡r❛t✉r❡s ✇❡r❡ ♦❜s❡r✈❡❞ ✐♥ ♠❛❣♥❡t♦s♣❤❡r✐❝ ♣❧❛s♠❛ ❬✸✻✹❪✱ ❛♥❞ ❛❧s♦ ✐♥ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢
t✉r❜✉❧❡♥t ♣❧❛s♠❛ ❬✸✻✺❪✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱ ✐♥ t❤✐s ❝❛s❡✱ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❇✐✲▼❛①✇❡❧❧✐❛♥
❞✐str✐❜✉t✐♦♥ ✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ✭❞✐✛❡r❡♥t t❤❡r✲
♠❛❧ ♠♦t✐♦♥s ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s✮✳ ■t r❡❛❞s✱

f = n0

√
m

2πkBT⊥

( m

2πkBT||

)

e
− v2x+v

2
y

2kBT⊥
− v2z

2kBT|| ✭✽✳✶✮

✶✽✹



✽✳✷✳ ❈❋■ ✇✐t❤ ❱▲❊▼✷❉✸❱✿ ❆ ❇❡♥❝❤♠❛r❦ ❚❡st

❆❧❧ q✉❛♥t✐t✐❡s r❡❢❡r ❤❡r❡ t♦ ❡❧❡❝tr♦♥s✱ s✐♥❝❡ ❛t t❤❡ s❝❛❧❡s r❡❧❡✈❛♥t t♦ t❤✐s ✐♥st❛❜✐❧✐t②✱ ✐♦♥s ❝♦♥st✐t✉t❡
❛ ♥❡✉tr❛❧✐③✐♥❣ ❜❛❝❦❣r♦✉♥❞✳ ❆✐♠✐♥❣ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♠❡❝❤❛♥✐s♠ ❜❡❤✐♥❞ t❤✐s ✐♥st❛❜✐❧✐t② ✉s✐♥❣ ❛
s✐♠♣❧❡r ✐♠❛❣❡✱ ❋r✐❡❞ ✭✶✾✺✾✮ ❬✽❪ s❤♦✇❡❞ t❤❛t t❤✐s ✐♥st❛❜✐❧✐t② ❛❧s♦ ♦❝❝✉rs ✐♥ t❤❡ ❧✐♠✐t ✐♥ ✇❤✐❝❤ t❤❡
❜✐✲▼❛①✇❡❧❧✐❛♥ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s s✉❜st✐t✉t❡❞ ❜② t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ❡❧❡❝tr♦♥ ❜❡❛♠s
❛❧♦♥❣ z ❞✐r❡❝t✐♦♥ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ✈❡❧♦❝✐t✐❡s v1 ❛♥❞ v2 ❛♥❞ ❝♦❧❞ t❡♠♣❡r❛t✉r❡ ♣❛r❛❧❧❡❧ t♦ t❤❡
❜❡❛♠s✿ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r t❡♠♣❡r❛t✉r❡ ✇✐❧❧ ❜❡ ✐♥ t❤✐s ❝❛s❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ t✇♦ ❉✐r❛❝ ♣❡❛❦s✳ ❚❤❡r❡❢♦r❡✱ f ❜❡❝♦♠❡s

f =
(

n1δ(vz − v1) + n2δ(vz − v2)
)

δ(vx)δ(vy) ✭✽✳✷✮

✇❤❡r❡ n1 ❛♥❞ n2 ❤❡r❡ ❛r❡ t❤❡ ❞❡♥s✐t✐❡s ♦❢ t❤❡ ❜❡❛♠s ✭❛♥❞ ♥♦t t❤❡ ♣❡rt✉r❜❡❞ q✉❛♥t✐t✐❡s✮✱ ❛♥❞
t❤❡✐r s✉♠ ✐s n0✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ t♦t❛❧ ❞❡♥s✐t② ♦❢ t❤❡ ♣❧❛s♠❛✳

❚❤✐s s✐♠♣❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛❧❧♦✇s ✉s t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♠❡❝❤❛♥✐s♠ ❜❡❤✐♥❞ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥
♦❢ ❛♥ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛♥❞ ❛❧s♦ t♦ ✉♥❞❡rst❛♥❞ t❤❡ r❡❛s♦♥s ❜❡❤✐♥❞ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❝✉rr❡♥t
✜❧❛♠❡♥t❛t✐♦♥ ✐♥s✐❞❡ ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛s✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✳✽✳✶✱ ✇❡ ❤❛✈❡ t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣
❡❧❡❝tr♦♥ ❜❡❛♠s ❛❧♦♥❣ t❤❡ z✲❞✐r❡❝t✐♦♥ ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ♣❡rt✉r❜❛t✐♦♥ B0 ✭❣r❡❡♥ ❝♦❧♦✉r✮✳

❲❡ ❦♥♦✇ t❤❛t t✇♦ ❝✉rr❡♥ts✱ ♣r♦♣❛❣❛t✐♥❣ ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✱ ❛ttr❛❝t ❡❛❝❤ ♦t❤❡r✱ ✇❤✐❧❡
t❤❡ ♦♣♣♦s✐t❡ ✐s tr✉❡ ❢♦r t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ❝✉rr❡♥ts✳ ❲❡ ❛❧s♦ ❦♥♦✇ t❤❛t t❤❡ ❡❧❡❝tr♦♥s ❛r❡
r✐❣❤t✲❤❛♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜❡❧❞✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡② ❣②r❛t❡ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ ✇❤❡♥ t❤❡ ✜❡❧❞
✐s ♣♦✐♥t✐♥❣ ♦✉ts✐❞❡ ♦❢ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ ✧♣❛♣❡r✧ ✭▲♦r❡♥t③ ❢♦r❝❡✮✳

❚❛❦✐♥❣ t❤❡s❡ ❢❛❝ts ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠s ✭♦r❛♥❣❡ ❛♥❞ ❜❧✉❡ ❝♦❧♦✉r❡❞ ❛rr♦✇s✮✱ ✇❤✐❧❡
r❡❛❝❤✐♥❣ t❤❡ ♣❡rt✉r❜❡❞ r❡❣✐♦♥✱ ✇✐❧❧ ❞❡✢❡❝t t♦✇❛r❞ ♣♦✐♥ts ✇✐t❤ ♠✐♥✐♠✉♠ ✈❛❧✉❡s ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞s✱
❛s s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡✳ ❚❤✐s ❦✐♥❞ ♦❢ ♠♦t✐♦♥✱ ✐♥✐t✐❛t❡❞ ❜② B0✱ ✇✐❧❧✱ ✐♥ t✉r♥✱ ❣❡♥❡r❛t❡ ❛ ❝✉rr❡♥t
❞❡♥s✐t② J0 ♣♦✐♥t✐♥❣ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦♣♣♦s✐t❡ t♦ t❤❡s❡ ♦❢ ❡❧❡❝tr♦♥ ❜❡❛♠s✱ ❛s s❤♦✇♥ ✇✐t❤ ❜❧❛❝❦
❝♦❧♦✉r❡❞ ❛rr♦✇s ✐♥ ❋✐❣✳✽✳✶✳ ❚❤❡♥✱ t❤✐s ❝✉rr❡♥t ❞❡♥s✐t② ❣❡♥❡r❛t❡s ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ δB ✭❜❧❛❝❦ ❝✐r❝❧❡s
✐♥ t❤❡ ✜❣✉r❡✮ ✇❤✐❝❤ ♣♦✐♥ts ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✜❡❧❞✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥
♦❢ t❤❡ ✐♥✐t✐❛❧ ✜❡❧❞ ❛♥❞ t♦ t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ ❛ ♥❡✇ ❝✉rr❡♥t ❞❡♥s✐t② δJ ✭♣✉r♣❧❡ ❝♦❧♦✉r❡❞ ❛rr♦✇s✮
✇❤✐❝❤ ❢✉rt❤❡r ❡♥❤❛♥❝❡s t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② J0✳ ❚❤✐s ♣r♦❝❡ss✱ ✜rst ❞❡✈✐s❡❞ ❜② ❋r✐❡❞✱ t♦ ❣✐✈❡ ❛
♣✐❝t✉r❡ ♦❢ ❲❡✐❜❡❧ ✐♥st❛❜✐❧✐t②✱ ✐s ♥♦✇ ❝❛❧❧❡❞ ❝✉rr❡♥t ✜❧❛♠❡♥t❛t✐♦♥ ✐♥st❛❜✐❧✐t② ✭❈❋■✮✳

❚❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♥ t❤❡ z ❞✐r❡❝t✐♦♥ ✐♠♣❧✐❡s t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❝❛♥♦♥✐❝❛❧ ♠♦✲
♠❡♥t✉♠ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥✳ ❚❤✐s ♠❡❛♥s✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❛t

Pc,z = mvz − eAz(x) = mvz,0 = const, ✭✽✳✸✮

✇❤❡r❡ Pc,z ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦♠❡♥t✉♠✱ Az ✐s t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧✱ ❛♥❞ vz,0 ✐s t❤❡ ✐♥✐t✐❛❧
✈❡❧♦❝✐t②✳ ❙❡❡ t❤❡ t❤❡s✐s ❜② ❙❛rr❛t ❬✷✼✺❪ ❢♦r ❛ ❞❡t❛✐❧❡❞ st✉❞② ✭❦✐♥❡t✐❝ ❛♥❞ ✢✉✐❞ ❞❡s❝r✐♣t✐♦♥s✮ ♦❢
❈❋■✳

✽✳✷ ❈❋■ ✇✐t❤ ❱▲❊▼✷❉✸❱✿ ❆ ❇❡♥❝❤♠❛r❦ ❚❡st

❈♦♥tr❛r② t♦ t❤❡ ❈❋■ ✐♥st❛❜✐❧✐t②✱ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐s ❛ ✷❉ ♣r♦❝❡ss ♦❝❝✉rr✐♥❣ ✐♥s✐❞❡ t❤❡ ❝✉r✲
r❡♥t ❧❛②❡r ♣❧❛♥❡✱ s❛② ✭①✲②✮ ♣❧❛♥❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❤❡♥ st✉❞②✐♥❣ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✭♦r
❡✈❡♥ ✧♠❛❣♥❡t✐❝ ❛♥♥✐❤✐❧✐t❛✐♦♥✧ ❬✸✻✻❪✮✱ ✇❡ ❛❧❧♦✇ t❤❡ str❡❛♠✐♥❣ ♦❢ t❤❡ ❜❡❛♠s ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥
♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♣❧❛♥❡✳ ❚❤✐s ✐s t❤❡ ✜rst t✐♠❡ ✇❡ ❡♠♣❧♦② ❱▲❊▼ t♦ ✐♥✈❡st✐❣❛t❡
s✉❝❤ ❝❛s❡s✳ ❚❤❡r❡❢♦r❡✱ ❜❡❢♦r❡ ✉s✐♥❣ t❤❡ ❝♦❞❡ t♦ st✉❞② ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✱ ✇❡ st❛rt ❜② t❡st✐♥❣
✐ts s②♠♠❡tr② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❤②s✐❝s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞♦♥❡ ❜② st✉❞②✐♥❣ ❈❋■ ✐♥st❛❜✐❧✐t② ✉s✐♥❣
t✇♦ ❞✐✛❡r❡♥t ❝♦♥✜❣✉r❛t✐♦♥s✳ ■♥ t❤❡ ✜rst ♦♥❡✱ t❤❡ ❜❡❛♠s ♣r♦♣❛❣❛t❡ ❛❧♦♥❣ t❤❡ y ❞✐r❡❝t✐♦♥✱ ✇✐t❤ ❛
♠❛❣♥❡t✐❝ ♣❡rt✉r❜❛t✐♦♥ ❛❧♦♥❣ z ❞✐r❡❝t✐♦♥❀ ✇❤✐❧❡ ✐♥ t❤❡ s❡❝♦♥❞ t❡st✱ t❤❡ ❜❡❛♠s str❡❛♠ ❛❧♦♥❣ t❤❡ z

✶✽✺



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❞✐r❡❝t✐♦♥✱ ✇✐t❤ ❛ ♠❛❣♥❡t✐❝ ♣❡rt✉r❜❛t✐♦♥ ✐♥ y ❞✐r❡❝t✐♦♥ ✭✐♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞
✐s ♠♦❞✉❧❛t❡❞ ✐♥ x ❞✐r❡❝t✐♦♥✮✳ ❚❤❡ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❢♦r t❤❡s❡ ♥✉♠❡r✐❝❛❧ t❡sts ❛r❡ ❣✐✈❡♥ ❜②

δBz,0 = B0 cos(kxx), δBy,0 = B0 cos(kxx), ✭✽✳✹✮

✇❤❡r❡ Bz,0 ❛♥❞ By,0 ❛r❡ t❤❡ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❢♦r t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ s✐♠✉❧❛t✐♦♥s✱ r❡s♣❡❝✲
t✐✈❡❧②✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✽✳✶✱ t❤❡s❡ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ❈❋■ ✉♥st❛❜❧❡✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ✐♥✐t✐❛❧
♠❛❣♥❡t✐❝ ✜❡❧❞ ✇✐❧❧ ❜❡ ❛♠♣❧✐✜❡❞ ❞✉❡ t♦ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐♥st❛❜✐❧✐t②✶✻✳ ❚❤❡
✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r ❜❡❛♠s ♣r♦♣❛❣❛t✐♥❣ ✐♥ t❤❡ y ❞✐r❡❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

f =
n1

(2πmkBT1)3/2
exp
[

− p2x + (py − p1)
2 + p2z

2mkBT1

]

+
n2

(2πmkBT2)3/2
exp
[

− p2x + (py − p2)
2 + p2z

2mkBT2

]

,

✭✽✳✺✮

■♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥s t❤❡ ❞❡♥s✐t② ♣r♦✜❧❡ ✐s ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ s②♠♠❡tr✐❝ ✭n1 = n2 = 0.5✮✳ ❚❤❡
♥♦r♠❛❧✐③❡❞ ♠♦♠❡♥t❛ ♦❢ t❤❡ ❜❡❛♠s ❛r❡ t❛❦❡♥ t♦ ❜❡ p1 = 0.95✱ ❛♥❞ p2 = −0.95 ✐♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥s✳
❚❤❡ ✈❡❧♦❝✐t② ✐♥ t❤❡ ❝♦❞❡ ✐s ♥♦r♠❛❧✐③❡❞ t♦ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ✭c✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ▲♦r❡♥t③ ❢❛❝t♦r
✐s γ =

√

1 + p2 = 1√
1−v2 ✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ♣r❡✈✐♦✉s ✈❛❧✉❡ ♦❢ t❤❡ ♠♦♠❡♥t✉♠ ✐s ❡q✉✐✈❛❧❡♥t t♦

|v1| = |v2| = 0.689c✳ ❚❤❡ ❜❡❛♠s ❛r❡ ❛❧s♦ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦❧❞ T1 = T2 = 2 keV ✱ ✇❤✐❧❡ t❤❡ r❡st
♠❛ss ❡♥❡r❣② ♦❢ ❡❧❡❝tr♦♥ ✐s 511 keV ✳ ❚✐♠❡ ✐s ♥♦r♠❛❧✐③❡❞ t♦ ♣❧❛s♠❛ ❡❧❡❝tr♦♥ ❢r❡q✉❡♥❝② ✭ωp,e✮✳
❍❡♥❝❡✱ t❤❡ ❧❡♥❣t❤s ❛r❡ ♥♦r♠❛❧✐③❡❞ t♦ t❤❡ ❡❧❡❝tr♦♥ s❦✐♥ ❞❡♣t❤ ✭de✮✳ kx = 2πm

Lx
✱ ❛♥❞ ky = 2πn

Ly
✱

✇❤❡r❡ m✱ n✱ Lx✱ ❛♥❞ Ly ❛r❡ t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❞❡s✱ ❛♥❞ t❤❡ ❧❡♥❣t❤s ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❜♦① ✐♥ ❜♦t❤
❞✐r❡❝t✐♦♥s x ❛♥❞ y✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ t✐♠❡ st❡♣ ✐s ∆t = 0.003 ✇❤✐❝❤ r❡s♣❡❝ts t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥
✐♠♣♦s❡❞ ❜② ❨❡❡ s♦❧✈❡r ✭(c∆t)2 ≤ 1

(∆x)−2+(∆y)−2 ✮✳ ❆❧❧ ♦t❤❡r s✐♠✉❧❛t✐♦♥s✬ ♣❛r❛♠❡t❡rs ❛r❡ ✐❞❡♥t✐❝❛❧✱
❛♥❞ ❛r❡ s❤♦✇♥ ✐♥ t❛❜❧❡ ✽✳✶✳

Simulation Nx Ny Npx Npy Npz n1 n2 p1 p2 ∆t B0 m n

1 128 16 32 32 32 0.5 0.5 0.95 −0.95 0.003 10−4 1 0

2 128 16 32 32 32 0.5 0.5 0.95 −0.95 0.003 10−4 1 0

❚❛❜❧❡ ✽✳✶✿ ❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ t✇♦ ❈❋■ s✐♠✉❧❛t✐♦♥s ♣❡r❢♦r♠❡❞ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❝♦❞❡ ✐s ♣❤②s✐❝❛❧❧②
s②♠♠❡tr✐❝✳ Nx✱ ❛♥❞ Ny ❛r❡ t❤❡ ♥✉♠❜❡r ♦❢ ❣r✐❞ ♣♦✐♥ts ✐♥ x ❛♥❞ y ❞✐r❡❝t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳ Npx ✱
Npy ✱ ❛♥❞ Npz ❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ ♠♦♠❡♥t✉♠ s♣❛❝❡✳ B0 ✐s t❤❡ ❛♠♣❧✐t✉❞❡
♦❢ t❤❡ ✐♥✐t✐❛❧ ✜❡❧❞✳ n1 ❛♥❞ n2 ❛r❡ t❤❡ ❞❡♥s✐t✐❡s ♦❢ t❤❡ ❜❡❛♠s✳

❚❤✐s ❜❡♥❝❤♠❛r❦ t❡st ✐s ❛❧s♦ ✐♠♣♦rt❛♥t ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ ❤❡r❡
✐♥❝❧✉❞❡s ❛❞✈❡❝t✐♥❣ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ❛❧♦♥❣ ✇✐t❤ ❜♦t❤ ❞✐r❡❝t✐♦♥s✿ x ❛♥❞ y✳ ❚❤❡r❡❢♦r❡✱ ✇❤❡♥
t❤❡ ❜❡❛♠s ❛r❡ ❛❧♦♥❣ y ❞✐r❡❝t✐♦♥✱ t❤❡r❡ ✇✐❧❧ ❜❡ ❛♥ ❛❞✈❡❝t✐♦♥ ♣❛r❛❧❧❡❧ t♦ t❤❡ ❜❡❛♠s✱ ✇❤✐❧❡ ✐t ✇♦♥✬t
❜❡ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❜❡❛♠s ❛r❡ ✐♥ t❤❡ ③✲❞✐r❡❝t✐♦♥ ✭t❤❡ ❝♦❞❡ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤✐s ❝♦♦r❞✐♥❛t❡✮✳

✶✻■t ✐s ✐♠♣♦rt❛♥t t♦ ♠❡♥t✐♦♥ t❤❛t ❤❡r❡✱ ❛♥❞ ✐♥ ❛❧❧ t❤❡ r❡♠❛✐♥✐♥❣ s❡❝t✐♦♥s ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞♦ ♥♦t ♣❡rt✉r❜
t❤❡ q✉❛♥t✐t✐❡s ✐♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❜❡❛♠s ❢♦r t✇♦ r❡❛s♦♥s✳ ❖♥❡ t❤❡ ♦♥❡ ❤❛♥❞✱ ✇❡ ❛❧✇❛②s ✇❛♥t t♦
❛✈♦✐❞ ❝♦♥✜❣✉r❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ✉♥st❛❜❧❡ t♦ t✇♦✲str❡❛♠ ✐♥st❛❜✐❧✐t② ❛♥❞ ♦❜❧✐q✉❡ ♠♦❞❡ ❬✸✻✼✱ ✸❪✱ ♦❝❝✉rr✐♥❣ ✇❤❡♥ t❤❡
♣❡rt✉r❜❛t✐♦♥s ❤❛✈❡ ❝♦♠♣♦♥❡♥ts ♣❛r❛❧❧❡❧ t♦ t❤❡ ❜❡❛♠s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤✐s ♣❛r❛❧❧❡❧ ❝♦♠♣♦♥❡♥t
♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ✇✐❧❧ ✐♥✈♦❦❡ t❤❡ ♥❡❝❡ss✐t② ♦❢ ❡①t❡♥❞✐♥❣ t❤❡ ❱▲❊▼✷❉✸❱ ❝♦❞❡ t♦ ❜❡ ✸❉✸❱ ♦♥❡ ✐♥ ♦r❞❡r t♦ st✉❞②
t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡s❡ ✐♥st❛❜✐❧✐t✐❡s ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s t❤❛t ♠✐❣❤t ❧❡❛❞ t♦ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✳ ❚❤✐s ✐s t❤❡
♥❡①t st❡♣ ✐♥ ❞❡✈❡❧♦♣✐♥❣ ❱▲❊▼ ❝♦❞❡✳

✶✽✻
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❋✐❣✉r❡ ✽✳✷✿ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✜rst s✐♠✉❧❛t✐♦♥ ✭❜❡❛♠s ❛❧♦♥❣ t❤❡ y ❞✐r❡❝t✐♦♥✮✳ ❚❤❡ t♦♣✲❧❡❢t
❢r❛♠❡ s❤♦✇s t❤❡ ❡♥❡r❣✐❡s ❡✈♦❧✉t✐♦♥ ✇✐t❤ t✐♠❡✳ Ee ✭❜❧✉❡✮✱ Em ✭♦r❛♥❣❡✮✱ Ek ✭②❡❧❧♦✇✮✱ ❛♥❞ Et
✭♣✉r♣❧❡✮ ❛r❡ ❡❧❡❝tr✐❝✱ ♠❛❣♥❡t✐❝✱ ❦✐♥❡t✐❝✱ ❛♥❞ t♦t❛❧ ❡♥❡r❣✐❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡ t♦♣✲r✐❣❤t ❢r❛♠❡ ♦❢
t❤❡ ✜❣✉r❡✱ ✇❡ s❤♦✇ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ❛ss♦❝✐❛t❡❞ ✇✐t❤ Bz ❝♦♠♣♦♥❡♥t✿ Em,z ✭❜❧✉❡✮✱
t❤❡ ❡❧❡❝tr✐❝ ❡♥❡r❣✐❡s Ee,x ✭♦r❛♥❣❡✮ ❛♥❞ Ee,y ✭②❡❧❧♦✇✮✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Ex ❛♥❞ Ey ❝♦♠♣♦♥❡♥ts ♦❢
t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳ ❇♦tt♦♠✲❧❡❢t ❢r❛♠❡s s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♠❡❛♥ ♣❧❛s♠❛ ❞❡♥s✐t② ρ✱ ✇❤✐❧❡ t❤❡
❜♦tt♦♠✲r✐❣❤t ❢r❛♠❡ r❡♣r❡s❡♥ts t❤❡ L2✲♥♦r♠✳ ❚❤❡ ❧♦ss ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡s❡ t✇♦ q✉❛♥t✐t✐❡s ✐s
♥♦t ♦♥❧② ❛ r❡s✉❧t ♦❢ t❤❡ ❧♦✇ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❣r✐❞ ✐♥ t❤❡ ♠♦♠❡♥t✉♠ s♣❛❝❡✱ ❜✉t ❛❧s♦ ❞✉❡ t♦ t❤❡
❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥ ✇❤✐❝❤ ❛r✐s❡s ✇❤❡♥ t❤❡ ✜❧❛♠❡♥t❛t✐♦♥ r❡❛❝❤❡s t❤❡ s✐③❡ ♦❢ t❤❡ ❝❡❧❧s ✐♥ t❤❡ ♣❤❛s❡
s♣❛❝❡✳

✶✽✼



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❋✐❣✉r❡ ✽✳✸✿ ❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥ts✱ ❛♥❞ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❛❧♦♥❣ t❤❡ ❜❡❛♠s✬ ❞✐r❡❝t✐♦♥
❛t ❞✐✛❡r❡♥t t✐♠❡s ❢♦r t❤❡ ✜rst s✐♠✉❧❛t✐♦♥ ❢♦r t❤❡ ❜❡❛♠s ♣r♦♣❛❣❛t✐♥❣ ❛❧♦♥❣ t❤❡ y−❞✐r❡❝t✐♦♥✱ ❛♥❞
❛ ❜❛❝❦❣r♦✉♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧♦♥❣ t❤❡ z−❞✐r❡❝t✐♦♥✳ ◆♦t✐❝❡ t❤❛t ❛t ❛❧❧ t❤❡s❡ t✐♠❡s✱ t❤❡ t♦t❛❧
❡♥❡r❣②✱ L2✲ ♥♦r♠ ❛♥❞ t❤❡ ♠❡❛♥ ♣❧❛s♠❛ ❞❡♥s✐t② ❛r❡ ♣r❡❝✐s❡❧② ❝♦♥s❡r✈❡❞ ✭❛t t❤❡ ♦r❞❡r ♦❢ t❤❡
♠❛❝❤✐♥❡ ❡♣s✐❧♦♥✮✳

✶✽✽
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❋✐❣✉r❡ ✽✳✹✿ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ s✐♠✉❧❛t✐♦♥ ✭❜❡❛♠s ❛❧♦♥❣ ③ ❞✐r❡❝t✐♦♥✮✳ ❚❤❡ t♦♣✲❧❡❢t
❢r❛♠❡ s❤♦✇s t❤❡ ❡♥❡r❣✐❡s ❡✈♦❧✉t✐♦♥ ✇✐t❤ t✐♠❡✳ Ee ✭❜❧✉❡✮✱ Em ✭♦r❛♥❣❡✮✱ Ek ✭②❡❧❧♦✇✮✱ ❛♥❞ Et
✭♣✉r♣❧❡✮ ❛r❡ ❡❧❡❝tr✐❝✱ ♠❛❣♥❡t✐❝✱ ❦✐♥❡t✐❝✱ ❛♥❞ t♦t❛❧ ❡♥❡r❣✐❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡ t♦♣✲r✐❣❤t ❢r❛♠❡
♦❢ t❤❡ ✜❣✉r❡✱ ✇❡ s❤♦✇ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ❛ss♦❝✐❛t❡❞ ✇✐t❤ By ❝♦♠♣♦♥❡♥t✿ Em,y
✭❜❧✉❡✮✱ ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ❡♥❡r❣② Ee,z ✭♦r❛♥❣❡✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Ez ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳
◆♦ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ Ee,x ❞✉❡ t♦ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ♦❢ z ❝♦♦r❞✐♥❛t❡✳ ❇♦tt♦♠✲❧❡❢t
❢r❛♠❡s s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♠❡❛♥ ♣❧❛s♠❛ ❞❡♥s✐t② ρ✱ ✇❤✐❧❡ t❤❡ ❜♦tt♦♠✲r✐❣❤t ❢r❛♠❡ r❡♣r❡s❡♥ts
t❤❡ L2✲♥♦r♠✳ ❚❤❡ ❧♦ss ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡s❡ t✇♦ q✉❛♥t✐t✐❡s ✐s ♥♦t ♦♥❧② ❛ r❡s✉❧t ♦❢ t❤❡ ❧♦✇
r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❣r✐❞ ✐♥ t❤❡ ♠♦♠❡♥t✉♠ s♣❛❝❡✱ ❜✉t ❛❧s♦ ❞✉❡ t♦ t❤❡ ❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥ ✇❤✐❝❤
❛r✐s❡s ✇❤❡♥ t❤❡ ✜❧❛♠❡♥t❛t✐♦♥ r❡❛❝❤❡s t❤❡ s✐③❡ ♦❢ t❤❡ ❝❡❧❧s ✐♥ t❤❡ ♣❤❛s❡ s♣❛❝❡✳

✶✽✾



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❋✐❣✉r❡ ✽✳✺✿ ❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥ts ❛♥❞ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❛❧♦♥❣ t❤❡ ❜❡❛♠s✬ ❞✐r❡❝t✐♦♥
❛t ❞✐✛❡r❡♥t t✐♠❡s ❢♦r t❤❡ s❡❝♦♥❞ s✐♠✉❧❛t✐♦♥ ❢♦r t❤❡ ❜❡❛♠s ♣r♦♣❛❣❛t✐♥❣ ❛❧♦♥❣ t❤❡ z−❞✐r❡❝t✐♦♥✱
❛♥❞ ❛ ❜❛❝❦❣r♦✉♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧♦♥❣ t❤❡ y−❞✐r❡❝t✐♦♥✳ ◆♦t✐❝❡ t❤❛t ❛t ❛❧❧ t❤❡s❡ t✐♠❡s✱ t❤❡
t♦t❛❧ ❡♥❡r❣②✱ L2✲ ♥♦r♠ ❛♥❞ t❤❡ ♠❡❛♥ ♣❧❛s♠❛ ❞❡♥s✐t② ❛r❡ ♣r❡❝✐s❡❧② ❝♦♥s❡r✈❡❞ ✭❛t t❤❡ ♦r❞❡r ♦❢ t❤❡
♠❛❝❤✐♥❡ ❡♣s✐❧♦♥✮✳

✶✾✵



✽✳✷✳ ❈❋■ ✇✐t❤ ❱▲❊▼✷❉✸❱✿ ❆ ❇❡♥❝❤♠❛r❦ ❚❡st

❍❡r❡ ❝♦♠♣❛r✐s♦♥s ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ♦✈❡r s❤♦rt t✐♠❡s ❢♦r ✇❤✐❝❤ t✇♦✲str❡❛♠ ✐♥st❛❜✐❧✐t② ❝❛♥ ❜❡
❝♦♥s✐❞❡r❡❞ ❛s ♥❡❣❧✐❣✐❜❧❡✳

❚❤❡ ❡❧❡❝tr✐❝✱ ♠❛❣♥❡t✐❝✱ ❦✐♥❡t✐❝✱ ❛♥❞ t♦t❛❧ ❡♥❡r❣✐❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✱

Ee =

ˆ

ǫ0
2
E2dr,

Em =

ˆ

1

2µ0
B2dr,

Ek =

ˆ

r

ˆ

p

p(γ − 1)mc2fdpdr,

Et = Ee + Em + Ek,

✭✽✳✻✮

✇❤❡r❡ E2 = E2
x + E2

y + E2
z ✱ B

2 = B2
x + B2

y + B2
z ✱ ❛♥❞ dr = dxdy✳ ❚❤❡ ❡❧❡❝tr✐❝ ❡♥❡r❣② Ee,i✱

❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣② Em,i ❛ss♦❝✐❛t❡❞ ✇✐t❤ ith ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s✱
r❡s♣❡❝t✐✈❡❧②✱ ❛r❡ ❣✐✈❡♥ ❜②

Ee,i =

ˆ

r

ǫ0
2
E2
i dr,

Em,i =

ˆ

r

1

2µ0
B2
i dr,

✭✽✳✼✮

❍❡r❡ i = x, y, z✳ ❚❤❡ ♠❡❛♥ ❞❡♥s✐t② ❛♥❞ t❤❡ L2 ♥♦r♠ ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦
✐♥t❡❣r❛❧s✱

ρ =

ˆ

r

ˆ

p

drdpf, L2 =

ˆ

r

ˆ

p

drdpf2, ✭✽✳✽✮

❚❤❡ t♦t❛❧ ❡♥❡r❣② ♣r♦✈✐❞❡s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❛ s✐♠✉❧❛t✐♦♥✳ ❆♥ ✐♠♣♦rt❛♥t ❧♦ss
♦❢ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② ✐♠♣❧✐❡s ✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ t❤❛t t❤❡ r❡s✉❧ts ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥
❛r❡ ♥♦ ❧♦♥❣❡r ❛❝❝✉r❛t❡✳ ■t s❤♦✉❧❞ ❜❡ ❤♦✇❡✈❡r ♠❡♥t✐♦♥❡❞ t❤❛t r❡❝❡♥t r❡s✉❧ts ❬✸✻✼❪✱ ✐♥✈♦❧✈✐♥❣ t❤❡
♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ ♦❜❧✐q✉❡ ♠♦❞❡s✱ ❤❛✈❡ s✉❣❣❡st❡❞ t❤❛t ❛ ❧♦❝❛❧ ✭❛♥❞ ❡ss❡♥t✐❛❧❧② r❡✈❡rs✐❜❧❡✮
✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❈❛s✐♠✐r ✐♥✈❛r✐❛♥ts r❡❧❛t❡❞ t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭♥♦t❛❜❧②✱ t❤❡ ❡♥tr♦♣② ❛♥❞
L2 ♥♦r♠✮ ❝❛♥ ♦❝❝✉r ✐♥ ❛ss♦❝✐❛t✐♦♥ t♦ s♠❛❧❧ s❝❛❧❡ ✢✉❝t✉❛t✐♦♥s ♦❢ f ✳

❋✐❣s❬✽✳✷✱ ✽✳✹❪ s❤♦✇ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❡♥❡r❣✐❡s✱ ♠❡❛♥ ❞❡♥s✐t②✱ ❛♥❞ L2−♥♦r♠ ♦❢ t❤❡ t✇♦
s✐♠✉❧❛t✐♦♥s✳ ❆s s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡s✱ t❤❡ t②♣✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ ❈❋■ ✐♥st❛❜✐❧✐t② ✐s ❡✈✐❞❡♥t✿ ❛♥ ✐♥❝r❡❛s❡
♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ✭t♦♣✲❧❡❢t ❢r❛♠❡s ♦❢ t❤❡
t✇♦ ✜❣✉r❡s✮✳ ❚❤✐s ❜❡❤❛✈✐♦r ✐s ❢✉rt❤❡r ❝♦♥✜r♠❡❞ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭Em,z ✐♥ t❤❡ ✜rst s✐♠✉❧❛t✐♦♥✱ ❛♥❞ Em,y ✐♥ t❤❡
s❡❝♦♥❞✮✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡s❡ ❡♥❡r❣✐❡s ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ s❛♠❡ r❛t❡s✱ ✐♥❞✐❝❛t✐♥❣ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥
♦❢ t❤❡ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛s s❤♦✇♥ ✐♥ t❤❡ t♦♣✲r✐❣❤t ❢r❛♠❡s ♦❢ t❤❡ t✇♦ ✜❣✉r❡s✳ ❚❤❡ ❧♦ss ♦❢ t❤❡
❝♦♥s❡r✈❛t✐♦♥ ♦❢ t♦t❛❧ ❡♥❡r❣②✱ ♠❡❛♥ ❞❡♥s✐t②✱ ❛♥❞ L2 ♥♦r♠✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ❜♦tt♦♠ ❢r❛♠❡s✱ ✐s ❞✉❡
t♦ ✉s✉❛❧ ❝♦❛rs❡✲❣r❛✐♥✐♥❣ ❛♥❞ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❧♦✇ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❣r✐❞ ✐♥ t❤❡ ♠♦♠❡♥t✉♠ s♣❛❝❡
✭Npx = Npy = Npz = 32✱ s❡❡ t❛❜❧❡ ✽✳✶✮✳

❋✐❣s✳❬✽✳✸✱ ✽✳✺❪ s❤♦✇ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥ts ❛t ❞✐✛❡r❡♥t t✐♠❡s ❢♦r ❜♦t❤ ❝❛s❡s✳ ■t ✐s
♦❜✈✐♦✉s t❤❛t Bz ❛♥❞ Jy ✐♥ t❤❡ ✜rst s✐♠✉❧❛t✐♦♥✱ ❛♥❞ By ❛♥❞ Jz ✐♥ t❤❡ s❡❝♦♥❞ ♦♥❡✱ ❣r♦✇ ✇✐t❤
t✐♠❡ ❞✉❡ t♦ t❤❡ ♠❡❝❤❛♥✐s♠ ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✽✳✶✳ ❚❤✐s ❣r♦✇t❤ ❣♦❡s ♦♥ ✉♥t✐❧ t❤❡ s❛t✉r❛t✐♦♥ ♦❢
t❤❡ ✐♥st❛❜✐❧✐t②✳ ❆s ❛❧s♦ s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡s✱ t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛r❡ ♥♦t
✐❞❡♥t✐❝❛❧❧② ③❡r♦✱ ❜✉t ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡② ❣r♦✇ st❛rt✐♥❣ ❢r♦♠ ♠❛❝❤✐♥❡ ❡♣s✐❧♦♥✳ ❍♦✇❡✈❡r✱ t❤❡✐r
✈❛❧✉❡s r❡♠❛✐♥ ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛♠♣❧✐✜❡❞ ✜❡❧❞✱ ❛♥❞ ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ✐❣♥♦r❡❞✳

✶✾✶



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❋✐❣✉r❡ ✽✳✻✿ ❚❤❡ ❧❡❢t ❢r❛♠❡ s❤♦✇s t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ❡❧❡❝tr♦♥ ❜❡❛♠s ❛❧♦♥❣ z ❞✐r❡❝t✐♦♥✳ ❚❤❡
✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ♣❡r✐♦❞✐❝ ✐♥ θ ❞✐r❡❝t✐♦♥✱ ❛♥❞ ♠♦❞✉❧❛t❡❞ ✐♥ r✳ ❚❤❡ s♠❛❧❧ r❡❞ ❛rr♦✇s s❤♦✇
t❤❡ ✇❛✈❡ ✈❡❝t♦r ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❖♥ t❤❡ r✐❣❤t✱ ✇❡ s❤♦✇ ❛ ❝♦♥t♦✉r ♣❧♦t ❢♦r t❤❡ ✐♥✐t✐❛❧ ✈❡❝t♦r

♣♦t❡♥t✐❛❧ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❣✐✈❡♥ ❜② ❊q✳✭✽✳✶✵✮ ❛♥❞ ❊q✳✭✽✳✶✶✮ ❢♦rm = 5✱ ✇❤❡r❡ Bp =
√

B2
x +B2

y ✳

◆♦✇✱ ✇❡ st❛rt t♦ ❛❞❞r❡ss t❤❡ ♣r♦❜❧❡♠ ♦❢ t✇♦ ❝②❧✐♥❞r✐❝❛❧✱ s②♠♠❡tr✐❝✱ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣
❜❡❛♠s ✐♥ ❜❛❝❦❣r♦✉♥❞ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❤❛✈✐♥❣ t❤❡ s❛♠❡ s②♠♠❡tr② ♦❢ t❤❡ ❜❡❛♠s✳

✽✳✸ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❈②❧✐♥❞r✐❝❛❧ ❙②♠♠❡tr✐❝✱ ❈♦✉♥t❡r✲Pr♦♣❛❣❛t✐♥❣
❇❡❛♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❈❋■✲✐♥st❛❜✐❧✐t② ♦❢ t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ❡❧❡❝tr♦♥ ❜❡❛♠s
❤❛✈✐♥❣ ❛ ✜♥✐t❡ r❛❞✐❛❧ ✇✐❞t❤✱ ✇❤✐❝❤ ❛r❡ ❡①♣❡❝t❡❞ t♦ ❜❡ s✉❜❥❡❝t t♦ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ♣r♦❝❡ss❡s
r❡❧❛t❡❞ t♦ t❤❡ ♠❡r❣✐♥❣ ♦❢ ♣❛r❛❧❧❡❧ ♦r✐❡♥t❡❞ ❝✉rr❡♥t ❜❡❛♠s✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❢
❛ s❡t ♦❢ s✐♠✉❧❛t✐♦♥s✱ ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ❱▲❊▼ ❝♦❞❡ ❬✷❪✱ ❛♥❞ t❤❡ P■❈ ❝♦❞❡ ✭❙▼■▲❊■ ❬✶❪✮✳ ❋✐rst✱
✇❡ st❛rt ❜② ❜r✐❡✢② ♣r❡s❡♥t✐♥❣ t❤❡ ♣r♦❜❧❡♠✳ ❲❡ ❤❛✈❡ t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ❣❛✉ss✐❛♥ ❡❧❡❝tr♦♥s✬
❜❡❛♠s ❛❧♦♥❣ t❤❡ z ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❣✐✈❡s t❤❡ ♣r♦✜❧❡s ♦❢ t❤❡✐r ✈❡❧♦❝✐t✐❡s

vi = vie
− r2

σ ez, i = 1, 2 ✭✽✳✾✮

❍❡r❡ r2 = (x− Lx/2)
2 + (y − Ly/2)

2✱ ✇❤❡r❡ Lx ❛♥❞ Ly ❛r❡ t❤❡ ❧❡♥❣t❤s ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❜♦① ✐♥
x✱ ❛♥❞ y ❞✐r❡❝t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳ σ = 1 ❢♦r ❛❧❧ t❤❡ s✐♠✉❧❛t✐♦♥s✳

❆s ❛♥ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ♣❡rt✉r❜❛t✐♦♥✱ ✇❡ ❝❤♦♦s❡ ❛ ❝②❧✐♥❞r✐❝❛❧ s②♠♠❡tr✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ✐♥ z
❞✐r❡❝t✐♦♥✳ ❚❤❡ ✐♥✐t✐❛❧ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ r❡❛❞s✱

A = Azez = cos(mθ)e−
r2

σ , ✭✽✳✶✵✮

✇❤❡r❡ r2 = (x − Lx/2)
2 + (y − Ly/2)

2✱ θ = arccos((x − Lx/2)/r)✱ ❛♥❞ m ✐s t❤❡ ♥✉♠❜❡r ♦❢
♠♦❞❡s✳ ❚❤✐s ❦✐♥❞ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❘❡❢s✳❬✹✱ ✺❪✳ ❖✉r ♣r♦❜❧❡♠ ✐s ✐♥✈❛r✐❛♥t ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ z ❞✐r❡❝t✐♦♥✱ ✇❤✐❝❤ ♠❡❛♥s✱ ✐♥ t❡r♠s ♦❢ ❍❛♠✐❧t♦♥✐❛♥ ♠❡❝❤❛♥✐❝s✱ t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧
♠♦♠❡♥t✉♠ Pc,z ✐s ❝♦♥s❡r✈❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦❜❧❡♠ ✐s ✐♥tr✐♥s✐❝❛❧❧② ✷❉ ✇✐t❤ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳ ●✐✈❡♥ ❊q✳✭✽✳✶✵✮✱ t❤❡ r❡s✉❧t✐♥❣ ✐♥✐t✐❛❧ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s r❡❛❞

✶✾✷



✽✳✸✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❈②❧✐♥❞r✐❝❛❧ ❙②♠♠❡tr✐❝✱ ❈♦✉♥t❡r✲Pr♦♣❛❣❛t✐♥❣ ❇❡❛♠s

Bx = −B0

[2(y − Ly/2)

σ
cos(mθ) +

m(x− Lx/2)

r2
sin(mθ)

]

e−
r2

σ ,

By = B0

[2(x− Lx/2)

σ
cos(mθ)− m(y − Ly/2)

r2
sin(mθ)

]

e−
r2

σ ,

✭✽✳✶✶✮

✇❤❡r❡ B0 ✐s t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥✳ ❖❜✈✐♦✉s❧② t❤✐s ✜❡❧❞ ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ✭s❡❡
❋✐❣✳✽✳✻✮✳

✽✳✸✳✶ ❱▲❊▼ ❙✐♠✉❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❱▲❊▼✷❉✸❱

❝♦❞❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ t✇♦ ✐♥✐t✐❛❧ ❜❡❛♠s ❤❛✈❡ ❝②❧✐♥❞r✐❝❛❧✱ s②♠♠❡tr✐❝ s❤❛♣❡✱ ❣✐✈❡♥ ❜② ❊q✳✭✽✳✾✮✱
✇❤❡r❡ vi = 0.688 ❢♦r ❜♦t❤ ❜❡❛♠s✳ ❲❡ ❛❧s♦ ♣❡rt✉r❜ t❤❡ t✇♦ ❜❡❛♠s ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ✈❡❝t♦r ♣♦t❡♥t✐❛❧
❛❧♦♥❣ t❤❡ z−❞✐r❡❝t✐♦♥ ❣✐✈❡♥ ❜② ❊q✳✭✽✳✶✵✮✳ ❚❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛r❡
t❤❡r❡❢♦r❡ ❣✐✈❡♥ ❜② ❊q✳✭✽✳✶✶✮✱ ✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ❛♠♣❧✐t✉❞❡ ✐s B0 = 10−4✳ ❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡
s✐♠✉❧❛t✐♦♥ ❜♦① ✐s (Lx, Ly) = (4π, 4π)✱ ✇❤❡r❡ Nx = Ny = 256✳ ❚❤❡ ❣r✐❞ r❡s♦❧✉t✐♦♥ ✐♥ t❤❡
♠♦♠❡♥t✉♠ s♣❛❝❡ ✐s Npx = Npy = Npz = 64 ✇✐t❤ ❛♥ ❡①t❡♥s✐♦♥ −2 < pi < 2, i = x, y, z ✐♥ ❡❛❝❤
❞✐r❡❝t✐♦♥ ✐♥ ♠♦♠❡♥t✉♠ s♣❛❝❡✳ ❚❤❡ t✐♠❡ st❡♣ ✐s ∆t = 5×10−3✱ ✇❤✐❝❤ r❡s♣❡❝ts t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥s
✐♥tr♦❞✉❝❡❞ ❜② ❨❡❡ s♦❧✈❡r✳

❋♦r t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ t❤r❡❛❞s ♣❡r ♣r♦❝❡ss ✐♥ ❱▲❊▼✷❉✸❱ ❝♦❞❡ ✐s Nthreads = 8✱
❛♥❞ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❤❡ ▼P■ ♣r♦❝❡ss❡s ✐s Nmpi = 256✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ t♦t❛❧ ♥✉♠❜❡r ♦❢
❝♦r❡s ❡q✉❛❧ t♦ Nmpi ×Nthreads = 2048✳ ❚❤❡ ❜❡❛♠s t❡♠♣❡r❛t✉r❡s ❛r❡ T1 = T2 = 2keV ✳

■♥ t❤❡ t♦♣✲❧❡❢t ❢r❛♠❡ ♦❢ ❋✐❣✳✽✳✼✱ ✇❡ ♣❧♦t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ❢♦r♠s ♦❢ ❡♥❡r❣②✳ ❆s ❡①♣❡❝t❡❞✱
❛❢t❡r ❛♥ ✐♥✐t✐❛❧ ♣❤❛s❡✱ ✇❡ ♠❡❛s✉r❡ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❣r♦✇t❤ ✐♥ t❤❡
❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣② ❛t t ∼ 4✳ ❚❤✐s ❣r♦✇t❤ ✐♥ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐s ❞✉❡ t♦ t❤❡ ♦♥s❡t
♦❢ t❤❡ ❈❋■ ✐♥st❛❜✐❧✐t②✱ t❤❛t ❧❡❛❞s t♦ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✐♥✲♣❧❛♥❡ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ✢✉❝t✉❛t✐♦♥s
❣✐✈❡♥ ❜② ❊q✳✭✽✳✶✶✮✳ ❚❤❡ s✐❣♥❛t✉r❡ ♦❢ t❤✐s ✐♥st❛❜✐❧✐t②✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥
♦❢ t❤✐s ❝❤❛♣t❡r✱ ✐s ❡✈✐❞❡♥t ✐♥ t❤❡ ♣❧♦ts ♦❢ t❤❡ ✐♥✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣✐❡s ✭t✇♦ ❜♦tt♦♠ ❢r❛♠❡s ♦❢
❋✐❣✳✽✳✼✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s Bx✱ ❛♥❞ By✱ ✇❤❡r❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ♦❢ t❤❡s❡
❝♦♠♣♦♥❡♥ts ✐s ❡✈✐❞❡♥❝❡❞✳

❋✐❣✳✽✳✽ s❤♦✇s t❤❡ ♣r♦✜❧❡s ♦❢ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ Az ✭❧❡❢t ❢r❛♠❡s✮✱ ❛♥❞ ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②
Jz ✭r✐❣❤t ❢r❛♠❡s✮ ❛t ❞✐✛❡r❡♥t t✐♠❡s✿ t = 7.5, 12.5, 15, 30✳ ❆t t❤❡ ✜rst st❛❣❡ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✱
✇❡ ♦❜s❡r✈❡ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ♠❛♥② ❡❧❡❝tr♦♥s ❜❡❛♠s✱ ❛s s❤♦✇♥ ✐♥ t❤❡ t♦♣✲❧❡❢t ❢r❛♠❡ ✐♥ ❋✐❣✳✽✳✽✳
❍♦✇❡✈❡r✱ ❛s t❤❡ ❞②♥❛♠✐❝ ❡✈♦❧✈❡s✱ ❜❡❛♠s ✇✐t❤ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s r❡♣❡❧ ❡❛❝❤ ♦t❤❡r✳ ■♥ ❝♦♥tr❛st✱
t❤♦s❡ str❡❛♠✐♥❣ ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥s ♠❡r❣❡ ❞✉❡ t♦ ❛ s♦rt ♦❢ ❝♦❛❧❡s❝❡♥❝❡ ✐♥st❛❜✐❧✐t② ❬✸✻✽✱ ✸✻✾✱
✸✼✵✱ ✸✼✶❪✱ ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ t❤❡ t❡♥❞❡♥❝② ♦❢ t✇♦ ❝✉rr❡♥t ❜❡❛♠s t♦ ❛ttr❛❝t ♦♥❡ ❛♥♦t❤❡r ✇❤❡♥
♣r♦♣❛❣❛t✐♥❣ ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ❬✸✼✷❪✱ ✇❤✐❝❤ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✳ ❚❤✐s
♣❤❡♥♦♠❡♥♦♥✱ t②♣✐❝❛❧❧② r❡❢❡rr❡❞ t♦ ❛s ✧♠❛❣♥❡t✐❝ ❛♥♥✐❤✐❧❛t✐♦♥✧✱ ✐s ❝❧❡❛r❧② s❡❡♥ ✐♥ t❤❡ r❡♠❛✐♥✐♥❣
❢r❛♠❡s ♦❢ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❛♥❞ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✳ ❚❤❡ ✜♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❝♦♥s✐sts ♦❢ t✇♦
❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣✱ ✇❡❧❧✲s❡♣❛r❛t❡❞ ❜❡❛♠s ❛s s❤♦✇♥ ✐♥ t❤❡ ❜♦tt♦♠ ❢r❛♠❡s ✐♥ ❋✐❣✳✽✳✽✳

❍♦✇❡✈❡r✱ ♦♥❡ ✐♥t❡r❡st✐♥❣ ♣♦✐♥t ❞❡s❡r✈❡s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ ❱▲❊▼ s✐♠✉❧❛t✐♦♥✿ t❤❡ ✐♥❝r❡❛s❡
✐♥ t❤❡ t♦t❛❧ ❡♥❡r❣② ✭∼ 23%✮ st❛rt✐♥❣ ❛t t ∼ 5✱ ❛♥❞ ✇❤✐❝❤ ❧❛t❡r ❞❡❝r❡❛s❡s✳ ■♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡
t❤❡ r❡❛s♦♥s ❜❡❤✐♥❞ t❤✐s ♣r♦❝❡ss✱ ✇❡ ♣❡r❢♦r♠❡❞ ❛ s❡❝♦♥❞ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❛ ❧♦✇❡r r❡s♦❧✉t✐♦♥ ✐♥ t❤❡
♠♦♠❡♥t✉♠ ♣❤❛s❡ ✭Npx = Npy = Npz = 32✮✱ ✇❤✐❧❡ ❛❧❧ ♦t❤❡r ♣❛r❛♠❡t❡rs ❤❛s ❜❡❡♥ ❦❡♣t ✐❞❡♥t✐❝❛❧
t♦ t❤♦s❡ ✐♥ t❤❡ ✜rst s✐♠✉❧❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥✳

❋✐❣✳✽✳✾ s❤♦✇s t❤❡ ❡♥❡r❣② ❡✈♦❧✉t✐♦♥ ✐♥ t❤❡ t✇♦ s✐♠✉❧❛t✐♦♥s✳ ■♥ t❤❡ ❧❡❢t✲t♦♣ ❢r❛♠❡✱ ✇❡ ♣❧♦t
t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ❢♦r♠s ♦❢ ❡♥❡r❣② ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❤✐❣❤❡r r❡s♦❧✉t✐♦♥ ✭64 ♣♦✐♥ts ✐♥

✶✾✸



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❋✐❣✉r❡ ✽✳✼✿ ❊♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥ ✭t♦♣✲❧❡❢t ❢r❛♠❡✮✱ ❛♥❞ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣✐❡s ❛ss♦❝✐❛t❡❞
✇✐t❤ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ❢♦r ❱▲❊▼✷❉✸❱ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡ m = 5✳ ❚❤❡ ❝♦✉♥t❡rstr❡❛♠✐♥❣
❜❡❛♠s ❛r❡ ❣❛✉ss✐❛♥ ✭❊q✳✽✳✾✮✱ ❛♥❞ s②♠♠❡tr✐❝ ✭n1 = n2✮✳ ❙❡❡ s❡❝t✐♦♥ ✽✳✸✳✶ ❢♦r t❤❡ ❞❡t❛✐❧s✳

✶✾✹



✽✳✸✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❈②❧✐♥❞r✐❝❛❧ ❙②♠♠❡tr✐❝✱ ❈♦✉♥t❡r✲Pr♦♣❛❣❛t✐♥❣ ❇❡❛♠s

❋✐❣✉r❡ ✽✳✽✿ Az ✭❧❡❢t ❢r❛♠❡s✮✱ ❛♥❞ Jz ✭r✐❣❤t ❢r❛♠❡s✮ ❢♦r t❤❡ ❱▲❊▼✷❉✸❱ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡
m = 5✳ ❚❤❡ ❝♦✉♥t❡rstr❡❛♠✐♥❣ ❜❡❛♠s ❛r❡ ❣❛✉ss✐❛♥ ✭❊q✳✭✽✳✾✮✮✱ ❛♥❞ s②♠♠❡tr✐❝ ✭n1 = n2✮✳ ❚❤❡✐r
✈❡❧♦❝✐t② ❛♠♣❧✐t✉❞❡ ✐s vi = 0.688✳ ❚❤❡ r❡❝♦♥♥❡❝t✐♦♥ ❡✈❡♥ts✱ ❛♥❞ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❳✲♣♦✐♥ts✱ s❡❡♥
✐♥ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❝♦♥t♦✉rs ❛r❡ ❞✉❡ t♦ t❤❡ ❝♦❛❧❡s❝❡♥❝❡ ✐♥st❛❜✐❧✐t②✱ t❤❛t ✐s t❤❡ ♠❡r❣✐♥❣ ♦❢ t❤❡
❜❡❛♠s ♦r✐❡♥t❡❞ ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✳ ✶✾✺



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❡❛❝❤ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♠♦♠❡♥t✉♠ s♣❛❝❡❀ ❤❡r❡❛❢t❡r S64✮❀ ✇❤✐❧❡ ✐♥ t❤❡ ❧❡❢t✲❜♦tt♦♠ ❢r❛♠❡✱ ✇❡ s❤♦✇
t❤❡ r❡s✉❧ts ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❧♦✇❡r r❡s♦❧✉t✐♦♥ ✭32 ✐♥ ❡❛❝❤ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♠♦♠❡♥t✉♠ s♣❛❝❡❀
❤❡r❡❛❢t❡r S32✮✳ ❆s s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡✱ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② ✐♥ S32 ✭∼ 100%✮ ✐s ♠✉❝❤
❧❛r❣❡r t❤❛♥ ✐ts ❝♦✉♥t❡r♣❛rt ✐♥ S64 ✭∼ 23%✮✳ ■t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ ♥♦t✐❝❡ t❤❛t t❤✐s ❣r♦✇t❤ ✐♥ t❤❡
t♦t❛❧ ❡♥❡r❣② ✐s s♠♦♦t❤❡r ✐♥ S64✱ ❛♥❞ ✐t ✐s ♥♦t ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥② s✉❞❞❡♥ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ t♦t❛❧
❞❡♥s✐t②✳ ❍♦✇❡✈❡r✱ t❤❡ ❝❛s❡ ✐s ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ❢♦r S32 ✇❤❡r❡ ❛♥ ✐♥✐t✐❛❧ ❞❡❝r❡❛s❡ ✭♦❢ t❤❡ ♦r❞❡r ♦❢
2.5%✮✱ ❢♦❧❧♦✇❡❞ ❜② ❛ ❧❛r❣❡ ❛♥❞ s❤❛r♣ ✐♥❝r❡❛s❡ ✭∼ 18%✮ ✐♥ t❤❡ t♦t❛❧ ❞❡♥s✐t② ❤❛✈❡ ❜❡❡♥ ❡✈✐❞❡♥❝❡❞
✐♥ t❤❡ r✐❣❤t✲❜♦tt♦♠ ❢r❛♠❡ ♦❢ ❋✐❣✳✽✳✾✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤✐s ❜❡❤❛✈✐♦✉r ✐s ✐♥
❢❛❝t ♥❡❡❞❡❞ t♦ ❡❧✐♠✐♥❛t❡ ❛♥② ♣❤②s✐❝❛❧ ♣r♦❝❡ss t❤❛t ♠✐❣❤t ❜❡ r❡s♣♦♥s✐❜❧❡ ♦❢ ✐t❀ ❛♥❞ t♦ ❛❧s♦ ❦♥♦✇
✇❤❡t❤❡r t❤✐s ❡✛❡❝t ✐s ♣✉r❡❧② ❞✉❡ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♥❞
✐♥t❡r♣♦❧❛t✐♦♥ ♠❡t❤♦❞s✱ ♦r t❤❡r❡ ❛r❡ s♦♠❡ ♦t❤❡r ♣r♦❝❡ss❡s ✇❤✐❝❤ ❡♥❤❛♥❝❡ t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧
❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥✳ ❉✉❡ t♦ t✐♠❡ ❝♦♥str❛✐♥t✱ ✇❡ ✇✐❧❧ ❛❞❞r❡ss t❤✐s ♣r♦❜❧❡♠ ✐♥ ❢✉t✉r❡ ✇♦r❦✳

❉✉❡ t♦ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠ ❞✐s❝✉ss❡❞ ❛❜♦✈❡ ❛♥❞ t♦ t❤❡ ✈❡r② ❧♦♥❣ t✐♠❡ ❞✉r❛t✐♦♥ ♦❢
❛♥② ❱▲❊▼ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❤✐❣❤❡r r❡s♦❧✉t✐♦♥✱ ✇❡ ❢♦✉♥❞ t❤❛t ✐t ✇✐❧❧ ❛❧s♦ ❜❡ ✉s❡❢✉❧ t♦ r❡❧② ♦♥ P■❈

s✐♠✉❧❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ❛❞❞r❡ss t❤❡ ♣r♦❜❧❡♠ ♦❢ t✇♦ ✐♥❤♦♠♦❣❡♥❡♦✉s✱ ❝♦✉♥t❡rstr❡❛♠✐♥❣✱ s②♠♠❡tr✐❝
❜❡❛♠s✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ❞♦ ♥♦t ✐♥t❡♥❞ ❛t ❛❧❧ t♦ ♠❛❦❡ ❛♥② ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ P■❈ ❛♥❞ s❡♠✐✲
▲❛❣r❛♥❣✐❛♥ ❝♦❞❡s ❢♦r st✉❞②✐♥❣ t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠s s✐♥❝❡ t❤✐s ✇✐❧❧ r❡q✉✐r❡ ❛ ♣r❡❝✐s❡ s❡❧❡❝t✐♦♥
♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ ❜♦t❤ ❝❛s❡s✿ P■❈ ❛♥❞ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ s✐♠✉❧❛t✐♦♥s✳ ❚❤✐s ❝♦♠♣❛r✐s♦♥ st✉❞②
❞❡s❡r✈❡s ❢✉t✉r❡ ✐♥✈❡st✐❣❛t✐♦♥s✳ ❍❡r❡✱ ✇❡ ❧✐♠✐t ♦✉r s❡❧❢ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t♦ t❤❡ st✉❞② ♦❢ t❤❡
✉♥❞❡r❧②✐♥❣ ♣❤②s✐❝s ♦❢ t❤❡ ♣r♦❜❧❡♠✳

✶✾✻



✽✳✸✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❈②❧✐♥❞r✐❝❛❧ ❙②♠♠❡tr✐❝✱ ❈♦✉♥t❡r✲Pr♦♣❛❣❛t✐♥❣ ❇❡❛♠s

❋✐❣✉r❡ ✽✳✾✿ ❚❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ❢♦r♠s ♦❢ ❡♥❡r❣② ❢♦r t✇♦ ❱▲❊▼ s✐♠✉❧❛t✐♦♥s ✭❧❡❢t ❢r❛♠❡s✮✱
❛♥❞ ♦❢ t❤❡ t♦t❛❧ ♣❧❛s♠❛ ❞❡♥s✐t② ✭r✐❣❤t ❢r❛♠❡s✮✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ✐❞❡♥t✐❝❛❧ ✐♥ t❤❡ t✇♦ s✐♠✉✲
❧❛t✐♦♥s✱ ❡①❝❡♣t ❢♦r t❤❡ r❡s♦❧✉t✐♦♥ ✐♥ t❤❡ ♠♦♠❡♥t✉♠ s♣❛❝❡✳ ❚❤❡ r❡s♦❧✉t✐♦♥ ✐♥ t❤❡ ♠♦♠❡♥t✉♠
s♣❛❝❡ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ s❤♦✇♥ ✐♥ t❤❡ t♦♣ ❢r❛♠❡s✱ ✐s Npx = Npy = Npz = 64❀ ✇❤✐❧❡ ✐t ✐s
Npx = Npy = Npz = 32 ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✐♥ t❤❡ ❜♦tt♦♠ ❢r❛♠❡s✳

✶✾✼



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

✽✳✸✳✷ P■❈ ❙✐♠✉❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❢ ❛ s❡t ♦❢ s✐♠✉❧❛t✐♦♥s✱ ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ P■❈
❝♦❞❡ ✭❙▼■▲❊■ ❬✶❪✮✳ ❚❤❡ ✈❡❧♦❝✐t✐❡s ♦❢ t❤❡ ❜❡❛♠s ❛♥❞ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❛r❡ ❣✐✈❡♥ ❜② ❊q✳✭✽✳✾✮
❛♥❞ ❊q✳✭✽✳✶✵✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❜♦① ❛r❡ (Lx, Ly) = (4π, 4π)✳ ❚❛❜❧❡
✽✳✷ s❤♦✇s t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞✐✛❡r❡♥t s✐♠✉❧❛t✐♦♥s✳

❚❤❡ ✈❡❧♦❝✐t② ✐♥ ❙▼■▲❊■ ❝♦❞❡ ✐s ♥♦r♠❛❧✐③❡❞ t♦ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t c✱ t❤❡ ❝❤❛r❣❡ t♦ t❤❡ ❡❧❡❝tr♦♥
❝❤❛r❣❡ e✱ t❤❡ ♠❛ss t♦ ❡❧❡❝tr♦♥ ♠❛ss me✱ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② t♦ t❤❡ r❡st ❡♥❡r❣② m0c

2✳ ❍♦✇❡✈❡r✱
❙▼■▲❊■ ❧❡❛✈❡s ♦♣❡♥ t♦ t❤❡ ✉s❡r t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❝❤♦♦s❡ t❤❡ r❡❢❡r❡♥❝❡ ❧❡♥❣t❤✱ ❞❡♣❡♥❞✐♥❣ ♦♥
t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥✳ ■♥ ♦✉r ❝❛s❡✱ t❤❡ r❡❢❡r❡♥❝❡ ❧❡♥❣t❤ ❛♥❞ t✐♠❡ ❛r❡ t❤❡ ❡❧❡❝tr♦♥
s❦✐♥ ❞❡♣t❤ ❛♥❞ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥ ♣❧❛s♠❛ ❢r❡q✉❡♥❝②✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ❝❤♦✐❝❡ ♦❢ t❤❡
r❡❢❡r❡♥❝❡ ❢r❡q✉❡♥❝② ❛♥❞ ❧❡♥❣t❤ ❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ♠❛❞❡ ✐♥ t❤❡ ❝♦❞❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ♦♥❡ ❝❤♦♦s❡s
t❤❡ t♦t❛❧ ❞❡♥s✐t② ♦❢ t❤❡ ❜❡❛♠s t♦ ❜❡ ❡q✉❛❧ t♦ t❤❡ r❡❢❡r❡♥❝❡ ❞❡♥s✐t② nr✱ ❞❡✜♥❡❞ ✐♥ t❤❡ ❝♦❞❡ ❜②
nr = meǫ0w

2
r/e

2✱ t❤❡♥ t❤❡ r❡❢❡r❡♥❝❡ ❢r❡q✉❡♥❝② ωr ✇✐❧❧ ❜❡ t❤❡ ❡❧❡❝tr♦♥ ♣❧❛s♠❛ ❢r❡q✉❡♥❝② ωp,e❀
❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ❧❡♥❣t❤✱ ❞❡✜♥❡❞ ✐♥ t❤❡ ❝♦❞❡ ❜② L = c/ωr✱ ❜❡❝♦♠❡s t❤❡ ❡❧❡❝tr♦♥ s❦✐♥ ❞❡♣t❤✳
❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❛❧❧ t✐♠❡s ❛♥❞ ❧❡♥❣t❤s ❛r❡ ❣✐✈❡♥ ✐♥ ✉♥✐ts ♦❢ t❤❡ ❡❧❡❝tr♦♥ s❦✐♥ ❞❡♣t❤
❛♥❞ t❤❡ ❡❧❡❝tr♦♥ ♣❧❛s♠❛ ❢r❡q✉❡♥❝②✳

m Nx Ny Lx Ly ◆PP❈ ■P ∆t n1 n2 v1 v2 B0

2 512 512 4π 4π 1024 regular 0.005 0.5 0.5 0.5 −0.5 5× 10−5

2 512 512 4π 4π 1024 random 0.005 0.5 0.5 0.5 −0.5 5× 10−5

5 512 512 4π 4π 1024 random 0.005 0.5 0.5 0.5 −0.5 5× 10−5

5 512 512 4π 4π 1024 regular 0.005 0.5 0.5 0.5 −0.5 5× 10−5

5 512 512 4π 4π 1024 regular 0.005 0.7 0.3 0.3 −0.7 5× 10−5

5 512 512 4π 4π 1024 regular 0.005 0.5 0.5 0.9 −0.9 5× 10−5

❚❛❜❧❡ ✽✳✷✿ ❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s ♣❡r❢♦r♠❡❞ ✇✐t❤ P■❈ ❝♦❞❡ ✭❙▼■▲❊■✮✳ ❚❤❡ s✐♠✉✲
❧❛t❡❞ s②st❡♠ ✐♥✈♦❧✈❡s t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ❣❛✉ss✐❛♥ ❜❡❛♠s✱ ✇✐t❤ ❝②❧✐♥❞r✐❝❛❧ s②♠♠❡tr✐❝ ✐♥✐t✐❛❧
✈❡❝t♦r ♣♦t❡♥t✐❛❧✳ m ✐s t❤❡ t❤❡ ♠♦❞❡ ♥✉♠❜❡r✳ Nx ❛♥❞ Ny ❛r❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ✐♥ ① ❛♥❞ ②
❞✐r❡❝t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳ ◆PP❈ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ♣❡r ❝❡❧❧ ✭t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s
✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ❜♦① ✐s Nt = NxNyNPPC✮✳ ■P t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♠❡t❤♦❞ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬ ♣♦s✐✲
t✐♦♥s✳ n1, n2, v1, v2 ❛r❡ t❤❡ ❞❡♥s✐t✐❡s ❛♥❞ ✈❡❧♦❝✐t✐❡s ♦❢ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❜❡❛♠s✱ r❡s♣❡❝t✐✈❡❧②✳
∆t ✐s t❤❡ t✐♠❡ st❡♣✱ ❛♥❞ B0 ✐s t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✜❡❧❞s✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡
♣❡r✐♦❞✐❝ ✐♥ ❜♦t❤ x ❛♥❞ y ❢♦r t❤❡s❡ s✐♠✉❧❛t✐♦♥s✳

❋✐❣✳✽✳✶✵ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❛♥❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣✐❡s ❢♦r t✇♦ s✐♠✉❧❛t✐♦♥s
♦❢ t❤❡ ♠♦❞❡ m = 2 ✭s❡❡ t❛❜❧❡ ✽✳✷ ❢♦r t❤❡ ❞❡t❛✐❧s ♦❢ ❡❛❝❤ s✐♠✉❧❛t✐♦♥✮✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡s❡ t✇♦ s✐♠✉❧❛t✐♦♥s ✐s t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬ ♣♦s✐t✐♦♥s✳ ■♥ t❤❡ ✜rst✱ ❞❡♥♦t❡❞ ❜②
s✉♣❡rs❝r✐♣t ✧✶✧ ✐♥ t❤❡ ✜❣✉r❡✱ t❤❡ ♣❛rt✐❝❧❡s✬ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥s ❤❛✈❡ ❛ r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥ ✐♥s✐❞❡ t❤❡
❝❡❧❧s✳ ■♥ ❝♦♥tr❛st✱ ✐♥ t❤❡ s❡❝♦♥❞✱ ❞❡♥♦t❡❞ ❜② s✉♣❡rs❝r✐♣t ✧✷✧ ✐♥ t❤❡ ✜❣✉r❡✱ t❤❡ ♣❛rt✐❝❧❡s ❤❛✈❡ ❜❡❡♥
r❛♥❞♦♠❧② ❧♦❛❞❡❞ ✐♥ t❤❡ ❜♦① ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳

❆s s❤♦✇♥ ✐♥ t❤❡ ❧❡❢t ❢r❛♠❡ ♦❢ t❤❡ ✜❣✉r❡✱ t❤❡ t♦t❛❧ ❡♥❡r❣② ✐s ✈❡r② ✇❡❧❧ ❝♦♥s❡r✈❡❞ ❞✉r✐♥❣ t❤❡
s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ❦✐♥❡t✐❝ ❛♥❞ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣✐❡s ♦❢ ❜♦t❤ s✐♠✉❧❛t✐♦♥s ❛r❡ ❛♣♣r♦①✐♠❛t❡❧②
t❤❡ s❛♠❡✳ ❚❤r❡❡ ❞✐st✐♥❝t ♣❤❛s❡s ❝❤❛r❛❝t❡r✐③❡ t❤❡s❡ ❝✉r✈❡s✳ ❚❤❡ ✜rst ♦♥❡✱ ✉♥t✐❧ t = 25✱ ✐♥✈♦❧✈❡s
❛ t✐♥② ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣② ❞✉❡ t♦ t❤❡ s♠♦♦t❤ ♠❡r❣✐♥❣ ♦❢ s♠❛❧❧ ❜✉♥❝❤❡s ♦❢
t❤❡ ❡❧❡❝tr♦♥s ❤❛✈✐♥❣ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥s✳ ❚❤✐s ♣r♦❝❡ss ✐s ❝❧❡❛r❧② s❤♦✇♥ ✐♥ ❋✐❣✳✽✳✶✶✳ ■♥ t❤❡ t♦♣✲

✶✾✽



✽✳✸✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❈②❧✐♥❞r✐❝❛❧ ❙②♠♠❡tr✐❝✱ ❈♦✉♥t❡r✲Pr♦♣❛❣❛t✐♥❣ ❇❡❛♠s

❋✐❣✉r❡ ✽✳✶✵✿ ❘❡s✉❧ts ♦❢ t✇♦ s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡ ♠♦❞❡ m = 2 ✇✐t❤ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧✐③❛t✐♦♥s ♦❢
t❤❡ ♣❛rt✐❝❧❡s✬ ♣♦s✐t✐♦♥s ✐♥ P■❈ ❝♦❞❡✳ ❚❤❡ s✉♣❡rs❝r✐♣ts 1 ❛♥❞ 2 r❡❢❡r t♦ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞
s✐♠✉❧❛t✐♦♥s ✇✐t❤ r❡❣✉❧❛r ❛♥❞ r❛♥❞♦♠ ✐♥✐t✐❛❧✐③❛t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧② ✭s❡❡ t❛❜❧❡ ✽✳✷✮✳ ❖♥ t❤❡ ❧❡❢t✱ ✇❡
s❤♦✇ t❤❡ ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥ ❝✉r✈❡s ❢♦r t❤❡ t✇♦ s✐♠✉❧❛t✐♦♥s✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡② ❛r❡ ✐♥ ❛ ✈❡r② ✇❡❧❧
❛❣r❡❡♠❡♥t✳ ❖♥ t❤❡ r✐❣❤t ❢r❛♠❡✱ ✇❡ ♣❧♦t t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♠❛❣♥❡t✐❝
✜❡❧❞ ❝♦♠♣♦♥❡♥ts ✐♥ ✭①✲②✮ ♣❧❛♥❡ ✇❤✐❝❤ ❛r❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❜❡❛♠s ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❣r♦✇t❤ ♦❢
t❤❡s❡ ✜❡❧❞s ✐s ❞✉❡ t♦ ❈❋■ ✐♥st❛❜✐❧✐t②✳

r✐❣❤t ❢r❛♠❡ ♦❢ t❤✐s ✜❣✉r❡✱ ✇❡ ♦❜s❡r✈❡ ♠❛♥② s♠❛❧❧ s❡♣❛r❛t❡❞ ❡❧❡❝tr♦♥s✬ ❜❡❛♠s✱ ✇❤✐❝❤ ❣r❛❞✉❛❧❧②
❞✐s❛♣♣❡❛r ❞✉❡ t♦ ♠❡r❣✐♥❣ ♣r♦❝❡ss✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ♠✐❞❞❧❡✲r✐❣❤t ❛♥❞ ❜♦tt♦♠✲r✐❣❤t ❢r❛♠❡s ♦❢ t❤❡
s❛♠❡ ✜❣✉r❡✳

❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❝❛s❡ ✇✐t❤ r❛♥❞♦♠ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬ ♣♦s✐t✐♦♥s✱ t❤❡ ♥✉♠❜❡r ♦❢
♠❡r❣✐♥❣ ♣r♦❝❡ss❡s ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❛t ✐♥ t❤❡ ✧r❡❣✉❧❛r✧ ❝❛s❡ ✭❝♦♠♣❛r❡ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t✐❡s
♦❢ t❤❡ t✇♦ ❝❛s❡s ❜② ❧♦♦❦✐♥❣ ❛t ❋✐❣✳✽✳✶✶ ❛♥❞ ❋✐❣✳✽✳✶✸✮✳ ❚❤✐s ♠❡r❣✐♥❣ ❝❛♥ ❜❡ ❛s❝r✐❜❡❞ t♦ t❤❡
❝♦❛❧❡s❝❡♥❝❡ ✐♥st❛❜✐❧✐t② ❬✸✻✽✱ ✸✻✾✱ ✸✼✵✱ ✸✼✶❪✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛❣♥❡t✐❝ ✧✈♦rt✐❝❡s✧ ✭♦r ✧✐s❧❛♥❞s✧✱
❛❧t❤♦✉❣❤ ✉♥r❡❧❛t❡❞ ✐♥ ♣r✐♥❝✐♣❧❡ t♦ t❡❛r✐♥❣ t②♣❡ ♠♦❞❡s✮ ❢♦r♠✐♥❣ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✱
❡s♣❡❝✐❛❧❧② ❢♦r t❤❡ ❝❛s❡ ✇✐t❤ t❤❡ r❛♥❞♦♠ ✐♥✐t✐❛❧✐③❛t✐♦♥✱ ♠❡r❣❡ t♦ ❢♦r♠ ❧❛r❣❡r ✐s❧❛♥❞s✳ ❚❤✐s ♠❡r❣✐♥❣
♠❡❝❤❛♥✐s♠ ❞♦❡s ♥♦t ✐♥✈♦❧✈❡ t❡❛r✐♥❣✲t②♣❡ ♠♦❞❡s✱ ♦❢ ✇❤✐❝❤ ♥♦ s✐❣♥❛t✉r❡ ❝❛♥ ❜❡ r❡❝♦❣♥✐③❡❞✳

❚❤❡ s❡❝♦♥❞ ♣❤❛s❡ ✐♥❝❧✉❞❡s ❛ ♠✉❝❤ ❢❛st❡r ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣②✱ ✇❤✐❝❤ ✐s ❛❧s♦
❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②✱ ♠❡❛♥✐♥❣ t❤❡ ❝♦♥✈❡rs✐♦♥ ♦❢ t❤❡ ❧❛tt❡r ✐♥t♦ t❤❡
❢♦r♠❡r✳ ❚❤✐s ❣r♦✇t❤ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐s ❞✉❡ t♦ ❈❋■ ✐♥st❛❜✐❧✐t②✳ ❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡
♣r♦❜❧❡♠ ✐s ❈❋■ ✉♥st❛❜❧❡✳ ❚❤❡ ♣r♦♠✐♥❡♥t s✐❣♥❛t✉r❡ ♦❢ ❈❋■✱ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s
❝❤❛♣t❡r✱ ✐s ❡✈✐❞❡♥t ✐♥ t❤❡ r✐❣❤t ❢r❛♠❡ ♦❢ t❤❡ ❋✐❣✳✽✳✶✵✱ ✇❤❡r❡ ✇❡ ♣❧♦t t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣✐❡s
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ♣❧❛♥❡ t♦ t❤❡ ❜❡❛♠s ✭✐♥ ♦✉r
❝❛s❡✿ ✭①✲②✮ ♣❧❛♥❡✮✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ♦❢ t❤❡s❡ ❝♦♠♣♦♥❡♥ts ✐s ❞✉❡ t♦ ❈❋■✱ ✇❤❡r❡ t❤❡ ❝✉rr❡♥t
❞❡♥s✐t✐❡s st❛rt t♦ ❝♦♥❝❡♥tr❛t❡ ✐♥ t❤❡ r❡❣✐♦♥s ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡s ♦❢ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ✜❡❧❞
❛♥❞ ❣❡♥❡r❛t❡ ❛ ♥❡✇ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❤❛✈✐♥❣ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡✱ ❧❡❛❞✐♥❣ t♦ ✐ts
❛♠♣❧✐✜❝❛t✐♦♥ ✭t❤✐s ♠❡❝❤❛♥✐s♠ ✐s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r✱ ❛♥❞ s✉♠♠❛r✐③❡❞
✐♥ ❋✐❣✳✽✳✶✮✳ ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✐♥ t❤❡ r❡❣✐♦♥ ✇✐t❤ ♠✐♥✐♠✉♠ ♠❛❣♥❡t✐❝ ✜❡❧❞
✐s ❡✈✐❞❡♥t ✇❤❡♥ ❧♦♦❦✐♥❣ ❛t ❋✐❣✳✽✳✶✸✳ ■♥ t❤✐s ✜❣✉r❡✱ ✇❡ s❤♦✇ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ z− ❝♦♠♣♦♥❡♥t ♦❢

t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✱ ❛♥❞ t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ♠❛❣♥❡t✐❝ ♣r❡ss✉r❡ Bp =
√

B2
x +B2

y

❛t t❤r❡❡ ❞✐✛❡r❡♥t t✐♠❡s ✭t = 36, 56, 182✮✳ ■t ✐s ❛♣♣❛r❡♥t ❢r♦♠ t❤✐s ✜❣✉r❡ t❤❛t t❤❡ ❝❡♥t❡rs ♦❢
♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ ❝✉rr❡♥t ❞❡♥s✐t② ❡①✐st ❛t t❤❡ ❧♦❝❛t✐♦♥s ✇❤❡r❡ t❤❡ ♠❛❣♥❡t✐❝ ♣r❡ss✉r❡ r❡❛❝❤❡s
✐ts ♠✐♥✐♠✉♠ ✈❛❧✉❡s✳ ❚❤❡ s❛♠❡ r❡s✉❧t ❤♦❧❞s ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥s ♦❢ m = 5 s❤♦✇♥ ✐♥ ❋✐❣✳✽✳✶✹ ❛♥❞

✶✾✾



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❋✐❣✉r❡ ✽✳✶✶✿ z ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ✭❧❡❢t ❢r❛♠❡s✮ ❛♥❞ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✭r✐❣❤t
❢r❛♠❡s✮ ❢♦r ❛ s✐♠✉❧❛t✐♦♥ ♦❢ t✇♦ s②♠♠❡tr✐❝✱ ●❛✉ss✐❛♥✱ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ❜❡❛♠s ❛❧♦♥❣ z ❞✐r❡❝✲
t✐♦♥✳ ❚❤❡ ❞❡♥s✐t✐❡s ❛r❡ n1 = n2 = 0.5✱ ❛♥❞ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✈❡❧♦❝✐t✐❡s ❛r❡ v1 = v2 = 0.5✳
❚❤❡ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ♣❡rt✉r❜❛t✐♦♥ ✐s ❝②❧✐♥❞r✐❝❛❧ s②♠♠❡tr✐❝ ✐♥ ✭①✲②✮ ♣❧❛♥❡✱ ✇✐t❤ m = 2 ❛♥❞
B0 = 5× 10−5✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ♣❡r ❝❡❧❧ ✐s 1024✱ ❛♥❞ t❤❡✐r ♣♦s✐t✐♦♥s ❤❛✈❡ ❜❡❡♥ r❛♥❞♦♠❧②
✐♥✐t✐❛❧✐③❡❞ ✐♥ ❙♠✐❧❡✐✳

✷✵✵



✽✳✸✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❈②❧✐♥❞r✐❝❛❧ ❙②♠♠❡tr✐❝✱ ❈♦✉♥t❡r✲Pr♦♣❛❣❛t✐♥❣ ❇❡❛♠s

❋✐❣✳✽✳✶✺ ❢♦r t❤❡ r❛♥❞♦♠ ❛♥❞ r❡❣✉❧❛r ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬ ♣♦s✐t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳
❆s ❛ ♠❛♥✐❢❡st❛t✐♦♥ ♦❢ t❤❡ ♠❡r❣✐♥❣ ♣r♦❝❡ss ❜❡t✇❡❡♥ ❜❡❛♠s✱ ❞✉❡ t♦ t❤❡ ❛ttr❛❝t✐♦♥✴r❡♣✉❧s✐♦♥

❢♦r❝❡s✱ ✇❡ s❤♦✇ ✐♥ ❋✐❣✳✽✳✶✷ t❤❡ tr❛❥❡❝t♦r② ♦❢ ❛ ❜✉♥❝❤ ♦❢ ❡❧❡❝tr♦♥s ❛t ❞✐✛❡r❡♥t t✐♠❡s✳ ❚❤❡s❡
❡❧❡❝tr♦♥s ✇❡r❡ ✜rst r❡♣❡❧❧❡❞ ❜② t❤❡ t✇♦ ❜❡❛♠s ✇✐t❤ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥ ✭s❤♦✇♥ ✐♥ ②❡❧❧♦✇ ❝♦❧♦r✮✳
❉✉❡ t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞②♥❛♠✐❝s ❛♥❞ t❤❡ ♣❡r✐♦❞✐❝✐t② ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤✐s ❜❡❛♠ ♠❡r❣❡s
❛t ❛ ❧❛t❡r t✐♠❡ ✇✐t❤ t❤❡ ♦♥❡ ✇❤✐❝❤ ✐s s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡ ❛s ❛ ❜❧✉❡ ❝♦❧♦r❡❞ ❧❛r❣❡ s♣♦t ❝❡♥t❡r❡❞ ❛t
t❤❡ ♣♦✐♥t (8, 4)✳

❚❤❡ t❤✐r❞ ♣❤❛s❡ ✐s t❤❡ s❛t✉r❛t✐♦♥ ♣❤❛s❡✱ ✇❤❡r❡ ♥♦ ❢✉rt❤❡r ❧❛r❣❡ ✈❛r✐❛t✐♦♥s ❛r❡ ♦❜s❡r✈❡❞ ✐♥
t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❛♥❞ ❦✐♥❡t✐❝ ❡♥❡r❣✐❡s✳ ❚❤✐s ♣❤❛s❡ st❛rts ❛t t ∼ 80 ✐♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡
♠♦❞❡ m = 2✳

❲❤❡♥ ❝♦♠♣❛r✐♥❣ t❤❡ ❞✐✛❡r❡♥t s✐♠✉❧❛t✐♦♥s s❤♦✇♥ ✐♥ t❛❜❧❡ ✽✳✷✱ ✇❡ ❝❛♥ s✉♠♠❛r✐③❡ ♦✉r ❞✐s❝✉s✲
s✐♦♥ ♦❢ t❤❡ ❝❛s❡s ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ✐♥ t❤r❡❡ ♠❛✐♥ ♣♦✐♥ts✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ❡✛❡❝ts r❡s✉❧t✐♥❣ ❢r♦♠
t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♠❡t❤♦❞ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬ ♣♦s✐t✐♦♥s✳ ❲❡ ♥♦t✐❝❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ s②♠♠❡tr✐❝
❣❛✉ss✐❛♥ ❜❡❛♠s ❢♦r m = 2 ✭n1 = n2, v1 = v2✮✱ t❤❡ ✜♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤r❡❡
❜❡❛♠s ✐❢ t❤❡ ♣♦s✐t✐♦♥s✬ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✐s r❛♥❞♦♠✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✽✳✶✶✳ ❚❤❡♥✱ t❤❡s❡ ❜❡❛♠s✱ ❛s
s❤♦✇♥ ✐♥ ❋✐❣✳✽✳✶✷✱ ♠♦✈❡ ❢❛r ❢r♦♠ ❡❛❝❤ ❞✉❡ t♦ t❤❡ ♠✉t✉❛❧ ❢♦r❝❡s ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ■♥
❝♦♥tr❛st✱ ✐❢ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬ ♣♦s✐t✐♦♥s ✐s r❡❣✉❧❛r✱ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ m = 2 ❡♥❞s

✇✐t❤ t✇♦ ❜❡❛♠s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✽✳✶✸✱ ✇❤❡r❡ ✇❡ ♣❧♦t Bp =
√

B2
x +B2

y ✭❧❡❢t ❢r❛♠❡s✮✱ ❛♥❞ t❤❡

❝✉rr❡♥t ❞❡♥s✐t② ✭r✐❣❤t ❢r❛♠❡s✮ ❛t t✐♠❡s t = 36, 56. 182✳
❚❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥ ✐♠♣❧✐❡s t❤❛t t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♠❡t❤♦❞ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬ ♣♦s✐t✐♦♥s ✐♥✲

✢✉❡♥❝❡s t❤❡ ✜♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ s②st❡♠✳ ❚❤✐s ❡✛❡❝t ✐s ❛❧s♦ ❡✈✐❞❡♥t ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥s ♦❢
m = 5 ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✽✳✶✹ ❛♥❞ ❋✐❣✳✽✳✶✺ ❢♦r r❛♥❞♦♠ ❛♥❞ r❡❣✉❧❛r ✐♥✐t✐❛❧✐③❛t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②
✭s❡❡ t❛❜❧❡ ✽✳✷ ❢♦r t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡s❡ s✐♠✉❧❛t✐♦♥s✮✳ ■♥ ❋✐❣✳✽✳✶✹✱ ✇❡ s❤♦✇ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧
✭❧❡❢t ❢r❛♠❡s✮✱ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✭♠✐❞❞❧❡ ❢r❛♠❡s✮✱ ❛♥❞ Bp ✭r✐❣❤t ❢r❛♠❡s✮ ❛t t❤r❡❡ ❞✐✛❡r❡♥t t✐♠❡s
✭t = 42, 78, 180✮✳ ■t ✐s ♦❜✈✐♦✉s ✐♥ t❤✐s ❝❛s❡ t❤❛t t❤❡ ✜♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❝♦♥s✐sts ♦❢ t✇♦ ❝♦✉♥✲
t❡rstr❡❛♠✐♥❣ ❜❡❛♠s ❧♦❝❛❧✐③❡❞ ❛t t❤❡ ❧♦❝❛t✐♦♥s ♦❢ t❤❡ ♠✐♥✐♠✉♠ ♠❛❣♥❡t✐❝ ♣r❡ss✉r❡ ✭s❡❡ t❤❡ r✐❣❤t
❢r❛♠❡s ♦❢ t❤❡ ✜❣✉r❡✮✳ ■♥ ❝♦♥tr❛st ❢♦r t❤❡ ❝❛s❡ ✇✐t❤ r❡❣✉❧❛r ✐♥✐t✐❛❧✐③❛t✐♦♥✱ ❋✐❣✳✽✳✶✺ s❤♦✇s t❤❡
✈❡❝t♦r ♣♦t❡♥t✐❛❧ ✭❧❡❢t ❢r❛♠❡s✮✱ ❝✉rr❡♥t ❞❡♥s✐t② ✭♠✐❞❞❧❡ ❢r❛♠❡s✮✱ ❛♥❞ Bp ❛t t❤r❡❡ ❞✐✛❡r❡♥t t✐♠❡s
✭t = 42, 78, 180✮✳ ❍❡r❡✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❛t t = 42✱ ❢♦✉r ❞✐st✐♥❝t ❜❡❛♠s ❢♦r♠s✱ ❛♥❞ t❤❡ s✉❜s❡✲
q✉❡♥t ❞②♥❛♠✐❝s ♦❢ t❤❡s❡ ❜❡❛♠s ❡✈♦❧✈❡ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡✐r ♠✉t✉❛❧ ❢♦r❝❡s✱ ❛♥❞ t❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳

❚❤❡ s❡❝♦♥❞ ♣♦✐♥t ❝♦♥❝❡r♥s t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ♣❡r✐♦❞✐❝
✐♥ ♦✉r s✐♠✉❧❛t✐♦♥s✳ ❋✐❣✳✽✳✶✼ s❤♦✇s t❤❡ ♠❡❝❤❛♥✐s♠s ❜② ✇❤✐❝❤ t❤❡ ♣❡r✐♦❞✐❝✐t② ♦❢ t❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ❛✛❡❝ts t❤❡ ♣r♦❜❧❡♠✳ ■♥ t❤✐s ✜❣✉r❡✱ ✇❡ ♣❧♦t t❤❡ z ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❛t
t = 180 ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡ m = 2✱ ❛♥❞ ✇✐t❤ r❛♥❞♦♠ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬
♣♦s✐t✐♦♥s✳ ❆s s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡✱ t❤❡ ♣❡r✐♦❞✐❝✐t② ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡
r❛♥❞♦♠ ✐♥✐t✐❛❧✐③❛t✐♦♥ ❧❡❛❞ t♦ ❛ ❝♦♥✜❣✉r❛t✐♦♥✱ ✇❤❡r❡ ❛♥② ❢✉rt❤❡r ♠❡r❣✐♥❣ ❜❡t✇❡❡♥ ❜❡❛♠s ♥❡❡❞s
✈❡r② ❧♦♥❣ t✐♠❡ t♦ t❛❦❡ ❛ ♣❧❛❝❡✳ ❚❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♠✉t✉❛❧ ❢♦r❝❡s
❜❡t✇❡❡♥ t❤❡ ❜❡❛♠s✱ ✇❤✐❝❤ ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡ ❛s ❛rr♦✇s ♣♦✐♥t✐♥❣ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❢♦r❝❡s
❛♥❞ ✇❤♦s❡ ❧❡♥❣t❤s r❡✢❡❝t t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❢♦r❝❡✱ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤✐s r❡s✉❧t ♦❢
♦❜t❛✐♥✐♥❣ ❞✐✛❡r❡♥t ✜♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♠❡t❤♦❞ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬
♣♦s✐t✐♦♥s ❛♥❞ ♦♥ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ♥❡❡❞s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② t❤❡
r❡❛s♦♥s r❡s♣♦♥s✐❜❧❡ ♦❢ ✐t✱ ✇❤✐❝❤ ❝❛♥ ❞❡♣❡♥❞ ♦♥ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♠❡t❤♦❞✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s
♣❡r ❝❡❧❧✱ ❛♥❞✴♦r ♦♥ t❤❡ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥✳

❚❤❡ t❤✐r❞ ♣♦✐♥t ❝♦♥❝❡r♥s t❤❡ ❝❛s❡ ♦❢ ♥♦♥✲s②♠♠❡tr✐❝ ❣❛✉ss✐❛♥ ❜❡❛♠s✱ s❤♦✇♥ ✐♥ t❤❡ ❧❡❢t ❢r❛♠❡
♦❢ ❋✐❣✳✽✳✶✻✳ ■♥ t❤✐s ❢r❛♠❡✱ ✇❡ ♣❧♦t t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ♦❢ t✇♦ ♥♦♥✲s②♠♠❡tr✐❝ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣
❜❡❛♠s ✭n1 = 07, v1 = 0.3, n2 = 0.3✱ ❛♥❞ v2 = −0.7✮✱ ✇❤❡r❡ ✇❡ ♦❜s❡r✈❡ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❢♦✉r

✷✵✶



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❋✐❣✉r❡ ✽✳✶✷✿ z ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❛t ❞✐✛❡r❡♥t t✐♠❡s ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t✇♦ s②♠✲
♠❡tr✐❝✱ ❣❛✉ss✐❛♥✱ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ❜❡❛♠s ❛❧♦♥❣ z ❞✐r❡❝t✐♦♥ ✭t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs ♦❢ ❋✐❣✳✽✳✶✶✮✳
❚❤❡ tr❛❥❡❝t♦r② ♦❢ ❛ ❜✉♥❝❤ ♦❢ ❡❧❡❝tr♦♥s✱ ❡♥❝✐r❝❧❡❞ ❜② ♣✉r♣❧❡ sq✉❛r❡✱ ❛♥❞ ✢♦✇✐♥❣ ✐♥ t❤❡ ♣♦s✐t✐✈❡
❞✐r❡❝t✐♦♥ ♦❢ z ❛①✐s ✐s s❤♦✇♥✳ ❚❤✐s ❡❧❡❝tr♦♥ ❜❡❛♠ ❢❡❡❧s ❛ r❡♣✉❧s✐✈❡ ❢♦r❝❡ ❞✉❡ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥
✇✐t❤ t❤❡ t✇♦ ✧str♦♥❣❡r✧ ❜❡❛♠s ✭s❤♦✇♥ ✐♥ ❧✐❣❤t ②❡❧❧♦✇✮ ❛♥❞ t❤❡r❡❢♦r❡ ❞r✐❢ts✱ ❞✉❡ t♦ t❤❡ ❛ttr❛❝t✐♦♥
❢♦r❝❡✱ t♦✇❛r❞ t❤❡ t❤✐r❞ ♦♥❡ ✭s❤♦✇♥ ✐♥ ❜❧✉❡ ❛t x = 8, y = 5✮✱ ✉♥t✐❧ ✐t ♠❡r❣❡s ✇✐t❤ ✐t ❛t ❛ ❧❛t❡r
t✐♠❡✳

✷✵✷



✽✳✸✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❈②❧✐♥❞r✐❝❛❧ ❙②♠♠❡tr✐❝✱ ❈♦✉♥t❡r✲Pr♦♣❛❣❛t✐♥❣ ❇❡❛♠s

❋✐❣✉r❡ ✽✳✶✸✿ ❘❡s✉❧ts ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❢♦r m = 2 ✇✐t❤ r❡❣✉❧❛r ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬

♣♦s✐t✐♦♥s ❛t t❤r❡❡ ❞✐✛❡r❡♥t t✐♠❡s✱ t = 36, 56, 182✳ ❖♥ t❤❡ ❧❡❢t ❢r❛♠❡s✱ ✇❡ ♣❧♦t Bp =
√

B2
x +B2

y ✱

✇❤✐❧❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✐s s❤♦✇♥ ♦♥ t❤❡ r✐❣❤t ❢r❛♠❡s✳ ❙❡❡ t❛❜❧❡ ✽✳✷ ❢♦r ♦t❤❡r
♣❛r❛♠❡t❡rs ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳

✷✵✸



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❋✐❣✉r❡ ✽✳✶✹✿ ❘❡s✉❧ts ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❢♦r m = 5✱ ✇✐t❤ r❛♥❞♦♠ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬
♣♦s✐t✐♦♥s ❛t t❤r❡❡ ❞✐✛❡r❡♥t t✐♠❡s✱ t = 42, 78, 180✳ ❱❡❝t♦r ♣♦t❡♥t✐❛❧✱ ❝✉rr❡♥t ❞❡♥s✐t②✱ ❛♥❞ t❤❡

Bp =
√

B2
x +B2

y ❛r❡ s❤♦✇♥ ♦♥ t❤❡ ❧❡❢t✱ t❤❡ ♠✐❞❞❧❡✱ ❛♥❞ t❤❡ r✐❣❤t ❢r❛♠❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡

❢r❛♠❡s ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✇❡ ❛❧s♦ s❤♦✇ t❤❡ tr❛❥❡❝t♦r② ♦❢ ❛ ❜✉♥❝❤ ♦❢ ❡❧❡❝tr♦♥s t♦✇❛r❞s ✐ts
✜♥❛❧ ❞❡st✐♥❛t✐♦♥✱ ✇❤❡r❡ ✐t ♠❡r❣❡s ✇✐t❤ t❤❡ ✉♣♣❡r ❜❡❛♠ ❞✉❡ t♦ t❤❡ ❛ttr❛❝t✐♦♥ ❢♦r❝❡ r❡s✉❧t✐♥❣
❜❡t✇❡❡♥ t✇♦ ❝✉rr❡♥ts ♣r♦♣❛❣❛t✐♥❣ ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✳ ❙❡❡ t❛❜❧❡ ✽✳✷ ❢♦r ♦t❤❡r ♣❛r❛♠❡t❡rs ♦❢
t❤❡ s✐♠✉❧❛t✐♦♥✳

✷✵✹



✽✳✸✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❈②❧✐♥❞r✐❝❛❧ ❙②♠♠❡tr✐❝✱ ❈♦✉♥t❡r✲Pr♦♣❛❣❛t✐♥❣ ❇❡❛♠s

❋✐❣✉r❡ ✽✳✶✺✿ ❘❡s✉❧ts ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❢♦r m = 5✱ ✇✐t❤ ✧r❡❣✉❧❛r✧ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬
♣♦s✐t✐♦♥s ✭✐✳❡✳✱ s②♠♠❡tr✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ✐♥ s♣❛❝❡✮ ❛t t❤r❡❡ ❞✐✛❡r❡♥t t✐♠❡s✱ t = 42, 78, 180 ✭s❛♠❡

t✐♠❡s ✐♥ ❋✐❣✳✽✳✶✹✮✳ ❱❡❝t♦r ♣♦t❡♥t✐❛❧✱ ❝✉rr❡♥t ❞❡♥s✐t②✱ ❛♥❞ Bp =
√

B2
x +B2

y ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ❧❡❢t✱

t❤❡ ♠✐❞❞❧❡✱ ❛♥❞ t❤❡ r✐❣❤t✱ r❡s♣❡❝t✐✈❡❧②✳ ❙❡❡ t❛❜❧❡ ✽✳✷ ❢♦r ♦t❤❡r ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳

✷✵✺



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❋✐❣✉r❡ ✽✳✶✻✿ z ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t✐❡s r❡s✉❧t✐♥❣ ❢r♦♠ t✇♦ ❞✐✛❡r❡♥t s✐♠✉❧❛t✐♦♥s ❛t
❞✐✛❡r❡♥t t✐♠❡s ✭t = 40, 80, 200 ❢♦r t❤❡ ❧❡❢t ❢r❛♠❡s✱ ❛♥❞ t = 32, 42, 180 ❢♦r t❤❡ r✐❣❤t ♦♥❡s✮✳ ❚♦
t❤❡ ❧❡❢t✱ ✇❡ ♣❧♦t t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❢♦r m = 5 ❛♥❞ ♥♦♥✲s②♠♠❡tr✐❝ ❣❛✉ss✐❛♥
❜❡❛♠s ✭n1 = 0.7, v1 = 0.3✱ ❛♥❞ n2 = 0.3, v2 = −0.7✮✳ ■♥ t❤❡ r✐❣❤t ❢r❛♠❡s✱ ✇❡ s❤♦✇ t❤❡ ❝✉rr❡♥t
❞❡♥s✐t② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ✇✐t❤ s②♠♠❡tr✐❝✱ ❣❛✉ss✐❛♥ ❜❡❛♠s✱ ❜✉t ✇✐t❤ ♠✉❝❤ ❧❛r❣❡r r❡❧❛t✐✈✐st✐❝
✈❡❧♦❝✐t② ✭v = 0.9c✮✳ ❚❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s✬ ♣♦s✐t✐♦♥s ❛r❡ r❡❣✉❧❛r ✐♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥s✳ ❙❡❡
t❛❜❧❡ ✽✳✷ ❢♦r ♦t❤❡r ♣❛r❛♠❡t❡rs ♦❢ t❤❡s❡ t✇♦ s✐♠✉❧❛t✐♦♥s✳

✷✵✻



✽✳✸✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❈②❧✐♥❞r✐❝❛❧ ❙②♠♠❡tr✐❝✱ ❈♦✉♥t❡r✲Pr♦♣❛❣❛t✐♥❣ ❇❡❛♠s

❋✐❣✉r❡ ✽✳✶✼✿ ❋♦r❝❡s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❜❡❛♠s ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ s②♠♠❡tr✐❝ ❣❛✉ss✐❛♥ ❜❡❛♠s ♦❢
t❤❡ ♠♦❞❡ m = 2✱ ❛♥❞ r❛♥❞♦♠ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬ ♣♦s✐t✐♦♥s✳ ❆s s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡✱
t❤❡ ❛ttr❛❝t✐♦♥ ❢♦r❝❡ ❜❡t✇❡❡♥ ❜❡❛♠s 2 ❛♥❞ 3 ✭F2→3✮ ✐s ♥♦t s✉✣❝✐❡♥t t♦ ♦✈❡r❝♦♠❡ t❤❡ r❡♣✉❧s✐✈❡
❢♦r❝❡s F1→2 ❛♥❞ F1→3 ❜❡t✇❡❡♥ t❤❡s❡ ❜❡❛♠s✱ ❛♥❞ ✜rst ♦♥❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ❢❛❝t✱ ❝♦♠❜✐♥❡❞
✇✐t❤ t❤❡ ♣❡r✐♦❞✐❝✐t② ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❧❡❞ t♦ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✳ ❆ ✜♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥
✇✐t❤ ♦♥❧② t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ❜❡❛♠s ❝❛♥ t❛❦❡ ❛ ✈❡r② ❧♦♥❣ t✐♠❡ t♦ ♦❝❝✉r ❢♦r t❤✐s ❝❛s❡✳ ❙❡❡
t❛❜❧❡ ✽✳✷ ❢♦r ♦t❤❡r ♣❛r❛♠❡t❡rs ♦❢ t❤❡s❡ t✇♦ s✐♠✉❧❛t✐♦♥s✳

✷✵✼



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❜❡❛♠s✱ t❤r❡❡ ♦❢ t❤❡♠ ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥s✱ ❛❧t❤♦✉❣❤ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✐s
r❡❣✉❧❛r ✭t❤♦s❡ t❤r❡❡ ❜❡❛♠s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s❡❝♦♥❞ ♣❛rt✐❝❧❡s ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② v2 = −0.7✮✳
❍♦✇❡✈❡r✱ t❤✐s ♣♦✐♥t✱ ✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦ t❤❛t ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ❛❧s♦ r❡q✉✐r❡s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥
t♦ ✉♥❞❡rst❛♥❞ t❤❡ r❡❛s♦♥ ❧❡❛❞✐♥❣ t♦ t❤❡s❡ ❞✐✛❡r❡♥t ♥♦♥❧✐♥❡❛r ♣❤❛s❡s✳ ❆✐♠✐♥❣ t♦ ✉♥❞❡rst❛♥❞ t❤✐s
❡✛❡❝t✱ ✇❡ st❛rt❡❞ ❞✐✛❡r❡♥t s❡ts ♦❢ ❧❛r❣❡ s✐♠✉❧❛t✐♦♥s ✐♥ s♦♠❡ ♦❢ ✇❤✐❝❤ ✇❡ ✐♥❝r❡❛s❡❞ t❤❡ ♥✉♠❜❡r ♦❢
♣❛rt✐❝❧❡s ♣❡r ❝❡❧❧✱ ✇❤✐❧❡ ✐♥ ♦t❤❡r ✇❡ ❦❡❡♣ t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs✱ ❜✉t ✇❡ ♣❡r❢♦r♠ ❧♦♥❣❡r s✐♠✉❧❛t✐♦♥s
t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❧♦♥❣ t❡r♠ ❞②♥❛♠✐❝s ♦❢ t❤❡s❡ s❡♣❛r❛t❡❞ ❜❡❛♠s ✭✇❤❡r❡ ✐t ✐s ❡①♣❡❝t❡❞ ❢♦r t❤♦s❡
♦❢ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ t♦ ♠❡r❣❡ ❛❧t❤♦✉❣❤ t❤✐s ❝❛♥ t❛❦❡ ❛ ✈❡r② ❧♦♥❣ t✐♠❡✮✳ ❍♦♣❡❢✉❧❧②✱ ❜② t❤❡ t✐♠❡
■ ❞❡❢❡♥❞ t❤✐s P❤❉ ✇♦r❦✱ ✇❡ ✇✐❧❧ ❤❛✈❡ t❤❡ ❛♥s✇❡r t♦ t❤✐s ♣r♦❜❧❡♠✳

✷✵✽



✽✳✹✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❍♦♠♦❣❡♥❡♦✉s✲❙②♠♠❡tr✐❝ ❇❡❛♠s✿ ❚❡❛r✐♥❣ ▼♦❞❡ ✈s ❈❋■

✽✳✹ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❍♦♠♦❣❡♥❡♦✉s✲❙②♠♠❡tr✐❝ ❇❡❛♠s✿ ❚❡❛r✐♥❣ ▼♦❞❡
✈s ❈❋■

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❢♦❝✉s ♦♥ st✉❞②✐♥❣ t❤❡ ❝❛s❡ ♦❢ t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣✱ ❤♦♠♦✲
❣❡♥❡♦✉s ✭ni = const, vi = const✮✱ s②♠♠❡tr✐❝ ✭n1 = n2, v1 = v2✮ ❜❡❛♠s ✐♥ ❛ ❜❛❝❦❣r♦✉♥❞
❡q✉✐❧✐❜r✐✉♠✱ ✇❤✐❝❤ ✐s ✉♥st❛❜❧❡ t♦ t❡❛r✐♥❣ ♠♦❞❡s✳ ❲❡ st❛rt ❜② ♣r❡s❡♥t✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥s ♣❡r✲
❢♦r♠❡❞ ✉s✐♥❣ P■❈ ❝♦❞❡ ✭❙▼■▲❊■✮✱ ❛♥❞ t❤❡♥ t❤❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ♦❢ t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❝♦❞❡✿
❱▲❊▼✷❉✸❱✳ ❚❤✐s ❦✐♥❞ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥ ❤❛s ❜❡❡♥ ❛❧r❡❛❞② st✉❞✐❡❞ ✐♥ t❤❡ ♣❛st ❜② ❈❛❧✐❢♥❛♦ t❡ ❛❧✳
❬✸✻✸❪✱ ❛♥❞ t❤✐s ✇✐❧❧ ❜❡ t❤❡ ✜rst st❡♣ ❢♦r st✉❞②✐♥❣ ♥❡✇ ❝♦♥✜❣✉r❛t✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡ ❜❡❛♠s ♠✐❣❤t
❜❡ ♥♦♥✲s②♠♠❡tr✐❝✱ ❛♥❞ ❤✐❣❤❧② r❡❧❛t✐✈✐st✐❝✳

❚❤❡ ❜❡❛♠s ✐♥ ❜♦t❤ t②♣❡ ♦❢ s✐♠✉❧❛t✐♦♥s ♣r♦♣❛❣❛t❡ ✐♥ t❤❡ z−❞✐r❡❝t✐♦♥ ✐♥s✐❞❡ ❛ ✷❉ ❜♦① ✇✐t❤
❞✐♠❡♥s✐♦♥s (Lx, Ly) = (2π, 2π)✳ ❚❤❡ ✐♥✐t✐❛❧ ❜❛❝❦❣r♦✉♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ♣❛rts✳
❚❤❡ ✜rst ♦♥❡ ✐s ❛♥ x−❞❡♣❡♥❞❡♥t ✜❡❧❞ ❛❧♦♥❣ y✱ ❛❧❧♦✇✐♥❣ t❤❡ ❈❋■ ✐♥st❛❜✐❧✐t②✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❛♠♣❧✐✜❡❞
❞✉❡ t♦ t❤❡ ✐♥✈♦❧✈❡❞ ♠❡❝❤❛♥✐s♠ ✐♥ t❤✐s ✐♥st❛❜✐❧✐t②✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt✱ ✐s ❛ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ♠❛❣♥❡t✐❝
♥♦✐s❡ ✭Bn✮✱ t❤❛t ❛❧❧♦✇s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✳ ❚❤❡ ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞ r❡❛❞s✱

B = Bn
∑

i,j

sin(kxx+ kyy + ϕi,j)ex +
[

B0 sin(x)−Bn
∑

i,j

sin(kxx+ kyy + ϕi,j

]

ey, ✭✽✳✶✷✮

✇❤❡r❡ ϕ ∈ [0, 2π] ✐s ❛ r❛♥❞♦♠ ♣❤❛s❡✳ ❋♦r P■❈ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ♥✉♠❜❡r ♦❢ ▼P■ ♣r♦❝❡ss ✭Nmpi✮
✉s❡❞ ✐♥ ❡❛❝❤ s✐♠✉❧❛t✐♦♥ ✐s 1024 ✇✐t❤ ♦♥❡ t❤r❡❛❞ ♣❡r ♦♥❡ ▼P■ ♣r♦❝❡ss✳ ❚❤❡ ♣❛rt✐❝❧❡s✬ ♣♦s✐t✐♦♥s
❤❛✈❡ ❜❡❡♥ ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥ ✐♥s✐❞❡ ❡❛❝❤ ❝❡❧❧✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ♥✉♠❜❡r ♦❢ t❤r❡❛❞s
♣❡r ♣r♦❝❡ss ✐♥ ❱▲❊▼✷❉✸❱ ❝♦❞❡ ✐s Nthreads = 8✱ ❛♥❞ ❛ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss♦rs Nmpi = 256✳
❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❝♦r❡s ❡q✉❛❧s t♦ Nmpi ×Nthreads = 2048✳

✽✳✹✳✶ ❘❡s✉❧ts ♦❢ P■❈ ❙✐♠✉❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❢ t❤r❡❡ P■❈ s✐♠✉❧❛t✐♦♥s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢
❜♦t❤ t❤❡ ❜❡❛♠s✬ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❛❣♥❡t✐❝ ♥♦✐s❡✳ ❚❤❡ ❞✐✛❡r❡♥t
♣❛r❛♠❡t❡rs ♦❢ t❤❡s❡ s✐♠✉❧❛t✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ t❛❜❧❡ ✽✳✸✳

Simulation Nx Ny ◆PP❈ ∆t n1 n2 v1 v2 B0 Bn
S1 512 512 1024 0.005 0.5 0.5 0.4 −0.4 10−3 5× 10−6

S2 512 512 1024 0.005 0.5 0.5 0.4 −0.4 10−3 10−7

S3 512 512 1024 0.005 0.5 0.5 0.9 −0.9 10−3 5× 10−6

❚❛❜❧❡ ✽✳✸✿ ❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ P■❈ ❝♦❞❡ ✭❙♠✐❧❡✐✮✳ ❚❤✐s ✐♥✐✲
t✐❛❧✐③❛t✐♦♥ ✐♠♣❧✐❡s ❛ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♠❛❝r♦✲♣❛rt✐❝❧❡s ❡q✉❛❧ t♦ 2.68 × 108 ✐♥s✐❞❡ t❤❡ s✐♠✉❧❛t✐♦♥
❜♦①✳

■♥ ❋✐❣✳✽✳✶✽✱ ✇❡ ♣❧♦t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❢♦r♠s ♦❢ ❡♥❡r❣②✱ ❛♥❞ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r
❝♦♠♣♦♥❡♥ts ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ✐♥ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ❢r❛♠❡s✱ r❡s♣❡❝t✐✈❡❧② ✭S1 ♦♥ t❤❡ t♦♣✱ S2 ✐♥
t❤❡ ♠✐❞❞❧❡✱ ❛♥❞ S3 ✐♥ t❤❡ ❜♦tt♦♠✮✳ ❲❤✐❧❡ ✐♥ ❋✐❣✳✽✳✶✾ ❛♥❞ ❋✐❣✳✽✳✷✵✱ ✇❡ s❤♦✇ t❤❡ ❝♦♥t♦✉r ♣❧♦ts ♦❢

Az✱ Jz✱ Bp =
√

B2
x +B2

y ✱ ❛♥❞ By ❛t ❞✐✛❡r❡♥t t✐♠❡s ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥s S1 ❛♥❞ S2✱ r❡s♣❡❝t✐✈❡❧②✳

❆s ❡①♣❡❝t❡❞ ❢♦r t❤❡ t❤r❡❡ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ♦❜s❡r✈❡ ✐♥ ❋✐❣✳✽✳✶✽ t❤❛t✱ ❛❢t❡r ❛ ✜rst s❧♦✇ ♣❤❛s❡✱ ❛
❧❛r❣❡ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ✐♥ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝

✷✵✾



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❋✐❣✉r❡ ✽✳✶✽✿ ❊♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥ ✭❧❡❢t ❢r❛♠❡s✮✱ ❛♥❞ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ♣r❡ss✉r❡ t❡♥s♦r
❝♦♠♣♦♥❡♥ts ❛s ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ✭r✐❣❤t ❢r❛♠❡s✮✳ ❙✐♠✉❧❛t✐♦♥s✱ S1✱ S2✱ ❛♥❞ S3✱ ❛r❡ s❤♦✇♥ ✐♥ t❤❡
t♦♣✱ t❤❡ ♠✐❞❞❧❡✱ ❛♥❞ t❤❡ ❜♦tt♦♠ ❢r❛♠❡s ♦❢ t❤❡ ✜❣✉r❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
s✐♠✉❧❛t✐♦♥s S1 ❛♥❞ S3 ✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❡❧♦❝✐t②✱ ✇❤✐❝❤ ❡q✉❛❧s t♦ v = 0.4c ✐♥ t❤❡ S1✱ ❛♥❞
v = 0.9c ✐♥ S3✳ ❖♥ t❤❡ ❛♥♦t❤❡r ❤❛♥❞✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ S1 ❛♥❞ S2 ✐s t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡
❜❛❝❦❣r♦✉♥❞ ♥♦✐s❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ■♥ S1✱ ✐t ❡q✉❛❧s t♦ Bn = 5 × 10−6✱ ✇❤✐❧❡ ✐♥ S2✱ Bn = 10−7✱
✇❤✐❝❤ ✐s 50 t✐♠❡s s♠❛❧❧❡r t❤❛♥ ✐ts ✈❛❧✉❡ ✐♥ S1✳ ❆❧❧ ♦t❤❡r ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❛r❡ s❤♦✇♥
✐♥ t❛❜❧❡ ✽✳✸

✷✶✵



✽✳✹✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❍♦♠♦❣❡♥❡♦✉s✲❙②♠♠❡tr✐❝ ❇❡❛♠s✿ ❚❡❛r✐♥❣ ▼♦❞❡ ✈s ❈❋■

❋✐❣✉r❡ ✽✳✶✾✿ Az ✭t♦♣ ❢r❛♠❡s✮✱ Jz ✭s❡❝♦♥❞ ❢r❛♠❡s✮✱ Bp =
√

B2
x +B2

y ✭t❤✐r❞ ❢r❛♠❡s✮✱ ❛♥❞ By

✭❜♦tt♦♠ ❢r❛♠❡s✮ ♣r♦✜❧❡s ❛t ❞✐✛❡r❡♥t t✐♠❡s ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ S1✱ ✇❤❡r❡ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❛❣♥❡t✐❝
♣❡rt✉r❜❛t✐♦♥ ✐s Bn = 5× 10−6✳ ❆❧❧ ♦t❤❡r ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ t❛❜❧❡ ✽✳✸

✷✶✶



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❋✐❣✉r❡ ✽✳✷✵✿ Az ✭t♦♣ ❢r❛♠❡s✮✱ Jz ✭s❡❝♦♥❞ ❢r❛♠❡s✮✱ Bp =
√

B2
x +B2

y ✭t❤✐r❞ ❢r❛♠❡s✮✱ ❛♥❞ By

✭❜♦tt♦♠ ❢r❛♠❡s✮ ♣r♦✜❧❡s ❛t ❞✐✛❡r❡♥t t✐♠❡s ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ S2✱ ✇❤❡r❡ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❛❣♥❡t✐❝
♣❡rt✉r❜❛t✐♦♥ ✐s Bn = 10−7✱ ✇❤✐❝❤ ✐s 50 t✐♠❡s s♠❛❧❧❡r t❤❛♥ t❤❛t ✐♥ s✐♠✉❧❛t✐♦♥ S1✳ ❆❧❧ ♦t❤❡r
♣❛r❛♠❡t❡rs ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ t❛❜❧❡ ✽✳✸

✷✶✷



✽✳✹✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❍♦♠♦❣❡♥❡♦✉s✲❙②♠♠❡tr✐❝ ❇❡❛♠s✿ ❚❡❛r✐♥❣ ▼♦❞❡ ✈s ❈❋■

❡♥❡r❣② ✭t❤❡ t②♣✐❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ ❈❋■ ✐♥st❛❜✐❧✐t②✮✳ ❚❤✐s ♣❤❛s❡ ✐♥❝❧✉❞❡s t❤❡ ❝♦♥✈❡rs✐♦♥ ♦❢ t❤❡
❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✐♥t♦ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ❛♥❞ ✐s s❤♦✇♥ ❛s ❛♠♣❧✐✜❝❛t✐♦♥ ✐♥ t❤❡ ✐♥✐t✐❛❧
♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧♦♥❣ y ❞✐r❡❝t✐♦♥ ✭s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ By ♣❧♦tt❡❞ ✐♥ t❤❡ ❜♦tt♦♠ ❢r❛♠❡s ♦❢ ❋✐❣✳✽✳✶✾✱
✇❤❡r❡ t❤✐s ❛♠♣❧✐✜❝❛t✐♦♥ ❡✛❡❝t ♦❢ t❤❡ ✜❡❧❞ ✐s ❝❧❡❛r✮✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡✱ ✇✐t❤ t❤✐s t②♣❡
♦❢ ✐♥✐t✐❛❧✐③❛t✐♦♥✱ t♦ ❞❡✜♥✐t❡❧② t❡❧❧ ✐❢ ❛♥② r❡❝♦♥♥❡❝t✐♦♥ ❡✈❡♥t ❤❛s ❜❡❡♥ ♦❝❝✉rr❡❞ ❜② ❥✉st ❧♦♦❦✐♥❣
❛t ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥ ❝✉r✈❡s✱ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥st❛❜✐❧✐t✐❡s ♠❛② ❝♦♠♣❡t❡ ❡✈❡♥ ✐♥ t❤❡✐r
r❡s♣❡❝t✐✈❡ ❧✐♥❡r st❛❣❡s✳ ❖t❤❡r s✐❣♥❛t✉r❡s ♠✉st ❜❡ t❤❡♥ s♦✉❣❤t✳ ❙t✐❧❧✱ ♦♥❡ ❝❛♥ ❧♦♦❦ ❛t t❤❡ ✈❡❝t♦r
♣♦t❡♥t✐❛❧✱ ❛t t❤❡ ✐♥✲♣❧❛♥❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✭✇❤✐❝❤ ❛r❡ ❡①♣❡❝t❡❞ t♦ ❢♦r♠ ❤②♣❡r❜♦❧✐❝ ♣❛tt❡r♥s ❛r♦✉♥❞
r❡❝♦♥♥❡❝t✐♥❣ ❳✲♣♦✐♥ts✮✱ ❛♥❞ ❛t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r❡ss✉r❡ t❡♥s♦rs ❝♦♠♣♦♥❡♥ts t♦ s❡❛r❝❤ ❢♦r
❛♥② s✐❣♥ ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ r❡❧❛t❡❞ t♦ t❡❛r✐♥❣✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s✳

■♥ t❡r♠s ♦❢ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r✱ ✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ s♣❛t✐❛❧❧② ❛✈❡r❛❣❡❞ ❦✐♥❡t✐❝ ❡♥❡r❣②✱ t❤❡ t❤r❡❡
s✐♠✉❧❛t✐♦♥s ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ st❛rt ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❤❛✈✐♥❣ Tzz ≫ Txx ∼ Tyy✱ ✇❤❡r❡
t❤❡ ♣r❡ss✉r❡ ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ Pij = men

´

vipjfdp✱ ✇❤❡r❡ i, j = x, y, z✱ ❛♥❞ Tii = Pii/nkB
✐♥ ❞✐♠❡♥s✐♦♥❛❧ ✉♥✐ts✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ❈❋■ ✐♥st❛❜✐❧✐t② ✇♦r❦s ♦♥ r❡st♦r✐♥❣ t❤❡
✐s♦tr♦♣✐❝✐t② ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡s ❜② ❝♦♥✈❡rt✐♥❣ ❛ ♣❛rt ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬ ❦✐♥❡t✐❝ ❡♥❡r❣② t♦ ♠❛❣♥❡t✐❝
❡♥❡r❣②✳ ❚❤❡r❡❢♦r❡✱ t❤✐s t❡♠♣❡r❛t✉r❡ ❛♥✐s♦tr♦♣② ✇✐❧❧ ❜❡ r❡❞✉❝❡❞ ❞✉❡ t♦ t❤❡ ♦♥s❡t ♦❢ ❈❋■ ✐♥st❛❜✐❧✐t②✳
❚❤✐s ❡✛❡❝t ✐s ❡✈✐❞❡♥t ✇❤❡♥ ❧♦♦❦✐♥❣ ❛t t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ❝♦♠♣♦♥❡♥ts✬ ❝✉r✈❡s ♦♥ t❤❡ r✐❣❤t ❢r❛♠❡s
♦❢ ❋✐❣✳✽✳✶✽✳ ■♥ t❤❡ r❡s✉❧ts ♦❢ t❤❡ t❤r❡❡ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ♦❜s❡r✈❡ ❛ ❣r♦✇t❤ ✐♥ t❤❡ x ❝♦♠♣♦♥❡♥t ♦❢
t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ✭Pxx✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❞❡❝r❡❛s❡ ♦❢ Pzz✱ ❧❡❛❞✐♥❣ t♦ r❡❞✉❝❡ t❤❡ ❛♥✐s♦tr♦♣② ✐♥
t❤❡ ♥♦♥✲❧✐♥❡❛r ♣❤❛s❡ ♦❢ t❤❡ ❈❋■ ✐♥st❛❜✐❧✐t②✳

❍♦✇❡✈❡r✱ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❈❋■ ♣r♦❝❡ss❡s ♦❝❝✉r s✐♠✉❧t❛♥❡♦✉s❧② ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s S1✱ ❛♥❞
S3✳ ■♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ♦❜s❡r✈❡ ❛ ❣r♦✇t❤ ✐♥ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ❝♦♠♣♦♥❡♥t Pyy st❛rt✐♥❣ ❛t
t✐♠❡ t ∼ 30✱ ❛s s❤♦✇♥ ✐♥ t❤❡ r✐❣❤t ❢r❛♠❡s ♦❢ ❋✐❣✳✽✳✶✽✳ ❚❤✐s s✐♠✉❧t❛♥❡♦✉s ❞❡✈❡❧♦♣♠❡♥ts ♦❢ ❜♦t❤
✐♥st❛❜✐❧✐t✐❡s ❝❛♥ ❜❡ ❝❧❡❛r❧② ❡✈✐❞❡♥❝❡❞ ✐♥ t❤❡ ❝♦♥t♦✉r ♣❧♦ts ♦❢ t❤❡ ✜❡❧❞s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✽✳✶✾ ❢♦r
t❤❡ s✐♠✉❧❛t✐♦♥ S1✳ ■♥ t❤❡ t♦♣ ❢r❛♠❡s ♦❢ t❤✐s ✜❣✉r❡✱ ✇❡ ♣❧♦t t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❛t t❤r❡❡ ❞✐✛❡r❡♥t
t✐♠❡s ✭t = 6, 22, 68✮✳ ❚❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❛ ♠❛❣♥❡t✐❝ ✐s❧❛♥❞ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❡❛r❧② st❛❣❡s ♦❢
t❤❡ s✐♠✉❧❛t✐♦♥✱ ✇❤❡r❡ t❤❡ ❈❋■ ✐♥st❛❜✐❧✐t② ❞♦❡s ♥♦t ②❡t r❡❛❝❤ ✐ts s❛t✉r❛t✐♦♥ ❧❡✈❡❧✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥
✐s ❡✈✐❞❡♥t ✇❤❡♥ ❧♦♦❦✐♥❣ ❛t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥t By s❤♦✇♥ ✐♥ t❤❡ ❜♦tt♦♠
❢r❛♠❡s ♦❢ ❋✐❣✳✽✳✶✾ ✭❈♦♠♣❛r❡ By ❛t t✐♠❡s t = 22✱ ❛♥❞ t = 68 ✇❤❡r❡ t❤❡ s❛t✉r❛t✐♦♥ ✐s r❡❛❝❤❡❞
✇✐t❤ ❛ ✇❡❧❧ ❞❡✜♥❡❞ ♠❛❣♥❡t✐❝ ✐s❧❛♥❞✮✳

❚♦ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡ t❤❡ s✐♠✉❧t❛♥❡♦✉s ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ t✇♦ ✐♥st❛❜✐❧✐t✐❡s✱ ✇❡ ♣❡r❢♦r♠❡❞
❛♥♦t❤❡r s✐♠✉❧❛t✐♦♥ ✭S2✮ ✐♥ ✇❤✐❝❤ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❛❣♥❡t✐❝ ♥♦✐s❡ ✐s 50 t✐♠❡s s♠❛❧❧❡r
t❤❛♥ ✐ts ✈❛❧✉❡ ✐♥ S1 ✭Bn,S2 = Bn,S1/50 = 10−7✮✳ ❚❤❡ t❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ ❡♥❡r❣② ❛♥❞ ♣r❡ss✉r❡
t❡♥s♦r ❝♦♠♣♦♥❡♥ts ♦❢ S2 ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ♠✐❞❞❧❡ ❢r❛♠❡ ♦❢ ❋✐❣✳✽✳✶✽✳ ❆s ❡①♣❡❝t❡❞ t❤❡ s❤❛r♣
✈❛r✐❛t✐♦♥s ✐♥ ❜♦t❤ Pzz ❛♥❞ Pxx st❛rt t❤❡ s❛♠❡ t✐♠❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ s✐♠✉❧❛t✐♦♥ S1 s✐♥❝❡ t❤❡②
❛r❡ ❞✉❡ t♦ t❤❡ ♦♥s❡t ♦❢ ❈❋■ ✐♥st❛❜✐❧✐t② ✇❤✐❝❤ s❡❡❞s t❤❡ By ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞
✇❤♦s❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ r❡♠❛✐♥s t❤❡ s❛♠❡ ✐♥ t❤❡ t✇♦ s✐♠✉❧❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡ s✐t✉❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡❧②
❞✐✛❡r❡♥t ❢♦r t❤❡ ❝♦♠♣♦♥❡♥t Pyy✳ ■♥ t❤❡ s✐♠✉❧❛t✐♦♥ S2✱ Pyy ❣r♦✇t❤ st❛rts ❛t ❧❛r❣❡r t✐♠❡ ❝♦♠♣❛r❡❞
t♦ t❤❛t ✐♥ S1✱ ❛♥❞ ✐t r❡❛❝❤❡s ✐ts s❛t✉r❛t✐♦♥ ❧❡✈❡❧ ♠✉❝❤ s❧♦✇❡r ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ S2✳ ■t ✐s ❛❧s♦ ❡✈✐❞❡♥t
t❤❛t t❤❡ s❛t✉r❛t✐♦♥ ✈❛❧✉❡ ✐s s♠❛❧❧❡r ✐♥ S2 s✐♥❝❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇❤✐❝❤ s❡❡❞s t❤❡ r❡❝♦♥♥❡❝t✐♦♥
✐s s♠❛❧❧❡r ✭Bn,S2 ≪ Bn,S1✮✳

❚❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥ s✉❣❣❡sts t❤❛t t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✐s❧❛♥❞ ✐♥ S2 ✇✐❧❧ st❛rt
❛❢t❡r t❤❡ s❛t✉r❛t✐♦♥ ♦❢ By ❞✉❡ t♦ ❈❋■ ✐♥st❛❜✐❧✐t②✱ ♦r✱ ❛t ❧❡❛st✱ ❛t ❧❛t❡r t✐♠❡ ❝♦♠♣❛r❡❞ t♦ t❤❡
s✐♠✉❧❛t✐♦♥ S1✳ ■♥ ❋✐❣✳✽✳✷✵✱ ✇❡ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ S2✱ ✇❤❡r❡ ✇❡ s❤♦✇ t❤❡
❝♦♥t♦✉r ♣❧♦ts ♦❢ t❤❡ ✜❡❧❞s Az✱ Jz✱ Bp✱ ❛♥❞ By ❛t t❤r❡❡ ❞✐✛❡r❡♥t t✐♠❡s ✭t = 4.5, 37.5, 115.5✮✳ ❚❤❡
❡✛❡❝ts ♦❢ t❤❡ ❈❋■ ✐♥st❛❜✐❧✐t② ❛r❡ ❡✈✐❞❡♥t ✐♥ t❤❡ ✜❣✉r❡✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✇❡ ♦❜s❡r✈❡ t❤❡ ❣r♦✇t❤
♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥t By ❞✉❡ t♦ t❤✐s ✐♥st❛❜✐❧✐t②✱ ❛s s❤♦✇♥ ✐♥ t❤❡ t❤r❡❡ ❜♦tt♦♠ ❢r❛♠❡s
♦❢ t❤❡ ✜❣✉r❡✳ ❖♥ t❤❡ ❛♥♦t❤❡r ❤❛♥❞✱ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✐♥ t❤❡ r❡❣✐♦♥s ♦❢

✷✶✸



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❋✐❣✉r❡ ✽✳✷✶✿ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ❝♦♠♣♦♥❡♥ts ✭t♦♣✲❧❡❢t ❢r❛♠❡✮✱ ❛♥❞ t❤❡ ✈❡❝t♦r
♣♦t❡♥t✐❛❧ ❛t t❤r❡❡ ❞✐✛❡r❡♥t t✐♠❡s ✭t = 4.5, 37.5, 115.5✮✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤✐s
s✐♠✉❧❛t✐♦♥ ❛♥❞ S2 ✐s t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ♠❛❝r♦✲♣❛rt✐❝❧❡s ♣❡r ❝❡❧❧✱ ✇❤✐❝❤ ❡q✉❛❧s t♦ 1.1× 109 ✐♥ S4✱
t❤r❡❡ t✐♠❡s ❧❛r❣❡r t❤❛♥ ✐ts ✈❛❧✉❡ ✐♥ S2✳

t❤❡ s♠❛❧❧❡st ♠❛❣♥❡t✐❝ ♣r❡ss✉r❡ ✭B2
p = B2

x + B2
y✮ ✐s ❛❧s♦ ❡✈✐❞❡♥❝❡❞ ✐♥ t❤❡ ♣r♦✜❧❡s ♦❢ t❤❡ ❝✉rr❡♥t

❞❡♥s✐t② ❛♥❞ Bp ✭t❤❡ s❡❝♦♥❞✱ ❛♥❞ t❤❡ t❤✐r❞ ❢r❛♠❡s ❢r♦♠ t❤❡ t♦♣ ✐♥ ❋✐❣✳✽✳✷✵✱ r❡s♣❡❝t✐✈❡❧②✮✳

❇② ❧♦♦❦✐♥❣ ❛t t❤❡ ♠✐❞❞❧❡ ❢r❛♠❡s ✭t = 37.5✮✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t By r❡❛❝❤❡s ✐ts s❛t✉r❛t✐♦♥ ✈❛❧✉❡
✭❝♦♠♣❛r❡ By ❢♦r t = 37.5 ❛♥❞ t = 115.5✮ ✇✐t❤♦✉t t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❛♥② ♠❛❣♥❡t✐❝ ✐s❧❛♥❞ ✭s❡❡ t❤❡
♣r♦✜❧❡ ♦❢ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❛t t❤❡ t♦♣✲♠✐❞❞❧❡ ❢r❛♠❡✮✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛♥② ❛❞❞✐t✐♦♥❛❧ r❡❞✉❝t✐♦♥
✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❛❣♥❡t✐❝ ♥♦✐s❡ Bn ✇✐❧❧ ❢✉rt❤❡r ❞❡❧❛② t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✐s❧❛♥❞✳

❋✐♥❛❧❧②✱ t♦ ❝♦♥✜r♠ ♦✉r ♣r❡✈✐♦✉s r❡s✉❧ts✱ ❛♥❞ ❛❧s♦ s❤♦✇✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ ❝❤❛♥❣✐♥❣ t❤❡ ♥✉♠❜❡r
♦❢ ♠❛❝r♦✲♣❛rt✐❝❧❡s ♣❡r ❝❡❧❧✱ ✇❡ ♣❡r❢♦r♠ ❛♥♦t❤❡r s✐♠✉❧❛t✐♦♥ ✭S4✮ ✇✐t❤ ✐❞❡♥t✐❝❛❧ ♣❛r❛♠❡t❡rs t♦
t❤♦s❡ ♦❢ S2✱ ❡①❝❡♣t t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ♣❡r ❝❡❧❧ ✐s ♥♦✇ 4096✱ t❤❛t ✐s ❢♦✉r t✐♠❡ ❧❛r❣❡r
t❤❛♥ t❤❛t ✐♥ S2✳ ❚❤✐s ❧❡❛❞s t♦ ❛ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♠❛❝r♦✲♣❛rt✐❝❧❡s ❡q✉❛❧s t♦ ∼ 1.1× 109 ✐♥s✐❞❡ t❤❡
s✐♠✉❧❛t✐♦♥ ❜♦①✳ ❖t❤❡r ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ t❛❜❧❡ ✽✳✹✳

❋✐❣✳✽✳✷✶ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ S4✳ ■♥ t❤❡ t♦♣✲❧❡❢t ❢r❛♠❡✱ ✇❡ ♣❧♦t t❤❡ ❡✈♦❧✉t✐♦♥
♦❢ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r ❝♦♠♣♦♥❡♥ts✱ ✇❤❡r❡ t❤❡② s❤♦✇ ✐❞❡♥t✐❝❛❧ ❜❡❤❛✈✐♦✉rs ❛♥❞ ✈❛❧✉❡s ❝♦♠♣❛r❡❞
t♦ t❤❡✐r ❝♦✉♥t❡r♣❛rts ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ S2 ✭t❤❡ ♠✐❞❞❧❡ ❢r❛♠❡ ✐♥ ❋✐❣✳✽✳✶✽✮✳ ❚❤❡r❡❢♦r❡✱ ✐♥❝r❡❛s✐♥❣
t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ♣❡r ❝❡❧❧ ❤❛s ♥❡❣❧✐❣✐❜❧❡ ❡✛❡❝ts ♦♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r❡ss✉r❡ t❡♥s♦r
❝♦♠♣♦♥❡♥ts✳ ❚❤✐s ✐s ❛❧s♦ ❝♦rr❡❝t ❢♦r t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ✜❡❧❞s✳ ❍♦✇❡✈❡r✱

✷✶✹



✽✳✹✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❍♦♠♦❣❡♥❡♦✉s✲❙②♠♠❡tr✐❝ ❇❡❛♠s✿ ❚❡❛r✐♥❣ ▼♦❞❡ ✈s ❈❋■

Simulation Nx Ny ◆PP❈ ∆t n1 n2 v1 v2 B0 Bn
S4 512 512 4096 0.005 0.5 0.5 0.4 −0.4 10−3 10−7

❚❛❜❧❡ ✽✳✹✿ ❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ S4✳ ❚❤✐s ✐♥✐t✐❛❧✐③❛t✐♦♥ ✐♠♣❧✐❡s ❛ t♦t❛❧ ♥✉♠❜❡r ♦❢
♠❛❝r♦✲♣❛rt✐❝❧❡s ❡q✉❛❧s t♦ 1073741824 ∼ 1.1× 109 ✐♥s✐❞❡ t❤❡ s✐♠✉❧❛t✐♦♥ ❜♦①✳

✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❳✲♣♦✐♥t ❝❤❛♥❣❡✳ ■♥ ❋✐❣✳✽✳✷✶✱ ✇❡ ❛❧s♦ ♣r❡s❡♥t t❤❡ Az
♣r♦✜❧❡s ❛t t❤r❡❡ ❞✐✛❡r❡♥t t✐♠❡s ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ S4 ✭t = 4.5, 37.5, 115.5✮✳ ■t ❝❛♥ ❜❡ ♥♦t✐❝❡❞✱
❜② ❧♦♦❦✐♥❣ ❛t ❋✐❣✳✽✳✷✶ ❛♥❞ ❋✐❣✳✽✳✷✵✱ t❤❛t t❤❡ ✈❛❧✉❡s ❛♥❞ t❤❡ ♣r♦✜❧❡s ♦❢ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❛r❡
❛♣♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡ ✐♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥s S2 ❛♥❞ S4✳ ❍❡♥❝❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t 1024 ♣❛rt✐❝❧❡s
♣❡r ❝❡❧❧ ❛r❡ s✉✣❝✐❡♥t t♦ st✉❞② t❤❡ ❝❛s❡s ✇❡ ❞✐s❝✉ss❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳

✷✶✺



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

❋✐❣✉r❡ ✽✳✷✷✿ ❊♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥ ✭t♦♣✲❧❡❢t ❢r❛♠❡✮✱ ❛♥❞ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣✐❡s ❛ss♦❝✐❛t❡❞
✇✐t❤ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ❢♦r ❱▲❊▼✷❉✸❱ s✐♠✉❧❛t✐♦♥✳ s❡❡ s❡❝t✐♦♥ ✽✳✹✳✷ ❢♦r ❞❡t❛✐❧s✳

✽✳✹✳✷ ❱▲❊▼✷❉✸❱ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❙✐♠✉❧❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ♦❢ ❱▲❊▼✷❉✸❱ s✐♠✉❧❛t✐♦♥s ❢♦r ❛♥ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝
✜❡❧❞ ❣✐✈❡♥ ❜② ❊q✳✭✽✳✶✷✮✱ ✇❤❡r❡ B0 = 10−3✱ ❛♥❞ Bn = 5×10−6✳ ❚❤❡ ❜❡❛♠s ✐♥ ❱▲❊▼✷❉✸❱ s✐♠✉❧❛t✐♦♥
✇❡ ♣r❡s❡♥t ❤❡r❡ ♣r♦♣❛❣❛t❡ ❛❧♦♥❣ z−❞✐r❡❝t✐♦♥✳ ❚❤❡② ❛r❡ s②♠♠❡tr✐❝✱ ❤♦♠♦❣❡♥❡♦✉s ✭n1 = n2 = 0.5✱
❛♥❞ v1 = 0.689, v2 = −0.689✮✱ ❛♥❞ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦❧❞ ✭T1 = T2 = 2KeV ✮✳ ❚❤❡ r❡♠❛✐♥✐♥❣
♣❛r❛♠❡t❡rs ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ t❛❜❧❡ ✽✳✺✳

Nx Ny Npx Npy Npz n1 n2 p1 p2 dt B0 Bn
256 256 64 64 64 0.5 0.5 0.95 −0.95 0.008 10−3 5× 10−6

❚❛❜❧❡ ✽✳✺✿ ❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❱▲❊▼✷❉✸❱ s✐♠✉❧❛t✐♦♥ ❢♦r t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ s②♠♠❡tr✐❝✱ ❤♦✲
♠♦❣❡♥❡♦✉s ❜❡❛♠s✳

■♥ ❋✐❣✳✽✳✷✷✱ ✇❡ ♣❧♦t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ❢♦r♠s ♦❢ ❡♥❡r❣② ❛s ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡✳ ■♥ t❤❡ t♦♣✲
❧❡❢t ❢r❛♠❡✱ ✇❡ s❤♦✇ t❤❡ t♦t❛❧✱ ❦✐♥❡t✐❝✱ ♠❛❣♥❡t✐❝✱ ❛♥❞ ❡❧❡❝tr✐❝ ❡♥❡r❣✐❡s ✐♥ ✈✐♦❧❡t✱ ②❡❧❧♦✇✱ ♦r❛♥❣❡✱
❛♥❞ ❜❧✉❡ ❝♦❧♦✉rs✱ r❡s♣❡❝t✐✈❡❧②✳ ❆s ❡①♣❡❝t❡❞✱ ❛ ❣r♦✇t❤ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣②✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤
❞❡❝r❡❛s✐♥❣ ❦✐♥❡t✐❝ ❡♥❡r❣②✱ ✐s ❡✈✐❞❡♥t ❞✉❡ t♦ t❤❡ ♦♥s❡t ♦❢ t❤❡ ❈❋■ ✐♥st❛❜✐❧✐t②✳ ❚❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢

✷✶✻



✽✳✹✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❍♦♠♦❣❡♥❡♦✉s✲❙②♠♠❡tr✐❝ ❇❡❛♠s✿ ❚❡❛r✐♥❣ ▼♦❞❡ ✈s ❈❋■

❋✐❣✉r❡ ✽✳✷✸✿ ❚❤❡ ♣r♦✜❧❡s ♦❢ Az✱ Jz✱ ❛♥❞ By ❛t t❤❡ t♦♣✱ ♠✐❞❞❧❡✱ ❛♥❞ ❜♦tt♦♠ ❢r❛♠❡s✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡s❡ r❡s✉❧ts✱ s❤♦✇♥ ❛t ❞✐✛❡r❡♥t t✐♠❡s✱ ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❝♦❞❡ ✭❱▲❊▼✷❉✸❱✮✳
■t ✐s ❡✈✐❞❡♥t t❤❛t t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ❞❡✈❡❧♦♣s s✐♠✉❧t❛♥❡♦✉s❧② ✇✐t❤ ❈❋■ ✐♥st❛❜✐❧✐t②✳ ❚❤✐s ✐s ♦❜✈✐♦✉s
✇❤❡♥ ❧♦♦❦✐♥❣ ❛t t❤❡ ❝♦♥t♦✉r ♣❧♦t ♦❢ By ✭❜♦tt♦♠ ❢r❛♠❡s✮ ✇❤❡r❡ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ✐ts ✈❛❧✉❡ ✐s ❞✉❡ t♦
❈❋■✳ s❡❡ s❡❝t✐♦♥ ✽✳✹✳✷ ❢♦r ❞❡t❛✐❧s✳

✷✶✼



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❛❣♥❡t✐❝ ✢✉❝t✉❛t✐♦♥s ❛❧♦♥❣ y ❞✐r❡❝t✐♦♥ ✭B0sin(x)ey✮ ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ r✐❣❤t✲t♦♣
❢r❛♠❡s✱ ✇❤❡r❡ ✇❡ ♣❧♦t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ❞✐r❡❝t✐♦♥✳

❋✐❣✳✽✳✷✸ s❤♦✇s Az✱ Jz✱ ❛♥❞ By ❛t t✇♦ ❞✐✛❡r❡♥t t✐♠❡s✿ t = 7.5✱ ❛♥❞ t = 17.5✳ ❆s s❤♦✇♥ ✐♥
t❤❡ ✜❣✉r❡✱ ❛ ❢✉❧❧ ❞❡✈❡❧♦♣❡❞ ♠❛❣♥❡t✐❝ ✐s❧❛♥❞✱ ✇✐t❤ ky = 1 ❋♦✉r✐❡r ❝♦♠♣♦♥❡♥t ❛♥❞ ❛ ✇✐❞t❤ ♦❢ t❤❡
♦r❞❡r ♦❢ t❤❡ ❡❧❡❝tr♦♥ s❦✐♥ ❞❡♣t❤ ✭❤❡r❡ de = 1 s✐♥❝❡ ❛❧❧ s♣❛t✐❛❧ ✈❛r✐❛❜❧❡s ❛r❡ ♥♦r♠❛❧✐③❡❞ t♦ de✮✱
❤❛s ❢♦r♠❡❞ ✇❤✐❧❡ t❤❡ s❡❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ❈❋■ ❞♦❡s ♥♦t ②❡t r❡❛❝❤ t❤❡ s❛t✉r❛t✐♦♥ ✈❛❧✉❡s✳ ❚❤✐s
✜❡❧❞ ❛t t = 7.5 ✐s ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ t❤❡ ✐♥✐t✐❛❧ ♠❛❣♥❡t✐❝ ✢✉❝t✉❛t✐♦♥s B0 = 10−3✱ ❛s ❝❧❡❛r❧②
❡✈✐❞❡♥❝❡❞ ✐♥ t❤❡ ❜♦tt♦♠✲❧❡❢t ❢r❛♠❡ ♦❢ t❤❡ ✜❣✉r❡✳

❍♦✇❡✈❡r✱ ✇❡ ❛♥t✐❝✐♣❛t❡ t❤❛t t❤❡ ❝❛s❡ ✐s s✐♠✐❧❛r t♦ P■❈ s✐♠✉❧❛t✐♦♥s✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ❞❡✈❡❧✲
♦♣♠❡♥t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✐s❧❛♥❞ ❝❛♥ ❜❡ ❞❡❧❛②❡❞ ❜② t❛❦✐♥❣ ❛ s♠❛❧❧❡r ♠❛❣♥❡t✐❝ ♥♦✐s❡✳ ❙✐♥❝❡ t❤❡
❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✐s❧❛♥❞ ♦❝❝✉rs ✐♥ t❤❡ ❡❛r❧② st❛❣❡ ♦❢ t❤❡ ❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥✱ ❜❡❢♦r❡ t❤❡
♦♥s❡t ♦❢ t❤❡ ❈❋■✱ ♦♥❡ ❡①♣❡❝ts t♦ ♦❜s❡r✈❡ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❛t s♦♠❡ t✐♠❡ t < 7.5✳
❚❤✐s ❣r♦✇t❤ ✐s ♥♦t s❡❡♥ ✐♥ t❤❡ t♦♣✲❧❡❢t ❢r❛♠❡ ♦❢ ❋✐❣✳✽✳✷✸ ❞✉❡ t♦ ✐ts s♠❛❧❧ ✈❛❧✉❡s ❝♦♠♣❛r❡❞ t♦ t❤❡
✐♥✐t✐❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ♣❧❛s♠❛✳ ❚❤✐s ✐s ✉♥❞❡rst♦♦❞ s✐♥❝❡ t❤❡ s❡❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ r❡❝♦♥♥❡❝✲
t✐♦♥ ✭Bn✮ ✐s ✈❡r② s♠❛❧❧ ❞✉❡ t♦ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭B0✮ ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ❛♠♣❧✐✜❡❞ ❞✉❡
t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❈❋■✳ ■♥ ❢❛❝t✱ ✇❤❡♥ ③♦♦♠✐♥❣ ♦♥ t❤❡ ❦✐♥❡t✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ❝✉r✈❡s ❛t
t ∼ 2.5✱ ♦♥❡ ❝❛♥ s❡❡ ❛ ❣r♦✇t❤ ✐♥ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ✇✐t❤ ❛ ❞❡❝r❡❛s❡ ✐♥ ♠❛❣♥❡t✐❝ ❡♥❡r❣②✳ ❍♦✇❡✈❡r✱
t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤✐s ❡♥❡r❣② ❝♦♥✈❡rs✐♦♥ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ 10−6✱ ✇❤✐❝❤ ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡
✐♥✐t✐❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣② ✭∼ 0.38✮✳

✽✳✺ ❆ ❘❡♠❛r❦ ♦♥ P■❈ ✈s ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❈♦❞❡s

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❡♠♣❤❛s✐③❡ t❤❡ ❢❛❝t t❤❛t✱ ✐♥ t❤❡ ♣r❡s❡♥t
✇♦r❦✱ ✇❡ ❞♦ ♥♦t ♠❛❦❡ ❛♥② ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠❡t❤♦❞s s✐♥❝❡ t❤✐s ❦✐♥❞ ♦❢ st✉❞② ♠✉st
❜❡ ♣❡r❢♦r♠❡❞ ❜②✱ ❝❛r❡❢✉❧❧②✱ ✜①✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ s❡tt✐♥❣s ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥ t❡sts ✭❜♦t❤
♠❡t❤♦❞s ❤❛✈❡ t❤❡✐r ❛❞✈❛♥t❛❣❡s ❛♥❞ ❞✐s❛❞✈❛♥t❛❣❡s✮✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ s❛❦❡ ♦❢ t❤❡ ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡
♣r❡s❡♥t ✐♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❝♦♥❝❡♣t ♦❢ t❤❡ ✧❣r❛✐♥✐♥❡ss ❢❛❝t♦r✧ ❢♦r P■❈ ♠❡t❤♦❞✳ ❚❤❡♥✱ ✇❡ ♣r♦✈✐❞❡
❛ s✐♠♣❧❡ t♦♦❧✱ ❞✐s❝✉ss❡❞ ✐♥ ❘❡❢s✳❬✸✼✸✱ ✸✼✹❪✱ t❤❛t ❤❡❧♣s ✉s ✇❤❡♥ ❝♦♠♣❛r✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❡✛♦rts
r❡q✉✐r❡❞ ❜② t❤❡ t✇♦ ♠❡t❤♦❞s✳

❲❡ ❦♥♦✇ t❤❛t t❤❡ ❝♦❧❧❡❝t✐✈❡ ❜❡❤❛✈✐♦✉r ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❢✉❧❧ ✐♦♥✐③❡❞ ♣❧❛s♠❛✳ ❚❤❡ ♣❛r❛♠❡t❡r
✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ✐❞❡♥t✐❢② t❤❡ r❡❧❛t✐✈❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ❝♦❧❧❡❝t✐✈❡ ❜❡❤❛✈✐♦✉r ❛♥❞ t❤❡ ✐♥❞✐✈✐❞✉❛❧
♣❤❡♥♦♠❡♥❛ ✐s t❤❡ ♣❧❛s♠❛ ❣r❛✐♥✐♥❡ss ♣❛r❛♠❡t❡r g ✭s❡❡ t❤❡ ❜♦♦❦ ❜② ❇❡rtr❛♥❞✱ ❉❡❧ ❙❛rt♦ ❛♥❞
●❤✐③③♦ ❢♦r ❛ ❞✐s❝✉ss✐♦♥ ♦❢ t❤✐s ♣❛r❛♠❡t❡r ❬✶✼✼❪✮✱ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✱

g =
1

nλ3D
, ✭✽✳✶✸✮

✇❤❡r❡ n ✐s t❤❡ ♣❛rt✐❝❧❡ ❞❡♥s✐t②✱ ❛♥❞ λD = ( ǫ0kBT
ne2

)1/2 ✐s t❤❡ ❉❡❜②❡ ❧❡♥❣t❤✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s♠❛❧❧❡r
t❤✐s ♣❛r❛♠❡t❡r ✐s✱ t❤❡ str♦♥❣❡r t❤❡ ❝♦❧❧❡❝t✐✈❡ ❜❡❤❛✈✐♦✉r ❜❡❝♦♠❡s✳ ■♥ ❱❧❛s♦✈ ♠♦❞❡❧✱ t❤❡ ♣❧❛s♠❛
✐s ❝♦❧❧✐s✐♦♥❧❡ss✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝♦❧❧✐s✐♦♥s ❜❡t✇❡❡♥ ♣❛rt✐❝❧❡s ❛r❡ ♥❡❣❧❡❝t❡❞✱ ✇❤✐❝❤ ✐s
❞❡s❝r✐❜❡❞ ❜② t❤❡ ❧✐♠✐t✿ g → 0✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ t❤♦✉❣❤ P■❈ ❝♦❞❡s ❛❧❧♦✇ ✉s t♦ st✉❞② t❤❡ ❝♦❧❧❡❝t✐✈❡
❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♣❧❛s♠❛ ✇❤❡♥ t❤❡ s♣❛t✐❛❧ ❣r✐❞ st❡♣ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ ❉❡❜②❡ ❧❡♥❣t❤ ✭∆x ∼ λD✮✱
✐t ✐♥tr♦❞✉❝❡s ✐♥❞✐✈✐❞✉❛❧ ❡✛❡❝ts ❞✉❡ t♦ t❤❡ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ t❤❡ ♠❛❝r♦✲♣❛rt✐❝❧❡s ✭Np✮✳ ❚❤❡s❡
✐♥❞✐✈✐❞✉❛❧ ❡✛❡❝ts ❛r❡ ♠♦st❧② ❝♦♥s✐❞❡r❡❞ ❛s ♥♦r♠❛❧ ♥♦✐s❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ q✉❛♥t✐✜❡❞ ✐♥ t❡r♠s ♦❢
❣r❛✐♥✐♥❡ss ❢❛❝t♦r ♦❢ P■❈ s✐♠✉❧❛t✐♦♥s ✭gP■❈✮✱ ❛s ❞❡t❛✐❧❡❞ ✐♥ ❘❡❢s✳❬✸✼✸✱ ✸✼✹✱ ✸✼✺❪✳

❚❤❡ ❢❛❝t♦r gP■❈ r❡❛❞s

gP■❈ =
1

n0(∆x)dx
, ✭✽✳✶✹✮

✷✶✽



✽✳✺✳ ❆ ❘❡♠❛r❦ ♦♥ P■❈ ✈s ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❈♦❞❡s

✇❤❡r❡ n0 ✐s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♠❛❝r♦✲♣❛rt✐❝❧❡s ✐♥ t❤❡ P■❈ s✐♠✉❧❛t✐♦♥ ✭✐t ✐s ❣✐✈❡♥ ❜② n0 = Np/L
dx✮✳

dx = 1, 2, 3 ✐s t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ s♣❛❝❡✱ L ✐s t❤❡ s♣❛t✐❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❜♦①✳ ■♥ t❤❡
♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ❛ss✉♠❡❞ t❤❛t t❤❡ s♣❛t✐❛❧ st❡♣s ❛r❡ ❡q✉❛❧ ✐♥ ❛❧❧ ❞✐r❡❝t✐♦♥s ❛♥❞ t❤❡ s❛♠❡ ❢♦r
t❤❡ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❜♦①✳ ❙✉❜st✐t✉t✐♥❣ n0 ✐♥ ❊q✳✭✽✳✶✹✮✱ ♦♥❡ ✜♥❞s✱

gP■❈ =
1

Np
(
L

∆x
)dx , ✭✽✳✶✺✮

■♥ ❛❧❧ t❤❡ s✐♠✉❧❛t✐♦♥s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥s✱ dx = 2✱ ❛♥❞ Nx = Ny = L
∆x =

512 = 29 ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ✐♥ ❡❛❝❤ ❞✐r❡❝t✐♦♥s✳ ❚❤❡♥✱ ❊q✳✭✽✳✶✺✮ ❜❡❝♦♠❡s

gP■❈ =
218

Np
, ✭✽✳✶✻✮

❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❣r❛✐♥✐♥❡ss ❢❛❝t♦r ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ S2 ❢♦r t✇♦ ❤♦♠♦❣❡♥❡♦✉s✱ s②♠♠❡tr✐❝✱
❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ❜❡❛♠s ✇✐t❤ ❛ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s Np = ◆PP❈×Nx×Ny = 210× 218 =
228 ✭◆PP❈ = 210 ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ♣❡r ❝❡❧❧✮✱ ❜❡❝♦♠❡s

gP■❈,S2 = 9.7× 10−4, ✭✽✳✶✼✮

✇❤✐❧❡ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ S4✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ S2✱ ❡①❝❡♣t t❤❛t ◆PP❈ = 212✱ gP■❈,S4 ✐s

gP■❈,S4 = 2.4× 10−4, ✭✽✳✶✽✮

❋♦r ❝♦♠♣❛r✐s♦♥✱ g = 3 × 10−8 ✐♥ t♦❦❛♠❛❦s✱ ❛♥❞ g = 3 × 10−9 ✐♥ ❙♦❧❛r ❝♦r♦♥❛✱ ❛♥❞ t❤❡
✐♥t❡rst❡❧❧❛r ♣❧❛s♠❛ ❬✶✼✼❪✳

❲❡ ♥♦✇ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rts ♦❢ t❤❡ P■❈ ❛♥❞ s❡♠✐✲▲❛❣r❛♥❣✐❛♥
♠❡t❤♦❞s✳ ■t ✐s ❡①♣❡❝t❡❞ t❤❛t t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❡✛♦rt ❢♦r t❤❡ t✇♦ ♠❡t❤♦❞s ✇✐❧❧
❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❤❡ ♣♦✐♥ts ✐♥ t❤❡ ❊✉❧❡r✐❛♥ ❣r✐❞ ✐♥ t❤❡
s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ N❙▲✱ ❛♥❞ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♠❛❝r♦✲♣❛rt✐❝❧❡s Np ✐♥ P■❈ ♠❡t❤♦❞✳ N❙▲

✐s ❣✐✈❡♥ ❜②

N❙▲ = Ndv
v (

L

∆x
)dx , ✭✽✳✶✾✮

✇❤❡r❡ Nv ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❛❧♦♥❣ ❡❛❝❤ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ ✈❡❧♦❝✐t② s♣❛❝❡✱ ❛♥❞ dv = 1, 2, 3 ✐s
t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♠❡♥s✐♦♥s✳ ◆♦✇✱ s✉❜st✐t✉t✐♥❣ ❊q✳✭✽✳✶✺✮ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ♦♥❡ ✜♥❞s

N❙▲

Np
= gP■❈N

dv
v , ✭✽✳✷✵✮

❙✉❜st✐t✉t✐♥❣ ❊q✳✭✽✳✶✺✮ ✐♥ ❊q✳✭✽✳✶✾✮ ✇❛s ♣♦ss✐❜❧❡ t❤❛♥❦s t♦ t❤❡ ❢❛❝t t❤❛t ✐♥ ❜♦t❤ ♠❡t❤♦❞s✱
t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ♦♥ t❤❡ s❛♠❡ s♣❛t✐❛❧ ❣r✐❞ ✉s✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞ ✭✇❤❡♥ ❣r✐❞s✱
❛♥❞✴♦r t❤❡ ♠❡t❤♦❞s ❛r❡ ❞✐✛❡r❡♥t t❤✐s s✉❜st✐t✉t✐♦♥ ✐s ♥♦ ❧♦♥❣❡r ❛❧❧♦✇❡❞✮✳ ❋♦r ❡①❛♠♣❧❡✱ t❤✐s r❛t✐♦
❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ S2✱ ❛♥❞ ❛ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ s✐♠✉❧❛t✐♦♥ ✇✐t❤ Nv = 64✱ ❜❡❝♦♠❡s

N❙▲

Np
≈ 254.3 ✭✽✳✷✶✮

❖♥❡ s❤♦✉❧❞ ❜❡ ❝❛r❡❢✉❧ t❤❛t t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥ ❝♦♥❝❡r♥s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rts✱ ❜✉t ♥♦t
t❤❡ ❛❝❝✉r❛❝②✳

✷✶✾



❈❤❛♣t❡r ✽✳ ❈♦♠♣❡t✐t✐♦♥ ♦❢ ▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❲❡✐❜❡❧✲t②♣❡ ■♥st❛❜✐❧✐t✐❡s

✽✳✻ ❈♦♥❝❧✉s✐♦♥s

❚❤❛♥❦s t♦ P■❈ ✭❙▼■▲❊■✮ ❛♥❞ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ✭❱▲❊▼✮ ❝♦❞❡s✱ ✇❡ ❞✐s❝✉ss❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r t✇♦
❜❡❛♠✲♣❧❛s♠❛ ❝♦♥✜❣✉r❛t✐♦♥s✳ ■♥ t❤❡ ✜rst ♦♥❡✱ ✇❡ ♣❡r❢♦r♠❡❞ s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❢♦r t✇♦
❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ✐♥❤♦♠♦❣❡♥❡♦✉s✱ ❣❛✉ss✐❛♥ ❜❡❛♠s ✐♥ ❛ ❜❛❝❦❣r♦✉♥❞✱ ❝②❧✐♥❞r✐❝❛❧❧②✲s②♠♠❡tr✐❝✱
✈❡❝t♦r ♣♦t❡♥t✐❛❧✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡s❡ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ❈❋■ ✉♥st❛❜❧❡✱ ❜✉t ❛r❡ t❡❛r✐♥❣
st❛❜❧❡✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ❞✐s❝✉ss❡❞ ❛ s②st❡♠ ✇✐t❤ t✇♦ ❝♦✉♥t❡rstr❡❛♠✐♥❣✱ ❤♦♠♦❣❡♥❡♦✉s
❜❡❛♠s✳ ❆s ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ ✇❡ ❝❤♦s❡ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ♣❛rts✳ ❚❤❡ ✜rst ♦♥❡ ✐s
❛♥ x ❞❡♣❡♥❞❡♥t ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧♦♥❣ y ❞✐r❡❝t✐♦♥✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❛♠♣❧✐✜❡❞ ❞✉❡ t♦ ❈❋■ ✐♥st❛❜✐❧✐t②✳
■♥ ❝♦♥tr❛st✱ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❛ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ♠❛❣♥❡t✐❝ ♥♦✐s❡ ✇❤✐❝❤ s❡❡❞s t❤❡ ❞❡✈❡❧♦♣♠❡♥t
♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✳ ❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ r❡❝♦♥♥❡❝t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ str❡♥❣t❤ ♦❢ t❤❡
♠❛❣♥❡t✐❝ ♥♦✐s❡✳ ❍♦✇❡✈❡r✱ ✐♥ ❘❡❢✳ ❬✸✻✸❪✱ ✐t ✇❛s s✉❣❣❡st❡❞ t❤❛t t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ s❡❝♦♥❞❛r②
r❡❝♦♥♥❡❝t✐♦♥ ✇❛s ❞r✐✈❡♥ ❜② ♣r❡ss✉r❡ t❡♥s♦r ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ❧✐♥❡❛r t❤❡♦r② ♦❢ r❡❝♦♥♥❡❝t✐♦♥ ❞✉❡
t♦ ♣r❡ss✉r❡ t❡♥s♦r ❤❛s ❜❡❡♥ ♣♦♦r❧② ❡①♣❧♦r❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♥❡①t st❡♣ ✐s t♦ ❞❡s✐❣♥ ❛♥ ❡✐❣❡♥s♦❧✈❡r
t♦ s♦❧✈❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✱ ❞❡r✐✈❡❞ ✐♥ ❝❤❛♣t❡r ✻✳ ❚❤✐s ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ✐♥t❡r♣r❡t t❤❡ r❡s✉❧ts
♦❢ t❤❡ ❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥s✱ ❛♥❞ t♦ ❛❧s♦ t❡st s♦♠❡ ❤②♣♦t❤❡s❡s ♦♥ t❤❡ s✐♠✉❧t❛♥❡♦✉s ♦❝❝✉rr❡♥❝❡ ❛♥❞
❝♦♠♣❡t✐t✐♦♥ ♦❢ ❈❋■ ❛♥❞ t❡❛r✐♥❣✲t②♣❡ ♠♦❞❡s✳

✷✷✵



✾

❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❋✉t✉r❡ ❲♦r❦

❈♦♥t❡♥ts

✾✳✶ ❈♦♥❝❧✉s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✸

✾✳✷ ❋✉t✉r❡ ❲♦r❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✹

▼❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ✐s ❛ ❝♦♠♣❧❡① ♣❤②s✐❝❛❧ ♣r♦❝❡ss ❜② ✇❤✐❝❤ t❤❡ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ❝♦♥✈❡rts
✐♥t♦ ❦✐♥❡t✐❝ ❡♥❡r❣②✱ t❤❡r♠❛❧ ❡♥❡r❣②✱ ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ t❤❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s✳ ■t ♦❝❝✉rs ✐♥ ❜♦t❤
♥❛t✉r❛❧ ❛♥❞ ❧❛❜♦r❛t♦r② ♣❧❛s♠❛s✳ ❚❤❡r❡❢♦r❡✱ ✉♥❞❡rst❛♥❞✐♥❣ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ❛♥ ❡ss❡♥t✐❛❧ st❡♣
t♦✇❛r❞s t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ s❡✈❡r❛❧ ♣❤❡♥♦♠❡♥❛✱ ❢♦r ✇❤✐❝❤ ♠❛♥② ♦♣❡♥ q✉❡st✐♦♥s st✐❧❧ ❡①✐st✱ ✐♥
♦✉r ♥❡❛r✲❊❛rt❤ ❡♥✈✐r♦♥♠❡♥ts✱ ✐♥ t❤❡ s♦❧❛r s②st❡♠✱ ✐♥ t❤❡ ❞✐st❛♥t ✉♥✐✈❡rs❡✱ ❛♥❞ ❛❧s♦ ❤❡r❡ ♦♥ ❊❛rt❤✳
❙✐♥❝❡✱ r❡❝♦♥♥❡❝t✐♥❣✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s ❝❛♥ ❝♦✲❡①✐st ✇✐t❤ ♦t❤❡r ✐♥st❛❜✐❧✐t✐❡s✱ t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s
✈❡r② ❝♦♠♣❧❡①❀ ♥♦t ♦♥❧② ❢r♦♠ ❛♥❛❧②t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❜✉t ❛❧s♦ ❢r♦♠ ♥✉♠❡r✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❋♦r
t❤❡s❡ r❡❛s♦♥s✱ ✐t ✐s ❧✐❦❡❧② t♦ ❦❡❡♣ ♦♥ ❜❡✐♥❣ ❛♥ ❛❝t✐✈❡ ✜❡❧❞ ♦❢ r❡s❡❛r❝❤❡s ❢♦r ♠❛♥② ②❡❛rs t♦ ❝♦♠❡✳

✾✳✶ ❈♦♥❝❧✉s✐♦♥s

❲❡ st❛rt❡❞ t❤✐s ❞✐ss❡rt❛t✐♦♥ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ s✐♠♣❧❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✱ ❢♦❧✲
❧♦✇❡❞ ❜② ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣r✐♥❝✐♣❧❡s ❜② ✇❤✐❝❤ ✇❡ ❝❛♥ ❜✉✐❧❞ ♥✉♠❡r✐❝❛❧
s♦❧✈❡rs ✐♥ ♦r❞❡r t♦ t❛❝❦❧❡ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♣r♦❜❧❡♠ ✭❝❤❛♣t❡rs ✶ ❛♥❞ ✷✮✳ ❚❤❡ ♥❡①t t✇♦ ❢♦❧❧♦✇✐♥❣
❝❤❛♣t❡rs ❤❛✈❡ ❜❡❡♥ ❞❡✈♦t❡❞ t♦ t❤❡s❡ s✉❜❥❡❝ts✳ ■♥ ❝❤❛♣t❡r ✸✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❡①♣❧♦r❡❞ ❛♥❞ ❞❡✈❡❧✲
♦♣❡❞ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ❱▼ s②st❡♠ ✭s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❛♥❞ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧
♠❡t❤♦❞s✮✳ ■♥ ❝❤❛♣t❡r ✹✱ ✇❡ ❛❞❞r❡ss❡❞ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s ♠❡t ✇❤❡♥ ♣❡r❢♦r♠✐♥❣
❋♦✉r✐❡r ❛♥❛❧②s✐s t♦ st✉❞② t❤❡ ❧✐♥❡❛r ♣❤❛s❡ ♦❢ r❡❝♦♥♥❡❝t✐♦♥ ✐♥st❛❜✐❧✐t✐❡s✿ ❜❛s❡❞ ♦♥ t❤✐s✱ ✇❡ ❤❛✈❡
❞❡✈❡❧♦♣❡❞ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♠✉❧t✐✲♣r❡❝✐s✐♦♥ s♦❧✈❡r t❤❛t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❞✐✛❡r❡♥t r❡❝♦♥♥❡❝t✐♦♥
r❡❣✐♠❡s✳ ❆❢t❡r t❤❛t✱ ✇❡ ❞✐s❝✉ss❡❞ t❤❡ ✢✉✐❞ ♠♦❞❡❧s ❛♥❞ ✇❡ ❤❛✈❡ ❞❡r✐✈❡❞ ❛ ❝♦❧❧✐s✐♦♥❧❡ss ❘▼❍❉

♠♦❞❡❧ t❤❛t ❛❝❝♦✉♥t ❢♦r t❤❡ ♣♦ss✐❜❧❡ ♣r❡s❡♥❝❡ ♦❢ ✐♥❤♦♠♦❣❡♥❡♦✉s ❛r❜✐tr❛r② ❞❡♥s✐t② ✐♥ t♦r♦✐❞❛❧ ❣❡✲
♦♠❡tr② ✭❈❤❛♣t❡r ✺✮❀ t❤✐s ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧ ♣r♦✈✐❞❡s t❤❡ ❜❛s✐s ♦❢ ❛♥ ❡✐❣❡♥✈❛❧✉❡ s♦❧✈❡r t❤❛t ❝❛♥
❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② ❛❞❛♣t✐♥❣ t❤❡ s♦❧✈❡r ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ■♥ ❈❤❛♣t❡r ✹✱ ✇❡ ❛❧s♦ s❡tt❧❡❞
t❤❡ ❛♥❛❧②t✐❝❛❧ ❜❛s✐s ♦❢ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ s✉❝❤ ❛ ♥✉♠❡r✐❝❛❧ s♦❧✈❡r t♦ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❍❛❧❧✲t❡r♠ ✐♥
❖❤♠✬s ❧❛✇✳ ■♥ ❝❤❛♣t❡r ✻✱ ✇❡ ❞✐s❝✉ss❡❞ ❛♥ ❊▼❍❉ ♠♦❞❡❧ ✇❤✐❝❤ ❛❝❝♦✉♥t ❢♦r t❤❡ ❞❡♥s✐t② ✢✉❝t✉❛t✐♦♥s
❛♥❞ t❤❡ r❡❧❛t✐✈✐st✐❝ ❡✛❡❝ts✳ ❇② ❧✐♥❡❛r✐③✐♥❣ t❤✐s ♠♦❞❡❧✱ ✇❡ ❤❛✈❡ s❡tt❧❡❞ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❝♦♠♣❧❡①✱
❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❤❛❞ ♥♦t ❜❡❡♥ ❛❞❞r❡ss❡❞ ❜❡❢♦r❡✱ ✐♥ ❧✐t❡r❛t✉r❡✱ ✐♥ t❤❡ ♥♦♥✲
r❡❧❛t✐✈✐st✐❝✱ ✇❛r♠ ❊▼❍❉ ❝♦♠♣r❡ss✐❜❧❡ r❡❣✐♠❡✱ ❜♦t❤ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞✳ ❲❡ t❤❡♥
♣r❡s❡♥t❡❞✱ ✐♥ ❈❤❛♣t❡r ✼✱ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✈❡r ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❞✐s❝✉ss❡❞
✐♥ ❝❤❛♣t❡rs ✹ ❛♥❞ ✺✱ ✇❤✐❝❤ ❛❧❧♦✇❡❞ ✉s t♦ ✈❡r✐❢② s♦♠❡ ❛♥❛❧②t✐❝❛❧ ❡st✐♠❛t✐♦♥s ♦❢ t❤❡ s❝❛❧✐♥❣ ❧❛✇

✷✷✶



❈❤❛♣t❡r ✾✳ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❋✉t✉r❡ ❲♦r❦

t❤❛t ❤❛❞ ❜❡❡♥ ♣r♦✈✐❞❡❞ ❜② ♣r❡✈✐♦✉s t❤❡♦r❡t✐❝❛❧ st✉❞✐❡s ❜✉t ❤❛❞ ♥❡✈❡r ❜❡❡♥ s②st❡♠❛t✐❝❛❧❧② ✈❡r✐✜❡❞
❜❡❢♦r❡✳ ▼♦r❡ ✐♠♣♦rt❛♥t❧②✱ ♦✉r ✐♥✈❡st✐❣❛t✐♦♥ ❤❛s ❛❧❧♦✇❡❞ ✉s t♦ ❝♦♠♣❧❡♠❡♥t s✉❝❤ ♣r❡✈✐♦✉s ♠♦❞❡❧s
❜② ♣r♦✈✐❞✐♥❣ ♥❡✇ ✐♥s✐❣❤ts ✐♥ t❤❡ ♣❤②s✐❝s ♦❢ r❡❝♦♥♥❡❝t✐♥❣ ✐♥st❛❜✐❧✐t✐❡s ♦❢ ✧t❡❛r✐♥❣✲t②♣❡✧✱ ♥♦t❛❜❧②
❛❜♦✉t t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♠✐❝r♦s❝♦♣✐❝ s❝❛❧❡s ♦❢ t❤❡ ✉♥st❛❜❧❡ ❡✐❣❡♥♠♦❞❡s ❛♥❞ ❛❜♦✉t t❤❡✐r
s❝❛❧✐♥❣ ✇✐t❤ t❤❡ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs✳ ❲❡ ❛❧s♦ ✐❞❡♥t✐✜❡❞ ❛ ♥❡✇ r❡❝♦♥♥❡❝t✐♦♥ r❡❣✐♠❡ ❢♦r t❡❛r✐♥❣
♠♦❞❡s ✐♥ ♣r❡s❡♥❝❡ ♦❢ ✜♥✐t❡ ✐♦♥ ▲❛r♠♦r r❛❞✐✉s ❡✛❡❝ts✳ ■♥ t❤❡ ❧❛st ❝❤❛♣t❡r ✭❝❤❛♣t❡r ✽✮✱ ✇❡ ❢♦❝✉s❡❞
♦♥ t❤❡ ❦✐♥❡t✐❝ st✉❞② ♦❢ t❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ❡✈♦❧✉t✐♦♥ ♦❢ s♦♠❡ ♣❧❛s♠❛ ❝♦♥✜❣✉r❛t✐♦♥s✱ ✇❤✐❝❤
❛r❡ ✉♥st❛❜❧❡ t♦ ❲❡✐❜❡❧✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s✱ ❛♥❞ ♣♦ss✐❜❧② t♦ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s✳ ■♥ t❤✐s ❝❤❛♣t❡r✱
✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ ❜❡♥❝❤♠❛r❦ t❡sts t♦ ✈❛❧✐❞❛t❡ ❱▲❊▼✷❉✸❱ ❝♦❞❡ ❢♦r t❤❡ st✉❞② ♦❢ r❡❝♦♥♥❡❝t✐♥❣
♠♦❞❡s✱ ❛♥❞ t❤❡♥ ✇❡ ✉s❡❞ t❤❡ ❝♦❞❡ t♦ st✉❞② ❲❡✐❜❡❧✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s ❛♥❞ t❡❛r✐♥❣ ♠♦❞❡s✳ ❲❡
❤❛✈❡ ❛❧s♦ ✉s❡❞ t❤❡ P■❈ ❝♦❞❡ ✭❙▼■▲❊■✮ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ s❛♠❡ ♣r♦❜❧❡♠s✳ ❚✇♦ ♣r♦❜❧❡♠s ❤❛✈❡
❜❡❡♥ ❛❞❞r❡ss❡❞✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ❝❛s❡ ♦❢ t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣✱ ✐♥❤♦♠♦❣❡♥❡♦✉s✱ ●❛✉s✲
s✐❛♥ ❜❡❛♠s ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❝②❧✐♥❞r✐❝❛❧❧② s②♠♠❡tr✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧✳ ❚❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❈❋■

✉♥st❛❜❧❡✱ ❜✉t ✐♥ ♣r✐♥❝✐♣❧❡ t❡❛r✐♥❣ st❛❜❧❡✱ ❛❧t❤♦✉❣❤ ✐t ❝❛♥ ❜❡ s✉❜❥❡❝t t♦ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥
✐♥ t❤❡ ❢♦r♠ ♦❢ ✧♠❡r❣✐♥❣✧ ♦❢ ❝✉rr❡♥t ✜❧❛♠❡♥ts ✭♦r ♠❛❣♥❡t✐❝ ❛♥♥✐❤✐❧❛t✐♦♥✮✳ ❚❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠
✐♥✈♦❧✈❡s t✇♦ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣✱ ❤♦♠♦❣❡♥❡♦✉s✱ s②♠♠❡tr✐❝ ❜❡❛♠s✳ ■♥ t❤✐s ❝❛s❡ ✐♥ ♦r❞❡r t♦ s✐♥❣❧❡
♦✉t s♣❡❝✐✜❝ ❢❡❛t✉r❡s ♦❢ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ❲❡✐❜❡❧✲t②♣❡ ❛♥❞ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡s✱ ✇❡ ❤❛✈❡
❞✐st✐♥❣✉✐s❤❡❞ t✇♦ ❦✐♥❞s ♦❢ ♠❛❣♥❡t✐❝ ✢✉❝t✉❛t✐♦♥s✱ ❝♦♠❜✐♥❡❞ t♦❣❡t❤❡r✳ ❚❤❡ ✜rst ♦♥❡ ❝♦♥s✐sts ♦❢ ❛
❝♦❤❡r❡♥t ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ✇❤✐❝❤✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ♦♥❡ ❝♦♦r❞✐♥❛t❡ ♦♥❧②✱ ❡①❝✐t❡s t❤❡ ❈❋■ ❛❧♦♥❡ ❛♥❞ ✐t ✐s
t❤❡♥ ❛♠♣❧✐✜❡❞ ❜② ✐ts ❣r♦✇t❤✱ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ❝♦♥s✐sts ♦❢ ❛ ♥♦♥✲❤❛r♠♦♥✐❝ r❛♥❞♦♠ ♥♦✐s❡ ✇❤✐❝❤ ❞❡✲
♣❡♥❞s ♦♥ t✇♦✲❝♦♦r❞✐♥❛t❡s ❛♥❞ t❤❡r❡❢♦r❡ s❡❡❞s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❜♦t❤ ❡❧❡❝tr♦st❛t✐❝ ✭t✇♦✲str❡❛♠✮
❛♥❞ ♦❜❧✐q✉❡ ♠♦❞❡s✱ ❛♥❞ ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✳ ❲❡ ❤❛✈❡ t❤❡♥ ❡✈✐❞❡♥❝❡❞ ❤♦✇ t❤❡ ♦❝❝✉rr❡♥❝❡
♦❢ t❡❛r✐♥❣ ♠♦❞❡s✱ ✇❤♦s❡ ♦♥s❡t ❛s s❡❝♦♥❞❛r② ✐♥st❛❜✐✐t✐❡s t♦ ❈❋■ ❤❛❞ ❜❡❡♥ ❛❧r❡❛❞② ✐♥✈❡st✐❣❛t❡❞ ✐♥
♣r❡✈✐♦✉s ✇♦r❦s✱ ❝❛♥ ✐♥❞❡❡❞ ❝♦♠♣❡t❡ ✇✐t❤ ❈❋■ s✐♥❝❡ t❤❡ ❧✐♥❡❛r st❛❣❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛♠♣❧✐t✉❞❡
♦❢ t❤❡ ✷❉ ♣❛rt ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ♣❡rt✉r❜❛t✐♦♥✳

✾✳✷ ❋✉t✉r❡ ❲♦r❦

❲❤❛t✬s ❧❡❢t t♦ ❜❡ ❞♦♥❡ ✐s ❛❧✇❛②s ♠✉❝❤ ♠♦r❡ t❤❛♥ ✇❤❛t ♦♥❡ ❤❛s ❞♦♥❡✳ ❚❤❡r❡ ✐s st✐❧❧ ♠✉❝❤ t♦ ❞♦
t♦ ❝♦♠♣❧❡t❡ s❡✈❡r❛❧ ✐❞❡❛s ❞✐s❝✉ss❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❚❤✐s ✐♥❝❧✉❞❡s✿

∗ ❉❡✈❡❧♦♣✐♥❣ ❛♥ ❡✐❣❡♥s♦❧✈❡r t♦ ♥✉♠❡r✐❝❛❧❧② s♦❧✈❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ♦❜t❛✐♥❡❞
✐♥ s❡❝t✐♦♥ ✻✳✸✳✻ ✳ ■♥ t❤❡ ❧✐❣❤t ♦❢ t❤❡ r❡s✉❧ts ♦❢ t❤✐s ❡✐❣❡♥s♦❧✈❡r✱ ✇❡ ♣r♦❜❛❜❧② ❝❛♥ ✐♥t❡r♣r❡t
t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥s ✉s✐♥❣ ❛ ✢✉✐❞ ♠♦❞❡❧✱ ✇❤✐❝❤ ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ✐♠♣r♦✈❡
♦✉r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ r♦❧❡s t❤❡ ❡❧❡❝tr♦♥ ♣r❡ss✉r❡ t❡♥s♦r ♣❧❛②s ✐♥ t❤❡ ❞②♥❛♠✐❝ ♦❢ ❊▼❍❉
r❡❝♦♥♥❡❝t✐♦♥✳

∗ ■t ✇✐❧❧ ❛❧s♦ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❞❡✈❡❧♦♣ ❛ ♥✉♠❡r✐❝❛❧ s♦❧✈❡r ❢♦r t❤❡ ❡①t❡♥❞❡❞ ❊▼❍❉ s②st❡♠
✭❊qs✳❬✻✳✸✶ ✲ ✻✳✸✹❪✮✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐t ✇✐❧❧ ♣r♦✈✐❞❡ ✉s ✇✐t❤ ❛ t♦♦❧ t♦ st✉❞② t❤❡ ♥♦♥❧✐♥❡❛r
♣❤❛s❡ ♦❢ s♦♠❡ ❝♦♥✜❣✉r❛t✐♦♥s✱ t❤❛t ❛r❡ ✉♥st❛❜❧❡ t♦ ❜♦t❤ ❲❡✐❜❡❧✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s ❛♥❞ t❡❛r✐♥❣
♠♦❞❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤✐s ✢✉✐❞ s✐♠✉❧❛t✐♦♥ ✇✐❧❧ ❛❧s♦ ❡♥❛❜❧❡ ✉s t♦ ❝♦♠♣❛r❡ t❤❡ ✢✉✐❞
❛♥❞ t❤❡ ❦✐♥❡t✐❝ ♠♦❞❡❧s ✭P■❈ ❛♥❞ s❡♠✐✲▲❛❣r❛♥❣✐❛♥✮✳

∗ ❯♥❞❡rst❛♥❞✐♥❣ t❤❡ ❧✐♥❡❛r ♣❤❛s❡ ♦❢ t❡❛r✐♥❣✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s ✐♥ ❞✐✛❡r❡♥t r❡❣✐♠❡s ✇✐❧❧ ❜❡ t❤❡
♥❡①t st❡♣ ✐♥ ♦✉r ✇♦r❦✳ ❚❤✐s ❡✛♦rt ✇✐❧❧ ✐♥❝❧✉❞❡ t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ❍❛❧❧✲▼❍❉ r❡❣✐♠❡ ✭s❡❝t✐♦♥
✺✳✺✮✱ t❤❡ ✇❛r♠✲✐♦♥ ❧✐♠✐t ♦❢ r❡❞✉❝❡❞ ▼❍❉ ✭s❡❝t✐♦♥ ✺✳✹✮✱ t❤❡ s❡❝♦♥❞❛r② ♠♦❞❡s t♦ r❡s✐st✐✈❡
✐♥st❛❜✐❧✐t②✱ ❛♥❞ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s❤❡❛r ✈❡❧♦❝✐t② ♦♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡s❡
✐♥st❛❜✐❧✐t✐❡s✳ ❙♦♠❡ ♦❢ t❤❡s❡ s✉❜❥❡❝ts ❤❛✈❡ ❜❡❡♥ st❛rt❡❞ ❜❡✐♥❣ ❛❞❞r❡ss❡❞ ❛♥❞ t❤❡ ✇♦r❦ ✐s ✐♥
♣r♦❣r❡ss✳

✷✷✷



✾✳✷✳ ❋✉t✉r❡ ❲♦r❦

∗ ❉❡✈❡❧♦♣✐♥❣ ❛ ♥♦♥❧✐♥❡❛r ❝♦❞❡ t♦ ✐♥t❡❣r❛t❡ t❤❡ ❝♦❧❧✐s✐♦♥❧❡ss r❡❞✉❝❡❞ ▼❍❉ ♠♦❞❡❧ ✐♥ t❤❡ t♦r♦✐❞❛❧
❣❡♦♠❡tr②✱ ❞❡✈✐s❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✻✱ ✐s ♦♥❡ ♦❢ ♦✉r ♠❛✐♥ ❧♦♥❣ t❡r♠ ♦❜❥❡❝t✐✈❡s✳ ❚❤✐s ♣❛rt ❛❧s♦
✐♥❝❧✉❞❡s ❞❡s✐❣♥✐♥❣ ❛♥ ❡✐❣❡♥s♦❧✈❡r✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ❢♦r t♦❦❛♠❛❦ ❛♣♣❧✐❝❛t✐♦♥s✱ ♥♦t❛❜❧②
❢♦r t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♣r♦✜❧❡s ♠❡❛s✉r❡❞ ✐♥ ♠❛❝❤✐♥❡s ❧✐❦❡ ❏❊❚✳ ❆❧❧
t❤❡ ✇♦r❦✱ ✇❤✐❝❤ ❝♦♥❝❡r♥s t❤❡ ❢✉s✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s✱ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤
t❤❡ ❋❘✲❋❈▼ ♣r♦❥❡❝t ✧❊✈♦❧✉t✐♦♥ ♦❢ ❝✉rr❡♥t s❤❡❡ts ✐♥ ❧♦✇✲❝♦❧❧✐s✐♦♥ ♣❧❛s♠❛s✧ ❛♥❞ ❲P❊❉❯
❊❯❘❆❚❖▼ ♣r♦❣r❛♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛♥ ❡✐❣♥❡s♦❧✈❡r ❢♦r t❤❡ st✉❞② ♦❢
r❡❝♦♥♥❡❝t✐♦♥ ✐♥ t♦r♦✐❞❛❧ ❣❡♦♠❡tr② ❤❛s ❜❡❡♥ ✭❛♥❞ ✇✐❧❧ ❜❡✮ ❝❛rr✐❡❞ ♦✉t ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢
t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ t♦ t❤❡ ❊❯❘❖❢✉s✐♦♥ ❍♦r✐③♦♥ ✷✵✷✵ ❝❛♠♣❛✐❣♥s ❏❊❚✲❲P❏❊❚✶ ❛♥❞ ❏❊❚✶✲
✷✵✷✵✲❈✸✾✳

∗ P❡r❢♦r♠✐♥❣ ❢✉rt❤❡r s❡♠✐✲▲❛❣r❛♥❣✐❛♥ s✐♠✉❧❛t✐♦♥s ✉s✐♥❣ ❛ ❤✐❣❤❡r r❡s♦❧✉t✐♦♥ ✐♥ t❤❡ ♣❤❛s❡ s♣❛❝❡
t♦ ❝♦♠♣❧❡♠❡♥t ❛♥❞ ❝♦♠♣❧❡t❡ t❤❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✽✳✹✳✷✳ ❚❤✐s s❤♦✉❧❞
❛❧s♦ ✐♥✈♦❧✈❡ ❛ ❢✉rt❤❡r st✉❞② ♦❢ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ♥♦✐s❡ t❤❛t s❡❡❞s t❤❡ r❡❝♦♥♥❡❝t✐♦♥
♣r♦❝❡ss✳

∗ ❆ss❡ss✐♥❣ t❤❡ ❝♦♠❜✐♥❡❞ r♦❧❡ ♦❢ ❲❡✐❜❡❧✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s✱ t❡❛r✐♥❣ ♠♦❞❡s✱ ♦❜❧✐q✉❡ ♠♦❞❡✱ ❛♥❞
t✇♦✲str❡❛♠ ✐♥st❛❜✐❧✐t②✱ ✇❤✐❝❤✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ ❛r❡ ❛❧❧ ✐♥t❡r✈❡♥✐♥❣ ✇❤❡♥ ✷❉✲✢✉❝t✉❛t✐♦♥s ❛r❡
s✉♣❡r♣♦s❡❞ t♦ t❤❡ ❈❋■ ✉♥st❛❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥✿ ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st ✐s t❤❡ ✐♥✈❡st✐❣❛t✐♦♥
♦❢ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥ ❛♥❞ ♦❜❧✐q✉❡✲t②♣❡ ♠♦❞❡s✱ ✐♥ t❤❡ ❧✐❣❤t ♦❢ t❤❡
r❡❝❡♥t r❡s✉❧ts ❞✐s❝✉ss❡❞ ✐♥ ❘❡❢✳ ❬✸❪✳ ❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥s ❧❡❛❞✐♥❣ t♦ t❤❡ s✐♠♦✉❧t❛♥❡♦✉s ❝♦✲
❡①✐st❡♥❝❡ ♦❢ ❛❧❧ t❤❡s❡ ✐♥st❛❜✐❧✐t✐❡s r❡q✉✐r❡ ❛ ✸❉✸❱ ✈❡rs✐♦♥ ♦❢ t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❝♦❞❡ ♦r
t❤❡ ✉s❡ ♦❢ t❤❡ ✸❉ P■❈ ❝♦❞❡ ✭❡✳❣✳ ❙▼■▲❊■✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛❧s♦ ✐♥✈❡st✐❣❛t✐♦♥s ♣❡r❢♦r♠❡❞ ✇✐t❤
r❡❞✉❝❡❞ ✷❉ ❣❡♦♠❡tr✐❡s ❛♥❞ ❛ ♣r♦♣❡r ❝❤♦✐❝❡ ♦❢ t❤❡ ❜❡❛♠ ♦r✐❡♥t❛t✐♦♥ ❝❛♥ ♣r♦✈✐❞❡✱ t❤❛♥❦s
t♦ t❤❡ ❡①♣❧♦✐t❛t✐♦♥ ♦❢ t❤❡ r❡❧❡✈❛♥t tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡s ♦❢ t❤❡ s②st❡♠ ✭❛♥❞ t❤✉s ♦❢ t❤❡
❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦♠❡♥t✉♠✮ ✐♥t❡r❡st✐♥❣ ✐♥s✐❣❤t
✐♥ t❤❡ r♦❧❡ ♣❧❛②❡❞ ❜② t❤❡s❡ ❞✐✛❡r❡♥t ❛❝t♦rs✳

∗ ❋✐♥❛❧❧②✱ ✇❡ ♠❡♥t✐♦♥ t❤❛t✱ ❞✉r✐♥❣ t❤✐s P❤❉ r❡s❡❛r❝❤✱ ✇❡ ❤❛❞ ❛❧s♦ st✉❞✐❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✷❉
t✉r❜✉❧❡♥t ❞❡❝❛② ✐♥ ❛ ♠❛❣♥❡t✐③❡❞ ❡❧❡❝tr♦♥ ❱❧❛s♦✈ ♣❧❛s♠❛ ✐♥ ✇❤✐❝❤ ✐♦♥s ❢♦r♠ ❛ ♥❡✉tr❛❧✐③✐♥❣
❜❛❝❦❣r♦✉♥❞✿ t❤✐s st✉❞② ✇❛s ♠❡❛♥t ❛s ❛ ✜rst ❝♦♠♣❛r✐s♦♥ t❡st ♦❢ ❛ ♥♦♥❧✐♥❡❛r ♣❤❡♥♦♠❡♥♦♥
t❤❛t ♦♥❧② ✐♥✈♦❧✈❡❞ t❤❡ ❡❧❡❝tr♦♥ ❞②♥❛♠✐❝s✱ ❛♥❞ t❤❛t ❝♦✉❧❞ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❜♦t❤ ❛ ✢✉✐❞ ❊▼❍❉

♠♦❞❡❧ ❛♥❞ ❛ ❦✐♥❡t✐❝ ♠♦❞❡❧✳ ❚❤❡ ✐❞❡❛ ✇❛s t♦ ✐❞❡♥t✐❢②✱ ✐♥ t❤✐s ✇❛②✱ t❤❡ ♣❛r❛♠❡t❡r r❛♥❣❡ ♦❢
t❤❡ ❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞❡❞ t♦ t❤❡ ✧❤②❞r♦❞②♥❛♠✐❝ ❧✐♠✐t✧✱ ✐♥ ✇❤✐❝❤ t❤❡r♠❛❧
❡✛❡❝ts ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ❛♥❞ t❤✉s ❦✐♥❡t✐❝ r❡s✉❧ts ❛r❡ ❡①♣❡❝t❡❞ t♦ ❝♦♥✈❡r❣❡ t♦ ✢✉✐❞ ♦♥❡s✳
❙✐♥❝❡ t❤❡ t❤❡♦r② ♦❢ ❝♦❧❞ ❊▼❍❉ ✐♥❝♦♠♣r❡s✐s❜❧❡ t✉r❜✉❧❡♥❝❡ ✐s ✇❡❧❧ ❡st❛❜❧✐s❤❡❞✱ t❤✐s s✉❜❥❡❝t
r❡♣r❡s❡♥t❡❞ ❛♥❞ ✐♥t❡r❡st✐♥❣ t❡st ♦❢ ❝♦♠♣❛r✐s♦♥ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❛✛♦r❞❡❞ ✇✐t❤ ❛ P■❈ ❝♦❞❡
✭❙▼■▲❊■✱ ✐♥ t❤✐s ❝❛s❡✮✳ ❍♦✇❡✈❡r✱ t❤✐s st✉❞② ❤❛s r❡✈❡❛❧❡❞ t♦ ❜❡ ❧❡ss tr✐✈✐❛❧ ❛♥❞ ♠♦r❡ ✧s✉r✲
♣r✐s✐♥❣✧ t❤❛♥ ❡①♣❡❝t❡❞✱ s✐♥❝❡ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♥ ❛ ❦✐♥❡t✐❝ ❢r❛♠❡✇♦r❦ ❤❛s
❡✈✐❞❡♥❝❡❞ ❛ ♥♦♥❧✐♥❡❛r ❡✈♦❧✉t✐♦♥ ✇❤✐❝❤ ❞✐❞ ♥♦t ❞✐s♣❧❛② t❤❡ ❢❡❛t✉r❡s ♦❢ ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
❜✉t r❛t❤❡r✱ s❡❡♠✐♥❣❧②✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❝♦❤❡r❡♥t str✉❝t✉r❡s✳ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts ❤❛✈❡
❜❡❡♥ ♣r❡s❡♥t❡❞ ❛s ❛ ♣♦st❡r ❝♦♥tr✐❜✉t✐♦♥ ❛t t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ✧❱❧❛s♦✈✐❛ ❝♦♥❢❡r❡♥❝❡✧ ❤❡❧❞
✐♥ ❙tr❛s❜♦✉r❣ ✐♥ ❏✉❧② ✷✵✶✾✳ ❚❤✐s ✇♦r❦ ✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ r❡s❡❛r❝❤❡rs
♦❢ ❆r❝❡tr② ❖❜s❡r✈❛t♦r② ✭❋❧♦r❡♥❝❡✱ ■t❛❧②✮✱ ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ t❤❡ ❊❣✐❞❡❡✲●❛❧✐❧è❡ P❍❈
♣r♦❥❡❝t ✸✾✻✸✷❲❍ ✧●❡♥❡r❛t✐♦♥ ❛♥❞ ❡✈♦❧✉t✐♦♥ ♦❢ ♥♦♥✲t❤❡r♠❛❧ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥s ✐♥ t❤❡
s♦❧❛r ✇✐♥❞✧ ✳ ❋✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s✱ ✇❤✐❝❤ ✇❡♥t ❜❡②♦♥❞ t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s P❤❉ ♣r♦❥❡❝t
❛r❡ ♥❡❡❞❡❞ t♦ ❜❡tt❡r ❝❤❛r❛❝t❡r✐s❡ t❤❡ r❡❣✐♠❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡s❡ ♣r❡❧✐♠✐♥❛r② st✉❞✐❡s✳

✷✷✸





❆

❇r✐❡❢ ❙✉♠♠❛r② ♦❢ t❤❡ P❤❉ ❆❝t✐✈✐t✐❡s

❚❤❡ P❤❉ r❡s❡❛r❝❤ ♣❡r✐♦❞ t❤❛t ❧❡❞ t♦ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✐♥✈♦❧✈❡❞ s♦♠❡ ♦t❤❡r ❛❝t✐✈✐t✐❡s ❛❞ s❝✐❡♥t✐✜❝
❝♦♥tr✐❜✉t✐♦♥s ❜❡s✐❞❡ ♦❢ t❤♦s❡ r❡♣♦rt❡❞ ✐♥ t❤✐s ♠❛♥✉s❝r✐♣t✳ ❍❡r❡ ❜❡❧♦✇✱ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ ❜r✐❡❢
❛❝❝♦✉♥t ♦❢ t❤❡♠✿

❖r❛❧ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✭❖❈✮✿

❖❈✸✳ ✧▼✐❝r♦s❝♦♣✐❝ s❝❛❧❡s ♦❢ ❧✐♥❡❛r t❡❛r✐♥❣ ✐♥st❛❜✐❧✐t✐❡s✧✱ ❆r❝❡tr✐ ❲♦r❦s❤♦♣ ♦♥ ♣❧❛s♠❛ ❛str♦✲
♣❤②s✐❝s✱ ❆r❝❡tr✐ ❖❜s❡r✈❛t♦r②✱ ❋❧♦r❡♥❝❡ ✲ ✐t❛❧② ✭✷✵✶✾✮✳

❖❈✷✳ ✧❖♥ t❤❡ ❛s②♠♣t♦t✐❝ s❝❛❧✐♥❣ ♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ❧❛②❡r ✇✐❞t❤ ✐♥ ❧✐♥❡❛r t❡❛r✐♥❣ ❛♥❛❧②s✐s✧✱
❆r❝❡tr✐ ❲♦r❦s❤♦♣ ♦♥ ♣❧❛s♠❛ ❛str♦♣❤②s✐❝s✱ ❆r❝❡tr✐ ❖❜s❡r✈❛t♦r②✱ ❋❧♦r❡♥❝❡ ✲ ✐t❛❧② ✭✷✵✶✽✮✳

❖❈✶✳ ✧▼❛❣♥❡t✐❝ r❡❝♦♥♥❡❝t✐♦♥✧✱ ✵✻ ❏✉♥❡ ✷✵✶✾✱ ❊❝♦❧❡ ❞♦❝t♦r❛❧
P♦st❡r ❈♦♠♠✉♥✐❝❛t✐♦♥s ✭P❈✮✿

P❈✷✳ ✧❚✉r❜✉❧❡♥❝❡ ✐♥ ❛♥ ❊❧❡❝tr♦♥ ❱❧❛s♦✈ P❧❛s♠❛✿ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❊▼❍❉
r❡❣✐♠❡✧✱ ❱❧❛s♦✈✐❛ ✷✵✶✾ ✭■♥t❡r♥❛t✐♦♥❛❧ ✇♦r❦s❤♦♣ ♦♥ t❤❡ t❤❡♦r② ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❱❧❛s♦✈ ❡q✉❛✲
t✐♦♥✮✱ ✷✷✲✷✺ ❏✉❧② ✷✵✶✾✳

P❈✶✳ ✧▼❛❣♥❡t✐❝ ❘❡❝♦♥♥❡❝t✐♦♥✧✱ ❉♦❝t♦r✐❛❧❡s ❞❡ ▲♦rr❛✐♥❡ ✲❉♦❝▲♦r✱ ❙❛✐♥t✲❉✐é ▲❛ ❇♦❧❧❡ ❈❛♣ ✲
❋r❛♥❝❡ ✭✷✵✶✾✮✳

❆rt✐❝❧❡s ♦♥ ✐♥t❡r♥❛t✐♦♥❛❧ ♣❡❡r✲r❡✈✐❡✇❡❞ ❥♦✉r♥❛❧s ✭❆✮✿

❆✸✳ ✧■♦♥ ❋▲❘ ❊✛❡❝ts ♦♥ ▲✐♥❡❛r ❚❡❛r✐♥❣ ▼♦❞❡s✧✱ ✐♥ ♣r♦❣r❡ss✱ ❈ ▼❛r❝❤❡tt♦✱ ❍ ❇❡t❛r✱ ❉✳ ❉❡❧
❙❛rt♦✱ ❛♥❞ ▼✳ ❖tt❛✈✐❛♥✐✳ ✭■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ t♦ t❤❡ ❊❯❘❖❢✉s✐♦♥ ❍♦r✐③♦♥
✷✵✷✵ ❝❛♠♣❛✐❣♥s ❏❊❚✲❲P❏❊❚✶ ❛♥❞ ❏❊❚✶✲✷✵✷✵✲❈✸✾✮

❆✷✳ ❍ ❇❡t❛r✱ ❉✳ ❉❡❧ ❙❛rt♦✱ ▼✳ ❖tt❛✈✐❛♥✐✱ ❛♥❞ ❆✳ ●❤✐③③♦✱ ✧▼✐❝r♦s❝♦♣✐❝ s❝❛❧❡s ♦❢ ❧✐♥❡❛r
t❡❛r✐♥❣ ✐♥st❛❜✐❧✐t✐❡s✧✱ ✐♥ ♣r♦❣r❡ss✱ t♦ ❜❡ s✉❜♠✐tt❡❞ t♦ ❏✳ P❧❛s♠❛ P❤②s✳

❆✶✳ ❍ ❇❡t❛r✱ ❉✳ ❉❡❧ ❙❛rt♦✱ ▼✳ ❖tt❛✈✐❛♥✐✱ ❛♥❞ ❆✳ ●❤✐③③♦✱ ✧▼✉❧t✐♣❛r❛♠❡tr✐❝ st✉❞② ♦❢ t❡❛r✐♥❣
♠♦❞❡s ✐♥ t❤✐♥ ❝✉rr❡♥t s❤❡❡ts✧✱ P❤②s✐❝s ♦❢ P❧❛s♠❛s ✷✼✱ ✶✵✷✶✵✻ ✭✷✵✷✵✮ ❬✶✺✸❪✳

■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ t♦ t❤❡ ❊❯❘❖❢✉s✐♦♥ ❍♦r✐③♦♥ ✷✵✷✵ ❝❛♠♣❛✐❣♥s ❏❊❚✲
❲P❏❊❚✶ ❛♥❞ ❏❊❚✶✲✷✵✷✵✲❈✸✾✱ ✇❡ ❤❛✈❡ ♣❛rt✐❝✐♣❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇♦r❦s ✭❏❊❚✮✿

❏❊❚✶✺✳ ✧■♦♥ ❝②❝❧♦tr♦♥ r❡s♦♥❛♥❝❡ ❤❡❛t✐♥❣ s❝❡♥❛r✐♦ ❢♦r ❉❊▼❖✧✱ ❉ ❱❛♥ ❊st❡r✱ ❊✳ ▲❡r❝❤❡✱❘✳
❘❛❣♦♥❛✱✳✳✳✱❍ ❇❡t❛r✱✳✳✳✱ ■✳ ❩②❝❤♦r ✭✰ ✶✷✺✵ ❝♦✲❛✉t❤♦rs✮✱ ◆✉❝❧✳ ❋✉s✐♦♥✱✺✾✱ ✶✵✻✵✺✶ ✭✷✵✶✾✮

❏❊❚✶✹✳ ✧❈♦♥tr♦❧ ♦❢ t❤❡ ❤②❞r♦❣❡♥✿ ❞❡✉t❡r✐✉♠ ✐s♦t♦♣❡ ♠✐①t✉r❡ ✉s✐♥❣ ♣❡❧❧❡ts ✐♥ ❏❊❚✧✱
▼✳❱❛❧♦✈✐❝✱ ❨✳ ❇❛r❛♥♦✈✱ ❆✳ ❇♦❜♦❝✱✳✳✳✱❍ ❇❡t❛r✱✳✳✳✱ ■✳ ❩②❝❤♦r ✭✰ ✶✷✺✵ ❝♦✲❛✉t❤♦rs✮✱ ◆✉❝❧✳ ❋✉s✐♦♥✱
✺✾✱ ✶✵✻✵✹✼ ✭✷✵✶✾✮

❏❊❚✶✸✳ ✧❙②♥t❤❡t✐❝ ❞✐❛❣♥♦st✐❝s ❢♦r t❤❡ ❏❊❚ s❝✐♥t✐❧❧❛t♦r ♣r♦❜❡ ❧♦st ❛❧♣❤❛ ♠❡❛s✉r❡♠❡♥ts✧✱ ❏✳
❱❛r❥❡✱ ❱✳❑✐♣t✐❧②✱ P✳ ❙✐r❡♥✱✳✳✳✱❍ ❇❡t❛r✱✳✳✳✱ ■✳ ❩②❝❤♦r ✭✰ ✶✷✺✵ ❝♦✲❛✉t❤♦rs✮✱ ❏✳ ■♥str✉♠❡♥t❛t✐♦♥✱ ✶✹✱
❈✵✾✵✶✽ ✭✷✵✶✾✮
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❆♣♣❡♥❞✐① ❆✳ ❇r✐❡❢ ❙✉♠♠❛r② ♦❢ t❤❡ P❤❉ ❆❝t✐✈✐t✐❡s

❏❊❚✶✷✳ ✧❉❡❡♣ ♥❡✉r❛❧ ♥❡t✇♦r❦s ❢♦r ♣❧❛s♠❛ t♦♠♦❣r❛♣❤② ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❏❊❚ ❛♥❞ ❈❖▼✲
P❆❙❙✧✱ ❉✳ ❉✳ ❈❛r❝✈❛❧❤♦✱ ❉✳❘✳ ❋❡rr❡✐r❛✱ P✳❏✳ ❈❛r✈❛❧❤♦✱✳✳✳✱❍ ❇❡t❛r✱✳✳✳✱ ■✳ ❩②❝❤♦r ✭✰ ✶✷✺✵ ❝♦✲
❛✉t❤♦rs✮✱ ❏✳ ■♥str✉♠❡♥t❛t✐♦♥✱ ✶✹✱ ❈✵✾✵✶✶✭✷✵✶✾✮

❏❊❚✶✶✳ ✧❆ ♥❡✇ ♠❡❝❤❛♥✐s♠ ❢♦r ✐♥❝r❡❛s✐♥❣ ❞❡♥s✐t② ♣❡❛❦✐♥❣ ✐♥ t♦❦❛♠❛❦s✿ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡
✐♥✇❛r❞ ♣❛rt✐❝❧❡ ♣✐♥❝❤ ✇✐t❤ ❡❞❣❡ ❊①❇ s❤❡❛r✐♥❣✧✱ ❏✳ ●❛r❝✐❛✱ ❍✳❉♦❡r❦✱ ❚✳ ●♦❡r❧❡r✱✳✳✳✱❍ ❇❡t❛r✱✳✳✳✱ ■✳
❩②❝❤♦r ✭✰ ✶✷✺✵ ❝♦✲❛✉t❤♦rs✮✱ P❧❛s♠❛P❤②s✳ ❈♦♥tr♦❧❧✳ ❋✉s✐♦♥✱ ✻✶✱ ✶✵✹✵✵✷✭✷✵✶✾✮

❏❊❚✶✵✳ ✧❘♦❧❡ ♦❢ ❢❛st ✐♦♥ ♣r❡ss✉r❡ ✐♥ t❤❡ ✐s♦t♦♣❡ ❡✛❡❝t ✐♥ ❏❊❚ ▲✲♠♦❞❡ ♣❧❛s♠❛s✧✱ ◆✳ ❇♦✲
♥❛♥♦♠✐✱ ■✳ ❈❛s✐r❛❣❤✐✱ P✳ ▼❛♥t✐❝❛✱✳✳✳✱❍ ❇❡t❛r✱✳✳✳✱ ■✳ ❩②❝❤♦r ✭✰ ✶✷✺✵❝♦✲❛✉t❤♦rs✮✱ ◆✉❝❧✳ ❋✉s✐♦♥✱ ✺✾✱
✵✾✻✵✸✵ ✭✷✵✶✾✮

❏❊❚✾✳ ✧▼♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❆❧❢✈❡♥ ✇❛✈❡ s♣❡❝tr✉♠ ❜② ♣❡❧❧❡t ✐♥❥❡❝t✐♦♥✧✱ ❍✳❏✳ ❖❧✐✈❡r✱❙✳❊✳
❙❤❛r❛♣♦✈✱ ❇✳◆✳ ❇r❡✐③♠❛♥✱✳✳✳✱❍ ❇❡t❛r✱✳✳✳✱ ■✳ ❩②❝❤♦r ✭✰ ✶✷✺✵ ❝♦✲❛✉t❤♦rs✮✱◆✉❝❧✳ ❋✉s✐♦♥✱ ✺✾✱ ✶✵✻✵✸✶
✭✷✵✶✾✮✾

❏❊❚✽✳ ✧▼✉❧t✐♣❤②✐s❝s ❛♣♣r♦❛❝❤ t♦ ♣❧❛s♠❛ ♥❡✉tr♦♥ s♦✉r❝❡ ♠♦❞❡❧❧✐♥❣ ❛t t❤❡ ❏❊❚ t♦❦❛♠❛❦✧✱ ❩✳
❙t❛♥❝❛r✱ ▼✳ ●♦r❡❧❡♥❦♦✈❛✱ ❙✳ ❈♦♥r♦②✱✳✳✳✱❍ ❇❡t❛r✱✳✳✳✱ ■✳ ❩②❝❤♦r✭✰ ✶✷✺✵ ❝♦✲❛✉t❤♦rs✮✱ ◆✉❝❧✳ ❋✉s✐♦♥✱
✺✾✱ ✵✾✻✵✷✵ ✭✷✵✶✾✮

❏❊❚✼✳ ✧■♥t❡r♣r❡t❛t✐✈❡ ❛♥❞ ♣r❡❞✐❝t✐✈❡ ♠♦❞❡❧❧✐♥❣ ♦❢ ❏♦✐♥t ❊✉r♦♣❡❛♥ ❚♦r✉s ❝♦❧❧✐s✐♦♥❛❧✐t②
s❝❛♥s✧✱ ❋✳ ❊r✐❦ss♦♥✱ ❋✳ ❋r❛♥ss♦♥✱ ▼✳ ❖❜❡r♣❛r❧❡✐t❡r✱✳✳✳✱❍ ❇❡t❛r✱✳✳✳✱ ■✳❩②❝❤♦r ✭✰ ✶✷✺✵ ❝♦✲❛✉t❤♦rs✮✱
P❧❛s♠❛ P❤②s✳ ❈♦♥tr♦❧❧✳ ❋✉s✐♦♥ ✻✶✱✶✶✺✵✵✹✭✷✵✶✾✮

❏❊❚✻✳ ✧❋✐rst ♣r✐♥❝✐♣❧❡s ❛♥❞ ✐♥t❡❣r❛t❡❞ ♠♦❞❡❧❧✐♥❣ ❛❝❤✐❡✈❡♠❡♥ts t♦✇❛r❞s tr✉st ❢✉❧❧ ♣♦✇❡r
♣r❡❞✐❝t✐♦♥s ❢♦r ❏❊❚ ❛♥❞ ■❚❊❘✧✱ ❏✳ ●❛r❝✐❛✱ ❘✳❏✳ ❉✉♠♦♥t✱ ❏✳ ❏♦❧②✱✳✳✳✱❍❇❡t❛r✱✳✳✳✱ ■✳ ❩②❝❤♦r ✭✰ ✶✷✺✵
❝♦✲❛✉t❤♦rs✮✱ ◆✉❝❧✳ ❋✉s✐♦♥✱ ✺✾✱ ✵✽✻✵✹✼ ✭✷✵✶✾✮

❏❊❚✺✳ ✧❆❞❛♣t✐✈❡ ❧❡❛r♥✐♥❣ ❢♦r ❞✐sr✉♣t✐♦♥ ♣r❡❞✐❝t✐♦♥ ✐♥ ♥♦♥✲st❛t✐♦♥❛r② ❝♦♥❞✐t✐♦♥s✧✱ ❆✳ ▼✉r❛r✐✱
▼✳ ▲✉♥❣❛r♦♥✐✱ ▼✳ ●❡❧❢✉s❛✱✳✳✳✱❍ ❇❡t❛r✱✳✳✳✱ ■✳ ❩②❝❤♦r ✭✰ ✶✷✺✵❝♦✲❛✉t❤♦rs✮✱ ◆✉❝❧✳ ❋✉s✐♦♥✱ ✺✾✱ ✵✽✻✵✸✼
✭✷✵✶✾✮

❏❊❚✹✳ ✧❙❡❧❢✲❝♦♥s✐st❡♥t ♣❡❞❡st❛❧ ♣r❡❞✐❝t✐♦♥ ❢♦r ❏❊❚✲■▲❲ ✐♥ ♣r❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ❉❚ ❝❛♠✲
♣❛✐❣♥✧✱ ❙✳ ❙❛❛r❡❧♠❛✱ ▲✳ ❋r❛ss✐♥❡tt✐✱ P✳ ❇✐❧❦♦✈❛✱✳✳✳✱❍ ❇❡t❛r✱✳✳✳✱ ■✳ ❩②❝❤♦r✭✰ ✶✷✺✵ ❝♦✲❛✉t❤♦rs✮✱ P❤②s✳
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❏❊❚✸✳ ✧❈❖❘❊❉■❱ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❤✐❣❤ ♥❡✉tr♦♥ r❛t❡ ❏❊❚✲■▲❲ ❉❉ ♣✉❧s❡s✐♥ ✈✐❡✇
♦❢ ❡①t❡♥s✐♦♥ t♦ ❏❊❚✲■▲❲ ❉❚ ❡①♣❡r✐♠❡♥ts✧✱ ●✳ ❚❡❧❡s❦❛✱ ■✳ ■✈❛♥♦✈❛✲❙t❛♥✐❦✳ ❘✳ ❩❛❣♦rs❦✐✱✳✳✳✱❍
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❏❊❚✷✳ ✧❘❡❝✉rr❡♥❝❡ ♣❧♦t ❢♦r ❞②♥❛♠✐❝ ❛♥❛❧②s✐s ♦❢ t②♣❡✲■ ❊▲▼s ❛t ❏❊❚ ✇✐t❤ ❛ ❝❛r❜♦♥ ✇❛❧❧✧✱ ❇✳
❈❛♥♥❛s❛✱ ❆✳ ❋❛♥♥✐✱ ❆✳ ▼✉r❛r✐✱✳✳✳✱❍ ❇❡t❛r✱✳✳✳✱ ■✳ ❩②❝❤♦r ✭✰ ✶✷✺✵❝♦✲❛✉t❤♦rs✮✱ ■❊❊❊ ❚r❛♥s✳ P❧❛s♠❛
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❏❊❚✶✳ ✧❖✈❡r✈✐❡✇ ♦❢ t❤❡ ❏❊❚ ♣r❡♣❛r❛t✐♦♥ ❢♦r ❞❡✉t❡r✐✉♠✲tr✐t✐✉♠ ♦♣❡r❛t✐♦♥ ✇✐t❤ t❤❡ ■❚❊❘✲
❧✐❦❡ ✇❛❧❧✧✱ ❊✳ ❍✳ ❏♦✛r✐♥✱ ❙✳ ❆❜❞✉❛❧❧❡✈✱ ▼✳ ❆❜❤❛♥❣✐✱✳✳✳✱❍ ❇❡t❛r✱✳✳✳✱■✳ ❩②❝❤♦r ✭✰ ✶✷✺✵ ❝♦✲❛✉t❤♦rs✮✱
◆✉❝❧✳ ❋✉s✐♦♥ ✺✾✱ ✶✶✷✵✷✶ ✭✷✵✶✾✮

❋✐♥❛❧❧②✱ ■ ♠❡♥t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s♦♠❡ s❝✐❡♥t✐✜❝✱ ❛♥❞ tr❛♥s✈❡rs❛❧ ❝♦✉rs❡s ■ ❤❛✈❡ ❢♦❧❧♦✇❡❞
●r❛❞✉❛t❡ ❈♦✉rs❡s ❋♦❧❧♦✇❡❞ ❞✉r✐♥❣ t❤❡ ❉♦❝t♦r❛❧ Pr♦❣r❛♠ ✭❈✮✿

❈✻✳ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s ✐♥ ❆str♦♣❤②s✐❝s ❛♥❞ ❈♦s♠♦❧♦❣② ❛t P❛r✐s ♦❜s❡r✈❛t♦r② ✭✸✵ ❤♦✉rs✮
❈✺✳ ❙②♠étr✐❡ ❞❡ ❧✬❛t♦♠❡ ❛✉ s♦❧✐❞❡ ❛t■❏▲✭✷✵ ❤♦✉rs✮✳
❈✹✳ P❛r❛❧❧❡❧ ❈♦♠♣✉t✐♥❣ ✇✐t❤ ▼❑▲✲✐♥t❡❧ ✭✷✵ ❤♦✉rs✮✳ ❚❤✐s ❝♦✉rs❡ ✇❛s ♦r❣❛♥✐③❡❞ ❜② ❊❳P▲❖❘

✐♥ t❤❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ■♥t❡❧ ✭❖❝t♦❜❡r✴✷✵✶✾✮✳ ❈✸✳ ▼❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ❞❛t❛ s❝✐❡♥❝❡ ❛♥❞ ❞❡❡♣
❧❡❛r♥✐♥❣ ✇✐t❤ ♣②t❤♦♥ ❝♦✉rs❡ ✭✉❞❡♠② ♣❧❛t❢♦r♠✮✳

❈✷✳ ❉❡❡♣ ▲❡❛r♥✐♥❣ ✭❤tt♣s✿✴✴✇✇✇✳❞❡❡♣❧❡❛r♥✐♥❣❜♦♦❦✳♦r❣✮✳
❈✶✳ ◆❡✉r❛❧ ♥❡t✇♦r❦s ❛♥❞ ❞❡❡♣ ❧❡❛r♥✐♥❣ ✭❤tt♣✿✴✴♥❡✉r❛❧♥❡t✇♦r❦s❛♥❞❞❡❡♣❧❡❛r♥✐♥❣✳❝♦♠✴✮✳

✷✷✻



❇

❙♦♠❡ ❯s❡❢✉❧ ❋♦r♠✉❧❛❡ ♦♥ ❱❡❝t♦rs✱

❚❡♥s♦r ❆❧❣❡❜r❛ ❛♥❞ ❈♦♦r❞✐♥❛t❡

❈❤❛♥❣❡s

■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ♣r❡s❡♥t ❛ ❜r✐❡❢ r❡✈✐❡✇ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❝♦♦r❞✐♥❛t❡ ❝❤❛♥❣❡s ❛♥❞ s♦♠❡ ✈❡❝t♦r
✐❞❡♥t✐t✐❡s ❛♥❞ ♥♦t✐♦♥s t❤❛t ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳

■♥tr♦❞✉❝t✐♦♥✿

❆ ❜❛s✐s ❢♦r ❛ ✈❡❝t♦r s♣❛❝❡ V ✐s ❛ s❡t ♦❢ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ✈❡❝t♦rs ✇❤✐❝❤ s♣❛♥ V ✳ ❚❤✐s
♠❡❛♥s t❤❛t ❛♥② u ∈ V ❝❛♥ ❜❡ ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ ✈❡❝t♦rs✳ ▲❡t ✉s
❝❛❧❧ t❤❡s❡ ✈❡❝t♦rs ✭e1, e2, e3✮ ✐♥ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❜❛s✐s✱ t❤❡♥ ❛♥② ✈❡❝t♦r u ✐s ❣✐✈❡♥ ❜②

u = u1e1 + u2e2 + u3e1, ✭❇✳✶✮

❲❡ ❝❛❧❧ u · e1✱ u · e2✱ ❛♥❞ u · e3 t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❝t♦r ✐♥ V s♣❛❝❡✳ ❚❤❡② ❛r❡ ❣✐✈❡♥ ❜②
t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐① ❡q✉❛t✐♦♥





e1 · e1 e2 · e1 e3 · e1
e1 · e2 e2 · e2 e3 · e2
e1 · e3 e2 · e3 e3 · e3





︸ ︷︷ ︸

G





u1
u2
u3



 =





u · e1
u · e2
u · e3



 ✭❇✳✷✮

G ❝♦♥t❛✐♥s ❛❧❧ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✈❡❝t♦r s♣❛❝❡ ✭♦r t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠✮✳ ■t
t❡❧❧s ✉s ✇❤❡t❤❡r t❤✐s s♣❛❝❡ ✐s ♦rt❤♦❣♦♥❛❧✱ ❝✉r✈✐❧✐♥❡❛r✱ ♦rt❤♦♥♦r♠❛❧✱ ❡t❝✳ ■❢ ✐t ✐s ❞✐❛❣♦♥❛❧✱ t❤❡♥ t❤❡
s♣❛❝❡ ✐s ♦rt❤♦❣♦♥❛❧✱ ❛♥❞ ❜❡❝♦♠❡s ♦rt❤♦♥♦r♠❛❧ ✇❤❡♥ t❤✐s ♠❛tr✐① ✐s ❡q✉❛❧ t♦ t❤❡ ✐❞❡♥t✐t② ♠❛tr✐①✳
❲❡ ❞❡✜♥❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ V s♣❛❝❡ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥✱

u ·w = uTGw, ✭❇✳✸✮

❲❤✐❝❤ r❡❛❞s uTw ❢♦r ♦rt❤♦♥♦r♠❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✇❤❡r❡ G = I✳

❈❤❛♥❣❡ ♦❢ ❇❛s✐s✿

▲❡t ✉s ♥♦✇ ❛ss✉♠❡ t❤❛t t❤❡ ✈❡❝t♦r ❞❡❝♦♠♣♦s✐t✐♦♥ ❡①♣r❡ss❡❞ ❜② ❊q✳✭❇✳✶✮ ✐s ❛❧r❡❛❞② ❦♥♦✇♥✱
❛♥❞ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❝❤❛♥❣❡ ✐ts r❡♣r❡s❡♥t❛t✐♦♥ t♦ ❛♥♦t❤❡r ❝♦♦r❞✐♥❛t❡ s②st❡♠ V ′ ✭ e′1✱ e′2✱ e′3✮✱
t❤❡♥ ✇❡ ✇r✐t❡

✷✷✼



❆♣♣❡♥❞✐① ❇✳ ❙♦♠❡ ❯s❡❢✉❧ ❋♦r♠✉❧❛❡ ♦♥ ❱❡❝t♦rs✱ ❚❡♥s♦r ❆❧❣❡❜r❛ ❛♥❞ ❈♦♦r❞✐♥❛t❡ ❈❤❛♥❣❡s

u = u1e1 + u2e2 + u3e1 = u′1e
′
1 + u′2e

′
2 + u′3e

′
1, ✭❇✳✹✮

■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ith ❝♦♠♣♦♥❡♥t ✐♥ V ′✱ ✇❡ s✐♠♣❧② t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ t❤❡ ♣r❡✈✐♦✉s
❡q✉❛t✐♦♥ ✇✐t e′i✳ ❚❤❡♥ ❢♦r ❛❧❧ t❤❡ ❝♦♠♣♦♥❡♥ts ✇❡ t❛❦❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✇✐t❤ [e′1, e′2, e′3]T ✳ ❖♥❡
✜♥❞s





e1 · e′1 e2 · e′1 e3 · e′1
e1 · e′2 e2 · e′2 e3 · e′2
e1 · e′3 e2 · e′3 e3 · e′3





︸ ︷︷ ︸

T





u1
u2
u3



 =





e′1 · e′1 e′2 · e′1 e′3 · e′1
e′1 · e′2 e′2 · e′2 e′3 · e′2
e′1 · e′3 e′2 · e′3 e′3 · e′3





︸ ︷︷ ︸

G′





u′1
u′2
u′3



 ✭❇✳✺✮

✇❤❡r❡ T ✐s t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① ♦♣❡r❛t✐♥❣ ♦♥ t❤❡ V s♣❛❝❡✳ ■♥ ❛ ♠♦r❡ ❝♦♠♣❛❝t ♥♦t❛t✐♦♥✱
✇❡ ❝❛♥ ❡①♣r❡ss t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥s❤✐♣ ❛s ❢♦❧❧♦✇s

T u = G′u′ =⇒ u′ = G′−1T u, or u′i = G′−1
imTmlul ✭❇✳✻✮

◆♦t✐❝❡ t❤❛t ✐❢ t❤❡ ❜❛s❡s ❛r❡ ♦rt❤♦♥♦r♠❛❧✱ t❤❡♥ G′−1 = G′ = I✳ ❋♦r t❤❡ ✐♥✈❡rs❡✱ tr❛♥s❢♦r♠❛t✐♦♥
V ′ → V ✱ ✇❡ ❢♦❧❧♦✇ ❡①❛❝t❧② t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡✱ t❤❡♥ ✇❡ ✜♥❞

u = G−1T Tu′ =⇒ ui = GimT T
mlu

′
l, ✭❇✳✼✮

❖♥❡ ✐♥t❡r❡st✐♥❣ ❛♥❞ ✈❡r② ✐♠♣♦rt❛♥t r❡♠❛r❦ ✐s t❤❛t ✇❤❡♥ t❤❡ ❜❛s❡ ✈❡❝t♦rs ❛r❡ ♦rt❤♦♥♦r♠❛❧ ✭t❤❡
✉♥✐t ✈❡❝t♦rs ❛r❡ ♣❡r♣❡♥❞✐❝✉❧❛r✱ ❛♥❞ G = G′ = I✮✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① ❜❡❝♦♠❡s ♦rt❤♦❣♦♥❛❧
✭❆ ♠❛tr✐① T ✐s ♦rt❤♦❣♦♥❛❧ ✇❤❡♥ T −1 = T T ✮✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❡❛s✐❧② ♣❡r❢♦r♠ t❤❡ tr❛♥s❢♦r♠❛✲
t✐♦♥ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❝♦♦r❞✐♥❛t❡ s②st❡♠s✳

❈✉r✈✐❧✐♥❡❛r ❈♦♦r❞✐♥❛t❡ ❙②st❡♠s✿

❈✉r✈✐❧✐♥❡❛r ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✐s ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✭C✮ ❢♦r t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ✐♥ ✇❤✐❝❤ t❤❡
❝♦♦r❞✐♥❛t❡ ❧✐♥❡s ❛r❡ ❣❡♥❡r❛❧❧② ❝✉r✈❡❞✳ ❚♦ ❞❡r✐✈❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛❡ ❢♦r ♠❛♥② ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs
✐♥ ❛ ❝✉r✈✐❧✐♥❡❛r ❝♦♦r❞✐♥❛t❡✱ ✇❡ t❛❦❡ ❛s r❡❢❡r❡♥❝❡ ❢r❛♠❡ t❤❡ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s ✭E✮✳ ❲❡ ❢✉rt❤❡r
r❡str✐❝t ♦✉r ❛♥❛❧②s✐s t♦ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s✳ ❚❤❡♥ ❛♥② ✈❡❝t♦r r ❤❛s t❤r❡❡ ❝♦♠♣♦♥❡♥ts
✭q1, q2, q3✮ ❛❧♦♥❣ t❤❡ t❤r❡❡ ❞✐r❡❝t✐♦♥s eq1 , eq2 , eq3 ♦❢ C✱ t❤❛t ✐s

r = r(q1, q2, q3), ✭❇✳✽✮

❚❤❡ ✉♥✐t ✈❡❝t♦rs ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❝❛♥ ❜❡ ❡❛s✐❧② ❞❡r✐✈❡❞ ❜② ♥♦t✐❝✐♥❣✱ ❢♦r ❡①❛♠♣❧❡✱
t❤❛t t❤❡ ✉♥✐t ✈❡❝t♦r eq1 r❡s✉❧ts ❢r♦♠ t❤❡ ❝❤❛♥❣❡ ♦❢ r ❛❧♦♥❣ t❤✐s ❞✐r❡❝t✐♦♥ ✇❤✐❧❡ ❦❡❡♣✐♥❣ q2 ❛♥❞ q3
❝♦♥st❛♥t✱ t❤❡♥ ♦♥❡ ✇r✐t❡s

eqi =

∂r
∂qi

hi
, ✇❤❡r❡ hi = | ∂r

∂qi
| i = 1, 2, 3. ✭❇✳✾✮

hi ❛r❡ ❦♥♦✇♥ ❛s t❤❡ s❝❛❧❡ ❢❛❝t♦rs ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✭▲❛♠é ❝♦❡✣❝✐❡♥ts ✮✳ ❚❤❡♥ ✉s✐♥❣ t❤❡
❝❤❛✐♥ r✉❧❡✱ t❤❡ ❡❧❡♠❡♥t ❧❡♥❣t❤ ✈❡❝t♦r dr ✐s ✇r✐tt❡♥ ❛s✱

dr = h1dq1eq1 + h2dq2eq2 + h3dq3eq3 , ✭❇✳✶✵✮

❚❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ❊q✳✭❇✳✸✮✱ ♦♥❡ ✇r✐t❡s

dl = |dr| = drTGdr =
√

hidqi, ✇✐t❤✱ dli = hidqi, ✭❇✳✶✶✮

✷✷✽



❆❧s♦✱ t❤❡ s✉r❢❛❝❡ ❡❧❡♠❡♥t Sij ✇✐t❤ ❛ ♥♦r♠❛❧ ✈❡❝t♦r ❞✐r❡❝t❡❞ ❛❧♦♥❣ k✱ ❛♥❞ t❤❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥ts
❛r❡ ❣✐✈❡♥ ❜②✱

dSij = hihjdqidqj , dV = hihjhkdqidqjdqk, ✭❇✳✶✷✮

◆♦✇ ✉s✐♥❣ t❤❡ ❝❤❛✐♥ r✉❧❡✱ t❤❡ ❈❛rt❡s✐❛♥ t♦t❛❧ ❞❡r✐✈❛t✐✈❡ ❢♦r ❡❛❝❤ ❝♦♠♣♦♥❡♥t r❡❛❞s

dxj =
∂xj
∂qi

dqi = Tjidqi, ✭❇✳✶✸✮

✇❤❡r❡ T ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① ❜❡t✇❡❡♥ t❤❡ ❈❛rt❡s✐❛♥ ❛♥❞ ❈✉r✈✐❧✐♥❡❛r ❝♦♦r✲
❞✐♥❛t❡ s②st❡♠s✳ ❲❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❣r❛❞✐❡♥t ♦♣❡r❛t♦r ✐♥ C st❛rt✐♥❣ ❢r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡
❞✐✛❡r❡♥t✐❛❧ ♦❢ ❛ ❢✉♥❝t✐♦♥ f ✱ ❣✐✈❡♥ ❜②

df =
∂f

∂q1
dq1 +

∂f

∂q2
dq2 +

∂f

∂q3
dq3, ✭❇✳✶✹✮

◆♦✇ s✉❜st✐t✉t✐♥❣ ❊q✳✭❇✳✶✶✮ ✐♥t♦ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥

df =
1

h1

∂f

∂q1
dl1 +

1

h2

∂f

∂q2
dl2 +

1

h3

∂f

∂q3
dl3 = ∇f · dr, ✭❇✳✶✺✮

❚❤❡r❡❢♦r❡✱ t❤❡ ❣r❛❞✐❡♥t r❡❛❞s✱

∇ =
eq1
h1

∂

∂q1
+

eq2
h2

∂

∂q2
+

eq3
h3

∂

∂q3
, ✭❇✳✶✻✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❧✐st ✇✐t❤♦✉t ♣r♦♦❢ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛❡ ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ♦♣❡r❛t♦rs ❬s❡❡ ❬✸✼✻❪
❢♦r ♠♦r❡ ❞❡t❛✐❧s❪✳ ❍♦✇❡✈❡r✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♦❜t❛✐♥ t❤❡♠ st❛rt✐♥❣ ❢r♦♠ t❤❡✐r ✐♥t❡❣r❛❧
❞❡✜♥✐t✐♦♥s✳

❚❤❡ ❉✐✈❡r❣❡♥❝❡✿

∇· = 1

h1h2h3

{ ∂

∂q1
(h2h3) +

∂

∂q2
(h1h3) +

∂

∂q3
(h1h2)

}

, ✭❇✳✶✼✮

❚❤❡ ❈✉r❧✿

∇×A =
1

h1h2h3

∣
∣
∣
∣
∣
∣

h1eq1 h2eq2 h3eq3
∂
∂q1

∂
∂q2

∂
∂q3

h1A1 h2A2 h3A3

∣
∣
∣
∣
∣
∣

, ✭❇✳✶✽✮

❚❤❡ ▲❛♣❧❛❝✐❛♥✿

∆ =
1

h1h2h3

{ ∂

∂q1
(
h2h3
h1

∂

∂q1
) +

∂

∂q2
(
h1h3
h2

∂

∂q2
) +

∂

∂q3
(
h1h2
h3

∂

∂q3
)
}

, ✭❇✳✶✾✮

◆♦✇✱ ✇❡ ❤❛✈❡ ❛❧❧ t❤❡ ♥❡❝❡ss❛r② ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s t♦ ♦❜t❛✐♥ ❛❧❧ ❢♦r♠✉❧❛❡ ❢♦r t❤❡ ❞✐✛❡r❡♥t✐❛❧
♦♣❡r❛t♦rs ✐♥ t♦r♦✐❞❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ✇❤✐❝❤ t❤❡ s✉❜❥❡❝t ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣❡♥❞✐①✳

❯s❡❢✉❧ ❱❡❝t♦r ■❞❡♥t✐t✐❡s

∇ · (fA) = ∇f ·A+ f∇ ·A, ✭❇✳✷✵✮

∆A = ∇(∇ ·A)−∇×∇A, ✭❇✳✷✶✮

A× (B×C) = (A ·C)B− (A ·B)C, ✭❇✳✷✷✮

∇× (fA) = ∇f ×A+ f∇×A, ✭❇✳✷✸✮

∇× (∇f) = 0, ✭❇✳✷✹✮

✷✷✾



❆♣♣❡♥❞✐① ❇✳ ❙♦♠❡ ❯s❡❢✉❧ ❋♦r♠✉❧❛❡ ♦♥ ❱❡❝t♦rs✱ ❚❡♥s♦r ❆❧❣❡❜r❛ ❛♥❞ ❈♦♦r❞✐♥❛t❡ ❈❤❛♥❣❡s

∇ · ∇ ×A = 0, ✭❇✳✷✺✮

∇× (A×B) = A(∇ ·B)−B(∇ ·A) + (B · ∇)A− (A · ∇)B, ✭❇✳✷✻✮

∇ · (A×B) = B · ∇ ×A−A · ∇ ×B, ✭❇✳✷✼✮

∇ · {AB} = (∇ ·A)B+ (A · ∇)B, ✭❇✳✷✽✮

[∇ · P ]i =
∂Pij
∂j

, j = x, y, z ✭❇✳✷✾✮

✷✸✵



❈

❚♦r♦❞✐❛❧ ❈♦♦r❞✐♥❛t❡ ❙②st❡♠

■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ s❡❡❦ t♦ s✉♠♠❛r✐s❡ ❛❧❧ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ r✉❧❡s ❜❡t✇❡❡♥ t❤❡ ♠♦st t✇♦ ♣♦♣✉❧❛r
❝♦♦r❞✐♥❛t❡ s②st❡♠s ✉s❡❞ ✐♥ ❚♦❦❛♠❛❦ ♣❤②s✐❝s✱ ❛♥❞ t❤❡ ❈❛rt❡s✐❛♥ ♦♥❡✱ ✇❤✐❝❤ ✐s ❡ss❡♥t✐❛❧ ❢♦r t❤❡
❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ✐♥t♦ t❤❡ t♦r♦✐❞❛❧ ❣❡♦♠❡tr② ✭s❡❡ ❋✐❣✳✭❈✳✶✮✮✳

❚❤❡s❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠s ❛r❡ ✭R,ϕ, Z✮✱ ❛♥❞ ✭r, θ, ϕ✮✳

✭R✱ ϕ✱ Z✮ ❈♦♦r❞✐♥❛t❡ ❙②st❡♠✿

❆s s❤♦✇♥ ✐♥ ❋✐❣✳✭❈✳✶✮✱ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡s❡ ❝♦♦r❞✐♥❛t❡s ❛♥❞ t❤❡ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s
❛r❡

x = R cosϕ, y = R sinϕ, z = Z, ✭❈✳✶✮

✇❤✐❧❡ t❤❡ ✉♥✐t ✈❡❝t♦rs ❛r❡ ❣✐✈❡♥ ❜②

eR = cosϕex + sinϕey, ✭❈✳✷❛✮

eϕ = − sinϕex + cosϕey, ✭❈✳✷❜✮

eZ = ez, ✭❈✳✷❝✮

❚❤❡ ♠❡tr✐❝ t❡♥s♦r G✱ ✇❤♦s❡ ❡❧❡♠❡♥ts ❛r❡ ❣✐✈❡♥ ❜②

gij =
3∑

k=1

∂xk
∂qi

∂xk
∂qj

✭❈✳✸✮

✇❤❡r❡ xk = x, y, z ❛♥❞ qi = R, ϕ, Z✱ ❞❡✜♥❡s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥ts ✐♥ t❤❡ s♣❛❝❡✳ ❋♦r
✭R✱ ϕ✱ Z✮ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ✐t r❡❛❞s

G =





1 0 0
0 R2 0
0 0 1



 , ✭❈✳✹✮

❯s✐♥❣ ❊q✳✭❇✳✾✮✱ t❤❡ s❝❛❧❡ ❢❛❝t♦rs r❡❛❞

hR = 1, hϕ = R, hZ = 1, ✭❈✳✺✮

❚❤❡ ♦♥❡✲t♦✲♦♥❡ ♠❛♣♣✐♥❣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝♦♦r❞✐♥❛t❡ s②st❡♠s ❣✐✈❡s

R =
√

x2 + y2, ϕ = arctan
y

x
, Z = z, ✭❈✳✻✮

✷✸✶



❆♣♣❡♥❞✐① ❈✳ ❚♦r♦❞✐❛❧ ❈♦♦r❞✐♥❛t❡ ❙②st❡♠

❋✐❣✉r❡ ❈✳✶✿ ❆♥ ✐s♦♠❡tr✐❝ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ t♦r♦✐❞❛❧ ❣❡♦♠❡tr②✳ ❲❡ s❤♦✇ t❤❡ t❤r❡❡ ❞✐✛❡r❡♥t
❝♦♦r❞✐♥❛t❡ s②st❡♠s✿ t❤❡ ❈❛rt❡s✐❛♥✱ ✭R,ϕ, Z✮✱ ❛♥❞ ✭r, θ, ϕ✮ ❝♦♦r❞✐♥❛t❡ s②st❡♠s✳

❉✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs✱ ❣✐✈❡♥ ❜② ❊qs✳❬❇✳✶✻✱ ❇✳✶✼✱ ❇✳✶✽✱ ❇✳✶✾❪✱ ❜❡❝♦♠❡

∇ψ = eR
∂ψ

∂R
+

eϕ
R

∂ψ

∂ϕ
+ eZ

∂ψ

∂Z
, ✭❈✳✼❛✮

∇ ·A =
1

R

{ ∂

∂R
(RAR) +

∂Aϕ
∂ϕ

+
∂

∂Z
(RAZ)

}

✭❈✳✼❜✮

∇×A =
1

R

∣
∣
∣
∣
∣
∣

eR Reϕ eZ
∂
∂R

∂
∂ϕ

∂
∂Z

AR RAϕ AZ

∣
∣
∣
∣
∣
∣

, ✭❈✳✼❝✮

∆ψ =
1

R

{ ∂

∂R
(R

∂ψ

∂R
+

∂

∂ϕ
(
1

R

∂ψ

∂ϕ
) +

∂

∂Z
(R
∂ψ

∂Z
)
}

, ✭❈✳✼❞✮

❚❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐❝❡s Jx,y,z✱ ❛♥❞ JR,ϕ,Z ♦❜t❛✐♥❡❞ ❢r♦♠ dxi =
∂xi
∂qj
dqj ✱ ❛♥❞ dqi =

∂qi
∂xj

dxj ✱
r❡s♣❡❝t✐✈❡❧②✱ ❛r❡

Jx,y,z =





cosϕ −R sinϕ 0
sinϕ R cosϕ 0
0 0 1



 , JR,ϕ,Z =





cosϕ sinϕ 0

− sinϕ
R

cosϕ
R 0

0 0 1



 ✭❈✳✽✮

❚♦ ♦❜t❛✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ✉s❡❞ ❊qs✳✭❈✳✻✱ ❈✳✶✮✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ ✇✐t❤ s♦♠❡
✐♠♣♦rt❛♥t r❡❧❛t✐♦♥s✱ ✇❤✐❝❤ ✇❡ ❝❛♥ ♦❜t❛✐♥ ✐♥ ❛ str❛✐❣❤t❢♦r✇❛r❞ ♠❛♥♥❡r✱

✷✸✷



∇R = eR, ∇ϕ =
1

R
eϕ, ∇Z = eZ , ✭❈✳✾❛✮

∇ · eR =
1

R
, ∇× eR = 0, ∇× eZ = 0 ✭❈✳✾❜✮

∇ · eϕ = 0, ∇× eϕ =
1

R
ez, ✭❈✳✾❝✮

◆♦t✐❝❡ t❤❛t ❊q✳✭❈✳✾❛✮ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜② ♠✉❧t✐♣❧②✐♥❣ t❤❡ ❏❛❝♦❜✐❛♥ JR,ϕ,Z ✇✐t❤ [ex, ey, ez]
T ✳

✭r✱ θ✱ ϕ✮ ❈♦♦r❞✐♥❛t❡ ❙②st❡♠✿

❋r♦♠ ❋✐❣✳✭❈✳✶✮✱ ✇❡ ❤❛✈❡

x = (R0 + r cos θ) cosϕ, y = (R0 + r cos θ) sinϕ, z = −r sin θ, ✭❈✳✶✵✮

✇❤❡r❡ R0 ✐s t❤❡ ♠❛❥♦r r❛❞✐✉s ♦❢ t❤❡ t♦❦❛♠❛❦ ✭s❡❡ ❋✐❣✳❈✳✶✮✳ ■♥ t❡r♠s ♦❢ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s✱
t❤❡ ✉♥✐t ✈❡❝t♦rs r❡❛❞

er = cos θ cosϕex + cos θ sinϕey − sin θez, ✭❈✳✶✶❛✮

eθ = − sin θ cosϕex − sin θ sinϕey − cos θez, ✭❈✳✶✶❜✮

eϕ = − sinϕex + cosϕey, ✭❈✳✶✶❝✮

❚❤❡ ♠❡tr✐❝ ♦❢ t❤✐s ❝♦♦r❞✐♥❛t❡ s②st❡♠ r❡❛❞s

G =





1 0 0
0 r2 0
0 0 R2



 , ✭❈✳✶✷✮

❚❤❡ s❝❛❧❡ ❢❛❝t♦rs ❛r❡ ♦❜t❛✐♥❡❞ ❛s s❤♦✇♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❚❤❡② r❡❛❞✱

hr = 1, hθ = r, hϕ = R0 + r cos θ = R, ✭❈✳✶✸✮

r, θ, ϕ ❛r❡ ❣✐✈❡♥ ❜②

r =

√

x2 + y2 + z2 − 2R0

√

x2 + y2 +R2
0, θ = arctan(

z

R0 −
√

x2 + y2
), ϕ = arctan(

y

x
),

✭❈✳✶✹✮
◆♦t✐❝❡ t❤❛t ✇❤❡♥ R0 = 0✱ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥s ❜❡❝♦♠❡ ✐❞❡♥t✐❝❛❧ t♦ t❤♦s❡ ♦❢ t❤❡ s♣❤❡r✐❝❛❧
❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ❯s✐♥❣ ❊qs✳❬❇✳✶✻✱ ❇✳✶✼✱ ❇✳✶✽✱ ❇✳✶✾❪✱ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs r❡❛❞

∇ψ = er
∂ψ

∂r
+

eθ
r

∂ψ

∂θ
+

eϕ
R

∂ψ

∂ϕ
, ✭❈✳✶✺❛✮

∇ ·A =
1

rR

{ ∂

∂r
(rRAr) +

∂

∂θ
(RAθ) +

∂

∂ϕ
(rAϕ)

}

✭❈✳✶✺❜✮

∇×A =
1

rR

∣
∣
∣
∣
∣
∣

er reθ Reϕ
∂
∂r

∂
∂θ

∂
∂ϕ

Ar rAθ RAϕ

∣
∣
∣
∣
∣
∣

, ✭❈✳✶✺❝✮

∆ψ =
1

rR

{ ∂

∂r
(rR

∂ψ

∂r
) +

∂

∂θ
(
R

r

∂ψ

∂θ
) +

∂

∂ϕ
(
r

R

∂ψ

∂ϕ
)
}

, ✭❈✳✶✺❞✮

✷✸✸



❆♣♣❡♥❞✐① ❈✳ ❚♦r♦❞✐❛❧ ❈♦♦r❞✐♥❛t❡ ❙②st❡♠

✇❤✐❧❡ t❤❡ ❏❛❝♦❜✐❛♥s r❡❛❞

Jx,y,z =





cos θ cosϕ −r sin θ cosϕ −R sinϕ
cos θ sinϕ −r sin θ sinϕ R cosϕ
− sin θ −r cos θ 0



 ✭❈✳✶✻✮

✇❤❡r❡ J ij
x,y,z =

∂xi
∂qj

✱ ✇✐t❤ i = x, y, z ❛♥❞ j = r, θ, ϕ✱ ❛♥❞✱

Jr,θ,ϕ =





cos θ cosϕ cos θ sinϕ − sin θ

− sin θ cosϕ
r − sin θ sinϕ

r − cos θ
r

− sinϕ
R

cosϕ
R 0



 ✭❈✳✶✼✮

❋r♦♠ ❊q✳✭❈✳✶✼✮ ❛♥❞ ♦♣❡r❛t♦r ❢♦r♠✉❧❛❡✱ ✇❡ ♦❜t❛✐♥

∇r = er, ∇θ = eθ
r
, ∇ϕ =

eϕ
R

✭❈✳✶✽❛✮

∇ · er =
1

r
,∇ · eθ = 0, ∇ · eϕ = 0, ✭❈✳✶✽❜✮

∇× er = 0, ∇× eθ =
eϕ
r
, ∇× eϕ =

ez
R
, ✭❈✳✶✽❝✮

✭❈✳✶✽❞✮

❚r❛♥s❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ ✭R,ϕ, Z✮ ❛♥❞ ✭r, θ, ϕ✮ ❈♦♦r❞✐♥❛t❡s✿
■t ✐s ✉s❡❢✉❧ t♦ ❡st❛❜❧✐s❤ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❝♦♦r❞✐♥❛t❡ s②st❡♠s

❜❡❝❛✉s❡ t❤❡② ✇✐❧❧ ❜❡ ✉s❡❞ r❡♣❡❛t❡❞❧② ✐♥ t❤✐s t❤❡s✐s✳ ❲❡ ❤❛✈❡✱

R = R0 + r cos θ, Z = −r sin θ, ϕ = ϕ, ✭❈✳✶✾❛✮

r =
√

(R−R0)2 + Z2, θ = arctan(
Z

R0 −R
), ϕ = ϕ, ✭❈✳✶✾❜✮

✇❤✐❧❡ t❤❡ ✉♥✐t ✈❡❝t♦rs ❛r❡ ❣✐✈❡♥ ❜②✱

er = cos θeR − sin θeZ , eθ = − sin θeR − cos θez, ✭❈✳✷✵❛✮

eR = cos θer − sin θeθ, eZ = − sin θer − cos θeθ, ✭❈✳✷✵❜✮

❚❤❡♥✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡❞✉❝❡❞ ❏❛❝♦❜✐❛♥s

J R,Z
r,θ =

[
cos θ −r sin θ
− sin θ −r cos θ

]

, J r,θ
R,Z =

[
cos θ − sin θ

− sin θ
r − cos θ

r

]

✭❈✳✷✶✮

✇❤❡r❡ J R,Z
r,θ,ij =

∂q′i
∂qj

✱ ✇✐t❤ i = R,Z✱ ❛♥❞ j = r, θ✳ ❚❤❡ ♦♣♣♦s✐t❡ ✐s tr✉❡ ❢♦r J r,θ
R,Z ✳ ◆♦✇✱ ✇❡ ❝❛♥

❡st❛❜❧✐s❤ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ tr❛♥s❢♦r♠❛t✐♦♥ r❡❧❛t✐♦♥s ❢♦r t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ❜② ♠✉❧t✐♣❧②✐♥❣ ✇✐t❤

t❤❡ tr❛♥s♣♦s❡ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐❝❡s✳ ❚❤❡r❡❢♦r❡✱ ∂R,Z = J r,θ
R,Z

T · ∂r,θ✱ ❛♥❞ ∂r,θ = J R,Z
r,θ

T · ∂R,Z ✳
❊①♣❧✐❝✐t❧②✱ ✐t r❡❛❞s

[
∂
∂R
∂
∂Z

]

=

[
cos θ − sin θ

r

− sin θ − cos θ
r

] [
∂
∂r
∂
∂θ

]

=

[
cos θ ∂∂r − sin θ

r
∂
∂θ

− sin θ ∂∂r − cos θ
r

∂
∂θ

]

✭❈✳✷✷✮

❛♥❞✱
[
∂
∂r
∂
∂θ

]

=

[
cos θ − sin θ

−r sin θ −r cos θ

] [
∂
∂R
∂
∂Z

]

=

[
cos θ ∂

∂R − sin θ ∂
∂Z

−r sin θ ∂
∂R − r cos θ ∂

∂Z

]

✭❈✳✷✸✮

✷✸✹



❆♥♦t❤❡r t✇♦ ✐❞❡♥t✐t✐❡s ✲t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ∂2

∂R2 ❛♥❞ ∂2

∂Z2 ✲ ✇✐❧❧ ♣r♦✈❡ t♦ ❜❡ ✈❡r② ✉s❡❢✉❧ ❢♦r
t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ❛♥❞ ♦t❤❡r ♦♣❡r❛t♦rs✳ ❆❢t❡r s♦♠❡ ❛❧❣❡❜r❛✱ t❤❡② r❡❛❞✱

∂2

∂R2
= cos2 θ

∂2

∂r2
+

sin2 θ

r2
∂2

∂θ2
− sin(2θ)

r

∂2

∂r∂θ
+

sin2 θ

r

∂

∂r
+

sin(2θ)

r2
∂

∂θ
, ✭❈✳✷✹❛✮

∂2

∂Z2
= sin2 θ

∂2

∂r2
+

cos2 θ

r2
∂2

∂θ2
+

sin(2θ)

r

∂2

∂r∂θ
+

cos2 θ

r

∂

∂r
− sin(2θ)

r2
∂

∂θ
, ✭❈✳✷✹❜✮

●r❛❞✲❙❤❛❢r❛♥♦✈ ❛♥❞ ❉✐✣✉s✐♦♥ ❖♣❡r❛t♦rs✿

●r❛❞✲❙❤❛❢r❛♥♦✈ ♦♣❡r❛t♦r ✐s ❛♥ ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦r ❛r✐s❡ ♥❛t✉r❛❧❧② ✐♥ ✭R✱ϕ✱Z✮ ❝♦♦r❞✐♥❛t❡ s②st❡♠
✇❤❡♥ ♠♦❞❡❧❧✐♥❣ t❤❡ ♣❧❛s♠❛ ❡q✉✐❧✐❜r✐✉♠ ❬✸✼✼✱ ✸✼✽❪✳ ❲❤❡♥ ∂

∂ϕ = 0✱ ●r❛❞✲❙❤❛❢r❛♥♦✈ ♦♣❡r❛t♦r
r❡❛❞s

∆∗ψ =
∂2ψ

∂R2
+
∂2ψ

∂Z2
− 1

R

∂ψ

∂R
= ∆R,Zψ − 2

R

∂ψ

∂R
, ✭❈✳✷✺✮

✇❤❡r❡ ∆R,Z ✐s t❤❡ ▲❛♣❧❛❝✐❛♥ ❣✐✈❡♥ ❜② ❊q✳✭❈✳✼❞✮✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♦❜t❛✐♥ t❤✐s ♦♣❡r❛t♦r ✐♥
✭r, θ, ϕ✮ ❝♦♦r❞✐♥❛t❡ ❛❢t❡r s✉❜st✐t✉t✐♥❣ ❊qs✳✭❈✳✷✹✮ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳ ❚❤❡♥✱ ✇❡ ✜♥❞

∆+ψ = ∆∗|r,θψ =
∂2ψ

∂r2
+

1

r

∂ψ

∂r
+

1

r2
∂2ψ

∂θ2
− 1

R

(
cos θ

∂

∂r
− sin θ

r

∂

∂θ

)

ψ, ✭❈✳✷✻✮

❆❢t❡r ❡①♣❛♥❞✐♥❣ t❤❡ ▲❛♣❧❛❝✐❛♥ ❊q✳✭❈✳✶✺❞✮✱ ❛♥❞ s✉❜st✐t✉t✐♥❣ ❊qs✳❬❈✳✷✵❜✱ ❈✳✶✺❛❪ ✐♥t♦ t❤❡ ♣r❡✈✐♦✉s
❡q✉❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥

∆+ = ∆⊥ − 2

R
(∇R) · ∇, ✭❈✳✷✼✮

❍❡r❡ ❛❧❧ t❤❡ ♦♣❡r❛t♦rs ❛r❡ ✇r✐tt❡♥ ✐♥ ✭r, θ, ϕ✮ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ∆⊥ ✐s t❤❡ ♣♦❧♦✐❞❛❧ ▲❛♣❧❛❝✐❛♥
✇❤✐❝❤ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❊q✳✭❈✳✶✺❞✮ ✐♥ t❤❡ ❧✐♠✐t ∂

∂ϕ = 0✳ ❲❤❡♥ ✇❡ s❡❡❦ t♦ ❡①t❡♥❞ t❤❡ r❡❞✉❝❡❞
▼❍❉ ♠♦❞❡❧✱ ❜② ❢♦r ❡①❛♠♣❧❡ ✐♥❝❧✉❞✐♥❣ ❛ ✈❛r②✐♥❣ ❞❡♥s✐t② ♣r♦✜❧❡✱ ✇❡ ❡♥❝♦✉♥t❡r ❛♥♦t❤❡r ♦♣❡r❛t♦r✱
❦♥♦✇♥ ❛s t❤❡ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ●r❛❞✲❙❤❛❢r❛♥♦✈
♦♣❡r❛t♦r✳ ■t ✐s ❣✐✈❡♥ ✐♥ ✭R,ϕ, Z✮ ❜②

∆ρψ = ρR
{ ∂

∂R

( 1

ρR

∂ψ

∂R

)

+
∂

∂Z

( 1

ρR

∂ψ

∂Z

)}

= ∆∗ψ − 1

ρ
(∇ρ) · ∇ψ, ✭❈✳✷✽✮

❲❡ ♦❜t❛✐♥ ❊q✳✭❈✳✷✽✮ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❊q✳✭❈✳✷✼✮✳ ◆♦t✐❝❡ t❤❛t
✇❤❡♥ ρ = const✱ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r r❡❞✉❝❡s t♦ ●r❛❞✲❙❤❛❢r❛♥♦✈ ♦♣❡r❛t♦r✿ ❊q✳✭❈✳✷✺✮✳ ❲❡ ❝❛♥
tr❛♥s❢♦r♠ ∆ρ t♦ ✭r, θ, ϕ✮ ✇✐t❤ ❞✐✛❡r❡♥t ♠❡t❤♦❞s✳ ❚❤❡ str❛✐❣❤t❢♦r✇❛r❞ ♦♥❡ ✐s ❜② ✉s✐♥❣ ❊q✳✭❈✳✷✼✮✱
✇❤✐❝❤ ❣✐✈❡s

∆+
ρ = ∆⊥ − 2

R
(∇R) · ∇ − 1

ρ
(∇ρ) · ∇, ✭❈✳✷✾✮

❆❣❛✐♥✱ ∆+
ρ r❡❞✉❝❡❞ t♦ ∆+ ✇❤❡♥ ρ = const✳ ❆❧❧ t❤❡ ♦♣❡r❛t♦rs ❛r❡ ✇r✐tt❡♥ ✐♥ ✭r, θ, ϕ✮✳ ■♥ t✇♦

❧✐♥❡s✱

∆∗
R,Z −→ ∆+

r,θ, ∆ρ,RZ −→ ∆+
ρ,rθ, ✭❈✳✸✵✮

P♦✐ss♦♥ ❇r❛❝❦❡ts✿

■♥ ❣❡♥❡r❛❧✱ t❤❡s❡ ❜r❛❝❦❡ts r❡s✉❧t ❢r♦♠ t❤❡ ❛❞✈❡❝t✐✈❡ t❡r♠s ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥s ♦❢ r❡❞✉❝❡❞ ❛♥❞
❡❧❡❝tr♦♥ ▼❍❉✳ P♦✐ss♦♥ ❜r❛❝❦❡t ❢♦r t✇♦ ❢✉♥❝t✐♦♥s f ❛♥❞ g ❞❡✜♥❡❞ ✐♥ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❈❛rt❡s✐❛♥
❝♦♦r❞✐♥❛t❡ s②st❡♠ ✐s ❣✐✈❡♥ ❜②✱

✷✸✺



❆♣♣❡♥❞✐① ❈✳ ❚♦r♦❞✐❛❧ ❈♦♦r❞✐♥❛t❡ ❙②st❡♠

[f, g] =
∂f

∂x

∂g

∂y
− ∂g

∂x

∂f

∂y
, ✭❈✳✸✶✮

❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❛❞✈❡❝t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② n ✇✐t❤ ✈❡❧♦❝✐t② u ❝♦✉❧❞ ❧❡❛❞s t♦ ❛ t❡r♠ ♦❢ t❤❡
❢♦r♠ [φ, n]✱ ✇❤❡r❡ φ ♠✐❣❤t ❜❡ t❤❡ ✈❡❧♦❝✐t② str❡❛♠ ❢✉♥❝t✐♦♥✳ ❇② t❤❡ ❞✐r❡❝t s✉❜st✐t✉t✐♥❣ ❢♦r t ❤❡
❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s ✐♥t♦ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❏❛❝♦❜✐❛♥s ♦❢ ❡❛❝❤ ❝♦♦r❞✐♥❛t❡
s②st❡♠✱ ✇❡ ♦❜t❛✐♥

[f, g]R,Z =
∂f

∂R

∂g

∂Z
− ∂g

∂R

∂f

∂Z
, ✭❈✳✸✷❛✮

[f, g]r,θ =
1

r

{∂f

∂r

∂g

∂θ
− ∂g

∂r

∂f

∂θ

}

, ✭❈✳✸✷❜✮

■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡
[ , ]R,Z −→ −[ , ]r,θ, ✭❈✳✸✸✮

❚❤❡ ♠✐♥✉s s✐❣♥ ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t eR × eZ = −eϕ✱ ✇❤✐❧❡ er × eθ = eϕ✳ ❆ ✉s❡❢✉❧ ✐❞❡♥t✐t② ♦❢
P♦✐ss♦♥ ❜r❛❝❦❡t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡

d

dr
[A,B] = [

dA

dr
, B] + [A,

dB

dr
], ✭❈✳✸✹✮

✷✸✻



❉

▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ❘▼❍❉ ▼♦❞❡❧

■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ❡①♣❧✐❝✐t❧② ♣r❡s❡♥t ❛♥❞ ❞✐s❝✉ss ❛❧❧ t❡r♠s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❧✐♥❡❛r ❘▼❍❉ ❡q✉❛t✐♦♥
❊qs✳❬✺✳✼✵✱ ✺✳✼✶❪✳ ❚❤❡ ❜❛s✐❝ ♣❡rt✉r❜❛t✐♦♥ q✉❛♥t✐t✐❡s ❛r❡

ψ1 = ψ̃(x)eγteiky, φ1 = φ̃(x)eγteiky, ✭❉✳✶✮

▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ❊q✉❛t✐♦♥s✿

❍❡r❡ ✇❡ ✇r✐t❡ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ t❡r♠s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❧✐♥❡❛r✐③❡❞ ❘▼❍❉ ❡q✉❛t✐♦♥s ✐♥
s❡❝t✐♦♥ ✺✳✹✳✷✱ ♥❛♠❡❧② ❊qs✭✺✳✼✵✱ ✺✳✼✸✮✳ ❆❧❧ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t✐❡s ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ x ♦♥❧②✳

∇2ψ1 = (
∂

∂x2
−k2)ψ̃(x)eikyeγt = Aψ̃(x)eikyeγt, ∇2φ1 = i(

∂

∂x2
−k2)φ̃(x)eikyeγt = iAφ̃(x)eikyeγt,

✭❉✳✷✮

F1 =
{

I − d2e(
∂2

∂x2
− k2)

}

ψ̃(x)eikyeγt = (I − d2eA)ψ̃(x)eikyeγt = Dψ̃(x)eikyeγt, ✭❉✳✸✮

U1 = i
(

ρ2i

[ ∂4

∂x4
− 2k2

∂2

∂x2
+ k4

]

+ (
∂2

∂x2
− k2)

)

φ̃(x)eikyeγt = i(ρ2i E +A)φ̃(x)eikyeγt

= iΛφ̃(x)eikyeγt,

✭❉✳✹✮

∇2U1 = i
(

ρ2i (
∂2

∂x2
− k2)

[ ∂4

∂x4
− 2k2

∂2

∂x2
+ k4

]

+
[ ∂4

∂x4
− 2k2

∂2

∂x2
+ k4

])

φ̃(x)eikyeγt

= i(ρ2iAE + E)φ̃(x)eikyeγt = iVφ̃(x)eikyeγt,
✭❉✳✺✮

∂F1

∂t
= γ{1− d2eA}ψ̃(x)eikyeγt = γDψ̃(x)eikyeγt,

∂U1

∂t
= iγ{ρ2i E +A}φ̃(x)eikyeγt = iΛφ̃(x)eikyeγt,

✭❉✳✻✮

[φeq,F1] =
∂φeq
∂x

∂F1

∂y
− ∂F1

∂x

∂φeq
∂y

=
∂φeq
∂x

∂F1

∂y
=
∂φeq
∂x

∂F1

∂y
= ikφ

′

eqDψ̃(x)eikyeγt, ✭❉✳✼✮

✷✸✼



❆♣♣❡♥❞✐① ❉✳ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ❘▼❍❉ ▼♦❞❡❧

[φ1,Feq] = kF ′

eqφ̃(x)e
ikyeγt, ✭❉✳✽✮

[Ueq, ψ1] = ikU
′

eqψ̃(x)e
ikyeγt, ✭❉✳✾✮

[U1, ψeq] = kψ
′

eq{ρ2i E +A}φ̃(x)eikyeγt = kψ
′

eqΛφ̃(x)e
ikyeγt, ✭❉✳✶✵✮

[φeq, U1] = −kφ′

eq{ρ2i E +A}φ̃(x)eikyeγt = −kφ′

eqΛφ̃(x)e
ikyeγt, ✭❉✳✶✶✮

[φ1, Ueq] = kU
′

eqφ̃(x)e
ikyeγt, ✭❉✳✶✷✮

[ψeq,∇2ψ1] = ikψ
′

eqAψ̃(x)eikyeγt, ✭❉✳✶✸✮

[ψ1,∇2ψeq] = −ikψ′′′

eqψ̃(x)e
ikyeγt, ✭❉✳✶✹✮

❆❜♦✈❡✱ t❤❡ ♠❛tr✐❝❡s A, D, E , Λ ❛♥❞ V ❛r❡ ❣✐✈❡♥ ❜② ❊q✳✭✺✳✼✼✮✳ ❙✉❜st✐t✉t✐♥❣ t❤❡ ♣r❡✈✐♦✉s
r❡❧❛t✐♦♥s ✐♥t♦ ❊qs✭✺✳✼✵✱ ✺✳✼✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✺✳✼✻✳

✷✸✽



❊

▲✐♥❡❛r ❆♥❛❧②s✐s ✐♥ t❤❡ ❍❛❧❧ ❘❡❣✐♠❡

■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ❧✐♥❡❛r✐③❡ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ♦❢ ❍❛❧❧ ▼❍❉ ✇❤✐❝❤ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡
❍❛❧❧ t❡r♠✳

▲✐♥❡❛r✐③❛t✐♦♥ ✐♥ t❤❡ ❍❛❧❧ ❘❡❣✐♠❡✿

❆❢t❡r s✉❜st✐t✉t✐♥❣ ❊q✳✭✺✳✼✽✮ ✐♥t♦ ❊q✳✭✺✳✼✾✮✱ ❛♥❞ ♣❡rt✉r❜✐♥❣ ❡❛❝❤ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t② Aeq✱
✇✐t❤ A1 s✉❝❤ t❤❛t |A1| << |Aeq|✱ t❤❡ ❧✐♥❡❛r✐③❡❞ ▼❛①✇❡❧❧❧✲❋❛r❛❞❛② ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

∂B1

∂t
= ∇× (u×Beq)− µ0d

2
e∇× (

∂J1

∂t
)− µ0d

2
e∇× (∇ · {uJeq + Jequ})−

1

en
∇× (Jeq ×B1)

− 1

en
∇× (J1 ×Beq)− η∇× (J1),

✭❊✳✶✮

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❡❧♦❝✐t② ✐s t❛❦❡♥ t♦ ❜❡ ③❡r♦✱ ❛♥❞ t❤✉s u = u1✳ ❚❤❡
♣❡rt✉r❜❛t✐♦♥ q✉❛♥t✐t✐❡sA1 ❛r❡A1 = A1xex+A1yey+A1zez✳ ❆❧s♦✱ ✇❡ ❛ss✉♠❡❞ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡
❧✐♠✐t ✭∇ ·u = 0✮✳ ◆♦✇ ✉s✐♥❣ ❊qs✳✭✺✳✽✷✱ ✺✳✽✶✱ ✺✳✼✾✮✱ t❤❡ t❡r♠s ✐♥ ❧✐♥❡❛r✐③❡❞ ❋❛r❛❞❛② ❡q✉❛t✐♦♥ ❛r❡

u×Beq =







Bguy −B0f(x)uz,

−Bgux,
B0f(x)ux

✭❊✳✷✮

∇× (u×Beq) =







B0f(x)
∂ux
∂y ,

−B0f
′
(x)ux −B0f(x)

∂ux
∂x ,

−Bg
∂ux
∂x

−Bg
∂uy
∂y

︸ ︷︷ ︸

= 0,∇ · u = 0.

+B0f(x)
∂uz
∂y = B0f(x)

∂uz
∂y ,

✭❊✳✸✮

Jeq ×B1 =
B0

µ0







−f ′
(x)B1y,

f
′
(x)B1x,

0,

✭❊✳✹✮

✷✸✾



❆♣♣❡♥❞✐① ❊✳ ▲✐♥❡❛r ❆♥❛❧②s✐s ✐♥ t❤❡ ❍❛❧❧ ❘❡❣✐♠❡

∇×(Jeq×B1) =
B0

µ0







0,

0,

f
′′
(x)B1x + f

′
(x)

∂B1x

∂x
+
∂B1y

∂y
︸ ︷︷ ︸

= − ∂B1z

∂z

= f
′′
(x)B1x − f

′
(x)

∂B1z

∂z
︸ ︷︷ ︸

= 0 if ∂
∂z

= 0.

= f
′′
(x)B1x,

✭❊✳✺✮

J1 =
1

µ0
∇×B1 =

1

µ0







∂B1z
∂y ,

−∂B1z
∂x ,

∂B1y

∂x − ∂B1x
∂y

✭❊✳✻✮

∇× J1 =
1

µ0







∂2B1y

∂x∂y − ∂2B1x
∂x2

= −∇2B1x,

−∂2B1y

∂x2
+ ∂2B1x

∂x∂y ,

−∂2B1z
∂x2

− ∂2B1z
∂y2

= −∇2B1z,

✭❊✳✼✮

J1 ×Beq =
1

µ0







−Bg ∂B1z
∂x −B0f(x)

∂B1y

∂x +B0f(x)
∂B1x
∂y ,

−Bg ∂B1z
∂y ,

B0f(x)
∂B1z
∂y ,

✭❊✳✽✮

∇× (J1 ×Beq) =
1

µ0







B0f(x)
∂2B1z
∂y2

,

−B0f
′
(x)∂B1z

∂y −B0f(x)
∂2B1z
∂x∂y ,

B0f(x)(
∂2B1y

∂x∂y − ∂2B1x
∂y2

) = −B0f(x)∇2B1x,

✭❊✳✾✮

∇ · {uJeq + Jequ} = (∇ · u)Jeq + u · ∇Jeq + (∇ · Jeq)u+ Jeq · ∇u =
B0

µ0
f

′′
(x)uxez, ✭❊✳✶✵✮

❲❤❡r❡ ∇ · u = ∇ · Jeq = Jeq · ∇ = 0✳

∇×
[

∇ · {uJeq + Jequ}
]

=
B0

µ0







f
′′
(x)∂ux∂y ,

−f ′′′
(x)ux − f

′′
(x)∂ux∂x ,

0,

✭❊✳✶✶✮

❆❢t❡r s✉❜st✐t✉t✐♥❣ t❤❡s❡ r❡❧❛t✐♦♥s ✐♥t♦ ❊q✳✭❊✳✶✮✱ x− ❛♥❞ z− ❝♦♠♣♦♥❡♥ts ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
t✇♦ ❡q✉❛t✐♦♥s✱

∂

∂t
(1− d2e∇2)B1x = B0[f(x)− d2ef

′′
(x)]

∂ux
∂y

− B0

µ0en
f(x)

∂2B1z

∂y2
+

η

µ0
∇2B1x, ✭❊✳✶✷✮

∂

∂t
(1− d2e∇2)B1z = B0f(x)

∂uz
∂y

+
B0

µ0en
[f(x)∇2 − f

′′
(x)]B1x +

η

µ0
∇2B1z, ✭❊✳✶✸✮

❚❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ ❊q✳✭✺✳✽✵✮✱ ❣✐✈❡s

✷✹✵



mn
∂u

∂t
= −∇p1 + J1 ×Beq + Jeq ×B1 + ν∇2u, ✭❊✳✶✹✮

◆♦✇✱ t❛❦✐♥❣ t❤❡ ❝✉r❧ ♦❢ t❤✐s ❡q✉❛t✐♦♥ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ♣r❡ss✉r❡✱ ♦♥❡ ✜♥❞s

mn
∂Ω

∂t
= ∇× (J1 ×Beq) +∇× (Jeq ×B1) + ν∇2Ω, ✭❊✳✶✺✮

❲❤❡r❡

Ω = ∇× u =







∂uz
∂y

−∂uz
∂x

∂uy
∂x − ∂ux

∂y

, ✭❊✳✶✻✮

❯s✐♥❣ ❊qs✭❊✳✾✱ ❊✳✺✮✱ ♦♥❡ ❡❛s✐❧② ♦❜t❛✐♥s

mn







∂Ωx
∂t
∂Ωy
∂t
∂Ωz
∂t

=







B0
µ0
f(x)∂

2B1z
∂y2

+ ν∇2Ωx,

−B0
µ0
f

′
(x)∂B1z

∂y − B0
µ0
f(x)∂

2B1z
∂x∂y + ν∇2Ωy,

−B0
µ0
f(x)∇2B1x +

B0
µ0
f

′′
(x)B1x + ν∇2Ωz,

✭❊✳✶✼✮

❊✈❛❧✉❛t✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ∂
∂y ♦❢ t❤❡ z−❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥✱ ♦♥❡ ✜♥❞s

∂Ωz
∂

= −∇2ux, ✭❊✳✶✽✮

❚❤❡♥✱ t❤❡ z−❝♦♠♣♦♥❡♥t ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

mn
∂

∂t
∇2ux =

B0

µ0
[f(x)∇2 − f

′′
(x)]

∂B1x

∂y
+ ν∇2∇2ux, ✭❊✳✶✾✮

❚❤❡ x✲ ❛♥❞ z− ❝♦♠♣♦♥❡♥ts ♦❢ ✈♦rt✐❝✐t② ❡q✉❛t✐♦♥ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ x− ❛♥❞ z− ❝♦♠♣♦♥❡♥ts ♦❢
❋❛r❛❞❛② ❡q✉❛t✐♦♥ ❢♦r♠ ❛ ❝❧♦s❡❞✲❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✳ ◆♦✇✱ ✐❢ ✇❡ ♥♦r♠❛❧✐③❡ q✉❛♥t✐t✐❡s
✇✐t❤ r❡s♣❡❝t t♦ B0, L0, u0 = uA, τ0 = τA = L0

u0
✱ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❜❡❝♦♠❡s

∂

∂t
(1− d2e∇2)B1x = [f(x)− d2ef

′′
(x)]

∂ux
∂y

− dif(x)
∂2B1z

∂y2
+ S−1∇2B1x, ✭❊✳✷✵✮

∂

∂t
(1− d2e∇2)B1z = f(x)

∂uz
∂y

+ di[f(x)∇2 − f
′′
(x)]B1x + S−1∇2B1z, ✭❊✳✷✶✮

∂

∂t
∇2ux = [f(x)∇2 − f

′′
(x)]

∂B1x

∂y
+R−1∇2∇2ux, ✭❊✳✷✷✮

∂

∂t

∂uz
∂y

= f(x)
∂2B1z

∂y2
+R−1∇2∂uz

∂y
, ✭❊✳✷✸✮

❘❡♠❛r❦ ♦♥ P❤❛s❡ ❉✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❱❡❧♦❝✐t② ❛♥❞ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ P❡rt✉r❜❛t✐♦♥s✿

❍♦✇❡✈❡r✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣❡rt✉r❜❛t✐♦♥ q✉❛♥t✐t✐❡s ❛r❡ ♦❢ t❤❡ ❢♦r♠ Ã(x)eγteiky✱ ❛♥❞
s✉❜st✐t✉t❡ t❤✐s ✐♥t♦ ❊q✳✭❊✳✶✷✮ ✇✐t❤ di = de = S−1 = 0✱ ♦♥❡ ❡❛s✐❧② ✜♥❞s✱

γB1x = ikf(x)ux, ✭❊✳✷✹✮

❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ♠❡❛♥s t❤❛t ux ❛♥❞ B1x ❤❛✈❡ ♦♣♣♦s✐t❡ s♣❛t✐❛❧ ♣❛r✐t② ❛♥❞ ❛r❡ ❞❡✲♣❤❛s❡❞
❜② π

2 ✳ ❚❤❡r❡❢♦r❡✱ B1x ∼ cos(ky) ∼ eiky✱ ✇❤✐❧❡ ux ∼ sin(ky) ∼ ieiky ❛t O ♣♦✐♥t✳ ❍❡♥❝❡✱ ✇❡ t❛❦❡
♣❡rt✉r❜❛t✐♦♥s t♦ ❜❡ ❛s ❢♦❧❧♦✇s

✷✹✶



❆♣♣❡♥❞✐① ❊✳ ▲✐♥❡❛r ❆♥❛❧②s✐s ✐♥ t❤❡ ❍❛❧❧ ❘❡❣✐♠❡

B1i = B1i(x)e
γteiky, ui = iui(x)e

γteiky, ✭❊✳✷✺✮

❲❤❡r❡ i = x, y, z✳ ❚❤✐s ✐s ❛❧s♦ tr✉❡ ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ❛♥❞ ✈❡❧♦❝✐t② str❡❛♠ ❢✉♥❝t✐♦♥s✿ ψ ❛♥❞ φ✱
r❡❝❡♣t✐✈❡❧②✳

✷✹✷



❋

▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ■♥❝♦♠♣r❡ss✐❜❧❡ ❊▼❍❉

❍♦♠♦❣❡♥❡♦✉s P❡r✐♦❞✐❝ P❡rt✉r❜❛t✐♦♥s✿

❉✉❡ t♦ t❤❡ ✉♥✐❢♦r♠✐t② ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡❧❡❝tr♦♥ ✈❡❧♦❝✐t②
❣✐✈❡♥ ❜② ❆♠♣❡r❡ ❧❛✇ ✈❛♥✐s❤❡s✳ ❚❤❡ ❧✐♥❡❛r ✈❡rs✐♦♥ ♦❢ ❊q✳✭✻✳✼✮ ❜❡❝♦♠❡s

∂B1

∂t
− d2e

∂

∂t
∇2B1 = ∇× (u×B0) +D∇2B1, ✭❋✳✶✮

❲❡ ♣r♦❝❡❡❞ ❜② ❡st✐♠❛t✐♥❣ ❛❧❧ t❤❡ t❡r♠s✳ ❚❤❡ ❡❧❡❝tr♦♥ ✈❡❧♦❝✐t② ✐s ❣✐✈❡♥ ❜②

u1 = − 1

µ0en0
∇×B1 = − 1

µ0en0







∂Bz1
∂y − ∂By1

∂z ,
∂Bx1
∂z − ∂Bz1

∂x ,
∂By1
∂x − ∂Bx1

∂y ,

✭❋✳✷✮

✇❤✐❧❡

u1 ×B0 = − B0

µ0en0







∂Bx1
∂z − ∂Bz1

∂x ,
∂By1
∂z − ∂Bz1

∂y ,

0,

✭❋✳✸✮

∇× (u1 ×B0) = − B0

µ0en0







∂2Bz1
∂z∂y − ∂2By1

∂z2
,

∂2Bx1
∂z2

− ∂2Bz1
∂z∂x ,

∂2By1
∂x∂z − ∂2Bx1

∂y∂z ,

✭❋✳✹✮

❙✉❜st✐t✉t✐♥❣ ✐♥t♦ ❊q✳✭❋✳✶✮✱ ✇❡ ✜♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝♦✉♣❧❡❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s

∂Bx1
∂t

− d2e
∂

∂t
∇2Bx1 =

B0

µ0en0

∂2By1
∂z2

− B0

µ0en0

∂2Bz1
∂z∂y

+D∇2Bx1,

∂By1
∂t

− d2e
∂

∂t
∇2By1 = − B0

µ0en0

∂2Bx1
∂z2

+
B0

µ0en0

∂2Bz1
∂z∂x

+D∇2By1,

∂Bz1
∂t

− d2e
∂

∂t
∇2Bz1 =

B0

µ0en0

∂2Bx1
∂y∂z

− B0

µ0en0

∂2By1
∂x∂z

+D∇2Bz1,

✭❋✳✺✮

❚❤✐s s②st❡♠ ♦❢ ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❛ ✇❛✈❡ ✇✐t❤ ❛♥ ❛r❜✐tr❛r② ❞✐r❡❝t✐♦♥s✳
❍♦✇❡✈❡r✱ ❣♦✐♥❣ ❜❛❝❦ t♦ ♦✉r ❝❤♦s❡♥ ♣❡rt✉r❜❛t✐♦♥ q✉❛♥t✐t✐❡s✱ t❤❡ ♣r❡✈✐♦✉s s❡t ♦❢ ❡q✉❛t✐♦♥s ❜❡❝♦♠❡s

✷✹✸



❆♣♣❡♥❞✐① ❋✳ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ■♥❝♦♠♣r❡ss✐❜❧❡ ❊▼❍❉

❛❢t❡r ❛♣♣❧②✐♥❣ ❋♦✉r✐❡r tr❛♥s❢♦r♠❛t✐♦♥ ✉s✐♥❣ ❊q✳✭✻✳✶✶✮

− iωBx1 − ik2d2eωBx1 = −αk2zB0By1 + αkykzB0Bz1 −Dk2Bx1,

− iωBy1 − ik2d2eωBy1 = αk2zB0Bx1 −Dk2By1,

− iωBz1 − ik2d2eωBz1 = −αkykzB0Bx1 −Dk2Bz1,

✭❋✳✻✮

✇❤❡r❡ α = 1
µ0eno

✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s✱ Bx1, By1, Bz1 ❛r❡ t❤❡ ❋♦✉r✐❡r ❝♦♠♣♦♥❡♥ts Q̃✱ ❜✉t
✇❡ ♦♠✐t t❤❡ t✐❧❞❡ ✭∼✮ t♦ s✐♠♣❧✐❢② ✇r✐t✐♥❣✳ ❊q✳✭❋✳✻✮ ❝❛♥ ❜❡ ❝❛st ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐① ❢♦r♠





−iω(1 + k2d2e) +Dk2 αk2zB0 −αkykzB0

−αk2zB0 −iω(1 + k2d2e) +Dk2 0
αkykzB0 0 −iω(1 + k2d2e) +Dk2









Bx1
By1
Bz1



 = 0, ✭❋✳✼✮

✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✳

■♥❤♦♠♦❣❡♥❡♦✉s P❡rt✉r❜❛t✐♦♥✿

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇r✐t❡ t❤❡ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❡r♠s ✐♥ ❊qs❬✻✳✷✺✱ ✻✳✷✻✱ ✻✳✷✼❪ ❢♦r ✐♥❤♦♠♦❣❡♥❡♦✉s
♣❡rt✉r❜❛t✐♦♥ ❛❧♦♥❣ x✱ ❛♥❞ ♣❡r✐♦❞✐❝ ♦♥❡ ❛❧♦♥❣ y✳ ❚❤❡ ♣❡rt✉r❜❡❞ q✉❛♥t✐t② Q1 t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠

Q1 = Q̃(x)eikyeγt, ✭❋✳✽✮

❍❡♥❝❡✱ t❤❡ ❞✐✛❡r❡♥t t❡r♠s ❜❡❝♦♠❡

∂F1

∂t
= γeikyeγt

(

1− d2e(
∂2

∂x2
− k2)

)

= γeikyeγt
(

1− d2eA
)

ψ̃ = γeikyeγtDψ̃, ✭❋✳✾✮

[beq, F1] = ikeikyeγtb
′

eqDψ̃, ✭❋✳✶✵✮

[b1, Feq] = keikyeγtF
′

eq b̃, ✭❋✳✶✶✮

∇2ψ1 = eikyeγt(
∂2

∂x2
− k2)ψ̃ = eikyeγtAψ̃, ✭❋✳✶✷✮

∂W

∂t
= iγeikyeγtDb̃, ✭❋✳✶✸✮

[beq,W1] = i2keikyeγtb
′

eqDb̃, ✭❋✳✶✹✮

[b1,Weq] = −i2keikyeγtW ′

eq b̃, ✭❋✳✶✺✮

[ψeq,∇2ψ1] = ikeikyeγtψ
′

eqAψ̃(x), ✭❋✳✶✻✮

[ψ1,∇2ψeq] = −ikeikyeγtψ′′′

eqψ̃(x), ✭❋✳✶✼✮

∇2b1 = ieikyeγtAb̃, ✭❋✳✶✽✮

◆♦✇✱ s✉❜st✐t✉t✐♥❣ t❤❡s❡ ❡①♣r❡ss✐♦♥ ✐♥t♦ ❡q✉❛t✐♦♥s ✻✳✷✺✱ ❛♥❞ ✻✳✷✻✱ ♦♥❡ ❡❛s✐❧② ♦❜t❛✐♥s t❤❡
❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❣✐✈❡♥ ❜② ❊q✳✭✻✳✷✽✮✳

✷✹✹



●

❉❡r✐✈❛t✐♦♥ ♦❢ ✷❉✲❊▼❍❉ ▼♦❞❡❧

❙♦♠❡ ❘❡♠❛r❦s ♦♥ t❤❡ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ✷❉✲❊▼❍❉ ▼♦❞❡❧✿

❚♦ ❞❡r✐✈❡ t❤✐s ♠♦❞❡❧✱ ✇❡ ❝❛❧❝✉❧❛t❡ ❡❛❝❤ t❡r♠ ✐♥ ❊q✳✭✻✳✼✮ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②✱

∂

∂t

(

B− d2e∇2B
)

=
1

µ0en
∇×

(

B× (∇×B)
)

− d2e
µ0en

∇×
(

∇2B× (∇×B)
)

+D∇2B, ✭●✳✶✮

❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✻✳✷✶✱ ✇❡ ❤❛✈❡

∇×B = −∇2ψez +∇b× ez, ✭●✳✷✮

B× (∇×B) = ∇2ψ∇ψ − [b, ψ]ez + (Bg + b)∇b, ✭●✳✸✮

∇×
(

B× (∇×B)
)

= [∇2ψ, ψ]ez −∇[b, ψ]× ez, ✭●✳✹✮

∇2B× (∇×B) = ∇2ψ∇(∇2ψ)− [b,∇2ψ]ez +∇2b∇b, ✭●✳✺✮

∇×
(

∇2B× (∇×B)
)

= −∇[b,∇2ψ]× ez + [∇2b, b]ez, ✭●✳✻✮

❆♥❞✱
D∇2B = D∇(∇2ψ)× ez +∇2bez, ✭●✳✼✮

❲❤❡r❡ t❤❡ P♦✐ss♦♥ ❜r❛❝❦❡t ✐s [f, g] = ∂f
∂x

∂g
∂y − ∂g

∂x
∂f
∂y ✳ ❙✉❜st✐t✉t✐♥❣ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥s❤✐♣s

✐♥t♦ ❊q✳✭●✳✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s

∂F

∂t
+

1

µ0en
[b, F ] = D∇2ψ, ✭●✳✽✮

∂W

∂t
+

1

µ0en
[b,W ] =

1

µ0en
[∇2ψ,ψ] +D∇2b, ✭●✳✾✮

❲❤❡r❡ W = b − d2e∇2b✱ ❛♥❞ F = ψ − d2e∇2ψ✳ ◆♦✇✱ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❢♦r♠ ♦❢ t❤❡ ♣r❡✈✐♦✉s
s②st❡♠ ✐s✱

∂F

∂t
+ [b, F ] =

1

S❊▼❍❉
∇2ψ, ✭●✳✶✵✮

∂W

∂t
+ [b,W ] = [∇2ψ, ψ] +

1

S❊▼❍❉
∇2b, ✭●✳✶✶✮

✷✹✺



❆♣♣❡♥❞✐① ●✳ ❉❡r✐✈❛t✐♦♥ ♦❢ ✷❉✲❊▼❍❉ ▼♦❞❡❧

■♥ t❤✐s r❡❣✐♠❡ ✇❡ ♥♦r♠❛❧✐③❡ t✐♠❡s t♦ ❲❤✐st❧❡r t✐♠❡ τw = L2

d2eωc,e
= τA

di
✱ ✇✐t❤ τA ❜❡✐♥❣ t❤❡

❆❧❢✈é♥ t✐♠❡❀ t❤❡ s♣❛t✐❛❧ s❝❛❧❡s ❛r❡ ♥♦r♠❛❧✐③❡❞ t♦ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ L ✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts
t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠❀ t❤❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ♥♦r♠❛❧✐③❡❞ t♦ t❤❡ ❣✉✐❞❡ ✜❡❧❞
Bg✳ ❋✐♥❛❧❧②✱ D = η

µ0
✳ ❆❧s♦✱ ✇❡ s❤♦✉❧❞ ❜❡ ❝❛r❡❢✉❧ ❛❜♦✉t t❤❡ ❢❛❝t t❤❛t ❊▼❍❉ ▲✉♥❞q✉✐st ♥✉♠❜❡r ✐s

r❡❧❛t❡❞ t♦ ❘▼❍❉ ▲✉♥❞q✉✐st ♥✉♠❜❡r ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥

S❊▼❍❉ = diS❘▼❍❉, τw =
τA
di
, ✭●✳✶✷✮

✷✹✻



❍

▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ t❤❡ ❋✉❧❧ Pr❡ss✉r❡

❚❡♥s♦r

❈❛❧❝✉❧❛t✐♥❣ ❉✐✛❡r❡♥t ❚❡r♠s ✐♥ ❊q✉✐❧✐❜r✐✉♠ Pr❡ss✉r❡ ❚❡♥s♦r ❊q✉❛t✐♦♥✿

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r r❡❛❞s✱

(∇ · u0)P0 + (u0 · ∇)P0 + P0 · ∇u0 + [P0 · ∇u0]
T +

e

me

(

P0 ×B0 + [P0 ×B0]
T
)

= 0, ✭❍✳✶✮

❋r♦♠ ❊q✳✭✻✳✸✻✮✱ ♦♥❡ ❤❛s

(∇ · u0)P0 = 0, (u0 · ∇)P0 = 0, ✭❍✳✷✮

◆♦✇ ✉s✐♥❣ ❊q✳✭❇✳✷✾✮✱ ✇❡ ❤❛✈❡

[P0 · ∇u0] =





0 0 P0
xx

∂uz0
∂x

0 0 P0
xy
∂uz0
∂x

0 0 P0
xz
∂uz0
∂x



 ✭❍✳✸✮

❚❤❡r❡❢♦r❡✱

[P0 · ∇u0] + [P0 · ∇u0]
T =





0 0 P0
xx

∂uz0
∂x

0 0 P0
xy
∂uz0
∂x

0 0 2P0
xz
∂uz0
∂x



 ✭❍✳✹✮

❚❤❡ ❧❛st t✇♦ t❡r♠s ♦❢ ❡q✉❛t✐♦♥ ❄❄ ❛r❡ ❣✐✈❡♥ ❜②

e

me
[P0 ×B0] =

e

me





BgP0
xy −Bsf(x)P0

xz BgP0
yy −Bsf(x)P0

yz BgP0
yz −Bsf(x)P0

zz

−BgP0
xx −BgP0

xy −BgP0
xz

Bsf(x)P0
xx Bsf(x)P0

xy Bsf(x)P0
xz



 ✭❍✳✺✮

❚❤❡♥✱

e

me
[P0 ×B0] +

e

me
[P0 ×B0]

T =
e

me
×





2BgP0
xy − 2Bsf(x)P0

xz BgP0
yy −BgP0

xx −Bsf(x)P0
yz BgP0

yz +Bsf(x)P0
xx −Bsf(x)P0

zz

BgP0
yy −BgP0

xx −Bsf(x)P0
yz −2BgP0

xy Bsf(x)P0
xy −BgP0

xz

BgP0
yz +Bsf(x)P0

xx −Bsf(x)P0
zz Bsf(x)P0

xy −BgP0
xz 2Bsf(x)P0

xz





✭❍✳✻✮

✷✹✼



❆♣♣❡♥❞✐① ❍✳ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ t❤❡ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r

◆♦✇ s✉❜st✐t✉t✐♥❣ ❊qs❬❍✳✻✱ ❍✳✹✱ ❍✳✷❪ ✐♥t♦ ❊q✳✭❄❄✮✱ ✇❡ ✜♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❡q✉❛t✐♦♥s

ωc,eP0
xy − ω̄c,ef(x)P0

xz = 0, ✭❍✳✼✮

ωc,eP0
yy − ωc,eP0

xx − ω̄c,ef(x)P0
yz = 0, ✭❍✳✽✮

ωc,eP0
yz + ω̄c,ef(x)P0

xx − ω̄c,ef(x)P0
zz +

∂uz0
∂x

P0
xx = 0, ✭❍✳✾✮

− 2ωc,eP0
xy = 0, ✭❍✳✶✵✮

ωc,eP0
xz − ω̄c,ef(x)P0

xy −
∂uz0
∂x

P0
xy = 0, ✭❍✳✶✶✮

ω̄c,ef(x)P0
xz +

∂uz0
∂x

P0
xz = 0, ✭❍✳✶✷✮

✇❤❡r❡✱

ωc,e =
eBg
m

, ω̄c,e =
eBs
m

✭❍✳✶✸✮

❊✈❛❧✉❛t✐♦♥ ♦❢ ❉✐✛❡r❡♥t ❚❡r♠s ✐♥ ▲✐♥❡❛r✐③❡❞ Pr❡ss✉r❡ ❚❡♥s♦r ❊q✉❛t✐♦♥ ✇✐t❤ ●✉✐❞❡

❋✐❡❧❞✿

▲✐♥❡❛r✐③✐♥❣ ❊q✳✭✻✳✺✷✮ ❣✐✈❡s

∂P1

∂t
+ (∇ · u1)P0 + (u1 · ∇)P0 + P0 · ∇u1 + [P0 · ∇u1]

T ++P1 · ∇u0 + [P1 · ∇u0]
T

+
e

m

(

P0 ×B1 + P1 ×B0 + [P0 ×B1]
T + [P1 ×B0]

T
)

= 0,

✭❍✳✶✹✮

❯s✐♥❣ ❊q✳✭✻✳✺✶✮✱ ❛♥❞ t❤❡ ❝♦♠♣r❡ss✐❜✐❧✐t② ❛ss✉♠♣t✐♦♥✱ ∇ · u1 6= 0✱ t❤❡ s❡❝♦♥❞ t❡r♠ ❜❡❝♦♠❡s

(∇ · u1)P0 =






(∂ux1∂x +
∂uy1
∂y )P0

⊥ 0 0

0 (∂ux1∂x +
∂uy1
∂y )P0

⊥ (∂ux1∂x +
∂uy1
∂y )P0

yz

0 (∂ux1∂x +
∂uy1
∂y )P0

yz (∂ux1∂x +
∂uy1
∂y )P0

||




 ✭❍✳✶✺✮

❚❤❡ t❤✐r❞ t❡r♠ ✐s

(u1 · ∇)P0 =







ux1
dP0

⊥
dx 0 0

0 ux1
dP0

⊥
dx ux1

dP0
yz

dx

0 ux1
dP0

yz

dx ux1
dP0

||

dx







✭❍✳✶✻✮

❚❤❡ ❢♦✉rt❤ ❛♥❞ ✜❢t❤ t❡r♠s ❛r❡ ❣✐✈❡♥ ❜②

P0 · ∇u1 =






P0
⊥
∂ux1
∂x P0

⊥
∂uy1
∂x P0

⊥
∂uz1
∂x

P0
⊥
∂ux1
∂y P0

⊥
∂uy1
∂y P0

⊥
∂uz1
∂y

P0
yz
∂ux1
∂y P0

yz
∂uy1
∂y P0

yz
∂uz1
∂y




 ✭❍✳✶✼✮

❚❤❡♥✱

P0 · ∇u1 + [P0 · ∇u1]
T =






2P0
⊥
∂ux1
∂x P0

⊥(
∂ux1
∂y +

∂uy1
∂x ) P0

⊥
∂uz1
∂x + P0

yz
∂ux1
∂y

P0
⊥(

∂ux1
∂y +

∂uy1
∂x ) 2P0

⊥
∂uy1
∂y P0

⊥
∂uz1
∂y + P0

yz
∂uy1
∂y

P0
⊥
∂uz1
∂x + P0

yz
∂ux1
∂y P0

⊥
∂uz1
∂y + P0

yz
∂uy1
∂y 2P0

yz
∂uz1
∂y




 ✭❍✳✶✽✮

✷✹✽



❆❧s♦✱

P1 · ∇u0 =





0 0 Pxx ∂uz0∂x

0 0 Pxy ∂uz0∂x

0 0 Pxz ∂uz0∂x



 ✭❍✳✶✾✮

❚❤❡♥✱

P1 · ∇u0 + [P1 · ∇u0]
T =





0 0 Pxx ∂uz0∂x

0 0 Pxy ∂uz0∂x

0 0 2Pxz ∂uz0∂x



 ✭❍✳✷✵✮

❛♥❞

P0 ×B1 =






0 P0
⊥Bz1 − P0

yzBy1 P0
yzBz1 − P0

||By1
−P0

⊥Bz1 P0
yzBx1 P0

||Bx1
P0
⊥By1 −P0

⊥Bx1 −P0
yzBx1




 ✭❍✳✷✶✮

P0 ×B1 + [P0 ×B1]
T =






0 −P0
yzBy1 P0

yzBz1 + (P0
⊥ − P0

||)By1
−P0

yzBy1 2P0
yzBx1 (P0

|| − P0
⊥)Bx1

P0
yzBz1 + (P0

⊥ − P0
||)By1 (P0

|| − P0
⊥)Bx1 −2P0

yzBx1






✭❍✳✷✷✮

P1 ×B0 =





BgPxy −ByPxz BgPyy −ByPyz BgPyz −ByPzz
−BgPxx −BgPxy −BgPxz
ByPxx ByPxy ByPxz



 ✭❍✳✷✸✮

P1×B0+[P1×B0]
T =





2BgPxy − 2ByPxz BgPyy −BgPxx −ByPyz BgPyz −ByPzz +ByPxx
BgPyy −BgPxx −ByPyz −2BgPxy ByPxy −BgPxz
BgPyz −ByPzz +ByPxx ByPxy −BgPxz 2ByPxz





✭❍✳✷✹✮
❍❡r❡ By = By(x) = Bsf(x)✱ s✉❝❤ t❤❛t B0 = Byey + Bgez✳ ❚❤❡s❡ ✇✐❧❧ ❤❡❧♣ ✉s t♦ ✐❞❡♥t✐❢② t❤❡
✐♠♣♦rt❛♥❝❡ ♦❢ ❡❛❝❤ t❡r♠ ✐♥ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✉♥❞❡r ❞✐✛❡r❡♥t ❝♦♥❞✐t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ✉♥❞❡r
t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛ str♦♥❣ ❣✉✐❞❡ ✜❡❧❞✱ ωc,e ≫ ω̄c,e✳ ❙✉❜st✐t✉t✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ✐♥t♦
❊q✳✭❍✳✶✹✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✭✇❡ ♦♠✐t t❤❡ ”1” s✉♣❡rs❝r✐♣t✮

∂P1
xx

∂t
+ 2ωc,eP1

xy − 2ω̄c,ef(x)P1
xz = −P0

⊥(
∂ux1
∂x

+
∂uy1
∂y

)− dP0
⊥

dx
ux1 − 2P0

⊥
∂ux1
∂x

, ✭❍✳✷✺✮

∂P1
xy

∂t
+ ωc,eP1

yy − ωc,eP1
xx − ω̄c,ef(x)P1

yz =
e

m
P0
yzBy1 − P0

⊥(
∂ux1
∂y

+
∂uy1
∂x

), ✭❍✳✷✻✮

∂P1
xz

∂t
+ ωc,eP1

yz − ω̄c,ef(x)P1
zz + ω̄c,ef(x)P1

xx = − e

m
P0
yzBz1 −

e

m
(P0

⊥ − P0
||)By1 − P0

⊥
∂uz1
∂x

− Pxx
∂uz0
∂x

− P0
yz

∂ux1
∂y

,

✭❍✳✷✼✮

✷✹✾



❆♣♣❡♥❞✐① ❍✳ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ t❤❡ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r

∂P1
yz

∂t
+ ω̄c,ef(x)P1

xy − ωc,eP1
xz = − e

m
(P0

|| − P0
⊥)Bx1 − P0

⊥
∂uz1
∂y

− P0
yz

∂uy
∂y

− Pxy
∂uz0
∂x

− ux1
dP0

yz

dx
− (

∂ux1
∂x

+
∂uy1
∂y

)P0
yz, ,

✭❍✳✷✽✮

∂P1
yy

∂t
− 2ωc,eP1

xy = −2
e

m
P0
yzBx1 − 2P0

⊥
∂uy1
∂y

− ux1
dP0

⊥
dx

− (
∂ux1
∂x

+
∂uy1
∂y

)P0
⊥, ✭❍✳✷✾✮

∂P1
zz

∂t
+2ω̄c,ef(x)P1

xz = 2
e

m
P0
yzBx1−2P0

yz

∂uz1
∂y

−2Pxz
∂uz0
∂x

−ux1
dP0

||
dx

−(
∂ux1
∂x

+
∂uy1
∂y

)P0
|| , ✭❍✳✸✵✮

■♥ ❊▼❍❉ ♠♦❞❡❧✱ t❤❡ ❡❧❡❝tr♦♥ ❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝② ♦❢ t❤❡ s❤❡❛r ✜❡❧❞ ✭ω̄c,e✮ ❛♥❞ t❤❡ ❣r♦✇t❤ r❛t❡
♦❢ t❤❡ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡ ✭γ✮ ✇✐❧❧ ❜❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❣✉✐❞❡ ✜❡❧❞ ✭ωc,e✮✱
t❤❛t ✐s✱ γ ≪ ω̄c,e ≪ ωc,e✳ ❚❤✉s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s②st❡♠ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥✱ ✇❡ ❝❛♥ ♥❡❣❧❡❝t
s♦♠❡ t❡r♠s✳ ❚❤❡ ♣r❡✈✐♦✉s s❡t ♦❢ ❡q✉❛t✐♦♥s ❜❡❝♦♠❡s

γ

2ωc,e
Pxx + Pxy −

ω̄c,e
ωc,e

f(x)Pxz = Λ1 ✭❍✳✸✶✮

γ

ωc,e
Pxy + Pyy − Pxx −

ω̄c,e
ωc,e

f(x)Pyz = Λ2 ✭❍✳✸✷✮

γ

ωc,e
Pxz + Pyz −

ω̄c,e
ωc,e

f(x)Pzz +
ω̄c,e
ωc,e

f(x)Pxx +
1

ωc,e

∂uz0
∂x

Pxx = Λ3 ✭❍✳✸✸✮

γ

ωc,e
Pyz +

ω̄c,e
ωc,e

f(x)Pxy − Pxz +
1

ωc,e

∂uz0
∂x

Pxy = Λ4 ✭❍✳✸✹✮

γ

2ωc,e
Pyy − Pxy = Λ5 ✭❍✳✸✺✮

γ

2ω̄c,e
Pzz + f(x)Pxz +

1

ω̄c,e

∂uz0
∂x

Pxz = Λ6 ✭❍✳✸✻✮

Λ1 = − 1

2ωc,e
(
∂ux1
∂x

+
∂uy1
∂y

)P0
⊥ − 1

2ωc,e
ux1

dP0
⊥

dx
− 1

ωc,e
P0
⊥
∂ux1
∂x

, ✭❍✳✸✼✮

Λ2 =
e

mωc,e
P0
yzBy1 −

1

ωc,e
P0
⊥(
∂ux1
∂y

+
∂uy1
∂x

), ✭❍✳✸✽✮

Λ3 = − e

mωc,e
P0
yzBz1 −

e

mωc,e
(P0

⊥ − P0
||)By1 −

1

ωc,e
P0
⊥
∂uz1
∂x

− 1

ωc,e
P0
yz

∂ux1
∂y

, ✭❍✳✸✾✮

Λ4 = − e

mωc,e
(P0

||−P0
⊥)Bx1−

1

ωc,e
P0
⊥
∂uz1
∂y

− 1

ωc,e
P0
yz

∂uy
∂y

− 1

ωc,e
ux1

dP0
yz

dx
− 1

ωc,e
(
∂ux1
∂x

+
∂uy1
∂y

)P0
yz,

✭❍✳✹✵✮

✷✺✵



Λ5 = − e

mωc,e
P0
yzBx1 −

1

ωc,e
P0
⊥
∂uy1
∂y

− 1

2ωc,e
ux1

dP0
⊥

dx
− 1

2ωc,e
(
∂ux1
∂x

+
∂uy1
∂y

)P0
⊥, ✭❍✳✹✶✮

Λ6 =
e

¯mωc,e
P0
yzBx1 −

1

ω̄c,e
P0
yz

∂uz1
∂y

− 1

2ω̄c,e
ux1

dP0
||

dx
− 1

2ω̄c,e
(
∂ux1
∂x

+
∂uy1
∂y

)P0
|| , ✭❍✳✹✷✮

❲❤❡♥✱ P0
yz = 0✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s r❡❛❞

γ

2ωc,e
P1
xx + P1

xy −
ω̄c,e
ωc,e

f(x)P1
xz = Λ1 ✭❍✳✹✸✮

γ

ωc,e
P1
xy + P1

yy − P1
xx −

ω̄c,e
ωc,e

f(x)P1
yz = Λ2 ✭❍✳✹✹✮

γ

ωc,e
P1
xz + P1

yz −
ω̄c,e
ωc,e

f(x)P1
zz +

ω̄c,e
ωc,e

f(x)P1
xx +

1

ωc,e

∂uz0
∂x

P1
xx = Λ3 ✭❍✳✹✺✮

γ

ωc,e
P1
yz +

ω̄c,e
ωc,e

f(x)P1
xy − P1

xz +
1

ωc,e

∂uz0
∂x

P1
xy = Λ4 ✭❍✳✹✻✮

γ

2ωc,e
P1
yy − P1

xy = Λ5 ✭❍✳✹✼✮

γ

2ω̄c,e
P1
zz + f(x)P1

xz +
1

ω̄c,e

∂uz0
∂x

P1
xz = Λ6 ✭❍✳✹✽✮

✇❤❡r❡✱

Λ1 = − 1

2ωc,e
P0
⊥(
∂ux1
∂x

+
∂uy1
∂y

)− 1

2ωc,e

dP0
⊥

dx
ux1 −

1

ωc,e
P0
⊥
∂ux1
∂x

, ✭❍✳✹✾✮

Λ2 = − 1

ωc,e
P0
⊥(
∂ux1
∂y

+
∂uy1
∂x

), ✭❍✳✺✵✮

Λ3 = − 1

ωc,e
P0
⊥
∂uz1
∂x

− e

mωc,e
(P0

⊥ − P0
||)By1, ✭❍✳✺✶✮

Λ4 = − e

mωc,e
(P0

|| − P0
⊥)Bx1 −

1

ωc,e
P0
⊥
∂uz1
∂y

, ✭❍✳✺✷✮

Λ5 = − 1

ωc,e
P0
⊥
∂uy1
∂y

− 1

2ωc,e

dP0
⊥

dx
ux1 −

1

2ωc,e
P0
⊥(
∂ux1
∂x

+
∂uy1
∂y

) ✭❍✳✺✸✮

Λ6 = − 1

2ω̄c,e

dP0
||

dx
ux1 −

1

2ω̄c,e
P0
||(
∂ux1
∂x

+
∂uy1
∂y

), ✭❍✳✺✹✮

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s t❤❡ t❡r♠s t❤❛t ❝♦♥t❛✐♥ ∂uz0
∂x ❛r❡ ❛❧s♦ ♦❢ ♦r❞❡r ω̄c,e

ωc,e
❛❝❝♦r❞✐♥❣ t♦

❊q✳✭✻✳✸✻✮✳ ◆❡❣❧❡❝t✐♥❣ t❤❡s❡ t❡r♠s ✐s ❢✉rt❤❡r ❥✉st✐✜❡❞ ✇❤❡♥ de ≪ L0✱ ✇❤❡r❡ L0 ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
❧❡♥❣t❤ ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞✳

✷✺✶



❆♣♣❡♥❞✐① ❍✳ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ t❤❡ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝✉ss✐♦♥✱ ✇❡ ❛❧✇❛②s ♥❡❣❧❡❝t t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ t❡r♠s ✇❤❡♥ ♠✉❧t✐♣❧✐❡❞ ❜② ω̄c,e
ωc,e

✱

♦r γ
ωc,e

✱ ❊q✳✭❍✳✹✻✮ ❣✐✈❡s✱

P1
xz = −Λ4 =

e

mωc,e
(P0

|| − P0
⊥)Bx1 +

P0
⊥

ωc,e

∂uz1
∂y

, ✭❍✳✺✺✮

❊q✳✭❍✳✹✹✮ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣♦rt❛♥t r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣❡rt✉r❜❡❞ ❝♦♠♣♦♥❡♥ts✿ P1
xx

❛♥❞ P1
yy✳

P1
yy − P1

xx = Λ2 = − P0
⊥

ωc,e
(
∂ux1
∂y

+
∂uy1
∂x

), ✭❍✳✺✻✮

◆♦✇ s✉❜tr❛❝t✐♥❣ ❊q✳✭❍✳✹✸✮ ❢r♦♠ ❊q✳✭❍✳✹✼✮✱ ❛♥❞ s✉❜st✐t✉t✐♥❣ ❊q✳✭❍✳✺✻✮ ✐♥t♦ t❤❡ r❡s✉❧ts✱ ♦♥❡
✜♥❞s

P1
xy =

Λ1 − Λ5

2
+
γΛ2

4ωc,e
=

P0
⊥

2ωc,e
(
∂uy1
∂y

− ∂ux1
∂x

), ✭❍✳✺✼✮

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✇❡ ♥❡❣❧❡❝t t❤❡ s❡❝♦♥❞ t❡r♠ ✇❤✐❝❤ ✐s ♦❢ ♦r❞❡r ♦❢ γ
ωc,e

✳ ◆♦✇ s✉❜st✐t✉t✐♥❣

P1
xy ❛♥❞ P1

xz ✐♥t♦ ❊q✳✭❍✳✹✸✮ ❛♥❞ t❤❡♥ ✐♥t♦ ❊q✳✭❍✳✺✻✮ ✱ ✇❡ ♦❜t❛✐♥

P1
xx =

2ωc,e
γ

Λ1 −
2ωc,e
γ

P1
xy +

2ω̄c,e
γ

P1
xz = −2P0

⊥
γ

(
∂ux1
∂x

+
∂uy1
∂y

)− 1

γ

dP0
⊥

dx
ux1

+
2ω̄c,e
γ

f(x)
[ e

mωc,e
(P0

|| − P0
⊥)Bx1 +

P0
⊥

ωc,e

∂uz1
∂y

]

,

✭❍✳✺✽✮

P1
yy = P1

xx + Λ2 = − P0
⊥

ωc,e
(
∂ux1
∂y

+
∂uy1
∂x

)− 2P0
⊥
γ

(
∂ux1
∂x

+
∂uy1
∂y

)− 1

γ

dP0
⊥

dx
ux1

+
2ω̄c,e
γ

f(x)
[ e

mωc,e
(P0

|| − P0
⊥)Bx1 +

P0
⊥

ωc,e

∂uz1
∂y

]

,

✭❍✳✺✾✮

❙✉❜st✐t✉t✐♥❣ ❊q✳✭❍✳✺✺✮ ❛♥❞ ❊q✳ ✭✻✳✸✻✮ ✐♥t♦ ❊q✳✭❍✳✹✽✮✱ ✇❡ ♦❜t❛✐♥

P1
zz =

2ω̄c,e
γ

Λ6 −
2ω̄c,e
γ

[

f(x) +
1

ω̄c,e

∂uz0
∂x

]

P1
xz = −1

γ

dP0
||

dx
ux1 −

P0
||
γ

(
∂ux1
∂x

+
∂uy1
∂y

)

− 2ω̄c,e
γ

[

f(x)− d2ef
′′
(x)
][ e

mωc,e
(P0

|| − P0
⊥)Bx1 +

P0
⊥

ωc,e

∂uz1
∂y

]

,

✭❍✳✻✵✮

❆♥♦t❤❡r ✐♠♣♦rt❛♥t r❡❧❛t✐♦♥ ✐s t❤❡ ❞✐✛❡r❡♥❝❡ P1
zz−P1

xx ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜② s✉❜tr❛❝t✐♥❣
❊q✳✭❍✳✺✽✮ ❢r♦♠ ❊q✳✭❍✳✸✵✮✱ ✇❤✐❝❤ ❣✐✈❡s

P1
zz − P1

xx =
1

γ
u · ∇(P0

⊥ − P0
||) +

1

γ
(2P0

⊥ − P0
||)(

∂ux1
∂x

+
∂uy1
∂y

), ✭❍✳✻✶✮

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✇❡ ♥❡❣❧❡❝t❡❞ t❡r♠s ♦❢ ♦r❞❡r ω̄c,eωc,e
✱ ♦r ❧❛r❣❡r✳ ◆♦✇✱ Pyz ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞

❢r♦♠ ❊q✳✭❍✳✹✺✮ ❛❢t❡r s✉❜st✐t✉t✐♥❣ ❊q✳✭❍✳✻✶✮ ✐♥t♦ ✐t✱ ✇❤✐❝❤ ❣✐✈❡s

P1
yz = Λ3 +

ω̄c,e
ωc,e

f(x)(P1
zz − P1

xx) +
ω̄c,e
ωc,e

d2ef
′′
(x)P1

xx = − 1

ωc,e
P0
⊥
∂uz1
∂x

− e

mωc,e
(P0

⊥ − P0
||)By1

+
ω̄c,e
ωc,e

f(x)
{1

γ
u · ∇(P0

⊥ − P0
||) +

1

γ
(2P0

⊥ − P0
||)(

∂ux1
∂x

+
∂uy1
∂y

)
}

− ω̄c,e
ωc,e

d2ef
′′
(x)
{2P0

⊥
γ

(
∂ux1
∂x

+
∂uy1
∂y

) +
1

γ

dP0
⊥

dx
ux1

}

,

✭❍✳✻✷✮

✷✺✷



■♥ t❤❡ ♣r❡✈✐♦✉s ❞❡r✐✈❛t✐♦♥ ♦❢ Pyz✱ ✇❡ ✐❣♥♦r❡❞ t❡r♠s ♦❢ ♦r❞❡r
ω̄2
c,e

ω2
c,e
✳ ◆♦✇✱ ❊qs❬❍✳✺✽✱ ❍✳✺✾✱ ❍✳✺✼✱

❍✳✺✺✱ ❍✳✻✷✱ ❍✳✻✵❪ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❢♦r♠✉❧❛t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ t♦ st✉❞② t❤❡ ❡✛❡❝t ♦❢ ❢✉❧❧
♣r❡ss✉r❡ t❡♥s♦r ♦♥ t❤❡ r❡❝♦♥♥❡❝t✐♦♥✳

❊st✐♠❛t✐♥❣ t❤❡ ❉❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r ❈♦♠♣♦♥❡♥ts ✇✐t❤ ●✉✐❞❡

❋✐❡❧❞✿

❊st✐♠❛t✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ♣❡rt✉r❜❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r ✐s ✐♠♣♦r✲
t❛♥t s✐♥❝❡ t❤❡② ❛♣♣❡❛r ✐♥ t❤❡ ❧✐♥❡❛r✐③❡❞ ❖❤♠✬s ❧❛✇ ❛♥❞ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ st❛rt
❜② ❧✐st✐♥❣ s♦♠❡ ♥❡❝❡ss❛r② r❡❧❛t✐♦♥s❤✐♣s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t✐❡s✳ ❚❤❡② r❡❛❞✱

P0
⊥ − P0

|| =
B2
sd

2
e

2µ0
f

′′
f, 2P0

⊥ − P0
|| =

B2
s

2µ0
[f2 + d2ef

′′
f ], ✭❍✳✻✸✮

■♥ t❡r♠s ♦❢ t❤❡s❡ q✉❛♥t✐t✐❡s✱ P1
yz ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✱

P1
yz =

B2
s

2µ0

{

− f2

ωc,e

∂uz1
∂x

− ed2e
mωc,e

f3By1 +
ω̄c,ed

2
e

ωc,eγ
f5ux1 +

ω̄c,e
ωc,eγ

f6
∂ux1
∂x

+
ω̄c,e
ωc,eγ

f6
∂uy1
∂y

}

, ✭❍✳✻✹✮

❲❤❡r❡✱

f1 = f
′′
f2, f2 = f3 + d2ef1, f3 = f

′′
f, f4 = f

′′
(f2)

′
, f5 = ff

′

3 − f4, f6 = f2 − 2d2ef1,
✭❍✳✻✺✮

❚❤❡r❡❢♦r❡ t❤❡ ❞✐✛❡r❡♥t ❞❡r✐✈❛t✐✈❡s ♦❢ t❤✐s ❝♦♠♣♦♥❡♥t ❛r❡✱

∂P1
yz

∂x
=

B2
s

2µ0

{

− 1

ωc,e
(f2

∂2

∂x2
+ 2f

′
f
∂

∂x
)uz1 −

ed2e
mωc,e

(f3
∂

∂x
+ f

′

3)By1 +
ω̄c,ed

2
e

ωc,eγ
(f5

∂

∂x
+ f

′

5)ux1

+
ω̄c,e
ωc,eγ

(f6
∂2

∂x2
+ f

′

6

∂

∂x
)ux1 +

ω̄c,e
ωc,eγ

(f6
∂2

∂x∂y
+ f

′

6

∂

∂y
)uy1

}

=
B2
s

2µ0

{ ω̄c,ed
2
e

ωc,eγ
(f5

∂

∂x
+ f

′

5)ux1 +
ω̄c,e
ωc,eγ

(f6
∂2

∂x2
+ f

′

6

∂

∂x
)ux1 +

ω̄c,e
ωc,eγ

(f6
∂2

∂x∂y
+ f

′

6

∂

∂y
)uy1

− 1

ωc,e
(f2

∂2

∂x2
+ 2f

′
f
∂

∂x
)uz1 −

ed2e
mωc,e

(f3
∂

∂x
+ f

′

3)By1

}

,

✭❍✳✻✻✮

∂P1
yz

∂y
=

B2
s

2µ0

{

− f2

ωc,e

∂2uz1
∂y∂x

− ed2e
mωc,e

f3
∂By1
∂y

+
ω̄c,ed

2
e

ωc,eγ
f5
∂ux1
∂y

+
ω̄c,e
ωc,eγ

f6
∂2ux1
∂y∂x

+
ω̄c,e
ωc,eγ

f6
∂2uy1
∂y2

}

=
B2
s

2µ0

{ ω̄c,ed
2
e

ωc,eγ
f5
∂ux1
∂y

+
ω̄c,e
ωc,eγ

f6
∂2ux1
∂y∂x

+
ω̄c,e
ωc,eγ

f6
∂2uy1
∂y2

− f2

ωc,e

∂2uz1
∂y∂x

− ed2e
mωc,e

f3
∂By1
∂y

}

,

✭❍✳✻✼✮

∂2P1
yz

∂y2
=

B2
s

2µ0

{ ω̄c,ed
2
e

ωc,eγ
f5
∂2ux1
∂y2

+
ω̄c,e
ωc,eγ

f6
∂3ux1
∂y2∂x

+
ω̄c,e
ωc,eγ

f6
∂3uy1
∂y3

− f2

ωc,e

∂3uz1
∂y2∂x

− ed2e
mωc,e

f3
∂2By1
∂y2

}

,

✭❍✳✻✽✮

∂2P1
yz

∂y∂x
=

B2
s

2µ0

{ ω̄c,ed
2
e

ωc,eγ
× (f5

∂2

∂y∂x
+ f

′

5

∂

∂y
)ux1 +

ω̄c,e
ωc,eγ

(f6
∂3

∂y∂x2
+ f

′

6

∂2

∂y∂x
)ux1 +

ω̄c,e
ωc,eγ

×

(f6
∂3

∂x∂y2
+ f

′

6

∂2

∂y2
)uy1 − (

f2

ωc,e

∂3

∂y∂x2
+

2f
′
f

ωc,e

∂2

∂y∂x
)uz1 −

ed2e
mωc,e

(f3
∂2

∂y∂x
+ f

′

3

∂

∂y
)By1

}

,

✭❍✳✻✾✮

✷✺✸



❆♣♣❡♥❞✐① ❍✳ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ t❤❡ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r

◆♦✇ ✇❡ ✇r✐t❡ P1
xz ✐♥ t❡r♠s ♦❢ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t✐❡s ❛♥❞ ❧♦✇❡r ♦r❞❡r ♣❡rt✉r❜❡❞ ♠♦♠❡♥ts✿

P1
xz =

Bs
2µ0

{ f2

ωc,e

∂uz1
∂y

− ed2e
mωc,e

f3Bx1

}

, ✭❍✳✼✵✮

❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐✛❡r❡♥t ❞❡r✐✈❛t✐✈❡s ❛r❡

∂P1
xz

∂x
=

B2
s

2µ0

{

(
f2

ωc,e

∂2

∂x∂y
+

2ff
′

ωc,e

∂

∂y
)uz1 −

ed2e
mωc,e

(f3
∂

∂x
+ f

′

3)Bx1

}

, ✭❍✳✼✶✮

∂2P1
xz

∂x2
=

B2
s

2µ0

{

(
f2

ωc,e

∂3

∂x2∂y
+
4ff

′

ωc,e

∂2

∂x∂y
+
2f3 + 2f

′2

ωc,e

∂

∂y
)uz1−

ed2e
mωc,e

(f3
∂2

∂x2
+2f

′

3

∂

∂x
+f

′′

3 )Bx1

}

,

✭❍✳✼✷✮
∂P1

xz

∂y
=

B2
s

2µ0

{ f2

ωc,e

∂2uz1
∂y2

− ed2e
mωc,e

f3
∂Bx1
∂y

}

, ✭❍✳✼✸✮

∂2P1
xz

∂y2
=

B2
s

2µ0

{ f2

ωc,e

∂3uz1
∂y3

− ed2e
mωc,e

f3
∂2Bx1
∂y2

}

, ✭❍✳✼✹✮

❛♥❞

∂2P1
xz

∂y∂x
=

B2
s

2µ0

{

(
f2

ωc,e

∂3

∂x∂y2
+

2ff
′

ωc,e

∂2

∂y2
)uz1 −

ed2e
mωc,e

(f3
∂2

∂y∂x
+ f

′

3

∂

∂y
)Bx1

}

, ✭❍✳✼✺✮

❚❤❡ P1
xy ✐s ❣✐✈❡♥ ❜②

P1
xy =

B2
s

2µ0

{

− f2

2ωc,e

∂ux1
∂x

+
f2

2ωc,e

∂uy1
∂y

}

, ✭❍✳✼✻✮

∂P1
xy

∂x
=

B2
s

2µ0

{

− (
f2

2ωc,e

∂2

∂x2
+
ff

′

ωc,e

∂

∂x
)ux1 + (

f2

2ωc,e

∂2

∂x∂y
+
ff

′

ωc,e

∂

∂y
)uy1

}

, ✭❍✳✼✼✮

∂2P1
xy

∂x2
=

B2
s

2µ0

{

−(
f2

2ωc,e

∂3

∂x3
+
2ff

′

ωc,e

∂2

∂x2
+
f3 + f

′2

ωc,e

∂

∂x
)ux1+(

f2

2ωc,e

∂3

∂x2∂y
+
2ff

′

ωc,e

∂2

∂x∂y
+
f3 + f

′2

ωc,e

∂

∂y
)uy1

}

,

✭❍✳✼✽✮
∂P1

xy

∂y
=

B2
s

2µ0

{

− f2

2ωc,e

∂2ux1
∂y∂x

+
f2

2ωc,e

∂2uy1
∂y2

}

, ✭❍✳✼✾✮

❛♥❞
∂2P1

xy

∂y2
=

B2
s

2µ0

{

− f2

2ωc,e

∂3ux1
∂y2∂x

+
f2

2ωc,e

∂3uy1
∂y3

}

, ✭❍✳✽✵✮

◆♦✇✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ P1
yy − P1

xx ✇❤✐❝❤ ♦❝❝✉rs ✐♥ ❋❛r❛❞❛② ❡q✉❛t✐♦♥s✳ ■t r❡❛❞s✱

P1
yy − P1

xx =
B2
s

2µ0

{

− f2

ωc,e

∂ux1
∂y

− f2

ωc,e

∂uy1
∂x

}

, ✭❍✳✽✶✮

∂

∂x
(P1

yy − P1
xx) =

B2
s

2µ0

{

− (
f2

ωc,e

∂2

∂x∂y
+

2ff
′

ωc,e

∂

∂y
)ux1 − (

f2

ωc,e

∂2

∂x2
+

2ff
′

ωc,e

∂

∂x
)uy1

}

, ✭❍✳✽✷✮

❛♥❞

∂2

∂x∂y
(P1

yy−P1
xx) =

B2
s

2µ0

{

−(
f2

ωc,e

∂3

∂x∂y2
+
2ff

′

ωc,e

∂2

∂y2
)ux1−(

f2

ωc,e

∂3

∂y∂x2
+
2ff

′

ωc,e

∂2

∂y∂x
)uy1

}

, ✭❍✳✽✸✮

✷✺✹



P1
xx r❡❛❞s✱

P1
xx =

B2
s

2µ0

{

− 2f2

γ

∂ux1
∂x

− 1

γ

df2

dx
ux1 −

2f2

γ

∂uy1
∂y

+
2 ¯ωc,e
ωc,eγ

f3
∂uz1
∂y

− 2eω̄c,ed
2
e

mωc,eγ
f1Bx1

}

, ✭❍✳✽✹✮

❚❤❡ ♦♥❧② ❞❡r✐✈❛t✐✈❡✱ ❛s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ ❧❛t❡r✱ ♥❡❡❞❡❞ ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡
✇✐t❤ r❡s♣❡❝t t♦ x✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②

∂P1
xx

∂x
=

B2
s

2µ0

{

− 1

γ
(2f2

∂2

∂x2
+ 4f

′
f
∂

∂x
)ux1 −

1

γ
(f2

′ ∂

∂x
+ 2f3 + 2f

′2)ux1 −
1

γ
(2f2

∂2

∂x∂y
+ 4f

′
f
∂

∂y
)uy1

− 2eω̄c,ed
2
e

mωc,eγ
(f1

∂

∂x
+ f

′

1)Bx1 +
2 ¯ωc,e
ωc,eγ

(f3
∂2

∂x∂y
+ 3f

′
f2

∂

∂y
)uz1

}

,

✭❍✳✽✺✮

❚❤❡ ❝♦♠♣♦♥❡♥t P1
yy r❡❛❞s✱

P1
yy =

B2
s

2µ0

{

− f2

ωc,e

∂ux1
∂y

− 2f2

γ

∂ux1
∂x

− 2f2

γ

∂uy1
∂y

− f2

ωc,e

∂uy1
∂x

− 1

γ

df2

dx
ux1 −

2eω̄c,ed
2
e

mωc,eγ
f1Bx1

+
2 ¯ωc,e
ωc,eγ

f3
∂uz1
∂y

}

,

✭❍✳✽✻✮

❚❤❡ ♦♥❧② ❞❡r✐✈❛t✐✈❡✱ ❛s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ ❧❛t❡r✱ ♥❡❡❞❡❞ ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡
✇✐t❤ r❡s♣❡❝t t♦ y✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②

∂P1
yy

∂y
=

B2
s

2µ0

{

− f2

ωc,e

∂2ux1
∂y2

− 1

γ
(f2

′ ∂

∂y
+ 2f2

∂2

∂y∂x
)ux1 −

2f2

γ

∂2uy1
∂y2

− f2

ωc,e

∂2uy1
∂y∂x

+
2 ¯ωc,e
ωc,eγ

f3
∂2uz1
∂y2

− 2eω̄c,ed
2
e

mωc,eγ
f1
∂Bx1
∂y

}

,

✭❍✳✽✼✮

❲✐t❤ t❤❡s❡ ❡q✉❛t✐♦♥s ✇❡ ❤❛✈❡ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts t♦ ❢♦r♠✉❧❛t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✇✐t❤ ❛
❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r✳

❈❛❧❝✉❧❛t✐♥❣ ❉✐✛❡r❡♥t ❚❡r♠s ✐♥ ▲✐♥❡❛r✐③❡❞ Pr❡ss✉r❡ ❚❡♥s♦r ❊q✉❛t✐♦♥ ✇✐t❤♦✉t

●✉✐❞❡ ❋✐❡❧❞✿

▲✐♥❡❛r✐③✐♥❣ ❊q✳✭✻✳✺✷✮ ❣✐✈❡s

∂P1

∂t
+ (∇ · u1)P0 + (u1 · ∇)P0 + P0 · ∇u1 + [P0 · ∇u1]

T ++P1 · ∇u0 + [P1 · ∇u0]
T

+
e

m

(

P0 ×B1 + P1 ×B0 + [P0 ×B1]
T + [P1 ×B0]

T
)

= 0,

✭❍✳✽✽✮

❇❛s❡❞ ♦♥ ❊q✳✭✻✳✺✶✮✱ ❛♥❞ t❤❛♥❦s t♦ t❤❡ ❝♦♠♣r❡ss✐❜✐❧✐t② ❛ss✉♠♣t✐♦♥✱ ∇·u1 6= 0✱ t❤✉s t❤❡ s❡❝♦♥❞
t❡r♠ ❜❡❝♦♠❡s

(∇ · u1)P0 =






(∂ux1∂x +
∂uy1
∂y )P0

xx 0 0

0 (∂ux1∂x +
∂uy1
∂y )P0

yy 0

0 0 (∂ux1∂x +
∂uy1
∂y )P0

zz




 ✭❍✳✽✾✮

✷✺✺



❆♣♣❡♥❞✐① ❍✳ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ t❤❡ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r

❚❤❡ t❤✐r❞ t❡r♠ ✐s

(u1 · ∇)P0 =






ux1
dP0

xx
dx 0 0

0 ux1
dP0

yy

dx 0

0 0 ux1
dP0

zz
dx




 ✭❍✳✾✵✮

❚❤❡ ❢♦✉rt❤ ❛♥❞ ✜❢t❤ t❡r♠s ❛r❡ ❣✐✈❡♥ ❜②

P0 · ∇u1 =






P0
xx

∂ux1
∂x P0

xx
∂uy1
∂x P0

xx
∂uz1
∂x

P0
yy
∂ux1
∂y P0

yy
∂uy1
∂y P0

yy
∂uz1
∂y

0 0 0




 ✭❍✳✾✶✮

❚❤❡♥✱

P0 · ∇u1 + [P0 · ∇u1]
T =






2P0
xx

∂ux1
∂x P0

xx
∂uy1
∂x + P0

yy
∂ux1
∂y P0

xx
∂uz1
∂x

P0
xx

∂uy1
∂x + P0

yy
∂ux1
∂y 2P0

yy
∂uy1
∂y P0

yy
∂uz1
∂y

P0
xx

∂uz1
∂x P0

yy
∂uz1
∂y 0




 ✭❍✳✾✷✮

❆❧s♦✱

P1 · ∇u0 =





0 0 Pxx ∂uz0∂x

0 0 Pxy ∂uz0∂x

0 0 Pxz ∂uz0∂x



 ✭❍✳✾✸✮

❚❤❡♥✱

P1 · ∇u0 + [P1 · ∇u0]
T =





0 0 Pxx ∂uz0∂x

0 0 Pxy ∂uz0∂x

0 0 2Pxz ∂uz0∂x



 ✭❍✳✾✹✮

❛♥❞

P0 ×B1 =





0 P0
yyBz1 −P0

zzBy1
−P0

xxBz1 0 P0
zzBx1

P0
xxBy1 −P0

yyBx1 0



 ✭❍✳✾✺✮

P0 ×B1 + [P0 ×B1]
T =





0 (P0
yy − P0

xx)Bz1 (P0
xx − P0

zz)By1
(P0

yy − P0
xx)Bz1 0 (P0

zz − P0
yy)Bx1

(P0
xx − P0

zz)By1 (P0
zz − P0

yy)Bx1 0



 ✭❍✳✾✻✮

P1 ×B0 =





−ByPxz −ByPyz −ByPzz
0 0 0

ByPxx ByPxy ByPxz



 ✭❍✳✾✼✮

P1 ×B0 + [P1 ×B0]
T =





−2ByPxz −ByPyz ByPxx −ByPzz
−ByPyz 0 ByPxy

ByPxx −ByPzz ByPxy 2ByPxz



 ✭❍✳✾✽✮

❍❡r❡ By = By(x) = Bsf(x)✱ s✉❝❤ t❤❛t B0 = Byey✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ s❤❡❛r❡❞ ✜❡❧❞ t❤❛t ❧❡❛❞s
t♦ r❡❝♦♥♥❡❝t✐♦♥ ❡✈❡♥ts✳ ◆♦✇✱ s✉❜st✐t✉t✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ✐♥t♦ ❊q✳✭❍✳✽✽✮

∂Pxx
∂t

− 2ω̄c,ef(x)Pxz = −(3
∂ux1
∂x

+
∂uy1
∂y

)P0
xx −

dP0
xx

dx
ux1, ✭❍✳✾✾✮

∂Pxy
∂t

− ω̄c,ef(x)Pyz =
e

m
(P0

xx − P0
yy)Bz1 − P0

xx

∂uy1
∂x

− P0
yy

∂ux1
∂y

, ✭❍✳✶✵✵✮

✷✺✻



∂Pxz
∂t

+ (ω̄c,ef(x) +
∂uz0
∂x

)Pxx − ω̄c,ef(x)Pzz =
e

m
(P0

zz − P0
xx)By1 − P0

xx

∂uz1
∂x

, ✭❍✳✶✵✶✮

∂Pyz
∂t

+ (ω̄c,ef(x) +
∂uz0
∂x

)Pxy =
e

m
(P0

yy − P0
zz)Bx1 − P0

yy

∂uz1
∂y

, ✭❍✳✶✵✷✮

∂Pyy
∂t

= −(
∂ux1
∂x

+ 3
∂uy1
∂y

)P0
yy −

dP0
yy

dx
ux1, ✭❍✳✶✵✸✮

∂Pzz
∂t

+ 2(ω̄c,ef(x) +
∂uz0
∂x

)Pxz = −(
∂ux1
∂x

+
∂uy1
∂y

)P0
zz −

dP0
zz

dx
ux1, ✭❍✳✶✵✹✮

■♥ t❤❡ ❊▼❍❉♠♦❞❡❧✱ t❤❡ ❡❧❡❝tr♦♥ ❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝② ❛♥❞ t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ r❡❝♦♥♥❡❝t✐♥❣ ♠♦❞❡
✭γ✮ ✇✐❧❧ ❜❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❛t ❢r❡q✉❡♥❝②✱ t❤❛t ✐s γ ≪ ω̄c,e✳ ❍❡♥❝❡✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s
❜❡❝♦♠❡

γPxx − 2ω̄c,ef(x)Pxz = Λ1, ✭❍✳✶✵✺✮

γPxy − ω̄c,ef(x)Pyz = Λ2, ✭❍✳✶✵✻✮

γPxz + (ω̄c,ef(x) +
∂uz0
∂x

)Pxx − ω̄c,ef(x)Pzz = Λ3, ✭❍✳✶✵✼✮

γPyz + (ω̄c,ef(x) +
∂uz0
∂x

)Pxy = Λ4 ✭❍✳✶✵✽✮

Pyy =
Λ5

γ
, ✭❍✳✶✵✾✮

γPzz + 2(ω̄c,ef(x) +
∂uz0
∂x

)Pxz = Λ6, ✭❍✳✶✶✵✮

✇❤❡r❡✱

Λ1 = −3P0
xx

∂ux1
∂x

− dP0
xx

dx
ux1 − P0

xx

∂uy1
∂y

, ✭❍✳✶✶✶✮

Λ2 = −P0
yy

∂ux1
∂y

− P0
xx

∂uy1
∂x

+
e

m
(P0

xx − P0
yy)Bz1, ✭❍✳✶✶✷✮

Λ3 = −P0
xx

∂uz1
∂x

+
e

m
(P0

zz − P0
xx)By1, ✭❍✳✶✶✸✮

Λ4 = −P0
yy

∂uz1
∂y

+
e

m
(P0

yy − P0
zz)Bx1, ✭❍✳✶✶✹✮

Λ5 = −P0
yy

∂ux1
∂x

−
dP0

yy

dx
ux1 + 3P0

yy

∂uy1
∂y

, ✭❍✳✶✶✺✮

Λ6 = −P0
zz

∂ux1
∂x

− dP0
zz

dx
ux1 − P0

zz

∂uy1
∂y

, ✭❍✳✶✶✻✮

✷✺✼



❆♣♣❡♥❞✐① ❍✳ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ t❤❡ ❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r

❋r♦♠ ❊q✳✭❍✳✶✵✾✮ ❛♥❞ ❊q✳✭❍✳✶✶✺✮✱ P1
yy r❡❛❞s

P1
yy = −

P0
yy

γ

∂ux1
∂x

− 1

γ

dP0
yy

dx
ux1 +

3P0
yy

γ

∂uy1
∂y

, ✭❍✳✶✶✼✮

❚❤❡ ❡q✉❛t✐♦♥s ♦❢ P1
xy ❛♥❞ P1

yz ❧❡❛❞ t♦

P1
xy =

1

ω̄c,e

f

l1
Λ4 +

γ

ω̄2
c,e

1

l1
Λ2 = − γ

ω̄2
c,e

1

l1
P0
yy

∂ux1
∂y

− γ

ω̄2
c,e

1

l1
P0
xx

∂uy1
∂x

− 1

ω̄c,e

f

l1
P0
yy

∂uz1
∂y

+
e

mω̄c,e

f

l1
(P0

yy − P0
zz)Bx1 +

eγ

mω̄2
c,e

1

l1
(P0

xx − P0
yy)Bz1,

✭❍✳✶✶✽✮

P1
yz =

γ

ω̄2
c,el1

Λ4 −
l0

ω̄c,el1
Λ2 =

1

ω̄c,e

l0
l1
P0
yy

∂ux1
∂y

+
1

ω̄c,e

l0
l1
P0
xx

∂uy1
∂x

− γ

ω̄2
c,e

1

l1
P0
yy

∂uz1
∂y

+
eγ

mω̄2
c,e

1

l1
(P0

yy − P0
zz)Bx1 −

e

mω̄c,e

l0
l1
(P0

xx − P0
yy)Bz1,

✭❍✳✶✶✾✮

❚❤❡ r❡♠❛✐♥✐♥❣ ❡q✉❛t✐♦♥s ❧❡❛❞ t♦

P1
xz =

1

2ω̄c,e

1

l0
Λ6 −

γ

ω̄2
c,e

1

l3
Λ3 +

1

ω̄c,e

l0
l3
Λ1 = − 1

2ω̄c,e

1

l0
P0
zz

∂ux1
∂x

− 1

2ω̄c,e

1

l0

dP0
zz

dx
ux1

− 3
1

ω̄c,e

l0
l3
P0
xx

∂ux1
∂x

− 1

ω̄c,e

l0
l3

dP0
xx

dx
ux1 −

1

ω̄c,e

l0
l3
P0
xx

∂uy1
∂y

− 1

2ω̄c,e

1

l0
P0
zz

∂uy1
∂y

+
γ

ω̄2
c,e

1

l3
P0
xx

∂uz1
∂x

− eγ

mω̄2
c,e

1

l3
(P0

zz − P0
xx)By1,

✭❍✳✶✷✵✮

P1
xx =

1

γ

f

l0
Λ6 −

2

ω̄c,e

f

l3
Λ3 +

1

γ

l4
l3
Λ1 = −1

γ

f

l0
P0
zz

∂ux1
∂x

− 1

γ

f

l0

dP0
zz

dx
ux1 − 3

1

γ

l4
l3
P0
xx

∂ux1
∂x

− 1

γ

l4
l3

dP0
xx

dx
ux1 −

1

γ

l4
l3
P0
xx

∂uy1
∂y

− 1

γ

f

l0
P0
zz

∂uy1
∂y

+
2

ω̄c,e

f

l3
P0
xx

∂uz1
∂x

− 2e

mω̄c,e
×

f

l3
(P0

zz − P0
xx)By1,

✭❍✳✶✷✶✮

P1
zz =

2

ω̄c,e

l0
l3
Λ3 −

2

γ

l20
l3
Λ1 = 3

2

γ

l20
l3
P0
xx

∂ux1
∂x

+
2

γ

l20
l3

dP0
xx

dx
ux1 +

2

γ

l20
l3
P0
xx

∂uy1
∂y

− 2

ω̄c,e

l0
l3
P0
xx

∂uz1
∂x

+
2e

mω̄c,e

l0
l3
(P0

zz − P0
xx)By1,

✭❍✳✶✷✷✮

✇❤❡r❡

l0 = f − d2ef
′′
, l1 =

γ2

ω̄2
c,e

+ l0f, l2 =
γ2

ω̄2
c,e

+ 2l0f, l3 = l2 + 2l0f, l4 = l2 + 4l0f, ✭❍✳✶✷✸✮

✷✺✽



■

▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ❋❛r❛❞❛②✲▼❛①✇❡❧❧

❊q✉❛t✐♦♥ ❈♦♠❜✐♥❡❞ ✇✐t❤ ●❡♥❡r❛❧✐③❡❞

❖❤♠✬s ▲❛✇

■♥ t❤✐s ❛♣♣❡♥❞✐① ✇❡ ❧✐♥❡❛r✐③❡ ❋❛r❛❞❛②✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✱ ❣✐✈❡♥ ❜② ❊q✳✭✻✳✸✷✮✳ ❋✐rst✱ ❢r♦♠ t❤❡
❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥✱ ❣✐✈❡♥ ❜② ❊q✳✭✻✳✸✶✮✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

nE = −n(u×B)− m

e
n
∂u

∂t
− m

e
nu · ∇u− ∇ · P

e
, ✭■✳✶✮

❚❤❡ ❧✐♥❡❛r ✈❡rs✐♦♥ ♦❢ t❤✐s ❡q✉❛t✐♦♥ r❡❛❞s

E1 = −(u0×B1)−(u1×B0)−(u0×B0)
n1
n0

−m
e

∂u1

∂t
−m
e
u0·∇u1−

m

e
u1·∇u0−

m

en0
n1u0·∇u0−

∇ · P1

en0
,

✭■✳✷✮
❉✉❡ t♦ t❤❡ ❢❛❝t t❤❛t z ✐s t❤❡ ✐❣♥♦r❛❜❧❡ ✈❛r✐❛❜❧❡✱ ❛♥❞ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦♥❧②

♦♥ x✱ ✇❡ ❤❛✈❡
u0 · ∇u0 = u0 · ∇u1 = 0, ∇× (u0 ×B0) = 0, ✭■✳✸✮

❚❤✉s ❊q✳✭■✳✷✮ ❜❡❝♦♠❡s

E1 = −(u0 ×B1)− (u1 ×B0)− (u0 ×B0)
n1
n0

− m

e

∂u1

∂t
− m

e
u1 · ∇u0 −

∇ · P1

en0
, ✭■✳✹✮

❙✉❜st✐t✉t✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ✐♥t♦ ❧✐♥❡❛r ✈❡rs✐♦♥ ♦❢ ❋❛r❛❞❛② ❡q✉❛t✐♦♥✱ ♦♥❡ ✜♥❞s✱

∂B1

∂t
= ∇×

[

(u0 ×B0)
n1
n0

]

+∇× (u0 ×B1) +∇× (u1 ×B0) +
m

e

∂

∂t
∇× u1

+
m

e
∇× (u1 · ∇u0) +

1

e
∇× (

∇ · P1

n0
),

✭■✳✺✮

❚❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

∇×
[

(u0 ×B0)
n1
n0

]

=
n1
n0

∇× (u0 ×B0) +
1

n0
∇n1 × (u0 ×B0) + n1∇(

1

n0
)× (u0 ×B0)

= − B2
s

µ0e

ff
′

n20

∂n1
∂y

ez,

✭■✳✻✮

✷✺✾



❆♣♣❡♥❞✐① ■✳ ▲✐♥❡❛r ❆♥❛❧②s✐s ♦❢ ❋❛r❛❞❛②✲▼❛①✇❡❧❧ ❊q✉❛t✐♦♥ ❈♦♠❜✐♥❡❞ ✇✐t❤ ●❡♥❡r❛❧✐③❡❞ ❖❤♠✬s ▲❛✇

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ❞✉❡ t♦ ❊q✳✭■✳✸✮✱ t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❛r❡
♦❜✈✐♦✉s❧② ❡q✉❛❧ t♦ ③❡r♦✳ ◆♦✇ ✇❡ ❝❛❧❝✉❧❛t❡ t❡r♠s ♦♥❡ ❜② ♦♥❡✳ ❯s✐♥❣ ❊q✳✭✻✳✸✺✮ ❛♥❞ ❊q✳✭✻✳✸✻✮✱ ✇❡
❤❛✈❡

u0 ×B1 = −Bsf
′
(x)

µ0en0







−By1
Bx1

0,

✭■✳✼✮

❲❡ ✜♥❞

∇× (u0 ×B1) = − Bs
µ0en0







0

0

f
′′
(x)Bx1 − n

′

0f
′
(x)

n0
Bx1,

✭■✳✽✮

■♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✇❡ ♠❛❞❡ ✉s❡ ♦❢ ❚❤♦♠s♦♥✲▼❛①✇❡❧❧ ❡q✉❛t✐♦♥✳ ◆♦✇✱
✇❡ ❤❛✈❡ ❢♦r ♥♦♥✲③❡r♦ ❣✉✐❞❡ ✜❡❧❞

u1 ×B0 =







Bguy1 −Bsf(x)uz1,

−Bgux1,
Bsf(x)ux1,

✭■✳✾✮

❲❤✐❧❡ ❢♦r ❛ ♥✉❧❧ ❣✉✐❞❡ ✜❡❧❞✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

u1 ×B0 =







−Bsf(x)uz1,
0,

Bsf(x)ux1,

✭■✳✶✵✮

❚❤❡ ❝✉r❧ ♦❢ t❤❡ ❝❛s❡ ✇✐t❤ ❣✉✐❞❡ ✜❡❧❞ ❣✐✈❡s

∇× (u1 ×B0) =







Bsf(x)
∂ux1
∂y ,

−Bsf ′
(x)ux1 −Bsf(x)

∂ux1
∂x ,

−Bg(∂ux1∂x +
∂uy1
∂y ) +Bsf(x)

∂uz1
∂y ,

✭■✳✶✶✮

✇❤❡r❡❛s ❢♦r ③❡r♦✲❣✉✐❞❡ ✜❡❧❞✱ ♦♥❡ ✇r✐t❡s

∇× (u1 ×B0) =







Bsf(x)
∂ux1
∂y ,

−Bsf ′
(x)ux1 −Bsf(x)

∂ux1
∂x ,

Bsf(x)
∂uz1
∂y ,

✭■✳✶✷✮

❚❤❡ ❝✉r❧ ♦❢ t❤❡ ♣❡rt✉r❜❡❞ ✈❡❧♦❝✐t② ✐s

∇× u1 =







∂uz1
∂y ,

−∂uz1
∂x ,

∂uy1
∂x − ∂ux1

∂y ,

✭■✳✶✸✮

❚❤❡ ❝♦♥✈❡❝t✐✈❡ ✐s ❣✐✈❡♥ ❜②✱

u1 · ∇u0 =







0,

0,

− Bs
µ0en0

f
′′
(x)ux1 +

Bs
µ0en2

0
f

′
(x)n′0ux1,

✭■✳✶✹✮

✷✻✵



■♥ t❤❡ ♣r❡✈✐♦✉s ❞❡r✐✈❛t✐♦♥ t❤❡ ♦♥❧② ❞❡r✐✈❛t✐✈❡ t❤❛t ♠❛tt❡rs ✐s ∂
∂x ❜❡❝❛✉s❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠

q✉❛♥t✐t✐❡s ❛r❡ ♦♥❧② ❢✉♥❝t✐♦♥s ♦❢ x✳ ❚❤❡♥✱

∇× (u1 · ∇u0) =







Bs
µ0e

[

− f
′′

n0
+

f
′
n
′

0

n2
0

]
∂ux1
∂y ,

Bs
µ0e

[
f
′′

n0
− f

′
n
′

0

n2
0

]
∂ux1
∂x + Bs

µ0e

[
f
′′′

n0
− 2f

′′
n
′

0
n0

+
2f

′
n
′

0

2

n3
0

− f
′
n
′′

0

n2
0

]

ux1,

0,

✭■✳✶✺✮

◆♦✇ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ t❡r♠s ✇❤✐❝❤ ✐♥❝❧✉❞❡ t❤❡ ❢✉❧❧ ♣r❡ss✉r❡ t❡♥s♦r✳ ❋✐rst✱

∇× [
∇ · P1

en0
] =

1

en0
∇×∇ · P1 − 1

en20
∇n0 ×∇ · P1, ✭■✳✶✻✮

❯s✐♥❣ ❊q✳✭❇✳✷✾✮✱ ✇❡ ♦❜t❛✐♥

∇×∇ · P1 =







∂2P1
xz

∂x∂y +
∂2P1

yz

∂y2
,

−∂2P1
xz

∂x2
− ∂2P1

yz

∂x∂y ,

∂2

∂x∂y (P1
yy − P1

xx) +
∂2P1

xy

∂x2
− ∂2P1

xy

∂y2
,

✭■✳✶✼✮

❛♥❞

∇n0 ×∇ · P1 =







0,

−n′

0
∂P1

xz
∂x − n

′

0
∂P1

yz

∂y ,

n
′

0
∂P1

xy

∂x + n
′

0
∂P1

yy

∂y ,

✭■✳✶✽✮

❚❤✉s✱

∇× [
∇ · P1

en0
] =

1

en0







∂2P1
xz

∂x∂y +
∂2P1

yz

∂y2
,

−∂2P1
xz

∂x2
− ∂2P1

yz

∂x∂y +
n
′

0
n0

∂P1
xz

∂x +
n
′

0
n0

∂P1
yz

∂y ,

∂2

∂x∂y (P1
yy − P1

xx) +
∂2P1

xy

∂x2
− ∂2P1

xy

∂y2
− n

′

0
n0

∂P1
xy

∂x − n
′

0
n0

∂P1
yy

∂y

✭■✳✶✾✮

❙✉❜st✐t✉t✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ✐♥t♦ ❊q✳✭■✳✺✮✱ ✇❡ ♦❜t❛✐♥ ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ❝♦♠♣♦♥❡♥ts ♦❢
❋❛r❛❞❛②✲❖❤♠ ❡q✉❛t✐♦♥✱ ❣✐✈❡♥ ❜②

∂Bx1
∂t

=
[

Bsf +
mBs
µ0e2

(−f
′′

n0
+
f

′
n

′

0

n20
)
]∂ux1
∂y

+
m

e

∂

∂t
(
∂uz1
∂y

) +
1

en0

(∂2P1
xz

∂x∂y
+
∂2P1

yz

∂y2

)

, ✭■✳✷✵✮

∂By1
∂t

=
[

−Bsf
′
+
mBs
µ0e2

×
(f

′′′

n0
− 2f

′′
n

′

0

n0
+

2f
′
n

′

0
2

n30
− f

′
n

′′

0

n20

)]

ux1 −
[

Bsf − mBs
µ0e2

(f
′′

n0

− f
′
n

′

0

n20

)]∂ux1
∂x

− m

e

∂

∂t
(
∂uz1
∂x

)− 1

en0

∂2P1
xz

∂x2
− 1

en0

∂2P1
yz

∂x∂y
+

n
′

0

en20

∂P1
xz

∂x
+

n
′

0

en20

∂P1
yz

∂y
,

✭■✳✷✶✮

∂Bz1
∂t

= − B2
s

µ0e

ff
′

n20

∂n1
∂y

−
[ Bs
µ0en0

f
′′
(x)− Bs

µ0e

n
′

0f
′
(x)

n20

]

Bx1 −Bg(
∂ux1
∂x

+
∂uy1
∂y

) +Bsf(x)
∂uz1
∂y

+
m

e

∂

∂t
(
∂uy1
∂x

− ∂ux1
∂y

) +
1

en0

∂2

∂x∂y
(P1

yy − P1
xx) +

1

en0

∂2P1
xy

∂x2
− 1

en0

∂2P1
xy

∂y2
− n

′

0

en20

∂P1
xy

∂x
− n

′

0

en20

∂P1
yy

∂y
,

✭■✳✷✷✮

❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ❛r❡ ❞✐♠❡♥s✐♦♥❛❧✱ ❛♥❞ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ r❡❣✐♠❡s ✇✐t❤ ❛r❜✐tr❛r② ❡q✉✐✲
❧✐❜r✐✉♠ ❞❡♥s✐t② ♣r♦✜❧❡s✱ ✇❤✐❝❤ ♠❛❦❡ t❤❡♠ ✈❡r② ✉s❡❢✉❧ t♦ st✉❞② r❡❛❧✐st✐❝ ❝❛s❡s✳ ❖❢ ❝♦✉rs❡✱ ❛
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✐s t❤❡ ❜❡st str❛t❡❣② t♦ ❜❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡♠✳

✷✻✶





❏

●❡♥❡r❛❧✐③❡❞ ❊✐❣❡♥✈❛❧✉❡ Pr♦❜❧❡♠ ✇✐t❤

❋✉❧❧ Pr❡ss✉r❡ ❚❡♥s♦r✿ ❈♦♥st❛♥t ❉❡♥s✐t②

❋♦r ❛ ❝♦♥st❛♥t ❡q✉✐❧✐❜r✐✉♠ ❞❡♥s✐t② ♣r♦✜❧❡ ✭n0 = const✮✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❝❤♦s❡♥
❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ ♣r❡ss✉r❡ t❡♥s♦r✱ ❛❧❧ t❤❡ t❡r♠s ❝♦♥t❛✐♥✐♥❣ ❛ ❞❡r✐✈❛t✐✈❡ ♦❢ n0
✐♥ ❧✐♥❡❛r✐③❡❞ ❋❛r❛❞❞②✲❖❤♠ ❛♥❞ ❆♠♣❡r❡✲❖❤♠ ❡q✉❛t✐♦♥s ✈❛♥✐s❤✳ ❙❡tt✐♥❣ t♦ ③❡r♦ t❤❡ ❞❡r✐✈❛t✐✈❡s
♦❢ t❤❡ ❞❡♥s✐t②✱ ❛♥❞ t❛❦✐♥❣ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✱ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❡q✉❛t✐♦♥s ❜❡❝♦♠❡

γ2Bx1 − γ2d2e
∂uz1
∂y

− γ
ω̄c,e
ωc,e

[

f − d2ef
′′
]∂ux1
∂y

+
γ

2
(
ω̄c,e
ωc,e

)2d2e
∂3uz1
∂y2∂x

− γ

2
(
ω̄c,e
ωc,e

)2d2e(f
2 ∂3

∂x∂y2
+ 2ff

′×

∂2

∂y2
)uz1 +

γ

2
(
ω̄c,e
ωc,e

)2d2e(f3
∂2

∂y∂x
+ f

′

3

∂

∂y
)Bx1 +

γ

2
(
ω̄c,e
ωc,e

)2d2ef3
∂2By1
∂y2

=
1

2
(
ω̄c,e
ωc,e

)3d2ef5
∂2ux1
∂y2

+
1

2
×

(
ω̄c,e
ωc,e

)3f6
∂3ux1
∂y2∂x

+
1

2
(
ω̄c,e
ωc,e

)3f6
∂3uy1
∂y3

✭❏✳✶✮

γ2By1 + γ2d2e
∂uz1
∂x

+ γ(
ω̄c,e
ωc,e

)
[

f
′ − d2ef

′′′
]

ux1 + γ(
ω̄c,e
ωc,e

)
[

f − d2ef
′′
]∂ux1
∂x

+
γ

2
(
ω̄c,e
ωc,e

)2
[

f2
∂3

∂x2∂y

+ 4ff
′ ∂2

∂x∂y
+ (2f3 + 2f

′2)
∂

∂y

]

uz1 −
γ

2
(
ω̄c,e
ωc,e

)2
[

f2
∂3

∂y∂x2
+ 2f

′
f

∂2

∂y∂x

]

uz1 −
γ

2
(
ω̄c,e
ωc,e

)2d2e×
[

f3
∂2

∂x2
+ 2f

′

3

∂

∂x
+ f

′′

3

]

Bx1 −
γ

2
(
ω̄c,e
ωc,e

)2d2e

[

f3
∂2

∂y∂x
+ f

′

3

∂

∂y

]

By1 = −1

2
(
ω̄c,e
ωc,e

)3d2e ×
[

f5
∂2

∂y∂x

+ f
′

5

∂

∂y

]

ux1 −
1

2
(
ω̄c,e
ωc,e

)3
[

f6
∂3

∂y∂x2
+ f

′

6

∂2

∂y∂x

]

ux1 −
1

2
(
ω̄c,e
ωc,e

)3
[

f6
∂3

∂x∂y2
+ f

′

6

∂2

∂y2

]

uy1,

✭❏✳✷✮

γBz1 + γd2e
∂ux1
∂y

− γd2e
∂uy1
∂x

= −(
ω̄c,e
ωc,e

)2ff
′ ∂n1
∂y

− ∂ux1
∂x

− 1

2
(
ω̄c,e
ωc,e

)2d2e

[f2

2

∂3

∂x3
+ 2ff

′ ∂2

∂x2

+ (f3 + f
′2)

∂

∂x

]

ux1 −
1

2
(
ω̄c,e
ωc,e

)2d2e

[

f2
∂3

∂x∂y2
+ 2ff

′ ∂2

∂y2

]

ux1 +
1

4
(
ω̄c,e
ωc,e

)2d2ef
2 ∂

3ux1
∂y2∂x

− ∂uy1
∂y

+

1

2
(
ω̄c,e
ωc,e

)2d2e

[f2

2

∂3

∂x2∂y
+ 2ff

′ ∂2

∂x∂y
+ (f3 + f

′2)
∂

∂y

]

uy1 −
1

2
(
ω̄c,e
ωc,e

)2d2e

[

f2
∂3

∂y∂x2
+ 2ff

′ ∂2

∂y∂x

]

uy1

− 1

4
(
ω̄c,e
ωc,e

)2d2e
f2

2

∂3uy1
∂y3

+ (
ω̄c,e
ωc,e

)f
∂uz1
∂y

− (
ω̄c,e
ωc,e

)f
′′
Bx1,

✭❏✳✸✮

✷✻✸
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γ2ux1 −
γ

4
(
ω̄c,e
ωc,e

)2f2
∂2ux1
∂y∂x

+
γ

d2e
uy1 +

γ

2
(
ω̄c,e
ωc,e

)2f2
∂2uy1
∂y2

− γ

d2e
(
ω̄c,e
ωc,e

)fuz1 +
γ

d2e
(
ω̄c,e
ωc,e

)f
′
By1 =

− 1

d4e
(
ωp,e
ωc,e

)2ux1 +
1

2d2e
(
ω̄c,e
ωc,e

)2
[

2f2
∂2

∂x2
+ 4f

′
f
∂

∂x
+ f2

′ ∂

∂x
+ 2f3 + 2f

′2
]

ux1 +
1

2d2e
(
ω̄c,e
ωc,e

)2×
[

2f2
∂2

∂x∂y
+ 4f

′
f
∂

∂y

]

uy1 −
1

d2e
(
ω̄c,e
ωc,e

)3
[

f3
∂2

∂x∂y
+ 3f

′
f2

∂

∂y

]

uz1 +
1

d2e
(
ω̄c,e
ωc,e

)3
[

f1
∂

∂x
+ f

′

1

]

Bx1

− 1

d4e
(
ωp,e
ωc,e

)2
∂Bz1
∂y

,

✭❏✳✹✮

γ2uy1 −
γ

d2e
ux1 −

γ

2
(
ω̄c,e
ωc,e

)2
[f2

2

∂2

∂x2
+ ff

′ ∂

∂x
− f2

∂2

∂y2

]

ux1 +
γ

2
(
ω̄c,e
ωc,e

)2
[f2

2

∂2

∂x∂y
+ ff

′ ∂

∂y
− f2×

∂2

∂y∂x

]

uy1 −
γ

d2e
(
ω̄c,e
ωc,e

)f
′
Bx1 =

1

2d2e
(
ω̄c,e
ωc,e

)2
[

f2
′ ∂

∂y
+ 2f2

∂2

∂y∂x

]

ux1 −
1

d4e
(
ωp,e
ωc,e

)2uy1 +
1

d2e
(
ω̄c,e
ωc,e

)2f2×

∂2uy1
∂y2

− 1

d2e
(
ω̄c,e
ωc,e

)3f3
∂2uz1
∂y2

+
1

d2e
(
ω̄c,e
ωc,e

)3f1
∂Bx1
∂y

+
1

d4e
(
ωp,e
ωc,e

)2
∂Bz1
∂x

,

✭❏✳✺✮

γ2uz1 +
γ

d2e
(
ω̄c,e
ωc,e

)
[

f − d2ef
′′
]

ux1 +
γ

2
(
ω̄c,e
ωc,e

)2
[

f2
∂2

∂x∂y
+ 2ff

′ ∂

∂y

]

uz1 −
γ

2
(
ω̄c,e
ωc,e

)2f2
∂2uz1
∂y∂x

− γ

2
×

(
ω̄c,e
ωc,e

)2
[

f3
∂

∂x
+ f

′

3

]

Bx1 −
γ

2
(
ω̄c,e
ωc,e

)2f3
∂By1
∂y

= −1

2
(
ω̄c,e
ωc,e

)3f5
∂ux1
∂y

− 1

2d2e
(
ω̄c,e
ωc,e

)3f6
∂2ux1
∂y∂x

− 1

2d2e
×

(
ω̄c,e
ωc,e

)3f6
∂2uy1
∂y2

− 1

d4e
(
ω̄c,e
ωc,e

)3uz1 +
1

d4e
(
ωp,e
ωc,e

)2
∂Bx1
∂y

− 1

d4e
(
ωp,e
ωc,e

)2
∂By1
∂x

+
1

d4e

ω̄c,eω
2
p,e

ω3
c,e

f
′
n1,

✭❏✳✻✮

■♥ t❤❡ ♣r❡✈✐♦✉s ❞❡r✐✈❛t✐♦♥s✱ t✐♠❡✱ ✈❡❧♦❝✐t②✱ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛♥❞ ❧❡♥❣t❤ ❛r❡ ♥♦r♠❛❧✐③❡❞ t♦
✇❤✐st❧❡r t✐♠❡ ✭τw✮✱ ✇❤✐st❧❡r ✈❡❧♦❝✐t② ✭uw✮✱ t❤❡ ❣✉✐❞❡ ✜❡❧❞ ✭Bg✮✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ✭L0✮✱
✇❤✐❝❤ ♠✉st ❜❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ✐♦♥✲s❦✐♥ ❞❡♣t❤✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦✇✱ t❤❡s❡ ❡q✉❛t✐♦♥s✱ ❛❢t❡r ❋♦✉r✐❡r
tr❛♥s❢♦r♠✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ y✱ ❜❡❝♦♠❡

γ2Bx1 + γ2kd2euz1 + γk
ω̄c,e
ωc,e

[

f − d2ef
′′
]

ux1 − i
γ

2
(
ω̄c,e
ωc,e

)2k2d2e

[ ∂

∂x
− f2

∂

∂x
− 2ff

′
]

uz1 −
γ

2
(
ω̄c,e
ωc,e

)2×

kd2e

[

f3
∂

∂x
+ f

′

3

]

Bx1 − i
γ

2
(
ω̄c,e
ωc,e

)2k2d2ef3By1 = − i

2
(
ω̄c,e
ωc,e

)3k2
[

f6
∂

∂x
+ d2ef5

]

ux1 +
1

2
(
ω̄c,e
ωc,e

)3k3f6uy1,

✭❏✳✼✮

γ2By1 + γ2d2e
∂uz1
∂x

+ γ(
ω̄c,e
ωc,e

)
[

f
∂

∂x
− d2ef

′′ ∂

∂x
+ f

′ − d2ef
′′′
]

ux1 −
γ

2
(
ω̄c,e
ωc,e

)2k
[

2ff
′ ∂

∂x
+ 2f3 + 2f

′2

]

uz1 −
γ

2
(
ω̄c,e
ωc,e

)2d2e

[

f3
∂2

∂x2
+ 2f

′

3

∂

∂x
+ f

′′

3

]

Bx1 +
γ

2
(
ω̄c,e
ωc,e

)2kd2e

[

f3
∂

∂x
+ f

′

3

]

By1 =
1

2
(
ω̄c,e
ωc,e

)3k
[

f6
∂2

∂x2

+ (f
′

6 + d2ef5)
∂

∂x
+ d2ef

′

5

]

ux1 + i
1

2
(
ω̄c,e
ωc,e

)3k2
[

f6
∂

∂x
+ f

′

6

]

uy1,

✭❏✳✽✮

✷✻✹



γBz1 − γkd2eux1 − γd2e
∂uy1
∂x

= (
ω̄c,e
ωc,e

)2kff
′ ∂n1
∂y

− ∂ux1
∂x

− 1

2
(
ω̄c,e
ωc,e

)2d2e

[f2

2

∂3

∂x3
+ 2ff

′ ∂2

∂x2
+ (f3+

f
′2)

∂

∂x
− ik2f2

∂

∂x
− 2ik2ff

′
+
i

2
k2f2

∂

∂x

]

ux1 + k
[

1 +
1

4
(
ω̄c,e
ωc,e

)2d2e

(

f2
∂2

∂x
− 2f3 − 2f

′2 − k2
f2

2

)]

× uy1 − (
ω̄c,e
ωc,e

)kfuz1 − (
ω̄c,e
ωc,e

)f
′′
Bx1,

✭❏✳✾✮

γ2ux1 +
γ

4
(
ω̄c,e
ωc,e

)2kf2
∂ux1
∂x

+
γ

d2e

[

1− i

2
(
ω̄c,e
ωc,e

)2k2d2ef
2
]

uy1 −
γ

d2e
(
ω̄c,e
ωc,e

)fuz1 +
γ

d2e
(
ω̄c,e
ωc,e

)f
′
By1 =

− 1

d4e

[

(
ωp,e
ωc,e

)2 − d2e
2
(
ω̄c,e
ωc,e

)2
(

2f2
∂2

∂x2
+ 4f

′
f
∂

∂x
+ f2

′ ∂

∂x
+ 2f3 + 2f

′2
)]

ux1 −
k

2d2e
(
ω̄c,e
ωc,e

)2×
[

2f2
∂

∂x
+ 4f

′
f
]

uy1 +
k

d2e
(
ω̄c,e
ωc,e

)3
[

f3
∂

∂x
+ 3f

′
f2
]

uz1 +
1

d2e
(
ω̄c,e
ωc,e

)3
[

f1
∂

∂x
+ f

′

1

]

Bx1 +
k

d4e
(
ωp,e
ωc,e

)2Bz1,

✭❏✳✶✵✮

γ2uy1 −
γ

d2e

[

1 +
d2e
2
(
ω̄c,e
ωc,e

)2
(f2

2

∂2

∂x2
+ ff

′ ∂

∂x
+ if2k2

)]

ux1 −
γ

2
(
ω̄c,e
ωc,e

)2k
[f2

2

∂

∂x
+ ff

′ − f2×

∂

∂x

]

uy1 −
γ

d2e
(
ω̄c,e
ωc,e

)f
′
Bx1 = − 1

2d2e
(
ω̄c,e
ωc,e

)2k
[

f2
′
+ 2f2

∂

∂x

]

ux1 −
1

d4e

[

(
ωp,e
ωc,e

)2 + id2e(
ω̄c,e
ωc,e

)2k2f2×
]

uy1 +
i

d2e
(
ω̄c,e
ωc,e

)3k2f3uz1 −
1

d2e
(
ω̄c,e
ωc,e

)3kf1Bx1 +
1

d4e
(
ωp,e
ωc,e

)2
∂Bz1
∂x

,

✭❏✳✶✶✮

γ2uz1 +
γ

d2e
(
ω̄c,e
ωc,e

)
[

f − d2ef
′′
]

ux1 + γ(
ω̄c,e
ωc,e

)2ff
′ ∂uz1
∂y

− γ

2
(
ω̄c,e
ωc,e

)2
[

f3
∂

∂x
+ f

′

3

]

Bx1 +
γ

2
(
ω̄c,e
ωc,e

)2kf3By1

=
1

2d2e
(
ω̄c,e
ωc,e

)3k[f6
∂

∂x
+ d2ef5

]

ux1 +
i

2d2e
(
ω̄c,e
ωc,e

)3k2f6uy1 −
1

d4e
(
ω̄c,e
ωc,e

)3uz1 −
1

d4e
(
ωp,e
ωc,e

)2kBx1 −
1

d4e
×

(
ωp,e
ωc,e

)2
∂By1
∂x

+
1

d4e

ω̄c,eω
2
p,e

ω3
c,e

f
′
n1,

✭❏✳✶✷✮

❲✐t❤ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥✱

γn1 = − ∂

∂x
ux1 − ikuy1, ✭❏✳✶✸✮

t❤❡ ♣r❡✈✐♦✉s s❡✈❡♥ ❡q✉❛t✐♦♥s ❢♦r♠ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✱ ✇❤❡r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ✐s t❤❡ ❣r♦✇t❤
r❛t❡ γ✱ ❛♥❞ t❤❡ ❡✐❣❡♥✈❡❝t♦r ✐s Vγ = [Bx, By, Bz, ux, uy, uz, n]

T ✳ ❚❤✐s ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡

✷✻✺
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✇r✐tt❡♥ ❛s

γ2













I 0 0 0 0 kd2eI 0
0 I 0 0 0 S22z 0
0 0 0 0 0 0 0
0 0 0 d4eI 0 0 0
0 0 0 0 d4eI 0 0
0 0 0 0 0 d4eI 0
0 0 0 0 0 0 0

























Bx
By
Bz
ux
uy
uz
n













+ γ













M11x M11y 0 S11x 0 S11z 0
M21x M21y 0 S21x 0 S21z 0
0 0 I −kd2eI S31y 0 0
0 M41y 0 S41x S41y S41z 0

M51x 0 0 S51x S51y 0 0
M61x M61y 0 S61x 0 S61z 0
0 0 0 0 0 0 I













×













Bx
By
Bz
ux
uy
uz
n













+













0 0 0 S10x S10y 0 0
0 0 0 S20x S20y 0 0

M30x 0 0 S30x S30y S30z N30n

M40x 0 M40z S40x S40y S40z 0
M50x 0 M50z S50x S50y S50z 0
M60x M60y 0 S60x S60y S60z N60n

0 0 0 S70x S70y 0 0

























Bx
By
Bz
ux
uy
uz
n













= 0,

✭❏✳✶✹✮

✇❤❡r❡✱

S11x = k
ω̄c,e
ωc,e

[

f − d2ef
′′
]

, S11z = − i

2
(
ω̄c,e
ωc,e

)2k2d2e

[ ∂

∂x
− f2

∂

∂x
− 2ff

′
]

, M11x = −1

2
(
ω̄c,e
ωc,e

)2k×

d2e

[

f3
∂

∂x
+ f

′

3

]

,M11y = − i

2
(
ω̄c,e
ωc,e

)2k2d2ef3, S10x =
i

2
(
ω̄c,e
ωc,e

)3k2
[

f6
∂

∂x
+ d2ef5

]

, S10y =
i

2
(
ω̄c,e
ωc,e

)3

× k2
[

f6
∂

∂x
+ d2ef5

]

, S22z = d2e
∂

∂x
, S21x = (

ω̄c,e
ωc,e

)
[

f
∂

∂x
− d2ef

′′ ∂

∂x
+ f

′ − d2ef
′′′
]

, S21z = −1

2
×

(
ω̄c,e
ωc,e

)2k
[

2ff
′ ∂

∂x
+ 2f3 + 2f

′2
]

,M21x = −1

2
(
ω̄c,e
ωc,e

)2d2e

[

f3
∂2

∂x2
+ 2f

′

3

∂

∂x
+ f

′′

3

]

, M21y =
1

2
(
ω̄c,e
ωc,e

)2

× kd2e

[

f3
∂

∂x
+ f

′

3

]

,

✭❏✳✶✺✮

S20x = −1

2
(
ω̄c,e
ωc,e

)3k
[

f6
∂2

∂x2
+ (f

′

6 + d2ef5)
∂

∂x
+ d2ef

′

5

]

, S20y = −i1
2
(
ω̄c,e
ωc,e

)3k2
[

f6
∂

∂x
+ f

′

6

]

,

S31y = −d2e
∂

∂x
, S30x =

{ ∂

∂x
+

1

2
(
ω̄c,e
ωc,e

)2d2e

[f2

2

∂3

∂x3
+ 2ff

′ ∂2

∂x2
+ (f3 + f

′2)
∂

∂x
− ik2f2

∂

∂x
− 2ik2

× ff
′
+
i

2
k2f2

∂

∂x

]}

, S30y = −k
[

1 +
1

4
(
ω̄c,e
ωc,e

)2d2e

(

f2
∂2

∂x
− 2f3 − 2f

′2 − k2
f2

2

)]

, N30n = −(
ω̄c,e
ωc,e

)2

× kff
′ ∂

∂y
, S30z = (

ω̄c,e
ωc,e

)kf,M30x = (
ω̄c,e
ωc,e

)f
′′
, S41x =

d4e
4
(
ω̄c,e
ωc,e

)2kf2
∂

∂x
, S41y = d2e

[

1− i

2
(
ω̄c,e
ωc,e

)2

× k2d2ef
2
]

, S41z = −d2e(
ω̄c,e
ωc,e

)f,M41y = d2e(
ω̄c,e
ωc,e

)f
′
, S40x =

[

(
ωp,e
ωc,e

)2 − d2e
2
(
ω̄c,e
ωc,e

)2×
(

2f2
∂2

∂x2
+ 4f

′
f
∂

∂x
+ f2

′ ∂

∂x
+ 2f3 + 2f

′2
)]

,

✭❏✳✶✻✮

✷✻✻



S40y =
kd2e
2

(
ω̄c,e
ωc,e

)2
[

2f2
∂

∂x
+ 4f

′
f
]

, S40z = −kd2e(
ω̄c,e
ωc,e

)3
[

f3
∂

∂x
+ 3f

′
f2
]

,M40x = −d2e(
ω̄c,e
ωc,e

)3
[

f1
∂

∂x

+ f
′

1

]

, M40z = −k(ωp,e
ωc,e

)2, S51x = −d2e
[

1 +
d2e
2
(
ω̄c,e
ωc,e

)2
(f2

2

∂2

∂x2
+ ff

′ ∂

∂x
+ if2k2

)]

,

M51x = −d2e(
ω̄c,e
ωc,e

)f
′
,
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❛♥❞

S51y = −d
4
e

2
(
ω̄c,e
ωc,e

)2k
[f2

2

∂

∂x
+ ff

′ − f2
∂

∂x

]

, S50x =
d2e
2
(
ω̄c,e
ωc,e

)2k
[

f2
′
+ 2f2

∂

∂x

]

, S50z = −id2e×

(
ω̄c,e
ωc,e

)3k2f3, S50y =
[

(
ωp,e
ωc,e

)2 + id2e(
ω̄c,e
ωc,e

)2k2f2
]

, M50x = d2e(
ω̄c,e
ωc,e

)3kf1, M50z = −(
ωp,e
ωc,e

)2
∂

∂x
,

S61x = d2e(
ω̄c,e
ωc,e

)
[

f − d2ef
′′
]

, S61z = d4e(
ω̄c,e
ωc,e

)2ff
′ ∂

∂y
, M61x = −d

4
e

2
(
ω̄c,e
ωc,e

)2
[

f3
∂

∂x
+ f

′

3

]

,

M61y =
d4e
2
(
ω̄c,e
ωc,e

)2kf3, S60x = −d
2
e

2
(
ω̄c,e
ωc,e

)3k[f6
∂

∂x
+ d2ef5

]

, S60y = − id
2
e

2
(
ω̄c,e
ωc,e

)3k2f6,

S60z = (
ω̄c,e
ωc,e

)3, M60x = (
ωp,e
ωc,e

)2k, M60y = (
ωp,e
ωc,e

)2
∂

∂x
, N60n = −

ω̄c,eω
2
p,e

ω3
c,e

f
′
, S70x =

∂

∂x
,

S70y = ik,
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