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Introduction et résumé de la thèse

Cette thèse est dédiée à l'étude des variétés multisymplectiques et plus par-
ticulièrement 2-plectiques, avec un accent mis sur la préquanti�cation de
ces derniers objets. La géométrie multisymplectique est l'étude des var-
iétés di�érentiables M munies d'une k+1 forme di�érentielle fermée et non
dégénérée. Le couple (M,ω) est alors appelé variété multisymplectique. Il
s'agit bien d'une généralisation de la géométrie symplectique dans le sens où
l'on retrouve cette dernière en considérant le cas k = 1.

Comme la géométrie symplectique trouve ses origines dans la formulation ab-
straite de la mécanique Hamiltonienne, la géométrie multisymplectique ap-
parut en premier lieu dans des formulations de théorie des champs classique.
Le modèle "habituel" en physique théorique est donné par un sous-�bré du
�bré multicotangent d'une variété, appelé parfois espace des phases étendu,
qui est alors canoniquement équipé d'une forme multisymplectique. Citons
ici quelques références utiles pour ces points de vue : [Kij73], [H�12], [RR09],
[CnCI91], [Got91].

La première di�érence notable entre les géométries symplectiques et mul-
tisymplectiques est, outre la disparition sur la restriction de la dimension
d'une telle variété, l'absence en général d'un théorème de forme normale ou
d'un théorème de Darboux. Pour k ≥ 2, il existe plus d'un type linéaire
pour une k-forme linéaire sur un espace vectoriel (i.e. ces formes ne sont
pas reliées par un isomorphisme linéaire). Par exemple en dimension 6, il
existe 3 types linéaire pour des 3-formes non-dégénérées, et il est possible
alors de construire une variété 2-plectique qui possède localement ces trois
types simultanément ([Ryv]). Cependant, il est possible pour des variétés
multisymplectiques particulières, ou en imposant de fortes hypothèses sur
une variété multisymplectique générale, de montrer des théorèmes à la Dar-
boux. Un de ces théorèmes fera l'objet d'un chapitre de cette thèse.

La géométrie multisymplectique admet par ailleurs des observables qui sont
alors des formes di�érentielles, en lieu et place des fonctions pour la géométrie
symplectique. En e�et, étant donnée une variété k-plectique (M,ω), on
dé�nit les k−1-formes Hamiltoniennes α ∈ Ωk−1

Ham(M,ω) avec l'équation dite
de "Hamilton-De Donder-Weyl":

dα = ιXαω,
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pour un champ de vecteurs Xα ∈ X(M), appelé alors champ de vecteurs
Hamiltonien associé à α. Cependant, la généralisation naïve de la structure
d'algèbre de Lie des observables dans le cas symplectique est insu�sante
ici car, si on dé�nit le crochet de Poisson de deux formes Hamiltoniennes
α, β ∈ Ωk−1

Ham(M,ω) avec

{α, β} = ιXαιXβω,

l'équation de Jacobi n'est véri�ée qu'à une k−2 forme exacte près.

Si on peut outrepasser cette di�culté en considérant le quotient des formes
Hamiltoniennes par les formes exactes (voir par exemple [CId96]), l'approche
la plus récente, initiée dans [BHR10], est de faire usage des structures al-
gébriques supérieures, et en particulier des ∞-algèbres de Lie. On considère
alors le complexe de de Rham jusqu'aux k−1-formes Hamiltoniennes, et des
crochets jusqu'à l'ordre k−1 sont dé�nis. Notons qu'il existe aussi des ap-
proches de ces observables en considérant des multichamps de vecteurs (voir
par exemple [FPR05]).

Si le point de vue des ∞-algèbres de Lie sur les observables d'une variété
multisymplectique est généralement bien accepté et a conduit à de nou-
velles dé�nitions liées par exemple à la géométrie des applications co-moment
([CFRZ16]), un produit entre ces observables qui serait compatible en un cer-
tain sens avec les crochets est encore absent, et donc l'algèbre de Poisson de
la géométrie symplectique n'est pas tout à fait généralisée. Le produit usuel
des formes di�érentielles est trop naïf, et on peut trouver des contres exem-
ples simples dans ce sens.

La quanti�cation des variétés multisymplectiques est aussi un sujet d'étude
qui est encore assez peu compris. Une première approche dans [Rog13] prouve
un théorème d'isomorphisme entre la Lie 2-algèbre des observables d'une var-
iété 2-plectique, et la Lie 2-algèbre associée à l'algébroïde de Courant constru-
ite à partire d'une trivialisation locale de la forme 2-plectique dans un bon
recouvrement ouvert de la variété. Ce résultat sera ensuite généralisé dans
[FRS14], qui montre un théorème donnant cette fois un quasi-isomorphisme
entre la Lie n-algèbre d'une variété n-plectique, et la Lie n-algèbre (en fait une
algèbre de Lie di�érentielle graduée) des quantomorphismes in�nitésimaux,
construite elle aussi à partir de données locales sur la variété n-plectique.
Ces deux résultats généralisent bien sûr l'isomorphisme bien connu de la
géométrie symplectique, entre les observables et les quantomorphismes, sec-
tions de l'algébroïde d'Atiyah respectant certaines conditions.
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Pour le point de vue plus global en géométrie 2-plectique, il semble main-
tenant plus communément accepté de choisir comme objet préquanti�ant
une gerbe ou extension S1-centrale de groupoïdes (qui sont classi�és par
H3(M,Z)), dans des formulations plus modernes que, par exemple, avec
des faisceaux de groupoïdes comme dans [Bry08]. Cependant, les sections
d'un éventuel objet linéaire associé aux gerbes ou extensions S1-centrales de
groupoïdes sont encore mal comprises, compliquant ainsi l'accès à la général-
isation de la représentation de l'algèbre des observables sur les sections du
�bré préquanti�ant en géométrie symplectique. Des essais pour des dé�-
nitions ont été faits dans [Rog11] et [BSS18] par exemple, mais ces dé�ni-
tions donnent des objets non-triviaux uniquement dans le cas où la classe de
Dixmier-Douady de la gerbe est de torsion, et donc où la variété 2-plectique
est exacte.

Les précédents aspects ne concernent par ailleurs uniquement que la préquan-
ti�cation. La quanti�cation dans son ensemble semble à ce jour encore plus
éloignée, et aucune tentative n'a encore été faite pour dé�nir ce que devrait
être une polarisation en géométrie multisymplectique.

Nous allons maintenant donner un résumé de cette thèse, en détaillant grossière-
ment le contenu de chaque chapitre.

Chapitre 1. Ce chapitre donne dans les deux premières sections les dé�ni-
tions générales des variétés multisymplectiques et des observables associées.
On rappelle en section 1.2 la structure de Lie 2-algèbre sur les observables
d'une variété 2-plectique, le cas général n'étant pas utile dans cette thèse.
En�n en section 1.3, on rappelle deux résultats de préquanti�cation multi-
symplectique, qui servent d'introduction aux résultats du chapitre 3.

Chapitre 2. Ce chapitre dresse une liste des objets géométriques associés
à H3(M,Z) pour une variété di�érentiable M , ainsi que des théorèmes don-
nant la bijection avec la bonne classe d'isomorphismes de ces objets. On y
étudie dans l'ordre les PU(H)-�brés principaux, les gerbes, les extensions
S1-centrales de groupoïdes, les BS1-2-�brés principaux et les ΓU(H)oPU(H)-
2-�brés principaux. Les théorèmes mentionnés sont tous connus mais on y
montre le résultat nouveau suivant.

Théorème 2.4.6. Il y a une bijection

H1(M,ΓU(H)oPU(H)) ∼= H3(M,Z).
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Ce résultat montre alors une bijection entre H3(M,Z), et les classes
d'isomorphismes des ΓU(H)oPU(H)-2-�brés principaux. Il découle de la
littérature existante sur le sujet, mais n'a pas été observé à ce jour, et o�re
donc un potentiel nouvel objet d'étude pour considérer la préquanti�cation
des variétés 2-plectiques, principale motivation de ce chapitre.

Chapitre 3. Ce chapitre est l'adaptation quasi identique d'un article écrit
en collaboration avec Tilmann Wurzbacher, appelé "A prequantisation map
for 2-plectic manifolds". Seule une annexe de l'article a été retirée, car une
version plus détaillée sert d'annexe pour cette thèse.

La section 3.1 donne les résultats préliminaires nécéssaires à la dé�nition de
la préquanti�cation d'une variété 2-plectique considérée dans ce chapitre et
s'achève par la dé�nition suivante.

Dé�nition 3.1.16. Soit une variété 2-plectique (M,ω), avec [ω] ∈ H3(M,Z).
Une préquanti�cation géométrique globale de (M,ω) est un PU(H)-�bré prin-
cipal Π : Y →M , telle que la gerbe associée ("lifting bundle gerbe") possède
une structure connective ayant comme 3-courbure (−2iπ)ω.

On étudie ensuite en section 3.2 les champs de vecteurs multiplicatifs sur les
gerbes, et on donne la dé�nition des symétries in�nitésimales faibles.

Dé�nition 3.2.9. Soit (P, Y ) une gerbe sur une variété M , de struc-
ture connective (A, θ). On appelle symétrie in�nitésimale faible un triplet
(ξ,X,B) où B ∈ Ω1(Y ) et (ξ,X) est un champ de vecteurs multiplicatif sur
le groupoïde P ⇒ Y sujet aux conditions

• LξA = (t∗ − s∗)B

• LXθ = dB.

Cette dé�nition permet alors de montrer le résultat suivant.

Proposition 3.2.11. Soit (P, Y ) une gerbe sur une variété M de struc-
ture connective (A, θ) ayant comme 3-courbure (−2iπ) · ω ∈ Ω3(M). Alors
un champ de vecteurs multiplicatif (ξ,X) sur le groupoïde P ⇒ Y est une
symétrie in�nitésimale faible si et seulement si X se projette sur M en un
champ de vecteurs Hamiltonien pour ω.

La �n de cette section est dédiée à décrire la structure de Lie 2-algèbre sur
les symétries in�nitésimales faibles, qui découle directement de la structure
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de Lie 2-algèbre sur les champ de vecteurs multiplicatifs. Grâce à la forme
particulière de l'algébroïde associée à P ⇒ Y , on obtient donc une structure
de Lie 2-algèbre sur le complexe

XV (Y )⊕ C∞(Y )→ V(P,Y )

où Γ(Y,Lie(P )) ∼= XV (Y ) ⊕ C∞(Y ), avec XV (Y ) l'espace des champs de
vecteurs verticaux par rapport à π : Y → M , et V(P,Y ) est l'espace des
symétrie in�nitésimales faibles.

On montre ensuite le résultat suivant en section 3.3.

Théorème 3.3.5. Soit (M,ω) une variété 2-plectique avec [ω] ∈ H3(M,Z),
et (P, Y ) une préquanti�cation géométrique globale de (M,ω). Il y a alors un
quasi-isomorphisme de Lie 2-algèbres

C∞(M) Ω1
Ham(M,ω)

XV (Y )⊕ C∞(Y ) V(P,Y )

Φ1
Φ2

Φ1

entre la Lie 2-algèbre des observables et la Lie 2-algèbre formée par les
symétries in�nitésimales faibles.

La section 3.4 est �nalement dédiée à préciser ce quasi-isomorphisme dans le
cas où la variété 2-plectique est exacte.

Chapitre 4. Ce chapitre, plus court que les autres, peut être compris comme
un ajout au chapitre précédent. Il détaille les symétries in�nitésimales faibles
dans le cas où la gerbe préquanti�ante est construite à partir de données
locales. On montre qu'on retrouve alors exactement la dé�nition des quan-
tomorphismes in�nitésimaux de [FRS14].

Chapitre 5. Ce chapitre est tiré d'un article écrit en collaboration avec
Tilmann Wurzbacher, intitulé "Lagrangian submanifolds of standard multi-
symplectic manifold", et publié dans Geometric and Harmonic Analysis on
Homogeneous Spaces. TJC 2017. Springer Proceedings in Mathematics and
Statistics, vol 290. Il vise à donner une preuve détaillée d'un théorème de
forme normale de George Martin, qui généralise dans le cas où la variété
k-plectique M est standard, un théorème d'Alan Weinstein qui donne une
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forme normale d'une forme symplectique autour d'une sous-variété Lagrang-
ienne.

A�n de montrer ce théorème, on commence en section 4.1 par dé�nir les
sous variétés Lagrangiennes des variétés multisymplectiques, en s'aidant des
espaces vectoriels multisymplectiques.

Dé�nition 5.1.2. Soit (V, ω) un espace vectoriel k-plectique, U ⊂ V un
sous-espace vectoriel et 1 ≤ j ≤ k. On dé�nit le j-ème complément orthog-
onal de U comme:

U⊥,j := {v ∈ V | ιv∧u1∧...∧ujω = 0, ∀u1, ..., uj ∈ U}.
On dit alors que U ⊂ V est un sous-espace vectoriel j-Lagrangien si U =
U⊥,j. Une sous variété L d'une variété k-plectique M est alors appelée j-
Lagrangienne si en tout point p ∈ L, TpL est un sous-espace vectoriel j-
Lagrangien de TpM .

On dé�nit ensuite les variétés multisymplectiques standards.

Dé�nitions 5.2.1 et 5.2.4. Soit V un espace vectoriel et k > 1. On dit que
V est un espace vectoriel k-plectique standard si (V, ω) est un espace vectoriel
k-plectique et s'il existe un sous-espace W ⊂ V tel que:

(1) ∀u, v ∈ W, ιu∧vω = 0

(2) dim(W ) = dim(Λk((V/W )∗))

(3) codim(W ) > k .

On dira alors qu'une variété k-plectique (M,ω) est standard si pour tout
point p ∈M , l'espace vectoriel (TpM,ωp) est standard.

Ceci permet alors d'énoncer le théorème principal.

Théorème 5.3.1. Soit (M,ω) une variété k-plectique standard. Soit la dis-
tribution W ⊂ TM dé�nie comme W := ∪p∈MWω(p) et soit L une sous
variété k-Lagrangienne de M complémentaire à W (c'est à dire TpM =
TpL ⊕ W |p, ∀p ∈ L). Si W est une distribution intégrable, alors il existe
des voisinages ouverts U et V de L dans respectivement M et Λk(T ∗L), et
un di�éomorphisme φ : U → V tel que

φ|L = idL et φ∗(ωΛk(T ∗L)) = ω sur U.
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La preuve est grossièrement une adaptation de "l'astuce de Moser" utilisé
pour la preuve du théorème de Weinstein, rendu possible grâce à l'existence
de la distribution W ⊂ TM . On y utilise aussi deux résultats de topologie
di�érentielle montrés en annexe de ce chapitre.

Annexes. Le Chapitre 6 est constitué de deux annexes, traitant respective-
ment des groupoïdes de Lie ainsi que des 2-groupes de Lie stricts, et des
Lie 2-algèbres. On y énonce les dé�nitions et résultats principaux qui sont
utilisés au cours de cette thèse, principalement dans les chapitres 2 et 3.
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Chapter 1

Variétés multisymplectiques

1.1 Généralités

Dans cette section, nous allons donner les dé�nitions et concepts généraux
concernant les variétés multisymplectiques. Nous nous intéresserons plus
particulièrement au cas des variétés 2-plectiques, objets centraux de cette
étude.

De�nition 1.1.1. SoitM une variété di�érentiable, et ω ∈ Ωk+1(M), k ≥ 1.
On dit que ω est une forme multisymplectique, ou k-plectique, sur M si ω est
fermée et non-dégénérée dans le sens suivant:

ιvω = 0 si et seulement si v = 0

pour tout v ∈ TM . Nous dirons alors que le couple (M,ω) est une variété
multisymplectique, ou k-plectique.

On retrouve bien les variétés symplectiques avec k = 1. Notons que la condi-
tion de non-dégénérescence est plus faible pour une variété multisymplectique
générale, car alors l'application

ω] : TM → ΛkT ∗M ; v 7→ ιvω

est seulement une injection.

Example 1.1.2. Soit M une variété di�érentiable de dimension n ≥ 2, ori-
entable. Alors si ω est une forme volume sur M , le couple (M,ω) est une
variété (n−1)-plectique.

Example 1.1.3. Soit Q une variété di�érentiable. On note M = ΛkT ∗Q, avec
1 ≤ k ≤ dim(M). Soit θ ∈ Ωk(M) dé�nie par
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θαq(v1, ..., vk) = αq(π∗αqv1, ..., π∗αqvk)

pour tout αq ∈ ΛkT ∗qQ avec q ∈ Q, v1, ..., vk ∈ Tαq(M), et π : M → Q
est la projection canonique. On note ω = dθ. Alors (M,ω) est une variété
k-plectique. Pour voir la non-dégénérescence de ω, on peut par exemple
considérer des coordonnées qi et pI , avec I = (i1, ..., ik), sur respectivement
un ouvert U ⊂ Q et ΛkT ∗U ; un calcul direct montre qu'alors

ω|U =
∑
i1,...,ik

dpi1,...,ik ∧ dqi1 ∧ ... ∧ dqik

ce dont on peut aisément tirer la non-dégénérescence de ω. Notons qu'il
s'agit d'une généralisation directe de la forme symplectique canonique sur le
�bré cotangent d'une variété.

Example 1.1.4. Soit π : E → Σ un �bré de �bre typique Q, avec dimR(Σ) =
n. Soit ω la forme n-plectique de l'exemple précédent sur ΛnT ∗E. On pose,
pour 0 ≤ k ≤ n

Λn
kT
∗E := {α ∈ ΛnT ∗E | ιu1 ...ιukα = 0 dès que u1, ..., uk ∈ ker(π∗)}.

Alors Λn
kT
∗E ⊂ ΛnT ∗E est un sous-�bré, et le pullback de ω est non-dégénéré.

Donc pour tout 0 ≤ k ≤ n, Λn
kT
∗E est une variété n-plectique.

Example 1.1.5. SoitM une variété complexe munie d'une forme volume holo-
morphe Ω. Alors la partie réelle de Ω donne une structure multisymplectique
à M .

Example 1.1.6. Soit G un groupe de Lie réel, semi-simple et compact. On
considère la forme ω ∈ Ω3(G) bi-invariante donnée en l'élément neutre e par

ωe(X, Y, Z) = κ([X, Y ], Z)

où X, Y, Z ∈ Lie(G) et κ la forme de Killing. Alors (G,ω) est une variété
2-plectique.

Les variétés symplectiques possèdent de forts invariants qui disparaissent
lorsque l'on considère la généralisation multisymplectique. Nous allons voir
maintenant les deux di�érences majeures entre symplectique et multisym-
plectique.

Une première di�érence notable est qu'une variété multisymplectique
peut potentiellement exister en n'importe quelle dimension égale ou plus
grande que 2, comme le montre le premier exemple. La condition de
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non-dégénérescence étant plus faible que dans le cas symplectique, aucune
restriction n'existe sur la dimension, en particulier il existe des variétés
multisymplectique de dimension impaire.

La deuxième di�érence est la disparition en général d'un résultat de forme
locale pour les variétés multisymplectiques. Le théorème de Darboux assure
que, étant donné une variété symplectique (M,ω) de dimension 2n et un
point x ∈ M , il existe un voisinage U ⊂ M de x et des coordonnées locales
(qi, p

i) tels que

ω|U =
∑
i

dqi ∧ dpi.

En particulier, en un point x ∈M n'importe quel forme symplectique possède
le type linéaire de la forme bilinéaire canonique sur V ⊕ V ∗ pour un espace
vectoriel V

((v, ϕ), (w,ψ)) 7→ ϕ(w)− ψ(v)

avec (v, ϕ), (w,ψ) ∈ V ⊕ V ∗. C'est à dire qu'il existe un isomorphisme
TxM ∼= V ⊕V ∗ qui tire la forme bilinéaire canonique sur V ⊕V ∗ sur la forme
symplectique au point x. Ces deux observations sont fausses en général en
géométrie symplectique : non seulement il existe maintenant plusieurs type
linéaires pour des formes multilinéaires alternées et non-dégénérées, mais ce
type linéaire peut aussi varier au sein d'une même variété multisymplectique.

En 2-plectique et dimension 6 par exemple, il existe 3 types linéaires. Pour
un espace vectoriel V muni d'une base {(e1, ..., e6)}, ces types linéaires sont

(i) e∗1 ∧ e∗2 ∧ e∗3 + e∗4 ∧ e∗5 ∧ e∗6

(ii) e∗1 ∧ e∗3 ∧ e∗5 − e∗1 ∧ e∗4 ∧ e∗6 − e∗2 ∧ e∗3 ∧ e∗6 − e∗2 ∧ e∗4 ∧ e∗5

(iii) e∗1 ∧ e∗5 ∧ e∗6 − e∗2 ∧ e∗4 ∧ e∗6 + e∗3 ∧ e∗4 ∧ e∗5.

Le type linéaire (i) correspond à des sommes de deux formes volumes, (ii)
correspond aux groupes de Lie semi-simples compacts, et (iii) correspond
au multicotangents. Le résultat suivant donne un fort contre-exemple à
l'existence de théorèmes de Darboux en géométrie multisymplectique

Lemma 1.1.7 ([Ryv]). On considère sur R6 la 3-forme

ωf = dx1 ∧ dx3 ∧ dx5− dx1 ∧ dx4 ∧ dx6− dx2 ∧ dx3 ∧ dx6 + f · dx2 ∧ dx4 ∧ dx5
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où f ∈ C∞(R6) ne dépend que de x2, x4 et x5. Alors (R6, ωf ) est une variété
2-plectique et on a pour x ∈ R6

• ωf |x est du type linéaire (i) si f(x) > 0

• ωf |x est du type linéaire (ii) si f(x) < 0

• ωf |x est du type linéaire (iii) si f(x) = 0.

Donc, en prenant par exemple f(x) = x2 dans le lemme précédent, la forme
ωf possède les trois types linéaires dans n'importe quel voisinage ouvert de
0 ∈ R6.

Des théorèmes de Darboux peuvent cependant être montrés sous des hy-
pothèses supplémentaires assez fortes sur la variété multisymplectique en
question. Un théorème de ce genre sera considéré en chapitre 5.

1.2 Observables multisymplectiques

De�nition 1.2.1. Soit (M,ω) une variété k-plectique, et α ∈ Ωk−1(M). On
dit que α est une forme Hamiltonienne s'il existe Xα ∈ X(M) tel que

dα = ιXαω.

Le champ de vecteur Xα est alors appelé champ Hamiltonien (associé à la
forme Hamiltonienne α). L'ensemble des formes Hamiltoniennes sera noté
Ωk−1
Ham(M,ω), et l'ensemble des champs Hamiltoniens sera noté XHam(M).

Notons que la non-dégénérescence de la forme multisymplectique assure pour
une forme Hamiltonienne l'unicité du champs de vecteurs Hamiltonien asso-
cié. Cependant l'existence n'est pas assurée. Si l'on considère par exemple
M = R6 muni de la forme 2-plectique

dx1 ∧ dx5 ∧ dx6 − dx2 ∧ dx4 ∧ dx6 + dx3 ∧ dx4 ∧ dx5

alors la forme α = x3dx4 n'est pas Hamiltonienne. En général on a donc
Ωn−1
Ham(M,ω) ( Ωn−1(M). Notons cependant que l'égalité a lieu si l'on con-

sidère une forme volume comme forme multisymplectique, par exemple.

La structure algébrique sur les observables d'une variété multisymplectique
requiert l'usage de algèbres de Lie supérieures, ou ∞-algèbres de Lie. Nous
n'étudierons ici que le cas 2-plectique.
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Proposition 1.2.2 ([Rog13]). Soit (M,ω) une variété 2-plectique. Alors

C∞(M)
d−→ Ω1

Ham(M,ω)

possède une structure de Lie 2-algèbre, avec les crochets suivants

• l1 = d

• l2(α, β) = ιXαιXβω

• l2(α, f) = 0

• l3(α, β, γ) = ω(Xα, Xβ, Xγ)

pour tout α, β, γ ∈ Ω1
Ham(M,ω) et f ∈ C∞(M).

Remark 1.2.3. Pour une variété n-plectique, la structure algébrique associée
est une Lie n-algèbre ([Rog12],[Ryv16]), dé�nie avec des crochets similaires.

Remarquons tout d'abord que cette Lie 2-algèbre n'est pas stricte. Pour
cause, le crochet l2 ne véri�e pas l'identité de Jacobi et Ω1

Ham(M,ω) n'est
pas une algèbre de Lie. Par contre, le Jacobiateur est bien égal à la di�éren-
tielle de la fonction donnée par le crochet l3. Certains textes de la littéra-
ture considèrent donc l'espace Ω1(M,ω)/d(C∞(M)), qui possède alors une
structure d'algèbre de Lie. Notons de même que d'autres structures ont été
considérées, en rajoutant cependant des hypothèses sur la variété 2-plectique,
et/ou en étendant les formes Hamiltoniennes à tout degré, considérant ainsi
des multichamps de vecteurs (voir par exemple [FPR03], [CId96]).

On a un morphisme de Lie 2-algèbres

C∞(M) Ω1
Ham(M,ω)

0 XHam(M)

où la seule �èche non triviale envoie une forme Hamiltonienne sur son unique
champ de vecteurs Hamiltonien associé. Ce morphisme n'est jamais un quasi-
isomorphisme.

En géométrie symplectique, l'algèbre des observables est pourvue d'une struc-
ture d'algèbre de Poisson : un produit existe sur les observables qui dérive le
crochet de Lie donné par la forme symplectique. En géométrie 2-plectique,
et même n-plectique générale, cette structure est pour le moment absente.
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Remarquons par exemple qu'en 2-plectique, le produit d'une 1-forme Hamil-
tonienne avec une fonction n'est en général pas une 1-forme Hamiltonienne.
Si on reprend par exemple la forme 2-plectique sur R6

dx1 ∧ dx5 ∧ dx6 − dx2 ∧ dx4 ∧ dx6 + dx3 ∧ dx4 ∧ dx5

Alors par exemple α = x1dx6 est une 1-forme Hamiltonienne avec champ
Hamiltonien associé Xα = −∂x5 , et son produit avec la fonction f(x) = x2

n'est pas une 1-forme Hamiltonienne.

1.3 Premières approches de la préquanti�ca-

tion 2-plectique

Nous allons énoncer dans cette section deux résultats concernant la préquan-
ti�cation 2-plectique. Ceci sert d'introduction aux chapitres suivants, qui
considèreront le problème d'un point de vue plus global.

Rappelons d'abord quelques faits bien connus de la quanti�cation symplec-
tique ([Kos70], [Sou66], [GS77], [Woo92]).

Etant donnée une variété symplectique (M,ω), avec [ω] ∈ H2(M,Z), il existe
un �bré S1-principal τ : P → M de courbure (−2iπ) · ω. Alors on a un
morphisme d'algèbres de Lie

C∞(M)→ XS1

(P ) f 7→ X̃f + ξf

où X̃f est le lift horizontal du champ Hamiltonien associé à f , et ξf (p) =
d
dt
|0(p · exp(2iπf(τ(p)) pour p ∈ P . Les champs de vecteurs invariants par

l'action de S1 sont les sections de l'algébroïde d'Atiyah TP/S1 → M . De
plus, ce morphisme devient un isomorphisme si l'on restreint l'image aux
champs de vecteurs qui respectent la connection, c'est à dire les champs de
vecteurs X ∈ XS1

(P ) tels que LXA = 0, où A est la connection sur P de
courbure (−2iπ) ·ω. Les deux résultats que nous allons voir maintenant con-
sidèrent cet aspect de la préquanti�cation en géométrie 2-plectique.

L'algébroïde d'Atiyah est alors remplacée par une algébroïde de Courant.

De�nition 1.3.1. Une algébroïde de Courant sur M est un �bré vectoriel
C → M , muni d'une forme bilinéaire < ., . > symétrique, et d'un crochet
[., .]C sur les section Γ(C) et d'un morphisme de �bré vectoriels ρ : C → TM ,
tels que les conditions suivantes sont réunies

16



• [e1, [e2, e3]C ]C = [[e1, e2]C , e3]C + [e2, [e1, e3]C ]C

• ρ([e1, e2]C) = [ρ(e1), ρ(e2)]

• [e1, fe2]C = f [e1, e2]C + ρ(e1)(f)e2

• [e1, e1]C = 1
2
D < e1, e1 >

• ρ(e1)(< e2, e3 >) =< [e1, e2]C , e3 > + < e2, [e1, e3]C >

avec e1, e2, e3 ∈ Γ(C), f ∈ C∞(M) et D : C∞(M) → Γ(C) est dé�nie par
< Df, e >= ρ(e)(f) pour e ∈ Γ(C) et f ∈ C∞(M).

Remark 1.3.2. Nous n'énoncerons pas ici les propriétés �nes des algébroïdes
de Courant. Pour un exposé plus complet, voir [Roy99].

L'exemple fondamental d'une algébroïde de Courant est le �bré C = TM ⊕
T ∗M →M , avec la structure

• [(v, α), (v′, α′)]C = ([v, v′],Lvα
′ − Lv′α− 1

2
d(ιvα

′ − ιv′α))

• < (v, α), (v′, α′) >= ιvα
′ + ιv′α

pour (v, α), (v′, α′) ∈ X(M)⊕ Ω1(M) = Γ(C).

Soit (M,ω) une variété 2-plectique, avec [ω] ∈ H3(M,Z). Soit U = {Ui}i∈I
un bon recouvrement ouvert de la variétéM . Notons Ui1,...,ik = Ui1 ∩ ...∩Uik .
On considère une trivialisation de ω dans ce recouvrement

• ω|Ui = dθi avec θi ∈ Ω2(Ui)

• θj − θi = dAij avec Aij ∈ Ω1(Uij)

• Aij + Ajk + dloghijk = Aik avec hijk ∈ C∞(Uijk, S
1).

Soit alors le �bré vectoriel sur M

C =

(∐
i

TUi ⊕ T ∗Ui

)
/ ∼

où (i, v, α) ∼ (j, w, β) s'il existe x ∈ Uij tel que (v, α) ∈ TxUi ⊕ T ∗xUi,
(w, β) ∈ TxUj⊕T ∗xUj, v = w et β = α+ (ιvdAij)|x. On véri�e facilement que
∼ est une relation d'équivalence et

C →M ; [i, v, α] 7→ x
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si x ∈ Ui et (v, α) ∈ TxUi ⊕ T ∗xUi dé�nit un �bré vectoriel lisse sur M . De
plus pour x ∈ Ui et v ∈ TxUi on pose si(v) := (i, v,−ιvθi). Si x ∈ Uij, on
observe que si(v) ∼ sj(v) et donc s(v) := [si(v)] dé�nit un homomorphisme
de �bré vectoriel sur M

TM C

M M.

s

Donc toute section e ∈ Γ(C) peut s'écrire de façon unique e = s(X) + α,
pour X ∈ X(M) et α ∈ Ω1(M) (ici α dé�nit une section globale de C via
[0, α]). On peut alors dé�nir un morphisme ρ : C → TM

ρ(s(v) + α) = v.

On dé�nit encore pour X ∈ X(M) et α ∈ Ω1(M)

• < s(X) + α, s(X ′) + α′ >= ιXα
′ + ιX′α

• [s(X) + α, s(X ′) + α′]C = ([X,X ′],LXα
′ − LX′α− 1

2
d(ιXα

′ − ιX′α)).

Alors C → M est une algébroïde de Courant. On construit ensuite une
structure de Lie 2-algèbre sur

C∞(M)→ Γ(C)

avec

• l1(f) = (0, df)

• l2(e1, e2) = [e1, e2]C

• l2(e, f) = 1
2
(< e, df >)

• l3(e1, e2, e3) = −1
6
T (e1, e2, e3)

où f ∈ C∞(M), e, e1, e2, e3 ∈ Γ(C) et

T (e1, e2, e3) =< [e1, e2]C , e3 > + < [e3, e1]C , e2 > + < [e2, e3]C , e1 > .

Theorem 1.3.3 ([Rog13]). Soit (M,ω) une variété 2-plectique avec [ω] ∈
H3(M,Z). Il y a un morphisme de Lie 2-algèbres
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C∞(M) Ω1
Ham(M,ω)

C∞(M) Γ(C)

id
Φ2

Φ1

entre la Lie 2-algèbre des observables et la Lie 2-algèbre donnée par l'algébroïde
de Courant construite ci-dessus. Ce morphisme est donné par

• Φ1(α) = s(Xα)− α

• Φ2(α, β) = −1
2
(β(Xα)− α(Xβ)).

De plus ce morphisme est un isomorphisme de Lie 2-algèbre si on restreint
Γ(C) aux sections e = s(X) + α telles que

[e, s(X ′)]C = s([X,X ′])

pour tout X ′ ∈ X(M).

Remark 1.3.4. La restriction dans le théorème ci-dessus donne une Lie 2-
algèbre avec la même structure.

Notons que dans ce théorème, nous obtenons un isomorphisme de Lie 2-
algèbre, ce qui est plus fort qu'un quasi-isomorphisme. Ceci généralise donc le
morphisme d'algèbre de Lie entre les observables et les sections de l'algébroïde
d'Atiyah en géométrie symplectique. On peut aussi construire cette al-
gébroïde directement en "twistant" le crochet des champs de vecteurs avec
la forme symplectique, dans une démarche similaire à la construction de
l'algébroïde de Courant ci-dessus.

Nous allons maintenant énoncer un deuxième résultat similaire. On considère
encore une variété 2-plectique (M,ω) avec [ω] ∈ H3(M,Z), et une trivialisa-
tion de ω dans un bon recouvrement ouvert de la variété M , en reprenant
les notations de la construction précédente.

On dé�nit alors L0 comme l'ensemble des (X, {fij}, {αi}), où X ∈ X(M),
fij ∈ C∞(Uij) et αi ∈ Ω1(Ui) sujets aux conditions

• LXθi = dαi

• LXAij = αj − αi + dfij.
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Alors le complexe

⊕C∞(Ui)
l1−→ L0

est une Lie 2-algèbre avec la structure suivante

• l1({fi}) = (0, {fi − fj}, {dfi})

• l2((X, {fij}, {αi}), (X ′, {f ′ij}, {α′i})] = ([X,X ′], {df ′ij(X)−dfij(X ′)}, {LXα
′
i−

LX′αi})

• l2((X, {fij}, {αi}), {gi}) = dgi(X)

• l3 = 0.

On a alors le résultat suivant

Theorem 1.3.5. [FRS14] Soit (M,ω) une variété 2-plectique. On trivialise
ω dans un bon recouvrement ouvert en reprenant les notation de la construc-
tion précédente. Il y a alors un morphisme de Lie 2-algèbres

C∞(M) Ω1
Ham(M,ω)

⊕C∞(Ui) L0

Φ1
Φ2

Φ1

l′1

donné par les équations suivantes pour f ∈ C∞(M) et α, β ∈ Ω1
Ham(M,ω)

• Φ1(f) = {f |Ui}

• Φ1(α) = (Xα, {ιXαAij}, {ιXαθi + α|Ui})

• Φ2(α, β) = {(β(Xα)− α(Xβ))|Ui + ιXαιXβθi}.

De plus, ce morphisme est un quasi-isomorphisme en imposant la condition
supplémentaire suivante sur les éléments (X, {fij}, {αi}) ∈ L0

fij + fjk + dloghijk(X) = fik.

Dans le théorème précédent, le complexe

⊕C∞(Ui)
l1−→ L′0

avec L′0 l'ensemble des (X, {fij}, {αi}) où X ∈ X(M), fij ∈ C∞(Uij) et
αi ∈ Ω1(Ui) sujets aux conditions
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• LXθi = dαi

• LXAij = αj − αi + dfij

• fij + fjk + dloghijk(X) = fik

reste bien sûr une Lie 2-algèbre, avec les mêmes crochets de structure que
ceux dé�nis pour la Lie 2-algèbre ⊕C∞(Ui)

l1−→ L0.

Remark 1.3.6. La condition

fij + fjk + dloghijk(X) = fik

sur le couple (X, {fij}) avec X ∈ X(M) et fij ∈ C∞(Uij) exprime les données
locales d'un champ de vecteurs multiplicatif sur une gerbe locale de classe
Dixmier-Douady [hijk] ∈ H3(M,Z). Rajouter ensuite les conditions

• LXθi = dαi

• LXAij = αj − αi + dfij

fait alors du triplet (X, {fij}, {αi}) les données d'une symétrie in�nitésimale
faible, sur une gerbe locale de classe Dixmier-Douady [hijk] ∈ H3(M,Z)
et structure connective donnée par (Aij, θi), appelées quantomorphismes in-
�nitésimaux dans [FRS14]. Ceci sera détaillé et globalisé dans les chapitres
ultérieurs.
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Chapter 2

Geometrisation of H3(M,Z)

In this section, we will study the various geometric objects associated to
an element of H3(M,Z), for M a �nite-dimensional di�erentiable manifold.
For every notion, we will give several geometric and topological construc-
tions, and give results linking H3(M,Z) to the right de�nition of isomor-
phism class of the object that we consider. We will eventually highlight the
similarities between these objects. In this whole section M will denote a
�nite dimensional di�erentiable manifold. Since the presented constructions
do not depend on the choice of a good open cover of the manifold M , we
allow ourselves to �x such a covering U = {Ui}i∈I . We will use the notation
Ui1...ik = Ui1 ∩ ... ∩ Uik .

For every geometrisation of H3(M,Z) studied here, with the exception of
principal PU(H)-bundles, the adequate general theory needed to understand
their general structure involves the use of (at least) 2-categories. Since we
only want to understand the link these objects have with H3(M,Z), these
aspects will not be mentioned here.

We will also disregard the various notions of connective structures that exist
on these objects. We will however give geometric constructions whenever
possible.

The main motivation in studying the geometrisation of H3(M,Z) is, of
course, to arrive at a better understanding of the objects that should ap-
pear upon developing 2-plectic quantisation.
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2.1 Principal PU(H)-bundles

We begin with the oldest geometrisation of H3(M,Z), which goes back to
([DD63]).

Let H be a separable, in�nite-dimensional Hilbert space. We have the well-
known exact sequence of Lie groups

1→ S1 → U(H)→ PU(H)→ 1

where U(H) is the space of unitary operators on H, and PU(H) = U(H)/S1.
We will denote the natural projection by q : U(H)→ PU(H).

Now let P →M be a principal PU(H)-bundle. Denote by gij : Uij → PU(H)
the transition functions of the bundle P →M . We use conventions such that:

gjkgij = gik.

Upon choosing lifts :

U(H)

Uij PU(H)
gij

g̃ij

one observes that the g̃ij's do not de�ne a cocycle but

aijk := g̃ik
−1g̃jkg̃ij

lies in S1 because q(aijk) = 1. It is easily veri�ed that {aijk} de�nes an
element [a] of H2(M,S1) = H3(M,Z). The class [a] does not depend on
the choice of the open cover nor the choice of lifts. This class is called the
Dixmier-Douady class of the bundle P . Note that this class being torsion
means that the bundle P lifts to a principal U(H)-bundle P̃ →M such that
P̃ /S1 ∼= P . So the Dixmier-Douady class can be seen as an obstruction to
lifting the bundle P to a principal U(H)-bundle over M .

Constructing a map H3(M,Z) → H1(M,PU(H)) is more complicated and
will not be detailed here. However we have the following result, whose proof
can be found, e.g., in ([Bry08]).

Theorem 2.1.1. There is an isomorphism
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H3(M,Z) ∼= H1(M,PU(H))

with H1(M,PU(H)) describing isomorphism classes of principal PU(H)-
bundles over M .

Remark 2.1.2. The isomorphism of Theorem 2.1.1 can also be understood
in terms of classifying and Eilenberg-Maclane spaces (see, e.g., [Spa81] for
a detailed discussion). Let indeed G be a Lie group. There is a universal
principal G-bundle EG→ BG which gives an isomorphism

H1(M,G) = [M,BG]

between the equivalence classes of principal G-bundles overM and homotopy
classes of smooth maps M → BG. It is well known that �nding a principal
G-bundle E → B with E being contractible, means that this bundle is uni-
versal in the above sense.

Moreover, we have the Eilenberg-Maclane space K(G, n) for n ∈ N, coming
from ordinary cohomology, that satisfy

K(G, n) = B(K(G, n−1)).

We interpret here K(G, 0) as G. Recall that for n ≥ 2, G must be abelian.
Therefore we have isomorphisms

Hn(M,G) = [M,K(G, n)] = [M,B(K(G, n−1))]

between the nth ordinary cohomology of M with values in G, and isomor-
phism classes of principal K(G, n−1)-principal bundles.

The principal S1-bundle U(H) → PU(H) is universal since U(H) is con-
tractible by Kuiper's theorem. Therefore, taking G = Z in the preceding
isomorphism yields

H3(M,Z) = [M,K(Z, 3)] = [M,B(K(Z, 2))] = [M,BPU(H)] = H1(M,PU(H))

giving the isomorphism of Theorem 2.1.1.

This gives the �rst geometric realization of a class in H3(M,Z). However,
given such a class, it is quite complicated to directly construct a PU(H)-
principal bundle with the right Dixmier-Douady class. We will now introduce
geometric objects that solve this problem.
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2.2 Bundle gerbes

We consider in this section bundle gerbes, �rst introduced by Murray in
([Mur96]). We will �rst give the general de�nitions concerning the objects
themselves as well as isomorphisms between them, and then state the result
linking these objects to H3(M,Z).

De�nition 2.2.1. Let M be a smooth manifold. A S1-bundle gerbe (P, Y )
over M consists of:

• a smooth manifold Y with a surjective submersion Y π−→M ,

• a principal S1-bundle P over Y [2],

• a smooth isomorphism µ : π∗3P ⊗ π∗1P → π∗2P of principal S1-bundles
over Y [3] (where πi : Y [3] → Y [2] denotes the projection that forgets the
ith factor).

Furthermore, the isomorphism µ has to verify an associativity condition,
which can be expressed by the commutativity of the following diagram of
S1-bundles over Y [4]:

π∗34P ⊗ π∗14P ⊗ π∗12P π∗24P ⊗ π∗12P

π∗34P ⊗ π∗13P π∗23P .

µ⊗id

id⊗µ µ

µ

Here πij : Y [4] → Y [2] denotes the projection which forgets the ith and jth

factors.

The map µ in the preceding de�nition will be referred to as a bundle gerbe
product. Note that for (y1, y2, y3) ∈ Y [3], this map gives an S1-equivariant
isomorphism

Py1,y2 ⊗ Py2,y3 ∼= Py1,y3

where Pyi,yj denotes the �ber above an element (yi, yj) ∈ Y [2].

We will now describe how an element of H3(M,Z) is associated to a bundle
gerbe.

Let (P, Y ) be a bundle gerbe over M . Choose local sections σi : Ui → Y .
Then for x ∈ Uij, (σi(x), σj(x)) ∈ Y [2] so we denote Pij the pullback of P by
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the map (σi, σj) : Uij → Y [2]. Choosing sections sij : Uij → Pij, there is a
unique gijk : Uijk → S1 such that for every x ∈ Uijk:

µ(sjk(x), sij(x)) = gijk(x) · sik(x).

Using the associativity of the bundle gerbe multiplication, we can show that
[g] ∈ H2(M,S1) = H3(M,Z). Furthermore [g] does not depend on the choice
of the cover nor the choices of sections σi and sij.

De�nition 2.2.2. The class [g] ∈ H3(M,Z) constructed above is called the
Dixmier-Douady class of the bundle gerbe (P, Y ).

Before giving the right notion of morphisms between bundle gerbes which re-
spects the Dixmier-Douady class, we have to consider several constructions
with bundle gerbes.

We can construct the dual (P ∗, Y ) of a bundle gerbe (P, Y ) by simply taking
the dual P ∗ of the principal S1-bundle P → Y [2]. Since P ⊗ P ∗ ∼= Y [2] × S1,
we can construct a bundle gerbe product on (P ∗, Y ).

We can also construct the product of two bundle gerbes (P1, Y1) and (P2, Y2)
over M . Denoting the projections Y1

π1−→ M and Y2
π2−→ M , consider the

�bered product Y1π1×π2Y2 with projections p1 : Y1π1×π1Y2 → Y1 and p2 :

Y1π1×π2Y2 → Y2. Thus we have maps p[2]
1 : (Y1π1×π2Y2)[2] → Y

[2]
1 and p[2]

2 :
(Y1π1×π2Y2)[2] → (Y2)[2], which we can use to consider the pullback S1-bundle

P1 ⊗ P2 := (p
[2]
1 )∗P1 ⊗ (p

[2]
2 )∗P2

over Y1π1×π2Y2. A bundle gerbe product can be easily de�ned using the
products coming from the two bundle gerbes (P1, Y1) and (P2, Y2). Then
(P1 ⊗ P2, Y1π×π2Y2) is a bundle gerbe over M .

Finally let Y π−→ M be a surjective submersion, and Q → Y be a principal
S1-bundle. Denoting the projections qi : Y [2] → Y , for i = 1, 2 we can form
the S1-bundle

δ(Q) := (q∗1Q)∗ ⊗ q∗2Q

over Y [2]. If πi : Y [3] → Y [2], for i = 1, 2, 3, is the projection that forgets the
ith component, then π∗1δ(Q) ⊗ π∗3δ(Q) = (κ∗13Q)∗ ⊗ κ∗12Q ⊗ (κ∗23Q)∗ ⊗ κ∗13Q
(where κij : Y [3] → Y is the projection that forgets the ith and jth compo-
nent), then it is naturally isomorphic to (κ∗23Q)∗ ⊗ κ∗12Q = π∗2δ(Q), giving a
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bundle gerbe product. Thus (δ(Q), Y ) is a bundle gerbe over M .

We are now ready to de�ne the notion of "stable" isomorphism between
bundle gerbes.

De�nition 2.2.3. Let (P1, Y1) and (P2, Y2) be two bundle gerbes overM . We
denote the projections π1 : Y1 → M and π2 : Y2 → M . We say that (P1, Y1)
and (P2, Y2) are stably isomorphic if there exists principal S1-bundles Q1, Q2

over Y1π1×π2Y2 with an isomorphism of principal S1-bundles

(p
[2]
1 )∗P1 ⊗ δ(Q1) ∼= δ(Q2)⊗ (p

[2]
2 )∗P2

over (Y1π1×π2Y2)[2], which commutes with the bundle gerbe multiplications.

This de�nes an equivalence relation between bundle gerbes, and it turns
out that this is the right notion of isomorphism that preserves the Dixmier-
Douady class.

Theorem 2.2.4. [MS00] Two bundle gerbes are stably isomorphic if and
only if they have the same Dixmier-Douady class.

Remark 2.2.5. In other words, we have a bijection between H3(M,Z) and
the stable isomorphism classes of bundle gerbes over M . Moreover, a bundle
gerbe has torsion Dixmier-Douady class if and only if it is stably isomorphic
to a bundle gerbe of the form (δ(Q), Y ). It is in fact quite easy, given a
class [λ] = [λijk] ∈ H3(M,Z), to construct a bundle gerbe over M with
Dixmier-Douady class [λ]. Consider the projection Y :=

∐
Ui → M . Then

Y [2] =
∐
Uij, and we consider the trivial S1-bundle P :=

∐
Uij×S1 →

∐
Uij.

Then the map

µ : π∗3P ⊗ π∗1P → π∗2P, (xjk, g)⊗ (xij, g
′) 7→ (xik, gg

′λijk(x))

where x ∈ Uijk, de�nes a bundle gerbe multiplication, and the Dixmier-
Douady class of (P, Y ) is [λ] (here xjk denote x but with its membership to
Ujk being underlined). Such a bundle gerbe is called local.

We �nish this section by linking principal PU(H)-bundles to bundle gerbes.

Let Y →M be a principal PU(H)-bundle. Then Y [2] ∼= Y ×PU(H) and we
have a well de�ned map ψ : Y [2] → PU(H) such that for (y, y′) ∈ Y [2]

y′ = y · ψ(y, y′).
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Thus we can pullback the S1-bundle U(H) → PU(H) via the map ψ to
obtain a principal S1-bundle P → Y . A bundle gerbe multiplication can be
de�ned by

µ((y, y′, u), (y′, y′′, u′)) = (y, y′′, uu′),

for y, y′, y′′ ∈ Y [3] and u, u′ ∈ U(H). This gives a bundle gerbe (P, Y ) over
M , called the lifting bundle gerbe associated to Y →M .

Remark 2.2.6. This construction works for every principal G-bundle, with G
sitting in an exact sequence

1→ S1 → Ĝ→ G→ 1.

Consider a principal PU(H)-bundle Y → M , with Dixmier-Douady class
[λ] ∈ H3(M,Z). Then choosing sections σi : Ui → Y , we obtain transitions
functions gij : Uij → PU(H) and for x ∈ Uij, ψ(σi(x), σj(x)) = gij(x). Then
sections sij : Uij → ψ∗(U(H)) are de�ned by sij(x) = (σi(x), σj(x), g̃ij(x))
where g̃ij : Uij → U(H) are lifts of the transition functions gij. We obtain

µ(sjk(x), sij(x)) = (σi(x), σk(x), g̃jk(x)g̃ij(x))

= (σi(x), σk(x), g̃ik(x)λijk(x))

= λijk(x)sik(x).

This shows that the Dixmier-Douady class of the lifting bundle gerbe as-
sociated to the principal PU(H)-bundle Y → M is equal to the Dixmier-
Douady class of the bundle itself. Combining this construction with the fact
that H3(M,Z) is isomorphic to both the isomorphism classes of principal
PU(H)-bundles, and the stable isomorphism classes of bundle gerbes, we
obtain the following

Theorem 2.2.7. Every bundle gerbe is stably isomorphic to a lifting bundle
gerbe of some principal PU(H)-bundle.

2.3 Groupoid S1-central extensions

The next class of geometric objects that we investigate here are groupoid
S1-central extensions, introduced in [BX11].

De�nition 2.3.1. Let G1 ⇒ G0 be a Lie groupoid. A Lie groupoid Q1 ⇒ G0

is called an S1-central extension of G1 ⇒ G0 if there exists an exact sequence
of Lie groupoids
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1→ G0 × S1 χ→ Q1
ρ→ G1 → 1

over idG0 such that the image of χ is central in Q1. We will denote such
objects by Q1 → G1 ⇒ G0.

It is immediate to see that, given such a sequence, the manifold Q1 is
equipped with an action of S1, namely for q ∈ Q1 and λ ∈ S1

q · λ := q ◦ χ(s(q), λ).

Moreover this action makes Q1
ρ−→ G1 into a principal S1-bundle since, for

q, q′ ∈ Q1 such that ρ(q) = ρ(q′), we have that s(q) = s(q′) and t(q) = t(q′),
so we can consider the product q−1 ◦ q′ which is in the kernel of ρ, so there
is a unique λ ∈ S1 such that

q−1 ◦ q′ = χ(s(q), λ) and therefore q′ = q · λ.

Note that this action is compatible with the groupoid multiplication in the
sense that

(q · λ) ◦ q′ = q ◦ (q′ · λ) = (q ◦ q′) · λ

for q, q′ ∈ Q1 and λ ∈ S1 such that the above equation makes sense.

We will only consider S1-central extensions of certain groupoids, in order
to give a description in term of H3(M,Z). Let Y π−→ M be a surjective
submersion. Then we consider the S1-central extensions of the groupoid
Y [2] ⇒ Y , that is, sequences

1→ Y × S1 → P → Y [2] → 1.

Such sequences are in fact in one to one correspondence with bundle gerbes:
in the above sequence, the pair (P, Y ) is a bundle gerbe over M . The
groupoid multiplication gives a bundle gerbe multiplication, and the fact
that the groupoid multiplication is compatible with the S1-action and asso-
ciative imply that the axioms in the de�nition of a bundle gerbe are satis�ed.

De�nition 2.3.2. Let πi : Yi →M (i = 1, 2) be two surjective submersions.
An isomorphism between two S1-central extensions Q1 → Y

[2]
1 ⇒ Y1 and

Q2 → Y
[2]

2 ⇒ Y2 is a Morita equivalence Q1
τ1←− Z

τ2−→ Q2 such that π1 ◦ τ1 =
π2 ◦ τ2, with a right action of S1 on Z which is compatible with the Morita
equivalence in the sense that
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(q1 · λ) · z · q2 = q1 · (z · λ) · q2 = q1 · z · (q2 · λ)

for all λ ∈ S1, (q1, q2) ∈ Q1 × Q2 and z ∈ Z such that the above formula
makes sense.

We will show that this de�nition is equivalent to the associated bundle gerbes
being stably isomorphic.

Let then Q1
τ1←− Z

τ2−→ Q2 be an isomorphism between the two S1-central
extensions Q1 → Y

[2]
1 ⇒ Y1 and Q2 → Y

[2]
2 ⇒ Y2. Because the S1-action is

free on both Q1 and Q2 it is straightforward to verify that it is also free on
Z. Then the map

Z
(τ1,τ2)−−−→ Y1π1×π2Y2

is well-de�ned and is a principal S1-bundle since for z, z′ ∈ Z with τ1(z) =
τ1(z′), τ2(z) = τ2(z′), we have unique q1 ∈ Q1 and q2 ∈ Q2 such that q1 ·z = z′

and z · q2 = z′. Taking the image by τ1 of both these equations shows that
s(q1) = t(q1) so q1 lies in the image of Y1×S1 and then there is a unique λ ∈ S1

such that z′ = z · λ. Then consider the S1-bundle δ(Z) → (Y1π1×π2Y2)[2] as
in the previous section. We have an isomorphism of principal S1-bundles:

(p
[2]
1 )∗Q1 ⊗ δ(Z) ∼= δ(Z)⊗ (p

[2]
2 )∗Q2.

Let indeed be ((y1, y2), (y′1, y
′
2)), q1, z, z

′) ∈ (p
[2]
1 )∗Q1 ⊗ δ(Z). It is such that

(τ1, τ2)(z) = (y1, y2), (τ1, τ2)(z′) = (y′1, y
′
2) and (s, t)(q1) = (y1, y

′
1), with

(y1, y
′
1) ∈ Y [2]

1 and (y2, y
′
2) ∈ Y [2]

2 . Then τ1(q1 · z′) = t(q1) = y1 = τ1(z), so
there is a unique q2 ∈ Q2, (s, t)(q2) = (y2, y

′
2) such that q1 · z′ = z · q2. Thus

the correspondence

[q1, z, z
′] 7→ [z, z′, q2]

gives the desired isomorphism. Moreover, it can be shown using the proper-
ties of Morita equivalences that the isomorphism indeed respects the bundle
gerbes products. Thus, the bundle gerbes (Q1, Y1) and (Q2, Y2) are stably
isomorphic.

Now consider two stably isomorphic bundle gerbes (P1, Y1) and (P2, Y2) over
M , with surjective submersions π1 : Y1 → M and π2 : Y2 → M . Then we
have principal S1-bundles Q1

τ1−→ Y1 and Q2
τ2−→ Y2 with an isomorphism

(p
[2]
1 )∗P1 ⊗ δ(Q1) ∼= δ(Q2)⊗ (p

[2]
2 )∗P2
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of S1-bundles over (Y1π1×π2Y2)[2]. The fact that this isomorphism respects
the bundle gerbe multiplications means there is an isomorphism of the asso-
ciated Lie groupoids (p

[2]
1 )∗P1 ⊗ δ(Q1) ⇒ Y1π1×π2Y2 and δ(Q2)⊗ (p

[2]
2 )∗P2 ⇒

Y1π1×π2Y2. The Lie groupoid (p
[2]
1 )∗P1 ⇒ Y1π1×π2Y2 is the pullback groupoid

of P1 ⇒ Y1 by the projection Y1π1×π2Y2 → Y1, therefore these two groupoids
are Morita equivalent. Moreover, consider the pullback groupoid of δ(Q1) ⇒
Y1 by Q1

τ1−→ Y1, which we will denote by Q̃1 ⇒ Q1 ; as well as the pullback
groupoid of Y [2]

1 × S1 ⇒ Y1 by Q1
τ1−→ Y1, which we will denote by Ỹ1 ⇒ Q1.

Elements of Q̃1 are triples (q, [q̃, q̃′], q′), with τ1(q̃) = τ1(q), τ1(q̃′) = τ1(q′),
and the class [q̃, q̃′] taken with respect to the S1-action (q̃, q̃′)·λ = (q̃ ·λ, q̃′ ·λ).
Thus given such a triple, the quantity ψ(q, q̃) ·ψ(q′, q̃′)−1 ∈ S1 is well-de�ned.
Thus the map

(q, [q̃, q̃′], q′) 7→ (q, (τ1(q), τ1(q′), ψ(q, q̃) · ψ(q′, q̃′)−1), q′)

de�nes an isomorphism between the Lie groupoids Q̃1 ⇒ Q1 and Ỹ1 ⇒ Q1.
This shows that the Lie groupoids δ(Q1) ⇒ Y1 and Y

[2]
1 ×S1 ⇒ Y1 are Morita

equivalent.

Therefore, (p
[2]
1 )∗P1 ⊗ δ(Q1) ⇒ Y1π1×π2Y2 is Morita equivalent to P1 ⇒ Y1,

and δ(Q2) ⊗ (p
[2]
2 )∗P2 ⇒ Y1π1×π2Y2 is Morita equivalent to P2 ⇒ Y2. Com-

bining these facts with the isomorphism given by the stable isomorphism
between (P1, Y1) and (P1, Y2) shows the Lie groupoids P1 ⇒ Y1 and P2 ⇒ Y2

are Morita equivalent. Showing that this Morita equivalence has the desired
properties is tedious but straightforward. Then the S1-central extensions
P1 → Y

[2]
1 ⇒ Y1 and P2 → Y

[2]
2 ⇒ Y2 are isomorphic.

Thus two bundle gerbes are stably isomorphic if and only if the associated
S1-central extensions of Lie groupoids are isomorphic. Because stable iso-
morphisms are classi�ed by H3(M,Z), we obtain the following:

Theorem 2.3.3. There is a bijection between H3(M,Z) and the isomorphism
classes of S1-central extensions of Lie groupoids Y [2] ⇒ Y , for a surjective
submersion Y π−→M .

Remark 2.3.4. This theorem can be shown directly using an exact sequence
of cohomology groups as in [BX11].
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2.4 Principal 2-group bundles

Here we will consider principal 2-group bundle, focusing in particular on
the cases where the 2-group is BS1 or ΓU(H)oPU(H) = (U(H) o PU(H) ⇒
PU(H)). There exists several de�nitions of Lie 2-group bundles (compare,
e.g., [GS15],[BS07]), but we follow the point of view of [Wal18].

For a Lie groupoid G = (G1 ⇒ G0) with a surjective submersion π : G0 →M ,
the Lie groupoid G ×π G is de�ned to be the full sub-Lie groupoid of G × G
over G0×π G0. This means that the space of morphisms of the Lie groupoid
G ×π G is the space {g, g′ ∈ G1 | π ◦ s(g) = π ◦ s(g′) and π ◦ t(g) = π ◦ t(g′)}.

De�nition 2.4.1. Let G = G1 ⇒ G0 be a Lie groupoid, and Γ = Γ1 ⇒ Γ0

be a Lie 2-group. We say that G is a principal Γ-2-bundle over M if there is
a Lie groupoid morphism

G1 M

G0 Mπ

with π being a surjective submersion, together with an action R : G ×Γ→ G
such that the functor

G × Γ
(id×R)−−−−→ G ×π G

is a Morita morphism.

The general de�nition of isomorphisms between these objects is as follows

De�nition 2.4.2. Let G = (G1 ⇒ G0) and G ′ = (G′1 ⇒ G′0) be two principal
Γ 2-bundles overM . Note the projections π : G0 →M and π′ : G′0 →M . An

isomorphism between G and G ′ is a Morita equivalence G1
τ←− Z

τ ′−→ G′1, with
π ◦ τ = π′ ◦ τ ′, equipped with a right action of the Lie group Γ1, Z ×Γ1 → Z
such that

R(τ1(z), t(γ)) = τ1(R(z, γ)) and R(τ2(z), s(γ)) = τ2(R(z, γ))

for all z ∈ Z and γ ∈ Γ1, and compatible with the groupoid multiplications
in the sense that

R(g1 · z · g2, γ1 ◦ γZ ◦ γ2) = R(g1, γ1) ·R(z, γZ) ·R(g2, γ2)

for all appropriate z ∈ Z, g1 ∈ G1, g2 ∈ G2 and γ1, γZ , γ2 ∈ Γ1.
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We now state the main classi�cation result about these objects, beginning
with a de�nition of cocycles with values in a 2-group.

De�nition 2.4.3. Let Γ be a Lie 2-group, given by a crossed module of
Lie groups H o G ⇒ G. Denote the structure morphisms r : H → G and
α : G→ Aut(H). Let furthermore U = {Ui}i∈I be a good open cover of the
manifold M . A Γ-cocycle on M is a collection of smooth maps gij : Uij → G
and aijk : Uijk → H such that

• gik = r(aijk)gjkgij

• aiklα(gkl)(aijk) = aijlajkl.

Two such cocycles (aijk, gij), (a′ijk, g
′
ij) are equivalent if there exist smooth

maps hi : Ui → G and eij : Uij → H such that

• g′ijhi = r(eij)higij

• a′ijkα(gjk)(eij)ejk = eikα(hk)(aijk).

We will denote the set of equivalence classes of such cocycles by H1(M,Γ).

Remark 2.4.4. Such cocycles are in fact morphisms of simplicial manifolds
between the �ech simplex associated to a good open cover of the manifold
M , and the Lie 2-group Γ, both considered as simplicial manifolds.

These cocycles classify the principal 2-group bundles.

Theorem 2.4.5 ([Wal18]). Let Γ be a Lie 2-group. There is a bijection be-
tween the isomorphism classes of principal Γ-2-bundles overM , and H1(M,Γ).

An element of H1(M,BS1) is then a collection of maps λijk : Uijk → S1 such
that

λijkλikl = λjklλijl

Thus we have H1(M,BS1) = H2(M,S1) = H3(M,Z), and H3(M,Z) classi-
�es the principal BS1-2-bundles over M . We will however link these princi-
pal BS1-2-bundles with the objects considered in the previous sections more
precisely. Consider for this a principal BS1-2-bundle over M . It is a Lie
groupoid P ⇒ Y with a functor

P M

Y Mπ

33



where π : Y → M is a surjective submersion, and P × S1 → P an action
preserving the source and target maps of the Lie groupoid P ⇒ Y . Moreover,
the fact that P × S1 id,R−−→ P ×π P is a Morita morphism translates to the
diagram

P × S1 P ×π P

Y × Y Y [2] × Y [2]

being a pullback diagram, where P ×π P = {(p, p′) ∈ P × P | (s(p), s(p′)) ∈
Y [2] and (t(p), t(p′)) ∈ Y [2]}. This means that for all (p, p′) ∈ P ×π P , there
exists a unique λ ∈ S1 such that p′ = R(p, λ). Therefore P

(s,t)−−→ Y [2] is a
principal S1-bundle, and, denoting ε : Y → P the unit map, we have an
S1-central extension

1→ Y × S1 R◦(ε,id)−−−−→ P
(s,t)−−→ Y [2] → 1

It is also straightforward to verify that a S1-central extension gives a BS1-
principal 2-bundle. Therefore there is a one-to-one correspondence between
bundle gerbes, S1-central extensions of groupoids of the form P → Y [2] ⇒ Y
for a surjective submersion Y π−→M , and BS1 principal 2-bundles. Moreover,
an isomorphism between two principal BS1-2-bundles, being a Morita equiv-
alence satisfying extra conditions, corresponds exactly to an isomorphism
between the associated S1-central extensions of groupoids.

Now consider a bundle gerbe (P̃ , Ỹ ) over M . We have seen that it is stably
isomorphic to a lifting bundle gerbe of some principal PU(H)-bundle Y π−→
M . Note P ⇒ Y the associated groupoid. Now recall that the S1-bundle
P → Y [2] is the pullback of U(H)→ PU(H) via the map ψ : Y [2] → PU(H).
Consider the Lie groupoid Y × U(H) ⇒ Y with

s(y, u) = y · q(u) and t(y, u) = y,

multiplication given by (y, u) ◦ (y · q(u), u′) = (y, uu′) and unit ε(y) = (y, 1).
Then this Lie groupoid is isomorphic to P ⇒ Y via the map f : Y ×U(H)→
P ,

f(y, u) = (y, y · q(u), u).

Moreover we have a diagram
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Y × U(H) M

Y M

π◦prY

π

And there is a right action

(Y × U(H))× (U(H) o PU(H)) Y × U(H)

Y × PU(H) Y

R

given by

R((y, ũ), (u, g)) = (y · g, cg−1(ũ)u),

where cg(u) = gug−1 for g ∈ PU(H) and u ∈ U(H). It is straightforward
to verify that this indeed de�nes a 2-group action of ΓU(H)oPU(H) on the Lie
groupoid Y × U(H) ⇒ Y and that the functor

(Y × U(H))× (U(H) o PU(H))
(id×R)−−−−→ (Y × U(H))×π (Y × U(H))

is a Morita morphism. Therefore the Lie groupoid Y × U(H) ⇒ Y has the
structure of a ΓU(H)oPU(H) principal 2-bundle over M .

We will in fact show that principal ΓU(H)oPU(H)-2-bundles are classi�ed by
H3(M,Z). Recall that an element of H1(M,ΓU(H)oPU(H)) is a collection of
maps gij : Uij → PU(H) and aijk : Uijk → U(H) such that

• gik = q(aijk)gjkgij

• aiklcgkl(aijk) = aijlajkl

with q : U(H) → PU(H) being the projection. Equivalence between two
such cocycles (aijk, gij) and (a′ijk, g

′
ij) is given by a collection of maps hi :

Ui → PU(H) and eij : Uij → U(H) such that

• g′ijhi = q(eij)higij

• a′ijkcgjk(eij)ejk = eikchk(aijk).

Theorem 2.4.6. There is a bijection

H1(M,ΓU(H)oPU(H)) ∼= H3(M,Z).
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Proof. We will show that ΓU(H)oPU(H)-cocycles correspond bijectively to S1-
cocycles of degree 2. Let [(aijk, gij)] be an element of H1(M,ΓU(H)oPU(H)).
Then choose lifts g̃ij : Uij → U(H) of the maps gij. Then

hijk = g̃ik
−1aijkg̃jkg̃ij

takes values in S1 because q(hijk) = 1 and thus [hijk] ∈ H2(M,S1) =
H3(M,Z).

If {(aijk, gij)}, {(a′ijk, g′ij)} are two equivalent cocycles with equivalence given
by maps hi : Ui → PU(H) and eij : Uij → U(H) then

bij = h̃i
−1
g̃′ij
−1
eijh̃j g̃ij

give an equivalence between hijk and h′ijk. Here h̃i : Ui → U(H) are
lifts of the maps hi : Ui → PU(H). So we have a well de�ned map
H1(M,ΓU(H)oPU(H))→ H3(M,Z).

Now consider [λijk] ∈ H3(M,Z). Then we obtain maps gij : Uij → PU(H)
such that [gij] ∈ H1(M,PU(H)) and lifts g̃ij : Uij → U(H) that verify

λijk = g̃ik
−1g̃jkg̃jk.

Then [(1, gij)] de�nes an element of H1(M,ΓU(H)oPU(H)). For {λijk} and
{λ′ijk} two equivalent cocycles in H3(M,Z), we obtain equivalent cocycles
{gij} and {g′ij} with values in PU(H), and equivalence means that there are
maps τij : Uij → S1 and ki : Ui → PU(H) such that

λ′ijkτjkτij = τikλijk

and

g′ij = k−1
i gijkj

Then {(ki, 1)} gives an equivalence between {(1, gij)} and {(1, g′ij)}
in H1(M,ΓU(H)oPU(H)). So we also have a well de�ned map
H3(M,Z)→ H1(M,ΓU(H)oPU(H)).

Finally we have to verify that these two maps are mutually inverse. Starting
with [(aijk, gij)] ∈ H1(M,ΓU(H)oPU(H)) we obtain [λijk] ∈ H3(M,Z) and
therefore [g′ij] ∈ H1(M,PU(H)) such that
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λijk = g̃′ik
−1
g̃′jkg̃

′
ij

= g̃ik
−1aijkg̃jkg̃ij

Then {(1, g̃′ij g̃ij
−1)} gives an equivalence in H1(M,ΓU(H)oPU(H)) between

{(aijk, gij)} and {(1, g′ij)}.

Starting with [λijk] ∈ H3(M,Z), we have [gij] ∈ H1(M,PU(H)) such that

λijk = g̃′ik
−1
g̃′jkg̃

′
ij

Then we obtain the cocycle [(1, gij)] ∈ H1(M,ΓU(H)oPU(H)), and going back
to H3(M,Z), we obtain again [λijk]. This �nishes the proof.

Remark 2.4.7. The 2-groups BS1 and ΓU(H)oPU(H) are in fact equivalent Lie
2-groups. It is easy to see that they are Morita equivalent since the isotropy
groups of the Lie groupoid U(H)oPU(H) ⇒ PU(H) are isomorphic to S1.
The Morita equivalence is given by the following diagram

S1 U(H) U(H) o PU(H)

∗ PU(H)

q

with the obvious action of S1 on U(H) and the other action given by

(ũ, (u, q(ũ))) 7→ ũu.

It is straightforward to verify that this gives an equivalence between
ΓU(H)oPU(H) and BS1. Thus, using the fact that Γ-cocycles for a Lie 2-group
Γ are just certain morphisms, we obtain that every ΓU(H)oPU(H)-cocycle is
equivalent to a BS1-cocycle, and thus the theorem. We also mention the
result in [NW13], that gives an equivalence between the 2-categories formed
by principal 2-bundles given by equivalent Lie 2-groups.
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Chapter 3

A prequantisation map for

2-plectic manifolds

This chapter is a quasi identical adaptation of an article written in collab-
oration with Tilmann Wurzbacher and titled : "A prequantisation map for
2-plectic manifolds". Only one appendix is missing from the original paper,
to avoid the duplication of the appendices of this thesis.

Introduction

Geometric quantisation of symplectic manifolds gives an excellent guideline
and many rigorous results on how to go from classical to quantum mechanics.
Its procedure for a manifold equipped with an integral symplectic form ω
can be divised in four steps. First a geometric set-up is established from the
data: a principal S1-bundle q : P → M with connection 1-form A whose
curvature FA = dA equals (−i2π)ω. Then a Lie algebra isomorphism, the
�prequantisation map� from C∞(M), the observables of (M,ω), to the vector
�elds on P that preserve A, i.e., the symmetries of (P,A), is constructed:

(K) f 7→ X̃f + (q∗f) · z ,

where, for f ∈ C∞(M), Xf denotes the Hamiltonian vector �eld ful�lling
df = ιXfω, X̃f its horizontal lift to P and z the fundamental vector �eld of
the S1-action on P , de�ned by zp = d

dτ

∣∣
τ=0

p · exp(i2π τ). (See the fundamen-
tal articles of Kostant and Souriau: [Kos70] resp. [Sou66].)

The last step of geometric prequantisation is the linear representation of
the above symmetries on the vector space of S1-equivariant C-valued func-
tions on P , whereas the fourth step concerns the passage to quantisation
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and involves more deliberate and delicate choices, such as polarisations and
metaplectic structures (compare, e.g., [Woo92]). Though completely general
uniqueness statements for the outcome of geometric quantisation are lacking
(due essentially to the above mentioned choices in the fourth step), crucial
classes of symplectic manifolds, as cotangent bundles, Kähler manifolds and
coadjoint orbits of several types of Lie groups are �quantised� without ambi-
guities. Moreover, geometric quantisation is widely accepted in mathematical
and theoretical physics as a very useful source of intuition when it comes to
quantisation of point particles.

In contrast, modelling and, especially, quantising classical �eld theories be-
yond point particles, i.e., with sources of dimension bigger than one, is a
highly active research area. Progress here has most certainly a strong im-
pact on mathematics and physics. The last years have seen a new wave of
interest in formulating classical �eld theories in terms of multisymplectic ge-
ometry, i.e., via manifolds provided with non-generate closed (n+1)-forms for
n ≥ 1 replacing the symplectic (a.k.a. 1-plectic) manifolds used in mechanics.
(Such couples (M,ω) are also called �n-plectic manifolds�; compare [RW19]
for a recent discussion of their properties.) This approach to classical �eld
theory was strongly advocated and developped by the Polish school around
Kijowski and Tulczyjew in the seventies of the last century (see, e.g., [Kij73]),
and later by the Spanish school (see, e.g., [RR09]), but can be traced back at
least to work of Volterra in the 19th century. One main reason for the revival
of multisymplectic geometry is certainly the increased acceptance of higher
geometric and algebraic structures, as the Lie ∞-algebra of observables on
a multisymplectic manifold, formulated in its modern form by Stashe� and
co-workers, and Baez and Rogers (see [Zam12] for a very general construction
of observable algebras).

In this chapter, we develop the geometric part of prequantisation for 2-plectic
manifolds.

Our �rst important result is the existence of a global geometrisation of the
datum of an integral pre-2-plectic form ω on a manifold M . More precisely
we prove:

Theorem (Global two-plectic geometric prequantisation). Let ω be
an integral, closed three-form on a �nite-dimensional manifold M . Then
there exists a smooth principal PU(H)-bundle Π : Y → M , such that the
associated lifting bundle gerbe (P, Y ) has a connective structure (A, θ) whose
3-curvature equals (−i2π)ω, and a fortiori the bundle Π has Dixmier-Douady
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class [ω].

Since the observables of a 2-plectic manifolds (M,ω) do not form a Lie algebra
but a Lie 2-algebra L•(M,ω), given by the two-term complex C∞(M)

d−→
Ω1
Ham(M,ω) together with brackets l2 and l3, the natural analogon of (K) is

a Lie 2-algebra morphism whose target are �vector �elds on the total space
P of the gerbe (or equivalently on the associated Lie groupoid P ⇒ Y )�.
We construct a natural Lie 2-algebra WSym(P, Y ) of weak symmetries out
of the multiplicative vector �elds on P that preserve the chosen connective
structure up to a one-form on Y , and XV (Y ) ⊕ C∞(Y ) ∼= Γ(Y,Lie(P )), the
sections of the Lie algebroid of P . Then we show that there is a natural,
explicit Lie 2-algebra morphism from the observables to the symmetries, in
close analogy to (K):

Theorem (Two-plectic prequantisation map). Let (M,ω) be a 2-plectic
manifold with ω an integral form. Then there is a natural Lie 2-algebra quasi-
isomorphism Φ = (Φ1,Φ2) : L•(M,ω)→WSym(P, Y ):

C∞(M) Ω1
Ham(M,ω)

XV (Y )⊕ C∞(Y ) V(P,Y ) .

Φ1
Φ2

Φ1

Here Ω1
Ham(M,ω) denotes the space of one-forms α de�ning a Hamiltonian

vector �eld Xα via dα = ιXαω, L•(M,ω) the Lie 2-algebra of observables
of (M,ω), XV (Y ) the vertical vector �elds on the total space of the bun-
dle Π : Y → M of the preceding theorem, and V(P,Y ) the degree-0 term of
WSym(P, Y ).

Let us brie�y describe the organisation of this chapter. In Section 3.1, we col-
lect some �folklore� about principal bundles, lifting bundle gerbes and central
S1-extensions of Lie groupoids, together with the appropriate type of connec-
tions and connective structures. In case we could not point to a proof in the
literature, we furnished it for completeness. The main contribution is here
the above theorem on global two-plectic geometric prequantisation. Section
3.2 relies on the dictionary from lifting bundle gerbes (P, Y ) to a certain type
of Lie groupoids P ⇒ Y , namely central S1-extensions of Y [2] ⇒ Y , where
Y [2] = {(y1.y2) ∈ Y 2 |Π(y1) = Π(y2)} and Π : Y → M is the PU(H)-bundle
constructed in Section 3.1. We analyse the multiplicative vector �elds on
P ⇒ Y in thorough detail, explaining notably their S1-invariance and their
relation to objects on the base Y . Then we explain the Lie 2-algebra structure
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on WSym(P, Y ), the above mentioned weak symmetries of P ⇒ Y , together
with a �xed multiplicative connection A and a curving θ. Finally, we unravel
here the crucial relation for multiplicative vector �elds between weak preser-
vation of the connective structure on P and the existence of a Hamiltonian
generator on M . In Section 3.3, we give the analogon of (K), namely the
Lie 2-algebra quasi-isomorphism of the theorem on the two-plectic prequan-
tisation map. To achieve this goal, we �rst observe that there is a natural
Lie 2-algebra morphism from L•(M,ω) to the Lie 2-algebra formed by the
sections of Lie(P ), identi�ed with vertical vector �elds plus functions on Y ,
and the space of all multiplicative vector �elds on P , and then re�ne it to
the morphism Φ of the theorem.

Finally, in Section 3.4 we expose our constructions and results in detail in the
case of exact 2-plectic manifolds, i.e., for manifoldsM with a non-degenerate
3-form ω possessing a potential χ ∈ Ω2(M) such that dχ = ω. (The exact
case is important for the application of our constructions to many of the
classical �eld theories considered in physics.)

The results and proofs of this chapter are independent and di�erent from
the research of Krepski and Vaughan in [KV], and of Fiorenza, Rogers and
Schreiber (see, e.g., [FRS14]). The main di�erence stems from our objective
to always give a global di�erential-geometric picture (including a PU(H)-
bundle geometrising the cohomology class of the 2-plectic form) and explicit
formulae, notably for the arising Lie 2-algebra morphisms. For the reader
interested in comparing our work to these approaches to prequantisation of
2-plectic manifolds, we insert precise remarks at several places in the body
of the chapter.

Another approach to 2-plectic prequantization is given by Rogers in [Rog13]
(compare also [Rog11]), where the Lie 2-algebra of observables of a 2-plectic
manifold (M,ω) is embedded into a Lie 2-algebra associated to the sections
of a Courant algebroid, that in turn is associated to (M,ω). This procedure
parallels the interpretation of the symplectic prequantization map (K) above
as realising the symplectic observables, C∞(M), inside the sections of the
Atiyah algebroid associated to an integral symplectic manifold. This proce-
dure di�ers from ours since we stress the construction of a global geometric
prequantization, and the realisation of the observables as �vector �elds on
this global geometric object�, re�ned to weak in�nitesimal symmetries. Nev-
ertheless, combining Rogers' above ideas with unpublished work of Collier
([Col]) should allow for a construction analogous to our two-plectic prequan-
tization map, but in Brylinski's more algebraic (�ech) framework.
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Finally, a natural idea is to use transgression of di�erential forms to pass
from a �nite-dimensional integral 2-plectic manifold (M,ω) to the induced
integral two-form ω̂ on LM , the loop space of M , and to try quantising the
latter (in�nite-dimensional) (pre-)symplectic manifold. Prominent examples
are here the standard Cartan 3-form on a compact semi-simple Lie group,
leading to a derivation of many properties of Wess-Zumino-Witten mode-
les (compare, e.g., [Koh02]), and volume forms on compact three-manifolds,
leading to interesting geometry on knot spaces (cf. [Bry08]). More recently,
Sämann, Szabo and collaborators combined the idea of transgression with
symplectic groupoids and higher algebraic structure on the observables of a
2-plectic manifold to analyse properties of a tentative quantisation of integral
2-plectic manifolds (see, e.g., [SS13]). We dot not use transgression to loop
spaces here since we are aiming to stay in the 2-plectic framework.

(Pre-)quantization of manifolds with integral three-forms is also surveyed in
a recent preprint of Bunk ([Bun]).

3.1 Global geometric prequantisation of inte-

gral pre-2-plectic manifolds

In this section we construct a global geometric prequantisation of a pre-2-
plectic manifold. Our approach naturally relies on principal PU(H)-bundles,
bundle gerbes and central extensions of groupoids. As a preparation, we
show several technical results needed to ensure the existence of connections
on certain principal bundles in in�nite dimensions. With the exception of
Theorem 3.1.15 all results are explicitely known or fokloristic. We give proofs
only in case we could not �nd a reference covering the exact statement.

De�nition 3.1.1. LetM be a manifold and ω ∈ Ω3(M). We say that (M,ω)
is a pre-2-plectic manifold if ω is closed.

It is well-known that H3(M,Z) for a �nite-dimensional manifold M , or for a
suitable in�nite-dimensional manifold, parametrizes the equivalence classes
of smooth principal PU(H)-bundles over M (here H is a separable com-
plex Hilbert space and PU(H) the Banach Lie group of projective uni-
tary isomorphisms of H), cf., e.g., Section 18.4 in [HJJS08]. Thus, given
an integral, closed 3-form ω on M , we have via the canonical surjection
H3(M,Z) → H3

dR(M,Z) a class c ∈ H3(M,Z) and an associated principal
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PU(H)-bundle Y → M with characteristic class equal to c. The class c is
called the Dixmier-Douady class of Y →M , and projects to [ω]. Non-unicity
arises from torsion in H3(M,Z), exactly as in the case of geometric prequan-
tisation of symplectic manifolds. Our �rst technical goal is to assure us of
the existence of principal connections on these bundles. We treat a slightly
more general situation than strictly needed here.

De�nition 3.1.2. A possibly in�nite-dimensional manifoldM is called smoothly
paracompact if for every open covering U = {Uα}α∈Λ of M there exists a
smooth partition of unity {χα}α∈Λ subordinate to U .

Remark 3.1.3. The preceding notion is studied in detail in Section III.16 of
[KM97].

Proposition 3.1.4. Let G be a Banach Lie group with Lie algebra g, M a
smoothly paracompact manifold and π : Q→M a principal G-bundle. Then
there exists a smooth principal connection on Q.

Proof. Let {Uα}α∈Λ be an open covering of M such that there are principal
G-bundle isomorphisms ψα : Q|Uα = π−1(Uα) → Uα × G over idUα , and
let Aα be the pullback via ψα of the connection 1-form of the canonical �at
connection on Uα×G. A direct veri�cation shows (as in the �nite-dimensional
case) that the g-valued 1-form A =

∑
α(χα ◦ π) · Aα is a connection 1-form

on the G-bundle π.

Corollary 3.1.5. Let M be a �nite-dimensional manifold and ω a closed,
integral 3-form on M . Then there exists a smooth principal PU(H)-bundle
(with H a separable complex Hilbert space), such that its Dixmier-Douady
class equals (up to torsion) the class of ω in H3(M,Z), and all such bundles
possess smooth principal connections.

Before going to the gerbe intepretation of 3-forms, we need some more infor-
mation concerning the existence of connections. We start with the following:

Lemma 3.1.6. Let H be a separable complex Hilbert space, U(H) the unitary
group of H with the norm topology and PU(H) = U(H)/S1 the projective
unitary group of H with the ensueing quotient topology. Then:

(i) S1 → U(H)→ PU(H) is a short exact sequence of smooth Banach Lie
groups,

(ii) the preceding sequence induces a smooth principal S1-bundle U(H) →
PU(H),

43



(iii) the principal S1-bundle U(H) → PU(H) possesses a smooth principal
connection.

Proof. (i) is well-known.

Let us recall that the Lie algebra of U(H) is given as u(H) = TidHU(H) =
{ξ ∈ B(H) | ξ∗ = −ξ}, where B(H) is the space of bounded linear endo-
morphisms of H. We denote the Lie algebra of S1 = {exp(it) · idH | t ∈ R}
by z = {it · idH | t ∈ R} and of PU(H) by pu(H) = u(H)/z.
(ii) Observing that z ⊂ u(H) is 1-dimensional, we construct a closed com-
plement of this subspace as follows. First let us �x the convention that the
scalar product <,> of H is complex-linear in its second entry. Upon choos-
ing an element v of norm one in H, we de�ne a continuous linear functional
ϕ on B(H) by ϕ(ξ) = −i < v, ξ(v) >. It is clear that ϕ takes real values on
u(H) and that ϕ(i · idH) = 1. The kernel of ϕ will be denoted by m and it is
a closed linear complement of z, i.e.,

(∗) u(H) = z⊕m as real Banach spaces.

Since the exponential map expU(H) : u(H) → U(H) is given by the ex-
ponential series, expU(H) is a local di�eomorphism and it follows as in the
�nite-dimensional case that U(H)→ PU(H) is a smooth principal S1-bundle
(notably being locally trivial!).
(iii) Since S1 is a central subgroup of U(H), the splitting (∗) is invariant
under the adjoint action of U(H) restricted to S1. Thus the canonical u(H)-
valued 1-form on U(H), followed by the projection onto z de�ned by this
splitting, yields a connection 1-form on U(H)→ PU(H), that is furthermore
invariant under the action of U(H) on itself by left multiplication. (Compare,
e.g., Theorem 11.1 in Chapter II of [KN96] for a proof in a �nite-dimensional
situation, that immediately generalizes to our setup.)

Remark 3.1.7. In fact, all maps and constructions in the preceding lemma
are real-analytic.

De�nition 3.1.8. Let π : Y → M be a surjective submersion of smooth
Banach manifolds. Then we set Y [0] := M , Y [1] := Y and for a natural
number k ≥ 2, Y [k] := Y ×π Y ×π ...×π Y = {(y1, ..., yk) ∈ Y | π(y1) = ... =
π(yk)}. We call Y [k] the k-fold �ber product of Y with itself (over M).

Remark 3.1.9. All �ber products Y [k] for k ≥ 0 are smooth since π is assumed
to be a surjective submersion.
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Lemma 3.1.10. Let G be a Banach Lie group and Y π−→ M a principal G-
bundle in the category of smooth Banach manifolds. Then there is a unique,
smooth map ψ : Y [2] → G such that for all (y, y′) ∈ Y [2], y′ = y · ψ(y, y′).

Proof. The pair (y, y′) ∈ Y 2 is in Y [2] if and only if π(y) = π(y′), that
is if and only if y and y′ are in the same orbit of the free and transitive
G-action on π-�bers. Thus it exists a unique g = ψ(y, y′) ∈ G such that
y′ = y · g = y · ψ(y, y′), yielding ψ : Y [2] → G. The map ψ is smooth
by the implicit function theorem for di�erentiable maps between Banach
manifolds.

We now recall the de�nition of S1-bundle gerbes that goes back to [Mur96].

De�nition 3.1.11. Let M be a smooth manifold. A S1-bundle gerbe (P, Y )
over M consists of:

• a smooth manifold Y with a surjective submersion Y π−→M ,

• a principal S1-bundle P over Y [2],

• a smooth isomorphism µ : π∗3P ⊗ π∗1P → π∗2P of principal S1-bundles
over Y [3] (where πi : Y [3] → Y [2] denotes the projection that forgets the
ith factor).

Furthermore, the isomorphism µ has to verify an associativity condition,
which can be expressed by the commutativity of the following diagram of
S1-bundles over Y [4]:

π∗34P ⊗ π∗14P ⊗ π∗12P π∗24P ⊗ π∗12P

π∗34P ⊗ π∗13P π∗23P .

µ⊗id

id⊗µ µ

µ

Here πij : Y [4] → Y [2] denotes the projection which forgets the ith and jth

factors.

Remark 3.1.12. Since we are only dealing with S1-bundle gerbes in this ar-
ticle, we allow ourselves to use the shorter term bundle gerbes for them as
well.

Suppose we are given a principal G-bundle Y →M with a Lie group G that
possesses a central S1-extension :

1→ S1 → Ĝ
q→ G→ 1 ,
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and consider the map ψ : Y [2] → G (as in Lemma 1.10). Then we can pull
back the principal S1-bundle Ĝ → G via ψ to obtain a principal S1-bundle
P → Y [2]. We may then de�ne a map µ via the multiplication on Ĝ, namely:

µ((y, y′, ĝ), (y′, y′′, ĝ′)) = (y, y′′, ĝ · ĝ′),

for y, y′, y′′ ∈ Y [3] and ĝ, ĝ′ ∈ Ĝ. This gives a bundle gerbe (P, Y ) over M ,
called the lifting bundle gerbe associated to Y →M .

There is an equivalent description of bundle gerbes, via extensions of groupoids.
Since the below result will be crucial for us and it is only hinted at in the
original source [BX11], we give the idea of its proof.
First we need the

De�nition 3.1.13. Let G1 ⇒ G0 be a Lie groupoid. A Lie groupoid Q1 ⇒
G0 is called an S1-central extension of G1 ⇒ G0 if there exists an exact
sequence of Lie groupoids

1→ G0 × S1 χ→ Q1
ρ→ G1 → 1

over idG0 such that the image of χ is central in Q1.

Of course, source and target map of the groupoid G0×S1 ⇒ G0 are given by
the projection on G0 and its multiplication is de�ned by the multiplication
of S1.

Proposition 3.1.14. Given a surjective submersion Y π−→M , the S1-bundle
gerbes (P, Y ) over M (with the given π part of the data) are in bijection with
the central S1-extensions of the Lie groupoid Y [2] ⇒ Y (with Y [2] de�ned by
the given π).

Proof. Fix π : Y →M during this proof.

Given a bundle gerbe in the above sense, we have notably a principal S1-
bundle P → Y [2]. Denoting its projection by ρ, we have the second morphism
of a sequence

(∗) 1→ Y × S1 → P → Y [2] → 1.

Furthermore, if ∆ : Y → Y [2] is the diagonal embedding, the isomorphism µ
induces a canonical section of the pullback bundle ∆∗P → Y and an �inverse�
P(y1,y2) → P(y2,y1), p 7→ p−1 (cf., e.g., [Mur96] or [Mur10] for these facts). The
map ρ now yields a source s = π2 ◦ ρ and a target t = π1 ◦ ρ, as well as a
multiplication map m : P s×tP → P , de�ned in terms of µ, and the above
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canonical section yields a unit map ε : Y → P, y 7→ ε(y) ∈ P(y,y). Obviously
ρ is then a surjective Lie groupoid morphism. The kernel of ρ is easily seen
to be the image of the injective morphism χ : Y ×S1 → P, χ(y, z) = ε(y) · z.

On the other hand, given a central S1-extension as described by (∗), we de�ne
a right-action of S1 on P by p · z := m(p, χ(y, z)) for z ∈ S1 and p in P lying
over (y′, y) in Y [2], and m the multiplication of the groupoid P ⇒ Y . Finally,
we de�ne µ via the groupoid multiplication m : P(y1,y2) × P(y2,y3) → P(y1,y3).
The associativity of the multiplication m implies the associativity condition
necessary for µ to be a �bundle gerbe multiplication�.

We now brie�y recall connective structures on bundle gerbes whose detailed
study can be found in the literature (see, e.g., [Mur96], [Ste00]). A bundle
gerbe connection on a bundle gerbe (P, Y ) over M is given by a connection
one-form A on the total space of the principal S1-bundle P → Y [2], such that
A is multiplicative in the following sense:

m∗A = proj∗1A+ proj∗2A ,

where m, proj1, proj2 : P s×tP → P are respectively the partial multiplica-
tion and the projections onto the �rst and second factor (the maps s and t
denote the source and target maps of the groupoid). In fact, given any con-
nection on the principal S1-bundle P → Y [2], it is always possible to modify
it to obtain a multiplicative connection. For this and the sequel up to the
theorem, compare Section 4.4 of [Mur10].

The curvature of such a connection descends to a 2-form θ on Y , more pre-
cisely, there exists a θ ∈ iΩ2(Y ) ful�lling:

dA = (t∗ − s∗)θ.

We call such a 2-form θ a curving. Finally, since d(t∗− s∗)θ = 0, there exists
κ ∈ iΩ3(M) such that dθ = Π∗κ. (We denote from now the map Y → M
by Π to distinguish it from the number π.) We call κ the 3-curvature and
observe that (−2πi)κ is integral. Note that the curving θ is not unique, in
fact, if θ′ = θ + Π∗η, where η is a closed, iR-valued 2-form on M , we still
have (t∗−s∗)θ′ = dA and dθ′ = Π∗κ. Finally, i

2π
κ represents the image of the

Dixmier-Douady class c of the bundle gerbe (P, Y ) over M in the de Rham
cohomology of M .
In the sequel, we will often call (A, θ) a connective structure on (P, Y ).
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Now consider a class c ∈ H3(M,Z), and Y →M a principal PU(H)-bundle
with Dixmier-Douady class equal to c. Then the lifting bundle gerbe associ-
ated to the exact sequence S1 → U(H)→ PU(H) also has Dixmier-Douady
class c (see e.g. [Mur10]). This will be useful in the proof of the next the-
orem, which will allow us to de�ne a global geometric prequantisation of a
pre-2-plectic manifold.

Theorem 3.1.15. Let ω be an integral, closed 3-form on a �nite-dimensional
manifold M . Then there exists a smooth principal PU(H)-bundle Π : Y →
M , such that the associated lifting bundle gerbe (P, Y ) has a connective struc-
ture (A, θ) whose 3-curvature equals (−2πi)ω and, a fortiori, the bundle Π
has Dixmier-Douady class [ω].

Proof. We know that there exists a principal PU(H)-bundle Π : Y → M
with Dixmier-Douady class projecting to [ω]. Consider the lifting bundle
gerbe (P, Y ) associated to this bundle. We know from Lemma 3.1.6 that
there exists a principal connection on U(H) → PU(H), which we pullback
to P → Y [2] via ψ. (Recall that the principal bundle P → Y [2] can be
realized as the pullback of U(H) → PU(H) via ψ.) If necessary, we modify
this connection and we can assume it to be multiplicative. Let us denote the
resulting connection 1-form by A. Then the above considerations imply that
there exists θ′ ∈ Ω2(Y ) such that (t∗− s∗)θ′ = dA and ω′ ∈ Ω3(M) such that
dθ′ = Π∗ω′. Since [ω − ω′] = 0 there exists a 2-form κ ∈ Ω2(M) such that
ω = ω′ + dκ. Consider θ = θ′ + Π∗κ. Replacing θ′ by θ in the connective
structure of the lifting bundle gerbe does not change the connection of the
principal S1-bundle over Y [2], and now we have dθ = dθ′ + Π∗dκ = Π∗(ω′ +
dκ) = Π∗(ω).

De�nition 3.1.16. A global geometric prequantisation of an integral pre-2-
plectic manifold (M,ω) is given by a principal PU(H)-bundle Π : Y → M ,
and a bundle gerbe (P, Y ) over M with connective structure (A, θ) whose
3-curvature is equal to (−2πi)ω.

Remark 3.1.17. In De�nition 2.2.4 of [FRS14] a prequantisation is essentially
a connective structure with 3-curvature equal to (−2πi)ω. Our de�nition
asks for a more complete set-up for the connection to arise, notably a prin-
cipal PU(H)-bundle and a gerbe (or equivalently, a central S1-extension
of groupoids) on its total space having the �right� 3-curvature. In [KV],
the notion of a quantisation used is closer to ours, but the analogon of our
PU(H)-bundle projection Π is there only a surjective submersion.
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3.2 In�nitesimal symmetries of bundle gerbes

In this section we turn our attention tomultiplicative vector �elds on groupoids,
intensely studied by Kirill Mackenzie (see [MX98] or [BD19] for a more com-
plete treatment of multiplicative tensors on Lie groupoids).

De�nition 3.2.1. Let G1 ⇒ G0 be a Lie groupoid. A multiplicative vector
�eld (on G1 ⇒ G0) is given by a couple (ξ,X) in X(G1) ⊕ X(G0) such that
the following diagram is a Lie groupoid morphism:

G1 TG1

G0 TG0

ξ

X

The Lie algebra of multiplicative vector �elds is denoted by Xmult(G1).

For the rest of the section, we will denote by M a manifold, by (P, Y ) a
bundle gerbe over M , by A a multiplicative connection on P → Y [2], and by
θ resp. ω a curving resp. the 3-curvature of (A, θ). As discussed earlier, we
have a natural Lie groupoid structure P ⇒ Y , centrally extending Y [2] ⇒ Y
by S1. We denote by s, t the source resp. target maps of this groupoid, m its
partial multiplication and ε its unit map. We denote the principal S1-bundle
projection P → Y [2] again by ρ. Observe that ρ = (t, s).

We will consider multiplicative vector �elds on the Lie groupoid P ⇒ Y in
more detail now, starting with two important lemmas.

Lemma 3.2.2. Let (ξ,X) be a multiplicative vector �eld on the Lie groupoid
P ⇒ Y . Then ξ is S1-invariant.

Proof. In this proof, we identify the Lie algebra of S1 with R. We begin with
a computation, for y ∈ Y , z, z′ ∈ S1:

Aε(y)·zz′(ξε(y)·zz′) = Am(ε(y)·z,ε(y)·z′)(ξm(ε(y)·z,ε(y)·z′))

= Am(ε(y)·z,ε(y)·z′)(m∗(ξε(y)·z, ξε(y)·z′))

= Aε(y)·z(ξε(y)·z) + Aε(y)·z′(ξε(y)·z′).

Thus we obtain, for a �xed y ∈ Y , a smooth map F : S1 → R, F (z) =
Aε(y)·z(ξε(y)·z), such that F (zz′) = F (z) + F (z′). This shows that F must be
zero, and therefore that for every y ∈ Y , z ∈ S1, ξε(y)·z is horizontal. Since
the horizontal subbundle H ⊂ TP is invariant under S1, this also shows that
there exists a horizontal vector u(y, z) ∈ Hε(y) such that ξε(y)·z = z∗(u(y, z))
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(where z also denotes the right-action of an element z ∈ S1). For z = 1 we
obtain u(y, 1) = ξε(y) = ε∗(Xy). Moreover we have, using the multiplicativity
of ξ:

ρ∗(u(y, z)) = ρ∗(ξε(y)·z)

= (s, t)∗(ξε(y)·z)

= (Xy, Xy)

= ρ∗(u(y, 1)) .

So the vector u(y, z)−u(y, 1) is both horizontal and vertical, and therefore
must be zero. Thus we obtain that ξε(y)·z = z∗(ξε(y)).

Finally we compute, for (y, y′) ∈ Y [2], p ∈ P(y,y′) and z ∈ S1 (using again the
multiplicativity of ξ):

ξp·z = ξm(p,ε(y′)·z)

= m∗(ξp, ξε(y′)·z)

= m∗(ξp, z∗ξε(y′))

= z∗(m∗(ξp, ξε(y′)))

= z∗ξp.

This concludes the proof.

Remark 3.2.3. Observe that, if (ξ,X) is a multiplicative vector �eld on P ⇒
Y , then we have s∗ξ = X ◦ s, t∗ξ = X ◦ t, and, since Π ◦ s = Π ◦ t, we obtain
for all (y, y′) ∈ Y [2]:

Π∗yXy = Π∗y′Xy′ .

This shows that the vector �eld X is projectable along Π, i.e., there exists
X̄ ∈ X(M) such that Π∗X = X̄ ◦ Π. Thus, for (y, y′) ∈ Y [2] the map:

(y, y′) 7→ (Xy, Xy′)

de�nes a vector �eld on Y [2]. We will denote this vector �eld by X2.

These considerations allow us to give a general formula for multiplicative
vector �elds on P ⇒ Y .

Lemma 3.2.4. Let (ξ,X) be a multiplicative vector �eld on the Lie groupoid
P ⇒ Y . Then ξ may be written as:
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X̃2 + (t∗ − s∗)g · z,

where X̃2 is the horizontal lift of the vector �eld X2 with respect to the multi-
plicative connection A, g ∈ C∞(Y ) and z is the fundamental vector �eld
associated to the S1-action on P . The function g is unique up to addition of
Π∗f for a f ∈ C∞(M).

Proof. Since ξ is S1-invariant, it can be written as

Z̃ + ρ∗h · z ,

where Z ∈ X(Y [2]), Z̃ is its horizontal lift with respect to A and h ∈ C∞(Y [2]).
We have for p ∈ P(y,y′)

ρ∗p(Z̃p + (ρ∗h · z)p) = Z(y,y′)

because Z̃ is ρ-related to Z. On the other hand

ρ∗p(Z̃p + (ρ∗h · z)p) = (t, s)∗p(Z̃p) = (Xy, Xy′)

because (ξ,X) = (Z̃ + ρ∗h · z, X) is multiplicative. This shows that Z = X2.
Thus (X̃2, X) is multiplicative, and the vector �eld (ρ∗h · z, 0) must be mul-
tiplicative as well.

We will now show the following identity for all y, y′, y′′ ∈ Y [3]:

h(y, y′) + h(y′, y′′) = h(y, y′)

implying in turn that the function h descends to a function on Y . We have,
for all p ∈ P(y,y′), p′ ∈ P(y′,y′′)

h(y, y′) + h(y′, y′′) = Ap((ρ
∗h · z)p) + Ap′((ρ

∗h · z)p′)
= (m∗A)(p,p′)((ρ

∗h · z)p, (ρ∗h · z)p′)
= Am(p,p′)(m∗(p,p′)((ρ

∗h · z)p, (ρ∗h · z)p′))
= Am(p,p′)((ρ

∗h · z)m(p,p′))

= h(y, y′′) ,

where we used the multiplicativity of ρ∗h · z to obtain the fourth equality.
Thus the function h ∈ C∞(Y [2]) descends to a function g ∈ C∞(Y ). Finally,
since (t∗−s∗)◦Π∗ = 0, the function g ∈ C∞(Y ) is unique only up to addition
of Π∗f with f a smooth function on M .
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In [BEL20] the authors construct a strict Lie 2-algebra structure on mul-
tiplicative vector �elds. In fact, this construction generalizes to any LA-
groupoid ([OW19]). See the appendices of this thesis for the relevant de�-
nitions and notations concerning Lie 2-algebras and crossed modules of Lie
algebras, as well as this construction. We will here, however, describe the Lie
2-algebra of multiplicative vector �elds more explicitely, in a fashion taylored
to our needs.

Consider the extension of groupoids

Y × S1 P Y [2]

Y Y Y

We obtain an exact sequence of vector bundles over Y

Y × R Lie(P ) TV Y

Y Y Y

where the vector bundles considered here are the Lie algebroids of the re-
spective Lie groupoids. Here we have denoted by Lie(P ) = (ker s∗)|ε(Y ) ⊂
TP |ε(Y ) the Lie algebroid of the Lie groupoid P ⇒ Y , and TV Y := ker(Π∗),
where Π is the projection from Y to M . The sections of the vector bundle
TV Y form the space of vertical vector �elds, denoted by XV (Y ). The map
t∗ : Lie(P )→ TV Y is the anchor of the Lie algebroid Lie(P ).

The multiplicative connection A de�nes an explicit splitting σ : XV (Y ) →
Γ(Y,Lie(P )). First let Z ∈ XV (Y ). Then the map:

(y, y′) 7→ (Zy, 0)

for (y, y′) ∈ Y [2], de�nes a vector �eld on Y [2], since Z is vertical. We denote
this vector �eld by (Z, 0). We also set (0, Z) : (y, y′) 7→ (0, Zy′). Then we
de�ne:

σ(Z)(y) := (̃Z, 0)ε(y) .

This map σ is indeed a splitting of the above sequence of vector bundles (but

not of algebroids!) since t∗(σ(Z)(y)) = t∗((̃Z, 0)ε(y)) = Zy. Thus we have an
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isomorphism of C∞(Y )-modules XV (Y )⊕ C∞(Y ) −→ Γ(Y,Lie(P )), (Z, h) 7→
σ(Z) + κ(h), where κ(h)(y) = h(y) · z|ε(y). This isomorphism allows us to
describe the strict Lie 2-algebra structure on XV (Y ) ⊕ C∞(Y ) → Xmult(P )
in useful detail. (Compare the below proposition.)

Remark 3.2.5. (Compare [Mac05] and [MX98]). We recall several facts con-
cerning Lie groupoids and algebroids, which will be useful in the following.
Let G1 ⇒ G0 be a Lie groupoid and Lie(G1) → G0 the associated Lie alge-
broid.

(1) The sections of Lie(G1) are isomorphic as a C∞(G0)-module to the
right-invariant resp. left-invariant vector �elds on G1 via standard
identi�cations a 7→ −→a resp. a 7→ ←−a .

(2) The Lie bracket on Γ(G0,Lie(G1)) is inferred from the right-invariant
vector �elds on G1.

(3) The map Γ(G0,Lie(G1)) → Xmult(G1), a 7→ (−→a + ←−a ,X(a)), where
X(a) is the vector �eld on G0 associated to a via the anchor map of
Lie(G1), is a Lie algebra morphism.

We can now give explicit formulae for the crossed module Γ(Y,Lie(P )) →
Xmult(P ), relying on the general construction recalled in the appendices of
this thesis.

Proposition 3.2.6. Let Y Π−→M , P
ρ−→ Y [2] and (A, θ) be as throughout this

section. Then:

(i) XV (Y )⊕ C∞(Y ) → Γ(Y,Lie(P )), (Z, h) 7→ σ(Z) + κ(h), is a C∞(Y )-
module isomorphism,

(ii) the Lie bracket on Γ(Y,Lie(P )) induces the following bracket on XV (Y )⊕
C∞(Y ):
[(Z, h), (Z ′, h′)] = ([Z,Z ′], Z(h′)− Z ′(h)− θ(Z,Z ′)),

(iii) the Lie algebra morphism Γ(Y,Lie(P ))→ Xmult(P ), a 7→ (−→a +←−a ,X(a))

translates to XV (Y )⊕ C∞(Y )
◦
η−→ Xmult(P ),

(Z, h) 7→ (Z̃2 + (t∗ − s∗)h · z, Z),

(iv) the action of Xmult(P ) on Γ(Y,Lie(P )) given by (ξ,X).a = b with
−→
b =

[ξ,−→a ] induces the following action on XV (Y )⊕ C∞(Y ):
(ξ,X).(Z, h) = ([X,Z], X(h)− Z(g)− θ(X,Z)), where ξ = X̃2 + (t∗ −
s∗)g · z as in Lemma 3.2.4.
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Proof. The �rst statement has already been proven. Let now (Z, h) be in
XV (Y )⊕ C∞(Y ).
The vector �eld

−−→
σ(Z) is horizontal and:

ρ∗

(−−→
σ(Z)

)
(p) = ρ∗ ◦ (Rp)∗((̃Z, 0)ε(t(p)))

= (t∗((̃Z, 0)ε(t(p)), 0)

= (Zt(p), 0) .

Thus
−−→
σ(Z) = (̃Z, 0). We continue with the computation

−−→
κ(h)(p) = (Rp)∗

(
d

dτ

∣∣∣
τ=0

ε(t(p)) · exp(i2πτ h(t(p)))

)
=

d

dτ

∣∣∣
τ=0

(p · exp(i2πτ h(t(p)))

= (t∗h · z)|p.

In view of the R-linear isomorphism from part (i), the Lie bracket on XV (Y )⊕
C∞(Y ) can be determined from the below commutator of right-invariant
vector �elds:

[
−−−−−−−−→
σ(Z) + κ(h),

−−−−−−−−−→
σ(Z ′) + κ(h′)]

= [
−−→
σ(Z),

−−−→
σ(Z ′)]− [

−−−→
σ(Z ′),

−−→
κ(h)] + [

−−→
σ(Z),

−−−→
κ(h′)] + [

−−→
κ(h),

−−−→
κ(h′)]

= [(̃Z, 0), (̃Z ′, 0)]− [(̃Z ′, 0), t∗h · z] + [(̃Z, 0), t∗h′ · z]

= ˜([Z,Z ′], 0)− t∗θ(Z,Z ′) · z− t∗(Z ′(h)) · z + t∗(Z(h′)) · z
= σ([Z,Z ′] + κ(Z(h′)− Z ′(h)− θ(Z,Z ′)).

We deduce that the Lie bracket is given by
[(Z, h), (Z ′, h′)] = ([Z,Z ′], Z(h′)− Z ′(h)− θ(Z,Z ′)).

Similarly to the above calculation, one obtains
←−−
σ(Z) = (̃0, Z), and thus

−−→
σ(Z) +

←−−
σ(Z) = Z̃2. Also,

←−−
κ(h) = −s∗h · z and

−−→
κ(h) +

←−−
κ(h) = (t∗ − s∗)h ·

z. Therefore the Lie algebra morphism XV (Y ) ⊕ C∞(Y )
ϕ−→ Xmult(P ) is

explicitely described by

◦
η(Z, h) = (Z̃2 + (t∗ − s∗)h · z, Z).
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Finally, the action of a multiplicative vector �eld (ξ,X) on (Z, h) reads

[ξ,
−−−−−−−−→
σ(Z) + κ(h)] = [X̃2 + (t∗ − s∗)g · z, (̃Z, 0) + t∗h · z]

= ˜([X,Z], 0)− t∗θ(X,Z) · z + t∗X(h) · z− t∗Z(g) · z
= σ([X,Z]) + κ(X(h)− Z(g)− θ(X,Z)).

Thus the action is given by [(ξ,X), (Z, h)] = ([X,Z], X(h)−Z(g)−θ(X,Z)).

Since Z is vertical, Z(Π∗f) = 0 for all f ∈ C∞(M). Accordingly, adding Π∗f
to g does not change the right hand side in the preceding equation. With
Lemma 3.2.4, it follows that the action in (iv) is well-de�ned.

Going back to the Lie 2-algebra structure, we have obtained the following

Proposition 3.2.7. The Lie algebras XV (Y )⊕C∞(Y ) (∼= Γ(Y,Lie(P ))) and
Xmult(P ), together with the map

◦
η and the action de�ned above, form a Lie

algebra crossed module, hence a strict Lie 2-algebra. We will denote this Lie
2-algebra by Xmult(P,Π) := Xmult(P,Π, A).

Remark 3.2.8. As mentioned above, the crossed module structure is ab-
stractly known to exist on the complex Γ(Y,Lie(P ))→ Xmult(P ) (cf. [BEL20]
and [OW19]). Here, we simply expressed the section space of the Lie alge-
broid and the bracket resp. the action of Xmult(P ) on it in a convenient
form.

In symplectic prequantisation, there is the important notion of vector �elds
that preserve the connection (�in�nitesimal quantomorphisms�). It turns out
that the direct generalisation of this notion is too naive but the following
de�nition gives a very useful 2-plectic analogue.

De�nition 3.2.9. Let (ξ,X) be a multiplicative vector �eld on the Lie
groupoid P ⇒ Y with connective structure (A, θ), and B a 1-form on Y .
We say that (ξ,X,B) is a weak in�nitesimal symmetry if

• LξA = (t∗ − s∗)B

• LXθ = dB .

We denote the space of weak in�nitesimal symmetries by V(P,Y ) := V(P,Y ;A,θ) :=
{(ξ,X,B) ∈ Xmult(P )⊕Ω1(Y ) |LξA = (t∗− s∗)B ,LXθ = dB}. By abuse of
language, we will call a multiplicative vector �eld (ξ,X) a weak in�nitesimal
symmetry, if there exists a one-form B such that (ξ,X,B) is such a symmetry.
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Remark 3.2.10. Given a weak in�nitesimal symmetry, the 1-form B is unique
up to addition of the pullback under Π of a closed 1-form on M .

We �rst characterize the weak in�nitesimal symmetries in terms of the multi-
symplectic notion of �Hamiltonian vector �elds�, which will be considered in
more detail in Section 3.3.

Proposition 3.2.11. Let (ξ,X) be a multiplicative vector �eld on the Lie
groupoid P ⇒ Y . Then (ξ,X) is a weak in�nitesimal symmetry if and only
if X projects to a �Hamiltonian vector �eld�, i.e., there exists α ∈ Ω1(M)
such that dα = ιΠ∗Xω.

Proof. Recall that ξ can be written as X̃2+(t∗−s∗)f ·z. Denote by X̄ ∈ X(M)
the vector �eld upon which X projects. We have:

LξA = d(ιξA) + ιξdA

= d((t∗ − s∗)f) + ιX̃2
(t∗ − s∗)θ

= (t∗ − s∗)(df + ιXθ)

therefore, the form B ∈ Ω1(Y ) such that LξA = (t∗ − s∗)B must take the
form:

B = df + ιXθ + Π∗α

with α ∈ Ω1(M). Next we have on one hand LXθ = d(ιXθ) + Π∗ιX̄ω and on
the other hand LXθ = dB so:

Π∗ιX̄ω = dB − d(ιXθ)

= d(ιXθ + Π∗α + df)− d(ιXθ)

= Π∗dα

therefore X̄ is Hamiltonian. The converse is easily seen to be true, �nishing
the proof.

From the preceding proof we easily obtain the following.

Corollary 3.2.12. Let (ξ,X,B) be a weak in�nitesimal symmetry. Write
ξ = X̃2 +(t∗−s∗)g ·z, for a certain g ∈ C∞(Y ). Then there exists α ∈ Ω1(M)
such that:

dα = ιΠ∗Xω and B = ιXθ + dg + Π∗α .
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Remark 3.2.13. The space of weak in�nitesimal symmetries is also considered
in [KV], where they are referred to as vector �elds that preserve (A, θ). Our
Proposition 3.2.14 below corresponds to Proposition 3.17 and Corollary 3.18
in [KV].

As in the case of multiplicative vector �elds, the space of weak in�nitesimal
symmetries can be viewed as the degree-0 term of a strict Lie 2-algebra.
Consider the two-term complex of vector spaces given by

XV (Y )⊕ C∞(Y )
η−→ V(P,Y )

with η(Z, h) = (Z̃2 +(t∗−s∗)h·z, Z, ιZθ+dh) = (
◦
η(Z, h), ιZθ+dh). We de�ne

a bracket on V(P,Y ) by [(ξ,X), B), (ξ′, X ′), B′] = (([ξ, ξ′], [X,X ′]),LXB
′ −

LX′B), and the natural induced action of weak in�nitesimal symmetries on
XV (Y )⊕ C∞(Y ) (i.e. the forms B do not act). We then have the following:

Proposition 3.2.14. The weak in�nitesimal symmetries

XV (Y )⊕ C∞(Y )
η−→ V(P,Y )

form a Lie algebra crossed module, hence a strict Lie 2-algebra. Moreover,
this Lie 2-algebra maps naturally to the Lie 2-algebra of multiplicative vector
�elds (upon forgetting the 1-form component of a weak symmetry).

Proof. We �rst show that XV (Y )⊕C∞(Y )
η−→ V(P,Y ) is a Lie algebra crossed

module. It then follows that this two-term complex forms indeed a strict Lie
2-algebra.

For (Z, h) ∈ XV (Y )⊕C∞(Y ), we show that the conditions of De�nition 3.2.9
are satis�ed for

◦
η(Z, h) and B = ιZθ + dh. In fact, we have:

LZ̃2+(t∗−s∗)h·zA = d(ι(t∗−s∗)h·zA) + ιZ̃2
dA

= (t∗ − s∗)(dh+ ιZθ) = (t∗ − s∗)B .

Moreover, since Z is a vertical vector �eld, ιZdθ = ιZΠ∗ω = 0. Thus we
have:

LZθ = d(ιZθ) + ιZdθ

= dB .

In view of Proposition 3.2.7, the only additional equation we have to verify is
the �form part� of the second equation of De�nition 6.2.6 in the appendices.
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This boils down to checking that, for (ξ,X,B) ∈ V(P,Y ) and (Z, h) ∈ XV (Y )⊕
C∞(Y )

ι[X,Z]θ + d(X(h)− Z(g)− θ(X,Z)) = LX(ιZθ + dh)− LZ(ιXθ + dg + Π∗α) .

The last equation follows easily upon using the general formulae ξ = X̃2 +
(t∗ − s∗)g and B = ιXθ + dg + Π∗α.

We conclude with

LX(ιZθ + dh)− LZ(B) = d(X(h)− Z(g)− θ(X,Z)) + ιXdιZθ − LZιXθ

= d(X(h)− Z(g)− θ(X,Z)) + ιXLZθ − LZιXθ

= ι[X,Z]θ + d(X(h)− Z(g)− θ(X,Z)) .

Finally, the Lie 2-algebra XV (Y ) ⊕ C∞(Y )
η−→ V(P,Y ) is mapped to the Lie

2-algebra of multiplicative vector �elds on P ⇒ Y by the natural morphism
Ψ = (Ψ1,Ψ2) de�ned as follows (here (ξ,X,B) is an element of V(P,Y )):

Ψ1|XV (Y )⊕C∞(Y ) = idXV (Y )⊕C∞(Y ), Ψ1(ξ,X,B) = (ξ,X) and Ψ2 = 0 .

This �nishes the proof.

De�nition 3.2.15. We denote the above Lie 2-algebra of weak in�nitesimal
symmetries by WSym(P, Y ) := WSym(P, Y ;A, θ), suppressing often the de-
pendence on the connective structure (A, θ) notationally.

3.3 A prequantisation map for integral 2-plectic

manifolds

Let us recall Kostant's prequantisation map in symplectic geometry (compare
e.g. [Kos70]). For an integral symplectic manifold (M,ω), let q : P →M be
a principal S1-bundle with connection whose curvature equals the pullback of
−2πiω. For f ∈ C∞(M), Xf denotes the Hamiltonian vector �eld ful�lling
df = ιXfω, X̃f its horizontal lift to P and z the fundamental vector �eld of
the S1-action on P , given by zp = d

dτ

∣∣
τ=0

p · exp(i2π τ). Then the Lie algebra
morphism C∞(M) → XS1

(P ), the S1-invariant vector �elds on P , given by
f 7→ X̃f + q∗f · z is the prequantisation map.
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Its 2-plectic analogue will be developped in this section as a Lie 2-algebra
morphism from the Lie 2-algebra of observables associated to a 2-plectic man-
ifold (see Proposition 3.3.3 below) to a certain Lie 2-algebra of multiplicative
vector �elds on the global geometric prequantisation of an integral 2-plectic
manifold (M,ω). Recall that this prequantisation is given by a lifting bundle
gerbe associated to a principal PU(H)-bundle Π : Y → M with connective
structure (A, θ) such that its 3-curvature equals (−2πi)ω.
We also �x a principal connection on Π and denote, for a vector �eld X ∈
X(M), the ensuing horizontal lift to Y by Xh. Its curvature will be written
Ω, a pu(H)-valued 2-form on Y . Given two vector �elds Z and Z ′ on Y , we
have a vertical vector �eld Ω(Z,Z ′) that is in y ∈ Y de�ned by the following
formula:

Ω(Z,Z ′)|y :=
d

dt

∣∣∣
t=0
y · exp(tΩy(Zy, Z

′
y)) ,

where y · g denotes the action of g ∈ PU(H) on y ∈ Y . Notably, we have for
X,X ′ ∈ X(M), the vertical vector �eld Ω(Xh, X ′h) on Y ful�lling

[X,X ′]h = [Xh, (X ′)h] + Ω(Xh, (X ′)h)

(see, e.g., Section 19 of [Mic08], for this approach to the curvature of a
principal bundle).
Finally, we recall that given a Π-projectable vector �eld Z on Y , we have
introduced in Section 3.2 the notation Z2 for the vector �eld on Y [2] that is
given by (y, y′) 7→ (Zy, Zy′).

We now give the fundamental de�nitions regarding 2-plectic manifolds and
the associated Lie 2-algebra of observables. Of course, De�nitions 3.3.1 and
3.3.2, as well as Proposition 3.3.3 generalize immediately to the multisym-
plectic (or n-plectic) case (compare [Rog11]), but we stick here to the 2-plectic
case.

De�nition 3.3.1. LetM be a manifold and ω ∈ Ω3(M). We say that (M,ω)
is a 2-plectic manifold if ω is closed and non-degenerate in the following sense:

ιXω = 0 if and only if X = 0

for every vector �eld X ∈ X(M).

De�nition 3.3.2. Let (M,ω) be a 2-plectic manifold, and α ∈ Ω1(M). We
say that α is a Hamiltonian form if there exists a vector �eld Xα such that:

dα = ιXαω.
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We also say that Xα is the Hamiltonian vector �eld associated to α. We
denote the space of Hamiltonian forms by Ω1

Ham(M,ω).

Note that, given α ∈ Ω1
Ham(M,ω), the associated Hamiltonian vector �eld is

unique, by the non-degeneracy of ω. The converse is not true: the Hamil-
tonian form, given a Hamiltonian vector �eld, is only unique up to a closed
1-form.

The following natural algebraic structure on the space of Hamiltonian forms
seems to be explicitely stated for the �rst time in [BHR10] (compare also
[Rog11]). We refer to the appendix (more precisely Section 6.2) for relevant
de�nitions and notations.

Proposition 3.3.3. Let (M,ω) be a 2-plectic manifold. The complex:

C∞(M)
d−→ Ω1

Ham(M,ω)

can be given the structure of a Lie-2 algebra by setting:

• l1(f) = df and l1(α) = 0

• l2(α, β) = ιXαιXβω

• l2(α, f) = 0

• l3(α, β, γ) = ω(Xα, Xβ, Xγ)

for all α, β, γ ∈ Ω1
Ham(M,ω) and f ∈ C∞(M).

We will denote this Lie 2-algebra by L•(M,ω), and call it the Lie 2-algebra
(of observables) of (M,ω). We will also use the following notation for the
bracket of forms: {α, β} := l2(α, β).

We are now ready to describe the 2-plectic analogue of Kostant's prequanti-
sation map in symplectic geometry.

Proposition 3.3.4. Let (M,ω) be a 2-plectic manifold with integral ω, and
(P, Y ) a global geometric prequantisation of (M,ω) with connective structure
(A, θ). Then there is a Lie 2-algebra morphism Φ = (Φ1,Φ2) : L•(M,ω) →
Xmult(P,Π):

C∞(M) Ω1
Ham(M,ω)

XV (Y )⊕ C∞(Y ) Xmult(P )

d

Φ1
Φ2

Φ1

◦
η
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where:

• Φ1(f) = (0,Π∗f)

• Φ1(α) =
(

(̃Xh
α)2, X

h
α

)
• Φ2(α, β) = (Ω(Xh

α, X
h
β ), θ(Xh

α, X
h
β ) + Π∗(α(Xβ)− β(Xα)) .

Proof. The map Φ1 is a chain map because Xdf = 0 and
◦
η((0,Π∗f)) = 0,

because s∗Π∗f = t∗Π∗f . Now we have to verify

(∗) Φ1({α, β}) = [Φ1(α),Φ1(β)] +
◦
η(Φ2(α, β))

and

(∗∗) − Φ2(df, α) = [Φ1(f),Φ1(α)].

We recall that X{α,β} = [Xα, Xβ] and compute

Φ1({α, β}) = ( ˜([Xα, Xβ]h)2, [Xα, Xβ]h)

= (([Xh
α, X

h
β ] + Ω(Xh

α, X
h
β ))∼2 , [X

h
α, X

h
β ] + Ω(Xh

α, X
h
β ))

= ([(X̃h
α)2, (X̃h

β )2] + ˜Ω(Xh
α, X

h
β )

2
+ (t∗ − s∗)θ(Xh

α, X
h
β ) · z, [Xh

α, X
h
β ]

+ Ω(Xh
α, X

h
β ))

where the second equality follows from the formula dA = (t∗ − s∗)θ for a
connective structure, recalled in Section 1. On the other hand,

[Φ1(α),Φ1(β)] +
◦
η(Φ2(α, β)) = ([(̃Xh

α)2, (̃Xh
β )2], [Xh

α, X
h
β ])

+ ( ˜Ω(Xh
α, X

h
β )2 + (t∗ − s∗)θ(Xh

α, X
h
β ) · z,Ω(Xh

α, X
h
β )).

Thus equation (∗) is shown. For (∗∗) we have

Φ2(df, α) = (0,Π∗(df(Xα)))

and

[Φ1(f),Φ1(α)] = [(0,Π∗f), ((̃Xh
α)2, X

h
α)]

= −(0, Xh
α(Π∗f))

= −(0,Π∗(df(Xα))).
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The veri�cation of the fourth equation of De�nition 6.2.15 is a long, but
straightforward computation, whose crucial poins we will explain in the se-
quel. First of all, we have terms of the type:

Φ2({α, β}, γ) = (Ω([Xα, Xβ]h, Xh
γ ), θ([Xα, Xβ]h, Xh

γ )

+ Π∗({α, β}(Xγ)− γ([Xα, Xβ])))

= (Ω([Xα, Xβ]h, Xh
γ ), θ([Xh

α, X
h
β ], Xh

γ )

+ θ(Ω(Xα, Xβ), Xh
γ ) + g(α, β, γ))

where we set

g(α, β, γ) := Π∗({α, β}(Xγ)− γ([Xα, Xβ])).

Furthermore, we have

−γ([Xα, Xβ]) = −Xα(γ(Xβ)) +Xβ(γ(Xα)) + dγ(Xα, Xβ)

= −Xα(γ(Xβ)) +Xβ(γ(Xα)) + ω(Xα, Xβ, Xγ)

and

{α, β}(Xγ) = −ω(Xα, Xβ, Xγ).

Thus we obtain

g(α, β, γ) = Π∗(−Xα(γ(Xβ)) +Xβ(γ(Xα))).

Finally, we have on the RHS of the fourth equation of De�nition 6.2.15 terms
of the type

[Φ1(α),Φ2(β, γ)] = [((̃Xh
α)2, X

h
α), (Ω(Xh

β , X
h
γ ), θ(Xh

β , X
h
γ ) + Π∗(β(Xγ)− γ(Xβ)))]

= ((̃Xh
α)2, X

h
α).(Ω(Xh

β , X
h
γ ), θ(Xh

β , X
h
γ ) + Π∗(β(Xγ)− γ(Xβ)))

= ([Xh
α,Ω(Xh

β , X
h
γ )], Xh

α(θ(Xh
β , X

h
γ ) + Π∗(β(Xγ)− γ(Xβ)))

− θ(Xh
α,Ω(Xh

β , X
h
γ ))).

Let us now explain why the LHS and the RHS of the fourth equation of De�ni-
tion 6.2.15 coincide here. Firstly, the terms with g(α, β, γ) cancel out with the
terms of the typeXh

α(Π∗(β(Xγ)−γ(Xβ)). Secondly, l′3(Φ1(α),Φ1(β),Φ1(γ)) =
0 since l′3 = 0, and

Φ1(l3(α, β, γ)) = (0,Π∗(ω(Xα, Xβ, Xγ))) = (0, (dθ)(Xh
α, X

h
β , X

h
γ )) .
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Developping the dθ-term and comparing with the terms of the type θ([Xα, Xβ]h,
Xh
γ ) resp. Xh

α(θ(Xh
β , X

h
γ )) show that with respect to the discussed contribu-

tions LHS and RHS are equal. We next observe that the term θ(Xh
α,Ω(Xh

β , X
h
γ ))

and its signed cyclic permutations appear identically on both sides of the
equation.
To conclude, we start by observing that

[Xh
α,Ω(Xh

β , X
h
γ )] = Xh

α(Ω(Xh
β , X

h
γ )) ,

where the last term is interpreted as the vertical vector �eld associated to the
pu(H)-valued map Xh

α(Ω(Xh
β , X

h
γ )). To show this, denote by C ∈ Ω1(Y ) ⊗

pu(H) a principal connection on Π : Y → M with �xed curvature Ω. Then
C(Xh

α) = 0 because Xh
α is horizontal and dC(Xh

α,Ω(Xh
β , X

h
γ )) = 0 because

dC = −1
2
[C,C] + Ω and Ω is horizontal. So we obtain

C([Xh
α,Ω(Xh

β , X
h
γ )]) = −dC(Xh

α,Ω(Xh
β , X

h
γ ))

+Xh
α(C(Ω(Xh

β , X
h
γ ))− Ω(Xh

β , X
h
γ )(C(Xh

α))

= Xh
α(Ω(Xh

β , X
h
γ )).

(Note that Ω(Xh
β , X

h
γ ) is here interpreted both as a vertical vector �eld and

a pu(H)-valued map on Y ). Observing that [Xh
α,Ω(Xh

β , X
h
γ )] is vertical thus

yields the formula.

Since the curvature Ω is a horizontal form, we have Ω([Xα, Xβ]h, Xh
γ ) =

Ω([Xh
α, X

h
β ], Xh

γ ) and, by the Bianchi identity, we have dΩ(Xh
α, X

h
β , X

h
γ ) = 0.

It follows that the remaining terms on both sides of the fourth equation of
De�nition 6.2.15 indeed coincide.

Remark 3.3.5. Since in the preceding proposition the �rst Lie 2-algebra
L•(M,ω) is non-strict, whereas Xmult(P,Π), the target of the morphism Φ,
is strict, it is not surprising that we need the �correcting component� Φ2.

In symplectic geometry, restricting the target space of Kostant's prequan-
tisation map to the vector �elds that preserve the connection (which are
generally referred to as in�nitesimal quantomorphisms), gives a Lie algebra
isomorphism. We now show the 2-plectic analogue: since the map Φ1 in
Proposition 3.3.4 actually lies in V(P,Y ), we can �restrict� this Lie 2-algebra
morphism to the weak in�nitesimal symmetries, which then gives a quasi-
isomorphism.

Theorem 3.3.6. The Lie 2-algebra morphism of Proposition 3.3.4 re�nes to
a quasi-isomorphism of Lie 2-algebras Φ = (Φ1,Φ2) : L•(M,ω)→WSym(P, Y )
as follows

63



C∞(M) Ω1
Ham(M,ω)

XV (Y )⊕ C∞(Y ) V(P,Y )

d

Φ1
Φ2

Φ1

η

where

• Φ1(f) = (0,Π∗f)

• Φ1(α) =
(

(̃Xh
α)2, X

h
α, ιXh

α
θ + Π∗α

)
• Φ2(α, β) =

(
Ω(Xh

α, X
h
β ), θ(Xh

α, X
h
β ) + Π∗(α(Xβ)− β(Xα))

)
.

Proof. First we show the Φ1 map indeed takes values in V(P,Y ). Denote
Bα = ιXh

α
θ + Π∗α for α ∈ Ω1

Ham(M,ω). Because (t∗ − s∗)Π∗α = 0 it is clear
that L

(̃Xh
α)2
A = (t∗ − s∗)Bα. Moreover:

LXh
α
θ = dιXh

α
θ + ιXh

α
dθ

= d(Bα − Π∗α) + Π∗ιXαω

= dBα − Π∗(dα− ιXαω)

= dBα.

We obviously have Φ1(df) = (0, 0,Π∗df) = η(0,Π∗f) = η(Φ1(f)).

To verify that Φ de�nes a Lie 2-algebra morphism, the only additional equal-
ity to be satis�ed is the �form part� of the second equation in De�nition
6.2.15. Concretely, we have to check the following equation:

(∗) ιXh
{α,β}

θ + Π∗{α, β} =

LXh
α
Bβ − LXh

β
Bα + ιΩ(Xh

α,X
h
β )θ + d(θ(Xh

α, X
h
β ) + Π∗(α(Xβ)− β(Xα))) .

We start with the �rst term of the LHS of (∗):

(I) ιXh
{α,β}

θ = ι[Xh
α,X

h
β ]θ + ιΩ(Xh

α,X
h
β )θ .

We rewrite now the �rst two terms of the RHS of (∗), via

LXh
α
Bβ − LXh

β
Bα = LXh

α
(ιXh

β
θ + Π∗β)− LXh

β
(ιXh

α
θ + Π∗α)

and
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LXh
α
ιXh

β
θ − LXh

β
ιXh

α
θ = LXh

α
ιXh

β
θ − d(ιXh

β
ιXh

α
θ)− ιXh

β
dιXh

α
θ

= LXh
α
ιXh

β
θ − d(θ(Xh

α, X
h
β ))− ιXh

β
LXh

α
θ + ιXh

β
ιXh

α
dθ

= ι[Xh
α,X

h
β ]θ − d(θ(Xh

α, X
h
β ))− Π∗ιXαιXβω.

Furthermore, we calculate

LXh
α
Π∗β − LXh

β
Π∗α = dιXh

α
Π∗β + ιXh

α
dΠ∗β − dιXh

β
Π∗α− ιXh

β
dΠ∗α

= dΠ∗(β(Xα)− α(Xβ)) + 2Π∗ιXαιXβω.

We thus arrive at

LXh
α
Bβ−LXh

β
Bα = ι[Xh

α,X
h
β ]θ−d(θ(Xh

α, X
h
β ))+Π∗{α, β}+dΠ∗(β(Xα)−α(Xβ)).

Reordering the terms in the preceding equation and employing equation (I)
immediately gives equation (∗).

Finally we show that this morphism de�nes a quasi-isomorphism.

We have that ker(η) = {(Z, g) ∈ XV (Y ) ⊕ C∞(Y ) | Z = 0, (t∗ − s∗)g =
0, dg = 0} = {(0,Π∗f) | f ∈ C∞(M) and df = 0} implying that the map Φ1

is an isomorphism between ker(d) and ker(η).
We turn to proving that Φ1 de�nes an isomorphism from Ω1

Ham(M,ω)/ im(d)
to V(P,Y )/ im(η). Since a multiplicative vector �eld (ξ,X) is a weak in�nites-
imal symmetry if and only if X projects to a Hamiltonian vector �eld, it
is clear that there is an α ∈ Ω1

Ham(M,ω) and a Z ∈ XV (Y ) such that
X−Z = Xh

α. Since ξ = X̃2+(t∗−s∗)g ·z for a certain g ∈ C∞(Y ), we have for
all f ∈ C∞(M) that ξ− Z̃2− (t∗− s∗)(g+ Π∗f) · z = X̃h

α. Now, if B ∈ Ω1(Y )
such that LXθ = dB, it can be written as B = ιXθ+dg+Π∗(α+df), and then
B− ιZθ− dg = ιXθ+ Π∗(α+ df). Thus we have (ξ,X,B)− η(Z, g+ Π∗f) =
Φ1(α + df). Unicity of α (up to di�erentials of functions) now yields the
desired isomorphism.

Remark 3.3.7. We observe that the quasi-isomorphism Φ of the preceding
theorem is injective as a morphism of cochain complexes of vector spaces
but, of course, is far from being surjective.
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Remark 3.3.8. Theorem 5.1 of [KV] shows that L•(M,ω) and WSym(P, Y )
are quasi-isomorphic via the existence of an �invertible butter�y�. Our tech-
niques are completely di�erent and yield an explicit map of Lie 2-algebras
that turns out to be a quasi-isomorphism. From the point of view of [FRS14],
the preceding theorem is a �globalisation� of the 2-plectic specialisation of
Theorem 4.2.2 there concerning prequantisation in n-plectic geometry. There
the authors give a quasi-isomorphism between the Lie n-algebra of observ-
ables of a n-plectic manifold, and what they call the in�nitesimal quanto-
morphisms, de�ned via a �ech-Deligne complex. We do not rely on open
coverings as used there but formulate the algebraic objects in a global way
by �rst associating a global geometric prequantisation to an integral 2-plectic
manifold.

Remark 3.3.9. Proposition 3.3.4 and Theorem 3.3.6 above both apply to
integral pre-2-plectic manifolds, i.e., manifolds equipped with an integral,
closed 3-form ω, not necessarily non-degenerate. However, since we do
not have unicity of Hamiltonian vector �elds associated to Hamiltonian 1-
forms anymore, we have to modify the Lie 2-algebra of observables (com-
pare [Zam12]). Given an integral pre-2-plectic manifold (M,ω), we set
L̃0 = {(α,X) ∈ Ω1(M)⊕ X(M) | dα = ιXω}. Then

L̃−1 = C∞(M)
l1−→ L̃0

is a Lie 2-algebra with brackets

• l1(f) = (df, 0)

• l2((α,X), (α′, X ′)) = (ιXιX′ω, [X,X
′])

• l2((α,X), f) = 0

• l3((α,X), (α′, X ′), (α′′, X ′′)) = ω(X,X ′, X ′′)

for f ∈ C∞(M) and (α,X), (α′, X ′), (α′′, X ′′) ∈ L̃0. Denoting this Lie 2-
algebra by L̃•(M,ω), we have Lie 2-algebra morphisms

L̃•(M,ω)→ Xmult(P,Π) and L̃•(M,ω)→ WSym(P, Y )

where the bundle gerbe (P, Y ), together with the principal PU(H)-bundle
Y

Π−→ M , is a global geometric prequantisation of the pre-2-plectic manifold
(M,ω). The formulae giving the two Lie 2-algebra morphisms (abusively
both called Φ) are easily adapted from those given in Proposition 3.3.4 and
Theorem 3.3.6. A direct check shows that the proofs of both results adapt
as well to this case.
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De�nition 3.3.10. Let (M,ω) be a (pre-)2-plectic manifold with integral ω,
and (P, Y ) a global geometric prequantisation of (M,ω). The Lie 2-algebra
morphism Φ = (Φ1,Φ2) from L•(M,ω) to WSym(P, Y ;A, θ) of the above
theorem is called the prequantisation map of (M,ω).

3.4 The case of exact 2-plectic manifolds

In this section, we expose the case of 2-plectic manifolds (M,ω) with a po-
tential χ ∈ Ω2(M) for the 3-form ω, i.e., dχ = ω. This case is important for
applications in physics, compare, e.g., [Kij73], [RR09] and [RW19].

Recall that for P r−→ B and P ′ r
′
−→ B two principal S1-bundles over B we may

form a new bundle P ⊗ P ′ → B de�ned by

P ⊗ P ′ := (P r×r′P ′)/S1,

where the quotient is taken so that (p, p′) ∼ (pz, p′z−1) for p ∈ P , p′ ∈ P ′
and z ∈ S1. We may also form the dual bundle P ∗ de�ned by the same �ber
bundle but provided with the action p · z = pz−1.

Let Y Π−→ M be a surjective submersion and consider Q r−→ Y a principal
S1-bundle, with connection 1-form Ã ∈ iΩ1(Q). We denote F Ã ∈ iΩ2(Y ) the
curvature of this principal connection, so that dÃ = r∗F Ã. Furthermore, we
put πk : Y [2] → Y for k = 1, 2, where πk is the projection that omits the kth

factor. Then

1→ Y × S1 → (π∗1Q)∗ ⊗ π∗2Q→ Y [2] → 1

is a S1-central extension of the Lie groupoid Y [2] ⇒ Y , and therefore δ(Q) :=
(π∗1Q)∗⊗π∗2Q yields a bundle gerbe. In fact (compare [MS00]), a bundle gerbe
has vanishing Dixmier-Douady class precisely when it is isomorphic (in an
appropriate sense) to a bundle gerbe of the form (δ(Q), Y ), and a choice of
an isomorphism P → δ(Q) is called a trivialisation of the bundle gerbe (P, Y ).

Let us recall several observations concerning the Lie groupoid δ(Q) ⇒ Y .
An element of δ(Q) is written as a quadruple ([q1, q2], y1, y2) where qi ∈ Q,
(y1, y2) ∈ Y [2] such that r(q1) = y1, r(q2) = y2, and [q1, q2] is the class
stemming from the equivalence relation: (q1, q2) ∼ (q1z, q2z) for all z ∈ S1.
In the sequel, we denote such a quadruple by the equivalence classe [q1, q2].
Then the structure maps of the Lie groupoid δ(Q) ⇒ Y are given by
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• s([q1, q2]) = r(q2)

• t([q1, q2]) = r(q1).

Note that for [q1, q2],[q3, q4] in δ(Q), such that s([q1, q2]) = r(q2) = r(q3) =
t([q3, q4]), we may assume without loss of generality that q2 = q3, since the
equivalence classes are de�ned by the orbits of the S1-action. Therefore the
groupoid multiplication can be written as

m([q1, q2], [q2, q3]) = [q1, q3].

For y ∈ Y we have furthermore

δ(Q)(y,y) = ((π∗1Q)∗ ⊗ π∗2Q)(y,y) = Q∗y ⊗Qy.

Thus denoting by ∆ : Y → Y [2] the diagonal inclusion, the bundle ∆∗(δ(Q))
is canonically trivialised. Taking for y ∈ Y any q ∈ Qy, the canonical section
ε : Y → ∆∗(δ(Q)) is given by ε(y) = [q, q] and ε is taken as the unit map of
the Lie groupoid δ(Q) ⇒ Y . Finally the inverse map is given as

[q1, q2]−1 = [q2, q1].

We now describe a connective structure on (δ(Q), Y ). Consider the projec-
tions (π∗1Q)∗ ×Y [2] π∗2Q

pk−→ Q, where pk projects to the kth factor (k = 1, 2),
and the 1-form A = p∗1Ã − p∗2Ã. Then A de�nes a principal connection on
(π∗1Q)∗ ⊗ π∗2Q. More precisely, we have:

Lemma 3.4.1. We keep the notations from the previous considerations.
Then

(i) the connection A on δ(Q)→ Y [2] is multiplicative,

(ii) a curving of this connection is given by the curvature F Ã of Ã.

Therefore (A,F Ã) is a connective structure on the bundle gerbe (δ(Q), Y ).
Moreover, the 3-curvature is identically zero and thus (δ(Q), Y ) has vanishing
Dixmier-Douady class.

Proof. For q1, q2, q3 ∈ Q and vq1 , vq2 , vq3 tangent vectors at the respective
points, we compute

(m∗A)[q1,q2],[q2,q3]((vq1 , vq2), (vq2 , vq3)) = A[q1,q3](vq1 , vq3) = Ãq1(vq1)− Ãq3(vq3) =

Ãq1(vq1)− Ãq2(vq2) + Ãq2(vq2)− Ãq3(vq3) = A[q1,q2](vq1 , vq2) + A[q2,q3](vq2 , vq3) =

(proj∗1A+ proj∗2A)[q1,q2],[q2,q3]((vq1 , vq2), (vq2 , vq3)),
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where projk : δ(Q)s×tδ(Q) → δ(Q) is the projection onto the kth factor, for
k = 1, 2. Thus A is multiplicative.

Moreover, we have

dA = p∗1dÃ− p∗2dÃ = p∗1r
∗F Ã − p∗2r∗F Ã = (t∗ − s∗)F Ã.

This shows that F Ã provides a curving for A, and that (A,F Ã) is indeed a
connective structure for (δ(Q), Y ). Since dF Ã = 0, the 3-curvature equals
zero, and therefore (δ(Q), Y ) has vanishing Dixmier-Douady class.

We now construct the prequantisation map for an exact 2-plectic manifold.
Let (M,ω) be a 2-plectic manifold with ω = dχ an exact 3-form. Consider
the trivial bundle Π : Y := M × PU(H) → M , equipped with the trivial
connection, that we denote here by C ∈ Ω1(M × PU(H)) ⊗ pu(H). Recall
that C is given by

C(m,g)(um, vg) = (Lg−1)∗g(vg),

i.e., C is the pullback of the Maurer-Cartan form on PU(H) via the projec-
tion Y → PU(H).

Observe that Y [2] = M×PU(H)×PU(H). We then have ψ : M×PU(H)×
PU(H) → PU(H), ψ(m, g, g′) = g−1g′ (compare Lemma 1.10). We also
de�ne Q := M × U(H) → Y . Then δ(Q) := (π∗1Q)∗ ⊗ π∗2Q is isomorphic
to ψ∗U(H), the pullback of the principal S1-bundle U(H)→ PU(H) by the
map ψ. To see this, note that the elements of δ(Q) are triples (m, [u, u′]),
where m ∈ M , u, u′ ∈ U(H), and the class [u, u′] is taken with respect
to (u, u′) ∼ (uz, u′z) for all z ∈ S1. The elements of ψ∗U(H) are triples
(m, g, u), where m ∈ M , g ∈ PU(H) and u ∈ U(H). Then the isomorphism
δ(Q)→ ψ∗U(H) is given by

(∗) (m, [u, u′]) 7→ (m, q(u), u−1u′) ,

with U(H)
q−→ PU(H) being the canonical projection. The map (∗) is

well-de�ned and equivariant, and therefore an isomorphism of principal S1-
bundles.

Let Ã be the principal connection on Q de�ned by the Maurer-Cartan form
on U(H), projected onto iR = Lie(S1) via a splitting pu(H) → u(H) (see
Lemma 1.6). Let F Ã be the curvature of this connection. On the bundle
δ(Q) → Y [2], we consider as above the connection A = p∗1Ã − p∗2Ã (recall
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that A is multiplicative by the preceding lemma). We set θ = Π∗χ + F Ã.
Then (A, θ) is a connective structure on the bundle gerbe (δ(Q), Y ), with
3-curvature (−i2π)ω. For a vector �eld X ∈ X(M), the horizontal lift Xh to
Y with respect to the conection C is simply (X, 0), which we denote again
by X. Then we have X2 = (X, 0, 0) and we continue to denote this vector
�eld by X. The horizontal lift of a vector �eld Z ∈ X(Y [2]) with respect to
the connection A will be denoted by Z̃.

We conclude with an explicit description of the components of the Lie 2-
algebra morphism of Theorem 3.3.6 in the exact case. For the sake of better
readability, we omit the symbol Π∗ for pullbacks of functions and di�erential
forms with respect to the projection Π : Y →M . Furthermore, given a vector
�eld V on a factor of a product A×B, we denote its trivial extension to this
product again by V . With these conventions, we obtain for f ∈ C∞(M) and
α, β ∈ Ω1

Ham(M,dχ):

• Φ1(f) = (0, f)

• Φ1(α) = (X̃α, Xα, ιXαχ+ α)

• Φ2(α, β) = (0, χ(Xα, Xβ) + α(Xβ)− β(Xα)).
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Chapter 4

Weak in�nitesimal symmetries of

local bundle gerbes

This short chapter is an addendum to the precedent one, dedicated to com-
puting the data of a weak in�nitesimal symmetry of a local bundle gerbe
(see Remark 2.2.5), and showing that we recover the in�nitesimal quanto-
morphisms of [FRS14], already mentioned in Section 1.3.

Let (M,ω) be a 2-plectic manifold. We trivialize ω on the elements of a good
open cover U = {Ui}i∈I of M

• ω|Ui = dθi with θi ∈ Ω2(Ui)

• θj − θi = dAij with Aij ∈ Ω1(Uij)

• Aij + Ajk + dlog(hijk) = Aik with hijk ∈ C∞(Uijk, S
1).

Consider the local bundle gerbe (
∐
Uij×S1,

∐
Ui) overM , with bundle gerbe

product

m((xjk, z), (xij, z
′)) = (xik, zz

′hijk(x)),

with x = xij = xjk = xik ∈ Uijk and z, z′ ∈ S1. Note that we have

m = (mČ ◦ (p1, p
′
1),mS1

(p2,m
S1 ◦ (p′2, hijk ◦ π ◦ p1)))

where mČ is the multiplication of the �ech groupoid
∐
Uij ⇒

∐
Ui, π :∐

Uij → M is the natural projection, mS1
is the multiplication of S1, and

p1, p
′
1 : (

∐
Uij × S1) × (

∐
Uij × S1) →

∐
Uij and p2, p

′
2 : (

∐
Uij × S1) ×

(
∐
Uij × S1)→ S1 are projections on the respective �rst and second factors

of
∐
Uij and S1. A tangent vector ηz ∈ TzS1, with z ∈ S1, is always of the
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form ηz = c · z|z with c ∈ R and z the rotation vector �eld on S1. Therefore
tangent vectors (ξjk, c · z|z) ∈ TxUjk × TzS1 and (ηij, c

′ · z|z′) ∈ TxUij × Tz′S1

are composable if ξ = η (as elements of TxM) and then we have

m∗((ξjk, c · z|z), (ξij, c′ · z|z′)) = (ξik,m
S1

∗ (c · z|z,mS1

∗ (c′ · z|z′ , (hijk)∗(ξ))
= (ξik,m

S1

∗ (c · z|z, c′ · z|z′hijk(x) + (Lz′)∗(hijk)∗(ξ))

= (ξik,m
S1

∗ (c · z|z, c′ · z|z′hijk(x) + dloghijk(ξ) · z|z′hijk(x))

= (ξik, (c+ c′ + dloghijk(ξ)) · z|zz′hijk(x)).

Consider now the connection 1-form C on
∐
Uij×S1, given by Cij = Aij−Θ,

where Θ is the Maurer-Cartan form on S1. We compute

m∗(C)((ξjk, c · z|z), (ξij, c′ · z|z′)) = Aik(ξik)− (c+ c′ + dloghijk(ξ))

and moreover

(pr∗1(C) + pr∗2(C))((ξjk, c · z|z), (ξij, c′ · z|z′)) = Aij(ξij) + Ajk(ξjk)− (c+ c′),

where pri : (
∐
Uij × S1)s×t(

∐
Uij × S1)→

∐
Uij × S1, i = 1, 2 are the pro-

jections on the ith factor. We obtain that m∗C = pr∗1C + pr∗2C and therefore
C de�nes a multiplicative connection. Moreover dC = (t∗ − s∗)θ, because
dΘ = 0 and θj − θi = dAij on Uij. Therefore (C, θ) gives a connective struc-
ture on (

∐
Uij × S1,

∐
Ui), with 3-curvature ω.

Now consider a multiplicative vector �eld (ξ,X) on the Lie groupoid
∐
Uij×

S1 ⇒
∐
Ui. Then ξ is a collection of ξij = (ξ1

ij, ξ
2
ij) with ξ1

ij(x, z) ∈ TxUij
and ξ2

ij(x, z) ∈ TzS
1, for all x ∈ Uij and z ∈ S1, and X is a collection of

Xi ∈ X(Ui). Since (ξ,X) is multiplicative, we have

s∗(ξij(x, z)) = Xj(x) and t∗(ξij(x, z)) = Xi(x).

Therefore considering π ◦ s = π ◦ t for π :
∐
Ui →M the natural projection,

we obtain Xi = Xj on Uij, and therefore X is a globally de�ned vector �eld
on M , and moreover ξ1

ij(x, z) = X(x) for all x ∈ Uij and z ∈ S1.

Now, considering that ξ is S1-invariant, and upon trivializing the bundle
TS1, we obtain the description ξij = (X, fij · z) with fij ∈ C∞(Uij). The
multiplicativity condition gives

m∗((X(x), fjk(x) · z|z), (X(x), fij(x) · z|z′)) = (X(x), fik(x) · z|zz′hijk(x))
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for all x ∈ Uijk. But we know that

m∗((X(x), fjk(x) · z|z), (X(x), fij(x) · z|z′))
= (X(x), (fjk(x) + fij(x) + dloghijk(X)) · z|zz′hijk(x))

and therefore the fij's must satisfy the condition

fij + fjk + dloghijk(X) = fik.

Moreover, if (ξ,X,B) is a weak in�nitesimal symmetry, then B is a collection
of Bi ∈ Ω1(Ui) such that

• Lξ(Aij −Θ) = Bj −Bi

• LXθi = dBi.

We compute

Lξ(Aij −Θ) = L(X,fij ·z)(Aij −Θ)

= LXAij − dfij.

Therefore the conditions above may be rewritten as

• LXAij = Bj −Bi + dfij

• LXθi = dBi.

This shows that in�nitesimal quantomorphisms in [FRS14] correspond to the
data of weak in�nitesimal symmetries of the prequantizing local bundle gerbe
(of course, our Bi are called αi there and in Theorem 1.3.5).
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Chapter 5

Lagrangian submanifolds of

standard multisymplectic

manifold

This chapter is taken from an article written in collaboration with Tilmann
Wurzbacher : "Lagrangian submanifolds of standard multisymplectic man-
ifolds". This article appeared in : Geometric and Harmonic Analysis on
Homogeneous Spaces. TJC 2017. Springer Proceedings in Mathematics and
Statistics, vol 290.

Introduction

It is well-known that Lagrangian submanifolds play a central role in symplec-
tic geometry. This can easily be traced back to the search for so-called "gen-
erating functions" of (local) symplectomorphisms in the framework of the
Hamilton-Jacobi method for integrating Hamilton's equation (see the classi-
cal reference [Arn89], Sections 47-48). This method is closely connected to
the observations that the graph of a di�eomorphism between two symplectic
manifolds is Lagrangian if and only if the di�eomorphism is symplectic and
that the image of a one-form is Lagrangian (inside the cotangent bundle) if
and only if the form is closed. Alan Weinstein deduced from such classical
facts his famous symplectic creed: "Everything is a Lagrangian submani-
fold". Of course, from a modern perspective the main argument for this
creed is ... Weinstein's fundamental result from 1971 (see [Wei71]):

Weinstein's normal form theorem. Let L be a Lagrangian submanifold
of a symplectic manifold (M,ω). Then there exist open neighborhoods U and
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V of L in M respectively T ∗L, and a di�eomorphism φ : U → V such that
φ|L = idL and φ∗(ωT

∗L) = ω on U .

Classical mechanics is geometrized by the Hamiltonian approach on cotan-
gent bundles and more generally on symplectic manifolds, whereas its higher
dimensional analogue, classical �eld theory, can be formulated in a Hamil-
tonian way on multicotangent or jet bundles, and leads more generally to
multisymplectic manifolds (cf. [RW19], Section 2 for a recent account of
this). A multisymplectic manifold is a manifold together with a nondegener-
ate, closed (k+1)-form ω with k in N; k = 1 being the symplectic case.

In a 1988 article ([Mar88]) Geo�rey Martin extended Weinstein's result to
an important class of multisymplectic manifolds including multicotangent
bundles. (Note that he reserves the term �multisymplectic" for the class of
multisymplectic manifolds where his theorem applies.) The proof of his main
result (Lemma 2.1) being rather cryptic, and in parts being reduced to mere
hints for the reader, his precocious results fell into oblivion, not receiving the
deserved attention.

The spanish school on di�erential-geometric methods in mathematical physics
revived multisymplectic geometry (in its modern de�nition) at the end of
the last century, and Manuel de Léon, David Martín de Diego and Aitor
Santamaría-Merino gave in [ddS03] a rather detailed framework for Martin's
normal form theorem. Unfortunately, the necessary condition that a certain
naturally associated subbundle of the tangent bundle of the ambient mani-
fold should be integrable is not emphasised in their proof of Martin's main
result (see the proof of Lemma 3.24 in the cited article).

Since multisymplectic geometry is by now emerging fast as the "right" (higher)
geometric formulation of classical �eld theory, thanks to the advent of rather
well-suited homotopical and homological methods, the interest in Martin's
result is growing and we felt compelled to give a self-contained, detailed ac-
count of his result and techniques. It turns out that one crucially needs
"folkloristic" extensions of two standard theorems in di�erential topology to
a foliated setting (these being of independent interest, in fact). Once estab-
lished, Martin's ingenious idea that the path method of Jürgen Moser (see
[Mos65]) applies though a multisymplectic form of degree k+1 does not yield
an isomorphism between the tangent bundle and the bundle of k-forms, goes
through and yields the following result:

Martin's normal form theorem (Theorem 1 below). Let (M,ω) be
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a standard k-plectic manifold, with k > 1. Let the distribution W ⊂ TM
be de�ned as W := ∪p∈MWω(p) and let L be a k-Lagrangian submanifold
of M complementary to W (that is TpM = TpL ⊕W |p, ∀p ∈ L). If W is
integrable, there exist open neighborhoods U and V of L in M and Λk(T ∗L),
and a di�eomorphism φ : U → V such that:

φ|L = idL and φ∗(ωΛk(T ∗L)) = ω on U.

Results of a related but more global nature were obtained by Frans Cantrijn,
Alberto Ibort and Manuel de Léon in 1999 (see Theorem 7.3 in [CId99]) and
Michael Forger and Sandra Z. Yepes in 2013 (see Theorem 7 in [FY13]). In
both cases the focus is shifted from the local situation near a Lagrangian
submanifold to the foliation associated to an involutive Lagrangian distribu-
tion and its leaf space, implying an important role for regularity assumptions
on the foliation, and for connections on the leaves.

We conclude the introduction by summarising the chapter's content. In Sec-
tion 5.1 we give the basic de�nitions, as multisymplectic vector spaces and
manifolds and their isotropic and Lagrangian subspaces respectively subman-
ifolds. We also give here some examples of isotropic and Lagrangian sub-
manifolds of multisymplectic manifolds. Section 5.2 introduces the notions
of "standard" multisymplectic vector spaces and manifolds, central for this
article. We prove the fundamental properties of a standard multisymplectic
vector space (V, ω) (with ω a (k+1)-linear form and k > 1), notably the ex-
istence of a unique subspace W ⊂ V that is isomorphic to Λk(V/W )∗ via the
natural contraction map (compare Lemma 5.2.2 and Proposition 5.2.4). On
the level of manifolds, we explain why multicotangent bundles are standard
multisymplectic manifolds. In Section 5.3 we give a detailed proof of Mar-
tin's normal form theorem (see above), expanding and explaining Martin's
extremely brief original proof. In an Appendix of this chapter we give com-
plete proofs for the extension of two classical di�erential-topological results
to foliated manifolds, more precisely, we show a foliated tubular neighbor-
hood theorem and a foliated relative Poincaré lemma (see Theorems 5.4.1
and 5.4.3).
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5.1 Multisymplectic vector spaces and mani-

folds, and Lagrangian submanifolds

In this section, we give the basic de�nitions used in the chapter, together
with some examples. We will work over the real numbers and all manifolds
will be smooth. The algebraic considerations for vector spaces hold true over
�elds of characteristic zero instead of the reals.

De�nition 5.1.1. Let V be a vector space, k ≥ 1 and ω ∈ Λk+1(V ∗). We
say that (V, ω) is a k-plectic vector space (or simply a multisymplectic vector
space) if ω is nondegenerate, in the sense that :

ω] : V → Λk(V ∗); v 7→ ιvω

is injective.

As in the symplectic case, we can de�ne orthogonal subspaces with respect to
ω, but in this setting we have more than just one "ω-orthogonal complement"
for a given subspace of V :

De�nition 5.1.2. Let (V, ω) be a k-plectic vector space, U ⊂ V a subspace
and 1 ≤ j ≤ k. We de�ne the j-th orthogonal complement of U with respect
to ω as follows:

U⊥,j := {v ∈ V | ιv∧u1∧...∧ujω = 0, ∀u1, ..., uj ∈ U}.

We say that U ⊂ V is a j-isotropic subspace (respectively, a j-Lagrangian
subspace) if U ⊂ U⊥,j (respectively if U = U⊥,j).

Going to manifolds we have:

De�nition 5.1.3. Let M be a manifold and ω ∈ Λk+1T ∗M . We say that
(M,ω) is a k-plectic manifold, or simply a multisymplectic manifold, if the
form ω is closed and nondegenerate, in the sense that for all q ∈M , the map
:

ω]q : TqM → Λk(T ∗qM); vq 7→ ιvqωq

is injective.

Analogously to the linear case, we will say that a regular submanifold L is
a j-isotropic respectively j-Lagrangian submanifold of M , if, for each p ∈ L,
TpL is a j-isotropic respectively j-Lagrangian subspace of TpM .
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Before studying a special class of multisymplectic manifolds in Sections 5.2
and 5.3, we will give general examples of multisymplectic manifolds and
isotropic submanifolds. Note that if N is a submanifold of M of dimension
n, then N is j-isotropic for all j ≥ n in a trivial way. Thus in the following
examples, we will only consider "interesting" isotropic and Lagrangian sub-
manifolds, where this is not the case.

Example 5.1.4. Let M be an orientable manifold of dimension m and ω a
volume form on M . Then (M,ω) is a (m−1)-plectic manifold. In this case
there are no non-trivial examples (in the sense stated above) of isotropic
submanifolds of M .

Example 5.1.5. Let Q be a manifold, k ≥ 1 and the dimension of Q being
greater or equal to k+1. Then the manifold M := Λk(T ∗Q) is naturally
equipped with a k-plectic form. Indeed let θ ∈ Ωk(M) be de�ned by :

θαp(v1, ..., vk) := αp(π∗αp(v1), ..., π∗αp(vk)),

where αp ∈ M , vj ∈ Tαp(M), and π : M → Q is the canonical projection.
Then ω := −dθ is a k-plectic form on M . This construction is the gener-
alization of the symplectic form on a cotangent bundle. The zero-section of
Λk(T ∗M) is a k-Lagrangian manifold, and the �bers of π are 1-Lagrangian.
To see this, we can work in local coordinates. A direct computation shows
then that if (qi) are coordinates on an open subset U ⊂ Q and (pI) are
coordinates on the �bers of Λk(T ∗U), we have :

ω|U = −
∑
i1,...,ik

dpi1,...,ik ∧ dqi1 ∧ ... ∧ dqik .

Using this local description it is easy to see that Q is k-Lagrangian and
the �bers are 1-Lagrangian. More generally, for α ∈ Ωk(Q), we have that
im(α) ⊂M is a k-Lagrangian manifold if and only if α is closed. This follows
from α∗θ = α (where, on the left-side, α is regarded as a map α : Q→ M),
implying α∗ω = −dα.
Example 5.1.6. Let (M, η) be a k-plectic manifold and ω ∈ Ωk+1(M ×M)
the form given by:

ω = p∗1η − p∗2η,

where for i = 1, 2, the map pi is the projection pi : M ×M → M on the
i-th factor. Then (M ×M,ω) is a k-plectic manifold. Considering a di�eo-
morphism φ : M → M , we claim that Γφ, the graph of φ, is k-Lagrangian
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if and only if φ is a symplectomorphism in the sense that φ∗η = η. In-
deed T(q,φ(q))(M ×M) = {(uq, φ∗q(uq)) | uq ∈ TqM}. Then for (ui, φ∗(ui)) ∈
T(q,φ(q))(M ×M) (1 ≤ i ≤ k) we obtain:

ω(q,φ(q))((u1, φ∗(u1)), ..., (uk, φ∗(uk)) = ηq(u1, ..., uk)− ηφ(q)(φ∗(u1), ..., φ∗(uk))

= ηq(u1, ..., uk)− (φ∗η)q(u1, ..., uk),

showing the claim.

Example 5.1.7. Let M be a complex manifold with a holomorphic volume
form Ω. Then setting ω = <(Ω), the real part of Ω, turns (M,ω) into a
multisymplectic manifold. To get a feeling of how Lagrangian submanifolds
may look in this case, we consider M = C3 = R6 and Ω = dz1 ∧ dz2 ∧ dz3 =
dz123. We �nd:

ω = dx123 − dx156 − dx246 − dx345,

where we have omitted wedge products and xi are coordinates in R6. Then
the manifold {x1 = x2 = x3 = 0} is 2-Lagrangian, and the manifold {x2 =
x3 = x5 = x6 = 0} is 1-Lagrangian.
Example 5.1.8. (Compare [CId99], Section 3). Let M = R6 and

ω = dx145 + dx246 + dx356 + dx456.

Then ω is a 2-plectic form, and L2 = {x1 = x3 = x4 = x6 = 0} and
L3 = {x4 = x5 = x6 = 0} are (linear) 1-Lagrangian submanifolds of (M,ω)
of di�erent dimensions. (Note that (R6, ω) is symplectomorphic to the mul-
ticotangent bundle Λ2(T ∗R3) with the multisymplectic form de�ned in Ex-
ample 2 above.)

Example 5.1.9. Let G be a real semi-simple, compact Lie group. Consider
the Cartan form ω ∈ Ω3(G), which is the bi-invariant form de�ned at the
neutral element e by :

ωe(ξ, η, ζ) := 〈[ξ, η], ζ〉 ,

where ξ, η, ζ ∈ g (the Lie algebra of G) and < ., . > is the Killing form. The
form ω is closed because it is bi-invariant, and it is nondegenerate because
the Killing form is nondegenerate and [g, g] = g. Consider T ⊂ G, a torus.
Its Lie algebra t is abelian and thus T is 1-isotropic. Thus if T is a maximal
torus then it is 1-Lagrangian.
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5.2 Standard multisymplectic vector spaces and

manifolds

In this section, we will be interested in a special class of multisymplectic
vector spaces and manifolds, important in applications of multisymplectic
geometry to classical �eld theories.

De�nition 5.2.1. Let V be a vector space and k > 1. We say that V is a
standard k-plectic vector space, if (V, ω) is a k-plectic vector space and there
exists a subspace W ⊂ V such that:

(1) ∀u, v ∈ W, ιu∧vω = 0

(2) dim(W ) = dim(Λk((V/W )∗))

(3) codim(W ) > k .

Let us also consider the following condition :

dim(W ) ≥ codim(W ) . (3' )

Concentrating on the higher degree cases (k > 1) we then have the following
relations between these conditions:

Lemma 5.2.2. Let (V, ω) be a k-plectic vector space with k > 1. Then :

(i) conditions (1) and (2) imply that the map ω]|W : W → ΛkV ∗ induces
a linear isomorphism :

χ : W → Λk(V/W )∗,

(ii) if conditions (1) and (2) are satis�ed, then condition (3) is equivalent
to condition (3′),

(iii) if (V, ω) is standard, then dim(W ) ≥ 2.

Remark 5.2.3. In reference [ddS03] these multisymplectic vector spaces are
called of type (k+1, 0).

Proof. We denote the projection V → V/W by π. Then the subspace
π∗(Λk(V/W )∗) ⊂ ΛkV ∗ is given by :

π∗(Λk(V/W )∗) = {η ∈ ΛkV ∗ | ιvη = 0, ∀v ∈ W}.
By condition (1), ω](w) ∈ π∗(Λk(V/W )∗) whenever w ∈ W ; thus ω] induces
a unique injective linear map χ : W → Λk(V/W )∗ such that π∗ ◦ χ = ω]|W .
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Moreover, χ is a linear isomorphism by condition (2) ; thus proving the �rst
assertion.
Now put d = dim(W ), c = codim(W ). Then dim(V ) = c + d. Assume
conditions (1) − (3) to hold, and d < c. By condition (2), d =

(
c
k

)
, thus

d = c(c−1)...(c−(k−1))
k(k−1)...1

≥ c. This contradiction shows that conditions (1) − (3)

imply condition (3′).
Now assume conditions (1), (2), (3′) to hold and c ≤ k. Since c < k is easily
seen to contradict (2), then c = k and d = 1. By (3′), dim(V ) = 2 and
thus 1 = dim(Λk(V/W )∗), implying k = 1, contradicting the assumptions.
Thus the conditions (1), (2), (3′) imply conditions (1) − (3), and the second
assertion is proven.
Now assume that d ≤ 1. If d = 0, then ΛkV ∗ = {0}, contradicting the fact
that ω is nondegenerate. Now if d = 1, we have 1 =

(
dim(V )−1

k

)
and therefore

k+1 = dim(V ), implying c = k ; this contradiction proves the last assertion.

If (V, ω) is a standard k-plectic vector space, with k > 1, then the subspace
W satisfying De�nition 5.2.1 is unique as shows the following :

Proposition 5.2.4. Let (V, ω) be a standard k-plectic vector space, with
k > 1, and W, W̃ two subspaces satisfying De�nition 5.2.1. Then W = W̃ .

Proof. First we show that W ∩ W̃ has codimension at most 1 in W̃ . To do
this, assume the opposite : codimW̃ (W ∩W̃ ) > 1. Then, there exists linearly
independent vectors u, v of W̃ such that span(u, v)∩W = {0} ; thus we can
�nd η ∈ Λk(V/W )∗ such that ιu∧vη 6= 0. But, for all w ∈ W , ιwιu∧vω = 0, so
there cannot exist a w ∈ W such that η = ιwω, and this contradicts the fact
that the map χ is an isomorphism.
Now suppose W 6= W̃ . Then there exists a non-zero vector z ∈ W̃ such that
span(z) ∩W = {0}. For all w ∈ W ∩ W̃ , η ∈ Λk−1(V/W ) :

χ∗(π(z) ∧ η)(w) = (π(z) ∧ η)(χ(w)) = ω(w, z, η) = 0,

where χ∗ denotes the dual of the map χ, and π : V → V/W is the canonical
projection. The above equation is well-de�ned because for w ∈ W , ιwω
depends only on its evaluation on element of Λk(V/W ), because of condition
(1) in De�nition 5.2.1. Denote Z = span(z). The above computation shows
that:

χ∗(π(Z) ∧ Λk−1(V/W )) ⊂ annW ∗(W ∩ W̃ ),
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where annW ∗(W ∩ W̃ ) = {η ∈ W ∗ | η(w) = 0, ∀w ∈ W ∩ W̃}. This implies,
together with codimW̃ (W ∩ W̃ ) ≤ 1, that dim(χ∗(π(Z) ∧ Λk−1(V/W ))) ≤ 1.
Furthermore :

dim(π(Z) ∧ Λk−1(V/W )) = dim(Λk−1(V/W )) > 1,

because codim(W ) > k. This shows a contradiction, and thus the Proposi-
tion.

The preceding proposition allows to denote such a subspace by Wω and mo-
tivates the next de�nition :

De�nition 5.2.5. LetM be a manifold, k > 1, and ω ∈ Λk+1(T ∗M). We say
that (M,ω) is a standard k-plectic manifold if (M,ω) is a k-plectic manifold
and if for each p ∈ M , (TpM,ωp) is a standard k-plectic vector space. For
all p ∈M the unique subspace of TpM satisfying De�nition 5.2.1 is denoted
by Wω(p) or simply W (p).

The remainder of this section is dedicated to showing that standard multi-
symplectic vector spaces are in fact symplectomorphic to a canonical k-plectic
model that we will describe now.

Proposition 5.2.6. Let (V, ω) be a standard k-plectic vector space. Then the
subspace Wω is 1-Lagrangian. Moreover, there exists a k-Lagrangian vector
space L ⊂ V complementary to Wω and the map χ induces (for all choices
of such L) an isomorphism:

Wω
∼= Λk(L∗).

Proof. Condition (1) in De�nition 5.2.1 implies that Wω is 1-isotropic. Now
if w ∈ W⊥,1

ω but w /∈ Wω, then we can �nd η ∈ Λk(V/Wω)∗ such that
ιwη 6= 0. But, for all u ∈ Wω, ιuιwω = 0 and thus there cannot exist a
u ∈ Wω such that η = ιuω. This property contradicts the fact that the map
χ is an isomorphism, and therefore proves that Wω is 1-Lagrangian.
Now let L̃ be any subspace complementary to Wω. We may canonically
identify V/Wω and L̃ since the restriction to L̃ of the projection π : V →
V/Wω is an isomorphism. Thus we have a canonical isomorphism χ : Wω

∼=−→
Λk(L̃∗). We will search for a k-Lagrangian complement of the form L =

{v+Av | v ∈ L̃} for some linear map A : L̃→ Wω. For L to be k-Lagrangian,
it has to verify that L ⊂ L⊥,k, i.e., for all vj ∈ L̃, j = 1, ..., k+1 :

ω(v1 + Av1, ..., vk+1 + Avk+1) = 0.
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This condition su�ces here because assuming that there exists an element
u ∈ L⊥,k\L, we may write u = v + w, with v ∈ L and w ∈ Wω. For
u1, ..., uk ∈ L we compute then:

ω(u, u1, ..., uk) = ω(v, u1, ..., uk) + ω(w, u1, ..., uk)

= ω(w, u1, ..., uk) = 0

because v ∈ L ⊂ L⊥,k, and u ∈ L⊥,k. Thus we obtain w ∈ Wω ∩ L⊥,k. But
then for all vj = xj + yj, vj ∈ V , xj ∈ L and yj ∈ Wω :

ω(w, v1, ..., vk) = ω(v, u1, ..., uk) + ω(w, u1, ..., uk)

= 0.

By the nondegeneracy of ω, we obtain w = 0, thus u = v ∈ L which is a
contradiction to u ∈ L⊥,k\L.

Now we return to the construction of the linear map A. We have:

ω(v1 + Av1, ..., vk+1 + Avk+1) = ω(v1, ..., vk+1)

+
∑

j=1,...,k+1

(−1)j+1ω(Avj, v1, ..., v̂j, ..., vk+1).

Let Φ := χ ◦ A, then the Lagrangian condition reads as follows:

ω(v1, ..., vk+1) = −
∑

j=1,...,k+1

(−1)j+1Φ(vj)(v1, ..., v̂j, ..., vk+1).

We denote by T the application T : L̃ → Λk(L̃∗), v 7→ ιvω. If Φ = − 1
k+1

T ,
then the above condition is veri�ed. Thus the map A := (χ)−1 ◦ Φ has the
property that its graph L = ΓΦ is a k-Lagrangian space, complementary to
Wω.

De�nition 5.2.7. Let V be a vector space and ωcan the canonical (k+1)-
form on the space V := V ⊕ Λk(V ∗) given by:

ωcan(v1 ⊕ α1, ..., vk+1 ⊕ αk+1) =
k∑
i=1

(−1)i+1αi(v1, ..., vi−1, v̂i, vi+1, ..., vk+1),

for all vj ∈ V , and αj ∈ Λk(V ∗). Then ωcan is a k-plectic form. We call
(V , ωcan) a canonical k-plectic vector space.

Lemma 5.2.8. Let (V, ω) be a k-plectic vector space with k > 1. Then (V, ω)
is isomorphic to a canonical k-plectic vector space (L⊕ Λk(L∗), ωcan) if and
only if (V, ω) is standard.
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Proof. Let (V, ω) be a standard k-plectic vector space, and L a k-Lagrangian
subspace complementary to Wω. We de�ne ωcan as above on the space L ⊕
Λk(L∗). Let γ := idL⊕χ : L⊕Wω → L⊕Λk(L∗), where we again canonically
identi�ed V/Wω and L. Then γ is a linear isomorphism and furthermore we
�nd:

ωcan(γ(u1 ⊕ w1), ..., γ(uk+1 ⊕ wk+1)) = ωcan(u1 ⊕ ιw1ω), ..., uk+1 ⊕ ιwk+1
ω))

=
∑

j=1...k+1

(−1)j+1ιwjω(u1, ..., ûj, ..., uk+1)

= ω(u1 ⊕ w1, ..., uk+1 ⊕ wk+1),

i.e. γ∗ωcan = ω. Therefore, the k-plectic space (V, ω) is symplectomorphic to
(L⊕ Λk(L∗), ωcan).

To show the converse, �rst note that if (L ⊕ Λk(L∗), ωcan) is a canonical k-
plectic vector space, then the space L identi�ed with L× {0} ⊂ L⊕Λk(L∗),
is k-Lagrangian, and the space Λk(L∗), identi�ed with {0} × Λk(L∗) ⊂ L ⊕
Λk(L∗) is 1-Lagrangian. Indeed :

ωcan((v1, 0), ..., (vk+1, 0)) = 0,

and if ωcan((v, α), (v1, 0), ..., (vk, 0)) = 0 for all vj ∈ L, then α(v1, ..., vk) = 0
and then α = 0. This shows that L is k-Lagrangian. Moreover :

ωcan((0, α), (0, β), (v1, γ1), ..., (vk−2, γk−2) = 0,

and if ωcan((v, α), (0, β), (v1, γ1), ..., (vk−2, γk−2) = 0 for all vj ∈ V and γj ∈
Λk(L∗), then ιvβ = 0 and thus v = 0. This shows that Λk(L∗) is 1-
Lagrangian. Thus, if a k-plectic linear space (V, ω) is symplectomorphic to a
space (L ⊕ Λk(L∗), ωcan), then, pulling back the 1-Lagrangian space Λk(L∗)
to V with this symplectomorphism gives a linear subspace W ⊂ V satisfying
De�nition 5.2.1.

Remark. Consider now a manifold Q, k > 1 and (Λk(T ∗Q), ωΛk(T ∗Q)) the
k-plectic structure exposed in Example 5.1.5. We have :

T (Λk(T ∗Q))|Q = TQ⊕ Λk(T ∗Q).

Recall that each �ber of Λk(T ∗Q) is 1-Lagrangian, and Q is k-Lagrangian.
Thus, at each point p ∈ Q, the form ωΛk(T ∗Q) evaluated at the point p is in
fact the canonical form on the space TpQ ⊕ Λk(T ∗pQ). Using the coordinate
expression of the form :

ωΛk(T ∗Q)|U = −
∑
i1,...,ik

dpi1,...,ik ∧ dqi1 ∧ ... ∧ dqik ,
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with U ⊂ Q an open set, (qi) coordinates on U and (pi) coordinates on the
�bers of T ∗U , we see that at any point αq of Λk(T ∗Q), the �ber Λk(T ∗qQ) is 1-
Lagrangian and the tangent space at αq satis�es the conditions of De�nition
5.2.1. This implies that (Λk(T ∗Q), ωΛk(T ∗Q)) is a standard k-plectic manifold.

5.3 Normal forms of Lagrangian submanifolds

of standard multisymplectic manifolds

In this section we give a proof of the main result, that �rst appeared in
equivalent form as Lemma 2.1 in Geo�rey Martin's 1988 article [Mar88]:

Theorem 5.3.1. Let (M,ω) be a standard k-plectic manifold with k > 1. Let
the distribution W ⊂ TM be de�ned as W := ∪p∈MWω(p) and let L be a k-
Lagrangian submanifold of M complementary to W (that is TpM = TpL⊕Wp

for all p in L). If W is integrable, there exist open neighborhoods U and V
of L in M and Λk(T ∗L), and a di�eomorphism φ : U → V such that:

φ|L = idL and φ∗(ωΛk(T ∗L)) = ω on U.

Proof. It follows from the de�nition of a standard k-plectic manifold and the
results found in the linear case, that if L is complementary to W we have an
isomorphism of vector bundles :

χ : W |L → Λk(T ∗L),

which is given by contraction of vectors in W with ω, using the identi�cation
TM |L/W |L ∼= TL. (Note that we write in the sequel often Wx for the �ber
of the vector bundle W →M over x in M .)
Using this map we construct the following vector bundle isomorphism :

Ψ : TM |L = TL⊕W |L ∼= TL⊕ Λk(T ∗L) = T (Λk(T ∗L))|L,

acting as the identity on vectors of TL, and transforming vectors of W
via χ (i.e., Ψ = idTL ⊕ χ). Furthermore, this map is for each x ∈ L
an isomorphism between the multisymplectic vector spaces (TxM,ωx) and
(Tx(Λ

kT ∗L), ωΛkT ∗L
x ). We now wish to �nd a di�eomorphism f : U1 → U2,

where U1, U2 are neighborhoods of L respectively inM and in Λk(T ∗L), such
that f |L = idL and for every x ∈ L, Txf = Ψx. Such a map f then ful�lls
(f ∗ωΛk(T ∗L))|L = ω|L.
By the foliated tubular neighborhood theorem, we may �nd a neighborhood
U of L in M , a neighborhood V of the zero-section in W |L, and a di�eo-
morphism φ, which is the identity along L, maps each leaf of the foliation
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to a �ber of W |L → L, and has as its di�erential at any point of L the
identity. Let f := χ ◦ φ. Then f maps L to the zero section of Λk(T ∗L),
and is a di�eomorphism onto an open subset U ′ ⊂ Λk(T ∗L) which contains
L (as the zero section). Furthermore we have for x ∈ L, Txf |Wx = χ and
Txf |TxL = idTxL (where we have identi�ed Tx(Wx) withWx). Thus we obtain
for x ∈ L, Txf = Ψx, and upon putting ω̃ := f ∗ωΛk(T ∗L),we arrive, by the
above said, at ω̃|L = ω|L.
We now want to show that for any vector �elds X, Y (de�ned in U) and
tangent to W , ιX∧Y ω̃ = 0. Let p ∈ U and Fp be the leaf of the foliation
de�ned by W, which passes through p. This leaf also passes through a point
of L, say x. Then φ maps this leaf to the space Wx, and thus f maps
Fp to Λk(T ∗xL). Thus if, Xp, Yp are vectors in Wp, we may consider that
Tpf(Xp), Tpf(Yp) are vectors of Λk(T ∗xL). Since this space is 1-Lagrangian
with respect to ωΛk(T ∗L), we �nd ιX∧Y ω̃ = 0.
Working on an open neighborhood U of L inM , we adapt now the well-known
Moser path method (see [Mos65]) to our situation. Let ωt = ω + t(ω̃ − ω)
for t ∈ [0, 1]. Then we have ωt|L = ω|L and ∂

∂t
ωt = ω̃ − ω =: ω′ so ω′|L = 0.

Thus for x ∈ L, ωt(x) is nondegenerate for all t ∈ [0, 1] and the set of points
(t, x) such that ωt(x) is nondegenerate is an open subset of R × M . So,
shrinking U if necessary, we may suppose that ωt is nondegenerate in U for
all t ∈ [0, 1]. We also have that dωt = dω′ = 0. By the relative Poincaré
lemma, there exist a neighborhood U of L inM and µ ∈ Ωk(U) with dµ = ω′

and µ|L = 0. Moreover -upon using Theorem 5.4.3- we can choose µ such
that ιvµ = 0 whenever v ∈ W , because ω′ vanishes when contracted with
two vectors of W (because both ω and ω̃ have this property). Therefore µ
may be interpreted as a section U → Λk(TM/W )∗. Let us now take a look
at the map :

ω]t : W → Λk(T ∗M),

given by contraction of ωt with vectors of W . For u, v ∈ W , lying over the
same point, ιu∧vωt = 0 ; so ω]t may be seen as a map :

ω]t : W → Λk(TM/W )∗ ; u 7→ ιuωt,

and, by the nondegeneration of ωt, this map is injective, and thus is an
isomorphism for dimensional reasons. Then for each t ∈ [0, 1], there exists a
unique vector �eld Xt (which take values in W ) such that :

ιXtωt + µ = 0

The association (t, x) → Xt(x) thus gives a (time-dependent) vector �eld
tangent to W . But µ|L = 0 so we deduce that for x ∈ L, for all t ∈
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[0, 1], Xt(x) = 0 by the nondegeneration of ωt. Let φt be the curve of local
di�eomorphisms tangent to Xt. We have φt|L = id|L. So ∀t ∈ [0, 1] φt|L is
de�ned. But if D(φ) ⊂ [0, 1]× U is the domain of φ, then [0, 1]× L ⊂ D(φ)
so, by the openness of D(φ), we may suppose (again shrinking the domain
U if necessary), that φt is de�ned in U for all t ∈ [0, 1] . Now we compute :

∂

∂t
(φ∗tωt) = φ∗t

(
∂

∂t
ωt + LXtωt

)
= φ∗t (ω

′ − dµ) = 0.

Let g := φ1. Then g∗ω̃ = ω, so if φ = g ◦ f (where f is de�ned above), we
obtain φ∗(ωΛk(T ∗L)) = ω, and maintain φ|L = idL, concluding the proof.

5.4 Appendix: Two results in foliated di�eren-

tial topology

In this appendix we give proofs for two "folkloristic" but subtle (and useful)
extensions of well-known results in di�erential topology. Both are used in
[Mar88] but ask for a detailed proof. A brief sketch of a proof of the �rst
result is given on the pages 88-89 in [CC00].

We begin with the tubular neighborhood theorem, in the presence of a foli-
ation:

Theorem 5.4.1. [Foliated tubular neighborhood theorem] Let M be a mani-
fold, W ⊂ TM an integrable distribution, and N a submanifold complemen-
tary to W in the sense that W |N ⊕ TN = TM |N . Then there exist an open
neighborhood U of N in M , and a di�eomorphism φ from U onto an open
subset of W |N containing the zero section, such that φ|N = idN , the di�er-
ential of φ at any point of N is the identity, and φ maps for all p in N the
leaf of the foliation de�ned by W passing through it to the �ber φ(U)∩ (W |p)
of W |N → N , intersected with φ(U).

Proof. Let g be a �xed (auxiliary) Riemannian metric on the manifold M .

Given q ∈M , the leaf Wq of the foliation W de�ned by the distributionW and
containing q is given as an injectively immersed submanifold jq : Fq → M
(with image jq(Fq) = Wq). The induced Riemannian metric j∗q (g) de�nes
an exponential map expW , notably one has expW

q : Tq(Fq) → Fq, de�ned
on an open neighborhood of 0. Since Tq(Fq) is canonically identi�ed with
Wq = Tq(Wq) via the di�erential of jq, and jq is smooth, expW

q is a smooth

87



map from an open neighborhood of 0 in Wq to M , having values in Wq.
Restricting q to be an element of N we obtain a map expW ,N from a subset
of W |N containing N to M .
Let us now show that expW ,N is, in fact, smooth on an open neighborhood of
N inW |N . Fix q in N and a coordinate chartM ⊃ U

ϕ−→ V1×V2 ⊂ Rm−d×Rd,
such that the �bers of π : V1 × V2 → V1 are the leaves of the foliation W (d
is the rank of this foliation). Furthermore, we can assume that ϕ(q) = 0 and
denote the elements of Rm−d resp. Rd by x resp. z.
We denote ϕ(U ∩N) by N and Tϕ(W ) by W if no ambiguities are possible.
By the assumption TM |N = TN ⊕W |N we have ∀q ∈ N ⊂ V1 × V2 that
Rm = Tq(V1×V2) = TqN⊕Wq = TqN⊕Rd and thus the natural projection πq :
TqN → Rm−d is a linear isomorphism. Thus π|N : N → V1 has everywhere
maximal rank equal to the dimension of V1. Shrinking V1 and V2 if necessary,
we can assume that π|N : N → V1 is a di�eomorphism whose inverse is
described by (idV1 , f) : V1 → V1 × V2, where f : V1 → V2 is smooth and
N = Γf , the graph of f . The map ψ given by ψ(x, z) = (x, z−f(x)) =: (x, y)
is a di�eomorphism of V1 × V2 to an open subset of Rm. Restricting ψ to
an appropriate open neighborhood of 0, the image of ψ is a product of open
subsets of Rm−d and Rd. Furthermore, ψ(0) = 0, ψ preserves the leaves of
W , and maps N = Γf to {y = 0}.
Post-composing ϕ with ψ yields a chart of M near q compatible with the
foliation W and "adapted" to N . Obviously, we can construct a locally �nite
covering of N by open subsets of M that are domains of such charts, again
denoted by ϕ : U → V1 × V2 for simplicity.
In these coordinates expW ,N

(x,0) is given as the time-one value of the solution of
the following di�erential equation :

d2yk

dt2
+
∑
i,j

Γki,j(x, y)
dyi

dt

dyj

dt
= 0 for 1 ≤ k ≤ d,

subject to the initial condition that x ∈ V1, y(0) = 0 and dy
dt

(0) ∈ W(x,0).
Standard results on smooth ordinary di�erential equations depending smoothly
on parameters imply that there exists an open subset Õ ⊂ W |N containing
N , where expW ,N is uniquely de�ned and smooth.
Upon identifying, for q ∈ N , TqÕ = TqN ⊕ Wq = TqM , we obtain that
D(expW ,N

q ) = idTqM . By the below cited Proposition 5.4.2, it follows that
there exists an open neighborhood O of N in Õ ⊂ W |N such that expW ,N |O
is a di�eomorphism onto its image U , an open neighborhood of N in M .
Calling its inverse φ, this latter map ful�lls the conditions stated in Theorem
5.4.1.
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The last argument relies on a standard result in di�erential topology (cf.,
e.g., Proposition 7.3 in [GG73]):

Proposition 5.4.2. Let Y and Y ′ be two manifolds, and X ⊂ Y , X ′ ⊂ Y ′

two regular submanifolds. Let f : Y → Y ′ be a smooth map satisfying :

• f |X : X → X ′ is a di�eomorphism

• Txf : TxY → Tf(x)Y
′ is an isomorphism for all x ∈ X

Then there exists an open neighborhood V of X in Y such that f(V ) is open
in Y ′, and f |V is a di�eomorphism.

Now we show the relative Poincaré lemma, again in the presence of a foliation:

Theorem 5.4.3. [Foliated relative Poincaré lemma] LetM be a smooth man-
ifold and N⊂M a submanifold. Let ω be a closed (k+1)-form on M which
vanishes when pulled back to N . Then there exists a neighborhood U of N in
M , and a k-form µ de�ned on U , such that dµ = ω|U and µ|N = 0. More-
over, if there exists an integrable distribution W ⊂ TM complementary to N ,
and such that ιu∧vω = 0 whenever x is in M and u and v are in Wx ⊂ TxM ,
we may choose µ such that ιXµ = 0, for all vector �elds X taking value in
W and de�ned on an open subset of U .

Proof. By the (standard) tubular neighborhood theorem, there exist U and
V neighborhoods of N in M respectively E (where E → N can be chosen
to be any vector bundle such that E ⊕ TN = TM |N), and a di�eomorphism
φ : U → V �xing N pointwise. Thus in what follows, we can and will assume
to be in a open neighborhood U of N in M , which is also a vector bundle
π : E = U → N over N . Let us consider the map:

H : [0, 1]× U → U , (t, x) 7→ t · x = tx.

If we denote Ht(x) := H(t, x) then H0 = ι ◦ π (where ι : N → U = E
is the inclusion of N as the zero-section of E), and H1 = idE = idU . Let
Yt(x) := d

dt
Ht(x). The smooth map Yt is not a vector �eld since H is not a

�ow, but the following formula still holds:

d

dt
(H∗t ω) = d(H∗t ιYtω) +H∗t ιYtdω, (*)

where, for α a (k+1)-form, H∗t ιYtα is the following (well-de�ned!) k-form:

(H∗t ιYtα)x(v1, ..., vk) = αtx(Yt(x), TxHt(v1), ..., TxHt(vk)),
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for x ∈ U and vj ∈ TxU . For a proof of (∗) see [GS77].
Since ι∗ω = 0 and ω is closed we obtain:

ω|U = H∗1ω −H∗0ω

=

∫
[0,1]

(
d

dt
H∗t ω

)
dt

=

∫
[0,1]

(d(H∗t ιYtω))dt

= d

∫
[0,1]

(H∗t ιYtω)dt

= dµ,

where we set µ :=
∫

[0,1]
(H∗t ιYtω)dt. Moreover µ|N = 0 because Yt|N = 0.

To prove the last part of the theorem, we apply Theorem 5.4.1 in order to
choose a foliated tubular neighborhood U of N with respect to W . We can
thus assume that the �bers of U → N are the �bers of W |N → N . Then for
x ∈ U , Yt(x) ∈ Wtx, implying for X a vector �eld tangent to W :

(ιXH
∗
t ιYtω)x(v1, ..., vk−1) = (H∗t ιYtω)x(X(x), v1, ..., vk−1)

= ωtx(Yt(x), TxHt(X(x)), TxHt(v1), ..., TxHt(vk−1))

= 0

since Yt(x) and TxHt(X(x)) are both in Wtx.
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Chapter 6

Appendices

6.1 Lie groupoids and strict Lie 2-groups

In this section, we give a short presentation of Lie groupoids and strict Lie
2-groups, together with the associated concepts used throughout this the-
sis. For more Lie groupoids, see for example [Mac05], and for general Lie
2-groups, see [BL04]. Certain concepts recalled here are well-known, and we
give the de�nitions only in order to �x the notations.

We begin with the general de�nitions of Lie groupoids, as well as morphisms
between them.

De�nition 6.1.1. A Lie groupoid consists of two smooth manifolds G1 and
G0, with source and target maps s, t : G1 → G0 which are surjective sub-
mersions, a smooth unit map ε : G0 → G1, a smooth partial multiplication
(g, g′) 7→ g◦g′ de�ned on the set G1s×tG1 := {(g, g′) ∈ G1×G1 | s(g) = t(g′)}
and an smooth inversion map ι : G1 → G1, such that

• s(g ◦ g′) = s(g′) and t(g ◦ g′) = t(g)

• g ◦ (g′ ◦ g′′) = (g ◦ g′) ◦ g′′

• s(ε(x)) = t(ε(x)) = x

• g ◦ ε(s(g)) = g and ε(t(g)) ◦ g = g

• s(ι(g)) = t(g), t(ι(g)) = s(g) and g ◦ ι(g) = ε(t(g)), ι(g) ◦ g = ε(s(g))

for all g, g′, g′′ ∈ G1 with s(g) = t(g′) and s(g′) = t(g′′), and all x ∈ G0. We
will use the notation g−1 = ι(g) for g ∈ G1. The partial multiplication of a
Lie groupoid will often be referred to just as the multiplication. Finally, a
Lie groupoid will be denoted as G = (G1 ⇒ G0), or simply G .
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Remark 6.1.2. A Lie groupoid could also be de�ned as a category internal to
the category of smooth manifold, with all morphisms being invertible.

Before de�ning morphisms between Lie groupoids, we exhibit some examples
used in this thesis.

Example 6.1.3. Let M be a smooth manifold. Then M ⇒ M is a Lie
groupoid, with source, target and unit maps being the identity of M . There-
fore an element x ∈M is only composable with itself, and we have x◦x = x.
In other words, this groupoid only has identity morphisms. We can also
construct the pair groupoid M ×M ⇒M with structure maps given by

• s(x, x′) = x′

• t(x, x′) = x

• (x, x′) ◦ (x′, x′′) = (x, x′′)

• ε(x) = (x, x)

• (x, x′)−1 = (x′, x).

for all x, x′, x′′ ∈M . In fact these two Lie groupoids are not equivalent, in a
sense we will precise later.

Example 6.1.4. Let Y and M be smooth manifolds, and π : Y → M be a
surjective submersion. Then the space Y [2] := {(y, y′) ∈ Y×Y | π(y) = π(y′)}
is a smooth manifold and Y [2] ⇒ Y is a Lie groupoid with the following
structure maps:

• s(y, y′) = y′

• t(y, y′) = y

• (y, y′) ◦ (y′, y′′) = (y, y′′)

• ε(y) = (y, y)

• (y, y′)−1 = (y′, y)

for all y, y′, y′′ ∈ Y with π(y) = π(y′) = π(y′′).

Considering the surjective submersion
∐
Ui → M for U = {Ui}i∈I a good

open cover of the manifold M gives a Lie groupoid structure on
∐
Uij ⇒∐

Ui, traditionally referred to as the �ech groupoid of M (associated to the
cover U ).
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Example 6.1.5. Let M be a smooth manifold equipped with a smooth right
action of a Lie group M × G → M . Then M × G ⇒ M is a Lie groupoid,
with target map the projection onto M , and source map the action itself.
Then the multiplication is given by

(x, g) ◦ (x · g, g′) = (x, gg′)

for all x ∈ M and g, g′ ∈ G. We also have ε(x) = (x, 1) and (x, g)−1 =
(x · g, g−1). This groupoid is called the action groupoid (associated to the
action M ×G→M).

Let X be a smooth manifold, G1 ⇒ G0 be a Lie groupoid, and f : X → G0

be a smooth map, such that the space f ∗G1 := Xf×tG1s×fX is a smooth
manifold. This is the case for example if f is a surjective submersion. We
can de�ne the pullback Lie groupoid f ∗G1 ⇒ X with structure maps

• s(x, g, x′) = x′

• t(x, g, x′) = x

• (x, g, x′) ◦ (x′, g′, x′′) = (x, g ◦ g′, x′′)

• ε(x) = (x, ε(f(x)), x)

• (x, g, x′)−1 = (x′, g−1, x)

for all x, x′, x′′ ∈ X and g, g′ ∈ G1. This construction is important in order
to prove Morita equivalence of certain Lie groupoids, as we will see later.

We continue with the de�nition of morphisms between Lie groupoids.

De�nition 6.1.6. A Lie groupoid morphism ϕ = (ϕ1, ϕ0) between G1 ⇒ G0

(with source and target maps s, t) and G′1 ⇒ G′0 (with source and target
maps s′, t′) consists in smooth maps ϕ1 : G1 → G′1 and ϕ0 : G0 → G′0 such
that

• s′ ◦ ϕ1 = ϕ0 ◦ s and t′ ◦ ϕ1 = ϕ0 ◦ t

• ϕ1(g1 ◦ g2) = ϕ1(g1) ◦ ϕ1(g2) for all g1, g2 ∈ G1 such that s(g1) = t(g2).

We say that ϕ1 is a morphism of groupoids over ϕ0. If ϕ1 and ϕ0 are
di�eomorphisms, we say that this de�nes an isomorphism of Lie groupoids.
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Example 6.1.7. Let Y and M be smooth manifolds and π : Y → M be a
surjective submersion. Consider the pair Lie groupoid Y × Y ⇒ Y and the
Lie groupoid Y [2] ⇒ Y . Then the inclusion Y [2] → Y × Y is a Lie groupoid
morphism over the identity of Y . This means that Y [2] ⇒ Y is a subgroupoid
of the pair groupoid. Suppose now that π : Y → M has the structure of
a principal G-bundle. Then Y [2] ⇒ Y is isomorphic to the action groupoid
Y ×G⇒ Y .

Remark 6.1.8. A Lie groupoid morphism is a smooth functor between the
underlying categories of the Lie groupoids, viewed as categories internal to
the category of smooth manifolds. It is immediate to verify that, given a
morphism (ϕ1, ϕ0) between two Lie groupoids G1 ⇒ G0 and G′1 ⇒ G′0 we
have

• ϕ1(ε(x)) = ε′(ϕ0(x))

• ϕ1(g−1) = ϕ1(g)−1

where x ∈ G0, g ∈ G1, and ε, ε′ denoting the unit maps of G1 ⇒ G0 respec-
tively G′1 ⇒ G′0.

In view of the preceding remark, it appears that an isomorphism of Lie
groupoids gives a stronger relation than the equivalence of the underlying
categories, because it asks for both the spaces of objects and morphisms to
be di�eomorphic. We will now de�ne other classes of morphisms between Lie
groupoids, which will re�ect these insights.

De�nition 6.1.9. We say a Lie groupoid morphism (ϕ1, ϕ0) between G1 ⇒
G0 and G′1 ⇒ G′0 is a Morita morphism if the map

s′ ◦ pr2 : G0ϕ0×t′G′1 → G′0

is a surjective submersion and

G1 G′1

G0 ×G0 G′0 ×G′0

ϕ1

s×t s′×t′

ϕ0×ϕ0

is a pullback diagram.

Remark 6.1.10. The axioms of a Morita morphism assure that (ϕ1, ϕ0) is
an essentially surjective and fully faithful functor from G1 ⇒ G0 to G′1 ⇒
G′0. Therefore if a Morita morphism exists between two Lie groupoids, the
underlying categories are equivalent.
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This allows to de�ne more general morphisms between Lie groupoids.

De�nition 6.1.11. A generalized homomorphism, or anafunctor, between
two Lie groupoids G = (G1 ⇒ G0) and G ′ = (G′1 ⇒ G′0) is a third Lie
groupoid Z = (Z1 ⇒ Z0) with Lie groupoid morphisms G ← Z → G ′ such
that the left arrow is a Morita morphism.

In the preceding de�nition, if the right arrow is also a Morita morphism, we
say that Z together with the morphisms is a Morita equivalence between G
and G ′, and that these two Lie groupoids are Morita equivalent.

Observe that, if there is a Morita morphism G
φ−→ G ′, then the span G

idG←−−
G

φ−→ G ′ gives a Morita equivalence between G and G ′.

We will now give equivalent descriptions of generalized homomorphisms and
Morita equivalences of Lie groupoids, which are useful in practice.

De�nition 6.1.12. Let G = (G1 ⇒ G0) be a Lie groupoid. A right action
of G on a manifold Z consists in a smooth map τ : Z → G0 together with a
smooth map R : Zτ×tG1 → Z satifying the following conditions

• τ(R(z, g)) = s(g)

• R(R(z, g), g′) = R(z, g ◦ g′)

• R(z, ε(τ(z))) = z

for all z ∈ Z and g, g′ ∈ G1 such that s(g) = t(g′). Moreover, if there is
a R-invariant map Z

κ−→ M to a manifold M (i.e. κ(R(z, g)) = κ(z) for
all (z, g) ∈ Zτ×tG1), we say that Z is a right principal G -bundle if κ is a
surjective submersion and if the map

(pr1, R) : Zτ×tG1 → Zκ×κZ
is a di�eomorphism.

Remark 6.1.13. Left groupoid actions are de�ned similarly. In fact, a left
action of a groupoid is a right action of the opposite groupoid.

Proposition 6.1.14. A generalized homomorphism between two Lie groupoids
G = (G1 ⇒ G0) and G ′ = (G′1 ⇒ G′0) is equivalently given by a diagram

G1 Z G′1

G0 G′0

τ
τ ′
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where G respectively G ′ acts on Z via τ respectively τ ′, such that τ has the
structure of a right principal G ′-bundle, and such that the actions of the
respective groupoids commute.

In the preceding de�nition, if τ ′ also has the structure of a left principal
G -bundle, then G and G ′ are Morita equivalent.

Remark 6.1.15. The proof of the last proposition can be found, e.g., in
[BX11].

Remark 6.1.16. In what follows, and in the whole thesis, we will exclusively
use this description of generalized homomorphisms and Morita equivalences.
Furthermore we will use the notation G1 ← Z → G′1 for a generalized homo-
morphism.

Let us now describe some Morita equivalences between the Lie groupoids
given as examples.

Example 6.1.17. Let Y and M be smooth manifolds and π : Y → M be a
surjective submersion. Then the following diagram

Y [2] Y M

Y M
idY

π

with trivial right action of M ⇒M on Y , and left action

((y, y′), y′) 7→ y

for (y, y′) ∈ Y [2], gives a Morita equivalence between Y [2] ⇒ Y and M ⇒M .
In fact, every Lie groupoid Morita equivalent to M ⇒M arises in this way.

Example 6.1.18. Let M be a manifold. Then the following diagram

M ×M M ∗

M ∗
idM

with trivial right action and left action given by

((x, x′), x′) 7→ x

for all x, x′ ∈ M , de�nes a Morita equivalence between the pair groupoid of
M , and the trivial Lie groupoid ∗⇒ ∗.
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Example 6.1.19. Let X be a smooth manifold, G1 ⇒ G0 be a Lie groupoid,
and f : X → G0 a surjective submersion. Then

f ∗G1 G1

X G0

pG1

f

is a Morita morphism. Thus f ∗G1 ⇒ X and G1 ⇒ G0 are Morita equivalent
Lie groupoids.

Generalized homomorphisms can be obtained via simple morphisms. Let
indeed (ϕ1, ϕ0) be a morphism G → G ′. Then the following diagram

G1 G0ϕ0×tG′1 G′1

G0 G′0

pr1

s′

with right action given by the multiplication of G ′ and left action given by

g1 · (g0, g
′
1) 7→ (t(g1), ϕ1(g1) ◦ g′1)

de�nes a generalized homomorphism between G and G ′.

We can also compose generalized homomorphisms. Let G1
τ1←− Z

τ ′1−→ G′1 and

G′1
τ2←− Z ′

τ ′2−→ G
′′
1 be two generalized homomorphisms. The composition is

then de�ned as G1
τ1←− Z̃

τ ′2−→ G
′′
1 with

Z̃ = (Zτ ′1
×τ2Z ′)/G′1

where the quotient identi�es (z · g′1, z′) ∼ (z, g′1 · z′) for all (z, z′) ∈ Zτ ′1
×τ2Z ′

and g′1 ∈ G′1 with t(g′1) = τ ′1(z) and s(g′1) = τ2(z′). The actions are de�ned
using the actions of G and G ′, and we obtain a generalized homomorphism
between G and G ′′. If we initially had Morita equivalences, then the compo-
sition also yields a Morita equivalence.

We give a �nal de�nition regarding Lie groupoids.

De�nition 6.1.20. Let G1
τ1←− Z1

τ ′1−→ G′1 and G1
τ2←− Z2

τ ′2−→ G′1 be two gen-
eralized homomorphisms. A transformation between Z1 and Z2 is a smooth
map φ : Z1 → Z2 which is equivariant whith respect to both groupoid actions
and such that τ2 ◦ φ = τ1 and τ ′2 ◦ φ = τ ′1.
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Remark 6.1.21. Lie groupoids, generalized homomorphisms and transforma-
tions form a bigroupoid, a 2-category where all the morphisms are invertible
up to a 2-morphism, and all the 2-morphisms are isomorphisms. We will
not make much use of this structure in this thesis, but the de�nition of a
transformation between generalized homomorphisms will be useful to de�ne
equivalence of Lie 2-groups.

We now consider Lie 2-groups. There are various de�nitions of such objects,
but we will mostly take the point of view of [Wal18]. Note that we only
consider strict Lie 2-groups here.

De�nition 6.1.22. Let Γ = (Γ1 ⇒ Γ0) be a Lie groupoid. We say that Γ
is a (strict) Lie 2-group if there are morphisms of groupoids m : Γ× Γ→ Γ
and i : Γ→ Γ satisfying the usual axioms of a group.

Remark 6.1.23. The preceding de�nition is in fact the de�nition of a groupoid
object in the category of Lie groups. Note that this gives Lie group structures
on both Γ1 and Γ0.

In fact, strict Lie 2-groups are in one-to-one correspondence with Lie group
crossed modules, which we will now de�ne.

De�nition 6.1.24. A Lie group crossed module consists of two Lie groups
H and G, with homomorphisms r : H → G and α : G→ Aut(H) subject to
the following conditions

• α(r(h1))(h2) = h1h2h
−1
1

• r(α(g)(h)) = gr(h)g−1

Given a Lie group crossed module, we obtain a Lie groupoid H o G ⇒ G
(the semi-direct product being taken with respect to α). Source and
target maps are s(g, h) = gr(h), t(h, g) = g, partial multiplica-
tion (h, g) ◦ (h′, gr(h)) = (hh′, g), unit ε(g) = (1, g) and inverse
(h, g)−1 = (h−1, gr(h)). The Lie 2-group structure is then given by
multiplication m((h1, g1), (h2, g2)) = (α(g−1

2 , h1)h2, g1g2) and inverse
(h, g)−1 = (α(g−1, h)−1, g−1). We will not prove the other correspondence in
full generality, but note that given a Lie 2-group Γ1 ⇒ Γ0, it is possible to
give the pair (H = ker(s) ⊂ Γ1, G = Γ0) the structure of a Lie group crossed
module.

We give here two examples that will be used throughout this thesis.
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Example 6.1.25. First consider the Lie group crossed module given by S1 →
{e} and idS1 : {e} → Aut(S1). We obtain a Lie groupoid S1 ⇒ {e} with all
structure maps (for both the Lie groupoid and Lie 2-group structure) given
by the structure maps of the Lie group S1. We will denote this Lie 2-group
by BS1. Note that this construction is possible for all abelian Lie groups.

Example 6.1.26. Consider, for H an in�nite dimensional separable Hilbert
space, the Lie group U(H) of unitary operators onH, and PU(H) = U(H)/S1.
Denote the projection by q : U(H) → PU(H). The map c : U(H) →
Aut(U(H)); u 7→ (v 7→ uvu−1) factors via a map c : PU(H) → Aut(U(H))
because S1 is central in U(H). Verifying the axioms for a Lie crossed module
is straightforward. Thus we obtain a Lie 2-group that we will denote by
ΓU(H)oPU(H).

We now give the de�nition of an equivalence of Lie 2-groups.

De�nition 6.1.27 ([NW13]). Let Γ = (Γ1 ⇒ Γ0) and Γ′ = (Γ′1 ⇒ Γ′0) be
two Lie 2-groups. Note mΓ : Γ×Γ→ Γ and mΓ′ : Γ′×Γ′ → Γ′ the structure
morphisms of the Lie 2-groups. We say that Γ and Γ′ are equivalent if there is
a Morita equivalence Γ1 ← Z → Γ′1, together with a transformation between

Z ◦mΓ and mΓ′ ◦ (Z × Z)

viewed as generalized homomorphisms between Γ× Γ and Γ′.

Finally, we give the de�nition of an action of a Lie 2-group on a Lie groupoid,
which will be useful when considering principal 2-group bundles.

De�nition 6.1.28. Let Γ = (Γ1 ⇒ Γ0) be a Lie 2-group and G = (G1 ⇒
G0) be a Lie groupoid. A right action of Γ on G is the datum of a Lie
groupoid morphism R = (R1, R0) : G × Γ → G such that R0(g0, 1Γ0) = g0

and R1(g1, 1Γ1) = g1 for all g0 ∈ G0 and g1 ∈ G1, and such that the following
diagram

G × Γ× Γ G × Γ

G × Γ G

id×m

R×id R

R

of Lie groupoid morphisms is commutative.
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6.2 Lie 2-algebras

In this section, we will give a short presentation of Lie 2-algebras. See [BC04]
for a more exhaustive insight on these objects.

De�nition 6.2.1. Let L• = (L−1 → L0) be a 2-term complex of vector
spaces. A Lie 2-algebra structure on L• consists in (multi)linear graded
antisymmetric maps {lk | 1 ≤ k ≤ 3} with the degree of lk being equal to
2−k:

• l1 : L−1 → L0

• l2 : Λ2L• → L•

• l3 : Λ3L0 → L−1

such that the following equations hold, for x, y, z, t ∈ L0 and u, v ∈ L−1 :

l1(l2(x, u)) = l2(x, l1(u)) and l2(l1(u), v) = l2(u, l1(v))

l1(l3(x, y, z)) + l2(l2(x, y), z)− l2(l2(x, z), y) + l2(l2(y, z), x) = 0

l3(l1(u), x, y) + l2(l2(x, y), u)− l2(l2(x, u), y) + l2(l2(y, u), x) = 0

l3(l2(x, y), z, t)− l3(l2(x, z), y, t) + l3(l2(x, t), y, z)

+ l3(l2(y, z), x, t)− l3(l2(y, t), x, z) + l3(l2(z, t), x, y)

= l2(l3(x, y, z), t)− l2(l3(x, y, t), z) + l2(l3(x, z, t), y)− l2(l3(y, z, t), x) .

Remark 6.2.2. We make several comments on the equations involved in the
preceding de�nition. The �rst equations mean that l1 derives the bracket
l2. The second and third equations show that l2 satis�es a sort of Jacobi
identity, up to a "boundary term" involving the map l3. This implies that
the quotient L0/l1(L−1) equipped with the bracket l2 is a Lie algebra. The
fourth equation is however less obvious to interpret in terms of the "classical"
Lie theory.

Example 6.2.3. Let g be a Lie algebra. Then the complex 0→ g is canonically
equipped with a Lie 2-algebra structure. Both maps l1 and l3 are zero, and
the binary bracket l2 is the Lie bracket of g.
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Example 6.2.4. Let g be a Lie algebra, and g
ρ−→ End(V ) be a repre-

sentation on a vector space V . Let c be a degree-three cocycle of the
Chevalley-Eilenberg complex of this representation, that is a closed element
c ∈ Hom(Λ3g∗, V ). Then the complex V → g with maps

• l1 = 0

• l2(ξ, ξ′) = [ξ, ξ′]

• l2(ξ, v) = ρ(ξ)(v)

• l3 = c

is a Lie 2-algebra. In fact, Lie 2-algebras with unary map l1 being identically
zero are often referred to as skeletal or minimal Lie 2-algebras. Moreover,
every skeletal Lie 2-algebra arises from a similar construction.

Example 6.2.5. Let V• = (V−1
d−→ V0) be a 2-term complex of vector spaces.

Let E−1 = Hom(V0, V−1) and E0 = {(ϕ, ψ) ∈ End(V−1)×End(V0) | d ◦ ϕ =
ψ ◦ d}. Then the complex

E• = E−1
δ−→ E0

with δ(f) = (f ◦ d, d ◦ f) for f ∈ E−1, bracket l2 de�ned by

• l2((ϕ, ψ), (ϕ′, ψ′)) = ([ϕ, ϕ′], [ψ, ψ′])

• l2((ϕ, ψ), f) = ϕ ◦ f − f ◦ ψ

for (ϕ, ψ), (ϕ, ψ′) ∈ E0, f ∈ E−1, and [., .] denoting the usual Lie bracket on
End(Vi) for i = −1, 0, and with third bracket l3 being identically zero is a
Lie 2-algebra. It is in fact a truncation of the di�erential graded Lie algebra
given by the total complex End(V•), which is made of three vector spaces
(see [SZ12]).

An important class of Lie 2-algebras is given by the following de�nition.

De�nition 6.2.6. A Lie algebra crossed module is given by two Lie algebras
h and g, together with a Lie algebra morphism r : h→ g and α : g→ Der(h)
subject to the following conditions

• α(r(X))(X ′) = [X,X ′]h

• r(α(ξ)(X)) = [ξ, r(x)]g

for all X,X ′ ∈ h and ξ ∈ g.
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In fact, Lie algebra crossed modules are in one-to-one correspondence with
strict Lie 2-algebras, which means the third bracket l3 is identically zero.
Consider indeed a Lie algebra crossed module given by Lie algebras h, g and
Lie algebra morphisms r : h → g and α : g → Der(h). Then the complex
h→ g is a Lie 2-algebra, with brackets given by

• l1 = r

• l2(ξ, ξ′) = [ξ, ξ′]g

• l2(ξ,X) = α(ξ)(X)

• l3 = 0

for all ξ, ξ′ ∈ g and X ∈ h. To see the inverse correspondence, observe that
given a strict Lie 2-algebra L• = (L−1 → L0), then Lie algebra structures
can be de�ned on L−1 via [X,X ′] = l2(l1(X), X ′) for X,X ′ ∈ L−1 and on
L0 via [ξ, ξ′] = l2(ξ, ξ′). Then the required Lie algebra morphisms are r = l1
and α(ξ)(X) = l2(ξ,X) for all ξ ∈ L0 and X ∈ L−1.

Example 6.2.7. Let h be a Lie algebra. Consider the Lie algebra g = Der(h),
with Lie algebra morphisms ad : h→ g and the canonical action g→ Der(h).
This de�nes a Lie algebra crossed module, and therefore a strict Lie 2-algebra,
often referred to as the derivation Lie 2-algebra (of the Lie algebra h).

Example 6.2.8. Let P,M be smooth manifold, and π : P →M be a principal
G-bundle. Let C∞(P, g)G = {f ∈ C∞(P, g) | f(p · g) = Adg−1(f(p))}, and
denote, for a function f ∈ C∞(P, g)G, theG-invariant vector �eld ξf ∈ XG(P )

given by p 7→ d
dt

∣∣∣
t=0
p · exp(tf(p)). Then the map ξ. : C∞(P, g)G → XG(P )

is a Lie algebra morphism, and together with the canonical action of vector
�elds on functions, this de�nes a Lie algebra crossed module.

Lie algebra crossed modules are indeed the in�nitesimal version of Lie group
crossed modules. Let H,G be two Lie groups, with morphisms r : H → G
and α : G→ Aut(H) which form a Lie group crossed module. Then, taking
the Lie algebras Lie(H) and Lie(G), as well as the derivatives of the maps r
and α gives a Lie algebra crossed module, hence a strict Lie 2-algebra. It is
not surprising that we only recover strict Lie 2-algebras, because Lie group
crossed modules are in one-to-one correspondence with strict Lie 2-groups.

Lie algebra crossed modules can also be obtained directly from a Lie groupoid.
First recall the following
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De�nition 6.2.9. A Lie algebroid (over a manifold M) is a vector bundle
A → M , equipped with a Lie bracket [., .]A : Γ(A) × Γ(A) → Γ(A) and an
anchor map ρ : A→ TM , which is a vector bundle morphism satisfying the
following conditions

• ρ([X, Y ]A) = [ρ(X), ρ(Y )]

• [X, f · Y ]A = ρ(X)(f) · Y + f · [X, Y ]A

A Lie algebroid AG can be associated to a Lie groupoid G = (G1 ⇒ G0) via
the following pullback

AG ker(s∗)

G0 G1
ε

where ε is the unit map of the Lie groupoid G1 ⇒ G0, and ker(s∗) ⊂ TG1.
Given σ ∈ Γ(AG ), the formula

−→σ (g) = (Rg)∗(σ(t(g))

for g ∈ G1, de�nes a vector �eld on G1, which is right-invariant in the sense
that s∗(−→σ ) = 0 and −→σ (h ◦ g) = (Rg)∗h(

−→σ (h)). Moreover, it can be shown
that the space of sections of the Lie algebroid AG is di�eomorphic to the
space of right-invariant vector �elds on G1, which allows to de�ne a bracket
on Γ(AG ). Finally, the composition ρA : AG → ker(s∗)

t∗−→ TG0 of vector
bundle morphisms gives an anchor map for AG .

Let us now consider, for σ ∈ Γ(AG )

←−σ (g) = (Lg)∗ι∗(σ(s(g))

for g ∈ G1, and where ι : G0 → G1 is the inversion map. Then Xσ = −→σ +←−σ
is a multiplicative vector �eld on the Lie groupoid G1 ⇒ G0, in the sense
that the following diagram

G1 TG1

G0 TG0

Xσ

ρA(σ)
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is a Lie groupoid morphism. Denote by Xmult(G ) the Lie algebra of mul-
tiplicative vector �elds on the Lie groupoid G . Then X. : Γ(AG ) →
Xmult(G ); σ 7→ Xσ is a Lie algebra morphism, and for ξ ∈ Xmult(G ) and
σ ∈ Γ(AG ), the equation

ξ · σ = [ξ,−→σ ]

de�nes a right-invariant vector �eld on G1, and therefore a section of the Lie
algebroid AG . We obtain a Lie algebra crossed module, and a Lie 2-algebra
Γ(AG )→ Xmult(G ).

Remark 6.2.10. See [Mac05] for the proof of these facts, and [MX98] for more
informations on multiplicative vector �elds on Lie groupoids. The construc-
tion of the above Lie algebra crossed module can be found in [BEL20]. This
construction can be generalized to any L A -groupoid ([OW19]).

Example 6.2.11. Let M be a manifold, and consider the Lie groupoid M ⇒
M , with only identity morphisms. Then a multiplicative vector �eld is just
a vector �eld on M , and the Lie algebroid is M × {0}. Then we obtain the
Lie 2-algebra

0→ X(M)

which is only the Lie algebra of vector �elds, seen as a Lie 2-algebra.

Example 6.2.12. Consider for a manifoldM the pair groupoidM ×M ⇒M .
A simple computation shows that multiplicative vector �elds on M ×M are
those of the form (X,X), for X ∈ X(M). Moreover, the Lie algebroid of the
pair Lie groupoid is simply the tangent bundle TM → M . Therefore, the
Lie 2-algebra obtained is

X(M)
id−→ X(M)

Example 6.2.13. Let Y and M be two smooth manifolds, and π : Y → M
be a surjective submersion. We consider the Lie groupoid Y [2] ⇒ Y . It is
easily seen that multiplicative vector �elds are in fact π-projectable vector
�elds. Moreover, the Lie algebroid is ker(π∗)→ Y . Therefore we obtain the
Lie 2-algebra

Xvert(Y )→ Xπ(Y )

where Xvert(Y ) denotes vertical vector �elds on Y (with respect to π), and
Xπ(Y ) denotes π-projectable vector �elds. The arrow is the inclusion, and
brackets are given by brackets of vector �elds.
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Example 6.2.14. Consider a smooth, free and transitive right action of a
compact Lie group G on a manifold P , and consider the action groupoid
P × G ⇒ P . Then, a result of [Hep09] shows that the category of vector
�elds on the di�erentiable stack given by this Lie groupoid, is equivalent to
the Lie 2-algebra

C∞(P, g)G → XG(P )

already described in Example 5.2.8. Note that in this example, we did not
suppose the compactness of the Lie group G.

We will now de�ne morphisms of Lie 2-algebras.

De�nition 6.2.15. Let (L• = (L−1 → L0), {lk}) and (L′• = (L′−1 →
L′0), {l′k}) be two Lie 2-algebras. A Lie ∞-algebra morphism L•

Φ−→ L′• is
given by linear maps :

• Φ1 : L• → L′•

• Φ2 : Λ2L• → L′•

with Φ1 of degree 0 and Φ2 of degree −1, such that for every x, y, z ∈ L0 and
u ∈ L−1 :

Φ1(l1(u)) = l′1(Φ1(u))

Φ1(l2(x, y)) = l′2(Φ1(x),Φ1(y)) + l′1(Φ2(x, y))

Φ1(l2(u, x)) = l′2(Φ1(u),Φ1(x)) + Φ2(l1(u), x)

Φ2(l2(x, y), z)− Φ2(l2(x, z), y) + Φ2(l2(y, z), x) + Φ1(l3(x, y, z))

= l′2(Φ1(x),Φ2(y, z))− l′2(Φ1(y),Φ2(x, z)) + l′2(Φ1(z),Φ2(x, y))

+ l′3(Φ1(x),Φ1(y),Φ1(z)).

Following a suggestion of Camille Laurent-Gengoux, we visualize a Lie 2-
algebra morphism L•

Φ−→ L′• as below:

L−1 L0

L′−1 L′0

l1

Φ1
Φ2

Φ1

l′1
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If a Lie 2-algebra morphism is also a quasi-isomorphism between the under-
lying complexes, we say that we have a Lie 2-algebra quasi-isomorphism.

Let (L• = L−1 → L0, {lk}), (L′• = L′−1 → L′0, {l′k}) and (L′′• = L′′−1 →
L′′0, {l′′k}) be three Lie 2-algebras, with morphisms Φ : L• → L′• and Φ′ :
L′• → L′′•. We can de�ne a composition Φ′′ = Φ′ ◦Φ by the following formulas

• Φ′′1 = Φ′1 ◦ Φ1

• Φ′′2 = Φ′2 ◦ (Φ1 × Φ1) + Φ′1 ◦ Φ2.

Example 6.2.16. Let Y and M be smooth manifolds and π : Y → M be a
surjective submersion. We have a Lie 2-algebra morphism

Xvert(Y ) Xπ(Y )

0 X(M)
Φ2

Φ1

between the Lie 2-algebra formed by multiplicative vector �elds on respec-
tively Y [2] ⇒ Y and M ⇒ M . Obvisouly Φ2 = 0 and Φ1 is the projection
onto M of a π-projectable vector �eld on Y . Moreover, it is easily seen that
this morphism is a quasi-isomorphism.

Example 6.2.17. Let P and M be smooth manifolds, and π : P → M be
a principal G-bundle. Choose a connection A ∈ Ω1(P ) ⊗ g with curvature
FA ∈ Ω2(P )⊗ g, and denote, for a vector �eld X ∈ X(M), its horizontal lift
by X̃ ∈ XG(P ). The map X 7→ X̃ does not de�ne a Lie algebra morphism,
however the following diagram

0 X(M)

C∞(P, g)G XG(P )

Φ2
Φ1

with Φ1(X) = X̃ and Φ2(X,X ′) = FA(X̃, X̃ ′) for X,X ′ ∈ X(M), de�nes
a Lie 2-algebra morphism. Moreover, it is a quasi-isomorphism of Lie 2-
algebras, which is another way of saying that the Atiyah sequence

P × g

G
→ TP

G
→ TM

of vector bundles over M is exact, and that choosing a connection for the
bundle P splits this sequence.

106



We mention here a result of [BEL20], which sheds a di�erent light on the last
two examples.

Theorem 6.2.18. Let G and G ′ be two Morita equivalent Lie groupoids.
Then the Lie 2-algebras formed by the multiplicative vector �elds on G re-
spectively G ′ are quasi-isomorphic.

Finally, we mention homotopies between Lie 2-algebra morphisms. The fol-
lowing de�nition can be found, e.g., in [Noo13].

De�nition 6.2.19. Let Φ,Ψ be two Lie 2-algebra morphisms L• → L′•. A
homotopy from Φ to Ψ is a linear map h : L0 → L′−1 such that h is a usual
homotopy between the chain maps Φ1 and Ψ1, i.e.:

Ψ1(x) = Φ1(x) + l′1(h(x)), Ψ1(u) = Φ1(u) + h(l1(u))

for all x ∈ L0 and u ∈ L−1 and such that furthermore the following equation
is veri�ed for all x, y ∈ L0 :

Ψ2(x, y) = Φ2(x, y) + h(l2(x, y)) + l′2(Φ1(x), h(y)) + l′2(h(x),Ψ1(y)).

It is possible to de�ne composition of such homotopies, and then Lie 2-
algebras together with their morphisms and homotopies form a 2-category,
in which quivalences are precisely the quasi-isomorphisms.

Remark 6.2.20. Other classes of morphisms of Lie 2-algebras can be de�ned,
namely butter�ies of Lie 2-algebras (see [Noo13]). Also transformations be-
tween butter�ies can be de�ned, which leads to 2-category equivalent to the
one mentioned above. In particular, a butter�y between Lie 2-algebras is an
equivalence if and only if it induces isomorphisms between the cohomology
of the underlying chain complexes of the Lie 2-algebras.
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